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Abstract
The modularity of arithmetic generating series of special cycles on Xy(N)

Baiging Zhu

In the late 1990s, Stephen S. Kudla initiated an influential program to study the special
cycles on orthogonal and unitary Shimura varieties. A major conjecture is the modularity of
generating series of special cycles. In this thesis we focus on the case of modular curve Xy(N)
where N is an arbitrary positive integer. We prove the modularity of the generating series of
special cycles values in the arithmetic Chow groups.

For the generating series valued in the codimension 2 arithmetic Chow group, the
modularity is proved by establishing the arithmetic Siegel-Weil formula on the modular curve
Xo(N), i.e., we relate the arithmetic degrees of special cycles on Xy(N) to the derivatives of
Fourier coefficients of a genus 2 Eisenstein series. The identity is proved by combining
“difference formulae” on both the geometric and analytic sides. When N is odd and square-free,
our work gives a different proof of the main results of Sankaran, Shi and Yang [1]. For the
generating series valued in the codimension 1 arithmetic Chow group, the modularity is proved by
combining the known results in codimension 2 and analyzing the reduction to primes p|N of

cusps of Xo(N). This generalizes the previous work of Du and Yang [2].
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Chapter 1: Introduction and Background

1.1 Background

The classical Siegel-Weil formula relates certain Siegel Eisenstein series to the arithmetic of
quadratic forms, namely it expresses special values of these series as theta functions — generating
series of representation numbers of quadratic forms. Kudla initiated an influential program to
establish the arithmetic Siegel-Weil formula relating certain Siegel Eisenstein series to objects in
arithmetic geometry.

In this article, we study the case of modular curves. Let N be a positive integer, the classical

modular curve Yy(N)c over C is defined as the following smooth 1-dimensional complex curve,
Yo(N)c = GLo(Q)\H X GLa(Ay) /To(N)(Z) = To(N)\H,

where Hy = C\R. The group I'o(N) (Z) is the following open compact subgroup of GL (A 1),

. a b . A
I[o(N)(Z) =4x= € GLy(2) : a,b,c,d e Zy,
Nc d

and [y(N) = Io(N)(Z) N GL2(Z). Notice that the determinant of an element in the group I'o(N)
can be either 1 or —1 rather than only 1 in the classical setting because the space Hj has two
connected component.

The smooth curve Y, (N)c is not proper, its compactification Xo(N)c = Yo(N)c U {cusps} is
a smooth projective curve over C. It is a classical fact that the curve Yy(N)c parameterizes cyclic
isogenies between elliptic curves over C, here an isogeny 7 : E — E’ between two elliptic curves

over C is called cyclic if ker(r) is a cyclic group.



Katz and Mazur [3] extends the concept of cyclic isogeny to arbitrary base scheme, an isogeny
n : E — E’ between two elliptic curves is called cyclic if ker(rx) is a cyclic group scheme (cf.
Definition 4.1.2). They also defined the I'y(/N)-level structures on elliptic curves. In this article,
we will mainly work on a 2-dimensional regular flat Deligne—-Mumford stack X, (/N), defined by
Cesnavidius in [4], which is the moduli stack of generalized elliptic curves with I'g(N)-level struc-
tures and whose fiber over C is Xo(N)c. We define the (arithmetic) special cycles on Xy(/N) and
study their intersection numbers. Finally, we prove that these intersection numbers are identified
with the derivatives of Fourier coefficients of certain Siegel Eisenstein series of genus 2.

When N is an odd, square-free positive integer, the relation has already been obtained for all
the pair (7, y) in the work of Sankaran, Shi, and Yang [1, Theorem 2.14] by computing both sides
explicitly based on the previous works of Yang [5] and Kudla, Rapoport and Yang [6]. In this
article, we use a different method and work with arbitrary level N.

When T is nonsingular, we introduce a formal scheme Ny(N) which is the Rapoport—Zink
space associated to Xo(N). Via formal uniformization of the supersingular locus of the stack Xo(N)
and its special cycles, we reduce the identity, which relates intersection numbers on Xo(N) and
derivatives of Fourier coefficients of Eisenstein series, to a local identity between local arithmetic
intersection numbers on Ny(/N) and derivatives of local densities of quadratic forms. Now the
key observation is that, both sides of the local identity, regardless of the level N, can be related to
another intersection problem on Rapoport—Zink space of 1 dimension higher, but in a hyperspecial
level, while the computation of the latter has been done in the works of Gross and Keating [7,
Proposition 5.4], Wedhorn [8, §2.16] and Rapoport [9, Theorem 1.1] (see also the work of Li and
Zhang [10, Theorem 1.2.1]).

When the matrix 7T is singular of rank 1. On the analytic side, we use the analytic difference
formula of local densities to relate the singular Fourier coefficients of an Eisenstein series of genus
2 to the nonsingular Fourier coefficients of an Eisenstein series of genus 1. On the geometric
side, the cycle Z (T,y) is essentially the intersection of a codimension 1 cycle and the metrized

Hodge line bundle on Xy (). We compute this intersection number by investigating the irreducible



components of the special fiber Xo(N)p, = Xo(N) Xspecz SpecF), of the model Xo(N), and the
reduction mod p of the cuspidal divisor on the curve Xy (V).

When the matrix 7 = 0, both the analytic side and geometric side can be computed explic-
itly. Here again, the computation of the analytic side is based on the difference formulas of local
densities, while the computation of the geometric side is based on the intersection of irreducible

components of the special fiber Xo(N)z,,-

1.2 Summary of the main results

Let A(N) be the following rank 3 quadratic lattice over Z,

—Na b
A(N) =3x = s a,b,ce’ (1.1)

c a
equipped with the quadratic form x +— det(x).

We use v to denote a place of Q. For every finite place v, let 6,(N) = A(N) ®z Z, be a rank
3 quadratic lattice over Z,. Let A be the ring of adeles over Q. Let V = {V,} be the incoherent

collection of quadratic spaces of A of rank 3 nearby A(N) at oo, i.e.,

V, =6,(N)®Q, if v < 00, and V, is positive definite. (1.2)

There is a classical incoherent Eisenstein series E(z, s, A(N)?) (cf. §3.1) on the Siegel upper

half space of genus 2,

Hy ={z=x+iy | X € Sym,(R),y € Sym,(R)>o}.

This is essentially the Siegel Eisenstein series associated to a standard Siegel-Weil section of the
degenerate principal series. The Eisenstein series here has a meromorphic continuation and a

functional equation relating s < —s. The central value E(z,0, A(N)?) = 0 by the incoherence.



‘We thus consider its central derivative

dEis(z, A(N)?) = % E(z,s,A(N)?).
s=0

Associated to the standard additive character ¢ : A/Q — CX, it has a decomposition into the

central derivatives of the Fourier coefficients

9Eis(z, A(N)?) = Z AEisr(z, A(N)?)
TeSym,(Q)

On the geometric side, there is a regular integral model of the modular curve Yy(N)c over Z
defined by Katz and Mazur: for a scheme S, the groupoid Y, (N)(S) consists of objects (E S E ")
where E, E’ are elliptic curves over S and 7 is a cyclic isogeny such that 7¥ o 7 = N. They
proved that Y)(N) is 2-dimensional regular flat Deligne-Mumford stack (cf. [3, Theorem 5.1.1]).
Cesnavi¢ius constructed a moduli stack Xo(N) in [4] which serves as a “compactification” of
Yo(N). It is a proper regular flat 2-dimensional Deligne—-Mumford stack that contains Yy (N) as an
open substack, so we can consider the arithmetic intersection theory on Xo(/N) following the lines

of Gilletin [11].

1.2.1 Special cycles of codimension 1

The key concept is that of a special cycle. For positive integers ¢, we define a closed substack
of Yy(N) as follows: For an object (E N E’) of Yo(N)(S), the stack Z (¢, A(N)) parameterizes
isogenies j between E and E’ with j¥ o j = t and orthogonal to the cyclic isogeny x. It can be
shown that the stack Z (¢, A(N)) is a generalized Cartier divisor even on the stack Xo(N) when
t > 0 (Proposition 5.1.7). For non-positive integers ¢, the special cycle is a weighted summation of
the cuspidal divisor on Xo(N). Finally for all pairs (7, y) where 7 is an integer and y a positive real
number, we define the modified special divisor Z*(¢,y, A(N)) in (5.4).

For every pair (¢, y) such that 7 is a nonzero integer and y > 0, a green function g(z, y, A(N))

of the divisor Z* (¢, y, A(N)) is constructed by Kudla [12, (12.21)] (see also [2, §5]). We will



recall the construction in §5.2.1. Finally, we define the following element in the codimension 1

arithmetic Chow group éf{l (Xo(N)) of Xo(N) (Definition 5.2.4):
Z(1,y,A(N)) = (Z* (1, 3, A(N)), (1, , A(N))). (1.3)

These elements Z(t, v,A(N)) are invariant under the Atkin—Lehner involution Wy of the stack
Xo(N), ie., Wi Z(1,y,A(N)) = Z(t,y, A(N)) (Lemma 5.2.5).

When ¢ = 0, the definition of Z (0,y,A(N)) is slightly different from (1.3). Recall that there
is a metrized Hodge line bundle @y on the stack Xy(N) (Example 4.3.2), however, this bundle is
not invariant under the Atkin—Lehner involution Wy (Corollary 4.8.4). Therefore we consider the
following element

B =—oy - Wy,

the element @ is clearly invariant under the Atkin—Lehner involution. We define
Z(0,y,A(N)) =@+ (Z7(0,y,A(N)),8(0,y, A(N))) — (0,1log y). (1.4)

Now for a rational number ¢ which is not an integer, we simply define Z (t,y,A(N)) = 0 €

— 1

CH (Xo(N)). Let 7 = x +iy € H;, we consider the following generating series with coefficients
— 1

in CH (Xy(N)),

b1(1) = Z(t.y,A(N)) - ¢' (1.5)
teQ

where ¢’ = 2717,

Theorem 1.2.1. Let N be a positive integer. The generating series 51 is a nonholomorphic Siegel

modular form of genus 1, weight % and level T'g(4N) with values in él\-I1 (Xo(N)).

Remark 1.2.2. When N is square-free, the above theorem has been proved by Du and Yang [2,
Theorem 1.1]. Similar results for Shimura curves are proved by Kudla, Rapoport, and Yang [6,

Theorem A]. We summarize briefly the proof here: the group splits into the following direct sum



[6, Proposition 4.1.2]:
CH' (Xo(N)) = Jo(N)(C) & (C - & & Vert) & C(Xo(N)(C))o.

where Vert consists of elements (Y, 0) where Y is an irreducible component of Xo(N)g, for some

prime number p, the vector space C™(Xy(N)(C))op consists of smooth functions on Xy(N)(C)

orthogonal to the hyperbolic metric [Q] = dzx,?ycgy

. Correspondingly,

" “Jo(N e
¢1:¢10( )+¢’§(1)+¢1’

The modularity of 5‘1” is proved essentially by Du and Yang [2, Theorem 8.4], the modularity
of 5{0(]\]) in the Mordell-Weil component is the main result of Gross—Kohner—Zagier [13], or
Borcherds’ modularity result [6, Theorem 4.5.1]. Therefore it suffices to prove the modularity
of g/b? By the decomposition in [6, Proposition 4.1.4], the modularity of (2;? is equivalent to the
modularity to the geometric degree deg(¢;) (Proposition 7.1.1), the pairings (¢, @) (Corollary

7.1.10) and (51, (Y,0)) (Proposition 7.1.7).

1.2.2  Special cycles of codimension 2

We will special cycles in the codimension 2 arithmetic Chow group éﬁz (Xo(N)). LetT €
Sym, (Q) be a symmetric matrix. If 7 = 0,, for every positive definite matrix y € Sym,(R), we
define

Z(02,y) =5+ @+ (0, logdety - [Q]) € CH (Xo(N),

recall that here [Q2] is the restriction of the (1, 1)-form d;:;lzy on Hj to Xo(N)c.

If the rank of T is 1, there exists a matrix g € GL,(Z) such that ‘gTg = diag{0, ¢} for some
nonzero rational number ¢, let y = diag{y, y»} be a symmetric matrix with y;, y, > 0, we define

the following element in (E-ﬁz (Xo(N))

Z(T,y) = Z(t,y2, A(N)) - @ = (0,102 Y1 - 6 2+ (1ypA(N))e) -

6



If T is nonsingular, a detailed definition of the element Z (T,y) can be found in §5.2.2, espe-
cially (5.9). Now for an element z = X + iy € Hj, we consider the following generating series with

coefficients in C’I\{2 (Xo(N)),
h@)= > ZTy-q

TeSym;(Q)
where qT — eZm'tr (TZ)‘

—2
There is an isomorphism CH (Xp(/N)) =~ C given by the arithmetic degree map
— =2
deg : CH (Xy(N)) —» C

constructed by Kudla, Rapoport and Yang [6, §2.4] (see also (4.6)). Our main result is the following

Theorem 1.2.3 (Theorem 5.3.1). Let N be a positive integer. The generating series (/ﬁ\z is a non-
holomorphic Siegel modular form of genus 2 and weight % More precisely, under the isomorphism
— 2 ~
deg : CH (Xp(N)) —» C

¥ (N)

$2(2) = —g OISz AN)?),

here y(N) =N - [1(1+p~h).
pIN

Remark 1.2.4. When N is square-free, the above theorem has been proved by Sankaran, Shi, and
Yang [1]. Similar results for Shimura curves are proved by Kudla, Rapoport, and Yang [6, Theorem

B].

1.3 Key ingredients and the strategy of the proof

In this section, we mainly explain the proof of Theorem 1.2.3 in this section, while Theorem
1.2.1 will come as a byproduct.
We will prove Theorem 1.2.3 term-by-term, i.e., for all symmetric matrices 7 € Sym, (Q), we

prove that for all z = X +iy € Hp,

deg Z(T,y) - q" = % - OEisy(z, A(N)?). (1.6)

7



We refer to both sides of (1.6) as nonsingular (resp. singular) terms if the matrix 7" is nonsingular
(resp. singular). The proof for nonsingular terms and singular terms are different in nature. We

will explain them separately.

1.3.1 Nonsingular terms

We first focus on the case that 7" is nonsingular. If 7" is not positive definite, the equality (1.6) is
proved in [1, §4.2], see also the work of Bruinier and Yang [14, Theorem 7.1]. The main difficulty
lies in the case that T is positive definite. We prove (1.6) by combining the “local” arithmetic
Siegel-Weil formula on the Rapoport—Zink space Ny(N) associated to the modular curve Xy(N)

and the formal uniformization of the supersingular locus of Xy(/N) by the formal scheme Ny(N).

The local arithmetic Siegel-Weil formula with level N

Fix a prime number p. Let F be the algebraic closure of F,,. Let W be the integer ring of the
completion of the maximal unramified extension of Q,,.

On the geometry side, let X be a p-divisible group over F of dimension 1 and height 2. Let B
be the unique division quaternion algebra over Q,,, then End’(X) ~ B as quadratic spaces. The
Rapoport—Zink space associated to Xy(V) is the following deformation space Ny(N): for a W-
scheme § where p is locally nilpotent, and an element xo € B such that xg oxg = N, the set
No(N)(S) consists of elements (X X ) where X, X’ are deformations over S of X with certain
restrictions on polarizations (cf. §6.1.1), the morphism r is a cyclic isogeny deforming xo and
n¥omr=N.

Let W = {xo}= C B be the subspace of quasi-isogenies which are orthogonal to xj. For an
element x € W, there is a closed formal subscheme Z(x) of Ny(XN) over which the quasi-isogeny x
lifts to an isogeny. This is an example of special cycle (cf. Definition 6.1.6) on Ny(N). For a rank

2 lattice M C W, we choose a Z,-basis {x1,x2} of M, then define the local arithmetic intersection



number of M on Ny(N) to be

Ity () (M) = x (No(N). Oz (x)) €5, OZ(xn)-

This number is independent of the choice of the basis {x, x,} of M.

On the analytic side, for two integral quadratic Z,-lattices L and M. Let Rep,,, be the
scheme of integral representations, an Z,-scheme such that for any Z,-algebra R, Rep,, ; (R) =
QHom(L ®z, R,M ®z, R), where QHom denotes the set of quadratic module homomorphisms.

The local density of integral representations is defined to be

. #Repy 1 (Z,/pY)
Den(M, L) —dh_)nolo pd-dim(RepM,L)Qp '

Let Hy = Zf, be the rank 2 quadratic Z,-lattice equipped with the quadratic form ¢ H (x,y) =
xy. For positive integers k > 0, let H;, = (H; )®" be a rank 2k quadratic Zp,-lattice. For a

Zpy-lattice M C W of rank 2, define the local density of M with level N to be the polynomial

Den(;p(N)(X , M) such that for all k > 0,

Den(,(N) @ Hi,, M)
Nor*(p~k, 1)
Den(o,(N) © H;,, M)
NorV-P)e (p=k, 2)

, when p|N;

Deny, (v (X, M) |X:p,k = (1.7)

, whenp { N.

where (-, -),, is the Hilbert symbol at p, the polynomials Nor® (X, n) are normalizing factors defined
in Definition 2.3.1. Then Dens,(v)(1, M) = 0 since M can’t be isometrically embedded into the

quadratic lattice A, (N), we define the derived local density of M with level N to be

d
8Den5p(N)(M) = —a Den(;p(N)(X, M)
X=1

The local arithmetic Siegel-Weil formula with level N is an exact identity between the two

integers just defined.



Theorem 1.3.1. Let M C W be a Z,-lattice of rank 2. Then
Intag (v (M) = aDen(;p(N) (M).

We refer to Intpyy) (M) as the geometric side of the identity (related to the geometry of
Rapoport-Zink spaces and Shimura varieties) and dDens () (M) the analytic side (related to the

derivatives of Eisenstein series and L-functions).

Formal uniformization

For a prime number p, let Xo(N)}’ be the supersingular locus of the stack Xo(N), i.e., those
F-points of Xo(N) which is isogenous to a supersingular elliptic curve. Let B be the unique quater-
nion algebra over Q which ramifies exactly at p and co. Let z\A’o(N )/ ( Xo(N)S) be the completion of
the stack Xo(NN) along the closed substack Xo(N)}’. Let I'o(N) (ZP) be the group [ To(N)(Z,).

V#00,p
We have the following formal uniformization theorem of the stack Xo(N).

Proposition 1.3.2. There is an isomorphism of formal stacks over W,

Oxy(N)

Xo(N)/ xowyy — B*(Q0\[No(N) x GLa(A) /To(N)(Z)]

where B*(Q)g is the subgroup of B*(Q) consisting of elements whose norm has p-adic valuation

0.

The proposition was previously known only in the case that N is odd and square-free (see
the work of Kim [15, Theorem 4.7] for the case that p + N, and the work of Oki [16, Theorem
6.1] for the case that p | N). As a corollary, let Z(T, ¢) be the completion of Z (T, ¢) along its
supersingular locus Z*(T, @) = Z(T, ) Xx,n) Xo(N)};. Let A(N)P) be the unique quadratic

space over Q (up to isometry) such that:
1. Itis positive definite at oo;

2. For finite prime [ # p, A(N)P) ® Q; is isometric to A;(N) ® Q;;

10



3. A(N)?P) @ Q, is isometric to W.

2
For a pair of vectors x = (x1,x7) € (A(N)(”)) et T(x) = (%(x,-, x;)) be the inner product matrix.

We have the following formal uniformization theorem of the special cycle Z (T, ¢).

Corollary 1.3.3. Let T € Sym,(Q) be a nonsingular symmetric matrix, and Ditf(T, A(N)) = {p}.
Letp € § (V?) be a T-admissible Schwartz function. Let K (Xo(N)/ (Xo(N)y)) be the Grothendieck

group of coherent sheaves of OXO(N) /o (N)SS)—modules. Then we have the following identity in
0¥ p

KXo (N) / (X))

Z5(T, ) = > > o(g7'x) - O3 ) (Z(x), ),
xeB” (g)(o\)m;w”))z 8€BX(Q)o\GL2 (AF) /To(N)(ZP)
X)=

where BY C B is the stabilizer of x € (A(N)))2,

1.3.2 Singular terms

Next we consider the case that 7 is singular. For the analytic side of (1.6), we relate the singular
Fourier coefficients of Eisenstein series E(z, s, A(N)?) to the nonsingular Fourier coefficients of
another Eisenstein series of lower genus. For the geometric side, computing the arithmetic degrees
of the special cycle Z(T,y) amounts to computing the height of a certain codimension 1 cycle on

Xo (V) with respect to the Hodge line bundle on Xy(N).

The singular coefficients of Eisenstein series

Our primary goals on the analytic side are:

(a). When the rank of T is 1, we relate the singular Fourier coefficients of the Eisenstein series
Er(z,s,A(N)?) to nonsingular Fourier coefficients of another Eisenstein series of lower

genus.

(b). When T = 0, we compute the exact value of dEisg,(z, A(N)?).

11



Proposition 1.3.4. Let T € Sym,(Q) be a 2 X 2 singular matrix.

o Ifthe rank of T is 1 and can be diagonalized to diag{0,t} for some t € Q* under GL,(Q).

Let y = diag{y, y2} be a positive definite symmetric matrix, then for all complex numbers

k, we have
1
Er(iy, k, A(N)?) = Y E,(iya, 5+ AN)) (1.8)
ep k=1 A(2-2k) 1
o NTRLEE k) -E — — k. AN
AR A2 +2k) IDNB"() (iy2, 5 = b AN)),

where [3,(s) is a rational function in p~°.

o IfT =0y, letn, =v,(N), we have

N (-1) _Z —n,p"r*l +2p™ +n,ptrTl =2

. 2\ _ —4.
(9E1$02(Z’A(N) ) = logdet(y)+2 4 A(—l) 2 pn17_1(p2 _ 1)

-log p.

(1.9)

Vertical components of the Hodge line bundle

The primary goal on the geometric side is to compute the height pairings of (metrized) special
divisors Z (t,y,A(N)) and the modified metrized Hodge line bundle @, and the self-intersection
numbers of the metrized line bundle &.

The main difficulty comes from the fact that the bundle w contains vertical components. These
components should be a linear combination of irreducible components of the reduction mod p
of the stack Xy(N) for prime numbers p. We need to know the explicit multiplicities of these
irreducible components appearing in @ and their intersections.

We first study the special fiber of the stack Xo(N). Let p be a prime number, by the works
of Katz and Mazur, if n, = v,(N) > 0 is the p-adic valuation of the number N, then Xo(N), =
Xo(N) Xspecz Spec Fj, has n, + 1 irreducible components X7 (N) and they meet each other at every
supersingular point, where the index a satisfies that —n, < a < n, and has the same parity with n.

Moreover, every component X;;(N) has two natural morphisms to the stack Xo(Np™7),, one of
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them is an isomorphism while the other one is finite flat of degree p!?! (see Theorem 4.6.3). Later
in §4.7, we compute the intersection numbers between these irreducible components based on the
explicit local equations of these components at supersingular points obtained by Katz and Mazur
[3, Theorem 13.4.7] (we also give a new proof of this result, see Corollary 6.2.10).

After that, in §4.8 we use an explicit rational section Ay of the bundle 5212"0(1\/)

to give an
explicit expression of this bundle in the Chow group CH!(Xy(N)) by computing the element
div(Ay) € CH'(Xo(N)) (Theorem 4.8.3), this idea originates from the work of Du and Yang
[2], where they consider the case that N is squarefree.

Our idea of computing the element div(Ay) for general N comes from the observation that there
is a correspondence between cusps and the special fibers of the stack Xo(NN). Let’s explain this in

the specific case that N = p" for some integer n > 0. There is a cuspidal divisor Cusp(Xy(p"))

on the stack Xy(p™), it is a disjoint union of n + 1 connected components (Proposition 4.5.1),

Cusp(Xo(p") = || C“(".

—-n<asn
a=nmod 2

Note that the index set is exactly the same as the index set for the irreducible components of the
stack Xo(p"),! Actually we will prove that the connected component G“(p") pulls back to the
cusp of the curve X7 (p") (Proposition 4.6.8). Then we pick a specific cusp lying in the component
C“(p™) and consider the local expansion of the section A,» around this point, the multiplicity of p
appearing in the local expansion gives the multiplicity of the vertical component of X7 (p") in the

element div(A,»). For general positive integers N, the final result is

div(Ay) = ¢ (N)(N)Po(N) + > f,(N),

pIN

where P, (N) is the connected component of the cuspidal divisor containing the cusp oo, and for
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any p|N, f,(N) is the following vertical divisor,

fN) =12 o) Y (SR =)= 1) el x5,

—np<a<np
a=np, mod 2

This expression is the main tool to compute the self intersection of the modified Hodge bundle @

and the intersection pairing Z (t,y,A(N)) - @.

1.3.3 Strategy: Difference formulas

Our strategy of proving the “local” arithmetic Siegel-Weil formula (Theorem 1.3.1), formal
uniformization (Proposition 1.3.2) and the singular Fourier coefficients (Proposition 1.3.4) is com-

bining the geometric and analytic difference formulae.

Geometric difference formulae

Let NV be the following deformation functor: for a W-scheme S where p is locally nilpotent,
the set NV(S) consists of elements (X, X”) where both X and X’ are deformations over S of X
with certain restrictions on polarizations (cf. §6.1.1). For a nonzero integral element x € B, i.e.,
0 < v,(x"ox) < oo, there is a closed formal subscheme Z #(x) of N over which the quasi-isogeny
x lifts to an isogeny. This is an example of special cycle (cf. Definition 6.1.2) on N.

For a rank 3 lattice L C B, we choose a Z,-basis {x1,x2,x3} of L, then define the local

arithmetic intersection number of L on N to be

Int*(L) = x (N, Oztx) ‘X%N Ozt (x,) @%N Ozt (xy)-

This number is independent of the choice of the basis {x;, x5, x3} of the lattice L.
The special cycle zt (x) is cut out by a single element f, € m = (p,t1,12) € W[[t1,12]], and

when v, (x¥ o x) > 2, Jp-1xlfy. We define dy = fi/ f,-1, € W[[11,12]] when vp(xV ox) > 2,
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dy = fr when v, (x¥ ox) = 0 or 1. The following divisor

is called the difference divisor associated to x (cf. Definition 6.2.4), which is originally introduced
by Terstiege in [17].

Fix xo € B such that x; o xo = N, recall that we have defined the deformation function Ny(N).
In Theorem 6.2.6, we prove that Ny(NN) is identified with the difference divisor D(xy), i.e., there

is an isomorphism of formal schemes,
D(x9) — No(N). (1.10)

Let xg"i" : XUniv s X7V pe the universal isogeny deforming x( over the special cycle Z#(xo). We
will prove that the base change of xgniv to D(xp) is cyclic, therefore there is a natural morphism
D(x9) — No(N). The natural morphism is an isomorphism because both sides of the morphism
are closed formal subschemes of N and are represented by 2-dimensional regular local rings. The
identification of D(xg) and Ny(N) implies the following difference formula of local arithmetic

intersection numbers,

Theorem 1.3.5. For any rank 2 lattice M C W, the following identity holds,
Intn, vy (M) = Inth (M & Z, - xo) — Int" (M ©Z, - p~"x0). (1.11)

We refer to formulae (1.10) and (1.11) as the geometric difference formulae. These formulae
help us reduce the computations of geometric quantities such as intersection numbers and height
pairings on the modular curve Xo(N) to that on the surface H = Xp(1) xz Xo(1), which is 1
dimension higher but geometrically much simpler than Xo(N).

Moreover, we give a new proof of the description of the local ring of Xy(N) at a supersingular

point [3, Theorem 13.4.6, Theorem 13.4.7] based on the geometric difference formula (1.10). By
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the Windows theory developed by Zink in [18], if n, := v,(N) > 1, we prove that the special fiber

Z(x0)p of Z(xp) has the following explicit description (cf. Theorem 6.2.9, Corollary 6.2.10),

Z (o) = SpfF([n.nll/| [ ] @ =25
a+b=n,
a,b>0

Based on the isomorphism (1.10): D (xg) — Ny(N), the special fiber No(N), of No(N) can be
described by

n n a-1 b-1

No(N), = SpfE[[t, ]| (1 =15 ") - (=20 ") - [ ] &7 =45 7|
a+b=n,
a,b>1

Analytic difference formulae

For a rank 3 quadratic Z,-lattice L C B, define the local density of L to be the polynomial

Den(X, L) € Z[X] such that for all £k > 0,

Den(H, 4, L)
Den(X, L), = —— 2k
Db = Kot 3

then Den(1, L) = 0 since L can’t be isometrically embedded into the quadratic lattice H, we

define the derived local density of L to be
dDen(L) = d Den(X, L)
T dX |y, T

Theorem 1.3.6. For a rank 2 lattice M C W, the following identity holds,

Deng,(v) (X, M) =Den(X, M &Z, - xo) - X* - Den(X, M & Z, - p~'xo). (1.12)
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Since the lattice M & Z,, - xo can’t be isometrically embedded into the lattice H +
dDens (v)(M) = dDen(M ©Z, - x9) — dDen(M ©Z,, - p~'x0). (1.13)

The theorem is proved in a more general form in Theorem 2.5.8. We refer to formulae (1.12)
and (1.13) as the analytic difference formulae.

We will explain briefly how do we deduce Proposition 1.3.4 from the above analytic difference
formulae. As is well-known, the Fourier coefficients of Eisenstein series are (linear combinations)
of Whittaker functions which are essentially products of local representation densities of quadratic
lattices. The formula (1.12) roughly says that for any number / € Z,, and any quadratic lattice M,

the following two local densities are related
Den((-1) & H}; ,,, M) < Den(H}, .., M & (1)). (1.14)

Taking the limit v, (/) — oo, the right-hand side of (1.14) converges to the Whittaker function with
singular coefficient, while the left-hand side of (1.14) converges to Den(H3, ,,, M) (Lemma 2.4.1),
i.e., we have the following relation,

Den(H;,,,,M) = lim Den(H;, ,, M &S(l)). (1.15)

Vp(l)—o0

When the rank of T'is 1, we assume 7' = diag{0, ¢} with ¢ # O for simplicity, lety = diag{y;, y»}

be a positive definite symmetric matrix, then there is a well-known relation (see [19, Lemma 5.4])

. 512, - ! .
Er(iy. 5. AN = 1127,V Wilgigse s + 5. AN + (172~ Wr (giy. 5. AIN)?).

where both of the terms W;(giy,, s+ %, A(N)) and Wr(giy, s, A(N )?) are product of local Whittaker
functions (see (3.1) and (3.5) for the precise definition).

Since ¢t # 0, the term W;(g;y,,s + %, A(N)) is already the nonsingular Fourier coefficient of
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an Eisenstein series of the lower genus. Let’s now consider the term Wr(giy, s, A(N )?), which is
the product of local Whittaker functions Wy, over all the places v of Q. The relation between
Wr, and W;,, is sketched in the following way: Let p be a finite prime, for any integer m, let
T,, = diag{p™,t} be a 2 X 2 nonsingular matrix. By the well-known relation between Whittaker

functions and local densities (Proposition 3.2.3), we have
Wr (1, k, 15p(N)2) = n}ggo Wr, »(1,k, 1517(1\,)2) & Den(6,(N) & H;,, (t) & (p™)).
Applying (1.14) twice,

Den(s,(N) & Hy;., (t) & (p™)) = Den(Hyy 4. (t) & (p™) S (N)) (1.16)

"8 Den((—p™) & H,..,. (1) & (N)).
Taking limit m — oo, the formula (1.15) tells us that
Jim Den((=p™) © Hy . (1) © (N)) = Den(Hy,», (1) © (N)). (1.17)
Applying (1.14) again, we get
Den(H,.,,, (1) © (N)) ‘&> Den(s,(N) & H, . (1)). (1.18)

The last term Den(6,(N) © H3, ,,(t)) is clearly related to W; , (1, k — %, L5, (n)) by Proposition
3.2.3. Therefore we have successfully built the bridge from W7, and W, ,, for a finite prime v.
However, we warn the readers that all the symbols “«” are not exact equal, it just means that

there are some relations between the two sides of the symbol. Detailed calculations based on the

principles above are given in §3.5 and our final result is Proposition 1.3.4.
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1.4 Structure of the thesis

In Part I, we focus on the Eisenstein series and local densities:

* In Chapter 2, we introduce notations on quadratic lattices and local densities (§2.1-2.4), then
we prove the difference formula of local densities (§2.5). Then we establish a difference

formula of local density (Theorem 1.3.6) and apply it to cases that we are interested (§2.5).

* In Chapter 3, we introduce the Siegel Eisenstein series and Whittaker functions (§3.1-3.4).
We study the singular Fourier coefficients of Eisenstein series and prove Proposition 1.3.4 in

§3.5.
In Part II, we study the global and local geometry of the modular curve Xy(N):

* In Chapter 4, we review the I['o(N)-level structures of elliptic curves and the integral model
Xo(N) defined by Katz and Mazur (§4.1-4.4). We study the cusps and (intersections of)

special fibers of this integral model (§4.5-4.8).

* In Chapter 5, we introduce and compare the notions of (arithmetic) special cycles on Xy(N)
and the surface Y(1) X Y(1) in §5.1. We give detailed definitions of the element Z (T,y)
in §5.2.

* In Chapter 6, we establish the geometric difference formulae (especially the isomorphism
(1.10)) (§6.1-6.2) and prove the identity (1.6) when the matrix 7 is nonsingular by combining

the geometric and analytic difference formulae (1.11), (1.13) (§6.3).

* In Chapter 7, we compute the arithmetic intersection pairings between special cycles of codi-
mension 1 and the Hodge bundle by (a global variant of) the geometric difference formula
and relate it to the Eisenstein series (§7.1). This leads to the proof of the modularity of (1.5)

and the identity (1.6) when the matrix 7 is singular (§7.2).

19



Part 1

Analytic side
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Chapter 2: Quadratic lattices and local densities

2.1 Notations on quadratic lattices

Let p be a prime number. Let F be a nonarchimedean local field of residue characteristic p,
with ring of integers O, residue field k = F, of size g, and uniformizer 7. Let v; : F — Z U {oo}
be the valuation on F and | - | : F — R be the normalized absolute value on F. Let (-, -)r be
the Hilbert symbol on the local field F. Let yr = (), : F*/(F¥)* — {1,0} be the (extended)
quadratic residue symbol.

A quadratic space (U, gy) over F is a finite dimensional vector space U over F equipped with

a quadratic form gy : U — F, the quadratic form ¢y induces a symmetric bilinear form given by

(,):UxU—>F,

(x,y) = qu(x+y) —qu(x) — qu(y). (2.1

An isometry between two quadratic spaces (U, gqy) and (U’, gy) is a linear isomorphism ¢ : U —
U’ preserving quadratic forms, i.e., gy (¢(x)) = gy (x) for any x € U. In that case, we say U and
U’ are isometric.

A quadratic lattice (L, g1 ) is a finite free Op-module equipped with a quadratic form gy : L —
F'. The quadratic form gy, also induces a symmetric bilinear form L X L Q> F by similar formula
(2.1). Let LY = {x € L®q, F : (x,L) c Ofp}. We say a quadratic lattice is integral if g1 (x) € OF
for all x € L, is self-dual if it is integral and L = L".

Let’s assume that dimpU = n and the symmetric bilinear form (-, -) is nondegenerate. Let

{x;}!_, be a basis of U, and 1;; = %(x,-,x i), we define the discriminant of the quadratic space U to
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be:
disc(U) = (=1)""="D2det ((1;)) € F*/(F¥)*.

If {x;}!"_, is an orthogonal basis of U then ;; = 0if i # j and ¢; # 0 by the nondegeneracy of (-, -).

The Hasse invariant of the quadratic space U is

e(U) = l_[(fii,fjj)F,
i<j
For a quadratic lattice L, we use disc(L) and €(L) to denote the corresponding invariants on

the quadratic space Lr = L ®¢p, F. Recall that when p is odd, quadratic spaces U over F are

classified by the following three invariants:
dimpg U, disc(U), €(U).

i.e., two quadratic spaces U and U’ are isometric if and only if the above three invariants for U and
U’ are the same.

For a quadratic space U, define yr(U) = yr(disc(U)). For a quadratic lattice L, define
xr(L) = xr(L ®p, F). When p is odd, the quadratic space U admits a self-dual sub-lattice if and
only if €(U) = +1 and yr(U) # 0, we will use H to denote the unique self-dual lattice of rank k

and

xr(Hy) = &.

When p = 2, let H3 = (Hj )" be a self-dual lattice of rank 27, where the quadratic form on

H} = 012E is given by (x, y) € O% > Xy.

Example 2.1.1. Let N € Op. Let 6p(N) be the following rank 3 quadratic lattice over O,

—Na b
Op(N)=3x= :a,b,c e O

C a
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equipped with the quadratic form induced by x + det(x). Under the following basis of 6 (N),

-N 1
€] > €2

, €3 =

the quadratic form can be represented by the following symmetric matrix,

-N 0 O

therefore disc(6x(N)) = =N /4, and €(6r(N)) = (N, —1)p. Moreover,

or(N)Y ={x= Na b : aGLO b,c €O
F - - . N FsU, F

C a

therefore 67 (N)Y/5r(N) =~ Of/2N.
Throughout this article, we will mainly focus on the case that F = Q,. In this case, we simply

use 0, (N) to denote the lattice 6g, (N) (as we did in the introduction).

2.2 Local densities

Definition 2.2.1. Let L, M be two quadratic Op-lattices. Let Rep,, ; be the scheme of integral

representations, an Op-scheme such that for any Or-algebra R,

RepM,L(R) = QHOIn(L ®Op Ra M ®OF R)’
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where QHom denotes the set of injective module homomorphisms which preserve the quadratic

forms. The local density of integral representations is defined to be

. #Repy 1 (OF/n)
Den(M, L) = dh_rf; gd-dim(Repyy 1)

Remark 2.2.2. If L, M have rank n,m respectively and the generic fiber (Repy, ;)r # @, then

n <mand

dim(Repy, ;)r = dimO,, —dim Oy, = (Zl) - (mz_n) = mne n(n2+ 1)'

Definition 2.2.3. Let L, M be two quadratic Of-lattices. Let PRep,, ; be the Op-scheme of prim-

itive integral representations such that for any Op-algebra R,

PRepy 1.(R)

= {¢ € Repy; 1 (R) : ¢ is an isomorphism between Lk and a direct summand of Mg}

where Lg (resp. Mg)is L ®o, R (resp. M ®¢,. R). The primitive local density is defined to be

_ #PRepy, . (OF/n)
Pden(M, L) = dh_{r.}o qd~dim(RepM,L)F

Remark 2.2.4. For any positive integer d, a homomorphism ¢ € Rep,, ; (Of/ n¢) or Rep w..(OF)
is primitive if and only if ¢ := ¢ mod € PRep(OF/n), which is equivalent to dimg, (¢(L) + 7 -

M)/n - M =rankp, (L).

Example 2.2.5. For a nonzero element N € O, we use ({N), g(v)) to denote the rank 1 quadratic

lattice over O with a Op-generator [y such that gy (/y) = N. When p odd, it has been calculated
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explicitly that for any N € O (cf. [10, (3.3.2.1)]),

1 —q'k, when k is odd and 7 | N;
1+exr(N)g1=2, when k is odd and 7 1 N;
Pden(HZ, (N)) = (2.2)

(1 —eq7*%)(1 +£¢'%/?), when k is even and 7 | N;

1- 8q_k/2, when k isevenand 7 ¥ N.

When p = 2, the same formula makes sense and holds true only in the case that k is even and

e =+1.

Lemma 2.2.6. Let H be a self-dual quadratic lattice. Let L be a quadratic Op-lattice, k is any

positive integer, then we have the following stratification,

Repy (Or)= | | PRepy; (OF).
LcL'cLY

Proof. This is proved by Cho and Yamauchi in [20, (3.1)]. ]

2.3 Functional equations of local density functions
Definition 2.3.1. Let n > 0, for € € {+1}, we define the normalizing factors to be

1+ (=1

Nor®(X,n) = (1 — 3

. gq—(n+l)/2X) l_[ (1 _ q—Zin).
1<i<(n+1)/2

Lemma 2.3.2. Let L be a quadratic lattice of rank n. Let N € Op. When p is odd, there exist

polynomials Den(X, L) and Den’(X, L), such that for positive integers k,

Den(H3,,, ... L) Den(HY, , ,L)
Den(X, L L= 4l 7 Den’(X, L = Zkan (1 =y(L)g™.
( ) |X=q k Nor+(q_k’ ]’L) ( ) |X=q k Nor+(q_k’ n— 1) ( X( )q )
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We define the derived local density of L to be

0Den(L) = _diX Den(X, L).
X=1

When p = 2 and n is odd, the polynomial Den* (X, L) with the same evaluation formulas at

X = ¢~ exist, the derived local density dDen(L) of L is defined similarly.

Proof. This is a combination of [10, Lemma 3.3.2, Definition 3.4.1, Definition 3.5.2] O
We have the following functional equation for Den(X, L).

Theorem 2.3.3. When the residue characteristic of OF is not 2. Let L be a quadratic lattice of

rank n. Then

Den(X, L) = w(L) - X**® . Den (X'l, L),

Den’(X, L) = (¢'2X)2"5™) . Den® ((qX)—‘,L) .

where val(L) is the n-adic valuation of the moment matrix of L under an Or-basis, and the sign

of the functional equation is equal to
(n+l)
w(L) = (detL,—(-1)\ 2 /)p-e(L) € {x1}.
Proof. Both of these two formulas are proved by Ikeda [21, Theorem 4.1 (1), (2)] when 7 is odd,

the same proof works in general. O

Remark 2.3.4. When the field F is dyadic, similar functional equation has been proved by Ikeda
and Katsurada [22, Proposition 2.1]. In this article, we will need the functional equation in the
following case: Let F = Q, and L = (N, t) for some N, t € Z. When —zN is not a square, let —d be

the fundamental discriminant of the field extension Q(—7N)/Q. When —¢N is a square, letd = —1,
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then there exists a positive number ¢ such that
4Nt = c*d.
We have the following functional equation:
Den’(X, L) = (21/2X)22() . Den’ ((2X)—‘, L) . (2.3)

2.4 Some simple relations

Lemma 2.4.1. Let L, M be two quadratic Op-lattices such that the quadratic form on L is non-
degenerate, then there exists a positive number m such that for any a € Op with v;(a) > m, the
following identity holds,

Den({a) &M, L) =Den(M, L).

Proof. This is proved in [23, Proposition 2.5]. O

Lemma 2.4.2. Let L be a nondegenerate quadratic Op-lattice with quadratic form q. Let {L,},>1
be a sequence of quadratic lattices with quadratic forms {q, }n>1 such that L, = L as Op-lattices

and lim g, = q as functions from L to F. Then for all quadratic Op-lattices M, we have
n—oo

Den(M, L) = lim Den(M, L,). 2.4)
n—oo

Proof. For all positive integers N, there exists an integer M such that for all n > M, we have

q(x) — gn(x) € ?NOF for all x € L. Therefore the quadratic lattice L, is isometric to L when n is

large enough, hence Den(M, L) = lim Den(M, L,,). O
n—oo

Remark 2.4.3. The above lemma is not true in general if L is degenerate. We refer the readers to
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Remark 3.2.2 for details.

2.5 Analytic difference formula I

2.5.1 Primitive decomposition

Let N € F, recall that we use ({N), g(n)) to denote the rank 1 quadratic lattice over O with
a Op-generator [y such that gxy(Iy) = N, then (N) is an integral quadratic lattice if and only
if N € Op. Let n = v;(N), all the rank 1 integral quadratic lattice L’ containing (N) has the
following form,

L’ = ﬂ_l<N> ~ <7T_ZIN>, fori = O’ 1’ Tt [g]'

Let H be a self-dual quadratic Op-lattice of finite rank. Since gy (x) € O forevery x € H, Lemma

2.2.6 gives the following decomposition,

[n/2]
Repy vy (OF) = LI PRepy (r-2iny (OF).
i=0

Now for every 0 < i < [5], we pick an arbitrary ¢ € PRepy (,-2iy,(OF) and consider the following

sub-lattice of H,

H(¢) ={x € H: (x,¢(ly)) = 0}.

Lemma 2.5.1. The isometric class of the quadratic lattice H(¢) is independent of the choice of

¢ € PRepy (-2 (OF).

Proof. Let ¢' € PRepy (-2, (OF) be another element. The homomorphims ¢ and ¢’ are totally
determined by x = ¢(l,-2) and x” := ¢’(l-2:5;). The fact that ¢ and ¢’ are primitive implies that

xémn-Handx' ¢ m- H. Therefore,
()C,H) = OF, (X’, H) = OF.

where we use (-, -) to denote the associated bilinear form on H. Since H is self-dual, then by the
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work of Morin-Strom [24, Theorem 5.3], there exists ¢ € O(H)(OF) such that ¢(x) = x’. The
homomorphism ¢ also induces an isometric between H(¢) and H(¢’) because H(¢) = x> N H and

H(#) =x"*nH. O

Let N € O be an element of valuation n, for every 0 < i < [7] and ¢ € PRepy (,-25)(OF),

we use H(N, i) to denote the quadratic lattice H(¢).

Example 2.5.2. Let N € Or has valuation n. When k > 4, we have an orthogonal decomposition,
H; ~H; © H}_,.

Recall that the symbol H is understood in the following way: when p is odd, k can be any positive
integer, and &€ € {1} is arbitrary; when p = 2, k is even and € = +1. The lattice M (OF) is
equipped with the quadratic form induced by the determinant, it is self-dual and yr(M>(OF)) = 1,
hence we can view M (OF) as a model lattice for H}.

Let’s consider the following element ¢ € PRepys (-2, (OF)

¢i : (¥ Ny — My(OF) =~ H} — HE,
73N 0

lﬂ.—ZiN | —

0 1

7N 0
the corresponding element in RepH]f& ~y(OF) sends Iy to |
0 7t
Lemma 2.5.1 implies that the following quadratic lattices are isometric,

HY(N,i) = H{(¢i) = ¢pi(lz2in)" © HY_,,

where ¢; (1 -2 y)" is the space of elements in M (Op) that are orthogonal to ¢;(,-2), it can be
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described explicitly as follows,

-7m%Na b
¢i(l7r‘2iN)J_ =3\X= ta,b,ce OF
C a

It is exactly the lattice Ar(7~%N) we defined in Example 2.1.1, therefore H S(N,i) =~ 0F (77%N) ©

&
H? .

2.5.2 Difference formula of local densities

Theorem 2.5.3. Let H be a self-dual quadratic Op-lattice of finite rank k. Let M be an integral

quadratic Op-lattice of finite rank r. Let N € O be an element of valuation n, then

[n/2]
Den(H, M & (N)) = ) ¢ Pden(H. (x*N)) - Den(H(N. i), M).
i=0

The proof of this theorem is based on the following lemmas.

Lemma 2.5.4. Let H be a self-dual quadratic Op-lattice. Let N € Op be an element of valuation

n, then there is a bijective map D between the following sets when the positive integer d is large

enough,
_n2] _
D: RepH’<N>(OF/7rd) — |_| I_I PRCPH’<N—2iN+7rd—2ix>(OF/T[d_l).
i=0 ¥eOp /ni

Proof. Let Iy be a generator of the rank 1 Op-module (N) such that g\ (Iy) = N. Any f €
Repy vy (OF/ n?) is determined by f(Iy) € H/n?H. There is a natural filtration on H/n?H given

as follows,
0c ﬂ,d—]H/ﬂ_dH c nd_zH/TrdH cC...C 7T2H/7rdH C nH/ndH C H/ndH.

Let i be the minimal integer such that f(Iy) € n'H/n?H, then 0 < i < [5] since v (N) = n.

Then there exists [ € H such that f(Iy) = nil e i'H /n?H, the image of [ in H/x%"H is uniquely
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determined by f. Let g be the quadratic form on H, then

N mod 7/ = gvy (Iy) = q(f () = 7*q(1) = x¥q(1),

hence 72 (1) = 7% N mod n¢%. Therefore there exists x € O such that g(I) = 772N + 7% %x.
Next we show that ¥ € Op/n' is independent of the choice of [ € H when d is large enough.
Suppose I’ is another element of H such that f(ly) = 7il’, then there exists § € H such that

I’ — I = n¥715. Therefore when d is large enough,

g(I") = g1+ 7%78) = q(1) + 797 (1, 6) + 7*¥ "% 4(6) = g(I) mod 7.

Suppose ¢(I') = %N + 9% x’ for some x" € O, the above congruence formula between ¢ (/)
and ¢ (/") implies that x’ = x mod n*. The above construction gives the following element D( f) in
PRepy (72 Nind-2ixy (OF 747 the homomrphism D(f) sends the generator I,-a a2, Of
(T8N + 7972 %) [nd= 1z~ %N + 797 2%x) to | € H/n?"'H.

Now for any element ¢ € PRepy (21 -2 (OF / n¢="), we consider the following morphism,

@ : (N)Y/n"(NYy — H/n®H,

E [ ﬂi¢(ln—2iN+nd—2ix).

then ¢ € RepH,<N>(OF/7rd) because 7(F(ly)) = 7% (72N + n4=2ix) = N mod 7. This construc-

tion gives the inverse map of D. O

Let M be an integral quadratic Op-lattice of finite rank. Let N € Of be an element of valuation
n. Let M¥ = M&(N) be a quadratic OF-lattice of 1 rank higher than M, there is a natural restriction

map as follows for any positive integer d and any self-dual quadratic Op-lattice H,

res : RCPH,Mﬂ(OF/ﬂd) - RepH,(N)(OF/ﬂd)7
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given by composing any element in the set Repy; 3s4(OF/ n) with the natural inclusion (N) /7 (N)

< M*?/n9M*¥. The next lemma describes the fiber of the map D o res.

Lemma 2.5.5. Let H be a self-dual quadratic Op-lattice. Let M be an integral quadratic Op-
lattice of finite rank r. Let N € Op be an element of valuation n. Let M* = M@ (N) be a quadratic
Or-lattice of rank r + 1. Let 0 < i < [5] be an integer. Let ¢ € PRCPH’<N—2iN+ﬂd—2ix>(OF/ﬂ'd_i),

then for d large enough,

#(D ores)”! (¢) = ¢ - #Repy .1 (OF /1Y)

Proof. Let f be an element in Repy ,4(OF/ n?) such that D o res(f) = ¢, by the proof of Lemma

2.5.4, there exists [}, € H\rH such that f (Iy) = il),, and q(ly) = n~%N when d is large enough.
Let {e;}’_, be an O-basis of M, then f is determined by {x; := f(e;) € H/ nlH }_,- Therefore

(D ores)~'(¢) can be described by the following set,

(D ores) ™ () = {(x1,- - x,) € (H/xH)" : (xi,wly) =0, (xi,x)) = (€5, ¢7) fori # j, (2.5)

and g(x;) = gup(e;) for every z}
Let L be the rank 1 sub-lattice of H generated by [},. We have the following exact sequence,
0—L®H(N,i) —> H— Q=H/L®H(N,i) — 0.

where 6 is the natural inclusion map. After tensoring the above exact sequence with Or /7%, we

get the following exact sequence by the flatness of H over Op,

0 — Torh, (Q,0p/x%) — L/x'L ® H(N,i)/x*H(N,i) = H/x'H — Q/x'Q0 — 0.
(2.6)
Claim: Let K = {x e H/nH : (x, nil;\,) = O}. When d is large enough, for every x € K, there

exists X’ € L and x” € H(N,i) such that the image of x’ + x” € L/n’L & H(N,i)/x*H(N,i)
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under 6 in H/n%H is x.

Proof of the claim: We have the following decomposition in the quadratic space V = H ®q,. F,

x=x"+x",

where x’ € Ly = L ®p, F andx” € (Lp)* C V.
The fact that X € K implies that (x’, Iy) = (x,ly) € (7%), therefore x’ € (7¢™) - Iy € Lp. It

turns out that x” € L C H when d is large enough, hence x’ = x —x’ € HN {Iy}* = H(N,i). O

We get the following description of the inverse image of the set (D o res)™'(¢) under © :

0 x---x60by(2.5)
O ' (D or) ! (¢) = (x™"L/x’L)" X Repyy . .m(OF /7). (2.7)

and the claim implies that the map @' ((D o res) ™! (¢)) 2, (D ores)~!(¢) is surjective.

Now we compute #ker(0®), which equlas (#ker(6))” by definition. By the exact sequence (2.6),
#ker(6) = #Tor})F(Q, Or/n?) = #Q/n?Q. Therefore when d is large enough, Q/7%Q = Q. Since
Iy & mH, there exists y € H such that (/},, y) = 1. The existence of y implies the following exact

sequence,

0— H(N,i) = H— LY — 0,

x+—Il(x):veLm (x,v).

Therefore H ~ LV & H(N, i) as Op-modules, and Q ~ LV /L ~ 7%~"L/L. Then by (2.7)

~ qr(n—i) )
#(D ores)”' (¢) = preE=T} - #Repy (. (OF/m?) = g™ - #Repyy (v (OF [7%).

O

Proof of Theorem 2.5.3: By Lemma 2.5.4 and Lemma 2.5.5, we only need to know the size of
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the set PRepy (r-2iyyra-2iyy (OF /n?~") when x € OF. We first show that when d is large enough,

the following identity holds for any x € Op,
#PREDyy (-2 pa-2izy (OF [197) = #PRepy (20y (OF [77).

Because when d is large enough, for an element x € Op, we can find ¢, € O; such that

_2:

. 1 + 79N~'x mod 7%, then for any element [ € PRCPH,<7I—2iN+7rd—2[x>(OF/ﬂ'd_i), cx -l €

c

PRepH,(n—QiN)(OF/ﬂ'd_i). LetMi =M@ (N), we have

. #Repy 4 (Op /%)
Den(H, M & (N)) = 5115{.10 g Ak D=(r+ 1) (r+2)/2)

o [2/2] ; #PRCPH,<N—2iN>(OF/7Td_i) q" #RepH(N’i%M(OF/nd)
a2 REEGIT) D gd( D= (D 2)
i=0

[n/2]
= Z g > %) Pden(H, (x 2% N)) - Den(H(N, i), M).
i=0

Corollary 2.5.6. Let M be a quadratic lattice of rank r over Op. Let k > r+2 be a positive integer

and € € {x1}. For all a € Op, we have the following identity,
. Pden(H?, (r))
lim Den(H}, M & (an™)) = Den(H;_,, M) - —

Proof. By Theorem 2.5.3 and Example 2.5.2, we know that for any positive integer m,

Den(H?, M & {(an™))—g*> ** Den(H?, M & (an™?))

= Pden(Hy, (an™)) - Den({—an™) © H{_,, M).

Notice that Pden(H?, (an™)) is independent of the positive integer m by Example 2.2.5. Taking

34



m — oo, Lemma 2.4.1 implies the following,

(1-¢*") - lim Den(H{, M @ {(an™)) = Den(H:_,, M) - Pden(H?, {r)).

Definition 2.5.7. Let N € Op. Let M be a quadratic lattice of rank » > 2 over Of. Define the local

density of M with level N to be a polynomial Dens,.(n) (X, M) satisfying

Den(6r(N)© HS, . 5, M)
Nor*(g=,r — 1)
Den(6r(N)© HS, . 5, M)
Nort# (N (g=m r)

, Whenrx|N;

Deng,. (v (X, M) |X:q_m =
, Whennm{N.

for m > 0. Moreover, if the lattice M & (N) can’t be isometrically embedded into the self-dual

lattice H,,. Define the derived local density of M with level N to be

d
8Den5F(N)(M) = _ﬁ DCH(SF(N)(X, M)
X=1

Theorem 2.5.8. Let N € Op. Let M be a quadratic lattice of rank r > 2 over Of. Then we have
Deng,. vy (X, M) = Den(X, M & (N)) — X* - Den(X, M © (" *N)).
Moreover, if the lattice M & (N) can’t be isometrically embedded into the self-dual lattice HY .
dDens,. vy (M) = dDen(M © (N)) — dDen(M & (n~*N)).

Proof. Recall the definition of the polynomial Nor®(X,n) in Definition 2.3.1, we can verify im-
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mediately by formula (2.2.5) that, for any x € Op,

Nor*(¢™",r+1) =Pden(H5, .., (x)) - Nor** ™ (g™ r), when r 1 x;

Nor*(¢™™,r+ 1) =Pden(H5, ,, .5, (x)) - Nor*(¢™",r — 1), whenr|x.
Let n = v;(N), Theorem 2.5.3 and Example 2.5.2 imply the following decomposition,

Den(H;m+r+2’ M S <N>)

(n/2]

= > g - Pden(H3,,,,.,, (n2N)) - Den(H3,,,,.o (N, i), M)
i=0

2m+r+2

(n/2]

= Z g2 . Pden(H3, . .., (n 2N)) - Den(6p(n ¥ N) & H, M).
i=0

2m+r-2°

By Definition 2.5.7, when p is odd, the following formula holds

2
Den(X, M & (N)) = [%‘] X% - Deng,, (r-2in) (X, M). (2.8)

i=0
When n = 0 or 1, Den(X, M & (N)) = Deng,(y)(X, M) and Den(X, M & (772N)) = 0 since
772N is not in Op, therefore Deng, vy (X, M) = Den(X, M & (N)) — X? - Den(X, M & (n72N)).
When n > 2, Deng,.x) (X, M) = Den(X, M & (N)) — X* - Den(X, M & (n~2N)) follows from the

formula (2.8).

The fact that the lattice M & (N) can’t be isometrically embedded into the quadratic space H, ,
implies that Den(1, M & (N)) = Den(1, M & (n"2N)) = 0, the second formula in the theorem

follows from the first one and the definitions of the symbols dDens,. () and Den. m|

Now we apply Theorem 2.5.8 to the case that we are interested, i.e., F = Q, and r = 2, Let

N € Z,, we get the following difference formula of local density functions,

Denj,(v) (X, M) = Den(X, M & (N)) — X* - Den(X, M & (p~>N)). (2.9)
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Note that the lattice M & (N)) is a sub-lattice of B ~ End®(X) which is the unique division quater-
nion algebra over Q,, hence the lattice M & (N) can’t be isometrically embedded into the quadratic
space Hy ® Q, ~ M»(Q,), therefore Theorem 2.5.8 implies the following difference formula of

the derivatives of local densities,
dDeny,(v) (M) = 0Den(M & (N)) — dDen(M & (p~>N)). (2.10)

2.5.3 Example

Assume p is odd. In the following example, we compute an explicit example of local densities

and compare our formulas with known formulas given in [8] and [1].

Example 2.5.9. Let N = Nj is a positive integer with v,(Nog) = 0 or 1. Let M be a rank 2
Zp-lattice such that M is isometrically embedded into W and is GL,(Z,)-equivalent to the matrix
diag{e|p?, e,p>} where g1, &> € Zy,. Let Ny = p?* Ny where Ny is a positive integer with vp(No) =

Oor1and k > 1is an integer. By the formula in [8, §2.11],

_ (p +p2)X2k+3+v1,(No) _ pX2k+4+v,,(N0) _ X2k+5+V”(NO), when k > 3.
the formula (2.9) implies when k > 3,
Den(;P(Nk)(X, M)=1+pX+ (p2 +p- 1)X2 + (p2 - p)X3 - pX4 - sz4 - sz5 - p2X6.

when k > 3. Therefore dDens (v, (M) =2 +4p + 6p> when k > 3.
We will double check our results by comparing it with the formulas of local density given in

[5, Theorem 7.1]. The theorem implies that for sufficiently large positive integer m,

2m?

Den(8,(Ni) © H3,,, M) = 1+ Ry (X) + Ro(X) |y_ -

37



8 8
where Rix(X) = X Ik (X) and Rox(X) = (1 = p7") X bix(X) + p~ Ik (X). I14(X) and

i=1 i=1

I 1 (X) are explicitly constructed polynomials in the beginning of section 7 of [5]. In our case,

when k > 3,
_ -1 2 2 w3 _ 24
LixX)=(p-p )X+ (p"-DX", Lok(X)=-X", L134x(X)=0, L14x=-p°X".

Lix(X) = (p* = 1DX, Lax(X)=hsi(X) = LX) =0.
Lax(X) = -pX* = pX°, har(X) = -p*X° - p*X®, Lei(X)=pX', Lsi(X)=pX*+p?X*.
therefore when m is sufficiently large,
Den(6,(Ny) ©H M) =1+(p-p DX+ (p*+p-2)X*+(p*-2p+p ' - DX?
~2p = DX+ (1= p)X°+(p = p)X°+ X" | 0
By Definition 2.5.7, when k > 3,

~ Den(6,(Ny) © Hy, , M)

Dens, (v, (X, M) |X=p_m =]

=14+ pX+ (PP +p - DX+ (p? = p)X° = pX* = p?X* = p°X° — p?X°[,_ ...

hence Deng,(v,) (X, M) = 1+ pX + (p?+p-DX*+ (p*> - p)X3 - pX* - p?X* - p>X> — p?X°©

when k > 3, this agrees with our previous calculations.
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Chapter 3: Fourier coefficients of Eisenstein series

3.1 Incoherent Eisenstein series

For an positive integer r, let W, be the standard symplectic space over Q of dimension 2r. Let
P = MN c Sp(W,) be the standard Siegel parabolic subgroup, which take the following form

under the standard basis of W,.,

a O

M(Q) = {m(a) = :a € GL.(Q) ¢,
0 ‘aq7!
1, b

N(Q) = {n(b) = b € Sym, (Q)
0 1,

Let A be the adele ring over Q. There is an isomorphism Mp(W,4) — Sp(W,)(A) x C! with the
multiplication on the latter is given by the global Rao cycle, therefore we can write an element of
Mp(W, ») as (g, 1) where g € Sp(W,)(A) and ¢ € C.

Let P(A) = M(A)N(A) be the standard Siegel parabolic subgroup of Mp(W,. ) where

M(A) = {(m(a),t) : a € GL,(A),t € C'},

N(A) = {n(b) : b € Sym,(A)}.

Recall the following incoherent collection of rank 3 quadratic spaces V = {V, } over A we defined
in (1.2),

V, =6,(N)®Q, if v < oo, and V, is positive definite.

then we can verify immediately that [T e(V,) = —1.
1%
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Let y : A*/Q* — C* be the quadratic character given by x(x) = [ xv(xy) = [] (xy, =N),
v<oo y<o0

for all x = (x,) € A*. Fix the standard additive character ¢ : A/Q — C* such that o (x) = >,

We may view y as a character on M (A) by

x(m(a), 1) = x(det(a)) - y(det(a),y) ™" - 1.

and extend it to P(A) trivially on N(A). Here y(det(a), ) is the Weil index (see the work of
Kudla [12, p. 548]). We define the degenerate principal series to be the unnormalized smooth

induction

Mp(W, 1)/2
I(s, ) = TIndpt " (1 15007, s e

For a standard section ®(—,s) € I(s, y) (i.e., its restriction to the standard maximal compact

subgroup of Mp(W, ») is independent of s), we define the associated Siegel Eisenstein series

E(gs5®) = >  ®(yg5),
yeP(Q\Sp(Q)

which converges for Re(s) > 0 and admits meromorphic continuation to s € C.
Recall that (V") is the space of Schwartz functions on V”. The fixed choice of y and y gives

a Weil representation w = w4 of Mp(W, ») X O(V) on §(V"). For ¢ € §(V"), define a function

D, (g) = w(g)e(0), g€ Mp(W, ).

Then @,(g) € 1(0, ). Let ®,(—,s) € I(s, x) be the associated standard section, known as the
standard Siegel-Weil section associated to ¢. For ¢ € S(V"), we write E(g, s, ) = E(g, s, D).

In this thesis, we will mainly work on the case that r = 1 or 2.
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3.2 Whittaker functions and local densities

Let v be a finite place of Q. Define the local degenerate principal series to be the unnormalized

smooth induction

Mp(W, ., R 2
L(s, xv) =Tndp 2 (- |- D), s e .

Let N = Sym, be the group of symmetric matrices. For all functions @, € I,(s, y,) and matrices

T € N(Q,), define the local Whittaker function by the following integral,
1 1 0 1r
Wr (g, s, @) = / D, (Wr_ n(b)gy, S) Yy [ —tr ETb ) dn(b), w,= . (3.1)
N(Q) -1 0
The integral converges absolutely when Re(s) > 0, and it has meromorphic continuation to s € C.

Lemma 3.2.1. Let D, € I, (s, xy). Let {T,}n>1 C Sym,(Q,) be a sequence of symmetric matrices
such that lim T, = T € Sym,.(Q,), i.e., the sequence {T,},>1 converges to T l-adically. Then we
n—>oo

have the following equality when Re(s) > 0,
Wr,(gyv,s, @) = ’}i_)n(}OWT,,,v(gw 5,D,). (3.2)

Proof. Let € > 0 be a number. Let so > 0 such that the integral (3.1) converges absolutely when

Re(s) > so. Therefore there exists an integer ng > 0 such that for all integers n > ng, we have

|d)v(wr_1n(b)gv,s)|dn(b) <e€. (3.3)

VUN(Z,)\vT"ON(Z,)

There also exists an integer Ny such that for all n > Ny, we have T, — T € v"°N(Z,). Therefore for
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all n > Ny, we have

WT,V(g\M S7 ¢V) - WTn,V (gV7 s’ (DV)

IA

1
Wra(gsc®) = [ @0 n(b)g,. )0 (3 TH) (D)
v "ON(Z,)

[ e g 9w (e (GTEN( - ST~ T)b)dn(b)
vT"ON(Zy)

_ 1
W5, @) = [ @06 )8 (ST D).
v "ON(Z,)

Notice that the middle one is 0. By the estimation (3.3), we have the following inequality for all

s € C such that Re(s) > so,
Wr(8y, s, ®y) — Wr, ,(8y, s, Dy)| < 2€, forall n > Np.

Hence the limit (3.2) holds. i

Remark 3.2.2. By the well-known relations between special values of Whittaker functions and
local densities, e.g. [12, Proposition A.4] and Lemma 3.2.1, we would expect that the formula
(2.4) holds also for degenerate quadratic lattice L. But this is not true in general! The formula

(2.4) amounts to saying that the following two limits are equal for some integer &,

lim lim Wy, ,(gy,s,®,) = lim lim W7,.,(gy. 5. ®). (3.4)
n—oco g—

s—k n—oo

Itis true if T = lim 7}, is nondegenerate because the limit process for n — co would stabilize. But
n—oo

this is not true if T is degenerate, hence (3.4) may not be true. For example, by Yang’s formula in

[25, Theorem 5.7 (i)], the two sides of (3.4) would differ by a nonzero multiple of 1, (T) (see the

notations in loc. cit.).
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The fixed choice of y, and ¢, gives a local Weil representation w, = w,, y, of Mp(W,.,)) X
O(V,) on the Schwartz function space &' (V). We define the local Whittaker function associated

to ¢, and T € Sym,(Q,) to be

WT,v(gv’ S, ¢v) = WT,V(gV’ Sa q)(pv)a (35)

where @, (g,) = w,(g,)¢,(0) € 1,(0, x,) and D, (-, s) is the associated standard section.
The relationship between Whittaker functions and local densities is encoded in the following

proposition.

Proposition 3.2.3. Suppose v # oo. Let L be an integral quadratic Z,-lattice of rank 1 or 2.
Suppose that the quadratic form of L is represented by a number t € Q, (when the rank of L is 1)

or a matrix T € Sym,(Q,) after a choice of Z,-basis of L, we have the following identity,

1
W; (1, k+§, Ls,(vy) = (=1, —N)V|2N|i/2 -y(V,)-Den(6,(N)SH;,, L), when the rank of L is 1.
(3.6)

Wry(1,k, 1g vy2) = 1217 [N, - ¥(V,)? - Den(8, (N) © HZ,, L), when the rank of L is 2. (3.7)

where the constant y(V,) = y(det(V,), ¥,) "' - e(V,) -y (¥,) 73, y(det(V,), ¥,) and y (¢, are Weil
indexes (cf. Appendix of [26]).

Proof. Both of the two formulas are proved in [6, Lemma 5.7.1]. O

For the place v = oo, there is also a well-developed theory about the Whittaker function at
0. Let Wr.oo(g, s, A(N)?) (resp. W;.(g,s,A(N))) be the Whittaker functions for the Gaussian
function on the space V2 (resp. Vo), both of them can be computed explicitly, for example, the

works of Kudla, Rapoport and Yang [27, Lemma 8.6], [6, Theorem 5.2.7, Proposition 5.7.7].

Definition 3.2.4. For a symmetric matrix 7 € Sym,(Q), and a factorizable section ® = ®,®,, €

I(s, x) where @, is the standard section associated to the Gaussian function on the space V’_, for
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a complex number s € C such that Re(s) > 0, we define the global Whittaker function to be

Wr (8,5, 9) = Wroo(goo 5, ANY) - | | Wra(1:5,0,), 8 = (80) € MP(W,.).

y<oo

the above product can be meromorphically continued to the whole complex plane.

Remark 3.2.5. In this thesis, we use the simplified notation Wr(g, s, A(N)") to denote the global
Whittaker function Wr(g, s, ¢) on Mp(W,, 4) where n = 1 or 2 and ¢/ is the Schwartz function

®y<ools, (-

3.3 Fourier expansion

We have a Fourier expansion of the Siegel Eisenstein series defined above,

E(g,S,QD): Z ET(g,S,QD),
TeSym, (Q)

where

Er(g.s.0)= | E(n(b)g. 5. 9) (~r(Tb))dn(b).
Sym,.(Q)\Sym,.(A)
the Haar measure dn(b) is normalized to be self-dual with respect to .

Lemma 3.3.1. Let T € Sym,.(Q) be a nonsingular matrix, let ¢ € S(NV") be a factorizable

Schwartz function, we have

ET(g7 S, ‘P) = WT(g’ S, 90)

Proof. This lemma follows from unravelling the integral defining the function Er, see [10, §11.2].

O

Combining with (3.1), we have the following decomposition of the derivative of a nonsingular

Fourier coefficient,

Ef(g,5,®) = ) Ef (2,5, D),
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where 7 is nonsingular and

E;",v (g’ S, CD) = W;",v(gv, s, (I)V) ' n WT,V’ (gV" S, q)v’)- (38)

V£V
3.4 Classical incoherent Eisenstein series
The hermitian symmetric domain for Sp(W,) is the Siegel upper half space

H, ={z=x+1iy | x € Sym,(R),y € Sym,(R)>o}.

When r = 1,let 7 = x +iy € H" with x, y € R and y is positive. Define the classical incoherent

Eisenstein series to be

E(t,5,9) =y " E(gr.5.9). g = [n(x)m(y'?),1] € Mp(W,). (3.9)

In this paper, we will focus on the case that ¢ = 1 AN)eE @ Poo € §(V), where 1 AN &2,
is the characteristic function of the rank 3 Z-lattice A(N) ® Z and ¢, is the Gaussian function

@ (x) = e For the fixed choice of the Schwartz function ¢ above and any 7 € Q, we write
E(T’ s, A(N)) = E(T’ s, IA(N)@,Z ® Sooo), El(T, S, A(N)) = El‘(T’ S, 1A(N)®Z ® ¢oo) (310)

We will also need the normalized genus 1 Eisenstein series (7, s, A(N)) defined as follows,

1
E(1,s,A(N)) = Cy(s)E(t, s — 5,A(N)), where Cy(s) = —%A(Zs) ]_[(1 — p ) |NGsHD/2,
pIN
(3.11)
Similarly, for any ¢ € Q, &(,5,A(N)) = Cn(s)E( (1,5 — 3, A(N)).

When r =2, let z = X +iy € H, with X,y € Sym,(R) and y ="a - a is positive definite. Define
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the classical incoherent Eisenstein series to be
E(Z,5,9) = Xo(m(a))"|det(m(a))| >/ - E(g2, 5, 9), g2 = [n(x)m(a), 1] € Mp(W, ). (3.12)
‘We write the central derivatives as,
JEis(z, ) = E’(2,0,¢), 0Eisr(z, ¢) = E;(2,0, ¢). (3.13)
Then we have a Fourier expansion

OEis(z, p) = Z dEisr(z, @).
TeSym,(Q)

In this paper, we will focus on the case that ¢ = 2 ® @, € S(V?), where ¢ =

Lamsz)

1 (AN)82)? is the characteristic function of the rank 3 Z-lattice A(N) ® Z and ¢, is the Gaussian
function ¢, (x) = ¢ 7"TW  For the fixed choice of the Schwartz function ¢ above and any

T € Sym,(Q), we write

E(Z7 s, A(N)Z) = E(Z’ S, 1(A(N)®Z)2 ® gooo)’ ET(Za s, A(N)Z) = ET(Za S, 1(A(N)®Z)2 ® gooo)’

(3.14)

dEis(z, A(N)?) = dEis(z, 1 (sez)’ ® ®.), OEisr(z, A(N)?) = dEisy(z, 1 (swez)’ ® Do)

(3.15)

Similarly, for any T € Sym,(Q), Wr(g, s, A(N)?) = Wr(g, s, 1(A(N)®Z)2 Q Poo)-

Lemma 3.4.1. Let T = diag{0,t} witht # 0, let y = diag{y, y2} be a positive definite symmetric

matrix, then

. r - 1 i
Er(iy, s, AN)?) = 2y Wi gy, 5 + AN + (1y2)Wr(giy. 5. ANY?).
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Proof. This lemma follows from [1, Lemma 4.11, formula (38)]. |

3.5 Singular Fourier coefficients of Eisenstein series

In this section, we study the Fourier coefficient E7(z, s, A(N)?) of the Eisenstein series defined
in §3.4 when the matrix 7 is singular.

We first fix some notations. For any prime number p, we define the local zeta function £, (s) =
(1-p~*)~!, we also define {w(s) = 775/2T'($). Let A(s) = [ £, () be the completed zeta function
where v ranges over all the places of Q, then A(s) can be mf:romorphically continued to the whole

complex plane and satisfies the functional equation A(s) = A(1 — ).

3.5.1 Therank of T is 0.

In this case, the matrix 7 = 0.

Lemma 3.5.1. Letn = v,(N) > 0 be the p-adic valuation of N, let A, (s) be the following function
fors € C,

1 .
_ 1 ifn =0;
I+p~1-s> ,
Ap(s) =|N|p - 1 e p=9-h

_p2s , ifn>1.

1+p—l—s ' l_pl—s 1+p—l—s : l_pl—s

The following identity holds,

{p(2k—1)

Wo. (1, k, 1 = 22N, -1y, 22 7

- Ap(k).
Proof. For a rank 2 nondegenerate quadratic lattice M and integer k > 0,

Wrp (1, 15, vy2) = 2152 IN1 (N, =1), - Nor* (X, 1) - Densony (X, M)y _ . (3.16)

Suppose the Gross-Keating invariant of the quadratic lattice M is GK(M) = (a, b) for integers

a<banda,b > n.

47



e If n = a (mod?2), by the formula in [8, §2.11], we have

- n+ - (n+a)/2~i _ yn+ _ (Ev\b-a+
Den(X,M@(N)):(1 (pX)" (1 = (pX?) ’ )+p(n+a)/2Xa(1 X (1 - (X))

(1-pX)(1-pX?) (1-X)(1 - (£X))
p(n+a)/2—lxb+2 1 - Xn+1 (p—lXZ)(n+a)/2 _ p(n—a)/2+lxa—1
1-plx2 1-X 1-px!

where € € {1} depends on the lattice M.

elfn £ a (mod?2), by the formula in [8, §2.11], we have

1— (pX)n+1 p(n+a+1)/2(Xn+a+1 _ Xa)
(1-pX)(1-pX?) (1-X"H(1-pX?)
p(n+a—1)/2Xb+l 1 — Xn+1 (p—IXZ)(n+a+1)/2 _ p(n—a+1)/2Xa
- plix2 1-X 1-px-!

Den(X,M & (N)) =

In both cases, when 0 < X < p'l, we have the following formula

1= (pX)n+1
(1-pX)(1-pX?)

lbim Den(X,M & (N)) =
therefore when 0 < X < p~1,
ngmmeMp:yl@me@mm—ﬁmme@@ﬁmﬁ

1-— XZ + (pn—l _ pn+1)Xn+l
- (1-pX)(1-pX?)

Note that Nor*(X,1) = 1 — p~!X, the lemma follows by combining (3.16) and the following

formula,

3/2 —k— . -
Wap (L k. 15, 0p2) = 1217IN], (N, =1 - (1= p™ 1) - lim Dengiw (p™*, M)

In the following, let A(s) = I'(s)7~*/2£(s) be the normalized Riemann zeta function.
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Proposition 3.5.2. Letz = X +iy € Hy and n, = v,(N), we have

A(=D Z —n,p"* +2p" +n,ptrT! =2

. 2N _
0Eisg,(z, A(N)") =logdet(y) +2 -4 ACD) 2, (2 1)

-log p
Proof. By similar arguments in [1, §4.4], we have

(dety)3/* . Eo,(z,s, A(N)?) = Wo, (82, s, AN)?) + Z B(m(y)g,s) + ¢>1A(N)2 (g,5)
vel\SLa2(Z)

where the derivative of the middle term D B(m(y)g,s) ats =0is 0, and
y€Tw\SLa(2)

(s—DAQRs—1)

W()2 (gz, S, A(N)z) = det(Y)_‘Y/2+3/4 (S + 1)A(2S + 2)

n Ap(S), (DlA(N)z (g’ s) — det(y)s/2+3/4.
pPIN

The proposition follows from combining the above formulas and Lemma 3.5.1. O

3.5.2 Therank of T is 1.

Let N be a positive integer, let r be a nonzero integer, we fix a 2 X 2 matrix 7 = diag{0, ¢}.
Now we are going to define a quadratic character y; : A* — C*: When —tN is not a square in
Q, the character y; is the quadratic Dirichlet character attached to the quadratic field extension
Q(-tN)/Q; when —tN is a square, let y, be the trivial character. When —¢N is not a square, let
—d be the fundamental discriminant of the field extension Q(—7N)/Q. When —¢N is a square, let

d = —1, then there exists a positive number ¢ such that
4Nt = 2d.

For any prime number p, we define the local zeta function associated to y; to be L, (s, x;) =
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(1= x:(p)p~)~" and Lo (s, x;) to be the following,

aGHDRP(El) it > 0;
Leo(s. x1) = |d|¥/2 - ?

n=20(3), ift <0.

Let A(s, x;) = [IL,(s, x;) be the completed L-function of the quadratic character y,, then
A(s, 1) can be mveromorphically continued to the whole complex plane and satisfies the func-
tional equation A(s, x;) = A(1 — s, x1).

Define the following function for positive integers k,

(k) = Den(H3, ., (t, Np~2))
P Den(Hj,,,.(t,N)) ~

(3.17)

Notice that if the p-adic valuation of N is 0 or 1, the function g, (k) = 0.

Lemma 3.5.3. The function g,(k) is a rational function in pk, hence it can be meromorphically

defined over C. The function g, also has the following functional equation,

gp(k) = p* g, (k- 1).

Proof. We only consider the case that the p-adic valuation of N is greater or equal to 2. By

definition made in Lemma 2.3.2, when k is a positive integer,

(k) = 22 g (t.p*N)) _ Den’(p~™*, (1,p™>N)) _ Den’(X, (t, p*N))
& Den(Hj, ., (t,N)) Den’(p=*-1, (¢, N)) Den’(X, (t, N)) |x=p-k-1

Therefore g, (k) is a rational function in p~% by Lemma 2.3.2, hence it can be meromorphically

defined over C. The functional equation is a consequence of Theorem 2.3.3. O
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Lemma 3.5.4. Let p be a prime number, for any positive integers k,

WT,p(l’ k’ l(SP(N)Z)
Den’(p~*, (t, N))

—p g, (k-1) 1-p7 22 ifptN;

1 - -k
x:(p)p L= p 1 i p|N.

1
= 21, IN] 2y (V)2 -

9

(3.18)

Wip(Lk+3,1s,v) B

1-p2lg (k) |1- p k2 ifp t N;
Den’(p~*-1,(t, N)) .

1 - x:(p)p~*-1

2N 2y (V,) - (=1,N), -
1-p k1 if p|N.

(3.19)

Proof. By Proposition 3.2.3 and Theorem 2.5.3, we know that

Wrp(L ks g, vy2) = 1215 %IN1,7 (V) - lim Den(5,(N) © Hy, (1, p™)

Den(H3, . (N,t,p™)) — p~**Den(H3, . (Np~2,1, p™))
Pden(Hj, ,,,(N)) '

3/2 .
= 12BNy (V,)* - lim

By Lemma 2.5.6, we have

Wrp(1,k, 15, (ny2)
Pden(H3, .. {(p)) . Den(H3, ,,,(N,1)) — p~*Den(Hj, ,,(Np~2,1))
Pden(H3, . (N)) 1 - p2k

Pden(H3, ,,.(p)) 2k
B () (L= pgp(k)).

= [212/2IN],y (V)2 -

3/2
= [212/%IN|,¥(V,)? - Den(Hz, ,,, (N, 1)) -

Then the formula (3.18) follows from the definition of local density polynomial in Lemma 2.3.2.
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For the formula (3.19), we have the following identity by Proposition 3.2.3 and Theorem 2.5.3,

1
Wl‘,p(la k + 5, 16P(N))

Den(H3, ,,,(N,1)) — p~*"'Den(H3, ,,, (Np~2,1))
Pden(H3, ,,,(N))

1-p2g, (k)

Pden(Hj, ,,.(N))

= 2N[}2y(V,) - (-1,N), -

= [2N1,*y(V,) - (=1, N), - Den(H; .4, (N, 1)) -

Then the formula (3.19) also follows from the definition of local density polynomial in Lemma

2.3.2. O

For any prime number p, we consider the following meromorphic function for s € C,

1+p~t 1-p>gy(s—1)

= . 3.20
P T T gD (20
Corollary 3.5.5. Let p be a prime number, the following identity holds for any integer k,
{p(2k)
WT,p(17 ka 16 N 2) AT Zk
O B ) NI (-1, M)y (V) - p @) f(p;k +>2)
Wip(Lg =k 1s, ) * ot &
1, if pt N;
X
Bp(k), ifp|N.

Proof. By Theorem 2.3.3 and the formula (2.3) in Remark 2.3.4, there is a functional equation,

Den’ (p~*, (N, 1)) = pU7207 () . Den® (pk=1 (N, 1)).

The corollary follows from the functional equation above and Lemma 3.5.4. O

Proposition 3.5.6. Let T be a 2 X 2 matrix of rank 1 which can be diagonalized to diag{0, t} with

t #0. Lety = diag{y1, y2} be a positive definite symmetric matrix, then for any complex number
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k, we have

1
Er(iy. k. ANN)?) = ) *Ei(iy2, 5 + k. AN))

e k=1 AM2-2K)

1
N R | |0 B ka0,

pIN

Proof. When —tN is not a square, let —d be the fundamental discriminant of the field extension

Q(-tN)/Q. When —¢N is a square, let d = —1, then there exists a positive number ¢ such that
4Nt = c*d.

For any complex number &, the following identity is proved in [1, Lemma 4.14] (see also [6,

Proposition 5.7.7]),

o (2k _ 1-k o (2k _ _
Co(2k) 5. /2434 L _6(2k) - oei g2k (3.21)

w(giv. k. A 2y, =
Wr,e0(8iy> K, A(N)”) Lo(k, x1) | l+k Co(2k+2)
1 00(2_2k)

Recall that by Definition 3.2.4, Wr(giy, k, A(N)?) = Wr.o(giy, k, A(N)?) - TTWr,, (1, k, 15 (yy2)
and Wi(giy,, k, A(N)) = Wi oo (8iy,» ks AIN)) - TT Wi p (1, k, 15, (v))- ’

Notice that both of the functions Wr(gy, k,pA(N )2) and W, ( 8iy,» k, A(N)) can be meromorphi-
cally continued to whole complex plane. By combining the above identity (3.21), Corollary 3.5.5,
and the functional equations A(s) = A(1 =), A(s, x;) = A(1 — s, x;), we get

—kj3pa k-1 A(2-2k)

1
Wr(gy. k. AN)?) =y, 1V Raaan | B0 Wi 5 — kA,

pIN
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Then Lemma 3.4.1, Lemma 3.3.1 and formulas (3.9), (3.12) imply that

1
Er(iy. k. AN)?) = )2 Ey(iy2, 5 + k. AN))

e k=1 AM2-2K)

1
BRI A(2+2k)'l—[ﬂ”(k)'E’(lyz’E_k’A(N))

pIN

Corollary 3.5.7. Let T be a 2 X 2 matrix of rank 1 which can be diagonalized to diag{0,t} with

t #0. Lety = diag{y, y2} be a positive definite symmetric matrix, we have

iy, )
E7(iy, 0, A(N)?) =2E;(iy2, 5, A(N))

4N’ (2)
A2)

= Y B0 | Exdiya, 3, AN)).

pIN

+|logy; +2+1logN +

Proof. This follows from Proposition 3.5.6. O
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Part 11

Geometric side

55



Chapter 4: Arithmetic intersection theory on Xy(N)

4.1 Cyclic group schemes

Let S be a scheme. Let G/S be a finite locally free group scheme over S. On every connected
component of S, the rank of G is a constant, if the rank is a same number N for every connected
component, we say that G has order N.

Let Os be the structure sheaf of the scheme S. Let G /S be a finite locally free group scheme
of order N, then the structure sheaf Og of G is finite locally free of rank N as an Os-module. Any
element f € Og acts on itself by left multiplication, this defines an Og-linear endomorphism of

Og, the characteristic polynomial of this endomorphism
det(T — f) =TV — ()T '+ -+ (=DVN(S),

is a monic polynomial in Og[T] of degree N.

Definition 4.1.1. We say that a set of N not necessarily distinct points {P,-}I.I\i , in G(S) is a full set
of sections of G /S if the following condition is fulfilled: for any element f € Og, the following

equality of polynomials with coefficients in Og holds,

N
det(T - f) = | (T - £(P)).
i=1

Definition 4.1.2. We say a finite locally free group scheme G /S of rank N is cyclic over S if there
exits a section P € G(S) such that {aP}ilV:1 forms a full set of sections of G/S, we say P is a
generator of G over S. We say G/S is cyclic if Gr is cyclic over T after some fppf covering by

some scheme T — S.
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Remark 4.1.3. The cyclicity of a group scheme is preserved under base change by the definition,
i.e., if G/S is cyclic, then for any morphism S’ — §, the base change group scheme G Xg S’/S" is

also cyclic.

Proposition 4.1.4. Let S be a scheme. Let E/S be an elliptic curve over S. Let G C E[N] be a
finite locally free group scheme of order N over S. Then there exists a closed subscheme S¥¢ C S
which is universal for the condition “G is cyclic", in the sense that for any morphism T — S,
the base change Gt /T is cyclic if and only if the morphism T — S factors through the closed

subscheme S°.
Proof. This is proved in [3, Theorem 6.4.1]. |

Lemma 4.1.5. Let W be a discrete valuation ring with residue characteristic p and uniformizer m.
Let S be a reduced, noetherian, quasi-separated and flat scheme over W. Let G be a finite locally
free group scheme of order p" over S, which is also embedded into an elliptic curve E/S. If for
every generic point & of S, G¢ doesn’t factor through the multiplication-by-p morphism of E¢, then

G is a cyclic group scheme.

Proof. Since S is quasi-separated, quasi-compact and flat over W, then S[7~'] is dense in S since
the scheme-theoretic image commutes with flat base change, therefore every generic point £ lies
in the open dense subscheme S[77!]. Let (&) be the residue field of &, it has characteristic 0.

k
The group scheme G¢ is of order p" over the characteristic O field x(¢), hence G¢ ~ [ Z/p“Z
i=1

where i a; = n. The fact that G¢ doesn’t factor through multiplication-by-p morphism of E¢
is equii/:allent to saying that E[p] =~ (Z/pZ)> ¢ G. Hence the only possibility is k = 1 and
Gg =Z[p"Z.

Let S be the closed subscheme described by Proposition 4.1.4, we know that every generic

point is contained in the closed subscheme S¢, hence S = § since § is reduced. O

Corollary 4.1.6. Let W be a discrete valuation ring with residue characteristic p and uniformizer

n. Let S be an integral noetherian scheme, quasi-separated and flat over W. Let G be a finite
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locally free group scheme of order p" over S, which is also embedded into an elliptic curve E/S.
If the isogeny ng : E — E |G doesn’t factor through multiplication-by-p morphism of E, then G

is a cyclic group scheme.

Proof. The isogeny 7 : E — E /G factors through the multiplication-by-p morphism of E if and
only if ker([p]g) is contained (as a Cartier divisor on E) in G, this is a closed condition on the
base scheme S by [3, Lemma 1.3.4]. We use 7 # 0 (since the morphism g doesn’t factor through
the multiplication-by-p morphism of E) to denote the ideal sheaf of this closed subscheme of S, it
is functorial with respect to the base change of S.

Let & be the only generic point of S, then G¢ doesn’t factor through the multiplication-by-p
morphism because otherwise 7 = 0, but the injection 7 — 1 will imply that 7 = 0, which is a

contradiction. Then the corollary follows from Lemma 4.1.5. O

4.2 Ty(N)-structures on elliptic curves

Let S be a scheme. We say a scheme C over S is a smooth curve over § if the structure

morphism C — § is a smooth proper morphism of relative dimension 1.

Definition 4.2.1. A closed immersion i : D — C is called an effective Cartier divisor if the
following conditions hold,
(1) The closed subscheme D is flat over S;

(i1) The ideal sheaf 7 (D) defining D is an invertible Oc-module.

Lemma 4.2.2. If C/S is a smooth curve, then any section s € C(S) defines an effective Cartier

divisor on C, denoted by [s].
Proof. This is proved in [3, Lemma 1.2.2]. m|

Given two effective Cartier divisors D and D’ on C/S, we can define their sum D + D’. It is
an effective Cartier divisor on C/S defined locally by the product of the defining equations of D

and D’. Explicitly, if S = Spec R and if over an affine open subscheme Spec A of C, the Cartier
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divisor D (resp. D’) is defined by an element f € A (resp. g € A), then the Cartier divisor D + D’

is defined by the equation fg.

Lemma 4.2.3. Suppose E/S and E’[S are two elliptic curves over S, n : E — E’ is an isogeny,
i.e., 7w is surjective and Ker(r) is a finite flat group scheme locally of finite presentation over S.

Then ker(rr) — E is an effective Cartier divisor.

Proof. By cancellation theorem of morphisms of locally finite presentation, any morphism be-
tween abelian schemes are locally of finite presentation. Hence  is locally of finite presentation,
and therefore ker(r) is also locally of finite presentation over S. Then the lemma follows from of

[3, Lemma 1.2.3]. O

Definition 4.2.4. We say an isogeny 7 : E — E’ between two elliptic curves E and E’ is a cyclic
N-isogeny if 7¥ o 1 = N, and there exists an fppf covering of S by a scheme T — S with a point
P € ker(x)(T) such that the following equality of Cartier divisors on E7 holds:

N

ker(m)y = Z [aP].

a=1
A Th(N)-structure on an elliptic curve E/S is a cyclic N-isogeny E S E.

Lemma 4.2.5. Let 1 : E — E’ be an isogeny between two elliptic curves E and E’, the isogeny n

is a N-cyclic isogeny if and only if ker(r) is a cyclic group scheme of order N.

Proof. By [3, Theorem 1.10.1], the set {aP}ZV | (where P € ker(r)(S)) forms a full set of sections

of ker(r) if and only if we have the following equality of effective Cartier divisors in E'/S,

N
ker(r) = Z [aP],
a=1

which is exactly the definition of the cyclicity of a N-isogeny. O

Example 4.2.6. (a) Suppose 7 = x +iy € H;, we consider the elliptic curve E; = C/Z + Zt, and a

finite subgroup K generated by 1/N inside E., then 7 : E; — E/K is a cyclic isogeny.
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(b) Suppose E/S is an elliptic curve over a F,-scheme S, then for any n > 1, the n™ iterated relative
Frobenius

F':E — EW",

is a cyclic p"-isogeny. The origin P = 0 is a generator of ker(F") because ker(F") ~ Os[T]/(T"")
Zariski locally (cf. [3, Lemma 12.2.1]).

Let &I1 be the stack of elliptic curves, i.e., for an arbitrary scheme S, E//(S) is a groupoid
whose objects are elliptic curves p : E — § and morphisms are isomorphisms of elliptic curves
over S. We use Y)(N) to denote the stack which consists of all the I'y(/N)-structures on elliptic
curves, i.e., for a scheme S, Yy(N)(S) is a groupoid whose objects are cyclic N-isogenies (E 5
E’) where E and E’ are elliptic curves over S, a morphism between two cyclic isogenies (E OE D
and (E; e EY) is a pair of isomorphisms of elliptic curves a : E; — Erand a’ : E] > E7 such

that a’ o m; = m, o a. We have the following functors,

s Y(N) — &,

(E/S 5 E'/S) —> EJS.

Lemma 4.2.7. Both Yy(N) and &Il are 2-dimensional Deligne—Mumford stacks. The functor

s : Yo(N) — E&ll is finite flat of degree y(N) = N - [1(1 + I7"), and representable by schemes, s
IIN

is also étale over Spec Z[1/N].

Proof. This is proved in [3, Theorem 5.1.1]. The key input is that a finite order group scheme is

automatically étale if the order is invertible in the base scheme. O

For a Z(,)-scheme §, a geometric point s of § and an elliptic curve E over S. Let E5 be the
base change of E to 5. Let T?(E5) (resp. VP (E3)) be the integral (resp. rational) Tate module of
the elliptic curve E5. A Z?p)-isogeny f : E — E’ over S is a quasi-isogeny and there exists a

prime-to-p number M, such that M o f is an isogeny. Let V7 ( f) be the homomorphism on rational

Tate modules induced by f.
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Lemma 4.2.8. Let &Ell(,) be the localization of the stack Ell to Spec Zp). Then &Ell () can be
described by the following stack: for every Z)-scheme S, Ell(,)(S) is a groupoid whose objects

are pairs (E/S,nP), where P is a m1 (S, 5)-invariant GLa(ZP)-equivalence class of isomorphism
7’ VP (Es) — (A

A morphism between two objects (E/S,qP) and (E'/S,n'P) is a Z?p)-isogeny f 1 E — E overS

such that n? = VP (f) o n'P.

Proof. We temporarily use &II’ to denote the stack described in the lemma. It suffices to show
that for a connected scheme S over Spec Z(,, there is a category equivalence between &E11(S) and
EIl'(S). We first construct a functor F from &II(S) to EII'(S). Given an elliptic curve E over S,

and a geometric point s of S, we choose an isomorphism
0’ TP (Es) = (27)*

then clearly the GL,(ZP)-orbit of 77 is 71 (S, 5)-invariant (because 71 (S, 5) acts linear on 77 (E3)).
We define F(E) = (E, nP), this functor is independent of the choice of 1?”.

Now we prove that this functor is essentially surjective and fully faithful. For essential surjec-
tivity, we pick an arbitrary object (E/S,n?) of E1I'(S), by the work of Lan [28, Corollary 1.3.5.4],
there is a Z(Xp)-isogeny f 1 E"— E,suchthatn” =nP o VP (f) : VP (E) = (A?)2 maps T7 (EY)
to (Z”)2. Therefore the object (E/S,7P) is isomorphic to (E’/S,7’P), which is the essential image
of E' € Ob &EII(S).

Next we show that there is an isomorphism,
Homg;y(s)(E, E’) = Homg s ((E, ), (E',1'P)) 4.1)

This is clearly injective by the above discussion. Now we pick an arbitrary element f from the

right hand side, then f is a Z?p)—isogeny, and n'? = nP o VP(f). There exists an integer M prime
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to p, such that f = M o f is an isogeny from E to E’. We claim that this isogeny factors through
the multiplication-by-M map, i.e., f itself is an isogeny. By the relation 7 = n? o VP(f) and
the construction above, V”(f) maps T”(Es) isomorphically to 77(EZ), then obviously f maps
EZ[M] = E’'[M]5 to 0, this holds for every geometric point 5 of S, then since § is a Z,)-scheme
and rigidity result proved by Mumford, Fogarty and Kirwan [29, Proposition 6.1], we know the
isogeny f vanishes on E’[ M], hence f itself is an isogeny. Now ker( f) is a finite flat group scheme
over S of order prime to p, but since V”(f) maps T?(E5) isomorphically to 77 (EZ), this group
scheme must be trivial, i.e., f is an isomorphism, therefore it comes from an element of the left

hand side of (4.1). O

Remark 4.2.9. We consider the following Deligne-Mumford stack,
H° = &Ell xz Ell 4.2)

For any prime p, we use H () to denote the localization of H® to Spec Z,).
There is a similar description of the stack H (Op) as follows, for any Z,)-scheme S, the groupoid
H¢, (S) consists of pairs ((E, E"), (nP,1'P)), where 7 (resp. n’P) is a 1 (S, 5)-invariant GL, (Z7)-

equivalence class of isomorphism V7 (E5) = (Afc)2 (resp. VP (EZ) - (A?)z).

For any N € Z., let wy be the following 2 X 2 matrix,

N 0
WN = .
0 1
We consider the following stack Y (N )zp) over Spec Z(p,): for every Z,,)-scheme S, Yo (N )zp) (S)is
a groupoid whose objects are pairs (E Ny (n?,n’?)), where E 5 Eisa cyclic N-isogeny and
(nP,n'P) is a pair of 1 (S, 5)-invariant Ty (N) (ZP)-equivalence class (we will specify the action of

[o(N)(ZP) in (4.4)) of isomorphisms

n" VP (Es) = (A% 0 VP (ED) — (AD)
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which maps T?(E5) and T?(EZ) to (ZP)?, and the isomorphism 7’? is determined by n” by the
following commutative diagram,
VP (Es) L (AT)? 4.3)
[mﬂ) o
VP(E) — (AF)?

A morphism from (E; 5 E}, (n%,n])) to (E; 5 E, (n%,ny)) is a pair (f, f’) of iso-

morphisms f : E; — Ej and f’ : E}{ — E} such that f’ o = my 0 f and (n],n) =

(5 o VP (f), 0 o VP(f)) as To(N)(ZP)-orbits. The action of To(N)(Z”) on the pair (n”,n")
is given by

g (", n'P) = (gon’, wngwy' on’?). (4.4)

Lemma 4.2.10. Let Y (N)(,) be the localization of Y(N) to Z,. There is an isomorphism
G : Yo(N)(p) = Yo(N)y,, of stacks over Spec Z ).

Proof. Let S be a scheme over Spec Z(,), and an object (E 5 E’) in the groupoid Yo(N)(,)(S).
Let s is a geometric point of S, the cyclicity of & implies that 75 is also cyclic, since [ is invertible
in Spec k(5) if I # p, there exist isomorphisms n? : TP(E5) ~ (Z”)% and n'? : TP(EY) =~ (ZP)?
such that wy o n? = n’? o TP (xr). Now we consider a different choice of (n”,n'?), say (77,7'?),
satisfying the above conditions. Then 7’7 differs n” by an element g € GL,(Z”), i.e. i’ = g o P,
correspondingly 77’7 = a)Ngwl_\,l o n’?. However, nga)I_\,' € GL,(ZP) since both n’? and 7P give
isomorphisms from 77 (E5) to (Z7)?, therefore g € GL,(ZP) ﬂw‘lGLg (ZPYwy = To(N)(ZP), thus
the To(N)(ZP)-orbit (7, n’?) is well-defined. We define G ((E 5 E") = ((E 5 E"), (P, 'P)).
For a pair of isomorphisms (f, f’), where f : Ey — E| and f" : E; — EJ, define G((f, f')) =
fs f).

Now it suffices to show that for a connected scheme S over SpecZ,), the functor G(S) :
Yo(N)(p)(S) = H(N )Ep) (S) is an equivalence of categories. This functor is essentially surjective

by definition, now we show that it is fully faithful, i.e., the following morphism between sets is
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bijective,

Ve ’ V8
Homy,(w),,,(s)(E1 = E}),((E2 = E5)))
< Homy, vy, (s) ((E1 S EL (0T, (B2 S E), (nz,np)))

(S f)— (f. ).

but this is clearly bijective by the definition. O

There is a natural morphism from Yy (N),) to H; ., ie., (E N E’) — (E,E’). By Remark

(p)’

4.2.9 and Lemma 4.2.10, we can also describe it as follows

yO(N)(p) — 7_{(1,),

(E— E', (n7,7"7)) — ((E, E'), (77, 77)). (4.5)

4.2.1 Compactification of Yy(N)

Next we introduce the compactification of the moduli stack Y(N). Let S be a scheme, we first

introduce the notion of Néron n-gons.

Definition 4.2.11. For any integer n > 1 and an scheme S, the Néron n-gon over S is the coequal-

izer of

IRERIRE

i€Z/nZ i€Z/nZ
where the top (resp. the bottom) closed immersion includes the i™ copy of S as the O (resp. the co)

. .th . 1
section of the i (resp. (i + 1)*) copy of Pg.

Definition 4.2.12. A generalized elliptic curve over a scheme S is the data of
e A proper, flat, finitely presented morphism £ — S each of whose geometric fibers is either a
smooth connected curve of genus 1 or a Néron n-gon for some n > 1;

. + . .
e An S-morphism E® xg E — E that restricts to a commutative S-group scheme structure on
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E®™ for which + becomes an S-group action such that via the pullback of line bundles the action +

induces the trivial action of E5™ on Pic% /s

We will use X to denote the moduli stack consisting of generalized elliptic curves whose de-
generate fibers are Néron 1-gons, i.e., for a scheme S, X(S) is a groupoid whose objects are
generalized elliptic curves E over S and whose geometric fibers are either elliptic curves or Néron

1-gons. The following result is proved in [4].
Lemma 4.2.13. X is a proper smooth 2-dimensional Deligne—Mumford stack.
Proof. This is proved in Theorem 3.1.6 of [4]. O

We have a natural morphism of Deligne-Mumford stacks &/l — X, which sends an elliptic
curve E over S to itself. This morphism is an open immersion, i.e., the stack &I/ is an open
substack of the stack X. Recall that we have a finite flat representable morphism Y)(N) — &ll by
Lemma 4.2.7, let Xo(N) be the normalization of Yy(/N) with respect to this morphism. A moduli
description of Xy(N) in terms of level structures on the generalized elliptic curves can be found in
[4, section 5.9]. The stack Y,(N) can be realized as an open substack of the stack Xo(/N) based
on this description. Notice that there are two natural morphisms from Yy(N) to Yy(1) given as

follows

P1, P2 Yo(N) — H(1)
(E1 5 Ey)) &5 By

(Ey 5 Ey)) v Ey.

Both of the morphism pi, p2 : Yo(N) — Yy(1) extends to morphisms from Xy(N) to Xo(1), we

still use the symbols p; and p, to denote them.

Theorem 4.2.14. The stack Xo(N) is a regular proper 2-dimensional Deligne—Mumford stack,

both of the morphisms py and p» are finite flat of degree y(N) = N - []1 (1 + p~') over Xo(1).
pIN

Moreover, the stack Xo(N) is smooth over Z[%]
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Proof. This is proved in [4, Theorem 5.13], the degree of p; and p, are computed in [3, (13.4.9)].

O
Lemma 4.2.15. Let N = M| - M, where g.c.d.(My, M) = 1, there is a natural isomorphism
Xo(N) = Xo(M1) Xp, X(1).p1 Xo(Ma).
Proof. This follows from [3, Corollary 1.10.15]. |

4.3 Arithmetic Chow groups CH (Xo(N))

We apply the arithmetic intersection theory developed by Gillet and Soulé in [11], [30] and
[31] to the regular proper flat Deligne—-Mumford stack Xy(/N). We obtain the following arithmetic

Chow ring of Xy(N),

2
CH (Xo(N) = (D) CH' (Xo(N)).
n=0

Roughly speaking, a class in CH" (Xo(N)) is represented by an arithmetic cycle (Z, gz), where
Z is a codimension n closed substack of Xo(N), with C-coefficients, and g is a Green current for
Z(C), i.e., gz is a current on the proper smooth complex curve Xo(N)c of degree (n — 1,n — 1)

for which there exists a smooth form w such that
dd (g) +9d; = [w].

holds; here [w] is the current defined by integration against the smooth form w. The rational
arithmetic cycles are those of the form aR/(f) = (div(f), t.[-log(|f]?)]), where f € x(Z)*is a
rational function on a codimension n — 1 integral substack ¢ : Z < Xyp(N), together with classes
of the form (0, dn + d1’). By definition, the arithmetic Chow group CH" (Xo(N)) is the quotient
of the space of arithmetic cycles by the C-subspace spanned by those rational cycles.

Let Z be an irreducible codimension 2 cycle on Xy(N), then Z is a Deligne—Mumford stack

over F, for some prime number p and the groupoid Z (Fp) would be a singleton with a finite
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automorphism group Aut(ZZ), the rational function field x(Z) of Z is a finite extension of F,.
Clearly 6z = 0 because Z(C) = .
Let (Z,g) = (X ni[Zi].g) be an arithmetic cycle of codimension 2 where each Z; is an

irreducible codimension 2 cycle on Xy(N). We define the degree map as follows,

deg : CH (Xo(N)) —> C, (4.6)

log [K(Z)] _ 1
(Zl = Yome TS /
Xo(N)(C)

here the integration f g is the integration of the constant function 1 on Xo(N)c against the
Xo(N)c

(1, 1)-current g. It is a finite number since the stack Xo(N) is proper. This number is independent

of the choice of representing element (Z, g) as a consequence of the product formula (cf. [30,

§3.4.3)).

4.3.1 Extended arithmetic Chow group éﬁ] (Xo(N),S)

Definition 4.3.1. Let S be the set of cusps on the complex curve Xo(N)c. For P € S and
g > 0, denote by B.(P) Cc Xo(N)c the open disk of radius & centered at P and Xo(N), =
Xo(N)c\ U Bg(P). Let t be a local parameter at a point P € S, for a line bundle £ on Xy(N), a
singular ISZiic hy on the induced complex line bundle L, on Xo(N)c is called hermitian, loga-
rithmically singular (with respect to §), if the following two conditions hold:

(a). h s is a smooth, hermitian metric on L, restricted to Yy(N)c;

(b). For each P € S and any section [ of £, there exists a real number « FLP and a positive, con-

tinuous function ¢ 7, , defined on B, (P) and smooth away from the origin such that the equality

he (10) = ~log(t)*Zar - |90 D o (1)
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holds for all 7 € B (P)\{P}; furthermore, there exist positive constants 87, , and p 7, ,, such that

the inequalities

62(,05’1’13(1‘)
otot

ﬁf,l,P 'BE,I,P

g7, (1
“’DL,Z,P() -

Bzip ¢z, p(1) <
ot

ot

B |[|1_pf,l,P’ N |[|1_pf,l,P’ N |t|2_pf,l,P.

Example 4.3.2. Let 7" : E'Y — EV be the universal cyclic N-isogeny between generalized

univ runiv

elliptic curves E"™Y JN Xo(N) and E" i Xo(N) over the modular curve Xo(N). Let wy =

univ 1

p (Q E /X N)). This bundle can be metrized on the complex curve Yy(N)c in the following

way: let f be a section of wy, for any 7 = u + iv € H™, the metric || - || at 7 is determined by the
formula
2 -2 2
IA1I7 = 2Vme™2v - | £ (D), 4.7)
where y = —I""(1) is the Euler-Mascheroni constant, this metric is hermitian and logarithmically

singular with respect to the set S by the work of Du and Yang [2, Theorem 5.1]. In the rest of this

paper, we will use Wy = (wy, || - ||) to denote this hermitian, logarithmically singular line bundle.

Let lsi\c(z\’o(N ), S) be the group of isomorphism classes of hermitian, logarithmically singular
line bundle on Xy (N) with respect to the set S, we also denote it by éﬁl (Xo(N),S) and call it the

extended arithmetic Chow group of Xy(N) with respect to the set S.

Definition 4.3.3. Let £ = (L, hy) and M = (M, hpq) be two hermitian, logarithmically singular
line bundles on Xy(N) with respect to the set S, let [, m be non-trivial, global sections, whose in-
duced divisors on Xo(/N)c have no points in common. Then the generalized arithmetic intersection
number £ - M is defined by

L- M= (Lm)n + (I, m)eo;

here (I, m)g, is defined by Serre’s Tor-formula, which specializes to

(Lmn= ) log#Ox )./ (L, ),
xEXo(N)
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where [, m, are the local equations of [, m respectively at the point x € Xo(N) and

(L m)oo = = log(y () (div()) = 3" ordp(1) - P)+ Y ordp(l) (e, » ~ log(¢ 57, »(0)))

PeS PeS
(4.8)
- ;I_I)r(l) Z ordp(l) - Ui log(—log &%) + / loghg(l)-ci(M)|.
pes Xo(N).

Proposition 4.3.4. The formula (4.8) induces a bilinear, symmetric pairing

— 1 — 1

CH (Xo(N),S) xCH (Xo(N),S) — C.
Proof. This is proved by Kiihn in [32]. O

Example 4.3.5. The pairing @y - @y has been computed by Kiihn [32] and Bost, adjusting for the

normalization of the metric in [2, Lemma 7.3], the result is

2 AC-D)

Wy - Oy = (N, ON) = ——

yN) (1 AN(=D)
24 ‘

4.4 The Atkin-Lehner involution on X,(N)

Lemma 4.4.1. Let S be a scheme, and n : E — E’ be a cyclic N-isogeny between elliptic curves

over S, then n¥ : E' — E is also a cyclic N-isogeny.

Proof. We only need to show that the order N quotient group scheme E[N]/ker(r) is cyclic, and

this is proved in [3, Corollary 5.5.4(3)]. |

With Lemma 4.4.1, we can define the Atkin—Lehner involution Wy on the stack Yy(N) by the
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following,

Wy : Yo(N) — Y(N)

(ESE)— ('S E)

Lemma 4.4.2. The Atkin—Lehner involution Wy extends to the compactified stack Xo(N).

Proof. By [4, Proposition 4.2.7 (¢)], the cyclicity condition of a N-isogeny is closed, hence Xy (V)
is a closed substack of Xp(1) X Xp(1). Let ¢ : Xo(1) X Xo(1) — Xop(1) X Xop(1) be the involution
which switches the two copies of X (1), let Xo(N)" = Xo(N)x,(1)xXy(1),:X0 (1) X Xo(1) be the image
of Xo(N) under the involution Wy, it is also a closed substack of Xy(1) x Xp(1), but Xo(N) and
Xo(N)" have common dense open dense substack Yy(N), hence Xo(N) = Xo(N)’, therefore the

Atkin—Lehner involution Wy extends to the compactified stack Xo(N). O

4.5 Cusps of the modular curve Xy(N)

Let H = Xo(1) x Xo(1) be the product of the smooth Deligne—Mumford stack X,(1). It can
be viewed as the compactification of the stack H° defined in (4.2). Let P (1) : SpecZ — Xp(1)
be the cuspidal divisor of the stack Xy(1) which corresponds to the standard 1-gon over Z (we

refer to [33, §2.1] for detailed definitions of standard 1-gon). We can view P (1) as an element in

CH'(Xy(1)), then we define the following element in CH' (H):
Cusp(H) = Poo(1) x Xo(1) + Xo(1) X Po(1).
It’s easy to see that the two curves P, (1) X Xp(1) and Xp(1) X P (1) intersect transversally at the

point (P (1), Pos(1)).

The natural morphism Xy(N) (MZ) H is a closed immersion. We define the cuspidal divisor
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of Xy(N) to be the pullback of Cusp(H), i.e.,
Cusp(Xo(N)) = (p1, p2)*Cusp(H) € CH' (Xo(N)).

Let Cusp(Xp(N)) be the formal completion of Xy(N) along the cuspidal divisor Cusp(Xy(N)).
It is well-known that (Es\p(/\’o(l)) ~ SpfZ[[q]]. The two morphisms pi, p2 : Xo(N) — Xo(1)
induce two morphisms from Cusp(Xy(N)) to Cusp(Xy(1)), we still use p; and p; to denote them,

both of them are finite flat of degree of ¥ (N).

Proposition 4.5.1. Let n > 0 be an integer, the formal scheme Gusp(Xy(p")) is a disjoint union

as follows:

Cusp(Xo(p") = || Co",

—n<as<n
a=nmod 2

where every C%(p™) is finite flat over (ﬁj?p({\’o(l)) via the morphisms p| and p,, such that
Wn(C*(p")) = C(p"). Let deg,(C*(p")) (resp. deg,(C*(p"))) be the finite flat degree of

C4(p") over Cusp(Xo(1)) via the morphism py (resp. p2), then

@(pn=a12), if0 <a<n;
deg, (C*(p")) =

plo(p™al2) if—n<a<O.

plo(p=92) if0<a<n;
deg, (C“(p")) =

o(pnra)/2), if-n<a<0.

More explicitly, if we view Cusp(Xo(p")) as a Z[|q]]-formal scheme via the morphism p, then

SpfZ[{, - 2111411, if0<a<n
C(p") = (4.9)

SPEZ[L 2] [[q11[2]/ (2P = Lpmarq),  if —n < a <0,
where for any k > 1, {,« is a primitive pk-th root of unity.
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Proof. Ttis proved by Edixhoven in [34, §1.2.2] that if we view Cusp(Xy(p™)) as a Z[[g]]-formal

scheme via the morphism p, then

Cusp(Xo(p") = SpfZ[[q]1 | | SpfZIl[g” 1] (4.10)

[ ] sefzig,iiql

c+d=n
c>d>0

[T L] spfzigpeltializl/ (""" = &pea).

c+d=n
d>c>0

where z is the parameter of the cusp of the second copy Xy(1) in H. Therefore Cusp(Xy(p")) is
a disjoint union of n + 1 formal schemes, let C*(p") be one of the formal schemes according to

formula (4.9), then Cusp(Xo(p™)) = [I C%(p") by (4.10). The finite flat degree of C*(p")

—-n<a<n
a=nmod 2

over (ijs\p()(o(l)) via the morphisms p; and p;, can be computed explicitly by (4.9).

Since we have p; o Wy = ps and pp o Wy = p, the finite flat degrees of Wy (C%(p"))
over (ij?p(z\’o(l)) via the morphisms p; and p, equal to that of C™“(p™). Hence we have
Wy (C*(p")) =C™*(p"). 0

Remark 4.5.2. Proposition 4.5.1 can be easily generalized to arbitrary positive integer N. Let
r r

N = T ¢ be the prime decomposition of N. Then for every positive integer M|N, let M = [] ¢;",
i=1 i=1

there is an irreducible component C* (N) ~ G =2 (q7") Xcoq1y -+ - Xcoqny C=2mr (g') such that

Cusp(Xo(N) = | | C¥ ().

M|N

The finite flat degree of C/u_s\p(./\’o(N)) over (ij?p(/\’o(l)) via p and p; are given by

r r
deg, (C¥(N)) = [ [ deg,(C" 2" (), degy(CM(N)) = [ [ degy(C"~2"(g!)).
i=1 i=1
The component C!(N) is isomorphic to SpfZ[[¢]] via the morphism p; by (4.9). Denote the

corresponding cusp point by P (N), it corresponds to a morphism P (N) : SpecZ — Xy(N).
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When N = 1, this definition agrees with our previous definition of P, (1).

Let Wy be the Atkin—Lehner involution of Xo(N), it induces an isomorphism C¥ (N) W,
CN/M(N). Let Po(N) = Wy 0 Po(N) : Spec Z — Xo(N) be the composition of the automorphism
Wy of Xo(N) and the Z-point P, (N). When N = 1, we have P, (1) = Py(1).

There is an explicit description of the cusps of the complex modular curve Xo(N)c (cf. [35,

§3.8)),
Pay, where M|N and a € (Z/(M,N/M))*.

Especially, when N = p" for some non-negative integer n, the cusps of the complex modular curve

Xo(p")c are

Pa, where 0 <k <nandace€ (7, printkn—kiyx
P

Lemma 4.5.3. Let P be a cusp of the complex modular curve Xo(p™)c, let ray(P) (resp. rap(P))
be the ramification degree of the morphism p (resp. p>) at P. Suppose P = P a_ for some integer
p

0 <k <nanda € (Z/p™mkn=kHX thep

1, if 5 <k <n;
ral(Pa/pk) =3 (4.11)
n-2k .
prt, if0<k <3,
pHn, it <k <m
ray(Pyypk) = (4.12)
1, if0<k<3.

Proof. For any cusp point P, let Stab(P) € I'(p") be the stabilizer of the cusp. For the cusp point

Ps(p™), we have

I x
Stab(P(p")) = 1 X € Z.
01

Let A € Z be a lift of a to Z, then A is prime to p, hence there exists integers b, d such that
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Ab — dp* = 1. Let

then Stab(PLk) = yStab(Pe(p"))y~! NTo(p"). By simple calculations,
p

1 - p*Ax xA?

yStab(Pw(p"))y™' NTo(p") = xepHznzt,

—p**x 1+ pFAx

the formula (4.11) follows from the calculations above. Notice that p, = p; o Wy, hence the

formula (4.12) follows from (4.11). O

Corollary 4.5.4. Let P« be a cusp of the complex modular curve Xo (pM)c, where 0 < k < n
p
and a € (Z/p™™kn=kH)X " thep P belongs to the component C*k=(p™) of Cusp(Xo(p™)), i.e.,
p
Pa € C2k=(p™)(C).
P

Proof. This follows from formula (4.9) in Proposition 4.5.1, and formulas (4.11) and (4.12) in

Lemma 4.5.3. O

Remark 4.5.5. Corollary 4.5.4 can also be generalized to arbitrary N. Let N = ﬁ q:” be the
prime decomposition N. Then the modular curve Xy(/N) decomposes into product (;;IXO(q?i) by
Lemma 4.2.15. Let P% be a cusp point of Xo(N) where M|N and a € (Z/(M,N/M))*. Suppose
M = ﬁq?’ﬁ Let a; € (Z/q?lin {mi=mimi})x be the image of a. The cusp point Payu decomposes
into t}ll; product of cusp points P i € Xo(q"), hence it belongs to the component CM(N) of

Cusp(Xo(N)).

4.6 Reduction mod p of Xy(N)

Let p be a fixed prime, the reduction mod p of the stack Xy(/N) has been studied extensively
in [3, Chapter 13]. For an F-scheme S, an integer m > 0 and an elliptic curve over S, let E (™)

be the m-th Frobenius twist of E, we use F™ : E — E®") to denote the m-th iterated Frobenius
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morphism which has degree p™, and V™ : E(?") — E be the m-th iterated Verschiebung morphism
which is also the dual morphism of F".

For all integers a, define a closed substack Y C Yy(1) x Yo(1) over F,, as follows:
* a > 0: For an F,-scheme S, the groupoid Y/“(S) consists of objects (E, E(P),
* a < 0: For an F,-scheme S, the groupoid Y“ () consists of objects (EP™)E).

Let n > O be an integer, for all integers a such that n > |a| and n = a (mod2). Define the

following morphism

(n+a)/2 (n-a)/2
F E(P(n+a)/2) V—) E(pa), ifa > 0’
Ta,E =
’ B F(n+a)/2 a2 V(n—a)/Z .
Eoo) FUR ppmany VIR e

Lemma 4.6.1. Let n > 0 be an integer, for all integers a such that n > |a| and n = a (mod?2). The

morphisms n, g are cyclic of order p".
Proof. This is proved in [3, Theorem 13.3.5]. O

Remark 4.6.2. The above lemma implies that the closed immersion Y4 — Yy(1) X Yy(1) factors

through the closed substack Yy (p") if n > |a| and n = a (mod 2).

Theorem 4.6.3. Let n > 0 be an integer, let Yo(p")r = Yo(p") Xz F be the base change to F = F,,
of the stack Yo(p™). For all integers a such that n > |a| and n = a (mod2), the stack Y has the
following properties:

(a). The stack Y* is a 1-dimensional Deligne—Mumford stack.

(b). The composite morphism Y — Yo(p")g, LAN Mo()g, is an isomorphism if a > 0; is finite
flat of degree p~® ifa < 0.

(c). The following equality holds: Wy (Y*) = Y.

(d). The stack Y contains every supersingular point of Yo(p")g,. Let P = (E 5 E’) be a
supersingular F-point of Yo(p"). Let Op be the completed local ring of the stack Yo(1)r X Yo(1)r

at P, let O, p be the completed local ring of Y = Y Xg, F at the point corresponding to the
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pair (E, E’), then there exists an isomorphism Op =~ F[[t1,t2]] such that the closed immersion

Y& — Yo(Dr X Yo(1)r induces the following isomorphism,

Flln, 0]/t -2, ifa=0;
Oa,P =

Fl[t1, 11/ ("~ 1), ifa<0.

ord

(e). Over the open substack Yo(p")p' = Yo(p")r, — {supersingular points} of Yo(p")g,, the mor-
P

phism || Y% — Y p")re)Cl is an isomorphism.

-n<a<n Fy
n=a (mod2)
Proof. These are the main results of [3, §13]. O

Remark 4.6.4. Let X¢ be the scheme-theoretic closure of Y inside H, then Theorem 4.6.3 is
still true if we replace all the symbol Y by the symbol X. The closed immersion X¢ — H factors

through the closed substack Xo(p”) if n > |a| and n = a (mod?2).

Definition 4.6.5. Let N be a positive integer. Let n = v,(N) be the p-adic valuation of N, let
Np = p™"N. For all integers a such thatn > |a| and n = a (mod 2), define Y (N) = VX, y,(1).p,

Mo (Np) and X7 (N) = X Xp, xy(1).p1 Xo(Np). Itis a closed substack of Xo(N).

Remark 4.6.6. The stack X7 (N) (resp. Y;(N)) is a closed substack of H (resp. H°) as long as
n > |a| and n = a (mod2). The stack X (N) is the scheme-theoretic closure of Y(N) in H.
Both X (N) and Y(N) are independent of the p-adic valuation v, (N) of N since the definition
of X* and Y are independent of v,(N) by Remark 4.6.4.

The independence can also be understood from the following moduli description: Let S be an

Fp-scheme, the groupoid Y/ (N)(S) consists of the following objects:

ca>0: ((E, E),EP) L E’) where j is a cyclic isogeny of order N,,.

e a<O: ((E(P_a), E')E EN E’) where j is a cyclic isogeny of order N,.
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Theorem 4.6.7. Let n = v,(N) be the p-adic valuation of N, let N, = p™N. For any integer a
suchthat —n < a < nandn = a (mod?2), let X (N) = XX, x,(1).p, Xo(Np) be a closed substack

of Xo(N), then we have the following identity in CH' (Xo(N)):

divip)= > @(p" D). xa(N).
nat (mod2)

Proof. The multiplicities of the irreducible components X (N) are byproducts of [3, Theorem

13.3.5, Theorem 13.4.7]. i

We now consider the reduction mod p of cusps. Let n = v,(N) be the p-adic valuation

of N. For any integer a such that -n < a < n and n

a (mod2), let N, = p™N. Let
Ca(p", Np) = C4(p") Xp,.x(1).01 Xo(Np), and GF (p", N) be its reduction mod p. Let C;(p", N))
(resp. C,"(p",Np)) be the curve X;(N) (resp. X,"(N)) over F,, and C;(p", N,) be the non-

reduced curve over F), corresponding to prlab2=1(p DXZ(N) when —n < a < n.

Proposition 4.6.8. Let n = v, (N) be the p-adic valuation of N, let N, = p™"N. For any integer a
such that —n < a < nand n = a (mod2), the formal scheme C{(p", N)) is the formal completion

of the curve C, (p", Np) along its cuspidal locus.

Proof. By Proposition 4.5.1, the formal completion of Xo(N),, along its cuspidal locus is a disjoint
union of n + 1 formal schemes C{(p", Np) by the definition of C{(p", N,) above. It is finite flat
over Cg (1, 1) (which is the reduction mod p of the completion of the cuspidal divisor on Xy (1)) via
the morphisms p and p», with degrees equal to ¢ (N),) - deg, (C*(p")) and ¢(N,,) - deg,(C“(p"))
respectively.

Fori =1or2,letdeg;(C;(p", Np)) be the finite flat degree of the curve C;(p", Np) over X, (1)

via the morphism p;. By the definition of the curve C;(p", N)), we have

o(p=a/2), if0<a<mn
deg, (C, (p", Np)) = ¢/(Np) -
pl@(p™a2) if —n < a < 0.
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deg,(C, (p", Np)) = ¥(Np) -

p“cp(p(”_“)/z), if0<ac<n;

@(prai2),

if-n<a<0.

The formal completion of the curve C;(p", N)) is a closed formal subscheme of the formal com-

pletion of Xo(N)r, along its cuspidal locus, with the same finite flat degrees over Cg(l, 1) via

the morphisms p; and p; as the closed formal subscheme CZ (p", Np), hence they equals to each

other. O
As a short summary, we take the example that N = p" and draw the following table.
Cusp points 1% 1% 1% 1% a
Choice of a 1 (Z/pZ)* (Z](p*, p"~*)Z)* (Z]pZ)* 1
Ramification via p; 1 1 max{1, p"~2k} p"? p"
Ramification via p, | p” ph2 max{1, p?~"} 1 1
Components C"(p") | C"2(p") G (p") C>"(p") | C"(p")
Mod p Crp™) | i (p) C2E(p") C2" (" | G (P

4.7 Intersection numbers of irreducible components of Xo(N)g,

Let /i’\g(N ) = (X7(N),0) be the corresponding class in the codimension 1 arithmetic Chow

group éﬁ] (Xo(N)). Recall that there is a pairing (-, -) : éf{l(Xo(N)) X éﬁ] (Xo(N)) — C given

by Definition 4.3.3.

Lemma 4.7.1. Let n = v,(N) be the p-adic valuation of N, let N, = p™"N, for integers a, b such

that—n < a # b <nand a,b =n (mod?2), we have

(X4(N),X5(N)) = log(p) -
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Y(Np)(p—1)

2%

91/(N172)il’—1)pmin{|a|,|b|}’ if ab > 0;

ifab < 0.

(4.13)



For integer a such that —n < a < nand a = n (mod 2), we have

lal
- - —%, if |a| # n;
(X (N), K3(N)) =log(p) - @.14)
_‘/’(le)(gé‘-_l)P , lf |Cl| = n.

Proof. Let first assume a, b > 0 and a # b, then by the definition of the pairing (-, -) and (d), (e)

of Theorem 4.6.3,
—~ —~ 1 a b
(R (N). Xy (N)) = saaicpy  Length (R, 011/ =t =) los(p)
PeXF*(N)(F)
1 min{a,b}
= Z T P log(p).
PEXS(N)(F) #Aut(P)

By (e) of Theorem 4.6.3, the stack Xy(p") has the same number of supersingular F-points as
the stack Xy(1), while the later one has been computed explicitly by the following formula (for
example, see [3, Corollary 12.4.6]),

1 _p-1
#Aut(P) 24

PeXy(1)(F)

Moreover, by Lemma 4.2.15 we know that Xo(N)g, ~ Xo(p")F, XXo(1)e,, Xo(Np)E,,, recall the fact

that Xo(Np)E,, is finite flat of degree y/(N,) over Xo(1)g,, hence

1 yNp)(p-1)
#Aut(P) 24 ’

PeXF*(N)(F)

therefore (;Y\;‘(N), Xé’(N)) = log(p) - %pmi“{“’b}. The other cases of formula (4.13) can
be proved similarly.

Recall that the principal arithmetic divisor associated to the constant function p is
div(p) = (div(p), - log(p?)).
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— 1
Itis 0 in CH (Xp(N)), hence for any integer a such that —n < a < nand a = n (mod?2),

(XN, XR(N) + XN+ > pU P02t — XD (N)) = (X5 (N), (div(p), 0))

—n<b<n
n=b (mod2)
(4.15)
= (X4(N). (0,log(p?)) = 0.
therefore formula (4.14) can be proved by combining (4.13) and (4.15). O

Let n = v,(N) > 0 be an integer and N, = p™"N, let )/(\p(N) be the following element in
— 1
CH (Xo(N)),

Y ns nS-n n—|al)/2— ya
Xp(N) = SX;(N) = 5&,"(N) + TR (p - DXGN). (4.16)

a
—n<a<n 2
a=nmod 2

Corollary 4.7.2. We have W,’(,()?,,(N)) = —/i’\p(N). Let n, = v,(N) > 0 be an integer, then

l//(N) _nppnp+1 + zpnp + nppnp—l -2
24 prl(p?-1)

(X, (N), X, (N)) = -log(p).

Proof. The fact W (/i’\p (N)) = —X »(N) follows from the definition of the element X, »(N). The

intersection number can be computed by Lemma 4.7.1. O

4.8 An explicit section of the Hodge line bundle

In this section, we define and study the associated divisor class of an explicit rational section

®12¢(N)

of the line bundle @ N

For any positive integer N, define the following function ay on the set of positive integers,

ﬂ) @(N)

an(t) = Y pOu(T) EE

rlt
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where u(-) is the Mobius function and r ranges over all the positive integers dividing 7.

Lemma 4.8.1. The function ay has the following properties,

(a). 3 an(t) = (N) and 3, 1 'ay(1) =
t|IN t|IN

(b). Let p be a prime number such that p|N, for any positive integer t such that pt|N,

an(pt) = pa,-1y(1).

Proof. The part (a) has been proved in [2, Lemma 3.2]. We prove part (b) as follows. Let n =

vp(N) > 1 be the p-adic valuation of the integer N, and N, = p™"N. By definition,

an(pt) = Z#(pt ) o)

e o (N/r)
N so(N) ¢(N)
‘;m HEOCD gy * s N7
pir plr
so(N) p'N.  @(N)
‘;p, MR S * 2k )
pir
If n > 2, we have ,u(%) = 0 when p { r, then
INC (V)
aN(pt)—Z“m PG SN
1
= p Y w5 ut rN)¢‘(”;f’1N/),)=pap_,N<t).

/|[
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If n =1, we have tlp_lN = N, especially, p 1 t,

an(pt) =) /J(pt ) o)

& ¢(N/r)
_ pt so(N) INC @(N)
‘;”7) e(NJP) Z()(r)(qmm
p~'N 90(19 1N (p = De(p™'N)
= D) IN/) # (P SRS = payna),

rlt |t

O

Let A be the modular discriminant function on the upper half plane H*, it is a cusp form of

weight 12 and level 1 with expansion at co given as follows,

AR =q[ [(1-¢"*, g = e where z € H'. 4.17)
n>1
The modular form A(z) is a global section of the line bundle &3‘?12 by the definition made in Katz’s

work [36]. Similarly, for any positive integer ¢, the modular form A(zz) is a section of the line

~®12¢(N)

bundle & ®12 Now we construct an explicit section Ay of the line bundle & N

following the
lines in [2, §1],

v = | | A, (4.18)

t|IN

where ¢ ranges over all the positive integers dividing N. Let Wy be the following matrix:

0 1
Wy = . (4.19)
N 0

The element Wy induces the Atkin-Lehner involution we defined in §4.4, hence the notation.

Define the following section:

AN(2) = AN|WN,12¢(N)(Z) = Ay(Wyz) - (NZ%)0¢W),
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It is also a rational section of the metrized line bundle &)\ilz‘p(N).

Lemma 4.8.2. Let p be a prime number such that p|N, letn = v,(N) > 1 and N, = p™"N, we

have
An,(p"z)?

Ay, (p"~1z)P"™ '

An(z) =

Proof. By the definition of Ay, we have

An(z) = ]—[ A(tz)aN(l) ) rl A(tZ)aN(I)_

1INp pliIN

If n > 2, we have ay(t) = 0 when ¢|N,. Combining Lemma 4.8.1, we have

p

Av@ = | ] Apra®) =[] apra® ) = Ay (p2). (4.20)
vlp7'N vlp~IN

If n =1, we have ay () = —ay, (1) when t|N,,. Combining Lemma 4.8.1, we have

Ax(2) = (An, () - [ ] AGprraym ) = S (421)
P ; An,(2)
t|Np p
Therefore the lemma follows by induction based on formulas (4.20) and (4.21). |

Recall the definition of the cusps P (N) and Po(N) in Remark 4.5.2. We have the following

theorem which describes the divisors associated to the rational sections Ay and A?v explicitly.

Theorem 4.8.3. For any positive integer N, and any prime number p, let n = v,(N) > 0 be the

— 1
p-adic valuation of the integer N, then as an element in CH (Xy(N)), we have

div(An) = ¢ (N)@(N)Po(N) + Y f,(N),

pIN

div(AY) = ¢ (N)@(N)Po(N) + > £3(N),

PIN
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where for any p|N,

fr(N) = 12p" o(N,) (1 L(n-a)- 1) p(p"IV2) . X(N). (4.22)

—n<a<n
a=nmod 2

F(N) = =6ne(N)X,"(N) + 12p"o(N,) - ) 90(1?(”_'“')/2)(1;1?11—1)-X;,’(N). (4.23)

—n<as<n
a=nmod 2

Proof. The expansion of Ay at co is computed in [2, Proposition 3.3], there exist some integer

Cy(n) such that

An(z) = ql/f(N)tﬁ(N) n(l _ qn)24CN(n)’

n>1
hence the vanishing order of Ay at co is ¢/ (N)¢@(N), and there is no vertical component of div(Ay)
at the cusp C"(p", N,). Let k be a positive integer such that 0 < k < n, we first study the expansion
of the modular form Ay, ,»(z) = Ay, (p"z) at the component C¥*=n(p", N,) of Cusp(Xo(N)),

since the point P an belongs to this cusp by Corollary 4.5.4, let
P

Note that p" - yz = yxniz for any z € C.

Np)

AN |y 1200, (D) = AN, (P"y2) - j (7, 2) 72

. _ J (ks ni2)
= A, (Yimi2) - j (v ngz)” 200 (—

12¢(Np)
J(v,2) )

_ —120(N,)(n—k
=p @(Np)(n=k) Np|yk,12so(Np)(nkZ)'
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Moreover, for any z € H*,

n—k

= Pz . ~12¢(Np)
An, Vk,lz‘ﬁ(Np)(Z) = ANp(f) T (Yks2) P

1
=An, (_E) L7120

t
— n A(__)azvp(t) . 7 120(Np)
tINp ¢

Zyan, (1) . —12an,, (¢)
HA(I) » l—[t p (),

tINp tINp

Let Cy, = |H ¢t~ 1248, (1) e know that vp(Cy,) =0, and
{IN,,

(ka + 1)aNp(t)

— - 120(Np)(n—k)
ANp,P"|y,12<p(Np)(Z) =p Gy, HA kg

tINp

Similarly, for Ay, pr-1 (2) = Ay, (p"'z), we have

k an, (1)
_1290(Np)(n—k—1).CNp.l—[ A(L”) T

AN, pr y,thﬁ(Np)(Z) =P prk=ly
tINp
By definition,
N pn
p
Np,pn (ANlhpn |y,12(p(Np) (Z))
AN|y,12<p(N)(Z) N L (2) = =

AN n—-1 7,12(/7(]\’) (A n—l| (Z))

p-P Np.P" " ly,12¢(Np)
A(pkz+] pn aNp(t)
_ p—12¢(1v,,)(p"(n—k)—p"*1(n—k—l)) _(;]1\7/"—17"‘1 ) 1—[ i — (4.24)
p IN A( kze1 \P
p pn_k_ll

By the expansion of A at co given in the formula (4.17), we know that the last term in formula (4.24)

doesn’t vanish. Recall that the cusp P 1 lies in the component C*~"(p", N ») of Cusp(Xo(N)) and
P

mod p reduction Cf,k_” (p",N,) of the formal scheme C2k=n(p", N ») is the completion of curve

Cgk_” (p",Np) = p = 2k=nh/2=1(p I)X;‘k_”(N) along its cuspidal locus, hence the multiplicity
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of CXX"(p", N,) indiv(Ay) is =12¢(N,) (p"(n — k) = p""'(n — k = 1)).

— 1
Corollary 4.8.4. For any positive integer N, we have the following identity in CH (Xy(N)),

DN = Wiy = ) Xy(N).
pIN
Proof. We know that
~ 2V — (div( AD 012
wy = (div(Ay), —log [|Ax]|7) = (div(Ay), —log [[A} 1%,

therefore

Oy — Wy = (div(AY), —log [|A% [I1?) — Wi (div(Ay), - log [|An]1?)

= QL (BN = Wi f,(N))0) = 3" Ry(N),

PIN pIN
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Chapter 5: Special cycles

5.1 Special cycles on H° and Xy(N)

Let p be a prime number, we first define the special cycles on the stack H (‘;).

Definition 5.1.1. For every symmetric n X n matrix 7' = (7} ). Let ” be the characteristic function
of an open compact subset @” of M; (A;)” invariant under the action of GL,(Z7) x GL,(ZP).
We consider the stack Z#(T, g”), whose fibered category over a Z(py-scheme § consists of the

following objects,

((E.E"), (n?,1'P), J),

where ((E. '), (17, 777)) is an object in 5, (S). j = (J1. 2.+ -+ ja) € (Hom(E. E") 82 Z(p))"

and n*(j) :=n"? o VP(j) o (n?)~! € &P. Moreover,
1 . . . . 1 . .V . .V
Tix = 3 (deg(ji + jx) — deg(j;) — deg(jx)) = E(Ji ojr+JkoJi).

The special cycle Z*(T, ”) may be empty.

For every symmetric n X n matrix 7, we have a natural finite unramified morphism i,ﬁl :

ZHT, o) — 7‘((°p) by forgetting the extra morphisms j of an object ((E, E’), (n?,n’P), j) of
ZH(T, @”). Recall the following definition of generalized Cartier divisor appeared in the work of

Howard and Madapusi [37, Definition 2.4.1].

Definition 5.1.2. Suppose D — X is any finite, unramified, and relatively representable morphism
of Deligne-Mumford stacks, then there is an étale cover U — X by a scheme such that the pullback

Dy — U is a finite disjoint union
Dy = |_| D},
i
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with each map D’b — U a closed immersion. If each of these closed immersions is an effective
Cartier divisor on U in the usual sense (the corresponding ideal sheaves are invertible), then we

call D — X a generalized Cartier divisor.

Proposition 5.1.3. Let ¢7 be the characteristic function of an open compact subset @ of M, (A?)
invariant under the action of GLa(ZP) x GLy(ZP). For any positive number d € Q, the finite

unramified morphism itlt : Z8d, ¢P) — 7-{("p) is a generalized Cartier divisor

Proof. This is proved by Howard and Madapusi in [38, Proposition 6.5.2] (see also [37, Proposition
2.4.3]). O

Now let’s come to the special cycles on the stack Xo(N)(,) and Yo(N)(,), we first introduce

the notion of special morphisms for the moduli stack Yo(N) ().

Definition 5.1.4. Let S be a scheme over SpecZ,), for an object ((E N E’), (n?,n’P)) in
Yo(N)(p)(S), a special morphism of this object is an element j € Hom(E, E’) ®z Z(,) satisfy-
ing

jor'+moj’ =0.
we denote this space by S(E, 7).

Definition 5.1.5. For every symmetric n X n matrix 7' = (7} ). Let ¢” be the characteristic function
of an open compact subset w? of (Vl;)” invariant under the action of I'y(N)(Z”). We consider the

stack Z (T, ¢”), whose fibered category over a Z,)-scheme S consists of the following objects,
(E = E), (P ). J),

where (E =5 E’), (7, 17)) is an object in Yo(N)()(S). j = (j1,j2." - +Ju) € S(E.7m)" and

n7*(j) =P o VP(j) o (nP)~! € wP. Moreover,
1 . . . . 1 . .\ . V]
Tix = > (deg(j; + jk) — deg(j;) — deg(jx)) = 5(]1‘ oy +jkoJi).
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Notice that the special cycle Z (T, ¢”) may be empty.

For every symmetric n X n matrix 7, we have a natural morphism i, : Z(T, ¢”) — Yo(N)(,)

by forgetting the special morphisms.

Remark 5.1.6. Let T € Sym,, (Q). Let @” be the characteristic function of an open compact subset
@? of M (A’})” invariant under the action of GLy(Z”) x GL,(ZP). Let ¢” be the restriction of
@7 to the subspace (V?)" of MQ(A?)”, then ¢? is the characteristic function of an open compact
subset w? of (V?)” invariant under the action of I'y(N)(Z?), then the special cycle Z (T, ¢” is a
union of some connected components of the fiber product ZHT, @P) X1, Yo(N)(p). Therefore
the morphism i, : Z(T,¢”) — Yo(N)(p) is also finite unramified. In particular, when n = 1,
let T = d € Q9, the morphism iy : Z(d,p”) — Y(N)(p) is a generalized Cartier divisor by

Proposition 5.1.3.

We will show next that the composite i, : Z(T, ¢P) LY Yo(N)(p) — Xo(N)(p) is also finite

unramified. We start with the case that n = 1.

Proposition 5.1.7. Let ¢? be the characteristic function of an open compact subset w? of Vl;
invariant under the action of To(N)(ZP). For any positive number d € Q, the morphism I, :

Z(d, ¢?) — Xo(N)(p) is finite unramified, and Z(d, ¢*) is a generalized Cartier divisor.

Proof. The morphism 7] is unramified since i; is unramified and the open immersion Yo(N )p) —
Xo(N)(p) is also unramified, therefore we only need to show the finiteness of 7.

We first prove that the stack Z(d, ¢”) is flat over Z(,), since the morphism Z(d, ¢”)Yo(N) )
is a generalized Cartier divisor by Remark 5.1.6, the flatness of Z(d, ¢?) is equivalent to the fact
that its local equation is not divisible by p since the stack Y(N)(,) is flat over Z,,. We assume
the converse and suppose that there exists a point z € Z(d, ¢” )(Fp) such that the equation of
Z(d, ¢?) in the étale local ring O;to (V).2 is divisible by p, then the stack Z(d, ¢”) contains an
irreducible component of Yy(N)g, in an étale neighbourhood of z, let (E 5 E, (nP,n'?)) be the

object corresponding to the generic point of this irreducible component, then End(E) =~ Z since

the j-invariant of £ must be transcendental over F, (by the description of the stack Yo(N )F,, in [3,
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Proposition 13.4.5, Theorem 13.4.7]). There also exists an isogeny j € Hom(E, E’) ®z Zp,) such
that jVomr+7V0oj=0.Leta=j"'on e End°(E) :=End(E) ® Q ~ Q, then o> = —Nd~! <0,
this contradicts to the fact that End°(E) ~ Q.

Therefore the stack Z(d, ¢”) is flat over Z(p), hence equals to the flat closure of its generic
fiber Z(d, ¢")q = Z(d, ") Xz, Q. The stack Z(d, ¢”)q consists of finitely many points whose
residue fields are finite extensions of Q, therefore the structure sheaf Oz 4 ,r) of Z(d, ¢") is a
finite product of subrings of the integer rings of these residue fields, hence the stack Z(d, ¢?) is
finite over Z(,), then I1:Z(d, ¢P) — Xo(N)(p) is proper since Xo(N) () is proper over Z,). The
morphism 7} is obviously quasi-finite by the finiteness of Z(d, ¢”) over Z »)» hence i1 is finite.

We already know that the morphism {7 is a generalized Cartier divisor over the open substack
Yo(N)(p) of Xo(N) (). Moreover, étale locally around a cusp point of Xo(N) (), the stack Z(d, ¢”)
is cut out by 1 since 7 factors through the non-cuspidal locus Yy (N )(p)> hence the finite unramified

morphism 7 : Z(d, ¢”) — Xo(N )(p) 1s a generalized Cartier divisor on the stack Xo(N)(p)- O

n

Corollary 5.1.8. Ler ¢? =[] <pf be the characteristic function of an open compact subset w? of
i=1

(V?)” invariant under the action of To(N)(ZP). For any matrix T € Sym, (Q)so, the morphism

in: Z(T,pP) — Xo(N)(p) is finite unramified.

Proof. Suppose the diagonal elements of T are dy, - - -,d,. Proposition 5.1.7 implies that the
morphism Z(dj, ga’f) XXo(N)(py X * XX (N)(py L (s o) — Xo(N)(p) is finite unramified. The
stack Z (T, ¢?) is a connected component of Z(d|, ga‘lp) XXo(N)(py X ** " XXo(N) () L (s ¢, hence

the morphism 7, : Z(T, ¢?) — Xo(N)(p) is finite unramified. O

We will mainly focus on the case that 7' is a nonsingular 2X2 symmetric matrix with coefficients
in Q. For every such matrix 7, define the difference set to be Diff(7, A(N)) = {/ is a finite prime :

T is not represented by A(N) ® Q;.}.

Proposition 5.1.9. Let T € Sym,(Q) be a nonsingular matrix. If Z(T, ¢? )(R,) # @ for some
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prime p, then T is positive definite, and
Diff(T, A(N)) = {p}.

Moreover, in this case, the special cycle Z(T, ¢?) is supported in the supersingular locus of the

special fiber Yo(N)E,,.

Proof. Since Z(T, ¢” )(E)) # @, Corollary 5.1.8 implies that there are two elliptic curves E and

E’ over Fp, a cyclic isogeny 7 € Hom(E, E’), and two isogenies x1, x, € Hom(E, E’)(,) such that
1
T = (E(xi,xj)), and (x1,7) = (x2,7) = 0.

therefore 7 must be positive definite and both E and E’ are supersingular elliptic curves over FP
since dimg Hom(E, E’) ® Q > 3. The quadratic space Hom(E, E’) ® Q,, is isometric to the under-
lying quadratic space of the unique division quaternion algebra B over Q,,.

The isogenies x;,x, € {7} c Hom(E,E’) ® Q, ~ B where 7¥ o r = N. However, {7}
and A(N) ® Q, have the same discriminant —N but opposite Hasse invariants, therefore p €
Diff(7, A(N)). At the same time, by choosing some level structures on E and E’ away from p, we
get that T can be realized in A(N) ® Q; for any finite prime [ # p. Therefore p is the only prime

in the set Diff(7, A(N)). O

Remark 5.1.10. Proposition 5.1.9 implies that the special cycle Z (T, ¢?) is also finite unramified
over the stack Xo(NV)(p,) because the scheme-theoretic image Z(T, ¢P) of Z(T, ) in Xo(N )(p) 18
supported in the supersingular locus of the special fiber Xo(N)g,, which equals the supersingular
locus of the special fiber Y(N)g,, hence Z(T, ¢P) is contained in Yo(N )(p)» and therefore equals

to the scheme-theoretic image of Z (T, ¢”) in Y(N) (), over which Z (T, ¢”) is finite unramified.

For any nonsingular 2 X 2 symmetric matrix 7 € Sym,(Q), we say a Schwartz function ¢ =
X, eS8 (Vi) is T-admissible if ¢ is invariant under the action of [y(N)(Z2), ¢ = ¢ X ¢ where

v<oo

i € §(Vy) and
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e T is not positive definite, or
e T is positive definite, and |Diff(T, A(N))| # 1, or
e T is positive definite, Diff(7, A(N)) = {p} for some prime number p, and ¢ = ¢” ® @,

where @? € S((V?)z) and ¢, = ¢ -1, (y) for some ¢ € C.

Definition 5.1.11. For a nonsingular 2 X 2 matrix 7 € Sym,(Q) and a T-admissible Schwartz
function ¢ € & (V?) which is also a characteristic function of a Io(N)(Z)-invariant open compact

subset w of V2

o we define a stack finite unramified over Xy(N) as follows,

Z(T,p) = Z(T,¢") = Xo(N)(p) = Xo(N),

where p € Diff(T, A(N)). If |Diff(T, A(N))| # 1, we define Z(T, ¢) = @.

Remark 5.1.12. By Proposition 5.1.9, Z (T, ¢) is nonempty only if |Diff(7, A(N))| = 1, therefore

the above definition makes sense.

Remark 5.1.13. If we view Z(T, ¢) as an element in CH?(X,(N)), we can drop the restrictions
in Definition 5.1.11 that the Schwartz functions ¢ is the characteristic function of an open compact
subset of V?C. Since any T-admissible Schwartz functions ¢ on V?F is a finite linear combination of

['o(N)(Z)-invariant characteristic functions of some open compact subsets, we can define Z (7', ¢)

as the corresponding linear combination of elements in CH?(Xo(N)).
5.1.1 Comparison with [1, §2.2]

Another kind of special cycles of Xy(/NV) is defined in [1, §2.2] as follows,

Definition 5.1.14. For m € Z, let Z(m) denote the moduli stack whose S points, for a base scheme
S, are given by

Z(m)(S) = {(E 5 E',a)}

where (E 5 E’") € Yo(N)(S) where @ € End(E) satisfies the following conditions:

(@a). ¥ oa=mN anda” +a =0;
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(b). @ o 77! € Hom(E', E);
(c). toaon~! € End(E’).

Lemma 5.1.15. For every prime number p, let Z(m),) = Z(m) Xz Z(p), then we have an

isomorphism of stacks as follows,

T : Z(m)(p) ;Z(m’ 1A(N)®Zl’)’

(ES E L a) —(ESE, (P, qP), (@oxH)Y).

Proof. We first prove that T is well-defined. For any connected Z,)-scheme S, let s be a geometric
point of S, we can choose trivilizations n” : V?(E5) — (AI;)Z and 7 : VP (EL) S (Af';)2 such
that 77 (E5) and TP (EZ) are mapped isomorphically to (ZP)?, and 1’ o VP (rr) o (nP)~! = wy by

the cyclicity of w. Moreover,

1

1
(eonHYWom+n'o(@don H)=—=n"oa on+—n"oaon
N N
1
=—n'o(a"+a)or=0.
N
hence (¢on™ 1)V € S(E, n), then (b) implies that 7’7 o VP ((a o™ )V) o (y?)~! € A(N)®ZP c V7,
therefore (E = E’, (n7,1?). (@ 0 171)¥) € Z(m, 1y y)02) ().

We define the following morphism,

R : Z(m, 1y (ygzr) —Z(m) ()

(ES E,(p,pP), j) —(E 5 E', j¥ o).

The morphism R is well-defined: For a connected Z,)-scheme S, an object (E 5E ’, W, J)
€ Z(m,1,(ypz,)(S) means that j € Hom(E,E') ® Z(y) and j¥ o + ¥ o j = 0, the fact
that ’? o VP(j) o (y?)~' € A(N) ® ZP implies that j € Hom(E, E’), then j¥ o 7 € End(E),
(jVomVo(jVom)=nYojojYonr=mNand (jVor)"+jYor=n"0oj+jYon=0,which

is exactly (a). Moreover, (b) and (c) are easily verified, hence (E 5 E’,jY om) € Z(m)(S), then
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the morphism R is well-defined. It’s easy to see that 7 and R are inverse to each other, therefore

the lemma is proved. O

5.2 Arithmetic special cycles on Xy(V)

Now we are going to construct the Green functions for special cycles, following the work of
Kudla [12]. We first fix some notations. Let D = {z € A(N) ®2C : (z,z) =0, (z,z7) <0} /C* C
P(A(N) ® C), for any x € A(N) ® R and [z] € D, let R(x, [z]) = —|(x,2)|? - (z,Z)"". For any

elementin 7 =x +iy € Hj, we let

1 [Nx NG&*+y?)

h(r) = ——
! \/ﬁy -1 —X

We have the following GL,(R)-equivariant identification,

c:Hf — D,

-Nt —N72
T+ ¢(7) = spang
1 T

— 1
5.2.1 The codimension 1 case: Arithmetic special divisors in CH (Xp(N))

— 1
In the section, we define an element in the codimension 1 arithmetic Chow group CH (Xy(N))
of Xo(N) for any pair (¢,y), where ¢ is an integer and y is a positive real number. Before giving

the full definition, we modify the bundle wy following [2],

B ==y - Wby = =205 + . Xy (N), (5.1)
pIN

notice that the last identity follows from Corollary 4.8.4. We have @ = (div(®), g;) as an element

in CH' (Xo(N)).
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Definition 5.2.1. Let 7 be an integer. Define the following element in CH! (Xo(N)):

Z(), ift > 0;

Z(t,A(N)) = 1div(®), ifr=0;

0, ift <0.

These elements need to be modified due to the fact that Y (V) is not compact. The modification
is given by adding some boundary components to Z (¢, A(N)) when ¢t < 0. For a real number s,

define the function S, to be
Bs(r) = / e "'t7*dt, where r > 0. (5.2)
1

Let y > 0 be a positive real number, ¢ be an integer, define

VN B32(—4nty), if =Nt > 0is a square;

214y
g(t,y, A(N)) = 5 2%, ifr=0: (5.3)
0, otherwise.

Recall that Cusp(Xy(N)) is the cuspidal divisor of the stack Xy(N), the completion of Xy(N)

along Cusp(Xp(N)) has the following decomposition by Remark 4.5.2:

Cusp(Xo(N)) = | | C¥ (),

M|N

where M ranges over all positive divisors of N. Define Cusp™ (Xo(N)) = CM(N) X Gusp(Xo(N))

Cusp(Xo(N)). We have the following equality in CH! (Xo(N)):

Cusp(Xo(N)) = ), Cusp” (Xo(N)).

M|N
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For a positive divisor M of N, define

r

r r
i=2mi| . i i
O'(N,M):npl." mil, 1fN:nq:.l andM:l_[q:".
i:l l=1

i=1

Define the modified special divisor to be

Z*(t’ y’A(N)) = Z(Z’A(N)) + Z g(t’ y9A(O-(N’ M))) ' CUSpM(X()(N)) (54)

M|N

It is an element in CH! (Xo(N)).

Green functions

Now we construct Green forms for the special cycles in Definition 5.2.1. For any pair (z, y)

where 7 is an integer and y is a positive real number, we define

oLy, AN = Y pi2aR( . [2]).

x€A(N),x#0
(x,x)=t

It is invariant under the action of I'o(V), hence the function g(d, y, A(N))([z]) is smooth on the

open subset Y (N)c — Z(t)c. Define the modified Green forms to be

(1, y, A(N)) ([z]), if 7 #0;
" (1, y, A(N)) ([z]) =

(0, y, A(N))([z]) + 85 — log(y), ifr=0.

For the pair (¢, y), we also consider the following differential on the upper half plane

dr AdT

(e e Q@Y. (5.5

Iy _
N S e e el
x€A(N),x#0
(x,x)=t

It is invariant under the action of I'j)(N) and can be extended to the cusps, hence the differ-

ential (1, 1)-form w(z,y, A(N)) can be descended to a differential (1, 1)-form on the complex
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modular curve Xo(N)c. The following theorem reveals that the modification of the Green forms

g(t,y,A(N)) is designed to align with the modification of the special cycle Z*(z,y, A(N)).

Lemma 5.2.2. For a cusp point P = P,y n of Xo(N), let Ip € A(N) ®z Q be an isotropic vector

corresponding to P. Then

4+/—0 (N, M)t, if —Nt is a square;
#Io(N) N Stabp\{v: v € A(N),q(v) =t,(v,lp) =0} =

0, otherwise.

Proof. We consider another realization of the lattice A(N) in the matrix group M, (Q)™= (cf. [2,

(1.2)]):

a -b/N
A(N) =1<x = ca,b,ce’Z

c -a
with the quadratic form given by N -det. The advantage of using this realization of the lattice A(N)
is that the group GSpin(A(N))(Q) =~ GL,(Q) acts on it simply by conjugation. The isotropic

vector corresponding to the cusp point P,y 18

aM /N —a*M?*/N? 0 1
1Py = , Ip. .
1 —aM|N 0 0

We only give the proof when N = p”, the idea for the general case is similar. Suppose M = p*

with0 < k < nand a € (Z/p™™k"=k})*_ The cusp point P, -« is mapped to P « under the

_a—l/p

Atkin-Lehner involution W,» which is given by the matrix (4.19). The element W, also preserves
the lattice A(p") and the group I'o(p"). Therefore the left hand side of the equality in the lemma

are the same for P, .-« and P x, while the right hand side are also the same for M = p* and

alp —-a~!/p

p" ¥, hence we only need to consider the case that P = P, « where [n/2] < k < n. We can also

alp
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assume a = 1 without loss of generality. Define

1 O
Yk =
—pk 1

Then y; maps the cusp P = Py ,k to P. Themap v — yy - v - y,;l defines a bijection

(v ve AP, q(v) =1,(v,1p) =0} = {v: v e yAP") Y q(v) = 1,(v,1) = 0} (5.6)

The action of the group I'g(p”) N Stabp on the left hand side transforms to the action of the group

vilo( p”)y;l N Stabp_. The assumption that [n/2] < k < n implies that

1 x
yiTo(p™)y;! N Stabp, = { + x€Z}. (5.7)

01

An element v on the right hand side of (5.6) has the following form

a a+pkb
k 2k —
v=|"? p , a,beZand - p"ka® =1. (5.8)
0 -4
Pk

Hence the set on the right hand side of (5.6) is empty if —p”f is not a square. Now Let’s assume

1 x
—p"t is a square. The element g = + acts on the element (5.8) in the following way:
0 1
a a+pkb a a+pk(b—2ax)
b= PF pF o gvg_l _ | PF pF
0 - 0 —F

Hence for a given a, the element b has 2|a| = 2+/—p2¢—"¢ choices. Therefore

#o(p") N Stabp\{v : v € A(p"),q(v) =t,(v,lp) =0} = 4@_
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Theorem 5.2.3. For any pair (t,y) such that t is an integer and y is a positive number,

(a). The function g(t,y, A(N))([z]) is a Green function for the modified divisor Z*(t,y, A(N))

if t # 0, for the boundary divisor ), g(0,y,A(c(N,M))) - CUSpM(Xo(N)) ift =0.
M|N

(b). The element ('Y, g(0,y, A(o(N, M)))-Cusp™ (Xo(N)), a(0, v, A(N))([z])) and all the el-
MIN
ements (Z*(t,y, A(N)),q(t,y, A(N))([z])) for nonzero t belong to the extended arithmetic

—1
Chow group CH (Xo(N), S), more precisely,

ddg(t,y, A(N)) +0z+(1.y,A(N))e» ift #0;

lw(z,y, A(N))] =

ddg(0, y, A(N)) +6 if = 0.

Y £(0,y,A(c(N,M)))-Cusp™ (Xo(N))
M|N

— When —Nt > 0 is a square, the function g(t,y, A(N))([z]) has log singularity at the
cusps;
— When t = 0, the function §(0, y, A(N))([z]) has log-log singularity at the cusps;
— Otherwise the function §(t, y, A(N))([z]) decreases exponentially at the cusps.
(c). The element (Z*(0,y,A(N)),ag"(0,y,A(N))) € C/ItIl (Xo(N),S) lies in the usual arithmetic
Chow group éﬁl (Xo(N)).

Proof. The case —Nt is not a square has been proved in [2, Theorem 5.1 (1)]. We only need to
consider the case —Nt is a square.
When —Nt > 0 is a square, let P be a cusp point and gp be the local parameter of Xy(N) at P.

It is also proved in loc. cit. that w(¢, y, A(N)) have the following expansian near the point P:

w(1,y,A(N)) = —gp(t,y, A(N)) - (log lgp|*) + (1),

here
ap(t,y. AN))
8m+/—ty
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Let /p be the isotropic vector in the vector space A(N) ®z Q corresponding to the cusp P, the

number ap(t, y, A(N)) is the cardinality of the following set:
Co(N\{(v,l) : veA(N),q(v) =t,(v,l) =0,1 is I'oy(N)-equivalent to [p}.
The above set can be mapped to the following set bijectively:
I['o(N) N Stabp\{v: v € A(N),q(v) =t,(v,lp) =0}.

The cardinality of the above set has been calculated in Lemma 5.2.2. Therefore if P = P,y for

some positive integer M|N, we have

Z,(r]\v/’yM) - B32(—4nty), if —Nt > 0is a square;

gp(t,y,A(N)) =

0, otherwise.
Hence gp(t,y,A(N)) = g(t,y,A(0(N,M))). This concludes the proof of (a) and (b) for r # 0.
The proof of (a) and (b) for the case ¢ = 0 is similar to the —N¢ > 0 is a square case, so we omit it.

While the last statement (c) is proved in [2, Proposition 6.6]. |

Definition 5.2.4. For any integer ¢t € Z and real number y > 0, define the following element in
— 1
CH (Xo(N)),

Z(1,y,A(N)) = (Z*(1, 3, A(N)), 6" (1, y, A(N)))

Lemma 5.2.5. For any integer t € Z and real number y > 0, we have the following identity in
— 1
CH (Xo(N)),

WyZ(t,y,A(N)) = Z(t,y,A(N)).

Proof. When t = 0, this follows from the definition of @ in (5.1). When ¢ # 0, this is proved in [2,

Proposition 6.8]. m|
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—2
5.2.2 The codimension 2 case: Arithmetic special cycles in CH (Xo(N))
The rank of 7 is 2

Next we associate to any nonsingular 7 € Sym,(Q) and a 7T-admissible Schwartz function
ped (V?) an element in éﬁz(Xo(N)). Lety ='a-a € Sym,(R) be a positive definite matrix,
where a € GL,(R).

e For a positive definite 7 and a T-admissible Schwartz function ¢, we consider the following

element

Z(T.y. @) = (Z(T. ).,0) € CH (Xo(N)).

e For other nonsingular 7" which is not positive definite, we apply the general machine developed
by Garcia and Sankaran in [19] which is made explicit in [1]. We define an element in &(V2) ®

A1 (HE) by the following description: for x = (x1,x2) € VZ and [z] € D,

2
_2n(§1(R(x,',[Z])+%(nm))) dx A dy
= . y2 .

2
v, [2) = -7 42 ) (RO, [2]) + (xl-,xl-») e
i=1

then we define a smooth (1, 1)-form g(7,Y, ¢) on D as follows, its value at the point [z] € D is

0Ty oD = Y, e [vitetala - T
1

t
x€(A(N)®Q)?
T(x)=T

the sum converges absolutely, and descends to a smooth (1, 1)-form on the modular curve Yy(N)c.

The following is proved in [1].

Lemma 5.2.6. For nonsingular T € Sym, (R) which is not positive definite. The form §(T,Y, ¢) is

absolutely integrable on Xo(N)c, hence §(T,Y, @) defines a (1, 1)-current on Xo(N)c.
Proof. This is proved in [1, Lemma 2.9]. |

To sum up, let T € Sym,(Q) be a nonsingular matrix, y € Sym,(R)>0, ¢ € S(V%) is a
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T-admissible Schwartz function, we define

N ([Z(T,¢)],0), whenT is positive definite;
Z(T.y,p) = (5.9)

(0,9(T,y,¢)), whenT is not positive definite.

—2
itis an element in CH (Xy(N)).

The rank of T is 1

Lemma 5.2.7. Let T € Sym,(Q) be a half-integral 2 X 2 symmetric matrix such that rank(T) = 1,

then there exists t € Z and an element y € GL,(Z) such that

T:t'y. -y,
0 ¢

Moreover, the integer t is uniquely determined by T, and is invariant upon replacing T by 'cTo

with o € GL,(Z).
Proof. This is proved in [1, Lemma 2.10]. |

Definition 5.2.8. Let 7 € Sym,(Q) be a half-integral 2x2 symmetric matrix such that rank(7’) = 1,
lety € Sym,(R) is a positive definite 2 X 2 matrix. Let 7 be the integer associated to 7 by Lemma

52.7. Let yo =t 'tr(Ty) and y; = %, both of y; and y, are positive numbers. Define

Z(T,y) = Z(t,y2,A(N)) - @ — (0,102 y1 - Sz+(1.y,.A(N))c)

where Z* (¢, y2, A(N))c is the complex points of the modified special cycle defined in (5.4).

Remark 5.2.9. When the rank of 7' is 1. We notice two invariance properties, which both follows

from the definitions:

Z(yTy,y) = Z(T,yy'y), forany y € GLy(Z). (5.10)
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~[10 O ~{{0 O 1 x
Z 0y'61=2Z ,Y|, forany 6 = where x € R. (5.11)
0 ¢ 0 ¢ 01
The rank of 7 is 0

In this case, the matrix 7 = 0.

Definition 5.2.10. Let y € Sym,(R) be a positive definite matrix, we define the following element
—2
in CH (Xo(N)),
Z(02,y) =& - @+ (0, log dety - [Q]).

dx

Recall that [Q] is the restriction of the (1, 1)-form 27:\;? to Xo(N)c.

5.3 Arithmetic Siegel-Weil formula on X,(N)

~ — 1
For a rational number ¢ which is not an integer, we simply define Z(¢,y) =0 € CH (Xy(N)).

— 1
Let 7 = x +iy € H, we consider the following generating series with coefficients in CH (Xy(N)),

$1()= > Z(t,3,A(N)) - ¢'
teQ

where ¢! = 2717,

For an element z = X + iy € Hj,, we consider the following generating series with coefficients
—2
in CH (Xo(N)),
@)= > ZTy-q

TeSym,(Q)

, — —2 ~
where g7 = 271" (T2)_Recall that we have defined a degree map deg : CH (Xo(N)) — C in §4.3.

Now we are able to state the main theorem of this thesis.
Theorem 5.3.1. Let N be a positive integer.

* The modularity theorem for arithmetic generating series of codimension 1:
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The generating series 5 1 is a nonholomorphic Siegel modular form of genus 1, weight % and

level T'o(4N) with values in (/IITIl (Xo(N)).

* The modularity theorem for arithmetic generating series of codimension 2:

The generating series (}5\2 is a nonholomorphic Siegel modular form of genus 2 and weight 2.

— 2 -
More precisely, under the isomorphism deg : CH (Xo(N)) — C

iz = L amis(z. Ay,

here y(N) =N - [T (1 +p~h).
pIN

The proof of Theorem 5.3.1 will be given in the next two chapters.
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Chapter 6: Proof of the main theorem: nonsingular terms

In this chapter, we aim to prove the following identity when the matrix 7 € Sym,(Q) is non-
singular:
¥ (N)

deg Z(T,y) - ¢" = g OEsTZ AN (6.1)

6.1 Rapoport-Zink spaces and special cycles

6.1.1 To(N)-structures on p-divisible groups

Let p be a prime number. Let F be the algebraic closure of F,,. Let W be the completion of the
maximal unramified extension of Q,. Let Nilpy, be the category of schemes § over Spec W such
that p is locally nilpotent on S, let S be the closed subscheme of S defined by the ideal sheaf pOs.
For a p-divisible group X, we use X" to denote the dual p-divisible group. We will introduce two
Rapoport—Zink spaces in this chapter, they are essentially isomorphic to the completed local rings
of supersingular points in characteristic p of the moduli stacks H and Xo(N).

Let X be a p-divisible group over F of dimension 1 and height 2, the associated filtered isocrys-
tal D(X)q has pure slope % e.g., we can take X to be E[p™] where E is a supersingular elliptic
curve over F. Let 1y : X — XV be a principal polarization. We consider the following functor
N on the category Nilpy,: for any S € Nilpy,, the set N(S) is the isomorphism classes of tuples

(X, p,2), (X", p',2")), where

(1) X and X’ are two p-divisible group over S, p and p’ are two quasi-isogenies between p-

divisible groups p : X xg S = X X5 S, p' : X xz § — X’ Xg S.

(2) 1: X — XV, X : X’ > X" are two principal polarizations, such that Zariski locally on S,
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we have

p'odop=c(p)-Ao, p"odop =c(p)-A.
for some c(p), c(p’) € Zj,.
Proposition 6.1.1. The functor N is represented by the formal scheme Spf W[ [t1,12]] over Spf W.

Proof. When p is odd, this is explained in [10, Example 4.5.3 (i1)]. In general, the deformation
space of the supersingular elliptic curve E is isomorphic to Spf W|[[¢]]. By Serre-Tate theorem, this
is also the deformation space of the p-divisible group X with certain restrictions on the polarization

as in the definition of the deformation functor N. Therefore N' =~ Spf W[ [#1]] Xsprw Spf W[ [#2]]

1

ShW[[l‘l,tz]]. O

Let ((XUniv, puniv qunivy (xuniv_,muniv amnivy) pe the universal p-divisible group over N =
SpfW[[t1,12]]. By Lemma 6.2.3 below, the category of p-divisible groups over Spf W[ |[#1,t2]] is

equivalent to the category of p-divisible groups over Spec W|[t1,12]], we use

(( Xuniv puniv /luniV) ( X/univ p/univ /llul'liV))

to denote the corresponding p-divisible group over Spec W[[#1,12]].
Next we fix a N-isogeny xg : X — X, i.e., xg o x(\)’ = N. No(N) is a contravariant set-valued
functor defined over Nilpyy, for every S € Nilpy, the set Np(N)(S) consists of the isomorphism

classes of elements of the following form (X 5 X, (p,p"), (1,2)), where

(1) X and X’ are two p-divisible group over S, p and p’ are two quasi-isogenies between p-

divisible groups p : X xg S — X X5 S, p' : X xz S — X’ Xg S.

(2) 1: X —» XV, X : X’ — X" are two principal polarizations, such that Zariski locally on S,
we have
p’odop=c(p) o, podop =c(p)- Ao
for some c(p), c(p’) € Zj,.
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(3) x : X — X' is acyclic isogeny (i.e., ker(x) is a cyclic group scheme over S) lifting p” o xg o

p.

We will prove it later that the functor Ny(NN) is represented by a closed formal subscheme of

Spf W[[t1,t2]] cut out by a single equation (cf. Theorem 6.2.6).

6.1.2 Special cycles on N and Ny(N)

Now we give the definition of special cycles on the formal schemes N and Ny(N). Recall
that (( XUV, puniv, qunivy (xruniv_,runiv jrnivy) jq the universal p-divisible group over N, and B ~
End®(X) is the unique division quaternion algebra over Qp, whose Hasse invariant as a quadratic

space is —1.

Definition 6.1.2. For any subset L C B, define the special cycle Z*(L) to be the following closed
formal subscheme of N: for an object S € Nilpy, the groupoid ZH(L)(S) consists of pairs
((X,p,2), (X", p’, ") € N(S) such that the quasi-isogeny p’ o x o p~! is an isogeny from X

to X'.

Remark 6.1.3. The special cycle Z#(L) only depends on the Zp-linear span of L in B, and is

nonempty only when this span is an integral quadratic Z,-lattice in B.

Proposition 6.1.4. Let x € B be a nonzero and integral element, i.e., 0 < v,(x" o x) < co. Then
Z*(x) is a Cartier divisor on N, i.e., it is defined by a single nonzero element f, € W[[t1, 2]].

Moreover, Z*(x) is also flat over SptW, i.e., p £ fe.

Proof. When p is odd, the formal scheme N is an example of GSpin Rapoport—Zink space (cf. [10,
Example 4.5.3 (i1)]), and the proposition has been proved for every GSpin Rapoport—Zink space in

[10, Proposition 4.10.1]. For all p (especially p = 2), this is proved in [3, Theorem 6.8.1]. m|

Now let’s come to the special cycles on Ny(N). Firstly, we give the definition of the space
of special quasi-isogenies, recall that we have fixed a N-isogeny xo when we define the formal

scheme Ny(N).
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Definition 6.1.5. We call a quasi-isogeny x € B = End’(X) is special to x¢ if the following
condition holds,

xox(\)/+xoox\/:0.

By definition, the space of quasi-isogenies special to x is just the quadratic space W = {xo}* C
B. By Witt’s theorem, it is a 3-dimensional quadratic space over Q, whose isometric class is

independent of the choice of the N-isogeny x.

Definition 6.1.6. Let (X LA X', (3,5, (4, ")) be the universal object over No(N). For any subset
M c W, define the special cycle Z(M) c Ny(N) to be the closed formal subscheme cut out by

the following conditions,
 oxop ™ e Hom(X, X').

forany x € M.

For a subset M ¢ W c B, we have the following Cartesian diagram,

Z(M) —= No(N)

L

ZHM) ——=N.

6.1.3 Formal uniformization of Xy(/N) and the special cycle Z (T, ¢)

Let B be the unique quaternion algebra over Q ramified exactly at p and co. Then B®gQ, ~ B
is the unique division quaternion algebra over Q,. Let E be a supersingular elliptic curve over F
and X = E[p®] is the p-divisible group of E. Then B ~ End’(E) and B ~ End’(X). Suppose
xo € B comes from a cyclic N-isogeny of E under the above isomorphism End®(E) ®g Q, = B.

We first state and explain the formal uniformization theorem of the supersingular locus 7—(1515’ of

Hg,. We use H/ (# ) to denote the completion of # along the closed substack H® .
p P
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Theorem 6.1.7. There is an isomorphism of formal stacks over W
» - On 2 Py2 2 p\2
H/ (g )— BT (Qp\IN x GLa(A})"/GL2(Z7)7], (6.2)

where B*(Q)g is the subgroup of B*(Q) consisting of elements whose norm has p-adic valuation

0.

Theorem 6.1.7 is proved by Rapoport and Zink [39, Theorem 6.24]. Here we only describe the
isomorphism, especially the group action on the right hand side of (6.2). Let ng : VP (E) — (A?)2
be a prime-to-p level structure of E. Let E be a deformation of E to W, and let X := E[p™]
be the corresponding deformation of X to W. For some object S € Nilpy,, we pick an object
(X, p, ), (X", p", ), (g,8")) € N(S) x GLZ(A?)Z. The quasi-isogeny p (resp. p’) gives rise to
a quasi-isogeny p : Xg — X (resp. p’ : Xg — X’). Then there exists an elliptic curve E (resp.
E’) up to prime-to-p isogeny over S and a quasi-isogeny pg : Eg — E (resp. pg : Es — E’),
such that E[p®] =~ X (resp. E'[p™] = X’) and pg (resp. pg+) induces j (resp. p’) under this

isomorphism. The object ((X, p, 1), (X', p", "), (g, g’)) is mapped to

((E,E"), (g7'ng o VP(pg'), &~ nf o VP(pE)))) € H(S).

The group action is given as follows, for a pair of elements (b, b”") € B*(Q)o X B*(Q)o, by the

following map,
B(Q) — B(Q,) ~ End*(X) LR End®(X) (resp. LN End’(X")),
and a fixed isomorphism B(A?) ~ GL, (A?). We obtain another triple
(0, 6):((X, . ), (X', 0", ), (8,8)) = (X, pob™ 1), (X', p 0 b1, 1), (bg, b))
Now let XO(N)]SFZ (resp. Mo(N )JSFS,,) be the supersingular locus of Xo(N)g, (resp. Yo(N)F,).
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Let XO(N)/(XO(N);;) (resp. yAO(N)/(%(N)%SP)) be the completion of Xy(N) (resp. Yy(N)) along
the closed substack Xo(N)y (resp. Yo(N)F ). By the definition of Xo(N), we have Xo(N)p =
p p p

yo(N)%i and therefore X)) (N)/(Xo(N);*p): Yo (N)/(yo(N);sp)-
Proposition 6.1.8. There is an isomorphism of formal stacks over W,

Oxy(v)

oM/ oy, — B (Qo\[No(N) x GLa(AD) /To(N)(ZP)], (6.3)

where B*(Q)g is the subgroup of B*(Q) consisting of elements whose norm has p-adic valuation

0.

Proof. The following diagram is Cartesian with all arrows closed immersions.

Ho(N)g —H

|

Y(N) ——H.

this diagram gives a closed immersion i : /\A’O(N)/(XO(N)];S )= yo(N)/(yO(N);s )— 7:(/(7—{];5 )-
P P P

Recall that we have the following isomorphism,
A ® A
H/(2)—> B (QR\[N x GLa(A])?/GLo(27)?).

Let S be an object in Nilpy,, let (z,(g,g")) € N(S) x GLz(A’})2 be a point in the closed formal
substack Yo(N) , then clearly z € No(N)(S). Suppose z corresponds to a cyclic isogeny E SN
p

E’ by our description of the isomorphism @4, then g’ is determined by g by the following diagram,

-1 pon( —1)
VP(Ey) ———E e (AD)?

VP () l/WN (6.4)
gl oVP (ph) (A?)Z.

VP (EL)

110



thus we only focus on the pair (z, g2) € No(N)(S) X GL, (A?). Consider the following morphism

(z,8) — 05 (z, (8. 8)).

the image of ® lies in the closed formal substack Xo(N)/ PACYERE

Let (z1,81), (22.82) € No(N)(S) X GLz(Afc) be two points, then ©(z1,81) = ©O(z2,82)
if and only if there exists b,b’ € B*(Q)o and ki, k| € GL,(ZP) such that (z2, (82.8%) =
((b,b")+z1, (bg1ky1,b'g k})). We still use E =, E’ to denote the corresponding point of z, under
©g. Notice that (22, (2, £5)) = (22, (bg1, b’g})) in the quotient stack [NXGLZ(A?)Z/GLZ(ZP)Z],
therefore Og(z2, (82, 85)) = O (22, (bg1,D'g))) € XO(N)/(XO(N);;)(S), hence both (g2 = bgiki,

g, = b'g\ k) and (bg1, b’g}) satisfy the commutative diagram (6.4), then
ki = kalw]_vl,

since both k| and k7 belongs to GL, (ZP) = T] GLa(Z,), there exists a, b, ¢, d € ZP such that
Vv#00,p

a b .
ki = e I'o(N)(ZP).
Nc d

Moreover, the element b’ is also determined by b by the diagram (6.4). Therefore ©(zy, g1)

O(z2, g») if and only if there exists b € B*(Q)o and k € Ty(N)(Z?) such that

(ZZ’gZ) = (b*Zlabglk)

Let Z(T, ¢) be the completion of Z(T,¢) along its supersingular locus Z%(T,¢) =

Z(T, p) xxyn) Xo(N )%i Let A(N)?) be the unique quadratic space over Q (up to isometry)
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such that:

(1) It1is positive definite at oo;
(2) For finite prime [ # p, A(N)P) ® Q is isometric to A;(N) ® Q;;
(3) AN ® Q) is isometric to W.

As a corollary of the formal uniformization of the supersingular locus of Xy(N) (cf. Proposition

6.1.8), we have the following formal uniformization of the special cycles on Xy(N).

Corollary 6.1.9. Let T € Sym,(Q) be a nonsingular symmetric matrix, and Ditf(T, A(N)) = {p}.
Letp e & (V?F) be a T-admissible Schwartz function. Let K(’)(/?o (N)/ (xo( N )) be the Grothendieck
P

group of coherent sheaves of OXO(N) s )—modules. Then we have the following identity in
0 Fp

K(,)(/\AIO(N)/(XO(N)];SP)),

Z9(T,¢) = D > p(g7'x) - O ) (Z(x). 2),
x€eB* (QT)E)\)(A}N)“’))2 8€BX (Q0o\GL2(AF) /To(N)(ZP)
X)=

where B} C B is the stabilizer of x € (A(N)P))2,

Proof. We only need to prove the corollary when ¢ is the characteristic function of some open
compact subset w of V?. Let S be an object in Nilpy,. Suppose G);((l)( n(2:8) € Z(T, ¢)(S) for
some z € Nyp(N)(S), then z gives rise to a cyclic isogeny E - E, along with two isogenies

x1,X2 € Hom(E, E)(,) such that
1
T = (E(xi’xj))a and (x1,7) = (x2,7) = 0.

then x, x» and 7 induce endomorphisms of the correponding p-divisible groups, and hence endo-
morphims of X. We still use xy, x; to denote the endomorphisms of X, let T'(x) := (%(xi,x 7)) be

the inner product matrix of x = (x1,x2)), we have

T =T(x), and (x1,x0) = (x2,x0) = 0.
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ie, xi,x € {xo}t = W =~ A(N)P ®g Q,. We can also identify x; and x, as elements in
AN)P) @ A? via the level structures 777, o VZ(p,') and nf) o V?(p3/) of E and E’. The positivity
assumption on 7 makes it embeddable into A(N)P) ®g R. By carefully choosing the isometry
W =~ A(N)@ ®g Qp, we can find x € (A(N) (P))2 which induces x; and x, locally at every place
of Q.

Then the condition @:\,(1)( N) (z,8) € Z5(T, 9)(S) implies that

z€ Z(x) and g7'x € w (here g € GLy(As) with g, = 1).
and this is exactly the meaning of the identity in the theorem. O

6.2 Difference formula at the geometric side

6.2.1 p-divisible groups over adic noetherian rings

Definition 6.2.1. A topological ring R is an adic noetherian ring if it is noetherian as a ring and
it has a topological basis consisting of all translations of the neighborhoods of zero of the form 1"
(n > 0) where I C R is a fixed ideal of R, and R is Hausdorff and complete in that topology. A

choice of such an ideal is said to be the defining ideal of the topological ring R.

Lemma 6.2.2. Let A be an adic noetherian local ring whose defining ideal is the maximal ideal

m, then any ideal I C A is complete in the topological ring A, i.e.,

I= ﬂ(1+m”).

Moreover, A/l is an adic noetherian ring with defining ideal m/1I.

Proof. Nakayama lemma implies that () m”"/ = 0, then we can apply [40, Lemma 031B] to con-
n

clude that I is m-adically complete, i.e., [ ~ [ := yLnI /m"*l.

n
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We have the following exact sequence,
0—1—A— A/l —0.
since A is noetherian, after taking completion with respect to the maximal ideal m, we get
0—f—A— X/\I — 0.

However, A = A and I = [, hence ;\_/\I ~ A/I. We conclude A/ is an adic noetherian ring.

By definition, X/\I = @A/(l +m"), hence X/\I ~ A/I implies that [ = ((/ + m"). O

n

Lemma 6.2.3. Let A be an adic noetherian ring whose defining ideal is I, then the following

functor

{Category of p-divisible groups over Spec A} — {Category of p-divisible groups over Spf(A)},

G = (Gn/A) = (G = (Gi(n) = G(n) Xa A/T*))g1.

is an equivalence.

Proof. This is proved by de Jong in [41, Lemma 2.4.4]. O

6.2.2 Difference Divisors on N

Recall that for every nonzero integral x € B, we define the special divisor Z #(x) on N as the
closed formal subscheme of N over where x lifts to an isogeny (cf. Definition 6.1.2 and Proposition
6.1.4). It is cut out by an element f, € W[ [z, 12]].

For any nonzero x € B such that v, (xY ox) > 2, there is a closed immersion:
i: ZHp™'x) — ZHx),

by composing every deformation of p~'x with the multiplication-by-p morphism. Since the ring

114



W{lt1,12]] is a unique factorization domain, we get f,,-1,|fy. Define dy = fi/f,-1, € W[[11,12]]

when v, (x¥ ox) > 2, dy = f, when v,(x¥ ox) =0or I.

Definition 6.2.4. Let x € B be a nonzero and integral element. The difference divisor associated
to x to be

D(x) = SptW[[t1,12]]/d,.

The notion of difference divisor is first introduced by Terstiege in [17]. Proposition 6.1.4
implies that p t f;, hence p { d,, therefore the difference divisor D (x) is flat over Spf W. The

following theorem asserts that 9 (x) is regular.

Theorem 6.2.5. Let x € B be a nonzero and integral element. Let m = (p,t1,1;) be the maximal
ideal of W[[t1,t2]], then d, € m\m?, i.e., the difference divisor D(x) is regular. Moreover, for

anyi > 1, dy and d ,-i, are coprime to each other if p~'x is also integral.

Proof. Let n > 0 be the p-adic valuation of x" o x. We first prove this result when n = 0, in this
case the result follows from the work of Li and Zhu [42, Lemma 3.2.2] (p odd) and [9, Lemma
3.1](p =2),and W[ |[t1,12]]/ fc = W][t]] is even smooth over W.

Now we suppose n > 1, we can always find an element x’ € B such that x’¥ o x’ has p-adic
valuation 0, and (x, x’) = 0. We consider the formal closed subscheme Z#(x) xx Z*(x’), it is cut
out by the ideal ( fy, fir) C m; itis also a formal closed subscheme of Z#(x") =~ Spf W[[¢]] cut out
by the image f; of f, under the surjective map A — W[[]]. By [7, (5.10)] (see also [10, p. 5.1]),

we have the following decomposition of Z #(x) xn Z*(x’) into Cartier divisors on Z#(x’),

(n/2)
ZHoyxw 24 = ) Z6 (6.5)

i=0

each Z; = Spf Oy ;, where Oy is the ring of integers of some nonarchimedean local field, hence

it is a regular local ring, and they are different from each other. Let d; € W[[¢]] be the function
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defining the divisor Z; on Z¥(x’). Then we have the following identity,

(/2]
fo=(unit)x [ | dv. 6.6)
i=0

the regularity of O ; implies that d; € (p,1)\(p, 1)2.
Let d,-i, be the im?g;(;of d ,-i, under the surjective map A — A/(fr) =~ W[[t]]. By definition
n

we have f, = (unit) X [] d,-i, therefore,
i=0

) /2l
fe= (unit) x [ | dpie (6.7)
i=0

We induct on n to conclude that d, = (unit) X d 2] € (P, H\(p, 1)2. When n = 1, we simply
get d, = (unit) X dy € (p,1)\(p,1)%. Let’s assume the claim is true for n < m for some m > 2, we
will prove the result for n = m. For this, we just need to compare (6.6) and (6.7) for p_lx and x.

Therefore we have proved that A/(d,, fi/) is a regular local ring, hence we conclude that d, €
m\m?2, and D(x) =~ Spf A/(d,) is regular. Moreover, since every piece on the right hand side of

(6.5) 1s different from each other, we conclude that d and d,-i, are coprime to each other. O

Fix a N-isogeny x( € B, recall that we have defined the deformation functor Ny(N) in §6.1.1.

Compare the moduli intepretations of Ny(N) and Z #(x0), we have a natural functor,

i : No(N) — Z*(x0),

x cyclic

(X=X (0. ). (1) 7= (X = X', (p,p)), (4, 2)).
Theorem 6.2.6. The natural functor i is a closed immersion, and induces an isomorphism:
No(N) — D(xp).
Proof. By Proposition 6.1.4, Z*#(xo) is represented by Spf W[[r1,12]]/ fx,- We consider the max-
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imal ideal m = (p,11,12) of W[[t1,12]] and a projective system of rings lgln R, where R, =
Wt t2]1/(fx, + m"). We use (X, N X, (pn, 1), (An, A),)) to denote the corresponding object
in Z%(x0)(R,) by the natural morphism W[[t1,12]]/ fx, — Rn, whichis essentially the base change
from Z*(xo) to Spec R, of the universal object (X" (u)—m: X/Univ(puniv | prunivy quniv o qanivyy - The

following diagram is commutative,

X —— Xun

\jxn lxnﬂ

X, —= X’

n+l:
By [41, Lemma 2.4.4], x,, fits together to be an isogeny of p-divisible groups x(‘)miV ; Xuniv _, xruniv
over Spec W[[t1,12]]/ fx,-
Now we apply Serre-Tate theorem (cf. [43]) to the projective system gnn R,,, we obtain a direct
system of elliptic curves E,, E, over Spec R, and X, € Endg, (E,, E}) such that,
(i) There exist isomorphisms i, : E,,[p®] = X, and i), : E; [p™] =~ X};

(i) x, =i} 0 Xu[p™] 0 iy !

Since every elliptic curve is equipped with a canonical ample line bundle given by the unit

section, we can apply Grothendieck’s algebraization theorem (cf. [40, Theorem 089A, Lemma

~univ

0A42]) to obtain a triple (Euniv L) E/univ’ (puniv’ pruniV)’ (/luniv’ /l/uniV)) where EYY and E/WV gre

two elliptic curves over Spec W[[¢1, #2]]/ fx, with the following isomorphisms
JUNIV . URIV[ 00) L yuniv iy pniv ey yaniv.
and x(‘)miv = UV o )E(‘;“iv [p*=] o (i*"¥)~!. Then we have
ker(xgniv) ~ ker(F""V[p™]) = ker(igniv) [p™] — E"V.

Where ker(igniv) [p™] is the p-torsion subgroup scheme of the finite locally free group scheme

ker(igni"). Therefore the universal kernel ker(xgniv) is embedded into an elliptic curve, we can
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apply Proposition 4.1.4 and conclude that there is an ideal 7““(xg) € W[[t1,f2]] containing f;,
such that for an object (X 5 X, (0, p), (1, ) € Z¥(x0)(S) where S € Nilpyy, the isogeny x is
a cyclic isogeny if and only if the morphism § — Spf W[[#, #2]]/ fx, factors through the closed
formal subscheme Spf W[ [f1,12]]/7“(xp). We conclude from here that Ny(N) is represented by
the formal scheme Spf W[[¢1, £2]]/Z “*“(x0) and the natural functor i is a closed immersion.

Recall that we use dy, to denote the equation that cuts out the difference divisor D(xp). In
the following we use D to denote the difference divisor D(xp). Let xp : Xp — X, be the
base change of x(L)‘ni" XUV XUVt ). We first show that x4 doesn’t factor through the
multiplication-by-p morphism of Xp. Let’s assume the converse, i.e., xp = p o xi, where x7, :
Xp — X7, is an isogeny. Let D, = Spec W[[t1,12]]/(dx, + m"), the base change of x7, from
D to D, is a deformation of p~'x(, hence the natural morphism D, — Z*(xg) factors through
ZH(p~'x0) = SptW([r1, 1211/ (fy-1y,)- Since W([t1, 1211/ (dx,) = LimW([11,22]1/(dy, + m") by
Lemma 6.2.2, we get a ring homomorphism W[y, 22]]/(f,-14,) —>nW[[t1, t2]11/(dy,). However,
dy, 1s coprime to f,-1,, by Theorem 6.2.5, this is a contradiction. Hence xo doesn’t factor through
the multiplication-by-p morphism of Xg.

Lemma 4.1.5 and Corollary 4.1.6 imply that ker(xp) is a cyclic group scheme since D is an
integral noetherian scheme which is also separated and flat over W, hence there exists a natural
morphism from Spec W([t1,12]]/dy, to Spec W[[t1,12]]/Z¥“(xp). Therefore we conclude that
T (x0) € (dy,) € W[[t1,12]]. This shows that the closed immersion D (xp) — Z%(x0) decom-

poses in the following way:

D(x0) = No(N) — ZF(xo).

Therefore we have an inclusion of ideals, (fy,) € Z“(x0) C (dx,) € W[[t1,t2]]. [3, Theorem
6.6.1] (see also Case II of 5.3.2.1 of loc.cit) asserts that W[ [z, 12]]/Z"“(xg) is a 2-dimensional
regular local ring. Recall that we have already proved in Theorem 6.2.5 that W[ [¢1, t2]]/d, is also

a regular local ring, hence we must have 7 “¥“(xg) = (dy,), i.e., D(x0) = No(N). O
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Special Fibers

In this part we use the identification No(N) — D (x) to explicitly describe the special fiber
of the local ring Ny(NN). The main results of this part will not be used in the following calculations,
readers can skip on first reading.

Let a = (t1,15) € W|[t1,12]]. Let a be the image of a in F[[#1,1,]]. Let A, = W|[[t1,£2]]/a”"
and R, = F[[t1,12]]/a". Let Ag = W[[t1,t2]] and Ry = F[[t1,%2]]. Equip each A, with a
morphism o which extends the Frobenius morphism on W and maps ¢; to tf , I to tg . Then A, is
a frame for R, in the sense of [18, Definition 1]. For any n > 0, let (M, M, ®) be an A,-window
in the sense of [18, Definition 2]. Since ®(M;) C p - M and p is not a zero-divisor in A,, we
define ®; : M; — M to be p~!®. The morphism ®@; is o-linear and induces an isomorphism
®f : M — M because both sides are free A,-module of the same rank and ®f is surjective by

the definition of windows ([18, Definition 2(i1)]). Let a be the following injective A,-morphism,
a:MlHM(qﬁ;le’.
Theorem 6.2.7. For any n > 0, we have the following category equivalences,
{A,-window (M, M;, ®)} «— {formal p-divisible groups over R}
Moreover, both these two categories are equivalent to the following category.

{pairs (M1, a : M; — MY), such that Coker(«) is a free R,-module.}

where the functor from A,-window (M, M, ®) to pairs (M, : My — MY) is given by the
constructions above.

Proof. This is proved in [18, Theorem 4]. O

Let ((X,p, 1), (7,,5’,7)) be the universal object in N (F[[t1,72]]), i.e., the base change of
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the universal object ((Xuniv, punivqunivy (xruniv - pruniv o qmnivyy gver W[ty 2]] to F[[1,72]]. The
corresponding window can be described as follows, let D = W - e + W - f be the Dieudonne
module of X, where Fe = Ve = f, Ff =V f = p-e (F,V are the Frobenius and Verschiebung
morphisms on D). Then we let M = D @y W[[t]], and M} = (W - f + pW - e) @w W[[1]].
We still use o to denote the Frobenius action on W[[¢]] which sends ¢ to ¢ and extends the
Frobenius morphism on W. Let @ be the o-linear map from M to M such that ®(e ® 1) =
t-(e®)+fe1,0(f®1)=p-(e®1). Then (M, M, ®) is the W[ [¢]]-window corresponding to
the universal deformation of X over F[[7]] (cf. [44, (86)]). Let (M’, M, ®’) be the correpsonding
window for X', then the W[ [#1, 2] ]-window corresponding to the universal deformation of X Xz X’
over F[[ty,1,]] is given by (M & M’, M & M|, ® & @'), or (M| ® M|, @) where under the basis

{p-(e®l),fol,p(e’®1),f ®1}, the map « is given by the following matrix

p —h

Any quasi-isogeny x € B induces the following endomorphism of the window M; ® M| of X xp X’

under the basis {p - e, f,p - ¢, f'},

o(a) —o(b)

a o(b)

p-b o(a)

where a, b € sz.
Let My(n) = My ®a, Ay, M{(n) = M| ®a, Ay, @(n) = @ ®4, A,. By Theorem 6.2.7, a quasi-

isogeny x lifts to an isogeny over R, if and only if there exists x(n) € End((M(n) ® M{(n), a(n)))
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such that x(1) = D(x) and the following diagram commutes

My (n) ® M (n) —L My (n)” ® M (n)”
<) o (x(n)
My(n) & M (n) —2 My (n)” & M (n)°.

Under the basis {p - (e ® 1), f @ 1,p(e’ ® 1), f' ® 1}, the morphism x(n) has the following form

A(n) Y(n)
x(n) = )
X(n) B(n)

where X (n),Y(n), A(n), B(n) € M,(A,) satisfy the following equations,

X(n) = p U (12) - (X(n)) - U(t1), Y(n) = p~'U' (1) - o (Y(n)) - U(t);

A(n) =p~'U'(11) - o (A(n) - U(n1), B(n) =p~'U'(12) - 0(B(n)) - U(ta).

1 t 1
where U(t) = and U’ (1) = . Since A(1) = B(1) = 0, we conclude (by comparing
p i pP
degrees of #; and 1) that A(n) = B(n) = 0.

For any A € M,(A, ®z Q), the matrix o(A) is a well-defined element in M>(A,, ®z Q).

Therefore, starting from X (1) and Y (1), we can define successively

X(pH) = p7U () - (X(P) - Ul), Y = p7'U'(1) - e (Y (p) - Ul). - (68)

Since the local ring Oz ) only depends (up to noncanonical isomorphisms) on the valuation of x,

we will take the following specific choice of x and D(x) in the following computations.

* When ord, (x" o x) = 2k for some k > 0, we take

x(y=v()=|"
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By computation based on the recursion formula (6.8), it turns out that for any / > 1,

o1

R O | IR AT e A v
X(p) = P +p-Cl;
0 0
Pl o -1
1 ([0 (=D (te) 7 (15 =1 )
Y(Pl) = F 2 ! +p-DJ.
0 0

for some matrices C, D € Mz(A ).

* When ord, (x" o x) = 2k + 1 for some k > 0, we take

X(1) =-Y(1) =
pk+1

By computation based on the recursion formula (6.8), it turns out that for any / > 1,

(=) (112) 7T

[ 1 0 ’
X(p)=—= +p-C'|;
p 0 0
0 (-1 ()
1 - (niz) v~ ,
Y(ph) = == +p-D'|.

pl—k

()

0

for some matrices C’, D" € My (A ).

Proposition 6.2.8. Let x € B be an integral nonzero element which has valuation n and induces

X (1) and Y (1) as described above, let f, € W[[t1,1t2]] be the element cutting out Z(x), then

P21 n/2 n/2 n .
? P . (ot (t1ty) P77 (tg - tf ) mod (1, )" 1 When n is even; 69)
y = Jx mod p = (unit) X (ne1)/2 .
M n .
(t1tp) P71 mod (71, tz)f’( e when 7 is odd.

Proof. By the above formula for X(p') and Y (p'), we can conclude that x can be lifted to an

isogeny over R a2) but not over R ,x211. Then the formula for X (p!"/2*!) and ¥ (pl"/21*!) imply
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the equation above. O

Theorem 6.2.9. Let x € B be an integral nonzero element which has valuation n and induces
X (1) and Y (1) as described above, let f, € W|[[t1,12]] be the element cutting out Z(x), then 7x
is divisible by

A
fy—t, , t; —tp forO<a <nanda=nmod 2.

Moreover, ?x has no other irreducible factors and the multiplicity of t; — tg , tf — 1 in ?x is

P2,

Proof. We first prove that 7} u_ 15 2 divides f., where ki, ky > 0 and k; + ky = n. We will prove

. . 1 1 pkl ka pkl ka
this by showing that X(p'), Y (p’) mod (#; -1, ") € Ma(A /(] —1t, ")) forany l > 0.

* When n = 2k is even, the recursion formula (6.8) implies that,

X(ph) = pHU U (D) - U UG - U U 1)

-1 -1
Y(p') = p U ) U' (1) - - U () U@ ) - U U (12).
Let’s assume ki < k,. For any O < ¢ < [ — k, we have the relation té’l_t = tsz_kl+l_t, hence

-t kn—
Ul ok

ky+l-t kn—ky+l—t
1 peT™

-t
) = p-Ip. Moreover, when 1 <t < kp—ky, 1 =1 =0, hence

Uy = U0).

X(p') = U () ) - U@ U™ ™) - U U (1) € Ma(Ay /(P = 27));

Y(p) =U @)U ) - UG UG - UV () € Ma(A /(] = 157).

The proof of the case k1 > k» is similar and we get the same formula for X (p’) and Y (p')
as above, therefore we conclude that tf i té’ © divides ?X when ki, k, > Oand k| + kp = 2k

by Theorem 6.2.7, hence ?x is divisible by the following polynomial,

k k-a
(-0 [ ] ((n — ) (1 - t{’za))p

a=1

123



k 2a 2a Pkia Ef:l k k
We also know that (7] — tz)pk - I1 ((tl - tg )(tp — tf )) = (f11p) P T - (tg - tf ) mod

a=1

(t1,12)? “! the lemma follows by comparing this formula with (6.9).

* When n = 2k + 1 is odd, the recursion formula (6.8) implies that,

-1 -1
X(p') = p U (U() - U'(1) ) U@y ) ---U@)Uu(n);
p 0
1 k=ly 1o D / pl_l 0 1 pl_1 p
Y(p')=p U @)U (t)) --- U (&} ) U(ty )---U()U(0).
p 0
-t ky—ky+l—t
Let’s assume k| < kj. Forany 0 < r < [ — kj, we have the relation r; =17 > hence
, pl—r pkz—k1+l—t pl—[ pkz—kl+l—t
U'(t; HU(t ) = p- L. Moreover, when 1 <t < ky—ky, 1, =1 =0, hence

Uy = (o).

X(p') = U )U'(E) - U U™ ™) - U U () € Ma(A /(i = 27));

Y(pl) = U’(II)U’(t?) ... U’(t‘fkl‘l)U(tng“) .. U(tg)U(tz) c Mz(Apl/(tfkl B tgkz)).

k k —_
therefore we conclude that ¢} b t) * divides f, when k1, ky > 0 and k| + ko = 2k + 1 by

Theorem 6.2.7, hence ?x is divisible by the following polynomial,

k-a

[ﬁﬂn—ﬁ yi-1)

a=0

p* Pt P Pl k1
We also know that H ((t1 — 1, )(t2 -1 )) = (f1tp) " mod (t1,1)? , the
a=0

lemma follows by comparing this formula with (6.9).

Corollary 6.2.10. Let x € B be an integral nonzero element which has valuation n > 1. Let Z(x),
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be special fiber of Z(x), then

Z@), = SpfE[[.oll/| [ @ =40 |.

a+b=n
a,b>0

Let D(x), (resp. No(N)p) be the base change of D(x) (resp. No(N)) to F[[t1,12]], then

Mo(N), = D), = SpEF([rn. )] /| (11 = 15) - (2 =) - [T @™ =2 1.

a+b=n
a,b>1

Proof. The statement for Z(x), follows from Theorem 6.2.9. The statement for D(x), follows

from the definition of difference divisors. O

Remark 6.2.11. The same formula has been proved in [3, Theorem 13.4.6, Theorem 13.4.7] by a

totally different method.

6.2.3 Local arithmetic intersection numbers

We give the definition of the local arithmetic intersection numbers.

Definition 6.2.12. For a rank 3 lattice L C B, we choose a Z,-basis {x1,x2,x3} of L. Let Ozﬁ(xi)
be the structure sheaf of the special cycle Z*#(x;). Let Oy be the structure sheaf of the formal
scheme N. Let - ®15N — be the derived tensor product functor in the derived category of coherent

sheaves on N. Define the local arithmetic intersection number of L on N to be

Int*(L) = x(N, Ozs(r,) ®5,, Oz(xr) ®6, Ozt(rs))-

This number is finite and independent of the choice of the basis {x,-}?: , of L because of the

following result.

Lemma 6.2.13. Let x,y € B be two linearly independent elements, then the tor sheaves
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T_or?"’(OZg(X), Ozt(y)) vanish for all i > 1. In particular,

L _
Ozix) ®0, Ozi(y) = Ozt(x) ®0n Ozi(y)-

Moreover, the same formula holds if Z*(x) or Z*(y) or both are replaced by D (x) resp. D(y).
Let L C B be an integral quadratic lattice of rank 3 over Z, with basis {x1,x2,x3}, then the

derived tensor product Oz (x1) ®H5N Ozﬁ(xz) ®%N OZﬁ(xs) is independent of the choice of the basis.
Proof. This is proved in [17, Lemma 4.1, Proposition 4.2]. O

Now let’s come to the local arithmetic intersection numbers on Ny(N). For a fixed N-isogeny
xo of X, recall that we have defined the space of quasi-isogenies of X special to x( (cf. Definition

6.1.5) to be those x € B such that

xoxy+xpox’ =0.
Recall that we use W to denote this space.

Definition 6.2.14. For any rank 2 lattice M C W, we choose a Z,-basis {x1,x2} of M. Let Oz,

be the structure sheaf of the special cycle Z(x;). Let Opy () be the structure sheaf of the formal

scheme Ny(N). Let — @%N " be the derived tensor product functor in the derived category of
0

coherent sheaves on Ny(N). Define the local arithmetic intersection number of M on Ny(N) to be

Ity () (M) = x (No(N), Oz (x)) €5, OZ(xn)-

This number is independent of the choice of the basis {x, x} of M because of Lemma 6.2.13
and Theorem 6.2.6, we will relate it to the derivative of the local density of the quadratic lattice M

with level N. The following theorem is the starting point of our calculation.

Theorem 6.2.15. For any prime number p, let L C B be a Z,-lattice of rank 3, then

Int* (L) = 0Den(L).
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Proof. In [7, §4], the Gross—Keating invariants (a, as, a3) of the rank 3 quadratic lattice L is
defined, then the local arithmetic intersection number Int*(L) is computed explicitly in terms of
these invariants (see also [9, Theorem 1.1]). In [8, §2.11], the local density Den(X, L) is also
expressed explicitly in terms of the Gross-Keating invariants (ay, as, a3), hence the derived local
density dDen(L), the theorem is proved by comparing the expressions of both sides in terms of

(ai,a,as) (see[8, §2.16]). The readers can also see [10] for a recent new proof when p isodd. O

6.2.4 Difference formula of the local arithmetic intersection numbers
Fix an N-isogeny xo € End(X), recall that W = {xo}+ — B.

Theorem 6.2.16. For any rank 2 lattice M C W, the following identity holds,
Inta, vy (M) = Inth (M ©Z,, - x0) - Int' (M & Z,, - p~'xp).

Proof. Let {x1,x,} be a basis of M. By Lemma 6.2.13 and the isomorphism D (xg) = Ny(N), we

have the following isomorphism as complexes of coherent sheaves on N,

L L N L
Ono(V) ®5,, Ozix)) ®0, Ozt (xr) = OZ(x1) 0y, Ozt(x)
L L
= 0Z(x1) ®p, ) OD00) B0y Oz(x2)

N L
= 0z(x) ®gy ) OZ(x2)-

When v, (N) = 0 or 1, the difference divisor D(x) is just Z #(x0), hence Intpy vy (M) = Intf (M &
Zp-xo) and Intﬁ(MGBZp -p~'xo) = Osince p~'xg is not integral, therefore Intpq vy (M) = Intf (M
Zp - X0) — Inth(M SZp - p~1x).

When v, (N) > 2, we have the following exact sequence,

Xdx,

0— Ozi(p-1x) — Ozbry) — OD(x0) = Onp(v) — 0.

x)

Tensoring the above exact sequence with the complex Ozum ) ®H5N Ozﬂ(XZ) in the derived category
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of coherent sheaves on N, we get an exact triangle

L L L L
Ozi(p1x0) ®0p Ozt(r)) By OZt(r) = OZi(xo) ®0, OZt(x1) ®0y OZt(xr)

L L
= Ono(V) ®g,, Ozt(x) ®0, OZt(xy) —>

hence the following identity,

L L _ L L
X (Ozi(x) ®5, Ozt(x)) By Ozt (x) = X (Ozi(p-1xy) ©0, Oztx)) By Ozt (1)

L L
+ X (Onv) ®6,, Ozé(x1) B0y Ozba)-

We already know that Ony(v) ®5, Ozi(x,) ®5,, Oz#(xy) = Oz @ | Oz(xy) since No(N) =

L
ONO (N
D(xp), hence

L L L
Intpo(n) (M) = x (Oz(x)) B0 (xp) Oz () = X (O ®g, Ozir)) B0y Ozt (x)

_ L L L L
= X(Ozt(y) ®5, Ozt(x)) @0y Ozt(x) = X(Ozt(p-1x0) ®6, Ozt(x)) ©0, Ozt (x)

=Int"(M & Z, - xo) - Int"(M BZ, - p'x0).

6.3 Proof of Arithmetic Siegel-Weil formula on Xy(N): the nonsingular terms

6.3.1 Local arithmetic Siegel-Weil formula with level N

Let p be a prime number. The difference formulas at the analytic side and the geometric side

are combined together to prove the following theorem.

Theorem 6.3.1. Let M C W be a Z,-lattice of rank 2. Then

Intag () (M) = 6Den5p(N)(M). (6.10)
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Proof. Theorem 6.2.16 gives the following difference formula of local arithmetic intersection num-

bers,

Int, vy (M) = Inth (M © Z,, - x0) — Int! (M ©Z, - p~'xp).

We also have the difference formula of the derived local densities (cf.(2.10)),

dDen;,(n)(M) = dDen(M SZ), - x9) — 0Den(M S Z,, -p7x).

Theorem 6.2.15 implies that Int*(L) = dDen(L) for any rank 3 lattice L c B. Therefore

Intpq(v) (M) = 0Deng ,(v) (M) holds by combining the above two difference formulas.

6.3.2 Intersection Numbers and Whittaker functions

Proposition 6.3.2. Let M C W be a Z,-lattice of rank 2. Then

W7 (1,0, L5, v2) = ¢p - Intpg () (M) - log(p)

where the constant c, is given as follows

(1=p™") - (N,=1), - N|, - [2))* when p|N;

Cp =
_ 3/2
(1=p) - (N,=1), - N|,-|2[))* whenp{N.

O

6.11)

Proof. Recall that 6,(N)"/6,(N) =~ Z,/2NZ, (cf. Example 2.1.1). By Proposition 3.2.3 and the

explicit formula given by Rao in the appendix of [26],

Wr(1,k, 161,(N)2) = |2N|p : 7(6p(N) ® Qp)2 : |2|117/2 : Den(dp(N) @ H;k, M)

= N|, - (N,=1), - [2]/* - Den(5,(N) ® H,, M).
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Taking derivatives of both sides of (6.12),

W7 (1,0, 15 (ny2) = ¢p - ODeng, vy (M) - log(p).
The formula (6.11) follows from Theorem 6.3.1. O

6.3.3 Proof of the identity (6.1)

Proposition 6.3.3. Let T € Sym,(Q) be a positive definite symmetric matrix. Let ¢ € & (V?)
be a T-admissible Schwartz function. Suppose ¢ = @1 X @2 where ¢; € S(Vy), then for all

y € Sym,(R)~, we have

—_— ~ X (Z(T’ QD), OZ(h,cpl) ®L OZ(l‘z,(pz)) ' log(p)7 When lef(T, A(N)) = {p}a
deg(Z(T,y,9)) =

0, when #Diff(T, A(N)) # 1.

Proof. By definition (cf. (5.9)), the arithmetic special cycle Z (T,y,p) = ([Z(T,p)],0), therefore
cfe\g(z (T,y, ¢)) is independent of y. We can assume Diff(7, A(N)) = {p} for some prime number
p since otherwise both sides are 0 since Z (T, ¢) would be an empty stack.

Letx € Z(T, p) (Fp) be a geometric point, it is contained in Y, (N) by Corollary 5.1.8, hence
the special divisors Z (11, ¢1) and Z (12, ¢2) intersect properly at x because 7T is nonsingular. Then
X(Z(T,9),07(1,.01)®OZ(1r.0)) -10g(p) is the sum of the length of local rings Ox,(w).x cut out by
these two divisors times log (p), which is exactly cfc;g(z (T,y, ¢)) by the definition of the degree

homomorphism. O

Proof of the identity (6.1): We first consider the case that T is positive definite. By Proposition
5.1.9, we only need to consider the case Diff(7, A(N)) = {p} for some prime number p because
otherwise both sides are 0. The same proposition and Corollary 5.1.8 imply that the special cycle

Z(T, ) lies in the supersingular locus of Xo(N)g,. Then by the definition of special cycles and
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the formal uniformization of the special cycle Z (T, ¢) (cf. Corollary 6.1.9),

X(Z(T,90),07z(1,.01) ® OZ(1r.0y)) - log(p) =

> > @(27'x) - Intyy ) (x) - log(p).
xeB*(Qo\(A(N)P)? geB} (Q)o\GL2(AY) /To(N)(ZP)
T(x)=T

It is known that (cf. (6.11))

W (1,0, Ls,(v)2) = ¢p - Intyg (v (x) - log(p).

with constants ¢, given by (6.3.2).

There exists a Haar measure on GL, (A ) such that

>, ¢(g'x)

xeB*(Q\(A(N)'P)? geB} (Q)o\GL2(AY) /To(N)(ZP)
T(x)=T

1

= — ¢ (g7'x)dg.
vol(To(N)(2P))  Jsoa)»)ah)

By definition, the last integral is a product of “local" integrals

Ji eose= [ [ p, (57 x)dg,.
SO(A(N)(’”))(AP) 0(6v(N)(Qv)

V#D,00

By the classical local Siegel-Weil formula which is made explicit in the work of Kudla, Rapoport

and Yang [6, Proposition 5.3.3], for every place v of Q, there exists a number d, € R* such that

/ ¢V(g\71x)dgv = dV : WT,V(l’ 0’ ¢V)’
O(A,(N)(Qy)
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with [ d, = 1. Moreover, [6, Lemma 5.3.9] implies the following,

v<oo

) 32 —v‘z), whenv {1 N;
vol(I'o(N)y, dgy) = d, - y(A(N))* - 2],/

IN|;V(1+v71)  when v|N.

then it can be checked immediately that

vol(To(N)(27)) - dydeo - ¢y = 272 (N) " - %

Suppose z = X + iy, it’s a classical result that
Wr.eo(g2, 0, %) = =2727% - det(y)*/*q".

Combining these together with the definitions made in previous sections (cf. (3.8) and (3.13)) and
Proposition 6.3.3, we get the formula stated in the theorem.
When T is not positive definite, the equality follows from [1, §4.2] and our computations of the

volume of vol(I'g(N)(Z)) = [T vol(I'o(N),, dg,) above.

y<oo
For the identity (6.1), we only need to take ¢ to be the characteristic function of the Z-lattice
2

(A(N) ®z i) O
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Chapter 7: Proof of the main theorem: singular terms

In this chapter, we aim to prove the following identity when the matrix 7 € Sym, (Q) is singu-

lar:

deg Z(T,y) - ¢" = % - OEisr(z, A(N)?). (7.1)

As a side effect, we will show that the generating series (}\1 is a nonholomorphic Siegel modular

— 1
form of genus 1, weight % and level I'y(4N) with values in CH (Xp(N)) (Theorem 7.1.11).

7.1 Heights of arithmetic special divisors

7.1.1 Degrees of arithmetic special divisors

— 1
Let (Z, g) be an element in the extended arithmetic Chow group CH (Xy(N), S), then there
exists a smooth (1, 1)-form w on the complex curve Xy(N)c such that we have the following

identity as Green currents on the complex curve Xo(N)c,

dd“(g) +5z. = [w].
we define the following degree map,

deg : CH' (Xo(N), S) —> C

(Z.g) — deg(Z. g) = / 0 ={(Z.8).(0.2)).

Xo(N)c

Proposition 7.1.1. Let (t,y) be a pair such that t is an integer and y is a positive number. Let
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2miT

T=x+iy € H" and g = ¢“™7, we have

deg Z(1,y,A(N)) - ¢' = &i(1,1,A(N)).

@(N)

Proof. This is proved in [2, Proposition 6.7]. O

7.1.2 Height pairings of special divisors and vertical fibers

Recall that H = Xp(1) X Xo(1) is the product of the smooth Deligne-Mumford stack Xy(1)
over Z. Let p be a prime number and H), := H X Spec F, be the reduction mod p of H, it is a 2-
dimensional smooth Deligne-Mumford stack over F,,. Leti, : H, — H be the closed immersion.

Recall that Cusp(H) € CH' (H) is the cuspidal divisor of the stack H, we define
Cusp(H,) = i;,Cusp(H) € CH' (H,,).

Now we are going to construct an element Z#(7) in CH' () for every integer t.
Definition 7.1.2. Let t be a nonzero integer.

+ When ¢ > 0, the stack Zﬁ(t) is defined as follows, its fibered category over a scheme S

consists of the following objects,

((E,ED, )),

where (E, E’) is an object in H(S), i.e., a pair of generalized elliptic curves. The element

j € Homg(E, E’) is an isogeny such that j¥ o j = 1.

— When the integer ¢ < 0, define

Z¥(1) = Cusp(H).

Lemma 7.1.3. Let p be a prime number, let n = v,(N) be the p-adic valuation of N. Let (t,y) be
a pair such that t is a nonzero integer and y is a positive number, the following identities hold for

all integers a such that n > |a| and a = n mod 2.
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(a) If t > 0,

~ Sa B log p
(Z(1.y. A(N)), K¢ (N)) = 2w (et On fu fu) |
x€Z(tL,AN))NYS (N)(Fp)
where f; , and f, . are the local equations of the divisors Z 4(r) and X7 (N) respectively.

(b) If 1 <0,

(Z (6,5, AN)), Xy (N)y =

MIN,,

g(t,y,A(pla(N,, M))) - log p
Aut(x)

-length Oy, o/ (fexs fax)

(n+a)/2 py

xeCusp” (Xo(N)NXE(N)(Fp)

where f. . and fa.x are the local equations of the divisors GUsp(H,,) and X7 (N) respectively.

Proof. We first prove (a). The closed substack Z(z, A(N)) of Xo(N) actually lies in the stack
Yo(N) by Proposition 5.1.7, hence Z(¢,A(N)) N Xj(N) = Z(t,A(N)) N Y (N). Letx €
Z(t,A(N)) N X7 (N) (E,) be a point. Let Oz a(v))nxa(n).x and Ogy,  be the local rings of the
stacks Z(#, A(N)) N X;(N) and H), at x respectively. We will show that Oz(t,A(N))ng(N)’x o~
O, x/(fix> fax) and itis an Artinian local ring. Let (E, E’) be the object in H,, (Fp) correspond-
ing to x where both E and E’ are elliptic curves over Fp. There exists a cyclic isogeny 7 : E — E’
of order N and an isogeny j : E — E’ of order # such that 7¥ 0 j+jY o = 0. Let fj v, frx € O, x

be the equations cutting out the closed subschemes where j, & deform to isogenies, then f; , = f; .

and f; | frx. Since j and 7 are orthogonal to each other, we have

OZz(ra)nxs).x = Oxew)xl (frx0) = Oty i/ (fres fax)-

Moreover, the two elements f;, and f; . have no common factors in the regular local ring pr,x
by [9]. Hence Oy, 1/ (fixs fax) is an Artinian local ring. The equality in (a) follows from the

intersection pairings in Definition 4.3.3 and Serre’s Tor formula.
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Now we consider the case t < 0. Let N = f[q?i be the prime decomposition of N where

i=i
g1 = p and n; = n. Define N, = Np™. For a positive integer M = ﬁ q;"" of N,, the component
Cusp” "M (Xo(NV)) of the cuspidal divisor Xo(N) intersects with X7 (l;fz) if and only if 2m — n = a.
Then the formula follows from the definition of the divisor Z*(z, y, A(N)) in (5.4) and the fact that

the cuspidal divisor Cusp(Xy(N)) intersects with X » (N) properly. O

Lemma 7.1.4. Let N, be a positive integer prime to p. Let t be a positive integer. Let a be an
integer. Let n be an integer such that n > |a| and n = a mod2. Let S be an F,-scheme, the

groupoid Z(t,A(p"Np)) N X7 (p"N)(S) consists of the following objects:

*a>0: ((E,E’),E(pa> R E'.E LN E’), where E, E’ are elliptic curves over S and j o F¢

and ©t are orthogonal to each other;

e a < O ((E(p_a),E’),E ER E,EP™) 5 E’), where E,E’ are elliptic curves over S and

Jj o V% and rt are orthogonal to each other.

Proof. We only give the proof for the case a > 0 because the case a < 0 is similar. By the proof of
Lemma 7.1.3, we know that Z (7, A(p"N,)) N X5 (p"Np) = Z(t, A(p"Np)) N Y (p"Np). For an
objectx € Z(1,A(p"N,)) N X7 (p"Np)(S), it corresponds to a pair of elliptic curves (E, E’) over
S. By Remark 4.6.6 and the definition of Z(z, A(N)), there is a cyclic isogeny j : E(P®) — E’ of
order Nj, and an isogeny 7 : E' — E’ of order ¢. As an object in X7 (N)(S) € Xo(N)(S), the object

x corresponds to the following cyclic isogeny of order N:

P2 gpa . g P G 4 g

Since x is also an object of Z(t, A(N))(S), the isogeny 7 and j o F* are orthogonal to each other

by Definition 5.1.5. O

Remark 7.1.5. Let ¢ be an integer. Let a be an integer. Let N be an integer such that the p-adic

valuation n := v, (N) of N satisfying that n > |a| and n = a mod 2.
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* t > 0: the stack Z(#, A(N)) N X;(N) = Z(t,A(N)) N YJ(N) is independent of n by the
above lemma.

p(n+a)/2M

e t < 0: the stack Cusp (Xo(N)) N X (N) is independent of n for a fixed positive

integer M|N :

Cusp?”"™" M (Xo(N)) N X2 (N)
~ (Cusp”"™"" (Xo(p")) Xcuspa(1y) CusP™ (Xo(N,))) 1 Xs(N)
= (Cusp”"™" (Xo(p")) N X ) xcuspi1) Cusp™ (Xo(N,))

=~ (CUSP(Wp) N X,f) XGusp(Xo(1)) CUSP™ (Xo(N,)).

The last isomorphism follows from Proposition 4.6.8.

Corollary 7.1.6. Let p be a prime that n = v,(N) > 2, let a be an integer such that —n < a < n

and a = n mod 2, then for any pair (t,y) such that t is an integer and y > 0,

(Z (1,3, AN)), XE(N)) o) = (Z (1,7, AWNP™)), XE(NDP ™))y (vp2)- (7.2)

Notice that we add subscript here to emphasize that the pairing on the left hand side happens in

— 1 — 1
the group CH (Xo(N)) while the right hand side happens in the group CH (Xo(Np~2)).

Proof. We first prove this when ¢ # 0. We have the following equalities by Remark 7.1.5,

« 1>0: Z(t,A(N) NYH(N)(Fp) = Z(t, AWNp™)) N Y4 (Np~2)(Fp).

+ 1< 0: Cusp” ™™™ (Xo(N) N X4 (N) (Fy) = Cusp” ™™™ (Xo(Np~2)) N X3 (Np2) (Fp).

Therefore (7.2) follows from Lemma 7.1.3 and the definition of the function g(z, y, A(N)) in (5.3).

Next we consider the case that # = 0. The same arguments as above for ¢+ < 0 implies that the
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following pairing

<(Z g0, 3, A (N, M) - Cusp” (Xo(N)), 8(0, 3, A(N))([z])))ﬁ,f(N)

MIN

is independent of the p-adic valuation n = v,(N) as long as n > |a|. We only need to show that

the following pairing is also independent of n:

((@iV(@), 55 - 10g(3)) . K (W) = ((@iV(@), 55) . Ke (V) ) = (@, K (N)).

We know that 12¢(N) - Wy = (W (N)@(N)P(N) + 3 fp(N),—log || Ay ||?), hence
pIN

(@, X (N)) = =52 (Fp (V) + Wiy (V). R (V)

:_n(l—p)—2

T ((div(p). 0). K} (N)) = 0.

Therefore (7.2) is also true for = 0. O

Proposition 7.1.7. Let p be a prime number, let n = v,(N) be the p-adic valuation of N. For any
pair (t,y) where t is an integer and y is a positive number, let T = x + iy € Hy and g = ¢*™7, we

have

(Z(y. 60, &2(W)) - 4

[n/2]
1 p-1 o
= ——&(1,1,A(N))logp - > ———-&(1,1,A(Np~*))log p.
o) & Zl P(Np )" poer

Proof. By Theorem 4.6.7, we have the following identity in the codimension 1 arithmetic Chow

group CH' (Xo(N)):

(div(plxw)- 0 = > @(p" ). Xe(N) = (0,log p?).

—n<asn
n=a (mod?2)
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‘We also know that

[n/2]
X2(N) +&;"(N) = (@div(plagm 0) = (p = 1) ) ([@div(play(ap2i))-0)

i=1
By Lemma 5.2.5 we know that W5, Z(1,y, A(N)) = Z(t,y,A(N)) and WX (N) = X;"(N),

combining with the formula (7.2) in Corollary 7.1.6, we get

(Z(0,3, AN KEN)) - 4" = 5(Z (1, AN, RAN) + 5" (V)) -

[n/2]
1= : :
= S(Z (1,3, AN)), (div(plxyv, 0) = (p = 1) D (div(plyyvp-2)). 0) - ¢'
2 i=1
[n/2]

= (Z (1.7, AN)). (0.log p)xywy 4" = (P = 1) Y (Z (1., ANp™)). (0.10g p))xywp) -4
i=1

In the last line we add the subscript Xo(Np~%) to indicate that the pairing happens in the group
éf{l (Xo(Np~2)). The proposition then follows from Proposition 7.1.1. O
7.1.3 Heights of arithmetic special divisors

There is an explicit rational section Ay of the bundle &Fglz‘p(m in §4.8, recall that

div(Ay) = ¥ (N)(N)Po(N) + > f,(N),

pIN

where f,(N) is given explicitly in (4.22). Let f;, (N) = (fp(N),0), we define the following element

— 1
in the extended arithmetic Chow group CH (Xy(N), S) as follows,

A = W (N)@(N)Po(N), — log||Ax]2) = 120(N)@y = " Fo(N).
PIN
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Lemma 7.1.8. The self pairing of the element ZN is

(Bn. Ay) = 60(N)(N)? (1 - A'(_”)

2 A=) = DB, (V). (7.3)

pIN

where the pairing (]’”;,(N),]’”;,(N)) can be computed as follows: let n = v,(N) be the p-adic

valuation of the integer N,

—~ —~ 241-=
Fo(N), (W) = =60 (N)p(N)? - 22— log p. (74)

Proof. The cusp P (N) : SpecZ — Xo(N) factors through the component C"(p”, N),) of the for-
mal scheme Cusp(Xy(N)), hence its reduction mod p factors through the irreducible component
X2(N),

(Po(N), f(N)) =0,

since the coefficient of the irreducible component X, (N) in f,(N) is 0 by (4.22). Hence

1446(N) (@, @n) = Ay + D Fo(N), Ay + Y o (N)) = (A, An) + ) (Fp(N), o (N)).

pIN pIN pIN

In Example 4.3.5, we get

(Wn, ON) =

Y(N) (1 N(=1)
24 \2 A(-1)]°

Then the formula (7.3) follows.

The formula (7.4) can be obtained by combining Lemma 4.7.1 and (4.22). O

Proposition 7.1.9. Let n, = v,(N) be the p-adic valuation of the integer N. Let (t,y) be a pair

27T

such that t is an integer and y is a positive number. Let T = x +iy € H" and q = ¢“™", we have

(Z(t,y,A(N)), Ay) - ¢' = 128](, 1, A(N)).

Proof. We only give the detailed proof when ¢ = 0, the other cases follow easily. For any prime
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number p, let n, = v,(N) be the p-adic valuation of the integer N. Recall the definition of the

modified special divisor Z*(0, y, A(N)) = g(0, y, A(N)) - Cusp(Xyp(N)) in §5.2.1. Let

and Z1(0,y, A(N)) = (Z*(0,y, A(N)), 8(0, y, A(N))) - £25:200 - Ay By definition, the element

Z(0,y, A(N)) = @+ (Z*(0,y, A(N)), a(0,y, A(N))) = (0,log y), we have

(Z(0,y,A(N)), An) (7.5)

g(0,y,A(N))

¥ (N)p(N) (A, Ay) + (@, Ay) = ((0,logy), Ay).

= (Z1(0,y,A(N)), Ay) +

Notice that

(0.10g ), Ay} = Togy - (0, 1), 126(N)@y = Y, f,(N)) = 12¢(N) log y - {(0, 1), @x).
pIN
By Definition 4.3.3, the pairing {(0, 1), &y ) is the volume of the modular curve Xy(N)c under the
Hermitian metric specified in (4.7). Therefore ((0, 1), wy) = ¢ (N)/24. Hence the last term in
(7.5)is ((0,log y), Ay) = 30 (N)y (N) log y.
Next we compute the pairing (@, An):

Av+ 3 fp(N)
pIN

6¢(N)

(@, Ay) = (<28y + ) X, (N), Ay) = (-
pIN

AN+ D (K (N), Ay).

pIN

Recall that the coefficient of X} (N) in f, (N) is 0, but the reduction mod p of the cusp P (N) lies
in the curve X7 (N) by Corollary 4.5.4 and Proposition 4.6.8, hence (f;, (N), ZN) =0.
Moreover, the coefficient of .5(\1’,‘(N) in ;Y\p (N) is 5 (cf. (4.16)), hence we have ()’(\p(N), ZN> =

5¢(N)y (N) log p, therefore

(AN A lgp(N)l/l(N) log N.

=60 2
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Hence we have

(Z(0,y,A(N)), Ay) =(Z1(0, 7, A(N)), Ay) + l<,0(N)l//(N) log (%) (7.6)

6g(0,y,A(N)) —¢(N) ~
6y (N)p(N)

(An, Ay).

By similar arguments in [2, §7.2], we have

(Z1(0.. 8. B) = 50N e () log (%) - [

dx Ad
log [|Aw] (w<o,y,A<N>> _ y)
Xo(N)c

2my?

(1.7)

+ @(N) ((N) - 620, y,A(N)))(24§( 1)—1+10g4n+y+2Z’Wp+#logp)
pIN

where the differential form w(0, y, A(N)) is defined in (5.5).
The term (ZN, ZN) has been computed in Lemma 7.1.8. Then the case t = 0 of the proposition

is proved by combining (7.6), (7.7) and [2, Theorem 1.6] which states that

dr A d ,
[ gl w0,y a00) - AT = -1264r, 1.6
Xo(N)c Ty

O

Corollary 7.1.10. Let (t,y) be a pair such that t is an integer and y is a positive number. Let

2mit

T=x+iy € H" and g = ¢*™7, we have

_W<Z(t , ¥, A(N)), n) - 4"

L2N(Q) logN Z B,(0) 1

1
= E{(1,5,A(N)) +| 1 A0 5 5 |Er(7 5, AN)).

pIN

Proof. Recall that we have

Ay = 126(N)@y = D f(N).
pIN
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By Proposition 7.1.9, we only need to compute (Z(t,y,A(N)),f;,(N)) for every prime p|N.
Let n = v,(N) be the p-adic valuation of the number N. Since the arithmetic special divisor

Z (t,y,A(N)) is invariant under the Atkin—Lehner involution Wy, we have
(Z (1, AN, Fo(N)) = (207, AND Wi Fo (V) = 5(Z 0,3, AN, Ty (V) + Wi 7y ()
By formula (4.22), we have
FoN) + Wi Fp(N) = 129" o) (&5 (V) + &5 (N) + (n(1 = p) = 2) div(p)) .
Recall that we have calculated (2 (t,y,A(N)), X » (N)) in Proposition 7.1.7, then

(Z(1,3,A(N)), [(N)) - ¢'

[n/2] .
= (-1 np) 2 (0 1, A Tog(p) — 3 2=V g 1 AN o).
p—1 = e(p")

By definition of the function g, (k) in (3.17) and Cy(s) in the formula (3.11), we can easily verify

that

/2] ]

PP =g 1, AN log(p) = Cy(DE(r. 1,ANY) - —2—50_ 1061,

o p(pnA) 1-p-lg,(0)

Therefore,
O(NN(Z(1,y,A(N)), O) - ¢' (7.8)

o n—1-np P, (0)
=&/(7,1,A(N)) + ,,Zu:v (?8,(7, 1,A(N)) = Cy(1)E(7,1,A(N)) - =y log(p))

) , Cly(1) n—1-np  p'gy(0)
=Cy(1) (E,(T, 1,A(N)) + (CN(I) + %{ ( P ~ 1 p‘lgp(O)) log(p)) E: (T, 1,A(N))).
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By simple calculations, we get

Cy(s) 1 2N(29) p~*log(p) 3
CN(S) —;+m+2§]1_—p_25+§10g(1v) (79)

Moreover, by the definition of the function 3, (s) in (3.20), for any prime p dividing N,

B,(0) =

_ -1
: S )10g(p):( 2, 2 &0 log(p), (7.10)

+ -1
l+p 1-g,(-1) I+p 1-plg,(0)

here we use the functional equation g, (k) = p*tlg p(—=k — 1) proved in Lemma 3.5.3, then the

Corollary is proved by combining formulas (7.8), (7.9) and (7.10). O

Theorem 7.1.11. Let N be a positive integer. Let T = x +iy € H} and q' = e?™17 the following

— 1
generating series with coefficients in CH (Xy(N))

$1(1)= > Z(t,3,A(N)) - ¢'
teQ

is a nonholomorphic Siegel modular form of genus 1, weight % and level T\(4N) with values in

CH' (Xo(N)).

Proof. Let n = v,(N) be the p-adic valuation of the integer N. The Corollary 7.1.6 and Propo-
sition 7.1.7 implies that for any integer a such that —n < a < n and a = n mod 2, the pairing
(51 (1), )/(\;}(N)) is a Siegel modular form of genus 1, weight % and level ['((4N). Proposition 7.1.1
and Corollary 7.1.10 imply that deg #1(7) and (¢ (), D) are both Siegel modular forms of genus

1, weight % and level I'g(4N). Then the theorem follows the same proof of Theorem 8.4 of [2]. O

Remark 7.1.12. Du and Yang constructed a vector-valued version of the generating series ‘ZI (1)
— 1

in [2], with values in CH (Xy(N)) ®c C[A(N)"Y/A(N)] under the assumption that N is odd and

squarefree. That generating series is modular under the full metaplectic group. We expect that

similar construction should also exist for general N.
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7.2 Proof of the identity (7.1)
7.2.1 Therankof T is 1

By the invariance properties (5.10) and (5.11), we reduce the proof to the case that

00 Vi 0
T = and y =

0 ¢ 0 ¥y

where 7 is a nonzero integer and y1, y, are positive real numbers.

In this case, by the definition of the element 2 (T,y), we have
Z(T’ Y) = _2Z(t’ Y2, A(N)) ’ aN - (O’ 10g yi- 6Z*(l,y2,A(N))C)-

Then the identity (7.1) follows from combining Corollary 3.5.7 and Corollary 7.1.10.

7.2.2 Therankof T is O

Notice that (@, X,(N)) = (W5, Wi X,(N)) = (@, ~X,(N)), hence (&, X,(N)) = 0, then

B -0 = (20N +X,(N), D) = —2(By, B) = ~2(Dy, 20N + Z X, (N)).
pIN

We also notice that

(DN, Xp(N)) = (Wr@n, WXy (N)) = (@y — X, (N), =X, (N))

= —(@N, Xp(N)) + (X, (N), X, (N)).
Therefore @ - w = 4{Wy, ON) — ()?,,(N)), XP(N)). By Example 4.3.5, we know that

(WN, ON) =

M(LA’(—U)
24 27 A=) |
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Let n, = v,(N), Corollary 4.7.2 implies that

L lﬂ(N) A/(_l) _nppnp+l + 2pnp + nppnp—l -2
w-w=—-—-|2-4- - -log(p)
24 AT ;N Pl (pr = 1)
Finally, we observe that
— log det dx Ad N
deg(0, logdety - [Q]) = 08 cety Y - v (V) -log dety.

2 XO(N)C 27Ty2 24

The identity (7.1) follows from the above computations and Proposition 3.5.2.
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