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Abstract

A higher Hida cuspidal Siegel Eisenstein family for GSp4

Hung Chiang

We consider cuspidal Siegel Eisenstein series on GSp4 and define explicit rational Λ-adic

families of Eisenstein cohomology classes on Siegel 3-folds. Under standard assumptions, we

prove that these rational families are integral in the context of higher Hida theory. This provides

the first example of an explicit integral family of Eisenstein cohomology classes in higher degrees.
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Introduction

The cohomology of locally symmetric spaces plays a crucial role in understanding arithmetic prop-

erties of automorphic forms and 𝐿-functions, for they have arithmetic structures from geometry and

can be realized as Lie algebra cohomology of automorphic forms. To begin with, we consider the

following setting. Let 𝐺 be a connected reductive group over Q, 𝐴𝐺 ⊂ 𝐺 be the maximal Q-split

central torus, 𝐾∞ ⊂ 𝐺 (R) be an open subgroup of a maximal compact subgroup, and 𝐾 𝑓 ⊂ 𝐺 (A 𝑓 )

be a neat open compact subgroup. Let 𝑋𝐺 (𝐾 𝑓 ) be the locally symmetric space

𝑋𝐺 (𝐾 𝑓 ) := 𝐺 (Q)\𝐺 (A)/𝐴(R)0 · 𝐾∞ · 𝐾 𝑓 .

An irreducible algebraic representation 𝐸 of 𝐺 defines a local system over 𝑋𝐺 (𝐾 𝑓 ):

L := 𝐺 (Q)\[𝐸 × 𝐺 (A)/𝐴(R)0 · 𝐾∞ · 𝐾 𝑓 ] → 𝑋𝐺 (𝐾 𝑓 ).

The cohomology is computed using the de Rham complex, which gives a natural identification

𝐻∗(𝑋𝐺 (𝐾 𝑓 ),L) � 𝐻∗(𝔤, 𝐴𝐺 (R)0 · 𝐾∞, 𝐶∞(𝐺 (Q)\𝐺 (A)/𝐾 𝑓 )𝐾∞- 𝑓 𝑖𝑛 ⊗ 𝐸).

Furthermore, the regularity theorem by Borel [Bor83; Bor90] and Franke [Fra98] replaces the

space 𝐶∞(𝐺 (Q)\𝐺 (A)/𝐾 𝑓 )𝐾∞- 𝑓 𝑖𝑛 with A(𝐺)𝐾 𝑓 in the formula, resulting in the natural 𝐺 (A 𝑓 )-
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equivariant isomorphism

𝐻∗(𝑋𝐺 ,L) := lim−−→
𝐾 𝑓

𝐻∗(𝑋𝐺 (𝐾 𝑓 ),L) � 𝐻∗(𝔤, 𝐾∞𝐴𝐺 (R)0,A(𝐺) ⊗ 𝐸).

When 𝐺 admits a Shimura datum (𝐺, 𝑋), a parallel theory has been developed for coherent coho-

mology of automorphic vector bundles by Harris and Su. For simplicity, we assume the maximal

R-split central torus of 𝐺 is also 𝐴𝐺 , which is verified for all PEL-type Shimura varieties. In this

case, 𝑋𝐺 (𝐾 𝑓 ) is the complex point of 𝑆ℎ𝐾 𝑓 , the Shimura variety at level 𝐾 𝑓 . Harris and Milne

introduced automorphic vector bundles and their canonical models in [Har85] and [Mil90]. Let

𝑜 ∈ 𝑋 be a base point, and let 𝑃𝑜 ⊂ 𝐺 (C) denote the stabilizer of 𝑜. For each finite-dimensional

representation 𝑉 of 𝑃𝑜, there is an associated holomorphic vector bundleV over 𝑆ℎ𝐾 𝑓 , along with

a canonical extension Vcan over any toroidal compactification 𝑆ℎtor
𝐾 𝑓 ,Σ

(cf. [Har89]). Here Σ is

a compatible choice of admissible rational polyhedral cone decompositions. The cohomology of

Vcan is independent of the choice of cone decompositions and can be interpreted through Lie al-

gebra cohomology. Let 𝔓o := Lie(𝑃𝑜) and 𝐾𝑜 be the maximal compact subgroup of the stabilizer

of 𝑜 in 𝐺 (R). Then the stabilizer of 𝑜 in 𝐺 (R) is 𝐾𝑜 · 𝐴𝐺 (R)0. The following isomorphism is

explained in [Har90]:

𝐻∗(𝑆ℎtor
𝐾 𝑓 ,Σ

,Vcan) � 𝐻∗(𝔓o, 𝐾𝑜 · 𝐴𝐺 (R)0, 𝐶∞d𝑚𝑔 (𝐺)
𝐾 𝑓 ⊗ 𝑉).

Su [Su18] provided the detailed proof of the formula, along with the regularity theorem

𝐻∗(𝑆ℎtor
𝐾 𝑓 ,Σ

,Vcan) � 𝐻∗(𝔓o, 𝐾𝑜 · 𝐴𝐺 (R)0,A(𝐺)𝐾 𝑓 ⊗ 𝑉).

From this, we also have the 𝐺 (A 𝑓 )-equivariant natural isomorphism:

𝐻∗(𝑆ℎtor
(𝐺,𝑋) ,V) := lim−−→

𝐾 𝑓 ,Σ

𝐻∗(𝑆ℎtor
𝐾 𝑓 ,Σ

,Vcan) � 𝐻∗(𝔓o, 𝐾𝑜 · 𝐴𝐺 (R)0,A(𝐺) ⊗ 𝑉).
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Rational and integral structures in cohomology are key to their arithmetic applications in automor-

phic forms and 𝐿-values. For automorphic local systems, the rational structure of 𝐻∗(𝑋𝐺 ,L) is

induced by the rational structure on 𝐸 . In the case of coherent cohomology, the rational structure of

𝐻∗(𝑆ℎtor
(𝐺,𝑋) ,V) arises from canonical models over the field of definition, which contains the reflex

field 𝐸 (𝐺, 𝑋). After the construction of integral models due to Deligne, Rapoport, Faltings-Chai,

etc, the integrality of cohomology of automorphic vector bundles can be defined and deployed

into arithmetic problems. Most applications are made with holomorphic forms, the integrality

commonly addressed by the 𝑞-expansion principle. On the other hand, the integrality of the co-

homology of automorphic local systems is less accessible, because of the lack of explicit integral

bases of homology beyond the case of GL2.

By Langlands’ theorem [BLS96, Theorem 2.4] and its refinement due to Franke-Schwermer

[FS98], the aforementioned cohomology classes originate either from cusp forms or from coeffi-

cients of the Laurent expansions of Eisenstein series. Among them, Eisenstein series have a wide

range of significant applications. Their constant terms are used to define and study analytic prop-

erties of automorphic 𝐿-functions, known as the Langlands-Shahidi method. Furthermore, built on

the foundational work of Harder, the rationality of these 𝐿-functions can be explored via Eisenstein

classes. In the case of coherent cohomology, integral families of holomorphic Eisenstein series are

also widely used. Their integrality is typically derived from explicit computations of Fourier ex-

pansions and the 𝑞-expansion principle, or the pullback formulas of known integral families of

holomorphic Eisenstein series (mostly degenerate Siegel Eisenstein series on GSp2𝑛 or GU(𝑛, 𝑛)).

These families frequently appear in constructions of 𝑝-adic 𝐿-functions, either through their ap-

pearance in the integral representation of special 𝐿-values, or through the occurrence of special

𝐿-values in their constant terms (and 𝑞-expansion principle on Igusa towers). Another common

application is the construction of nontrivial elements in Selmer groups with torsion coefficients via

congruence between Eisenstein series and cusp forms (Eisenstein congruence), which traces back

to Ribet’s converse of Herbrand’s theorem [Rib76]. These results often give lower bounds of the

size of Selmer groups and imply a one-sided divisibility of main conjectures in Iwasawa theory.
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In this paper, we focus on the case of GSp4, with 𝑃 the Siegel parabolic subgroup, and Eisen-

stein series defined by parabolic inductions of cuspidal representations of 𝑀𝑃 � GL2 ×GL1. These

Eisenstein series are called cuspidal Siegel Eisenstein series. Unlike the Klingen Eisenstein series

or degenerate Siegel Eisenstein series which provide holomorphic forms, these Eisenstein series

contribute to the degree 1 coherent cohomology of automorphic vector bundles over Siegel 3-folds.

The motivation for this study stems from the fact that the constant terms of these Eisenstein series

naturally involve special values of the standard 𝐿-function for GL2 and a Dirichlet 𝐿-function (cf.

[Sha10, Proposition 4.3.1]). Because of this, a deeper understanding of these Eisenstein series

could be applied in arithmetic problems related to GL2 and its standard 𝐿-function, and help in

discovering new phenomena beyond the reach of holomorphic forms.

The main challenge in studying the arithmetic properties of these Eisenstein series is the ab-

sence of a 𝑞-expansion principle, which limits the traditional methods for proving integrality. Al-

though we can also define "𝑞-expansions" of higher degree cohomology as their restrictions to

formal completions along certain boundary strata in the toroidal compactifications, in our case, all

but the constant terms at 0-dimensional cusps vanish. These constant terms of cohomology are rep-

resented by constant terms of Eisenstein series, cf. [HZ94, Chapter 3, 4.1, 4.2]. For rationality, the

rationality of constant terms is sufficient to establish the rationality of Eisenstein classes [HZ94,

Lemma 5.3.12]. For integrality, the usual expectation is that if the constant terms are divided by

certain special 𝐿-values, then the class is integral.

In the last section, we prove the expected integrality result under mild conditions for the cuspi-

dal Siegel Eisenstein series and construct explicit integral families of them in the context of higher

Hida theory [BP23]. Let 𝑆ℎ𝐾 𝑓 be the Siegel 3-fold at a neat level 𝐾 𝑓 . For every dominant weight

(𝑘1, 𝑘2, 𝑘𝑐) for GSp4, we define 𝜅 := (𝑘2 − 1,−(𝑘1 + 3), (𝑘𝑐 − 𝑘1 + 𝑘2 − 4)/2) to be a dominant

weight of GL2 ×GL1, which is embedded into GSp4 via (𝑔, 𝑡) ↦→ diag(𝑡𝑔,𝑇 𝑔−1). Let 𝑉𝜅 be the

irreducible representation with highest weight 𝜅 of GL2 ×GL1 and V𝜅 be the automorphic vector

bundle defined by 𝑉𝜅 on 𝑆ℎ𝐾 𝑓 .

Three sheaves associated with V𝜅 are involved in this work. The stratification on a suitable
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toroidal compactification 𝑆ℎtor
𝐾 𝑓

consists of 3 parts: The open Shimura variety 𝑆ℎ𝐾 𝑓 , the union of

boundary strata associated with the Klingen parabolic subgroup, denoted by 𝑍𝐾𝑙 , and the union of

boundary strata associated with the Siegel parabolic subgroup, denoted by 𝐷𝑆. The last part 𝐷𝑆 is

closed with some of its strata lying in the closure of 𝑍𝐾𝑙 . We consider two different extensions of

V𝜅 over 𝑆ℎtor
𝐾 𝑓

: V𝜅,𝑠𝑢𝑏 is the subsheaf of the canonical extension Vcan
𝜅 of sections vanishing along

the boundary, and V𝜅,𝐾𝑙 is the subsheaf of Vcan
𝜅 of sections vanishing along 𝑍𝐾𝑙 . Let V𝜅,𝐾𝑙 |𝐷𝑆 be

the restriction ofV𝜅,𝐾𝑙 to 𝐷𝑆. These sheaves fit into the following short exact sequence

0→V𝜅,𝑠𝑢𝑏 →V𝜅,𝐾𝑙 →V𝜅,𝐾𝑙 |𝐷𝑆 → 0.

Following [BP23], we define Z𝑝 [[𝑇 (Z𝑝)]]-adic "higher Hida complexes", which interpolate ordi-

nary cohomology complexes of V𝜅,𝑠𝑢𝑏, V𝜅,𝐾𝑙 , and V𝜅,𝐾𝑙 |𝐷𝑆 at neat tame levels. These complexes

are denoted by 𝑆∗𝑤, 𝑀∗𝑤,𝐾𝑙 , and 𝐵∗𝑤,𝑐, respectively. Here 𝑤 = 𝑤𝛼, the reflection with respect to the

long root of GSp4. The subscript 𝑤 has a specific meaning in Higher Hida theory.

Our first theorem is the following fundamental exact sequence.

Theorem 0.1. Let 𝑇 be the central torus of GSp4. Then each of 𝑆∗𝑤, 𝑀∗𝑤,𝐾𝑙 , and 𝐵∗𝑤,𝑐 is a perfect

complex of Z𝑝 [[𝑇 (Z𝑝)]]-modules concentrated at degree 1. In particular, we obtain the following

short exact sequence

0→ 𝑆1
𝑤 → 𝑀1

𝑤,𝐾𝑙 → 𝐵1
𝑤,𝑐 → 0.

Here 𝑆1
𝑤 := 𝑅1𝑆∗𝑤 and 𝑀1

𝑤,𝐾𝑙 and 𝐵1
𝑤,𝑐 are defined analogously.

The complex 𝑆∗𝑤 was studied in [BP23]. The isomorphism 𝑆∗𝑤 � 𝑆
1
𝑤 [−1] follows from [BP23,

Proposition 5.6.3] and the fact that 𝑤 ≠ 1. The assertion for 𝐵∗𝑤,𝑐 comes from the identification

of ordinary boundary cohomology with the ordinary part of compactly supported cohomology on

open modular curves and the known result that the latter is concentrated in degree 1. This is proved

in Chapter 4, where we also compute the ordinary part of boundary cohomology of the subsheaves

of sections of automorphic vector bundles vanishing along all boundary strata but those over the

0-dimensional cusps for general GSp2𝑔, and identify them with the ordinary part of compactly
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supported cohomology of the locally symmetric spaces associated with GL𝑔.

Let f be an 𝐼-adic primitive ordinary Hida family of modular forms with tame level 𝑁 and

Nebentypus 𝜒f where 𝜒f is a Dirichlet character factoring through some (Z/𝑝𝑁′ Z)× with 𝑝 ∤ 𝑁′.

Let 𝜆f be the 𝐼-adic Hecke eigensystem associated with f. Let 𝑇𝔪 be the local component of

the 𝐼-adic ordinary Hecke algebra corresponding to f. We assume the residual representation as-

sociated with each of classical specializations of f is absolutely irreducible and 𝑝-distinguished.

Under this assumption, 𝑇𝔪 is Gorenstein. Let 𝑀𝑆ord(𝐴) be the space of 𝐴-adic ordinary modular

symbols with tame level Γ1(𝑁) as in [Kit91]. The Gorenstein property of 𝑇𝔪 implies that both

(±, 𝜆f)-eigenspaces 𝑀𝑆ord(𝑇𝔪)± [𝜆f] are free of rank 1 over 𝑇𝔪. A choice of basis of them induces

elements Ξ±f ∈ 𝑀𝑆
ord(𝐼)± [𝜆f]. The 𝐼-adic modular symbols Ξ±f specialize to base of 𝑝-adic modu-

lar symbols Ξ±f𝑃 in corresponding eigenspaces. As in [Kit91], we use Ξ±f to define 2-variable 𝑝-adic

𝐿-functions of Hida families 𝐿𝑝 (f, 𝜒), where 𝜒 is a Dirichlet character. We define the imprimitive

𝑝-adic 𝐿-function 𝐿𝑁𝑝 (f, 1) by eliminating Euler factors at all ℓ | 𝑁 .

Now assume the pair (𝑝, 𝑁) satisfies the conditions:

1. 𝑁 ≥ 3.

2. 𝑝 = 5 and 𝑁 has a prime factor not of the form 5𝑘 + 1, or 𝑝 ≥ 7.

We define Λ𝐷 := 𝐼 [[Z𝑝]] and consider the Λ𝐷-adic ordinary cohomology of tame level

𝐼 (𝑁) :=


𝑔 ∈ GSp4(Ẑ

𝑝)

�������������
𝑔 ≡

©­­­­­­­­«

𝑎 ∗ ∗ ∗

0 1 ∗ ∗

0 0 𝑎−1𝑡 0

0 0 ∗ 𝑡

ª®®®®®®®®¬
(mod 𝑁)


.

The Λ𝐷-adic ordinary boundary cohomology of tame level 𝐼 (𝑁) is parametrized by 0-dimensional

ordinary cusps, which is identified with the double coset space

GL2(Z) G𝑚 (Ẑ
𝑝)𝑁 (Ẑ𝑝)\𝐺 (Ẑ𝑝) × {𝑤𝑝}/𝐼 (𝑁),
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where 𝑤𝑝 is the image of 𝑤 in 𝐺 (Z𝑝), 𝑁 is the nilpotent radical of 𝑃, and GL2 ×G𝑚 is the Levi

of 𝑃. We show that the boundary cohomology at the ordinary cusp 𝑤 is canonically isomorphic to

𝑀𝑆ord(𝐼)⊗̂Z𝑝 Z𝑝 [[Z×𝑝]]. Then Ξ±f define constant families in the Λ𝐷-adic boundary cohomology.

Let 𝐿𝑝 (𝜒−1
f 𝜔2) be the Kubota-Leopoldt 𝑝-adic 𝐿-function. We regard it as an element in 𝐼 [[1 +

𝑝 Z𝑝]] so that it interpolates the positive critical values in this way:

𝐿𝑝 (𝜒−1
f 𝜔2)(𝑃,𝑄) ∼

𝐿 (2𝑘𝑄 − 𝑘𝑃 + 2, 𝜒f𝜔
−2𝜒𝑃𝜒

−2
𝑄 𝜔

2𝑘𝑄−𝑘𝑃+2)
𝜋2𝑘𝑄−𝑘𝑃+2

.

Let 𝐿∗𝑝 (𝜒−1
f 𝜔2) denote the numerator of 𝐿𝑝 (𝜒−1

f 𝜔2) and 𝐿∗,𝑁𝑝 (𝜒−1
f 𝜔2) denote the numerator of the

imprimitive 𝑝-adic 𝐿-function:

𝐿∗,𝑁𝑝 (𝜒−1
f 𝜔2)(𝑃,𝑄) = 𝐿∗𝑝 (𝜒−1

f 𝜔2) (𝑃,𝑄)
∏
ℓ |𝑁
(1 − (𝜒f𝜔

−2𝜒𝑃𝜒
−2
𝑄 𝜔

2𝑘𝑄−𝑘𝑃+2) (ℓ)ℓ−(2+2𝑘𝑄−𝑘𝑃)).

We can now describe the main theorem.

Theorem 0.2. There is a unique rational Λ𝐷-adic nearly ordinary Eisenstein cohomology class

𝐸𝐷 ∈ 𝑀1
𝑤,𝑁,Λ⊗Λ𝐷 Frac(Λ𝐷) satisfying the Hecke eigensystem 𝜆𝐷 , tame level 𝐼 (𝑁), and has bound-

ary value 𝐿∗,𝑁𝑝 (𝜒−1
f 𝜔2)𝐿𝑁𝑝 (f, 1)Ξ−f at 𝑤 and 0 at all other 0-dimensional ordinary cusps.

If there is no height 1 prime ideal in Λ𝐷 containing both 𝐿∗,𝑁𝑝 (𝜒−1
f 𝜔2) and 𝐿𝑁𝑝 (f, 1), and

the technical conditions in [Och06, Theorem 3] hold, then 𝐸𝐷 is an integral Λ𝐷-adic Eisenstein

cohomology class.

The precise version of the main result is Theorem 5.3. The proof makes use of Eisenstein con-

gruence of degree 1 coherent cohomology and the upper bound of certain Selmer groups in [Och06,

Theorem 3], which is derived by the Euler system constructed in [Och05] that generalized Kato’s

result [Kat04]. We also have a one-variable family version Theorem 5.4 that only requires Kato’s

result and the conditions are more relaxed. Moreover, we also specify classical specializations of

𝐸𝐷 in terms of Eisenstein series valued in differential forms.

The identification of boundary cohomology of single weights with compactly supported coho-
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mology is derived from studying formal completions ofV𝜅,𝑠𝑢𝑏 andV𝜅,𝐾𝑙 along 𝐷𝑆, which reduces

the cohomology computation to that of certain ideal sheaves on completions of torus embeddings.

The cohomology of equivariant line bundles on completions of torus embeddings has been ex-

tensively studied in [Har+16, Chapter 2], and is applied in the case of canonical extension of

automorphic vector bundles and subcanonical extensions of them when the cone decomposition

is smooth. In our case, however, we do not always want to use smooth cone decompositions, so

the ideal sheaves may not be line bundles. We introduce a notation of equivariant sheaves over

torus embeddings extending both considered in [Kem+06, Chapter I.3]. The ideal sheaves can be

easily interpreted using this notation. Following the method used in cohomology computations in

[Har+16], tracing back to earlier works including [HZ94] and [FC13], we compute the cohomol-

ogy of the ideal sheaves we encounter in terms of relative cohomology of topological spaces when

the cone decomposition is simplicial and sufficiently refined.

The paper is organized as follows: In Chapter 1, we review basic facts about Eisenstein coho-

mology classes and give details of the cuspidal Eisenstein series on GSp4. In Chapter 2, we set up

basic notations for torus embeddings and compute cohomology of a class of equivariant sheaves.

In Chapter 3, we recall the theory of integral models and Igusa towers of Siegel Shimura varieties.

We define automorphic vector bundles with specific vanishing conditions and identify their com-

pletions along boundary strata with coherent sheaves considered in section 3. In Chapter 4, we

follow [BP23] to define the higher Hida complexes involved in our work, and prove a fundamental

exact sequence. In Chapter 5, we modify the argument of Eisenstein congruence from [SU14] and

give specific 2-variable and 1-variable rational Λ-adic families of Eisenstein cohomology classes.

We prove that they are integral under standard assumptions to apply Euler systems and Eisenstein

congruence.
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Chapter 1: Eisenstein cohomology

In this chapter, we review some basic notations and properties of Eisenstein series and Eisen-

stein cohomology. We set up the necessary definitions and notation for Eisenstein series and Eisen-

stein cohomology, mostly following [FS98], [Grb12], and [Mun20]. Using the decomposition by

Franke-Schwermer [FS98], when the weight is sufficiently regular, Eisenstein cohomology can be

computed by interpreting them as Lie algebra cohomology of induced representations. This al-

lows us to reduce them to cohomology associated with the Levi subgroups. The computation for

automorphic local systems can be found in [Mun20]. Following the setup and analysis in [HZ94,

Section 1], we are able to make similar computations for automorphic vector bundles. Finally, we

study the case for GSp4 and the Siegel parabolic subgroups, where Eisenstein classes appear in

degree 1 and are the objects of interest.

1.1 Relative Lie algebra cohomology

In this section, we recall the notion of (𝔤, 𝐾)-modules, relative Lie algebra cohomology, and

properties of induced representations we need from [KV16] and [BW00]. Let 𝔤 be a finite-

dimensional complex Lie algebra, and 𝐾 be a compact real Lie group. Suppose 𝔨C is identified

with a Lie subalgebra of 𝔤 and 𝐾 acts on 𝔤 such that the 𝐾-action stabilizes 𝔨C, is the adjoint repre-

sentation on 𝔨C, and the differential of the 𝐾-action is ad𝔨C on 𝔤. Then (𝔤, 𝐾) is a pair in the sense

of [KV16, (1.46)].

Definition 1.1 (cf. [KV16, (1.86)]). A (𝔤, 𝐾)-module is a complex vector space 𝑉 endowed with 𝔤

and 𝐾-actions such that

1. The action of 𝐾 on 𝑉 is locally finite and differentiable on every 𝐾-finite subspace.

2. The actions of 𝔨C on 𝑉 , induced by 𝔤 and by 𝐾 , coincide.
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3. For every 𝑘 ∈ 𝐾 , 𝑋 ∈ 𝔤, and 𝑣 ∈ 𝑉 , 𝑘 (𝑋𝑣) = 𝑘 (𝑋)𝑘 (𝑣).

In this section, 𝔤 is always a complex Lie algebra. In the subsequent sections, 𝔤 will be the Lie

algebra of a real Lie group containing 𝐾 and (𝔤, 𝐾)-module means (𝔤C, 𝐾)-module in this sense.

It is the group case in [KV16].

Definition 1.2. Let 𝑉 be a (𝔤, 𝐾)-module. Denote by 𝐶∗(𝔤, 𝐾;𝑉) the cochain complex given by

𝐶𝑞 (𝔤, 𝐾;𝑉) := Hom𝐾 (Λ𝑞 (𝔤/𝔨C), 𝑉)

with differential maps defined as in [KV16, (2.127)]. The relative Lie algebra cohomology𝐻∗(𝔤, 𝐾;𝑉)

is defined as the cohomology of 𝐶∗(𝔤, 𝐾;𝑉).

In practice, we also consider (𝔤, 𝐾′)-cohomology where 𝐾′ � 𝐾 × R𝑛>0 for some 𝑛 ∈ N

and 𝔨′C := Lie(𝐾′)C is also identified with a Lie subalgebra of 𝔤. We define 𝐻∗(𝔤, 𝐾′;𝑉) as the

cohomology of𝐶∗(𝔤, 𝐾′;𝑉) where𝐶𝑞 (𝔤, 𝐾′;𝑉) := Hom𝐾 ′ (Λ𝑞 (𝔤/𝔨′C), 𝑉) and the differential maps

are defined analogously.

We consider induced representations in the following setting: Let 𝔭 ⊂ 𝔤 be a complex Lie

subalgebra, 𝐾𝑃 ⊂ 𝐾 be a closed Lie subgroup with Lie algebra 𝔨𝑃 such that 𝐾𝑃𝐾0 = 𝐾 , 𝔭 + 𝔨C = 𝔤,

and 𝔭∩ 𝔨C = 𝔨𝑃,C. We define ind(𝔤,𝐾)(𝔭,𝐾𝑃) as the 𝐼-functor 𝐼 (𝔤,𝐾)(𝔭,𝐾𝑃) in [KV16, (2.10)]. By the assertion

in [KV16, p. 131], the induced representation in our case can be given by the following more

explicit definition, which is a slight generalization of the definition of induced representations in

[BW00, Section III.2.3].

Definition 1.3. Let 𝐻 be a (𝔭, 𝐾𝑃)-module. We define ind(𝔤,𝐾)(𝔭,𝐾𝑃) (𝐻) as follows: Define

𝑈0 := Hom𝑈 (𝔭) (𝑈 (𝔤), 𝐻) = { 𝑓 : 𝑈 (𝔤) → 𝐻 | 𝑓 (𝑦𝑥) = 𝑦 𝑓 (𝑥) ∀ 𝑦 ∈ 𝑈 (𝔭)}.

Let 𝑈 (𝔤) act on 𝑈0 via right multiplication and 𝐾𝑃 acts on 𝑈0 via (𝑝 𝑓 ) (𝑥) := 𝑝 𝑓 (𝑝−1(𝑥)). Let

𝑈1 ⊂ 𝑈0 be the subspace of 𝔨C-finite vectors. Let 𝐾0 be the universal covering of 𝐾0. By definition,
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𝑈1 is stabilized by𝑈 (𝔤), 𝐾𝑃, and has a 𝐾0-action compatible with the 𝔨C-action. Let 𝜋 : 𝐾0 → 𝐾0

be the projection. ind(𝔤,𝐾)(𝔭,𝐾𝑃) (𝐻) ⊂ 𝑈1 is defined as the subspace of vectors 𝑣 satisfying that

1. for every 𝑝 ∈ 𝐾𝑝 and 𝑘 ∈ 𝜋−1(𝐾𝑃), 𝑝(𝑘 (𝑝−1(𝑣))) = Ad𝑝 (𝜋(𝑘)) (𝑣), so that the 𝐾0-action

descends to a 𝐾0-action,

2. for every 𝑝 ∈ 𝐾𝑃, 𝑘 ∈ 𝐾0, 𝑝(𝑘 (𝑝−1(𝑣))) = Ad𝑝 (𝑘)(𝑣). Here 𝑝, 𝑝−1 act via the 𝐾𝑃-action

and 𝑘,Ad𝑝 (𝑘) act via the 𝐾0-action.

For every 𝑘 ∈ 𝐾 , we write 𝑘 = 𝑝𝑙 where 𝑝 ∈ 𝐾𝑃 and 𝑙 ∈ 𝐾0. Then 𝑘𝑣 := 𝑝(𝑙 (𝑣)) defines a

𝐾-action on ind(𝔤,𝐾)(𝔭,𝐾𝑃) (𝐻) and makes ind(𝔤,𝐾)(𝔭,𝐾𝑃) (𝐻) a (𝔤, 𝐾)-module.

By [KV16, Proposition 2.21], we have the Frobenius reciprocity: Let 𝑉 be a (𝔤, 𝐾)-module.

Then there is a canonical isomorphism

Hom(𝔭,𝐾𝑃) (𝑉, 𝐻) � Hom(𝔤,𝐾) (𝑉, ind(𝔤,𝐾)(𝔭,𝐾𝑃) (𝐻)).

By [KV16, Proposition 2.117, Theorem 2.119 (Shapiro’s Lemma)], there is the canonical isomor-

phism

𝐻∗(𝔤, 𝐾; ind(𝔤,𝐾)(𝔭,𝐾𝑃) (𝐻)) � 𝐻
∗(𝔭, 𝐾𝑃;𝐻).

The map is induced by the inclusion of pairs (𝔭, 𝐾𝑃) → (𝔤, 𝐾) and the evaluation-at-1 map

ind(𝔤,𝐾)(𝔭,𝐾𝑃) (𝐻)
𝑒𝑣1−−→ 𝐻. Lastly, we need the following proposition, which is [KV16, Corollary 2.97].

Proposition 1.1. Let 𝑉 be a finite-dimensional (𝔤, 𝐾)-module. Then there is a canonical (𝔤, 𝐾)-

module isomorphism

ind(𝔤,𝐾)(𝔭,𝐾𝑃) (𝐻) ⊗ 𝑉 � ind(𝔤,𝐾)(𝔭,𝐾𝑃) (𝐻 ⊗ 𝑉).

1.2 Notation and definitions for Eisenstein series

We recall the setting and notation in the theory of Eisenstein series in this section. We mostly

follow [Mun20, Notation and conventions, Section 1.1]. Let 𝐺/Q be a connected reductive group,

11



𝔤 := Lie(𝐺), and 𝔥 ⊂ 𝔤 be a Cartan subalgebra. Let 𝑍 (𝔤) ⊂ 𝑈 (𝔤) be the center of 𝑈 (𝔤). Then

Harish-Chandra’s isomorphism is a C-algebra isomorphism

𝑍 (𝔤) � Sym∗(𝔥)𝑊 .

Every 𝜆 ∈ HomC(𝔥C,C) induces a character 𝜒𝜆 : 𝑍 (𝔤) � Sym∗(𝔥)𝑊 𝜆−→ C. If Λ is a dominant

weight and 𝐸Λ is the irreducible representation of 𝐺C with highest weight Λ, 𝑍 (𝔤) acts on 𝐸Λ via

𝜒Λ+𝜌 and on 𝐸∨Λ via 𝜒−(Λ+𝜌) .

Suppose 𝐺 is quasi-split. Fix 𝐵 ⊂ 𝐺 a Borel subgroup and 𝑇 ⊂ 𝐵 a maximal torus. Denote by

Φ+ the set of positive roots of 𝐺C with respect to the positivity determined by 𝐵. Denote by 𝜌 the

half sum of positive roots.

Let 𝑃 be a standard parabolic subgroup and denote the Levi decomposition by 𝑃 = 𝑀𝑃𝑁𝑃 =

𝑀𝑁 . Let 𝐴𝑃 ⊂ 𝑀𝑃 be the maximal Q-split central torus. In particular, 𝐴𝐺 is the maximal Q-split

central torus of 𝐺. We have Lie algebras 𝔭, 𝔪𝑃, 𝔞𝑃 and 𝔫𝑃 define in the apparent way. Denote by

Φ+𝑀 the set of positive roots of 𝑀C. Denote by𝑊𝑃 the minimal length representatives of𝑊𝑀\𝑊𝐺 :

𝑊𝑃 := {𝑤 ∈ 𝑊 | 𝑤−1(𝛼) > 0 ∀ 𝛼 ∈ Φ+𝑀}. The representatives are characterized by elements with

minimal length in their respective cosets.

Denote by A(𝐺) the space of smooth automorphic functions on 𝐺 (Q)\𝐺 (A). It is the space

of C-valued function on 𝐺 (Q)\𝐺 (A) that is locally constant on 𝑔 𝑓 and is smooth, 𝐾-finite, and

𝑍-finite on 𝑔∞.

Let 𝔤0 :=
⋂
𝜒∈𝑋∗ (𝐺) ker(𝜒) and 𝔪𝑃,0 :=

⋂
𝜒∈𝑋∗ (𝑀𝑃) ker(𝜒). Define 𝔭0 := 𝔭∩ 𝔤0 and 𝔞𝑃,0 :=

𝔞𝑃 ∩ 𝔤0. Then there are the following decompositions:

𝔭 = 𝔪𝑃,0 ⊕ 𝔞𝑃 ⊕ 𝔫𝑃, 𝔭0 = 𝔪𝑃,0 ⊕ 𝔞𝑃,0 ⊕ 𝔫𝑃 .

𝔞𝑃 naturally splits into 𝔞𝑃,0
⊕

𝔞𝐺 , so does its dual 𝔞∨𝑃. In particular, 𝔞∨𝑃,0 is identified as the
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subspace of 𝜇 ∈ 𝔞∨𝑃 that is trivial on 𝔞𝐺 . We also define 𝜌𝑃 ∈ 𝔞∨𝑃,0 by the formula

𝜌𝑃 (𝑋) := Tr(ad(𝑋) |𝔫𝑃 ).

This is the restriction of the differential of the modular character on 𝑃. Moreover, 𝜌 = 𝜌𝑃 on 𝔞𝑃,0.

Suppose that there is a maximal compact subgroup 𝐾𝑚𝑎𝑥 =
∏
𝑣 𝐾𝑣,𝑚𝑎𝑥 ⊂ 𝐺 (A) such that

for every 𝑣 < ∞, 𝐾𝑣,𝑚𝑎𝑥 is a maximal open compact subgroup of 𝐺 (Q𝑣), 𝐾∞,𝑚𝑎𝑥 is a maximal

compact subgroup of 𝐺 (R), and 𝐾𝑚𝑎𝑥 is in good position with respect to 𝐵; in particular, the

Iwasawa decomposition 𝑃(A)𝐾𝑚𝑎𝑥 = 𝐺 (A) holds. Then the height function 𝐻𝑃 : 𝐺 (A) → 𝔞𝑃,R

is defined as follows: 𝐻𝑃 is left 𝑁 (A)-invariant and right 𝐾𝑚𝑎𝑥-invariant, and for all 𝑔 ∈ 𝑀𝑃 (A)

and 𝜒 ∈ HomQ(𝑀𝑃,G𝑚),

exp(⟨𝐻𝑃 (𝑔), 𝑑𝜒⟩) = |𝜒(𝑔) |A.

We use two notations for induced representation. Denote by ind the usual induced representa-

tion, and by Ind the normalized one. Let 𝜋 be a smooth representation of 𝑃(A 𝑓 ) over C. Then

ind𝐺 (A 𝑓 )
𝑃(A 𝑓 ) (𝜋) is the space of locally constant functions 𝑓 : 𝐺 (A 𝑓 ) → 𝜋 such that for every

(𝑝, 𝑔) ∈ 𝑃(A 𝑓 ) × 𝐺 (A 𝑓 ), 𝑓 (𝑝𝑔) = 𝑝 𝑓 (𝑔), and Ind𝐺 (A 𝑓 )
𝑃(A 𝑓 ) is the space of locally constant func-

tions 𝑓 : 𝐺 (A 𝑓 ) → 𝜋 such that for every (𝑝, 𝑔) ∈ 𝑃(A 𝑓 ) × 𝐺 (A 𝑓 ), 𝑓 (𝑝𝑔) = 𝛿1/2
𝑃 | (𝑝)𝑝 𝑓 (𝑔) =

exp(⟨𝐻𝑃 (𝑝), 𝜌𝑃⟩)𝑝 𝑓 (𝑔). The 𝐺 (A 𝑓 )-actions are given by right translations. We also define

ind𝐺 (A)
𝑃(A) = ind𝐺 (A 𝑓 )×(𝔤,𝐾∞,𝑚𝑎𝑥)

𝑃(A 𝑓 )×(𝔭,𝐾∞,𝑚𝑎𝑥∩𝑃) and Ind𝐺 (A)
𝑃(A) = Ind𝐺 (A 𝑓 )×(𝔤,𝐾∞,𝑚𝑎𝑥)

𝑃(A 𝑓 )×(𝔭,𝐾∞,𝑚𝑎𝑥∩𝑃) for short.

Let 𝜋 be a cuspidal automorphic representation of 𝑀𝑃 (A) with central character 𝜒𝜋. If 𝜒𝜋 is

trivial on 𝐴𝐺 (R)0, then 𝜋 occurs in the cuspidal spectrum

𝐿2
cusp(𝑀𝑃 (Q)𝐴𝑃 (R)0\𝑀𝑃 (A), 𝜒𝜋).

Therefore, we define

𝜋̃ := 𝜋 ⊗ exp(⟨𝐻𝑃 (·),−𝑑𝜒𝜋 ⟩).
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𝜋̃ is a unitary cuspidal automorphic representation and is realized as

𝑉𝜋̃ ⊂ 𝐿2
cusp(𝑀𝑃 (Q)𝐴𝑃 (R)0\𝑀𝑃 (A), 𝜒𝜋).

Denote by𝑊𝑃,𝜋̃ the space of smooth, 𝐾-finite complex functions

𝜙 : 𝑀𝑃 (Q)𝑁𝑃 (A)𝐴𝑃 (R)0\𝐺 (A) → C

such that for every 𝑔 ∈ 𝐺 (A), the function

𝑀𝑃 (Q)𝐴𝑃 (R)0\𝑀𝑃 (A) → C, 𝑚 ↦→ 𝜙(𝑚𝑔)

lies in 𝑉𝜋̃. Then𝑊𝑃,𝜋̃ � ind𝐺 (A)
𝑃(A) (𝑉𝜋̃).

For all 𝜙 ∈ 𝑊𝑃,𝜋̃ and 𝜇 ∈ 𝔞∨𝑃 (C), the Eisenstein series 𝐸 (𝜙, 𝜇) is defined as follows:

𝐸 (𝜙, 𝜇)(𝑔) :=
∑

𝛾∈𝑃(Q)\𝐺 (Q)
𝜙(𝛾𝑔) exp(⟨𝐻𝑃 (𝛾𝑔), 𝜇 + 𝜌𝑃⟩).

The series converges absolutely whenℜ(𝜇) |𝔞𝑃,0 − 𝜌𝑃 is sufficiently regular in the dominant Weyl

chamber of 𝔞∨𝑃,0 and has meromorphic continuation to the whole affine space 𝜇 ∈ 𝔞∨𝑃 (C).

Let𝑄 be a parabolic subgroup with Levi decomposition 𝑀𝑄𝑁𝑄 . The constant of 𝐸 (𝜙, 𝜇) along

𝑄 is defined as

𝐸𝑄 (𝜙, 𝜇) (𝑔) :=
∫
𝑁𝑄 (Q)\𝑁𝑄 (A)

𝐸 (𝜙, 𝜇) (𝑛𝑔)𝑑𝑛,

where 𝑑𝑛 is the Haar measure with 𝑉𝑜𝑙 (𝑁𝑄 (Q)\𝑁𝑄 (A)) = 1. Due to Langlands, the constant term

is expressed in terms of intertwining operators. Let𝑊 (𝑃,𝑄) be the equivalence class

𝑊 (𝑃,𝑄) := {𝑤 ∈ 𝐺 (Q) | Ad𝑤 (𝑀𝑃) = 𝑀𝑄}/∼

where 𝑤 ∼ 𝑤′ if and only if Ad𝑤−1𝑤′ is the identity map on 𝑀𝑃. Then the intertwining operators

14



𝑀 (𝑤, ·) for 𝑤 ∈ 𝑊 (𝑃,𝑄) are defined as follows: For 𝜇 ∈ 𝔞∨𝑃,0 and 𝜙 ∈ 𝑊𝑃,𝜋̃,

𝑀 (𝑤, 𝜙)𝑤𝜇 (𝑔) :=
∫
(Ad𝑤 (𝑁)∩𝑁𝑄) (A)\𝑁Q (A)

(𝜙 exp(⟨𝐻𝑃 (·), 𝜇⟩))(𝑤−1𝑛𝑔)𝑑𝑛.

The integral converges absolutely when ℜ(𝜇) >> 0 and has meromorphic continuation to 𝔞∨𝑃,0

and defines meromorphic an intertwining operator between induced representations. Langlands’

result says

𝐸𝑄 (𝜙, 𝜇) (𝑔) =
∑

𝑤∈𝑊 (𝑃,𝑄)
𝑀 (𝑤, 𝜙)𝑤𝜇 (𝑔)

as a function on (𝑔, 𝜇) meromorphic in 𝜇. A detailed proof can be found in Shahidi’s book [Sha10,

Section 6.2].

1.3 Cohomology of locally symmetric spaces

In this section, we review the setting and definitions of automorphic local systems and auto-

morphic vector bundles, and the connection between their cohomology and the Lie algebra coho-

mology of automorphic forms.

Let 𝐾∞ be an open subgroup of 𝐾∞,𝑚𝑎𝑥 and 𝐾 𝑓 ⊂ 𝐺 (A 𝑓 ) be a neat open compact subgroup.

We denote by 𝑋𝐺 (𝐾 𝑓 ) the locally symmetric space

𝑋𝐺 (𝐾 𝑓 ) := 𝐺 (Q)𝐴𝐺 (R)0\𝐺 (A)/𝐾∞𝐾 𝑓 ,

which is a smooth manifold.

Let Λ be a dominant weight of 𝐺 and 𝐸Λ denote the irreducible representation of 𝐺 (C) with

highest weight Λ. The representation 𝐸Λ defines a local system, denoted by LΛ, as the covering

map

𝐺 (Q)\[𝐸Λ × (𝐴𝐺 (R)0\𝐺 (A)/𝐾∞𝐾 𝑓 )] → 𝐺 (Q)𝐴𝐺 (R)0\𝐺 (A)/𝐾∞𝐾 𝑓 = 𝑋𝐺 (𝐾 𝑓 ).
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Here, 𝐸Λ is given discrete topology. These local systems are called automorphic local systems.

The cohomology 𝐻∗(𝑋𝐺 (𝐾 𝑓 ),LΛ) is computed by the de Rham complex, and therefore natu-

rally identified with the Lie algebra cohomology

𝐻∗(𝑋𝐺 (𝐾 𝑓 ),LΛ) � 𝐻∗(𝔤, 𝐴𝐺 (R)0𝐾∞;𝐶∞(𝐺 (Q)\𝐺 (A)/𝐾 𝑓 ) ⊗ 𝐸Λ).

We define

𝐻∗(𝑋𝐺 ,LΛ) := lim−−→
𝐾 𝑓

𝐻∗(𝑋𝐺 (𝐾 𝑓 ),LΛ).

Then

𝐻∗(𝑋𝐺 ,LΛ) � 𝐻∗(𝔤, 𝐴𝐺 (R)0𝐾∞;𝐶∞(𝐺 (Q)\𝐺 (A)) ⊗ 𝐸Λ).

Let 𝑍 (𝔤) be the center of the universal enveloping algebra of 𝔤. The ring 𝑍 (𝔤) acts on 𝐸Λ via the

character 𝜒Λ+𝜌. The cohomology is given by the intersection of −Λ-eigenspace of 𝔞𝐺 and 𝜒−(Λ+𝜌)-

generalized eigenspace of 𝑍 (𝔤0) within 𝐶∞(𝐺 (Q)\𝐺 (A)). On the other hand, since we can twist

every function of 𝐶∞(𝐺 (Q)\𝐺 (A)) by |𝜒 |𝑠 for every 𝜒 ∈ 𝑋∗(𝐴𝐺), 𝑠 ∈ C, the cohomology is also

identified as

𝐻∗(𝑋𝐺 ,LΛ) � 𝐻∗(𝔤0, 𝐾∞;𝐶∞(𝐺 (Q)𝐴𝐺 (R)0\𝐺 (A)) ⊗ 𝐸Λ).

Let 𝐸 = 𝐸Λ. We define A𝐸 (𝐺) ⊂ 𝐶∞(𝐺 (Q)𝐴𝐺 (R)0\𝐺 (A)) as the subspace of the intersection

of the 𝜒−(Λ+𝜌)-generalized eigenspace of 𝑍 (𝔤0). By regularization theorems due to Borel [Bor83;

Bor90] and Franke [Fra98], the inclusion A𝐸 (𝐺) → 𝐶∞(𝐺 (Q)𝐴𝐺 (R)0\𝐺 (A)) induces the iso-

morphism

𝐻∗(𝔤0, 𝐾∞;A𝐸 (𝐺) ⊗ 𝐸) � 𝐻∗(𝔤0, 𝐾∞;𝐶∞(𝐺 (Q)𝐴𝐺 (R)0\𝐺 (A)) ⊗ 𝐸).

Let 𝒞 be the class of associated Q-parabolic subgroups of 𝐺, and Φ𝐸,[𝑃] be the class of associated

cuspidal representations 𝜑 = {𝜑𝑃} of Levi subgroups 𝑀 of those 𝑃 ∈ 𝒞. By Langlands’ theorem

(cf [BLS96, Theorem 2.4]) and a refined decomposition proved in [FS98], there is a direct sum
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decomposition of (𝔤, 𝐾∞) × 𝐺 (A 𝑓 )-modules

A𝐸 (𝐺) =
⊕
𝐶∈𝒞

⊕
𝜑∈Φ𝐸,𝐶

A𝐸,𝐶,𝜑.

Here for given 𝐶 ∈ 𝒞, ⊕
𝜑∈Φ𝐸,𝐶

A𝐸,𝐶,𝜑

is the subspace of automorphic forms negligible along all parabolic subgroups 𝑄 ∉ 𝐶, and for

given 𝑃 ∈ 𝐶 and 𝜑 = {𝜑𝑃},A𝐸,𝐶,𝜑 is the space generated by coefficients of Laurent expansions of

𝐸 (𝜙, 𝜇) (𝑔) where 𝜙 runs through 𝜑𝑃 at 𝜇 = 𝑑𝜒𝜋 ∈ 𝔞∨𝑃,0(C). With the direct sum decomposition of

A𝐸 (𝐺), we have the decomposition

𝐻∗(𝑋𝐺 ,LΛ) �
⊕
𝐶∈𝒞

⊕
𝜑∈Φ𝐸,𝐶

𝐻∗(𝔤0, 𝐾∞,A𝐸,𝐶,𝜑 ⊗ 𝐸).

Following [Mun20, Section 2.1], we define cuspidal cohomology of LΛ as

𝐻∗𝑐𝑢𝑠𝑝 (𝑋𝐺 ,LΛ) :=
⊕

𝜑∈Φ𝐸,{𝐺}
𝐻∗(𝔤0, 𝐾∞,A𝐸,{𝐺},𝜑 ⊗ 𝐸)

and Eisenstein cohomology of LΛ as

𝐻∗𝐸𝑖𝑠 (𝑋𝐺 ,LΛ) :=
⊕

𝐶∈𝒞−{𝐺}

⊕
𝜑∈Φ𝐸,𝐶

𝐻∗(𝔤0, 𝐾∞,A𝐸,𝐶,𝜑 ⊗ 𝐸).

Suppose now 𝐺 admits a Shimura datum (𝐺, 𝑋). We also consider automorphic vector bundles.

The treatment and notations for defining them here are mostly adapted from [Su18].

For simplicity, we assume the maximal Q-split central torus 𝐴𝐺 is also the maximal R-split

central torus of 𝐺, which is verified for all Shimura data of PEL-type. Let 𝑜 ∈ 𝑋 be a base point

and 𝐾𝑜 ⊂ 𝐺 (R) be the stabilizer of 𝑜, and denote by 𝐾∞ the maximal compact subgroup of 𝐾𝑜.

With the assumptions, 𝐾𝑜 = 𝐴𝐺 (R)0𝐾∞, and then 𝑋𝐺 (𝐾 𝑓 ) is the C-points of the Shimura variety
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defined by (𝐺, 𝑋) at level 𝐾 𝑓 , denoted by 𝑆ℎ𝐾 𝑓 . The base point 𝑜 : ResC/RG𝑚 → 𝐺R induces a

Hodge decomposition

𝔤C = 𝔤1,−1 ⊕ 𝔤0,0 ⊕ 𝔤−1,1

and we denote by 𝐹𝑜 the associated Hodge filtration on 𝔤C. The Lie algebra 𝔨𝑜 := Lie(𝐾𝑜) is a

real form of 𝔤0,0. We choose a compact Cartan subalgebra 𝔥𝑐 ⊂ 𝔨𝑜,C and fix a choice of positive

roots relative to 𝔥𝑐 so that 𝔤−1,1 is a direct sum of root spaces of (some of the) positive roots. Let

Φ+𝑐 and Φ+𝑛𝑐 be the subset of positive roots the root space of which are contained in 𝔤0,0 and 𝔤−1,1,

respectively. We denote

𝜌𝑐 :=
1
2

∑
𝛼∈Φ+𝑐

𝛼, 𝜌𝑛𝑐 :=
1
2

∑
𝛼∈Φ+𝑛𝑐

𝛼.

Let 𝔓o
+ = 𝔤−1,1, 𝔓o

− = 𝔤1,−1, and 𝔓o = 𝔤1,−1 ⊕ 𝔤0,0. Let 𝑃𝑜 ⊂ 𝐺C be the parabolic subgroup with

Lie algebra 𝔓o and 𝑃′𝑜 be the opposite parabolic subgroup, with Lie algebra 𝔤0,0 ⊕ 𝔤−1,1. Then

𝐺 (C)/𝑃𝑜 (C) is the compact dual 𝑋̌ , and the Borel embedding 𝛽 : 𝑋 → 𝑋̌ is an open immersion,

giving 𝑋 a complex manifold structure.

For every finite-dimensional representation 𝑉 ∈ RepC(𝑃𝑜), we denote by E𝑉 the homogeneous

vector bundle

E𝑉 := 𝐺C ×𝑃𝑜 𝑉 → 𝐺C/𝑃𝑜 .

Then 𝛽∗(E𝑉 ) is a holomorphic vector bundle over 𝑋 . Using the adelic language, we denote byV

the homomorphic vector bundle

𝐺 (Q)\[𝛽∗(E𝑉 ) × (𝐺 (A 𝑓 )/𝐾 𝑓 )] → 𝐺 (Q)𝐴𝐺 (R)0\𝐺 (A)/𝐾∞𝐾 𝑓 = 𝑆ℎ𝐾 𝑓 .

If 𝜅 is a dominant weight of 𝔥𝑐, we denote by V𝜅 the automorphic vector bundle defined by the

irreducible representation of 𝐾𝑜 with highest weight 𝜅.

Consider toroidal compactifications 𝑆ℎtor
𝐾 𝑓 ,Σ

with smooth projective admissible polyhedral cone

decompositions Σ. Denote by Vcan the canonical extension of V onto 𝑆ℎtor
𝐾 𝑓 ,Σ

. The cohomology

𝐻∗(𝑆ℎtor
𝐾 𝑓 ,Σ

,Vcan) is independent of the choice of Σ. Let 𝔓o
0 := 𝔓o ∩ 𝔤0,C. In [Su18], the identifi-
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cation of 𝐻∗(𝑆ℎtor
𝐾 𝑓 ,Σ

,Vcan) with Lie algebra cohomology is made and a regularization theorem is

also carried out. The main theorem of [Su18] is the following isomorphism:

𝐻∗(𝑆ℎtor
𝐾 𝑓 ,Σ

,Vcan) � 𝐻∗(𝔓o
0, 𝐾∞,A(𝐺)𝐴𝐺 (R)

0𝐾 𝑓 ⊗ 𝑉).

We similarly define

𝐻∗(𝑆ℎtor
(𝐺,𝑋) ,V

can) := lim−−→
𝐾 𝑓 ,Σ

𝐻∗(𝑆ℎtor
𝐾 𝑓 ,Σ

,Vcan).

Then

𝐻∗(𝑆ℎtor
(𝐺,𝑋) ,V

can) � 𝐻∗(𝔓o
0, 𝐾∞,A(𝐺)𝐴𝐺 (R)

0 ⊗ 𝑉)

as 𝐺 (A 𝑓 )-representations.

Let 𝜄 : 𝑆ℎ𝐾 𝑓 → 𝑆ℎtor
𝐾 𝑓 ,Σ

. With the condition of our choice of positive roots, the dual BGG

resolution is a resolution

0→ 𝜄∗LΛ → 𝐶∗

where 𝐶𝑞 =
⊕

𝑤∈𝑊𝑃𝑜

𝑙 (𝑤)=𝑞
V𝑤·Λ for all dominant weight Λ relative to 𝔥𝑐. This gives the spectral

sequence

𝐸
𝑝,𝑞
1 =

⊕
𝑤∈𝑊𝑃𝑜

𝑙 (𝑤)=𝑝

𝐻𝑞 (𝑆ℎtor
𝐺 ,V𝑤·Λ) ⇒ 𝐻𝑝+𝑞 (𝑆ℎtor

𝐺 ,LΛ).

The degeneration of the spectral sequence at the 𝐸1-page for general Shimura data is proved by

[HZ01, Corollary 4.2.3]. A weight 𝜅 of the form 𝑤·Λ for some dominant Λ is called cohomological.

By [Har90, Proposition 4.3.2], if 𝜋 is an automorphic representation that contributes to coho-

mology of V𝜅, then 𝑍 (𝔤0) acts on 𝜋∞ via 𝜒−(𝜅+𝜌) . When 𝜅 is cohomological, say 𝜅 = 𝑤 · Λ, then

𝜒−(𝜅+𝜌) = 𝜒−(Λ+𝜌) and we have an analogous decomposition

𝐻∗(𝑆ℎtor
(𝐺,𝑋) ,V𝜅) �

⊕
𝐶∈𝒞

⊕
𝜑∈Φ𝐸,𝐶

𝐻∗(𝔓o
0, 𝐾∞,A𝐸,𝐶,𝜑 ⊗ 𝑉𝜅).
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We also define cuspidal cohomology ofV𝜅 as

𝐻∗𝑐𝑢𝑠𝑝 (𝑆ℎtor
(𝐺,𝑋) ,V𝜅) :=

⊕
𝜑∈Φ𝐸,{𝐺}

𝐻∗(𝔓o
0, 𝐾∞,A𝐸,{𝐺},𝜑 ⊗ 𝑉𝜅)

and Eisenstein cohomology ofV𝜅 as

𝐻∗𝐸𝑖𝑠 (𝑆ℎtor
(𝐺,𝑋) ,V𝜅) :=

⊕
𝐶∈𝒞−{𝐺}

⊕
𝜑∈Φ𝐸,𝐶

𝐻∗(𝔓o
0, 𝐾∞,A𝐸,𝐶,𝜑 ⊗ 𝑉𝜅).

1.4 Cohomology of induced representations: automorphic local system case

The goal of this section is to review the treatment and computation of Eisenstein cohomology

when the weight is sufficiently regular in [Mun20, Section 1.3, 2.2], which had been essentially

done in [Fra98].

We identify 𝔞∨𝑃 with the tangent space at every of its points. For every 𝜇 ∈ 𝔞∨𝑃, we denote by

Sym(𝔞∨𝑃,0)𝜇 the symmetric algebra generated by the subspace 𝔞∨𝑃,0 in the tangent space of 𝜇. It is

regarded as a subalgebra of differential operators with constant coefficients. On the other hand,

Sym(𝔞∨𝑃,0)𝜇 = Sym(𝔞∨𝑃,0) and the latter is also the algebra of polynomial functions on 𝔞𝑃,0. Let

𝐷 ∈ Sym(𝔞∨𝑃,0)𝜇. As a differential operator, it sends a complex function defined near 𝜇 to the value

of 𝐷 ( 𝑓 ) at 𝜇. As a polynomial function, the differential 𝑑𝐷 is defined. For every 𝑎 ∈ 𝔞𝑃,0, ⟨𝑎, 𝑑𝐷⟩

is again a polynomial function on 𝔞𝑃,0 and also regarded as a differential operator.

Let 𝑃(A) act on Sym(𝔞∨𝑃,0)𝜇 by the formula

(𝑝𝐷) ( 𝑓 ) := 𝐷 (exp(⟨𝐻𝑃 (𝑝), ·⟩) 𝑓 ).

This gives Sym(𝔞∨𝑃,0)𝜇 a (𝔭, 𝐾∞ ∩ 𝑃(R)) × 𝑃(A 𝑓 )-module structure. On the other hand, 𝑊𝑃,𝜋̃ ⊗

Sym∗(𝔞∨𝑃,0)𝜇 is given a (𝔤, 𝐾∞) × 𝐺 (A 𝑓 )-module structure as follows: For every 𝜙 ∈ 𝑊𝑃,𝜋̃ and
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𝐷 ∈ Sym∗(𝔞∨𝑃,0)𝜇, we define

(𝜙 ⊗ 𝐷) (ℎ) (𝑔) := 𝜙(𝑔)𝐷 (ℎ) (𝜆) |𝜆=𝜇 .

for all smooth functions ℎ defined near 𝜇. In this way, 𝑊𝑃,𝜋̃ ⊗ Sym∗(𝔞∨𝑃,0)𝜇 is embedded into the

space of function valued compactly supported distributions on smooth functions on 𝔞∨𝑃 defined

near 𝜇.

For every 𝑔 ∈ 𝐺 (A), we define

𝑔(𝜙 ⊗ 𝐷)(ℎ)(𝑔′) :=𝐷 (exp(⟨𝐻𝑃 (𝑔′𝑔) − 𝐻𝑃 (𝑔′), 𝜆⟩)𝜙(𝑔′𝑔)ℎ(𝜆)) |𝜆=𝜇

=𝜙(𝑔′𝑔) exp(⟨𝐻𝑃 (𝑔′𝑔) − 𝐻𝑃 (𝑔′), 𝜇⟩)(𝐷 + ⟨𝐻𝑃 (𝑔′𝑔) − 𝐻𝑃 (𝑔′), 𝑑𝐷⟩)(ℎ) (𝜇),

and for every 𝑋 ∈ 𝔤, we define 𝑋 (𝜙 ⊗ 𝐷) by differentiating the 𝐺 (R)0-action above. By explicit

computation, we have

1. For every 𝑘 ∈ 𝐾∞, 𝑘 (𝜙 ⊗ 𝐷) = (𝑘𝜙) ⊗ 𝐷.

2. For every 𝑋 ∈ 𝔤,

𝑋 (𝜙 ⊗ 𝐷) = 𝑋 (𝜙) ⊗ 𝐷 + 𝜙 ⊗ ⟨𝑋 (𝐻𝑃) (𝑔), 𝜇⟩𝐷 + 𝜙 ⊗ ⟨𝑋 (𝐻𝑃), 𝑑𝐷⟩.

In particular, 𝔞𝐺 acts via the character 𝜇.

3. For every 𝑔 𝑓 ∈ 𝐺 (A 𝑓 ),

𝑔 𝑓 (𝜙 ⊗ 𝐷) (𝑔) = 𝜙(𝑔𝑔 𝑓 ) ⊗ exp(⟨𝐻𝑃 (𝑔𝑔 𝑓 ) − 𝐻𝑃 (𝑔), 𝜇⟩)(𝐷 + ⟨𝐻𝑃 (𝑔𝑔 𝑓 ) − 𝐻𝑃 (𝑔), 𝑑𝐷⟩).

In this way, we see (𝔤, 𝐾∞) × 𝐺 (A 𝑓 ) acts on 𝑊𝑃,𝜋̃ ⊗ Sym∗(𝔞∨𝑃,0)𝜇. The definition of the action

gives the following proposition.

Proposition 1.2 (cf. [Mun20, Proposition 1.3.2]). For all holomorphic functions ℎ defined near 𝜇
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such that all functions ℎ(𝜇)𝐸 (𝜙, 𝜇) (𝑔) are holomorphic near 𝜇, the map

𝑊𝑃,𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝜇 → A(𝐺), (𝜙 ⊗ 𝐷) ↦→ 𝐷 (ℎ(𝜇)𝐸 (𝜙, 𝜇))

is (𝔤, 𝐾∞) × 𝐺 (A 𝑓 )-equivariant.

Proposition 1.3 ([Mun20, Proposition 1.3.1]). 𝑊𝑃,𝜋̃ ⊗ Sym∗(𝔞∨𝑃,0)𝜇 � ind𝐺 (A)
𝑃(A) (𝑉𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝜇)

as (𝔤, 𝐾∞) × 𝐺 (A 𝑓 )-modules.

Proof. The proposition is well-known, but we can not find a proof in literature. Therefore, we give

a proof here.

Let 𝑈1 be the space of functions 𝑓 from 𝐺 (A) to 𝑉𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝜇 such that 𝑓 (𝑝𝑔) = (𝑝 ⊗

𝑝) 𝑓 (𝑔) for every 𝑝 ∈ 𝑃(A) and 𝑈2 be the space of functions 𝜓 such that 𝜓(𝑝𝑔) = (𝑝 ⊗ 1)𝜓(𝑔).

Let 𝜓 𝑓 (ℎ) (𝑔) := 𝑓 (𝑔)(exp(⟨−𝐻𝑃 (𝑔), ·⟩)ℎ). Then 𝑓 ↦→ 𝜓 𝑓 is an isomorphism from 𝑈1 to 𝑈2. Let

𝑔 ∈ 𝐺 (A). We have for every smooth function ℎ defined near 𝜇,

𝜓𝑔 𝑓 (ℎ)(𝑔′) =(𝑔 𝑓 ) (𝑔′) (exp(⟨−𝐻𝑃 (𝑔), ·⟩)ℎ) = 𝑓 (𝑔𝑔′) (exp(⟨−𝐻𝑃 (𝑔), ·⟩)ℎ)

= 𝑓 (𝑔𝑔′) (exp(⟨−𝐻𝑃 (𝑔𝑔′), ·⟩) exp(⟨𝐻𝑃 (𝑔𝑔′) − 𝐻𝑃 (𝑔), ·⟩)ℎ)

=𝜓 𝑓 (exp(⟨𝐻𝑃 (𝑔𝑔′) − 𝐻𝑃 (𝑔), ·⟩)ℎ)(𝑔𝑔′).

Therefore, the equivariant𝐺 (A)-action on𝑈2 agrees with the action we define for𝑊𝑃,𝜋̃⊗Sym(𝔞∨𝑃,0)𝜇.

Let Sym(𝔞∨𝑃,0)𝜇,𝑛 be the subspace of Sym(𝔞∨𝑃,0)𝜇 of polynomials with degree up to 𝑛 for every

𝑛 ∈ N. By the explicit formula of the actions, Sym(𝔞∨𝑃,0)𝜇,𝑛 is 𝑃(A)-stable and𝑊𝑃,𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝜇

is (𝔤, 𝐾∞) × 𝐺 (A 𝑓 )-stable. Moreover, both 𝑓 ↦→ 𝜓 𝑓 and its inverse preserve the degree of dif-

ferential operators. Let 𝑈𝑖,𝑛 ⊂ 𝑈𝑖 be the subspace of smooth functions with image contained in

𝑉𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝜇,𝑛) for 𝑖 = 1, 2. Then 𝑓 ↦→ 𝜓 𝑓 is an isomorphism from 𝑈1,𝑛 to 𝑈2,𝑛. By [BW00,

Section III.2.4], ind𝐺 (A)
𝑃(A) (𝑉𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝜇,𝑛) ⊂ 𝑈1,𝑛 is the subspace of 𝐾∞-finite vectors. Since the

𝐾-action fixes every differential operators,𝑊𝑃,𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝜇,𝑛 ⊂ 𝑈2,𝑛 is the subspace of 𝐾-finite

vectors. We therefore have the isomorphism ind𝐺 (A)
𝑃(A) (𝑉𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝜇,𝑛) � 𝑊𝑃,𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝜇,𝑛.
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The inductive limit of {𝑊𝑃,𝜋̃ ⊗Sym(𝔞∨𝑃,0)𝜇,𝑛} is𝑊𝑃,𝜋̃ ⊗Sym(𝔞∨𝑃,0)𝜇. Therefore, it rests to prove

that the inductive limit of {ind𝐺 (A)
𝑃(A) (𝑉𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝜇,𝑛)} is ind𝐺 (A)

𝑃(A) (𝑉𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝜇). Let 𝑓 be a

a function from 𝑈 (𝔤) to 𝑉𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝜇 such that 𝑓 (𝑦𝑥) = (Δ(𝑦)) 𝑓 (𝑥) for every 𝑦 ∈ 𝑈 (𝔭) and

𝑥 ∈ 𝑈 (𝔤). Let {𝑋 𝐼} be the basis of monomials of Sym(𝔞∨𝑃,0)𝜇 and we write 𝑓 (𝑥) = ∑
𝐼 𝑓𝐼 (𝑥)𝑋 𝐼 .

Here for every 𝑥, 𝑓𝐼 (𝑥) = 0 for all but finitely many 𝐼. If 𝑓 ∈ ind𝐺 (A)
𝑃(A) (𝑉𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝜇), 𝑈 (𝔨) 𝑓

is finite-dimensional and the 𝔨-action comes from a differentiable 𝐾-action. By projection to the

𝐼th component, this implies for each 𝐼, 𝑈 (𝔨) 𝑓𝐼 is finite-dimensional and the 𝔨-action comes from

a differentiable 𝐾-action. Moreover, there are only finitely many different 𝐾-types appearing in∑
𝐼 𝑈 (𝔨) 𝑓𝐼 . Let 𝑓 ′𝐼 (𝑘) := (𝑘 𝑓𝐼) (1) for every 𝑘 ∈ 𝐾 . Then 𝑓𝐼 ↦→ 𝑓 ′𝐼 is 𝐾-equivariant, 𝑓 ′𝐼 is a

smooth 𝐾-finite function on 𝐾 and 𝑓𝐼 (𝑥) = (𝑥 𝑓 ′𝐼 ) (1) for all 𝑥 ∈ 𝑈 (𝔨). Therefore, { 𝑓 ′𝐼 }, and

hence { 𝑓𝐼} generate a finite-dimensional space. Let {𝑎1, . . . , 𝑎𝑚} ⊂ 𝑈 (𝔨) such that for any two

different elements in
∑
𝐼 C 𝑓𝐼 , there is some 𝑎𝑘 such that the two elements have different values at

𝑎𝑘 . Since there is a 𝑛 ∈ N such that 𝑓𝐼 (𝑎𝑘 ) = 0 for all 𝑘 and 𝐼 with |𝐼 | > 𝑛, we conclude that

𝑓 ∈ ind𝐺 (A)
𝑃(A) (𝑉𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝜇,𝑛). □

When 𝑑𝜒𝜋 |𝔞𝑃,0 is large enough, all Eisenstein series converges absolutely near 𝜇 = 𝑑𝜒𝜋 + 𝜌𝑃. In

this case, if 𝑑𝜒𝜋 ∈ 𝔞∨𝑃,0, then by [Mun20, Proposition 1.3.2], essentially reduced to [FS98, Theorem

1.4],

𝐸𝑖𝑠 : (𝜙 ⊗ 𝐷) ↦→ 𝐷 (𝐸 (𝜙, 𝑑𝜒𝜋 + 𝜌𝑃))

induces an isomorphism

𝑊𝑃,𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃
𝐸𝑖𝑠−−→ A𝐸,𝐶,𝜑.

Furthermore, by Proposition 1.1, for every finite-dimensional 𝐺 (R)-representation 𝐸 , 𝑊𝑃,𝜋̃ ⊗

Sym(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐸 � ind𝐺 (A)
𝑃(A) (𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐸).

Theorem 1.1 ([Mun20, Theorem 2.2.3]). Let 𝐾 ⊂ 𝐺 (R) be a compact subgroup containing a

maximal compact subgroup of 𝐺 (R)0. Let 𝐾𝑃 := 𝐾 ∩ 𝑃(R) and 𝐾𝑀 be the image of 𝐾𝑃 in 𝑀 (R),

which is isomorphic to 𝐾𝑃 and contains a maximal compact subgroup of 𝑀 (R)0. Let 𝐹𝑤(Λ+𝜌)−𝜌 be
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the representation of 𝑀 with highest weight 𝑤(Λ + 𝜌) − 𝜌 for 𝑤 ∈ 𝑊𝑃. Then the cohomology

𝐻∗(𝔤0, 𝐾;𝑊𝑃,𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐸Λ)

is nontrivial only if there is a (necessarily unique) 𝑤 ∈ 𝑊𝑃 such that

−𝑤(Λ + 𝜌) |𝔞𝑃,0 = 𝑑𝜒𝜋 |𝔞𝑃,0 ,

and for this 𝑤,

𝐻∗(𝔤0, 𝐾; ind𝐺 (A)
𝑃(A) (𝑉𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ) ⊗ 𝐸Λ)

�𝐻∗−𝑙 (𝑤) (𝔪0, 𝐾𝑀 ; 𝜋̃∞ ⊗ 𝐹𝑤(Λ+𝜌)−𝜌) ⊗ Ind𝐺 (A 𝑓 )
𝑃(A 𝑓 ) (𝜋 𝑓 ).

Proof. We include a proof here for the reader’s convenience. It is a slight modification of the proof

in [Mun20], which follows the proof for [BW00, Theorem III 3.3] and computations in [GS11]

and [Gro13].

By the [BW00, Proposition 2.5], the isomorphism 𝔭/𝔨𝑃 � 𝔤/𝔨 induces the isomorphism

𝐶∗(𝔤0, 𝐾; ind𝐺 (A)
𝑃(A) (𝑉𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐸Λ))

�𝐶∗(𝔭0, 𝐾𝑃, ind𝐺 (A 𝑓 )
𝑃(A 𝑓 ) (𝜋̃ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐸Λ)).

Therefore,

𝐻∗(𝔤0, 𝐾;𝑊𝑃,𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐸Λ)

�𝐻∗(𝔭0, 𝐾𝑃, ind𝐺 (A 𝑓 )
𝑃(A 𝑓 ) (𝜋̃ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐸Λ))

� ind𝐺 (A 𝑓 )
𝑃(A 𝑓 ) (𝐻

∗(𝔭0, 𝐾𝑃, 𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐸Λ) ⊗ 𝜋̃ 𝑓 ).
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With the decomposition 𝔭0 = 𝔪𝑃,0 ⊕ 𝔞𝑃,0 ⊕ 𝔫, we have a spectral sequence

𝐸
𝑖, 𝑗
2 =𝐻𝑖 (𝔪𝑃,0 ⊕ 𝔞𝑃,0, 𝐾𝑀 , 𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐻 𝑗 (𝔫, 𝐸Λ))

⇒𝐻𝑖+ 𝑗 (𝔭0, 𝐾𝑃, 𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐸Λ).

By Kostant’s theorem,

𝐻 𝑗 (𝔫, 𝐸Λ) �
⊕
𝑤∈𝑊𝑃

𝑙 (𝑤)= 𝑗

𝐹𝑤(Λ+𝜌)−𝜌 .

By Kunneth formula,

𝐻∗(𝔪𝑃,0 ⊕ 𝔞𝑃,0, 𝐾𝑀 , 𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐹𝑤(Λ+𝜌)−𝜌)

�𝐻∗(𝔪𝑃,0, 𝐾𝑀 , 𝜋̃∞ ⊗ 𝐹𝑤(Λ+𝜌)−𝜌) ⊗ 𝐻∗(𝔞𝑃,0, Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ C(𝑤(Λ + 𝜌) − 𝜌)).

By [Mun20, Lemma 2.2.1], as a 𝑃(A 𝑓 )-representation, 𝐻∗(𝔞𝑃,0, Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗C(𝑤(Λ+𝜌)−

𝜌))) = C(exp(⟨𝐻𝑃 (·), 𝑑𝜒𝜋+𝜌𝑃⟩)) if 𝑑𝜒𝜋+𝜌𝑃+𝑤(Λ+𝜌)−𝜌 = 0 on 𝔞𝑃,0, or 0 otherwise. Therefore,

𝐻∗(𝔭0, 𝐾𝑃, 𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐸Λ) ≠ 0

only if there is some 𝑤 ∈ 𝑊𝑃 satisfying that −𝑤(Λ + 𝜌) = 𝑑𝜒𝜋 on 𝔞𝑃,0. For this 𝑤,

𝐻∗(𝔤0, 𝐾; ind(𝔤0,𝐾)
(𝔭0,𝐾𝑃)

(𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ) ⊗ 𝐸Λ)

�𝐻∗(𝔭0, 𝐾𝑃, 𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐸Λ)

�𝐻∗−𝑙 (𝑤) (𝔪𝑃,0, 𝐾𝑀 , 𝜋̃∞ ⊗ 𝐹𝑤(Λ+𝜌)−𝜌)(exp(⟨𝐻𝑃 (·), 𝑑𝜒𝜋 + 𝜌𝑃⟩))

as 𝑃(A 𝑓 )-representations, and the result follows. □

Remark 1.1. The condition 𝐻∗(𝔪𝑃,0, 𝐾𝑀 , 𝜋̃∞ ⊗ 𝐹𝑤(Λ+𝜌)−𝜌) ≠ 0 also gives a condition on the

central character of 𝜋̃∞.
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1.5 Cohomology of induced representations: automorphic vector bundle case

In this section, we prove a new result Theorem 1.2, which is analogous to Theorem 1.1 and

requires the analysis made in [HZ94]. For simplicity, we assume that (𝐺, 𝑋) is a Shimura datum

of PEL type and 𝑃 ⊂ 𝐺 is a maximal parabolic subgroup. In this case, the hermitian part 𝐺ℎ

and linear part 𝐺 𝑙 of 𝑀 are defined in [Lan13] and satisfy that 𝑀 = 𝐺ℎ × 𝐺 𝑙 . We introduce more

notations following [HZ94, Section 1]. The maximal parabolic subgroup 𝑃 is associated with some

boundary component 𝐹 of 𝑋 and we write 𝑃 = 𝑃𝐹 . Let 𝑊𝐹 be the unipotent radical of 𝑃𝐹 , 𝑈𝐹

be the center of 𝑊𝐹 , and 𝑉𝐹 := 𝑊𝐹/𝑈𝐹 . Let 𝔳𝐹 := Lie(𝑉𝐹)C. The filtration 𝐹∗𝑜 induces a Hodge

structure of type {(0,−1), (−1, 0)} on Lie(𝑉𝐹). As in [HZ94, Section 1.6], 𝐺ℎ admits a mixed

Shimura datum (𝐺ℎ, 𝑋 (𝐹)), which is used to describe the structure of boundary strata.

We assume that 𝑜 ∈ Δ(𝑃𝐹)+ as in [HZ94, Section 1.8]. We define 𝐾𝑙 = 𝐾∞ ∩ 𝐺 𝑙 (R), and

𝐾ℎ = 𝐾∞ ∩𝐺ℎ (R), and 𝐾𝑀 be the image of 𝐾∞ ∩ 𝑃(R) in 𝑀 (R). The assumption implies that 𝐾𝑙

contains a maximal compact subgroup of 𝐺 𝑙 (R)0 and 𝐾ℎ contains a maximal compact subgroup

of 𝐺ℎ (R)0, so 𝐾𝑙 × 𝐾ℎ has finite index in 𝐾𝑀 . Assume also 𝑜 is a CM point, then there exists the

canonical automorphic factor

𝐽 := 𝐺 (R)0 × 𝑋 → 𝐾𝑜 (C)

and 𝐽𝑜 := 𝐽 (·, 𝑜) extends to an rational map 𝐺C d 𝐾𝑜,C. The definition for the canonical auto-

morphic factor is given in [Har86]. We denote by 𝑗 : 𝔤C → Lie(𝐾𝑜)C the induced map between

tangent spaces at the origin points. By the definition of canonical automorphic factors, one easily

verifies the following properties:

1. If 𝑢 ∈ 𝑈𝐹 (C), 𝐽𝑜 (𝑢) = 1. Therefore, 𝑗 (𝔲C) = 0.

2. Let 𝑣 ∈ 𝐹0
𝑜 𝔤C, say 𝑣 = 𝑣0 + 𝑣− where 𝑣0 ∈ 𝔤0,0, and 𝑣− ∈ 𝔓−𝑜 (C). With the decomposition,

exp(𝑡𝑣) = exp(𝑡𝑣0)𝑝− for some 𝑝− ∈ 𝔓o
−. Then we get 𝐽𝑜 (exp(𝑡𝑣)) = exp(𝑡𝑣0) and

therefore 𝑗 (𝑣) = 𝑣0. This applies to the following cases:

(a) 𝑣 ∈ 𝐹0
𝑜 𝔳𝐹 . Note that any two representatives in 𝔤C differ from an element in 𝔲𝐹 (C),
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so there is no ambiguity. The action of 𝑗 (𝑣) and 𝑣 on a finite-dimensional irreducible

representation of 𝔓o are the same.

(b) Let 𝑣 ∈ 𝔤𝑙 . Recall the action of 𝐺 𝑙 (R)0 on 𝑈𝐹 induces the isomorphism of vector

spaces 𝜙 : 𝔤𝑙/𝑘 𝑙 � 𝔲. We have 𝑣 − 𝑖𝜙(𝑣) ∈ 𝐹0
𝑜 𝔤C and 𝑗 (𝑣) = 𝑗 (𝑣 − 𝑖𝜙(𝑣)). Since

𝐽𝑜 = Ad𝑐𝐹 on 𝐺 𝑙 where 𝑐𝐹 is the inverse Cayley transform, the action of 𝔤𝑙 via Ad𝑐𝐹

is the same as the one via 𝑣 ↦→ 𝑣 − 𝑖𝜙(𝑣).

Let 𝔓o
0 := 𝔓o ∩ 𝔤0. We should compute the cohomology

𝐻∗(𝔓o
0, 𝐾∞, Ind𝐺 (A)

𝑃(A) (𝜋̃ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ) ⊗ 𝑉𝜅).

By [HZ94, Lemma 1.8.6], see also [HZ94, Section 3.5], and [HZ01, Section 3.6], there is a

parabolic subgroup 𝑄𝐹,𝑜 ⊂ 𝐾𝑜 with Lie algebra 𝔮𝐹,𝑜 such that the Lie algebra homomorphism

𝑗 : 𝔓o ∩ 𝔭→ 𝔨𝑜,C induces an isomorphism

𝔤𝑙,C ⊕𝔓o
0 ∩ 𝔤ℎ,C ⊕𝐹0

𝑜 𝔳𝐹 → 𝔮𝐹,𝑜

in which 𝑗 (𝐹0
𝑜 𝔳𝐹) is exactly the unipotent radical of 𝔮𝐹,𝑜. We assume 𝔥𝑙 ⊂ 𝔤𝑙 is an Cartan

subalgebra, 𝔥ℎ ⊂ 𝔨𝐺ℎ,C is an Cartan subalgebra, 𝔥𝑐 = 𝑗 (𝔥𝑙) ⊕ 𝔥ℎ, and the choice of positive roots

are made so that 𝑄𝐹,𝑜 is a standard parabolic subgroup. Let 𝑀𝐹,𝑜 := 𝑗 (𝐺 𝑙) × 𝐾ℎ be the Levi

subgroup of 𝑄𝐹,𝑜 and 𝑊𝑄𝐹,𝑜 be the minimal length representatives 𝑊𝑀𝐹,𝑜\𝑊𝐾𝑜 . Then Kostant’s

theorem says

𝐻𝑖 ( 𝑗 (𝐹0
𝑜 𝔳𝐹), 𝑉𝜅) =

⊕
𝑤∈𝑊𝑄𝐹,𝑜

𝑙 (𝑤)=𝑖

𝐿𝑤·𝜅

where 𝑤 · 𝜅 = 𝑤(𝜅 + 𝜌𝑐) − 𝜌𝑐 and 𝐿𝑤·𝜅 is the irreducible representation of 𝑀𝐹,𝑜 with highest weight

𝑤 · 𝜅. Moreover, 𝐿𝑤·𝜅 is an exterior product of two finite-dimensional irreducible representation of

𝐺 𝑙 , 𝐾ℎ, respectively, denoted by 𝐿𝑤·𝜅 = 𝐿𝑙,𝑤·𝜅 ⊠ 𝐿ℎ,𝑤·𝜅. We also write 𝜋̃ = 𝜋𝑙 ⊠ 𝜋̃ℎ as an exterior

product of automorphic representations of 𝐺 𝑙 and 𝐺ℎ, respectively. The following is analogous to
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the result for cohomology of automorphic local systems and the proof is similar to the computation

of boundary cohomology in [HZ94, Section 3].

Theorem 1.2. 𝐻∗(𝔓o
0, 𝐾∞,𝑊𝑃,𝜋̃ ⊗ Sym(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝑉𝜅) is nontrivial only if there is a (neces-

sarily unique) 𝑤 ∈ 𝑊𝑄𝐹,𝑜 such that

−𝑤(𝜅 + 𝜌) |𝔞𝑃,0 = 𝑑𝜒𝜋 |𝔞𝑃,0 ,

and for this 𝑤,

𝐻∗+𝑙 (𝑤) (𝔓o
0, 𝐾∞,𝑊𝜋̃ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝑉𝜅)

�
(
𝐻∗(𝔤𝑙,0, 𝐾𝑙 , 𝜋̃𝑙,∞ ⊗ 𝐿𝑙,𝑤·𝜅) ⊗ 𝐻∗(𝔓o

0 ∩ 𝔤ℎ,C, 𝐾ℎ, 𝜋̃ℎ,∞ ⊗ 𝐿ℎ,𝑤·𝜅)
)𝐾𝑀
⊗ Ind𝐺 (A 𝑓 )

𝑃(𝐴 𝑓 ) (𝜋 𝑓 ).

Proof. Similarly, as in the automorphic local system case, we only have to prove the analogous

statement for 𝐻∗(𝔓o
0, 𝐾∞, ind(𝔤0,𝐾∞)

(𝔭0,𝐾𝑃)
(𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ) ⊗ 𝑉𝜅). Since 𝔓o

0 + 𝔭0 = 𝔤0 and

𝔓o
0 ∩ 𝔭∩ 𝔨C = 𝔨𝑃,C, ind(𝔤0,𝐾∞)

(𝔭0,𝐾𝑃)
� ind(𝔓o

0,𝐾∞)
(𝔓o

0 ∩ 𝔭,𝐾𝑃)
and we have the isomorphisms

𝐶∗(𝔓o
0, 𝐾∞, ind(𝔤0,𝐾)

(𝔭0,𝐾𝑃)
(𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ) ⊗ 𝑉𝜅)

�𝐶∗(𝔓o
0, 𝐾∞, ind(𝔓o

0,𝐾∞)
(𝔓o

0 ∩ 𝔭,𝐾𝑃)
(𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ) ⊗ 𝑉𝜅)

�𝐶∗(𝔓o
0, 𝐾∞, ind(𝔓o

0,𝐾∞)
(𝔓o

0 ∩ 𝔭,𝐾𝑃)
(𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝑉𝜅))

=𝐶∗(𝔓o
0 ∩ 𝔭0, 𝐾𝑃, 𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝑉𝜅).

Consider the decomposition

𝔓o
0 ∩ 𝔭 � 𝔤𝑙,C ⊕𝔓o

0 ∩ 𝔤ℎ,C ⊕𝐹0
𝑜 𝔳𝐹

where 𝔤𝑙,C is mapped into 𝔓o
0 ∩ 𝔭 by 𝑣 ↦→ 𝑣 − 𝑖𝜙(𝑣). This map does not affect the action of 𝔤𝑙

on 𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝑉𝜅. Similarly, as in the automorphic local system case, we have a
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spectral sequence and we consider the term

𝐻∗(𝔤𝑙 ⊕𝔓o
0 ∩ 𝔤ℎ,C, 𝐾𝑙 × 𝐾ℎ, 𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐿𝑙,𝑤·𝜅 ⊠ 𝐿ℎ,𝑤·𝜅)𝐾𝑀 .

From the decomposition 𝔤𝑙 = 𝔤𝑙,0 ⊕ 𝔞𝑃,0 and Kunneth formula, we obtain

𝐻∗(𝔤𝑙 ⊕𝔓o
0 ∩ 𝔤ℎ,C, 𝐾𝑙 × 𝐾ℎ, 𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝐿𝑙,𝑤·𝜅 ⊠ 𝐿ℎ,𝑤·𝜅)𝐾𝑀

=
(
𝐻∗(𝔤𝑙,0, 𝐾𝑙 , 𝜋𝑙 ⊗ 𝐿𝑙,𝑤·𝜅) ⊗ 𝐻∗(𝔞𝑃,0, Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ C(𝑤 · 𝜅))

⊗ 𝐻∗(𝔓o
0 ∩ 𝔤ℎ,C, 𝐾ℎ, 𝜋̃ℎ ⊗ 𝐿ℎ,𝑤·𝜅)

)𝐾𝑀
.

The cohomology 𝐻∗(𝔞𝑃,0, Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗C(𝑤 · 𝜅)) is nonzero only if (−𝑤(𝜅+𝜌𝑐) +𝜌𝑐) |𝔞𝑃,0 =

(𝑑𝜒𝜋 + 𝜌𝑃) |𝔞𝑃,0 , equivalently, −𝑤(𝜅 + 𝜌𝑐 + 𝑤−1(𝜌𝑛𝑐)) |𝔞𝑃,0 = 𝑑𝜒𝜋 |𝔞𝑃,0 . Since 𝑤 ∈ 𝑊 (𝔨𝑜, 𝔥𝑐), 𝑤

permutes Φ+𝑛𝑐 and we have 𝜌𝑐 + 𝑤−1(𝜌𝑛𝑐) = 𝜌𝑐 + 𝜌𝑛𝑐 = 𝜌.

If the condition is verified for 𝑤, then𝐻∗(𝔞𝑃,0, Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃⊗C(𝑤·𝜅)) � C(exp(⟨𝐻𝑃 (·), 𝑑𝜒𝜋+

𝜌𝑃⟩)) as 𝑃(A 𝑓 )-representations. We conclude that

𝐻∗+𝑙 (𝑤) (𝔓o
0 ∩ 𝔭, 𝐾𝑙 × 𝐾𝑜, 𝜋̃∞ ⊗ Sym∗(𝔞∨𝑃,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝑉𝜅)𝐾𝑀 (exp(−⟨𝐻𝑃 (·), 𝑑𝜒𝜋 + 𝜌𝑃⟩))

=
(
𝐻∗(𝔤𝑙,0, 𝐾𝑙 , 𝜋̃𝑙,∞ ⊗ 𝐿𝑙,𝑤·𝜅) ⊗ 𝐻∗(𝔓o

0 ∩ 𝔤ℎ,C, 𝐾ℎ, 𝜋̃ℎ,∞ ⊗ 𝐿ℎ,𝑤·𝜅)
)𝐾𝑀

and the result follows. □

Remark 1.2. There are also conditions on central characters for 𝐻∗(𝔤𝑙,0, 𝐾𝑙 , 𝜋𝑙 ⊗ 𝐿𝑙,𝑤·𝜅) and

𝐻∗(𝔓o
0 ∩ 𝔤ℎ,C, 𝐾ℎ, 𝜋̃ℎ ⊗ 𝐿ℎ,𝑤·𝜅) to be nonzero. The factor 𝐻∗(𝔤𝑙,0, 𝐾𝑙 , 𝜋𝑙 ⊗ 𝐿𝑙,𝑤·𝜅) is a direct sum-

mand of 𝐻∗(𝑋𝐺𝑙 ,L𝑤·𝜅), and the factor 𝐻∗(𝔓o
0 ∩ 𝔤ℎ,C, 𝐾ℎ, 𝜋̃ℎ ⊗ 𝐿ℎ,𝑤·𝜅) is a direct summand of

𝐻∗(𝑆ℎtor
(𝐺ℎ,𝑋 (𝐹)) ,V𝑤·𝜅).
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1.6 Boundary values and constant term maps

In this section, we review the relation between boundary values of cohomology of locally

symmetric spaces and constant term maps of automorphic forms. For the automorphic local system

case, we follow [Har19]; for the automorphic vector bundle case, we follow [HZ94].

Let 𝑋𝐺 (𝐾 𝑓 ) be the Borel-Serre compactification of 𝑋𝐺 (𝐾 𝑓 ). It has the stratification 𝑋𝐺 (𝐾 𝑓 ) =⊔
𝜕𝑃𝑋𝐺 (𝐾 𝑓 ) where 𝜕𝑃𝑋𝐺 (𝐾 𝑓 ) is the strata associated to the parabolic subgroup 𝑃. On the space

𝑃(Q)\𝐺 (A)/𝐾∞𝐾 𝑓 we likewise define LΛ out of 𝐸Λ. By [Har19, Section 9.1],

𝐻∗(𝜕𝑃𝑋𝐺 (𝐾 𝑓 ),LΛ) = 𝐻∗(𝑃(Q)𝐴𝐺 (R)0\𝐺 (A)/𝐾∞𝐾 𝑓 ,LΛ).

Let 𝐾𝑃,∞ := 𝐾∞ ∩ 𝑃(R) and 𝐾𝑀,∞ � 𝐾𝑃,∞ be the image of 𝐾𝑃,∞ in 𝑀 (R). Then

𝑃(Q)𝐴𝐺 (R)0\𝐺 (A)/𝐾∞𝐾 𝑓 = 𝑃(Q)𝐴𝐺 (R)0\𝑃(R) × 𝐺 (A 𝑓 )/𝐾𝑃,∞𝐾 𝑓 ,

so the cohomology 𝐻∗(𝑃(Q)𝐴𝐺 (R)0\𝐺 (A)/𝐾∞𝐾 𝑓 ,LΛ) is computed by the cochain complex

𝐶∗(𝔭0, 𝐾𝑃,∞, 𝐶
∞(𝑃(Q)𝐴𝐺 (R)0\𝐺 (A)/𝐾 𝑓 ) ⊗ 𝐸Λ)

=𝐶∗(𝔭0, 𝐾𝑃,∞, ind𝐺 (A)
𝑃(A) (𝐶

∞(𝑃(Q)𝐴𝐺 (R)0\𝑃(A)))𝐾 𝑓 ⊗ 𝐸Λ).

Decompose 𝐺 (A 𝑓 ) into double cosets 𝐺 (A 𝑓 ) =
⊔
𝜉 𝑓 𝑃(A)𝜉 𝑓𝐾 𝑓 and define 𝐾 𝑓 ,𝜉 𝑓 := Ad𝜉 𝑓 (𝐾 𝑓 ) ∩

𝑃(A 𝑓 ). Then

𝐻∗(𝜕𝑃𝑋𝐺 (𝐾 𝑓 ),LΛ) = 𝐻∗(𝑃(Q)𝐴𝐺 (R)0\𝐺 (A)/𝐾∞𝐾 𝑓 , 𝐸Λ)

=𝐻∗(𝔭0, 𝐾𝑃,∞, ind𝐺 (A)
𝑃(A) (𝐶

∞(𝑃(Q)𝐴𝐺 (R)0\𝑃(A)))𝐾 𝑓 ⊗ 𝐸Λ)

= ind𝐺 (A 𝑓 )
𝑃(A 𝑓 ) (𝐻

∗(𝔭0, 𝐾𝑃,∞, 𝐶
∞(𝑃(Q)𝐴𝐺 (R)0\𝑃(A)) ⊗ 𝐸Λ))𝐾 𝑓

=
⊕
𝜉 𝑓

𝐻∗(𝔭0, 𝐾𝑃,∞, 𝐶
∞(𝑃(Q)𝐴𝐺 (R)0\𝑃(A)/𝐾 𝑓 ,𝜉 𝑓 ) ⊗ 𝐸Λ).
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Let 𝐹𝑃 : A(𝐺) → A(𝑃) be the map sending 𝑓 to the constant term with respective to 𝑃. Then

two inclusions 𝔭0 → 𝔤0, 𝐾𝑃,∞ → 𝐾∞ along with 𝐹𝑃 : A(𝐺) → A(𝑃) induce a constant term

map on cochain complexes

𝐶∗(𝔤0, 𝐾∞,A(𝐺)𝐴𝐺 (R)
0𝐾 𝑓 ⊗ 𝐸Λ) → 𝐶∗(𝔭0, 𝐾𝑃,∞, 𝐶

∞(𝑃(Q)𝐴𝐺 (R)0\𝐺 (A)/𝐾 𝑓 ) ⊗ 𝐸Λ)

and defines a constant term map

𝐻∗(𝔤0, 𝐾∞,A(𝐺)𝐴𝐺 (R)
0𝐾 𝑓 ⊗ 𝐸Λ) → 𝐻∗(𝔭0, 𝐾𝑃,∞, 𝐶

∞(𝑃(Q)𝐴𝐺 (R)0\𝐺 (A)/𝐾 𝑓 ) ⊗ 𝐸Λ).

By [Sch06, Theorem 1.10], the constant map agrees with the restriction map

𝐻∗(𝑋𝐺 (𝐾 𝑓 ),LΛ) = 𝐻∗(𝑋𝐺 (𝐾 𝑓 ),LΛ) → 𝐻∗(𝜕𝑃𝑋𝐺 (𝐾 𝑓 ),LΛ).

In the automorphic vector bundle case, we only consider restriction maps to boundary strata as-

sociated with maximal parabolic subgroups 𝑃. The case is studied in [HZ94] and the result is

analogous to the automorphic local system case. By [HZ94, Corollary 4.1.15], due to a spec-

tral sequence degenerating at 𝐸2-page, which is absent in the automorphic local system case, the

boundary cohomology of the 𝑃-strata 𝐻∗(𝑆ℎΣ
𝑃
, [𝑉𝜅]) is isomorphic to

Ind𝐺 (A 𝑓 )
𝑃(A 𝑓 )

( ⊕
𝑤∈𝑊𝑃

𝐻∗(𝑋𝐺𝑙 ,L𝑤·𝜅) ⊗ 𝐻∗(𝑆ℎtor
(𝐺ℎ,𝑋 (𝐹)) ,V𝑤·𝜅) [𝑙 (𝑤)]

)
.

as 𝐺 (A 𝑓 )-representation. By [HZ94, Theorem 3.10.3, Section 4.2], the restriction map is also

the same as the constant term map described in the proof of [HZ94, Theorem 3.10.3]. The ratio-

nal structure of automorphic vector bundles and therefore their cohomology are defined with the

canonical model. The rationality of restriction maps is explained in [HZ94, Section 4.8]. Following

the proof of [HZ94, Thm 5.3.11], [HZ94, Lemma 5.3.10, 5.3.12] says when 𝑉𝜅 is very convergent,

then Eisenstein classes coming fromA(𝐺)𝑃 is rational if and only if the boundary value along the
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𝑃-strata is rational. The constant term of our Eisenstein cohomology classes will be the same as

the defining section, which is the case included in [HZ94, Thm 5.3.11].

1.7 Example: Cuspidal Siegel Eisenstein series for GSp4

We apply the theorems in previous sections to a specific case: 𝐺 = GSp4, 𝑃 is the Siegel

parabolic subgroup, and study the contribution in the cohomology of Eisenstein series coming

from parabolically induced representation of 𝐺 arising from a cuspidal representation of the Levi

of 𝑃. These Eisenstein series are referred to as cuspidal Siegel Eisenstein series.

To begin with, we review some basic definitions regarding GSp4. We define GSp4 with the

symplectic form 𝐽 =
©­­«

0 𝐼2

−𝐼2 0

ª®®¬:

GSp4 := {𝑔 ∈ GL4 | 𝑔𝑡𝐽𝑔 = 𝜈(𝑔)𝐽}

and 𝜈 : GSp4 → G𝑚 is the similitude character.

We fix 𝑇 ⊂ 𝐺 := GSp4 the diagonal torus and identify 𝑋 (𝑇) with {(𝑘1, 𝑘2, 𝑘𝑐) ∈ Z3 | 𝑘 ≡

𝑘1 + 𝑘2 (mod 2)}. The weight 𝜅 = (𝑘1, 𝑘2, 𝑘𝑐) is determined by the condition

𝜅 diag(𝑎𝑐, 𝑏𝑐, 𝑎−1𝑐, 𝑏−1𝑐) = 𝑎𝑘1𝑏𝑘2𝑐𝑘𝑐 .

Let {𝑘1 ≥ 𝑘2 ≥ 0} be the dominant chamber. The simple roots are 𝛼 = (0, 2, 0) and 𝛽 = (1,−1, 0).

The set of positive roots is Φ+ = {𝛼, 𝛽, 𝛼 + 𝛽, 𝛼 + 2𝛽}. Let 𝑜 = 𝑖𝐼2 in the Siegel upper half space

be the base point. Then𝑈 (2) × R>0 � 𝐾𝑜 via the isomorphism

(𝐴 + 𝐵𝑖, 𝑐) ↦→ 𝑐
©­­«
𝐴 𝐵

−𝐵 𝐴

ª®®¬ .
The weight lattice of the diagonal torus of 𝐾𝑜,C is also identified with {(𝑘1, 𝑘2, 𝑘𝑐) ∈ Z3 | 𝑘𝑐 ≡
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𝑘1 + 𝑘2 (mod 2)}. Here the weight (𝑘1, 𝑘2, 𝑘𝑐) is characterized by the equation

(𝑘1, 𝑘2, 𝑘𝑐) (diag(𝛼, 𝛽), 𝑐) = 𝛼𝑘1𝛽𝑘2𝑐𝑘𝑐 .

There are two standard maximal parabolic subgroups 𝑃𝛼, 𝑃𝛽 with Levi decompositions 𝑃𝛼 =

𝑀𝛼𝑁𝛼, 𝑃𝛽 = 𝑀𝛽𝑁𝛽. The first is the Klingen parabolic subgroup 𝑃𝐾𝑙 and the second is the Siegel

parabolic subgroup 𝑃𝑆. Both Levi subgroups 𝑀𝛼, 𝑀𝛽 are isomorphic to GL2 ×G𝑚 via the follow-

ing isomorphisms [Mun20, Formula (4.1.2)]: For 𝑔 =
©­­«
𝑎 𝑏

𝑐 𝑑

ª®®¬ ∈ GL2 and 𝑡 ∈ G𝑚,

𝑖𝛼 (𝑔, 𝑡) :=

©­­­­­­­­«

𝑡−1 det(𝑔)

𝑎 𝑏

𝑡

𝑐 𝑑

ª®®®®®®®®¬
, 𝑖𝛽 (𝑔, 𝑡) :=

©­­«
𝑔

𝑡𝑇𝑔−1

ª®®¬ .

The component 𝑘𝑐 is invariant under the Weyl group action, so we omit it in the computations

below. The Weyl group is generated by 𝑤𝛼, 𝑤𝛽 and the actions on weight lattice are given by

𝑤𝛼 (𝑘1, 𝑘2) = (𝑘1,−𝑘2), 𝑤𝛽 (𝑘1, 𝑘2) = (𝑘2, 𝑘1).

Let 𝑃 = 𝑃𝛽. The set𝑊𝑃 = {𝑤 ∈ 𝑊 | 𝑤−1(𝛽) > 0} is given by

𝑊𝑃 = {1, 𝑤𝛼, 𝑤𝛼𝛽, 𝑤𝛼𝛽𝛼}.

The space 𝔞𝑃,0 is generated by diag(1, 1,−1,−1) and (𝑘1, 𝑘2)(diag(1, 1,−1,−1)) = 𝑘1 + 𝑘2. Let

Λ = (𝑘1, 𝑘2) be a dominant weight. We get the following table:
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𝑤 = 1 𝑤 = 𝑤𝛼 𝑤 = 𝑤𝛼𝛽 𝑤 = 𝑤𝛼𝛽𝛼

𝑤(Λ + 𝜌) (𝑘1 + 2, 𝑘2 + 1) (𝑘1 + 2,−𝑘2 − 1) (𝑘2 + 1,−𝑘1 − 2) (−𝑘2 − 1,−𝑘1 − 2)

𝑤(Λ + 𝜌) − 𝜌 (𝑘1, 𝑘2) (𝑘1,−𝑘2 − 2) (𝑘2 − 1,−𝑘1 − 3) (−𝑘2 − 3,−𝑘1 − 3)

−𝑤(Λ + 𝜌) |𝔞𝑃,0 −(𝑘1 + 𝑘2 + 3) −(𝑘1 − 𝑘2 + 1) 𝑘1 − 𝑘2 + 1 𝑘1 + 𝑘2 + 3

.

Let 𝜋 := 𝜎 ⊠ 𝜒 | · |𝑟 be an automorphic representation of GL2 ×G𝑚 � 𝑀𝛽 where 𝜒 is a Dirichlet

character and 𝜎∞ � 𝐷±𝜇 (𝑘) is a discrete series with weight 𝑘 holomorphic forms. We assume

𝑘1 − 3 ≥ 𝑘2 ≥ 0, 𝑘 = 𝑘1 + 𝑘2 + 4, 𝜇 = 𝑘1 − 𝑘2 + 1 and 𝜇 + 2𝑟 = −𝑘𝑐. Since 𝜌𝑃 = (3/2, 3/2),

𝜇 − 𝜌𝑃 > 0 and therefore all Eisenstein series defined by 𝜋 converges absolutely. Moreover,

−𝑤(Λ + 𝜌) |𝔞𝑃,0 = 𝑑𝜒𝜋 for 𝑤 = 𝑤𝛼𝛽 and 𝐹𝑤𝛼𝛽 (Λ+𝜌)−𝜌 = Sym𝑘1+𝑘2+2(C) ⊗ det−(𝑘1+3) . Therefore,

𝐻𝑖 (𝔪0, 𝑂 (2,R), 𝜋̃∞ ⊗ 𝐹𝑤𝛼𝛽 (Λ+𝜌)−𝜌) is nonzero if and only if 𝑖 = 1 and 𝑘 = 𝑘1 + 𝑘2 + 4, in which

case we get a 1-dimensional space.

We also consider the contribution of Ind𝐺𝑃𝛽 (𝜋) in coherent cohomology. For the Siegel parabolic

subgroup we have 𝐺 𝑙 = GL2, 𝐺ℎ = G𝑚, 𝐾𝑀 = 𝐾𝑙 = 𝑂 (2,R), 𝐾ℎ = {1}, and 𝔓o
0 ∩ 𝔤ℎ,C = {0}.

There is only 1 minimal length representative 𝑤 = 1. The canonical automorphic factor 𝑗 : 𝔤𝔩2,C �

𝔲2,C induces the pullback on weights 𝑗∗(𝑘1, 𝑘2, 𝑘𝑐) = (𝑘1, 𝑘2). When 𝜋 := 𝜎 ⊠ 𝜒 | · |𝑟 with

𝜎∞ � 𝐷±𝜇 (𝑘1 + 𝑘2 +4) and 𝜇+2𝑟 = −𝑘𝑐, 𝐻𝑖 (𝔤𝑙 , 𝐾𝑙 , 𝜋𝑙,∞ ⊗ 𝐿𝑙,𝑤·𝜅) is nonzero if and only if 𝑖 = 1 and

𝜅 = (𝑘2 − 1,−𝑘1 − 3, 𝑘𝑐), and in this case it is 1-dimensional. For this 𝜅, there are isomorphisms

𝐶∗(𝔓o
0,𝑈 (2), ind𝐺 (A)

𝑃𝑆 (A) (𝜋̃ ⊗ Sym∗(𝔞∨𝑃𝑆 ,0)𝑑𝜒𝜋+𝜌𝑃 ) ⊗ 𝑉𝜅)

�𝐶∗(𝔤𝔩2, 𝑂 (2,R), ind𝐺 (A 𝑓 )
𝑃𝑆 (A 𝑓 ) (𝜋̃ ⊗ Sym∗(𝔞∨𝑃𝑆 ,0)𝑑𝜒𝜋+𝜌𝑃 ) ⊗ 𝑉𝜅)

� ind𝐺 (A 𝑓 )
𝑃𝑆 (A 𝑓 ) (𝐶

∗(𝔤𝔩2, 𝑂 (2,R), 𝜋̃ ⊗ Sym∗(𝔞∨𝑃𝑆 ,0)𝑑𝜒𝜋+𝜌𝑃 ⊗ 𝑉𝜅))

� ind𝐺 (A 𝑓 )
𝑃𝑆 (A 𝑓 ) (𝐶

∗(𝔤𝔩2,0, 𝑂 (2,R), 𝜋̃ ⊗ 𝑉𝜅) ⊗ 𝐶∗(𝔞𝑃𝑆 ,0, Sym∗(𝔞∨𝑃𝑆 ,0)𝑑𝜒𝜋+𝜌𝑃 (𝜅)).

Therefore, the quasi-isomorphism of 𝑃(A 𝑓 )-modules

C(exp(⟨𝐻𝑃 (·), 𝑑𝜒𝜋 + 𝜌𝑃⟩)) [0] → 𝐶∗(𝔞𝑃𝑆 ,0, Sym∗(𝔞∨𝑃𝑆 ,0)𝑑𝜒𝜋+𝜌𝑃 (𝜅))
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induces the quasi-isomorphism

Ind𝐺 (A 𝑓 )
𝑃(A 𝑓 ) (𝐶

∗(𝔤𝔩2,0, 𝑂 (2,R), 𝜋∞(𝜌𝑃) ⊗ 𝑉𝜅) ⊗ 𝜋 𝑓 )

→𝐶∗(𝔓o
0,𝑈 (2), ind𝐺 (A)

𝑃𝑆 (A) (𝜋̃ ⊗ Sym∗(𝔞∨𝑃𝑆 ,0)𝑑𝜒𝜋+𝜌𝑃 ) ⊗ 𝑉𝜅).

We always choose the defining sections of Eisenstein cohomology classes in

Ind𝐺 (A 𝑓 )
𝑃(A 𝑓 ) (𝐶

∗(𝔤𝔩2,0, 𝑂 (2,R), 𝜋∞(𝜌𝑃) ⊗ 𝑉𝜅) ⊗ 𝜋 𝑓 ).

In our case, Ind𝐺 (R)
𝑃(R) (𝜋∞) is not irreducible and contains the non-holomorphic discrete series as-

sociated with the Harish-Chandra parameter (𝑘1 + 2,−(𝑘2 + 1)) (cf. [Mui09, Theorem 10.1] and

[Ver19, Table A.4]). The minimal 𝐾-type in it has highest weight (𝑘1 + 3,−𝑘2 + 1). The infinite

parts of our choice of cochains are contained in the non-holomorphic discrete series, so the unique

intertwining operator vanishes. Therefore, the constant terms of Eisenstein cohomology classes

are the same as their defining sections, and a class is rational if and only if the defining section is

rational.

We have to determine an integral structure for 𝑉𝜅 when we discuss the integrality of cohomol-

ogy. Let 𝐿1 := Z 𝑒1 ⊕ Z 𝑒2 ⊂ Z4 be the maximal isotropic sublattice fixed by 𝑃. 𝑉𝜅 is the fiber of a

homogeneous vector bundle over the compact dual𝐺/𝑃𝑜 at 𝑜 = 𝑖𝐼2, which is canonically identified

with the fiber at 0, the point associated with 𝑃𝑜𝑝𝑝𝑆 , via the 𝑁 (C)-action. Hence, 𝑉𝜅 is regarded as a

𝑃
𝑜𝑝𝑝
𝑆 -representation that is trivial on 𝑁𝑜𝑝𝑝. We take

𝑉𝜅 = Sym𝑘1+𝑘2+2(𝐿1,C) ⊗ det−(𝑘1+3) (𝐿1,C),

and the integral structure of it as a fiber of a homogeneous vector bundle on 𝐺C/𝑃𝑜𝑝𝑝 is given by

(Sym𝑘1+𝑘2+2(𝐿1) ⊗ det−(𝑘1+3) (𝐿1))𝜈
𝑘𝑐+𝑘1−𝑘2+4

2
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as a representation of 𝑀 .

As in [HZ94, Section 4.3], the rational and integral structures of 𝑉𝜅 as fibers of homogeneous

vector bundles and as automorphic vector bundles differ from a period, which is a power of 2𝜋𝑖

in this case. The universal semi-abelian scheme degenerates to G𝑚 ⊗Z𝐿1 over the boundary strata

associated to 𝑃 in the toroidal compactification, and the Z-dual of the character group of G𝑚 ⊗Z𝐿1

is
𝐿1
2𝜋𝑖

. Therefore, the integral structure for computing boundary cohomology is given by

Sym𝑘1+𝑘2+2(𝐿1/2𝜋𝑖) ⊗ det−(𝑘1+3) (𝐿1/2𝜋𝑖)

as a GL2-representation. Here Sym is the symmetric quotient. The last formula is independent

of 𝑘𝑐 because the period coming from 𝜈 is absorbed into Tate twists. This integral structure is

compatible with the integral model 𝜔𝜅 ofVcan
𝜅 defined in Section 3.4.
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Chapter 2: Torus embeddings

In this chapter, we follow the definitions and treatments in [Lan13] and [Lan16b] to review

torus embeddings associated with cone decompositions and formal schemes defined by comple-

tions along their boundary strata. The definitions are based on open cones instead of closed

ones. We then compute the cohomology of certain equivariant coherent sheaves over these for-

mal schemes. The cohomology computation builds on the method from [Lan16b] and [Har+16],

with foundational ideas tracing back to [Kem+06], [HZ94], and [FC13]. The sheaves we consider,

however, may not always be naturally formulated in the form analyzed in these references. To ad-

dress this, we consider a more flexible notation of equivariant sheaves that generalizes both kinds

considered in [Kem+06, Section 1.3], and interpret the cohomology in terms of relative cohomol-

ogy of topological spaces. When the cone decomposition is simplicial and sufficiently refined, the

cohomology is independent of the choice of such cone decompositions. This property extends to

the version of cohomology of the subsheaves of automorphic vector bundles we consider in the

following chapters.

2.1 Review of basic definitions

Most of the definitions in the section can be found in [Lan13, Section 6.1], and [Lan16b, Sec-

tion 4]. Let 𝑆 be a scheme, 𝑋 be a finitely generated free abelian group, and 𝑇 := Hom𝑆 (𝑋𝑆,G𝑚,𝑆)

the split torus over 𝑆 with character group 𝑋 . The cocharacter group of 𝑇 is 𝑋∨ := Hom(𝑋,Z).

We also consider the real vector spaces 𝑋R = 𝑋 ⊗ R and 𝑋∨R = 𝑋∨ ⊗ R, endowed with the Eu-

clidean topology. For every subset𝑊 ⊂ 𝑋∨R , we define𝑊 as the closure of𝑊 in 𝑋∨R and𝑊𝑐 as the

complement of𝑊 in 𝑋∨R .

Definition 2.1. A subset 𝐶 ⊂ 𝑋∨R is a cone if R>0 ·𝐶 = 𝐶. A cone 𝐶 is nondegenerate if 𝐶 does not
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contain any nonzero linear subspace of 𝑋∨R .

Definition 2.2. A rational polyhedral cone 𝜎 ⊂ 𝑋∨R is a cone of the form

𝜎 = R>0 𝑣1 + · · · + R>0 𝑣𝑛

for some 𝑣1, . . . , 𝑣𝑛 ∈ 𝑋∨ ⊗ Q.

Definition 2.3. If 𝜎 ⊂ 𝑋∨R is a rational polyhedral cone, we define

𝜎∨ = {𝑥 ∈ 𝑋 | ⟨𝑥, 𝑦⟩ ≥ 0 ∀ 𝑦 ∈ 𝜎},

𝜎∨0 = {𝑥 ∈ 𝑋 | ⟨𝑥, 𝑦⟩ > 0 ∀ 𝑦 ∈ 𝜎},

𝜎⊥ = {𝑥 ∈ 𝑋 | ⟨𝑥, 𝑦⟩ = 0 ∀ 𝑦 ∈ 𝜎}.

By definition, 𝜎∨ = 𝜎∨0 ⊔ 𝜎⊥.

Definition 2.4. A face 𝜏 of 𝜎 is a subset in 𝑋∨R of the form

𝜏 = 𝜎 ∩ ker(𝑦)

for some 𝑦 ∈ 𝜎∨. Such 𝜏 is also a rational polyhedral cone.

Proposition 2.1. A face of a face is again a face, and the intersection of two faces is a face.

Definition 2.5. Let𝐶 be a cone in 𝑋∨R . Let Γ be a group acting on 𝑋 , hence on 𝑋∨R . Then a rational

polyhedral cone decomposition of 𝐶 is defined as a collection Σ = {𝜎𝑗 } 𝑗∈𝐽 where

1. Each 𝜎𝑗 is a nondegenerate rational polyhedral cone.

2. 𝐶 is the disjoint union of all 𝜎𝑗 , and every face of a 𝜎𝑗 is again in the collection.

Σ is Γ-admissible if in addition, Σ is stable under the Γ-action, and Σ/Γ is a finite set.
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Definition 2.6. A rational polyhedral cone 𝜎 is simplicial if the number of 1-dimensional faces of

𝜎 is the same as the dimension of 𝜎. It is smooth if it has the form

𝜎 = R>0 𝑣1 + · · · + R>0 𝑣𝑛

where 𝑣1, . . . , 𝑣𝑛 can be extended to a Z-basis of 𝑋 . Moreover, {0} is also considered smooth.

A rational polyhedral cone decomposition Σ is simplicial (smooth) if every 𝜎 ∈ Σ is simplicial

(smooth).

Definition 2.7 ([Lan13, Definition 7.3.1.1]). A Γ-admissible polyhedral cone decomposition Γ is

projective if there is a piece-wise linear continuous function pol : 𝐶 → R>0 satisfying the following

conditions:

1. pol is linear on each 𝜎 ∈ Σ.

2. If pol is linear on some rational polyhedral cone 𝜎′ ⊂ 𝐶, then 𝜎′ is contained in some

𝜎 ∈ Σ.

3. For every 0 ≠ 𝑥 ∈ 𝐶 ∩ 𝑋 , pol(𝑥) ∈ Z>0.

4. pol is convex in the following sense: For every 𝑥, 𝑦 ∈ 𝐶, pol(𝑥 + 𝑦) ≥ pol(𝑥) + pol(𝑦).

Let 𝑀 be a 𝑇-torsor over 𝑆. Then 𝑀 → 𝑆 is affine, and we denote by O𝑀 , by abuse of

notation, the direct image of the structure sheaf of 𝑀 to 𝑆. O𝑀 is a quasi-coherent O𝑆-algebra with

the weight space decomposition

O𝑀 =
⊕
𝑥∈𝑋
O𝑀,𝑥

where each O𝑀,𝑥 is the weight-𝑥 subsheaf of O𝑀 , and there are compatible isomorphisms

O𝑀,𝑥 ⊗O𝑆 O𝑀,𝑥′ � O𝑀,𝑥+𝑥′ ,

defining the multiplication in O𝑀 . This gives a group homomorphism 𝑋 → Pic(𝑆).
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Definition 2.8. For every nondegenerate rational polyhedral cone 𝜎 ⊂ 𝑋∨R , we define

𝑀 (𝜎) := SpecO𝑆

(⊕
𝑥∈𝜎∨
O𝑀,𝑥

)
.

For every 𝑀 (𝜎), there is a natural open immersion 𝑀 ↩→ 𝑀 (𝜎) identifying 𝑀 as an open

dense subscheme. If 𝜏 is a boundary of 𝜎, then the inclusion

⊕
𝑥∈𝜎∨
O𝑀,𝑥 ↩→

⊕
𝑥∈𝜏∨
O𝑀,𝑥

induces a natural open immersion 𝑀 (𝜏) ↩→ 𝑀 (𝜎).

Definition 2.9. We define 𝑀𝜎 ⊂ 𝑀 (𝜎) as the closed subscheme defined by the ideal sheaf
⊕

𝑥∈𝜎∨0
O𝑀,𝑥 .

The underlying topological space is 𝑀 (𝜎) −⋃
𝜏 𝑀 (𝜏), where 𝜏 runs through all proper faces of

𝜎.

The closed subscheme structure canonically identifies 𝑀𝜎 with SpecO𝑆
(⊕

𝑥∈𝜎⊥ O𝑀,𝑥
)
. Let

𝑇𝜎 := SpecO𝑆
(⊕

𝑥∈𝜎⊥ O𝑇,𝑥
)

as a quotient torus of 𝑇 . Then 𝑀𝜎 is a 𝑇𝜎-torsor.

Proposition 2.2. If 𝑆 is reduced (normal), 𝑀𝜎 is reduced (normal).

Let 𝜏 be a face of 𝜎. Then 𝑀𝜏 ⊂ 𝑀 (𝜎) is a locally closed subscheme and the natural morphism

is induced by the natural map 𝜎∨ → 𝜏∨ → 𝜏∨/𝜏∨0 = 𝜏⊥.

Definition 2.10. The closure of 𝑀𝜏 in 𝑀 (𝜎) is denoted by 𝑀𝜎,𝜏, endowed with the closed sub-

scheme structure

𝑀𝜎,𝜏 := SpecO𝑆
©­«

⊕
𝑥∈𝜎∨/𝜎∨∩𝜏∨0

O𝑀,𝑥ª®¬ .
Definition 2.11. Let 𝐶 be a cone of 𝑋∨R and Σ be a rational polyhedral cone decomposition. Then

{𝑀 (𝜎)}𝜎∈Σ glue together to a scheme over 𝑆, denoted by 𝑀Σ. The 𝑇-action on 𝑀 extends to one

on 𝑀Σ.

There is a stratification on 𝑀Σ:

𝑀Σ =
∐
𝜎∈Σ

𝑀𝜎 .
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𝑀𝜎 is in the closure of 𝑀𝜏 if and only if 𝜏 is a face of 𝜎.

Definition 2.12. Let Σ, Σ′ be two polyhedral cone decomposition of 𝐶. We say Σ′ refines Σ, or Σ′

is a refinement of Σ, if every 𝜎 ∈ Σ is the disjoint union of finitely many 𝜎′ ∈ Σ′.

Proposition 2.3. If Σ′ refines Σ, there is a canonical𝑇-equivariant map 𝑀Σ′ → 𝑀Σ. The preimage

of 𝑀𝜎 is ⊔
𝜎′⊂𝜎

𝑀𝜎′ .

Suppose Γ acts on 𝑀 → 𝑆 equivariantly such that 𝛾 : O𝑀,𝛾·𝑥 � O𝑀,𝑥 and Σ is a Γ-admissible

rational polyhedral cone decomposition. Then the Γ-action on 𝑀 extends to an action on 𝑀Σ

sending 𝑀 (𝜎) to 𝑀 (𝛾(𝜎)).

2.2 Cohomology computations

Suppose 𝑆 is locally Noetherian. Let 𝐶 ⊂ 𝑋∨R be a cone and Σ be a rational polyhedral cone

decomposition of 𝐶. We define |Σ | as the geometric realization of Σ. It has underlying space 𝐶

and the topology is the subspace topology in 𝑋∨R if Σ is locally finite. Let Σ1 ⊂ Σ be a (possibly

empty) subset closed under taking faces. Then Σ1 is a rational polyhedral cone decomposition of

some subcone 𝐶1 ⊂ 𝐶. Let Σ0 := Σ − Σ1. We define |Σ0 | := |Σ | − |Σ0 |. The underlying space of

|Σ0 | is the same as 𝐶0 := 𝐶 − 𝐶1, and |Σ0 | � 𝐶 − 𝐶1 as a topological space when Σ0 is locally

finite. If Σ′ is a refinement of Σ and we define Σ′𝑖 := {𝜎′ ∈ Σ | 𝜎′ ⊂ some 𝜎 ∈ Σ𝑖} for 𝑖 = 0, 1,

then |Σ′0 | = |Σ0 |.

Let 𝑓 : 𝐶 → R be a function with the following conditions:

1. 𝑓 is R≥0-linear.

2. 𝑓 is piece-wise linear.

3. 𝑓 takes rational values on cocharacters.

4. 𝑓 is convex on each 𝜎 ∈ Σ, in the sense that 𝑎 𝑓 (𝑥) + 𝑏 𝑓 (𝑦) ≥ 𝑓 (𝑎𝑥 + 𝑏𝑦) for all 𝑥, 𝑦 ∈ 𝜎

and 𝑎, 𝑏 ∈ R>0.
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Let 𝑍 ⊂ 𝐶 be a nonempty closed subcone with a rational polyhedral cone decomposition Σ𝑍 ⊂ Σ.

In particular, 0 ∈ 𝑍 .

Definition 2.13. 𝐿 (Σ, 𝑍, 𝑓 ) (𝜎) ⊂ O𝑀 is the subsheaf over 𝑀 (𝜎) defined as follows: 𝐿 (Σ, 𝑍, 𝑓 ) (𝜎) =⊕
O𝑀,𝑥 where 𝑥 runs through all 𝑥 ∈ 𝜎∨ satisfying 𝑥 ≥ 𝑓 on 𝜎 and 𝑥 > 𝑓 on 𝜎 − 𝑍 .

This defines a sheaf of finite presentation over each 𝑀 (𝜎).

Proposition 2.4. {𝐿 (Σ, 𝑍, 𝑓 ) (𝜎)} glues together to a subsheaf of O𝑀 over 𝑀Σ, denoted by 𝐿 (Σ, 𝑍, 𝑓 ).

It is a coherent sheaf.

Proof. The proof is the same as the proof of [Kem+06, Theorem 9.I]. Let 𝜏 be a face of 𝜎. Then

we have to show that 𝐿 (Σ, 𝑍, 𝑓 ) (𝜎) |𝑀 (𝜏) = 𝐿 (Σ, 𝑍, 𝑓 ) (𝜏). Let 𝑟0 ∈ 𝜎∨ be a character defining the

face 𝜏. That is, ker(𝑟0) ∩ 𝜎 = 𝜏.Then a character 𝑟 ∈ 𝜏∨ satisfies that 𝑟 ≥ 𝑓 on 𝑍 ∩ 𝜏 and 𝑟 > 𝑓

on 𝜏 − 𝑍 iff 𝑟 + 𝑁𝑟0 ≥ 𝑓 on 𝑍 ∩ 𝜏 and 𝑟 + 𝑁𝑟0 > 𝑓 on 𝜏 − 𝑍 for all 𝑁 ∈ N. Moreover, by the

assumption on 𝑓 , for every such 𝑟 , there is a 𝑁 >> 0 such that 𝑟 + 𝑁𝑟0 ≥ 𝑓 on 𝑍 ∩ 𝜎 and 𝑟 > 𝑓

on 𝜏 − 𝑍 . □

Definition 2.14 (cf. (4), (5) of [Lan16b, p. 8]). The formal scheme 𝔛Σ0 is define as the completion

of 𝑀Σ along the closed subset
⊔
𝜎∈Σ0 𝑀𝜎. The sheaf 𝐿 (Σ0, 𝑍, 𝑓 ) is defined as the completion of

𝐿 (Σ, 𝑍, 𝑓 ) over 𝔛Σ0 . 𝒰 := {𝑀 (𝜎)}𝜎∈Σ is an relative affine open covering of 𝑀Σ. For every

𝜎 ∈ Σ0, we define

𝜎∨0,+ :=
⋂
𝜏⊂𝜎
𝜏∈Σ0

𝜏∨0 .

The ideal sheaf ℐΣ0 :=
⊕

𝑥∈𝜎∨0,+
O𝑀,𝑥 defines a closed subscheme with underlying closed subset

𝑀 (𝜎) ∩ 𝔛Σ0 . Let 𝔘(𝜎) be the formal completion of 𝑀 (𝜎) with respect to this ideal sheaf. 𝔘 is

defined as the collection 𝔘 := {𝔘(𝜎)}𝜎∈Σ0 . It is a relatively affine formal open covering of 𝔛Σ0 .

Proposition 2.5. When 𝑓 = 0, 𝐿 (Σ, 𝑍, 0) is an ideal sheaf of 𝑀Σ. There are relations 𝐿 (Σ, 𝑍, 0) +

𝐿 (Σ, 𝑍′, 0) = 𝐿 (Σ, 𝑍 ∪ 𝑍′, 0), and 𝐿 (Σ, 𝑍, 0) ∩ 𝐿 (Σ, 𝑍′, 0) = 𝐿 (Σ, 𝑍 ∩ 𝑍′, 0).

Moreover, if 𝑆 is reduced, 𝐿 (Σ0, 𝑍, 0) is radical. This implies that if Σ0 = Σ and 𝑆 is reduced,

then 𝐿 (Σ, 𝑍, 0) is the ideal sheaf defining the reduced induced structure of
⊔
𝜎⊂𝐶−𝑍 𝑀𝜎.
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Proof. We may assume 𝐶 = 𝜎 for some 𝜎 ∈ Σ and 𝑆 = Spec(𝑅) where 𝑅 is a Noethe-

rian ring. Then we define 𝑅𝑥 := Γ(𝑆,O𝑀,𝑥), 𝐿𝑍 := Γ(𝑀 (𝜎), 𝐿 (Σ, 𝑍, 0)), and write 𝑀 (𝜎) =

Spec
(⊕

𝑥∈𝜎∨ 𝑅𝑥
)
. For every 𝑥 ∈ 𝜎∨, we define 𝜏𝑥 as the face of 𝜎 defined by 𝑥. Then 𝑅𝑥 ⊂ 𝐿𝑍

if and only if 𝜏𝑥 ⊂ 𝑍 . Since 𝑍 is a closed subcone, it is equivalent to 𝜏𝑥 ⊂ 𝑍 , or equivalently,

𝜏𝑥 ∈ Σ𝑍 . Then we have

𝐿𝑍 + 𝐿𝑍 ′ =
⊕
𝜏𝑥∈Σ𝑍

𝑅𝑥 +
⊕
𝜏𝑥∈Σ𝑍′

𝑅𝑥 =
⊕

𝜏𝑥∈Σ𝑍∪Σ𝑍′
𝑅𝑥 = 𝐿𝑍∪𝑍 ′ ,

and

𝐿𝑍 ∩ 𝐿𝑍 ′ =
⊕
𝜏𝑥⊂𝑍

𝑅𝑥 ∩
⊕
𝜏𝑥⊂𝑍 ′

𝑅𝑥 =
⊕

𝜏𝑥⊂𝑍∩𝑍 ′
𝑅𝑥 = 𝐿𝑍∩𝑍 ′ .

Suppose 𝑅 is reduced. We first prove that 𝐿 (Σ, 𝑍, 0) is radical. Let 𝜎′ be a top-dimensional

polyhedral cone in 𝑋R such that 𝜎 is a face of 𝜎′, and Σ′ be the set of all faces of 𝜎′. Then

𝑀 (𝜎) ⊂ 𝑀 (𝜎′) is an open subscheme and the reducedness of 𝐿 (Σ′, 𝑍, 0) implies the reducedness

of 𝐿 (Σ, 𝑍, 0). Therefore, we may assume 𝜎 is top-dimensional.

Suppose 𝑎 = (𝑎𝑥) ∈
⊕

𝑥∈𝜎 𝑅𝑥 and 𝑎𝑛 ∈ 𝐿𝑍 for some 𝑛 ∈ N. We prove 𝑎 ∈ 𝐿𝑍 by induction

on the number of 𝑥 such that 𝑎𝑥 ≠ 0, say 𝑚. When 𝑚 = 0, 𝑎 = 0 ∈ 𝐿𝑍 . Suppose this is true for

some 𝑚 = 𝑘 and we consider the case 𝑚 = 𝑘 + 1. If 𝜎∨ is given by relations 𝑥1, . . . , 𝑥𝑠 ≥ 0 for

some 𝑥1, . . . , 𝑥𝑠 ∈ 𝜎, since 𝜎 is top-dimensional, (𝑥1, . . . , 𝑥𝑠) : 𝜎∨ → Z𝑠≥0 is injective. Therefore,

the lexicographical order gives a total order on 𝜎∨. Let 𝑥0 be the minimal element in the set

{𝑥 ∈ 𝑋 | 𝑎𝑥 ≠ 0} under this lexicographical order. Then the 𝑛𝑥-component of 𝑎𝑛 is 𝑎𝑛𝑥 . Since it is

nonzero, we must have 𝑅𝑛𝑥 ⊂ 𝐿𝑍 , equivalently, 𝜏𝑛𝑥 ∈ Σ𝑍 , for 𝑛 large enough. Since 𝜏𝑛𝑥 = 𝜏𝑥 , this

is equivalent to that 𝑅𝑥 ⊂ 𝐿𝑍 . On the other hand, 𝑎 − 𝑎𝑥 has only 𝑘 nonzero terms and is in
√
𝐿𝑍 .

By induction hypothesis, we have 𝑎 − 𝑎𝑥 ∈ 𝐿𝑍 , and hence 𝑎 ∈ 𝐿𝑍 .

For general 𝐿 (Σ0, 𝑍, 0), we have to prove that
(⊕

𝑥∈𝜎 𝑅𝑥
)∧ /𝐿∧𝑍 =

(⊕
𝑥∈𝜎 𝑅𝑥/𝐿𝑍

)∧ is reduced.

Since 𝑅 is reduced,
⊕

𝑥∈𝜎 𝑅𝑥/𝐿𝑍 , and hence (
⊕

𝑥∈𝜎 𝑅𝑥/𝐿𝑍 )∧ is flat over 𝑅, it suffices to prove

that each fiber of Spec(
(⊕

𝑥∈𝜎 𝑅𝑥/𝐿𝑍
)∧) → Spec(𝑅) is reduced. By taking another completion,

we may assume 𝑅 = 𝑘 is a field. In this case,
(⊕

𝑥∈𝜎 𝑅𝑥/𝐿𝑍
)

is Nagata and
⊕

𝑥∈𝜎 𝑅𝑥/𝐿𝑍 is
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reduced by the previous case, so
(⊕

𝑥∈𝜎 𝑅𝑥/𝐿𝑍
)∧ is also reduced. □

We make computations for cohomology in the following case: Let 𝑆 = Spec(𝑅) for some

Noetherian ring 𝑅, 𝑅𝑥 := O𝑀,𝑥 (𝑆), 𝑉 be a finitely generated module over 𝑅, 𝑉𝑥 := 𝑉 ⊗𝑅 𝑅𝑥 . Let

𝜋 : 𝑀Σ → 𝑆. We define V = 𝜋∗𝑉 and V∧ be the completion of V along 𝔛Σ0 . We consider the

cohomology 𝐻∗(𝑀Σ0 , 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V) and 𝐻∗(𝔛Σ0 , 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗O𝔛Σ0
V∧).

𝐻∗(𝑀Σ0 , 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V) is computed by the Cech complex 𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V). Let

𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V)[𝑥] be the 𝑥-eigenspace of 𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V). We first compute the

cohomology for each 𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V)[𝑥]. For every 𝑥 ∈ 𝑋 , we define the following sets:

𝐴𝑥 := {𝑝 ∈ 𝑋∨R | 𝑝(𝑥) ≥ 𝑓 (𝑝)}, 𝐵𝑥 := {𝑝 ∈ 𝑋∨R | 𝑝(𝑥) ≤ 𝑓 (𝑝)}. These sets are independent of

the decomposition Σ.

Lemma 2.1. Let𝑈 ⊂ R𝑛 be a star-shaped subset and𝑈 ⊂ 𝑈′ ⊂ 𝑈, then𝑈′ is also star-shaped.

Proof. It suffices to show that 𝑈 is star-shaped. Let 𝑝0 ∈ 𝑈 be a point such that for every 𝑝 ∈ 𝑈,

the segment connecting 𝑝0 and 𝑝 is in 𝑈. Let 𝑞 ∈ 𝑈 and 𝑓 : [0, 1] → R𝑛 be the segment from 𝑝0

to 𝑞. It suffices to show that 𝑓 −1(𝑈) = [0, 1). This is given by that sup{ 𝑓 −1(𝑈)} = 1 as 𝑞 is in 𝑈

and that 𝑓 −1(𝑈) is an interval from the assumption on 𝑝0. □

We interpret the cohomology as relative cohomology of topological spaces. We recall the

definition in [Bre12, Chapter II.12]. Let X be a topological space, Y 𝑖−→ X be a subspace, and 𝐹

be a sheaf of abelian groups on X. Then there is a natural map

𝑖∗𝐹 : 𝒞(X, 𝐹) → 𝑖∗𝒞(Y, 𝑖−1𝐹)

where 𝒞(X, 𝐹) and 𝒞(Y, 𝑖−1𝐹) are the canonical resolutions of 𝐹 and 𝑖−1𝐹, respectively. It is

proven in [Bre12, Chapter II.12] that 𝑖∗𝐹 is surjective with flabby kernel and the relative cohomology

is defined as

𝐻∗(X,Y; 𝐹) := 𝐻∗(Γ(X; ker(𝑖∗𝐹))).
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Since canonical resolutions are flabby resolutions, 𝑅𝑖∗𝑖−1𝐹 is represented by 𝑖∗𝒞(Y, 𝑖−1𝐹) and we

have the distinguished triangle

ker(𝑖∗𝐹) → 𝐹 → 𝑅𝑖∗𝑖
−1𝐹

+1−−→ .

We define 𝑅Γ(X,Y; 𝐹) := 𝑅Γ(X, ker(𝑖∗𝐹)), which is represented by Γ(X; ker(𝑖∗𝐹)). Then there is

the distinguished triangle

𝑅Γ(X,Y; 𝐹) → 𝑅Γ(X; 𝐹) → 𝑅Γ(Y; 𝑖−1𝐹) +1−−→ .

Lemma 2.2. Let {X𝑛}𝑛∈N be an increasing filtration of open subspaces of X that forms an open

covering of X. Let Y𝑛 := X𝑛 ∩ Y. Then

𝑅Γ(X,Y; 𝐹) = 𝑅Γ(X; 𝑅 lim←−−
𝑛

𝑅𝑖𝑛,𝑋,∗ ker(𝑖∗
𝑛,𝑖−1
𝑛,𝑋𝐹
)) = 𝑅 lim←−−

𝑛

𝑅Γ(X𝑛,Y𝑛; 𝑖−1
𝑛,𝑋𝐹).

Proof. Let 𝑖𝑛,𝑋 , 𝑖𝑛,𝑌 be the inclusions ofX𝑛,Y𝑛 intoX,Y, respectively, 𝜙𝑛,𝑋 , 𝜙𝑛,𝑌 be the inclusions

X𝑛 → X𝑛+1, Y𝑛 → Y𝑛+1, respectively, and 𝑖𝑛 be the inclusion Y𝑛 → X𝑛 for every 𝑛. Over X𝑛, we

have the exact triangle

ker(𝑖∗
𝑛,𝑖−1
𝑛,𝑋𝐹
) → 𝑖−1

𝑛,𝑋𝐹 → 𝑅𝑖𝑛,∗𝑖
−1
𝑛,𝑌 𝑖
−1𝐹

+1−−→ .

Then over X, we have the exact triangles

𝑅𝑖𝑛,𝑋,∗ ker(𝑖∗
𝑛,𝑖−1
𝑛,𝑋𝐹
) → 𝑅𝑖𝑛,𝑋,∗𝑖

−1
𝑛,𝑋𝐹 → 𝑅𝑖∗𝑅𝑖𝑛,𝑌∗𝑖

−1
𝑛,𝑌 𝑖
−1𝐹

+1−−→ .

On each X𝑛+1 there is the canonical map 𝑖−1
𝑛+1,𝑋𝐹 → 𝑅𝜙𝑛,𝑋,∗𝑖−1

𝑛,𝑋𝐹 and hence {𝑅𝑖𝑛,𝑋,∗𝑖−1
𝑛,𝑋𝐹} form

an inverse system. Similarly we have morphisms 𝑖−1
𝑛+1,𝑌 𝑖

−1𝐹 → 𝑅𝜙𝑛,𝑌,∗𝑖−1
𝑛,𝑌 𝑖
−1𝐹 compatible with
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the previous one. Therefore, the exact triangles

{𝑅𝑖𝑛,𝑋,∗ ker(𝑖∗
𝑛,𝑖−1
𝑛,𝑋𝐹
) → 𝑅𝑖𝑛,𝑋,∗𝑖

−1
𝑛,𝑋𝐹 → 𝑅𝑖∗𝑅𝑖𝑛,𝑌∗𝑖

−1
𝑛,𝑌 𝑖
−1𝐹

+1−−→}

form an inverse system.

We compute the derived limit of this system of triangles. Over X𝑛, it can be computed with

the system {𝑅𝑖𝑛′,𝑋,∗𝑖−1
𝑛′,𝑋𝐹}𝑛′≥𝑛, so we get 𝑖−1

𝑛,𝑋𝐹. Therefore, 𝑅 lim←−−𝑛 𝑅𝑖𝑛,𝑋,∗𝑖
−1
𝑛,𝑋𝐹 = 𝐹. Similarly, we

have

𝑅 lim←−−
𝑛

𝑅𝑖∗𝑅𝑖𝑛,𝑌∗𝑖
−1
𝑛,𝑌 𝑖
−1𝐹 = 𝑅𝑖∗𝑅 lim←−−

𝑛

𝑅𝑖𝑛,𝑌∗𝑖
−1
𝑛,𝑌 (𝑖−1𝐹) = 𝑅𝑖∗𝑖−1𝐹.

Therefore, 𝑅 lim←−−𝑛 𝑅𝑖𝑛,𝑋,∗ ker(𝑖∗
𝑛,𝑖−1
𝑛,𝑋𝐹
) = ker(𝑖∗𝐹) and we have

𝑅Γ(X,Y; 𝐹) = 𝑅Γ(X; 𝑅 lim←−−
𝑛

𝑅𝑖𝑛,𝑋,∗ ker(𝑖∗
𝑛,𝑖−1
𝑛,𝑋𝐹
)) = 𝑅 lim←−−

𝑛

𝑅Γ(X𝑛,Y𝑛; 𝑖−1
𝑛,𝑋𝐹).

□

Let {𝑉𝑘 } be a locally finite closed covering of X, 𝑗𝑘 be the inclusion of 𝑉𝑘 into X and 𝑖𝑘 be the

inclusion 𝑉𝑘 ∩ Y → 𝑉𝑘 . Let 𝑖∗𝑘 be the natural map

𝑖∗𝑘 : 𝒞(𝑉𝑘 , 𝑗−1
𝑘 𝐹) → 𝑖𝑘,∗𝒞(𝑉𝑘 ∩ Y, 𝑖−1

𝑘 𝑗−1
𝑘 𝐹).

Let 𝑉𝑘0,...,𝑘𝑛 :=
⋂𝑛
ℓ=0𝑉𝑘ℓ and define 𝑗𝑘0,...,𝑘𝑛 , 𝑖

∗
𝑘0,...,𝑘𝑛

analogously. Then ker(𝑖∗) has a resolution

0→ ker(𝑖∗) →
∏
𝑘0

𝑗𝑘0,∗ ker(𝑖∗𝑘0
) →

∏
𝑘0,𝑘1

𝑗𝑘0,𝑘1,∗ ker(𝑖∗𝑘0,𝑘1
) → ·.

If each of ker(𝑖∗𝑘0,...,𝑘𝑛
) is acyclic, then 𝐻∗(X,Y; 𝐹) is computed by the complex

∏
𝑘0

𝐻0(𝑉𝑘0 , 𝑉𝑘0 ∩ Y; 𝑗−1
𝑘0
𝐹) →

∏
𝑘0,𝑘1

𝐻0(𝑉𝑘0,𝑘1 , 𝑉𝑘0,𝑘1 ∩ Y; 𝑗−1
𝑘0,𝑘1

𝐹) → · · ·

and we call this the Cech complex computing 𝐻∗(X,Y; 𝐹). The following proposition refines the
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theorem in [Kem+06, p. 42].

Proposition 2.6.

𝐻∗(𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V)[𝑥]) � 𝐻∗(|Σ |, |Σ | ∩ (𝐴𝑐𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐));𝑉𝑥).

Proof. We first prove this for each affine open 𝑀 (𝜎). By definition, 𝐻∗(𝑀 (𝜎), 𝐿 (Σ, 𝑍, 𝑓 ) ⊗

V)[𝑥] = 𝑉𝑥 if 𝑥 ≥ 𝑓 on 𝜎 and 𝑥 > 𝑓 on 𝜎 − 𝑍 , or 0 otherwise. The conditions are the same as

𝜎 ∩ (𝐴𝑐𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐)) is empty or not. Since 𝜎 is contractible, it suffices to prove that 𝜎 ∩ (𝐴𝑐𝑥 ∪

(𝐵𝑥 ∩ 𝑍𝑐)) is either empty or contractible. Suppose it is nonempty and we have two cases:

1. 𝜎 ∩ 𝐴𝑐𝑥 ≠ ∅: In this case,𝑊 := 𝜎 ∩ 𝐴𝑐𝑥 is open convex in 𝜎 and

𝑊 ⊂ 𝜎 ∩ (𝐴𝑐𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐)) ⊂ 𝑊.

Therefore, by Lemma 2.1, 𝜎 ∩ (𝐴𝑐𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐)) is star-shaped.

2. 𝜎 ∩ 𝐴𝑐𝑥 = ∅: In this case, 𝜎 ∩ 𝐵𝑥 is convex, so there is a face 𝜏 of 𝜎 such that 𝜏 ∩ 𝐵𝑥 ≠ ∅ and

𝜎 ∩ 𝐵𝑥 ⊂ 𝜏. Since 𝑍𝑐 contains some face of 𝜏, 𝑍𝑐 also contains 𝜏. Then𝑊 := 𝜏 ∩ (𝐵𝑥 ∩ 𝑍𝑐)

is convex and𝑊 ⊂ 𝜏 ∩ (𝐵𝑥 ∩ 𝑍𝑐) ⊂ 𝑊 . Therefore, 𝜎 ∩ (𝐴𝑐𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐)) is star-shaped.

In the general case, we use {𝜎}𝜎∈Σ as a locally finite closed covering to compute the topological

cohomology 𝐻∗(|Σ |, |Σ | ∩ (𝐴𝑐𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐));𝑉𝑥) with a Cech complex. With the result of the

affine case, this Cech complex is canonically identified with the Cech complex𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗

V)[𝑥]. □

Corollary 2.1 (cf. [Kem+06, Corollary 1]). Suppose Σ′ is a refinement of Σ. Let 𝜙 : 𝑀Σ′ → 𝑀Σ

be the natural map. Then there is the canonical isomorphism

𝐻∗(𝑀Σ′ , 𝐿 (Σ′, 𝑍, 𝑓 ) ⊗ V) � 𝐻∗(𝑀Σ, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V).
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Moreover, the natural map 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V → 𝑅𝜙∗(𝐿 (Σ′, 𝑍, 𝑓 ) ⊗ V) is an isomorphism. In

particular, there is a canonical isomorphism, and hence,

𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧ � 𝑅𝜙∧∗ 𝐿 (Σ′0, 𝑍, 𝑓 ) ⊗ V∧ .

Proof. By Lemma 2.3, the cohomology is independent of the cone decomposition as long as they

give the same geometric realization. To prove that 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V → 𝑅𝜙∗(𝐿 (Σ′, 𝑍, 𝑓 ) ⊗ V) is

an isomorphism, we may assume 𝑀Σ = 𝑀 (𝜎). In this case, Σ′ is finite. Since for every 𝜎′ ∈ Σ′,

𝑀 (𝜎′) → 𝑀 (𝜎) is affine, by computing derived direct image with the relative Cech complex

associated with the covering 𝒰, we have that 𝑅𝜙∗(𝐿 (Σ′, 𝑍, 𝑓 ) ⊗V) is represented by the complex

�𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V) := �𝐶0(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V) → �𝐶1(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V) → · · · .

Therefore, the assertion is reduced to that the natural map

(𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V)(𝑀 (𝜎)) → 𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V)

is a quasi-isomorphism, which is reduced to the isomorphism

𝐻∗(𝑀Σ′ , 𝐿 (Σ′, 𝑍, 𝑓 ) ⊗ V) � 𝐻∗(𝑀Σ, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V).

Since the derived direct image is also computed by the Cech complex 𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V), we

conclude that 𝑅𝜙∗(𝐿 (Σ′, 𝑍, 𝑓 ) ⊗ V) � 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V.

Since taking completion commutes with taking derived direct image for proper morphisms, we

also have

𝑅𝜙∧∗ 𝐿 (Σ′0, 𝑍, 𝑓 ) ⊗ V∧ � 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧ .

□

Remark 2.1. While 𝔛Σ0 and 𝐿 (Σ0, 𝑍, 𝑓 ) are independent of Σ, we still need an ambient Σ in our
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cohomology computations.

Definition 2.15. For every subset 𝑋 ⊂ 𝐶, we define stΣ (𝑋) as the open star

stΣ (𝑋) :=
⊔
𝜎∈Σ

𝜎∩𝑋≠∅

𝜎.

𝐻∗(𝔛Σ0 , 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧) is computed by the Cech complex 𝐶∗(𝔘, 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧). We

also denote by 𝐶∗(𝔘, 𝐿 (Σ0, 𝑍, 𝑓 ) V∧) [𝑥] the 𝑥-eigenspace. We have the following analogous

statement for each of 𝐻∗(𝐶∗(𝔘, 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧) [𝑥]).

Proposition 2.7.

𝐻∗(𝐶∗(𝔘, 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧) [𝑥]) = 𝐻∗(|Σ0 |, |Σ0 | ∩ stΣ (𝐴𝑐𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐));𝑉𝑥).

Proof. For every 𝜎 ∈ Σ0, we define 𝜎𝑐𝑙 as the closure of 𝜎 in |Σ0 |. The proof is the same as the

proof of Lemma 2.3, except that we use 𝜎𝑐𝑙 in place of 𝜎. □

Lemma 2.3. Suppose Σ is finite and 𝐶0 is open convex. Let 𝑌 be a union of elements in Σ such

that 𝐶0 ⊂ 𝑌 . Then 𝐶0 and 𝑌 have the same homotopy type.

Proof. Give 𝑋∨R an Euclidean norm ∥·∥. Suppose 𝑋 is of rank 𝑑 over Z. Let 𝐵 be the closed unit ball

in 𝑋∨R . Let 𝐷𝑑 be the closed unit ball and 𝑆𝑑−1 be the unit sphere in R𝑑 . Let 𝜂 : [0,∞) × [0, 1] →

[0,∞) be a homotopy making [0, 1] a deformation retract of [0,∞). Consider the homotopy

𝜂 |Σ | : |Σ | × [0, 1] → |Σ |, 𝜂 |Σ | (𝑝, 𝑡) := 𝜂(∥𝑝∥, 𝑡) 𝑝∥𝑝∥ if 𝑝 ≠ 0, and 𝜂 |Σ | (0, 𝑡) = 0 for all 𝑡. Then

𝜂 |Σ | |𝑌 makes 𝑌 ∩ 𝐵 a deformation retract of 𝑌 for all 𝑌 verifying the assumptions. Since 𝐶 ∩ 𝐵 is

convex, open, and contains an open subset of 𝑋∨R , there is a homeomorphism 𝜙 : 𝐶 ∩ 𝐵 � 𝐷𝑑 that

induces 𝜕𝐶 ∩ 𝐵 � 𝑆𝑑−1. Since 𝜙(𝑌 ∩ 𝐵) contains 𝐷𝑑 − 𝑆𝑑−1, the inclusion 𝜙−1
(
1
2
𝐷𝑑

)
→ 𝑌 ∩ 𝐵

is an homotopy equivalence. □

Proposition 2.8. Suppose 𝐶0 is open convex, Σ is finite, 𝐶 = 𝐶0, 𝑉 is an abelian group, and
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𝑊 ⊂ 𝐶 is a subset. Then the natural map of pairs

(𝐶0, 𝐶0 ∩ stΣ (𝑊)) → (𝐶, stΣ (𝑊)),

induces the isomorphism

𝑅Γ(𝐶, stΣ (𝑊);𝑉) � 𝑅Γ(𝐶0, 𝐶0 ∩ stΣ (𝑊);𝑉).

If moreover, 𝑊 verifies the condition that for every 𝜎 ∈ Σ, 𝜎 ∩𝑊 is either empty or contractible,

then the natural map of pairs

(𝐶,𝑊) → (𝐶, stΣ (𝑊))

induces the isomorphism

𝑅Γ(𝐶, stΣ (𝑊);𝑉) � 𝑅Γ(𝐶,𝑊 ;𝑉).

In particular, there is a natural isomorphism

𝐻∗(𝐶∗(𝔘, 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧) [𝑥]) � 𝐻∗(𝐶, 𝐴𝑐𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐);𝑉𝑥).

Proof. Let Σ𝑊 ⊂ Σ be the subset of cones 𝜎 ⊂ stΣ (𝑊), which is open. Consider the map of pairs

(𝐶0, 𝐶0 ∩ stΣ (𝑊)) → (|Σ0 ∪ Σ𝑊 |, stΣ (𝑊)).

In |Σ0∪Σ𝑊 |, both 𝐶0 and |Σ𝑊 | are open. Therefore, |Σ0∪Σ𝑊 | −𝐶0 ⊂ |Σ𝑊 | is closed in |Σ0∪Σ𝑊 |.

By the excision theorem [Bre12, Theorem II.12.8], the natural map

𝑅Γ(|Σ0 ∪ Σ𝑊 |, stΣ (𝑊);𝑉) → 𝑅Γ(𝐶0, 𝐶0 ∩ stΣ (𝑊);𝑉)

is an isomorphism.

Alternatively, one can directly verify that the Cech complexes computing both relative coho-
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mology are canonically identified.

By Lemma 2.3, |Σ0 ∪ Σ𝑊 | and 𝐶 have the same homotopy type. Therefore, the natural map

𝑅Γ(𝐶, stΣ (𝑊);𝑉) → 𝑅Γ( |Σ0 ∪ Σ𝑊 |, stΣ (𝑊);𝑉),

and hence the one

𝑅Γ(𝐶, stΣ (𝑊);𝑉) → 𝑅Γ(𝐶0, 𝐶0 ∩ stΣ (𝑊);𝑉)

are isomorphisms.

If 𝑊 verifies that for every 𝜎 ∈ Σ, 𝜎 ∩ 𝑊 is either empty or contractible, then the Cech

complexes computing 𝑅Γ(𝐶, stΣ (𝑊);𝑉) and 𝑅Γ(𝐶,𝑊 ;𝑉) are the same. Hence, we conclude the

other isomorphism. □

Definition 2.16. We define 𝐶∨≥ 𝑓 (𝐶∨> 𝑓 ) as the subset of characters 𝑥 ∈ 𝑋 such that 𝑥 ≥ 𝑓 (𝑥 > 𝑓 )

on 𝐶0. In particular, we write 𝐶∨ = 𝐶∨≥0 and 𝐶∨,+ = 𝐶∨>0.

We proceed to compute 𝐻∗(𝔛Σ0 , 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗V∧) in some special cases. We need the follow-

ing two lemmas that are similar to [Har+16, Lemma 2.12, Lemma 2.13] and allow us to compute

the cohomology weight-by-weight, and the proofs are essentially the same. The difference is that

we only make local computation here and we interpret the result in a way different from the form

in [Har+16, Lemma 2.13].

Lemma 2.4. Suppose Σ is finite, and 𝐶0 is open in 𝑋∨R . Then

𝑅Γ(𝔛Σ0 , 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧) =
∏
𝑥∈𝑋

𝑅Γ(𝐶0, 𝐶0 ∩ stΣ (𝐴𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐));𝑉𝑥).
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If moreover, 𝐶0 is convex, and 𝑓 is convex, then

𝑅Γ(𝔛Σ0 , 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧) =
∏
𝑥∈𝐶∨≥ 𝑓

𝑅Γ(𝐶, 𝐵𝑥 ∩ 𝑍𝑐;𝑉𝑥)

=
∏
𝑥∈𝐶∨≥ 𝑓

𝑅Γ(𝐶0, 𝐶0 ∩ stΣ (𝐵𝑥 ∩ 𝑍𝑐);𝑉𝑥).

Proof. We define for every 𝑚 ∈ N,

𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ
/ℐ𝑚

Σ0
) [𝑥] :=

𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V)[𝑥]
𝐶∗(𝒰,ℐ𝑚

Σ0
𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V)[𝑥] .

Since Σ is finite,

𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V) =
⊕
𝑥∈𝑋

𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V)[𝑥],

𝐶∗(𝒰,ℐ𝑚
Σ0
𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V) =

⊕
𝑥∈𝑋

𝐶∗(𝒰,ℐ𝑚
Σ0
𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V)[𝑥],

and then

𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ
/ℐ𝑚

Σ0
) =

⊕
𝑥∈𝑋

𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ
/ℐ𝑚

Σ0
) [𝑥] .

Since 𝐶0 is open, ℐΣ0 defines a proper scheme over Spec(𝑅), and cohomology groups

𝐻∗(𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ
/ℐ𝑚

Σ0
))

are Noetherian 𝑅-modules. This implies that for every 𝑚,

𝐻∗(𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ
/ℐ𝑚

Σ0
) [𝑥])
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vanishes for all but finitely many 𝑥. Therefore, the natural map

𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ
/ℐ𝑚

Σ0
) →

∏
𝑥∈𝑋

𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ
/ℐ𝑚

Σ0
) [𝑥]

is a quasi-isomorphism for every 𝑚.

By definition, the cochain complex 𝐶∗(𝔘, 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧) is the inverse limit

𝐶∗(𝔘, 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧) = lim←−−
𝑚

𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ
/ℐ𝑚

Σ0
).

Since 𝐶𝑖 (𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ
/ℐ𝑚+1

Σ0
) → 𝐶𝑖 (𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ

/ℐ𝑚
Σ0
) is surjective

for every 𝑖 and 𝑚, by [Wei94, Theorem 3.5.8], we have the short exact sequence

0 𝑅1 lim←−−𝑚 𝐻
𝑖−1(𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ

/ℐ𝑚
Σ0
)

𝐻𝑖 (𝐶∗(𝔘, 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧))

lim←−−𝑚 𝐻
𝑖 (𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ

/ℐ𝑚
Σ0
) 0

for all 𝑖 ∈ Z. Since 𝑅 lim←−−𝑚 commutes with direct product, we have

𝑅 lim←−−
𝑚

𝐻𝑖 (𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ
/ℐ𝑚

Σ0
))

=
∏
𝑥∈𝑋

𝑅 lim←−−
𝑚

𝐻𝑖 (𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ
/ℐ𝑚

Σ0
) [𝑥]).

Therefore, we have to prove that for every 𝑥 ∈ 𝑋 ,

𝑅 lim←−−
𝑚

𝐻𝑖 (𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ
/ℐ𝑚

Σ0
) [𝑥]) = 𝐻𝑖 (𝐶0, 𝐶0 ∩ stΣ (𝐴𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐));𝑉𝑥).
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In fact, we prove that for given 𝑥, there is a 𝑚0 ∈ N such that for all 𝑚 ≥ 𝑚0,

𝐶∗(𝒰, 𝐿 (Σ, 𝑍, 𝑓 ) ⊗ V ⊗ O𝑀Σ
/ℐ𝑚

Σ0
) [𝑥] = 𝐶∗(𝔘, 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V)[𝑥] .

Let 𝜎0, . . . , 𝜎𝑛 ∈ Σ and 𝜏 ∈ Σ such that 𝜏 = 𝜎0 ∩ · · · ∩ 𝜎𝑛 ∉ Σ0. If 𝜏 ∉ Σ0, then ℐ𝑚
Σ0

= O𝑀Σ
on

𝑀 (𝜏), and the corresponding terms in both sides are 0. If 𝜏 ∈ Σ0, then on 𝑀 (𝜏), ℐΣ0 has the form

𝐿 (Σ, 𝐶, 𝑔) where 𝑔 is positive on 𝜏 and then ℐ𝑚
Σ0
𝐿 (Σ, 𝑍, 𝑓 ) ⊂ 𝐿 (Σ, 𝑍, 𝑓 + 𝑚𝑔). Therefore, there

is a 𝑚′ ∈ N such that for 𝑚 ≥ 𝑚′, 𝐴𝑥 ∩ 𝜎 is nonempty, and hence the corresponding terms in both

sides are 𝑉𝑥 . Since Σ is finite, the desired 𝑚0 exists.

If 𝐶0 is convex, by Proposition 2.8, 𝑅Γ(𝐶0, 𝐶0∩ stΣ (𝐴𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐));𝑉𝑥) = 𝑅Γ(𝐶, 𝐴𝑥 ∪ (𝐵𝑥 ∩

𝑍𝑐);𝑉𝑥). If 𝑓 is also convex, 𝐴𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐) is nonempty convex when 𝑥 ∉ 𝐶∨≥ 𝑓 . Therefore, only

the terms corresponding to 𝑥 ∈ 𝐶∨≥ 𝑓 can survive. □

Lemma 2.5. Suppose Σ is countable, Σ0 is locally finite, and 𝐶0 is open in 𝑋∨R . Then

𝑅Γ(𝔛Σ0 , 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧) =
∏
𝑥∈𝑋

𝑅Γ(𝐶0, 𝐶0 ∩ stΣ (𝐴𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐));𝑉𝑥).

If moreover, 𝐶0 is convex, and 𝑓 is convex, then

𝑅Γ(𝔛Σ0 , 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧) =
∏
𝑥∈𝐶∨≥ 𝑓

𝑅Γ(𝐶0, 𝐶0 ∩ stΣ (𝐵𝑥 ∩ 𝑍𝑐);𝑉𝑥).

Proof. We may replace Σ with a refinement and assume that there are open subcones

𝐶1 ⊂ 𝐶2 ⊂ · · · ⊂ 𝐶0

such that each 𝐶𝑛 is a finite union of polyhedral cones, convex if 𝐶0 is convex, 𝐶0 =
⋃
𝑛∈N𝐶𝑛, and

Σ𝑛 := {𝜎 ∈ Σ | 𝜎 ⊂ 𝐶𝑛} is a cone decomposition of 𝐶𝑛. Let Σ𝑛,0 := {𝜎 ∈ Σ | 𝜎 ⊂ 𝐶𝑛}, 𝔛𝑛 be the

formal scheme defined by Σ𝑛,0, and 𝔘𝑛 be the covering of 𝔛𝑛 defined by Σ𝑛,0. Then for all 𝑛′ ≥ 𝑛,
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and 𝑖, the natural maps

𝐶𝑖 (𝔘𝑛′ , 𝐿 (Σ𝑛′,0, 𝑍, 𝑓 ) ⊗ V) → 𝐶𝑖 (𝔘𝑛, 𝐿 (Σ𝑛,0, 𝑍, 𝑓 ) ⊗ V)

are surjective. This implies

𝐶∗(𝔘, 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧) [𝑥] = lim←−−
𝑛

𝐶∗(𝔘𝑛, 𝐿 (Σ𝑛,0, 𝑍, 𝑓 ) ⊗ V)[𝑥]

=𝑅 lim←−−
𝑛

𝐶∗(𝔘𝑛, 𝐿 (Σ𝑛,0, 𝑍, 𝑓 ) ⊗ V)[𝑥]

for all 𝑥 ∈ 𝑋 , and

𝐶∗(𝔘, 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧) = lim←−−
𝑛

𝐶∗(𝔘𝑛, 𝐿 (Σ𝑛,0, 𝑍, 𝑓 ) ⊗ V) = 𝑅 lim←−−
𝑛

𝐶∗(𝔘𝑛, 𝐿 (Σ𝑛,0, 𝑍, 𝑓 ) ⊗ V).

Therefore,

𝑅Γ(𝔛Σ0 , 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧) = 𝑅 lim←−−
𝑛

𝐶∗(𝔘𝑛, 𝐿 (Σ𝑛,0, 𝑍, 𝑓 ) ⊗ V)

=𝑅 lim←−−
𝑛

∏
𝑥∈𝑋

𝑅Γ(𝐶𝑛, 𝐶𝑛 ∩ stΣ (𝐴𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐));𝑉𝑥)

=
∏
𝑥∈𝑋

𝑅 lim←−−
𝑛

𝑅Γ(𝐶𝑛, 𝐶𝑛 ∩ stΣ (𝐴𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐));𝑉𝑥)

=
∏
𝑥∈𝑋

𝑅Γ(𝐶0, 𝐶0 ∩ stΣ (𝐴𝑥 ∪ (𝐵𝑥 ∩ 𝑍𝑐));𝑉𝑥).

The last equality here is given by Lemma 2.2.

If 𝐶0 is convex, by Proposition 2.8, 𝑅Γ(𝐶𝑛, 𝐶𝑛∩ stΣ (𝐴𝑥 ∪ (𝐵𝑥 ∩𝑍𝑐));𝑉𝑥) = 𝑅Γ(𝐶𝑛, 𝐶𝑛∩ (𝐴𝑥 ∪

(𝐵𝑥 ∩ 𝑍𝑐));𝑉𝑥). If 𝑓 is also convex, then for every 𝑥 ∉ 𝐶∨≥ 𝑓 , there is a 𝑛0 such that for all 𝑛 ≥ 𝑛0,

𝐶𝑛 ∩ 𝐴𝑥 is nonempty. Therefore, only the terms corresponding to 𝑥 ∈ 𝐶∨≥ 𝑓 can survive. □

We will consider a class of sheaves 𝐿 (Σ0, 𝑍, 𝑓 ) where 𝑍 depends on Σ. We consider the

following additional conditions.
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Condition 1.

1. 𝐶 = 𝑃 has the following decomposition

𝑃 =
⊔
𝑐∈C

𝑃𝑐

where C is a countable partially ordered set, each of 𝑃𝑐 is convex and open in the Euclidean

space spanned by itself, and for every 𝑐, 𝑐′ ∈ C, 𝑐 ≥ 𝑐′ if and only if 𝑃𝑐′ ⊂ 𝑃𝑐. Moreover,

there is a unique maximal element 0 ∈ C and 𝐶0 = 𝑃0.

2. Σ is simplicial, every 𝑃𝑐 is a disjoint of elements in Σ, and Σ𝑐 := {𝜎 ∈ Σ | 𝜎 ⊂ 𝑃𝑐} is

locally finite for all 𝑐 ∈ C. Moreover, for every 𝑐 ∈ C and 𝜎 ∈ Σ, 𝜎 ∩ 𝑃𝑐 = 𝜏 − 𝜏′ where 𝜏

is a face of 𝜎 and 𝜏′ is a face of 𝜏, or the empty set.

If Σ′ is simplicial and refines Σ, Σ′ also satisfies the condition. If Σ does not satisfy the last

condition, the barycentric subdivision of Σ satisfies the last condition.

3. 𝑓 is linear on 𝜎 for every 𝜎0 ∈ Σ0.

For every B ⊂ C, we define 𝑃B :=
⊔
𝑐∈B 𝑃𝑐. When 0 ∉ 𝑃B , we define 𝑍B,Σ := 𝑃 − stΣ (𝑃B)

and consider the sheaf 𝐿 (Σ0, 𝑍B,Σ, 𝑓 ) ⊗ V∧ on 𝔛Σ0 .

The simplical assumption allows us to obtain the following deformation.

Lemma 2.6. Let 𝑆 ⊂ Σ be a nonempty set of 1-dimensional cones. Let Σ+ ⊂ Σ be the subset of

those 𝜎 ≠ {0} with some of 1-dimensional faces in 𝑆, and Σ++ be the subset of those 𝜎 ≠ {0}

with all 1-dimensional faces in 𝑆. Note that |Σ+ | = stΣ (|Σ++ |). Then there is a piece-wise linear

deformation 𝜂 : |Σ+ | × [0, 1] → |Σ++ |, making |Σ++ | a deformation retract of |Σ+ |.

Proof. This is similar to the deformation described in the proof of [Har+16, Lemma 2.14]. For

each 𝜎 ∈ Σ+, we define 𝜎𝑐𝑙 as the closure of 𝜎 in |Σ+ | and define 𝜂𝜎 on 𝜎𝑐𝑙 . Fix a basis 𝑥(𝑠)

for every 1-dimensional cone 𝑠 ∈ Σ. Let 𝜎 ∈ Σ+ and 𝑠1, . . . , 𝑠𝑚 ∈ 𝑆, 𝑠𝑚+1 · · · , 𝑠𝑚+𝑛 ∉ 𝑆 be all

56



1-dimensional faces of 𝜎. Then each point of 𝑝 ∈ 𝜎𝑐𝑙 can be uniquely written as

𝑝 =
𝑚∑
𝑖=1

𝑎𝑖𝑥(𝑠𝑖) +
𝑛∑
𝑗=1
𝑎𝑚+ 𝑗𝑥(𝑠𝑚+ 𝑗 )

with all 𝑎𝑖 ≥ 0 but not all 𝑎𝑖 = 0, and all 𝑎𝑚+ 𝑗 > 0. We define

𝜂𝜎 (𝑝, 𝑡) :=
𝑚∑
𝑖=1

𝑎𝑖𝑥(𝑠𝑖) + (1 − 𝑡)
𝑛∑
𝑗=1
𝑎𝑚+ 𝑗𝑥(𝑠𝑚+ 𝑗 ).

These {𝜂𝜎} are compatible, glued to a 𝜂 : |Σ+ | × [0, 1] → |Σ++ |, making |Σ++ | a deformation

retract of |Σ+ |. □

Proposition 2.9. Suppose Σ′ is a refinement of Σ. Let 𝜙 : 𝑀Σ′ → 𝑀Σ be the natural map. Then

the natural map 𝑅𝜙∗𝐿 (Σ, 𝑍B,Σ, 𝑓 ) ⊗ V → (𝐿 (Σ′, 𝑍B,Σ′ , 𝑓 ) ⊗ V) is an isomorphism. This implies

𝐿 (Σ0, 𝑍B,Σ, 𝑓 ) ⊗ V∧ � 𝑅𝜙∧𝐿 (Σ′0, 𝑍B,Σ′ , 𝑓 ) ⊗ V∧ .

Proof. It suffices to prove the statements in the case 𝐶 = 𝜎 where 𝜎 ∈ Σ. In this case, the

cohomology 𝐻∗(𝑀Σ′ , 𝐿 (Σ′, 𝑍B,Σ′ , 𝑓 ) ⊗ V) is isomorphic to

𝐻∗(𝜎, 𝜎 ∩ (𝐴𝑐𝑥 ∪ (𝐵𝑥 ∩ stΣ′ (𝑃B)));𝑉𝑥).

By similar arguments as in Lemma 2.3 and Corollary 2.1, it suffices to prove that 𝜎 ∩ 𝐴𝑐𝑥 ∪ (𝐵𝑥 ∩

stΣ′ (𝑃B)) is either empty or contractible, and whether it is empty or not is independent of Σ′. We

have the following cases:

1. 𝑥 ≱ 𝑓 on 𝜎: In this case, 𝐴𝑐𝑥 is nonempty convex, open in 𝜎, and

𝐴𝑐𝑥 ⊂ 𝐴𝑐𝑥 ∪ (𝐵𝑥 ∩ stΣ′ (𝑃B)) ⊂ 𝐴𝑐𝑥 .

Therefore, 𝜎 ∩ (𝐴𝑐𝑥 ∪ (𝐵𝑥 ∩ stΣ′ (𝑃B))) is contractible.
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2. 𝑥 > 𝑓 on 𝜎: In this case, 𝜎 ∩ (𝐴𝑐𝑥 ∪ (𝐵𝑥 ∩ stΣ′ (𝑃B))) = ∅.

3. 𝑥 ≥ 𝑓 on 𝜎 and 𝑥 = 𝑓 for some point of 𝜎: In this case, 𝜎∩ 𝐴𝑐𝑥 = ∅ and 𝜎∩𝐵𝑥 = 𝜏 for some

face 𝜏 of 𝜎. Then 𝐴𝑐𝑥 ∪ (𝐵𝑥 ∩ stΣ′ (𝑃B)) = 𝜏 ∩ stΣ′ (𝑃B) and we have two different cases.

(a) 𝜏 ∩ 𝑃B = ∅: In this case, 𝜏 ∩ stΣ′ (𝑃B) = ∅.

(b) 𝜏∩𝑃B ≠ ∅: By the assumption on Σ, there is a face 𝜏′ of 𝜏 such that 𝜏′ ⊂ 𝜏∩𝑃B ⊂ 𝜏′.

Let Σ
′,++ ⊂ Σ′ − {0} be the subset of cones with all 1-dimensional faces in 𝑃B ∩ 𝜏. By

Lemma 2.6, 𝜏 ∩ stΣ′ (𝑃B) ∼ 𝜏′ ∩ stΣ′ (𝑃B) because they are both homotopy equivalent

to |Σ′,++ |. Since 𝜏′ ∩ stΣ′ (𝑃B) contains 𝜏′, 𝜏′ ∩ stΣ′ (𝑃B) ∼ 𝜏′, which is contractible.

These exhaust all possibilities and we conclude the proposition. □

In practice, we want to compute the cohomology of 𝐿 (Σ0, 𝑍B,Σ, 0) ⊗ V∧. We assume the

following additional condition.

Condition 2. For every 𝑥 ∈ 𝑋 , if 𝑥 ≥ 0 on 𝑃, then there is a unique 𝑐(𝑥) ∈ 𝐶 such that ker(𝑥)∩𝑃 =

𝑃𝑐(𝑥) .

From Lemma 2.5, there is the canonical isomorphism

𝑅Γ(𝔛Σ0 , 𝐿 (Σ0, 𝑍B,Σ, 0) ⊗ V∧) =
∏
𝑥∈𝐶∨

𝑅Γ(𝑃0, 𝑃0 ∩ stΣ (𝑃𝑐(𝑥) ∩ stΣ (𝑃B));𝑉𝑥).

Proposition 2.10. For every 𝑥 ∈ 𝐶∨, there is a canonical isomorphism

𝑅Γ(𝑃0, 𝑃0 ∩ stΣ (𝑃𝑐(𝑥) ∩ stΣ (𝑃B));𝑉𝑥) � 𝑅Γ(𝑃𝑐(𝑥) , 𝑃𝑐(𝑥) ∩ stΣ (𝑃B);𝑉𝑥).

This implies

𝑅Γ(𝔛Σ0 , 𝐿 (Σ0, 𝑍B,Σ, 0) ⊗ V∧) =
∏
𝑥∈𝐶∨

𝑅Γ(𝑃𝑐(𝑥) , 𝑃𝑐(𝑥) ∩ stΣ (𝑃B);𝑉𝑥).

Note that if 𝑥 ∈ 𝐶∨,+, 𝑐(𝑥) = {0} and 𝑅Γ(𝑃𝑐(𝑥) , 𝑃𝑐(𝑥) ∩ stΣ (𝑃B), 𝑉𝑥) = 𝑉𝑥 .
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Proof. Let {𝑃0,𝑛} and {𝑃𝑐(𝑥),𝑛} be increasing finite open convex subcones in 𝑃0 and 𝑃𝑐(𝑥) , respec-

tively, satisfying that

1. 𝑃0 =
⋃
𝑛 𝑃0,𝑛.

2. 𝑃𝑐(𝑥) =
⋃
𝑛 𝑃𝑐(𝑥),𝑛.

3. 𝑃0,𝑛 ∩ 𝑃𝑐(𝑥) = 𝑃𝑐(𝑥),𝑛.

Using Proposition 2.8, there are isomorphisms

𝑅Γ(𝑃0, 𝑃0 ∩ stΣ (𝑃𝑐(𝑥) ∩ stΣ (𝑃B));𝑉𝑥) = 𝑅 lim←−−
𝑛

𝑅Γ(𝑃0,𝑛, 𝑃0,𝑛 ∩ stΣ (𝑃𝑐(𝑥) ∩ stΣ (𝑃B));𝑉𝑥)

=𝑅 lim←−−
𝑛

𝑅Γ(𝑃0,𝑛, 𝑃0,𝑛 ∩ 𝑃𝑐(𝑥) ∩ stΣ (𝑃B);𝑉𝑥) = 𝑅 lim←−−
𝑛

𝑅Γ(𝑃0,𝑛, 𝑃𝑐(𝑥),𝑛 ∩ stΣ (𝑃B);𝑉𝑥).

Consider the map of pairs (𝑃𝑐(𝑥),𝑛, 𝑃𝑐(𝑥),𝑛 ∩ stΣ (𝑃B)) → (𝑃0,𝑛, 𝑃𝑐(𝑥),𝑛 ∩ stΣ (𝑃B)). Since both

𝑃𝑐(𝑥),𝑛 and 𝑃0,𝑛 are convex, the map 𝑃𝑐(𝑥),𝑛 → 𝑃0,𝑛 is an homotopy equivalence. Use Proposition

2.8 again and we have

𝑅 lim←−−
𝑛

𝑅Γ(𝑃0,𝑛, 𝑃𝑐(𝑥),𝑛 ∩ stΣ (𝑃B);𝑉𝑥) = 𝑅 lim←−−
𝑛

𝑅Γ(𝑃𝑐(𝑥),𝑛, 𝑃𝑐(𝑥),𝑛 ∩ stΣ (𝑃B);𝑉𝑥)

=𝑅 lim←−−
𝑛

𝑅Γ(𝑃𝑐(𝑥),𝑛, 𝑃𝑐(𝑥),𝑛 ∩ stΣ (𝑃B);𝑉𝑥) = 𝑅Γ(𝑃𝑐(𝑥) , 𝑃𝑐(𝑥) ∩ stΣ (𝑃B);𝑉𝑥).

□

Suppose Γ acts on 𝑀 → 𝑆 equivariantly such that 𝛾 : O𝑀,𝑥 � O𝑀,𝛾𝑥 and 𝑉 defines an Γ-

equivariant sheaf over 𝑆. Then 𝐿 (Σ0, 𝑍, 𝑓 ) ⊗ V∧ is also a Γ-equivariant sheaf. We assume Σ is Γ-

admissible and Σ is fine enough so that 𝔛Σ0 → 𝔛Σ0/Γ is a local isomorphism. Let (𝐿 (Σ0, 𝑍B,Σ, 0)⊗

V∧)Γ be the sheaf of Γ-invariant sections of 𝐿 (Σ0, 𝑍B,Σ, 0) ⊗ V∧ over 𝔛Σ0/Γ. Then we conclude

the following.
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Corollary 2.2. Suppose further B is stable under Γ-action. Then there is a canonical isomorphism

𝑅Γ(𝔛Σ0/Γ, (𝐿 (Σ0, 𝑍B,Σ, 0) ⊗ V∧)Γ)

�
∏

𝑥∈𝐶∨/Γ
𝑅HomΓ𝑥 (1, 𝑅Γ(𝑃𝑐(𝑥) , 𝑃𝑐(𝑥) ∩ stΣ (𝑃B);𝑉𝑥)).

In particular, if for every𝜎 ∈ Σ0, Γ𝜎 = {1}, then the term corresponding to 𝑥 = 0 is 𝑅Γ(𝑃0/Γ, (𝑃0∩

stΣ (𝑃B))/Γ;𝑉).

We further consider the cohomology 𝑅Γ(𝑃0/Γ, (𝑃0 ∩ stΣ (𝑃B))/Γ;𝑉) in three case where we

can simplify the expression.

Proposition 2.11. IfB = ∅, 𝑅Γ(𝑃0/Γ, (𝑃0∩stΣ (𝑃B))/Γ;𝑉) = 𝑅Γ(𝑃0/Γ;𝑉). If 0 ∈ B, 𝑅Γ(𝑃0/Γ, (𝑃0∩

stΣ (𝑃B))/Γ;𝑉) = 0. If C/Γ is finite, and B ⊂ C is the subset of all elements except for the maximal

and the minimal ones, then 𝑅Γ(𝑃0/Γ, (𝑃0 ∩ stΣ (𝑃B))/Γ;𝑉) � 𝑅Γ𝑐 (R>0 \𝑃0/Γ, 𝑉).

Proof. If B = ∅, stΣ (𝑃B) = ∅. If 0 ∈ B, stΣ (𝑃B) contains 𝑃0. From these, we obtain the first two

cases. Now we consider the last case. The excision theorem gives that

𝑅Γ(𝑃0, 𝑃0 ∩ stΣ (𝑃B);𝑉) = 𝑅Γ(|𝑃0 ∪ 𝑃B |, | stΣ (𝑃B) |;𝑉).

Similarly as in Proposition 2.8,

𝑅Γ( |𝑃0 ∪ 𝑃B |, | stΣ (𝑃B) |;𝑉) = 𝑅Γ( |𝑃0 ∪ 𝑃B |, |𝑃B |;𝑉).

Since relative cohomology is homotopy invariant,

𝑅Γ( |𝑃0 ∪ 𝑃B |, |𝑃B |;𝑉) = 𝑅Γ(R>0 \|𝑃0 ∪ 𝑃B |,R>0 \|𝑃B |;𝑉).

Let 𝑗0 and 𝑗 be the inclusions 𝑗0 : R>0 \𝑃0 → R>0 \|𝑃0 ∪ 𝑃B | and 𝑗 : R>0 \𝑃0/Γ → R>0 \|𝑃0 ∪
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𝑃B |/Γ, respectively. The relative cohomology can be written as

𝑅Γ(R>0 \|𝑃0 ∪ 𝑃B |,R>0 \|𝑃B |;𝑉) = 𝑅Γ(R>0 \|𝑃0 ∪ 𝑃B |; 𝑗0,!𝑉).

By identifying the cochains computing cohomology, we have

𝑅HomΓ (1, 𝑅Γ(R>0 \|𝑃0 ∪ 𝑃B |; 𝑗0,!𝑉)) = 𝑅Γ(R>0 \|𝑃0 ∪ 𝑃B |/Γ; 𝑗!𝑉).

Since C/Γ is finite, R>0 \|𝑃0 ∪ 𝑃B |/Γ is a finite simplicial complex, hence compact. Therefore,

𝑅Γ(R>0 \|𝑃0 ∪ 𝑃B |/Γ; 𝑗!𝑉) = 𝑅Γ𝑐 (R>0 \𝑃0/Γ;𝑉).

□
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Chapter 3: Siegel Shimura varieties and Igusa towers

In this chapter, we recall the Siegel moduli problems and summarize results on integral models

of toroidal compactifications of Siegel Shimura varieties from [FC13] [Lan13], [Lan16a], and

[Lan17b]. We then define subsheaves of sections of automorphic vector bundles vanishing along

certain boundary strata on these spaces. We also discuss Igusa towers and their compactifications

following [BP23]. The completion of such automorphic vector bundles along specific boundary

strata can be described in terms of sheaves defined in the previous chapter. Using the result of the

cohomology computation of torus embedding, we show that the cohomology of these sheaves are

independent of the choice of cone decompositions.

Since Hecke twists among toroidal compactifications are not finite flat in general, we con-

sider trace maps from morphisms between normal schemes. These trace maps are used to define

cohomological correspondence in the next chapter.

3.1 Siegel moduli problems

Let 𝐺 = GSp2𝑔 be defined by the lattice 𝐿 = Z2𝑔 endowed with the standard symplectic form

⟨·, ·⟩, 𝐾 ⊂ 𝐺 (Ẑ) be any open compact subgroup. The integral moduli problem associated with

(𝐿, ⟨·, ·⟩) over the base ring Q is given as follows:

Definition 3.1 (cf. [Lan13, Definition 1.4.1.2]). 𝑀𝐾,Q is the moduli problem defined by the cate-

gory fibered in groupoids over (𝑆𝑐ℎ/Q), with fibered categories 𝑀𝐾,Q(𝑆) defined as follows: The

objects of 𝑀𝐾,Q(𝑆) are tuples (𝐴, 𝜆, 𝛼𝐾) where

1. 𝐴/𝑆 is an abelian scheme of dimension 𝑔.

2. 𝜆 : 𝐴→ 𝐴∨ is a principal polarization.
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3. 𝛼𝐾 is an integral level-𝐾 structure of (𝐴, 𝜆).

Isomorphisms (𝐴, 𝜆, 𝛼𝐾) ∼ (𝐴′, 𝜆′, 𝛼′𝐾) are isomorphisms 𝑓 : 𝐴→ 𝐴′ such that

1. 𝜆 = 𝑓 ∨ ◦ 𝜆′ ◦ 𝑓 .

2. 𝑓 matches 𝛼𝐾 and 𝛼′𝐾 .

When 𝐾 ⊂ 𝐺 (A 𝑓 ) and is neat, 𝑀𝐾,Q is represented by the canonical model of the Siegel

Shimura variety of level 𝐾 , denoted by 𝑆𝐾,Q.

If 𝑝 is a prime number and 𝐾 = 𝐾 𝑝𝐺 (Z𝑝), the same moduli problem is defined over the base

ring Z(𝑝) , denoted by 𝑀𝐾 𝑝𝐺 (Z𝑝),Z(𝑝) . By [Lan13, Proposition 1.4.4.3], 𝑀𝐾 𝑝𝐺 (Z𝑝),Z(𝑝) ⊗Z(𝑝) Q �

𝑀𝐾 𝑝𝐺 (Z𝑝),Q. If 𝐾 𝑝 ⊂ 𝐺 (A∞,𝑝) is a neat open compact subgroup, 𝑀𝐾 𝑝𝐺 (Z𝑝),Z(𝑝) is represented by a

smooth quasi-projective scheme of finite type over Spec(Z(𝑝)), denoted by 𝑆𝐾 𝑝𝐺 (Z𝑝),Z(𝑝) , with the

property

𝑆𝐾 𝑝𝐺 (Z𝑝),Z(𝑝) ×Spec(Z(𝑝) ) Spec(Q) = 𝑆𝐾 𝑝𝐺 (Z𝑝),Q.

Smooth toroidal compactifications with simple normal crossing boundary divisors are defined with

suitable cone decomposition data Σ. The case for principle level 𝑛 is given by [FC13] and the case

for general tame level is given by [Lan13]. We write 𝑆tor
𝐾 𝑝𝐺 (Z𝑝),Z(𝑝) ,Σ and 𝑆tor

𝐾,Q,Σ for the smooth

toroidal compactifications. The arithmetic models of minimal compactifications are also defined,

denoted by 𝑀min
𝐾 𝑝𝐺 (Z𝑝),Z(𝑝) ,Σ and 𝑀min

𝐾,Q,Σ.

3.2 Stratification of smooth toroidal compactifications

Boundary strata of toroidal compactifications are parametrized by cusp labels and polyhedral

cones in suitable cone decomposition data. We gather some definitions from [Lan13] here.

Definition 3.2 (cf. [Lan13, Definition 5.4.1.3, 5.4.1.5, 5.4.2.1, 5.4.2.2, 5.4.2.4, 6.2.4.1]). Let 𝑍 be

a fully symplectic-liftable admissible filtration of 𝐿⊗ Ẑ ([Lan13, Definition 5.2.7.1]). In particular,

0 = 𝑍−3 ⊂ 𝑍−2 ⊂ 𝑍−1 ⊂ 𝑍0 = 𝐿 ⊗ Ẑ.
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A torus argument Φ for 𝑍 is a tuple (𝑋,𝑌, 𝜙, 𝜑−2, 𝜑0) consisting of the following:

1. Two finitely generated free abelian groups 𝑋 and 𝑌 .

2. An injective group homomorphism 𝜙 : 𝑌 → 𝑋 .

3. Two isomorphisms 𝜑−2 : 𝐺𝑟𝑍−2 � HomẐ(𝑋 ⊗ Ẑ, Ẑ(1)) and 𝜑0 : 𝐺𝑟𝑍0 � 𝑌 ⊗ Ẑ satisfying that

the pairing

𝐺𝑟𝑍−2 × 𝐺𝑟𝑍0 → Ẑ(1)

induced by the symplectic form ⟨·, ·⟩ on 𝐿 coincides with the pairing

HomẐ(𝑋 ⊗ Ẑ, Ẑ(1)) × 𝑌 ⊗ Ẑ→ Ẑ(1)

via 𝜙 : 𝑌 → 𝑋 .

Let 𝑍𝐾 be the 𝐾-orbit of 𝑍 . The tuple (𝑋,𝑌, 𝜙) is invariant under the 𝐾-action. A torus argument

Φ𝐾 at level 𝐾 for 𝑍𝐾 is a 𝐾-orbit of torus arguments Φ such that there is one element Φ ∈ Φ𝐾 and

one element 𝑍 ∈ 𝑍𝐾 with Φ being a torus argument for 𝑍 .

If Φ = (𝑋,𝑌, 𝜙, 𝜑−2, 𝜑0) and Φ′ = (𝑋′, 𝑌 ′, 𝜙′, 𝜑′−2, 𝜑
′
0) are torus arguments for the same fil-

tration 𝑍 , then Φ and Φ′ are equivalent if there are isomorphisms 𝛾𝑋 : 𝑋′ � 𝑋 and 𝛾𝑌 : 𝑌 � 𝑌 ′

satisfying that

1. 𝜙 = 𝛾𝑌 ◦ 𝜙′ ◦ 𝛾𝑋 .

2. 𝜑−2 = 𝛾𝑇𝑋 ◦ 𝜑−2.

3. 𝜑′0 = 𝛾𝑌 ◦ 𝜑0.

In this case, we say 𝛾 : (𝛾𝑋 , 𝛾𝑌 ) is an isomorphism from Φ to Φ′. Φ𝐾 and Φ′𝐾 are equivalent if

there are representatives Φ ∈ Φ𝐾 , Φ′ ∈ Φ′𝐾 such that Φ ∼ Φ′. The automorphism group of Φ𝐾

is the group of pairs (𝛾𝑋 : 𝑋 � 𝑋, 𝛾𝑌 : 𝑌 � 𝑌 ) inducing isomorphisms between Φ and some

Φ′ ∈ Φ𝐾 . This group is denoted by ΓΦ𝐾 .
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Let 𝛿 be a splitting 𝐺𝑟𝑍 � 𝐿. We also have the 𝐾-orbit of 𝛿, denoted by 𝛿𝐾 , and we say 𝛿𝐾 is

a liftable splitting of 𝑍𝐾 .

A representative of cusp labels for 𝑀𝐾 is a tuple (𝑍𝐾 ,Φ𝐾 , 𝛿𝐾) where 𝑍𝐾 is a 𝐾-orbit of fully

symplectic-liftable admissible filtration of 𝐿 ⊗ Ẑ, Φ𝐾 is a torus argument at level 𝐾 for 𝑍𝐾 , and

𝛿𝐾 is a liftable splitting of 𝑍𝐾 . Two representatives of cusp label (𝑍𝐾 ,Φ𝐾 , 𝛿𝐾), (𝑍′𝐾 ,Φ′𝐾 , 𝛿′𝐾) are

equivalent if 𝑍𝐾 = 𝑍′𝐾 , Φ𝐾 ∼ Φ′𝐾 . A cusp label for 𝑀𝐾 is an equivalent class [(𝑍𝐾 ,Φ𝐾 , 𝛿𝐾)].

Remark 3.1. This is the definition in [Lan13] when there are no good primes. When 𝐾 =

𝐾 𝑝𝐺 (Z𝑝), the cusp labels at level 𝐾 when the set of good primes is empty or {𝑝} are the same, so

we only give the definition for the former case.

Let (𝑍𝐾 ,Φ𝐾 , 𝛿𝐾) be a representative of cusp labels. In [Lan13, Section 6.2.4], associated to

(𝑍𝐾 ,Φ𝐾 , 𝛿𝐾) is a finitely generated free abelian group 𝑆Φ𝐾 , a split torus 𝐸Φ𝐾 := Hom(𝑆Φ𝐾 , 𝐺𝑚),

and a tower of spaces

ΞΦ𝐾 ,𝛿𝐾 → 𝐶Φ𝐾 ,𝛿𝐾 → 𝑀Φ𝐾
𝐾

where 𝑀Φ𝐾
𝐾 is also a smooth moduli problem, 𝐶Φ𝐾 ,𝛿𝐾 → 𝑀Φ𝐾

𝐾 is an abelian scheme torsor, and

ΞΦ𝐾 ,𝛿𝐾 → 𝐶Φ𝐾 ,𝛿𝐾 is a 𝐸Φ𝐾 -torsor. The space HomZ(𝑆Φ𝐾 ,R). It is identified with the space of

alternating forms on 𝑌R ⊗R 𝑋R where 𝑌R and 𝑋R are identified via 𝜙. Denote by 𝑃Φ𝐾 the cone of

positive semi-definite bilinear forms in HomZ(𝑆Φ𝐾 ,R) and by 𝑃+Φ𝐾 ⊂ 𝑃Φ𝐾 the open subcone of

positive definite forms.

The notion of surjections on representatives of cusp labels at level 𝐾 is defined in [Lan13,

Definition 5.4.2.12]. A surjection (Φ𝐾 , 𝛿𝐾) ↠ (Φ′𝐾 , 𝛿′𝐾) naturally identifies 𝑃Φ′𝐾 as a boundary

component of 𝑃Φ𝐾 .

Definition 3.3 (cf. [Lan13, Definition 6.2.6.4, 6.3.3.4]). A compatible choice of admissible ra-

tional polyhedral cone decomposition data for 𝑀𝐾 is a collection Σ = {ΣΦ𝐾 }{[Φ𝐾 ,𝛿𝐾 ]} where

[Φ𝐾 , 𝛿𝐾] runs through all cusp labels at level 𝐾 , such that

1. Each ΣΦ𝐾 is a ΓΦ𝐾 -admissible rational polyhedral cone decomposition of 𝑃Φ𝐾 . Then by

equivalence relations between representatives of cusp labels at level 𝐾 , we have a unique
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ΓΦ𝐾 -admissible cone decomposition ΣΦ𝐾 for each (Φ𝐾 , 𝛿𝐾).

2. For every surjection (Φ𝐾 , 𝛿𝐾) ↠ (Φ′𝐾 , 𝛿′𝐾), the restriction ΣΦ𝐾 |𝑃Φ′
𝐾

, defined as

{𝜎 ∈ ΣΦ𝐾 | 𝜎 ⊂ 𝑃Φ′𝐾 }

is equal to ΣΦ′𝐾
.

Σ is called smooth/projective/simplicial if the corresponding properties are verified for each ΣΦ𝐾 .

Let Σ = {ΣΦ𝐾 } be a compatible choice of admissible rational polyhedral cone decomposition

data. We define ΣΦ𝐾 ,0 := {𝜎 ∈ ΣΦ𝐾 | 𝜎 ⊂ 𝑃Φ𝐾 } and define ΞΦ𝐾 ,𝛿𝐾 ,𝜎, as the completion of

ΞΦ𝐾 ,𝛿𝐾 (𝜎) along the closed subset ΞΦ𝐾 ,𝛿𝐾 ,𝜎, 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0
as the completion of ΞΦ𝐾 ,𝛿𝐾 along the

closed subset
⊔
𝜎∈ΣΦ𝐾 ,0

ΞΦ𝐾 ,𝛿𝐾 ,𝜎.

The toroidal compactification 𝑀 tor
𝐾,Σ is constructed by gluing "good algebraic models" (cf.

[Lan13, Chapter 6.3]) in etale topology. It has a stratification parametrized by equivalence classes

of (Φ𝐾 , 𝛿𝐾 , 𝜎) where (Φ𝐾 , 𝛿𝐾) is a representative of cusp labels at level 𝐾 and 𝜎 ∈ ΣΦ𝐾 . Two

tuples (Φ𝐾 , 𝛿𝐾 , 𝜎) and (Φ′𝐾 , 𝛿′𝐾 , 𝜎′) are equivalent if there is an equivalence 𝛾 : (Φ𝐾 , 𝛿𝐾) ∼

(Φ′𝐾 , 𝛿′𝐾) sending 𝜎′ to 𝜎 under the isomorphism 𝑆Φ′𝐾 � 𝑆Φ𝐾 induced by 𝛾. As in [Lan13, Defini-

tion 6.3.2.14, Remark 6.3.2.15], we say (Φ′𝐾 , 𝛿′𝐾 , 𝜎′) is a face of (Φ𝐾 , 𝛿𝐾 , 𝜎) if there is a surjection

(Φ𝐾 , 𝛿𝐾) ↠ (Φ′𝐾 , 𝛿′𝐾) identifying 𝜎′ as a face of 𝜎, and this also defines the notion of being a face

on equivalence classes {[(Φ𝐾 , 𝛿𝐾 , 𝜎)]}.

By [Lan13, Thm. 6.4.1.1], 𝑀 tor
𝐾,Σ has a stratification

𝑀 tor
𝐾,Σ =

⊔
[(Φ𝐾 ,𝛿𝐾 ,𝜎)]

𝑍[(Φ𝐾 ,𝛿𝐾 ,𝜎)]

where each 𝑍[(Φ𝐾 ,𝛿𝐾 ,𝜎)] is a locally closed subset, 𝑍[(Φ′𝐾 ,𝛿′𝐾 ,𝜎′)] is in the closure of 𝑍[(Φ𝐾 ,𝛿𝐾 ,𝜎)] if

and only if [(Φ′𝐾 , 𝛿′𝐾 , 𝜎′)] is a face of [(Φ𝐾 , 𝛿𝐾 , 𝜎)], the formal completion (𝑀 tor
𝐾,Σ)∧𝑍[ (Φ𝐾 ,𝛿𝐾 ,𝜎) ] is

naturally isomorphic to ΞΦ𝐾 ,𝛿𝐾 ,𝜎/ΓΦ𝐾 ,𝜎, and the natural isomorphism identifies the pullback of

the universal tuple on 𝑀 tor
𝐾,Σ with the Mumford family defined by the universal degeneration data
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(cf. [Lan13, Definition 6.2.5.28]) on ΞΦ𝐾 ,𝛿𝐾 ,𝜎/ΓΦ𝐾 ,𝜎.

The minimal compactification 𝑀min
𝐾 is constructed in [Lan13, Ch 7.2.3]. It is a normal scheme

finite flat over the base ring. For every smooth toroidal compactification there is a canonical pro-

jection 𝜋 : 𝑀 tor
𝐾,Σ → 𝑀min

𝐾 . By [Lan13, Lemma 7.2.3.6, Proposition 7.2.3.7, Corollary 7.2.3.8],

𝑀min
𝐾 has a stratification

𝑀min
𝐾 =

⊔
[(Φ𝐾 ,𝛿𝐾 )]

𝑍[(Φ𝐾 ,𝛿𝐾 )]

by locally closed subschemes where [(Φ𝐾 , 𝛿𝐾)] runs through cusp labels at level 𝐾 , 𝑍[(Φ′𝐾 ,𝛿′𝐾 )]

is in the closure of 𝑍[(Φ𝐾 ,𝛿𝐾 )] if and only if there is a surjection [(Φ𝐾 , 𝛿𝐾)] ↠ [(Φ′𝐾 , 𝛿′𝐾)], and

the underlying space is the same as the image of [(Φ𝐾 ,𝛿𝐾 ,𝜎)] under 𝜋 for all 𝜎 ∈ ΣΦ𝐾 ,0. Let

(𝑀 tor
𝐾,Σ)∧𝑍[ (Φ𝐾 ,𝛿𝐾 ) ] be the completion of 𝑀 tor

𝐾,Σ along the locally closed subset 𝜋−1(𝑍[(Φ𝐾 ,𝛿𝐾 )]). By

[Lan17b, Lemma 4.13], there is a canonical isomorphism

(𝑀 tor
𝐾,Σ)∧𝑍[ (Φ𝐾 ,𝛿𝐾 ) ] � 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0

/ΓΦ𝐾

induced by maps between universal tuples.

3.3 Integral models of Siegel Shimura varieties when 𝑝 is ramified

Let 𝑅0 be a discrete valuation ring of mixed characteristic and residual characteristic 𝑝 and 𝜂

be the generic point of Spec(𝑅0). In the rest of the section, the base ring will be 𝑅0 and is omitted

from the notations.

The constructions for smooth toroidal compactifications and minimal compactifications are

carried out over Spec(𝑅0) or 𝜂 in the same way. When 𝐾 does not have the form 𝐾 𝑝𝐺 (Z𝑝), the

integral model of Shimura varieties and their compactifications are defined via normalizations.

Here we review the constructions and results from [Lan16a] and [Lan17b].

Let 𝐾 ⊂ 𝐺 (Ẑ) be an open compact subgroup. We assume 𝐾 𝑝 := im(𝐾 → 𝐺 (Ẑ𝑝)) is neat so

that all spaces will be schemes or formal schemes. Let 𝐽 be a finite index set and for each 𝑗 ∈ 𝐽 we

associate a (𝑔 𝑗 , 𝐿 𝑗 , ⟨·, ·⟩ 𝑗 ) where 𝑔 𝑗 ∈ 𝐺 (A 𝑓 ) and 𝐿 𝑗 ⊂ 𝐿 ⊗Q be a Z-sublattice and ⟨·, ·⟩ 𝑗 is a Q>0
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multiple of ⟨·, ·⟩ on 𝐿 ⊗Q. This forms a new PEL datum and defines 𝐺 𝑗 satisfying that 𝐺Q � 𝐺 𝑗 ,Q

for each 𝑗 . Let 𝐾 𝑗 be the image of 𝑔−1
𝑗 𝐾𝑔 𝑗 in𝐺 𝑗 (A 𝑓 ) and assume that 𝐾 𝑗 ⊂ 𝐺 𝑗 (Ẑ) for all 𝑗 . These

(𝐽, {(𝑔 𝑗 , 𝐿 𝑗 , ⟨·, ·⟩ 𝑗 )} 𝑗∈𝐽) are referred to as linear algebraic data. In [Lan16a, Section 4], for each

𝑗 , there is a construction for symplectic lattice (𝐿 𝑗 ,𝑎𝑢𝑥 , ⟨·, ·⟩ 𝑗 ,𝑎𝑢𝑥) such that 𝑝 is a good prime for

it, and there is a natural injective homomorphism 𝐺 𝑗 → 𝐺 𝑗 ,𝑎𝑢𝑥 of algebraic groups over Spec(Z)

with𝐺 𝑗 (Ẑ) → 𝐺 𝑗 ,𝑎𝑢𝑥 (Ẑ). Suppose 𝐾 𝑗 ,𝑎𝑢𝑥 ⊂ 𝐺 𝑗 ,𝑎𝑢𝑥 (Ẑ) contains the image of 𝐾 𝑗 in𝐺 𝑗 ,𝑎𝑢𝑥 (Ẑ
𝑝) and

𝐺 𝑗 ,𝑎𝑢𝑥 (Z𝑝). Let 𝑀𝐾 𝑗 ,𝑎𝑢𝑥 be the integral moduli problem defined by (𝐿 𝑗 ,𝑎𝑢𝑥 , ⟨·, ·⟩ 𝑗 ,𝑎𝑢𝑥) and 𝑀min
𝐾 𝑗 ,𝑎𝑢𝑥

be its minimal compactification. Then we have canonical morphisms

𝑀𝐾,𝜂 →
∏
𝑗∈𝐽

𝑀𝐾 𝑗 ,𝑎𝑢𝑥 , 𝑀
min
𝐾,𝜂 →

∏
𝑗∈𝐽

𝑀min
𝐾 𝑗 ,𝑎𝑢𝑥

,

and we define 𝑀𝐾 , 𝑀
min
𝐾 as respective normalizations. Let Σ 𝑗 ,𝑎𝑢𝑥 be a compatible choice of smooth

projective admissible rational polyhedral cone decomposition data for 𝑀𝐾 𝑗 ,𝑎𝑢𝑥 for each 𝑗 . Then we

have their toroidal compactifications 𝑀 tor
𝐾 𝑗 ,𝑎𝑢𝑥 ,Σ 𝑗 ,𝑎𝑢𝑥

and these {Σ 𝑗 ,𝑎𝑢𝑥} induce a compatible choice

of admissible rational polyhedral cone decomposition data Σ′ for 𝑀𝐾 . With the spaces, 𝑀 tor
𝐾,Σ′ is

defined as the normalization of 𝑀𝐾,𝜂 →
∏

𝑗∈𝐽 𝑀
tor
𝐾 𝑗 ,𝑎𝑢𝑥 ,Σ 𝑗 ,𝑎𝑢𝑥

. If Σ is an admissible projective ratio-

nal polyhedral cone decomposition of level 𝐾 , 𝑀 tor
𝐾,Σ is defined as an appropriate normal blowup

of 𝑀min
𝐾 in [Lan17b]. These spaces 𝑀𝐾 , 𝑀

min
𝐾 , 𝑀 tor

𝐾,Σ only depend on the linear algebraic data, not

the auxiliary choices of lattices, compact subgroups, and cone decompositions. Different choices

of linear algebraic data provide integral models with different universal properties.

𝑀 tor
𝐾,Σ has a stratification and represents a universal property in the category of normal schemes

as in the smooth compactification case. The boundary strata and stratifications for 𝑀 tor
𝐾,Σ and 𝑀 tor

𝐾,Σ′

are also described in [Lan16a] and [Lan17b]: Let (𝑍𝐾 ,Φ𝐾 , 𝛿𝐾) be a representative of cusp labels

for 𝑀𝐾 . There is an induced representative of cusp labels (𝑍𝐾 𝑗 ,𝑎𝑢𝑥 ,Φ𝐾 𝑗 ,𝑎𝑢𝑥 , 𝛿𝐾 𝑗 ,𝑎𝑢𝑥 ) for each 𝑗 .

Similarly, we have 𝐸Φ𝐾𝑗,𝑎𝑢𝑥
, the tower

ΞΦ𝐾𝑗,𝑎𝑢𝑥 ,𝛿𝐾𝑗,𝑎𝑢𝑥
→ 𝐶Φ𝐾𝑗,𝑎𝑢𝑥 ,𝛿𝐾𝑗,𝑎𝑢𝑥

→ 𝑀
Φ𝐾𝑗,𝑎𝑢𝑥
𝐾 𝑗 ,𝑎𝑢𝑥

,
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and natural morphisms

𝑀Φ𝐾
𝐾,𝜂 →

∏
𝑗∈𝐽

𝑀
Φ𝐾𝑗,𝑎𝑢𝑥
𝐾 𝑗 ,𝑎𝑢𝑥

, 𝐶Φ𝐾 ,𝛿𝐾 ,𝜂 →
∏
𝑗∈𝐽
𝐶Φ𝐾𝑗,𝑎𝑢𝑥 ,𝛿𝐾𝑗,𝑎𝑢𝑥

,

ΞΦ𝐾 ,𝛿𝐾 ,𝜂 →
∏
𝑗∈𝐽

ΞΦ𝐾𝑗,𝑎𝑢𝑥 ,𝛿𝐾𝑗,𝑎𝑢𝑥
, 𝐸Φ𝐾 →

∏
𝑗∈𝐽

𝐸Φ𝐾𝑗,𝑎𝑢𝑥
.

The spaces 𝑀Φ𝐾
𝐾 , 𝐶Φ𝐾 ,𝛿𝐾 ,ΞΦ𝐾 ,𝛿𝐾 are defined as respective normalizations of the first 3 morphisms

above. The map 𝐶Φ𝐾 ,𝛿𝐾 → 𝑀Φ𝐾
𝐾 is proper, the map ΞΦ𝐾 ,𝛿𝐾 → 𝐶Φ𝐾 ,𝛿𝐾 is a 𝐸Φ𝐾 -torsor, the map

𝐸Φ𝐾 →
∏

𝑗∈𝐽 𝐸Φ𝐾𝑗,𝑎𝑢𝑥
is a finite morphism of tori, and the map

ΞΦ𝐾 ,𝛿𝐾 →
(∏
𝑗∈𝐽

ΞΦ𝐾𝑗,𝑎𝑢𝑥 ,𝛿𝐾𝑗,𝑎𝑢𝑥

)
×∏

𝑗∈𝐽 𝐶Φ𝐾𝑗,𝑎𝑢𝑥
, 𝛿𝐾 𝑗,𝑎𝑢𝑥

𝐶Φ𝐾 ,𝛿𝐾

is equivariant with 𝐸Φ𝐾 →
∏

𝑗∈𝐽 𝐸Φ𝐾𝑗,𝑎𝑢𝑥
. By [Lan16a, Thm. 12.1], 𝑀min

𝐾 has a stratification

𝑀min
𝐾 =

⊔
[(Φ𝐾 ,𝛿𝐾 )]

𝑍[(Φ𝐾 ,𝛿𝐾 )]

by locally closed subschemes where [(Φ𝐾 , 𝛿𝐾)] runs through cusp labels at level 𝐾 , and 𝑍[(Φ′𝐾 ,𝛿′𝐾 )]

is in the closure of 𝑍[(Φ𝐾 ,𝛿𝐾 )] if and only if there is a surjection [(Φ𝐾 , 𝛿𝐾)] ↠ [(Φ′𝐾 , 𝛿′𝐾)]. By

[Lan16a, Thm. 9.13, 10.13], [Lan17a, Lemma 4.13, Proposition 5.1, Proposition 5.15], both 𝑀 tor
𝐾,Σ′

and 𝑀 tor
𝐾,Σ have stratifications

⊔
[(Φ𝐾 ,𝛿𝐾 ,𝜎)] 𝑍[(Φ𝐾 ,𝛿𝐾 ,𝜎)] analogous to the smooth toroidal compact-

ification case, and the completions (𝑀 tor
𝐾,Σ)∧𝑍[ (Φ𝐾 ,𝛿𝐾 ) ] and closure of each 𝑍[(Φ𝐾 ,𝛿𝐾 )] also have anal-

ogous descriptions.

The toroidal compactifications 𝑀 tor
𝐾,Σ have universal properties in the category of locally Noethe-

rian normal schemes in terms of degenerating families [Lan13, Definition 5.3.2.1]. The universal

properties [Lan16a, Theorem 11.4] and [Lan17b, Theorem 6.1 (6)] are given in the following

form: 𝑀 tor
𝐾,Σ carries universal degenerating families {(𝐺 𝑗 , 𝜆 𝑗 , 𝛼𝐾 𝑗 )} 𝑗∈𝐽 where (𝐺 𝑗 , 𝜆 𝑗 , 𝛼𝐾 𝑗 ) is of

type 𝑀𝐾 𝑗 . Let 𝑆 be an irreducible normal scheme over Spec(𝑅0) with generic point 𝜂𝑆. Given

a morphism 𝜂𝑆 → 𝑀𝐾,𝜂. Suppose there is a degenerating family (𝐺†𝑗 , 𝜆
†
𝑗 , 𝛼
†
𝐾 𝑗
) of type 𝑀𝐾 𝑗 for

69



each 𝑗 ∈ 𝐽 such that their fiber over 𝜂𝑆 are all canonically identified with the universal tuple given

by 𝜂𝑆 → 𝑀𝐾,𝜂. Then the morphism 𝜂𝑆 → 𝑀𝐾,𝜂 extends to a (necessarily unique) morphism

𝑆 → 𝑀 tor
𝐾,Σ if and only if some condition given by Σ is verified. We will call it "the condition given

by Σ".

We describe completions of some ideal sheaves along 𝜋−1(𝑍[(Φ𝐾 ,𝛿𝐾 )]) under the isomorphism

(𝑀 tor
𝐾,Σ)∧𝑍[ (Φ𝐾 ,𝛿𝐾 ) ] � 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0

/ΓΦ𝐾 . The idea and result should be well known to experts and are

similar to cases involved in previous works such as [Har+16], [Lan16b], and [Lan17b]. The author

learned the main idea from discussions with Kai-Wen Lan.

Let 𝑠 be a cusp label, 𝐷𝐾,Σ,𝑠 be the closure of 𝜋−1(𝑍𝐾,𝑠), given reduced subscheme structure,

and ℐ𝐾,Σ,𝑠 ⊂ 𝑀 tor
𝐾,Σ be the ideal sheaf defining 𝐷𝐾,Σ,𝑠. If

𝐷𝐾,Σ,𝑠 ∩ 𝜋−1(𝑍[(Φ𝐾 ,𝛿𝐾 )]) = ∅,

ℐ∧𝐾,Σ,𝑠 = O𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0
/ΓΦ𝐾 . Now we assume that 𝐷𝐾,Σ,𝑠 ∩ 𝜋−1(𝑍[(Φ𝐾 ,𝛿𝐾 )]) ≠ ∅. Equivalently, 𝑃𝑠

is a closed subcone of 𝑃[Φ𝐾 ,𝛿𝐾 ] .

Proposition 3.1. Under the canonical isomorphism

(𝑀 tor
𝐾,Σ)∧𝑍[ (Φ𝐾 ,𝛿𝐾 ) ] � 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0

/ΓΦ𝐾 ,

ℐ∧𝐾,Σ,𝑠 is identified with 𝐿 (ΣΦ𝐾 ,0, stΣΦ𝐾
(𝑃𝑠)𝑐, 0)ΓΦ𝐾 .

Proof. We first prove that the lemma is true if there is an etale local chart {𝑈𝛽} such that

1. 𝜋−1(𝑍[(Φ𝐾 ,𝛿𝐾 )]) is covered by finitely many members {𝑈𝛽1 , . . . ,𝑈𝛽𝑛} that does not intersect

with smaller strata in 𝑀 tor
𝐾,Σ. Therefore, in the following conditions, we exclude smaller strata

and restrict everything to an open subscheme in which the strata 𝜋−1(𝑍[(Φ𝐾 ,𝛿𝐾 )]) is closed.

2. Let 𝑉𝑖 be the image of𝑈𝛽𝑖 and 𝑉 =
⋃𝑛
𝑖=1𝑉𝑖. Then there is an etale map

𝑛⊔
𝑖=1
𝑈𝛽𝑖 → ΞΦ𝐾 ,𝛿𝐾 ,ΣΦ𝐾
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and there is a stratification on
⊔𝑛
𝑖=1𝑈𝛽𝑖 compatible with both stratifications on𝑉 and ΞΦ𝐾 ,𝛿𝐾 ,ΣΦ𝐾

.

3. Let ℐ be the ideal sheaf of 𝑀 tor
𝐾,Σ defining the reduced induced structure of the boundary

strata 𝜋−1(𝑍[(Φ𝐾 ,𝛿𝐾 )]) and ℐΣΦ𝐾 ,0
be the one of ΞΦ𝐾 ,𝛿𝐾 defining the reduced induced struc-

ture of 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0
. By the previous condition on their respective stratifications, they have

the same pullback to
⊔𝑛
𝑖=1𝑈𝛽𝑖 , denoted by ℐ𝑈 . Let𝑈∧ be the completion of

⊔𝑛
𝑖=1𝑈𝛽𝑖 along

ℐ𝑈 . Then we have the commutative diagram

𝑈∧ 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0

(𝑀 tor
𝐾,Σ)∧𝑍[ (Φ𝐾 ,𝛿𝐾 ) ] 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0

/ΓΦ𝐾

such that the composition𝑈∧ → 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0
/ΓΦ𝐾 is obtained by maps on universal tuples.

By Proposition 2.5, 𝐿 (ΣΦ𝐾 , 𝑃𝑠, 0) is radical. With these conditions, two ideal sheaves on different

spaces ℐ𝐾,Σ,𝑠 |𝑉 and 𝐿 (ΣΦ𝐾 , 𝑃𝑠, 0) have the same pullback on
⊔𝑛
𝑖=1𝑈𝛽𝑖 , for that their pullbacks

remain radical and define the same closed subset. The statement is obtained by fpqc descent of

ideal sheaves of the diagram

𝑈∧ 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0

(𝑀 tor
𝐾,Σ)∧𝑍[ (Φ𝐾 ,𝛿𝐾 ) ] 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0

/ΓΦ𝐾

.

In the smooth toroidal compactification case, the etale local chart given by good algebraic models

satisfies these properties. Let {Σ 𝑗 ,𝑎𝑢𝑥} 𝑗∈𝐽 be compatible smooth admissible rational polyhedral

cone decompositions data for level 𝐾 𝑗 ,𝑎𝑢𝑥 , and Σ′ be induced by {Σ 𝑗 ,𝑎𝑢𝑥} 𝑗∈𝐽 . Then 𝑀 tor
𝐾,Σ′ is the

normalization of the map

𝑀𝐾,𝜂 →
∏
𝑗∈𝐽

𝑀 tor
𝐾 𝑗 ,𝑎𝑢𝑥 ,Σ 𝑗 ,𝑎𝑢𝑥

and the desired etale local charts on 𝑀 tor
𝐾 𝑗 ,𝑎𝑢𝑥 ,Σ 𝑗 ,𝑎𝑢𝑥

induce one on 𝑀 tor
𝐾,Σ′ .

In general, we can find a refinement Σ′ of Σ that is induced by some {Σ 𝑗 ,𝑎𝑢𝑥} 𝑗∈𝐽 . Let 𝜙 :
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𝑀 tor
𝐾,Σ′ → 𝑀 tor

𝐾,Σ. Then we have the commutative diagram

(𝑀 tor
𝐾,Σ′)∧𝑍[ (Φ𝐾 ,𝛿𝐾 ) ] 𝔛Φ𝐾 ,𝛿𝐾 ,Σ′Φ𝐾 ,0

/ΓΦ𝐾

(𝑀 tor
𝐾,Σ)∧𝑍[ (Φ𝐾 ,𝛿𝐾 ) ] 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0

/ΓΦ𝐾

𝜙∧ .

By Proposition 2.9, 𝑅𝜙∧∗ (ℐ∧𝐾,Σ′,𝑠) is identified with 𝐿 (ΣΦ𝐾 ,0, stΣ (𝑃𝑠)𝑐, 0)ΓΦ𝐾 . Since completion

commutes with derived direct image for proper morphisms, 𝜙∗(ℐ𝐾,Σ′,𝑠) has the same support as

ℐ𝐾,Σ,𝑠 and becomes radical in all locally closed strata (𝑀 tor
𝐾,Σ)∧𝑍[ (Φ𝐾 ,𝛿𝐾 ) ] . Therefore, 𝜙∗(ℐ𝐾,Σ′,𝑠) �

ℐ𝐾,Σ,𝑠 and we obtain the identification

ℐ∧𝐾,Σ,𝑠 � 𝐿 (ΣΦ𝐾 ,0, stΣ (𝑃𝑠)𝑐, 0)ΓΦ𝐾 .

□

The following corollary is deduced by the proposition above along with Proposition 2.5.

Corollary 3.1. Arbitrary sums of intersections among {ℐ𝐾,Σ,𝑠} are radical. Let J be a subset

of maximal parabolic subgroups of 𝐺, 𝑠(J) be the set of all cusp labels associated to parabolic

subgroups in J , 𝐷𝐾,Σ,J =
⋃
𝑠∈𝑆(J) 𝐷𝐾.Σ,𝑠, ℐ𝐾,Σ,J be the ideal sheaf defining reduced structure

of 𝐷𝐾,Σ,J , and 𝑃𝑠(J) =
⊔
𝑠∈𝑠(J) 𝑃𝑠. Then

ℐ∧𝐾,Σ,J = 𝐿 (ΣΦ𝐾 ,0, stΣ (𝑃𝑠(J))𝑐, 0)ΓΦ𝐾 .

3.4 Automorphic vector bundles

We follow the definitions in [BP23, Section 4.3] to define automorphic vector bundles on inte-

gral models of Siegel Shimura varieties. Then we consider some specific ideal sheaves and define

subsheaves of sections of automorphic vector bundles vanishing along specific boundary strata.

Let (𝐴, 𝜆, 𝛼𝐾) be the universal tuple over the integral model of Shimura variety 𝑆tor
𝐾,Σ, where 𝐴 is
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a semi-abelian scheme, 𝜆 : 𝐴 → 𝐴∨ is a prime-to-𝑝 polarization, and 𝛼𝐾 is a level-𝐾 structure,

defined only on 𝑆𝐾,𝜂. Let 𝑃 ⊂ GSp2𝑔 be the stabilizer of ⟨𝑒1, . . . , 𝑒𝑔⟩ ⊂ 𝐿 = Z2𝑔, which is the

Siegel parabolic subgroup. Let 𝑀 ⊂ 𝑃 be the Levi subgroup given by block-diagonal matrices in

𝑃.

Definition 3.4. 𝜋𝑀𝑑𝑅 : 𝑀𝑑𝑅 → 𝑆tor
𝐾,Σ is defined as the 𝑀-torsor parametrizing tuples (𝜓1, 𝜓2, 𝑐)

where 𝜓1 : O𝑔
𝑆tor
𝐾,Σ
� Lie(𝐴), 𝜓2 : O𝑔

𝑆tor
𝐾,Σ
� 𝜔(𝐴𝑡), 𝑐 ∈ O×

𝑆tor
𝐾,Σ

such that 𝜓2 = 𝑐(𝜓𝑡1)
−1. Since 𝜓2

is determined by 𝜓1 and 𝑐, it is the same as the sheaf parametrizing 𝜓1 : O𝑔
𝑆tor
𝐾,Σ
� Lie(𝐴) and

𝑐 ∈ O×
𝑆tor
𝐾,Σ

. Consider the isomorphism GL𝑔 ×G𝑚 � 𝑀 via (ℎ, 𝑡) ↦→
©­­«
ℎ 0

0 𝑡𝑇ℎ−1

ª®®¬. The action of 𝑀

on 𝑀𝑑𝑅 is given by (𝜓1, 𝑐) ·
©­­«
ℎ 0

0 𝑡𝑇ℎ−1

ª®®¬ := (𝜓1 ◦ ℎ, 𝑡𝑐).

Let 𝐵𝑀 be the Borel subgroup of 𝑀 and 𝜅 be a dominant weight of 𝑀 . Let 𝐿𝜅 be the line

bundle on 𝑀/𝐵𝑀 defined as 𝐿𝜅 (𝑈) := { 𝑓 ∈ O𝑀 (𝜋−1(𝑈)) | 𝑓 (𝑚𝑏) = −𝑤0,𝑀 (𝜅)(𝑏) 𝑓 (𝑚)},

where 𝜋 : 𝑀 → 𝑀/𝐵𝑀 is the canonical quotient map. The sheaf is equivariant with the 𝑀-

action (𝑚 𝑓 )(𝑚′) := 𝑓 (𝑚−1𝑚′). Let (𝜌𝜅, 𝑉𝜅) be the algebraic representation given by 𝑉𝜅 :=

𝐻0(𝑀/𝐵𝑀 , 𝐿𝜅) and 𝜌𝜅 (𝑔) ( 𝑓 )(ℎ) := 𝑓 (𝑔−1ℎ). Then (𝜌𝜅, 𝑉𝜅) is an integral model of the finite-

dimensional irreducible representation of 𝑀C of highest weight 𝜅.

Definition 3.5. Let 𝜅 be a dominant weight. We define 𝜔𝑘 as the vector bundle

𝑀𝑑𝑅 ×𝑀 𝑉𝜅 → 𝑆tor
𝐾,Σ .

Alternatively, it is the same as 𝜋𝑀𝑑𝑅 ,∗ O𝑀𝑑𝑅 [−𝑤0,𝑀 (𝜅)]. This is an integral model ofV𝜅 considered

in Chapter 1.

Let Δ be the set of maximal standard parabolic subgroups of 𝐺. This is the same as the set of

simple roots of 𝐺. For each level 𝐾 and 𝑠 ∈ Δ, we denote by Φ𝐾,𝑠 the set of cusp labels associated
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to 𝑠, and define

𝑍𝐾,𝑠 :=
⊔

[Φ𝐾 ,𝛿𝐾 ]∈Φ𝐾,𝑠
𝑍[Φ𝐾 ,𝛿𝐾 ] .

Let 𝜋 : 𝑆ℎtor
𝐾,Σ → 𝑆ℎmin

𝐾 be the natural map, which is proper. We define 𝐷𝐾,Σ,𝑠 := 𝜋−1(𝑍𝐾,𝑠) ⊂

𝑆ℎtor
𝐾,Σ, endowed with the reduced induced closed subscheme structure. For every J ⊂ Δ, we

define

𝐷𝐾,Σ,J :=
⋃
𝑠∈𝐼

𝐷𝐾,Σ,𝑠,

also endowed with reduced induced closed subscheme structure. Let ℐJ = ℐ𝐾,Σ,J ⊂ O𝑆ℎtor
𝐾,Σ

be

the ideal sheaf defining 𝐷𝐾,Σ,J .

We define 𝜔𝑘𝐾,Σ,J := 𝜔𝑘 ⊗ ℐ𝐾,Σ,J = ℐ𝐾,Σ,J 𝜔𝑘 ⊂ 𝜔𝑘 . For all J ,J ′ ⊂ 𝑆, we define

𝐷𝐾,Σ,J ,J ′ := 𝐷𝐾,Σ,J ⊗𝑆ℎtor
𝐾,Σ

𝐷𝐾,Σ,J ′ and ℐ𝐾,Σ,J ,J ′ := ℐ𝐾,Σ,J +ℐ𝐾,Σ,J ′ the ideal sheaf defining

𝐷𝐾,Σ,J ,J ′ . Then ℐ𝐾,Σ,J ,J ′ is also radical by Corollary 3.1.

Lemma 3.1. For every J ⊂ J ′ ⊂ 𝑆, there is the short exact sequence

0→ ℐ𝐾,Σ,J ′ → ℐ𝐾,Σ,J → ℐ𝐾,Σ,J O𝐷𝐾,Σ,J′ − J → 0.

Apply ⊗𝜔𝑘 on this short exact sequence and we get the short exact sequence

0→ 𝜔𝑘𝐾,Σ,J ′ → 𝜔𝑘𝐾,Σ,J → (𝜔
𝑘 |𝐷𝐾,Σ,J′ − J (−𝐷𝐾,Σ,J ,J ′ −J )) → 0.

Proof. Since 𝐷𝐾,Σ,J ′ −J ∪ 𝐷𝐾,Σ,J = 𝐷𝐾,Σ,J ′ , ℐ𝐾,Σ,J ′ = ℐ𝐾,Σ,J ′ −J ∩ℐ𝐾,Σ,J . Then the short

exact sequence is the same as the one

0→ ℐ𝐾,Σ,J ′ −J ∩ℐ𝐾,Σ,J → ℐ𝐾,Σ,J → (ℐ𝐾,Σ,J +ℐ𝐾,Σ,J ′ −J )/ℐ𝐾,Σ,J ′ −J → 0.

□

Each of the cones {𝑃Φ𝐾 } satisfies the first condition in Condition 1. For now on, we always
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assume that in Σ = {ΣΦ𝐾 }, each ΣΦ𝐾 satisfies the second condition in Condition 1.

Lemma 3.2. If Σ′ is a refinement of Σ, then 𝑅𝜋∗𝜔𝑘𝐾,Σ′,J = 𝜔𝑘𝐾,Σ,J [0]. In particular, cohomology

of 𝜔𝑘𝐾,Σ,J are independent of the choice of Σ.

Proof. By the projection formula, it suffices to prove 𝑅𝜋∗ℐ𝐾,Σ′,J = ℐ𝐾,Σ,J [0] and this is given

by Corollary 3.1 and Proposition 2.9. □

The discussion below is involved in studying the normalization of 𝑈𝑝-operators. For every

scheme 𝑆 and a vector bundle L of rank 𝑔 along with a line bundle T , we define the 𝑀-torsor

𝐹𝑟 (L) ⊕ (T − {0}) where 𝐹𝑟 (L) is the frame bundle of L, given by the subspace (𝑣1, . . . , 𝑣𝑔) ⊂

L⊕𝑔 such that 𝑣1 ∧ · · · ∧ 𝑣𝑔 is everywhere non-vanishing, and (ℎ, 𝑡) ∈ 𝑀 acts by ((𝑣1, . . . , 𝑣𝑔), 𝑢) ·

(ℎ, 𝑡) = ((𝑣1, . . . , 𝑣𝑔)ℎ, 𝑡𝑢). We define𝑉𝜅 ((L, 𝑇)) as the sheaf of functions 𝑓 on 𝐹𝑟 (L)⊕(T −{0})

such that 𝑓 (𝑥𝑏) = −𝑤0,𝑀 (𝜅) (𝑏) 𝑓 (𝑥). This defines a vector bundle over 𝑆.

Let 𝑆0 = Spec(𝑅) where 𝑅 is a flat algebra over Z𝑝 and 𝑆 = Spec(𝑅0 [1/𝑝]). Let 𝑊 be a

Q𝑝-vector space of dimension 𝑔, 𝐿, 𝐿′ ⊂ 𝑊 be Z𝑝-lattices of rank 𝑔, and 𝑇,𝑇 ′ ⊂ Q𝑝 be Z𝑝-

lattices. We define L := 𝐿 ⊗Z𝑝 O𝑆0 , L′ := 𝐿′ ⊗Z𝑝 O𝑆0 as vector bundles over 𝑆0, T := 𝑇 ⊗Z𝑝 O𝑆0 ,

T ′ := 𝑇 ′ ⊗Z𝑝 O𝑆0 as line bundles over 𝑆0, andW := 𝑊 ⊗Q𝑝 O𝑆 as a vector bundle over 𝑆. Then

the inclusions 𝐿, 𝐿′ ⊂ 𝑊 and 𝑇,𝑇 ′ ⊂ Q𝑝 induce inclusions 𝑉𝜅 ((L,T))(𝑆0), 𝑉𝜅 ((L′,T ′)) (𝑆0) ⊂

𝑉𝜅 ((W,O𝑆)) (𝑆). Let {𝑒1, . . . , 𝑒𝑔} be a basis of 𝐿 and 𝑢0 be a basis of 𝑇 . With this basis we have

isomorphisms

𝑉𝜅 ((L,T))(𝑆0) � 𝑉𝜅 (𝑅), 𝑉𝜅 ((W,O𝑆)) (𝑆) � 𝑉𝜅 (𝑅0 [1/𝑝])

by

𝑓 ↦→ (𝜙( 𝑓 ) : 𝑚 ↦→ 𝑓 ((𝑒1, . . . , 𝑒𝑔, 𝑢0)𝑚).

This basis also gives an isomorphism 𝑊 � Q𝑝 and there is a (ℎ, 𝑡) ∈ GL𝑔 (Q𝑝) × Q×𝑝 such that

𝐿′ = ℎ(𝐿), 𝑇 ′ = 𝑡𝑇 .
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Lemma 3.3. The image of the composition

𝑉𝜅 ((L′,T ′)) (𝑆0) ⊂ 𝑉𝜅 ((W,O𝑆)) (𝑆)
𝜙−→ 𝑉𝜅 (𝑅0 [1/𝑝])

is 𝜌𝜅 (ℎ, 𝑡) (𝑉𝜅 (𝑅)).

Proof. Let 𝜙′ : 𝑉𝜅 ((W,O𝑆)) � 𝑉𝜅 (𝑅0 [1/𝑝]) be the following isomorphism

𝜙′( 𝑓 )(𝑚) := 𝑓 ((ℎ𝑒1, . . . , ℎ𝑒𝑔, 𝑡𝑢0)𝑚).

Then

𝜙( 𝑓 )(𝑚) = 𝑓 ((𝑒1, . . . , 𝑒𝑔, 𝑢0)𝑚) = 𝑓 ((ℎ𝑒1, . . . , ℎ𝑒𝑔, 𝑡𝑢0) (ℎ, 𝑡)−1𝑚)

=𝜌𝜅 (ℎ, 𝑡)(𝜙′( 𝑓 )) (𝑚).

Therefore, 𝜙( 𝑓 ) = 𝜌𝜅 (ℎ, 𝑡)(𝜙′( 𝑓 )), and 𝑓 ∈ 𝑉𝜅 ((L′,T ′)) (𝑆0) if and only if 𝜙′( 𝑓 ) ∈ 𝑉𝜅 (𝑅), if and

only if 𝜙( 𝑓 ) ∈ 𝜌𝜅 (ℎ, 𝑡)(𝑉𝜅 (𝑅)). □

3.5 Igusa towers

We introduce perfectoid Igusa towers defined in [CS17, Section 4], finite-level Igusa towers

and their partial compactifications defined in [BP23, Section 3.4]. We mostly follow the defini-

tions and treatment in [BP23, Section 3.4], and give more details on the construction of partial

compactifications.

In this section, for every group functor 𝐹 over Z𝑝, we define 𝐹 (𝑝𝑛) as the kernel of 𝐹 (Z𝑝) →

𝐹 (Z/𝑝𝑛 Z) for every 𝑛 ∈ N. We denote by 𝑃 the Siegel parabolic subgroup of 𝐺 = GSp2𝑔, by

𝑁 the unipotent part of 𝑃, and by 𝑀 the Levi-subgroup of 𝑃, which is isomorphic to GL𝑔 ×G𝑚.

We assume the base ring 𝑅0 is a complete discrete valuation ring of mixed characteristics, and the

topology is 𝑝-adic.
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3.5.1 Ordinary loci of integral models of Siegel Shimura varieties

Let 𝐾 𝑝 ⊂ 𝐺 (Ẑ𝑝) be a neat open compact subgroup and 𝐾𝑝 ⊂ 𝐺 (Z𝑝) be an open compact

subgroup. We have the integral model of Siegel Shimura varieties 𝑆𝐾 𝑝𝐾𝑝 and their toroidal com-

pactifications 𝑆tor
𝐾 𝑝𝐾𝑝 ,Σ

for some choices of collections of admissible rational polyhedral cone de-

compositions over 𝑅0 by the construction in [Lan16a] and [Lan17b]. We define 𝑆ord
𝐾 𝑝𝐾𝑝

and 𝑆tor,ord
𝐾 𝑝𝐾𝑝 ,Σ

as the loci where the associated abelian schemes/semi-abelian scheme are ordinary of the respec-

tive spaces. They are open subschemes and the complements are contained in the special fibers.

Proposition 3.2. 𝑆ord
𝐾 𝑝𝐾𝑝

and 𝑆tor,ord
𝐾 𝑝𝐾𝑝 ,Σ

are independent of the choice of the linear algebraic data

used to define the integral models.

Proof. We compare the universal properties of integral models and this is reduced to the following

proposition: If 𝑆 is an irreducible Noetherian normal scheme, 𝑈 ⊂ 𝑆 is open dense, 𝐺 is an

ordinary semi-abelian scheme which abelian over 𝑈, and there is an isogeny 𝐺𝑈 → 𝐺′𝑈 , then 𝐺′𝑈

extends to a semi-abelian scheme 𝐺′ over 𝑆 and the isogeny also extends to 𝐺 → 𝐺′ over 𝑆. This

is given by [Lan17a, Lemma 3.1.3.2]. □

Therefore, when we discuss ordinary loci, we only use {(𝐿, ⟨·, ·⟩)} where 𝐿 = Z2𝑔 and ⟨·, ·⟩

is the standard symplectic form to define the integral models. Let Σ be a collection of admissible

rational polyhedral cone decompositions of level 𝐾 𝑝𝐺 (Z𝑝), which define one for every 𝐾 𝑝𝐾𝑝,

also denoted by Σ. Then by definition, 𝑆tor,ord
𝐾 𝑝𝐾𝑝 ,Σ

is the normalization of 𝑆𝐾 𝑝𝐾𝑝 ,𝑅0 [1/𝑝] in 𝑆tor,ord
𝐾 𝑝𝐺 (Z𝑝),Σ.

Since 𝑆tor
𝐾 𝑝𝐺 (Z𝑝),Σ is Nagata, 𝑆tor,ord

𝐾 𝑝𝐾𝑝 ,Σ
→ 𝑆tor,ord

𝐾 𝑝𝐺 (Z𝑝),Σ is finite.

Definition 3.6. 𝔖ord
𝐾 𝑝𝐾𝑝

and 𝔖tor,ord
𝐾 𝑝𝐾𝑝 ,Σ

are defined as the 𝑝-adic completions of 𝑆ord
𝐾 𝑝𝐾𝑝

and 𝑆tor,ord
𝐾 𝑝𝐾𝑝 ,Σ

,

respectively.

There are universal tuples (𝐴, 𝜆, 𝛼𝐾) and (𝐺, 𝜆, 𝛼𝐾) over 𝔖ord
𝐾 𝑝𝐾𝑝

and 𝔖tor,ord
𝐾 𝑝𝐾𝑝 ,Σ

, respectively.

By [Bha16, Theorem 1.1], we are able to describe the universal property of 𝔖ord
𝐾 𝑝𝐾𝑝

and 𝔖tor,ord
𝐾 𝑝𝐾𝑝 ,Σ

out of the universal properties of 𝑆ord
𝐾 𝑝𝐾𝑝

and 𝑆tor,ord
𝐾 𝑝𝐾𝑝 ,Σ

, respectively.
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Proposition 3.3. Let 𝑅 be a 𝑝-adically complete Noetherian 𝑅0-algebra and Spf (𝑅) = Spf (𝑅, 𝑝𝑅).

Then 𝔖ord
𝐾 𝑝𝐺 (Z𝑝) (𝑆𝑝 𝑓 (𝑅)) classifies isomorphism classes of tuples (𝐴, 𝜆, 𝛼𝐾) over Spec(𝑅) where

1. 𝐴/Spec(𝑅) is an ordinary abelian scheme.

2. 𝜆 : 𝐴→ 𝐴∨ is a principal polarization.

3. 𝛼𝐾 is an integral level-𝐾 structure of 𝐴. Here 𝐾 = 𝐾 𝑝𝐺 (Z𝑝).

If 𝑅 is moreover normal, and there is a degenerating family (𝐺, 𝜆, 𝛼𝐾) over Spec(𝑅) where 𝐺 is

ordinary, then there exists a necessarily unique map Spf (𝑅) → 𝔖tor,ord
𝐾 𝑝𝐾𝑝 ,Σ

such that (𝐺, 𝜆, 𝛼𝐾) is

the pullback of the universal tuple over 𝑆tor,ord
𝐾 𝑝𝐾𝑝 ,Σ

via the corresponding map Spec(𝑅) → 𝑆tor,ord
𝐾 𝑝𝐾𝑝 ,Σ

if

and only if the condition given by Σ is satisfied.

Similarly, as in the scheme case, there is a version of moduli problems parametrizing quasi-

isogeny classes of tuples.

3.5.2 Frobenius twists

In the construction of Igusa towers, we need to define Frobenius twists of objects parametrized

by some spaces at the 𝑝-adic formal scheme level. In this section, we list such twists when certain

ordinary level structures are given.

Let 𝑆 be a scheme and (𝐴, 𝜆𝐴) be an abelian scheme with a prime-to-𝑝 quasi-polarization.

An ordinary level-𝑀 (Z/𝑝𝑟 Z) structure of (𝐴, 𝜆𝐴) (see the definition in [Lan17a, Chapter 3.3.3])

determines a maximal totally isotropic multiplicative finite flat subgroup scheme of 𝐴[𝑝𝑟], denoted

by 𝐴[𝑝𝑟]𝑚, as well as one for 𝐴∨ [𝑝𝑟], denoted by 𝐴∨ [𝑝𝑟]𝑚, which is the image of 𝐴[𝑝𝑟]𝑚 under

𝜆𝐴. We say 𝐴[𝑝𝑟]𝑚 (and hence 𝐴∨ [𝑝𝑟]𝑚) is given if an ordinary level-𝑀 (Z/𝑝𝑟 Z) structure is

given.

Let 𝐾 𝑝 ⊂ 𝐺 (Ẑ𝑝) be an open compact subgroup and 𝛼𝐾 𝑝 be a level-𝐾 𝑝𝐺 (Z𝑝) structure of

(𝐴, 𝜆𝐴). When 𝐴[𝑝𝑟]𝑚 is given, we define the 𝑟-fold Frobenius twist of the tuple (𝐴, 𝜆𝐴, 𝛼𝐾 𝑝 )

as follows: First we define 𝐴(𝑝
𝑟 ) := 𝐴/𝐴[𝑝𝑟]𝑚. Since 𝐴[𝑝𝑟]𝑚 is maximal totally isotropic in
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𝐴[𝑝𝑟], 𝐴(𝑝𝑟 ),∨ = 𝐴∨/𝐴∨ [𝑝𝑟]𝑚, which we also denote by 𝐴∨,(𝑝
𝑟 ) . The quotient map 𝐴 → 𝐴(𝑝

𝑟 ) is

denoted by 𝐹𝑟𝐴, or simply 𝐹𝑟 . The dual isogeny 𝐴(𝑝
𝑟 ),∨ → 𝐴∨ is denoted by 𝑉𝑟𝐴, or simply 𝑉𝑟 . The

prime-to-𝑝 quasi-polarization 𝜆(𝑝
𝑟 )

𝐴 : 𝐴(𝑝𝑟 ) → 𝐴∨,(𝑝
𝑟 ) is defined as 𝜆(𝑝

𝑟 )
𝐴 := 𝑝𝑟 (𝑉𝑟𝐴)−1 ◦ 𝜆𝐴 ◦ 𝐹𝑟𝐴.

The Frobenius map 𝐹𝑟𝐴 identifies 𝛼𝐾 𝑝 with a level-𝐾 𝑝𝐺 (Z𝑝) structure of (𝐴(𝑝𝑟 ) , 𝜆(𝑝
𝑟 )

𝐴 ), which we

denote by 𝛼(𝑝
𝑟 )

𝐾 𝑝 . The 𝑟th fold Frobenius twist of (𝐴, 𝜆𝐴, 𝛼𝐾 𝑝 ) is defined as (𝐴, 𝜆𝐴, 𝛼𝐾 𝑝 ) (𝑝
𝑟 ) :=

(𝐴(𝑝𝑟 ) , 𝜆(𝑝
𝑟 )

𝐴 , 𝛼
(𝑝𝑟 )
𝐾 𝑝 ).

Suppose 𝛼ord
𝑝𝑟 is an ordinary principal level-𝑝𝑟 structure of (𝐴, 𝜆𝐴) (see the definition in [Lan17a,

Chapter 3.3.3]), and 𝐴[𝑝2𝑟]𝑚 is given. We define the 𝑟th fold Frobenius twist of 𝛼ord
𝑝𝑟 as follows:

It is equivalent to an isomorphism 𝜙 : (𝜇𝑝𝑟 )𝑔 � 𝐴[𝑝𝑟]𝑚 and an element 𝑐 ∈ (Z/𝑝𝑟 Z)×. When

𝐴[𝑝2𝑟]𝑚 is given, 𝐴(𝑝
𝑟 ) [𝑝𝑟]𝑚 is also given by 𝐴[𝑝2𝑟]𝑚/𝐴[𝑝𝑟]𝑚 and it is canonically isomorphic

to 𝐴[𝑝𝑟]𝑚. We define 𝑐(𝑝
𝑟 ) = 𝑐 and 𝜙(𝑝

𝑟 ) : (𝜇𝑝𝑟 )𝑔 � 𝐴[𝑝𝑟]𝑚 � 𝐴[𝑝2𝑟]𝑚/𝐴[𝑝𝑟]𝑚 = 𝐴(𝑝
𝑟 ) [𝑝𝑟]𝑚.

Frobenius twists of general ordinary level structures can be likewise defined in this way.

Then we consider the case for ordinary semi-abelian schemes. Let 𝑆 be a normal locally

Noetherian scheme and (𝐺, 𝜆𝐺 , 𝛼𝐾 𝑝 ) be a degenerating family such that 𝐺 is ordinary. Let 𝑈 ⊂ 𝑆

be an open dense subscheme over which𝐺 is abelian and𝐺𝑈 [𝑝𝑟]𝑚 is given. Then (𝐺, 𝜆𝐺 , 𝛼𝐾 𝑝 ) (𝑝
𝑟 )

𝑈

is defined. By the extensibility lemma [Lan17a, Lemma 3.1.3.2], (𝐺𝑈 , 𝐺∨𝑈 , 𝜆𝐺𝑈 ) (𝑝
𝑟 ) : 𝐺𝑈 →

𝐺∨𝑈) extends uniquely to 𝑆, which we denote by (𝐺 (𝑝𝑟 ) , 𝐺∨,(𝑝𝑟 ) , 𝜆(𝑝
𝑟 )

𝐺 : 𝐺 (𝑝𝑟 ) → 𝐺∨,(𝑝
𝑟 )). Then

(𝐺, 𝜆𝐺 , 𝛼𝐾 𝑝 ) (𝑝
𝑟 ) is defined as (𝐺 (𝑝𝑟 ) , 𝜆(𝑝

𝑟 )
𝐺 , 𝛼

(𝑝𝑟 )
𝐾 𝑝 ) constructed above (note that it suffices to define

𝛼
(𝑝𝑟 )
𝐾 𝑝 over 𝑈). On the other hand, suppose 𝑉 is an open subscheme of 𝑆 containing 𝑈, 𝐺𝑈 [𝑝𝑟]𝑚

is given and extends to some multiplicative finite flat subgroup scheme of 𝐺 [𝑝𝑟] over 𝑉 , denoted

by 𝐺𝑉 [𝑝𝑟]𝑚. In this case, we say an ordinary principal level-𝑝𝑟 structure of (𝐺, 𝜆𝐺) over 𝑉 is an

isomorphism 𝜙 : (𝜇𝑝𝑟 )𝑔 � 𝐺𝑉 [𝑝𝑟]𝑚 and an element 𝑐 ∈ (Z/𝑝𝑟 Z)×. If 𝐺𝑈 [𝑝2𝑟]𝑚 is also given and

extends to some multiplicative finite flat subgroup scheme 𝐺𝑉 [𝑝2𝑟]𝑚 of 𝐺𝑉 [𝑝2𝑟], then (𝜙, 𝑐) (𝑝𝑟 )

is also defined over 𝑉 .

Lastly, we consider Frobenius twists of degeneration data. Degeneration data are defined in

[Lan13, Definition 5.4.1.1] and [Lan13, Definition 5.4.2.8], either with or without the positivity

condition on 𝜏. First, we assume 𝑝 ∤ 𝑛. Consider degeneration data with principal level-𝑛 struc-
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tures

(𝑍𝑛,Φ𝑛 = (𝑋,𝑌, 𝜙, 𝜑0,𝑛, 𝜑−2,𝑛), (𝐴, 𝜆𝐴, 𝜑−1,𝑛), 𝛿𝑛, (𝑐𝑛, 𝑐∨𝑛 , 𝜏𝑛))

over a scheme 𝑆, without the positivity condition. Suppose 𝐴[𝑝𝑟]𝑚 is given. Then (𝐴, 𝜆𝐴, 𝜑−1,𝑛) (𝑝
𝑟 )

is defined. Then we define

1. (𝑍𝑛,Φ𝑛, 𝛿𝑛) (𝑝
𝑟 ) = (𝑍𝑛,Φ𝑛, 𝛿𝑛).

2. 𝑐(𝑝
𝑟 )

𝑛 = 𝐹𝑟 ◦ 𝑐𝑛 :
1
𝑛
𝑋 → 𝐴∨,(𝑝

𝑟 ) , 𝑐∨,(𝑝
𝑟 )

𝑛 = 𝐹𝑟 ◦ 𝑐𝑛 :
1
𝑛
𝑌 → 𝐴(𝑝

𝑟 ) . Their restrictions to 𝑋 and

𝑌 , respectively give 𝑐(𝑝
𝑟 ) and 𝑐∨,(𝑝

𝑟 ) , respectively.

3. We note that (𝐹𝑟 × 𝐹𝑟) : 𝐴× 𝐴∨ → 𝐴(𝑝
𝑟 ) × 𝐴∨,(𝑝𝑟 ) has the property that (𝐹𝑟 × 𝐹𝑟)∗𝑃𝐴(𝑝𝑟 ) �

𝑃
⊗𝑝𝑟
𝐴 where 𝑃𝐴 and 𝑃𝐴(𝑝𝑟 ) are Poincare bundles for 𝐴 and 𝐴(𝑝

𝑟 ) , respectively. Then we

define

𝜏
(𝑝𝑟 )
𝑛 : 1 1

𝑛𝑌×𝑋
� (𝑐∨,(𝑝

𝑟 )
𝑛 × 𝑐(𝑝

𝑟 )
𝑛 )∗𝑃𝐴(𝑝𝑟 ) � (𝑐∨𝑛 × 𝑐𝑛)∗𝑃

⊗𝑝𝑟
𝐴

in terms of the choice of base, 𝜏(𝑝
𝑟 )

𝑛 (𝑦/𝑛, 𝑥) := 𝜏𝑛 (𝑦/𝑛, 𝑥)⊗𝑝
𝑟
.

For degeneration data with general level-𝐾 𝑝 structures, we define

(𝑍𝐾 𝑝 ,Φ𝐾 𝑝 , (𝐴, 𝜆𝐴, 𝜑−1,𝐾 𝑝 ), 𝛿𝐾 𝑝 , (𝑐𝐾 𝑝 , 𝑐∨𝐾 𝑝 , 𝜏𝐾 𝑝 )) (𝑝
𝑟 )

as etale local orbits of the Frobenius twist of degeneration data with principal level-𝑛 structures.

When we consider principal ordinary level-𝑝𝑟 structures at 𝑝, the discussion in [Lan17a, Chap-

ter 4.1.4] requires the following additional data :

1. A symplectic filtration 𝑍𝑝𝑟 of (Z/𝑝𝑟 Z)2𝑔 such that 𝑍−2,𝑝𝑟 ⊂ ⟨𝑒1, . . . , 𝑒𝑔⟩Z/𝑝𝑟 Z = 𝐷⊗𝑍/𝑝𝑟 Z.

Such 𝑍𝑝𝑟 is called ordinary. 𝛿𝑝𝑟 is a splitting of the short exact sequence

0→ 𝑍−2,𝑝𝑟 → 𝐷 ⊗ 𝑍/𝑝𝑟 Z→ 𝐷 ⊗ 𝑍/𝑝𝑟 Z/𝑍−2,𝑝𝑟 → 0.

2. Two isomorphisms 𝜑−2,𝑝𝑟 : 𝐺𝑟𝑍−2,𝑝𝑟 � Hom(𝑋/𝑝𝑟𝑋, (Z/𝑝𝑟 Z) (1)), and 𝜑−2,𝑝𝑟 : 𝐺𝑟𝑍0,𝑝𝑟 �

𝑌/𝑝𝑟𝑌 , satisfying that via the isomorphism 𝜑−2,𝑝𝑟 × 𝜑0,𝑝𝑟 , the pairing ⟨·, ·⟩20 : 𝐺𝑟𝑍−2,𝑝𝑟 ×
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𝐺𝑟𝑍0,𝑝𝑟 → (Z/𝑝𝑟 Z)(1) is identified with the pairing

Hom(𝑋/𝑝𝑟𝑋, (Z/𝑝𝑟 Z)(1)) × 𝑌/𝑝𝑟𝑌
1⊗𝜙−−−→Hom(𝑋/𝑝𝑟𝑋, (Z/𝑝𝑟 Z)(1)) × 𝑋/𝑝𝑟𝑋 → (Z/𝑝𝑟 Z)(1)

One of 𝜑−2,𝑝𝑟 and 𝜑0,𝑝𝑟 uniquely determines the other.

3. A principal ordinary level-𝑝𝑟 structure 𝜑ord
−1,𝑝𝑟 of (𝐴, 𝜆𝐴).

4. Two morphisms 𝑐ord
𝑝𝑟 : 𝑋 → 𝐴∨,(𝑝

𝑟 ) , and 𝑐∨,ord
𝑝𝑟 : 𝑌 → 𝐴(𝑝

𝑟 ) that fit into commutative

diagrams

𝑋 𝐴∨,(𝑝
𝑟 )

𝐴∨

𝑐ord
𝑝𝑟

𝑐
𝑉𝑟 ,

𝑌 𝐴(𝑝
𝑟 )

𝐴

𝑐∨,ord
𝑝𝑟

𝑐∨
𝑉𝑟

such that 𝜆𝐴(𝑝𝑟 ) ◦ 𝑐∨,ord
𝑝𝑟 = 𝑐ord

𝑝𝑟 ◦ 𝜙 : 𝑌 → 𝐴∨,(𝑝
𝑟 ) . One of 𝑐ord

𝑝𝑟 and 𝑐∨,ord
𝑝𝑟 uniquely determines

the other.

When 𝐴[𝑝2𝑟]𝑚 is given, 𝜑ord,(𝑝𝑟 )
−1,𝑝𝑟 is defined, and we define

(𝑍𝑝𝑟 , 𝛿𝑝𝑟 , 𝜑−2,𝑝𝑟 , 𝜑0,𝑝𝑟 ) (𝑝
𝑟 ) := (𝑍𝑝𝑟 , 𝛿𝑝𝑟 , 𝜑−2,𝑝𝑟 , 𝜑0,𝑝𝑟 ),

and

𝑐
ord,(𝑝𝑟 )
𝑝𝑟 := 𝐹𝑟 ◦ 𝑐ord

𝑝𝑟 , 𝑐
∨,𝑜𝑟𝑑,(𝑝𝑟 )
𝑝𝑟 := 𝐹𝑟 ◦ 𝑐∨,ord

𝑝𝑟 .

The case for degeneration data with positivity condition is defined by the same formula, and is

compatible with the Frobenius twist of degenerating families when the cusp label is ordinary.

3.5.3 Igusa towers

Let 𝑋ord := (𝜇𝑝∞)𝑔 ⊕ (Q𝑝/Z𝑝)𝑔 with the canonical polarization. Let 𝐽ord := 𝑄𝑖𝑠𝑜𝑔Symp(𝑋ord)

and 𝐽𝑖𝑛𝑡ord := 𝐴𝑢𝑡Symp(𝑋ord). The group 𝐽ord has Levi subgroup 𝑀 (Q𝑝). The generic fiber 𝑃′(Z𝑝) :=
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𝐽𝑖𝑛𝑡ord ×Spf (Z𝑝) Spa(Q𝑝,Z𝑝) is a semi-direct product 𝑀 (Z𝑝) ⋉ 𝑁 (Z𝑝)(1) and we write 𝑁′(Z𝑝) =

𝑁 (Z𝑝)(1). We also define 𝑃′(Q𝑝) := 𝐽ord ×Spf (Z𝑝) Spa(Q𝑝,Z𝑝).

Let 𝑋ord,𝑚 = (𝜇𝑝∞)𝑔 and 𝑋ord,𝑒𝑡 = (Q𝑝/Z𝑝)𝑔. Then we define the infinite-level Igusa towers

following [BP23, Section 3.4].

Definition 3.7. Let (𝐴, 𝜆, 𝛼𝐾) be the universal tuple over 𝔖ord
𝐾 𝑝𝐺 (Z𝑝) . ℑ𝔊𝐾 𝑝𝑁 ′ (Z𝑝) → 𝔖ord

𝐾 𝑝𝐺 (Z𝑝) is

defined as the 𝑝-adic formal scheme parametrizing 𝑗𝑒 : 𝑋ord,𝑒𝑡 � 𝐴[𝑝∞]𝑒, 𝑗𝑚 : 𝑋ord,𝑚 � 𝐴[𝑝∞]𝑚,

such that there is a 𝑐 ∈ Z×𝑝 fitting into commutative diagrams

𝑋ord,𝑚 𝐴[𝑝∞]𝑚

𝑋𝐷ord,𝑒𝑡 𝐴[𝑝∞]𝑒𝑡,𝐷

𝑗𝑚

𝑐𝜆can 𝜆

𝑗𝐷𝑒

,

𝑋ord,𝑒𝑡 𝐴[𝑝∞]𝑒𝑡

𝑋𝐷ord,𝑚 𝐴[𝑝∞]𝑚,𝐷

𝑗𝑒

𝑐𝜆can 𝜆

𝑗𝐷𝑚

.

ℑ𝔊𝐾 𝑝 → 𝔖ord
𝐾 𝑝𝐺 (Z𝑝) is the 𝑝-adic formal scheme parametrizing 𝑗 : 𝑋ord � 𝐴[𝑝∞], such that there

is a 𝑐 ∈ Z×𝑝 fitting into the commutative diagram

𝑋ord 𝐴[𝑝∞]

𝑋𝐷ord 𝐴[𝑝∞]𝐷

𝑗

𝑐𝜆can 𝜆

𝑗𝐷

.

ℑ𝔊𝐾 𝑝𝑁 ′ (Z𝑝) → 𝔖ord
𝐾 𝑝𝐺 (Z𝑝) is a profinite etale 𝑀 (Z𝑝)-torsor. The Frobenius twist on the univer-

sal tuple induces a Frobenius map 𝐹 : ℑ𝔊𝐾 𝑝𝑁 ′ (Z𝑝) → ℑ𝔊𝐾 𝑝𝑁 ′ (Z𝑝) . Then ℑ𝔊𝐾 𝑝 is represented by

lim←−−𝐹 · ℑ𝔊𝐾 𝑝𝑁 ′ (Z𝑝) .

There are also moduli interpretations for ℑ𝔊𝐾 𝑝𝑁 ′ (Z𝑝) and ℑ𝔊𝐾 𝑝 in terms of quasi-isogeny

classes. In that way, we see that there is a 𝑃′(Q𝑝)-action on ℑ𝔊𝐾 𝑝 and we can consider Hecke

twists by 𝑔 ∈ 𝑀 (Q𝑝).
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3.5.4 Finite-level Igusa towers

We also consider Igusa towers with finite levels. We first consider the following specific level

structures. Consider

𝑃′(𝑝𝑛) := ker(𝑃′(Z𝑝) → 𝑃′(Z/𝑝𝑛 Z)), 𝑃′,ord(𝑝𝑛) := ker(𝑃′(Z𝑝) → 𝑀 (Z/𝑝𝑛 Z))𝑁′(Z𝑝).

We define ℑ𝔊𝐾 𝑝𝑃
′ ,ord (𝑝𝑛) → 𝔖ord

𝐾 𝑝𝐺 (Z𝑝) as the finite etale covering parametrizing 𝑗𝑚,𝑛 : (𝜇𝑝𝑛)𝑔 �

𝐴[𝑝𝑛]𝑚 and 𝑐 ∈ (Z/𝑝𝑛 Z)×, and define ℑ𝔊𝐾 𝑝𝑃′ (𝑝𝑛) → 𝔖ord
𝐾 𝑝𝐺 (Z𝑝) as the finite flat covering

parametrizing symplectic isomorphisms 𝑗𝑛 : (𝜇𝑝𝑛)𝑔 ⊕ (Z/𝑝𝑛 Z)𝑔 � 𝐴[𝑝𝑛]. Then the Frobenius

twist induces the Frobenius morphism 𝐹 : ℑ𝔊𝐾 𝑝𝑃
′ ,ord (𝑝𝑛) → ℑ𝔊𝐾 𝑝𝑃

′ ,ord (𝑝𝑛) .

Proposition 3.4. ℑ𝔊𝐾 𝑝𝑃′ (𝑝𝑛) → 𝔖ord
𝐾 𝑝𝑃′ (𝑝𝑛) is isomorphic to

ℑ𝔊𝐾 𝑝𝑃
′ ,ord (𝑝𝑛)

𝐹𝑛−−→ ℑ𝔊𝐾 𝑝𝑃
′ ,ord (𝑝𝑛) → 𝔖ord

𝐾 𝑝𝐺 (Z𝑝) .

Proof. Let (𝐴, 𝜆𝐴, 𝜂𝐾 𝑝 ,𝐴, 𝑗𝑚,𝑛,𝐴, 𝑐𝐴) be a tuple parametrized by ℑ𝔊𝐾 𝑝𝑃
′ ,ord (𝑝𝑛) . Suppose the tuple

(𝐵, 𝜆𝐵, 𝜂𝐾 𝑝 ,𝐵, 𝑗𝑚,𝑛,𝐵, 𝑐𝐵) is one the Frobenius of which is (𝐴, 𝜆𝐴, 𝜂𝐾 𝑝 ,𝐴, 𝑗𝑚,𝑛,𝐴, 𝑐𝐴). Then 𝐴 �

𝐵/𝐵[𝑝]𝑚 and 𝐵[𝑝]/𝐵[𝑝]𝑚 → 𝐴[𝑝] is necessarily isotropic and isomorphic to 𝐴[𝑝]𝑒𝑡 . This gives

a splitting of the short exact sequence

0→ 𝐴[𝑝]𝑚 → 𝐴[𝑝] → 𝐴[𝑝]𝑒𝑡 → 0

that identifies 𝐴[𝑝]𝑒𝑡 with an isotropic subgroup of 𝐴[𝑝]. Conversely, if there is such a splitting,

Then we define 𝐵 := 𝐴/𝐴[𝑝]𝑒𝑡 and denote by 𝜙 the quotient map 𝐴 → 𝐴/𝐴[𝑝]𝑒𝑡 = 𝐵. Then

𝜆𝐵 := 𝑝𝜙∨,−1 ◦ 𝜆𝐴 ◦ 𝜙−1 is a prime-to-𝑝 polarization. We define (𝐵, 𝜆𝐵, 𝜂𝐾 𝑝 ,𝐵, 𝑗𝑚,𝑛,𝐵, 𝑐𝐵) in the

obvious way and the Frobenius twist of the tuple is (𝐴, 𝜆𝐴, 𝜂𝐾 𝑝 ,𝐴, 𝑗𝑚,𝑛,𝐴, 𝑐𝐴). We iterate the process

𝑛 times and we have the map

ℑ𝔊𝐾 𝑝𝑃
′ ,ord (𝑝𝑛)

𝐹𝑛−−→ ℑ𝔊𝐾 𝑝𝑃
′ ,ord (𝑝𝑛) → 𝔖ord

𝐾 𝑝𝐺 (Z𝑝)
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parametrizes (𝐴, 𝜆𝐴, 𝜂𝐾 𝑝 ,𝐴, 𝜂ord
𝑛,𝐴) along with a splitting

0→ 𝐴[𝑝𝑛]𝑚 → 𝐴[𝑝𝑛] → 𝐴[𝑝𝑛]𝑒𝑡 → 0

by an isotropic subgroup. Since the tuple already includes an isomorphism (Z/𝑝𝑛 Z)𝑔 � 𝐴[𝑝𝑛]𝑒𝑡 ,

this is the same as the moduli problem defining ℑ𝔊𝐾 𝑝𝑃′ (𝑝𝑛) . □

Finite-level Igusa towers are indexed by open compact subgroups of 𝑃′(Q𝑝) := 𝑀 (Q𝑝) ⋉

𝑁 (Q𝑝)(1). Let 𝐾𝑝,𝑃 ⊂ 𝑃′(Q𝑝) be one. We define 𝑁𝑝,𝑃 := 𝐾𝑝,𝑃 ∩ 𝑁 (Q𝑝)(1) and 𝑀𝑝,𝑃 :=

𝐾𝑝,𝑃/𝑁𝑝,𝑃 ↩→ 𝑀 (Q𝑝) and we have the short exact sequence

1→ 𝑁𝑝,𝑃 → 𝐾𝑝,𝑃 → 𝑀𝑝,𝑃 → 1.

Definition 3.8. Let 𝐾𝑝,𝑃, 𝑁𝑝,𝑃 be the scheme-theoretic image of 𝐾𝑝,𝑃, 𝑁𝑝,𝑃 in 𝐽ord, respectively.

We define ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 , ℑ𝔊𝐾 𝑝𝑁𝑝,𝑃 as the fpqc-quotients ℑ𝔊𝐾 𝑝/𝐾𝑝,𝑃, ℑ𝔊𝐾 𝑝/𝑁𝑝,𝑃, respectively.

By [BP23, Proposition 3.4.9], both ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 and ℑ𝔊𝐾 𝑝𝑁𝑝,𝑃 exist as 𝑝-adic formal schemes

and ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 is finite flat over 𝔖ord
𝐾 𝑝𝐺 (Z𝑝) , formally smooth over Spf (Z𝑝), by Serre-Tate the-

ory. Moreover, ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 → ℑ𝔊𝐾 𝑝𝑁𝑝,𝑃 is profinite etale with Galois group 𝑀𝑝,𝑃 and the map

ℑ𝔊𝐾 𝑝𝑁 ′𝑝,𝑃
→ ℑ𝔊𝐾 𝑝𝑁𝑝,𝑃 for some 𝐾′𝑝,𝑃 ⊂ 𝐾𝑝,𝑃 is equivariant with respect to actions of formal tori

defined by 𝑁′𝑝,𝑃 and 𝑁𝑝,𝑃.

Let Σ be a compatible choice of admissible rational polyhedral cone decomposition data at

level 𝐾 𝑝𝐺 (Z𝑝). We define partial compactifications of Igusa towers with respect to Σ as fol-

lows: We define ℑ𝔊tor
𝐾 𝑝𝑃′ (Z𝑝),Σ := 𝔖tor,ord

𝐾 𝑝𝐺 (Z𝑝),Σ. Over it, there is a universal semi-abelian scheme 𝐺

and the multiplicative part 𝐺 [𝑝∞]𝑚 ⊂ 𝐺 [𝑝∞] is well-defined. Then we define ℑ𝔊tor
𝐾 𝑝𝑃

′ ,ord (𝑝𝑛),Σ →

ℑ𝔊tor
𝐾 𝑝𝑃′ (Z𝑝),Σ is defined as Isom(𝜇𝑝𝑛)𝑔, 𝐺 [𝑝𝑛]𝑚)×(Z/𝑝𝑛 Z)× over ℑ𝔊tor

𝐾 𝑝𝑃′ (Z𝑝),Σ, which is a 𝑀 (Z/𝑝𝑛 Z)-

torsor extending ℑ𝔊𝐾 𝑝𝑃
′ ,ord (𝑝𝑛) → ℑ𝔊𝐾 𝑝𝑃′ (Z𝑝) . The Frobenius morphism extends to an endo-

morphism on ℑ𝔊tor
𝐾 𝑝𝑃

′ ,ord (𝑝𝑛),Σ because 𝐺 [𝑝∞]𝑚 is defined on it and the condition given by Σ is
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unaffected by Frobenius twists. Then ℑ𝔊tor
𝐾 𝑝𝑃′ (𝑝𝑛),Σ → ℑ𝔊tor

𝐾 𝑝𝑃′ (Z𝑝),Σ is defined as the map

ℑ𝔊tor
𝐾 𝑝𝑃

′ ,ord (𝑝𝑛),Σ
𝐹𝑛−−→ ℑ𝔊tor

𝐾 𝑝𝑃
′ ,ord (𝑝𝑛),Σ → ℑ𝔊tor

𝐾 𝑝𝑃′ (Z𝑝),Σ .

We define the partial toroidal compactifications ℑ𝔊tor
𝐾 𝑝𝑁 ′ (Z𝑝),Σ, ℑ𝔊

tor
𝐾 𝑝 ,Σ by taking inverse limit in

the category of 𝑝-adic formal schemes. The map ℑ𝔊tor
𝐾 𝑝𝑁 ′ (Z𝑝),Σ → ℑ𝔊tor

𝐾 𝑝𝑃′ (Z𝑝),Σ is the profi-

nite etale 𝑀 (Z𝑝)-torsor Isom 𝜇𝑝∞)𝑔 ⊕ (Q𝑝/Z𝑝)𝑔, 𝐺 [𝑝∞]𝑚) × Z×𝑝 , and ℑ𝔊tor
𝐾 𝑝 ,Σ is the perfection of

ℑ𝔊tor
𝐾 𝑝𝑁 ′ (Z𝑝),Σ. The action of 𝑃′(Z𝑝) on ℑ𝔊tor

𝐾 𝑝 ,Σ by acting on the level structure at 𝑝, which is only

defined over the open part.

We consider partial compactifications only for those 𝐾𝑝,𝑃 ⊂ 𝑃′(Z𝑝). We find an 𝑛 such

that 𝐾𝑝,𝑃 contains 𝑃′(𝑝𝑛). Then 𝐾𝑝,𝑃/𝑃′(𝑝𝑛) is finite flat. Since 𝐹 is a lifting of Frobenius,

ℑ𝔊tor
𝐾 𝑝𝑃′ (𝑝𝑛),Σ → ℑ𝔊tor

𝐾 𝑝𝑃′ (Z𝑝),Σ is finite. Then we define

ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,Σ := ℑ𝔊tor

𝐾 𝑝𝑃′ (𝑝𝑛),Σ/(𝐾𝑝,𝑃/𝑃
′(𝑝𝑛)).

The definition is independent of the choice of 𝑛. Moreover, we will prove that two definitions of

ℑ𝔊tor
𝐾 𝑝𝑃

′ ,ord (𝑝𝑛),Σ agree.

3.5.5 Boundary strata of partial compactifications

Proposition 3.5. Let 𝑍 ⊂ ℑ𝔊tor
𝐾 𝑝𝑃′ (Z𝑝),Σ be a closed subset, 𝜋𝑛 : ℑ𝔊tor

𝐾 𝑝𝑃′ (𝑝𝑛),Σ → ℑ𝔊tor
𝐾 𝑝𝑃′ (Z𝑝),Σ,

𝜋 : ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,Σ → ℑ𝔊tor

𝐾 𝑝𝑃′ (Z𝑝),Σ. We regard 𝑍 , 𝜋−1
𝑛 (𝑍), 𝜋−1(𝑍) as the closed formal subschemes

defined by these closed subsets. Then 𝜋−1(𝑍) = 𝜋−1
𝑛 (𝑍)/(𝐾𝑝,𝑃/𝑃′(𝑝𝑛)).

We now study the boundary strata of partial toroidal compactifications of Igusa towers. In this

section, we will use subscript 𝐾 𝑝 to indicate structures associated with level 𝐾 𝑝𝐺 (Z𝑝).

Let 𝑍𝑝𝑑 be a fully symplectic-liftable admissible filtration of (Z/𝑝𝑑 Z)2𝑔. We say 𝑍𝑝𝑑 is ordi-

nary if 𝑍−2,𝑝𝑑 ⊂ 𝐷 𝑝𝑑 := ⟨𝑒1, . . . , 𝑒𝑔⟩Z/𝑝𝑑 Z. Let 𝛿𝑝𝑑 be a splitting of the short exact sequence

0→ 𝑍−2,𝑝𝑑 → 𝐷 𝑝𝑑 → 𝐷 𝑝𝑑/𝑍−2,𝑝𝑑 → 0.

85



This gives a splitting of the filtration

0 = 𝑍−3,𝑝𝑑 ⊂ 𝑍−2,𝑝𝑑 ⊂ 𝐷 𝑝𝑑 ⊂ 𝑍−1,𝑝𝑑 ⊂ 𝑍0,𝑝𝑑 = (Z/𝑝𝑑 Z)2𝑔

by identifying (Z/𝑝𝑑 Z)2𝑔/𝐷 𝑝𝑑 with ⟨𝑒𝑔+1, . . . , 𝑒2𝑔⟩Z/𝑝𝑑 Z, 𝑍−1,𝑝𝑑/𝐷 𝑝𝑑 with 𝑍⊥−2,𝑝𝑑 , and 𝑍0,𝑝𝑑/𝑍−1,𝑝𝑑

with (𝐷 𝑝𝑑/𝑍−2,𝑝𝑑 )⊥. Suppose 𝑃′(𝑝𝑑) ⊂ 𝐾𝑝,𝑃. We write 𝐾𝑃 := 𝐾 𝑝𝐾𝑝,𝑃. A representative of ordi-

nary cusp labels (𝑍𝐾𝑃 ,Φ𝐾𝑃 , 𝛿𝐾𝑃 ) is a 𝐾𝑝,𝑃-orbit of pairs

((𝑍𝐾 𝑝 ,Φ𝐾 𝑝 , 𝛿𝐾 𝑝 ), (𝑍𝑝𝑑 , 𝛿𝑝𝑑 , 𝜑0,𝑝𝑑 , 𝜑−2,𝑝𝑑 ))

where 𝑍𝑝𝑑 is ordinary. We define ΓΦ𝐾𝑃 in the same way we define Γ𝐾 .

When a representative of ordinary cusp labels (𝑍𝐾𝑃 ,Φ𝐾𝑃 , 𝛿𝐾𝑃 ) is given, similarly as in the

construction in [Lan13, Chapter 6.2.4], we have the moduli scheme universal for tuples of the

form

(𝑍𝐾𝑃 ,Φ𝐾𝑃 , 𝛿𝐾𝑃 , (𝐴, 𝜆𝐴, 𝜑−1,𝐾 𝑝 , 𝜑
ord
−1,𝑝𝑑 ), (𝑐𝐾 𝑝 , 𝑐

∨
𝐾 𝑝 , 𝜏𝐾 𝑝 ), (𝑐ord

𝑝𝑑
, 𝑐∨,ord
𝑝𝑑
)),

which is a special case of [Lan17a, Chapter 4.2]. Consider the tower

ΞΦ𝐾𝑝 ,𝛿𝐾𝑝 → 𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 → 𝑀
Φ𝐾𝑝
𝐾 𝑝

constructed in [Lan13, Chapter 6.2.4], where ΞΦ𝐾𝑝 ,𝛿𝐾𝑝 /ΓΦ𝐾𝑝 is universal for tuples of the form

(𝑍𝐾 𝑝 ,Φ𝐾 𝑝 , 𝛿𝐾 𝑝 , (𝐴, 𝜆𝐴, 𝜑−1,𝐾 𝑝 ), (𝑐𝐾 𝑝 , 𝑐∨𝐾 𝑝 , 𝜏𝐾 𝑝 )).

We define a tower

ΞΦ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,ord → 𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,ord → 𝑀
Φ𝐾𝑝
𝐾 𝑝 ,𝑝𝑑 ,ord

as follows: 𝑀
Φ𝐾𝑝
𝐾 𝑝 ,𝑝𝑑 ,ord is the moduli scheme parametrizing tuples (𝐴, 𝜆𝐴, 𝜑−1,𝐾 𝑝 , 𝜑

ord
−1,𝑝𝑑 ), and
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𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,ord over 𝑀Φ𝐾𝑝
𝐾 𝑝 ,𝑝𝑑 ,ord is the space parametrizing

𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 ×Hom(𝑋,𝐴),𝑉𝑑 Hom(𝑋, 𝐴(𝑝𝑑)),

and ΞΦ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,ord is simply the base change

ΞΦ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,ord := ΞΦ𝐾𝑝 ,𝛿𝐾𝑝 ×𝐶Φ𝐾𝑝 ,𝛿𝐾 𝑝
𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,ord.

Then ΞΦ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,ord/ΓΦ𝐾𝑃 is the desired moduli space.

Using ΣΦ𝐾𝑝 , we similarly define 𝔛Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,𝑜𝑟𝑑,ΣΦ𝐾𝑝 ,0
and we have the diagram

𝔛Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,𝑜𝑟𝑑,ΣΦ𝐾𝑝 ,0
𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,ord 𝑀

Φ𝐾𝑝
𝐾 𝑝 ,𝑝𝑑 ,ord

𝔛Φ𝐾𝑝 ,𝛿𝐾𝑝 ,ΣΦ𝐾𝑝 ,0
𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 𝑀

Φ𝐾𝑝
𝐾 𝑝

.

Over 𝔛Φ𝐾𝑝 ,𝛿𝐾𝑝 ,ΣΦ𝐾𝑝 ,0
, by Mumford’s construction, there is a universal extension

0→ Hom(𝑋,G𝑚) → 𝐺♮ → 𝐴→ 0.

By construction,

⊔
(𝑍𝑝𝑑 ,𝜑0, 𝑝𝑑 ,𝜑−2, 𝑝𝑑 ,𝜑

ord
−1, 𝑝𝑑

)
𝔛Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,𝑜𝑟𝑑,ΣΦ𝐾𝑝 ,0

→ 𝔛Φ𝐾𝑝 ,𝛿𝐾𝑝 ,ΣΦ𝐾𝑝 ,0

parametrizes closed immersions (𝜇𝑝𝑑 )𝑔 → 𝐺♮ along with a constant 𝑐 ∈ (Z/𝑝𝑑 Z)×. The 𝑝-adic

completion of the map is the 𝑀 (Z/𝑝𝑑 Z)-torsor

Isom(𝜇𝑝𝑑 )𝑔, 𝐺♮ [𝑝𝑑]𝑚) × (Z/𝑝𝑑 Z)×.
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Proposition 3.6.

⊔
(𝑍𝑝𝑑 ,𝜑0, 𝑝𝑑 ,𝜑−2, 𝑝𝑑 ,𝜑

ord
−1, 𝑝𝑑

)
𝔛Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,𝑜𝑟𝑑,ΣΦ𝐾𝑝 ,0

/ΓΦ
𝐾𝑝𝐾ord

𝑝 (𝑝𝑑 )
→ 𝔛Φ𝐾𝑝 ,𝛿𝐾𝑝 ,ΣΦ𝐾𝑝 ,0

/ΓΦ𝐾𝑝

is the 𝑀 (Z/𝑝𝑑 Z)-torsor

Isom((𝜇𝑝𝑑 )𝑔, 𝐺♮ [𝑝𝑑]𝑚) × (Z/𝑝𝑑 Z)×.

Suppose 𝑅 is 𝑝-adically complete. In this case, 𝐴[𝑝∞]𝑚 is well-defined over Spec(𝑅). A

preimage of the tuple under the 𝑑-fold Frobenius twist requires the following data:

1. A pair (𝐵, 𝜆𝐵) such that (𝐵, 𝜆𝐵) (𝑝
𝑑) = (𝐴, 𝜆𝐴). This is the same as a symplectic isomorphism

𝜑−1,𝑝𝑑 : 𝜇ℎ
𝑝𝑑
⊕ (Z/𝑝𝑑 Z)ℎ � 𝐴[𝑝𝑑] that agrees with 𝜑ord

−1,𝑝𝑑 on 𝜇ℎ
𝑝𝑑

.

2. Two morphisms 𝑐𝑝𝑑 : 𝑋 → 𝐴∨, 𝑐∨
𝑝𝑑

: 𝑌 → 𝐴, such that 𝑝𝑑𝑐𝑝𝑑 = 𝑐, 𝑝𝑑𝑐∨
𝑝𝑑

= 𝑐∨, and

𝑐𝑝𝑑 ◦ 𝜙 = 𝜆𝐴 ◦ 𝑐∨𝑝𝑑 . With them, 𝑐𝐵 : 𝑋 → 𝐵∨ and 𝑐∨𝐵 : 𝑌 → 𝐵 are defined as

𝑐𝐵 : 𝑋
𝑐𝑝𝑑−−−→ 𝐴∨

𝑉𝑑−−→ 𝐵∨, 𝑐∨𝐵 : 𝑌
𝑐∨
𝑝𝑑−−−→ 𝐴

𝑉𝑑−−→ 𝐵,

respectively.

3. An isomorphism 𝜏𝑝𝑑 : 11/𝑝𝑑𝑌×𝑋 � (𝑐∨ × 𝑐)∗𝑃−1
𝐴 extending 𝜏, which is required to be sym-

metric.

This motivates the following tower:

ΞΦ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 → 𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 → 𝑀
Φ𝐾𝑝 ,∗
𝐾 𝑝 ,𝑝𝑑 ,ord

where
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1. 𝑀Φ𝐾𝑝 ,∗
𝐾 𝑝 ,𝑝𝑑 ,ord is the ordinary moduli parametrizing ordinary structures of level

©­­«
1 (mod 𝑝𝑑) ∗

1 (mod 𝑝2𝑑) 1 (mod 𝑝𝑑)

ª®®¬ ⊂ 𝐺 (Z𝑝).
The Hecke action by diag(𝑝−1𝐼ℎ, 𝐼ℎ) gives a map 𝑀Φ𝐾𝑝 ,∗

𝐾 𝑝 ,𝑝𝑑 ,ord → 𝑀
Φ𝐾𝑝
𝐾 𝑝 ,𝑝𝑑 ,ord. On the other

hand, the natural restriction 𝑀
Φ𝐾𝑝 ,∗
𝐾 𝑝 ,𝑝𝑑 ,ord → 𝑀

Φ𝐾𝑝
𝐾 𝑝 ,𝑝𝑑 ,ord induces an isomorphism on 𝑝-adic

completions. The Hecke action by diag(𝑝−1𝐼ℎ, 𝐼ℎ) on the 𝑝-adic completion is a lifting of

the 𝑑th Frobenius.

2. 𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 over 𝑀Φ𝐾𝑝 ,∗
𝐾 𝑝 ,𝑝𝑑 ,ord is defined as the functor

𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 := [diag(𝑝−1𝐼ℎ, 𝐼ℎ)]∗𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 ×Hom(𝑋,𝐴),𝑝𝑑 · Hom(𝑋, 𝐴).

The Frobenius map on 𝐴 induces a morphism

𝐹𝑑 : 𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 → [diag(𝑝−1𝐼ℎ, 𝐼ℎ)]∗𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,ord

by 𝐹𝑑 : Hom(𝑋, 𝐴) → Hom(𝑋, 𝐴(𝑝𝑑)).

3. Let 𝑆Φ𝐾𝑃 :=
1
𝑝𝑑
𝑆Φ𝐾𝑝 and 𝐸Φ𝐾𝑃

be the split torus with character group 𝑆Φ𝐾𝑃 . We have the

canonical morphism 𝐸Φ𝐾𝑃
→ 𝐸Φ𝐾𝑝 induced by the natural inclusion of character groups.

ΞΦ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 is defined as the universal 𝐸Φ𝐾𝑃
-torsor parametrizing 𝜏𝐾 𝑝 + 𝜏𝑝𝑑 . Then we also

have 𝐹𝑑: ΞΦ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 → ΞΦ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,ord equivariant with respect to the canonical morphism

𝐸Φ𝐾𝑃
→ 𝐸Φ𝐾𝑝 , given simply by forgetting 𝜏𝑝𝑑 .
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Similarly, we use ΣΦ𝐾𝑝 to define 𝔛Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,ΣΦ𝐾𝑝 ,0
. Then we have the commutative diagram

𝔛Φ𝐾𝑝 ,𝑝𝑑 ,Σ𝐾𝑝 ,0 𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 𝑀
Φ𝐾𝑝 ,∗
𝐾 𝑝 ,𝑝𝑑 ,ord

𝔛Φ𝐾𝑝 ,𝑝𝑑 ,𝑜𝑟𝑑,Σ𝐾𝑝 ,0 𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,ord 𝑀
Φ𝐾𝑝
𝐾 𝑝 ,𝑝𝑑 ,ord

𝔛Φ𝐾𝑝 ,Σ𝐾𝑝 ,0 𝐶Φ𝐾𝑝 ,𝛿𝐾𝑝 𝑀
Φ𝐾𝑝
𝐾 𝑝

𝐹𝑑 𝐹𝑑 𝐹𝑑

.

Proposition 3.7. There is a canonical isomorphism 𝔛∧𝑝
Φ𝐾𝑝 ,𝑝𝑑 ,Σ𝐾𝑝 ,0

� 𝔛∧𝑝
Φ𝐾𝑝 ,𝑝𝑑 ,𝑜𝑟𝑑,Σ𝐾𝑝 ,0

, with which

𝐹𝑑 : 𝔛∧𝑝
Φ𝐾𝑝 ,𝑝𝑑 ,Σ𝐾𝑝 ,0

→ 𝔛∧𝑝
Φ𝐾𝑝 ,𝑝𝑑 ,𝑜𝑟𝑑,Σ𝐾𝑝 ,0

is induced by the 𝑑-fold Frobenius twist on the universal

tuple.

Proposition 3.8. ℑ𝔊tor
𝐾 𝑝𝑃′ (𝑝𝑑),Σ → ℑ𝔊tor

𝐾 𝑝𝑃′ (Z𝑝),Σ is finite.

Proof. It suffices to prove that ℑ𝔊tor
𝐾 𝑝𝑃′ (𝑝𝑑),Σ → ℑ𝔊tor

𝐾 𝑝𝑃
′ ,ord (Z𝑝),Σ

is finite. By [Lan17a, Lemma

3.3.6.6] (or [Lan17a, Lemma 3.3.6.8]), the map is proper. By the explicit description of each

stratum and again the lemma above, the map is quasi-finite. Therefore, we conclude that the map

is finite. □

Let 𝐾𝑝,𝑃 be an open compact subgroup of 𝑃′(Z𝑝) containing 𝑃′(𝑝𝑑). We define some sub-

groups of it following [Lan17a, Section 4.1.5]. Given (𝑍𝑝𝑑 ,Φ𝑝𝑑 , 𝛿𝑝𝑑 ), we define 𝑃
′,𝑒𝑠𝑠
𝑍𝑝𝑑
⊂ 𝑃′(Z/𝑝𝑑 Z)

be the stabilizer of 𝑍𝑝𝑑 , 𝑍
′,𝑒𝑠𝑠
𝑍𝑝𝑑
⊂ 𝑃′(Z/𝑝𝑑 Z) be the subgroup of elements 𝑔𝑑 such that𝐺𝑟0(𝑔𝑑) = 1,

𝑁
′,𝑒𝑠𝑠
𝑍𝑝𝑑

:= 𝑁′(Z/𝑝𝑑 Z), 𝑈
′,𝑒𝑠𝑠
𝑍𝑝𝑑
⊂ 𝑍

′,𝑒𝑠𝑠
𝑍𝑝𝑑

be the subgroup of 𝑔𝑑 such that 𝐺𝑟 (𝑔𝑑) = 1, and 𝑈
′,𝑒𝑠𝑠
2,𝑍𝑝𝑑

⊂

𝑈
′,𝑒𝑠𝑠
𝑍𝑝𝑑

be the subgroup of elements 𝑔𝑑 with the form 𝑔𝑑 =

©­­­­­«
1 𝑔20

1

1

ª®®®®®¬
. We define 𝐺

′,𝑒𝑠𝑠
ℎ,𝑍𝑝𝑑

:=

𝑍
′,𝑒𝑠𝑠
𝑍𝑝𝑑
/𝑈

′,𝑒𝑠𝑠
𝑍𝑝𝑑

, 𝐺
′,𝑒𝑠𝑠
𝑙,𝑍𝑝𝑑

:= 𝑃
′,𝑒𝑠𝑠
𝑍𝑝𝑑
/𝑍

′,𝑒𝑠𝑠
𝑍𝑝𝑑

, and𝑈
′,𝑒𝑠𝑠
1,𝑍𝑝𝑑

:= 𝑈
′,𝑒𝑠𝑠
𝑍𝑝𝑑
/𝑈

′,𝑒𝑠𝑠
2,𝑍𝑝𝑑

. For those ∗ defined as subgroups

of 𝑃
′,𝑒𝑠𝑠
𝑍𝑝𝑑

, we define 𝐾𝑝,𝑃,∗ as the scheme-theoretic closure of 𝐾𝑝,𝑃/(𝐾 (𝑝𝑑)) ∩ ∗ ⊂ 𝑃
′,𝑒𝑠𝑠
𝑍𝑝𝑑

. For those

defined as subquotients ∗1/∗2, we define 𝐾𝑝,𝑃,∗ := 𝐾𝑝,𝑃,∗1/𝐾𝑝,𝑃,∗2 . Similarly as in the construction

in [Lan13, Chapter 6.2.4], for every representative of ordinary cusp labels (𝑍𝐾𝑃 ,Φ𝐾𝑃 , 𝛿𝐾𝑃 ), we
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consider the diagram

Ξ∧𝑝 Ξ∧𝑝/𝐾
𝑝,𝑃,𝑈

′ ,𝑒𝑠𝑠
2,𝑍

𝑝𝑑

Ξ∧𝑝/𝐾
𝑝,𝑃,𝑈

′ ,𝑒𝑠𝑠
𝑍
𝑝𝑑

Ξ∧𝑝/𝐾
𝑝,𝑃,𝐺

′ ,𝑒𝑠𝑠
ℎ,𝑍

𝑝𝑑
⋊𝑈
′ ,𝑒𝑠𝑠
𝑍
𝑝𝑑

𝐶
∧,𝑝
Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑

𝐶
∧,𝑝
Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑

/𝐾
𝑝,𝑃,𝑈

′ ,𝑒𝑠𝑠
1,𝑍

𝑝𝑑

𝐶
∧,𝑝
Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑

/𝐾
𝑝,𝑃,𝐺

′ ,𝑒𝑠𝑠
ℎ,𝑍

𝑝𝑑
⋊𝑈
′ ,𝑒𝑠𝑠
1,𝑍

𝑝𝑑

𝑀
Φ𝐾𝑝 ,∗,∧𝑝
𝐾 𝑝 ,𝑝𝑑 ,ord 𝑀

Φ𝐾𝑝 ,∗,∧𝑝
𝐾 𝑝 ,𝑝𝑑 ,ord/𝐾𝑝,𝑃,𝐺′ ,𝑒𝑠𝑠ℎ,𝑍

𝑝𝑑

where Ξ = ΞΦ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 . Let 𝐸Φ𝐾𝑃
:= 𝐸Φ𝐾𝑃

/𝐾
𝑝,𝑃,𝑈

′ ,𝑒𝑠𝑠
2,𝑍

𝑝𝑑

, which is a split torus. Then Ξ∧𝑝/𝐾
𝑝,𝑃,𝑈

′ ,𝑒𝑠𝑠
2,𝑍

𝑝𝑑

→

𝐶
∧,𝑝
Φ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑

is a 𝐸Φ𝐾𝑃
-torsor. We define the tower

Ξ∧,𝑝Φ𝐾𝑃 ,𝛿𝐾𝑃
→ 𝐶

∧,𝑝
Φ𝐾𝑃 ,𝛿𝐾𝑃

→ 𝑀
Φ𝐾𝑃 ,∧𝑝
𝐾𝑃

as the right-most column of the diagram above. Then Ξ∧,𝑝Φ𝐾𝑃 ,𝛿𝐾𝑃
→ 𝐶

∧,𝑝
Φ𝐾𝑃 ,𝛿𝐾𝑃

is a 𝐸Φ𝐾𝑃
-torsor and

𝐶
∧,𝑝
Φ𝐾𝑃 ,𝛿𝐾𝑃

→ 𝑀
Φ𝐾𝑃 ,∧𝑝
𝐾𝑃

is an abelian scheme torsor.

Since Ξ∧𝑝/𝐾
𝑝,𝑃,𝐺

′ ,𝑒𝑠𝑠
ℎ,𝑍

𝑝𝑑
⋊𝑈
′ ,𝑒𝑠𝑠
𝑍
𝑝𝑑

= (Ξ/𝐾
𝑝,𝑃,𝐺

′ ,𝑒𝑠𝑠
ℎ,𝑍

𝑝𝑑
⋊𝑈
′ ,𝑒𝑠𝑠
𝑍
𝑝𝑑

)∧𝑝, we define 𝔛∧,𝑝Φ𝐾𝑃 ,𝛿𝐾𝑃 ,Σ𝐾𝑝 ,0
as

𝔛∧,𝑝Φ𝐾𝑃 ,𝛿𝐾𝑃 ,Σ𝐾𝑝 ,0
:= (𝔛Φ𝐾𝑃 ,𝛿𝐾𝑃 ,Σ𝐾𝑝 ,0/𝐾𝑝,𝑃,𝐺′ ,𝑒𝑠𝑠ℎ,𝑍

𝑝𝑑
⋊𝑈
′ ,𝑒𝑠𝑠
𝑍
𝑝𝑑

)∧𝑝 = (Ξ/𝐾
𝑝,𝑃,𝐺

′ ,𝑒𝑠𝑠
ℎ,𝑍

𝑝𝑑
⋊𝑈
′ ,𝑒𝑠𝑠
𝑍
𝑝𝑑

)∧𝑝Σ𝐾𝑝 ,0.

Proposition 3.9.

𝜋−1(𝑍∧𝑝[(𝑍𝐾𝑝 ,Φ𝐾𝑝 ,𝛿𝐾𝑝 )]) =
⊔

[(𝑍𝐾𝑃 ,Φ𝐾𝑃 ,𝛿𝐾𝑃 )]
𝔛∧𝑝Φ𝐾𝑃 ,𝛿𝐾𝑃 ,Σ𝐾𝑝 ,0

/ΓΦ𝐾𝑃

where [(𝑍𝐾𝑃 ,Φ𝐾𝑃 , 𝛿𝐾𝑃 )] runs through all ordinary cusp labels of level 𝐾𝑃 over [(𝑍𝐾 𝑝 ,Φ𝐾 𝑝 , 𝛿𝐾 𝑝 )].

The quotient ΞΦ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑/𝑁
′(𝑝𝑑) is ΞΦ𝐾𝑝 ,𝛿𝐾𝑝 ,𝑝𝑑 ,ord. Therefore, the two definitions of the space

ℑ𝔊tor
𝐾 𝑝𝐾ord (𝑝𝑑),Σ agree.
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We define 𝑍[(𝑍𝐾𝑃 ,Φ𝐾𝑃 ,𝛿𝐾𝑃 )] := 𝔛∧𝑝Φ𝐾𝑃 ,𝛿𝐾𝑃 ,Σ𝐾𝑝 ,0
/ΓΦ𝐾𝑃 . Then we have a similar stratification

ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,Σ =

⊔
[(𝑍𝐾𝑃 ,Φ𝐾𝑃 ,𝛿𝐾𝑃 )]

𝑍[(𝑍𝐾𝑃 ,Φ𝐾𝑃 ,𝛿𝐾𝑃 )] ,

and the partial order of the strata are given similarly.

3.5.6 Embedding of Igusa towers into integral models

We also follow the final part of [BP23, Section 3.4] to relate Igusa towers to the ordinary loci

of integral models of Shimura varieties. This also helps us to define ℐJ in the Igusa tower case.

We consider the universal property of partial compactifications of Igusa towers. Let 𝑅 be a

Noetherian normal domain ring that is complete for the 𝑝-adic topology and we regard Spf (𝑅) as

Spf (𝑅, 𝑝𝑅). Let 𝜂𝑅 be the generic point of Spec(𝑅) and we assume that 𝜂𝑅 has characteristic 0.

A morphism from Spf (𝑅) to ℑ𝔊tor
𝐾 𝑝𝑃′ (Z𝑝),Σ that is not contained in the boundary is the same as an

isomorphism class of tuples (𝐺, 𝜆𝐺 , 𝛼𝐾 𝑝 ) over Spec(𝑅), where 𝐺 is a semi-abelian scheme, such

that 𝐺𝜂𝑅 is abelian, 𝜆𝐺 : 𝐺 → 𝐺∨ is an isogeny that is a principal polarization at 𝜂𝑅, and 𝛼𝐾 𝑝 is

a level-𝐾 𝑝 structure for 𝐺𝜂𝑅 , which extends uniquely to the maximal open subscheme of Spec(𝑅)

over which 𝐺 is abelian, such that the condition on degeneration data defined by Σ is verified. The

image is contained in ℑ𝔊𝐾 𝑝𝑃′ (Z𝑝) if and only if 𝐺 is abelian.

ℑ𝔊tor
𝐾 𝑝𝑃

′ ,ord (𝑝𝑛),Σ → ℑ𝔊𝐾 𝑝𝑃′ (Z𝑝),Σ is the finite etale 𝑀 (Z/𝑝𝑛 Z)-torsor Isom((𝜇𝑝𝑛)𝑔, 𝐺 [𝑝𝑛]𝑚) ×

(Z/𝑝𝑛 Z)×. Given a tuple (𝐺, 𝜆𝐺 , 𝛼𝐾 𝑝 ) in the previous paragraph, a lifting

Spf (𝑅) ℑ𝔊tor
𝐾 𝑝𝑃

′ ,ord (𝑝𝑛),Σ

ℑ𝔊tor
𝐾 𝑝𝑃′ (Z𝑝),Σ

is the same as giving a section of Isom(𝜇𝑝𝑛)𝑔, 𝐺 [𝑝𝑛]𝑚) × (Z/𝑝𝑛 Z)× → Spec(𝑅). We call the

section (𝛼𝑃′ ,ord (𝑝𝑛) , 𝑐). Since 𝑅 is a normal domain, it is the same as giving a lifting of 𝜂𝑅. Further-
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more, a lifting

Spf (𝑅) ℑ𝔊tor
𝐾 𝑝𝑃′ (𝑝𝑛),Σ

ℑ𝔊tor
𝐾 𝑝𝑃

′ ,ord (𝑝𝑛),Σ

is the same as giving a tuple (𝐺′, 𝜆𝐺′ , 𝛼′𝐾 𝑝 , 𝛼′𝑃′ ,ord (𝑝𝑛) , 𝑐
′) such that the 𝑛-fold Frobenius twist of it

is (𝐺, 𝜆𝐺 , 𝛼𝐾 𝑝 , 𝛼𝑃′ ,ord (𝑝𝑛) , 𝑐).

Proposition 3.10. Giving a tuple (𝐺′, 𝜆𝐺′ , 𝛼′𝐾 𝑝 , 𝛼′𝑃′ ,ord (𝑝𝑛) , 𝑐
′) on top of (𝐺, 𝜆𝐺 , 𝛼𝐾 𝑝 , 𝛼𝑃′ ,ord (𝑝𝑛) , 𝑐)

is the same as giving a symplectic splitting of the short exact sequence

0→ 𝐺 [𝑝𝑛]𝑚𝜂𝑅 → 𝐺 [𝑝𝑛]𝜂𝑅 → 𝐺 [𝑝𝑛]𝑒𝑡𝜂𝑅 → 0.

Alternatively, it is the same as giving

(𝐺, 𝜆𝐺 , 𝛼𝐾 𝑝 , 𝛼𝑃′ (𝑝𝑛))

where 𝛼𝑃′ (𝑝𝑛) : (𝜇𝑝𝑛)𝑔 ⊕ (Z/𝑝𝑛 Z)𝑔 → 𝐺 [𝑝𝑛]𝜂𝑅 is a symplectic isomorphism.

Proof. If the tuple (𝐺, 𝜆𝐺 , 𝛼𝐾 𝑝 , 𝛼𝑃′ ,ord (𝑝𝑛) , 𝑐) is given, then the splitting is given by the image of

𝐺′[𝑝𝑛]𝑒𝑡𝜂𝑅 . Conversely, suppose a splitting is given. Let𝑈 ⊂ Spec(𝑅) be an open affine subscheme

over which 𝐺 is abelian. Then the splitting 𝐺 [𝑝𝑛]𝑒𝑡𝜂𝑅 → 𝐺 [𝑝𝑛]𝜂𝑅 extends uniquely to a morphism

𝐺 [𝑝𝑛]𝑒𝑡𝑈 → 𝐺 [𝑝𝑛]𝑈 because 𝐺 [𝑝𝑛]𝑒𝑡𝑈 is normal and 𝐺 [𝑝𝑛]𝑈 is finite over𝑈.

Consider the morphism

𝐺 [𝑝𝑛]𝑒𝑡𝑈 × 𝐺 [𝑝𝑛]𝑒𝑡𝑈 → 𝜇𝑝𝑛,𝑈

via the Weil pairing of (𝐺, 𝜆𝐺). This morphism is trivial because𝑈 is normal, 𝐺 [𝑝𝑛]𝑒𝑡𝑈 × 𝐺 [𝑝𝑛]𝑒𝑡𝑈
is finite etale over𝑈, hence also normal, and the morphism is trivial at the generic point of𝑈. Then

consider the morphism

𝐺 [𝑝𝑛]𝑒𝑡𝑈 → Hom(𝐺 [𝑝𝑛]𝑚𝑈 , 𝜇𝑝𝑛,𝑈).

It is an isomorphism for the same reason. Since 𝐺 [𝑝𝑛]𝑚𝑈 is totally isotropic, 𝐺 [𝑝𝑛]𝑚𝑈 ∩ 𝐺 [𝑝𝑛]𝑒𝑡𝑈 is
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trivial. Then the morphism

𝐺 [𝑝𝑛]𝑚𝑈 ⊕ 𝐺 [𝑝𝑛]𝑒𝑡𝑈 → 𝐺 [𝑝𝑛]𝑈

is injective as group functors, hence a closed immersion. Since the source and the target have

the same rank, the morphism is an isomorphism. We conclude that the morphism is a symplectic

splitting.

We define 𝐺′𝑈 := 𝐺𝑈/𝐺 [𝑝𝑛]𝑒𝑡𝑈 and 𝜙 : 𝐺𝑈 → 𝐺′𝑈 be the quotient map. This identifies

𝐺 [𝑝𝑛]𝑚𝑈 with 𝐺′[𝑝𝑛]𝑚𝑈 . We define 𝜆𝐺′𝑈 := 𝑝𝑛𝜙∨,−1 ◦ 𝜆𝐺𝑈𝜙−1. Since ker(𝜙) is maximal totally

isotropic in 𝐺 [𝑝𝑛]𝑈 . 𝜆𝐺′𝑈 is also a prime-to-𝑝 polarization. This extends uniquely to (𝐺′, 𝜆𝐺′)

over Spec(𝑅). The Frobenius twist of (𝐺′, 𝜆𝐺′) is (𝐺, 𝜆𝐺), because it is so over 𝑈, which is open

dense in Spec(𝑅). The existence and uniqueness of (𝛼′𝐾 𝑝 , 𝛼′𝑃′ ,ord (𝑝𝑛) , 𝑐
′) is clear. □

Suppose the base ring 𝑅0 contains Z𝑝 [𝜁𝑝𝑛]. Then over 𝑅0 [1/𝑝] there is a distinguished basis

of 𝜇𝑝𝑛 . For every tuple (𝐺, 𝜆𝐺 , 𝛼𝐾 𝑝 , 𝛼𝑃′ (𝑝𝑛)), 𝛼𝑃′ (𝑝𝑛) is identified with an symplectic isomorphism

(Z/𝑝𝑛 Z)2𝑔 � 𝐺 [𝑝𝑛]𝜂𝑅 , which gives a morphism

ℑ𝔊tor
𝐾 𝑝𝑃′ (𝑝𝑛),Σ → 𝔖tor,ord

𝐾 𝑝𝑃′ (𝑝𝑛),Σ .

Conversely, when given a tuple (𝐺, 𝜆𝐺 , 𝛼𝐾 𝑝 , 𝛼𝑃′ (𝑝𝑛)) parametrized by 𝔖tor,ord
𝐾 𝑝𝑃′ (𝑝𝑛),Σ, there is a unique

𝑥 ∈ 𝑃(Z/𝑝𝑛 Z)\𝐺 (Z/𝑝𝑛 Z) such that 𝛼𝑃′ (𝑝𝑛) · 𝑥 is ordinary. This gives the isomorphism

ℑ𝔊tor
𝐾 𝑝𝑃′ (𝑝𝑛),Σ ×

𝑃(Z/𝑝𝑛 Z)𝐺 (Z/𝑝𝑛 Z) � 𝔖tor,ord
𝐾 𝑝𝑃′ (𝑝𝑛),Σ .

In particular, when 𝑅0 contains Z𝑐𝑦𝑐𝑙𝑝 , we have

ℑ𝔊tor
𝐾 𝑝 ,Σ ×𝑃(Z𝑝)𝐺 (Z𝑝) � 𝔖tor,ord

𝐾 𝑝 ,Σ .

The isomorphism of the open part is written in this way:

ℑ𝔊𝐾 𝑝 ×𝑃(Q𝑝)𝐺 (Q𝑝) � 𝔖ord
𝐾 𝑝 , .
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Now we consider finite-level cases. We denote by IG and S the generic fibers of ℑ𝔊 and 𝔖,

respectively. Let 𝐾𝑝 ⊂ 𝐺 (Q𝑝) be open compact subgroup, 𝑥 ∈ 𝐺 (Q𝑝), and 𝐾𝑝,𝑃 := 𝑃(Q𝑝) ∩

𝑥𝐾𝑝𝑥
−1. By the basis of Z𝑝 (1), 𝑃′(Q𝑝) � 𝑃(Q𝑝) and we regard 𝐾𝑝,𝑃 as a subgroup of 𝑃′(Q𝑝).

Then we have the open and closed immersion

𝑥 : IG𝐾 𝑝𝐾𝑝,𝑃 → S
ord
𝐾 𝑝𝐾𝑝

.

Consider the diagram

IG𝐾 𝑝𝐾𝑝,𝑃 Sord
𝐾 𝑝𝐾𝑝

Sord
𝐾 𝑝𝐺 (Z𝑝)

𝔖ord
𝐾 𝑝𝐺 (Z𝑝) .

𝑥

Since both ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 and 𝔖ord
𝐾 𝑝𝐾𝑝

are finite normal over 𝔖ord
𝐾 𝑝𝐺 (Z𝑝) , taking normalization in the

diagram above and we get the following diagram:

IG𝐾 𝑝𝐾𝑝,𝑃 Sord
𝐾 𝑝𝐾𝑝

Sord
𝐾 𝑝𝐺 (Z𝑝)

ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 𝔖ord
𝐾 𝑝𝐾𝑝

𝔖ord
𝐾 𝑝𝐺 (Z𝑝)

𝑥

𝑥

.

The normalization map 𝑥 : ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 → 𝔖ord
𝐾 𝑝𝐾𝑝

is also an open and closed immersion.

Assume 𝑥𝐾𝑝𝑥−1 contains diag(𝑡 𝐼𝑔, 𝐼𝑔) for all 𝑡 ∈ 1+ 𝑝𝑛 Z𝑝 (𝑡 ∈ Z×𝑝 if 𝑛 = 0), then 𝐾𝑝,𝑃 depends

only on the choice of Z/𝑝𝑛 Z � 𝜇𝑝𝑛 in characteristic 0, and the map IG
𝐾 𝑝𝐾𝑝,𝑃 ,Z

𝑐𝑦𝑐𝑙
𝑝
→ Sord

𝐾 𝑝𝐾𝑝 ,Z
𝑐𝑦𝑐𝑙
𝑝

descends to IG𝐾 𝑝𝐾𝑝,𝑃 ,𝑅𝑛 → Sord
𝐾 𝑝𝐾𝑝 ,𝑅𝑛

. Therefore, when 𝑅 contains Z𝑝 [𝜁𝑝𝑛], we still have the

normalization map ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 → 𝔖ord
𝐾 𝑝𝐾𝑝

, which is an open and closed immersion. For such cases,

we use subgroups of 𝑃(Q𝑝) as levels of finite-level Igusa towers.

The maps extend to the case of partial compactifications with suitable choices of cone de-

compositions. For simplicity, we assume 𝑥 ∈ 𝐺 (Z𝑝). We call the image of ordinary cusp labels

𝑥-ordinary. Let Σ be a cone decomposition for level 𝐾 𝑝𝐺 (Z𝑝). The restriction of Σ on 𝑥-ordinary

95



cusp labels induces one for ordinary cusp labels, which we denoted by Σ𝑥,ord. Let 𝑛 >> 0 such

that 𝑃′(𝑝𝑛) ⊂ 𝐾𝑝. Then we have the open and closed immersion

ℑ𝔊tor
𝐾 𝑝𝑃′ (𝑝𝑛),Z𝑝 [𝜁𝑝𝑛 ],Σ𝑥,ord

𝑥−→ 𝔖tor,ord
𝐾 𝑝𝑃′ (𝑝𝑛),Z𝑝 [𝜁𝑝𝑛 ],Σ

,

which induces the open and closed immersion

IGtor
𝐾 𝑝𝑃′ (𝑝𝑛),Q𝑝 [𝜁𝑝𝑛 ],Σ𝑥,ord

𝑥−→ Stor,ord
𝐾 𝑝𝑃′ (𝑝𝑛),Q𝑝 [𝜁𝑝𝑛 ],Σ

,

and the quotient by 𝐾𝑝/𝑃′(𝑝𝑛) induces the open and closed immersion

IGtor
𝐾 𝑝𝐾𝑝,𝑃 ,Q𝑝 [𝜁𝑝𝑛 ],Σ𝑥,ord

𝑥−→ Stor,ord
𝐾 𝑝𝐾𝑝 ,Q𝑝 [𝜁𝑝𝑛 ],Σ

.

Proposition 3.11. ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,𝑅0,Σ𝑥,ord is the normalization of IGtor

𝐾 𝑝𝐾𝑝 ,𝑅0 [1/𝑝],Σ𝑥,ord in 𝔖tor,ord
𝐾 𝑝𝐺 (Z𝑝),𝑅0,Σ

.

Proof. We omit 𝑅0, Σ𝑥,ord, and Σ in the notations. Let {Spf (𝑅𝑖)} be an open affine covering

of 𝔖tor,ord
𝐾 𝑝𝐺 (Z𝑝) and Spf (𝑅′𝑖) be the preimage of Spf (𝑅𝑖) in ℑ𝔊tor

𝐾 𝑝𝑃′ (𝑝𝑛) . Let 𝐻 = 𝐾𝑝,𝑃/𝑃′(𝑝𝑛).

Then we have that ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃

is glued by {Spf (𝑅
′,𝐻
𝑖 )}, and each 𝑅

′,𝐻
𝑖 is normal and finite over

𝑅𝑖. On the other hand, the adic fiber of ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃

is glued by {Spa(𝑅
′,𝐻
𝑖 [1/𝑝], 𝑅

′,𝐻
𝑖 )}. Since

𝑅
′,𝐻
𝑖 [1/𝑝] = (𝑅′𝑖) [1/𝑝]𝐻 , the adic fiber of ℑ𝔊tor

𝐾 𝑝𝐾𝑝,𝑃
is exactly IGtor

𝐾 𝑝𝐾𝑝,𝑃
. □

By taking normalization, we have the open and closed immersion ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,𝑅0,Σ𝑥,ord → 𝔖tor,ord

𝐾 𝑝𝐾𝑝 ,𝑅0,Σ

when 𝑅 contains Z𝑐𝑦𝑐𝑙𝑝 . Similarly, when 𝑥𝐾𝑝𝑥−1 contains diag(𝑡 𝐼𝑔, 𝐼𝑔) for all 𝑡 ∈ 1+𝑝𝑛 Z𝑝 (𝑡 ∈ Z×𝑝 if

𝑛 = 0) and Z𝑝 [𝜁𝑝𝑛] ⊂ 𝑅, we have the open and closed immersion ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,𝑅0,Σ𝑥,ord → 𝔖tor,ord

𝐾 𝑝𝐾𝑝 ,𝑅0,Σ
.

In this case, partial compactifications can be defined for more general cone decompositions. Let

Σ′ be a collection of admissible rational polyhedral cone decompositions such that 𝑆tor
𝐾 𝑝𝐾𝑝 ,𝑅0,Σ′

is

defined and Σ = Σ
′,𝑥,ord. We define ℑ𝔊tor

𝐾 𝑝𝐾𝑝,𝑃 ,𝑅0,Σ as the open and closed formal subscheme of

𝔖tor,ord
𝐾 𝑝𝐾𝑝 ,𝑅0,Σ′

consists of strata corresponding to 𝑥-ordinary cusp labels. The space ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,𝑅0,Σ

96



depends on Σ but not on 𝑥 and Σ′. We also have the stratification

ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,𝑅0,Σ =

⊔
[(𝑍𝐾𝑃 ,Φ𝐾𝑃 ,𝛿𝐾𝑃 )]

𝑍[(𝑍𝐾𝑃 ,Φ𝐾𝑃 ,𝛿𝐾𝑃 )] .

Remark 3.2. The formations of 𝔖ord
𝐾 𝑝𝐾𝑝

and 𝔖tor,ord
𝐾 𝑝𝐾𝑝 ,Σ

do not commute with base change. This is

why we consider quotient maps on adic generic fibers and take normalizations.

Proposition 3.12. Suppose ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,𝑅0,Σ is defined. For every J , there is an (necessarily unique)

ideal sheaf ℐ𝐾 𝑝𝐾𝑝,𝑃 ,𝑅0,Σ,J of Oℑ𝔊tor
𝐾𝑝𝐾𝑝,𝑃 ,𝑅0 ,Σ

such that the completion along 𝑍[(𝑍𝐾𝑝𝐾𝑝,𝑃 ,Φ𝐾𝑝𝐾𝑝,𝑃 ,𝛿𝐾𝑝𝐾𝑝,𝑃 )]

is

ℐ∧𝐾 𝑝𝐾𝑝,𝑃 ,Σ,J = 𝐿 (ΣΦ𝐾𝑝𝐾𝑝,𝑃 ,0, stΣ (𝑃𝑠(J))
𝑐, 0)ΓΦ𝐾𝑝𝐾𝑝,𝑃 .

This ideal sheaf will be simply denoted by ℐJ .

Proof. In this case, we have the open and closed immersion 𝑥 : ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,𝑅0,Σ → 𝔖tor,ord

𝐾 𝑝𝐾𝑝 ,𝑅0,Σ′
,

we define ℐ𝐾 𝑝𝐾𝑝,𝑃 ,𝑅0,Σ,J as the restriction of the 𝑝-adic completion of ℐ𝐾 𝑝𝐾𝑝 ,𝑅0,Σ′,J . Then the

assertion follows from Corollary 3.1.

For the rest cases, we define 𝑇ℎ (Z𝑝) := {diag(𝑡 𝐼𝑔, 𝐼𝑔) | 𝑡 ∈ Z×𝑝} ⊂ 𝑃′(Z𝑝) and then we have

ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,𝑅0,Σ → ℑ𝔊tor

𝐾 𝑝𝐾𝑝,𝑃𝑇 (Z𝑝),𝑅0,Σ

[1]−−→ 𝔖tor,ord
𝐾 𝑝𝐾𝑝 ,𝑅0,Σ

for some 𝐾𝑝, making ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃𝑇 (Z𝑝),𝑅0,Σ

𝑥−→ 𝔖tor,ord
𝐾 𝑝𝐾𝑝 ,𝑅0,Σ

an open and closed immersion. In this

case, ℐ𝐾 𝑝𝐾𝑝,𝑃 ,𝑅0,Σ,J is defined as the pullback of the restriction of ℐ𝐾 𝑝𝐾𝑝,𝑃𝑇 (Z𝑝),𝑅0,Σ,J . The as-

sertion follows from the fact that ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,Z𝑝 ,Σ → ℑ𝔊tor

𝐾 𝑝𝐾𝑝,𝑃𝑇 (Z𝑝),Z𝑝 ,Σ is etale, and the sheaf

𝐿 (ΣΦ𝐾𝑝𝐾𝑝,𝑃 ,0, stΣ (𝑃𝑠(J))
𝑐, 0)ΓΦ𝐾𝑝𝐾𝑝,𝑃 is radical. □

Proposition 3.13. The formation of ℐJ commutes with finite base change on the coefficient ring.

Proof. The property can be checked stratum by stratum, and hence reduced to the property that

the formation of 𝐿 (ΣΦ𝐾𝑝𝐾𝑝,𝑃 ,0, stΣ (𝑃𝑠(J))
𝑐, 0)ΓΦ𝐾𝑝𝐾𝑝,𝑃 commutes with finite base change on the

coefficient ring. □
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Lemma 3.4. The ideal sheaf ℐJ over 𝑆tor,ord
𝐾 𝑝𝐾𝑝 ,𝑅0,Σ

is flat over Spec(𝑅0).

Proof. This is proved stratum by stratum. For each stratum, the stratum itself and the closed formal

subscheme defined by ℐJ are both formally smooth over Spf (𝑅0). Therefore, ℐJ is flat over 𝑅0

over each stratum, hence flat over Spec(𝑅0). □

Definition 3.9. Let 𝑆 be an 𝑅0-algebra,𝑈 be an open subscheme of 𝑆tor,ord
𝐾 𝑝𝐾𝑝 ,𝑅0,Σ

, and 𝑋 = 𝑈 ⊗𝑅0 𝑆.

We define ℐ𝑋,J over 𝑋 as the pullback

ℐ𝑋,J :=
(
ℐ𝐾 𝑝𝐾𝑝 ,𝑅0,Σ,J |𝑈

)
⊗𝑅0 𝑆.

If 𝑆 is finite over 𝑅0, 𝑈 is an open formal subscheme of some ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,𝑅0,Σ instead, and 𝑋 =

𝑈 ⊗𝑅0 𝑆, then we also define

ℐ𝑋,J :=
(
ℐ𝐾 𝑝𝐾𝑝,𝑃 ,𝑅0,Σ,J |𝑈

)
⊗𝑅0 𝑆.

When J is specified, we may only denote it by ℐ𝑋 .

3.6 Trace maps and Hecke correspondences

We would like to consider Hecke correspondence between Shimura varieties for general choices

of cone decompositions. Under our assumptions, the constructions of trace maps in [Pil20, Section

4.2] may not be applied, so we consider a different setting to define trace maps. This is also used

to define trace maps between torus embeddings.

Let 𝑅 → 𝑆 be an injective finite ring map between Noetherian rings. We assume 𝑆 is reduced

and 𝑅 is normal. If 𝑅 is a field, Tr𝑆/𝑅 : 𝑆 → 𝑅 is defined. In general, we denote by 𝐾 (𝑅) the ring

of total fractions of 𝑅 and Tr𝑆⊗𝑅𝐾 (𝑅)/𝐾 (𝑅) : 𝑆 ⊗𝑅 𝐾 (𝑅) → 𝐾 (𝑅) is defined. When 𝑅 is normal,

Tr𝑆⊗𝑅𝐾 (𝑅)/𝐾 (𝑅) (𝑆) ⊂ 𝑅 and we get a 𝑅-linear trace map Tr𝑆/𝑅 : 𝑆 → 𝑅.

Lemma 3.5. Suppose both 𝑅 and 𝑆 are normal. If 𝐼 ⊂ 𝑅 is an ideal, then Tr(
√
𝐼𝑆) ⊂

√
𝐼.
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Proof. This is reduced to the case that both 𝑅 and 𝑆 are integral domains. Let 𝑠 ∈
√
𝐼𝑆 and

𝑓 (𝑥) = 𝑥𝑑 + 𝑎1𝑥
𝑑−1 + · · · + 𝑎𝑑

be the minimal polynomial of 𝑠 over 𝐾 (𝑅). Since 𝑠 is integral over 𝐼, 𝑎1, . . . , 𝑎𝑑 ∈
√
𝐼. Then

Tr(𝑠) = [𝐾 (𝑆) : 𝐾 (𝑅)]
𝑑

𝑎1 ∈
√
𝐼. □

For every ring extension 𝑅 → 𝑅′, we define 𝑆′ := 𝑆 ⊗𝑅 𝑅′ and Tr𝑆′/𝑅′ := Tr𝑆/𝑅 ⊗1.

Proposition 3.14. Let 𝜄 : 𝑅 → 𝑅′ be a ring homomorphism of Noetherian normal rings, 𝑆/𝑅 be

a finite extension, and 𝑆′ := 𝑆 ⊗𝑅 𝑅′. Suppose both 𝑆 and 𝑆′ are reduced. Then Tr𝑆′/𝑅′ ◦(1 ⊗ 𝜄) =

𝜄 ◦ Tr𝑆/𝑅 on 𝑆.

Proof. The problem is local on the base. Since a Noetherian normal ring is a finite product of

Noetherian normal domains, we may assume both 𝑅 and 𝑅′ are Noetherian normal domains. Let

𝐾, 𝐾′ be fraction fields of 𝑅 and 𝑅′, respectively. The total ring of fractions of 𝑆 is 𝑆⊗𝑅𝐾 , and that

of 𝑆′ is 𝑆′ ⊗𝑅′ 𝐾′ = 𝑆 ⊗𝑅 𝑅′ ⊗𝑅′ 𝐾′ = (𝑆 ⊗𝑅 𝐾) ⊗𝐾 𝐾′. The case when 𝑅 = 𝐾 , 𝑅′ = 𝐾′ follows from

the fact that a basis of 𝑆 over 𝐾 is a basis of 𝑆′ over 𝐾′. Since Tr𝑆/𝑅 is the restriction of Tr𝑆⊗𝑅𝐾/𝐾

and Tr𝑆′/𝑅′ is the restriction of Tr𝑆⊗𝑅𝐾 ′/𝐾 ′ , the general case follows. □

The base change property allows us to define the global version of trace maps.

Definition 3.10. Let 𝑓 : 𝑋 → 𝑌 be a finite morphism between normal schemes. We define the trace

map 𝑓∗ O𝑋 → O𝑌 by gluing the trace maps O𝑋 ( 𝑓 −1(𝑈)) → O𝑌 (𝑈) for all affine open subsets

𝑈 ⊂ 𝑌 .

Lemma 3.6. Let 𝑍 ⊂ 𝑌 be a closed subset and 𝐼𝑍 ⊂ O𝑌 , 𝐼 𝑓 −1𝑍 ⊂ O𝑋 be the ideal sheaves defining

reduced induced closed subscheme structures. Then Tr |𝐼 𝑓 −1𝑍
⊂ 𝐼𝑍 .

Proof. This is the global version of Lemma 3.5. □
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Now we consider residual trace maps. Let 𝐼′ ⊂ 𝑅′ be a radical ideal such that 𝐼 := 𝐼′ ∩ 𝑅 is

also radical. Let 𝐽′ :=
√
𝐼′𝑆′ and 𝐽 :=

√
𝐼𝑆. By definition, we have the commutative diagram

𝑆 𝑆′

𝑆/𝐽 𝑆′/𝐽′

𝑅 𝑅′

𝑅/𝐼 𝑅′/𝐼′

𝑇𝑟𝑆/𝑅 𝑇𝑟𝑆′/𝑅′

𝑇𝑟𝑆/𝑅⊗1 𝑇𝑟𝑆′/𝑅′⊗1

.

If 𝑅/𝐼 � 𝑅′/𝐼′, 𝑆/𝐼𝑆 � (𝑆/𝐼𝑆) ⊗𝑅/𝐼 𝑅′/𝐼′ � 𝑆′/𝐼′𝑆′ and we have 𝑆/𝐽 � 𝑆′/𝐽′. This identifies

Tr𝑆/𝑅 ⊗1 with Tr𝑆′/𝑅′ ⊗1. In particular, if 𝑅 is excellent, 𝑅′ is the completion of 𝑅 along 𝐼 and

𝐼′ = 𝐼̂, then the residual trace map Tr(𝑆/𝐽)/(𝑅/𝐼) is determined by the trace map 𝑇𝑟𝑆∧/𝑅∧ , and we can

compute it with another algebraic model that gives the same completion.

Suppose now 𝑓 : 𝑋 → 𝑌 is a morphism between Noetherian normal schemes, 𝑈 ⊂ 𝑌 is an

open subscheme such that 𝑌 −𝑈 has codimension at least 2 in 𝑌 and 𝑓𝑈 : 𝑓 −1(𝑈) → 𝑈 is finite.

Consider the diagram

𝑓 −1(𝑈) 𝑋

𝑈 𝑌

𝜄′

𝑓𝑈 𝑓

𝜄

.

By assumption, O𝑌 → 𝜄∗ O𝑈 is an isomorphism. The trace map 𝑓𝑈,∗ O 𝑓 −1 (𝑈) → O𝑈 has already

been constructed. Then we have the trace map Tr 𝑓 given by

𝑓∗ O𝑋 → 𝑓∗𝜄
′
∗ O 𝑓 −1 (𝑈)

Tr−→ 𝜄∗ O𝑈 = O𝑌 .

For every open subset 𝑉 ⊂ 𝑌 , the morphism is written as

O𝑋 ( 𝑓 −1(𝑉)) Res−−→ O𝑋 ( 𝑓 −1(𝑈 ∩𝑉)) Tr−→ O𝑌 (𝑈 ∩𝑉) = O𝑌 (𝑉).
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By the base change property, the trace map is independent of the choice of𝑈.

Lemma 3.7. Suppose both 𝑓 : 𝑋 → 𝑌 and 𝑔 : 𝑌 → 𝑍 satisfy the conditions above to define trace

maps. Then Tr𝑔◦ 𝑓 = Tr𝑔 ◦Tr 𝑓

Proof. This follows from the transitivity of trace maps of field extensions. □

Let the base ring 𝑅0 be a complete discrete valuation ring of mixed characteristic and 𝑝 be the

residual characteristic. Let 𝐾, 𝐾′ ∈ 𝐺 (Ẑ) be a neat open compact subgroup, 𝑔 ∈ 𝐺 (A 𝑓 ) such that

𝑔−1𝐾′𝑔 ⊂ 𝐾 . Let Σ, Σ′ be compatible choices of admissible projective rational polyhedral cone

decomposition for level 𝐾 , 𝐾′, respectively, such that 𝐾′ refines the twist of Σ by 𝑔, which we

denote by 𝑔∗Σ. Then with suitable choices of linear algebraic data, we have the proper morphism

[𝑔] : 𝑆tor,ord
𝐾 ′,Σ′ → 𝑆tor,ord

𝐾,Σ .

This morphism is quasi-finite away from boundary strata parametrized by cones of dimension at

least 2, which have codimension at least 2. By Zariski’s main theorem, [𝑔] is finite away from

those points on the target. Therefore, the trace map Tr[𝑔] : [𝑔]∗ O𝑆tor,ord
𝐾′ ,Σ′
→ O𝑆tor,ord

𝐾,Σ
is defined.

Lemma 3.8. For every J , [𝑔]∗ℐ𝐾 ′,Σ′,J = 𝑅[𝑔]∗ℐ𝐾 ′,Σ′,J . Moreover, the trace map Tr[𝑔] sends

[𝑔]∗ℐ𝐾 ′,Σ′,J into ℐ𝐾,Σ,J .

Proof. Consider the map

𝜋 : 𝑆tor,ord
𝐾 ′,Σ′ → 𝑆tor,ord

𝐾 ′,𝑔∗Σ .

Similarly as in the proof of Lemma 3.2, 𝜋∗ℐ𝐾 ′,Σ′,J = 𝑅𝜋∗ℐ𝐾 ′,Σ′,J = ℐ𝐾 ′,𝑔∗Σ,J . Therefore, we

may assume Σ′ = 𝑔∗Σ. In this case, [𝑔] is finite, so 𝑅[𝑔]∗ℐ𝐾 ′,Σ′,J = [𝑔]∗ℐ𝐾 ′,Σ′,J . By Lemma

3.6, Tr[𝑔] ([𝑔]∗ℐ𝐾 ′,Σ′,J ) ⊂ ℐ𝐾,Σ,J . □

Definition 3.11. For every J ⊂ J ′ ⊂ Δ,

𝑅[𝑔]∗
(
ℐ𝐾 ′,Σ′,J/ℐ𝐾 ′,Σ′,J ′

)
= [𝑔]∗

(
ℐ𝐾 ′,Σ′,J/ℐ𝐾 ′,Σ′,J ′

)
=
[𝑔]∗ℐ𝐾 ′,Σ′,J
[𝑔]∗ℐ𝐾 ′,Σ′,J ′
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and we define

Tr[𝑔] : 𝑅[𝑔]∗
(
ℐ𝐾 ′,Σ′,J/ℐ𝐾 ′,Σ′,J ′

)
→ ℐ𝐾,Σ,J/ℐ𝐾,Σ,J ′

as the quotient
[𝑔]∗ℐ𝐾 ′,Σ′,J
[𝑔]∗ℐ𝐾 ′,Σ′,J ′

Tr[𝑔]/Tr[𝑔]−−−−−−−−→ ℐ𝐾,Σ,J
ℐ𝐾,Σ,J ′

.

We consider the following setting: 𝐾′ = 𝐾 ∩ 𝑔𝐾𝑔−1, {𝜔Σ → 𝑆tor,ord
𝐾,Σ } be a family of vector

bundles such that for the natural map 𝜋Σ′,Σ : 𝑆tor,ord
𝐾,Σ′ → 𝑆tor,ord

𝐾,Σ , we have 𝜔Σ′ = 𝜋∗Σ′,Σ𝜔Σ. Let

𝜔Σ,J := ℐ𝐾,Σ,J ⊗𝜔Σ. Then there are natural isomorphisms

𝜔Σ,J � 𝜋Σ′,Σ,∗𝜔Σ′,J = 𝑅𝜋Σ′,Σ,∗𝜔Σ′,J .

From now on, we fix J and write 𝜔 and 𝜔J instead of 𝜔Σ and 𝜔Σ,J , respectively. With suitable

cone decompositions, we have the maps

𝑆tor,ord
𝐾∩𝑔𝐾𝑔−1,Σ2

𝑆tor,ord
𝐾,Σ1

𝑆tor,ord
𝐾,Σ3

𝑝2 𝑝1

where 𝑝2 = [𝑔] and 𝑝1 = [1]. For simplicity, we rename the diagram as follows:

𝐶

𝑋1 𝑋2

𝑝2 𝑝1
.

Recall the notation ℐ𝑋1 := ℐ𝐾,Σ1,J and ℐ𝐶 , ℐ𝑋2 are defined similarly. The trace map induces

the canonical map

𝑅𝑝1,∗𝑝
∗
2 ℐ𝑋1 → 𝑅𝑝1,∗ℐ𝐶

Tr𝑝1−−−→ ℐ𝑋2 ,

which is also denoted by Tr𝑝1 . When the cohomological correspondence 𝑇 : 𝑝∗2𝜔→ 𝑝∗1𝜔 is given,
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we have the following maps

𝑝∗2𝜔J = 𝑝∗2 ℐ𝑋1 ⊗𝑝∗2𝜔→ 𝑝∗2 ℐ𝑋1 ⊗𝑝∗1𝜔

and hence

𝑅𝑝1,∗𝑝
∗
2𝜔J → 𝑅𝑝1,∗(𝑝∗2 ℐ𝑋1 ⊗𝑝∗1𝜔) = 𝑅𝑝1,∗𝑝

∗
2 ℐ𝑋1 ⊗𝜔

Tr𝑝1−−−→ 𝜔J .

Lemma 3.9. Suppose there are suitable cone decompositions such that we have the commutative

diagram

𝑆tor,ord
𝐾∩𝑔𝐾𝑔−1,Σ′2

𝑆tor,ord
𝐾,Σ′1

𝑆tor,ord
𝐾∩𝑔𝐾𝑔−1,Σ2

𝑆tor,ord
𝐾,Σ′3

𝑆tor,ord
𝐾,Σ1

𝑆tor,ord
𝐾,Σ3

𝑝′2 𝜋2
𝑝′1

𝜋1
𝑝2 𝑝1

𝜋3

.

To simplify notations, we rename the diagram as follows:

𝐶′

𝑋′1 𝐶 𝑋′2

𝑋1 𝑋2

𝑝′2 𝜋2
𝑝′1

𝜋1
𝑝2 𝑝1

𝜋3

.

If 𝑇 ′ : 𝑝
′,∗
2 𝜔Σ′1

→ 𝑝
′,∗
1 𝜔Σ′3

is given by 𝜋∗2𝑇 , then there are commutative diagrams

𝜔J 𝑅𝑝2,∗𝑝∗2𝜔J

𝑅𝜋1,∗𝜔J 𝑅𝜋1,∗𝑅𝑝′2,∗𝑝
′,∗
2 𝜔J

� ,
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and

𝑅𝑝1,∗𝑝∗2𝜔J 𝑅𝑝1,∗𝑝∗2 ℐ𝑋1 ⊗𝜔 𝜔J

𝑅𝜋3,∗𝑅𝑝′1,∗𝑝
′,∗
2 𝜔J 𝑅𝜋3,∗(𝑅𝑝′1,∗𝑝

′,∗
2 ℐ𝑋 ′1

⊗𝜔) 𝑅𝜋3,∗𝜔J

𝑇 Tr𝑝1

�

𝑇 ′ Tr′𝑝1

.

Here the first one is a diagram of sheaves on 𝑋1 and the second one is a diagram of sheaves on 𝑋2.

Roughly speaking, this shows that the effect on cohomology is independent of the choices of cone

decompositions.

Proof. We use the projection formula to rewrite the diagrams. The first diagram is the same as

©­­­­­­«
ℐ𝑋1 𝑅𝑝2,∗𝑝∗2 ℐ𝑋1

𝑅𝜋1,∗ℐ𝑋 ′1
𝑅𝜋1,∗𝑝′2,∗𝑝

′,∗
2 ℐ𝑋 ′1

�

ª®®®®®®¬
⊗ 𝜔.

The commutativity of the diagram

ℐ𝑋1 𝑝2,∗𝑝∗2 ℐ𝑋1

𝜋1,∗ℐ𝑋 ′1
𝜋1,∗𝑝′2,∗𝑝

′,∗
2 ℐ𝑋 ′1

�

extends to the commutativity of the diagram

ℐ𝑋1 𝑅𝑝2,∗𝑝∗2 ℐ𝑋1

𝑅𝜋1,∗ℐ𝑋 ′1
𝑅𝜋1,∗𝑅𝑝′2,∗𝑝

′,∗
2 ℐ𝑋 ′1

� ,

and hence the first diagram in the lemma is commutative.
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The left and right rectangles of the second diagram are rewritten as

𝑅𝑝1,∗

©­­­­­«
𝑝∗2 ℐ𝑋1 ⊗𝑝∗2𝜔 𝑝∗2 ℐ𝑋1 ⊗𝑝∗1𝜔

(𝑅𝜋2,∗𝑝
′,∗
2 ℐ𝑋 ′1

) ⊗ 𝑝∗2𝜔 (𝑅𝜋2,∗𝑝
′,∗
2 ℐ𝑋 ′1

) ⊗ 𝑝∗1𝜔

𝑇

𝑇 ′

ª®®®®®¬
and ©­­­­­­«

𝑅𝑝1,∗𝑝∗2 ℐ𝑋1 𝑅𝑝1,∗ℐ𝐶 ℐ𝑋2

𝑅𝜋3,∗𝑅𝑝′1,∗𝑝
′,∗
2 ℐ𝑋 ′1

𝑅𝜋3,∗𝑅𝑝′1,∗ℐ𝐶′ 𝑅𝜋3,∗ℐ𝑋 ′2

� �

ª®®®®®®¬
⊗ 𝜔.

The commutative of the left one is given by the definition of 𝑇 ′, and the commutative of the right

one is clear. □

We also study compositions of Hecke correspondences. Let 𝑔1, 𝑔2 ∈ 𝐺 (A 𝑓 ). We define 𝐻1 :=

𝐾 ∩Ad𝑔1 (𝐾) and 𝐻2 := 𝐾 ∩Ad𝑔2 (𝐾). With suitable choices of cone decompositions, we have the

diagram

𝑆tor,ord
𝐻1,Σ2

𝑆tor,ord
𝐻2,Σ4

𝑆tor,ord
𝐾,Σ1

𝑆tor,ord
𝐾,Σ3

𝑆tor,ord
𝐾,Σ5

𝑝2 𝑝1 𝑞2 𝑞1

where 𝑝2 is given by [𝑔1], 𝑞2 is given by [𝑔2], and 𝑝1, 𝑞1 are given by [1]. We also simplify the

notations in the diagram and rewrite it as follows:

𝐶1 𝐶2

𝑋1 𝑋2 𝑋3

𝑝2 𝑝1 𝑞2 𝑞1
.

Let {ℓ𝑖} be a set of representatives of the double coset Ad𝑔−1
2
(𝐻2)\𝐾/𝐻1. Let 𝐾𝑖 := Ad𝑔2ℓ𝑖 (𝐻1) ∩
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𝐻2, 𝐷𝑖 := 𝑆tor,ord
𝐾𝑖 ,Σ𝑖

. Then for suitable choices of cone decompositions, we have the diagram

𝐷𝑖

𝐶1 𝐶2

𝑟𝑖 𝑠𝑖

where 𝑟𝑖 is given by [𝑔2ℓ𝑖] and 𝑠𝑖 is given by [1]. Let 𝐷 :=
⊔
ℓ𝑖 𝐷𝑖, 𝑟 :=

⊔
𝑟𝑖, and 𝑠 :=

⊔
𝑠𝑖. Then

we have the commutative diagram

𝐷

𝐶1 𝐶2

𝑋1 𝑋2 𝑋3

𝑟 𝑠

𝑝2 𝑝1 𝑞2 𝑞1

.

Lemma 3.10. The trace maps Tr𝑝1 , Tr𝑠 and pullbacks along 𝑞2, 𝑟 induce the commutative diagram

𝑅𝑝1,∗ℐ𝐶1 ℐ𝑋2

𝑅𝑞2,∗𝑅𝑠∗ℐ𝐷 𝑅𝑞2,∗ℐ𝐶2

Tr𝑝1

Tr𝑠

.

Moreover, if 𝑇𝑔1 : 𝑝∗2𝜔→ 𝑝∗1𝜔 is given, and we define 𝑇 ′(𝑔1,𝑔2) := 𝑟∗𝑇𝑔1 : (𝑝2◦𝑟)∗𝜔→ (𝑝1◦𝑟)∗𝜔 =

𝑠∗𝑞∗2𝜔, then we have the commutative diagram of sheaves on 𝑋2:

𝑅𝑝1,∗(ℐ𝐶1 ⊗𝑝∗1𝜔) 𝑅𝑝1,∗(ℐ𝐶1 ⊗𝑝∗2𝜔) 𝜔J

𝑅𝑞2,∗𝑅𝑠∗(ℐ𝐷 ⊗(𝑝2 ◦ 𝑟)∗𝜔) 𝑅𝑞2,∗𝑅𝑠∗(ℐ𝐷 ⊗(𝑠∗𝑞∗2𝜔)) 𝑅𝑞2,∗(ℐ𝐶2 ⊗𝑞∗2𝜔)

𝑇𝑔1 Tr𝑝1

𝑇 ′(𝑔1 ,𝑔2 ) Tr𝑠

.

Proof. In the first diagram, all derived direct images are just direct images. Therefore, it suffices
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to prove the commutativity of the diagram

𝑝1,∗ O𝐶1 O𝑋2

𝑞2,∗𝑠∗ O𝐷 𝑞2,∗ O𝐶2

Tr𝑝1

Tr𝑠

.

Since traces of functions depend only on their value at generic points, it suffices to prove this when

the diagram is restricted to the open part of generic fibers. Therefore, we consider the diagram

⊔
𝑆𝐾𝑖 ,𝑅[1/𝑝]

𝑆𝐻1,𝑅[1/𝑝] 𝑆𝐻2,𝑅[1/𝑝]

𝑆𝐾,𝑅[1/𝑝]

𝑟 𝑠

𝑝1 𝑞2

.

The diagram is Cartesian by definition. By the base change property of trace maps, we obtain the

commutativity of the diagram on functions.

With the projection formula, the left and right rectangles of the second diagram are rewritten

as

𝑅𝑝1,∗

©­­­­­«
ℐ𝐶1 ⊗𝑝∗2𝜔 ℐ𝐶1 ⊗𝑝∗1𝜔

𝑟∗(ℐ𝐷 ⊗𝑟∗𝑝∗2𝜔) 𝑟∗(ℐ𝐷 ⊗𝑟∗𝑝∗1𝜔)

𝑇𝑔1

𝑇 ′(𝑔1 ,𝑔2 )

ª®®®®®¬
,

and ©­­­­­«
𝑝1,∗(ℐ𝐶1) ℐ𝑋2

𝑞2,∗𝑠∗(ℐ𝐷) 𝑞2,∗(ℐ𝐶2)

Tr𝑝1

Tr𝑠

ª®®®®®¬
⊗ 𝜔.

The commutativity of the left one follows from the definition of 𝑇 ′𝑔, and that of the right one follows

from the commutativity of the first diagram. □

𝐷 is regarded as the composition of 𝐶1 and 𝐶2. The following lemma says the composition is
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compatible with the composition of Hecke algebra.

Lemma 3.11. LetH(𝐺 (A 𝑓 ), 𝐾) be the space of 𝐾-biinvariant locally constant C-valued functions

on 𝐺 (A 𝑓 ). Let 𝑔1, 𝑔2 ∈ 𝐺 (A 𝑓 ), 𝐻1 := 𝐾 ∩ Ad𝑔1 (𝐾), 𝐻1 := 𝐾 ∩ Ad𝑔2 (𝐾), and {ℓ𝑖} is a set of

representatives of Ad𝑔−1
2
(𝐻2)\𝐾/𝐻1. Then

1𝐾𝑔2𝐾 ∗ 1𝐾𝑔1𝐾 =
∑
ℓ𝑖

[𝐾 ∩ Ad𝑔2ℓ𝑖𝑔1 (𝐾) : 𝐻2 ∩ Ad𝑔2ℓ𝑖 (𝐻1)]1𝐾𝑔2ℓ𝑖𝑔1𝐾 .

Note that the right-hand side is independent of the choice of the set of representatives {ℓ𝑖}.

Proof. We believe this formula should be well known, but we were unable to find a reference.

Therefore, we include a proof here for completeness.

Note that 𝐾\𝐾𝑔2𝐾 � Ad𝑔−1
2
(𝐻2)\𝐾 and 𝐾𝑔1𝐾/𝐾 � 𝐾/𝐻1. Let {𝑎 𝑗 } and {𝑏𝑘 } be sets of

representatives of Ad𝑔−1
2
(𝐻2)\𝐾 and 𝐾/𝐻1, respectively. Then

1𝐾𝑔2𝐾 =
∑
𝑗

1𝐾𝑔2𝑎 𝑗 , 1𝐾𝑔2𝐾 =
∑
𝑘

1𝑏𝑘𝑔1𝐾 .

The convolution 1𝐾𝑔2𝑎 𝑗 ∗ 1𝑏𝑘𝑔1𝐾 is given as follows: The convolution is 𝐾-biinvaraint and supports

on 𝐾𝑔2𝑎 𝑗𝑏𝑘𝑔1𝐾 , which is a double coset. Therefore, 1𝐾𝑔2𝑎 𝑗 ∗ 1𝑏𝑘𝑔1𝐾 = 𝑐1𝐾𝑔2𝑎 𝑗𝑏𝑘𝑔1𝐾 for some

scalar 𝑐. Since 𝐾𝑔2𝑎 𝑗𝑏𝑘𝑔1𝐾/𝐾 � 𝐾/𝐾 ∩ Ad𝑔2𝑎 𝑗𝑏𝑘𝑔1 (𝐾) and

1 =

(∫
1𝐾𝑔2𝑎 𝑗 (𝑔)𝑑𝑔

) (∫
1𝑏𝑘𝑔1𝐾 (𝑔)𝑑𝑔

)
= 𝑐

(∫
1𝐾𝑔2𝑎 𝑗𝑏𝑘𝑔1𝐾 (𝑔)𝑑𝑔

)
,

𝑐 =
1

[𝐾 : 𝐾 ∩ Ad𝑔2𝑎 𝑗𝑏𝑘𝑔1 (𝐾)]
, and then

1𝐾𝑔2𝑎 𝑗 ∗ 1𝑏𝑘𝑔1𝐾 =
1

[𝐾 : 𝐾 ∩ Ad𝑔2𝑎 𝑗𝑏𝑘𝑔1 (𝐾)]
1𝐾𝑔2𝑎 𝑗𝑏𝑘𝑔1𝐾 .

When ℓ varies in 𝐾 , the group 𝐾∩Ad𝑔2ℓ𝑔1 (𝐾) depends only on the image of ℓ in Ad𝑔−1
2
(𝐻2)\𝐾/𝐻1.

Therefore, the assertion is reduced to the following: The cardinality of the fiber of the multiplica-
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tion

Ad𝑔−1
2
(𝐻2)\𝐾 × 𝐾/𝐻1 → Ad𝑔−1

2
(𝐻2)\𝐾/𝐻1

over [ℓ𝑖] is [𝐾 : 𝐻2 ∩ Ad𝑔2ℓ𝑖 (𝐻1)]. Consider the map

𝐾 → Ad𝑔−1
2
(𝐻2)\𝐾 × 𝐾/𝐻1, 𝑘 ↦→ ([𝑘, 𝑘−1ℓ]).

The map descends to an injection

Ad𝑔−1
2
(𝐻2) ∩ Adℓ𝑖 (𝐻1)\𝐾 ↩→ Ad𝑔−1

2
(𝐻2)\𝐾 × 𝐾/𝐻1

and the image is exactly the fiber over ℓ𝑖, so the size of the fiber is [𝐾 : Ad𝑔−1
2
(𝐻2) ∩ Adℓ𝑖 (𝐻1)].

Moreover, since 𝐻2 ∩Ad𝑔2ℓ𝑖 (𝐻1) and Ad𝑔−1
2
(𝐻2) ∩Adℓ𝑖 (𝐻1) are conjugate and 𝐺 (A 𝑓 ) is unimod-

ular, they have the same volume, and hence the same index in 𝐾 . □

In practice, we need a more general version of the commutative diagrams in Lemma 3.10. Let

𝐷∧𝑝, 𝐶∧𝑝1 , 𝐶∧𝑝2 , and 𝑋∧𝑝2 be the 𝑝-adic completions of 𝐷, 𝐶1, 𝐶2, and 𝑋2, respectively. Let

𝐷∧𝑝 = 𝐷′ ⊔ 𝐷′′, 𝐶∧𝑝1 = 𝐶′1 ⊔ 𝐶′′1 , 𝐶
∧𝑝
2 = 𝐶′2 ⊔ 𝐶′′2 , 𝑋

∧𝑝
2 = 𝑋′2 ⊔ 𝑋′′2

be decompositions into disjoint unions of formal schemes.

Lemma 3.12. Consider the diagram

𝐷∧𝑝

𝐶
∧𝑝
1 𝐶

∧𝑝
2

𝑋
∧𝑝
2

𝑟 𝑠

𝑝1 𝑞2

.

Suppose both 𝑝1(𝐶′1) and 𝑞2(𝐶′2) are contained in 𝑋′2 and 𝐷′ = 𝑟−1(𝐶′1) ∩ 𝑠−1(𝐶′2). Then we have
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the commutative diagram

𝑅(𝑝1 |𝐶′1)∗ℐ𝐶′1
ℐ𝑋 ′2

𝑅(𝑞2 |𝐶′2)∗𝑅(𝑠 |𝐷′)∗ℐ𝐷′ 𝑅(𝑞2 |𝐶′2)ℐ𝐶′2

Tr𝑝1

Tr𝑠

.

More generally, suppose 𝑢 ∈ 𝑅0 [1/𝑝] such that 𝑢 Tr𝑝1 : 𝑅(𝑝1 |𝐶′1)∗ℐ𝐶′1
→ ℐ𝑋 ′2

⊗𝑅0𝑅0 [1/𝑝] has

image in ℐ𝑋 ′2
and 𝑢 Tr𝑝1 : 𝑅(𝑠 |𝐷′)∗ℐ𝐷′ → ℐ𝐶′2

⊗𝑅0𝑅0 [1/𝑝] has image in ℐ𝐶′2
. Then we have

the commutative diagram

𝑅(𝑝1 |𝐶′1)∗ℐ𝐶′1
ℐ𝑋 ′2

𝑅(𝑞2 |𝐶′2)∗𝑅(𝑠 |𝐷′)∗ℐ𝐷′ 𝑅(𝑞2 |𝐶′2)ℐ𝐶′2

𝑢 Tr𝑝1

𝑢 Tr𝑠

.

Proof. By taking 𝑝-adic completion and restriction to 𝑋′2, the first commutative diagram in Lemma

3.10 induces the commutative diagram

𝑅(𝑝1 |𝑝−1
1 (𝑋

′
2)
)∗ℐ𝑝−1

1 (𝑋
′
2)

ℐ𝑋 ′2

𝑅(𝑞2 |𝑞−1
2 (𝑋

′
2)
)∗𝑅(𝑠 |𝑠−1𝑞−1

2 (𝑋
′
2)
)∗ℐ𝑠−1𝑞−1

2 (𝑋
′
2)

𝑅(𝑞2 |𝑞−1
2 (𝑋

′
2)
)∗ℐ𝑞−1

2 (𝑋
′
2)

Tr𝑝1

Tr𝑠

.

Let𝐶′′′1 := 𝑝−1
1 (𝑋′2)−𝐶′1, 𝐶′′′2 := 𝑞−1

2 (𝑋′2)−𝐶′2, and 𝐷′′′ := 𝑠−1𝑞−1
2 (𝑋′2)−𝐷′. Then the commutative

diagram reads

𝑅(𝑝1 |𝐶′1)∗ℐ𝐶′1
⊕𝑅(𝑝1 |𝐶′′′1

)∗ℐ𝐶′′′1
ℐ𝑋 ′2

𝑅(𝑞2 |𝑞−1
2 (𝑋

′
2)
)∗ (𝑅(𝑠 |𝐷′)∗ℐ𝐷′ ⊕𝑅(𝑠 |𝐷′′′)∗ℐ𝐷′′′) 𝑅(𝑞2 |𝐶′2)∗ℐ𝐶′2

⊕𝑅(𝑞2 |𝐶′′′2
)∗ℐ𝐶′′′2

Tr𝑝1

Tr𝑠

.

The desired commutative diagram is obtained by restricting the source to the 𝑅(𝑝1 |𝐶′1)∗ℐ𝐶′1
-

component and projecting the target to the 𝑅(𝑞2 |𝐶′2)∗ℐ𝐶′2
-component. Here we use 𝐷′ = 𝑟−1(𝐶′1)∩

110



𝑠−1(𝐶′2). □

Then we consider the torsion coefficient case. Let 𝐷′𝑛 := 𝐷′ ⊗𝑅 𝑅/𝑝𝑛𝑅, and similarly define

𝐶′1,𝑛, 𝐶
′
2,𝑛, and 𝑋′2,𝑛. For every 𝑛 ∈ N we have the commutative diagram

𝐷′𝑛

𝐶′1,𝑛 𝐶′2,𝑛

𝑋′2,𝑛

𝑟 𝑠

𝑝1 𝑞2

.

Corollary 3.2. For every 𝑛, J , and 𝑢 ∈ 𝑅0 [1/𝑝] as in 3.12, we have the commutative diagram

𝑅𝑝1,∗ℐ𝐶′1,𝑛
ℐ𝑋 ′2,𝑛

𝑅𝑞2,∗𝑅𝑠∗ℐ𝐷′𝑛 𝑅𝑞2,∗ℐ𝐶′2,𝑛

𝑢 Tr𝑝1

𝑢 Tr𝑠

.

Proof. The commutativity of the diagram comes from the one in Lemma 3.10, the base change

formula, and the fact that all formal schemes and all ℐJ with coefficient 𝑅0 involved are flat over

𝑅0. □

We turn to the case for partial compactifications of Igusa towers. The base ring 𝑅0 is Z𝑝 or

Z𝑝 [𝜁𝑝𝑛] for some 𝑛 ∈ N. Let 𝐾𝑃 = 𝐾 𝑝
𝑃𝐾𝑝,𝑃, 𝐾

′
𝑃 = 𝐾 𝑝,′

𝑃 𝐾′𝑝,𝑃 ⊂ 𝐺 (Ẑ
𝑝)𝑃′(Z𝑝) be open compact sub-

groups, 𝑔 ∈ 𝐺 (A𝑝
𝑓 )𝑀 (Q𝑝) such that 𝑔−1𝐾′𝑃𝑔 ⊂ 𝐾𝑃 and 𝐾 𝑝

𝑃 , 𝐾
𝑝,′

𝑃 are neat. Let Σ, Σ′ be compatible

choices of admissible projective rational polyhedral cone decomposition for level 𝐾𝑃, 𝐾′𝑃, respec-

tively, such that Σ′ refines 𝑔∗Σ. Then we also have the proper morphism [𝑔] : ℑ𝔊tor
𝐾 ′𝑃 ,Σ

′ → ℑ𝔊tor
𝐾𝑃 ,Σ.

We only consider the trace map for [1]. When 𝐾′𝑃 ⊂ 𝐾𝑃, we have the map

ℑ𝔊𝑡𝑜𝑟
𝐾 ′𝑃 ,Σ

′
𝜋Σ′ ,Σ−−−−→ ℑ𝔊𝑡𝑜𝑟

𝐾 ′𝑃 ,Σ

[1]−−→ ℑ𝔊𝑡𝑜𝑟
𝐾𝑃 ,Σ .

Since ℑ𝔊𝑡𝑜𝑟
𝐾 ′𝑃 ,Σ
→ ℑ𝔊𝑡𝑜𝑟

𝐾𝑃 ,Σ is a finite morphism between normal formal schemes, the trace map is
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defined.

Lemma 3.13. For every J , ℐ𝐾𝑃 ,Σ,J → 𝜋Σ′,Σ,∗ℐ𝐾 ′𝑃 ,Σ,J → 𝑅𝜋Σ′,Σ,∗ℐ𝐾 ′𝑃 ,Σ,J is an isomorphism.

Moreover, when Σ′ = Σ, Tr[1] sends [1]∗ℐ𝐾 ′𝑃 ,Σ,J into ℐ𝐾𝑃 ,Σ,J .

Proof. By fpqc descent, we may assume 𝑅0 = Z𝑝 [𝜁𝑛] for some 𝑛 >> 0 so that the partial toroidal

compactifications are open formal subschemes of 𝑝-adic completions of ordinary loci of integral

models of Siegel Shimura varieties. Then the assertions are reduced to Lemma 3.8. □

The trace map for ℐJ is now defined and compatible with the one defined in the 𝑆tor,ord-case.

Lemma 3.14. Assertions analogous to Lemma 3.9 hold.

Proof. By fpqc descent, we may assume 𝑅0 = Z𝑝 [𝜁𝑛] for some 𝑛 >> 0 and reduce the assertions

to those in the 𝑆tor,ord-case. □
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Chapter 4: Higher Hida theory for Siegel modular forms

In this chapter, we follow [BP23] closely to introduce the necessary geometric objects to define

"higher Hida complexes", which interpolate the ordinary part of cohomology of canonical exten-

sions and subcanonical extensions of automorphic vector bundles on Siegel Shimura varieties with

C𝑝 coefficients. We extend this construction to the case of subsheaves of sections of automorphic

vector bundles vanishing along specific boundary strata, as defined in the previous chapter. We

also define a version for boundary cohomology in a particular case. These higher Hida complexes

retain the essential properties of those defined in [BP23]. The main result of this chapter is a fun-

damental exact sequence in degree 1, which is crucial in the machinery of Eisenstein congruence

in the next chapter.

4.1 Provisional group theoretic data

The definitions for GSp2𝑔, Borel subgroups, and Siegel parabolic subgroups in [BP23] are not

the same as the ones we use. Different choices lead to the same result, but their choices seem to

have the advantage in parametrizing geometric objects. For this reason, we adopt their definitions

until Section 4.6. The following definitions and propositions are given in [BP23, Section 3.1]

Let 𝑆 ∈ 𝑀𝑔 (Z) be the matrix having 1 on anti-diagonals and 0 elsewhere. Let 𝐽 :=
©­­«

0 𝑆

−𝑆 0

ª®®¬ ∈
𝑀2𝑔 (Z). This defines the canonical skew-symmetric form: (𝑒𝑖, 𝑒 𝑗 ) = 0 if 𝑖 + 𝑗 ≠ 2𝑔 + 1, and

(𝑒𝑖, 𝑒2𝑔−𝑖+1) = 1 if 1 ≤ 𝑖 ≤ 𝑔. We define

GSp2𝑔 = {𝑔 ∈ GL𝑛 | 𝑔𝑇 𝐽𝑔 = 𝜈(𝑔)𝐽}.

This defines a group scheme GSp2𝑔/Z as well as the similitude character 𝜈 : GSp2𝑔 → G𝑚.
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Let 𝑇 be the diagonal torus. The character group of 𝑇 is identified with

𝑋 (𝑇) = {(𝑘1, . . . , 𝑘𝑔; 𝑘) ∈ Z2𝑔 |
∑

𝑘𝑖 ≡ 𝑘 (mod 2)}.

The character 𝜅 = (𝑘1, . . . , 𝑘𝑔; 𝑘) is determined by the formula

𝜅(𝑐 diag(𝑎1, . . . , 𝑎𝑔, 𝑎
−1
𝑔 , . . . , 𝑎

−1
1 )) = 𝑐𝑘

𝑔∏
𝑖=1

𝑎𝑘𝑖𝑖 .

Let the Siegel parabolic subgroup 𝑃 be the stabilizer of the maximal isotropic subspace ⟨𝑒𝑔+1, . . . , 𝑒2𝑔⟩ ⊂

Z2𝑔. The Borel subgroup 𝐵 ⊂ 𝑃 is the subgroup of elements with upper-triangular diagonal blocks.

That is,

𝐵 =


©­­«
𝐴 0

𝐶 𝐷

ª®®¬ ∈ GSp2𝑔

������� 𝐴, 𝐷 are upper-triangular

 .
This 𝐵 is the stabilizer of the full flag

⟨𝑒𝑔+1⟩ ⊂⟨𝑒𝑔+1, 𝑒𝑔+2⟩ ⊂ · · · ⊂ ⟨𝑒𝑔+1, . . . , 𝑒2𝑔⟩

⊂⟨𝑒𝑔+1, . . . , 𝑒2𝑔, 𝑒1⟩ ⊂ · · · ⊂ ⟨𝑒𝑔+1, . . . , 𝑒2𝑔, 𝑒1, ·, 𝑒𝑔−1⟩ ⊂ Z2𝑔,

and the dominant cone is

{0 ≥ 𝑘1 ≥ · · · ≥ 𝑘𝑔}.

We also denote by𝑈 the unipotent radical of 𝐵.

We identify the Weyl group 𝑊 with a subgroup of 𝑆2𝑔. An element 𝑤 ∈ 𝑊 corresponds to

𝜎 ∈ 𝑆𝑔 if 𝑤(𝑒𝑖) = 𝑒𝜎(𝑖) for all 1 ≤ 𝑖 ≤ 2𝑔. This identifies𝑊 with the subgroup

𝑊 = {𝜎 | 𝜎(𝑖) + 𝜎(2𝑔 + 1 − 𝑖) = 2𝑔 + 1 ∀ 𝑖} ⊂ 𝑆2𝑔 .

With this choice of 𝐵, the set of positive roots is Φ+ = {𝑒𝑖 − 𝑒 𝑗 | 1 ≤ 𝑖 < 𝑗 ≤ 𝑔} ⊔ {−𝑒𝑖 − 𝑒 𝑗 | 1 ≤

𝑖, 𝑗 ≤ 𝑔}, the set of positive roots of 𝑀 is Φ+𝑀 = {𝑒𝑖 − 𝑒 𝑗 | 1 ≤ 𝑖 < 𝑗 ≤ 𝑔}, and the set of the rest
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positive roots is Φ+,𝑀 = {−𝑒𝑖 − 𝑒 𝑗 | 1 ≤ 𝑖, 𝑗 ≤ 𝑔}. The set of minimal-length representatives is

𝑊𝑃 = {𝑤 ∈ 𝑊 | 𝑤−1(Φ+𝑀) ⊂ Φ+} = {𝜎 ∈ 𝑆2𝑔 | 𝑔 + 𝑤−1(𝑔 + 1) < · · · < 𝑔 + 𝑤−1(2𝑔)},

here addition is taken in Z/2𝑔 Z with representatives {1, . . . , 2𝑔}. Since

𝑔+𝑤−1(𝑔+ 𝑖) = 𝑔+2𝑔+1−𝑤−1(𝑔+1− 𝑖) = 𝑔+1−𝑤−1(𝑔+1− 𝑖) = (2𝑔+1) − (𝑔+𝑤−1(𝑔+1− 𝑖)),

the condition is equivalent to

𝑔 + 𝑤−1(1) < · · · < 𝑔 + 𝑤−1(𝑔).

Let 𝐹𝐿 = 𝑃\𝐺. We have the Bruhat decomposition

𝐹𝐿 =
⊔
𝑤∈𝑊𝑃

𝐶𝑤

where 𝐶𝑤 = 𝑃𝑤𝐵. If 𝑤 ∈ 𝑊𝑃, then 𝑙 (𝑤) = dim(𝐶𝑤). There is a partial order on 𝑊𝑃 as follows:

𝑤′ ≤ 𝑤 iff 𝐶𝑤′ ⊂ 𝐶𝑤. The unit element 𝑤 = 1 is the minimal one.

Associated with each 𝑤 ∈ 𝑊𝑃 is a sequence (𝑤1, . . . , 𝑤𝑔) defined as follows: 𝑤0 = 0, 𝑤𝑖 −

𝑤𝑖−1 = 0 if 𝑔 + 𝑖 ∉ 𝑤−1{𝑔 + 1, . . . , 2𝑔} ∩ {𝑔 + 1, . . . , 2𝑔}, and 𝑤𝑖 − 𝑤𝑖−1 = 1 if 𝑔 + 𝑖 ∈ 𝑤−1{𝑔 +

1, . . . , 2𝑔} ∩ {𝑔 + 1, . . . , 2𝑔}. Alternatively, 𝑤𝑖 = |𝑤−1{𝑔 + 1, . . . , 2𝑔} ∩ {𝑔 + 1, . . . , 𝑔 + 𝑖}|. A

sequence (0, 𝑎1, . . . , 𝑎𝑔) with 𝑎𝑖 − 𝑎𝑖−1 ∈ {0, 1} uniquely determines an element 𝑤 ∈ 𝑊𝑃.

4.2 Siegel varieties with Iwahori levels

Let Z𝑝 be the base ring. Let 𝐾𝑝,𝑛 ⊂ 𝐺 (Z𝑝) be the following Iwahori subgroup

𝐾𝑝,𝑛 := {𝑔 ∈ 𝐺 (Z𝑝) | 𝑔 (mod 𝑝𝑛) ∈ 𝐵(Z/𝑝𝑛 Z)}.
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When Nebentypus is involved, we will also consider the one

𝐾𝑝,1,𝑛 := {𝑔 ∈ 𝐺 (Z𝑝) | 𝑔 (mod 𝑝𝑛) ∈ 𝑈 (Z/𝑝𝑛 Z)}.

The following is the definition of the integral model of Siegel Shimura variety of Iwahori levels

given in [BP23, Section 4.1]. The level structure at 𝑝 on the universal family of the Siegel variety

𝑆𝐾 𝑝𝐾𝑝,𝑛,Q𝑝 is a self-dual chain of isogenies

𝐺 = 𝐺𝑔 → 𝐺𝑔+1 → · · · → 𝐺2𝑔 → 𝐺1 → · · · → 𝐺𝑔 = 𝐺

such that for each 0 ≤ 𝑖 ≤ 𝑔, 𝐺 → 𝐺𝑔+𝑖 has kernel in 𝐺 [𝑝𝑛] totally isotropic, locally isomorphic

to (Z/𝑝𝑛 Z)𝑖. In particular, the composition of the whole chain is 𝐺
𝑝𝑛−−→ 𝐺.

In this chain, 𝐺𝑔−𝑖 is the dual of 𝐺𝑔+𝑖 and 𝐺𝑔+𝑖 → 𝐺𝑔−𝑖 is a polarization of degree 𝑝2𝑔(𝑛−𝑖) for

𝑖 = 0, . . . , 𝑔. Let 𝑑𝑖 = 𝑝𝑔(𝑛−𝑖) . Sending a chain to 𝐺𝑔+𝑖 along with the polarization 𝐺𝑔+𝑖 → 𝐺𝑔−𝑖

induces a map 𝑆𝐾 𝑝𝐾𝑝,𝑛,Q𝑝 → 𝐴𝑔,𝑑𝑖 ,Q𝑝 → 𝐴𝑔,𝑑𝑖 ,Z𝑝 and 𝑆𝐾 𝑝𝐾𝑝,𝑛 is defined as the normalization of∏𝑔
𝑖=0 𝐴𝑔,𝑑𝑖 ,Z𝑝 in 𝑆𝐾 𝑝𝐾𝑝,𝑛,Q𝑝 . The chain

𝐺 = 𝐺𝑔 → 𝐺𝑔+1 → · · · → 𝐺2𝑔 → 𝐺1 → · · · → 𝐺𝑔 = 𝐺

extend to one over 𝑆𝐾 𝑝𝐾𝑝,𝑛 . With an appropriate choice of cone decompositions Σ, we have the

toroidal compactification 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Σ

and the chain is extended to a chain of isogenies of semi-abelian

schemes over it. The composition 𝐺 → 𝐺 is still 𝑝𝑛·. We will omit Σ in the notation.

Let 𝐻𝑔+𝑖 := ker(𝐺 → 𝐺𝑔+𝑖) and 𝐺𝑟𝑖 := 𝐻𝑖+1/𝐻𝑖. Over 𝑆𝐾 𝑝𝐾𝑝,𝑛 , they are finite flat group

schemes and 𝐺𝑟2𝑔+1−𝑖 = 𝐺𝑟∨𝑖 .

Definition 4.1 (4.1.3 - 4.1.5 of [BP23]). The subsets 𝑆𝐾 𝑝𝐾𝑝,𝑛,F𝑝 ,𝑤 ⊂ 𝑆𝐾 𝑝𝐾𝑝,𝑛,F𝑝 and 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,F𝑝 ,𝑤

⊂

𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,F𝑝

are defined as loci where each of 𝐺𝑟𝑤−1 (𝑖) for 𝑖 = 𝑔 + 1, . . . , 2𝑔 is a multiplicative

finite flat group scheme. Each of 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,F𝑝 ,𝑤

is contained in the ordinary loci and 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,F𝑝 ,𝑤

,

𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,F𝑝 ,𝑤′

are disjoint if 𝑤 ≠ 𝑤′. We define 𝔖𝐾 𝑝𝐾𝑝,𝑛,𝑤 (resp. 𝔖tor
𝐾 𝑝𝐾𝑝,𝑛,𝑤

) as the completion of
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𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

along 𝑆𝐾 𝑝𝐾𝑝,𝑛,F𝑝 ,𝑤 (resp. 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,F𝑝 ,𝑤

).

Let 𝐾𝑝,𝑃,𝑤 := 𝑃(Q) ∩ 𝑤𝐾𝑝,𝑛𝑤−1. By [BP23, Lemma 4.1.7], the map

𝑤 : ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃,𝑤 → 𝔖ord
𝐾 𝑝𝐾𝑝,𝑛

is an open immersion with image 𝔖𝐾 𝑝𝐾𝑝,𝑛,𝑤. With suitable choices of cone decompositions, this

extends to an open immersion

𝑤 : ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃,𝑤

→ 𝔖tor,ord
𝐾 𝑝𝐾𝑝,𝑛

with image 𝔖tor
𝐾 𝑝𝐾𝑝,𝑛,𝑤

. In particular, when 𝑤 = 1, we get the usual Iwahori level Igusa tower in

Hida theory.

A modification of the integral model 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

by a sequence of blow-ups provides a suitable in-

tegral model that contains favorable compactifications of all 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,F𝑝 ,𝑤

. In the rest of the section,

we will describe some divisors of the new integral model and outline some essential properties and

refer their explicit definitions to [BP23, Proposition 4.1.13].

We start with defining certain effective Cartier divisors 𝐷1, . . . , 𝐷2𝑔 on 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

. On 𝑆𝐾 𝑝𝐾𝑝,𝑛 ,

the definition is given in 4.1.8 of [BP23] as follows: We define L𝐺𝑟𝑖/𝑆𝐾𝑝𝐾𝑝,𝑛 as the cotangent

complex of 𝐺𝑟𝑖 over 𝑆𝐾 𝑝𝐾𝑝,𝑛 and 𝛿𝑖 as the co-Lie complex of 𝐺𝑟𝑖 over 𝑆𝐾 𝑝𝐾𝑝,𝑛 . Then there is a

natural section O → det(𝛿𝑖). The inverse of it defines an effective Cartier divisor 𝐷𝑖. Each 𝐷𝑖 is

supported on the special fiber, and 𝐷𝑖 + 𝐷2𝑔+1−𝑖 = 𝑉 (𝑝𝑛) by duality.

We extend this construct to 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

as follows: Over 𝑆𝐾 𝑝𝐾𝑝,𝑛 , 𝐺𝑟𝑖 is the kernel of 𝐺𝑖 → 𝐺𝑖+1.

Over 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

, 𝜙𝑖 : 𝐺𝑖 → 𝐺𝑖+1 is extended to an isogeny between semi-abelian schemes and 𝐺𝑟𝑖 is

extended to the kernel, which is quasi-finite. The co-Lie complex of 𝐺𝑟𝑖 is the complex

𝑒∗𝑖+1Ω𝐺𝑖+1/𝑆tor
𝐾𝑝𝐾𝑝,𝑛

→ 𝑒∗𝑖Ω𝐺𝑖/𝑆tor
𝐾𝑝𝐾𝑝,𝑛

where 𝑒𝑖 is the unit section of 𝐺𝑖/𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

. The Cartier divisor is extended to the determinant of the
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above map, which we also denote by 𝐷𝑖. The following proposition slightly refines the assertions

in 4.1.8 of [BP23].

Proposition 4.1. These 𝐷𝑖 satisfies 𝐷𝑖 + 𝐷2𝑔+1−𝑖 = 𝑉 (𝑝𝑛) for all 1 ≤ 𝑖 ≤ 2𝑔. Moreover, 𝑥 is not in

the support of 𝐷𝑖 if and only if 𝐺𝑟𝑖 is etale at 𝑥, if and only if 𝐺𝑟2𝑔+1−𝑖 is a multiplicative finite flat

group scheme of rank 𝑝𝑛 in an open neighborhood of 𝑥.

Proof. Since 𝐺𝑔 → · · · → 𝐺𝑔 is still 𝑝𝑛·, over 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

,
∑2𝑔
𝑖=1 𝐷𝑖 = 𝑉 (𝑝

2𝑔𝑛), and the support of

this is within the special fiber. Since each 𝐷𝑖 is effective, the support of each 𝐷𝑖 is within the

special fiber. Since 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

is normal and the boundary part of the special fiber has codimension

2, each 𝐷𝑖 is the unique extension of 𝐷𝑖 |𝑆𝐾𝑝𝐾𝑝,𝑛 to 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

that is trivial on the generic fiber. Then

𝐷𝑖 + 𝐷2𝑔+𝑖−1 is the unique extension of (𝐷𝑖 + 𝐷2𝑔+𝑖−1) |𝑆𝐾𝑝𝐾𝑝,𝑛 = 𝑉 (𝑝𝑛) |𝑆𝐾𝑝𝐾𝑝,𝑛 to 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

that is

trivial on the generic fiber, which is 𝑉 (𝑝𝑛).

By definition, 𝑥 is not in the support of 𝐷𝑖 if and only if

𝑒∗𝑖+1Ω𝐺𝑖+1/𝑆tor
𝐾𝑝𝐾𝑝,𝑛

→ 𝑒∗𝑖Ω𝐺𝑖/𝑆tor
𝐾𝑝𝐾𝑝,𝑛

is an isomorphism in an open neighborhood of 𝑥. By the equivariant 𝐺𝑖-action on 𝐺𝑖 → 𝐺𝑖+1, this

is equivalent to that 𝐺𝑖 → 𝐺𝑖+1 is etale on an open neighborhood of 𝑥, which is also equivalent to

that 𝐺𝑟𝑖 is etale on an open neighborhood of 𝑥.

If 𝐺𝑟2𝑔+𝑖−1 is a multiplicative finite flat group scheme of rank 𝑝𝑛 in an open neighborhood

of 𝑥, 𝑉 (𝑝𝑛) = 𝐷2𝑔+𝑖−1, and hence 𝐷𝑖 = 0 in that open neighborhood of 𝑥. Conversely, suppose

𝑉 (𝑝𝑛) = 𝐷2𝑔+𝑖−1 in an open neighborhood 𝑋 of 𝑥. Since 𝐺𝑟2𝑔+𝑖−1 is quasi-finite flat, there is an

etale neighborhood (𝑈, 𝑢) → (𝑋, 𝑥) such that 𝐺𝑟2𝑔+𝑖−1 |𝑈 = 𝐺1 ⊔ 𝐺′, where 𝐺1 is a finite flat

scheme over𝑈, and 𝐺′ have empty fiber at 𝑢. Since an etale morphism is open, we may assume 𝑋

is the image of 𝑈. Moreover, since 𝑈 is normal, we may assume 𝑈 is connected. In this case, the

unit section 𝑒𝑈 : 𝑈 → 𝐺𝑟2𝑔+𝑖−1 |𝑈 has image in 𝐺1, and hence the divisor (𝐷2𝑔+𝑖−1) |𝑈 is computed

by the complex 𝑒∗𝑈L𝐺1/𝑈 . Let 𝜉 be a generic point of the special fiber at𝑈. Then O𝑈,𝜉 is a discrete

valuation ring of mixed characteristic. Since (𝐷2𝑔+𝑖−1)𝜉 = 𝑉 (𝑝𝑛) |𝜉 , 𝐺1/𝑈 has rank at least 𝑝𝑛 at
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𝜉. Since the rank is locally constant, 𝐺1 has constant rank. Since each fiber of 𝐺𝑟2𝑔+𝑖−1 has rank at

most 𝑝𝑛, 𝐺′ is empty and we conclude that 𝐺𝑟2𝑔+𝑖−1 |𝑈 is finite flat of rank 𝑝𝑛. By etale descent of

finite morphisms, 𝐺𝑟2𝑔+𝑖−1 is finite flat of rank 𝑝𝑛 over 𝑋 . Since the co-Lie complex of the finite

flat group scheme (𝐺𝑟2𝑔+𝑖−1 |𝑋)∨ defines the trivial divisor, (𝐺𝑟2𝑔+𝑖−1 |𝑋)∨ is finite etale, and hence

𝐺𝑟2𝑔+𝑖−1 |𝑋 is multiplicative. □

We analyze the restrictions of the divisors 𝐷𝑖 on a boundary strata. Let 𝑃𝑟 ⊂ 𝐺 be the stabilizer

of the totally isotropic subspace ⟨𝑒𝑔+1, . . . , 𝑒𝑔+𝑟⟩ for 𝑟 = 1, . . . , 𝑔. This gives all standard maximal

parabolic subgroups of 𝐺. In particular, the Siegel parabolic subgroup is 𝑃𝑔. The splitting

⟨𝑒1, . . . , 𝑒2𝑔⟩ = ⟨𝑒𝑔+1, . . . , 𝑒𝑔+𝑟⟩ ⊕ ⟨𝑒𝑔+𝑟+1, . . . , 𝑒2𝑔, 𝑒1, . . . , 𝑒𝑔−𝑟⟩ ⊕ ⟨𝑒𝑔−𝑟+1, . . . , 𝑒𝑔⟩

gives a Levi decomposition 𝑃𝑟 = 𝑀𝑟𝑁𝑟 where 𝑀𝑟 � GL𝑟 ×GSp𝑔−𝑟 .

For simplicity, we only consider the case 𝑛 = 1 here. Let 𝐾 = 𝐾 𝑝𝐾𝑝,1 and (𝑍𝐾 ,Φ𝐾 , 𝛿𝐾) be a

representative of cusp labels of level 𝐾 associated with the maximal parabolic subgroup 𝑃𝑟 . Such

cusps are parametrized by the double coset space

GL𝑟 (Z) GSp𝑔−𝑟 (Ẑ)𝑁𝑟 (Ẑ)\𝐺 (Ẑ)/𝐾 𝑝𝐾𝑝,1.

In particular, the 𝑝th component is parametrized by the double coset space

𝑃𝑟 (F𝑝)\𝐺 (F𝑝)/𝐵(F𝑝) � 𝑊𝑀𝑟\𝑊𝐺 .

An element in the set of minimal-length representatives 𝑊𝑃𝑟 is uniquely determined by a subset

𝛼 = {𝛼1, . . . 𝛼𝑟} ⊂ {1, . . . , 2𝑔} such that 𝛼𝑖 + 𝛼 𝑗 . 2𝑔 + 1 (mod 2𝑔) for all 1 ≤ 𝑖 < 𝑗 ≤ 𝑟. The

element 𝑤 determined by the set is characterized by

𝑤−1(⟨𝑒𝑔+1, . . . , 𝑒𝑔+𝑟⟩) = ⟨𝑒𝛼1 , . . . , 𝑒𝛼𝑟 ⟩,

119



𝑤−1(⟨𝑒𝑔−𝑟+1, . . . , 𝑒𝑔⟩) = ⟨𝑒2𝑔+1−𝛼1 , . . . , 𝑒2𝑔+1−𝛼𝑟 ⟩,

and

𝑤−1(⟨𝑒𝑔+𝑟+1, . . . , 𝑒2𝑔, 𝑒1, . . . , 𝑒𝑔−𝑟⟩) =
∑

𝑖,2𝑔+1−𝑖∉𝛼
Z 𝑒𝑖 .

We assume the representative of cusp labels is given by some (𝑔𝑝, 𝑤) where 𝑔𝑝 ∈ 𝐺 (Ẑ𝑝) and

𝑤 ∈ 𝑊 𝑝𝑟 . There is a tower

ΞΦ𝐾 ,𝛿𝐾 → 𝐶Φ𝐾 ,𝛿𝐾 → 𝑀Φ𝐾
𝐾

where 𝑀Φ𝐾
𝐾 parametrizes principally polarized abelian schemes (𝐴, 𝜆) of dimension 𝑔 − 𝑛, with a

self dual chain of isogenies of degree 𝑝

𝐴Φ𝐾 = 𝐴Φ𝐾 ,𝑔−𝑟 → · · · → 𝐴Φ𝐾 ,2(𝑔−𝑟) → 𝐴Φ𝐾 ,1 → 𝐴Φ𝐾 ,𝑔−𝑟

along with some prime-to-𝑝 level structure defined by a neat open compact subgroup of GSp𝑔−𝑛 (Ẑ
𝑝).

The chain likewise defines divisors, which we denote by

𝐷Φ𝐾 ,1, . . . , 𝐷Φ𝐾 ,2(𝑔−𝑟) .

The associated boundary strata in the toroidal compactification is (𝑆tor
𝐾 )∧𝑍[ (Φ𝐾 ,𝛿𝐾 ) ] = 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0/ΓΦ𝐾

where 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0 is the formal scheme defined by certain boundary strata of the toroidal embed-

ding of the torus torsor ΞΦ𝐾 ,𝛿𝐾 → 𝐶Φ𝐾 ,𝛿𝐾 given by the cone decomposition ΣΦ𝐾 . The restriction

of the universal family

𝐺 = 𝐺𝑔 → 𝐺𝑔+1 → · · · → 𝐺2𝑔 → 𝐺1 → · · · → 𝐺𝑔

to 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0 becomes a chain of Raynaud extensions

𝐺♮ = 𝐺♮
𝑔 → 𝐺

♮
𝑔+1 → · · · → 𝐺

♮
2𝑔 → 𝐺

♮
1 → · · · → 𝐺

♮
𝑔
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where each 𝐺♮
𝑖 is an extension 0→ 𝑇𝑖 → 𝐺

♮
𝑖 → 𝐴𝑖 → 0. The induced chain of isogenies

𝐴𝑔 → 𝐴𝑔+1 → · · · → 𝐴2𝑔 → 𝐴1 → · · · → 𝐴𝑔

is self dual, and each of 𝐴𝑖 → 𝐴𝑖+1 has degree 1 or 𝑝. Moreover, if we delete the isomorphisms

from the chain, then we recover the universal chain of isogenies

𝐴Φ𝐾 = 𝐴Φ𝐾 ,𝑔−𝑟 → · · · → 𝐴Φ𝐾 ,2(𝑔−𝑟) → 𝐴Φ𝐾 ,1 → · · · → 𝐴Φ𝐾 ,𝑔−𝑟 .

If 𝑤 is determined by the set {𝛼1, . . . 𝛼𝑟}, then we have the followings:

1. 𝐺𝑟𝑖 extends to a multiplicative finite flat subgroup if and only if 𝑖 ∈ {𝛼1, . . . 𝛼𝑟}. Therefore,

𝐷𝑖 | (𝑆tor
𝐾 )∧𝑍[ (Φ𝐾 ,𝛿𝐾 ) ]

= 𝑉 (𝑝) if 𝑖 ∈ {𝛼1, . . . , 𝛼𝑟}, and 𝐷𝑖 | (𝑆tor
𝐾 )∧𝑍[ (Φ𝐾 ,𝛿𝐾 ) ]

= 0 if 2𝑔− 𝑖 ∈ {𝛼1, . . . 𝛼𝑟}

2. If both 𝑖 and 2𝑔 − 𝑖 are not in {𝛼1, . . . 𝛼𝑟}, then there is a unique 𝑗 such that

(𝐴𝑖 → 𝐴𝑖+𝑖) = (𝐴Φ𝐾 , 𝑗 → 𝐴Φ𝐾 , 𝑗+1)

and 𝐷𝑖 | (𝑆tor
𝐾 )∧𝑍[ (Φ𝐾 ,𝛿𝐾 ) ]

= 𝐷Φ𝐾 , 𝑗 .

Let 𝑍𝑖 :=
∑𝑖
𝑘=1 𝐷𝑔+𝑘 . The construction of [BP23, Proposition 4.1.13] gives a map 𝑆tor

𝐾 𝑝𝐾𝑝,𝑛
→

𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

, which is the composition of a sequence of blowups. The proposition specifies effective

divisors {𝑍𝑖,> 𝑗 , 𝑍𝑖,< 𝑗 }1≤𝑖≤𝑔, 0≤ 𝑗≤𝑖 on 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

verifying the following properties:

1. For each (𝑖, 𝑗), the supports of 𝑍𝑖,> 𝑗 and 𝑍𝑖,< 𝑗 are disjoint, and 𝑍𝑖> 𝑗 − 𝑍𝑖,< 𝑗 = 𝑍𝑖 − 𝑉 (𝑝𝑛 𝑗 ).

Here 𝑍𝑖 is actually the pullback of 𝑍𝑖 ⊂ 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

in 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

.

2. If 0 = 𝑗1 ≤ · · · ≤ 𝑗𝑘 is an increasing sequence of integers with 1 ≤ 𝑘 ≤ 𝑔, then the open set

𝑘⋂
𝑖=1

𝑍𝑐𝑖,> 𝑗𝑖 ∩ 𝑍
𝑐
𝑖,< 𝑗𝑖

.

is empty unless 𝑗𝑖 − 𝑗𝑖−1 = {0, 1} for all 1 ≤ 𝑖 ≤ 𝑘 . Moreover, the map
⋂𝑘
𝑖=1 𝑍

𝑐
𝑖,> 𝑗𝑖
∩ 𝑍𝑐𝑖,< 𝑗𝑖 →
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𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

is an open immersion onto the loci of points with𝐺𝑟𝑔+𝑖 multiplicative if 𝑗𝑖− 𝑗𝑖−1 = 1,

and etale if 𝑗𝑖 − 𝑗𝑖−1 = 0

3. On
⋂𝑘
𝑖=1 𝑍

𝑐
𝑖,> 𝑗𝑖
∩ 𝑍𝑐𝑖,< 𝑗𝑖 , 𝑍𝑘+1,> 𝑗𝑘 = 𝐷𝑔+𝑘+1 and 𝑍𝑘+1,< 𝑗𝑘+1 = 𝐷𝑔−𝑘 = 𝑉 (𝑝𝑛) − 𝐷𝑔+𝑘+1.

These divisors define a filtration on the special fiber. For every 𝑤 ∈ 𝑊𝑃, we first define

𝑍>𝑤−1 =
𝑔⋂
𝑖=1

𝑍𝑖,>𝑤𝑖−1.

Here 𝑍𝑖,>−1 is by convention 𝑍𝑖 +𝑉 (𝑝𝑛), and the support is the whole special fiber.

Lemma 4.1 ([BP23, Lemma 4.1.17]). If 𝑤 ≤ 𝑤′, 𝑍>𝑤−1 ⊂ 𝑍>𝑤′−1.

Proof. The proof is the same as the one given in [BP23]. The condition 𝑤 ≤ 𝑤′ gives that 𝑤𝑖 ≥ 𝑤′𝑖
for all 𝑖. Therefore, 𝑍𝑖,>𝑤𝑖−1 ≤ 𝑍𝑖,>𝑤′𝑖−1. This implies 𝑍𝑖,>𝑤𝑖−1 ⊂ 𝑍𝑖,>𝑤′𝑖−1 as closed subset. Then

we take intersections over all 𝑖. □

Definition 4.2 (4.1.16 of [BP23]). We define an increasing filtration by 𝐹−1 = ∅, and for 0 ≤ 𝑖 ≤

𝑔(𝑔 + 1)/2,

𝐹𝑖 :=
⋃
ℓ(𝑤)≤𝑖

𝑍>𝑤−1.

In particular, 𝐹𝑔(𝑔+1)/2 is the whole special fiber.

Proposition 4.2 ([BP23, Lemma 4.1.18, Lemma 4.5.7]). We have the decompositions

𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,F𝑝

=
⊔
𝑤∈𝑊𝑃

(
𝑔⋂
𝑖=1

𝑍𝑖,>𝑤𝑖−1 ∩ 𝑍𝑐𝑖,>𝑤𝑖

)
,

𝐹𝑘 − 𝐹𝑘−1 =
⊔

ℓ(𝑤)=𝑘

(
𝑔⋂
𝑖=1

𝑍𝑖,>𝑤𝑖−1 ∩ 𝑍𝑐𝑖,>𝑤𝑖

)
.

Moreover, the second one is a disjoint union of topological spaces.

Proof. We give more details to the proofs in [BP23]. For every 𝑥 ∈ 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,F𝑝

we define a sequence

(𝑤𝑥,1, . . . , 𝑤𝑥,𝑔) as follows: 𝑤𝑥,𝑖 is the unique integer such that 𝑥 ∈ 𝑍𝑖,>𝑤𝑥,𝑖−1 ∩ 𝑍𝑐>𝑤𝑥,𝑖 . We also
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define 𝑤𝑥,0 = 0 for all 𝑥. Then 𝑤𝑥 has the property that 𝑤𝑥,𝑖 = 𝑤𝑥,𝑖−1 or 𝑤𝑥,𝑖−1 + 1 for all 1 ≤ 𝑖 ≤ 𝑔.

Therefore, there is a unique 𝑤𝑥 ∈ 𝑊𝑃 such that 𝑤𝑥 = (𝑤𝑥,1, . . . , 𝑤𝑥,𝑔) and we have 𝑥 ∈ 𝑍>𝑤−1 iff

𝑤𝑥,𝑖 ≥ 𝑤𝑖 for all 𝑖, equivalently, 𝑤 ≥ 𝑤𝑥 . In particular, ℓ(𝑤) ≥ ℓ(𝑤𝑥). Therefore,

𝐹𝑖 = {𝑥 | ℓ(𝑤𝑥) ≤ 𝑖}, 𝐹𝑖 − 𝐹𝑖−1 = {𝑥 | ℓ(𝑤𝑥) = 𝑖}

and we have the decompositions.

To prove that the second decomposition is a disjoint union of topological space we note that

for a given 𝑤,
𝑔⋂
𝑖=1

𝑍𝑖,>𝑤𝑖−1 ∩ 𝑍𝑐𝑖,>𝑤𝑖 = 𝐹𝑘 − 𝐹𝑘−1 ∩
(
𝑔⋂
𝑖=1

𝑍𝑐𝑖,>𝑤𝑖

)
and each of 𝑍𝑐𝑖,>𝑤𝑖 is open. The rest is to prove that for ℓ(𝑤) = ℓ(𝑤′) but 𝑤 ≠ 𝑤′, 𝑍>𝑤′−1 and⋂𝑔
𝑖=1 𝑍

𝑐
𝑖,>𝑤𝑖

are disjoint. With the assumption, there is an 𝑖 such that 𝑤′𝑖 > 𝑤𝑖, and we have

𝑍>𝑤′−1 ∩
(
𝑔⋂
𝑖=1

𝑍𝑐𝑖,>𝑤𝑖

)
⊂ 𝑍𝑖,>𝑤′𝑖−1 ∩ 𝑍𝑐𝑖,>𝑤𝑖 ⊂ 𝑍𝑖,>𝑤𝑖 ∩ 𝑍

𝑐
𝑖,>𝑤𝑖

= ∅.

□

For simplicity, throughout the rest of this chapter, 𝑆tor always means 𝑆tor unless otherwise

specified.

4.3 Automorphic sheaves with Nebentypus and vanishing conditions

Let 𝑅0 := Z𝑝 [𝜁𝑝𝑛] be the base ring. Here 𝑛 can be 0 and 𝑅0 = Z𝑝. Let 𝜋 : 𝑆tor
𝐾 𝑝𝐾𝑝,1,𝑛,𝑅0

→

𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,𝑅0

be the normalization of 𝑆𝐾𝑝,1,𝑛,Q𝑝 [𝜁𝑝𝑛 ] → 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,𝑅0

. By [BP23, Lemma 4.3.6], over

𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,𝑅0

−∑𝑔
𝑖=1 𝐷𝑖 ∩𝐷2𝑔+1−𝑖, 𝜋 is a Galois covering with Galois group 𝐾𝑝,𝑛/𝐾𝑝,1,𝑛 = 𝑇 (Z/𝑝𝑛 Z).

Let 𝜒 : 𝑇 (Z/𝑝𝑛 Z) → Z𝑝 [𝜁𝑝𝑛] be a character. We define O(𝜒) as the maximal subsheaf of

𝜋∗(O𝑆tor
𝐾𝑝𝐾𝑝,1,𝑛 ,𝑅0

) such that over 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,𝑅0

− ∑𝑔
𝑖=1 𝐷𝑖 ∩ 𝐷2𝑔+1−𝑖, O(𝜒) is the 𝜒-eigenspace of
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𝜋∗(O𝑆tor
𝐾𝑝𝐾𝑝,1,𝑛 ,𝑅0

). For every set of maximal parabolic subgroups J , we define

𝜔𝜅J (𝜒) := 𝜔𝜅 ⊗ℐJ ⊗ O(𝜒)

as coherent sheaves on 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,𝑅0

. When J = ∅, we denote the sheaves by 𝜔𝜅 (𝜒). If 𝜒 = 1, they

are simply 𝜔𝜅J .

Over ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃,𝑤 ,𝑅0

, the sheaves 𝜔𝜅, ℐJ , O(𝜒), and 𝜔𝜅J (𝜒) are defined as 𝑝-adic completions

of the respective sheaves over 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,𝑅0

. The formation of ℐJ over ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃,𝑤 ,𝑅0

commutes with

the base change Z𝑝 → Z[𝜁𝑝𝑛] and O/ℐJ is still reduced for every 𝑛, which is checked stratum by

stratum.

4.4 Cohomological correspondences

Following [BP23, Section 4.2 - 4.3], we define Hecke correspondence and cohomological cor-

respondence for Siegel Shimura varieties in characteristic 0, their integral models, and specified

finite-level Igusa towers. Let 𝑡 ∈ 𝑇+(Q𝑝). We define

𝐶𝑡,Q𝑝 := 𝑆𝐾 𝑝 (𝑡𝐾𝑝,𝑛𝑡−1∩𝐾𝑝,𝑛),Q𝑝 .

Then we have a correspondence (𝐶𝑡,Q𝑝 , 𝑆𝐾 𝑝𝐾𝑝,𝑛,Q𝑝 , 𝑝1 = [1], 𝑝2 = [𝑡]). Let𝐶tor
𝑡,Q𝑝

be the normaliza-

tion of (𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Q𝑝

)×2 in𝐶𝑡,Q𝑝 via 𝑝1×𝑝2. Then we obtain the correspondence (𝐶tor
𝑡,Q𝑝

, 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Q𝑝

, 𝑝1 =

[1], 𝑝2 = [𝑡]). Let 𝐶tor
𝑡 be the normalization of (𝑆tor

𝐾 𝑝𝐾𝑝,𝑛
)×2 in 𝐶tor

𝑡,Q𝑝
. Then we have the corre-

spondence (𝐶tor
𝑡 , 𝑆

tor
𝐾 𝑝𝐾𝑝,𝑛

, 𝑝1, 𝑝2). The generic fiber of 𝐶tor
𝑡 is 𝐶tor

𝑡,Q𝑝
, and over the ordinary locus,

𝐶tor,ord
𝑡 = 𝑆tor,ord

𝐾 𝑝 (𝑡𝐾𝑝,𝑛𝑡−1∩𝐾𝑝,𝑛)
with some choice of cone decompositions.

For each 𝑤 ∈ 𝑊𝑃, we have the correspondence

(ℑ𝔊tor
𝐾 𝑝 (Ad𝑤 (𝑡 ) (𝐾𝑝,𝑃,𝑤)∩𝐾𝑝,𝑃,𝑤) ,ℑ𝔊

tor
𝐾 𝑝𝐾𝑝,𝑃,𝑤

, 𝑝1 = [1], 𝑝2 = [𝑤(𝑡)]).
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Let ℭtor
𝑡 be the 𝑝-adic completion of 𝐶tor

𝑡 and ℭtor
𝑡,𝑤 be the open formal subscheme

ℭtor
𝑡,𝑤 := 𝑝−1

1 𝔖tor
𝐾 𝑝𝐾𝑝,𝑛,𝑤

∩𝑝−1
2 𝔖tor

𝐾 𝑝𝐾𝑝,𝑛,𝑤
.

By [BP23, Proposition 4.2.4], with the embedding 𝑤 : ℑ𝔊tor
𝐾 𝑝 (Ad𝑤 (𝑡 ) (𝐾𝑝,𝑃,𝑤)∩𝐾𝑝,𝑃,𝑤) → ℭtor

𝑡 , ℭtor
𝑡,𝑤 is

identified with ℑ𝔊tor
𝐾 𝑝 (Ad𝑤 (𝑡 ) (𝐾𝑝,𝑃,𝑤)∩𝐾𝑝,𝑃,𝑤) and (ℭtor

𝑡,𝑤 ,𝔖
tor
𝑤 , [1], [𝑡]) is identified with

(ℑ𝔊tor
𝐾 𝑝 (Ad𝑤 (𝑡 ) (𝐾𝑝,𝑃,𝑤)∩𝐾𝑝,𝑃,𝑤) ,ℑ𝔊

tor
𝐾 𝑝𝐾𝑝,𝑃,𝑤

, [1], [𝑤(𝑡)]).

Over 𝐶tor
𝑡 , we have the canonical quasi-isogeny 𝑝∗1𝐴

[𝑡]−−→ 𝑝∗2𝐴. In the correspondence of integral

models (𝐶tor
𝑡 , 𝑆

tor
𝐾 𝑝𝐾𝑝,𝑛

, 𝑝1, 𝑝2), 𝑝1 satisfies the assumption in defining trace maps above 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

−∑2𝑔
𝑖=1 𝐷1 ∩ 𝐷2𝑔+1−𝑖. Denote by𝑈𝑡 the cohomological correspondence for

(𝐶tor
𝑡,Q𝑝

, 𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Q𝑝 (𝜁𝑝𝑛 ) , 𝑝1, 𝑝2)

defined by Tr𝑝1 and the canonical isomorphism 𝑝∗2𝜔
𝜅 → 𝑝∗1𝜔

𝜅 induced by 𝑝∗1𝐴
[𝑡]−−→ 𝑝∗2𝐴. The

normalization of Hecke operators in [BP23, Section 4.3] is as follows: Let 𝐶 (𝜅) := {𝑤 ∈ 𝑊𝑃 |

𝑤−1𝑤0,𝑀 (𝜅 + 𝜌) ∈ 𝑋 (𝑇)−}. For 𝜔𝜅J (𝜒), we define the normalized Hecke correspondence as

𝑢𝑡 := ⟨−𝑤−1𝑤0,𝑀 (𝜅 + 𝜌) − 𝜌, 𝑡⟩𝑈𝑡

for any 𝑤 ∈ 𝐶 (𝜅). The normalization is independent of the choice of 𝑤.

In the case of Igusa towers, 𝑈𝑡 may not be integral without the normalization. The normaliza-

tion factor ⟨−𝑤−1𝑤0,𝑀 (𝜅 + 𝜌) − 𝜌, 𝑡⟩ consists of two parts coming from different considerations.

For the correspondence

(ℑ𝔊tor
𝐾 𝑝 (Ad𝑤 (𝑡 ) (𝐾𝑝,𝑃,𝑤)∩𝐾𝑝,𝑃,𝑤) ,ℑ𝔊

tor
𝐾 𝑝𝐾𝑝,𝑃,𝑤

, 𝑝1 = [1], 𝑝2 = [𝑤(𝑡)]),
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the universal quasi-isogeny 𝑝∗1𝐴
[𝑤(𝑡)]−−−−→ 𝑝∗2𝐴 induces the isomorphism

[𝑤(𝑡)]∗ : 𝑝∗2𝜔
𝜅 [1/𝑝] → 𝑝∗1𝜔

𝜅 [1/𝑝] .

Lemma 4.2 ([BP23, Lemma. 4.3.4]). The isomorphism [𝑤(𝑡)]∗ sends 𝑝∗2𝜔
𝜅 into the subsheaf

⟨𝑤0,𝑀 (𝜅), 𝑤(𝑡)⟩𝑝∗1𝜔𝜅 ⊂ 𝑝∗1𝜔𝜅 [1/𝑝].

Proof. We reproduce the proof in [BP23] here. By normality, we only have to prove this over

generic points of the special fiber. We can take an profinite etale covering and assume that

𝑝∗1𝑇𝑝 (𝐴)𝑚 and 𝑝∗1(𝑇𝑝 (𝐴)𝑒𝑡) are trivialized. Let 𝑗𝑚 : 𝜇𝑔𝑝∞ � 𝑝∗1𝐴[𝑝∞]𝑚, and 𝑐 ∈ Z×𝑝 . Then the

Hecke twist of ( 𝑗𝑚, 𝑐) is ( 𝑗𝑚 ◦ 𝑤(𝑡), 𝜈(𝑤(𝑡))𝑐). Assume the profinite etale covering is Spec(𝑅).

The ring 𝑅 is flat over Z𝑝 and we identify 𝑝∗1𝜔
𝜅, 𝑝∗2𝜔

𝜅, with 𝑉𝜅 (𝑅) via the sections ( 𝑗𝑚, 𝑐),

( 𝑗𝑚 ◦ 𝑤(𝑡), 𝜈(𝑤(𝑡)𝑐), respectively. Let 𝑓 ∈ 𝑝∗2𝜔
𝜅 and 𝜙( 𝑓 ) be the image in 𝑉𝜅 (𝑅). Then

𝑓 (( 𝑗𝑚, 𝑐) · 𝑔) = 𝑓 (( 𝑗𝑚 ◦ 𝑤(𝑡), 𝜈(𝑤(𝑡)𝑐) · 𝑤(𝑡)−1𝑔) = 𝜌𝜅 (𝑤(𝑡)) (𝜙( 𝑓 )) (𝑔). Therefore, the im-

age of 𝑝∗2𝜔
𝜅 in 𝑝∗1𝜔

𝜅 [1/𝑝] � 𝑉𝜅 (𝑅[1/𝑝]) is 𝜌𝜅 (𝑤(𝑡)) (𝑉𝜅 (𝑅)). Since the lowest weight of 𝜌𝜅 is

𝑤0,𝑀 (𝜅), 𝑝∗2𝜔𝜅 � 𝜌𝜅 (𝑤(𝑡)) (𝑉𝜅 (𝑅)) ⊂ ⟨𝑤0,𝑀 (𝜅), 𝑤(𝑡)⟩𝑉𝜅 (𝑅) � ⟨𝑤0,𝑀 (𝜅), 𝑤(𝑡)⟩𝑝∗1𝜔𝜅. □

The other part of the normalization is given by the inseparable degree of 𝑝1. Let

𝐶 = ℑ𝔊tor
𝐾 𝑝 (Ad𝑤 (𝑡 ) (𝐾𝑝,𝑃,𝑤)∩𝐾𝑝,𝑃,𝑤) , 𝑋 = ℑ𝔊tor

𝐾 𝑝𝐾𝑝,𝑃,𝑤
.

[BP23, Lemma 4.3.8] gives that ⟨−(𝑤−1𝑤0,𝑀 (𝜌) + 𝜌), 𝑡⟩ Tr𝑝1 : 𝑝1,∗ O𝐶 → O𝑋 [1/𝑝] has im-

age in O𝑋 . We call it the reduced trace map, denoted by T̃r𝑝1 . For every J ⊂ Δ, we have

T̃r𝑝1 : 𝑝1,∗ℐ𝐶,J → O𝑋 ∩ℐ𝑋,J ,Q𝑝 . Since O𝑋/ℐ𝑋 is flat over Z𝑝, O𝑋/ℐ𝑋 → (O𝑋/ℐ𝑋) ⊗Z𝑝 Q𝑝

is injective. This gives that O𝑋 ∩ℐ𝑋,J ,Q𝑝 = ℐ𝑋 . We can now explain the trace maps for

sheaves we will consider in the case of Igusa towers with torsion coefficients. Let the base

ring 𝑅0 be any discrete valuation ring of mix characteristic that is flat over Z𝑝. Let 𝑛 ∈ N,

𝐶𝑛 = 𝐼𝐺 tor
𝐾 𝑝 (Ad𝑤 (𝑡 ) (𝐾𝑝,𝑃,𝑤)∩𝐾𝑝,𝑃,𝑤),𝑅0/𝑝𝑛𝑅0

, and 𝑋𝑛 = 𝐼𝐺 tor
𝐾 𝑝𝐾𝑝,𝑃,𝑤 ,𝑅0/𝑝𝑛𝑅0

. Since ℐ𝑋,J is flat over
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𝑅0, we have

ℐ𝑋𝑛,J = ℐ𝑋,J ⊗𝑅0𝑅0/𝑝𝑛𝑅0 = ℐ𝑋,J ⊗𝐿𝑅0
𝑅0/𝑝𝑛𝑅0

and ℐ𝐶𝑛,J = ℐ𝐶,J ⊗𝐿𝑅0
𝑅0/𝑝𝑛𝑅0. Since 𝐶 is flat over 𝑅0, we have the base change isomorphism

𝑝1,∗ℐ𝐶𝑛,J = 𝑅𝑝1,∗ℐ𝐶𝑛,J � 𝑅𝑝1,∗ℐ𝐶,J ⊗𝐿𝑅0
𝑅0/𝑝𝑛𝑅0 = 𝑝1,∗ℐ𝐶,J ⊗𝑅0𝑅0/𝑝𝑛𝑅0.

Then the reduced trace map T̃r𝑝1 : 𝑝1,∗ℐ𝐶𝑛,J → ℐ𝑋𝑛,J is defined as the base change of T̃r𝑝1 :

𝑝1,∗ℐ𝐶,J → ℐ𝑋,J .

Given J ′ ⊂ J ⊂ Δ. ℐ𝐶,J/ℐ𝐶,J ′ is also flat over 𝑅0, because it is isomorphic to the kernel of

the morphism O𝐶/ℐ𝐶,J ′ → O𝐶/ℐ𝐶,J , and both O𝐶/ℐ𝐶,J ′ and O𝐶/ℐ𝐶,J are flat over 𝑅0. Sim-

ilarly, 𝑝1,∗(ℐ𝐶𝑛,J/ℐ𝐶𝑛,J ′) � 𝑝1,∗(ℐ𝐶,J/ℐ𝐶,J ′)⊗𝑅0𝑅0/𝑝𝑛𝑅0 and T̃r𝑝1 : 𝑝1,∗(ℐ𝐶𝑛,J/ℐ𝐶𝑛,J ′) →

ℐ𝑋𝑛,J/ℐ𝑋𝑛,J ′ is defined via base change. The reduced trace map gives the morphism of exact

triangles

𝑝1,∗ℐ𝐶𝑛,J ′ 𝑝1,∗ℐ𝐶𝑛,J 𝑝1,∗(ℐ𝐶𝑛,J/ℐ𝐶𝑛,J ′)

ℐ𝑋𝑛,J ′ ℐ𝑋𝑛,J ℐ𝑋𝑛,J/ℐ𝑋𝑛,J ′

T̃r𝑝1 T̃r𝑝1

+1

T̃r𝑝1

+1

.

Use the correspondence

⟨−𝑤0,𝑀 (𝜅), 𝑤(𝑡)⟩(𝑝∗2𝜔𝜅 [1/𝑝] → 𝑝∗1𝜔
𝜅 [1/𝑝])

and the reduced trace map T̃r𝑝1 to define cohomological correspondence and we conclude that

𝛽𝑡,𝑤 := ⟨−𝑤−1𝑤0,𝑀 (𝜅 + 𝜌) − 𝜌, 𝑡⟩𝑈𝑡 is integral on ℭ𝑡,𝑤. Then 𝑢𝑡 := ⟨−𝑤−1𝑤0,𝑀 (𝜅 + 𝜌) − 𝜌, 𝑡⟩𝑈𝑡 for

𝑤 ∈ 𝐶 (𝜅) is integral on all ℭ𝑡,𝑤 .

If 𝜅 is cohomological, say 𝜅 = 𝑤 · Λ where 𝑤 ∈ 𝑊𝑃 and Λ is a dominant weight of 𝐺, then

𝐶 (𝜅) = {𝑤0,𝑀𝑤𝑤0} and the normalization factor is

⟨−𝑤−1
0 𝑤−1𝑤−1

0,𝑀𝑤0,𝑀 (𝑤 · Λ + 𝜌) − 𝜌, 𝑡⟩ = ⟨−𝑤−1
0 (Λ + 𝜌) − 𝜌, 𝑡⟩ = ⟨−𝑤0Λ, 𝑡⟩,
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which agrees with the normalization factor for the cohomology of automorphic local systems in

[Hid04].

For the cases of Shimura varieties of characteristic 0 and Igusa towers, we get the cohomolog-

ical correspondence

𝑢𝑡 : 𝑝∗2𝜔
𝜅
J (𝜒) → 𝑝!

1𝜔
𝜅
J (𝜒).

We return to the correspondence on the integral model (𝐶tor
𝑡 , 𝑆

tor
𝐾 𝑝𝐾𝑝,𝑛

, 𝑝1, 𝑝2). The normalized co-

homological correspondence 𝑢𝑡 : 𝑝∗2𝜔
𝜅 → 𝑝!

1𝜔
𝜅 is defined on the open subset𝐶tor

𝑡,Q𝑝
∪
(⋃

𝑤∈𝑊𝑃 ℭ𝑡,𝑤
)
.

By [BP23, Proposition 4.2.14, Proposition 4.2.15], when 𝑡 ∈ 𝑇 (Q𝑝)++, the complement of 𝐶tor
𝑡,Q𝑝
∪(⋃

𝑤∈𝑊𝑃 ℭ𝑡,𝑤
)

is the support of the effective divisor 𝑝∗2
(∑𝑔

𝑖=1 𝑍𝑖

)
− 𝑝∗1

(∑𝑔
𝑖=1 𝑍𝑖

)
. Therefore, over

𝐶tor
𝑡 , the correspondence is extended to a map

𝑢𝑡 : 𝑝∗2𝜔
𝜅
J (𝜒) → 𝑝!

1𝜔
𝜅
J (𝜒)

(
𝑘 (𝑝∗2 − 𝑝∗1)

(
𝑔∑
𝑖=1

𝑍𝑖

))
for some 𝑘 > 0, or

𝑢𝑡 : 𝑝∗2𝜔
𝜅
J (𝜒)

(
−𝑘

𝑔∑
𝑖=1

𝑍𝑖

)
→ 𝑝!

1𝜔
𝜅
J (𝜒)

(
−𝑘

𝑔∑
𝑖=1

𝑍𝑖

)
.

We define 𝜔𝜅J (𝜒) := 𝜔𝜅J (𝜒)
(
−𝑘 ∑𝑔

𝑖=1 𝑍𝑖

)
for such 𝑘 > 0. Then we obtain the cohomological

correspondence

𝑢𝑡 : 𝑝∗2𝜔
𝜅
J (𝜒) → 𝑝!

1𝜔
𝜅
J (𝜒).

The image of 𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Z𝑝 [𝜁𝑝𝑛 ] , 𝜔

𝜅
J (𝜒)) in 𝑅Γ(𝑆tor

𝐾 𝑝𝐾𝑝,𝑛,Q𝑝 (𝜁𝑝𝑛 )
, 𝜔𝜅J (𝜒)) defines a 𝑢𝑡-invariant

subcomplex. We use any of 𝑢𝑡 where 𝑡 ∈ 𝑇 (Q𝑝)++ to define the ordinary projector 𝑒. Then there

are canonical isomorphisms

𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Z𝑝 [𝜁𝑝𝑛 ] , 𝜔

𝜅
J (𝜒)) ⊗Z𝑝 [𝜁𝑝𝑛 ] Q𝑝 (𝜁𝑝𝑛) � 𝑅Γ(𝑆tor

𝐾 𝑝𝐾𝑝,𝑛,Q𝑝 (𝜁𝑝𝑛 ) , 𝜔
𝜅
J (𝜒)),

𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Z𝑝 [𝜁𝑝𝑛 ] , 𝜔

𝜅
J (𝜒))

ord ⊗Z𝑝 [𝜁𝑝𝑛 ] Q𝑝 (𝜁𝑝𝑛) � 𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Q𝑝 (𝜁𝑝𝑛 ) , 𝜔

𝜅
J (𝜒))

ord.
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We will see that the ordinary cohomology 𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Z𝑝 [𝜁𝑝𝑛 ] , 𝜔

𝜅
J (𝜒))

ord is independent of the

choice of 𝑘 and 𝑡 as long as 𝑘 is large enough.

4.5 Strict dynamic compactification and ordinary cohomology for Igusa towers

Let 𝐴 be an Artinian ring of finite type over Z. Let (𝐶, 𝑋, 𝑝1, 𝑝2) be a correspondence of

schemes of finite type over 𝐴. Let (𝐶, 𝑋, 𝑝1, 𝑝2) be a compactification of it ([BP23, Definition

2.1.9]) with boundary 𝑋 − 𝑋 covered by closed subschemes 𝐷+, 𝐷− ⊂ 𝑋 , and 𝐶, 𝑋 also of finite

type over 𝐴. Then for every coherent sheaf ℱ over 𝑋 , the cohomology with partial supports are

defined ([BP23, Definition 2.2.4]). Suppose now the compactification is dynamic ([BP23, Defi-

nition 2.1.26]). With this assumption, both 𝑅Γ𝐷+,𝐷− (𝑋,ℱ), 𝑅Γ𝐷− ,𝐷+ (𝑋,ℱ) are independent of

the choice of compactifications ([BP23, Lemma 2.2.8]). Let 𝑇 : 𝑝∗2ℱ → 𝑝!
1ℱ be a morphism.

Then 𝑇 induces actions on both 𝑅Γ𝐷+,𝐷− (𝑋,ℱ), 𝑅Γ𝐷− ,𝐷+ (𝑋,ℱ) ([BP23, Corollary 2.3.14]). The

ordinary parts of complexes 𝑅Γ𝐷+,𝐷− (𝑋,ℱ)ord and 𝑅Γ𝐷− ,𝐷+ (𝑋,ℱ)ord are defined, and form di-

rect summands of 𝑅Γ𝐷+,𝐷− (𝑋,ℱ) and 𝑅Γ𝐷− ,𝐷+ (𝑋,ℱ), respectively ([BP23, Definition 2.4.2,

Lemma 2.4.3]). Suppose now the compactification is strict dynamic. 𝑅Γ𝐷+,𝐷− (𝑋,ℱ)ord and

𝑅Γ𝐷− ,𝐷+ (𝑋,ℱ)ord are independent of choices of strict dynamic compactification, naturally quasi-

isomorphic to each other, and represented by bounded complexes of finite 𝐴-modules.([BP23,

Theorem 2.5.1, Proposition 2.5.4, 2.5.6]). If ℱ is flat over 𝐴, then they are represented by perfect

complexes of 𝐴-modules ([BP23, Theorem 2.6.8]). The resulting cohomology complex depends

only on (𝐶, 𝑋, 𝑝1, 𝑝2, 𝑇,ℱ), and we denote it by 𝑅Γ(𝑋,ℱ)𝑇−ord. When specified, 𝑇 is omitted

from the notation.

In our case, 𝑝1 and 𝑝2 will be proper, so we can describe the action 𝑇 on cohomology com-

plexes in a slightly different way. We may first assume 𝐷+ and 𝐷− are locally principal. Then

𝑋 → 𝑋 is quasi-compact. Since 𝑝2 is proper, 𝑝2 is also quasi-compact, and hence𝐶 → 𝑋 is quasi-

compact. Since 𝐶 → 𝑋 is proper, hence quasi-separated, 𝐶 → 𝐶 is quasi-compact. Therefore, 𝐶

is dense in its scheme-theoretic image in 𝐶. By replacing 𝐶 with the scheme-theoretic image of 𝐶

in 𝐶, we may assume 𝐶 is dense in 𝐶. Since 𝑝2 is proper over 𝑋 , the map 𝐶 → 𝐶 − 𝑝∗2(𝐷+ ∪ 𝐷−)
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is also proper. Since it is an open immersion and the image is dense, it is an isomorphism. In

particular, 𝑅Γ𝑝∗1𝐷+,𝑝∗2𝐷− (𝐶, ·) = 𝑅Γ𝑝∗1𝐷+,𝑝∗1𝐷− (𝐶, ·).

Definition 4.3. Denote by 𝑗+, 𝑗− the open immersions

𝑋
𝑗−−−→ 𝑋 − 𝐷+

𝑗+−→ 𝑋.

Denote 𝑗+,𝑝2 , and 𝑗−,𝑝2 the open immersions and 𝑝2
′
, the proper morphism in the commutative

diagram

𝐶 𝐶 − 𝑝∗2𝐷+ 𝐶

𝑋 𝑋 − 𝐷+ 𝑋

𝑗−, 𝑝2

𝑝2

𝑗+, 𝑝2

𝑝2
′ 𝑝2

𝑗− 𝑗+

We similarly define the maps for 𝑝1 instead of 𝑝2.

Since 𝑝2 is proper, we get

𝑗+,∗ 𝑗−,!𝑝2,∗𝑝
∗
2ℱ = 𝑗+,∗ 𝑗−,!𝑝2,! ◦ 𝑝∗2ℱ = 𝑗+,∗𝑝2

′
! 𝑗−,𝑝2,! ◦ 𝑝∗2ℱ

= 𝑗+,∗𝑝2
′
∗ 𝑗−,𝑝2,! ◦ 𝑝∗2ℱ = 𝑝2∗ 𝑗+,𝑝2,∗ 𝑗−,𝑝2,!𝑝

∗
2ℱ.

Similarly,

𝑝1∗ 𝑗+,𝑝1,∗ 𝑗−,𝑝1,!𝑝
!
1ℱ = 𝑗+,∗ 𝑗−,!𝑝1,∗𝑝

!
1ℱ.

Definition 4.4. Suppose 𝑝1, 𝑝2 are both proper and 𝑇 : 𝑝∗2ℱ → 𝑝!
1ℱ is given, then we define

𝑇 ∈ End(𝑅Γ𝐷+,𝐷− (𝑋,ℱ)) as the composition

𝑅Γ𝐷+,𝐷− (𝑋,ℱ) → 𝑅Γ𝑝2
∗𝐷+,𝑝2

∗𝐷− (𝐶, 𝑝2
∗ℱ)

→𝑅Γ𝑝1
∗𝐷+,𝑝1

∗𝐷− (𝐶, 𝑝1
!ℱ) → 𝑅Γ𝐷+,𝐷− (𝑋,ℱ).
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In the composition, the map

𝑅Γ𝐷+,𝐷− (𝑋,ℱ) → 𝑅Γ𝑝2
∗𝐷+,𝑝2

∗𝐷− (𝐶, 𝑝2
∗ℱ)

is induced by the map

𝑗+,∗ 𝑗−,!ℱ → 𝑗+,∗ 𝑗−,!𝑝2,∗𝑝
∗
2ℱ = 𝑝2∗ 𝑗+,𝑝2,∗ 𝑗−,𝑝2,!ℱ;

the map

𝑅Γ𝑝2
∗𝐷+,𝑝2

∗𝐷− (𝐶, 𝑝2
∗ℱ) → 𝑅Γ𝑝1

∗𝐷+,𝑝1
∗𝐷− (𝐶, 𝑝1

!ℱ)

is induced by the map

𝑅Γ𝑝2
∗𝐷+,𝑝2

∗𝐷− (𝐶, ·) → 𝑅Γ𝑝1
∗𝐷+,𝑝2

∗𝐷− (𝐶, ·) = 𝑅Γ𝑝1
∗𝐷+,𝑝1

∗𝐷− (𝐶, ·)

given by [BP23, Lemma 2.2.6], and

𝑇 : 𝑝∗2ℱ → 𝑝!
1ℱ;

the map

𝑅Γ𝑝1
∗𝐷+,𝑝1

∗𝐷− (𝐶, 𝑝1
!ℱ) → 𝑅Γ𝐷+,𝐷− (𝑋,ℱ)

is induced by

𝑝1∗ 𝑗+,𝑝1,∗ 𝑗−,𝑝1,!𝑝
!
1ℱ = 𝑗+,∗ 𝑗−,!𝑝1,∗𝑝

!
1ℱ → 𝑗+,∗ 𝑗−,!ℱ.

Definition 4.5 (4.4.1 of [BP23] and [BP23, Lemma 4.4.2]). For every 𝑤, we define

𝑆tor
F𝑝 ,(𝑤−1,𝑤+1) :=

𝑔⋂
𝑖=1

(
𝑍𝑖,>𝑤𝑖−1 ∩ 𝑍𝑖,<𝑤𝑖+1

)
,

𝐷−,𝑤 :=
𝑔∑
𝑖=1

𝑍𝑖,>𝑤𝑖 , 𝐷+,𝑤 :=
𝑔∑
𝑖=1

𝑍𝑖,<𝑤𝑖 ,
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and

𝐶tor
𝑡,F𝑝 ,(𝑤−1,𝑤+1) := 𝑝−1

1 𝑆tor
F𝑝 ,(𝑤−1,𝑤+1) ∩ 𝑝

−1
2 𝑆tor

F𝑝 ,(𝑤−1,𝑤+1) .

By [BP23, Lemma 4.4.2], (𝐶tor
𝑡,F𝑝 ,(𝑤−1,𝑤+1) , 𝑆

tor
F𝑝 ,(𝑤−1,𝑤+1) , 𝑝1, 𝑝2, 𝐷+,𝑤 , 𝐷−,𝑤) is a strict dynamic

compactification of (𝐶tor
𝑡,F𝑝 ,𝑤

, 𝑆tor
F𝑝 ,𝑤

, 𝑝1, 𝑝2) for all 𝑡 ∈ 𝑇 (Q𝑝)++. By existence of a strict dynamic

compactification of it and [BP23, Lemma 2.1.34], (𝐶tor
𝑡,𝑅0/𝑝𝑛𝑅0,𝑤

, 𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

, 𝑝1, 𝑝2) also admit strict

dynamic compactifications. If we only assume 𝑡 ∈ 𝑇+(Q𝑝), then it is dynamic. Therefore,

𝑅Γ(𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

, 𝜔𝜅J (𝜒))
𝑢𝑡−ord are defined for all 𝑛 ∈ N and 𝑡 ∈ 𝑇 (Q𝑝)++.

We give more details on the endomorphism 𝑢𝑡 . Let

(𝐶, 𝑋, 𝑝1, 𝑝2) = (𝐶tor
𝑡,𝑅0/𝑝𝑛𝑅0,𝑤

, 𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

, 𝑝1, 𝑝2).

Fix a choice of J and let ℐ𝑋 , ℐ𝐶 be the sheaves ℐJ over 𝑋 and 𝐶, respectively. Then the trace

map 𝑝1,∗𝑝∗2 ℐ𝑋 → ℐ𝑋 factors through 𝑝1,∗ℐ𝐶 → ℐ𝑋 . Assume 𝐶 is dense in 𝐶. We have the

following commutative diagrams:

1.
𝑅Γ𝐷+,𝑤 ,𝐷−,𝑤 (𝑋, 𝜔𝜅J (𝜒)) 𝑅Γ𝑝∗2𝐷+,𝑤 ,𝑝2

∗𝐷−,𝑤 (𝑋, 𝑝∗2𝜔𝜅J (𝜒))

𝑅Γ𝑝∗2𝐷+,𝑤 ,𝑝2
∗𝐷−,𝑤 (𝑋, 𝑝∗2𝜔𝜅 (𝜒) ⊗ℐ𝐶)

,

which is induced by the commutative diagram

𝑗+,∗ 𝑗−,!𝜔𝜅J (𝜒) 𝑝2∗ 𝑗+,𝑝2,∗ 𝑗−,𝑝2,!𝑝
∗
2𝜔

𝜅
J (𝜒)

𝑝2∗ 𝑗+,𝑝2,∗ 𝑗−,𝑝2,!(𝑝∗2𝜔𝜅 (𝜒) ⊗ℐ𝐶)

;

132



2.

𝑅Γ𝑝∗2𝐷+,𝑤 ,𝑝2
∗𝐷−,𝑤 (𝑋, 𝑝∗2𝜔𝜅J (𝜒)) 𝑅Γ𝑝1

∗𝐷+,𝑤 ,𝑝2
∗𝐷−,𝑤 (𝑋, 𝑝∗2𝜔𝜅J (𝜒))

𝑅Γ𝑝∗2𝐷+,𝑤 ,𝑝2
∗𝐷−,𝑤 (𝑋, 𝑝∗2𝜔𝜅 (𝜒) ⊗ℐ𝐶) 𝑅Γ𝑝1

∗𝐷+,𝑤 ,𝑝2
∗𝐷−,𝑤 (𝑋, 𝑝∗2𝜔𝜅 (𝜒) ⊗ℐ𝐶)

,

which is induced by the commutative diagram

𝑗+,𝑝2,∗ 𝑗−,𝑝2,!𝑝
∗
2𝜔

𝜅
J (𝜒) 𝑗+,𝑝1,∗ 𝑗−,𝑝1,!𝑝

∗
2𝜔

𝜅
J (𝜒)

𝑗+,𝑝2,∗ 𝑗−,𝑝2,!(𝑝∗2𝜔𝜅 (𝜒) ⊗ℐ𝐶) 𝑗+,𝑝1,∗ 𝑗−,𝑝1,!(𝑝∗2𝜔𝜅 (𝜒) ⊗ℐ𝐶)

;

3.

𝑅Γ𝑝1
∗𝐷+,𝑤 ,𝑝2

∗𝐷−,𝑤 (𝑋, 𝑝∗2𝜔𝜅 (𝜒) ⊗ℐ𝐶)

𝑅Γ𝑝1
∗𝐷+,𝑤 ,𝑝2

∗𝐷−,𝑤 (𝑋, 𝑝∗1𝜔𝜅 (𝜒) ⊗ℐ𝐶) 𝑅Γ𝑝1
∗𝐷+,𝑤 ,𝑝∗1𝐷−,𝑤

(𝑋, 𝑝∗1𝜔𝜅 (𝜒) ⊗ℐ𝐶)

𝑅Γ𝑝1
∗𝐷+,𝑤 ,𝑝2

∗𝐷−,𝑤 (𝑋, 𝑝∗1𝜔𝜅 (𝜒) ⊗ 𝑝!
1 ℐ𝑋) 𝑅Γ𝑝1

∗𝐷+,𝑤 ,𝑝∗1𝐷−,𝑤
(𝑋, 𝑝∗1𝜔𝜅 (𝜒) ⊗ 𝑝!

1 ℐ𝑋)

,

which is induced by the commutative diagram

𝑗+,𝑝1,∗ 𝑗−,𝑝1,!𝑝
∗
2𝜔

𝜅
J (𝜒)

𝑗+,𝑝1,∗ 𝑗−,𝑝1,!(𝑝∗1𝜔𝜅 (𝜒) ⊗ℐ𝐶)

𝑗+,𝑝1,∗ 𝑗−,𝑝1,!(𝑝∗1𝜔𝜅 (𝜒) ⊗ 𝑝!
1 ℐ𝑋)

;
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4.

𝑅Γ𝑝1
∗𝐷+,𝑤 ,𝑝∗1𝐷−,𝑤

(𝑋, 𝑝∗1𝜔𝜅 (𝜒) ⊗ℐ𝐶)

𝑅Γ𝑝1
∗𝐷+,𝑤 ,𝑝∗1𝐷−,𝑤

(𝑋, 𝑝∗1𝜔𝜅 (𝜒) ⊗ 𝑝!
1 ℐ𝑋) 𝑅Γ𝑝1

∗𝐷+,𝑤 ,𝑝∗1𝐷−,𝑤
(𝑋, 𝜔𝜅 (𝜒) ⊗ℐ𝑋)

,

which is induced by the commutative diagram

𝑝1∗ 𝑗+,𝑝1,∗ 𝑗−,𝑝1,!(𝑝∗1𝜔𝜅 (𝜒) ⊗ℐ𝐶) 𝑗+,∗ 𝑗−,!(𝜔𝜅 (𝜒) ⊗ 𝑝1,∗ℐ𝐶)

𝑝1∗ 𝑗+,𝑝1,∗ 𝑗−,𝑝1,!(𝑝∗1𝜔𝜅 (𝜒) ⊗ 𝑝!
1 ℐ𝑋) 𝑗+,∗ 𝑗−,!(𝜔𝜅 (𝜒) ⊗ 𝑝1,∗𝑝!

1 ℐ𝑋) 𝑗+,∗ 𝑗−,!(𝜔𝜅 (𝜒) ⊗ℐ𝑋)

=

=

.

From these, 𝑢𝑡 is given by the composition

𝑅Γ𝐷+,𝑤 ,𝐷−,𝑤 (𝑋, 𝜔𝜅J (𝜒)) → 𝑅Γ𝑝∗2𝐷+,𝑤 ,𝑝2
∗𝐷−,𝑤 (𝐶, 𝑝

∗
2𝜔

𝜅 (𝜒) ⊗ℐ𝐶)

→𝑅Γ𝑝1
∗𝐷+,𝑤 ,𝑝∗1𝐷−,𝑤

(𝐶, 𝑝∗1𝜔𝜅 (𝜒) ⊗ℐ𝐶)
Tr𝑝1−−−→ 𝑅Γ𝐷+,𝑤 ,𝐷−,𝑤 (𝐶, 𝑝∗1𝜔𝜅 (𝜒) ⊗ℐ𝑋).

Moreover, the 𝑅0/𝑝𝑛𝑅0-coefficient version of Lemma 3.9 gives that the cohomology complexes

𝑅Γ𝐷+,𝑤 ,𝐷−,𝑤 (𝑋, 𝜔𝜅J (𝜒)) and 𝑅Γ𝑝∗𝑖𝐷+,𝑤 ,𝑝∗𝑖𝐷−,𝑤 (𝐶, 𝑝
∗
𝑖𝜔

𝜅 (𝜒) ⊗ ℐ𝐶) for 𝑖 = 1, 2 are independent of

the choice of cone decompositions, and we can choose different cone decompositions, use any of

the correspondences

𝐶tor
𝑡,𝑅0/𝑝𝑛𝑅0,𝑤,Σ2

𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤,Σ1

𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤,Σ3

and its compactification to compute the action 𝑢𝑡 .

Then we prove that the ordinary projector defined by 𝑢𝑡 is independent of the choice of 𝑡 ∈

𝑇++(Q𝑝), which allows us to define 𝑅Γ(𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

, 𝜔𝜅J (𝜒))
ord := 𝑅Γ(𝑆tor

𝑅0/𝑝𝑛𝑅0,𝑤
, 𝜔𝜅J (𝜒))

𝑢𝑡−ord

for any choice of 𝑡. Moreover, the space admits the action ofH(𝐺 (A𝑝
𝑓 ), 𝐾

𝑝,Z), the Hecke algebra
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of 𝐾 𝑝-biinvariant locally constant Z-valued functions on 𝐺 (A𝑝
𝑓 ), and the action commutes with all

𝑢𝑡 .

Let 𝑔 = (𝑔𝑝, 𝑡) ∈ 𝐺 (A𝑝
𝑓 ) × 𝑇

+(Q𝑝). We define

𝐶𝑔,Q𝑝 := 𝑆𝐾∩𝑔𝐾𝑔−1,Q𝑝 .

Then we have a correspondence

𝐶tor
𝑔,Q𝑝 ,Σ2

𝑆tor
𝐾,Q𝑝 ,Σ1

𝑆tor
𝐾,Q𝑝 ,Σ3

𝑝2=[𝑔] 𝑝1=[1]

for appropriate choices of cone decompositions, and define 𝐶tor
𝑔 analogously. Since prime-to-𝑝

isogenies do not change the divisors 𝐷1, · · · , 𝐷2𝑔,

(𝐶tor
𝑔,F𝑝 ,(𝑤−1,𝑤+1) , 𝑆

tor
F𝑝 ,(𝑤−1,𝑤+1) , 𝑝1, 𝑝2, 𝐷+,𝑤 , 𝐷−,𝑤)

is a dynamic compactification of (𝐶tor
𝑔,F𝑝 ,𝑤

, 𝑆tor
F𝑝 ,𝑤

, 𝑝1, 𝑝2), and is strict if 𝑡 ∈ 𝑇++(Q𝑝).

Given 𝑔𝑖 = (𝑔𝑝𝑖 , 𝑡𝑖) ∈ 𝐺 (A
𝑝
𝑓 ) × 𝑇

+(Q𝑝) for 𝑖 = 1, 2. We define 𝐻𝑖 := 𝐾 ∩ Ad𝑔𝑖 (𝐾) for 𝑖 = 1, 2,

which also have the decompositions 𝐻𝑖 = 𝐻
𝑝
𝑖 𝐻𝑖,𝑝. Let {ℓ𝑖} be a set of representatives of the double

coset Ad𝑔−1
2
(𝐻2)\𝐾/𝐻1. Since 𝐾𝑝,𝑛 has the Iwahori decomposition, 𝐾𝑝,𝑛𝑇+(Q𝑝)𝐾𝑝,𝑛𝑇+(Q𝑝)𝐾𝑝,𝑛 =

𝐾𝑝,𝑛𝑇
+(Q𝑝)𝐾𝑝,𝑛, and we assume that the 𝑝th component of ℓ𝑖 is 1 for every 𝑖. Let 𝐾𝑖 := Ad𝑔2ℓ𝑖 (𝐻1)∩

𝐻2, which have the decompositions 𝐾𝑖 = 𝐾
𝑝
𝑖 𝐾𝑖,𝑝, and 𝐶tor

(𝑔1,𝑔2),𝑖 := 𝑆tor
𝐾𝑖 ,Σ𝑖

. Then for suitable choices

of cone decompositions, we have the diagram

𝐶tor
(𝑔1,𝑔2),𝑖

𝐶tor
𝑔1 𝐶tor

𝑔2

𝑟𝑖=[𝑔2ℓ𝑖] 𝑠𝑖=[1]
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Let 𝐶tor
(𝑔1,𝑔2) :=

⊔
ℓ𝑖 𝐶

tor
(𝑔1,𝑔2),𝑖, 𝑟 :=

⊔
𝑟𝑖, and 𝑠 :=

⊔
𝑠𝑖. Then we have the commutative diagram

𝐶tor
(𝑔1,𝑔2),𝑅0/𝑝𝑛𝑅0,𝑤

𝐶tor
𝑔1,𝑅0/𝑝𝑛𝑅0,𝑤

𝐶tor
𝑔2,𝑅0/𝑝𝑛𝑅0,𝑤

𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

𝑟 𝑠

𝑝2=[𝑔1]
𝑝1=[1] 𝑞2=[𝑔2]

𝑞1=[1]

for every 𝑛. Here

𝐶tor
𝑔1,𝑅0/𝑝𝑛𝑅0,𝑤

:= 𝑝−1
2 (𝑆tor

𝑅0/𝑝𝑛𝑅0,𝑤
) ∩ 𝑝−1

1 (𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

),

𝐶tor
𝑔2,𝑅0/𝑝𝑛𝑅0,𝑤

:= 𝑞−1
2 (𝑆tor

𝑅0/𝑝𝑛𝑅0,𝑤
) ∩ 𝑞−1

1 (𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

),

and

𝐶tor
(𝑔1,𝑔2),𝑅0/𝑝𝑛𝑅0,𝑤

:= 𝑟−1𝐶tor
𝑔1,𝑅0/𝑝𝑛𝑅0,𝑤

∩ 𝑠−1𝐶tor
𝑔1,𝑅0/𝑝𝑛𝑅0,𝑤

⊂ 𝐶tor
(𝑔1,𝑔2),𝑅0/𝑝𝑛𝑅0

.

Similarly as [BP23, Proposition 4.2.4],

𝐶tor
𝑔𝑖 ,𝑅0/𝑝𝑛𝑅0,𝑤

� 𝐼𝐺 tor
𝐻
𝑝
𝑖 (Ad𝑤 (𝑡𝑖 ) (𝐾𝑝,𝑃,𝑤)∩𝐾𝑝,𝑃,𝑤),𝑅0/𝑝𝑛𝑅0

for 𝑖 = 1, 2, and

𝐶tor
(𝑔1,𝑔2),𝑅0/𝑝𝑛𝑅0,𝑤

�
⊔

𝐼𝐺 tor
𝐾
𝑝
𝑖 (Ad𝑤 (𝑡1𝑡2 ) (𝐾𝑝,𝑃,𝑤)∩𝐾𝑝,𝑃,𝑤),𝑅0/𝑝𝑛𝑅0

.

For simplicity, the diagram is renamed as follows:

𝐷

𝐶1 𝐶2

𝑋1 𝑋2 𝑋3

𝑟 𝑠

𝑝2
𝑝1 𝑞2

𝑝1

.
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The diagram admits a compactification

𝐷

𝐶1 𝐶2

𝑋1 𝑋2 𝑋3

𝑟 𝑠

𝑝2

𝑝1 𝑞2

𝑞1

,

such that all 3 compactifications of correspondences within are strict dynamic. Here when 𝑛 = 1,

𝑆tor
F𝑝 ,𝑤

and (𝐷+,𝑤, 𝐷−,𝑤) are as in Definition 4.5, and for general 𝑛, (𝐷+,𝑤, 𝐷−,𝑤) is the one given

in [BP23, Lemma 2.1.34]. 𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

, and hence (𝐷+,𝑤, 𝐷−,𝑤) depend on the choice of cone

decompositions. Nevertheless, the (strictly) expanded and contracted properties for (𝐷+,𝑤 , 𝐷−,𝑤)

still hold even if we choose different cone decompositions for 𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

in these correspondences.

We also assume that 𝐷,𝐶1, 𝐶2 are dense in 𝐷,𝐶1, 𝐶2, respectively.

Lemma 4.3. The diagram

𝑅Γ𝑝2
∗𝐷+,𝑤 ,𝑝2

∗𝐷−,𝑤 (𝐶1, 𝜔
𝜅
J (𝜒)) 𝑅Γ𝐷+,𝑤 ,𝐷−,𝑤 (𝑋2, 𝜔

𝜅
J (𝜒))

𝑅Γ𝑟∗𝑝2
∗𝐷+,𝑤 ,𝑟

∗𝑝2
∗𝐷−,𝑤 (𝐷, 𝜔𝜅J (𝜒)) 𝑅Γ𝑞2

∗𝐷+,𝑤 ,𝑞2
∗𝐷−,𝑤 (𝐶2, 𝜔

𝜅
J (𝜒))

is commutative. More precisely, it comes from a commutative diagram

𝑝1∗ 𝑗+,𝑝2,∗ 𝑗−,𝑝2,!𝜔
𝜅
J (𝜒) 𝑗+,∗ 𝑗−,!𝜔𝜅J (𝜒)

𝑝1∗𝑟∗ 𝑗+,𝑝2◦𝑟,∗ 𝑗−,𝑝2◦𝑟,!𝜔
𝜅
J (𝜒) 𝑞2∗ 𝑗+,𝑞2,∗ 𝑗−,𝑞2,!𝜔

𝜅
J (𝜒)

.

Here the correspondence 𝑟∗𝜔𝜅 → 𝑠∗𝜔𝜅 is given by 𝑟∗(𝑝∗2𝜔𝜅 → 𝑝∗1𝜔
𝜅).
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Proof. It suffices to give the commutative diagram

𝑝1∗ 𝑗+,𝑝2,∗ 𝑗−,𝑝2,! ℐ𝐶1 𝑗+,∗ 𝑗−,! ℐ𝑋2

𝑝1∗𝑟∗ 𝑗+,𝑝2◦𝑟,∗ 𝑗−,𝑝2◦𝑟,! ℐ𝐷 𝑞2∗ 𝑗+,𝑞2,∗ 𝑗−,𝑞2,! ℐ𝐶2

.

We apply 𝑗+,∗ 𝑗−,! to the commutative diagram

𝑝1,∗ℐ𝐶1 ℐ𝑋2

𝑝1,∗𝑟∗ℐ𝐷 𝑞2,∗ℐ𝐶2

and we obtain the commutative diagram

𝑝1∗ 𝑗+,𝑝1,∗ 𝑗−,𝑝1,! ℐ𝐶1 𝑗+,∗ 𝑗−,! ℐJ

𝑝1∗𝑟∗ 𝑗+,𝑝1◦𝑟,∗ 𝑗−,𝑝1◦𝑟,! ℐ𝐷 𝑞2∗ 𝑗+,𝑞2,∗ 𝑗−,𝑞2,! ℐ𝐶2

.

The rest is to establish the commutative diagram

𝑗+,𝑝2,∗ 𝑗−,𝑝2,! ℐ𝐶1 𝑗+,𝑝1,∗ 𝑗−,𝑝1,! ℐ𝐶1

𝑟∗ 𝑗+,𝑝2◦𝑟,∗ 𝑗−,𝑝2◦𝑟,! ℐ𝐷 𝑟∗ 𝑗+,𝑝1◦𝑟,∗ 𝑗−,𝑝1◦𝑟,! ℐ𝐷

.

Let 𝑖𝐶1 be the open immersion 𝐶1
𝑖𝐶1−−→ 𝐶1 − (𝑝∗2𝐷+,𝑤 ∪ 𝑝∗1𝐷−,𝑤). The proof of [BP23, Lemma

2.2.6] establishes a natural transformation

𝑗+,𝑝2,∗ 𝑗−,𝑝2,!𝑖
∗
𝐶1
→ 𝑗+,𝑝1,∗ 𝑗−,𝑝1,!𝑖

∗
𝐶1

for solid modules over 𝐶1 − (𝑝∗2𝐷+,𝑤 ∪ 𝑝∗1𝐷−,𝑤). If ℱ is a coherent sheaf on 𝐶1, apply the natural
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transformation to the sheaf 𝑖𝐶1,!ℱ and we obtain the natural transformation

𝑗+,𝑝2,∗ 𝑗−,𝑝2,!ℱ → 𝑗+,𝑝1,∗ 𝑗−,𝑝1,!ℱ.

Apply the natural transformation to the morphism ℐ𝐶1 → 𝑟∗ℐ𝐷 and we obtain the desired com-

mutative diagram. □

Corollary 4.1. Let 𝑇𝑔1 , 𝑇𝑔2 , 𝑇(𝑔1,𝑔2) ∈ End(𝑅Γ(𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

, 𝜔𝜅J (𝜒))) be the endomorphisms defined

by the three correspondences, respectively. Then

𝑇(𝑔1,𝑔2) = 𝑇𝑔2 ◦ 𝑇𝑔1 .

Proof. We need two additional commutative diagrams

𝑅Γ𝑝2
∗𝐷+,𝑤 ,𝑝2

∗𝐷−,𝑤 (𝐶1, 𝑝
∗
2𝜔

𝜅
J (𝜒)) 𝑅Γ𝑝2

∗𝐷+,𝑤 ,𝑝2
∗𝐷−,𝑤 (𝐶1, 𝜔

𝜅
J (𝜒))

𝑅Γ𝑟∗𝑝2
∗𝐷+,𝑤 ,𝑟

∗𝑝2
∗𝐷−,𝑤 (𝐷, 𝑟∗𝑝∗2𝜔𝜅J (𝜒)) 𝑅Γ𝑟∗𝑝2

∗𝐷+,𝑤 ,𝑟
∗𝑝2
∗𝐷−,𝑤 (𝐷, 𝜔𝜅J (𝜒))

,

and
𝑅Γ𝑠∗𝑞1

∗𝐷+,𝑤 ,𝑠
∗𝑞1
∗𝐷−,𝑤 (𝐷, 𝜔𝜅J (𝜒))

𝑅Γ𝑞1
∗𝐷+,𝑤 ,𝑞1

∗𝐷−,𝑤 (𝐶2, 𝜔
𝜅
J (𝜒)) 𝑅Γ𝐷+,𝑤 ,𝐷−,𝑤 (𝑋3, 𝜔

𝜅
J (𝜒))

Tr𝑠
Tr𝑞1◦𝑠

Tr𝑞1

For the first one, we apply 𝑗+,𝑝2,∗ 𝑗−,𝑝2,! to the commutative diagram

𝑝∗2𝜔
𝜅
J (𝜒) 𝑝∗2𝜔

𝜅 (𝜒) ⊗ℐ𝐶1

𝑟∗𝑟∗𝑝∗2𝜔
𝜅
J (𝜒) 𝑟∗(𝑟∗𝑝∗2𝜔𝜅 (𝜒) ⊗ℐ𝐷)

.
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For the second one, we note that Lemma 3.7 yields commutative diagram

𝑞1,∗𝑠∗ℐ𝐷

𝑞1,∗𝐼𝐶2 ℐ𝑋3

Tr𝑞1◦𝑠Tr𝑠
Tr𝑞1

.

□

Let J ⊂ J ′ ⊂ Δ. Consider the short exact sequence

0→ ℐJ ′ → ℐJ → ℐJ/ℐJ ′ → 0.

Since 𝜔𝜅 (𝜒) is locally free, apply ⊗𝜔𝜅 (𝜒) and we have the short exact sequence

0→ 𝜔𝜅J ′ (𝜒) → 𝜔𝜅J (𝜒) → 𝜔𝜅J (𝜒)/𝜔
𝜅
J ′ (𝜒) → 0

as well as the exact triangle

𝑅Γ𝐷+,𝑤 ,𝐷−,𝑤 (𝑋, 𝜔𝜅J ′ (𝜒)) 𝑅Γ𝐷+,𝑤 ,𝐷−,𝑤 (𝑋, 𝜔𝜅J (𝜒))

𝑅Γ𝐷+,𝑤 ,𝐷−,𝑤 (𝑋, 𝜔𝜅J (𝜒)/𝜔
𝜅
J ′ (𝜒))

+1
.

With Definition 3.11, 𝑇𝑔1 , 𝑇𝑔2 and 𝑇(𝑔1,𝑔2) in Corollary 4.1 are also defined for the last term. With

a analogous argument for the sheaf 𝜔𝜅J (𝜒)/𝜔
𝜅
J ′ (𝜒), all of 𝑇𝑔1 , 𝑇𝑔2 and 𝑇(𝑔1,𝑔2) acts on the exact

triangle and satisfies 𝑇(𝑔1,𝑔2) = 𝑇𝑔2 ◦ 𝑇𝑔1 .

Consider the map

H(𝐺 (A𝑝
𝑓 ), 𝐾

𝑝,Z) ⊗ Z[𝑇+(Q𝑝)] → End(𝑅Γ(𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

, 𝜔𝜅J (𝜒)))

by sending 1𝐾 𝑝𝑔𝑝𝐾 𝑝 ⊗ 𝑡 to 𝑇(𝑔𝑝 ,𝑡) and extend the map Z-linearly. Lemma 3.11 implies that that map

preserves multiplication. Hence, we conclude the following.
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Proposition 4.3. Let ℱ = 𝜔𝜅J (𝜒), 𝜔
𝜅
J ′ (𝜒), or 𝜔𝜅J (𝜒)/𝜔

𝜅
J ′ (𝜒). Then

1. For every 𝑡1, 𝑡2 ∈ 𝑇+(Q𝑝), 𝑢𝑡2 ◦ 𝑢𝑡1 = 𝑢𝑡1𝑡2 = 𝑢𝑡1 ◦ 𝑢𝑡2 . Therefore, as explained in [BP23,

Remark 4.4.6], all 𝑡 ∈ 𝑇++(Q𝑝) define the same ordinary cohomology, which we denote by

𝑅Γ(𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

,ℱ)ord. They are perfect complexes of 𝑅0/𝑝𝑛𝑅0-modules.

2. Since the action ofH(𝐺 (A𝑝
𝑓 ), 𝐾

𝑝,Z) ⊗ Z[𝑇+(Q𝑝)] commutes with 𝑢𝑡 ,H(𝐺 (A𝑝
𝑓 ), 𝐾

𝑝,Z) ⊗

Z[𝑇+(Q𝑝)] also acts on 𝑅Γ(𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

,ℱ)ord. Moreover, since for every 𝑡 ∈ 𝑇++(Q𝑝), the

inverse of 𝑢𝑡 in End(𝑅Γ(𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

,ℱ)ord) exists, we define

H(𝐺 (A𝑝
𝑓 ), 𝐾

𝑝,Z) → End(𝑅Γ(𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

,ℱ)ord)

by 𝑓 ↦→ ( 𝑓 ⊗ 𝑡++) ◦ 𝑢−1
𝑡++ for some 𝑡++ ∈ 𝑇++(Q𝑝). The map is independent of the choice of

𝑡++ and preserves multiplication.

3. For every 𝑡 ∈ 𝑇 (Q𝑝), we define 𝑢𝑡 :=
𝑢𝑡1
𝑢𝑡2

for some choice (𝑡1, 𝑡2) satisfying that 𝑡1, 𝑡2 ∈

𝑇++(Q𝑝) and 𝑡 =
𝑡1
𝑡2

. The definition is independent of the choice of (𝑡1, 𝑡2) and we obtain a

𝑇 (Q𝑝)-action on 𝑅Γ(𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

,ℱ)ord. The 𝑇+(Q𝑝)-action obtained in this way coincides

with the normalized Hecke action.

4. We define

𝑅Γ(ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃,𝑤 ,𝑅0

,ℱ)ord := 𝑅 lim←−−
𝑛

𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,𝑤,𝑅0/𝑝𝑛𝑅0

,ℱ)ord.

These 𝑅Γ(ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃,𝑤 ,𝑅0

,ℱ)ord are perfect complexes of 𝑅-modules and endowed with

H(𝐺 (A𝑝
𝑓 ), 𝐾

𝑝,Z) ⊗ Z[𝑇 (Q𝑝)]-actions.
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Moreover, apply the ordinary projector on the exact triangle

𝑅Γ𝐷+,𝑤 ,𝐷−,𝑤 (𝑋, 𝜔𝜅J ′ (𝜒)) 𝑅Γ𝐷+,𝑤 ,𝐷−,𝑤 (𝑋, 𝜔𝜅J (𝜒))

𝑅Γ𝐷+,𝑤 ,𝐷−,𝑤 (𝑋, 𝜔𝜅J (𝜒)/𝜔
𝜅
J ′ (𝜒))

+1

and we obtain the exact triangle

𝑅Γ(𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

, 𝜔𝜅J ′ (𝜒))
ord 𝑅Γ(𝑆tor

𝑅0/𝑝𝑛𝑅0,𝑤
, 𝜔𝜅J (𝜒))

ord

𝑅Γ(𝑆tor
𝑅0/𝑝𝑛𝑅0,𝑤

, 𝜔𝜅J (𝜒)/𝜔
𝜅
J ′ (𝜒))

ord
+1

.

4.6 Comparison of ordinary cohomology

Recall the filtration of the special fiber by closed subsets

∅ = 𝐹−1 ⊂ 𝐹0 ⊂ · · · ⊂ 𝐹𝑔(𝑔+1)/2 = 𝑆tor
F𝑝

where 𝐹𝑖 =
⋃
ℓ(𝑤)≤𝑖 𝑍>𝑤−1, and the decomposition

𝐹𝑝 − 𝐹𝑝−1 =
⊔

ℓ(𝑤)=𝑝

(
𝑔⋂
𝑖=1

𝑍𝑖,>𝑤𝑖−1 ∩ 𝑍𝑐𝑖,>𝑤𝑖

)
=

⊔
ℓ(𝑤)=𝑝

𝑍>𝑤−1 − 𝐷−,𝑤 .

By [BP23, Theorem 2.9.7], there is the spectral sequence

𝐸
𝑝,𝑞
1 = 𝐻𝑝+𝑞

𝑐 (𝑍𝑝 −�𝑍𝑝−1, 𝜔
𝜅
J (𝜒)) ⇒ 𝐻𝑝+𝑞 (𝑆tor

𝐾 𝑝𝐾𝑝,𝑛,Z𝑝 [𝜁𝑝𝑛 ] , 𝜔
𝜅
J (𝜒)).

By [BP23, Lemma 2.9.3] and the decomposition above, each 𝑅Γ𝑐 (𝑍𝑝 −�𝑍𝑝−1, 𝜔
𝜅
J (𝜒)) is equal

to
⊕

𝑙 (𝑤)=𝑝 𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Z𝑝 [𝜁𝑝𝑛 ] , lim←−−𝑚,𝑛 𝜔

𝜅
J (𝜒) (−𝑚𝐷−,𝑤)/𝐼

𝑛
𝑍>𝑤−1
), where 𝐼𝑍>𝑤−1 is the one defining

the reduced structure of 𝑍>𝑤−1.
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Proposition 4.4. The map

𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Z𝑝 [𝜁𝑝𝑛 ] , lim←−−

𝑛

lim←−−
𝑚

𝜔𝜅J (𝜒)(−𝑚𝐷−,𝑤)/𝐼
𝑛
𝑍>𝑤−1
)

→𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Z𝑝 [𝜁𝑝𝑛 ] , lim←−−

𝑛

lim−−→
𝑟

lim←−−
𝑚

𝜔𝜅J (𝜒) (−𝑚𝐷−,𝑤 + 𝑟𝐷+,𝑤)/(𝑝)
𝑛)

induces an isomorphism on the ordinary part.

Proof. This is a generalization of [BP23, Proposition 4.5.8] and the proof is analogous. □

Since

𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Z𝑝 [𝜁𝑝𝑛 ] , lim←−−

𝑛

lim−−→
𝑟

lim←−−
𝑚

𝜔𝜅J (𝜒)(−𝑚𝐷−,𝑤 + 𝑟𝐷+,𝑤)/(𝑝)
𝑛)ord

=𝑅Γ(ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 ,𝑤, 𝜔
𝜅
J (𝜒))

ord,

the ordinary part of the spectral sequence becomes

𝐸
𝑝,𝑞
1 =

⊕
𝑙 (𝑤)=𝑝

𝐻𝑝+𝑞 (ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 ,𝑤 , 𝜔
𝜅
J (𝜒))

ord ⇒ 𝐻𝑝+𝑞 (𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Z𝑝 [𝜁𝑝𝑛 ] , 𝜔

𝜅
J (𝜒))

ord.

Proposition 4.5 (classicality of ordinary cohomology). Suppose 𝜅 + 𝜌 is regular and 𝑤 is the only

element in 𝐶 (𝜅). Then we have the isomorphism

𝑅Γ(ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 ,𝑤 , 𝜔
𝜅
J (𝜒))

ord � 𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Z𝑝 [𝜁𝑝𝑛 ] , 𝜔

𝜅
J (𝜒))

ord.

In particular,

𝑅Γ(ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 ,𝑤, 𝜔
𝜅
J (𝜒))

ord ⊗Z𝑝 [𝜁𝑝𝑛 ] Q𝑝 (𝜁𝑝𝑛) � 𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Q𝑝 (𝜁𝑝𝑛 ) , 𝜔

𝜅
J (𝜒))

ord.

This is analogous to [BP23, Theorem 1.4.3.(4)].

The spectral sequence and the isomorphisms are equivariant under the H(𝐺 (A𝑝
𝑓 ), 𝐾

𝑝,Z) ⊗
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Z[𝑇+(Q𝑝)]-action. We also note that when the coefficient is C and J = ∅, the Hecke action defined

by Hecke correspondence agrees with the one defined by double coset operators on automorphic

forms.

Remark 4.1. The completion of 𝜔𝜅J (𝜒) on ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 ,𝑤 is a 𝑝-power multiple of 𝜔𝜅J (𝜒). We

should modify the integrality of 𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Q𝑝 (𝜁𝑝𝑛 )

, 𝜔𝜅J (𝜒))
ord by this factor so that the integral

structure is given by the integral structure on 𝑅Γ(ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 ,𝑤 , 𝜔
𝜅
J (𝜒))

ord.

4.7 Higher Hida complexes

In this section, we follow [BP23, Section 5] to define 𝑝-adic and Λ-adic higher Hida complexes.

The base ring in the section is Z𝑝.

We first recall the setting in [BP23, Section 5.1]. Let 𝑤 ∈ 𝑊𝑃 and 𝐵𝑤 := Ad𝑤 (𝐵), and

similarly define 𝑇𝑤, 𝑁𝑤. In particular, 𝑇𝑤 = 𝑇 with 𝑇𝑤 (Q𝑝)++ := Ad𝑤 (𝑇 (Q𝑝)++). In the following,

𝐾𝑝,𝑃 ⊂ 𝑃′(Z𝑝) is an open compact subgroup satisfying the conditions:

1. 𝐾𝑝,𝑃 = 𝑀𝑝,𝑃 ⋉ 𝑁𝑝,𝑃 where 𝑀𝑝,𝑃 ⊂ 𝑀 (Z𝑝) and 𝑁𝑝,𝑃 ⊂ 𝑁 (Z𝑝). This is automatic when

𝑝 > 2.

2. 𝑀𝑝,𝑃 ⊂ 𝑀 (Z𝑝) is in the Iwahori subgroup and has the Iwahori decomposition

𝑀𝑝,𝑃 = 𝑈𝑝,𝑃 × 𝑇𝑤,𝑝,𝑃 ×𝑈𝑇𝑝,𝑃 .

3. All the subgroups 𝑈𝑝,𝑃, 𝑇𝑤,𝑝,𝑃, 𝑈𝑇𝑝,𝑃, and 𝑁𝑝,𝑃 are stable under the conjugation action of

𝑇 (Z𝑝).

Such 𝐾𝑝,𝑃 has the Iwahori decomposition

𝐾𝑝,𝑃 = (𝑁𝑝,𝑃𝑈𝑝,𝑃) × 𝑇𝑤,𝑝,𝑃 ×𝑈𝑇𝑝,𝑃,

and these {𝐾𝑝,𝑃} form a cofinal system in the set of open compact subgroups of 𝑃′(Z𝑝).
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By [BP23, Theorem 5.1.4], for every 𝑡 ∈ 𝑇𝑤 (Q𝑝)++ and 𝑛 ∈ N, the correspondence

(ℑ𝔊tor
𝐾 𝑝 (Ad𝑡 (𝐾𝑝,𝑃)∩𝐾𝑝,𝑃),Z/𝑝𝑛 Z,ℑ𝔊

tor
𝐾 𝑝𝐾𝑝,𝑃 ,Z/𝑝𝑛 Z, 𝑝1, 𝑝2)

has a strict dynamic compactification. For ℱ = ℐJ or ℐJ/ℐJ ′ , 𝑅Γ(ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,Z/𝑝𝑠 Z,ℱ)

ord is

defined using any of 𝑢𝑡 , and they are endowed with compatible H(𝐺 (A𝑝
𝑓 ), 𝐾

𝑝,Z) ⊗ Z[𝑇 (Q𝑝)]-

actions.

Definition 4.6. For every J ′ ⊂ J ⊂ Δ, we define the 𝑝-adic higher Hida complexes

𝑅Γ𝑤,J (𝐾 𝑝𝐾𝑝,𝑃) := 𝑅 lim←−−
𝑚

𝑅Γ(ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,Z/𝑝𝑚 Z,ℐJ )

ord,

and

𝑅Γ𝑤,J/J ′ (𝐾 𝑝𝐾𝑝,𝑃) := 𝑅 lim←−−
𝑚

𝑅Γ(ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃 ,Z/𝑝𝑚 Z,ℐJ/ℐJ ′)

ord.

These are analogous to the definition of (𝑝-adic) higher Hida complexes in [BP23, Section 5.2].

Proposition 4.6. The higher Hida complexes 𝑅Γ𝑤,J (𝐾 𝑝𝐾𝑝,𝑃), and 𝑅Γ𝑤,J/J ′ (𝐾 𝑝𝐾𝑝,𝑃) are in

𝐷 (Z𝑝 [𝑇 (Q𝑝)]), and are perfect complexes of Z𝑝 [𝑇𝑤 (Z𝑝)/𝑇𝑤,𝑝,𝑃]-modules. Moreover, they depend

on 𝑇𝑤,𝑝,𝑃 but not on 𝑁𝑝,𝑃,𝑈𝑝,𝑃, or𝑈𝑡𝑝,𝑃.

Let 𝑃′(𝑝𝑛) := {𝑔 ∈ 𝑃′(Z𝑝) | 𝑔 (mod 𝑝𝑛) ∈ 𝑈 (Z/𝑝𝑛 Z)} and (𝐾𝑝,𝑃)𝑛 := 𝐾𝑝,𝑃 ∩ 𝑃′(𝑝𝑛). Two

subgroups (𝐾𝑝,𝑃)𝑛 and 𝑃′(𝑝𝑛) have the same torus part when 𝑛 >> 0 and we define

𝑅Γ𝑤,J (𝐾 𝑝) :=𝑅 lim←−−
𝑚

lim−−→
𝑛

𝑅Γ𝑤,J (𝐾 𝑝 (𝐾𝑝,𝑃)𝑛) ⊗𝐿Z𝑝 Z/𝑝
𝑚 Z

=𝑅 lim←−−
𝑚

lim−−→
𝑛

𝑅Γ𝑤,J (𝐾 𝑝𝑃′(𝑝𝑛)) ⊗𝐿Z𝑝 Z/𝑝
𝑚 Z,

and

𝑅Γ𝑤,J/J ′ (𝐾 𝑝) := 𝑅 lim←−−
𝑚

lim−−→
𝑛

𝑅Γ𝑤,J/J ′ (𝐾 𝑝𝑃′(𝑝𝑛)) ⊗𝐿Z𝑝 Z/𝑝
𝑚 Z

Then each of 𝑅Γ𝑤,J (𝐾 𝑝) and 𝑅Γ𝑤,J/J ′ (𝐾 𝑝) is an admissible complex in 𝐷 (𝑇 (Z𝑝)).
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Proof. These are analogous to [BP23, Proposition 5.2.3, 5.2.5, and 5.2.7]. □

Remark 4.2. 𝑅Γ𝑤,J/J ′ (𝐾 𝑝) is regarded as the complex interpolating certain boundary cohomol-

ogy. In our case, we will further decompose the complex into direct sums indexed by boundary

components, so we will use another notation.

We now turn to the control theorem, following the setting and arguments in [BP23, Section 5.3],

which establishes the connection between the higher Hida complexes and ordinary cohomology of

automorphic vector bundles over finite-level Igusa towers. Recall the Iwahori decomposition

𝐾𝑝,𝑃 = (𝑁𝑝,𝑃𝑈𝑝,𝑃) × 𝑇𝑤,𝑝,𝑃 ×𝑈𝑡𝑝,𝑃 .

We define 𝐵𝐾𝑝,𝑃 := (𝑁𝑝,𝑃𝑈𝑝,𝑃) × 𝑇𝑤,𝑝,𝑃 and 𝑁𝐾𝑝,𝑃 := 𝑁𝑝,𝑃𝑈𝑝,𝑃. We have the 𝑀-torsor 𝑀𝑑𝑅

over ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃

and the 𝑀𝑝,𝑃-torsor ℑ𝔊tor
𝐾 𝑝𝑁𝑝,𝑃

over ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃

. As in [BP23, Proposition 5.3.3],

There is a canonical map of torsors ℑ𝔊tor
𝐾 𝑝𝑁𝑝,𝑃

→ 𝑀𝑑𝑅 equivariant for the map 𝑀𝑝,𝑃 → 𝑀 . This

map trivializes ℑ𝔊tor
𝐾 𝑝𝑁𝑝,𝑃

×ℑ𝔊tor
𝐾𝑝𝐾𝑝,𝑃

𝑀𝑑𝑅 by the tautological section. Then we have a canonical

isomorphism

ℑ𝔊tor
𝐾 𝑝𝑁𝑝,𝑃

×ℑ𝔊tor
𝐾𝑝𝐾𝑝,𝑃

𝑀𝑑𝑅 = ℑ𝔊tor
𝐾 𝑝𝑁𝑝,𝑃

×𝑀

and with this identification,

ℑ𝔊tor
𝐾 𝑝𝐵𝐾𝑝,𝑃

×ℑ𝔊tor
𝐾𝑝𝐾𝑝,𝑃

𝑀𝑑𝑅 = ℑ𝔊tor
𝐾 𝑝𝑁𝑝,𝑃

×𝐵𝐾𝑝,𝑃 /𝑁𝑝,𝑃𝑀,

ℑ𝔊tor
𝐾 𝑝𝑁𝐾𝑝,𝑃

×ℑ𝔊tor
𝐾𝑝𝐾𝑝,𝑃

𝑀𝑑𝑅 = ℑ𝔊tor
𝐾 𝑝𝑁𝑝,𝑃

×𝑁𝐾𝑝,𝑃 /𝑁𝑝,𝑃𝑀.

Let 𝜋𝐵/𝑁 : ℑ𝔊tor
𝐾 𝑝𝑁𝐾𝑝,𝑃

→ ℑ𝔊tor
𝐾 𝑝𝐵𝐾𝑝,𝑃

. We have the surjective map

𝜔𝜅 → 𝜋𝐵/𝑁,∗ Oℑ𝔊tor
𝐾𝑝𝑁𝐾𝑝,𝑃

(−𝑤0,𝑀 (𝜅))

as follows: 𝑓 ∈ 𝜔𝜅 is a function on ℑ𝔊tor
𝐾 𝑝𝑁𝑝,𝑃

×𝑀 such that 𝑓 (𝑦𝑏, 𝑔) = 𝑓 (𝑦, 𝑏𝑔) and 𝑓 (𝑦, 𝑔𝑏) =

(−𝑤0,𝑀 (𝜅)) (𝑏) 𝑓 (𝑦, 𝑔). We restrict it at 𝑔 = 1 and obtain a function 𝜙 𝑓 (𝑦) := 𝑓 (𝑦, 1) on ℑ𝔊tor
𝐾 𝑝𝑁𝑝,𝑃

.

146



It satisfies

𝜙 𝑓 (𝑦𝑏) = 𝑓 (𝑦𝑏, 1) = 𝑓 (𝑦, 𝑏) = (𝑤0,𝑀 (𝜅)) (𝑏−1) 𝑓 (1) = (𝑤0,𝑀 (𝜅)) (𝑏−1)𝜙 𝑓 (𝑦).

Hence this function descends to Oℑ𝔊tor
𝐾𝑝𝑁𝐾𝑝,𝑃

and is in the (−𝑤0,𝑀 (𝜅)) eigenspace of 𝑇 (Z𝑝), with

respect to the right multiplication. This is a surjective morphism of sheaves.

For every J we have the surjection

𝜔𝜅J → ℐJ ⊗𝜋𝐵/𝑁,∗ Oℑ𝔊tor
𝐾𝑝𝑁𝐾𝑝,𝑃

(−𝑤0,𝑀 (𝜅)).

Let 𝐾J be the kernel of the above surjection. Since the lowest weight is not contained in 𝐾J , the

normalized Hecke operator 𝑢𝑡 defined by 𝑡 ∈ 𝑇++𝑤 (Q𝑝) acts by a topological nilpotent on cohomol-

ogy of 𝐾J . Therefore, the ordinary projector annihilates cohomology of 𝐾J and we have

𝑅Γ𝑤,J (𝐾 𝑝𝐾𝑝,𝑃, 𝜅) := 𝑅Γ(ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃

, 𝜔𝜅J )
ord = 𝑅Γ(ℑ𝔊tor

𝐾 𝑝𝐵𝐾𝑝,𝑃
, 𝜔𝜅J )

ord

=𝑅Γ(ℑ𝔊tor
𝐾 𝑝𝐵𝐾𝑝,𝑃

,ℐJ ⊗𝜋𝐵/𝑁,∗ Oℑ𝔊tor
𝐾𝑝𝑁𝐾𝑝,𝑃

(−𝑤0,𝑀 (𝜅)))ord.

We rewrite

𝑅Γ(ℑ𝔊tor
𝐾 𝑝𝐵𝐾𝑝,𝑃

,ℐJ ⊗𝜋𝐵/𝑁,∗ Oℑ𝔊tor
𝐾𝑝𝑁𝐾𝑝,𝑃

(−𝑤0,𝑀 (𝜅)))ord

as

𝑅Γ(ℑ𝔊tor
𝐾 𝑝𝐵𝑝,𝑃

, (ℐJ ⊗𝜋𝐵/𝑁,∗ Oℑ𝔊tor
𝐾𝑝𝑁𝐾𝑝,𝑃

⊗(𝑤0,𝑀 (𝜅)))𝑇𝑤,𝐾𝑝,𝑃 )ord.

Let 𝜈 = 𝜈alg · 𝜒 where 𝜒 : 𝑇 (Z𝑝) → Z𝑝 [𝜁𝑝𝑛] is a finite order character, and 𝜈alg is an algebraic

character of 𝑇 . Let 𝜅 = −𝑤0,𝑀𝑤(𝜈 + 𝜌) − 𝜌, or equivalently 𝜈 = −𝑤−1𝑤0,𝑀 (𝜅 + 𝜌) − 𝜌. This 𝜅

is regarded as a 𝑝-adic weight. By interchanging group cohomology and sheaf cohomology, as in

[BP23, Theorem 5.3.5], we have that

𝑅Hom𝑇𝐾𝑝,𝑃
(𝜈, 𝑅Γ𝑤,J (𝐾 𝑝)) � 𝑅Γ𝑤,J (𝐾 𝑝𝐾𝑝,𝑃, 𝜅

alg, 𝜒).
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Here the actions of 𝑇 (Z𝑝) on 𝑅Γ𝑤,J (𝐾 𝑝) are normalized Hecke actions.

Let Λ be the Iwasawa algebra Z𝑝 [[𝑇 (Z𝑝)]] and 𝜈𝑢𝑛𝑖𝑣 : 𝑇 (Z𝑝) → Λ× be the universal character,

sending 𝑡 ∈ 𝑇 (Z𝑝) to the group element [𝑡]. Let 𝜅𝑢𝑛𝑖𝑣 := −𝑤0,𝑀𝑤(𝜈𝑢𝑛𝑖𝑣 + 𝜌) − 𝜌 and we regard

Z𝑝 [[𝑇 (Z𝑝)]] as a 𝑇 (Z𝑝)-module via the character 𝑤−1𝑤0,𝑀𝜅
𝑢𝑛𝑖𝑣. Let 𝔪Λ be the intersection of all

maximal ideals of Λ. Then the profinite topology of Λ is the 𝔪Λ-adic topology.

Definition 4.7. We define the derived completed tensor product ⊗̂Z𝑝Λ as the composition of ⊗𝐿Z𝑝Λ

followed by the derived 𝔪Λ-adic completion of Λ-modules. We define the Λ-adic higher Hida

family complexes as

𝑀∗𝑤,J := 𝑅Hom𝑇 (Z𝑝) (1, 𝑅Γ𝑤,J (𝐾 𝑝)⊗̂Z𝑝Λ).

When J is the set of all maximal parabolic groups of 𝐺, we write 𝑆∗𝑤 instead.

The definition is an analog of the definition of 𝑀∗𝑤 in [BP23, Section 5.4].

Proposition 4.7. Each 𝑀∗𝑤,J is a perfect complex of Λ-modules. There are canonical isomor-

phisms 𝑅Γ𝑤,J (𝐾 𝑝) = 𝑅HomZ𝑝 (𝑅HomΛ(𝑀∗𝑤,J ,Λ),Z𝑝). Moreover, for each 𝜈 = 𝜒𝜈alg, regarded

as a ring homomorphism 𝜈 : Λ→ Z𝑝 [𝜁𝑝𝑛], we have the control theorem

𝑀∗𝑤,J ⊗Λ,−𝜈 Z𝑝 [𝜁𝑝𝑛] � 𝑅Γ𝑤,J (𝐾 𝑝, 𝜅alg, 𝜒).

Proof. This is analogous to results in [BP23, Section 5.4]. We note that the formula 𝑅Γ𝑤,J (𝐾 𝑝) =

𝑅HomZ𝑝 (𝑅HomΛ(𝑀∗𝑤,J ,Λ),Z𝑝) is true in derived categories of condensed abelian groups but

not in the usual derived categories of modules. □

Essentially by [BP23, Lemma 2.7.7], if the ordinary part of the cohomology of automorphic

vector bundles in residual field is concentrated in only 1 degree, say 𝑖, 𝑀∗𝑤,J is also concentrated at

1 degree 𝑖. In that case, we get a finite projective Λ-module interpolating 𝑅𝑖Γ𝑤,J (𝐾 𝑝𝐾𝑝,𝑃,𝑤 , 𝜅
alg, 𝜒)ord,

which we will denote by 𝑀 𝑖
𝑤,J . When 𝜅alg is cohomological and 𝑤 ∈ 𝐶 (𝜅), 𝑀 𝑖

𝑤,J interpolates

𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,Z𝑝 [𝜁𝑝𝑛 ] , 𝜔

𝜅alg

J (𝜒))
ord.
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4.8 Ordinary boundary cohomology of 0-dimensional cusps

In this section, we compute the ordinary part of boundary cohomology associated with the

Siegel parabolic subgroup. Since these strata are closed in Igusa towers, the cohomology with

partial support is the usual cohomology. We also prove that the ordinary projector coincides with

the one defined for group cohomology of congruence subgroups of GL𝑔.

We fix the filtration 𝑍 = 0 ⊂ ⟨𝑒1, . . . , 𝑒𝑔⟩Ẑ ⊂ Ẑ
2𝑔

and a torus argument 𝜙 = (𝑋,𝑌, 𝜙, 𝜑−2, 𝜑0)

associated to 𝑍 . Let 𝛿 be the splitting Ẑ
2𝑔

= ⟨𝑒1, . . . , 𝑒𝑔⟩Ẑ ⊕ ⟨𝑒𝑔+1, . . . , 𝑒2𝑔⟩Ẑ. Let 𝑃 = 𝑃𝑍 be the

stabilizer of 𝑍 , which is the Siegel parabolic subgroup. The Levi subgroup 𝑀 is isomorphic to

GL𝑔 ×G𝑚 via the isomorphism (𝑔, 𝑡) ↦→
©­­«
𝑡𝑔 0

0 𝑇𝑔−1

ª®®¬. Let 𝑁 be the nilpotent radical of 𝑃. Then the

set of cusp labels of level 𝐾 associated with the Siegel parabolic subgroup is identified with the

double coset space

GL𝑔 (Q) G𝑚 (A∞)𝑁 (A∞)\𝐺 (A∞)/𝐾

where [𝑔] corresponds to the cusp label represented by (𝑍,Φ) · 𝑔 and some splitting 𝛿𝑔 of 𝑍 · 𝑔.

By the approximation 𝐺 (A∞) = GL𝑔 (Q) G𝑚 (A∞)𝑁 (A∞)𝐺 (Ẑ), it is also the double coset space

GL𝑔 (Z) G𝑚 (Ẑ)𝑁 (Ẑ)\𝐺 (Ẑ)/𝐾.

Suppose 𝐾 = 𝐾 𝑝𝐾𝑝 and define 𝐾𝑝,𝑃 := 𝐾𝑝 ∩ 𝑃(Z𝑝). The set of ordinary cusp labels is identified

with the double coset space

𝐶ord
𝐾,0 := GL𝑔 (Z) G𝑚 (Ẑ)𝑁 (Ẑ)\𝐺 (Ẑ

𝑝)𝑃(Z𝑝)/𝐾 𝑝𝐾𝑝,𝑃 .

When 𝐾𝑝,𝑃 is fixed, we also denote it by𝐶ord
𝐾 𝑝 ,0. By the strong approximation theorem of GL𝑔, when

𝐾𝑝∩𝑃(Z𝑝) contains 𝑇 (Z𝑝), every [𝑔] ∈ 𝐶ord
𝐾,0 is represented by some [(𝑔𝑝, 1)] where 𝑔𝑝 ∈ 𝐺 (Ẑ𝑝).

For every 𝑔 ∈ 𝐺 (A 𝑓 ) we denote by 𝑠(𝑔, 𝐾) the representative of cusp label of level 𝐾 given

by the 𝐾-orbit of (𝑍,Φ) · 𝑔 and some 𝛿𝐾 , and by [𝑠(𝑔, 𝐾)] the corresponding cusp label. Let
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(𝑍𝐾 ,Φ𝐾 , 𝛿𝐾) be a representative of cusp labels of level 𝐾 . There is a 𝐸Φ𝐾 ,𝛿𝐾 -torsor

ΞΦ𝐾 ,𝛿𝐾 → 𝑀Φ𝐾
𝐾 .

Let ΓΦ𝐾 be the automorphism group of the torus argument Φ𝐾 . The boundary stratum associated to

[(𝑍𝐾 ,Φ𝐾 , 𝛿𝐾)] in the integral model of Shimura varieties is isomorphic to 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,𝛿𝐾 ,0/ΓΦ𝐾 .

When [(𝑍𝐾 ,Φ𝐾 , 𝛿𝐾)] represents an ordinary cusp label, the corresponding stratum in the Igusa

tower is the 𝑝-adic completion 𝔛∧𝑝Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,𝛿𝐾 ,0
/ΓΦ𝐾 and they have the same cohomology.

The universal semi-abelian scheme degenerates to a torus over the boundary strata. Let Φ𝐾 =

(𝑋,𝑌, 𝜙, 𝜑−2, 𝜑0) and denote by 𝑇Φ𝐾 the split torus HomZ(𝑋,G𝑚). Then over the boundary strata

𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,𝛿𝐾 ,0/ΓΦ𝐾 , the universal semi-abelian scheme is canonically identified with (𝑇Φ𝐾 ×

𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,𝛿𝐾 ,0)/ΓΦ𝐾 . The restriction of the automorphic vector bundle 𝜔𝜅 is the pullback of

𝑉𝜅 (Lie(𝑇Φ𝐾 ),Z𝑝 (1) ⊗Z𝑝 O) on 𝑀Φ𝐾
𝐾 , here Z𝑝 (1) indicates the action of 𝑀 (Z𝑝) by the simili-

tude character. When (𝑍𝐾 ,Φ𝐾 , 𝛿𝐾) = 𝑠(𝑔, 𝐾), we denote by 𝑅(𝑔,𝐾) the coordinate ring of 𝑀Φ𝐾
𝐾 ,

by Γ(𝑔,𝐾) the automorphism group ΓΦ𝐾 , by Σ(𝑔,𝐾) the cone decomposition ΣΦ𝐾 ,𝛿𝐾 , by 𝑉𝜅,(𝑔,𝐾)

the module 𝑉𝜅 (Lie(𝑇Φ𝐾 ),Z𝑝 (1) ⊗Z𝑝 O)(𝑀
Φ𝐾
𝐾 ), and by 𝔛(𝑔,𝐾) the completion of torus embedding

𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,𝛿𝐾 ,0. Each of 𝑅(𝑔,𝐾) is finite etale over Z𝑝. By Lemma 3.3, there are canonical isomor-

phisms 𝑉𝜅,((𝑔𝑝 ,𝑔𝑝),𝐾) � 𝜌𝜅 (𝑔𝑝)(𝑉𝜅,((𝑔𝑝 ,1),𝐾)).

We also have to identify each Γ(𝑔,𝐾) as an arithmetic subgroup of GL𝑔. Let 𝑔 =
©­­«
𝐴 𝐵

0 𝐷

ª®®¬ ∈
𝑃(𝐴∞). We define 𝜁𝑍,Φ(𝑔) :=

©­­«
𝜈(𝑔)−1𝐴 0

0 𝐷

ª®®¬, which takes value in GL𝑔 (A∞). For every 𝑔 ∈

𝐺 (A∞) and neat open compact subgroup 𝐾 ⊂ 𝐺 (A∞), 𝜁𝑍,Φ(𝑃(A∞)∩Ad𝑔 (𝐾)) is a neat open com-

pact subgroup of GL𝑔 (A∞). The group Γ(𝑔,𝐾) is naturally identified with GL𝑔 (Q) ∩ 𝜁𝑍,Φ(𝑃(A∞) ∩

Ad𝑔 (𝐾)). In particular, if 𝛾 ∈ GL𝑔 (Q), then Γ(𝛾𝑔,𝐾) � Ad𝛾 (Γ(𝑔,𝐾)). If 𝑔 ∈ G(Ẑ), then Γ(𝑔,𝐾) is a

congruence subgroup. The neat assumption on 𝐾 ensures that Γ(𝑔,𝐾) is torsion-free.

Let Δ be the set of all standard maximal parabolic subgroups of GSp2𝑔 and J = Δ − {𝑃𝑆}.
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Consider the short exact sequence

0→ 𝜔𝜅Δ(𝜒) → 𝜔𝜅J (𝜒) →
𝜔𝜅J (𝜒)
𝜔𝜅Δ(𝜒)

→ 0.

On the Igusa tower ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃

,
𝜔𝜅J (𝜒)
𝜔𝜅Δ(𝜒)

supports on
⊔
[𝑔]∈𝐶ord

𝐾,0
𝔛∧𝑝(𝑔,𝐾)/Γ(𝑔,𝐾) and the cohomology

𝑅Γ(𝔛∧𝑝(𝑔,𝐾)/Γ(𝑔,𝐾) ,
𝜔𝜅J (𝜒)
𝜔𝜅Δ(𝜒)

) is naturally isomorphic to the relative cohomology

𝑅Γ(𝑃𝑠(𝑔,𝐾)/Γ(𝑔,𝐾) , stΣ(𝑔,𝐾 ) (𝑃𝑠(𝐽))/Γ(𝑔,𝐾) , 𝑉𝜅,(𝑔,𝐾) (𝜒)).

Let 𝑋 (Γ(𝑔,𝐾)) := 𝑃𝑠(𝑔,𝐾)/(Γ(𝑔,𝐾) ·R>0). Then 𝑋 (Γ(𝑔,𝐾)) � Γ(𝑔,𝐾)\GL𝑔 (R)/(𝑂 (𝑔,R) ·R>0) and by

Proposition 2.11,

𝑅Γ(𝑃𝑠(𝑔,𝐾)/Γ(𝑔,𝐾) , stΣ(𝑔,𝐾 ) (𝑃𝑠(𝐽))/Γ(𝑔,𝐾) , 𝑉𝜅,(𝑔,𝐾) (𝜒)) � 𝑅Γ𝑐 (𝑋 (Γ(𝑔,𝐾)), 𝑉𝜅,(𝑔,𝐾) (𝜒)).

Proposition 4.8. Let 𝐾𝑝,𝑃 = 𝐾𝑝,𝑃,𝑤 and define the ordinary projector using 𝑢𝑤(𝑡) for 𝑡 ∈ 𝑇 (Q𝑝)++.

Then

𝑅Γ(ℑ𝔊tor
𝐾 𝑝𝐾𝑝,𝑃,𝑤

,
𝜔𝜅J (𝜒)
𝜔𝜅Δ(𝜒)

))ord �
⊕

[(𝑔𝑝 ,1)]∈𝐶ord
𝐾,0

𝑅Γ𝑐 (𝑋 (Γ((𝑔𝑝 ,1),𝐾)), 𝑉𝜅,((𝑔𝑝 ,1),𝐾) (𝜒))ord.

Proof. We omit 𝜒 from the notation. We can choose 𝑡 ∈ 𝑇 (Q𝑝) ∩ 𝑇 (Q𝑝)++. Denote by 𝐾′ the in-

tersection 𝐾 𝑝 (Ad𝑤(𝑡) (𝐾𝑝,𝑃,𝑤) ∩𝐾𝑝,𝑃,𝑤). Since 𝑇 (Z𝑝) ⊂ 𝐾𝑝,𝑃,𝑤, both 𝑝1, 𝑝2 in the correspondence

(ℑ𝔊tor
𝐾 ′ ,ℑ𝔊

tor
𝐾 , 𝑝1 = [1], 𝑝2 = [𝑤(𝑡)])

induce bijections 𝐶ord
𝐾 ′,0 → 𝐶ord

𝐾,0. We also define 𝐾′′ = 𝐾 𝑝𝐾′′𝑝 as follows: We write 𝐾𝑝,𝑃,𝑤 = 𝑀1𝑁1

and (𝐾𝑝,𝑃,𝑤) ∩ 𝐾𝑝,𝑃,𝑤) = 𝑀2𝑁2 where 𝑀𝑖 ⊂ 𝑀 (Z𝑝) and 𝑁𝑖 ⊂ 𝑁 (Z𝑝). Then 𝐾′′𝑝 is defined as

𝑀2𝑁1. Let 𝑝′1 : ℑ𝔊tor
𝐾 ′ → ℑ𝔊tor

𝐾 ′′ and 𝑝′′1 : ℑ𝔊tor
𝐾 ′′ → ℑ𝔊tor

𝐾 be natural projections. Then Tr𝑝′′1 and

𝑇𝑟 𝑝′1 := ⟨−𝑤−1𝑤0,𝑀 (𝜌) − 𝜌, 𝑡⟩ Tr𝑝′1 are integral, and Tr𝑝′′1 ◦T̃r𝑝′1 = ⟨−𝑤
−1𝑤0,𝑀 (𝜌) − 𝜌, 𝑡⟩ Tr𝑝1 .
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The preimage of [(𝑔𝑝, 1)] under 𝑝2 is [(𝑔𝑝, 𝑤(𝑡)−1
𝑝 )] = [(𝑤(𝑡)𝑝𝑔𝑝, 1)]. Assume entries of 𝑡 are

all powers of 𝑝, then 𝑤(𝑡)𝑝𝑔𝑝 ∈ 𝐺 (Ẑ𝑝). By replacing 𝑡 with a power of it, we may assume that for

every 𝑔𝑝 ∈ 𝐺 (Ẑ𝑝), 𝑤(𝑡)𝑝 ∈ Ad𝑔𝑝 (𝐾 𝑝). Under the assumption, [(𝑤(𝑡)𝑝𝑔𝑝, 1)] = [(𝑔𝑝, 1)] in 𝐶ord
𝐾,0.

Moreover, 𝑉𝜅,((𝑔𝑝 ,1),𝐾) = 𝑉𝜅,((𝑔𝑝 ,1),𝐾 ′) , 𝑉𝜅,((𝑤(𝑡)𝑝𝑔𝑝 ,1),𝐾 ′) = 𝑉𝜅,((𝑤(𝑡)𝑝𝑔𝑝 ,1),𝐾 ′′) = 𝑉𝜅,((𝑤(𝑡)𝑝𝑔𝑝 ,1),𝐾) , be-

cause the underlying moduli spaces are the same. The cohomological correspondence on boundary

cohomology is therefore the direct sum of maps

𝑅Γ𝑐 (𝑋 (Γ((𝑔𝑝 ,1),𝐾)), 𝑉𝜅,((𝑔𝑝 ,1),𝐾))

→𝑅Γ𝑐 (𝑋 (Γ((𝑔𝑝 ,𝑤(𝑡)−1
𝑝 ),𝐾 ′)), 𝑉𝜅,((𝑔𝑝 ,1),𝐾 ′))

→𝑅Γ𝑐 (𝑋 (Γ((𝑔𝑝 ,𝑤(𝑡)−1
𝑝 ),𝐾 ′)), 𝑉𝜅,((𝑔𝑝 ,𝑤(𝑡)−1

𝑝 ),𝐾 ′))
[𝑤(𝑡)]∗−−−−−→𝑅Γ𝑐 (𝑋 (Γ((𝑤(𝑡)𝑝𝑔𝑝 ,1),𝐾 ′)), 𝑉𝜅,((𝑤(𝑡)𝑝𝑔𝑝 ,1),𝐾 ′))

T̃r𝑝′1−−−→𝑅Γ𝑐 (𝑋 (Γ((𝑤(𝑡)𝑝𝑔𝑝 ,1),𝐾 ′′)), 𝑉𝜅,((𝑤(𝑡)𝑝𝑔𝑝 ,1),𝐾 ′′))
Tr𝑝′′1−−−→𝑅Γ𝑐 (𝑋 (Γ((𝑤(𝑡)𝑝𝑔𝑝 ,1),𝐾)), 𝑉𝜅,((𝑤(𝑡)𝑝𝑔𝑝 ,1),𝐾))

=𝑅Γ𝑐 (𝑋 (Γ(𝑔𝑝 ,1),𝐾), 𝑉𝜅,((𝑔𝑝 ,1),𝐾)).

Here the map

𝑅Γ𝑐 (𝑋 (Γ((𝑔𝑝 ,𝑤(𝑡)−1
𝑝 ),𝐾 ′)), 𝑉𝜅,((𝑔𝑝 ,1),𝐾 ′))

→𝑅Γ𝑐 (𝑋 (Γ((𝑔𝑝 ,𝑤(𝑡)−1
𝑝 ),𝐾 ′)), 𝑉𝜅,((𝑔𝑝 ,𝑤(𝑡)−1

𝑝 ),𝐾 ′))

is induced by ⟨−𝑤0,𝑀 (𝜅), 𝑤(𝑡)⟩ : 𝑉𝜅,((𝑔𝑝 ,1),𝐾 ′) → 𝑉𝜅,((𝑔𝑝 ,𝑤(𝑡)−1
𝑝 ),𝐾 ′) and the map [𝑤(𝑡)]∗ is induced

by Γ(𝑤(𝑡)𝑝𝑔𝑝 ,1),𝐾 ′ = Ad𝑤(𝑡) (Γ(𝑔𝑝 ,𝑤(𝑡)−1
𝑝 ),𝐾 ′) and 𝑤(𝑡)𝑝 : 𝑉𝜅,((𝑔𝑝 ,𝑤(𝑡)−1

𝑝 ),𝐾 ′) � 𝑉𝜅,((𝑤(𝑡)𝑝𝑔𝑝 ,1),𝐾 ′) . From

the trace map of torus embedding on cohomology, we have that T̃r𝑝′1 is the identity map and Tr𝑝′′1 is

the corestriction map. Therefore, the composition is exactly the 𝑢𝑤(𝑡)-operator on the cohomology

𝑅Γ𝑐 (𝑋 (Γ((𝑔𝑝 ,1),𝐾)), 𝑉𝜅,((𝑔𝑝 ,1),𝐾)) □

Let 𝐾𝑛 := 𝐾 𝑝 (𝐾𝑝,𝑃,𝑤)𝑛 and 𝜋𝑛 : ℑ𝔊𝐾𝑛 → ℑ𝔊𝐾 𝑝𝐾𝑝,𝑃 . Over ℑ𝔊𝐾𝑛 , the quotient of ideal sheaves
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ℐJ/ℐΔ is supported on
⋃
[𝑔]∈𝐶ord

𝐾,0
𝜋−1
𝑛 (𝔛

∧𝑝
(𝑔,𝐾)/Γ(𝑔,𝐾)). Since these strata are proper, the boundary

cohomology with partial support is just the usual boundary cohomology. We therefore make the

following definitions. For every [𝑔] ∈ 𝐶ord
𝐾,0, we define

𝑅Γ𝑤,[𝑔],𝑐 (𝐾𝑛) := 𝑅Γ(𝜋−1
𝑛 (𝔛

∧𝑝
(𝑔,𝐾)/Γ(𝑔,𝐾)),ℐJ/ℐΔ)ord,

𝑅Γ𝑤,[𝑔],𝑐 (𝐾 𝑝) := 𝑅 lim←−−
𝑚

lim−−→
𝑛

𝑅Γ𝑤,[𝑔],𝑐 (𝐾𝑛) ⊗𝐿Z𝑝 Z/𝑝
𝑚 Z,

and

𝐵∗𝑤,[𝑔],𝑐 := 𝑅Hom𝑇 (Z𝑝) (1, 𝑅Γ𝑤,[𝑔],𝑐 (𝐾 𝑝)⊗̂Z𝑝Λ).

Then each of 𝐵∗
𝑤,[𝑔],𝑐 has a control theorem similar to Proposition 4.7, and from the short exact

sequence

0→ ℐΔ → ℐJ → ℐJ/ℐΔ → 0,

we obtain the exact triangle

𝑆∗𝑤 → 𝑀∗𝑤,𝐾𝑙 →
⊕
[𝑔]∈𝐶ord

𝐾,0

𝐵∗𝑤,[𝑔],𝑐
+1−−→ .

4.9 A fundamental exact sequence

Let 𝑔 = 2, and 𝑤 = 𝑤𝛼, the reflection attached to the long root 𝛼 of GSp4. We need the

following result on ordinary cohomology of congruence subgroups.

Proposition 4.9. Let Γ ⊂ Γ0(𝑝) be a torsion-free congruence subgroup. Let 𝑀 be a finite-

dimensional vector space over F𝑝 which has compatible Γ0(𝑝) and 𝑇++(Q𝑝) actions. Let 𝑋 (Γ)

be the quotient space Γ\H where H is the upper half plane, and 𝑀 be the locally constant sheaf

over 𝑋 (Γ) defined by 𝑀 . Then both 𝑒𝑅Γ(𝑋 (Γ), 𝑀) and 𝑒𝑅Γ𝑐 (𝑋 (Γ), 𝑀) are concentrated at

degree 1.

Let O be a discrete valuation ring with finite residue field of characteristic 𝑝 and 𝑀 be a
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finite free O-module with compatible Γ0(𝑝) and 𝑇++(Q𝑝) actions. Then both 𝑒𝑅Γ(𝑋 (Γ), 𝑀) and

𝑒𝑅Γ𝑐 (𝑋 (Γ), 𝑀) are concentrated in degree 1, with cohomology finite free over O.

Proof. This is a well-known result, essentially due to Hida’s work in [Hid93, Section 6.1, 6.3, 7.2],

and we include a proof here for completeness.

Suppose 𝑀 is a finite-dimensional vector space over F𝑝 which has compatible Γ0(𝑝) and

𝑇++(Q𝑝) actions. Since both 𝐻0
𝑐 (𝑋 (Γ), 𝑀) and 𝐻2(𝑋 (Γ), 𝑀) are 0, it suffices to prove that

both 𝑒𝐻2
𝑐 (𝑋 (Γ), 𝑀) and 𝑒𝐻0(𝑋 (Γ), 𝑀) are 0. Let 𝜉𝑛 := diag(𝑝𝑛, 1), Γ𝑛 := Γ ∩ Ad𝜉−1

𝑛
(Γ), and

Γ𝑛 = Ad𝜉𝑛 (Γ) ∩ Γ. The double coset operator [Γ𝜉𝑛Γ] is the composition of 3 operators

[Γ𝜉𝑛Γ] = CorΓ/Γ𝑛 ◦[𝜉𝑛]∗ ◦ ResΓ/Γ𝑛 .

Therefore, it suffices to prove that for all finite-dimensional vector space 𝑀 over F𝑝 with Γ-action,

there is a 𝑚 ∈ N, depending on 𝑀 , such that for every subgroup Γ′ ⊂ Γ with index divided by 𝑝𝑚,

ResΓ/Γ′ (𝐻2
𝑐 (𝑋 (Γ), 𝑀)) = CorΓ/Γ′ (𝐻0(𝑋 (Γ′), 𝑀)) = 0.

Since Γ is torsion-free and acts totally discontinuously on the upper half plane, 𝐻0(𝑋 (Γ′), 𝑀) =

𝐻0(Γ′, 𝑀), 𝐻0(𝑋 (Γ), 𝑀) = 𝐻0(Γ, 𝑀) and the restriction map agrees with the one on group co-

homology. Let 𝑣 ∈ 𝐻0(Γ′, 𝑀) ⊂ 𝑀 and Γ𝑣 ⊂ Γ be the stabilizer of 𝑣 in Γ. Then Γ′ ⊂ Γ𝑣 and the

image of 𝑣 under the corestriction is

∑
𝑔∈Γ/Γ′

𝑔𝑣 =
∑

𝑔∈Γ/Γ𝑣

∑
ℎ∈Γ𝑣/Γ′

𝑔ℎ𝑣 = |Γ𝑣/Γ′|
∑

𝑔∈Γ/Γ𝑣
𝑔𝑣.

Let Γ′′ := ker(Γ→ GLF𝑝 (𝑀)). Since Γ′′ ⊂ Γ𝑣, 𝑣𝑝 ( |Γ/Γ𝑣 |) ≤ 𝑣𝑝 (|Γ/Γ′′|).

Define 𝑚(𝑀) := 𝑣𝑝 ( |Γ/Γ′′|) + 1. Let 𝑀∨ := HomF𝑝 (𝑀, F𝑝) endowed with the dual Γ-

representation. Then 𝑚(𝑀∨) = 𝑚(𝑀). We claim it suffices to take 𝑚 = 𝑚(𝑀). By the dis-

cussion above, when 𝑚 ≥ 𝑚(𝑀), CorΓ/Γ′ (𝐻0(𝑋 (Γ′), 𝑀)) = 0. Since 𝐻2
𝑐 (𝑋 (Γ), 𝑀∨) is dual to

𝐻0(𝑋 (Γ), 𝑀), 𝐻2
𝑐 (𝑋 (Γ′), 𝑀∨) is dual to 𝐻0(𝑋 (Γ′), 𝑀), and ResΓ/Γ′ and CorΓ/Γ′ are adjoint to

each other, when 𝑚 ≥ 𝑚(𝑀∨), ResΓ/Γ′ (𝐻2
𝑐 (𝑋 (Γ), 𝑀)) = 0.

Let 𝜛 ⊂ O be a uniformizer. Suppose 𝑀 is a finite free O-module with compatible Γ0(𝑝) and
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𝑇++(Q𝑝) actions. Consider the short exact sequence

0→ 𝜛𝑀 → 𝑀 → 𝑀/𝜛𝑀 → 0,

which induces exact triangles

𝑒𝐻∗(𝑋 (Γ), 𝑀) 𝜛·−−→ 𝑒𝐻∗(𝑋 (Γ), 𝑀) → 𝑒𝐻∗(𝑋 (Γ), 𝑀/𝜛𝑀) +1−−→,

and

𝑒𝐻∗𝑐 (𝑋 (Γ), 𝑀)
𝜛·−−→ 𝑒𝐻∗𝑐 (𝑋 (Γ), 𝑀) → 𝑒𝐻∗𝑐 (𝑋 (Γ), 𝑀/𝜛𝑀)

+1−−→ .

Then we have 𝑒𝐻𝑖?(𝑋 (Γ), 𝑀) = 𝜛𝑒𝐻𝑖?(𝑋 (Γ), 𝑀) for ? = ∅, 𝑐 and 𝑖 = 0, 2. Since they are

finitely generated O-modules, they are 0 by Nakayama’s lemma. The only cohomology left

is 𝑒𝐻1
? (𝑋 (Γ), 𝑀). It is finite over O and multiplication by 𝜛 on it is injective. Therefore,

𝑒𝐻1
? (𝑋 (Γ), 𝑀) is finite free over O. □

Proposition 4.10. 𝑆∗𝑤 is concentrated at degree 1.

Proof. The result is known to experts. By [BP23, Proposition 5.6.3], 𝑆∗𝑤 is concentrated in 𝑖 ∈

[0, 1]. The degree 0 cohomology in characteristic 𝑝 is also 0, because of the extension by 0 in the

definition of cohomology with partial supports. Here we give a detailed explanation. In this proof,

we have to distinguish the difference between 𝑆tor, the actual toroidal compactification, and 𝑆tor,

the blowup of 𝑆tor defined by [BP23, Proposition 4.1.13]. We regard {𝐷𝑖, 𝑍𝑖} as divisors on 𝑆tor

and {𝑍𝑖,> 𝑗 , 𝑍𝑖,< 𝑗 } as divisors on 𝑆tor.

In the case 𝑔 = 2, 𝜋 : 𝑆tor → 𝑆tor is the blowup of 𝑆tor locally defined by 𝑍2 and 𝑉 (𝑝𝑛). For

𝑤 = 𝑤𝛼, the strict dynamic compactification is given by 𝑆tor
(𝑤−1,𝑤+1) = 𝑍2,<2 ∩ 𝑍1,>0, 𝐷+,𝑤 = 𝑍1,<1,

and 𝐷−,𝑤 = 𝑍2,>1. Note that 𝑍1,<1 = 𝜋∗(supp(𝑉 (𝑝𝑛) − 𝐷3)) and on 𝑆tor − (supp(𝑉 (𝑝𝑛) − 𝐷3)),

𝑍2 − 𝑉 (𝑝𝑛) is always effective. Since blowup by an invertible sheaf is an isomorphism, 𝜋 induces

the isomorphism 𝑆tor − 𝐷+,𝑤 � 𝑆tor − supp(𝑉 (𝑝𝑛) − 𝐷3).

By [BP23, Lemma 2.6.7], it suffices to prove 𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,F𝑝 ,𝑤

, 𝜔𝜅 (− cusp))ord is concentrated
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at degree 1 for each algebraic weight 𝜅, so we may assume 𝑛 = 1. By [BP23, Proposition 2.5.4],

the ordinary cohomology is the same as

𝑅Γ(𝑆tor
(𝑤−1,𝑤+1) − 𝐷+,𝑤 , 𝜔

𝜅 (− cusp−𝑘𝐷−,𝑤))ord

for all 𝑘 >> 0, so it suffices to prove that 𝑅Γ(𝑆tor
(𝑤−1,𝑤+1) − 𝐷+,𝑤 , 𝜔

𝜅 (− cusp−𝑘𝐷−,𝑤)) is concen-

trated in degree 1.

We first prove that 𝑅Γ(𝑆tor
(𝑤−1,𝑤+1)−𝐷+,𝑤 , 𝜔

𝜅 (− cusp−𝑘𝐷−,𝑤)) is concentrated in [0, 1]. 𝑆tor
(𝑤−1,𝑤+1)−

𝐷+,𝑤 = 𝑍2,<2 ∩ 𝑍𝑐1,<1. Observe that the image of (𝑆tor − supp(𝑉 (𝑝) − 𝐷3))F𝑝 in 𝑆min
F𝑝

= 𝑆min
𝐾 𝑝𝐾𝑝,1,F𝑝

lies in the open subset 𝑆min,≥1
F𝑝

of 𝑝-rank ≥ 1. Since 𝑆min
𝐾 𝑝𝐾𝑝,1,F𝑝

→ 𝑆min
𝐾 𝑝𝐺 (Z𝑝),F𝑝 is proper, quasi-finite

above 𝑆min,≥1
𝐾 𝑝𝐺 (Z𝑝),F𝑝 because an abelian surface with 𝑝-rank at least 1 has only finitely many order

𝑝 finite flat subgroup schemes, similarly as in the proof of [Pil20, Lemma 14.8.2], 𝑆min,≥1
𝐾 𝑝𝐾𝑝,1,F𝑝

→

𝑆min,≥1
𝐾 𝑝𝐺 (Z𝑝),F𝑝 is finite, hence affine. Since 𝑆min,≥1

𝐾 𝑝𝐺 (Z𝑝),F𝑝 is covered by two affine open subschemes as

shown in the proof of [Pil20, Lemma 14.8.2], 𝑆min,≥1
𝐾 𝑝𝐾𝑝,1,F𝑝

is also covered by two affine open sub-

schemes. Let 𝑆tor,≥1
F𝑝 be the preimage of 𝑆min,≥1

F𝑝
. We prove that the sheaf 𝜔𝜅 (− cusp−𝑘𝐷−,𝑤) has

no higher direct image under the composition

(𝑉 (𝑝2) − 𝑍2) ∩ (𝑉 (𝑝) − 𝐷3)𝑐 → (𝑉 (𝑝) − 𝐷3)𝑐 → 𝑆tor,≥1
F𝑝 → 𝑆min,≥1

F𝑝

for all 𝑘 ∈ N, and this can be checked on locally closed strata. We also note that all boundary strata

are contained in 𝑆tor,≥1
F𝑝 because there is a nontrivial toroidal part within the universal semi-abelian

scheme.

We first consider the open strata 𝑆. When restricted to 𝑆 we have the map

(𝑉 (𝑝2) − 𝑍2) ∩ (𝑉 (𝑝) − 𝐷3)𝑐F𝑝 → (𝑆 ∩ (𝑉 (𝑝) − 𝐷3)𝑐)F𝑝 → 𝑆≥1
F𝑝 .

Since the first map is a closed immersion and the second map is an open immersion with a locally

principal complement, both are affine morphisms and have trivial higher direct images.
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Then we consider a closed strata 𝔛/Γ = 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0/ΓΦ𝐾 associated with a 0-dimensional

cusps 𝑍 = 𝑍[(Φ𝐾 ,𝛿𝐾 )] . For this strata, we have the following cases:

1. 𝐷3 = 0: In this case, 𝔛/Γ is contained in the complement of 𝐷3, which is open and disjoint

from (𝑉 (𝑝2) − 𝑍2) ∩ (𝑉 (𝑝) − 𝐷3). Therefore, the derived direct image vanishes on 𝑍 .

2. 𝐷3 = 𝐷4 = 𝑉 (𝑝): In this case, 𝔛/Γ is contained in the complement of 𝑉 (𝑝2) − 𝑍2, which

is open and disjoint from (𝑉 (𝑝2) − 𝑍2) ∩ (𝑉 (𝑝) − 𝐷3). Therefore, the derived direct image

vanishes on 𝑍 .

3. 𝐷3 = 𝑉 (𝑝), 𝐷4 = 0: In this case, 𝔛/Γ is closed and disjoint from 𝐷−,𝑤 . Therefore, the

vanishing of higher direct image of 𝜔𝜅 (− cusp−𝑘𝐷−,𝑤) follows from the usual vanishing of

higher direct images of 𝜔𝜅 (− cusp).

Finally we consider a locally closed strata 𝔛/Γ = 𝔛Φ𝐾 ,𝛿𝐾 ,ΣΦ𝐾 ,0/ΓΦ𝐾 associated with a 1-dimensional

cusps 𝑍 = 𝑍[(Φ𝐾 ,𝛿𝐾 )] . We may exclude the 0-dimensional cusps and boundary strata above them

in the minimal compactification and toroidal compactification, respectively, so that 𝔛/Γ and 𝑍 be-

come closed. Since 𝑛 = 1, 𝐷3, and 𝐷4 are associated with the etale part, the multiplicative part, or

the abelian part in the Raynaud extension, and we call them etale, multiplicative, or abelian in the

respectively cases.

1. 𝐷3 is etale: In this case, 𝐷3 = 0 and the derived direct image vanishes on 𝑍 .

2. 𝐷3 is multiplicative: In this case, 𝐷4 is abelian. Note that on the strata 𝔛/Γ, 𝐷−,𝑤 = 𝐷4 =

𝐷Φ𝐾 ,1 is defined on the base 𝑀Φ𝐾
𝐾 and the source is the closed subscheme defined by the

divisor 𝑉 (𝑝) − 𝐷Φ𝐾 ,1. We consider [Lan17b, Lemma 8.1] and pull back the formula (8.2)

to this closed subscheme. Then the vanishing of higher derived images follows from the

projection formula and ampleness as in the proof of [Lan17b, Proposition 8.3].

3. 𝐷3 is abelian and 𝐷4 is multiplicative: This is similar to the previous case with 𝐷3 and 𝐷4

interchanged.
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4. 𝐷3 is abelian and 𝐷4 is etale: In this case, 𝐷−,𝑤 is disjoint from 𝔛/Γ and we restrict to the

open subscheme 𝑀Φ𝐾
𝐾 −𝐷3. The vanishing of higher derived images follows from [Lan17b,

Proposition 8.3]. In fact, since 𝐶Φ𝐾 ,𝛿𝐾 is an abelian scheme torsor above 𝑀Φ𝐾
𝐾 − 𝐷3, the

analysis in [Lan16b, Section 7] is sufficient.

This proves that all 𝑅Γ(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,F𝑝 ,𝑤

, 𝜔𝜅 (− cusp))ord are concentrated in degree [0, 1]. Then we

prove that 𝐻0(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,F𝑝 ,𝑤

, 𝜔𝜅 (− cusp))ord = 0. By the definition of ordinary cohomology, it

suffices to prove that the closure of every irreducible component of 𝑆𝐾 𝑝𝐾𝑝 ,F𝑝 ,𝑤 has a nonempty

intersection with 𝐷−,𝑤 , and this can be proved after a base extension 𝑘/F𝑝 where 𝑘 is a finite

extension of F𝑝.

Let 𝑁 ∈ N be a positive integer such that 𝐾 𝑝 contains 𝐾 (𝑁) := {𝑔 ∈ 𝐺 (Ẑ𝑝) | 𝑔 ≡ 𝐼4

(mod 𝑁)}. Let 𝑌 (𝑁)/Z𝑝 be the modular curve of principal level 𝑁 , and 𝑌 (𝑁, 𝑝)/Z𝑝 be the modu-

lar curve of principal level 𝑁 and Iwahori level 𝐼0(𝑝) :=

𝑔 ≡
©­­«
∗ ∗

0 ∗

ª®®¬ (mod 𝑝)
 ⊂ GL2(Z𝑝). Let

𝑘/F𝑝 be a finite extension such that 𝑌 (𝑁)ord(𝑘) is nonempty, say there is a 𝑘-point (𝐸0, 𝜆𝐸0 , 𝛼𝑁 )

where 𝐸0 is an elliptic curve over 𝑘 , 𝜆𝐸0 is the standard principal polarization, and 𝛼𝑁,0 : (Z/𝑝𝑛 Z)2 �

𝐸0 [𝑁]. Then we have a map 𝑌 (𝑁, 𝑝)𝑘 → 𝑆𝐾 𝑝𝐾𝑝 ,𝑘 , sending (𝐸, 𝜆𝐸 , 𝛼𝑁 , 𝐸 → 𝐸′) to (𝐸0×𝐸, 𝜆𝐸0 ×

𝜆𝐸 , 𝛼𝑁,0 × 𝛼𝑁 ), and the chain of isogenies

𝐸0 × 𝐸 → 𝐸0/𝐸0 [𝑝]𝑚 × 𝐸 → 𝐸0/𝐸0 [𝑝]𝑚 × 𝐸′→ 𝐸0/𝐸0 [𝑝]𝑚 × 𝐸 → 𝐸0 × 𝐸.

Let 𝐷′2 be the divisor 𝐷2 defined for the case 𝑔 = 1, regarded as a divisor on 𝑌 (𝑁, 𝑝). Then the

GL2(Z/𝑝𝑛 Z)-twists of 𝑌 (𝑁, 𝑝)𝑘 − 𝐷′2 in 𝑆𝐾 𝑝𝐾𝑝 ,𝑘 are all contained in 𝑆𝐾 𝑝𝐾𝑝 ,𝑘,𝑤 and intersect with

all components of 𝑆𝐾 𝑝𝐾𝑝 ,𝑘,𝑤. Let 𝑌1, . . . , 𝑌𝑟 be irreducible components of 𝑌 (𝑁, 𝑝)𝑘 − 𝐷′2. Then

each of 𝑌𝑖 contains a supersingular point, say 𝑃𝑖. By definition, the GL2(Z/𝑝𝑛 Z)-twists of the

image of 𝑃𝑖 are contained in 𝐷−,𝑤 . This proves that the closure of every irreducible component of

𝑆𝐾 𝑝𝐾𝑝 ,𝑘,𝑤, and hence that of 𝑆𝐾 𝑝𝐾𝑝 ,F𝑝 ,𝑤, has nonempty intersection with 𝐷−,𝑤. □
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Theorem 4.1. All three terms of the exact triangle

𝑆∗𝑤 → 𝑀∗𝑤,𝐾𝑙 →
⊕
[𝑔]∈𝐶ord

𝐾,0

𝐵∗𝑤,[𝑔],𝑐
+1−−→

are concentrated at degree 1. In particular, we have the fundamental exact sequence

0→ 𝑆1
𝑤 → 𝑀1

𝑤,𝐾𝑙 →
⊕
[𝑔]∈𝐶ord

𝐾,0

𝐵1
𝑤,[𝑔],𝑐 → 0.

Here 𝑆1
𝑤 is the degree 1 cohomology of the complex 𝑆∗𝑤 and 𝑀1

𝑤,𝐾𝑙 and 𝐵1
𝑤,[𝑔],𝑐 are similarly defined.

Proof. 𝑆∗𝑤 is concentrated at degree 1. By Corollary 4.9 and [BP23, Lemma 2.6.7], each of 𝐵∗
𝑤,[𝑔],𝑐

is also concentrated at degree 1. Therefore, 𝑀∗𝑤,𝐾𝑙 is also concentrated at degree 1. □

We also describe each 𝐵1
𝑤,[𝑔𝑝 ,1],𝑐 in terms of ordinary modular symbols. We represent the

ordinary cusp labels by (𝑔𝑝, 𝑢) ∈ 𝐺 (Ẑ𝑝) × 𝑇 (Z𝑝) and define 𝑅𝑔𝑝 := 𝑅((𝑔𝑝 ,1),𝐾 𝑝𝐺 (Z𝑝)) and Γ𝑔𝑝 :=

Γ((𝑔𝑝 ,1),𝐾 𝑝𝐺 (Z𝑝)) as congruence subgroups of SL2(Z). Then each Γ((𝑔𝑝 ,𝑢),𝐾𝑛) is identified with Γ𝑔𝑝∩

Γ1(𝑝𝑛). Consider the subtori 𝑇1 := {diag(𝑏−1, 𝑏−1, 𝑏, 𝑏)} ⊂ 𝑇 and 𝑇2 := {diag(𝑡𝑎, 1, 𝑎−1, 𝑡)} ⊂ 𝑇 .

They satisfy 𝑇 = 𝑇1 × 𝑇2. Define 𝑇𝑖,𝑤 := Ad𝑤 (𝑇𝑖) for 𝑖 = 1, 2. Then 𝑇1,𝑤 = {diag(𝑏−1, 𝑏, 𝑏, 𝑏−1)},

and 𝑇2,𝑤 := {diag(𝑡𝑎, 𝑡, 𝑎−1, 1)}.

Two representatives (𝑔𝑝, 𝑢1) and (𝑔𝑝, 𝑢2) represents the same cusp of level 𝐾 𝑝𝐾𝑛 if and only

if 𝑢1𝑢
−1
2 (mod 𝑝𝑛) ∈ 𝑇1,𝑤 (Z/𝑝𝑛 Z). Therefore, The formal scheme

𝜋−1
𝑛 (𝔛

∧𝑝
((𝑔𝑝 ,1),𝐾)/Γ((𝑔𝑝 ,1),𝐾))

is naturally identified with copies of 𝔛∧𝑝((𝑔𝑝 ,1),𝐾)/Γ𝑔𝑝 ∩ Γ1(𝑝𝑛) indexed by 𝑇2,𝑤 (Z/𝑝𝑛 Z). Simi-

larly as in [Kit91, Section 5], for every Z𝑝 [[𝑇1,𝑤 (Z𝑝)]]-algebra 𝐴, we denote by 𝑀𝑆ord
𝑔𝑝 (𝐴) the

𝑅𝑔𝑝 [[𝑇1,𝑤 (Z𝑝)]]-adic ordinary modular symbols of tame level Γ𝑔𝑝 , defined as the following coho-
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mology complex

𝑅Hom𝑇1,𝑤 (Z𝑝)

(
1,

(
𝑅 lim←−−

𝑚

lim−−→
𝑛

𝑅Γ𝑐 (𝑋 (Γ𝑔𝑝 ∩ Γ1(𝑝𝑛)), 𝑅𝑔𝑝 )ord ⊗𝐿Z𝑝 Z/𝑝
𝑚 Z)

)
⊗̂Z𝑝𝐴

)
,

which is concentrated at degree 1. In general, the action of Γ𝑔𝑝 on the coefficient 𝑅𝑔𝑝 is not trivial

but factors through a finite quotient. Then we have the following result.

Theorem 4.2.

𝐵1
𝑤,[𝑔𝑝 ,1],𝑐 � 𝑀𝑆

ord
𝑔𝑝 (Z𝑝 [[𝑇1,𝑤 (Z𝑝)]])⊗̂Z𝑝 Z𝑝 [[𝑇2,𝑤 (Z𝑝)]] .

For every Z𝑝 [[𝑇 (Z𝑝)]]-algebra 𝑅, we define 𝑆1
𝑤,𝑅 := 𝑆1

𝑤 ⊗Z𝑝 [[𝑇 (Z𝑝)]] 𝑅, and similarly define

𝑀1
𝑤,𝐾𝑙,𝑅 and 𝐵1

𝑤,[𝑔],𝑐,𝑅. Then we have the short exact sequence

0→ 𝑆1
𝑤,𝑅 → 𝑀1

𝑤,𝐾𝑙,𝑅 →
⊕
[𝑔]∈𝐶ord

𝐾,0

𝐵1
𝑤,[𝑔],𝑐,𝑅 → 0.

We write Φ : 𝑀1
𝑤,𝐾𝑙,𝑅 →

⊕
[𝑔]∈𝐶ord

𝐾,0
𝐵1
𝑤,[𝑔],𝑐,𝑅 for the map taking boundary values. We write

Φ[𝑔] : 𝑀1
𝑤,𝐾𝑙,𝑅 → 𝐵1

𝑤,[𝑔],𝑐,𝑅 for the boundary value map at the cusp labeled by 𝑔.
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Chapter 5: Eisenstein congruence

In this chapter, we prove the main theorem. We review the results on Galois representations

associated with automorphic representations for GSp4. The case for cuspidal representations is

referred to [Wei05]. Using the standard argument in Hida theory, we construct a big Galois rep-

resentation in a Hecke algebra. With a Hida family of modular forms f, we also define a Hecke

eigensystem and a rationally defined Λ-adic nearly ordinary Eisenstein cohomology class 𝐸𝐷 that

satisfies this Hecke eigensystem.

We modify the cocycle construction in [SU14] to obtain lower bounds of the sizes of particular

Selmer groups, which is associated with the primitive multiple of 𝐸𝐷 . Meanwhile, Kato’s Euler

system [Kat04] and Ochiai’s generalization to Hida families [Och05] give upper bounds of sizes of

these Selmer groups in terms of 𝑝-adic 𝐿-functions under certain conditions. If the constant term

of 𝐸𝐷 is large enough, 𝐸𝐷 must be integral, for otherwise, the size of elements in the Selmer group

we can construct exceeds the upper bound. We formulate the main theorem in both the 1-variable

and 2-variable cases.

5.1 Conventions for Galois representations

Let 𝐺𝐹 be the absolute Galois group for every field 𝐹. If 𝐹 is a local field, the reciprocity map

is normalized so that a uniformizer is mapped to the geometric Frobenius. Fix a prime number

𝑝 ≥ 3. We fix an isomorphism C𝑝 � C. 𝜖𝑐𝑦𝑐 : 𝐺Q → Z×𝑝 is defined as the 𝑝-adic cyclotomic

character and 𝜔 : Z×𝑝 → Z×𝑝 is the Teichmuller character, also regarded as a Dirichlet character. Let

Q∞ be the cyclotomic Z𝑝-extension of Q. Denote by ΓQ the Galois group Gal(Q∞/Q). Let 𝐿/Q𝑝

be a finite extension and O𝐿 be its ring of integers. Then we define ΛO𝐿 := O𝐿 [[Γ]]. When 𝐿 is
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given, for every local reduced finite ΛO𝐿 -module 𝐼, we define

X𝐼 ⊂ HomO𝐿 ,𝑐𝑜𝑛𝑡 (𝐼,C𝑝)

as the set of points 𝑃 such that 𝑃 |Γ has the form

𝛾 ↦→ 𝜖𝑃 (𝛾)𝜖𝑐𝑦𝑐 (𝛾)𝑘𝑃

for some finite order character 𝜖𝑃 and integer 𝑘𝑃. We define and 𝜒𝑃 as the Dirichlet character

sending ℓ to 𝜖𝑃 (Frobℓ)−1 for all ℓ ≠ 𝑝.

Let 𝜒 be an idele class character. If 𝜒∞(𝑥) = sgn𝜖 (𝑥)𝑥𝑛 for some 𝜖 ∈ {0, 1} and 𝑛 ∈ Z, we

define 𝜎𝜒 : 𝐺Q → C×𝑝 the 𝑝-adic Galois character determined by 𝜎𝜒 (Frobℓ) = 𝜒ℓ (ℓ) for all prime

numbers ℓ ∤ 𝑝 𝑓𝜒. If 𝜓 is a Dirichlet character of conductor 𝑁 , we associate it with the idele class

character, also denoted by 𝜓, satisfying that 𝜓ℓ (ℓ) = 𝜓(ℓ) for all ℓ ∤ 𝑁 . The corresponding Galois

character 𝜎𝜓 satisfies that 𝜎𝜓 (Frobℓ) = 𝜓(ℓ) for all ℓ ∤ 𝑁 .

We refer the notions of 𝐶-algebraic and 𝐿-algebraic automorphic representations to [BG14].

The 𝑝-adic Galois representation attached to a 𝐿-algebraic representation 𝜋, if exists, is the semi-

simple one for which the characteristic polynomial at Frob𝑒𝑙𝑙 is given by the 𝐿-parameter of 𝜋ℓ for

good places ℓ. We will specify the twist for𝐶-algebraic automorphic representations in GSp4-case.

5.2 Modular forms and Hida families for GL2

Let 𝑓 ∈ 𝑆ord
𝑘 (𝑁𝑝

𝛼, 𝜒) be a normalized primitive ordinary modular form. Denote by 𝜆 𝑓 the

associated Hecke eigensystem. Let 𝐸/Q𝑝 be a finite extension containing Q( 𝑓 ). There is a Galois

representation (𝜌 𝑓 , 𝑉 𝑓 ) where 𝑉 𝑓 is 2-dimensional over 𝐸 and 𝜌 𝑓 : 𝐺Q → GL𝐸 (𝑉 𝑓 ) is a continu-

ous representation such that the characteristic polynomial of

𝐹𝑟𝑜𝑏ℓ for all ℓ ∤ 𝑝𝑁 is 𝑋2 − 𝑎(ℓ, 𝑓 )𝑋 + 𝜒(ℓ)ℓ𝑘−1. There is a 𝐺Q-stable O𝐸 lattice 𝑇 𝑓 ⊂ 𝑉 𝑓 . Let

𝛼 𝑓 be the unramified character on 𝐺Q𝑝 sending Frob𝑝 to 𝑎(𝑝, 𝑓 ). Then there is a 𝐺Q𝑝 -stable line

𝑉+𝑓 ⊂ 𝑉 𝑓 on which 𝐺Q𝑝 acts by 𝛼 𝑓 , and we define 𝑉−𝑓 := 𝑉 𝑓 /𝑉+𝑓 , 𝑇+𝑓 := 𝑉+𝑓 ∩ 𝑇 𝑓 , 𝑇−𝑓 := 𝑇 𝑓 /𝑇+𝑓 . Let

162



𝜙±𝑝 be the characters giving the action of 𝐺Q𝑝 on 𝑉±𝑓 . In particular, 𝜓+𝑝 is 𝛼 𝑓 , and 𝜓−𝑓 is 𝛼−1
𝑓 𝜖

1−𝑘
𝑐𝑦𝑐 .

We consider the following conditions:

1. (irre): The residual representation 𝜌 𝑓 is absolutely irreducible.

2. (dist): 𝜓+𝑝 and 𝜓−𝑝 are distinct mod 𝔪O𝐸 .

Let 𝐾0(𝑁) := {𝑔 ∈ GL2(Ẑ
𝑝) | 𝑔 ≡

©­­«
∗ ∗

0 1

ª®®¬ (mod 𝑁)}. We define 𝜋 𝑓 as the unique automorphic

representation 𝜋 of GL2 with the following properties:

1. 𝜋∞ � 𝐵(1, sgn𝑘 | · |1−𝑘 ).

2. There is an element in 𝜙( 𝑓 ) ∈ 𝜋𝐾0 (𝑁) such that the Fourier expansion of 𝜙( 𝑓 ) at 𝑔 = 1 is the

𝑞-expansion of 𝑓 .

In particular, 𝜋 𝑓 is 𝐿-algebraic and the associated Galois representation is 𝜌 𝑓 .

Let Γ = Gal(Q∞/Q), ΛO𝐿 = O𝐿 [𝜒f] [[Γ]], and 𝐼 be a normal local domain finite flat over ΛO𝐿 .

An 𝐼-adic ordinary family with tame level 𝑁 is an 𝑞-expansion

f =
∞∑
𝑛=1

𝑎(𝑛, f)𝑞𝑛 ∈ 𝐼 [[𝑞]]

such that for all 𝑃 ∈ X𝐼 with 𝑘𝑃 ≥ 2, f𝑃 :=
∑∞
𝑛=1 𝑎(𝑛, f) (𝑃)𝑞𝑛 is in 𝑆ord

𝑘𝑃
(𝑁𝑝𝛼, 𝜒f𝜒𝑃𝜔

−𝑘𝑃 ) where 𝜒f

is an Dirichlet character with value in O𝐿 , independent of 𝑃. The Dirichlet character 𝜒f is called

the Nebentypus of f.

Let f be an 𝐼-adic normalized ordinary Hecke eigenform and 𝜆f be the Hecke eigensystem

defined by f. We assume

• (irre): 𝜌f𝑃 is irreducible for some, and hence for all classical points 𝑃.

Then by the theory of pseudorepresentation, there is a big Galois representation (𝜌f, 𝑇f) with 𝑇f

free module of rank 2 over 𝐼, 𝜌f : 𝐺Q → GL𝐼 (𝑇f) a continuous representation, satisfying that the
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characteristic polynomial of Frobℓ is

𝑋2 − 𝑎(ℓ, f)𝑋 + (𝜎𝜒f𝜖𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩−1)(Frobℓ).

Let 𝛼f be the unramified character on 𝐺Q𝑝 sending Frob𝑝 to 𝑎(𝑝, f). We define 𝑉f := 𝑇f ⊗𝐼 Frac(𝐼),

𝑉+f ⊂ 𝑉f be the 𝛼f-eigenspace, and 𝑉−f := 𝑉f/𝑉+f .

We assume

• (dist): For some, and hence all 𝑃 ∈ X𝐼 with 𝑘𝑃 ≥ 2, f𝑃 verifies (dist).

Then 𝑇+f := 𝑉+f ∩𝑇f is a summand of 𝑇f, free of rank 1 over 𝐼. We define 𝑇−f := 𝑇f/𝑇+f . Let 𝑇 be the

universal ordinary Hecke algebra and 𝑇𝔪 be the local component of f. By [Wil95, Corollary 2], 𝑇𝔪

is Gorenstein.

For every ring 𝑅 with 2−1 ∈ 𝑅 we define Sym𝑛 (𝑅2) as the symmetric quotient of (𝑅2)⊗𝑛

and 𝐿𝑛 (𝑅) ⊂ (𝑅2)⊗𝑛 as the subspace fixed by 𝑆𝑛-action. Then 𝐿𝑛 (𝑅) → Sym𝑛 (𝑅2) and gives

isomorphisms on both highest weight and lowest weight vectors. Let {𝑒1, 𝑒2} be the standard basis

of Z2
𝑝, and Ω±𝑓 be the integrally defined Manin periods. We define 𝜂±𝑓 as the Sym𝑘−2(C2)-valued

differential one form

𝜂±𝑓 (𝑧) =
𝑓 (𝑧) (𝑧𝑒1 + 𝑒2)𝑘−2𝑑𝑧 ∓ 𝑓 (−𝑧) (𝑧𝑒1 + 𝑒2)𝑘−2𝑑𝑧

Ω±𝑓
.

These are naturally identified with closed cocycles in

𝐶1(𝔰𝔩2, SO(2,R), 𝜋 𝑓 | · |𝑠 ⊗ Sym𝑘−2(C2)),

defining cohomology class Ξ±𝑓 := [𝜂±𝑓 ] which are integral basis. As modular symbols, 𝜂±𝑓 are used

to define the 1-variable 𝑝-adic 𝐿-function 𝐿𝑝 ( 𝑓 , 𝜓) ∈ ΛO𝐿 [𝜓] for Dirichlet characters 𝜓 such that

𝐿𝑝 ( 𝑓 , 𝜓) (𝑄) interpolates critical values 𝐿 ( 𝑓 , 𝜓−1𝜒−1
𝑄 𝜔

𝑘𝑄 , 𝑘𝑄 + 1) for 𝑄 ∈ XΛO𝐿 with 0 ≤ 𝑘𝑄 ≤

𝑘 − 2.

Suppose f is a Hida family verifying (irre) and (dist). In [Kit91], Kitagawa introduce the no-
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tion of 𝐴-adic ordinary modular symbols 𝑀𝑆ord(𝐴) for all Λ-algebra 𝐴. Here the tame level is

Γ1(𝑁). Since 𝑇𝔪 is Gorenstein, the (𝜆f,±)-eigenspaces 𝑀𝑆ord(𝑇𝔪)± [𝜆f] are both free of rank 1

over 𝑇𝔪. Let Ξf,𝑇𝔪 be a choice of base of respective spaces and Ξf be their image in 𝑀𝑆ord(𝐼)± [𝜆f],

respectively. Then Ξ±f (𝑃) and Ξ±f𝑃 differ from 𝑝-adic units for all 𝑃 ∈ X𝐼 with 𝑘𝑃 ≥ 2. The Mazur-

Kitagawa 2-variable 𝑝-adic 𝐿-functions 𝐿𝑝 (f, 𝜓) ∈ 𝐼 [𝜓] [[Γ]] for f and a Dirichlet character 𝜓 is

constructed in [Kit91, Section 6] in the similar way to the construction of the 1-variable 𝑝-adic 𝐿-

function of modular forms, such that 𝐿𝑝 (f, 𝜓)(𝑃,𝑄) interpolates the critical value 𝐿 (f𝑃, 𝜓−1𝜒−1
𝑄 𝜔

𝑘𝑄 , 𝑘𝑄+

1) for (𝑃,𝑄) ∈ X𝐼 × XΛO𝐿 with 0 ≤ 𝑘𝑄 ≤ 𝑘𝑃 − 2. By construction, 𝐿𝑝 (f, 𝜓)(𝑃, ·) is a 𝑝-adic unit

multiple of 𝐿𝑝 (f𝑃, 𝜓).

Let Σ be a finite set of prime numbers containing 𝑝. We define

𝐿Σ𝑝 (f, 𝜓), 𝐿Σ𝑝 ( 𝑓 , 𝜓)

as the imprimitive 𝑝-adic 𝐿-functions obtained by eliminating Euler factors at all primes ℓ ∈

Σ − {𝑝}.

5.3 Galois representations associated with automorphic representations of GSp4

We recall the definitions of group theoretic data of GSp4.

GSp4 = {𝑔 ∈ GL4 | 𝑔𝑡𝐽𝑔 = 𝜈(𝑔)𝐽 ∈ G𝑚}

and 𝜈 : GSp4 → G𝑚 is the similitude character. Let 𝐺 = GSp4 and 𝑇 ⊂ 𝐺 be the diagonal torus.

The weight lattice is given by 𝑋 (𝑇) � {(𝑘1, 𝑘2, 𝑘𝑐) ∈ Z3 | 𝑘 ≡ 𝑘1 + 𝑘2 (mod 2)}. The weight

𝜅 = (𝑘1, 𝑘2, 𝑘𝑐) is determined by the condition

𝜅 diag(𝑎𝑐, 𝑏𝑐, 𝑎−1𝑐, 𝑏−1𝑐) = 𝑎𝑘1𝑏𝑘2𝑐𝑘𝑐 .
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Let {𝑘1 ≥ 𝑘2 ≥ 0} be the dominant chamber. The simple roots are 𝛼 = (0, 2, 0) and 𝛽 = (1,−1, 0).

The set of positive roots is Φ+ = {𝛼, 𝛽, 𝛼 + 𝛽, 𝛼 + 2𝛽}. With the standard inner product of R3, we

identify 𝑋∨ ⊂ R3 as the lattice 𝑋∨ = {(𝑘1, 𝑘2, 𝑘) | 𝑘1, 𝑘2, 𝑘 ∈ 1/2Z, 𝑘𝑖 + 𝑘 ∈ Z}. The dual of

simple roots are 𝛼∨ = (0, 1, 0) and 𝛽∨ = 𝛽 = (1,−1, 0).

GSp4 is self-dual. We fix the isomorphism 𝜙 ∈ Aut(Ψ(𝐺,𝑇)) by sending 𝛼 to 𝛽∨, 𝛽 to 𝛼∨ and

(−1, 0, 1) to (−1/2,−1/2, 1/2). The isomorphism is also self-dual.

There are two standard maximal parabolic subgroups 𝑃𝛼, 𝑃𝛽 with Levi decompositions 𝑃𝛼 =

𝑀𝛼𝑁𝛼, 𝑃𝛽 = 𝑀𝛽𝑁𝛽. The first one is the Klingen parabolic group 𝑃𝐾𝑙 and the second one is the

Siegel parabolic group 𝑃𝑆. The Levi subgroups 𝑀𝛼, 𝑀𝛽 are both isomorphic to GL2 ×GL1 via the

following isomorphisms:

𝜄𝛼 (𝑔, 𝑡) :=

©­­­­­­­­«

𝑡−1 det(𝑔)

𝑎 𝑏

𝑡

𝑐 𝑑

ª®®®®®®®®¬
, 𝜄𝛽 (𝑔, 𝑡) :=

©­­«
𝑔

𝑡𝑡𝑔−1

ª®®¬ .

These maps induce isomorphisms 𝑀∨𝛼 , 𝑀
∨
𝛽 � GL∨2 ×GL∨1 and we also identify the latter with

GL2 ×GL1 in the canonical way. The maps 𝜙𝛼, 𝜙𝛽 ∈ Aut(GL2 ×GL1), 𝜙𝛼 (𝑔, 𝑡) := (𝑔, det(𝑔)𝑡),

𝜙𝛽 (𝑔, 𝑡) := (𝑡𝑔, 𝑡) fit into the following commutative diagrams [Mun20, (4.1.3), (4.1.5)]:

GL∨2 ×GL∨1 𝑀∨𝛽 GSp∨4

GL2 ×GL1 GL2 ×GL1 𝑀𝛼 GSp4
𝜙𝛽 𝜄𝛼

,

GL∨2 ×GL∨1 𝑀∨𝛼 GSp∨4

GL2 ×GL1 GL2 ×GL1 𝑀𝛽 GSp4
𝜙𝛼 𝜄𝛽

.
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Then we compute the compositions

𝜄𝛼 ◦ 𝜙𝛽 (𝑔, 𝑡) =

©­­­­­­­­«

𝑡 det(𝑔)

𝑡𝑎 𝑡𝑏

𝑡

𝑡𝑐 𝑡𝑑

ª®®®®®®®®¬
, 𝜄𝛽 ◦ 𝜙𝛼 (𝑔, 𝑡) =

©­­«
𝑔

𝑡 det(𝑔)𝑇𝑔−1

ª®®¬ .

With the duality, we interpret a representation of GSp∨4 in terms of that of GSp4, and for automor-

phic representations on 𝑀𝛽 the study on the Galois side is related to 𝑀𝛼.

Let diag(𝛼, 𝛽, 𝛾, 𝛿) ∈ 𝑇 (C) and 𝑢 ∈ 𝑇∨(C) be the element with image diag(𝛼, 𝛽, 𝛾, 𝛿) in

GSp4(C). As an unramified character for finite places, 𝑢 is explicitly given by

𝑢 diag(𝑎, 𝑏, 𝑎−1𝑡, 𝑏−1𝑡) = 𝛼𝑣(𝑎)+𝑣(𝑏)𝛽−𝑣(𝑏)𝛿−𝑣(𝑎)𝛾𝑣(𝑡) .

Let ℓ be a prime number and 𝑅ℓ, 𝑇ℓ, and 𝑆ℓ be the spherical Hecke operator defined by diag(1, 1, ℓ, ℓ),

diag(1, ℓ, ℓ2, ℓ), and ℓ𝐼4 in GSp4(Qℓ), respectively. Let 𝜆𝑢 be the associated character of the spher-

ical Hecke algebra. Then 𝜆𝑢 sends 𝑅ℓ, 𝑇ℓ, and 𝑆ℓ to ℓ2(𝛼𝛽+𝛼𝛿+𝛽𝛾+𝛾𝛿+𝛼𝛾)−𝛼𝛾, ℓ3/2(𝛼+𝛽+𝛿+𝛾),

and 𝛼𝛾, respectively. The Hecke polynomial for the spin representation is defined as

𝑄ℓ (𝑋) := 𝑋4 − 𝑇ℓ𝑋3 + ℓ(𝑅ℓ + (𝑝2 + 1)𝑆ℓ) − ℓ3𝑇ℓ𝑆ℓ + ℓ6𝑆2
ℓ .

The set of roots of 𝜆𝑢 (𝑄ℓ (𝑋)) is {ℓ3/2𝛼, ℓ3/2𝛽, ℓ3/2𝛿, ℓ3/2𝛾}.

Let 𝐸/Q𝑝 be a finite extension, 𝜋 be a 𝐿-algebraic automorphic representation of GL2 with

associated Galois representation 𝜌 : 𝐺Q → GL2(𝐸), 𝜒 : 𝐺Q → O×𝐸 be a finite order character,

also regarded as an automorphic character. Let 𝑟 be an integer. Then the induced representations

Ind𝐺𝑃𝑆 (𝜋 ⊠ 𝜒 | · |
𝑟+3/2), Ind𝐺𝑃𝐾 (𝜋 | · |

3/2 ⊠ 𝜒 | · |𝑟)

are 𝐶-algebraic, and we compute their associated Galois representations. Let ℓ ≠ 𝑝 be a good
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prime for both 𝜋 and 𝜒 and diag(𝛼ℓ, 𝛽ℓ) ∈ GL2 � GL∨2 be the 𝐿-parameter associated to 𝜋ℓ. Then

the 𝐿-parameter associated to Ind𝐺𝑃𝑆 (𝜋 ⊠ 𝜒 | · |
𝑟+3/2) in GSp4(C) is

𝜒ℓ (ℓ)ℓ−𝑟−3/2 diag(𝛼ℓ𝛽ℓ, 𝛼ℓ, 1, 𝛽ℓ),

and the 𝐿-parameter associated to Ind𝐺𝑃𝐾 (𝜋 | · |
3/2 ⊠ 𝜒 | · |𝑟) in GSp4(C) is

ℓ−3/2 diag(𝛼ℓ, 𝛽ℓ, 𝜒ℓ (ℓ)ℓ−𝑟𝛽ℓ, 𝜒ℓℓ−𝑟𝛼ℓ).

The associated Galois representations are 𝜒𝜖𝑟𝑐𝑦𝑐 (𝜌 ⊕ 1 ⊕ det(𝜌)) and 𝜌 ⊕ 𝜒𝜖𝑟𝑐𝑦𝑐𝜌, respectively.

Let 𝜋 = 𝜋∞ ⊗ 𝜋 𝑓 be an unitary cuspidal automorphic representation of GSp4(AQ). Let 𝑆 be

a finite set of places containing the infinite place and bad places. Suppose that 𝜋∞ belongs to

discrete series of weight (𝑘1, 𝑘2) and we define 𝑤 = 𝑘1 + 𝑘2 − 3. The existence for 4-dimensional

representation associated to 𝜋 (more precisely, a 𝐶-algebraic twist) is given in [Wei05, Theorem

I]: There is a number field 𝐸 such that for all ℓ ∉ 𝑆, the local 𝐿-factor

𝐿ℓ (ℓ−𝑠) := 𝐿ℓ (𝜋ℓ, 𝑠 − 𝑤/2),

the spin 𝐿-series, has 𝐿ℓ (𝑋)−1 ∈ 𝐸 [𝑋], and for every prime number 𝑝 and 𝜆 an extension of 𝑝 in

𝐸 , there is a semi-simple continuous Galois representation

𝜌𝜋,𝜆 : Gal(Q/Q) → GL4(𝐸𝜆),

unramified outside 𝑆 ∪ {𝑝}, such that

𝐿ℓ (ℓ−𝑠) = det(1 − 𝜌𝜋,𝜆 (Frobℓ)ℓ−𝑠)−1

for all 𝑝 ∉ 𝑆 ∪ {ℓ}.

We may take 𝐸 large enough such that the Galois representation is defined over 𝐸𝜆. The
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representation 𝜌𝜋,𝜆 can be an irreducible representation, be a direct sum of two irreducible repre-

sentations, or contain a 1-dimensional. [Wei05, Theorem II] says the last case implies 𝜋 is a CAP

representation. When (𝑘1, 𝑘2) is sufficiently regular, 𝜋 is not a CAP representation.

By Taylor’s computation in [Tay93] that is based on Vogan-Zuckerman theorem [VZ84], a

cohomological cuspidal automorphic representation 𝜋 = 𝜋∞ ⊗ 𝜋 𝑓 contained in 𝐻3
! (𝑆𝐾 ,LΛ) for

regular Λ has 𝜋∞ being a discrete series. Therefore, for every Hecke eigensystem associated with

such cuspidal automorphic representation, we have a semi-simple Galois representation with the

expected characteristic polynomial.

We will consider Hecke Eigensystems appearing in𝐻1(𝑋, 𝜔𝜅 (−𝐷))ord, where 𝑋 = 𝑆tor
𝐾 𝑝𝐾𝑝,1,𝑛,C𝑝

.

Consider the diagram

0 𝜔𝜅 (−𝐷) 𝜔𝜅 (−𝐷𝐾) 𝜔𝜅 |𝐷𝑆 (−𝐷𝐾 ∩ 𝐷𝑆) 0

0 𝜔𝜅 (−𝐷𝑆) 𝜔𝜅 𝜔𝜅 |𝐷𝑆 0

and apply cohomology functors. The theory of ordinary cohomology of automorphic local sys-

tems for GL2 gives that 𝐻0(𝐷𝑆, 𝜔
𝜅 |𝐷𝑆 (−𝐷𝐾 ∩ 𝐷𝑆))ord = 0, so the map 𝐻1(𝑋, 𝜔𝜅 (−𝐷))ord →

𝐻1(𝑋, 𝜔𝜅)ord has kernel contained in ker(𝐻1(𝑋, 𝜔𝜅 (−𝐷𝐾)) → 𝐻1(𝑋, 𝜔𝜅)), which is a quotient of

𝐻0(𝑋, 𝜔𝜅 |𝐷𝐾 ). Then any Hecke eigensystem 𝜆 in 𝐻1(𝑋, 𝜔𝜅 (−𝐷))ord appears in either 𝐻3
! (𝑀,LΛ)

or parabolic inductions from the Klingen parabolic group. Here Λ satisfies 𝜅 = 𝑤 · Λ for some 𝑤.

Therefore, there is a semi-simple 4-dimensional Galois representation 𝜌𝜆 attached to 𝜆. When

𝜅 is sufficiently regular, 𝜌𝜋 is an irreducible representation, a direct sum of two 2-dimensional

irreducible representations, or a direct sum of four Galois characters.

Moreover, we also consider the short exact sequence

0→ 𝜔𝜅 (−𝐷𝐾) → 𝜔𝜅 → 𝜔𝜅 |𝐷𝐾 → 0
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and obtain the exact sequence

𝐻0(𝐷𝐾 , 𝜔
𝜅) → 𝐻1(𝑋, 𝜔𝜅 (−𝐷𝐾)) → 𝐻1(𝑋, 𝜔𝜅) → 𝐻1(𝐷𝐾 , 𝜔

𝜅).

Since the Hecke eigensystem of the cuspidal Siegel Eisenstein series does not appear in induced

representations from the Klingen parabolic subgroup, for the associated Galois representation is

a direct sum of two Galois characters and a 2-dimensional irreducible representation, there is a

unique element in 𝐻1(𝑋, 𝜔𝜅 (−𝐷𝐾)) characterized by satisfying the same Hecke eigensystem and

the value in 𝐻1(𝑋, 𝜔𝜅) is the Eisenstein class. We still call the element in 𝐻1(𝑋, 𝜔𝜅 (−𝐷𝐾)) the

Eisenstein class.

5.4 Eisenstein data and associated Λ𝐷-adic Galois representations

Let (𝑘1, 𝑘2, 𝑘𝑐) be an dominant weight of GSp4 and 𝜅 = (𝑘2 − 1,−(𝑘1 + 3); 𝑘𝑐). Let 𝑃 = 𝑃𝑆 be

the Siegel parabolic subgroup. Let 𝜎⊠𝜒 | · |𝑟 be a cuspidal representation of GL2 ×GL1 � 𝑀 where

𝜒 is a Dirichlet character, 𝜎∞ � 𝐷±𝜇 (𝑘) is a discrete series with 𝑘 = 𝑘1 + 𝑘2 + 4, 𝜇 = 𝑘1 − 𝑘2 + 1,

and 𝜇 + 2𝑟 = −𝑘𝑐. Then 𝜋 := Ind𝐺𝑃 (𝜎 ⊠ 𝜒 | · |𝑟) contributes to 𝐻1(𝑆ℎ𝐾 ,V𝜅). Let 𝑓 be the

holomorphic newform contained in 𝜎 and 𝜌 𝑓 be the Galois representation associated with 𝑓 . The

Galois representation associated to the induced representation Ind𝐺𝑃 (𝜎 ⊠ 𝜒 | · |𝑟) is

𝜒𝜖 (−𝑘𝑐+𝑘1+𝑘2)/2
𝑐𝑦𝑐 ⊗

(
det(𝜌 𝑓 ) ⊗ 𝜖 𝑘1+2

𝑐𝑦𝑐 ⊕ 𝜖
−(𝑘1+2)
𝑐𝑦𝑐 ⊕ 𝜌 𝑓

)
.

It is ordinary if and only if 𝜌 𝑓 is ordinary, and in this case, det(𝜌 𝑓 ) ⊗ 𝜖 𝑘1+2
𝑐𝑦𝑐 ⊕ 𝜖−(𝑘1+2)

𝑐𝑦𝑐 ⊕ 𝜌 𝑓 has

distinct Hodge-Tate weights {0, 𝑘2 + 1, 𝑘1 + 2, 𝑘1 + 𝑘2 + 3}. In the family we construct later, 𝑟 will

be 𝑘2 − 𝑘1 − 1/2, so 𝑘𝑐 = 𝑘1 − 𝑘2.

Suppose 𝑓 has an ordinary 𝑝-stabilization. Then 𝜋 = Ind𝐺𝑃 (𝜎 ⊠ 𝜒 | · |𝑟) is nearly ordinary. In

this case, 𝜎𝑝 � 𝐵(𝜉1 | · |𝑘1+2, 𝜉2 | · |−(𝑘2+1)) where 𝜉1, 𝜉2 are unitary characters of 𝑇 (Q𝑝). Therefore,
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𝜋𝑝 is isomorphic to the induced representation Ind𝐺 (Q𝑝)
𝐵(Q𝑝)

(𝝃) where 𝝃 is the character

𝝃 : diag(𝑎, 𝑏, 𝑎−1𝑡, 𝑏−1𝑡) ↦→ (𝜉1 | · |𝑘1+2) (𝑎) (𝜉2 | · |−(𝑘2+1))(𝑏) (𝜒𝑝 | · |𝑟)(𝑡).

The weight diag(𝑎, 𝑏, 𝑎−1𝑡, 𝑏−1𝑡) ↦→ 𝑎𝑘1+2𝑏−(𝑘2+1)𝑡𝑟 is not dominant. Let 𝑤 = 𝑤𝛼. Then

𝑤−1𝝃 : diag(𝑎, 𝑏, 𝑎−1𝑡, 𝑏−1𝑡) ↦→ (𝜉1 | · |𝑘1+2) (𝑎) (𝜉−1
2 | · |𝑘2+1) (𝑏)(𝜒𝑝𝜉2 | · |𝑟−𝑘2−1) (𝑡)

and the weight diag(𝑎, 𝑏, 𝑎−1𝑡, 𝑏−1𝑡) ↦→ 𝑎𝑘1+2𝑏𝑘2+1𝑡𝑟−𝑘2−1 is dominant.

Let (𝜆ord
𝜋𝑝 )
′ be the character given by the nearly ordinary vector of 𝜋𝑝 on 𝑇+(Q𝑝) with respect

to the unnormalized Hecke action. By [Hid04, Theorem 5.3], it is given by

(𝜆ord
𝜋𝑝 )
′ = 𝛿1/2

𝐵 𝛿−1
𝐵 𝑤

−1𝝃 = 𝛿−1/2
𝐵 𝑤−1𝝃 .

Here the factors 𝛿1/2
𝐵 , 𝛿−1

𝐵 are contributed by the normalization of induced representations and the

number of cosets in defining double coset operators, respectively.

Apply the character on diag(𝑎, 𝑏, 𝑎−1𝑡, 𝑏−1𝑡) and we get

(𝜆ord
𝜋𝑝 )
′(diag(𝑎, 𝑏, 𝑎−1𝑡, 𝑏−1𝑡)) = (𝛿−1/2

𝐵 𝑤−1𝝃) (diag(𝑎, 𝑏, 𝑎−1𝑡, 𝑏−1𝑡))

=|𝑎 |−2 |𝑏 |−1 |𝑡 |3/2(𝜉1 | · |𝑘1+2) (𝑎)(𝜉−1
2 | · |𝑘2+1) (𝑏) (𝜒𝑝𝜉2 | · |𝑟−𝑘2−1)(𝑡)

=(𝜉1 | · |𝑘1)(𝑎) (𝜉−1
2 | · |𝑘2)(𝑏) (𝜒𝑝𝜉2 | · |𝑟−𝑘2+1/2) (𝑡).

We parametrize 𝑇 by diag(𝑡𝑎−1𝑏−1, 𝑏−1, 𝑎𝑏, 𝑏𝑡) instead. The character above is given by

(𝜆ord
𝜋𝑝 )
′(diag(𝑡𝑎−1𝑏−1, 𝑏−1, 𝑎𝑏, 𝑏𝑡))

=(𝜉−1
1 | · |−𝑘1) (𝑎) (𝜉−1

1 𝜉2 | · |−(𝑘1+𝑘2)) (𝑏) (𝜒𝑝𝜉1𝜉2 | · |𝑟+𝑘1−𝑘2+1/2) (𝑡).

Let f be an 𝐼-adic ordinary Hida family. Consider pairs (𝑃,𝑄) ∈ X𝐼 × XΛO𝐿 with 𝑘𝑃 = 𝑘1 + 𝑘2 + 4
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and 𝑘𝑄 = 𝑘1 + 2. Then the condition 𝑘1 − 3 ≥ 𝑘2 ≥ 0 is equivalent to 𝑘𝑄 − 3 ≥ 𝑘𝑃 − 𝑘𝑄 ≥ 2. We

define a 2-variable family of automorphic representations of GL2 ×GL1:

𝜋(f,𝜒) (𝑃,𝑄) :=𝜋f𝑃 𝜒
−1𝜒−1

𝑄 𝜔
𝑘𝑄 | · |𝑘𝑄 ⊠ (𝜒f𝜒𝑃𝜔

−𝑘𝑃 | · |−𝑘𝑃 )−1(𝜒𝜒𝑄𝜔−𝑘𝑄 | · |−𝑘𝑄 )2 | · |−1/2

=𝜋f𝑃 𝜒
−1𝜒−1

𝑄 𝜔
𝑘𝑄 | · |𝑘𝑄 ⊠ 𝜒−1

f 𝜒2𝜒−1
𝑃 𝜒2

𝑄𝜔
𝑘𝑃−2𝑘𝑄 | · |𝑘𝑃−2𝑘𝑄−1/2.

Then Ind𝐺𝑃 (𝜋(f,𝜒) (𝑃,𝑄)) is 𝐶-algebraic, with associated Galois representation

𝜌(f, 𝜒)(𝑃,𝑄) =(𝜎𝜒−1
f 𝜒𝜎𝜒−1

𝑃 𝜒𝑄
𝜎
𝑘𝑃−𝑘𝑄
𝜔 𝜖

𝑘𝑃−𝑘𝑄−2
𝑐𝑦𝑐 )𝜎𝜒𝜎𝜒𝑄𝜎

−𝑘𝑄
𝜔(

𝜌f(𝑃) ⊗ 𝜎−1
𝜒 𝜎

−1
𝜒𝑄𝜎

𝑘𝑄
𝜔 ⊕ 𝜖

−𝑘𝑄
𝑐𝑦𝑐 ⊕ det(𝜌f(𝑃)) ⊗ (𝜎−1

𝜒 𝜎
−1
𝜒𝑄𝜎

𝑘𝑄
𝜔 )2𝜖

𝑘𝑄
𝑐𝑦𝑐

)
=(𝜎𝜒−1

f 𝜒𝜎𝜒−1
𝑃 𝜒𝑄

𝜎
𝑘𝑃−𝑘𝑄
𝜔 𝜖

𝑘𝑃−𝑘𝑄−2
𝑐𝑦𝑐 )(

𝜌f(𝑃) ⊕ det(𝜌f(𝑃))𝜎−1
𝜒 𝜎

−1
𝜒𝑄𝜎

𝑘𝑄
𝜔 𝜖

𝑘𝑄
𝑐𝑦𝑐 ⊕ 𝜎𝜒𝜎𝜒𝑄𝜎

−𝑘𝑄
𝜔 𝜖

−𝑘𝑄
𝑐𝑦𝑐

)
.

Denote by 𝜙(𝑃,𝑄) the Galois character 𝜎𝜒−1
f 𝜒𝜎𝜒−1

𝑃 𝜒𝑄
𝜎
𝑘𝑃−𝑘𝑄
𝜔 𝜖

𝑘𝑃−𝑘𝑄−2
𝑐𝑦𝑐 . Since 𝜎𝜔𝜖𝑐𝑦𝑐 = ⟨𝜖𝑐𝑦𝑐⟩, we

get

𝜙(𝑃,𝑄) = 𝜎−1
𝜒f
𝜎𝜒𝜖

−2
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩(𝑃)⟨𝜖𝑐𝑦𝑐⟩−1(𝑄).

𝜌(f, 𝜒)(𝑃,𝑄) =𝜙(𝑃,𝑄)
(
𝜌f(𝑃) ⊕ det(𝜌f(𝑃))𝜎−1

𝜒 ⟨𝜖𝑐𝑦𝑐⟩(𝑄) ⊕ 𝜎𝜒⟨𝜖𝑐𝑦𝑐⟩−1(𝑄)
)

=𝜙(𝑃,𝑄)
(
𝜌f(𝑃) ⊕ 𝜎𝜒f𝜎

−1
𝜒 𝜖𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩−1(𝑃)⟨𝜖𝑐𝑦𝑐⟩(𝑄) ⊕ 𝜎𝜒⟨𝜖𝑐𝑦𝑐⟩−1(𝑄)

)
.

Definition 5.1. We define Λ(𝑃,𝑄) = (𝑘𝑄 − 2, 𝑘𝑃 − 𝑘𝑄 − 2, 2𝑘𝑄 − 𝑘𝑃), and 𝜅(𝑃,𝑄) = (𝑘𝑃 − 𝑘𝑄 −

3,−(𝑘𝑄 +1), 2𝑘𝑄− 𝑘𝑃). The relation between them is that 𝜅(𝑃,𝑄) = 𝑤𝛼𝛽 ·Λ(𝑃,𝑄). We also define

𝜈(𝑃,𝑄) := −𝑤−1
𝛼 𝑤0,𝑀 (𝜅(𝑃,𝑄) + 𝜌) − 𝜌 = −𝑤0Λ(𝑃,𝑄).
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We define 𝜒𝐷 as the 2-variable family of finite order characters on 𝑇 (Z𝑝) given by

𝜒𝐷 (𝑃,𝑄) (diag(𝑡𝑎−1𝑏−1, 𝑏−1, 𝑎𝑏, 𝑏𝑡)) = (𝜒𝑝𝜒𝑄,𝑝𝜔−𝑘𝑄𝑝 )(𝑎)(𝜒f,𝑝𝜒𝑃,𝑝𝜔
−𝑘𝑃
𝑝 )(𝑏).

Proposition 5.1. Ind𝐺𝑃 (𝜋(f,𝜒) (𝑃,𝑄)) is nearly ordinary and 𝑇 (Z𝑝) acts on the nearly ordinary vec-

tor via the character 𝜒𝐷 (𝑃,𝑄). In particular, Eisenstein classes from the induced representation

Ind𝐺𝑃 (𝜋(f,𝜒) (𝑃,𝑄)) appear in 𝐻1(𝑆ℎtor
𝐾,C, 𝜔

𝜅(𝑃,𝑄)
J (𝜒𝐷 (𝑃,𝑄))) for J = ∅ and {𝑃𝐾𝑙} for sufficiently

regular specializations.

Proof. Let 𝛼𝑝 be the unramified character on Q×𝑝 with 𝛼𝑝 (𝑝) = 𝑎(𝑝, f). Then

𝜋f𝑃 ,𝑝 � 𝐵(𝛼𝑝 (𝑃), 𝛼𝑝 (𝑃)−1𝜒f,𝑝𝜒𝑃,𝑝𝜔
−𝑘𝑃
𝑝 | · |−𝑘𝑃+1).

Then

𝜋f𝑃 ,𝑝𝜒
−1
𝑝 𝜒

−1
𝑄,𝑝𝜔

𝑘𝑄
𝑝 | · |𝑘𝑄

�𝐵(𝛼𝑝 (𝑃)𝜒−1
𝑝 𝜒

−1
𝑄,𝑝𝜔

𝑘𝑄
𝑝 | · |𝑘𝑄 , 𝛼𝑝 (𝑃)−1𝜒−1

𝑝 𝜒f,𝑝𝜒𝑃,𝑝𝜒
−1
𝑄,𝑝𝜔

−𝑘𝑃+𝑘𝑄
𝑝 | · |−𝑘𝑃+𝑘𝑄+1).

Therefore, 𝑇+(Q𝑝)-acts on the nearly ordinary vector in Ind𝐺𝑃 (𝜋(f,𝜒) (𝑃,𝑄)) by the character

diag(𝑡𝑎−1𝑏−1, 𝑏−1, 𝑎𝑏, 𝑏𝑡) ↦→(𝛼−1
𝑝 (𝑃)𝜒𝑝𝜒𝑄,𝑝𝜔

−𝑘𝑄
𝑝 | · |−𝑘𝑄+2)(𝑎)

×(𝛼−2
𝑝 (𝑃)𝜒f,𝑝𝜒𝑃,𝑝𝜔

−𝑘𝑃
𝑝 | · |−𝑘𝑃+4)(𝑏).

and then the element diag(𝑡𝑎−1𝑏−1, 𝑏−1, 𝑎𝑏, 𝑏𝑡) ∈ 𝑇 (Z𝑝) acts by

(𝜒𝑝𝜒𝑄,𝑝𝜔−𝑘𝑄𝑝 )(𝑎) (𝜒f,𝑝𝜒𝑃,𝑝𝜔
−𝑘𝑃
𝑝 ) (𝑏) = 𝜒𝐷 (𝑃,𝑄)(diag(𝑡𝑎−1𝑏−1, 𝑏−1, 𝑎𝑏, 𝑏𝑡)).

□

Proposition 5.2. Let 𝜆ord
𝜋𝑝 be the normalized Hecke character of 𝑇+(Q𝑝) on the nearly ordinary
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vector of Ind𝐺𝑃 (𝜋(f,𝜒) (𝑃,𝑄)). Then

𝜆ord
𝜋𝑝 (diag(𝑡𝑎−1𝑏−1, 𝑏−1, 𝑎𝑏, 𝑏𝑡)) =(𝑎𝑏2/𝑝𝑣𝑝 (𝑎𝑏2))2𝜒𝑝 (𝑎𝑏−1)𝜒f,𝑝 (𝑏)

×𝑄−1(⟨𝑎/𝑝𝑣(𝑎)⟩)𝑃−1(⟨𝑏/𝑝𝑣(𝑏)⟩)𝑎(𝑝, f𝑃)𝑣𝑝 (𝑎
−1𝑏−2) .

In particular, 𝜆ord
𝜋𝑝 |𝑇 (Z𝑝) = 𝜒𝐷 (𝑃,𝑄)𝜈(𝑃,𝑄) is given by

𝜒𝐷 (𝑃,𝑄)𝜈(𝑃,𝑄) (diag(𝑡𝑎−1𝑏−1, 𝑏−1, 𝑎𝑏, 𝑏𝑡)) = 𝑎2𝑏4𝜒𝑝 (𝑎)𝜒f,𝑝 (𝑏)𝑄−1(⟨𝑎⟩)𝑃−1(⟨𝑏⟩).

Proof. The unnormalized Hecke eigenvalue is

diag(𝑡𝑎−1𝑏−1, 𝑏−1, 𝑎𝑏, 𝑏𝑡) ↦→(𝛼−1
𝑝 (𝑃)𝜒𝑝𝜒𝑄,𝑝𝜔

−𝑘𝑄
𝑝 | · |−𝑘𝑄+2)(𝑎)

×(𝛼−2
𝑝 (𝑃)𝜒f,𝑝𝜒𝑃,𝑝𝜔

−𝑘𝑃
𝑝 | · |−𝑘𝑃+4)(𝑏).

The weight 𝑤0Λ(𝑃,𝑄) is (−(𝑘𝑄 − 2),−(𝑘𝑃 − 𝑘𝑄 − 2), 2𝑘𝑄 − 𝑘𝑃). The normalization factor is

⟨𝜈(𝑃,𝑄), diag(𝑡𝑎−1𝑏−1, 𝑏−1, 𝑎𝑏, 𝑏𝑡)⟩ =⟨−𝑤0Λ(𝑃,𝑄), diag(𝑡𝑎−1𝑏−1, 𝑏−1, 𝑎𝑏, 𝑏𝑡)⟩

=𝑎−𝑘𝑄+2𝑏−𝑘𝑃+4.

By definition, for every prime number ℓ ≠ 𝑝, 𝜔𝑝 (ℓ) = 𝜔−1(ℓ) and 𝜒𝑄,𝑝 (ℓ) = 𝜒𝑄 (ℓ)−1 =

𝜖𝑄 (Frobℓ) = 𝜖𝑄 (ℓ−1). Therefore, for every 𝑎 ∈ Z×𝑝 ,

(𝜒𝑄,𝑝𝜔−𝑘𝑄𝑝 )(𝑎)𝑎−𝑘𝑄 = 𝜖𝑄 (𝑎)−1𝜔(𝑎)𝑘𝑄𝑎−𝑘𝑄 = 𝑄−1(⟨𝑎⟩).

Since the conductor of 𝜒𝑄𝜔−𝑘𝑄 is a power of 𝑝, for every 𝑎 ∈ Q×𝑝 ,

(𝜒𝑄,𝑝𝜔−𝑘𝑄𝑝 | · |−𝑘𝑄 )(𝑎)𝑎−𝑘𝑄 = 𝑄−1(⟨𝑎/𝑝𝑣𝑝 (𝑎)⟩).
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Similarly, for every 𝑏 ∈ Q×𝑝 ,

(𝜒𝑃,𝑝𝜔−𝑘𝑃𝑝 | · |−𝑘𝑃 )(𝑏)𝑏−𝑘𝑃 = 𝑃−1(⟨𝑏/𝑝𝑣𝑝 (𝑏)⟩).

Therefore, the normalized Hecke eigenvalue is

diag(𝑡𝑎−1𝑏−1, 𝑏−1, 𝑎𝑏, 𝑏𝑡) ↦→𝜒𝑝 (𝑎)𝜒f,𝑝 (𝑏) (𝑎𝑏2/𝑝𝑣𝑝 (𝑎𝑏2))2𝑎(𝑝, f𝑃)𝑣𝑝 (𝑎
−1𝑏−2)

×(𝜒𝑄,𝑝𝜔−𝑘𝑄𝑝 | · |−𝑘𝑄 ) (𝑎)𝑎−𝑘𝑄 (𝜒𝑃,𝑝𝜔−𝑘𝑃𝑝 | · |−𝑘𝑃 )(𝑏)𝑏−𝑘𝑃

=(𝑎𝑏2/𝑝𝑣𝑝 (𝑎𝑏2))2𝜒𝑝 (𝑎)𝜒f,𝑝 (𝑏)

×𝑄−1(⟨𝑎/𝑝𝑣(𝑎)⟩)𝑃−1(⟨𝑏/𝑝𝑣(𝑏)⟩)𝑎(𝑝, f𝑃)𝑣𝑝 (𝑎
−1𝑏−2) .

□

A 𝑝-adic Eisenstein datum 𝐷 is a tuple 𝐷 = (𝐿, 𝐼, f, 𝜒, Σ) where 𝐿/Q𝑝 is a finite extension, 𝐼

is a normal domain finite over O𝐿 [[Γ]], f is an 𝐼-adic primitive ordinary Hida family of tame level

𝑁 and Nebentypus 𝜒f such that the image of 𝜒f is contained in 𝐿, 𝜒 is a Dirichlet character with

value in 𝐿, and Σ is a set of prime numbers containing all prime divisors of 𝑝𝑁𝑐(𝜒).

We define Λ𝐷 := 𝐼 [[Γ]], which is a normal local domain finite flat over O𝐿 [[Γ × Γ]]. For

every 𝛾 ∈ Γ, we define [𝛾]1 := [(𝛾, 1)] and [𝛾]2 := [(1, 𝛾2)] as group elements O𝐿 [[Γ × Γ]]. For

𝑖 = 1, 2, we define ⟨𝜖𝑐𝑦𝑐⟩𝑖 as the Λ𝐷-valued Galois character

𝐺Q
𝜖𝑐𝑦𝑐−−−→ Γ

𝛾 ↦→[𝛾]𝑖−−−−−−→ O𝐹 [[Γ × Γ]] → Λ𝐷 .

We regard 𝜌f as a Λ𝐷-valued Galois representation via the natural embedding 𝐼 → Λ𝐷 . The

characters {𝜙(𝑃,𝑄)} are specializations of the Λ𝐷-adic Galois character

𝜙 := 𝜎𝜒−1
f 𝜒𝜖

−2
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩1⟨𝜖𝑐𝑦𝑐⟩−1

2 ,
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define 𝜌′𝐷 as the 4-dimensional Λ𝐷-adic Galois representation

𝜌′𝐷 =𝜌f ⊕ 𝜎𝜒f𝜎
−1
𝜒 𝜖𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩−1

1 ⟨𝜖𝑐𝑦𝑐⟩2 ⊕ 𝜎𝜒⟨𝜖𝑐𝑦𝑐⟩−1
2

=𝜌f ⊕ 𝜎𝜒f𝜔−2𝜎−1
𝜒 𝜖
−1
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩2⟨𝜖𝑐𝑦𝑐⟩−1

1 ⟨𝜖𝑐𝑦𝑐⟩2 ⊕ 𝜎𝜒⟨𝜖𝑐𝑦𝑐⟩−1
2 ,

and define 𝜌𝐷 := 𝜙 · 𝜌′𝐷 . The Galois representations 𝜌𝐷 , 𝜌′𝐷 , and 𝜙 are unramified away from Σ.

Definition 5.2. XΛ𝐷 ⊂ HomO𝐿 ,𝑐𝑜𝑛𝑡 (Λ𝐷 ,C𝑝) is the set of continuous homomorphisms 𝑅 such that

𝑅 |Γ×Γ has the form

(𝛾1, 𝛾2) ↦→ 𝜖𝑅,1(𝛾1)𝛾𝑘𝑅,11 𝜖𝑅,2(𝛾2)𝛾𝑘𝑅,21

for some finite order characters 𝜖𝑅,1, 𝜖𝑅,2, and integers 𝑘𝑅,1, 𝑘𝑅,2. We define X𝑐𝑙𝑠Λ𝐷
⊂ XΛ𝐷 as the

subset of 𝑅 with the interlacing condition 𝑘𝑅,2 − 2 ≥ 𝑘𝑅,1 − 𝑘𝑅,2 ≥ 2

We have a inclusion X𝐼 ×XΛO𝐿 ↩→ XΛ𝐷 sending (𝑃,𝑄) to 𝑃⊗̂𝑄. When 𝑘𝑄 − 2 ≥ 𝑘𝑃 − 𝑘𝑄 ≥ 2,

(𝑃,𝑄) ∈ X𝑐𝑙𝑠Λ𝐷
. Moreover, when 𝑘𝑄 − 3 ≥ 𝑘𝑃 − 𝑘𝑄 ≥ 2, 𝜌𝐷 (𝑃,𝑄) is the Galois representation

associated to Ind𝐺𝑃 (𝜋(f,𝜒) (𝑃,𝑄)).

Proposition 5.3. We endow Λ𝐷 with the Z𝑝 [[𝑇 (Z𝑝)]]-algebra structure given by the character

diag(𝑡𝑎−1𝑏−1, 𝑏−1𝑎𝑏, 𝑏𝑡) ↦→ (𝑎2𝑏4𝜒𝑝 (𝑎)𝜒f,𝑝 (𝑏))−1 [⟨𝑏⟩]1 [⟨𝑎⟩]2.

Then

𝑀∗𝑤,J ⊗Z𝑝 [[𝑇 (Z𝑝)]] Λ𝐷 ⊗Λ𝐷 ,(𝑃,𝑄) C𝑝 � 𝑅Γ(ℑ𝔊
tor
𝐾 𝑝𝐾𝑝,𝑃,𝑤

, 𝜔𝜅(𝑃,𝑄)J (𝜒𝐷 (𝑃,𝑄)))ord ⊗ C𝑝 .

Proof. By Proposition 5.2, we have the commutative diagram

Λ𝐷

Z𝑝 [[𝑇 (Z𝑝)]] C𝑝

(𝑃,𝑄)

(𝜒𝐷 (𝑃,𝑄)𝜈(𝑃,𝑄))−1

.
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□

When (𝑃,𝑄) ∈ X𝑐𝑙𝑠Λ𝐷
, 𝜅(𝑃,𝑄) is cohomological. Therefore, by Proposition 4.5, when 𝑤 = 𝑤𝛼,

𝑀∗𝑤,J ,Λ𝐷 ⊗Λ,(𝑃,𝑄) C𝑝 � 𝑅Γ(𝑆
tor
𝐾 𝑝𝐾𝑝,𝑛,C𝑝

, 𝜔𝜅(𝑃,𝑄)J (𝜒𝐷 (𝑃,𝑄)))ord

whenever 𝜒𝐷 (𝑃,𝑄) is defined on 𝑇 (Z/𝑝𝑛 Z). In particular,

𝑆1
𝑤,Λ𝐷

⊗Λ𝐷 ,(𝑃,𝑄) C𝑝 � 𝐻1(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛,C𝑝

, 𝜔𝜅(𝑃,𝑄) (𝜒𝐷 (𝑃,𝑄)) (−𝐷))ord.

Proposition 5.4.

𝐵1
𝑤,[𝑔𝑝 ,1],𝑐,Λ𝐷 �

(
𝑀𝑆ord

𝑔𝑝 (𝐼)
)
⊗̂Z𝑝 Z𝑝 [[Γ]] .

Proof. In the isomorphism given by Theorem 4.2,

𝐵1
𝑤,[𝑔𝑝 ,1],𝑐 � 𝑀𝑆

ord
𝑔𝑝 (Z𝑝 [[𝑇1,𝑤 (Z𝑝)]])⊗̂Z𝑝 Z𝑝 [[𝑇2,𝑤 (Z𝑝)]],

𝑇𝑖 acts via Ad𝑤 : 𝑇𝑖 → 𝑇𝑖,𝑤 on the 𝑖th factor for 𝑖 = 1, 2. On the other hand, the structure

homomorphism Z𝑝 [[𝑇 (Z𝑝)]] → Λ𝐷 given by Proposition 5.3 is decomposed into the completed

tensor product of two homomorphisms

Z𝑝 [[𝑇1(Z𝑝)]] → 𝐼, Z𝑝 [𝑇2(Z𝑝)] → Z𝑝 [[Γ]] .

Therefore,

𝐵1
𝑤,[𝑔𝑝 ,1],𝑐,Λ𝐷 �

(
𝑀𝑆ord

𝑔𝑝 (Z𝑝 [[𝑇1,𝑤 (Z𝑝)]]) ⊗Z[ [𝑇1 (Z𝑝)]] 𝐼
)

⊗̂Z𝑝
(
Z𝑝 [[𝑇2,𝑤 (Z𝑝)]] ⊗Z𝑝 [[𝑇2 (Z𝑝)]] Z𝑝 [[Γ]]

)
=𝑀𝑆ord

𝑔𝑝 (𝐼)⊗̂Z𝑝 Z𝑝 [[Γ]] .

□

177



5.5 Selmer groups and Iwasawa main conjectures

We follow [SU14, Section 3] to introduce the general notation of Selmer groups and Selmer

groups attached to modular forms and Hida families. Let 𝐴 be a profinite Z𝑝-algebra, 𝑇 be a finite

free 𝐴-module with a continuous 𝐺Q-action. Let 𝐹 ⊂ Q be a subfield and {𝑇𝑣}𝑣 |𝑝 be a family

of 𝐺𝑣-stable 𝐴-direct summand of 𝑇 for every finite place 𝑣 of 𝐹 lying over 𝑝. Let Σ be a set of

finite places of 𝐹. Let 𝐴∗ := Homcont(𝐴,Q𝑝/Z𝑝) be the Pontryagin dual of 𝐴, given the 𝐴-module

structure (𝑎 · 𝜙)(𝑏) := 𝜙(𝑎𝑏). We define the Selmer group 𝑆𝑒𝑙Σ𝐹 (𝑇, {𝑇𝑣}𝑣 |𝑝) as the kernel of the

map

𝐻1(𝐹,𝑇 ⊗𝐴 𝐴∗) → ©­«
∏

𝑣∤𝑝, 𝑣∉Σ

𝐻1(𝐼𝑣, 𝑇 ⊗𝐴 𝐴∗)ª®¬ × ©­«
∏
𝑣 |𝑝

𝐻1(𝐼𝑣, 𝑇/𝑇𝑣 ⊗𝐴 𝐴∗)ª®¬ .
When Σ contains the set of ramified primes and all places over 𝑝, the Selmer group is also

ker(𝐻1(𝐺𝐹,Σ, 𝑇 ⊗𝐴 𝐴∗) →
∏
𝑣 |𝑝

𝐻1(𝐼𝑣, 𝑇/𝑇𝑣 ⊗𝐴 𝐴∗)).

Then we define

𝑋Σ
𝐹 (𝑇, {𝑇𝑣}𝑣 |𝑝) := Hom𝐴 (𝑆𝑒𝑙Σ𝐹 (𝑇, {𝑇𝑣}𝑣 |𝑝), 𝐴∗).

Let 𝐸/𝐹 be a field extension. The local conditions {𝑇𝑣} induce local conditions {𝑇𝑤} and we have

𝑆𝑒𝑙Σ𝐸 (𝑇, {𝑇𝑤}𝑤 |𝑝) = lim−−→
𝐹′
𝑆𝑒𝑙Σ𝐹′ (𝑇, {𝑇𝑣′}𝑣′ |𝑝), 𝑋Σ

𝐸 (𝑇, {𝑇𝑤}𝑤 |𝑝) = lim←−−
𝐹′
𝑋Σ
𝐹′ (𝑇, {𝑇𝑣′}𝑣′ |𝑝)

where 𝐹′ runs through all finite extension of 𝐹 in 𝐸 .

Let 𝑓 ∈ 𝑆ord
𝑘 (𝑁) be a normalized eigenform for 𝑘 ≥ 2. Let 𝐹 = Q or Q∞, 𝜉 be a O𝐿-valued

continuous character of 𝐺𝐹 . We define

𝑆𝑒𝑙Σ𝐹 ( 𝑓 , 𝜉) := 𝑆𝑒𝑙Σ𝐹 (𝑇 𝑓 ⊗ 𝜉, 𝑇+𝑓 ⊗ 𝜉), 𝑋Σ
𝐹 ( 𝑓 , 𝜉) := 𝑋Σ

𝐹 (𝑇 𝑓 ⊗ 𝜉, 𝑇+𝑓 ⊗ 𝜉),

and define 𝐶ℎΣ𝐹 ( 𝑓 , 𝜉) as the characteristic ideal of 𝑋Σ
𝐹 ( 𝑓 , 𝜉). Let f be an 𝐼-adic ordinary primitive
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Hida family verifying (irre) and (dist). We also define

𝑆𝑒𝑙Σ𝐹 (f) := 𝑆𝑒𝑙Σ𝐹 (𝑇f ⊗ det(𝜌f)−1, 𝑇+f ⊗ det(𝜌f)−1),

𝑋Σ
𝐹 (f) := 𝑋Σ

𝐹 (𝑇f ⊗ det(𝜌f)−1, 𝑇+f ⊗ det(𝜌f)−1),

and define 𝐶ℎΣ𝐹 (f) as the characteristic ideal of 𝑋Σ
𝐹 (f).

We then formulate the Iwasawa main conjecture for GL2. Let 𝐹 = Q∞. Let 𝑓 be an ordinary

newform of weight 𝑘 ≥ 2. Then the conjecture is

𝐶ℎΣQ∞,𝐿 ( 𝑓 ) = (𝐿
Σ
𝑝 ( 𝑓 , 1)).

Let f be an 𝐼-adic ordinary primitive Hida family verifying (irre) and (dist). Let 𝐿Σf be the 2-

variable imprimitive 𝑝-adic 𝐿-function such that 𝐿Σf (𝑃,𝑄) interpolates 𝐿Σ (f𝑃, 𝜒−1
𝑄 𝜔

𝑘𝑄 , 𝑘𝑄 + 1).

Then the two-variable Iwasawa main conjecture is

𝐶ℎΣQ∞,𝐿 (f) = (𝐿
Σ
𝑝 (f, 1)).

Euler systems associated with modular forms are constructed by Kato ([Kat04]) and generalized

by Ochiai to Hida families ([Och05]). Via the Coleman map, Ochiai also constructed 2-variable

𝑝-adic 𝐿-functions and proved that the Euler system can be chosen so that the image under the

Coleman map agrees with Kitagawa’s 2-variable 𝑝-adic 𝐿-functions ([Och06, Corollary 6.17]).

With their Euler systems, they obtained one-sided divisibility of main conjectures with addi-

tional conditions.

Theorem 5.1. ([Kat04, Theorem 17.14]] ) Suppose 𝑝 ∤ 𝑁 𝑓 . Then (𝐿Σ𝑝 ( 𝑓 , 1)) ⊂ 𝐶ℎΣQ∞,𝐿 ( 𝑓 ) in

𝐿 ⊗O𝐿 ΛO𝐿 . If in addition, there is a basis of 𝑇 𝑓 for which the image of 𝜌 𝑓 contains SL2(Z𝑝), then

(𝐿Σ𝑝 ( 𝑓 , 1)) ⊂ 𝐶ℎΣQ∞,𝐿 ( 𝑓 ) in ΛO𝐿 .

Theorem 5.2. ([Och06, Theorem 3]) Suppose 𝐼 [[Γ]] has the form O𝐸 [[𝑇1, 𝑇2]] for some finite
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extension 𝐸/Q𝑝. Suppose there is a basis of 𝑇f for which there is a 𝜏 ∈ 𝐺Q(𝜇∞𝑝 ) acting by
©­­«
1 𝑢

0 1

ª®®¬
for some unit 𝑢 ∈ 𝐼× and there is a 𝜏′ ∈ 𝐺Q acting by −1 on 𝑇f. Then (𝐿Σ𝑝 (f, 1)) ⊂ 𝐶ℎΣQ∞,𝐿 (f).

Remark 5.1. Our Selmer groups are defined with Greenberg’s local condition at 𝑝 and the relaxed

local conditions at all 𝑝 ≠ ℓ ∈ Σ. In these cases, Greenberg’s local condition and Bloch-Kato con-

dition define the same Selmer groups. Both Kato and Ochiai used the unramified local conditions

at all 𝑝 ≠ ℓ ∈ Σ, and formulated the results in terms of primitive 𝑝-adic 𝐿-functions in their works.

The equivalence between the formulations in terms of primitive and imprimitive 𝑝-adic 𝐿-functions

are given by [SU14, Lemma 3.2.17] and [SU14, Proposition 3.2.18].

We also consider Kubota-Leopoldt 𝑝-adic 𝐿-functions and the Iwasawa main conjecture for

Dirichlet characters. Let 𝜙 be an even Dirichlet character with values in 𝐿. We define 𝐿𝑝 (𝜙) ∈

O𝐿 [[Γ]] as the Kubota-Leopoldt 𝑝-adic 𝐿-function interpolating positive critical values

𝐿𝑝 (𝜙)(𝑄) ∼
𝐿 (𝑘𝑄 , 𝜙−1𝜒−1

𝑄 𝜔
𝑘𝑄 )

𝜋𝑘𝑄

when 𝑘𝑄 ≥ 1. We also define 𝐿∗𝑝 (𝜙) as the numerator of 𝐿𝑝 (𝜙). When Σ is given, we define

𝐿∗,Σ𝑝 (𝜙) as the numerator of the imprimitive 𝑝-adic 𝐿-function:

𝐿∗,Σ𝑝 (𝜙) (𝑄) = 𝐿∗𝑝 (𝜙) (𝑄)
∏

ℓ∈Σ−{𝑝}
(1 − (𝜙−1𝜒−1

𝑄 𝜔
𝑘𝑄 ) (ℓ)ℓ−𝑘𝑄 ).

That is,

𝐿∗,Σ𝑝 (𝜙) = 𝐿∗𝑝 (𝜙)
∏

ℓ∈Σ−{𝑝}
(1 − 𝜙−1(ℓ) [⟨ℓ⟩−1]).

The Iwasawa main conjecture of Dirichlet characters says 𝐶ℎΣQ∞ (𝜎𝜙𝜖𝑐𝑦𝑐) = 𝐿
∗,Σ
𝑝 (𝜙).

Consider the homomorphism O𝐿 [[Γ]] → Λ𝐷 , [𝛾] ↦→ [𝛾]−1
1 [𝛾]22𝛾2 and denote by 𝐿𝑝 (𝜙)Λ𝐷 ,

𝐿∗𝑝 (𝜙)Λ𝐷 and 𝐿∗,Σ𝑝 (𝜙)Λ𝐷 the image of 𝐿𝑝 (𝜙), 𝐿∗𝑝 (𝜙), and 𝐿∗,Σ𝑝 (𝜙) in Λ𝐷 , respectively. Then we
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have the interpolation formula

𝐿𝑝 (𝜙)Λ𝐷 (𝑃,𝑄) ∼
𝐿 (2𝑘𝑄 − 𝑘𝑃 + 2, 𝜙−1𝜒𝑃𝜒

−2
𝑄 𝜔

2𝑘𝑄−𝑘𝑃+2)
𝜋2𝑘𝑄−𝑘𝑃+2

.

𝐿∗𝑝 (𝜙)Λ𝐷 is the numerator of 𝐿𝑝 (𝜙)Λ𝐷 , and

𝐿∗,Σ𝑝 (𝜙)Λ𝐷 = 𝐿∗𝑝 (𝜙)Λ𝐷
∏

ℓ∈Σ−{𝑝}
(1 − 𝜙−1(ℓ)⟨ℓ⟩−2 [⟨ℓ⟩]1 [⟨ℓ⟩]−2

2 ).

The Iwasawa main conjecture for Dirichlet characters implies

𝐶ℎΣQ(𝜎𝜙𝜖𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩−2⟨𝜖𝑐𝑦𝑐⟩1⟨𝜖𝑐𝑦𝑐⟩−2
2 ) = (𝐿∗,Σ𝑝 (𝜙)Λ𝐷 ).

5.6 Higher Hida theory and big Galois representations

Let 𝑁 ≥ 3 be an integer not divided by 𝑝. We define 𝐼 (𝑁) ⊂ 𝐺 (A∞,𝑝) as the following Iwahori

level subgroup:

𝐼 (𝑁) :=


𝑔 ∈ GSp4(Ẑ

𝑝)

�������������
𝑔 ≡

©­­­­­­­­«

𝑡𝑎 ∗ ∗ ∗

0 1 ∗ ∗

0 0 𝑎−1 0

0 0 ∗ 𝑡

ª®®®®®®®®¬
(mod 𝑁)


.

We assume for all ℓ ∤ 𝑝𝑁 there is a neat open compact normal subgroup 𝐺 (Zℓ) ⊂ 𝐾 𝑝 ⊂ 𝐼 (𝑁)

such that 𝑝 ∤ [𝐼 (𝑁) : 𝐾 𝑝]. This holds when 𝑁 has a prime factor 𝑞 such that 𝑝 ∤ 𝑞 − 1. Since

|GSp4(Fℓ) | = ℓ4(ℓ4 − 1)(ℓ2 − 1)(ℓ − 1), this also holds whenever 𝑝 ≥ 7. Given an Eisenstein

datum 𝐷 and we consider the fundamental exact sequence

0→ 𝑆1
𝑤,Λ𝐷

→ 𝑀1
𝑤,𝐾𝑙,Λ𝐷

Φ−→
⊕

[𝑔𝑝 ,1]∈𝐶ord
𝐾,0

𝐵1
𝑤,[𝑔𝑝 ,1],𝑐,Λ𝐷 → 0
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associated with some neat 𝐾 𝑝 with 𝑝 ∤ [𝐼 (𝑁) : 𝐾𝑝]. Under this condition, taking 𝐼 (𝑁)/𝐾𝑝-

invariance is exact and we get a short exact sequence interpolating ordinary cohomology of Siegel

3-folds of tame level 𝐼 (𝑁) in characteristic 0. We denote the sequence by

0→ 𝑆1
𝑤,𝑁,Λ𝐷

→ 𝑀1
𝑤,𝑁,𝐾𝑙,Λ𝐷

Φ−→
⊕

[𝑔𝑝 ,1]∈𝐶ord
𝐼 (𝑁 ) ,0

𝐵1
𝑤,[𝑔𝑝 ,1],𝑐,Λ𝐷 → 0.

This is independent of the choice of 𝐾 𝑝. By our assumption on (𝑝, 𝑁), all the 3-terms are equipped

with all 𝑅ℓ, 𝑇ℓ, 𝑆ℓ-actions for ℓ ∤ 𝑝𝑁 .

Definition 5.3. ℎ𝐷 ⊂ EndΛ𝐷 (𝑆1
𝑤,𝑁,Λ𝐷

) is defined as the Hecke algebra generated by 𝑇ℓ, 𝑅ℓ, 𝑆ℓ for

all ℓ ∉ Σ and all normalized Hecke operators 𝑢𝑡 for 𝑡 ∈ 𝑇+(Q𝑝). Since 𝑆1
𝑤,𝑁,Λ𝐷

is finite free over

Λ𝐷 , ℎ𝐷 is a finite Λ𝐷-algebra without Λ𝐷-torsions.

Let 𝑄ℓ,𝐷 (𝑋) = det(𝑋𝐼4 − 𝜌𝐷 (Frobℓ)) and 𝛽𝐷,𝑡 ∈ Λ𝐷 be the eigenvalue of the 𝑢𝑡-action on

nearly ordinary vectors in Ind𝐺𝑃 (𝜋(f,𝜒)). By Proposition 5.2, if 𝑡 = diag(𝑡𝑎−1𝑏−1, 𝑏−1, 𝑎𝑏, 𝑏𝑡), then

𝛽𝐷,𝑡 = (𝑎𝑏2/𝑝𝑣𝑝 (𝑎𝑏2))2𝜒𝑝 (𝑎)𝜒f,𝑝 (𝑏)𝑎(𝑝, f𝑃)𝑣𝑝 (𝑎
−1𝑏−2) ⟨𝑎/𝑝𝑣(𝑎)⟩−1

2 ⟨𝑏/𝑝𝑣(𝑏)⟩−1
1 .

We define 𝐼𝐷 ⊂ ℎ𝐷 as the ideal generated by

{𝑢𝑡 − 𝛽𝐷,𝑡}𝑡∈𝑇+ (Q𝑝)

along with the coefficients of the polynomials 𝑄ℓ (𝑋) − 𝑄ℓ,𝐷 (𝑋) where ℓ runs through all prime

numbers not in Σ. Then the natural map Λ𝐷 → ℎ𝐷/𝐼𝐷 is surjective. Let E𝐷 be the kernel of the

homomorphism. We obtain the isomorphism Λ𝐷/E𝐷 � ℎ𝐷/𝐼𝐷 . If E𝐷 is a proper ideal. Then

there is a unique maximal ideal 𝔪𝐷 ⊂ ℎ𝐷 containing 𝐼𝐷 , and we define T𝐷 := (ℎ𝐷)𝔪𝐷 as the

corresponding local component.

We repeat the constructions for C𝑝-coefficients. Let 𝑦 : Λ𝐷 → C𝑝 be a continuous homomor-

phism. Denote by P𝑦 ⊂ Λ𝐷 the kernel of 𝑦, and by O𝑦 the normalization of Λ𝐷/P𝑦, which is a
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discrete valuation finite over Z𝑝. Let ℎ𝐷,𝑦 ⊂ EndO𝑦 (𝑆1
𝑤,𝑁,O𝑦 ) be the Hecke algebra generated by

𝑇ℓ, 𝑅ℓ, 𝑆ℓ for all ℓ ∉ Σ and all normalized Hecke operators 𝑢𝑡 for 𝑡 ∈ 𝑇+(Q𝑝). Then we have a map

𝑦 : ℎ𝐷 → ℎ𝐷,𝑦. Let 𝐼𝐷,𝑦 be the ideal generated by 𝑦(𝐼𝐷); equivalently, 𝐼𝐷,𝑦 is generated by

{𝑢𝑡 − 𝜆𝑦 (𝛽𝐷,𝑡)}𝑡∈𝑇+ (Q𝑝)

along with the coefficients of the polynomials 𝑄ℓ (𝑋) − 𝜆𝑦 (𝑄ℓ,𝐷 (𝑋)) where ℓ runs through all

prime numbers not in Σ. Then the natural map O𝑦 → ℎ𝐷,𝑦/𝐼𝐷,𝑦 is surjective. If ℎ𝐷,𝑦/𝐼𝐷,𝑦 is

nonzero, then there is a unique maximal 𝔪𝐷,𝑦 of ℎ𝐷,𝑦 containing 𝐼𝐷,𝑦, and we define T𝐷,𝑦 as the

corresponding local component (ℎ𝐷,𝑦)𝔪𝐷,𝑦 .

Proposition 5.5. If T𝐷 is defined, then T𝐷,𝑦 is also defined, and the preimage of 𝔪𝐷 under the

map Spec(ℎ𝐷,𝑦) → Spec(ℎ𝐷) is {𝔪𝐷,𝑦}. In particular, the preimage of Spec(T𝐷) is Spec(T𝐷,𝑦).

Proof. Let 𝑒𝐷 ∈ ℎ𝐷 be the irreducible idempotent associated with the local component T𝐷 . Then

we have the decompositions

𝑆1
𝑤,𝑁,Λ𝐷

= 𝑒𝐷𝑆
1
𝑤,𝑁,Λ𝐷

⊕ (1 − 𝑒𝐷)𝑆1
𝑤,𝑁,Λ𝐷

,

and

ℎ𝐷 = 𝑒𝐷ℎ𝐷 × (1 − 𝑒𝐷)ℎ𝐷 = T𝐷 ×(1 − 𝑒𝐷)ℎ𝐷 .

Let 𝑒𝐷,𝑦 be the image of 𝑒𝐷 in ℎ𝐷,𝑦. Then we have the decomposition

𝑆1
𝑤,𝑁,Λ𝐷

⊗Λ𝐷 O𝑦 = 𝑒𝐷,𝑦 (𝑆1
𝑤,𝑁,Λ𝐷

⊗Λ𝐷 O𝑦) ⊕ (1 − 𝑒𝐷,𝑦)(𝑆1
𝑤,𝑁,Λ𝐷

⊗Λ𝐷 O𝑦),

and 𝑒𝐷,𝑦 (𝑆1
𝑤,𝑁,Λ𝐷

⊗Λ𝐷 O𝑦) = (𝑒𝐷𝑆1
𝑤,𝑁,Λ𝐷

) ⊗Λ𝐷 O𝑦 ≠ 0. This gives the decomposition

ℎ𝐷,𝑦 = 𝑒𝐷,𝑦ℎ𝐷,𝑦 × (1 − 𝑒𝐷,𝑦)ℎ𝐷,𝑦 .

𝑒𝐷,𝑦ℎ𝐷,𝑦 acts faithfully on 𝑒𝐷,𝑦 (𝑆1
𝑤,𝑁,Λ𝐷

⊗Λ𝐷O𝑦), so 𝑒𝐷,𝑦ℎ𝐷,𝑦 ≠ 0. Since 𝑒𝐷,𝑦ℎ𝐷,𝑦 is finite over T𝐷 ,
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𝔪𝐷 is in the preimage of Spec(𝑒𝐷,𝑦ℎ𝐷,𝑦) → Spec(T𝐷,𝑦) and the preimage is a subset of maximal

ideals of ℎ𝐷,𝑦. Therefore, 𝐼𝐷,𝑦 ≠ ℎ𝐷,𝑦 and T𝐷,𝑦 is defined. Since 𝔪𝐷,𝑦 is the only maximal ideal

of ℎ𝐷,𝑦 containing 𝑦(𝐼𝐷), the preimage of 𝔪𝐷 is {𝔪𝐷,𝑦}. □

Proposition 5.6. If 𝑦 = (𝑃,𝑄) ∈ X𝑐𝑙𝑠Λ𝐷
, then T𝐷,𝑦 ⊗O𝑦 C𝑝 is reduced.

Proof. Let 𝑒𝐷,𝑦 be the irreducible idempotent associated to the component T𝐷,𝑦 ⊂ ℎ𝐷,𝑦. Then

𝑒𝐷,𝑦𝑆
1
𝑤,𝑁,O𝑦 is a finite free O𝑦-module and T𝐷,𝑦 acts faithfully on 𝑒𝐷,𝑦𝑆1

𝑤,𝑁,O𝑦 . Let 𝜆 be a Hecke

eigensystem defined by a Hecke eigenvector in 𝑒𝐷,𝑦𝑆1
𝑤,𝑁,O𝑦 and 𝜌 be the Galois representation

defined by 𝜆. By definition, 𝜌𝑠𝑠 is a direct sum of a 2-dimensional absolutely irreducible represen-

tation and two Galois characters, so 𝜆 can not be a Hecke eigensystem appearing in the ordinary

cohomology 𝐻0(𝑆tor
𝐼 (𝑁)𝐾𝑝,𝑛,O𝑦 , 𝜔

𝜅(𝑃,𝑄) (𝜒𝐷 (𝑃,𝑄)) |𝐷𝐾 )ord. Therefore,

𝑒𝐷,𝑦𝑆
1
𝑤,𝑁,O𝑦 ⊂ 𝐻

1(𝑆tor
𝐼 (𝑁)𝐾𝑝,𝑛,O𝑦 , 𝜔

𝜅(𝑃,𝑄) (𝜒𝐷 (𝑃,𝑄)))ord.

This gives that 𝑒𝐷,𝑦𝑆1
𝑤,𝑁,O𝑦 ⊗O𝑦 C𝑝 ⊂ 𝐻

1(𝑆tor
𝐼 (𝑁)𝐾𝑝,𝑛,C𝑝 , 𝜔

𝜅(𝑃,𝑄) (𝜒𝐷 (𝑃,𝑄)))ord, which is a sum of

characters of the Hecke algebra. . Since 𝑇𝐷,𝑦⊗O𝑦C𝑝 is a subalgebra of EndC𝑝 (𝑒𝐷,𝑦𝑆1
𝑤,𝑁,O𝑦 ⊗O𝑦C𝑝),

and 𝑒𝐷,𝑦𝑆1
𝑤,𝑁,O𝑦 ⊗O𝑦 C𝑝 is the a sum of characters of 𝑇𝐷,𝑦, 𝑇𝐷,𝑦 ⊗O𝑦 C𝑝 is reduced. □

We now set up notations for classical points of T𝐷 , which are used to study properties of T𝐷

and further related objects.

Definition 5.4. We define the set of classical points C as the set of continuous ring homomorphisms

𝑥 : T𝐷 → C𝑝

such that 𝑦 = 𝑥 |Λ𝐷 has the form (𝑃,𝑄) ∈ X𝑐𝑙𝑠Λ𝐷
.

Let 𝐸 ⊂ C𝑝 be a finite extension of Q𝑝. We define C𝐸 ⊂ C as the subset of 𝑥 with the image of

𝑥 contained in 𝐸 .

For every 𝑥 ∈ C, we consider the followings:
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1. the Hecke eigensystem 𝜆𝑥 defined by 𝑥;

2. a nearly ordinary automorphic representation 𝜋𝑥 of GSp4 that contributes to the cohomology

𝐻1(𝑆tor
𝐼 (𝑁)𝐾𝑝,𝑛,C𝑝 , 𝜔

𝜅(𝑃,𝑄) (𝜒𝐷 (𝑃,𝑄)))ord, and satisfies that the nearly ordinary vector of it

gives the Hecke eigensystem 𝜆𝑥;

3. the 4-dimensional spin Galois representation associated with 𝜆𝑥 , denoted by 𝜌𝑥 .

We also denote by Q𝑥 ⊂ 𝑅 the kernel of 𝑥 on 𝑅. We say a subset of D ⊂ C is dense if the

set {Q𝑥 | 𝑥 ∈ D} is dense in Spec(T𝐷). The closure of D is also defined as the closure of

{Q𝑥 | 𝑥 ∈ D}.

Proposition 5.7. The local component T𝐷 is a reduced algebra over Λ𝐷 .

Proof. Suppose 𝑎 ∈ T𝐷 , and 𝑎𝑛 = 0 for some 𝑛 ∈ N. Then 𝑎 has Jordan canonical form over

Frac(Λ𝐷). For a dense subset of classical points 𝑥, the specialization of 𝑎 in coefficient C𝑝 also

has the same Jordan canonical form. Let 𝑦 = 𝑥 |Λ𝐷 . Since T𝐷,𝑦 is reduced, we conclude that

𝑎 = 0. □

The following proposition is the standard construction of big Galois representation in Hida

theory, based on the fact that all Hecke eigensystems appearing as a constituent of classical spe-

cializations of 𝑆1
𝑤,𝑁,Λ𝐷

have associated Galois representations.

Proposition 5.8. There is a pseudocharacter 𝑇 : 𝐺Q,Σ → T𝐷 of dimension 4, such that for every

irreducible admissible 𝐺 (A 𝑓 )-representation 𝜋 𝑓 appearing as a constituent of classical special-

izations of 𝑒𝐷𝑆1
𝑤,𝑁,Λ𝐷

, Tr(𝜌𝜋) = 𝜆ord
𝜋 ◦ 𝑇 for all ℓ ∉ Σ. Here 𝜆ord

𝜋 is the Hecke eigensystem defined

by nearly ordinary vectors of 𝜋.

In the following, we define 𝜓 := 𝜎𝜒f𝜔−2𝜎−1
𝜒 𝜖
−1
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩2⟨𝜖𝑐𝑦𝑐⟩−1

1 ⟨𝜖𝑐𝑦𝑐⟩2 and 𝜓′ := 𝜎𝜒⟨𝜖𝑐𝑦𝑐⟩−1
2 .

Then 𝜌𝐷 = 𝜙 · (𝜌f ⊕ 𝜓 ⊕ 𝜓′). Let 𝐵𝐷 := Frac(T𝐷) = T𝐷 ⊗Λ𝐷 Frac(Λ𝐷). Since 𝜓 ⊕ 𝜓′ ⊕ 𝜌f is

residually multiplicity free, when 𝑝 ≥ 5, there is a representation 𝑅𝐷 : 𝐺Q,Σ → GL4(𝐵𝐷) such

that the trace of 𝑅𝐷 is 𝑇 , and the image is contained in (𝐴𝑖, 𝑗 )1≤𝑖, 𝑗≤4 where each 𝐴𝑖, 𝑗 is a fractional
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ideal, each 𝐴𝑖,𝑖 = T𝐷 , 𝐴𝑖, 𝑗 𝐴 𝑗 ,𝑘 ⊂ 𝐴𝑖,𝑘 , and 𝐴𝑖, 𝑗 𝐴 𝑗 ,𝑖 ⊂ 𝔪𝐷 . In particular, the action stabilizes a

T𝐷-lattice ℒ ⊂ 𝐵4
𝐷 . For every component 𝐽 ⊂ 𝐵𝐷 , we write 𝑅𝐽 as the corresponding semi-simple

Galois representation over 𝐽.

Proposition 5.9. Assume f verifies (irre) and (dist). Then either 𝑅𝐽 is absolutely irreducible or the

semi-simplification 𝑅𝑠𝑠𝐽 has the decomposition 𝑅𝑠𝑠𝐽 � 𝑅1 ⊕ 𝑅2 where each 𝑅𝑖 is a 2-dimensional

absolutely irreducible representation.

Proof. By [BC09, Theorem 1.4.4.(iii)], if 𝑅𝐽 is irreducible, it is absolutely irreducible. Then it

suffices to prove that over any finite extension, 𝑅𝑠𝑠𝐽 can not have any 1-dimensional subquotient.

If it does, then for all of the classical points 𝑥 of T𝐷/𝐽, 𝜌𝑥 has a 1-dimensional subrepresentation.

This implies that 𝜋𝑥 is of Saito-Kurokawa type, which is impossible when 𝜅(𝑃,𝑄) is regular. □

Proposition 5.10. If 𝑅𝑠𝑠𝐽 = 𝑅1⊕𝑅2, with trace functions 𝑇1, 𝑇2, respectively, then 𝑇1, 𝑇2 have values

in T𝐷/𝐽 and 𝑇𝑖 ≡ Tr(𝜙 · 𝜌f) (mod 𝐼𝐷 + 𝐽/𝐽) and 𝑇3−𝑖 ≡ 𝜙 · 𝜓 + 𝜙 · 𝜓′ (mod 𝐼𝐷 + 𝐽/𝐽) for 𝑖 = 1 or

2.

Proof. Since 𝑇 ≡ Tr(𝜙 · 𝜌f) + 𝜙 · 𝜓 + 𝜙 · 𝜓′ (mod 𝐼𝐷), we have the congruence on characteristic

polynomials

𝐶ℎ(𝑅𝐷 , 𝑥, 𝑇) ≡ (1 − 𝜙 · 𝜓(𝑥)𝑇)(1 − 𝜙 · 𝜓′(𝑥)𝑇)𝐶ℎ(𝜌f, 𝑥, 𝑇) (mod 𝐼𝐷)

for all 𝑥 ∈ T𝐷 [𝐺Q]. Since 𝜌f + 𝜓 + 𝜓′ is residually multiplicity free, there is a 𝑥 ∈ T𝐷 [𝐺Q]

such that 𝐶ℎ(𝑅𝐷 , 𝑥, 𝑇) has distinct roots in T𝐷/𝔪𝐷 , and hence in T𝐷 , say 𝛼1, . . . , 𝛼4. Similarly,

(1−𝜙 ·𝜓(𝑥)𝑇)(1−𝜙 ·𝜓′(𝑥)𝑇)𝐶ℎ(𝜙 · 𝜌f, 𝑥, 𝑇) also have residually distinct roots 𝛽1, . . . , 𝛽4 ∈ T𝐷/𝐽

where 𝛽1 = 𝜓(𝑥), 𝛽2 = 𝜓′(𝑥). We arrange these roots so that 𝛼𝑖 ≡ 𝛽𝑖 (mod 𝔪𝐷). Plug 𝛼1, . . . , 𝛼4

into the relation 𝐶ℎ(𝑅𝐷 , 𝑥, 𝑇) ≡ (1− 𝜙 · 𝜓(𝑥)𝑇) (1− 𝜙 · 𝜓′(𝑥)𝑇)𝐶ℎ(𝜙 · 𝜌f, 𝑥, 𝑇) (mod 𝐼𝐷) and we

have 𝛼𝑖 ≡ 𝛽𝑖 (mod 𝐼𝐷). Define the element

𝑥𝑖 :=
∏
𝑗≠𝑖

𝑥 − 𝛼 𝑗
𝛼𝑖 − 𝛼 𝑗

, 𝑦𝑖 :=
∏
𝑗≠𝑖

𝑥 − 𝛽 𝑗
𝛽𝑖 − 𝛽 𝑗

∈ T𝐷 [𝐺Q]
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for 𝑖 = 1, . . . , 4. Then 𝑥𝑖 − 𝑦𝑖 ∈ 𝐼𝐷 T𝐷 [𝑥] for all 𝑖.

We may assume 𝑅1 is a subrepresentation of 𝑅𝐽 and 𝑅2 is a quotient of 𝑅𝐽 . For the choice of 𝑥

in the previous paragraph, both spaces are generated by 2 eigenvectors of 𝑥 over Frac(T𝐷/𝐽). Let

𝑣1, . . . , 𝑣4 be eigenvectors of 𝑥 with eigenvalues 𝛼1, . . . , 𝛼4, respectively. Suppose 𝑅1 is generated

by 𝑣 𝑗1 and 𝑣 𝑗2 . Then for every 𝑧 ∈ T𝐷/𝐽 [𝐺Q],

𝑇1(𝑧) = 𝑇 (𝑧(𝑥 𝑗1 + 𝑥 𝑗2)) ∈ T𝐷/𝐽.

Therefore, 𝑇2 = 𝑇 − 𝑇1 also takes value in T𝐷/𝐽. Now consider the congruence relation

𝑇1 + 𝑇2 ≡ Tr(𝜙 · 𝜌f) + 𝜙 · 𝜓 + 𝜙 · 𝜓′ (mod 𝔪𝐷).

Since both 𝑅1 and 𝑅2 are 2-dimensional, for some 𝑖 = 1 or 2, 𝑇𝑖 ≡ Tr(𝜙 · 𝜌f) (mod 𝔪𝐷 +𝐽/𝐽) and

𝑇3−𝑖 ≡ 𝜙 · 𝜓 + 𝜙 · 𝜓′ (mod 𝔪𝐷 +𝐽/𝐽). With this 𝑖, 𝑅𝑖 is generated by 𝑣3, 𝑣4, and 𝑅3−𝑖 is generated

by 𝑣1, 𝑣2. Moreover, for all 𝑧 ∈ T𝐷/𝐽 [𝐺Q],

𝑇𝑖 (𝑧) = 𝑇 (𝑧(𝑥3 + 𝑥4)) ≡ [Tr(𝜌f) + 𝜙 · 𝜓 + 𝜙 · 𝜓′] (𝑧(𝑦3 + 𝑦4)) = Tr(𝜙 · 𝜌f)(𝑧) (mod 𝐼𝐷 + 𝐽/𝐽),

𝑇3−𝑖 (𝑧) = 𝑇 (𝑧(𝑥1+𝑥2)) ≡ [Tr(𝜌f) +𝜙 ·𝜓+𝜙 ·𝜓′] (𝑧(𝑦1+ 𝑦2)) = (𝜙 ·𝜓+𝜙 ·𝜓′) (𝑧) (mod 𝐼𝐷 + 𝐽/𝐽).

□

Let C0 ⊂ C be the subset of elements 𝑥 satisfying that both 𝜒𝑝𝜒𝑄,𝑝𝜔
−𝑘𝑄
𝑝 and 𝜒f,𝑝𝜒𝑃,𝑝𝜔

−𝑘𝑃
𝑝

are unramified. The set C0 is a Zariski dense subset of Spec(T𝐷). When 𝑥 ∈ C0, the Hecke

eigensystem 𝜆𝑥 appears in 𝐻3
! (𝑆𝐼 (𝑁)𝐾0 (𝑝) ,LΛ(𝑃,𝑄))ord. By [TU99, Proposition 3.2], when Λ(𝑃,𝑄)

is regular dominant,

𝐻3
! (𝑋 (𝐼 (𝑁)𝐾0(𝑝)),LΛ(𝑃,𝑄))ord ⊂ 𝐻3(𝑋 (𝐼 (𝑁)𝐺 (Z𝑝)),LΛ(𝑃,𝑄))ord.

Therefore, 𝜋𝑥,𝑝 is spherical and 𝜌𝑥 is crystalline with Hodge-Tate weights {𝑟1 = 𝑘𝑄 − 𝑘𝑃 + 2, 𝑟2 =
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1, 𝑟3 = 2𝑘𝑄 − 𝑘𝑃 + 2, 𝑟4 = 𝑘𝑄 + 1}. Let {𝛼𝑖,𝑥}𝑖=1,2,3,4 be the roots of the degree 4 Hecke polynomial

𝜆𝜋,𝑝 (𝑄𝑝 (𝑋)), such that 𝑣𝑝 (𝛼𝑖,𝑥) = 𝑟𝑖. By the main theorem of [Urb05], 𝜌𝑥 |𝐺Q𝑝
has the upper

triangular form

𝜌𝑥 |𝐺Q𝑝
=

©­­­­­­­­«

𝜉1,𝑥𝜖
−𝑟1
𝑐𝑦𝑐 ∗ ∗ ∗

0 𝜉2,𝑥𝜖
−𝑟2
𝑐𝑦𝑐 ∗ ∗

0 0 𝜉3,𝑥𝜖
−𝑟3
𝑐𝑦𝑐 ∗

0 0 0 𝜉4,𝑥𝜖
−𝑟4
𝑐𝑦𝑐

ª®®®®®®®®¬
where each of 𝜉𝑖,𝑥 is the unramified character given by 𝜉𝑖,𝑥 (Frob𝑝) = 𝑝−𝑟𝑖𝛼𝑖,𝑥 .

There are {𝑢𝑖}𝑖=1,2,3,4 ⊂ Z[{𝑢𝑡 , 𝑢−1
𝑡 }𝑡∈𝑇+ (Q𝑝)] such that 𝜆𝑥 (𝑢𝑖) = 𝑝−𝑟𝑖𝛼𝑖,𝑥 for 𝑖 = 1, 2, 3, 4. Then

we have

𝜌𝑥 |𝐺Q𝑝
= 𝜆𝑥

©­­­­­­­­«

𝑢
deg
1 𝜎1𝜖

−2
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩1⟨𝜖𝑐𝑦𝑐⟩−1

2 ∗ ∗ ∗

0 𝑢
deg
2 𝜎2𝜖

−1
𝑐𝑦𝑐 ∗ ∗

0 0 𝑢
deg
3 𝜎3𝜖

−2
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩1⟨𝜖𝑐𝑦𝑐⟩−2

2 ∗

0 0 0 𝑢
deg
4 𝜎4𝜖

−1
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩−1

2

ª®®®®®®®®¬
for all 𝑥 ∈ C0, where deg : 𝐺Q𝑝/𝐼𝑝 � Ẑ is the continuous isomorphism sending Frob𝑝 to 1,

and each of 𝜎𝑖 is a finite order character valued in O𝐿 for 𝑖 = 1, 2, 3, 4. We define the following

T𝐷-valued Galois characters

𝜒1 := 𝑢deg
1 𝜎1𝜖

−2
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩1⟨𝜖𝑐𝑦𝑐⟩−1

2 , 𝜒2 := 𝑢deg
2 𝜎2𝜖

−1
𝑐𝑦𝑐,

𝜒3 := 𝑢deg
3 𝜎3𝜖

−2
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩1⟨𝜖𝑐𝑦𝑐⟩−2

2 , 𝜒4 := 𝑢deg
4 𝜎4𝜖

−1
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩−1

2 ,

and extend them to ring homomorphisms from T𝐷 [𝐺Q𝑝 ] to T𝐷 . Then the matrix form of 𝜌𝑥 |𝐺Q𝑝

implies

𝑇 |𝐺Q𝑝
= 𝜒1 + 𝜒2 + 𝜒3 + 𝜒4.

On the other hand, we extend 𝛽𝐷,𝑡 for 𝑡 ∈ 𝑇+(Q) to a ring homomorphism 𝛽𝐷 : Z[{𝑢𝑡 , 𝑢−1
𝑡 }𝑡∈𝑇+ (Q𝑝)] →

188



Λ𝐷 . Then the same discussion for 𝜌𝐷 yields that

(𝜌𝐷 |𝐺Q𝑝
)𝑠𝑠 =𝛽𝐷 (𝑢1)deg𝜎1𝜖

−2
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩1⟨𝜖𝑐𝑦𝑐⟩−1

2 ⊕ 𝛽𝐷 (𝑢2)deg𝜎2𝜖
−1
𝑐𝑦𝑐

⊕𝛽𝐷 (𝑢3)deg𝜎3𝜖
−2
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩1⟨𝜖𝑐𝑦𝑐⟩−2

2 ⊕ 𝛽𝐷 (𝑢4)deg𝜎4𝜖
−1
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩−1

2 ,

and the four factors correspond to 𝑇+f , 𝜓, 𝜓
′, 𝑇−f , respectively. Since 𝐼𝐷 contains 𝑠 − 𝛽𝐷 (𝑠) for all

𝑠 ∈ Z[{𝑢𝑡 , 𝑢−1
𝑡 }𝑡∈𝑇+ (Q𝑝)], we obtain the congruence relations: For all 𝑥 ∈ T𝐷 [𝐺Q𝑝 ],

1 − 𝜒1(𝑥)𝑇 ≡ 𝐶ℎ(𝑇+f , 𝑥, 𝑇), 1 − 𝜒2(𝑥)𝑇 ≡ 𝐶ℎ(𝜓, 𝑥, 𝑇) (mod 𝐼𝐷),

1 − 𝜒3(𝑥)𝑇 ≡ 𝐶ℎ(𝜓′, 𝑥, 𝑇), 1 − 𝜒4(𝑥)𝑇 ≡ 𝐶ℎ(𝑇−f , 𝑥, 𝑇) (mod 𝐼𝐷).

The denseness of crystalline points implies properties of 𝜌𝑥 for all 𝑥 ∈ C, but as not all 𝜌𝑥 are

irreducible, we should deal with the irreducible and reducible cases separately. We start with the

following lemma.

Lemma 5.1. Let 𝐸/Q𝑝 be a finite extension and 𝜌 : 𝐺Q → GL𝑛 (𝐸) be a continuous Galois

representation. Suppose there is a short exact sequence of Galois representations:

0→ 𝜏1 → 𝜌 → 𝜏2 → 0.

Let {𝑟1, . . . , 𝑟𝑛} be a set of integers, indexed such that 𝑟1 < · · · < 𝑟𝑛. Suppose 𝐸′ is a finite

extension of 𝐸′ such that

1. There is a partition {1, . . . , 𝑛} = 𝐽 ∪ 𝐽′ where 𝐽 = { 𝑗1, . . . , 𝑗𝑚}, 𝐽′ = { 𝑗 ′1, . . . , 𝑗 ′𝑛−𝑚},

both { 𝑗𝑖} and { 𝑗 ′𝑖 } are increasing, such that (𝜏1 ⊗𝐸 𝐸′) |𝐺Q𝑝
is Hodge-Tate with weights

{𝑟 𝑗1 , . . . , 𝑟 𝑗𝑚} and (𝜏2 ⊗𝐸 𝐸′) |𝐺Q𝑝
is Hodge-Tate with weights {𝑟 𝑗 ′1 , . . . , 𝑟 𝑗 ′𝑛−𝑚}.

2. There is a filtration of 𝐸′-vector spaces

0 = 𝐹′0 ⊂ · · · ⊂ 𝐹′𝑛 = (𝜏1 ⊕ 𝜏2) ⊗𝐸 𝐸′
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such that each 𝐹′𝑖 is 𝑖-dimensional over 𝐸′, stable under the 𝐺Q𝑝 -action, and is Hodge-Tate

of weights {𝑟1, . . . , 𝑟𝑖}.

Then 𝜌 is Hodge-Tate with weights {𝑟1, . . . , 𝑟𝑛}, and there is a filtration of 𝐸-vector spaces

0 = 𝐹0 ⊂ · · · ⊂ 𝐹𝑛 = 𝜌

such that each 𝐹𝑖 is 𝑖-dimensional over 𝐸 , stable under the 𝐺Q𝑝 -action, and is Hodge-Tate of

weights

1. {𝑟 𝑗1 , . . . , 𝑟 𝑗𝑖 }, if 𝑖 ≤ 𝑚.

2. {𝑟 𝑗1 , . . . , 𝑟 𝑗𝑚 , 𝑟 𝑗 ′1 , . . . 𝑟 𝑗 ′𝑖−𝑚}, if 𝑖 > 𝑚.

Proof. As Q𝑝 [𝐺Q𝑝 ]-modules, (𝜏1⊕𝜏2) ⊗𝐸 𝐸′⊗Q𝑝 𝐵𝐻𝑇 = (𝜏1⊕𝜏2)⊕[𝐸
′:𝐸] ⊗Q𝑝 𝐵𝐻𝑇 . Therefore, both

𝜏1 and 𝜏2 are Hodge-Tate, with weights {𝑟 𝑗1 , . . . , 𝑟 𝑗𝑚}, {𝑟 𝑗 ′1 , . . . , 𝑟 𝑗 ′𝑛−𝑚}, respectively. Since the set

of weights of 𝜏1 and 𝜏2 are distinct, the extension 𝜌 is also Hodge-Tate, of weights {𝑟 𝑗1 , . . . , 𝑟 𝑗𝑚} ∪

{𝑟 𝑗 ′1 , . . . , 𝑟 𝑗 ′𝑛−𝑚} = {𝑟1, . . . , 𝑟𝑛}.

The filtration 𝐹′∗ gives a 𝐸′-basis of (𝜏1 ⊕ 𝜏2) ⊗𝐸 𝐸′ such that with respect to the basis, for

some open compact subgroup 𝐼′𝑝 ⊂ 𝐼𝑝, (𝜏1 ⊕ 𝜏2) ⊗𝐸 𝐸′|𝐼′𝑝 is upper-triangular with diagonal

diag(𝜖−𝑟1𝑐𝑦𝑐 , . . . , 𝜖
−𝑟𝑛
𝑐𝑦𝑐 ). Let 𝑔0 ∈ 𝐼′𝑝 such that 𝜖𝑐𝑦𝑐 (𝑔0) is not a roots of unity. Then

𝐹′𝑖 = ((𝜏1 ⊕ 𝜏2) ⊗𝐸 𝐸′) [(𝑔0 − 𝜖−𝑟1𝑐𝑦𝑐 (𝑔0)) · · · (𝑔0 − 𝜖−𝑟𝑖𝑐𝑦𝑐 (𝑔0))] .

Since 𝜖𝑐𝑦𝑐 (𝑔0) ∈ 𝐸 , we define

𝐹′′𝑖 := (𝜏1 ⊕ 𝜏2) [(𝑔0 − 𝜖−𝑟1𝑐𝑦𝑐 (𝑔0)) · · · (𝑔0 − 𝜖−𝑟𝑖𝑐𝑦𝑐 (𝑔0))]

and these subspaces satisfy 𝐹′𝑖 = 𝐹′′𝑖 ⊗𝐸 𝐸′. Since 𝐹′𝑖 is 𝐺Q𝑝 -stable, Hodge-Tate with weights

{𝑟1, . . . , 𝑟𝑖}, 𝐹′′𝑖 is also 𝐺Q𝑝 -stable, Hodge-Tate with weights {𝑟1, . . . , 𝑟𝑖}.
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The filtration 𝐹′′∗ gives a 𝐸-basis 𝑣1, . . . , 𝑣𝑛 of 𝜏1 ⊕ 𝜏2, such that with respect to the basis, for

some open compact subgroup 𝐼′′𝑝 ⊂ 𝐼𝑝, 𝜏1⊕𝜏2 |𝐼′′𝑝 is upper-triangular with diagonal diag(𝜖−𝑟1𝑐𝑦𝑐 , . . . , 𝜖
−𝑟𝑛
𝑐𝑦𝑐 ).

By consider the Hodge-Tate weights of 𝜏1 and 𝜏2, we have 𝑣𝑖 ∈ 𝜏1 if 𝑖 ∈ 𝐽, and 𝑣𝑖 ∈ 𝜏2 if 𝑖 ∈ 𝐽′.

Let 𝑣′𝑖 be the image of 𝑣𝑖 in 𝜌 if 𝑖 ∈ 𝐽, and 𝑣′𝑖 be a preimage of 𝑣𝑖 under the projection 𝜌 → 𝜏2 if

𝑖 ∈ 𝐽′. Then the 𝐸-basis {𝑣′𝑗1 , . . . , 𝑣
′
𝑗𝑚
, 𝑣′

𝑗 ′1
, . . . , 𝑣′

𝑗 ′𝑛−𝑚
} of 𝜌 gives the desired filtration 𝐹∗. □

For every 𝑥 ∈ C, we denote by 𝑘𝑥 the fraction field Frac(T𝐷/Q𝑥). Since the pseudocharacter

𝑇 is residually multiplicity free, by [BC09, Theorem 1.4.4.(iii)], 𝑇 ⊗T𝐷 𝑘𝑥 is either reducible or

absolutely irreducible. If 𝜌𝑥 is reducible, then 𝜌𝑥 = 𝜏1 ⊕ 𝜏2 where 𝜏1 ≡ 𝜌f and 𝜏2 ≡ 𝜙 · 𝜓 + 𝜙 · 𝜓′.

Let P be the partition {{𝜌f}, {𝜓, 𝜓′}} and 𝐼P be the corresponding reducibility ideal. Let C𝑖𝑟𝑟 ⊂ C

be the subset of 𝑥 with irreducible 𝜌𝑥 , and C0,𝑖𝑟𝑟 := C𝑖𝑟𝑟 ∩ C0. Let T′𝐷 be the reduced quotient of

T𝐷 such that Spec(T′𝐷) ⊂ Spec(T𝐷) is the closure of C0,𝑖𝑟𝑟 . Then as C0 − C0,𝑖𝑟𝑟 is contained in

Spec(T𝐷/𝐼P), Spec(T′𝐷) contains Spec(T𝐷) − 𝑉 (𝐼P), and therefore contains C𝑖𝑟𝑟 . On the other

hand, for every 𝐽 = { 𝑗1, 𝑗2} ⊂ {1, 2, 3, 4} with 𝑗1 < 𝑗2, we define C0,𝐽 ⊂ C0 as the subset of all 𝑥

where 𝜌𝑥 has a 2-dimensional direct summand with Hodge-Tate weights {𝑟 𝑗1 , 𝑟 𝑗2}. Then

C0,𝑖𝑟𝑟 ∪
⋃

𝐽⊂{1,2,3,4}
|𝐽 |=2

C0,𝐽 = Spec(T𝐷).

Let 𝜎0 : 𝐺Q → GL4(Frac(T̃′𝐷)) be a Galois representation with trace function 𝑇 that stabilizes a

T′𝐷-lattice ℒ, for example, as constructed in [BC09, Theorem 1.4.4.(ii)]. Let 𝑈ℒ ⊂ Spec(T′𝐷) be

the open dense subset where ℒ is free of rank 4. Then for every 𝑥 ∈ 𝑈ℒ ∩C0,𝑖𝑟𝑟 , the specialization

𝜎0 ⊗ 𝑘𝑥 exists and has the same trace function as 𝜌𝑥 . Since 𝜌𝑥 is irreducible, 𝜎0 ⊗ 𝑘𝑥 = 𝜌𝑥 .

For every 𝑥 ∈ C, 𝑥 |Λ𝐷 has image contained in the finite extension of Q𝑝 generated by the

image fo 𝜒𝑝 and 𝜒f,𝑝. Since T𝐷/Λ𝐷 is finite, 𝑘𝑥 is a finite extension of Q𝑝 of degree bounded by a

number independent of 𝑥. By Krasner’s lemma, there is a finite extension 𝐸/Q𝑝 containing all 𝑘𝑥

for 𝑥 ∈ C0. Therefore, by [TU99, Lemma 7.2], the 4-step filtration on each 𝜌𝑥 implies that there is

a filtration

0 = 𝐹0 ⊂ · · · ⊂ 𝐹4 = ℒ,
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such that for each 𝑖 ∈ {1, 2, 3, 4}, 𝐺𝑟𝑖 := 𝐹𝑖/𝐹𝑖−1 is generically free of rank 1 and Hodge-Tate with

weight {𝑟𝑖} on a dense subset of C0,𝑖𝑟𝑟 . Let {𝑣1, . . . , 𝑣4} be a basis of Frac(T′𝐷)4 such that each

𝑣𝑖 ∈ 𝐹𝑖 − 𝐹𝑖−1. Then with respect to the basis,

𝜎0 |𝐺Q𝑝
=

©­­­­­­­­«

𝜒1 ∗ ∗ ∗

0 𝜒2 ∗ ∗

0 0 𝜒3 ∗

0 0 0 𝜒4

ª®®®®®®®®¬
.

Lemma 5.2. LetT be a domain finite over T′𝐷 , and 𝜎T : 𝐺Q → GL4(Frac(T)) be a continuous

representation with trace function 𝑇 ⊗T𝐷 T. Suppose there is a 𝐺Q-stable finite T-submodule ℒT

of Frac(T)4 such that

1. ℒT is generically free of rank 4.

2. There is a basis {𝑣1, . . . , 𝑣4} of Frac(T)4 such that with respect to this basis,

𝜎T |𝐺Q𝑝
=

©­­­­­­­­«

𝜒1 ∗ ∗ ∗

0 𝜒2 ∗ ∗

0 0 𝜒3 ∗

0 0 0 𝜒4

ª®®®®®®®®¬
.

Then for any height 1 prime ideal Q of the normalization T̃, there is a continuous representation

𝜎T̃/Q : 𝐺Q → GL4(Frac(T̃/Q)) with trace function 𝑇 ⊗T𝐷 T̃/Q and a 𝐺Q-stable finite T̃/Q-

submodule ℒ𝑇/Q ⊂ Frac(T̃/Q)4, such that the same conditions are verified.

Proof. Since T̃Q is a discrete valuation ring and ℒ′ := T̃ ·ℒT is torsion-free, ℒ′ ⊗T̃ T̃Q is free

of rank 4. Therefore, there is a 𝑓 ∈ T̃ − Q such that ℒ′ is free of rank 4 over Spec(T̃[1/ 𝑓 ]), and

we can apply a change of basis of Frac(T̃)4 such that ℒ′ ⊗T̃ T̃[1/ 𝑓 ] ⊂ Frac(T̃)4 is identified with

(T̃[1/ 𝑓 ])4. Moreover, we 𝑣1, . . . , 𝑣4 can be chosen so that all of them are in ℒ′ and form a basis
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of ℒ′ ⊗T̃ T̃Q. Then we define

ℒT̃/Q := im(ℒ′ ⊗T̃ T̃/Q→ℒ′ ⊗T̃ Frac(T̃/Q) = Frac(T̃/Q)4).

Since 𝐺Q acts on ℒT̃/Q continuously, this defines a continuous representation 𝜎T̃/Q : 𝐺Q →

GL4(Frac(T̃/Q)). We define 𝑣′1, . . . , 𝑣
′
4 as the image of 𝑣1, . . . , 𝑣4 in ℒT̃/Q, respectively. Then

ℒT̃/Q and {𝑣′1, . . . , 𝑣′4} verifies the conditions for 𝜎T̃/Q. □

Apply the lemma twice to 𝜎0 and we have that, if 𝑥 ∈ C𝑖𝑟𝑟 ∩ Spec(T′𝐷), then over some finite

extension 𝑘′𝑥/𝑘𝑥 , 𝜌𝑥 ⊗𝑘𝑥 𝑘′𝑥 is Hodge-Tate, with distinct weights {𝑟1, 𝑟2, 𝑟3, 𝑟4}, and has a filtration

0 = 𝐹0,𝑥 ⊂ · · · ⊂ 𝐹4,𝑥 = 𝜌𝑥 ⊗𝑘𝑥 𝑘′𝑥

satisfying that for each 𝑖 = 1, 2, 3, 4, 𝐹𝑖,𝑥 is 𝐺Q𝑝 -stable, Hodge-Tate, with weights {𝑟1, . . . , 𝑟𝑖}. By

Lemma 5.1, 𝜌𝑥 itself is Hodge-Tate, with distinct weights {𝑟1, . . . , 𝑟4}, and the filtration 𝐹∗,𝑥 is

defined over 𝑘𝑥 .

Next we fix a 𝐽 ⊂ {1, 2, 3, 4}, 𝐽 = { 𝑗1, 𝑗2} where 𝑗1 < 𝑗2. Let 𝑇𝐷,𝐽 be the reduced quotient of

T𝐷 such that Spec(𝑇𝐷𝐽 ) = C0,𝐽 . By the definition of reducibility ideal, 𝑇 ⊗T𝐷 𝑇𝐷,𝐽 = 𝑇1,𝐽 + 𝑇2,𝐽

for 2-dimensional pseudocharacters 𝑇1,𝐽 , 𝑇2,𝐽 . By the definition of 𝐽, we may assume 𝑇1,𝐽 |𝐺Q𝑝
=

𝜒 𝑗1 ⊗T𝐷 𝑇𝐷,𝐽 + 𝜒 𝑗2 ⊗T𝐷 𝑇𝐷,𝐽 and 𝑇2,𝐽 |𝐺Q𝑝
= 𝜒 𝑗 ′1 ⊗T𝐷 𝑇𝐷,𝐽 + 𝜒 𝑗 ′2 ⊗T𝐷 𝑇𝐷,𝐽 . Following similar

constructions and arguments, we have that if 𝑥 ∈ C ∩ C0,𝐽 , then 𝜌𝑥 is a direct sum 𝜏𝐽,𝑥 ⊕ 𝜏𝐽′,𝑥

satisfying that

1. 𝜏𝐽,𝑥 , 𝜏𝐽′,𝑥 are both 2-dimensional, absolutely irreducible representations, with trace functions

𝑇1,𝐽 ⊗𝑇𝐷,𝐽 T𝐷/Q𝑥 , 𝑇2,𝐽 ⊗𝑇𝐷,𝐽 T𝐷/Q𝑥 , respectively.

2. As 𝐺Q𝑝 -representations, 𝜏𝐽,𝑥 , 𝜏𝐽′,𝑥 are both Hodge-Tate with weights { 𝑗1, 𝑗2} and { 𝑗 ′1, 𝑗 ′2},

respectively.
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3. There are 𝐺Q𝑝 -stable filtrations

0 = 𝐹0,𝐽,𝑥 ⊂ 𝐹1,𝐽,𝑥 ⊂ 𝐹2,𝐽,𝑥 = 𝜏𝐽,𝑥 , 0 = 𝐹0,𝐽′,𝑥 ⊂ 𝐹1,𝐽′,𝑥 ⊂ 𝐹2,𝐽′,𝑥 = 𝜏𝐽,𝑥 ,

satisfying that 𝐹1,𝐽,𝑥 is Hodge-Tate with weight {𝑟 𝑗1}, and 𝐹1,𝐽′,𝑥 is Hodge-Tate with weight

{𝑟 𝑗 ′1}.

Proposition 5.11. Let Q ∈ Spec(T𝐷) be a prime ideal satisfying that for some finite extension

𝐸/Q𝑝, C𝐸∩Spec(T𝐷/Q) is a dense subset of Spec(T𝐷/Q) for some 𝐸 . Let 𝑀0(Q) = Frac(T𝐷/Q)4

and 𝜎0(Q) : 𝐺Q → GL4(Frac(T𝐷/Q)) be the semi-simple representation with trace function

𝑇 ⊗T𝐷 T𝐷/Q on 𝐺Q. Then there is a 𝐺Q𝑝 -stable 2-dimensional Frac(T𝐷/Q)-subspace 𝑀0(Q)+ ⊂

𝑀0(Q) such that for every 𝑥 ∈ T𝐷 [𝐺Q𝑝 ],

𝐶ℎ(𝑀0(Q)+, 𝑥, 𝑇) ≡ 𝐶ℎ(𝑇+f , 𝑥, 𝑇)(1 − 𝜙 · 𝜓(𝑥)𝑇) (mod 𝐼𝐷 +Q/Q).

Proof. Suppose 𝜎0(Q) is irreducible. Let ℒ(Q) be a𝐺Q-stable T𝐷/Q-lattice inside 𝑀0(Q). Then

𝑇⊗T𝐷T𝐷/Q is generically irreducible. Let𝑈 (Q) ⊂ Spec(T𝐷/Q) be an open dense subset on which

ℒ(Q) is free of rank 2 and 𝑇 ⊗T𝐷 T𝐷/Q is irreducible. Then 𝑈 (Q) ∩ C𝐸 = 𝑈 (Q) ∩ C𝑖𝑟𝑟,𝐸 is an

open dense subset of Spec(T𝐷/Q). For 𝑥 ∈ 𝑈 (Q) ∩ C𝑖𝑟𝑟,𝐸 , ℒ(Q) ⊗T𝐷/Q T𝐷/Q𝑥 is realized as a

lattice in 𝜌𝑥 . Therefore, there is a sublattice ℒ1(Q𝑥) ⊂ ℒ(Q) ⊗T𝐷/Q T𝐷/Q𝑥 such that ℒ1(Q𝑥) is

Hodge-Tate with weights {𝑟1, 𝑟2} and the quotient (ℒ(Q) ⊗T𝐷/Q T𝐷/Q𝑥)/ℒ1(Q𝑥) is Hodge-Tate

with weights {𝑟3, 𝑟4}. By [TU99, Lemma 7.2], there is a 𝐺Q𝑝 -stable lattice ℒ1(Q) ⊂ ℒ(Q),

which is generically free of rank 2, such that the trace of ℒ1(Q) is 𝜒1 + 𝜒2 (mod Q). In this case,

we define 𝑀0(Q)+ := ℒ1(Q) ⊗T𝐷/Q Frac(T𝐷/Q) and the congruence relation is verified.

Suppose 𝜎0(Q) is reducible. In this case, Q ∈ Spec(𝑇𝐷,𝐽) for some 𝐽 and then 𝑇 ⊗T𝐷 𝑇𝐷/Q

is decomposed into 𝑇1,𝐽 ⊗𝑇𝐷,𝐽 𝑇𝐷/Q + 𝑇2,𝐽 ⊗𝑇𝐷,𝐽 𝑇𝐷/Q. Let 𝜎𝐽 (Q) and 𝜎𝐽′ (Q) be the Galois

representations over Frac(𝑇𝐷/Q) defined by 𝑇1,𝐽 ⊗𝑇𝐷,𝐽 𝑇𝐷/Q and 𝑇2,𝐽 ⊗𝑇𝐷,𝐽 𝑇𝐷/Q, respectively.

Then 𝜎0(Q) = 𝜎𝐽 (Q)⊕𝜎𝐽′ (Q). Let ℒ𝐽 , ℒ𝐽′ be𝐺Q-stable T𝐷/Q-lattices inside 𝜎𝐽 (Q) and 𝜎𝐽′ (Q),

respectively. Since C ∩ Spec(T𝐷/Q) ⊂ C ∩ C0,𝐽 , following similar arguments, we obtain 𝐺Q𝑝 -
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stable lattice ℒ1
𝐽 (Q) ⊂ ℒ𝐽 (Q) and ℒ1

𝐽′ (Q) ⊂ ℒ𝐽′ (Q), which are generically free of rank 1, such

that for all 𝑥 in a dense subset of C ∩Spec(T𝐷/Q), the specializations of ℒ1
𝐽 (Q), ℒ𝐽 (Q)/ℒ1

𝐽 (Q),

ℒ1
𝐽′ (Q), ℒ𝐽′ (Q)/ℒ1

𝐽′ (Q) at 𝑥 are all free of rank 1, Hodge-Tate with weights {𝑟 𝑗1}, {𝑟 𝑗2}, {𝑟 𝑗 ′1},

{𝑟 𝑗 ′2}, respectively. Then we make the following choices:

1. If 𝐽 = {1, 2}, we define ℒ1(Q) := ℒ𝐽 (Q).

2. If 𝐽′ = {1, 2}, we define ℒ1(Q) := ℒ𝐽′ (Q).

3. If both 𝐽 and 𝐽′ are not {1, 2}, then {1, 2} = { 𝑗1, 𝑗 ′1} and we define ℒ1(Q) := ℒ1
𝐽 (Q) ⊕

ℒ1
𝐽′ (Q).

By definition, ℒ1(Q) is generically free of rank 2 and the trace function defined by it is 𝜒1 +

𝜒2 (mod Q). We define 𝑀0(Q)+ := ℒ1(Q) ⊗T𝐷/Q Frac(T𝐷/Q) and the congruence relation is

verified. □

Remark 5.2. The construction of pseudocharacter works for ℎ𝑟𝑒𝑑𝐷 , so the properties for 𝜌𝑥 and

Proposition 5.11 hold for every local component of ℎ𝐷 such that the residual representation is

multiplicity free. On the other hand, the author doesn’t know if ℎ𝐷 itself is reduced. It is if the

Hecke eigensystems in 𝐻1(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

, 𝜔𝜅 (−𝐷))ord coming from 𝐻0(𝑆tor
𝐾 𝑝𝐾𝑝,𝑛

, 𝜔𝜅 |𝐷𝐾 )ord can always

be separated from those coming from nearly ordinary cohomological cuspidal representations of

GSp4 when 𝜅 is sufficiently regular. The condition is verified if the following holds: when Λ is

sufficiently regular, then nearly ordinary cohomological cuspidal representations of GSp4 with

reducible 4-dimensional Galois representations are either CAP or weak endoscopic.

5.7 Cocycle construction

The cocycle construction in [SU14, Section 4] is a general machinery to make use of congru-

ence between the direct sum of a 2-dimensional irreducible Galois representation and two Galois

characters with a 4-dimensional irreducible Galois representation to construct elements in certain

Selmer groups. Since we only work on Q instead of an imaginary quadratic number field as in the

setting of [SU14], we apply a simplified version of their machinery.
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Let G = 𝐺Q,Σ and D = 𝐺Q𝑝 . The setting contains the following data:

• 𝑝 is a prime number, 𝑛 is a positive integer, such that 𝑝 > 𝑛 + 2.

• 𝐴0 is a profinite Noetherian normal complete local domain that is finite flat over Z𝑝. P ⊂ 𝐴0

is a prime ideal of height 1 and 𝐴 = 𝐴0,P.

• 𝑅0 is a finite reduced local 𝐴0-algebra. Q ⊂ 𝑅0 is a prime ideal such that P = Q ∩ 𝐴0, and

𝑅 = 𝑅0,Q.

• 𝜓, 𝜓′ : G → 𝐴×0 are residually disjoint characters. 𝑉0 is a free module of 𝐴0 of rank 𝑛,

𝜌0 : G → Aut𝐴0 (𝑉0) is a continuous representation, 𝑉 = 𝑉0 ⊗𝐴0 𝐴 and (𝜌,𝑉) is the scalar

extension of (𝜌0, 𝑉0). 𝜌 is absolutely irreducible and disjoint from 𝜓 and 𝜓′.

• 𝑀 is free over 𝑅 ⊗𝐴 Frac(𝐴) of rank 𝑛 + 2. 𝜎 : G → Aut𝑅⊗𝐴Frac(𝐴) (𝑀) is a representation

such that for every 𝑔 ∈ 𝐺, Tr(𝜎(𝑔)) ∈ 𝑅0.

• There are proper ideals 𝐽0 ⊂ 𝐴0, 𝐼0 ⊂ 𝑅0, such that 𝐽0 = 𝐼0 ∩ 𝐴0 and 𝐴0/𝐽0 � 𝑅0/𝐼0.

𝐽 := 𝐽0𝐴, 𝐼 := 𝐼0𝑅.

• For every 𝑔 ∈ G,

𝑡𝑟 (𝜎(𝑔)) ≡ 𝜓(𝑔) + 𝜓′(𝑔) + 𝑡𝑟 (𝜌(𝑔)) (mod 𝐼).

• For every Frac(𝐴)-algebra homomorphism 𝜆 : 𝑅 ⊗𝐴 Frac(𝐴) → 𝐾 where 𝐾 is a finite

extension of Frac(𝐴), the representation

𝜎𝜆 : G 𝜎−→ Aut𝑅⊗𝐴Frac(𝐴) (𝑀)
𝜆−→ GL𝐾 (𝑀 ⊗𝑅⊗𝐴Frac(𝐴),𝜆 𝐾)

is either irreducible or contains a 2-dimensional absolutely irreducible representation 𝜎′𝜆

such that 𝑇𝑟𝜎′𝜆 takes value in the image of 𝑅 and

𝑇𝑟𝜎′𝜆 (𝑔) ≡ 𝜓(𝑔) + 𝜓
′(𝑔) (mod 𝐼)
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for all 𝑔 ∈ G. This is the condition in [SU14, Lemma 4.9].

• There is a D-stable 𝑅 ⊗𝐴 Frac(𝐴)-free submodule 𝑀+ ⊂ 𝑀 such that 𝑀− := 𝑀/𝑀+ is

also free over 𝑅 ⊗𝐴 Frac(𝐴). There is a D-stable 𝐴0-free submodule 𝑉+0 ⊂ 𝑉0 such that

𝑉−0 := 𝑉0/𝑉+0 is also free over 𝐴0. Moreover, for every 𝑥 ∈ 𝑅[D],

𝐶ℎ(𝑀+, 𝑥, 𝑇) ≡ 𝐶ℎ(𝑉+, 𝑥, 𝑇) (1 − 𝜓(𝑥)𝑇) (mod 𝐼).

• We define𝑉+ := 𝑉+0 ⊗𝐴0 𝐴 and𝑉− = 𝑉−0 ⊗𝐴0 𝐴. Then as D-representations over 𝐴, 𝑉+⊕ 𝐴(𝜓)

and 𝑉− ⊕ 𝐴(𝜓′) are residually disjoint mod P.

Following [SU14, Section 4], we obtain a construction of elements in Selmer groups and lower

bounds of the size of these elements. The following is the result we will use.

Proposition 5.12. (Analog of [SU14, Corollary 4.16, Proposition 4.17])

1. If ordP(𝐶ℎΣQ(𝜓−1𝜓′)) = 0, then ordP(𝐶ℎΣQ(𝜌0 ⊗ 𝜓−1)) ≥ ordP(𝐽).

2. If ordP(𝐶ℎΣQ(𝜌0 ⊗ 𝜓−1)) = 0, then ordP(𝐶ℎΣQ(𝜓−1𝜓′)) ≥ ordP(𝐽).

Remark 5.3. When we assume ordP(𝐶ℎΣQ(𝜓−1𝜓′)) = 0, we have to prove that all 𝜎𝜆 are irre-

ducible. Let 𝐽𝜆 ⊂ 𝑅0 be the kernel of 𝜆 |𝑅0 , which is a minimal prime ideal contained in Q. We

make the following choices:

• 𝐴′0 = 𝐴0, 𝑅′0 = 𝑅0/𝐽𝜆, Q′ = Q/𝐽𝜆, P′ = P. 𝐴′ = 𝐴, 𝑅′ = 𝑅/�(𝐽𝜆)Q.

• 𝐼′0 = (𝐼0 + 𝐽𝜆)/𝐽𝜆, 𝐽′0 = (𝐼0 + 𝐽𝜆) ∩ 𝐴0, which is also contained in P.

Suppose 𝜎𝜆 is reducible. By the assumptions, there is a 2-dimensional absolutely irreducible direct

summand 𝜎′𝜆 of 𝜎𝑠𝑠𝜆 that satisfies

Tr𝜎′𝜆 ≡ 𝜓 + 𝜓
′ (mod 𝐼).

197



Let 𝑇 ′ := Tr𝜎′𝜆 : G → 𝑅/ker(𝜆). Then 𝑇 ′ must take values in 𝑅0/𝐽𝜆 and we define 𝜎′𝐽 :

G → GL2(Frac(𝑅0/𝐽𝜆)) as the irreducible representation with trace function 𝑇 . Let 𝜎′ : G →

GL2(Frac(𝑅′)) be the base extension of 𝜎′𝐽 . Since Frac(𝑅′) is a product of components of Frac(𝑅),

the local condition 𝑀+ for 𝜎 induces a local condition 𝑀+,
′

that is used to construct nontrivial

Selmer elements for 𝜓−1𝜓′. This implies ordP(𝐶ℎΣQ(𝜓−1𝜓′)) > 0, and we get a contradiction.

Let 𝐷 be an Eisenstein datum. We make the following choices:

• 𝐴0 = Λ𝐷 , P ⊂ Λ𝐷 is a height 1 prime containing E𝐷 , 𝐴 = 𝐴0,P. 𝑅0 = T𝐷 . 𝐽0 = E𝐷 , 𝐼0 = 𝐼𝐷 .

Q ⊂ 𝑅0 is the image of P under the isomorphism Λ𝐷/E𝐷 � T𝐷/𝐼𝐷 .

• 𝜓 = 𝜎𝜒f𝜔−2𝜎−1
𝜒 𝜖
−1
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩2⟨𝜖𝑐𝑦𝑐⟩−1

1 ⟨𝜖𝑐𝑦𝑐⟩2, 𝜓′ = 𝜎𝜒⟨𝜖𝑐𝑦𝑐⟩−1
2 , 𝜌0 = 𝜌𝐷 , and 𝑉+0 = 𝑇+f .

• 𝑀 = (𝑅 ⊗ Frac(𝐴))4, 𝜎′ is the semi-simple representation on 𝑀 obtained from the pseudo-

character 𝑇 : 𝐺Q,Σ → T𝐷 , and 𝜎 is 𝜙−1 · 𝜎′.

Proposition 5.13. The desired 𝑀+ exists.

Proof. This 𝑀+ is given by the base change of 𝑀+0 in Proposition 5.11. □

Proposition 5.14. 𝑉+ ⊕ 𝜓 and 𝑉− ⊕ 𝜓′ are disjoint mod P as D-representations.

Proof. The characters 𝑇+f and 𝑇−f are not the same mod 𝔪 by the 𝑝-distinguished condition. The

characters 𝜓 and 𝜓′ are not the same mod 𝔪 because their product is an odd character and 𝑝 ≠ 2.

Since 𝑉+ ⊗ 𝑉− = 𝜓′, it suffices to prove that 𝑉+ ≠ 𝜓′ mod P. Note that 𝑉+ = 𝛼f is an unramified

Galois character. Let Frob𝑝 ∈ 𝐺Q𝑝 be an element such that deg(Frob𝑝) = 1 ∈ Ẑ and 𝜖𝑐𝑦𝑐 (Frob𝑝) =

1 ∈ Z×𝑝 . Let 𝛾 ∈ 𝐼Q𝑝 such that 𝜖𝑐𝑦𝑐 (𝛾) = 1 + 𝑝 ∈ Z×𝑝 . If 𝑉+ = 𝜓′ (mod P), then P contains

𝛼f(Frob𝑝) − 𝜎𝜒 (Frob𝑝) = 𝑎(𝑝, f) − 𝜎𝜒 (Frob𝑝) and 1 − 𝜎𝜒 (𝛾) [1 + 𝑝]−1
2 . Since 𝑎(𝑝, f) is not a

constant, ℎ(P) ≥ 2. □

The Iwasawa main conjecture for GL1 says 𝐶ℎΣQ∞ (𝜙𝜖𝑐𝑦𝑐) = (𝐿
∗,Σ
𝑝 (𝜙)) for every even Dirichlet

character 𝜙. In our case, this implies that𝐶ℎΣQ(𝜓′𝜓−1) = (𝐿∗,Σ𝑝 (𝜒−1
f 𝜔2𝜒2)). Therefore, Proposition

5.12 yields the following proposition.
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Proposition 5.15. If ordP(𝐿∗,Σ𝑝 (𝜒−1
f 𝜔2𝜒2)Λ𝐷 ) = 0, then ordP(𝐶ℎΣQ(𝜌f ⊗ 𝜓−1)) ≥ ordP(E𝐷). If

ordP(𝐶ℎΣQ(𝜌f ⊗ 𝜓−1)) = 0, then ordP(𝐿∗,Σ𝑝 (𝜒−1
f 𝜔2𝜒2)Λ𝐷 ) ≥ ordP(E𝐷).

We also consider 1-variable 𝑝-adic families. Let 𝑃 ∈ X𝐼 with 𝑘𝑃 ≥ 7. We define the 1-variable

Iwasawa algebra Λ𝐷 (𝑃) = (𝐼/ker(𝑃)) [[Γ]], and the 1-variable Galois representation 𝜌𝐷 (𝑃) :=

𝜌𝐷 (𝑃, ·). We have the 1-variable fundamental exact sequence

0→ 𝑆1
𝑤,𝑁,Λ𝐷 (𝑃)

→ 𝑀1
𝑤,𝑁,𝐾𝑙,Λ𝐷 (𝑃)

Φ−→
⊕

[𝑔𝑝 ,1]∈𝐶ord
𝐼 (𝑁 ) ,0

𝐵1
𝑤,[𝑔𝑝 ,1],𝑐,Λ𝐷 (𝑃) → 0,

which is also given by applying tensor product ⊗Λ𝐷Λ𝐷 (𝑃) to the 2-variable fundamental exact

sequence

0→ 𝑆1
𝑤,𝑁,Λ𝐷

→ 𝑀1
𝑤,𝑁,𝐾𝑙,Λ𝐷

Φ−→
⊕

[𝑔𝑝 ,1]∈𝐶ord
𝐼 (𝑁 ) ,0

𝐵1
𝑤,[𝑔𝑝 ,1],𝑐,Λ𝐷 → 0.

Let ℎ𝐷 (𝑃) be the subalgebra of EndΛ𝐷 (𝑃) (𝑆1
𝑤,𝑁,Λ𝐷 (𝑃)

) generated by 𝑇ℓ, 𝑅ℓ, 𝑆ℓ for all ℓ ∉ Σ and all

normalized Hecke operators 𝑢𝑡 for 𝑡 ∈ 𝑇+(Q𝑝). Then ℎ𝐷 (𝑃) is a quotient of ℎ𝐷 ⊗Λ𝐷 Λ𝐷 (𝑃) . The

Galois representation 𝜌𝐷 (𝑃) defines a Λ𝐷 (𝑃)-valued Hecke eigensystem 𝜆𝐷 (𝑃) as well as 𝛽𝐷 (𝑃),𝑡

for all 𝑡 ∈ 𝑇+(Q𝑝). Let 𝐼𝐷 (𝑃) ⊂ ℎ𝐷 (𝑃) be the ideal generated by {𝑢𝑡 − 𝛽𝐷 (𝑃),𝑡} for all 𝑡 ∈ 𝑇+(Q𝑝)

and all coefficients of 𝑄ℓ (𝑋) − det(𝑋𝐼4 − 𝜌𝐷 (𝑃) (Frobℓ)). Then 𝐼𝐷 (𝑃) is the image of 𝐼𝐷 in ℎ𝐷 (𝑃) .

Let E𝐷 (𝑃) be the kernel of Λ𝐷 (𝑃) → ℎ𝐷 (𝑃)/𝐼𝐷 (𝑃) and we have the isomorphism Λ𝐷 (𝑃)/E𝐷 (𝑃) →

ℎ𝐷 (𝑃)/𝐼𝐷 (𝑃) . If E𝐷 (𝑃) is a proper ideal of Λ𝐷 (𝑃) , we define 𝔪𝐷 (𝑃) ⊂ ℎ𝐷 (𝑃) as the unique maximal

ideal containing 𝐼𝐷 (𝑃) and T𝐷 (𝑃) as the corresponding local component. Let 𝐵𝐷 (𝑃) := Frac(T𝐷 (𝑃)).

Then we still have a 4-dimensional Galois representation on 𝐵4
𝐷 (𝑃) given by the pseudocharacter

𝑇 ⊗T𝐷 T𝐷 (𝑃) : 𝐺Q,Σ → T𝐷 (𝑃) . Since classical specializations of T𝐷 (𝑃) still form a Zariski dense

subset, we have analogous results of Proposition 5.9 and Proposition 5.10. Then we make the

following choices:

• 𝐴0 = Λ𝐷 (𝑃) , P ⊂ Λ𝐷 (𝑃) is a height 1 prime containing E𝐷 (𝑃) , 𝐴 = 𝐴0,P. 𝑅0 = 𝑇𝐷 (𝑃) .

𝐽0 = E𝐷 (𝑃) , 𝐼0 = 𝐼𝐷 (𝑃) . Q ⊂ 𝑅0 is the image of P under the isomorphism Λ𝐷 (𝑃)/E𝐷 (𝑃) �

𝑇𝐷 (𝑃)/𝐼𝐷 (𝑃) .
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• 𝜓 = 𝜎𝜒f𝜔−2𝜎−1
𝜒 𝜖
−1
𝑐𝑦𝑐⟨𝜖𝑐𝑦𝑐⟩2⟨𝜖𝑐𝑦𝑐⟩−1

1 ⟨𝜖𝑐𝑦𝑐⟩2, 𝜓′ = 𝜎𝜒⟨𝜖𝑐𝑦𝑐⟩−1
2 , 𝜌0 = 𝜌𝐷 (𝑃) , and 𝑉+0 = 𝑇+f𝑃 .

• 𝑀 = (𝑅 ⊗ Frac(𝐴))4, 𝜎′ is the semi-simple representation on 𝑀 obtained from the pseudo-

character 𝑇 : 𝐺Q,Σ → 𝑇𝐷 (𝑃) , and 𝜎 is 𝜙−1(𝑃, ·) · 𝜎′.

Similarly, the desired 𝑀+ is given by Proposition 5.11. Following the same proof of Proposition

5.14, (𝑉+ ⊕ 𝜓) (𝑃) and (𝑉− ⊕ 𝜓′)(𝑃) are also disjoint mod any height 1 prime ideal in Λ𝐷 (𝑃) as

long as 𝑎(𝑝, f𝑃) ≠ 𝜎𝜒 (Frob𝑝). We then have the following proposition.

Proposition 5.16. If 𝑎(𝑝, f𝑃) ≠ 𝜎𝜒 (Frob𝑝) and ordP(𝐿∗,Σ𝑝 (𝜒−1
f 𝜔2𝜒2)Λ𝐷 (𝑃, ·)) = 0, then ordP(𝐶ℎΣQ(𝜌f𝑃⊗

𝜓−1(𝑃))) ≥ ordP(E𝐷 (𝑃)). If ordP(𝐶ℎΣQ(𝜌f𝑃⊗𝜓−1(𝑃))) = 0, then ordP(𝜒−1
f 𝜔2𝜒2)Λ𝐷 ) ≥ ordP(E𝐷 (𝑃)).

5.8 A Λ𝐷-adic Eisenstein class

In this section, we conclude the previous results to prove the existence of a 𝑝-adic family of

Eisenstein classes, uniquely characterized by Hecke eigensystem and boundary values.

Let 𝑝 ∤ 𝑁 be an integer, f be a primitive ordinary Hida family with tame level dividing 𝑁 . We

define

𝜓(f,1) (𝑃,𝑄) ∈ 𝐶∗(𝔓o
0,𝑈 (2), Ind𝐺 (A)

𝑃(A) (𝜋(f,1) (𝑃,𝑄)) ⊗ 𝑉𝜅(𝑃,𝑄) (C𝑝))

as follows: Consider the quasi-isomorphism

ind𝐺 (A 𝑓 )
𝑃(A 𝑓 ) (𝐶

∗(𝔤𝔩2,0, 𝑂 (2), 𝜋(f,1) (𝑃,𝑄) (𝜌𝑃) ⊗ 𝑉𝜅(𝑃,𝑄)))

→𝐶∗(𝔓o
0,𝑈 (2), ind𝐺 (A)

𝑃(A) (𝜋̃(f,1) (𝑃,𝑄) ⊗ Sym∗(𝔞∨𝑃𝛽 ,0)𝑑𝜒𝜋+𝜌𝑃 ) ⊗ 𝑉𝜅(𝑃,𝑄)).

𝜓(f,1) (𝑃,𝑄) is the element in ind𝐺 (A 𝑓 )
𝑃(A 𝑓 ) (𝐶

∗(𝔤𝔩2,0, 𝑂 (2), 𝜋(f,1) (𝑃,𝑄)(𝜌𝑃) ⊗ 𝑉𝜅(𝑃,𝑄))), as a function

on 𝐺 (A 𝑓 ) with value in 𝐶∗(𝔤𝔩2,0, 𝑂 (2), 𝜋(f,1) (𝑃,𝑄)(𝜌𝑃) ⊗ 𝑉𝜅(𝑃,𝑄)), defined as follows: Note that

𝜋(f,1) (𝑃,𝑄) (𝜌𝑃) := 𝜋f𝑃 𝜒
−1𝜒−1

𝑄 𝜔
𝑘𝑄 | · |𝑘𝑄+3/2 ⊠ 𝜒−1

f 𝜒2𝜒−1
𝑃 𝜒2

𝑄𝜔
𝑘𝑃−2𝑘𝑄 | · |𝑘𝑃−2𝑘𝑄−7/2.
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and

𝑉𝜅(𝑃,𝑄) � Sym𝑘𝑃−2(C2) ⊗ det−(𝑘𝑄+1)

as GL2-representations. Let 𝑢 be a basis of det.

1. 𝜓(f,1) (𝑃,𝑄) is nearly ordinary and 𝐼 (𝑁)-invariant.

2. Let 𝑤 ∈ 𝑊𝑃 be the length 1 element 𝑤𝛼, represented by

𝑤 =

©­­­­­­­­«

1 0 0 0

0 0 0 1

0 0 1 0

0 −1 0 0

ª®®®®®®®®¬
,

embedded into 𝐺 (A 𝑓 ) diagonally. Then 𝜓(f,1) (𝑃,𝑄)(𝑔 𝑓 ) = 0 if 𝑔 𝑓 ∉ 𝑃(A 𝑓 )𝑤𝐼 (𝑁), and

𝜓(f,1) (𝑃,𝑄)(𝑤) (𝑔, 𝑡) =(𝜒−1
𝑄 𝜔

𝑘𝑄 | · |𝑘𝑄+3/2)(det(𝑔))

(𝜒−1
f 𝜒2𝜒−1

𝑃 𝜒2
𝑄𝜔

𝑘𝑃−2𝑘𝑄 | · |𝑘𝑃−2𝑘𝑄−7/2)(𝑡)𝜂−f𝑃 ⊗ 𝑢
−(𝑘𝑄+1) .

We note that the assignment is possible because

𝑃(A 𝑓 ) ∩ Ad𝑤 (𝐼 (𝑁)) =

©­­­­­­­­«

𝑡𝑎 ∗ ∗ ∗

0 𝑡 ∗ 0

0 0 𝑎−1 0

0 0 ∗ 1

ª®®®®®®®®¬
(mod 𝑁),

and the action of diag(𝑡, 𝑡, 1, 1) for 𝑡 ∈ Ẑ
𝑝

on 𝜋(f,1) (𝑃,𝑄) (𝜌𝑃) and the action of
©­­«
𝑎 𝑏

𝑐 1

ª®®¬ for

𝑎 ∈ (Ẑ𝑝)×, 𝑏 ∈ Ẑ𝑝, and 𝑐 ∈ 𝑁Ẑ𝑝 on 𝜂−f𝑃 are trivial.
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Each 𝐸 (𝜓(f),1)(𝑃,𝑄) is nearly ordinary and 𝐼 (𝑁)-invariant. We define

𝐼1(𝑝𝑛) =


𝑔 ∈ GSp4(Z𝑝) | 𝑔 ≡

©­­­­­­­­«

𝑡 ∗ ∗ ∗

0 1 ∗ ∗

0 0 1 0

0 0 ∗ 𝑡

ª®®®®®®®®¬
(mod 𝑝𝑛)


.

Since 𝜒𝐷 (𝑃,𝑄)(diag(𝑡, 1, 1, 𝑡)) = 1, 𝐸 (𝜓(f),1)(𝑃,𝑄) is 𝐼1(𝑝𝑛)-invariant as long as 𝜒𝐷 (𝑃,𝑄) is

defined on 𝑇 (Z/𝑝𝑛 Z).

We compute 𝐵1
𝑤,[𝑔𝑝 ,1],𝑐,Λ𝐷 for 𝑔𝑝 = 𝑤. By the definition of 𝐼 (𝑁), we have that

𝐵1
𝑤,[𝑔𝑝 ,1],𝑐,Λ𝐷 � 𝑀𝑆

ord(𝐼)⊗̂Z𝑝 Z𝑝 [[Z×𝑝]]

where 𝑀𝑆ord(𝐼) is the space of 𝐼-adic ordinary modular symbols in [Kit91] with tame level Γ1(𝑁).

The boundary values {𝜓(f,1) (𝑃,𝑄)} are interpolated by the constant element Ξ−f ∈ 𝑀𝑆
ord(𝐼) ⊂

𝑀𝑆ord(𝐼)⊗̂Z𝑝 Z𝑝 [[Z×𝑝]], up to a 𝑝-adic unit for each specialization.

Theorem 5.3. Suppose f is an 𝐼-adic ordinary primitive Hida family of tame level dividing 𝑁

verifying (irre) and (dist). Let 𝐷 = (𝐿, 𝐼, f, 1, Σ) where Σ is the set of all prime divisors dividing

𝑝𝑁 . Let 𝜆𝐷 be the Hecke eigensystem defined by

𝜆𝐷 (𝑢𝑡) = 𝛽𝑡 , 𝜆𝐷 (𝑄ℓ (𝑋)) = 𝑄ℓ,𝐷 (𝑋)

for all 𝑡 ∈ 𝑇 (Q𝑝)+ and ℓ ∤ 𝑝𝑁 . Let 𝐵𝐸𝐷 ∈
⊕
[𝑔𝑝 ,1]∈𝐶ord

𝐼 (𝑁 ) ,0
𝐵1
𝑤,[𝑔𝑝 ,1],𝑐,Λ𝐷 be given by 𝐵𝐸𝐷 ,[𝑤] =

𝐿∗,Σ𝑝 (𝜒−1
f 𝜔2)Λ𝐷𝐿Σ𝑝 (f, 1)·Ξ−f and 𝐵𝐸𝐷 ,[𝑔] = 0 for all [𝑔] ≠ [𝑤]. Then there exists a rational Λ𝐷-adic

Eisenstein cohomology class 𝐸𝐷 ∈ 𝑀1
𝑤,𝑁,𝐾𝑙,Frac(Λ𝐷) , characterized by the following conditions:

1. 𝐻𝐷 acts on 𝐸𝐷 via 𝜆𝐷 .

2. Φ(𝐸𝐷) = 𝐵𝐸𝐷 .
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Let Σ be the set of prime numbers dividing 𝑁 . If furthermore, there is no height 1 prime ideals of

Λ𝐷 containing both 𝐿∗,Σ𝑝 (𝜒−1
f 𝜔2)Λ𝐷 and 𝐿Σ𝑝 (f, 1), and (𝐿Σ𝑝 (f, 1)) ⊂ 𝐶ℎΣQ∞ (f) (For example, when

assumptions in Theorem 5.2 are satisfied), then 𝐸𝐷 is an integral Λ𝐷-adic Eisenstein cohomology

class. That is, 𝐸𝐷 ∈ 𝑀1
𝑤,𝑁,𝐾𝑙,Λ𝐷

.

Proof. Consider the short exact sequence of ℎ𝐷-modules

0→ 𝑆1
𝑤,𝑁,Frac(Λ𝐷) → 𝑀1

𝑤,𝑁,𝐾𝑙,Frac(Λ𝐷)
Φ−→

©­­«
⊕

[𝑔𝑝 ,1]∈𝐶ord
𝐼 (𝑁 ) ,0

𝐵1
𝑤,[𝑔𝑝 ,1],𝑐,Frac(Λ𝐷)

ª®®¬→ 0.

𝑆1
𝑤,𝑁,Frac(Λ𝐷) [𝜆𝐷] = 0 because the Hecke Eigensystem does not appear in cuspidal cohomology of

sufficiently regular weights. Therefore, we have the isomorphism

𝑀1
𝑤,𝑁,𝐾𝑙,Frac(Λ𝐷) [𝜆𝐷]

Φ−→
©­­«

⊕
[𝑔𝑝 ,1]∈𝐶ord

𝐼 (𝑁 ) ,0

𝐵1
𝑤,[𝑔𝑝 ,1],𝑐,Frac(Λ𝐷)

ª®®¬ [𝜆𝐷] .
𝐵𝐸𝐷 (𝑃,𝑄) is the same as the constant term of

(𝐿∗,Σ𝑝 (𝜒−1
f 𝜔2)Λ𝐷𝐿Σ𝑝 (f, 1)) (𝑃,𝑄)𝐸 (𝜓(f,1) (𝑃,𝑄)).

By the construction of 𝐸 (𝜓(f,1) (𝑃,𝑄)), and control theorem for boundary cohomology in charac-

teristic 0, 𝐵𝐸𝐷 ∈
(⊕

[𝑔𝑝 ,1]∈𝐶ord
𝐼 (𝑁 ) ,0

𝐵1
𝑤,[𝑔𝑝 ,1],𝑐,Frac(Λ𝐷)

)
[𝜆𝐷]. By the isomorphism above, there is a

unique 𝐸𝐷 ∈ 𝑀1
𝑤,𝑁,𝐾𝑙,Frac(Λ𝐷) [𝜆𝐷] with boundary value 𝐵𝐸𝐷 .

Suppose there is no height 1 prime ideals of Λ𝐷 containing both 𝐿∗,Σ𝑝 (𝜒−1
f 𝜔2)Λ𝐷 and 𝐿Σ𝑝 (f, 1),

and (𝐿Σ𝑝 (f, 1)) ⊂ 𝐶ℎΣQ∞ (f). We prove that 𝐸𝐷 ∈ 𝑀1
𝑤,𝑁,𝐾𝑙,Λ𝐷

. Since Λ𝐷 is normal and 𝑀1
𝑤,𝑁,𝐾𝑙,Λ𝐷

is finite free over Λ𝐷 , it suffices to prove that, for all height 1 prime ideal P ⊂ Λ𝐷 , 𝐸𝐷 ∈

𝑀1
𝑤,𝑁,𝐾𝑙,(Λ𝐷)P . We prove this by contradiction. Suppose 𝐸𝐷 ∉ 𝑀1

𝑤,𝑁,𝐾𝑙,(Λ𝐷)P for some height 1

prime ideal P ⊂ Λ𝐷 . Since (Λ𝐷)P is a discrete valuation ring, there is a uniformizer 𝛼P ∈ (Λ𝐷)P

and 𝑛 ∈ N such that 𝛼𝑛P𝐸𝐷 is primitive in 𝑀1
𝑤,𝑁,𝐾𝑙,(Λ𝐷)P . Then a routine argument yields that

(E𝐷)P ⊂ 𝛼𝑛P𝐿
∗,Σ
𝑝 (𝜒−1

f 𝜔2)Λ𝐷𝐿Σ𝑝 (f, 1), which is a proper ideal. Therefore, E𝐷 is a proper ideal of
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Λ𝐷 and T𝐷 is defined. If 𝐿∗,Σ𝑝 (𝜒−1
f 𝜔2)Λ𝐷 is not contained in P, then Proposition 5.15 yields that

ordP(𝐶ℎΣQ(f)) ≥ ordP((E𝐷)P) ≥ 𝑛 + ordP(𝐿Σ𝑝 (f, 1)),

and we get a contradiction from (𝐿Σ𝑝 (f, 1)) ⊂ 𝐶ℎΣQ(f). If 𝐿∗,Σ𝑝 (𝜒−1
f 𝜔2)Λ𝐷 is contained in P, then

𝐿Σ𝑝 (f, 1) is not contained in P and Proposition 5.15 yields that

ordP(𝐿∗,Σ𝑝 (𝜒−1
f 𝜔2)Λ𝐷 ) ≥ ordP((E𝐷)P) ≥ 𝑛 + ordP(𝐿∗,Σ𝑝 (𝜒−1

f 𝜔2)Λ𝐷 ),

and we also get a contradiction. □

Conjecture 1. 𝐸𝐷 is always integral.

By Theorem 5.1 and a similar argument in the proof of Theorem 5.3, we have a similar result

for one variable family of Eisenstein classes.

Theorem 5.4. Suppose f is an 𝐼-adic ordinary primitive Hida family of tame level dividing 𝑁

verifying (irre) and (dist). Let 𝜆𝐷 be as in the previous theorem. Fix an 𝑃 ∈ X𝐼 with 𝑘𝑃 ≥ 7. Let

𝐵𝐸𝐷 (𝑃) ∈
⊕
[𝑔𝑝 ,1]∈𝐶ord

𝐼 (𝑁 ) ,0
𝐵1
𝑤,[𝑔𝑝 ,1],𝑐,Λ𝐷 (𝑃) be given by 𝐵𝐸𝐷 (𝑃) ,[𝑤] = (𝐿

∗,Σ
𝑝 (𝜒−1

f 𝜔2)Λ𝐷𝐿Σ𝑝 (f, 1)) (𝑃, ·) ·

Ξ−f𝑃 and 𝐵𝐸𝐷 (𝑃) ,[𝑔] = 0 for all [𝑔] ≠ [𝑤]. Then there exists a unique rational Λ𝐷 (𝑃)-adic Eisenstein

cohomology class 𝐸𝐷 (𝑃) ∈ 𝑀1
𝑤,𝑁,𝐾𝑙,Frac(Λ𝐷 (𝑃) ) , characterized by the following conditions:

1. 𝐻𝐷 (𝑃) acts on 𝐸𝐷 (𝑃) via 𝜆𝐷 (𝑃).

2. Φ(𝐸𝐷 (𝑃)) = 𝐵𝐸𝐷 (𝑃) .

Let Σ be the set of prime numbers dividing 𝑁 . If 𝑎(𝑝, f𝑃) ≠ 1, there is no height 1 prime ideals

of Λ𝐷 (𝑃) containing both 𝐿∗,Σ𝑝 (𝜒−1
f 𝜔2)Λ𝐷 (𝑃, ·) and 𝐿Σ𝑝 (f, 1)(𝑃, ·), and 𝜋f𝑃 is unramified at 𝑝, then

𝐸𝐷 (𝑃) ∈ 𝑀1
𝑤,𝑁,𝐾𝑙,Λ𝐷 (𝑃) [1/𝑝] . If furthermore, there is a basis of 𝑇f𝑃 for which the image of 𝜌f𝑃

contains SL2(Z), then 𝐸𝐷 (𝑃) ∈ 𝑀1
𝑤,𝑁,𝐾𝑙,Λ𝐷 (𝑃)

. That is, 𝐸𝐷 (𝑃) is an integral Λ𝐷 (𝑃)-adic Eisenstein

cohomology class.
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