A higher Hida cuspidal Siegel Eisenstein family for GSp4

Hung Chiang

Submitted in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy
under the Executive Committee
of the Graduate School of Arts and Sciences

COLUMBIA UNIVERSITY

2025



© 2025
Hung Chiang

All Rights Reserved



Abstract
A higher Hida cuspidal Siegel Eisenstein family for GSp,

Hung Chiang

We consider cuspidal Siegel Eisenstein series on GSp, and define explicit rational A-adic
families of Eisenstein cohomology classes on Siegel 3-folds. Under standard assumptions, we
prove that these rational families are integral in the context of higher Hida theory. This provides

the first example of an explicit integral family of Eisenstein cohomology classes in higher degrees.
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Introduction

The cohomology of locally symmetric spaces plays a crucial role in understanding arithmetic prop-
erties of automorphic forms and L-functions, for they have arithmetic structures from geometry and
can be realized as Lie algebra cohomology of automorphic forms. To begin with, we consider the
following setting. Let G be a connected reductive group over Q, Ag C G be the maximal Q-split
central torus, Ko, C G(R) be an open subgroup of a maximal compact subgroup, and Ky C G(Ay)

be a neat open compact subgroup. Let X (K ) be the locally symmetric space
X6 (Kf) == G(Q\G(A)/AR)’ - Kw - K.
An irreducible algebraic representation E of G defines a local system over X (Ky):
L:=GQ\[EXG(A)/AR)’ Ke - Kf] = XG(Ky).
The cohomology is computed using the de Rham complex, which gives a natural identification
H"(Xg(Ky), £) = H'(9.Ag(R)" - Ko, C*(G(Q\G (A) /K )~/ @ E).

Furthermore, the regularity theorem by Borel [Bor83; Bor90] and Franke [Fra98] replaces the

space C*(G(Q)\G(A)/K s)X=fin with A(G)Xs in the formula, resulting in the natural G (A f)-



equivariant isomorphism

H' (Xg, £) :=lim H*(Xg(Kp), £) = H'(9, KA (R)°, A(G) ® E).
Ky
When G admits a Shimura datum (G, X), a parallel theory has been developed for coherent coho-
mology of automorphic vector bundles by Harris and Su. For simplicity, we assume the maximal
R-split central torus of G is also Ag, which is verified for all PEL-type Shimura varieties. In this
case, XG(Ky) is the complex point of Shg,, the Shimura variety at level Ky. Harris and Milne
introduced automorphic vector bundles and their canonical models in [Har85] and [Mil90]. Let
o € X be a base point, and let P, C G(C) denote the stabilizer of 0. For each finite-dimensional
representation V of P,, there is an associated holomorphic vector bundle V' over Shg ., along with
a canonical extension V" over any toroidal compactification Shtlg;’z (cf. [Har89]). Here X is
a compatible choice of admissible rational polyhedral cone decompositions. The cohomology of
V< is independent of the choice of cone decompositions and can be interpreted through Lie al-
gebra cohomology. Let 3, := Lie(P,) and K, be the maximal compact subgroup of the stabilizer
of 0 in G(R). Then the stabilizer of 0 in G(R) is K, - Ag(R)". The following isomorphism is

explained in [Har90]:
H*(Shigh 5, V") = H* (Bo, Ko - Ag(R)°, Cams (G @ V).
Su [Sul8] provided the detailed proof of the formula, along with the regularity theorem
H*(Shig! 5, V") = H' (o, K, - Ag(R)’, AG) @ V).
From this, we also have the G (A y)-equivariant natural isomorphism:

H' (SH{g x), V) = lim H'(Shigy 5, V") = H' (o, Ko - Ac(R), A(G) @ V).
Ky,



Rational and integral structures in cohomology are key to their arithmetic applications in automor-
phic forms and L-values. For automorphic local systems, the rational structure of H*(Xg, L) is
induced by the rational structure on E. In the case of coherent cohomology, the rational structure of
H*(S ht(‘g X)° V) arises from canonical models over the field of definition, which contains the reflex
field E(G, X). After the construction of integral models due to Deligne, Rapoport, Faltings-Chai,
etc, the integrality of cohomology of automorphic vector bundles can be defined and deployed
into arithmetic problems. Most applications are made with holomorphic forms, the integrality
commonly addressed by the g-expansion principle. On the other hand, the integrality of the co-
homology of automorphic local systems is less accessible, because of the lack of explicit integral
bases of homology beyond the case of GL,.

By Langlands’ theorem [BLS96, Theorem 2.4] and its refinement due to Franke-Schwermer
[FS98], the aforementioned cohomology classes originate either from cusp forms or from coeffi-
cients of the Laurent expansions of Eisenstein series. Among them, Eisenstein series have a wide
range of significant applications. Their constant terms are used to define and study analytic prop-
erties of automorphic L-functions, known as the Langlands-Shahidi method. Furthermore, built on
the foundational work of Harder, the rationality of these L-functions can be explored via Eisenstein
classes. In the case of coherent cohomology, integral families of holomorphic Eisenstein series are
also widely used. Their integrality is typically derived from explicit computations of Fourier ex-
pansions and the g-expansion principle, or the pullback formulas of known integral families of
holomorphic Eisenstein series (mostly degenerate Siegel Eisenstein series on GSp,,, or GU(n, n)).
These families frequently appear in constructions of p-adic L-functions, either through their ap-
pearance in the integral representation of special L-values, or through the occurrence of special
L-values in their constant terms (and g-expansion principle on Igusa towers). Another common
application is the construction of nontrivial elements in Selmer groups with torsion coefficients via
congruence between Eisenstein series and cusp forms (Eisenstein congruence), which traces back
to Ribet’s converse of Herbrand’s theorem [Rib76]. These results often give lower bounds of the

size of Selmer groups and imply a one-sided divisibility of main conjectures in Iwasawa theory.



In this paper, we focus on the case of GSp,, with P the Siegel parabolic subgroup, and Eisen-
stein series defined by parabolic inductions of cuspidal representations of Mp = GL; X GL;. These
Eisenstein series are called cuspidal Siegel Eisenstein series. Unlike the Klingen Eisenstein series
or degenerate Siegel Eisenstein series which provide holomorphic forms, these Eisenstein series
contribute to the degree 1 coherent cohomology of automorphic vector bundles over Siegel 3-folds.
The motivation for this study stems from the fact that the constant terms of these Eisenstein series
naturally involve special values of the standard L-function for GL; and a Dirichlet L-function (cf.
[Shal0O, Proposition 4.3.1]). Because of this, a deeper understanding of these Eisenstein series
could be applied in arithmetic problems related to GL, and its standard L-function, and help in
discovering new phenomena beyond the reach of holomorphic forms.

The main challenge in studying the arithmetic properties of these Eisenstein series is the ab-
sence of a g-expansion principle, which limits the traditional methods for proving integrality. Al-
though we can also define "g-expansions" of higher degree cohomology as their restrictions to
formal completions along certain boundary strata in the toroidal compactifications, in our case, all
but the constant terms at O-dimensional cusps vanish. These constant terms of cohomology are rep-
resented by constant terms of Eisenstein series, cf. [HZ94, Chapter 3, 4.1, 4.2]. For rationality, the
rationality of constant terms is sufficient to establish the rationality of Eisenstein classes [HZ94,
Lemma 5.3.12]. For integrality, the usual expectation is that if the constant terms are divided by
certain special L-values, then the class is integral.

In the last section, we prove the expected integrality result under mild conditions for the cuspi-
dal Siegel Eisenstein series and construct explicit integral families of them in the context of higher
Hida theory [BP23]. Let Shk, be the Siegel 3-fold at a neat level K. For every dominant weight
(k1, ko, k) for GSp,, we define « := (kp — 1,—(k1 + 3), (kc — k1 + ko —4)/2) to be a dominant
weight of GLy X GL, which is embedded into GSp, via (g,t) > diag(tg,” g~'). Let V, be the
irreducible representation with highest weight « of GL, X GL; and V, be the automorphic vector
bundle defined by V, on Shg 4

Three sheaves associated with V, are involved in this work. The stratification on a suitable



toroidal compactification S h‘[?; consists of 3 parts: The open Shimura variety Sh,, the union of
boundary strata associated with the Klingen parabolic subgroup, denoted by Zg;, and the union of
boundary strata associated with the Siegel parabolic subgroup, denoted by Dg. The last part Dy is
closed with some of its strata lying in the closure of Zg;. We consider two different extensions of
V. over Sh}?;_: Vi .sub 1 the subsheaf of the canonical extension V*" of sections vanishing along
the boundary, and V, g; is the subsheaf of V" of sections vanishing along Zxi1. Let Vekilps be

the restriction of V, g; to Dg. These sheaves fit into the following short exact sequence
0— (Vk,suh - (VK,KI - (VK,KllDS — 0.

Following [BP23], we define Z,[[T(Z,)]]-adic "higher Hida complexes", which interpolate ordi-
nary cohomology complexes of Vi sup, Vi ki1, and V k1| pg at neat tame levels. These complexes

are denoted by S}, M ., and B}, ., respectively. Here w = w,, the reflection with respect to the

KI° w,c>

long root of GSp,. The subscript w has a specific meaning in Higher Hida theory.

Our first theorem is the following fundamental exact sequence.

Theorem 0.1. Let T be the central torus of GSpy. Then each of Sy, M}, ., and B, . is a perfect
complex of Z,,[ [T (Z),)]]-modules concentrated at degree 1. In particular, we obtain the following
short exact sequence

1 1 1
0—-3S, — MW’K, - BW7C — 0.

Here S!, := R'S?, and lev x and B}V’C are defined analogously.

The complex S?, was studied in [BP23]. The isomorphism S*, = S! [~1] follows from [BP23,
Proposition 5.6.3] and the fact that w # 1. The assertion for By, . comes from the identification
of ordinary boundary cohomology with the ordinary part of compactly supported cohomology on
open modular curves and the known result that the latter is concentrated in degree 1. This is proved
in Chapter 4, where we also compute the ordinary part of boundary cohomology of the subsheaves
of sections of automorphic vector bundles vanishing along all boundary strata but those over the

O-dimensional cusps for general GSp,,, and identify them with the ordinary part of compactly
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supported cohomology of the locally symmetric spaces associated with GL,.

Let f be an /-adic primitive ordinary Hida family of modular forms with tame level N and
Nebentypus yf where yf is a Dirichlet character factoring through some (Z/pN’ Z)* with p t N’.
Let A¢ be the I-adic Hecke eigensystem associated with f. Let T;, be the local component of
the 7-adic ordinary Hecke algebra corresponding to f. We assume the residual representation as-
sociated with each of classical specializations of f is absolutely irreducible and p-distinguished.
Under this assumption, Ty, is Gorenstein. Let M S°¢(A) be the space of A-adic ordinary modular
symbols with tame level I';(N) as in [Kit91]. The Gorenstein property of Ty, implies that both
(+, Ag)-eigenspaces M S°(T,)* [A¢] are free of rank 1 over Ty,. A choice of basis of them induces
elements 5 € M S°'([)*[A¢]. The I-adic modular symbols Ef specialize to base of p-adic modu-
lar symbols E;—’P in corresponding eigenspaces. As in [Kit91], we use Z¢ to define 2-variable p-adic
L-functions of Hida families L, (f, ), where y is a Dirichlet character. We define the imprimitive
p-adic L-function Lg (f, 1) by eliminating Euler factors at all £ | N.

Now assume the pair (p, N) satisfies the conditions:
1. N > 3.
2. p =5 and N has a prime factor not of the form 5k + 1, or p > 7.

We define Ap := I[[Z,]] and consider the Ap-adic ordinary cohomology of tame level

a %k %k k
~ 01 = =
I(N):=3g¢€ GSp4(Zp) g = (mod N)
0 0 a't 0
00 =x ¢

The Ap-adic ordinary boundary cohomology of tame level /() is parametrized by O-dimensional

ordinary cusps, which is identified with the double coset space

GLa(Z) Gu(Z)YN(Z'WNG(Z") x {w,} /1(N),



where w, is the image of w in G(Z,), N is the nilpotent radical of P, and GL, X G,, is the Levi
of P. We show that the boundary cohomology at the ordinary cusp w is canonically isomorphic to
M SO (1 )§>Z,, Zp [Z;j]]. Then 5 define constant families in the Ap-adic boundary cohomology.
Let L, (xy 'w?) be the Kubota-Leopoldt p-adic L-function. We regard it as an element in I[[1 +

P Zp]] so that it interpolates the positive critical values in this way:

L(2kg — kp +2, xtw 2 xpx 5w e~ r+?)

-1, 2
Ly(xp @)(P,Q) ~ 2ko—kp+2

Let Ly, (xy 'w?) denote the numerator of L »(Xp lw?) and L;’N (x¢ 'w?) denote the numerator of the

imprimitive p-adic L-function:

LN O ') (P, Q) = Ly (' @) (P, Q) | [(1 = Griw™2xpxgiw™ e 2) ()0 2+2keke)),
(IN

We can now describe the main theorem.

Theorem 0.2. There is a unique rational Ap-adic nearly ordinary Eisenstein cohomology class

EpeM!

wN.A®AD Frac(Ap) satisfying the Hecke eigensystem Ap, tame level 1(N), and has bound-

ary value L;’N ( )(f_la)z)Lg (fs 1)5; at w and 0 at all other 0-dimensional ordinary cusps.
If there is no height 1 prime ideal in Ap containing both L;’N()(lewz) and Lg(f, 1), and
the technical conditions in [Och06, Theorem 3] hold, then Ep is an integral Ap-adic Eisenstein

cohomology class.

The precise version of the main result is Theorem 5.3. The proof makes use of Eisenstein con-
gruence of degree 1 coherent cohomology and the upper bound of certain Selmer groups in [Och06,
Theorem 3], which is derived by the Euler system constructed in [Och05] that generalized Kato’s
result [KatO4]. We also have a one-variable family version Theorem 5.4 that only requires Kato’s
result and the conditions are more relaxed. Moreover, we also specify classical specializations of
Ep in terms of Eisenstein series valued in differential forms.

The identification of boundary cohomology of single weights with compactly supported coho-



mology is derived from studying formal completions of V, g, and YV, g; along D, which reduces
the cohomology computation to that of certain ideal sheaves on completions of torus embeddings.
The cohomology of equivariant line bundles on completions of torus embeddings has been ex-
tensively studied in [Har+16, Chapter 2], and is applied in the case of canonical extension of
automorphic vector bundles and subcanonical extensions of them when the cone decomposition
is smooth. In our case, however, we do not always want to use smooth cone decompositions, so
the ideal sheaves may not be line bundles. We introduce a notation of equivariant sheaves over
torus embeddings extending both considered in [Kem+06, Chapter 1.3]. The ideal sheaves can be
easily interpreted using this notation. Following the method used in cohomology computations in
[Har+16], tracing back to earlier works including [HZ94] and [FC13], we compute the cohomol-
ogy of the ideal sheaves we encounter in terms of relative cohomology of topological spaces when
the cone decomposition is simplicial and sufficiently refined.

The paper is organized as follows: In Chapter 1, we review basic facts about Eisenstein coho-
mology classes and give details of the cuspidal Eisenstein series on GSp,. In Chapter 2, we set up
basic notations for torus embeddings and compute cohomology of a class of equivariant sheaves.
In Chapter 3, we recall the theory of integral models and Igusa towers of Siegel Shimura varieties.
We define automorphic vector bundles with specific vanishing conditions and identify their com-
pletions along boundary strata with coherent sheaves considered in section 3. In Chapter 4, we
follow [BP23] to define the higher Hida complexes involved in our work, and prove a fundamental
exact sequence. In Chapter 5, we modify the argument of Eisenstein congruence from [SU14] and
give specific 2-variable and 1-variable rational A-adic families of Eisenstein cohomology classes.
We prove that they are integral under standard assumptions to apply Euler systems and Eisenstein

congruence.



Chapter 1: Eisenstein cohomology

In this chapter, we review some basic notations and properties of Eisenstein series and Eisen-
stein cohomology. We set up the necessary definitions and notation for Eisenstein series and Eisen-
stein cohomology, mostly following [FS98], [Grb12], and [Mun20]. Using the decomposition by
Franke-Schwermer [FS98], when the weight is sufficiently regular, Eisenstein cohomology can be
computed by interpreting them as Lie algebra cohomology of induced representations. This al-
lows us to reduce them to cohomology associated with the Levi subgroups. The computation for
automorphic local systems can be found in [Mun20]. Following the setup and analysis in [HZ94,
Section 1], we are able to make similar computations for automorphic vector bundles. Finally, we
study the case for GSp, and the Siegel parabolic subgroups, where Eisenstein classes appear in

degree 1 and are the objects of interest.

1.1 Relative Lie algebra cohomology

In this section, we recall the notion of (g, K)-modules, relative Lie algebra cohomology, and
properties of induced representations we need from [KV16] and [BWO0O]. Let g be a finite-
dimensional complex Lie algebra, and K be a compact real Lie group. Suppose fc is identified
with a Lie subalgebra of g and K acts on g such that the K-action stabilizes fc, is the adjoint repre-
sentation on fc, and the differential of the K-action is ads. on g. Then (g, K) is a pair in the sense

of [KV16, (1.46)].

Definition 1.1 (cf. [KV 16, (1.86)]). A (g, K)-module is a complex vector space V endowed with g

and K-actions such that
1. The action of K on'V is locally finite and differentiable on every K-finite subspace.

2. The actions of c on 'V, induced by g and by K, coincide.

9



3. Foreveryk € K, X € g,andv €V, k(Xv) = k(X)k(v).

In this section, g is always a complex Lie algebra. In the subsequent sections, g will be the Lie
algebra of a real Lie group containing K and (g, K)-module means (g¢, K)-module in this sense.

It is the group case in [KV16].

Definition 1.2. Let V be a (g, K)-module. Denote by C*(g, K; V) the cochain complex given by
C9(g,K; V) := Homg (A?(g/tc), V)

with differential maps defined as in [KV 16, (2.127)]. The relative Lie algebra cohomology H* (g, K; V)

is defined as the cohomology of C*(g, K; V).

In practice, we also consider (g, K’)-cohomology where K’ = K X Rl for some n € N
and T := Lie(K’)c is also identified with a Lie subalgebra of g. We define H*(g, K’; V) as the
cohomology of C*(g, K’; V) where C?(g, K’; V) := Homg (A?(g/f), V) and the differential maps
are defined analogously.

We consider induced representations in the following setting: Let p C g be a complex Lie
subalgebra, Kp C K be a closed Lie subgroup with Lie algebra fp such that KpK® = K, p+fc = g,
and pNfc = Ipc. We define indgg”g) as the /-functor / ((gjg) in [KV16, (2.10)]. By the assertion
in [KV16, p. 131], the induced representation in our case can be given by the following more

explicit definition, which is a slight generalization of the definition of induced representations in

[BWOO, Section I11.2.3].

Definition 1.3. Let H be a (p, Kp)-module. We define indgg’llg))(H ) as follows: Define

Up := Homy ) (U(9), H) ={f : U(g) > H| f(yx) =yf(x) Vy e U(p)}.

Let U(g) act on Uy via right multiplication and Kp acts on Uy via (pf)(x) := pf(p~'(x)). Let

U, c Uy be the subspace of ¥c-finite vectors. Let KO be the universal covering of K°. By definition,

10



U, is stabilized by U(g), Kp, and has a KO-action compatible with the ¥c-action. Let 1 : KO — KO

be the projection. 1nd(g DK )(H ) C U, is defined as the subspace of vectors v satisfying that

1. foreveryp € K, and k € Y (Kp), p(k(p~t(v)) = Ad, (7 (k))(v), so that the KO-action

descends to a K°-action,

2. forevery p € Kp, k € K°, p(k(p~'(v))) = Ad, (k)(v). Here p, p~! act via the Kp-action

and k, Ad, (k) act via the K O_action.

For every k € K, we write k = pl where p € Kp and | € K°. Then kv := p(I(v)) defines a

K-action on 1ndEg Kp )(H) and makes 1nd(g K) )(H) a (g, K)-module.

By [KV16, Proposition 2.21], we have the Frobenius reciprocity: Let V be a (g, K)-module.
Then there is a canonical isomorphism

. (a.K
Hom, k,)(V, H) = Homq k) (V, 1nd§i,Kl) (H)).

By [KV16, Proposition 2.117, Theorem 2.119 (Shapiro’s Lemma)], there is the canonical isomor-
phism
H* (9, K;ind %) (H)) = H*(p, Kp; H).

The map is induced by the inclusion of pairs (p, Kp) — (g, K) and the evaluation-at-1 map

indgi’ﬁ)(H) 2L H. Lastly, we need the following proposition, which is [KV 16, Corollary 2.97].

Proposition 1.1. Let V be a finite-dimensional (g, K)-module. Then there is a canonical (g, K)-
module isomorphism

1nd(g ) (H) eV = 1nd£g o (H®V).

1.2 Notation and definitions for Eisenstein series

We recall the setting and notation in the theory of Eisenstein series in this section. We mostly

follow [Mun20, Notation and conventions, Section 1.1]. Let G/Q be a connected reductive group,

11



g := Lie(G), and h C g be a Cartan subalgebra. Let Z(g) C U(g) be the center of U(g). Then

Harish-Chandra’s isomorphism is a C-algebra isomorphism

Z(g) = Sym*(h)""

Every 1 € Home (b, C) induces a character y; : Z(g) = Sym*(p)" 4 C. If A is a dominant
weight and E is the irreducible representation of G¢ with highest weight A, Z(g) acts on E, via
X+p and on E via x_(a4p).

Suppose G is quasi-split. Fix B ¢ G a Borel subgroup and 7 C B a maximal torus. Denote by
@™ the set of positive roots of G¢ with respect to the positivity determined by B. Denote by p the
half sum of positive roots.

Let P be a standard parabolic subgroup and denote the Levi decomposition by P = MpNp =
MN. Let Ap C Mp be the maximal Q-split central torus. In particular, A is the maximal Q-split
central torus of G. We have Lie algebras p, mp, ap and np define in the apparent way. Denote by
@7, the set of positive roots of Mc. Denote by WP the minimal length representatives of Wy, \Wg:
WP={weW|wl(a)>0Vace @7, }. The representatives are characterized by elements with
minimal length in their respective cosets.

Denote by A(G) the space of smooth automorphic functions on G(Q)\G (A). It is the space
of C-valued function on G(Q)\G(A) that is locally constant on g; and is smooth, K-finite, and
Z-finite on ge.

Let gy := (Nyex-(c) ker(x) and mpp := (), cx+(mp) ker(x). Define py := pNgy and app :=

ap Ngo. Then there are the following decompositions:
p=mpo@ap®np, po=MmpoBapodnp.

ap naturally splits into apo P ag, so does its dual ay. In particular, a}/)o is identified as the
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subspace of y € a}, that is trivial on ag. We also define pp € a}, o by the formula

pp(X) := Tr(ad(X) u,).

This is the restriction of the differential of the modular character on P. Moreover, p = pp on ap.

Suppose that there is a maximal compact subgroup K,.x = [], Kvmax € G(A) such that
for every v < o0, Ky, jqx is @ maximal open compact subgroup of G(Q,), Ko max 1S @ maximal
compact subgroup of G(R), and K, is in good position with respect to B; in particular, the
Iwasawa decomposition P(A)K,,,x = G(A) holds. Then the height function Hp : G(A) — apr
is defined as follows: Hp is left N(A)-invariant and right K,,,,-invariant, and for all g € Mp(A)
and y € Homg(Mp, Gy,),

exp({(Hp(g),dx)) = |x(g)la-

We use two notations for induced representation. Denote by ind the usual induced representa-

tion, and by Ind the normalized one. Let & be a smooth representation of P(Ay) over C. Then

ind® )

P(4)) (7) is the space of locally constant functions f : G(Ay) — n such that for every

(p.g) € P(Ay) x G(Ay), f(pg) = pf(g), and Indg((ijf)) is the space of locally constant func-
tions f : G(Ay) — m such that for every (p,g) € P(Ay) X G(Ay), f(pg) = 6}3/2|(p)pf(g) =

exp({(Hp(p),ppr))pf(g). The G(Ay)-actions are given by right translations. We also define

indG(A) _ dG(Af)X(Q,Km,max) and IndG(A) — IndG(Af)X(g,Km,max)

P(a) = M4 )% (p.KeomarP) P(A) P(4))X(pKemannyp) LOT SHOTL.

Let 7 be a cuspidal automorphic representation of Mp(A) with central character y,. If y, is

trivial on Ag(R)", then 7 occurs in the cuspidal spectrum

L2,y (Mp(Q) Ap(R)*\Mp(A), xr).

Therefore, we define

m=n@exp((Hp(),—dy,)).
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7 is a unitary cuspidal automorphic representation and is realized as
Vi C L2y (Mp(QAp(R)\Mp(A), xx).
Denote by Wp 7 the space of smooth, K-finite complex functions
¢ : Mp(Q)Np(A)Ap(R)\G(A) - C
such that for every g € G(A), the function
Mp(QAp(R)\Mp(A) — C, m = ¢(mg)

lies in Vz. Then Wp 7 = indg((ﬁ‘)) (V7).

For all $ € Wp 7 and u € a},(C), the Eisenstein series E (¢, u) is defined as follows:

E(.)(2) = ), ¢(ye)exp((Hp(yg), i+ pr)).
YeP(Q\G(Q)

The series converges absolutely when R (u)la, , — pp is sufficiently regular in the dominant Weyl
chamber of al\ﬁ’o and has meromorphic continuation to the whole affine space u € aIVJ(C).

Let Q be a parabolic subgroup with Levi decomposition My Np. The constant of E(¢, u) along
Q is defined as

Eo(1)(g) = / E(¢. ) (ng)dn.

Ng(Q\No(A)
where dn is the Haar measure with Vol(Ng(Q)\Np(A)) = 1. Due to Langlands, the constant term

is expressed in terms of intertwining operators. Let W (P, Q) be the equivalence class
W(P,Q) :={w € G(Q) | Ady(Mp) = Mp}/~

where w ~ w’ if and only if Ad,,-1,, is the identity map on Mp. Then the intertwining operators
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M(w,-) for w € W(P, Q) are defined as follows: For u € a}, , and ¢ € Wp,

MOw. 0)u(e) = [ (6 exp((Hp(), 1)) (w™'ng)dn.

(Ady, (N)NN)(A)\Ng(A)

. . . . \/
The integral converges absolutely when R (u) >> 0 and has meromorphic continuation to a PO
and defines meromorphic an intertwining operator between induced representations. Langlands’

result says

Eo(d,m) (@)= >, M(w,0)uu(g)

weW (P,0)
as a function on (g, ) meromorphic in u. A detailed proof can be found in Shahidi’s book [Shal0,

Section 6.2].

1.3 Cohomology of locally symmetric spaces

In this section, we review the setting and definitions of automorphic local systems and auto-
morphic vector bundles, and the connection between their cohomology and the Lie algebra coho-
mology of automorphic forms.

Let Ko be an open subgroup of Keo mqx and Ky C G(Ay) be a neat open compact subgroup.

We denote by X (K ) the locally symmetric space
X6(Ky) = G(QAG(R)"\G(A) /KK,

which is a smooth manifold.
Let A be a dominant weight of G and E, denote the irreducible representation of G(C) with
highest weight A. The representation E, defines a local system, denoted by L, as the covering

map

G(Q\[EA X (AG(R)\G(A) /KK f)] = G(QAG(R)\G(A) /KKy = Xi(Ky).
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Here, E, is given discrete topology. These local systems are called automorphic local systems.
The cohomology H*(Xg (K ), L) is computed by the de Rham complex, and therefore natu-

rally identified with the Lie algebra cohomology

H*(Xg(Ky), La) = H*(8, Ag(R)’Kwo; C*(G(Q)\G(A)/Kf) ® Ep).

We define
H' (Xg, L) = lim H* (Xg (K ). La).
Ky
Then

H*(Xg, L) = H* (8, Ag(R) Kw; C¥(G(Q)\G(A)) ® Ep).

Let Z(g) be the center of the universal enveloping algebra of g. The ring Z(g) acts on E, via the
character ya+,. The cohomology is given by the intersection of —A-eigenspace of ag and y_(a+p)-
generalized eigenspace of Z(gg) within C*(G(Q)\G(A)). On the other hand, since we can twist
every function of C*(G(Q)\G(A)) by |x|® for every y € X*(Ag), s € C, the cohomology is also
identified as

H*(Xg, Lp) = H* (89, Koo3; C°(G(QAG(R)\G(A)) ® Ep).

Let E = E5. We define Ax(G) ¢ C*(G(Q)Ag(R)°\G(A)) as the subspace of the intersection
of the y_(a+p)-generalized eigenspace of Z(g). By regularization theorems due to Borel [Bor83;
Bor90] and Franke [Fra98], the inclusion Ag(G) — C®(G(Q)Ag(R)°\G(A)) induces the iso-

morphism

H* (80, Koo; AL (G) ® E) = H* (89, Keo; C*(G(QAG(R)"\G (A)) ® E).

Let € be the class of associated Q-parabolic subgroups of G, and ®f [p| be the class of associated
cuspidal representations ¢ = {¢p} of Levi subgroups M of those P € €. By Langlands’ theorem

(cf [BLS96, Theorem 2.4]) and a refined decomposition proved in [FS98], there is a direct sum
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decomposition of (g, Kw) X G (A r)-modules

Ap(G) = @ @ AECp-

Ce®% LpEQE’C

Here for given C € €,

@ ﬂE,C,go

e®g c
is the subspace of automorphic forms negligible along all parabolic subgroups Q ¢ C, and for
given P € C and ¢ = {¢p}, AE c,, is the space generated by coefficients of Laurent expansions of
E (¢, u)(g) where ¢ runs through @p at 4 = dy, € al\ﬁ’O(C). With the direct sum decomposition of

Ag(G), we have the decomposition

H (X6, La) =P P H' (90 Ko, Arcp ® E).

Ce¥ (,DE(I)E,C

Following [Mun20, Section 2.1], we define cuspidal cohomology of £, as

H:usp(XGs LA) = @ H*(QO’ Kom ﬂE,{G},w ®E)
veDE (G}

and Eisenstein cohomology of L, as

Hp (Xg, La) = @ @ H* (89, Keos Ap,cp ® E).

CG%—{G} ¢€®E,C

Suppose now G admits a Shimura datum (G, X). We also consider automorphic vector bundles.
The treatment and notations for defining them here are mostly adapted from [Sul8].

For simplicity, we assume the maximal Q-split central torus Ag is also the maximal R-split
central torus of G, which is verified for all Shimura data of PEL-type. Let 0 € X be a base point
and K, ¢ G(R) be the stabilizer of o, and denote by K., the maximal compact subgroup of K.

With the assumptions, K, = Ag(R)°K, and then X5 (K ) is the C-points of the Shimura variety
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defined by (G, X) at level Ky, denoted by Shg,. The base point o : Resc/r G — Gr induces a
Hodge decomposition

gc=g¢""'@®g™ g

and we denote by F, the associated Hodge filtration on gc. The Lie algebra f, := Lie(K,) is a

real form of g%°. We choose a compact Cartan subalgebra b c f, ¢ and fix a choice of positive

roots relative to b, so that g=! is a direct sum of root spaces of (some of the) positive roots. Let
-1,1

@ and @} be the subset of positive roots the root space of which are contained in g and g="!,

respectively. We denote

pC::%Za,pnC::% Z a.

aed} acd},
Let Bo" =g b, By~ =g, and P, = g1 @ ¢*°. Let P, c G¢ be the parabolic subgroup with
Lie algebra B, and P/, be the opposite parabolic subgroup, with Lie algebra g®° @ g="!. Then
G(C)/P,(C) is the compact dual X, and the Borel embedding 8 : X — X is an open immersion,
giving X a complex manifold structure.
For every finite-dimensional representation V € Rep:(P,), we denote by &y the homogeneous
vector bundle

Ey =Ge XP” V- G@/PO.

Then B8*(Ey) is a holomorphic vector bundle over X. Using the adelic language, we denote by V

the homomorphic vector bundle
G(Q\I[B (&v) X (G(Ap)/Kf)] = G(QAGR)\G(A)/KuK = Sh, .

If k is a dominant weight of f., we denote by V, the automorphic vector bundle defined by the
irreducible representation of K, with highest weight «.

Consider toroidal compactifications Sh}?;’z with smooth projective admissible polyhedral cone
decompositions X. Denote by V" the canonical extension of V onto Shtl‘g;’z. The cohomology

H*(Shtlg;,z, V<) is independent of the choice of X. Let EBOO = PBoNgoc. In [Sul8], the identifi-
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cation of H*(S ht;(’; 5> V") with Lie algebra cohomology is made and a regularization theorem is

also carried out. The main theorem of [Sul8] is the following isomorphism:

H (SHE 5, V™) = H* (B0, Keo, A(G) @K @ ),

We similarly define
H*(Sht((g’x),(vcan) = h_r)n H*(Sh;g;,z,(vwn).
Ks2
Then
H*(Shtor peany ~ H*(‘Boo, Koo’ﬂ(G)AG(R)O ® V)

(G.X)°

as G (A y)-representations.

Let ¢ : Shg ;o S ht;(’; With the condition of our choice of positive roots, the dual BGG

2

resolution is a resolution
0—>uLpr—C"
where C? = P, cyyro Viv-a for all dominant weight A relative to .. This gives the spectral

l(w)=q
sequence

EP? = EB HI(ShS, V,.p) = HP*(SKS, L1).

wewPo
l(w)=p

The degeneration of the spectral sequence at the E|-page for general Shimura data is proved by
[HZ01, Corollary 4.2.3]. A weight « of the form w-A for some dominant A is called cohomological.

By [Har90, Proposition 4.3.2], if & is an automorphic representation that contributes to coho-
mology of V,, then Z(g() acts on 7e Via Y—(x+p). When « is cohomological, say k = w - A, then

X—(x+p) = X-(A+p) and we have an analogous decomposition

H'(SH V) = (D) (D H' (8" Koo Arc.p @ V).
Ce®¥ ‘pe(DE,C
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We also define cuspidal cohomology of V; as

H:usp(Sht((g,X)’ (VK) = @ H*($00, Koo’ ﬂE,{G},go ® VK)
ve®E (G)

and Eisenstein cohomology of “V; as

Hy (ShG .V = D D H (B Koo, Arcp ® Vi)
CG%—{G} QOG(DE’C

1.4 Cohomology of induced representations: automorphic local system case

The goal of this section is to review the treatment and computation of Eisenstein cohomology
when the weight is sufficiently regular in [Mun20, Section 1.3, 2.2], which had been essentially
done in [Fra98].

We identify a}, with the tangent space at every of its points. For every u € a}, we denote by
Sym(al\ﬁ’o)ﬂ the symmetric algebra generated by the subspace a},’O in the tangent space of u. It is
regarded as a subalgebra of differential operators with constant coefficients. On the other hand,
Sym(al\ﬁ’o)ﬂ = Sym(a}’,,o) and the latter is also the algebra of polynomial functions on ap. Let
D e Sym(ax’o) u- As a differential operator, it sends a complex function defined near u to the value
of D(f) at u. As a polynomial function, the differential dD is defined. For every a € ap, (a, dD)
1s again a polynomial function on ap o and also regarded as a differential operator.

Let P(A) act on Sym(a), o)u by the formula

(pD)(f) := D(exp({Hp(p), ) f)-

This gives Sym(a;’o)# a (p, Ko N P(R)) X P(Ay)-module structure. On the other hand, Wp 7z ®

Sym*(ay, ), is given a (g, K) X G(Af)-module structure as follows: For every ¢ € Wpz and
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D € Sym*(a}, )., we define

(¢ ® D)(h)(g) = ¢(8)D(h)(1)|a=p-

for all smooth functions & defined near u. In this way, Wp 7 ® Sym*(alv, o)u 1s embedded into the
space of function valued compactly supported distributions on smooth functions on a}ﬁ defined
near p.

For every g € G(A), we define

g(¢p® D)(h)(g") :=D(exp({Hp(g'g) — Hp(g'), 1)) $(&'g)h(1))|a=p

=¢(g'g) exp((Hp(g'g) — Hp(g'), w))(D + (Hp(g'g) — Hp(g'),dD))(h)(u),

and for every X € g, we define X(¢ ® D) by differentiating the G (R)%-action above. By explicit

computation, we have
1. Forevery k € Koo, k(¢ ® D) = (k¢p) @ D.

2. Forevery X € g,
X(¢®D)=X(¢)®D+¢®(X(Hp)(g), )D +¢ ®(X(Hp),dD).

In particular, ag acts via the character u.

3. Forevery g € G(Ay),

gr(¢®D)(g) = ¢p(ggr) ® exp({Hp(ggr) — Hp(g), 1)) (D + (Hp(ggs) — Hp(g),dD)).

In this way, we see (8, Ko) X G(Ay) acts on Wpz ® Sym*(a}, ,),. The definition of the action

gives the following proposition.

Proposition 1.2 (cf. [Mun20, Proposition 1.3.2]). For all holomorphic functions h defined near u
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such that all functions h(u)E(p, u)(g) are holomorphic near u, the map
Wpz ® Sym(ap )y — A(G), (¢ ® D) > D(h(u)E(, 1))

is (9, Keo) X G(Af)-equivariant.

Proposition 1.3 ((Mun20, Proposition 1.3.1]). Wpz ® Sym*(ay, ), = indg((ﬁ)) (Vz ® Sym(ay ),.)

as (8, Keo) X G(Ay)-modules.

Proof. The proposition is well-known, but we can not find a proof in literature. Therefore, we give
a proof here.

Let U; be the space of functions f from G(A) to Vz ® Sym(a},’o)# such that f(pg) = (p ®
p)f(g) for every p € P(A) and U, be the space of functions i such that ¥ (pg) = (p ® Dy (g).
Let ¢ r(h)(g) := f(g)(exp({—Hp(g),-))h). Then f — y is an isomorphism from U; to U,. Let

g € G(A). We have for every smooth function /4 defined near g,

Wer(h)(g") =(8/)(8")(exp({~Hp(8),))h) = f(gg")(exp((~HPp(g), ))h)
=/(g8") (exp({(~Hp(gg"),-)) exp({Hp(g8') — Hp(g),-})h)

=y s (exp((Hp(gg") — Hp(g).))h)(gg").

Therefore, the equivariant G (A)-action on U, agrees with the action we define for Wp,;®Sym(a¥,,0) i
Let Sym(alvj’o) u,n be the subspace of Sym(alvj’o) u of polynomials with degree up to n for every
n € N. By the explicit formula of the actions, Sym(a}’,’o) wn 18 P(A)-stable and Wp 7 ® Sym(a}ﬁyo) 4
is (9, Ke) X G(Af)-stable. Moreover, both f + ¥ and its inverse preserve the degree of dif-
ferential operators. Let U;,, C U; be the subspace of smooth functions with image contained in

Vz ® Sym(ay )u.n) fori = 1,2. Then f + ¢ is an isomorphism from Uy, to U, .. By [BW0O,

G(A)

Section I11.2.4], ind P(A)

(Vz® Sym(al\ﬁ,o)ﬂ,n) C U, , is the subspace of K -finite vectors. Since the

K-action fixes every differential operators, Wp 7z ® Sym(al\ﬁ,o) wn C Uz, is the subspace of K-finite

G(A)

vectors. We therefore have the isomorphism ind, (A)

(Vﬁ R Sym(axi))#’n) = Wp,ﬁ ® Sym(a}/,,o)#,n.
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The inductive limit of {Wp 7z ® Sym(a},’o) unyis Wpz® Sym(a}/,’o) - Therefore, it rests to prove
that the inductive limit of {indﬁ((ﬁ)) (Vz ® Sym(aj, o))} is indg((ﬁ; (Vz® Sym(a},),). Let f bea
a function from U(g) to Vz ® Sym(al\ﬁ’o)ﬂ such that f(yx) = (A(y)) f(x) for every y € U(p) and
x € U(g). Let {X'} be the basis of monomials of Sym(a;’o)ﬂ and we write f(x) = Y, fi(x)X".
Here for every x, f7(x) = O for all but finitely many /. If f € indg((g)) (Vz® Sym(a}’,’o)#), Uil f
is finite-dimensional and the f-action comes from a differentiable K-action. By projection to the
Ith component, this implies for each 7, U(¥) f7 is finite-dimensional and the f-action comes from
a differentiable K-action. Moreover, there are only finitely many different K-types appearing in
21 U@ f1. Let fi(k) := (kf;)(1) for every k € K. Then f; — f] is K-equivariant, f] is a
smooth K-finite function on K and f;(x) = (xf7)(1) for all x € U(f). Therefore, {f;}, and
hence { f;} generate a finite-dimensional space. Let {ay,...,a,} C U(¥) such that for any two
different elements in );; C f7, there is some ay such that the two elements have different values at

ag. Since there is a n € N such that f;(ayx) = 0 for all k and I with |I| > n, we conclude that

. A
fe 1ndg((A)) (Vz® Sym(al\ﬁ’o)y,n)- =

When dyx|ap , is large enough, all Eisenstein series converges absolutely near y = dy,+pp. In
this case, if dy, € a}’,,o, then by [Mun20, Proposition 1.3.2], essentially reduced to [FS98, Theorem
1.4],

Eis: (¢ ® D) — D(E(¢, dxr + pp))

induces an isomorphism

Eis
\%
WP,ﬁ ® Sym(ap,())d/\(n+pp > ﬂE,C,(,D'

Furthermore, by Proposition 1.1, for every finite-dimensional G (R)-representation E, Wpz ®

. G(A) , ~
Sym(a}y Jaysspr ® E = mdeA; (7 ® Sym(a}p o)y +pp ® E).

Theorem 1.1 ([Mun20, Theorem 2.2.3]). Let K € G(R) be a compact subgroup containing a
maximal compact subgroup of G(R)°. Let Kp := K N P(R) and Ky be the image of Kp in M(R),

which is isomorphic to Kp and contains a maximal compact subgroup of M(R)?. Let Fy(A+p)—p be
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the representation of M with highest weight w(A + p) — p for w € WP, Then the cohomology
H*(QO, K;Wpz® Sym(a}/),o)d)(,,+pp ® Ep)
is nontrivial only if there is a (necessarily unique) w € W¥ such that

-w(A+p) |ap,0 = d/\/ﬂlap,o’

and for this w,

* - G(A
H* (g0, K ind 33 (Vi ® Sym(aj g)ayr+pp) ® En)

- ~ G(Ay)
=H l(w)(mo, Ky;moo ® Fw(,\+p)_p) ® IndP(A;) (rr).
Proof. We include a proof here for the reader’s convenience. It is a slight modification of the proof
in [Mun20], which follows the proof for [BWO0O, Theorem III 3.3] and computations in [GS11]
and [Grol3].
By the [BWO0O, Proposition 2.5], the isomorphism p/fp = g/f induces the isomorphism
* . 1G(A
C* (80, K3 indy ) (Vi ® Sym(aj, o)ayvop ® En))

N . G(As) ,~ .
=C* (po, Kp,indpy ") (7 @ Sym" (@}, g)arspr ® E)).

Therefore,

H* (g0, K: Wpz ® Sym(ay, )y ,+pp ® En)
~ IT* . G(Af) ~ * \Y
:H (pOa KP’ lndP(Af) (7[ ® Sym (aP7())d/\(7r+pp ® EA))

G(Ay)

= indP(Af) (H*(pg, Kp, oo ® Sym*(a}/>7())d)(7r+pp ® Er) ®7y).
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With the decomposition py = mpo @ ap @ 1, we have a spectral sequence

EY =H'(mpo® apo, Ky, Teo ® Sym*(ap, 0)dys+pp ® H' (1, Ex))

=H™ (pg, Kp, Teo ® Sym*(a}, 0)ay+pp ® En).

By Kostant’s theorem,

Hj(n’ EA) = EB Fw(A+p)—p-

wew?
l(w)=j

By Kunneth formula,

H*(mP,O @app, Ky, Eoo ® Sym*(a}é,o)dx,ﬁpp ® Fw(A+p)—p)

EH*(mP,O, Ky Moo ® Fw(A+p)—p) ® H*(Clp,(), Sym*(a}ﬁ,o)dxﬁpp QC(w(A+p)—p)).

By [Mun20, Lemma 2.2.1], as a P(A f)-representation, H*(ap,, Sym™(a} ;) ay+pp ® C(W(A+p) -

p))) = C(exp({(Hp(-), dxx+pp))) if dyr+pp+w(A+p)—p = 0on apy, or 0 otherwise. Therefore,
only if there is some w € W’ satisfying that —w (A + p) = dy, on ap. For this w,

* .1 (g ’K) g *
H (90, K; lnd(pg,Kp) (T ® Sym (a;/),())d/\(ntop) ® E))
EPI*(pO’ KP’ EOO ® Sym*(a}/’,o)d)(ﬂ+pp ® EA)
=H* 1) (mpo, Kat, Too ® Frv(asp)—p) (€Xp((Hp(:), dxx + pp)))
as P(Ay)-representations, and the result follows. O

Remark 1.1. The condition H*(mpo, Ky, Teo ® Fyy(atp)-p) # 0 also gives a condition on the

central character of .
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1.5 Cohomology of induced representations: automorphic vector bundle case

In this section, we prove a new result Theorem 1.2, which is analogous to Theorem 1.1 and
requires the analysis made in [HZ94]. For simplicity, we assume that (G, X) is a Shimura datum
of PEL type and P C G is a maximal parabolic subgroup. In this case, the hermitian part G,
and linear part G; of M are defined in [Lan13] and satisfy that M = G5 X G;. We introduce more
notations following [HZ94, Section 1]. The maximal parabolic subgroup P is associated with some
boundary component F' of X and we write P = Pr. Let Wg be the unipotent radical of Pr, Ur
be the center of Wr, and Vi := Wg/Ufr. Let v := Lie(Vp)c. The filtration F) induces a Hodge
structure of type {(0,—-1),(—1,0)} on Lie(Vr). As in [HZ94, Section 1.6], G admits a mixed
Shimura datum (G, X (F)), which is used to describe the structure of boundary strata.

We assume that 0 € A(Pg)* as in [HZ94, Section 1.8]. We define K; = K N G;(R), and
K; = Koo N Gj(R), and Ky be the image of K., N P(R) in M (R). The assumption implies that K;
contains a maximal compact subgroup of G;(R)" and K}, contains a maximal compact subgroup
of G;(R)?, so K; x K, has finite index in Kj;. Assume also o is a CM point, then there exists the
canonical automorphic factor

J:=GR)’x X - K,(C)

and J° := J(-,0) extends to an rational map G¢ --> K, c. The definition for the canonical auto-
morphic factor is given in [Har86]. We denote by j : gc — Lie(K,)c the induced map between
tangent spaces at the origin points. By the definition of canonical automorphic factors, one easily

verifies the following properties:
1. Ifu € Up(C), J°(u) = 1. Therefore, j(uc) = 0.

2. Letv € F2gc, say v = vo + v~ where vg € g*°, and v~ € P (C). With the decomposition,
exp(tv) = exp(tvo)p~ for some p~ € P, . Then we get J?(exp(tv)) = exp(tvy) and

therefore j(v) = vo. This applies to the following cases:
(a) v € FYpp. Note that any two representatives in g differ from an element in up(C),
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so there is no ambiguity. The action of j(v) and v on a finite-dimensional irreducible

representation of P, are the same.

(b) Let v € g;. Recall the action of GI(R)O on Ur induces the isomorphism of vector
spaces ¢ : g;/k; = u. We have v —i¢(v) € FOgc and j(v) = j(v —i¢(v)). Since
J° = Ad.,. on G; where cF is the inverse Cayley transform, the action of g; via Ad,,

is the same as the one viav — v — i¢(v).

Let B, := Bo N go. We should compute the cohomology

H* (Bo°, Koo, Indy 1) (F ® Sym” (0}, )ayrspr) ® Vio.

By [HZ94, Lemma 1.8.6], see also [HZ94, Section 3.5], and [HZOI, Section 3.6], there is a
parabolic subgroup O, C K, with Lie algebra q , such that the Lie algebra homomorphism

J :PBoNp — ,c induces an isomorphism

0 0
91.c®PBo NGuc®F, F — Gp,

in which j(F%vr) is exactly the unipotent radical of q Fo- We assume b, C g; is an Cartan
subalgebra, b, C f;, c is an Cartan subalgebra, §. = j(h;) ® b, and the choice of positive roots
are made so that Qf, is a standard parabolic subgroup. Let Mr, := j(G;) X Kj be the Levi
subgroup of Qr, and WF be the minimal length representatives W, \Wk,. Then Kostant’s

theorem says

H(j(F)or), V) = P L«
weW@F,o
I(w)=i
where w -k = w(k+p.) — pc and L,,., is the irreducible representation of M , with highest weight
w - k. Moreover, L,,., is an exterior product of two finite-dimensional irreducible representation of

Gy, Kj, respectively, denoted by L., = Ly« ® Lj .. We also write 7 = 7; R 7, as an exterior

product of automorphic representations of G; and G, respectively. The following is analogous to
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the result for cohomology of automorphic local systems and the proof is similar to the computation

of boundary cohomology in [HZ94, Section 3].

Theorem 1.2. H* (P, Koo, Wpz ® Sym(a), o)ay.+pp ® Vi) is nontrivial only if there is a (neces-

sarily unique) w € W2F-o such that
_W(K +P)|ap,0 = d/\/ﬂlap,()a
and for this w,

H*10 (B0, Koo, Wy ® Sym* (0, )agrtpr ® Vi)

* =~ * 0 =~ Ku G(Ay)
= (H (01,0, K15 100 ® Liywi) @ H (Bo” N Gj.co Kis Thoo ® Lh,w-k)) ® Indp(Af) (7).

Proof. Similarly, as in the automorphic local system case, we only have to prove the analogous

statement for H* (P, Koo, indgi‘;”i‘:;(ﬁm ® Sym*(a;,o)dxﬁpl,) ® V,). Since P"+py = gy and
0 _ o 1(80.Keo) o (%OO’KW) : :
PBo NpNnic=1pc, 1nd(p0’ Koy = 1nd(%00 A pKp) and we have the isomorphisms

* . K -~ *
C* (o', Koo, Ind(3) (Foo ® Sym”(a), )agrspr) ® Vi)
~ F 0 : (‘B()OyKoo) g *
=C"(PBo ', Keo, lnd(‘BOOﬂp,Kp) (Moo ® Sym (ayl',o)d)(,r+pp) ® Vi)

* . 00 Koo ~ *
~C* (B0, Ko, lndgoomeP)(nm ® Sym*(a} o)dyator ® Vi)

=C" (51300 N Ppo, Kp, Moo ® Sym*(a}/’,o)d)(n"'PP ® VK)'
Consider the decomposition
0 ~ 0 0
Bo Np =g,c®Bo NGy c®F, vF

where g, ¢ is mapped into P Np by v — v —ig(v). This map does not affect the action of g;

on Mo ® Sym*(a}, o)ay,+pp ® Vi. Similarly, as in the automorphic local system case, we have a
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spectral sequence and we consider the term
~ K
H*(gl ® g‘BOO N gh,C’ Kl X K/’L’ Moo ® Sym*(a}/:"())d)(,,+pp ® Ll,w~l< X Lh,w-K) M,
From the decomposition g; = g; ¢ ® ap,o and Kunneth formula, we obtain

H*(gl & “BOO N 9h.Co Kl X Kh’ ﬁoo ® Sym*(a}/g())d)(,ﬁpp ® Ll,w-K X Lh,w~/<)KM
= (H*(gl,o, K1, 7 ® Liy) ® H* (apo, Sym™ (aj ) dy,+pp ® C(w - &)

# 0 — Km
® H* (B’ N apc. Knn 7 ® Lh,W.K)) .

The cohomology H* (ap,o, Sym*(a,v,’o)d)(ﬁpp ®C(w-«)) is nonzero only if (—w(k+pc)+pc)lap, =
(dxx + PP)lap,» equivalently, —w(k + pe + W™ (puc))lap, = d¥rlapy- Since w € W(¥,,0,.), w
permutes @7 and we have p. + W™ (pnc) = pe + pue = p.

If the condition is verified for w, then H* (ap,o, Sym* (a}’,’o)dxﬁpl, ®C(w-k)) = C(exp({Hp(+), dyr+

pp))) as P(Ay)-representations. We conclude that

H10) (B 0 p, Ki X Ko, Troo ® Sym™ (@, )ay sepp ® Vi)™ (exp(—(Hp(-), dxx + pp)))

—_ " _ Kym
= (H*(gl,o, Kl, 7,00 ® Ll,w~K) ®H (g‘BOO N gh,C, Kh, TTh,o0 ® Lh,w~1<))

and the result follows. O

Remark 1.2. There are also conditions on central characters for H*(g; o, K;, 7 ® Ly,y.c) and
H*(%O0 N 8p.cs Kn, Th ® Lpyw.i) to be nonzero. The factor H* (g, 0, K1, 11 ® Ly,.«) is a direct sum-
mand of H*(Xg,, Lw.x), and the factor H*(B," N On.c> Kns T ® Lpyw.i) is a direct summand of

H* (SIS oy Vor)-
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1.6 Boundary values and constant term maps

In this section, we review the relation between boundary values of cohomology of locally
symmetric spaces and constant term maps of automorphic forms. For the automorphic local system
case, we follow [Har19]; for the automorphic vector bundle case, we follow [HZ94].

Let m be the Borel-Serre compactification of X (Kr). It has the stratification m =
| | 0pXG(Ky) where 0pXq (Ky) is the strata associated to the parabolic subgroup P. On the space
P(Q\G(A)/K«Ky we likewise define L out of E5. By [Harl9, Section 9.1],

H*(9pX(Ky). Ln) = H' (P(Q) A (R)\G(A) /KoKy, Ln).
Let Kp.o = Koo N P(R) and Kjy o = Kp o be the image of Kp o, in M (R). Then
P(Q)Ac(R)N\G(A) /KoK = P(Q)AG(R)"\P(R) X G(Ay)/KpoK,
so the cohomology H*(P(Q)Ag(R)\G(A) /KK t>LA) is computed by the cochain complex

C* (P, Kp oo, C*(P(Q)AG(R)'\G (A)/Ky) ® En)

=C"(Pg, Kp o, indy 1) (C¥(P(Q) AG (R)\P(4)))"7 ® Ep).
Decompose G (Ay) into double cosets G(Ay) = | |z, P(A){¢Ky and define K¢ ¢, := Adg (Kr) N

P(Ay). Then

H*(0pX6(Ky), Ln) = H (P(QAG(R)\G (A) /KK 7, Ep)
=H (po, Kp,eo, ind3 ;) (C™(P(Q)AG (R)\P(A)*S @ Ep)

G(Ay)
P(Ay)

=P H* (90, Kp.or C(P(Q)AG(R)°\P(A) /K ,) ® Ep).
&r

=ind, " (H* (P, Kp.co, C*(P(QAG(R)°\P(A)) ® Ep))X
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Let FP' : A(G) — A(P) be the map sending f to the constant term with respective to P. Then
two inclusions py — @¢, Kp.o — Ko along with FP : A(G) — A(P) induce a constant term

map on cochain complexes
C* (80, Koos A(G)**Kr @ E5) = C*(pg, Kp oo, C(P(QAG(R)\G (4) /K ) ® Ep)
and defines a constant term map
H* (80, Koo, A(G) K5 © Er) — H' (R, Kp.oo, C™(P(Q)AG (R)\G (A) /K ) ® En).
By [Sch06, Theorem 1.10], the constant map agrees with the restriction map
H*(X6(Ky), Ln) = H' (X6 (Ky), Ln) — H"(9pX6(Kp), L7)-

In the automorphic vector bundle case, we only consider restriction maps to boundary strata as-
sociated with maximal parabolic subgroups P. The case is studied in [HZ94] and the result is
analogous to the automorphic local system case. By [HZ94, Corollary 4.1.15], due to a spec-
tral sequence degenerating at E,-page, which is absent in the automorphic local system case, the

boundary cohomology of the P-strata H* (%P, [V]) is isomorphic to

G(Ay) * * r
Indy ) | €D H' (X6, L) ® H'(SK, x5y Vi) L] |

wewPp

as G(A‘f)—representation. By [HZ94, Theorem 3.10.3, Section 4.2], the restriction map is also
the same as the constant term map described in the proof of [HZ94, Theorem 3.10.3]. The ratio-
nal structure of automorphic vector bundles and therefore their cohomology are defined with the
canonical model. The rationality of restriction maps is explained in [HZ94, Section 4.8]. Following
the proof of [HZ94, Thm 5.3.11], [HZ94, Lemma 5.3.10, 5.3.12] says when V is very convergent,

then Eisenstein classes coming from A(G)p is rational if and only if the boundary value along the
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P-strata is rational. The constant term of our Eisenstein cohomology classes will be the same as

the defining section, which is the case included in [HZ94, Thm 5.3.11].

1.7 Example: Cuspidal Siegel Eisenstein series for GSp,

We apply the theorems in previous sections to a specific case: G = GSp,, P is the Siegel
parabolic subgroup, and study the contribution in the cohomology of Eisenstein series coming
from parabolically induced representation of G arising from a cuspidal representation of the Levi
of P. These Eisenstein series are referred to as cuspidal Siegel Eisenstein series.

To begin with, we review some basic definitions regarding GSp,. We define GSp, with the

: 0 I
symplectic form J = :
-, 0

GSp, :={g € GLy | g'Jg = v(g)J}

and v : GSp, — G,,, is the similitude character.
We fix T ¢ G := GSp, the diagonal torus and identify X (7) with {(ky, k2, k.) € Z° | k =

ki + ko (mod 2)}. The weight k = (k1, k2, k) is determined by the condition
k diag(ac, bc, alc, b_lc) = gk phecke,

Let {k; > ky > 0} be the dominant chamber. The simple roots are @ = (0,2,0) and 8 = (1, -1, 0).
The set of positive roots is ®* = {a, B, a + B, @ + 2B}. Let o = il in the Siegel upper half space

be the base point. Then U(2) X R.¢ = K, via the isomorphism

A B
(A+Bi,c)—>c

-B A

The weight lattice of the diagonal torus of K, c is also identified with {(k1, k2, k.) € 73 | ko =
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ki + ky (mod 2)}. Here the weight (k1, k, k) is characterized by the equation

(ki1, ka, ke)(diag(a, B), ¢) = aF1 g*2cke.

There are two standard maximal parabolic subgroups P,, Pg with Levi decompositions P, =
MyN,, Pg = MgNg. The first is the Klingen parabolic subgroup Pg; and the second is the Siegel

parabolic subgroup Ps. Both Levi subgroups M,,, Mg are isomorphic to GL;, X G,, via the follow-

a b
ing isomorphisms [Mun20, Formula (4.1.2)]: For g = € GL, and t € Gy,
c d

t~1det(g)

io(8,1) = , ip(g,1) =

The component k. is invariant under the Weyl group action, so we omit it in the computations

below. The Weyl group is generated by w,, wg and the actions on weight lattice are given by

wo(k1, k2) = (k1,—k2), wg(ki, k) = (ka, ky).

Let P = Pg. The set W2 = {w € W | w™!(B) > 0} is given by

WP = {17 Wa, WQ,B’ w(lﬁ&}'

The space ap is generated by diag(1,1,—1,—-1) and (ky, k2)(diag(1,1,-1,-1)) = k; + k. Let

A = (ky, k) be a dominant weight. We get the following table:
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w=1 W =Wqy W = Weg W = Woga

wA+p) | (ki+2ka+1) | (k1 +2,~ka—1) | (ka+1,-k; =2) | (=ka —1,—k; —2)

w(A+p)—p (k1, k2) (ki,—k2=2) | (ka=1,-k1=3) | (=k2=3,-k; = 3)

—W(A+p)|aP,0 —(k1+k2+3) —(kl—k2+1) ki —ky+1 ki+ky+3

Let 7 := 0 ® x| - |" be an automorphic representation of GL, X G,, = Mg where y is a Dirichlet
character and 0 = Dj(k) is a discrete series with weight & holomorphic forms. We assume
ki —=3>ky >0,k =ki+ko+4, u=ky —ky+1and u+2r =—-k.. Since pp = (3/2,3/2),
u — pp > 0 and therefore all Eisenstein series defined by m converges absolutely. Moreover,
~W(A+ P)lap, = dxx for w = wop and Fyys(atp)—p = Sym 1 +%2+2(C) ® det™*1*3) Therefore,
H (mgy, 0(2,R), Too ® Fwaﬁ(mp)_p) is nonzero if and only if i = 1 and k = k| + k; + 4, in which
case we get a 1-dimensional space.

We also consider the contribution of Indgﬁ (7) in coherent cohomology. For the Siegel parabolic
subgroup we have G; = GLy, G;, = Gy, Ky = K; = O(2,R), K, = {1}, and B’ N g, = {0}.
There is only 1 minimal length representative w = 1. The canonical automorphic factor j : gl ¢ =
upc induces the pullback on weights j*(ki, k2, k.) = (ki1,k2). When m = o ® x| - |” with
Ooo = Di(kl +ky+4) and pu+2r = —k., H (g;, K, TTl.c0 ® Li ) 1s nonzero if and only if i = 1 and

k = (ky—1,-k; — 3, k.), and in this case it is 1-dimensional. For this «, there are isomorphisms

C*(Bo', U(2),ind}, () (7 @ Sym* (ay )aysor) © Vi)

P . G(Ap) ~ .
=C (g12’0(27 R)’lndPS(Aff) (ﬂ- ® Sym (a\f/’s,o)d)(n+pp) ® VK)

= indP (A (C*(gIZ, 0(2a R), ﬁ® Sym*(axs’o)d/\/n+pp ® VK))

=indy /) (C*(gla0, O(2.R), T ® V) ® C*(apg0, Sym™ (@ o)aavpr (1)),

Therefore, the quasi-isomorphism of P(A r)-modules
C(exp({Hp (), dxx + pp))) [0] = C*(aps.0, Sym™(ap, o)dy,+pp (K))
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induces the quasi-isomorphism

G(A *
Ind;y(,") (C*(8l20, 0 (2. R), 7o) ® Vi) @ 17)

—C*(Bo", U(2),ind) ) (F & Sym* (a} g)agrepp) ® Vi).

We always choose the defining sections of Eisenstein cohomology classes in

G(A *
Indp2) (C*(8la, O(2,R), s (pP) ® Vi) @ 7).

G(R)
P(R)

sociated with the Harish-Chandra parameter (k; + 2, —(k + 1)) (cf. [Mui09, Theorem 10.1] and

In our case, Ind, . () is not irreducible and contains the non-holomorphic discrete series as-
[Ver19, Table A.4]). The minimal K-type in it has highest weight (k| + 3, —k, + 1). The infinite
parts of our choice of cochains are contained in the non-holomorphic discrete series, so the unique
intertwining operator vanishes. Therefore, the constant terms of Eisenstein cohomology classes
are the same as their defining sections, and a class is rational if and only if the defining section is
rational.

We have to determine an integral structure for V, when we discuss the integrality of cohomol-
ogy. Let L; :=Ze| ®Z e, C Z* be the maximal isotropic sublattice fixed by P. V, is the fiber of a
homogeneous vector bundle over the compact dual G/ P, at o = il,, which is canonically identified
with the fiber at 0, the point associated with P¢"”, via the N(C)-action. Hence, V, is regarded as a

P PP -representation that is trivial on N°P7. We take
Ve = Sym“ 2 (L o) @ det™ M1 (L ),
and the integral structure of it as a fiber of a homogeneous vector bundle on G¢/P?P? is given by

ke+ky—ky+4

(Sym*1**2*2 (1) @ det™ K3 (Ly))v™ 2
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as a representation of M.

As in [HZ94, Section 4.3], the rational and integral structures of V, as fibers of homogeneous
vector bundles and as automorphic vector bundles differ from a period, which is a power of 2xi
in this case. The universal semi-abelian scheme degenerates to G,, ®zL over the boundary strata
associated to P in the toroidal compactification, and the Z-dual of the character group of G,, ®zL

L
is —1 Therefore, the integral structure for computing boundary cohomology is given by
i

Symb*+2(1, 1271) @ det™ ¥+ (L, /27i)

as a GL,-representation. Here Sym is the symmetric quotient. The last formula is independent
of k. because the period coming from v is absorbed into Tate twists. This integral structure is

compatible with the integral model w* of V" defined in Section 3.4.
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Chapter 2: Torus embeddings

In this chapter, we follow the definitions and treatments in [Lan13] and [Lan16b] to review
torus embeddings associated with cone decompositions and formal schemes defined by comple-
tions along their boundary strata. The definitions are based on open cones instead of closed
ones. We then compute the cohomology of certain equivariant coherent sheaves over these for-
mal schemes. The cohomology computation builds on the method from [Lan16b] and [Har+16],
with foundational ideas tracing back to [Kem+06], [HZ94], and [FC13]. The sheaves we consider,
however, may not always be naturally formulated in the form analyzed in these references. To ad-
dress this, we consider a more flexible notation of equivariant sheaves that generalizes both kinds
considered in [Kem+06, Section 1.3], and interpret the cohomology in terms of relative cohomol-
ogy of topological spaces. When the cone decomposition is simplicial and sufficiently refined, the
cohomology is independent of the choice of such cone decompositions. This property extends to
the version of cohomology of the subsheaves of automorphic vector bundles we consider in the

following chapters.

2.1 Review of basic definitions

Most of the definitions in the section can be found in [Lan13, Section 6.1], and [Lan16b, Sec-
tion 4]. Let S be a scheme, X be a finitely generated free abelian group, and T' := Homg (X, Gy, 5)
the split torus over S with character group X. The cocharacter group of T is XV := Hom(X, Z).
We also consider the real vector spaces Xg = X ® R and Xﬁf = XV ® R, endowed with the Eu-
clidean topology. For every subset W C X, we define W as the closure of W in Xﬁf and W€ as the

complement of W in X/

Definition 2.1. A subset C C X is a cone if R -C = C. A cone C is nondegenerate if C does not
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contain any nonzero linear subspace of XI;{S .

Definition 2.2. A rational polyhedral cone o C Xg is a cone of the form

O'ZR>0V1+'-~+R>0V”

for some vy, ...,v, € XY ®Q.

Definition 2.3. If o C X/ is a rational polyhedral cone, we define
oV ={xeX|{x,y)>0Vyeo}

O'OV:{xeXl(x,y)>O\7’y€cr},
ocr={xeX|{(x,y)=0Vyeo}).
By definition, o = o U o™

Definition 2.4. A face T of o is a subset in Xﬂ\é of the form

T =0 Nker(y)

for some y € V. Such 7 is also a rational polyhedral cone.

Proposition 2.1. A face of a face is again a face, and the intersection of two faces is a face.

Definition 2.5. Let C be a cone in X]. Let T be a group acting on X, hence on Xy Then a rational

polyhedral cone decomposition of C is defined as a collection ¥ = {0} je; where
1. Each o is a nondegenerate rational polyhedral cone.
2. Cis the disjoint union of all o, and every face of a o is again in the collection.

Y is T-admissible if in addition, ¥ is stable under the I"-action, and 2 /T is a finite set.
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Definition 2.6. A rational polyhedral cone o is simplicial if the number of 1-dimensional faces of

o is the same as the dimension of o. It is smooth if it has the form
o :R>OV1 +"'+R>()Vn

where vi,...,v, can be extended to a Z-basis of X. Moreover, {0} is also considered smooth.
A rational polyhedral cone decomposition ¥ is simplicial (smooth) if every o € X is simplicial

(smooth).

Definition 2.7 ([Lan13, Definition 7.3.1.1]). A I'-admissible polyhedral cone decomposition I is
projective if there is a piece-wise linear continuous function pol : C — R satisfying the following

conditions:
1. pol is linear on each o € X.

2. If pol is linear on some rational polyhedral cone o’ C C, then o’ is contained in some

o €.
3. Forevery(Q #x € CN X, pol(x) € Zso.
4. pol is convex in the following sense: For every x,y € C, pol(x + y) > pol(x) + pol(y).

Let M be a T-torsor over S. Then M — § is affine, and we denote by O}, by abuse of
notation, the direct image of the structure sheaf of M to S. Oy, is a quasi-coherent Og-algebra with

the weight space decomposition
Oy = EB Om

where each Oy, is the weight-x subsheaf of O, and there are compatible isomorphisms
OM,x ®OS OM,x’ = 0M,x+x’»

defining the multiplication in Oy,. This gives a group homomorphism X — Pic(S).
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Definition 2.8. For every nondegenerate rational polyhedral cone o C X!, we define

M (o) := Specy, (@ OM’X) .

xeoV

For every M (o), there is a natural open immersion M — M (o) identifying M as an open

dense subscheme. If 7 is a boundary of o, then the inclusion

@ OM,x — EB OM,x

xeoV xetV
induces a natural open immersion M (7) < M (o).

Definition 2.9. We define M, C M (o) as the closed subscheme defined by the ideal sheaf @ v O x.

0

The underlying topological space is M (o) — | ), M (1), where T runs through all proper faces of

g.

The closed subscheme structure canonically identifies M, with Specy (D Omy). Let

xeot

T, := Specy s (@xe ol OT,X) as a quotient torus of 7. Then M, is a T-torsor.
Proposition 2.2. If S is reduced (normal), M, is reduced (normal).

Let 7 be a face of 0. Then M, C M (o) is a locally closed subscheme and the natural morphism

is induced by the natural map o¥ — 7V — 7V /7) = 7+,

Definition 2.10. The closure of M, in M (o) is denoted by M -, endowed with the closed sub-

scheme structure

My - = Specy, @ Owmyx |-

xeoV/oVnT)
Definition 2.11. Let C be a cone of Xy, and X be a rational polyhedral cone decomposition. Then
{M(0)}ges glue together to a scheme over S, denoted by Ms. The T-action on M extends to one

on M.

There is a stratification on M:

Ms = ]_[M(,.

oex
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M, is in the closure of M- if and only if 7 is a face of o.

Definition 2.12. Let X, be two polyhedral cone decomposition of C. We say ¥’ refines Z, or ¥’

is a refinement of X, if every o € X is the disjoint union of finitely many o’ € ¥’.

Proposition 2.3. If Y’ refines 3, there is a canonical T-equivariant map Ms, — M. The preimage

of My is

u M.

o'Cco
Suppose I" acts on M — S equivariantly such that y : Oy . = Op, and X is a I'-admissible

rational polyhedral cone decomposition. Then the I'-action on M extends to an action on My

sending M (o) to M (y(0)).

2.2 Cohomology computations

Suppose S is locally Noetherian. Let C C X be a cone and X be a rational polyhedral cone
decomposition of C. We define |X| as the geometric realization of X. It has underlying space C
and the topology is the subspace topology in Xﬁé if X is locally finite. Let £; C X be a (possibly
empty) subset closed under taking faces. Then X is a rational polyhedral cone decomposition of
some subcone C! ¢ C. Let Xg := £ — X;. We define |Xg| := |X| — |Zo|. The underlying space of
|Zo| is the same as C? := C — C!, and |Xy| = C — C! as a topological space when ¥ is locally
finite. If X’ is a refinement of ¥ and we define X/ := {0’ € £ | 0’ C some o € %;} fori = 0, 1,
then |Z(| = |Zo].

Let f : C — R be a function with the following conditions:
1. fis Ryp-linear.

2. f is piece-wise linear.

3. f takes rational values on cocharacters.

4. fis convex on each o € X, in the sense that a f(x) + bf(y) = f(ax + by) forallx,y € o

and a, b € Ryy.
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Let Z c C be a nonempty closed subcone with a rational polyhedral cone decomposition Xz C 2.

In particular, 0 € Z.

Definition 2.13. L(X, Z, )(0) C Oy is the subsheaf over M (o) defined as follows: L(X,Z, f)(o) =

D Om x where x runs through all x € o satisfying x > fono andx > f ono — Z.
This defines a sheaf of finite presentation over each M (o).

Proposition 2.4. {L(X, Z, f)(o)} glues together to a subsheaf of Oy over M, denoted by L(X, Z, f).

It is a coherent sheaf.

Proof. The proof is the same as the proof of [Kem+06, Theorem 9.1]. Let 7 be a face of o. Then
we have to show that L(Z, Z, f) (o) |m(r) = L(Z, Z, f)(1). Let rg € o be a character defining the
face 7. That is, ker(rg) N = T.Then a character r € 7" satisfies thatr > fonZN7Tandr > f
onT—-Ziffr+Nrg> fonZN7Tandr + Nrg > f onT — Z for all N € N. Moreover, by the
assumption on f, for every such r, thereisa N >> O such thatr + Nro > fonZNo andr > f

ont-—Z7. O

Definition 2.14 (cf. (4), (5) of [Lan16b, p. 8]). The formal scheme Xy, is define as the completion
of Ms. along the closed subset Uyes, Mo The sheaf L(Zo, Z, f) is defined as the completion of
L(Z,Z, f) over Xs,. U = {M(0)}yes is an relative affine open covering of Ms. For every

o € Xy, we define

Voo Vv
0-0,_‘_ . ﬂ To.

TCOo
TEX)

The ideal sheaf Is, := P .,v Omx defines a closed subscheme with underlying closed subset

0,

M(o) N Xx,. Let U(0) be the formal completion of M (o) with respect to this ideal sheaf. W is

defined as the collection W := {U(0)}sex,. It is a relatively affine formal open covering of Xx,,.
Proposition 2.5. When f =0, L(Z, Z,0) is an ideal sheaf of Ms. There are relations L(Z, Z,0) +
L(Z,7',0) = L(X,Z U Z',0), and L(Z, Z,0) N L(X, Z',0) = L(Z, Z N Z', 0).

Moreover, if S is reduced, L(Zy, Z,0) is radical. This implies that if ¥y = X and S is reduced,

then L(X,Z,0) is the ideal sheaf defining the reduced induced structure of | |,cc—z M-
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Proof. We may assume C = o for some o € X and S = Spec(R) where R is a Noethe-
rian ring. Then we define R, = I'(S,0py), Lz = T'(M(0),L(2,Z,0)), and write M(0) =
Spec (P, v Ry). For every x € o, we define 7 as the face of o defined by x. Then R, C Lz
if and only if 7, C Z. Since Z is a closed subcone, it is equivalent to 7, C Z, or equivalently,

7, € Xz. Then we have

Lz+Lz =P R+ P Re= P Re=Lzz.

TxEXy Ty E€EXy/ TyE€EXZUZ

and

LZOLZ/:@RXOEDRX: @ R, = Ly

7,.CZ 7,CZ’ T, CZNZ’
Suppose R is reduced. We first prove that L(X, Z,0) is radical. Let o’ be a top-dimensional
polyhedral cone in Xg such that o is a face of ¢/, and X’ be the set of all faces of o’. Then
M () € M(o”) is an open subscheme and the reducedness of L(X’, Z,0) implies the reducedness
of L(2, Z,0). Therefore, we may assume o is top-dimensional.

Suppose a = (ay) € @xe; R, and a" € Ly for some n € N. We prove a € Ly by induction
on the number of x such that a, # 0, say m. Whenm = 0, a = 0 € Lz. Suppose this is true for
some m = k and we consider the case m = k + 1. If 0¥ is given by relations xi,...,x; > 0 for
some xi, ..., X5 € 0, since o is top-dimensional, (xq,...,x5) : ¥ — ZSZO is injective. Therefore,
the lexicographical order gives a total order on oV. Let xo be the minimal element in the set
{x € X | a, # 0} under this lexicographical order. Then the nx-component of a” is a’f. Since it is
nonzero, we must have R,, C Lz, equivalently, 7,, € Xz, for n large enough. Since 7,,, = 7, this
is equivalent to that R, C Lz. On the other hand, a — a, has only k nonzero terms and is in VL.
By induction hypothesis, we have a — a, € Lz, and hence a € L.

For general L(Z, Z, 0), we have to prove that (P, .~ R)" /L, = (P,cs R./Lz)" is reduced.

Since R is reduced, P, - R./Lz, and hence (P

i R,/Lz)" is flat over R, it suffices to prove

xXeo
that each fiber of Spec((EP, 5 Rx/ LZ)A) — Spec(R) is reduced. By taking another completion,

we may assume R = k is a field. In this case, (@xeﬁ Rx/LZ) is Nagata and EBer R./Lz is
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reduced by the previous case, so (P vez Rx/L Z)A is also reduced. O

We make computations for cohomology in the following case: Let S = Spec(R) for some
Noetherian ring R, R, := Op(S), V be a finitely generated module over R, V, := V ®g R,. Let
m: My — S. We define V = 7*V and V" be the completion of V along Xyx,. We consider the
cohomology H*(Ms,, L(Z, Z, f) ® V) and H*(¥Xs,, L(Z0, Z, f) ®0x,, VM.

H*(MZO,L(E, Z, f) ® V) is computed by the Cech complex C*(%,L(Z,Z, f) ® V). Let
C(U,L(Z,Z, ) @ V)[x] be the x-eigenspace of C*(%,L(Z,Z, f) @ V). We first compute the
cohomology for each C*(%, L(X, Z, f) ® V)[x]. For every x € X, we define the following sets:
Ay ={pe Xy |px) = f(p)}. B: :={p € X3 | p(x) < f(p)}. These sets are independent of

the decomposition X.
Lemma 2.1. Let U C R” be a star-shaped subset and U ¢ U’ c U, then U’ is also star-shaped.

Proof. Tt suffices to show that U is star-shaped. Let py € U be a point such that for every p € U,
the segment connecting po and p isin U. Let ¢ € U and f : [0, 1] — R” be the segment from p
to g. It suffices to show that f~!(U) = [0, 1). This is given by that sup{f~"(U)} = 1 as ¢ is in U

and that £~!(U) is an interval from the assumption on py. O

We interpret the cohomology as relative cohomology of topological spaces. We recall the
definition in [Brel2, Chapter I1.12]. Let X be a topological space, Y 4 X be a subspace, and F

be a sheaf of abelian groups on X. Then there is a natural map
iv:G(X,F) > i.8Y,i"'F)

where € (X, F) and €(Y,i"'F) are the canonical resolutions of F and i~'F, respectively. It is
proven in [Brel2, Chapter I1.12] that i7, is surjective with flabby kernel and the relative cohomology
is defined as

H (X,Y;F) = H (I'(X; ker(i}))).
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Since canonical resolutions are flabby resolutions, Ri.i~ ' F is represented by i, € (Y,i~' F) and we

have the distinguished triangle

1
ker(it.) —» F — Ri,i 'F 55 |

We define RI'(X,Y; F) := RI'(X,ker(i},)), which is represented by I'(X; ker(i})). Then there is

the distinguished triangle
RU(X,Y;F) — RT(X;F) — RT(Y;i"'F) 25

Lemma 2.2. Let {X, },en be an increasing filtration of open subspaces of X that forms an open

covering of X. Let M, .= X, N Y. Then

RT(X, Y F) = RT(X; Rlim Riy .4 ker(i:,ir_l’lx ) = RIm RT(Xy, Yy i\ F).

n n

Proof. Leti, x, i,y be the inclusions of X,,, Y, into X, Y, respectively, ¢, x, ¢,y be the inclusions
X, = Xy, Yy — Y4, respectively, and i, be the inclusion Y, — X, for every n. Over X, we

have the exact triangle

o —1 .ol -1t
ker(zn’ir_l,XF) — i, xF = Riy.d, yi F — .

Then over X, we have the exact triangles

. " . —1 . e -1 =1 I
Riy x « ker(lni,le) = Rinx i, xF — RiRiyy.i, yi” F — .
iy

On each X4 there is the canonical map i;lLXF — R¢n,x,*i;’1XF and hence {Rin,x,*i;’le } form

-1

an inverse system. Similarly we have morphisms i Ty

i'F — R¢n,y,*i;§i‘1F compatible with
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the previous one. Therefore, the exact triangles

. . . . s N +1
{Rin x . ker(i’ ) — Rzn,X,*ln’le — Rl*Rln’y*ln’lyl 'F )

i\ F
form an inverse system.

We compute the derived limit of this system of triangles. Over X, it can be computed with
the system {Ri,. X,*ir‘l,l,XF Y=, SO We get ir_,,le . Therefore, Rlim Rij, X’*i;,IXF = F. Similarly, we
have

R1iM Ri,Ripyiiyi™' F = Ri,RUM Riyy.iyy (i7" F) = Riui”'F.
n n

*

Therefore, R llnn Riy x « ker(i"i;,lx F) = ker (i) and we have

RT(X, Y F) = RU(X; Rlim Riy x.. ker (7, ) ) = RImRI(X,, sy F).

n n

O

Let {Vi} be a locally finite closed covering of X, j; be the inclusion of V} into X and i; be the

inclusion Vy N Y — V,. Let i; be the natural map

iy 2 GV ji'F) = i@ (Vi N Y. i ).

.....

0 — ker(i*) — ijo,* ker(iy ) — H Jkoky .+ ker (i ;) — -
ko ko,k1

.....

[ [H Ok Vi 0 555 F) = | ] B Vs Vioss 0 Y3 il F) = -+
ko ko,k1

and we call this the Cech complex computing H* (X, Y; F). The following proposition refines the
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theorem in [Kem+06, p. 42].

Proposition 2.6.

H (CY(%,L(Z,Z, [) @ V) [x]) = H'(|Z], |Z] N (A7 U (Bx N Z9)); Vx).

Proof. We first prove this for each affine open M (o). By definition, H*(M (o), L(X,Z, f) ®
V)[x] =Vyifx > fono andx > f on o — Z, or 0 otherwise. The conditions are the same as
o N (AS U (By N Z9)) is empty or not. Since o is contractible, it suffices to prove that o N (A$ U

(By N Z)) is either empty or contractible. Suppose it is nonempty and we have two cases:

1. o N A # 0: In this case, W := o N A{ is open convex in o and

Wcon(ASU(B,NZY)) CW.

Therefore, by Lemma 2.1, o N (AS U (B, N Z9)) is star-shaped.

2. o NA{ = 0: In this case, o N B, is convex, so there is a face 7 of o such that 7N B, # 0 and
o N B, c 7. Since Z¢ contains some face of 7, Z¢ also contains 7. Then W := 7N (B, N Z°)

is convex and W € TN (B, N Z¢) c W. Therefore, & N (AS U (B, N Z°)) is star-shaped.

In the general case, we use {7 },<x as a locally finite closed covering to compute the topological
cohomology H*(|Z[, |Z| N (AT U (Bx N Z°)); Vi) with a Cech complex. With the result of the
affine case, this Cech complex is canonically identified with the Cech complex C* (%, L(%,Z, f)®
V) [x]. m]

Corollary 2.1 (cf. [Kem+06, Corollary 1]). Suppose ¥’ is a refinement of L. Let ¢ : My, — My

be the natural map. Then there is the canonical isomorphism

H*Ms/,L(Z',Z, f)®V) = H (Ms,L(Z,Z, f) @ V).
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Moreover, the natural map L(2,Z,f) ® V — R¢.(L(X,Z, f) ® V) is an isomorphism. In

particular, there is a canonical isomorphism, and hence,

L(Z0,Z, )@V =R¢L(Z\,Z, f) @ V".

Proof. By Lemma 2.3, the cohomology is independent of the cone decomposition as long as they
give the same geometric realization. To prove that L(X,Z, f) ® V — R¢.(L(X',Z, f) ® V) is
an isomorphism, we may assume My = M (o). In this case, ¥’ is finite. Since for every o’ € X',
M(o’) — M(o) is affine, by computing derived direct image with the relative Cech complex

associated with the covering %, we have that R¢..(L(X', Z, f) ® V) is represented by the complex

C*(UL(Z,Z, ) ®@V) i= CUU L, Z, f) @ V) = CHUL(E,Z, f) @ V) — -+ .

Therefore, the assertion is reduced to that the natural map

(L(Z,Z, ) @V)(M(0)) > C(U,L(Z,Z, f) @V)

is a quasi-isomorphism, which is reduced to the isomorphism

H*Ms/,L(Z',Z, f)®V) = H (Ms,L(Z,Z, f) ® V).

Since the derived direct image is also computed by the Cech complex C* (%, L(Z,Z, ) ® V), we
conclude that Rp..(L(X,Z, )@ V) = L(X,Z, ) V.

Since taking completion commutes with taking derived direct image for proper morphisms, we
also have

RYIL(Z, Z, f) @ V" = L(Z0, Z, f) @ V".

Remark 2.1. While Xx, and L(2o, Z, f) are independent of %, we still need an ambient X in our
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cohomology computations.

Definition 2.15. For every subset X C C, we define sty (X) as the open star

sty (X) := |_| o.
TEY
oNX#0

H*(Xx,, L(Z0, Z, f) ® V") is computed by the Cech complex C*(U, L(Zy, Z, f) ® V). We
also denote by C*(U, L(Zg, Z, f) V")[x] the x-eigenspace. We have the following analogous
statement for each of H*(C*(U, L(Zo, Z, f) ® V™) [x]).

Proposition 2.7.
H*(C*(U, L(Z0, Z, f) @ VM) [x]) = H*(|Zol, |Zo| N stz (AS U (Bx N Z)); Vy).

Proof. For every o € X, we define o/ as the closure of o in |Zg|. The proof is the same as the

proof of Lemma 2.3, except that we use o=/ in place of &. O

Lemma 2.3. Suppose X is finite and C° is open convex. Let Y be a union of elements in ¥ such

that C° C Y. Then C° and Y have the same homotopy type.

Proof. Give X]g an Euclidean norm ||-||. Suppose X is of rank d over Z. Let B be the closed unit ball
in X Let D4 be the closed unit ball and S¢~! be the unit sphere in R. Let 1 : [0, o) x [0, 1] —

[0, 0) be a homotopy making [0, 1] a deformation retract of [0, o). Consider the homotopy
P
pll
15ly makes Y N B a deformation retract of Y for all Y verifying the assumptions. Since C N B is

Ny : 12 x [0, 1] — |Z], niz(p, 1) = n(lpll, 1) if p # 0, and n3((0,7) = 0 for all z. Then

convex, open, and contains an open subset of Xfé, there is a homeomorphism ¢ : C N B = D that
1
induces dC N B = §9~!. Since ¢(¥Y N B) contains D¢ — §¢~!, the inclusion ¢! (EDd) —YNB

is an homotopy equivalence. O

Proposition 2.8. Suppose C° is open convex, X is finite, C = CO, V is an abelian group, and
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W c C is a subset. Then the natural map of pairs

(C°, C° nstg(W)) = (C, st (W)),

induces the isomorphism

RT(C,stg(W); V) = RT(CY, C° Nstg(W); V).

If moreover, W verifies the condition that for every o € X, o N W is either empty or contractible,
then the natural map of pairs

(C,W) — (C,stz(W))

induces the isomorphism

RT(C,sts(W); V) = RT(C,W: ).

In particular, there is a natural isomorphism

H*(C*(U, L(Z0, Z, f) @ V") [x]) = H'(C, A{ U (B, N Z°); Vo).

Proof. Let Xy C X be the subset of cones o C sty (W), which is open. Consider the map of pairs

(C°, C° N sty (W) = (|Z0 U Zwl, st (W)).

In [Zo U Zw|, both C® and |Zy| are open. Therefore, |Zo U Zy|— C® c |Zy | is closed in [Zo U Zyy|.

By the excision theorem [Brel2, Theorem II.12.8], the natural map

RT(|Z0 U Ty, sts(W); V) — RT(C%, C° N sts(W); V)

is an isomorphism.

Alternatively, one can directly verify that the Cech complexes computing both relative coho-
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mology are canonically identified.

By Lemma 2.3, |2y U Zy| and C have the same homotopy type. Therefore, the natural map
RI(C, stz (W); V) — RI(|Zo U Zw|, stz (W); V),

and hence the one

RT(C, sts(W); V) — RT(C?, C° N sts (W); V)

are isomorphisms.
If W verifies that for every o € X, o N W is either empty or contractible, then the Cech
complexes computing RI'(C, stz (W); V) and RI'(C, W; V) are the same. Hence, we conclude the

other isomorphism. O

Definition 2.16. We define C_ il (O 1) as the subset of characters x € X such that x > f (x > f)

on CO. In particular, we write C¥ = Cl,and C"* =CJ,.

We proceed to compute H*(Xy,, L(Zo, Z, f)®V") in some special cases. We need the follow-
ing two lemmas that are similar to [Har+16, Lemma 2.12, Lemma 2.13] and allow us to compute
the cohomology weight-by-weight, and the proofs are essentially the same. The difference is that
we only make local computation here and we interpret the result in a way different from the form

in [Har+16, Lemma 2.13].

Lemma 2.4. Suppose X. is finite, and C° is open in X Then

RT (%3, L(%0.Z. /) © V") = | | RD(C. COnstn(Ac U (Br 0 Z9)): Vo).
xeX
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If moreover, CY is convex, and f is convex, then

RT (X5, L(20,Z, /) @ V") = | | RT(C,B. N ZV,)

xeC;f

= ﬂ RU(CY, €O N ste(Be N Z°); Vo).

xeczf

Proof. We define for every m € N,

* %, ,Z,
C(% L(E,Z, /)@ Ve Oy, [I5)x] = Cf%( nt? (f(zz g) ;; iavz&[/);][x] '
> 2o >

Since X is finite,

C(UL(2.Z. f)®V) =P C (% L(E.Z. /) V) [x],
xeX

C (U, I L(EZ, ) oV) =P C (U, I LE.Z, f) @ V)[x],

xeX

and then
C(UL(2.Z. f)® V@O0 [I%) = (D C (% L(Z.Z. /) @ V® O [T ) [x].
xeX
Since CY is open, 75, defines a proper scheme over Spec(R), and cohomology groups
H (C*(%,L(Z,Z, ) @V ®0M2/f’£0))

are Noetherian R-modules. This implies that for every m,

H (CY(%,L(Z,Z, f) @ V® O3, /5%, [x])
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vanishes for all but finitely many x. Therefore, the natural map
C(UL(Z.Z, ) ® VO3 [I%) > ]_[ C(UL(.Z,f) ® V& O3, /7% ) [x]
xeX

is a quasi-isomorphism for every m.

By definition, the cochain complex C*(U, L(Zo, Z, ) ® V") is the inverse limit

C*(M,L(Z0,Z, f) @ V") = yLnC*(%, L(Z,Z,f) @ V®0y [5%,).

m

Since C(%,L(%, Z, f) ®(V®Oﬁz/j’£)+l) — C (U, L(Z,Z, ) ® V® 0y, /7%, is surjective

for every i and m, by [Wei94, Theorem 3.5.8], we have the short exact sequence

11; —1 * m
0 ——— R'lim H™NC (%, L(Z,Z, /) @V &0y, /| T%,)

|

HI(C*(u’ L(Z()’ Z, f) ® (VA))

|

lim H(C(%,L(Z,Z, ) ® V® O [ F%) ————— 0

forall i € Z. Since R lln commutes with direct product, we have
m

R@H"(c*(%, L(X,Z, f)eVeOy |I5))

= ﬂ Rlim H'(C*(%, L(Z,Z, /) 8 V® O, /.55 ) [x]).
xeX m

Therefore, we have to prove that for every x € X,

RyLan(c*(%, L(Z.Z, f)®VeOy [T%)[x]) = H(C’,C° N ste(A, U (By N Z)); Va).

m
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In fact, we prove that for given x, there is a mgy € N such that for all m > my,
C(UL(Z,Z, /) @ V&0, /I5) [x] = C"(U, L(Zo, Z, f) @ V) [x].

Letog,...,0p, € Zand T € ZsuchthatT =ogN---No, ¢ Xp. If 7 ¢ X, thenjg0 = OM; on
M (7), and the corresponding terms in both sides are 0. If 7 € X, then on M (1), F5, has the form
L(%, C, g) where g is positive on T and then J;’O L(Z,Z,f) c L(Z,Z, f + mg). Therefore, there
isam’ € N such that for m > m’, A, N o is nonempty, and hence the corresponding terms in both
sides are V,. Since X is finite, the desired m exists.

If CY is convex, by Proposition 2.8, RT'(CY, C? Nsty (A, U (B N Z€)); Vi) = RT(C, Ay U (Bx N
Z¢); V). If f is also convex, A, U (By N Z¢) is nonempty convex when x ¢ C;’ P2 Therefore, only

the terms corresponding to x € CY ;can survive. O

Lemma 2.5. Suppose X is countable, X is locally finite, and C° is open in X Then

RT (X5, L(Z0. Z, f) @ V") = | [ RU(C, €0 Nstx(Ar U (B, N Z9)): V).
xeX

If moreover, CY is convex, and [ is convex, then

RT (X3, L(Z0, Z, f) ® V") = ]_[ RT(C%, C° Nsts (B, N Z°); Vo).

xeC;f

Proof. We may replace X with a refinement and assume that there are open subcones
C1CC2C-~'CCO

such that each C,, is a finite union of polyhedral cones, convex if C? is convex, C% =,y Gy, and
Y, ={oceX|oc C_n} is a cone decomposition of C,. Let Y0 ={ceX|ocC,}, X, bethe

formal scheme defined by X, o, and U, be the covering of X, defined by X, o. Then for all ’ > n,
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and 7, the natural maps
Ci(un', L(Zn’,O, Za f) ® (v) - Ci(uYh L(ZI’L,O’ Z’ f) ® (V)
are surjective. This implies

C* (U, L(Z0, Z, f) ® V") [x] =1im C* (U, L(Zn0. Z, ) ® V) [x]

n

=R1im C* (W, L(Zn0, Z, ) & V) [x]

n

for all x € X, and

C*(M,L(Z0, Z, f) @ V") = yLnC*(lIn, L(Z,0,Z,f)®V)=R yLnC*(u,,, L(Z,0,Z,f) ®@V).

n n

Therefore,

RF(XEO,L(ZO, Z, f) ® (v/\) = R@C*(un,L(zn,Oa 27 f) ® (V)

n

=Rlim | | RT(Cy, €, Nsts(Ac U (By 1 Z9)); V)

n xeX

=[x lim RT(Cy, Gy Nstz(Ay U (B N Z9)); Vi)

xeX n

= n RT(CY, CO Nste(Ac U (B N Z)); Vo).

xeX

The last equality here is given by Lemma 2.2.

If C? is convex, by Proposition 2.8, RT'(C,,, C,, Nsts (AU (B, N Z)); Vi) = RT(C,, C,N (AU
(Bx N Z°)); Vy). If f is also convex, then for every x ¢ C\Z’f, there is a ng such that for all n > ny,
C, N A, is nonempty. Therefore, only the terms corresponding to x € C ; £ can survive. O

We will consider a class of sheaves L(XZg, Z, f) where Z depends on X. We consider the

following additional conditions.
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Condition 1.

1. C = P has the following decomposition

P:|_|PC

ceC

where C is a countable partially ordered set, each of P is convex and open in the Euclidean
space spanned by itself, and for every c¢,c’ € C, ¢ > ¢’ if and only if P C P.. Moreover,

there is a unique maximal element 0 € C and C° = P,

2. X is simplicial, every P, is a disjoint of elements in X, and £, := {0 € Z | o C P.} is
locally finite for all ¢ € C. Moreover, for every c € Cand o € X, ¢ NP, =T — 1/ where T

is a face of o and T’ is a face of T, or the empty set.

If ¥ is simplicial and refines X, ¥’ also satisfies the condition. If X does not satisfy the last

condition, the barycentric subdivision of X satisfies the last condition.
3. f is linear on T for every o € X.

For every 8 c C, we define Pg := | |.cg P.. When 0 ¢ Pg, we define Zg s := P — sty(Pg)
and consider the sheaf L(Zo, Zgz, f) ® V" on Xy,.

The simplical assumption allows us to obtain the following deformation.

Lemma 2.6. Let S C X be a nonempty set of 1-dimensional cones. Let X* C X be the subset of
those o # {0} with some of 1-dimensional faces in S, and X** be the subset of those oo # {0}
with all 1-dimensional faces in S. Note that |£*| = sts(|Z**]). Then there is a piece-wise linear

deformation n : |Z*| x [0, 1] — |Z**|, making |2**| a deformation retract of |Z*|.

Proof. This is similar to the deformation described in the proof of [Har+16, Lemma 2.14]. For
each o € X*, we define o as the closure of o in |Z*| and define 7, on /. Fix a basis x(s)

for every 1-dimensional cone s € X. Let o € X" and s1,...,8n € S, Sms1 - »Smen € S be all
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1-dimensional faces of o~. Then each point of p € o can be uniquely written as

m n
p= ax(s)+ ) ameix(smsy)
i=1 j=1

with all ¢; > O but not all @; = 0, and all a,,,4; > 0. We define

m n
Mo (p,1) 1= D ax(si) + (1 =) > e (sm))-
i=1 j=1

These {n,} are compatible, glued to a n : |[Z*| x [0,1] — |Z**|, making |[X**| a deformation

retract of |XF|. O

Proposition 2.9. Suppose ¥/ is a refinement of X. Let ¢ : Ms, — My be the natural map. Then

the natural map R¢.L(Z,Zgys, )@V — (L(X',Zgs/, f) V) is an isomorphism. This implies
L(Z0.Zg35, ) @ V" = RY"L(Z), Zg s, [) @ V™.

Proof. 1t suffices to prove the statements in the case C = o where o0 € Z. In this case, the

cohomology H*(My/, L(X', Zg s/, f) ® V) is isomorphic to
H* (7,0 N (AL U (Bx Nsty (Pg))); Vi)

By similar arguments as in Lemma 2.3 and Corollary 2.1, it suffices to prove that o N A U (B, N
sts-(Pg)) is either empty or contractible, and whether it is empty or not is independent of X’. We

have the following cases:

1. x # fono: In this case, A{ is nonempty convex, open in o, and
AS c ASU (B, Nsts/ (Pg)) C AS.

Therefore, o N (AS U (B Nstsy (Pg))) is contractible.

57



2. x> fono: In this case, o N (AS U (B Nsty/(Pg))) = 0.

3. x > fono and x = f for some point of o: In this case, 0 N A{ = 0 and o N B, = T for some
face 7 of 0. Then A{ U (By Nsty(Pg)) = T N sty (Pg) and we have two different cases.
(a) TN Pg = 0: In this case, T N sty (Pg) = 0.

(b) TN Pg # 0: By the assumption on X, there is a face 7’ of 7 such that 7/ ¢ TN Pg C 1'.
Let ** c 3’ — {0} be the subset of cones with all 1-dimensional faces in Pg N T. By
Lemma 2.6, T N sty (Pg) ~ T/ N sty (Pg) because they are both homotopy equivalent

to |=**]. Since 7/ N sts/ (Pg) contains 7/, 7/ N stys (Pg) ~ 7/, which is contractible.
These exhaust all possibilities and we conclude the proposition. O

In practice, we want to compute the cohomology of L(Zy, Zgx,0) ® V". We assume the

following additional condition.

Condition 2. Foreveryx € X, ifx > 0 on P, then there is a unique c(x) € C such that ker(x)NP =

P

From Lemma 2.5, there is the canonical isomorphism

RT(X5,, L(Z0,Zgx,0) @ V") = n RT'(Po, Po N stz (Pex) Nsts(Pg)); V).

xeCVv

Proposition 2.10. For every x € CV, there is a canonical isomorphism
RI'(Pg, Py N Stz(PC(x) N Stz(PrB));&) = RF(PC(X), Pc(x) N Stz(PrB);E).
This implies

RT (X5, L(20, Z5.5,0) @ V") = [ | RU(Pegy), Pes) N sts(P); Vo).

xeCv
Note that if x € CV*, c(x) = {0} and RT (P¢(y), Pc(x) N stz (Pg), Vi) = Vi
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Proof. Let {Pg,} and {P.(y) ,} be increasing finite open convex subcones in Pg and P_(y), respec-

tively, satisfying that
1. Po=, Pon-

2. Pc(x) = Un Pc(x),n-

3. PO,n N Pc(x) = Pc(x),n-

Using Proposition 2.8, there are isomorphisms

RF(P(), PyN StZ(Pc(x) N StZ(PB));E) = RliLnRF(PO,n, PO,n N StZ(Pc(x) N StZ(P.’B));E)

n

=R1im RT'(Pon, Pon N Pe(x) N sts(P); Vi) = R@Rr(m, Peyn Nst(Pg); Va).

n n

Consider the map of pairs (P¢(x)n, Pe(x)n N Stz(Pg)) — (Po.n, P(x)n N sts(Pg)). Since both

P.(x),n and Py, are convex, the map P.(y), — Po, is an homotopy equivalence. Use Proposition

2.8 again and we have

R@Rr(m, Peo.n Vst (Pg); Vo) = RUM RT(Pe(x)ns Pexyn N ste(Pg); Vi)

n n

:RyLnRF(PC(x),n’ Pc(x),n N StE(PB);&) = RF(Pc(x)a Pc(x) N StE(PB);E)'

n

O

Suppose I" acts on M — S equivariantly such that ¥ : Oy = Op , and V defines an I'-
equivariant sheaf over S. Then L(Z, Z, f) ® V" is also a I'-equivariant sheaf. We assume X is I'-
admissible and X is fine enough so that X5, — Xx,/I"is alocal isomorphism. Let (L(Zo, Zgx,0)®
V”™)r be the sheaf of I'-invariant sections of L(X, Zg x,0) ® V" over Xx,/I". Then we conclude

the following.
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Corollary 2.2. Suppose further B is stable under I'-action. Then there is a canonical isomorphism

RT(X5,/T, (L(Z0, Zg.5,0) ® V")r)

= n R Homr_(1, RF(Pc(x)a Pexy N StZ(PB);E))-
xeCV /T

In particular, if for every o € 2o, I'; = {1}, then the term corresponding to x = 0 is RT'(Py/T", (PoN

stz (Pg)) /T V).

We further consider the cohomology RI'(Py/I", (Po N sty(Pg))/T"; V) in three case where we

can simplify the expression.

Proposition 2.11. If 8 = 0, RT(Po/T, (Ponsts(Pg))/T; V) = RT(Po/T; V). If0 € B, RT(Po/T, (PoN
stz(Pg)) /T3 V) = 0. If C/T is finite, and B C C is the subset of all elements except for the maximal

and the minimal ones, then RU'(Po/T", (Po N sts(Pg))/T;V) = RT.(Rso \Po/T, V).

Proof. If B =0, sts(Pg) = 0. If 0 € B, sty(Pg) contains Py. From these, we obtain the first two

cases. Now we consider the last case. The excision theorem gives that
RI'(Po, Po Nsts(Pg); V) = RI(|Py U Pgl, | stz (Pg)]; V).
Similarly as in Proposition 2.8,
RU(|Po U Pgl, | sts(P)|; V) = RT'(|Po U Pgl, |Pg|; V).
Since relative cohomology is homotopy invariant,
RU(|Po U Pgl, [Pgl;V) = RT'(Rs0 \|Po U Pgl, R0 \|Pgl; V).

Let jo and j be the inclusions jj : Rog\Pyo — Rso \|Po U Pg| and j : Rso \Po/T" — R.g \|Po U
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Pg|/T, respectively. The relative cohomology can be written as

RT'(R>0 \|Po U Pg|,R-0\|Pg|;V) = RT'(R>o \|Po U Pgl; jo.V).

By identifying the cochains computing cohomology, we have

RHomr(1, RT'(R5o \|Po U Pgl; jo,V)) = RT(Rso \|Po U Pg|/T’; jiV).

Since C/I" is finite, R \|Po U Pg|/I is a finite simplicial complex, hence compact. Therefore,

RT'(Rs0 \|Po U Pg|/T; jiV) = RT':(R>0 \Po/I'; V).
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Chapter 3: Siegel Shimura varieties and Igusa towers

In this chapter, we recall the Siegel moduli problems and summarize results on integral models
of toroidal compactifications of Siegel Shimura varieties from [FC13] [Lanl3], [Lanl6a], and
[Lan17b]. We then define subsheaves of sections of automorphic vector bundles vanishing along
certain boundary strata on these spaces. We also discuss Igusa towers and their compactifications
following [BP23]. The completion of such automorphic vector bundles along specific boundary
strata can be described in terms of sheaves defined in the previous chapter. Using the result of the
cohomology computation of torus embedding, we show that the cohomology of these sheaves are
independent of the choice of cone decompositions.

Since Hecke twists among toroidal compactifications are not finite flat in general, we con-
sider trace maps from morphisms between normal schemes. These trace maps are used to define

cohomological correspondence in the next chapter.

3.1 Siegel moduli problems

Let G = GSp,, be defined by the lattice L = 728 endowed with the standard symplectic form
(), K C G(i) be any open compact subgroup. The integral moduli problem associated with

(L, {-,-)) over the base ring Q is given as follows:

Definition 3.1 (cf. [Lanl13, Definition 1.4.1.2]). Mk g is the moduli problem defined by the cate-
gory fibered in groupoids over (Sch/Q), with fibered categories Mk o(S) defined as follows: The

objects of Mk o(S) are tuples (A, A, ag) where
1. A/S is an abelian scheme of dimension g.

2. A1: A — AV is a principal polarization.
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3. ag is an integral level-K structure of (A, Q).

Isomorphisms (A, A, ag) ~ (A", ', a) are isomorphisms f : A — A’ such that
1. A= fYoldof.
2. f matches ag and a,.

When K C G(Ay) and is neat, Mk g is represented by the canonical model of the Siegel
Shimura variety of level K, denoted by Sk o.
If p is a prime number and K = K”G(Z,), the same moduli problem is defined over the base

ring Z,), denoted by Mkrg(z By [Lan13, Proposition 1.4.4.3], MKpg(zp),Z@) 7, Q =

p)’ZQ?) :
MkrG(z,).0- If KP € G(A™F) is a neat open compact subgroup, MkrG(z,).z,, 1s represented by a
smooth quasi-projective scheme of finite type over Spec(Z,)), denoted by SkrG(z,).z,,» With the

property

SKkrG(z,)Zp) XSpec(Z(y)) SPeC(Q) = SkrG(z,).0-

Smooth toroidal compactifications with simple normal crossing boundary divisors are defined with
suitable cone decomposition data X. The case for principle level n is given by [FC13] and the case
for general tame level is given by [Lanl3]. We write S}?f, G(Zp) Zip) and S;?TQ’Z for the smooth

toroidal compactifications. The arithmetic models of minimal compactifications are also defined,

min min
denoted by MKPG(Z,,),Z@),Z and Mo 5.

3.2 Stratification of smooth toroidal compactifications

Boundary strata of toroidal compactifications are parametrized by cusp labels and polyhedral

cones in suitable cone decomposition data. We gather some definitions from [Lan13] here.

Definition 3.2 (cf. [Lan13, Definition 5.4.1.3,5.4.1.5,5.4.2.1,5.4.2.2,5.4.2.4,6.2.4.1]). Let Z be

a fully symplectic-liftable admissible filtration of L ®Z ([Lanl3, Definition 5.2.7.1]). In particular,

0=Z3CcZ,CcZ, CZOZL®2.
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A torus argument ® for Z is a tuple (X,Y, ¢, ¢_», ¢o) consisting of the following:
1. Two finitely generated free abelian groups X and Y.
2. An injective group homomorphism ¢ : Y — X.

3. Two isomorphisms ¢_; : Grf2 = Homz(X ® 2,2(1)) and ¢y : Grg ~Y®Z satisfying that
the pairing

Gr%2 X Grg — 2(1)

induced by the symplectic form (-, -) on L coincides with the pairing
Homs (X ® Z, Z(1)) x Y ® Z — Z(1)

viag 1Y — X.

Let Zk be the K-orbit of Z. The tuple (X,Y, ¢) is invariant under the K-action. A torus argument
Ok at level K for Zk is a K-orbit of torus arguments @ such that there is one element ® € ®g and
one element Z € Zk with ® being a torus argument for Z.

If® = (X,Y,0,0-2,90) and ®" = (X',Y', ¢, ¢’ ,, ¢[)) are torus arguments for the same fil-
tration Z, then ® and @ are equivalent if there are isomorphisms yx : X' = X andyy : Y =Y’

satisfying that
1. ¢=vyyog¢d oyx.
2. pr=ykowa
3. @5 =Yy © go.

In this case, we say y : (yx,yy) is an isomorphism from ® to ®'. ®k and @), are equivalent if
there are representatives ® € ®g, ® € @ such that ® ~ ®'. The automorphism group of @k
is the group of pairs (yx : X = X,yy : Y = Y) inducing isomorphisms between ® and some

@' € Ok. This group is denoted by I'g...
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Let 6 be a splitting Gr? = L. We also have the K-orbit of 6, denoted by 5k, and we say Ok is
a liftable splitting of Zk.

A representative of cusp labels for M is a tuple (Zk, @k, 0x) where Zg is a K-orbit of fully
symplectic-liftable admissible filtration of L ® Z Ok is a torus argument at level K for Zg, and
Ok is a liftable splitting of Zk. Two representatives of cusp label (Zx, ®k, k), (Z), Dy, 0y ) are

equivalent if Zx = Zj,, ®g ~ ®. A cusp label for Mk is an equivalent class [(Zg, @k, 0k)].

Remark 3.1. This is the definition in [Lanl3] when there are no good primes. When K =
KPG(Z,), the cusp labels at level K when the set of good primes is empty or {p} are the same, so

we only give the definition for the former case.

Let (Zk, @k, 0k) be a representative of cusp labels. In [Lanl3, Section 6.2.4], associated to
(Zg, @k, 0k) is a finitely generated free abelian group So,, a split torus E¢, = Hom(Se,, Gn),
and a tower of spaces

—_ Pk
Sk, 6k T C(I)Ks51< - MK

where M;?" is also a smooth moduli problem, Co, 5, — M;?K is an abelian scheme torsor, and
Eog.ox — Caxox 18 a Eq,-torsor. The space Homgz(So,,R). It is identified with the space of
alternating forms on Yg ®g Xr where Y and Xg are identified via ¢. Denote by Pg, the cone of
positive semi-definite bilinear forms in Homz(Se,,R) and by P:“DK C P, the open subcone of
positive definite forms.

The notion of surjections on representatives of cusp labels at level K is defined in [Lanl3,
Definition 5.4.2.12]. A surjection (®k, dx) - (Pj, ) naturally identifies Pg; as a boundary

component of Pg, .

Definition 3.3 (cf. [Lanl3, Definition 6.2.6.4, 6.3.3.4]). A compatible choice of admissible ra-
tional polyhedral cone decomposition data for Mk is a collection ¥ = {Zoy }([ox,0x]} Where

[®k, 0k ]| runs through all cusp labels at level K, such that

1. Each Xo, is a I'e,-admissible rational polyhedral cone decomposition of Pe,. Then by

equivalence relations between representatives of cusp labels at level K, we have a unique
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['e, -admissible cone decomposition Ze, for each (®k, k).

2. For every surjection (®k,0g) —» (@, 0% ), the restriction oy |p,, , defined as
K
{0 €Xoy |0 C Py}

is equal 10 Ly .
X is called smooth/projective/simplicial if the corresponding properties are verified for each g, .

Let X = {Z¢, } be a compatible choice of admissible rational polyhedral cone decomposition
data. We define 29,0 = {0 € Zo, | 0 C Po,} and define Eg, 5., as the completion of
Eoy ok (0) along the closed subset Eqy 65,00 Xk 6x,30, 0 as the completion of B0, along the
closed subset | | es, , Eok.ox.0-

The toroidal compactification M}?rz is constructed by gluing "good algebraic models" (cf.
[Lan13, Chapter 6.3]) in etale topology. It has a stratification parametrized by equivalence classes
of (Pk,dk,0) where (Pg, dk) is a representative of cusp labels at level K and o € Zg¢,. Two
tuples (@, dk,0) and (DY, 0%, 0”’) are equivalent if there is an equivalence y : (®g, k) ~
(@Y. %) sending o’ to o~ under the isomorphism S¢/. = S¢, induced by y. As in [Lan13, Defini-
tion 6.3.2.14, Remark 6.3.2.15], we say (®%., 6%, 0”) is a face of (®k, 0k, o) if there is a surjection
(®k, k) > (P}, 0%) identifying o’ as a face of o, and this also defines the notion of being a face
on equivalence classes {[(®g, 0k, 0)]}.

By [Lan13, Thm. 6.4.1.1], M has a stratification

M= || Zieksro
[(@k.05.0)]

where each Zj(o 54,0 1 a locally closed subset, Zj@ o o)) 18 in the closure of Zj(q, o650 if
. / 7 7 . . tor /\ .

and only if [(®, 6%, 0")] is a face of [(®Pg, 6k, 0)], the formal completion (MK,Z)Z[<¢K,5K,<T)] is

naturally isomorphic to ¢, 5.0/l 'o.0» and the natural isomorphism identifies the pullback of

the universal tuple on M}?fz with the Mumford family defined by the universal degeneration data
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(cf. [Lan13, Definition 6.2.5.28]) on Eoy 5.0 /T o o

The minimal compactification M?i“ is constructed in [Lan13, Ch 7.2.3]. It is a normal scheme
finite flat over the base ring. For every smooth toroidal compactification there is a canonical pro-
jection & : M;grz — M?i“. By [Lan13, Lemma 7.2.3.6, Proposition 7.2.3.7, Corollary 7.2.3.8],

M;?i“ has a stratification

Mt = | | Zigsn
[(®x.0k)]

by locally closed subschemes where [(®g, dx)] runs through cusp labels at level K, Z{(@,.5,)]
is in the closure of Zj(o, s,) if and only if there is a surjection [(®g, 6x)] = [(D), 0% )], and
the underlying space is the same as the image of [(@y s.,0)) under m for all o € Zg, 0. Let

(M

’Z)QI@Kﬁm] be the completion of M;?rz along the locally closed subset 77! (Zj(@g.51)])- By

[Lan17b, Lemma 4.13], there is a canonical isomorphism

tor \A ~
(MK’Z)Z[(CDK,&K)] = %CDK,(SK»ZCDK,O/F(DK
induced by maps between universal tuples.

3.3 Integral models of Siegel Shimura varieties when p is ramified

Let Rg be a discrete valuation ring of mixed characteristic and residual characteristic p and n
be the generic point of Spec(Ry). In the rest of the section, the base ring will be R and is omitted
from the notations.

The constructions for smooth toroidal compactifications and minimal compactifications are
carried out over Spec(Ry) or n in the same way. When K does not have the form K”G(Z,), the
integral model of Shimura varieties and their compactifications are defined via normalizations.
Here we review the constructions and results from [Lanl6a] and [Lan17b].

Let K C G(i) be an open compact subgroup. We assume K” := im(K — G(Zp)) is neat so
that all spaces will be schemes or formal schemes. Let J be a finite index set and for each j € J we

associate a (g;, L, (:,-);) where g; € G(Ay) and L; C L ® Q be a Z-sublattice and (-, -); is a Q.
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multiple of (-, -) on L ® Q. This forms a new PEL datum and defines G satisfying that Gg = G, g
for each j. Let K be the image of g}Tlng inG;(Ay) and assume that K; C G (Z) for all j. These
(J,{(gj,Lj,{-,-);)}jes) are referred to as linear algebraic data. In [Lanl6a, Section 4], for each
J» there is a construction for symplectic lattice (L qux, (-, )} aux) such that p is a good prime for
it, and there is a natural injective homomorphism G; — G 4. of algebraic groups over Spec(Z)
with G (Z) — G aux (Z). Suppose K qux C G aux (i) contains the image of K; in G 4ux (i") and
Gjaux(Zp). Let Mg,

Jj.aux

be the integral moduli problem defined by (L; qux, {*, *)j.aux) and MI‘?;‘:M

X

be its minimal compactification. Then we have canonical morphisms

min min
MKJ] - n MKj,aux’ MK,?] - l_[ MKj,aux,
jeJ jeJ

and we define Mg, M Ir?in as respective normalizations. Let X; ,, be a compatible choice of smooth
projective admissible rational polyhedral cone decomposition data for Mk, ., for each j. Then we

have their toroidal compactifications Mg"

Jj.aux 7Zj,aux

and these {Z; ,,x} induce a compatible choice

of admissible rational polyhedral cone decomposition data X’ for M. With the spaces, MY, is

defined as the normalization of Mg , — [];e; M;(Ojiaux’zj’ullx. If X is an admissible projective ratio-

nal polyhedral cone decomposition of level K, M}?rz is defined as an appropriate normal blowup
of M;(ni“ in [Lan17b]. These spaces Mk, M;(nin, M}?‘”E only depend on the linear algebraic data, not
the auxiliary choices of lattices, compact subgroups, and cone decompositions. Different choices
of linear algebraic data provide integral models with different universal properties.

M has a stratification and represents a universal property in the category of normal schemes

as in the smooth compactification case. The boundary strata and stratifications for M}?rz and M5,

are also described in [Lanl6a] and [Lanl7b]: Let (Zg, @k, dx) be a representative of cusp labels

for M. There is an induced representative of cusp labels (Zg, . Pk; 4. OK; .,) fOr €ach j.

,aux?® J

Similarly, we have Eq,K]_ - the tower

[x]

CDKj,uux
ok, —M

Jj.aux Kj,aux

—> CCDK

Jj.aux’

Dy

J.aux’

0K

J.aux
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and natural morphisms

q)[( ]aux
— —
MK — | |M s Cogoxn = | | Cox, puin, e

/ aux

jeJ jeJ
Hq)K 61(77 - 1—[_. jaux6 jaux Pk - l—[E(DKJa“x
jeJ jeJ
The spaces Mlq()K , Cog 5x» 2dy.5, are defined as respective normalizations of the first 3 morphisms
Ok - .
above. The map Coy 5, — M " is proper, the map Eq, 5, — Coy.sx iS @ Eq-torsor, the map

Egyr — [1jes Eq,Kj,aM is a finite morphism of tori, and the map

=
g6k T (l—[J = Kj aux> 6’(1 aux) Hle‘/ Cq)KJ aux 6K7 aux CfD]( Ok
JE€

is equivariant with Eg, — [] jeJ Eq)Kj e By [Lan16a, Thm. 12.1], M,‘}’i“ has a stratification

MEm = | | Ziogso
[(®k.0k)]

by locally closed subschemes where [(®g, dx)] runs through cusp labels at level K, and Z [(@),0%)]
is in the closure of Z[(@ 5] if and only if there is a surjection [(®g, k)] - [(D),0%)]. B
[Lanl6a, Thm. 9.13, 10.13], [Lan17a, Lemma 4.13, Proposition 5.1, Proposition 5.15], both M}?rz,

and M}’ £ have stratifications Lok .6x.0)] Zl(@k.6x.0)] analogous to the smooth toroidal compact-

ification case, and the completions (M}" and closure of each Z[(¢, s)] also have anal-

Z)Z[w 6]
ogous descriptions.

The toroidal compactifications M £ have universal properties in the category of locally Noethe-
rian normal schemes in terms of degenerating families [Lan13, Definition 5.3.2.1]. The universal
properties [Lanl6a, Theorem 11.4] and [Lan17b, Theorem 6.1 (6)] are given in the following
form: M;é’rz carries universal degenerating families {(G, 4, ak;)} e; where (Gj, 4;, ak,) is of

type Mg;. Let S be an irreducible normal scheme over Spec(Rp) with generic point n75. Given

a morphism g — Mk ,. Suppose there is a degenerating family (Gj., /l;, a;(j) of type Mk, for
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each j € J such that their fiber over 55 are all canonically identified with the universal tuple given
by ns — Mk ,. Then the morphism ng — Mk, extends to a (necessarily unique) morphism
S — M}?fz if and only if some condition given by X is verified. We will call it "the condition given
by X"

We describe completions of some ideal sheaves along 7! (Z(@g,5x)]) under the isomorphism

(M

) g[@K o = Xoy 0x.50, 0/l The idea and result should be well known to experts and are

similar to cases involved in previous works such as [Har+16], [Lan16b], and [LLan17b]. The author
learned the main idea from discussions with Kai-Wen Lan.
Let s be a cusp label, Dk 5 ¢ be the closure of ! (Zk s), given reduced subscheme structure,

and Fkxs C MY be the ideal sheaf defining Dg 5 ;. If

Dizs N1 (Zj@xsi1) = 0,

IRy = Ox(bK’&K%K’O /To,. Now we assume that D s s N1 (Z(@g.54)]) # 0. Equivalently, P
is a closed subcone of Pg, 5 ]-

Proposition 3.1. Under the canonical isomorphism

(MtOI'E

A ~
K2)Z 0000 = XOk0k.Zog o/ Lok

I g 5. 18 identified with L(Zoy 0, Sty (Ps), 0)rg, -
Proof. We first prove that the lemma is true if there is an etale local chart {Ug} such that

1. 77N Z (@ .5)]) is covered by finitely many members {Us,, . .., Ug, } that does not intersect

with smaller strata in M}?r Therefore, in the following conditions, we exclude smaller strata

Dy

and restrict everything to an open subscheme in which the strata 77! (Z [(@k.0x)]) 1 closed.

2. Let V; be the image of Up, and V = |J]_, V;. Then there is an etale map

n
|_| Up, — S0k, 0K Za
i=1
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and there is a stratification on |_J;; Up, compatible with both stratifications on V and Eq s 54, -

3. Let .# be the ideal sheaf of M\ defining the reduced induced structure of the boundary
strata 771 (Z[(og.05)) and I oy DE the one of Eoy.s, defining the reduced induced struc-
ture of Xoy 5x,54, o- By the previous condition on their respective stratifications, they have

the same pullback to | |!, Ug,, denoted by % ;. Let U” be the completion of | |, Ug, along

& v. Then we have the commutative diagram

A \
U > Xox.ox,Zog.0

| !

tor \A }
(MKsE)Z[(CDK,éK)] x(DKs(SK,ZCDK,O/Fq)K

such that the composition U" — X¢, s x-Zoy o/ Lok 1s obtained by maps on universal tuples.

By Proposition 2.5, L(Zg,, Ps, 0) is radical. With these conditions, two ideal sheaves on different
spaces Sz |v and L(Zg,, Py, 0) have the same pullback on |_|f:1 Up,, for that their pullbacks
remain radical and define the same closed subset. The statement is obtained by fpqc descent of

ideal sheaves of the diagram

A
U ? x‘l)KﬁK,ZmK,o

| !

tor \A }
(MK’Z)Z[(CDK,(SK)I xq)K,6K’2CDK,O/F(DK

In the smooth toroidal compactification case, the etale local chart given by good algebraic models
satisfies these properties. Let {Z; 4.} es be compatible smooth admissible rational polyhedral

cone decompositions data for level K 4., and X’ be induced by {X; 4ux}jes. Then M}?rz, is the

normalization of the map

MK,]] — Mtor

K/‘,aux,zj,uux
jeJ
and the desired etale local charts on M©" induce one on ML, .
Kj,aumzj,aux K»Z

In general, we can find a refinement X’ of X that is induced by some {Z; 41 }jes. Let ¢ :
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MZ'., — MZ'.. Then we have the commutative diagram

(Mtor )2[

K> H chK,cSK,Z/ /FCDK

(CPK,(YK)] ‘l)K,O

It I

tor \A ;
(MK,Z)Z[((DK,(;K)] %q)Ks(sKsZCDK,()/F(DK

By Proposition 2.9, R¢. (.S 1/},2',s) is identified with L(Zg, 0, stz (Ps)<, O)szK' Since completion
commutes with derived direct image for proper morphisms, ¢. (-7 g 5/ s) has the same support as

J k3.5 and becomes radical in all locally closed strata (M;?r . Therefore, ¢.(F g5/ 5) =

)/\
2 2ok 5]

J kx.s and we obtain the identification

jI/},Z,s = L(2¢K,0’ StZ(Ps)Ca O)F@K'

The following corollary is deduced by the proposition above along with Proposition 2.5.

Corollary 3.1. Arbitrary sums of intersections among {F ks s} are radical. Let J be a subset
of maximal parabolic subgroups of G, s(J) be the set of all cusp labels associated to parabolic

subgroups in J, Dk s q = UseS(j) Dk s, k3. be the ideal sheaf defining reduced structure

of Dk x.7, and Py(g) = |ses(q) Ps- Then
jl/},z,j = L(ZCDK,O’ StZ(PS(j))C9 O)F(];K .

3.4 Automorphic vector bundles

We follow the definitions in [BP23, Section 4.3] to define automorphic vector bundles on inte-
gral models of Siegel Shimura varieties. Then we consider some specific ideal sheaves and define
subsheaves of sections of automorphic vector bundles vanishing along specific boundary strata.

Let (A, A4, ak) be the universal tuple over the integral model of Shimura variety S¥'s, where A is
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a semi-abelian scheme, 1 : A — AV is a prime-to-p polarization, and ak is a level-K structure,
defined only on Sk ;. Let P C GSp,, be the stabilizer of (ey,...,e;) € L = 7%, which is the
Siegel parabolic subgroup. Let M C P be the Levi subgroup given by block-diagonal matrices in

P.

Definition 3.4. 7y, : Mar — S¥'s is defined as the M-torsor parametrizing tuples (Y1, ¥, ¢)

where Y1 : 0%, = Lie(A), ¥ : Of’;mr = w(A"), ¢ € O% such that Y = c(gb’l)‘l. Since yr)
K.X

tor tor
SK.x Skx

is determined by Y and c, it is the same as the sheaf parametrizing ¥ : Oitor =~ Lie(A) and
K.,X

h 0
. Consider the isomorphism GLg X G,,, = M via (h,t) . The action of M

Cc € O;(tor
o 0 h!
h 0
on Mg is given by (Y1, c) - := (Y 0 h,tc).
0 t'h!

Let By, be the Borel subgroup of M and k be a dominant weight of M. Let L, be the line
bundle on M/By; defined as L,(U) = {f € Ou(x~'(U)) | f(mb) = —wou(x)(b)f(m)},
where 7 : M — M/By; is the canonical quotient map. The sheaf is equivariant with the M-
action (mf)(m’) = f(m~'m’). Let (py, Vi) be the algebraic representation given by V, :=
HY(M /By, L) and p,(g)(f)(h) := f(g~'h). Then (pg,V,) is an integral model of the finite-

dimensional irreducible representation of Mc of highest weight «.

Definition 3.5. Let « be a dominant weight. We define w* as the vector bundle

Alternatively, it is the same as 7t « Oy [=Wo,m (k)]. This is an integral model of V. considered

in Chapter 1.

Let A be the set of maximal standard parabolic subgroups of G. This is the same as the set of

simple roots of G. For each level K and s € A, we denote by @  the set of cusp labels associated
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to s, and define

Zk,s = L| Zwk ox]-
[Pk.0k]€PK s

Let  : Sh}?rZ — Sh%‘i“ be the natural map, which is proper. We define Dk 5y := 771(Zg ) C

S htor

x> endowed with the reduced induced closed subscheme structure. For every J C A, we

define

Dgyx.g = U Dk s,

sel

also endowed with reduced induced closed subscheme structure. Let ¥ 4 = Sk s g C O s be
the ideal sheaf defining Dk 5 7.

We define wIk(Zj = Wk ® Iksg = Igsgwt c F. Forall 7,9 c S, we define

Dkyz.g.9 = Dkyg ®spe, Diz g and Sgs 9.9 = Skyg+Fkzg the ideal sheaf defining

Dkys. g.9. Then Sk s g g 1s also radical by Corollary 3.1.

Lemma 3.1. Forevery J C J' C S, there is the short exact sequence

0— j[(,z,j’ — jK,Z,j - jK,Z,J ODK,Z,:]’—j — 0.

Apply ®w* on this short exact sequence and we get the short exact sequence
k k k
0= wyy g = Wy g = (@ Ipgs g (-Pkrgg-7) = 0.

Proof. Since DK,Z,j’—j UDgs g = DK,Z,j’a f[(j’j' = j[(,z,j/_j N j[(,z,j. Then the short

exact sequence is the same as the one

0> Iksg-9NIksg = Iksg = (Iksg+Tksg-9)Tksg -5 — 0.

O

Each of the cones {Pq, } satisfies the first condition in Condition 1. For now on, we always
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assume that in £ = {Z¢, }, each g, satisfies the second condition in Condition 1.

Lemma 3.2. If ¥’ is a refinement of %, then R, 0]. In particular, cohomology

k _ k
Wiz g = Wk gl

of a)Ing’ g are independent of the choice of X.

Proof. By the projection formula, it suffices to prove Rn. S ks g = Fkx.g[0] and this is given

by Corollary 3.1 and Proposition 2.9. O

The discussion below is involved in studying the normalization of U,-operators. For every
scheme § and a vector bundle £ of rank g along with a line bundle 7°, we define the M-torsor
Fr(L) ® (7 —{0}) where Fr(L) is the frame bundle of L, given by the subspace (vi,...,vg) C
L% such that vi A - - - A v, is everywhere non-vanishing, and (h, 1) € M acts by ((vi,...,vg), u) -
(h,t) = ((vi,...,vg)h,tu). We define V,((L, T)) as the sheaf of functions f on Fr(L)®(7 —{0})
such that f(xb) = —wo_(«)(b) f(x). This defines a vector bundle over S.

Let So = Spec(R) where R is a flat algebra over Z, and S = Spec(Ro[1/p]). Let W be a
Qp—vector space of dimension g, L,L” Cc W be Zp-lattices of rank g, and T, T C QP be Z,-
lattices. We define £ := L ®z, Os,, L' =L ®z, O, as vector bundles over So, 7 :=T ®z, Os,,
T’ :=T ®z, Os, as line bundles over Sy, and W := W ®q, Ogs as a vector bundle over S. Then
the inclusions L, L’ ¢ W and T, 7" C Q, induce inclusions V,((L, 7)) (So0), Vi (L', T7))(So0) C
Vi((‘W,05))(S). Let {e1, ..., eg} be abasis of L and u( be a basis of 7. With this basis we have

isomorphisms

Vi((L, 7)) (So) = Vi(R), V(W O05))(S) = Vi(Ro[1/p])

fe(o(f) :m— f((er,...,equp)m).

This basis also gives an isomorphism W = Q,, and there is a (h,7) € GL,(Q,) X Q; such that

L' =h(L), T =1T.
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Lemma 3.3. The image of the composition
’ G ¢
V(L T7))(So) € Viel(W,04))(S) = Vi(Ro[1/p])

is pi(h, 1) (Vi(R)).

Proof. Let ¢’ : V. ((W,0Os)) = Vi.(Ry[1/p]) be the following isomorphism

¢’ (f)(m) := f((hey, ..., heg, tug)m).

Then

$(f)(m) =f((e1, ..., equo)m) = f((hey,. .., heg, tug) (h,1)"'m)
=pi(h, 1) (¢ () (m).

Therefore, ¢(f) = pi(h,t)(¢'(f)), and f € V. ((L',T7))(Sp) if and only if ¢’( f) € V,(R), if and

only if ¢(f) € pi(h,1)(Vi(R)). o

3.5 Igusa towers

We introduce perfectoid Igusa towers defined in [CS17, Section 4], finite-level Igusa towers
and their partial compactifications defined in [BP23, Section 3.4]. We mostly follow the defini-
tions and treatment in [BP23, Section 3.4], and give more details on the construction of partial
compactifications.

In this section, for every group functor F over Z,, we define F(p") as the kernel of F(Z,) —
F(Z/p"Z) for every n € N. We denote by P the Siegel parabolic subgroup of G = GSp,,, by
N the unipotent part of P, and by M the Levi-subgroup of P, which is isomorphic to GL, X G,.
We assume the base ring Ry is a complete discrete valuation ring of mixed characteristics, and the

topology is p-adic.
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3.5.1 Ordinary loci of integral models of Siegel Shimura varieties

Let K? C G(ip) be a neat open compact subgroup and K, C G(Z,) be an open compact
subgroup. We have the integral model of Siegel Shimura varieties Skrg, and their toroidal com-
pactifications S}, . for some choices of collections of admissible rational polyhedral cone de-

pe

compositions over Ry by the construction in [Lan16a] and [Lan17b]. We define S}’g,‘,l K, and S}?f;}’(rj’z
as the loci where the associated abelian schemes/semi-abelian scheme are ordinary of the respec-

tive spaces. They are open subschemes and the complements are contained in the special fibers.

Proposition 3.2. S%SK and Stlgi,’?(rdz are independent of the choice of the linear algebraic data
P P>

used to define the integral models.

Proof. We compare the universal properties of integral models and this is reduced to the following
proposition: If S is an irreducible Noetherian normal scheme, U C S is open dense, G is an
ordinary semi-abelian scheme which abelian over U, and there is an isogeny Gy — G,, then G,
extends to a semi-abelian scheme G’ over S and the isogeny also extends to G — G’ over S. This

is given by [Lanl7a, Lemma 3.1.3.2]. O

Therefore, when we discuss ordinary loci, we only use {(L, (-,-))} where L = Z%8 and (-, -)
is the standard symplectic form to define the integral models. Let X be a collection of admissible

rational polyhedral cone decompositions of level K?G(Z,), which define one for every KK,

‘e tor,ord . . . . tor,ord
also denoted by X. Then by definition, S, K,z 18 the normalization of Skrk, ry1/p] I0 Si., Gz,
: tor . tor,ord tor,ord . .
Since SKPG(Z,,),Z is Nagata, SKI,KP’Z — SKPG(Z,,),Z is finite.

Definition 3.6. G0 k, and S are defined as the p-adic completions of S24, and S'"™

KPK,,2 KPK, KPK,,%
respectively.
. ord tor,ord .
There are universal tuples (A, A, akx) and (G, A, ak) over Sy, K, and G, K.z respectively.

By [Bhal6, Theorem 1.1], we are able to describe the universal property of 6}?2 K, and Gt[‘gf,zrjz

out of the universal properties of S, and S'%°9 | respectively.

KPK, KPK,.2’
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Proposition 3.3. Let R be a p-adically complete Noetherian Ry-algebra and Spf(R) = Spf(R, pR).

Then G?;SG(Z,,) (Spf(R)) classifies isomorphism classes of tuples (A, A, ag) over Spec(R) where
1. A/Spec(R) is an ordinary abelian scheme.
2. 1: A — AV is a principal polarization.
3. ag is an integral level-K structure of A. Here K = KPG(Z),).

If R is moreover normal, and there is a degenerating family (G, A, ag) over Spec(R) where G is

ordinary, then there exists a necessarily unique map Spf(R) — thgf;?(r;iz such that (G, A, ag) is

tor,ord
S

KK,z Vid the corresponding map Spec(R) — Stor,ordZ if

the pullback of the universal tuple over KPK,

and only if the condition given by X is satisfied.

Similarly, as in the scheme case, there is a version of moduli problems parametrizing quasi-

isogeny classes of tuples.

3.5.2 Frobenius twists

In the construction of Igusa towers, we need to define Frobenius twists of objects parametrized
by some spaces at the p-adic formal scheme level. In this section, we list such twists when certain
ordinary level structures are given.

Let S be a scheme and (A, 14) be an abelian scheme with a prime-to-p quasi-polarization.
An ordinary level-M (Z/p" Z) structure of (A, 14) (see the definition in [Lanl7a, Chapter 3.3.3])
determines a maximal totally isotropic multiplicative finite flat subgroup scheme of A[p”], denoted
by A[p"]™, as well as one for AV [p”], denoted by AY[p"]™, which is the image of A[p”]™ under
Aa. We say A[p"]™ (and hence AY[p"]™) is given if an ordinary level-M (Z/p" Z) structure is
given.

Let K? C G(ip) be an open compact subgroup and akr be a level-K”G(Z,) structure of
(A,24). When A[p"]™ is given, we define the r-fold Frobenius twist of the tuple (A, A4, agr)

as follows: First we define A?") := A/A[p"]™. Since A[p"]" is maximal totally isotropic in
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A[p'], APV = AV/AY[p"]™, which we also denote by AV-(?"). The quotient map A — AP is
denoted by F’,, or simply F". The dual isogeny APV 5 AV is denoted by V', or simply V". The
prime-to-p quasi-polarization /lg\pr) : AP — AV-(P) is defined as Ai{’r) = p (Vi) odyoFr.
The Frobenius map F identifies ax» with a level-K?G(Z,) structure of (AP"), /lgp r)), which we
denote by a/(p ) The rth fold Frobenius twist of (A, A4, akr) is defined as (A, A4, aKp)(pr) =

(A(p )’/lfqp ) (P ))

Suppose a;rd is an ordinary principal level-p” structure of (A, 14) (see the definition in [Lan17a,
Chapter 3.3.3]), and A[p?"]™ is given. We define the rth fold Frobenius twist of oz;rd as follows:
It is equivalent to an isomorphism ¢ : (u,r)¢ = A[p"]"™ and an element ¢ € (Z/p" Z)*. When
A[p¥]™ is given, AP [p"]™ is also given by A[p?]"/A[p"]™ and it is canonically isomorphic
to A[p"]™. We define ¢(P") = ¢ and ¢\P") : (u,r)8 = A[p']™ = A[p¥]"/A[p"]" = AP [p]™.
Frobenius twists of general ordinary level structures can be likewise defined in this way.

Then we consider the case for ordinary semi-abelian schemes. Let S be a normal locally
Noetherian scheme and (G, Ag, akr) be a degenerating family such that G is ordinary. Let U C S
be an open dense subscheme over which G is abelian and Gy [p”]™ is given. Then (G, Ag, agr) 8’ R
is defined. By the extensibility lemma [Lan17a, Lemma 3.1.3.2], (Gy, G, 26,)""") : Gy —
G),) extends uniquely to S, which we denote by (G*"), GV’(pr),/lg’r) : GP) — GY(P)). Then
(G, g, agr)?") is defined as (G 7", /lg’r) (p" )) constructed above (note that it suffices to define

(p ) over U ). On the other hand, suppose V is an open subscheme of S containing U, Gy[p"]™
is given and extends to some multiplicative finite flat subgroup scheme of G[p”] over V, denoted
by Gy [p"]™. In this case, we say an ordinary principal level-p” structure of (G, Ag) over V is an
isomorphism ¢ : (u,r)¢ = Gy[p"]™ and an element ¢ € (Z/p" Z)*. If Gy[p*]™ is also given and
extends to some multiplicative finite flat subgroup scheme Gy [p?]™ of Gy [p*], then (¢, c)?")
is also defined over V.

Lastly, we consider Frobenius twists of degeneration data. Degeneration data are defined in

[Lan13, Definition 5.4.1.1] and [Lan13, Definition 5.4.2.8], either with or without the positivity

condition on 7. First, we assume p { n. Consider degeneration data with principal level-n struc-
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tures

(Zl’h (D}’l = (X’ Y9 ¢9 ‘700,119 (P—2,n), (A5 /lAs 90—1,n)’ 6}’!’ (Cn’ CZ’ Tn))

over a scheme S, without the positivity condition. Suppose A[p”]™ is given. Then (A, A4, ¢_1,) 7"

is defined. Then we define
1. (Zy, ®,,6,)P) = (Z,, @, 5).

r 1 r r 1 r . . .
2. P =Froc,: =X — AVP) VP Z Froc, .~y — AW Their restrictions to X and
n n

Y, respectively give ¢(?") and ¢V (P"), respectively.

3. We note that (F" X F") : Ax AV — AP x AV-(P") has the property that (F" x F")*P 4(,r) =
pr " where P4 and P, ) are Poincare bundles for A and AP, respectively. Then we

define

T,Ep ) : linX = (C,\{’(p ) X Cflp ))*PA(pr) (CZ X Cn)*Pip

[l

in terms of the choice of base, T,Epr)(y/n,x) = T,(y/n,x)®"".

For degeneration data with general level-K? structures, we define
(Zr, @r, (A, Aa, 9_1.k), Okp, (Ckpy Clops Tkr)) P

as etale local orbits of the Frobenius twist of degeneration data with principal level-n structures.
When we consider principal ordinary level-p” structures at p, the discussion in [Lan17a, Chap-
ter 4.1.4] requires the following additional data :
1. A symplectic filtration Z,- of (Z/p" Z)?¢ such that Zypr Clet,....eg)z)prz=DRZ[p" Z.

Such Z,r is called ordinary. 6, is a splitting of the short exact sequence

0—>Zoy >D®Z/p"Z—>DRZ/p' Z|Z 5, — 0.

IR

2. Two isomorphisms ¢_5 ,r : Grgzyp, = Hom(X/p"X,(Z/p"Z)(1)), and @_ - : Gr({p,

Y/p"Y, satisfying that via the isomorphism ¢_ ,» X ¢ ,r, the pairing (-, )20 : Grflpr X

80



GrOZp, — (Z/p" Z)(1) is identified with the pairing

Hom(X/p"X,(Z/p" Z)(1)) XY /p"Y

220 Hom(X/p" X, (Z/p" Z)(1)) x X[p'X — (Z/p" Z)(1)

One of ¢_5 ,- and ¢g ,r uniquely determines the other.

3. A principal ordinary level-p” structure go‘jrﬁpr of (A, 14).

4. Two morphisms c;rrd X —> AVP) and c;;.ord - Y — AW that fit into commutative

diagrams

.ord .V,ord

X —2y Av0D oy S AG)

r . .
such that A ,,r) © c;;ord = c;r,d o¢:Y — AV One of c;rrd and cZ;Ord uniquely determines

the other.

ord,(p")

C1pr is defined, and we define

When A[p?']™ is given, ¢

(Zpr, 6pr, 90_2’pr, SDO,pr)(pr) = (Zpr, 6pr, ()D—Z,Pr’ SDO,p’),

and

V,ord

ord,(p”) .
c,(p).:F I

8 ord CV,OVd,(Pr) = F

r r
O Cprs Cpr oc

The case for degeneration data with positivity condition is defined by the same formula, and is

compatible with the Frobenius twist of degenerating families when the cusp label is ordinary.

3.5.3 Igusa towers

Let Xorg := (p=)® ® (Q,/Zy)® with the canonical polarization. Let Jorq := Qis0gsymp(Xord)

and J(’;’:fi := Autsymp(Xord). The group Jorg has Levi subgroup M(Q,,). The generic fiber P'(Z)) :=
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J(’;’Zé Xspt(z,) Spa(Q,,Zp) is a semi-direct product M(Zy) =< N(Z,)(1) and we write N'(Z,) =
N(Z,)(1). We also define P’(Qp) := Jord Xspf(z,,) Spa(QP, Zp).
Let Xoram = (pp~)® and Xoraer = (Q,/Zp)%. Then we define the infinite-level Igusa towers

following [BP23, Section 3.4].

Definition 3.7. Let (A, A, ak) be the universal tuple over 6‘[’£G(Zp). SI6kryi(z,) — 6(1’;2G(Zp) is
defined as the p-adic formal scheme parametrizing j, : Xord.er = AP, Jm + Xordm = A[p™]",

such that there is a ¢ € Z;f fitting into commutative diagrams

Xord,m L> Alp=]™ Xord, et L> A[poo]et

\LC Acan \L/l s \LC Acan \L/l

5 Alp™)r R

ord et ord m

IGg, — & is the p-adic formal scheme parametrizing j : Xorg = A[p®], such that there

KPG(Z,)

isace Z; fitting into the commutative diagram

Xord ;) A [poo]

\LC Acan \L/l

ord %A[ ]

36krn(z,) = 6(1);IC’IG(ZP) is a profinite etale M (Z,)-torsor. The Frobenius twist on the univer-
sal tuple induces a Frobenius map F : I®kry+(z,) — IOkry:(z,)- Then I®k» is represented by
mF- \S@KPN’(ZP).

There are also moduli interpretations for I®gry+(z,) and IGk» in terms of quasi-isogeny
classes. In that way, we see that there is a P’(Q,)-action on 3G g, and we can consider Hecke

twists by g € M(Q,)).
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3.5.4 Finite-level Igusa towers

We also consider Igusa towers with finite levels. We first consider the following specific level

structures. Consider

P(p") = ker(P'(Zy) — P'(Z/p" ). P(p") = ker(P'(Z,) — M(Z/p" Z))N'(Z,).

We define 3G gp pr.orany — G?JSG z,) 3 the finite etale covering parametrizing j, , : (upn)8 =
A[p"]™ and ¢ € (Z/p"Z)*, and define IGkrp(pm) — 6?,‘,1(;(2!,) as the finite flat covering

parametrizing symplectic isomorphisms j, : (upn)¢ @ (Z/p"Z)8 = A[p"]. Then the Frobenius
twist induces the Frobenius morphism F : I gy p'.ora(ny = IO gp pr.ora(pn)-

ord

Proposition 3.4. 3G kv p: (pr) = Sippr(n)

is isomorphic to

Fn
~ ~ ord
\S(Y)Kpp’,ord(pn) — \S(SKPP'vord(p”) - SKPG(ZP) '

Proof. Let (A, Aa,nkp A, jmn,asCa) be a tuple parametrized by I® g p p'.ora(,n). Suppose the tuple
(B, AB,nkr B> jmn.B-CB) is one the Frobenius of which is (A, A4, 7kr A, jmn.A,Ca). Then A =
B/B[p]™ and B[p]/B[p]™ — A[p] is necessarily isotropic and isomorphic to A[p]¢’. This gives

a splitting of the short exact sequence
0— A[p]™ — Alp] = A[p]” =0

that identifies A[p]¢’ with an isotropic subgroup of A[p]. Conversely, if there is such a splitting,
Then we define B := A/A[p]¢ and denote by ¢ the quotient map A — A/A[p]® = B. Then
Ag =ppV lodpoplisa prime-to-p polarization. We define (B, A, nkr B, jmn.B, CB) in the
obvious way and the Frobenius twist of the tuple is (A, A4, 7kr A, jman.A, Ca). We iterate the process

n times and we have the map

n

~ o~ ord
J@Kpp’,ord(pn) — \S(SKPP”Ord(p") - erG(Zp)
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ord

o) along with a splitting

parametrizes (A, A4, kr A, 1

0— A[p"]" - A[p"] - A[p"]" -0

by an isotropic subgroup. Since the tuple already includes an isomorphism (Z/p" Z)8 = A[p"]“,

this is the same as the moduli problem defining I® g pr (). m|
Finite-level Igusa towers are indexed by open compact subgroups of P'(Q,) := M(Q)) x
N(Q,)(1). Let K, p C P'(Qp,) be one. We define N, p := K, p N N(Q,)(1) and My p :=

Ky.p/Npp — M(Q,) and we have the short exact sequence
l > Npp—>K,p—>M,p— 1.

Definition 3.8. Let K, p, N, p be the scheme-theoretic image of K, p, N, p in Jowd, respectively.

We define I®krk, », IOkrn, , as the fpge-quotients I®k» /K, p, IOk» /Ny p, respectively.

By [BP23, Proposition 3.4.9], both 36k, , and IGkry, , exist as p-adic formal schemes

and I0krg, , is finite flat over cod

KPG(Z,)’ formally smooth over Spf(Z,), by Serre-Tate the-

ory. Moreover, I®krk, , — I®grn, , is profinite etale with Galois group M, p and the map
RIUYe N IGkrn, , for some K;” p C K, p is equivariant with respect to actions of formal tori
defined by N, p and N p.

Let 2 be a compatible choice of admissible rational polyhedral cone decomposition data at

level K?G(Z,). We define partial compactifications of Igusa towers with respect to X as fol-

— 6tor,ord

. o~ e tor .
lows: We define J(SK,,P,(ZP)’Z = Crgz,).x

Over it, there is a universal semi-abelian scheme G

and the multiplicative part G[p®]™ c G[p*] is well-defined. Then we define 3(5;?; pront(pnyy

S(ﬁtKO;P’(Zp),Z is defined as Isom(u )8, G [p"]™)X(Z/p" Z)* over S@;?;P,(Zp),z, whichisa M (Z/p" Z)-

torsor extending I® ., plord(pny R10Ye P/(Zp)- The Frobenius morphism extends to an endo-

tor

. o~
morphism on J KPP od(pn) s

because G[p™]™ is defined on it and the condition given by X is
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unaffected by Frobenius twists. Then S(ﬁ}?z Prpmy S(ﬁ}?; P/(Zp).E is defined as the map

F"
~ (e tor s ¥(lor X (§Lor
\S(ﬁKpP’,ord(pn)’z ‘S(ﬁKPP’,ord(pn),Z - J(SKPP’(ZI;),Z :

We define the partial toroidal compactifications IG, N'(Z,).5 S@}?Z,Z by taking inverse limit in

the category of p-adic formal schemes. The map S(ﬁ}?; N(Z)E T S(Y)tlgf, PI(Zp).x is the profi-
nite etale M (Z,)-torsor Isom p1,=)8 & (Q,/Z,)8, G[p™]™) X Z;, and S(ﬁt,?f,’z is the perfection of
S(‘b}?; N'(Z,).5" The action of P’(Z,) on 3(63?;’2 by acting on the level structure at p, which is only
defined over the open part.

We consider partial compactifications only for those K, p C P’(Z,). We find an n such

that K, p contains P’(p"). Then K, p/P’(p") is finite flat. Since F is a lifting of Frobenius,

36 pr(pmyx = IOKLp (7 )5 18 finite. Then we define
s p)s

3 ?;K,,,p,z = 3(532’§p/(pn),z/(Kp,P/P'(p"))~

The definition is independent of the choice of n. Moreover, we will prove that two definitions of

o (e tor
\S(ﬁKPP""rd(p”),Z agree.

3.5.5 Boundary strata of partial compactifications

oge ~ =t . et o~ (et
Proposition 3.5. Let Z c 3G, Pz, be a closed subset, my 3G, Pz = 36 Kr Pz

3 tI?LKp,p,Z — S(ﬁtl(();P'(Z,,),Z' We regard Z, n;'(Z), n=1(Z) as the closed formal subschemes

defined by these closed subsets. Then 1= (Z) = r;,! (Z2)/(Kp.p/P'(p")).

We now study the boundary strata of partial toroidal compactifications of Igusa towers. In this
section, we will use subscript K7 to indicate structures associated with level K G (Z,).
Let Z,a be a fully symplectic-liftable admissible filtration of (Z/ p?Z)%¢. We say Z,a is ordi-

nary if Z_, ,a C D pa :={e1,...,eg)z/pdz7. Letd,a be a splitting of the short exact sequence

0— Z_27pd - Dpd i Dpd/Z_lpd — 0.
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This gives a splitting of the filtration
0=Z3,0CZ g, CDyaCZy,uCZa=(Z/p'Z)*

by identifying (Z/p? Z)* /D ,a with (egy1, ..., €24)7paz, Z_y ya /D pa with Zfz,,,d, and Z i/ Z_
with (Dpd/Z_z’pd)J'. Suppose P’(p?) c K, p. We write Kp := K”K, p. A representative of ordi-

nary cusp labels (Zk,, ®k,, 0k,) is a K, p-orbit of pairs

((Zgp, @kr,0kr), (Zpa, 0 pds 0 pds P_3 pd))

where Z 4 is ordinary. We define I'p,, in the same way we define I'g.
When a representative of ordinary cusp labels (Zk,, ®k,,dk,) is given, similarly as in the
construction in [Lan13, Chapter 6.2.4], we have the moduli scheme universal for tuples of the

form

Jord
(Z](P, (I)KP’ 5KP’ (A’ AA, P-1,KP» Qogrﬁpd)’ (CKP’ Cl\ép’ TKP)’ (CZZd’ C;dor ))’

which is a special case of [Lan17a, Chapter 4.2]. Consider the tower
= - C — MExr
'—‘(I)Kp,de (I)Kp,éKp KP

constructed in [Lan13, Chapter 6.2.4], where E¢, 5., /T '@, is universal for tuples of the form

(Zkp, @kr, Okr, (A, Aa, p_1k), (CkP, Ciops TkP))-

We define a tower

[1]

DOpp
d)Kp,(SKp,pd,ord - Cd)Kp,(SKp,pd,ord - MKI’,pd,Ord

as follows: M;?ff’; d ord is the moduli scheme parametrizing tuples (A, A A,QO_I,Kp,gp(irldpd), and
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Ogp : .
Copp 5ep,pd.ord OVEr M kP pd.ord 1S the space parametrizing

d
Cogp.6xp XHom(x,4),ve Hom(X, APy,

and Eq_, 5. p4 ord 1S sSimply the base change

— —
= = =
= =

—®gp,okp,pd,ord - Dip,Oxpr XGDK,,,(SKP CCIDKp,(SKp,pd,ord'

Then Eg, , 5,p.p¢.0rd/ T @, 1s the desired moduli space.

Using Yo, ,, we similarly define Xo,, 5., »4.0rd 50 0 and we have the diagram
Okp.plordEe,,,

(I)K]?
%CDKp,cSKp,pd,ord,Z(DKp,o ? CCDKp,(SKp,pd,ord ? MKp’pd’Ord

| ! |

(I)K]?
XCDKP,éKPyZ(I)Kp,O % CCDKP’éKP % ]‘4](17

Over Xo,p .5y P Zop.0° by Mumford’s construction, there is a universal extension
0 —» Hom(X,G,,) » G* > A — 0.

By construction,

I_I xq)Kp,(st,pd,Ord,Z(pr’o - %q)KP,(SKP,ZCDKp,O

(Zpd ,¢0,pd ,¢,2,pd 7‘10(ir;1’pd)

parametrizes closed immersions ()8 — G" along with a constant ¢ € (Z/p?Z)*. The p-adic

completion of the map is the M (Z/p? Z)-torsor

Isom(u,a)®, GA[p1") x (2/p? )"
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Proposition 3.6.

|_| x(DKp OKp ,pd,ord,chKp,O/F(I)Kngrd(pd) - xq)KP,(SKI’,ECDKp ,O/F(DKP

VA , , ord
( pdaﬁoo’pd (p_z’pd (p—l,pd)

is the M(Z/ p Z)-torsor

Tsom((u,a)$, G*[p“]™) X (Z/p? Z)*.

Suppose R is p-adically complete. In this case, A[p™]™ is well-defined over Spec(R). A

preimage of the tuple under the d-fold Frobenius twist requires the following data:

1. Apair (B, Ap) such that (B, Ap) (") = (A, 24). This is the same as a symplectic isomorphism
P_jpd ,u;‘d ® (Z/p?Z)" = A[p?] that agrees with <p‘irﬁpd on ,ul’;d.

2. Two morphisms ¢pa : X — AV, c;d Y — A, such that pdcpd = c, pdc;d = ¢, and

Cpa 0 =40 c;’d. With them, cp : X — B” and ¢, : Y — B are defined as

\4
C d Vd cd Vd
P P
cg:X— A —BY, ¢},:Y— A— B,

respectively.

3. Anisomorphism 7,a : 1),ayxxy = (cV x c)*P;1 extending 7, which is required to be sym-

metric.

This motivates the following tower:

— Dgp ,*
Bagp.sxrp? = Cogpoxrpt MKP,pd,ord

where
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1. M © X ’; ; ord 18 the ordinary moduli parametrizing ordinary structures of level

1 (mod p9) s
b C G(Zp).
1 (mod p*) 1 (mod p9)

. . _ . Dpp 0]
The Hecke action by diag(p~'1, 1)) gives a map MKI’f;d’()rd — MKII’(,;d,ord' On the other

.. Dgp,* Dgp . . . .
hand, the natural restriction M ppdod M, p pd ord induces an isomorphism on p-adic
completions. The Hecke action by diag(p~'1, I),) on the p-adic completion is a lifting of

the dth Frobenius.

Dgp,* :
2. Coppopp,pd OVET M kP pd ord 1S defined as the functor

C(I)K[’,éKP,Pd = [diag(p—llh,Ih)]*Cq)Kp,(st XHom(X,A),pd~ Hom(X, A)

The Frobenius map on A induces a morphism

FU: Coppsppt — 1diag(p™ In, I Cop s pi-ord

by F? : Hom(X, A) — Hom(X, A®").

1 . .
3. Let Sd)xp = ]?Scp,(p and E<I>1<P be the split torus with character group S¢KP. We have the
canonical morphism Eg,, — Eg,, induced by the natural inclusion of character groups.

Eoyp.oxp.pd 18 defined as the universal Eo, ,-torsor parametrizing 7x» + 7,4. Then we also

have F¢: Edgp.oxp.p? = Edgp.oxp.pdord €Quivariant with respect to the canonical morphism

Eoy, — Eo,,, given simply by forgetting 7,4
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Similarly, we use Xo,, to define Xo, , 5., »d 5, oo Then we have the commutative diagram
Okp P Zoyp,

@Kp *
%q>l(l’ p4Zkp 0 : C‘DKP Sgp.p? :

K!’p ,ord
Fd Fd \LFH’
~ ~
@KP
x(I)Kp,p 4 ord,Xgp,0 ? C<I>Kp dkp.pd,ord 1 KP ,p%,ord

~ ~ \L

@Kp
Xowp 500 —— Cogpogy ——> My,

~ ¥/\P . .
Proposition 3.7. There is a canonical isomorphism X-° Orp.pd Sp 0 = X Opppd.ord Zep 0 with which

d . Ap .. i . . .
Fd.x’ Opp.pdTer0 X Opp pdoordSep 0 S induced by the d-fold Frobenius twist on the universal

tuple.

tor

Proposition 3.8. 36, ,, )3

o~ (g tor . .
- ~5®KPP'(ZP),2 is finite.

Proof. It suffices to prove that 6" — I

KPP/ (pd),s KPP od(z,).5 is finite. By [Lanl7a, Lemma

3.3.6.6] (or [Lanl7a, Lemma 3.3.6.8]), the map is proper. By the explicit description of each
stratum and again the lemma above, the map is quasi-finite. Therefore, we conclude that the map

is finite. O

Let K, p be an open compact subgroup of P’(Z,) containing P’(p?). We define some sub-
groups of it following [Lan17a, Section 4.1.5]. Given (Z,a, ® 4, 6 ,a), we define PIZ’eZS c P(Z/p?Z)
P

be the stabilizer of Z ,a, Zgzzs C P'(Z/p? Z) be the subgroup of elements g, such that Gro(gg) = 1,

Ngzzs = N'(Z/pZ), U;;S C Z;st be the subgroup of g, such that Gr(g,) = 1, and U;”"Zs:d c
1 820

U;;ZS be the subgroup of elements g; with the form g; = 1 . We define G;leZS:d =
1

Z e”/U 658 Gl ez” = P/’”s/Z 658 andU o = U e”/Uzez” For those * defined as subgroups

of P %, we define K, p . as the scheme theoretlc closure of K, p/(K(p?)) Nx C P %% For those

deﬁned as subquotients *1 /#,, we define K, p . := K, p «,/Kp.p.+,- Similarly as in the construction

in [Lan13, Chapter 6.2.4], for every representative of ordinary cusp labels (Zg,, ®k,,dk,), we
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consider the diagram

E/\p H HAP/K Less % E p/K PU’,ess % E /K PG ,eS§ XU,’E‘“

p.r,
\ 22 7 mZpd " pd

A,p
— C K — C ’ es:
q)KI’ Okp.p? q)KP Skp ,Pd/ p.P, 1’;:" Dgp,ogp Pd/ p.P.G, e“d XUl,;:d
‘I)KP,*,/\P N MCDKP
I4 / ess
Kp,p ,ord KpP.pdord’ " p, PGhZ Y
where E = Bg, , 5,5, pd- Lt Eay, 1= Eay, /K ss » Which s a split torus. Then EAP/KP PSS
Uyz d Yoz 4
P
N,p -
Orp opppd 152 Eg, ,-torsor. We define the tower
- Dk A
:‘/\,p ~C A\p NS VALY p
Dk p.Okp Dk p.Okp Kp
, A, .
as the right-most column of the diagram above. Then q)p s Co P s 1sa Eg, -torsor and
Kp-OKp Kp-OKp P
A, Dk, ,Ap . .
Cq)p 5. — M, 7" is an abelian scheme torsor.
Kp:OKp j2
Since ._/\p/K 55 s = /K o ress)™P, we define X7 as
G ¢ deZ;; = (B G <3 deZ;;) Dk p.0kp.Xkr.0
Ap Ap _
Pk p .0k p, 2P0 (%CDKP’(SKP’ZK‘D O/ P.G, L“dx Z;M) =& /K PG Lb; =U ‘”)21(1;
Proposition 3.9.
—1 Z Ap F
( [(Zxp . DPkp 51(13)]) %q)KP,éKP,EKP,O/ Pkp

[(Zkp Pk p-Okp)]
where [(Zk,, Pk,,0k,)] runs through all ordinary cusp labels of level Kp over [(Zgv, ®Pkr, Skr)].

The quotient Eg,, 5., pd /N’ (p4)is

(6t0r

Edp.oxp.phord- Lherefore, the two definitions of the space

Kord( d) > agree.
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We define Zj(z,, ok, .0k, = % . Then we have a similar stratification

Ap
Dk p.OKp-Zxp o/ Tox,

o~ e tor _
SOkrk, px = Z1(Zkp @k p Sk p)]>

[(ZKpsq)KPs(st)]

and the partial order of the strata are given similarly.

3.5.6 Embedding of Igusa towers into integral models

We also follow the final part of [BP23, Section 3.4] to relate Igusa towers to the ordinary loci
of integral models of Shimura varieties. This also helps us to define .7 5 in the Igusa tower case.

We consider the universal property of partial compactifications of Igusa towers. Let R be a
Noetherian normal domain ring that is complete for the p-adic topology and we regard Spf(R) as
Spf(R, pR). Let ng be the generic point of Spec(R) and we assume that g has characteristic 0.
A morphism from Spf(R) to S(ﬁ}?z P/(Zp).E that is not contained in the boundary is the same as an
isomorphism class of tuples (G, Ag, agr) over Spec(R), where G is a semi-abelian scheme, such
that G, is abelian, A¢ : G — G" is an isogeny that is a principal polarization at njg, and ag» is

a level-K? structure for G,,,, which extends uniquely to the maximal open subscheme of Spec(R)

NR>
over which G is abelian, such that the condition on degeneration data defined by X is verified. The
image is contained in IG®gp P'(z,) if and only if G is abelian.

S(ﬁg,P,’ord(pn),z — 36krp(z,)x is the finite etale M (Z/p" Z)-torsor Isom((ppn)¢, G[p"]™) X

(Z/p™Z)*. Given a tuple (G, Ag, akr) in the previous paragraph, a lifting

Spf(R) — S(ﬁt](()i;p’,ord(pn)’z

|

o~ e tor
‘SGSKPP’(Z,,),Z

is the same as giving a section of Isom(u,~)8, G[p"]™) x (Z/p" Z)* — Spec(R). We call the

section (@p’.ora(pn), €). Since R is a normal domain, it is the same as giving a lifting of ng. Further-
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more, a lifting
SPE(R) —— IG5

|

o~ e tor
SO o prnd () 5

is the same as giving a tuple (G’, A¢’, @}, ¢’) such that the n-fold Frobenius twist of it

’
a,P’,ord(pn)’

iS (G, /lG, aKgr, aP’,ord(pn), C).

Proposition 3.10. Giving a tuple (G’, Ag’, @), a;,,’ord(pn), c’) on top of (G, AG, akr, @p .o pn), C)

is the same as giving a symplectic splitting of the short exact sequence

0= Glp"ly, = Glp"lne = GP"15;, — 0.

Alternatively, it is the same as giving
(G$ /lG’ agkr, CkP’(p"))

where aprpny : (ppn)® @ (Z/p" Z)¢ — G|[p"]yy is a symplectic isomorphism.

Proof. If the tuple (G, Ag, akr, @ pond (pny s ¢) is given, then the splitting is given by the image of

G’ p”]g;. Conversely, suppose a splitting is given. Let U C Spec(R) be an open affine subscheme

et

over which G is abelian. Then the splitting G [p"]},

— G[p"];, extends uniquely to a morphism
G[p"]{ — G[p"]u because G[p"]{] is normal and G [p"]y is finite over U.

Consider the morphism

Glp"1 xG[p"1{ = ppnu

via the Weil pairing of (G, Ag). This morphism is trivial because U is normal, G[p"]{] x G[p"]s
is finite etale over U, hence also normal, and the morphism is trivial at the generic point of U. Then

consider the morphism

G[p"1{ = Hom(G[p"17}, uprv)-

It is an isomorphism for the same reason. Since G [p"]}; is totally isotropic, G [p"]}; N G[p"]{} is
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trivial. Then the morphism
Glp"ly @ Glp"ly — Glp"lu

is injective as group functors, hence a closed immersion. Since the source and the target have
the same rank, the morphism is an isomorphism. We conclude that the morphism is a symplectic
splitting.

We define G}, := Gy/G[p"]{; and ¢ : Gy — G, be the quotient map. This identifies
G[p"l}; with G'[p"]};. We define g, = PVl o AG,¢!. Since ker(¢) is maximal totally
isotropic in G[p"]y. Ag;, 1s also a prime-to-p polarization. This extends uniquely to (G', )
over Spec(R). The Frobenius twist of (G’, 15-) is (G, Ag), because it is so over U, which is open

dense in Spec(R). The existence and uniqueness of (o, ¢’) is clear. O

a/P’,ord(pn)’
Suppose the base ring Ry contains Z,[{,»]. Then over Ry[1/p] there is a distinguished basis
of u,n. For every tuple (G, Ag, agr, ap(pm)), ap(pn) is identified with an symplectic isomorphism

(Z/p"Z)*¢ = G[p"],y, which gives a morphism

o~ (s tor tor,ord
SOkpp(pnys = GKPP’(p”),Z'

6tor,ord

KPP (pn).5° there is a unique

Conversely, when given a tuple (G, A, akr, @p/(,n)) parametrized by

x € P(Z/p" Z)\G(Z/p" Z) such that ap:(,n) - x is ordinary. This gives the isomorphism

~ n ~ Jord
S6K p .z X PG (2/p" 2) = A

In particular, when Ry contains Z;;"', we have

o (tor P(Z),) ~ (x=tor,ord
\S@Kp’zx p G(Zp) = GKP,Z .

The isomorphism of the open part is written in this way:

36k x"WG(Q,) = &5
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Now we consider finite-level cases. We denote by 7 G and S the generic fibers of I® and S,
respectively. Let K, ¢ G(Q,) be open compact subgroup, x € G(Q,), and K, p := P(Q,) N
prx‘l. By the basis of Z,,(1), P'(Q,) = P(Q,) and we regard K, p as a subgroup of P'(Q,).

Then we have the open and closed immersion

. ord
X IngKp,P — SKI’KI;'
Consider the diagram

IQKPKP,P - SI%rISle SI(?I?G(Z[J)

!

d
6?1)(;(2,,) :

: o~ ord : ord : ot :
Since both IGk» Kpp and Gy, k, are finite normal over S KPG(Z,)* taking normalization in the

diagram above and we get the following diagram:

[ngKp,P % S[(;'rI?KI, SI(?I?G(ZP)

! ! |

~ X ord ord
\SSKPKP,P > 61{pr > 6KPG(ZP)

The normalization map x : I®krk, , — 6(]’52 x . 1s also an open and closed immersion.
’ p

Assume prx_l contains diag(tlg, I,) forallt € 1+p"Z, (t € Z; if n = 0), then K, p depends

. n ~ . . . Ord
only on the choice of Z/p" Z = ,» in characteristic 0, and the map 7 G, Kpp 2 SKPKP,Z;YC’
descends to I Ggri, p.R, — SI"(rng R, Therefore, when R contains Z,[{,], we still have the

normalization map I®krk, , — 6‘1’5}? x.» which is an open and closed immersion. For such cases,
’ p

we use subgroups of P(Q,,) as levels of finite-level Igusa towers.
The maps extend to the case of partial compactifications with suitable choices of cone de-
compositions. For simplicity, we assume x € G(Z,). We call the image of ordinary cusp labels

x-ordinary. Let X be a cone decomposition for level K G(Z,). The restriction of X on x-ordinary

95



cusp labels induces one for ordinary cusp labels, which we denoted by X*°, Let n >> 0 such

that P’(p") C K,,. Then we have the open and closed immersion

o~ (tor X tor,ord
‘S(SK”P’(P"),Z,) [£pn],Zx-0rd - 6K’“"’(P"),Zp[QM],Z’

which induces the open and closed immersion

tor X tor,ord
IQK"P’ (p™),Q, [{pn],Zx-0rd - SK"P’(P"),Q,, [{pn]2?

and the quotient by K,/ P’(p") induces the open and closed immersion

* tor,ord
]' tor N S . .
ngKP,P’Qp [é’pn]’Zx,ord Kpr,Qp [gpn],z

. tor,ord
tor in 6

sqs ~ (tor
Proposition 3.11. I® KPK . Roll/pl.5xord KPG(Z,) Ro.5"

KPK, p.Ro S50 is the normalization of I G
p.P> 5

Proof. We omit Ry, *°, and X in the notations. Let {Spf(R;)} be an open affine covering

of Gt;(’f;oGr?Zp) and Spf(R!) be the preimage of Spf(R;) in S(f)tl‘()f,P,(pn). Let H = K, p/P'(p").

Then we have that 3G, Kpop is glued by {Spf (R;’H )}, and each R;.’H is normal and finite over
R;. On the other hand, the adic fiber of IG;, Kpp is glued by {Spa(R;’H[l /pl, R;’H )}. Since

RH[1/p] = (R)[1/p]*, the adic fiber of 36k, , is exactly TGRhx - O

tor s Gtor,ord

. . . L~
By taking normalization, we have the open and closed immersion 36/, Ky p Ry, 50 KPK,Ro.E

when R contains Z,, °! Similarly, when xK px~ ! contains diag(11y, I,) forall 1 € 14+p" Z, (t € Z if

_ . : ~ e tor tor,ord
n=0)andZ,[{,n] C R, we have the open and closed immersion J(ﬁKpr,P,RO,zx,ord — 6KPK,,,R0,Z'

In this case, partial compactifications can be defined for more general cone decompositions. Let

¥’ be a collection of admissible rational polyhedral cone decompositions such that S, KR, is

defined and = = =04, We define IG'Y} K,.p.Ro.z a8 the open and closed formal subscheme of

tor,ord
KPKp,,Ry.Z!

consists of strata corresponding to x-ordinary cusp labels. The space I®', Kp.poRo.E
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depends on X but not on x and X’. We also have the stratification

o~ = tor _
J(ﬁKPKp,p,Ro,z = |_| Z[(ZKP,d)KP,fSKP)]-
[(Zkp Pk p.Okp)]

Remark 3.2. The formations of G(I’(r,(,le and thgf;?(riz do not commute with base change. This is

why we consider quotient maps on adic generic fibers and take normalizations.

Proposition 3.12. Suppose 3(53?; Kp.poR0.E is defined. For every T, there is an (necessarily unique)

ideal SheaijPKp,p,Ro,E,j OfOS(ﬁlor

such that the completion along Z|
Kpr,P’RO?Z

(Zkpk, p-PKPK, pOKPK, p)
Is
A _ c
ijKp,PaZ’j - L(Z(I)KPKP’P’O’ StZ(PS(j)) ’ O)FCDKPKP’P ‘

This ideal sheaf will be simply denoted by .7 q.

. . . . o~ =tor tor,ord
Proof. In this case, we have the open and closed immersion x : 30, , g s = g, KpRo.3""

we define Fgrk, » Ry.x,7 as the restriction of the p-adic completion of Fkrk, gy, 7. Then the
assertion follows from Corollary 3.1.
For the rest cases, we define T,(Z,,) := {diag(tly, I,) | t € Z;} C P’(Z,) and then we have

(¢ tor (e tor [1] tor,ord
3Okik, p.rox ™ SOkik, p1(z,).R02 T CkrK, Rox

. o~ (= tor X tor,ord . . .
for some K),, making 3G, Ky pT(Zp)RoE S K,.Ro,z 21 Open and closed immersion. In this

case, Jkrk, p.Ryx.g 1s defined as the pullback of the restriction of F kv, ,7(z,).Ry.x.57- The as-
tor

sertion follows from the fact that I®, KppZps i”s(f)t,‘(’f, Kp o T(Zp)Zp.E is etale, and the sheaf

L(EchpKP’P,o, Stz(Ps(j))c, O)F(DKI’KPJ: is radical. O
Proposition 3.13. The formation of ¥ ¢ commutes with finite base change on the coefficient ring.

Proof. The property can be checked stratum by stratum, and hence reduced to the property that
the formation of L(Zo,, Ky o0 sts (Ps())°, O)F‘I)KPKp,p commutes with finite base change on the

coefficient ring. O
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Lemma 3.4. The ideal sheaf .% ¢ over Stlgf,(;(r: R,.s 8 flat over Spec(Ryp).

Proof. This is proved stratum by stratum. For each stratum, the stratum itself and the closed formal
subscheme defined by .# 4 are both formally smooth over Spf(Ry). Therefore, .7 7 is flat over Ry

over each stratum, hence flat over Spec(Ry). O

Definition 3.9. Let S be an Ry-algebra, U be an open subscheme of Stlgf,}'(r: Rox @d X =U ®g, S.

We define J x g over X as the pullback

Ixg = (jKPK,,,Ro,Z,J |U) ®R, S.

If S is finite over Ry, U is an open formal subscheme of some S@t,?f, Kp.pRoZ instead, and X =

U ®g, S, then we also define

Ix g = (jK”Kp,P,RO,Z,J |U) ®R, S-
When [ is specified, we may only denote it by .7 .

3.6 Trace maps and Hecke correspondences

We would like to consider Hecke correspondence between Shimura varieties for general choices
of cone decompositions. Under our assumptions, the constructions of trace maps in [Pil20, Section
4.2] may not be applied, so we consider a different setting to define trace maps. This is also used
to define trace maps between torus embeddings.

Let R — S be an injective finite ring map between Noetherian rings. We assume S is reduced
and R is normal. If R is a field, Trg g : S — R is defined. In general, we denote by K(R) the ring
of total fractions of R and Trsg,x(r)/k(r) © S ® K(R) — K(R) is defined. When R is normal,

Trserk(r)/k(R)(S) C R and we get a R-linear trace map Trs/z : S — R.

Lemma 3.5. Suppose both R and S are normal. If I C R is an ideal, then Tr(VIS) c VI.
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Proof. This is reduced to the case that both R and S are integral domains. Let s € VIS and

F) =x{+ax+- - +ay

be the minimal polynomial of s over K(R). Since s is integral over I, ay,...,ay € V1. Then

K KR 7 o

Tr(s) = p

For every ring extension R — R’, we define §’' := S ®¢ R" and Trg/ /g := Trg/gr ®1.

Proposition 3.14. Let ¢ : R — R’ be a ring homomorphism of Noetherian normal rings, S/R be
a finite extension, and S’ := S ®g R’. Suppose both S and S’ are reduced. Then Trg g o(1 ® 1) =

toTrg/gonS.

Proof. The problem is local on the base. Since a Noetherian normal ring is a finite product of
Noetherian normal domains, we may assume both R and R’ are Noetherian normal domains. Let
K, K’ be fraction fields of R and R’, respectively. The total ring of fractions of S is S ®¢ K, and that
of ’is ' ®r' K’ = SQgr R’ ®p K’ = (S ®g K) ®¢ K’. The case when R = K, R’ = K’ follows from
the fact that a basis of S over K is a basis of " over K’. Since Trg/ is the restriction of Trgg,x/x

and Trg /g 1s the restriction of Trgg, g/, the general case follows. O
The base change property allows us to define the global version of trace maps.

Definition 3.10. Let f : X — Y be a finite morphism between normal schemes. We define the trace
map f.Ox — Oy by gluing the trace maps Ox(f~'(U)) — Oy (U) for all affine open subsets

ucy.

Lemma 3.6. Let Z C Y be a closed subset and I; C Oy, If—lZ C Ox be the ideal sheaves defining

reduced induced closed subscheme structures. Then Tr | I, C I7.

Proof. This is the global version of Lemma 3.5. O
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Now we consider residual trace maps. Let I’ C R’ be a radical ideal such that 7 := I’ N R is

also radical. Let J’ := VI’S” and J := VIS. By definition, we have the commutative diagram

S s S
Trsm S)J —— T3 S/
| I
R Trsmal 5 RY Trg pr®l
N N
R/1 > R'/I'

If R/I = R'/I', S/IS = (S/IS) ®gy; R'/I" = §'/I'S" and we have S/J = §’/J’. This identifies
Trs/r ®1 with Trg )p ®1. In particular, if R is excellent, R” is the completion of R along / and
I’ =T, then the residual trace map Tr(s,7)/(r/1) 1s determined by the trace map Trga gn, and we can
compute it with another algebraic model that gives the same completion.

Suppose now f : X — Y is a morphism between Noetherian normal schemes, U C Y is an
open subscheme such that Y — U has codimension at least 2 in ¥ and fy : f~1(U) — U is finite.

Consider the diagram
o) == x

\qu lf :

U———Y
By assumption, Oy — . Oy is an isomorphism. The trace map fy . O y-1(yyy — Oy has already

been constructed. Then we have the trace map Try given by
, Tr
For every open subset V C Y, the morphism is written as

Ox (71 (V) 25 0x(F7 (U V) 5 0y (UNV) =0y (V).
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By the base change property, the trace map is independent of the choice of U.

Lemma 3.7. Suppose both f : X — Y and g : Y — Z satisfy the conditions above to define trace

maps. Then Trg.r = Try o Try
Proof. This follows from the transitivity of trace maps of field extensions. O

Let the base ring Ry be a complete discrete valuation ring of mixed characteristic and p be the
residual characteristic. Let K, K’ € G(i) be a neat open compact subgroup, g € G(Ay) such that
¢ 'K’g ¢ K. Let X, ¥’ be compatible choices of admissible projective rational polyhedral cone
decomposition for level K, K’, respectively, such that K’ refines the twist of £ by g, which we
denote by g*X. Then with suitable choices of linear algebraic data, we have the proper morphism

. otor,ord tor,ord
[g] = Spyr = Sks -

This morphism is quasi-finite away from boundary strata parametrized by cones of dimension at
least 2, which have codimension at least 2. By Zariski’s main theorem, [g] is finite away from

those points on the target. Therefore, the trace map Tr, : [g]. O st = o siorord is defined.

Lemma 3.8. For every J, [gl- Ik 3.9 = Rlgls Tk 5. 9. Moreover, the trace map Tr(4) sends
[g]* j[(/’zr,j into f](,z’j.

Proof. Consider the map

. ctor,ord tor,ord
b SK/Z, - SK,,g*Z.

Similarly as in the proof of Lemma 3.2, n. S g5/ 7 = Rn. g 50 g = Jk g+5,9. Therefore, we
may assume X’ = g*X. In this case, [g] is finite, so R[g]. Ik > .7 = [g]l« Ik y.g. By Lemma

3.6, Trg)([8]+ Tk 3.9) € Tk x- .

Definition 3.11. Forevery 9 Cc J' C A,

gl Tk 5.0

Rlgh (Ts gl Tk sg) =8l (Trs gl Treg) = 15—~ g’
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and we define
Trg) : Rlgle (Fry g/ Tk s.g) = TkrglTkzg
as the quotient

(gl Ik 37 TalTe Fks.qg
[g]*jK/,Z',j/ jK,Z,J’

We consider the following setting: K’ = K N gKg™!, {wy — Stlgr’zord} be a family of vector

tor,ord tor,ord
— Sk3

bundles such that for the natural map 7y @ S5,

, we have wy = ﬂ;,’zwz. Let

ws. g = Ik 7 Quy. Then there are natural isomorphisms
Wys g = My 3 Wy 7 = Rﬂzl,z’*wzl’j.
From now on, we fix J and write w and w g instead of wy and wy, g, respectively. With suitable

cone decompositions, we have the maps

tor,ord
KngKg—1.%,

tor,ord tor,ord
SK 21 SK 23

where p, = [g] and p; = [1]. For simplicity, we rename the diagram as follows:

C
X X

Recall the notation S, := Fk 5, g and F ¢, Sy, are defined similarly. The trace map induces

the canonical map

* Trl’
Rpl,*p2 le — Rp1+Fc AN sz,

which is also denoted by Trj,. When the cohomological correspondence T : pjw — pjw is given,
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we have the following maps

Powg =Py I x, ®pyw — py I x, ®plw

and hence

Rp1«pswg = Rp1.(p5 I x, ®plw) = Rp1:p5 I x, ®w — wy.

Lemma 3.9. Suppose there are suitable cone decompositions such that we have the commutative

diagram
tor,ord
KﬂgKg",Zé
>N
)

Stor,ord tor,ord Stor,ord X
KX KngKg=1%, K%,
oz N

m 3
tor,ord tor,ord
K. % K. %3

To simplify notations, we rename the diagram as follows:

C’
N
X c X, -
127 N
] 3
X1 X

’

IfT - Pz’*wzg — pl’*wzé is given by n;T, then there are commutative diagrams

wg ——— Rp2.piwg

| [

Rm.wg —— Rm,*RP’z,*Pz’*wj
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and

* T . Tr
Rp1piwg ————— Rp1.pi T x, @0 ——— wy

! ! L

’ TI',
! % T 7 %
Rm3.Rp' p;"wg —— Rms(Rp| p;" I x ®w) — Rms.wg

Here the first one is a diagram of sheaves on X and the second one is a diagram of sheaves on X».
Roughly speaking, this shows that the effect on cohomology is independent of the choices of cone

decompositions.

Proof. We use the projection formula to rewrite the diagrams. The first diagram is the same as

Ix, — > Rp2.p5Ix,

! ®w.

Rry« I x; —> Rmi.py ,py Ix

I3

The commutativity of the diagram

jX] % p2,*p; jX]

L

Tiw I x; —> T14P5 Py T x;
extends to the commutativity of the diagram

jXI % RPZ,*P*ZJXI

Rry I xy —— Rﬂl,*Rplz,*pz’* I x!

and hence the first diagram in the lemma is commutative.
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The left and right rectangles of the second diagram are rewritten as

Py x, ®prw > phIx, ®piw

o !

! x % T’ ! x %
(Rma.p, JX{) ® pyw — (Rm.p, JX{) ® pjw

and

Rpispy I x, ———— Rp1nIe —— Ix,

| - [

Rrs«Rp\ p;" I x; — RmsRp|, I — Rm3. Iy

i

The commutative of the left one is given by the definition of 7”7, and the commutative of the right

one is clear. O

We also study compositions of Hecke correspondences. Let g1, g2 € G(A ). We define H; :=
K N Adg, (K) and H, := K N Ad,, (K). With suitable choices of cone decompositions, we have the
diagram

tor,ord tor,ord
SH 1,22 SH 2,24

tor,ord tor,ord tor,ord
SK,Zl SK,Ea SK,ZS

where p; is given by [g1], g2 is given by [g2], and p1, g1 are given by [1]. We also simplify the

notations in the diagram and rewrite it as follows:

C1 CZ
X1 X X3

Let {¢;} be a set of representatives of the double coset Adgz—l (H2)\K/H;. Let K; := Adg,¢,(H1) N
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H>, D; := S?f’gfd. Then for suitable choices of cone decompositions, we have the diagram
1r~1

D;

AN

C1 C2

where r; is given by [g2¢;] and s; is given by [1]. Let D := | |, D;, r := | |r;, and s := | | s;. Then

we have the commutative diagram

D
C] C2
X1 X )(3

Lemma 3.10. The trace maps Try,, Try and pullbacks along q», r induce the commutative diagram

Tr
Rp1. I, ——— Ix,

! l

Tr,
Rg>«Rs. I p — Rgo« Fc,

Moreover, if Ty, : p5w — pjw is given, and we define T(’g Ty, : (p2or)'w — (pror)'w=

1.82)

s*q5w, then we have the commutative diagram of sheaves on X,:

TYpl

T
Rp1.(Fc, ®piw) —————— Rp1.(Ic, ®piw) Y wg

l ; | l

(81-82)

Tr, .
Rq2.Rs.(Ip®(p2or)'w) —— Rq2:Rs.(Fp ®(s"q50)) — Rq2.(F ¢, ®q50)

Proof. In the first diagram, all derived direct images are just direct images. Therefore, it suffices
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to prove the commutativity of the diagram

Trp1

P1,x OC[ H 0X2

l l

Tr,
q2,+Sx OD % q2.« OC2

Since traces of functions depend only on their value at generic points, it suffices to prove this when

the diagram is restricted to the open part of generic fibers. Therefore, we consider the diagram

SH,R[1/p] SHyR[1/p] -

The diagram is Cartesian by definition. By the base change property of trace maps, we obtain the
commutativity of the diagram on functions.

With the projection formula, the left and right rectangles of the second diagram are rewritten

as
T,
S ®p;a) $) S ®pTa)
Rpl,* \L \L B
% % T(/gl,gz) % %
r«(Ip®rpiw) — r.(Ip®rpjw)
and

Trpl
pP1:(Jc) — Ix,

Lol e

Trg
G2.45:(ID) —=> q2.(I¢,)

The commutativity of the left one follows from the definition of 7, and that of the right one follows

from the commutativity of the first diagram. O

D is regarded as the composition of C; and C;. The following lemma says the composition is
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compatible with the composition of Hecke algebra.

Lemma 3.11. Let H(G (Ay), K) be the space of K-biinvariant locally constant C-valued functions
on G(Ay). Let g1,82 € G(Ay), Hy := KN Ad,, (K), Hy := K N Ad,,(K), and {{;} is a set of

representatives of Adg2_1 (H2)\K/Hy. Then

lngK * 1Kg1K = Z[K N Adgz&gu (K) : Hy N Adgz&(Hl)]lngé’[glK-
t;

Note that the right-hand side is independent of the choice of the set of representatives {(;}.

Proof. We believe this formula should be well known, but we were unable to find a reference.

Therefore, we include a proof here for completeness.

IR

Note that K\Kgr K = Adgz_l(Hz)\K and Kg1K/K = K/H;. Let {a;} and {b} be sets of

representatives of Adg2_1 (H>)\K and K/H{, respectively. Then

1Kg2K = Z lngaja 1Kg2K = Z lbkglK-
J k

The convolution 1 Kgya; * 15,6,k 1s given as follows: The convolution is K-biinvaraint and supports
on Kgra;brgiK, which is a double coset. Therefore, lngaj * 1p gk = clngaj;,kglK for some

scalar c. Since Kgrajbig1K/K = K/K N Adgzajbkg, (K) and

1=(/ lnga,-(g)dg) (/ 1bkg.1<(g)dg) =C(/ lkgrabg1k(8)dg |

1
c= , and then
[K: KN Adgza_,-bkgl(K)]

1
K : KN Adgya;p.4,(K)]

lngaj # 1pk = [ lngajbkglK-

When ¢ varies in K, the group K NAdy, e, (K) depends only on the image of £ in Adgz—l (Hy)\K/H,.

Therefore, the assertion is reduced to the following: The cardinality of the fiber of the multiplica-

108



tion

Adgz—l(HZ)\K X K/Hl - Adgz—l(Hz)\K/Hl

over [{;] is [K : Hy N Adg,s,(H1)]. Consider the map
K — Ad, 1 (H)\K x K/Hy, k> ([k, k7le)).
The map descends to an injection
Adg2_1 (H2) N Adg, (H1)\K — Adg2_1 (H2)\K X K/H,;

and the image is exactly the fiber over ¢;, so the size of the fiber is [K : Adg2_1 (H2) N Adg,(Hy)].
Moreover, since H N Ady,, (H1) and Adgz—l (H») N Ady,(H,) are conjugate and G (A7) is unimod-

ular, they have the same volume, and hence the same index in K. m]

In practice, we need a more general version of the commutative diagrams in Lemma 3.10. Let

DP, C lAp , C2A P and X2A P be the p-adic completions of D, Cy, C,, and X», respectively. Let
D" =p'uD”, C}? =cjucy, ;P =cyucy, X;7 =X, u Xy

be decompositions into disjoint unions of formal schemes.

Lemma 3.12. Consider the diagram
D"
(o c,’ .
N
X,"”

Suppose both p1(C}) and q>(C}) are contained in X} and D' = rl (cpHn 571 (C%). Then we have
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the commutative diagram

R Trp,
(pile)s Iep ———— Ix;

| l

Tr,
R(q2lc))«R(s|p)e I 0 —=> R(qaley) I
More generally, suppose u € Ro[1/p] such that uTr,, : R(pllq)* Jcop = Iy ®r,Ro[1/p] has
image in 5 x; and uTry, : R(s|p')« Ip — J ¢, ®r,Rol1/p] has image in 7 ¢;. Then we have

the commutative diagram

uTrP1
R(pllq)* jC[ _— jXé

| l

Try
R(g2lcy)«R(s|p)s I 0 — R(galcy) T
Proof. By taking p-adic completion and restriction to X/, the first commutative diagram in Lemma

3.10 induces the commutative diagram

Trpl

R(Pllp;'(xé))* jplfl(xé) > jXé

l l

Trg
R(q2lg51 )« R(81s-14510x))¢ I 510510 — R(@2lg100)) 7 451 x5

LetC{" := le(Xé) -C1, ) = qgl(Xé) —C/,and D" := s‘lqgl(Xé)—D’. Then the commutative

diagram reads

Trp1

R(pile))s T c; ®@R(piley)« ey > I x;

l l

Tr,
R(q2ly;1(xp)« (R(s|pr)s T pr ®R(s|pm)s I ) —— R(q2lcy)« I c; ®R(q2lcyr) I ey

The desired commutative diagram is obtained by restricting the source to the R(pilc))« S /-

component and projecting the target to the R(q2|c;)« -7 ¢;-component. Here we use D’ = r I(C pn
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s_l(Cé). O

Then we consider the torsion coefficient case. Let D), := D’ ®g R/p"R, and similarly define

C{,,C, ,and X . Forevery n € N we have the commutative diagram

D;,
XI
n

2,

Corollary 3.2. Foreveryn, J, andu € Ry[1/p] as in 3.12, we have the commutative diagram

uTrp]

Rpi« jC{,n —_— fxz',n

| l

qu,*Rs* jD;, ﬂ) qu,* jCé’n
Proof. The commutativity of the diagram comes from the one in Lemma 3.10, the base change
formula, and the fact that all formal schemes and all .% 4 with coefficient R involved are flat over

Ro. O

We turn to the case for partial compactifications of Igusa towers. The base ring Ry is Z,, or
Zp[Lpn] forsomen € N. Let Kp = KoK, p, K), = Kl’i’/K;,’P C G(iP)P’(Zp) be open compact sub-
groups, g € G(A?)M(Qp) such that g‘lK;,g c Kp and K%, Kf,’/ are neat. Let X, ¥’ be compatible
choices of admissible projective rational polyhedral cone decomposition for level Kp, K7, respec-
tively, such that ¥’ refines g*X. Then we also have the proper morphism [g] : S(ﬁt;(’i = S(ﬁ%’;,z.
We only consider the trace map for [1]. When K, C Kp, we have the map

Ty sy []]
X (Gtor = (R tor X tor
SOk 5 > S0k s T S0k x

Since IGE ¢ — 3(59?; s 1s a finite morphism between normal formal schemes, the trace map is
P7 b
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defined.

Lemma 3.13. For every J, S kps.97 — Ts/ 34 j[(}”Z,j — Rnsr s« jK}”Z’j is an isomorphism.

Moreover, when X' = X, Try) sends [1]. Ik, 5 g into I gp 3.7

Proof. By fpqc descent, we may assume R = Z,[{,] for some n >> 0 so that the partial toroidal
compactifications are open formal subschemes of p-adic completions of ordinary loci of integral

models of Siegel Shimura varieties. Then the assertions are reduced to Lemma 3.8. O
The trace map for .7  is now defined and compatible with the one defined in the S'~°"-case.
Lemma 3.14. Assertions analogous to Lemma 3.9 hold.

Proof. By fpqc descent, we may assume Ry = Z,[{,] for some n >> 0 and reduce the assertions

to those in the S®°°d_cage. O
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Chapter 4: Higher Hida theory for Siegel modular forms

In this chapter, we follow [BP23] closely to introduce the necessary geometric objects to define
"higher Hida complexes", which interpolate the ordinary part of cohomology of canonical exten-
sions and subcanonical extensions of automorphic vector bundles on Siegel Shimura varieties with
C, coefficients. We extend this construction to the case of subsheaves of sections of automorphic
vector bundles vanishing along specific boundary strata, as defined in the previous chapter. We
also define a version for boundary cohomology in a particular case. These higher Hida complexes
retain the essential properties of those defined in [BP23]. The main result of this chapter is a fun-
damental exact sequence in degree 1, which is crucial in the machinery of Eisenstein congruence

in the next chapter.

4.1 Provisional group theoretic data

The definitions for GSp,,, Borel subgroups, and Siegel parabolic subgroups in [BP23] are not
the same as the ones we use. Different choices lead to the same result, but their choices seem to
have the advantage in parametrizing geometric objects. For this reason, we adopt their definitions

until Section 4.6. The following definitions and propositions are given in [BP23, Section 3.1]

0 S
Let S € My(Z) be the matrix having 1 on anti-diagonals and 0 elsewhere. Let J := €

-S 0
M>,(Z). This defines the canonical skew-symmetric form: (e;,e;) = 0ifi+ j # 2g + 1, and
(ei, e24-ix1) = 1if 1 <i < g. We define
GSp,, ={g € GL, | g"Jg = v()J}.

This defines a group scheme GSp,, /Z as well as the similitude character v : GSp,, — Gy,
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Let T be the diagonal torus. The character group of T is identified with
X(T) = {(k,....kg;k) €2 | Y ki=k (mod 2)}.
The character k = (k1, ..., kq; k) is determined by the formula
g
k(cdiag(ai,... ,ag,a(;l, . ,al_l)) =ck l—[ all.(i.

i=1

Let the Siegel parabolic subgroup P be the stabilizer of the maximal isotropic subspace {(eg+1, . .., €2¢) C
7?8, The Borel subgroup B C P is the subgroup of elements with upper-triangular diagonal blocks.

That is,

A 0
B = € GSp,, | A, D are upper-triangular
C D

This B is the stabilizer of the full flag

<€g+l> C<€g+1,€g+2> c---C <eg+l, .. -,32g>

2
C<eg+15 . ‘anga€1> c---C <€g+1, . -,€2g,el, K eg—l) c Z ga

and the dominant cone is

{02k =2k}

We also denote by U the unipotent radical of B.
We identify the Weyl group W with a subgroup of S>,. An element w € W corresponds to

o € Sgifw(e;) = ey forall 1 <i < 2g. This identifies W with the subgroup
W={o|o@@)+o2g+1-i)=2g+1Vi} C Sy

With this choice of B, the set of positive roots is ®* = {e; —e; | 1 <i < j < gU{-e;—¢;|1<

i,j < g}, the set of positive roots of M is @} = {e; —e; | 1 <i < j < g}, and the set of the rest
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positive roots is @M = {—¢; —¢; | 1 <i,j < g}. The set of minimal-length representatives is
Wr={weW|wl(®)cd}={ceSy|lg+w(g+1)<---<g+w (29},
here addition is taken in Z/2g Z with representatives {1, ...,2g}. Since
g+w i (g+i)=g+2g+1-wl(g+1-)=g+1-wl(g+1-i) = g+ - (g+w (g+1-1)),
the condition is equivalent to
g+w i) < - <g+wl(g).

Let FL = P\G. We have the Bruhat decomposition

FL = |_| C.

wew?

where C,, = PwB. If w € W”, then [(w) = dim(C,,). There is a partial order on W” as follows:
w <wiff C, C C_W The unit element w = 1 is the minimal one.

Associated with each w € W' is a sequence (wy, ..., wg) defined as follows: wg = 0, w; —
wisi=0ifg+igw Hg+1,....2¢}n{g+1,....,2¢},andw; —w;_; = lifg+i e wl{g+
1,....,2g}n{g+1,...,2g}. Alternatively, w; = [w™ ' {g+1,...,2¢}n{g+1,...,g+i}]. A

sequence (0,ay, ...,ag) with a; — a;_1 € {0, 1} uniquely determines an element w € W*,

4.2 Siegel varieties with Iwahori levels

Let Z, be the base ring. Let K, , C G(Z,) be the following Iwahori subgroup

Kpn:={g€G(Zy)|g (modp")e B(Z/p"Z)}.
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When Nebentypus is involved, we will also consider the one
Kpin={¢€G(Zp) | g (mod p") e U(Z/p"Z)}.

The following is the definition of the integral model of Siegel Shimura variety of Iwahori levels
given in [BP23, Section 4.1]. The level structure at p on the universal family of the Siegel variety

Skrk, ..., 1s a self-dual chain of isogenies
GZGg—>Gg+1—>'--—>G2g—>G1—>---—>Gg=G

such that for each 0 <i < g, G — G,4; has kernel in G[p"] totally isotropic, locally isomorphic
to (Z/p"Z)'. In particular, the composition of the whole chain is G ﬂ) G.

In this chain, G,_; is the dual of Gg,; and Gg,; — G,_; is a polarization of degree ng (n=1) for
i=0,...,g. Letd; = p8 (n=i), Sending a chain to Gg,; along with the polarization G¢y; — Gg4_;
induces a map Sgrk, .0, = Agd.Q, = Agdz, and Sgrk, , is defined as the normalization of

1%, Ag.a:z, in Skrk,,.q,- The chain
G=Gg—>Ggy1 > oG —>G; > >G,=GC

extend to one over Skrg,,. With an appropriate choice of cone decompositions X, we have the

toroidal compactification S, . and the chain is extended to a chain of isogenies of semi-abelian
p.n>

schemes over it. The composition G — G is still p”-. We will omit X in the notation.

Let Hgyi = ker(G — Ggy;) and Gr; = Hjy1/H;. Over Skrk,,» they are finite flat group
schemes and Gragy1-; = Gr;'.
Definition 4.1 (4.1.3 - 4.1.5 of [BP23]). The subsets SkPKyFpw C SKPK, . F, and S}?LKM,FP’W -
S;?;Kp,me are defined as loci where each of Gr,,-1;) fori = g+ 1,...,2¢ is a multiplicative
finite flat group scheme. Each of S, Ky Fpo is contained in the ordinary loci and S}?; Ky Fpo”
S?;Kp,nanﬂ’V/ are disjoint if w # w'. We define Skrg,, , w (resp. 6}?;Kp,n,w) as the completion of
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tor tor
SK,,KM along S[(pr’me,W (resp. SK”Kp,mF;»W)'

LetK,p, :=P(Q) N pr,nw‘l. By [BP23, Lemma 4.1.7], the map

. ord
w J@K!’KP’P’W - GKPKP,,,

is an open immersion with image Sgrg With suitable choices of cone decompositions, this

p,nsW*

extends to an open immersion

. o (etor tor,ord
w . \S Kpr,P,W — GKpr,n

with image G} Ky In particular, when w = 1, we get the usual Iwahori level Igusa tower in

Hida theory.
A modification of the integral model S}, Kpn by a sequence of blow-ups provides a suitable in-
tegral model that contains favorable compactifications of all S}?; k. ., Intherestof the section,
p.n>sLps

we will describe some divisors of the new integral model and outline some essential properties and
refer their explicit definitions to [BP23, Proposition 4.1.13].

We start with defining certain effective Cartier divisors Dy, ..., D2, on S;?f, k. - On Skp Kpns
p.n ’

the definition is given in 4.1.8 of [BP23] as follows: We define Lg,, as the cotangent

ISkPKpn
complex of Gr; over Skr Kpn and 9; as the co-Lie complex of Gr; over Skr Kpon- Then there is a
natural section O — det(6;). The inverse of it defines an effective Cartier divisor D;. Each D; is

supported on the special fiber, and D; + Dyg.1—; = V(p") by duality.

We extend this construct to S;?f, k. as follows: Over Skrg o Gr; is the kernel of G; — Gyg.
p.n »
Over S;‘(’f, k. »®i 1 Gi = Gy is extended to an isogeny between semi-abelian schemes and Gr; is
p.n

extended to the kernel, which is quasi-finite. The co-Lie complex of Gr; is the complex

* *
ei+IQGi+1/S‘;<’§,Kp,n ¢ QGi/St,}"pr’n
where e; is the unit section of G;/S tl‘(’f, k. - The Cartier divisor is extended to the determinant of the
p.n
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above map, which we also denote by D;. The following proposition slightly refines the assertions

in 4.1.8 of [BP23].

Proposition 4.1. These D; satisfies D;+ Dogr1-; = V(p") for all 1 < i < 2g. Moreover, x is not in
the support of D; if and only if Gr; is etale at x, if and only if Gragy1-; is a multiplicative finite flat

group scheme of rank p" in an open neighborhood of x.

Proof. Since G — -+ — Gy is still p"-, over S}?;KW, Ziz:gl D; = V(p?™"), and the support of

this is within the special fiber. Since each D; is effective, the support of each D; is within the

T

. : 1o
special fiber. Since Sy, Kpon

is normal and the boundary part of the special fiber has codimension

to S that is trivial on the generic fiber. Then

2, each D; is the unique extension of D;|s,, Kpm KPK,

D; + D7gy;-1 is the unique extension of (D; + D2g+i—1)|SKpr,n = V(pn)|SK1)Kp,n to St[?;Kp’n that is
trivial on the generic fiber, which is V(p").
By definition, x is not in the support of D; if and only if

* *
€. Q . tor — e-Q ./ qtor
i+1 Gl+1/SKpr’n i G‘/SKPKp,n

is an isomorphism in an open neighborhood of x. By the equivariant G;-action on G; — G 41, this
is equivalent to that G; — G4 is etale on an open neighborhood of x, which is also equivalent to
that Gr; is etale on an open neighborhood of x.

If Grygyi—1 is a multiplicative finite flat group scheme of rank p” in an open neighborhood
of x, V(p") = Dag4i-1, and hence D; = 0 in that open neighborhood of x. Conversely, suppose
V(p") = Dag4i-1 in an open neighborhood X of x. Since Grag4i—1 is quasi-finite flat, there is an
etale neighborhood (U,u) — (X, x) such that Grogyi—1|ly = G1 U G’, where G is a finite flat
scheme over U, and G’ have empty fiber at u. Since an etale morphism is open, we may assume X
is the image of U. Moreover, since U is normal, we may assume U is connected. In this case, the
unit section ey : U — Gryg4i—1|y has image in G1, and hence the divisor (D244;-1)|y is computed
by the complex e, Lg, /. Let & be a generic point of the special fiber at U. Then Oy ¢ is a discrete

valuation ring of mixed characteristic. Since (D2g+i-1)¢ = V(p")l¢, G1/U has rank at least p" at
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£. Since the rank is locally constant, G has constant rank. Since each fiber of Grag4;—1 has rank at
most p”, G’ is empty and we conclude that Gryg.;—1|y is finite flat of rank p". By etale descent of
finite morphisms, Grogy;1 is finite flat of rank p" over X. Since the co-Lie complex of the finite
flat group scheme (Grag4i—1] x)" defines the trivial divisor, (Gragsi-1l x)V is finite etale, and hence

Grag+i-1|x is multiplicative. O

We analyze the restrictions of the divisors D; on a boundary strata. Let P, C G be the stabilizer
of the totally isotropic subspace {(eg11, ..., eg4r) forr =1,...,g. This gives all standard maximal

parabolic subgroups of G. In particular, the Siegel parabolic subgroup is Pg. The splitting

<€1, e ’62g> = <eg+1» oo ,€g+r> @ <eg+r+1» <5 €20,€0, ... »eg—r> ® <eg—r+l’ s 9eg>

gives a Levi decomposition P, = M, N, where M, = GL, X GSpg_r.
For simplicity, we only consider the case n = 1 here. Let K = K”K), | and (Zg, @k, dk) be a
representative of cusp labels of level K associated with the maximal parabolic subgroup P,. Such

cusps are parametrized by the double coset space
GL,(Z) GSp,_,(Z)N,(Z)\G(Z)/K"K 1.
In particular, the pth component is parametrized by the double coset space
P (Fp)\G(Fp)/B(Fp) = Wi, \We.

An element in the set of minimal-length representatives W’ is uniquely determined by a subset
a={ai,...ar} C{l,...,2g} such that @; + a; # 2g +1 (mod 2g) forall 1 <i < j <r. The

element w determined by the set is characterized by

W ((€gits - - s €ger)) = (Cays - - s €a,)s
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-1
w ((eg—r+1a R eg)) = <62g+1—(1’17 cee 62g+1—(1/r>7

and

w_1(<eg+r+1, 2 €2g,81, ..., g ) = Z Ze;.
i,2g+1-i¢a

We assume the representative of cusp labels is given by some (g”,w) where g € G(Zp) and

w € WPr, There is a tower

— Dy
Sk, 6k C(I)Ks51< - MK

where M;?K parametrizes principally polarized abelian schemes (A, 1) of dimension g — n, with a

self dual chain of isogenies of degree p
Aoy = Adg.g—r = - 2 Aoy 2(g-r) = Adg,l = Adg g—r

along with some prime-to-p level structure defined by a neat open compact subgroup of GSp,_, (z”).

The chain likewise defines divisors, which we denote by

Dog,15- .- Doy a(g-r)-

. . . . . . t /\ _
The associated boundary strata in the toroidal compactification is (Sg") Ziop.op)) = Xy ox,30, 0/ Tog
where Xo, 64,5, 0 8 the formal scheme defined by certain boundary strata of the toroidal embed-
ding of the torus torsor E¢, 5, — Coy s, given by the cone decomposition g, . The restriction

of the universal family
G=Gy > Gge1 = >G> G — > Gy
to Xox 6x,50,.,0 becomes a chain of Raynaud extensions

Gh:GE,—>G2,+1—>---—>Ggg—>G?—>---—>Gg
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where each G? is an extension 0 — T; — G? — A; — 0. The induced chain of isogenies
Ag > Agi > - > Ayg 9 A — -+ > Ay

is self dual, and each of A; — A;y; has degree 1 or p. Moreover, if we delete the isomorphisms

from the chain, then we recover the universal chain of isogenies
AQ)K = A®K,g—r — e A(I)](,z(g—}’) - Aq)[(,l — e ACDK,g—r-

If w is determined by the set {«, ... @, }, then we have the followings:

1. Gr; extends to a multiplicative finite flat subgroup if and only if i € {«ay, ... a,}. Therefore,

D gty =V(p)ifi € {ai,...,a,},and D;( =0if2g—i e {ay,...a,}
K 210k .0K)]

Stor A
K )Z[@K,aK)]

2. If both i and 2g — i are not in {1, ... a,}, then there is a unique j such that

(Ai = Aiyi) = (Aog.j — Aag j+1)

and D; | gtorya =Dao, ;-
J
( K)Z[@’K,t?]{)]

Let Z; = 211;1 Dgyi. The construction of [BP23, Proposition 4.1.13] gives a map S';

KPKp,

Se Kpn? which is the composition of a sequence of blowups. The proposition specifies effective

divisors {Z; > j, Zi <j}1<i<g, 0<j<i ON St[‘(’ﬁ, Kpom verifying the following properties:

1. For each (i, j), the supports of Z; »; and Z; -; are disjoint, and Z;»; — Z; < = Z; — V(p™).

Here Z; is actually the pullback of Z; c S, Ko in :ST‘I?; Kpn'

2. If0=j; <--- < jris an increasing sequence of integers with 1 < k < g, then the open set

c

i,>]i L,<ji"

1D~
D)

Cc C

1,>]i 1,<Ji

is empty unless j; — j;—1 = {0, 1} for all 1 <i < k. Moreover, the map ﬁllle
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S Kpon is an open immersion onto the loci of points with Grg,; multiplicative if j;—j;—1 = 1,

and etale if j; — j;—_1 =0
3. On ﬂle o N Z£<jia Zk+1,>jk = Dg+k+1 and Zk+1,<jk+1 = Dg—k =V(p") - Dg+k+1-

l,>ji

These divisors define a filtration on the special fiber. For every w € W, we first define

8
Z>w—1 = ﬂ Zi,>w,<—] .
i=1

Here Z; ._; is by convention Z; + V(p"), and the support is the whole special fiber.
Lemma 4.1 ([BP23, Lemma 4.1.17]). If w < W', Zsyy_1 C Zsy—1.

Proof. The proof is the same as the one given in [BP23]. The condition w < w’ gives that w; > w/
for all i. Therefore, Z; »,,—1 < Z,-,>W;_1. This implies Z; »,,,—1 C Zi,>w;_1 as closed subset. Then

we take intersections over all i. O

Definition 4.2 (4.1.16 of [BP23]). We define an increasing filtration by F_1 = 0, and for 0 < i <
glg+1)/2,

F = U AR

In particular, Fy(g+1)/2 is the whole special fiber.

Proposition 4.2 ([BP23, Lemma 4.1.18, Lemma 4.5.7]). We have the decompositions

8
‘ator _ ) c
SKrK, .y = |_| ( Ziswi-t NV Zj 5,5
i=1

wewP

8
c
m Zi,>Wi—1 N Zi,>wi

i=1

Fr — Fr—1 = |_|

f(w)=k

Moreover, the second one is a disjoint union of topological spaces.

Proof. We give more details to the proofs in [BP23]. For every x € 5‘122 Ky, WE define a sequence
(Wx,15- .., Wyg) as follows: wy; is the unique integer such that x € Z; ., -1 N ZE,, . We also
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define w, o = O for all x. Then w, has the property that w, ; = wy ;1 orw,,-1+1forall1 <i < g.
Therefore, there is a unique w, € W¥ such that w, = (Wx,1,...,Wxg) and we have x € Z,,,_ iff

wyi = w; for all i, equivalently, w > wy. In particular, £(w) > €(w,). Therefore,
Fi={x|t(wy) <i}, Fi = Fi-p = {x | t(wy) =i}

and we have the decompositions.
To prove that the second decomposition is a disjoint union of topological space we note that

for a given w,

g g
ﬂ Ziswi-1 NZi ., = Fr = F1 N (ﬂ Zic,>wl-)
i=1 '

i=1
and each of Z7 | is open. The rest is to prove that for t(w) = €(w') butw # w’, Z,,,_1 and

le Z;_ .. are disjoint. With the assumption, there is an i such that w; > w;, and we have

8
c C c
Zoro1 N (ﬂ Zl.’>wi) C Ziswiot N 2oy, C Zisy N ZEs,, = 0.
=1

O

For simplicity, throughout the rest of this chapter, S always means S unless otherwise

specified.

4.3 Automorphic sheaves with Nebentypus and vanishing conditions

Let Ry := Z,[{,»] be the base ring. Here n can be 0 and Ry = Z,,. Let r : StI?;;Kp,l,n,RO —
Stl(f);’Kp,n,Ro be the normalization of Sk, |, a,[z,n] — S?;’Kp,n,Ro' By [BP23, Lemma 4.3.6], over
S%K,,,,,,Ro — 2%, DiN Dagy1-, 7 is a Galois covering with Galois group K, /K1, = T(Z/p" Z).

Let y : T(Z/p"Z) — Z,[{,] be a character. We define O(x) as the maximal subsheaf of

7. (O guor . ) such that over StI?;’Kp,mRo - le D; N Dygy1-i, O(y) is the y-eigenspace of
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7..(O son ). For every set of maximal parabolic subgroups 7, we define
0

p.l.n>

we(x) =w ® I g®0(x)

as coherent sheaves on S}?f, K, . Ro" When J = 0, we denote the sheaves by w*“(y). If y = 1, they
p.n»

are simply w"j.
Over IGY), Kp.pa.Ro? the sheaves w*, .# 7, O(x), and w’(j (x) are defined as p-adic completions

tor

of the respective sheaves over S¢, Kpn.Ro

. The formation of .7 5 over 3G, Kp.p.w.Ro COMMULES with
the base change Z, — Z[{,»] and O/.7 7 is still reduced for every n, which is checked stratum by

stratum.

4.4 Cohomological correspondences

Following [BP23, Section 4.2 - 4.3], we define Hecke correspondence and cohomological cor-
respondence for Siegel Shimura varieties in characteristic 0, their integral models, and specified

finite-level Igusa towers. Letz € T*(Q,,). We define

Ct,Q,, = SKP(tK,,,nt—lmK,,,,,),Qp~

Then we have a correspondence (Crq,, Skrk,, .., P1 = [1], p2 = [t]). Let Cttoé be the normaliza-
> SXp

tion of (S, Kp,me)><2 in C; g, via p1Xp2. Then we obtain the correspondence (C;,Oép .S Kypma, P11 =

[1], p2 = [f]). Let C;°" be the normalization of (S, K, )*2 in Ct“& . Then we have the corre-
DN S<p

spondence (C;*", S5, ,pi1,p2). The generic fiber of C;*" is C;Oé , and over the ordinary locus,
p.n p

tor,ord _ ctor,ord : : .
o = g with some choice of cone decompositions.

KP (1K, nt='NKp n)

For each w € W¥, we have the correspondence

(S(ﬁth’;(Adw(r)(KP,P,w)ﬂKp,P,w)’Scﬁt]?g[(p,P,w’pl = [1]’p2 = [W(t)])
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Let €°" be the p-adic completion of C;" and €|}, be the open formal subscheme

tor ._ _—1 ~tor —1 xtor
Cow =pr1 Skrk,,.w NP2 Skrk

p.sW

By [BP23, Proposition 4.2.4], with the embedding w : S(ﬁtl(();(AdW(z)(Kp,P,w)ﬂKp,p,W) — Gl € s
identified with J t,?f,( Adyi (Kp.pao) K p.pow) and ((Z}f’fv, G, [1], [#]) is identified with

tor tor
(S®Kp(Adw(t)(Kp,P,w)pr,P,w)’ S Kpr,P,w’ [1]’ [W(t)])

t
Over C;*, we have the canonical quasi-isogeny p;A 1> p>A. In the correspondence of integral

tor

models (C!*, SF D1, P2), pi satisfies the assumption in defining trace maps above S, Kpm

T KPKp,

Zl.zfl D1 N Djgi1-;. Denote by U; the cohomological correspondence for
t t
(Cra, kK, 00, (L) P1P2)
defined by Tr,, and the canonical isomorphism p w* — pjw* induced by pjA ﬂ> p,A. The

normalization of Hecke operators in [BP23, Section 4.3] is as follows: Let C(x) = {w € W? |

wlwom(k + p) € X(T)}. For w"j (x), we define the normalized Hecke correspondence as
up = (—-w wou (k+p) - p, YU,

for any w € C (k). The normalization is independent of the choice of w.
In the case of Igusa towers, U; may not be integral without the normalization. The normaliza-
tion factor {(—w~'wo s (x + p) — p,t) consists of two parts coming from different considerations.

For the correspondence

(S (K ok oy IOlebk 01 = [11,p2 = [w(D)]),
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the universal quasi-isogeny pjA M p>A induces the isomorphism

[w(®)]" : prw*[1/p] — plw*[1/p].

Lemma 4.2 ([BP23, Lemma. 4.3.4]). The isomorphism [w(t)]* sends p w" into the subsheaf

(wo.u (), w(1))pjw” C piw*[1/p].

Proof. We reproduce the proof in [BP23] here. By normality, we only have to prove this over
generic points of the special fiber. We can take an profinite etale covering and assume that
piT,(A)™ and pi(T,(A)*) are trivialized. Let jy, : ”i"" = piA[p™]", and ¢ € Z;f. Then the
Hecke twist of (j;, ¢) is (jm © w(t), v(w(t))c). Assume the profinite etale covering is Spec(R).
The ring R is flat over Z, and we identify pjw", pjw", with V,(R) via the sections (ju,c),
(Jm © w(1),v(w(t)c), respectively. Let f € piw* and ¢(f) be the image in Vi (R). Then
F(Gmse) - 8) = f(Gm o w(n),v(w(t)e) - w(t)'g) = pu(w(1)(#(f))(g). Therefore, the im-
age of piw* in pjw"[1/p] = Vi(R[1/p]) is pi(w(t))(Vi(R)). Since the lowest weight of p, is

wo,m (k), p5w* = p(w(t))(Vi(R)) € (wom (), w(t))Vi(R) = (wo,m(k), w(t))pjow. O

The other part of the normalization is given by the inseparable degree of p;. Let

_ (e tor _ o (etor
C - \S(ﬁKp(Adw(t)(Kp,P,w)pr,P,w)’ X - J(ﬁKpKP,P,w .

[BP23, Lemma 4.3.8] gives that (—~(w™lwo(p) + p),1) Tr,, : p1.Oc — Ox[1/p] has im-
age in Oyx. We call it the reduced trace map, denoted by ﬁpl. For every J C A, we have
’frpl :p1xJcg — Ox mjx,j,Qp. Since Ox /.7 x is flat over Z,, Ox /I x — (Ox /I x) ®z, Q,
is injective. This gives that Ox N Fx, 7.9, = Jx. We can now explain the trace maps for
sheaves we will consider in the case of Igusa towers with torsion coefficients. Let the base
ring Ry be any discrete valuation ring of mix characteristic that is flat over Z,. Let n € N,

C, = IGY" ,and X, = IG'™ . Since .¥ is flat over
n KP(Ady (1) (Kp,p.w)OKp.pw).Ro/p"Ro n KPKp pw.Ro/p"Ro xJ

126



Ro, we have

I %7 = I x.9 ®rRo/p"Ro = I x5 ®f Ro/p"Ro

and ¢, =Fcg ®1%0R0 /p"Ro. Since C is flat over R, we have the base change isomorphism

PLeICod = Rp14T 5 = Rp1. T c.q ®F,Ro/p"Ro = p1.. I c.5 ®r,Ro/p"Ro.

Then the reduced trace map ﬁpl :pixJc,.g — Jx,. g 1s defined as the base change of "I:rpl :
PisFcg = Ixg.

Given I’ ¢ J C A. Fc,g/F ¢ g is also flat over Ry, because it is isomorphic to the kernel of
the morphism O¢/.% ¢ 4+ — Oc/F c,7, and both Oc /7 ¢ 4. and Oc /.7 ¢, are flat over Ry. Sim-
ilarly, p1.(Ic,.7/F c.g7) = P1u(T .7/ c.7)®r,Ro/P"Roand Trp, : p1.(-Ic,7/-T ¢, q7) =
Ix,.7/ x,.9 1s defined via base change. The reduced trace map gives the morphism of exact

triangles

|
PisTe, 5 — PixTc.g — P1(Tc,.g/Tc,.q) —

\LTr P \LTr pi J/Tr p1

I sy~ I Xy —— Tx0 G| T Xy ——b

Use the correspondence

(=wom (k) w(1))(pr0*[1/p] — piw*[1/p])

and the reduced trace map frpl to define cohomological correspondence and we conclude that
Biw = (=wlwoy(k+p) — p, 1)U, is integral on €, ,,. Then u; := (~w~'wq 3 (k + p) — p, t)U; for
w € C(k) is integral on all €; ,,,.

If k is cohomological, say k = w - A where w € W” and A is a dominant weight of G, then

C(kx) = {wo mwwo} and the normalization factor is

(—walw_lwajwwo,M(w “A+p)—p,t)= (—wal(A +p) —p,t) = (—woA, t),

127



which agrees with the normalization factor for the cohomology of automorphic local systems in
[Hid04].
For the cases of Shimura varieties of characteristic 0 and Igusa towers, we get the cohomolog-

ical correspondence

up : piw's(x) = piw(x).

We return to the correspondence on the integral model (C", St[‘(’f, k. »P1,p2). The normalized co-
p.n

homological correspondence u; : pjw* — p’lw" is defined on the open subset C;f’ép U(Unewr Crw)-

By [BP23, Proposition 4.2.14, Proposition 4.2.15], when t € T(Q,,)*, the complement of C[% U
wep

(Uwewr €4,) is the support of the effective divisor p’ (Zle Z,-) - p} (Zle Zi). Therefore, over

8
k(ps—p7) ( Z,-))
i=1

8
—kZZ,-
i=1

C}°, the correspondence is extended to a map

U : p3w's (x) = piw(x)

for some k > 0, or

u; 2 Py’ (x) — pjw'(x)

—kZz,-

i=1

We define 51(7( X) = w"j( X) (—k Zle Zi) for such k > 0. Then we obtain the cohomological

correspondence
up : i@’y (x) = pi@(x).
1 tor K 1 tor K 1 1
The image of RF(SKPK,,,n,Z,, [gpn]"‘)j()()) in RF(SKpr,me(gpn),wj()()) defines a u,-invariant

subcomplex. We use any of u, where t € T(Q,,)™ to define the ordinary projector e. Then there

are canonical isomorphisms
RF(StI(();Kp,n,ZI,[gpn]’ ZJE(X)) ®Zp[§pn] Qp(gp") = RF(S}?;K[)’”,QP@F"), wfy()()),

RF(SE({);’KP,n’Zp[é’pn]’ a‘;Kj(X))Ord ®Zp [(p”] Qp(gpn) = RF(S;?;KP,",QP(é'pn)’ij(X))Ord'
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tor

~K ord ;
Kpr,n,Zp [gp"] B a)j()())

We will see that the ordinary cohomology RI'(S is independent of the

choice of k and 7 as long as k is large enough.

4.5 Strict dynamic compactification and ordinary cohomology for Igusa towers

Let A be an Artinian ring of finite type over Z. Let (C, X, p1, p2) be a correspondence of
schemes of finite type over A. Let (C, X, D1, P>) be a compactification of it ([BP23, Definition
2.1.9]) with boundary X — X covered by closed subschemes D,,D_ C X, and C, X also of finite
type over A. Then for every coherent sheaf & over X, the cohomology with partial supports are
defined ([BP23, Definition 2.2.4]). Suppose now the compactification is dynamic ([BP23, Defi-
nition 2.1.26]). With this assumption, both RI'p, p_ (Y, F), RU'p_p, (Y, &) are independent of
the choice of compactifications ([BP23, Lemma 2.2.8]). Let T : ng — pi? be a morphism.
Then T induces actions on both RT'p, p_(X, F), RTp_p, (X, F) ([BP23, Corollary 2.3.14]). The
ordinary parts of complexes RI'p, p_ (Y, F )Ord and RI'p_p, (Y, F )Ord are defined, and form di-
rect summands of RI'p, p_ (Y, F) and RFD7,D+(Y, F), respectively ([BP23, Definition 2.4.2,
Lemma 2.4.3]). Suppose now the compactification is strict dynamic. RIp, p (X, %)°¢ and
RT'p_p, (X, %)°" are independent of choices of strict dynamic compactification, naturally quasi-
isomorphic to each other, and represented by bounded complexes of finite A-modules.([BP23,
Theorem 2.5.1, Proposition 2.5.4, 2.5.6]). If & is flat over A, then they are represented by perfect
complexes of A-modules ([BP23, Theorem 2.6.8]). The resulting cohomology complex depends
only on (C, X, p1, p2, T, %), and we denote it by RT'(X, F)T~°d. When specified, T is omitted
from the notation.

In our case, p; and p, will be proper, so we can describe the action 7 on cohomology com-
plexes in a slightly different way. We may first assume D, and D_ are locally principal. Then
X — X is quasi-compact. Since p; is proper, p; is also quasi-compact, and hence C — X is quasi-
compact. Since C — X is proper, hence quasi-separated, C — C is quasi-compact. Therefore, C
is dense in its scheme-theoretic image in C. By replacing C with the scheme-theoretic image of C

in C, we may assume C is dense in C. Since p is proper over X, the map C — C — py(DLUD-)

129



is also proper. Since it is an open immersion and the image is dense, it is an isomorphism. In

particular, RFP’{th;Df(E’ ) = RFPTD+7PTD— (E, ).

Definition 4.3. Denote by j,, j_ the open immersions

Denote j, p,, and j_ ,, the open immersions and p; , the proper morphism in the commutative
diagram

le p—z'l P_zl

XJ%Y—DﬂLL)Y

We similarly define the maps for p instead of p>.

Since p, is proper, we get

Tt 1P24P2F =jrs]-1P2,) © PoF = J4uD21J-prt © P2 F

:j+,*ﬁ*j—,p2,! © P;g'— = p_z*j+,p2,*j—,p2,!p;9'
Similarly,
E»J.tpl,*].—,pl,!p!lgT :j+,*].—,!pl,*p!197~
Definition 4.4. Suppose py, p» are both proper and T : p3F — p’lg is given, then we define

T € End(RIp, p_ (X, F)) as the composition

RTp, p (X, F) = RUpp, 57p_(C, P2 F)

_>RFp_*D+,E*D_ (E, E’g"v) — RFD+7D_ (Y, !0/7)

1
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In the composition, the map
RTp..p.(X.7) = Rl 50 (€. 77 )
is induced by the map

JesJ-1F — j+,*j—,!p2,*p§g =p_2*j+’p2,*j_,p2’[f7';
the map
— — - —
RU5p, 550 (C. P2 F) = RUrp, 5vp (C.p1 F)

is induced by the map

RT5p, 55 (C,+) = RT5ep, op (C,+) = RTsrp, 5op (C,-)

2

given by [BP23, Lemma 2.2.6], and

T:p;F — pi%;
the map
RUyp 50p (C,p1'F) > RUp, p (X, F)
is induced by
Plafepiod-pitP1F = Jas-tP1aPiF = jrsf-1F.
Definition 4.5 (4.4.1 of [BP23] and [BP23, Lemma 4.4.2]). For every w, we define
g

S]tF?r (w=1,wl) *= ﬂ (Zi,>Wi—1 N Zi’<wi+1) ’

p
i=1

8 8
D= Ziswy Do i= ) Zicw,
i=1 i=1

131



and
tor . —1 ctor —1 ctor
CiE, v=1ws) = P1SE (o—tws1) VP2 SE (w1 w41)"

By [BP23, Lemma 4.4.2], (Czt,(gp,(w—l,wn)’ S;’:,(W_LW“), P12, Dy, D_ ) is a strict dynamic
compactification of (Ct“l’g S5 s p1, p2) forall ¢ € T(Q,)**. By existence of a strict dynamic
Aps ps
. . . t t . .
compactification of it and [BP23, Lemma 2.1.34], (C fzﬁo I Roaw? S Igg JpiRoar> P15 p2) also admit strict
dynamic compactifications. If we only assume ¢ € T7(Q,), then it is dynamic. Therefore,
;—ord
RF(S;?J/p"R(),W’ w'; (x))" =" are defined for all n € Nand t € T(Q,)™.

We give more details on the endomorphism u,. Let

— t t
(Ca X7 p],pZ) - (Cl‘,olgo/p"R(),W’ Slgg/p"Ro,W’ ppr)-

Fix a choice of J and let ¥ x, . ¢ be the sheaves .# # over X and C, respectively. Then the trace
map pi1.p, S x — Jx factors through p; . Fc — Fx. Assume C is dense in C. We have the

following commutative diagrams:

RTp, b (X (X)) —— RTpp, 5ro, (K. pits (1))

RUpp, 570, (X, P30 (x) ® I )

which is induced by the commutative diagram

Jrrd =105 () ————> P2t prond=p2 P30 (X)

\ | ;

P2+ prwd-p2 (P20" (X)) © I )
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RUp:p, 53D, (X, 5w (x)) —— Rl%rp, 55D, (X, pyws(x))

! | ’

RUp:p, 57D, (Y,PZCUK(X) ® Fc) — RUsrp, 5D, (Y,P;wk(/\/) ® Jc)
which is induced by the commutative diagram

JaposJ=pot P30 (X) ——————F Jupisfop P50 (X)

l ! ;

j+,p2,*j—,p2,!(p;wk()() ® Fc) — j+,p1,*j_,pl,z(p§w"()() ® I )

RUp, 55 (X, P30 (x) ® I¢)

!

RUsp, 55 (X, plo(x) ® I¢) — RUsrp, piD_, X.pjw*(x) ® I¢) >

l l

RUep, 570 (X, Pl (x) ® pl Ix) — RU5rp, . piD_ (X, pjw*(x) ® p} Ix)
which is induced by the commutative diagram

Jeprosd-pr D305 (0)

!

Jeprsd-pr(pjo*(x) ® Ic) 5

!

Jeprod—pr1 (P} (x) ® p} Ix)
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RFE*DJr,W,pTD_,W(Y’ pTwK(X) ® jC)

T ’

Rrp—l*Dw,ij_,w(zPTMK(X) ®p|Ix) —> RFP—I*DW,p*;D_,W(X w(x) ® Ix)

which is induced by the commutative diagram

Pled+prsd-p 1 (P (X) ® I ) Jrs-1 (@ (X) ® p1+F )

l l

Pledeprad-pt(PI0"() @ Py Ix) = Jes-t(0(X) ® p1eP] Tx) — Jasj-1 (0 (x) ® Ix)

From these, u; is given by the composition

RTp, .o (X, 05 (x) = RUp:p, 57D, (C, p3w*(x) ® F¢)

1

- Trp, -
—RI5p, ,prp_,, (C, P10 (x) ® F¢) —5 Rp, ,.p_.(C,piw*(x) ® Ix).

Moreover, the Ry/p" Ro-coefficient version of Lemma 3.9 gives that the cohomology complexes
RTp, ,.p_, (X, a)’(j()()) and RUy:p, ,.piD_,, (C, p;w(x) ® Jc) fori = 1,2 are independent of
the choice of cone decompositions, and we can choose different cone decompositions, use any of

the correspondences

tor
t,Ro/p"Ro,w,Zo

— T~

tor StOr
Ro/p"Ro,w,Z4 Ro/p"Ro,w,%3

and its compactification to compute the action u;.
Then we prove that the ordinary projector defined by u, is independent of the choice of ¢ €
. t d ._ t ;—ord
T7°(Q,), which allows us to define Rl“(Sl‘g(f/anow,w’(j(/\/))or = RF(SIgf/anO’W,ij()())“ or

for any choice of ¢. Moreover, the space admits the action of W(G(A’;), K?,7Z), the Hecke algebra
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of K”-biinvariant locally constant Z-valued functions on G (A ), and the action commutes with all
Us.

Letg = (gP,1) € G(Afc) X T*(Q,). We define

Cg,Qp = SngKg—l7Qp.

Then we have a correspondence

tor

g’przZ
m:,y p=l1]
tor tor
Sk Q.1 Sk Q.53

for appropriate choices of cone decompositions, and define Cg’r analogously. Since prime-to-p

isogenies do not change the divisors Dy, - -+, Dog,

t t
CgOIrF ,(w— 1w+l)’SIF?r(w 1,w+l)? pl’pZ,D+,W7D—,w)

is a dynamic compactification of (C tor

F,p WaStorw,Pl,Pz), and is strictif € 7%7(Q),).

Given g; = (g 1) € G(A? )><T+(Qp) fori = 1,2. We define H; := K N Adg, (K) fori = 1,2,
which also have the decompositions H; = H lp H; ,. Let {{;} be a set of representatives of the double
coset Adgz—l (H2)\K/H;. Since K, , has the Iwahori decomposition, K, ,7"(Q,) K . T*(Q,) K =
Kp,nTJr(Qp)Kp,n, and we assume that the pth component of £; is 1 forevery i. Let K; := Adg,q, (H1)N
H,, which have the decompositions K; = K f K;p,,and C tor : St]?ir,z,»' Then for suitable choices

(&1 g)t

of cone decompositions, we have the diagram

tor
(81,82)1

Ctor Ctor

135



tor — tor —— . — . : .
Let C (180 = L, C e = |7, and s := | | s;. Then we have the commutative diagram

tor
(g1.82).Ro/p"Ro,w

C
// \\
Ctor

tor

g1>Ro/p" Ro,w g22,Ro/p"Ro,w
r2=[g1l q1=[1]
p1=[1] q2=[g2]
tor Stor Stor
Ro/p"Ro,w Ro/p"Ro,w Ro/p" Ro,w
for every n. Here
tor . —1/ctor -1/ ctor
CglyRo/P"Ro,W ) (SRO/PHROWV) np, (SRO/P"RO,W)’
tor . _—1/ctor -1/ ctor
ng,Ro/P”Ro,W =4 (SRO/P”RO,W) s (SR()/P”RO,W)’
and
tor . .—1tor —1 ~tor tor
C(gl,gz),Ro/P"Ro,W =T Cg1,R0/P"Ro,W ns Cgl,Ro/P"Ro,W = C(gl,gz),Ro/P”Ro'
Similarly as [BP23, Proposition 4.2.4],
CtOI‘ ~ IGtOI‘

gi-Ro/p" Ro,w HY (Ady (1) (Kp.pw)NKp.p.w).Ro/p" Ro

fori=1,2, and

tor ~ |_| IGtOI’
(81.82),Ro/p"Ro.w — K (Ady(1,10) (Kp.p.w)OKp p.w):Ro/p" Ro”

For simplicity, the diagram is renamed as follows:

D
C1 CZ
P2 P1
pP1 q2
X X, X3
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The diagram admits a compactification

such that all 3 compactifications of correspondences within are strict dynamic. Here when n = 1,

S]g’r ,, and (D4, D_,,) are as in Definition 4.5, and for general n, (D, ,,, D_,,) is the one given
p»

in [BP23, Lemma 2.1.34]. S;?; I Roww? and hence (D,,,,D_,,) depend on the choice of cone

decompositions. Nevertheless, the (strictly) expanded and contracted properties for (D, D_,,)

still hold even if we choose different cone decompositions for S;?g I Row in these correspondences.

We also assume that D, Cy, C, are dense in D, C_l, C_z, respectively.

Lemma 4.3. The diagram

RUssp,  55p . (Cl.0 (X)) —— RTp,, p_, (X0, % (x))

l l

Rls5p, 75D, (D05 (x)) —— RUgzp,  p_,, (C2, 0 (X))
is commutative. More precisely, it comes from a commutative diagram

PlJaprs—pr @ (X) ——————> Jesj- 105 (x)

l l

E*F*jhpzor,*j—,pzor,!wg (X) ? %*]‘ﬂ%,*j—,qz,!wf? (X)

Here the correspondence r*w* — s*w* is given by r*(piw* — piw").
g y r*(p; p]
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Proof. It suffices to give the commutative diagram

Plideprsd-prt T € ————> JesJ—1 I X,

l l

E*F*j+,pzor,*j—,pzor,! j[) ? %*thz,*j—,(p,! jCZ

We apply j. .j-. to the commutative diagram

Pl,*jcl % ng

l l

Plst«Ip —> g2+ I C,

and we obtain the commutative diagram

17_1*j+,p1,*j—,p1,!jcl % j+,*j—,ljj

l l

]7_1*7*j+,p10r,*j—,plor,! jD — %*]‘tqz,*]‘—,qz,! jCz
The rest is to establish the commutative diagram

j+’P2,*j—,P2JjC1 EE— j+,P17*j—,P|,!jC1

F*]'+,1r720r,*j—,pzor,! JD > F*J'+,p1Orskj—,[vlor,! JD

ic, —
Let ic, be the open immersion Cj N C - (p;DJr,W U p’[D_,W). The proof of [BP23, Lemma

2.2.6] establishes a natural transformation

. . ok . . ok
J+.p2xJ=p2tle, 7 J+pixJ-pillc

for solid modules over C; — ( p3D+w U piD- ). If F is a coherent sheaf on Cy, apply the natural
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transformation to the sheaf i¢, 1% and we obtain the natural transformation

j+,p2,*j—,p2,!g - j+,p1,*j—,p1,!g-
Apply the natural transformation to the morphism .¥ ¢, — r. ¥ p and we obtain the desired com-
mutative diagram. m|

Corollary 4.1. Let Ty, T,,, T(g, 4,) € End(RF(S;?g/anO’W, W' (x))) be the endomorphisms defined

by the three correspondences, respectively. Then
Tig1.g) = Tgy 0 T,

Proof. We need two additional commutative diagrams

RI%p, . 53D . (Cy, pyw's(x)) — Rl%yp, 55D, (Cy, w's(x))

l l ’

RI%57p, , #52°D_, (D, rpsw's(x)) > RUs 55D, P53 D_ (D, w's(x))

and
RUsgp, 57D (D 0 (X))

Try, o
Trsl x

R, o @y (0) =t Rl o (5,05 00)

For the first one, we apply j; p, «j- p,,! to the commutative diagram

prw's(x) — prw*(x) ® I ¢,

l l

rer* pow'e (x) —— r(rp5w(x) ® Ip)
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For the second one, we note that Lemma 3.7 yields commutative diagram

q1,=S« jD

Trg, o
N
Tr,

q1.+1c, — I x,

Let  c g’ c A. Consider the short exact sequence
O->Fgy>FIg—>Ig/Fq —0.
Since w*(y) is locally free, apply ®w*(y) and we have the short exact sequence

0 - W (x) = 'y (x) = Wg(x)/wy (x) = 0
as well as the exact triangle

RIp,,p_,. (X, w's () —— RTp,,p_,. (X, w's(x))

T

RTp, . p . (X, W' () /W' (X))

With Definition 3.11, T, Ty, and T (g, ¢,) in Corollary 4.1 are also defined for the last term. With
a analogous argument for the sheaf a)f(f (x)/ a)f(f, (x), all of Ty,, Ty, and T(,, ,,) acts on the exact
triangle and satisfies T(g, ¢,) = T, o Ty, .

Consider the map

H(G(AD).KP.Z) ® Z[T"(Q,)] — End(RT (S, e % (x)))

by sending 1xrgrgr ® to T(,p ;) and extend the map Z-linearly. Lemma 3.11 implies that that map

preserves multiplication. Hence, we conclude the following.
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Proposition 4.3. Let F = W' (x), a)fT (x), or W' (x) /w’(j, (x). Then

1. For every ti,tp € T+(Qp), Uy, O Uy, = Uypyp, = Uy © Up,. Therefore, as explained in [BP23,
Remark 4.4.6], all t € T™(Q,) define the same ordinary cohomology, which we denote by

RF(S;?(? I Row” F)°. They are perfect complexes of Ro/ p™ Ro-modules.

2. Since the action ofﬂ(G(Ai), K?,Z) ® Z[T*(Q,)] commutes with u,, W(G(Afc), K?P,7Z) ®
Z[T*(Q,)] also acts on RF(S?é/ano,w’ F)°". Moreover, since for every t € T7(Q,), the

inverse of u; in End(RF(S}?g/ano,w’ F)o) exists, we define

H(G(Af,), K?,7) — End(RT (8" F)°rdy

Ro/p"Ro,w’

by f— (feth)o u[ﬂ for some t* € T**(Q),). The map is independent of the choice of

t** and preserves multiplication.

u
3. For everyt € T(Q,), we define u; := il for some choice (t1,t) satisfying that ti,t, €
Uz,

t

T7°(Q,) and t = t_l The definition is independent of the choice of (t1,t,) and we obtain a
2

T(Qp)-action on RF(S;?; I Roaw F )Ord. The T+(Qp)-acti0n obtained in this way coincides

with the normalized Hecke action.

4. We define

o~ (tor a\ord ._ . tor ayord
RF(‘SGKPKP,P,W,RO"/{) - R@RF(SKPKI,,,,,W,R()/}J”RQ’J) :

n

These RT (3G, K, bR T Yo" are perfect complexes of R-modules and endowed with

W(G(A?), K?,Z) ® Z|T(Qy)]-actions.
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Moreover, apply the ordinary projector on the exact triangle

RTp, , .p_, (X, W'y, (x)) —— RIp, ,.p_, (X, W' (x))

|

RTp, ..o, (K. () [, (x))

and we obtain the exact triangle

r rd r rd
RT(SS, e @, ()™ ——— RO(SS, 0w (1)°

Ro/p
\ l

RS o 0 (00, 00)

4.6 Comparison of ordinary cohomology

Recall the filtration of the special fiber by closed subsets
O=F ,CcFyc---C Fg(g+1)/2 = SItF?;

where F; = U¢()<i Z>w-1, and the decomposition

Fp=Fpi= | |

t(w)=p

g
m Ziswi-1 N Z£>Wi) = |_| Zow-1—D_,.

i=1 {(w)=p

By [BP23, Theorem 2.9.7], there is the spectral sequence

EVT = HIM(Z, - Zp-1, 05 (x)) = Hp+q(St1?;Kp’,,,Zp[§pn]’ @y (x))-

By [BP23, Lemma 2.9.3] and the decomposition above, each RFC(Z; - Zp_l,ZJg()()) is equal
to @l(w):p RF(SE?;KP,”,Z,, o]’ mmn @' (xY)(-mD_ /1 ), where Iz_, , is the one defining

the reduced structure of Z.,,_;.
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Proposition 4.4. The map

RF(S;?;KP,n,Zp [Epn]” linh;najkj () (_mD_’W)/1n>w—1)
n m

tor : : : ~K n
—RU(SZ ko 1o g MMM M &Y (x) (~=mD -y, + D)/ (p)")
n r m

induces an isomorphism on the ordinary part.

Proof. This is a generalization of [BP23, Proposition 4.5.8] and the proof is analogous. m|

Since

tor : . s K nyord
RF(SKpr’n,zp[gpn]’ llnh_r>n£lnwj()()(_mD—,w +7rD4y)/(p)")
n r m

:RF(S(SKPKP,}),W, &ji(j (X))Ord,
the ordinary part of the spectral sequence becomes

9 X ) d D] d
B = (6? HP (36 krk, oo @5 OOV = H U (Shie 70100 @ (0™
I(w)=p

Proposition 4.5 (classicality of ordinary cohomology). Suppose k + p is regular and w is the only

element in C(k). Then we have the isomorphism

RT(36krk, s @5 00))™ = RU(SRLx 7 10 0- @5 00)™.

In particular,

RT(36 k7, pos @ 00)™ @2, 12,01 Qp(pn) = RU(SRLg o (0 05 ()™

This is analogous to [BP23, Theorem 1.4.3.(4)].

The spectral sequence and the isomorphisms are equivariant under the H (G(A‘}), K?.7) ®
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Z[T*(Q,)]-action. We also note that when the coefficientis C and J = 0, the Hecke action defined
by Hecke correspondence agrees with the one defined by double coset operators on automorphic

forms.

Remark 4.1. The completion of 55’3()() on I®krk, p.w is a p-power multiple of w’(j(/\/). We

should modify the integrality of RF(S}?;K 9, ()’ ZJ"j()())"rd by this factor so that the integral
p.n>Xp\6&ph

structure is given by the integral structure on RT'(3®krk, p.w> w"‘y (x))°,

4.7 Higher Hida complexes

In this section, we follow [BP23, Section 5] to define p-adic and A-adic higher Hida complexes.
The base ring in the section is Z,,.

We first recall the setting in [BP23, Section 5.1]. Let w € W” and B,, := Ad,,(B), and
similarly define T, N,,. In particular, T;, = T with T;,(Q,)™ := Ad,,(T(Q,)™™). In the following,

K, p C P'(Z,) is an open compact subgroup satisfying the conditions:

1. K,p = M, p=Npp where M,p C M(Z,) and N, p C N(Z,). This is automatic when

p > 2.

2. M, p C M(Z,) is in the Iwahori subgroup and has the Iwahori decomposition

— T
Mp,P = Up,P X Tw,p,p X Up,P'

3. All the subgroups U, p, Ty p.p, U;’ p» and N, p are stable under the conjugation action of

T(Z,).

Such K, p has the Iwahori decomposition
Kp,P = (Np,PUp,P) X Tw,p,P X UIT,,P,

and these {K, p} form a cofinal system in the set of open compact subgroups of P'(Z),).
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By [BP23, Theorem 5.1.4], for every ¢ € T,,(Q,)*" and n € N, the correspondence

~ (tor (% tor
3Ok (ad Ky 210K 01,2191 22 SOK0K , 2/ 25 P1- P2)

has a strict dynamic compactification. For = . g or .5 /.7 ¢, RT (I, Ky.pZ/ps 22 F)ord is

defined using any of u,;, and they are endowed with compatible H (G(A‘;), K?,Z) ® Z[T(Q,)]-

actions.

Definition 4.6. For every J' C J C A, we define the p-adic higher Hida complexes

RFW,j(Kpr,P) =R @RF(S(S;?;KIJ,PZ/V"Z’ jj)ord’
m

and

RU, g/ (KPKpp) := RUMRD(SG e onz T 7 /T ).

m

These are analogous to the definition of (p-adic) higher Hida complexes in [BP23, Section 5.2].

Proposition 4.6. The higher Hida complexes R, (K"K, p), and RT',, 5,9 (KPK, p) are in
D(Z,[T(Qp)]), and are perfect complexes of Z,[T,,(Zy)/Ty.p.pl-modules. Moreover, they depend
onT, pp but not on Ny, p,Up, p, or U;,P.
Let P'(p") .= {g € P'(Z,) | g (mod p") € U(Z/p"Z)} and (K, p)n := Kp.p N P'(p"). Two
subgroups (K, p), and P’(p") have the same torus part when n >> 0 and we define
RUy, g (K?) :=Rlimlim RT, 5 (K” (K, p)a) ®F Z/p" Z
m n

=Rlimlim RT,, 4 (KPP’ (p")) ®§p Z/p"Z,

and

RT,, g9 (KP) := Rlimlim RT,, g/ (KPP'(p") ®7 Z/p" Z

m n

Then each of RT',, o (K?) and R, 7,9 (K?) is an admissible complex in D(T(Z)).
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Proof. These are analogous to [BP23, Proposition 5.2.3, 5.2.5, and 5.2.7]. O

Remark 4.2. RI',, 7,4/ (K?) is regarded as the complex interpolating certain boundary cohomol-
ogy. In our case, we will further decompose the complex into direct sums indexed by boundary

components, so we will use another notation.

We now turn to the control theorem, following the setting and arguments in [BP23, Section 5.3],
which establishes the connection between the higher Hida complexes and ordinary cohomology of

automorphic vector bundles over finite-level Igusa towers. Recall the Iwahori decomposition
Kp’p = (Np,pUp’P) X Tw,p,P X U[Z,P'

We define Bk, , = (NppUpp) X T, pp and Nk, , := N, pU, p. We have the M-torsor Mg

over IG5, and the My, p-torsor IG,y , over IGy,y . As in [BP23, Proposition 5.3.3],

There is a canonical map of torsors 3(5}?; Npp M g equivariant for the map M, p — M. This

map trivializes IG; Np.p X369, Mk by the tautological section. Then we have a canonical
: b

isomorphism

o~ (s tor X (% tor
X Mg = XM
\S(ﬁKpNP,P S(5;‘?171(1,,13 R \S(ﬁKpr,P

and with this identification,

~ (s tor _ ~x(wtor Bk, p/Np,p
SOKonk, , X6, Mk = IOy, , x0T,

~ (e tor _ e~ tor Nk, p/Np.p
\S(ﬁKpNKp,P XS(Y)tI(("PKp,PMdR =~ KPNp.p X M.

Let gy : 36Ky, — IG5 . We have the surjective map
p.P p.P

W - Ot —-w K
BN x 3(5,35,NKP’P( 0. (k)

as follows: f € w" is a function on S(ﬁ}‘(’f,Np’P XM such that f(yb,g) = f(y,bg) and f(y,gb) =

(=wo,m(k))(b) f(y,8). Werestrictitat g = 1 and obtain a function ¢ ¢(y) := f(y, 1) on S@}?LNP,P.

146



It satisfies

¢r(yb) = f(yb, 1) = f(3,b) = (wou(K))(b™) f(1) = (wom (k) (b~ s ().

Hence this function descends to 05(5‘,‘5; N and is in the (—wo m(«)) eigenspace of T(Z,), with
Kp.p
respect to the right multiplication. This is a surjective morphism of sheaves.

For every J we have the surjection

wkj — I g ®Np/N « Os@‘}grpNK (=wo.m(x)).
p.P

Let K 4 be the kernel of the above surjection. Since the lowest weight is not contained in K 4, the
normalized Hecke operator u, defined by # € T;7(Q,) acts by a topological nilpotent on cohomol-

ogy of K 4. Therefore, the ordinary projector annihilates cohomology of K 4 and we have

RT, (K"K p, k) = RD(SGRx . W)™ = RO(IG; B, P,wkj)"fd

_ o~ (etor d
—RF(JcﬁKPBKp?P’jJ RN B/N Os(sst;gf,,NK . (=wo.m (k).

p

We rewrite

~ (tor ord
RF(JGKPBKP’P , I 7 QNN Os&;gf,,NKp , (=wo,m(k)))

as

RU(36Kp, 0 (I g @ngna Oggir, @ (wo (1)) 5r0).
, -

Let v = vy - x where x : T(Z,) — Zp[{pn] is a finite order character, and vy, is an algebraic
character of T. Let x = —wo yw(v + p) — p, or equivalently v = —w ™ w3/ (k + p) — p. This «
is regarded as a p-adic weight. By interchanging group cohomology and sheaf cohomology, as in

[BP23, Theorem 5.3.5], we have that

RHomy, (v, RTy,g(K")) = R, 7 (KPK p, k%, ).
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Here the actions of 7(Z,) on RI',, 5 (K?) are normalized Hecke actions.

Let A be the Iwasawa algebra Z, [ [T(Z,)]] and v*"? : T(Z,) — A* be the universal character,
sending t € T(Z,) to the group element [¢]. Let KUY = —wo yw (VY + p) — p and we regard
Zpl[T(Zp)]] as a T(Z),)-module via the character wlwo kY. Let my be the intersection of all

maximal ideals of A. Then the profinite topology of A is the mx-adic topology.

Definition 4.7. We define the derived completed tensor product ®; .\ as the composition of ®5pr/\
followed by the derived mp-adic completion of A-modules. We define the A-adic higher Hida
SJamily complexes as

M*,j =R HOl’l’lT(Zp)(l, RFWJ(KP)&JZPA),

w

When J is the set of all maximal parabolic groups of G, we write S, instead.
The definition is an analog of the definition of M, in [BP23, Section 5.4].

Proposition 4.7. Each M:; gisa perfect complex of A-modules. There are canonical isomor-
phisms RU,, q(K”) = RHomg, (R Homa (M, e A),Z,). Moreover, for each v = YV, regarded
as a ring homomorphism v : A — Z,[{,n], we have the control theorem

M, 5 ® v Zp[Lpn] = Ry, g (KP, K2 ).

w

Proof. This is analogous to results in [BP23, Section 5.4]. We note that the formula RT',, ¢ (K?) =
R Homgz, (R Homp (M e A),Zp) is true in derived categories of condensed abelian groups but

not in the usual derived categories of modules. O

Essentially by [BP23, Lemma 2.7.7], if the ordinary part of the cohomology of automorphic
vector bundles in residual field is concentrated in only 1 degree, say i, M, g is also concentrated at
1 degree i. In that case, we get a finite projective A-module interpolating R'T,, 7 (K? K PP kg, y)ord,
which we will denote by M iv Ne When «2 is cohomological and w € C(«), Miv T interpolates
tor ~l2 ord
RT(S o @)

KPKp n,Zp
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4.8 Ordinary boundary cohomology of O0-dimensional cusps

In this section, we compute the ordinary part of boundary cohomology associated with the
Siegel parabolic subgroup. Since these strata are closed in Igusa towers, the cohomology with
partial support is the usual cohomology. We also prove that the ordinary projector coincides with
the one defined for group cohomology of congruence subgroups of GLg.

We fix the filtration Z = 0 C (ey,...,eg)5 C Zzg and a torus argument ¢ = (X, Y, ¢, ¢_2, ¢0)
associated to Z. Let ¢ be the splitting izg ={eq,..., eg)i @ (egtls---» eZg)Z- Let P = P; be the

stabilizer of Z, which is the Siegel parabolic subgroup. The Levi subgroup M is isomorphic to

tg O
GL, x Gy, via the isomorphism (g, 1) . Let N be the nilpotent radical of P. Then the

0 Tg—l

set of cusp labels of level K associated with the Siegel parabolic subgroup is identified with the
double coset space

GL;(Q) G (AT)N(A®)\G(A™) /K
where [g] corresponds to the cusp label represented by (Z, ®) - g and some splitting 6, of Z - g.
By the approximation G (A%) = GL,(Q) G,,(A®)N (A‘X’)G(i), it is also the double coset space

GL,(2) Gu(Z)N(Z)\G(Z) /K.

Suppose K = KPK,, and define K, p := K, N P(Z,). The set of ordinary cusp labels is identified

with the double coset space
PN 5P
CY§ = GLg(Z) Gu(Z)N(Z)\G(Z ) P(Z,) /K"K p.

When K, p is fixed, we also denote it by C10<r19,0' By the strong approximation theorem of GLg, when
K,NP(Z,) contains T(Z,), every [g] € CI"(“(i) is represented by some [(g”, 1)] where g? € G(ip).
For every g € G(A[) we denote by s(g, K) the representative of cusp label of level K given

by the K-orbit of (Z,®) - g and some Jk, and by [s(g, K)] the corresponding cusp label. Let
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(Zk, Pk, 0k) be a representative of cusp labels of level K. There is a Eg, s, -torsor
_ @
dq)K’(sK — MKK .

LetI'g, be the automorphism group of the torus argument ®g. The boundary stratum associated to
[(Zk, @k, k)] in the integral model of Shimura varieties is isomorphic to xd)x,dK,Z@K, o0 /To.
When [(Zk, Dk, k)] represents an ordinary cusp label, the corresponding stratum in the Igusa
tower is the p-adic completion %g’; Ok Zog .60 /To, and they have the same cohomology.

The universal semi-abelian scheme degenerates to a torus over the boundary strata. Let ®g =
(X,Y, ¢, 92, p0) and denote by To, the split torus Homz(X, G,,). Then over the boundary strata
Xk 6k, S0y 0x-0/Tog, the universal semi-abelian scheme is canonically identified with (Te, X
Xk ox.50p 0p0)/Tog. The restriction of the automorphic vector bundle w* is the pullback of
Vi(Lie(Toy), Zy(1) ®z, O) on MZX, here Zp(1) indicates the action of M(Z,) by the simili-
tude character. When (Zg, @k, dx) = s(g, K), we denote by R, k) the coordinate ring of M ®K,
by I'(4 k) the automorphism group I'e,, by X, ) the cone decomposition Xy 5, by Vi (g.x)
the module Vi (Lie(To), Z)y(1) ®z, O)(M;?K ), and by X, k) the completion of torus embedding

Xk 6k.Tag 0.0 Each Of R(g k) is finite etale over Z,. By Lemma 3.3, there are canonical isomor-

phisms Vi ((47.6,).6) = Pe(8p) Vie((g7.1).6))-

B
We also have to identify each I'(, k) as an arithmetic subgroup of GL,. Let g = €
v(g)'A 0
P(A*®). We define {z0(g) = , which takes value in GL4(A®). For every g €
0 D

G (A®) and neat open compact subgroup K € G(A%), {zo(P(A”)NAd,(K)) is a neat open com-
pact subgroup of GL,(A*). The group I'(, k) is naturally identified with GLg(Q) N {7, (P(A™) N
Adg(K)). In particular, if y € GL,(Q), then I'(, x) = Ady(I'(gx)). If g € G(i), then I, k) is a
congruence subgroup. The neat assumption on K ensures that I'(, ) is torsion-free.

Let A be the set of all standard maximal parabolic subgroups of GSp,, and J = A — {Ps}.
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Consider the short exact sequence

W' (x)
W (x)

— 0.

0 — wy(x) = () —

o Vg0

On the Igusa tower I® , ———
KPRp.P™ W (x)

A
supports on | |; glecy X ( ; K)/ ['(¢.x) and the cohomology

K

(x)
RU(X [Ty s —L 22
(g,K) (8.K) wg(X)

) is naturally isomorphic to the relative cohomology

RU(Pye.6) /T (g.)> Stx i) (Ps)) T (.5)» Vi(g.6) (X)) -

Let X(T'(g.x)) := Ps(g.6)/(Tg.k) * R>0). Then X (I k) = T'(g.x)\ GLg (R)/(O(g,R) - R50) and by

Proposition 2.11,

RU(Ps(4.) /T (g,6)5 Sts g ) (Ps) /T (5.5 Vie(g.6) (X)) = RTA(X(T(g.5))» Vie,(g.6) (X)) -

Proposition 4.8. Let K, p = K, p,,, and define the ordinary projector using u, ) fort € T(Q,)*™.
Then

W' (x)
RT(IGh, ——

e o)) S D RO(X T ern.0)): Vit tsra) (0)°™
ALY

[(g7.D)]eCy?)

Proof. We omit y from the notation. We can choose t € T(Q,) N 7(Q,,)*". Denote by K the in-

tersection K” (Ad,, ;) (Kp.p,w) N Kp.pw). Since T(Z,) C K, p,, both p1, p> in the correspondence

36k, I6K", p1 = [1], p2 = [w(D)])

induce bijections Cgy) — Co9. We also define K” = KK as follows: We write K, p,,, = M N,
and (K, pw) N K, pw) = MaN, where M; ¢ M(Z,) and N; C N(Zp,). Then K7 is defined as
M>Ny. Let p) : 36, — IGY, and p : IGY, — IGE" be natural projections. Then Tr,, and

7:71,/1 = (~wlwou(p) — p, 1) Tr, are integral, and Tr Oﬁp; = (—wlwom(p) = p, 1) Trp, .
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The preimage of [(g?, 1)] under p is [(g?, w(t);l)] = [(w(t)PgP, 1)]. Assume entries of 7 are
all powers of p, then w(t)Pg? € G(Zp). By replacing ¢ with a power of it, we may assume that for
every g¥ € G(ip), w(t)? € Adgr (K?). Under the assumption, [(w()Pg”,1)] = [(g?,1)] in C]‘)g’%.
Moreover, Vi ((gr,1).k) = Vi((g7.0.k)> Vi(wrgr. ).k = Vis(oworgr, k) = Vi(winpgr.1).x)» be-
cause the underlying moduli spaces are the same. The cohomological correspondence on boundary

cohomology is therefore the direct sum of maps

RT(X(L((gr.1).6))> Vi (g7.1).K))
_>RFC(X(F((gl’,w(l‘);l),K'))’ VK,((gp,l),K’))
_)RFC(X(F((gl’,w(t)l_,l),K'))’ VK,((gP,w(t);l),K/))

[w®]*
——RT(X(T((wyrgr,1).6))s Vi ((w(t)Pgr,1),K7))

Tr.,

—SRE(X (T (wyrgr.1).k7)s Vi (w(nyrgr 1))

Tl'pi/

—— R (X (Twryrgr1).x))s Vi((wt)pgr.1).K))
((w(n)Pgph.1) ((w(t)Pgp,1),K)

=RTc(X(T'(gr.1).6)5 Vie.((g7.1).K))-
Here the map

RFC(X(r((gp,w(l‘);l),Kl))’ VK’((gp’l)’K/))

= RU(X(T((gr win);1).69)) Vi((gr w51 k7))

is induced by (—=wo y (), w(1)) : Vi ((gr.1).k7) = VK’((g,,’W(I);)’K,) and the map [w(¢)]* is induced
by U'w(rypgr 1).k7 = Adw(t)(l—'(gp,w(t);l),l(,) and w(t), : VK,((g,,’w(t)?)’K,) = Vi ((w(r)pgr,1),k7)- From
the trace map of torus embedding on cohomology, we have that frpfl is the identity map and Tr» is

the corestriction map. Therefore, the composition is exactly the u,,;)-operator on the cohomology

RT(X(T((gr.1).6)) Vi ((g7,1),K)) -

LetK, := KP(K, pw),and 7, : 3G, — S(ﬁKpr’P. Over I®k , the quotient of ideal sheaves

n?
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AD
(g.K)

cohomology with partial support is just the usual boundary cohomology. We therefore make the

S g/ a is supported on U[g]ec;’;‘{, (% /T(g.x))- Since these strata are proper, the boundary

following definitions. For every [g] € CI‘?%, we define

RUy [g1.¢(Kn) = RU(m, () [T (00))s T 7 15 ),

Rrw,[g],c(Kp) = Rliinh_r>nRrw,[g],c(Kn) ®£p Z/p"Z,

m n

and

B = RHOHIT(ZP)(LRrw,[g],c(Kp)‘g’ZpA)'

%k
w,lgl.c

Then each of va . has a control theorem similar to Proposition 4.7, and from the short exact

[s],
sequence

0> Ipr—>TFIg—>FIg/FIr—0,

we obtain the exact triangle

SW - Mw,Kl - Bw,[g],c .

[glecy?,

4.9 A fundamental exact sequence

Let g = 2, and w = w,, the reflection attached to the long root @ of GSp,. We need the

following result on ordinary cohomology of congruence subgroups.

Proposition 4.9. Let I' c T'y(p) be a torsion-free congruence subgroup. Let M be a finite-
dimensional vector space over F,, which has compatible T'v(p) and T*"(Q,) actions. Let X(T')
be the quotient space I'\H where H is the upper half plane, and M be the locally constant sheaf
over X(I') defined by M. Then both eRT'(X(I'), M) and eRT'.(X(I'), M) are concentrated at
degree 1.

Let O be a discrete valuation ring with finite residue field of characteristic p and M be a
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finite free O-module with compatible T'o(p) and T**(Q,) actions. Then both eRT'(X(I"), M) and

eRT (X (I"), M) are concentrated in degree 1, with cohomology finite free over O.

Proof. This is a well-known result, essentially due to Hida’s work in [Hid93, Section 6.1, 6.3, 7.2],
and we include a proof here for completeness.

Suppose M is a finite-dimensional vector space over F, which has compatible I'y(p) and
T (Q,) actions. Since both H(X(T'), M) and H*(X(T'), M) are 0, it suffices to prove that
both eH*(X(T"), M) and eH®(X(T'), M) are 0. Let &, := diag(p",1), T, := T' N Ad-1(T'), and

I = Adg, (I') N T'. The double coset operator [I'£,I"] is the composition of 3 operators

[[€,I"] = Corpyrn o[€,]" o Respyr, .

Therefore, it suffices to prove that for all finite-dimensional vector space M over F,, with I'-action,
there is a m € N, depending on M, such that for every subgroup I"  I" with index divided by p™,
Resr/r (HZ(X(I), M)) = Corrr (H*(X(I), M)) = 0.

Since I' is torsion-free and acts totally discontinuously on the upper half plane, H*(X(I"), M) =
HO(I", M), H*(X(T'), M) = H°(I", M) and the restriction map agrees with the one on group co-
homology. Let v € H*(I", M) ¢ M and T, c T be the stabilizer of v in I". Then I'" ¢ T, and the

image of v under the corestriction is

Z gv = Z Z ghv = |, /T| Z gv.

gel’/1” gel'/T'y, hel', /T gel’/T",

Let I := ker(I' = GLg,(M)). Since I'” c Iy, v, (|T'/T[) < v, (IT/T]).

Define m(M) := v,(|l/T”]) + 1. Let MV := Homg, (M, F,) endowed with the dual I'-
representation. Then m(M") = m(M). We claim it suffices to take m = m(M). By the dis-
cussion above, when m > m(M), Corr (H°(X(T"),M)) = 0. Since H>(X(T"), M") is dual to
HO(X(T'), M), H*(X(I"), M") is dual to H°(X(I"), M), and Resr/r and Corrr are adjoint to
each other, when m > m(M"), Resr/r (H2(X ('), M)) = 0.

Let @ C O be a uniformizer. Suppose M is a finite free O-module with compatible I'y(p) and
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T**(Q,) actions. Consider the short exact sequence
O-aoM-—->M—->M/ogM — 0,
which induces exact triangles
eH" (X(T), M) Z> eH" (X(T), M) — eH" (X(D), M/mM) 5,

and

eH*(X(T), M) =5 eHX (X(T), M) — eH*(X(T), M/oM) *5 .

Then we have er:,(X(F),M) = weHé(X(F),M) for ? = 0,c and i = 0,2. Since they are
finitely generated O-modules, they are 0 by Nakayama’s lemma. The only cohomology left
is eH% (X(I'),M). Tt is finite over O and multiplication by @ on it is injective. Therefore,

eH,} (X(T'), M) is finite free over O. O
Proposition 4.10. S}, is concentrated at degree 1.

Proof. The result is known to experts. By [BP23, Proposition 5.6.3], S}, is concentrated in i €
[0, 1]. The degree O cohomology in characteristic p is also 0, because of the extension by 0 in the
definition of cohomology with partial supports. Here we give a detailed explanation. In this proof,
we have to distinguish the difference between S*', the actual toroidal compactification, and §“’r,
the blowup of S™" defined by [BP23, Proposition 4.1.13]. We regard {D;, Z;} as divisors on S*"
and {Z; ~;, Z; <} as divisors on stor,

Inthe case g = 2, 7 : Stor 5§ s the blowup of $*" locally defined by Z, and V(p™). For
W = W,, the strict dynamic compactification is given by gdt(?;_l’wﬂ) =7Z2«2NZ150, Diyw =Z1 <1,
and D_,, = Z 1. Note that Z; <; = 7*(supp(V(p™) — D3)) and on S — (supp(V(p") — D3)),
Z, — V(p") is always effective. Since blowup by an invertible sheaf is an isomorphism, 7 induces
the isomorphism S — D, = §° — supp(V(p") — D3).

By [BP23, Lemma 2.6.7], it suffices to prove RF(StI({);Kp,n,Fp,W’ w* (= cusp))®™ is concentrated
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at degree 1 for each algebraic weight «, so we may assume n = 1. By [BP23, Proposition 2.5.4],

the ordinary cohomology is the same as

RT(S™r — Dy, (= cusp—kD_,,))°

(w=1,w+1)

for all £ >> 0, so it suffices to prove that RF(E}(%_ — Dy, w(—cusp—kD_,)) is concen-

1,w+1)

trated in degree 1.

We first prove that Rl“(gt("r —D, , W(—cusp—kD_,,)) is concentrated in [0, 1]. gtor

w—1,w+1) (w=1,w+1)

Diyw=272N Zf’ ;- Observe that the image of (S — supp(V(p) — D3))E, in SI?;“ = S?LHKP,IJF,,
min,> 1

F, of p-rank > 1. Since S%) — ST is proper, quasi-finite

lies in the open subset S KPK,.1 F, KPG(Z,)F,

Smin,zl

above KPG(Z,).F,

because an abelian surface with p-rank at least 1 has only finitely many order

Smin,zl

KPK, 1 F,

p finite flat subgroup schemes, similarly as in the proof of [Pil20, Lemma 14.8.2],

min,> 1

Smin,zl
KPG(Zp).Fp

KPG(Z,).F, is finite, hence affine. Since S

is covered by two affine open subschemes as

shown in the proof of [Pil20, Lemma 14.8.2], S?;nki,ll F, is also covered by two affine open sub-

min,>1

schemes. Let S;’;Zl be the preimage of SF,,

. We prove that the sheaf w*(—cusp—kD_,,) has
no higher direct image under the composition

(V(p*) = 22) N (V(p) = D3)° = (V(p) = D3)° — Sgp™! — syt

forall k € N, and this can be checked on locally closed strata. We also note that all boundary strata

tor,>1

are contained in Sg,

because there is a nontrivial toroidal part within the universal semi-abelian
scheme.

We first consider the open strata S. When restricted to S we have the map
(V(p*) = Z2) N (V(p) = D3)g — (SN (V(p) = D3) )z, — S

Since the first map is a closed immersion and the second map is an open immersion with a locally

principal complement, both are affine morphisms and have trivial higher direct images.
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Then we consider a closed strata X/I" = Xy o¢,50,.0/To, associated with a 0-dimensional

cusps Z = Zj(ag,sx)]- For this strata, we have the following cases:

1. D3 = 0: In this case, X/I" is contained in the complement of D3, which is open and disjoint

from (V(p?) — Z>) N (V(p) — D3). Therefore, the derived direct image vanishes on Z.

2. D3 = D4 = V(p): In this case, /T is contained in the complement of V(p?) — Z,, which
is open and disjoint from (V(p?) — Z,) N (V(p) — D3). Therefore, the derived direct image

vanishes on Z.

3. D3 = V(p), D4 = 0: In this case, X/I" is closed and disjoint from D_,,. Therefore, the
vanishing of higher direct image of w*(—cusp —kD_,,) follows from the usual vanishing of

higher direct images of w*(— cusp).

Finally we consider a locally closed strata X /" = %q;K,(;K,zq,K 0/T'eo, associated with a 1-dimensional
cusps Z = Zj(ax.5x)]- We may exclude the 0-dimensional cusps and boundary strata above them
in the minimal compactification and toroidal compactification, respectively, so that X /T" and Z be-
come closed. Since n = 1, D3, and D4 are associated with the etale part, the multiplicative part, or
the abelian part in the Raynaud extension, and we call them etale, multiplicative, or abelian in the

respectively cases.
1. Dj is etale: In this case, D3 = 0 and the derived direct image vanishes on Z.

2. Dj is multiplicative: In this case, D4 is abelian. Note that on the strata X/I', D_,, = D4 =
Do, 1 is defined on the base M,cf’( and the source is the closed subscheme defined by the
divisor V(p) — Do,.1. We consider [Lan17b, Lemma 8.1] and pull back the formula (8.2)
to this closed subscheme. Then the vanishing of higher derived images follows from the

projection formula and ampleness as in the proof of [Lan17b, Proposition 8.3].

3. Dj is abelian and D4 is multiplicative: This is similar to the previous case with D3 and D4

interchanged.
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4. Dj is abelian and Dy is etale: In this case, D_,, is disjoint from X/I" and we restrict to the
open subscheme M;?K — D3. The vanishing of higher derived images follows from [Lan17b,
Proposition 8.3]. In fact, since Co, s, 1 an abelian scheme torsor above MI?K — D3, the

analysis in [Lan16b, Section 7] is sufficient.

This proves that all RF(S;?; Kog e @(= cusp))® are concentrated in degree [0, 1]. Then we
p.ntps
prove that HO(St,?; K W,cuK(—cusp))"rd = 0. By the definition of ordinary cohomology, it
p.n>Lps

suffices to prove that the closure of every irreducible component of Skrk, r,.w has a nonempty
intersection with D_,,, and this can be proved after a base extension k /Pp where k is a finite
extension of IF,,.

Let N € N be a positive integer such that K” contains K(N) = {g € G(ip) | ¢ = 14

(mod N)}. Let Y(N)/Z, be the modular curve of principal level N, and Y (N, p)/Z, be the modu-

* %

lar curve of principal level N and Iwahori level Iy(p) :=<g = (mod p) ¢ € GLo(Z),). Let
0 =

k/F, be a finite extension such that Y (N)°"(k) is nonempty, say there is a k-point (Eo, AEy aN)
where E is an elliptic curve over k, Ag, is the standard principal polarization, and ay ¢ : (Z/p" Z)* =
Eo[N]. Then we have amap Y (N, p)r — Skrk, .k, sending (E, A, an, E — E’) to (Eg X E, A, X

Ag,ano X ay), and the chain of isogenies
EgXE — E()/E()[p]m XE — E()/Eo[p]m X E" — Eo/E()[p]m XE — EyXE.

Let D?, be the divisor D, defined for the case g = 1, regarded as a divisor on Y(N, p). Then the
GL2(Z/p" Z)-twists of Y (N, p)x — D’, in Skrk,, x are all contained in Skrk, xw and intersect with
all components of Skp Kphkw- LetYr, ... Y, be irreducible components of Y (N, p); — D’z. Then
each of ¥; contains a supersingular point, say P;. By definition, the GL(Z/p" Z)-twists of the
image of P; are contained in D_ ,,. This proves that the closure of every irreducible component of

SKPK, kws and hence that of Sk» KpFpws has nonempty intersection with D_,,,. O
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Theorem 4.1. All three terms of the exact triangle

Sw =M= B Bl —
[glecyd

are concentrated at degree 1. In particular, we have the fundamental exact sequence

1 1 1
0—-S, — Mw,Kl — @ BW,[g],C — 0.

[g]eCyS,
Here S\ is the degree 1 cohomology of the complex S¥, and M vlv x and Bvlv ol.c 4T€ similarly defined.

Proof. S, is concentrated at degree 1. By Corollary 4.9 and [BP23, Lemma 2.6.7], each of B*

w,[gl.c

is also concentrated at degree 1. Therefore, M:; i is also concentrated at degree 1. m]

We also describe each B! in terms of ordinary modular symbols. We represent the
w,[gp,l],c

ordinary cusp labels by (g”,u) € G(ip) X T(Zp) and define Rgr := R((4r1).krG(z,)) and [gp :=
L), KPG(z,)) @s congruence subgroups of SL,(Z). Then each I'((,» 4) k,) is identified with I'gp N
'y (p"). Consider the subtori 7} := {diag(b™', b, b,b)} c T and T» := {diag(ta,1,a”',1)} c T.
They satisfy T = T} x T. Define T}, := Ad,,(T;) fori = 1,2. Then Ty, = {diag(b~', b, b, b1},
and T, := {diag(ta,t,a™',1)}.

Two representatives (g”,u1) and (g”, u;) represents the same cusp of level K”K,, if and only

if uyus ' (mod p") € T,,,(Z/p" Z). Therefore, The formal scheme

-1 A
T (x((pgp,l),K)/F((gPJ),K))

is naturally identified with copies of %(Aé b1) K)/ [er N T (p") indexed by T5,,(Z/p" Z). Simi-
larly as in [Kit91, Section 5], for every Z,[[T1,,(Z,)]]-algebra A, we denote by M S;’ﬁ,d(A) the

R [[T1,4(Z))]]-adic ordinary modular symbols of tame level I'g», defined as the following coho-
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mology complex

‘§’Z,, Al,

RHomy, , (z,) (1, (R @@RFC(X(ng NnT(p"), Rgp)ord ®£pr 7/p"Z)

m n

which is concentrated at degree 1. In general, the action of I'y» on the coefficient R,p is not trivial

but factors through a finite quotient. Then we have the following result.

Theorem 4.2.

Bl o 11e = MSSNZ,[[T10(Z)1)®z, Zy [T (Z)]].

For every Z,[[T(Z,)]]-algebra R, we define SVIV’R = S ®z,[[7(z,)]] R, and similarly define

M! and B!
w,[g

w.KLR R Then we have the short exact sequence

I

1 1 1
0— SW,R - MW,KI,R - @ Bw,[g],c,R — 0.
d
[glecy,

We write ® : M!

wKLR @[g] ecom, B&V’[g]’c’  for the map taking boundary values. We write

CI)[g] : M1

wikig =B vlv lel.e.R for the boundary value map at the cusp labeled by g.

[g]
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Chapter 5: Eisenstein congruence

In this chapter, we prove the main theorem. We review the results on Galois representations
associated with automorphic representations for GSp,. The case for cuspidal representations is
referred to [WeiO5]. Using the standard argument in Hida theory, we construct a big Galois rep-
resentation in a Hecke algebra. With a Hida family of modular forms f, we also define a Hecke
eigensystem and a rationally defined A-adic nearly ordinary Eisenstein cohomology class Ep that
satisfies this Hecke eigensystem.

We modity the cocycle construction in [SU14] to obtain lower bounds of the sizes of particular
Selmer groups, which is associated with the primitive multiple of Ep. Meanwhile, Kato’s Euler
system [KatO4] and Ochiai’s generalization to Hida families [Och05] give upper bounds of sizes of
these Selmer groups in terms of p-adic L-functions under certain conditions. If the constant term
of Ep is large enough, Ep must be integral, for otherwise, the size of elements in the Selmer group
we can construct exceeds the upper bound. We formulate the main theorem in both the 1-variable

and 2-variable cases.

5.1 Conventions for Galois representations

Let G ¢ be the absolute Galois group for every field F. If F is a local field, the reciprocity map
is normalized so that a uniformizer is mapped to the geometric Frobenius. Fix a prime number
p = 3. We fix an isomorphism C, = C. €. : Gg — Z; is defined as the p-adic cyclotomic
character and w : Z;f — Z;f is the Teichmuller character, also regarded as a Dirichlet character. Let
Qo be the cyclotomic Z,-extension of Q. Denote by I'g the Galois group Gal(Q,,/Q). Let L/Q,

be a finite extension and Oy be its ring of integers. Then we define Ap, := O[[I']]. When L is
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given, for every local reduced finite Ap, -module /, we define
XI - HomOL,cont(Ia Cp)

as the set of points P such that P|r has the form

y > ep(Y)e€cye(¥)**

for some finite order character ep and integer kp. We define and yp as the Dirichlet character
sending ¢ to ep(Froby)~! for all £ # p.

Let y be an idele class character. If yo(x) = sgn€(x)x" for some € € {0,1} and n € Z, we
define o, : Gg — C;f the p-adic Galois character determined by o, (Froby) = x,(¢) for all prime
numbers ¢ 1 pf,. If ¢ is a Dirichlet character of conductor N, we associate it with the idele class
character, also denoted by , satisfying that y,(€) = ¢ (£) for all £ ¥ N. The corresponding Galois
character oy, satisfies that o, (Frob,) = ¢ (¢) forall £ ¥ N.

We refer the notions of C-algebraic and L-algebraic automorphic representations to [BG14].
The p-adic Galois representation attached to a L-algebraic representation 7, if exists, is the semi-
simple one for which the characteristic polynomial at Frob,; is given by the L-parameter of r, for

good places €. We will specify the twist for C-algebraic automorphic representations in GSp,-case.

5.2 Modular forms and Hida families for GL,

Let f € Szrd(N p%, x) be a normalized primitive ordinary modular form. Denote by A7 the
associated Hecke eigensystem. Let £/Q , be a finite extension containing Q(f). There is a Galois
representation (pr, Vy) where V; is 2-dimensional over E and py : Gg — GLE(Vy) is a continu-
ous representation such that the characteristic polynomial of
Frob forall £ f pN is X% — a({, f)X + x(€)¢*~!. There is a Gg-stable O lattice Ty C V. Let
a be the unramified character on Gg, sending Frob,, to a(p, f). Then there is a Gq,-stable line

V}' C V; on which GQp acts by a, and we define V]Z = Vf/V}', T; = V}“ NTy, T]Z = Tf/T;. Let
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-1

¢;, be the characters giving the action of Gg, on V}—’. In particular, i}, is ¢, and U is el -k

yer

We consider the following conditions:
1. (irre): The residual representation p 4 is absolutely irreducible.
2. (dist): ¥, and y,, are distinct mod Mo,

k0 3k

Let Ko(N) = {g € GLz(ip) | g = (mod N)}. We define s as the unique automorphic
0 1

representation 7 of GL, with the following properties:
1. oo = B(1,sgn* |- |175).

2. There is an element in ¢( f) € 750N) such that the Fourier expansion of ¢( f) at g = 1 is the

g-expansion of f.

In particular, 7 is L-algebraic and the associated Galois representation is p .
LetI' = Gal(Qu/Q), Ao, = Or[xt][[T']], and I be a normal local domain finite flat over Ao, .

An [-adic ordinary family with tame level N is an g-expansion

f= Za(n,f)qn € I[[q]]
n=1

such that for all P € Xy with kp > 2,fp := 3.7 a(n,f)(P)g" isin SirPd(Np",)(f)(pw_kP) where yt
is an Dirichlet character with value in Oy, independent of P. The Dirichlet character y is called
the Nebentypus of f.

Let f be an /-adic normalized ordinary Hecke eigenform and Ag¢ be the Hecke eigensystem

defined by f. We assume
* (irre): pg, 1s irreducible for some, and hence for all classical points P.

Then by the theory of pseudorepresentation, there is a big Galois representation (pg, Ty) with T¢

free module of rank 2 over I, pr : Gg — GL;(T}) a continuous representation, satisfying that the
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characteristic polynomial of Froby is
X% = a(t, )X + (T y€eycl€cye) ") (Froby).

Let ar be the unramified character on G, sending Frob,, to a(p, f). We define V¢ := Ty ®; Frac(1),
Vi C Vi be the ar-eigenspace, and V™ := V¢/V}".

We assume
e (dist): For some, and hence all P € X; with kp > 2, fp verifies (dist).

Then T := V" N Ty is a summand of T, free of rank 1 over /. We define Ty := T¢/T". Let T be the
universal ordinary Hecke algebra and T, be the local component of f. By [Wil95, Corollary 2], T},
is Gorenstein.

For every ring R with 27! € R we define Sym"(R?) as the symmetric quotient of (R?)®"
and L,(R) c (R?)®" as the subspace fixed by S,-action. Then L,(R) — Sym”(R?) and gives
isomorphisms on both highest weight and lowest weight vectors. Let {e, e;} be the standard basis
of Zf,, and Q? be the integrally defined Manin periods. We define 7]; as the Sym*~2(C?)-valued

differential one form

f(2)(ze1 + €2)*2dz 7 f(-7)(Zer + e2)* 2dz
Ot :
f

ny(z) =
These are naturally identified with closed cocycles in
C'(sl5,SO(2,R), ms| - |* ® Sym 2(C?)),

defining cohomology class E}-’ = [77;'7] which are integral basis. As modular symbols, 17}-'. are used
to define the 1-variable p-adic L-function L,(f,¢) € Ag,,, for Dirichlet characters ¢ such that
L,(f,y)(Q) interpolates critical values L(f, zﬁ_l)@lka, ko +1) for Q € Xpo, With 0 < kg <
k —2.

Suppose f is a Hida family verifying (irre) and (dist). In [Kit91], Kitagawa introduce the no-
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tion of A-adic ordinary modular symbols MS°4(A) for all A-algebra A. Here the tame level is

' (N). Since Ty, is Gorenstein, the (g, +)-eigenspaces M S° (T )*[A¢] are both free of rank 1

over Ty, Let E¢ 7, be a choice of base of respective spaces and Z¢ be their image in M Sord(D*[A¢],
respectively. Then E¢(P) and :;—'P differ from p-adic units for all P € X; with kp > 2. The Mazur-
Kitagawa 2-variable p-adic L-functions L, (f,y) € I[y][[I']] for f and a Dirichlet character ¢ is
constructed in [Kit91, Section 6] in the similar way to the construction of the 1-variable p-adic L-
function of modular forms, such that L, (f, ) (P, Q) interpolates the critical value L(fp, ! )(é' wke, ko+
1) for (P, Q) € X; X Xpp, With0 < kg < kp — 2. By construction, L,(f,¢)(P,-) is a p-adic unit
multiple of L, (fp, ).

Let X be a finite set of prime numbers containing p. We define

Ly (£y), Ly (f.y)

as the imprimitive p-adic L-functions obtained by eliminating Euler factors at all primes ¢ €

X -{p}.

5.3 Galois representations associated with automorphic representations of GSp,

We recall the definitions of group theoretic data of GSpy.
GSp, = {g € GL4 | g'Jg =v(g)J € Gy}

and v : GSp; — G, is the similitude character. Let G = GSp, and T C G be the diagonal torus.
The weight lattice is given by X(T) = {(k1, k2, k.) € Z*> | k = ki + k» (mod 2)}. The weight

k = (k1, k2, k) is determined by the condition

k diag(ac, bc, alc, b_lc) = ak1phecke,
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Let {k; > kp > 0} be the dominant chamber. The simple roots are @ = (0,2,0) and 8 = (1,-1,0).
The set of positive roots is ®* = {a, B, @ + B, & + 28}. With the standard inner product of R?, we
identify XV c R? as the lattice XV = {(ky, ko, k) | k1, ks, k € 1/2Z, ki + k € Z}. The dual of
simple roots are ¥ = (0,1,0) and B8¥ = 8 = (1,-1,0).

GSp, is self-dual. We fix the isomorphism ¢ € Aut(¥(G,T)) by sending a to 8", B to @ and
(-1,0,1) to (-1/2,-1/2,1/2). The isomorphism is also self-dual.

There are two standard maximal parabolic subgroups P,, Pg with Levi decompositions P, =
MyN,, Pg = MgNpg. The first one is the Klingen parabolic group Pg; and the second one is the
Siegel parabolic group Pg. The Levi subgroups M,, Mg are both isomorphic to GL, X GL via the

following isomorphisms:

t~1det(g)

L(I(g’t) = 4 L,B(g,t) =

; gl

These maps induce isomorphisms M, M g =~ GL, XxGL, and we also identify the latter with
GL, x GL; in the canonical way. The maps ¢, ¢g € Aut(GLy X GL1), ¢o(g,t) = (g,det(g)1),

¢p(g, 1) := (tg,t) fitinto the following commutative diagrams [Mun20, (4.1.3), (4.1.5)]:

GL; xGL{ > GSp,

l T

GLyxGL; —%5 GL,xGL; — s GSp,

~
<
<

~
S
N

GL) x GLY s M) GSpy/

! L

GL>xGL; —22% GL, x GL; s GSp,

~

~
S
N
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Then we compute the compositions

tdet(g)

ta th g
La0¢ﬁ(g,t): > Lﬁod)a/(g’t): .
t tdet(g)Tg™!

tc td

With the duality, we interpret a representation of GSp, in terms of that of GSpy, and for automor-
phic representations on Mp the study on the Galois side is related to M,,.
Let diag(a,B,y,6) € T(C) and u € TV(C) be the element with image diag(a,B,y,d) in

GSp,(C). As an unramified character for finite places, u is explicitly given by
udiag(a, b,a™'t,b7"t) = " W) gy gvia), v

Let ¢ be a prime number and Ry, Ty, and S¢ be the spherical Hecke operator defined by diag(1, 1, ¢, ¢),
diag(1,¢,¢%,¢), and €14 in GSp,(Qy), respectively. Let 1, be the associated character of the spher-
ical Hecke algebra. Then A, sends Ry, Ty, and Sy to £ (aS+ad+By+yd+ay)—ay, 32 (a+B+56+y),

and ay, respectively. The Hecke polynomial for the spin representation is defined as
00(X) = X* = Tu X + €(R + (p* + 1)S¢) — TS + €°S2.

The set of roots of 1,(Q¢(X)) is {€3/%a, €328, €326, £3/%y}.
Let E/Q, be a finite extension, 7 be a L-algebraic automorphic representation of GL, with
associated Galois representation p : Gg — GL2(E), x : Gg — O be a finite order character,

also regarded as an automorphic character. Let r be an integer. Then the induced representations
G 3/2 G 3/2
Indg, (x @ y| - I"**2), nd$. (x| - @ x| -|")

are C-algebraic, and we compute their associated Galois representations. Let £ # p be a good
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prime for both 7 and y and diag(ay, B¢) € GL, = GLE’ be the L-parameter associated to my. Then

the L-parameter associated to Indgs (7 ® x| - ["*3/2) in GSp,(C) is

xe(O) 312 diag(aeBy, ar, 1, Br),

and the L-parameter associated to IndgK (n] - 13> ® x| - |") in GSp,(C) is

€ diag(a, B, xe (O Be, xel ™" ar).

The associated Galois representations are ye.,.(0 ® 1 ® det(p)) and p & ye€, ., respectively.
Let 7 = 7o ® 7y be an unitary cuspidal automorphic representation of GSp,(Aq). Let S be
a finite set of places containing the infinite place and bad places. Suppose that 7., belongs to
discrete series of weight (k, k2) and we define w = k| + k, — 3. The existence for 4-dimensional
representation associated to m (more precisely, a C-algebraic twist) is given in [Wei0O5, Theorem

I]: There is a number field £ such that for all £ ¢ S, the local L-factor
Le(£7%) := Le(me, s —w/2),

the spin L-series, has L¢(X)~! € E[X], and for every prime number p and A an extension of p in

E, there is a semi-simple continuous Galois representation
pr.a : Gal(Q/Q) — GL4(E),
unramified outside S U {p}, such that
Le(€7") = det(1 — pya(Froby) ™)~

forall p ¢ SU{(}.

We may take E large enough such that the Galois representation is defined over E,;. The
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representation p, , can be an irreducible representation, be a direct sum of two irreducible repre-
sentations, or contain a 1-dimensional. [Wei05, Theorem II] says the last case implies 7 is a CAP
representation. When (k1, k) is sufficiently regular, r is not a CAP representation.

By Taylor’s computation in [Tay93] that is based on Vogan-Zuckerman theorem [VZ84], a
cohomological cuspidal automorphic representation 7 = 7., ® 7y contained in H !3(S x, L) for
regular A has 7, being a discrete series. Therefore, for every Hecke eigensystem associated with
such cuspidal automorphic representation, we have a semi-simple Galois representation with the

expected characteristic polynomial.

tor

We will consider Hecke Eigensystems appearing in H' (X, w“(-D))°"9, where X = S KPK, 1, Cy
p,1,n>>~p

Consider the diagram

0 — w"(-D) —— W*(-Dg) — w*|ps(-DgNDg) ——> 0

l l l

0 — wX(-Dy) S Wk y w|p, ———> 0

and apply cohomology functors. The theory of ordinary cohomology of automorphic local sys-
tems for GL, gives that H(Dg, w*|p,(—=Dk N Dy))° = 0, so the map H'(X, w*(-D))* —
H'(X, w¥)° has kernel contained in ker(H' (X, w*(-Dg)) — H'(X, w*)), which is a quotient of
H(X, w"|p,). Then any Hecke eigensystem 1 in H' (X, w*(—D))° appears in either H!3 (M, Lp)
or parabolic inductions from the Klingen parabolic group. Here A satisfies k = w - A for some w.
Therefore, there is a semi-simple 4-dimensional Galois representation p, attached to 4. When
k 1is sufficiently regular, p, is an irreducible representation, a direct sum of two 2-dimensional
irreducible representations, or a direct sum of four Galois characters.

Moreover, we also consider the short exact sequence

0 - w(-Dg) = W - W*|p, =0
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and obtain the exact sequence
H(Dg.0") > H'(X,0"(-Dg)) — H' (X, 0") - H' (Dg. w").

Since the Hecke eigensystem of the cuspidal Siegel Eisenstein series does not appear in induced
representations from the Klingen parabolic subgroup, for the associated Galois representation is
a direct sum of two Galois characters and a 2-dimensional irreducible representation, there is a
unique element in H' (X, w*(=Dx)) characterized by satisfying the same Hecke eigensystem and
the value in H' (X, w*) is the Eisenstein class. We still call the element in H' (X, w*(-=Dk)) the

Eisenstein class.

5.4 [Eisenstein data and associated Ap-adic Galois representations

Let (ky1, k2, k.) be an dominant weight of GSp, and k = (k, — 1, —(k1 +3); k). Let P = Pg be
the Siegel parabolic subgroup. Let c® y|-|" be a cuspidal representation of GL; X GL; = M where
x is a Dirichlet character, 0o, = Dj(k) is a discrete series with k = k1 + ko +4, u = k1 — ky + 1,
and u + 2r = —k.. Then n := Indg (0 ® x| - |") contributes to H'(Shg,V,). Let f be the
holomorphic newform contained in o~ and p s be the Galois representation associated with f. The

Galois representation associated to the induced representation Indg (c®y|-|")is

XEC(‘;C]‘CC+](1+](2)/2 ® (det(pf) ® e_ck)l):z ey 6;)}(6{(1+2) ® pf) )

It is ordinary if and only if ps is ordinary, and in this case, det(ps) ® efy‘: 2@ Ec_y(ck 2 g pr has

distinct Hodge-Tate weights {0, ko + 1, ky + 2, k1 + k2 + 3}. In the family we construct later, » will
be kz - k1 - 1/2, SO kc = k1 - kz.
Suppose f has an ordinary p-stabilization. Then 7 = Indg(o' ® x| - |") is nearly ordinary. In

this case, o, = B(&1] - [F1%2,&] - |~*2*D) where &1, &, are unitary characters of T(Q, ). Therefore,
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G(Qy)

B(Q,) (&) where £ is the character

7, is isomorphic to the induced representation Ind

¢ - diag(a,b,a't,b7'1) = (&1 - 192) (@) (&l - 79D (D) (x| - 1) ().

The weight diag(a, b, a™'t,b~'t) — a**2b=(2*D" is not dominant. Let w = w,. Then

wl€ tdiag(a, b,a™'t,b7'1) o (&1 - ) (@) (& 1Y (D) (xpéal - 1T ()

and the weight diag(a, b, a~'t,b7't) > ak1+2pketly—ka-l is dominant.
Let (/l?rrj)’ be the character given by the nearly ordinary vector of 7, on 7*(Q,) with respect

to the unnormalized Hecke action. By [Hid04, Theorem 5.3], it is given by
1/2 -1 - 12 _
(/l?r;d)l — 58/ 5B1W lf — 53 / w lf-

12 s

-1
B °"B

Here the factors o are contributed by the normalization of induced representations and the

number of cosets in defining double coset operators, respectively.

Apply the character on diag(a, b, a™'t, b~'t) and we get

(xl?,rpd)'(diag(a, b,a 't,b7'1)) = (5;1/2W_1§)(diag(a, b.a"'t,b711))
:|a|_2|b|_1|l‘|3/2(§1| . |k1+2)(a)(§2—1| . |k2+1)(b)()(p§2| . |r—k2—1)(t)

=(&11- 1" (@& 1) (B) (xpéal - 1712) (1),
We parametrize T by diag(ta='b~!, b~!, ab, bt) instead. The character above is given by

(A3 (diag(ta™'b~!,b™", ab, br))

=& T @) al - TR B) (ypé160] - HRTR2) (1),

Let f be an /-adic ordinary Hida family. Consider pairs (P, Q) € X; X X Ao, withkp =k; +ky+4
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and kg = k1 + 2. Then the condition k1 — 3 > k> > Ois equivalentto kg —3 > kp — kg > 2. We
define a 2-variable family of automorphic representations of GL, X GL;:

Tt (P, Q) =me, x~ xg' 0l - [*¢ & (xexpw ™| - | 7*7) " (xxow el - 7*e)?| - 712

_ -1 -1,k k 1.2 kp-2k kp—2kop-1/2
=mex " g @) - 1Fe m oy i ap G He - e ke 2,

Then IndIG, (7t (P, Q)) is C-algebraic, with associated Galois representation

kp—ko kp—ko-2 -k
p(f’X)(P’ Q) :(O-X’IXO-/\/*lXQO—wP QEC;C e )O-XO-XQo-(A) Q
(pr(P) @ o o di? @ e @ det(pr(P)) @ (o o) el
kp—ko kp—k
(o, i ket

X)(XQ

k -ko -k
(pf(P) & det(pf(P)) Oy XQO-wQEC)zgc ® OxOxo0w QEcch) .

kp—ko kp—ko—2

Denote by ¢ (P, Q) the Galois character o T o %w Ecye . Since 0, €cye = (€cyc), WE

get
¢(P’ Q) = U);flo—x cyc<€cyc>(P)<€cyc> (Q)

p(EX)(P.Q) =4(P, 0) (pe(P) & det(pe(P))ry €0y ) (Q) @ 7 (ecse) ™ (0)
=4(P, Q) (01(P) ® 00 ecyeecye) ™ (PN {eere) (Q) © 0y (ecse) ™ (Q))

Definition 5.1. We define A(P,Q) = (kg —2,kp — ko —2,2kg — kp), and k(P, Q) = (kp — kg —
3,—(kg+1),2kg—kp). The relation between them is that k(P, Q) = wag- A(P, Q). We also define

v(P,Q) :=-wy'wou(k(P,Q) +p) — p = —woA(P, Q).
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We define xp as the 2-variable family of finite order characters on T(Z,,) given by

. 1, — _ -k _
xp(P,Q)(diag(ta™'b~",b™" ab, bt)) = (xpx0,wp ) (@) (rpxppw, ") (b).

Proposition 5.1. Indg (s (P, Q)) is nearly ordinary and T (Z,,) acts on the nearly ordinary vec-

tor via the character xp(P, Q). In particular, Eisenstein classes from the induced representation

Indg(ﬂ(ﬁ){) (P, Q)) appear in H' (Shtlgfc, wf(f(P’Q) (xp(P,Q))) for I = 0 and {Pk;} for sufficiently

regular specializations.

Proof. Let a), be the unramified character on Q; with a,(p) = a(p,f). Then

Ttpp = B(ay(P),ap(P) xepxppw, |- 574,
Then

-1, -1 k k
T(fp,p/\/p XQ’pwpgl ' | e

-1 - k -1 - _ —kp+k _
EB(a’p(P)/\/p1/\/Q,lppr| : |kQaa’p(P) lXpl)(f,pXP,pXQ,lpwp g Q| 3 kP+kQ+l)~

Therefore, 7% (Q,)-acts on the nearly ordinary vector in Indg (7 (£, (P, Q)) by the character

diag(ta™'b™", 67", ab, br) (@, (P)xpx0,w, 2| - 1752*2) (a)

X(a, > (P xepxppw, "] - 1757 ) (b).
and then the element diag(ta~'b~1,b71, ab, bt) € T(Z,) acts by
K _ . 1yl -
(pxo.pwp (@) (xepxppw, ") (b) = xp(P, Q) (diag(ta™'b™",b™", ab, br)).

O

Proposition 5.2. Let /lg;d be the normalized Hecke character of T*(Q,) on the nearly ordinary
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vector ofIndg () (P, Q)). Then

A9 (diag(ta~'b~", b7, ab, br)) =(ab?/p" )2y, (ab™ ) xsp ()

Q™ (a/p" NP (b/p" P a(p.fp)r ).
In particular, /l?rrpd|7(zp) = xp(P,Q)v(P, Q) is given by
xp(P,0)v(P,Q)(diag(ta™'b™',b™", ab, b)) = a®b* x, (a) x1,, (b) Q™" ((a)) P~ ((b)).
Proof. The unnormalized Hecke eigenvalue is

diag(ta™'b™', 6", ab, br) (@, (P)xpxo,w, 2| - 1752*?) (a)

x(ay,*(P)xtpxp.pw, "] - |77 (D).
The weight woA(P, Q) is (=(kg —2),—(kp — kg — 2),2kp — kp). The normalization factor is

(v(P,Q),diag(ta”'b7", b7, ab, bt)) =(-woA(P, Q),diag(ra”'b~", b7, ab, b))

:a_kQ+2b_kP+4.

By definition, for every prime number ¢ # p, w,({) = w™!(¢) and Xxo.p(f) = )(Q(f)" =

eg (Froby) = €g(¢~!). Therefore, for every a € Z7,

(Yo, ) (@)a*e = ey(a) w(a)tea ™ e = Q7' ((a)).

Since the conductor of )(Qa)‘kQ is a power of p, for every a € Q7,

(vo,w, 2| - ) (@)a™ e = 07  ((a/p*r@))).
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Similarly, for every b € Q7,

()(P,pa)l_)kpl . |—kp)(b)b—kp - p! (<b/pvp(b)>),
Therefore, the normalized Hecke eigenvalue is

diag(ta™'b", 67", ab, bt) > x,(a) xt,(b)(ab?/p"» @) 2a(p, £p) r(@ b7
—k _ _ _ _ _
X(xo.pw, |- [70) (@)a™ e (xp pwy*?| - [757) (b)b7F?
2
=(ab?/p"" )y (@) xtp (D)

Q™ (a/p" NP (b/p" P )a(p,tp) .

A p-adic Eisenstein datum D is a tuple D = (L, I,f, y,X) where L/ Qp 1s a finite extension, /
is a normal domain finite over Oy [[I']], f is an /-adic primitive ordinary Hida family of tame level
N and Nebentypus yf such that the image of yg is contained in L, y is a Dirichlet character with
value in L, and X is a set of prime numbers containing all prime divisors of pNc(y).

We define Ap := I[[I']], which is a normal local domain finite flat over O [[I" x I']]. For
every y € I', we define [y]; := [(y, 1)] and [y]> := [(1,y2)] as group elements Oy [[T" X I']]. For
i = 1,2, we define (e.y); as the Ap-valued Galois character

Ecye yelyli

Gg — I' —— Of[[I'xI']] = Ap.

We regard pf as a Ap-valued Galois representation via the natural embedding I — Ap. The

characters {¢(P, Q)} are specializations of the Ap-adic Galois character

. -2 -1
¢ = O'Xf—lecyC<€cyc>l<€cyc>2 >
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define p7, as the 4-dimensional Ap-adic Galois representation

4

Pp =Pt D O-Xfo')zlecyc<€cyc>1_l <€cyc>2 ) 0-)(<€cyc>2_]
-1 _-1 2 -1 -1
=pr © O viw=20y Ecyc<ecyc> <Ecyc>1 <€cyc>2 D 0')(<Ecyc>2 s
and define pp := ¢ - p7,. The Galois representations pp, p},, and ¢ are unramified away from X.

Definition 5.2. X, € Homg, con:(Ap,C,) is the set of continuous homomorphisms R such that

R|rxr has the form

k k
(y1.72) P er1(y)y, < era(y2)y|*?

for some finite order characters €g 1, €rp, and integers kg1, kra. We define XK’; C Xp, as the

subset of R with the interlacing condition kry —2 > kr1 — kro > 2

We have a inclusion X; XXAOL — Xy, sending (P, Q) to P®Q. When ko—=2>kp—kg > 2,
(P,Q) € Xf\le Moreover, when kg —3 > kp — kg > 2, pp(P, Q) is the Galois representation

associated to Indg () (P, Q)).

Proposition 5.3. We endow Ap with the Z,[[T(Z,)]]-algebra structure given by the character
diag(ta™'b™", b7 ab, br) = (a®b*xp(@)xz,p (0)) ™ (O [(@)]2.
Then
M, & ®z, 1z, AD ®np.(P.0) Cp = RF(S@E?EK!,,P,WM}(P’Q) (xp(P.Q))™®C,.

Proof. By Proposition 5.2, we have the commutative diagram

////” ‘\<;®

Zp[[T(Zp)]]

uMP@(P@>“ Cr
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O

When (P, Q) € X/‘\l; , k(P, Q) is cohomological. Therefore, by Proposition 4.5, when w = w,,

* ~ (P.Q) d
M;, 7a, ®AP0) Cp = RE(SKk o @'y (xp(P. Q)™

whenever yp (P, Q) is defined on T(Z/p™ Z). In particular,

Swrn ®anur0) Cp = H' (SGx o0 "D (xp (P, ) (=D))*".

Proposition 5.4.

By e alenp = (MS;?Ed(I)) ®z, Zp[[T]].

Proof. In the isomorphism given by Theorem 4.2,

B, 1or 11 = MSSN(Zy[[T10(Zp)])®2, Zp[[T2.0(Zp)]],

T; acts via Ad,, : T; — T;,, on the ith factor for i = 1,2. On the other hand, the structure

homomorphism Z,[[T(Z,)]] — Ap given by Proposition 5.3 is decomposed into the completed

tensor product of two homomorphisms
Zp[[T(Zp)]] = 1, Z,[T>(Zp)] — Zp[[T]].
Therefore,

erttens = (MSEE 1T @)1 8212, 1)
82, (Zp[[To (2] @2, 172,011 Z,[(T11)

=M S (1@z, Z,[[T]].
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5.5 Selmer groups and Iwasawa main conjectures

We follow [SU14, Section 3] to introduce the general notation of Selmer groups and Selmer
groups attached to modular forms and Hida families. Let A be a profinite Z,-algebra, T be a finite
free A-module with a continuous Gg-action. Let F' C Q be a subfield and {1\, },)p be a family
of G,-stable A-direct summand of T for every finite place v of F lying over p. Let X be a set of
finite places of F. Let A* := Hom¢on (A, Q,/Z)) be the Pontryagin dual of A, given the A-module
structure (a - ¢)(b) := ¢(ab). We define the Selmer group Sel?(T, {T},|p) as the kernel of the

map

HY(F,T @4 A*) — l_[ H'(I,,T ®4 A) | x ]_[ HY(I,,TT, ®4 A") |.
vip, v¢Z vip

When X contains the set of ramified primes and all places over p, the Selmer group is also

ker(H' (Grx, T ®4 A*) — l—[ H'(1,,T|T, ®4 AY)).
vip
Then we define

X5(T,{T,},1p) = Homy (Selz(T, {T,},)p), A*).

Let E/F be a field extension. The local conditions {7}, } induce local conditions {7,,} and we have

Sel?j(T, {Tw}wlp) = li_n)lSelZ,(T, {Tv’}v’|p), XE(T, {Tw}wlp) = PLHXZ/(T, {Tv’}v’|p)
F’ F’

where F’ runs through all finite extension of F in E.
Let f € Szrd(N) be a normalized eigenform for k > 2. Let F = Q or Q, & be a Op-valued

continuous character of Gr. We define
Selp(f,&) = Selp(Ty ® £, T} ® £), Xp(f,€) = Xp(Tf ® &, TF ® §),
and define C h%( f, &) as the characteristic ideal of XE( f,&). Let f be an I-adic ordinary primitive
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Hida family verifying (irre) and (dist). We also define
Sel7(f) := Sely(Ty ® det(pr) ', Ty ® det(pp) ™),

X5 (f) = Xp(Ty® det(pp) ™, T{ ® det(pp) ™),

and define Ch%(f) as the characteristic ideal of XZ(f).
We then formulate the Iwasawa main conjecture for GL,. Let F = Q. Let f be an ordinary

newform of weight k£ > 2. Then the conjecture is

Chi_ () = (L, (f,1)).

Let f be an /-adic ordinary primitive Hida family verifying (irre) and (dist). Let sz be the 2-
variable imprimitive p-adic L-function such that L} (P, Q) interpolates L*(fp, )(élka, ko +1).

Then the two-variable Iwasawa main conjecture is
Chy_ () = (L (£,1)).

Euler systems associated with modular forms are constructed by Kato ([KatO4]) and generalized
by Ochiai to Hida families ([Och05]). Via the Coleman map, Ochiai also constructed 2-variable
p-adic L-functions and proved that the Euler system can be chosen so that the image under the
Coleman map agrees with Kitagawa’s 2-variable p-adic L-functions ([Och06, Corollary 6.17]).
With their Euler systems, they obtained one-sided divisibility of main conjectures with addi-

tional conditions.

Theorem 5.1. ([KatO4, Theorem 17.14]] ) Suppose p ¥ Ny. Then (le,(f, 1)) C Ché L (f) in

L ®o, Mo, . If in addition, there is a basis of Ty for which the image of p y contains SL>(Z,), then

(LE(f.1) € ChE_,(f) in Ao,

Theorem 5.2. ([Och06, Theorem 3]) Suppose I[[I']] has the form Og|[[T,T:]] for some finite
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I u
extension E[/Q,. Suppose there is a basis of Ty for which there is a T € Gqu) acting by

0 1
for some unit u € I and there is a v' € Gg acting by —1 on T. Then (Llé(f, 1)) c Ché L.

Remark 5.1. Our Selmer groups are defined with Greenberg’s local condition at p and the relaxed
local conditions at all p # € € 2. In these cases, Greenberg’s local condition and Bloch-Kato con-
dition define the same Selmer groups. Both Kato and Ochiai used the unramified local conditions
atall p # € € Z, and formulated the results in terms of primitive p-adic L-functions in their works.
The equivalence between the formulations in terms of primitive and imprimitive p-adic L-functions

are given by [SU14, Lemma 3.2.17] and [SU 14, Proposition 3.2.18].

We also consider Kubota-Leopoldt p-adic L-functions and the Iwasawa main conjecture for
Dirichlet characters. Let ¢ be an even Dirichlet character with values in L. We define L,(¢) €
O [[T']] as the Kubota-Leopoldt p-adic L-function interpolating positive critical values

L(kg, ¢ x5'we)
rko

Ly(¢)(Q) ~

when kg > 1. We also define L}, (¢) as the numerator of L,(¢). When X is given, we define

L;’Z(¢) as the numerator of the imprimitive p-adic L-function:

L)) = Ly@) (@) [] (- xgwto)oete).

teX—{p}

That is,
L) =Ly || a-¢"@KO™D.

teZ—-{p}

The Iwasawa main conjecture of Dirichlet characters says C hé (Tp€cye) = L;’Z(qb).
Consider the homomorphism Oy [[I']] — Ap, [y] — [y]l‘1 [y]%y2 and denote by L,(¢)a,,

L}, (¢)a,, and L;’Z(gb)AD the image of L,(¢), L),(¢), and L;’Z(gb) in Ap, respectively. Then we
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have the interpolation formula

L(2kQ —kp+2, ¢_1Xp/\/é2w2kQ_kP+2)
HZkQ—kp+2

Ly(¢)ap (P, Q) ~

L}, (¢)ap, is the numerator of L, (¢)a,, and

L@y = Ly@ay [ (=7 @O KOLKOL).

teX—{p}

The Iwasawa main conjecture for Dirichlet characters implies

Ché(o_qbecyc <€cyc>_2<ecyc>1 <Ecyc>2_2) = (L;,Z(¢)AD)-

5.6 Higher Hida theory and big Galois representations

Let N > 3 be an integer not divided by p. We define I(N) c G(A™?) as the following Iwahori

level subgroup:

ta = * *
- 0 1 = =
I(N):=4g€GS (Zp) g= mod N) ;.
P4
0 0 a' o0
0O 0 = ¢

We assume for all £ ¥ pN there is a neat open compact normal subgroup G(Z;) ¢ K” c I(N)
such that p ¥ [I(N) : K?]. This holds when N has a prime factor ¢ such that p ¥ ¢ — 1. Since
| GSp,(Fe)| = €4(€* — 1)(£? = 1)(£ — 1), this also holds whenever p > 7. Given an Eisenstein

datum D and we consider the fundamental exact sequence

1 1 @ 1
0= S, = Mygin, = B Bligriea, =0
g7, 1]eCer,
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associated with some neat K” with p ¥ [I(N) : K,]. Under this condition, taking I(N)/K,-
invariance is exact and we get a short exact sequence interpolating ordinary cohomology of Siegel

3-folds of tame level /() in characteristic 0. We denote the sequence by

1 1 ® 1
0— SW,N,/\D - MW,N,KZ,/\D - @ Bw,[gP,l],c,AD — 0.

[s7.11€Cs,

This is independent of the choice of K”. By our assumption on (p, ), all the 3-terms are equipped

with all Ry, Ty, S¢-actions for £ 1 pN.

Definition 5.3. ip C End,,, (S:v N AD) is defined as the Hecke algebra generated by Ty, R, Sy for
all ¢ ¢ % and all normalized Hecke operators u; for t € T*(Q,). Since ng NAp is finite free over

Ap, hp is a finite Ap-algebra without Ap-torsions.

Let Q¢ p(X) = det(X1s — pp(Froby)) and Bp,; € Ap be the eigenvalue of the u,-action on

nearly ordinary vectors in Indg (7(t,)). By Proposition 5.2, if t = diag(ta~'b=',b™!, ab, bt), then

v, (ab* vp(a~ b2 v(ia)\— v -
Bp.s = (ab®[p""“ )y, (@) xip(B)a(p.tp)" " Na/p" )3 b p" )

We define Ip C hp as the ideal generated by

{ul - ﬂD,l}lET+(Qp)

along with the coefficients of the polynomials Q/(X) — Q¢.p(X) where ¢ runs through all prime
numbers not in X. Then the natural map Ap — hp/Ip is surjective. Let Ep be the kernel of the
homomorphism. We obtain the isomorphism Ap/Ep = hp/Ip. If Ep is a proper ideal. Then
there is a unique maximal ideal mp C hp containing Ip, and we define Tp := (hp)m,, as the
corresponding local component.

We repeat the constructions for C,-coefficients. Let y : Ap — C,, be a continuous homomor-

phism. Denote by P, ¢ Ap the kernel of y, and by O, the normalization of Ap /Py, which is a
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discrete valuation finite over Z,. Let hp,, C Endop (S vlv v.0.) be the Hecke algebra generated by
VL,Uy
T;, Re, S¢ for all £ ¢ ¥ and all normalized Hecke operators u, forz € T7(Q,,). Then we have a map

y :hp — hp,. Let Ip , be the ideal generated by y(/p); equivalently, Ip , is generated by

{I/l[ - /ly (ﬁD,t) }IGT+(QP)

along with the coefficients of the polynomials Q/(X) — 4,(Q¢,p(X)) where ¢ runs through all
prime numbers not in X. Then the natural map O, — hp ,/Ip,, is surjective. If hp,/Ip, is
nonzero, then there is a unique maximal mp , of Ap , containing Ip y, and we define Tp , as the

corresponding local component (4p y)m,, , -

Proposition 5.5. If Tp is defined, then Tp , is also defined, and the preimage of mp under the

map Spec(hp ) — Spec(hp) is {mp.}. In particular, the preimage of Spec(Tp) is Spec(Tp ).

Proof. Let ep € hp be the irreducible idempotent associated with the local component Tp. Then

we have the decompositions

1 _ | 3 |
Swnap =€DSyna, ®(L—en)S, ya,s

and

hp = ephp X (1 — eD)hD =Tp X(l - eD)hD.

Let ep , be the image of ep in hp . Then we have the decomposition
Shnnp ®p Oy = €ny(S), v a, ®rp Oy) & (1—epy)(Sh v a, ®ap Oy),
and eD,y(SVIV’N’AD ®ap Oy) = (eDSVIV’NAD) ®a, Oy # 0. This gives the decomposition
hpy =epyhpy X (1 —epy)hp,,y.

ep,yhp,y acts faithfully on eD»y(ng,N,AD ®r,0y),s0ep yhpy # 0. Since ep yhp,y is finite over Tp,
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mp is in the preimage of Spec(ep ,hp,y) — Spec(Tp,,) and the preimage is a subset of maximal
ideals of hp . Therefore, Ip , # hp and Tp, is defined. Since mp , is the only maximal ideal

of hp,, containing y(/p), the preimage of mp is {mp ,}. O
Proposition 5.6. If y = (P,Q) € X/C\I; then Tp,y ®o, C) is reduced.

Proof. Let ep , be the irreducible idempotent associated to the component Tp, C hp_,. Then
eD,ySle v.o. 18 a finite free Oy-module and Tp y acts faithfully on eD,ySvlv vo.- Let A be a Hecke
VL,Uy »V,Uy

eigensystem defined by a Hecke eigenvector in ep S and p be the Galois representation

1

w,N,Oy
defined by A. By definition, p°° is a direct sum of a 2-dimensional absolutely irreducible represen-
tation and two Galois characters, so A can not be a Hecke eigensystem appearing in the ordinary

cohomology H (StI‘ErN)Kp’mOy, WP (yp(P,0))|p, ). Therefore,

epySy o0, € H Sk, .0, @ (xp (P, 0)))™.

. 1 1/ ot P, d h
This gives that eD’ySw,N,Oy ®o, Cp Cc H (SI(ErN)K,,,n,C,,’ W PO (yp(P,0)))°, which is a sum of
characters of the Hecke algebra. . Since Tp ®0, C, is a subalgebra of Endcp (ep,yS i N.O, ®o, Cp),

and eD,ySvlv,N,()y ®o, Cp is the a sum of characters of Tp y, Tp,y ®0, C) is reduced. O

We now set up notations for classical points of Tp, which are used to study properties of Tp

and further related objects.

Definition 5.4. We define the set of classical points C as the set of continuous ring homomorphisms
x:Tp —>C,

such that 'y = x|a,, has the form (P, Q) € XXZS.
Let E C C), be a finite extension of Q,,. We define Cg C C as the subset of x with the image of
x contained in E.

For every x € C, we consider the followings:
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1. the Hecke eigensystem A, defined by x;

2. anearly ordinary automorphic representation nt, of GSp, that contributes to the cohomology
HI(S;(ESV)KP,,,,CP’WK(P’Q) (yp(P,0)))°Y, and satisfies that the nearly ordinary vector of it

gives the Hecke eigensystem A;
3. the 4-dimensional spin Galois representation associated with A, denoted by p.

We also denote by Q, C R the kernel of x on R. We say a subset of D C C is dense if the

set {Qy | x € D} is dense in Spec(Tp). The closure of D is also defined as the closure of
{Q: | x e D}

Proposition 5.7. The local component Tp is a reduced algebra over Ap.

Proof. Suppose a € Tp, and a” = 0 for some n € N. Then a has Jordan canonical form over
Frac(Ap). For a dense subset of classical points x, the specialization of a in coefficient C, also
has the same Jordan canonical form. Let y = x|5,. Since Tp, is reduced, we conclude that

a=0. O

The following proposition is the standard construction of big Galois representation in Hida
theory, based on the fact that all Hecke eigensystems appearing as a constituent of classical spe-

cializations of § »lv N.Ap have associated Galois representations.

A

Proposition 5.8. There is a pseudocharacter T : Gg s — Tp of dimension 4, such that for every
irreducible admissible G (A y)-representation my appearing as a constituent of classical special-
izations of ep S iv N.Ap’ Tr(py) = A% o T for all € ¢ X. Here A% is the Hecke eigensystem defined

by nearly ordinary vectors of m.

In the following, we define ¢ := 0,207 €.} (€cye) (€cye) | (€cye)2 and Y/ = oy ecye);
Then pp = ¢ - (pr® ¢ @ y¥’). Let Bp = Frac(Tp) = Tp ®x,, Frac(Ap). Since y & ¥’ @ pr is
residually multiplicity free, when p > 5, there is a representation Rp : Ggx — GL4(Bp) such

that the trace of Rp is T, and the image is contained in (A; ;)1<; j<4 Where each A, ; is a fractional
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ideal, each A;; = Tp, A; jA;x C Ajx, and A; jA;; C mp. In particular, the action stabilizes a
Tp-lattice & C B‘l‘). For every component J C Bp, we write R; as the corresponding semi-simple

Galois representation over J.

Proposition 5.9. Assume f verifies (irre) and (dist). Then either Ry is absolutely irreducible or the
semi-simplification R}’ has the decomposition R}’ = R; ® R, where each R; is a 2-dimensional

absolutely irreducible representation.

Proof. By [BCO09, Theorem 1.4.4.(iii)], if R, is irreducible, it is absolutely irreducible. Then it
suffices to prove that over any finite extension, R}* can not have any 1-dimensional subquotient.
If it does, then for all of the classical points x of Tp/J, p, has a 1-dimensional subrepresentation.

This implies that 7, is of Saito-Kurokawa type, which is impossible when «(P, Q) is regular. O

Proposition 5.10. If st = R ®R,, with trace functions Ty, T, respectively, then Ty, T, have values
inTp/JandT; =Tr(¢p - pr) (mod Ip+J/J)andTs_; = ¢-y+¢-y' (mod Ip+J/J) fori=1or
2.

Proof. Since T = Tr(¢ - pg) + ¢ - ¥ + ¢ - ¥’ (mod Ip), we have the congruence on characteristic

polynomials

Ch(Rp,x,T) = (1= ¢-¢(x)T)(1 = ¢-y'(x)T)Ch(ps,x,T) (mod Ip)

for all x € Tp[Gg]. Since pg + ¢ + ¢’ is residually multiplicity free, there is a x € Tp[Gg]
such that Ch(Rp, x, T) has distinct roots in Tp/mp, and hence in Tp, say aj, ..., as. Similarly,
(1=¢-y(xX)T)(1-=¢-¥'(x)T)Ch(¢- pt, x,T) also have residually distinct roots B1,...,84 € Tp/J
where 81 = ¢ (x), B2 = ¢’ (x). We arrange these roots so that ; = 8; (mod mp). Plug ay,..., a4
into the relation Ch(Rp,x,T) = (1 -¢ -y (x)T)(1 = ¢ - ' (x)T)Ch(¢ - pg,x,T) (mod Ip) and we

have @; = B; (mod Ip). Define the element




fori=1,...,4. Thenx; — y; € Ip Tp[x] for all i.

We may assume R; is a subrepresentation of R; and R, is a quotient of R;. For the choice of x
in the previous paragraph, both spaces are generated by 2 eigenvectors of x over Frac(Tp/J). Let
vi,...,vq be eigenvectors of x with eigenvalues a1, . . ., a4, respectively. Suppose R is generated

by v;, and v;,. Then for every z € Tp/J[Gqgl,
Ti(z) =T(z(xj, +x5,)) € Tp/J.
Therefore, T, = T — T; also takes value in Tp /J. Now consider the congruence relation
i+ =Te(¢-pr)+¢-¢y+¢ -y (mod mp).

Since both R| and R; are 2-dimensional, for somei = 1 or 2, 7; = Tr(¢ - pf) (mod mp +J/J) and
Tsi=¢-Y+¢- -y (mod mp+J/J). With this i, R; is generated by v3, v4, and R3_; is generated

by vy, vo. Moreover, for all z € Tp/J[Gqgl,
Ti(z) = T(z(x3+x4)) = [Tr(pr) + ¢ - + ¢ - '] (2(y3 + ya)) = Tr(¢ - pr)(z) (mod Ip +J/J),

T3i(2) = T(z(x1+x2)) = [Tr(pp) +¢ -+ ¥ [(z(y1+y2)) = (¢-¢y+¢-¥')(z) (mod Ip+J/J).

Let Cyp C C be the subset of elements x satisfying that both y, XQ,pw;kQ and xr,, /\(p,pwl_,kp
are unramified. The set Cy is a Zariski dense subset of Spec(Tp). When x € Cp, the Hecke
eigensystem A, appears in H?(SI(N)KO(p), .LA(P’Q))Ord. By [TU99, Proposition 3.2], when A(P, Q)

is regular dominant,
H} (X(I(N)Ko(p)), Lap.o)™ © H(X(I(N)G(Zp)), Lacp.0)™.

Therefore, ny j, is spherical and p, is crystalline with Hodge-Tate weights {ri = kg —kp+2,r; =
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l,r3=2kg—kp+2,r4 = kg +1}. Let {a;}i=12,3,4 be the roots of the degree 4 Hecke polynomial
Az p(Qp(X)), such that v,(a;x) = r;. By the main theorem of [Urb05], pxlch has the upper

triangular form

-r
fl,xecycl * * *
0 & €t * *
2x€cyc
pleQp = .
—r3
0 0 §3,x€cyc *
—r4
0 0 0 e

where each of &; , is the unramified character given by &; ((Frob,) = p™a; ..

There are {u;}i=123.4 € Z[{us, u,‘l}tep(Qp)] such that A, (u;) = p™a;, fori = 1,2,3,4. Then

we have
U €22 (€eye )1 {€cye)s ! * * *
1 1 cyc\€Ecyc 1\€cyc/y
deg _ 1
0 Uy “O2€qyc * *
prlGg, = Ax deg 2 2
0 0 Uy O-3ec_yc<6cyc>1<€cyc>2_ *
deg _ ] -1
0 0 0 u, 0'46Cyc(ecyc)2

—~

for all x € Cy, where deg : Gq,/I, = Z is the continuous isomorphism sending Frob,, to 1,
and each of o5 is a finite order character valued in Oy, fori = 1,2,3,4. We define the following

T p-valued Galois characters

deg 1

d - - -
go—lec 2c<€cy6>1<€cyc>21, X2 = U, “02€.,.,
y 2 y

. c
X1 = ul

._ de -2 -2 ._ de -1 -1
X3 = Uy g0-3ecyc<€cyc>l<ecyc>2 s X4 = Uy g0-4ecyc<€cyc>2 s

and extend them to ring homomorphisms from Tp[Gq,] to Tp. Then the matrix form of px|GQp
implies

TGy, = X1+ X2+ X3+ X4-

On the other hand, we extend Bp , fort € T*(Q) to aring homomorphism Bp : Z[{u;, u;" },eT+(Qp)] —
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Ap. Then the same discussion for pp yields that

-2 -1 -1
(pD |GQ1, )ss :ﬂD (ul)dego-l ecyc<€6‘yc>1 <ECyc>2 S ﬂD (MZ)dego-zecyc

-2 -2 -1 -1
eBBD("13)(1e'g0-3€cyc<€cyc>1<€cyc>2 69BD(’/14)deg0-4€cyc<€cyc>2 5

and the four factors correspond to T¢", ¥, ¢’, T;, respectively. Since Ip contains s — Bp(s) for all

s € Z[{uy, M;I}Z€T+(Qp)], we obtain the congruence relations: For all x € Tp [GQP]’
1= x1(0)T = Ch(T{, x,T), 1 = x2(x)T = Ch(y,x,T) (mod Ip),

1 = x3(x)T = Ch(y/',x,T), 1 = x4(x)T = Ch(T; ,x,T) (mod Ip).

The denseness of crystalline points implies properties of p, for all x € C, but as not all p, are
irreducible, we should deal with the irreducible and reducible cases separately. We start with the

following lemma.

Lemma 5.1. Let E/Q,, be a finite extension and p : Gg — GL,(E) be a continuous Galois

representation. Suppose there is a short exact sequence of Galois representations:
0—>1—>p—>o1—0.

Let {ry,...,ry} be a set of integers, indexed such that ry < --- < r,. Suppose E’ is a finite

extension of E’ such that

1. There is a partition {1,...,n} = JUJ where J = {j1,....jm} J" = {j]s s Jn-mb
both {j;} and {j!} are increasing, such that (7| ® E’)lGQp is Hodge-Tate with weights

{rjy,...,rj,} and (12 ® E’)|GQP is Hodge-Tate with weights {rfi’ NN TN

2. There is a filtration of E’-vector spaces

OZF(/)C"-CF;l:(TlGBTg)@EE,
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such that each Fl.’ is i-dimensional over E’, stable under the GQP—action, and is Hodge-Tate

of weights {ry,...,r}.

Then p is Hodge-Tate with weights {r1, ..., r,}, and there is a filtration of E-vector spaces
O=Fyc---CF,=p

such that each F; is i-dimensional over E, stable under the GQp -action, and is Hodge-Tate of

weights
1 A{rj,....rj,}, ifi <m.

2. {rjl,...,rjm,rj;,...rj/ b oifi > m.

Proof. AsQ, [GQP]—modules, (1191)®p E’ ®q, Bur = (11 ® 1) ®LE"E] ®q,, Bur. Therefore, both
71 and 7 are Hodge-Tate, with weights {r;,...,r; }, {r oo oot ..} respectively. Since the set
of weights of 71 and 7, are distinct, the extension p is also Hodge-Tate, of weights {r;,,...,r;, } U

{rj;, ot Y =A{r, . )
The filtration F, gives a E’-basis of (171 @ 1) ®¢ E’ such that with respect to the basis, for
some open compact subgroup I, C I, (11 ® 72) ®¢ E’|p;, is upper-triangular with diagonal

diag(€qye, . .., €qye). Let go € I, such that €., (go) is not a roots of unity. Then
F{ = ((11 @ 1) ®e E")[(80 — €7/ (80)) - - (80 — €7£(80))]-
Since €qy¢(g0) € E, we define
F/':= (11 ® 1) [(80 — €2 (80)) - - - (80 — €yé(80))]

and these subspaces satisfy F/ = F;” ®¢ E’. Since F] is Gg,-stable, Hodge-Tate with weights

{ri,...,ri}, F/ is also GQp-stable, Hodge-Tate with weights {r,...,r;}.
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The filtration F;’ gives a E-basis vy, ..., v, of 71 @ 1, such that with respect to the basis, for
some open compact subgroup I/ I, 71®72|r; is upper-triangular with diagonal diag(ecycs - - -, €cy¢ )
By consider the Hodge-Tate weights of 7; and 75, we have v; € 7y ifi € J,and v; € np ifi € J'.
Let v’ be the image of v; in p if i € J, and v/ be a preimage of v; under the projection p — 77 if

i € J'. Then the E-basis {v’. ,...,v. ,v',,...,V, } of p gives the desired filtration F. O
J1 Jm ]1 Jn-m

For every x € C, we denote by k, the fraction field Frac(Tp/Qy). Since the pseudocharacter
T is residually multiplicity free, by [BCO9, Theorem 1.4.4.(ii1)], T ®t,, ky is either reducible or
absolutely irreducible. If p, is reducible, then p, = 71 @ 7y where 1y = prand o = ¢ -y + ¢ - .
Let P be the partition {{p¢}, {, ¥’} } and Ip be the corresponding reducibility ideal. Let C;, C C
be the subset of x with irreducible p., and Co - := C;rr N Co. Let T/, be the reduced quotient of
Tp such that Spec(T7,)  Spec(Tp) is the closure of Cy;. Then as Cy — Cy,,r is contained in
Spec(Tp/Ip), Spec(T’,) contains Spec(Tp) — V(Ip), and therefore contains C;,. On the other
hand, for every J = {j1, j2} € {1,2,3,4} with j; < j,, we define Cy; C Cy as the subset of all x

where p, has a 2-dimensional direct summand with Hodge-Tate weights {r;,,r;,}. Then

CO,irr U U m = SPGC(TD)-
Jc{12,3,4)
1J|=2

Letog : Gg — GL4(Frac(ﬂ)) be a Galois representation with trace function 7 that stabilizes a
T),-lattice &, for example, as constructed in [BC09, Theorem 1.4.4.(ii)]. Let U C Spec(T},) be
the open dense subset where £ is free of rank 4. Then for every x € Uy N Cy i, the specialization
0o ® k, exists and has the same trace function as p,. Since p, is irreducible, oy ® k, = py.

For every x € C, x|5, has image contained in the finite extension of Q, generated by the
image fo x, and xt. Since Tp/Ap is finite, k, is a finite extension of Q,, of degree bounded by a
number independent of x. By Krasner’s lemma, there is a finite extension £/Q,, containing all k
for x € Cp. Therefore, by [TU99, Lemma 7.2], the 4-step filtration on each p, implies that there is
a filtration

0=FOC-~CF4:3,
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such that for each i € {1,2,3,4}, Gr; := F;/F;_; is generically free of rank 1 and Hodge-Tate with
weight {r;} on a dense subset of Cp . Let {vi,...,v4} be a basis of Frac(?l“’D)4 such that each

v; € F; — F;_1. Then with respect to the basis,

X1 % % %

0 x» = =

00lGq, = 0 0 y =
3

0 0 0 xa

Lemma 5.2. LetT be a domain finite over T}, and or : Gg — GL4(Frac(T)) be a continuous
representation with trace function T ®,, T. Suppose there is a Gg-stable finite T-submodule &

of Frac(T)* such that

1. L is generically free of rank 4.

2. There is a basis {v1, ..., v4} of Frac(T)* such that with respect to this basis,
Xl % % k
0 x2 = =
oT GQP =
0 0 x3 =
0 0 0 xg

Then for any height 1 prime ideal Q of the normalization T, there is a continuous representation
5 Gg — GL4(Frac(ﬁ/Q)) with trace function T ®r,, ﬁ/Q and a Gq-stable finite f/Q-

submodule ZT/Q C Frac(T/ Q)*, such that the same conditions are verified.

Proof. Since :']I:Q is a discrete valuation ring and &’ := T - S is torsion-free, &’ Q7 :']I:Q is free
of rank 4. Therefore, there is a f € T — Q such that &’ is free of rank 4 over Spec(ﬁf[l /f1]), and
we can apply a change of basis of Frac(T)* such that &’ ®= T[1/f] < Frac(T)* is identified with

(T[1/ f1)*. Moreover, we vy, ..., v4 can be chosen so that all of them are in Z’ and form a basis
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of &’ O TQ. Then we define

L5 = ML @5 T/Q — & ®z Frac(T/Q) = Frac(T/Q)*).

Since Gq acts on Z5

T/0Q continuously, this defines a continuous representation o Q- Gg —

GL4(Frac(f/Q)). We define v’l, AU v:‘ as the image of vy,...,v4 in fo/Q, respectively. Then

s /0 and {v/, ..., v} verifies the conditions for oz 10" o

Apply the lemma twice to o and we have that, if x € C;,» N Spec(T’,), then over some finite

extension k' /ky, px ®k, k. is Hodge-Tate, with distinct weights {r1, 2, 73,74}, and has a filtration
OZFO,x C-- CF4,x:px®kx k;

satisfying that foreachi =1,2,3,4, F; , is GQP—stable, Hodge-Tate, with weights {ry,...,r;}. By
Lemma 5.1, p, itself is Hodge-Tate, with distinct weights {ry, ..., 74}, and the filtration F,, is
defined over k,.

Next we fixa J c {1,2,3,4}, J = {ji1, jo} where j; < j,. Let Tp ; be the reduced quotient of
Tp such that Spec(Tp,) = m. By the definition of reducibility ideal, T ®r, Tps = T1.5 + T2
for 2-dimensional pseudocharacters 77y, 72 ;. By the definition of J, we may assume 77, JlGQP =
Xji ®tp Tpg + xjp ®1p Tpg and Toglc,, = xj; ®1p Tpu + Xj) ®1p Tp,s. Following similar
constructions and arguments, we have that if x € C N m, then p, is a direct sum 77, @ 7y

satisfying that

1. 7, Ty x are both 2-dimensional, absolutely irreducible representations, with trace functions

T1,; ®1y, Tp/Qx, T2,; ®1p , Tp/Qy, respectively.

2. As Gq,-representations, 7y, 7, are both Hodge-Tate with weights {ji, j2} and {j1, j3},

respectively.
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3. There are GQP—stable filtrations
O0=Foyx CFijxCFyx=T1x 0=Fyyx CF yx CFyyyx="1sy,

satisfying that F ;. is Hodge-Tate with weight {r;, }, and Fy ; , is Hodge-Tate with weight
{rj}.
Proposition 5.11. Let Q € Spec(Tp) be a prime ideal satisfying that for some finite extension
E/Q,, CENSpec(Tp/Q) is a dense subset of Spec(Tp/Q) for some E. Let Mp(Q) = Frac(Tp/Q)*
and 00(Q) : Gg — GL4(Frac(Tp/Q)) be the semi-simple representation with trace function

T ®1, Tp/Q on Gq. Then there is a Gq,-stable 2-dimensional Frac(Tp /Q)-subspace My(Q)* c

Mo (Q) such that for every x € Tp[Gg,],
C]’l(M()(Q)+,X, T) = Ch(7}+’x7 T)(l -¢- ¢(X)T) (mOd Ip + Q/Q)

Proof. Suppose 0(Q) is irreducible. Let £ (Q) be a Gg-stable Tp/Q-lattice inside My(Q). Then
T®r,Tp/Q is generically irreducible. Let U(Q) € Spec(Tp/Q) be an open dense subset on which
Z(Q) is free of rank 2 and T ®r,, Tp/Q is irreducible. Then U(Q) N Cg = U(Q) N Ciyr g is an
open dense subset of Spec(Tp/Q). For x € U(Q) N Cirre, Z(Q) ®1,/0 Tp/Qy is realized as a
lattice in p,. Therefore, there is a sublattice Z'(Q,) ¢ Z(Q) ®r,, /Q Tp/Qy such that & 1(Q,) is
Hodge-Tate with weights {r{, r,} and the quotient (Z(Q) ®r,,/Q Tp/Qx)/Z 1(Q,) is Hodge-Tate
with weights {r3,r4}. By [TU99, Lemma 7.2], there is a Gq,-stable lattice Z21(Q) ¢ Z(Q),
which is generically free of rank 2, such that the trace of Z!(Q) is x1 + x> (mod Q). In this case,
we define Mp(Q)* := £!(Q) ®r,,/q Frac(Tp/Q) and the congruence relation is verified.
Suppose 00 (Q) is reducible. In this case, Q € Spec(7p ;) for some J and then T @1, Tp/Q
is decomposed into 71y ®r, , Tp/Q + T2y ®1, , Tp/Q. Let 0(Q) and o, (Q) be the Galois
representations over Frac(Tp/Q) defined by T ; ®7, , Tp/Q and T ; ®7, , Tp/Q, respectively.
Then 09(Q) = 0,(Q)®0oy (Q). Let &£, £ be Gg-stable Tp /Q-lattices inside 07 (Q) and 0/ (Q),

respectively. Since C N Spec(Tp/Q) € CN m, following similar arguments, we obtain Gg,-

194



stable lattice & Jl (Q c Z(Q)and & },(Q) c Z;(Q), which are generically free of rank 1, such
that for all x in a dense subset of C N Spec(Tp/Q), the specializations of £} (Q), Z;(Q)/<Z; (Q),
3’},(Q), gj'(Q)/g},(Q) at x are all free of rank 1, Hodge-Tate with weights {r; }, {rj,}, {rfi}’

{r jé}, respectively. Then we make the following choices:

1. If J = {1, 2}, we define Z'(Q) := Z;(Q).
2. If J/ = {1,2}, we define Z'(Q) := Z»(Q).

3. If both J and J’ are not {1,2}, then {1,2} = {j1, j]} and we define Z21(Q) = 3} Q@
ZL(Q).

By definition, Z'(Q) is generically free of rank 2 and the trace function defined by it is y; +
X2 (mod Q). We define My(Q)* := £1(Q) &r, o Frac(Tp/Q) and the congruence relation is

verified. m]

Remark 5.2. The construction of pseudocharacter works for hrDed, so the properties for p, and
Proposition 5.11 hold for every local component of hp such that the residual representation is
multiplicity free. On the other hand, the author doesn’t know if hp itself is reduced. It is if the
Hecke eigensystems in HI(S}?I,KP’n,wK(—D))Ord coming from HO(S}?;KP’n,lepK)Ord can always
be separated from those coming from nearly ordinary cohomological cuspidal representations of
GSp, when « is sufficiently regular. The condition is verified if the following holds: when A is

sufficiently regular, then nearly ordinary cohomological cuspidal representations of GSp, with

reducible 4-dimensional Galois representations are either CAP or weak endoscopic.

5.7 Cocycle construction

The cocycle construction in [SU14, Section 4] is a general machinery to make use of congru-
ence between the direct sum of a 2-dimensional irreducible Galois representation and two Galois
characters with a 4-dimensional irreducible Galois representation to construct elements in certain
Selmer groups. Since we only work on Q instead of an imaginary quadratic number field as in the

setting of [SU14], we apply a simplified version of their machinery.
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Let G = Ggz and D = Gg,,. The setting contains the following data:

* p is a prime number, 7 is a positive integer, such that p > n + 2.

* A is a profinite Noetherian normal complete local domain that is finite flat over Z,,. P C Ag

is a prime ideal of height 1 and A = A‘()’\P.

* Ry is a finite reduced local Ap-algebra. Q C Ry is a prime ideal such that P = Q N Ap, and

R =Rog.

* Y, ¢" : G — Aj are residually disjoint characters. Vp is a free module of A¢ of rank n,
po : G — Auty,(Vp) is a continuous representation, V = Vp ®4, A and (p, V) is the scalar

extension of (pg, Vp). p is absolutely irreducible and disjoint from ¢ and ¢’.

* M is free over R ®4 Frac(A) of rank n + 2. 0 : G — Autgg,Frac(4)(M) is a representation

such that for every g € G, Tr(o(g)) € Ry.

* There are proper ideals Jo C Ao, Ip C Ro, such that Jo = Ip N Ag and Ag/Jy = Ry/Ip.
J:=JoA, I .= IR.

* Forevery g € G,
tr(o(g) =y(g) +y'(g) +1r(p(g)) (mod I).

* For every Frac(A)-algebra homomorphism A : R ®4 Frac(A) — K where K is a finite

extension of Frac(A), the representation
o A
oy G— AUtR®AFrac(A)(M) - GLK(M ®R®AFraC(A),/I K)

is either irreducible or contains a 2-dimensional absolutely irreducible representation o

such that Try takes value in the image of R and

Tryr(g) =¢(g) +y'(g) (mod 1)
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for all g € G. This is the condition in [SU14, Lemma 4.9].

 There is a D-stable R ®4 Frac(A)-free submodule M* c M such that M~ := M /M is
also free over R ®4 Frac(A). There is a D-stable Agp-free submodule V(;' C Vj such that

Vi =W / Vg is also free over Ay. Moreover, for every x € R[D],

Ch(M*,x,T) = Ch(V*,x,T)(1 —¢(x)T) (mod I).

* We define V* := Vy ®4,A and V™ = Vy ®4, A. Then as D-representations over A, V* & A(y)

and V™ @ A(y’) are residually disjoint mod P.

Following [SU14, Section 4], we obtain a construction of elements in Selmer groups and lower

bounds of the size of these elements. The following is the result we will use.

Proposition 5.12. (Analog of [SU14, Corollary 4.16, Proposition 4.17])

1. Ifordp(ChE(¢~"'¢") = 0, then ordp(ChZ(po ® Y~ ")) = ordp(J).
2. Ifordp(Ché(po ®y)) =0, then ordp(Ché(w_lw’)) > ordp(J).

Remark 5.3. When we assume ordp(C hé(g{/‘ld/ )) = 0, we have to prove that all o are irre-
ducible. Let J) C Ry be the kernel of A|g,, which is a minimal prime ideal contained in Q. We

make the following choices:
« Aj=Ao R)=Ro/Jr. Q' =Q/J, P'=P. A=A R =R/(1)q.
o I\ = (Io+Jx)/Ja, Jy = (Io + J2) N Ao, which is also contained in P.

Suppose o is reducible. By the assumptions, there is a 2-dimensional absolutely irreducible direct

summand o) of o}’ that satisfies
Tror =y +¢"  (mod 1).
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Let T' := Tty : G — R/ker(1). Then T’ must take values in Ro/J, and we define o :
G — GL;,(Frac(Ro/Ja)) as the irreducible representation with trace function T. Let o’ : G —
GL,(Frac(R')) be the base extension of ;. Since Frac(R’) is a product of components of Frac(R),

the local condition M* for o induces a local condition M™ that is used to construct nontrivial

Selmer elements for y~\y'. This implies Ordp(Ché(lﬁ_llﬂ,)) > 0, and we get a contradiction.
Let D be an Eisenstein datum. We make the following choices:

* Ag = Ap, P C Ap is a height 1 prime containing Ep, A = Z;);. Ro=Tp.Jo=Ep, Iy =Ip.

Q C Ry is the image of P under the isomorphism Ap/Ep = Tp/Ip.

* Y= O-Xfw—20-);1Ec_ylc<fcyc>2<€cyc>1_1<€cyc>2’ Y= O')(<€cyc>2_1’ po = pp, and V0+ = T;-

e M = (R ®Frac(A))*, o is the semi-simple representation on M obtained from the pseudo-

/

character T : Ggx — Tp,and ois ¢~ - 0.
Proposition 5.13. The desired M™* exists.
Proof. This M™ is given by the base change of M in Proposition 5.11. m]
Proposition 5.14. V* @y and V~ @y’ are disjoint mod P as D-representations.

Proof. The characters T;" and 7 are not the same mod m by the p-distinguished condition. The
characters ¢ and i are not the same mod m because their product is an odd character and p # 2.
Since V* ® V™ = ¢/, it suffices to prove that V* # ¢’ mod P. Note that V* = a¢ is an unramified
Galois character. Let Frob,, € Gg, be an element such that deg(Frob,) = 1 € Z and €cyc(Frob,) =
1 € Z;. Lety € Ig, such that €,.(y) = 1+ p € Z;. If V* = ¢’ (mod P), then P contains
ag(Frob,) — o (Frob,) = a(p,f) — o, (Frob,) and 1 — o, (y)[1 + p]gl. Since a(p,f) is not a

constant, A(P) > 2. O

The Iwasawa main conjecture for GL; says C hé (pecye) = (L;’Z(qb)) for every even Dirichlet
character ¢. In our case, this implies that C hé(lﬁ/lﬁ_]) = (L™ (x;'w?x?)). Therefore, Proposition

5.12 yields the following proposition.
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Proposition 5.15. IfOfdp(L;’Z(Xflszz)AD) = 0, then ordp(Ché(prb 1) > ordp(Ep). If

ordp(Ché(pf® 1) =0, then ordp(L:,’Z()(f_lwz)(z)AD) > ordp(Ep).

We also consider 1-variable p-adic families. Let P € X; with kp > 7. We define the 1-variable
Iwasawa algebra Appy = (I/ker(P))[[I']], and the 1-variable Galois representation pp(py =

op(P,-). We have the 1-variable fundamental exact sequence

v M > B
- - — -
0 Sw,N,/\D(P) MW,N,KI,AD(P) BW,[&'"J],C,AD(P) 0,

g7 11eCs,

which is also given by applying tensor product ®,,App) to the 2-variable fundamental exact

sequence

1 1 @ 1
0= Synvap = Mynkin, = @ B, teratenp — 0

[gp,l]eC;’E‘]jv)’O

Let hp(p) be the subalgebra of Enda,, ,, (S&V,N’ Au<p>) generated by Ty, Ry, S¢ for all £ ¢ X and all
normalized Hecke operators u; for t € T+(Qp). Then hp(p) is a quotient of hp ®x,, Ap(p). The
Galois representation pp(p) defines a Ap(p)-valued Hecke eigensystem Ap(p) as well as Bp(p);
forallt € T*(Q,). Let Ip(py C hp(p) be the ideal generated by {u, — Bp(p),} forall t € T*(Q,)
and all coefficients of Q,(X) — det(XIs — pp(p)(Froby)). Then Ip(p) is the image of Ip in hp(p).
Let Ep(p) be the kernel of Appy — hp(p)/Ipp) and we have the isomorphism App)/Epp) —

hppy/Ippy- If Ep(p) is a proper ideal of Ap(p), we define mppy C hp(p) as the unique maximal

ideal containing /p(py and Tp(p) as the corresponding local component. Let Bpp) := Frac(Tp(p)).

4

Then we still have a 4-dimensional Galois representation on B, P

) given by the pseudocharacter
T ®r, Tpp) : Goz — Tp(p). Since classical specializations of Tpp) still form a Zariski dense
subset, we have analogous results of Proposition 5.9 and Proposition 5.10. Then we make the

following choices:

* Ao = App), P C Ap(p) is a height 1 prime containing Ep(p), A = Z(—),\p. Ry = Tp(p).
Jo = Epp), Io = Ip(p)- Q C Ry is the image of P under the isomorphism App)/Ep(p) =

Tppy/Ip(p)-
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* Y= O-Xfw—20');1Egylc<fcyc>2<€cyc>1_1<€cyc>2’ Y’ = O-)(<Ecyc>2_1, PO = PD(P)> and Va- = Tf;-

e M = (R ®Frac(A))*, o’ is the semi-simple representation on M obtained from the pseudo-

character T : Ggz — Tp(p), and o is ¢~ (P,-) - 0.

Similarly, the desired M™* is given by Proposition 5.11. Following the same proof of Proposition
5.14, (VF @ ¢)(P) and (V™ @ ¢')(P) are also disjoint mod any height 1 prime ideal in App) as

long as a(p,fp) # o (Frob,). We then have the following proposition.

Proposition 5.16. Ifa(p,fp) # o, (Frob,) and ordp(L ;™ (Xf‘lwz)(z)AD (P,-)) =0, then ordp(Ché(pr®

Y~ (P))) 2 ordp(Ep(p)). Ifordp(Chig (pr, ®% ' (P))) = 0, then ordp (x; ' w?x*)a,) = ordp(Ep ).

5.8 A Ap-adic Eisenstein class

In this section, we conclude the previous results to prove the existence of a p-adic family of
Eisenstein classes, uniquely characterized by Hecke eigensystem and boundary values.
Let p 1 N be an integer, f be a primitive ordinary Hida family with tame level dividing N. We

define

Wi (P, Q) € C*(Bo", U(2), Ind5 5! (s (P, Q) ® Vep.0) (C))

as follows: Consider the quasi-isomorphism

- G(Ap) ,
1ndP((A‘f’_c))(C (82,0, 0(2), m(£.1) (P, Q) (pP) ® Vi(p,0)))

# . 1G(A)  ~ *
—C*(Bo", U(2), indy() (Fe1) (P, Q) © Sym* (a), oagrspr) © Vip.0)):

. . . G(Ay) * i
Y1) (P, Q) is the element in 1ndP(AJ’:) (C* (810, 0(2), m(51) (P, Q) (ppr) ® Vi(p,0))), as a function

on G(Ay) with value in C*(gly 9, O(2), 7(¢.1) (P, Q)(pr) ® Vi(p,0)), defined as follows: Note that

751y (P, Q) (pp) = mex~xg wke - [FeP 2w yy xp x Gt e - [Frke T2,
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and

Vep.o) = Sym*?72(C?) ® det™ koD
as GL,-representations. Let u be a basis of det.
1. ¥ 1)(P, Q) is nearly ordinary and /(N )-invariant.

2. Let w € W” be the length 1 element w,, represented by

1 0 00
0 0 01
w= ,
0 0 10
0 -1 00

embedded into G (A y) diagonally. Then ¢ ¢ 1)(P,Q)(gr) =0if gr ¢ P(Ay)wI(N), and

Wi (P, Q) (W) (g, 1) =(xg' w'e| - ') (det(g))

(Xf—IXZX;l)(éwkp—Zkgl . |kp—2kQ—7/2)(l_)ntTP ® I/t_(kQ+1).

We note that the assignment is possible because

ta * * %
0 ¢t = O
P(Af)NAd,(I(N)) = (mod N),
0 0 a0
0 0 = 1
. . 5P . a b
and the action of diag(z,7,1,1) fort € Z° on n¢g1)(P, Q)(pp) and the action of for
c 1

ac (2p)><, b e ip, and ¢ € NZ on g, are trivial.
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Each E((f),1) (P, Q) is nearly ordinary and /(N)-invariant. We define

I1(p") =18 € GSpy(Zy) | g = (mod p")

o o O
[e]
—
]

Since xp(P,Q)(diag(t,1,1,1)) = 1, E(¥p),1)(P, Q) is I (p")-invariant as long as yp(P, Q) is
defined on T(Z/p" Z).

We compute Bvlv,[gp,l],c, Ap for g” = w. By the definition of /(/N), we have that

Bl (o7 1].c.Ap ~ Msord(l)@zp Zp[[Z;]]

w,

where MS°(1) is the space of I-adic ordinary modular symbols in [Kit91] with tame level I'; (N).
The boundary values {y,1)(P,Q)} are interpolated by the constant element Z; € M sord(1) ¢

M S (1) (§>Zp Zpl [Z;]], up to a p-adic unit for each specialization.

Theorem 5.3. Suppose f is an 1-adic ordinary primitive Hida family of tame level dividing N
verifying (irre) and (dist). Let D = (L, I,f, 1,Z) where X is the set of all prime divisors dividing

PN. Let Ap be the Hecke eigensystem defined by

Ap(ur) = Br, Ap(Qe(X)) = Qr.p(X)

forallt € T(Q,)" and  t pN. Let Bg,, € @[g,,”ec;?}v),o Biv,[ng],c,AD be given by Bg,, [w] =

L;’Z ()(f_lwz)AD Li(f, 1)5} and Bg,, (o1 = Oforall [g] # [w]. Then there exists a rational Ap-adic

Eisenstein cohomology class Ep € lev characterized by the following conditions:

,N,Kl,Frac(Ap)’
1. Hp acts on Ep via Ap.

2. ®(Ep) = Bg,,.
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Let X be the set of prime numbers dividing N. If furthermore, there is no height 1 prime ideals of
Ap containing both L;’Z ()(f_lwz)AD and LIZ,(f, 1), and (L%(f, 1)) C Ché (f) (For example, when
assumptions in Theorem 5.2 are satisfied), then Ep is an integral Ap-adic Eisenstein cohomology

. 1
class. That is, Ep € Mw,N,Kl,AD'

Proof. Consider the short exact sequence of ip-modules

1 1 @ 1
0= S, NErac(rp) = M N KiFrac(ap) — @ By, (¢r1).cFracrp) | — 0
[87.11€CYy )
S :v N.Frac(Ap) [Ap] = 0 because the Hecke Eigensystem does not appear in cuspidal cohomology of

sufficiently regular weights. Therefore, we have the isomorphism

1 @ 1
Mw,N,Kl,Frac(AD) [1p] — @ Bw,[g”,l],c,FraC(AD) [4p].

[87.11€CPY,) o

Bg, (P, Q) is the same as the constant term of

(L5 (xg '0)ap Ly (£, 1) (P, Q)E (Y 11)(P, Q).

By the construction of E (i t,1)(P, Q)), and control theorem for boundary cohomology in charac-

teristic 0, Bg,, € (@[gP,I]EC;’E‘;V),O B:V,[gp’l]’c,Frac(AD)) [1p]. By the isomorphism above, there is a
[Ap] with boundary value Bg,, .

: 1
unique ED € Mw,N,Kl,Frac(AD)

Suppose there is no height 1 prime ideals of Ap containing both L} ( X;'w?)a, and L3(F, 1),

and (le,(f, 1)) c Ché (f). We prove that Ep € lev . Since Ap is normal and lev

,N.KI,Ap ,N.KI,Ap

is finite free over Ap, it suffices to prove that, for all height 1 prime ideal P c Ap, Ep €

M! We prove this by contradiction. Suppose Ep ¢ M

w,N.KL,(Ap)p" for some height 1

,N.KIL,(Ap)p

prime ideal P C Ap. Since (Ap)p is a discrete valuation ring, there is a uniformizer ap € (Ap)p
n . . o, . . l . .
and n € N such that apEp is primitive in M,y ki, (Ap)p* Then a routine argument yields that

(Ep)p € ALy (xf 'w?)a, L3 (£, 1), which is a proper ideal. Therefore, Ep is a proper ideal of
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Ap and Tp is defined. If L;‘,’2 ( X¢ 1a)z) Ap 18 not contained in P, then Proposition 5.15 yields that
ordp(Ché(f)) > ordp((Ep)p) = n+ ordp(Ll%(f, 1)),

and we get a contradiction from (L? (f,1)) c C hé(f). It L;’Z (¢ 'w?),,, is contained in P, then

LE (f, 1) is not contained in P and Proposition 5.15 yields that

ordp (L™ (xy ' @?)a,) = ordp((Ep)p) > n+ordp(Ly™ (xg' w?)a,),

and we also get a contradiction. O
Conjecture 1. Ep is always integral.

By Theorem 5.1 and a similar argument in the proof of Theorem 5.3, we have a similar result

for one variable family of Eisenstein classes.

Theorem 5.4. Suppose f is an I-adic ordinary primitive Hida family of tame level dividing N

verifying (irre) and (dist). Let Ap be as in the previous theorem. Fix an P € X; with kp > 7. Let

1 . _ *,2 -1,.2
Bepp, € @[gl’,l]ec‘"d BW,[gp,l],C,AD(p) be given by BEppy.lw] = (Lp (Xf w )ADLg(f, D)(P,-)-

I(N),0
EJZP and By, ;.1¢1 = 0 for all [g] # [w]. Then there exists a unique rational Appy-adic Eisenstein

cohomology class Eppy € M 1

WN.KLFrac(Ap ) characterized by the following conditions:

1. Hpp) acts on Ep(p) via Ap(P).
2. ©(Ep(p)) = Bepp)-

Let X be the set of prime numbers dividing N. If a(p,fp) # 1, there is no height 1 prime ideals

of Ap(p)y containing both L;’Z (/\(fla)z)AD (P,-) and L%(f, 1)(P,-), and ny, is unramified at p, then

Epwp) € lev,N,Kl,AD(P)[l/p]' If furthermore, there is a basis of Ty, for which the image of pf,
contains SL,(Z), then Epp) € lev N.KLAD(p' That is, Ep(p) is an integral App)y-adic Eisenstein

cohomology class.
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[Bor83]
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