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Abstract
Advances in Machine Learning for Complex Structured Functional Data

Chengliang Tang

Functional data analysis (FDA) refers to a broad collection of statistical and machine learning
methods that deal with the data in the form of random functions. In general, functional data are
assumed to lie in a constrained functional space, e.g., images, and smooth curves, rather than
the conventional Euclidean space, e.g., scalar vectors. The explosion of massive data and high-
performance computational resources brings exciting opportunities as well as new challenges to
this field. On one hand, the rich information from modern functional data enables an investigation
into the underlying data patterns at an unprecedented scale and resolution. On the other hand,
the inherent complex structures and huge data sizes of modern functional data pose additional
practical challenges to model building, model training, and model interpretation under various
circumstances.

This dissertation discusses recent advances in machine learning for analyzing complex struc-
tured functional data. Chapter 1 begins with a general introduction to examples of modern func-
tional data and related data analysis challenges. Chapter 2 introduces a novel machine learning
framework, artificial perceptual learning (APL), to tackle the problem of weakly supervised learn-
ing in functional remote sensing data. Chapter 3 develops a flexible function-on-scalar regression
framework, Wasserstein distributional learning (WDL), to address the challenge of modeling den-

sity functional outputs. Chapter 4 concludes the dissertation and discusses future directions.
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Chapter 1: Introduction

The past two decades have witnessed the big success ofal intelligence (Al) and machine
learning (ML) technologies. From facilitating daily life to advancing scienti ¢ research, data-
driven Al and ML technologies have demonstrated their great potential for leveraging big data
and high-performance computing to not only automate repetitive tasks but also extend human
capabilities. One critical breakthrough is the Generative Pre-trained Transformer 3 (GPT-3) [1],
a deep language model that can generate human-like writings. With approximately 185 billion
parameters trained over 500 billion words, GPT-3 is able to achieve human-level performance in a
variety of natural language processing tasks, including machine translation, text completion, and
so on. Another important work is AlphaFold 2 [2], which performs protein structure prediction at
experimental accuracy. This powerful tool would save a large amount of time for the biologists to
understand protein behavior and discover new drugs.

Meanwhile, advanced technologies create new opportunities and challenges. On one hand, the
data being collected every day are becoming larger in size and of better quality, which enables us
to discover underlying patterns in an unprecedented scale and resolution. On the other hand, the
data from multiple disciplinarians are usually high dimensional and exhibit complex structures,
making it more challenging to conduct analyses. Consequently, instead of being treated as simple
Euclidean vectors, these data should be carefully modeled as “functional” objects lying in specif-
ically constrained spaces. Also, the excellent prediction performance of most modern machine
learning models relies heavily on the availabilitystfong supervisioni.e., a large set of accurate
and exact ground-truth labels. Unfortunately, such large high-quality labels are usually scarce for
functional data in various scenarios, especially the scienti ¢ areas relying on expert knowledge.
Moreover, the deep structure of modern machine learning algorithms despite greatly increasing

the model space, makes it extremely dif cult to interpret the predictions. Yet in numerous appli-



cations such as healthcare, a thorough understanding of the model architecture is essential for the
experts to trust the model output. As a result, these serious practical challenges of functional data
emphasize the necessity of more applicable, interpretable, and generalizable statistical machine
learning algorithms.

Functional data analysi¢FDA) is a rapidly growing research area in statistics that deals with
data in the form of functions. The key assumption is that the observed data are nite discrete
samples of a random function de ned over continuous intervals, e.g., the time-space domain. This
areawas rst explored by Ramsay [3, 4], and most of the recent developments focus on functional
regression [5, 6]. In general, supervised functional regression methods can be categorized into
three types: (a) scalar-on-function regression (scalar output with functional inputs), (b) function-
on-scalar regression (functional output with scalar inputs), and (c) function-on-function regression
(functional output with functional inputs). Treating data as functional objects, functional regres-
sion methods enjoy great model exibility and enable a comprehensive investigation into the data
generation mechanism.

In machine learning, even though not explicitly phrased, most of the recent developments fall
into the scope of functional data analysis. As the key objects of interest in Al, images, sounds,
and videos are typical examples of functional data, and thus related machine learning tasks can be
viewed as functional regression problems. For example, in image classi cation [7, 8], the goal is to
predict the labels (scalar output) given the input images (functional input). And the reverse task is
image generation [9, 10], which generates new images (functional output) using the given class la-
bels (scalar input). In addition, image super-resolution algorithms [11, 12] recover high-resolution
images (functional output) from low-resolution inputs (functional input), which is an example of
function-on-function regression. From this perspective, it is advantageous to summarize the litera-
ture on functional data analysis from the statistics and machine learning communities in a uni ed
framework.

In real-world applications, the functional data of interest would exhibit complex structures and

suffer from practical challenges. In the next two sections, we introduce three examples of modern



functional data and their related data analysis challenges.

1.1 Examples of Real-world Functional Data

1.1.1 Remote Sensing Data

Recently developed remote sensing technologies such as aerial imagery and Light Detection
and Ranging (LIDAR) greatly alleviate the burden of large-scale geographic data collection. Aerial
imagery is the collection and processing of photographs from an aircraft. They offer rich visual in-
formation for the physical landscape of a large area, allowing the identi cation of different objects
through their individual patterns. LiDAR technology determines the distance to an object by send-
ing a pulsed laser and measuring the time before its return. The output is a densely sampled 3D
point cloud with each dot representing the location of a single point on the object's surface. From
a statistical point of view, treating the target object (e.g., a tree) as a closed manifold (function)
in the 3D Euclidean space, the aerial imagery is the nite sample of its surface textures, and the
LiDAR point cloud is the nite sample of its surface locations. When combined together, these two
technologies enable an ef cient and scalable gathering of high-resolution ground characteristics.

Figure 1.1 shows an example of remote sensing data. In March 2017, the conditions of El
Yungue National Forest in Puerto Rico were characterized at the landscape scale by high-resolution
remote sensing data using NASAs G-LiHT platform. G-LiHT is a unique airborne instrument
package that acquires coincident, high-resolution LiDAR (resolution: 30 &@ cm), and stereo
air photo data (resolution: 3 cm 3 cm). Also, some other historical geographical covariates
are available over El Yunque National Forest, such as rainfall, soil type, and cumulative hurricane
exposure.

Conventional ecological studies were conducted at plot level, which requires expensive expert
knowledge and cannot be generalized to large areas. Large-scale high-resolution remote sensing
data would allow researchers to quantify heterogeneity in canopy height, forest biomass, and the
three-dimensional structure of forests, which are all key factors answering important scienti ¢

guestions. In combination with samples of high-accuracy georeferenced tree data from ground ob-
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Figure 1.1: A new way of “looking” at our trees.

servations, a machine learning work ow will enable ecological surveys of forests over large areas.
To achieve this goal, two tasks remain to be solved. The rsttask is concerning technologies, which
involves turning unstructured remote sensing data, e.g., aerial images and LiDAR point clouds, into
learned features for forest composition, e.g., spatial distributions of multiple tree species. The sec-
ond task is concerning science: with the numeric measurements of forest characteristics in place,
it is meaningful to derive scienti ¢ insights from the associations between different environmental

covariates.

1.1.2 Distribution Functions

Distribution functions are the outcome of interest in many data-driven applications. In recent
years, due to the technological advances in computation and data storage, high-resolution scienti ¢

data have become available on a large scale, which provides abundant information for studying how
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Figure 1.2: Historical annual distributions of daily land-surface average anomalies. The color of
the curves represents the year information.

the distributions of outcome variables vary across different scenarios. Examples of such data in-
clude demographic distributions from community surveys, historical records of climate variations,
and temporal dynamics of tweets.

In climate research, it has been shown that climate changes have a profound in uence on multi-
ple aspects of climate outcomes, including changes in the mean values, the overall variability, and
the frequency of extreme values. Figure 1.2 visualizes the annual distributions of daily tempera-
ture in the past 140 years. A shift in the mean temperature and other more complicated changes
in the tail events can be observed in the gure. Yet it remains unclear how these variations have
been driven by different factors. Conventional approaches to understanding how relevant factors
drive these variations have been focusing on simultaneous modeling of multiple summary statis-
tics, which are inef cient and challenging due to the interdependence of these statistics. Directly
modeling distribution density functions provides the opportunity for a comprehensive and multi-
angle study of an outcome variable of interest than simply using summary statistics. It is highly
desirable to develop exible and interpretable models for density function outcomes, especially for
identifying important drivers of heterogeneity in distributional features (e.g., spread, tail probabil-

ities) via predictive modeling.
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