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Abstract

Hydrodynamic limits and fluctuations for interacting particle systems

Hindy Drillick

In this thesis, we study the limiting behavior of several different models in the KPZ universality
class.

In Chapters 1 and 2, we study the hydrodynamic limits of the ¢-PNG model and the inhomo-
geneous stochastic six-vertex model with periodic weights using soft techniques. We show that
the height functions of both models converge almost surely to a deterministic limit shape. The key
element of the proofs is the construction of colored versions of both models, which allows us to
apply the superadditive ergodic theorem. Along the way, we also construct the stationary ¢t-PNG
model and prove a version of Burke’s theorem for it.

In Chapter 3, we consider the stochastic six-vertex model with step initial conditions and a
single second-class particle at the origin. We show almost sure convergence of the speed of the
second-class particle to a random limit. This allows us to define the stochastic six-vertex model
speed process, whose law we show to be ergodic and stationary for the dynamics of the multi-class
stochastic six-vertex process. The proof requires the development of precise bounds on the fluctua-
tions of the height function of the stochastic six-vertex model around its limit shape using methods
from integrable probability. As part of the proof, we also obtain a novel geometric stochastic
domination result that states that a second-class particle to the right of any number of third-class

particles will at any fixed time be overtaken by at most a geometric number of third-class particles.



In Chapters 4 and 5, we show that under a certain moderate deviation scaling, the multiplicative-
noise stochastic heat equation describes the fluctuations of the quenched density of two different
models of diffusion in a time-dependent random environment. The first model is the motion of a
particle under a continuum random environment whose distribution is given by the Howitt-Warren
flow. The second model is a 1D nearest-neighbor random walk in a space-time random environ-
ment. The proofs rely on certain Girsanov transforms and showing that the quenched density solves
a prelimiting SPDE that resembles the stochastic heat equation. For the random walk model, we
also show that independent noise is generated in the limit, in the sense that the prelimiting noise

field does not converge to the driving noise of the limiting SPDE.
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Introduction

0.1 Overview

In classical probability theory, a system of many independent random walks typically gives rise
to Gaussian behavior. In contrast, the study of interacting particle systems, which is concerned
with the behavior of randomly moving particles that have some nontrivial interactions with each
other, gives rise to other rich universality classes, including the famous KPZ universality class.

An interacting particle system is a Markov process whose state space consists of particle con-
figurations. Let S be a countable set of sites (e.g., S = Z<) and let W be a compact metric space
representing the phase space at each site. Typically, we will take W = {0, 1} where 1 represents
the presence of a particle at a given site and 0 represents a hole, or the absence of a particle. We
will then consider discrete or continuous time Markov processes on the state space X = W en-
dowed with the product topology. What differentiates interacting particle systems from systems of
independent particles is that the future position of a particle does not just depend on its current po-
sition, but rather on the current position of the other particles as well. See [1] for a comprehensive
overview of this subject.

Many types of tools have been developed to study interacting particle systems, and we will
broadly divide them into two categories. The first consists of probabilistic techniques such as cou-

pling methods and the construction of explicit stationary measures. The second category consists



of algebraic techniques. Certain particle systems have some special underlying algebraic structure
that gives rise to many additional and powerful tools coming from representation theory. Some
famous examples are the totally asymmetric exclusion process (TASEP), the stochastic six-vertex
model, and the Hammersley process. We say that such models are integrable or exactly solvable.
In this thesis, we will study the limiting behavior of both integrable and nonintegrable interacting
particle systems in the KPZ universality class.

To introduce KPZ universality, we first consider random growth models, which are closely
related to interacting particle systems. A random growth model is represented by a height function
h(x,t) which gives the height of a growing surface at position x at time ¢. We will be interested
in models where the growth at different sites is not independent, again giving rise to non-Gaussian
universality classes. Many such random growth models can also be viewed as interacting particle
systems by interpreting the level lines of the height function in space-time coordinates as particle
trajectories. In what follows, we often take the dual perspective of viewing our models as both
random growth models and interacting particle systems.

Two natural questions we can ask about a random growth model are:

1. What is the limit shape of the height function, i.e., the limit of h(Nz, Nt)/N as N — co?

2. What are the random fluctuations of A around this limit shape?

While the limit shape is highly dependent on the specific choice of model, the fluctuations are
believed to be universal for a large class of models whose large-scale behavior is similar to that
of the solution of the KPZ equation. The KPZ equation is a stochastic PDE first introduced by

Kardar, Parisi, and Zhang in [2]:
1 1
OH(t,x) = 5amﬁ'qt(t, x) + 5(@,}L(t, 1)) 4+ \/2Dé(t, 1), (1)

where D, > 0 is the noise coefficient and £(¢, x) is a space-time white noise (i.e., a Gaussian noise
with E[¢(t, 2)E(s,y)] = 6(t — s)d(x — y)). The solution H.(¢, x) represents the height function of

a randomly growing surface whose growth at a point x depends on the height at nearby points. We

2



say that models whose height functions exhibit the same large-time scaling limits as H (¢, x) are in
the KPZ universality class. In general, it is difficult to prove that models belong to this class—most
work in this direction has focused on exactly solvable models. However, it is of great interest to go
beyond these special models, which has been a driving force of the following research.

In Chapters 1 and 2, we study the limit shapes of two positive temperature interacting parti-
cle systems: the {-PNG model and a family of inhomogeneous stochastic six-vertex models. We
use coupling methods from interacting particle systems to prove almost sure convergence of these
models to their limit shapes. While the t-PNG and stochastic six-vertex models are exactly solv-
able, the inhomogeneous generalization of the stochastic six-vertex model that we consider is not
exactly solvable for a generic choice of inhomogeneities, showing the broader applicability of our
techniques beyond exactly solvable models.

In Chapter 3 we construct the stochastic six-vertex model speed process, a process that tracks
the asymptotic speeds of particles in the multi-class six-vertex model. We do so by proving tail
bounds to control the fluctuations of the height function around its limit shape, contributing to a
growing body of work developing tools to prove tail bounds for positive temperature models in
the KPZ universality class. This work combines techniques arising from integrable probability
with certain coupling-based techniques. In particular, the proof of the tail bounds makes use of
certain integrable identities that connect the stochastic six-vertex model to the Meixner ensemble,
a determinantal point process. We then relate these tail bounds to the speed of the second-class
particle via a novel stochastic geometric domination result, which allows us to control the second-
class particle with a large number of third-class particles.

In Chapters 4 and 5, we then turn to studying the extremal behavior of systems of diffusions
in random environments. We prove that the fluctuations of the maximal particle for random walks
in a dynamical random environment are governed by the KPZ equation in the moderate deviations
regime. We also prove an analogous result for sticky Brownian motions, a continuum limit of
random walks in a random environment. These works prove a form of KPZ universality for a large

class of models that are not exactly solvable. The techniques used in this project are mostly derived



from stochastic analysis and the theory of stochastic partial differential equations.
We now give a brief overview of the KPZ equation, followed by an overview of the results of

each chapter.

0.2 Solving the KPZ equation

While the KPZ equation is formally defined as in (1), making sense of this equation is quite
challenging due to its nonlinearity and the poor regularity of the noise term. The notion of solution
that we will work with in this thesis is the Cole-Hopf solution. If £(t, x) were more regular (e.g.

smooth), we would have that (¢, z) = ")

solves the multiplicative stochastic heat equation
(SHE)

QU(E, ) — %amu(t, 2) + /2DoU(, 2)E(E 7). @

However, unlike the KPZ equation, the SHE still has a well-defined solution when we take
&(t, x) to be space-time white noise. Therefore, as long as U (¢, z) > 0, we can define H(t,z) :=
logU(t, x) to be the solution to the KPZ equation. We call this the Cole-Hopf solution, and it
coincides with other existing notions of solutions (see e.g. [3, 4, 5, 6, 7, 8]), under suitable as-
sumptions.

The works [9, 10] showed that if the initial conditions to the SHE are nonnegative and not
identically zero, then the solution is strictly positive for all positive times, i.e., U(t,z) > 0 for all
t > 0 and z € R almost surely. Therefore, the Cole-Hopf solution of the KPZ equation is well-
defined for such initial conditions. We will mostly be interested in the solution of the SHE with
Dirac delta initial conditions U(0, z) = do(x). The corresponding initial conditions for the KPZ
equation are called the narrow wedge initial conditions and are formally given by —oo everywhere
except at x = 0.

The notion of solution to the SHE that we will work with is due to Walsh [11] and relies on
a theory of stochastic integration with respect to martingale measures. Alternatively, there is the

solution theory developed by Da Prato and Zabczyk (see e.g. [12]) involving infinite-dimensional



stochastic evolutions. See [13] for a comparison of these two approaches.
We say that U is a mild solution (also called a Duhamel solution) of the SHE with initial

conditions U (0, ) if it satisfies the following integral equation:

U(t,x) = /OO q(t,z — y)U(0,y)dy + \/2D0/ / (t—s,x—y)U(s,y)&(ds,dy).  (3)

o0

732 . . . .
where ¢(t,z) = ﬁe*H is the heat kernel and where the integral on the right can be rigorously

defined as an integral with respect to a martingale measure [11].

In the seminal work [14], Amir, Corwin, and Quastel showed that the large-time behavior
of the KPZ equation with narrow wedge initial conditions is described by the Tracy-Widom GUE
distribution, a distribution first introduced in [15] to model the fluctuations of the largest eigenvalue
of the Gaussian unitary ensemble.

On the other hand, the short-time behavior of the KPZ equation is Gaussian. Heuristically,
taking time to O corresponds (under rescaling the equation) to putting a parameter ¢ in front of the
nonlinear term in the KPZ equation and taking ¢ — 0. This results in the additive stochastic heat

equation (also called the Edwards-Wilkinson equation)

OuH(t,2) = 0., H (t,2) + \/2DyE(t, ). @

The mild solution to this equation is given by

H(t,@:/m q(t,z —y) Oydy+\/2_1>0// (t — s,z —y)&(ds, dy).

(e o]

Note that, unlike in (3), the right-hand side no longer depends on H (¢, x), so this can be taken as
the definition of the solution H. Furthermore, H is a Gaussian process as the second integral is the
integral of a deterministic function against a Gaussian white noise.

While the above argument was non-rigorous, this can also be seen rigorously through the Cole-



Figure 1: The time evolution of the PNG model. The red curve denotes the growing surface.
The cone at the bottom contains the space-time nucleations, and the black bar denotes the time
evolution. Image reprinted with permission from [16], based on simulations by Patrik Ferrari
(https://wt.iam.uni-bonn.de/ferrari/research/animationpng).

Hopf solution to the KPZ equation by considering the corresponding small time limit of the SHE.
Therefore, the one-point distributions of the KPZ equation crossover from the Gaussian distribu-

tion to the Tracy-Widom GUE distribution as we transition from small-time to large-time.

0.3 Limit shape of the -PNG model

In a series of projects with Yier Lin [17, 18] (the content of Chapters 1 and 2, respectively), we
prove almost sure convergence to the limit shape for the -PNG model and a class of inhomoge-
neous stochastic six-vertex models. These are positive temperature KPZ models for which it is not
straightforward to apply the subadditive ergodic theorem. To overcome this difficulty, we develop
new colored versions of these models that give couplings under which we can apply the ergodic
theorem.

The polynuclear growth (PNG) model, for which the limit shapes were first computed in the
celebrated works of [19, 20], is a model with a space-time Poisson point process of nucleations in
the light cone {(z,s) € R x R>q : |z| < s}. When a nucleation occurs at position x at time s,
an island of height one and infinitesimal width nucleates on top of the existing one-dimensional
surface at position x. This island then spreads out laterally with unit speed until it merges with

another island of the same height. See Figure 1 for a simulation of this model. The {-PNG model


https://wt.iam.uni-bonn.de/ferrari/research/animationpng

is a deformation of the PNG model recently introduced by Aggarwal, Borodin, and Wheeler in
[16]. It is defined similarly to the PNG model, but when two islands merge, a new island nucleates
at the merging location with probability ¢, for some fixed parameter ¢ € [0, 1]. Note that ¢ does not
represent time. The reason that we use the parameter ¢ as the deformation parameter (following
the convention in [16]) is due to the model’s connection to the Hall-Littlewood polynomials, which
use the parameter .

We will now introduce an alternative description of the ¢-PNG model that comes from rotating
space-time coordinates by 45°. Although the above description is more clearly connected to the
notion of a randomly growing surface, the following definition will be easier to work with and will
relate our model to Poissonian last passage percolation and the Hammersley Process.

Fix t € [0, 1]. First, we place a Poisson point process with intensity 1 on the upper-right quad-
rant R, x R, representing nucleations. We draw lines emanating from each of these nucleations
in both the upward and rightward directions until they collide with each other. We call this col-
lision point an intersection point. Given the Poisson nucleations, we sample the outcomes of the
intersection points (lines will either cross or annihilate each other) starting with the intersection
point which has the smallest sum of x- and y- coordinates and moving sequentially outward. At
an intersection point, the two lines will cross each other with probability ¢ and will annihilate
each other with probability 1 — ¢, forming a corner. We call these two types of intersection points
crossing points and corner points, respectively. Note that when lines cross, they might generate
new intersection points. See Figure 2 for a sampling of the t-PNG model. See also Figure 3 for
computer simulations of the model for different values of ¢.

Taking ¢ = 0, we recover the usual PNG model. In this case, we get a family of non-intersecting
down-right paths.

We can now rigorously define the height function, which we denote by N(z,y). We set the
height function at the origin to be zero. Whenever we cross a line from left to right or from bottom
to top, the height function increases by 1. See Figure 2 for the values of the height function for

different sampled configurations.
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Figure 2: Possible samplings of the {-PNG model. x are the Poisson nucleations. The red points
are the crossing points, and the blue points are the corner points. The numbers denote the height
function in each section. Left panel: With probability 1 — ¢, the two colliding lines form a corner
point. Center panel: With probability ¢(1 — ¢), we have a crossing point and a corner point. Right
panel: Finally, with probability ¢?, we have two crossing points.

For ¢t = 0, N(z,y) can alternatively be defined as the maximal number of Poissonian nucle-
ations that can be collected along an upright path from (0,0) to (z,y). It is this perspective that
relates the PNG model to the problem of last passage percolation (essentially the problem of find-
ing a path with maximal energy through a random environment) and why this model is sometimes
called Poissonian last passage percolation.

Inspired by this, we can equivalently define N(x,y) for ¢ > 0 to be the maximal number of
both Poissonian nucleations and crossing points that an upright path can collect (see Figure 4). It is
this reinterpretation of the height function that allows us to adapt tools that were developed for the
PNG model. Note that the point process obtained by taking the union of Poissonian nucleations
and crossing points no longer has the property that points occur independently of one another, as
the locations of crossing points depend on the locations of other crossing points and nucleations to
their bottom-left.

With the above interpretation, we can also connect the -PNG model to Ulam’s problem [21]
of finding the length of the longest increasing subsequence of a permutation chosen uniformly at
random from the symmetric group S,,. Let L,, be the random variable denoting the length of the
longest increasing subsequence of a permutation chosen uniformly from S,,. Then the question

posed by Ulam was to determine the limit of ]i[f/;] . Hammersley [22] converted this problem to the

problem of studying the limit shape of the height function of the PNG model through the realization
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Figure 3: Simulation of the t-PNG model for ¢ = 0,0.4,0.8, and 1.
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Figure 4: N(x,y) equals the largest number of Poisson points (X ) and crossing points (®) we can
collect along an up-right path from (0, 0) to (z,y).

that N (n, n) is equal in distribution to Lj; where M is a Poisson random variable with mean n?.

Furthermore, the level lines of the PNG height function can be interpreted as the piles of cards
that appear when patience sorting a uniformly shuffled deck of cards with a Poissonian number of
cards. Patience sorting is a solitaire card game that can be used to find the length of the longest
increasing subsequence in a given permutation (as represented by a deck of cards), see [23]. Sim-
ilarly, the level lines in the -PNG model can be interpreted as the piles for patience sorting with
errors as introduced in [16]. This is similar to the usual patience sorting, but with probability ¢,
when considering a card that should be placed onto an existing pile, the sorter makes an error and
starts a new pile. These errors correspond to the crossing points and increase the height function
(or, correspondingly, the erroneously calculated length of the longest increasing subsequence).

For PNG, which has space-time independent nucleations, [22, 24] used Kingman’s subadditive
ergodic theorem to prove that the height function converges almost surely to its limit shape. How-
ever, for t-PNG, this is more complicated since the locations of new nucleations depend on the
previous ones, and the resulting nucleation field is no longer ergodic.

To remedy this, we view ¢-PNG as an interacting particle system and construct a new colored
t-PNG model. We then couple the height function N (x,y) with this colored model in such a way

that we recover ergodicity and can apply the subadditive ergodic theorem. We obtain the following
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result:

Theorem 0.3.1. Fort € [0, 1), the height function of the t-PNG model converges almost surely to

its limit shape, i.e., almost surely for all x,y > 0: lim,_, N(S“:’Sy) = ?/\{g

Weak convergence to the limit shape follows from the fluctuation result in [16] where they

generalized the Baik-Deift-Johansson result [25] for the PNG model to prove that for all ¢ € [0, 1),

as s — 00,
N(sz,sy) — 28@
1 1 T = FQ (5)
(1 —t)"ss3(zy)s

where F5 is the Tracy-Widom GUE distribution. Therefore, it just remains to prove almost sure
convergence. However, since the proof of the fluctuation result relies on integrable techniques,
we also give an alternative derivation of the limit shape using “soft" techniques coming from
interacting particle systems, inspired by the works [22, 23, 26, 27].

Note that the limit shape blows up as ¢ — 1. Att¢ = 1, the {-PNG model is trivial (the lines
emanating from each Poissonian nucleation keep going forever, see the last picture in Figure 3) and
the height function at (z, y) just counts the number of Poisson nucleations in the box [0, z] x [0, y].

Then, by the usual law of large numbers and the central limit theorem, we know that
N(sx,sy) N(sxz,sy) — s*xy

2 — 2, . = N(0,1)

where N (0, 1) is a standard normal distribution.

We know from (5) that for ¢ < 1 the model exhibits Tracy-Widom distributions. Therefore, one
can expect that as ¢ — 1 under a suitable scaling, we should expect some crossover fluctuations
that interpolate between the Tracy-Widom and Gaussian distributions. In [16], they proved that
this crossover is given by the KPZ equation at the level of one-point distributions, but proving the

process-level convergence remains an open question.
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0.3.1 The colored ¢t-PNG model

The key tool that we use to prove the almost sure convergence of the t-PNG model to its limit
shape is the construction of a new colored t-PNG model. This is a generalization of the ¢-PNG
model, wherein lines (which can be thought of as particle trajectories) are assigned colors with
varying priorities. Note that in the vertex model literature, the term color is used while the same
concept is also called class in the interacting particle system literature. We will use both terms
depending on the model and context.

A color will be represented by an integer, with smaller integers having higher priority over
larger integers. The colored model is constructed to satisfy the following three properties:

Property 1 (Color Ignorance): Lines with higher priority colors ignore those with lower pri-
ority colors. For instance, the lines with colors that belong to {1, ..., m} ignore the behavior of
lines with colors greater than m. This means that if we sample the n-colored model and ignore the

lines with colors greater than m, the remaining lines will behave as the m-colored model.

Property 2 (Projection from n colors to m colors): Suppose we start with colors 1, ..., n. Fix
arbitrary integers 1 < r; < --- < r,, < n. Then there is an explicit projection procedure that
allows us to project the colors in {ry_1 + 1,...,r;} to color k for each k& € {1,...,m} so that

we recover the m-colored model. In particular, we can project the colored model down to the
single-colored model.

Property 3 (Monotonicity of the Height Function): This property says that under certain con-
ditions, adding a second color to the model does not decrease the height function. In other words,
suppose that H'(z,y) is the height function of a single-colored model. If we allow lines of a
lower priority color to enter from the bottom or left boundaries and then project both colors back
to a single-colored model, then the height function H?(x,y) that we obtain is at least as large as
HY(z,y).

It is precisely these three properties that will allow us to apply the subadditive ergodic theorem

to the colored model. Due to color ignorance, the colored model will satisfy ergodicity, as we
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Figure 5: A sampling of the {-PNG model with sources on the bottom boundary and sinks on the
left boundary.

will be able to ignore the effects of lines originating from the left and below a given region by
assigning them a lower priority color. The projection property will allow us to couple the colored
model to the height function of the single-colored model, which is the object we are trying to study.
Finally, the monotonicity property will ensure that the colored model still satisfies superdditivity
(it is straightforward to show that the height function of the single-colored model is superadditive,

but adding in more colors can potentially break this).

0.3.2 Stationary :-PNG model and derivation of the limit shape

As part of our proof, we also construct a stationary version of the -PNG model, generalizing
the results in [27] for the PNG model.

To construct the stationary ¢-PNG model, we will first need to introduce the notion of boundary
data for the t-PNG model. Fix a vector of locations on the positive x-axis which we will call
sources and a vector of locations on the positive y-axis which we will call sinks such that on any
rectangle [0, m] x [0, n] there are only finitely many sources and sinks on the bottom-left boundary.
We treat the sources and sinks as additional nucleations and sample the model as before, ignoring
lines that go along either the z-axis or y-axis (see Figure 5). The height function of the t-PNG
model with boundary data is defined in the same way as before.

We now fix A, 77, 75 > 0 and consider the ¢-PNG model on [0, 71] x [0, 73] with the following

boundary data: a Poisson point process of sources of intensity A on the bottom boundary and a
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Poisson point process of sinks of intensity ﬁ on the left boundary.

Given the t-PNG model, we can naturally obtain an interacting particle system called the ¢-
Hammersley process as follows: Let (X )o<,<r, be the configuration of particle locations in [0, 7]
at time 7. The particle locations in this interpretation are the locations = such that (z, 7) belongs
to a vertical line segment in the ¢-PNG model. More precisely, X is a Markov chain on the state
space E consisting of all finite point configurations on [0, 7}].

Due to our choice of boundary data, X is a Poisson process with intensity A\. We show that the
Markov process X is stationary, meaning that the point configuration X, remains a Poisson point
process with intensity A for all 7 € [0, T3].

Using this, we can now derive the limit shape. Let Vi be the height function of the stationary

model with boundary parameter \. Using the stationarity property, it is not hard to show that

E[N{*(z,y)] = ——— + Az 6
Minimizing over all possible boundary parameters A\ for the stationary model yields an upper
bound on the limit shape for the original model. This is because adding in sources and sinks on
the boundary can only increase the height function. The right-hand size of (6) is minimized for
A= —_ Tt follows that
v/ z(1—t)

E[N(z,y)] < 2

N ARV

which gives an upper bound on the limit shape.

(7

It turns out that this upper bound is sharp and equals the limit shape. The intuition for this is
as follows: Ny (z,y) is counting the largest number of Poisson points and crossing points that
can be accumulated along an up-right path from (0,0) to (x,y). As we have Poisson processes
along the bottom and left boundaries, the optimal path will first choose one of the boundaries to go
along for some time before entering into the interior of the quadrant. Changing the value of \ will
change which boundary is likely to be favored by the optimal path and for how long the optimal

path will cling to the boundary. At the specific choice \ = — % both boundaries are equally

\/ z(1—t)
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likely to be chosen. Therefore, the optimal path won’t stick to the boundary for that long, making
the height function very close to the height function of the model without sources and sinks.

To actually prove the lower bound, however, we employ a different approach inspired by [26]
which relates the limit shape to a law of large numbers for the number of nucleation points in the
box [0, s] x [0, s]. We generalize this to the case where ¢t > 0 by proving a law of large numbers

for the number of Poisson nucleations and crossing points in [0, s] x [0, s].

0.4 Limit shape of the stochastic six-vertex model

Type I II III v \% VI
Configuration . \ T_ _l
Weight 1 1 b1 1-— b1 b2 1-— b2

Figure 6: The six allowed configurations for the S6V model

In Chapter 2, we extend these results to the stochastic six-vertex (S6V) model. The S6V model
was first introduced by Gwa and Spohn in [28] as a specialization of the six-vertex model, a clas-
sical model from equilibrium statistical mechanics going back to [29]. We use the observation
from [16] that -PNG can be viewed as a scaling limit of the S6V model to lift our techniques to
that setting to prove almost sure convergence to the limit shape for the S6V model. These results
also extend to an inhomogeneous generalization of the S6V model. Notably, for generic inhomo-
geneities, the S6V model is no longer exactly solvable, showing the robustness of our methods.

The S6V model with step initial data is a stochastic path ensemble on the discrete upper-right
quadrant with a particle entering from each vertex on the left boundary. We fix two parameters
by, by € [0, 1]. Starting from (1, 1) and progressing sequentially away from the origin, we tile each
vertex with one of the six configurations in Figure 6, according to their weight (see the left panel
of Figure 7). We can think of lines entering a vertex from the bottom or left as inputs and the lines

exiting from the top and right as outputs. The S6V model is stochastic in the sense that if we fix
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Figure 7: Left panel: A sampling of the S6V model on the first quadrant, with the blue numbers
denoting the height function. Right panel: The CS6V model obtained by horizontally comple-
menting the S6V model.

the inputs to a given vertex, then the weights of all configurations with those inputs add up to 1.

We define the height function h(x,y) as the number of lines that pass through or to the right of
(x,y), see the left panel of Figure 7. We can also view these lines as particle trajectories. We call
an edge occupied if there is a particle there and unoccupied if not. If an edge is unoccupied, we
can also call it a hole.

The model exhibits different behavior depending on whether b; or b, is larger. If by > b,, then
particles tend to move up more than to the right. This leads to a sharp transition, known as a shock,
between the region above the diagonal where the particle density is 1 and the region below the
diagonal where the density is 0. See the left panel of Figure 8 for a simulation of this regime. On

the other hand, if b; < b9, then particles want to move right more than up, and thus they spread

1—bo
1-b1

out. Three regions form: one above the line z = ( ) y, where the density of particles is 1,

1-b1
1—bso

one below the line z = ( > y, where the density is 0, and one in between, where the density

decreases continuously from 1 to 0. The middle section is known as the rarefaction fan. See the

right panel of Figures 8 and 11 for simulations of this regime.

1-b1
1—-b2

We can already see that is an important quantity, and due to this, we will define an alter-

16



b1 IJJ b1

20 20

~ 15 - ~ 15

10 10

Figure 8: Left panel: A sampling of the S6V model with b; = 0.7 and b, = 0.3. Right Panel: A
sampling of the S6V model with b; = 0.3 and b, = 0.7.

native parameterization of the S6V model by parameters ¢, x > 0 defined as

by b

by " 1 —b

q:

Using this notation, the rarefaction fan is the interval of slopes in [, s].

More generally, we can allow the parameters b; and b to vary from vertex to vertex as long as
they satisfy certain periodicities. In other words, we consider vertex weights by (i, j) and by (i, j)
that depend on the vertex (i, j) subject to the assumption that there exist periods I, J € Zx; such
that b, (z + I,y) = bi(x,y) and by(x,y + J) = bi(z,y) for arbitrary =,y and k € {1,2}. We
call this generalization the inhomogeneous S6V model and its height function can be defined in an
analogous way to that of the homogeneous S6V model. The behavior of the inhomogeneous model
will depend in an intricate way on the choice of inhomogeneities.

The key observation that allows us to use the tools from the ¢-PNG model to study the S6V
model is the following: Consider the S6V model after horizontal complementation. 1f there is a
horizontal line, we erase it; if there is no horizontal line, we add it, see Figure 7 for an example.
This procedure converts an ensemble of upright paths to an ensemble of downright paths. Note

that this model has appeared in [16] without a specific name, and we call it the complemented S6V
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Figure 9: Six types of configurations for the CS6V model

(CS6V) model. The six possible vertex configurations in the CS6V model are depicted in Figure 9.

Let H be the height function of the CS6V model defined on ZQZO, where H (z,y) records the
number of lines that pass through or to the left of (z,y). It is straightforward that H(x,y) =
y — h(x,y), see the right panel of Figure 7.

Horizontal complementation is a purely bijective procedure, however, it allows us to more di-
rectly compare the S6V model with models of last passage percolation. The height function in the
complemented model can now be redefined as the maximum number of vertices with configura-
tions of types III and VI in Figure 9 that can be collected along an up-right path from (0,0) to
(z,y).

After performing horizontal complementation, it is possible to take a scaling limit of the com-
plemented S6V model to the -PNG model as explained in [16]. However, we do not use this limit
to prove our results. Instead, we prove them directly for the complemented S6V model, using the
previous work for the ¢-PNG model as an analogy.

We prove the following for the height function of the inhomogeneous S6V model:

Theorem 0.4.1. There exists a Lipschitz function g such that with probability 1,

o bl ()

n—o0 n

= g(l', y)7 vx7y S RZO- (8)

We do not know the formula for ¢g(z,y) for general inhomogeneities. For the homogeneous

S6V model, the limit shape has been computed explicitly in [30, 31] at the level of convergence in

18



probability and is given by the following formulas: If b; < by, we have

(Voo —/a052)” 1ty

z 1—bq
ba—br =0, <y < ooy
T = z N 1-b 9
9(z,9) =<0 L > 1h ©)
_ T 1-by
y—a vl

This corresponds to the rarefaction fan regime. On the other hand, if b; > by, we have

0 x>y,
g(z,y) = (10)

y—a r<y.

This represents the shock regime. Our result strengthens the convergence in [30, 31] to almost sure
convergence.

As a corollary of Theorem 0.4.1, we also obtain almost sure convergence to the limit shape for
the higher spin S6V model, as the higher spin model can be obtained from the usual S6V model
with a certain choice of inhomogeneities via a procedure called fusion. This procedure goes back
to [32] (see also [33] for a more probabilistic explanation).

To prove Theorem 0.4.1, we construct a colored version of the complemented S6V model. It is
important to note that this model is not the same as the usual colored S6V model studied in [34, 35,
36, 37, 38], even after performing horizontal complementation. The colored model we introduce
is new and can be thought of as a generalization of the colored models in the above works in that

it contains a strictly larger number of allowed configurations.

0.5 The stochastic six-vertex model speed process

While the previous work addresses the macroscopic behavior of the S6V model, we are also
interested in the microscopic fluctuations of the system around its limit shape. We can study these

fluctuations using second-class particles, first introduced by Liggett and Harris in the 1970s [39,
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Figure 10: The allowed configurations for the multi-class S6V model, where red lines represent
class 7 and blue lines represent class j for 7 < j.

40], and since used to study many different particle systems. With Levi Haunschmid-Sibitz [41],
we show that the speed of a second-class particle in the S6V model converges almost surely to a
random limit. This is the content of Chapter 3.

The multi-class S6V model is a multi-class generalization of the above model where each
particle is assigned a class in R U {—o00, c0}. Classes with higher values have lower priority. For
example, a particle with class 1 (a first-class particle) will have priority over a particle with class
2 (a second-class particle). When a particle of class ¢+ and a particle of class j enter a vertex,
the outputs only depend on the relative ordering of ¢+ and j. In particular, we sample the output
according to the weights given in Figure 10.

The multi-class (or colored) version of the S6V model that we are considering here is the one
studied in the works [34, 35, 36, 37, 38] and is not related to the new colored models discussed in
the previous section. We can recover the single-class S6V model from the multi-class model by
viewing occupied edges as particles with class 1 and empty edges as particles with class oc.

We will consider the following initial conditions: we will have first-class particles entering
from each vertex along the left boundary (as in the case of step initial conditions). Furthermore,
we will have a single second-class particle entering from the bottom boundary at (0, 0) as depicted
in Figure 11. We can think of this setup as follows: we can first sample all of the first-class particles
and then inject a single second-class particle into the system. This second-class particle moves like
the rest of the particles but is restricted to the edges that remain unoccupied by first-class particles.

Denote by X, the position of the second-class particle at time ¢, where the vertical axis repre-

sents time and the horizontal axis represents space (i.e., we now use the coordinates (z, t) instead
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Figure 11: Simulations of the S6V model with a second-class particle at the origin in red.

of (z,y)). We show that the second-class particle’s speed % converges almost surely to a random
speed in the rarefaction fan. Note that the speed of the particle is just the reciprocal of its slope

when plotted on the quadrant.

Theorem 0.5.1. Let 0 < by < by < 1, and consider the (homogeneous) S6V model with step initial
positions with a second-class particle at the origin. Let X, be the position of the second-class

particle at time t. Then almost surely

lim — =U (1)

where U is a continuous random variable taking values in the rarefaction fan [r, k] with density
N
DT

This means that a second-class particle will choose a random speed in the rarefaction fan ac-
cording to U and will then follow this fixed speed almost surely.

We also derive a bound on the fluctuations around the limiting speed:

Theorem 0.5.2. Let X, be the position of the second-class particle at time t as above and U its
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almost sure limit. Then for any 6 > 0, almost surely we have that
lim | X, — tUltGt) = 0. (12)
—00

The study of the convergence of second-class particles under step initial conditions began with
the work of [42], where they showed the weak convergence of the speed of the second-class particle
for the totally asymmetric simple exclusion process (TASEP) with step initial conditions. This
was then strengthened to a.s. convergence by [43]. Analogous results were then proven for the
Hammersley process [44] and the totally asymmetric zero range process (TAZRP) [45].

Weak convergence of the second-class particle follows from knowing its hydrodynamic limit.
However, the proof of almost sure convergence is more complicated and for the above models
relies crucially on the zero temperature nature of these models and, in particular, on connections
between the models under consideration and last passage percolation models.

Since this no longer holds for the asymmetric simple exclusion process (ASEP), which can be
thought of as a positive temperature model, new tools were required to prove the analogous result
for ASEP under step initial conditions, and this was done in [46]. In particular, they used moderate
deviation tail bounds coming from integrable probability together with Rezakhanlou’s coupling
for ASEP [47] to prove this result. The S6V model is an even more general positive temperature
model than ASEP (in fact ASEP can be obtained as a specific scaling limit of the S6V model)
and therefore our proof strategy for Theorem 0.5.1 is inspired by the ideas in [46] and relies on
developing these same two ingredients for the S6V model.

In [48], it was shown that a second-class particle starting at the origin in the S6V model with
stationary initial conditions fluctuates on the order of t>/3. We expect that this should be the true
order of fluctuations for a second-class particle starting from step initial conditions as well, so that
the exponent % in Theorem 0.5.2 should actually be % However, we cannot reach this optimal
exponent with our current methods.

Once we prove that the speed of a single second-class particle at the origin converges almost
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surely, we can generalize this to the case where each particle in the S6V model starts off with a
different class. In this setting, we are able to distinguish the speeds of each individual particle
trajectory, and we can therefore ask about the simultaneous convergence of the speeds of each
particle. This leads to what we call the S6V model speed process.

To define this, it is convenient to work with the S6V model defined on the entire upper half
plane instead of just the upper right quadrant. It was shown by [31] that the model remains well-
defined in this setting. We denote the multi-class S6V process on the line as (1;)i>0, Mt @ Z —
R U {oc}, where n,(z) = i if at time ¢, there is a particle of class i at position z. Our initial
conditions 7(z) now specify the class of particle entering from each position x € Z along the
bottom boundary.

We consider packed initial conditions where the particle entering from position x has class x.
In this way, the priority of particles is increasing as you go from right to left. Denote by X, (z) the
position of the particle of class x at time ¢. It follows in a straightforward manner from Theorem

0.5.1 that we can simultaneously take the limit of each particle’s speed:

Theorem 0.5.3. (XtT(m)> converges a.s. as t — oo to a stochastic process U (x) called the S6V
T EL

speed process.

Speed processes were first constructed for TASEP [49], and have since been constructed for
TAZRP [50] and ASEP [46].

The S6V model speed process has many interesting properties. For a fixed z, U (x) ~ U where
U has density %H—@x_%. However, the U (x) are far from being independent for different choices
of z. If they were independent, then the probability of the event U(x) = U(x + 1) would be
zero. However, for speed processes, this event actually has a positive probability. This is related to
a phenomenon known as convoys, where nearby particles tend to travel at the same speeds. This
phenomenon was first studied in [49] for the TASEP speed process and was later studied in the
setting of ASEP by [51].

Another important property of the speed process is that it is stationary under the dynamics of

the multi-class S6V model. In particular, we prove the following result:
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Proposition 0.5.4 (Stationarity of the Speed Process). Let U be sampled from the S6V speed pro-
cess. Consider the multi-class S6V model with initial conditions given by (—U(—x)),ez. This

process is stationary.

The proof of this relies on the remarkable property of color-position symmetry for the stochastic-
six vertex model. This property was proven in [52] and gives a distributional identity between the
class of the particle at position x and the position of the particle of class x. This allows us to
reinterpret the speed process, which is defined as a limit of the positions of the particles as the
stationary behavior of the classes of the particles.

The S6V model lies in the KPZ universality class. Therefore, the S6V model speed process
converges under a certain rescaling to the stationary horizon [53], a universal scaling limit for
multi-class stationary measures of KPZ models. This was shown in [54] at the level of finite-
dimensional distributions. It is still an open problem to prove the convergence of the ASEP and

S6V model speed processes to the stationary horizon in the space D(R, C'(R)).

0.5.1 Proof ideas

We now explain how we prove Theorem 0.5.1, which, as mentioned above, involves developing
two new tools for the S6V model, both of which are of independent interest. In particular, we

develop the following two ingredients:

* A geometric stochastic domination result that states that a second-class particle to the right of
any number of third-class particles will at any fixed time be overtaken by at most a geometric

number of third-class particles.

« Effective hydrodynamic estimates that quantify how close the height function of the S6V

model started from step initial conditions will be to its limit shape.

These results will be used in the following way. We want to control the behavior of a single
second-class particle. Hydrodynamic theory allows us to control the bulk behavior of a macro-

scopic number of particles, so we augment our system by filling up all empty positions to the left
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of X, with third-class particles. We then use our effective hydrodynamic estimates to control the
union of the second- and third-class particles. Finally, we can revert this back to an estimate of the
position of the second-class particle since we know that our second-class particle is to the left of
at most a geometric number of the third-class particles. A similar argument can be made to bound
the position of the second-class particle from the left.

‘We now state each of these two results in more detail.

0.5.2 Geometric stochastic domination result

Recall that ¢ = % By X ~ Geo(q) we denote the law given by
PX =k] = (1 —q)¢" fork>0.

Theorem 0.5.5 (Geometric Stochastic Domination). Let (1;);>0 be a multi-class S6V process on

the line with parameters 0 < by < by < 1 and with the following initial conditions:
* There are some first-class particles (finitely or infinitely many).
* There is a single second-class particle.

» There are M third-class particles, all to the left of the second-class particle.

Let Z;(0) > Z,(1) > --- > Z,(M) be the ordered positions of the second- and third-class
particles at time t. Further, let L; be the number of third-class particles to the right of the second-
class particle at time t. Then for any t, the law of L,, conditioned on both Z and the space-time

history of the first-class particle, is dominated by Geo (q).

Informally, this result says that at most a geometric number of third-class particles will overtake
the second-class particle. This generalizes and significantly strengthens Rezakhanlou’s coupling
for ASEP [47], which states that a second-class particle in ASEP will stay to the right of a uniformly
chosen third-class particle. That result gets weaker as M increases, whereas the geometric random

variable in our result doesn’t depend on M or t. Our result also extends to ASEP, where it can
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also be viewed as a consequence of censoring inequalities for Markov chain mixing [55]. Such a

connection is not known for the S6V model and could be interesting to explore further.

0.5.3 Moderate deviations tail bounds

We prove the following two tail bounds for the height function of the S6V model with step
initial conditions in the rarefaction fan regime (b; < by). Recall that g is the limit shape of the S6V

model as defined in (9).

Proposition 0.5.6 (Tail Bounds). Fix ¢ > 0. There exists a constant ¢ = c(¢) > 0 such that the

following holds: For any u € [k~ + &,k — €| and forany T > 1, s > 0,

3
2

P [T, T) > g(pu, 1)T + sT3] < clem?, (13)

P [n(Tu,T) < g(p, )T — sT3] < clem, (14)
and c can be chosen to weakly decrease in c.

This result says that the height function in the rarefaction fan concentrates on the 7/3 scale
around its limit shape with exponential tail bounds. The power T3 is optimal since on this scale
the fluctuations of the height function have been shown in [30] to converge to the Tracy-Widom
GUE distribution. The optimal exponents on the right-hand side, however, are expected to be s*
for (13) and s*/2 for (14), matching the tails of the Tracy-Widom distribution.

We call (13) a “lower tail” bound even though it seemingly describes the upper tail of the
random variable h(7'u,T') since it corresponds to the lower tail of the Tracy-Widom distribution.
Similarly, we call (14) an “upper tail” bound. This better matches the usage in the literature of
the terms “upper" and “lower" tails for models in the KPZ universality class. The reason that the
upper tail decays more slowly than the lower tail is that for the height function to be smaller than
expected, we just need the position of the right-most particle in the S6V model to be small. On the

other hand, for the height function to be larger than expected, we must have that the positions of
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many particles are large. Since this requires more deviations to occur, the probability decays more
quickly.

Proving lower tail bounds (the more challenging tail) for zero temperature KPZ models dates
back to the seminal works [25, 56]. Our result contributes to a growing body of recent literature
developing tools to prove lower tail bounds for positive temperature models, including [57, 58, 59,
60, 61, 62, 63, 64, 65, 66].

To prove the lower tail bound, we use a remarkable identity from [67] that expresses the ¢-
Laplace transform of the height function in terms of an expectation with respect to the law of the
Meixner ensemble. This identity allows us to bound the upper tail for the height function by the
lower tail of the position of the smallest hole in the Meixner ensemble. The Meixner ensemble is
a determinantal point process, so this tail can be expressed as a Fredholm determinant, which we
then bound using Widom’s trick [68]. The upper tail bound is more straightforward. We directly
express the g-Laplace transform of the height function in terms of a Fredholm determinant and use
Fredholm determinant estimates from [69].

The upper tail bound was also proven independently by [48] while our work was in progress,
and they obtained the optimal tail exponent s%/2 on the right-hand side of (14). Their proof method
substantially differs from ours and relies on probabilistic couplings, building on ideas developed

in [58, 62, 63].

Proof of lower tail

We now go into more detail on how we prove the lower tail bound. We call a subset X C
Zo a point configuration, and we define Conf(Z>o) = 2220 to be the set of all possible point
configurations. A random configuration X is called a random point process. We also define the

n-point correlation function as follows: for A = {1, ..., x,} C Z>o, let

pn(A) = pp(x1, ... x,) =P[A C X].
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Definition 0.5.7 (Determinantal Point Process). A random point process X on Zx is determinan-
tal if there exists a kernel K : 7>y X Z>y — R such that for alln > 1 and for all x, ..., x, with

x; # xj fori # j, we have

pn(x1, ..., x,) = det (K(a:i, xj)gszl) ) (15)

We use the term particles to refer to the elements of X and use the term holes to refer to ele-
ments of Z~q \ X. Particle-hole involution is an involution on point configurations that exchanges
particles with holes. In other words, X — X° := Z>, \ X. If we start with an N-point ensemble,
then particle-hole involution yields a point process with infinitely many particles. Suppose that X
is a determinantal point process with kernel KA. Then X° is a determinantal point process with
kernel 1 — K.

We can now define the Meixner ensemble. Fix two parameters: § > 0 and £ € (0,1), and

then define the weight function W : Z>y — R: W(x) = FF((%;,) &%, Let Pp, P, ... be the family
of orthogonal polynomials on Z>( with respect to the weight function W. We define the Meixner
ensemble Meixner (N, (3, £) as an N-point ensemble (a random point process where PP is supported

on configurations with exactly N particles) with

P(X = {21,...,25}) H(xj — z;)? H W (z;).

The Meixner ensemble is determinantal with Christoffel-Darboux kernel

Ky(z,y) = (W(@)W(y)2 Y Pu(z)Pul(y).

We will also need the following lemma, which relates the tail of a random variable to its ¢-

Laplace transform (the right-hand side of (16)):

Lemma 0.5.8 (Lemma B.7 in [46]). Let A be a real-valued random variable, q € [0,1) and b € R.
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Then,

P[A > b) < ¢ ¢/~ VR (16)

1
i

>0

Using this, we can reduce the problem of studying the tail of the height function to the problem
of understanding its g-Laplace transform. We will then use the following identity from [67, 70] to
study the g-Laplace transform of the height function. Let Eg, refer to the expectation with respect

to the S6V model.

Proposition 0.5.9 ([67, 70]). Consider the S6V model parameterized by q and k. Consider any

integers M > N > 1. Then for any £ ¢ —q”<° we have

]EGV

: 7)

1 1
- =FE
H 1+ qu(M,N)—H] X [H 1+ ég

i>0 zeX

where the right-hand expectation is with respect to the point process X ~ Meixner®(N, M —

N, k1.

This says that the g-Laplace transform of the height function of the S6V model is equal to an
expectation over the holes of the Meixner ensemble.

Let us denote the holes of the Meixner ensemble by 1, zo, .... By throwing away all the terms
on the right-hand side of (17) except for the one corresponding to the smallest hole x; of the

Meixner ensemble, we ultimately obtain

ST1/3 sTl/3

P [H(Tp,Tv) > g(u,v)T + sT?] < e /O IP 2y > g(p, )T +
(18)
In other words, we reduce the problem of studying the tail of the height function to studying the

tail of z;.
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We can represent this tail probability as a Fredholm determinant. We have

1/3

=det(1 — K)ppnn-1,.), (19)

Plzy > g(p,v)T +

where K is a correlation kernel obtained as a dual of the kernel for the Meixner ensemble and
h = (g(u,v) —V)T—i-#.

To estimate the Fredholm determinant in (19), we will use a technique known as Widom’s trick,
first used by Widom in [68]. It consists of the observation that for a kernel & with eigenvalues in
[0, 1] it holds that

det(1 — K) < exp(—Tr(K)). (20)

Therefore, obtaining an upper bound on P [a:l > g(u,v)T + # reduces to obtaining a lower

bound for Tr(K'). We obtain this bound by a careful asymptotic analysis using a contour integral

representation of the kernel K.

0.5.4 Combining these tools to prove the main result

Using the geometric stochastic domination result and the moderate deviations tail bounds, the
proof of Theorem 0.5.1 proceeds as follows. We will choose some time sequence S,, and some

~ > 0 such that with high probability along this sequence we have

Xs, Xs,
no_ IOl £ 6T, 21
‘ Sn Sn—i—l - ( )
If we choose v so that Y S;7 < oo, then it follows that the sequence )g—i converges.

Xs,
n

Suppose that —

= . Then our goal is to show that Xg , lies in a small neighborhood

n+1

around £S5, +1. In particular, we will show that with high probability we have that

Xsuir € [1Snp1 — SE7, uSnya + S

30



This implies that

R ¢ [ =87+ S;7]
Sn+1

which is equivalent to (21).

In order to show that X, > uS, 1 — S.~7 with high probability, we augment the system with
third-class particles by filling up all empty positions to the left of X g with third-class particles.
We then use our moderate deviation tail bounds to show that at time .S;,1;, with high probability,
at least Sp/? third-class particles are to the right of 115, ; — S'77. Finally, we use the geometric
stochastic domination result to show that since the second-class particle is to the right of all but
a geometric number of the third-class particle, it too is to the right of ©S,,; — S~ with high
probability.

X
Su converges, but we want convergence of the sequence &

The above argument shows that = 2

for all times S. To prove convergence for general times S, we will use the monotonicity of Xg
in S to bound X for S € [S,,, S+1]. This yields the following trade-off: choosing a sequence
Sy, that grows more rapidly will allow us to better control the position of the second-class particle
along that sequence, as the hydrodynamic estimates we will use are stronger for larger times .5,,.
On the other hand, choosing a sequence that grows more slowly will allow us to better control the
position of the second-class particle for times in between .S,, and S,, 1.

We will ultimately choose the time sequence to be of the form S, = S, + S? for some
B € (0,1). Choosing /3 close to 1 would give us a stronger bound on the fluctuations along the

time sequence .5, and, in fact, would allow us to prove that
2+
| X, — Sp,U| < Si .

However, this sequence grows too quickly to prove the finer statement in Theorem 0.5.2 as we will
crucially use the fact that | S, — S,| < S? for S € [S,,,S,11] to bound the fluctuations between

the times S,,. In the end, we will choose 5 = 7/9 to balance these two effects.
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Note that in [46], they used the time sequence S, 11 = S, + %, which grows like e "?_That
sequence would also suffice to prove the almost sure convergence of the second-class particle, but

again grows too fast to yield the fluctuations result.

0.6 Diffusions in dynamical random environments

In two joint works with Sayan Das and Shalin Parekh [71, 72] (the content of Chapters 4 and
5, respectively), we are motivated by the following question: How does a system of diffusions in a
dynamical random environment differ from a system of independent diffusions? While the typical
particles behave similarly in both systems, the extremal behavior is quite different. In particular,
we will see that the fluctuations of the model in a certain moderate deviations regime are given by
the KPZ equation, and we will also translate these results into fluctuation results for the position
of the maximal particle.

Perhaps the simplest model of diffusion in a dynamical random environment is the nearest-
neighbor random walk in a dynamical random environment (RWRE). To define it, let (Wt,x)tezgo,xel
be a family of i.i.d. [0, 1]-valued random variables indexed in time and space. A random walk R(t)
in the environment w jumps from position x to z+1 at time ¢ with probability w; ,, and to z — 1 with
probability 1 — w; .. Let P“(R(t) = x) denote the probability that R(¢) = z given a realization of
the environment w. Note that this probability is itself a random variable, inheriting the randomness
of w.

If we run multiple walkers R'(t), ..., R¥(t) in the same environment w then they will behave
as independent random walks when they are apart but will exhibit some sticky interactions when
they meet. We can see this from the following calculation: Let Z denote the (random) probability
that two walkers that are at the same location x at time ¢ remain at the same location at time ¢ + 1.

Also let 02 := Var(w; ,,). We have

Z =P (Rt +1) = R*(t + 1) | R'(t) = R*(t) = z) = w?, + (1 — wy,)®.
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We can then see that E[Z] = % + 202 > %, whereas if the two walks were independent, then we
would get that Z = 3.
The RWRE is actually a family of models that depends on the distribution of w. We review

several choices of w to see the different possible behaviors of the model. From now on, we will

always assume that Elw; ;] = 3.

1. Independent simple symmetric random walks (0> = 0): If we choose Wy = % then

RY(t),..., R*(t) will just be independent random walks.

2. Coalescing random walks (02 = i): At the other extreme, we have coalescing random
walks, which occur if we take w; , ~ Ber(1/2). In this case, the w; , can only take the values

0 or 1, so once two random walkers meet up, they will stay together for all later times.

3. Beta RWRE: This model was introduced in [73] and is obtained by taking w; , ~ Beta(c, )
for some «, 5 > 0. The RWRE is integrable for this choice of weights in the sense that there

are explicit contour integral formulas for the quenched transition probabilities.

We won’t be interested in the case of coalescing random walks. Instead we will restrict our-
selves to environments w where Var(w; ) = o € [0,1/4). It is also important to note that we are
not restricting ourselves to the integrable case of the Beta RWRE.

We will consider the (quenched) random transition probabilities

P(t,x) := PY(R(t) = x). (22)

To first order, P“ behaves asymptotically as N — oo like a Gaussian, and it exhibits random

fluctuations around that. Three different regimes have been studied, as depicted in Figure 12.

1. If we take x ~ /%, then these random fluctuations should themselves be Gaussian, and in
particular are given by the Edwards-Wilkinson (EW) equation, a Gaussian process. This was
shown in various manners in the works [74, 75, 76, 77, 78, 79, 80]. We call this the diffusive

regime.
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Figure 12: Schematic diagram of the quenched density P“(¢,xz) of the position of a
particle at time .

If we take x ~ t, then we are in the large deviations regime. In this regime, it was shown
in [81] that P“ satisfies a large deviation principle with linear speed and a non-universal
rate function I that depends on the environment. After factoring out the rate function, the
fluctuations of log P“ should be given by the Tracy-Widom GUE distribution. This was
rigorously proven for the Beta RWRE [73] (see also [82]) using integrable methods, but is

conjectured to hold for all random environments.

2. Finally, the papers [83, 84, 85] conjectured that there should be a crossover regime at x ~
t3/4 at which log P should have fluctuations given by the KPZ equation. The KPZ equation
is a natural candidate as its fluctuations cross over between the Gaussian and Tracy-Widom
GUE distributions as shown in the seminal work [14]. This regime is called the moderate

deviations regime.

It is precisely this last regime that we will be interested in. In particular, we will resolve the
physics conjectures made in [83, 84, 85]. We will show that in a window of size ¢!/ around
the spatial location x ~ t3/4 these transition kernels have fluctuations that are described by the
multiplicative stochastic heat equation. In particular, this implies that the fluctuations of log P“
are given by the KPZ equation, whose solution can be taken as the logarithm of the solution to the
stochastic heat equation via the Cole-Hopf transform.

Consider P¥(Nt, N3/4 4 N'/2x) for a fixed ¢ and = and take N — oco. As discussed above,
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this probability behaves to first order like the Gaussian distribution. To see any nontrivial fluctua-
tions, we first need to renormalize by the first-order Gaussian behavior, which is contained in the

following prefactor: For¢ > O and € R and N € N define the constant

1/4 1/2_ —1/4
CN,t7I — €N z+(N N log cosh(N ))t (23)

Informally, we want to prove that
C,oPY(Nt, N4t + NY22) — U(t, )

where U(t, x) solves the SHE. However, P“ is too noisy for convergence to hold pointwise for a
fixed ¢t and z, and we will need to smooth out P* with a spatial test function in order to see the
SHE fluctuations.

We therefore define for each N > 1 and t € N~'Z>, a random measure %y (t,-) on R, given

by a superposition of Dirac masses as follows

Un(t,-) = > Crie - PY(Nt, N4t + N2z - 6, (24)

rEN—L/2Z—N1/4¢

Here 0, denotes a Dirac mass at spatial position x, and aZ + b := {ax + b : x € Z}. The definition
of Zn(t,-) is extended to ¢ € R, by linearly interpolating, i.e., taking an appropriate convex
combination of the two measures at the two nearest points of N ~'Z. We call %y the quenched

density field. Our main result is as follows.

Theorem 0.6.1. Let w denote a random environment as above with Elw, ;] = 3 and Var(w, ;) =

o2 € [0,1/4). For any terminal time T > 0 we have the following:

1. The collection {%y}n>1 is tight with respect to the topology of C([0,T],S'(R)), where

S'(R) is the space of tempered distributions on R.

2. Furthermore, any limit point as N — oo lies in C((0,T], C(R)) and coincides with the law
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of solution of the SHE started with ¢ initial conditions att = 0

2
QU (t, ) — %agu@, v+ f“w U 2)E( ), £>0,7€R (25)

Note that tightness and uniqueness of the limit point imply that %y converges in distribution to U

in the aforementioned topology, as N — oc.

As a corollary of the above result, we can obtain the asymptotic fluctuations for the maximal

particle of £ random walkers in the moderate deviations regime:

Theorem 0.6.2. Fix c,T > 0 and d € R. Let (R'(r),..., R*(r)),>0 be sampled according to
the w-averaged law of k independent random walk particles in the environment w. Set the number
of particles k = k(N) := |exp(3¢N'? + dN*)|. Then we have the following convergence in
distribution as N — oo:

max {N_%Ri(Nt)} —an(e,d,t) > \/E(G—i—logL{(c, d)), (26)

1<i<k(N)

where

1 - 32
an(c,d,t) == VctN — dN4\/g+ \/;l; log N — 6_\/f

Here G is a standard Gumbel random variable which is independent of U, and (t,z) — U(t,x)

. . . 2
solves (2) with noise coefficient Dy = %.

This theorem lets us tease apart the effects of the two sources of randomness in the model. The
Gumbel distribution dictates the fluctuations of the maximal particle of independent diffusions, so
it is not surprising to see it here. The KPZ term, however, is new and accounts for the randomness

of the environment.
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0.6.1 Proofideas

There are several different characterizations of the SHE that have been successfully employed
to show that a given model converges to the solution of the SHE. The two main ones are the martin-
gale problem and the chaos expansion characterizations. A third, but only partial, characterization
of the SHE is given by its moments.

A remarkable property of the RWRE model is that the proof method of chaos expansions that
was used to prove convergence to the SHE for directed polymer models [86, 87] fails in our setting,
indicating that there are both microscopic and mesoscopic sources of noise in the model. Instead,
we develop a new proof method using the martingale problem characterization of the stochastic
heat equation, inspired by the work of [88]. Additionally, to further probe why the chaos method
fails, we prove that the driving noise in the limiting stochastic heat equation consists of both the
limit of the environment w as well as some additional independent noise created in the limit. We
believe this is the first known case of this phenomenon for a one-dimensional model, although
similar behavior has been observed in higher dimensions (see e.g., [89]).

We will now discuss these three characterizations in more detail and discuss how they relate to
our proof methodology. In this section, we will consider the SHE with a general noise coefficient

D, started with ¢ initial conditions:
1 .
U = 5&3@1(1&,:5) +/2Dg - U(t, )W (z,1).

1: Chaos Series Expansion

The mild solution to the SHE with dj initial conditions is given by U (¢, x) satisfying

Ut ) = qlt, 2) + /2Dy / / T g(t — s — y)U(s, y)E(ds, dy) @7)

‘LZ .
where ¢(t, z) = ﬁe‘ﬁ is the usual heat kernel.
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We can iterate this by replacing U(s, y) on the right-hand side with this same expression. This

yields the following series expansion for U/:

k+1

Ut,x) = qlt, ’“/2/ ty— to_1, 20 — xp_1)EZF (dt, dx). 28
(t,z) = q( 374'; kaAk(t)[l_[lq(g -1, ¢ — T4—1)E7(dt, dx) (28)

The right-hand side is a k-fold iterated Wiener-Ito integral where A(¢) is the simplex of ordered
times 0 <t; < .- < <Ht.

In [86], they show that the partition function for the directed polymer admits a discrete polyno-
mial chaos expansion that converges to the chaos series for the SHE. In our setting, P“(r, y) also
admits a polynomial chaos expansion as shown in [90], however the kth term (when appropriately

rescaled) converges to

k+1

(802)k/2/ H q(tg — tf—l, Ty — $5_1)§®k(dt, dX)
RkXAk(t) =1

This would imply that the limiting SHE has a noise coefficient 2D, = 8¢ rather than the true

noise coefficient 2D, = It follows that while the chaos expansion converges term by term,

142

the infinite sum over k does not commute with the term-by-term limit. Because of this, we cannot

use the chaos series method in our setting.

8

Note that 802 is strictly smaller than the actual noise coefficient 1_222. This is due to a phe-

nomenon that we call creation of independent noise in the limit and which is encapsulated in the
following result which considers what happens when we keep track of the rescaled field %y to-

gether with the noise variables w; ,. We define the prelimiting noise field

En( ) = (2N 20?712 Y > (Wnen2asnsae — 5) - Opmy.  (29)

teN—1ZN[0,T] zeN-1/27—N/4t
same parity

We might expect that =y will converge to the driving noise & of U, but in fact, this is not the

case! Instead, we have the following:
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Theorem 0.6.3 (Creation of independent noise in the limit). Any joint limit point of (En, Un) is

of the form (§1 , U), where & is a standard space-time white noise, and

3204

atZ/{(ﬁ’ I) = %agu(ta .CL’) + ( V802 gl(tv LU) + m 52(t7'r)>u(t7‘r)7 t > 0737 € ]Ru
(30)

withU(0, z) = do(z). Here & is another space-time white noise,independent of ;.

2: The Martingale Problem for the SHE
Due to the failure of the chaos expansion method, we will instead characterize our limit using a
martingale problem characterization. The solution to the SHE can be characterized uniquely by

the following martingale problem.

Definition 0.6.4 (Definition 4.10 in [88]). Let X;(r) denote the canonical process on C ([0, 00), C(R)).

Let yi be a probability measure on C ([0, 00), C(R)) such that for all T' > 0,

sup sup e " /Xt(r)Qdu < 00 (31)

tel0,T] reR

for some a > 0. Furthermore, let 0y be a random element of C(R) such that for each p there exists

a = a, such that

sup e "E(|6y(r)|P) < 0. (32)

reR

We say that the measure |1 solves the martingale problem for the SHE with initial conditions 6,
if W/(Xo € A) =P(0y € A) for all Borel sets A C C(R) and if for all test functions ¢ € D(R) the

process

1

M(¢) = (Xt,¢)L2(R) — 5/0 (X5, ¢//)L2(R)d8 (33)
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is a pu-local martingale with quadratic variation given by

t
(M(6)); = 2Dy / (X2, ) 12 ds. (34)

Theorem 0.6.5 (Proposition 4.11 in [88]). For every random function 6y € C(R) satisfying (32),
the above martingale problem has a unique solution 1 which coincides with the law of the SHE

with initial conditions given by 0.

We show that the quenched heat kernel for the RWRE satisfies a prelimiting version of this
martingale problem. Together with tightness estimates, we can then conclude that the limiting field
satisfies this martingale problem and hence is the solution to the SHE. This approach is inspired
by the approach used by Bertini and Giacomin in [88] to show that the weakly asymmetric simple
exclusion process converges to the KPZ equation.

3. The Moment Problem

In order to prove the tightness of %y, we will need to control the moments of certain observables.
The techniques that we use to show that these moments converge are based on Girsanov transforms
and tilting arguments. These techniques also allow us to show that the moments of %y converge to
the moments of the SHE. Although the moments do not completely characterize the SHE as they
grow too rapidly, showing that the moments of %y converge to the moments of the SHE already
gives strong evidence that %/ converges to the SHE. In fact, recent work by Shalin Parekh [91]
shows that under several additional natural conditions, the SHE can indeed be characterized by just
a finite number of moments.

Due to the centrality of these tilting arguments in our work, we demonstrate them below by
sketching the proof that the first and second moments of %/ converge to the first and second
moments of U(t,z). The second moment’s convergence will justify the choice of the particular
moderate deviations scaling N*/*t as the correct regime in which to see the SHE. It will also show

o2

how the denominator of the nontrivial noise coefficient ﬁw arises from local time considerations

coming from pairwise interactions in the 2-point motions.
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We will use the following Feynman-Kac representation of the moments of the SHE as proven

in [92]. We define the local time at a € R of a continuous semimartingale X as

R
LX(t) = Tim / Lo eox e d(X, X).. (35)
0

e—0+ 2

Then the k-th moment of the SHE integrated against a spatial test function can be written as

( /]R S(U(t, x)dw)k

where E on the left is the expectation over the noise 7 of the SHE, and on the right (%) :=

E =E

®(B(t)) exp {Do > }] (36)

1<j

é(x1) - - - ¢(x1), and the expectation E is over independent Brownian motions B!, ... B* starting
from 0.

For each k € N let Py, denote the annealed law on the canonical space (Z*)%>° of k indepen-
dent walks sampled from the environment w, all started at 0. In other words, it is the law on the
motion of k-walkers, after averaging out the randomness of w. We call the process (R!,. .., R¥)
with law given by P ;) the k-point motion.

In particular, we will make extensive use of the one and two-point motions. The one-point
motion R! is simply a simple symmetric random walk on Z. The law of the two-point motion
(R, R?) is slightly more complicated. The two walkers behave as two independent simple sym-
metric random walks when apart, but display sticky interactions when they meet. The transition
probabilities for (R, R?) when R!(t) = R?(t) are depicted in Figure 13.

As discussed above, the prefactor C;, encodes the first-order asymptotic behavior of P“.
However, its precise mathematical form was chosen so that it can be interpreted as a Radon-
Nikodym derivative that has the effect of exponentially tilting the random walks.

We first recall some basic facts about exponential tilting. Let M () and K(\) = log M ()
be the moment and cumulant generating functions of some distribution 1. Then we can define the
exponentially tilted measures

pM(dx) = KNy (dx). 37)
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(y—Ly-1) (y+1Ly-1)

Figure 13: Markov chain transition diagram of the two-point motion (R!, R?) at points along the
diagonal of Z2.

The mean of this tilted distribution is given by [, xp*(dz) = K'(X).

Let R(t) denote the one-point motion, i.e., a simple symmetric random walk starting from
0. We will take p = %(5,1 + 01) to be the distribution of the independent increments of R.
Note that CN,t,RwofW‘*t = exp (N~"V*R(Nt) — K(N~Y*)Nt) which has the effect of tilting our

N1/2

random walk so that R(NNt) has mean NtK'(N~/*) ~ N3/t under this tilted measure. Therefore,

R(Nt)—N3/4t

~iz—— 18 asymptotically centered under the tilted measure.

More generally, if we want to study P*(Nt, dyt + N'/?x) for some general location scale dy,

we could choose a prefactor Cy . so that C} , roviy-ay: = exp (AR(Nt) — K(A)Nt) for some
5]

A. This has the effect of tilting our random walk so that R(/Nt) has mean NtK'(\) = Nt under

the tilted measure. If we pick A so that dy ~ NK’()) then W

will be asymptotically
centered under the tilted measures as N — oo. We will see soon why we need to choose the
moderate deviation scale corresponding to choosing (dy, A) = (N3/4 N~1/4) in order to see the
SHE emerge.

We can now study the first and second moments of Zy.

Convergence of First Moment: Fix a Schwartz function ¢ and consider the first moment of
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the pairing (%n(t,-), ®)r2r) =: %n(t, ¢). Note that for t € Z/N

%N(t7 Qb) = Z CN,t,a: . Pw(Nt7 N3/4t + N1/2$’) ' gb(l‘)

rEN—L/2Z—N1/4¢

x — N3/t
= Z Nt z=N%/4 N3/4 (Nt,[[‘)¢ <W)

TEL
. R(Nt) — N3/%
=E |:CN,t,R(Nt)_N3/4t¢ ( N2 )

N1/2

(38)

where E“ denotes a quenched expectation operator given the realization of the environment w.
Thus after taking the annealed expectation (that is, averaging over all possible environments w)

we have

_ Ar3/4
E[%y(t, )] = Eq) [G R(Nt>_N3/4t¢(R(Nt) N t)} (39)

Nyt N1/2

where now the expectation on the right is with respect to the one-point motion, a simple symmetric

random walk.

R(Nt)—N3/4¢

Tz is centered and, by

Under the tilted law obtained from C’Nt RNt N3/4 > the process
) 7T _
Donsker’s principle, will converge in law to a standard Brownian motion. In summary, denoting E

as the expectation with respect to the tilted law, we have that

it (t,0)] ~ B |0 (RW?V;QNMN ¥ By lo(B,). 0

The right-hand side is indeed equal to [E [ fR x)o(z )dx} by the Feynman-Kac formula (36).
Convergence of Second Moment: We now compute the second moment of %y. We will
initially write things out in terms of a general pair (dy, A) and point out where it will become

necessary to choose the moderate deviations scale (dy, \) = (N*/*, N=1/4). Proceeding similarly
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to the first moment computation, we obtain that

E[%N(tv ¢)2} =

RYNT) —dyT\ . [ R*(NT) — dnT
Fe) CN’TvR”NNTB/;dNTCNmR2(NNT1>/;dNT¢( e ¢ E @D

where now the expectation on the right is with respect to the annealed two-point motion.
The prefactors C' piwry—anrC . r2(vry—ayr again have the effect of tilting the two-point
N7T7 T N7T7 T
motion so that it is centered, but only when R'(t) # R?(t). Taking into account times when the

two walkers meet, the correct tilting factor should actually be

NT—-1
C Rl(NT>,N3/4TC R2(NT)—N3/A7 €XD {—g (N71/4) Z H{Rl(i):RQ(i)}} 42)
=0

N, B N7, D]

where
1+ 402 1 — 402

g(A) :=log < ) — 2log cosh(\), (43)

which is the difference between the CGF of two independent random walks and the CGF of the

two-point motion when the two walkers meet. Taking this correction into account, we obtain

E[%N (ta ¢)2} =

NT—1
. RYNT) — dnT\ . [ R*NT) — dnT
exp {g (N 1/4) Z H{Rl(i)=R2(i)}} ¢ < N1/2 ) ¢ ( N2
=0

E

(44)

RY(NT)—dnT d R?>(NT)—dnT

As N — oo, ~if an s

will converge to two independent Brownian motions
B! and B2. Therefore, in order for this to converge to the second moment of the SHE, we will

need

—1/4 N 402 Bl_pB2
exp g(N )Z ﬂ{Rl(i):RQ(i)} — exp 1——MLO (T) .

i=0
We have that g(\) = 402X? + O(A*). It is here that we see why we need to take A\ = N~1/4,

which corresponds to looking at the random walks at positions on the scale of dy = N3/4. We
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know that for two independent simple symmetric random walks X! and X2,

NT—1
dico  Lxig=x20))

=B — LE-B(T). (45)

Therefore, we need g()\) to be of order N /2 in order for the left-hand side of (45) to converge to
Brownian local time.

However, our random walks R! and R? are not actually independent and are more likely to
stick together than two independent random walks. Therefore, we expect that ZZ.N::g_l LR (5)=R2(i)}
should be strictly larger than the corresponding sum for two independent random walks. Taking
this stickiness into account, we show that under the tilted measures, we have the convergence

NT—-1 1_p2
Yoimo Lmp=re@y Ly (D)
N1/2 1 — 402

(46)

402
1—402

This explains why the noise coefficient ends up being Dy = instead of the naive guess of

40°.

0.6.2 Generalizing the above

While above we have only described things in detail for the nearest-neighbor RWRE, these
results can be generalized to a large class of models. In particular, we prove analogs of the above
results for sticky Brownian motion, a continuum limit of the RWRE, in Chapter 4.

In a related physics work [93] with Eric Corwin, Ivan Corwin, and Jacob Hass, we also derive
the noise coefficient Dy for a class of non-nearest neighbor random walks and from this can com-
pute the extreme diffusion coefficient for these models. This coefficient was recently introduced
in [94] as a refinement of the classical Einstein diffusion coefficient. The Einstein diffusion co-
efficient is computed by taking the coefficient of the mean-squared displacement power-law for
a single tracer particle in a random environment. This, in turn, yields a microscopic statistic of
the environment, namely the square of the mean-free path length divided by the mean collision

time. However, by examining the extremes of multiple tracer particles, we can reveal much more
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information about the underlying environment since, as shown above, the extremal fluctuations are
more sensitive to the disorder of the environment. This work is part of a program to ultimately

compute this coefficient for real-world systems such as colloids and optical photons.

46



Chapter 1: Hydrodynamics of the :-PNG model via a colored :-PNG model

This chapter is adapted from the paper [17] and is coauthored with Yier Lin.

1.1 Introduction

1.1.1 Background

The distribution theory of the length of the longest increasing subsequence ¢,, of a random
permutation of the numbers 1,...,n with uniform measure has been under intense study in the
past few decades. Now there are surveys and books [23, 95, 96] on this topic.

One object of particular interest is the n — oo asymptotic behavior of /,,. [22] proved a law of
large numbers f/—% 25 ~ (without identifying the constant ) by considering a Poissonized version
of /,, and relating it to a last passage percolation model called the polynuclear growth (PNG)
model or Hammersley’s process. Then the superadditive ergodic theorem implies the law of large
numbers. There have been various approaches to determining the constant v, see [19, 20, 97, 23,
26, 27]. By detailed analysis of the exact expression of the distribution function, [25] (see also [98,
99]) proved a Tracy-Widom fluctuation limit theorem for /,,.

The PNG model lies in the so-called Kardar-Parisi-Zhang universality (KPZ) class. It is natural
to wonder whether there is a way to deform the PNG model so that its deformation also belongs
to the KPZ universality class. [16] recently introduced a one-parameter deformation of the PNG
model called the ¢-PNG model. The ¢-PNG model is also related to the length of the longest
increasing subsequence from the perspective of patience sorting [23]. Using the method of in-
tegrable probability, the authors of [16] proved a Tracy-Widom fluctuation limit theorem for the

t-PNG model that substantially generalizes the result of [25]. This shows that the -PNG model

also belongs to the KPZ universality class.
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Inspired by [22, 23, 26, 27], the purpose of our paper is to study the {-PNG model using soft
arguments. The main result is a shape theorem for the ¢-PNG model. We will view the ¢t-PNG
model from two different perspectives: as a single-colored projection of the colored t-PNG model
and as an interacting particle system. We will see how a combination of these perspectives leads

us to the main result.

1.1.2 The ¢-PNG model

Let us proceed to define the t-PNG model. Fix ¢ € [0, 1]. First, we place a Poisson point process
with intensity 1 on the upper-right quadrant representing nucleations. We draw lines emanating
from each of these nucleations in both the upward and rightward directions until they collide with
one another. We call this collision point an intersection point. Given the Poisson nucleations,
we sample the outcomes of the intersection points (lines will either cross or annihilate each other)
starting with the intersection point which has the smallest sum of x- and y- coordinates and moving
sequentially outward. At an intersection point, the two lines will cross each other with probability
t and will annihilate each other with probability 1 — ¢, forming a corner. We call these two types
of intersection points crossing points and corner points, respectively. Note that when lines cross,
they might generate new intersection points. We refer to Figure 1.1 for a sampling of the {-PNG
model.

Taking ¢t = 0, we recover the usual PNG model. The reason that we use the parameter ¢ as the
deformation parameter (following [16]) is due to the model’s connection to the Hall-Littlewood
polynomials, which use the parameter ¢.

The main object we are interested in studying is the height function. As with the PNG model,
we define the height function at the origin to be zero. Whenever we cross a line from left to right
or from bottom to top, the height function increases by 1 (see Figure 1.1). To avoid ambiguity, we
let the height function be right-continuous. We use N (z,y) to denote the height function at the
location (x,y). Note that we hide the dependence on ¢ in the notation since it will be clear from

the context.
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Figure 1.1: Possible samplings of the -PNG model. x are the Poisson nucleations. The red points
are the crossing points, and the blue points are the corner points. The numbers denote the height
function in each section. Left panel: With probability 1 — ¢, the two colliding lines form a corner
point. Center panel: With probability ¢(1 — ) we have a crossing point and a corner point. Right
panel: Finally, with probability ¢?, we have two crossing points.

We can extend the above definitions to define the t-PNG model with boundary data. Fix a
vector of locations on the positive z-axis which we will call sources and a vector of locations on
the positive y-axis which we will call sinks such that on any rectangle [0, m] x [0, n] there are
only finitely many sources and sinks on the bottom-left boundary. We treat the sources and sinks
as additional nucleations and sample the model as before, ignoring lines that go along either the
x-axis or y-axis (see Figure 1.2). The height function of the ¢-PNG model with boundary data is

defined in the same way as before.

0[1 |

Figure 1.2: A sampling of the -PNG model with sources on the bottom boundary and sinks on the
left boundary

1.1.3 Statement of main result

We present our main result, which is a shape theorem for the t-PNG model.
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Theorem 1.1.1. Fixt € [0,1). Let N(x,y) be the height function of the t-PNG model as defined

above. Then the following shape theorem holds: With probability 1, we have for all fixed x,y > 0,

N(sz,sy)  2\/xy

lim =

S—+00 S ,/1—t.

N(zy) P2
As a consequence, we have ey vis 4wy — oo

Remark 1.1.2. When t = 0, our result recovers the shape theorem for the PNG model that was
proved in [19, 20, 24, 97, 26, 27]. If we take t = 1, the right-hand side blows up. In that case,
N(z,y) equals the number of Poisson nucleations in the rectangle [0, x] x [0,y]. The asymptotic

behavior of N (sx, sy) then follows from the central limit theorem for a Poisson random variable.

Remark 1.1.3. Using the methods of integrable probability, [16] showed that as s — o0,

2s\/T
N(sz, sy) — ‘1/:‘?

(1— 1) bsb (ay)?

= F

where F, is the Tracy-Widom distribution. Our theorem uses a softer technique to extract the

first-order asymptotic of N (sx, sy) at the almost sure level.

Remark 1.1.4. A natural question to ask is whether one can prove anything about the local con-

vergence of the model. When t = 0, [24] showed that
{N(as+ z,s) — N(as,s),r € (—o0,00)}

converges in distribution to a Poisson point process with intensity \/La The proof in [24] is via
identifying the PNG model as an interacting particle system on the real line and classifying its
stationary distributions as convex combinations of Poisson point processes.
We believe that for general t € [0, 1), the same process converges in distribution to a Poisson
1

point process with intensity \/+— The value ———=— comes from taking the spatial partial
(1-t)a v (1-t)a

derivative of the hydrodynamic limit at x = a. The difficulty is that although the t-PNG model can
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still be viewed as an interacting particle system on any finite interval (see Section 1.4), it is not
clear how to extend the definition of the particle system to the entire real line due to its intricate

dynamics.

A natural first step to proving the hydrodynamic limit theorem of the PNG model and other last
passage percolation models is to apply the superadditive ergodic theorem. To apply the superaddi-
tive ergodic theorem (see Theorem 1.3.1), one needs to construct a family of superadditive random
variables {X,,, : 0 < m < n} where {Xj,,n > 0} records the height function. A subfamily
of the random variables also needs to be ergodic. For the PNG model, one can define X, ,, as the
length of the longest up-right path from (m, m) to (n,n) (we allow segments that go straight up or
to the right), where the length of a path is defined as the number of nucleation points that it collects
along its trajectory.

Let us introduce a few notions for the t-PNG model so that we can try to modify the approach
above for the case where ¢t > 0. We define two sets of points called a-points and [3-points, which
generalize the definitions in [26]. We define the set of a-points as the union of the Poisson nucle-
ations and crossing points. We define the set of 3-points as the union of corner points and crossing
points. In particular, the intersection of the set of a-points and the set of S-points is the set of
crossing points.

We redefine the length of an up-right path to be the number of a-points it collects. Then the
height function of the {-PNG model is equal to the length of the longest up-right path. Hence, one
can naively try to define the random variables {X,,,, : 0 < m < n} in a similar way as above,
but with our new definition of length. With this definition, the X, ,, are superadditive as desired.
However, they are no longer stationary since the number of crossing points in a box no longer just
depends on the number of Poisson nucleations in that box—it also depends on the lines entering
that box from the left and bottom boundaries. Therefore, we no longer even have stationarity and
thus no ergodicity.

It turns out that there is indeed a way construct a family of random variables {X,,, : 0 <

m < n} that satisfies the conditions required by the superadditive ergodic theorem. The family
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{Xmn : 0 < m < n} comes from a colored version of the ¢-PNG model that we are going to

introduce.

1.1.4 The colored t-PNG model

As we see from above, for the -PNG model, two lines emanate rightward and upward from
each Poisson nucleation point. The key rule for sampling the {-PNG model after fixing the Poisson
nucleation points is that when two lines meet, they cross with probability ¢ and annihilate each
other with probability 1 — ¢. This rule can be encoded into a stochastic matrix. We associate
each intersection point with a 4-tuple i, j, k,[ € {0, 1} which specifies the number of lines on the

bottom, left, top, and right, respectively. We define a stochastic matrix £! as follows.

Definition 1.1.5. The matrix L' is indexed by a 4-tuple i, j, k,l € {0,1}, where i, j, k, | denote the

number of lines (either zero or one) on the bottom, left, top, and right of an intersection point. We

define

£11,1;1,1) = ¢, £1(1,1;0,0) =1 -, £1(1,0;1,0) = 1,

£10,1;0,1) =1, £'(0,0;0,0) = 1.

For all other i,j,k,1 € {0,1}, we set L'(i,7;k,l) = 0. For fixed input lines i,5 € {0,1},
LY(i,7;-,+) is a probability measure on the output lines. See Figure 1.3 for illustration.
t 1—t 1 1 1

Figure 1.3: We draw all the intersection configurations that have non-zero weights.

In Figure 1.3, the first two configurations represent a vertical line intersecting with a horizontal
line. The two lines cross with probability ¢ and annihilate each other with probability 1 — ¢. The
third and fourth configurations depict that a horizontal (resp. vertical) line will continue as long as

it does not meet a vertical (resp. horizontal) line. The last empty configuration represents the fact
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that lines cannot emerge out of nowhere (except at a Poisson nucleation, but those have already
been fixed before sampling the rest of the model).

For the colored ¢-PNG model, we denote the different colors by integers ¢ € N. We allow
multiple (but only finitely many) lines with different colors to travel together. We say that the color
1 has higher priority than the color j if ¢ < j. The only restriction is that lines traveling together
must have different colors. The colored {-PNG model is defined by specifying the sampling rule for
when horizontal lines and vertical lines meet. The sampling rule is given by a family of stochastic
matrices {L",n € N} that are consistent. More concretely, the matrix £" has both rows and
columns indexed by {0,1}" x {0, 1}". The matrix elements are given by L"(i, j; k, 1), where the
four vectors i,j,k,1 € {0,1}" specify the number of lines (either zero or one) of each color in
{1,...,n} on the bottom, left, top, and right of an intersection, respectively (see Figure 1.4). The
stochastic matrices give a probability measure on the output lines k, 1 from an intersection point

given the input lines i, j.

k k
J 1 J 1
i i
Figure 1.4: Left panel: Fix n € N. Atan intersection point, we have lines with colors in {1, ... ,n}

in each of the four directions, but for any given direction there can be at most one line per color.
Let i,j,k,1 € {0,1}" denote the number of lines on the bottom, left, top and right directions,
respectively, where the m-th coordinate of each vector records the number of lines with color m.
Right panel: Take n = 3. Let red, blue, and orange denote the colors 1, 2, and 3. We illustrate an
example of the configuration with i = (1,0,0), j = (0,1,1),k = (1,1,1),and 1 = (0,0, 0).

We proceed to give a closed form to the matrices {£" : n > 1}. We first need to introduce

some notation.

Definition 1.1.6 (r-fold Projection). For x = (z1,...,2,) € {0,1}" and r € {1,...,n}, we
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define

T

5,.(x) = (Z xm> mod 2.

m=1

Then for a vertex configuration given by the 4-tuple (i, j; k, 1), we can define its r-fold projection

10 be the single-colored configuration (i, j; k,1) = (s.(1),5,(j); s+ (k), s-(1)).

In other words, we are projecting the first  colors of (i, j; k, 1) down to a single color and ig-
noring all colors greater than r. The projection s, (x) corresponds to replacing the colors 1,2, ..., r
with a single color and then erasing every pair of lines. Then s,(x) denotes the number of lines
that remain. This is also equivalent to replacing the total number of lines by itself mod 2.

As an example consider the following three-colored configuration. We adopt the convention

that red, blue, and orange denote the colors 1, 2, and 3 respectively.

1

Its 1-fold, 2-fold, and 3-fold projections are given by the following table:

Procedure 1-fold projection | 2-fold projection | 3-fold projection

Step 1: Consider the first r colors.

Step 2: Recolor everything black.

=

Step 3: Replace the number of lines with the number of lines modulo 2.

— 1

Figure 1.5: r-fold Projections: An example of how to take the r-fold projections of a given
configuration. We recolor the first 7 colors black and delete all other colors. We then replace the
number of lines with the number of lines modulo 2.

To compute the weight of an n-colored configuration (i, j; k, 1), we will look at the weights of
all of its r-fold projections for € {1,...,n}, which can be computed using the matrix £' that
we have already defined in Definition 1.1.5. We want the r-fold projections of the colored model
to have the same distribution as the single-colored ¢-PNG model. Therefore, if any of the r-fold
projections have weight zero then we need the weight of (i, j; k, 1) to be zero as well, as such a

configuration should not be allowed.
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Furthermore, we want to disallow the case where one of the r-fold projections has weight ¢ and
another one has weight 1 — ¢ since this would prevent the colored model from being superadditive.
The reason for this is as follows: Superadditivity will follow from a certain monotonicity property
of the height function (See Property 3 below). Namely, the height function of the 2-fold projection
should be greater than or equal to the height function of the 1-fold projection.

If we allow r-fold projections with weights ¢ and 1 — ¢, then we will allow the following sam-

pling in Figure 1.6 whose 2-fold projection has a smaller height function than its 1-fold projection:

i salnE
a L L

0 0

1-fold projection 2-fold projection

Figure 1.6: The weight of the 1-fold projection is ¢ while the weight of the 2-fold projection is
1 —t. Notice how the height function in the top-right corner of the 2-fold projection is smaller than
the height function in the top-right corner of the 1-fold projection.

Therefore, we will define the weight of (i, j; k, 1) to be the minimum of the weights of its r-fold
projections; however, instead of using the classical minimum function, we use a modified version

defined as follows:

Fix ¢ € [0,1). Let min be a modification of the min function such that for xy,...,z, €
{0,¢,1 —¢t,1},
0 ifz;=tandz; =1—tforsomei,je {l,...,n},
min(xl, e ,xn) =
min (xl, e ,$n) else.

For example, we have min(¢,1) = ¢, min(l —¢,1) = 1 — ¢t and min(¢,1 — t) = 0. Note that
we are treating ¢ and 1 — ¢ as indeterminates, so we can ignore the case where t = 1 — t. With
this definition, a configuration will only have nonzero weight if all of its r-fold projections have

nonzero weight and if £ and 1 — ¢ are not both weights of different r-fold projections.
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Definition 1.1.7. Fix arbitrary n € Z>,. We define the matrix L" via

‘Cn<1a.]a k7 1) = minre{l,...,n} (‘Cl (57"(1)’ 57"(j); 5T(k)7 57‘0))) . (11)

The table in Figure 1.7 illustrates how to compute the weights of some three-colored configu-
rations. For the following configurations, we use the colors red, blue, and orange to represent the
colors 1, 2, and 3 respectively. We also draw all of the two-colored configurations with non-zero

weights in Section 1.6 for further illustration.

Configuration | 1-fold projection | 2-fold projection | 3-fold projection Total weight
1 min(l,1,1—-¢t)=1—t¢
1 1 1—1
T 1 min(t, 1,1 — ) = 0
t 1 1—1

Figure 1.7: Examples of how to compute the weights of three-colored configurations

It is not a priori clear that £" is stochastic; this will be proved in Section 1.2. The family of
stochastic matrices { L™, n > 1} satisfies the following three properties:

Property 1 (Color Ignorance): Lines with higher priority colors ignore lines with lower priority
colors (see Figure 1.8 for illustration). For instance, the lines with colors belonging to {1,...,m}
ignore the behavior of lines with colors greater than m. This means that if we sample the n-colored
model and ignore the lines with color greater than m, the remaining lines will reduce to the m-
colored model. In particular, if we ignore the lines of color 2 in the two-colored model, then the
lines of color 1 have the same distribution as the single-colored -PNG model. On the other hand,
if we ignore the lines of color 1, the lines of color 2 do not have the same distribution as the single-
colored ¢-PNG model. Because of this property, we will be able to define the X, ,, in a way that
maintains ergodicity, as we will see in Section 1.3.

Property 2 (Mod 2 Erasure): Fix arbitrary integers 1 < r; < --- < r,,, < n. We can project the
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matrix £" to L™ if we replace the colorsin {r;_1+1, ..., 7} with color k foreach k € {1,...,m}
and then erase every pair of lines that has the same color (see Figure 1.8 for illustration). Because
of this property, we can project the colored model down to the single-colored ¢-PNG model. This
will ensure that the random variables X ,, will record the height function of the {-PNG model,
which is the quantity that we are interested in studying.

Property 3 (Monotonicity of the Height Function): Suppose we have a sampling of the two-
colored ¢-PNG configuration on a rectangle [0, z] x [0, y] where all nucleations are of the first color,
and all sources and sinks are of the second color. Let N'(z, y) denote the height function at (z, )
of the 1-fold projection of all of the lines in the rectangle. Let N?(z, y) denote the height function

at (z,y) of the 2-fold projection of the lines. Then
N'(z,y) < N*(z,y).

In other words, adding a second color to the model does not decrease the height function. This

property will be crucial to proving the superadditivity of the random variables X, .

+ -

t 1-1 1-1

t
\ / Ignore the blue lines \ / Mod 2 Erasure

t+1—-t=1 t+1—-t=1

Figure 1.8: Left Panel: Color Ignorance. The top two configurations have the same input lines,
and if we ignore the blue lines then they both equal the same single-colored configuration—a
horizontal line. In fact, these are the only two-colored configurations with the given input lines
whose first color is a horizontal line. Therefore the sum of their weights equals the weight of the
horizontal line. Right Panel: Mod 2 Erasure. The top two configurations are the only two-colored
configurations with the given input lines whose 2-fold projection is a vertical line. Therefore the
sum of their weights equals the weight of the horizontal line.

The proofs of the first two properties are in Section 1.2. The third property follows from

Lemma 1.4.3. Note that if we take ¢ = 0 then the two-colored t-PNG model degenerates to the
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two-colored PNG model defined in [27]. To our best knowledge, it seems that the sampling rule of
the colored ¢t-PNG model has not been defined earlier.

In [27], the authors take the viewpoint of interacting particle systems. The lines of the second
color for the PNG model are the trajectory lines of second class particles for the Hammersley’s
process. This was one motivation for arriving at our definition of the colored model. We define
our colored model so that the lines of the second color are the second class particles for the ¢-
Hammersley process that we introduce in Section 1.4. A second motivation for our definition

comes from the colored stochastic six vertex model as detailed in the next subsection.

Connection to the stochastic six vertex model

The stochastic six vertex (S6V) model is a classical model in two-dimensional statistical physics.
The model was introduced in [28] as a special case of the six vertex model [100, 101]. We associate
six possible configurations to each vertex in ZQEO as illustrated in Figure 1.9. The weight of each
configuration is parameterized by two parameters by, by € [0, 1]. We view the lines entering the
vertex from the left and the bottom as input lines and view the lines leaving to the right and above
as output lines. The S6V model is stochastic since if we are given the number of input lines from
the left and bottom, the sum of the weights of all possible configurations with that input equals 1.

We view the S6V model as a stochastic path ensemble on ZQEO. We fix boundary conditions on
the axis Z>ox {0} (resp. {0} X Z>() which indicate whether there is an input line entering each ver-
tex along the axis from the bottom (resp. left). Starting from the vertex (0, 0), we tile the given site
with one of the six vertex configurations where we only consider configurations whose input lines
match the input lines of the given vertex. We then assign an allowed configuration with probabil-
ity given by the weight of the configuration. This tiling construction then progresses sequentially
in the linear order (0,0), (1,0),(0,1),(1,1),(2,0),(1,1),(0,2),... to the entire quadrant (see the
left panel of Figure 1.11).

To relate this to the -PNG model, we horizontally complement the S6V model. In other words,

if there is a horizontal line, we erase it; if there is no horizontal line, we add it (see the right panel of
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Type I il I v Y VI

Configuration . R _l
+ i

Weight 1 1 b1 1-— b1 b2 1-— bg

Figure 1.9: Six types of configurations for the S6V model.

Type I I I v \Y% VI
Configuration \ . * _ _T . l—
Weight 1 1 bl 1-— b1 b2 1-— bg

Figure 1.10: Six types of configurations for the S6V model after horizontal complementation.

Figure 1.11). In Figure 1.10, we show the vertex configurations after horizontal complementation.

As done in [16], if we scale the weights b; — ¢ and b, — 1 in an appropriate way and simulta-
neously scale the discrete lattice to the continuum with certain boundary data, the complemented
model in the previous paragraph converges to the -PNG model. One can observe that the weights
in Figure 1.10 reduce to that of the £! matrix in the scaling limit.

It is natural to ask if our colored t-PNG model is related to the colored S6V model [38]. We
focus on the case with two colors and recall the definition of the two-colored S6V model from [38,
Section 2] (the multicolored S6V model was also defined therein). As usual, we use red to denote
the higher priority color and blue to denote the lower priority color. The number of output lines for
each color must equal the number of input lines for that color; however, unlike for the colored ¢-
PNG model, there can be at most one line emanating from the vertex in each direction. The vertex
weight of a two-colored S6V configuration is then defined to be the weight of the single-colored
S6V configuration obtained by just considering the lines of the highest-priority color present in the
configuration.

There is also a relation between the two-colored ¢-PNG model and the two-colored S6V model

via horizontal complementation. Given a two-colored {-PNG configuration with at most one line
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(0,0) R (0,0) ) )

Figure 1.11: Left panel: A sampling of the S6V model on the first quadrant. Right panel: The S6V
model after complementing the horizontal lines.

in the vertical direction, we can perform the following horizontal complementation (referred to as
“hc" in the figures below). If there is a horizontal red line, we erase it; if there is no horizontal
red line, we add it. We leave the blue lines unchanged. One can check that the resulting con-
figuration is a configuration for the two-colored S6V model where b; = ¢ and b, = 1 and that
the two configurations have the same weights in their respective models. However, this procedure
will not work for two-colored ¢-PNG configurations with both blue and red lines in the vertical
direction (see Figure 1.12). This is because the complemented configuration would still have two
lines in the vertical direction, while the two-colored S6V model allows at most one line in each di-
rection. Therefore, not every two-colored ¢t-PNG configuration can be obtained through horizontal

complementation of the two-colored S6V model.

t-PNG S6V t-PNG S6V
I I + H he +
<—— <——
t t 1 invalid

Figure 1.12: Left panel: When there is at most one line in the vertical direction, one can obtain the
two-colored ¢-PNG model by horizontally complementing the red lines. Moreover, the weights of
the two-colored ¢t-PNG and S6V configurations match. Right panel: When there are two lines in
the vertical direction, one cannot obtain the {-PNG model via horizontal complementation, since
the S6V model allows at most one line in the vertical direction.
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1.1.5 A Burke’s theorem for the t-PNG model

The original Burke’s theorem [102] states that the departure process of an M/M/1 queue with a
Poisson arrival process is a Poisson process. Generalizations of Burke’s theorem have been proved
for last passage models [27, 103, 104], polymers [105, 106, 107], and stochastic vertex models
[108, 109, 110]. Note that these models all admit a stationary version and that Burke’s theorem is
a stronger property than stationarity.

The ¢-PNG model has a stationary version, which will be an important tool in the proof of our
main theorem and is constructed in Section 1.4. As a natural extension, we also prove a Burke’s
theorem for the ¢-PNG model. Our result extends Theorem 3.1 in [27] from ¢ = 0 to general

t€[0,1).

Theorem 1.1.8 (Burke’s Theorem). Fix T, T > 0. Consider the t-PNG model on [0, T] x [0, T5]
with a Poisson process of sources on of intensity \ on the bottom boundary, a Poisson process
of sinks of intensity ﬁ on the left boundary, and Poisson process of nucleations of intensity 1
in the interior of the box. We choose all three Poisson processes to be independent. Denote this
process by Ly and let LS"™" denote the set of corner points, let L' denote the entry points of paths

on the right boundary, and let L" denote the exit points of paths on the top boundary. Then

(i) L™ is a Poisson point process with intensity 1 in [0, T3] x [0, T3], LY is a Poisson point

process of intensity ﬁ, and L§" is a Poisson point process of intensity \.
(ii) All three Poisson processes are independent.

The proof of Theorem 1.1.8 is given in Section 1.4.

1.1.6 Proof idea

As explained after Remark 1.1.4, unlike in the case of the PNG model, we can no longer
directly apply the superadditive ergodic theorem to the ¢-PNG model using attractivity. Instead,

we need to define a colored version of the {-PNG model which will allow us to construct a family
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of random variables { X, ,, : 0 < m < n} that satisfies the conditions of the superadditive ergodic
theorem.

Definition 1.1.7 for the matrices {£" : n > 1} follows from a sophisticated guess based on
Properties 1-3; however, it is not immediately clear that these matrices are stochastic, and it also
takes some work to show that all of the desired Properties 1-3 are indeed satisfied. The proof of
stochasticity follows from an induction argument. Properties 1-3 then follow from a case-by-case
study using the stochasticity and the fact that the entries of {£" : n > 1} belong to {0,¢,1 — ¢, 1}.

Having defined the stochastic matrices {L£" : n > 1}, we proceed to prove the hydrodynamic
limit theorem. The idea is to consider a colored ¢-PNG model and define X, ,, to be a color-
dependent version of the height function restricted to [m,n] x [m,n]. We assign the Poisson
nucleations with different colors so that points with smaller x-coordinates or y-coordinates have
lower priority. We can now define X, ,, in such a way so that it only depends on nucleations
inside the box [m,n| x [m,n| and ignores all lines entering from the bottom or the left since
those lines will have lower priority. Therefore, the random variables X, ,, will be stationary and
independent on disjoint boxes and hence ergodic. The superadditivity intrinsically follows from
a coupling argument that says that allowing more lines to enter the boundary only increases the
height function. We can now apply the superadditive ergodic theorem [111] to the family of random
variables {X,,,, : 0 < m < n}. By the property of mod 2 erasure, the colored ¢-PNG model

reduces to the single-colored {-PNG model after color projection. Hence, we have

lim M = sup M =, a.s., (1.2)

n—oo n n>1 n

where 7 is some constant in [0, co].

To determine the value of this constant, we adopt an idea from [26]. Before carrying out that
idea in the next paragraph, we need to first show that v € (0,00). We do this by deriving an
upper bound and lower bound for . The lower bound can be simply obtained via a coupling with

the PNG model. To obtain the upper bound, we generalize [24] and view the {-PNG model as an
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interacting particle system where the vertical lines play the role of particle trajectories. We add
sources and sinks on the left and bottom boundary and obtain a stationary version of the ¢t-PNG
model. A coupling with the stationary model together with the attractive property provides an
upper bound for 7.

In [26], the author proposed a soft argument for computing the constant + in the case of ¢ = 0.
The key idea is to relate the computation of 7 to the law of large numbers (LLN) for the number
of a-points. When ¢ = 0, the a-points are exactly the Poisson nucleations and the LLN follows
immediately. For ¢ > 0, the set of a-points is the union of Poisson nucleations and crossing
points. We prove an LLN for the number of a-points using the fact that the number of a-points
on the horizontal line emanating from a Poisson nucleation is asymptotically a geometric random

variable.

1.1.7 Literature review

In [21], Ulam first posed the question of studying the average length of the longest increasing
subsequence of a random permutation, which is now called “Ulam’s problem". In [22], Hammer-
sley transferred the problem into a last-passage model now called the polynuclear growth (PNG)
model and used the subadditive ergodic theorem to show that the limit ~y exists. Logan and Shepp
[19], and Vershik and Kerov [20] simultaneously proved that v = 2. In fact, they proved a more
general result concerning the limit shape of a Young diagram associated with the random permu-
tation. In [24], an alternative proof is given using the perspective of interacting particle systems.
[25] proved the entire fluctuation theorem through an analysis of exact formulas. [97, 26, 95, 27,
112] gave different proofs of v = 2 using soft arguments.

Beyond the PNG model, the limit shapes of other last passage models have been well studied.
For two discrete variants of the PNG model, the almost sure convergence to an explicit limit shape
has been proved in [113, 114, 112]. The explicit limit shape for the exponential last passage per-
colation (LPP) model was first proved in [115] (also see the notes [116, 104, 117]), and similar

results can be obtained for the geometric case. The fluctuations of the exponential and geometric
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LPP models around their limit shapes are given in [118] using integrable methods. We remark
that a common approach to deriving the explicit limit shape of an exactly solvable LPP or polymer
model is to couple it with a stationary model and then solve a corresponding variational problem.
This idea, however, no longer works for the -PNG model since we do not have a similar coupling.
For the LPP model with general i.i.d. weights, the limit shape is no longer explicit. [119] proved a
general shape theorem and studied the continuity of the shape function as well as its asymptotic be-
havior near the edge. A shape theorem for the last passage percolation model on a two-dimensional
compound Poisson process was proved in [120].

For the PNG model, the two-colored version has been studied in [27], where the paths of
the second color can be viewed as the trajectories of the second class particles. The behavior of
second class particles in the PNG model was studied in [121]. By a duality between the second
class particle and the exit point, [122] shows that the fluctuation exponent of the stationary PNG
model along its characteristic direction is % A similar result was obtained in [123] for a discrete
variant of the PNG model. The colored PNG model has been considered in [124], where it was
obtained via the basic coupling of multiple particles. Note that it is not clear how to go from this
perspective to our definition of the stochastic matrices in Definition 1.1.5.

The authors of [16] introduced the t-PNG model, which is a one-parameter deformation of
the PNG model. They proved a one-point fluctuation limit theorem for the {-PNG model using
integrable methods. They also proved one-point convergence to the KPZ equation. We remark that
a different deformation of the -PNG model was considered in [125]. The ¢-PNG model can be
realized as a scaling limit of the S6V and its higher spin generalization after complementing the
horizontal lines. The S6V model and its various generalizations have been studied recently in [33,

37, 126, 127, 38, 128, 129, 110, 130, 109, 131, 16] and references therein.

1.1.8 Outline

In Section 1.2 we prove that the matrices in Definition 1.1.5 are stochastic and satisfy Properties

1-2. In Section 1.3 we apply the superadditive ergodic theorem to prove the hydrodynamic limit
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without identifying the constant . In Section 1.4 we prove an upper bound for v by constructing
a stationary version of the -PNG model, we show that Property 3 is satisfied, and we also prove a
version of Burke’s Theorem. In Section 1.5 we identify v by proving a law of large numbers for
the number of a-points. In Section 1.6, we give all the two-colored configurations with non-zero

weights. In Section 1.7, we provide some technical computations for Section 1.4.

1.2 Properties of the £ matrices

In this section, we prove that the matrices {£L" : n > 1} defined in Definition 1.1.7 are stochas-
tic and satisfy the properties of color ignorance and mod 2 erasure. The stochasticity is shown in
Proposition 1.2.2. The properties of color ignorance and mod 2 erasure are respectively shown in

Propositions 1.2.5 and 1.2.6.

Lemma 1.2.1. Fix arbitrary i,j € {0,1}. There exists a unique pair (k,1) € {0,1}* such
that L(i,7;k, 1) € {t,1}. Similarly, there exists a unique pair (k',l') € {0,1}* such that
L, g, K1) € {1 —t,1}.

Proof. This is straightforward from Definition 1.1.5. [

Let A= {ry,...,mn} be an ordered subset of {1,...,n}. Forx = (z1,...,2,) € {0,1}", we

define x4 = (2,,,..., %, ). In particular, we define X[1 ,,,) = (1,...,Zm).
Proposition 1.2.2 (Stochasticity). For arbitrary fixed n € Z>y, L" is a stochastic matrix, i.e. the

entries of L™ are non-negative, and for any i,j € {0,1}",

> Lk 1) =1

k,le{0,1}n

Proof. Let us prove the result by induction. When n = 1, we can easily see that £! is stochastic.

We use induction to prove the stochasticity for general n. We assume £¥~! is stochastic and use
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this to show that £ is also stochastic. Referring to (1.1), for i, j, k,1 € {0, 1}, we have

ﬁN(i,j;k,l) = min<£N_1 (i[l,N—l]aj[l,N—1}§k[l,N—l}a 1[1,N—1]),£ (sn(i),sn(i); 5N(k);5N(l))>-
(1.3)
Fix arbitrary i,j € {0, 1}". £V~ is a stochastic matrix whose entries take value in {0,¢,1 —¢,1},

so we have one of the following two cases:
Case 1: There exist unique ¢, [ € {0, 1}~ such that LY~ (ijy nv_1y, jpv-1; 8, 1) = 1

Case 2: There exist unique €, [;, &, [, € {0, 1}*~! such that

LY g vo dpv—y L ) = LY g v dpy-i; 2, ) =1 —¢.

Let us prove the stochasticity of £V in each case.

Proof for Case 1: Using £V~ (ij; 1], jp,n—1); & [) = 1 and (1.3), we have
LY(1,3;%,1) = L (sn (i), 55 (§); s (k), 55(1))

when kpy y_1) = tand Iy y_1; = [. In addition, LN(i,j; k,1) = 0 when kpno #torly yoq # L
Note that (sy(k),sx(1)) equals each element of {0, 1}? exactly once when we vary k, 1 under the

restriction kj; y_q) = € and Iy y_;; = [. Therefore,

> LMikl= 3, Ly eniena®) =1
k,1€{0,1} 1=t
l[lN 1]=[

The last equality comes from the stochasticity of £1.

Proof for Case 2: By (1.3), LV (i,j; k,1) = 0 when (kp n_1),lpnv—1) ¢ {(&1, 1), (€2, 12)}. If
(kp,v—1],1p,v—1]) = (£1,11), we have

LN, jik, 1) = min(t, £ sy (1), sxG); sx(K), s (1))).
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By Lemma 1.2.1, there exists only one pair of (s (k), sx (1)) such that L' (sx (1), s5(j); 55 (k), sx (1)) €
{t,1}. Using this and the equation above, there exists a unique pair (k',1') € {0,1}" such that
k[ll,N—l} = ¢ and 1[11,1\/71} = [, and £V (i,j; k,1) = t. Similarly, there exists only one pair of

(k?,1%) € {0,1}" such that k?, v, = &, I \ ;= L and LV(i,j;k? 1) = 1 —t. Hence, we

have
o LYk ) = £NG § K + £V K P = 1
k,1€{0,1}¥
By (1.1), £V is non-negative, hence it is a stochastic matrix. 0

The following lemmas will be used to prove the properties of color ignorance and mod 2 era-

sure.

Lemma 1.2.3. Fix positive integers m < n. Assume that for fixed i,j,¢,1 € {0,1}™ we have
L7(1,5;8,1) € {t,1 —t}. Then for any fixed i,j € {0,1}" satisfying (g m),ipm)) = (i,]), there

exist unique k', 1!, k* 12 € {0, 1}" satisfying
LG = L) =1 -t

For (k,1) that does not equal either (k',1') or (k?,1%), we have L"(i, j; k,1) = 0.

Proof. When n = m, the claim is true due to the stochasticity of L™. Now we prove the lemma for
m < n. Using the stochasticity of £™, we know that there exist &', [*; €2 > € {0, 1}™ satisfying

Lm(i,5; 8,11 = tand L™(i,; €%, 1*) = 1 — . Using (1.1) and iy ;) = 1, jj1,m] = j, we have
L'(i,j; k, 1) = min (ﬁm(t 3 Kpmys Lpm)), ming_, (511(5r(i),5r(j); sr(k),sr(l))>) . (14
If (Kpm), Lj,m)) = (€1, 1), we have
£k ) = min (i (216,05, G150, 5,(0)) ).

Therefore, £"(i, j; k,1) = t if and only if £(s,(i), 5,.(j); 5, (k),s,.(1)) € {t, 1} forevery r € {m +
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1,...,n}. By Lemma 1.2.1, for every s, (i), s,.(j) € {0, 1}, there exist unique s,(k), s,(1) € {0, 1}
such that £'(s,(i), s,(j); s-(k),s.(1)) € {t,1}. Since (k,1) is uniquely determined by the value
of (Kp1m), 1j1,m)) and (s,(k),s,(1))"_,,., (and vice versa), there is a unique pair (k*,1') such that

(k¢

g Yomg) = (€1, 11) and £7(i, j; k', 1') = t. For (k,1) satisfying (Kj1m), lpm) = (€,1) and
(k,1) # (k',1'), we have £"(i, j; k,1) = 0.
For a similar reason, there exists a unique pair (k*,1?) such that (k7, .17 1) = (€, 1?) and

[1,m]’ “[1,m

L£"(i,j;k* 1?) = 1 — t. By the stochasticity of £", for (k,1) ¢ {(k',1!), (k?1?)}, we have

L"(i,j; k,1) = 0. This concludes the lemma. O]
Let us prepare some notation for the next lemma. We call 7 a partition of {1, ..., n} if 7 takes
the form of

7r:{{1,...,7’1},{7”1—|—1,...,r2},...,{rm,1—|—1,...,7"m}}

forsome m <nand1=r; <ry <---<r, =mn. Wedefine a map g, from {0,1}" — {0, 1}™

such that

gn(xl,...,xn):(< Z xi>mod2)m.

i=rr_1+1 k=1

We define /() = m to be the length of the partition 7.

Lemma 1.2.4. Fix positive integers m < n. Fix a partition 7 of {1,...,n} such that {(w) = m.
Assume that for fixed i,j,¢,1 € {0,1}™, we have L™(i,j; €, 1) € {t,1 — t}. Then for any fixed
i,j € {0,1}" satisfying (g:(i), 9:(j)) = (i,]), there exist k* | 1', k? 12 € {0, 1}" satisfying

£rG gk =, LMK 1Y) =1 -t

For (k,1) that does not equal either (k*,1') or (k?,1%), we have L"(i, j; k,1) = 0.

Proof. The lemma is clearly true when m = n. We only need to prove it for m < n.

By stochasticity of £™, there exists &', 1, €2 [ € {0,1}™ satisfying £™(i,j, &', [') = ¢ and
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L£m(i,5,82, 1) =1 —t. We let
T = {{1,...,7“1},{7“1+1,...,r2},...,{7’m_1—I—l,...,rm}}
where r,,, = n. Let A, = {r1,...,rn} and B, = {1,...,n}\A,. Using (1.1), we have

L(i,3; k, 1) = miny_, (L5, (1), 5,(3); 8- (k), 5,(1)))
— min <minreAﬂ (L' (s,(1), 5-(3); 8- (k),5-(1))), min,ep, (L' (s,(1), 5-(3); sr(k),sr(l)))>

= i (£ (g2(0), 92(3); 9209, 92 (1), mincp, (£(5,(3),5,(3); (1) 5,(1))) ).
Note that (gx (), 9+(3)) = (i.1). If (9 (k), g (1)) = (€1,11), then
£7(i,j;k,1) = min (t, min,cp, (L‘,l(sr(i),5T(j);5r(k),5r(l)))>.

In order for £"(i,j; k,1) = ¢, we need L'(s,.(i),5,.(j); 5, (k),s.(1)) € {¢,1} for each r €
B,; otherwise, £"(i,j; k,1) = 0. Note that i,j are fixed. By Lemma 1.2.1, for each r € B,,
there is only one choice for (s,(k),s,.(1)) such that £L(s,(i),5,(j); 5, (k),s.(1)) € {t,1}. It is
straightforward that we have a bijection from {0, 1}" to itself, given by x <> (g.(X), (6,(X))reB, )-
Hence, there exist unique k!, 1! satisfying (g, (k'), g-(1')) = (€}, *) and £"(i, j; k', 1) = ¢.

Similarly, there exist unique k?,1% such that (g, (k?), g.(1?)) = (€2, 1?) and £"(i,j; k?,1?) =
1 — t. By stochasticity, for (k,1) ¢ {(k',1'), (k?1?)}, we have £"(i, j; k,1) = 0. This concludes

the lemma. u
Proposition 1.2.5 (Color Ignorance). Fix m € {1,...,n} and i,j,t,1 € {0,1}". Foralli,j €

0, 1}™ such that iy ,,) = i and jj1 . = ), we have
(1,m] (1,m]

> Lrgik ) = L7 8. (1.5)
ISTREE:
1[1,m]:[
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Proof. We have L™(i,j; €, 1) € {0,¢,1 — ¢, 1}. We prove the equality (1.5) for each possible value
of L™(i,j; &, 1).

Case 1: ﬁm(i,j;f, [) = 0. By (1.4), when i[l,m] =i, j[l,m] = j, k[l,m} = ¢, l[l,m} = [, we have
L"(i,j; k,1) = 0. Hence, (1.5) holds.

Case 2: L™(i,j; ¢ [) = 1. By stochasticity of £™ and (1.4), if we have i1 ,,) = i, ju,m) = j and
(K1m)s Iim)) 7 (€,1), we have £7(i, j; k, 1) = 0. Using this and the stochasticity of £",

E L£(i,j; k1) = E L£h(1,§; k1) =1=L"(i,j;¢1).
[lm] =t klE{Ol}"
11 =

Hence, (1.5) holds.

Case 3: L™(i,j; ¢ [) = t. Since ify ) = i and jp ) = j, by Lemma 1.2.3, we know that there

exist unique k',1' € {0,1}" satisfying k., = & 1}, , = land £"(i,j;k',1') = ¢. For all

[1,m]

(k,1) € {0,1}" satisfying ki ;) = €, 111,y = €and (k,1) # (k',1'), £7(i, j; k,1) = 0. Hence,

Y Lr(ik ) = L0 5K ) =t = L7 D).
K1, )=t
l[l,m]:[

Case 4: L™(i,j; €, 1) = 1 — t. The proof is similar to Case 3, and we omit it. This concludes the

proof of the proposition. [

Proposition 1.2.6 (Mod 2 Erasure). Fix a partition © of {1,...,n} such that {(7) = m. Fix

i,5,8, 1€ {0,1}™ Foralli,j € {0,1}" satisfying g.(i) = i and g,(j) = j, we have

Z L£r(1,5;k,1) = L3, 5; 8, 1). (1.6)

gr(k)=¢
ng(l) [

Proof. Letm = {{1,...,m},{ri+1,... .}, ... {rmo1+1,...,rm} fywhere 1 <rq < --- <

rm = n. We again divide our proof into four cases.
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Case1: £™(i,j, & [) = 0. By (1.1), fori, j, k, I satistying g.(i) =1, 9 (j) = j, g=(k) = €, 9,(1) =1,

we have
L£r(1,5; k1) < miny (L' (s,, (i), 5,,(3); £ (s, (k), 5, (1)) = L™(1,j, €, 1) = 0.
This implies that £"(i, j; k,1) = 0. Hence,

> LrGdk 1) = 0= L7, 8 1),
gw(k):E
977(1):[

Case2: L™(i,), ¢ [) = 1. By (1.1), we know that (g, (k), g.(1)) # (¥, [) implies that £"(i, j; k,1) =
0. Therefore,

Z Lrijk) = Y Lr(ijik1)=1=L"(¢10).
gr(k k,le{0,1}n
g,r(l) [

The second equality is due to the stochasticity of L.

Case 3: £™(i,j,8 ) = t. We fix i,j that satisfy (¢.(1),9-(j)) = (i,j). By Lemma 1.2.4,
there exist unique k', 1! satisfying (g.(k'), g-(1')) = (& 1) and £"(i,j; k',1') # 0. Moreover,
£"(i,j; k', 1Y) = t. Hence,

Y Lrigk ) =L00 5K 1) =t = L7 8 D),
gﬂ k) E
97\'(1)

Case 4: L™(i,j, ¢, [) = 1 — t. The proof is similar to Case 3. ]
Remark 1.2.7. One can also use real numbers to label colors, not just positive integers. The rule is
that for two colors with labels a < b, the color b has less priority than a. Hence, we can still sample

the output of an intersection given finite input lines labeled by real numbers, using {L" : n > 1}.

For our application of the colored model in the next section, we use negative integers to label the
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colors (see also Remark 1.3.3).

1.3 The colored model and superadditivity

We are going to construct {X,,,, : 0 < m < n} as discussed in the introduction using the
colored ¢-PNG model. Before doing that, let us recall Liggett’s superadditive ergodic theorem
from [111]. Note that the theorem was originally stated in the subadditive setting, but for our

purposes, we formulate it in the superadditive setting by placing a negative sign where necessary.

Theorem 1.3.1. Suppose {X,, .} is a collection of random variables that is indexed by integers

0 < m < n and satisfies:

(i) Almost surely Xoo = 0 and Xo,, > Xom + Xppnfor 0 <m < n.
(ii) For each k > 1, { X (_1)knk : 1 > 1} is an ergodic process.
(iii) {Xymm+x 2 k> 0} 2 {Xm+1miks1 2 k> 0} for each m > 0.

(iv) E[Xy,] < 0o where v~ = max(—xz,0).

E[XO,n}
n

Then there exists a constant y = sup,,>, € (—o0, 00| satisfying

. XO,n
v = lim —— a.s.
n—oo M

Definition 1.3.2 (Step colored t-PNG model). We consider a Poisson point process of nucleations
on R.g x Ry g with density 1. We can assume that there are no nucleations with an integer - or
y-coordinate and that no two nucleations have the same x- or y-coordinates, since these events
have probability zero. Fix arbitrary integers m,n € Zx=q. We color the nucleations inside the unit
square [m, m + 1] X [n,n + 1] with the color — min(m + 1,n + 1). In other words, we assign the
color —m — 1 to nucleations lying in the L-shape area [m,c0) X [m, m+ 1]U[m, m+ 1] x [m, co).
For each nucleation with a given color k, the lines emanating from it in the upward and rightward

directions also have color k. When horizontal and vertical lines intersect, the output lines emanate
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from the intersection following the stochastic matrix {L" : n > 1} defined in Definition 1.1.7 (see

also Remark 1.2.7). The model is referred to as the step colored t-PNG model. See Figure 1.13.

Remark 1.3.3. The reason that we label the colors with negative integers instead of positive in-
tegers as in Section 1.2 is that to apply Theorem 1.3.1, we want to construct a model with infinite

colors such that nucleations closer to the axes have lower priority.

Figure 1.13: Left panel: We sample a Poisson point process with density 1 and assign the nucle-
ations different colors using the aforementioned rules. Although this happens on the entire first
quadrant, we just show a picture of the square [0,3] x [0,3]. Right panel: We sample the step
colored t-PNG model in [0, 3] x [0, 3] using these Poisson nucleations. Note that olive has a higher
priority than red, and red has a higher priority than blue. Hence, the behavior of the olive lines
does not depend on that of the red and blue lines. The behavior of the red lines does not depend on
that of the blue lines.

We proceed to define the random variables {X,,,,m,n € Zso,m < n}. Let H,,, be the
set of intersection points between the horizontal segment [m,n] x {n} and vertical lines in the
step colored ¢t-PNG model, where in the case of multiple lines traveling together, we count the

[m,n]

intersection point just once. Let vz " denote the number of vertical lines that go through z with

colors in {—n,...,—m — 1}. We define

X =Y (/" mod 2). (1.7)

ZeHm,n

In other words, X, ,, is the number of vertical lines with color —n that cross the segment [m, n| x

{n} after we recolor all lines with colors in {—n, ..., —m — 1} with the color —n and apply the
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mod 2 erasure procedure.
Proposition 1.3.4. We have { X,k € Z>1} = {N(k, k), k € Z>,} in distribution.

Proof. 1t suffices to prove that for eachn € N, {X, 4,k =1...,n} 2 {N(k,k),k =1,...,n}.
The lines in the square [0, n] x [0,n] have colors that belong to {—n,...,—1}. Replace these
colors with a single color and apply the mod 2 erasure procedure. Taking m = 1 in Proposition
1.2.6, we see that the resulting model is just the single-colored ¢-PNG model. Note that X ; in
(1.7) is exactly the number of lines crossing the segment [0, k] x {k}, which equals N (k, k) for

k € {1,...,n}. This concludes the proposition. ]

Proposition 1.3.5. The stochastic process {X ., : m,n € Zsog,m < n} satisfies conditions

(ii)-(iv) of Theorem 1.3.1.

Proof. We first prove (ii). Consider the square [m,n| x [m,n|. There are lines flowing inside
through the left boundary {m} x [m,n| and the bottom boundary [m, n] x {m}. These lines have
colors that belong to {—m, ..., —1}. The Poisson nucleations in [m,n] x [m,n| have colors in
{=n,...,—m — 1}. Note that the color : takes priority over j if i < j, so the lines that emanate
from the Poisson nucleations in [m, n] x [m, n| have higher priority than the lines entering through
the left and bottom boundaries. Therefore, by Proposition 1.2.5, we can sample the colored ¢t-PNG
model in the square [m, n| x [m,n| just using the colors {—n, ..., —m — 1} and ignore the lower
priority lines entering from the left and bottom. Hence, the distribution of X, ,, is independent of
the number and location of the lines entering the bottom and left boundaries of [m, n] x [m,n].
This implies that for each & > 1, the random variables {X(,_1)xnk, 7 > 1} are independent. It
is straightforward to see that X, 1)z has the same distribution as N (k,k) for all n > 1, so
therefore this sequence is i.i.d and hence ergodic.

We proceed to prove (iii). It suffices to show that for arbitrary m € Zx,,
{(Xomsns k> 0} £ {Xo 4, k > 0}, (1.8)

We look at the step colored ¢-PNG model restricted to [m, co) x [m, co). Note that there are lines
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with colors in {—m, ..., —1} entering from the left and bottom boundaries of [m, oc) x [m, c0). By
Proposition 1.2.5, the behavior of lines in [m, co) X [m, 0o) with colors less than —m is unaffected

by the lower priority lines entering from the boundary. This implies that after a diagonal shift

by (m,m), the lines with colors iy, ..., € Z<_,—1 in [m,00) X [m, c0) behave the same (in
distribution) as the lines with colors iy + m, ..., ix + min [0,00) x [0, 00). Hence, we conclude
(1.8).

Finally, since X ; is non-negative, X(i 1 = 0. Hence, (iv) holds. O

Let us proceed to prove that {X,,,,m,n € Zso,m < n} also satisfies the superadditive
condition (i) in Theorem 1.3.1. We begin with some preparation. In the square [0, n] x [0, n], we
replace the colors {—m, ..., —1} with the color —1 and replace the colors {—n, ..., —m—1} with
the color —2. After that, as long as there are two lines with the same color that travel together, we
erase them. By Proposition 1.2.6, the resulting model is a two-colored ¢-PNG model. In particular,
the Poisson nucleations have color —1 in the L-shaped area [0, m] x [0,n] U [0,n] x [0,m]. The

nucleation points have color —2 in the square [m, n] x [m, n|.

L

1
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n

m n

Figure 1.14: We provide a possible sampling of the two-colored ¢-PNG model in the square [0, m+
n| x [0,m + n]. The dashed lines + = m and y = m divide the square [0,n] x [0, n] into four
rectangles. Blue represents the color —1, and red represents the color —2. In this example, we
haveQ1 :2andQ2 :Ql’g :P1 = 1.

For the resulting two-colored ¢-PNG model, let (); be the number of be lines with color —1

that cross [0, m] x {m}, let (), be the number of vertical lines with color —2 that cross the segment
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[m,n] x {n}, and let P, be the number of horizontal lines with color —1 that cross {m} x [m,n].
Finally, let (); » be the number of pairs of vertical lines of colors —1 and —2 that travel together
and cross [m,n| x {n}.

Consider the single-colored ¢-PNG model. For each Poisson nucleation or intersection point,
the number of lines going upward or leftward equals the number of lines going downward or

rightward (see Figure 1.3). The next lemma follows immediately.

Lemma 1.3.6. Consider the (single-colored) t-PNG model. Fix an arbitrary rectangle. The num-
ber of lines that cross the top and left boundaries of the rectangle equals the number of lines that

cross the bottom and right boundaries.

Lemma 1.3.7. The following result holds:

Xom = @1, (1.9)
X = Q2, (1.10)
Xon > Q1+ P +Q2— Q1. (1.11)

Proof. Recall that we obtain the two-colored ¢-PNG model in [0, n] x [0, n] by replacing the colors
{—n,...,—m — 1} with the color —2, replacing the colors {—m, ..., —1} with the color —1 and
erasing pairs of lines with the same color. The erasure corresponds to the mod 2 erasure procedure
in (1.7). Hence, equations (1.9) and (1.10) directly follow from (1.7).

We proceed to prove (1.11). Note that X ,, is the number of single vertical lines (i.e. the line
does not travel in a pair) that cross the segment [0, n] x {n} in the two-colored ¢-PNG model. We
decompose

KXo = Y1+ Y5, (1.12)

where Y] equals the number of vertical lines with the color —1 that cross [0, m] x {n} and Y, equals
the number of single vertical lines of either color that cross (m,n] x {n}, excluding pairs. Note

that in the rectangle [0, m] x [m, n], there are only lines with color —1. Applying Lemma 1.3.6 to
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the rectangle [0, m] x [m, n|, we have Y; = @ + P;. By definition, Y2 > Q2 — Q1. Using this

together with (1.12), we conclude (1.11). ]

Proposition 1.3.8. We have Xoo = 0 and Xy, > Xom + Xmn for 0 < m < n. Hence,

{Xmn,m <n € Zsy} satisfies (i) of Theorem 1.3.1.

Proof. By definition, we have X, = 0. We proceed to show that X, ,, > X, ,,,+X,, ,,. By Lemma
1.3.7, it suffices to show that P, > ();o. We restrict ourselves to the square [m,n] x [m,n]. All
lines entering this square from the bottom and left boundaries have color —1, and all Poisson
nucleations inside the square have color —2. P; equals the number of color —1 lines that enter
the left boundary. We can think of ()1 > as the number of color —2 lines that cross [m,n] x {n}
and are erased by a color —1 line. By looking at the possible two color configurations in Section
1.6, we find that each color —1 line which erases a color —2 line and crosses [m,n] x {n} must
enter [m,n] x [m,n] from the left boundary. This implies that P, > (> and concludes the

proposition. u

The following scaling property follows immediately from the corresponding scaling property

of the Poisson nucleations.

Lemma 1.3.9 (Scaling). For a fixed 0 < s < oo, we have
(N(z,y); 2,y > 0) = (N(sz,y/s); 2,y > 0).

The following proposition partially proves Theorem 1.1.1.

Proposition 1.3.10. Ler y = sup,,>4 w. With probability 1, we have

lim YT

§—00 S

forany x,y > 0.
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(5,)

Proof. We first prove that almost surely, N =~ — 7. Using Proposition 1.3.5 and Proposition

1.3.8, we can now apply Theorem 1.3.1 to conclude that almost surely % — yasn — oo, where

Y = Sup,>; w. The convergence also holds in L! if v is finite. Using Proposition 1.3.4, we

N(n,n)

have that lim,, = ~ almost surely. Note that since N (s, s) is increasing in s, we also have

that almost surely,
N
lim (S’ 8) =y

t—o00 S

This together with Lemma 1.3.9 implies that almost surely lim;_, ., Nswsy) — v4/xy for arbitrary

S

fixed x,y > 0. We take a probability 1 event such that lim, ., Nlszssy) _ v/xy for z,y € Q<.

S

By the density of Q- in R.( and the monotonicity of the height function, we know that on that

event, lim,_, ., Y029 _ ~vy/xy for all z,y € Ry,. O

S

To complete the proof of Theorem 1.1.1, it remains to identify the constant . This will be
done in Section 1.5. Before carrying out the proof, we need to first show that v is neither zero nor

infinity. The fact that -y is non-zero can be easily seen by the following lemma.
Lemma 1.3.11. We have v > 2.

Proof. Let Ny(z,y) be the height function of the PNG model (where ¢ = 0). We can couple
together the t-PNG model and the PNG model so that they have the same Poisson nucleations.
Under this coupling, we always have N(z,y) > Ny(z,y). Using this together with the law of

large numbers for the PNG model, we conclude that v > 2. O]

1.4 Stationary model and upper bound

In this section, we prove that -y is finite by constructing a stationary version of the t-PNG model
and comparing it with the original {-PNG model. We remark that the existence of a stationary
version of the t-PNG model is not surprising, since similar stationary models have been observed
for the last passage models [27, 122, 104], polymers [105, 106, 107], and stochastic vertex models
[108, 109, 110]. The results in this section can be viewed as generalizations of the results in Section

1.3 of [27].
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Fix A\, T}, T, > 0. Consider the ¢-PNG model on [0, T3] x [0, T5] with the following boundary
data: a Poisson point process of sources of intensity A on the bottom boundary and a Poisson point
process of sinks of intensity ﬁ on the left boundary. In order to study the stationarity of this
model, it is helpful to understand the model as an interacting particle system.

Given the t-PNG model, we can naturally obtain an interacting particle system called the ¢-
Hammersley process as follows: Let (X )o<,<7, be the configuration of particle locations in [0, 7]
at time 7. To avoid ambiguity, we let X be right continuous. The particle locations in this
interpretation are the locations x such that (x, 7) belongs to a vertical line segment in the ¢-PNG
model. More precisely, X, is a Markov chain on the state space £ consisting of all finite point

configurations on [0, 7}]. We can decompose E = | |~ | E, where each E, consists of particle

configurations with exactly n points:

E,={(z1,...,2,):0<2; <... <2, <T}} when(n>1),

and Fy = {0}, where () is the empty configuration. We give each set E,, the usual topology so
that £ is a locally compact space. The reason that we allow multiple points at the same location
is purely technical; we want E to be a Polish space if we identify the point configurations with
Radon measures.

Due to our choice of boundary data, X, is a Poisson process with intensity A. Using the
infinitesimal generator of X, we will prove that the Markov process X is stationary, meaning that
the point configuration X, will remain a Poisson point process with intensity A for all 7 € [0, T5].

We define the infinitesimal generator of X. Let us first define two families of operators:
(RY)e2, and (L£9)$°,. For each 2z € (0,7) and i > 1 we can define the operator R’ : E — F such

that for z,,, 1 < z < z,, (take xo = 0 and x,,,1 = 00),

(T1y ey Ty 2y Tiny v+ oy Tni1s - -+, Tp)y MM T € Epyi <m—m+ 1,

Rix = (1.13)
(T4 ooy 1y 2y Ty« o+ ) ifre E,i>n—m+1,
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Figure 1.15: Example of R’z with n = 4 and m = 3. On the left we take : = 1 and on the right
we take ¢ > 2. Note that for7 < n —m + 1 = 2, the number of particles is preserved and for ¢ > 2,
the number of particles increases by 1.

where 7, denotes that the particle at z; is removed from the configuration. The operator R’
describes what happens when there is a nucleation at position z. It inserts a particle at z and
removes the particle whose position is ¢ positions to the right of z if there are at least 7 particles
to the right of z. We can also think of R’ as sequentially shifting over the ¢ particles at positions
Ty - -, Tmai_1 tO poSItions z, T, ..., Tmei_o. If there are not ¢ particles to shift over, then we
shift over x,,, ..., x, and insert a new particle “from infinity" at x,,, as illustrated in Figure 1.15.
The advantage of this viewpoint is that it maintains the ordering between the particles.

We also define £ : E — F such that

~

, (X1, Ty eeyy), ifx € B0 <n,
Lig = (1.14)

(X1, ..., Tp), ife e E,,i>n.

The operator £ describes what happens when there is a sink on the left boundary. It removes the

1th particle if there is one, and if not, does nothing.

Proposition 1.4.1. Let X, be the t-Hammersley process for t € [0,1) with Poisson sources of
intensity \ and Poisson sinks of intensity ﬁ Its generator G is given by the following formula

when acting on f € Cy(E):

o0

Gfa) = 3071 =0) [ (/(RL) = )z + 3

=1

e - sy )

Proof. The first term on the right comes from moving the particle configuration from z to R'r,

where ¢ is sampled from a geometric distribution and z is chosen according to the uniform measure
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on [0, T]. The second term comes from moving the particle configuration from x to L'z for some
1 (1 s again sampled from a geometric distribution) with rate —=— ( 7 A rigorous proof follows from

a direct computation as in [27]. O

Let G be the dual of GG with respect to . In other words, the operator satisfying

/Gf( wu(dr) /f )G g( dy) forall f,g € Co(E). (1.16)

To compute G*, we will need to define two additional sets of operators. These operators are
similar to the ones above except that they move particles from left to right instead of right to
left. For each s € (0,7}) and ¢ > 1 we can define the operator L. : £ — F such that for

Tm—1 < S S T

. (1, ey Doy e e o s Tne1, Sy Ty -+ - ), ifx € Byt <m — 1,
Ciz— (1.17)

(1, T 158y Ty« -+ 5 T, ifeeE,,i>m—1.

This operator inserts a particle at position s and removes the particle whose position is ¢ positions
to the left of s if there are at least ¢ particles to the left of s.

We also define R? : E — FE such that

, (T1, oo Tigy -y ), ifx € Epi <mn,
R'x = (1.18)

(X1, ..., Tp), ifeeE,,i>n.

This operator removes the (n — i + 1)th particle if there is one, and if not, does nothing.

Lemma 1.4.2. Forall g € Cy(E),

—9()) (1.19)

:Zt“(1—t)/0 (g(Lly)

Proof. The proof is similar to [27]; however, since the dynamics of the -Hammersley process are
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more intricate for ¢ > 0, the computations are more complicated. We record the details in Lemma

1.7.1 in Section 1.7. [

We can see that G*1 = 0. This proves that p is stationary for the Markov process X. Using the

particle system interpretation, we now prove Burke’s theorem for the ¢-PNG model.
Proof of Theorem 1.1.8. The argument intrinsically follows Theorem 3.1 in [27]. We define the
time-reversed Markov process (X )o<r<z, by

)’ZT = lim XTQ—T’ .

T'|T

We define this process using left limits to make sure that it is cadlag. Since G* and G are dual
with respect to the stationary measure f, it is standard that G* is in fact the generator of the time-
reversed process X,.

However, by a similar argument to Proposition 1.4.1, we see that G* is also the generator of the
process Xy obtained by a vertical reflection of all the space-time paths of L) across the vertical
line segment {377} X [0, 7%]. Particles in X jump from right to left, while in X, we reverse the
direction and particles jump from left to right.

The time-reversed process X can be obtained from the original space-time paths of L, by
performing a horizontal reflection across the horizontal line segment [0, 71] x {375 }. Accordingly,
we can rename this process Xy = X. The two reflected processes Xy and Xy share the same
generator G*. In addition, both processes start with Poisson initial data with intensity A, so we can
conclude that the two processes are equal in distribution.

In Xy, particles are inserted at the vertical reflection of the Poisson nucleations of the original
process. In Xy, particles are inserted at the horizontal reflection of the corner points of the original
process (see Figure 1.16). These two sets must be equal in distribution and since the Poisson
process is invariant under reflections, this shows that the distribution of the corner points of L) is
also a Poisson point process with intensity 1.

In the process Xy, paths exit on the right side according to a Poisson process with intensity
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Figure 1.16: From left to right these are the processes X, Xy and Xy = X. The latter two figures
are obtained from the first by a vertical and horizontal reflection, respectively. The second and
third pictures are equal in distribution, hence the blue circles (corner points of X') have the same
distribution as the x’s (nucleations of X).

ﬁ. In Xy, paths exit on the right side according to the horizontal reflection of L. Hence L

is a Poisson process with intensity ﬁ Similarly, for Xy, paths enter from the bottom with the

vertical reflection of a Poisson process of intensity A and this is equal in distribution to the paths
entering X 7, but those are just L™. the independence of L', L™ and L™ follows from the fact
that these three processes are independent for Xy, since they are equal to the sources, sinks and

nucleations of L. O

Using the stationarity of X, we can now compute the upper bound for 7. Note that we only
use stationarity and do not need Burke’s theorem. We will compare the ¢-PNG model with empty
boundary data to the stationary model L) defined above. To this end, we need the following lemma
showing that the -PNG model is attractive as an interacting particle system (see [1]). It follows

that the height function of the t-PNG model is monotone under adding sources and sinks.
Lemma 1.4.3 (Attractivity). We have

(i) Letn, and (, denote two t-Hammersley processes on the rectangle [0, T1] x [0, T3] with sinks
given by & and sources given by 1y C (o. Then there exists a coupling of the two processes 1.

and (, such that n. C (, for all T € [0, Ty].

(ii) Let 0, and 7, denote two t-Hammersley processes on the rectangle [0, T}] x [0, T5] with sinks

given by £ C g, respectively, and sources given by ng. Then there exists a coupling of the
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(iii)

t-PNG processes 0, and 1, such that for all T € [0, Ty|, the number of particles in 1, must be

at least the number of particles in 1, minus the number of sinks in é \ € added up until time .

We conclude that if we add either sources or sinks to the t-PNG model then there is a coupling

so that the height function weakly increases.

Proof. (i) We color all the sources in 79 with color 1 and color the sources in (; \ 1o with color 2.

(i)

(1i1)

We sample 7, by ignoring the second color and sample ¢, by performing the mod 2 erasure
procedure on both colors. Note that the sources of color 2 can only erase lines in the horizontal
direction and therefore cannot erase any vertical lines which represent particles in 7, (see the

possible two-colored configurations in Section 1.6). Therefore n, C (.

Similarly, we color all the sinks in £ with color 1 and color all the sinks in f \ & with color 2.
We sample 7, by ignoring the second color and sample 7, by performing the mod 2 erasure
procedure on both colors. Each sink of color 2 can delete at most one vertical line, hence the

number of particles decreases by at most the number of sinks in £ \ ¢ added up until time 7.

Note that

N(x,y) = number of sinks in {0} x [0, y] + number of particles in [0, x] x {y}.

It follows from (i) and (ii) that the height function does not decrease if we add sources and

sinks using the above couplings.

Lemma 1.4.4 (Upper Bound). We have

2
1—

(1.20)

~

Proof. Consider the t-PNG model without boundary data as well as the stationary ¢-PNG model
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L) defined above. Let N} be the height function of the stationary model. We have

Y

E[N (2, y)] < E[N*(z,9)] = EINZ(0.9)] + EINI(a,9) = N(0.)] = 57—

+ Ax.

The first inequality follows from Lemma 1.4.3. The third equality follows because N3*(0,y) is

just the number of points in a Poisson point process of intensity ﬁ in an interval of length =,

and N3™(x, y) — N3y (0, y) is the number of points in a Poisson process of intensity A in an interval

of length y (due to the stationary of X'). Taking A = x\(/lg—t) (which minimizes the right-hand side
above), we conclude that

E[l\\f/(w%y)] < \/% (1.21)
Recall that v = sup,,»; EIN®m] The above inequality implies that v < 12_ . [

n

i

1.5 Proving v = \/%

In this section, we prove that 7 = \/% Recall that when two lines intersect, the intersection

point is called a crossing point if the two lines cross and a corner point if the two lines annihilate.
The set of a-points is the union of the Poisson nucleations and crossing points, and the set of [3-
points is the union of corner points and crossing points. For the {-PNG model with empty boundary
data, let A;(x, y) be the number of a-points and A (x, y) be the number of 5-points in the rectangle

[0, 2] x [0,y]. As an abbreviation, we use A;(s) to denote A; (s, s).

1.5.1 Law of large numbers for the a-points

The main result in this subsection is the following law of large numbers:
Proposition 1.5.1. We have 5A(s) & -, as s — oc.

We will need to prove a few lemmas before proving this proposition. Fix any rectangle R =

(1, 22 X [y1, yo]. Define

hr = min {#intersections between [z1, x2] X {y} and the vertical lines in t-PNG model : y € [y1, yo] }
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In other words, as we move the horizontal segment vertically from [z, o] X {y1 } to [x1, 2] X {92},

h g is the minimum number of intersections between the vertical lines and this horizontal segment.

Lemma 1.5.2. Fix any rectangle R = [x1, %3] X [y1, ya]. Let { be the number of horizontal lines
that enter the rectangle from the left. Let b be the number of vertical lines that enter the rectangle

R from the bottom. Then hr > (b — £)*.

Proof. In the t-PNG model, a vertical line will go upward until it meets a horizontal line. More-

over, each horizontal line can annihilate at most one vertical line. This concludes the lemma. [

Fix M € Zs,. Let R(s) = [(1 — 17)s, s] X [35, s].

Lemma 1.5.3. We have almost surely,

lim hps) — oo. (1.22)

5—00

Proof. For each i € {0,1,..., M? — 1}, let b;(s) be the number of lines entering the rectangle

R = [(1 — L)s, 8] x [, ©0%] from the bottom boundary. Let /;(s) be the number of lines

entering the same rectangle from the left boundary. It is straightforward that

1= ¥ 1)~ (0~ ).
ei(s):N(a—%)s,(* %) - (1—%)3,%).

By Lemma 1.5.2, we know that hp,s) > b;(s) — £;(s). Since R = Uij‘fj\/lei, we have hp) >
min’ ;! (bi(s) — li(s)).

By the law of large numbers in Proposition 1.3.10, we know that almost surely,

S
lim —= = l——(— — ).
s—o0 S8 M( M M)
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Subtracting the second equation from the first above yields

. i\S) — LilS \/E \/Z— \/E
MO (0 b))

This together with v > 0 (see Lemma 1.3.11) implies that for any ¢« > M, we have lim,_,, bi(s)=bils)

S

M

0. Since hp(s) > mini;]\;l (bi(s) — &(s)), we conclude that lim,_, o, % > (. This concludes the

lemma. =

Lemma 1.5.4. We have
lim s °E[A(s)] = —.

5—00 1_t

Proof. We prove the lemma by showing that

limsup s 2E[A;(s)]

S5—00

liminf s *E[A;(s)] >

s—00 1—t

IN

(upper bound)

—_
— ] =
~

(lower bound)

Proof of (upper bound): Let K (s) be the total number of Poisson nucleations in [0, s] x [0, s]. We
label these points by 1,..., K(s). Let ;(s) be the number of vertical lines in the -PNG model
that cross the the horizontal line emanating from the nucleation point ¢ (including the vertical line

that emanates from the point ¢). For every n € Z>,,

E[an(s) | K(s) > n] < %_t (1.23)

This is because if we condition on the event { K (s) > n}, a,,(s) is stochastically dominated by a
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geometric random variable with parameter 1 — ¢. As a result, we have

For the first equality, note that there are a;(s) number of a-points that have the same y-coordinate

as that of the nucleation point 7, hence A;(s) = Zfi(f ) a;(s). The first inequality above is due

to (1.23). The third equality holds because K (s) is a Poisson random variable with parameter s2.

Hence, we have shown that

1 1
li —E|A < — 1.24
HSILiljp = [A(s)] < T (1.24)

Proof of (lower bound): Fix M, m € Zs,. Define ¢y (e) = (1 — 57)? — €. We can choose € > 0
small enough such that ¢j;(e) > 0. Let Kj(s) be the total number of Poisson nucleations in the

square [0, (1 — 17)s)] x [, s]. We have

I(AI(S) CA1(6)82

E[A1(s)] > E[ 051‘(5)] > E[( Oéz'(S))ﬂ{KM@)sz(s)s2,hR<s)zm} :

i=1 i=1

For a line that emanates rightward from a Poisson nucleation in [0, (1 — 5;)s)] x [(1 — £)s, s],

there are potentially at least hz(s) number of vertical lines it can cross. Hence, there exist i.i.d.
geometric random variables {X;}icz., ~ Geo(1 — ?) that are independent of the t-PNG model,

and such that «;(s) > X; A hg(s). Therefore, we have

CA4(€)52

E[( D @) lmumzen@nnezm | = oa(@)SE[XiAm] P(Ka(s) = cx(e)s®, huls) = m).

=1

We divide both sides by s? and let s — oco. Note that K(s) is a Poisson random variable with

mean (1 — 5;)%s%. By a standard large deviation bound, lim,_,.. P(Ku(s) > cu(e)s?) = 1.

Furthermore, by Lemma 1.22, we have limg_,, P(hr(s) > m) = 1. Hence,

§—00

lim IP’(KM(S) > cyr(e)s®, hr(s) > m) = 1.
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This implies that
lim inf
S§—00 S
Letting M, m — oo and ¢ — 0, we get

liminf]E[Al(S)] > 1 O]

5—00 52 11—t

To prove Proposition 1.5.1, it remains to prove the following lemma.

Lemma 1.5.5. We have lim,_,, E [(S%Al(s) - L)Jr] = 0 where " := max(z, 0).

1-t

Proof. Since each «;(s) is stochastically dominated by a geometric random variable, it follows
that the random variable A;(s) is stochastically dominated by Zfi(f ) X;, where {X;}2°, are i.i.d.

geometric random variables that are independent of K (s). Hence, it suffices to show that

K(s)

Sli_g)lo]E{(? ; X, — %)j —0. (1.25)
We compute
o[ v ) e[ e s )]
< 2E[<8l2 [j:)(XZ %))2] + (1—2t)2E[(i(28) N 1)2] — 0(s7?)

For the inequality, we use (a+b)? < 2(a*+b?). The last equality follows from a direct computation

since K (s) is a Poisson random variable with mean s®. This concludes (1.25). O

Proof of Proposition 1.5.1. Using Lemma 1.5.4 and 1.5.5, we have lim,_,o E[| 5A;(s)—15|] = 0

This implies the convergence in probability. [
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P

Figure 1.17: We decompose the ¢-PNG model in any rectangle into a sequence of down-right paths.
To distinguish between them, we give them different colors (this has nothing to do with the colored
model). We label them P;, P» and P5;. As shown in Figure 1.1, these down-right paths play the
role as level lines of the ¢-PNG height function.

2
V1-t

1.5.2 Proving v =

We proceed to prove that v = \/% by building a connection between the number of a-points

and the limit shape, using the same argument as in [26].

Lemma 1.5.6. Fix z,y > 0. We have

N(z,y) = #{a points in [0, x] x [0,y]} — #{B points in [0, z] x [0, y]}. (1.26)

Proof. For the t-PNG model, we can decompose the collection of paths into a number of down-
right paths that do not cross each other, see Figure 1.17. N(z,y) equals the number of down-right
paths that one crosses in the north-east direction from (0, 0) to (x, y). We want to count the number
of a- and (- points on each down-right path. To avoid ambiguity at crossing points, which are
both a- and [-points, we treat the S-point as lying on the left down-right path passing through
the crossing point and the a-point as lying on the right down-right path. Then, for each down-
right path, it is straightforward to see that the difference between the number of a-points and the
number of S-points lying on it equals 1. Hence, the right-hand side of (1.26) is exactly the number

of down-right paths that one crosses as going from (0, 0) to (z, y), which equals N(x,y). O]
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For z,y > 0, we denote V,(z,y) = s ' N(sx, sy). We associate a random measure &; to this

random variable by letting

£(B) == /BdVS(:c,y) =5 ! (#{a points in sB} — #{3 points in 53}),

where sB = {(sx, sy) : (x,y) € B}.

Let B = [0, z] x [0,y]. We define

V. (x,y) = s~ {number of « points in sB},

V. (x,y) = s~ ' {number of 3 points in sB},

S

and

Vi(a,y) = / 4V (u, 0). (1.27)
[0,2]x[0,y)

Note that in the integral above, we omit the upper edge of the rectangle [0, 2] x [0, y| but not the
lower edge. This is crucial to the establishment of the next lemma, which intrinsically goes back

to [26, Lemma 2.1].

Lemma 1.5.7. We have

Vi, y)? = s~ (Vi (@, y) + Vi () +2 / V., 0)dVa (s, v).

[0,2] x[0,y]

Proof. Consider the down-right paths we cross while going from (0, 0) to (sx, sy) in the north-east
direction. We label these paths Py, P, ..., P,,,, where P is the down-right path closest to the origin
and P, is the path farthest from the origin, see Figure 1.17. Note that we have V,(z,y) = . For
an a-point (u,v) lying on P;, we have XN/s(u, v) = =L, For a (-point (u,v) lying on P;, we have

Vi(u,v) = L. Recall that A (z, y) is the number of a-points and As(z, y) is the number of -points

91



contained in [0, z] x [0, y]. We have

/ V,(u, v)dV,(u,v) = 52 Z ( i — 1)#{« points on P;} — i#{ points on P}>
[0,2]x[0,y]

=1
m

=57 Z ((z — 1)#{a points on P;} — (i — 1)#{ points on R}) — 5 2Ay(s2, 5Y).

i=1

For each space-time curve P;, contained in [0, s] x [0, s|, we have
#{a points on P;} — #{f points on P,;} = 1

Using this together with m = sV;(z,y), we have

/ V() dVi(u, v) = (252 Im(m — 1) — s~2Ag(sz, sy)
[0,2]x[0,y]

1 1
= 5‘/:9(377y)2 - 55_1%($ay) - S_QAQ(Sxa Sy)

1 1 _
= 5‘/8(.7},?;)2—55 1(‘{9+($7y)+‘{9 (l’,y))

In the last equality, we have used s~ Ay (sz, sy) = V. (x,y), and Vi(z,y) = V. (z,y) — V. (z,y).

s

]

Proposition 1.5.8. Recall y from Proposition 1.3.10. We have v =

ﬁ N
|
.

Proof. Note that V" (z,y) = V¥ (z,y) — Vi(z,y), and sV (x,y) = Ai(sz, sy). Using this to-

gether with Lemma 1.5.7, we have

Vilx,y)* = 25 2A (s, sy) — s Vi(z,y) + 2/ V,(u, v)dV,(u, v). (1.28)
[0,2]x0,t]

By Proposition 1.3.10, we have almost surely limg ., Vi(u,v) = y/uv. Hence, we have as

s — oo (see [26, page 688] for detail)

/ V., 0)dVi(u, v) = W - d(yy/uw) = L
[0,z]x[0,y]

[0,2]x[0,y]
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By Proposition 1.5.1 and scaling, we have %A (sz, sy) S %, as y — oo. Hence, there exists a

sequence {5, }nez., that goes to infinity and satisfies lim,, . S%Al(sn:c, snYy) = 1% almost surely.

Take s = s, and let n — oo on both sides of (1.28). The left-hand side converges to ~2xy and

: : 2z 2 2,0 2 1.2 ; :
the right-hand side converges to % + L-xy. Hence, we have y°xry = =y + 57 zy. Using this

together with Lemma 1.20 (which shows that + is finite), we have vy = \/% O

Remark 1.5.9. Since all of the terms containing V; in (1.28) converge almost surely as s — 00,

so does A(sz, sy). Hence, we can strengthen Proposition 1.5.1 to almost sure convergence.

Proof of Theorem 1.1.1. The theorem is a direct consequence of Proposition 1.3.10 and Proposi-

N(zy) P _ 2

tion 1.5.1. The convergence VA follows from Lemma 1.3.9. [l

1.6 Configurations for the two-colored t-PNG model

In Figure 1.18, we draw the two-colored configurations that have non-zero weights. In other
words, we draw all of the two-colored configurations with i, j, k,1 € {0, 1}? such that £2(i, j; k, 1) #

0.
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T T

Figure 1.18: Let red be the color 1, and let blue be the color 2. The above figure shows all
the configurations with non-zero weights in the two-colored t-PNG model given by Definition
1.1.7. Note that some of the configurations can be obtained from the two-colored S6V model by
horizontal complementation of the red lines (i.e., deleting existing horizontal red lines and placing
horizontal red lines where there aren’t any). However, not all the configurations (e.g., the ones on
the last row) can be obtained in this way.

1.7 Computing G*
In this section, we prove the following lemma.

Lemma 1.7.1. We have

Gal) = 31— ) [ (a(L) = gla)ds+ D2 S-(alR) = 9(0).

i=1

Proof. Recall that y is the measure induced on £ by a Poisson process with intensity A. Let 1, be
the restriction of u to E,,, where F,, consists of configurations with n particles and where Fy = {0}

consists of the empty configuration. Then we have p,, (dz) = \"e *idu.
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We define
1
G+f = Gf + <m + Tl) f (1.29)

For simplicity, we compute the dual of G, which will then yield the dual of G. For f,g €
Co(E) we have

| Ger@outdn) =3 [ Gof@aan(dr)
— ef)\Tl Z:;
=M1 i A,.

A" /E/O ;t“(l —1)f (Rix)g(x)dzd:z:—i—)\"l/E S # F (L) g () da

n =1

Suppose that z = (z1,...,x,) € E,,z € [0,T}], and there are m — 1 particles in x to the left
of z. Let j(z) = n — m — 1 equal the number of particles to the right of z. We can decompose A,

into

A, =\ Zti—la —t) / f(Riz) g(z)dzdz (1.30)
i1 {2€En,2€[0,T1),i<j(2)}
+ A" Z 11 —1t) / f(Riz) g(z)dzdz (1.31)
i—1 {zx€En,2€[0,T1],i>j(2)}
+ A1 Z ! f(L2)g(x)dx (1.32)
i=1 En
+ At Z it f(L'z)g(x)dw. (1.33)
i=n+1 En

We will perform a change of variables by setting y to equal the input to the function f. In other
words, we will set y = R'x or y = L'z in the integrals above. We then need to solve for z in
terms of y where y belongs to the dual system. Let k() equal the number of particles to the left of

s in the dual system. Then we have the following four cases:
l. y=Riz € E, fori < j(z). In this case, z = Ly where s = 2, ;1.
2. y=Rix € E,,, fori > j(z). In this case, v = R/*) 1y,
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3. y =Lz € E,_; fori < n. In this case, z = L*y for s = z; and for all k > k(s).
4. y = Liz € E, fori > n. In this case, z = R¥y = y for all k > n.

Therefore, when we perform the change of variables, the first and third terms (1.30) and (1.32)
will correspond to the operators £’ and the second and fourth terms (1.31) and (1.33) will corre-

spond to the operator R*. We compute the change of variables explicitly on each of the four terms.

First term: We have

A" Zti’l(l - t)/ [ (Riz) g(z)dzdz
=1 {IEE"lee[Ole]viéj(z)}
—v Yot [ 7 (4) 9(Liy)dyds.
i=1 {yGEn,SG[O,Tl],iSk(S)}
Second term: We have
A" Zti’l(l - t)/ [ (Riz) g(z)dzdz
i—1 {z€E,,z€[0,T1],i>j(2)}
oo i—1
=\" 11— t)/ f(Riz) g(z)dzdz
izl JZO {z€En,z€[0,11],j(2)=4}
oo i—1
vy Y0 [ fweR
i=1 j=0 {y€En1}

We sum over ¢ and shift the index j by one to get

A" th_l(l — t)/{ f () g(R7y)dy.

YELnt1}

Third term: We have

A”’lzti’l /E f(Lia)g(a)de =AY "N " H (1 - 1) /E f(Llz)g(x)dx

i=1 j=i
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—A"*ZZﬂ'—lu—w/ F(W)g(Liy)dyds

i=1 j=i {y€En—1,5€[0,T1],yi—1<5<y;}
—xy e [ Fy)g(L2y)dyds.
j=1 {yGEn_l,SG[O,Tl],j>k‘(S)}
Fourth term: We have
)\nlztzl fﬁz) dl,_)\nlztzl ( y)dy
i=n+1 i=n+1

We collect the four terms and relabel the index j by 7 if necessary to obtain

[e.e]

An = A”Zt“ﬂ 0 / F (0) 9(£Ly)dyds
i=1 {y€En,s€[0,11],i<k(s)}
+)\” t’ L / F(y) g(Riy)dy
n+1

/ F@)a(Cin)dyds
{y€En_1,5€[0,T1]),i>k(s)}

4+ A1 Zti—lu
=1

HATEN T F(y)g(RYy)dy.

i=n+1 En

Finally, we re-index each term so that all the integrals are over F,, instead of E,,_; or F,,.1:

A=Y / f () o 3y)dyds
i=1 {y€En,s€(0,T1],i<k(s)}
+ A 1Zt” TRy

DDAl / F()g(Liy)dyds
i=1 {y€En,s€[0,T1],i>k(s)}

+ AN A fy)g(Ry)dy.

i=n+1 En
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Multiplying everything back by e~*"* and summing over n, we get

[ Gs@atontan =3 4,

=y [)\” / /0 =0 () g(Lghdsdy + X Zt’ L (y)g(Ry)dy

z/f GZLg(y)p(dy),

where G, is the dual of G.. By (1.29), we have

G'g=G"g— (A(l—t) +T1)97

which concludes the proof.
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Chapter 2: Strong law of large numbers for the stochastic six vertex model

This chapter is adapted from the paper [18] and is coauthored with Yier Lin.

2.1 Introduction

2.1.1 The S6V model

The stochastic six vertex (S6V) model [28] is a classical model in two-dimensional statistical
physics. It is a stochastic version of the six vertex model [100, 101], which is a natural model for
crystal lattices with hydrogen bonds. We associate six possible configurations to each lattice point
on the first quadrant, as in Figure 2.1. We view the lines from the south and the west as inputs and
the lines to the north and the east as outputs. The model is stochastic in the sense that when we fix
the inputs, the weights of possible configurations with those inputs sum up to 1. The configurations
chosen for neighboring vertices need to be compatible so that the output lines of a vertex are the
input lines of the vertices to its immediate north and east.

It was predicted by Gwa and Spohn [28] and proved by Borodin, Corwin and Gorin [30] that
the S6V model belongs to the Kardar-Parisi-Zhang (KPZ) universality class—a class of models
that exhibit universal statistical behavior in their large time/large-scale limits. See [2, 132, 133] for
an overview of this topic. Some recent works on the S6V model include [134, 108, 135, 136, 137,
31, 138, 139, 140, 141] and references therein.

In this paper, we view the S6V model as a stochastic path ensemble on the first quadrant with
the boundary condition that there is a line entering each of the vertices in {1} x Z>; from the left,
and no lines entering Z>; x {1} from the bottom. This boundary data is called step initial data.
Fix a collection of parameters {b; (i, j), b2(7, 7) }; ; that take values in [0, 1]. Starting from (1, 1),

we tile each vertex with one of the six vertex configurations in Figure 2.1, where we only consider
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configurations whose input lines match the input lines of the given vertex. We assign an allowed
configuration with probability given by the weight of the configuration. This tiling construction
then progresses sequentially in the linear order (2, 1), (1,2),(3,1),(2,2),(1,3),... to the entire
quadrant. Note that we can view the stochastic path ensemble as a family of upright paths ordered
in the northwest direction, as depicted in the left panel of Figure 2.2.

Let h be the height function of the S6V model defined on ZQZO where h(z, y) records the number

of lines that pass through or to the right of (x, ), see the left panel of Figure 2.2.

Type I I I 1A% \Y VI
Configuration . \ T_ _l
Weight 1 U [ 0a(iog) | L= 0:1(0,J) | ba(irj) | 1= ba(i,))

Figure 2.1: Six types of configurations for the S6V model

Assumption 2.1.1. There exist periods I, J € Z>y such that by(x + 1,y) = bx(z,y) and by(x,y +

J) = by(x,y) for arbitrary x,y and k € {1,2}.

Theorem 2.1.2. There exists a Lipschitz function g such that with probability 1,

oo Bl Lny))

n—o0 n

= g(x,y), Va,y € Rxo. (2.1)

Remark 2.1.3. The S6V model considered here is inhomogeneous and not integrable in most cases.
The parameters by and by have period I in space and period J in time. Hence, there are I.J degrees
of freedom. If I,J = 1, the S6V model is homogeneous and its limit shape has been explicitly
derived in [30, Theorem 1.1] and [31, Theorem 5.1] (also see [142] for a derivation of the limit
shape using a variational principle). Note that the derivations of explicit limit shapes in these two
papers rely respectively on integrability and the existence of explicit stationary distributions for
the model. For general I, J, due to the lack of these properties, we don’t think that there is an

explicit formula for g.
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Remark 2.1.4. Take I = J = 1 and consider the homogeneous S6V model where by (i, j) and

ba(i, 7) do not depend on i, j. By [30, Theorem 1.1] or [31, Theorem 5.1], if by < bs, we have

( 2
(\/y(l—bl)—\/m(l—bﬁ) 1-b x _ 1-b
ba—b1 1—bf < y < 1—b;’
9(z,y) = €0 z > 1-b (2.2)
Yy 1-by?
T 1-b
\y -z 5 S 1—bi .
If by > by, we have
0 x>,
g(z,y) =
y—x r<y

With Theorem 2.1.2, we strengthen the convergence in probability in [30, 31] to the almost sure

level.

2.1.2  The complemented S6V model

To prove Theorem 2.1.2, it is convenient to study the S6V model after horizontal complemen-
tation. If there is a horizontal line, we erase it; if there is no horizontal line, we add it, see Figure
2.2 for an example. This procedure converts an ensemble of upright paths to an ensemble of down-
right paths. Note that this model has appeared in [16] without a specific name, and we call it the
complemented S6V (CS6V) model.

Let H be the height function of the CS6V model defined on Z2,, where H(z,y) records the
number of lines that pass through or to the left of (z,y). It is straightforward that H(z,y) =
y — h(z,y), see the right panel of Figure 2.2.

We can also sample the CS6V model on the first quadrant by sequentially tiling the vertices with
one of the six possible configurations in Figure 2.3, which are obtained by horizontally comple-
menting the configurations in Figure 2.1. Instead of step initial data, we consider empty boundary
data—the boundary data obtained by horizontally complementing the step initial data. In other

words, no lines enter the quadrant from either the left boundary {1} x Z>, or the bottom boundary
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7 6 |5 4 3 ]2 2 2 0 1 2 3 4 b 5 5
6 5 14 13 2 2 2 2 0 11 12 3 4 4 4 4
5 14 13 2 11 a1 1 0 1 12 3 4 4 4 4
4 13 12 2 1 1 a1 .1 0 1 2 2 3.3 3 3
3 2 111 1 1 1 1 0 1 2.2 2 2 2 2
2 11 1 o 0 0 0 0 1 1 1 2 2 2 2
1 1 1 1 10 0 0 .0 0 0 0 0 1 1 1 1
o Og) 00 0 0 0 0 0 o, 03) 00 0 0 0 0 0

Figure 2.2: Left panel: A sampling of the S6V model on the first quadrant, with the blue numbers
denoting the height function. Right panel: The CS6V model obtained by horizontally comple-
menting the S6V model.

Type I II I v A" VI
Configuration \ . * _T . l_
Weight 1 1 bi(i,7) | 1 —01(3,7) | ba(i,7) | 1 — ba(3,))

Figure 2.3: Six types of configurations for the CS6V model

Zzl X {1}
Due to the relationship H (z,y) = y — h(z,y), proving Theorem 2.1.2 is equivalent to proving

the following theorem.

Theorem 2.1.5. There exists a Lipschitz function g such that with probability 1,

o H(ne o))

n—00 n

=y —g(z,y), Vr,y € Ry.

2.1.3 Connections to the discrete Hammersley process and the t-PNG model

[113] studied Ulam’s problem on the planar lattice. This model is also referred to as the dis-
crete Hammersley process in [112, 123]. Consider the integer lattice on ZQEO and a random set
¢ of integer points chosen independently with probability p. Define the partial order < such that

(x1,11) < (x2,y2) if and only if 21 < x5 and y; < yo.
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. L

0

Figure 2.4: Illustration of the discrete Hammersley process. The x’s are chosen independently on
the lattice with probability p.

Let H¢ denote the height function defined on 73
H%(z,7) = max {L . there exist integer points (z1,y1) < -+ < (x,yr) € EN[1,z] X [1,y]}.

As noticed in [112], we can construct a collection of downright paths which play the role of the
level lines of H9. We first use a downright path to connect the minimal points of £ under the order
<. We remove these points from ¢ and connect the new minima to obtain the second line and so
on. The height function starts from H9(0,0) = 0 and whenever we cross a downright path from
southwest to northeast, the height function increases by 1, see Figure 2.4. It is straightforward to

check that the CS6V model is a deformed version of the discrete Hammersley process:

Proposition 2.1.6. Take by = 0 and by = 1 — p. The CS6V model degenerates to the discrete

Hammersley process.

Using this, we recover the almost sure limit shape of the discrete Hammersley process estab-

lished in [113, Theorem 1] and [112, Theorem 1].

Corollary 2.1.7. With probability 1, for all z,y > 0,

W Htty) (1—=p)""(2yP7Yy — (x +y)p) if p < min(%, %),
et
min(z, y) else.
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Proof. One can readily check that the right-hand side above equals y — g(z,y) when b; = 0 and
by = 1 —p, using the formula of g in Remark 2.1.4. The corollary then follows from a combination

of Theorem 2.1.5 and Proposition 2.1.6. [

Just like the CS6V model is a deformation of the discrete Hammersley process, the t-PNG
model introduced in [16] is a deformation of the polynuclear growth (PNG) model [143], a contin-
uous version of the discrete Hammersley process. We will now discuss the relationship between
these two deformed models. To define the t-PNG model, we fix a parameter ¢ € [0, 1] and place
a Poisson point process with intensity 1 on the upper-right quadrant representing nucleations. We
draw lines emanating from each of these nucleations in both the upward and rightward directions
until they collide with one another. We call these collision points intersection points. Given the
Poisson nucleations, we sample the outcomes of the intersection points (lines will either cross or
annihilate each other) starting with the intersection point which has the smallest sum of - and
y- coordinates and moving sequentially outward. At an intersection point, the two lines will cross
each other with probability ¢ and will annihilate each other with probability 1 —¢, forming a corner.
Note that when lines cross, they might generate new intersection points. We refer to Figure 2.5 for

a sampling of the ¢-PNG model.

Figure 2.5: A sampling of the t-PNG model, where “x" are the Poisson nucleations.

Consider the CS6V model where b; and b, do not depend on 7, j. As noticed by [16], if we
take b; = t and b, = 1 — &2 and simultaneously scale the z- and y-axis by e, the CS6V model

degenerates to the {-PNG model as ¢ — 0.
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Using integrable methods, [16] proved a weak law of large numbers and a fluctuation theorem
for the height function of the t-PNG model. In [17], we proved a strong law of large numbers of the
t-PNG model by constructing a colored t-PNG model and using Liggett’s superadditive ergodic
theorem (one can easily go from the usual subadditive ergodic theorem to the superadditive version

by placing negative signs as needed).

2.1.4 Generalization to the stochastic higher spin six vertex (SHS6V) model

In the definition of the S6V model, we only allow at most one line traveling in the horizontal
and vertical directions. Now we consider a generalization of the S6V model called the SHS6V
model which relaxes this restriction and allows multiple lines to travel together. Our results will
easily generalize to this setting.

The SHS6V model is a higher spin version of the S6V model that has been actively stud-
ied in recent years, see [144, 33, 145, 126, 146, 127, 128, 109, 110, 130] and the references
therein. The model has two spin parameters /,.J € Zs;, which will be fixed from now on. To
define the SHS6V model, let us introduce the matrix Lé”‘é with rows and columns both indexed
by {0,1,---,I} x {0,1,---,J}. Fix two other parameters «r,q € R. For (i, j1), (i2,J2) €

{0,1,...,1} x {0,1,...,J}, we define matrix entries

. -2 . -2 2, 2 . . .
2j1—37 _232—22+12+’1+12(12—1)+1111
4 4 2

(2.3)

an)a

. The term (a, q), that appears in the above expression is the g-Pochhammer

Lé’:g(h,jl; 02, J2) = Lii 4 j1=io+j2}q

1

o _ —ig. ,—i J -
yiiigia=iti (_qy 1;q)j2_l.1 5 <q 49", —aq’, —qro
X
3

- 4
(@5 @)in (=05 Q)inrsn (@7 T1715.0) 1, J41—ia—js

14+j2—1
v,q T g

where v = ¢~

symbol, and the function 4¢, is the regularized terminating basic hyper-geometric series. For more
precise details see [33, Theorem 3.15].

We shall think of the four tuples (i1, j1; 2, j2) as the number of lines on the bottom, left, top,
and right of a vertex. We think of lines flowing into the vertex from the bottom and the left, and

flowing out of the vertex from the top and the right, see Figure 2.6.
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Figure 2.6: The vertex configuration labeled by the four tuple (i1,j1;i2,72) has weight
L17(iy, j1; 49, j2). The vertex absorbs i; input lines from the bottom, j; input line from the left,
and produces 75 output lines above and j; output lines to the right.

The indicator in (2.3) implies that the model is conservative, i.e. we only consider vertex
configurations where the number of lines entering the vertex from the bottom and left is equal to

that leaving the vertex above and to the right.

J

*, 1s a stochastic matrix if either 1) ¢ €

One can deduce from [33, Proposition 2.3] that LQ
0,1),a < g7/ or2) g > 1,a € (—¢g~1=7/*1,0). In the following, we assume this is satisfied
when we talk about the SHS6V model.

We can define the SHS6V model and its height function " in a similar way to the S6V model
using the stochastic matrix Lg;;g to sequentially assign a configuration of lines to each vertex on
the first quadrant. Let 4, , and j, , denote the number of lines leaving the vertex (z, y) from above
and from the right. Note that i, , equals the number of lines that enter (x, y + 1) from the bottom
and j,, equals the number of lines that enter (z + 1,y) from the left. We define the step initial
condition where we set jo,, = J forevery y € Z>; and i, o = 0 for every x € Z>,. In other words,
we consider the boundary condition where we let J lines enter each vertex on the left boundary
and let no lines enter the bottom boundary. The SHS6V model reduces to the S6V model with

1

by = LE4(1,0;1,0) = 2 and by = L};1(0,1;0,1) = SH—.
It turns out that using a procedure called fusion, the SHS6V model can be realized as a fused
inhomogeneous S6V model with periodicities. This procedure goes back to [32]. We also recom-

mend [33, Section 3] for a more probabilistic explanation.
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Define 3(i,j) := (¢ mod I) + (j mod .J) and

1 6(i7j)+1
bi(i,g) = Lo (1,0:1,0) = 24

agfid) g 1+ agfd

B(i.5) -1

C o 11 . _ At q
bQ(Za]) T Laqﬁ(iyj)Vq(Oa 17 Oa 1) - 1+ Oé(]ﬁ(i’j) '

It is clear that b (-, -), ba(-, -) both have period I in the first coordinate and period .J in the second
coordinate. As in Section 2.1.1, we use h to denote the height function of the inhomogeneous
S6V model with the parameters by, b, defined above. It turns out that 2™ and h have the same
distribution if we fuse ./ number of rows into one row and / number of columns into one column

for the inhomogeneous S6V model.
Lemma 2.1.8. The stochastic process {h"(x,y)}.,, is equal in distribution to {h(Ix, Jy)} .,
Proof. The result is due to fusion, see [33, Proposition 3.15] or [141, Proposition 8.2]. L]

Using the above lemma together with Theorem 2.1.2, we obtain that the SHS6V model with

the step initial condition converges almost surely to a deterministic limit shape.

Corollary 2.1.9. There exists a deterministic Lipschitz function g"*(z,y), such that with probability

1, we have for all z,y € R>,,

lim hhs(tnmJ’ Lnyj) — ghS(w’y)‘

n—o0 n

Remark 2.1.10. We did not see the expression of " written down in the literature. However, using
the techniques in [31] which exactly compute the limit shape of the S6V model, it is not hard to
see that g™ (x,y) = Jy — [ u(y, r)dr, where u(t, x) represents the density function of the vertical
lines in the SHS6V model at time nt around location nx as n — oo. In particular, u is the unique

entropy solution to Burger’s equation
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Here G(p) denotes the flux which records the density of horizontal lines if we start the SHS6V
model from a stationary distribution where the density of the vertical lines is p. The function G

can be explicitly computed since the stationary distribution of the SHS6V model has been explicitly

given in [109, 110].

2.1.5 Proof ideas

In this section, we explain the idea behind the proof of Theorem 2.1.5. For the discrete Ham-
mersley process defined in Section 2.1.3, the strong law of large numbers follows as a direct con-
sequence of the superadditive ergodic theorem (see Theorem 2.3.1 for the full statement). To apply
the superadditive ergodic theorem, one needs to construct a family of superadditive random vari-
ables {X,,, : 0 < m < n} where {X,,n > 0} records the height function. A subfamily of the
random variables also needs to be ergodic. For the discrete Hammersley process, one can simply

define

X 1=
max {L . there exist integer points (z1,y1) < -+ < (zr,yz) € EN[m+1,n] X [m + 1,n]}.

(2.4)

It is straightforward to check that {X,,, : 0 < m < n} satisfies the condition required by the
superadditive ergodic theorem.
For the CS6V model, one can also define a family of random variables {X,,,, : 0 < m < n}

by slightly modifying the above definition and setting

X =

max {L . there exist integer points (z1,41) < -+ = (xp,yr) € nN[m+ 1,n] X [m+ 1,n]},

where (x1,11) = (22,y2) if x1 < 25 and y; < ys, and 7 represents the set of vertices of type III

and VI in Figure 2.3. It is easy to verify that the definition of X, ,, above coincides with that in
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(2.4) when by =0and by =1 — p.

We check whether the conditions in the superadditive ergodic theorem are still satisfied for
this modified family of random variables. Indeed, the random variables are still superadditive, and
{Xo.n : n > 0} records the height function as desired. However, the ergodic (and even stationary)
property no longer holds, since the random variable X, ,, depends on the lines entering the box
[m + 1,n] X [m + 1,n| from the left and bottom boundaries, and the distribution of these lines
varies with m, n.

To overcome this difficulty, we apply a similar idea as in [17] and construct a colored CS6V
model. The colored CS6V model is a generalization of the CS6V model, where each line is as-
signed a color. We denote the different colors by integers ¢ € N, and we say that the color ¢ has
higher priority than the color j if 7« < j. We allow multiple (but only finitely many) lines with
different colors to travel together, with the restriction that lines traveling together must have differ-
ent colors. Note that although the SHS6V model introduced in Section 2.1.4 also allows multiple
lines to travel together, it is a single-colored model and does not have much relation to the colored
CS6V model discussed here.

The colored CS6V model is defined by specifying a sampling rule for when horizontal lines and
vertical lines meet. The sampling rule is given by a family of stochastic matrices {L",n € N} that
are consistent. More concretely, the matrix £” has both rows and columns indexed by {0, 1}" x
{0, 1}". The matrix elements are given by L"(i, j; k, 1), where the four vectors i, j, k,1 € {0,1}"
specify the number of lines (either zero or one) of each color in {1,...,n} on the bottom, left,
top, and right of an intersection, respectively (see Figure 2.7). The stochastic matrices give a
probability measure on the output lines k,1 from an intersection point given the input lines i, j.
In Section 2.2, we will explicitly define the matrices {L£"},>; and show that they satisfy three
properties. We will now give a brief overview of these properties, and the precise statements will
be given in Propositions 2.2.6, 2.2.7, and 2.2.8.

Property 1 (Color Ignorance): Lines with higher priority colors ignore those with lower prior-

ity colors. For instance, the lines with colors that belong to {1, . .., m} ignore the behavior of lines
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i i
Figure 2.7: Left panel: Fix n € N. Atan intersection point, we have lines with colorsin {1, ...,n}
in each direction, with at most one line per color in each direction. Let i,j, k,1 € {0, 1}" denote
the number of lines on the bottom, left, top and right directions, respectively, where the m-th
coordinate of each vector records the number of lines with color m. Right panel: Take n = 3. Let
red, blue, and orange denote the colors 1, 2, and 3. We illustrate an example of the configuration
withi= (1,0,0),j=(0,1,1),k = (1,1,1),and 1 = (0,0,0).
with colors greater than m. This means that if we sample the n-colored model and ignore the lines
with colors greater than m, the remaining lines will behave as the m-colored model. Because of
this, we can define the random variables {X,, ,,,0 < m < n} in a way that maintains ergodicity,
as we will see in Section 2.3.

Property 2 (Mod 2 Erasure): Fix arbitrary integers 1 < r; < --- < r,, < n. We can project the
matrix £" to L™ if we replace the colorsin {ry_1+1, ..., 7} with color k foreach k € {1,...,m}
and then erase every pair of lines with the same color traveling together. Because of this property,
we can project the colored CS6V model down to the single-colored CS6V model. This will ensure
that the random variables { X, ,,,n > 0} will record the height function of the CS6V model, which
is the quantity that we are interested in studying.

Property 3 (Monotonicity of the Height Function): Suppose we have a sampling of the two-
colored CS6V configuration on a rectangle [1, x] X [1, y| where we assign the vertex configurations
in the rectangle using the matrix L2, and we allow only second color lines to enter from the left
and bottom boundary. We can naturally extend the definition of H(x,y) to apply to the case of
non-empty boundary data by defining H(x,y) as the sum of the number of lines entering the box
[1, x] x [1,y] from the left boundary and the number of lines exiting the box [1, z] x [1, y] from the
top boundary. Let H'(x,y) be the height function when we only consider lines of the first color.

Let H?(z,y) be the height function of the projection of both colors to the single-colored model
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after we applied the procedure of mod 2 erasure. Then

H'(z,y) < H*(z,y).

In other words, adding a second color to the model does not decrease the height function. This
property will be important for proving the superadditivity of the random variables {X,,,,0 <

m < n}.

Novelty of the paper

In [17], we studied the t-PNG model, which is a one-parameter model. The construction of
the L-matrices therein comes from a sophisticated guess. The proof of stochasticity of {L™},>1
and Properties 1-3 for the -PNG model is then based on a case by case check. The CS6V model
is a two-parameter model, so defining the colored CS6V model via guessing is more challenging.
One novelty of the paper is that we use a Boolean-type product to define the L-matrices, which
significantly simplifies both the definition and the proof of the properties. This Boolean-type prod-
uct construction can also be applied to give a simpler definition of the colored t-PNG model, see
Section 2.4.

Other novelties come from working in a discrete setting and the inhomogeneity in the weights.
For the ¢t-PNG model, due to a scaling property, we only need to prove the strong law of large
numbers in the diagonal direction. For the CS6V model, there is no similar scaling property, so
we need to prove the strong law of large numbers in every direction. To this end, for each rational
direction, we construct a colored model on the first quadrant and prove the strong law of large

numbers in that direction. The convergence in all directions then follows from a density argument.

Another possible approach

We want to remark that it is also possible to prove Theorem 2.1.2 without complementing the

S6V model. Indeed, [147, 148] prove a law of large numbers for a family of translation invariant
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exclusion processes. Their proof also relies on the superadditive ergodic theorem, but in a different
way. An important ingredient is to couple the exclusion processes so that we can run them under
the same random environment, starting at different times and initial data. The S6V model is also an
exclusion-type interacting particle system, and to apply their idea, we need to find such a coupling
for the S6V model. Another interesting question is to study the almost sure convergence of the
S6V model to the limit shape under general initial data. Note that this result has been proved for
a family of finite-range exclusion processes in [149]. We leave both of these questions to future

work.

Outline

In Section 2.2, we define a family of £-matrices using a Boolean-type product. Then we prove
that the £-matrices are stochastic and satisfy Properties 1-3. In Section 2.3, we construct a colored
CS6V model on the first quadrant using the £-matrices. We apply Liggett’s superadditive ergodic

theorem to the model and prove Theorem 2.1.5 (which is equivalent to Theorem 2.1.2).

2.2 Definition of the L-matrices

In this section, we first define the £'-matrix, which encodes the weights of the usual single-
colored CS6V model. Then, we introduce the Boolean-type product and use it to define the £"-

matrices. In the following, we take generic parameters b, b, € [0, 1].
Definition 2.2.1. The matrix L' is indexed by a 4-tuple i, j, k,1 € {0, 1}, where i, j, k, | denote the

number of lines (either zero or one) on the bottom, left, top, and right of a vertex. We define

£1(1,0;1,0) =1, £10,1;0,1) =1, £(0,0;0,0) = by,

L£1(0,0;1,1) =1 — by, L£1(1,1;1,1) = by, £1(1,1;0,0) =1 — by.

For all other i,7,k,l € {0,1}, we set L'(i,7;k,l) = 0. For fixed input lines i,j € {0,1},

LY(i,7;-,+) is a probability measure on the output lines.
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We proceed to give a closed form to the matrices {£"},>1. Let
W/ = {0, 1, bl, bg, 1-— bl, 1— bg}

denote the set of possible weights for the CS6V model. Note that we treat the elements in 1V’ as
indeterminates, so the size of W’ does not depend on the values of b; and b,. We define a product

* on the extended space
W= {07 17 blv b27 (1 - b1)> (1 - b2)7 blea b1(1 - 62)7 (1 - bl)bQ, (1 - bl)(l - bg)} (25)

For z,y € W, we define [z] to be the set of factors of . More precisely, [z] = {z} if x € W,

[x] = {b1, by} if x = b1by and similarly for other values. We define

0 if {b1,1 =01} C[z] U [y] or {bo, 1 — by} C [z] U [y],

Ty =

Hze[x}u[y] z otherwise.

It is straightforward to check that 1/ is closed under *. Moreover, we readily obtain the following.
Proposition 2.2.2. The product * satisfies the following three properties.

1. (commutativity) a x b = b x a, for a,b € W.

2. (associativity) a x (b* c) = (axb) x ¢, fora,b,c € W.

3. (distributivity) Suppose that ay, ..., a, € W such that " a; € W. Forany c € W,
Zc*ai :c*Zai.
i=1 i=1

Alternatively, we can also define * first on W’ and extend it to W. For z,y € W', we define
xxx=x,and xxy = 0if {z,y} = {b1,1 — b1} or {bs, 1 — by }. This is why we call x a Boolean-

type product. For other choices of z,y € W', we define z x y = xy. We then extend the product
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from W’ to W using the commutative and associative properties.

Remark 2.2.3. This Boolean product structure can also be found when taking the expectation of
products of independent Bernoulli random variables. For example, if we let By, By, and By be
independent Bernoulli random variables with parameters 0, by, and by respectively, then we have

We proceed to define the L£"-matrices, using W as the set of possible weights. For x =
(x1,...,2,) €{0,1}"and r € {1,...,n}, we define the r-fold projection
s.(x) = (Z xm> mod 2.

m=1

As an example, consider the vector x = (1,0, 1,1). We have
51(X) =1, SQ(X) =1, 53(X) =0, 54(X) = 1.

Definition 2.2.4. Fix arbitrary n € Z~,. The matrix L™ is indexed by a 4-tuple i,j, k,1 € {0,1}",
where i, j,k,1 denote the number of lines (either zero or one) of each color in {1, ... ,n} on the

bottom, left, top, and right of an intersection, respectively. We define the matrix L™ via
L£(i,j; k, 1) H .cl (5,.(1),5,(j); 5-(k), 5,.(1)), (2.6)

where [[* denotes the Boolean-type product of multiple terms under .

2.2.1 Properties of L"

We proceed to state and prove that the matrices £" are stochastic and that they satisfy the
properties mentioned above. The key to the proofs of stochasticity, color ignorance, and mod 2
erasure is the distributivity of the Boolean-type product, which allows us to manipulate the sums

and products as we normally would.
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Proposition 2.2.5 (Stochasticity). L" is a stochastic matrix, i.e., the entries of L™ are non-negative,

and for any i,j € {0,1}",

> Lk 1) =1

k,1€{0,1}"
Proof. We prove this by induction. The case n = 1 follows from examination. Suppose that £}

is stochastic. Using the definition for £", we can factor it as follows:

ﬁn(iuiv ka 1) = ﬁn_1<i[17n,1}7j[17n,1], k[l,nfl]y l[l,nfl]) * El (5n(1)75n(.])7 ﬁn(k)a sn(l)) (27)

Note that (s, (k), s, (1)) equals each element of {0, 1}* exactly once when we vary k, 1 under the

restriction ky; ,_y) = € and l;; ,,_1; = . Applying this and Proposition 2.2.2 to the right-hand side
of (2.7) yields

> Lk

k,1e{0,1}

= > L Mpa-ndpae &) | x> LMsa(0),50(); k. D)

tle{0,1}n—1 k,le{0,1}
=1.
The last equality follows from the stochasticity of both £"~! and £!. O
Proposition 2.2.6 (Color Ignorance). Fix m € {1,...,n} and i,j,t, 1 € {0,1}". Foralli,j €

0, 1}" such that ip .,y =t and jj1 ) = ), we have
[1,m] [1,m]

> Lr(gik D) = L7 ). (2.8)
k[l,m]—e
1[1’m]:[
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Proof. By Definition 2.2.4, we have

oLk ) =Lt D« [ Y [ £, 5:6):8i(k), (1)
K1,m) =t Ky gy =t, i=m+1
I m) =t |

The last product can be rewritten as £ (i, j, k, () where i = (s,,.1(i), - ,8,(i)), and where
J, k, and ¢ are defined similarly. Summing £"~"(i, j, k, () over kpy ,,y = € and 1 ,,; = [ reduces
to summing the same object over k,¢ € {0,1}"™, which equals 1 due to stochasticity. This

concludes the result. L]

We call 7 a partition of {1,...,n} if it takes the form of

7T:{{1,...,7“1},{7"1+1,...,r2},...,{rm_1—|—1,...,rm}}

forsome m < nand1=1r; <ry <---<r, =n. Wedefine a projection map ¢, : {0,1}" —

{0, 1}™ such that

m

gw(azl,...,xn):(< f: xi>mod2)

i=rp_1+1 k=1

We define /() = m to be the length of the partition .

Proposition 2.2.7 (Mod 2 Erasure). Fix a partition © of {1,...,n} such that {(7) = m. Fix

i,j,€,1€{0,1}™ Foralli,j € {0,1}" satisfying g.(1) = i and g.(j) = j, we have

E L1, 5k 1) = L7(1,5; 8, 0).
gr(k)=t
971'(1):[

Proof. Define A = {ry,...,r,}. We define , j to be the unique n — m dimensional vectors such
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that

(51(1), - s Snm(@) = (51), - 5 (D), o5 (D), -, 50(i)),

(51(j)’ ce >5n—m(j)) = (51<j)7 cee agm(j)a <o 73’/‘7n(j)’ S 75n(j))a

where 7 denotes the removal of z in the vector. We have

Z L1, k, 1)

gr (k)=
9#(1)

2.9)

3 (H*ﬁl(sxi),si(j);sz-<k>,si<1>>> | TT 2o, 5:6)s5:(0),5,(1)

gr(k)=t \i€A i¢Ai<n
g,r(l):[
Since ¢, (k) = € and g, (1) = [, we have H L1(s:(1),5:()); 8:(k),5;(1)) = L™(i,j; &, 1). Using

this and Proposition 2.2.2, the right-hand side of (2.9) can be rewritten as

Lrige s« [ D> [ £Ni(0),8:(5);5i(k), 5i(1)
gr(k)=ti¢A;i<n
gw(l):[

kJle{0,1}n—m

=L"(1,j;81).

The first equality is due to (2.6). The last equality follows from the stochasticity of £"~™. [l

The next proposition implies that if we start with a CS6V model on [1, 2] x [1,y] with empty
boundary data and wish to add some boundary data (i.e., lines entering the box from the bottom
and the left), then we can use the colored model to sample the CS6V model with the boundary data
in a way so that the height function at (x,y) cannot decrease with the addition of the boundary

data.
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Proposition 2.2.8 (Monotonicity of the height function). Suppose we have a two-colored CS6V
model on 1,z x [1,y], where the vertex configurations are assigned using the matrix L?, and the
only lines entering from the bottom and left boundaries are lines of the second color. Let H'(x,y)
denote the height function when we only consider lines of the first color (i.e., the lines of the 1-fold
projection). Let H*(x,y) denote the height function of the 2-fold projection of both colors to the

single-colored model. Then

H'(z,y) < H*(x,y).

Proof. Consider the rectangle [1,z] x [1,y]. Let A; (resp. B;) be the number of first-color lines
leaving the top (resp. right) boundary. Let Ay (resp. Bs) be the number of second-color lines
that leave the same boundary and are accompanied by a first-color line. Let A3 (resp. Bj3) be the
number of second-color lines that leave the same boundary without accompanying first-color lines.
Let A4 (resp. B,) be the number of second-color lines entering the left (resp. bottom) boundary.

‘We have

Hl(ffyy) =A =By, Hz(w,y) =A —Ay+ A3+ Ay = By — By + B3 + By.

By examining all possible two-color configurations in Figure 2.11, we know that for a vertex
configuration, the number of second-color lines entering from the left and bottom is no smaller
than the number of lines exiting above and to the right. This implies that the number of second-
color lines entering the rectangle from the left and bottom boundaries is no smaller than the number
of second-color lines exiting the top and right boundaries. Hence, A4 + By > Ay + A3 + By + Bs.
Hence, we have either Ay > A, + Az or By > By + Bs. Assume without loss of generality that

the first inequality holds. Then we have

HY(z,y) = Ay < A — Ay + As + Ay = H*(z,y). O

Remark 2.2.9. It is possible to define a colored model in the same way as in Definition 2.2.4, using
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ordinary multiplication instead of the Boolean-type product. This will still yield a model with the
properties of color ignorance and mod 2 erasure. However, with this definition, the colored model
will no longer satisfy the monotonicity of the height function. To see why this is, note that with
the Boolean definition, we cannot have the configurations in Figure 2.8. This is because these
configurations have weights by x (1 — by) = 0 and by % (1 — by) = 0. However, with the ordinary
product, these configurations would have non-zero weights. As demonstrated in Figure 2.9, these

configurations will yield samplings that fail the monotonicity of the height function.

4: L

Figure 2.8: The weights of the above configurations equal b; * (1 — by) = by * (1 — by) = 0 using
the Boolean-type product, and equal by (1 — by ), b2(1 — bs) using ordinary multiplication.

| 012 01 1,
| 0.0[ 0.0
0 0 0 0 00

1-fold projection 2-fold projection

Figure 2.9: A sampling that violates the monotonicity of the height function since the height
function in the top-right corner of its 2-fold projection is smaller than the height function in the
top-right corner of its 1-fold projection.

2.3 The colored model and proof of Theorem 2.1.5

With the help of the matrices {L"},,cz.,, we apply the superadditive ergodic theorem to the
colored CS6V model and prove the existence of the limit shape. The argument is similar to [17,
Section 3] with certain adaptations.

We are going to construct {X,,,, : 0 < m < n} as discussed in the introduction, using the
colored CS6V model. Before doing that, let us recall Liggett’s superadditive ergodic theorem.
For our purposes, we formulate it in the superadditive setting by placing negative signs where

necessary.
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Theorem 2.3.1 ([1, page 277]). Suppose { X, »} is a collection of random variables that is indexed

by integers 0 < m < n and satisfies:

(i) Almost surely Xy = 0and Xo,, > Xom + Xy for 0 <m < n.

(ii) Foreachk > 1, {X(n_l)k,nk :n > 1} is a stationary and ergodic process.
(iii) {Xmm+r = k> 0} < {Xmi1,m+k+1: k > 0} for each m > 0.

(iv) E[Xq,] < oo where v~ = max(—,0).

E[Xo,n]
n

Then there exists a constant y = Sup,,»; € (—o0, 00| satisfying

. XO,n
= lim —= a.s.
n—oo N

We proceed to define a colored CS6V model on the first quadrant. Recall that I, J are the
periods of the weights of the CS6V model, as in Assumption 2.1.1. Fix a direction (z,y) € Q%,,
and define

Nz N
N := the smallest positive integer such that Tx’ 7y

e N. (2.10)
We have omitted the dependence of N on z,y. Assign color —k to the vertex (a,b) if either
a € [N(k—1)x+ 1,Nkz]orb € [N(k — 1)y + 1, Nky], see the left panel of Figure 2.10. We
use negative numbers to label the colors so that we can have infinitely many colors of increasing
priority. Given the input lines of a vertex with color —k, we sample the output lines according to
stochastic matrices £* with parameters b; = b; (7, j) and by = by(3, 7). The colored CS6V model
is then sampled sequentially at the vertices (1, 1), (2, 1), (1,2),(3,1),(2,2),(1,3),... to the entire
quadrant, using the L-matrices assigned to different vertices. By definition, £ is defined for the
positive colors 1, ..., k, so we just map the colors —k,..., —1to 1,...,k, preserving their order.
One can check that if a vertex of color —£ has no input lines, then the only possible output lines

emanating from that vertex can be of color —k. See the right panel of Figure 2.10 for a sampling

of the colored CS6V model.
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We proceed to define the random variables { X, ,,, m,n € Z>o, m < n} that satisfy the condi-
tion of Theorem 2.3.1. Let v, x», denote the number of vertical lines exiting the vertex (z, Nny)

with colors that belong to {—n, ..., —m — 1}. We define
Nnx
Xon = > (vinny mod2). (2.11)

z=Nmz+1

The next proposition encodes the height function of the CS6V model in terms of {X,,, : 0 < m <

iy

Figure 2.10: Left panel: We illustrate how we color the vertices on the first quadrant when [ =
3,J =2, =2,and y = 1. In this case, N = 6. Let blue, red, and olive represent the colors
—1,—2, and —3. Each rectangle contains 12 x 6 vertices with the same color. Right panel: A
sampling of the colored CS6V model. The lines emanating from a vertex inherit the color of that
vertex. Due to the property of color ignorance, the red lines can be sampled ignoring the blue lines,
and the olive lines can be sampled ignoring both the blue and red lines. Note that lines of different
colors can travel together across the same vertices.

Proposition 2.3.2. We have { X,k € Z>o} = {H(Nkx, Nky),k € Z>o} where H is the height

function of the single-colored CS6V model with periods I and J.

Proof. 1t suffices to show that for each n € N, {Xo;,k = 0,...,n} 2 {H(Nkz, Nky),k =
0,...,n}. The lines in the square [3, Nnz + 1] x [5, Nny + 3] have colors that belong to
{—n,...,—1}. Replace these colors with a single color. Then, by the property of mod 2 era-

sure, the resulting model reduces to the single-colored CS6V model. Note that X in (2.11) is
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equal to the number of vertical lines that cross the segment 3, Nkx + 3] x {Nky + 1}, which is

H(Nkax, Nky). This implies that { Xo s, k = 0,...,n} < {H(Nkz, Nky),k=0,...,n}. O

Proposition 2.3.3. The stochastic process { Xy, @ m,n € Zsog,m < n} satisfies conditions

(ii)—(iv) of Theorem 2.3.1.

Proof. We first prove (ii). Consider the square [Nmx + 3, Nnz+ 3] X [Nmy+ 5, Nny+ 3]. There
are lines flowing inside through the left boundary { Nmaz+ %} X [Nmy+ %, Nny+ %] and the bottom
boundary [Nmma+ 3, Nnz+1]x { Nmy+3}. These lines have colors belonging to {—m, ..., —1}.
The vertices in [Nmz + 3, Nnz + 3] x [Nmy + 1, Nny + 1] have colors in {—n, ..., —m — 1}.
Note that the color ¢ takes priority over j if ¢« < j, so the lines that emanate from the vertices in
[Nma+ 3, Nnxz+3] x [Nmy+ 3, Nny+ ] have higher priority than the lines entering through the
left and bottom boundaries. Therefore, by Proposition 2.2.6, the behavior of the lines with colors
{—n,...,—m—1} in the rectangle [Ntz + 1, Nnz + 5] x [Nmy + 3, Nny + 3] does not depend
on the lower priority lines entering from the left and bottom. Hence, the distribution of X, ,, is
independent of the number and location of the lines entering the bottom and left boundaries of
[Nma + 1, Nnz + 1] x [Nmy + 1, Nny + 3]. This implies that for each k& > 1, the random
variables {X(,,_1)xnk,n > 1} are independent. It is straightforward to see that X, 1, . has the
same distribution as H(Nkxz, Nky) for all n > 1, therefore this sequence is i.i.d, and hence it is
stationary and ergodic.

We proceed to prove (iii). It suffices to show that for arbitrary m € Z~,,
{Xpminr k> 0} £ {Xo 4, k > 0}. (2.12)

We look at the colored CS6V model restricted to [mNz + 1, 00) x [mNy + 1, 00). Note that
there are lines with colors in {—m, ..., —1} entering from the left and bottom boundaries of
[mNz+ 3,00) x [mNy + %, 00). By Proposition 2.2.6, the behavior of lines in [Nz + 3, 00) x
[mNy + %, oo) with colors less than —m is not affected by the lower priority lines entering

from the boundary. Since by(mNz + -,mNy + ) = bi(-,-) and by(mNz + -, mNy + -) =
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ba(+, -), this implies that after a shift by (m Nz, mNy), the lines with colors i1, ...,i; € Z< 1

in [mNz + 1,00) x [mNy + 3,00) behave the same (in distribution) as the lines with colors

1

i1+ m,... i +min [ 00) x [, 00). Hence, we conclude (2.12).

Finally, we have X, = 0 because X ; is non-negative. Hence, (iv) holds. L]

Let us proceed to prove that {X,,,,m,n € Zso,m < n} also satisfies the superadditive
condition (i) in Theorem 2.3.1. We begin with some preparation. In the square [%,N nr +
1] % [3, Nny + 3], we replace the colors {—m,...,—1} with the color —1 and replace the
colors {—n,...,—m — 1} with the color —2. After that, as long as there are two lines with
the same color that travel together, we erase them. By Proposition 2.2.7, the resulting model
is a two-colored CS6V model. In particular, the vertices have color —1 in the L-shaped area
(2, Nma + 1] x [3, Nny + 1] U [3, Nnz + %] x [5, Nmy + 1]. The vertices have color —2 in the
square [Nmz + £, Nnz + 3] X [Nmy + 3, Nny + 3].

For the resulting two-colored CS6V model, let (); be the number of vertical lines with color
—1 that cross the segment [3, Nmz + 3] x { Nmy + 1}, let @, be the number of vertical lines with
color —2 that cross the segment [Nma + 3, Nnx + 5] x {Nny + 3}, and let P, be the number of
horizontal lines with color —1 that cross {Nmz + 1} x [Nmy + 1, Nny + 1]. Finally, let R be
the number of single vertical lines of either color that cross [Nma + 3, Nnx + 1] x {Nny + £}

(i.e., lines that do not travel in a pair).

Lemma 2.3.4. The following result holds:

Xom = Q1, (2.13)
Xm,n = Q27 (214)
Xon=Q1+P +R. (2.15)

Proof. Recall that we obtain the two-colored CS6V model in [3, Nnz + 3] x [3, Nny + 3] by
replacing the colors {—n, ..., —m — 1} with the color —2, replacing the colors {—m, ..., —1}

with the color —1, and erasing pairs of lines with the same color. The erasure corresponds to the
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mod 2 erasure procedure in (2.11). Hence, equations (2.13) and (2.14) directly follow from (2.11).
We proceed to prove (2.15). Note that X, is the number of single vertical lines that cross the

segment [1, Nnz + 1] X {Nny + 1} in the two-colored CS6V model. We decompose

Xon =Y + R, (2.16)

where Y; equals the number of vertical lines with the color —1 that leave [5, Nma+3|x {Nny+1}.
We turn to the rectangle [2, Nma+3]x [Nmy+3, Nny+3], in which there are only lines with color
—1. The CS6V model is conservative in the sense that the number of lines on the right and bottom
of a vertex equals the number of lines on the top and left of that vertex. Therefore, the number of
lines that cross the bottom and right boundaries of the rectangle [, Nma+3] X [Nmy+1, Nny+1]

is equal to the number of lines that cross the top and left boundaries, hence,

Yy =Q: + P 2.17)

Using this together with (2.16) and (2.17), we conclude (2.15). ]

Proposition 2.3.5. We have Xoo = 0 and X, > Xom + Xpmp for 0 < m < n. Hence,

{Xmn,m <n € Zso} satisfies (i) of Theorem 2.3.1.

Proof. By definition, we have X,, = 0. We proceed to show that X,, > Xy, + X,,,. By
Lemma 2.3.4, this is equivalent to R + P; > (). This follows from applying Proposition 2.2.8 to
the rectangle [Nmaz + 3, Nnx + 3] x [Nmy + 3, Nny + 3], where only lower priority lines enter

from the bottom-left boundary. [

Proposition 2.3.6. Fix arbitrary x,y € Qso, there exists a constant g(x,y) € Rsq such that

almost surely,

oo Hilna), [ny)

n— o0 n

Proof. If x = 0 or y = 0, we know that H(|nxz |, [ny|) = 0 for all n, thus g(x,y) = 0. Now

we can assume that z, y € Q-¢. Recall the definition of X, ,, from (2.11). By Propositions 2.3.3
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and 2.3.5, {X,,,,,m < n € Zso} satisfy the conditions of the superadditive ergodic theorem.

Therefore, there exists a constant ~y(z,y) such that almost surely, lim,, % = v(z,y). By

H(nNz,nNy) __
n

Proposition 2.3.2, we know that almost surely, lim,, . v(x,y). Recall that N is the
positive integer defined in (2.10). Since the height function h : Z>¢ X Z>o — Z>¢ is a Lipschitz

function, we conclude that almost surely,

lim =7(z,y)/N = g(z,y). O

n—oo

H([nx|, [ny])

Proof of Theorem 2.1.5. Using the fact that ngo is countable and Proposition 2.3.6, almost surely,

H(|nal, [ny]) _ 3z, y)

lim
n—oo n

for all (z,y) € Q2,. By definition, H is a Lipschitz function, hence g : QQEO — R is also a
Lipschitz function. We can thus extend g to be a Lipschitz function on RZ,. By the density of Q%

in RZZO and the Lipschitz property, we have that almost surely,

H([nz], [ny]) _

Jim. " =9g(z,y)
for all (z,y) € R%,. Taking g(x,y) = y — g(z,y), we conclude the proof. O

2.4 The Boolean-type product for the {-PNG model

Taking b; = ¢ and by = 1, the set W in (2.5) reduces to {0,¢,1 — ¢,1}. The Boolean-type

product reduces to the following: for a,b € {0,¢,1 — ¢, 1},

0 if {a,b} = {t,1 —t},
axb:=qgq ifa =0,
ab else.
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Recall from [17, Definition 1.7] that the £™-matrix of the -PNG model is defined as

L"(i,§; k,1) == Mile(1, n} (ﬁl(sr(i)vﬁrg);ﬁT(k)a 57”0)))7

where min is a modified version of the minimum. For x4, ..., x, € {0,t,1 —¢,1},
0 ifr;=tandz; =1—tforsomei,je{l,...,n},
min(xl, B ,ZEn) =
min ([L’l, . ,:L‘n) else.

It is straightforward to verify that min(a, b) = axbfora,b € {0,¢,1—t, 1}, and thus min(z1, ..., x,) =
x1 % - - - *x,. Hence, the definition [17, Definition 1.7] is equivalent to Definition 2.2.4 when b; =t

and b, = 1.

2.5 Two-colored CS6V configurations

In Figure 2.11, we list the configurations of the two-colored CS6V model. Note that the weights

of the vertex configurations are given by the matrix £2.
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Figure 2.11: The two-colored CS6V configurations with non-zero weight given by L2. Red has a
higher priority than blue.
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Chapter 3: The stochastic six-vertex model speed process

This chapter is adapted from the paper [41] and is coauthored with Levi Haunschmid-Sibitz.

3.1 Introduction

3.1.1 Preface

Type I II I v A% VI
Configuration + . \ T_ e _l
Weight 1 1 b1 1-— bl bQ 1-— bg

Figure 3.1: The six allowed configurations for the stochastic six-vertex model

Figure 3.2: A possible sampling of the stochastic six-vertex model on the quadrant with step initial
data. The height function is denoted in blue.

The stochastic six-vertex model was first introduced by Gwa and Spohn in [28] as a special-
ization of the six-vertex model, which is a classical model from equilibrium statistical mechanics

going back to [29]. Recently there has been a lot of interest in this model. It is connected via a
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suitable limit degeneration to ASEP [134], the Kardar-Parisi-Zhang equation [126, 138, 110], the
stochastic telegraph equation [135, 137, 130] and lies in the (one-dimensional) KPZ universality
class [28, 30, 139, 54]. Furthermore, it can be put into the more general setting of higher-spin
vertex models, see [33, 127].

We will now define the stochastic six-vertex model on the quadrant Z>(, x Zx( as a stochastic
path ensemble, where each path can be thought of as a particle trajectory. The model depends on
two parameters by, by € [0, 1] that we fix throughout the paper. We call the bottom and left edges
incident to a vertex its incoming edges and the top and right edges its outgoing edges. We say
that edges are occupied if they are part of a particle trajectory. Each edge will be occupied by at
most one particle, and the model will satisfy a local conservation law, namely that the number of
particles entering a vertex equals the number of particles exiting.

We first specify a boundary configuration on the incoming edges along the left and bottom
boundaries of the quadrant, i.e., the incoming edges from the left at the vertices {0} x Zs>(, and
from the bottom at the vertices Z>q x {0}. This boundary configuration specifies a subset of edges
along the boundary that are occupied, i.e., locations where particles enter the system. The most
common boundary condition that we will work with is one where all incoming edges from the
left boundary of the quadrant are occupied and all incoming edges from the bottom boundary are
empty. We will refer to this boundary condition as step initial conditions.

Given the information about which incoming edges of a vertex are occupied, we will sample
the outgoing edges using the weights in Figure 3.1. Note that the weights of configurations with
the same occupied incoming edges add up to 1, so that the outgoing edges can be determined in a
stochastic manner. We will begin from (0, 0) and proceeding in an antidiagonal way (i.e, ordered
by x + y), we will tile each of the vertices in the interior of the quadrant with one of the six
possible configurations in Figure 3.1, according to their weights. This procedure defines a law
on configurations of upright paths in Z>, x Z>(. See Figure 3.2 for a sampling of the stochastic

six-vertex model with step initial conditions.
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There is an alternative parameterization of the model by parameters ¢, < > 0 defined as

by 1—b
= K=

by 1 —by

q:

This parameterization will be quite useful to us, and these variables will appear in many formulas
throughout the paper.

For a given configuration w of the stochastic six-vertex model with step initial conditions, we
define the height function H(x,t) = H(z,t;w) for x,t € R by setting H(x,0;w) = 0 for all x
and increasing H whenever one crosses a path in the vertical direction, see Figure 3.2.

The model exhibits two very different behaviors depending on whether b; or by is larger. If
by > bo, then particles prefer moving up to moving to the right. Since the upper part of the
quadrant is already packed, this leads to a sharp transition between a region with density 1 and
a region with density 0, whose boundary stays close to the line x = ¢. This behavior is known
as a shock. On the other hand if b; < b9, particles want to move right more than up, and thus
they spread out. Three regions form: one above the line & = k!¢, where the density of particles
is 1, one below the line x = xt, where the density is 0, and one in between, where the density
decreases continuously from 1 to 0 (see the right-hand side of Figure 3.4 for a simulation). The
middle section is known as the rarefaction fan. Both the shock and rarefaction fan regimes are
interesting in their own rights, but our results concern the latter: from now on we always assume
by < bs.

We will now introduce the multi-class stochastic six-vertex model. Instead of every edge being
either occupied or unoccupied it will now be assigned a class from R U {—o0, c0}. The classes
assigned to the two outgoing edges equal the classes of the incoming edges, and the weight of a
vertex depends on the classes, see Figure 3.3. Intuitively if ¢ < j then a particle of class ¢ treats
particles of class j as holes. The single-class stochastic six-vertex model can be obtained from the
multi-class one by setting the class of unoccupied edges to 1 and the class of occupied edges to co.

In the vertex model literature the multi-class stochastic six-vertex model is also called the colored
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Configuration ' Y Y '

Weight 1 b1 1— bl b2 1— b2

Figure 3.3: The allowed configurations for the multi-class stochastic six-vertex model, where red
lines represent class ¢ and blue lines represent class j for i < j.

t

Figure 3.4: Left panel: step initial conditions with a second-class particle at the origin. Black
arrows denote first-class particles, while the grey arrow denotes the second-class particle. Dashed
lines denote holes. Right panel: a simulation of this process on a 200 by 200 square with b; = 0.3
and b, = 0.6 and with the second-class particle in red.

stochastic six-vertex model. See [34, 35, 36, 37, 38] for previous works on this model from an
algebraic perspective.

Our main theorem concerns the following variant of step initial conditions, which we will call
step initial conditions with a second-class particle at the origin. All particles coming in from
the left have class 1, there is a single particle coming in from the bottom at (0, 0), and all other
incoming particles from the bottom have class oo, i.e. are holes, see Figure 3.4. By the conservative
property of the model, for every ¢ there is exactly one x such that the vertical arrow leaving (z,t)
has class 2. We call this x the position of the second-class particle at time ¢ and denote it by X.
Our main result states that the speed % of the second-class particle converges a.s. to a random

limit:

Theorem 3.1.1. Let 0 < by < by < 1, and consider the stochastic six-vertex model with step

initial positions with a second-class particle at the origin. Let X; be the position of the second-
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class particle at time t. Then almost surely

lim — =U 3.1

Nlw

where U is a continuous random variable taking values in [k, ] with density Z(R—J_El)x

Even the weak convergence of the speed of the second-class particle has not been stated in
the literature, to the best of the authors’ knowledge. However, it follows readily from the hydro-
dynamic limit proved in [31] in the same way as for ASEP using the arguments from [42]. For
the convenience of the reader, we adapt this argument to our setting in Section 3.9. Strengthening
the weak convergence to a.s. convergence is highly nontrivial and is the main contribution of this
theorem.

For TASEP with step initial conditions, the weak convergence of the speed of a second-class
particle at the origin was first proven in [42] and a.s. convergence was proven in [43] (see also
[150] and [151] for alternative proofs). For the Hammersley process, a.s. convergence of the speed
of a second-class particle at the origin was proven in [44] under suitable initial conditions, and for
the totally asymmetric zero range process (TAZRP), this was proven in [45]. All of these proofs
rely crucially on connections between the models under consideration and last passage percolation
models (for example, TASEP can be coupled with exponential last passage percolation). Since
this no longer holds for ASEP, new tools were required to prove the analogous result for ASEP
under step initial conditions, and this was done in [46] using inputs from integrable probability as
well as a coupling due to Rezakhanlou [47]. Since for the stochastic six-vertex model, last passage
methods also do not apply, our proof strategy for Theorem 3.1.1 is inspired by the ideas in [46].
The speed of second-class particles for ASEP and the Hammersley process has also been studied
for other classes of initial conditions in [152, 153, 154].

We also derive a bound on the fluctuations around the limiting speed:

Theorem 3.1.2. Let X, be the position of the second-class particle at time t as above and U its
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almost sure limit. Then for any 6 > 0, almost surely we have that
lim | X, — tUltGt) = 0. (3.2)
—00

The exponent — (g + 5) is not optimal. For both ASEP and the stochastic six-vertex model
with stationary initial conditions, a second-class particle starting at the origin has been shown to
fluctuate on the order of 2/3. This was shown for ASEP in [155, 156] and for the stochastic six-
vertex model in [48] (building on earlier ideas developed in [108]). However, the exact fluctuations
of a second-class particle starting from step initial conditions are not known for either model.
Because the fluctuations at stationarity are of the order +%/3, the best exponent one could expect to
achieve in (3.2) is —(% + 0), see also Remark 3.5.9. Our proof techniques can be used for ASEP
as well, where they would give an analogous result to Theorem 3.1.2 with the same exponent of
—(§+9).

Going beyond adding a single second-class particle into our model, we can consider initial
conditions where each incoming particle has a different class in Z. Individually, each particle
will have an asymptotic speed given by Theorem 3.1.1. By considering the joint speeds of all
the particles simultaneously, we can construct the stochastic six-vertex model speed process.
Speed processes have previously been constructed and studied for TASEP [49], TAZRP [50], and
ASEP [46]. To define the speed process, we first need to discuss how we can view the stochastic

six-vertex model as a particle system, as was first done in [28], see also [30, Section 2.2].

3.1.2 The stochastic six-vertex model as an interacting particle system

Until this point, we have treated the stochastic six-vertex model as a measure on up-right paths.
However, it is also natural to consider it as a particle system with time as the vertical direction, as
has been quite noticeable in the language we have been using and was already observed in [28].

Let us now introduce notation that emphasizes this connection. For a given configuration w on

133



Z>o X L, define n(z) for v € Z>( by

1 if the incoming vertex at (x, ¢) from below in w is occupied
m(x) =
0 else.

Defined like this (7;):cz., is @ Markov process with values in {0, 1}%20, We call this a stochas-
tic six-vertex process. The boundary conditions on the bottom give the initial condition 7, and the
boundary conditions on the left inject particles at specific times. The transition probabilities of this
process can be described as follows: Particles stay in place with probability b; and start moving to
the right with probability (1 — by). If a particle starts moving, the amount it moves is the minimum
of a Geo(bs) distributed random variable and the distance to the nearest particle to its right. If it
moves to the location of the neighboring particle to the right, that other particle then starts moving,
following the above-described rules. See [30, Section 2.2] for these transition weights written out
in more detail.

We now define the height function in this setting and show that it generalizes the definition of

H(x,t) above for the case of step initial conditions.

Definition 3.1.3 (Height Function). For a given stochastic six-vertex process (1;):>o, the height

function hy(x) = hy(x;n) is the unique function (up to a global shift) that satisfies

hi(z;n) — he( + 1;m) = ne(z) (3.3)
1 if there is an incoming arrow from the left at (0, 1)
hiy1(0;m) — he(05m) = (3.4)
0 else.

Since the height function is only unique up to a global shift, unless otherwise specified the
choice of height function is made by setting s (0) = 0, but in some places, it will be convenient to
choose some other h,(0). For a configuration w of the stochastic six-vertex model with step initial

conditions, one recovers the definition of H(x,t) above, since by (3.3), ho(z) = 0 for all z.

134



Definition 3.1.4. As shown in [31], these dynamics can be extended to processes 1, : 7. — {0, 1}.

We call this the stochastic six-vertex process on the line.

Given an initial condition 77y : Z — {0, 1} that satisfies 19(x) = 1,0, the restriction (1;(2))z,tez-,
of the stochastic six-vertex process on the line to > 0 agrees with the process on the quadrant
with step initial conditions. It is this process that we will be considering in Sections 3.2 to 3.6. The
height function is still defined by (3.3) and (3.4).

This extension is also compatible with the multi-class stochastic six-vertex process. While
the single-class processes 7; : Z — {0, 1} have occupation variables in {0,1} with 0 encoding
holes and 1 encoding particles, we will let the multi-class processes have occupation variables
in R U {00}, with oo encoding holes and all other values encoding particles of different classes.
In other words, we define the multi-class stochastic six-vertex process on the line as 7, : Z —
RU{oo}, where n,(z) = i if at time ¢, there is a particle of class 7 at position z. To avoid confusion,
we will always specify in the text whether we are considering a single- or multi-class process.

We can now define the speed process whose existence will be obtained as a corollary of Theo-

rem 3.1.1.

Corollary 3.1.5 (Existence of the Speed Process). Consider the multi-class stochastic six-vertex
model on the line with initial conditions no(z) = x for all © € 7, i.e. at position x there is a
particle of class x. We call this packed initial conditions. Denote by X,(x) the position of the
unique particle of class x at time t. Then the process <XtT($)>xEZ converges a.s. ast — oo to a
process U(z). We call U(x) the stochastic six-vertex model speed process.

Now that the stochastic six-vertex model speed process is defined, we can study some of its
properties. In Section 3.8, we will prove that the speed process is ergodic and stationary with
respect to the dynamics of the multi-class stochastic six-vertex model. The uniqueness of multi-
class stationary measures with a given marginal for ASEP is known, see [39, 157] and was already

believed to hold for the stochastic six-vertex model as well, see [158, Remark 7.9]. Since we were

not able to find a proof of this in the literature we state it in Proposition 3.8.5 and provide a proof
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in Section 3.10. It then follows from a close examination of the construction of such stationary
measures in [158] that the ergodic stationary measures for the multi-class stochastic six-vertex
model on the line are the same as the ergodic stationary measures for the multi-class ASEP. This
then implies that the stochastic six-vertex speed process is related to the ASEP speed process by a
deterministic map given by a pointwise composition with a specific map, see Proposition 3.8.7.

There are also many avenues for further work on these processes. In particular, the article
[159] shows that the suitably rescaled TASEP speed process converges weakly to a process known
as the stationary horizon. The stationary horizon was first introduced in [53] and is expected to
be a universal scaling limit for multi-class invariant measures of models in the KPZ universality
class. Then in [160], they develop a more general framework to show convergence to the stationary
horizon. In particular, they show that if a model converges to the directed landscape under suitable
rescaling, then the stationary measures of the associated multi-class process converge to the sta-
tionary horizon at the level of finite-dimensional projections. In [54] they prove the convergence
of the stochastic six-vertex model and ASEP to the directed landscape, and hence using the results
from [160], they obtain as a corollary [54, Corollary 2.14] that the stationary measures for the
multi-class ASEP converge to marginals of the stationary horizon. As mentioned above, these sta-
tionary measures are the same as for the multi-class stochastic six-vertex model. It is still an open
problem to prove the convergence of the ASEP and stochastic six-vertex model speed processes to
the stationary horizon in the space D(R, C(R)).

In this paper, we deal with step and packed initial conditions for the stochastic six-vertex model.
These initial conditions play the role of “fundamental solutions" from which more general initial
conditions can then be studied. Step initial conditions have long been of interest in the study of
interacting particle systems and have been particularly important in the study of KPZ universality
for the stochastic six-vertex model, see, e.g., [30, 161, 139, 162]. Packed initial conditions (which
can be viewed as a coupling of different step initial conditions) have recently been the subject of
[54] where they showed that stochastic six-vertex model and ASEP with packed initial conditions

converge to the Airy Sheet. In [163], this convergence was extended to more general classes of
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initial conditions, using the convergence for packed initial conditions as a key input.

3.1.3 Proof ideas

The proof of the main theorem uses a variety of tools. We follow the general strategy developed
in [46], which requires certain model-specific inputs that have not yet been developed for the
stochastic six-vertex model. In particular, we need the following two ingredients, which are the

key novelties of this paper:

* A geometric stochastic domination result that states that a second-class particle to the right of
any number of third-class particles will at any fixed time be overtaken by at most a geometric

number of third-class particles.

* Effective hydrodynamic estimates that quantify how close the height function of the stochas-

tic six-vertex model started from step initial conditions will be to its limit shape.

These results will be used in the following way. We want to control the behavior of a single
second-class particle. Hydrodynamic theory allows us to control the bulk behavior of many parti-
cles, so we augment our system by filling up all empty positions to the left of X, with third-class
particles. We then use our effective hydrodynamic estimates to control the union of the second- and
third-class particles. Finally, we can revert this back to an estimate of the position of the second-
class particle since we know that our second-class particle is to the left of at most a geometric
number of the third-class particles. A similar argument can be made to bound the position of the
second-class particle from the left.

We now state these two results in detail. The first will be the content of Theorem 3.1.6 and the

second, the content of Propositions 3.1.7 and 3.1.8.

Controlling a second-class particle by third-class particles

The following theorem allows us to control the behavior of a single second-class particle by

controlling the behavior of a large number of third-class particles inserted to the left of the second-

137



class particle.

Recall that ¢ = Z—; By X ~ Geo(q) we denote the law given by
PX =k] = (1 —q)¢" fork>0.

Theorem 3.1.6 (Geometric Stochastic Domination). Let (1;):>0 be a multi-class stochastic six-
vertex process on the line with parameters 0 < by < by < 1 and with the following initial condi-

tions:
» There are some first-class particles (finitely or infinitely many).
» There is a single second-class particle.
» There are M third-class particles, all to the left of the second-class particle.

Let Z,(0) > Zy(1) > --- > Z(M) be the ordered positions of the second- and third-class
particles at time t. Further, let L; be the number of third-class particles to the right of the second-
class particle at time t. Then for any t, the law of L, conditioned on both Z and the space-time

history of the first-class particle, is dominated by Geo(q).

Let us briefly compare this result with Rezakhanlou’s coupling from [47], which was used to
control a second-class particle in ASEP in [46]. In [47] an auxiliary label process on the second

and third-class particles is defined, which has the following properties.

* Every second- and third-class particle has a unique label from 0 to M, which can change

over time.

* The law of this labeling process at any fixed time is that of a uniform permutation, and it is

stationary.

* Itis coupled to the dynamics of the multi-class ASEP, such that at any time, the particle with

label 1 is to the left of the single second-class particle.
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This allows us to control the second-class particle with a uniformly chosen third-class particle, see
[46, Proposition 5.4].

One can construct an analogous coupling for the stochastic six-vertex model,! but only for
the case b; < % This is essentially due to the fact that certain monotonicity properties that hold
for ASEP, do not hold for the stochastic six-vertex model (see the discussion before Proposition
3.2.6). Theorem 3.1.6 takes a different approach and works for all b; < b,. There are two key
differences between these approaches: Firstly, Theorem 3.1.6 does not proceed via a coupling.
Secondly, the bound in Theorem 3.1.6 is significantly stronger for large M. Intuitively, the result
from [47] shows that the number of third-class particles that do not pass the second-class particle
grows linearly in the number of third-class particles, while Theorem 3.1.6 shows that the number
that do pass is of order 1.

Since the statement of Theorem 3.1.6 is entirely insensitive to scaling time or space, it can
be carried over to ASEP, with ¢ = Z—; fixed. For ASEP this result could also be obtained from
the censoring inequality [55] (as pointed out to the authors by Dominik Schmid). See also [164,
156] where labeling processes on second- and third- class particles for ASEP were studied using

blocking measures.

Tail bounds for the height function

In this subsection, we state effective hydrodynamic estimates for the fluctuations of the height
function H (z,t) of the stochastic six-vertex model with step initial conditions. To do so we first
state the law of large numbers for H.

With probability one it holds that

oo Hilna), [ny)

n—o00 n

= g(fﬂ,y), Vif»y € RZOa (35)

'Such a coupling was presented by Ivan Corwin at the 2022 PIMS-CRM Summer School in Probability.

139



where for b; < by, we have

y—x lf§ < g1
g(z,y) = (ﬁ;_ﬁ@) ifrl<f<n (3.6)
0 if£>g
y
and for b; > by, we have
0 ifx >y
g(z,y) =

y—x ifx<uy.

This was proven at the level of weak convergence in [30] and [31] and was strengthened to almost
sure convergence in [18].
Let g(z) := g(x,1). We prove the following two tail bounds on the fluctuations of the height

function H around its limit shape g.

Proposition 3.1.7 (Lower Tail Bound). Fix ¢ > 0. There exists a constant ¢ = c(g) > 0 such that

the following holds: For any p € [k~ + &,k — ¢] and forany T > 1, s > 0,

3
2

P[H(Tu,T) > g(u)T + sT3] < clem™?, (3.7)

and c can be chosen to weakly decrease in c.
Proposition 3.1.8 (Upper Tail Bound). Fix ¢ > 0. There exists a constant ¢ = c(g) > 0 such that
the following holds: For any p € [k + &,k — €] and forany T > 1, s > 0,

P[H(Tu,T) < g(u)T — sT3] < clem,

and c can be chosen to weakly decrease in c.

Remark 3.1.9. The power Ts on the left-hand side of Propositions 3.1.7 and 3.1.8 is optimal

since on this scale the fluctuations of the height function have been shown to converge to the
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Tracy-Widom GUE distribution, see [30, Theorem 1.2]. The optimal exponents on the right-hand
side however, are expected to be s> for Proposition 3.1.7 and s*/? for Proposition 3.1.8, as was
obtained for the longest increasing subsequence of a permutation in [165, 166]. The optimality of
s3/2 for the upper tail was recently confirmed in [48], see the discussion below. The parameters i,
and |15 need to be bounded away from the edge of the rarefaction fan in order to obtain a uniform

constant c(g).

We call Proposition 3.1.7 a “lower tail” bound even though it seemingly describes the upper
tail of the random variable H (T 'u, T') since it corresponds to the lower tail of the Tracy-Widom
distribution. Similarly, we call Proposition 3.1.8 an “upper tail” bound. This better matches the
usage in the literature of the terms “upper" and “lower" tails for models in the KPZ universality
class. The reason that the upper tail decays more slowly than the lower tail is that for the height
function to be smaller than expected, we just need the position of the right-most particle in the
stochastic six-vertex model to be small. On the other hand, for the height function to be larger than
expected, we must have that the positions of many particles are large. Since this requires more
deviations to occur, the probability decays more quickly.

We prove the lower tail bound by using an identity from [67] that expresses the g-Laplace
transform of the height function in terms of an expectation with respect to the law of the Meixner
ensemble. This identity allows us to bound the upper tail for the height function by the lower
tail of the position of the smallest hole in the Meixner ensemble. The Meixner ensemble is a
determinantal point process, so this tail can be expressed as a Fredholm determinant, which we
then bound using Widom’s trick [68]. The upper tail bound is more straightforward. We directly
express the g-Laplace transform of the height function in terms of a Fredholm determinant and use
Fredholm determinant estimates from [69].

The above tail bounds are in the “moderate deviations" regime since we are considering fluc-
tuations of order 7/3, in contrast with the “large deviations" regime, which considers fluctuations
of order T'. For TASEP, tail bounds in the moderate deviations regime have been obtained in [167,

168] (with some of the key ideas originating in [169]). For ASEP, these bounds were obtained in
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[46].

While our paper was in progress, [48] considered the stochastic six-vertex model under sta-
tionary initial conditions and obtained tail bounds in the moderate deviations regime. They also
obtained [48, Theorem 2.7] an upper tail bound with the optimal exponent of s%2 and optimal
constants for step initial conditions by developing the Rains-EJS formula for the stochastic six-
vertex model. Their proof differs from our proof of Proposition 3.1.8 in that it does not rely on
integrable methods, and instead uses probabilistic couplings, building on ideas developed in [58,
62, 63]. We still include our proof since the methods are substantially different. There is also an
upcoming work [170] that will prove tight upper and lower tail bounds with the optimal exponents
in the moderate deviations regime using Riemann-Hilbert techniques. Going to the large deviations
regime, the recent work [162] obtains a large deviation principle for the lower tail of the stochastic
six-vertex model under step initial conditions.

Let us briefly summarize some other fluctuation results for the stochastic six-vertex model with
step initial conditions. As mentioned earlier, the stochastic six-vertex model belongs to the KPZ
universality class (see [133] for a survey of this area), and in particular, this means that the height
function exhibits fluctuations of scale T'3 and correlations of scale '3 on a domain of size T’ In
[30] they proved that the one-point fluctuations of the height function around its limit shape are
of the order 7"/3 and are asymptotically given by the Tracy-Widom distribution. To go beyond
a one-point result, we can view the height function as a spatial process with space rescaled by
T?/3 and the fluctuations by T'%/3. This process was shown to be tight in [161] and its two-point
distribution converges to the two-point distribution of the Airy process [139]. Finally, the recent
groundbreaking work of [54] proved the convergence of the height function when viewed as a four-

parameter field to the directed landscape, fully confirming that the stochastic six-vertex model is

in the KPZ universality class.
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Proof sketch

We now sketch the proof of Theorem 3.1.1 using the above two ingredients. To show that the
speed % converges a.s., we will introduce a sequence of times .S,, and prove that as long as we are

not too close to the edge of the rarefaction fan, then with high probability,

X X
Sn Sn+1
for some positive 7.
For this to imply convergence of the sequence )gs" , we need the right-hand side to be summable.
For general times .S,, < ¢ < 5,11, one can then use the monotonicity of X, to bound % — —)gin

as long as the sequence S, does not grow too quickly. We will take the sequence S, ; =
Sp+T(S,) =S, + Sé and prove (3.8) for this sequence in Proposition 3.5.2.

To prove Proposition 3.5.2, we want to control the behavior of the second-class particle after
some large initial time Sy. However, the effective hydrodynamic bounds in Propositions 3.1.7 and
3.1.8 only allow us to control the behavior of a large number of particles, not of an individual one
since they are mesoscopic statements as opposed to microscopic ones. Therefore, we fill up all
empty positions to the left of X g with third-class particles and control the union of the second-
and third-class particles by Propositions 3.1.7 and 3.1.8. Letting 7" = T'(S) = S s, Theorem 3.1.6
will guarantee that only a small number of these third-class particles will be to the right of X g, 1
at time S+ 7', so that controlling the union of the second- and third-class particles gives us a bound
on Xg.7.

We split the proof of (3.8) into an upper and a lower bound, which are treated analogously.
Theorem 3.1.6 reduces the lower bound to showing that a large number of these second- and third-
class particles are to the right of Xg + %T — S'7 at time S + 7. To do so denote by B(:%?)
the augmented (single-class) stochastic six-vertex model containing the union of all first-, second-
and third-class particles and by BY the process with only the first-class particles. Additionally,

we introduce an auxiliary third process B*® which is started at time S from the initial condition
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Figure 3.5: A sketch of the densities of the processes B! in black at times 0, S and S + T and
B in blue at times S and S + 7. At time S the process B1??) is given exactly by the maximum

of the two processes BWY and B¥P, while at time S + T it is at least the maximum of B®" and
Bstep.

BT (z) = 1,<x,. Attime S these three processes satisfy
B (1) = max(BY (x), BEP (). (3.9)

The multi-class stochastic six-vertex process allows us to couple B2 and B*P such that at any

later time S + 7" it holds that Bg;i’:s) (v) > ByP,(z). Since BH??) and BY are already coupled in

such a way, this implies that for any ¢ > 0
1,2,3 1 ste
By (x) > max(By, (x), BT, (x)). (3.10)

Note that this also couples B () and B in some non-trivial way. See Figure 3.5 for a sketch of
the particle densities of the processes B! and B*P at times 0, S, and S + 7.

By using the effective hydrodynamic estimates together with a recent approximate monotonic-
ity result from [54], we show that with high probability BW is still close to the hydrodynamic
limit at time S + 7', uniformly over all possible configurations of B% when on a certain event Hg,
which also occurs with high probability. Since the process B* is started from step initial condi-
tions, it is also close to a hydrodynamic limit at time S + 7', which is obtained by translating the

hydrodynamic limit for standard step initial conditions. By the coupling above
1,2,3 1 ste] 1
By (0) — Bly(x) 2 Bylp(a) — Byly (o). (3.11)
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Using the hydrodynamic estimates for the two processes on the right-hand side, this gives a lower
bound for the number of third-class particles to the right of 22 (S + T) — S'=7, as desired.

The proof of Theorem 3.2 uses similar arguments as above to bound | X g, — S,U|. To bound
| X, — sU| for general times S,, <t < S,, 11, we will need to bound |S,, ;1 — S, | and it is here that
we make crucial use of the exact form of the sequence S, ;1 = .5, + Sé to obtain the % fluctuation
exponent in Theorem 3.1.2.

This proof represents a significant streamlining of the strategy employed in [46], which is
possible in part because Theorem 3.1.6 is stronger than Rezakhanlou’s coupling. In particular, the
fact that Theorem 3.1.6 does not get worse with the number of particles allows us to fill in all
empty positions to the left of the second-class particle with third-class particles. In [46] only a
small number of positions were filled, which made it necessary to deal with more complicated “p-
distributed” Bernoulli initial conditions and introduced a further approximation step. Furthermore,
we are able to obtain Theorem 3.1.2 due to taking a more refined time scale, and more careful

analysis. See Remark 3.5.9 for further discussion of this.

3.1.4 Summary

In summary, the purpose of this paper is four-fold:

* We obtain a new tool in Theorem 3.1.6 for studying the stochastic six-vertex model and
ASEP by adding higher class particles. Since this article was announced, this tool has already
been used in [163] to study the convergence of the stochastic six-vertex model and ASEP to

the KPZ fixed point for general initial conditions.

* We give bounds on the deviations of the height-function of the stochastic six vertex model
in the moderate deviation regime in Proposition 3.1.7 and Proposition 3.1.8. Our results
contribute to a growing body of recent literature developing tools to prove lower tail bounds

for positive temperature KPZ models, see e.g., [57, 58, 59, 60, 61, 62, 63, 64, 65, 66].

* We give bounds on the fluctuations of the second class particle started in step initial con-
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ditions in Theorems 3.1.1 and 3.1.2, in particular showing almost sure convergence of its

speed.

* We show the existence of the stochastic six-vertex speed process, and show that this process

is ergodic and stationary for the dynamics of the stochastic six-vertex model in Section 3.8.

3.1.5 Structure

In Section 3.2, we recall some couplings and properties of the stochastic six-vertex model,
including the approximate monotonicity result from [54] which is stated in Proposition 3.2.6. The
two core ingredients are proved in Sections 3.3 and 3.4 respectively—in Section 3.3 we prove
Theorem 3.1.6 and in Section 3.4 we prove Propositions 3.1.7 and 3.1.8.

These results are then used in Sections 3.5, 3.6 and 3.7 to prove the main theorem. In order

these sections show that

* the main theorem follows if one can show that with high probability the second-class particle

does not deviate too much from its current speed in a given time frame,

» which follows if one can show that the augmented progress with additional third-class parti-

cles does not deviate too much from its hydrodynamic limit with high probability,

» which follows from the effective hydrodynamics from Section 3.4 together with approximate

monotonicity.

Finally in Section 3.8 the existence of the speed process is deduced from Theorem 3.1.1, and we
study some of its properties.
3.1.6 Notation

Throughout the paper, many floor functions are dropped when we consider large integers. We

use

[A,B] = [A,B|NZ
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for intervals of integers.

Our convention for geometric random variables is that a random variable X ~ Geo(q) satisfies

PIX = k] = (1-q)¢".

We consider both single-class and multi-class processes by considering their occupation vari-
ables. Single-class processes have occupation variables in {0,1} with 0 encoding holes and 1
encoding particles, while multi-class processes have occupation variables in R U {oo}, with co
encoding holes and all other values encoding particles of different classes.

The parameters b; and b, are fixed throughout the paper and therefore all constants can depend

on them freely even if this is not explicitly mentioned.
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3.2 The basic coupling and some properties of the stochastic six-vertex model

We consider the following construction of the single-class stochastic six-vertex model, which
also allows us to couple multiple stochastic six-vertex models with varying boundary conditions.

We will first state it on the quadrant.

Definition 3.2.1 (Basic Coupling). Consider two independent families (x*(x,t))z>0 and (x*(x,t))z.1>0
of i.i.d. Bernoulli(by) and Bernoulli(by) random variables respectively. Given such random vari-
ables, we can sample the stochastic six-vertex model in the following way. If at a given vertex
there are either two incoming arrows or no incoming arrows then there is only a single possible
outcome. If there is a single incoming vertical arrow at (x,t) and x'(z,t) = 1, then the outgoing
arrow is vertical. If x'(xz,t) = 0, then the outgoing arrow is horizontal. Similarly, if there is a sin-
gle incoming vertical arrow and x*(x,t) = 1, then the outgoing arrow is vertical. If x\*(z,t) = 0,
then the outgoing arrow is horizontal.

Given boundary conditions on the left and bottom edge of Z>, X Z>, the random variables
(X (@, 8))zi>0 and (x*(2,1))zs>0 uniquely define a configuration, which can be obtained by up-
dating the vertices along the anti-diagonal lines {(x,t) : x + t = k} with increasing k. Note also
that the order of updates does not matter. Using the same (x*(,t))zs>0 and (X*(x,t))zi>0 for
different boundary conditions gives a coupling of stochastic six-vertex models, which we call the

basic coupling.

Some useful properties of this coupling were recently developed in [54]. Before we discuss
the properties of this coupling, let us show how it can be used to define the stochastic six-vertex-
process on the line in a way that is similar to both the construction in [31, Section 2.1] using a
different coupling of the stochastic six-vertex model and to the graphical construction of Harris for

ASEP on Z in [40].

Proposition 3.2.2 (Extension to Z). The construction in Definition 3.2.1 can be extended to the do-
main Zx L. More specifically given two independent families (x'(,t))zez.>0 and (X* (2, 1)) vez.1>0

of i.i.d. Bernoulli(by) and Bernoulli(bs) and any boundary conditions on the incoming edges of
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Z x {0}, there is almost surely a unique configuration on 7. X > that is coherent with the bound-
ary conditions and that at each vertex satisfies the rules in Definition 3.2.1, i.e. if there is only one
incoming arrow, the configuration at the vertex (x,t) is given by the values of x*(x,t) and x*(x,1).

Furthermore, the law of this unique configuration is given by the stochastic six-vertex model.

Proof. We will construct the configuration line by line. Consider first the random variables x*(z, 0)
and x%(z,0). We call a vertex (x, 0) such that x!(z,0) = x?(x,0) = 0 a cut-vertex. Almost surely,
there are infinitely many cut-vertices both to the left and to the right of the origin since each vertex
(x,0) has an independent positive probability of (1 — b;)(1 — b2) to be a cut-vertex. Notice that at
a cut-vertex, the outgoing horizontal edge is occupied if and only if the incoming vertical edge is
occupied, and the outgoing vertical edge is occupied if and only if the incoming horizontal edge is
occupied. Therefore, if (z,0) and (z1,0) with 2y < z; are cut-vertices, the configuration of all
vertices (z,0) with 2o < x < x; is determined by the incoming arrows at these vertices and the
Bernoulli variables x*(z,0) and x?*(z,0) for xy < x < z;. Therefore on the probability 1 event

that there are cut-vertices infinitely far to the left, the configuration is uniquely determined. [

Again, using the same Bernoulli random variables for different initial conditions gives a cou-
pling of stochastic six-vertex processes. Let us now consider several properties of this coupling
starting with attractivity. As mentioned in the introduction, we will use the notation (7:(x)).ez t>0
for the occupation variables, i.e. 7;(x) = 1 if the vertical incoming edge is occupied. The initial

conditions are then given by a function ny(x) : Z — {0,1}.

Lemma 3.2.3 (Attractivity). Given a collection of initial conditions 775 fork =1,...,n, such that
ni(x) < () fori < j and all © € Z, under the basic coupling it will hold that 1} (z) < 1) (z)

forallt € Z>yand x € 7.

Proof. Let us consider 1" and 77/, Assume that the desired property is true until updating a specific
vertex. If at this vertex the incoming arrows are identical for 7" and 1)/, by the coupling the outgoing

arrows will also be identical. If they are not, since the property holds for all the previous steps,
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either there are two incoming arrows in 7' or no incoming arrows in 7)’. In either case, the outgoing

arrows will also still satisfy the desired condition. [

Remark 3.2.4. Note that the basic coupling with initial conditions 1 for k = 1,...,n, such that
ni(x) < nl(x) fori < j and all x € Z, exactly corresponds to the n + 1-class stochastic six-vertex

model with classes {1,...,n,00} in the following way. Define

n™(z) = min{i € {1,...n} :ni(z) =1},

where the convention is used that the minimum of the empty set is co. By considering the possi-
mult

ble situations at a single vertex, one easily checks that 0" is a multi-class stochastic six-vertex

process.
The attractivity property also has the following analogue for the multi-class process.

Lemma 3.2.5 (Merging). Let (1;)icz., be a multi-class stochastic six-vertex model with classes
inZU{—o0,00}, i.e. m; : Z — Z U {—00,00}. Then for any weakly increasing function ¢ :
Z U {—00,00} — Z U {—00,00}, the process (¢ o 1)icz., is also a multi-class stochastic six-

vertex model.

Proof. This is an immediate consequence of the weights in Figure 3.3 only depending on the
incoming classes ¢ and j via their ordering. Consider a vertex for which an update is about to be
performed. If the two incoming classes 7 and j are equal, they will also be equal after applying the
map, and in either case, there is exactly one outcome which then of course has probability 1. If the
two incoming classes ¢ and j are different, i.e. ¢ < 7 (note that we do not assume whether 7 is the
horizontal or vertical incoming arrow), then either ¢ (i) < ¢(j) or ¢(i) = ¢(j). In the first case,
there are two possible outcomes for both a vertex with incoming arrows ¢ and j and a vertex with
incoming arrows ¢ (i) and ¢(j) and the probabilities match, since the relative order of the incoming
arrows is the same. In the second case there are two possible outcomes before applying ¢ but only

one outcome after applying ¢. Since the two possibilities before applying ¢ are complementary,
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their probabilities sum up to 1, which is the probability of the one possible outcome after applying

®. O

The basic coupling for the stochastic six-vertex model is not monotone. As monotonicity
properties will be crucial in our proof, we will use a recent result from [54] which gives an ap-
proximate form of monotonicity for the basic coupling. Recall that given a stochastic six-vertex
process (1:())zez.t>0, there is a height function h;(z;7) defined up to a global shift defined in

Definition 3.1.3 The following proposition is Lemma D.3 of [54].

Proposition 3.2.6 (Approximate Monotonicity). Consider two single-class initial conditions n' :
Z — {0,1} and n* : Z — {0, 1} both with at most N particles . Further consider height functions
he(z;n') and hy(z;n?) satisfying h(x;n') = hy(z;n?) = 0 for x large enough. If M > (logN)?
and |ho(z;n')—ho(z;1?)| < K forall x € Z, and t > 0, then with probability at least 1 —c~te=M,
and for all x € 7 it holds that

\he(sn") — he(z; )| < K+ M.

Remark 3.2.7. In [54] this is stated without the absolute value. However, the basic coupling
has the following property: If (n*,n?) are two stochastic six-vertex processes coupled using the
basic coupling so are (n*,n'). Note that this is a property that the monotone coupling in [3],
Proposition 2.6] does not have. Additionally, the conditions on n' and 1? are symmetric, and
therefore the statement with the absolute value follows from the statement without the absolute

value by a simple union bound.

Another property that we will need is a special case of [54, Lemma D.4], and the proof is quite

similar to [31, Proposition 2.17].

Proposition 3.2.8 (Finite Speed of Discrepancies). There exists a constant ¢ = ¢(by) > 0 depend-
ing only on by such that the following holds. Consider two particle configurations 1y and &y with

height function ho(x;n) and ho(z; {)which are equal on some interval [A, B]. Then, under the
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basic coupling, with probability at least 1 — c~Ye~“! it holds that hy(x;n) = hy(x;€) forallt < T
and all x € [[A—F% + 1,Bﬂ.

Using Propositions 3.2.6 and 3.2.8 together, we can show that given two initial conditions with
height functions close on an interval, the height functions will stay close on a smaller interval for

some time.

Lemma 3.2.9 (Approximate Monotonicity on Intervals). There exists a constant ¢ = ¢ > 0,
depending only on by, by € (0, 1), such that the following holds. Consider two particle configu-
rations 1y and & with height functions h(x;ny) and h(x;&y) such that for v € [A, B] we have
\ho(z;€) — ho(z;n)| < K. Let M > log(B — A)2. Then we can couple them such that with
probability at least 1 — ¢ (e™T + e=M) it holds that |hr(x; &) — hy(x;n)| < 3K + M for all
ve[A+ & +1,B]

Proof. This will follow from Propositions 3.2.6 and 3.2.8. Let 79 be the particle configuration

obtained from 7 by setting

0 ifz<A
(@) = n(x) ifze[A, B] (3.12)
0 ifz>B,

and define 5] in the same way. Couple 7, £, 7 and E all with one basic coupling (i.e. all using the

same i.i.d. Bernoulli random variables). Let the height functions hq(z;7) and hg(z; &) be chosen

such that ho(B; 1) = ho(B;€) = 0, i.e. ho(x;n) = ho(z;n) — ho(B,n) for x € [A, B] and the
same for . Note that ho(z;n) — ho(B,n) is a height function for 7y, and therefore by applying

Proposition 3.2.8 twice, once for 77 and once for £, and a union bound, we obtain that

he(xz,m) = hy(x,n) — ho(B,n) and hy(x, &) = hy(z, &) — ho(B,§) (3.13)

holds forall t < T'and all x € [A + %, B] with probability at least 1 — ¢ te=<T,
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Further note that at time 0O, for all

|ho(; 1) — ho(z;§)| = [(ho(z;m) — ho(B, 1)) — (ho(x;€) — ho(B;§))] < 2K . (3.14)

Therefore we can apply Proposition 3.2.6 to E and 7 since they are coupled with the basic coupling.
Indeed both E and 7 have at most B — A particles each, so we will have with probability at least
1 —cte M that

|hp(z; 1) — hy(x;8)| < 2K 4+ M forall x € Z. (3.15)

By a union bound, with probability at least 1 — ¢~ *(e=<T 4 ¢=¢M) both events (3.13) and (3.15)

take place. On this event it holds for all z € [A + % + 1, B] that

by (2,n) — he (2, )| < |hr(z,m) = he(2,7) + he(2,§) — h(z, €) + he (2, 7) — hr(2,€)]
< ’hT(ZL‘,’I]) - hT(xam - hT(xvg) + hT(x7§>| + |hT($7m - hT(xagN

= | = ho(B,n) + ho(B,&)[ + |hr(x,7) — hr(x,8)]

<K+2K+M=3K+M,

where we are used a triangular inequality, (3.13), (3.15) and that | — ho(B, 1) + ho(B,&)| < K by

the assumption on the height functions at time 0. [

Remark 3.2.10. The factor 3 in the term 3K + M in the previous step is an artifact of Proposi-
tion 3.2.6 being stated only for height functions which are 0 far enough to the right. This restriction
could be removed, which would remove the factor 3. However, for our purposes the above is suffi-

cient.

This property will be used in Proposition 3.7.2, to show that if a stochastic six-vertex process 7
is close to its hydrodynamic limit at time S, it will still be close to its hydrodynamic limit at time
S + T with high probability, even conditioned on its full configuration at time S.

Finally, the stochastic six-vertex model has the following two symmetries which are often used

together.
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Proposition 3.2.11 (Particle-Hole Inversion). If we interchange all particles and holes in a stochas-

tic six-vertex process, we obtain another stochastic six-vertex process, but with by and by swapped.

Proposition 3.2.12 (Space Inversion). If we exchange the two coordinate axes in a stochastic six-

vertex process, we obtain another stochastic six-vertex process, but with b, and b, swapped.

Proof. Both of these can be seen by looking at what happens to the six configurations in Figure

3.1 under this inversion. ]

Using both of these symmetries on the quadrant, which is symmetric with respect to the line
xr = t, we obtain a symmetry of one stochastic six-vertex model with itself. In particular one
can see that the law of the stochastic six-vertex model started from step initial conditions on the
quadrant is invariant after applying both inversions. Furthermore, the step initial condition with a
single particle coming in at the origin from the left is dual to step initial conditions with a single
particle coming in at the origin from the bottom. Therefore it suffices to prove the main theorem

for this kind of initial condition.

3.3 Number of overtaking third-class particles

The purpose of this subsection is to prove Theorem 3.1.6 which will allow us to control an

individual second-class particle by controlling a large number of third-class particles.

Proof of Theorem 3.1.6. As stated we will condition both on the paths of the first-class particles
and on Z and prove the statement for any given realization of these. After conditioning on the paths
of the first-class particles, one can run the stochastic six-vertex dynamics as follows: Assume all
vertices (z,t) with ¢t < ¢, and © € Z have already been updated. Let zy, = Z; (M) and
Tmax = Z1,(0) be the position of left-most and the right-most second- or third-class particles,
respectively. Since we have conditioned on the paths of the first-class particles, the configurations
of the vertices (z,ty + 1) for z < w;, are already determined. Starting with x = x,;, one can
update each vertex (x,t, + 1) sequentially. The only time the result of this update is random

is when the incoming particles are the second-class particle and a third-class particle. All other
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updates are determined by either the paths of the first-class particles or Z. Therefore after updating
(Zmax, to + 1) all remaining vertices (x,%y + 1) are determined. One can then continue with the
next line (x,tg + 2).

Using this system of updating we will redefine L; to refer to the number of third-class particles
to the right of the second-class particle after ¢ updates have been performed. The sequence L,
where ¢ now refers to an update is a refinement of the original sequence L; indexed by times ¢
since there are (potentially) multiple updates performed between times ¢ and ¢t + 1. Therefore,
proving that L, is dominated by Geo(q) for the refined sequence of updates will give the desired
result for times t.

How can L; change when updating a vertex? It will only change when the incoming particles
are exactly a second- and a third-class particle. In this case, the two incoming particles must be
in positions Z;(k) and Z;(k + 1) for some 0 < k < M — 1 and L, is either k or k + 1. Then L,

changes in the following way:
e If L, = k, then L; 1 = k + 1 with probability b, and L;,, = k with probability 1 — b;.
e If L, = k + 1, then L, = k with probability b, and L,,; = k + 1 with probability 1 — bs.

Now let us see how the law of L, evolves. We will identify laws on {0, 1, ..., M} with vectors
in RM+1! and write (€;)o<i<m for the standard coordinate basis of this space. The law of L is given
by eq since L is deterministically 0. Let S(¢) denote the collection of updates at which the two
incoming particles are both either second- or third-class particles, which is given by Z. By the

above observation, the law of L, is given by

IR S (3.16)

kesS(t)
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where the matrices P are given by the transition rates above, i.e.

1—b
P, = !
by

ba
1— by

(3.17)

To understand this product we introduce a new basis (Vi)ij\io. Let v; be the vector corresponding

to the law of the random variable min(i, G) where G ~ Geo(q), i.e.

p

(1—q)¢" ifk<i

g ifk =i

\

0, if k> 1.

(3.18)

This basis satisfies the following relation with the matrices P for all 0 < k¥ < M — 1 and

0<j<M:

p

Vi

it £k k+1

kaj = (1 — bQ)Vk + b2Vk+1 lf] =k

\

blvk+(1_bl)vk+1 lf] :k—l—l

(3.19)

To see this, first recall that ¢ = Z—; so that ¢b, = b;. We now check each of the three cases in

(3.19):

1. 7 # k,k + 1: Since P, is equal to the identity matrix in all rows except k and k + 1

(Pyvj)i = (vj); fori # k,k + 1. For j < k, we have (v;); = (v;)r+1 = 0 and therefore also
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(Pyvj)i = (v;); fori =k, k + 1. For j > k + 1, we have (v,);4+1 = ¢(v,); and therefore:
(Pevj)i = (1= 01)(vj)k + 02(V)err = (1 = by + qb2) (Vi) = (V)i (3.20)

and

(Prvi)itr = bi(vj)r + (1 = ba)(Vj)rt1 = (% +1— b2) (Vi)k1 = (Vi)kt1- (3.21)

2. j = k: We have (v;)r = ¢* and (v;)xs1 = 0. Therefore,

Pyv; 1—-0 b ¢~
(Fivide | _ b (3.22)
(kaj)k—i-l bl 1-— bQ 0
by [ (1—a)d" by(1— ¢*
_n ( ) n (1 by — 1 Q)) (3.23)
q qk+1 q 0
(1-q)q" ¢*
qk+1 0
This suffices since (v,); = (vi41); for j different from k, k + 1.
3. 7 = k + 1: The calculation is similar to the one above and we omit the details.
Returning to the law of L;, we can write it as
M
> Ali)vg (3.25)
=0

for some random coefficients \;(7). Using (3.16) together with (3.19), we see that for any time ¢,
the vector ), is the law of a random variable on {0,1,..., N}. Letting X be a random variable
with this law independent of G ~ Geo(q), we see that L, is equal in distribution to min(X, G),

and therefore is dominated stochastically by GG. This proves the statement.
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Note that M being finite was only used to define the vertex by vertex updates. This assumption

can easily be removed. O

Remark 3.3.1. The proof shows that the law of L is equal in distribution to the law of the minimum
between a geometric random variable and a process X,;, which behaves in the same way as Ly,
except that by and by are reversed. This seems to be some kind of duality statement. It would be

interesting to see if this is a specific case of some more general duality.
We can also obtain a dual statement to Theorem 3.1.6:

Corollary 3.3.2. Let (1;); be a multi-class stochastic six-vertex process with the following initial

conditions:
» There are some first-class particles (finitely or infinitely many).
» There are M second-class particles.
» There is a single third-class particle, to the left of all second-class particles.

Let L; be the number of second-class particles to the left of the third-class particle. Then condi-
tioned on the paths of the first-class particles, and the joint paths of the second- and third-class

particles, for any t > 0 the random variable L is stochastically dominated by Geo(q).

Proof. In the initial configuration, there are four classes of particles: {1,2,3,00}, (recall that
holes are considered particles of class co). We invert the order of classes so that particles of class
1 become holes, holes become particles of class 1, and the second and third-class particles swap
class. Doing this and swapping the = and ¢ coordinates, we obtain a stochastic six-vertex model
with the same parameters b; and by by Propositions 3.2.11 and 3.2.12. This is now a stochastic
six-vertex process on the domain Z-, X Z, i.e. the right half plane, which can be defined in the
same way as the stochastic six-vertex model on the line. The boundary conditions obtained after
these transformations satisfy the hypothesis of Theorem 3.1.6, with the third-class particles being

above the second-class particle. The proof then goes through without any changes. [
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Remark 3.3.3. While we stated Theorem 3.1.6 and Corollary 3.3.2 for the stochastic six-vertex
process on the line, they can also be stated for the stochastic six-vertex model on domains whose
boundary is a down-right path. Since the proof takes a vertex-by-vertex approach, it will carry

through with minimal changes.

3.4 Effective hydrodynamic estimates

The purpose of this section is to prove Propositions 3.1.7 and 3.1.8. Before doing that, we
combine them to prove the following theorem:

Recall that H (X, T") refers to the height function of a stochastic six-vertex model on the quad-
rant with step initial conditions and that g(z) = g(z,1) is the limit shape of the height function

(see (3.5)).

Theorem 3.4.1. For any € > 0, there exists ¢ = c(¢) > 0 such that the following holds. For any

pr, e € [k 4+ e,k — €, and forany T > 1, s € [0, T],
P[|H(Tw,T) — H(Tu2,T) — (9(p1) — g(p2)) T| > 5T1/3} <c e, (3.26)

Furthermore, the constant c can be chosen to weakly decrease in .

Proof of Theorem 3.4.1. For any 1 € [k~! + ¢,k — €] we have the following two bounds from
Propositions 3.1.7 and 3.1.8, respectively. There exists a ¢ (that will change from line to line) such

that

P[H(Tp,T) > g(u)T + sT'%] < clem’

P[H(Tp,T) < glp)T — sTY?*] <cHe ™ +e ) < 2c7le™.
Combining these two bounds, we obtain

P[|H(Tu,T) = g(u)T| > sT?] <clem,
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It follows from a union bound that

P (|H(Tp,T) = H(Tp, T) = (g(p2) — g(p2)) T| > sT"]
< P|[H(Tj, T) = gu)T| = 57| + P ||H(Tna, T) = g(ua)T| = ST

< ¢ lemes,

This finishes the proof of Theorem 3.4.1. The constant ¢ can be chosen to be weakly decreasing in

e since this is the case for both Proposition 3.1.7 and Proposition 3.1.8. [

We immediately obtain the following corollary of Theorem 3.4.1:

Corollary 3.4.2. For any € > 0, there exists ¢ = c(e) > 0 such that the following holds. For any

T > 1 and for any s € [0,T],

P max  |H(Tpu,T) = H(Tpz, T) — (9(p1) — g(p2)) T| > sT'? | < ',

p1,pu2€[k~ 1 +e,k—¢]

(3.27)

and c can be chosen to weakly decrease in c.

Proof. Notice that there are only finitely many s, satisfying k' + ¢ < p; < k — € and such
that T'yu; is an integer. In fact, there are at most 7" of them, giving at most O(T"?) possible pairs

(1, pi2). Taking a union bound of (3.26) over all such pairs yields the result. 0

Finally, we can quickly extend Proposition 3.1.7 to the case of step Bernoulli boundary con-
ditions, i.e. the incoming arrows from the left are given by i.i.d. Bernoulli(p) random variables,
while the incoming positions from the bottom are all still empty. Denote these boundary conditions
as (p, 0)-Bernoulli boundary conditions. Even though we don’t need this result to prove our main

theorem, we state it as a corollary for completeness.

Corollary 3.4.3. Fix ¢ > 0. There exists a constant ¢ = c(g) > 0 such that the following holds:

Let p € [0,1] and let H?(x,y) be the height function for the stochastic six-vertex model on the
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quadrant with (p;0)-Bernoulli boundary conditions. For any i € [k~ + ¢,k — €] and for any
T>15>0,

3
P[H(Tu,T) > g(u)T + sT'?] < cle ", (3.28)

Proof. This is a straightforward consequence of the attractivity of the stochastic six-vertex model,
by which we can couple the model with (p; 0)-Bernoulli initial data with the model with step initial
data. In this coupling the height function of the model with (p; 0)-Bernoulli initial data is smaller

at every point, and thus the statement follows from Proposition 3.1.7. [

Remark 3.4.4. Proposition 3.1.8 can also be extended to the case of (p,0)-Bernoulli boundary
conditions by restricting i € [m +e,k— 5}, since [m, li] is the rarefaction fan for
(p, 0)-Bernoulli boundary conditions. In fact, we actually prove this more general version in the

proof of Proposition 3.1.8.

3.4.1 Proof of Proposition 3.1.7

To prove Proposition 3.1.7, we will make use of a remarkable exact identity that relates the
height function of the stochastic six-vertex model to the holes of the Meixner ensemble. We can
then reduce the question of studying the tail of the height function to studying the tail for the
position of the smallest hole in this determinantal point process. We study this tail by taking
asymptotics of the associated kernel.

In this subsection, we define the Meixner ensemble, which is a determinantal point process on
Z.. We will then relate the g-Laplace transform of the stochastic six-vertex model height function
to an expectation with respect to the Meixner ensemble.

We give a brief introduction to the theory of discrete determinantal point processes. Let X
denote the state space of a single particle, which we will take to be a countable set (for the Meixner
ensemble, we will take X = Z>(). A subset X C X is called a point configuration, and we define

Conf(X) = 2% to be the set of all possible point configurations.
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We define the following Borel sigma algebra for Conf(X):
B:=0c({X €Conf(X):|[ANX|=n}:neN AC X compact ).

A probability measure P on (Conf(X), B) is called a random point process. From now on, we will
use X to denote this random point process by setting X : Conf(X) — Conf(X), X (w) = w.

We define the n-point correlation function as follows: for A = {z1,...,z,} C X, let

pn(A) = pp(x1, ...y xy) :=P[A C X].
Definition 3.4.5 (Determinantal Point Process). A random point process X is determinantal if
there exists a kernel K : X x X — R such that for all n > 1 and for all x, . .., x, with v; # x;
fori # j, we have

pn(x1, ..., x,) = det (K(a:i, z;)7 ) (3.29)

3,j=1

Let W(z) : X — R be a weight function, and let Py, P, ... be the family of orthonormal

polynomials with respect to W, i.e.,

| PP @ W) = 1.

The corresponding N -point ensemble (a random point process where P is supported on configura-

tions with exactly /V particles) is given by

P(zq,...,2x5) o< det(V(zy,...,zn))? H W (x;),

=1

Jj—1

where V(zy,...,xx) = (¢} )}, is the Vandermonde matrix, and det(V (z1, ..., 2n)) = [, (z;—

x;) is the Vandermonde determinant. An N-point ensemble generated in this way is determinantal
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with the Christoffel-Darboux kernel
Kn(r,y) = (W)W )2 Y Pule)Paly). (330)

The Meixner polynomials are a family of orthogonal polynomials on Z>,. We fix two param-

eters: 5 > 0 and £ € (0, 1), and then define the weight function W : Z~, — R:

G+ )
s

£”. (3.31)
We can then define the Meixner polynomials to be the family of orthogonal polynomials with
respect to the weight function I/. Using these orthogonal polynomials, we can define the Meixner
ensemble Meixner(N, 3, £) to be the corresponding N-point ensemble.

We use the term particles to refer to the elements of a point process X and use the term holes
to refer to elements of X \ X. Particle-hole involution is an involution from Conf(X) — Conf(X)
that exchanges particles with holes. In other words, X +— X° := X \ X. If we start with an N-
point ensemble, then particle-hole involution yields a point process with infinitely many particles.
Suppose that X is a determinantal point process with kernel K. Then X° is a determinantal point
process with kernel 1 — K.

Next, we give a brief overview of Schur measures. An integer partition is denoted as A =
(A1, Ag,...) where Ay > Ay > --- and [()\) denotes the number of nonzero )\; in the partition \.
Let Y denote the set of all integer partitions. Let x = (z1,22...),y = (y1, Y2, .. .) be two sets of

nonnegative variables. For fixed x and y, we define the Schur measure SM(x;y)(\) as a measure

on partitions A as follows:

$x(X)sA(¥)

SM(x;y)(A) := Mxy)

(3.32)

where s, is the Schur symmetric function indexed by A and II(x;y) = ), sx(x)s\(y) is the
partition function. We need to assume that II(x;y) < oo for our choice of x and y for this to define

a valid probability measure.
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The Meixner ensemble can be obtained as a pushforward of the Schur measure as follows:
Consider the Schur measure of the form SM(x, ..., z;y...,y) where we take n copies of x and
m copies of y. Using standard properties of Schur functions, it follows that this measure is sup-
ported on Y™™ {mn}) which is the set of partitions with I(\) < min{m, n}. Finally, consider the
map from Y™in{mn}) _s Conf(Zs) such that A — {min{m,n} + X, — i} Then the
pushforward of SM(z, ..., z;y...,y) to a measure on Conf(Z>) gives us the Meixner ensemble
Meixner(min{m,n}, |m — n| + 1, xy). This can be checked directly, see Proposition 8.2 in [70].

The following identity originates from [67], although we state a version written in [70]: Let
e, refer to the expectation with respect to the stochastic six-vertex model and let [Egy; denote the

expectation with respect to a specified Schur measure.

Proposition 3.4.6 (Proposition 8.4 in [70]). Take any 0 < q < 1 and k > 1 and consider the
stochastic six-vertex model on the quadrant parameterized by q and k. Consider any integers

M, N > 1. Then for any £ ¢ —q”<° we have

1 Lt
Egy 3.33

where in the right-hand side we assume that ¢*~™ = 0 for m > 0, and the expectation is with

respect to the Schur measure SM(# G2k 1q1/2, Y2 YA,

~ ~

N M-1

If M > N, then the Schur measure in (3.33) is supported on Y. We can obtain the N
particles of the Meixner(N, M — N, x~!) ensemble by taking the above-mentioned pushforward
of the Schur measure so that the particles in the Meixner ensemble are given by {\; + N —i}¥ | =
{AN_j+ ] };'\/:—01‘ On the other hand, if M < N, then the Schur measure is supported on YM-1),

‘We now have that
{Av—j + 15 =10, . N=Myu{\+ (N - M)+ M-}y

This gives us the M — 1 particles in Meixner(M — 1, N — M + 2, k1) each shifted over determin-
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istically by N — (M — 1) along with the addition of particles packed from 0 to N — M. In either

case, we can obtain the following identity:

Proposition 3.4.7. Take any 0 < q < 1 and xk > 1 and consider the stochastic six-vertex model on

the quadrant parameterized by q and k. Consider any integers M, N > 1. Then for any £ ¢ —q*<°

we have
|+ vt 1
Es =Ex . (3.34)
H 1+ &g/ g( 1+&q°
where in the left-hand side we assume that ¢*~™ = 0 for m > 0 and the right-hand expectation is

with respect to the point process

Meixner®(N, M — N, k™) ifM >N
X ~ (3.35)

N — (M —1) + Meixner®(M — 1, N — M +2,x7Y) if M < N,

where for a point process X, n+ X denotes the point process obtained by deterministically shifting

over each particle in X by n, and as mentioned above, X° denotes the holes of X.

Proof. The proof of this follows from crossing out each term in the denominator that equals one
of the nontrivial terms in the numerator (i.e., a term corresponding to one of the particles in the
Meixner ensemble). All terms that remain in the denominator will correspond to holes of the

associated Meixner ensemble. L]

We now explain how we go from Propositions 3.4.6 and 3.4.7 to proving Proposition 3.1.7. We

will first need the following definition and lemma:

Definition 3.4.8 (q-Pochhammer symbol). For any complex numbers q and a such that |q| < 1, we

define (a; @)oo = [1720(1 — ag’).

The following Lemma is taken from [46] and it allows us to connect the g-Laplace transform

of H (the left-hand side of (3.33)) with the tail probability of H.
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Lemma 3.4.9 (Lemma B.7 in [46]). Let A be a real-valued random variable, q € [0,1) and b € R.

Then,
P[A < 0] <2- (1—E [(—qA;q);D, (3.36)
[ 1] et/ . PIA > ], (3.37)
[ 1+ ¢*) 1} P[A > —b] + ¢" - P[A < ). (3.38)

Remark 3.4.10. While in the statement of Proposition 3.1.7 we consider a height function of
the form H(Tu,T), for the remainder of this section we will work with the more general form
H(Tu, Tv) in order to highlight that many of the formulas that we will use in our analysis will have
some symmetries in [t and v. In the end, we will simply take v = 1. This does not actually reduce
generality, since any appropriate H(M, N) can be obtained by taking T = N and = M/T.

The constants in this section are allowed to depend on k freely, but can be chosen to be uniform
inpand v aslong as k' +¢ < pu < k — e and v = 1 (Any other compact set bounded away
from the two lines & = k"t and L =k would also work). In particular, this will also be true for

all implicit constants hidden in big O notation terms.

Take M = Tp, N = Tv, and £ = ¢ T—T""* Then using (3.37), with A = H (T, Tv) —

g(u, V)T — sT'/3 and b = 0, we obtain

1
P [H(Tp,Tv) > g(u,v)T +sT°] < e V0D oy | | sy (3.39)
o 1+ &gt
1
— VN g 3.40
! S -

where the point process X is defined as in Proposition 3.4.7. We can estimate the last product
by dropping all terms in the product except for that corresponding to the smallest hole x;. More

precisely, since all the terms in the product are at most 1, we have
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1 1
E < . 3.41
XH1+§QI_1+561“ G40
zeX
Using (3.38) with A = z; — g(u, )T — sT"/% and b = STQW, we see that
1 T/3 orl/3 T1/3
<Ploy> gl )T+ 2| + ¢ P oy < g(u, )T + 2 (3.42)
L+ &gm
T1/3 sT1/3
g]P’[xl>g(u,u)T—|—S 5 }Jqua : (3.43)

So in order to obtain an upper bound on P [H(Ty, Tv) > g(u,v)T + sT"/?], it will suffice
to obtain an upper bound on P [ml > g(p,v)T + #] Let us denote the holes of the Meixner
ensemble by 1, x5, .... We know that A\ has at most /N nonzero parts. If there are only £ nonzero
parts, then A\;1q,..., Ay = 0, so there are N — k& Meixner particles at positions 0, ..., N — k — 1.
Therefore, the smallest hole z; will occur at position N — k. It follows that /(\) = N — x;.

Equivalently, we have
ry =N —L(N). (3.44)

It follows from (3.44) that

ST1/3
2

sTY/3

Plzy > g(u,v)T + 5

} =P [—E(/\) > (g(p,v) —v)T + (3.45)

According to [67, In the proof of Theorem 6.1] we can represent the tail probability P [—¢(\) > h]

as a Fredholm determinant. We first recall the definition of a Fredholm determinant:

Definition 3.4.11 (Fredholm Determinant). We define the Fredholm determinant of a kernel K :
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Z x7Z — Ras

det(Td+K) =1+ Z oD det[K (wap)ly

T1yeeny TR EZL

We then have
P[—£(\) > ] = det(1 — K) g1,y := det(1 — I, KTI,). (3.46)

where K is a correlation kernel obtained as a dual of the kernel for the Meixner ensemble and I1,,
is the projection from ¢*(Z) to ¢*(h,h —1,...).
We can write out K explicitly as (see [67, Equation (6.1) and the subsequent paragraph in the

reference])

— L M-1
Rz VE =2 (VE —w) dzdw

VE =21 (Ve —w HN (w — z)zxHwy

(3.47)

where z,y € Z and the integrals are taken over positively oriented circular contours with 1/y/k <
|z| < 1 < |Jw| < y/k. Note that our integrand has poles at 0, 1/1/x and +/k, so the contours are
chosen so that they do not pass through the poles.

To estimate the Fredholm determinant in (3.46) we will use a technique known as Widom’s
trick first used in [68, Lemma 1]. It consists of the observation that for a kernel K with eigenvalues
in [0, 1] it holds that

det(1 — K) < exp(—Tr(K)). (3.48)

The following lemma checks that the operator Hh[? I1,, satisfies this condition.

Lemma 3.4.12. The operator 11, K11, has real eigenvalues (11;) ;=0 all of which are in [0,1] and
hence

det(1 — I, KII,) < exp(—Tr(I1,K11,)). (3.49)

Proof. Let I(x,y) = 1,-, be the identity operator and K as in [67, Equation (6.1)]. As noted

in [67, Below Equation (6.1)] the operator K satisfies K = I — K. The operator K is related to
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the Christoffel-Darboux kernel Ky (see (3.30)) associated to the Meixner ensemble via a gauge
transformation, see Theorem 3.3 and Lemma 3.5 in [171]. Since [ is invariant under gauge trans-
formations, this also means that K is related to I — K N Vvia a gauge transformation. The operator
K 1s a projection operator since it is a Christoffel-Darboux kernel. Therefore, I — K is also
a projection operator and finally K as well, since a gauge transform of a projection operator is a
projection operator. After the gauge transformation, th( IT;, becomes self-adjoint, so the eigen-
values are real and non-negative. Since we have now also seen that this operator is a composition
of projections, the eigenvalues are at most 1. Since 1 — z < exp(—=x) for z € [0, 1] this implies

(3.49). O

Therefore, obtaining an upper bound on P[—¢()) > h] reduces to obtaining a lower bound for
Tr(Hh[? I1,,). Similar kinds of bounds were obtained for other kernels in e.g. [68, 169]. We first

compute this trace in the following lemma.

Lemma 3.4.13. We have

T KT = s f  exn(T(Gae) = Gutu)) 2. (350)
where
Go(z)=vin(Vk—2") —pln (VK —2) — zn(z) (3.51)

and we have reparameterized M, N and h as

TI'(Hh[?Hh) =

! (Ve =2V (Ve —w)M ! rwNd dedw
j{j{(\/ﬁ—z)Ml (Vi —w-H)N <_) m

z
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Since |w/z| > 1 by our choice of contours, we can sum w/z from —oo to i which yields

) = o f (e s ()

Finally, we can rewrite the integrand in exponential form to obtain (3.50). U

The function G has the following two critical points:

. ptvt et/ —Aspt o)t a) + (ptv+ (s + D)’

z; = 3.52
‘ NGRS (3.52)
We can see that these two critical points are equal if we choose z = 2 where
+ /kv)?
rE = WHE VR v. (3.53)
k—1
Note that 2, = g(u,v) — v. For x = z_, we have
2=z = —\/ﬁ v
C C /_HILL _ \/;
Denote this value as z.. For general z, we can rewrite the formula for zci as
Zci:N+V+(“+1)xi\/(”_1)2(5U_xj)($_$c_)_ (3.54)
2v/k(p + )
If 27 < x <z, then the two critical points 2= are not real. Then it holds that
25 = (3.55)
w+x

The following lemma describes how this function behaves around (z, z.).

Lemma 3.4.14. The function G, (z) satisfies:

G/H,(Z’):2W(\/__ VPJ/V)Q(\/E_ \/V/:u)z.

23(k—1)3
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As x — x_ from above we have the following:

i(1— /1_1)% (K uv)i/z — 2.
VE(Rp + v+ 2y/Fpv)
iG" (2)(1 — kD)2 (k) 1/ — 2,

VE(Rp + v+ 2/Fpv)

+O(x — ) and (3.56)

+ _
Z, = 2.+

G"(zh) +O0(x —x,), (3.57)

where the implicit constant in the big O term can be chosen independently of i € [k™' + ¢,k — €]

and x € [z, , x|, i.e. it depends only on k and ¢.

c)vc

Proof. The first two equalities are calculations, the third one is the Taylor expansion of G” in x

and z around (x| z.). N
Now that we have established all the variables at play we can state an estimate on the trace.

Proposition 3.4.15. Define s = 2(x — x)T 5. For any ¢ there exist sy, Ty and C such that for any

pelk+ern—elandv =1 anyx € [x; +2T~2/3 0] and any T > T, it holds that:
Tr(Il, K11,) > Cs*/2,

. . . . N2
Here s is seen as function of h via the two equations r = % and s = (v — x,)T's.

To prove Proposition 3.4.15, we will deform the contours in (3.50) to make the asymptotic
analysis simpler. To do so we need to understand the level lines of Re(G,(z)) which pass through
the critical points z=. The following proposition describes the properties of these level lines, which

are depicted in the left panel in Figure 3.6:

Proposition 3.4.16. Let x be such that x; < x < xI. Then there are two smooth curves L, and

Lo such that:
1. The two curves only intersect at the critical points, i.e. L, N Lo = {zj}

2. The two curves are the level lines through the critical points, i.e. Re(G(2)) = Re(G.(z]))

ifand only if z € L1 U Ls.
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Figure 3.6: Left panel: the level lines £, and L,. Right panel: the contours I'; and I's.

3. Both curves are bounded simple loops.
4. Ly contains 0 and 1/+/k but not \/k, while Ly contains /k and 1/+/k but not 0.

Proof. Note that while the logarithms in the definition of GG(z) require a choice of branch cut,
Re(log(z)) is defined and smooth everywhere except 0 and does not depend on the choice of branch
cut. Let us consider the level lines through the critical points. Since the function is critical at these
points and the second derivative does not vanish, there are exactly two level lines emerging, which
intersect each other at those points. These cannot intersect at any other points, since the intersection

points would again be critical points of G,.. For z with |z| large it holds that

Re(Ga(2)) = —(p + 2) In(|2]) + vIn (V) + o(1). (3.58)

Since for x > x_ we have ;1 + x > 0, the level lines must be bounded.

Considering Re(G.(z)) on the real line, we see poles at 0, 1/4/k, and y/k, where this function
converges to +, —, and 400 respectively. Between two consecutive poles, the level lines can
only cross once, since otherwise between two crossings there would be another critical point of
G. This means there are exactly four points dy, . . ., d4 along the real line such that Re(G.(d;)) =

Re(G(zF)) which satisfy d; < 0 < dy < 1/\/k < d3 < \/k < d4. Each of the four half-

C

172



lines emanating from one of the critical points will intersect the real line at exactly one of those
four points. Indeed the only other option would be for two of these lines to meet, but that would
create a closed level-line loop containing no pole, which would force the function to be constant
by harmonicity. A brief consideration shows that the only way to connect the half-lines gives the
description in the fourth point.

Finally, there cannot be any other points z for which Re(G,(z)) = Re(G(zZ)) since each of
those would need to lie on a closed level-line, and such a level line would need to surround a pole

+

and therefore also intersect the real line. But all points on the real line with value Re(G(zF))

already lie on the two level lines through the critical points.

]

Using these properties of the level lines we can choose contours I'; and I's, as depicted in the

right panel in Figure 3.6:

Proposition 3.4.17. Let x be such that x; < x < x. Then there are two simple curves 'y and Ty

such that:
1. The two curves only intersect at the critical points, i.e. T'y N Ty = {2}, 2. }.

c )¢

2. At the critical points the two curves intersect perpendicularly and in the direction of steepest

ascent and descent respectively.
3. The two curves only intersect the level lines L, and L at the critical points.
4. Both curves contain 0 and 1/+/k but not /.
5. On Ty, the function G, is always larger than G, (z} (x)). On Ty it is always smaller.

6. There exists an v = r(k) such that for w € 'y and z € Ty, the inequality |w — z| <

1, . .
2 implies that either

r(z—x)

lw— zF| < 2r(z — xc_)% and |z — 2}| < 2r(x — xc_)%
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or

lw— 2| <2r(z — 5’75)% and |z — z_ | < 2r(x — xg)%.
Furthermore 1 can be chosen such that 4r(x — x7)2 < |zF — 27| for all € [z, 0.

Proof. Let us first consider the steepest descent/ascent curves through the critical points. These

are given by the level lines of Im(G,(z)). They cannot cross £; or Ly at points other than the

+

critical points z7-. Along these curves, the real part is strictly increasing/decreasing, therefore
these curves must end at the poles of G,(z) which are at 0, k2, and k2. By considering the signs
of the poles one can see that the steepest descent curve (which is in the region where Re(G,,) is
positive) connects the pole at 0 to the pole at r2. The steepest ascent curve connects K72 1o 00.

By considering small circles K, Kﬁ_% , Kﬁ% around each pole and a large circle K, around
the origin, we can construct the contours as follows: The curve I'; is given by the steepest descent
curves through the critical points until those hit the circles Ky and K e Then it follows those
circles such that it contains 0 but not x2. The curve 'y is given by the steepest ascent curve until it
hits K, and K b where it similarly follows the circles such that it includes 0 and K72,

By considering (3.58) and (3.55), one can see that the choice of circle can be made indepen-
dently of 1 and x. Indeed one can see that Re(G(z..)) depends continuously on i € [k~!+¢, k —¢]
and x € [z, x}] and is therefore bounded uniformly in absolute value, with the bound depending

only on k. Around each of the poles, one can also find a uniform lower or upper bound depending

on the sign of the pole. For example, around 0 one can bound:

Re(G,(2)) = vIn(|vk — 27Y|) — pIn(|v/k — 2|) —2zIn(|z]) = (v +2)In(]2]7Y),  (3.59)

where for |z| small enough the implicit constant depends only on . The prefactor v + = =
@ is bounded below by a constant which only depends on x and . Therefore one can find
a radius small enough, depending only on « and ¢ such that for Ky, a circle of this radius, and
z € Ky, we have Re(G,(2)) > Re(G(z.)) + 1forall p € [k ' + ¢,k —¢land x € [z, z]]. In

crvc

particular, this ensures that 2 is outside this ball around 0. With very similar arguments one can
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determine the radii of K 1, K ; and K, such that for all z and p, the values of Re(G,(2)) on
these circles is respectively larger, larger and smaller than the value of R(G,(z])).

For the last point, we will actually show the following stronger statement: There exists an
ro = 7o() such that for all r < ro, p € [s™' + &,k — €], and = € [z, 0] it holds that for w € Ty

and z € I'y, the inequality |w — z| < r implies that either
(|lw—2' <2rand |z — 2| <2r)or (jlw—2z,| <2rand |z — 2| < 2r).

This implies the desired statement.

To prove this, first consider fixed z € (z_,0] and 1 € [x~! + &, k — €]. Since the two curves
only intersect at z and z_ and intersect there perpendicularly, there exists an 79 = 7o(x, i1, k)
such that for all » < 7, the statement holds. For x = z, the two critical points merge into a
double critical point, and I'; and I'; deform in the following way. The part of I'; that connects the

critical points to K

1 deforms into a piecewise continuous curve, which has a 27 /3 angle at the z,
K

and leaves this point in the directions ¢™/3 and e~™/3 The part of I'; which connects the critical
points to K becomes straight lines connecting z. to K, parallel to the horizontal axis. Similarly
I's deforms into a straight line segment connecting 2. to K, 1,2 and a piece-wise continuous curve
which goes through z. at a 27/3 angle, in the directions ¢?™/3 and e*™/3. See Figure 3.8 for the
level lines of a double critical point that appears in the proof of Proposition 3.1.8 for an illustration
of what this looks like.

Since these curves still only meet at z. at a /3 angle, there is an 7y such that the statement
holds for x = z.. Since I'; and 'y deform continuously in z € [z;,0] and u € [~ + &,k — €],

one can find r by taking a minimum over all 7o. Decreasing r further one can obtain 4r(x —

x7) < |zh -2

, which guarantees that w and z are indeed close to the same critical point when

lw— 2| < rlz—a7)z. O
Proof of Proposition 3.4.15. For clarity, we divide the proof into several steps:

Step 1. Decomposing the trace into two parts: Recall that in our original definition of
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R Y T T

Figure 3.7: An illustration of how we pick up residues when deforming the original circular con-
tours into I'y and I's.

WY

K in (3.47), we started off with two positively oriented circular contours for w and z such that
1/vVE < |z| <1 < |Jw|] < /k. We will now deform these two circular contours into our new
choice of contours I'; and 'y, respectively.

Originally, the z contour is nested inside of the w contour. When we deform the z contour into
Iy, part of it will cross through the w contour, see Figure 3.7. Therefore we will pick up some
residues since our integrand has a pole of order 2 at z = w due to the term —— (=5 ) . After doing this

deformation, we can decompose Tr(HhK I1,,) into two parts as follows:

LRI = |5 o, evric. e<w>>%}
[ (2mi)? f}ie@ Gx(w))% , (3.60)

where I'; and I'y are the contours given in Proposition 3.4.17, C is an arc connecting z;" and z_ and
intersecting the real line between k~2 and H%, and I';5 is a contour around this arc, intersecting the
real line only between k2 and K2 (i.e. not including any pole other than z = w). Denote the first
expression in (3.60) as I; and the second one as I5, such that Tr(th(Hh) = [, +I,. Here I; needs
to be interpreted as a principal value integral due to the quadratic singularity at the intersection
points. /5 accounts for the residues picked up in the above-described deformation.

Step 2: Estimating /,: In this step we show that there exists a constant C' = C(¢) , such that

I, > ng/ % Let f,(z) := 2IC:E)-6+w) jging Cauchy’s residue theorem for a pole of order

(w=2)

176



2, we can compute

1
]2 27m /% fw dZdU} = _2_7'('2 CRCS(fw, ) (361)
1 /
=5 CTGm(w)dw (3.62)
2me

Since zZ(y) are critical points, and since only one term in G,, depends explicitly on y, we can

compute

Atz , we have 2 = 2, so we can add and subtract G- (z;) = G- (2 ) to get

Ga(2) = Galzr) = (Ga(2]) = Gop (2) = (Galz) = G (20)) (3.64)
(W)

This integrand is purely imaginary since we are taking the log of the ratio of complex conju-

gates (which has modulus 1). Therefore, when we divide by 27 we will get something real. We

zd ()

ze (y)’

now estimate the integrand. Since the modulus is 1, the integrand is just the argument of

which varies along the unit circle clockwise starting at 0.

Let us define the new variable v = (y — x7) and also define
Z(0) = ZW) _ ptv+(E+Dy+ V(512 — a5y — =)
W ptr+E+Dy— (s —1)2y — o)y — ;)
_ pt v+ (R D@+ a7) +oy/(k = 1)2(0* + 2 — )
p v+ (D2 +ag) —vy/ (k=120 + ;- xf)
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Note that Z(0) = 1, so that
Z() =1+ Z'(0)v + O(v?

where
—i2(/{ _ 1)3/2H1/4(g)1/4
V2 [RY2(B)2(k + 1) — (14 &)k]

Z'(0) =

We can see that the numerator above is bounded for £ € [k~! + ¢, k — €]. We can also see that the
denominator is zero precisely when £ — k! or P — k and is positive between those two values.
Finally, note that Z’(0) is purely imaginary and Z’(0) > 0. It follows that there exists C' = C'(¢)
such that 7'(0) > C'forall p € [k ' + ¢,k —¢]and v = 1.

It follows that

and that

/x o (Ei;) dy = Z'(0)(x — 27)*2 + O((x — a7 )?)

where the O(z — )% is uniform in p. Plugging this back into (3.63) and (3.65), we conclude that

x +
=L ["n (Z (y>> dy > CT(x — 22 )2 (3.66)

= OT(sT*/%)?

= (%2
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for some positive real constant C' depending on €, which changes from line to line.

Step 3: Estimating /,. In this section, we show that the integral /; defined above is bounded
uniformly in z, i.e., there exists constants C, Tj, so depending on ¢, such that |I;| < C for all = in
(27 + soT~3,0] and T > T,

Consider first the part of the integral I, where |z — w| > r(z — 2.)2, where r is defined as in

Proposition 3.4.17:

1 B 1|z—w\zr(x—zc)%d2dw
G B ePTC(e) — Gy e

This integral we can bound by taking absolute values and the triangle inequality to obtain

(- xc;r2(27)2 7§ jé exp(T'(Re(Go(2) — Go(w))))dzdw.

This integral has no singularities and can be split into the product of two integrals, each of which

c

can be treated using the method of steepest descent. Each of them gives a contribution erh)
o (ze

for T large enough. Combined with the prefactor we obtain the upper bound

1
(z—xc)r2(2m)2°
TG (D)2 (e — )™

3
By Lemma 3.4.14, this is of order % S 363/2 and therefore O(1).
Proposition 3.4.17 states the following. For small but fixed r, all w € I'; and z € I'; such that

lw — z| < r(z — x.)?, satisfy either

D=

lw — 2| < 2r(z — xc)% and |z — 2| < 2r(z — x,)

or

lw— 2z | <2r(x — xc)% and |z — 2z, | < 2r(z — a:c)%,

1.e. they are both close to the same critical point. By symmetry it suffices to consider both w and
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z in the ball around z of radius 2r(z — z.) 2. Denote this ball by B. Let us Taylor expand around

our integrand.

exp(T (G (2)~Golw) = xp (FTCUCD((: = 52 = (w = ) ) (L4O(T a2
(3.67)

where the big O constant depends on ¢, but not on = or 7'. Let us first consider the contribution of

the big O term on the right. After taking absolute values we have to bound

f j’{ T(|z = 2P+ |w—zF ) exp <1TRe(Gg(zj)((z R (w— Z;y») _dzdw
rinB Jr.nB 2

w—2*

. . ., . . 1 o 1
Since our contours meet at a right angle at the critical point, we have el = 0 <—\z—zj|2+\w—zj|2>

and the integral is bounded by

7 [ [+ lohes (~gricnE0l-2 - ) dzdw<ﬁ 05 ).

N|w

For the other part of (3.67) we use a change of variables z = zI + & /\/TG"(z}) and w =

2zt + & /\/TG" (=) which yields the principal value integral:

/ | / R 51 P~ ) e g,

where fl and fg are contours crossing at the origin with fl vertical and fQ horizontal there. This
is clearly bounded away from the origin. Close to the origin the exponential can be estimated by 1
up to an O(1) error, and the resulting principal value integral is also of order O(1).

Combining the above estimates, one obtains that /; is O(1). Combining this with (3.66) one
obtains that

TI'(Hh[?Hh) =1L+ 1> CS%

for a different constant C, using that s > s, to absorb the O(1) term. O
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We now prove Proposition 3.1.7:

Proof of Proposition 3.1.7. Combining Equations (3.40)-(3.46) and (3.49) and setting v = 1 and

h as
sT/3 sTY/3
h=(g(p)— T+ 5 =z, T+ 5

we have that

S ]-/3 sT1/3
P [H(Tp,T) > g(u)T + sT°] < etV (P {—6()\) > (g(p) — 1) T + TQ 1 + qJ>

(3.68)
~ sT1/3
— o U(a-1) (det(l — I, K1I,) + q2> (3.69)
~ sT1/3
< e~ 1/(a=1) (exp(—Tr(HhKHh))+q 3 ) , (3.70)

By Proposition 3.4.15 there exist constants C, Ty, and sy depending on ¢ such that for s >

so, T > Tpand x € [z, + 2T-%/3 0]:
Tr(Il, K11,,) > Cs*/2.

Noting that x is given by

h sT—2/3

l‘:f:.’l[/‘c—F 2 s

the restriction « € [z, + 27230 is equivalent to s € [sp, —2T3z7]. For s in this range,

applying Proposition 3.4.15 to (3.70) yields

sT1/3

P [H(Tu,T) > g(u)T + sT°] < e V@ (exp(—ng) +q 7 ) < e texp(—cs?).
3.71)
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For s > —2T%x; we have
g(WT + sT3 > (x; + )T —2Tx, =T(1—z,) > T.

Since H(uT',T) can be at most 7', for such s the left-hand side of (3.71) is 0 and therefore (3.7) is
trivially satisfied.

In summary, we have proved Proposition 3.1.7 for all s > sqand all 7' > Tj. For fixed T' < Ty,
the statement is trivial for s large enough as the left-hand side is 0 if g(u)7 + sT3 > T. Thus by
increasing s, the statement holds for all 7" > 1 and s > s,. By decreasing ¢ such that c™le=* < 1
for s < s the statement holds for all 7" > 1 and s > 0. That c can be chosen weakly decreasing in

¢ 1s easily checked by checking that all constants in the above estimates depend continuously on

E. O]

3.4.2 Proof of Proposition 3.1.8

The goal of this section is to prove Proposition 3.1.8.

Remark 3.4.18. Again, it suffices to prove the statement for T' > Ty and s > sq for some Ty and
sg large enough. For fixed T, the left-hand side becomes 0 for s large enough since the height
function is always non-negative. We can also alter the constant c to be small enough so that the

right-hand side becomes greater than 1 for all s < s.

In this section, we will closely follow the results in [69]. We start with an identity that relates
the g-Laplace transform of the stochastic six-vertex model under step Bernoulli initial data, to a
Fredholm determinant of some kernel. Recall that (p, 0)-Bernoulli boundary conditions denotes
the boundary condition in which the incoming arrows from the left are given by i.i.d. Bernoulli(p)

random variables, while the incoming positions from the bottom are all empty.

Proposition 3.4.19 (Prop 5.1 in [69]). Fix by,bs € (0,1);p € (0,1];2 € Z; and p € R. Denote
B=p/(1—=p).
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Let I' C C be a positively oriented, star-shaped contour in the complex plane containing 0, but
leaving outside —qr and qf. Let C C C be a positively oriented, star-shaped contour contained
inside ¢~ 'T'; that contains 0, —q, and T'; but that leaves outside qf3.

Let Eg, denote the expectation with respect to the stochastic six-vertex model with left jump

probability b, right jump probability by, and (p,0)-Bernoulli initial data. Then, we have that

1
= (»)
oy {(—QHP(X’T”’ZQ)J = det (Id+ K)o (3.72)
where
1 > -1 X1 T (,~13-1,,.
K@ (w,0) = j{(% wt+q) (w+q)' (87v9),
| 2ilogq 2= Jr (vlo+g)" T (w+@)T (g1 7105 0)
p—1ly,=p d
: S R E)
sin (ﬁéq(logv — logw + 27rij)> w=v

While the above is stated for p € (0, 1), we will ultimately need statements for p = 1, which is
the case of step initial conditions. For ease of presentation, we will first obtain the tail bounds for
p < 1 (see Remark 3.4.4) and extend to p = 1 by attractivity. However, the above proposition and
the estimates that follow do also extend directly to the case p = 1, see [30, Theorem 4.16].

Once we choose p appropriately, (3.72) implies a bound on the tail probability P[H?(X,T) <
—p] by applying (3.36). Let n = =% and for p € [k~! + £, k — £] we define

(R = 1) = RS

fu= (k — 1)K1/6p1/6

The function f,, appears as the scaling factor in the convergence to Tracy-Widom GUE fluctuations,

see [30, Theorem 1.2]. We then define for s > 0:

pr = sf, T3 — g(u)T.

We will now study asymptotics of the kernel K?7, closely following section 6 of [69], but
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adding in control of the decay in s as well, since in [69] they treat s as a constant. Our first step is
to rewrite the formula for the kernel K (P7) in an exponential form that utilizes the explicit form we

chose for pp. Plugging p = pr into (3.73), we obtain

K(PT) (w7 w’

exp (T'(G(w) — G(v)))
21logq Zﬁsm (log q)~*(2mij + logv — log w))
('8 'v1q)
(¢ 187 wiq)
v\ SfuT'3 dv
()" T

w v(w —v)’

X

where we define

G(z) = plog (k12 + q) —log(z + q) + g(u) log .

Next, we Taylor expand G around its critical point: We compute its derivative

G/ - WLz v)

k=1 z(z+gr)(z+q)

with
w_q(ff—\/ﬁ_u)
=T

Therefore, v is a critical point of GG, and we have G” (1)) = 0. We also have

" o (\/_ 1)5 fu
) = B )= ) 2<w>'

Putting this all together, the Taylor expansion of GG can be written as

G(z) = G () = % (WY 4R (W) , (3.74)
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Figure 3.8: The solid lines represent the contours I' and C, and the dashed curves represent the
level lines of Re(G(z)).

where R is the remainder. By Taylor’s remainder theorem, we have

R(W) =0 (Jz—9[") as|z—¢| =0

This remainder can be bounded uniformly for k! + ¢ < p < x — . Note that G"(¢)) = 0
at u = k=t and G”'(v))) = oo at u = k%, so u being bounded away from x~! and x is really
necessary for uniformity.

We now need to choose contours I' and C. We use the contours defined in [69, Definitions
6.2-6.5], which will take the following shape. The contour I' will consist of two parts: a piecewise
linear part I'") and a round part '® that connects the endpoints of I'"). Similarly C will consist of
two parts C'Y) and C®, where CV) is piecewise linear and C® is a round part connecting the end

points of V).

Definition 3.4.20. For a real number r € R and a positive real number w > 0 (possibly infinite),
let 20, -, denote the piecewise linear curve in the complex plane that connects r + we ™3 to r to
r+we™/3. Similarly, let U,  denote the piecewise linear curve in the complex plane that connects

r 4+ we 2™/3 o 1 to r + w2/,

The contours C and I" look as follows:
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o C = Wy, - and re = R FrIT1/3 0 for some sufficiently small @ (independently of

T).

 C? is a positively oriented contour from the top endpoint ¥» + we™/3 of CV to the bottom
endpoint 1) + ce™/3 of C1), and T'® is a positively oriented contour from the top endpoint

=1 f T34 we?™/3 of IV to the bottom endpoint ¢ + ¢ f, T~/ + we=2m/3 of T,

s Wetake C =COUCP and ' =TW uT®),
See Figure 3.8 for a depiction of these contours.

Proposition 3.4.21. The contours I and C satisfy the following properties: The contour I is pos-
itively oriented and star-shaped; it contains 0, but leaves outside —qr and qf. Furthermore, C
is a positively oriented, star-shaped contour that is contained inside qT'; that contains 0, —q
and T'; but that leaves outside qf3. Furthermore, there exists some positive real number ¢, > 0,

independent of 'T', such that

max { sup Re(G(w) — G(v)), sup Re(G(w) — G(v)) p < —c1,
weC wee®
velr(® vell

where c; depends on ¢, but is uniform in L.

Proof. These properties are all stated in [69, Definition 6.3, Lemma 6.6, and Lemma 6.13] except
for the uniformity of ¢;. This uniformity follows from the uniformity of G and ¢ in pu € [k™! +

g,k — ¢l O

By Proposition 3.4.21, I" and C satisfy the necessary conditions stated in Proposition 3.4.19. We
can now analyze the kernel & := K1) for the different cases where v, w belong to the different
components of these contours. The first case is where w € C™") and v € I'™. In this case, both w
and v are close to 1). The second case is where either w € C? or v € I'®, Let K (w,w') be the
same kernel as K (w,w'), but where we replace the contour I with I'("),

1/3

We perform a change of variables to zoom in around ¢: Leto = ¢ f =13 and set
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For any contour D, set D = o~(D — 1). In particular, we have

— —

cl) = QU(),w/0'7 r = mfl,w/o'-

Notice that as T" — oo, we have

—

E(T) — wo,ooa F(l) — m—l,oo/cra

each of which consists of a pair of rays emanating from 0 and —1 respectively.
The only difference between K and K is that for K we are integrating over the contour ro
and for K we are integrating over the contour T. The following lemma will deal with estimating

these two kernels.

Lemma 3.4.22. There exist positive constants ¢, C and Ty all depending on € such that for T > T

we have

K(w,@) — K(©, @)

<clexp (—c (T + |w]))

forall w € CO and @ € CU W) o

forall ® € C@ and @ € C U W .«..
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forallﬁeal\)and@’ eC.

Combining the above items, we can conclude that
|K(w,@")| < ¢ "exp (—c|@]* — cs) + ¢ exp (—c|@]® — cT) (3.75)

forall @ € C and @' € C.

Proof. The proof of the first two items is the content of Corollary 6.14 in [69]. For the proof of
Item 3 we write out the formula for kernel K (@, @) in terms of the variables @, @', and ¥, using

the fact that o = 1, 'T~*/% as well as the Taylor estimates in (3.74). We have

K(@,@) = oK (w, w')
o ]{ exp (T (G(¢ + ow) — G(¢ + o0)))
2ilog q o sin (7(log q) =1 (27ij + log(¢) + 00) — log(¢) + ow)))

('8 (Y +00);q)
(171 (Y + ow); ) o

X

( Y+ U@)Sf“Tl/3 odv
X S
U+ o0 (¥ + 00) (0@ — 00)
- exp (255 + T (R (T714%) - R (T7199)) )

- fgﬁ 2ilogg ]ze; sin (7 (log q)~1(27ij + log(1 + o~ 10) — log(1 + oy —1)))

('8 Y+ 00);q)

(187 + oW); q) o

1+ o5\ a5

% (1 n mw@) 1 +ov-10) (@ —0)

Next, we estimate each of the terms in the integrand, using Proposition 3.4.23. Multiplying the
seven bounds in Proposition 3.4.23 together, we obtain that the integrand is bounded in absolute

value by ﬁ%/\ exp (csRev — ¢(|w|® + [0]?)) . Noting that Rev < —1 for v € (1), we obtain
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r@ 1+ ||
< b e (e — el + o)
— €X CS — Cl|w v v
S i@
C
< — ex cw3—cs
< (el — )

]

Proposition 3.4.23. In this proposition, we prove estimates for the terms in the integrand of the
kernel K. There exists c = c(e) > 0 such that for T large enough, the following seven bounds hold

forallw € CY =W /6, W' € C,andv € T = V1 w0

1
— <l 3.76
1+oy~—tv =C 0 (3.76)
1
B P (3.77)
w —v| T 14 w0
1 _1~ |80t
% < ¢ 'exp (csRe(D)); (3.78)
oy 1 —1p—1/3
< (379
Tog 71 2 | (nlog 0~ @1y + Tog (1 + o979 = ST < G
o1 ~1
< : 3.80
log g sin (7(log )~ (log(1 + o¢p—10) — log(1+m/1—1@)))‘ = (3:80)
(¢ '8 (¢ +00);9), ’ SO
<c” exp w|+ v (3.81)
TR TN {121+ 1)
w3 — 63 R | ~
exp < T (R(T7'*®) - R (T‘l/%)))‘ <clexp (—g(\w\3 + |v|3)> (3.82)

Proof. The proof of all of these inequalities except for (3.78) can be found in [69, Proof of Lemma
6.12] without uniformity in p. Uniformity in p is checked in [46, Proof of Lemma C.9]. In [69],
s is fixed, and therefore they do not need estimates that depend on s. The proof of (3.78) is as

follows:
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First note that |1 + o¢p~@| > 1 for all w € C(, so that we have

-1
14 0'1/}_1@\ svo 18P0t
_— <|1
'1+aw1w _‘ oy U|
For fixed U, we have limz_,, |1 + a@b‘lﬂsw"_l = exp (sRev) . Without loss of generality let us
suppose that we choose v to be on the upper half plane so thatv = — 1+%w62”/ 3=-1- g—f—l—%

for some 0 < r < 1. Then we have

w~t r3Bwy i
2 * 2 '

4o 5=1—0opp "

If we choose w small enough then there exists a Ty such that for T > Ty, |1+ oy~ '0] < 1.
Therefore, |1 + o)~ 17)| *¥"" i increasing monotonically in T for T’ > T, and is therefore bounded

by exp (sRev). O

We will need the following definition of a Fredholm determinant on a contour, see e.g. [69,

Definition A.1]

Definition 3.4.24 (Fredholm Determinant). Fix a contour C C C in the complex plane. Let K :

C xC — C be a meromorphic function with no poles on C X C. We define the Fredholm determinant

det(Id +K)r2(c 1+Z i kk'/ /det (@i, 75)]; ;= IHdas]

We will also need the following lemma from [69]:

Lemma 3.4.25 (Lemma A.4 in [69]). We have

1/2

H dr;.  (3.83)
=1

Z\K (i, ;) [

°° 2kkk/2
!det(Id +K)L2(C) — 1| < /

Proof of Proposition 3.1.8. Combining Lemma 3.4.25 with Lemma 3.4.22, we obtain the follow-
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ing (allowing the constant c to change between lines):

|det (Id + K #7)) ooy — 1| = ‘det(IdJrK)Lz —1‘

x| =

]
=
&
B
—

This last integral is bounded above by a constant, and we can also bound (k — 1)! > 8 kk.

We then obtain
’det Id +K(pT )L2 _ 1| < Z kk/Q 1€_CS + C—le—cT)k < c_l(e_cs + G_CT). (384)

Combining (3.36), (3.72), and (3.84) we have the following: There exists ¢ = ¢(g) such that

2—1—5,!1—6]:

for all 1" large enough and for all s > 0 we have that for p € [m

P{H (T, T) < g(p)T — sf, T3] < 2 (1 — det(Id +KP7)) 2(c))

< Cfl<€fcs _i_ech)'

Due to the fact that f,, is bounded uniformly for y € [~! + ¢, k — €], we can absorb the constant
f. into s by simply substituting s — f,'s. We then get the desired bound on P[H”(T'u, T) <
g(u)T — sT'/3] for all p € (0,1). Finally, we use attractivity to obtain the same bound for step

initial data (i.e. p = 1). Chose p such that [x~! + ¢,k — €] C s + 5,5 —5|. Then we

K
(kp—p+1)
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have that forall p € [k 4+ &,k — €]:

BIH(Ty, T) < g(u)T — sT"%) < BIHA(Tp, T) < g(u)T — sT'% < (e 4 ).

T can be absorbed into the term e~ * because the left-hand side becomes 0

Finally, the term e~
if s > maxX,cu-14e k- g(1)T?/3. We can choose c to be weakly decreasing in ¢ since all constants

in the above estimates depend continuously on ¢. [

3.5 From linear trajectories to the proof of the main theorem

We can now begin to prove the main theorem. Let us recall the setup of Theorem 3.1.1. We
start a stochastic six-vertex process from step initial conditions with a second-class particle at the
origin. In this section, and in Sections 3.6 and 3.7, we always view the stochastic six-vertex model
as a particle system on the line (see Definition 3.1.4). On the line, the above initial conditions are
given by a first-class particle at every position x < 0, a second-class particle at position 0, and
holes at positions = > 0. Denote by (A:):> the single-class stochastic six-vertex process given by
the first-class particles in this process and by X, the position of the second-class particle at time .

These processes are started from the initial conditions
Ao(z) =1,.0 and Xy=0,

and (A, X) contains all the information of the multi-class process. Let F; denote the o-algebra
generated by (A, X)) until time s, for s € Z>o.

Let us now define some events, which will be vital to the proof of the main theorem.

Definition 3.5.1. Fix positive integers S and T. We define the following Fs-measurable event,

which depends on some € > 0:

PSZ{%E[Hl—l—&“,H—E]}. (3.85)

192



We also define the following Fsr-measurable events, which depend on some ~y € [0, 1]:

X
EZ = {X5+T ~ X5 > ?ST - 51—7} (3.86)

X
Ef = {XS+T - X5 < TST—I— 81_7} .

Finally, we let Eg := B3 N E3.

On the event Pg, the speed % is bounded strictly away from the edge of the rarefaction fan
so that the effective hydrodynamic bounds in Corollary 3.4.2 will apply. On event Eg, we control
how much the speed of the second-class particle at time S + 7" deviates from the speed at time .S.
In the following proposition, we choose appropriate time steps S and 7" and show the existence
of a high-probability Fs-measurable hydrodynamic event Hg upon which Eg will hold with high
probability at time S + T". The precise definition of this event will be given in Proposition 3.7.2.
We call H the hydrodynamic event since it is the event upon which at time S the height function
of A has not deviated too much from the hydrodynamic limit. We will show that the same is true

at time S 4 7" with high probability, for any possible configuration in Hg.

Proposition 3.5.2. For any integer S > 1, let T = S” for some 3 € (%, 1). For any positive
a < § — 1/3 and for any ¢ € (0, 1), there is a ¢ = c(¢,«) > 0 and an Fg-measurable event Hg
such that for all S > 1 and for v = g — g — a we have

P[Hs] > 1 —c e ™" P[Es|Fs] > (1 —c e ) pnp,. (3.87)

Note that since 7' < S, the bound on P[Hg| remains true if we replace S with 7.

Remark 3.5.3. The parameters o, 3, and ~y have the following meaning. The parameter [3 controls
the size of the time steps, with 3 closer to 1 giving larger time steps. The parameter v determines
our control on the trajectory of the particle, with larger v giving tighter bounds. For each ( we
can prove the statement of the proposition for each v < g — g and the difference between the two

is o. Therefore, small o are of interest. There is a trade-off for the value of 3. Bigger 3 gives
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. . 1p— 1 —
better control along the sequence of time steps. To see this note that S~ = Ts" HatafTgnd
this exponent is minimized for = 1. However, between the time steps, bigger [ leads to less
control, since we use a rough bound based on monotonicity between time steps. We will ultimately

set } = g, where the value 5 = g is obtained by an optimization balancing these two effects.

Before proving this proposition, let us see how it implies Theorems 3.1.1 and 3.1.2. This
largely follows [46, Section 4], especially Proposition 3.5.8, except that there a different choice of

time sequence was made, see Remark 3.5.9.

Definition 3.5.4. For Sy > 2 define (S;)m>1 and (Ty,)m>o as follows. Let T(S) = SP. Let

T, = T(Sm) and Sp11 = Sm + Thn. Note that T'(S) is strictly increasing for all S > 1.

Lemma 3.5.5. There exists constants z_ = z_(3) > 0 and zy = z () > 0, such that 2mTF <

S < z+mﬁ forallm > 1.

Proof. This follows from a straightforward induction argument, using the fact that L g +
(z,xﬁ)ﬁ — z_(z + 1)ﬁ is both positive at z = 2 and strictly increasing on [2, o] for z_
small enough (but still positive). The upper bound also follows by induction, for z* bigger than 1

and such that the inequality is true for S;. [l

Lemma 3.5.6. For each ¢ there exists a D = D(g, 3, «) such that for Sy > D the following holds

e} Tm
DS <)% > e </ hg < €/9, forallm > 0. (3.88)

m>0 m>0 m

Proof. By Lemma 3.5.5 and the monotonicity mentioned in Definition 3.5.4, S,,, > max(Sp, z_S = ).

7%+§+a

The term (z_mﬁ)”f =z_"m”~ =F  is summable since the exponent is less than —1 by the as-
sumption o < g — % Therefore by the dominated convergence theorem as D — oo this sum goes
to 0. The second and third sums are convergent since S,, and 7, grow faster than linear in m,
and therefore the sums can be bounded by geometric series. By the same dominated convergence
argument, the statement follows. Finally ng—z < ¢/4 simply follows from the fact that g—: goes to

0 as Sy goes to oo. O
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Definition 3.5.7. Define ¢,, by setting =g = ¢ € (0, 1) and

Ema1 = Em — S,

m

and note that for Sy > D(g, 5, «) all ., are positive (in fact they are greater than %5 ) by Lemma

3.5.6. Define further the event

k—1
L5, (k)= () P& nHg N Es, (3.89)

m=0
and let L, = L5, (00).

Since the constant ¢ in Proposition 3.5.2 can be taken to be weakly decreasing in €, we can
assume that the statement of Proposition 3.5.2 holds with the same c for all ¢, in the definition

above.

Proposition 3.5.8. There exists a constant d such that for all € € (0,1/4) there is a constant D

such that for all Sy > D the probability of L, is at least 1 — (d + 1)e.

Proof. Note first that the event PEm N Eg,, is contained in the event Pg;’:i, since on the event g,

it holds that ’":11 — Xsm ’ < S,.7. Using this we obtain

E

-1

PIL5, (k)] = PlPg] = p  PILG (m) N Pg N (Hg)'] (3.90)
m=0
k—1 k—1
— Y PILY (m) N P OVHG N (EG)] = Y PILY (m) N (Pgr)] (3.91)
m=0 m=1
> P[PY] — Y P[Py N (H)] — P[Py N HE' N (Es, )], (3.92)
m>0
where we used the fact noted above to observe that P[Lg (m) N (Pg™)¢] = 0. By Proposition
-1 VE %_

3.94, % converges in law to a continuous random variable on [x~', k], with density ey Ea
This density is bounded, and therefore there is a constant d such that for all Sy large enough

P[Pg] > 1 — de, for all gy. Note further that by Proposition 3.5.2, both P[Pg™ N (Hg")°| and
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P[Pg™ N Hg" N (Eg,,)¢]) are less than ¢~'e~ "=, and thus by Lemma 3.5.6 the right-hand side of

(3.90)is atleast 1 — (d + 1)e. O

Proof of Theorem 3.1.1. We already have weak convergence to the desired distribution from Propo-
sition 3.9.4, so it remains to prove a.s. convergence. We will show that with probability at least
1—(d+1)e the difference between the limit superior and the limit inferior of % is less than . This
immediately implies that this probability is indeed 1 since these events form a decreasing family
as € goes to 0. Since this holds for any ¢, the conclusion follows as the limit superior and the limit
inferior must then be equal with probability 1.

Claim: Fix ¢ > 0. There exists D such that for s, ' > D, with probability at least 1 — (d+ 1)e:

X, Xy

s s/

<e. (3.93)

Proof of Claim: Let D be large enough such that both Lemma 3.5.6 and Proposition 3.5.8
hold. Let Sy = D. For Sy < s < s let m be the largest integer such that S,, < s and m' be the
smallest integer such that s" < S,». By Proposition 3.5.8 the event LS, holds with probability at
least 1 — (d+ 1)e. Assume now that the event L3, takes place, so that in particular Es,, takes place

for all m > 0. Then

XS o Xsm S XS o X5m+1 + XSm+1 - XSm+1 XSm+1 _ XSm (394)
S S S S S Sma1 Sma1 S,
|XS - XS +1| |XS +1| Sm+1 - Sm _
< = = = ST 3.95
- Sm Serl Sm * " ( )
<2 T S-r) <4 3.96
< KE +o, | =g, (3.96)

where in the second inequality we used monotonicity of X for the first two terms, and for the third

. X c .
term we used that on Eg it holds that |SS¢++11 — }gﬂ\ < S,.7. For the third inequality we used

the event Eg,, to control | Xg, — X, ,|and that XSS’"

m

< K, since Pg™ holds. The final inequality

196



<4 €. Finally, it holds that

then follows from Lemma 3.5.6. By the same argument ‘ =

- s /
Xs  Xs,| "xe X
mo_ m < no__ n+1 S < l 3.97
5 |5 205 B Z <5 397

since Es_holds for all m < n < m’ and Lemma 3.5.6. It follows that with probability at least

1—(d+ 1),
X, Xy
- —1<e¢, (3.98)

s s

for all s, s’ > Sy which was the claim.
This now implies that with probability at least 1 — (d + 1)e,
limsup — — liminf =£| < ¢, (3.99)
t—00 t—oo
and the proof of Theorem 3.1.1 follows.
O
Note that the conditions on 3 and « together with the definition of v imply
(3.100)

B+v>1

Proof of Theorem 3.1.2. For time steps given by T'(S) = S¥, again for each ¢ there exists a

g, 3, ) such that the event L occurs with probability at least 1 — (d + 1)e for all So > D
So P y

Letting C be a constant that can depend on  and « and that can change from line to line, we note
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that on this event we have

X Xg X

Xs — S, U|=|Xg — S, n mil _ T Om 3.101
X5, | ‘ 5 (Sn +m§>jn T Sm>‘ (3.101)

X X
S, Sm i1 Sm (3.102)

m>n Serl Sm
<S> S (3.103)

m>n
<CS, Y mTT (3.104)
m>n

<CS,n YTt (3.105)
<CS*F, (3.106)

In (3.104) and (3.106), we used Lemma 3.5.5 to bound S,, from above and below by constants
times nﬁ and we used the fact that the —fyﬁ < —1 by (3.100) to ensure that p-series in (3.104)
converges and can be bounded. It remains to check the behavior times s that are not of the form

S,. For s between S, and .S, we get

X, — sU| < |X, — Xg,| + | Xs, — S,U| +|S,U — sU| (3.107)
S |)(,5VnJrl — X5n| -+ |X5'n — SnU’ + H’Sn—&-l — Sn| (3108)
<COSE7+ 8277 4 88 < O(s¥ 778 + 57, (3.109)

where in the second inequality, we used monotonicity of X in the first term and that U is bounded
by x in the third term. For the third inequality, we used that the event £, holds for the first term,
(3.106) for the second term, and the definition of S,,,; for the third term. Setting § = g gives
v = % — «, which gives 2 — v — 8 = g + «, therefore showing that on an event of probability

1 — (d 4 1)e the limit of | X — sU|s~52* is 0, which concludes the proof. O

Remark 3.5.9. While we used the sequence S, 1 = S, + S, which grows polynomially, in [46],

which grows like eV™. The latter sequence would have

they used the sequence S, 11 = Sy, + 10?5 ’
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sufficed to prove Theorem 3.1.1. Furthermore, this time scale gives
2+
| Xs, — S U| < Sp

which is the expected order of fluctuations. However, it grows too quickly to prove the finer state-
ment in Theorem 3.1.2 as in (3.109), we crucially used the fact that | S, 1 — S,| < s to bound the

fluctuations between the times S,,.

3.6 From hydrodynamic events to linear trajectories

The purpose of this section is to prove Proposition 3.5.2. We write the full proof only for EZ,
since E§ can be treated similarly. We will outline the proof for E= at the end of Section 3.7.

Let us now proceed with the proof for the process £=. We couple the process (A, X) to a
new multi-class stochastic six-vertex process B by filling in every position to the left of X ¢ with
particles. Then Theorem 3.1.6 allows us to control the position of X g, by controlling a large

number of these additional particles.

Definition 3.6.1. Define a new multi-class process (By)i>o, with first-, second- and third-class

particles, depending on Ag in the following way:
* It has the same parameters b, and bs.

* At time 0 each site 7 € Z in By is occupied by a first-class particle if it is occupied by a

particle in Ag,
* the site Xg is occupied by a second-class particle,

* and each site to the left of X s not occupied by a particle in Ags is also occupied by a third-

class particle.

Further let M be the number of third-class particles in B, which is finite, since it is at most Xg.

Further, let Z,(0) > Zi(1) > --- > Z;(M) denote the ordered positions of the second-class
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particle and the third-class particles in B;. At time 0 we have Zy(0) = X, but at later times,

X4 can be any of the positions Z,.

We will also consider the two single-class processes obtained by merging the second-class and
third-class particles in B with either the holes or the first-class particles. That is, let (Bgl))tzo
be the single-class process given by just the first-class particles in B and let (BEI’Z’?’))QO be the
single-class process of the first-, second- and third-class particles in B forgetting their classes. The
triplet (B§1)7 BS’“), Xs1+)t>0 contains all the information of B.

The process B depends both on 4g and Xg. We will often use a union bound over possible
values of Xg. To do so it will be convenient to introduce a version of B in which the position of
the second-class particle is replaced by a deterministic position X . For X in the interval [S(x ™! +
g), S(k — €)] N Z, define B as the process obtained from Ag by adding a second-class particle at
X if that position is empty and filling all empty positions £ < X with third-class particles (note
that B~ may not have a second-class particle if there is a particle at position X in Ag). Let further
BL23X be the single-class process of the first- and second-class particles in B~. Note that it
possible to couple all the processes B~, B, A and X such that the first-class particles in Bf( and

B, are given by A5, and such that substituting X g for X it holds that
BXs = B. (3.110)

Note however that the law of B conditioned on X = X is not given by BY, since X and
the first-class particles in B are non-trivially correlated. However, by showing that certain events
happen for all B* with exponentially small probability, one can use (3.110) to show that they also

happen for B with exponentially small probability.

Lemma 3.6.2. Let G ~ Geo(q) be independent of Fs and Z. Then for any y € 7Z and any
S, T > 1 it holds that

PXsir > Xs +y|Fs] > P[Z7(G A M) > Xs +y|Fs]. (3.111)
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Proof. Denote the number of third-class particles that are to the right of the second-class particle
in By by K, such that Xg,7 = Zr(K). By Theorem 3.1.6, the law of K conditioned on Fg
and Zp is dominated by Geo(q). Therfore K can be coupled to a random variable G* ~ Geo(q)

independent of Fs and Z such that K’ < G* almost surely. Thus we obtain

P Xsir > Xg+y|Fs] = PZr(K) > X + y|Fs] (3.112)

> P[Zr(G* A M) > X+ y| Fs], (3.113)

where in (3.113) we used K < G* A M and the ordering of Z;. Note that the right-hand side does
not depend on the coupling between K and G* since G* is independent of Fg and Z. Therefore,

we can replace G* by GG in (3.113). ]

Let L be defined as

X
L=+# {second— and third-class class particles in By to the right of TS(S +T7)- S5 1_7} :
(3.114)
Using Lemma 3.6.2, we can reduce the proof of Proposition 3.5.2 to the following lemma which

states that L is of order at least S5 with high probability.

1

Lemma 3.6.3. For any positive ¢ < 7, and for T, o and vy as in Proposition 3.5.2, there is a

constant ¢ > 0 and an Fg-measurable event Hg such that for all S > 1
P(Hg) >1—c tem (3.115)
and
P[L > 53|Fs] > (1 — ¢ eV 1p,au, . (3.116)

Before proving this proposition let us see how it implies Proposition 3.5.2.

Proof of Proposition 3.5.2. As said above, we only prove the statement for E§ Condition on Fg

and assume that Hg N Pg holds. Let G ~ Geo(q) be independent of Z and Fg, as above. Define
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the events

X 1
NSZ{ZT(G/\M)Z?S(S—FT)JFSI‘”} and GS:{L>S§} (3.117)

and recall the definition of the event E§ is
X
EZ = {X5+T ~ X5 > ?ST - SH} .

Setting y = %57 — S'77, it follows from Lemma 3.6.2 that P[E5 |Fs] > P[Ng|Fs]. By the
distribution of G,

P[Ns|Gs, Fs] > P[G < SV >1—¢°°.

Combining this with the statement of Lemma 3.6.3 gives

P[EZ|Fs] > P[Fs|Fs)

v

P[Ns|Gs, Fs|P[Gs| Fs]
( > (1 — C_IB_CTG) ]-HsﬂPs

Z (1 — CileicTQ)lHSmpS .

Y

1
The final inequality is obtained by decreasing c so that we can absorb the term ¢°° (since o < 1/3

and S > 1T). O

3.7 From effective hydrodynamics to hydrodynamic events

The purpose of this section is to prove Lemma 3.6.3. To this end let (B¥P-¥ )t>0 be a stochas-

tic six-vertex process started from step initial conditions shifted by X, i.e. Bi™™(z) = 1,-y.

(1,2,3),

Clearly, at time 0 we have that BS">®* () > BP* (2) for all z € Z, so by attractivity (Proposi-

BIQ3X

tion 3.2.3) we can couple them so that this holds for any later time as well. Note that and

BY are already coupled such that B> Ya) > B! (x) for any time ¢ by their relation to the
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multi-class process BX. This gives a coupling of the three processes B1:23):X BUL BPX gych

that at all times ¢ it holds that
B2 (1) > max(BY (), BY (2)) for all z € Z.

The process B>~ is a stochastic six-vertex process started from step initial conditions, thus we
can use Corollary 3.4.2 to control its height function. Understanding BYW is more intricate since
its initial conditions are given by .Ag. We will not be able to control B M) for all values of Ag, and
instead find an Fg-measurable event Hg, which we call the hydrodynamic event, that holds with
high probability. On this event, with high probability, B(Tl ) is close to the hydrodynamic profile of
a stochastic six-vertex process started from step initial conditions and evaluated at time S + 7.

To simplify notation throughout this section, we will define hi([X,Y];n) = h(X;n) —
hi(Y';n). Let us now define the following shorthand notation for the event that a process is close

to its hydrodynamic limit.

Definition 3.7.1. For a single-class stochastic six-vertex process (A;)i>o started from step initial

conditions, a time t and «, € > 0 define the event C;°(A) as

{|ht([X, Y], A) — t(g(%) - g(%))| < t%“’,for all X andY in [t(k™' +¢),t(k — 5)]} )
(3.118)
Note that this event does not depend on the choice of height function h(x, A) since it only concerns

height function differences.

Using this definition, Corollary 3.4.2 with s = t* gives P[C}"°(A)] > 1 — ¢ 2=, with the

constant ¢ > (0 depending on €.

Proposition 3.7.2. For T' = T'(S) as in Proposition 3.5.2, for a,e > 0, and for S > 1, there is a

_ _ (a7
Le=e5% such

constant ¢ = c(¢) and an Fs-measurable event Hg that holds with probability 1 — ¢
that

P [Coip(A)Fs] > 1y (1 — ¢ le™). (3.119)
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Proof. By making c smaller the right-hand side of (3.118) can be made non-positive for S small,
so it suffices to consider S large enough. Let (./Z(t)()gtgg be an independent copy of (A;)o<i<s. i.e.
a stochastic six-vertex process started from step initial conditions and run until time .S. After time
S we will couple these two processes, such that they are no longer independent.

a &g

Define Hg = CZ’?(.A). This event has the desired probability by Corollary 3.4.2 and is Fg-

NI

measurable. Further, let H s=0C 5% ’ (.Z) On the intersection of Hg and H g 1t holds that

|hs([X,Y];A) — S (g (

>

) —g (%)) < S5%%, forall X and Y in [S(x~" + £/2), S(k — £/2)]
(3.120)

and

hs((X,V]; A) = S (g (%) — g (g))) < 5% forall X and Y in [S(k! +£/2), S(k — £/2)].
(3.121)
These events do not depend on the choice of height function and therefore we can choose the

height functions which satisfy hg(S(k — 5), A) = hs(S(k — 5),A) = 0. With this choice of

height function and setting Y = S(k — %) in (3.120) and (3.121), it follows that on the intersection

HsnN ﬁs we have
Ihs(X;A) — hs(X: A)| < 25572 for X € [S(k! +¢/2),S(k — /2)].

Thus we can couple (A, )= with (A;),>g via the coupling given in Lemma 3.2.9 with M = S3

and K = 25372, Define the event that this coupling succeeds as

D= {‘hs+T(X; A) = hspr(X; A)| < 65573 + 85 for X € [S(x™ +5) + 12 +1,8(k — g)]}
(3.122)

Then the statement of Lemma 3.2.9 gives
~ 1
P[D|HsN Hg, Fg] > 1 —c e — c7leme57
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which implies that

P[D|Fs] > P[D|Hg N Hs, Fs|P[Hgs N Hg|Fs] > 15,(1 — ¢ e, (3.123)

~ 1

where we used that Hyg is independent of Fg and both ¢~ te~“" and ¢ le=% were absorbed into
—1,—cS* bv d :

c e y decreasing c.

Consider now the event

e
o

DNOZE(A). (3.124)

On this event, it holds that

hwr (X, Y] A) = (5 + T)(9(557) — a(shn)| < 13854+ 4 25

forall X and Y in [S(k™" + £) + i T 1L, S(k—=5)], (3.125)

by repeated use of the triangle inequality. For large enough S we have
[S(™" +e), S(k—e)] C[S(™" +5) + %5 +1,5(k — §)]
since T = S* for some 3 < 1. Furthermore, for large enough S
1ia 1 1
138312 4283 < St

a €

Therefore, for large enough S, the event Cg7,.(.A) contains D N CSQJFZT(JZ) Using (3.123) and
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noting that C' EET(.A) is independent of Fg we obtain that

P(Cgir(A)|Fs] > PID N C&3(A)| Fs] (3.126)

> (P[D|Fs] — P[C4 ;5 (A)|Fs]) v O (3.127)

> (1—c e — ¢S4 T)%e 5D 1, (3.128)

> (1—c e )1y,, (3.129)

where (¢71(S + T')2e=<*1)*) 1, is absorbed by increasing c. O

We can now prove Lemma 3.6.3.

Proof of Lemma 3.6.3. We can decrease c such that (3.116) is trivial for .S small and therefore it
suffices to consider large enough S. First fix some X € [S(x~! +¢), S(k —¢&)]NZ. By Proposition
3.7.2 we have

PIOSTT (A)Fs) 2 Ly (1= ¢ te™™").

The event Cgf:/FQ(A) states a bound for all pairs of points in [(S+T) (k™ *+¢/2), (S+T)(k—¢/2)].
For S large enough both X (S+7")—S'~7 and % (S+7) are in this interval since & € [k +¢, k—¢]

and % < /2 for S large enough. Since the law of B(T1 ) is equal to the law of Ag, 1, we have

P Uhﬂ[%(s FT) = 87, (8 + T BY) = (S + T ol — §) — 9(2)| < (54 7)37

]

> (1—c e )1y, . (3.130)

The process B*P* is also started from step initial data translated by X. For large enough

Sboth (S +T)— S — X and £(S+T) — X arein [T'(x +¢/2),T(x — £/2)]. Indeed

%(S +7T)—-X = %T, and % < ¢/2since T = SP and 3 + v > 1 (see (3.100)). Thus we can
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apply Theorem 3.4.1 to obtain:

P |[ir (35 + 1) - 577, 55+ DB~ T(o(% - ) - o] < 75

>1—c¢ e (3.131)

Let us compare the limit shape terms in (3.130) and (3.131) by bounding their difference

-t (- 57) (D) (-85 (1)

By the explicit form of g(z) = (f f) , one can easily see that on the interval [x~', | both the

first and second derivative of g are uniformly bounded and in particular ¢”(x) > C' for some C
depending only on , for all z € [k}, k]. Considering the second-order Taylor expansion of g at

%, we have

Similarly for the other term in (3.132) we obtain

1-y ") g2 33y
(S +T)(g(% - 52) — (X)) = —g'(X)8" + L= (22 L o)

For large enough S' the error terms are smaller than the second order terms, since % — 0 and

we obtain

1 1
A > (CS* 2 (T S+T) > 252 -t > 051/3““ (3.133)

(N]jsy

where the linear terms cancel each other out and we use that 7' = S” and = % -5 —aq.
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Let L be defined as
X . . . X . X 1—
L+ = #{second- and third-class particles in B to the right of g(S +T)-S7}

and note that

X (S+T)
S
1,2,3),X 1 step, X 1
= 3 B -BY@ > Y B @) -BP W),
o>XS (54T)-51—7 e=%8(5+T)-51—

since B(Tl’Q’S)’X(x) > B?}ep’x(x) for every x € Z. If the events in (3.130) and (3.131) take place

this sum can be bounded from below by

%(S+T)

> By (2) — BY (z)

xz%(S—l—T)—Sl*V

= hp([Z(S+T) =S, 2(S+T); BYX) — he([(S+T) — S, 2(S +T)]; BY))

1
> 83t (S 4 T)ste T3 > §5 . (3.134)
for S large enough. Therefore
PILY > 5| Fg] > 1y, (1 — ¢ e,

where we use that the event (3.131) is independent of Fy, since it only depends on B¥P*, which

is only coupled to B after time S. Using a union bound we obtain
P[L* > S3 forall X € [S(k™' 4 ¢),S(k 4 €)]| N Z|Fs] > 1y (1 — Scte ™)

and we further can absorb S into ¢ 'e~“!" by decreasing c. By the definition of L in (3.114), the
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definition of Pg in (3.85), and the observation (3.110) we have that

P[L > S3|Fg] > P[LY > S5 forall X € [S(k™" +¢),S(k +¢)] N Z|Fs]1p,
Z 1HsﬁPs(1 - C_le_CTa)

as desired. ]

Let us now sketch what needs to be changed for E=. We need to show that on the hydrodynamic
event (which is the same) the second-class particle does not deviate too much to the right. To do
so we will delete all particles to the right of the second-class particle, which corresponds to a

multi-class particle system (1;);>o with the following initial conditions

* A first-class particle in every position that is occupied by a first-class particle in .Ag and is to

the left of X,

* A second-class particle in every position that is occupied by a first-class particle in Ag that

is to the right of X g and
* A third-class particle in the position Xg.

This process satisfies the conditions of Corollary 3.3.2 and by an argument analogous to Lemma 3.6.3
it suffices to show that there are a large number of second-class particles in By to the left of
%(S + T) + S'™7. Denoting by BW the process of the first-class particles in B, by B123) the
process of the first, second- and third-class particles, and by B*®" a stochastic six-vertex process

with step initial conditions translated to position X;. At time 0 we have
By (x) < min(By*"(2), By ().

s0 B can be coupled to B such that B\ (z) < B{"(z) at all later times ¢ as well. Note that
Bgl)(x) < B3 (x) already holds by definition. By Proposition 3.7.2, Bg}’Q’g) = Ag.r is close

to the hydrodynamic limit at time S + 7' with high probability. Since B*? is also a stochastic
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six-vertex model started from step initial conditions we can use Theorem 3.4.1 to say that it is
also close to the hydrodynamic limit at time 7 translated by X with high probability. These two
results, together with a union bound over all possible values of X; and a calculation similar to

(3.133), yield the desired result.

Remark 3.7.3. For ASEP one could have simply used particle-hole duality to obtain the proof
for E< as a corollary of the proof for E=. After exchanging first-class particles with holes, and
reversing space, one again obtains a multi-class ASEP, and the events E= and E= are exchanged.
For the stochastic six-vertex model, this is not the case. Applying the particle-hole duality for
the stochastic six-vertex model exchanges the two axes and therefore maps the event E= into an
event that concerns the times at which the second-class particle hits positions S and S +T'. This is
clearly not the same as the event E=<. A different choice of E= and E=< such that they are symmetric

with respect to the particle-hole symmetry of the stochastic six-vertex model could be considered.

3.8 Symmetry and stationarity of the speed process

In this section, we will prove Corollary 3.1.5 and discuss various properties of the stochastic

six-vertex model speed process.

Proof of Corollary 3.1.5. By the color merging property, the law of (X, (z)):>0 is equal to that of

(x + X+(0))t>0. By Theorem 3.1.1 the speed XtT(O) converges almost surely, and therefore so does

each speed XtT(‘r) Since there are countably many particles, this also implies that almost surely all

of the speeds converge. [

An immediate consequence of the construction is the ergodicity of the speed process. In this

section ergodic always refers to ergodicity with respect to translations of 7Z, i.e. of space.

Proposition 3.8.1 (Ergodicity for the Speed Process). The stochastic six-vertex speed process is

ergodic.
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Proof. This is immediately inherited from the fact that the process (X;(z)),ez+>0 can be con-
structed by sampling i.i.d. pairs of Bernoulli(h;) and Bernoulli(b;) random variables at every

vertex, which are ergodic under the shift. O]

To obtain stationarity of the speed process we need the following symmetry, which is a special

case of [52, Corollary 7.1.]

Proposition 3.8.2 (Color Position Symmetry in Finite Domains). Consider the stochastic six-
vertex model on an M x N box, with particles of class 1 to M + N coming in on the left and
lower boundaries such that from the top left to the bottom right the classes are in increasing or-
der. Enumerate the outgoing positions along the top and right boundary with {1,... , M + N} in
descending order, first from left to right along the top and then from top to bottom along the right
edge. Denote by T the (random) permutation of {1,..., M + N} obtained by letting 7(x) equal

the class of the particle at position x. Then 7 and 7~ are equal in law.

Proof. This follows from [52, Corollary 7.1] by specializing the Ferrer diagram S to a rectangle

and using the fact that rectangles are invariant under point reflections. [
We now extend this to the stochastic six-vertex model on the line.

Proposition 3.8.3 (Color Position Symmetry on the Line). Consider the random bijection my :
7, — 7. obtained by running the stochastic six-vertex model from packed initial conditions until
time N (i.e. on a box of infinite width and height N + 1) and letting 7y (x) be the class of the

particle exiting at the vertex (z, N). Then (7x5(2))sez and (—7 5" (=) pez are equal in law.

Proof. Consider the box [—M, M] x [0, N]. Consider the boundary conditions consisting of
the incoming arrows from the left with {—M — N — 1,..., —M — 1}, in increasing order from
top to bottom, and incoming arrows from the bottom with classes {—M, M} from the bottom,
again in increasing order. Enumerate the outgoing positions on the top and right boundary with
{—M — N —1,..., M}, again in clockwise order, i.e. starting with —M — N — 1 in the bottom

right corner and ending with A/ in the top left corner. Again let 7y, n(x) be the class of the
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outgoing particle at position z. Note that there is the following relation between 7y, y and 7y for
allz,y € [-M, M]

P(ry(z) =y) = P(run(z) = —y). (3.135)

Indeed, by using the merging property (Proposition 3.2.5), one can see that the trace of the particle
of class y inside the box [—M, M] x [0, N] is the same for both models since all particles coming
from the left have a smaller class than y. Thus the probability to exit the box through a specific
vertex along the top edge is the same in both models. The negative sign on the right-hand side is
due to the outgoing boundary positions being enumerated in descending order. Using this twice

along with Proposition 3.8.2, we obtain

P(rn(z) = y) = P(run(2) = —y) = Plrun(—y) = 2) = Plan(-y) = —=),  (3.136)

which proves the statement. [

Now note that 7' (z) = Xy(x), since it is the position of the particle of class x at time N.
We can use this to prove that the speed process is stationary with respect to the dynamics of the

multi-class stochastic six-vertex process.

Proposition 3.8.4 (Stationarity of the Speed Process). Let U be sampled from the stochastic six-
vertex speed process. Consider the multi-class stochastic six-vertex model with initial conditions

given by (—U(—x)),cz. This process is stationary.

Proof. Start with packed initial conditions and run the process until times N and N + 1. Since

7 (z) equals in distribution —7 ' (—x), which equals — X 5 (—x), we know that both (7 x5 () /N) ez

and (7 y1(2)/N)zez converge in law to (—U(—x)).ez by Corollary 3.1.5. Let py be the law of

(7x(2)/N)zez on the space RZ and vy the law of (7x,1(2)/N)cz. The laws piy,1 and vy only
N

differ by multiplying the corresponding random variables with a factor 5=7. Since the dynam-

ics do not change under monotone relabeling of classes, and division by N is such a monotone
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relabeling, we have for any bounded function f on R

/ f(n)dvn(n) = / Prf(n)dun(n) (3.137)

where P is the one-step evolution operator for the process. Since both 1 and vy converge to the

law of (—U(—=x))zez, this proves the statement. O

The following result is known for multi-class TASEP and ASEP respectively proven in [39]
and [157] respectively. However, for the stochastic six-vertex model, no proof of this seems to be

in the literature, see also [158, Remark 7.9]. We prove this in Section 3.10.

Proposition 3.8.5 (Uniqueness of Stationary Translation-invariant Measures). For Ay, € (0, 1) with
Y peo Ak = 1, there is a unique ergodic stationary measure for the n-class stochastic six-vertex

process on the line with P(ng(x) = k) = Aj.

The existence can be derived abstractly from a compactness argument. Recently in [158] such
measures have also been constructed in a way that is amenable to calculating marginals.

One can conclude the following:

Proposition 3.8.6. The ergodic stationary measures for the multi-class stochastic six-vertex model

(on the line) are the ergodic stationary measures for the multi-class ASEP.

Proof. This follows from Proposition 3.8.5 together with the observation that the stationary mea-
sures constructed for both ASEP and the stochastic six-vertex model in [158] are identical. This
can be seen by noticing that the stationary measures in [158, Theorem 3.3] when specialized to
ASEP, as done in [158, Section 4.2] and considered on the line instead of the cylinder, are exactly

the stationary measures in [158, Section 7.3] for the stochastic six-vertex model. []

This result implies the following connection between the stochastic six-vertex speed process

and the ASEP speed process.
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Proposition 3.8.7. Let [ be the unique increasing map from [—r, —k~] to [—1, 1], which maps a

random variable with density 2(5—\/_El)|$’_%1xe[—n,—n—1] to a uniform random variable in [—1,1]. If

U is sampled according to the stochastic six-vertex speed process. Then

(f(=U(=2)))zez

has the same law as the ASEP speed process.

Proof. Note first that since f is increasing, and the dynamics only considers the relative order-
ing of the labels, (f(—U(—x))).ez is still stationary for the stochastic six-vertex process. Given
any (A\g)g=1,., Which satisfy >’ | Ay = 1, consider the increasing map ¢, from [—1,1] to
{1,...,n} such that ¢; ' (k) is an interval of length 2. By the merging property (Lemma 3.2.5),

(a0 f(=U(—1)))sez is a stationary measure for the n-class stochastic six-vertex process. By the

definition of ¢, and f it also satisfies
Plpx o f(=U(0)) = k] = Ax.

Ergodicity is also inherited from U. By Proposition 3.8.5 there is only one such measure, and by
Proposition 3.8.6 this is the same as the unique ASEP stationary measure with the same densities.

If one denotes by Ua sample of the ASEP speed process, this implies the equality in law

(6r0 F(—=U(=2)))aez = (6 0 U(x))sez

This equality is satisfied for all ¢, and this set of functions is sufficiently large to determine all the

marginals of the speed processes, as was outlined in [49]. It follows that
P
(f(=U(=2)))eez = (U(2))zez

as desired. O]
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3.9 Hydrodynamic limit and weak convergence

In this section we will give a summary of the hydrodynamic limit and local statistics for the
stochastic six-vertex model proved in [31], specialized to the step initial conditions on the corner.
We will then use these results to show the weak convergence of %, which mirrors the arguments
for ASEP from [42].

We will work with the single-class stochastic six-vertex model on the quadrant, i.e. as process

(1¢(2))z,tez-, taking values in {0, 1}. To state the hydrodynamic limit, we define the function ¢ as

() =
A T p 1
where we recall that k = % This function encodes the “slope relation” of the stochastic

six-vertex model (see [172]). In particular, if the stochastic six-vertex model is run from i.i.d.
Bernoulli(p) initial conditions on the bottom and i.i.d. Bernoulli(¢(p)) from the left, the process
is stationary under space-time shifts. Furthermore, the asymptotic speed of a single second-class
particle added to such initial conditions will be given by ¢'(p).

We can now state the general hydrodynamic limit in [31, Theorem 1.1]. This is stated for the

stochastic six-vertex model on the Torus. Let T" be the discrete torus Z/NZ and T the torus R /Z.

Theorem 3.9.1 (Theorem 1.1 from [31]). Consider initial conditions nlY (z) : TV — {0, 1} which
approximate a profile py : T — [0, 1), in the sense that
1 [Ny| y
. N/- .
Aim sup | = ’_%V:J o (1) — /x po(x)| = 0.

Let (p(x))1>0..cr be the entropy solution of the partial differential equation

0 0
apt(fc) + a—xw(m(x)) =0 (3.138)

with initial condition given by py. Then uniformly on compact sets, we have the following conver-
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gence in probability:
1 NT NX T X
. N .
@ = [ [ e

t=0 =0

This theorem gives the expected density of particles at large times and scales. It is supple-
mented by the following local statistics result, given in [31, Theorem 1.3], which states that when-
ever p.(x) is continuous at (x, t), the system will be approximately at equilibrium. In other words,

the microscopic behavior around 7y, (N z) will approach a stationary measure.

Theorem 3.9.2 (Theorem 1.3 from [31]). In the setting of Theorem 3.9.1, consider a point (z,t)

such that p,(x) is continuous at (x,t), and fix an integer k > 1. Then the law of

e s (LN ]+ 9)]yer—r 4 sel0.4]

converges in law to the stationary process started from i.i.d. Bernoulli(p;(x)) random variables

and restricted to the rectangle [k, k]| x [0, k].
To prove the weak convergence we will now need the following consequence of these theorems.
Corollary 3.9.3. Let 1, : Z — {0, 1} be the stochastic six-vertex process on the line started from

no(x) = 1«0, and let « be a positive real number. Then

lim Pl (at) = 1] = pi(a),

where .
1 ife<rkt
pr() = ¢ VL ifrl <<k (3.139)

0 7>k

\

is the unique weak solution to (3.138) from py(z) = 1,<o.
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Proof. Since Theorems 3.9.1 and 3.9.2 are stated on the torus, we need to connect the process on
the line with the process on a torus. Let B be some integer, which will later be chosen to be large.
Let 7, be the stochastic six-vertex model on the line started from step initial conditions and let
nN : T2B*N+1 5 £0,1} be the stochastic six-vertex process on T25*N+1 started from the initial
conditions

1,for — B?2N <2 <0

0 else,

where we identify the torus T25°N+1 with the set [~ B3N, B3N]. Then by [31, Proposition 5.7]
the processes 7 and 17"V can be coupled to agree on the interval [— BN, BN] until time BN with
probability 1 — exp — BN, if B is large enough such that BN — 28X > BN,

1-b2

Assuming further that B is large than «, we obtain

[Pl (aN)] = Py (aN)]| < exp—BN.

Therefore it remains to apply Theorem 3.9.2 to V. Note that the PDE (3.138) is invariant under
scaling space and time by the same factor, and we can therefore also consider p, defined on the
torus of size 233, which simplifies the notation. The initial condition of 7" approximate initial
conditions p§(z) = l,e(—p20 on the torus of side-length 2B* identified with [-B?, B*]. By
Proposition 5.3 and Remark 5.4 of [31], the solution pzr of (3.138) for these initial conditions and
p: (the solution for step initial conditions on R) agree at time ¢ on [—B? + ct, B> — ct], where

¢ = maxXye[;-1,4 |¢'(2)|. Given B large enough such that B* — ¢ > «, this implies that

pi(a) = pi(a).

Applying Theorem 3.9.2 with £ = 0,7 = 1 and x = « gives the desired result. [

Proposition 3.9.4 (Weak Convergence of the Speed of the Second-Class Particle). Let X, be the

position of the second-class particle under step initial conditions with a single second-class parti-
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cle at the origin, as in Theorem 3.1.1 and let p;(x) be given by (3.139). Then the asymptotic speed

of the second-class particle % converges weakly to a random variable with density

—_— 1,1 . 3.140
2(& —_ 1) k1 <x<k ( )

Proof. Consider step initial conditions (for the single-class model), i.e. n9(x) = 1,9, and let o
be the same initial conditions shifted by 1 to the right i.e. 7jy(z) = 1,<0. Let (m:)i>0 and (7;)¢>0
be the two stochastic six-vertex processes started from these initial conditions, with the height
functions made unique by the choice that ho(1;7) = ho(1;7) = 0. In particular ho(0;n) = 0,
but hy(0;77) = 1. We will couple them in two different ways. The first coupling 7 is given by
the multi-class stochastic six-vertex model with step initial conditions and a single second-class
particle at the origin, i.e. the setup of Theorem 3.1.1 and of this proposition. Denote the position
of the second-class particle at time ¢ with X, as above. The second coupling 7, is given by the

deterministic shift i.e.

Pry [7e(x) = me(x — 1)] = 1.

We will now calculate E[h;(x;7) — hy(x;n)] under both of these couplings. Under ; the
configurations are identical except for the second-class particle and so the height functions agree

for all (z,t) such that > X, and h;(z;n) = hi(x;7) — 1 for (x,t) such that z < X,. This gives

By [he(@; 1) — hu(@;m)] = Pl < X4

Under 7, the height functions are related by deterministic shift h;(x;77) = hy(x—1;7) and therefore

By [he(; 1) — hu(@; )] = Eny [l (x — 13m) = hy(25 )] = E[ne(x — 1)].

By the linearity of expectations, E[h;(z; 77) — h¢(x; n)] does not depend on the coupling we take
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and therefore we obtain the following identity:

Plx < Xy] = E[n(z — 1)].

Choosing x = |at| we obtain

By Corollary 3.9.3 the right hand side converges to p; («). Therefore % converges weakly to the

random variable with density

—pi(x) = Lx_%lfrlsﬂ:sﬁ ;

2(k —1)

which proves the proposition. 0

3.10 Uniqueness of stationary measures

The goal of this section is to prove Proposition 3.8.5. The proof builds on ideas in [39] and

[157]. First, we define some sets of measures that we will be working with:
Definition 3.10.1.
(a) Denote by P, the set of measures on {1,2,...,n—1,00}Z,

(b) Denote by N, the map from P,to P,, given by the dynamics of the multi-class stochastic six-

vertex model, i.e. if the initial conditions 1y are sampled according to i, then M, is the law of

Tt.

(c) Denote by S,, C P, the set of stationary measures with respect to the dynamics of the multi-

class stochastic six-vertex model.

(d) Denote by T,, C P, the set of translation invariant measures with respect to shifts of 7.
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(e) Denote by P2? the set of measures on {1,2,... ., n—1,00}2x{1,2,...,n—1,00}%, i.e. each
7w € P2 is a coupling of two measures in P,. Similarly, let T*? be the set of translation
invariant measures in P2% and let S2? be the set of measures which are stationary under the

dynamics given by the basic coupling.

Definition 3.10.2. For a set of measures A, denote by A, the set of extremal measures in A. In
otherwords, if i € A, then 1 = Ay + (1 — Mg for X € [0,1] and iy, ps € A implies that \ is

either 0 or 1. Measures in (T,). are called ergodic.

Proposition 3.10.3. For any n it holds that

‘Sn N (771>e = (Sn N 7;L)6 )

i.e. the extremal stationary and translation-invariant measures are exactly the stationary ergodic

measures.

Proof. Note first that

SN (Ta)e C (Sn N To)e,

since any measure that cannot be decomposed into translation-invariant measures cannot either be
decomposed into translation-invariant stationary measures.
For the other inclusion, assume that i € (S, N T,). but u &€ S, N (T,,).. This means it must be

possible to decompose u as

p= A+ (1= Npa,

with A € (0,1) and pq, o € T, but puy, o € S,,. Denote by () and po(t) the measures obtained
by running the dynamics of the stochastic six-vertex model for ¢ steps starting from 1 (0) = p; and
12(0) = o respectively. By the construction of the dynamics, these are still translation invariant

measures, and by linearity and stationarity of u they also satisfy

po= A (t) + (1 = A (t).
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By the compactness of {1,2,...,n—1,00}Z, there is a subsequence t,, such that i S ()
has a limit iy € S, NT, as n — oo. Taking a further subsequence there is a sequence t,, along
which both - S, (t) and - Si", tio(t) have limits fi; and jiy in S, N 7,,.. These limits then
satisfy

/’L:A/ll—i_(l_)\)/lla
which contradicts the assumption that y € (S, N 7Ty,)e. O

We will use the following two results from [31], the second of which we need to modify

slightly:

Theorem 3.10.4 (Theorem 3.6 from [31]). If p € (71 N S1)e, it is given by the law of i.i.d.

Bernoulli(p) random variables for some p € [0, 1].

Proposition 3.10.5. Let 7 be in SP* N (T,°%). and (n, £) be sampled according to . Then P[n <

Eoré<nl =1

Proof. In [31, Corollary 3.9] this is stated for a different coupling, namely the “higher rank cou-
pling". However, the proof generalizes to the basic coupling in a straightforward manner. Most of
the proof only uses attractivity, the merging property, and finite speed of propagation, all of which
hold for both the higher rank and the basic coupling (Lemmas 3.2.3, 3.2.5, and Proposition 3.2.8,
respectively). The only point where specific properties of the higher rank coupling are used is at
the end of the proof of [31, Proposition 3.7] to obtain the following fact.

Let

1 ifthereare z,y € I C Z, such that n(z) = &(y) = 1and n(y) = &(z) =0
R(I;n,§) =

0 otherwise.

In other words R(I;n,&) = 1 if there are uncoupled arrows in both 7 and £ and is 0 otherwise.
Given two coupled stochastic six-vertex processes 77 and ¢ and an interval [ of length k, let F'(I;1)

be the event that there are uncoupled arrows in both 7 and £ in the interval [ at time ¢ — 1 which
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couple at time ¢. Then

PIE(L; )| R(L; e, &) = 1] > 7 (3.141)

for some ¢ = ¢(by, by) > 0 independent of k, 7 and &.

The inequality (3.141) also holds for the basic coupling, and can be seen as follows: Let x and
y be the positions of the two uncoupled arrows i.e. 7:(z) = &(y) = 1 and i (y) = &(x) = 0.
Without loss of generality we assume that z < y and 7;_1(z) = &_1(z) forall z € [x + 1,y — 1].

Using the Bernoulli random variables from Definition 3.2.1, the two arrows will couple if
* X*(tz) =0,
e X}t,z) =0,
* X*(t,z) =1forz € [+ 1,y — 1] and
* X*(t,y) = 0 and x'(¢,y) = 1 (alternatively x?(¢,y) = 1 and x'(t,y) = 0).

Indeed the first two conditions guarantee that the arrow started at = will not couple with an arrow
coming from the left, the second and third conditions guarantee that it will move to y, and the last
condition guarantees that it will couple with the other uncoupled arrow at y. Since the y are all
independent, this implies that P[F (I;¢)|R(I;1_1,&_1) = 1] is at least (1 — by)2b52(1 — by)by,

which clearly can be bounded below by ¢* for some ¢ depending only on b; and b,. [
To prove Proposition 3.8.5 we will consider two types of projections from P, to P,,:

Definition 3.10.6. Ler ¢ : {1,...,n,00} —» {1,...,n— 1,00} and ¢ : {1,...,n,00} = {1,000}

be given by

T, ifr<n Lifr<n
o(x) = and  (x) =

o, if t = Mn, 00 o, if v = 00

For i1 € P11 and n distributed according to p, let () € P, be the law of ¢ o n, and V() be
the law of 1 o n. Similarly define ® : P,?fl — P2 by setting ®(r) to be the law of (¢ on, o &)
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where (1, €) is sampled according to .

Both of these maps correspond to merging classes of particles. The map ® merges class n with
class oo, i.e. it turns all particles of class n into holes. The map ¥ merges the classes 1 to n into a

single class to obtain a single-class stochastic six-vertex model.

Lemma 3.10.7. The maps ® : P,.1 — Ppand V : P, 1 — Py satisfy

®(Tnt1) C T,
®((7;L+1>6> - (771)67

and the same holds for VU, with the sets on the right-hand side replaced with their single-class

counterparts.

Proof. The first statement is a consequence of the merging property, which implies that & com-
mutes with the Markov kernel for the multi-class dynamics. The second one follows since ¢ com-
mutes with shifts. Finally note for the last one that any translation-invariant event of non-trivial
probability for the measure ®(u) also defines such an event for y, since ¢ o 7 is a deterministic

function of 7. 0

Proof of Proposition 3.8.5. The existence of such measures is shown in [158, Theorem 7.6], see
in particular Section 7.3 therein, where the specialization to the stochastic six-vertex model is
discussed, and [158, Equation (7.8)] where the densities of vertical and horizontal arrows are
calculated. From this equation, one can see that all possible densities (A)reqo,...n} satisfying
> r_o Ak = 1 can be obtained by correctly choosing the parameters ;. Note that one could also
prove the existence of such measures abstractly by a compactness argument. However, the above
construction allows us to calculate marginals for these measures.

As remarked in [158, Remark 7.9], the uniqueness of such measures does not seem to be present

in the literature. We will now prove this by induction on n. For n = 1 this is a consequence of [31,
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Theorem 3.6] (restated above as Theorem 3.10.4), which states that the only stationary ergodic
measures for the single-class stochastic six-vertex process are the i.i.d. Bernoulli(p) measures.
Let us assume that the statement has already been proven for some n > 1. Consider two

measures (i, V € (Tpi1 N Spi1)e, Which satisfy
P,[(0) = k] = P,[(0) = k] fork = 1,....n. (3.142)

By Lemma 3.10.7 both ® (1) and ®(v) are in S,, N (7,,).. By (3.142) they have the same densities
and hence by the induction hypothesis, they are equal.

We will now construct a coupling m € Sff’fl N (T‘?ﬁ)e of the measures . and v such that

n

if (n, &) are sampled according to 7, then ¢ o ) = ¢ o £ almost surely. (3.143)

To do so, first let 7y be the coupling obtained by first sampling ¢ o 7 = ¢ o £ according to ¢ (u) =
®(v) and then 1 according to p conditioned on ¢ o i and £ according to v conditioned on ¢ o &.
Since ;1 and v are translation invariant, so is 7.

Next, let m; be the law given by running the basic coupling started from initial conditions (7, §)
sampled according to my. By the construction of the basic coupling and the stationarity of 1 and v,
m; will be translation invariant and satisfy the condition (3.143).

Since {1,2,...,n,00}% x {1,2,...,n,00}? is compact, there is a subsequence t,, such that
& 37, i converges weakly to a measure 7 € S, N 7,73, which satisfies (3.143). The set of
measures in Sffl N 7;%21 that satisfy (3.143) is convex and by the above argument non-empty.
Taking an extremal measure in this set we obtain the desired measure 7.

To see that 7 € (7,5%). we first note that m € (S5, N 1,27 )e. If m were not in (S22, N T,22%)es
that would mean that there are i # py € ST NTEZ and A € (0,1) such that m = Ay +(1—\) o
However since 7 is extremal in the set of measures in S22, N 7,27 satisfying condition (3.143),
this means that either 1 or s does not satisfy (3.143). This cannot be, since for any event A

the equality m(A) = 1 implies y1(A) = 1 and pe(A) = 1. Therefore 7 € (S22 NTE). =
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SE% N (T2?). and in particular it is in (7,57 )..

Consider now (), which is a coupling of W(x) and W(v). Both W(u) and W(v) are in
S1 N (T1)e and have the same particle density, therefore they are both given by the law of i.i.d.
Bernoulli(p) random variables with the same p, by Theorem 3.10.4. Furthermore, ¥ () satisfies
the conditions of Proposition 3.10.5 and therefore if (7],£) is sampled according to W(xr), either
almost surely 7 < Eoré < 7. This implies that under V() it holds that 7; = ¢ almost surely. This
means that for (7, ) sampled according to 7, ¥ o ) = 1 o £ almost surely. By the definition of 7,
we also have that ¢ on = ¢ o £ almost surely. Note that any two configurations that are equal under

both projections 1) and ¢ are themselves equal. Therefore, we conclude that almost surely n = &,

and hence 1 = v. O
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Chapter 4: KPZ equation limit of sticky Brownian motion

This chapter is adapted from the paper [71] and is coauthored with Sayan Das and Shalin

Parekh.

4.1 Introduction

4.1.1 Preface

Diffusion in time-dependent random environments has been a subject of intense investiga-
tion recently due to its connection with the KPZ universality class [73]. It is well known that
the quenched density of the position of a particle in the diffusive regime (when its location =
O(+/time)) converges to the Gaussian distribution with a second-order correction given by the
fixed point of the Edwards-Wilkinson (EW) universality class [79, Theorem 3.2], [80, Theorem
1.6], see also [173, 174, 78, 175, 176, 177, 178]. Meanwhile in the large deviation (LD) regime
(when location = O(time)), the quenched density is expected to admit a large deviation principle
with linear speed, and the second-order correction is given by the Tracy-Widom (TW) distribu-
tion, the one-point marginal of the fixed point in the Kardar-Parisi-Zhang (KPZ) universality class
(proven rigorously only for a few special models in [73, 82]). The goal of this paper is to show
that for a large class of such diffusions in the moderate deviation (MD) regime (when location
= O(time®/*)), the crossover distribution between these two classes, namely the KPZ equation,
arises as a second-order correction.

The (1+1) dimensional KPZ equation is a stochastic partial differential equation (SPDE) given

by
OH = 20uH+LOH) +0' 2 ¢, H=Hla), (KPZ)
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where o > 0 and £ = £(¢, x) is a space-time white noise. The KPZ equation was first introduced
in [2] as a prototypical model for interfaces of random growth. Since then, the model has been
studied intensively in both the mathematics and physics literature. We refer to [179, 132, 133, 180,
181, 182] for some surveys of the mathematical studies of the KPZ equation.

As an SPDE, (KPZ) is ill-posed due to the presence of the non-linear term (9,H)?. One way
to make sense of the equation is to consider Z := e which formally solves the stochastic heat

equation (SHE) with multiplicative noise:
OZ=30,Z+0"? 26, Z=Z) (SHE)

The SHE is known to be well-posed and has a well-developed solution theory based on the Ito
integral and chaos expansions [11, 92, 132, 133]. In this paper, we will consider the solution of the
(SHE) started with Dirac delta initial data Z,(z) = dy(x). For this initial data, [10] established that
Z(x) > 0forall ¢t > 0 and x € R almost surely (see also [9]). Thus H = log Z is well-defined
and is called the Cole-Hopf solution of the KPZ equation. This is the notion of solution that we
will work with in this paper, and it coincides with other existing notions of solutions [3, 4, 5, 6, 7,
8], under suitable assumptions.

The work of [14, 183, 184, 185] demonstrates that the one-point distribution of the rescaled
KPZ equation as t — oo goes to the TW distribution, whereas as ¢ — 0 then under a different
rescaling, the KPZ equation converges to the Gaussian distribution (the one-point distribution of
the EW fixed point). Thus, the KPZ equation serves as a mechanism for crossing over between
the EW and the KPZ universality classes. Going back to the diffusion models in time-dependent
random environments, in [83] it was argued that these diffusion models are rich enough to admit the
KPZ equation as limiting statistics. By physical arguments (explained briefly in Section 4.1.5), [83]
derived that in the moderate deviation (MD) regime (when location = O(time3/ 4)), (KPZ) arises
as a second-order correction for the quenched density (see Figure 4.1). Their heuristic arguments

were later supported by [85] via rigorous moment-level computations for certain integrable discrete
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and continuous diffusion models. More recently, using high-precision numerical simulations, [94]

provided strong numerical evidence for this KPZ equation limiting behavior.

ac2
e" 2 - EW

2
e_CT\ﬁ_,_KpZ e~ 1(Ot+TW

- > “«----- > “----- >
Diffusive regime D regime D regime
z o Vi x = ct3/ r=ct

Figure 4.1: Schematic diagram of the quenched density p(x) of the position of a particle
at time ¢. The results in the diffusive regime need to be interpreted appropriately and
may be found in [80]. The fluctuations in the Tracy-Widom regime are known only in
some exactly solvable cases [82], but are conjectured to hold generally. We expect EW
fluctuations whenever z < 34 and TW fluctuations whenever z > t*/4. The exponent
3/4 is expected to be the unique exponent where the KPZ equation fluctuations appear.

In this paper, we work with diffusion in continuum random environments. We consider the
stochastic flow of kernels whose k-point motions solve the Howitt-Warren martingale problem
[186]. Such stochastic flows of kernels are called Howitt-Warren flows and give rise to diffusions in
continuum random environments (see Section 4.1.2 for more details). We show that the logarithm
of the quenched density of the motion of a particle under the Howitt-Warren flow, upon appropriate
centering and scaling, converges weakly to the KPZ equation.

Our work is the first rigorous instance of weak convergence to the KPZ equation for diffusion
in time-dependent random media under the moderate deviation regime. We mention that such
weak convergence to the KPZ equation has been shown in the large deviation regime under weak
random environment settings [90, 187]. Our proof techniques rely on a certain Girsanov transform
related to sticky Brownian motions (see Section 4.1.5 for details). In particular, we do not rely on
tools from integrable probability, and our results hold for all Howitt-Warren flows with finite and

positive characteristic measures.
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4.1.2 The model: sticky Brownian motion

In order to define random motions in a continuum random environment, we need to introduce
the notion of stochastic flow of kernels. For s < t, a random probability kernel, denoted K ,(z, A),
is a measurable function defined on some underlying probability space {2, such that it defines
a probability measure on R for each (z,w) € R x . K;,(z, A) is interpreted as the random

probability to arrive in A at time ¢ starting at x at time s.

Definition 4.1.1. A family of random probability kernels (K +)s<; on R is called a stochastic flow
of kernels if

(a) Forany s <t <wandz € R, almost surely K, ;(v,A) = 6,(A), and

/ Koa(ys AV oa(a, dy) = Koo, A)
R

for all A in the Borel o-algebra of R.

(b) Foranyt, <ty < --- <1y, the (K, 4. ’?:_1 are independent.
isli+1/1=1

(c) Forany s <uandt € R, K, and K1+ have the same finite dimensional distributions.

The general theory of stochastic flow was developed by Le Jan and Raimond in [188]; see also
Tsirelson [189]. For the stochastic flow of kernels that we consider in this text, one can ensure that
the random set of probability 1 on which (a) holds is independent of x € R and s < ¢ < w. This
allows us to interpret (/,;)s<; as bona fide transition kernels of a random motion in a continuum
random environment. The averaged law of such a motion is called the 1-point motion associated
to (Ks+)s<t- More generally, the k-point motion of a stochastic flow of kernels is defined as the R”

valued stochastic process X = (X!, ..., X*) with transition probabilities given by

P(Z,dy) = E

H Ko (x4, dyi)] }

i=1
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We will be interested in a particular random motion in a continuum random environment originat-
ing from the Howitt-Warren flow of kernels. Its corresponding %-point motion solves a well-posed
martingale problem that was first studied by Howitt and Warren in [186]. Below, we introduce the

k-point motion by stating the martingale problem formulated in [190].

Definition 4.1.2. Let v be any finite measure on [0,1]. We say an R*-valued process X; =
(X}, ..., XF) solves the Howitt-Warren martingale problem with characteristic measure v if X
is a continuous, square-integrable martingale with the covariance process between X' and X’

given by

t
<XZ,XJ>t:/ Lyvi_xds, (4.1)
0

and furthermore it satisfies the following condition:

Consider any nonempty A C {1,2,...,k}. Forx € R*, let
fa(x) :== max{z; : i € A}, and  ga(x) = |{i € A z; = fa(x)}]-

Then the process fa(X;) — fg B+ (9a(Xy))ds is a martingale with respect to the filtration gener-

ated by X, where 5, (1) := 0 and

Bum) =2 [ Y (- yfuldy) m>2

Note that from the covariance process formula above, we see that each X* is marginally a
Brownian motion. Focusing on the k = 2 case, one can check that the last condition in Definition

4.1.2 is equivalent to

t
1 X! — X7| — 4v([0, 1])/ Lyxi—xzyds (4.2)
0

being a martingale.
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We define the local time at a of a continuous semimartingale X as

.1
LX(t) == lim —/ Lia—cex,<ateyd(X, X)s. 4.3)
0

e—0t 2¢

Then, using Tanaka’s formula we see that (4.2) implies that

t
L2 (1) = 40((0, 1)) / 1 1oy ds.
0

Thus, from the above formula, we see that X! and X? can be interpreted as Brownian motions
evolving independently of each other when apart, but when they meet there is some stickiness.
Due to this stickiness, the two motions momentarily move together in the sense that they are equal
on a nowhere-dense set of positive measure. The k-point motion defined above is a generalization
of this stickiness phenomenon and is thus referred to as sticky Brownian motion (SBM) in the

literature (Figure 4.2).

2.04

0.50 1
1.5 A

0.25 1
1.0 1

0.00 -

0.5

—0.251

—0.50 1

—0.751

—1.00 1

—1.25 1

Figure 4.2: 500-point SBM with weak and strong stickiness simulated from discrete
random walks in random environments.

The study of Brownian motions with stickiness goes back to the work of Feller [191], where
he studied general boundary conditions for diffusions on the half line. Since then, sticky Brownian
motion has been observed to arise as a diffusive scaling limit of various models: storage processes
[192], discrete random walks in random environments [193, 194], and certain families of exclusion

processes with a tunable interaction [195]. An SBM with a uniform characteristic measure inherits
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integrability from the beta random walk in random environment model studied in [73]. This was
exploited in [82, 85, 196] to extract various exact formulas and asymptotics. SBM models also
bear connections to the Kraichnan model of turbulent flow [197]. Indeed, in the works [198, 199],
the sticky behavior of particles was observed under certain fine-tuning in the Kraichnan model. We
refer to the series of the physics works [200, 201, 202, 203, 204] and expository notes [205, 206]

on the Kraichnan model for more details in this direction.

Howitt and Warren [186, Proposition 8.1] proved that the martingale problem in Definition
4.1.2 is well-posed, and its solutions form a consistent family of Feller processes. By a remarkable
result of Le Jan and Raimond [188, Theorem 2.1], any consistent family of Feller processes can
be viewed as a k-point motion of some stochastic flow of kernels, unique in finite-dimensional
distributions. Thus, in particular, the solution of the Howitt-Warren martingale problem can be
viewed as the k-point motion of some stochastic flow of kernels. This stochastic flow of kernels
is called the Howitt-Warren flow. When referring to the k-point motions, we will continue to use
SBM. We refer to [207, 190, 208] for more background on how SBM can be viewed as random
motions in continuum random environments, and how to give a concrete construction of such a

flow in a space of measure-valued flows using a coupling with the Brownian web and net.

4.1.3 Main results

Let K +(dz) denote the Howitt-Warren flow started from a Dirac mass at 0 whose characteristic
measure v is non-degenerate in the sense that v([0, 1]) > 0. As mentioned before, K .(z) can be
interpreted as the random probability of a particle hitting x at time ¢. The goal of this paper is
to study the density of this quenched probability in the moderate deviation regime where we take
(t,x) — (Nt,tN** + £N'/?). Formally speaking, we show that the log of the quenched density

after appropriate centering:

log Ko ne(EN** + xN'?) 4 Llog N + N2 4 o NV
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converges in law to the solution #,(z) of the KPZ equation defined in (KPZ).

It is actually the case that Ky is singular with respect to the Lebesgue measure. In fact, by
[190, Theorem 2.8] it is almost surely purely atomic at deterministic times, and may thus be viewed
(formally) as a large system of interacting Brownian particles of different masses that dynamically
split and recombine according to a time-homogeneous rule determined by the characteristic mea-
sure v. Since K only exists as a measure and not as a function in general, some care must be taken
in order to make sense of the convergence statement written above. To do this, we introduce the
fields {27V} ny>1 below.

For ¢ > 0 and a bounded test function ¢ : R — R we first define
LN () = /R e~ aNYPHuNTE g =12 (0 NBIAEY) K v (du) (4.4)
so that on a purely formal level, one has (via the substitution z = N~'/2(u — N3/4t))
2N (¢) = /R P(x) N2z 24N e (ENYY 4 2 NY?) da, (4.5)

The above formally defines a spatial pairing of 2, with ¢ in L?(R), and we can also define

space-time pairings of smooth compactly supported test functions ¢ : R? — R by the formula

(27, ) o) = / 2N (o8, ), 4.6)

though again we emphasize that 2" is not an element of L?(RR?) and the subscript here is merely
suggestive. Our first result shows that for a fixed ¢ > 0 and a spatial test function ¢, the moments

of 2.V (¢) converge to the moments of the stochastic heat equation paired with ¢.

Proposition 4.1.3 (Convergence of moments). Fix t > 0, and k € N. For all $ € S(R) (the
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Schwartz space on R), one has the following limit:

N—oo

k .
lim E[2;"(6)"] = Eger [H O(Blet T 10| = B(2(0)"] (47)
j=1
Here E denotes the annealed expectation over the environment w and Z,(¢) := [, Z(x)¢(x)dz,
where (t,z) — Z(x) solves (SHE) with o = m under Dirac delta initial condition. The

expectation of the middle term is with respect to k independent Brownian motions, and L} ()

denotes the local time accrued by Y at zero by time t.

Using different methods, a similar multipoint moment convergence result is established in [85]
for the case where the characteristic measure v is a uniform measure. However, in contrast to the
field (4.4) that we use in this paper, [85] used a slight variant which we refer to as the “quenched
tail field." We refer the reader to Section 4.1.3 where we define the quenched tail field and discuss
our results related to it.

We will now describe our weak convergence result for the above field under the appropriate
topology. Note that Z;(x) is not uniquely characterized by its moments, since they grow too fast.
Therefore, the convergence of moments alone will not be enough to establish weak convergence of
2 N. However, Proposition 4.1.3 will still be relevant and will help us to identify the limit points
of 2"V once we show tightness in an appropriate Banach space.

We next introduce these suitable topologies for 2"V Fix any 7" > 0 and set A := [0, 7] x R.
We denote by C'>°(Ar) the set of functions A — R that are restrictions to A7 of some function in
C>*(R?). For a < 0 we let r = —| ] and define the weighted parabolic Holder space C*" (Ar)

to be the closure of C'2°(Ar) with respect to the norm given by

||f|| = sup sup sup (f’ Sé,x)@)LQ(AT)
Cs" (AT) - (t,x)EAT NE(0,1] EBy (1 + I2)T)\o¢

where the scaling operators are defined by S} ¢ (s,y) = A" ?p(A7?(t—s),A"! (v —y)), and where

B, is the set of all smooth functions of C" norm (see (4.103)) less than 1 with support contained
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in the unit ball of R?. These spaces are separable and embed naturally into S'(R?) (the space of
tempered distributions); see Sections 2 and 3 of [209].
Similarly, for « < 0,7 = —|«], we define the weighted elliptic Holder space C'*"(R) to be

the closure of C'>°(IR) with respect to the norm given by

,S7
I llgor®) == sup sup sup w
2€R Ae(0,1] peB, (1 + 2%)7A

where the scaling operators are defined by S2é(s,y) = A" 'é(A~(z — y)), and where B, is now
the set of all smooth functions of C"-norm (see (4.103)) less than 1 with support contained in the
unit ball of R. As before, these spaces are separable and embed naturally into S’(R); see Sections 2
and 3 of [209]. Finally, for a Banach space = we define the function space C'([0, 7], ) containing
all continuous paths [0, 7] — =, equipped with a norm given by |[v|| := sup,co 1 [[v(t)]=- In
particular, we will consider the spaces C'([0, 7], C""(R)).

Our main result, stated below, shows that the collection {2 N } ~N>1 converges weakly to the
stochastic heat equation when viewed as elements of certain weighted parabolic Holder spaces or

certain function spaces.
Theorem 4.1.4 (Weak Convergence). Fix any T > 0, and 7 > 1.

(a) Fix any « < —1. For each N > 1, 2V as defined by (4.4) and (4.6) can be viewed as
an element of C&"(Ar). Furthermore, the collection { 2N} N1 is tight with respect to the
above topology of C&™(Ar). Additionally, any limit point as N — oo is concentrated on

C((0,T],C(R)) and coincides with the law of (SHE) with 0 = 21}([% iy started from Dirac

delta initial condition.

(b) Fixanyy < —2. Foreach N > 1, (%N)te[O,T] as defined by (4.4) can be viewed as an element
of the space C([0,T],C"™(R)). Furthermore, the collection { 2~ } > is tight with respect
to that topology. Any limit point as N — oo is concentrated on C((0,T], C(R)) and coincides
with the law of (SHE) with o = m, started from Dirac delta initial condition.
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Remark 4.1.5. A few remarks related to the above theorem are now in order.

(a)

(b)

(c)

(d)

We explain how to interpret the above results in terms of test functions. For any 1, ..., om €
C>(R?), either part of Theorem 4.1.4 implies the joint convergence of ((%N, goj)Lz(Rz)) 1<j<m

as defined in (4.6) to (f( Zy(x)p;(t, z)dtdz)

0,00) xR 1<j<m’

Theorem 4.1.4(b) implies convergence of (2~ (¢))epo.r) to ( [o Zt(x)qﬁ(x)dx)te[o 7p Viewed
as random variables in C[0, T, for any ¢ € C°(R). In particular, one may evaluate the field

at some finite collection of fixed times to obtain multi-time convergence.

There is a tradeoff between the two parts of the theorem. Theorem 4.1.4(a) is a statement about
the convergence of the field 2" when tested against smooth functions in both space and time,
and it does not imply convergence in law of 2~ (¢) for fixed t > 0. However, « < —1 is
indeed the optimal Holder exponent that one could hope to obtain for convergence of the fields
2N in the parabolic spaces (the heat kernel itself does not have better regularity). On the
other hand, Theorem 4.1.4(b) implies convergence of the spatial field for fixed t > 0, but we

believe v < —2 is no longer the optimal Holder exponent for the function space.

The weights T > 1 are not optimal. It should be possible to get rid of the weights altogether,
since (SHE) started from Dirac initial condition is known to have nice decay properties in both

space and time, but some technical aspects of the paper are simplified by using weights.

Theorem 4.1.4 is part of a series of efforts that have sought to show the weak KPZ univer-

sality conjecture, which postulates that a large class of weakly asymmetric models rescale to the

KPZ equation (see the introduction of [210] for a brief background). For instance, convergence

to the KPZ equation has been established in a variety of models: directed polymers in the inter-

mediate disorder regime [86], exclusion processes [88, 14, 211, 126, 212, 213, 138, 214, 215],

and a large class of stochastic growth models [210, 216, 217, 218]. In the context of diffusion

in time-dependent random environments, [90] studied nearest neighbor random walk on Z in ran-

dom environments. They showed that under the weak scaling of the environment, the rescaled
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quenched transition probability evaluated in the large deviation regime converges to the solution of
the stochastic heat equation. The work [82] considered the analogous setting for SBM with a uni-
form characteristic measure. They showed that by weakly scaling the environment, which in this
case corresponds to rescaling the characteristic measure, the moments of the Howitt-Warren flow
evaluated in the large deviation regime converge to the moments of the stochastic heat equation. In
a similar spirit, [187] considered a continuous SPDE model that models the trajectory of a particle
in a turbulent fluid. They showed that under a weak environment setting, the limiting fluctuations

of the quenched law of the underlying process are given by the KPZ equation.

We emphasize that we do not deliberately introduce any weak asymmetry into our model, i.e.,
the environment is independent of N and there are no parameters of the model that are being
tuned. Rather, the KPZ fluctuations suggest that the weak asymmetry is somehow introduced
naturally as a consequence of the moderate deviation scaling. In fact, by the scaling property of
SBM [190, Proposition 2.4], our result can be converted to a large deviation regime result under
weak stickiness, which would confirm the moment-based predictions for the case of a uniform

characteristic measure in [82].

Quenched tail field and connection to extreme value theory

In this subsection, we describe how KPZ equation convergence can be established for the

quenched tail probability from our results on the density field stated in the previous section.

Definition 4.1.6. We define the quenched tail field by
FN<t, I) = N1/46%\/N+N1/4xKO’Nt[N3/4t + NI/QZE, OO)

The prefactor N'/4, as opposed to the N'/? observed in (4.5), essentially comes from inte-
gration by parts which absorbs an N'/* factor from the N'/2 (see the proof of Proposition 4.7.2).
We remark that although the Fy are function-valued, they are discontinuous functions due to the

atomic nature of Ky, [190, Theorem 2.8]. Our next theorem states that the family {log Fiy } ny>1 of
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space-time processes converges to the KPZ equation, in the sense of finite-dimensional distribu-

tions of pointwise values (¢, x).

Theorem 4.1.7. For any finite collection of space-time points {(t;, x;)}™, € ((0,00) x R)™ one

has the joint convergence

(10g FN(tZ,ZEZ)) (Htl(xz>) i=1’

where H;(x) solves (KPZ) with o = QV(&) "

The above theorem was conjectured in [85] where the authors established a multipoint moment
convergence of the field Fiy(¢,z) to that of the stochastic heat equation for the case where the
characteristic measure v is a uniform measure. Again, since the moments do not determine the
distribution of the stochastic heat equation, the results in [85] do not yield Theorem 4.1.7 even for

the uniform case.

To prove Theorem 4.1.7, we rely on Theorem 4.1.4(b) and an integration by parts argument to

first obtain the joint convergence

(/(]51 VFn (L, x d:c) (/@ )24, (x da:> :1. 4.8)

for ¢1,...,0, € C°(R) and tq,...,t, > 0. We then establish regularity bounds for the two-
point spatial difference of the quenched tail field. This essentially follows from the work of [190],
[80], and [82]. Given this regularity bound, the finite-dimensional convergence in (4.8) can be
upgraded to finite-dimensional convergence of pointwise space-time values by an application of

Fatou’s lemma. The full details of the proof of Theorem 4.1.7 are presented in Section 4.7.

One could go even further and ask about the convergence of Fy in a stronger topology such as
the Skorohod topology (recall the F'y are discontinuous), which implies the multipoint result. We

do not pursue this in the present paper and leave this as a future work.

As a consequence of Theorem 4.1.7, we obtain the limiting distribution for the maximum

particle of a k-point sticky Brownian motion (X}, ..., X[) in the regime ¢t = O((log k)?).
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Theorem 4.1.8. Fix c,t > 0 and d € R. Let (X},..., XF) be a k-point sticky Brownian motion
with characteristic measure v. Set the number of particles k = k(N) := Lexp( cNY2 4 dNV4 +
rn)] where vy can be any sequence satisfying ry = o( N'/*). Then

max {N~ 4X’(Nt)}—aN(C>d>t)_d>\/%(G+Hc(d))>

1<i<k(N)

where

an(e,d,1) == VeIN — dNHJE =[5 (ry — Llog V).

Here G is a Gumbel random variable (i.e., P(G < a) = e~ *) which is independent of H, the

solution to (KPZ) with o = WE'

We remark that k-point sticky Brownian motion refers to the annealed law of the X*: we are
not making a pathwise statement about the maximum for each realization of the kernels K ;, which
is consistent with the fact that Theorem 4.1.4 is a weak convergence statement, not an almost sure
convergence statement. We also remark that rather than allowing o to depend on ¢ and ¢, one may

instead take o = but then H.(d) must be changed accordingly to # 2 (%d) + log (ﬁ)

[0 1)

Taking d = ry = 0 and ¢t = 1, we see that the above statement is a result of the maximum of
ezeVN many sticky Brownian motion particles at time N. This is the same as understanding the
maximum of N particles when time is of the order (log N)2. This leads to the question of what
happens when (for a fixed characteristic measure ) one looks at the maximum of /N particles
at timescales different from (log N)?. At timescales of order 1, we do not expect universality,
as the answer may depend on the characteristic measure. If the characteristic measure satisfies
f[OJ] ¢ 'v(dq) < oo, then the support result of [190, Theorem 2.5a] implies that the maximum of
N particles at time ¢ = 1 converges in law (without any centering or scaling) to a Gaussian of
mean 2 [, ¢~ 'v(dg). If [, ¢~'v(dg) = oo, we have no conjecture what happens.

At timescales of order log N, the maximum of N particles fluctuates like (log N)'/? times a

Tracy-Widom distribution. This is conjectured to be universal, but it is currently only provable
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in certain exactly solvable cases (see [73, Corollary 5.8] or [82]). Finally, on timescales greater
than (log N)? we believe that the Gumbel term will dominate, since in this regime the motions
closely resemble i.i.d. Brownian motions. We conjecture that (log N)? is the unique timescale at
which one sees a mix of Gumbel with the KPZ equation. It remains to explore what happens on
timescales between 1 and log N, or between log N and (log N)?.

The physics paper [94] contains numerical simulations which explore these regimes and seem
to support some of our conjectures, although they consider the random walk in random environ-
ment which is a discrete analogue of our model. The physics paper [219] also contains interesting

conjectures related to timescales slightly larger than (log V).

4.1.4 Issues with the chaos expansion technique

Before explaining the core ideas and novel techniques of the proof, it is important to highlight
the constraints of traditional methods used in showing convergence to the (SHE). Among the
existing methods, the polynomial chaos method is a widely used approach in establishing weak
convergence to the (SHE). In this method, the prelimiting object is first identified as a sequence of
multi-linear polynomials of independent random variables (called polynomial chaos expansions).
Then each term of the chaos series is shown to converge in L? to that of the Wiener chaos series
of (SHE). This idea was first implemented by Alberts, Khanin, and Quastel [86] for directed
polymers. Later, [87] set up a general framework, formulating general conditions under which a
polynomial chaos series converges in law to a Wiener chaos expansion. This framework has since
been utilized extensively to show that (SHE) arises as a limit from several models of interest. In
particular, Corwin and Gu [90] used the framework of [87] to obtain KPZ equation convergence
for the random walk in a random environment (RWRE) model in the large deviation regime under
a weak environment scaling. Although sticky Brownian motion bears a strong resemblance to the
RWRE model and can be realized as its diffusive limit [208], there are two serious obstacles in

carrying out the polynomial chaos approach in our setting.

1. Firstly, it is not clear how to set up the polynomial chaos for the quenched density in the
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context of a continuum random environment. Indeed, as shown in [220] the noise generated
by the Howitt-Warren flow is a black noise in the sense of Tsirelson [189] (see also [220]).
Black noises arise as a scaling limit in various discrete models, such as systems of coalescing
random walks [221, 222] and 2D critical percolation [223]. These non-classical noises are a
much more subtle and less understood subject than white noise. A stochastic calculus for black
noise is not known, and in particular, there is no notion of iterated stochastic integrals with

respect to black noise.

. Secondly, even for the discrete RWRE model, it is not straightforward to replicate the ideas of
Corwin and Gu [90] to prove KPZ equation convergence under the moderate deviation regime.
Although a polynomial chaos expansion for the quenched density is available in this regime,
taking a naive limit of this discrete chaos expansion interestingly gives a noise coefficient in
the limiting stochastic heat equation which is strictly smaller than the physics prediction from
[85]. We refer to Section 1.1 of our sequel paper on discrete random walks in dynamical
random environments [72] for more details on this. This suggests that this polynomial chaos
does not satisfy the conditions in [87, Theorem 2.3] needed to apply their framework. In this
particular scenario, a nonzero proportion of the L?-mass of the polynomial chaos series escapes
into the tails of the series in the N — oo limit, suggesting that additional independent noise is

generated in the limit.

As far as we know the latter phenomenon has not been observed previously. We study this

phenomenon in our upcoming work [72] where we prove a similar KPZ equation universality

result for the quenched transition kernel of the RWRE using a similar strategy. Like this paper and

in contrast with [90], the environment law will be fixed under the scalings, and we will focus on

the moderate deviation setting.

4.1.5 Proof idea

In this section, we describe the broad ideas of the proof of our main theorem: Theorem 4.1.4.

We focus on the proof of Theorem 4.1.4(a). The proof of Theorem 4.1.4(b) will follow readily
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from Theorem 4.1.4(a), together with a short embedding lemma about these Holder spaces under

the action of the heat kernel.

Girsanov’s formula

The main technique in our analysis will be a Girsanov-type formula for sticky Brownian mo-
tion. For simplicity, we illustrate here the 1-point case. Using the definition of 2" (¢) from (4.4)

we may write
2N (9) = ED [ #VRNT v g (N2 0ty — NYA)) | 4.9)

where Ef}) denotes the quenched expectation with respect to a single motion X sampled from the
environment w = {K,,; : —oo < s <t < oo}. Note that in the annealed sense K y; is simply
the law of By for a standard Brownian motion B. Thus, taking the annealed expectation on both

sides of the above equation, and by the tower property for conditional expectation, we obtain

E[2;Y(6)] = By [e 30V g (N2 (X, = NO)) |

= Epum [6_%t\/ﬁ+N1/4Xt ¢ (Xt — Nl/4t)} )

Here the expectations are taken with respect to a standard Brownian motion B. In the last line,
we used the scale invariance of Brownian motion to say that X 4 (N -12x Nt)t>0- Note that
Z, := e~ 5VN+NEX1 is the stochastic exponential of N'/4X,. By Girsanov’s theorem for Brownian
motion, under the changed measure Q(A) := Epy(Zr1,4), the process (X; — NV ) seo,r) 18
again a Brownian motion. Thus, the last expression in the above equation is precisely equal to
E g [¢(B;)] which no longer depends on N. This matches the first moment of [, Z,(x)¢(x)dx

where (t,x) — Z;(x) is defined in Proposition 4.1.3.

In the case of higher moments, 2" (¢)* can be viewed as the quenched expectation with re-
spect to k-point motion sample from the environment w. Then taking the annealed expectation over

the quenched expectation will lead to expressions in terms of a k-point sticky Brownian motion.
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Then the key idea is to use a Girsanov-type formula for sticky Brownian motion (see Lemma 4.2.2)
to get rid of divergent terms appearing in the annealed expectation expression. The resulting higher
moment formulas appear in Lemma 4.3.1. Unlike the first-moment computation, the resulting ex-
pressions for higher moments still depend on N. However, the expressions are amenable to taking
the large /V limit. The expressions obtained in Lemma 4.3.1 are essentially annealed expectations
with respect to a k-point sticky Brownian motion with characteristic measure N'/?v. As N — oo,
the stickiness disappears, and we are left with expectations with respect to a standard Brownian
motion on R¥. In Theorem 4.3.2 we compute these limits and show that they indeed match with

the moments of (SHE) defined in Proposition 4.1.3.

Through our method, the N3/* term appearing in the scaling is seen to be the unique and
natural choice of exponent that universally gives KPZ fluctuations. Indeed, following (4.9), one

could potentially consider a model with more general exponents:
27V () 1= B e s RNt (N2 (X — ex )|

and certain aspects of the paper would still go through. Indeed, following the arguments in the

proof of Lemma 4.3.1, one can check that the second moment is given by

B2 (6] = B oo e (& | t Lxands ).

where (X,Y) is a certain tilted version of 2-point SBM with characteristic measure N'/2y. The

key observation here is that cy = N~/4

is the unique choice for which local times appear in
the limiting expressions of the intersection times (see Theorem 4.3.2). When cy < N~1/4, the
contribution of the intersection times would vanish in the limit, whereas for ¢y > N~1/4 the

expressions blow up.
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Tightness

We now explain the main idea used in proving the tightness of the field .2"". Roughly speaking,
the original conjecture made in [85] interpreted the Howitt-Warren flows K, as a Kolmogorov
forward equation associated to an SDE with drift coefficient formally given by space-time white
noise. They then apply a shear transform of space-time given by (¢, z) — (Nt, N3/*t4+ N'/22) and
note that (at least formally) this transforms the Kolmogorov forward equation into an SPDE which
is essentially (SHE) plus some term that should vanish in the limit. Their derivation is non-rigorous
because such a Kolmogorov SPDE is ill-posed due to the roughness of the noise. The main idea in

our proof is to use a rigorous variant of this idea.

More precisely, in Lemma 4.4.3 we will show that the fields 2" satisfy a forced heat equation

of the form
(8, — 1) 2N = aMm™ (4.10)

in the sense of space-time Schwartz distributions, where M?¥ is a martingale forcing that is con-
structed in Section 4.4 below. We do not aim to explicitly describe M* but simply work with it
as though (4.10) is the definition. Despite this non-explicit description of M, we can nonetheless

show that the quadratic variations of M* admit the following nice decomposition:

(MY () = QY (¢%) + & (9), (4.11)

where Q” is the quadratic variation field introduced in (4.52) and £} (¢) is an error term defined

in (4.53) that goes to zero in L? norm. Our tightness proof then proceeds in two steps:

* In the first step, we obtain various moment estimates for Q*¥. This is done by the same method
outlined in Section 4.1.5. Indeed, the Girsanov approach allows us to get precise expressions
for other relevant observables related to the field 2™V, not just the moments. In particular, it

gives us access to moment estimates for Q" as well (Proposition 4.5.6).
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» The next step is to use the moment estimates for Q* to obtain tightness estimates on the fields
2N, Indeed, since the fields M* have a martingale structure, the Burkholder-Davis-Gundy
inequality yields moment estimates for M* from moment estimates for Q. By Schauder
estimates for the heat equation, we may, in turn, translate moment estimates for M N into

tightness estimates for the fields 2"V using (4.10).

From the above steps, we obtain tightness for the fields 2™V, Q", and M* in an appropriate
topology (see Propositions 4.6.12 and 4.6.13). This roundabout method turns out to be much
more tractable than trying to obtain tightness for the fields 2"V directly, see Proposition 4.5.6
below. This type of method is somewhat similar to that used in [88] where the authors proved KPZ

fluctuations for WASEP.

Identification of the limit points

After tightness is obtained, it remains to identify the limit points. To do this, we will use
the martingale characterization of the solution of the multiplicative noise stochastic heat equation.
Specifically, consider a measure 1 on C'([0,7],C(R)), and let (X;);co,r) denote the canonical
process on that space. The canonical filtration F; on C([0,7],C(R)) is the one generated by
{X; : s < t}. Aresult of [88, Proposition 4.11] inspired by the work of [224] says that if for all
¢ € CX(R) the processes

1 t
M(¢) == (X, 0) r2w) — 5/ (X5, ¢")12(r)ds (4.12)
0

are (F;, u)-martingales with quadratic variation given by

(M(&))i =0 / (X2, 6%) 12(ay s, “13)

then (under reasonable assumptions on the spatial growth of X; at infinity) the measure ;. neces-
sarily coincides with the law of (SHE) started from an initial condition that is distributed as X

under /.
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Let (X, Q>, M) be a limit point of (2", Q", M"). Since in the prelimit the observables
satisfy (4.10), from that equation it is not hard to deduce that (X°°, M) satisfies (4.12) with
(X, M) = (X, M*). To show (4.13), we again rely on the Girsanov approach to extract moment
formulas for certain observables in the prelimit. Using these formulas, loosely speaking, we shall

show in Proposition 4.5.3 that as N — oo
! 2 L?
QN (a) - a/ (2:V()*ds 5 0
0

for each a € R\ {0}. The precise formulation of the above equation requires more care, as QY
and 2" exist only as distributions. Assuming this, thanks to the decomposition in (4.11) and the
fact that £/ (¢) vanishes in the limit, we get (4.13) with (X, M) = (X°°, M>).

The proof strategy outlined above has the potential to generalize to the random walk in random
environment (RWRE) setting. In an upcoming work, we plan to prove a similar KPZ equation
universality result for the quenched transition kernel of the RWRE in the moderate deviation regime

using the same strategy.

Remark 4.1.9 (Universality). From the proof outlined above, we see that only the 1-point and
2-point motions associated with the kernels K, ; are consequential in the limit. The 1-point motion
is simply Brownian motion which is why M;(¢) as defined above is a martingale, while the 2-point
motions appear in the expressions for the quadratic variations of those martingales. Indeed the
kernels K, and their “squares" K SS 7 (see (4.45)) which appear in the expressions for the martin-
gale MY and the quadratic martingale field QN are purely in terms of the quenched expectations
of at most two-point motions of SBM (see for instance (4.54)). Since the 1-point and 2-point mo-
tions of SBM are completely determined in law by just the total mass v(|0, 1|) of the characteristic
measure (this can be seen for the 2-point motion by looking at (4.2)), the limiting law in Theorem
4.1.4 only depends on SBM via v([0, 1]). In other words, our result is universal in the sense that it

vields the same limit for all characteristic measures v with the same total mass.
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Organization

The rest of the article is organized as follows. In Section 4.2 we describe the Girsanov trans-
form and collect estimates related to sticky Brownian motion. In Section 4.3 we prove the moment
convergence (Proposition 4.1.3). In Section 4.4 we identify the martingale M/ and show that the
field 2™V satisfies a forced heat equation with forcing M”. Section 4.5 is devoted to analyzing
the quadratic variation of M”. Finally, in Section 4.6 we prove Theorem 4.1.4 by utilizing the
estimates from the previous sections to obtain tightness estimates and to identify the limit points
for the fields 2™"V. In Section 4.7, we prove results related to the quenched tail field discussed in
Section 4.1.3. In Section 4.8 we prove a few technical estimates related to Brownian bridges which

are used in proving our main theorems.

Notation and Conventions

Throughout this paper we use C = C(a, b, ¢, ...) > 0 to denote a generic deterministic positive
finite constant depending on a, b, ¢, ... that may change from line to line. We write S(R?) to
denote the space of all Schwartz functions on R? and use S'(R?) to denote it’s dual: the space
of all tempered distributions. We write [E and [E,, for annealed and quenched expectations in the
context of random motions in random environments. We use E to denote expectation under path

measures such as Brownian motion, sticky Brownian motion, etc.
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4.2 Girsanov transform and sticky Brownian motion estimates

In this section, we develop the basic framework of our proof. As mentioned in the introduction,
our proof relies on a certain Girsanov-type transform for sticky Brownian motion. In Section 4.2.1
we describe this transform that we will use repeatedly in our later analysis. In Section 4.2.2, we

collect several estimates related to sticky Brownian motion.

4.2.1 Girsanov transform

We begin with some necessary notation and definitions. Throughout this paper we assume v is

a fixed finite measure on [0, 1] with v([0, 1]) > 0. Fix 7" > 0. For each k € N, we denote

¢ Pger : the law on the canonical space C([0, T'], R¥) of k independent Brownian motions.

* Py 1 the law on the canonical space C'((0, 77, R¥) of the k-point motion of a sticky Brow-

nian motion with characteristic measure v.

Given (X!, ..., X¥) distributed as P using (4.1) we have

SB

k
<ZXj>( —kt+2/ (xiexiyds <Kt (4.14)
J=1 1#]
Thus by Novikov’s criterion for each A € R
: k)\ t
Z(t) :=exp {)\ZXJ'( - )\QZ/ (Xiex? ds} (4.15)
j=1

1<)
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is a martingale. With this information in hand, we now introduce two more measures in the fol-

lowing definition.

Definition 4.2.1. We denote by P the measure which is absolutely continuous with respect

T, SB

to P with density P Z(t)-P on F; where (Fy)ic(o. is the filtration generated

sB TsB® = 5B

by X. We define the measure P ) 10 be the law on the canonical space C([0,T],R*) of the

Dy SBY

process t — (X} — \t)¥_, where (X*)¥_, is distributed as P, ..« . We shall often refer to them

T\SB

as the T\ S B,Sk) and D, S B,Sk) measures.

The following lemma shows that P D, 5BM is also absolutely continuous with respectto P B

on the interval [0, 7' with an explicit Radon-Nikodym derivative. To state the lemma, we introduce
a few more pieces of notation. For x € R¥, define m;(x) to be the cardinality of the set {j < k :

x; = x;}. Define

where X = (X',..., X*) is distributed as P g ).

Lemma 4.2.2. The measure P defined in Definition 4.2.1 is absolutely continuous with

DySB®

respect to P ) with density P = M(t)-P on F; where (Fi)icjo.1) is the filtration

B Dy SBM 5B

generated by X.

Proof. Define the measure P, . ) to be the law on the canonical space C ([0, T],R¥) of the
process ¢ — (X — At)l_, where (X")}_, is distributed as P ¢ ;). By [186, Lemma 5.4], we know

that P is absolutely continuous with respect to P, on the interval [0, T'] with Radon-

QxSBYY
Nikodym derivative given by

dPQASBl(;k)

dP

(X) = exp ( AGH(H) §<Gl><t>), @.17)

t

B
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where
k t 1 i
:;ﬁ@mw“@'

Take any bounded J;-measurable functional F' : C([0, T], R¥) — R. We have

[F(X)] = ETASBE,I“) [F((Xu - )\U)ogugt)}

. [exp (Aixg — %2< in>(t)>F((Xu — Au)ogugt)}
=E, gp0 [eXp ()\é X7 +Xt) ——<2Xﬂ> ) )]
= k)[exp()\éX MG (1 +A2t——<i > —A—Q G1>()> (X)}

Here Au denotes the vector (\u, . .., Au) € R¥ so that (X, — Au) = (X! — Au)%_, € R¥. The first
three equalities in the above equation follow directly from Definition 4.2.1 and the definition of
PQ,\SB,(,k)' The last equality uses (4.17). Note that G(t), defined in (4.16), equals to 2521 XI(t) —
G4 (t). Using (4.14) and the fact that (G, X7)(¢) = t for each j, we observe that the last expression

in the above equation is precisely equal to E [M(t) - F(X)] where M(t) is defined in (4.16).

5B

This completes the proof. ]

Remark 4.2.3. In view of Lemma 4.2.2, a bit of definition chasing shows that for all bounded

Fi-measurable F

ESBﬁk) [Z(t)F( (Xu — ’\u)ogugt )} = Esgw [M(t)F((Xu)ogugt)] )

where Z and M are defined in (4.15) and (4.16) respectively. Using the same argument, one also

has

Z(t) M(t)

Egp® mF( (Xu — Alu — 3))s§u§t) | ]:S] =EBEgpm {M—(s)F( (Xu>s§u§t) | Fs
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almost surely. This implies that for all bounded F;-measurable H

B0 [exp (A SO - X) - BN - s>)H( (X = Mu = 8) et | fs]

j=1

AQ
=E_,m leA(G(t)—G(s))—7[<G>(t)—<G>(s)] H((X,) 0t ) XD (Azz / i du) | f]
1<
(4.18)

4.2.2 Sticky Brownian motion estimates

In this section, we gather various estimates related to sticky Brownian motion that are necessary
for our later proofs. In our analysis, we will often encounter intersection times of a k-point sticky
Brownian motion. For ease of notation, foreach k¥ € Nand 1 < i # j < k we define the functional

Vi C([0,T],RF) — C([0, T}, [0,00)) by
V7 (X) ::/O ﬂ{ngxg}ds. (4.19)
We remark that the processes V' are Borel-measurable and adapted to the canonical filtration on

C([0, T], R¥). The following two lemmas record moment estimates related to these functionals.

Lemma 4.2.4. There exists an absolute constant C > 0 such that for all k > 1, 0,1 > 0 and for

all characteristic measures v we have

k
E g [exp ( Z [ sup 1 X2]) +4v([0,1]) ZV}”(X)})] < C-exp(C - k*6%t).
i=1 i
Proof. Applying Holder’s inequality we get

k
ex su XZ + 4v([0,1]) V” )}
SB(’”{ p( ZZ - It)| Z

! ”“ (4.20)

k 1

2" 1

< HESB@ {eXp <2k‘0 Slilf |XZ )] | | ESB(k) 8kGV([0 )Y, VY (X)] o
=1 s<
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We now proceed to bound the above two product terms individually. Note that marginally each X*
is a Brownian motion under P g Fora Brownian motion, one has exponential tail estimates of

the form

P [sup | X,| > a] < 2e¥/% (4.21)

s<t

We thus have

1

k ﬁ 1
[1 s {GXP (%9 sup \Xi!)] =Ep {eXp (2k9 sup \Xs!ﬂ < QR (4.22)
s<t

i=1 st

for some absolute constant C > 0.

To deal with the second product in (4.20), another application of the Holder inequality on each

of the expectation terms in the product shows that for each = 1, ..., k we have

k—1

B0 [exp (8k9u([0, DI (X))} <TIEone {exp (8k(k—1)9y([0, 1) /0 B {ngxg}dsﬂ

JFi J#F

Notice that for all ¢ # j the pair (X, X7) is a 2-point sticky Brownian motion under P ) and

sBLF

therefore the latter product is the same as

E gy {exp (Sk(k; — 1)0v([0, 1)) /O t H{ngg}ds)} .

Summarizing, we find that

k t

ij 1
] [ESBS“’ [0 35 ViP (X)) 28 < Egpe [exp (Sk(kr — 1)0v(]0, 1])/ IL{X;:Xg}ds>}
=1 0

2

Note that for a 2-point sticky Brownian motion (X,Y), recall from (4.2) that the process

4v(]0,1]) fot 1x1_y,ds agrees with the local time Ly " (¢). By [225], X — Y can be viewed
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as a time changed Brownian motion. Indeed, given a Brownian motion B, if we define

1

T(t)=t+ L(0.1])

L (1), (4.23)
the process \/§BT71(,) has the same distribution as X — Y. Note that for 0 < s < ¢ we have

T(Ts)+t—s)=T (s)+t—s+ mLé(_Y(T_l(S) +t—35))

>T Ys)+t—s+ ng_Y(T_l(s))) >s+t—s=t.

Writing ¢ = T(T~(t)), we see that
T't)—T '(s) <t—s. (4.24)

This means that the time increments of the time-changed process are slower than that of the stan-
dard time. In particular, 77'(¢) < t, hence L ¥ (t) is stochastically dominated by L(‘)EB (t) =
V2LE(t). By Levy’s identity for Brownian local time, we have L (t) L maxs<; B(t) for each
fixed t > 0. Using (4.21) we thus have

k y ¢ 1
HESBQC) [egke”([g’”)zj#i‘/t (X)} * < ESBS") {exp (Sk(k — 1)dv([0,1]) /0 H{ngxsz}ds>}

=1

< C€Ck2(k—1)292t

for some absolute constant C > 0. Inserting the above bound and the bound in (4.22) back in

(4.20) we get the desired bound. This completes the proof. [

Lemma 4.2.5. Fix k € N and p > 1. There exists a constant C = C(p, k) > 0 such that for all

t>s>0

sup By | (0.1 0700 - 1)) | < cle -5
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where M([0, 1)) is the space of finite and non-negative Borel measures on [0, 1].

Proof. Use Minkowski’s inequality and the fact that the 2-point motions of P .« are distributed

as PSB,(,2) to write

Egpw K@([O, 1]) ;(Vfﬂ' (X) =V (X)))p] 1/p < g B0 K@([o, )V (X) — Vi (X)))p} 1/p
) ;ESB£2> {(4'/([0, 1) / t ﬂ{Xu:Yu}du>p:| w
e CRlER

(4.25)

The last identity follows from the fact that for a 2-point sticky Brownian motion (X, Y') the process
4v([0,1]) fot 1;x1_y,)ds agrees with the local time L ¥ (¢). Recall that X — Y L V2Br-1(,
where B is a standard Brownian motion and 7" is defined in (4.23). It follows from (4.24) that
LYY (t) — Ly~ (s) is stochastically dominated by v/2(LF(t) — LE(s)). By Levy’s identity for
Brownian local time, we have LE(t) — LE(s) < M(t) — M(s) where M(u) := max,<, B(v).
Since E[|M (t) — M (s)|"] < E[sup,<,<; |B(u) — B(s)|P] = C|t — s[/? for some constant C > 0
depending on p, we have (4.25) < C|t — s|'/? for some constant C > 0 depending on p, k. This

completes the proof. O

We end this section by recording a uniform exponential moment estimate for a certain class of

P, 31(51)/2V—martingales that will be very important.
Proposition 4.2.6. Fixk € N. Let Gy = Gn(X) be any family of continuous P ¢, -martingales
N1/2y
satisfying
(Gn)(t) < CN2Y " VH(X) (4.26)

i<j
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for some deterministic constant C > 0 independent of N. For all p,t > 0 we have

sup ESB(k) [epgN(t)_g@N)(t)} < Q. 4.27)
Nzl N1/2,

Remark 4.2.7. Suppose X = (X',..., X*) is distributed as P . Consider G defined in

(k)
SBNl/%

(4.16). Clearly Gy = NG satisfies (4.26). Let us write
My (t) = exp (NVAG(t) — INVHG)(1)) . (4.28)

Note that My is the same as M defined in (4.16) with A\ — N'* and v — N'/?v. The above

proposition shows that the LP norms of My (t) are uniformly bounded.

Proof of Proposition 4.2.6. For convenience, we write Ex for E . Due to the hypothesis

(4.26), for every A > 0 we have

sup Enx [e’\<g’v>(t)] <supEy {exp ()\CNl/2 Z V;”(X))} < 0. (4.29)

N>1 N>1 i<

where the last inequality is due to Lemma 4.2.4 (applied with v — N'/?v). Thus,
Ey [tV 0-5000] < By [e?v0] < By [e2p2<gN><t>]1/2‘ (4.30)

The last inequality will be explained shortly. Assuming it is true, taking supremum over N > 1 on
both sides of (4.30), in view of (4.29), we get (4.27).

To prove the last inequality in (4.30), we note more generally that uniformly over all continuous
real-valued martingales M defined on a probability space (2, F,P) with My = 0, one has the
bound

E[eM] < E[2M)11/2,

Indeed, if the right side is infinite then the statement is trivial. If the right-hand side is finite, then
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2M,—2(M)

by Novikov’s condition e ¢ 1s a martingale. Consequently we have the bounds

E[eMt] _ E[eMt—<M>t6(M)t] < E[BQMt—2<M>t]I/QE[62(M),5]1/2 -1. E[62<M>t]1/2.

4.3 Proof of Proposition 4.1.3

The goal of this section is to prove Proposition 4.1.3, the moment convergence of the field
E&QN (defined in (4.4)) to that of the stochastic heat equation. The key idea is to observe that the
moments of 2;" can be written as expectations of certain functionals of a tilted version of a sticky
Brownian motion (see Lemma 4.3.1). We then carefully analyze sticky Brownian motions and
the associated tilted measures to obtain a weak convergence result for the tilted measure. This

eventually leads to the moment convergence for the field 2"

4.3.1 Moment computations and moment convergence

(k)

We first identify moments of 2" (¢) as expectations of certain functions under the D y1/4.SB N1/2,

measure introduced in Definition 4.2.1.

Lemma 4.3.1. For all bounded functions ¢ on R, t > s > 0, and k € N one has that

B2 (0] =By s [f[¢<xz>exp (w2 ¥ we)| @

N1/2V ]:1 1§Z<]§k
where the functionals V¥ are defined in (4.19).

Proof. The proof essentially follows by keeping track of all the definitions. Indeed, using the

definition of 2, (¢) from (4.4) we may write

AN (¢) = ED |emstVNENT X g (N2 (X, — N3/4t))] , (4.32)
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where E{ denotes the quenched expectation with respect to a single motion X sampled from the

environment w = {K,; : —00 < s <t < oo}. Taking the k" power we find that

k
2N (@) = EW e VNNV 00 T o (NV2(XY, — N¥4) |

J=1

where Eg,k

) denotes the quenched expectation with respect to a k-point motion (X?, ..., X*) sam-
pled from the environment w = {K; : —0o < s <t < oco}. Taking an annealed expectation over
the above expression and then using the fact that the averaged law of (X!, ..., X¥) is a k-point

sticky Brownian motion with characteristic measure v we obtain that

k
E[%N(Qﬁ)k} :ESB(k> [e EtVN+N—VAHX 4+ X5 H¢ 1/2 N3/4t))]
j=1
A standard fact about sticky Brownian motion is that N~=Y/2(X% ... X%.) is distributed as
SB ]\];1) /2, Whenever (X L., XF) is distributed as S B (see [190, Proposition 2.4]). Therefore

the expectation in the last math display can be rewritten as

k
o~ stVNANYA(X] 4 4+XF) H o(X] — N1/4t)] .
j=1
Using the definition of D 1,4 SB](\];E />, measure from Definition 4.2.1 and the definition of V*/ from
(4.19), it 1s not hard to check that the above expression is precisely equal to the right-hand side of

(4.31). This establishes the lemma. ]

Thus, in view of the above lemma, it suffices to study weak convergence of D y1/45 BN1 /2,

measures to extract moment convergence for 2;"(¢). Our next theorem is the main technical
result of this section. It shows that if we consider the path X to be distributed according to the

DN1/4SB , measure, as N — oo,

N1/2y

* X converges to k£ independent Brownian motions.
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* On the N'/2 scale, pairwise intersection times converge to pairwise local times of the corre-

sponding Brownian motions.

Throughout the theorem and its proof, we will diverge from our usual notational conventions by
describing the random variables instead of referring to the path measures on the canonical space
explicitly. In particular, we will write the associated expectations generically as E, rather than

E ;o and Epex. This will avoid heavy notation, and hopefully does not cause confusion.

Theorem 4.3.2. Fix any k € N and constants A,b,C,'T" > 0. Fix any continuous function f :

C([0,T], RFxR¥k=1/2) s R such that | f (p)| < AeblPl> forall paths p : [0, T] — RF x RF(E=1)/2,

(k)
N1/2y

Vi(XN) as defined in (4.19). The following holds.

Suppose XV is distributed according to the SB measure from Definition 4.2.1. Set V' =

(a) We have the following convergence

Jim BLFXY aNPo(0,1) (V) cie)] = BIAU L (56), 00500

where U is a standard k-dimensional Brownian motion on [0,T), and LY (t) := LY~V (t) is

the local time accrued by U; — U; at zero by time t.

(b) Let Gn = Gn(XY) be any family of continuous P

gpk)  -martingales with G ~(0) = 0 satisfy-
N1/2u
ing
t
[ dtgx)w < NI RY) - VIR), (433)

i<j

forall 0 < s < t < T. Then {Gn}n is a tight family of random variables in C|0,T).
Furthermore, any limit point of the triple (Gy, XV, 4N'2u([0,1])(V¥)
form (G, U, (Léj)

variable satisfying E[e?9T)=29(1)] < oo for all p > 0 as well as

1§z‘<j§k) is of the

1<i<j<k), where U, LY are as in part (a), and G is a C|0, T]-valued random

Elexp(G(T) — 3(G)(T)) | Fr(U)] =1, (4.34)
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(c)

where Fr(U) denotes the c-algebra generated by U. In particular, we have

. _1 i i
]\}g{l)oE|:egN(T) 2<GN>(T)f(XN’ 4N1/2y([0, 1])(V J)1§i<j§k):| _ E[f(U, (Loj)giqgk)]'
(4.35)

Suppose k = 2m is even. Let us write
Ap(st) = {(s1,82,-.-,8m) € [s,t]" | s <s1 < s <ove <y <) (4.36)

for the set of all m ordered points in [s, t|. We define M(A,,(0,T)) to be the space of finite and
non-negative Borel measures on that simplex, equipped with the topology of weak convergence.

Consider the following sequence of M(A,,(0,T))-valued random variables

v (dun, .y dug) = NPT 2,002 x2yy @ dti, (4.37)
=1
where XY = (X}, ..., X%). The random variables {yx } y>1 are tight in M(A,,,(0,T)). More-

over, any limit point of the triple (X~ , 4N'/?([0,1]) (V) is of the form

1<i<j<k’ 'VN)

ij o\ -1 _72J
(U, (L) sy <§> [Lazy v (uj)>
j=1

where U, LY are as in part (a), where o := 21/(&) L and dL(t) denotes the Lebesgue-Stiltjes

measure induced by the increasing function t — L(t).

By Remark 4.2.7, taking G := N'/*G with G defined as in (4.16), we see that equation (4.35)

in part (b) of the above theorem deals with the weak convergence of D 1,45 BJ(\];) /2, Measures. Let

us first show how it implies Proposition 4.1.3.
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Proof of Proposition 4.1.3. Fix any ¢ € S(R). Given X distributed as P , the martingales

(k)
SBNl/Qu

gn(t) = Nl/ﬂ‘é/(f {1 - m} dX7 (s)

clearly satisfy (4.33). Thus, Theorem 4.3.2 part (b) holds for this choice of Gy. In view of Lemma

4.2.2, equation (4.35) yields that

N B s, [f (X AN, 1])(Vij)1£i<j§k)] = B lf <U ’ (Lg)l“jg'“)} ’

for all continuous functions f : C([0, T], RF x RE*=D/2) » R with | f(p)| < AellPl= for some
A,b > 0. Specializing f to a particular choice given by a product of ¢’s multiplied by the expo-

nential of the intersection times, we get

k k ' .
] 1 ij . - i nj

N-ooo  Dyi/a8 N1/2,

j=1 j=1

1

S AR Thanks to the moment formula from Lemma 4.3.1, we thus have the first

where 0 =
equality in (4.7) from the above equation.
By the Feynman-Kac formula, the stochastic heat equation (SHE) admits well-known moment

formulas in terms of local times of Brownian bridges (see [92] for example). In particular, from

[92] we have

k

| J EZED)

=1

E

= pe(zy) - pe(z) Bz {63 i<j Ly = (t)} : (4.38)

where p is the standard heat kernel, and the B® are independent Brownian bridges on [0, ¢] from 0
to z; respectively. Note that in [92], local time is defined as an integral against Lebesgue measure:
LY (t) == lim. o+ 5 fot 1{4—c<x,<a+c}ds, in contrast with our definition of local time (4.3) which
is as an integral against d(X, X ). Hence, when taking the local time of B’ — B, our definition of

local time differs from theirs by a factor of 2. This explains why we have Z in the exponent on the
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right-hand side of (4.38) instead of just o, while this extra factor of 1/2 does not appear in [92].
From here one arrives at the same moment formula for Z,(¢) := [, Z,()¢(x)dz, yielding the

second equality in (4.7). This completes the proof. [

4.3.2 Proof of Theorem 4.3.2

Throughout the proof, we will write X! and U® for the i*" coordinate of the R*-valued pro-

cesses XV and U respectively.

Proof of (a). We prove part (a) for any bounded continuous function f. In view of Lemma
4.2.4, a uniform integrability argument then extends the result to all continuous functions f with
exponential growth. Recall that the stickiness of the sticky Brownian motion has an inverse rela-
tionship to the characteristic measure, so intuitively, as we take N — oo, the Brownian motions

will no longer stick together, resulting in £ independent Brownian motions in the limit.

We now flesh out the technical details of the above-claimed Brownian motion convergence. We
assume for convenience that all (X*) >, are coupled onto the same probability space (€2, F, P).

For each N, we partition [0, 7| into the two random sets Ay, By as

Ay = {s € [0, T] | #{X X2 XNH) =k},
(4.39)
By = {3 € [OaT] | #{Xé\u?X;VQ?'”?XsN’k} <k— 1}'

Only for this proof, we will use |S| to denote the Lebesgue measure of a set S. Clearly by the

definition of V7 (see (4.19)), we have |By| < 3_,_. V27 (XN). Using a < ¢* for a > 0, we see

i<j
that
E[|By[] < NV2.E [exp <N1/2 Zv;’j(XN))] <C.N"V2 (4.40)
1<j

where C = C(k,T) > 0 may be chosen independent of N. The last inequality above is a con-

sequence of Lemma 4.2.4 with v — N'/2y. Let W be a Brownian motion independent of X*
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defined on the same probability space. Let us set

t t
Yiv ;:/ ﬂ{sEAN}dXi,V—f—/ ﬂ{seBN}dWs~
0 0

As XNi £ XNi forall s € Ay, we get that

t

t
(YY) () = /O e ayixivizxvayds + L=y /0 Lisepyyds = Lyizy) - ¢

for all t € [0,7]. Thus, by Levy’s criterion, we find that the Y” is a k-dimensional standard

Brownian motion in the combined filtration of (X, W). We claim that
P {Sup 1YY =X > N—1/6] < 2k-CN7VS. (4.41)
t<T

where the C is the same as in (4.40). An application of Doob’s submartingale inequality followed

by 1t6’s isometry yields

P[sup 1YY =X > N1/6] <N'3.E [HY]TV - Xﬁ\ﬂ

t<T
2}

T
= 2kN1/3-E[/ 11{S€BN}ds} = 2kN'3 . E[|By]|].
0

T
:Nl/z.Em/ Lisenyyd(W, — X2)
0

Inserting the bound from (4.40) leads to (4.41). As Y is a standard k-dimensional Brownian

motion, (4.41) implies X* converges weakly to a standard k-dimensional Brownian motion.

Let us now settle the weak convergence of pairwise intersection times. Observe that by Lemma
4.2.5, 4N'2p([0,1))V7(XN) is a tight sequence in C[0, T for each i < j. Let us consider any

limit point (U, (K%)1<;<j<k) of

(XN, (AN ([0, 1)V (X)) 1<icj<k)-
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By the property (4.2) of sticky Brownian motion, for each 7 < j we have that
X)) — XN (1)) = 4N ([0, 1))V (XY)

is a martingale for each N. Thanks to the estimates in Lemma 4.2.4, the above expression is
uniformly integrable. Thus in the limit point, the process |[U? — U’| — K% is a martingale as well.
However, we have already established that U is a standard k-dimensional Brownian motion. Thus,
by Tanaka’s formula, K7 (-) has to be LY~ (.).

Thus, summarizing, we have identified the limit point as (U, (L' )1<i<;<x) where U is a stan-

dard k-dimensional Brownian motion and L (¢) := LY "~V (). This verifies part (a).

Proof of (b). Let us take any Gy satisfying the assumption of the theorem. We first prove that Gy

is tight in C'[0, T']. Indeed, by Burkholder-Davis-Gundy inequality, we have that

[NIS]

P

| <om|(we X e -voee) )

i<j

B[16x()— ()] <B[( A

The second inequality above is due to the assumption (4.33). Lemma 4.2.5 implies that the term
on the right-hand side of the above equation is bounded by C|t — s|?/* for some constant C > 0

independent of N. This verifies the tightness of Gy .

Note that (4.35) would be immediate from (4.34), because the latter would imply that any
subsequence of the left side of (4.35) has a further subsequence which converges to the right side

of (4.35). Let us therefore prove (4.34). Consider any joint limit point (G, U, (K");<;<j<x) of

(Gn . XN (AN ([0, 1)V (X)) 1<icj<i).

By part (a), U is a standard k-dimensional Brownian motion and K% = LY Ul

. By our moment
estimates, we have uniform integrability of both prelimiting martingales Gy and X*. Thus in the
limit, G and U are martingales in their joint filtrations. By Proposition 4.2.6 and the assumption

(4.33), we have boundedness of p'” moments (hence uniform integrability) of {egN (T)=3(Gn)r N1
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Thus, in the limit, exp(G(t) — 5(G)(t)) is a martingale as well.

1
2

To complete the proof of (4.34), the main idea is to use (4.33) to prove that the martingales
Gn are asymptotically decoupled from the sticky Brownian motions. To be precise, we shall prove

that foreach s and forall 0 < ¢ < T

N—oo

t
lim E[ / dl[(X™N Gn)(s)|| = 0. (4.42)
0

Let us assume (4.42) for the moment and complete the proof of (4.34). Note that in the prelimit
XN Gy — (XN Gy) are martingales and (4.42) shows that the covariations vanish in probability.

Therefore, in the limit, we can conclude that G - U’ is a martingale so that (U ‘g ) =0.

Take any bounded F7(U)-measurable functional H : C([0,T],R*) — R. Note that ¢
E[H(U)|F;(U)] is a martingale in the filtration of U. As U is a standard k-dimensional Brownian

motion, by the martingale representation theorem we have
k T
H(U)=E[HU)+>_ / hidU?
i=1 70
for some adapted R-valued processes h',. .., h*. For the stochastic exponential we have

e (603010 ) =1+ [ e (66 - J10109)) oo

Using this we find that

E [(eg(T)*%@)(T) —1)(H(U) — E[H(U)])} _ ZEK/OT eg(s);@(s)dg(s)) (/OT hidU;’)]

T
/ hieg(s)_§<g>(5)d(g,U’)(s)} —0,

0

where the last equality is due to the fact (U, G) = 0 almost surely. This proves that for all bounded

measurable H we have E[e9(T)~2()(T) [ (U)] = E[H (U)], establishing (4.34) modulo (4.42).
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Let us now explain why (4.42) holds. Note that by assumption (4.33)

t
On(t) = / 1eesydGn(5),
0

where By is defined in (4.39). By the Kunita-Watanabe inequality (see Proposition 2.14 in Chapter
3 of [226]), we have that

E[ / td|<XNﬂ‘,gN><s>@ - E[ / t n{seBw}dl<XNvi,gN><s>l]
E K /0 t IL{SGBN}ds)%\/(QT)(t)} (4.43)

IN

By definition, fot LiseByyds < ij . Using assumption (4.33) we get that

i<j

rh.s. of (4.43) < NY/*. E {Z v;'f] <N V4 E [exp (NW > V;‘jﬂ <C-NV4

1<j 1<j

where we used a < e and then applied Lemma 4.2.4 in the last two bounds. This verifies (4.42),

completing the proof of the theorem.

Proof of (c). Note that

[SIE

T
/0 ]]_{XZj—IZXEj}dU:| .

From Lemma 4.2.4 we know the exponential moments for each of the terms in the product are

w(@n0.1) < ] {N

J=1

uniformly bounded under SBJ(@) /2, measure. Thus forall p > 1,

sup Egpo0 [y (Anm(0,7))7] < oo (4.44)

Nzl N1/21/

Hence the laws of {~y }y>; are tight, because the total mass of 7y is a tight family of random vari-

ables and because A,,(0,7") as defined in (4.36) is a compact space. Let (U, (Kij)1<i<j<k, 7)

be any limit point of the sequence (X, 4N'/21((0,1]) (V%) By part (a), we know

1§i<j§k7 ny)'
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U is a standard k-dimensional Brownian motion and K% = Léj . Note that the joint cumu-
lative distribution function of the measure v is necessarily given by (%)™ times a product of

the K, where 0 = m. Since we know that K = LY, this immediately implies that

v=(5)" Tl ALY =Y (u;). This establishes part (c).

4.4 Martingales associated to the sticky kernels

In this section, we begin our analysis of the field .2;" by identifying some useful martingale

observables which will later be used to identify the limit in Section 4.6.

Definition 4.4.1. For a finite measure v = A+ ren POz, on the real number line with \ atomless,

we define its “square”
v =" pioa,. (4.45)
k

For a continuous function ¢ we also denote by (v, ¢) := fR ¢ dv the natural (spatial) pairing.
When ¢ is smooth, we will use ¢, ¢” to denote the first and second (spatial) derivatives of ¢

respectively. We then have the following lemma.
Lemma 4.4.2. Let K denote the Howitt-Warren flow. Then for all ¢ € C°(R), the process

1

St(¢) = (Ko,t7¢) - 5/0 (K0,57¢’/)ds

is a continuous martingale in the filtration F; ‘= oc({Ku.p(x,A) : 0 < a < b < t,x €

R, A Borel}). Furthermore its quadratic variation is given by

(S(8)) = / (K59, (¢)?)ds.

From [190, Theorem 2.8], we know for each fixed ¢ > 0, K, is atomic almost surely. Thus

K 69 7 is nonzero for almost every s > 0.
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Proof. For the moment being, we consider a fixed realization of the kernels {K; : 0 < s < t}.

By [188, Section 2.6], we can sample paths B!, B%, B3, ... starting from 0 in such a way that:
o given {K,; : 0 < s < t}, the paths { B'};> are all independent.
e given {K,; : 0 < s < t}, the law of B; given (B! )o<yu<s is Ks(Bs,-) forall 0 < s < t.

It is clear that the joint quenched law of these paths {B'};>; is a deterministic function of the
collection {K,; : 0 < s < t}, because the two bullet points automatically determine the multi-
time marginal laws of any finite subcollection { B'}/_, in terms of the kernels K ;. It is also clear
that the annealed law of (B!, ..., B") is just r-point sticky Brownian motion (see the discussion
after Definition 4.1.1). We define pj := % D) i- By the law of large numbers, as r — co we

have

t t
wy — Koy and / pods — / Ky 4ds
0 0

almost surely in the topology of weak convergence of Borel measures, for each ¢ > 0. Notice that

(07.0) — (1. 0)| <+ Zwy s(By| < 1w szy

forall s,t > 0,all 7 € N, and all ¢ € C>°(R). By Minkowski’s inequality and the fact that the B’

are individually Brownian motions in the annealed sense, we obtain
. ¢/ || o & i i
E[l(1, ¢) — (ui, ¢)[7]V7 < —ZE|B BIPIP = Cyll¢! |||t — s/, (4.46)

for any p > 1. Define

5 1 [ L= (Y is i
S(@) = d) — = | (i, ¢")ds = - '(B))dB!. 4.47
0= .0 = 5 [ Geooas =13 [ (B @47)

where the second equality above is due to Itd’s formula. Hence, §[ (¢) is a martingale. Clearly
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(14, &)| < ||@|| oo (ry. Combining this with (4.46) and the first equality in (4.47), one has
~ - 1
E[|S](¢) = S;(@)"]? < Cyll¢|[oe [t — s|** + Sl llzelt =1,

uniformly over s,t > 0. On any compact interval [0, 7] the right side can be bounded above
by C|t — s|!/2 for some constant C = C(p, T, ¢) independent of s,¢ € [0,7]. Since S;(¢) =
lim, . ST (¢) almost surely, this L? bound implies that the limit S, (¢) is a continuous LP-martingale

for each ¢ € C'°(R). The quadratic variations of S "(¢) can be computed explicitly as

G- [ dEHEUE B = 53 [ SB[ (G0 6 Pas

t
= : 0
We consider what happens to the quadratic variation as we take r — oco. By [190], we have
that for each ¢ > 0, Ky, is a.s. atomic. Using this, it is easy to show that for each s > 0,
the quantity ((u7)%%, (¢')?) will converge almost surely as r — 0o to (K(ﬁg, (¢')?). Since pf is
a probability measure, we have ((17)%%, (¢)?) < (u%, (¢')?) < ||¢'||2~ deterministically, and
likewise (K32, (¢)2) < (Ko, (¢)?) < [|¢/||3. Therefore the dominated convergence theorem
applied on the product space P ® ds gives

im | (0% (6 (52, (6] =0

T—00

Here as always, E is annealed expectation. In other words, the expression for (S"(¢)); will con-
verge in L'(P) as 7 — oo to the quantity fot (Kg 1 (¢')?)ds. Putting all of this together, we obtain

that S;(¢p) = lim,_,». S7(¢) is a martingale with quadratic variation

T—00

(S()): = Tim (57 () = / (K51, (¢)?)ds,

where the limit is interpreted in L' (P). This completes the proof. O

Given the above lemma, our next goal is to derive a (local) martingale that is related to the
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rescaled field 2™V from (4.4) instead of Ky . To motivate the choice of our next martingale, we
first perform some martingale calculations on a formal level. The process S from Lemma 4.4.2
resembles an orthomartingale in the sense that the cross-variation vanishes whenever ¢ and 1) have

disjoint support, and the above lemma states that K ; solves the SPDE
dK = 02Kdt + dS.
Note that if u solves the forced heat equation J,u = %8§u + F andif a,b, c € R then e®® %y (¢, x +

ct) solves the equation d,v = Lv + F where

1

L==-(0,— (a—c)[)2 + (b— 502)[,

N | —

F(t,x) = "™ E(t,x + ct).

This makes sense even when F' is a Schwartz distribution. Note that when a = cand b = %02 then
L = 302 is unchanged.

We now formally go from K, to Z;" defined in (4.4) in two steps. We first apply the above
argument for u = K and F = dS, witha = ¢ = N~"/* and b = 1N~/ This gives us that the

measure-valued process
KN(t, ) = ™Ky (@ + ct) = e2N PN K (@ N

solves the SPDE
KN = PKNdt + dSN

where S¥ is the orthomartingale measure defined by
dSN(t,w) _ e%]\/71/2+ch71/4 -dS(t,$ + N71/4t),

to be interpreted by integration against test functions. Next, we apply a diffusive scaling to KN,

269



Let us set
%N(l_) — NI/QI?N(Nt’ N1/2x) _ N1/2€%N1/2+xN1/4K07Nt(tN3/4 +xN1/2).

Note that 8,2, = N320,KN(Nt, N'2z) and 922 Ndt = N*202KN(Nt, NY2z)dt. Thus,
Z;N solves the SPDE
O N =22 Ndt + dMN

where MY is the orthomartingale measure defined by
AMN (t,z) = N*2dSN (Nt, NY2z) = N3/2ezN'*+eNY" L qg (Nt ¢N¥Y 4 2NV,

The above formal calculations suggest the following lemma.

Lemma 4.4.3. With 2V as defined in (4.4), for all p € C>(R) the processes

M (9) == 27 (9) = 6(0) = % /O 2N (9")ds (4.48)

are continuous martingales with
t
Y@ = [ (ZX), (6 + NV0)ds
0

where (2. N)% is defined via (4.45).

We remark that the M ™ (¢) are actually tight in C[0, 7] as N — oo. This will follow from the
Burkholder-Davis-Gundy inequality as well as moment bounds on the quadratic variation that are
proved in Proposition 4.5.6. Tightness will be proved in Proposition 4.6.13, using moment formu-
las and bounds that we will derive in Section 4.5. This will be crucial in solving the martingale

problem for (SHE).

Proof. The proof follows in a similar manner to the proof of Lemma 4.4.2. Note that ¢’ from
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Lemma 4.4.2 has changed to ¢/ +N'/*¢ due to the transformation of space-time (¢, z) + (Nt, N3/4t+

N*'/2x) which is used to obtain 2;" from K ;. We omit the details. O
Lemma 4.4.3 can be extended to include time-dependent test functions as well.

Lemma 4.4.4. Let p € S(R?). Consider M} (¢) as defined in (4.48). The process
t
R (@) = M ((t, ")) = / MY (Osp(s, ) ds (4.49)
0
is a continuous martingale, and its quadratic variation up to time t is given by
t
<‘RN((10)>1t = / ((%N)Sq’ NI/Q(()O(Sv ) + N_1/489390(87 ))2>d8 (4.50)
0

Intuitively, one should think of RN (¢) as being equal to f(f (¢(s, ), dMN) 12 (r), which yields

(4.49) by a formal integration-by-parts.

Proof. Let F; := c({Knano(z,A) : 0 < a <b <tz e R ABorel}). Fix0 < u <t By

Lemma 4.4.3 we have
EIRY(6) | 2 = M2 (ol0.) = [ 002 gt )ds = [ 212 (0uplsn)ds. s
Note that
[ 2 @ )ds = M () = M2 (ot ).

Inserting this identity back in (4.51), we get E[RN (¢) | F.] = RY(p). This verifies that RY ()
is a martingale with respect to ;. The claimed quadratic variation for R (¢) in (4.50) can be

verified similarly. O
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4.5 Analysis of the quadratic martingale field

Recall the martingale M from (4.48). As explained in the introduction, in order to identify
limit points of the field M} (¢), one must study the quadratic variation of this martingale. In this
section, we identify the leading order contribution of (M* (¢)) as a functional which we call the

quadratic martingale field—introduced below.

Definition 4.5.1. Recall the field 2, from (4.4), as well as the squaring operation from Definition

4.45. For a bounded test function ¢ on R, we define the quadratic martingale field (QMF) as

Q1 (¢) = N'/? / t ((ZN)%, ¢)ds (4.52)
0

t
= [ [ e g - ) ().
o JR
From Lemma 4.4.3, in view of the above definition, one has that
(MY () = QN (¢?) + &7 (9),

where EN(¢) is the “error term" given by
t
£ (9) = / (Z)% 2N og' + (¢/))ds = Q)Y (NT2(¢)? + 2N "iggf).  (4.53)
0

The main goal of this section is to show that only QX contributes to the limit (in a very specific
way, see Proposition 4.5.3) and that £ vanishes in the limit (Proposition 4.5.5). The starting point
of our analysis is a probabilistic interpretation of QY (). Indeed, similar to the representation
(4.32) for ;™ (¢), the field QN (¢) also admits a formula in terms of a quenched expectation of

2-point motion sampled from the environment w := {K,; : —00 < s < t < oo}. Given a 2-point
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motion sampled from the environment w := {K,; : —00 < s < t < 0o}, we may view Q¥ (¢) as

t
QN(¢) = NV? / E® [e-smw”4XN5¢<N-1/2<XNS - N3/43))1{XNS=YNS}] ds
0

t
= N2 / E {e‘sﬁw”“<XNS+YNS>¢(N‘1/2<XNS —N3/4s>>ﬂ{XNS:yNS}]dS (4.54)
0

where the second equality follows by replacing 2N ~'/* X, in the exponential with N ~'/4( Xy, +
Yns) due to the presence of the indicator 1y, —y,.}. The representation (4.54) will be used as a

starting point in the next section, Section 4.5.1, in extracting formulas and estimates for the QMF.

4.5.1 Formulas and limits for the quadratic martingale field

Recall the field 2;" from (4.4). The goal of this section is to show that the limit of QY can be
related to that of 2" in a precise way (see Proposition 4.5.3). To do this, we first extract moment
formulas of certain observables of (2}, Q) in terms of sticky Brownian motion in the same

spirit as Lemma 4.3.1.

Lemma 4.5.2 (Moment formulas). Fix any bounded functions 1, p on R and N > 1. Suppose that
(XY, ..., X?F) denotes a 2k-point sticky Brownian motion with characteristic measure N'/?v.

Recall A, (s,t) from (4.36) and 0 = m. We have the following moment formulas.

(a) Forallt > 0, we have

(QiV w-o | t %W)?ds) k]

k
_ k!/A . )ESB<2’“) {Hesi\/N+N1/4(X§;1+X§Z)Ti\Z<X2i1’X21')} Hdsi,
k(0,2

1/2
NY2u i=1

E

(4.55)

where

TY(X,Y) = NV (X, — NY) 1 (x,mvay — 00 (X — NYV40) 6(Y, — NV40).
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(b) Forall 0 < s <t we have the following moment formula for the increment of the QMF

(@w - e <w>)k]

k
Lo i .
= N’Sk!/A » E,,e0 {He—s“ﬁmm(xi 1+X52i)¢(X521 —N1/45i)ﬂ{X§;_1X§ii}:| | |dsi.
kS, .

N1/21/ i=1 =1
(4.56)

Proof. Recall the probabilistic interpretation of 2, (¢) and Q¥ (1)) from (4.32) and (4.54) respec-

tively. Combining them we get that
QN(W) — o / XN (¢)2ds = / E® [ SVNENTAGARIYN (XY X2 ds (4.57)
0

where E denotes the quenched expectation of a 2-point motion sampled from the environment

w:={K;:—00o<s<t<oo}and
TN(Xl XQ) N1/2¢( 1/2(X N3/4 )) ]1{X1 x2 ) O_H¢ 1/2 N3/4 ))

Taking the k-th power of (4.57) we see that

(QiV W -o | t %SN(qs)?ds)k

k i (4.58)
= k! / E (2%
Ak(U,t)

H efsi\/N+N—1/4(X%;1+X]2\,i_si)T?(X%—l7X2i> Hd3i~
In the above line, we have also used the fact that f[07 gt Hle F(x;)dx; = k! [ AL(04) Hle F(x;)dx;

i=1 =1

(recall Ay from (4.36)). Here EZY denotes the quenched expectation of a 2k-point motion sampled
from the environment w := {K,; : —00o < s < t < oo}. Taking annealed expectation on
both sides of the above equation, interchanging the order of integration and expectation, and then

using the fact that the averaged law of (X!, ..., X?*) is a 2k-point sticky Brownian motion with
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characteristic measure v, we get

(@w - | t 20 ]

k k
—s; —1/a(x2i—1 P\ i ;
= ]{;]/A ( )ESB,S%) [l le iVN+N—1 4(XNSi +X12\’Si)Tg(X2 1,X2) I Idsi-
1 (0,

i=1 =1

E

The interchanging of the order of integration and expectation is permissible by Fubini’s theorem.
Indeed, Fubini’s theorem is applicable as applying Lemma 4.2.4, one can check that for each
fixed N, the expectation of the absolute value of the integrand on the right-hand side of (4.58) is
uniformly bounded as 5 varies in A, (0, t). Using the fact that N~V2(X} ..., X2 ) is distributed
as SBJ(VQf/)QV measure, (4.55) follows from the above formula. Relying on (4.54) alone, one can

derive the formula in (4.56) by the exact same argument. This completes the proof. [

We now come to the main result of this section, which shows that the quadratic martingale field
QY is well approximated by the integrated version of the square of 2;". Loosely speaking, for

each a € R\ {0} we shall show as N — oo

Qo) —o [ (260)"ds 5o

In other words, mollifying the squared field is comparable to squaring the mollified field. Since
QY and 2 exist as distributions, to make sense of the above display, we work with a sequence

of Gaussian test functions converging to d,,.

Proposition 4.5.3 (Limiting behavior of the QMF). Let a € R and let £(x) := \/%76*:’*“2 be the

Gaussian test function and let £(z) := e '&(e 7 (x — a)). Then for all t > 0 and a € R\ {0},

t 2
limsup limsup E [(Qi\[({g) — O'/ XN (fgﬁ)2d5> ] =0, (4.59)
0

e—0 N—oo
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where as usual, o = m. Furthermore, we have the bound

sup hgljolip (1A (|logal™?)] - {(Qt £7) — a/ ZN( ef)Qd )21 < 00. (4.60)

We remark that the relevance of the second bound (4.60) is that even though we may not have
convergence to 0 in (4.59) when a = 0, we can still control the behavior near ¢ = 0 by a blow-up
that is polylogarithmic at worst. Note that the | log a| 2 factor appears above only when a < e. In
the proof of (4.117) in Theorem 4.6.16 below, we will see that such blow-ups are irrelevant in the
limit.

The starting point of the proof of Proposition 4.5.3 is the moment formula in Lemma 4.5.2 (a).
As noted in (4.55), the moments can be expressed as integrals of the expectation of certain observ-
ables under sticky Brownian motion. Recall that in Theorem 4.3.2 we saw that the expectation of
a certain class of observables under sticky Brownian motion converges to the expectation of those
observables under standard £ dimensional Brownian motion. That theorem will be used to prove a

similar convergence result for the expectations of the type of observables that appear in (4.55).

Proposition 4.5.4. Fixany k € Nand 0 = tg < t; < ty < -+ < t, < o0. Set sy = ty and

Soi_1 = S9; = t; for 1 < 1 < k. Suppose (X X%) is distributed according SB(QIC

iz, Let

(¢, ;)| be bounded continuous functions on R. Define

k
Lu® =Y > [L{V() - LT ()] (4.61)

r=1 2r—1<p<q<2k

We have the following two limits:

(a)

1\}1—{20 ESB]\%Q/)QV {H 67551f+N1X1 Gi (XZ N4Si)} Epeok {62[:’“ Q H ¢i(U }
(4.62)

=1
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(b) Let A be any subset of {1,2,...,k}. Set B = A and define

EI(E} — Hef%ti\/N+N?liniifl¢i(Xt2:—l _ Nitz)He—%tﬂ/ﬁ—&-N%szlqbz(Xzz _ N%tz), (463)
1€A 1€A

e % 21—1 24 i 1
BEy(t) := He tiVN+N1 (X +Xti)wi(Xt2i — Nt) 1 a1 xaiy. (4.64)
i€B

Recall Ay (s,t) from (4.36). Foreach 0 < s <t < T < oo we have

k
|B|
lim N2 -E_ ¢ |:/ El(ﬂEQ(ﬂ | |dt,}
N—oo 5B Ag(st) i=1

N1/2,

1Bl g 3 3 ; i—1 i
-(3) EBW{ / e O [T on(UF ) eu(U2ats [ [ wu(U2)arg™ —v" (1)
Ax(s) icA i€B
(4.65)
Here fg f (s)dLDU i’Uj(s) denotes the integration of the continuous function f : [0,t] — R
Ly-v

against the random Lebesgue-Stilties measure d induced from the increasing function

t— LYV (1),

The proof of Proposition 4.5.4 builds up on the estimates proved in Section 4.2 and uses The-
orem 4.3.2. We postpone the proof of Proposition 4.5.4 to Section 4.5.2 and complete the proof of

Proposition 4.5.3 assuming it.

Proof of Proposition 4.5.3. For clarity, we split the proof into three steps. We first provide a brief
outline of the steps below. Note that, given the moment formulas from Lemma 4.5.2 (a) and
the limit of those formulas from Proposition 4.5.4, one can compute the N — oo limit of the
expectation in (4.60) in terms of expectation of certain observables under a 4D Brownian motion
measure (X', X2 Y1 Y?). We then proceed to carefully massage this expectation formula to

obtain the desired result.

* In Step 1, we use a simple transformation to express the limit in terms of an expectation under
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a different 4D Brownian motion measure:

(X' —Yh X2 - v2 X 4y X2 4R,

* In Step 2, we show how local time heuristics (which are rigorously shown in Section 4.8) can
be used to rewrite the expectation formula in terms of a certain concatenation of Brownian

bridge and Brownian motion measures.

* In Step 3, we use local time estimates for concatenated processes (Lemma 4.8.6) and heat
kernel calculations to bound the formula obtained in the previous step. The bound obtained in

this step is sharp enough to conclude the proof of Proposition 4.5.3.

Step 1. Applying Lemma 4.5.2 (a) and Proposition 4.5.4 (b) with k£ = 2 we get

t 2

Jm | (Q¥w) -0 [ %Nw)?ds)]

_ 2 1
—9 2'E - 3 L2(s1,52) < Xz _dLXi,Yi D) — X'L Y’L d z)

o B | [ et TT (w0 ) 00 = oo >s]

[ 2 1 B .
o 2. 4 %£2(81,82) 1 7 7 - X'-Y* N\ 7 7 )
~ 9% By /A e g(wuxsﬁni))zd% (59 ¢<X>¢<Y>dsz)]

(4.66)

for all ¥, € S(R), where L, is defined in (4.61). The second equality in the above equation

follows by observing that X’ = Y/ for u in the support of LY ™" (du).

We shall now write E instead of Egs4 for convenience. Let us now take

1 2/.2 1 2 /9.2

. ¢a _ —(z—a)?/e . a —(z—a)?/2e

xTr) = xXr) = (& s ) .= xr) = e s
Y(z) & (x) g o(x) Eﬁ( ) ome?

in (4.66). Using the identity Sgﬂ(x) csy) =&z + y)/2)&5. (x — y), we may now write (4.66)
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as

2
o . . 1 i i . .
202 . E / e3L2(s1,52) H (gg(%(){;i +Y}))- (EdLgf N (s) — (XL - Y;i)dsi>)] .
Ag(o,t) i=1
(4.67)
Let us write U~ := X' — Y% and U := X' + Y. Note that under P gs1 the four processes

UL=, UM U%~,U%" are independent Brownian motions with diffusion coefficient 2. This en-

ables us to view (4.67) as

2
o 1 7,— .
20° - B / ezLa(sr5) H( (AU:h) (—dLOU’ (si)—fga(U;t‘)dsi))
As(0,0) Pl 2 '
—: 202[Ay(e) — Ay(e) — As(e) + Ay(e)], (4.68)
where
[ o 1 1 _
Ai(e) =E / 6552@1782)5@(QU;j)ga(QUf;) ~dry" (sl)§dLgQ’ (52)1 (4.69)
AQ(Ot
[ .
AQ(E) =K / £2(31 52§ (QUsllJr)f (2U32+)£(2)5(U32277) 561[13 81 dSQ} 4.70)
Ag(ot
Ay(e) = E / o5 (LU ez (U2 ) (UL ) 2™ (s dsl} “71)
Az (0,t)

Ay(e) =E / ( ) e2f2lns) e (Ll ea (12 b (Ulhm)ed (U2 dsldSQ] (4.72)
Az(0,t

Step 2. In this step we focus on each of the A;(¢) terms separately. We drop the ¢ and write A;
for simplicity. Note that informally 2alLU " (s;) may be written as d,(U%™)ds; which suggests that
each of the A; may be written in terms of Brownian bridge expectations. To this end, we introduce
the function

Hy, o (Z,7) = E [e22002) | U™ = g, Ut =y, = 1,2] 4.73)

Si
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where the above conditional expectation is interpreted as taking expectation under the measure
where U~ (U%" resp.) is a concatenation of a Brownian bridge from 0 to ; (0 to 3; resp.) over
the interval [0, s;] and an independent Brownian motion started from x; (y; resp.) on [s;,t]. All

Brownian objects considered are independent with diffusion coefficient 2.

A, term: Let us consider the A; term from (4.69). Let 7, be the o-field generated by {U}—, U~ |

0 < s < t}. By the tower property of conditional expectation, we have

a=m[[ e QUi ) | 7 St e St
AQ(O,t) 2

e\2 781 g \2 7 82 2
By Lemma 4.8.2, the right-hand side of the above equation simplifies to

A= / E [e3€0gt (GULT)E(GUST) 1 UST = 0,0 = 1,2] 2, (0)p2s, (0) dsy dsy
AQ(O,t)

(4.74)

where again the conditional expectation is interpreted via concatenation of Brownian bridges and

Brownian motions. Note that via Brownian motion decomposition, we have

E [e2f2(enm)  ca(Iulnyed(LUZT) | U™ = mi = 1, 2]

2781 eN27 82
2 4.75)
— [ Hon D [T o i
R? i=1
where H is defined in (4.73). Inserting the above formula back in (4.74) we get
2
Al = / 08) ) H51,52 ((Oa 0)7 (yb y?)) H gg(%yz)p%z (yz)p2sl (0) dyz dsi- (476)
As(0,t R i=1

Ay and A terms: Recall A, from (4.70). We condition only on F;"~ := o{U}~ | 0 < 5 < t} to

get

t
Ay =E [/ F(Ul’)%dLgl’_(sl)
0
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where
S1 .
FU') = [ Bl QUL )e (R | 5] ds
0
Applying Lemma 4.8.2 again, we see that
t
Ae= [(BIPE) | U = Olpa, (0)ds2
0

where again the conditional expectation is interpreted in a similar manner. Performing a similar

trick as in (4.75), we see that

2

Ay = / Hs, 5,((0,22); 9) [H 5?(%yi)p28i(yi)] &9. (2)pas, (42)pas, (0)dif dao dS.
Aa(0it) JR

=1

4.77)

Similarly for A3 defined in (4.71) one has

A3 /A H51 SQ((xlv Y [H fa yz P2s; (yz)] 525(131)]7251 (I1>p252 (O)dy dml dS
2(0,t) R3

(4.78)

Ay term: Recall A4 from (4.72). Note that A, does not involve any integration with respect to local

times. Thus we may use /{ from (4.73) directly and tricks similar to (4.75) to get

Ay = / / Hy, 5, ( Hf“ 5Yi f2g(x,)p25 (x:)pas; (yi)dx; dy; ds;. (4.79)
AQ 0 t) R4

=1

Step 3. In this step, we determine convergence and provide bounds for each of the A; terms defined

at the end of Step 1. We claim that for each i,

2
lim A;(e) = 4/ H,, ,((0,0), (2a,2a)) Hp2si(0)pgsi(2a)ds,», (4.80)
e—0 AQ(O t)

=1
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where H is defined in (4.73). Inserting this limit back in (4.68) verifies (4.59). Let us consider

A (e) from (4.69). Let us consider the integrand on the right-hand side of (4.76):

2

Pas,;(0) /R2 Hg, 5,((0,0), (y1,92)) H fg(%yi)p%i () dy;.

=1

Clearly as ¢ — 0, it converges to 4pa,, (0)Hy, 5,((0,0), (2a, 2a))pas, (2a)pas, (2a). Thus, to show

(4.80) holds for A (), it suffices by the dominated convergence theorem to show that for all a # 0,

2

sup pa, (0) /R M5, ((0,0), (91, 30)) [ [ €2Gw)pas (w) dy (4.81)

€€(0,1] i—1

is dominated by some integrable function of s, so. Towards this end, note that H is defined as the
expectation of exponentials of local times of certain linear functions of concatenated processes in-
troduced at the beginning of Step 2. In Lemma 4.8.6, we study these expectations and in particular
show that for all sy, s, € [0,¢] and for all 7,y € R?, Hy, 4, (Z,7) < C for some constant C > 0
that depends only on t. As £2(3y) = 2pa.2(y — 2a), using H, 4, (Z,7) < C and then using the
semigroup property of the heat kernel (i.e., [ pu(z — b)pi(x)dx = p,14(b)) we have from (4.76)

that

2
(4.81) < C sup [ ] pasis2:2(2a)pas, (0). (4.82)

e€(0,1] ;24

Note that the heat kernel globally satisfies the bound p; () < C(t + 2%)Y/21 ) for some large

enough constant C > 0. Consequently we have

2 2
/ sup Hp2si+2€2(2a)p2si(0)dsi < C/ H 8;1/2(81' +a*) V2 ds;
2
=C v P (v + 1) 7Y du.

(2
Az(0,a72t) G

where the equality above follows by making the substitution s; = a?v;. Extending the range of
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integration we have

/ Hvi_l/Q(vi +1)"V2ady; < / Hvi_l/z(vi +1)72 dv; < Cmax{1,|logal’}.
Az(0,a—2t)

i=1 [0,a—2t]2 i1

(4.83)

This verifies the integrability of the bound in (4.82) and consequently proves (4.80) for A;. Start-
ing from (4.77), (4.78), and (4.79), an analogous computation verifies (4.80) for Ay, A3 and Ay
respectively. This establishes (4.59). From the polylogarithmic bound in (4.83) (and its analogous

counterparts for Ay, A, A,) one arrives at (4.60). This completes the proof. O

Proposition 4.5.5 (Error term limit). For any t > 0 and ¢ € S(R), we have that

limsup E[EN (4)?] = 0. (4.84)

N—oo

Proof. Note that p¢' < 1(¢? + (¢/)?) thus
£ (9)] < 2NV { / (2N)51, §)ds + / (2%, (¢)2)ds | = 2814 [Q (62) + Q¥ (67)] -
0 0

Now by Lemma 4.5.2 (b) and Proposition 4.5.4 (a), we see that for every 1 € S(R), L? moments
of QN (v)) are uniformly bounded in N. Since ¢* and ¢ are also Schwartz functions, in view of
the above inequality, we readily have (4.84). [

4.5.2 Supporting estimates

In this section we prove Proposition 4.5.4 and establish an estimate for the moments of the

increments of the quadratic martingale field which will be useful in Section 4.6.2.

Proof of Proposition 4.5.4. Proof of (4.62). We continue with the same notation as in the state-
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ment of the Proposition 4.5.4. Let us set

gy (t) = i /Ot [bm}m(w

j=2r—1

where m(x) := #{i € {2r —1,...,2k} : 7; = x;}. Note that G are martingales of the form

(4.16) where only the last 2k — 2r of the 2k particles are taken into account. Define the martingale

k
dGn(t) == N4y " Lyetr, 1 0,dGy (1). (4.85)

r=1

It turns out that the stochastic exponential of G is precisely the tilt that gets rid of the divergent
term appearing in the expectation of the left-hand side of (4.62). To be precise, we have that
E

(2k)
s,

k t 2k
c Lz 1 " r
= ESB(Qk) [egN(T)_2<gN>(T) exp (NZ Z Z / l{XﬁX{;}du> quT(Xsr)} .
r=1

1/2
N1/2y r=1 2r—1<i<j<2k’ tr—1

2k _
Lottt (x|
= (4.86)

Note that N''/4G¥; satisfies the assumption (4.33). Consequently, G y satisfies the assumption (4.33)
as well. From Theorem 4.3.2 (b), it is immediate that, as N — oo, the right-hand side of (4.86)
converges to the right-hand side of (4.62). This proves (4.62) modulo (4.86).

We now turn towards the proof of (4.86) which is done by iteratively applying (4.18). We

illustrate the proof for the £k = 2 case only; the general case follows in the exact same manner.

(2K)

Let us set £ = 2 and write E for the expectation with respect to SB;,

», measure. Recall that
Spi—1 = S9; = t; fori = 1,2. Let (F;)<r denote the filtration of the 2k-point sticky Brownian

motion. Note that the expression inside the first expectation in (4.86) can be written as A - B where

2
A = e VNN X, H ¢i(X1 — Nis;)
=1 '
4
B = e (2N O X XX T (X1 — N,

=3
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A is measurable with respect to F;,. By the Markov property of sticky Brownian motion E[B |

Ft,] is measurable with respect to o (X} )i,). Let us write
H(th) = E[B ‘ ‘Ftl]-

By the tower property of conditional expectation followed by an application of (4.18) with A = N i

s:O,t:tl,u»—>N%u,andkzélweget

Lh.s. of (4.86) = E[A - H(X,,)]

N 1 t2
= E | ONTNEE00) exp (N > / ﬂ{x;:xz}d“> (4.87)
1<i<j<4 /'t

2
i=1
Observe that by the Markov property of the sticky Brownian motion, we have

H((X! + Nit))k)=E

4
o~V X X80 T (X, — V(8 — 1) |ft1] -
=3

(4.88)

We use (4.18) with A = N1, s = {1, ¢ = to, v — N2, and k = 2 to get that

r.h.s. of (4.88) = E

4 t
SN%QJQV(tl’tQ)_N%<g]2\]>(t1’t2) . H¢Z(X;) exp <N% / 2]]_{)(3:)(4}du> | ftl] s

i=3 t

where ¢(s,t) := g(t) — g(s). Inserting the above expression back in (4.87) and again using the

tower property of the conditional expectation, we derive the identity in (4.86).

Proof of (4.65). Following the same argument as in the proof of (4.62), in the same spirit as (4.86),
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one has that

Epen [El (aEz(ﬂ]

N1/2u

k
_ 1 — Sr
_ GN(T)—5(GN)(T 1 E

H(bl X21 1 ¢1<X2z) w (X2Z)]1{X21 L X21}]

€A i€EB

Set

— 1
N(f) — IN(D)—3(9 )(T) By f) = exp <N2 Z Z / (Xi—x] du) (4.90)

r=1 2r—1<i<j<2k

Recall vy from (4.37). By Theorem 4.3.2 (b) and (c), any limit point of the sequence

(EN, X, AN2u((0, 1) (V) e NP2 IIx {Xii_lzxtz;}dti)

i€B

is of the form

|B| 2i—1_72i
<g U, ( Ly’ U)1§i<j§k’ <%> HdLOU B wi))

i€B
for some G with E[epa(T)_g@(T)] < oo for all p > 0 and satisfying (4.34). Here U is standard

2k-dimensional Brownian motion. By the continuous mapping theorem, it follows that along a

subsequence we have

1B]

Nz Dy() - H]l{Xm : XQ,}Hdt
Ar(st) i€EB
i (§>|B|/ e G(T )*%< G)(T)+Z Li( QH@ U21 1)@ U2z dt; le U2@ LUzz 1 Uzz(tz),
Ak(s,t)

1€EA i€B

(4.91)
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where

Dy(t) == An(8) - By () [ [ :(XZ (X)) [ i (X2). (4.92)

i€A i€B
We now upgrade (4.91) to imply convergence of first moments. To do this, we shall show the
sequence of random variables in the left-hand side of (4.91) is uniformly integrable. Repeatedly

using Proposition 4.2.6 and Doob’s martingale inequality to the stochastic exponentials of each of

the martingales G% appearing in the expression for G we find that for all p > 1, we have

sup E e sup (AN(f))p1<oo, sup Eg e [ sup (BN(f))p <00, (4.93)
N>1 N1/2y teAL(0,T) N>1 N1/2u teAR(0,T)

and thus via the definition of D (%) from (4.92) we get

sup E¢ yen) { sup (DN(f))p]<oo.
N>1 N1/2y i€, (0,T)

In view of the above bound and (4.44), we obtain uniform integrability for the sequence of random

variables in (4.91). This implies that along the same subsequence,

. 1Bl
]\}1_I>1C1>ON2E A Dij Hﬂxml X27 Hdt]
k St icB
|B] G l ; . 2i—1_ 72i
— (f) E [/ eg(T)_Q T)+< ﬁk(a H¢ U2z 1 ¢ (Uiz)dtzH%(Uiz)dLg U (tz)]
2 Ak(sit) icA i€B

B (%)BEUA,C(N) QE{Q(T OO | A )}

: H@(Ui"*)@(Ui")dtiszi(Uz")dLg”1‘U”<tz~>] ,

i€A i€B
where the last equality follows from the tower property of the conditional expectation. By (4.34),

the above inner expectation is 1. Since the limit is free of G, we have the same above limit along

every subsequence. Thus we arrive at the (4.65) formula. This completes the proof. [

We end this section by recording a couple of useful estimates for moments of the increments
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of the quadratic martingale field.

Proposition 4.5.6 (Estimates for moments of the increments of QMF). Fix k € N and T" > 0.
Then there exists a constant C = C(k,T) > 0 such that for all bounded measurable functions ¢

onRandall 0 < s <t < T one has that

sup E[(Q) (¢) — QY (9))¥] < ClloFoeqmy (t — 5)™™. (4.94)

N>1

Furthermore fix p > 1 and € > 0. Then there exists C = C(p,e,k,T) > 0 such that for all

functions ¢ € LP(R) and all e < s <t < T one has

dim E[(Q;"(¢) — Q5 (6))"] < Cllolzom(t — )" (4.95)

We remark that the first bound is crude and nowhere near optimality. However, the latter bound
is more important, and it will be most powerful when p is very close to 1, as this will allow us to

obtain optimal tightness bounds for limit points in the next section.

Proof. Proof of (4.94). Using (4.56) together with the trivial bound |p(N~/2X] — N'4t;)| <

||@|| L, we obtain that

E[(QN(¢) — QY (9))"]

k
vy Ja(y2i—1 2j
< Nk/2k!||¢||izoo/ E, e [He tjVNHNVA(X +Xt;)1{xf?"1xf?}] dty - - - dty,
J J

Ag(st) S e

= B[k - NP2 /

Ag(s,t)

k
ESB(NQBQ [AN(E)-BN@-HIL{X;J-_Ithjj}} dty---dty,  (4.96)
v ]:1

where in above we use the same notation from (4.90):

— 1 — 1 k tr
An(t) = eIV 2 1 By(T) i=exp (N2 Z Z / l{xgzxf;}du>,

r=1 2r—1<i<j<2k’ tr-1

and where Gy = Gy (t) defined in (4.85). The equality in (4.96) is due to (4.89). Note that by
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Cauchy-Schwarz inequality and using the fact that A% - B2 < A* + B*, we have

(4.96) < k|| ¢|% o N’z“/A( t)ESB(m {AN(f)‘UrBN(F) H]l{Xg Sy }dtl - dty,
kS,

N1/2, e
(4.97)
Ng/ E (2k) |: I]_ J ] :|dt1 d
Ag(sit) B, H X, =%
(4.98)
For the factor in the square root of (4.98), note that
k k t
k 1
NQ/ E (2k) |:H H{Xy Y] :|dt1 dtk <ESB(2k) |:HN2/ ]l{X7 Y7}dt:|
Ap(s,t) N1/2 i1 N1/2, i1 s
k Lot k4
<||E N2 / L,y 7dt> }
By, ([ 1o
< CJt — s|*/?
(4.99)

where the last inequality follows by applying Lemma 4.2.5 on each of the expectations. Here the
constant C > (0 depends only on k. We now focus on the factor in the square root of (4.97). We
shall show that this factor can be bounded uniformly in N > 1 and s,t € [0,7]. We split it into

two parts: one containing A (¢) and B(#). Recall the vy measure from (4.37). Note that

k
su N’W/ E [A 74111, ldt...dt
Nz% Ax(s,t) 535532” N(j 31:[1 {ng—YtJj} 1 k

<supE_ e [ sup AN(f)A‘/ d%v]
Ap(st)

N>1 N1/2, teA,(0,T)

N>1 NY2u | FeAR(0,T)

< sup \/ESB(%) [ sup Ay 2?) } B(Qf/)Q [’YN(A;C((),T))?].

where the last inequality is due to Cauchy-Schwarz inequality. By (4.44) and by (4.93), we find

that the above expression is finite. On the other hand, for the B(#) term it is clear from Theorem
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4.3.2(a) and (c) that

k
NF/2 / E_ en {BN(5)4HIL{X5._W,}]dt1---dtk
( T) J=1 J J

Ak 0, NI/QV

converges to some finite quantity as N — oo, which implies that it is bounded independently of
N. Thus the last two math displays imply that the term in (4.97) is bounded uniformly in N > 1
and s,t € [0, T]. From (4.99), we see that (4.98) < C|t — s|*/*. Inserting these two bounds back

in (4.97) and (4.98), we arrive at (4.94).

Proof of (4.95). Appealing to the moment formula for the increment of QMF from (4.56) and the

convergence from (4.65) we have

k
lim E (Qf(aﬁ)—@f(d)))’“] K <%>kE3®2k[ /A 30O T p(UZ)dLy” " =7 (1;)]

& (s,t) j=1

(4.100)

where £, (%) is defined in (4.61). Lemma 4.8.2 formalizes the intuition that dL{ v (t;) =
(50(Ut2jj - Ufjj ). Thus by appealing to that lemma, we can write the above expectation in terms of
a certain family of concatenated bridge processes whose law we will write as P.. Specifically, we

have that

r.h.s. of (4.100) = klo* /

k k
E. {e‘éﬁk@ [[ew )} [ o2, 0yt - - dty, (4.101)
Ak(svt) 7=1 7j=1
where the expectation is taken over a collection of paths U7 such that
o (U%-1 - pU% U1 4 U?)F_ | are 2k many independent processes.

» U%=! 1 U?% is a Brownian motion of diffusion rate 2 fori = 1,2,..., k.

e U%~1 — U?" is a Brownian bridge (from 0 to 0) of diffusion rate 2 from [0, #;] and an inde-

pendent Brownian motion of diffusion rate 2 from [t;, 00) fori = 1,2,... k.
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We have used a different notation for the expectation operator E. in (4.101) (¢ for concatenation)
just to stress that the law is different from the standard Brownian motion. We claim that for all

p > 1 we have

k
sup E, {e%"k@ 1T |¢<U§j>@ < C- gl (4.102)

t€[0,7] =1

where the C > 0 depends on p, k,e,T. Let us assume (4.102) for the moment. By hypothesis,
t; > ¢ > 0. Thus, thj(O) < C for some constant C > 0 depending on €. Thus, in view of
(4.102), to get an upper bound for the right-hand side of (4.101), we may take the supremum of the

integrand in the right-hand side of (4.101) and pull it outside of the integration. As the Lebesgue

(t=s)*
k!

measure of Ag(s, 1) is , we thus have the desired estimate in (4.95).

Let us now establish (4.102). Fix p > 1 and take ¢ > 1 so that p~* + ¢~ = 1. Use Holder’s
inequality to write
1/p

k 1/ q k
E. |:eg£k(f> H |¢(UEJJ)‘} <E, [quﬁk(fﬁ] {H U2J ]
j=1 =1

For the first expectation above, observe that by Lemma 4.8.6, E, [quck@] is uniformly bounded

over £ € A(0,T). For the second expectation above, note that under E., we have

27 . . . . .
Thus under E,, Ut]_j are independent Gaussian random variables with variance ¢,/2. Hence,

[H o] - HE o] =T1( [ mawiowrar)” < - s

J=1

where the last inequality follows by again using the fact that £; > € > 0, together with the uniform

bound sup, p;(y) < (27t)~1/2, and noting that the constant C is allowed to depend on . This
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establishes (4.102) completing the proof of (4.95). []

4.6 Solving the martingale problem for the SHE

The goal of this section is to establish the tightness of the field 2"V defined in (4.4) and identify
its limit points as the solution of the stochastic heat equation (SHE). As the field .2™" does not
exist in a functional sense, we first introduce in Section 4.6.1 appropriate spaces and topologies
that work well with the bounds derived in the previous section. In Section 4.6.2 and Section 4.6.3

we deal with the tightness and identification of the limit points of 2™ respectively.

4.6.1 Weighted Holder spaces and Schauder estimates

In this subsection, we introduce various natural topologies for our field 2"V and its limit points.
We then discuss how the heat flow affects these topologies and record Kolmogorov-type lemmas
that will be key in showing tightness under these topologies. We begin by recalling many familiar
and useful spaces of continuous and differentiable functions that have natural metric structures.
For d > 1, we denote by C°(R?) the space of all compactly supported smooth functions on R

For a smooth function on R?, we define its C" norm as

I fller == sup [Df(x)] (4.103)

d
a xeR

where the sum is over all & € Z%, with ) a; < rand D% := 921 - - - 92¢ denotes the mixed partial

derivative.

We now recall the definition of weighted Holder spaces from [227, Definitions 2.2 and 2.3].
For the remainder of this paper, we shall work with elliptic and parabolic weighted Holder spaces

with polynomial weight function

w(x) == (1 +2?)7 (4.104)
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for some fixed 7 > 1. We introduce these weights because weighted spaces will be more conve-
nient to obtain tightness estimates. Since the solution of (SHE) started from Dirac initial condition
is known to be globally bounded away from (0,0), we expect that it is possible to remove the
weights throughout this section, but this would require more precise moment estimates than the

ones we derived in previous sections, which take into account spatial decay of the fields.

Definition 4.6.1 (Elliptic Holder spaces). For o € (0, 1) we define the space C*"(R) to be the

completion of C°(R) with respect to the norm given by

V@I 1@ )
llewre =38 @) W2 vl - gl

For a < O we let r = —| a] and we define C*" (R) to be the closure of C°(R) with respect to the

norm given by

, S}
[fll¢eor @) := sup sup sup ,520) 12w
2€R Ac(0,1] B,  W(T)A?

where the scaling operators S are defined by

Spoly) = Ao\ (@ — ), (4.105)
and where B, is the set of all smooth functions of C" norm less than 1 with support contained in
the unit ball of R.

Definition 4.6.2 (Function spaces). Let C*7(R) be as in Definition 4.6.1. We define C([0,T], C*"(R))

to be the space of continuous maps g : [0,T] — C*"(R), equipped with the norm

9llcqomcor @) = sup [[g(t)]lcer @)
te[0,7T]
Here and henceforth we will define A, ) := [a, b] x R and we will define A := Ay 7).

So far we have used ¢, v for test functions on R. To make the distinction clear between test

functions on R and R?, we shall use variant Greek letters such as ¢, 9, o for test functions on R2.
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In some instances, we will explicitly write (f, ¢)g2 or (g, ¢)gr when we want to be clear about the

space in which we are pairing.

Definition 4.6.3 (Parabolic Holder spaces). We define C°(Ar) to be the set of functions on Ar that
are restrictions to At of some function in C°(R?) (in particular we do not impose that elements
of C2°(Ar) vanish at the boundaries of Ar).

For a € (0,1) we define the space C&™ (Ar) to be the completion of C°(Ar) with respect to

the norm given by

‘f(th)‘ ‘f(t>$)_f(say)|
Ifllcemag) == sup +  sup :
A mene W) ez w(@) (= s[4 o =yl
For a < O we let 1 = —| | and we define C&7 (Ar) to be the closure of C2°(Ar) with respect to
the norm given by
ety = sup sup sup LSO
G Ar) - (t,z)EAT AE(0,1] 9EBy w(z)\

where the scaling operators are defined by
St els,y) = A\t =), A7z — ), (4.106)

and where B, is the set of all smooth functions of C" norm less than 1 with support contained in

the unit ball of R?.

Remark 4.6.4 (Derivatives of distributions). By definition, any element f € C&"(Ar) admits an
L*-pairing with any smooth function ¢ : A7 — R of rapid decay, which we can write as (f, p) .-
Consequently there is a natural embedding C*™(Ap) — S'(R?) which is defined by formally
setting f to be zero outside of [0, T] x R. More rigorously, this means that the L*(R?)-pairing of

[ with any ¢ € S(R?) is defined to be equal to (f, p|p, ),

The image of this embedding consists of some specific collection of tempered distributions
that are necessarily supported on [0,T] x R. Consequently we can sensibly define 0;f and O, f

as elements of S'(R?) whenever f € C*7(Ar). Explicitly these derivatives are defined by the
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formulas

<atf> QD)AT = _(fa at@)AT? (&pf, SO)AT = _(f> 8190>AT

for all smooth ¢ : Ar — R of rapid decay. This convention on derivatives will be useful for
certain computations later. From the definitions, when oo < 0 one can check that for such f one
necessarily has O,f € Co %7 (A7) and 0, f € C*~17(Ar).

We remark that this fails for o > 0. Indeed, by our convention of derivatives, 0, f may no longer
be a smooth function (or even a function) even if f € C(Ar). This is because such an f gets
extended to all of R? by setting it to be zero outside Ar. In particular, if f does not vanish on the
boundary of A, then it may become a discontinuous function under our convention of extension to
R2. Due to these discontinuities, the distributional derivative O, f can be a tempered distribution
with singular parts along the boundaries (one may verify that O, f can be at best an element of
C;%7 (A7) for generic f € C>(A7)). In our later computations, we never take derivatives of

functions in C&" (Ar) with o > 0.
We now discuss the smoothing effect of heat flow on these weighted Holder spaces.

Proposition 4.6.5 (Smoothing effect on elliptic spaces). For f € C>°(R) and t > 0 define

Pf(z) = / Pl — 9)f(4)dy.

Then for all « < B < 1, there exists C = C(a, 3, T) > 0 such that

1P fllosr @y < CE 2 flgar @)

uniformly over f € C>® and t € [0,T]. In particular, P, extends to a globally defined linear

operator on C*7(R) which maps boundedly into C*™(R).

A proof may be found in [227, Lemma 2.8] in the case of an exponential weight. The proof for

polynomial weights is identical.
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For the parabolic Holder spaces, the following lemma states that the heat flow improves the

regularity by a factor of 2 and provides a Schauder-type estimate.

Proposition 4.6.6 (Schauder estimate). For f € C°(Ar) let us define

Kf(tx) = /A Pra( — y) (s, y)dsdy, (4.107)

where p; is the standard heat kernel for t > 0,z € R and pi(x) := 0 for t < 0. Then for all

a < —1 with a ¢ 7Z there exists C = C(«) > 0 independent of f such that

K fllgorzr gy < C - | flloom ag)-

In particular K extends to a globally defined linear operator on C&™ (Ar) that maps boundedly

into C&T27(Ay). Furthermore, if f € C&7(Ar), then K (0, — 302) f = f.

We remark that the last statement is only true because of our convention on distributional
derivatives that we have explained in Remark 4.6.4. Without that convention, that statement would

be false even for a smooth function f that does not vanish on the line {¢ = 0}.

Proof. Let ¢ be any smooth function that equals 1 in a ball of radius 1 about the origin in R? and
is supported on a ball of radius 2 about the origin in R?. For (¢,x) € R? let us define P*(¢,z) :=

pe(x)p(t,x) and P~ (t,z) := p(x) — PT(t,x) so that
pi(z) = P(t,z) + P~ (t,x).

We have that P~ is a globally smooth function on R?, and without any loss of generality, we
may assume that it is supported on A7, since values of the heat kernel outside A7 do not matter
when convolving with distributions supported on Ar. Then we get a corresponding decomposition
K = K+ 4+ K~ of the operator defined in the proposition statement.

Since P* is supported on a ball of radius 2, the proof of the weighted Schauder estimate for

K is sketched in [227, Page 8, proof of Corollary 1.2], and we do not repeat it here. That proof
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is given in an elliptic setting, but the proof of the parabolic version is no different because the

singularity of the 1+1 dimensional heat satisfies a bound of the form
|08 02 p ()| < C(JtY? + [a]) 7120k,

where C may depend on k1, ky > O butnoton t,x € R.
Thus it only remains to prove the weighted Schauder estimate for K ~. As P~ is globally

smooth on A7 and has a Gaussian decay at infinity, we may write
P(t,x) = tu(t,z)
n=1

where ¢,, can be taken to be smooth functions supported on [0,7 + 1] x ([n — 1,n+ 1] U [-n —
1,1—n]) and |[th, || 1 < Ce~c™, for some constant C > 0 independent of n. Consequently, if we
write K~ = ) K, where K, corresponds to convolution with 1/,,, then the infinite sum of the
operator norms » _,, || K || o, o+2.- may be shown to be finite using the fact that Gaussian decay
of the 1, dominates the growth of the polynomial weights.

Finally, it remains to prove K (8, — 192) f = f for f € C27(Ar) with o < 0. To prove this, we
remark that K f may actually be defined for any f € S’(R?) with support contained in [0, 7] x R,

via the formula

(Kf,¢) = (f.K"xp),

where KT(t,z) = ﬁe‘ﬁ/ 2|t‘ll{t§0} and * denotes convolution in both space and time. The
right side is well-defined because f is supported on [0, 7] x R, and because one can ensure that
if o € S(R?) then K x ¢ agrees on that strip with an element of S(IR?) thanks to the Gaussian
decay properties of KT in the spatial variable (this is our reason for working on A rather than all
of [0,00) x R).

Then K f as defined above will be an element of S’(IR?) that is supported on [0, 00) X R, and this

definition of K f agrees with the one in the proposition statement because it agrees on smooth test
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functions using integration by parts. Now we claim (more generally than stated in the proposition)
that K (0, — 302)f = f forany f € S'(R?) that is supported on [0, 7] x R. But this just amounts
to showing that ((9, — 302) f, KT« ) = (f, ) for all such f and all ¢ € S(R?). By definition of
(8, — 202) [, this is equivalent to showing (f, (=8, — 302) KT * ) = (f,¢) for all such f and all
¢ € S(R?). As f is supported on [0, T] x R, this reduces to showing that (—0, — 292) KT x ¢ = ¢

for all ¢ € S(IR?) that are supported on [—1,T + 1] x R (for instance), which is clear. U

Corollary 4.6.7. Define J : C*7(R) — C>7(Ar) by

Jf(tVT) = (fvpt(x - .))]R’

J is a bounded linear operator for any o < 1 and any T > 0. Consider the operator ]3t = JP,

with P defined in Proposition 4.6.5. By the semigroup property of the heat kernel, we have that
Pf(t,z) = (Jf)(t+ s, ). (4.108)
Furthermore, the operators satisfy
1Pifllgpray < C- 72| fllger ), (4.109)

where C = C(a, 8,T) > 0 is independent of t and f.

Proof. The first part follows by using the Schauder estimate in Proposition 4.6.6, noting that
Jf = K(6 ® f) where for f € C*7(R) the latter distribution is defined by (dy ® f, )2 =
(f,(0,-))g. Directly from the definitions one can check that f +— J, ® f is bounded from

C*™(R) — C2~27(Ar). Finally, (4.109) follows from Proposition 4.6.5. O

Remark 4.6.8. Although we have only defined it for 0 < o < 1, one may actually define C3™ for
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all a > 0, as the closure of C°(Ar) with respect to

A
I flleemapy == sup =———=>=+ sup sup sup —— - —
S enr W(E) menp ac0]oeBo  W(T)A

where the scaling operators are defined in (4.106) and where By is the set of all smooth functions
of C° norm less than 1, supported on the unit ball of R? that are orthogonal in L*(R?) to all
polynomials of parabolic degree less than or equal to [, see for instance equation (3.8) and
(3.9) in [181]. One may verify that this norm is equivalent to the one in Definition 4.6.3 for
a € (0,1). Stated in this way, the Schauder estimate actually holds for all o € R\Z, though we

will not need this.
We next define a space-time distribution that is supported on a single temporal cross-section:

Definition 4.6.9. Ler o < 0. Given some f € C*"(R) and b € [0,T] we define 6, ® [ €

Cg—QvT(AT) by the formula (6, ® f,p)r2 := (f, ©(b,"))r.

Directly from the definitions of the scaling operators in (4.105) and (4.106), it is clear that for
fixed b € [0, T}, the linear map f — 0, ® f is bounded from C*7(R) — C2~%7(A7) as long as
a < 0.Itis also clear that 0, ® f is necessarily supported on the line {0} x R. The following lemma
shows that under mild conditions, 67 ® f vanishes upon the action of the heat flow K defined in

(4.107).

Lemma 4.6.10. Ler f € C*7(R), where a > —2. Then viewing K as an operator from C&~*" (Ar)

C&7(Ar), we have that K (6r ® f) = 0.

Proof. Note that 07 ® f € C®7(Ar) where @ > —4. Thus by Proposition 4.6.6, we know that
K(5r ® f) € C27(Ar) for some 3 > —2. Now since 07 ® f is supported on {T'} x R, it
immediately follows that K (dr ® f) is also supported on {7'} x R.

Thus it suffices to show that if g € C?7(Ar) for some 3 € (—2,0), and if g is supported on
{T'} xR then g = 0. We can prove this directly: fix some smooth nonnegative compactly supported

function ¢ on R?, and define g*(¢,z) = (g, S(Am)go), where the scaling operators are given by
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(4.106). Using g € C7 (A7) for some 8 € (—2,0), one has that ¢*(, z) < Cw(z)|T — t|3 where
C' is independent of A, z, ¢, and where w is the weight function given by (4.104). Now if ¢/ is any
compactly supported function on R?, then by integrability of ¢ — ¢%/2 on [0, 1] and the dominated
convergence theorem, we find that

(g,0) =lim [ ¢t 2)0(t, z)dtde = / lim ¢g*(t, )1 (t, z)dtdr = 0,

A—0 R2 R2 A—0

where we used the fact that limy_,q g*(¢,#) = 0 at all points (¢, ) outside of the measure-zero

subset given by {T'} x R. O

We remark that the last paragraph of the above proof has an intuitive analogue in the elliptic
setting as well: if f € C*“7(R) where o > —1, and if f is supported on a single point, then f = 0.

The proof proceeds in a similar manner.

We end this subsection by recording a Kolmogorov-type lemma for the three spaces introduced

at the beginning of this subsection. It will be crucial in proving tightness in those respective spaces.

Lemma 4.6.11 (Kolmogorov lemma). Let L?(Q), F,P) be the space of all random variables de-

fined on a probability space (2, F,IP) with finite second moment. We have the following:

(a) (Elliptic Hélder Space) Let ¢ — V (¢) be a bounded linear map from S(R) into L*(Q, F,P).
Recall S} from (4.105). Assume there exists some p > 1 and o < 0 and C = C(a, p) > 0 such

that one has

E[|[V(S2¢)[P] < CA*,

uniformly over all smooth functions ¢ on R supported on the unit ball of R with ||¢||p~ < 1,
and uniformly over A € (0,1] and x € R. Then for any T > 1 and any 5 < o — 1/p there exists
a random variable ¥ taking values in C*"(R) such that (V¥ ,¢) = V(¢) almost surely for all
¢. Furthermore one has that

B[ ] < €'
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where C' depends on the choice of o, p, and the constant C appearing in the moment bound

above but not on 'V, ), F,P.

(b) (Function space) Let (t,9) — V (t,¢) be a map from [0, T] x S(R) into L*(QY, F,P) which is
linear and continuous in ¢. Fix a non-negative integer r. Assume there exists some k > 0,p >

1/kand o < —r and C = C(k, a,, p, T)) > 0 such that one has

E[|V(t,50¢)["] < CA*®,

E[|V(t,50¢) — V(s, S2¢)[P] < CA=™P|p — g|rP,

uniformly over all smooth functions ¢ on R supported on the unit ball of R with ||¢||cr < 1,
and uniformly over A € (0,1] and 0 < s,t < T. Then for any T > 1 and any f < o — k there

exists a random variable (¥ (t)) taking values in C ([0, T|, C*"(R)) such that (¥ (t), ¢) =

te[0,7

V(t, ¢) almost surely for all ¢ and t. Furthermore, one has that

Bl 12 0.1, y) <

where C' depends on the choice of o, 3, p, k, and the constant C appearing in the moment bound

above but not on V, ), F, P.

(c) (Parabolic Holder Space) Let o — V () be a bounded linear map from S(R?) to L*(Q, F,P).
Assume V(o) = 0 for all ¢ with support contained in the complement of Ar. Recall S(/\t,x)
from (4.106). Fix a non-negative integer r. Assume there exists some p > 1 and o« < 0 and

C = C(a, p) > 0 such that one has
EHV(S()Z,:U)SDNP] S CAO&p)

uniformly over all smooth functions p on R* supported on the unit ball of R? with ||¢|cr < 1,

and uniformly over A € (0,1] and (t,x) € Ar. Then for any T > 1 and any 5 < o — 3/p there

301



exists a random variable 'V taking values in C27(Ar) such that (V' ,¢) = V() almost surely

for all . Furthermore one has that

E[[|7]] J<d,

p
cf7(Ar)

where C' depends on the choice of «, p, and the constant C appearing in the moment bound

above but not on V, ), F, P.

A proof of the above results may be adapted from the proof of Lemma 9 in Section 5 of [228].
We remark that we do not actually need uniformity over a large class of test functions as we have
written above, just a single well-chosen test function would suffice (e.g. the Littlewood-Paley
blocks as used in [228] or the Daubechies wavelets in [227]). Part (a) of the above lemma can be

stated with C" functions just like part (c), but we will not need this general version.

4.6.2 Tightness

In this section, we prove tightness of the field 2™V and establish regularity estimates for the
limit points. At this stage, readers may find it helpful to revisit Section 4.1.5 for a proof sketch of

the tightness argument.

Proposition 4.6.12. For eacht > 0, the fields { 2, } n>1 defined in (4.4) may be realized as ran-
dom elements of the elliptic Holder space C*7(R) for any 7 > 1 and any o < —1. Moreover they
are tight with respect to that topology as N — oo, in fact, we have that sup y E[|| 2;V||? e m)] <
oo for all p > 1. Furthermore, the 2N defined in (4.6) themselves may be viewed as elements of
the parabolic Holder space C&™ (Ar) for a« < —1 and T > 1. Moreover they are tight with respect

to that topology as N — o<.
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Proof. Using Lemma 4.2.2 and Lemma 4.3.1 we obtain that

2k

R 1 C

2k

=E t X7 )es N2 Vi (X)
sB®) [MN< >]1_[1¢( i)ez <
B 1/2
< My (t)*)'/?E {BNW Tici vt”<x>] :
[telies sg<k>/ (M ()] 589,

where My (t) is defined in (4.28) and the last inequality above is due to the Cauchy-Schwarz
inequality. From Remark 4.2.7 and Lemma 4.2.4 (with v — N'2v), we know that the above
two expectations are uniformly bounded in N. Therefore the last expression is bounded by some

universal constant times ||¢||2% . In particular we get that
E[ZN (5)0)%] < C||S2¢| %k < CA2F,

uniformly over all ¢ € C°(R) with ||¢|z~ < 1, where S2 is defined in (4.105). Appealing to
Lemma 4.6.11 (a) we get the desired result for fixed ¢.
To prove the second statement about tightness in the parabolic Holder space, we will as in (4.6)

denote space-time pairings as (2", ) 2(r2). Note by Minkowski’s inequality that

Bl )] =B | [ (%N«o(s,-))ds)%]ws [ B2 s .

Now with S(’\t 2)

defined in (4.106), we have
t4+-22
EI(2™, 8 0) ]/ < / E[2Y ((Shae)(s,)) ] ds < C / A7ds < O3
R t—\2

uniformly over all ¢ € C2°(R?) supported on the unit ball, with ||¢||z < 1. Here the A~ comes
from the fact that the parabolic scaling operator differs from the elliptic one by exactly a factor of

A2, In the second bound, we used the same bounds appearing in the proof for the elliptic case
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above, noting that the constants there are independent of ¢ € [0, T|. Appealing to Lemma 4.6.11

(c) we get the desired result. ]

Proposition 4.6.13. The fields M" defined in (4.48) may be realized as an element of C'([0, T], C*"(R))
for any o < —2 and T > 1. Moreover, they are tight with respect to that topology. Q" defined in
(4.52) may be realized as an element of C([0,T], C"7(R)) for any v < —1 and 7 > 1. Moreover,
they are tight with respect to that topology. Let (M>, Q) be a joint limit point of (MY, Q") in
C([0,T],C*"(R) x CPT(R)). Forall ¢ € C°(R) the process (M*(9))icio,1] is a martingale with

respect to the canonical filtration on that space, and moreover one has
(M=(9))e = Q7°(¢7). (4.110)

We remark that the canonical filtration .%; on C([0, 7], =) for any Polish space = is the one

generated by the random variables X (s) for s < ¢ as X varies through all elements of C'([0, T, Z).

Proof. Take any ¢ € C'°(R) with ||¢]|~ < 1. Recall Sé,x) from (4.106). Using the first bound in

Proposition 4.5.6, we have

E[(QF (S70) — Q) (S29))"] < Clt — s|*/A7",

T

uniformly over z € R, A € (0,1],0 < s,¢t < T. Since QY (¢) = 0 by definition, therefore the
assumptions of Lemma 4.6.11 (b) are satisfied for any x < 1/4, any p > 1/k, and any o < —1,

and we conclude the desired tightness for Q" .

Now we address the tightness of the M. By Lemma 4.4.3 and the Burkholder-Davis-Gundy

inequality, we have that

E[(M (¢) — MY ($))*] < C-E K(@iv ((6+ N-Y¢)) — QY (o + N—1/4¢’>2>) ] |
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where C = C(k) > 0 is free of ¢, s, ¢, N. Using a crude bound
(¢+ N7V < 207 + 2NT2(¢)* < 267 +2(¢),
we find from the first bound in Proposition 4.5.6 that

E[(M"(¢) = MY (9))*] < C(t = ) (9]l 7 + ¢]7=)" < C(t = ) lgllgs.  (@.111)

This gives
E[(M(52¢) — MY (579))*] < C(t — s)*/ A~

uniformly over x € R, A € (0,1],0 < s,t < T, and ¢ € CX(R) with ||¢||c: < 1. Moreover
My(¢p) = 0 by definition, therefore the assumptions of Lemma 4.6.11 (b) are satisfied for any

k < 1/8,any p > 1/k, and any a < —2. Hence, we conclude the desired tightness for M*.

We next show that the limit point M*(¢) is a martingale. Since M (¢) = 0, from (4.111),
we see that sup y E[M} (¢)?*] < co. Thus by uniform integrability, M°°(¢) is a martingale. In the

prelimit we know that

(MF(9))" = Q (¢ + N"V1')?) = (MY (9))* — Q' (¢) — £"(9)

is a martingale, where the error term &Y is defined in (4.53). By Proposition 4.5.5 we know
that £V vanishes in probability, so we conclude (again by uniform L? boundedness guaranteed by
Proposition 4.5.6) that (M*(¢))? — Q:°(¢?) is a martingale. This verifies (4.110) completing the

proof. ]

Proposition 4.6.14. For o < 0, the derivative operator ds : C([0,T],C*™(R)) — Co27(Ar)

which is defined by sending (v;)icio,r) to the distribution
T
(050, @) 12(Ag) = v (@(T, ) —/ ui(Opp(t, -))dt — vo((0, -)),
0
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whenever ¢ € C® (A7), is a bounded linear map. Let M™ be as in Proposition 4.6.13, viewed as
elements of C([0,T], C*™(R)) for some o < —2. Also let ;" and 2~ and be as in Proposition
4.6.12, viewed as elements of C?'"(R) and CY™ (A7) respectively for some v < —1. Then one has

that
OMN = —600) + (0, — 222N + 67 @ 27 (4.112)

in the sense of distributions.

Proof. Recall S(’\m) from (4.106). From the definition of the space C*"(R) one verifies directly
that if v = (vy)scp,m) € C([0,T], C*7(R)) then

s+A2

| sty e )i < ) [t < wiae

—\2

uniformly over (s,y) € Az and ¢ € C°(R?) supported on the unit ball of R? with ||¢||cr < 1
where r = [—«]. This proves the first part of the proposition that 9, is bounded from C'([0, 7], C*"(R)) —
Co727(Ar).

For the second part, let us abbreviate .Z" := 9,M” . We first note by definition of 9, that for

any smooth ¢ of compact support on R?, .#Z™ (i) is explicitly given by

%W@ZMﬁwﬂw—AN@@M&W&

where we used the fact that M} = 0. Note that the above expression is the same as RY () defined
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in (4.49). Now observe that using (4.48) we have

/OTMN( ds_/%N (s )ds—/ (Dstp(5,0)) ds
- /0 : /0 2N (0reOup(s. ) ) duds
:ATzf@M@JM&+MQ®—¢@ﬁ)

T s
—/ 1/ g%”uN(amasgo(s,‘))duds.
o 2Jo

The last term on the right-hand side of the above equation can be simplified as follows.

/ / %N 8mc95g0 duds—/ / ,%”N 8$$85g0( ))dsdu

T 2 0T - 2 Gt

0

= —Myp (¢(T, ) + 27 (o(T+)) — (T, 0)

——/<%wa ) du

We applied (4.48) with ¢ = (T, ) in the last line. Combining these expressions, we derive that

A (0) = =(0.0) = [ 2N Oupls s = 5 [ 2 Ousplsn)ds + 2 (AT ).

This verifies (4.112) completing the proof. 0

Since we expect to obtain a Dirac initial data in the limiting SPDE, there is an additional sin-
gularity at the origin that we have not yet taken into account. To fix this issue, we now formulate a
tightness result taking into account this singularity, by starting our martingale-forced heat equation

from some positive time € (which should be thought of as being close to 0).

Proposition 4.6.15 (Tightness). Fix ¢ > 0, and consider the fields 2 <(t, ) = ZX.(-), for
t > 0. Set ZVE(t,-) := 0 fort < 0. The fields 2"V may be realized as random variables taking

values in C&7(Ar) for any 7 > 1 and o« < —1. Furthermore, they are tight with respect to that
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topology, and any limit point necessarily lies in Cs wH1/2T (Ar) for any k > 0.

Proof. The proof that the fields 2"V are tight in C®7 (A7) for any 7 > 1 and o < —1 follows by

using the exact same strategy followed in the proof of Proposition 4.6.12. Let us set
1
M = (0, — 5a;) N+ (0r @ D, — do @ 2.

We first claim that for fixed & > 0, the fields {.# "¢}y, are tight in C;3~*7 (A7) for any 7 > 1
and k > 0. As 2™V is tight in C; 17" (A7), the tightness of the (9; — 292) 2™V in C; %7 (Ar)
is immediate since 9, — 302 is a bounded linear map from C" (A7) into C2~>7 (A7) as explained in
Remark 4.6.4. From Proposition 4.6.12 we know that both 277 _ and 2" are tightin C~'=*7(R).
As we remarked after Definition 4.6.9, the map f — d, ® f is continuous from C~'~*7(R) —
C;737%7(Ar), therefore we can immediately conclude that (07 @ 27, — o ® 2) are tight in

C37%7(Ar). Hence, the sum given by .# ™ is also tight in the latter space as N — oo (for fixed

5
£).
Next, we address the regularity of the limit points of .2 ~¢. By the last statement in Proposition

4.6.6, we can apply the linear operator K to both sides to obtain
N = K62 ZN)+ K™ — K(0r ® %TJL).

By Proposition 4.6.12 we know that %T]\jrg is tight in C77(R) for 7 < —1, and from Lemma 4.6.10
we can conclude that K (67 ® 27 .) = 0. On the other hand, K (6 ® 2) = JZ~, where J is

defined in Corollary 4.6.7. We thus have the Duhamel equation
2N = JXN + KaNe

For technical reasons that will be made clear below, we now replace € by €¢/2 and T'by T + 1. If
we take any joint limit point (.2°°%¢/2 .#°>/2 h) in C&"(Ari1) x CO+27(Ary1) x OV (R) as

N — oo of (ZNe/2 yNe/?, 20,), then (by continuity of J and K on the relevant spaces) the
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Duhamel relation still holds in the limit, i.e.,
L2 = Jh+ K>/, (4.113)
‘We now claim that

E(|. ™2 s, ] <00 (4.114)

(Ar+1)

Let us now complete the proof of regularity assuming (4.114).

* Using (4.114) and Proposition 4.6.6, it follows that

B[ Kt oy, | < 0

This implies that the restriction of K./ to [£/2, T+¢ /2] xR lies in Cy ""/*7 (Afej2,14e/2)-

* By Proposition 4.6.12 we have E[||h||f,-1_...] < co. So from (4.109) with o := —1 —  and

B := 4 — k. It follows that

E[H]Se/zhngwa,f ] < oo.

(Ar41)

~

Since from (4.108), we know Jh(t + /2, ) = P.;oh(t, x), we thus have that the restriction

of Jhto [¢/2, T + ¢/2] x R lies in C;”+1/2’T(A[E/27T+5/2]).

Thanks to the above two bullet points and the relation (4.113), we have showed that the restriction
of 27/ to[¢/2,T +¢/2] x R lies in C;H+1/27T(A[5/2’T+5/2]). This is equivalent to the fact that

2> lies in C; "*/*7(Ay). This completes the proof modulo (4.114).

Proof of (4.114). We shall show (4.114) with /2 and T + 1 replaced by ¢ and T respectively.

Following the same proof as in Lemma 4.6.14, one can check that

M (p) = Ry, (p) — RY (p),
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where RY are the same martingales defined in (4.49). We will denote the right side as R™*(¢p) and
the quadratic variation up to time 7" as (R™¢(¢))7. Let us fix any a < —3 and take any joint limit
point (AZ°¢, 2°°9¢) in C&™(Ap) x CoT27(Ag) of (N5, Z7N) as N — oo. Let us consider
any smooth function ¢ supported on the unit ball of R? such that ||¢||c1 < 1. Recall S(t » from
(4.106). Using Skorohod’s lemma, Fatou’s lemma, and the Burkholder-Davis-Gundy inequality,

one has that
B[] (S{s 1y 0) ") < lim inf B[4 () P] < C - liminf E[(RV<(S] ) 0))57],
’ N—o00 N—oo
where C = C(p) > 0. From Lemma 4.4.4, the quadratic variation is given by

(RY4(S(a0))r = N1/2/0 (2% (1 + NTV0,) S (s, )% ds.

Using (a+b)2 < 2(a?+b?), itis clear that ((1+N~1/49,)0)* < 20*+2N~1/2(8,¢)?. Furthermore,

1/2

the term with a factor N~/ will not contribute when taking the liminf as N — oo (by e.g.

Proposition 4.5.5). Therefore, we can obtain that
N—oo N—oo

T
hm1anE[(RN€(S )] < limianl/QE{/ ((%ﬁs)sq,(5é7x)g0)2)d$ .
0

Recall the fields Q¥ defined in (4.52). Notice that (S(’\m)go)Q < A0z a2 xe—r ety There-
fore, taking any 6 > 0, by the above bound and by the second bound in Proposition 4.5.6 we find

that

o Capae 2
E[|.2> (Sé,m)¢)’p] < 20N 11]\r[n lnfE[(Qﬁs+)\2<ﬂ[x—)\7m+>\]) - Qﬁafﬂ(ﬂ[l‘—)\,xﬂ-/\]))p/ }

< 2ONH 2L i [22 gy = CA L],

Given any « > 0, by making 0 = §(x) close to 0 and making p = p(k) large enough, we may then

apply Lemma 4.6.11(c) to conclude (4.114). L]
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4.6.3 Identification of the limit points

In this subsection, we identify the limit points as the solution of the stochastic heat equation

(SHE) and thereby prove our weak convergence theorem: Theorem 4.1.4.

Theorem 4.6.16 (Solving the martingale problem). Consider the triplet of processes (2N, MY, QN )0,
where 2N, MY, and QY are defined in (4.4), (4.48), and (4.52) respectively. Fix o < —1,3 <

—2,v7 < —1,and T > 1. These triples are jointly tight in the space
Gy (Ar) x C([0,T], CP7(R)) x C([0, T}, C""(R)).

Consider any joint limit point (X°°, M>°, Q). Then for any s > 0, the process (t,x) — X29,(x)
is necessarily supported on the space Cy "'/ *T(Ar). Furthermore, (Mg ($))sso is a continuous
martingale for all ¢ € C°(R), and moreover for all 0 < s < t < T one has the almost sure

identities

ME(0) = ME¥(0) = [ (@) = X (e)otade = 5 [ [ Xr@@dedu @119

(M>=(9))r = Q°(¢?) (4.116)
a0 -0 =0 [ [ (X2 (@))26(2) du da. @i

Before going into the proof, we remark that with some inspection it may be verified that all
quantities make sense given the spaces they lie in, as long as we choose x < 1/2 to ensure that

X 1s a continuous function in space-time away from ¢ = 0.

Proof. Most parts of the following theorem are already established in previous propositions and
lemmas. Note that the tightness of 2"" was proved in Proposition 4.6.12. The tightness of M* and
QY was shown in Proposition 4.6.13. Thus the joint tightness follows from individual tightness.
Consider any limit point (2°°°, M, Q). The fact that for any s > 0, the process (¢,z) —

X>(s + t,z) is necessarily supported on the space Cs wt/ >T(Ay) was proved in Proposition
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4.6.15. From Proposition 4.6.13 we have that for all ¢ € C°(R) the process (M;°(¢))i>o is a
martingale. (4.116) is already proven in Proposition 4.6.13 as (4.110). All we are left to show is

(4.115) and (4.117).

Proof of (4.115). In Lemma 4.6.14 we obtained that 9, M" = —§(0)+ (0, — 302) 2N + 670 2

in the sense of distributions, which by disregarding the boundary terms implies that
(O MY, 0) = (0 — 30) 27, )

for all ¢ of compact support contained in Ay 7_.) for some € > 0. Note that this relation is still

respected by any limit points and hence remains true when N = oco. We thus have
(0 M, 0) = (0 — 307) 27, )

Since both 2" and M lie in spaces with strong enough topologies (C; "'/ >T(Ag) and C([0, T], C#7(R))
respectively), taking ¢ (u, ) to approach the function (u, x) — 1, (u)$(x) in the above equation

leads to (4.115).

Proof of (4.117). Fix any 0 < ¢ < T and let iz be a S'(R) valued random variable defined as

(1,6) = Q(¢) — 0 /R / (2°(2))?6(x) ds da.

We claim that (u, ) = 0 a.s. for all ¢ € S(R). This will validate (4.117). To verify this, let us

define a sequence of function-valued random variables:

1E(a) = Q) — o / (220 )2

where £%(z) == e '¢(e7 (z — a)) with &(z) = —#*_ Observe that for any ¢ € C®(R)

1
N
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supported on [—S, S|, by Cauchy-Schwarz and Jensen’s inequality we have that

B[, 6] < 6l E {\/ [ qroraa <o [ eutoria]”

We now make use of Proposition 4.5.3. From (4.60), we see that the integral is uniformly
bounded in € > 0. On the other hand, (4.59) tells us that the integrand goes to zero as ¢ — 0.
Thus, by the dominated convergence theorem (u°, ¢) — 0 in probability. But (u°, ¢) — (u, @)
almost surely as ¢ — 0. Hence, (i, ) = 0 almost surely. This proves the claim for compactly
supported ¢. For general ¢ € S(R), we may find a sequence of functions ¢,, € C°(R) such that
¢n — ¢ in the topology of S(R). Then 0 = (u, ¢,,) — (p, @) almost surely as n — oo. Hence,

(i, ») = 0 almost surely for all ¢ € S(R). This verifies the claim, completing the proof. O
We now complete the proof of our main theorem, Theorem 4.1.4.

Proof of Theorem 4.1.4(a). We continue with the notation and setup of Theorem 4.6.16. We have
already established the tightness of 2" in the topology of C®7(Ar) in Proposition 4.6.12. Con-
sider any limit point X*° of 2™". From the previous theorem, we already know that (¢, z)
X¥.(x) is a continuous function in space and time. From the three equations (4.115), (4.116),
and (4.117) in Theorem 4.6.16 it follows that the martingale problem for (SHE) is satisfied by any
limit point X *°. We refer the reader to [88, Proposition 4.11] for the characterization of the law of
(SHE) as the solution to this martingale problem.

The result there is only stated for continuous initial conditions, so what this really shows is that
for any € > 0 the law of the continuous field (¢, z) — X% _(x) is that of the solution of (SHE) with
initial condition X2°(-). Thus we still need to pin down the initial data as dy, by showing that we
can let ¢ — 0 and see that the limit of X2°(-) is equal to d, in some sense.

In [229, Section 6] there is a general approach to do exactly this. Specifically, it suffices to
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show as in Lemma 6.6 of that paper the two bounds

E[| X (x)]" " < C-t12p,(2), (4.118)

E[| X () — pe(2) |77 < C - pu(a), (4.119)

where r > 1 is arbitrary, p; is the standard heat kernel, and C is independent of t > 0 and x € R.
Clearly, it suffices to show this when r is an even integer. Using L? bounds for each term in the
chaos expansion of (SHE) with ¢, initial condition (see Lemma 2.4 in [230]), it follows that the
solution of (SHE) with ¢, initial condition satisfies the above two bounds for » = 2. The bounds
for general r then follow from the » = 2 case by the hypercontractivity inequality [231, Theorem
1.4.1]. By the moment convergence result (Proposition 4.1.3), we know any limit point X *° must
satisfy E[( [, X7°(2)¢(x)dz)"] = B[( [ Zi(x)¢(x)dx)¥] for all k € N and ¢ € C°(R), where
(t,%) = Z,(z) solves (SHE) with d, initial data and o = 5. From here we can conclude by
letting ¢ — 6, that E[X°(x)*] = E[Z;(2)] for all k € N and all z € R. Consequently, we may
immediately deduce (4.118) and (4.119) by the corresponding bounds for Z;. This completes the

proof. ]

Finally, we conclude this section by proving Theorem 4.1.4(b) which follows from the exis-

tence of a certain bounded linear operator.

Proof of Theorem 4.1.4(b). Fix a < 0. We claim that there exists a bounded linear map K0, :
C([0,T],C*"(R)) — C([0,T],C*7(R)) such that for all v = (v;)cor) € C([0,7T],C*"(R))
one has that K9,v = K(0,(v)) where K and 0, are the same operators defined in Propositions
4.6.6 and 4.6.14 respectively (where the equality may be interpreted in the sense that both sides
are viewed as elements of §'(R?)).

Note that the existence of K 0, would immediately imply the desired result. Indeed by applying

K to both sides of (4.112) and using Proposition 4.6.6 and Lemma 4.6.10 we get that

2N =p+ K(0,(MY)),
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where p is the standard heat kernel. We also know from Proposition 4.6.13 that the M* are tight
in C([0,T],C*7(R)) for v < —2, therefore tightness of 2" in C([0,T],C""(R)) for v < —2
would be immediate by continuity of K 0,. The fact that any limit point coincides with the law
of (SHE) follows from Theorem 4.6.16, (4.118) and (4.119) by taking a joint limit point with the
triple appearing there, then using the fact that K (0,(M™)) = Ko,M".

We now turn toward the existence of K0J,. To construct K3, we first remark that C>°(Ar)
embeds into C'([0, 7], C*7(R)) in the natural way: a function v € C'2°(Ar) may be identified with
(v(t))ico,r) given by (v(t), d)r2mw) = [ v(t, z)¢(x)dx. Then d,v =: v/ is given by (V/(t), ¢) :=

Jg(Ow)(t, x)¢(x)dx. In this case we may integrate by parts to obtain
t
(K(0sv)(t), ¢) = (/ P,_v'(s)ds , ¢)
0
t
= (fu(t) — P,v(0) —|—/ OsPi_sv(s)ds qb)
0
t
= (0(0).0) = (0(0).P) — [ (o(5), P,
0
where all pairings are in L?(R) and we use that 9,P;,_; = —0%P;_,, and 02 and P, are self-adjoint
operators on L*(R).

Based on this calculation, we consider a general path v € C([0,7],C*"(R)) and we finally

define K 0sv suggestively by the formula

([KD0](0).0) = (0(0).0) = (00). o) — (0ls), PO)s. @120

First note that the pairings on the right-hand side are indeed well-defined for allv € C ([0, T, C*7(R)).
What remains to be seen is that the integral is convergent and that the right-hand side is indeed an
element of C'([0, 7], C*7(R)) whose norm may be controlled by ||v||c(o,1],c~(r))- By the defini-
tion of these spaces, we must replace ¢ by S2¢ (where the scaling operators are given in Definition
4.6.1) and then study the growth as A\ becomes close to 0.

The first two terms on the right side of (4.120) are completely straightforward to deal with: the
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growth is at worst A*(1+z?)" uniformly over \, ¢, z, T, since we assumed v € C'([0, T], C*" (R)).

To deal with the third term, we claim that one has
[(v(8), Ps02S20) | S (N2 A (E—8)2 ) (1 +2?)" (4.121)

uniformly over s < t € [0,T], as well as A\, ¢, z. Indeed the bound of the form \*~2 follows
by noting that when ¢ — s is much smaller than )\, P,_; is essentially the identity operator, so we
can effectively disregard the heat kernel and note that 9257 ¢ paired with v(s) satisfies a bound of
order A®~2. Likewise the bound of the form (¢ — s)2 ! is obtained by noting that when )\ is very
small compared to t — s, P,_,52¢ behaves like SY*~*¢, giving a bound of order (v/# — 5)*~2 after
applying 92 and pairing with v(s). This proves the bound (4.121).

Now the fact that || X 0,v|| can be controlled by ||v|| follows simply by noting that uniformly

over 0 < A2 <t < T one has

t t—A2 t
/ (A2 A (t— 5)F1)ds = / (t—s)2"ds+ / X*Hds < C(a) - A"
0 0 t—\2

It remains to verify that K 0,v is indeed a continuous path. So far, what we have effectively shown
is that K0, is a bounded operator from L>([0, T], C*"(R)) to itself. Note that C'([0, T], C*"(R))
is precisely the closure of S(A7) inside of L>°([0, 7], C*"(R)), where S(Ar) denotes restrictions
to A7 of those functions in S(IR?). From here, path continuity of K d,v forallv € C([0, T], C%™(R))
is immediate because the bounded operator K3, : L>([0,T], C*™(R)) — L*([0,T],C*"(R))
maps the linear subspace S(Ar) into itself.

Since K0, is indeed a bounded operator, and since Kd,v = K (d,(v)) for smooth paths v €
C(Ar) as shown above, this equality remains true for general v by the denseness of the linear

subspace C°(Ar) in C([0,T], C*7(R)). O

We remark that the above proof is essentially sharp, in the sense that K improves parabolic
regularity by 2, while 0, destroys parabolic regularity by 2. Hence, we expect their composition

to preserve regularity, which is what we showed. Nonetheless, the Holder exponent appearing in
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Theorem 4.1.4(b) may not be sharp, because we do not know if we obtained tightness of A" in

the best possible space in Proposition 4.6.13.

4.7 Quenched tail field

The goal of this section is to prove the results from Section 4.1.3, namely Theorem 4.1.7 and
Theorem 4.1.8. Recall the quenched tail field Fy (¢, x) from Definition 4.1.6. We begin with a

preliminary estimate for the first moment of Fiy (¢, z).

Lemma 4.7.1. Let B be a standard Brownian motion. For allt > 0,z € R, we have
E[Fy(t,2)] = NYAE[e ™V B 5 o 0] < (2m8) 712,

Proof. The proof proceeds by writing Fy as a quenched expectation, exactly as we did in Section
4.1.5 or Section 4.2. Then one takes the annealed expectation over the quenched expectation and

uses the scale invariance of Brownian motion to obtain
E[Fy(t,z)] = NVieaVN+NYiep(p, — N4 > o).

Now applying Girsanov with the stochastic exponential of —N'/4 B will give the claimed equality.

To prove the inequality, we note that

N1/4E[6—N1/4(Bt—;p)ﬂ{Bth}] _ N1/4/ e_N1/4(u—x)pt(u>du

< (27rt)_1/2/ NNV =) gy, — (2mt) Y2,

O

We first prove a variant of Theorem 4.1.7 where the quenched tail field is integrated against test

functions.
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Proposition 4.7.2. Fixm € N. Forall ¢1,...,¢0, € C*(R)andty,... t, > 0 we have

(/(ﬁZ VFN(t;, dm) (/Qﬁ, x) 2, (x dx) . (4.122)
i=1

Proof. Let us formally define
pl (dx) = Nl/Qe%‘/ﬁKg,Nt(NS/‘lt + NY2z)dzx.

The above definition can be interpreted rigorously as a random Borel measure by pushing forward
Ko vt under a linear change of coordinates, just as we did in (4.4). Then we notice that Definition
4.1.6 is equivalent to

F(t,z) .= NY4eN "7V o0).

Integrating by parts we have
| e ooyt = [ )+ o).
In the sense of distributions, it is clear that
{/ N/AN! p u, oo)du} eNl/%uiV(d:I;) = 0, {/_x eN1/4“u£V(du)1.

Consequently, for each 1 < ¢ < m, we can repeatedly integrate by parts to obtain that

/qbl FN tl,x /(b {/ N1/46N1/4uug[u’ oo)du] dx
-[ ¢;<x>[ | e + e >}dx
R —00

= [ )~ [ @ o, cc)da,
R R
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Thanks to Theorem 4.1.4(b) (see Remark 4.1.5(b)) we know that as N — oo

([ i) 4 ( [owzwa) .

Thus, to show (4.122) it suffices to show that as N — oo, [, ng;(x)eNl/%,ug [z, 00)dz goes to zero

in L'(P) for each 1 < i < m. Indeed, observe that

B| [ (e 5 o, o0)do
R

< [ loi@)e™ B o, <) do.
R
By Lemma 4.7.1 we get
€N1/4IE[ N — Rle-N4(By—2) < N-L/4 N—1/2
Moy, [1‘7 OO)] = [e E IL{Bt,LZJ:}] > (27th>

for all z € R, which implies the desired L' convergence. This completes the proof. 0

Note that composition with the logarithm function is not a continuous operation in the topology
of integration against test functions, hence the convergence result stated above cannot be directly
translated to any convergence result for the KPZ equation. Our next lemma demonstrates uni-
form convergence for the two-point correlation function of the quenched tail field. This is the
crucial result that allows us to improve Proposition 4.7.2 to obtain multipoint convergence in law
of Fn(t,z) to Z(x) for individual values of (t,z) € (0,00) x R, after which taking a logarithm

becomes sensible.

Lemma 4.7.3. As N — oo, we have that
E[Fn(t, 2)Fn(t,y)] — E[Z(z) Zi(y)]

where Z as in Proposition 4.1.3. Furthermore, the above convergence is uniform over compact

sets of (t,x,y) € (0,00) x R~
Proof. By adapting the methods in Section 4.2, the two-point correlation function given by (¢, x, y)
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E[Fn(t,z)Fn(t,y)] can be written as an expression involving only the 2-point motion associated

to the kernels K ;. More specifically, in the notation of Section 4.2, it equals

NeVVp (X, — NY4% > 2,Y, — NY4% > y).

(2)
SBNl/Qu

Consequently the two-point correlation function only depends on the total mass of the characteris-
tic measure. We shall thus assume v is a multiple of uniform measure. Without loss of generality,
we will assume o = 1 (i.e., v is precisely half times the uniform measure).

We shall now invoke results from [82] which are for the case where the characteristic measure
is a multiple of the uniform measure on [0, 1]. In [82], the authors consider a slightly different field
F '~ (t, x) which is “dual” to ours in a certain sense. More specifically, they vary the starting point
and fix the tail probability as [0, co), whereas we fix the starting point 0 and vary the tail probability
as [z, 00). One may show that the distributions of both fields are the same as space-time processes,
modulo a reflection of the characteristic measure. More precisely, we have F% LF N, wWhere p is
the pushforward of v by x +— 1 — x, and the superscript highlights the dependence of each field on
the underlying characteristic measure.! This is proved using an explicit coupling of the two fields
via the Brownian web. See [80, Equation (1.8)] and the subsequent discussion for a short proof,
which in turn is based on a construction of [190, Section 3].

Note that for the case where the characteristic measure is a multiple of the uniform measure,

we have 1 = v. Proposition 1.22 in [82] provides exact moment formulas for the unscaled version

of Fix(t,z) in this case. Taking the scalings into account we have that

N_1/2(2’2 — 21)
E{Fy(t, x)Fn(t = -
[ N( ,90) N( ,y)] 7€1+m fiﬁiR N—l/Q(Z2 _ 2’1) — N-1/2 _ N—3/4(z1 + 22) — N-122
N-1/2 dzy dzy
(N=V4 4 N=1/22))(N-V/4 4 N=1/22,) 27i 27i”

. 63 (zf—l—z%)—&—(zzl +yz2)

'In particular, our results imply multipoint convergence of their field F v to (SHE) as well.
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where 71, 75 are fixed numbers not depending on ¢, z, y and N (large enough), and such that 5 >
T1 + 1.

(N, 2N, y™) converging to (t,z,y) € (0,00) x R?. Note

Now assume that we have a sequence
that for z; € r; + ¢R and 25 € ry + iR we have that |e T ()N 2)| < Ce™ & (=1 P +=2l?)
for some constant C > 0 which is independent of NV, z1, z5. Also, note that the ratios appear-
ing in the integral may be bounded independently of /N thanks to the fact that z; € r; + R
and z, € ro + iR with o > r; + 1. Therefore, by the dominated convergence theorem (with

dominating function given by e~c(z1*+1=1")) we may conclude that the integral expression for

E[Ex(tY, 2N)Fy(tV, y"™)] converges as N — oo to

\% \% 24 62(21 +23)+(zz14y22) 271 le d2'2
iR JrgtiR 22 — 21 — 1 omi 270

This is known to agree with E[Z;(z)Z;(y)], see [232, Section 6.2], thus proving the uniform

convergence. [

With the above lemma in place, we now prove a stronger version of Theorem 4.1.7.

Proposition 4.7.4. Suppose that the deterministic sequence of vectors (z,... z) € R™ con-
verges as N — oo to (x1,...,xy) € R™ Fixty, ..., t, > 0. Then we have the joint convergence

(Fn(ti, )i, (Zt(ﬂm)j;

Proof. We first prove the case when va = x;forl <1 < m. We give a proof for m = 1
to simplify the notation, but the generalization to larger m is straightforward. We will simply
write (¢, 1) as (¢, z), which will be fixed throughout the proof. By Lemma 4.7.1 we get that
E[Fy(t,z)] < (27t)~'/2 which is independent of N, thus it follows that the {Fi} x> are tight.
Consider any limit point y of the laws of {Fx(t,x)}n>1. Fix a smooth compactly supported
nonnegative function ¢ : R — R which integrates to 1, and define ¢}(y) = \"*¢(A\~!(y — z)). By

Proposition 4.7.2 we know that for each A,z € R, { [, ¢2(y)Fy (¢, y)dy} w1 18 a tight sequence.
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For r > 1, consider any measure /., on R"*! which is a joint limit point as N — oo of

(FN(t,a:), (4¢ik(y)FN(t,y)dy);1)a

such that the first marginal of p, is po. Using a diagonalization argument, these measures /i,
may be chosen so that they form a projective family, and therefore by the Kolmogorov extension
theorem, we may consider any projective limit ; which will be a measure on the space of sequences
(ar)r>0 € RN, equipped with the o-algebra generated by the projection maps. By Proposition
4.7.2, we find that for such a measure £ the marginal distribution of (ay)>1 is simply equal to the

law of ( [, Z:(y)¢2 " (y)dy),.,. We now claim that

limsup limsup E
A—0 N—o00

Fy(t,z) — / FN<t7y>¢;<y>dy‘ 0. 4.123)

Assuming this fact, one finds that such a measure p is necessarily supported on those sequences
(ag)r>0 which satisfy ag = limy_,, aj in L' (), which means that ag must have the law of Z;(z)

under p. We are thus left to check (4.123). By Lemma 4.7.3, we have that

lim sup B[(F (t, ) — Fx(t,9))°] = E[(Zi(z) — Zi(y))*] < Clo -y

N—o0

uniformly over compacts sets of (¢,z,y) € (0,00) x R? where the above inequality is a known

estimate for (SHE) (see [233, Proposition 2.4-nw] for example). Thus, by Fatou’s lemma, we note

that
limsup | Fy(t.) ~ [ FN@,y)qai(y)dy\ <timsup | E[Fy(t,a) - Fu(t.0)|oXo)dy
N—o0 R N—o0 R

< /limsupElFN(t,x) — Fy(t,y)|¢)(y)dy
R

N—oo

< /R lim sup E[(Fy (£, z) — Fx(t, )22 (y)dy

N—oo

< [ o= g0y = X [ a2 o(uyu
R R
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Taking A — 0 leads to (4.123). To justify the above application of Fatou’s lemma with lim sup,
one needs a bound on the integrand which is independent of N and is in L! (¢ (y)dy), for which

we may use Lemma 4.7.1 to get
E|Fy(t,z) — Fx(t,y)| < E[Fn(t,z) + Fn(t,y)] < 2(2mt)~1/2.
Finally, the case when x varies with N follows from the fact that as N — oo we have
E[(Fy(t;,2Y) — Fy(ti, 2:))°] =0

due to the uniform convergence in Lemma 4.7.3. This completes the proof. [

Remark 4.7.5. We remark that one can allow t, ... ,t,, to depend on N as well, and the multi-
point convergence result analogous to Proposition 4.7.4 would still be true as long as the t¥
converge to some positive real numbers t; as N — oo. These are the precise modifications needed:
first one modifies the proof of Proposition 4.7.2 to allow the t; to depend on N. This is fairly
immediate since Theorem 4.1.4(b) gives convergence in a topology that is uniform in time. Then
notice that in Lemma 4.7.3 we have already allowed the t; to depend on N. Thus we can replace
t; by tY in Proposition 4.7.4 as well (the estimate using Fatou’s Lemma will still work), which
is enough to establish the claim. After the claim is established, some interesting effects can be
observed by setting t¥ := t; + aN~Y* for « € R. Using Definition 4.1.6 one sees in this case that

« gets reinterpreted as a shift of the x variable, but with different scaling values.

Proof of Theorem 4.1.8. We continue with the same notations as in the statement of the Theorem
4.1.8. Fix any a € R. Setv := /ct and 7 := d\/g so that ¢ = % and d = vz /t. 1t suffices to
show that
lim P (Kxiri%) [X{(Nt)} —oN*4 — o/N — 2y — Llog N) < aN1/4>
= P(t/v[G + log Z,2 (v /t)] < a),
(4.124)
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where Z solves (SHE) with o = —Qty(q[’o m

and (G is an independent Gumbel random variable.

For now, fix any £ € N which may be arbitrary. Fix a realization of the kernels w = {K, :
—00 < § < t < oo}. As before, we let P*) be the quenched probability of £ random motions
(X(t))r_, sampled from these kernels. By the scale invariance of SBM kernels, the random vari-
able

1<i<k

4 t 1
P*) ( max { X' (Nt)} <oN** + 2V N + -NY4(ry — 7logN) + aN1/4)
v

has the same law for any y > 0 as the random variable

. t 1
P*) ( max { X' (Ny*t)} < y[vN3/4 + 2V N+ —NY4(ry — ZlogN) + aN1/4])
v

1<i<k

except that the characteristic measure in the latter expression has changed to v - v. Now we make
a specific choice of y := v/t and we get by Definition 4.1.6 that it is equal (pathwise, not just in

distribution) to the quantity

v? LUT au 1 k
(1—exp [_2_t\/ﬁ_N47_7_TN] - Fy (v /t, %+N‘4(%+TN—ilogN))> .

(4.125)

where it is implicit that the characteristic measure associated to Fly is (v/t) - v. Then we may

choose

v? VT g
k=k(N)=|exp ﬂ\/NJFTN +ry

2

u(N) )k:(N)

as stated in the theorem to obtain that (4.125) is a quantity of the form (1 — 0N

where the Oy (1) term is deterministic and bounded between 0 and 1, and u(/N) is a sequence
of random variables which by Proposition 4.7.4 converges in law to the strictly positive random

variable e~ Z,2/,(vz/t). Since the functions u — (1 — ~+5—=)*") converge uniformly to

(N)+On~(1)

u — e~ " on compact subsets of [0, c0), we can conclude that the expression in (4.125), therefore
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converges in law to the random variable

exp [ - e_%sz/t(vx/t)},

where Z solves (SHE) with o = . Now this convergence in law also implies convergence

v
2t1([0,1])
of the associated annealed expectations thanks to the boundedness of all quantities involved, which

implies that the limit of the left side of (4.124) equals
E| exp [— e’%sz/t(vx/t)} ,

which agrees with the right-hand side of (4.124) by the explicit form of the Gumbel distribution.
O

Using Remark 4.7.5, one could also consider replacing time Nt by time Nt plus a correction
of order N“ for some o < 1, and this would change the constants appearing in the proof in an
explicit manner and introduce even more terms in the recentering if o € [1/2,1). For brevity, we

will not explore this.

4.8 Technical lemmas on Brownian bridges

Definition 4.8.1 (Brownian concatenated process). Fix any © € R, and s € [0,1]. Let By, be a
Brownian bridge on [0, s] from 0 to x. Let W be a standard Brownian motion independent of By,,.

We define the Brownian concatenated process B; , with anchor at (s, x) as

Bo,(y) = B (y) y € [0, ]

W(y—s)+z yelsl].

Lemma 4.8.2. Let W = (W)cpo1] be a Brownian motion on [0,1]. Let F' = (Fy)s o :
C[0,1] — C[0,1] be a Borel-measurable functional. Suppose that E[sup,., Fy(W)?] < co. Sup-

pose further that the function g(s,x) := E [Fy(Bs)] is bounded on [0, 1] x R and continuous in x
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for each s > 0. Then for all compactly supported smooth functions ¢ we have the identity

8| [ ronsovgas] = [ [ ots.amarote) ds is

and moreover for all x € R we have

8 [ monact o) = [ st

where dLY (s) is the Lebesgue-Stilties measure associated to the nondecreasing function s

LY (s).

We remark that all expectations appearing above are finite. Let Z := sup,, |F;(W)|. Note
that | [ Fu(W)p(W,)ds| < Z - [} |¢(W,)|ds and | [, Fs(W)dLY (s)| < Z - L¥(1). Therefore
a simple application of Cauchy-Schwarz (noting that E[Z?] < oo by assumption) shows that all

expectations above are finite.

Proof. Note that for all ¢ continuous and compactly supported, by the tower property of condi-

tional expectation we have

E[/Ol Fs(W)d)(Ws)dS] = /OlE[Fs(W)cb(Ws)]dS = /OlE[E[Fs(W)!WSWWS)}dS-

Now the law of W conditioned on W is precisely given by the Brownian concatenated process

with anchor at (s, Wy). Thus, E[F5(W)|W;] = g(s, W). Therefore, the above expectation equals

/OlE[g(s, Ws)p(W)]ds = /01 /Rg(s,x)ps(:v)qS(x)da;ds,

proving the first identity. To prove the second identity, we will let ¢ converge weakly to a Dirac
mass and use the continuity in x of g. Let ¢ be smooth, nonnegative, even, supported in [—1, 1], and
suppose that it integrates to 1. Let ¢°(u) := ¢ '¢(e'u). It is standard that the random measure

on [0, 1] given by ¢ (x — W,)ds converges almost surely as ¢ — 0 to LV (ds), with respect to the

326



topology of weak convergence on the space of finite measures on [0, 1]. Consequently, since we

assume continuity of s — F, (V') we have the almost sure convergence

1 1
/ Fy (W6 (z — Wy)ds =3 / F, (W)LY (ds). (4.126)
0 0

Now by the first identity, the expectation of the left-hand side equals

/0 H:(s)ds, where H;(s) :z/ﬂg{g(s,u)pdu)gbﬁx—u)du.

It is clear from the continuity of g in = that HS(s) — ¢(s, z)ps(z) as € — 0, and moreover since g

is assumed to be globally bounded and ¢ is supported in [—1, 1], we have that

[Hz(s)| < max . 19(s,u)[ps(u) < lgllzes™".

u€lz—1,z+

Hence by the dominated convergence theorem we find that

EUO1 FS<W)¢€<x—Ws)ds] _ /01 HE(s)ds — /Olg(s,az)ps(x)ds

Thus it suffices to prove that (4.126) also holds in L'. To prove that, we note that

< [V - wads < 7 [ 6o - was,

/0 Fy(W)6 (z — W,)ds

where Z := sup¢(y 1 [ Fs(W)|. By the occupation time formula for the local time, we have

sup / ¢°(x — Wy)ds = sup /gbsx—u W(1)du < sup LY (1).

€€(0,1] €€(0,1] u€R

Summarizing the last two expressions and applying the Cauchy-Schwarz inequality, we have that

/0 Fy (W) (z — W,)ds ] < E[Z%?E[sup L (1] /2.

Epu l sup
u€R

e€(0,1]
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The expected square of the sup over local times is finite, e.g., by [234, Chapter XI, Theorem (2.4)].

Therefore, we have uniform integrability and thus L' convergence in (4.126) as desired. [

Lemma 4.8.3. Let B**(t) be a Brownian bridge on |0, s] from 0 to x. Denote by LE™" (t) the local
time at 0 of B>® at time t. Then the map (s,z) — LE""(s) has a modification which is almost

surely continuous in both variables on (0,1] x R.

Proof. Let G(s,z) := LE""(s). Note that the zero set of B>**"* is just a reparametrization of that
of B®1, in fact B**'"* is just s'/2 multiplied by a reparametrization of B*', and so we have that
G(s,rs"?) = G(1,z). Thus G(s,x) = G(1, 25~ "/?) and therefore it suffices to show a.s. Holder

continuity of z — G(1, z).

To prove continuity of z +— G(1,x), let us simplify notation and henceforth write B"* =
B®. Now write LF" (1) = LF"(1/2) + LY (1/2), where W=(t) = B*(1 — t). Note that on the
time interval [0,1/2], B* is absolutely continuous with respect to a Brownian motion of drift =
started from 0, and moreover the Radon-Nikodym derivative is independent of x. Likewise, WW* is
absolutely continuous with respect to a Brownian motion of drift —x started from x, and similarly,
the Radon-Nikodym derivative is independent of x. Consequently, for a standard Brownian motion
Z if we define Z%(t) := a + At 4+ Z(t), then it suffices to show that (a, \) — LZ""(1/2) is a.s.
jointly Holder continuous as this would imply the desired result for both B* and W*. Note that
LZ"*(1/2) = L%)*(1/2). For Brownian motion, joint continuity of local times in the drift and the

spatial variable is now a standard result. [

Lemma 4.8.4. Fix a,b,c,d,x € R with ¢ + d*> = 1. Let B be a Brownian bridge from 0 to x
on [0,1] and let W be an independent standard Brownian motion. Consider the process X :=

a+cB 4 dW. Forall 8 > 0, we have
E[¢’" 1] < 6v/2me? /. (4.127)

Remark 4.8.5. Since the above bound is uniform in a, b, c, d, z, the same bound continues to hold

when a, b, ¢, d, v are random variables (with ¢? + d* = 1) independent of B and W .
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Proof. Note that conditioned on W (1), X is a standard Brownian bridge from a to a+cz+dW (1).
In [235, (3)] it is shown that for a standard Brownian bridge Y from a to a+ b one has for all v > 0
that

]P)(Lé/(l) = U) _ 662/26—(|a\—l—|a—l—b|—&-v)2/2

and therefore if § > 0 then

E[BGLoy(l)] — /oo GeGyIP’(LOY(l) > y)dy < 9eb’ /2 / eeye—(\a|+\a+b\+y)2/2dy — 027 /2 (lal+la+b))
0 R

Thus returning to the process X we simply take b = cx + dWW (1), and we find that

E[eeLg((l) |W(1)] < 9\/%692/26—(\al+|a+cz+dW(1)|)9.

|a]|+|a4cz+dW (1)

Taking the expectation again and noting that e~ D? <1 we arrive at (4.127), proving

the claim. L]

Lemma 4.8.6. Fix r,m € Z~o. Fixx = (x1,22,...,2,) € R", t = (t1,a,..., 1) € [0,1]™, and
s = (s1,89,...,8.) € [0,1]". Let B* = (B")!_, be r-many independent processes with each B"
being distributed as a Brownian concatenated process with the anchor at (s;, x;) (recall Definition

4.8.1). Let {}, : R™ — R be linear functions for 1 < k < m. Define

f(x,s,t):=E {exp (,é Lf;“BS”‘)(tk)ﬂ .

Then f is globally bounded and continuous on R™ x (0,1]" x (0, 1]™.

Proof. We use a coupling argument based on Lemma 4.8.3. Take W, ... W™ to be i.i.d. Brown-

ian motions on [0, 1] and then define
B (t) = W (t) — (L AW (s) — z).

Note that for all r-tuples of pairs (s;, ;) the processes (B7%*)"_, are distributed as (B*);_,.
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Applying Lemma 4.8.3 we see that if (x,,, S, t,, )nen converges to (x, s, t) € R x (0, 1]" x (0, 1]™
we have

LG ) = L (1)

for each 1 < k < n almost surely. Consequently, the exponential of the sum over £ also converges
almost surely. To show convergence of the expectations of those exponentials we need uniform
integrability of the exponentials. We will prove this in a way that also gives global boundedness of
the function f. Since local time is an increasing process we have the automatic bound f(x,s,t) <
f(x,s,1). To prove uniform integrability we will upper-bound f(x,s, 1) in L? independently of

s;, x;. First, apply Holder’s inequality to obtain

E [exp (kzm; Lﬁk(BS”‘>(1))] < f[lE {exp <mL§k<BS”‘>(1)>} Um.

Thus, it suffices to show each term in the product above is finite. Let us take any ¢(v) := ajv; +
- 4+ a,v,. Assume without loss of generality that s; < --- < s,.. Then on each subinterval,

54, Sj+1], we have
J .
(BN () =) ai[Wi(t) — (W'(s;) — )] + Z ;Wi (t) — L(W'(s;) — a3)].
=1 i=7+1
Let us set
T T 1
Dlvj = ZG?, DQ’]' = Z CL?, Y= D2,j : [ Z af/si} . (4128)
i=1 i=j+1 i=j+1

Note that £(B**)(t + s;) — ((B®*)(s;) has mean t > ;_.., “*, and for s,t € [0, 5,41 — s] its

covariance function is given by

C(s,t) == (s At)- D1]+Z [(sAt) = 2] =(sAt)- Dyj+ [(snt) = 2] Dy

i=j+1
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As sy <--- <'s,, one can check that v > (s;41 — s;). Thus,
B )(t + 55) = (B (s;) = Ti(t) + Ua(t)

as processes on [0, s;+; — s;] where U, is a Brownian bridge with diffusion rate D, ; from 0 to
Y ieji1 @iwi/s; on [0,7] and U, is an independent Brownian motion with diffusion rate D, ;.
On [0, s;+1 — s;], we have shown that /(B®*) — ((B%*)(s,) is distributed as the independent
sum of a Brownian bridge (not necessarily ending at zero) and a Brownian motion whose diffusiv-
ities sum to ||£||3 = a? + - - - + a?. Consequently, by breaking up the expectation on each of these
subintervals (by again applying Holder’s inequality) and using the fact that each of these subinter-
vals has size at most 1, it suffices to bound E[e?Z0 (V)] for all § > 0 where X := a + ¢B + dW,
where B is a standard Brownian bridge from 0 to « on [0, 1] and W is an independent standard
Brownian motion on [0, 1]. More precisely, we need a bound which is uniform over all a € R and

c? + d* = 1. This is precisely done in Lemma 4.8.4. This completes the proof. U

We remark that Definition 4.8.1 can be naturally extended to Brownian concatenated processes
defined on [0, T’ for any fixed 7" > 0. Both Lemma 4.8.2 and Lemma 4.8.6 continue to hold under

this setting.
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Chapter 5: Multiplicative SHE limit of random walks in space-time random

environments

This chapter is adapted from the paper [72] and is coauthored with Sayan Das and Shalin

Parekh.

5.1 Introduction

The (1+1) dimensional Kardar—Parisi—Zhang (KPZ) equation [2] is a stochastic partial differ-

ential equation (SPDE) given by

OH =30 H+3(0H) +7-&  H=Hl), (KPZ)

where v > 0 and £ = (¢, ) is a space-time white noise. The KPZ equation has been studied
intensively over the past few decades in both the mathematics and physics literature. We refer to
[179, 132, 133, 180, 181, 182] for some surveys of the mathematical studies of the KPZ equation.

As an SPDE, (KPZ) is ill-posed due to the presence of the non-linear term (9,#)?. One way
to make sense of the equation is to consider I/ := e’* which formally solves the stochastic heat

equation (SHE) with multiplicative noise:

OU = 505U + 7y - UE, U = U(x). (SHE)

The SHE is known to be well-posed and has a well-developed solution theory based on the It
integral and chaos expansions [11, 92, 132, 133]. In this paper, we will consider the solution to
(SHE) started with Dirac delta initial data U (x) = 0o (z). For this initial data, [10] established that

U(x) > 0 forall t > 0 and = € R almost surely (see also [9]). Thus H = logf is well-defined
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and is called the Cole-Hopf solution of the KPZ equation. This is the notion of solution that we
will work with in this paper, and it coincides with other existing notions of solutions [3, 4, 5, 6, 7,
8], under suitable assumptions.

The subject of the present work will be to show that (SHE) arises as the fluctuations limit
of a simple model of random walks in random environments (RWRE), with a nontrivial noise
coefficient ~y that has an interesting story behind it. Consider a family of iid [0, 1]-valued random
variables w,., with r € Z>( and y € Z, drawn from a common law v. A random walk (R(7)),>0
in the environment w starts from (r,y) = (0, 0) and goes from (r, R(r)) — (r + 1, R(r) + 1) with
probability w, () and from (r, R(r)) — (r + 1, R(r) — 1) with probability 1 — w, r(y).

We will consider the (quenched) random transition probabilities
P“(r,y) := P(R(r) = y). (5.1)

We will show that in a window of size '/ around the spatial location y ~ r%/%, which we call the
moderate deviation regime in this paper, these transition kernels have fluctuations that are described

by the KPZ equation. We define for¢ > 0 and x € R and N € N the constant

1/4 1/2_ ~1/4
ON,t,x = 6N z+(N N log cosh(N Nt (52)

and then we define foreach N > land{ € N *1220 a random measure %y (t,-) on R, given by a

superposition of Dirac masses as follows

Un(t, ) = > Cniw - PY(Nt, N34t + NYV2z) . 65, (5.3)

zeEN—1/27—N1/4¢
Here 0, denotes a Dirac mass at spatial position x, and aZ + b := {ax + b : x € Z}. The definition
of Zn(t,-) is extended to ¢ € R, by linearly interpolating, i.e., taking an appropriate convex
combination of the two measures at the two nearest points of N~'Z,. We call %y the quenched

density field. In all of our results below, we fix a terminal time 7" > 0 which is arbitrary. Our main
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result is as follows.

Theorem 5.1.1. Let w denote an environment as above with E|w, ;| = % and Var(w; ;) = 02 €
[0,1/4). There is an explicit Banach space X of distributions on R, which is continuously embed-
ded in S§'(R), such that the collection {%x } n>1 is tight with respect to the topology of C'([0, T, X).
Furthermore any limit point as N — oo lies in C((0,T],C(R)) and coincides with the law of the

It6 solution of the SPDE

8o2

1

U(t, x)E(t, ), t>0,reR (5.4)

started with 0 initial condition at t = 0. Here £ is a standard (Gaussian) space-time white noise

on R, x R.

Note that tightness and uniqueness of the limit point means that %y converges in distribution
to U in the aforementioned topology, as N — oo. The explicit Banach space X is given by a
weighted Holder space C7(R) with negative exponent o < —3 and polynomial weight of degree
7 > 1, see Definition 5.6.8. These exponents are non-optimal but the result is strong enough to

imply e.g. convergence in law of (Zn(t, ®))cio.1) tO Uy (x)o(z)dx in the topology of
ply €.g g €[0,7) R pology

t€[0,T]
C0, T for any fixed ¢ € C°(R), where %n (L, ¢) := [, ¢(x)Un(t, dz).
While our main result above is formulated in terms of the quenched density field, there is

another (somewhat weaker) formulation in terms of the quenched tail field which is concerned

with the behavior of the tail probability P (R(r) > y). We obtain the following:

Theorem 5.1.2 (Multi-point convergence of the quenched tail field to the SHE). Suppose that the
deterministic sequence of vectors (Tn1,...,TNm) € R™ converges as N — oo to (xq,...,2y) €
R™. Fix ty,...,t,, > 0 and suppose we have sequences ty; € N_lzzo such that ty; — t; as
N — o00. Then we have the joint convergence

(N1/4CN,t,:pr (R(Nt) > N3/4tN,i + Nl/QxN,i)):-il 4 (Uti (mz))m

=1’
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withU as in (5.4).
This will be proved in Section 7.

Remark 5.1.3. Besides the fact that the limit is given by the multiplicative-noise stochastic heat

equation (5.4), two other aspects of the above result are striking.

1. As (5.3) suggests, these KPZ fluctuations are obtained by probing the tail of the probability
distribution P* (r, %) near spatial location y = N**t + N'/2x at time r = Nt, where N is very
large. It is not so surprising that the spatial variable = needs a factor N'/? at time of order
N, since this scaling respects the parabolic structure of the limiting equation. However the
factor N*/* in front of t is more mysterious and eluded a rigorous understanding until recently.
It is now known that 3/4 is the unique exponent at which one expects the KPZ equation to
arise. For exponents strictly smaller than 3/4 one instead obtains a Gaussian field as the limit,
as evidenced by works [236, 80, 177]. On the other hand, when the exponent is equal to 1
(i.e., at the large deviation scale) it was shown in [73] that under a Beta-distributed random
environment, one obtains the Tracy-Widom GUE distribution as the one-point fluctuations.
The Tracy-Widom GUE distribution is the one-point marginal of the directed landscape [237,
238], a recently constructed universal scaling limit of models in the KPZ universality class.
We expect that for all exponents strictly larger than 3/4, we have the directed landscape as
the scaling limit. In this sense 3/4 is the crossover exponent of this model, that is, the unique

exponent where one observes the crossover from Gaussian to non-Gaussian behavior.

2. There is a nontrivial coefficient / 1?2202 appearing in front of the noise, which depends on the

402
1—402

weights only through their variance o°. Note that this coefficient can be factored as \/2
where \/2 can be viewed as a consequence of the periodicity of the random walk. We call this
coefficient the environmental variance coefficient. We shall see later in our proofs that this
coefficient arises in a nontrivial way through intersection processes of the two-point motion
for the RWRE model. To give some idea for why this is the correct coefficient, note that 1 —

402 is the long-term quenched diffusion rate of the random walk given the realization of the
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environment w. Consequently, if one samples two independent walks in a fixed realization of the
environment, then their pairwise intersection process converges in law (upon diffusive scaling)
to the local time of Brownian motion divided by a factor of 1 — 40?. This is precisely why we

repeatedly see this factor arise in our analysis and in the limiting SPDE.

One may ask why we have used Dirac masses to define the field in (5.3), instead of linear
interpolation. Indeed since the limiting field in (5.4) is a continuous function of space and time,
one could ask about convergence in a space of continuous functions, rather than tempered distribu-
tions. While Dirac masses are computationally easier to work with, this is not the only reason for
our choice. Heuristically, the %y density field has a tendency to concentrate more heavily on cer-
tain favored sites microscopically, such that macroscopically these favored sites have a Lebesgue
density equal to 1 — 402 > 0 (see the discussions at the end of Section 5.6 for a more detailed ex-
planation of this fact). Therefore, it is hopeless to ask for convergence in a topology of continuous
functions. Indeed, we can rigorously show that it is impossible for convergence to occur in any
space of continuous functions, as it would contradict one of the key estimates of the paper. See the
discussion just after Proposition 5.5.3 below.

Given these discontinuity phenomena, a natural question to ask is what happens when one
keeps track of the rescaled field %y together with the noise variables w, .. This leads us to define

the prelimiting noise field, given by a superposition of Dirac masses on space-time:

En(-) = (2N 20?72 Y > (Wnenv2asnsag — 3) Opn)- (5.5)

teN—1ZN[0,T] zeN-1/27_N1/4¢
same parity

where the sum is understood as being over those points (¢, ) such that Nt and N'/2z + N3/t are
both integers of the same parity. We now address the question of taking a joint limit of (Zy, Zy).
In principle = just tracks the driving noise of the discrete system, so one might be led to believe
that it will converge to the driving noise £ of /. This is indeed what happens for other systems such
as directed polymers when one takes the limit to the stochastic heat equation. This can be deduced

from the methods used in [86, 87] (those papers prove term-by-term convergence of the respective
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chaos series, and in particular the first term of the series which encodes the full information of the
noise, will converge jointly with the rest of the series). In fact, this is not the case in our model,

and we have the following refinement of Theorem 5.1.1.

Theorem 5.1.4 (Creation of independent noise in the limit). Ler X C S'(R) be as in Theorem
5.1.1. There exists an explicit Banach space Y C S'(R?) of distributions supported on [0, T] x R,
such that (Zn, %) are tight with respect to the topology of Y x C([0,T], X). Any limit point is

of the form (&1 , U), where & is a standard space-time white noise, and

3204
%@(t,x))bl(t,z), t>0,x €R,
o

OU(t,x) = %aﬁu(t,x) + (\/802 &(t,r) + -

withU(0,x) = §o(x). Here & is another space-time white noise, independent of &, .

This will be proved as Theorem 5.6.26 in the main body of the paper. The proof of the theorem
will be non-constructive, and it remains an open problem to identify at the microscopic scale
precisely where the independent part £&; comes from. Note that this recovers the earlier result
since the sum of squares of the two noise coefficients is exactly the squared noise coefficient from
Theorem 5.1.1. As far as we know, this phenomenon of creating independent noise in the limit is
quite new. In Section 5.1.1, we give an intuitive interpretation of the independent part &, in terms
of the failure of a naive chaos expansion.

Our main results confirm and generalize a physics prediction of [85]. They conjecture the con-
vergence of the RWRE to the KPZ equation in the moderate deviations regime, but only for the
specific choice of Beta-distributed weights w; , which makes the model integrable. Their field is
defined slightly differently, but it agrees with the “quenched tail field" that we study in Section
5.7. Note that when w ~ Beta(a, o) one has 80%/(1 — 40%) = 1/« which agrees precisely with
the prediction of [85, Section 4.3]. Their predictions were based on moment computations using
contour integral formulas that are only available when the weights are Beta-distributed. As mo-
ments of (SHE) grow too fast to determine the distribution uniquely, the convergence of moments

in this case does not imply weak convergence as in Theorem 5.1.1. Our proof of Theorem 5.1.1
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will instead be based purely on stochastic analysis and will not involve any exact solvability. The
denominator 1 — 40 of the noise coefficient will instead be seen to arise naturally from local time
considerations coming from pairwise interactions in the 2-point motions, see Theorem 5.3.1.

Note that the extreme case 02> = 0, which occurs when all wy , are deterministically 1 /2,
corresponds to deterministic P¥ satisfying a discrete heat equation. The other extreme case 02 =
1/4 occurs when the w; ,, are Bernoulli(1/2) which gives coalescing random walks. Consequently,
the limit of the %y will be zero almost surely, since the probability of a simple random walk
path being at location of order N3/4 at time of order N is superpolynomially small. Both of these
extreme cases make sense at the level of the limiting SPDE. In the 02 = 0 case, (5.4) becomes the
heat equation. The 02 — 1/4 case is slightly more difficult to see: in this case the renormalization
effect inherent in the Ito equation (5.4) becomes so strong that / becomes zero everywhere at
positive times, and this is indeed the correct limit for the coalescing walks under the above scaling
regime.

Let us now give an overview of the literature related to the fluctuations in RWRE and related
models. The model of random walks in dynamical random media gained attention in the context
of stochastic flows and their discrete counterparts, see e.g. [188, 236, 186, 194, 207, 190, 208,
177], which studied existence, uniqueness, continuity, and construction of invariant measures for
these types of stochastic processes. The question arose naturally to study the fluctuations of the
quenched density and related quantities in such models. Gaussian fluctuations in the bulk region
were proved in works such as [236, 80, 177]. Tracy-Widom fluctuations for the large deviation
regime were proved in [73, 82] for certain exactly solvable models (the Beta-distributed RWRE
and a continuous counterpart), though it still remains wide-open for general weights. The physics
papers [84, 83, 85] conjectured that an explicit crossover from Gaussian to Tracy-Widom fluctua-
tions occurs at spatial location N*/* in these types of stochastic flows and that the KPZ equation
should, in fact, appear at this crossover location. In [71] and the present work, we develop general
methods to tackle the problem of studying the quenched density at this crossover exponent, for the

continuous and discrete models of random walks in random environments respectively. Forthcom-
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ing work will explore how to rigorously find the crossover exponent and environmental variance
coefficient for more general models of stochastic flows.

In Theorem 5.1.1 we did not aim for the greatest possible generality, but let us briefly describe
the sort of generalizations that can be easily proved by adapting our methods, while also comment-
ing on results that are out of reach with our methods. First, rather than assuming that the weights
have mean 1/2, we can assume they have mean ¢ € (0,1). In this case, one needs to change
the definition of the constant C'y ., but one still has weak convergence to (SHE) in the moderate
deviation regime. However in the scalings, one will observe an additional shearing of space-time
(t,x) — (t,x + Vt) for appropriate V' € R, and the stochastic PDE limit will now be given by the

solution of

OU(t,x) = /(L= UL, 7) + ) 25— Ut 2)é(t ), 120,z €R.

A further generalization is if the weight distribution is not fixed with NV, but varies in such a way

that the mean stays within a window of size N~1/4

of some fixed value p and the variance converges
to some o2 € [0, u(1 — p)). Then our methods can still show weak convergence to (SHE) with a
different shearing coefficient V' of space-time.

Still another generalization is to look at P“(Nt, BN3/4t 4 N'/2z) where 3 > 0, and then look

at how the limit depends on (. In this case our methods still work, and in fact this is actually

equivalent to our result by substituting (N, ¢, z) — (874N, 84, 32z). The limit will thus be

1 2 ~+2
Os(t,w) = SORUs () + ,/18?—202 Us(t,2)E(t, ),  t>0,2 €R.

This indicates that one should observe a “smooth crossover" from Gaussian to Tracy-Widom fluc-
tuations as 3 goes from 0 to o0, see Remark 5.1.3 just above.

Finally, we can also allow jumps of size larger than one. This seems like a more interesting
problem because the correct noise coefficient would now depend on more than just the mean and

variance of the weights. The latter is not something we can easily do by adapting the methods
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of our paper. In particular, when the jumps have unbounded range, our methods break down
completely as one no longer has the power of Azuma’s inequality which we repeatedly use. This
is something we plan to explore in some depth in a future work.

5.1.1 A failure of the chaos expansion

In this section we discuss interpretations of Theorem 5.1.4. One interesting feature of Theo-

rem 5.1.1 is the noise coefficient 4/ 1222' This coefficient is quite different from the situation of
directed polymers, in which one also sees the KPZ equation appear in the fluctuations of a physi-
cally complex system driven by iid weights on a discrete space-time lattice. The present result is
different for two reasons. Firstly, our weights are fixed with /V, they are not being tuned so that
their variance approaches zero as in the directed polymer setting. Secondly, in the polymer setting
if the iid weights have variance o2 before rescaling, then the noise coefficient in the limiting KPZ
equation is simply o, as opposed to something more complicated as we see in the present work.

In the polymer setting, the method used to prove convergence to (SHE) is the method of chaos
expansion (86, 87]. One expands the partition function as a multilinear polynomial of the weights
wy,, and then proves term-by-term joint convergence of the resultant expression to the term-by-
term expansion of the solution of (SHE) given by the Gaussian Fock space structure generated by
the noise . The natural question to ask for our model is if a chaos expansion exists and if it can
be used to prove the convergence stated in Theorem 5.1.1. It turns out that a polynomial chaos
expansion is indeed available for the model considered herein, but it is not useful in proving the
above result if applied naively. We will now illustrate its failure.

Let prw(n,y) denote the transition density of a simple symmetric random walk on Z. Let

Wty = 2wi, — 1. By Lemma 2.1 in [90] for n, y of the same parity we have

P“(n,y) = prw(n, y) + Z Z ¢,(€n’y)(zl, 29y ey 2h) Wy Wiy -+ - Wy

k=1 (z1,22,...,21)
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where the summation } ) is over all possible 2, = (ir, jo) With 0 <4y <ip < --- < <

Z1,22,--

n — land jy, Jo, . . ., Jk € Z, and the expansion coefficients are given by

<Z>;(€n’y)(21a zk) = geprw (i, 1) X [prw(iz — 40 — 1,2 — 1 — 1) — prw(ia — i1 — 1, jo — j1 + 1)]
X [prw(iz —i2 — 1, j3 — jo — 1) — prw(iz — iz — 1,3 — ja + 1)]
X oo

X [prw(n — ik — Ly — jx — 1) = prw(n — i, — L,y — ji + 1)].

Now fixt > 0,z € R,and k € N. Setty = 0,111 = t,29 = 0, and 4; = x. Then for fixed

k € N one has the convergence in law as N — oo,

k+1
CN x 1/2, 3/4 R N d L
D DR SR CIIEN RER N S L / [ (e 7)€% (dt, dx)
(21,22,+,2k) REXAR(t) p—1

where ¢, := t; — t,_1, Ty := 1y — x4_1, and p(t, x) is the continuum heat kernel. The right-hand
side is a k-fold iterated Wiener-Ito integral where € is a standard Gaussian space-time white noise
and A (0, t) is the simplex of ordered times 0 < t; < --- <t < t.

The above convergence is fairly straightforward to verify since the weights & have variance
40% and one picks up an extra factor of 2 from the parity considerations of the discrete lattice on
which the ¢ are supported. In particular the above convergence would suggest that if the limit (in
distribution as N — oo) of the individual terms commuted with the infinite sum (over & € N) of
those terms, then the coefficient \/m in Theorem 5.1.1 is incorrect, and that the more
naive guess of v/802 should be the correct one.

Since Theorem 5.1.1 states that this is not the case, it suggests that taking the limit of the above
chaos expansion does not work. More precisely, it formally converges to the correct equation but
with an incorrect noise coefficient that is strictly smaller than the correct one. The reason that this

happens is that a nonzero proportion of the L2-mass in the terms of the above chaos expansion
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escapes into the tails of the series (i.e., terms in the expansion indexed by large values of % that
are of unbounded order as N — o0), which causes a failure of the infinite sum over k to commute
with the limit in distribution of each term of the chaos series as N — oo. In the context of
the generalized polynomial chaos convergence result of [87], this exactly means that condition
(ii1) fails when trying to apply their main result Theorem 2.3. Note that the naive limit of the
expansion is exactly the limiting object in Theorem 5.1.4 without the &, term. Thus a heuristic
interpretation of that theorem is that the amount of extra noise that has escaped into the tails of the
chaos expansion is exactly the & part in Theorem 5.1.4.

As areality check for the above calculation, note that in the extreme case o2 =1 /4, the weights
are Bernoulli distributed. This means that independent random walkers in the environment will
coalesce forever upon collision. In particular, the quenched transition densities P“(n, -) have all of
their mass concentrated at a single point for all n almost surely. Consequently, there will not be
any nontrivial fluctuation behavior. Nonetheless, the above discrete chaos expansion is valid and
formally converges to the stochastic heat equation with noise coefficient /2 if one believes that
the sum over k£ commutes with the limit N — oo. This is already a clear contradiction.

The reason why the above chaos expansion fails is that the variance of the weights is fixed and
positive, rather than tending to zero. In other words, we are not in the “weak noise regime" of
[86, 87]. Note however that when o is very close to 0, the correct coefficient of /802 /(1 — 402)
agrees to first order with the more naive guess of v/802, which makes sense at a non-rigorous level
since 0 — 0 is a “weak noise limit."

There are results in higher spatial dimensions where we suspect that independent noise is also
created in the limit, see for example [89, 239, 240, 241, 242, 243, 244, 245, 246]. However,
Theorem 5.1.4 seems to be the first precise result along these lines. To the best of our knowledge,
this also seems to be the first result where this phenomenon was observed for a model with just one
spatial dimension. A related question is that given the failure of Theorem 5.1.1 to hold in a space
of continuous functions, it is natural to ask about probing additional pointwise fluctuations of the

field Zn(t,x) as N — oo, similar to the quenched local limit theorem proved in [178]. These
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pointwise fluctuations would give some clue as to where exactly the additional noise is generated.
We leave this as a future work.

The fact that the distribution of weights is fixed as a function of NV is in stark contrast with the
results of [90] where the authors use a weak noise scaling and consider the large deviation regime.
In contrast to the present work, their rescaled field does not concentrate on certain favorite sites. In
fact, that regime is more similar to the polymers, because the weights converge as N — 00 to 9y /5
in a certain precise way, and the variance therefore tends to zero under the diffusive scaling. Con-
sequently, the chaos expansion method works to prove convergence, and the convergence occurs
in the space of continuous functions. Our method of proof is completely different, as the regime
considered here seems not to be conducive to such chaos expansion methods as shown above. The
work of [187] studies the weak-noise regime of a related continuum model of transport SPDEs, and
Figure 1 therein illustrates an interesting phase transition. This transition clearly distinguishes the
weak and strong noise regimes. Our results fall into the upper right quadrant of the figure, which
corresponds to strong noise, whereas the results of [187, 90] fall into the upper left quadrant, which
corresponds to weak noise. Independent noise does not appear in the latter regime when taking the

limit to (SHE).

5.1.2 Extrema of sticky random walks

Results about the behavior of a probability distribution at its extreme ends can often be trans-
lated into information about the extremal behavior of a large number of independent particles
sampled from that distribution. Theorem 5.1.1 is a result about the tails of the probability distri-
bution P¥(Nt,-) at a specific location in the tail near N3/4¢. Theorem 5.1.1 combined with some

additional calculations thus leads to the following result.

Theorem 5.1.5 (Extremal particle limit theorem). Fixc,T > 0andd € R. Let (R*(r),..., R*(r)),>o
be sampled according to the w-averaged law of k independent random walk particles in the en-
vironment w. Set the number of particles k = k(N) := |exp(3c¢N'V? 4+ dNV* + ry) | where ry

can be any sequence satisfying ry = o(N'/*). Consider any sequence ty € N “Zo such that
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ty =t > 0as N — oo. Then we have convergence in distribution as N — o0

max {N_%Ri(NtN)} —an(e,d,ty) A \/%(G + logU.(d)),

1<i<k(N)

where

3/2

c
an(c,d,s) = \/csN—dN%\/g— \/E(TN— %logN) — 6_\/§

Here G is a standard Gumbel random variable which is independent of U, and (t,z) — U,(x)

solves (5.4) but with noise coefficient replaced by , / uéfTig)t.

This will be proved as Theorem 5.7.5. The Gumbel distribution appearing in the maximum
is not that surprising, since it often arises in extreme value theory. But the question of how the
solution U of (5.4) appears 1s more mysterious. Unlike in the case of independent random walkers,
the k£ separate particles in the random environment model may see a nontrivial inferaction upon
collision, and this nontrivial interaction is precisely what gives rise to the non-Gumbel term in
the above limit theorem. The nontrivial interaction is sometimes referred to as “stickiness," since
particles that are together tend to stay together for a while before separating.

Taking d = ry = 0 and ¢ = 1, we see that the above statement is a result of the maxi-
mum of e2<VN many sticky random walk particles at time N, where N is very large. This is the
same as understanding the maximum of M sticky particles when time is of the order (log M)?,
which then leads to the question of what happens when one looks at the maximum of M particles
at timescales different from (log M)?2. At timescales smaller than (log M)?, one expects Tracy-
Widom fluctuations, with no Gumbel term at all as M/ — oco. However this has only been proved
when the timescale is log M in certain exactly solvable cases, see [73, 82]. At timescales larger
than (log M)?2, one expects purely Gumbel fluctuations in the M — oo limit, as the particles be-
gin to behave independently. This is evidenced by the Gaussian fluctuation behavior below the
crossover exponent, which was explained above. There are numerous open questions related to

obtaining a more complete picture in this area, see the physics papers [85, 94, 247, 248, 249].
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From a physical standpoint, the sticky model of particles can be used to describe a certain
turbulent flow of particles caused by a nontrivial viscosity of the fluid in which they evolve, see
e.g. [198]. The physics works [94, 248] demonstrate through numerics that the edge of the cloud
of particles will exhibit a certain behavior that is different from that of the classical Einstein’s
model of diffusion. Our main results (Theorems 5.1.1 and 5.1.5) thus serve to make some rigorous
progress in this area by showing the correct crossover exponent, but there are still a number of

open conjectures.

5.1.3 Main ideas of the proof

The main technique used in our analysis will be a discrete Girsanov’s formula. We illustrate this
idea here by computing the first moment of %y as defined in (5.3) and showing that it converges
to the first moment of the SHE. This computation contains the core idea that will be used in many
of the later proofs. For a simple symmetric random walk R(r) on Z starting from the origin, the

process

e)\R(T) —rlogcosh(\) __ QAR(T)

T E[e)R0)]
is a martingale in r, simply because it is a product of r 1id strictly positive mean-one random vari-
ables % /E[e*%] where the &; are the increments of the process (R(r)),>o. Given this fact, let us

now fix some Schwartz function ¢ and compute the first moment of the pairing (%y (¢, -), @) r2(r) =:

Un(t,¢). Note that for t € Z/N

%N(ta Qb) = Z CN,t,a: . Pw(Nta N3/4t + N1/2l’) : Qb(l')

rEN—L/2Z—N1/4¢

= Z CN,t,N—l/Q(z—N3/4t) P“(Nt, 93)¢(N_1/2(m _ N3/4t))

TEZL

= E°[Covv-vaqaqy-nernd(N VA (R(NE) — N*/41))], (5.6)

where E“ denotes a quenched expectation operator given the realization of the environment w.

Thus after taking the annealed expectation (that is, averaging over all possible environments w)
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we have

E[%x(t, ¢)] = E[CN,t,Nfl/Q(R(Nt)fN3/4t)¢(N71/2(R(Nt) — N3/4))],

where now the expectation on the right is with respect to a simple symmetric random walk path on
Z (recall E[w] = 3).
Notice that

—1/4 _ —1/4
CN,t,N—l/Q(R(Nt)—N3/4t) — €N R(Nt)—Ntlogcosh(N )

We already know that eV~ "/ *R(N)=Ntlogcosh(N"1/%) i¢ 4 martingale in the Nt variable and thus has
mean 1, so it can be interpreted as a change of measure where the annealed law of the incre-

ments of R(r) has changed from the usual symmetric law £(6; + d_;) to the new law given by

2cosh(}V*1/4) (6N71/451 + 6_N71/46—1)'
This new law has mean asymptotically given by N~/4 + O(N—3/%). Consequently, under
the new law the process N~'/2(R(Nt) — N3/4t) is centered up to a vanishing error term, and by

Donsker’s principle will converge in law to a standard Brownian motion. In summary, denoting E

as the tilted expectation on the path space of the random walk, we have that

E[%(t,0)] = E[p(N~(R(Nt) — N¥/*))] "5 By [6(By)] = /Rp(ta )p(x)dw

—1/20-2%/2t ig the standard heat kernel.

for a standard Brownian motion B. Here p(t,z) = (2t)
The right-hand side is indeed equal to E[ [, U;(z)¢(z)dz], where (¢, z) — Uy(z) solves (5.4) with
initial condition dy. This shows that the first moment of %y (¢, ) converges to the first moment
of the SHE as desired. While the calculation for higher moments is more complicated, the core
idea of using a “discrete Girsanov transform" is rather similar, and these higher moments will be
computed in Section 5.3.1.

Once the moments are computed using this method, in Section 5.4 we derive a discrete Hopf-
Cole transform for the field in (5.3). The martingale observables arising from the Hopf-Cole trans-

form can also be analyzed using the above discrete Girsanov transforms. In particular, this Gir-

sanov trick yields moments and regularity estimates for our observables which eventually leads to
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tightness estimates for our field. Sufficiently strong estimates using this method will eventually
lead us to the proof of Theorem 5.1.1, by showing that any limit point must satisfy the martingale
problem for (5.4). This martingale-based approach circumvents all of the issues with the chaos
expansion, as the quadratic variations arising in the martingales automatically take into account
the singular behavior of the model on small scales. Remarkably, this model has the property that
the error terms appearing in the discrete martingale equation behave very nicely in relation to the
original object itself, which is very rare among KPZ-related models where martingale characteri-
zations have been used, see e.g. [88, 211, 7, 215] where extremely careful analysis was needed to

show vanishing of error terms for exclusion-type models.

Remark 5.1.6 (Comparison to sticky Brownian motion). Sticky Brownian motion is obtained by
a diffusive scaling of sticky random walks where the law of the weights converges as N — o0 to
%((50 + 01) in a certain precise way [190, Theorem 2.10], which is in a sense the opposite of the
weak-noise regime considered in [90]. Since in the present work the weights are not being scaled,
the discrete kernel P¥ is not converging to a sticky Brownian motion kernel. Therefore, our result
is not simply a “commutation of limits" with our other work [71] on sticky Brownian motion (just

as it is not a corollary of [90] as explained earlier in Section 5.1.1). Indeed, the noise amplitude

of 152202 does not correspond in any natural way to the noise amplitude of 2.(]0, 1])~* appearing
in that paper. However, the overall approach we use here is similar to the one that we developed
in the sticky Brownian motion case [71]. Nonetheless, a number of new challenges arise, and
several ideas need to be introduced that were not present in that paper. For instance, in Section
5.2.1 the Radon-Nikodym derivatives on the path space are substantially more complicated than
that of the continuous case, involving the stochastic exponential of entropy-type observables of
the k-point motion rather than just simple linear functions of the process. In Section 5.4 we find a
discrete Hopf-Cole transform, which is more difficult than the continuous case where the usual heat
operator applied to the field immediately yielded a martingale. In Section 5.6, we need to develop

several estimates that bound the difference between discrete and continuum heat operators, which

was not needed in the previous work.

347



Organization

The rest of the paper is organized as follows. In Section 5.2 we describe the discrete Girsanov
transform and prove estimates related to the k-point motion of sticky random walks. In Section
5.3, we prove a general weak convergence theorem under the tilted measure. In Section 5.4, we
show that our prelimiting field satisfies a discrete version of the SHE. Section 5.5 is devoted to the
analysis of the quadratic variation of the martingale observables in the prelimiting field. Theorems
5.1.1 and 5.1.4 are proven in Section 5.6 using the estimates from the previous sections. Finally,
in Section 5.7, we prove the results related to the extrema of sticky random walks discussed in
Section 5.1.2. There is a detailed glossary at the end of this paper that recalls and points to the

definitions of much of the notation introduced elsewhere.

Notations and conventions

Throughout this paper we use C = C(a, b, ¢, ...) > 0 to denote a generic deterministic positive
finite constant depending on a, b, ¢, . . . that may change from line to line. We respectively write
E and E¥ for annealed and quenched expectations in the context of random motions in random

environments. We use E to denote expectation under path measures such as Brownian motion.
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5.2 Transformations and estimates for the k-point motion

In this section, we develop the basic framework of our proof. As mentioned in the introduction,
our proof relies on a certain Girsanov-type transform for random walks. In Section 5.2.1 we
describe this transform that we will use repeatedly in our later analysis. In Section 5.2.2, we

collect several estimates related to the random walks.

5.2.1 Girsanov transforms

We begin with some necessary notation and definitions. Throughout this paper, we assume v
is a probability measure on [0, 1]. We define y := f[o,u zv(dz). We set 02 = f[o,u(x — p)*v(dz),
and sometimes we may write /i, o2 to emphasize the dependence on v. While we take y, = 1/2
in the setting of Theorem 5.1.1, we will need this more general framework for our proofs. In our
analysis, we shall often consider a special sequence of measures obtained by small perturbation of

v. We introduce this below.

Definition 5.2.1 (Skewed sequence of measures). Fix any probability measure v on [0, 1| of mean
1/2. Assume w has law v. Let v} be the law of min{1,w + dy} where dy = $N~1/* 4 o(N~1/4)

are constants chosen so that the expectation [« is exactly equal to py where

—1/4
eN 1

1 g O(N—3/%), (5.7)

PN = 2cosh(N-1/4) 2 2

2, = 02 We shall call {v}} n>1 the skewed sequence of

The choice of dy implies that limy _, O =

measures corresponding to v.

Definition 5.2.2. For each k € N we denote P to be the annealed law on the canonical space

RWR

(ZF)E20 of k independent walks sampled from the environment w whose weights are distributed
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according to v, all started from 0.

¢ We denote by R = (R!, ..., R¥) the canonical process on (Z*)%z0. We will usually index such

discrete-time processes by a time-variable € N, e.g., R = (R(r)),>0. We further define
I = {r€Zs | #{R'(),....R*r)} =0}, T =1 (5.8)
u=1

to be the sets of times that we have exactly v and no more than v distinct particles, respectively.

e Foreachk € Nand 1 <i # j < k we define the functional V¥ : (Z*)220 — 7Z>0 by

r—1
Vi(r) = Z Liri(s)=Ri(s)}- (5.9)
s=0

We remark that the processes V¥ are predictable with respect to the canonical filtration on

(2.

e For a martingale (M (r)),>o adapted to the canonical filtration of (Z*)%20  we will denote by

[M](r) :=>""_ (M(s) — M(s — 1))? its optional quadratic variation.

* All objects in this section should implicitly be understood as being adapted path functionals of

R, though we will not write this out explicitly, e.g. V¥ (r) = Vi (R;7), M (r) = M (R, 7).

(y_17y_1) (y_'_l?y_l)

Figure 5.1: Markov chain transition diagram of the two-point motion (R, R’) at points along the
diagonal of Z?2, where w denotes a random variable sampled from v.
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Note that when v = ¢, for some a € [0, 1], the path measure P R is just the law of k

wik
independent random walks on Z where the increments have mean 2a — 1. However, for v # 4,
the law is more complicated: while the k particles still behave independently when they are apart,
there can be a nontrivial interaction between them when they collide. As an extreme case, consider
v =pdy + (1 — p)d; with p € [0, 1]. In this setting, the particles coalesce forever upon collision.

If we only look at a single particle, then its trajectory is just that of a nearest-neighbor random
walk with right jump rate given by E[w] = p, and left jump rate given by E[1 — w] = 1 — p,.
So for all 1 < i < k, the one-point motion R’(r) is a random walk with mean (2, — 1) under
P - It follows that the process RY(r) — (2u, — 1)r is a mean-zero random walk.

Next, we examine the interactions between two particles. For 1 < ¢ < j < k, the two-point
motion (R‘, R7) is a random walk whose transition probabilities at time ¢ differ depending on
whether R'(t) = R’(t) or not. If R'(t) # R’(t), then R’ and R’ behave as two independent
random walks. If R'(t) = R’(t) = y, then the two walks are no longer independent since they are
sampled using the same environment variable w; ,. See Figure 5.1 for the transition probabilities

in this case.

Using these transition probabilities, one can check that the following process
M(r) = 4[/@(1 — ) — ai] Vi (r) — |R(r) — R (r)| (5.10)

isaP R -martingale. Rewriting this as

|R'(r) — RI(r)| = 4[p (1 — ) — o]V (r) — M(r), (5.11)

we can view this as a discrete version of Tanaka’s formula, where the term 41, (1—p1,)—02] V¥ (r)
describes the intersection times of the two walks and corresponds to the local time term in the
continuous version of Tanaka’s formula. If we take p,, = 1/2, as we will in the setting of Theorem
5.1.1, the coefficient in front of V¥ (r) becomes 1 — 40, which as discussed in the introduction

will show up in the denominator of the noise coefficient in (5.4).
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Note that if (X (r)),>0 is any sequence of random variables with finite exponential moments
defined on some probability space (€2, F, P) and adapted to a filtration (F,.),>( on this space, then

the process

exp (X(r) —) "log E[eX(s)_X(s_1)|]-"s_1]> (5.12)
s=1

is a martingale in r > 0, with respect to the same filtration. Henceforth, our probability space will
always be () = (Z*)%>0, equipped with its canonical filtration. For A > 0, if we apply (5.12) to the

process X := A\(R! + - -- + R¥), we see that for each A\ > 0

k r—1
M (1) := exp <)\Z R (r) — Z f;‘k) (5.13)
j=1 =0

isaP R -martingale for the k-point motion where

zl,...xhk k  (RI(1)—zI
M= PEYRYO, L RE0), and PR o) = log BU ) o) Ria (=),

Here E(xl"<',;’)xk) denotes expectation of the Markov chain when started from (z!,... z%). f*
RW
admits a simple expression for £ € IT'®) T'(*=1) where I'") is defined in (5.8). Indeed, for ¢ € T'®),

M = klog cosh(\), whereas for £ € T*~1) we have

M = klogcosh(\) — g(\, 02).

where g(\, 0?) = log(% cosh(2\)+ 1’;‘“2 )—2log cosh(\), as may be verified by an inspection
of Figure 5.1. This fact will be very useful in many calculations below.
Before discussing the importance of the martingale defined in (5.13), we record a useful esti-

mate for the fMV.
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Lemma 5.2.3. Assume p,, = 1/2. For any k € N, we have the bound

sup sup ATt 2] < ool
(z1,...,zk)ezk |1

Proof. Note that the function fM%* : Z* — R is defined using only the first step of the Markov
chain, so that fA*(z!, ..., 2*) depends only on the first £ moments of the measure v and the
number of particle clusters in the set {z!, ..., 2%}, as well as the exact number of particles present
in each cluster. This means that the supremum over Z” is really a supremum over some finite set of
partitions of k. Thus it suffices to show for each individual (x!, ..., z*) € ZF that the sup over \ is
finite. Since the R/ — 27 are centered if p,, = 1/2, we have that A\~ 2logE v )[ AZ)- (Ri_xj)]

actually converges as A — 0 to the quantity 5 E( (k) ) [( ijl(RJ( ) — 7‘9))2]. O
We use the martingale ¢ () in (5.13) to define the following measure.

Definition 5.2.4. Define the measure Q ) o the canonical space (ZF)?>° to be given by

aQ,

(k)
S ),

RwM I F,
where F, is the o-algebra on (ZF)?>0 generated by the first v coordinate maps, and M*(r) is the

martingale given by (5.13).

It turns out that proving KPZ convergence for the quenched kernels will amount to studying
the canonical process under the measures Q;\% () with A = N~'/4, The following proposition is
the main result of this section. It essentially tells us that Q (k> is similar to the measure P , AW
albeit with a different underlying measure vy that has a different mean and variance than the

original measure v, but which is close enough for our purposes in studying the diffusive limits and

the intersection times.

Proposition 5.2.5. Consider any probability measure v on [0, 1] with p,, = 1/2 and o2 € [0,1/4).

Fix k € N, and let Q W be as in Definition 5.2.4. Let {v}}n>1 be the skewed sequence of
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measures corresponding to v defined in Definition 5.2.1. For all r > 0, one has

—1/4

aQy

(k) —
dPRW (R) = exp (gN(r)> = exp (QN ZlogERW<k)[ In(8)=Gn(s=1)| F, _ 1])
Fr s<r
(5.15)
where Gy is a family of P ...« -martingales satisfying the optional variation bound
VN
[GN](r +1) = [Ga](r) S ONTV2Y (VI (r+ 1) = VI(r)), (5.16)

i<j
forall v > 0, where V¥ are defined in (5.9), and C is a constant independent of N, r.

Proof. For clarity the proof is divided into two steps.

Step 1. In this step, we will construct a family of P, ) martingales Gy satisfying (5.15).
VN
Let {vy } x be any arbitrary sequence of probability measures on [0, 1]. Write the Radon-Nikodym

derivative in (5.15) as a product of two terms:

1/4

dQN (k)
dP o

dpP
AP,

(k)
__RWy (5.17)

R |7 R |7,

The second term in (5.17) is the quotient of two Markov chain transition probabilities. This
can be written in the form exp (D (r)) where Dy (0) = 0 and where Dy (r + 1) — Dy(r) can be
described deterministically from the path R as follows:

Assume that at time 7, the k particles of R(r) € Z* form v = v(r) disjoint groups, with all
particles in each distinct group at the same site in Z. Assume that the v respective groups contain
ni,...,n, respective particles, where n; + --- +n, = k. Suppose that from time 7 to r + 1, b;

of the n; particles in the ;' group go up one step and n; — b; particles go down one step for each

354



1 < 5 < v. Then we have the entropy formula:

f[o 1 °(1 — z)" by (dr)
f[o 1 b(1 — x)"buy(de)

(5.18)

Dn(r+1) Zlog my, nj_b where my, ,_y,

The exponential of the r.h.s. of the above equation is precisely the quotient of the two relevant

Markov chain transition probabilities from R(r) — R(r + 1). Although Dy is not a P -
VN

martingale, we can define another process 5]\/ with 5N(O) =0, and

Dy(r+1) = Dy(r) :=Dy(r+1) — Dy(r) — E Dn(r+1)—Dy(r)|F].  (5.19)

RWY) [
By construction, D visaP Rw(k>—martingale. Utilizing the above relation, we observe that
VN

Dn(r+1)=Dn(r)=E__ (1) [Dn(r+1)=Dn(r)|Fr]
log ERWW 6DN(r+1 \]—" = log ERWV(? [e rRw k) | T

=logE ePNHD=Pv| B ] — B

Dy(r+ 1) — Dn(r)|F,]

RW) [ RWR) [

_ERWZEIICV) [DN(T’ + 1) — 'DN(T)LFT},

where in the last line we used that ePV isa P ryy o -martingale. This implies
VN

dP ) ~
e (R) = exp (Dn(r)) = exp Dy (r Zlog ERW(k) e Dy (s)- Pyls=D1 7, 1] ).
dPRW(k) o
(5.20)
On the other hand, by Definition 5.2.4, we have
dQ —1/4
(k)
T — W1 (R) = exp (’HN — > log By [V TN F ]> (5.21)
W(k) Fr s<r

where Hy (r) = N"Y/4(R!+- - -4 R*). Note that the process Hy (1) := Hy (r)—rkN=Y*(2p,, —
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1)isa PRWIEII;) -martingale since each of the processes R'(r) —r(2p,, — 1) for 1 <14 < k are mean-
zero random walks under P rwH) and replacing H by H leaves the above expression unchanged.

Letus set Gy = =H N+ DN Clearly Gy isa P y-martingale. Multiplying both sides of (5.20)

RWH)

and (5.21) we get

1/4

dQRW(k>

P i |5,

i eXp( = 3 o By [P | 2y By g [P P WD)
s<r

= exp (gN Zlog ERW““)[ eIN(s)— GN(s—1)|]:S_1]>7
s<r

where the last equality follows by observing that for each s < r, by tilting we have

E [eﬁms)f%(sm | JrH]

RW®
D (s)=Dw(s—1)—log B ) [ePNO~PNE=D|F,_yJ4+7x (s)~Hn (s—1)

= ERWIEJICV) e VN | Fs—l
On(s)—Gn(s—1)

E w0 le | Foei]

E

RWP) [ePw@=Px(-D|F, ]

This verifies (5.15).

Step 2. In this step, we will show (5.16). This is where we set vy = v/}, the skewed sequence
of probability measures corresponding to v (see Definition 5.2.1). With this choice, we claim that

for all r

[GN](r+1) = [GN)(r) = Loepesr— (Gn(r + 1) — QN(T))2, (5.22)

(Gn(r+1)— QN(T))2 < CN~V2 (5.23)

where I'(=#=1 i5 defined in (5.8). From the definition of the V% functionals from (5.9), we have

Lepei-n < 350 (VY (r +1) = V¥(r)). Inserting this bound and the bound in (5.23) in the
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right-hand side of (5.22) leads to (5.16).

Recall the sets I'*) from (5.8). We claim that

N1/4 i
— log Hri

2 [y, (Hu(r+1) = Hy (1), (5.24)

Dy(r+1) — Dy(r) =

for all » € I'®). We will prove (5.24) below, but we first complete the rest of the proof, assuming
(5.24) to be true. Since the v} have mean exactly equal to /1, = py = N7 (2 cosh(N—1/4)) 1,

Hyx . .
we get that %/4 log # = 1 which in turn forces

Dy(r+1) = Dn(r) = —(Hn(r + 1) = Hy(r)).

Since Gy = ﬁN + 25]\/, this implies that Gy (r + 1) — Gy (r) = 0 for all » € I'®, in turn implying
(5.22).

We now turn to the proof of (5.23). By the Cauchy-Schwarz inequality, we have
(Gn(r+1) = Gn(r)* <2(Hn(r +1) = Hy (1) + 2(Dy(r +1) = Da(r))’.  (5.25)

By definition
k

(Hu(r+1)—Hu(r)* =N ‘”2(Z<Rj<r+ 1) = RI(r) = (2u, — 1))) <4K’NTY? (5.26)

Jj=1

as |R'(r +1) — R'(r) — (2u,s, — 1)| < 2. Recall the definition of Dy (r + 1) — Dy (r) from (5.18)
and (5.19). We have

v

('5]\[(7“ + 1) — 5N(r>)2 = (Z (log(mbﬁnj_bj) — ERWLE;*Q) [log(mb‘jvn]._b].ﬂfr]))

7j=1
= 2"72 [(IOg(mbw"j—b;‘)>2 + ERW(’? [(10g(mbj7nj—bj))2‘]:r}] g
i=1 g

(5.27)
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where we used Cauchy-Schwarz and v < k. Our particular choice of v,y implies that

‘/ le/]’if(dx)—/ /v (dx)
[0,1] [0,1]

< CON Yforalll < j<k.

This implies

<CON Yforall0<b<n<k.

22(1 — )" vt (da 221 — 2)" u(dx
/M< ) <>/m< Yt de)

Since 02 < 1, we have that f °(1 — 2)"Py(dz) > O forall 0 < b < n < k and hence
|mbn ,— 1] < CN~Y4for0 < b <n <k, where C = C(v, k) is independent of N,b,n. In
turn, this is enough to imply that | log(my,,, )| < CN~'/4 for a deterministic constant C, so that
(log(mp.n_s))? < CN~Y/2, Inserting this bound back in (5.27) and combining it with the bound in

(5.26), in view of (5.25), we have the desired bound of (5.23).

Proof of (5.24). Recall the sets I'*) from (5.8) and the notation in (5.18). Note that for r € T'®),
we have v =k, n; = 1,and b; = %(RTJrl Ri(r)+1) for 1 < j < k. Note that b; is either one or

zero depending on whether the particle jumps right or left. We can therefore compute

f[O,l] 2% (1 — x)* v (dr)

f[O,I] xbi (1 — x)bivy(dx)

e et T LR pitry=_1(1 — i) B 1/2

L ety T e e (= ) 124 (i — 1/2)(RL, — Ri(r))

Mp;1-b; =

We observe that for x € {—1, 1} the following relation holds true:

log(1+ Az) = % {x log (%) + log(1 — A2)} :
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Since R/, — R/(r) € {—1, 1}, utilizing the above identity we have

log[mu,1-s,] = —log [L+ (2u,y — 1)(R],y — R (r))]
1

= -3 {(Rﬁﬂ — Ri(r))log (1“—NN> +log(1 — (24 —1)%)

Thus for » € T'®), (5.18) boils down to

(R~ B (1) — & log(1 — (2 — 1)

Dy(r+1) — Dy(r) = —= log (“#NVN)

k

<

This implies for r € T'*)

1 Moy k 2

Plugging these identities back in (5.19) we get

Dol +1) = D) =~ 1o ( 22 ) S(RLy = BI0) = (G = 1)

1 - My =1
N1/4 . ~ ~
=~ log () (Fn(r+ 1) — Ha (1),
2 1— pyy
where the second equality follows from the definition of Hay (r). This verifies (5.24). [l

5.2.2 k-point motion moment estimates

In this subsection, we collect various moment estimates that will be used in our later analysis.

Recall the functionals V¥ from (5.9).

Lemma 5.2.6. There exists an absolute constant C > 0 such that uniformly over all k, N > 1,
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0 > 0 and all probability measures v on [0, 1], we have

ERW<k>[exp (ez ma [ R () (2uu—1)7’|)+(uu(1—uy)—0)ZV”(N)}H < Q. OHEN,

i=1 j#i

(5.28)

We remark that this bound will be most useful after replacing N — Nt and § — ON~/2. The
bound is optimal in the sense that the constant /1, (1 — j1,) — o2 cannot be improved in a manner
that is uniform over all probability laws on [0, 1]. Indeed this factor vanishes precisely if v is the

law of Bernoulli(p) for some p € [0, 1], which corresponds to coalescing walks (R, ..., R¥).

Proof. By the Cauchy-Schwarz inequality, the expectation on the left-hand side of (5.28) is
bounded above by / F; - E5 where

k
Ey=E  w {exp (QQZEIL%qRi(T) — (2, — 1)T|>:|
=1 =
k | 1/k
< HERWIE;C) [exp (2k9 rrllg\)[dRZ('r’) — (2, — 1)r|>}
i=1 =

= B {GXP <2k9 max |R(r) — (2 — 1)r|)} :

By = Epy {exp (49 (=) =l > V”(N)ﬂ

1<i<j<k

H B {exp (29k(k ~ D[ —m) -0 }V”(N)ﬂ 2/k(k—1)

1<i<j<k

=E o [exp <29k(k D[l —m)—o }V”(N))} .

Above, in obtaining the subsequent bounds, we used Holder’s inequality and the fact that the laws
P .y form a projective family of k-point motions. Now the law of (R(r) — (24, — 1)), under

P is simply that of a mean-zero random walk. Therefore X (r) := exp (k| R(r) — (21, —

RWY
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1)r|) is a positive P ... -submartingale, thus by Doob’s L? inequality we find that

E.yo {exp (2k(9 mpx |R(r) — (2, — 1)T|):| =E 0 [rglg%;)((r)?}

< 4B 0 [X(N)?)

Wil

=4, 0 {exp (21:9[]%(]\7) (2 — 1)N]>} .

Then by Azuma’s martingale inequality, we obtain that the last expression is bounded above by
CeC¥ N where C' is independent of k, 0, N, v.
Now we need to bound the term with the exponential of the intersection times. To do this, we

recall M(r) from (5.10). Note that M(r) is a P, 2 -martingale with increments bounded above

W)
by 3, which may be verified by a direct calculation using the Markov chain transition diagram of
(R, R?) given in Figure 5.1. Therefore by the Cauchy-Schwarz inequality followed by Azuma’s

martingale inequality, we see that

By | o0 (0406~ D1 - ) = 2V )|

= Eygo | oxp (20806 = DM + [R) = 7))

< \/ E e {ewkwm} B, [exp (49k2\<Rl(N) — N2, — 1)) — (R¥(N) — N(2p, — 1))I>}

< ceoew\/EW e (40831 (V) — N2, — 1)+ 1RE(N) = N2, — 1)) )|

To bound the last term, another application of Cauchy-Schwarz, the projective property of the

random walk measures, and then Azuma’s inequality gives

E,@ [exp <4ek2(|R1(N> — (2i, = )N| + |[R*(N) — (2, = )N l>] (5.29)

< ERWV‘“ [exp (80k2|R(N) — (2py — 1)N|)} < 06002k4N’ (5.30)

where we again used that /2 minus its mean drift is a mean-zero random walk (with increments
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bounded absolutely by 2) under P O

RWD*
Lemma 5.2.7. Fix k € Nandp > 1. There exists a constant C = C(p, k) > 0 such that uniformly

over all N > M > 0 and all probability measures v on [0, 1], we have

By | (I3 = ) o] V90 - voan) ) | V<o

i<j
Proof. By Minkowski’s inequality, the left side is bounded above by

2 P le — ) = ) (VI(N) = vij<M>>>p} ’

1<i<j<k

which by the projective property of the Markovian laws is the same as

S DB K“‘”“ = ) = o) (VIE(N) - VU(M))ﬂ "

Using (5.10), we may write 4(u, (1 — p,) — o®)VI2(N) = M(N) + |RY(N) — R*(N)|, where
M(N) is a martingale with increments bounded absolutely by 3. Thus using ||z| — |y|| < |z — y|
and Minkowski’s inequality again, we find that the last expression is bounded above by %/{;(l{; - 1)

times

E o [[M(N) = MO 'T 4 2B ) [|RIN) — ROM) — (N = M)(2u, — D[]

RWV

From here, an application of Azuma’s inequality allows us to bound both terms by C|M — N|'/2,

where we again use that R minus its mean drift is a mean-zero random walk (with increments

bounded absolutely by 2) under P [

RWLED .
Proposition 5.2.8. Fix k € N. Suppose {vy}n is a family of probability measures on |0, 1] satis-
fying

N—oo

liminf/ z(l — z)vy(dz) > 0. (5.31)
[0,1]
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Let Gy = (gN(r))oo be any family of P ..« -martingales, adapted to the canonical filtration
= VN

(Fr)rs0 on (ZF)N satisfying
[Gn](r) = [GN](s) < CNTV2 Z(V”(T) —V4(s)) (5.32)

for some deterministic constant C' > 0 independent of N. For all p,'T" > 0 we have

sup sup E ex Ggn(r))| < oo. 5.33
NzlilgrgIJ)VT RWLE?[ p(p N( >)] ( )

Proof. For simplicity of notation, we write Ey for E, We further assume 7' = 1 for sim-

(k) -
Won

plicity of notation. The general case is analogous. Since exp (pQN(r)) for » > 0 is a positive
submartingale, by Doob’s L” inequality it suffices to show sup -, EN[exp (pgN(N ))] < 00,

i.e., we may ignore the inner supremum after replacing r by the terminal time /NV. Define

1
Wi(r) = 5 Zlog EN[eQP(gN(S)*gN(S*U)|.7:5,1].

s<r

By (5.12), the process exp (2pGn (r) — 2Wy(r)) for r > 0 is a martingale, therefore
EN[epQN(N)] — EN[epQN(N)*WN(N)eVVN(N)] (5.34)
< EN[€2pgN(N)f2WN(N)]1/2EN[62WN(N)]1/2 _ EN[GQWN(N)]UQ. (535)

By the assumption (5.32), we have |Gy (r + 1) — Gy (r)| < CY2N~Y/* < 1 deterministically
for large enough N. For z in the interval [—2p, 2p] we have ¢* < 1+ x + Dx? for a large constant

D = D(p) > 0, therefore we find that

PPON(I=ON D) < 1 4 2p(Gn(s) — Gn(s — 1)) + 4p*D - (Gn(s) — G (s — 1))?,
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so that by martingality of Gy and log(1 + u) < u we have
log Ex[ePON ()= F ) <4pD - En[(Gn(s) — Gn(s — 1))*| Fomal.

Hence we find that

En[e2"Y )] < Ey[e%* D Zacn BNOn () =G (s=D)?1Feci]) < B[OV Eics VI,

where C’ is a larger constant that has now absorbed D, and we used (5.32) in the last bound. The

bound is clearly finite for each fixed N. We thus have to justify that the last expression remains

bounded as N — co. Now, (5.31) guarantees that ju,,, (1 — p1,,,) — 02 is strictly positive for large

v

enough N. A direct application of Lemma 5.2.6 with § = C'N Y2/ (11, (1 — pu,,,) — 2. shows

on)

that the last expression remains bounded as N — oc. [

5.3 A general theorem for calculating limits via tilting

The goal of this section is to establish a general weak convergence theorem that takes the
Girsanov tilting into account. As a consequence of this general theorem, we will prove moment
convergence in Section 5.3.1. Recall V¥ from (5.9) and I'=%) from (5.8). Then we have the

following.

Theorem 5.3.1. Fix any k € N and constants C,'T' > 0. Assume that vy is a family of probability

measures on [0, 1] satisfying y,, — 3 and o2, — o® € [0,1). Let R = (R(r)),>0 be the

canonical process on (ZF)%29, and define the rescaled processes

[R(Nt) — (2, — 1)Nt]
\/N ’

i =L gy =

#{Vt] N =2}
Vi .

VN
(5.36)

XN(t) =

for t € N~ 'Zso, and linearly interpolated for t ¢ N~'Zs,. We will use Ey to abbreviate

path measures E as defined in Section 5.2.1. Let Gy = (QN(T))T>O be any family of P -

(k)
wik)
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martingales, adapted to the canonical filtration (F,),>o on (ZF)%z0 | satisfying

[GN](r) = [Gn](s) < N2 (ViI(r) = V(s)), (5.37)

1<J

forallr > s > 0. Define:

W(r) = logEy[e@NGD|F ], (5.38)
s=1

Set gN(t) = Gn(Nt) and /WN(t) = Wx(Nt) for t € N7'Z and linearly interpolated for t ¢
N=YZ. Under the P law,

(XNy ((1- 40‘2)%]\ifj)1§i<j§ka T, G, WN)

is a tight family of random variables in the canonical space of 5-tuples C ([0, T], RF x RF(k=1)/2 x
R xR x R). Consider any (joint) limit point P, of that 5-tuple of processes, which is a probability
measure on the canonical space of 5-tuples. Let (U, (L")1<;<j<k, 0,G, W) denote the coordinate

process on the canonical space of 5-tuples. Then
(i) U is a standard k-dimensional Brownian motion on [0, T| under P ..

(ii) LY (t) := LY~V (t) is the local time at zero of U' — U? accrued by time t. Our convention for

the local time at a € R of a continuous semimartingale X is

1 t
LX) = lim — / Liaeeex.<areyd(X, X),. (5.39)
0

e—0+ 2¢

(iii) 0 is P-almost surely equal to the function from [0, T] — R which is identically zero.

(iv) G is a continuous P ..-martingale satisfying Eoo[epg(T)_g(g) (T)] < oo forall p > 0 as well as

Eoolexp(G(T) — 3(G)(T)) | Fr(U)] =1, (5.40)
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where F(U) denotes the o-algebra generated by U.
(v) W = 3(G), where the latter denotes quadratic variation of the continuous martingale G .

We remark that the above five conditions do not uniquely characterize the limit points P,
however, they do uniquely characterize expectations with respect to the particular types of observ-
ables that we will be interested in, thus the non-uniqueness will not be an issue. We will abuse
notation and use P);;, to mean different marginal measures of P, throughout the proof, clarifying

when needed.

Proof. Write out the vector components as Xy = (X}, ..., X%). Note that each of the processes
(X' (t))ten-1z,, is a Py-martingale indexed by N~'Zx, with increments bounded above by
2N~1/2, Therefore Azuma’s inequality implies the bound sup y Ex[| X% (1) — X (s)[P]V/? < Ot —
s|'/2, for the linearly interpolated processes X’,. Thus each coordinate of X}, is tight in C|[0, 7).
Furthermore, the process ¥} is tight via Lemmas 5.2.6 and 5.2.7.

Let us thus consider any joint limit point of (X, ¥v), say (U, (:£"),;), whose law we view
as a measure Py, on the canonical space C'([0, 7], R* x RFk=1)/2) equipped with its canonical
filtration. Without loss of generality, we will assume (U, (£),;) is simply the canonical process
on this space. We first show that U is a standard Brownian motion in R* and that the processes
(1 — 402).%" necessarily agree with the local time at zero of U’ — U7. We will use the Levy
characterization and Tanaka’s formula after identifying useful martingales in the prelimit.

For 1 < i < k, define the process S'(r) := R(r) — (2u,, — 1)r which are P y-martingales.

In the prelimit, the processes for 1 < i < k given by

Yi(r) = S(r)? = Y En[(S'(s) = S'(s — 1))°|Fect] = S7(1)? — gty (1 — )1
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are P y-martingales. Additionally, the processes for 1 < ¢ < j < k given by

K(r) =S (S (r) = Y _Enx[(S'(s) = S'(s — 1)) (S7(s) — (s — 1)) | Four]

= §'(r)$(r) — 40,V

are P y-martingales. Rescaling, we find that the processes

N7YH(NE) = X5 (1) — Aty (1 — pioy )t (5.41)
NT'KJ(Nt) = X ()X (1) — N7V2402 937 (t) (5.42)

are Py martingales indexed by t € N~'Zs,. Using Lemma 5.2.6 we find that these martingales

are uniformly integrable as well.

Proof of (i). Now we pass this information to the limit points. Martingality is preserved by
limit points as long as one has uniform integrability, thus it is clear that U is necessarily a Pjj,-
martingale (with respect to the canonical filtration on C([0, 7], R x R*(*~1)/2)) Next, note that
lmpy o0 4440y (1 — 1y, ) = 1 by our assumption on y,,,,. Again using that martingality is preserved
by limit points, we can thus apply (5.41) to conclude that U*(¢)? — ¢ is a Py,-martingale, i.e.,
U’ necessarily has quadratic variation ¢. Yet again using the fact that martingality is preserved
by limit points, we can use (5.42) and tightness in C[0, T'] of the processes 7/1\7 to conclude that
for all i < j, the process U'U’ is a Pj,-martingale, i.e., (U, U’) = ( for i # j. By Levy’s
characterization, we may conclude that U is therefore a standard Brownian motion in R*. This

proves (i).

Proof of (ii). We will again use a martingale problem. Recall the martingales M (r) from (5.10).

Rescaling, we find that

Xy () = XN ()] = 4 (1 (1 = i) = 03 )]V (1)
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are P y-martingales indexed by ¢ € N~'Zs,. All quantities are uniformly integrable and tight in
C10,T) as N — oo (as explained earlier). By our hypothesis on vx, we have y,,, (1 —p,, ) — 1/4.
Thus for the limit points, we conclude that the processes |U* — U7| — (1 — 40?).2Z" are Pjp-
martingales. As U is a standard k-dimensional Brownian motion, and the processes £ are Pyy-
a.s. nondecreasing, we conclude by Tanaka’s formula that (1 — 40%).£% is the local time at zero

of U" — U’. This uniquely identifies the law of the joint limit point (U, (£%),;).

Proof of (iii) We now show that as N — oo the processes .7y converge in probability to the zero

process with respect to the topology of C'[0, T'|. Indeed these processes are tight because for § > 0,

sup [ T(t) — Ty(s)| < sup N7V2 S° VH(Nt) — VI(Ns)
[t—s|<d [t—s|<d 1<i<j<k
and we already know that the intersection time process on the right side is tight. Now if we take
any joint limit point (£}, Uy),cjo. 11 of the pair of processes (7y, Xy ), then F} is a nondecreasing
process with I, = 0. Furthermore by definition of the set I'SF=2) (see (5.8)), this limit point F is

constant on every connected component of the complement of the random closed set K U L where

K:={te[0,T]: Ul =U] =Ulforsome1<i<j<p<k},

L:={tec[0,T]: Ul =UJand U’ = U for some i < j and p < q with {3, 5} N {p, ¢} = 0}.

We already know that U is a standard Brownian motion in R*. But 3d Brownian motion never
hits the diagonal {z = y = z} of R? after time 0, and likewise, a 4d Brownian motion never hits
the proper 2d linear subspace of R* given by {z = y} N {z = w} after time 0. Consequently
K UL = {0}, and so F; = 0 identically.

Proof of (iv) Let us now take any Gy satisfying the assumption of the theorem. We first prove

that the linearly interpolated processes (G (Nt)) are tight in C'[0,T]. Indeed, by

te[0,TINN~1Zxg
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Burkholder-Davis-Gundy inequality, we have for all s,¢ € N~1Z that

P

B[16x (V-G (Ns)1] < B[ (16 (V01-16x(v9)) | < B[ (v S (v v

i<j

[NJiS)

|
The second inequality above is due to the assumption (5.37). Lemma 5.2.7 implies that the term

on the right-hand side of the above equation is bounded by C|t — s|?/* for some constant C' > 0

free of N. This verifies the tightness of ¢ — Gy (Nt).

Consider any limit point of the triple (G, Xx, (1—402)(7/]\’}j)1§i<j§k), say (G, U, (L), _,_. ;)

whose law Py, (now a different object from the previous parts of the proof) we view as a measure

on the canonical space C'([0, 7], R x R* x RE(*=1/2) By the tightness and L? bounds above, the
process @ is still a Py;,-martingale with respect to the canonical filtration on this space. We claim

that the quadratic covariations satisfy (G, U*); = 0 for all ¢ € [0, T]. To prove this, note that in the

prelimit, X% (£)Gn (Nt) — Py (t) fort € N71Z¢ is a Py-martingale where

Pu(t) = NS Ey[(Gn(s) - Gnls — D)(R () = Ri(s — 1) — (24 — 1)|Fici].

Note that

Py =N 3 [El(G(s) — (s — DI(RI(S) = Rils — 1) — (2 — D) Fecs]

SE[NtNI(sk-1)

<N Y| VEGe) - Ge- D

sE[Nt]NI(sk-1)

VEN(R(5) = B (s — 1) = @ty — DPIFo]

< Z /2 N-3/4 < V2 N-1/4 Z %\ifj‘

sE[Nt)NI (k=1 1<

Let us briefly explain the above deductions. The first equality is due to the fact that Gy (s) —

Gn(s — 1) = 0 for s € I'™ via assumption (5.37). The inequality in the second line follows from
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Cauchy-Schwarz inequality. Note that R'(s) — R'(s — 1) — (2u4,,, — 1) is uniformly bounded by
2. Thus, employing the bound in (5.37), we get the inequality in the third line. The final inequality
follows from the definition of T*~1) and ¥/,

Now, since we already know ¥y are tight, we conclude that | Zx(t)| — 0. Invoking Lemmas
5.2.6 and 5.2.8, we see that Xy,Gy — Py is uniformly integrable. Hence UG, being a limit point
of X\, Gn — Py, is a Py, -martingale for all 1 < i < k, so that (G, U%), = 0 forall ¢ € [0, 7], as

1

claimed. In fact, Proposition 5.2.8 guarantees that the process exp(G — 5(G)) is a Py,-martingale.

Now a standard argument that we used in our previous paper [71, Proof of Theorem 3.2] ensures

that Eym|exp(G(T) — 3(G)(T)) | Fr(U)] = 1. For completeness, we reproduce the argument in

the next paragraph.

Take any bounded F7(U)-measurable functional H : C([0,T],R*) — R. Note that ¢
Ein[H(U)|F:(U)] is a martingale in the filtration of U. Under Py, the marginal law of U
is a standard k-dimensional Brownian motion by the result of part (i), thus by the martingale

representation theorem we have

k T
H(U) = Ejm[HU)] + > / Wl dU!
i=1 70
for some adapted R-valued processes h!, ..., h*. For stochastic exponential we have

e (60300 ) =1+ [ e (66 - J10109)) o

Using this we find that

S (e )

T
= ZEhm[ / h 98>—2<g><8>d<g,U@'>(s>] =0,
0
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where the last equality is due to the fact (U*, G) = 0 almost surely. This proves that for all bounded

measurable  we have Ejj, [e9T) 29T (U)] = Ejju[H (U)], establishing (5.40).

Proof of (v) By assumption (5.37), we have |Gy (1 + 1) — Gy (r)| < CV2N~1/4 < 1 deterministi-

cally for large enough N. For z € [—1, 1] we have ¢® < 1 + x + 22, therefore we find that
NOTINETD <1 4 (G (s) — Gn(s — 1)) + (Gn(s) — Gn(s — 1)),
consequently using martingality of Gy and log(1 + u) < u we find that

W (r) — Wy (r — 1) < log Ex[e " =v0=D|F )

< En[(Gn(r) = Gn(r = D)P|F, 0] S CNT2Y (V) = Vi(r - 1)),
i<j
where we used (5.37). Using this bound together with the nondecreasing property of Wy, and

Lemmas 5.2.6 and 5.2.7, it is clear that for all p > 0

sup Ex[|[Wy(Nt) — Wi (Ns)|P]VP < C|t — s[P/?, sup Ey[eP"V V] < o0,
N>1 N>1

Thus the linearly interpolated processes ¢ — Wy (Nt) for t € N~'Zs, are tight in C[0, T}, so
we may consider any limit point WV which is taken jointly with the earlier triple of processes
(G.U, (L7), <icj Sk)' Note that since exp(Gy — Wy) are martingales in the prelimit, and the
above exponential bound on Wy guarantees uniform integrability of its exponential, it follows
that exp(G — W) is a martingale for any limit point of the joint 4-tuple. Since G is a continuous

martingale, this then forces that W = $(G). O

We record an extension of the above theorem which also takes certain types of measures into

account. The following corollary will be useful in our later analysis.

Corollary 5.3.2. Assume the same notations and assumptions of Theorem 5.3.1. Suppose k = 2m

371



is even. Fort > s > (0 define
A(s,t) :={(s1,82, .-, 8m) E[5,t]" | s <851 <8<+ <5 <t} (5.43)

to be the set of all m ordered points in s, t|. We define M(A,,(0,T)) to be the space of finite and
non-negative Borel measures on that simplex, equipped with the topology of weak convergence.

Consider the following sequence of M(A,,(0,T))-valued random variables

Y =N (1 — 40" > Tty (5:44)
ulg...sume(NilzZO)m[QT] j=1
where Xy = (XY, ...,X%). The random variables {yy}n>1 are tight in M(A,,(0,T)). More-

over, any limit point of the triple (Xy, (1 — 402 S is of the form
y P f P : N

1<i<j<k’ ’YN)

(Uv (Lij)1§i<j§k’ HdLQj_mj(uj))
7=1

where U, L are as in Theorem 5.3.1, and dL(t) denotes the Lebesgue-Stieltjes measure induced

by the increasing function t — L(t).

Proof. Note that

YN (Ar(0,T)) < H N2 Z L X2t (u)=x2 (u))

j=1 wel0,TIN(N~1Z>0)

From Lemma 5.2.6 we know the exponential moments for each of the terms in the product are

uniformly bounded under the E measure. Thus forall p > 1,

sup Ex[yn(A(0,7))7] < . (5.45)

N>1

Hence the laws of {~yx}xn>1 are tight, because the total mass of vy is a tight family of random

variables and because A,, (0, T') as defined in (5.43) is a compact space. Let <U, (K gl ) L<ici<k? 7)
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be any limit point of the sequence (X, (1—402) (¥, < ) . Note that the joint cumulative

1§i<j§k’ VN)
distribution function of the measure + is necessarily given by a product of the K. Since we know

that K/ = L' ~"" by Theorem 5.3.1(i), this implies that v = [T/, dL{™ "~V (u;). O

5.3.1 Convergence of moments

We will now prove that moments of the field (5.3) converge to the moments of (5.4). It will be
a consequence of Theorem 5.3.1, illustrating the applicability of the convergence theorem. While
the moment convergence is not enough to prove the weak convergence of Theorem 5.1.1, it gives
a strong indication of it, and more importantly, it implies some useful estimates that will be used

later.

Proposition 5.3.3 (Moment convergence). Fix ¢ € C°(R), t > 0, and k € N. With % as defined

in (5.3), we have that

N—oo

lim E[%v(t,¢)"] = EK/Rut(:cW(x)dxﬂ,

where (t, ) — Uy (x) solves (5.4) with initial condition §y(x).

Proof. Fix any ¢ € S(R). With %y defined in (5.3), we wish to compute the annealed expectation

E[%x (t, $)*]. Just like (5.6) we can write

k
Un(t, )" = Ef {H Cnvv-1/2(rs (v -noran @ (N2 (RI(NE) — N*4)) |

J=1

where Efk) is a quenched expectation of k independent particles sampled from a fixed realization

of the environment (w; ;)¢>0 cz. Taking the annealed expectation over the quenched one we get

k
E[%x(t, ¢)"] = E o {H Cyn-172(ri(vey-nonp®(NTP(RI(NE) — N¥*)) | (5.46)

j=1

Let {vy } n>1 be the skewed sequence of measures corresponding to v. Recall the measure Q; ()

v

373



a* and Gy from Definition 5.2.4, (5.13) and (5.15) respectively. The key idea from here is to get

rid of divergent terms appearing in the above expectation through the following change of variable:

1 —~

E +eQJ\J(JW)]_.'.‘
AVt ()

(5.47)

—1/4 1
w[F]=QY & | ——F|=E_
RW RS | N ( R

Nt)

where F = F(R) is any measurable functional on the path space. Then we appeal to Theorem
5.3.1 to deduce convergence under the measure P R ®) -
"N

Indeed, applying the tilts in (5.47) we get

rhs. of (5.46) = E o [exp <QN(Nt) - Y E AW [eIV(5)=Gn(s=1) | fs_1]>
'N s<Nt

i (5.48)

1 1, 3
| WHCN7t7N‘5(RJ'(Nt)—N3t)¢(N (B (N) - N4t)) :

Here Gy is a family of P RW(k)—martingales satisfying (5.16). We now use the notations of rescaled

processes: Xy, ”//]@j , and Jy, considered in (5.36). We claim that

k
1 g
—_— C 12 pi (N N3an = exp | 40 E Vi (t) — Errn(t) (5.49)

“1/a H N,t,N—=1/2(Ri(Nt)—N3/4¢) P < N N
MNTT(NT) 1<i<j<k

j=1

where

|ErrN(t)|gc<9N(t)+N—1/2 > W(t)). (5.50)

1<i<j<k

The proofs of (5.49) and (5.50) follow by some algebraic calculations and definition chasing. We
shall prove them in a moment. Note that v and Gy satisfy the hypothesis of Theorem 5.3.1. Thus
applying Theorem 5.3.1, in view of the bound in (5.50), we see that any limit point of the random

variable inside the expectation on the r.h.s. of (5.48) is of the form

exp (G(t) — 5(G)(t)) exp <1 fajﬂ Z Lz’j(t)> H¢(Ui(t)),

1<i<j<k j=1
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where U is a standard k-dimensional Brownian motion on [0, 7], defined on a standard probability
space (€, F, P), L (t) := LY~V (t) is the local time at zero of U; — U; accrued by time ¢ and G is
a C[0, T)-valued random variable satisfying E[e?9(T)=2(9 ()] < oo for all p > 0 as well as (5.40).

Thanks to the estimates in Lemma 5.2.6 and Proposition 5.2.8, we see that the random variables
in the prelimit are uniformly integrable. Thus every subsequence of the expectation on r.h.s. of

(5.48) has a further subsequence which as N — oo converges to

E [exp (g<t>—§<g><t>)exp<1f"jgg > L%)m(w))]
=E |exp (1 fgj(ﬂ Z Lij(t)> Hﬁb(UZ(t))] )

The last equality is due to (5.40). Since this expression is free G (which may depend on the

subsequence), we thus get that

lim E[#y(t,¢)"] = B

N—oo

5 k
exp (%‘402 > Lij(ﬂ) ch(Ui(t))] : (5.51)

1<i<j<k

By the Feynman-Kac formula, the solution ¢/ of the stochastic heat equation (5.4) admits well-
known moment formulas in terms of local times of Brownian bridges. In particular, from [92,

Lemma 2.3] we have

k

2 i pj
:p(taxl)p(taxk)Ef{HeﬁthZZ<1L(? Bj(t) )
7=1

[t ()

i=1

E

where p is the standard heat kernel, and the B* are independent Brownian bridges on [0, ¢] from 0
to x; respectively. Note that in [92], local time is defined as an integral against Lebesgue measure:
LE(t) == lim, o+ % f(f L{s—c<x,<a+eyds, in contrast with our definition of local time in (5.39)
which is an integral against d(X, X),. Hence, when taking the local time of B?— B, our definition
of local time differs from theirs by a factor of 2.

We can integrate this formula to arrive at the moment formula for U, (¢) := [ Uy(x)¢(z)dx,
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with (¢,x) — U;(z) solving (5.4), and we see that it matches the right-hand side of (5.51), thus
completing the proof of moment convergence for %y modulo (5.49) and (5.50).
Let us now prove (5.49)-(5.50). Using the definition of martingale 4/* from (5.13) we see that

k Nt—1

NTTk 1
HCN,t,N—%(RJ'(Nt)—NB/u) - &P < Z fo " = kNtlogcosh(N 4))» (5.52)
(Nt) j=1 =0

| p—

MmN

where fEN_M’k is defined in (5.14). Recall I from (5.8). Using the expressions for f;"* for
¢ € TW T (obtained after (5.14)) we have

Nt—1
Z feNfz,k — kNt logCOSh(N*%) = g(N*1/4’U2) - #{[Nt] N F(kfl)} + Z f€N71/4,k
- L[NNI (sk=2)

~ Flogcosh(N=1) - {[Nt] A D=2,

(5.53)
We note that

#{NYATEDY = N2 N () - Y

1<i<j<k

Z Liri(ey=ri (o)} (5.54)

LE[NHNT(£k=2) 1<i<j<k

where ”f/]f,j is defined in (5.36). Let us now define

End () =g(N"Y4 o) > Lri=-me)

LE[NHNT(£k-2) 1<i<j<k

- Z ,5N71/4’k + klog cosh(N~V4) . #{[Nt] n T(Ek=2,

L[NNI (sk=2)
EnP () == (g(N"V/4,0%) — 40NNV N~ 9 (1),
1<i<j<k
In view of the relation in (5.54) and above definitions, we obtain from (5.53) that

Nt—1

SN kNtlogeosh(N ) = 40® 3" H (1) + En (1) — En(0).
£=0

1<i<j<k
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Setting Erry (t) := Errﬁ) (t)— Errg\}) (t) leads to (5.49) from (5.52) and the above relation. To prove
the bound in (5.50), note that g(N~'/4 ¢2) = 4062 N~1/2 + O(N—'). Thus we have

ErP () <CNTY2 3" w7 ().

1<i<j<k

Furthermore log cosh(N~/4) = O(N~/2) and févfm’k is uniformly bounded by CN~'/2 by

Lemma 5.2.3. Using these bounds and recalling the definition of .7y from (5.36) we see that
ErD(8)] < C- In(t).
Combining the bounds in the last two displays verifies (5.50). [

5.4 A discrete Hopf-Cole transform: Proof overview of Theorem 5.1.1

Objects Discrete Version Continuous Version
Heat Operator Ly (5.58) L=0 102

Microscopic version | Rescaled field | Continuum limit

Process of interest Z% (5.59) Uy (5.3) U.4)
Relevant martingale vy (5.60) My (5.63) Y (5.55)
Quadratic Martingale field Qn (5.68) Integrated />

Table 5.1: Objects that will appear in the proof of weak convergence

Having established the moment convergence, in this section, we present a technical roadmap
to the proof of the main result Theorem 5.1.1. We will rely on the martingale characterization of
the solution of the multiplicative noise stochastic heat equation. Specifically, consider a measure p
on C([0,T],C(R)), and let (U(t)):c[0,r) denote the canonical process on that space. The canonical

filtration F; on C'([0, T, C'(R)) is the one generated by {U(s) : s < t}. Define the heat operator
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L := 9;— 192, which acts on tempered distributions f € S’(R?) by the formula ((9; —192) f, ¢) =
(. (=0, — 12)¢).

We recall a result of [88, Proposition 4.11] inspired by the work of [224]. If for all ¢ € C'°(R)
the processes

Vit0) = Ut o) =5 [ W(s), s 5.59)

(which is formally the same as fot Jo(LU) (s, y)p(y)dyds) are (F;, p)-martingales with quadratic

variation

- 8a?
1 — 402

V(8 (0) !AW@ﬂ&mww, (5.56)

then (under reasonable assumptions on the spatial growth of /() at infinity) the measure x nec-
essarily coincides with the law of (5.4) started from an initial condition that is distributed as ¢/ (0)
under p.

We shall eventually show our prelimiting field from (5.3) is tight and any limit point satisfies
the above martingale characterization. The key observation that drives our proof is that the pre-
limiting field itself satisfies a lattice stochastic heat equation. This will then allow us to define
some observables that will be crucial in proving tightness and identifying the limit points in later
sections. We now end the heuristic discussions and rigorously derive the lattice SPDE, then write

out the quadratic variations of the resultant martingales.

Definition 5.4.1. Fix N € N. Define a discrete lattice
Ay ={(t,z) € Zsg x R: z +tN" Y4 e 7}, (5.57)
and a discrete heat operator Ly, which acts on real-valued functions f : Ay — R by

(Lnf)(t,z) = ft+ 10— NV~ (pnf(t,z — 1)+ (1= pn) f(t,z + 1)), (5.58)
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with py given by (5.7).

Recall P¥(t, z) from (5.1). Assume E[w;;] = 1. For each realization of the environment w,

define the random function Z%, : Ay — R:
Z3(t,x) == Oy n-1un-12aP? (t, 7 + N7H4), (5.59)

where C'y 1, is defined in (5.2). Note that Z% is the pointwise version of the rescaled field Zx
defined in (5.3). Roughly speaking, Theorem 5.1.1 suggests that we wish to prove convergence
to SHE for the fields N'/2Z%(Nt, N'/2z). The following lemma suggests Z%(t,x) satisfies a

discrete version of (5.55) on Ay.

Lemma 5.4.2. For (t,x) € Ay, define
on(t, @) = (LN Z3) (L, ). (5.60)
Then vy is a martingale-difference field in the filtration F = o({ws, : € Z,0 < s < t}), i.e.
E[on(t,2)|Fy] = 0. (5.61)

Proof. First note that vy (¢, z) is indeed adapted to F;” because Z% (¢t + 1,-) is measurable with

respect to F;°. Note that the quenched probabilities satisfy the relation
Pw(t + 1, ZL’) = (]. - wt,xH)P“’(t, T + 1) + wt,m_lP“’(t, r — ].),

which can be derived from conditioning on the previous step. Using the definition of Z% and C'y ¢
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from (5.59) and (5.2) respectively, we thus have

1 _1 _ _
ZJU\J;(t +1,2— N—1/4) — N 2-logcosh(N 1) [(1 _ wt,x+N—1/4t+1)€N V4(-1-N 1/4)2]‘*\’[@’ T+ 1)
“1/4(1_ N-1/4) e
+ wt7$+N71/4t_1eN (1-N )ZN(t, xr — 1)}

=2(1 - wt,a:+N*1/4t+1)(1 —pN)ZN(tr +1) + 2wt,x+N*1/4t—1pNZ]u\Jf(t>$ - 1),

for (¢,xz) € Ay. Consequently we have that

UN(tax) = (1_2wt,x+N*1/4t+1)(1_pN)Z]u\)T(tv$+1)+(2wt7x+N*1/4t—1_1)pNZ]u\JI(t>3:_1)' (5.62)

Since the w; , have mean 1/2 and are independent of F;” ;, and since Z% (¢, -) is F;”, measurable,

(5.61) follows. O

Definition 5.4.3. Define the rescaled martingale field as follows. For € C>°(R) andt € N~'Zx

let

My(t,0):=> > o(N"x)oy(r,x). (5.63)

r=0 gzeZ—rN—-1/4
My (t, ¢) is the macroscopic field corresponding to the microscopic variables vy (¢, z). My (t, @)
is the discrete analog of )(¢, ¢) defined in (5.55). Note by (5.61) that My (¢, ¢) is a martingale
indexed by t € N™'Z~(. A substantial amount of effort in this paper will be spent studying the
quadratic variations of My (t, ¢), as we need to verify that (5.56) holds for any limit point. By
defining ny(r,z) := 1 — 2w, ., y-1/4,, We can use (5.62) to collect neighboring terms and rewrite

(5.63) as follows for t € N™'Z :

My(to) =Y Y (Vnd)(N"22) Z5 (r, x)in (r, @), (5.64)

r=0 zeZ—rN—1/4

where

(Vo) (z) == (1= pn)dlz — N7%) — pyo(z + N7V/3).
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Consequently the optional quadratic variation is given for t € N~'Zs, by

[My(0)]: = Z ( Z (Vno) (N’l/Qx) Z%(ryx)nn (r, x)) : (5.65)

r=0 “gpeZ-rN-1/4

Since E[nn (r, z)nn (r, y)|F2 1] = 40*1{,—yy, the predictable quadratic variation of My(¢) is

given for t € N7, by

<MN(¢)>t::Z;EK ) <vN¢>(N1/%)Zﬁ<r,x>w<r,w>)2

z€Z—rN—1/4

7]
=40y N [(Vne)(NTV22) Z5(r,2)]”. (5.66)

r=0 geZ—rN—1/4

Note that My (t, ¢)? — [My(9)](t) and My (t, ¢)* — (My(¢))(t) are both martingales indexed by

N ”ZZO, which will be relevant in later sections. We decompose (5.66) as
(Mn(¢))e = En(t, 0) + ((QPN — 1)2\/N)QN(?57 ¢°) (5.67)

where fort € N~'Zs,

9 Nt

Qu(t.0) :=%Z S SNV 28 (r, 0)?

r=0 gzcZ—rN-1/4

pe Nt } ) )
:\/NZE@) {qb(N I/Q(S(r>_N 1/4r))H{S(T):R(T)}C]2V,N—17”,N*1/2(S(r)—N*1/4r)
r=0

(5.68)

where Ef,) denotes quenched expectation for two independent motions (£(r), S(r)),>o in the fixed

realization of the environment w, and where Ex (T, ¢) is an “error term" given by

En(t.0) :=402> " > (Vo) (N722)" — (2pn — 126(N~V?2)?] 25 (r, )% (5.69)

r=0 geZ—rN—1/4
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Definition 5.4.4. We shall call Qx(t, ¢) the Quadratic martingale field (QMF), and Ex (t, ) the

error term.

It will be shown that () 5 contributes meaningfully in the limit, while the error term £y vanishes
in the limit. Let us see why &y should vanish. Notice that a first order Taylor expansion gives
Vné(z) = (1 — 2pn)p(z) — O(N~Y2), and 1 — 2py is of order N~'/4. Denote by ||¢||z~ the
supremum of ¢ on R, and denote by ||¢|cx = Z;?:O |¢)|| L. Using the Taylor expansion,
one verifies that the term in the square brackets of (5.69) is bounded above absolutely by N ~3/4
multiplied by 2[¢[| = [|¢'[| 1 < |@ll7 + ¢'l|70 < |6]IZ1- For ¢ € CZ(R) let Ay := sup{|z] :
x € supp(¢)}, and note that the summands in (5.69) vanish whenever [N~/2z| > A, + 1. We

have thus shown that the error term satisfies a pathwise bound written in (5.70) just below.

Lemma 5.4.5. Forall p € C°(R) andt € N~Z> the predictable quadratic variation of My (¢)
may be written as in (5.67), where QQn and Ey are defined by (5.68) and (5.69) respectively.

Furthermore, we have uniformly over all s,t € N~'Zso, ¢ € C>°(R) and N > 1 the bound

Nt
En(t,0) = Enls, O S SNHollen 30 3 ZR(r e TN )

r=Ns gcZ—rN—1/4
< SN~V452||p)| %0 (Qn(t L—ay1a,41) — Qn(s, Ta,1.4,11))),
(5.70)

where A, = sup{|z| : © € supp(¢p)}.

What this estimate shows is that the error term &y is of the same form as () 5, but with an extra
factor of N=%/4 in front. The field @~ will be shown to be tight in later sections, and therefore
the irrelevance of £y will then be immediate from (5.70) without any further work needed. This
error calculation illustrates a remarkable property of the model under consideration, which is that
the error terms behave very nicely in relation to the original object itself, which is rare among
KPZ-related models where a martingale characterization has been used, see e.g. [88, 211, 214]

where extremely careful analysis was needed to show vanishing of error terms.
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Now that the important objects M and () 5 have been introduced, we give a brief discussion on
how the proof of Theorem 5.1.1 will be completed. The next section is heavily devoted to studying
the quadratic martingale field )y (¢, ¢). In Proposition 5.5.4, we will establish tightness-related

bounds of the form

E[|Qn(t,¢) — Qn(s, 9)I"]"" < Ol |t — 5|2

This will then lead to a similar regularity bound for [My (-, )] and %y (-, ¢) as well.

Together with these bounds, a Kolmogorov-type lemma will tell us that the triple (%, M, Q)
is tight. This will be the subject of Section 5.6. Since the prelimiting object satisfies a lattice
stochastic heat equation, one can obtain that any limit point of the triple satisfies (5.55) by show-
ing that the discrete and continuous heat operators are close.

To justify why the limit point satisfies the other part (5.56) of the martingale problem, we study
the QMF extensively in Section 5. In particular, informally speaking, we shall show the “key

estimate" that

80?2 1 s L2(P)
ovto) - TN DL (s = 0
sE(N~1Z>0)N[0,t]
if we take N — oo and then ¢ — J, in that order, for any a € R\{0}. The precise statement is
interpreted in terms of well-chosen Gaussian bump functions (see Proposition 5.5.3). This type of

estimate will allow us to conclude that the limit point satisfies (5.56).

5.5 Formulas and estimates for the martingales

This section will heavily focus on obtaining crucial formulas and estimates for the quadratic
martingale field (QMF) )y defined in (5.68). Later, these formulas and estimates will allow us
to show the tightness of (5.3) and also identify the limit points. We first have two lemmas before

stating the key estimate of this section.
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Lemma 5.5.1 (Moment formulas). Fix any bounded functions 1), » on R and N > 1. Suppose that
(RY, ..., R?) denotes the canonical process on (Z**)?>0. Recall Ay (s,t) from (5.43), and define

AN(s,t) := (N"1Zx0)* N Ag(s,t). Forany 8= (s1, 52, ...,5) € Ap(0,1), we define

L 1
w@= M Grs=o 70

Note that #{i : s; = r} = 0 for all but finitely many r € N~'Zxq. We have the following moment

formulas.

(a) Forallt € N~'Z>q and v > 0, we have

E (Qw,w)—% > %(s,qs)?)k

s€(N—1Z>0)N[0,]

k
= KINF Z EN(g)ERWlS%) {HCN,SZ-,N1/2(R21—1(Nsi)—N3/4si)

(51,-,5K) €AY (0,2) =1

. CN,si,N*1/2(R2i(Nsi)—N3/4si)TN(NSi; RZi_l, RQZ):| s
(5.72)

where

Tn(r X,Y) = 4N2e2 ) (NTV2(X(r) = N7V4%) Lix =y ()}

—p(NTV2(X(r) = NTV4 ) g(NTV2(Y (r) — N~V4).

(b) Forall 0 < s <t we have the following moment formula for the increment of the QMF

k
- (QN(M/J) — Qn(s, w>) ]
k
= (40‘2)/€N_/€/2k! Z gN(g)ERWIEWC) |:H C?V,&;,N‘I/Q(RQi(NS¢)7N3/4Si)
(815es) sk)EA{CV(s,t) i=1

(N~Y2(R¥(Ns;) — N 451‘))ﬂ{R2i_1(NSi)=R2i(Nsi)}:| ‘
(5.73)
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Proof. Note by (5.3) that

%N(taﬁb)z: Z CN,t,N—1/2(x—N3/4t)CN,t,N—1/2(y—N3/4t)
(z,y)€Z?

- P¥(Nt, $)Pw(Nt,y)¢(N_1/2(x — N3/4t))¢(]\7—1/2(y _ N3/4t))

= EL(U2) [CN,t,N—l/Q(S(Nt)—NWH)ON,t,N—l/Q(R(Nt)—N3/4t)

- (NTYE(S(Nt) — N*¥4))¢(N~Y2(R(Nt) — N3/4¢))].

Here E{;) denotes quenched expectation for two independent motions (£(r), S(r)),>o in the fixed
realization of the environment w. Note that if we apply % Y ose (N-172)n[0 tO the last expression,

then it is of a similar form to the definition (5.68) of () 5, hence we have that

Ovtd) =~ > Un(s.0)

s€(N—1Z>q)N[0,t]

1 w
- N Z E(z) [CN,S,N—I/Q(R(NS)—N3/4S)CN,S,N—I/Q(S(NS)—N3/4S)TN(N3§ R, S).
SG(N71Z20)0[0,15]

From here one expands out the k' power of both sides of this equation, and then one applies the
annealed expectation over the quenched expectation to deduce (5.72), noting in general that by the

multinomial theorem one has the following expansion for a function f:

(:Zéﬂs))k:k‘! Y. @ f(s) - s

0<s1 <. <sp<r
The proof of (5.73) is similar. [

The following proposition will allow us to further analyze the moment formulas obtained in

Lemma 5.5.1.

Proposition 5.5.2. Assume that v is a probability measure on [0, 1] of mean 1/2. Fix any k € N.

Let {1;, ¢; }¥_, be bounded continuous functions on R.
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Let A be a subset of {1,2,... k}. Let B={1,2... k} N A Define

Ey (1) = [ [ Cnov-120m2i 1 vty worneny @i (N T2 (R*H(NE) — N¥4t,) (5.74)
€A
T Cntsv-120r2s vty vy @i (N T2 (R (NE) — N¥4,)) (5.75)
i€EA
E2(E> = H C]2V,ti,N71/2(RQi(Nti)_NS/‘lti)wi<N71/2(R2i<Nti> B N3/4ti>>1{R2i*1(Nti):R2i(Nti)}
i€EB
(5.76)

Consider any uniformly bounded sequence of deterministic functions g = AN (s, t) — [0, 00) that
converge uniformly to I on the interior of the simplex (consisting of those points (ty, ..., ty) with

all t; distinct) as N — oo. Foreach 0 < s <t <T < oo we have

i Va0 B Y @R

N—o0
(t15stk) €AY (s,1)

(5.77)
_40? ; ; ; 2i—1 24
= EB®(2k) [/ 61:02 Ly (&) H Qbi(Uil_l)Qﬁi(Uil)dti . H %(Ui’)dLg U (t”L)} 7
Ak(srt)

€A i€B

where the expectation on the right is with respect to a 2k-dimensional standard Brownian motion

(UL, ...,U?*), and

L, (1) ::Z L) - LT (ti)] (5.78)

1—1<p<q<2k
Here f(f f(s)dL{ =Y (s) denotes the integration of the continuous function f : [0,t] — R against
the random Lebesgue-Stieltjes measure dL(’{ U induced from the increasing functiont — Lg v (1).

We will be most interested in the case where gy (£) = G (t) defined in (5.71).

Proof. We are going to assume that gy = 1; the general case follows by slight modifications. Let

vy be the skewed sequence of measures corresponding to v, as in Definition 5.2.1. For simplicity

we write Eand Ey for E, ) and E RGP respectively. Let us fix any £ € AN (s, t) and a subset
N
Aof{1,2,...,k}. Just as in the proof of moment convergence, the main idea of the proof is to first
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apply a change of measure to get rid of the divergent terms inside the expectation of E[E; (f) Ey (ﬂ]
and then use the weak convergence result from Theorem 5.3.1. The change of measure here will

be based on a glorified version of (5.47).

Step 1. Post-processing the expectation via tilting. To carry out the tilting procedure, we first

note that
k
BE ([ B3(f)] = B | [T Chl | = B [CRAVE [CRAY -+ B [CRAY | Py, || v ||
=1
(5.79)
where
N &i(NTVHR¥H(Nt) — N*/*,)) o (N2 (R¥(Nt) — N¥')) ie A
N = wi(Nfl/Q(RZi(Nti) . N3/4ti))H{RQifl(Nti):R%(Nti)} 1 € B,
and
2k
Cy = T Cvurov 2y -miovn -1 1) (5.80)
j=2i—1

We shall now apply tilting to each of the expectations on the r.h.s. of (5.79) and go from P to P .
To perform the tilting for conditional expectations we need generalized versions of #*(-) (defined
in (5.13)) and §N (defined in (5.15)):

Let us define

ikl ,\ = exp ()\ Z RJ Z ,\k2 ki+1,v qu (g) _’sz(@)) (5.81)

J=k1
The above martingale is obtained in the same spirit as M* by considering only the motion of
(ky — k1 + 1) particles: (R7(- ))J G

Let us also define P y-martingales G, ..., Gk by G, = NZN + 75}\,, where the P y-martingales
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Di, and H, are defined by i, (0) = D% (0) = 0, and

( 2k
_ _ NN (R(r+1) = RI(r) = 2y, — 1)), Nt; <1 < Nt
Hiy(r+1) —Hy(r) = j=2i-1

0 otherwise
\

( v

_ B > (log(mi,ny-,) — Exflog(my, m,—s,)|F]), Nt; <r < Nty
Diy(r +1) = Diy(r) = { =1

0, otherwise

\

where my, ,,—p is defined in (5.18) and the parameters v = v(i,7),n, = ny(i,r), and b, = by(i,7)
are obtained deterministically from the path (R*~!, ... R?") as follows. Assume that at time r,
the 2k — 2i + 2 “particles" of (R*~1(r),..., R**(r)) € Z**~**2 may be grouped into v = v(i, )
disjoint groups with all particles in each distinct group at the same site in Z. Assume that the v
respective groups contain n,, . . ., n, respective particles, where n, = n, (4, ) are positive integers
such that ny + -+ + n, = 2k — 2i. From time 7 to r + 1 in the path (R*~! ... R?*), assume
(for each 1 < ¢ < v) in the ¢ group, that b, = b,(i,7) of the n; particles go up one step, so that
n; — b; particles go down one step.

The processes GY; are martingales of the same form as those in the proof of Proposition 5.2.5,
but where only the last 2k — 27 + 2 of the 2k particles are taken into account on the time interval
[Nt;, Nt;11) N Z. In particular, by the exact same argument as in that proof, each of the martin-
gales G, satisfies the bound (5.37) for some absolute constant C' > 0 independent of N. Define
Wi(r) = 3, logEy [e9n($)=Gn(s=1) | F,_]. Set é}v\, = G4 — Wi. We will now see that the
exponentials of é\}/v are the “correct” martingales to tilt the expressions in the lemma statement in
such a way that Theorem 5.3.1 is applicable.

Just like (5.47), one can check that for each i the conditional expectation E[F | Fy;,| can be

tilted as follows:

M[2i—1z2k] (Nti—l)
N g l2i-1:26] (Nt,)

E[F | Fy] = E exp (Gi(NE:) ) F | fmi] , (5.82)
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where F is measurable with respect to o({(R*~*(r),..., R*(r)),ep,nq})-

Using this, we tilt each of the conditional expectations in (5.79) to get

ﬁ a[2i-1:2K] (Nt;_1)

M [2i—1:2k] (Ntz)

E [Ey(H) Ex(f)] = By exp (@i(m») O, Aly (5.83)

i=1

Step 2. Convergence. We shall now study the weak convergence of the sum of random variables
inside the expectation on the r.h.s. of (5.83). We use the notations of rescaled processes from

(5.36). Recalling the identity (5.49) and the bound in (5.50) we see that

k

[2i—1:2k, N~V4 Are oy i Err
e W) exp <4022 > [”I/ﬁq(ti)—”//ﬁq(tz‘—l)]—E”N@>-

[26—1:2k],N—1/4 )
i=1 M <Nt2) =1 2i—1<p<q<2k

where

[Erry(£)] < C (fN(t) + N2 %{,’%t)). (5.84)
1<p<q<2k
Let us define W (s) := Wk(Ns) + --- + WE(Ns) and GL,(s) := GL(Ns) + - - - + GE(Ns) for
s € N~'Z and linearly interpolated for s ¢ N~1Z. Let us view Wy and Gy as random continuous
functions from A (0, ¢) x [0,¢] — R. Using the same arguments from the proof of Theorem 5.3.1,
it follows that W and {Gy } y>1 are tight in the space of C'(Ax(0,t) x [0, t]) equipped with uniform
topology, and furthermore gf:, satisfies (5.37) with constant C' independent of ¢. By Theorem 5.3.1

and Corollary 5.3.2 we know that any limit point as N — oo of the sequence

(thV’W]tV’XN’H//N’yN’N_|Bl/2 ) ] it omxun O uBI)) -89

’ulg---g’l”B‘EN_lZ i€B

(considered under the measure E ) is of the form

(gt: %<g£>a Ua (Lij)1§i<j§2k7 07 (1 - 40—2)_|B| H dLQi_l?%(h)) 3 (586)

i€B

389



where U is a standard Brownian motion in R*, where L*/ are its pairwise local times, and gf are
martingales satisfying (5.40). Here the last coordinate has a topology of M(A(0,7T")) which was
defined in the statement of Corollary 5.3.2, while all other coordinates have a uniform topology
with respect to all relevant variables. Notice that the map from M (A (0,7)) x C(Ax(0,T)) — R
given by (f, ) — | AL(0.T) f du is a continuous map. Using the continuous mapping theorem, we

therefore see that for the limit point (5.86) of (5.85) one has

k

1 MQ@ 1:2k] Nt ) —~ -
—|Al- \B| B i—1 i i Ad
N ? — 40%)"! Z H 21 Qk] (Nt;) P (gN(Nti)) CnAy
tGAfﬂv(s t) 1=
i) egﬂ() %(gt>( — 4 zﬁk(ﬂH(bl U21 1 (bl U21 dt le U21 L2z 121( )7
Ap(sit) i€A i€B

where we again emphasize that the objects in the prelimit are viewed as observables under E .
Thanks to the estimates in Lemma 5.2.7, Proposition 5.2.8, and (5.45), we see that the prelimiting
sum above is uniformly integrable. Now we finally prove the proposition. Taking into account the
identity in (5.83), the preceding observations imply that for every subsequence of indices N — oo,

there is a further subsequence along which we have

LD D 22X GTA D)

fEA{CV(s,t)
—>El1m / (t)—l(gt)( +i= 4 —2L k() H¢Z UQZ 1 ¢z U2z sz U2’L LQ@ 121( )
Ak(s,t) i€A i€B
- Ellm |:/ Ellm [eg{( )= % gf | E( )]
Ag(st)

-el- 4g2£k {>H¢z U2z 1)¢z U22 H¢z U22 L21 121( ):|

€A 1€EB

Here Ej;, denotes a possible limit point on the canonical space, of the entire tuple of processes
given by (5.85), and we are viewing (5.86) as the canonical process on that space. The inner

conditional expectation in the last expression equals 1 due to (5.40). Thus the last expression must
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be equal to the right side of (5.77), completing the proof. [l

Proposition 5.5.3 (Key estimate for the QMF). Let a € R let £(z) := \/%? —=*and let £%(x) =

e Y (e7(x — a)). Then forallt > 0 and a € R\ {0},

: : a 802 1 a 2 ?
111?5011p11]r§15011p1€{(@1v(t,§€) TN > Un (8,8 s5) > ] =0. (5.87)
s€(N—1Z0)N[0,4]

Furthermore, we have the bound

1 a 80'2 1 a 2 2
sup hmsup[ Toga |2] [(QN(t,fg)— 12 N Z Un(s,&L j5) ) 1 < o0.

e>0 N—o0
acR\{0} s€(N=1Z50)N[0,t]

(5.88)

The above proposition is the key estimate that will allow us to identify limit points. This
proposition also illustrates why we cannot hope to obtain convergence in a space of continuous
functions. Indeed if this were possible, then by first equality in the definition (5.68) of the field
Qy it is easy to see that in (5.87), the correct coefficient would have to be 802 = 2 - 402 rather

than 12202 (where the extra factor of 2 comes from the fact that Z% (¢, z) as defined in (5.59) are

nonzero only at those points such that ¢ — « is even). Clearly, both coefficients cannot be correct
unless %/ vanishes in the limit which is certainly not the case, as we have already shown that its

moments of all orders converge to a nontrivial limit.

Proof. Applying Lemma 5.5.1 (a) with v = and Proposition 5.5.2 with k£ = 2, we get

427

, 802 1 9 2
Jim E (Qw,w)—l_ N 2 %(s,¢>)
(Nle>o)ﬁ[0ﬂ
802 1\’
:2<m) 'EB®4
2

= r5rLa(ss2) -y’ _ i N Je.
/Az(o D) ‘ H ( LALE = (s5) — p(X (Y >d5z>]

2 2 o | |
= 2(1 §U402) ‘Epea /61 A0 Lo(s1,52) H< % X;i —I-Y;i))%dlzé(l_w(si) B ¢(XZ)¢(YZ)dsi>

A2(0,t) =1

(5.89)
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for all ¢, ¢ € S(R), where L, is defined in (5.78), and (X', X2, Y Y?) is a 4d standard BM
under P zes. The second equality in the above equation follows by observing that X! = Y for u

in the support of L Y (du).

We shall now write E instead of Egs4 for convenience. Let us now take

]_ 2 /.2 1 2 2
Y(x) = E(x) = e~ (@=a)*/e", x) =& (x) = e~ (#=a)*/2e%
( ) 55( ) o2 Qb( ) 55\@( ) a2

in (5.89). Using the identity £ 5(2)¢? 5(y) = £((z + y)/2)EY(z — y), we may now write (5.89)

as

2 2 o | |
2( 80 ) -E / el- e 2 2(s1,82) H < % X;Z —+ Y‘;))(%dLSO*YZ(Sl) . fgg(X; . }/;Zz)d51>) .

1 — 402
As(0,0) =1

(5.90)

Let us write U~ := X' — Y% and U := X' + Y*. Note that under P gs1 the four processes
UL—, UM U%~,U%" are independent Brownian motions with diffusion coefficient 2. This en-

ables us to view (5.90) as

2 2
5 8o E
1 —402

_. 2(1 fa;Z) [A1(2) — As(e) — As(e) + Ag(e)], (5.91)

2
A2 Lo(s1.s l I a(lyri i— i\—
/A o )61402E2( 1,52) (55 (%US;+)) . (%dLg (81) — ng(Us; )dSJ)]
2(0,¢

=1

where

4o (51,52) va “ - -
M@= B[ [ A U QU)W o) 1 (o)
2(0,t

Aoe) =B [ [ e () (UE)EL ) L () s
2(0,t
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As(e) :=E{ / ( )el e QUL (USG5 dL?’(sQ)dsl}
Ag(0,t

Ay(e) =E [/A o t)el re Lo ga(QU;j)ga(zUj;)ng(Ul—)526( ) dsy dSQ} .

From here, the goal is to show that (5.91) vanishes as ¢ — 0 as long as a # 0, as well as establish
a bound given by the right side of (5.88) for each of the four terms A;(¢).

Note that informally 2dLU (s;) may be written as do(U"*)ds; which suggests that each of
the A; may be written in terms of Brownian bridge expectations. Indeed this is the case, and
consequently the proofs of the desired convergence statements and bounds for the terms A;(¢) rely
purely on elementary (albeit lengthy) disintegration formulas for Brownian motion at its endpoint,
and these proofs can be copied verbatim from [71, Proof of Proposition 5.3: Steps 2 and 3],

replacing the coefficient o appearing there with our coefficient ; 8” — throughout the proof. For

brevity, we do not reproduce the details here. 0

With the “key estimate" proved, next we focus on obtaining bounds that will be useful for

proving the tightness of the rescaled field (5.3).

Proposition 5.5.4 (Estimates for moments of the increments of QMF). Fix k € N and T > 0.
Then there exists a constant C = C(k,T) > 0 such that for all bounded measurable functions ¢

onRandall 0 < s <t <Twiths,te N‘lzzo one has that

sup E[(Qn(t, ¢) — Qn (s, )" < Cllo oy (t — 5)*/. (5.92)

N>1

Furthermore fix p > 1 and ¢ > 0. Then there exists C = C(p,e,k,T) > 0 such that for all

functions ¢ € LP(R) and alle < s <t < T one has

Aim E[(@Qn(t,¢) — Qn(s,0))"] < Cllg ]t — 5)" (5.93)
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Proof. We are going to use the same notation and the same family of martingales from the proof of
Proposition 5.5.2. Using (5.73) together with the trivial bound |¢(N~Y2(R/(Nt;) — N3/%t;))| <

|#|| o, we obtain that

k
E[(Qn(t ¢) — Qn(s. )]
k
S N—k/Qk"Hngﬁoo Z ERWIEQIC) |:HC]2V7tj;N1/2(R2j(th)N3/4tj)I]'{RQj_l(th):RQj(th)}:|
(t1,-tk) EAN (st) j=1

k
= Kllglfe - N2 YT Bppen [AN@-BN@-Hﬂ{sz-qN@):sz(mﬂ}}, (5.94)
YN

(t1,tk)EAN (5,8) J=1

where

Aw(®) = e (G500 - WD) ).

By () := exp (402 Z Z [P0 (t:) — V& (tioa)] — EFFN@)) )

i=1 2i—1<p<q<2k

and where all of these objects are exactly the same as those introduced in the proof of Proposition
5.5.2. The equality in (5.94) is due to the argument given in the proof of Proposition 5.5.2. As

before, let us abbreviate Ey := E ). Recalling the measure ~yy introduced in (5.44), let us

RWE*
N

rewrite (5.94) as

k!uqzsn’szN[ [ An® Batiwan].
AkN(s,t)

Now using a trivial bound

Ly AN BN < AN o IB sy 3 (O (5.0,
L (sit

394



we have by Holder’s inequality that

EN{ / ( )AN(z?)-BN(mN(dB (5.95)
A]kv s,t

1/3 1/3 1/3

SEN[||AN||3ioo(AJkV(s,t))] EN[||BN||3w(AJkV(s,t))] En [yn (A7 (s,1)°] 7. (5.96)

Recalling ¥ from Theorem (5.36), note that v (AN (s,1)) < (31, YW (1) — V/J@j(s))k. By

Lemma 5.2.7, we can bound Ey [yn (AR (s,1))?] Y3 < C(t — s)"2 where C does not depend on

2

v is positive for large enough N. Thus it

N. This is because of the fact that 1.« (1 — 1,x) — o
suffices to bound /3, I, independently of N.

Note that the martingales g}:,(t) satisfy (5.37), by their construction in the proof of Proposi-
tion 5.5.2. Consequently an application of Doob’s L? inequality combined with Proposition 5.2.8

allows us to bound the expected maximum Ey [[|Ay]3 ( 13 independently of N. Finally

AkN (s,t))}

3

Lw(A{CV(s,t))} 3 for large enough IV as well (as again

using Lemma 5.2.6 we can bound Ey [||By||

pwz, (1 = pz ) — UE?V is positive for large enough V). This verifies the bound in (5.92).

For (5.93). appealing to the moment formula for the increment of QMF from (5.73) and the

convergence from (5.77) we have

lim E{(QN(t,oé) - QN(S,@)’“] (5.97)

N—o0

40’2 K i[/ t_) b ; 2j—1 25
:k!( ) E @k[/ e -2 Fk S(UALY™ =V (t))], (5.98)
1 _ 40_2 B Ak(&t) jznl t; 0 J

where Ek(f) is defined in (5.78). The rest of the proof is analogous to the proof of [71, Eq. (5.43)].
[

Recall the martingale field My from (5.63). The next estimate will obtain a L” bound on its
optional quadratic variation from (5.65), which will be the main tool in obtaining tightness for the

field (5.3).

Proposition 5.5.5 (Optional quadratic variation bound). Fix p > 1. For all s,t € N~'Z~( and all
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¢ € CX(R) we have that
E[|[Mx(6)]: — [Mu(9)]s|"]" < Cllp)1 2|t — s]V/2. (5.99)

Here C' is independent of N, ¢, s, t.

Proof. The main idea of the proof will be to split the quadratic variation [My(¢)| into a “pre-
dictable part" (denoted Ay below) which is easy to control, and a “discontinuity part" (denoted
By below) which we expect to vanish as N — co. Then we bound each of these separately.

It suffices to prove the claim when p = 2k for some positive integer k. Letting ny(r, x) =

1 — 2w, ,\ y-1/4,, recall from (5.64) that for t € N~'Z>, :

MN<t7 ¢) = Z Z (qub) (N_1/2$)Z]u\)7<7‘, x)nN(Ta J,’)

r=0 zeZ—rN—1/4

where (Vy¢)(2) := (1 — py)p(x — N~V2) — pnép(x + N~1/2). A first-order Taylor expansion of

¢ yields that ||V n || @) < ||¢]|c1 N~V4. Then for t € N~'Zs( we have that

(My(t+ N7 ¢) — My(t,0)* = An(Nt, ¢) + By (Nt, ¢).

where
An(r o)== > (Vo) (N"V22)* Z8(r,x) Py (r, 2)%,
x€Z—rN—1/4
By(r,¢) == > (Vno)(NV22) (Vo) (NV2y) Z5 (r, ) Z3 (r, y)nw (r, 2)nn (r, y).
zycl—rN—1/4
zHY

We will separately obtain bounds of the desired form for both Ay and By. Using the fact that

2

nn(r,z)? < 1 deterministically, and using the definition (5.68) of (), we obtain the pathwise

bound
Nt
> An(r.0) < o72¢)2n (Qu(t. 1) — Qu(s, 1))

r=Ns
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In particular, by (5.92) we see that
Nt 2k \ o o .
E|( > An(r,¢) < ||l E[(@n(t, 1) — Qn(s, 1)) < Cll||Zift — s[*.  (5.100)
r=Ns

Now let us bound the moments of By . Note that

4

4
(Bu(r,6))? < Nluqﬁuél(zzw x)) S N (=i [ TR | o

Taking the annealed expectation of a product of By’s we get

k

4
H (EUJ [CN,Nflrj,Nfl/Q(R(rj)—Nfl/“rj)]) ] . (5101)

Jj=1

E

k
[ B, ¢)2] < NHélci - E
j=1

By Holder’s inequality the right-hand side of the above equation is less than
k 4k 1/k
N~ lglle H (ERWVMM {H CN,N1Tj,N_1/2(Ri(rj)—N—1/4rj):| ) - (5.102)
j=1 i=1

Using the same arguments as in the proof of Proposition 5.5.4, the above expectation can be
bounded uniformly over r;’s in [0, Nt|. Using the fact that E[By(r, ¢)|F ;] = 0, we then ob-

tain from Burkholder-Davis-Gundy that

(o) <ol £ )]

r=Ns r=Ns

B, 6)? - --BN<rk,¢>>2} < Clloll% |t — sl

This gives the desired claim after combining this bound with the other bound (5.100) for Ay (7, ¢).

]
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5.6 Tightness and identification of limit points

Throughout this section, we are going to fix a terminal time 7" > 0. To prove Theorem 5.1.1

we need to introduce a number of preliminaries.

Definition 5.6.1. Recall the lattice A\ from (5.57) and define its rescaled version
Uyr = {(t,z) e R*: (Nt, N'?z) € Ay, 0<t<T}

Definition 5.6.2. For (s,y) € Ay define py(s,y) to be the transition density at time s and position
y of a random walker on Ay with increment distribution given by going from 0 to —1+ N~'/* with
probability py (as defined in (5.7)), and from 0 to 1 + N~Y* with probability 1 — py.

Define linear operators Dy, Ly, Ky on 8'(R?) by

Dy f(t,x) = N[f(t + N1 2)— f(t,:c)},
Lyf(t,x) = N[f(t+ N7\ x = N7 — (pnf(t,x — N7V 4 (1 — pn) f(t,x + N7V2))],

Knf(t,z):= N1 Z pN(Ns,N1/2y)f(t—s,x—y).

(s:¥)€EY N T 41
These equalities should be understood by integration against smooth functions ¢ € S(R?).

The sum defining K f is well defined because it is actually a finite sum, as py is finitely
supported for bounded time intervals. Intuitively it is clear that L is a diffusively rescaled version
of the discrete heat operator £, from Section 5.4, but which acts on tempered distributions rather
than functions on A . Indeed if ¢ € S(IR?) then a second-order Taylor expansion shows that Ly
converges in S(R?) as N — oo to (9, — 382) f, i.e., L approaches the continuum heat operator.

Then K is the inverse operator to Ly, in the following sense.

Lemma 5.6.3. LyKyf = KyLyf = f whenever f is a tempered distribution supported on

[a,b] x Rwithb—a < T + 1.
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Proof. Note that for each N the operators Ky, Ly are continuous on S’'(R?), since they are finite
linear combinations of translation operators. Therefore it suffices to prove the claim for all smooth
functions f that have compact support contained in (a, b) X R, since these are dense in the subset
of distributions supported on [a, b] x R, with respect to the topology of S’(IR?). The smooth claim
is true by direct calculations since py (s, y) is the kernel for the inverse operator to the discrete heat

operator Ly introduced in Section 5.4. U

Definition 5.6.4. With the fields My and Q) as defined in (5.63) and (5.68) respectively, we will
associate random elements of C([0,T + 1], S'(R)) by the formulas My(t, ¢) = 0 for t € [0, N~1]

and

My(t,¢) == My(t — N71,¢) — My(0,4), t€ N'Zs,.

Qn(t,d) = Qn(t,¢), te N Zs.

for ¢ € S(R). We define these fields by linear interpolation fort ¢ N 7.

For any T, note that C'([0,7],S'(R)) embeds naturally into the linear subspace of S’(R?)
consisting of distributions supported on [0, 7] x R, thus we can make sense of Dy f, Ly f, Kn f

forall f € C([0,T],S’(R)), and these will be elements of S’(R?) in general.

Definition 5.6.5. We will say that two tempered distributions f, g € S'(R?) agree on [0, T) if there

exists ¢ > 0 such that (f,v) = (g, @) for all ¢ supported on |—¢,T + €| x R.

Definition 5.6.6. Sample the environment w and then define a collection of coefficients ay(s,y)

with (s,y) € Ay as an(0,y) = Lyy—oy and for s > 1,
an(s,y) = woopn(s =1,y =1 = N7V 4 (1 —wop)pn(s — Ly +1 - N4
Then define the distribution py € C([0,T + 1], S’ (R)) fort € N~'Z>q by

pu(t, ) =N""" > an(Nt,N'?y)s,

y:(tLy)EVY N T+1
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and linearly interpolated for t ¢ N~'Z.

Although its definition is tedious, py admits the following simple description: it agrees with the
density field % from (5.3) on the time interval [0, N!], and it is a linearly interpolated solution
of the discrete heat equation £yay = 0 at all positive times in N ~'Zx,. The purpose of this will
be to make certain technical details work later. Since p behaves deterministically after time N1,

its scaling limit will simply be the continuum heat kernel.

Lemma 5.6.7. Let M, ~ be as defined above. Furthermore, let %y be as defined in (5.3). Restrict
Uy to [0,T] thus viewed as an element of C([0,T],S'(R)). Then Ly(%y — pn) agrees with

DN]\//TN on [0, T]. Consequently %y agrees with py + KNDN]\//TN on [0,T].

Proof. Note that %y —py and ]\/ZN both vanish on [0, N '], consequently DN]/W\N(O, ¢) = Ly(Un—
pn)(0,¢) = 0 for all € C>°(R). On the other hand, Lypy(t,-) = 0 fort € N~'Zs with ¢t > 0,
consequently Ly (%n — pn)(t, ¢) = Ln%n(t, ¢) for such .

Recall vy defined in (5.60). Then it is clear from (5.63) that

DyMny(t, ¢) = N[My(t,¢) — My(t — N7, ¢)] = ( Y. Now(Nt,N'?2)5, ¢>,
z:(tx)e¥ N T
forallt € N~'Z>; and ¢ € S(R). Now, with Z%, defined in (5.59) we have that for t € N~Z
we have

Un(t,)= > Z{(Nt,N'2z)s,.

z:(t,x) eV N, T
With Lx as defined in Section 5.4, it is then clear that for ¢t € N ‘1Z20 the expression for

L%y (t, ) can be written as

N Y (LNZZ)(NtN'Yz)s, =N > on(Nt,N'x)6,,

z:(tvz)e‘llN,T $Z(t,x)E\IfN?T

which is the same as the expression for Dy My (¢, ¢). Since linear operators respect linear inter-

polation, and since all of the fields %y, D N]\/Z ~N, Py are defined via linear interpolation, we have
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Ln(%y — pn) = DMy fort ¢ N='Zsq as well.

Finally, if we view the restriction of DyMy to [0, 7] as an element of S’(R?) supported
on [0,7] x R, then we can apply Ky to both sides and we obtain that (Zy — pn)(t,") =
KnDyMy(t,-) forall t € [0, 7] by Lemma 5.6.3. O

5.6.1 Weighted Holder spaces and Schauder estimates

We now introduce various natural topologies for our field %y and its limit points. We then
discuss how the heat flow affects these topologies and record Kolmogorov-type lemmas that will
be key in showing tightness under these topologies. We begin by recalling many familiar and
useful spaces of continuous and differentiable functions that have natural metric structures. For
d > 1, we denote by C>°(R?) the space of all compactly supported smooth functions on R?. For a

smooth function on R¢, we define its C" norm as

I fller == sup [Df(x)] (5.103)

d
a xeR

where the sum is over all @ € Z<, with " a; < rand DY := 921 - - - 93¢ denotes the mixed partial

derivative.

We now recall the definition of weighted Holder spaces from [227, Definitions 2.2 and 2.3].
For the remainder of this paper, we shall work with elliptic and parabolic weighted Holder spaces

with polynomial weight function
w(z) == (14 22)7 (5.104)

for some fixed 7 > 1. We introduce these weights because weighted spaces will be more conve-
nient to obtain tightness estimates. Since the solution of (5.4) started from Dirac initial condition is
known to be globally bounded away from (0, 0), we expect that it is possible to remove the weights
throughout this section, but this would require more precise moment estimates than the ones we

derived in previous sections, which take into account spatial decay of the fields.
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Definition 5.6.8 (Elliptic Holder spaces). For o € (0, 1) we define the space C*7(R) to be the

completion of C°(R) with respect to the norm given by

F@ o 1@~ )

||f”ca,‘r R = Sup + .
®) z€R U}(ZE) lz—y|<1 w(x)]x - y’a

For a < O we let r = —| ] and we define C*" (R) to be the closure of C2°(R) with respect to the
norm given by

, 57
[l cor®) == sup sup sup M
2€R Ae(0,1] 9€B,  W(T)A

where the scaling operators S, are defined by

Sao(y) = A oA Nz — ), (5.105)

and where B, is the set of all smooth functions of C" norm less than 1 with support contained in

the unit ball of R.

Definition 5.6.9 (Function spaces). Let C*"(R) be as in Definition 5.6.8. We define C'([0,T], C*"(R))

to be the space of continuous maps g : [0, T| — C*"(R), equipped with the norm

lglleqom.cor @)y == sup [|g(t)]|cor ).
te[0,7

Here and henceforth we will define W, ;) := [a, ] x R and we will define Wy := Wy 7.

So far we have used ¢, ¢ for test functions on R. To make the distinction clear between test
functions on R and R?, we shall use variant Greek letters such as ¢, 9, o for test functions on R2.
In some instances, we will explicitly write (f, ¢)gr2 or (g, ¢)r When we want to be clear about the

space in which we are pairing.

Definition 5.6.10 (Parabolic Holder spaces). We define C°(Vr) to be the set of functions on
U that are restrictions to W of some function in C>°(R?) (in particular we do not impose that

elements of C2°(Vr) vanish at the boundaries of Ur).
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For o € (0, 1) we define the space C&" (V1) to be the completion of C2° (W) with respect to

the norm given by

1fllog(wry = sup +  sup :
YO e () ey 0@ (E— s[4 [z =yl
For a < O we let r = —| | and we define C&7 (V) to be the closure of C2° (V1) with respect to

the norm given by

Hf“ ‘= sup sup sup (f’ S()?\Zﬂﬁ)cp)L%\IfT)
et (t,x)e¥r AE(0,1] pEB, w(:c))\a

where the scaling operators are defined by
Sty @(s,y) = AN 2 (t = 5), Az —y)), (5.106)

and where B, is the set of all smooth functions of C" norm less than 1 with support contained in

the unit ball of R?.

An important property of both the parabolic and elliptic spaces is that one has a continuous
embedding C*7 < C#7 whenever 3 < «. In fact this embedding is compact, though we will not

use this. We also have the following embedding of function spaces inside parabolic spaces.

Lemma 5.6.11. For o« < 0,7 > 0 one has a continuous embedding C([0,T],C*7(R)) —
C7(Vr) given by identifying v = (v(t))cjo,r) With the tempered space-time distribution given
by
T
o) = [ (0(0). o(t))adr
0

The proof is straightforward from the definitions and is omitted.

Remark 5.6.12 (Derivatives of distributions). Let a < 0. By definition, any element f € C&7 (V)
admits an L*-pairing with any smooth function © : U1 — R of rapid decay, which we can write

as (f,¢)w,. Consequently there is a natural embedding C®™ (Vr) — S'(R?) which is defined by
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formally setting f to be zero outside of [0,T] x R. More rigorously, this means that the L?(R?)-
pairing of f with any ¢ € S(R?) is defined to be equal to (f, plv, ) v,

The image of this embedding consists of some specific collection of tempered distributions
that are necessarily supported on [0,T] x R. Consequently we can sensibly define 0;f and O, f
as elements of S'(R?) whenever [ € C®"(Ur). Explicitly these derivatives are defined by the

formulas

(affv (p)‘le = _(fa 8t§0)\1/T7 (8va (p)\PT = _(fv 8x90)\1’T

for all smooth ¢ : W — R of rapid decay. This convention on derivatives will be useful for
certain computations later. From the definitions, when o < 0 one can check that for such f one
necessarily has O;f € C*~%7(Ur) and 0, f € Co~ 17 (V).

The latter statement fails for « > 0. Indeed, by our convention of derivatives, 0,f may no
longer be a smooth function (or even a function) even if f € C°(Vr). This is because such an f
gets extended to all of R? by setting it to be zero outside V. In particular, if f does not vanish
on the boundary of Vr, then it may become a discontinuous function under our convention of
extension to R%. Due to these discontinuities, the distributional derivative O, f can be a tempered
distribution with singular parts along the boundaries (one may verify that O;f can be at best
an element of C-%7(Ur) for generic f € C°(Ur)). In our later computations, we never take

derivatives of functions in C27 (V) with a > 0.
We now discuss the smoothing effect of heat flow on these weighted Holder spaces.

Proposition 5.6.13 (Smoothing effect on elliptic spaces). For f € C>°(R) and t > 0 define
7f(a) = | ot =) o)y
Then for all o < B < 1, there exists C = C(a, 8,T) > 0 such that
1 f s @y < CE P92 £l gour (m)
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uniformly over f € C* and t € [0,T]. In particular, P; extends to a globally defined linear

operator on C*7(R) which maps boundedly into C*™(R).

A proof may be found in [227, Lemma 2.8] in the case of an exponential weight. The proof for

polynomial weights is identical.

For the parabolic Holder spaces, the following lemma states that the heat flow improves the

regularity by a factor of 2 and provides a Schauder-type estimate.

Proposition 5.6.14 (Schauder estimate). For f € C2°(Vr) let us define

Kf(t.z) = / p(t — s, — y) (5, y)dsdy, (5.107)

where p is the standard heat kernel for t > 0,z € R and p(t,z) := 0 for t < 0. Then for all

a < =1 with a ¢ Z there exists C = C(«) > 0 independent of f such that

1K fllgorar gy < C- I flloem -

In particular K extends to a globally defined linear operator on C&" (V1) that maps boundedly

into C&T27(Wr). Furthermore, if f € C*7(Ur), then K(9, — 302)f = f.

We remark that the last statement is only true because of our convention on distributional
derivatives that we have explained in Remark 5.6.12. Without that convention, that statement

would be false even for a smooth function f that does not vanish on the line {t = 0}.
Proof. See [71, Proposition 6.6]. L]

Corollary 5.6.15. Define J : C*7(R) — C&™(Vr) by

Jf(t7x) = (f,p(t,f - '))]R’
J is a bounded linear operator for any o < 1 and any 7 > 0. Consider the operator P = Jo,
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with P, defined in Proposition 5.6.13. By the semigroup property of the heat kernel, we have that
Pf(t,x) = (Jf)(t+s,z). (5.108)
Furthermore, the operators satisfy
12l g gy < C - 772 flloar ), (5.109)

where C = C(a, 3,T) > 0 is independent of t and f.

Proof. The first part follows by using the Schauder estimate in Proposition 5.6.14, noting that
Jf = K(6 ® f) where for f € C*"(R) the latter distribution is defined by (dy ® f, )2 =
(f,(0,-))g. Directly from the definitions one can check that f — Jy ® f is bounded from

C*™(R) — C2~27(Uy). Finally, (5.109) follows from Proposition 5.6.13. O
We next define a space-time distribution that is supported on a single temporal cross-section:

Definition 5.6.16. Ler o« < 0. Given some f € C*"(R) and b € [0,T] we define 6, ® f €

Co=27(Ur) by the formula (6, @ f, o)z := (f, (b, "))r-

Directly from the definitions of the scaling operators in (5.105) and (5.106), it is clear that for
fixed b € [0, T}, the linear map f + &, ® f is bounded from C*"(R) — C*~27(¥7) as long as
a < 0.Itis also clear that 0, ® f is necessarily supported on the line {0} x R. The following lemma
shows that under mild conditions, 67 ® f vanishes upon the action of the heat flow K defined in
(5.107).

We end this subsection by recording a Kolmogorov-type lemma for the function spaces and
parabolic Holder spaces introduced at the beginning of this subsection. It will be crucial in proving

tightness in those respective spaces.

Lemma 5.6.17 (Kolmogorov lemma). Let L?(Q), F,P) be the space of all random variables de-

fined on a probability space (2, F,IP) with finite second moment. We have the following:
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(a) (Function space) Let (t, ) — V (t,¢) be a map from [0, T] x S(R) into L*(Q2, F,P) which is
linear and continuous in ¢. Fix a non-negative integer r. Assume there exists some k > 0,p >

1/kand o < —r and C = C(k, a,, p, T)) > 0 such that one has

E[|[V(t, S2¢)[P1VP < CA?,

E[|V(t,S00) — V(s, S2)[P]/P < CXO"|t — 5",

uniformly over all smooth functions ¢ on R supported on the unit ball of R with ||¢||cr < 1,
and uniformly over A € (0,1] and 0 < s,t < T. Then for any T > 1 and any f < o — & there

exists a random variable (¥ (t)) taking values in C([0,T], CP7(R)) such that (V¥ (t), ¢) =

te[0,7

V(t, ¢) almost surely for all ¢ and t. Furthermore, one has that

B 712,011,000 )] < €

where C' depends on the choice of a, 3, p, k, and the constant C appearing in the moment bound

above but not on V, ), F, P.

(b) (Parabolic Hélder Space) Let o — V () be a bounded linear map from S(R?) to L*(Q), F, P).
Assume V() = 0 for all ¢ with support contained in the complement of V. Recall Sé’x)
from (5.106). Fix a non-negative integer r. Assume there exists some p > 1 and o« < 0 and

C = C(a, p) > 0 such that one has
E[[V(SGne)l]/r < Ca7,

uniformly over all smooth functions @ on R? supported on the unit ball of R? with ||¢||c- < 1,
and uniformly over A € (0,1] and (t,z) € VUr. Then for any T > 1 and any f < o — 3/p there

exists a random variable 'V taking values in C?" (V) such that (V' ,p) = V() almost surely
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for all . Furthermore one has that

E[[|77]¢ ]<C,

cPT(wr)

where C' depends on the choice of «, p, and the constant C appearing in the moment bound

above but not on 'V, ), F, P.

A proof of the above results may be adapted from the proof of Lemma 9 in Section 5 of [228].
We remark that we do not actually need uniformity over a large class of test functions as we have
written above, just a single well-chosen test function would suffice (e.g. the Littlewood-Paley

blocks as used in [228] or the Daubechies wavelets in [227]).

5.6.2 Tightness

Here we will prove tightness of the rescaled field from (5.3).

Lemma 5.6.18. Fix o < 0,7 > 0. Let Ky, Dy be the operators from Definition 5.6.2. Recall the
function spaces from Definition 5.6.9, and let X" denote the closed linear subspace of C([0,T +
1], C*7(R)) consisting of those paths v = (v(t))sepo,r+1) such that v(t) = 0 for all t € [0, N'].

Then we have the operator norm bound

su K _D o, T o, T < OQ.
szlH N NHXN —C([0,T],C*7 (R))

Proof. Note that v(t) = 0 for ¢ € [0, N!] ensures that Dyv is actually a continuous path taking

values in C([0,T + 1 — N~!,C*"(R)), consequently so is KyDyv. Let us now define four
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families of linear operators on S’'(R), indexed by N. For f € §'(R) and s € N~'Z let

Py(s)f(z):= > pn(Ns,N'y)f(x—y),

yeN—1/27—N3/4g
onf(x) = N(Px(N') = I)f(x)
= Npnf(e+N72 = N71) + (1 — py) f(x = N7z = N71) — f(x)]
Onf(a) = Nlpnfle = N2 4 N7 4 (1= py) fz + N7TV2 4 N7 — f(a)],

Py(s)f(@) = (T+ NT03) " f )= 30 pv(Ns, NV3y)f(a+y).
yeEN—1/22—N3/4s
Then for f € S’(R) each of the four expressions Py (s)f,dn f, o5 f, Px(s)f also make sense as
elements of S’'(R). Note that y and &%, both of which approximate the spatial Laplacian 9?2, are
adjoint to each other on L?*(R). Therefore Py and P} are also adjoint to each other. Now let
v = (v(t))icpo,r+1) € Xy For ¢ € C°(R) and ¢ € [0, 77, if we apply summation by parts and

use the fact that v vanishes on [0, N~!] we can write

(KnDyv(t),¢) = (N-l Z NPy(t—s)[v(s+N~") —uv(s)] , d))

s€[0,t]N(N~1Z>0)

- (v(t—i—Nl) -0+ Z [PN(t—s) —PN(t—s—Nfl)] (v(s)) , gb)

s€[0,t]N(N—1Z>¢)

— N D Pyl s — N De(s),6)

SG[O,ﬂﬂ(N71ZZO)

Y. (w(s), Pyl —s = N7oye).

s€[0,tjN(N~1Z>0)

=(WEt+ N1, 0)+

Here we are using the L?(R)-pairing between distributions and smooth functions. By the def-
inition of the function spaces (Definition 5.6.9), we must replace ¢ by S2¢ (where the scaling
operators are given in Definition 5.6.8) in the last expression and then study the growth as \ be-
comes close to 0.

The first term on the right side is completely straightforward to deal with: the growth is at worst
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A*(1 4 22)™ uniformly over A, ¢, z, T, since we assumed v € C([0,T], C*"(R)). To deal with the

second term, we claim that one has
[(v(s), P (t —s — N"H)oRS20)| S (W2 A (E— )2 1) (1 +27) (5.110)

uniformly over s < ¢t € [0,77], as well as A, ¢, z, N and v with |[v||c(o,r+1),cerr)) < 1. Indeed
the bound of the form \*~2 follows by noting that when ¢ — s is much smaller than \, Py (t — s)
is essentially the identity operator, so we can effectively disregard the heat kernel and note that

6% S2¢ paired with v(s) satisfies a bound of order A*~2, uniformly over N by e.g. second-order

o
2

Taylor expansion. Likewise the bound of the form (¢t — s)2 ! is obtained by noting that when A
is very small compared to t — s, P} (t — s — N~1)8% S2¢ behaves like SY**¢, giving a bound of
order (v/t — s)*~2 after applying §% and pairing with v(s). This proves the bound (5.110).

Now the fact that || Ky Dyv|| can be controlled by ||v|| follows simply by noting that uniformly

over 0 < A2 <t < T one has

¢ t—\2 t
[oerne=sias= [ a-9iass [ At <)
0 0 t—\2

This implies the uniform bound on the operator norm of KD y. [
Proposition 5.6.19 (Tightness of all relevant processes). The following are true.

1. The fields My from Definition 5.6.4 may be realized as an element of C([0,T],C*7(R)) for

any a < —3 and T > 1. Moreover, they are tight with respect to that topology.

2. Thefields Uy from (5.3) may be realized as an element of as an element of C(]0,T], C*"(R))

forany o < —3 and T > 1. Moreover, they are tight with respect to that topology.

3. The fields Qx from Definition 5.6.4 may be realized as an element of C ([0,T],C*""(R)) for

any v < —1 and 7 > 1. Moreover, they are tight with respect to that topology.
4. Leta < —3,7 < —1,andT > 1. Let (M, Q>,U) be ajointlimitpointof(]\/f\]v, @N, UN)
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inC([0,T],C¥"(R)xC?V"(R)xC*7(R)). Forall ¢ € C°(R) the process (M°($))ic(o,r] is

a continuous martingale with respect to the canonical filtration on that space, and moreover
(M (0))e = Q7 (6%). (5.111)

Proof. Take any ¢ € C'°(R) with ||¢]|~ < 1. Recall S(Am) from (5.106). Using the first bound in

Proposition 5.5.4, we have
E[(Qn(t, Sp0) — Qn(s, Sad))¥] < Clt — s|*/2A7F,

uniformly over z € R, A € (0,1],0 < s,¢ < T with s,t € N~'Zs,. Since Qn(0,¢) = 0
by definition, the assumptions of Lemma 5.6.17 (a) are therefore satisfied for any x < 1/4, any
p > 1/k, and any o < —1, and we conclude the desired tightness for @ ~ = Q. This proves Item
(3).

Now we address the tightness of the M, ~. Using the Burkholder-Davis-Gundy inequality and

then Proposition 5.5.5, we have that

1/8
B <t — )" o)l

(5.112)

E[(My(t,¢) = Mx(5,0))"]"* < C-E[(M(9)): — [Mx(@)].)) ]
where ¢ € C2°(R), C = C(k) > 0is free of ¢, s,t, N. This gives
El(Mx(t, S26) — My(s, 526))]'/* < O(t — )12~

uniformly over z € R, A € (0,1],0 < s,t < T, and ¢ € C*(R) with ||¢]|c: < 1 with support
contained in the unit interval. Moreover M, ~(0,¢) = 0 by definition, therefore the assumptions of
Lemma 5.6.17 (a) are satisfied with x = 1/4, p = 8 > 1/k, and any v < —2. Hence, we conclude
the desired tightness for M, ~. This proves Item (7).

Now tightness for the fields %y is immediate from Lemma 5.6.18, since we know from Lemma
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5.6.7 that Zn = py + KNDN]/W\N where we view Ky Dy as a bounded operator from X" —
C([0,T],C*™(R)) and the convergence of p in this topology is straightforward to deal with. This
proves Item (2).

We next show that the limit point M>°(¢) is a martingale indexed by t € N~'Zs,. Since
Mny(0,¢) = 0, from (5.112), we see that sup y E[My (¢, ¢)?*] < oo. Thus M>°(¢) is a martingale
since martingality is preserved by limit points under the uniform integrability assumption. Conti-
nuity is guaranteed by the definition of the spaces in which we proved tightness. In the prelimit we

know from (5.67) that
My(t,6)* = (2py = D*VN)Qu(t,¢%) — En(t, )

is a martingale indexed by t € N *1220, where the error term £y is defined in (5.69) and satisfies
the bound (5.70). Note that ((2px — 1)>V/N) — 1 as N — oo. By (5.70) and tightness estimates
(5.92) of @, it follows that Ex(t, ¢) vanishes in probability in the topology of C0, 7], so we
conclude (again by uniform LP boundedness guaranteed by Proposition 5.5.4) that M?°(¢)? —

Q3°(¢?) is a martingale. This verifies (5.111) completing the proof of Item (4). O

Lemma 5.6.20 (Controlling the difference between the discrete and continuum heat operators).
Fix a < 0,7 > 1. Let Ky be as in Definition 5.6.2, and let K be as in (5.107). Then we have the
operator norm bound

~1/4
1K N = Kl o gy scetmugy < N7V
Here C'is independent of N.

The above bound is crude, we do not claim optimality of the Holder exponents here.

Proof. Define f)(t,z) := (f, S(’\m)go)Lz(q,T). It suffices to show that

(Ky — K)f(t,2)|
sup sup sup sup

<CNTMY,
1l () ST (6:2) €W AE[(0,1] 9EB: (14 z%)7 At
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where the scaling operators are defined by [} ,)¢(s,y) = A p(A2(t — ), A"'(z — y)), and

(t,x

where B, is the set of all smooth functions of C" norm less than 1 with support contained in the

unit ball of R?. We shall use a probabilistic interpretation of the kernels to prove this. Note that

(Kn = K)f3(t,2) = Y. Elf(t—sa—Wy(s)] - /0 E[f3(t = 5,2 = W(s))lds,

s€[0,HN(N—1Z30)

2]~

where Wy (s) = N™Y/2Ry(Ns) for the discrete-time random walk (Ry(7)),>o with increment
distribution described in Definition 5.6.2, and W is a standard Brownian motion. Define Wy (s)
by linear interpolation for s ¢ N~1Z,.

By the KMT coupling [250], we may assume that Wy and W are all coupled onto the same
probability space so that sup,c(o 71 |Wn(s) — W(s)| < GN~'/* where G is a random variable on
that same probability space independent of N such that E|G|? < oo for all p. Note that —1/4
is the optimal exponent here because, despite KMT giving a better exponent in principle, the
increments of the original random walk Ry are not centered but rather they have a non-zero mean
of order N~%/%. Consequently, by the definition of the parabolic spaces, we have uniformly over

s,t € [0,T] the bound

ot = 5,2 = Wi(s)) = f(t = 5,0 = W(s))]

] (“E [~lal=w () o 10:fo (8 — S’U)|) Wi (s) = W(s)|

Wi (s)], 2l +W ()| W (s)]]

< (Wllopr om0 2% 4 AW (s + 4V (5)) ) -GN

Here the factor || f||cer(g,9A*"" can be deduced using e.g. Remark 5.6.12 which says that 9,
boundedly reduces the parabolic regularity by 1 exponent. We also used the fact that (|z| + |y| +
12])? < 4a? + 4y + 422

We claim that

E|G - (1442 +4W(s)? + 4(Wn(s))?)7| < C(1 +27)
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for a constant C' = C'(a, T, 7) independent of N, z, s. To prove this, one uses (a + b+ c+ d)” <
47(a” 4+ b" 4 ¢™ 4 d7), then one notes that supy E|G - sup,.,(|W(s)[*" 4 |[Wx(s)|*7)| < oo by
e.g. Cauchy-Schwartz.

Consequently the above expression for (Ky — K) f)(t, x) can be bounded in absolute value by

a universal constant times | f| e () A N7/, u

Lemma 5.6.21 (Controlling the difference between the discrete and continuum time-derivatives).
Fix a < 0,7 > 1. The derivative operator 0, : C*™(Ur) — C>~27(Ur) which was defined in
Remark 5.6.12, is a bounded linear map. Furthermore, let Dy be as in Definition 5.6.2. Then we
have the operator norm bounds

5

]SVUZP1 HDN‘|C’?’T(\I/T)—>C'Q_2’T(‘I/T) < 00

Lo
1Dy = Osllcerwrysco-trwny < 5N g
Proof. The proof that J; is bounded is straightforward from the definitions of the spaces. Note that
(Dnf, ) = (f, Dyy) where Dyo(t,z) = N [p(t, z) —p(t—N', z)]. Recall S(’\t’x) from (5.106).
From the definition of the space C'“"(IR) one verifies directly that if v € C([0, 7], C*"(R)) with

norm less than or equal to 1, then for N > A\~! one has

T s+A2
| (DaSe e Nla < @ ey [ artar s @y
0 s

7A2

uniformly over (s,y) € Uy and ¢ € C°(R?) supported on the unit ball of R? with ||p[/cr <
1 where r = [—a]. Here the bound of order A>~* may be deduced by writing Dyo(t,z) =
N ftt_ ~—1 0s(s,y)ds, interchanging the two integrals, and noting that 85(5?%)90) (t,-) satisfy such
a bound. This proves the first operator norm bound.

Now we prove the second bound. Define f)(t, x) := (f, S}, ,)9)r2(wy)- It suffices to show that

(D — 05) f5(t, @)
sup sup  sup sup

2 —4
1o (g ST (6,2)E V7 AE(O,1] 9E By (1+22)7\
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where the scaling operators are defined by S(); 2 P(5,9) = APp(A3(t — ), A7 (z — y)), and
where B, is the set of all smooth functions of C" norm less than 1 with support contained in the

unit ball of R?. Note that

(D — ) F(t,2)| = \N(f@(t N L) - Pe) - 0 (na)

t+N~1
= ’N/ (8sf2(u,x) —8Sf;‘(t,x))du

t+N—1
1.
< N/t 102 F 211 Lo (2 N1 x g |t — wldu < §N HIO2 211 Lo (et N—1)x ()

From the definitions one has [|02 f) || oo (a4 n—1)x o}y < (1 +22) "X flloom wp- O

Since we expect to obtain a Dirac initial data in the limiting SPDE, there is an additional
singularity at the origin that we have not yet taken into account. To fix this issue, we now formulate
a tightness result taking into account this singularity, by starting the field (5.3) from some positive

time ¢ (which should be thought of as being close to 0).

Proposition 5.6.22 (Regularity of limit points). Fix ¢ > 0, and consider the fields Uy (t,-) =
Un(t+e, ), fort > 0. Set Un(t,-) := 0fort < 0. The fields %x . may be realized as random
variables taking values in C([0,T], C*"(R)) for any T > 1 and o < —3. Furthermore, they are
tight with respect to that topology, and any limit point is necessarily supported on Cs w1/ 2’7(\IIT)

for any k > 0.

Proof. We already know from Item (2) of Proposition 5.6.19 that the %y are tightin C'([0, T], C*"(R)).
We also know from Item (1) of Proposition 5.6.19 that My are tight in (0, T + 1],C*"(R)),
which is embeds continuously into C&7(Wr) by Lemma 5.6.11. Thus using the first bound in
Lemma 5.6.21, we have that DN]\/ZN are tight in C2~2(Ur).

Consider any joint limit point (U, .# ) as N — oo of the pair (%, D N M, ) in the product

space C([0,T],C*™(R)) x Co~%7(¥r). By Lemmas 5.6.7 and 5.6.20 we may conclude that

U™ =p+ KM, (5.113)
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where p(t,x) = (2mt)~"/2e="*/?!1 ;54 is the (deterministic) standard heat kernel, and K is the
operator defined in (5.107).

Fix ¢ > 0. Now we consider the e-translates of these statements. It is automatic from Item
(2) of Proposition 5.6.19 that %y . are tight in C([0,7],C*"(R)). Likewise, it is automatic
from Item (1) that the family ]\//TME = ]\/ZN(g + +) is tight in C([0,7],C*7(R)) so that from
Lemma 5.6.21 we see that DN]\//_T N are tight in C@~27(Ur). Let us now take a joint limit point
(U, >, U=, . *>F) of the family (Zy, DN]\/ZN, UN , DN]/W\N,E). On one hand we necessar-
ily have U>¢(t) = U*°(t + ¢) and on the other hand we necessarily have that U>* = p + K.#Z*.

From the last statement in Proposition 5.6.14, this then forces the relation
U =K(6o@U™(e,-)) + K",

where the tensor product was defined in Definition 5.6.16. Now we notice K (dy @ U*®(e,-)) =

J (U (e, )) , where J is defined in Corollary 5.6.15. We thus have the Duhamel equation
U™ = J(U®(e,")) + K™ (5.114)

For technical reasons that will be made clear below, we now replace € by ¢/2 and 7' by T'+ 1. We

now claim that for all ¢ > 0

B[l ypory, ] < 00, (5.115)

(Tr41)

Let us now complete the proof of regularity assuming (5.115).

» Using (5.115) and Proposition 5.6.14, it follows that
00,e/2 (|4
E ||K% HCS_K+1/27T(\IIT+1) < oo

This implies that the restriction of K.#°</? to [¢/2, T+¢/2] xR lies in C AT (Vie/2,142/2])-
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e Let b := % (g/2,-). By Proposition 5.6.19 Item (2) we have h € C~*7%7 almost surely. So
from (5.109) with @ :== —2 — x and § := L — k, it follows that 2. oh € Cy /7 (U, ;)
almost surely. Since from (5.108), we know Jh(t + ¢/2,x) = SAPE/Qh(t, x), we thus have that

the restriction of Jh to [¢/2,T + ¢/2] x R lies in C;H+1/27T(\P[5/27T+5/2]).

Thanks to the above two bullet points and the relation (5.114), we have showed that the restriction
of U#/2 to [¢/2,T + /2] x R lies in C;H+1/27T(\I][5/27T+€/2]). This is equivalent to the fact that

U< lies in C; "™/ T (). This completes the proof modulo (5.115).

Proof of (5.115). We shall show (5.115) with £/2 and T' + 1 replaced by ¢ and T respectively. For
a < 0, the derivative operator 9, : C([0, T, C*7(R)) — C2~27 (W) which is defined by sending

(V¢)tefo,) to the distribution

(00, 9) 3wy = vr (T, )) - / 0 Bup (8. ))dt — vo(0(0, ), (5.116)

whenever ¢ € C°(Ur), is a bounded linear map. Indeed this operator is just the composition
of the embedding map of Lemma 5.6.11 with the 05 operator which we proved was bounded in
Lemma 5.6.21.

Let ]\/4\]\;7E = ]\/ZN(g + ) — ]\/ZN(e) and Q\Nﬁ .= Qn(e + ) — Qn(e). Let us consider any
joint limit point (Q°¢, M=, .#/*><) of (Q ., My ., Dy My..) in the space C([0, T], C*"(R)) x
C([0,T],C*"(R)) x C*"%7(¥7), where v < —1. Then one may verify from the second bound in
Lemma 5.6.21 that one necessarily has .#°* = 9,M°<. Furthermore by Proposition 5.6.19 one
has martingality of M;*°(¢), with (M>¢(¢)) = Q> (¢?).

Let us consider any smooth function ¢ supported on the unit ball of R? such that ||¢||cr < 1.
Recall S(’\m) from (5.106), and notice that (8t5é’$)<p)2 <A1 2 a2 x e arn- We will now
estimate the ¢ moments of .# oo’E(S(Am)go) = 0.M Oo’e(Sé’z)gp). By making ¢ smaller and 7" larger
we may simply ignore the boundary terms in (5.116). Note that for fixed s, ¢, x, A the martingale

w > Mpo#(0,5}, (s, ) is constant outside of the interval [t — A?,¢ + A\*]. Thus we may apply
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the inequalities of Minkowski and then Burkholder-Davis-Gundy in (5.116) to obtain

E [ 7(S} a7 = E[[9, (S}, oy 1)

t+A? o N q11/q
</ B [| Mo (05}, 4yp(s, )| ] ds

—-A

t+A2 \ , \ ) q/271/q
<c, [ E[( < (0,5 0)2(5.7)) — Q5 (0 9) <s,->)) }
t

7)\2

a/271/q
< QCq)\_gE |:<Q:_T_’>E\2 (]]-[a:—)\,x—i-)\]) - QiiZ (:H-[x—)\,:t+)\])> :|

where C, > 0. For any 6 > 0, by the second bound in Proposition 5.5.4 we find that the last

expression may be bounded above by

)

2CA 3 (20 Y2 Lo ||1L/135(R) =Ox 7 [zt :

Given any x > 0, by making 6 = §(x) close to 0 and making ¢ = ¢(k) large enough, we may then

apply Lemma 5.6.17(b) to conclude (5.115). [

5.6.3 Identification of the limit points

In this subsection, we identify the limit points as the solution of the stochastic heat equation

(5.4) and thereby prove our weak convergence theorem: Theorem 5.1.1.

Lemma 5.6.23. Let i be a random variable in S'(R) such that for some smooth even (determinis-

tic) p € S(R) and some § > 0 one has

sup(1 A a'™*)E[(n, 62)*] < oo

a,e

lim sup E[(p1, ¢%)%] = 0, for all a € R\{0},

e—0

where ¢2(z) := e *¢(e7 (x — a)). Then (u,v) = 0 almost surely for all ) € S(R).

Proof. Define p(z) := u * ¢.(x) so that (u, %) = u°(a). Given some smooth ¢ : R — R of

418



compact support note that (u°, 1) — (u, 1) a.s. ase — 0. This is a purely deterministic statement.
Thus it suffices to show that (1°, 1) — 0 in probability. To prove that, suppose that the support of

1 is contained in [— S, S] and note by Cauchy-Schwarz that

(5 9)| =

[ r@iayda

1/2
< { / m<a>2da} .
[—S,S]

so that by taking expectation and applying Jensen we find

), 6)]) < [0l [ / Ema)ada] "

[—S,S]

Since by assumption E[;°(a)?] < Ca’~! and E[uf(a)?] — 0 as € — 0 the dominated convergence
theorem now gives the result by letting ¢ — 0 on the right side. This proves the claim for ) of
compact support. For general ¢ € S(R) we may find a sequence v,, — 1 in the topology of S(R),

with each 1),, compactly supported. Then 0 = (p, 9,,) — (1, %) a.s. as n — oo. O

Theorem 5.6.24 (Solving the martingale problem). Consider the triple of processes (%, My, Qn)i>0,
where Uy, My, and Q) n are defined in (5.3), (5.63), and (5.68) respectively. Fix a < —3,v7 < —1,

and T > 1. These triples are jointly tight in the space
C([0,7], C¥(R) x C""(R) x C*"(R)).

Consider any joint limit point (U™, M>,Q>). Then for any s > 0, the process (t,x) — U, (x)
is necessarily supported on the space Cy "/ *T(Uy). Furthermore, (M{®(¢))i=0 is a continuous

martingale for all ¢ € C°(R), and moreover for all 0 < s < t < T one has the almost sure
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identities

V(@) = ME¥(6) = [ (07 (0) = UF@ela)ds =5 [ [ U @) @dadu 6117
(M>()) = Q(¢) (5.118)
QR (9) — QT (o —1_402// (U(x))?p(z) du da. (5.119)

Before going into the proof, we remark that with some inspection it may be verified that all
quantities make sense given the spaces they lie in, as long as we choose k < 1/2 to ensure that

U™ is a continuous function in space-time away from ¢ = 0.

Proof. Most parts of the following theorem are already established in previous propositions and
lemmas. The tightness of the triple was shown in Proposition 5.6.19. Consider any limit point
(U, M Q). The fact that for any s > 0, the process (¢,z) — U>(s + t,z) is necessarily
supported on the space Cs w+1/ 2’T(\IJT) was proved in Proposition 5.6.22. From Proposition 5.6.19
we have that for all ¢ € C2°(R) the process (M (¢)):>o is a martingale. (5.118) is already proven

in Proposition 5.6.19 as (5.111). All we are left to show is (5.117) and (5.119).

Proof of (5.117). In (5.113) we obtained that U>* = p + K.#*° where (just as we observed after

(5.116)) one necessarily has .#Z> = 0,M>. By disregarding the boundary terms implies that
(0: M, ) = (0 — 502) U, ¢)

for all ¢ of compact support contained in [¢,7" — €] x R for some ¢ > 0. Since both M*° and
U= lie in spaces with strong enough topologies, taking ¢ (u, ) to approach the function (u, x)

1j54(u)¢(x) in the above equation leads to (5.117).

Proof of (5.119). Fix any 0 < ¢ < T and let ; be a S'(R) valued random variable defined as

(1, @) = Q(¢ 1_402// (U (2))2p(z) ds dz. (5.120)
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We claim that (i, ¢) = 0 a.s. for all ¢ € S(R). This will validate (5.119). To verify this, let
us define £%(z) := e ¢(e7 Yz — a)) with £(z) = #e_ﬂ. Using the “key estimate" (5.87) of
Proposition 5.5.3, one verifies that the assumptions of Lemma 5.6.23 hold for p with this family
of mollifiers.

To see why Lemma 5.6.23 is applicable, first note that for fixed ¢ € C°(R), the difference
between the sum appearing in (5.87) and integral over [0, ¢| of the same quantity tends to zero in
probability with respect to the topology of C|0, T'], since we proved tightness of %y in a topology
given by the norm of C'([0, 7], C*7(R)). Consequently that sum in (5.87) converges in law, jointly
with %, to the integral appearing in (5.120). Then an application of (5.87) and (5.88) shows that
(i, ) as defined by (5.120) satisfies the conditions of Lemma 5.6.23 for any 6 € (0,1), since

(5.88) gives a polylogarithmic bound which is less than Ca~? for arbitrary § > 0. This is enough

to complete the proof. [
We now complete the proof of our main theorem, Theorem 5.1.1.

Proof of Theorem 5.1.1. We continue with the notation and setup of Theorem 5.6.24. We have
already established the tightness of %y in Proposition 5.6.19. Consider any limit point U> of
%y . From the previous theorem, we already know that (¢, ) — U®_(x) is a continuous function
in space and time. From the three equations (5.117), (5.118), and (5.119) in Theorem 5.6.24 it
follows that the martingale problem for (5.4) is satisfied by any limit point U>°. We refer the
reader to [88, Proposition 4.11] for the characterization of the law of (5.4) as the solution to this
martingale problem.

The result there is only stated for continuous initial conditions, so what this really shows is that
for any € > 0 the law of the continuous field (¢, z) — U (t + ¢, x) is that of the solution of (5.4)
with initial condition U (e, -). Thus we still need to pin down the initial data as dy, by showing
that we can let ¢ — 0 and see that the limit of U™ (¢, -) is equal to dy in some sense.

In [229, Section 6] there is a general approach to do exactly this. Specifically, it suffices to
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show as in Lemma 6.6 of that paper the two bounds

E[|U ()" < C-t72p(t, ), (5.121)

E[|U(z) — p(t,z)|" ] < C-p(t, x), (5.122)

where r > 1 is arbitrary, p is the standard heat kernel, and C is independent of ¢t > 0 and = € R.
Clearly, it suffices to show this when r is an even integer. The solution of (5.4) with ¢, initial
condition certainly satisfies this bound, and by the moment convergence result in Section 5.3.1,
we know any limit point U™ must satisfy E[( [, U°(z)¢(z)dz)*] = E[( [ Uy(z)d(x)dx)¥] for
all k € Nand ¢ € C*(R), where (t,2) — U,(z) solves (5.4) with ¢, initial data. From here
we can conclude by letting ¢ — 6, that E[U®(x)*] = E[U;(z)*] for all k € N and all z € R.
Consequently, we may immediately deduce (5.121) and (5.122) by the corresponding bounds for

U;. This completes the proof. [

5.6.4 Creation of independent noise in the limit
In this subsection, we prove our independent noise result: Theorem 5.1.4.
Definition 5.6.25. Define fort € N~'Zsq and ¢ € C°(R) the field

Nt
Wy(t,¢) =N 3" g(NPayy(r, ) (5.123)

r=0 gcZ—rN-1/4

where ny (r, ) := 2w, o .n-1/s— 1, whenever r—(z+rN~'/*) is even, and ny (r, z) = 0 whenever

r — (x +rN~"V4) is odd. We also define Wy (t,¢) by linear interpolation whenever t ¢ N~'Z.

Recall the linear operator J, from Remark 5.6.12, which was shown to be bounded in Lemma

5.6.21. We prove the following version of Theorem 5.1.4.

Theorem 5.6.26. Fix « < —3,7 > 1. Then the pair (Wy, %y) is tight with respect to the topology
of C([0,T],C*™(R) x C*7(R)). Furthermore any joint limit point WW,U) is uniquely character-

ized as follows:
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1. If we define & = (20%)7Y20,WW € C~2(Uy) then &, is a standard space-time white noise.
2. U is the solution to the Ito SPDE given by

3204

OU = O’U + V8a? - U, +
1 — 402

-US,

where &5 is a standard space-time white noise independent of &;.

Note that W)y is simply a time-integrated and linearly interpolated version of the rescaled noise

field =y from (5.5). The above theorem readily implies Theorem 5.1.4.

Proof. We are going to consider the martingales Wy (t, ¢) as defined in (5.123), and we are going
to study the cross-variations with the martingales My (¢, ¢) from (5.63), both indexed by t €
N~Zs,.

First, let us note that if ¢ € C°(R) then the process Wy (¢, ¢) indexed by t € N~'Zs has

independent increments, where each increment has mean zero and has variance

40’2N73/2 Z ¢(N71/2x)21{r—x—rN*1/450 (mod 2)}+
z€Z—TN—1/4

From here (using BDG) the tightness of Wy in the space C'([0, T'], C*7(R)) will follow easily from
Lemma 5.6.17(a). Since martingality is preserved by limit points as long as uniform integrability
holds, one may verify that for any limit point WV, the processes W;(¢) and Wy(¢)* — 202||¢||3 .t
will be martingales in the canonical filtration of C'([0, 7], C*7(R)), for all p € C°(R). By Levy’s
criterion, YW must therefore be distributed as o+/2 times a standard cylindrical Wiener process over
L*(R), that is, a mean-zero Gaussian process such that E[W, (@)W, (¥)] = 202 (s A t)(¢, V) 12(r)-

Next, with the martingales My (¢) from (5.63), we note that the processes

My (t,0)Wn(t, @) — (Mn(d), Wn()):
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are martingales indexed by ¢ € N ~1Z-, where the predictable quadratic variation is defined by

(M (0), Wr(0)) = > E[(Mn(r,6) — My (r — 1,6))(Wy (1, ¢) — Wy (r — 1,6))|Fr_1]

Nt—1

=40°NNY " Y G(NTVPa) - (Vng)(NT2) - Z3(r, ).

r=0 z€Z—rN—1/4

(5.124)

We used (5.64) and the fact that the ny (7, z) are iid in the last equality.

Let us consider a joint limit point (W, .# ,U) of the triple (Wy, My, %y ) in the function space
C ([0, T], C"“(R)S) , where we recall that M, ~ 1s the interpolated version of My from Definition
5.6.4, and tightness of M, N, in this topology was proved in Proposition 5.6.19.

Since martingality is preserved by limit points as long as one has uniform integrability, we see
that .#(¢) and W;(¢) are martingales in the canonical filtration of the space C'([0, 7], C*"(R)?).
Recall from Section 5.4 that (V y¢)(N~'/%z) = N~/4¢(N~1/2z) + O(N~'/2). Thus by (5.124)
we see in the limit that

MD)W, (¢) — 40 /Otbls(<b2)ds (5.125)

is also a martingale with respect to the canonical filtration. Indeed the difference between the
sum in (5.124) and integral in (5.125) is easily controlled, since we proved tightness of %y in a
topology given by the norm of C'([0, 7], C*“7(R)). On the other hand, we know by Theorem 5.1.1
that U solves (5.4) for some driving noise £ which can be deterministically recovered from U by

the following argument. By (5.117) we have that

0) ~ A.0) = [ Uhta) ~U@)o()is 5 [ [ ) e)dadu

2 t
-\ / Uy (2)6(x)E(du, dz), (5.126)

where the latter is an Ito-Walsh stochastic integral against the noise (which a priori may be defined

on an enriched probability space), and the last equality is a standard result for the stochastic heat
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equation (5.4), see [11]. Now we may define

Bi(6) =\ or | o) ote). )

where the latter should be understood as an Ito-Walsh stochastic integral against the orthomartin-

gale ./, as defined in [11]. The above stochastic integral is well-defined by strict positivity of U
[9]. Then from Levy’s criterion, it is clear that B, is a standard cylindrical Wiener process (hence
can be realized in C'([0, 7], C*"(R)), such that one has 9,8 = ¢. Thus £ has been deterministically
recovered from U.

Define W, := (0v/2)~'W,, which is also a standard cylindrical Wiener process. Combining

(5.126) with the fact that (5.125) is a martingale, one sees that

Bi(@)Wi(¢) — (1 — 40°) ||| 7wt

is a martingale for all ¢ € C>°(R). By Levy’s criterion, this is enough to imply that (B;, W,) s> is a
Jjointly Gaussian process, such that both coordinates are standard cylindrical Wiener processes, and
furthermore E(W,($)B,(¢)] = (s At)(1 — 40%)/2||¢||%,. By elementary algebraic manipulations
of Gaussian variables, we may therefore write B = (1 — 40%)/2W + 20X where X = (X})i>0
is a standard cylindrical Wiener process independent of YV. Now the theorem is proved, setting

& =0, W and & = 0,X. n

With the theorem proved, we now discuss some different interpretations of the above result,

which will be more heuristic than rigorous.

The term 13_22; - &, appearing in the preceding theorem can be viewed as the contribution
which causes the chaos expansion method to fail in the introduction, as this term precisely contains
the L?-mass which escapes into the tails of the chaos expansion. Indeed one expects that this piece
which escapes will decouple and become independent of the remaining noise in the limit, just as

we see in Theorem 5.6.26.

Rather than “creation of independent noise," there is an alternative interpretation of the above
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theorem. In the proof we showed EW,(¢)Bs(¢)] = (s A t)(1 — 40%)/%(¢, ) 2()- Thus, an

equivalent way of formulating Theorem 5.6.26 is that &;, ¢ are jointly Gaussian such that

E[(£1,9) @) (& @) r2@2)] = (1— 406%) [0l 722,

where ¢ is the driving noise of I/ as in (5.4). The above equality strongly suggests that the rescaled
density field % from (5.3) has a tendency to concentrate on certain favored sites, such that macro-
scopically these favored sites have Lebesgue density 1 — 402 on average. In the limit, the noise ¢ is
generated by only the weight variables w; , from these favored sites, in other words, the memory of
only a proportion 1 — 402 of the weights is remembered in the limit. The concentration of the field
%\ inside these favored sites is the reason why we fail to see convergence in a space of continuous
functions.

Thus we see that heuristically, the three pathological phenomena that we have observed in this
paper all seem to be equivalent: the failure of the naive chaos expansion, the failure of Theorem
5.1.1 to be strengthened to a topology of continuous functions, and the creation of independent
noise in the limiting SPDE. It may be interesting to seek a more precise statement establishing a

rigorous correspondence between these phenomena.

5.7 Results for the quenched tail field

Definition 5.7.1. Fix a realization of the environment variables w, as in Theorem 5.1.1. Fort €

N~'Zsq and x € R we define the quenched tail field by
Fy(t,x) := NY4Cp,PY(R(Nt) > N3/ 4 NY2g).

The main result of this section will be that the family {log F'x} n>1 of space-time processes
converges to the KPZ equation, in the sense of finite-dimensional distributions of pointwise values

(t, ), thus confirming the physics prediction of [85, Section 4].
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Lemma 5.7.2. For sufficiently large N and for allt € N~'Zsq, z € R, we have
E[Fy(t,z)] < 4(mt)/.

Proof. Let P = P ) denote the law of a simple symmetric random walk on Z. One takes the

annealed expectation over the quenched expectation in the above definition of F'y to obtain

E[Fy(t, )] = NY4Cpn ., P(N"Y2(S(Nt) — N*/4t) > )
St N1/ N3/ N1/24

_ N1/4E[e N—Y4(S(Nt)-N3/4t—N1/2 )ﬂ{N—l/?(S(Nt)_N3/4t)Zz}]-
where P is a change of measure induced by the exponential martingale Cy ; g(n¢)—n3/4¢, Which
changes the annealed law of the increments of .S; from the usual symmetric law %((51 +6.9) to

N_1/451 + e*N_1/45_1). Denote the new expectation as E. To

the new law given by WM(G
prove the inequality, we let Dy (r, y) = P(S(r) — N="/4r = y). Note that under the tilted measure
P, the increments of the random walk have mean N~/4 + O(N~3/%). Then the local central limit

theorem implies that for sufficiently large /V,

sup  pn(r,y) < 2(mr) "2
yEZ—N—1/4p

Consequently by setting » = Nt we see that

N1/4E[€_N71/4(S(Nt)_N3/4t—N1/2x) ]l{Nfl/Q(S(Nt)_Nsmt)Zx}]

_ N1/4 Z Z/D\N(Nt, a)e_N—l/Al(a_Nl/Qx)

a>N1/2g
< 2(mNt)~V2NA Z o~ N4 (a-N1/2)
a>N1/2g
< (mt) VN4 Ze_Nﬂ/% _ 2<mf)_1/21]\7——_1]\/[4_1/47
b>0 —e

where the sums over a should be understood as being over a € Z — N~YANt with a > N2z,
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The last quotient is always bounded above by 2, thus proving the claim. O

Proposition 5.7.3. Fix m € N, and ¢1,...,¢m € C°(R). Consider sequences tyy,...,tnm €

N_lzzo such thatty; —t; > 0foralll <i<mas N — oo. Then

</¢z VEN(tn, @ dx) </<;5z WUy, (z dx) . (5.127)
i=1

Here (t,z) — Uy(x) is the solution of (5.4).

Proof. Fort € N~'Z let us define a family of measures on R given by

i i= NN Togeosh (NN pe (g N3 g NY2g) 6,
rEN—L/2Z—N1/4¢

Then we notice that Definition 5.7.1 is equivalent to
Fn(t ) = N1/46N1/4$MN,t[w7 00).
An application of Fubini’s theorem gives

/ NYAN" 0 [, 00)du = / Ny (du) + N [, 00).

—0o0

In the sense of distributions, it is clear that

FN<t,x>:ax[ / N1/4eN”4mN,t[u,oo>du}, eN1/4xuN,t<das>=ax{ / eN““uN,t(du)}

—00

Consequently, for all t € N™'Z~q and ¢ € C2°(R), we can repeatedly integrate by parts to obtain
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that

[ oortaris = [ @] [ N1 o oyt
R R —00
T / ¢'(z) {/ eNlMU#N,tW“) + €N1/4IMN,t[33a OO)] du
R —00
— / ¢(m)eN1/4$MN7t(dx) — / ¢’(x)eNl/4muN7t[x, oo)dz.
R R

Now let us prove the proposition. In the setting of the proposition statement, by Theorem 5.1.1

we know that as N — oo

([ mnan))” 4 ( [otou)

Thus, to show (5.127) it suffices to show that as N — oo, [, gb;(x)eNl/%,uN’tNTi [, 00)dx goes to

zero in L'(P) for each 1 < < m. Indeed, observe that

E

/ (b;(x)eNlMx:uN,tN,i [iL‘, OO)dHf
R

1/4,
< [ 1@l Bl o 0)ds,
R
By Lemma 5.7.2 we get that
N [, 00)] < ANV A () 72

for all z € R. Since the ¢ ;s remain bounded away from 0 as N — oo, this implies the desired L'

convergence and completes the proof. [

Our next lemma shows uniform convergence of the two-point correlation function of the quenched
tail field. This is the crucial result that allows us to improve Proposition 5.7.3 to obtain multipoint

convergence in law of Fiy(t, z) to U;(x) for individual values of (¢, x) € (0,00) x R.

Lemma 5.7.4. Suppose that ty € N~ 'Zsq and zy,yn € R. Assume that as N — oo we have
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ty =t > 0and (zyn,yn) — (z,y) € R% Then

lim E[FN(tN,I‘N)FN(tN, yN)] = E[ut(x)ut(y)]

N—oo

where U is as in (5.4).

Proof. By taking an annealed expectation over the quenched one, notice that the two-point corre-
lation function given by (¢, x,y) — E[Fy(t,z)Fy(t,y)] can be written as an expression involving

only the 2-point motion (R', R?). More specifically, in the notation of Section 5.2.1, it equals
N2 -NlogeohWHONMD o) (NTV2(RY(NE) — N¥/4t) > 2, NTY2(RA(Nt) — N¥/4t) > ).

Consequently the two-point correlation function only depends on the mean and variance of the

weight measure v. Without any loss of generality we shall henceforth assume v is the law of

1—402
802

Beta(a, o) where o :=

We shall now invoke results from [73] which are for the Beta measure. In [73], the authors con-
sider a slightly different field ﬁN(t, x) which is “dual" to ours in a certain sense. More specifically,
they vary the starting point x and fix the tail probability as [0, c0), whereas we fix the starting point
0 and vary the tail probability as [x,00). One may show that the distributions of both fields are
the same as space-time processes, modulo a reflection of the weight measure. More precisely, we
have F%, £ 13}\‘,, where 1 is the pushforward of v by x — 1 — x, and the superscript highlights the
dependence of each field on the underlying weight measure.! This is proved using an explicit cou-
pling of the two fields via the “discrete Brownian web". See [80, Equation (1.8)] for a discussion
of the coupling construction, which is in turn based on [190, Section 3].

Note that for the case of Beta(«, o) we have 1 = v. Proposition 3.4 in [73] provides exact

moment formulas for the unscaled version of Fy (¢, z) in this case. Taking the scalings into account

'In particular, our results imply the space-time multi-point convergence in law of their field Fy to (5.4) as well.
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(see e.g. [85, (34) and (40)-(43)]) we then have for all t € N™'Zsg and x1, 75 € N™Y2(Z— N3/1t)

E[Fn(t, 21)Fn(t, 22)]
3 1
N1/2f j{ 7 — 2 HC 20 + z; L(Nt—Nat—a;N2)+1 a+ z; Nty %@
21— 2y — 2 — 2 —1 - Ntz 2 20 + 2 200 + zj 2mi 2mi’

where 1, 72 are positively oriented closed curves around O such that y; contains v, + 1 and both

contours exclude —2a.
Now assume that we have a sequence (ty, zy, yn) converging to (¢, z,y) € (0,00) x R?. We

claim that the integral expression for E[Fy (¢, xn)Fn(tn, yn)] converges as N — oo to

_2]{ j{ Z2 — 21 eﬁ(ﬁﬂg)jﬁ(mﬁy@) dzy dzs
r1+iR JrotiR 22 — 21 — 1 2mi 2

Here r1, 7, are chosen such that 7o > r; + 1. This convergence can be justified by dominated
convergence and Taylor expansions, see [232, Proposition 5.4.2] for a similar argument. This is

known to agree with E[U;(x)U;(y)], see [232, Section 6.2], thus proving the lemma. O

With the above lemma in place, we prove our main convergence result for the quenched tail

field: Theorem 5.1.2.

Proof of Theorem 5.1.2. We first prove the case when z; = z; for 1 <7 < m. We give a proof
for m = 1 to simplify the notation, but the generalization to larger m is straightforward. We will
simply write (tx1,21) as (tx,x), which will be fixed for the moment being. By Lemma 5.7.2
we get that E[Fy(ty, )] < 2(nty)~'/? which is bounded independently of N, thus it follows
that the { Fv(tn, z)} n>1 are tight. Consider any limit point z of the laws of {Fy (tn, z)}n>1.
Fix a smooth compactly supported nonnegative function ¢ : R — R which integrates to 1,
and define ¢} (y) = A\'¢(A"1(y — x)). By Proposition 5.7.3 we know that for each \,z € R,

{ [e &2(W)Fn(tn,y)dy} v is @ tight sequence. For r > 1, consider any measure /i, on R7+1
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which is a joint limit point as N — oo of

(FN tn,x /¢ y)Fn(tn, )dy);;l),

such that the first marginal of p, is po. Using a diagonalization argument, these measures /i,
may be chosen so that they form a projective family, and therefore by the Kolmogorov extension
theorem, we may consider any projective limit ¢ as » — oo, which will be a measure on the space
of sequences (ay)r>0 € RZ20, equipped with the o-algebra generated by the projection maps. By
Proposition 5.7.3, we find that for such a measure x the marginal distribution of (ag)x>; is simply

equal to the law of ( [, U (y)¢? " (y)dy) 4>1- We now claim that

limsup limsup E
A—0 N—o00

Fultn,z) / F(txy)6M(y)dy| = 0. (5.128)
R

Assuming this fact, one finds that such a measure p is necessarily supported on those sequences
(ag) x>0 which satisfy ag = limy_, o ay, in L'(p1), which means that ay must indeed have the law of
U,(x) under p, proving the lemma. We are thus left to check (5.128). By Lemma 5.7.4, we have
that

lim sup B[(Fy (t, ) — Fx(t,9))’] = E[(U(x) - Us())*] < Clo —y|

N—o0

uniformly over compacts sets of (¢,x,y) € (0,00) x R? where the above inequality is a known

estimate for (5.4) (see [233, Proposition 2.4-nw] for example). Thus, by Fatou’s lemma, we note

that
limsup E|Fy(tn, z) — / FN(tN,y)(bi(y)dy’ < thUP/ E|Fy(tn, ) — Fy(tn, y)|6)(y)dy
N—oo R N—oo R

< /limsupE|FN(tN,x)—FN(tNay)Wi(y)dy
R

N—o0

< /RlimsupE[(FN(tN,:L“) — Fy(tn,y)*) o5 (y)dy

N—o0

<C/|IE y|1/2¢)\ )\1/2/|U|1/2
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Taking A — 0 leads to (5.128). To justify the above application of Fatou’s lemma with lim sup,
one needs a bound on the y-integrand which is independent of N and is in L(¢)(y)dy). For this

we may use Lemma 5.7.2 to get
E|Fx(tn,x) — Fy(tn,y)| < E[Fn(ty, z) + Fy(ty,y)] < 2(2mty) 2.

The right side may be bounded by a constant independent of NV since t; — ¢ > 0. Finally, the

case when zy ; varies with NV follows from the fact that as N — oo we have
E[(Fn(tng N — FN(tN,u%‘))Q} — 0

due to the uniform convergence in Lemma 5.7.4. This completes the proof. U

Theorem 5.7.5 (Extremal particle limit theorem). Fixc,t > 0andd € R. Let (R*(r), ..., R¥(r)),>0

denote the canonical process sampled from the measure P Set the number of particles k =

RWR)
k(N) := |exp(2eNY2 + ANV + ry) | where ry can be any sequence satisfying ry = o(N'/4),

Consider any sequence ty € N~ 'Z>q such thatty — t > 0 as N — oc. Then

max {N_%Ri(NtN)} —an(e,d,ty) A \/%(G + logU.(d)),

1<i<k(N)

where

3/2

an(c,d, s) = \/csN—dNi\/%_ \/E(TN—%logN) _g_\/g‘

Here G is a standard Gumbel random variable which is independent of U, and (t,z) — U(x)

8c2c

solves (5.4) but with noise coefficient replaced by (=T

Proof. Fix any a € R. Setvy := +/cty and zy 1= d,/ %N so that ¢ = % and d = vy /tn. Also
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define v = \/ct and x = d\/% . It suffices to show

lim P W(k(N))( max {R NtN)} —UNNB/ — TN VN — N1/4( N — %llogN) < aN1/4)

N—oc0 <i<k(N

= P(t/v[G + log Uz e (va/t)] < a+ 6732)

(5.129)

802
1—402>

where U solves (5.4) with noise coefficient replaced by ¢ and G is an independent Gumbel

random variable.

For now, fix any & € N which may be arbitrary. Fix a realization of the environment w = {w; ; :
(i,7) € Z?}. As before, we let P;) be the quenched probability of & random motions (R'(r NE,
sampled given the environment. Let us consider the random variable

1
P(k)(maX{R (Nty)} <onN* gy \/_+—N1/4( —ZlogN)+aN1/4>. (5.130)

1<i<k

Notice that until this point, we have assumed in Theorem 5.1.1 that the parameter NV is a discrete
parameter taking values in N. However nothing in our proof actually used this discreteness, and
in fact, there is no loss of generality in assuming it is actually a continuous parameter indexed by
[1,00) for instance. In this context, the results of Theorem 5.1.1 and therefore Theorem 5.1.2 still
hold as N — oc.

Now we define 91 = M(N) := N(f}—g){ so that 91 — oo is equivalent to N — oco. Notice by

Definition 5.7.1 that (5.130) is pathwise equal to the quantity

k
— — v} v 2 —3(av
(1—9& ot . L B () e+, (4 +rN—ilogN))) :
‘J’I,#,(:—x) N+ Z(C;DN—i-rN—ZlogN) N

(5.131)
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Then we may choose

VA UN
k=Fk(N)=|N*C . exp{——N—a——logtN UNH
( ) \‘ m,#,(:—x)zxjv-l-m*%(i?—i-mv—%logN)) Gt}g’v tN ( / )

2
= {exp [U—N\/N 4 ININ N1 O(N—1/2)H
2tn tN
where we applied a fourth order Taylor expansion of log cosh in order to deduce the O(N~1/2)
term. Note that the latter expression agrees with the choice of k(/V) in the theorem statement.
Then (5.131) is a quantity of the form (1 — %)kw ), where the O (1) term is deterministic
and bounded between 0 and 1, and u(N) is a sequence of random variables which by Proposition
av ’U4
5.1.2 converges in law to the strictly positive random variable Ye™ ¢ ~ 6% U, 43 (v*x /t?) with U
av ’U4
solving (5.4). The latter has the same law as e™ ¢ 63,2 /t(vx /t) where now the noise coefficient
in (5.4) has been replaced by %, /2. Since the functions u — (1 — m)kw ) converge

uniformly to u — e~* on compact subsets of [0, c0), we can conclude that the expression in (5.131)

therefore converges in law to the random variable

av_ ot

exp [ — €88y (02/1)),

where U solves (5.4) with noise coefficient replaced by %4/ lf‘j‘g. Now this convergence in law
also implies convergence of the associated annealed expectations thanks to the boundedness of all

quantities involved, which implies that the limit of the left side of (5.129) equals

av

E| - e_t_(%uvz/t(vx/t)] ,

which agrees with the right-hand side of (5.129) by the explicit form of the Gumbel distribution.
]

Note that in the above theorem, a natural choice is ty := N~ '|Nt| where ¢ > 0 is fixed.

However, we also have the liberty to set ty := N~} Nt + N|, where a € (0, 1), and this would
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have a nontrivial effect in the recentering coefficients ay(c,d, ty) if « € [1/2,1).

Glossary

Processes used in text

H KPZ equation Eq. (KPZ)
u Stochastic heat equation (SHE) Eq. (SHE)
PY(t, x) Quenched transition probability of the random walk Eq. (5.1)
Cnig Rescaling constants for the moderate deviation scaling Eq. (5.2)
R The canonical process on (Z*)%=o Sec.5.2.1
Vi Intersection process of i and j** coordinate processes Eq. (5.9)
re Set of times with v distinct particles Eq. (5.8)
M Martingale in the Tanaka formula for 2-point motion Eq. (5.10)
M Exponential martingale used to tilt path measure P R Eq. (5.13)
My (t, ®) Martingales arising in discrete SHE Eq. (5.63)
Un (L, d) Rescaled field converging to ¢/ in main results Eq. (5.3)
Qn(t, o) Quadratic martingale field Eq. (5.68)
=N Prelimiting noise field Eq. (5.5)
W Time-integrated and linearly interpolated version of =y Eq. (5.123)
Probability measures and filtrations

v Probability measure on [0, 1] representing law of each w;,  Sec. 5.2.1
L Mean of v Sec. 5.2.1
o2 Variance of v Sec.5.2.1
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PRWV(k)

th and Poo

(fr)TEZZO

(“7:7%)>TEZZO

Probability measure on the path space (Z*)%>0, used to
denote the annealed law of k£ independent walks sampled
from the environment w whose weights are distributed as

v, or more precisely P, IPP‘(”k)

wik) =
Probability measure on the path space (Z*)%>0, used to de-
note the quenched law of %k independent walks sampled
from the fixed realization of environment w = {w; ; }+ .

Probability measure on the environment space [0, 1]220%Z,

used to denote the annealed probability associated to any

observable on the probability space of the environment
{wt,x}t,m

Notation used for limit points of objects on the canonical

space of continuous paths (or tuples of continuous paths)
Canonical filtration on the path space (ZF)%>0

Canonical filtration on the environment space [0, 1]Zz0%%

Def. 5.2.2

Def. 5.2.4

Eq. (5.61)
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