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Abstract
Modern Latent Variable Analysis: High-dimensional Grade of Membership Models and Process
Data

Ling Chen

Uncovering interpretable latent patterns in data has been a key focus in statistical learning, an
interest that has steadily grown with the advent of modern data. This dissertation presents the
theory and applications on latent variable analysis in two modern data regimes: high-dimensional
multivariate categorical data from various applications and process data from computer-based
assessments.

The first part of this dissertation focuses on the grade of membership (GoM) model, a type of
mixed membership model for multivariate categorical data. The GoM model offers rich modeling
power but presents significant challenges in model identifiability and estimation, especially with
high-dimensional data. In Chapter 2, we present a new notion of expectation identifiability. Based
on this identifiability notion, we propose a spectral method that exploits the singular subspace
geometry and consistently estimates model parameters for binary responses. In Chapter 3, we
extend the GoM models to encompass a broad range of data distributions and arbitrarily locally
dependent noise, which we formalize the generalized-GoM models. Specifically, we extend the
proposed spectral method to polytomous data and count data. We establish finite-sample
entrywise error bounds for the estimated model parameters. This is supported by a new sharp

two-to-infinity singular subspace perturbation theory for locally dependent and flexibly



distributed noise, a contribution of independent interest.

The second part of the dissertation focuses on process data, a modern data type from
computer-based assessments. Process data consist of time-stamped action sequences recorded in
computer log files, capturing respondents’ interacts with computer-based items. Unlike traditional
outcome data, process data provide rich information on response processes, and offer deeper
insights into test-taking behaviors. However, the complex data structure poses significant
challenges for integrating process data with established assessment models. In Chapter 4, we
introduce a supervised variant of multidimensional scaling (MDS) to extract matrix-formatted
features from process data, facilitating its application in subsequent statistical analyses. In
Chapter 5, we demonstrate an application of the extracted latent features from process data on
differential item functioning (DIF) analysis for assessing testing fairness. By utilizing process
data features as proxies for nuisance latent attributes, we introduce a new scoring rule that
incorporates respondents’ behaviors. This novel framework effectively reduces DIF and provides

deeper insights in interpreting DIF.
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Chapter 1: Introduction and Background

Uncovering interpretable latent patterns in data has been a key focus in statistical learning, an
interest that has steadily grown with the advent of modern data. This dissertation explores research
problems related to two types of modern dathigh-dimensional multivariate categorical data
andprocess dataThe applications are focused on educational assessment, psychological/political
test, as well as genetics. In this section, we provide an overview of existing latent variable analysis

for multivariate data as well as process data.

1.1 Latent Variable Models for Multivariate Data

A latent variable model associates a set of response variables to a set of unobserved latent
variables. Latent variable models are widely applied in social sciences [1], health sciences [2],
genetics and genomics [3], natural language processing [4], among others. Depending on whether
the observed variables and latent variables are categorical or continuous, latent variable models are

generally categorized into four types, listed as follows.

Latent Class Analysis. The Latent Class Model [LCM, 5] is a mixture model for multivariate
discrete response variables to uncover discrete latent attributes. LCM was rst proposed by [6]
to uncover latent subgroups from people's binary responses to questionnaire items. It assumes
that a subject's multivariate observed responses are conditionally independent given their latent
class membership. Cognitive diagnosis is one among many applications of LCM, which has been
employed in educational and psychological assessment, psychiatric evaluation, disease detection
[7]. Recently, the degree-heterogeneous LCM has been proposed to account for the quantitative

heterogeneity among each latent class [8].



Item Response Theory. Item Response Theory [IRT, 9] is a framework that models the rela-
tionship between individuals' continuous latent traits and their categorical (dichotomous or poly-
tomous) responses to a set of similar instruments that are designed to measure one or more latent
traits. Popular IRT models for dichotomous responses include the one-parameter logistic model
or the Rasch model, the two-parameter logistic model, and the three-parameter logistic model.
For polytomous responses, the graded response model [10] and the partial credit model [11] are

commonly applied.

Factor Analysis. The Factor Model [FM, 12] is applicable when both the response and latent
variables are continuous. The FMs identify the underlying relationship between the response vari-
ables by modeling them as a linear combination of a smaller number of latent variables. Factor
analysis has two types: the exploratory factor analysis and the con rmatory factor analysis. For
exploratory factor analysis, the goal is to identify the underlying relationships between the ob-
served variables without pre-de ned hypotheses, whereas con rmatory factor analysis imposes a

pre-speci ed latent structure.

Mixture Model. The mixture model encompasses a broad class of models for continuous or
discrete responses in the presence of subpopulations, represented by a discrete latent variable. A
mixture model assumes that the observed data are generated from a mixture of multiple underlying
distributions. Each of these distributions corresponds to a latent class, and the model seeks to
estimate the proportions of observations that belong to each subpopulation.

There are three perspectives towards the estimation of latent variable models with likelihood
methods. The rst one views both the latent variables and item parameters as xed, which leads
to joint maximum likelihood estimation [13]. Estimation consistency is discussed in the high-
dimensional asymptotic regime for large-scale data in this scenario. The second perspective, which
is also the most predominant perspective, treats the latent variables as random and the item pa-
rameters as xed. Expectation-maximization (EM) algorithms are commonly used in this case.

A generic stochastic proximal framework has also been proposed for latent variable estimation in



[14] with this perspective. The third perspective treats both the latent variables and the item param-
eters as random, and Bayesian inference with Markov chain Monte Carlo (MCMC) approximation

is commonly employed.

1.2 Grade-of-membership Model for Multivariate Categorical Data

Multivariate categorical data are commonly encountered in various social and behavioral sci-
ences, such as psychological tests [13], educational assessments [15], and political surveys [16].
In these applications, it is often of great interest to use latent variables to model the unobserved
constructs such as personalities, abilities, political ideologies, etc. As mentioned above, the IRT
models and LCM models are popular latent variable models for multivariate categorical data, and
they respectively assume continuous and discrete latent variables. Different from these two mod-
eling approaches, the grade of membership (GoM) models [17, 18, 19] allow each observation
to have mixed memberships in multiptatreme latent pro les GoM models assume that each
observation has a latent membership vector witlsontinuous membership scores that sum up
to one. Each membership score quanti es the extent to which this observation belongs to each
of extreme proles. So GoM can be viewed as incorporating both the continuous aspect (via
the membership scores) and discrete aspect (via tegtreme latent pro les) of latent variables.

More generally, GoM belongs to the broad family of mixed membership models for individual-
level mixtures [20]. Thanks to their nice interpretability and rich expressive power, variants of
mixed membership models including GoM are widely used in many applications such as survey
data modeling [21], response time modeling [22], topic modeling [23], social networks [24], and
data privacy [25].

The exibility of GoM models comes at the cost of more challenging identi ability and estima-
tion problems. In Chapter 2 and Chapter 3, we will explain these challenges in detail to motivate
the current research, and address these challenges with spectral methods. Chapter 2 is based on the

the published work [26], and Chapter 3 is based on the arXiv version [27].



1.3 Process Data Analysis

Computer-based interactive items are becoming increasingly popular in large-scale educational
assessments. These items assess respondents’ problem-solving competency, capturing detailed
information of their behavioral patterns and decision-making processes. In computer-based as-
sessments, respondents are required to ful Il real-life tasks through an interface in a simulated
computer environment. Their time-stamped action sequences are recorded in computer log les,
are are collectively referred to as process data. Figure 1.1 is an illustration of a simulated computer
interface of an example item from the International Assessment of Adult Competencies (PIAAC).

In this example item, respondents are required to bookmark websites that do not require regis-
tration or fee. For example, the process data sequence of a respondent who clicks the second
website, bookmarks it, then clicks the “Next” button, is recorded as sequences “Click_W2, Tool-

bar_Bookmark, Next”".

Figure 1.1: Simulated computer interface of an example item from PIAAC.



Compared to traditional multivariate data that are routinely collected in social and behavioral
sciences, process data are highly unstructured. Direct analysis of process data is challenging given
the variability in the lengths of process data sequences and the inherent noise present in behavioral

data. Below is a brief review of process data analysis methods, including latent variable analysis.

Feature-based Methods. Standard approaches to analyze process data include summarizing ag-
gregate level statistics by domain experts. Examples of such statistics include response time [28],
the total number of actions [29], and the frequencies or indicators of certain context-related ac-
tions. These summary level statistics are usually further utilized for subsequence analysis such as
group comparison and/or multivariate analysis. Automatic feature extraction methods have also
been developed to de-noise and reduce the data dimensionality for process data. These methods
aim to automatically extract unobserved latent features from process data using methods such as
multidimensional scaling [MDS, 30] and sequence-to-sequence autoencoder [31]. In Chapter 4,
we propose a supervised MDS method to extract latent features from process data. The high-level
idea is to choose an optimal combination of dissimilarity measures based on the resulting features'

predictability of a set of covariates of interest.

Sequence-Based Methods.Among sequence-based methods, sequence segmentation including
n-gram [32, 33] and subtask analysis [34] has gained popularity. Latent sequence modeling is
another approach, which focuses on the relationship between actions in the hidden layer and the
identi cation of their corresponding latent states. Speci cally, the hidden Markov model (HMM)

is prevalent [35, 36, 37, 38]. Furthermore, [39] proposed a continuous-time dynamic choice model

to identify the latent transitions between subtasks.

Process Data Applications. Containing substantially detailed information on how respondents
approach problems, process data have demonstrated utility in various applications. Recent studies
have shown that such information is useful for improving assessment accuracy [40], comprehen-

sive diagnostic classi cation [41], early detection of task failure [42], etc.. In Chapter 5, we will



introduce a novel differential item functioning (DIF) reduction method using process data. The
objective is to reduce DIF through a new scoring rule, with nuisance attributes constructed from

process data latent features. Chapter 5 is based on the arXiv version [43].

1.4 General Notations

We hereby de ne some general notations. Dewé/s= f1-2— e« —gfor any positive integer
. Denote by3806x° the diagonal matrix whose diagonals are the entries of the vectibrS,
iS a sub-vector 0§;, denote bySmSz tr]e complement of vectds, in vectorS;. For any matrix
A, its Frobenius norm igAk = | ;1 o1 Oégand its o4 norm iskAkoy = maxgkAgks. Let
As. denote the submatrix consisting of the rows indexe&bawyd similarlyA. s for columns. Also
denote its th largest singular value ds *A° for : 2 »yanktA°%iand de ne its condition number
ALAC as the ratio of its largest singular value to its smallest positive singular value.

We also de ne the following for asymptotic theories: (8= = $ 161=C° or 5!=° ® 61=°
means there is a universal constant 0 such that5'=°j  2j61=°j for all = large enough, and
$1 ° differs from$ 1 © with up to poly-logarithmic factors; (bp'=°  6'=° indicates that there
exists universal constan®s— 2 j O0such thaR,j61=°] | 5'=°] 2,j61=°jfor all =large enough;
(c) 5t=° = >161=°° denotes thab!=C«61=° T 0; (d) 5'=°  61=°(resp.5'=° 61=°)is used

when there exists universal constant 0 large (resp. small) enough such that=°j 2j61=0j

(resp.j5'=] 2j61=9j).



Chapter 2: A Spectral Method for Identi able Grade-of-Membership

Analysis with Binary Responses

2.1 Introduction

Popular latent variable models for multivariate categorical data include the IRT models and
LCM models, which employ continuous and discrete latent variables, respectively. Different from
these modeling approaches, the GoM models [17, 18, 19] allow each observation to have mixed
memberships in multiplextreme latent pro lesGoM models assume that each observation has a
latent membership vector with continuous membership scores that sum up to one. Each mem-
bership score quanti es the extent to which this observation belongs to eachxifeme pro les.

The exibility of GoM models comes at the cost of more challenging identi ability and esti-
mation problems. In the existing literature on GoM model estimation, Bayesian inference using
MCMC is arguably the most prevailing approach [18, 21, 44, 45]. However, the posterior distri-
butions of the GoM model parameters are complicated, after integrating out the individual-level
membership scores. Many studies developed advanced MCMC algorithms for approximate pos-
terior computation. Yet MCMC sampling is time-consuming and typically not computationally
ef cient. On the other hand, the frequentist estimation approach of marginal maximum likeli-
hood (MML) would bring a similar challenge, because the marginal likelihood still involves the
intractable integrals of those latent membership scores. Actually, it was pointed out in [46] that
GoM models are very useful in identifying meaningful pro les in applications including depres-
sion, personality disorders, etc., but they are temporarily not widely used in psychometrics due to
the lack of readily accessible and ef cient statistical software.

Recently, the development of the R packagé [47] provides a joint maximum likelihood

(JML) algorithm for GoMs based on the iterative estimation method proposed in [18]. In contrast



to MML, the JML approach treats the subjects' latent membership scores as xed unknown pa-
rameters rather than random quantities. This approach hence circumvents the need of evaluating
the intractable integrals during estimation. JML is currently considered the most ef cient tool for
estimating GoM models. However, due to its iterative manner, JML's ef ciency is still unsatisfac-
tory when applied to very large-scale data with many observations and many items. Therefore, it
is desirable to develop more scalable and non-iterative estimation methods and aid psychometric
researchers and practitioners to perform GoM analysis of modern item response data.

In addition to estimation dif culties, model identi ability is also a challenge for GoM mod-
els. A model is said to be identi able if the model parameters can be reliably recovered from the
observed data. Identi ability is crucial to ensuring valid statistical estimation as well as meaning-
ful interpretation of the inferred latent structures. The handbook of [20] emphasizes theoretical
dif culties of identi ability in mixed membership models, including GoM models. Recently, rec-
ognizing the dif culty of establishing identi ability of GoM models, [45] proposed to incorporate
a dimension-grouping modeling component to GoM and established the population identi ability
for this new model. However, their identi ability results do not apply to the original GoM. In addi-
tion, their identi ability notion only concerns the population parameters in the model, but excludes
the individual-level latent membership scores.

To address the aforementioned issues, we propose a novel singular value decomposition (SVD)
based spectral approach to GoM analysis with multivariate binary data. Our approach hinges on
the observation that the expectation of the response matrix admits a low-rank decomposition under
GoM. Our contributions are three-foldrirst, we consider a notion aéxpectation identi ability
and establish identi ability for GoM models with binary responses. Under this new notion, the
identi able quantities include not only the population parameters, but also the individual member-
ship scores that indicate the grades of memberships. Speci cally, we derive suf cient conditions
that are almost necessary for identi abilitecongdbased on our new identi ability results, we
propose an SVD-based spectral estimation method scalable to large-scale and high-dimensional

data.Third, we establish the consistency of our spectral estimator in the double-asymptotic regime



where both the number of subjeétsand the number of items grow to in nity. Both the popu-

lation parameters and the individual membership scores can be consistently estimated on average.
In the simulation studies, we empirically verify the identi ability results and also demonstrate
the superior ef ciency and accuracy of our algorithm. A real data example also illustrates that
meaningful interpretation can be drawn after applying our proposed method.

The rest of this chapter is structured as follows. Section 2.2 introduces the model setup and
lays out the motivation for this work. Section 2.3 presents the identi ability results. Section 2.4
proposes a spectral estimation algorithm and establishes its consistency. Section 2.5 conducts
simulation studies to assess the performance of the proposed method and empirically verify the
identi ability results. Section 2.6 illustrates the proposed method using a real data example in
a psychological test. Finally, Section 2.7 concludes the chapter and discusses future research

directions. The proofs of the identi ability results are included in Section 2.8.

2.2 Model Setup and Motivation

GoM models can be used to model multivariate categorical data with a mixed membership
structure. In this chapter, we focus on multivariate binary responses, which are very commonly
encountered in social, behavioral, and biomedical applications, including yes/no responses in so-
cial science surveys [21, 16], correct/wrong answers in educational assessments [15], and pres-
ence/absence of symptoms in medical diagnosis [17]. We point out that our identi ability results
and spectral estimation method in the binary case will illuminate the key structure of GoM and
pave the way for generalizing to the general categorical response case; see Chapter 3. In our bi-
nary response setting, denote the number of items IByr a random subje&2 »# Yzdenote their
observed response to ti9h item by’ g92 fO-1gfor 92 » %

A GoM model is characterized by two levels of modeling: the population level and the individ-
ual level. On the population level, extreme latent pro lesre de ned to capture a nite number
of prototypical response patterns. FoR2 1—e«e«+—, the: -th extreme latent pro le is character-

ized by the item parameter vectpr = 1\ . —eee—\°with \ ;. 2 »0-1%collecting the Bernoulli



parameters of conditional response probabilities. Speci cally,
\ 4. = P gg= 1] subject8solely belongs to the-th extreme latent pro & (2.1)

We collect all the item-level Bernoulli parameters in a  matrix =Ny°2R . On
the individugl level, each subjeBhas a latent membership vect@y = 1cg— ¢ *—C°, satisfying
cg. O andI .-1 Cg. = 1. Herecg. indicates the extent to which subj&gartially belongs to the
. -th extreme pro le, and they are called membership scores. Itis now instrumental to compare the
assumption of the GoM model with that of the latent class model [LCM; 48, 5]. Both GoM and
LCM share a similar formulation of the item parametersas de ned in (2.1). However, under
an LCM, each subjed@is associated with a categorical variabje?2 » Yinstead of a membership
vector. This means LCM restricts each subject to solely belonging to a single pro le, as opposed
to partially belonging to multiple pro les in the GoM. Further, the fundamental representation
theorem in [21] shows that a GoM model can be reformulated with an LCM but withatent
classes instead of latent classes. In summary, GoM is a more general and exible tool compared
to LCM for modeling multivariate data, but also exhibits a more complicated model structure. It
is therefore more challenging to establish identi ability and perform estimation under the GoM
setting.

Given the membership score vecyand the item parameters , the conditional probability

of the8th subject providing a positive response to i item is

P go=1j0g— °= Cglge (2.2)

In other words, the positive response probability for a subject to an®isma convex combination

of the extreme pro le response probabilitieg. weighted by the subject's membership scargs

The GoM model assumes that a subject's respohggse e+ —_ are conditionally independent
given the membership scorg, which is a commonly adopted assumption called the local inde-

pendence assumption. We consider a samp#e bi.d. subjects, and collect all the membership
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scores in & matrix ~ =1cg° 2R*

In the GoM modeling literature [e.g. 18], there are two perspectives of dealing with the mem-
bership score€g: the random-effect and the xed-effect perspectives. The random effect per-
spective treatfgas random and assumes that they follow some di§tribution parameteriZed by
Og » 12 Note thatOg 2 1 = fX = 1G—9eee-GCG: G 0—I a1 @ = 1lgwhere 1
denotes the probability simplex. A common choice of the distributien for Og4 is the Dirichlet
distribution [23].

From the above random-effect perspective,rttegginal likelihoodfunction for a GoM model

@' o0 0 Ve 0 e
M = jRrRo= Cg.\g. 1 Cg.\g. 3 « 10~  (2.3)
&1 1ol =1 =1
where the membership scor@gs are marginalized out with respect to their distribution . The
integration of the products of sums in (2.3) poses challenges to establishing model identi ability.
This dif culty motivated [45] to introduce a dimension-grouping component to simplify the inte-
grals and then prove identi ability for that new model. In terms of estimation, the marginal maxi-
mum likelihood (MML) approach maximizes (2.3) to estimate the population paranieters °
rather than the individual membership scores Bayesian inference with MCMC is also often
used for estimation [21, 25, 45], where inferring parameters'likén the Dirichlet distribution
« 10 typically require the Metropolis-Hastings sampling.
On the other hand, the xed-effect perspective of GoM treats the membership $xpeess
xed unknown parameters and aims to directly estimate them. This approach does not model the
distribution of the membership scores, and hence circumvents the need to evaluate the intractable
integrals during estimation. In this case, if still adopting the likelihood frameworkpthelikeli-
hoodfunction of both and  for a GoM model is
& o 6 e 1

1t — jRO= Cg\g. 1 Cg\g. y (2.4)
&1 =1 =1 =1

The joint maximum likelihood (JML) approach maximizes (2.4) to estimatand . Based on

11



an iterative algorithm proposed by [18], the R packsige [47] provides a functiodML to solve

this optimization problem under GoM. JML methods are typically known as inconsistent for many
traditional models [49] when the sample size goes to in nity (la#geout the number of observed
variables is nite ( xed ). Nonetheless, in modern large-scale assessments or surveys where the
data collection scope is unprecedentedly big and high-dimensionalbantkd can be quite large.

JML is currently considered the most ef cient tool for estimating GoM models. However, due to
its iterative manner, JML's ef ciency is still unsatisfactory when applied to modern big datasets
with many observations and many items. Therefore, it is desirable to develop more scalable and
non-iterative estimation methods and aid psychometric researchers and practitioners in performing
GoM analysis of item response data. In the double asymptotic regime wheré @t go to

in nity, estimation under the xed-effect perspective can be viewed as an approximation to that
under the random-effect perspective [50].

To address the above issues in the GoM analysis, in this work, we propose a novel singular
value decomposition (SVD) based spectral approach. Our approach hinges on the observation that
the expectation of the response matrix under a GoM model admits a low-rank decomposition. To
see this, it is useful to summarize (2.2) in matrix form

R = ExRYs (2.5)

2 K3

#

whereR = 1' g§ 2 f0-1g" denotes the binary response data matrix, Bnd= ' ;¢ 2 R*

is the element-wise expectation Bf Note that the factorization in (2.5) implies that the
matrix R has rank at most, which is the number of extreme latent pro les. Sinces typically
(much) smaller tha# and , the decomposition (2.5) exhibits a low-rank structure. Therefore, we

can consider the singular value decomposition (SVLCR of

R=U V>- (2.6)

12



where isa diagonal matrix collecting the singular values oR ; denote these singular
values byf | f Oand write = diag'f ,—*++—f°. Matricesu 2R* ,V 2R
collect the corresponding left and right singular vectors and satlshiy = V>V =1 . Our
high-level idea is to utilize the top left singular vectors of the data matriX to identify and
estimate and subsequently, . In the following two sections, we will present new identi ability

results and develop a spectral estimation algorithm for GoM models based on the SVD in (2.6).

2.3 ldenti ability Results

The study of identi ability in statistics dates back to the 1950s [51]. A model is identi able
if the model parameters can be reliably recovered from the observed data. Identi ability is a
crucial property of a statistical model as it is a prerequisite for valid and reproducible statistical
inference. In latent variable modeling, identi ability is especially essential since it is a foundation
for meaningful interpretation of the latent constructs.

Traditionally, identi ability of a statistical model means that the population parameters can be
uniquely determined from the marginal distribution of the observed variables [51, 48]. In the con-
text of GoM models, this notion gfopulation identi abilityis equivalent to identifying parameters
1 2 ©°from the marginal distribution in (2.3). However, the complicated integrals in (2.3) make
it dif cult to establish population identi ability. It remains unknown whether the original GoM
models can be identi ed.

In this work, we consider a new notion of identi ability, which we termegectation iden-
ti ability . This notion concerns not only the item parameters, but also the individual membership
scores. Similar identi ability notions are widely adopted and studied in the network modeling and
topic modeling literature, e.g., [52], [53], [54], and [55]. Speci cally, recall from (2.5) that the ex-
pectation of the data matriR has a low-rank decompositidd = ~, we seek to understand
under what conditions this decomposition is unique. Note that both the Bernoulli probabilities
and the membership scores are treated as parameters to be identi ed. We call a parameter set

1 — Ovalidif 0g 2 1and\ 4. 2 >0-1%for all § 9 and: . We formally de ne expectation
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identi ability below.

De nition 1 (Expectation identi ability) A GoM model with parameter sét — ©°is said to
be identi able, if for any other valid parameter set™—=°, =~ = > holds if and only if
1 — 0%and!~-7°are identical up to a permutation of the extreme pro les.

One might ask whether identifying and  from the expectatioi® has any implications
on identifying and from the observed datd. In fact, when both# and are large with
respect to , it is known that the difference between the low-rank decompositiofis @ndR is
small in a certain sense [56]. We will revisit and elaborate on this subtlety when describing our
estimation method and presenting the simulation results. Brie y speaking, studying the expectation
identi ability problem from R is meaningful in modern large-scale and high-dimensional data
settings with large#t and .

We next present our new identi ability conditions for GoM models. We rst de ne the impor-

tant concept of pure subjects.

De nition 2 (Pure subject) Subject8is a pure subject for extreme pro le if the only positive

entry ofQq is located at index ; that is,

Og = 10—eee(0— —(— e 0P
° 2

. -th entry

In words, subjecBis a pure subject for pro le if it solely belongs to this pro le and has no

membership in any other pro le. We consider the following condition fot
Condition 1 satis es that every extreme latent pro le has at least one pure subject.

The pure subject condition 1 is analogous to the anchor word assumption in topic modeling
[57] and the pure node assumption in mixed membership stochastic block model for networks [58,
54]. Condition 1 is a mild assumption on , because it only requires that each of thextreme

pro les has at least one representative subject amorg allibjects. Intuitively, this condition is
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reasonable because the existence of these representative subjects indeed helps pinpoint the mean-
ing and interpretation of the extreme pro les. In real data applications of the GoM model, each
pure subject is characterized by a prototypical response pattern indicating a particular classi cation
or diagnosis. Speci cally, each column of the item parameter matrix is examined to coin
the interpretation of each extreme pro le. So, the existence of a pure subjectithtite 2 » Y
extreme pro le means that there indeed exists a prototypical subject characterized by the parame-
ters in the: th column of the matrix. As a concrete applied example, [17] tted the GoM model
to a clinical dataset, where the item parameters for four extreme latent pro les were estimated.
Then each of the extreme pro les was interpreted according to its response characteristics revealed
via the item parameters. There, the four extreme pro les were interpreted as “Asymptomatic”,
“Moderate”, “Acyanotic Severe”, “Cyanotic Severe” in [17]. In this context, having pure subjects
in each of these extreme pro les is a practically meaningful assumption, because it just means
that in the sample with a large number#fsubjects, there exist an “Asymptomatic” subject, a
“Moderate” subject, an “Acyanotic Severe” subject, and a “Cyanotic Severe” subject.

Under Condition 1, contains one identity submatrix after some row permutation. Under
Condition 1, denot& = *(,—<++—( as the index vector of one set ofpure subjects such that

. =1 .350(,—**+—(are distinct integers ranging w# %4 For example, if the rst rows of

is equal tol , thenS = 11-2—e«¢««-0_ Interestingly, Condition 1 inducessamplex geometry

on the row vectors of the left singular matiix . We have the following important proposition,

which serves as a foundation for both our identi ability results and estimation procedure.

Proposition 1 Under Condition 1, the left singular matrld satis es
U= Ug.° (2.7)
Furthermore, and can be written as

=U Ug - (2.8)
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=V uU> 1 > ol=oyv UZ. (2.9)

We elaborate more on Proposition 1 below. Equation (2.7) in Proposition 1 implies that the left
singular matrixXJ and the membership score matrix differ by a linear transformation, which is
the matrix Ug .. Condition 1 and the properties of the singular value decomposition (such
as the columns of being orthogonal to each other and being invertible) are used to prove
(2.7). Equations (2.8) and (2.9) imply that if an index set of pure subfgcis known, then the
parameters of interest and can be written in closed forms in terms of the SVD &dMore

speci cally, (2.7) is equivalent to

U8:—: CS:U('_:— 8 1—eee_ffe (2.10)
=1 '

EachUg. is the embedding of th8th subject into the top- left singular subspace d® , and

all the rowsUl_:—--'-U#_: can be plotted as points in the-dimensional Euclidean spade .
Geometrically, sinC(Ie .=1Cg. = 1with cg. 0, we know that eacllg_is a convex combination

of u(l_:—---u( _,» which are the embeddings of the types of pure subjects. This means in

R , all the subjects lie in a simplex (i.e., the generalization of a triangle or tetrahedron to higher
dimensions) whose vertices are thestypes of pure subjects. Note tHag andUg overlap if they

have the same membership score vediyrs Og4. Figure 2.1 gives an illustration of this simplex
geometry on such embeddingsRA with = 3.

Similar simplex structure in the spectral domain was rst discovered and used for estimation
under the degree-corrected mixed membership network model [52, rst posted on arXiv in 2017].
Later, spectral approaches to estimating mixed memberships via exploiting the simplex structure
are also used for related network models [54] and topic models [55]. Compared to network mod-
els where the data matrix is symmetric, the GoM model hag an asymmetric data matrix.
Compared to topic models, the entries of the perturbation mgtrixR in the GoM model inde-

pendently follow Bernoulli distributions, whereas in topic models, the entries of the perturbation
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matrix follow multinomial distributions.

Figure 2.1: lllustration of the simplex geometry of the  left singular matrixU with = 3.
The solid dots represent the row vectordofin R3, and the three simplex vertices (i.e, vertices of
the triangle) correspond to the three types of pure subjects. All the dots lie in this triangle.

It is worth noting that the expectation identi ability in De nition 1 is closely related to the
uniqueness of non-negative matrix factorization [NMF, 59, 60, 61]. NMF seeks to decompose a
nonnegative matriM 2 RS ~into M = WH, where bothww 2 R AandH 2 R” = are non-
negative matrices. An NMF is called separable if each columWadppears as a column of
[59]. If we write M = R>-W = -H = 7, then the separability condition for this NMF
aligns with Condition 1. It is also generally assumed Wats of full rank, otherwiseH typically
cannot be uniquely determined [62]. Theorem 2 will show that when Condition 1 holdsging
full-rank suf ces for GoM model identi ability. We will also show that model identi ability still
holds with certain relaxations on the rank of. On another note, estimating an NMF usually
involves direct manipulation of the original data matrix, which can be computationally inef cient
when dealing with large datasets. In our approach, we employ an NMF algorithm in [62] on the
SVD of the data matrix instead of the data matrix itself to estimate GoM parameters. Since our
procedure operates on the singular subspace with signi cantly lower dimension than the original
data space, it yields lower computational cost compared to conventional NMF procedures.

We next present our identi ability results for GoM models. We rst show that the pure-subject

Condition 1 is almost necessary for the identi ability of a GoM model.

17



Theorem 1 Supposaé 4. 2 *0-1° for all 9= 1-eee—and: = 1-e++—. If there is one extreme

pro le that does not have any pure subject, then the GoM model is not identi able.

The proofs of the theorems are all deferred to the Appendix. Theorem 1 reveals the importance
of Condition 1 for identi ability. In fact, later we will use this condition as a foundation for our
estimation algorithm. Our next theorem presents suf cient and almost necessary conditions for

GoM models to be identi able.

Theorem 2 Suppose satis es Condition 1.
(@) Ifrankt ©°= | thenthe GoM model is identi able.

(b) If rankt © = 1 and no column of is an af ne combination of the other columns
of , then the GoM model is identi able(An af ne combination of vectorg;— e ¢ *x= is

| _ | _
denedas 4,0xgwith 5 ,03=1)

(c) In any other case, if there exists a subjstich thatc,. j O for every: = 1—ee+—, then

the GoM model is not identi able.

The high-level proof idea of Theorem 2 shares a similar spirit to Theorem 2.1 in [54]. We next
explain and interpret the three settings in Theorem 2. According to part (a), ifitleen parameter
vectors) ,—e++)- (i.e., the columns of ) are linearly independent, then the GoM model is
identi able under Condition 1. In part (b), for identi ability to hold whe&h0=1 © = 1,
any item parameter vectgr cannot be written as an af ne combination of the remaining vectors
f).o: :0< : g This is a weaker requirement on compared to part (a). Part (c) states that if the
conditions in parts (a) or (b) do not hold and if there existempletely mixed subjetttat partially
belongs to all pro les (i.e.¢g. i Oforall :), then the model is not identi able. Part (c) also shows
that the suf cient identi ability conditions in (a) and (b) are close to being necessary, because the
existence of a completely mixed subject is a very mild assumption. We next further give three toy

examples with = 3and = 4to illustrate the conditions in Theorem 2.
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Example 1 Consider
@2 08 08a

-02 08 02®

|
TS

-08 02 08%
- ®
08 02 02_

It is easy to verify thaA0=1 © = = 3. This case falls into scenario (a) in Theorem 2, so a

GoM model parameterized By — Cisidentiableif satis es Condition 1.

Example 2 Consider
@2 08 (08

SERL)

-02 08 08

|
BB

-08 02 083
- ®
08 02 08_

NowAQO=1 ©= 1 = 2 since the third column of is a linear combination of the rst two
columns. However, there is no column of that is an af ne combination of the other columns of
. This case falls into scenario (b) in Theorem 2, so a GoM model parameteriZed by °is

identi able if satis es Condition 1.

Example 3 Consider
2 (28 0Oeba
¢ ®

-02 08 O
08 02 05X
- ®
08 02 05_

DB

In this caseAO=1 ©° = 1 = 2, and the third column of is an af ne combination of the
rst two columns. This case falls into scenario (c) in Theorem 2, so if there exists a subject that

partially belongs to all pro les, then the GoM model is not identi able.
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2.4 SVD-based Spectral Estimation Method and Its Consistency

2.4.1 Estimation Algorithm

In the literature of GoM model estimation, the most prevailing approaches are perhaps Bayesian
inferences using Markov chain Monte Carlo (MCMC) algorithms such as Gibbs and Metropolis-
Hastings sampling [18, 21, 45]. However, MCMC is time-consuming and typically not com-
putationally ef cient. As [46] points out, despite their usefulness, GoM models are somewhat
underrepresented in psychometric applications due to the lack of readily accessible statistical soft-
ware. Recently, the R packagigt [47] provides a joint maximum likelihood (JML) algorithm
to t GoM models. This algorithm implements the Lagrange multiplier method proposed in [18]
and solves the optimization problem in a gradient descent fashion. Although this JML algorithm
is computationally more ef cient compared to MCMC algorithms, it is still not scalable to very
large-scale response data due to its iterative manner. Therefore, it is of interest to develop a non-
iterative estimation method suitable to analyze modern datasets with a large number of items and
subjects.

We next propose a fast SVD-based spectral method to estimate GoM models. Recall that
Proposition 1 establishes the expressions for in (2.8) and (2.9). In practice, sin& is not
known, we propose to estimate it using a vertex-hunting technique calleckssive projection
algorithm [SPA; 63, 62]. As stated in Proposition 1, Condition 1 induces a simplex geometry
on the row vectors ol and the simplex vertices correspond to the pure subfgct3o locate

vertices for any input matrixJ 2 R*  that has such a simplex structure, SPA rst nds the

subject with the maximum row norm ld. That is, the rst vertex index is

(1 = argmaxkUg:koe
18#

P— .
Here and after we uskxk, = = x>x to denote the, norm of any vectox. Since the;; norm

of any convex combination of the vertices is at most the maximunorm of the vertices, this
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step is guaranteed to return one of the vertices of the simplex. SPA then projects all the remaining
row vectorsfUg_: 8< (“igonto the subspace that is orthogonaLIpl_:. Mathematically, denote

V1 = Up.*kUp ko as the scaled vector with unit norm, then the projected vectors are the rows
of the matrixU?l v1v; °, wherel viv; is a projection matrix. In the second step,

SPA nds the second vertex index as the one that has the maximum norm among the projected row
vectors,

(, = argmaxkUg.tl  v1V] Okoe
& (1

The above procedure of rst nding the row with the maximum projected norm and then projecting
the remaining rows onto the orthogonal space is iteratively employed until nding atrtex
indices. Sequentially, for each= 1-+<<— 1, de ne a unit-norm vectow: = Up _*kUn k3,

then thet: | 1°-th vertex index is estimated as

(. 1= argmaxkUgll  vivi® U V.V ;e
Bf (1€
Here the projection matricéd ~ viv;©, ees 1l V. V> ° sequentially project the rows &f to
the orthogonal spaces of those already found verﬁq?_s—- **Yp This SPA procedure can be
intuitively understood by visually inspecting the toy example in Figure 2.1. Sipce« 9, . lie
in atriangle in Figure 2.1, it is not hard to see that the vector with the largest norm should be one of
the three vertices, .-U

(= ( (3
the space orthogonal o the maximum norm of the projected vectors should correspond to
o

2_:—U L sayU(S_:. Furthermore, after projecting the remainidg_onto
8= (, or (,- This observation intuitively justi es that SPA can nd the correct set of pure subjects
given a simplex structure.

The above estimation procedure is based on the assumptioR thatknown. In practice,
we only have access to the binary random data m&rixhose expectation iR . Fortunately,
it is known that for a large-dimensional random matrix with a low-rank expectation, the top-
SVD of the random matrix and the SVD of its expectation are close [e.g., see 56]. This nontrivial

theoretical result is our key insight and motivation to consider the t&¥D of R as a surrogate
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for that ofR :

R U V-
where isa diagonal matrix collecting the largest singular values &, andUy ,V
collect the corresponding left and right singular vectors wWittu = V>V =1 . Speci cally, [56]

proved that the difference betwedn andU up to a rotation is small whe# and are large with
respect to . Therefore, since Proposition 1 shows that the population row veldigrse « 4., .

form a simplex structure, the empirical row vectcbtﬁg;ggl are expected to form a noisy simplex
cloud distributed around the population simplex. We call this noisy cloud the empirical simplex.
For an illustration of the population and the empirical simplex, see Figure 2.2 in Section 2.5.

In order to recover the population simplex from the empirical one, we use a pruning step similar
to that in [54] to reduce noise. We summarize this pruning procedure in Algorithm 1. The high-
level idea behind pruning is that @g._has a large norm but very few close neighbors, then it is
likely to be outside of the population simplex and hence should be pruned (i.e., removed) before
performing SPA to achieve higher accuracy in vertex hunting. More speci cally, Algorithm 1 rst
calculates the norm of each row df(line 1-3) and identi es the vectors with norms in the upper
@quantile (line 4). The large@s, the more such points are found. Then for each vector found,
its average distanc& to its Anearest neighbors is calculated (line 5-8). Finally, the subjects to
be pruned are those who&gbelong to the uppet-quantile of all theGs (line 9). A larger value
of 4 indicates that a larger proportion of the points will be pruned. According to our preliminary
simulations, we observe that the estimation results are not very sensitive to these tuning parameters
A— @—After pruning, we can use SPA to hunt for thevertices of the pruned empirical simplex
to obtainS, and then estimate and

Algorithm 2 summarizes our proposed method of estimating parameters © based on
SPA with the pruning step. The index of the element that has the maximum value is denoted
by argmaxx°. For any matrixA = 10g8, denote byA = maxf Ogg0g°the matrix that retains the
nonnegative values & and sets any negative values to zero. After obtaining the index vector of

the pruned subject® (which is a subvector 0f1-2— e« «—% from Algorithm 1 (line 2), we use
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Algorithm 1 Prune

Require: Empirical top- left singular matrixJ, the number of nearest neighb@ygwo quantiles

@-2 10-1°,

Ensure: Set of subject indiceB to be pruned (i.e., removed)

1:

© NN

for 82 1—eee—#o
;8= kUg:k>

end for

Po=1f8::3 upper@uuantileoffig:1 8 #gg

for 82 Py do
dg = fthe distances froJgto its Anearest neighbogs
G = averagédd

end for

P=f8:G upperdquantile off G: 82 Pygg

Algorithm 2 GoM Estimation by Successive Projection Algorithm with Pruning

Require: Binary response matriR 2 f0-1g” , number of extreme pro les , threshold param-

etern, pruning parameteis— @—4

Ensure: Estimated5-"-"

1

e
B O

[EnN
N

© O NTORE DN

: Get the top singular value decomposition & asUSV>
. P=PrunéU-A-@-4

:Y=U

:for : 2fl-eee—gdo

(. = argmatfkYg.ky : 82 »#V4Rg°
u= Y(\ _:'kY(\._:kz
Y =Y uu”°
end for
~=UtUg ot
N i s:. 1~
;T =diagtT 1°-+7
. ~=\SU NP N> Ng 1
Sfe— ifn Yo 1 n
- Write "~ as1\'g_°, where\"s_.= n if Y9_.Y n
"1 n ifYj 1 n
(n  Ocan be set to zero. In the numerical studies we chacs®+001to be consistent and
comparable with the default setting in the JML function in the R paclsage .)

SPA on the pruned matrid ..., » . to obtain the estimated pure subject index ve&dline 3-8).

Once this is achieved, and can be estimated by modifying (2.8) and (2.9) in Proposition 1.

We rst calculate

1
~=U U, (2.11)
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based on (2.8). Thé obtained above does not necessarily fall into the parameter domain for
Therefore, we rst truncate all the entries 6fto be nonnegative, and then re-normalize each row

to sum to one (line 10). Based dh we can also estimate by
~=vsyT M Mol (2.12)

according to (2.9). Our proposed method can be viewed as a method of moments. Equations
(2.11) and (2.12) are based on the rst moment of the response rRatwkere we equate the low-

rank structure of the population rst-moment matRx with the observed rst-moment matrik.

Lastly, we truncate™ to be betweenn-1 n¥and obtain the nal estimatof (line 12). When

n = 0, this truncation ensures that entries’tfie in the parameter domai®-1% In the numerical
studies, we choose= 0001to be consistent and comparable with the default setting in the JIML

function in the R packagsirt

Remark 1 There are two possible ways to estimateaccording to(2.9). The rst one is de ning
" as the truncated version of

~_ >
=V Ué_:_

which only uses the information bfcorresponding to the pure subjects indexed K Another
approach is via2.12), which uses information from all of the subjects. The latter approach is
expected to give more stable estimates. Our preliminary simulations also justify that2<siay

indeed gives higher estimation accuracy, so we choose to estimdteat way.

2.4.2 Estimation Consistency

In this subsection, we prove that our spectral method guarantees estimation consistency of
both the individual membership scores and the item parameters . We consider the double-
asymptotic regime where both the number of subjé&césnd the number of itemsgrow to in nity
and is xed. At the high level, since our estimators are functions of the empirical SVD, we

will prove consistency by leveraging singular subspace perturbation theory [56] that quanti es the
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discrepancy between the SVD Rfand that of the low-rank expectatiét .

p p-

Condition2 M °®1-4 °®1,f & ©°¥ #,andf @ ©°¥

Condition 2 is a reasonable and mild assumption on the parameter matrices. As a simple
example, it is not hard to verify that if and  both consist of many identity sub-matrices
vertically stacked together, then Condition 2 is satis ed. The following theorem establishes the

consistency of estimating both and  using our spectral estimator.

Theorem 3 Consider™ = ngf, - = VSUE__. Assume that Conditions 1 and 2 hold#H¥ ! 1

with#e 21 0and *#2! 0, then we have

1 % 1 %
o=k~ Pk 10— p—kP Kk I"0- (2.13)
where the notation% means convergence in probability, aRds a permutation matrix

which has exactly one entry of “1” in each row/column and zero entries elsewhere.

Theorem 3 implies that

1 ¢ 1 @ O %
ﬁ:k - Pk = #— leg.. CS—E]Z 002 1 0;
# &1 :=1
1 ¢ 100 %
| § g k=P k = — 1\~g_q: o \ 9_?2 0
=1:=1

whereq : fl-eee—g | f 1-eee—gis a permutation map determined by the permutation matrix
P. These results mean that#s !1 , the average squared estimation error across all entries in
the mixed membership score matrix and that across all entries in the item parameter matrix

both converge to zero in probability. This double-asymptotic regime with #oémd going to

in nity and this consistency notion in scaled Frobenius norm are similar to those considered in the
joint MLE approach to item factor analysis in [13] and [1]. To the best of our knowledge, this is

the rst time that consistency results are established for GoM models in this modern data regime.
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2.5 Simulation Studies

2.5.1 Evaluating the Proposed Method

We carry out simulation studies to evaluate the accuracy and computational ef ciency of our
new method. We consider 2 f3-8g, # 2 f200-1006-2000-3000-4000-5000g, and = # 5,
which correspond to large-scale and high-dimensional data scenarios. Such simulation regimes
share a similar spirit with those in [64], which proposed and evaluated an SVD-based approach
for item factor analysis. In each simulation setting, we generate 100 independent replicates.
Within each setting and each replication, the rows ofare independently simulated from the
Dirichlet*" ° distribution with" equal to the -dimensional all-one vector, and the rstrows
of  are setto the identity matrix in order to satisfy the pure-subject Condition 1. The entries
in  are independently simulated from the uniform distributiom9HLY4 Our preliminary simu-
lations suggest setting the tuning parameters in the pruning AlgorithmA % tt0, @= 0+4, 4 = 02
with 8% subjects removed before SPA, so that the pruned empirical simplex is adequately close to
the population simplex. We use the above setting throughout all the simulations and the real data
analysis unless otherwise speci ed. It turns out the performance of our method is robust to these
tuning parameter values and not much tuning is needed in practice.

To illustrate the simplex geometry of the population and empirical left singular matdces
(from the SVD ofR ) andU (from the top- SVD of R), we plotUg._andUg. with # = 2000and

= 3in Figure 2.2. All vectors are projected to two dimensions for better visualization of the
simplex (i.e., triangle) structure. In Figure 2.2, the red-shaded area corresponds to the population
simplex, the green crosses are the removed subjects selected by the pruning Algorithm 1, and the
blue dots form the empirical simplex obtained after pruning. As we can see, the empirical row
vectorsUg. approximately form a simplex cloud around the population simplex. After pruning
out the noisy vectors, the resulting empirical simplex is close to the population one. This fact not
only illustrates the effectiveness of the pruning procedure in Algorithm 1, but also con rms the

usefulness of our notion of expectation identi ability by showing the close proximity oand
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Figure 2.2: Row vectors d# andU projected toR? in the simulation setting wit¥ = 2000and
= 3. The red-shaded area is the population simplex, the green crosses are the removed subjects
in pruning, and the blue dots form the empirical simplex retained after pruning.

U. The resemblance between the scatter plots of the rows @indU implies that the simplex
geometry ofU holds approximately fod, and hence SPA can be appliedido estimateS .

We compare the performance of our proposed method withtealgorithm (Joint Maximum
Likelihood) in R packagssirt , because the latter is currently considered as the most ef cient
estimation method for GoM models. We follow the default settingdML with the maximum
iteration number set a800, the global parameter convergence criteriorD€¥1, the maximum
change in relative deviance @€01, and the minimum value af;. and\ 4. as0<001 We measure
the parameter estimation error by the mean absolute error (MAE). That is, the error between the
estimated” and the ground truth  for each replicate is quanti ed by the mean absolute bias (and
similarly for ):

G O g iOO

1 . . . .
;1 "o = #— JCSZ C\SJ_ al - : J\ 9: \Ag:J.
&1 :=1 F1:=1

We present the comparisons between our spectral method and JML in terms of computation

time and estimation error in Table 2.1 and Figures 2.3, 2.4, 2.5. As shown in Figure 2.3, the
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Figure 2.3: Computation time for = 3 (left) and = 8 (right) in simulations. For each simulation
setting, we show the median, 25% quantile, and 75% quantile of the computation time for the 100
replications.

computation time for both methods increases as the samplefsemed the number of items
increase. Notably, JML takes signi cantly more time than our proposed method, especially when
# and are large. For example, whén=500Q =100Q = 8, it takes about 3 hours for JML
to reach the maximum iteration number for each replication, while it takes less than 40 seconds
on average for our proposed method. Table 2.1 further records the mean computational time in
seconds across replications for JML and the proposed method. We observe that JML is not able
to converge in almost all replications when= 8, including when the sample size is as small as
# = 200. In summary, when is large enough, JML not only takes a long time to run but also is
unable to reach convergence given the default convergence criterion.

The huge computational advantage of the proposed method does not come at the cost of de-
graded estimation accuracy. Figures 2.4 and 2.5 show that the estimation error decreases as the
sample sizéf and the number of itemsincrease for both methods. When the sample size is large

enough# 2000 for = 3, our proposed method gives more accurate estimation on average
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Method # =200 # =1000 # =2000 # =3000 # =4000 # =5000

_3 JML 30.3 170.9 473.9 923.4 1528.4 2363.9
Proposed 7.5e-2 15 6.8 17.5 42.3 10.6

_g JML 1.7 691.5 1957.5 3761.7 6134.3 9251.7
Proposed 6.4e-2 1.3 5.0 11.6 23.0 37.2

Table 2.1: Table of average computational time in seconds across replications for JML and the
proposed spectral method for=3and =8.

compared to JML. For = 8, our proposed method yields higher estimation accuracy fdor all

sample sizes on average. When 200Q the estimation accuracy of is slightly worse but com-
parable to JML. We point out that due to their non-iterative nature, SVD or eigendecomposition-
based methods typically tend to give worse estimation compared to iterative methods that aim to
nd the MLE; for example, see the comparison of an SVD-based method and a joint MLE method
for item factor analysis in [64]. However, it turns out that given a xed computational resource
(i.e., the default maximum iteration number in i  package), the iterative method JML can

give worse estimation accuracy than our spectral method.

Figure 2.4: Simulation results of estimation error for= 3. The boxplots represent the mean
absolute error for (left)and  (right) versus the sample size

We also compare our spectral method with the Gibbs sampling method for the GoM model.
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Figure 2.5: Simulation results of estimation error for= 8. The boxplots represent the mean
absolute error for (left) and  (right) versus the sample size

The parameters in the Gibbs sampler are initialized from their prior distributions. The number of
burn-in samples is set to 5000. We take the average of 2000 samples after the burn-in phase as
the Gibbs sampling estimates. Since Gibbs sampling is an MCMC algorithm, the computation
can take a long time when the sample sizeand number of items are large. Therefore, we

only considest = 200-1006-200Q and = 3. We compare the computation time and estimation
accuracy of our proposed method, JML, and Gibbs sampling. The results are summarized in Tables
2.2 and 2.3. Compared to Gibbs sampling, our proposed method is approximately 10,000 times
faster when# = 2000and = 3. In terms of the estimation accuracy, when the sample size is
small, the Gibbs sampling has better accuracy. When the sample size is large enough, the three
methods are comparable in terms of estimation accuracy. These simulation results justify that our

method is more suitable for large-scale and high-dimensional datasets.

# =200 # =1000 # =2000

Proposed 0.1 15 6.8
JML 30.3 170.9 473.9
Gibbs 566.7 13119.2  52255.8

Table 2.2: Average computation time in seconds for each method and sample size in simulations
when =3,
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# =200 # =1000 # =2000 # =200 # =1000 # =2000

Proposed 0.12 0.04 0.03 Proposed 0.17 0.08 0.06
JML 0.13 0.04 0.03 JML 0.16 0.07 0.06
Gibbs 0.09 0.03 0.02 Gibbs 0.13 0.07 0.05

Table 2.3: Average mean absolute error forand  for each method and sample size in simula-
tions when = 3.

We also note that without the pure subject Condition 1, one can still obtain estimates from the
JML or the Gibbs sampler by directly running their corresponding estimation algorithms. How-
ever, simply running those algorithms for arbitrary data generated under the GoM model may give
misleading results if the model is not identi able, because identi ability is the prerequisite for any
valid statistical inference. In contrast, for our proposed spectral estimator, under the pure sub-
ject condition, we have established both identi ability (Theorem 1) and estimation consistency
(Theorem 3) for both the mixed membership scoresand the item parameters .

We also compare the simulation results of our proposed method with and without the pruning
step when = 3 to examine the effectiveness of pruning. The comparison of the estimation
accuracy for the two approaches are summarized in Figure 2.6. For the estimatigresfimation
with pruning is consistently better for all sample sizes. For the estimation oéstimation results
are comparable for the two approaches. When sample size is large, pruning gives slightly better
results.

To summarize, the above simulation results demonstrate the superior ef ciency and accuracy
of our proposed method to estimate GoM models. Our method provides comparable estimation
results compared with JIML and Gibbs sampling, and is much more scalable to large datasets with

many subjects and many items.

2.5.2 \Verifying Identi ability

We also conduct another simulation study to verify the identi ability results. We consider
three different cases with = 3, # 2 f200-1006-2000-3000g, and = #+5. In Case 1, we set

the ground truth by vertically concatenating copies of the identi alsle 3 matrix in Example
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Figure 2.6: Comparison of estimation results with and without the pruning procedure whéh

1, and the generation mechanism for remains the same as in Section 2.5.1. In Case 2, we use
the same asin Case 1; while for , after generating rows of °= 1cg:° from Dirichlet'1°, we
truncatecg: to be no less thafie 3 and then re-normalize each row of it; after this operation the
minimum entry in the resulting is 0.2. Such a generated = 'c4.° does not satisfy the pure-
subject Condition 1. In Case 3, we generateusing the same mechanism as in Section 2.5.1,
but generate whose rows are replicates of the vectOs8— 05— 02° so thatA0=2 © = 1.

Case 1 falls into part (a) in Theorem 2 and is identi able, whereas Cases 2 and 3 correspond to
part (c) and are not identi able. Figure 2.7 shows that the estimation errors in Cases 2 and 3
are signi cantly larger than those in Case 1. These results empirically verify our identi ability

conclusions in Theorem 2.
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Figure 2.7: A simulation study verifying identi ability. Estimation errors for three different cases;
see the concrete settings of Cases 1, 2, and 3 in the main text. The box plots represent the mean
absolute error for (left)and  (right) versus the sample size

2.6 Real Data Example

We illustrate our proposed method by applying it to a real-world personality test dataset, the
Woodworth Psychoneurotic Inventory (WPI) dataset. WPI was designed by the United States
Army during World War | to identify soldiers at risk for shell shock and is often credited as the
rst personality test. The WPI dataset can be downloaded from the Open Psychometrics Project
website: http://openpsychometrics.org/_rawdata/ . The dataset consists of binary
yes/no responses to= 116items from 6019 subjects. We remove subjects with missing responses
and only keep the subjects who are at least ten years old. This screening process leaves us with
# = 3842subjects.

We apply both the JML method and our new spectral method to the WPI dataset to compare
computation time. Figure 2.8 shows the computation time in seconds versus the number of extreme

proles for the two methods. For 4, the number of iterations for JML reaches the default
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maximum iteration number inthert package and does not converge. Similar to the simulations,
our spectral method takes signi cantly less computation time compared to JML. This observation
again con rms that the proposed method is scalable to real-world datasets with a large sample size

and a relatively large number of items.

Figure 2.8: Computation time for the WPI dataset. The lines indicate the run time in seconds
versus for JML and our spectral method. Note that for 4, the number of iterations in JIML
reaches the default maximum iteration number.

Choosing the number of extreme latent pro less a nontrivial problem for GoM models in
practice. Available model selection techniques include the Akaike information criterion [AIC; 65]
and the Bayesian information criterion [BIC; 66] for likelihood-based methods, and the deviance
information criteria [DIC; 67] for Bayesian MCMC methods. For factor analysis and principal
component analysis, parallel analysis [68, 69] is one popular eigenvalue-based method to select
the latent dimension. For the WPI dataset, when choosirg 3, we observe that the estimated
™ matrix has three well-separated column vectors, which imply a meaningful interpretation of the
extreme pro les. When increasing to 4, the columns of the estimatétare no longer that well-
separated and interpretable. Moreover, choosing 3 produces the least reconstruction error

comparedto = 2or4. Thatis, = 3leads tothe smallest mean absolute error betwén
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and the observed data matfx Since the goal of the current data analysis is mainly to illustrate
the proposed spectral method, we next present and discuss the estimation results 3orThe

problem of how to select in GoM models in a principled manner is left as a future direction.

Figure 2.9: Heatmap of of a subset of 30 WPI items. The values are the estimated probability of
responding “yes” for each item given each extreme pro le.

We next take a closer look at the estimation result given by the proposed method-f8r In
order to interpret each extreme latent pro le, we present the heatmap of part of the estimated item
parameter matrixX" in Figure 2.9. Since the number of items= 116is large, we only display a

subset of the items for better visualization. More speci cally, 30 out of 116 items are chosen in Fig-
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ure 2.9 based on the criterion that the chosen items have the largest variabifigs#f'g2—"93°.
Based on Figure 2.9, we interpret pro le 1 as people who are physically unhealthy since they have
higher probabilities of fainting, dyspepsia, and asthma or hay fever. People belonging to pro le 2
tend to be socially passive since they are worrying, do not nd their way easily, and get tired of
things or people easily. Pro le 3 on the other hand is identi ed as the healthy group.

Figure 2.10 shows the ternary diagram of the estimated membership stonesle with the
R packagegggtern . The WPI dataset comes with the age information of each subject, and we
color-code the subjects in Figure 2.10 according to their ages. The darker color represents older
people while the lighter color represents younger people. Each dot represents a subject, and the
location of the dot in the equilateral triangle depicts the three membership scores of this subject.
Speci cally, dots with a large membership score on a pro le are closer to the vertex of this pro le.
One can see that the pure-subject Condition 1 is satis ed here since there are dots located almost
exactly at each of the three vertices in Figure 2.10. This gure also reveals that darker dots are
more gathered around the vertex of pro le 1, which means that older people are more likely to
belong to the extreme pro le identi ed as physically unhealthy. Correspondingly, younger people
are closer to pro le 2 or 3. Recalling our earlier interpretation of the extreme pro les from Figure
2.9, these results are intuitively meaningful since older people tend to be less healthy compared
with younger people. It is worth emphasizing that the age informationtisisedn our estimation

of the GoM model, but our method is able to generate interpretable results with respect to age.

2.7 Discussion

In this chapter, we have adopted a spectral approach to GoM analysis of multivariate binary
responses. Under the notion of expectation identi ability, we have proposed suf cient conditions
that are close to being necessary for GoM models to be identi able. For estimation, we have
proposed an ef cient SVD-based spectral algorithm to estimate the subject-level and population-
level parameters in the GoM model. Our spectral method has a huge computational advantage

over Bayesian or likelihood-based methods and is scalable to large-scale and high-dimensional
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Figure 2.10: The barycentric plot of the estimated membership séofesWP!I data, color-coded
with the age covariate.

data. Simulation results demonstrate the superior ef ciency and accuracy of our method, and
also empirically corroborate our identi ability conclusions. We hope this work provides a useful
tool for psychometric researchers and practitioners by making GoM analysis less computationally
daunting and statistically mysterious.

The expectation identi ability considered in this work is a suitable identi ability notion for
large-scale and high-dimensional GoM models. A recent paper [45] studied the population identi-
ability of a variant of the GoM model called the dimension-grouped mixed membership model.
Generally speaking, population identi ability is a traditional notion of identi ability which aims
at identifying the population parameters in the model but not the individual latent variables. In the
context of the dimension-grouped GoM model, population identi ability in [45] means identify-
ing the item parameters and the distribution parameters for (i.e., the Dirichlet distribution
parametergU,—e««+—U9, where each row in is assumed to follow this distribution), but not
identifying the entries in  directly. Such a traditional identi ability notion is more suitable for

the low-dimensional case with smalland large#, as considered in [45]. In contrast, in this work
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we are motivated by the large-scale and high-dimensional setting with#batid going to in-
nity. In this setting, expectation identi ability that concerns both and is a suitable notion
to study, and we have also established the corresponding consistency resultaiod  when
the pure subject condition for expectation identi ability is satis ed.

The pure subject Condition 1 is a mild condition that is crucial to both our identi ability result
and estimation procedure. It may be of interest to test whether this condition holds in practice.
Testing Condition 1 is equivalent to testing whether a data cloud in a genet@hensional space
has a simplex structure, which is a non-trivial problem. When 3, a visual inspection is plausi-
ble by plotting the row vectors of the left singular matrix and checking if the point cloud forms a
triangle in the 3-dimensional space. However, wheis larger than 3, visual inspection becomes
infeasible. Recently, a formal statistical procedure has been proposed by a working paper [70] to
test theanchor word assumptiofor topic models, which is another type of mixed membership
models. The anchor word assumption requires that there exists at least one anchor word for each
topic, which is analogous to our pure subject Condition 1. [70] considers the hypothesis testing of
the existence of anchor words. They rst characterize that for a mRtiat admits a low-rank fac-
torization under the anchor word assumption, one can WriteCP for some matrixC that belongs
to a certain se€ . Based on this property, [70] then construct a test stajistidnfcoc kP CPk
to test the null hypothesis that the anchor-word assumption holds. To achieve b kegt)-the
null hypothesis will be rejected )f is larger than thél U°% quantile of the distribution of the
test statistic under the null. We conjecture that it might be possible to generalize this procedure to
the GoM setting, and leave this direction as future work.

There are several additional research directions worth exploring. First, this work has focused
on binary responses, while in practice it is also of interest to perform GoM analysis of polytomous
responses, such as Likert-scale responses in psychological questionnaires [see, e.g. 45]. Under a
GoM model for polytomous data, a similar low-rank structure as (2.5) should still exist for each
category of the responses. Since our method is built upon the low-rank structure and the pure

subject condition, exploiting such structures in polytomous data could still lead to nice spectral
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algorithms. We will extend the current method to multivariate polytomous responses in Chapter 3.
Second, it is worth considering developing a model that directly incorporates additional covariates
into the GoM analysis. Our current method does not use additional covariates, such as the age
information in the WPI dataset. Proposing a covariate-assisted GoM model and a corresponding

spectral method may be methodologically interesting and practically useful.

2.8 Appendix to Chapter 2

2.8.1 Proofs of the Identi ability Results

Proof of Proposition 1. If we take the rows that correspond$o of both sides in the SVD (2.6)

and use the fact thatg . =1 , then
Us. V> =Rg.= . = 7o (2.14)
This gives an expression of
=V US.e (2.15)

Further note that

Uu=RvV = v L (2.16)

U= Ug. VV 1= Ug.e (2.17)

Equation (2.17) also tells us thdt, . must be full rank since botd and  have rank . There-
fore, we have an expression of :

=U g 0t
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On the other hand, based on the singular value decompositionV > = >, we can left

multiply t > © 1 > with both hand sides to obtain

1 > ol > U V> — >
:) =V u’ 10z o1, (218)
We next show that (2.15) and (2.18) are equivalent. Siheéd =1 , (2.17) leads to
Ui, 7 Ug.=l -

which yields

1 > 0 1 — >
- US—:US—:.

Plugging this equation into (2.18), we have

=V U UglUZ

:V U> U IUS—ZO 1US —ZUS>—Z

=V U,
This shows the equivalence of (2.15) and (2.18) and completes the proof of the propgsition.

Proof of Theorem 1. Without loss of generality, assume that the rst extreme latent pro le does

not have a pure subject. Theg 1 X-88= 1—<e+—for someX j 0. ForeactD Y n Y X

denea matrix
1 10n2 n21>
M n= > 1 .
0 1 nl 11> 1511 1 °n°l 4
We will show that~=,= Mpand ~,= M, form a valid parameter set. That is, each element
of T and T, lies in »0-1¥and the rows of~, sum to one. Sinc®éy =1 and by the continuity

40



of matrix determinantM,, is full rank whenn is small enough. Also notice thai,1 =1 .
Therefore,™y1 = Mpl = 1 =14 ForeactB=1-esce—jfeg =Cg?l, 1 1°n% Q.
Forany xed: = 2—eee— 1M .. =1 1 2°n andM <. = nfor < < :. Thus when
n let 1°, we have!M°<.  nforany< = 1-ee++— Therefore, the following inequalities
hold for eaclB= 1—eee—#nd: =2—ecee—:

0 0

eg: = N’Cg,  CgliMp’ nCg, N Cge
<=2 <=2
il X, ntl cg® Pl X, nX n¥j O

i
Here we alsoused._;cg. =1, ¢C

8 a 1 X andn Y X

Further notice that
21 10 n21>

M, | = 1 _
0 1 nl 11> 1 nt 1°1 4

A —F
which leads tokM, | k " °0. HerekAk = 51 o1 03is the Fronenius norm of any

matrix A = 10g§ 2 R* =. By the continuity of matrix inverse and Frobenius norm,

Therefore,

k=  k =k 1 Mok k kk Mk T %0

Since all the elements of are strictly in10-1°, the elements of” must be inx0-1¥awhenn is
small enough. Also note thi, is not a permutation matrix whem j 0, thus the GoM model is

not identi able up to a permutation. This completes the proof of the theofem.

Proof of Theorem 2. SupposeA0=1 ©°=A . Now, consider SVOR =U V~ with

U 2R* AV 2R A 2 RAA Forsimplicity, we continue to use the same notatidns -V
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here even though the matrix dimensions have changed. Without loss of generality, we can reorder
the subjects and memberships so that_. = |

from Assumption 1. According Proposition 1,
U= U;_.- (2.19)

SinceA0=1 ©°= —A0=:U °=A we must have rariJ,. .°=rankU °=A

Suppose another set of parameters-~° yields the sam& and we denote its corresponding
pure subject index vector &so that~s. =1 . Similarly, we have

.. (2.20)

Taking theS rows of both sides of (2.19) and the rstrows of both sides of (2.20) yields

The above equation shows thag__ is in the convex hull created by the rowsdf. _., andU,. _

is in the convex hull created by the rowstdg_,. Therefore, there must exist a permutation matrix

P such thaU$ = PU,._.. Combining this fact with (2.19) and (2.20) leads to

1 ~PoU,. . =0e (2.21)

Proof of part (a). For part (a)A= andU,. . is full rank according to (2.19). In this case,
(2.21) directly leadsto = ~Pandthus™= P~.

Now generally consideA Y . By permuting the rows and columns of , we can write

C CwW,
(2.22)
>C W3CW;

whereC 2 RAAjs full rank, W1 2 RA*  # andW, 2 RA" . Now comparing the block
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columns of (2.22) and VU, ° gives

I
4§ C=V W~
2
(2.23)
N .
N CWy1=V 1U1A 10" °
2
SinceC is full rank, U, .,. has to also be full rank and (2.23) can be translated into
UIA ot = WiUpp.0
Therefore,
Ia
Up._. = Upa:® (2.24)
1
By plugging the (2.24) into (2.21) and again using the fact that. is full rank, we have
IA
1 ~pe = 0O (2.25)
1
Proof of part (b). DenoteA = ~P.If A= 1L, Wy=1 14—eee—; ,%isal 1°-
dimensional vector and (2.25) gives us
A_g , -A_.=0- 89=1—eee— 1o (2.26)

Denote arAdimensional column vector with all entries equal to onelRyRight multiplying 1

to both sides of (2.25) yields
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Also, note that both and ~P have row sums of 1. Hence,

O
A._g= 04—
=1
O1
Ao, Wz 1A =04
o1

Taking the difference of the two equations above giks Wi 1A =04. If Wi 1A < 1, then
A._ has to bedy, which impliesA._g= 04 forall 9=1eee— 1 according to (2.26). Therefore,
A= ~P =04, which leadsto™= P~.

Note that using (2.24) leads to

1 1
“=Up. V7= U o V7 = Loga %
> >
1 1
Hence _ = .. ;Wi Therefore, the conditiowi 1a < 1lis equivalent to the -th column
of  not being an af ne combination of the other columns.
Proof of part (). Now consider the case @fither A = 1with W71a =1, 0r A Y 1

Assume subject is completely mixed so that._. | 0-8: = 1—+e¢— Dene

_ éo; if 8< <

8; =
_EO; L N> Wi-1 A if8=<
wheren j 0is small enough so th@g2 10-1°, and# 2 R Ais suchthatt™ 11 A Wzl °=0.
Note that such# < 0 always exists under the assumption in part (c), becaudesif 1 with
W7la=1, then# 11 A W71 = Vi1 1°=0holds forany 2 R; if A Y 1,then A 2
and# has dimension at least two, so the inner product equaticn A W7 1% = 0 must have a

nonzero solutio. The constructed™ have row sums of 1 by the construction#fFurthermore,
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~U,._.and U,._.canonly be different on the-th row, and

Ia
ZUl: = OZ U1: - n#” » Wi_l A7 lJl:A:—: 0<> Ul: _:*

>
1
Hence~U,. .= U, _.. Thisgivesus
7= U1:—: V>:~U1:—: V>:~ T
We canseethdt — °and! ™ °yieldthe same modelbut < ~. This completes the proof

for part (c).f

2.8.2 Proof of the Consistency Theorem 3

For any matrixA with SVD A = Ua aV;, de ne
SQrtA° ;= UpV e
According to Remark 4.1 in [56], for any two matricasB 2 R= A~-A =
SgrntA”B° = arg 2rnOiAnA KAO Bk-

whereO” Ais the set of all orthonormal matrices of size A The2-to-1 norm of matrixA is

de ned as the maximum rovy norm, i.e. kKAky,; = maxgke; Ak. De ne

_max#- g

minf#— g
ey 1 >0 1 of .1 O
Under Condition 2, we havelR © = ffll = ff L 0]‘:11 s =/~ orl o ® 1and

f 1RO f 1 oof 1 oyPF
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Lemma 1 Under Condition 2, if#e 2! 0and «#2 ! 0, then with probability at least

$11#  © 5 onehas

. pTA, pIogl# L °
KU U sgriU” Ukyy ® i (2.27)
s *
1 [0}
UV U Vik @ o9, ° (2.28)

minf#— ¢

Here the in nity normkAk; for any matrixA is de ned as the maximum absolute entry value. We

write the RHS of (2.27) a¥ and the RHS of (2.28) s

Proof of Lemma 1. We will use Theorem 4.4 in [56] to prove the lemma and will verify the

conditions of that theorem are satis ed.

#kU K2 KV K2
2 22 Note that

De ne the incoherence parameter.= max

1 1
kU k24_ k US_:kZ—l k US—Zk: fl—O ® ﬁﬁ—

since all rows ofJ are convex combinations hfs .- On the other hand,

KV kpa =k 1Ug.°" ks Kk kea kWUg.°” Tk

1 kK kpgfqt ©
1 -
K s kUg Tk g = 5
k k2_1"1 o p_/\l o} 1

1 o 1 o ®p="

Therefore, ® 1.

On the other hand, we will show thgiogl# . %eminf#- g® 1. By the symmetry off and

, We assume  # without loss of generality. Thus

S——  r r -
log*# , © logi# , © log* °
g 5 - g 5 ® og 5 ! O.
minf#— g
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Therefore, Assumption 4.2 in [56] holds and (2.27) and (2.28) can be directly obtained from
Theorem 4.4 in [56]f

Lemma 2 Let Conditions 1 and 2 hold. Then, there exists a permutation mRtswch that with

probability at leastl. $11# , © 5o
kUs, PUg. sgrtU” Uok® Ye (2.29)

Proof of Lemma 2. Using Proposition 1, we will apply Theorem 4 in [71] with = U, G =

U sgrtU”U°e,W=,Q=Ug, sgrtU”U°,N=U UsgriU”UeN=U U sgrtu> L.
Pa Fioas o

According to Lemma l,keg Nk YandY ® —p—A 09#, On the other handf 1Q° =

FiUs= fll;" pl? sinceU = Ug_andf;* ©° k Kk pEmaxg & pE_

f 1y, © _
Therefore,Y ——p== forsome i 0small enough. Then we can use Theorem 4 in [71] to

get
> P— >
kU PUg_. sgrntU~ U°k o ™ Ug. sgrtu~” ueoy
— op_/\ 1US_.°Y1§ Op_l\l oy
®Y with probability atleast. $11# , © o,
Here!® is becaus®) = Ug .. f

Proof of Theorem 3. First show that)s. is not degenerate. By Weyl's inequality and Lemma 2,

with probability at least.  $1# , © °, we have

f 1Ug.0 f 1PU5.0° kUs. PUg. sgrtU” Uk

f 1Ug.° kUs. PUg. sgrtU” Uck

1
¥ Y
¥ 1 A,plogl#, °
ﬁ% P



1
¥ p—
"7

when#— are large enough ané§ converges to zero. Therefoldy . is invertible.

For the estimation of |,

k~ Pk
=kUUq! U Ug.'Pk
k UtUgl  sgrtU~ U Ug PPk kiU U sgrtU~ UoosP *Ug sgrtU” Ueva'k
I {z y o {z }
1

2

1, 2°
We will look at 1 and » separately.

1=kutu,l sgrtU” U°”Ug 1P70k

4.
kUgl sgrtU” U Ug 1Pk

k Uglkksgrtu” Ue”Ug 1P”kkUg.  PUg .sgritU” U°k

o 7 fqt oy
P— pTA, pIogl# ., o o 5
® # p= with probability at leasii. $11# , © 9

and

2=k U sgriU” U%°>p 1Ug sgrtU” Uewitk
kU U sgrtU” Uk kWUg.° 'k

Y f1 ©
pP— IOR pIoglahf ., 0 o 5
® # p_ with probability atleasil $11# , © “°,
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Therefore, with probability at leagt $i# © 0

1
ﬁ#:k~ Pk ® P=

Thereforeda?;:k~ Pk converges to zero in probability #- !'1 and% | 0.

For the estimation of , consider~™ =V UE_,.

kP k

=kP’Us, V> Ug. V7k

K1P’Us, Ug.sgrtU” U V7K | kiUg.sgrtU” U Us.® V7k

kUs> V7 Ug. V7k

kP’ Us, Ug.sgrtU” Uk f12R® KVK , kUg_sgrftU” U° Us.k f1IR® KVk
P ks V2 Us. V7k

188 —_—
®Y f1!R°, Y f1R® f 1R 90 P [ with probability at leas. $11# , © %o

where188 results from Lemma 2. By Weyl's inequalityf 11R° f 1R °] kR R k, where

R R is a mean-zero Bernoulli matrix. According to Eq (3.9) in [56], with probability at least

1 1 # o8

p
kR Rk®p#, _logH# | O

Furthermoref 1R ° f 1R O°¥ p#_ by Condition 2, thus we know th&t;*R © ¥ jf 11R°

f 1R °jwith probability atleast * #, ©° 8 Therefore, with probability at leagt $11#,k © 0,

k~P k ®Y f1lR°, P— [
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S

- P R ———
®pA, logt#, °© P P— P- Aog'#, °
T : minf#— g
s
p. P——— P- Alog#, °
="A, logi# K © —
. 0L minf #-— ¢
Thus
1 A, log*#, ° Alog'# , ©
p=kP k® P * minf#- g
_ b p
%p_# 5 Io%li#, ° ’ # logi#, ° if # i
= p p °
1 logi#, © logi#, °© .
?19? , Pl 7 if #
Thereforepi=k"P k converges to zero in probability #s- !1 and%—@! 0. f
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Chapter 3: Generalized Grade-of-Membership Estimation for

High-dimensional Locally Dependent Data

3.1 Introduction

We have addressed the identi ability and estimation challenges for GoM models with binary
responses and independent items in Chapter 2. One challenge to be addressed in GoM analysis is
the local dependence issue among items, meaning that a subject's observed multivariate responses
exhibit additional dependencies that are not fully explained by the latent variables. Local depen-
dence has long been known as a practical issue when applying latent variable measurement models
in social science [72, 73]. For instance, in the American National Election Studies (ANES) dateset,
blocks of items concerning voting participation, presidential approval, economics, and other topics
may display local dependence within each topic. In addition to social science, in genome-wide as-
sociation studies (GWAS), linkage disequilibrium (LD) — where neighboring alleles are correlated
— represents a form of local dependence [74]. In single-cell data, gene co-expression that re ects
dependencies between genes [75] also constitutes local dependence. It is crucial to devise accurate
estimation methods for locally dependent GoM models, especially in high-dimensional settings
where such dependencies are often more pronounced.

Another challenge in GoM models is to extend the estimation methods developed for dichoto-
mous data [76, 26] to polytomous data, as mentioned in the discussion section 2.7 in Chapter 2.
Analyzing GoM models beyond one distribution is also challenging, as the current Bayesian or
likelihood-based methods for GoM are usually tailored to a speci ¢ probabilistic model such as
the Bernoulli model, limiting their applicability across different data distributions. Furthermore,
the theoretical guarantees for estimating the GoM model in high-dimensional settings remain un-

known.
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To address the above challenges, we rst observe that the multivariate categorical data can be
reformulated as a three-way (quasi-)tensor, with many subjects responding to many items with
varying numbers of categories. We employ a simple yet novel technique to atten this quasi-
tensor into a “fat” matrix and then perform SVD to estimate parameters by exploiting the singular
subspace geometry. We further introduce the generalized-GoM models, which encompass a wide
range of data distributions with potential local dependence and cover the traditional GoM model
as a special case. We establish nite-sample entrywise estimation error bounds for generalized-
GoM parameters. To achieve this, we develop a novel sharp two-to-in nity singular subspace
perturbation theory for arbitrary locally dependent data from exible distributions, which is of
independent interest. Extensive simulation studies demonstrate that our method ef ciently and
accurately estimates the generalized-GoM parameters with local dependence that either results
from the attening technique or is a consequence of the intrinsic data generation mechanism. We
apply our method to a diverse range of real-world datasets in political surveys, population genetics,
and single-cell sequencing, and uncover interesting insights.

The rest of this chapter is structured as follows. Section 3.2 explains the background and
motivation for this work and introduces the model setup. Section 3.3 discusses model identi ability
and presents a spectral method for generalized-GoM models. Section 3.4 develops a two-to-in nity
singular subspace perturbation theory for locally dependent data from exible distributions and
establishes entrywise error bounds for parameter estimation. Section 3.5 reports the results of
simulation studies and Section 3.6 presents three real-data applications. Section 3.7 concludes
the chapter. All technical proofs of the theoretical results and additional computation details are

provided in Section 3.8.

3.2 Motivation and Model Setup

3.2.1 GoM for Multivariate Categorical Data and Existing Methods

We rst review the classical GoM model for multivariate categorical data [17, 77, 18]. Consider

categorical responses frofnsubjects td items, and denote the response of sulfgattem; by
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"2 fl-eee—q for82 »#¥and; 2 » Yawhere . 2is the number of categories of item

Recall that the GoM model has two levels of modeling: the population level and the individual
level. On the population level, there areextreme latent pro les, each representing a prototypical
response pattern. For eact? » Ythe extreme latent pro le corresponds to an item parameter

VeCtor™, = 1) —ee o}y O with o = 1V 3~ e« s5__ © 2 50-1%, and
\"_._p= P*"3_= 2] subject8solely belongs to the-th extreme latent pro |

i
for2 2 » Ya; 2 » Y Note that \"_._» 1 always holds for each 2 » ¥Yand: 2 » %

241
On the individual level, each subje8is associated with a vector of mixed membership scores
. i : .
Og = cg—*°*—C° withcg, Oand ._,cg. = 1. Each membership scorg. indicates the
extent to which subje@partially belongs to extreme latent pro le The item response probability
for the8th subject's response to theh item is a convex combination:
0
P1I~_;: 20 = C8_\'T__2-f0r 2 2 » ;1/ﬁ (31)
=1
. . L [ ! o
We collect all item parameters in matrix= 1"j—see= © 2 5014 =1
It was typically assumed that a subject's responigs-« » «3_;are conditionally independent
given the membership scor8g, which is called the local independence assumption. Under this
assumption, g are considered to be i.i.d random vectors, for exanpldpllows the Dirichlet

distribution - * © parameterized with 2 R , then the marginal likelihood function of a GoM

model is . |

& 60 6 e
i~ jrRo= Cg VT 3 » 10g0% (3.2)
81 1.=12=1 :=1
Note that when = 2, (3.2) degenerates to (2.3). The marginal maximum likelihood (MML)
approach estimates the population parameters' ° by maximizing the marginal likelihood
function (3.2). Similar to the challenges for MML approach with binary responses, the popular

Bayesian inference with MCMC algorithms and its variants [e.g., 78, 18, 79, 80, 45, 81] often
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suffer from high computational cost and do not scale to high-dimensional data in this scenario.

In addition to Bayesian MCMC methods, there exist several optimization-based estimation
methods for the GoM model with categorical data. [82] developed a heuristic variational inference
method for the GoM model. Another optimization-based estimation approach is the joint maxi-
mum likelihood (JML) method [77]. JML treats the mixed membership scores as xed parameters
and maximizes the joint likelihood function to simultaneously estimateand ~. Another study
[83] proposed a moment estimation method that leverages the second and third order moments to

estimate the population parameters in Dirichlet latent variable models with mixed data types.

3.2.2 Mixed Membership Structures for Other Data Types

Related mixed membership (MM) models have also been used to model multivariate data from
the Binomial and Poisson distributions in some applications. For example, the number of minor
allele of a single nucleotide polymorphism (SNP) is usually assumed to follow a Binomial distribu-
tion. Let =1\, ®and\y .2 *0-1° represents the binomial parameter for 8ith SNP and the
. -th ancestry pro le then the genotypeg_4ollows Binole—I .21Cg_) g 0 for 82 s# % X » Ya
The marginal likelihood function for a Binomial MM model is

' 6 , 0 Ve B 200
11 jRO=
&1 1g1 89 . i=1
when assuming,_.follows a distribution - * © parametrized by . The in uential MCMC algo-
rithm STRUCTURE [84] imposes a Dirichlet prior ary_.and estimates thiadmixture modefor
Binomial distributed genotype data. As an example for count dataglefepresent the expression
count for the gend®in the ceII8ir] single-cell sequencing data. In this casg,.2 R denotes the
Poisson rate anblg_gi,”d' PoissorfllI .21 Cg_\ ¢ 0 for 82 »# % @ » YaThe joint likelihood function

for a Poisson MM model is given by

306 , O o)
11— jRo= = Cglg.. EXp Cg \g_.*® (3.3)



To maximize (3.3), nonnegative matrix factorization (NMF) with iterative multiplicative updates
is a popular approach [85, 86]. This algorithm depends on the Poisson distribution assumption and

is sensitive to initializations.

3.2.3 Generalized-GoM Models and Our Assumptions

To facilitate statistical analysis of high-dimensional polytomous data, we introduce a simple
but novel approach that attens the three-way quasi-tensor into a “fat” binary matrix (see Figure
: . : . | .
3.1), with columns corresponding to the response categories of all items. De=ne ;!:o - with

o = 0 and consider the binary matiX = ' g 2 R*  with
' 8"_;<:10 L =1V =2 for22» % (3.4)

Similarly, we de ne the corresponding attened item parameter matrix= *\ ;.° 2 >0-1%

with \ Lo =\ ofor22 » %;2 » % : 2 » Y% The columns oR consist of! blocks,
with the _size of the-tr'l block equal to the number of categories for tkté item. Within the;-th
block, we always havle oiq 8"_;:10 <2 1. Apparently, this attening technique introduces local
dependence within each block that cannot be accounted for by the latent variables.

Figure 3.1 visualizes attening a three-way quasi-tensor into a fat binary matrix. We interpret
this gure using the ANES data (see Section 3.6) as an illustration. Each of the ve rows represents
a subject that responds to four items regarding illegal immigration, climate, political participation,
and taxes, respectively. The number of response categories for the four iteBS83-#€3, as
re ected as the number of columns for the cubes in the middle of the gure. For instance, item
1 asks ‘How important is the illegal immigration issue in the country todag@d the5 possible
responses vary from “Extremely important” to “Not at all important”. It8@sks During the past
12 months, have you posted a message or comment online about a political issue or cafmpaign?

and the possible responses are “Yes” and “No”. Similar concatenated data structures have been

considered in the multilayer random graph models [87, 88], and [89] considers such structures in
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Figure 3.1: Visualization of the attening technique. Cubes on the left represent the three-way
guasi-tensoR, and those on the right represent the attened binary m&rix

the spectral subspace.

To accommodate exible local dependence structures and various data types, we introduce a
class ofgeneralized-GoMnodels that support general data distributions including those with sub-
exponential tails, and cover the classical GoM model as a special case. Write the ( attened) data

matrix R as the sum of a mean matfiX and a noise matrik,

R = BEXRYE > - E=R R-
"3 Kz
#
where  =1cg 22 0-1¥%  includes the membership scores, and= 2\ 9> 2R  collects

all the item parameters. Such expectation-noise decomposition is commonly used in the topic
modeling and network modeling literature, generally assuming independent entries in the noise
matrix E. In contrast, we impose the following Assumption 1 to characterize the general block

dependence structure of the noise entries, along with their tail behavior.

Assumption 1 (Block Dependent Noise under Flexible Distributions)Matrix E satis es:

(&) There exists a partitiof1— o—e***—(of » Yavith j(.j " for each; 2 » Yasuch that the

vectorsf Eg_(gle are mutually independent for differe®2 »# Yand; 2 » Y4

(b) Eitherj g_p  forall 82 »#%92 » Yor there exists arandom mati&®=1 2 ¢ 2 R*
obeying the same dependence structure in (a), such that f@ 2 %+ R » %t holds that
9 ,E» § %70, CovlEJ° ® CoviEg?® ,andPrt g.¢& (9 1 $13 2%

8— 91
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The generalized-GoM models satisfying Assumption 1 are suitable for handling highly asym-
metric and sparse data, and are applicable across diverse elds, including social science surveys,
admixture modeling in population genetics, single-cell sequencing data, among others. The ex-
ible local dependence in Assumption 1(a) effectively captures the dependence in the attened
data from multivariate polytomous responses and accommodates other more complex dependence
structures. The entries in each blockcan be arbitrarily dependent on each other, which can ei-
ther consist of those attened response categories of a single item and/or concatenated responses
across different intrinsically locally dependent items. Related local dependence considerations are
explored in [90] and [91]. [92] relaxes the entrywise independence assumption using a linear-
transformed entrywise-independent noise assumption, but their assumption cannot capture the de-
pendence structure of attened polytomous data in our motivating setting.

Notably, the high-probability boundedness Assumption 1(b) encompasses a wide range of data
types, covering all sub-exponential distributions and substantially extending beyond the attened
polytomous data case in the traditional GoM model. For example, the mixed membership models
for Binomial and Poisson data mentioned in Section 3.2.2 both belong to our generalized-GoM
modeling framework. Speci cally, one can write the data arising from these models as the sum

of a low-rank signal part z

and a mean-zero Binomial/Poisson noise [igrivhere  are
Binomial or Poisson parameters with their respective range.

Consider the SVD of the signal matlk = UV~ , where = diagf ;—««*—f° with
f, f i Ocollectsthe singularvalues. Orthonormal matridgg ,V  respectively
consist of the left and right singular vectors ddd U = V>V =1 . Similarly, we consider
the top- SVD for the observed matriR U V> where = diagif ;—eee—f° with f

ooe_f OOU2R* V2R ,andU”U = V>V =1 . We denote® = f.,sf as

1
the condition number oR . Also de ne the matrix incoherence degrees, which are standard in
entrywise matrix perturbation theoryy = 1#+ °kU k3, ,and =1 « °kV k3, . Write the

ratio of and# asA:= «#.
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3.3 A Spectral Method for Parameter Estimation

Model identi ability is a crucial prerequisite for valid and reproducible statistical analysis.
Conventionally, a statistical model is said to be identi able if there is a one-to-one mapping be-
tween the population parameters and the marginal likelihood function. [45] established such a
notion of population identi ability for a dimension-grouped variant of the GoM model, by in-
vestigating when the probability mass function (PMF) of the observed random vector (see (3.2))
uniquely determines the item parametersand Dirichlet parameters . However, this notion
does not concern the identi ability of the latent membership scéggsvhich are also often of
interest. We consider the notion of expectation identi ability in De nition 1 and similarly impose

Assumption 2 for expectation identi ability of the generalized-GoM models.

Algorithm 3 Spectral Method for Estimating the GoM Model with Categorical Responses

Require: Categorical response matfk2 R* ', number of extreme latent pro les
1
nPOE o R 2 R

A posP

Ensure: EstimatedS2 R —

1: Obtain the attened binary matriR 2 R*  from R according to (3.4).
2: Getthe top singular value decomposition 8 asU V>
3:¥Y=U
4: for : 2 fl-eee—gdo
5. (\ = argmatfkYg.ky : 82 »#V4Rg°
6: u= Y(\:_:'kY(\:_:kz
7: Y=Y uu®°
8: end for .
9 "=Ugot, NP = diag” 1017
N >
10. =V Ug_;

S if0 Voo 1
11: Let M PO% = if PFopith (Pt = 0 if YV 0

-1 if Vo_.j 1
12: for ; 2 fl—-eee—gdo
13: for : 2 fl—-eee—gdo

. 1 _ ntposP .
14: ) - 1P: 1 10-1I ; -
c1 G+ 1 :

AlposP . 1 >\ 1
15: P° i =)-"e]
e gy o) )
16: end for
17: end for
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Assumption 2 satis es the pure subject condition 1. In addition, rdnk® =

Lemma 3 Under Assumption 2, the generalized-GoM model is identi able and= U Ug _1

=V UZ..

Under Assumption 2, deno = *(,—e*— C as the index vector of one set ofpure subjects
suchthat . =1 . Lemma 3tells us that the left singular subspdcenjoys the same geometric
property as elaborated in Chapter 2 (see Figure 2.2). Algorithm 3 summarizes the proposed proce-
dure for the polytomous-GoM (i.e., traditional GoM) model, utilizing the aforementioned tuning
and SPA algorithms. The algorithm for Poisson-GoM is given in Section 3.8.3.2 in the Appendix.
Note that Algorithm 3 can be easily generalized to accommodate generalized-GoM models with
other data types by modifying the post-processing on the item parameter esfirflate 11) to
the appropriate range. These post-processing steps truncate the estimates to valid values and can

only decrease the estimation error.

3.4 Uniform Estimation Error Bounds for Parameters

To establish entrywise estimation error bounds for our spectral estimagord ", it is nec-
essary to develop ne-grained perturbation theory for the empirical singular matdiGesd V
according to Lemma 3. In Section 3.4.1, we establish a n@uelperturbation theory for the left
and right singular subspaces for the truncated SVD under locally dependent and exibly distributed
noise. In Section 3.4.2, we present uniform entrywise convergence rates for parameters using the
new singular subspace perturbation theory. Finally, in Section 3.4.3, we discuss an application to

GoM models with the popular Dirichlet priors.

3.4.1 New Two-to-in nity Singular Subspace Perturbation Theory

We parse the impact of local dependence by measuring the covariances of the noise blocks:

f2:= max Vart g& #2:= max CovEg »
o U D» Y ot Y 23 Y ’
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One can verifythat 2 2 "f 2. Inthe special case of independent entrieB,if-? = f 2; in

the another special case of exactly equal entries within each Wdck,"f 2.

Assumption 3 We assume that  minf#-1g-"! , and
f 1 of 1 ol A an pE, p_o_ (3.5)
(r —r )
" log?# _ °max %— 2 @f (3.6)

Assumption 3 assumes a low-rank signal matrix and balanced block size in the dependence struc-
ture. In addition, (3.5) assumes a lower bound on signal strength, and (3.6) assumes that the
incoherence degrees cannot be too large. Theorem 4 below gives our apwehgular subspace
perturbation bounds. These results apply to general low-rank matrices with locally dependent
noise from exible distributions (see Assumption 1), and are of independent interest to other latent

variable models beyond the mixed membership models.

Theorem 4 (Two-to-in nity Singular Subspace Perturbation Under Local Dependence)Assume

that Assumptions 1, 3 hold. Then with probability at lehst$ t1#  © 100,

uusu u ,, (3.7)
p r r p—r N
®f~ #logt# _ ° ~;  Af2 Yy ' logi#_ O H 2 . b
f # 12 # P2 o
WV vV o, (3.8)
p - o r— P r—
®f log# _ A 2 f log# _ ° "# | L
f f 2 ° f 2 # '
uv> u v~
r
7 . .
@ f log# _ oP 12—, s " logif _ © -, % = bge (3.9)
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Remark 2 By imposing additional assumptions, we can derive simpler expressions for the up-
per bounds presented in Theorem 4. First, provided thatef ® log'# _ °and 2* 1 ®

llogi# _ ©°°3 then the third term ir{3.7)is dominated by the rst term and

- Ir
g g A2 T
Uy U ,, ® f T . (3.10)

Similarly, if «f ®logi# _ °and  1¢ 2 ® #ellog# _ °° hold,(3.8)is simpli ed to

P r
f  log# _©° A~f2'g o
W7V VvV oy ® ; . T2 . (3.11)
Lastly, ifpr ®Nf —; A —i L2 A % holds, the entrywise bour(@.9) becomes
r
v V> @rf PTlog o — T 3.12
U U 1 1 210g%# _ — 5 (3.12)

Remark 3 We give an interpretation 0f3.11)in Remark 2, and similar interpretation holds for

(3.10) We employ the expansion formula in [93, Theorem 1]:

VW7V V
=1 VvV~ |E>R . E{>E, R>E}V 2 higher order terms
z
R°R R>R
=E>RV 2  E’EV 2 negligible terms higher order terms (3.13)

The two terms of the upper bound(i11)correspond to the decomposition above as follows:

p r
f logt# o -
EERV %2 =pu ! 97 - 2
24 24 f
P r—
2 ®f logi# © f 2" Y,
21 f *of 2

E EV
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p r r—
f log# ©° °, Nf2ng Yy
f *of 2

hold with probability at leastlL. $11# _ © 1% The rst line follows from inequality (S.8) in

Lemma S.3 and the second line holds by Lemma S.7 in the Supplementary Material.

Allowing for arbitrarily exible locally dependent noise is a key distinguishing feature of our
theory. In recent years, there has been signi cant progressireigenspace perturbation theory
for random matrices [94, 95, 54, 56, 96, 97, 98]. However, in this literature, most studies con-
sider independent entries in the noise matrix, with only a few exceptions including [90], [91], and
[92]. To facilitate the interpretation, we rst delve further into the simpli ed forms presented in
Remark 2. On the one hand, our upper bound (3.10) for the left singular subdpagelves
F as a critical quantity to measure the noise level, and provides a sharp characterization of the
SVD-based method's performance (in light of a similar decomposition to (3.13))toFurther-
more, it is inevitable to involve the block siZe in our leave-one-block-out argument for deriving
the bound for the right singular subspa¢e Actually, we highlight that the dependence 'bn
in our bounds (3.11) and (3.12) $harp by considering the following special case. Imagine the
scenario where each block size is exactly and the entries g_g 92 (. in each block(. are
duplicates of a single variableg_. N1 0—f2° for each82 »# ¥4 Invoking (3.13), the uctuation
Vo:VZV V4. is partially attributed to the componeﬁf_g;_cv(;_: 2 given92 (.. Apply-
ing elementary concentration inequalities (e.g. Hoeffding's inequality for sub-Gaussian entries),
we nd that *E”E°(._ is concentrated arounld pmyvarl' g 1. 17 . This leads to the result

2

thatmaxg, 1, E?_g;_(v(__: , is lower bounded b)‘;':"—ﬁ kV ko4 with high probability. This
! 1

con rms that the dependence of (3.11) 6nis sharp and cannot be improved. Moreover, un-
der the same setting, the minimax lower bound for the entrywise error, as informed by [99], is

f P , 1le#°. Provided that 1— »—"— = $11°, our upper bound (3.12) is optimal up to a

logarithmic term.
We further clarify how our bounds differ from previous results. Factor analysis with dependent

noises have been discussed in the literature of econometrics [100, 101]. For example, Assump-
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tion A1 in [101] allows the errors to be weakly correlated in both dimensions (columns and rows),
which is more general compared to our settings. However, their factor space estimation error is dis-
cussed in the average sense, in contrast to our entrywise bounds. In addition, [90] and [91] studied
entrywise eigenspace perturbation to accommodate certain dependence structures. To adapt these
results from symmetric random matrices to asymmetric matrices, a common approach is to embed
the asymmetric matrix as two blocks within a larger symmetric matrix, a technique known as the
“symmetric dilation” trick. However, this symmetrization technique often falls short of delivering

a sharp dependence on the ratig# and the incoherence degreesand », because the corre-
sponding singular subspace perturbation bounds for asymmetric random matrices resulting from
symmetrization typically involve _ # and 1 _ " 2. However, distinguishingt from and dis-
tinguishing™ ; from * , become particularly important when encountering unbalanced observation
matrices §# =>! °or = >1#0)with unbalanced incoherence degrees( 20r 1 " 2). To

see the importance of distinguishing between ,, we note that ; "% % when Assump-

tion 2 holds by Lemmas 3 and S.7, thus= $11°if M1 °=$ 1p_0. Section 3.4.3 will show

that™t °=9 P holds with high probability if the membership scores are generated from a
Dirichlet distribution, a common assumption in Bayesian inference for GoM models. In contrast,

" o often exhibits much larger values due to the prevalence of sparse patterns and heterogeneity
among the items. This distinction is supported by numerous real-world datasets, including the
single-cell data in Section 3.6 where the empirical value;as around2¢9 while for * , it is 55¢7.

We address this issue by establishing perturbation bounds for the left and right singular vectors
separately Our technique is conceptually similar to that of the arXiv version of [98], but with a
nuanced treatment of local dependence.

Lastly, we remark on the application of matrix concentration universality in our proof to over-
come potential dependence issues. Speci cally, gives doy- noise matrixE with block de-
pendence in Assumption 1, we employ Corollary 2.15 in [102] to derivekB&at® FpE f P-
with high probability. To compare this with the preceding approaches, consider the bound pro-

vided by the matrix Bernstein inequality, which often yiekisk ® 1f~p§  f PP logi# ©
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with high probability. This resultis log*# _  °-looser than our universality-based concentration.
T P————
Moreover, this elimination of the log'# _ ©° factor also extends to the bounds kiBV k and

U°~E .

3.4.2 Uniform Consistency of Parameter Estimation

We establish the error bounds for the estimators UU, X~ " =V U in Theorem 5.

& 5

Theorem 5 (Uniform Consistency of Parameter Estimation) Suppose that Assumptions 1, 2, 3
hold, and additional assume th%t_" 21 of ;1 op 1. Thenthere exists a permutation matrix
P such that with probability at least $ #  © 100

" P

= $1721 of 1 opo_ kN Pk = $ 721 op; (3.14)

The 55 bound of " primarily depends on the left singular subspace perturbation bpyels the
estimate is derived frod). The additional term?t  °f ;1 ©in the bound of” arises from the
vertex hunting step via the successive projection. Similarly, therror bound of”" involves the
upper bound okR U V~k; , which is reasonable given tha&f is a submatrix ofJ V~, and

A21 0 ggain stems from estimatirf§jvia vertex hunting.

Corollary 1 Suppose the assumptions in Theorem 5 holdraag "t °-7A  °g=$11° Then

there exists a permutation matrixsuch that with probability at least $ #  © 10

s | 2:; ° f2p_ F— ' # logi# © |
1 log'# _ p_ "# " log# _ °p_
® f1ro *f 1 of21 o x 1 1 Fr- 2 — (3.15)
N
F)l
r - 1 R .
®f logi#t PT5 —. 2. log# _ o % 2, (3.16)
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To see the rates of convergence with Corollary 1, consider the case Where© ! #e

andf 2t ©o ! 1" o Under the mild assumptions for (3.10) and (3.12) in RemarRg,

converges td, with a rate of$™ f 2" Pl L, and}'s converges t9 4 with a rate of
p— I+
S R i

3.4.3 Application to GoM Models with Dirichlet Prior

Dirichlet prior on the membership scores is commonly adopted in Bayesian inference for GoM
models [18, 103, 45]. To illustrate the theoretical results, we discuss a Dirichlet prior application
on the GoM model for polytomous data estimated using the attening procedure. Assume that
Og4 is independently sampled from a Dirichlet distribution with paraméterstU;—e++—U. For

simplicity, we assume . = " for all ; 2 » % Similarly, we assume that for eact? » % : 2

» Yavector\. .. ,, , °._; independently follows a Dirichlet distribution with parametérs-

VPPNV )

Assumption 4 Assume thatax U. 1min. U. forsome 1| 0, max \» > miny Vs, for
some , j 0, max U = $11°%max \V, = $11° In addition,# | " 2 Slog*#  o— !

"4 Bloghy  °and

| U IO#-Iog# VB k #k? P
- o 4 " 15log! «1— (3.17)
Unin 6 31, U V31, \°
Note that (3.17) is similar to Assumption 3.3 in [54].
Corollary 2 LetOj 88Birichlett" °and1\, |, 10 2 %1 88-Dirichlett#°. Suppose Assumption 4

holds. Then with probability at leagt $1 # ~ ! ° 3° one has

A n 302 5-2?W w2 Q2
Poy ® = s T g
n 5e2 9'2| 1# o n 2 9'2| 1# o}
P, ® P = = .
7
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Corollary 2 gives strong entrywise guarantees for our spectral estimator for the GoM model for
categorical data. To our best knowledge, this is the rst uniform estimation error control for any

method applied to the GoM model in high-dimensional settings.

3.5 Simulation Studies

We conduct three simulation studies to assess the ef ciency and accuracy of the proposed
method. Section 3.5.1 presents results for the GoM model for multivariate polytomous data, where
the item responses are polytomous and local dependence is introduced by the attening technique.
Section 3.5.2 presents results for the GoM model for multivariate binary data, where the binary
item responses are designed to have intrinsic blockwise dependent entries. In the third study in
Section 3.5.3, we consider the generalized-GoM model for Poisson data and compare our method
with the popular NMF algorithm [86]. For all three studies, we consider 3 and generaté00
independent replications for each simulation setting. Within each setting and each replication, the
rows of are independently simulated from the Dirichtet® distribution, and the rst rows
of are set to the identity matrix to satisfy Assumption 2. For both the simulation studies and
real-data applications, we employ a pruning step (see Algorithm U) lbefore SPA in Algorithm
3 to de-noise [54], where we set the tuning parametefs=ad0- @ 0+4— 4= 0+2 as suggested in
[26].

3.5.1 Local Dependence from Flattening Polytomous Responses

We rst consider local dependence introduced by the attening technique for polytomous data,
with the number of response categories set to = 3for all ; 2 » % Consider sample
size# 2 f200-1000-2006-300640005000Q3, and = #+5. For each; 2 » Yaand: 2 » %

1 1, 10 q01. o_. IS independently simulated from Dirichk#2 1 °. For each pait8-°, the non-
zero index inRgs 1. 10 101 : o iS independently generated from the categorical distribution with the
>

probability vector being ; .. 10 j01.0. g

Figure 3.2 displays the boxplots of the two-to-in nity estimation error foand the maximum
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absolute estimation error fof obtained from the proposed method. We observe that the error
decreases and approacbBes#— grow for both estimates, which veri es our uniform consistency

results for parameter estimation.

Figure 3.2: Simulation study I, estimation error for the proposed method using the attening tech-
nique. The left panel presents the two-to-in nity error forand the right presents the maximum
absolute error for".

We compare our method with the Gibbs sampling method and the variational inference method
for the polytomous GoM model. The parameters in the Gibbs sampler are initialized with their
generating distributions. The derivation of each updating step in the Gibbs sampler can be found
in Section S.3.1 in the Supplementary Material. We set the58810samples as burn-in and take
the average 02000samples after the burn-in phase as the Gibbs sampling estimates. We employ
the variational inference (V1) algorithm proposed in [82], implemented imitheedMemModel
function in R packagenixedMem. As Gibbs sampling is not scalable to large datasets and would
take a very long time to compute wheér are large, we only considét 2 f200-1006-2000y
to compare the three methods' performances. Table 3.1 presents the average computation time in
seconds across tl®O0replications. Wher# = 200Q our proposed method is abal@-000times
faster compared to Gibbs sampling aB@times faster compared to VI. Table 3.2 summarizes
the average two-to-in nity error of* and the max absolute error &f. In comparison to Gibbs
sampling, the proposed method delivers comparable results in accuracy. We also nd that the VI

method in this case does not yield consistent results, and it is very sensitive to initialization. In
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# =200 # =1000 # =2000

Proposed 0.07 2.25 12.84

\ 6.63 85.14 264.40
Gibbs 709.44 16458.22 65464.17

Table 3.1: Simulation study |, average computation time in seconds for polytomous responses.
The attening technique is used in the proposed method. VI stands for the variational inference
algorithm implemented in theixedMem R package.

# =200 # =1000 # =2000 # =200 # =1000 # =2000
Proposed  0.057 0.030 0.024 Proposed 0.098 0.047 0.035
Vi 0.252 0.265 0.272 Vi 0.204 0.198 0.198

Gibbs 0.072 0.032 0.023 Gibbs 0.080 0.038 0.028

Table 3.2: Simulation study I, average mean absolute error fand for polytomous responses.
The attening technique is used in the proposed method. VI stands for the variational inference
algorithm implemented in themixedMem R package.

summary, our proposed method is ef cient in computation, especially for large-scale datasets, and

is comparably accurate with popular existing methods.

3.5.2 Intrinsic Local Dependence across Different Items

In this section, we generate binary responses with a more general intrinsic local dependence
structure. Now 2 »0-1% is no longer a attened parameter matrix, but rather contains the
item response probabilities as the Bernoulli parametg_rss'B'QBetaIO-Z—O-ZO. The membership
scoregg are generated with the same mechanism as stated in Section 3.5.1. To generate the locally
dependent responses, we rst generate latent variggl2dR independently and identically from
the Gaussian distributioti 10— ©, with  being blockwise diagonal withe" copies ofd' "
block covariance matrix o. Here ¢ 2 R° " has an autoregressive structure with paramejer
thatis,! ¢%9= d® 9. We then de ne a threshol@ge= 12 6. o.>where isthe cumulative
distribution function for the standard Normal distribution. Finally, each binary response is de ned
as' g_g= 1[g9 Y 3g§. From this construction, we has g 4= Prt' g_ o= 1° = 8>:_ 9us
and the elements iRg. are blockwisely dependent with a block size Speci cally, we set

d = 05 and” = 10, which induces a relatively strong level of dependence. We stilfs&t

f200-1000-2000-30004006-5000y and let = #+5. Figure 3.3 presents the error boxplots in
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Figure 3.3: Simulation study Il with block-wise dependent data. The left panel presents the two-
to-in nity error for ™ and the right presents the maximum absolute errof for

this scenario. We can see that the estimates from our method are consisteahds grow, as

expected from the theory.

3.5.3 Generalized-GoM Estimation for Poisson Data

We simulate data with independent Poisson entries, and compare our method with the NMF
algorithm of multiplicative update proposed in [86]. The Poisson rate paranigteese indepen-
dently sampled from Gamm&-=2°. To see the effect of the ratio betwe#nand , we consider
both# = 5 with # 2 f200-1000-2006-3000y and = 5# with # 2 f200-400-600-800g.

We use the R packadéMFto implement the NMF algorithm [104], where most of the built-in
algorithms have been optimized in C++. We compare the two methods in terms of computation

time and the scaled Frobenius erp%& R "

in Figure 3.4. The proposed method yields
slightly more accurate estimates across different simulation settings. The computation time of the
two methods is comparable whé&n=5 , while the proposed method is much more ef cient in the
high-dimensional setting with = 5#. It is worth noting that the matrix decomposition estimate
from NMF requires post-processing to locate each roW amn a simplex. Additionally, the NMF
algorithm itself does not give consistent estimates of parameterand  due to the lack of

identi ability constraints. Therefore, we have only compared the estimation errors of the low-rank
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matrix itself in Figure 3.4.

Figure 3.4: Simulation study Ill, comparing the estimation error and computation time for the
proposed method and NMF with=5 and =5#.

3.6 Real Data Applications

In this section, we apply the proposed method to three real-world datasets arising from diverse
applications, including political survey daté& ( , polytomous data), population genetics data
(# , binomial data), and single-cell sequencing d#ta ( , nonnegative count data). These
datasets exhibit various different local dependence behaviors, either resulting from the attening

technique, or from intrinsic dependence, or both.

3.6.1 Political Survey Data

The 2022 pilot survey from the American National Election Studies (ANES) provides data
about voting and public opinion after the 2022 midterm elections in the United States (publicly
available athttps://electionstudies.org/ ). We use a subset of = 145items after
excluding followup questions, numeric response questions, and questions that directly ask about
party or political ideology. A tota# = 1-511respondents that answered all these items is included
in the analysis. The number of categories for these items ranges2ftori, with the majority
being5. After attening the polytomous response matrix, the column dimension of the data matrix

becomes = 648 We choose the number of extreme pro les to be= 3, which is the convention
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in the literature for analyzing US political data [105, 82]. The computation time for the whole
attening and parameter estimation procedure te@e8seconds.

By inspecting the estimated item response probability matrixve can draw very intuitive
interpretations on the three extreme pro les. Figure 3.5 gives the heatmap of the estimated response
probabilities for a selected subset of items with a representative category of each item. Note
that these items are not necessarily binary and are indeed mostly polytomous with more than two
categories. We can see that the three extreme pro les are well-differentiated by the three columns
of *. We interpret prole: = 1 to be conservative in their political ideology. Respondents
belonging to this pro le are much more likely to vote for Donald Trump, tend to care more about
illegal immigration and gun rights, and also much more in favor of the overturn of Roe v. Wade.
On the contrary, pro le = 3 are the liberals and are much more likely to vote for Joe Biden. They
also think the Democrats would do a better job handling a variety of issues such as taxes, voter
fraud, Covid-19, jobs and employment, etc. Pro:le= 2 are interpreted to be indifferent. They

tend not to follow what is going on in government and public affairs, are less likely to be registered

Figure 3.5: Heatmap of a selected subset of the estimated item response parameters @/fthr
the ANES data. Each value corresponds to the estimated probability of choosing the corresponding
response in the parenthesis.
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to vote.

The ANES dataset also contains self-reported party information, which we do not use for es-
timating the parameters. To explore how the estimated latent membership scores align with this
held-out information, we present the ternary plot’otolor coded by the party information in the
right panel in Figure 3.7. In this gure, each dot corresponds to a respondinighose color
represents his or her self-reported party information. We can see that Democrats are closer to the
liberal pro le, Republicans are closer to the conservative pro le, and Independents are closer to
the indifferent pro le. Since we did not use the party information in the estimation procedure,
this result indicates that our method extracts meaningful and interpretable latent representations of
people’s political ideology.

To demonstrate the local dependence structure, we provide a covariance matrix heatmap of the
rst 50 columns of the estimated error matBx=R "~ in the right panel in Figure 3.6. Except
for the weak local dependence introduced by the atting technique (consecutive diagonal blocks
of size3), we also observe bigger blocks of dependence. It turns out these blocks correspond to
different topics of questions in the survey, such as voting participation, global emotion battery, and
presidential approval. The answers to the questions within each topic are naturally dependent of

each other, giving rise to the bigger blocks in the heatmap.

Figure 3.6: Heatmap of the covariance matrix of the estimated noise nRatrix’ A7 The left

panel corresponds to the rdi00columns of the HapMap3 data and the right panel corresponds
to the rst 50 columns of the ANES data.
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3.6.2 Population Genetics Data

We consider a genotyping dataset from the HapMap3 project [106, publicly availébipsat
/lwww.broadinstitute.org/medical-and-population-genetics/hapmap-
3]. A subset o# sub-populations are considered, including the African ancestry in Southwest USA
(ASW), Utah residents with Northern and Western European ancestry (CEU), Mexican ancestry in
Los Angeles, California (MEX), and Yoruba in Ibadan, Nigeria (YRI). We follow the conventional
data preprocessing procedure to remove SNPs with minor allele frequency smaller than 5% and
SNPs with missing data [107]. The pre-processed dataset cons#ts=0#67 individuals and

= 274128 SNPs.

The observed genotypeggfor individual 8 at locus 9 takes value inf 0-1-2g, which is the
count of mutations relative to the reference allele. The genotype of each SNP is often assumed to
follow a binomial distribution [108]. So, we have = ExRYi= 2 Z with  containing the
binomial parameters. Linkage disequilibrium (LD) is an important and well-studied phenomena
for SNP genotype data, which refers to correlations among neighboring alleles [109]. Therefore,
we consider a binomial model for this dataset, and directly employ our proposed metR3@ on
to estimate and . The left panel in Figure 3.7 is the ternary plot based on the estimated
membership scores with our proposed method. Our method is able to reveal that the ASW sample
is a mixture of the YRI and CEU samples, and the MEX sample is a mixture between the CEU
sample and a third ancestral population. These observations align with the established biological
understanding of human population genetics [110]. Furthermore, the left panel in Figure 3.6 con-
rms the existence of local dependence among the SNPs in the data. As demonstrated in Figure
S.1in the Supplementary Material, the covariance matrix of the estimated error Birixgood
estimate of the true error covariance matrix.

We compare the proposed method with a highly in uential method called STRUCTURE [84,
111]. STRUCTURE is a method for multilocus genotype data to infer population structure and
assign admixed proportions (membership scores) to each individual. Essentially, STRUCTURE

falls within the generalized-GoM model, where the admixture proportions are assumed to be sam-
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Figure 3.7: Ternary plots of the estimated membership scores for the HapMap3 data (left) and
ANES data (right). For the Hapmap3 dataset, ASW denotes African ancestry in Southwest USA,;
CEU denotes Utah residents with Northern and Western European ancestry; MEX denotes Mexican
ancestry in Los Angeles, California; YRI denotes Yoruba in Ibadan, Nigeria. For the ANES data,
each dot is colored by the subject’s self-reported party information.

pled from DirichletU—e++-2liand the item parameters from Dirictlet—e++—_°. The hyper-
parameteld is assumed to have a uniform hyper-prior U#10% STRUCTURE uses an MCMC
algorithm to estimate the model parameters and employs Metropolis-Hasting to Upata¢ach
iteration. Figure 3.8 displays the comparisons of our proposed method with STRUCTURE in terms
of the membership score estimates. The gures are generated withdtiact  software [112].

Each vertical slice represents an individual, and each color represents one extreme latent pro le.
The lengths of the three color bars for each individBate proportional to the estimated mem-
bership scorey_.for : = 1-2-3. We can see that both methods capture rather similar admixture
structures in the sample. However, STRUCTURE took @vEhnours and22 minutes to run with
default settings, yet the proposed method takes only ebsetonds. Notably, our method is able

to generate similar results with a huge computation advantage. On another note, if we treat the
f0-1-2g responses as polytomous data and use the attening technique before estimating param-
eters, it turns out that it gives very similar estimation result$'db those given by the binomial

model reported above.
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Figure 3.8: Membership results from STRUCTURE (upper) and the proposed method (lower)
with = 3 for the HapMap3 dataset. STRUCTURE takes more #vahours to nish while our
method takes onl® seconds. Each vertical slice represents an individual, with the lengths of its
three color bars proportional to the estimatgd.

3.6.3 Single-cell Sequencing Data

We nally demonstrate an application to single-cell sequencing data, where the observed fea-
tures are nonnegative counts. The dataset contains RNA-seq read counts for single cells of mouse
embryo development witlt = 259cells and = 22431 genes [113, available attps://
github.com/kkdey/CountClust ]. This dataset also provides labelsléfpre-implantation
development phase categories for each cell.

The gene expression counts in our dataset range &tm693-974, and we assume a Poisson
model. In single-cell sequencing data, the phenomenon of local dependence is commonly referred
to as gene co-expression [75]. We choose= 6 according to the analysis on the same dataset
conducted in [114]. Figure 3.9 presents our estimated membership s¢pmith each vertical
slice corresponding to a cell. From left (zygote) to right (late blast) are the 10 cell development
phases. We can see that cells belonging to the same phase have relatively similar mixed mem-
bership allocations, and that the early stage cells are less mixed compared to cells at later stages.
Furthermore, we observe a continuous evolution in the membership scores as the cells progress
through the developmental stages. These ndings align with those reported in [114]. Additionally,
it takes0e5 second to run the proposed method on the count matrix, while the computation time is

reported to bd2 minutes in [114], where they use R packagaptp [115] to tthe GoM model.
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Figure 3.9: Generalized-GoM estimated memberships for the single cell data witlé. Each

color represents an extreme latent pro le, and each vertical slice represents a cell. The cells are
ordered by their preimplantation development phase, and within each phase sorted by the member-
ship score of the dominating pro le in this phase.

3.7 Discussion

This chapter proposes a fast spectral method for generalized-GoM models with potential local
dependence. For the GoM model for high-dimensional polytomous data, we atten the three-way
guasi-tensor of data into a fat binary matrix and exploit its singular subspace geometry to estimate
parameters. We establish ne-grained entrywise estimation error bounds for parameters in a broad
family of generalized-GoM models. We also develop a noygl singular subspace perturbation
theory for arbitrary locally dependent and exibly distributed noise, which is of independent inter-
est and can be useful for other latent factor models. Our method has a signi cant computational
advantage over popular Bayesian MCMC methods and outputs competitively accurate parameter
estimates. Even if one ultimately desires to perform Bayesian posterior inference, we recommend
initializing the MCMC algorithm using our spectral method. This suf ciently accurate initializa-
tion can help speed up the convergence of the MCMC chain to its stationary distribution.

There are several future directions worth exploring. First, Algorithm 3 requires the input of

, Which is often unknown in practice. There are various tools to determine the choice of
The simple yet widely-used approach is to inspect the scree plot of the singular values and nd
the “elbow point”. Other methods include the gap statistic [116], parallel analysis [117], eigen
selection [118]. It is of special interest to apply the proposed method on an estimaed
still obtain theoretical guarantees, similar to the work in [119] and [120]. Second, missing data
can appear in real-world applications especially with big data scenarios. Matrix completion using

spectral methods has been studied [96] and could be potentially extended to our setting. Third,
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to further increase the modeling power of the generalized-GoM model, a potential extension is
to incorporate the degree-correction parameter similar to the degree-corrected mixed membership
model for networks [53, 58, 8]. Then one can perform certain normalizations in the spectral domain
to correct the degree effects before estimating other parameters. Finally, it would be interesting to
develop statistical inference results for locally dependent generalized-GoM models, similar to the

considerations in [119] for network models.

3.8 Appendix to Chapter 3

3.8.1 Row-wise Singular Subspace Perturbation Bounds for Asymmetric Matrices with Local

Dependence
Notation De nition Notation| De nition

8 CovtEg (° 3 #_
) CoVlEg.® A m

f2 | maxpswasvVart 9| » % |{12,...,B}
2 A f 1

f- MaXp w1420 Ya 8 =

kU k3, # . KV K3,
1 —_— 2 —_—
Table 3.3: Notations.
We introduce the canonical projection operagr: R* | R¥ | 9%41E° 7! g dng (g

where( »#Y% »Y\We also denote a tuple returned by the topingular value decomposition
of a matrix A 2 R™ 2 by svd!A;:° = tUpa— a-Ua° whereUa 2 R - andVa 2 R2 -
respectively collect the top-left and right singular vectors, anda is a diagonal matrix with
its diagonal entries being the topsingular values in non-increasing order. We de ne additional

notations in Table 3.3, which will be used frequently. Eef — *-V?°bethe SVDoR U V~.

Elementary Facts. One can easily verify thdt? 2 "f 2,
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When" = 1, our setting reduces to the independent noise case. With Assumption 3 , we
assume a low-rank signal matrix and balanced block size in the dependence structure. Comparing
the rst line (3.5) to Theorem 9 in [121], even in the independent noise case, our assumption is
weaker than Theorem 9 by removing the log factor in the lower bourfd of The second line
(3.6) is about the assumption on block sizeCompared to (6.5) in Assumption 3 in [121], this is

slightly stronger in the power of tHeg 3 term, changing fronis2 to 2.

3.8.1.1 Tools for the Proof of Theorem 4

Note that we treat the entries Bfas bounded variables hereinafter, given that all subsequent
high-probability controls have an exceptional probability not greater $red 2%, According to
Assumption 1, replacing with its truncated version does not alter the concentration inequalities.

Intuitively, we can establish concentration inequalitiesEaif the local dependence block is
adequately small. For a vectarof length and a subset » Yidenotea; = 102°2(. For
example, to use the matrix Bernstein inequality to give an upper bourfefér with A 2 R @
we can writeE A asI ;!=1 E;>A whereE. is a -dimensional vector that has thi block equal to

E1-¢ and other blocks equal to zero. Then

ELA 2®pllog—°+§ (log — (3.18)
where
(:Q>?§4E?A2 " kAkoy
and
(6 n i © h i)
+ = max E EQAAEg — E AEgFGA k kkAK® Kk kkAKs, »
9 9

Remark 4 The perturbation theories in [97] also allow dependency on the columBs afsum-

ing that Eg._are sub-Gaussian vectors. However, their proofs depend on Hoeffding's inequality
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instead of Bernstein's inequality, with the help of sub-Gaussianity.

Lemma 4 For any matrixA 2 R “withrank andB2 R= ‘-C 2 R’ ', we have

KAk S KAkpa KAk KAK PTKAkps— (3.19)
KABkas K Akpa KBk (3.20)
kABC kj_ k Ak24_ kBkakj_ 2° (3.21)

Proof of Lemma 4. Refer to [95] for the rst three inequalities in (3.19). The last inequality of

| q_—
(3.19) is becauskAk = P a1 KAgK? < kAk%_1 = p?kAkz_l . Inequality (3.20) holds since

kAB k2_1 = mglxkAg;Bk mSanAg;J(kBk = kAk24_ kBke

And inequality (3.21) yields from

J*ABC%g =jAg:BC._¢ k Ag:kKKBKKC._&

k Akyg kKkKBkkCk; o°

Lemma 5 For any matricesA 2 R3 32-B 2 R3 33 we have
trtAA”B° k Ak®kBke

Proof of Lemma 5. It follows directly from

~ ~

o) o)
trtAA”~ BO f LAA” B f LAA”°kBk = kAK® kBke
R>31Ya R>31Ya

Lemmas 6 and 7 below give matrix concentration results for the block dependent noise matrix.
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Lemma 6 (Bernstein inequalities for block dependent noise matrix)Suppose Assumption 1 holds.
Given any deterministic matrik 2 R @B 2 R* ? and a positive constard j 0, with probabil-

ity at leastl $13 Y0 one has

P
Es:A ®F Ulog3kAk , U" log3kAky,; — (3.22)
P
EZ8 ®f Ulog3kBk , U log3kBk,; — (3.23)

kEAk®f~pUIog3 KAK PF kak . U" log3kAkyy —

P

kE>Bk®prIog31kaBk ) _kBkO,UpT log3 kBky *

Proof of Lemma 6. The proof is an application of the matrix Bernstein inequality (for ex-
ample, Theorem 6.1.1 in [122]; Corollary 3.3 in [,56]). We write matrice§ as a summation of
a sequence of independent’ randqm matrideg: = ! o9 vP—('Es®, E_9= gwyPslE._S,
E = ! o yPstE (2 E = ! gb,#%' 24 vP3-(‘E°. Note that foB82 »#1%4 ;2 » % @ » Yawe
can upper bound each independent block matkixg (A ..k = kI @(. Eg_Ag:k " KAkog,
kEg_Bg-k  kBkys, andkEg_(Bg;k k Eg_(kkBkoy P kBko .

For the rstinequality we considdEg.A,

KE A”Eg.Eg.A k=KA”E»E;EglAk Kk ExEg.Eg.YukkK maxk s-(KKAK®  F2kAK*-

ExEg.AA”EgYm tr AA”EsE,.Egls k APk gk kAK? maxk g-(k® F2KAK?—

where the second line uses Lemma 5.

For the second inequalitig” B satis es

KEXB E._& Bk¥ EE._E. YkBK®  f 2kBK*—

ExE” BB E._ ¥~ tr BB”ExE_§&. & f kBK*—
where the second line uses Lemma 5.
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For the third inequality,

~

0
KE AE”EA k KA”E»Eg.Eg. YAk  #F2KAK*—
& # Ya

KE>EAA”E” Vake kdiaglE»Eg.AA” Ep.Ya0k F2KAK e
For the last inequality,

E»E” BB’ EY4 = maxkE»E. BB E_(¥k " maxkE>E>  BB” E._(¥ak
129 Yy = ;2% Yo =

" gaétrlBB>E»E:>_g;_§/4° " KBKPKE>E? £. ik f 2" kBK*—

o) 0
E>xBEE°BY=k  BgE»EgFgiBgk 2 k  BgBgk f2 kBk?
# Y #HYa

iy . [ .
Proposition 2 (Corollary 2.17 in [102]) LetY = 4, Zg WhereZ;— —Z-areindependent (pos-

sibly non-self-disjointB 3 random matrices witle»Zg/= 0. Then

h
P KYK KE»Y YW KE®YY %

i
ELYO3f 1Y031jog3°d | f 1YOQ | ' 1Y03f 1Y05G ' 1. °C 434 C
for a universal constant and allC |0, where

f 1Yo = max KE»Y YU —KE»YY UG —
ELYO = KCOoWLY k3 —

1
f 1Yo= sup E jhv=Ywij? 2-
kvk=kwk=1

"1Y¥% = maxkZgk —
18= 1

with CovlY® denotes th&2 32 covariance matrix of the entries ¥f.
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Remark 5 Note that the de nitions of 1Y°—EY?, andf 1Y°do notdepend onthe decomposition
of Y. The results in Proposition 2 also hold for rectangular matrices, as we can consider a square

matrix by padding zeros to a rectangular matrix.

Lemma 7 (Concentration inequalities for locally dependent noise matrix)Suppose Assumption 1

holds. Then we have

kEk@f P~ +TE b h 133 £Esd aogaed P joga-

p—

P—
Eg. ®f . " 6 3f3 31og3°5 " log3—882 %

Wi
wINy

ol

P—
E_o®f #, 10g3-892 » %

KEV k@ F " dpdubiogaed kv Koy log3—

S o J o P
eu ket P Piogs, b

Wl
wIN

fi1 < olku K, tlog3°d

P w koy log3—
with probability at leastlL.  $ 13 2%,

Moreover, if Assumption 3 hold, we have

Y p

KEkK®f |  #- (3.24)
Eg. ®f P~ 882 w1 (3.25)
E_g ®f P #8592 » Y (3.26)
KEV k® f 7 (3.27)
KE>U K@ F & — (3.28)

with probability at leastlL.  $ 13 2%,

Proof of Lemma 7. Using the facts established in the proof of Lemma 6, we have

KEE Evk - FKEEE Vk ' _fiE0 f' - E
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ELE® maxmaxkE»Eg_(Eg_(l/& f~
@ Yi25 Vi e

f 1E°  sup kEsEWW E”%k  max sup kEsEgww” ESYR - (3.29)
kwk=1 &% Yawk=1 '
Pp—
"1IE0 = max  kEg (K e
@t Y2 Y ]

Then the rstinequality in Lemma 7 follows by plugging these conditions into Proposition 2 with
C= 2log 3 with a suf ciently large constar2.

Similarly, for the second and third inequalities we use

f 1Eg0 = maXtkE-EL B Yok KE-EgESvakg matf & —fg=f  —

1 p—
ElEg.° = CoviEg.® 2 f~ f 1Eg.° f~ ' 1Eg.° " -
and

f 1E_§ = mafkEE” £ YkKEE & yokg ' Fm

EE_§ f- f IE_§ f- "1E_§ e

Furthermore, for the fourth and fth inequalities,

n (0]
p—
f 1IEV ° = max KExEV V “E>VikkEwW “E”EV Yk + #—

(3.29)
EEV ° f~ f IEV©° f 1E° =

and with" ® "l we have

KEXE”U U ~EYake maxkE>E> (U U “E._(%k maxEKE> U U "E_ck
2y oA v, ¢

=" $a>1§5>£?_y U E_ ¥ "f kUK ="1f 2=

KEsU” EE”U YWk WKEEE™ Y4k f 2 —
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f 1IE>U © fp_,pr

p_
"1ETU °= max kEg_(US._k " kU kogq —
@A U2A Vs O N O

Nl

EEE°U° max E>>E:>_CU U E_(Va P

n f_
2% Ya

g2 e O g 2,

Lemma 8 below utilizes a leave-one-out analysis that decouples the dependency dRtween

andvV”>V V , and a leave-one-block-out analysisRmandUU”U U .

Lemma 8 Suppose Assumptions 1, 3 hold. Then with probability at teas$ 13 1%, one has

RV RW™V .
p mn
£ log3t"# |, ©° | 5 f2 >
® f " log3 WV VL UBU Uy,
P—
Af21mg o f  log3
, T KU K f—og KV Koy — (3.30)
RPU R°UUU ,,
2p n
f log3t"# | © S fo# S
® ; , log3 UU"U Uz_l,f—VVV Voo
P——
Nf2ig o f log3 "#
, AT O? KU Koy (3.31)

Proof of Lemma 8. We rst establish some facts using the matrix perturbation theory as a tool
for later use. By the perturbation theory under the spectral norm (for example, Theorem 2.9 in [56],

Lemma 2 in [121]), (3.5) in Assumption 3, and inequalities (3.24), (3.27), (3.28) in Lemma 7, we

know that

max UUU U -W°V V ® ——— (3.32)
max U UUU | -V WV | @®@—2——- (3.33)
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We rst give an overview of the proof. In Part I, we upper bolkRV  RVV~V k,; by sep-
arately bounding/ = kR VV?V  V °k,; and\, = KEIZVV>V  V °ky4 . To boundV; that
involves the error matriE and the right singular space perturbation, we use the “leave-one-out”
technique since the rows Bfare independent. In Part Il, we upper bokRf U R UU”U ko4
by the summation off := kR 1UU”U U k4 and\3 = kEZ1UU”U U °k,4 . Similarly,
to bound\/g we use the “leave-one-block-out technique” since the columiisare block depen-

dent.

Part I: upper bounding kRV ~ RVV~?V ky, .

We de ne the following leave-one-row-out matrix for eved® >»# ¥4

R'®=R P g!E%

g v:1 ® be the left and right

Let fi g f;f’) by the singular values oR* &, and u?
singular vectors associated with *. Write U' & = 1) "—eeor %o 2 R* andV' ® =
1vl1 ¥_oeed o2 R We rstestablish some facts about these guantities. Notekthat *E°k

KEk. By Weyl's inequality we knowf tE g kP g:lE°kandf ' ? kP g.1E°k, thus

f°% §£°% kP glE°k f  3kPglE°k f  3KEk] f - (3.34)

where the last inequality is from (3.24) in Lemma 7 and (3.5) in Assumption 3.

It follows by the triangle inequality that

RV RVV~V 01 =k1R s Eowv VV~V Okoq
R W’V V E W>V V . (3.35)
2 5 2-
| z 17 {z 1
Vi Vo
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We rst notice

—_ > — > >
i= R W’V V . =U VWYV | .,
fikUky VWV
AN 2ivy o
® > KU kyy — (3.36)

f

where the last inequality yields from (3.33).
For \», we use the leave-one-out argument to deal with the dependency belyeand

VVZV V. Applying the triangle inequality gives

Vo max Eg- V' 8V 8V V. max Eg. WPV VBV EV . (3.37)
Yy Yy

{z o {z }
W W
Note thatEg is independent of* V' €V Vv, which allows us to apply the matrix Bernstein

inequality to controy conditional onv* 8V* 8°v Vv |

Upper bounding W in (3.37) We condition orV* & and apply Lemma 6 ow{. With probability

atleastl $13 10 one has

p— 1 1 1 1
W ® log3max V' &v' &v v " Jog3max V' &v' &v v

5

5 Ya @ Ya 21

P—0 P—0 L @1
log3 W?V vV log3max V CAVARSAVARRVIVEQY,

" log3 VW7V V " Jog3max V' &V &V wv
> 9 21 9 Dt Vs 21

P— P— 1 @1
£ log3 W>V V £ log3max V' 8v' & yy>

Po#H Va
log3 W>V V " log3max V' &v' & vy
5 g 24_ 5 g &»#1/4
p___
f log3 VW”V VvV " log3 W’V V .,
" log3max V' &V' 8w _ (3.38)

@t Ya
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where the last line follows sinde P

We next boundnaxp,s1, V' V' & V> . Combining the Wedin theorem (Theorem 2.9
in [56]) and (3.34) gives

n
max VV> V' &' & _yur U ®
n (0]
max R R'®Vv'® _y® R R?

® f . (3.39)

For the numerator of the RHS above, we have with probability that atlea§t'3 12 that

1

R R®V'® = EV' 8 " 2E 8V &y

2 EgV 2 Eg V BV &V v

188

®F log3, " log3kV kyy , W- (3.40)

18 >

1 1 1 38 1 1
U R R® =U%E 2 U0 %U Ee

>

2 UgEs. ,2 UPU'®U Uy Es

8E P p

®f KUkyy .f U 8U U U " (3.41)
To show that® holds, see that with probability at ledst $ 13 2% one has
RV VRS RV VAL VAVE
P~ P g!E° P- KkEk 1
1 2 8 2 1 2 —— 2 —_
f P glE° f KkKEk 4

where the rst inequality is from Lemma 2.5 in [56], the second inequality is from Wedin's The-
orem, and the last inequality uses (3.24), and (3.5) in Assumption 3 . In add@®unses (3.22)

in Lemma 6,18&8uses a similar argument to that'@&, and'8E uses (3.25) in Lemma 7. Further-
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more, it holds with probability at leagt $ 13 1% that

u'eut®u U
241

u' U’y uUU L, WU U

241
18,1 8
u* %u L urtu U,y
=25 N SN
®f— ~ log3, log3kV ky,; , W
1 p— p— 19 18)>
L Wk fT UV U U
, WU U, - (3.42)

wherelP uses (3.39), (3.40), (3.41). Rearranging the terms in (3.42) yields that

uU'éur®u U
24

I T — p—
®— F log3, " 10g3kV koy , T KU ks , W

Uuu’u U (3.43)

241

holds with probability at least $ 13 1% where!E8 usesf P-_ >1f © from Assumption 3 .

Plugging (3.40), (3.41), (3.43) into (3.39) leads to

n
max VV> V' &' & _yur U

o J—
®i ~ log3, " log3kV koy; , W

fi i P Kpg . f P uey ey U

24

® = f log3, " 10g3kV kyy , f P~ koq . f P~ uwrru U e . W (3.44)

with probability at leasi.  $ 13 1%, where!E8Bagain use$ P=_ st o from Assumption 3 .
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Plugging (3.44) back into (3.38), we have with probability at Idast$ 13 1%

P— "
W ®F log3 VW’V V | log3 W’V VvV .,
1] p— _
, % £ Tloga. " log3kV koy . f KU ko
P—
o uru U, W (3.45)
Since” log3 f ,rearranging the terms in (3.45) yields that
P— > " >
W ®~ log3 VW’V VvV | log3 VW’V VvV _,
"o P—— -
, f—ogg’ £ g3 " log3KV koy . F KU Koy
RAEUVIVRNY oy —
1G8shf P "# . °log3 S
® : , log3 W7V VvV _,
n p— _
, # £ Tloga. " log3kV koy . f " KU ko
P U U -

» 24

wherelG88& from (3.32).

Upper bounding W in (3.37) Using (3.25) in Lemma 7 and (3.44), we have with probability at
leastl $13 10 that

W= max Eg. VWV V'8 &y
LYy

® max Eg. V> V' &yt ¥
St Y

®f P Tmax W Vi ey 8
@t Va

P _
®ff— + log3, " log3kVv kH,fp KU ko ,

P—
7 UU U L, W
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Combining (3.32) with the upper bounds f&¢ and W, with f P- = >1f 9 we have with

probability at leasi.  $ 13 1% that

P

i3 "# ., %log3 | S
Vo ® - . " log3 WV vV,
n p— _
, ﬁ " Tog3. " log3kV kg  f " KU ko (3.46)
RAETVTIT oy
p_
pP———— _
. L + log3," log3kv kzq_,fp kU ko4
RATUURY s
f~p log 3 fp"# ., " logs3
" >
® ; , log3 W7V VvV _,
fp_, " log3 " log3
f KV Koq
PP log3, f P-
>
f KUk , UU"U U
P p_—
i3 log3"# , ° f*  log3
® - . log3 WV Vo, — KV gy
f?2 S
L7 KUy, UU U L, - (3.47)

where the last inequality is frorh  log3 ® f P "4 o~ py (3.6) in Assumption 3.
Now incorporating (3.47) and (3.36) into (3.35), we have with probability at leas$ 13 1%

that
p n
§ Af21mg o # ' log3i'# _ o
RV RWV ,, 0—— KU Ky | f
# loga"”

" log3 WV OV, f—gkv Koy
f2 §
L Wik, UBU U,
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3 P log3t"# , ©

A 21n 0
o " F e "Wk,
f f
f" Iong_
Lt I0g8 WV VL, e KV Koy
f2 S
L WU U,

Part II: upper bounding kRV ~ RVV?V ky, .
For the second part, we will adopt a “leave-one-block-out” technique on the noise Bati

de ne the following leave-one-block-out matrix for eve®2 » Y4

R¥=R ,P._( E>-
> 9

£

where; o 2 » Ysuch that9 2 (.. Letf ,° +r be the singular values &', andu’?,

v:lg) be the left and right singular vectors associated Wiiﬁ). Write U'? = 1ullg)—- cor¥0 2
R* andV'? = 1v119)—---v—19)° 2 R . With similar arguments that lead to (3.34), we know
that

£ §'9

T kP (JE°K] f e (3.48)

To begin with, by the triangle inequality we have

R UU’U U
R”> UUU U E> UUU U . (3.49)
24 - 2-
| z 17 z 3
v v

For 2, with (3.33) we have with probability at leakt $ 1= 1%

_ >
V=R>UUVU U ,,

f.kV k.y U UU U | ®Af21"# 2 0ka 3.50
1 21 21 ° (3.50)
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For\/g, introducing the "leave-one-block-out" alternativé® yields that

W =max EZgUUU U

R» Yy 2

max E7 g u'?u'®u U | max E7 g UU™U u'eu®y . (3.51)
{z P {z }
¢ ]

Upper bounding Win (3.51) Utilizing Lemma 6, one has at leakt $ 13 !¢ that,

p— 1 1 1 1
W f log3max U'°U'¥"U U | log3max U'?U'?TU U
PXR» Ya PR» Yy 241

p— p— 1 1> >
f log3kUU”U Uk _f IognglaékU u'*U  UU U k

log3kUU™U U kog | |ogsga>1§ku19’ulg’>u UU™U koy

P
f log3 UUU U ., log3 UUU U

24
p— 1 1
f log3. log3 max U'SU'®” uuU
PR» Yy
P———
®f log3 UU"U U , log3 UU"U U ,,
. log3 UV uut - (3.52)

where the last line holds sin(fep log 3 log 3.
To boundmaxg, 1, U'?U'®”  UU>  in the RHS above, we apply Wedin's theorem with

(3.48) and obtain

n
max UU> UPU'97 —wv> Vo9
n (0]
max P.(EU'? - p._1EV'T
9 9

® f . (3.53)

Following similar arguments above, with probability at lehst$ 13 1% we have

1 p_ 1 1
"max EZYY 2" max EZYTTUTU

max P.( !EU'Y
9 R» Yo R» Ya

PR» Ya
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p_ 1 1
2 " max EZY , E’Y EYTUTU

R» Ya
88 P— — p— —
®f " log3, P log3kU kyy , IO"w‘l’— (3.54)

max P E°V'® =max E_V,°. = 2max E_V,° V'V
R» Ya ° PR» Y 9" (g7 PR» Yy 9 (ig¢

2max E_(V, . ,2maxE. V> V'V v, |

PR» Yy 9 (’9' PDR» Yy 9 (39‘ (,9'

2" max E._gkV k E_ o VO™V v
DR» Yy o 2 =9 21

1888 T - 1 1
ot PFwv Koy |, f" °F vioviety vy L (3.55)

5

wherel88uses (3.23) in Lemma 6, at838uses (3.26) in Lemma 7. Further, we note that

VAV IAVARRY VYA VAV A VARV, Vig VAR VAR
24 24
wW> VIRV wry v
24
e ] P—— P— P
®— f log3, log3kU koy , "W?
1 " p— " p— 1 1>
L TR ey # VoIV VH,VV>V V ,, (3.56)
® ] P P— P p_
®— f " log3, " log3kU ks , "WO T H KV kyy
5 VV>V \ 24 (357)

wherel8E uses (3.53), (3.54), (3.55), aAEP uses'f pE f from (3.5) in Assumption 3.
Plugging (3.54), (3.55), (3.57) into (3.53), we have with probability at l&as$ 13 100,

uu> Uu®”

p—  p— —
®fi f " log3, P log3 kU Koy , p"wg’
1 " p— " p— 1, 1>
T E ey T VIVTV Y
p— p_ — —
®fi f " log3, P log3 kU Koy , p"wg, # PFwv Ko
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f" P—— p_— p_ . P
L2 f log3, log3kU Koy ,  "WY, ' " H#HKV kyy
P—
f* T #
L= W7V Vo
1E8 p— —  p_— — —
®fi f " log3, P log3kU ko . p"w‘l’,  PE Ko
P—
fr T #
L WV Vo - (3.58)

where'E8 is becausé” pE f from (3.5) in Assumption 3.

Combining (3.52) and (3.58) gives that with probability at lelast$ 13 1% we have

P——
Wef log3 UUU U , log3 UUU U

24
log3 max U'°U'®”  uU”
) 98> Vs
egf 124 f2° log3
® : , log3 uU’U U ,,
| P« P— P_—
, f°g3 f°7 1og3, " log3KU kpy , "W
. P+ v Pz s
B T E KV by T # WVV - (3.59)

wherelE8Buses (3.32).

Provided " log3 f from (3.5) and (3.6) in Assumption 3 , we rearrange (3.59) and
derive that
fp log3 i Py L. P log3
>
wWe - , log3 UU’U U ,
log3 P— . P— . P—
f g 0g3KU kyy , I EKV Koy , " F WV V . (3.60)

with probability at leasl. $ 13 10,
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Upper bounding V\Z in (3.51) Analogous to the upper bounding\8f, we have with probability

atleastl $13 10

W max E_o UU> U'?U'Y
R» Ya

lE888 P 1o 1>
®f E uUT U
P—
gef  # P——— P p_ —
® f " log3, " log3kU kyy , "W? f" =y Ko
f 2"# >
. WV Vo - (3.61)

wherelE88&ises (3.26) in Lemma 7 aii8Gis by (3.58).
Combine (3.60) and (3.61) and use the fact that the coef die%fT-f of Win (3.61) is

negligible, then with probability at leagt $ 13 100

fp log 3 i Prg P log3

Ve f - _ log3 UU"U U
Pa log3 log3, f pE f" pE log3, f
: kU kog , :

P_— p?

f* " # log3, f
>
; W7V vV

21

Pa

KV Koq

p P
f2 log3t"# , © f log3 "#
® f , log3 UUU U ,, | ?

2n 2n
:ff# kaz-l,f #

KU Koy

T WV, - (3.62)

where the last inequality follow btlpr: P log 3 andf pE: log 3, from (3.6) in
Assumption 3.

By plugging (3.50) and (3.62) back into (3.49), we nally get with probability at lehast
$ 13 10 that

> nrz
R> UUU U ,,
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p o J—
f2 log3t"# , © f log3 "#
® f , log3uv’u u f kU Koy
Af2img o f2uy
) - KV kg, — W2V Vo e
f
Proposition 3 The following equations hold fégtU — -V °and'U- -V°
uwvu U= uUvrevy ' rRwwv v 1 gy ! (3.63)
w>VvV Vv=wW?pegeu !'!rRuvwvu tvuvu ! pu ! (3.64)

Proof of Proposition 3. First notice that

Uvu U =UURV ! rRv 1!

=UUR E°V 1R Epoy 1!

UUWev ' uwr ' Rv ! EV !

UUev ' Rwv ! rv ! BV L

where the last equality holds becaw$eg™R = UU™U V> U’ ?Vv?>o=U V> =1U V>,

U? ?V?ovVv> = RVV~. Eq. (3.64) holds following a similar reasoningy.

3.8.1.2 Proof of Theorem 4

We will prove Theorem 4 with Proposition 3 and Lemma 8.

Partl: Bounding kUU”U U kyy andkVV”V V k,4; . Withinequality (3.22)inLemma6,

we know with probability at least $ 3 1% that,

KEV ko4 ®f~p log3, " log3kV kog ®f~p log 3— (3.65)
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where the last inequality follows by (3.6) in Assumption (3.6). Using the triangle inequality on

(3.63) in Proposition 3 gives that

uvu u ,,
®kUkyy KEV kK ' | RW?V RV _, L UKEV koy
1(% uu>u KEV k 1 RW?”V RV 1 KEV Kk
24 B 21 s 21

® UUU U ,, KEVk 1 KkUky kEV kK 1

RW?V RV ., 1 KEV ky
p_ p_ P
188 £ log3t"# , ©
®f~f—# uuv’u U Z_l,f}—#kUk24, ?2 >
Kz}
1
" log3 f?2
,f—vv>v V24=f—2 uru U ,,
iz
2 D p
/\f21"# . o) f" |Og3 - I Tg?)
> U kg, ————— KV kg, ———
g B # " Togam® . ° v log3
® —— kU koy | — — . — WV Vo,
p— P—
nf2img o £ log 3 + log3
s P kUkz-l,—szkz-l,f—
out-l 7 A " log3 ..,
® — KUkpy , ——— W7V V.,
_ P
" log 3 ~ log3
. 2 KV ko , ———- (3.66)

holds with probability at least $ 13 1%, Herel® uses Lemma 2.5 in [56] combined with (3.32),
188uses (3.65), (3.27) in Lemma 7, and (3.30) in Lemm&83s because 1 = >11°— , = >11°
by (3.5) in Assumption 3, antBE holds by (3.5) in Assumption 3 .
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We will use similar arguments on the right singular subspace. By (3.23) in Lemma 6,

P—— P
E°U ,, ®f log3, log3kuU ky,y ®f log 3 (3.67)

holds with probability at least $ 13 1%, where the last inequality follows by (3.6). Therefore,

(3.64) in Proposition 3 leads to

WV Vo,
® W’V V ., EU LKV kg ETU !
, RRU RULVU ,, ', FU, !
wef P ¢ P- i 2° TJogarE o
® —— WV Vo, oKV ko, -
Kz
1
log3 f2g
L WU U, — WV Vo,
| {z }
2 D p
A2y o f log3 "# f  log3
. P kV kog . > kU kog , —f
p— P
1pf f2 log3t™"# , ° log3
®——kV ks , 7 L WU U,
P— P
Af2my o f log3 "# f" log3
. P kV Koy , 92 KU kpy , ———
p—
gaf L f A2 log3
® S KWy , ——— UUPU U ,,
P P
fol H# f  log3
, ongz KU Koy | f—g— (3.68)

which holds with probability at leagt $ 13 1%, Here!8E uses (3.67), (3.28) in Lemma 7, and
(3.31) in Lemma 8P holds since 1 = >11°— , = >11° by (3.5) in Assumption 3 ; antE8 holds

by (3.5) in Assumption 3 .
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Now substitute (3.68) into (3.66), and with probability at lehst$ :3 1% we have

LFJ)U>U U ,,
_ p_ _
OB A2 " + log3
R = kU Koy f IOSB KV kog :
f
p
" Jog3 f f nf 21y ° log 3
 — — KV kg , ——— UUU U ,,
p !
T f log 3
f IogB2 # KU Ky g
f
g B A2 f" Iogsp_ f~ log3
; > kU k24_ R 2 KV k24_ B f
" log3 fp_, f p"# " 2|og?3
>
5 — Wy , ——— WU U
| {z }
p q 3 l
' 2log?3 "# f log®3
. P kU koq | P
_ r o
essb- Bf | Af2 . f Iog3p"# . 2 f~IO log3 _ 0
f 2 # f 2 : f A
p— r p— 1
"1 log3 ~f2 " log3 "# |, T2 -
f f 2 # f 2 o

where!E8Buses (3.5) andE88&0lds because; = >11° by (3.5), (3.6) in Assumption 3.
On the other hand, substituting (3.66) into (3.68) gives that with probability atledst3 0%

\QPV Vo, ;
_ p__ S
R A f log3 "# f  log3
® — KV Kpg WUy, ———
log 3 O RS BCEAE " log3 .. ..
= — ks , ——= W2V V
p— p—!
f*  log3 ~ log3
. f—sz Koy , ———
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P P—
wgef A f 2% f log3 "# f  log3
® > KV Koy , > KUKy , ———

f- Iog3pE,f Iog3p"#, U K " 2|og?3
X 2 201, — (% —

—— WV Vo,

| {z }

f" Zlogzsp_ f IogBp log3
P KV Koy | -

_ r _
gf fo,rf2e S, f |093p--# S fp log3
f 2 ’ f 2 # 0 f =P
P— r— p r—
f "2 log3 ~f2"# "5, f log3 "# . ) = b,

f *f 2 ’ f 2 #

wherel8Guses (3.5) and@ holds since , = >11° by (3.5), (3.6) in Assumption 3 .

Partll: Bounding kU V> U V~k;. Forthelastpart, writ®: = U, V7 withtU,— -V,°=

svdiU”U ; °andR; = U V> with U — +-V/. © = svdV”V : ©°. Notice thatR; R«
R+ R? =RJR: =R:R} =1 . Then we have

uv U Vv~

=1UR- U°R; V7, UR; R{R;V® V79 U1 R: SVAgD
Using the triangle inequality and Lemma 4 gives that

uv> u v~
kUR* U kz_]_ kV R* k2_1 N kU k2_1 k kk\/R+ V k2_1
, kU kyy R R: KV Koy

UU>U U 21 kUk24_ R* U>U ka24_ k k

 kUkyg k kK W2V V. kVky V'V R

R kU k2_1 R*> R+ kV k24_ ° (369)

100



We then further break the norms of the empirical tekfas in (3.69) down into

KVkoy VRe VIV .. W'V V. KV ky
KVkoy Re VPV | W2V V. KV kyy — (3.70)
Additionally, we note thakR« U>U k = K 1k | 2 = U3V ? and similarly

kRi V>V k V3V 2 Then Lemma 2.5 in [56] combined with (3.32) yields that

24 f 2

max R« UU -R. VV ® >

(3.71)

with probability at leasl. $ 3 1%, Rearranging the teriVk,4 in (3.70) with (3.5) in Assump-

tion 3, then with probability at leadt $ 13 1% we have

KVkoy ® VW7V V og » KV Kog — (3.72)

and similarly,
kUkz_l ® UU>U U 29 kU k24_ ° (373)
By substituting (3.72), and (3.73) into (3.69) and wkthk  k k., k k, we have with

probability at leasi.  $ 13 1% that

uv> u v ,,

® UUU U ,, ,tkUky , UUU U ,,° R UU

KV kg . VWV ik k, k ko

21

W7V VvV LKV kg . WOVOV °© V’V R,

21 21

kU ks 'k k. K . KkUky R Ry KV Koy * (3.74)
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k®f~p5, f P In addition, one has

By Weyl's inequality and (3.24)f fj k

R R
R UU R, UU R V’V , U U VV

RZ UU R, UU R:s V7V
URV U U V~V | U U U™V
k Kk RZ UU, R; V’V |, UTEV

U~ U? kEk VU’ — (3.75)

5

whereweus& k k Kk, k k®k kandk ’k KEk.

We separately look into the terms in (3.75) as follows:

1. Regarding the rstterm, (3.71) immediately implies that

A 1£.2 2 0
k k RR UU, R; V’V ® Ff*f

holds with probability at least $ 13 1%,

2. For the second term, we rst vieW > EV as the sum of independent random matrices

U~ Pg_(*E°V over82 »# % ;2 » ¥and calculate the following quantities:

max EUEVV E’U -EV E’UU’EV

=max U EEVV°E U -V’EEUU’E V

§© 2 > —> o 2 > >

axg U8:—2 EEVV E 88 V(;_: EEUU E (.~
: W Ya 23 Y,
86

ax

1
m

W WO

Us.2 EEVV E> 45

m
:B& WY
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6 0 2 g
V. EECUUE

: (-t 3
29 Y, @, ;

where!® holds sinceE EV V> E> is a diagonal matrix an& E>U U~ E is a block-

diagonal matrix. And foF88we use Lemma 5 and

EEVV’E stV V> CoviEg® KV K CoviEg® = 2 "f 2-

EE’UUE r EEEUUTE _ =trUU>BE (E Y

KU I BE(E % twEE (E (% "f %

(=€

P q\1\2

pT kU k2—1 kv k2_1 = 7 * With these in-

In addition, U~ Pg_(*E°V

equalities, we apply the matrix Bernstein inequality which yields

r N N

U EV ®f log3, P %Iog3®fp " log3

q ~ ~ A
holds with probability atleast $ 13 1%, where the last inequality holds singe % ®

pm 1 by (3.6).

3. For the third term, with probability at least $ 13 1% we have

pE p— 3

s f 2 2
U~ U’ kEk V> U? ® f’z ®f~#f=f

[ o
sincemaxkU> U?k—kv>V?kg =21 with probabilityl $13 1%.
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Putting these pieces together,

/\1f.,_2#5f20
f

P
R: R ® . f " log3

holds with probabilityl $13 1%, Therefore, (3.74) becomes

1 ~2#  f?2 2 P— _ P-—
®b831 — b&’o P bglf1 ~#,f 0©
r
Yo 2% 2 1 pP— _P-
bg’l . b(z)o = " 1f1> -~ # f o
r
N 1f"2#, f2 0 12 2
: f log3 m
r r /\1f~2# f20r 2
! 2 1 R 12
r
N2
U log 3 12
r s r s /\1f~2# fzor 2
188 2 1 , 12
®bgbgflb _f 1b?b Tf 1bg= f #
r
P "~ 2
,p "f " log3 1#2 - (3.76)

which holds with probability at leadt $ 13 1%, Here!® follows from the fact thanE, f P- ®

f f | by (3.5) and the de nition of?, and88holds by (3.5) and the de nitions dff— 1.

Plugging in the de nitions ob{—, one has

bpbjf 4
p r— r— p— !
1?@8)?: f"# 1 " log3 f~ log3
1 f # > Nf ’ f
_r r— p—__ !
fp"# . T2 log3 "1 f log3
f AN # f
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1%5/\f21"# . o] ‘1‘2 2 ‘1 f Iog3p—"# ’ \2 f Iog3p—“# ,

f # *# f ’ f
p r r_ |
N f log3t"# , ° ¢ "1 e ) N#  log3
5 f # 5 5 f
[ J— r——
1@%”‘ f 2™ 1 ,log3 A"
f n 5 A
f log3 ' A ' |
) 0g3 1 A o v
f PT 1> n 5 p: 1> A

Here to derivé 883 we employ the following simpli cation td)g’ and bg:

p_ r— p—_ r—
o0 = = #f ,~f2 & log3 f" Iog3p"# , 2
1 f 2 # f > f 2
I {z } I {z }
®fp'f'# @23
P— r P _r
bg:f fo,~f2¢  ~, f  log3 f Iog3p"# , 1
f 2 > f > f 2
I ’{)Z } I {z }
®f 'f'# ®A|<f>g3

and*8E uses (3.6). To obtaifE®, we invoke the following facts that

r r
Af21"#b o 122_/\f2" 12# /\f2

f #  f © o f #
Afzpr r A "
®f— e A L2
. Pier— . ro——_
1 f |Og3 "# _ 1 f" - |093 1 é_
# f R
P r
o f" log3 "# , _"2f" log3 " 1
f - LS A’
and
p r— r !
N f log3t"# , ° ¢ “1 . Yy
f ®
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> A
__ r
®/\ f 25 |093p*—1'—2 A "
f A
In addition,
r— r—
2 1
——f by, Tflbg
r— p r— r P !
® 2 ; f"# 1" log3 ", F  log3
1 f # N f f
r— r r p !
1 ¢ fp"# . ) log3 1 f log 3
’ # 1 f AR # f
p r ‘
" f "# 12 2« log3, - log 3
r— r !
AT T log3 B 2 f %
r_ T
=N f P 12 —, —, 2 . log3, =< log 3
# |
r— r
A T log3 B 2 f % - (3.78)
Moreover, r D r
/\1f.,2#’f20 ‘1‘22 f2/\ T 1 2 A "
f # f A (3.79)

To the end, plugging (3.77), (3.78), and (3.79) into (3.76) yields that

uv U Vv~

1
AN f 2P Iog3r " f" log3 ' A r " |
12 1 2
® f s K: f PT 1: T p: 15 K
r
n 1 N AN
At P — 202 log3, —— log3
r r_ !
A log3 2 %
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r
f2A p" 1 2 A n p_ p_ \1\2 2

. : A f log3 7
p r
%;A f 2™ 1 ,log3 A "
f A
R )
A f o T ,log3 —, = 2" log3, — log3
r #
1E88 " ) )
®A f log3’ 15 —. #1, 2 " log3, X log3 = bs-
where!E8 follows from
i A 1 gl 1
- 1 = - — 1 —
7 L= 7 LR Op=

And 'E88also used (3.5)f

Remark 6 To ensure the,s -consistency of the singular subspaces and theonsistency of the

. . . . . . uu>uU Uk
full matrix, we can impose further assumptions in addition to those in Theorem X—F%ki” =

21

>11° to hold, an easy-to-verify condition fsp "# log3, N =>if ©° f— ® log 3, and:—i ®
. : iy kw>v v k . P

Tog 353" Similarly, a suf cient condition forvaH =>11°to holdisf © log3, " "# =

>1f 0 ¢ ®logH# _ ° and<} ® yie.

3.8.1.3 Verifying Assumption 1 for Sub-Exponential Noise

It is evident from Assumption 1 that our theory accommodates a broad class of noise dis-
tributions. In what follows we shall spell out the correspondingatisfying Assumption 1 for

sub-exponential distributions, which is common in statistical scenarios. Assume that every entry
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s—d¢s sub-exponential with parametéis— ¥ i.e.,

2

=2 1
E expt_ 39 exp T_ —for 82 »# % @ » Yand allj_j U-

The following lemma allows us to treat the original sub-expone#tias an entrywise-bounded

and centered random matf with high probability.
Lemma 9 There exists a random matr&®=1 2 92 R* such that
PLE=E® 1 $13 20_
j 9§ 80Ulog3andE» 2 Y= 0. Furthermore, we have
max ~CovEg ° F°, $1U3°% | LP3 1%
@oH 2 Vi !

Proof of Lemma 9. Let :=80Ulog 3, then for each entrys_&ne has

maxPl g9 ©°Pl g9 ©°g expt 40log3°=3 4°

and

E»j s-glfj sb 0%
1
1
= . Pjshfi sh g G3G

1 1
1

= . Pjshff sb g G3G Pj s-Bf] s-b
1
1
P sb °, Plj & p @dG

1
1

2 expt EJO’ 2 expt %"dG

21 213 =1160l0g3 , 4°U3 4°
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by [123, Proposition 2.9]. Lets_g:= g.3ff &b Y @ Then “s_9= g_gwith probability
at leastl 23 40, Note that "g_ds not centered, we thus make a subtle adjustment by letting
g_é: "a_g U signlE»Ag_Jg{4V/8_gwhereV8_@re independent ofs_and are independent Bernoulli

random variables with
1. N . 1 . . . . 40
PVsgl = L—JJE» 8_¥a] L—JE»J s-pLfj sp g% 160log3, 4°3 "

where the rstinequality holds sinde»"s_¥s E» s_3fj s_p g¥= E» g ¥+ 0and the second
inequality follows from (3.80). From the de nition ofQ it is not hard to see thd» J ¥= 0,
j o 2 ,and &= s_gvith probability at leastL * 160log3, 5°3 40 for 8 2 »# % 92
» Y4 Taking a union bound over all possible indices yields taat E° with probability at least
1 $13 20

In the end, we need to control the spectral norm of JGE@\_/’(0 for; 2 ¥ YaFor9—92 (., it

follows from the Cauchy inequality that

0_ 0
Co' g o 868 E»sgposdha

N N N N
E»'g 9894 E»'g gE»'g g4 E» g gg gi

E sosdfi sdY 9 E sdfi s 9 sdfi sdY ¢
E sdff s.d OE 3s4dfj s.d 9 E»gpgsdh

=E gdfi s<d 9sdfi s.4d 9.E sdfi sdY gsdfi so4 0

,E s dfi s.d gsdfi edY g
E sdfj sd O9E sdfi sd ¢

. 2 . . 11 . .2 . . 11
E»j s d°Lf] s-d  O%E»j s 4°1fj 54 g%
. B»j s d71f] 5 dY O%E»] g 4°1f] 5.4 g%
. E»j 5?11 sd  Q¥E»] g gd%lfj 54V g%

. max E»j g_ilfi sp g¥i— (3.81)
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where we make use of the independenc®gbandVs_g E»"s % E» g_3fj s-b g¥# 0, and
the de nition of g_g
Regarding the second moments of the truncated versions in (3.81), the tail inequality on a

sub-exponential random variable gives that

1
1

E»j5.d’1fi 5d 0% 2 2PojBd %2  GPrjsg GAG

1 1

4 234 4 l Gexpt Sogc 4 234 4y ' expt Sogc
: 2U : 4U

4 23 %0 16073 *-

sinceexp 2° SforG . Besides, we havB»j g f1fj g_pY ! g% f 2for82 »#% @ » Y

Combining these pieces together with (3.80) gives that
Covt g_lg— g_zé’ E» g9 g9+ $1U3 o 0, U?3 0.

Now we are ready to upper-boun@ov:Eg_¢° Coleg_é0 provided the entrywise control
above. Invoking the elementary fact thatk kAk kA k; p:1:2 for a matrixA 2 R™ =2, we

have

CoviEg ¢® CoviEg ° $1U3°%,, LP3 1%

since" 3.f

3.8.1.4 Additional Lemmas

Lemma 10 Suppose Assumptions 1, 3 hold. Then with probability at teas$ 13 100,

r— p—
f2 = log3
> 2 1
EE"U s ®f 5 o ;

r— p——

2 ° f log3

PEV 2 @t 2 2°.
24 f 2 f
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Proof of Lemma 10.

EE’U 2 =max EgE°U 2
24 @t Vs
max Eg“kU kpy of 2, EaPgE°U 7,
r_
gi L max f~plog3 P_gE’°U 2 " log3 P_gE”°U ?
f 2 #  e#v . . = 24
- P
f? ; B log3 " log3
® P._gE™© —" P._gE™©
Rf2 # ° f 2 srgg§4'slu’f2£rzp>3§4'8 U
r— pP— r_
ggf 2 " ~ log3_p- " log3  P—— 1
®]c 5 P— f >f—2f log3, log3 e
12(3@8)&2 1 33 log 3
f2 # f 2
1%Ef2 1  log3
f 2 # N f

wherel® used (3.25) in Lemma 7 and (3.22) in Lemma 6 conditionaParg!E>°U 2 188
used a similar treatment to (3.28) in Lemma 7 dd_g!'E”°U and (3.23) in Lemma 6 on

P._g'E”°U -4 » 1888used (3.6) in Assumption 3, a8E is by (3.5) in Assumption 3 . Simi-

larly,
E'EV % ~=max EZ EV 2
21 29 Y, -
max  E. KV Koy of 2, EZP_(IEV 2
Ve T4 r
1pf 2n N p
& 2 f " log3max P._(1EV 2
f 2 23 Y, ’
P log3max P_ 1E°V 2
;2»!1/4p =G 21
r p__
f2g  ~, f " log3 " log3
. 1Eo0 I . 1F0
O T B P-CEY L e AP TRV o
fZ#r fp 093, P— "7 log3 , P— r
1E8 ) \2 i 0g e " og " \2
®f2 , P f~#,f—2f~ log3, log3 —
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r— -
1%8& g 0, 33 IO"# log3

f 2 ’ f 2
r P
1E88§ 2" # Yy f log 3
® P R AT -

where!E’ used (3.26) in Lemma 7 and (3.23) in Lemma 6 conditionaPan . *E°V 2 1E8
used a similar treatment to (3.27) in Lemma 7 di_ (.*E°V and (3.22) in Lemma 6 on

P._ ( 1E°V
f

.4 » 'E8Bused (3.6) in Assumption 3 , arf&888s by (3.5) in Assumption 3 .
3.8.2 Lemmas and Proofs for Theorem 5

Assumption 5

( —_— p O
P— ~ ~ 1log3 nf2 1 f* log3 M# ., %
A 31 omax P p— 1.

Assumption 5 is a suf cient condition fgr_" 21 of ;1 o  1to hold. To see this,

p_f oo AN21 o by
p r— e T —
:p_f 1t 0n21 of~ # log3 1 p_f 1t on21 o f 1
f # f 2 #
n p" r <
p—f 4 onZ of log3 "# | 2
5 f 2
+’ ~Tog3 ng2 P
p_/\ 31 o 1109 p_/\ 31 op f 1
f 1 o = PHf 1 of 1 02
" Pr——
P— 3, of ~ log3 "# , °, .
* 'J_f 1 of 1 02
Lemmall 1°p_ k k2—1 1,k k2_1 p_, f 11 ° pE, f 110 p_, and/iR ©

N1l ON1l (]
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Proof of Lemma 11. The rst inequality is because: k Ogk  kOgky = 1 by Cauchy-
Schwarz inequality. The second inequality directly follows by the fact that each row o a
length  Bernoulli probability vector. The third inequality holds becafisé ° k k

PaK Koy P with Lemma 4. The fourth inequality is becausgt °© k Kk P—

The last inequality is becausg'R ¢ 11 ©°f;1 %andf *R° f 1 ©° 1 ©Of

Proof of Lemma 3. According to the proof of Theorem 2 in [26], Assumption 2 is suf cient for
the generalized-GoM to be identi able. Take the rows indiSe$or both sidesoR =U V~,
then

Us. V> =Rg.= . ~ = 7 (3.82)

Further note that

Uu=RvV 1= v L (3.83)

U= Ug. V°V 1= Ug.e (3.84)

Eq (3.84) indicates thailg . is full rank since botiJ and  have rank . Therefore, =

U US_} and we have proved the rst equation in the lemma. Furthermore, &irficd =1 , Eq
(3.84)alsoleadsts. = Ug.=1 and
f 1U 0 — 1 f 1U 0 — 1 /1U 0= A1 Oe 385
1 S—:_f 1 o S—:_fll o S+ ( )
f

Lemma 12 (Theorem 3in [62]) LetM®= M N 2 RS “whereM = WZ = W 5Z%W 2 R< A
_ i _
hasrankA Z 2 RA= and ;7% 1-89andA 2 Let be the index set extracted by SPA. If

kNk; > bwith |
KWK2 1 1
12 " .
1, 80 b Ymin p——— f AW 3.86
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then there exists a permutatiéaof f1- — A such that

!
KWK,

f 'glwo

mgo/&kM?_lg, W._gek b:=b 1, 80

! (3.87)

Lemma 13 (Modi ed from Theorem G.2 of [54]) LetSbe the estimated simplex vertex index set
returned by SPA. Suppose Assumptions 1, 2, 3 hold, and further assur%?tﬁat °f 11 Oby

1. Then there exists a permutation matfx R such that
kUs. P Ug.U”Ukpy =$ 1121 0O
with probability at leastt $ #  © 10

Proof of Lemma 13. Inorderto use Lemma 12, l&&= ,M%°=U>UU>,M =U> , W =U_ .,

andZ = 7. Note thatU> = Ug. ~ = UZ.' |j 1>>10:#_:°. According to Theorem 4,

N = M® M satiseskNk; > by with probability at leastt. $ # _ ° 10 Notice that
kUg _koa k Ug_kwith Lemma 4, thus

2 21 o
kal—Z f 1 US—3 — A21U 0= n21 o_
S -

f 21WO f 21US o -

where the last equality is from (3.85). Thereforg, 80%%1 ® 7?1 op,. Furthermore, since

f iwe=f 1y °= fll;o with (3.85), inequality (3.86) is satis ed singe_" 21 of ;1 op
1. With Lemma 12, we know that there exists a permutation m&2xR such that

kUé_U>U P> US _:Okz_l = $ 1/\21 0b10_

with probability atleast. $ # ° 10 f

Lemma 14 (Modi ed based on Lemma G.3 of [54]). Suppose Assumptions 1, 2, 3 holé heet
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the estimated simplex vertex index set returned by SPA. Then we have

UU>U Usi' 1P>US_:U>U01 o =$ fll on21 0b1

with probability at leastt $ #  © 10

Proof of Lemma 14. DeneF=U>U-W =P~ Ug _F. For every82 »# %

kegU U~ U Ugl 1P Ug U~ W0t Kk
=kezU F1UsT W °k=kegU FW W  Ug.2U4lk
=kgzU FF 'Ug IP'W  Ug.°Uslk=keg PIW  Ug.Uq k
e 1, — > > 1

kW  Ug.kos kUgtk=kP"Ug .U U Ug.kas kUK

1

88 1N21 ohOo 1 : i 1 o 10
$ bi°kU4 k with probability at least  $ *# _ . (3.88)

Here & holds because P is non-negative and has rows withnorm 1; P!W Ug.%is a
convex combination of rows &V  Ug., and the, norm of a convex combination can not exceed
the maximum norm of the vertices. Inequali§8uses Lemma 13.

Now we boundes_fk. With Weyl's inequality andf . 1P>Ug .U~ U° = f .U  >-8:, we

have with probability at least $ # © 10

if 1Ug. f.1Ug % kUs. P>Ug.U> Uk

188 _
kUg. P> Us_ U > Ukog

18=E$ 1p_/\ 2 °bg°—

for: = 1-eee— wheret888uses Lemma 4 anBE uses Lemma 13. It immediately follows that

p_ I
A 21 oR0
bl

f 1US —:0

f 1Ug® f Wg°1 $
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= 1 $ A~ of ;1 obg)

with (3.85). Therefore,

1 f,r o

0 p

1 — =$ it 0o (3.89)
Us. 1 $ A2 of 41 ob(l)

1y —
kUS_:k_f

since A 21 of ;1 o) 1 By plugging Eq (3.89) into Eq (3.88), we get

UU U UL tPUg.U” el =g A2 of 1 opf
; ) 24

8.
with probability atleasi. $ # _° 10 f

Proof of Theorem 5. Recall that™ = UU,1. We control the estimation error of each row up to

8.
a permutation:

maxkeg 1 " POk,
MY

=maxke; 1UU,l U U< POk
52»#1/468 S8 SR

max kggtU U U” uouék, ke U U>U1Us§ LU e lug ek,
kU UU” Uk kUé_l:k, kU U~ Ulug_l: 1 P>US_:U> ue 1ok2_1

g
1 opd A21 of ;1 opR0

@21 of ;1 opd with probability atleast $ 1# _ © 10 -

wherel® uses Lemma 14 and Eq (3.89).
On the other hand, recafl = v U; andbs is the upper bound in (3.9) in Theorem 4.
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k1PUs. Ug.U>UP° Vk L kUg.U”U V> Us. VK
JkUs. V2 Ug. Vk

18
kUs. P’Ug.U>Ukzs f1lR° KVkaa ,kUg .U”U Us_kos f1'R° kVkog

kU V> RK

188 > 0
® "Mt o 1 by f1'R° KVkyy |, by
r—
1888 A
®N21 o bg f 11RO —z,bg b
r—
®A21 Of 11 2 5 bgobgb b3

1P
®N21 Ofy—

with probability at leastt $ # _ ° 10 Here!® uses Lemma 488 uses Lemma 13 and

the de nitions ofbg— B, and18&8s from (3.72) and the de nitions of, andb,. In addition,*8E

p p pP— P

holds sincgf 1!R® f1!R° KEk®f & # f1 "#O®f f | holds with

probability at leasl. $11# _ © 200 where we use Assumption 3 and Lemma 7. In additi@h,
q

follows sinceb?bdf | 2 f .Y ® b from (3.76) in the proof of Theorem 4.

Proof of Corollary 1. Given the additional assumptions, with probability at lehst$ 11#

o 100 e have

I:)2—].
@21 © fqi1 o pd
Pe—v—= r——0o p— T \—!
®f 1 O ~ "1 log3 f2 1 " log3 "# 2
1 f 5 f 2 # 5 f 2
pP—— r— o !
~ "1 log3 f2 "1 " IogSp"# . Yy
f 1 0 *>§ 1 of21 o # ° f
p I :
f~ "1 log3 fo P " " log3p—_
f + o *>f 1 of21 o A, 1’K fls— 2 -
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where we use the factthet f t ©°f 1 ©
For the error bound of',

r
K'P* kg ® f log3”’ T3 —.

1 1 2
— " log3 — —/—
# 5 g 'l# 5

with probability at leasi. $11#  © 100 f

Lemma 15 (Lemma 3.6 in [54].) 10, 88*Dirichlet" © for each82 »# Yawith Upayx = max U. — Whin =
i
min. U., U= . U anda := Up* Upin, then

# #
21 o _ _
P 2all, W, 1o 362211, U2
34 k" K2
P f2: Urnax. 1 exp L
211, W° 36a211 Ug°2
k" k2 #
p 21 o gUmac KK, exp —————— ¢
Unin 368211, UyP?

Lemma 16 If 1\, . 10 2 ©q 8-8"Dirichlett#° for each; 2 » %: 2 » Yawith Vo = ;1 Vo,

— 2=
V2 k #k2 2
21=m,and22= %521,then
Lo
21! 21'
Pf21 o = 1  ex -~
2 P 80 2
!
32! 27!
Pf21 o TZ 1 exp ﬁ— (3.90)
L
32, 27!
P A21 o 21 2 ex .
2 P 80 2

Proof of Lemma 16 (Modi ed based on the proof of Lemma 3.6 in [54].) Write
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where . =1).,—eee) ©250-0%  with).. =0\, , % 883 140 for each; 2 » vand
: 2» Y,DenoteM := ~ . Note thatM E>>I\/I1/4=I .X;,whereeacl. =~ . E» ~ .V
is an independent mean zero random matrix. Sincek).. k k). ki =1,k ;> .k

k ;k2

Also note that !

kit k2 2k #K
E > . =—-1 diag —— .
; ; V% \/(2)11, Vo°
With Weyl's inequality,
V2 Kk #k? .
E» ~ .1/420—: 1Y 1-
- VAL,
2 \2 k #k?
L E» 7 = k#k 0 B 1e

Therefore,
kKX;k k .~ k,kE» = %k [ 2Y2 ;1 3-
Furthermore, by Jensen's inequality,
KEXX?Vak E»RZkYa E»i kY2 9 2

By the matrix Bernstein inequality in [124], for all j 0, we have

~ !
o
Prif 1M EsMY° ®=Pr fi1  X.° exp ——2 =X

By Weyl's inequality, with probability at least X,

if1IMO  fIEsM¥0) f4IM  EsMY© g

if MO f 1EsMYaj f1IM  ExMYO ge
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Also we have

N |
O
f 1EMY® f E ~ 12 10
. |
O
f 11E>>|\/| 4= f 1 E ;> 12 2
Forf 1M°, choosey = 217' Then with probability at least
! !
221 221
1 =1 ex —_— 1 ex —
%o P 727 a2, P 802
one has
f21 o=f 1Mo f

|
EMYe f IMO f IEMY] g = 2
] @

2

Forf 11M°, chooseg = Z-. Then with probability at least

|
22| ) )
1 >Q32 =1 exp .

22!
_— 1 ex —
722 42, P80 2

one has

2 . . 322'
f21 o=f IMO jfIMO flEXMYLO) f1lEXMYC 3g =

2

2

With probability atleast 2 exp 53— ,one has

f21 0
A21 o= _1

32,
T f21 o 2
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Proof of Corollary 2. First note that = I"— 1-f  le2-+ IDT-Zfor the attened data

matrix with Bernoulli entries. De ne the event

( p_ r__
= 1 _ o:f 1 ol _#_fll °® i_/l o®p__

P J- )

f 1 0: T_fll (o) " (o] °

With (3.17), the probabilities on the RHS in (3.90) and (3.90) are in the order & # 3¢ and

1 $t ! 30 respectively. Along with the assumptions ‘brand#, we have
Pt o 1 $ 103,

Below we discuss fot — ©2 . With the lower bounds of— , we have

P—
P P PE P et 1 o 1o

5 5

and thus (3.5) in Assumption 3 holds. Now we bouné- ; with Lemmas 4 and 11 and (3.85).

SinceU = Ug_, we have
# # #
Tp=—kU K3,  —k K3, KUg .K? @
Similarly, V. = Ug_.tUZ.Uc .° 1t 1 Thus,

kU< K2 A1
o= kv K, —k K S 2n 2

2—1f41US of 21 of 21 o f21 o

One can verify that (3.6) in Assumption 3 holds with the lower boundg-enin Assumption 4.
Furthermore, we can verify that Assumption 5 is satis ed with the lower bound#-on thus

P32 °f 1+ ©° 1. Now we have veri ed that Assumption 3 holds. By Remark 2, with
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probability at leasil.  $1# _ ° 1% one has

n 32 2p|ogB w2 4

by ® p#_ oy
n 5e2 7-2|o 3 nw 2 7~2|0 3
by ® ——p—9° 9%,
#
Furthermore, with Theorem 5,
v 300 5P ——= .
R . o 32 Ez|og3 )
21 M- #
"52 %2503 " 2 *2|0g3
K" Pk ® bs® — 529 629°,

5

e

3.8.3 Additional Computational Details
3.8.3.1 Gibbs Sampling Updating Steps

For simplicity of presentation, we set the number of possible responses as a constast, i.e.
for all tems 9 extensions to fully general cases is straightforward. Here we use slightly different
notations. Denotgg. 2 R as the probabilities for all response categories for iteédand extreme
latent pro le : . When written in the form of the likelihood function, the GoM model is equivalent
to assuming the existence of latent class variab{® f1—««+—gfor each individuaBand each

item 9,

' gdl go=: S Tategorical » ¥) g
/ 4§05 % Tategorical» Y40¢;
052" % Dirichlett" o—" 2R

) o: 88 Dirichlett#o—# 2 R »
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We write/ gg-:= 11/ gg= :°and' ggz= 11" gg= 2°. The likelihood function of the GoM model is

then e a ¥
GO0 o |l

| IR; —Z— ©°= Vg
&1 91 :=1 21

 For the conditional distribution of 9. we have

& 0O l'89: 9 O

i #
' ' ' V1
?1) 9:JRZ~- °/ \9?32 \\9/2:21/ \ o5 8ofgo, Vo 1
&1 2=1 2=1 2=1
which leads to " 1
G
) 9:jR-Z-  Dirichlet 'gobgo., Vo o
g1 9
* ForOg since )
O O }
21 dog - C889_
o1 :=1
we have
O ! /e© O ! Jeu 1
. o1/ 89: U 1_ o1/89, Y R
?103|Z°/ C8: C8: - 8:
=1 =1 =1
Thus

a
OgZ Dirichlet- /89:, U4 ®r
« 9:1 :_I
» For/ gg with
2 gglgem 0=\ ¥
2=1

and?1/ gg=: ° = cg:, we have

? go= ] 88/ \Igff;?(isz—
2=1
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and thus =

= \'E-;QZCS:
2 go=jR— — °=¢ 2?1 32 .

' 89
=1 2=1\ 9:22C81

3.8.3.2 Additional Algorithms and Figures

Algorithm 4 below estimates the GoM model for Poisson data. The difference of Algorithm 4

from Algorithm 3 is the truncation fof .

Algorithm 4 Poisson-GoM Estimation with Potential Local Dependence

Require: Count matrixR 2 Nf , humber of extreme pro les .

Ensure: Estimated2 R -~ P> 2 R 2 R*

Get the top singular value decomposition 8 asU V>
Y=U
for : 2 fl—eee—gdo
(. = argmaxfkYg.ko : 82 »# V4Rg°
u-= Y(\: _:'kY<\:_:>k2
Y =Y uu”°
end for
" =UtUg0 !
A'pOSt _ diagt /\3 1 0 1/\’
N _ >
=V U§
A1posP 1post. ... \AposP g_. ifV9_. O
Let = 1f'g_ O with (PO = AT

A lposP

Figure 3.10 presents the heatmaps of the covariance matrix of the true errorfhaRix(left)

Az (right) in a simulation study. Whether or not there is local

and the estimated error matifik
dependence, the covariance matrix of the estimated error matrix empirically approximates that of
the ground truth error matrix well. The details of the simulation setting can be found in Section

3.5.
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AN

Figure 3.10: Heatmaps of the covariance matriceR ofR (left) andR N (right), without

local dependence (upper) and with local dependence (lower).
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Chapter 4: Supervised Multidimensional Scaling for Process Data

4.1 Introduction

Computer-based tests have gained increasing popularity in large-scale assessments. These
tests not only evaluate skills measured by standardized tests, but also provide detailed information
about the respondent's cognitive processes and problem-solving strategies. For example, students'
problem-solving competency is assessed in the Programme for International Student Assessment
(PISA). Similarly, 14 items of Problem-Solving in Technology-Rich Environments (PSTRE) were
designed and administered in the Programme for the International Assessment of Adult Competen-
cies (PIAAC) in 2012. In such computer-based problem-solving items, respondents ful Il real-life
tasks through an interface in a simulated computer environment. They need to appropriately inter-
act with the interface, such as exploring the system and gathering information in order to complete
the tasks. With the help of computer technology, the actions (e.g., mouse clicks and keystrokes)
that a respondent takes to solve a problem are recorded in log les. Such actions characterize re-
spondents' problem-solving processes and are thus called (response) process data. An example of
a computer based interactive item is illustrated in Figure 1.1.

A variety of applications of response process data involve exploring the relationship between
response processes and variables of interest. For example, process data are used to predict the
problem-solving outcome and duration in the event history analysis [125]. [126] studied how
behavior patterns in process data are related to demographic variables such as gender and age.
In addition, [127] examines the associations between adult digital problem-solving behaviors and
demographic and cognitive variables. While utilizing process data information has demonstrated
bene ts in various applications, its analysis remains challenging for the following reasons. Process

data are sequences of categorical variables (actions), the lengths of which vary signi cantly among

126



respondents. Thus, it is dif cult to directly apply regression and other classic statistical models.
Furthermore, the diversity of item interfaces and the speci c tasks they require often result in
response behavior patterns that are unique to each item. This complexity makes it challenging to
analyze process data across multiple items with a generic approach. In this chapter, we propose a
method that facilitates the studying of the relationship between response processes and variables
of interest. The method is a supervised version of multidimensional scaling [MDS, 128], which
we call supervised MDS (supMDS). In short, supervised MDS leverages information of a set of
target variables to extract features from process data, without using speci ¢ context of the item.

MDS has been proven useful in extracting features from process data. Speci cally, [30] pro-
posed a feature extraction method based on the original unsupervised MDS, where latent features
are obtained by approximating the pairwise action sequence dissimilarity with the Euclidean dis-
tance between feature vectors. Features extracted from this method have demonstrated effective-
ness in identifying behavioral patterns related to respondents’' demographic or cognitive character-
istics, as well as obtaining accurate latent trait assessments [40]. In these applications, the latent
features extraction procedure is not associated with any variables. They may be crucial for ex-
plaining certain variation of the response processes but not for predicting certain target variables.
A critical component in MDS feature extraction is the measurement that quanti es the dissimilar-
ities between two action sequences. Since different dissimilarity measures re ect the variability
of distinct characteristics of response processes, the choice of dissimilarity measures affects the
information that the features contain and thus subsequent analyses. Besides the Order-based Se-
guence Similarity (OSS) employed in [30], other existing measures such as edit distance [129] and
the length of longest common sequence [130] have been used to describe the disparity among pro-
cess sequences. It is unclear, however, which or any combination of the available measures would
be optimal for predicting certain target variables. Our proposed method, supMDS, answers these
guestions by nding the optimal linear combination of multiple dissimilarity measures.

Compared with existing methods, the proposed method has two unique characteristics. Firstly,

supMDS extracts features targeting a single or a group of variables of interest. Secondly, supMDS
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synthesizes the information summarized by different dissimilarity measures and determine the
“relative importance” of each candidate measure. Besides MDS, other feature extraction methods
have been proposed to deal with response processes. For example, [131] and [132] summarized
log le data into informative aggregate-level variables. Another approach adopted by [133] applies
the concept of n-gram from natural language processing, where consecutive sequence patterns are
extracted. In addition, [31] proposed a feature extraction method based on a sequence-to-sequence
autoencoder, where the low-dimensional representations of process data are obtained to reproduce
the input action sequences. Yet these methods do not take into account the target variables for
extracting features. There are several attempts to extend MDS by incorporating information from
external variables. [134] proposed a supervised MDS method for better visualizing and classifying
objects with binary class labels. [135] discussed a semi-supervised MDS algorithm for visualizing
textual data, where words with different topics are well-separated. However, both extensions do
not consider the problem of choosing an appropriate dissimilarity measure.

The rest of this chapter is organized as follows. We present the proposed supMDS feature ex-
traction method in Section 4.2. The performance of the proposed method is demonstrated through
a simulation study in Section 4.3 and a case study of process data from 13 PIAAC 2012 PSTRE

items in Section 4.4. Section 4.5 contains concluding remarks.

4.2 Supervised Multidimensional Scaling

Consider the process data action sequencesre$pondents. The action sequence ofghe
respondent is denoted &s= 1By— e+ s, where! gis the sequence length, and each elenignt
takes values from an action skt= f0;—e**—@. For example, each possible acti@dscould be
a keystroke or a mouse clip. We also considerariables of interest such as respondents' demo-
graphic variables, and collect them in matrix2 R ' . Each rowYg.= L. g—***—3:° represents
the set of variables associated with &t respondent, and each coluina= 1. 15— ** =2 is the
sample of thekth variable. We assume that all target variable samples are scaled to have variance

of 1. The objective of this study is to extract features from the process respomsieled by the
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predictability of target variable¥s..

The proposed method utilizes MDS to locate response processes in an Euclidean space, in such
a way that the differences between response processes are approximated by their Euclidean dis-
tances. The Euclidean coordinates of the response processes capture the characteristics of response
processes and are used as features. Unlike the existing MDS feature extraction method where a sin-
gle dissimilarity measure is used to quantify the differences among response processes, our method
synthesizes multiple candidate dissimilarity measures by a weighted sum to summarize the differ-
ence in a more comprehensive way. The weights of candidate measures are determined based on
the performance of predicting the target variables from the resulting features. In the sequel, we
describe the supMDS method in details. We rst introduce candidate dissimilarity measures for
process data in Section 4.2.1. The weighted sum of dissimilarity measures is described in Section
4.2.2. In Section 4.2.3, we explain the MDS procedure to extract features based on the weighted
dissimilarity measure. The model we use to predict the target variables from the extracted fea-
tures is described in Section 4.2.4. Lastly, Section 4.2.5 explains how the weights of dissimilarity

measures are estimated based on the prediction performance.

4.2.1 Dissimilarity Measures for Process Data

A dissimilarity measure quanti es how different two sequences are, and it plays a crucial role
in MDS analysis. Mathematically, a dissimilarity measure is a funcBbr°® : S S! R

satisfying the following conditions for alands’in S

3iss®=0- 3Iss® 0O 3ssb=310c0 (4.1)

Below are some examples of dissimilarity measure that can be used for comparing process se-
guences.

Sequence length difference (SLDis the difference between the lengths of two sequences,

31 sgsP=jlg ! g (4.2)
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It only captures the variability in the number of actions in a sequence and is considered the simplest
dissimilarity measure for process sequences.

Order-based sequence similarity (OSSyas rst proposed by [136] to measure the differ-
ences in tourists' itineraries and the differences in websites visited by users. OSS is used in the
MDS feature extraction procedure proposed in [30]. This dissimilarity measure accounts for the

discrepancy between a pair of sequences from two parts:

35(( 'sS°=3  !sgSP, 3+ lsgSce (4.3)

Here3  1sgs¢® describes the common action dissimilarity (CAD), i.e., the difference in the
actions that appear in botgandsg. While 3« 1sg-s¢° describes the uncommon action dissim-
ilarity (UAD), i.e., the difference in the actions that appear only in one of the two sequences. For
a sequencs, let S be the chronologically ordered positions of act®r2 A, s°: © be the: 1

element ofs?, and! ° be the length 0&°. Then CAD is de ned as

i irog
ic01.0 01-. 0j
1 02 89 ;:1]58 . Sg . J

g maxf!g—!gg

3 lsgs= (4.4)

l's,

where! 29: minf! 8— !%g and gogis the set of common actions for sequeBe@d 9 On the other
hand, UAD is a scaled count of uncommon actions, which is de ned as
. O 6

1 0 Oo__
I | l'g '9 (4.5)
. 8 5 - 9 02* 89 02* 98

3 lsgs¢’ =

where* ggdenotes the actions that only appeasdiut not insg and similarly for* gg Note that
either CAD or UAD alone can be seen as a dissimilarity measure. The OSS measure is an equal
weighted sum of CAD and UAD.

The longest common subsequend&CS, 137] of two sequences is the longest subsequence
that presents in both sequences. The length of LCS has been used as a similarity measure for

comparing response processes [126, 130]. We can transform it into a dissimilarity measure by
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de ning
LLCS!sg-s¢

maxf ! g !9g_ (4.6)

3 tsgs=1

where LLCS sg-s¢° denotes the length of the LCS sfandsg.

As an illustration, consider item UOla from the PIAAC 2012 data. For this item, respondents
are required to classify the email senders into ‘can come' and "cannot come' categories based
on their email contents. Consider the action sequences of two responggr{Start, VF_Party,
VF_CanCome, Next, Next_OK}y=(Start, Toolbar_E_Move, VF_CanCome, Move_Email_OK,
VF_CanCome, Next, Next_OK). As the sequence length differerave have3 1s,-5° = 2.

The common action dissimilarity 8  15;-5,° = 04048 the uncommon action dissimilarity is
3-  15-5,° = 025, and the order-based sequence dissimilariBsig 1s1—s° = 0298 Finally,

the longest common subsequence is (Start, VF_CanCome, Next, Next3QK)s;—5,° = 04429,

4.2.2 Weighted Dissimilarity Measure

Different measures capture variability in different aspects of response processes and they result
in different features. For instance, SLD only accounts for the difference in action sequence length
and is likely to yield features that are highly correlated to respondents' total response time, but
these features may not contain detailed information about how the task is accomplished. Given
a set of target variables, we may use them to guide the choice of dissimilarity measures and the
features to t better to the subsequent analyses.

Suppose thdt , 1candidate dissimilarity measur8g— 3— ¢ ¢ »—3are available. To combine
them, we synthesize the ;| 1 measures into a weighted measure

318°=3p, | 131, [+ 3 — 4.7)

5

where8 = 1| ;—eee—{°is an unknown weight vector with < Ofor < = 1—eee—" Let
Jo—J 1—*++3+ denote the corresponding dissimilarity matrices for each measure wig®he

element ofJ < being3<1sgsP, for < = O—eee—"and8— & 1— e« e+—=The dissimilarity matrix
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corresponding to the weighted measure (4.7) is then

J18°:Jo,|1\]1, s [+ J e (4.8)

It is straightforward to verify thaB'8° satis es conditions (4.1) and thu3'8° and 18° are

valid dissimilarity measures and dissimilarity matrices. The OSS dissimilarity used in [30] satis es

" =1, 3p = 3cap, 31 = 3uap, andl 1 = 1. For computational convenience, we do not constrain

the weights of the matrices to be less than one or sum to one so that fewer constraints are imposed
on the weight vecto8 . Since the scale of the dissimilarity matrix used in MDS only affects the
scale of the extracted features but not the information compressed in the features, we x the weight
of J o to one to avoid non-identi ability issues. If the dissimilarity matrices are in comparable
scales (which can be achieved by rescaling), each elemént®cts the relative importance of

the corresponding dissimilarity measure. For example, in the cdse=of, 8 reduces to a scalar

| 1. If | 1is close to zero, thed o plays a more important role thah;. If | 1 is much larger than

1, thenJ 1 plays a dominating role.

4.2.3 Feature Extraction

Given a weight vectoB, we extract process features using MDS with dissimilarity matrix
J 180 = 13548 °°% - by minimizing

~

o)
13548° kxg Xok®— (4.9)
1 8Y9=

with respect toX = 1x;—e %2> 2 R= , where is a pre-speci ed feature dimension, akig
Xok = | 1xg X 1xg X is the Euclidean distance betwegyandxg Denote the minimizer of
(4.9) asX180° = 1x118 °0—e e ex=18 °°, which gives the extracted features correspondirt).to

A majorize-minimization (MM) algorithm called the SMACOF algorithm [138] is commonly
used to minimize (4.9); see Algorithm 5. Each iteration of this algorithm requires computing an

= =matrix, which can be time-consuming wheis large. Therefore, we consider an alternative
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Algorithm 5 MDS with SMACOF

Require: Dissimilarity matrixJ = 13g8 2 R~ =, number of features
Ensure: Feature matrixX = 1x;—ee* %% 2 R~

Initialize the feature matrix

Calculate the matrix = =0 11~ and its inversé 1!

while the entry values oX are not stablelo

kxss)?gk if 8< 9x%g< Xg
Calculate the matrid = _Q . if 8< 9x%g= Xg
: :<8182 if 8= 9
Update the feature matrix =\ 1HX

end while

algorithm proposed in [139], as summarized in Algorithm 6. In this algorithm, instead of perform-
ing MDS for all = subjects at once, we rst apply the SMACOF algorithm to a randomly sampled
subsefl gyp f 1—¢+*-gand obtain the featureg!8 ° for 8in T gy TO be more speci c,
o
fxgl8°:82 Teuwg=arg min 133480 kxg Xgk®e
fxg®@T S”bngg— 2T,
For each of the remaining subje&< >»=Y%iifi g1, the feature vectorg 18 ° is then obtained through

approximating the dissimilarities between sub@and the subjects it s That is,

Xg18° = arg rr)l(in © 13418° kX Xgl8°kP— 82 fl—ee o gl gup* (4.10)
T sub
The objective function (4.10) can be minimized by generic optimization algorithms such as the
Broyden—Fletcher—Goldfarb—Shanno (BFGS) algorithm. Note that this two-step algorithm is not
designed to optimize (4.9) exactly but to obtain an approximated solution. Although features
extracted using this algorithm are not the same as those obtained using the SMACOF algorithm,
the differences are generally small according to [139]. Additionally, since the calculation of the

= =matrix is avoided, this two-step algorithm is expected to be more computationally ef cient

than the SMACOF algorithm.
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Algorithm 6 MDS for large scale data

Require: Dissimilarity matrixJ = 13g§ 2 R~ =, number of features, subsefT syp
Ensure: Feature matrixX = 1xj—eeex=%> 2 R~
Calculate the fully connected features of subfsetoT,, from f 3ggs_zr,, using Algorithm 5
for 8 2 »=Vaf gpdo
Solve for the feature of th@-th subject:
o
min 1389 k x ngo2
Xx2R DT s

end for

4.2.4 Connecting Features with Target Variables

So far, our discussion on feature extraction assumes that the ground truth weight8sector
is known. In order to nd the weight vector that produces the best features for predicting the
target variables, we need to connect the featX&s° with the target variables. We achieve this
through generalized linear models (GLMs), as they unify a large family of regression models and
are broadly used for prediction and inference. Under GLMs, we assumesfhare independent
given X18°. Also assume thatgafollows a distribution in the exponential family with natural
parameteixgt8 °” #, for each8 2 »=YaandA 2 » % where#, are unknown coef cients of the

process features. The density function gfcan be expressed in the form

HXg 89 #,0  1alxgh8 0 #,0

5'H[ gk = exp "

2\ H-g - (4.11)

whereqa is the dispersion parameter, abgt © and2x! © are known functions. The conditional

mean, sa= 1. g4Xg'8°°, depends omg!8° via

Bl 8 = Xg'8 % # o (4.12)

where6, is a link function.

In many scenarios, such as in the case study presented in Section 4.4, the target variables are
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approximately normally distributed. Therefore, we assume a linear model for each variable:
. 8A& X818°>#A, dop- & 1—eoe—=— (4.13)

wheref4g4f | are independent and follow10—fZ° for A= 1—«««—'This is a special case of the
GLMs described in (4.11) and (4.12) witlga= " ga 1a[° =[%22, ga=Tf 2, AlH-f= He120q°,

and the identity linkbat ™ © =~

425 Parameter Estimation

With the model connecting the weight-dependent featdr&° and the target variables, we
can estimat® that leads to features producing the most accurate prediction of the target variables.
Given 8 and thus the corresponding featudes3°, let ;&A18° denote the maximum likelihood
estimator (MLE) of#, obtained by minimizing the negative log-likelihood function, i.e.
G
I ALVAX180-Y. R = log? 5. g4[ sR°- (4.14)
&1
where5is givenin (4.11). The minimized negative Iog-likelihobﬂlﬁA18 0jX18°-Y._R quanti es

how well the distribution olY._acan be characterized 428 °, and

1180= | A1£,180)X180°-Y. R (4.15)
A1

summarizes the overall performance among 'thearget variables, with a smaller value being

better. Therefore, we use the minimizer!d8 ° as an estimator &

8 =ar min | 180 4.16
gsz>o-1° " ( )

With 8, the MDS featureX18° are then the features that best synthesizé' thel dissimilarity

matrices to predict the target variables. We &8 ° the supMDS features.
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We utilize a direct search optimization method called the Nelder-Mead [NM, 140] method to
obtain®. To minimize the objective functioh8 ° with respect to thé -dimensional weight vec-
tor 8, the method maintains | 1 test weight vector8 ;—e«++8+ 1 and iteratively updates them
to locate the optimal solution fdrt8°. In each iteration, the objective function is evaluated at each
test weight vector according to (4.15) wheté8 ¢° is obtained using the algorithm described in
Section 4.2.3 anfA18 © is obtained using the iterative re-weighted least square algorithm [Chapter
2.5in 141]. Then the test weight vector with the highest objective function value is replaced by a
new one that is closer to the optimal solution. The details on how to select a new point are provided
in Algorithm 7 in Appendix 4.6.1.

Since! 18° can be computed numerically for a givBn a naive method for minimizing 18 ©
is to computd 18° for a ne grid of values of8 and then thé related to the smallest computed
value of! 18° is identi ed as the minimizer of 18 °. However, this method is infeasible because
a large number of grid points & are needed for obtaining with reasonable accuracy and the
number grows exponentially with the dimensiorBafWe do not use gradient-based optimization
methods such as gradient descent and the Newton-Raphson method to mini@fzbecause
X180 andf#A18°g'A:l are solutions to two nested optimization problems and they do not have
closed-form expressions in general, making the gradieht8f dif cult to compute.

In the case study, we focus on the special case of linear models so that (4.14) simpli es to
KY._a X18 o#Ak2 up to a constant scale and shift, which is thdiscrepancy between the observed
and predicted values of ti#eth variable. In [30],2 regularization is used in the regression of target

variables on the MDS features to prevent over tting. This is incorporated in our model by adding

a penalty term to the discrepancy so th£A18 ° is obtained by minimizing
I ALVAXI8O-Y _x 0= KY._p X1809#,k? | pk#tako— (4.17)
where_ais the penalization parameter. In this ca%gl,S ° has a closed form expression

#,180=1X1809"X18° O 1X18°7Y. p (4.18)
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With equal weights fot target variables, the total loss becomes

| 180 = © KY _n X18°#,18°12 © _ak#180K% (4.19)
Al AL
Usually, the penalty parameters in regularized regression are chosen by cross-validation, but
we do not take this route to choosgfor the following reason. Appropriate values of the penalty
parameters are often dependent on the covariates. In our case, since the covariat¥ ¥84trix
changes witt8 across iterations in Algorithm 6, the appropriate penalty parameter values would
also vary across iterations. Using cross-validation to choose these parameters requires tting mod-

els with various penalty parameter values at each iteration, which induces considerable computa-

tional cost. Instead, we set the penalty parameter for each target variable to be

__fR

s

_A (4.20)

where#, is the ordinary least square estimatorgfcomputed fron._sandX18°, andf% is the
corresponding estimated variance. The choice is made by approximately minimizing the out-of-
sample mean squared estimation erroftgbver the values of 5. Derivation details can be found

in Appendix 4.6.2.

To conclude this section, we summarize the procedure to extract supMDS features below.
Procedure 1 (supMDS feature extraction)

1. Obtain" , 1 dissimilarity matrices) o—J 1—e 3+ for = action sequences—Sy,—* * *s-.

Divide each dissimilarity matrix by the median of its off-diagonal elements to rescale the

. 1dissimilarity matrices into comparable scales.

2. Compute the estimated weight vedrand the supervised MDS featur¥$8° using the

target variablesy 1— e« « #¥~ and the dissimilarity matriceg o— e+ +J+ with Algorithm 6.

3. Perform principal component analysis ¥38° and obtain the principal features.
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4.3 Simulations

In this section, we evaluate the proposed supMDS method through simulation experiments. In
particular, we examine its performance in recovering the weight vé&ctand also in predicting

the target variable with the extracted features.

4.3.1 Experiment settings

Since supMDS requires only the dissimilarity matrices of action sequences instead of the ac-
tion sequences themselves, we directly simulate the dissimilarity matrices of imaginary sequences
when generating data for the simulation experiments. To genératel dissimilarity matrices
of =imaginary sequences, we rst obtaln , 1 matricesXg—e**X- by sampling their elements
independently from the standard normal distribution. Each matrixhess and = 10columns,
and the columns of matrix< are treated as sequence characteristics that decide-thelissimi-
larity measure. The Euclidean distance matrix of the rows.ofs then calculated a% <. Given
a weight vecto8, we compute the weighted dissimilarity matdx = J g , ! ;ll gJ gand ex-
tract -dimensional MDS feature$ = 1x;— e * x=°> wherexgis the -dimensional feature vector
corresponding to th8th process sequence. These features are used to generate a target variable

according to a linear regression model
8= Xg#, dg- & l-eee—= (4.21)

where each coef cien¥. is generated independently froft0-2° and4,— ¢« « —4are generated
independently from the standard normal distribution.

We consider three choices of sample siz&00, 500, and 1000. For each sample size, cases
of two and three candidate dissimilarity matrices are considered; i.es,1-2. For each choice
of " , different values of the weight vector are considered to vary the relative importance of the
dissimilarity matrices. Fof = 1, the four values considered for the scalar weigtdre 0, 1, 4,

and 10. For' = 2, the four weight vectors considered &e= 10-0°-11-1°-110-1° and*10-1C°.
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We generatd 00 independent datasets for each experiment setting. Each dataset consists of
" . 1 dissimilarity matrices and one target variable. For each datasetbjects are randomly
divided into training and test sets with the ratio of 4:1. The proposed supMDS Algorithm 6 is
applied to the training set to obtain the estimated weight vétdiere the size of the subséty
used in the algorithm is set as 200. Giv@nwe evaluate the out-of-sample performance of the
target variable prediction as follows. First, the weighted dissimilarity mat#&° containing both
the training and test sets are computed and the corresponding (unsupervised) MDS features are
extracted. Then, a linear regression model of the target variable on the newly extracted features is
tted using only the training set. The tted model is then used to obtain the predicted target variable

on the test set. The prediction performance is evaluated by the out-of-sample mean squared error

(MSE) of the target variable.

4.3.2 Results

Figure 4.1 displays the out-of-sample mean squared error (MSE) for predicting the target vari-
able under different settings. In the gure, the box plots labeled with “supMDS” give the results
obtained from the proposed supMDS method, while others correspond to the results from each
individual dissimilarity matrix. The gure shows that the prediction accuracy from supMDS is
no less than that obtained from a single dissimilarity matrix in all the settings considered in our
experiment. In the settings with one dominating dissimilarity matrix (e.g.0 and 10 for" =1
and8 = 10-0°-10-1° for " = 2), the predicting accuracy from supMDS is comparable to the
results from the dominating dissimilarity matrix alone. In other settings, supMDS leads to a signif-
icant improvement over those single dissimilarity matrix outcomes. These results demonstrate that
supMDS can leverage the information from different dissimilarity measures and produce features
that are more predictive of the target variable.

The results for the recovery 8f are presented in Figure 4.2 where the upper and lower panels
correspond td = land" = 2 accordingly. As the aggregated dissimilarity matrix in (4.8) is

always scaled before extracting its features, we compare the ground truth and estimated weight
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Figure 4.1: Box plots of out-of-sample target variable MSE in simulation considering two matrices
(upper) and three matrices (lower).

Figure 4.2: Box plots of estimated weight proportion for each candidate matrix. For two matrices
(upper), red solid lines corresponds to the ground truthl , | °. For three matrices (lower), red

solid lines and blue dashed lines corresponds to the grounditaetil . | 1, | 22 andl 211,
I 1, | 2° respectively, and the red and blue boxes correspond to the estimated rst and second

dimensions respectively.
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proportions for each candidate matrix. For example, we compeire, | °andl®t1, I"° asthe

true and estimated weight proportions for matrixwhen" = 1. In the upper panel, the box plots
represent the weight proportion estimates and the horizontal red lines denote the truth values. In
the lower panel, the red and blue box plots correspond to the estimates of the rst and the second
dimension o8B, respectively. The solid red lines and dashed blue lines mark the true values for the
two dimensions. In both cases, the estimated weight proportions are relatively accurate when the
true weights of each candidate matrix are not too distinct from each other. Estimation bias does
exist especially when the true weight is large, 10 for instance. However, this is expected because,
when a dissimilarity measure dominates, the prediction of the target variable is no longer sensitive
to its weight as long as it is large enough. Despite the existence of estimation bias, supMDS is
able to detect the importance of each matrix by recovering the relative order of the weights of
each dimension. For example, the third plot in the lower panel shows that the estimates of the rst
dimension of@ are signi cantly larger than the second dimension, which is also the case in the

true weight vector.

4.4 Case Study

4.4.1 Dataset and Experiment Settings

The dataset used for the case study comes from the PIAAC 2012 survey. Fourteen PSTRE
items were used in the survey and the response processes of these items from 40,230 respon-
dents and 17 countries were recorded. The survey also recorded a broad spectrum of respon-
dents' background information such as occupation, income, education level, etc. We obtain the
respondents' job-related skill levels from the respondents’ current job occupation in the back-
ground data and the expert ratings on occupation skill requirements available on OfNEST (
Ilwww.onetcenter.org/dictionary/27.0/excel/ ). Intotal, 240 skill variables such
as scores on programming, writing, memorization, etc., are obtained. Out of these skill variables,
39 variables with the highest predictability using the unsupervised MDS features are chosen as

the target variables. We predict these skill variables using process data to explore the possibility
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to provide respondents with career advice based on their response processes. Finally, we con-
sider the process data of 13 items from 4,228 respondents who answered all 13 items and have no
missing-ness in the target variables. Basic descriptions for each item are summarized in Table 4.1
in Appendix 4.6.3, and the summary statistics of these target variables can be found in Table 4.2 in
Appendix 4.6.3.

In this case study, four dissimilarity measur&s p— 3cs— &ap and 3yap are considered,
whose de nitions can be found in Section 4.2.1. We conduct two experiments to examine the
performance of supMDS. In the rst experimeBgap and3yap are used as candidate measures
in supMDS to predict the target variables. The results are compared with the prediction results
using the unsupervised MDS features base8&sx As mentioned previouslBossis an equally
weighted sum 08cap and3yap. This experiment explores whether alternative choices of weights
could improve the results and examine which of the two measures is more relevant to the target
variables. In the second experiment, all four measures are taken into account in supMDS to explore
whether dissimilarities other thd&psscan be useful in the context of process data. In both experi-
ments, the dissimilarity matrix corresponding3gnp is treated ag ¢ in the weighted matrix sum
in (4.8).

Process data feature extraction is conducted on each item separately. All 39 target variables are
taken into account for each item and the number of features is chosen to be 10. After obtaining
the supervised features using supMDS for each item, features across all 13 items are combined
to predict each target variable. Ridge regression is performed to avoid over- tting and ve-fold
cross-validation is used to choose the regularization parameter for the prediction task. Besides
supMDS, we also extractO unsupervised MDS features from each item using each individual
dissimilarity measure. Similar to the supMDS features, the features from 13 items for a given
dissimilarity measure are combined and used as the covariates in ridge regression to predict each
target variable. The prediction performance is evaluated by out-of-sample R-squaret) (DSR

the test set.
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(b) Bar plot of@ for different items. The red dashed
(a) Box plot of OSR. line corresponds t& = 1.

Figure 4.3: Results of the rst experiment with two candidate dissimilarity meas8¢gg, and
3uAD-

4.4.2 Results

Figure 4.3 shows the results of the rst experiment whare and 3« are used as the
candidate dissimilarity measures. The left panel displays the box plot of @8Rredicting the 39
target variables using features from different dissimilarity matrices. On average, features extracted
from supMDS produce the highest OSBmong all features considered. The performances of
OSS is worse than UAD, which indicates that aggregating two dissimilarity measures with pre-
speci ed weights does not necessarily yields better predictions compared to a single measure. The
OSR from UAD is lower than that from supMDS and is better than that from CAD features,
indicating that the difference in uncommon actions between two sequences is more important for
summarizing the characteristics related to the target variables. This is also observed from the
estimated weights displayed in the right panel of Figure 4.3. For 12 out of 13 items, the estimated
weights for UAD are larger than 1. For some items, e.g., U16, the estimated weightuch

larger than 1, making UAD the dominant dissimilarity measure.
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Figure 4.4 demonstrates the results of the second experiment where all four dissimilarity mea-
sures3 ,3 ,3( and3; ,areconsidered. The box plot of OSghows that UAD features
give the best prediction among all features extracted based on individual dissimilarity measures,
yet supMDS features outperform LCS features by about 6.3% and OSS features by 18.7% on aver-
age, The box plot of OSRshows that supMDS features outperforms features from each candidate
measure on average, indicating that supMDS is able to capture and integrate the information from
different dissimilarity matrices to produce features that best predict the target variables. The es-
timated weights presented in the right panel of Figure 4.4 further show8thatand3-  are
two dominating dissimilarity measures among the four measures considered. For 12 out of the 13
items, the dissimilarity measure with the largest weight is eifher or 3 . As expected, the
sequence length difference meas8fe has the smallest and negligible weights for most of the
items. For both UO4a and U16, UAD signi cantly outperforms LCS. We note that the number of
possible actionsH) is quite high for both items, as shown in Table 4.1. In this case, the uncommon
actions of two sequences might give more information compared to the common actions/common

subsequence.

4.5 Summary and Discussion

Process data from computer-based interactive items keep track of respondents' interaction pro-
cesses of solving the items. These data contain valuable information for examining respondents'
behaviors and latent traits, but their non-standard data format creates dif culties in statistical anal-
ysis. The MDS feature extraction method has been proposed to compress the information in re-
sponse processes into xed-dimension feature vectors. In various applications, the extracted fea-
tures are used to explain or predict other variables of interest by supervised learning methods.
When it comes to MDS feature extraction, the choice of the dissimilarity measure often affects the
information contained in the extracted features and thus affects the results of subsequent analysis.
In this chapter, we propose a supervised MDS feature extraction method that synthesizes the infor-

mation in multiple dissimilarity matrices of response processes to produce features that are most

144



(b) Bar plot of each dimension &. The red
(a) Box plot of out-of-sample R dashed line corresponds&o= 1.

Figure 4.4: Results of the second experiment with four candidate dissimilarity mea3gires,
3Lcss 3cap and3uap.-

relevant to one variable or several target variables. Features extracted from the proposed method
produce higher prediction accuracy than those from the unsupervised MDS method. Besides, the
proposed method also produces a weight vector re ecting the relative importance of the candidate

dissimilarity measures in explaining the target variables.

In the proposed method, we use GLMs to describe the relationship between the target variables
and features for simplicity. Other supervised learning models can also be used to describe more
complex relationships or to serve different goals of applications. For example, support vector
machine and its variants can be used if one would like to classify respondents based on their
response processes. Feed-forward neural networks can also be used if the sample size is large
enough. However, it is possible that these more complex models bring extra computational burden
in each iteration of the NM method so that the total computational time can increase signi cantly.
Developing more ef cient algorithms to search for the optimal weight vector will enable us to use
more complex models for describing the target variables with latent features.

In the case study where multiple target variables are available, we use the same set of features
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for predicting all the target variables instead of extracting one set of features for each target vari-
able. Since the target variables have low predictability, pooling the target variables and extracting
one set of features allows us to borrow strength from multiple variables and thus improves the over-
all prediction performance. This can also be viewed as a bias-variance trade-off. Understanding
the bene ts of multi-task prediction versus single-task prediction is of interest. A potential future
direction is to study multi-task prediction in the context of process data analysis.

Besides the four dissimilarity measures considered in the case study, edit distance [142] is also
a possible dissimilarity measure for response process data. We did not take it into account because
it is strongly correlated with the LCS measure. For the items used in the case study, the Pearson
correlation between the elements of the two dissimilarity matrices can be as high as 0.79. Including
two highly correlated dissimilarity matrices in the proposed supervised MDS method could lead to
a high variation of the estimated weight vector. This phenomenon is similar to the high variation of
regression coef cient estimates brought by the multicollinearity of covariates in linear regression.

The dissimilarity measures that have been discussed stem from the literature of natural lan-
guage processing [143]. We do not consider the time sequences of process data, but the proposed
method can be easily generalized to incorporate time information. For example, a dissimilarity
matrix for the time sequences can be de ned and utilized as a candidate matrix. One way to de ne
a time dissimilarity matrix is to consider the pairwise difference of total response times for the
time sequences. Using this time dissimilarity matrix would produce features that have higher pre-
dictability of time-related covariates such as age, as age is correlated with action sequence length

and response time.

4.6 Appendix to Chapter 4

4.6.1 Algorithms

This section summarizes the algorithms related to the supMDS method. Algorithm 5 is the
SMACOF algorithm for MDS [144], where feature matikis extracted from the dissimilarity

matrix J in an iterative manner. Algorithm 6 is an ef cient algorithm for extracting MDS features
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for large datasets. Features for a subset of subjects are rst extracted using the SMACOF algorithm,
and then the features for the remaining subjects are obtained by making use of the features for
the subset. Algorithm 7 summarizes the NM method for optimizing the weight v8cfor the
supMDS method.

In the NM Algorithm 7, there is a shrink transformation that leads to evaluating the objective
function” times in the last block of the if-else statements, which is computationally expensive
if " is relatively large. However, shrink transformation is rarely used in practice. A typical
iteration of the NM method only evaluates the object function at one or two test points, which
is desired in our case where evaluating8 © can be computationally expensive. Moreover, the
algorithm typically terminates within a few iterations, which also helps to keep the computational
cost manageable.

Algorithm 7 relies on several parameters includidg O,W j1,0Yd 3 0YfVY 1to
compute the candidate test points. The standard choice for these parameterd+s\& 2, and
d=f =3 assuggested in [140]. We adopt this choice in our experiments. In addition, itis crucial
to choose the initial test points to ensure that the range of the corresponding objective function
values is large enough to prevent the search from getting stuck in a local minimum. A typical way
to choose initial test points is to 8 ; and generate other test points by adding a large constant to
each element o84, i.e.,8g= 81, egwhereegis the vector with thé&th element being 1 and
other elements being 0 f8= 2—+++—" 1. In our experiments, we sBt; = 11—-++«1° 2 R’ and

= 10.
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Algorithm 7 NM method
Require: " | 1 initialization test vectors ;—e«++8- 1; distance matriced g—*++J- , target
variablesf YAg}:;l? the subset indice§ g, toleranceC>;hyper parameterd— — U-W-d—f
Ensure: The estimated optimizeé® and its corresponding feature matKx
for 8inl1:1" | 1°do
Extractxgfrom J 18 & with Algorithm 6

end for

while ( § C>; do
(= ! é:ill! 18 MOZ." 0
Reorder|18i—X8° sothat! 18,° ese 118 °

8a=8>, U8, 8- ;°
Extractxafrom J 18 L with Algorithm 6
if 118,° 118,° 118. °then
8- ,1:8r,X" ’1=XA
else
if 1180V !181°then
84: 8>, W8A 8>°
Extractx4 from J 18 4° with Algorithm 6
if 1184° Y ! 18 A0 then
8- ’1:8e,x" 31:)(4
else
8- 31:8|—,X" 31:X/_\
end if
else
8,=8>, d8- 1 85°
Extractx, from J 18 ,° with Algorithm 6
if 128,07 118 1°then
8- ’1=8c,x" ,1:)(2
else
for 8in2:1" | 1°do
88:81, f 188 810
Extractxgfrom J 18 & with Algorithm 6
end for
end if
end if
end if
end while
8=8 1, k = X1
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4.6.2 Choice of the Penalty Parameter in Ridge Regression

Consider the ground truth regression model
Y =X#, & & #10-f200.

Suppose that the feature matixis scaled so that each column has a mean of 0 and a standard
deviation of 1. Also, suppose that the columns of the feature matrix are orthogona; Xe=
=0 . This can be achieved by performing a principal component analysis. The ordinary least

square (OLS) estimator can be expressed as

1
By = XX XY = 2X7Y

and the ridge regression estimator with regularization parameser

1
B3ea = XX, @ IXTY = —X7Y.

Ifwe dene] -:= ZLX>X = = Qthenfigsgy = ] A% The mean squared error of the ridge

estimator can then be derived as

" Lhgaes® = EK g H#KE=KEY -flg #OKC, tr+OA] —fg, °°

2
=#71] - c9>1] - O#, thrl] _1] 00

2 =f 2
=1_=—0 k#k?
= * 1= 02

> - 5

With some simple algebra, we can obtain the minimizer'for f556,° as ™ = 1. The

minimizer can be approximated by plugging in the OLS estimﬁgg(s and#$!( , l.e.

2
f’\$!(

T khgy K

N _
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4.6.3 Data Descriptions

Table 4.1: Summary statistics of 13 PIAAC problem-solving items. Hdasethe number of total
respondents# is the number of total possible actions, ands the average process sequence
length.

Item ID Description = # !
UOla Party Invitations Can/Cannot Come 26278 67 18.1
UOlb Party Invitations Accommodations 26237 60 26.4
u02 Meeting Rooms 26369 102 26.0
UO3a CD Tally 26256 67 9.0
UO4a Class Attendance 26169 1537 394
UO6a Sprained Ankle Site Evaluation Table 26262 30 9.8
U06b Sprained Ankle Reliable/Trustworthy Site 26236 27 15.2
uo7 Digital Photography Book Purcha 26293 41 17.2
Ullb Locate E-mail File 3 E-mails 25538 140 24.0
ul6 Reply All 26327 896 31.9
Ul9a Club Membership Member ID 26428 199 17.3

Ul9b Club Membership Eligibility for Club President 26410 562 20.4
u23 Lamp Return 26336 178 21.3
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Chapter 5: Reducing Differential Item Functioning via Process Data

5.1 Introduction

Ensuring testing fairness in educational and psychometric assessments has been a major con-
cern for researchers. A typical approach to ensuring testing fairness is through differential item
functioning [DIF, 145] analysis. DIF occurs when an item's response function depends on not only
the target latent trait to be measured by the item, but also the respondents' group memberships
that are often linked to their demographic characteristics. When DIF is present, the measurement
properties of the item differ systematically across groups, leading to measurement bias [146].

The research on DIF has predominantly focused on the statistical detection of its existence. DIF
detection methods are typically categorized as non-parametric [147, 148] and parametric [149, 150,
151, 152, 151, 153]. More recently, DIF detection methods that do not require prede ned group
memberships or anchor items have been proposed [154, 155, 156]. While research has explored
methods on handling items with DIF [157, 158], items identi ed with signi cant DIF are often
removed during item calibration, leading to wasted resources and efforts in their development and
administration. Consequently, there has been growing interest in reducing or eliminating DIF, as
well as understanding the underlying reasons for why DIF occurs [159].

One way to attribute the cause of DIF is multidimensionality, where DIF arises due to the
presence of secondary dimensions in the latent space [160, 161, 162]. Ideally, differences in the
response probabilities solely re ect variations in the latent ability that the item is designed to assess,
which is the primary dimension. However, secondary latent traits with heterogeneous distributions
across subpopulations can also contribute to these differences. These secondary dimensions are
called auxiliary if they are intentionally measured by the item, or nuisance otherwise [163]. The

multidimensional IRT (MIRT) model has been used to analyze DIF, where both the target trait and
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the nuisance traits are used to model item response probabilities. Latent DIF models have also
been used to investigate the secondary dimensions, using mixture models to identify latent groups
as the secondary dimension and associating it with examinees' demographic characteristics [164,
165]. The multiple-indicator multiple-cause (MIMIC) model provides another approach from the
dimensionality perspective, although only the primary dimension is used [165]. In a mediated
MIMIC model proposed in [166], a secondary dimension construct (the scale of self-con dence)

is used as a potential mediator. Despite these advances, studies that rely only on response data face
challenges, particularly when prior knowledge of nuisance traits is limited. Thus, it is of interest

to identify the secondary dimensions from data sources beyond the response outcome data.

One data source that presents new opportunities for identifying secondary latent dimensions in
DIF analysis is process data [126, 34, 167, 168]. Process data capture the problem-solving pro-
cesses as respondents interact with computer-based test items. The respondents' actions are logged
as time-stamped action sequences in computer log les, making process data a detailed record of
respondents' behaviors. Two prominent examples of process data are from the Programme for
International Student Assessment (PISA) and the Programme for the International Assessment of
Adult Competencies (PIAAC). These assessments not only measure skills traditionally tested with
paper-and-pencil methods but also evaluate more complex abilities such as problem-solving in
technology-rich environments. Compared to traditional outcome data that are typically dichoto-
mous (correct/incorrect) or polytomous (partial credit), process data provides more comprehensive
insights into the strategies respondents use to solve problems, which highlights its potential in
identifying nuisance traits. For example, engagement is an acknowledged nuisance trait, and the
rst principal component of features extracted from the 2012 PIAAC process data is highly corre-
lated with engagement [30]. If we are able to identify the secondary dimensions that lead to DIF
via process data, we can reduce DIF by proposing a new scoring rule based on process data, and
interpret the mechanism of DIF by identifying the heterogeneous behavioral patterns in process
data that drive these differences.

In this chapter, we propose a novel method for reducing DIF that leverages process data and
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introduce a corresponding scoring rule that only depends on the respondents' behaviors. We at-
tribute DIF to multidimensionality and discuss the method within the framework of generalized
linear models (GLM). We assume that the target latent trait (primary dimension) is known or has
been estimated, while the nuisance trait is derived from process data. The key innovation of our
approach lies in constructing a surrogate for the nuisance trait using features extracted from pro-
cess data. This surrogate is formulated as a linear combination of the process data features, with
the weights determined by minimizing the maximum likelihood difference between models with
and without the grouping variable. The motivation is to construct a measurement model with the
target trait and nuisance trait surrogate, while minimizing the impact of the grouping variable on
the measurement model. We show that in the simple case of linear model (classical test theory),
the proposed optimization problem has a closed-form solution that determines the optimal feature
weights. In more complex scenarios involving multiple grouping variables or nonlinear models,
the optimal solution can be found through numerical optimization techniques. With the optimal
feature weights, we propose a new scoring rule that incorporates both the target latent trait and
nuisance trait surrogate that reduces or corrects DIF. We stress that the scoring rule is purely based
on respondents' responses. The effectiveness of this method is demonstrated through simulation
studies and a case study. Additionally, we offer interpretations of the group differences based on
their action sequences in the case study, providing an insight of understanding why DIF occurs.
The rest of the chapter is structured as follows. Section 5.2 outlines the methodology of the
proposed approach, while Section 5.3 presents the results of the simulation experiments. In Section
5.4, we demonstrate a case study using the PIAAC 2012 dataset. Finally, we provide a discussion

in Section 5.5.

5.2 Method

Consider# independent respondents and their process and outcome responses to one item of
interest. Let g 2 fO—+ee— 1grepresent the response of &t respondent, where is the

number of possible responses. For example, when 2, . g = 1 indicates correct response and
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. g = 0 indicates otherwise. We use = 1. 1—+*+—° 2 R? to denote the vector of responses
from all # respondents. We introduce one grouping varidhle f0-1g, where/ g= 0 represents

the reference group anids = 1 represents the focal group. The item is assumed to measure a
unidimensional latent trait, denoted by for respondenB 2 >#% Let) = 1\;—ee¢4\°” be

the collection of latent traits of all respondents. Additionally, we extract process feafures
1x1—eeexx%> 2 R*  from the action sequences of the process data with the multidimensional
scaling procedure proposed in [30], whege2 R . Since process features capture most of the
useful information of process data when the feature dimension is suf ciently large [30, 31], we

will use process features as a proxies for the original process data in this work.

5.2.1 Differential ltem Functioning

We adopt a multidimensionality-based DIF framework. In addition to the target trait dimension,
\'g a nuisance trait dimensiofig, also in uences the probability of the response. Denpte
1[ 1—e*+—°> as the vector encompassing the nuisance traits for all respondents.

DIF occurs when the item response probability depends on the nuisance trait, and there is
distributional difference of the nuisance trait among the two groups. Conditional pgand/ g
it is assumed thatg are independently distributed. When the distributiony @€onditional on\ g
differs across the two subgroups, we have

1

?Lg=H\g-/g=0°= ?Lg=H\g-[® ?g\g-/g=0°3[g

1

< ?Lg=H\g[ ?Yg\s/lg=1°3[g= ?L. g= H\g-/g=1°¢

Therefore, under this multidimensional framework, a uni-dimensional measurement model leads
to DIF.

Speci cally, we consider a GLM with the following conditional distribution:

. 8 ?1H‘8°— where 61° L= 35 00\8, 01[8, _/8' (5.1)
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Here6! ° is the link function with respect to the response mean E» g\g-[g-/d4and3-a ;=

100— Q°—_are unknown coef cients. When = 0, the distributional difference dfg\ gamong the

two subgroups is the only DIF source in a uni-dimensional measurement model. The model spec-
i ed by (5.1) is quite general, as we allo@# ° to take a general form for a wide range of response
types such as binary, polytomous, and continuous responses. For binary responses, the logistic re-
gression model witle!™ @ = Int" 11 " fOis referred to as the multidimensional two-parameter
logistic (M2PL) IRT model. In additiong!™ ¢ = 11 P corresponds to the probit regression
model with 1 © being the cumulative distribution function of the standard normal distribution.
When6!" @ = " g the model becomes a linear regression model for continuous responses. Also
note that the model setup can be easily extended to multiple target traits and multiple nuisance
traits. For the ease of exposition, we focus on the case with only one target trait and one nuisance

trait.

5.2.2 DIF Reduction

One of the primary challenges in applying the multidimensionality-based DIF analysis is that
the nuisance traif,g is unobserved and cannot be directly measured. We propose to construct a
surrogate for the unobserved nuisance trait in a way that corrects DIF within the GLM framework.
Speci cally, we aim to build a surrogaty, such that DIF is only attributed to the distributional
differences infy\g and the conditional probabilities of item responses become approximately

equal across different subgroups. Formally, we aim to satisfy the following condition:

7t 8= H\gd/g=0° 7% g= H\g{h/g= 1% (5.2)

To achieve (5.2), we propose leveraging process data to construct the nuisance trait surrogate,
driven by two key motivations. Firstly, process data capture the entire sequence of actions taken
by each respondent as they interact with and solve an item, providing a rich source of information

on various nuisance traits. For instance, the rst principal component of process features derived
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from process data has been shown to correlate strongly with engagement, a known nuisance trait
that in uences item responses [30]. Second, process data typically predict the nal response with
perfect accuracy. By analyzing the respondent's full sequence of actions, we can infer whether
they answered the item correctly or their partial scores. In theory, adding all available process
features in the model eliminates DIF. Yet this approach is not ideal as the resulting measurement
model solely depends on the process features and provides little, if any, information of the target
trait.
The core of our proposed method is to identify an optimal linear combination of process fea-

tures as a surrogate for the nuisance fraiSpeci cally, we consider

[8=87Xe

where8 = 1| 1—eee—|° 2 R s the weight vector and we assurkgk = 1 for model identi -
ability. Our objective in identifying is to minimize a quantity equivalent to the likelihood ratio
test statistic,

1180 :=max;13-a— ° max ;13-a— °- (5.3)
3a—_ 3a—=0

where;! ° is the log-likelihood function,
G
13a— 0= log ?*. g\ g—[g— /& (5.4)
&1

Function (5.3) quanti es how much model tis increased after adding the grouping variable
into the model, thus can be viewed as a quanti cation of the DIF effect. When there is no DIF
exhibited, adding the grouping variable into the model would barely increase the likelihood, and
we would expect 18° to be close td). This objective function enables us to optimigeby

comparing models with and without the grouping variable, ultimately reducing or removing DIF.

157



Figure 5.1: Measurement model without the intercept.

Therefore, we propose the estimatiorBofo be the minimizer of the objective function
= in! 18 Oe
a8 argkgrll(lzq. 8 (5.5)

and the nuisance trait surrogatd¥s= 8~ xs We will show that the solution of (5.5) has a closed-
form solution in the linear regression model with one grouping variable; see Section 5.2.3. In other
cases, we can optimize the objective function numerically.

Figure 5.1 displays the updated measurement model incorporating both the nuisance trait and
target trait. With the nuisance trait surrogate, we update the initial estimate of the target trait with
the two-dimensional measurement model. Consider the case wi#ms, among which items
92 B » Yexhibit DIF. Suppose the nuisance trait surrogétgs [x§ 2 R — @ B have been
estimated for the DIF items, then we obtain the MLE of the item param&tefyo-01owith o
xed as0in (5.1) for92 B, and35-0yg with 019~ ¢ xed asOfor 92 » ¥anB The the target trait
estimate is then updated by the maximum likelihood estimate (MLE)

0
\g= argmax log ?g4\°— (5.6)
Ve
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where

28d\° = 2L g\ 9390001~ 9= 0>~ PR B-

2gd\° = 21, gg\-35-0po- Q9= 0- 9= 0°- R » ¥anB

5.2.3 A Special Case: Linear Model with Closed-form Solution

When the link functior6 is the identity function, model (5.1) becomes the linear regression
model. As DIF is de ned as the group difference of the distribution aonditional on the latent
trait, we conduct our DIF analysis in the orthogonal subspack iofthe linear model. To be
more speci ¢, we consider the residualsYofZ—X after regressing oh respectively, denoted by
YY-ZY-XY.

The model with and without the grouping variable can be rewritten as a reduced and a full

linear regression model

YY=09(, & (5.7)

YY=0i(, 27, % (5.8)

where( = XY8. If we assumeg ®"®" ¥ 10— 120 andX ®®" % 10~ f2°, the objective function (5.3) is
equivalent to

| 180 = g logtk&k?° = logtkOk2o— (5.9)

NI

where&and9sare the linear regression residuals in (5.7) and (5.8). The zero of the objective (5.9)
turns out to have a closed form expression under some weak conditions, in which case DIF can
be fully removed. Without loss of generality, we assume that all the features are orthogonal and
scaled, i.e.X¥>XY =1 . This is achieved by principal component analysis in practice. We also

assume thay¥Y>z¥ i 0.

Proposition 4 Assume thak¥>XY =1 . LetY = X¥Y>YY andZ = X¥>ZY. Under the condition
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that
k YkiZk . ¥>2 Gy kKPkiZk  ¥>2

2 2

(5.10)

there exist® such thatk8 k = 1 and! 18° = 0. Speci cally, denote

S S
U= 2Y">7Y kY kK2k 9>2_VL 2Y>2Zy , kYkkZk, ¥>2
- 2kP kK2 k - 2kP k2K
k$k2 | k2k¢ _ kK2 k 2k¢

N K2kP 2T P2 K 2KP

Then® =Uq,, Vg, or& =Uq; VQ, satis es! 18°=0.

We note that 18 ° has multiple zeros, as established in Proposition 4. We ci®pseUq; , VO,

over®,; = Ug; Vg, for the following reason. WheKY predictsYY with high accuracyXY8,

aligns with the projection oZY onto the column space ofY, whereasX¥&, aligns with the
projection ofYY onto the same subspace. As the goal is to reduce DIF, we choose&q oser

&,. For further details, see the proof of Proposition 4 in the Appendix. There are several scenarios
in which condition (5.10) holds. The rst scenario occurs whériZY = 0, which arises if the
response and the grouping variable are independent conditional on the target trait, indicating that
the item is not a DIF item, and condition (5.10) is automatically satis ed. The second scenario
is whenXY has high linear predictability o¥Y. Speci cally, whenXY predictsYY with high
accuracy, we nd thak¥X¥>YY YY, which leads to?>2 = Y>X¥YX">ZzY  Y’>ZY, making it
straightforward to verify condition (5.10). This is the case where process data capture the nuisance
factors that affect the response. In the simplest case, we as§wane linearly predict with full

accuracy and leY = XA with some vectoA 2 R . Then,
YY=Y EX))YeE1X BExXj)BA =XYA.

Accordingly, we consider this case to be achievable. The third scenario isXvhas high linear
predictability ofZ. Following similar calculations, we conclude that condition (5.10) is satis ed.

With that being said, it is generally dif cult to predi@ with process data.
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5.2.4 General Cases

While we have previously focused on uniform DIF in a linear factor model with one grouping
variable, the proposed method is applicable to other general cases. In what follows, we will shift
our focus to addressing non-uniform DIF, continuous covariates, multiple grouping variables, and

nonlinear models. The goal is to minimize the objective function (5.3).

Non-uniform DIF.  Non-uniform DIF occurs when not only the intercept parameter, but also
the discrimination parameter (the coef cient \of differs across groups. More speci cally, for

non-uniform DIF, (5.1) becomes

61 =3, Oo\g, O1[s, /5, _Yde (5.11)

Non-uniform DIF can be viewed as a special case involving one grouping vafighled a con-
tinuous covariaté g g Therefore, non-uniform DIF is included in the continuous covariates and

multiple-group cases discussed below.

Continuous covariates. In some applications, DIF is brought by continuous covariates. For
instance, in computer-based tests, age is a very important variable. As our proposed method does
not require/ gto be a discrete variable, it is applicable whigfis a continuous variable. To see

this, let/ g2 R, and we aim to constru¢ggsuch that

?1. 8= H\gfs- /¢ 21 g= H\g¥e (5.12)

When (5.12) holds, we expect the objective function (5.3) to be clo8eTherefore, minimizing

(5.3) to reduce DIF is valid for continuous covariates.

Nonlinear models. When the link function6! © is not linear, e.g. the M2PL model and the

Probit regression model, minimizing the objective function (5.3) is a nested optimization problem
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that takes in different forms depending on the model employed. Again, we rely on numerical

methods to approximate the solution.

Multiple grouping variables. Sometimes it is of interest to evaluating DIF over more than one
grouping variables [169, 170]. For cases involving multiple grouping variables, the expression
of the objective function in terms & becomes signi cantly more complex. To address this,

we propose an approximation of the objective function'forgrouping variableg ;—e ¢ ¢z 2

R#¥-"  2as follows: 3
O
l1go= |’<"1go_ (5.13)
<=1
where! <°18° js the objective function (5.3) correspondingZe. In general, there is no closed-

form solution for the minimizer of (5.3) or (5.13) with the presence of multiple grouping variables.

Therefore, we rely on numerical methods to approximate the minimizer.

5.2.5 Procedure

We outline the procedure of the proposed method in a practical setting \téms.

1. Suppose we have access to a set of anchor items that are DIF-free, which are used to perform

DIF detection on all the items. Suppose DIF has been detected on a subset @& itemg/s
2. Obtain an initial latent trait estimafé100 using the items without DIF.

3. For each item, perform the proposed method to obtain the nuisance trait surrogates and DIF-

corrected model parameters. More speci cally, for each i@nB,
(a) With the initial ability estimate)’,‘loo, nd the minimizer8 gin Equation (5.5) and obtain
the nuisance trait estimafg, = X o8 o.
(b) With f‘loo—(‘g, obtain the item parameter estima®s0yg-019in (5.1) with g set to0,

using the full data.

4. Obtain the updated estimate\@fwith (5.6), utilizing the nuisance trait surrogates and cali-

brated the measurement models.
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5.3 Simulation Studies

We carry out extensive simulation experiments to evaluate the proposed method in this section.
The goal is to show that the proposed method is able to minimize the objective function, accurately
estimate the nuisance traits and the item parameters, and correct for target trait estimation from the

DIF items.

5.3.1 Simulation Settings

We consider three settings with the sample stzes200-500-1000 Among the subjectRe 3
are in the reference group afe3 are in the focal group. We x the number of items as 25and
consider low, medium, high proportions of DIF items, thabig,0-15DIF items. We also consider
two settings for the DIF parametedgg. For small DIF effectsQ1¢s are uniformly sampled from
0s5 to 1; for large DIF effects, the range is frofinto 1¢5. In summary, there ar&8 simulation
settings varying in sample size, proportion of DIF items, and DIF effect size. For each simulation
setting, 100 independent replications are generated. In each replication, we sample the target
latent trait\ g independently from the standard normal distribution. The dif culty parameiers
are sampled uniformly from1 to 1 and the discrimination parametdlg are sampled uniformly
from 1to 2. As the generation of process data is challenging, we generate the process data features
directly. The number of process data features for each item is xed a 10. The process
data featureggg2 R are rst independently sampled from the multivariate Gaussian distribution
#1-"¢ o The mean of the process features depends on the respondent's group membership.
For the reference group,’® = 1 , and for the focal group ™ = 1 . We then right multiply
X g with sample Co¥X & 1*2 for the process features to have the identity matrix as the covariance.
The ground truth nuisance trait is a linear combination of the process feafgess8 gxgg with
| 9. sampled independently from the exponential distribution with taé@d8 gs are scaled to
have unit norm. Note that the generated nuisance traits for each item have unit norm. We consider

both the linear model and the M2PL model in generating the item responses. As DIF is solely
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introduced by the distributional difference of the nuisance trait in simulatigis set to bed in
(5.1) when generating the item responses for both models.

For the linear factor model, we set the variance of the item response ndisenas generating
the item responses. To make sure that the features can almost perfectly predict each item response
in the linear model, we add one columnYg, #1001 |-° to the generated g for each item
9and generate the nuisance traits with the same manner as mentioned above. The initial target
trait estimateﬁ";00 are obtained with factor analysis using responses from the DIF-free items. To
construct the nuisance trait, we adopt the closed form expressi®rirofn Proposition 4. For the
M2PL model, we generatesgwith the link function6? © being the the logit function. The initial
target trait estimate‘(‘s‘;00 are the MLE estimates using the DIF-free items. The nuisance traits are
estimated by solving (5.5) using tle@tim function with the L-BFGS-B optimizer iR

The simulation above corresponds to uniform DIF. In addition, we consider the case with non-
uniform DIF so that %in (5.11) is not zero. Similar simulation settings are adopted except for
the generation of process data features. To ensure the existence of non-uniform DIF, the process
featurexggare sampled from the multivariate Gaussian distribution simulated from the exponential

distribution with ratel.

5.3.2 Evaluation Criteria

We consider ve evaluation criteria. Firstly, we check wether the proposed method is able to
reduce the objective function value. Speci cally, we verify whether zero of (5.3) is obtained for the
linear model with Proposition 4. Secondly, we evaluate the correlation of nuisance trait estimation
compared to its ground truth. Thirdly, we calculate the mean squared error (MSE) of the item
parameter estimations. In addition, to evaluate measurement reliability after changing the scoring
rule, we calculate the Fisher information (FI) of the target trait for the DIF items. For the linear
model, target trait Fl for the ite® 2 B is Flg = Oégof"g, where®yg is the estimat’ed coef cient
for the target trait ancﬂ‘g is the estimated variance. For the M2PL modeh El#l | él 741

?88039, where?ggis the estimated response of the logistic model. Last but not least, we consider
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the between-group sum of squared (SS) bias for target trait estimation using the DIF items. We
elaborate more on this evaluation criterion assuming one grouping variable with a focal group
and a reference group. Note that this criterion can be easily generalized to multiple grouping
variables. For any target trait estimdtede ne the bias =) ) and denote the mean of bias as

I
a:= #i §1 ag Consider the between-group SS for the biay of analysis of variance (ANOVA):

~ . ~ 2
1 O 2 ©1 O a

(( y=#a g @ a , #s-7— 8 a®- (5.14)
A&NA « 5&N5

=

whereNa andN s are the index sets of the reference group and focal group respectivelyand
JNaj—#s5 = [N 5j. Toillustrate that the proposed method is able to de-bias target trait estimation, we
compare the above-de ned value for two estimates. The benchmark estimate is the MLE computed
using the responses from the DIF item®Binassuming DIF is not present:
o
\g=argmax log?% gg\-3g0pg-Qg9=0- g=0°—
‘' o8
where3g-0gg are calibrated on the DIF items. The second estimate is the MLE computed after
DIF-correction:
0
(= argmax log 7. gd\—3o-Byg-01g— 9= 0°—
‘' o8
where35-000-01 9 are calibrated on the DIF items with the nuisance trait surrogates. Because of
the presence of DIF, is expected to be over-estimated within one group, and under-estimated
within the other, leading to large values (@f ) With the proposed method, we expétt f for

the corrected estimate to be small compare to, for the not-corrected estimate.
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5.3.3 Simulation Results

Figure 5.2 summarizes the values for the objective function 5.3 before and after adding the
nuisance trait surrogate for the linear and M2PL models, with uniform BIE 500, and large
DIF. For complete results of all simulation settings, see Figures 5.8 and 5.9 in the Appendix. We
are able to minimize the objective function across simulation settings and replications. Speci cally,
we are able to obtain the zero of the objective function for the linear model. Tables 5.1 and 5.2
demonstrate the MSE of the item parameter estimates and the correlation between the ground truth
and estimated nuisance traits. We observe that the MSE values are small in magnitude and the
nuisance trait estimation correlation is high. It also shows that as the sample size increases, MSE
tends to decrease and the nuisance trait correlation tends to increase. On the other hand, larger
DIF effects and DIF item proportion lead to larger MSE. For the linear model, the nuisance trait
correlation does not change with the sample size. For the M2PL model, it increases with the sample
size. Figures 5.10 and 5.11 in the Appendix summarize the Fisher information of the tardet trait
before and after adding the nuisance trait surrogate for the linear and M2PL models respectively.
We observe an increase in Fisher information of the target trait in the measurement model after
correcting for DIF in both models. Furthermore, Figure 5.3 compares the between-group SS bias
of the corrected and not-corrected target trait estimates using the DIF items, for the linear and
M2PL models. The x-axis corresponds to the estimation without DIF correction, and the y-axis
corresponds to the DIF-corrected estimation. The corresponding simulation setting iS00
with large DIF; for the complete results, see Figures 5.12 and 5.13 in the Appendix. We see that
the proposed method is able to correct for the target estimation bias introduced by DIF, as the
between-group SS bias is signi cantly reduced after DIF correction for both models.

Results for non-uniform DIF are deferred to the Appendix. In Figures 5.14, 5.15, we observe
an increase in the minimized objective function values for non-uniform compared to uniform DIF,
although the proposed method is still able to reduce DIF signi cantly. Similar results for item
parameter and nuisance trait estimation, target trait Fisher information, and between-group SS bias

are observed; see Tables 5.6, 5.7, Figures 5.16, 5.17, 5.18, 5.19 in the Appendix.
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Figure 5.2: Values of the objective function before and after adding the nuisance trait surrogate for
the linear model (upper) and the M2PL model (lower) withiformDIF, # = 500, and large DIF.

Figure 5.3: Between-group sum of squared bias for target trait estimation for the linear model
(upper) and the M2PL model (lower) withniform DIF, # = 500 and large DIF. The x-axis
corresponds to the estimation without DIF correction using the DIF items; the y-axis corresponds

to the DIF-corrected estimation using the DIF items.
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Small DIF Large DIF

1:5 1:10 1:15 1:5 1:].0 1:].5
# =200 0.0618 0.0507 0.0665 0.1206 0.1249 0.1276
MSE@) # =500 0.0401 0.0451 0.0512 0.1085 0.1133 0.1122
# = 1000 0.0423 0.0370 0.0387 0.1042 0.1122 0.1083
# =200 0.0140 0.0155 0.0144 0.0209 0.0177 0.0225
MSE Q) # =500 0.0059 0.0057 0.0053 0.0078 0.0071 0.0079
# =1000 0.0026 0.0030 0.0026 0.0029 0.0036 0.0035
# =200 0.0465 0.0448 0.0460 0.1099 0.1111 0.1114
MSE (01) # =500 0.0389 0.0401 0.0394 0.1052 0.1030 0.1043
# =1000 0.0409 0.0392 0.0392 0.1053 0.1012 0.1051
# =200 0.7540 0.7542 0.7544 0.7609 0.7582 0.7573
Corr@é€) # =500 0.7598 0.7575 0.7574 0.7577 0.7609 0.7585
# =1000 0.7549 0.7568 0.7586 0.7566 0.7616 0.7560

Table 5.1: Mean squared error of item parameter estimates and nuisance trait correlation for the
linear modelwith uniformDIF under different simulation settings. The values are averaged across
the DIF items and replications.

Small DIF Large DIF

1:5 1:10 1:15 1:5 1:10 1:15
# =200 0.0447 0.0530 0.0444 0.0505 0.0574 0.0552
MSE@) # =500 0.0191 0.0176 0.0190 0.0222 0.0231 0.0222
# =1000 0.0108 0.0101 0.0112 0.0120 0.0116 0.0132
# =200 0.0794 0.0799 0.0821 0.0851 0.0894 0.0971
MSE Qp) # =500 0.0367 0.0435 0.0496 0.0454 0.0541 0.0715
# =1000 0.0275 0.0330 0.0474 0.0393 0.0447 0.0577
# =200 0.0603 0.0526 0.0598 0.0979 0.1040 0.1111
MSE (01) # =500 0.0258 0.0302 0.0310 0.0775 0.0812 0.0908
# =1000 0.0272 0.0263 0.0266 0.0748 0.0744 0.0884
# =200 0.7478 0.7489 0.7432 0.8264 0.8219 0.8242
Corr(@e) # =500 0.8322 0.8215 0.8231 0.8654 0.8669 0.8631
# =1000 0.8487 0.8511 0.8568 0.8795 0.8819 0.8773

Table 5.2: Mean squared error of item parameter estimates and nuisance trait correlation for the
M2PL modelwith uniform DIF under different simulation settings. The values are the averaged
across the DIF items and replications.

5.4 Case Study

We use the PIAAC 2012 survey data as a case study to demonstrate the effectiveness of our
method. Response processed 8Problem Solving in Technology-Rich Environments (PSTRE)
items from17 countries are considered in this study. PIAAC was the rst attempt to assess the
PSTRE construct on a large scale and as a single dimension [171]. Under the PIAAC framework,

PSTRE is de ned as the use of digital technology, communication tools, and the internet to obtain
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and evaluate information, communicate with others, and perform practical tasks [172]. The survey
also recorded a broad spectrum of respondents’ background information such as gender, age, oc-
cupation, hourly income, education level, etc.. To conduct DIF analysis, we consider age, income,
and gender as the demographic grouping variables. We include the process data of 8,398 respon-
dents who answered all 13 items and have no missing value of the three covariates in the study.
For age, we usé7, which is the70%quantile, as the cutoff value to split the samples into younger

and older sub-populations. The younger population is treated as the reference group, and the older
population is treated as the focal group. For income, we rst group the samples by their nation-
ality, and then use the medium income of each nation as the cutoff value. The lower-income and
higher-income groups are treated as the focal and the reference groups, respectively. For gender,
female is treated as the focal group and male as the reference group.

Table 5.3 provides a descriptive summary of 3dtems, where= is the number of total pos-
sible actions! is the average process sequence length, and Céfrecthe percentage receiving
the full credit on each item. When solving for each item, the respondents are presented with one
or more simulated informational and communicative (ICT) environments, such as an email inbox,

a spreadsheet, a web browser, etc. For example, in item UO1a, the respondents are presented with
an email inbox interface and are asked to classify the email senders into "can come' and "cannot
come' categories based on their email contents. To complete the task, the respondents need to
conduct a sequence of clicking, dragging, or typing actions, which are recorded in the log les as
process data.

We use the MDS approach proposed in [30] to extract item features that approximate the geo-
metric distances de ned by a dissimilarity matrix of the action sequences. We set the dimension
of features to be = 100to ensure enough information is retained in the extracted features. To
verify that the features contain an adequate amount of information in the process data, we use them
to predict the responses with both linear regression and logistic regression. Results show that the
extracted features can perfectly predict whether the examine received the full credit of each item

with both regression methods. Engagement is often considered a nuisance trait in respondent be-

169






	Acknowledgments
	Dedication
	Introduction and Background
	Latent Variable Models for Multivariate Data
	Grade-of-membership Model for Multivariate Categorical Data
	Process Data Analysis
	General Notations

	A Spectral Method for Identifiable Grade-of-Membership Analysis with Binary Responses
	Introduction
	Model Setup and Motivation
	Identifiability Results
	SVD-based Spectral Estimation Method and Its Consistency
	Estimation Algorithm
	Estimation Consistency

	Simulation Studies
	Evaluating the Proposed Method
	Verifying Identifiability

	Real Data Example
	Discussion
	Appendix to Chapter 2
	Proofs of the Identifiability Results
	Proof of the Consistency Theorem 3


	Generalized Grade-of-Membership Estimation for High-dimensional Locally Dependent Data
	Introduction
	Motivation and Model Setup
	GoM for Multivariate Categorical Data and Existing Methods
	Mixed Membership Structures for Other Data Types
	Generalized-GoM Models and Our Assumptions

	A Spectral Method for Parameter Estimation
	Uniform Estimation Error Bounds for Parameters
	New Two-to-infinity Singular Subspace Perturbation Theory
	Uniform Consistency of Parameter Estimation
	Application to GoM Models with Dirichlet Prior

	Simulation Studies
	Local Dependence from Flattening Polytomous Responses
	Intrinsic Local Dependence across Different Items
	Generalized-GoM Estimation for Poisson Data

	Real Data Applications
	Political Survey Data
	Population Genetics Data
	Single-cell Sequencing Data

	Discussion
	Appendix to Chapter 3
	Row-wise Singular Subspace Perturbation Bounds for Asymmetric Matrices with Local Dependence
	Lemmas and Proofs for Theorem 5
	Additional Computational Details


	Supervised Multidimensional Scaling for Process Data
	Introduction
	Supervised Multidimensional Scaling
	Dissimilarity Measures for Process Data
	Weighted Dissimilarity Measure
	Feature Extraction
	Connecting Features with Target Variables
	Parameter Estimation

	Simulations
	Experiment settings
	Results

	Case Study
	Dataset and Experiment Settings
	Results

	Summary and Discussion
	Appendix to Chapter 4
	Algorithms
	Choice of the Penalty Parameter in Ridge Regression
	Data Descriptions


	Reducing Differential Item Functioning via Process Data
	Introduction
	Method
	Differential Item Functioning
	DIF Reduction
	A Special Case: Linear Model with Closed-form Solution
	General Cases
	Procedure

	Simulation Studies
	Simulation Settings
	Evaluation Criteria
	Simulation Results

	Case Study
	DIF Existence
	DIF Correction

	Discussion
	Appendix to Chapter 5
	Proof of Proposition 4.
	Additional Tables and Figures


	References

