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Abstract

Modern Latent Variable Analysis: High-dimensional Grade of Membership Models and Process

Data

Ling Chen

Uncovering interpretable latent patterns in data has been a key focus in statistical learning, an

interest that has steadily grown with the advent of modern data. This dissertation presents the

theory and applications on latent variable analysis in two modern data regimes: high-dimensional

multivariate categorical data from various applications and process data from computer-based

assessments.

The first part of this dissertation focuses on the grade of membership (GoM) model, a type of

mixed membership model for multivariate categorical data. The GoM model offers rich modeling

power but presents significant challenges in model identifiability and estimation, especially with

high-dimensional data. In Chapter 2, we present a new notion of expectation identifiability. Based

on this identifiability notion, we propose a spectral method that exploits the singular subspace

geometry and consistently estimates model parameters for binary responses. In Chapter 3, we

extend the GoM models to encompass a broad range of data distributions and arbitrarily locally

dependent noise, which we formalize the generalized-GoM models. Specifically, we extend the

proposed spectral method to polytomous data and count data. We establish finite-sample

entrywise error bounds for the estimated model parameters. This is supported by a new sharp

two-to-infinity singular subspace perturbation theory for locally dependent and flexibly



distributed noise, a contribution of independent interest.

The second part of the dissertation focuses on process data, a modern data type from

computer-based assessments. Process data consist of time-stamped action sequences recorded in

computer log files, capturing respondents’ interacts with computer-based items. Unlike traditional

outcome data, process data provide rich information on response processes, and offer deeper

insights into test-taking behaviors. However, the complex data structure poses significant

challenges for integrating process data with established assessment models. In Chapter 4, we

introduce a supervised variant of multidimensional scaling (MDS) to extract matrix-formatted

features from process data, facilitating its application in subsequent statistical analyses. In

Chapter 5, we demonstrate an application of the extracted latent features from process data on

differential item functioning (DIF) analysis for assessing testing fairness. By utilizing process

data features as proxies for nuisance latent attributes, we introduce a new scoring rule that

incorporates respondents’ behaviors. This novel framework effectively reduces DIF and provides

deeper insights in interpreting DIF.
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Chapter 1: Introduction and Background

Uncovering interpretable latent patterns in data has been a key focus in statistical learning, an

interest that has steadily grown with the advent of modern data. This dissertation explores research

problems related to two types of modern data –high-dimensional multivariate categorical data,

andprocess data. The applications are focused on educational assessment, psychological/political

test, as well as genetics. In this section, we provide an overview of existing latent variable analysis

for multivariate data as well as process data.

1.1 Latent Variable Models for Multivariate Data

A latent variable model associates a set of response variables to a set of unobserved latent

variables. Latent variable models are widely applied in social sciences [1], health sciences [2],

genetics and genomics [3], natural language processing [4], among others. Depending on whether

the observed variables and latent variables are categorical or continuous, latent variable models are

generally categorized into four types, listed as follows.

Latent Class Analysis. The Latent Class Model [LCM, 5] is a mixture model for multivariate

discrete response variables to uncover discrete latent attributes. LCM was �rst proposed by [6]

to uncover latent subgroups from people's binary responses to questionnaire items. It assumes

that a subject's multivariate observed responses are conditionally independent given their latent

class membership. Cognitive diagnosis is one among many applications of LCM, which has been

employed in educational and psychological assessment, psychiatric evaluation, disease detection

[7]. Recently, the degree-heterogeneous LCM has been proposed to account for the quantitative

heterogeneity among each latent class [8].
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Item Response Theory. Item Response Theory [IRT, 9] is a framework that models the rela-

tionship between individuals' continuous latent traits and their categorical (dichotomous or poly-

tomous) responses to a set of similar instruments that are designed to measure one or more latent

traits. Popular IRT models for dichotomous responses include the one-parameter logistic model

or the Rasch model, the two-parameter logistic model, and the three-parameter logistic model.

For polytomous responses, the graded response model [10] and the partial credit model [11] are

commonly applied.

Factor Analysis. The Factor Model [FM, 12] is applicable when both the response and latent

variables are continuous. The FMs identify the underlying relationship between the response vari-

ables by modeling them as a linear combination of a smaller number of latent variables. Factor

analysis has two types: the exploratory factor analysis and the con�rmatory factor analysis. For

exploratory factor analysis, the goal is to identify the underlying relationships between the ob-

served variables without pre-de�ned hypotheses, whereas con�rmatory factor analysis imposes a

pre-speci�ed latent structure.

Mixture Model. The mixture model encompasses a broad class of models for continuous or

discrete responses in the presence of subpopulations, represented by a discrete latent variable. A

mixture model assumes that the observed data are generated from a mixture of multiple underlying

distributions. Each of these distributions corresponds to a latent class, and the model seeks to

estimate the proportions of observations that belong to each subpopulation.

There are three perspectives towards the estimation of latent variable models with likelihood

methods. The �rst one views both the latent variables and item parameters as �xed, which leads

to joint maximum likelihood estimation [13]. Estimation consistency is discussed in the high-

dimensional asymptotic regime for large-scale data in this scenario. The second perspective, which

is also the most predominant perspective, treats the latent variables as random and the item pa-

rameters as �xed. Expectation-maximization (EM) algorithms are commonly used in this case.

A generic stochastic proximal framework has also been proposed for latent variable estimation in

2



[14] with this perspective. The third perspective treats both the latent variables and the item param-

eters as random, and Bayesian inference with Markov chain Monte Carlo (MCMC) approximation

is commonly employed.

1.2 Grade-of-membership Model for Multivariate Categorical Data

Multivariate categorical data are commonly encountered in various social and behavioral sci-

ences, such as psychological tests [13], educational assessments [15], and political surveys [16].

In these applications, it is often of great interest to use latent variables to model the unobserved

constructs such as personalities, abilities, political ideologies, etc. As mentioned above, the IRT

models and LCM models are popular latent variable models for multivariate categorical data, and

they respectively assume continuous and discrete latent variables. Different from these two mod-

eling approaches, the grade of membership (GoM) models [17, 18, 19] allow each observation

to have mixed memberships in multipleextreme latent pro�les. GoM models assume that each

observation has a latent membership vector with continuous membership scores that sum up

to one. Each membership score quanti�es the extent to which this observation belongs to each

of  extreme pro�les. So GoM can be viewed as incorporating both the continuous aspect (via

the membership scores) and discrete aspect (via the extreme latent pro�les) of latent variables.

More generally, GoM belongs to the broad family of mixed membership models for individual-

level mixtures [20]. Thanks to their nice interpretability and rich expressive power, variants of

mixed membership models including GoM are widely used in many applications such as survey

data modeling [21], response time modeling [22], topic modeling [23], social networks [24], and

data privacy [25].

The �exibility of GoM models comes at the cost of more challenging identi�ability and estima-

tion problems. In Chapter 2 and Chapter 3, we will explain these challenges in detail to motivate

the current research, and address these challenges with spectral methods. Chapter 2 is based on the

the published work [26], and Chapter 3 is based on the arXiv version [27].
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1.3 Process Data Analysis

Computer-based interactive items are becoming increasingly popular in large-scale educational

assessments. These items assess respondents' problem-solving competency, capturing detailed

information of their behavioral patterns and decision-making processes. In computer-based as-

sessments, respondents are required to ful�ll real-life tasks through an interface in a simulated

computer environment. Their time-stamped action sequences are recorded in computer log �les,

are are collectively referred to as process data. Figure 1.1 is an illustration of a simulated computer

interface of an example item from the International Assessment of Adult Competencies (PIAAC).

In this example item, respondents are required to bookmark websites that do not require regis-

tration or fee. For example, the process data sequence of a respondent who clicks the second

website, bookmarks it, then clicks the “Next” button, is recorded as sequences “Click_W2, Tool-

bar_Bookmark, Next”.

Figure 1.1: Simulated computer interface of an example item from PIAAC.
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Compared to traditional multivariate data that are routinely collected in social and behavioral

sciences, process data are highly unstructured. Direct analysis of process data is challenging given

the variability in the lengths of process data sequences and the inherent noise present in behavioral

data. Below is a brief review of process data analysis methods, including latent variable analysis.

Feature-based Methods. Standard approaches to analyze process data include summarizing ag-

gregate level statistics by domain experts. Examples of such statistics include response time [28],

the total number of actions [29], and the frequencies or indicators of certain context-related ac-

tions. These summary level statistics are usually further utilized for subsequence analysis such as

group comparison and/or multivariate analysis. Automatic feature extraction methods have also

been developed to de-noise and reduce the data dimensionality for process data. These methods

aim to automatically extract unobserved latent features from process data using methods such as

multidimensional scaling [MDS, 30] and sequence-to-sequence autoencoder [31]. In Chapter 4,

we propose a supervised MDS method to extract latent features from process data. The high-level

idea is to choose an optimal combination of dissimilarity measures based on the resulting features'

predictability of a set of covariates of interest.

Sequence-Based Methods.Among sequence-based methods, sequence segmentation including

n-gram [32, 33] and subtask analysis [34] has gained popularity. Latent sequence modeling is

another approach, which focuses on the relationship between actions in the hidden layer and the

identi�cation of their corresponding latent states. Speci�cally, the hidden Markov model (HMM)

is prevalent [35, 36, 37, 38]. Furthermore, [39] proposed a continuous-time dynamic choice model

to identify the latent transitions between subtasks.

Process Data Applications. Containing substantially detailed information on how respondents

approach problems, process data have demonstrated utility in various applications. Recent studies

have shown that such information is useful for improving assessment accuracy [40], comprehen-

sive diagnostic classi�cation [41], early detection of task failure [42], etc.. In Chapter 5, we will
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introduce a novel differential item functioning (DIF) reduction method using process data. The

objective is to reduce DIF through a new scoring rule, with nuisance attributes constructed from

process data latent features. Chapter 5 is based on the arXiv version [43].

1.4 General Notations

We hereby de�ne some general notations. De�ne»� ¼= f 1–2– • • • – �g for any positive integer

� . Denote by3806¹xº the diagonal matrix whose diagonals are the entries of the vectorx. If S2

is a sub-vector ofS1, denote byS1nS2 the complement of vectorS2 in vectorS1. For any matrix

A, its Frobenius norm iskAk� =
q Í <

8=1
Í =

9=1 02
8 9and its� 2–1 norm iskAk2–1 := max8kA8–:k2. Let

AS–: denote the submatrix consisting of the rows indexed bySand similarlyA:–S for columns. Also

denote its: th largest singular value asf : ¹Aº for : 2 »rank¹Aº¼, and de�ne its condition number

^¹Aº as the ratio of its largest singular value to its smallest positive singular value.

We also de�ne the following for asymptotic theories: (a)5¹=º = $ ¹6¹=ºº or 5¹=º ® 6¹=º

means there is a universal constant2 ¡ 0 such thatj 5¹=ºj � 2j6¹=ºj for all = large enough, and

~$ ¹�º differs from$ ¹�º with up to poly-logarithmic factors; (b)5¹=º � 6¹=º indicates that there

exists universal constants21– 22 ¡ 0 such that21j6¹=ºj � j 5¹=ºj � 22j6¹=ºj for all = large enough;

(c) 5¹=º = >¹6¹=ºº denotes that5¹=º•6¹=º
=!1
�! 0; (d) 5¹=º � 6¹=º (resp. 5¹=º � 6¹=º) is used

when there exists universal constant2 ¡ 0 large (resp. small) enough such thatj 5¹=ºj � 2j6¹=ºj

(resp.j 5¹=ºj � 2j6¹=ºj).
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Chapter 2: A Spectral Method for Identi�able Grade-of-Membership

Analysis with Binary Responses

2.1 Introduction

Popular latent variable models for multivariate categorical data include the IRT models and

LCM models, which employ continuous and discrete latent variables, respectively. Different from

these modeling approaches, the GoM models [17, 18, 19] allow each observation to have mixed

memberships in multipleextreme latent pro�les. GoM models assume that each observation has a

latent membership vector with continuous membership scores that sum up to one. Each mem-

bership score quanti�es the extent to which this observation belongs to each of extreme pro�les.

The �exibility of GoM models comes at the cost of more challenging identi�ability and esti-

mation problems. In the existing literature on GoM model estimation, Bayesian inference using

MCMC is arguably the most prevailing approach [18, 21, 44, 45]. However, the posterior distri-

butions of the GoM model parameters are complicated, after integrating out the individual-level

membership scores. Many studies developed advanced MCMC algorithms for approximate pos-

terior computation. Yet MCMC sampling is time-consuming and typically not computationally

ef�cient. On the other hand, the frequentist estimation approach of marginal maximum likeli-

hood (MML) would bring a similar challenge, because the marginal likelihood still involves the

intractable integrals of those latent membership scores. Actually, it was pointed out in [46] that

GoM models are very useful in identifying meaningful pro�les in applications including depres-

sion, personality disorders, etc., but they are temporarily not widely used in psychometrics due to

the lack of readily accessible and ef�cient statistical software.

Recently, the development of the R packagesirt [47] provides a joint maximum likelihood

(JML) algorithm for GoMs based on the iterative estimation method proposed in [18]. In contrast
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to MML, the JML approach treats the subjects' latent membership scores as �xed unknown pa-

rameters rather than random quantities. This approach hence circumvents the need of evaluating

the intractable integrals during estimation. JML is currently considered the most ef�cient tool for

estimating GoM models. However, due to its iterative manner, JML's ef�ciency is still unsatisfac-

tory when applied to very large-scale data with many observations and many items. Therefore, it

is desirable to develop more scalable and non-iterative estimation methods and aid psychometric

researchers and practitioners to perform GoM analysis of modern item response data.

In addition to estimation dif�culties, model identi�ability is also a challenge for GoM mod-

els. A model is said to be identi�able if the model parameters can be reliably recovered from the

observed data. Identi�ability is crucial to ensuring valid statistical estimation as well as meaning-

ful interpretation of the inferred latent structures. The handbook of [20] emphasizes theoretical

dif�culties of identi�ability in mixed membership models, including GoM models. Recently, rec-

ognizing the dif�culty of establishing identi�ability of GoM models, [45] proposed to incorporate

a dimension-grouping modeling component to GoM and established the population identi�ability

for this new model. However, their identi�ability results do not apply to the original GoM. In addi-

tion, their identi�ability notion only concerns the population parameters in the model, but excludes

the individual-level latent membership scores.

To address the aforementioned issues, we propose a novel singular value decomposition (SVD)

based spectral approach to GoM analysis with multivariate binary data. Our approach hinges on

the observation that the expectation of the response matrix admits a low-rank decomposition under

GoM. Our contributions are three-fold.First, we consider a notion ofexpectation identi�ability

and establish identi�ability for GoM models with binary responses. Under this new notion, the

identi�able quantities include not only the population parameters, but also the individual member-

ship scores that indicate the grades of memberships. Speci�cally, we derive suf�cient conditions

that are almost necessary for identi�ability.Second, based on our new identi�ability results, we

propose an SVD-based spectral estimation method scalable to large-scale and high-dimensional

data.Third, we establish the consistency of our spectral estimator in the double-asymptotic regime
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where both the number of subjects# and the number of items� grow to in�nity. Both the popu-

lation parameters and the individual membership scores can be consistently estimated on average.

In the simulation studies, we empirically verify the identi�ability results and also demonstrate

the superior ef�ciency and accuracy of our algorithm. A real data example also illustrates that

meaningful interpretation can be drawn after applying our proposed method.

The rest of this chapter is structured as follows. Section 2.2 introduces the model setup and

lays out the motivation for this work. Section 2.3 presents the identi�ability results. Section 2.4

proposes a spectral estimation algorithm and establishes its consistency. Section 2.5 conducts

simulation studies to assess the performance of the proposed method and empirically verify the

identi�ability results. Section 2.6 illustrates the proposed method using a real data example in

a psychological test. Finally, Section 2.7 concludes the chapter and discusses future research

directions. The proofs of the identi�ability results are included in Section 2.8.

2.2 Model Setup and Motivation

GoM models can be used to model multivariate categorical data with a mixed membership

structure. In this chapter, we focus on multivariate binary responses, which are very commonly

encountered in social, behavioral, and biomedical applications, including yes/no responses in so-

cial science surveys [21, 16], correct/wrong answers in educational assessments [15], and pres-

ence/absence of symptoms in medical diagnosis [17]. We point out that our identi�ability results

and spectral estimation method in the binary case will illuminate the key structure of GoM and

pave the way for generalizing to the general categorical response case; see Chapter 3. In our bi-

nary response setting, denote the number of items by� . For a random subject82 »# ¼, denote their

observed response to the9-th item by' 8 92 f0–1g for 92 »� ¼.

A GoM model is characterized by two levels of modeling: the population level and the individ-

ual level. On the population level, extreme latent pro�lesare de�ned to capture a �nite number

of prototypical response patterns. For: 2 1– • • • –  , the : -th extreme latent pro�le is character-

ized by the item parameter vector) �
: = ¹\ �

1: – • • • – \�
� º with \ �

9 : 2 »0–1¼collecting the Bernoulli
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parameters of conditional response probabilities. Speci�cally,

\ �
9 : = P¹' 8 9= 1 j subject8solely belongs to the: -th extreme latent pro�leº• (2.1)

We collect all the item-level Bernoulli parameters in a� �  matrix � � = ¹\ �
9 :º 2 R� �  . On

the individual level, each subject8has a latent membership vector0�
8 = ¹c �

81– • • • – c�
8 º, satisfying

c �
8: � 0 and

Í  
: =1 c �

8: = 1. Herec �
8: indicates the extent to which subject8partially belongs to the

: -th extreme pro�le, and they are called membership scores. It is now instrumental to compare the

assumption of the GoM model with that of the latent class model [LCM; 48, 5]. Both GoM and

LCM share a similar formulation of the item parameters� � as de�ned in (2.1). However, under

an LCM, each subject8is associated with a categorical variableI �
8 2 » ¼instead of a membership

vector. This means LCM restricts each subject to solely belonging to a single pro�le, as opposed

to partially belonging to multiple pro�les in the GoM. Further, the fundamental representation

theorem in [21] shows that a GoM model can be reformulated with an LCM but with � latent

classes instead of latent classes. In summary, GoM is a more general and �exible tool compared

to LCM for modeling multivariate data, but also exhibits a more complicated model structure. It

is therefore more challenging to establish identi�ability and perform estimation under the GoM

setting.

Given the membership score vector0�
8 and the item parameters� � , the conditional probability

of the8-th subject providing a positive response to the9-th item is

P¹' 8 9= 1 j 0�
8–� � º =

 Õ

: =1

c �
8:\

�
9 :• (2.2)

In other words, the positive response probability for a subject to an item9is a convex combination

of the extreme pro�le response probabilities\ �
9 : weighted by the subject's membership scoresc �

8:.

The GoM model assumes that a subject's responses' 8–1– • • • – '8–� are conditionally independent

given the membership scores0�
8, which is a commonly adopted assumption called the local inde-

pendence assumption. We consider a sample of# i.i.d. subjects, and collect all the membership
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scores in a# �  matrix � � = ¹c �
8:º 2 R# �  .

In the GoM modeling literature [e.g. 18], there are two perspectives of dealing with the mem-

bership scores0�
8: the random-effect and the �xed-effect perspectives. The random effect per-

spective treats08 as random and assumes that they follow some distribution parameterized by" � :

0�
8 � � " � ¹�º. Note that0�

8 2 �  � 1 = f x = ¹G1– • • • – G º : G8 � 0–
Í  

8=1 G8 = 1g where�  � 1

denotes the probability simplex. A common choice of the distribution� " � for 0�
8 is the Dirichlet

distribution [23].

From the above random-effect perspective, themarginal likelihoodfunction for a GoM model

is

! ¹� � –" � j Rº =
#Ö

8=1

¹

�  � 1

�Ö

9=1

 
 Õ

: =1

c �
8:\

�
9 :

! ' 8 9  

1 �
 Õ

: =1

c �
8:\

�
9 :

! 1� ' 8 9

3� " � ¹0�
8º– (2.3)

where the membership scores0�
8's are marginalized out with respect to their distribution� " � . The

integration of the products of sums in (2.3) poses challenges to establishing model identi�ability.

This dif�culty motivated [45] to introduce a dimension-grouping component to simplify the inte-

grals and then prove identi�ability for that new model. In terms of estimation, the marginal maxi-

mum likelihood (MML) approach maximizes (2.3) to estimate the population parameters¹� � –" � º

rather than the individual membership scores� � . Bayesian inference with MCMC is also often

used for estimation [21, 25, 45], where inferring parameters like" � in the Dirichlet distribution

� " � ¹�º typically require the Metropolis-Hastings sampling.

On the other hand, the �xed-effect perspective of GoM treats the membership scores0�
8 as

�xed unknown parameters and aims to directly estimate them. This approach does not model the

distribution of the membership scores, and hence circumvents the need to evaluate the intractable

integrals during estimation. In this case, if still adopting the likelihood framework, thejoint likeli-

hoodfunction of both� � and� � for a GoM model is

! ¹� � –� � j Rº =
#Ö

8=1

�Ö

9=1

 
 Õ

: =1

c �
8:\

�
9 :

! ' 8 9  

1 �
 Õ

: =1

c �
8:\

�
9 :

! 1� ' 8 9

• (2.4)

The joint maximum likelihood (JML) approach maximizes (2.4) to estimate� � and� � . Based on
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an iterative algorithm proposed by [18], the R packagesirt [47] provides a functionJMLto solve

this optimization problem under GoM. JML methods are typically known as inconsistent for many

traditional models [49] when the sample size goes to in�nity (large# ) but the number of observed

variables is �nite (�xed � ). Nonetheless, in modern large-scale assessments or surveys where the

data collection scope is unprecedentedly big and high-dimensional, both# and� can be quite large.

JML is currently considered the most ef�cient tool for estimating GoM models. However, due to

its iterative manner, JML's ef�ciency is still unsatisfactory when applied to modern big datasets

with many observations and many items. Therefore, it is desirable to develop more scalable and

non-iterative estimation methods and aid psychometric researchers and practitioners in performing

GoM analysis of item response data. In the double asymptotic regime where both# and� go to

in�nity, estimation under the �xed-effect perspective can be viewed as an approximation to that

under the random-effect perspective [50].

To address the above issues in the GoM analysis, in this work, we propose a novel singular

value decomposition (SVD) based spectral approach. Our approach hinges on the observation that

the expectation of the response matrix under a GoM model admits a low-rank decomposition. To

see this, it is useful to summarize (2.2) in matrix form

R� := E»R¼= � �
|{z}
# �  

� �>
|{z}

 � �

– (2.5)

whereR = ¹' 8 9º 2 f0–1g# � � denotes the binary response data matrix, andR� = ¹' �
8 9º 2 R# � �

is the element-wise expectation ofR. Note that the factorization in (2.5) implies that the# � �

matrix R� has rank at most , which is the number of extreme latent pro�les. Since is typically

(much) smaller than# and� , the decomposition (2.5) exhibits a low-rank structure. Therefore, we

can consider the singular value decomposition (SVD) ofR� ,

R� = U� � � V �> – (2.6)
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where� � is a �  diagonal matrix collecting the singular values ofR� ; denote these singular

values byf �
1 � � � � � f �

 � 0 and write� � = diag¹f �
1– • • • – f� º. MatricesU� 2 R# �  , V � 2 R� �  

collect the corresponding left and right singular vectors and satisfyU�> U� = V�> V� = I  . Our

high-level idea is to utilize the top left singular vectors of the data matrixR to identify and

estimate� � and subsequently,� � . In the following two sections, we will present new identi�ability

results and develop a spectral estimation algorithm for GoM models based on the SVD in (2.6).

2.3 Identi�ability Results

The study of identi�ability in statistics dates back to the 1950s [51]. A model is identi�able

if the model parameters can be reliably recovered from the observed data. Identi�ability is a

crucial property of a statistical model as it is a prerequisite for valid and reproducible statistical

inference. In latent variable modeling, identi�ability is especially essential since it is a foundation

for meaningful interpretation of the latent constructs.

Traditionally, identi�ability of a statistical model means that the population parameters can be

uniquely determined from the marginal distribution of the observed variables [51, 48]. In the con-

text of GoM models, this notion ofpopulation identi�abilityis equivalent to identifying parameters

¹� � –" � º from the marginal distribution in (2.3). However, the complicated integrals in (2.3) make

it dif�cult to establish population identi�ability. It remains unknown whether the original GoM

models can be identi�ed.

In this work, we consider a new notion of identi�ability, which we term asexpectation iden-

ti�ability . This notion concerns not only the item parameters, but also the individual membership

scores. Similar identi�ability notions are widely adopted and studied in the network modeling and

topic modeling literature, e.g., [52], [53], [54], and [55]. Speci�cally, recall from (2.5) that the ex-

pectation of the data matrixR has a low-rank decompositionR� = � � � �> , we seek to understand

under what conditions this decomposition is unique. Note that both the Bernoulli probabilities� �

and the membership scores� � are treated as parameters to be identi�ed. We call a parameter set

¹� � –� � º valid if 0�
8 2 �  � 1 and\ �

9 : 2 »0–1¼for all 8, 9, and: . We formally de�ne expectation
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identi�ability below.

De�nition 1 (Expectation identi�ability) A GoM model with parameter set¹� � –� � º is said to

be identi�able, if for any other valid parameter set¹ ~� –~� º, ~� ~�
>

= � � � �> holds if and only if

¹� � –� � º and ¹ ~� –~� º are identical up to a permutation of the extreme pro�les.

One might ask whether identifying� � and� � from the expectationR� has any implications

on identifying� � and� � from the observed dataR. In fact, when both# and � are large with

respect to , it is known that the difference between the low-rank decompositions ofR� andR is

small in a certain sense [56]. We will revisit and elaborate on this subtlety when describing our

estimation method and presenting the simulation results. Brie�y speaking, studying the expectation

identi�ability problem from R� is meaningful in modern large-scale and high-dimensional data

settings with large# and� .

We next present our new identi�ability conditions for GoM models. We �rst de�ne the impor-

tant concept of pure subjects.

De�nition 2 (Pure subject) Subject8is a pure subject for extreme pro�le: if the only positive

entry of0�
8 is located at index: ; that is,

0�
8 = ¹0– • • • –0– 1

|{z}
: -th entry

–0– • • • –0º•

In words, subject8 is a pure subject for pro�le: if it solely belongs to this pro�le and has no

membership in any other pro�le. We consider the following condition for� � .

Condition 1 � � satis�es that every extreme latent pro�le has at least one pure subject.

The pure subject condition 1 is analogous to the anchor word assumption in topic modeling

[57] and the pure node assumption in mixed membership stochastic block model for networks [58,

54]. Condition 1 is a mild assumption on� � , because it only requires that each of the extreme

pro�les has at least one representative subject among all# subjects. Intuitively, this condition is
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reasonable because the existence of these representative subjects indeed helps pinpoint the mean-

ing and interpretation of the extreme pro�les. In real data applications of the GoM model, each

pure subject is characterized by a prototypical response pattern indicating a particular classi�cation

or diagnosis. Speci�cally, each column of the� �  item parameter matrix� � is examined to coin

the interpretation of each extreme pro�le. So, the existence of a pure subject in the: th (: 2 » ¼)

extreme pro�le means that there indeed exists a prototypical subject characterized by the parame-

ters in the: th column of the� � matrix. As a concrete applied example, [17] �tted the GoM model

to a clinical dataset, where the item parameters for four extreme latent pro�les were estimated.

Then each of the extreme pro�les was interpreted according to its response characteristics revealed

via the item parameters. There, the four extreme pro�les were interpreted as “Asymptomatic”,

“Moderate”, “Acyanotic Severe”, “Cyanotic Severe” in [17]. In this context, having pure subjects

in each of these extreme pro�les is a practically meaningful assumption, because it just means

that in the sample with a large number of# subjects, there exist an “Asymptomatic” subject, a

“Moderate” subject, an “Acyanotic Severe” subject, and a “Cyanotic Severe” subject.

Under Condition 1,� � contains one identity submatrixI  after some row permutation. Under

Condition 1, denoteS� = ¹( �
1– • • • – (�

 º as the index vector of one set of pure subjects such that

� �
S� –: = I  . So( �

1– • • • – (�
 are distinct integers ranging in»# ¼. For example, if the �rst rows of

� � is equal toI  , thenS� = ¹1–2– • • • –  º. Interestingly, Condition 1 induces asimplex geometry

on the row vectors of the left singular matrixU� . We have the following important proposition,

which serves as a foundation for both our identi�ability results and estimation procedure.

Proposition 1 Under Condition 1, the left singular matrixU satis�es

U� = � � U�
S� –:• (2.7)

Furthermore,� � and� � can be written as

� � = U� U�� 1
S� –:– (2.8)

15



� � = V � � � U�> � � ¹� �> � � º� 1 = V � � � U�>
S� –:• (2.9)

We elaborate more on Proposition 1 below. Equation (2.7) in Proposition 1 implies that the left

singular matrixU� and the membership score matrix� � differ by a linear transformation, which is

the  �  matrix U�
S� –:. Condition 1 and the properties of the singular value decomposition (such

as the columns ofV � being orthogonal to each other and� � being invertible) are used to prove

(2.7). Equations (2.8) and (2.9) imply that if an index set of pure subjectsS� is known, then the

parameters of interest� � and� � can be written in closed forms in terms of the SVD andS� . More

speci�cally, (2.7) is equivalent to

U�
8–: =

 Õ

: =1

c �
8:U

�
( �

: –:– 8= 1– • • • – #• (2.10)

EachU�
8–: is the embedding of the8-th subject into the top- left singular subspace ofR� , and

all the rowsU�
1–:– • • • –U�

#–: can be plotted as points in the -dimensional Euclidean spaceR .

Geometrically, since
Í  

: =1 c �
8: = 1 with c �

8: � 0, we know that eachU�
8–: is a convex combination

of U�
( �

1–:– • • • –U�
( �

 –:, which are the embeddings of the types of pure subjects. This means in

R , all the subjects lie in a simplex (i.e., the generalization of a triangle or tetrahedron to higher

dimensions) whose vertices are these types of pure subjects. Note thatU�
8 andU�

80 overlap if they

have the same membership score vectors0�
8 = 0�

80. Figure 2.1 gives an illustration of this simplex

geometry on such embeddings inR3 with  = 3.

Similar simplex structure in the spectral domain was �rst discovered and used for estimation

under the degree-corrected mixed membership network model [52, �rst posted on arXiv in 2017].

Later, spectral approaches to estimating mixed memberships via exploiting the simplex structure

are also used for related network models [54] and topic models [55]. Compared to network mod-

els where the data matrix is symmetric, the GoM model has an# � � asymmetric data matrix.

Compared to topic models, the entries of the perturbation matrixR � R� in the GoM model inde-

pendently follow Bernoulli distributions, whereas in topic models, the entries of the perturbation
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matrix follow multinomial distributions.

Figure 2.1: Illustration of the simplex geometry of the# �  left singular matrixU� with  = 3.
The solid dots represent the row vectors ofU� in R3, and the three simplex vertices (i.e, vertices of
the triangle) correspond to the three types of pure subjects. All the dots lie in this triangle.

It is worth noting that the expectation identi�ability in De�nition 1 is closely related to the

uniqueness of non-negative matrix factorization [NMF, 59, 60, 61]. NMF seeks to decompose a

nonnegative matrixM 2 R< � = into M = WH, where bothW 2 R< � A andH 2 RA� = are non-

negative matrices. An NMF is called separable if each column ofW appears as a column ofM

[59]. If we write M = R�> –W = � � –H = � �> , then the separability condition for this NMF

aligns with Condition 1. It is also generally assumed thatW is of full rank, otherwiseH typically

cannot be uniquely determined [62]. Theorem 2 will show that when Condition 1 holds,� � being

full-rank suf�ces for GoM model identi�ability. We will also show that model identi�ability still

holds with certain relaxations on the rank of� � . On another note, estimating an NMF usually

involves direct manipulation of the original data matrix, which can be computationally inef�cient

when dealing with large datasets. In our approach, we employ an NMF algorithm in [62] on the

SVD of the data matrix instead of the data matrix itself to estimate GoM parameters. Since our

procedure operates on the singular subspace with signi�cantly lower dimension than the original

data space, it yields lower computational cost compared to conventional NMF procedures.

We next present our identi�ability results for GoM models. We �rst show that the pure-subject

Condition 1 is almost necessary for the identi�ability of a GoM model.

17



Theorem 1 Suppose\ �
9 : 2 ¹0–1º for all 9 = 1– • • • – �and : = 1– • • • –  . If there is one extreme

pro�le that does not have any pure subject, then the GoM model is not identi�able.

The proofs of the theorems are all deferred to the Appendix. Theorem 1 reveals the importance

of Condition 1 for identi�ability. In fact, later we will use this condition as a foundation for our

estimation algorithm. Our next theorem presents suf�cient and almost necessary conditions for

GoM models to be identi�able.

Theorem 2 Suppose� � satis�es Condition 1.

(a) If rank¹� � º =  , then the GoM model is identi�able.

(b) If rank¹� � º =  � 1 and no column of� � is an af�ne combination of the other columns

of � � , then the GoM model is identi�able.(An af�ne combination of vectorsx1– • • • –x= is

de�ned as
Í =

8=1 08x8with
Í =

8=1 08 = 1.)

(c) In any other case, if there exists a subject8such thatc �
8: ¡ 0 for every: = 1– • • • –  , then

the GoM model is not identi�able.

The high-level proof idea of Theorem 2 shares a similar spirit to Theorem 2.1 in [54]. We next

explain and interpret the three settings in Theorem 2. According to part (a), if the item parameter

vectors) �
1– • • • –) �

 (i.e., the columns of� � ) are linearly independent, then the GoM model is

identi�able under Condition 1. In part (b), for identi�ability to hold whenA0=:¹� � º =  � 1,

any item parameter vector) �
: cannot be written as an af�ne combination of the remaining vectors

f ) �
: 0 : : 0 < : g. This is a weaker requirement on� � compared to part (a). Part (c) states that if the

conditions in parts (a) or (b) do not hold and if there exists acompletely mixed subjectthat partially

belongs to all pro�les (i.e.,c �
8: ¡ 0 for all : ), then the model is not identi�able. Part (c) also shows

that the suf�cient identi�ability conditions in (a) and (b) are close to being necessary, because the

existence of a completely mixed subject is a very mild assumption. We next further give three toy

examples with = 3 and� = 4 to illustrate the conditions in Theorem 2.
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Example 1 Consider

� � =

©
­
­
­
­
­
­
­
­
«

0•2 0•8 0•8

0•2 0•8 0•2

0•8 0•2 0•8

0•8 0•2 0•2

ª
®
®
®
®
®
®
®
®
¬

•

It is easy to verify thatA0=:¹� � º =  = 3. This case falls into scenario (a) in Theorem 2, so a

GoM model parameterized by¹� � –� � º is identi�able if � � satis�es Condition 1.

Example 2 Consider

� � =

©
­
­
­
­
­
­
­
­
«

0•2 0•8 0•8

0•2 0•8 0•8

0•8 0•2 0•8

0•8 0•2 0•8

ª
®
®
®
®
®
®
®
®
¬

•

NowA0=:¹� � º =  � 1 = 2 since the third column of� � is a linear combination of the �rst two

columns. However, there is no column of� � that is an af�ne combination of the other columns of

� � . This case falls into scenario (b) in Theorem 2, so a GoM model parameterized by¹� � –� � º is

identi�able if � � satis�es Condition 1.

Example 3 Consider

� � =

©
­
­
­
­
­
­
­
­
«

0•2 0•8 0•5

0•2 0•8 0•5

0•8 0•2 0•5

0•8 0•2 0•5

ª
®
®
®
®
®
®
®
®
¬

•

In this case,A0=:¹� � º =  � 1 = 2, and the third column of� � is an af�ne combination of the

�rst two columns. This case falls into scenario (c) in Theorem 2, so if there exists a subject that

partially belongs to all pro�les, then the GoM model is not identi�able.
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2.4 SVD-based Spectral Estimation Method and Its Consistency

2.4.1 Estimation Algorithm

In the literature of GoM model estimation, the most prevailing approaches are perhaps Bayesian

inferences using Markov chain Monte Carlo (MCMC) algorithms such as Gibbs and Metropolis-

Hastings sampling [18, 21, 45]. However, MCMC is time-consuming and typically not com-

putationally ef�cient. As [46] points out, despite their usefulness, GoM models are somewhat

underrepresented in psychometric applications due to the lack of readily accessible statistical soft-

ware. Recently, the R packagesirt [47] provides a joint maximum likelihood (JML) algorithm

to �t GoM models. This algorithm implements the Lagrange multiplier method proposed in [18]

and solves the optimization problem in a gradient descent fashion. Although this JML algorithm

is computationally more ef�cient compared to MCMC algorithms, it is still not scalable to very

large-scale response data due to its iterative manner. Therefore, it is of interest to develop a non-

iterative estimation method suitable to analyze modern datasets with a large number of items and

subjects.

We next propose a fast SVD-based spectral method to estimate GoM models. Recall that

Proposition 1 establishes the expressions for� � –� � in (2.8) and (2.9). In practice, sinceS� is not

known, we propose to estimate it using a vertex-hunting technique calledsuccessive projection

algorithm [SPA; 63, 62]. As stated in Proposition 1, Condition 1 induces a simplex geometry

on the row vectors ofU� and the simplex vertices correspond to the pure subjectsS� . To locate

 vertices for any input matrixU 2 R# �  that has such a simplex structure, SPA �rst �nds the

subject with the maximum row norm inU. That is, the �rst vertex index is

(̂ 1 = argmax
1� 8� #

kU8–:k2•

Here and after we usekxk2 =
p

x> x to denote the� 2 norm of any vectorx. Since the;2 norm

of any convex combination of the vertices is at most the maximum;2 norm of the vertices, this
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step is guaranteed to return one of the vertices of the simplex. SPA then projects all the remaining

row vectorsf U8–: : 8< (̂ 1g onto the subspace that is orthogonal toU(̂ 1–:. Mathematically, denote

v1 := U(̂ 1–:•kU(̂ 1–:k2 as the scaled vector with unit norm, then the projected vectors are the rows

of the matrixU¹I  � v1v>
1 º, whereI  � v1v>

1 is a  �  projection matrix. In the second step,

SPA �nds the second vertex index as the one that has the maximum norm among the projected row

vectors,

(̂ 2 = argmax
8<(̂ 1

kU8–:¹I  � v1v>
1 ºk2•

The above procedure of �rst �nding the row with the maximum projected norm and then projecting

the remaining rows onto the orthogonal space is iteratively employed until �nding all vertex

indices. Sequentially, for each: = 1– • • • –  � 1, de�ne a unit-norm vectorv: = U(̂ : –:•kU(̂ : –:k2,

then the¹: ¸ 1º-th vertex index is estimated as

(̂ : ¸ 1 = argmax
88f (̂ 1–•••–̂( : g

kU8–:¹I  � v1v>
1 º � � � ¹I  � v: v>

: ºk2•

Here the projection matrices¹I  � v1v>
1 º, • • •, ¹I  � v: v>

: º sequentially project the rows ofU to

the orthogonal spaces of those already found verticesU(̂ 1–:– • • • –U(̂ : –:. This SPA procedure can be

intuitively understood by visually inspecting the toy example in Figure 2.1. SinceU�
1–:– • • • –U�

#–: lie

in a triangle in Figure 2.1, it is not hard to see that the vector with the largest norm should be one of

the three verticesU�
( �

1–:–U�
( �

2–:–U�
( �

3–:, sayU�
( �

3–:. Furthermore, after projecting the remainingU�
8–: onto

the space orthogonal toU�
( �

3–:, the maximum norm of the projected vectors should correspond to

8= ( �
1 or ( �

2. This observation intuitively justi�es that SPA can �nd the correct set of pure subjects

given a simplex structure.

The above estimation procedure is based on the assumption thatR� is known. In practice,

we only have access to the binary random data matrixR whose expectation isR� . Fortunately,

it is known that for a large-dimensional random matrix with a low-rank expectation, the top- 

SVD of the random matrix and the SVD of its expectation are close [e.g., see 56]. This nontrivial

theoretical result is our key insight and motivation to consider the top- SVD of R as a surrogate
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for that ofR� :

R � U� V> –

where� is a �  diagonal matrix collecting the largest singular values ofR, andU# �  , V � �  

collect the corresponding left and right singular vectors withU> U = V> V = I  . Speci�cally, [56]

proved that the difference betweenU� andU up to a rotation is small when# and� are large with

respect to . Therefore, since Proposition 1 shows that the population row vectorsU�
1–:– • • • –U�

#–:

form a simplex structure, the empirical row vectorsf U8–:g#
8=1 are expected to form a noisy simplex

cloud distributed around the population simplex. We call this noisy cloud the empirical simplex.

For an illustration of the population and the empirical simplex, see Figure 2.2 in Section 2.5.

In order to recover the population simplex from the empirical one, we use a pruning step similar

to that in [54] to reduce noise. We summarize this pruning procedure in Algorithm 1. The high-

level idea behind pruning is that ifU8–: has a large norm but very few close neighbors, then it is

likely to be outside of the population simplex and hence should be pruned (i.e., removed) before

performing SPA to achieve higher accuracy in vertex hunting. More speci�cally, Algorithm 1 �rst

calculates the norm of each row ofU (line 1-3) and identi�es the vectors with norms in the upper

@-quantile (line 4). The larger@is, the more such points are found. Then for each vector found,

its average distanceG8 to its Anearest neighbors is calculated (line 5-8). Finally, the subjects to

be pruned are those whoseG8 belong to the upper4-quantile of all theG8's (line 9). A larger value

of 4 indicates that a larger proportion of the points will be pruned. According to our preliminary

simulations, we observe that the estimation results are not very sensitive to these tuning parameters

A– @– 4. After pruning, we can use SPA to hunt for the vertices of the pruned empirical simplex

to obtainŜ, and then estimate� � and� � .

Algorithm 2 summarizes our proposed method of estimating parameters¹� � –� � º based on

SPA with the pruning step. The index of the element inx that has the maximum value is denoted

by argmax¹xº. For any matrixA = ¹08 9º, denote byA¸ = ¹maxf 08 9–0gº the matrix that retains the

nonnegative values ofA and sets any negative values to zero. After obtaining the index vector of

the pruned subjectŝP (which is a subvector of¹1–2– • • • – #º) from Algorithm 1 (line 2), we use
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Algorithm 1 Prune

Require: Empirical top- left singular matrixU, the number of nearest neighborsA, two quantiles
@– 42 ¹0–1º.

Ensure: Set of subject indiceŝP to be pruned (i.e., removed)
1: for 82 1– • • • – #do
2: ;8 = kU8–:k2
3: end for
4: P̂0 = f8: ;8 � upper-@quantile off ;8 : 1 � 8� # gg
5: for 82 P̂0 do
6: d8 = f the distances fromU8 to itsAnearest neighborsg
7: G8 = average¹d8º
8: end for
9: P̂ = f8: G8 � upper-4 quantile off G8 : 82 P̂0gg

Algorithm 2 GoM Estimation by Successive Projection Algorithm with Pruning

Require: Binary response matrixR 2 f0–1g# � � , number of extreme pro�les , threshold param-
etern, pruning parametersA– @– 4.

Ensure: Estimated̂S–^� –^�
1: Get the top singular value decomposition ofR asUSV>

2: P̂ = Prune¹U– A– @– 4º
3: Y = U
4: for : 2 f 1– • • • –  gdo
5: (̂ : = argmax¹fkY8–:k2 : 82 »# ¼n̂Pgº
6: u = Y (̂ : –:•kY (̂ : –:k2
7: Y = Y¹I  � uu> º
8: end for
9: ~� = U¹UŜ–:º

� 1

10: ^� = diag¹ ~� ¸ 1 º� 1 ~� ¸

11: ~� = VSU> ^� ¹ ^�
> ^� º� 1

12: Write ^� as¹\̂ 9–:º, where\̂ 9–:=

8>>><

>>>
:

~\ 9–: if n � ~\ 9–: � 1 � n

n if ~\ 9–:Ÿ n

1 � n if ~\ 9–:¡ 1 � n
(n � 0 can be set to zero. In the numerical studies we choosen = 0•001to be consistent and
comparable with the default setting in the JML function in the R packagesirt .)

SPA on the pruned matrixU»# ¼n̂P–: to obtain the estimated pure subject index vectorŜ (line 3-8).

Once this is achieved,� � and� � can be estimated by modifying (2.8) and (2.9) in Proposition 1.

We �rst calculate

~� = U
�
UŜ–:

� � 1
(2.11)
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based on (2.8). The~� obtained above does not necessarily fall into the parameter domain for� � .

Therefore, we �rst truncate all the entries of~� to be nonnegative, and then re-normalize each row

to sum to one (line 10). Based on̂� , we can also estimate� � by

~� = VSU> ^� ¹ ^�
> ^� º� 1 (2.12)

according to (2.9). Our proposed method can be viewed as a method of moments. Equations

(2.11) and (2.12) are based on the �rst moment of the response matrixR, where we equate the low-

rank structure of the population �rst-moment matrixR� with the observed �rst-moment matrixR.

Lastly, we truncate~� to be between»n–1 � n¼and obtain the �nal estimator̂� (line 12). When

n = 0, this truncation ensures that entries of^� lie in the parameter domain»0–1¼. In the numerical

studies, we choosen = 0•001to be consistent and comparable with the default setting in the JML

function in the R packagesirt .

Remark 1 There are two possible ways to estimate� � according to(2.9). The �rst one is de�ning

^� as the truncated version of

~� = V� U>
Ŝ–:

–

which only uses the information ofU corresponding to the pure subjects indexed bŷS. Another

approach is via(2.12), which uses information from all of the# subjects. The latter approach is

expected to give more stable estimates. Our preliminary simulations also justify that using(2.12)

indeed gives higher estimation accuracy, so we choose to estimate� � that way.

2.4.2 Estimation Consistency

In this subsection, we prove that our spectral method guarantees estimation consistency of

both the individual membership scores� � and the item parameters� � . We consider the double-

asymptotic regime where both the number of subjects# and the number of items� grow to in�nity

and  is �xed. At the high level, since our estimators are functions of the empirical SVD, we

will prove consistency by leveraging singular subspace perturbation theory [56] that quanti�es the
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discrepancy between the SVD ofR and that of the low-rank expectationR� .

Condition 2 ^¹� � º ® 1– ¹̂� � º ® 1, f  ¹� � º ¥
p

# , andf  ¹� � º ¥
p

� .

Condition 2 is a reasonable and mild assumption on the parameter matrices. As a simple

example, it is not hard to verify that if� � and� � both consist of many identity sub-matricesI  

vertically stacked together, then Condition 2 is satis�ed. The following theorem establishes the

consistency of estimating both� � and� � using our spectral estimator.

Theorem 3 Consider~� = UU� 1
Ŝ–:

, ~� = VSU>
Ŝ–:

. Assume that Conditions 1 and 2 hold. If#– � ! 1

with # • � 2 ! 0 and� • # 2 ! 0, then we have

1
p

# 
k ~� � � � Pk�

%
! 0–

1
p

� 
k ~� P � � � k�

%
! 0– (2.13)

where the notation
%

! means convergence in probability, andP is a  �  permutation matrix

which has exactly one entry of “1” in each row/column and zero entries elsewhere.

Theorem 3 implies that

1
p

# 
k ~� � � � Pk� =

vut
1

# 

#Õ

8=1

 Õ

: =1

¹ ~c8–:� c �
8–q¹: ºº

2 %
! 0;

1
p

� 
k ~� P � � � k� =

vut
1

� 

�Õ

9=1

 Õ

: =1

¹ ~\ 9–q¹: º � \ �
9–:º

2 %
! 0–

whereq : f 1– • • • –  g ! f 1– • • • –  g is a permutation map determined by the permutation matrix

P. These results mean that as#– � ! 1 , the average squared estimation error across all entries in

the mixed membership score matrix� � and that across all entries in the item parameter matrix� �

both converge to zero in probability. This double-asymptotic regime with both# and� going to

in�nity and this consistency notion in scaled Frobenius norm are similar to those considered in the

joint MLE approach to item factor analysis in [13] and [1]. To the best of our knowledge, this is

the �rst time that consistency results are established for GoM models in this modern data regime.
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2.5 Simulation Studies

2.5.1 Evaluating the Proposed Method

We carry out simulation studies to evaluate the accuracy and computational ef�ciency of our

new method. We consider 2 f 3–8g, # 2 f200–1000–2000–3000–4000–5000g, and� = # •5,

which correspond to large-scale and high-dimensional data scenarios. Such simulation regimes

share a similar spirit with those in [64], which proposed and evaluated an SVD-based approach

for item factor analysis. In each simulation setting, we generate 100 independent replicates.

Within each setting and each replication, the rows of� � are independently simulated from the

Dirichlet¹" � º distribution with" � equal to the -dimensional all-one vector, and the �rst rows

of � � are set to the identity matrixI  in order to satisfy the pure-subject Condition 1. The entries

in � � are independently simulated from the uniform distribution on»0–1¼. Our preliminary simu-

lations suggest setting the tuning parameters in the pruning Algorithm 1 toA= 10, @= 0•4, 4 = 0•2

with 8%subjects removed before SPA, so that the pruned empirical simplex is adequately close to

the population simplex. We use the above setting throughout all the simulations and the real data

analysis unless otherwise speci�ed. It turns out the performance of our method is robust to these

tuning parameter values and not much tuning is needed in practice.

To illustrate the simplex geometry of the population and empirical left singular matricesU�

(from the SVD ofR� ) andU (from the top- SVD of R), we plotU�
8–: andU8–: with # = 2000and

 = 3 in Figure 2.2. All vectors are projected to two dimensions for better visualization of the

simplex (i.e., triangle) structure. In Figure 2.2, the red-shaded area corresponds to the population

simplex, the green crosses are the removed subjects selected by the pruning Algorithm 1, and the

blue dots form the empirical simplex obtained after pruning. As we can see, the empirical row

vectorsU8–: approximately form a simplex cloud around the population simplex. After pruning

out the noisy vectors, the resulting empirical simplex is close to the population one. This fact not

only illustrates the effectiveness of the pruning procedure in Algorithm 1, but also con�rms the

usefulness of our notion of expectation identi�ability by showing the close proximity ofU� and
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Figure 2.2: Row vectors ofU� andU projected toR2 in the simulation setting with# = 2000and
 = 3. The red-shaded area is the population simplex, the green crosses are the removed subjects
in pruning, and the blue dots form the empirical simplex retained after pruning.

U. The resemblance between the scatter plots of the rows ofU� andU implies that the simplex

geometry ofU� holds approximately forU, and hence SPA can be applied toU to estimateS� .

We compare the performance of our proposed method with theJMLalgorithm (Joint Maximum

Likelihood) in R packagesirt , because the latter is currently considered as the most ef�cient

estimation method for GoM models. We follow the default settings ofJML with the maximum

iteration number set as600, the global parameter convergence criterion as0•001, the maximum

change in relative deviance as0•001, and the minimum value ofc �
8: and\ �

9 : as0•001. We measure

the parameter estimation error by the mean absolute error (MAE). That is, the error between the

estimated^� and the ground truth� � for each replicate is quanti�ed by the mean absolute bias (and

similarly for � � ):

; ¹� � –^� º :=
1

# 

#Õ

8=1

 Õ

: =1

jc �
8: � ĉ8:j– ;¹� � –^� º :=

1
� 

�Õ

9=1

 Õ

: =1

j\ �
9 : � \̂ 9 :j•

We present the comparisons between our spectral method and JML in terms of computation

time and estimation error in Table 2.1 and Figures 2.3, 2.4, 2.5. As shown in Figure 2.3, the
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Figure 2.3: Computation time for = 3 (left) and = 8 (right) in simulations. For each simulation
setting, we show the median, 25% quantile, and 75% quantile of the computation time for the 100
replications.

computation time for both methods increases as the sample size# and the number of items�

increase. Notably, JML takes signi�cantly more time than our proposed method, especially when

# and� are large. For example, when# = 5000, � = 1000,  = 8, it takes about 3 hours for JML

to reach the maximum iteration number for each replication, while it takes less than 40 seconds

on average for our proposed method. Table 2.1 further records the mean computational time in

seconds across replications for JML and the proposed method. We observe that JML is not able

to converge in almost all replications when = 8, including when the sample size is as small as

# = 200. In summary, when is large enough, JML not only takes a long time to run but also is

unable to reach convergence given the default convergence criterion.

The huge computational advantage of the proposed method does not come at the cost of de-

graded estimation accuracy. Figures 2.4 and 2.5 show that the estimation error decreases as the

sample size# and the number of items� increase for both methods. When the sample size is large

enough (# � 2000) for  = 3, our proposed method gives more accurate estimation on average
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 Method # = 200 # = 1000 # = 2000 # = 3000 # = 4000 # = 5000

 = 3
JML 30.3 170.9 473.9 923.4 1528.4 2363.9

Proposed 7.5e-2 1.5 6.8 17.5 42.3 10.6

 = 8
JML 1.7 691.5 1957.5 3761.7 6134.3 9251.7

Proposed 6.4e-2 1.3 5.0 11.6 23.0 37.2

Table 2.1: Table of average computational time in seconds across replications for JML and the
proposed spectral method for = 3 and = 8.

compared to JML. For = 8, our proposed method yields higher estimation accuracy for� � for all

sample sizes on average. When# � 2000, the estimation accuracy of� � is slightly worse but com-

parable to JML. We point out that due to their non-iterative nature, SVD or eigendecomposition-

based methods typically tend to give worse estimation compared to iterative methods that aim to

�nd the MLE; for example, see the comparison of an SVD-based method and a joint MLE method

for item factor analysis in [64]. However, it turns out that given a �xed computational resource

(i.e., the default maximum iteration number in thesirt package), the iterative method JML can

give worse estimation accuracy than our spectral method.

Figure 2.4: Simulation results of estimation error for = 3. The boxplots represent the mean
absolute error for� � (left) and� � (right) versus the sample size# .

We also compare our spectral method with the Gibbs sampling method for the GoM model.
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Figure 2.5: Simulation results of estimation error for = 8. The boxplots represent the mean
absolute error for� � (left) and� � (right) versus the sample size# .

The parameters in the Gibbs sampler are initialized from their prior distributions. The number of

burn-in samples is set to 5000. We take the average of 2000 samples after the burn-in phase as

the Gibbs sampling estimates. Since Gibbs sampling is an MCMC algorithm, the computation

can take a long time when the sample size# and number of items� are large. Therefore, we

only consider# = 200–1000–2000, and = 3. We compare the computation time and estimation

accuracy of our proposed method, JML, and Gibbs sampling. The results are summarized in Tables

2.2 and 2.3. Compared to Gibbs sampling, our proposed method is approximately 10,000 times

faster when# = 2000and = 3. In terms of the estimation accuracy, when the sample size is

small, the Gibbs sampling has better accuracy. When the sample size is large enough, the three

methods are comparable in terms of estimation accuracy. These simulation results justify that our

method is more suitable for large-scale and high-dimensional datasets.

# = 200 # = 1000 # = 2000

Proposed 0.1 1.5 6.8
JML 30.3 170.9 473.9
Gibbs 566.7 13119.2 52255.8

Table 2.2: Average computation time in seconds for each method and sample size in simulations
when = 3.
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� # = 200 # = 1000 # = 2000 � # = 200 # = 1000 # = 2000

Proposed 0.12 0.04 0.03 Proposed 0.17 0.08 0.06
JML 0.13 0.04 0.03 JML 0.16 0.07 0.06
Gibbs 0.09 0.03 0.02 Gibbs 0.13 0.07 0.05

Table 2.3: Average mean absolute error for� � and� � for each method and sample size in simula-
tions when = 3.

We also note that without the pure subject Condition 1, one can still obtain estimates from the

JML or the Gibbs sampler by directly running their corresponding estimation algorithms. How-

ever, simply running those algorithms for arbitrary data generated under the GoM model may give

misleading results if the model is not identi�able, because identi�ability is the prerequisite for any

valid statistical inference. In contrast, for our proposed spectral estimator, under the pure sub-

ject condition, we have established both identi�ability (Theorem 1) and estimation consistency

(Theorem 3) for both the mixed membership scores� � and the item parameters� � .

We also compare the simulation results of our proposed method with and without the pruning

step when = 3 to examine the effectiveness of pruning. The comparison of the estimation

accuracy for the two approaches are summarized in Figure 2.6. For the estimation of� � , estimation

with pruning is consistently better for all sample sizes. For the estimation of� � , estimation results

are comparable for the two approaches. When sample size is large, pruning gives slightly better

results.

To summarize, the above simulation results demonstrate the superior ef�ciency and accuracy

of our proposed method to estimate GoM models. Our method provides comparable estimation

results compared with JML and Gibbs sampling, and is much more scalable to large datasets with

many subjects and many items.

2.5.2 Verifying Identi�ability

We also conduct another simulation study to verify the identi�ability results. We consider

three different cases with = 3, # 2 f200–1000–2000–3000g, and� = # •5. In Case 1, we set

the ground truth� � by vertically concatenating copies of the identi�able4 � 3 matrix in Example
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Figure 2.6: Comparison of estimation results with and without the pruning procedure when = 3.

1, and the generation mechanism for� � remains the same as in Section 2.5.1. In Case 2, we use

the same� � as in Case 1; while for� � , after generating rows of� 0 = ¹c0
8:º from Dirichlet¹1º, we

truncatec0
8: to be no less than1•3 and then re-normalize each row of it; after this operation the

minimum entry in the resulting� � is 0.2. Such a generated� � = ¹c �
8:º does not satisfy the pure-

subject Condition 1. In Case 3, we generate� � using the same mechanism as in Section 2.5.1,

but generate� � whose rows are replicates of the vector¹0•8– 0•5– 0•2º so thatA0=:¹� � º = 1.

Case 1 falls into part (a) in Theorem 2 and is identi�able, whereas Cases 2 and 3 correspond to

part (c) and are not identi�able. Figure 2.7 shows that the estimation errors in Cases 2 and 3

are signi�cantly larger than those in Case 1. These results empirically verify our identi�ability

conclusions in Theorem 2.
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Figure 2.7: A simulation study verifying identi�ability. Estimation errors for three different cases;
see the concrete settings of Cases 1, 2, and 3 in the main text. The box plots represent the mean
absolute error for� � (left) and� � (right) versus the sample size# .

2.6 Real Data Example

We illustrate our proposed method by applying it to a real-world personality test dataset, the

Woodworth Psychoneurotic Inventory (WPI) dataset. WPI was designed by the United States

Army during World War I to identify soldiers at risk for shell shock and is often credited as the

�rst personality test. The WPI dataset can be downloaded from the Open Psychometrics Project

website:http://openpsychometrics.org/_rawdata/ . The dataset consists of binary

yes/no responses to� = 116items from 6019 subjects. We remove subjects with missing responses

and only keep the subjects who are at least ten years old. This screening process leaves us with

# = 3842subjects.

We apply both the JML method and our new spectral method to the WPI dataset to compare

computation time. Figure 2.8 shows the computation time in seconds versus the number of extreme

pro�les  for the two methods. For � 4, the number of iterations for JML reaches the default
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maximum iteration number in thesirt package and does not converge. Similar to the simulations,

our spectral method takes signi�cantly less computation time compared to JML. This observation

again con�rms that the proposed method is scalable to real-world datasets with a large sample size

and a relatively large number of items.

Figure 2.8: Computation time for the WPI dataset. The lines indicate the run time in seconds
versus for JML and our spectral method. Note that for � 4, the number of iterations in JML
reaches the default maximum iteration number.

Choosing the number of extreme latent pro�les is a nontrivial problem for GoM models in

practice. Available model selection techniques include the Akaike information criterion [AIC; 65]

and the Bayesian information criterion [BIC; 66] for likelihood-based methods, and the deviance

information criteria [DIC; 67] for Bayesian MCMC methods. For factor analysis and principal

component analysis, parallel analysis [68, 69] is one popular eigenvalue-based method to select

the latent dimension. For the WPI dataset, when choosing = 3, we observe that the estimated

^� matrix has three well-separated column vectors, which imply a meaningful interpretation of the

extreme pro�les. When increasing to 4, the columns of the estimated̂� are no longer that well-

separated and interpretable. Moreover, choosing = 3 produces the least reconstruction error

compared to = 2 or 4. That is, = 3 leads to the smallest mean absolute error between^� ^�
>
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and the observed data matrixR. Since the goal of the current data analysis is mainly to illustrate

the proposed spectral method, we next present and discuss the estimation results for = 3. The

problem of how to select in GoM models in a principled manner is left as a future direction.

Figure 2.9: Heatmap of̂� of a subset of 30 WPI items. The values are the estimated probability of
responding “yes” for each item given each extreme pro�le.

We next take a closer look at the estimation result given by the proposed method for = 3. In

order to interpret each extreme latent pro�le, we present the heatmap of part of the estimated item

parameter matrix̂� in Figure 2.9. Since the number of items� = 116is large, we only display a

subset of the items for better visualization. More speci�cally, 30 out of 116 items are chosen in Fig-
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ure 2.9 based on the criterion that the chosen items have the largest variability in¹\̂ 9–1–\̂ 9–2–\̂ 9–3º.

Based on Figure 2.9, we interpret pro�le 1 as people who are physically unhealthy since they have

higher probabilities of fainting, dyspepsia, and asthma or hay fever. People belonging to pro�le 2

tend to be socially passive since they are worrying, do not �nd their way easily, and get tired of

things or people easily. Pro�le 3 on the other hand is identi�ed as the healthy group.

Figure 2.10 shows the ternary diagram of the estimated membership scores^� made with the

R packageggtern . The WPI dataset comes with the age information of each subject, and we

color-code the subjects in Figure 2.10 according to their ages. The darker color represents older

people while the lighter color represents younger people. Each dot represents a subject, and the

location of the dot in the equilateral triangle depicts the three membership scores of this subject.

Speci�cally, dots with a large membership score on a pro�le are closer to the vertex of this pro�le.

One can see that the pure-subject Condition 1 is satis�ed here since there are dots located almost

exactly at each of the three vertices in Figure 2.10. This �gure also reveals that darker dots are

more gathered around the vertex of pro�le 1, which means that older people are more likely to

belong to the extreme pro�le identi�ed as physically unhealthy. Correspondingly, younger people

are closer to pro�le 2 or 3. Recalling our earlier interpretation of the extreme pro�les from Figure

2.9, these results are intuitively meaningful since older people tend to be less healthy compared

with younger people. It is worth emphasizing that the age information isnot usedin our estimation

of the GoM model, but our method is able to generate interpretable results with respect to age.

2.7 Discussion

In this chapter, we have adopted a spectral approach to GoM analysis of multivariate binary

responses. Under the notion of expectation identi�ability, we have proposed suf�cient conditions

that are close to being necessary for GoM models to be identi�able. For estimation, we have

proposed an ef�cient SVD-based spectral algorithm to estimate the subject-level and population-

level parameters in the GoM model. Our spectral method has a huge computational advantage

over Bayesian or likelihood-based methods and is scalable to large-scale and high-dimensional
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Figure 2.10: The barycentric plot of the estimated membership scores^� for WPI data, color-coded
with the age covariate.

data. Simulation results demonstrate the superior ef�ciency and accuracy of our method, and

also empirically corroborate our identi�ability conclusions. We hope this work provides a useful

tool for psychometric researchers and practitioners by making GoM analysis less computationally

daunting and statistically mysterious.

The expectation identi�ability considered in this work is a suitable identi�ability notion for

large-scale and high-dimensional GoM models. A recent paper [45] studied the population identi-

�ability of a variant of the GoM model called the dimension-grouped mixed membership model.

Generally speaking, population identi�ability is a traditional notion of identi�ability which aims

at identifying the population parameters in the model but not the individual latent variables. In the

context of the dimension-grouped GoM model, population identi�ability in [45] means identify-

ing the item parameters� � and the distribution parameters for� � (i.e., the Dirichlet distribution

parameters¹U�
1– • • • – U� º, where each row in� � is assumed to follow this distribution), but not

identifying the entries in� � directly. Such a traditional identi�ability notion is more suitable for

the low-dimensional case with small� and large# , as considered in [45]. In contrast, in this work
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we are motivated by the large-scale and high-dimensional setting with both# and� going to in-

�nity. In this setting, expectation identi�ability that concerns both� � and� � is a suitable notion

to study, and we have also established the corresponding consistency result for� � and� � when

the pure subject condition for expectation identi�ability is satis�ed.

The pure subject Condition 1 is a mild condition that is crucial to both our identi�ability result

and estimation procedure. It may be of interest to test whether this condition holds in practice.

Testing Condition 1 is equivalent to testing whether a data cloud in a general -dimensional space

has a simplex structure, which is a non-trivial problem. When = 3, a visual inspection is plausi-

ble by plotting the row vectors of the left singular matrix and checking if the point cloud forms a

triangle in the 3-dimensional space. However, when is larger than 3, visual inspection becomes

infeasible. Recently, a formal statistical procedure has been proposed by a working paper [70] to

test theanchor word assumptionfor topic models, which is another type of mixed membership

models. The anchor word assumption requires that there exists at least one anchor word for each

topic, which is analogous to our pure subject Condition 1. [70] considers the hypothesis testing of

the existence of anchor words. They �rst characterize that for a matrixP that admits a low-rank fac-

torization under the anchor word assumption, one can writeP = CP for some matrixC that belongs

to a certain setC . Based on this property, [70] then construct a test statistic) = infC2C kP� CPk

to test the null hypothesis that the anchor-word assumption holds. To achieve a level-U test, the

null hypothesis will be rejected if) is larger than the¹1 � Uº% quantile of the distribution of the

test statistic under the null. We conjecture that it might be possible to generalize this procedure to

the GoM setting, and leave this direction as future work.

There are several additional research directions worth exploring. First, this work has focused

on binary responses, while in practice it is also of interest to perform GoM analysis of polytomous

responses, such as Likert-scale responses in psychological questionnaires [see, e.g. 45]. Under a

GoM model for polytomous data, a similar low-rank structure as (2.5) should still exist for each

category of the responses. Since our method is built upon the low-rank structure and the pure

subject condition, exploiting such structures in polytomous data could still lead to nice spectral
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algorithms. We will extend the current method to multivariate polytomous responses in Chapter 3.

Second, it is worth considering developing a model that directly incorporates additional covariates

into the GoM analysis. Our current method does not use additional covariates, such as the age

information in the WPI dataset. Proposing a covariate-assisted GoM model and a corresponding

spectral method may be methodologically interesting and practically useful.

2.8 Appendix to Chapter 2

2.8.1 Proofs of the Identi�ability Results

Proof of Proposition 1. If we take the rows that correspond toS� of both sides in the SVD (2.6)

and use the fact that� �
S� –: = I  , then

U�
S� –:�

� V�> = R�
S� –: = � �

S� –:�
�> = � �> • (2.14)

This gives an expression of� �

� � = V� � � U�>
S� –:• (2.15)

Further note that

U� = R� V � � �� 1 = � � � �> V � � �� 1• (2.16)

If we plug (2.14) into (2.16) and note thatV have orthogonal columns, we have

U� = � � U�
S� –:�

� V �> V � � �� 1 = � � U�
S� –:• (2.17)

Equation (2.17) also tells us thatU�
S� –: must be full rank since bothU� and� � have rank . There-

fore, we have an expression of� � :

� � = U� ¹U�
S� –:º

� 1•
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On the other hand, based on the singular value decompositionU� � � V �> = � � � �> , we can left

multiply ¹� �> � � º� 1� �> with both hand sides to obtain

¹� �> � � º� 1� �> U� � � V �> = � �>

=) � � = V� � � U�> � � ¹� �> � � º� 1• (2.18)

We next show that (2.15) and (2.18) are equivalent. SinceU�> U� = I  , (2.17) leads to

U�>
S� –:�

�> � � U�
S� –: = I  –

which yields

¹� �> � � º� 1 = U�
S� –:U

�>
S� –:•

Plugging this equation into (2.18), we have

� � =V � � � U�> � � U�
S� –:U

�>
S� –:

=V � � � U�> U� ¹U�
S� –:º

� 1U�
S� –:U

�>
S� –:

=V � � � U�>
S� –:

This shows the equivalence of (2.15) and (2.18) and completes the proof of the proposition.ƒ

Proof of Theorem 1. Without loss of generality, assume that the �rst extreme latent pro�le does

not have a pure subject. Thenc �
81 � 1 � X–88= 1– • • • – #for someX ¡ 0. For each0 Ÿ n Ÿ X,

de�ne a  �  matrix

Mn =

2
6
6
6
6
6
4

1 ¸ ¹  � 1ºn2 � n21>
 � 1

0 � 1 n1 � 11>
 � 1 ¸ ¹ 1 � ¹  � 1ºnºI  � 1

3
7
7
7
7
7
5

•

We will show that ~� n = � � Mn and ~� n = � � M � 1
n form a valid parameter set. That is, each element

of ~� n and ~� n lies in »0–1¼and the rows of~� n sum to one. SinceM0 = I  and by the continuity
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of matrix determinant,Mn is full rank whenn is small enough. Also notice thatMn1 = 1 .

Therefore,~� n1 = � � Mn1 = � � 1 = 1# . For each8= 1– • • • – #, ~c81 = c �
81¹1 ¸ ¹  � 1ºn2º � 0.

For any �xed : = 2– • • • –  , ¹Mnº: : = 1 � ¹  � 2ºn and ¹Mnº<: = n for < < : . Thus when

n � 1•¹  � 1º, we have¹Mnº<: � n for any< = 1– • • • –  . Therefore, the following inequalities

hold for each8= 1– • • • – #and: = 2– • • • –  :

~c8: = � n2c �
81 ¸

 Õ

< =2

c �
8<¹Mnº<: � � n2c �

81 ¸ n
 Õ

< =2

c �
8<

� � n2¹1 � Xº ¸ n¹1 � c �
81º � � n2¹1 � Xº ¸ nX� nX2 ¡ 0•

Here we also used
Í  

: =1 c �
8: = 1, c �

81 � 1 � X, andn Ÿ X.

Further notice that

Mn � I  =

2
6
6
6
6
6
4

n2¹ � 1º � n21>
 � 1

0 � 1 n1 � 11>
 � 1 � n¹ � 1ºI  � 1

3
7
7
7
7
7
5

–

which leads tokMn � I  k�
n! 0
�! 0. HerekAk� =

q Í <
8=1

Í =
9=1 02

8 9is the Fronenius norm of any

matrixA = ¹08 9º 2 R< � =. By the continuity of matrix inverse and Frobenius norm,

kM � 1
n � I  k�

n! 0
�! 0•

Therefore,

k ~� � � � k� = k� � ¹I  � M � 1
n ºk� � k � � k2kI  � M � 1

n k�
n! 0
�! 0•

Since all the elements of� � are strictly in¹0–1º, the elements of~� must be in»0–1¼whenn is

small enough. Also note thatMn is not a permutation matrix whenn ¡ 0, thus the GoM model is

not identi�able up to a permutation. This completes the proof of the theorem.ƒ

Proof of Theorem 2. SupposeA0=:¹� � º = A �  . Now, consider SVDR� = U� � � V�> with

U� 2 R# � A–V � 2 R� � A–� � 2 RA� A. For simplicity, we continue to use the same notationsU� –� � –V�
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here even though the matrix dimensions have changed. Without loss of generality, we can reorder

the subjects and memberships so that� �
1: –: = I  from Assumption 1. According Proposition 1,

U� = � � U�
1: –:• (2.19)

SinceA0=:¹� � º =  – A0=:¹U� º = A, we must have rank¹U�
1: –:º = rank¹U� º = A.

Suppose another set of parameters¹ ~� –~� º yields the sameR� and we denote its corresponding

pure subject index vector as~Sso that ~� ~S–: = I  . Similarly, we have

U� = ~� U�
~S–:

• (2.20)

Taking the~S rows of both sides of (2.19) and the �rst rows of both sides of (2.20) yields

� �
~S–:

U�
1: –: = U�

~S–:
–U�

1: –: = ~� 1: –:U�
~S–:

•

The above equation shows thatU�
~S–:

is in the convex hull created by the rows ofU�
1: –:, andU�

1: –:

is in the convex hull created by the rows ofU�
~S–:

. Therefore, there must exist a permutation matrix

P such thatU�
~S–:

= PU�
1: –:. Combining this fact with (2.19) and (2.20) leads to

¹� � � ~� PºU�
1: –: = 0• (2.21)

Proof of part (a). For part (a),A =  andU�
1: –: is full rank according to (2.19). In this case,

(2.21) directly leads to� � = ~� P and thus~� = � � P�> .

Now generally considerA Ÿ  . By permuting the rows and columns of� � , we can write

� � =

2
6
6
6
6
6
4

C CW1

W>
2 C W>

2 CW1

3
7
7
7
7
7
5

– (2.22)

whereC 2 RA� A is full rank, W1 2 RA�¹  � Aº and W2 2 RA�¹ � � Aº. Now comparing the block
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columns of (2.22) and� � = V� � � ¹U�
1: –:º

> gives

2
6
6
6
6
6
4

IA

W>
2

3
7
7
7
7
7
5

C = V � � � ¹U�
1:A–:º

> –

2
6
6
6
6
6
4

IA

W>
2

3
7
7
7
7
7
5

CW1 = V � � � ¹U�
¹A̧ 1º:#–:º

> •

(2.23)

SinceC is full rank,U�
1:A–: has to also be full rank and (2.23) can be translated into

U�
¹A̧ 1º:#–: = W>

1 U�
1:A–:•

Therefore,

U�
1: –: =

2
6
6
6
6
6
4

IA

W>
1

3
7
7
7
7
7
5

U�
1:A–:• (2.24)

By plugging the (2.24) into (2.21) and again using the fact thatU�
1:A–: is full rank, we have

¹� � � ~� Pº

2
6
6
6
6
6
4

IA

W>
1

3
7
7
7
7
7
5

= 0• (2.25)

Proof of part (b). DenoteA := � � � ~� P. If A=  � 1, W1 = ¹, 1–1– • • • – ,1– � 1º is a ¹ � 1º-

dimensional vector and (2.25) gives us

A:– 9̧ , 1– 9A:–: = 0– 8 9= 1– • • • –  � 1• (2.26)

Denote anA-dimensional column vector with all entries equal to one by1A. Right multiplying1A

to both sides of (2.25) yields

A

2
6
6
6
6
6
4

1A

W>
1 1A

3
7
7
7
7
7
5

= 0•
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Also, note that both� � and ~� P have row sums of 1. Hence,

 Õ

9=1

A:– 9= 0# –

 � 1Õ

9=1

A:– 9̧ W>
1 1AA:– = 0# •

Taking the difference of the two equations above gives¹1 � W>
1 1AºA:– = 0# . If W>

1 1A < 1, then

A:– has to be0# , which impliesA:– 9= 0# for all 9= 1• • • –  � 1 according to (2.26). Therefore,

A = � � � ~� P = 0# , which leads to~� = � � P> .

Note that using (2.24) leads to

� �> = U�
1: –:�

� V �> =

2
6
6
6
6
6
4

I  � 1

W>
1

3
7
7
7
7
7
5

U�
1:¹ � 1º–:�

� V �> =

2
6
6
6
6
6
4

I  � 1

W>
1

3
7
7
7
7
7
5

¹� �
:–1:¹ � 1ºº

> •

Hence� �
:– = � �

:–1:¹ � 1ºW1. Therefore, the conditionW>
1 1A < 1 is equivalent to the -th column

of � � not being an af�ne combination of the other columns.

Proof of part (c). Now consider the case ofeither A =  � 1 with W>
1 1A = 1, or A Ÿ  � 1.

Assume subject< is completely mixed so thatc<–: ¡ 0–8: = 1– • • • –  . De�ne

~0>
8 =

8>>>><

>>>>
:

0�>
8 if 8< <

0�>
< ¸ n#> »� W>

1 –I  � A¼ if 8= <
–

wheren ¡ 0 is small enough so that~08 2 ¹0–1º, and# 2 R � A is such that#> ¹1 � A � W>
1 1Aº = 0.

Note that such# < 0 always exists under the assumption in part (c), because ifA =  � 1 with

W>
1 1A = 1, then#> ¹1 � A� W>

1 1Aº = V¹1� 1º = 0 holds for anyV 2 R; if A Ÿ  � 1, then � A� 2

and# has dimension at least two, so the inner product equation#> ¹1 � A� W>
1 1Aº = 0 must have a

nonzero solution#. The constructed~� have row sums of 1 by the construction of#. Furthermore,
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~� U�
1: –: and� � U�

1: –: can only be different on the< -th row, and

~0>
< U�

1: –: = 0>
< U�

1: –: ¸ n#> »� W>
1 –I  � A¼

2
6
6
6
6
6
4

IA

W>
1

3
7
7
7
7
7
5

U�
1:A–: = 0�>

< U�
1: –:•

Hence ~� U�
1: –: = � � U�

1: –:. This gives us

� � � �> = � � U�
1: –:�

� V �> = ~� U�
1: –:�

� V�> = ~�� �> •

We can see that¹� � –� � º and¹ ~� –� � º yield the same model but� � < ~� . This completes the proof

for part (c).ƒ

2.8.2 Proof of the Consistency Theorem 3

For any matrixA with SVD A = UA � AV>
A, de�ne

sgn¹Aº := UAV>
A•

According to Remark 4.1 in [56], for any two matricesA–B 2 R=� A– A� =:

sgn¹A> Bº = arg min
O2OA� A

kAO � Bk–

whereOA� A is the set of all orthonormal matrices of sizeA� A. The2-to-1 norm of matrixA is

de�ned as the maximum row;2 norm, i.e.,kAk2–1 = max8ke>
8 Ak. De�ne

A=
maxf #– �g
minf #– �g

•

Under Condition 2, we havê¹R� º = f 1¹� � � �> º
f  ¹� � � �> º � f 1¹� � ºf 1¹� � º

f  ¹� � ºf  ¹� � º = ^¹� � º^¹� � º ® 1 and

f  ¹R� º � f  ¹� � ºf  ¹� � º ¥
p

#� .
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Lemma 1 Under Condition 2, if# • � 2 ! 0 and � • # 2 ! 0, then with probability at least1 �

$ ¹¹# ¸ � º� 5º, one has

kU � U� � sgn¹U�> Uºk2–1 ®

p
A¸

p
log¹# ¸ � º
p

#�
(2.27)

kU� V> � U� � � V�> k1 ®

s
Alog¹# ¸ � º
minf #– �g

• (2.28)

Here the in�nity normkAk1 for any matrixA is de�ned as the maximum absolute entry value. We

write the RHS of (2.27) asYand the RHS of (2.28) as[ .

Proof of Lemma 1. We will use Theorem 4.4 in [56] to prove the lemma and will verify the

conditions of that theorem are satis�ed.

De�ne the incoherence parameter` := max
�

# kU� k2
2–1

 –
� kV� k2

2–1
 

�
. Note that

kU� k2–1 � k U�
S� –:k2–1 � k U�

S� –:k =
1

f  ¹� � º
®

1
p

#
–

since all rows ofU� are convex combinations ofU�
S� –:. On the other hand,

kV � k2–1 =k� � ¹U�
S� –:º

�> � �� 1k2–1 � k � � k2–1 k¹U�
S� –:º

�> � �� 1k

�k � � k2–1 kU�� 1
S� –: k �

1
f  ¹� � � �> º

=
k� � k2–1 f 1¹� � º

f  ¹� � � �> º

�
k� � k2–1 ^¹� � º

f  ¹� � º
�

p
 ^ ¹� � º

f  ¹� � º
®

1
p

�
•

Therefore,̀ ® 1.

On the other hand, we will show that
p

log¹# ¸ � º•minf #– �g ® 1. By the symmetry of# and

� , we assume� � # without loss of generality. Thus

s
log¹# ¸ � º
minf #– �g

=

r
log¹# ¸ � º

�
®

r
log¹� 2 ¸ � º

�
! 0•
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Therefore, Assumption 4.2 in [56] holds and (2.27) and (2.28) can be directly obtained from

Theorem 4.4 in [56].ƒ

Lemma 2 Let Conditions 1 and 2 hold. Then, there exists a permutation matrixP such that with

probability at least1 � $ ¹¹# ¸ � º� 5º,

kUŜ–: � PU�
S� –: � sgn¹U�> Uºk ® Y• (2.29)

Proof of Lemma 2. Using Proposition 1, we will apply Theorem 4 in [71] with~G = U, G =

U� � sgn¹U�> Uº, W = � � , Q = U�
S–: � sgn¹U�> Uº, N = U� U� sgn¹U�> Uº, N = U� U� � sgn¹U�> Uº.

According to Lemma 1,ke>
8 Nk � Y and Y ®

p
A̧

p
log¹# ¸ � º

p
#�

. On the other hand,f  ¹Qº =

f  ¹U�
S� –:º = 1

f 1¹� � º � 1p
#

sinceU� = � � U�
S� –: andf 1¹� � º � k� � k� �

p
# max8




 e>

8 � �





2 �
p

# .

Therefore,Y � � �
f  ¹U�

S� –:º

 
p

 
for some� � ¡ 0 small enough. Then we can use Theorem 4 in [71] to

get

kU � PU�
S� –: � sgn¹U�> Uºk � � 0

p
 ^ ¹U�

S� –: � sgn¹U�> UººY

= � 0
p

 ^ ¹U�
S� –:ºY

¹8º
= � 0

p
 ^ ¹� � ºY

® Y with probability at least1 � $ ¹¹# ¸ � º� 5º.

Here¹8º is becauseU� = � � U�
S� –:. ƒ

Proof of Theorem 3. First show thatUŜ–: is not degenerate. By Weyl's inequality and Lemma 2,

with probability at least1 � $ ¹¹# ¸ � º� 5º, we have

f  ¹UŜ–:º � f  ¹PU�
S� –:Oº � k UŜ–: � PU�

S� –: � sgn¹U�> Uºk

� f  ¹U�
S� –:º � k UŜ–: � PU�

S� –: � sgn¹U�> Uºk�

¥
1

f 1¹� � º
� Y

¥
1

p
#

�

p
A¸

p
log¹# ¸ � º
p

#�
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¥
1

p
#

when#– � are large enough and#� 2 converges to zero. Therefore,UŜ–: is invertible.

For the estimation of� ,

k ~� � � � Pk�

=kUU� 1
Ŝ–:

� U� U�� 1
S–: Pk�

� k U¹U� 1
Ŝ–:

� sgn¹U�> Uº> U�� 1
S� –:Pºk�

|                                       {z                                       }
�1

¸ k¹ U � U� sgn¹U�> Uºº»P� 1U�
S� –:sgn¹U�> Uº¼� 1k�

|                                                            {z                                                            }
�2

=:�1 ¸ �2•

We will look at �1 and�2 separately.

�1 = kU¹U� 1
Ŝ–:

� sgn¹U�> Uº> U�� 1
S� –:P

> ºk�

� k U� 1
Ŝ–:

� sgn¹U�> Uº> U�� 1
S� –:P

> k�

� k U� 1
Ŝ–:

kksgn¹U�> Uº> U�� 1
S� –:P

> kkUŜ–: � PU�
S� –:sgn¹U�> Uºk�

®
p

# � f 1¹� � º � Y

®
p

# �

p
A¸

p
log¹# ¸ � º
p

�
with probability at least1 � $ ¹¹# ¸ � º� 5º;

and

�2 =k¹U � U� sgn¹U�> Uºº»P� 1U�
S� –:sgn¹U�> Uº¼� 1k�

�k U � U� sgn¹U�> Uºk� k¹U�
S� –:º

� 1k

�
p

# � Y� f 1¹� � º

®
p

# �

p
A¸

p
log¹# ¸ � º
p

�
with probability at least1 � $ ¹¹# ¸ � º� 5º.
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Therefore, with probability at least1 � $ ¹¹# ¸ � º� 5º,

1
p

# 
k ~� � � � Pk� ®

p
A¸

p
log¹# ¸ � º
p

�

=

8>>>><

>>>>
:

p
#
� ¸

p
log¹# ¸ � º

p
�

if # ¡ �–

1p
#

¸
p

log¹# ¸ � º
p

�
if # � �•

Therefore, 1p
# 

k ~� � � � Pk� converges to zero in probability as#– � ! 1 and #
� 2 ! 0.

For the estimation of� � , consider~� = V� U>
Ŝ–:

.

k ~� P � � � k�

=kP> UŜ–:� V> � U�
S� –:�

� V�> k�

�k¹ P> UŜ–: � U�
S� –:sgn¹U�> Uºº� V> k� ¸ k¹ U�

S� –:sgn¹U�> Uº � US� –:º� V> k�

¸ k US� –:� V> � U�
S� –:�

� V �> k�

�k P> UŜ–: � U�
S� –:sgn¹U�> Uºk� � f 1¹Rº � kVk ¸ kU�

S� –:sgn¹U�> Uº � US–:k � f 1¹Rº � kVk

¸
p

 � kUS� –:� V> � U�
S� –:�

� V �> k1

¹88º
®Y� f 1¹R� º ¸ Y� ¹f 1¹Rº � f 1¹R� ºº ¸

p
 � � [ with probability at least1 � $ ¹¹# ¸ � º� 5º–

where¹88º results from Lemma 2. By Weyl's inequality,jf 1¹Rº � f 1¹R� º j � kR � R� k, where

R � R� is a mean-zero Bernoulli matrix. According to Eq (3.9) in [56], with probability at least

1 � ¹ # ¸ � º� 8,

kR � R� k ®
p

# ¸ � ¸
p

log¹# ¸ � º•

Furthermore,f 1¹R� º � f  ¹R� º ¥
p

#� by Condition 2, thus we know thatf 1¹R� º ¥ jf 1¹Rº �

f 1¹R� º j with probability at least1� ¹ # ¸ � º� 8. Therefore, with probability at least1� $ ¹¹# ¸ � º� 5º,

k ~� P � � � k� ® Y� f 1¹R� º ¸
p

 � � [
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®

p
A¸

p
log¹# ¸ � º
p

#�
�
p

# �
p

� ¸
p

�

s
Alog¹# ¸ � º
minf #– �g

=
p

A¸
p

log¹# ¸ � º ¸
p

�

s
Alog¹# ¸ � º
minf #– �g

•

Thus

1
p

� 
k ~� P � � � k� ®

p
A¸

p
log¹# ¸ � º
p

�
¸

s
Alog¹# ¸ � º
minf #– �g

=

8>>>><

>>>>
:

p
#
� ¸

p
log¹# ¸ � º

p
�

¸
p

# log¹# ¸ � º
� if # ¡ �

1p
#

¸
p

log¹# ¸ � º
p

�
¸

p
� log¹# ¸ � º

# if # � �
•

Therefore, 1p
� 

k ^� P � � � k� converges to zero in probability as#– � ! 1 and #
� 2 – �

# 2 ! 0. ƒ
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Chapter 3: Generalized Grade-of-Membership Estimation for

High-dimensional Locally Dependent Data

3.1 Introduction

We have addressed the identi�ability and estimation challenges for GoM models with binary

responses and independent items in Chapter 2. One challenge to be addressed in GoM analysis is

the local dependence issue among items, meaning that a subject's observed multivariate responses

exhibit additional dependencies that are not fully explained by the latent variables. Local depen-

dence has long been known as a practical issue when applying latent variable measurement models

in social science [72, 73]. For instance, in the American National Election Studies (ANES) dateset,

blocks of items concerning voting participation, presidential approval, economics, and other topics

may display local dependence within each topic. In addition to social science, in genome-wide as-

sociation studies (GWAS), linkage disequilibrium (LD) – where neighboring alleles are correlated

– represents a form of local dependence [74]. In single-cell data, gene co-expression that re�ects

dependencies between genes [75] also constitutes local dependence. It is crucial to devise accurate

estimation methods for locally dependent GoM models, especially in high-dimensional settings

where such dependencies are often more pronounced.

Another challenge in GoM models is to extend the estimation methods developed for dichoto-

mous data [76, 26] to polytomous data, as mentioned in the discussion section 2.7 in Chapter 2.

Analyzing GoM models beyond one distribution is also challenging, as the current Bayesian or

likelihood-based methods for GoM are usually tailored to a speci�c probabilistic model such as

the Bernoulli model, limiting their applicability across different data distributions. Furthermore,

the theoretical guarantees for estimating the GoM model in high-dimensional settings remain un-

known.
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To address the above challenges, we �rst observe that the multivariate categorical data can be

reformulated as a three-way (quasi-)tensor, with many subjects responding to many items with

varying numbers of categories. We employ a simple yet novel technique to �atten this quasi-

tensor into a “fat” matrix and then perform SVD to estimate parameters by exploiting the singular

subspace geometry. We further introduce the generalized-GoM models, which encompass a wide

range of data distributions with potential local dependence and cover the traditional GoM model

as a special case. We establish �nite-sample entrywise estimation error bounds for generalized-

GoM parameters. To achieve this, we develop a novel sharp two-to-in�nity singular subspace

perturbation theory for arbitrary locally dependent data from �exible distributions, which is of

independent interest. Extensive simulation studies demonstrate that our method ef�ciently and

accurately estimates the generalized-GoM parameters with local dependence that either results

from the �attening technique or is a consequence of the intrinsic data generation mechanism. We

apply our method to a diverse range of real-world datasets in political surveys, population genetics,

and single-cell sequencing, and uncover interesting insights.

The rest of this chapter is structured as follows. Section 3.2 explains the background and

motivation for this work and introduces the model setup. Section 3.3 discusses model identi�ability

and presents a spectral method for generalized-GoM models. Section 3.4 develops a two-to-in�nity

singular subspace perturbation theory for locally dependent data from �exible distributions and

establishes entrywise error bounds for parameter estimation. Section 3.5 reports the results of

simulation studies and Section 3.6 presents three real-data applications. Section 3.7 concludes

the chapter. All technical proofs of the theoretical results and additional computation details are

provided in Section 3.8.

3.2 Motivation and Model Setup

3.2.1 GoM for Multivariate Categorical Data and Existing Methods

We �rst review the classical GoM model for multivariate categorical data [17, 77, 18]. Consider

categorical responses from# subjects to! items, and denote the response of subject8to item; by
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~' 8–;2 f1– • • • – �;g, for 82 »# ¼and; 2 »! ¼, where� ; � 2 is the number of categories of item;.

Recall that the GoM model has two levels of modeling: the population level and the individual

level. On the population level, there are extreme latent pro�les, each representing a prototypical

response pattern. For each: 2 » ¼, the extreme latent pro�le: corresponds to an item parameter

vector ~: : = ¹ ~) >
1–:– • • • –~) >

!–: º> with ~) ;–: = ¹ ~\ ;–:–1– • • • –~\ ;–:–�; º
> 2 »0–1¼� ; , and

~\ ;–:–2= P¹ ~' 8–;= 2 j subject8solely belongs to the: -th extreme latent pro�leº

for 2 2 »� ;¼, ; 2 »! ¼. Note that
Í � ;

2=1
~\ ;–:–2 � 1 always holds for each; 2 »! ¼and : 2 » ¼.

On the individual level, each subject8 is associated with a vector of mixed membership scores

0�
8 = ¹c �

81– • • • – c�
8 º, with c �

8: � 0 and
Í  

: =1 c �
8: = 1. Each membership scorec �

8: indicates the

extent to which subject8partially belongs to extreme latent pro�le: . The item response probability

for the8-th subject's response to the;-th item is a convex combination:

P¹ ~' 8–;= 2º =
 Õ

: =1

c �
8–:

~\ ;–:–2–for 2 2 »� ;¼• (3.1)

We collect all item parameters in matrix~� = ¹ ~: 1– • • • –~:  º 2 »0–1¼¹
Í !

;=1 � ; º�  .

It was typically assumed that a subject's responses~' 8–1– • • • –~' 8–!are conditionally independent

given the membership scores0�
8, which is called the local independence assumption. Under this

assumption, if0�
8 are considered to be i.i.d random vectors, for example,0�

8 follows the Dirichlet

distribution� " � ¹�º parameterized with" � 2 R 
¸ , then the marginal likelihood function of a GoM

model is

! ¹ ~� –" � j ~Rº =
#Ö

8=1

¹

�  � 1

!Ö

;=1

� ;Ö

2=1

 
 Õ

: =1

c �
8–:

~\ ;–:–2

! 1 ¹ ~' 8–;=2º

3� " � ¹0�
8º• (3.2)

Note that when� = 2, (3.2) degenerates to (2.3). The marginal maximum likelihood (MML)

approach estimates the population parameters¹ ~� –" � º by maximizing the marginal likelihood

function (3.2). Similar to the challenges for MML approach with binary responses, the popular

Bayesian inference with MCMC algorithms and its variants [e.g., 78, 18, 79, 80, 45, 81] often
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suffer from high computational cost and do not scale to high-dimensional data in this scenario.

In addition to Bayesian MCMC methods, there exist several optimization-based estimation

methods for the GoM model with categorical data. [82] developed a heuristic variational inference

method for the GoM model. Another optimization-based estimation approach is the joint maxi-

mum likelihood (JML) method [77]. JML treats the mixed membership scores as �xed parameters

and maximizes the joint likelihood function to simultaneously estimate� � and ~� . Another study

[83] proposed a moment estimation method that leverages the second and third order moments to

estimate the population parameters in Dirichlet latent variable models with mixed data types.

3.2.2 Mixed Membership Structures for Other Data Types

Related mixed membership (MM) models have also been used to model multivariate data from

the Binomial and Poisson distributions in some applications. For example, the number of minor

allele of a single nucleotide polymorphism (SNP) is usually assumed to follow a Binomial distribu-

tion. Let � � = ¹\ �
9–:º and\ �

9–:2 ¹0–1º represents the binomial parameter for the9-th SNP and the

: -th ancestry pro�le, then the genotype' 8– 9follows Binom¹2–
Í  

: =1 c �
8–:\

�
9–:º for 82 »# ¼– 92 »� ¼.

The marginal likelihood function for a Binomial MM model is

! ¹� � –" � jRº =
#Ö

8=1

¹

�  � 1

�Ö

9=1

�
2

' 8– 9

�  
 Õ

: =1

c �
8–:\

�
9–:

! ' 8– 9 

1 �
 Õ

: =1

c �
8–:\

�
9–:

! 2� ' 8– 9

3� " � ¹08º

when assumingc �
8–:follows a distribution� " � ¹�º parametrized by" � . The in�uential MCMC algo-

rithm STRUCTURE [84] imposes a Dirichlet prior onc �
8–:and estimates thisadmixture modelfor

Binomial distributed genotype data. As an example for count data, let' 8– 9represent the expression

count for the gene9in the cell8in single-cell sequencing data. In this case,\ �
9–:2 R¸ denotes the

Poisson rate and' 8– 9
ind.� Poisson¹

Í  
: =1 c �

8–:\
�
9–:º for 82 »# ¼– 92 »� ¼. The joint likelihood function

for a Poisson MM model is given by

! ¹� � –� � jRº =
#Ö

8=1

�Ö

9=1

1
' 8– 9!

 
 Õ

: =1

c �
8–:\

�
9–:

! ' 8– 9

exp

 

�
 Õ

: =1

c �
8–:\

�
9–:

!

• (3.3)
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To maximize (3.3), nonnegative matrix factorization (NMF) with iterative multiplicative updates

is a popular approach [85, 86]. This algorithm depends on the Poisson distribution assumption and

is sensitive to initializations.

3.2.3 Generalized-GoM Models and Our Assumptions

To facilitate statistical analysis of high-dimensional polytomous data, we introduce a simple

but novel approach that �attens the three-way quasi-tensor into a “fat” binary matrix (see Figure

3.1), with columns corresponding to the response categories of all items. De�ne� :=
Í !

;=0 � ; with

� 0 = 0 and consider the binary matrixR = ¹' 8– 9º 2 R# � � with

' 8–
Í ; � 1

< =0 � < ¸ 2 = 1¹ ~' 8–;= 2º– for 2 2 »� ;¼• (3.4)

Similarly, we de�ne the corresponding �attened item parameter matrix� � = ¹\ �
9 :º 2 »0–1¼� �  

with \ �Í ; � 1
< =0 � < ¸ 2–:

= ~\ ;–:–2for 2 2 »� ;¼– ;2 »! ¼– : 2 » ¼. The columns ofR consist of! blocks,

with the size of the;-th block equal to the number of categories for the;-th item. Within the;-th

block, we always have
Í � ;

2=1 ' 8–
Í ; � 1

< =0 � < ¸ 2 � 1. Apparently, this �attening technique introduces local

dependence within each block that cannot be accounted for by the latent variables.

Figure 3.1 visualizes �attening a three-way quasi-tensor into a fat binary matrix. We interpret

this �gure using the ANES data (see Section 3.6) as an illustration. Each of the �ve rows represents

a subject that responds to four items regarding illegal immigration, climate, political participation,

and taxes, respectively. The number of response categories for the four items are5–3–2–3, as

re�ected as the number of columns for the cubes in the middle of the �gure. For instance, item

1 asks “How important is the illegal immigration issue in the country today?” and the5 possible

responses vary from “Extremely important” to “Not at all important”. Item3 asks “During the past

12 months, have you posted a message or comment online about a political issue or campaign?”

and the possible responses are “Yes” and “No”. Similar concatenated data structures have been

considered in the multilayer random graph models [87, 88], and [89] considers such structures in
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Figure 3.1: Visualization of the �attening technique. Cubes on the left represent the three-way
quasi-tensor~R, and those on the right represent the �attened binary matrixR.

the spectral subspace.

To accommodate �exible local dependence structures and various data types, we introduce a

class ofgeneralized-GoMmodels that support general data distributions including those with sub-

exponential tails, and cover the classical GoM model as a special case. Write the (�attened) data

matrixR as the sum of a mean matrixR� and a noise matrixE,

R� := E»R¼= � �
|{z}
# �  

� �>
|{z}

 � �

– E := R � R� –

where� � = ¹c �
8–:º 2 »0–1¼# �  includes the membership scores, and� � = ¹\ �

9–:º 2 R� �  collects

all the item parameters. Such expectation-noise decomposition is commonly used in the topic

modeling and network modeling literature, generally assuming independent entries in the noise

matrix E. In contrast, we impose the following Assumption 1 to characterize the general block

dependence structure of the noise entries, along with their tail behavior.

Assumption 1 (Block Dependent Noise under Flexible Distributions)Matrix E satis�es:

(a) There exists a partition( 1– (2– • • • – (! of »� ¼with j( ; j � " for each; 2 »! ¼, such that the

vectorsf E8–(; g
!
;=1 are mutually independent for different82 »# ¼and; 2 »! ¼.

(b) Eitherj� 8– 9j � � for all 82 »# ¼, 92 »� ¼, or there exists a random matrixE0 = ¹� 0
8– 9º 2 R# � �

obeying the same dependence structure in (a), such that for any82 »# ¼– 92 »� ¼, it holds that





 � 0

8– 9








1
� � , E»� 0

8– 9¼= 0,





 Cov¹E0

8–:º





 ®




 Cov¹E8–:º




 , andPr¹� 8– 9= � 0

8– 9º � 1 � $ ¹3� 22º.
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The generalized-GoM models satisfying Assumption 1 are suitable for handling highly asym-

metric and sparse data, and are applicable across diverse �elds, including social science surveys,

admixture modeling in population genetics, single-cell sequencing data, among others. The �ex-

ible local dependence in Assumption 1(a) effectively captures the dependence in the �attened

data from multivariate polytomous responses and accommodates other more complex dependence

structures. The entries in each block( ; can be arbitrarily dependent on each other, which can ei-

ther consist of those �attened response categories of a single item and/or concatenated responses

across different intrinsically locally dependent items. Related local dependence considerations are

explored in [90] and [91]. [92] relaxes the entrywise independence assumption using a linear-

transformed entrywise-independent noise assumption, but their assumption cannot capture the de-

pendence structure of �attened polytomous data in our motivating setting.

Notably, the high-probability boundedness Assumption 1(b) encompasses a wide range of data

types, covering all sub-exponential distributions and substantially extending beyond the �attened

polytomous data case in the traditional GoM model. For example, the mixed membership models

for Binomial and Poisson data mentioned in Section 3.2.2 both belong to our generalized-GoM

modeling framework. Speci�cally, one can write the data arising from these models as the sum

of a low-rank signal part� � � �> and a mean-zero Binomial/Poisson noise partE, where� � are

Binomial or Poisson parameters with their respective range.

Consider the SVD of the signal matrixR� = U� � � V �> , where� � = diag¹f �
1– • • • – f� º with

f �
1 � � � � � f �

 ¡ 0 collects the singular values. Orthonormal matricesU�
# �  , V�

� �  respectively

consist of the left and right singular vectors andU�> U� = V �> V � = I  . Similarly, we consider

the top- SVD for the observed matrixR � U� V> where� = diag¹f 1– • • • – f º with f 1 �

• • • – f � 0, U 2 R# �  , V 2 R� �  , andU> U = V> V = I  . We denotê � := f �
1• f �

 as

the condition number ofR� . Also de�ne the matrix incoherence degrees, which are standard in

entrywise matrix perturbation theory:` 1 := ¹# •  º kU� k2
2–1 , and` 2 := ¹� •  º kV � k2

2–1 . Write the

ratio of � and# asA:= � • # .
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3.3 A Spectral Method for Parameter Estimation

Model identi�ability is a crucial prerequisite for valid and reproducible statistical analysis.

Conventionally, a statistical model is said to be identi�able if there is a one-to-one mapping be-

tween the population parameters and the marginal likelihood function. [45] established such a

notion of population identi�ability for a dimension-grouped variant of the GoM model, by in-

vestigating when the probability mass function (PMF) of the observed random vector (see (3.2))

uniquely determines the item parameters� � and Dirichlet parameters" � . However, this notion

does not concern the identi�ability of the latent membership scores0�
8, which are also often of

interest. We consider the notion of expectation identi�ability in De�nition 1 and similarly impose

Assumption 2 for expectation identi�ability of the generalized-GoM models.

Algorithm 3 Spectral Method for Estimating the GoM Model with Categorical Responses

Require: Categorical response matrix~R 2 R# � ! , number of extreme latent pro�les 

Ensure: Estimated̂S 2 R –^�
¹postº

2 R� �  –^�
¹postº

2 R# �  

1: Obtain the �attened binary matrixR 2 R# � � from ~R according to (3.4).
2: Get the top singular value decomposition ofR asU� V>

3: Y = U
4: for : 2 f 1– • • • –  gdo
5: (̂ : = argmax¹fkY8–:k2 : 82 »# ¼n̂Pgº
6: u = Y (̂ : –:•kY (̂ : –:k2
7: Y = Y¹I  � uu> º
8: end for
9: ^� = U¹UŜ–:º

� 1, ^�
¹postº

= diag¹ ^� ¸ 1 º� 1 ^� ¸

10: ^� = V� U>
Ŝ–:

11: Let ^�
¹postº

= ¹)̂
¹postº
9–: º with \̂ ¹postº

9–: =

8>>><

>>>
:

\̂ 9–: if 0 � \̂ 9–: � 1

0 if \̂ 9–:Ÿ 0

1 if \̂ 9–:¡ 1
12: for ; 2 f 1– • • • – !gdo
13: for : 2 f 1– • • • –  gdo
14: ) 1 = ^�

¹postº
¹
Í ; � 1

C=1 � Ç 1º:¹
Í ;

C=1 � Cº–:

15: ^�
¹postº
¹
Í ; � 1

C=1 � Ç 1º:
Í ;

C=1 � C–:
= ) 1•1>

 ) 1

16: end for
17: end for
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Assumption 2 � � satis�es the pure subject condition 1. In addition, rank¹� � º =  .

Lemma 3 Under Assumption 2, the generalized-GoM model is identi�able and� � = U� U�� 1
S� –: ,

� � = V� � � U�>
S� –:.

Under Assumption 2, denoteS� = ¹( �
1– •••– (�

 º as the index vector of one set of pure subjects

such that� �
S� –: = I  . Lemma 3 tells us that the left singular subspaceU� enjoys the same geometric

property as elaborated in Chapter 2 (see Figure 2.2). Algorithm 3 summarizes the proposed proce-

dure for the polytomous-GoM (i.e., traditional GoM) model, utilizing the aforementioned tuning

and SPA algorithms. The algorithm for Poisson-GoM is given in Section 3.8.3.2 in the Appendix.

Note that Algorithm 3 can be easily generalized to accommodate generalized-GoM models with

other data types by modifying the post-processing on the item parameter estimate^� (line 11) to

the appropriate range. These post-processing steps truncate the estimates to valid values and can

only decrease the estimation error.

3.4 Uniform Estimation Error Bounds for Parameters

To establish entrywise estimation error bounds for our spectral estimator^� and ^� , it is nec-

essary to develop �ne-grained perturbation theory for the empirical singular matricesU and V

according to Lemma 3. In Section 3.4.1, we establish a novel� 2–1 perturbation theory for the left

and right singular subspaces for the truncated SVD under locally dependent and �exibly distributed

noise. In Section 3.4.2, we present uniform entrywise convergence rates for parameters using the

new singular subspace perturbation theory. Finally, in Section 3.4.3, we discuss an application to

GoM models with the popular Dirichlet priors.

3.4.1 New Two-to-in�nity Singular Subspace Perturbation Theory

We parse the impact of local dependence by measuring the covariances of the noise blocks:

f 2 := max
82»# ¼– 92»� ¼

Var¹� 8– 9º– ~f 2 := max
82»# ¼– ;2»! ¼




 Cov¹E8–(; º




 •
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One can verify thatf 2 � ~f 2 � " f 2. In the special case of independent entries inE, ~f 2 = f 2; in

the another special case of exactly equal entries within each block,~f 2 = "f 2.

Assumption 3 We assume that � minf #– ! g– " ! � � , and

f  ¹� � ºf  ¹� � º ¦ f^ � ¹"
p

# ¸
p

� º– (3.5)

" � log2¹# _ � º max

( r
` 1 
#

–

r
` 2 

�

)

® f• (3.6)

Assumption 3 assumes a low-rank signal matrix and balanced block size in the dependence struc-

ture. In addition, (3.5) assumes a lower bound on signal strength, and (3.6) assumes that the

incoherence degrees cannot be too large. Theorem 4 below gives our novel� 2–1 singular subspace

perturbation bounds. These results apply to general low-rank matrices with locally dependent

noise from �exible distributions (see Assumption 1), and are of independent interest to other latent

variable models beyond the mixed membership models.

Theorem 4 (Two-to-in�nity Singular Subspace Perturbation Under Local Dependence)Assume

that Assumptions 1, 3 hold. Then with probability at least1 � $ ¹¹# _ � º� 10º,




 UU> U� � U�






2–1 (3.7)

®
~f

p
# log¹# _ � º

f �
 

r
` 1 
#

¸
^� f 2�

f �
 

2

r
` 1 
#

¸
f" � log¹# _ � º

p
"# ¸ �

f �
 

2

r
` 2 

�
=: b1–




 VV> V � � V�






2–1 (3.8)

®
f

p
� log¹# _ � º

f �
 

r
` 2 

�
¸

^� f 2"#

f �
 

2

r
` 2 

�
¸

f� log¹# _ � º
p

"# ¸ �

f �
 

2

r
` 1 
#

=: b2–




 U� V> � U� � � V � > 




1

®^�  f log¹# _ � º
p

` 1` 2

r
"
�

¸
1
#

¸ " � log¹# _ � º
�
` 2 

�
¸

` 1 
"#

�
=: b3• (3.9)
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Remark 2 By imposing additional assumptions, we can derive simpler expressions for the up-

per bounds presented in Theorem 4. First, provided that" � • f ® log¹# _ � º and ` 2• ` 1 ®

� •¹ log¹# _ � ºº3, then the third term in(3.7) is dominated by the �rst term and




 UU> U� � U�






2–1 ®

 
~f

p
# log¹# _ � º

f �
 

¸
^� f 2�

f �
 

2

! r
` 1 
#

• (3.10)

Similarly, if � • f ® log¹# _ � º and` 1• ` 2 ® # •¹ log¹# _ � ºº3 hold, (3.8) is simpli�ed to




 VV> V � � V �






2–1 ®

 
f

p
� log¹# _ � º

f �
 

¸
^� f 2"#

f �
 

2

! r
` 2 

�
• (3.11)

Lastly, if
p

" � ® ^� f
q

` 1
` 2

^ ` 2
` 1

q
" 2# 2

� ^ � 2

"# holds, the entrywise bound(3.9)becomes




 U� V> � U� � � V� > 




1 ® ^�  f

p
` 1` 2 log¹# _ � º

r
"
�

¸
1
#

• (3.12)

Remark 3 We give an interpretation of(3.11) in Remark 2, and similar interpretation holds for

(3.10). We employ the expansion formula in [93, Theorem 1]:

VV> V� � V�

=
�
I � � V� V� > � �

E> R� ¸ E> E ¸ R�> E
�

|                         {z                         }
R> R� R�> R�

V� � � � 2 ¸ higher order terms

=E> R� V� � � � 2 ¸ E> EV � � � � 2 ¸ negligible termş higher order terms• (3.13)

The two terms of the upper bound in(3.11)correspond to the decomposition above as follows:






 E> R� V � � � � 2








2–1
=






 E> U� � � � 1








2–1
®

f
p

� log¹# _ � º

f �
 

r
` 2 

�
–






 E> EV � � � � 2








2–1
®

f
p

 log¹# _ � º

f �
 

¸
f 2"#

f �
 

2

r
` 2 

�
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®
f

p
� log¹# _ � º

f �
 

r
` 2 

�
¸

^� f 2"#

f �
 

2

r
` 2 

�
–

hold with probability at least1 � $ ¹¹# _ � º� 10º. The �rst line follows from inequality (S.8) in

Lemma S.3 and the second line holds by Lemma S.7 in the Supplementary Material.

Allowing for arbitrarily �exible locally dependent noise is a key distinguishing feature of our

theory. In recent years, there has been signi�cant progress in� 2–1 eigenspace perturbation theory

for random matrices [94, 95, 54, 56, 96, 97, 98]. However, in this literature, most studies con-

sider independent entries in the noise matrix, with only a few exceptions including [90], [91], and

[92]. To facilitate the interpretation, we �rst delve further into the simpli�ed forms presented in

Remark 2. On the one hand, our upper bound (3.10) for the left singular subspaceU involves

~f as a critical quantity to measure the noise level, and provides a sharp characterization of the

SVD-based method's performance (in light of a similar decomposition to (3.13) forU). Further-

more, it is inevitable to involve the block size" in our leave-one-block-out argument for deriving

the bound for the right singular subspaceV. Actually, we highlight that the dependence on"

in our bounds (3.11) and (3.12) issharp, by considering the following special case. Imagine the

scenario where each block size is exactly" , and the entries' 8– 9– 92 ( ; in each block( ; are

duplicates of a single variable�' 8–;� N ¹ 0– f 2º for each82 »# ¼. Invoking (3.13), the �uctuation

V 9–:V> V � � V�
9–: is partially attributed to the componentE>

:– 9E:–(; V
�
( ;–:

� � � 2, given 9 2 ( ; . Apply-

ing elementary concentration inequalities (e.g. Hoeffding's inequality for sub-Gaussian entries),

we �nd that ¹E> Eº( ;–(; is concentrated around
Í

82»# ¼Var¹ �' 8–;º1" 1>
" . This leads to the result

thatmax92»� ¼






 E>

:– 9E:–(; V
�
( ;–:

� � � 2







2
is lower bounded byf

2"#
f �

1
2 kV � k2–1 with high probability. This

con�rms that the dependence of (3.11) on" is sharp and cannot be improved. Moreover, un-

der the same setting, the minimax lower bound for the entrywise error, as informed by [99], is

f
p

 ¹" • � ¸ 1• # º. Provided that̀ 1– 2̀– �̂ –  = $ ¹1º, our upper bound (3.12) is optimal up to a

logarithmic term.

We further clarify how our bounds differ from previous results. Factor analysis with dependent

noises have been discussed in the literature of econometrics [100, 101]. For example, Assump-
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tion A1 in [101] allows the errors to be weakly correlated in both dimensions (columns and rows),

which is more general compared to our settings. However, their factor space estimation error is dis-

cussed in the average sense, in contrast to our entrywise bounds. In addition, [90] and [91] studied

entrywise eigenspace perturbation to accommodate certain dependence structures. To adapt these

results from symmetric random matrices to asymmetric matrices, a common approach is to embed

the asymmetric matrix as two blocks within a larger symmetric matrix, a technique known as the

“symmetric dilation” trick. However, this symmetrization technique often falls short of delivering

a sharp dependence on the ratio� • # and the incoherence degrees` 1 and` 2, because the corre-

sponding singular subspace perturbation bounds for asymmetric random matrices resulting from

symmetrization typically involve� _ # and` 1 _ ` 2. However, distinguishing# from � and dis-

tinguishing` 1 from ` 2 become particularly important when encountering unbalanced observation

matrices (# = >¹� º or � = >¹# º) with unbalanced incoherence degrees (` 1 � ` 2 or ` 1 � ` 2). To

see the importance of distinguishing` 1 betweeǹ 2, we note that̀ 1 � ^2¹� � º• when Assump-

tion 2 holds by Lemmas 3 and S.7, thus` 1 = $ ¹1º if ^¹� � º = $ ¹
p

 º. Section 3.4.3 will show

that ^¹� � º = $ ¹
p

 º holds with high probability if the membership scores are generated from a

Dirichlet distribution, a common assumption in Bayesian inference for GoM models. In contrast,

` 2 often exhibits much larger values due to the prevalence of sparse patterns and heterogeneity

among the items. This distinction is supported by numerous real-world datasets, including the

single-cell data in Section 3.6 where the empirical value of` 1 is around2•9 while for ` 2 it is 55•7.

We address this issue by establishing perturbation bounds for the left and right singular vectors

separately. Our technique is conceptually similar to that of the arXiv version of [98], but with a

nuanced treatment of local dependence.

Lastly, we remark on the application of matrix concentration universality in our proof to over-

come potential dependence issues. Speci�cally, given an# -by-� noise matrixE with block de-

pendence in Assumption 1, we employ Corollary 2.15 in [102] to derive thatkEk ® ~f
p

# ¸ f
p

�

with high probability. To compare this with the preceding approaches, consider the bound pro-

vided by the matrix Bernstein inequality, which often yieldskEk ® ¹ ~f
p

# ¸ f
p

� º
p

log¹# _ � º
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with high probability. This result is
p

log¹# _ � º-looser than our universality-based concentration.

Moreover, this elimination of the
p

log¹# _ � º factor also extends to the bounds onkEV� k and



 U� > E




 .

3.4.2 Uniform Consistency of Parameter Estimation

We establish the error bounds for the estimators^� = UU� 1
Ŝ–:

– ^� = V� U>
Ŝ–:

in Theorem 5.

Theorem 5 (Uniform Consistency of Parameter Estimation)Suppose that Assumptions 1, 2, 3

hold, and additional assume that
p

 ^ 2¹� � ºf 1¹� � ºb1 � 1. Then there exists a permutation matrix

P such that with probability at least1 � $
�
¹# _ � º� 10º,




 ^� � � � P






2–1 = $ ¹^2¹� � ºf 1¹� � ºb1º– k ^� � � � Pk1 = $
�
^2¹� � ºb3

�
• (3.14)

The� 2–1 bound of ^� primarily depends on the left singular subspace perturbation levelb1, as the

estimate is derived from̂U. The additional term̂ 2¹� � ºf 1¹� � º in the bound of^� arises from the

vertex hunting step via the successive projection. Similarly, the� 1 error bound of^� involves the

upper bound ofkR� � U� V> k1 , which is reasonable given that^�
>

is a submatrix ofU� V> , and

^2¹� � º again stems from estimatinĝS via vertex hunting.

Corollary 1 Suppose the assumptions in Theorem 5 hold andmaxf ^¹� � º– ¹̂� � ºg = $ ¹1º. Then

there exists a permutation matrixP such that with probability at least1 � $
�
¹# _ � º� 10� ,




 ^� � � � P






2–1

®
~f

p
` 1 log¹# _ � º

f  ¹� � º
¸

f 2
p

� 

f  ¹� � ºf 2
 ¹� � º

 r
�
#

p
` 1 ¸

r

1 ¸
"#

�
" � log¹# _ � º

f
p

�

p
` 2

!

– (3.15)




 ^� � � � P






1

® f log¹# _ � º
p

` 1` 2

r
"
�

¸
1
#

¸ " � log¹# _ � º
�
` 1 
"#

¸
` 2 

�

�
• (3.16)
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To see the rates of convergence with Corollary 1, consider the case wheref 2
 ¹� � º ¦ # •  

and f 2
 ¹� � º ¦ � •¹ " º. Under the mild assumptions for (3.10) and (3.12) in Remark 2,0̂8

converges to0�
8 with a rate of ~$

�
f 2"

p
` 1

� 1p
�

_ f 
#

� �
, and)̂ 9 converges to) �

9 with a rate of

~$
�
f 2p

` 1` 2
�q "

� _ 1p
#

�
�
.

3.4.3 Application to GoM Models with Dirichlet Prior

Dirichlet prior on the membership scores is commonly adopted in Bayesian inference for GoM

models [18, 103, 45]. To illustrate the theoretical results, we discuss a Dirichlet prior application

on the GoM model for polytomous data estimated using the �attening procedure. Assume that

0�
8 is independently sampled from a Dirichlet distribution with parameters" = ¹U1– • • • – U º. For

simplicity, we assume� ; = " for all ; 2 »! ¼. Similarly, we assume that for each; 2 »! ¼– : 2

» ¼, vector ¹\ �
" ¹;� 1º¸ 2–:º

"
2=1 independently follows a Dirichlet distribution with parameters# =

¹V1– • • • – V" º.

Assumption 4 Assume thatmax: U: � � 1 min: U: for some� 1 ¡ 0, max2 V2 � � 2 min2 V2 for

some� 2 ¡ 0, max: U: = $ ¹1º–max2 V2 = $ ¹1º. In addition, # ¦ " 2 5 log4¹# _ � º– � ¦

" 4 6 log4¹# _ � º and

Í
: U:

Umin
�

p
# • log #

6
p

3¹1 ¸ U0º
–

V2
0 � k #k2

V2
0¹1 ¸ V0º

� 4 
p

15 log! • !– (3.17)

Note that (3.17) is similar to Assumption 3.3 in [54].

Corollary 2 Let0�
8

8•8•3� Dirichlet¹" º and¹\ �
" ¹;� 1º¸ 2–:º

"
2=1

8•8•3� Dirichlet¹#º. Suppose Assumption 4

holds. Then with probability at least1 � $ ¹ ¹# ^ ! º� 3º, one has




 ^� � � � P






2–1 ®
" 3•2 5•2

p
log¹# _ � º

p
�

¸
" 2 9•2

#
–




 ^� � � � P






1 ®
" 5•2 9•2 log¹# _ � º

p
�

¸
" 2 9•2 log¹# _ � º

p
#

•
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Corollary 2 gives strong entrywise guarantees for our spectral estimator for the GoM model for

categorical data. To our best knowledge, this is the �rst uniform estimation error control for any

method applied to the GoM model in high-dimensional settings.

3.5 Simulation Studies

We conduct three simulation studies to assess the ef�ciency and accuracy of the proposed

method. Section 3.5.1 presents results for the GoM model for multivariate polytomous data, where

the item responses are polytomous and local dependence is introduced by the �attening technique.

Section 3.5.2 presents results for the GoM model for multivariate binary data, where the binary

item responses are designed to have intrinsic blockwise dependent entries. In the third study in

Section 3.5.3, we consider the generalized-GoM model for Poisson data and compare our method

with the popular NMF algorithm [86]. For all three studies, we consider = 3 and generate100

independent replications for each simulation setting. Within each setting and each replication, the

rows of � are independently simulated from the Dirichlet¹1 º distribution, and the �rst rows

of � are set to the identity matrixI  to satisfy Assumption 2. For both the simulation studies and

real-data applications, we employ a pruning step (see Algorithm 1) onU before SPA in Algorithm

3 to de-noise [54], where we set the tuning parameters asA= 10– @= 0•4– 4= 0•2 as suggested in

[26].

3.5.1 Local Dependence from Flattening Polytomous Responses

We �rst consider local dependence introduced by the �attening technique for polytomous data,

with the number of response categories set to� ; � � = 3 for all ; 2 »! ¼. Consider sample

size # 2 f200–1000–2000–3000–4000–5000g, and � = # •5. For each; 2 »� ¼and : 2 » ¼,

� �
¹� ¹;� 1º¸ 1º:¹�; º–: is independently simulated from Dirichlet¹0•2 � 1� º. For each pair¹8– ;º, the non-

zero index inR8–¹� ¹;� 1º¸ 1º:¹�; º is independently generated from the categorical distribution with the

probability vector being� �
¹� ¹;� 1º¸ 1º:¹�; º–:�

�>
8–: .

Figure 3.2 displays the boxplots of the two-to-in�nity estimation error for^� and the maximum
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absolute estimation error for̂� obtained from the proposed method. We observe that the error

decreases and approaches0 as#– � grow for both estimates, which veri�es our uniform consistency

results for parameter estimation.

Figure 3.2: Simulation study I, estimation error for the proposed method using the �attening tech-
nique. The left panel presents the two-to-in�nity error for^� and the right presents the maximum
absolute error for̂� .

We compare our method with the Gibbs sampling method and the variational inference method

for the polytomous GoM model. The parameters in the Gibbs sampler are initialized with their

generating distributions. The derivation of each updating step in the Gibbs sampler can be found

in Section S.3.1 in the Supplementary Material. We set the �rst5000samples as burn-in and take

the average of2000samples after the burn-in phase as the Gibbs sampling estimates. We employ

the variational inference (VI) algorithm proposed in [82], implemented in themixedMemModel

function in R packagemixedMem. As Gibbs sampling is not scalable to large datasets and would

take a very long time to compute when#– � are large, we only consider# 2 f200–1000–2000g

to compare the three methods' performances. Table 3.1 presents the average computation time in

seconds across the100replications. When# = 2000, our proposed method is about10–000times

faster compared to Gibbs sampling and30 times faster compared to VI. Table 3.2 summarizes

the average two-to-in�nity error of̂� and the max absolute error of̂� . In comparison to Gibbs

sampling, the proposed method delivers comparable results in accuracy. We also �nd that the VI

method in this case does not yield consistent results, and it is very sensitive to initialization. In
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# = 200 # = 1000 # = 2000
Proposed 0.07 2.25 12.84

VI 6.63 85.14 264.40
Gibbs 709.44 16458.22 65464.17

Table 3.1: Simulation study I, average computation time in seconds for polytomous responses.
The �attening technique is used in the proposed method. VI stands for the variational inference
algorithm implemented in themixedMem R package.

� # = 200 # = 1000 # = 2000 � # = 200 # = 1000 # = 2000
Proposed 0.057 0.030 0.024 Proposed 0.098 0.047 0.035

VI 0.252 0.265 0.272 VI 0.204 0.198 0.198
Gibbs 0.072 0.032 0.023 Gibbs 0.080 0.038 0.028

Table 3.2: Simulation study I, average mean absolute error for� and� for polytomous responses.
The �attening technique is used in the proposed method. VI stands for the variational inference
algorithm implemented in themixedMem R package.

summary, our proposed method is ef�cient in computation, especially for large-scale datasets, and

is comparably accurate with popular existing methods.

3.5.2 Intrinsic Local Dependence across Different Items

In this section, we generate binary responses with a more general intrinsic local dependence

structure. Now� � 2 »0–1¼� �  is no longer a �attened parameter matrix, but rather contains the

item response probabilities as the Bernoulli parameters\ �
9 :

8•8•3� Beta¹0•2–0•2º. The membership

scores0�
8 are generated with the same mechanism as stated in Section 3.5.1. To generate the locally

dependent responses, we �rst generate latent variables( 8 2 R� independently and identically from

the Gaussian distribution# ¹0–� º, with � being blockwise diagonal with� • " copies of a" � "

block covariance matrix� 0. Here� 0 2 R" � " has an autoregressive structure with parameterd,

that is,¹� 0º8 9= dj8� 9j. We then de�ne a threshold38 9= � � 1¹� �>
8–: � �

9–:º where� is the cumulative

distribution function for the standard Normal distribution. Finally, each binary response is de�ned

as ' 8– 9= 1¹[ 8 9 Ÿ 38 9º. From this construction, we haveE»' 8– 9¼= Pr¹' 8– 9= 1º = � �>
8–: � �

9–:,

and the elements inR8–: are blockwisely dependent with a block size" . Speci�cally, we set

d = 0•5 and " = 10, which induces a relatively strong level of dependence. We still set# 2

f 200–1000–2000–3000–4000–5000g and let� = # •5. Figure 3.3 presents the error boxplots in
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Figure 3.3: Simulation study II with block-wise dependent data. The left panel presents the two-
to-in�nity error for ^� and the right presents the maximum absolute error for^� .

this scenario. We can see that the estimates from our method are consistent as# and� grow, as

expected from the theory.

3.5.3 Generalized-GoM Estimation for Poisson Data

We simulate data with independent Poisson entries, and compare our method with the NMF

algorithm of multiplicative update proposed in [86]. The Poisson rate parameters\ �
9–:are indepen-

dently sampled from Gamma¹1–2º. To see the effect of the ratio between# and� , we consider

both # = 5� with # 2 f200–1000–2000–3000g and � = 5# with # 2 f200–400–600–800g.

We use the R packageNMFto implement the NMF algorithm [104], where most of the built-in

algorithms have been optimized in C++. We compare the two methods in terms of computation

time and the scaled Frobenius error1p
#�






 R� � ^� ^�

>







�
in Figure 3.4. The proposed method yields

slightly more accurate estimates across different simulation settings. The computation time of the

two methods is comparable when# = 5� , while the proposed method is much more ef�cient in the

high-dimensional setting with� = 5# . It is worth noting that the matrix decomposition estimate

from NMF requires post-processing to locate each row of^� on a simplex. Additionally, the NMF

algorithm itself does not give consistent estimates of parameters� � and � � due to the lack of

identi�ability constraints. Therefore, we have only compared the estimation errors of the low-rank
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matrix itself in Figure 3.4.

Figure 3.4: Simulation study III, comparing the estimation error and computation time for the
proposed method and NMF with# = 5� and� = 5# .

3.6 Real Data Applications

In this section, we apply the proposed method to three real-world datasets arising from diverse

applications, including political survey data (# ¡ � , polytomous data), population genetics data

(# � � , binomial data), and single-cell sequencing data (# � � , nonnegative count data). These

datasets exhibit various different local dependence behaviors, either resulting from the �attening

technique, or from intrinsic dependence, or both.

3.6.1 Political Survey Data

The 2022 pilot survey from the American National Election Studies (ANES) provides data

about voting and public opinion after the 2022 midterm elections in the United States (publicly

available athttps://electionstudies.org/ ). We use a subset of� = 145 items after

excluding followup questions, numeric response questions, and questions that directly ask about

party or political ideology. A total# = 1–511respondents that answered all these items is included

in the analysis. The number of categories for these items ranges from2 to 7, with the majority

being5. After �attening the polytomous response matrix, the column dimension of the data matrix

becomes� = 648. We choose the number of extreme pro�les to be = 3, which is the convention
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in the literature for analyzing US political data [105, 82]. The computation time for the whole

�attening and parameter estimation procedure takes3•8 seconds.

By inspecting the estimated item response probability matrix^� , we can draw very intuitive

interpretations on the three extreme pro�les. Figure 3.5 gives the heatmap of the estimated response

probabilities for a selected subset of items with a representative category of each item. Note

that these items are not necessarily binary and are indeed mostly polytomous with more than two

categories. We can see that the three extreme pro�les are well-differentiated by the three columns

of ^� . We interpret pro�le : = 1 to be conservative in their political ideology. Respondents

belonging to this pro�le are much more likely to vote for Donald Trump, tend to care more about

illegal immigration and gun rights, and also much more in favor of the overturn of Roe v. Wade.

On the contrary, pro�le: = 3 are the liberals and are much more likely to vote for Joe Biden. They

also think the Democrats would do a better job handling a variety of issues such as taxes, voter

fraud, Covid-19, jobs and employment, etc. Pro�le: = 2 are interpreted to be indifferent. They

tend not to follow what is going on in government and public affairs, are less likely to be registered

Figure 3.5: Heatmap of a selected subset of the estimated item response parameters with = 3 for
the ANES data. Each value corresponds to the estimated probability of choosing the corresponding
response in the parenthesis.
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to vote.

The ANES dataset also contains self-reported party information, which we do not use for es-

timating the parameters. To explore how the estimated latent membership scores align with this

held-out information, we present the ternary plot of^� color coded by the party information in the

right panel in Figure 3.7. In this �gure, each dot corresponds to a respondent's0̂8, whose color

represents his or her self-reported party information. We can see that Democrats are closer to the

liberal pro�le, Republicans are closer to the conservative pro�le, and Independents are closer to

the indifferent pro�le. Since we did not use the party information in the estimation procedure,

this result indicates that our method extracts meaningful and interpretable latent representations of

people's political ideology.

To demonstrate the local dependence structure, we provide a covariance matrix heatmap of the

�rst 50columns of the estimated error matrixÊ = R� ^� ^�
>

in the right panel in Figure 3.6. Except

for the weak local dependence introduced by the �atting technique (consecutive diagonal blocks

of size3), we also observe bigger blocks of dependence. It turns out these blocks correspond to

different topics of questions in the survey, such as voting participation, global emotion battery, and

presidential approval. The answers to the questions within each topic are naturally dependent of

each other, giving rise to the bigger blocks in the heatmap.

Figure 3.6: Heatmap of the covariance matrix of the estimated noise matrixR � ^� ^�
>

. The left
panel corresponds to the �rst100columns of the HapMap3 data and the right panel corresponds
to the �rst 50columns of the ANES data.
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3.6.2 Population Genetics Data

We consider a genotyping dataset from the HapMap3 project [106, publicly available athttps:

//www.broadinstitute.org/medical-and-population-genetics/hapmap-

3]. A subset of4 sub-populations are considered, including the African ancestry in Southwest USA

(ASW), Utah residents with Northern and Western European ancestry (CEU), Mexican ancestry in

Los Angeles, California (MEX), and Yoruba in Ibadan, Nigeria (YRI). We follow the conventional

data preprocessing procedure to remove SNPs with minor allele frequency smaller than 5% and

SNPs with missing data [107]. The pre-processed dataset consists of# = 467 individuals and

� = 274–128SNPs.

The observed genotype' 8 9for individual 8at locus 9 takes value inf 0–1–2g, which is the

count of mutations relative to the reference allele. The genotype of each SNP is often assumed to

follow a binomial distribution [108]. So, we haveR� = E»R¼= 2� � � �> with � � containing the

binomial parameters. Linkage disequilibrium (LD) is an important and well-studied phenomena

for SNP genotype data, which refers to correlations among neighboring alleles [109]. Therefore,

we consider a binomial model for this dataset, and directly employ our proposed method onR•2

to estimate� � and � � . The left panel in Figure 3.7 is the ternary plot based on the estimated

membership scores with our proposed method. Our method is able to reveal that the ASW sample

is a mixture of the YRI and CEU samples, and the MEX sample is a mixture between the CEU

sample and a third ancestral population. These observations align with the established biological

understanding of human population genetics [110]. Furthermore, the left panel in Figure 3.6 con-

�rms the existence of local dependence among the SNPs in the data. As demonstrated in Figure

S.1 in the Supplementary Material, the covariance matrix of the estimated error matrixÊ is a good

estimate of the true error covariance matrix.

We compare the proposed method with a highly in�uential method called STRUCTURE [84,

111]. STRUCTURE is a method for multilocus genotype data to infer population structure and

assign admixed proportions (membership scores) to each individual. Essentially, STRUCTURE

falls within the generalized-GoM model, where the admixture proportions are assumed to be sam-
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Figure 3.7: Ternary plots of the estimated membership scores for the HapMap3 data (left) and
ANES data (right). For the Hapmap3 dataset, ASW denotes African ancestry in Southwest USA;
CEU denotes Utah residents with Northern and Western European ancestry; MEX denotes Mexican
ancestry in Los Angeles, California; YRI denotes Yoruba in Ibadan, Nigeria. For the ANES data,
each dot is colored by the subject's self-reported party information.

pled from Dirichlet¹U– • • • – Uº, and the item parameters from Dirichlet¹_1– • • • – _� 9º. The hyper-

parameterU is assumed to have a uniform hyper-prior Unif»0–10¼. STRUCTURE uses an MCMC

algorithm to estimate the model parameters and employs Metropolis-Hasting to updateU at each

iteration. Figure 3.8 displays the comparisons of our proposed method with STRUCTURE in terms

of the membership score estimates. The �gures are generated with theDistruct software [112].

Each vertical slice represents an individual, and each color represents one extreme latent pro�le.

The lengths of the three color bars for each individual8are proportional to the estimated mem-

bership scorêc8–: for : = 1–2–3. We can see that both methods capture rather similar admixture

structures in the sample. However, STRUCTURE took over44 hours and22 minutes to run with

default settings, yet the proposed method takes only about9 seconds. Notably, our method is able

to generate similar results with a huge computation advantage. On another note, if we treat the

f 0–1–2g responses as polytomous data and use the �attening technique before estimating param-

eters, it turns out that it gives very similar estimation results of^� to those given by the binomial

model reported above.
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Figure 3.8: Membership results from STRUCTURE (upper) and the proposed method (lower)
with  = 3 for the HapMap3 dataset. STRUCTURE takes more than44 hours to �nish while our
method takes only9 seconds. Each vertical slice represents an individual, with the lengths of its
three color bars proportional to the estimatedĉ8–:.

3.6.3 Single-cell Sequencing Data

We �nally demonstrate an application to single-cell sequencing data, where the observed fea-

tures are nonnegative counts. The dataset contains RNA-seq read counts for single cells of mouse

embryo development with# = 259 cells and� = 22–431 genes [113, available athttps://

github.com/kkdey/CountClust ]. This dataset also provides labels of10pre-implantation

development phase categories for each cell.

The gene expression counts in our dataset range from0 to 693–974, and we assume a Poisson

model. In single-cell sequencing data, the phenomenon of local dependence is commonly referred

to as gene co-expression [75]. We choose = 6 according to the analysis on the same dataset

conducted in [114]. Figure 3.9 presents our estimated membership scores^� , with each vertical

slice corresponding to a cell. From left (zygote) to right (late blast) are the 10 cell development

phases. We can see that cells belonging to the same phase have relatively similar mixed mem-

bership allocations, and that the early stage cells are less mixed compared to cells at later stages.

Furthermore, we observe a continuous evolution in the membership scores as the cells progress

through the developmental stages. These �ndings align with those reported in [114]. Additionally,

it takes0•5 second to run the proposed method on the count matrix, while the computation time is

reported to be12minutes in [114], where they use R packagemaptp [115] to �t the GoM model.

75



Figure 3.9: Generalized-GoM estimated memberships for the single cell data with = 6. Each
color represents an extreme latent pro�le, and each vertical slice represents a cell. The cells are
ordered by their preimplantation development phase, and within each phase sorted by the member-
ship score of the dominating pro�le in this phase.

3.7 Discussion

This chapter proposes a fast spectral method for generalized-GoM models with potential local

dependence. For the GoM model for high-dimensional polytomous data, we �atten the three-way

quasi-tensor of data into a fat binary matrix and exploit its singular subspace geometry to estimate

parameters. We establish �ne-grained entrywise estimation error bounds for parameters in a broad

family of generalized-GoM models. We also develop a novel� 2–1 singular subspace perturbation

theory for arbitrary locally dependent and �exibly distributed noise, which is of independent inter-

est and can be useful for other latent factor models. Our method has a signi�cant computational

advantage over popular Bayesian MCMC methods and outputs competitively accurate parameter

estimates. Even if one ultimately desires to perform Bayesian posterior inference, we recommend

initializing the MCMC algorithm using our spectral method. This suf�ciently accurate initializa-

tion can help speed up the convergence of the MCMC chain to its stationary distribution.

There are several future directions worth exploring. First, Algorithm 3 requires the input of

 , which is often unknown in practice. There are various tools to determine the choice of .

The simple yet widely-used approach is to inspect the scree plot of the singular values and �nd

the “elbow point”. Other methods include the gap statistic [116], parallel analysis [117], eigen

selection [118]. It is of special interest to apply the proposed method on an estimated and

still obtain theoretical guarantees, similar to the work in [119] and [120]. Second, missing data

can appear in real-world applications especially with big data scenarios. Matrix completion using

spectral methods has been studied [96] and could be potentially extended to our setting. Third,
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to further increase the modeling power of the generalized-GoM model, a potential extension is

to incorporate the degree-correction parameter similar to the degree-corrected mixed membership

model for networks [53, 58, 8]. Then one can perform certain normalizations in the spectral domain

to correct the degree effects before estimating other parameters. Finally, it would be interesting to

develop statistical inference results for locally dependent generalized-GoM models, similar to the

considerations in [119] for network models.

3.8 Appendix to Chapter 3

3.8.1 Row-wise Singular Subspace Perturbation Bounds for Asymmetric Matrices with Local

Dependence

Notation De�nition Notation De�nition

� 8–(; Cov¹E8–(; º 3 # _ �

� 8 Cov¹E8–:º A
�
#

f 2 max82»# ¼– 92»� ¼Var¹� 8– 9º »� ¼ {1,2, . . . , B}

~f 2 max82»# ¼–;2»! ¼



 � 8–(;




 ^�

f �
1

f �
 

` 1
kU� k2

2–1 #

 
` 2

kV� k2
2–1 �

 

Table 3.3: Notations.

We introduce the canonical projection operatorP( : R# � � ! R# � � , %( ¹Eº 7!
�
� 8– 91f¹ 8– 9º2( g

�

where( � » # ¼ � »� ¼. We also denote a tuple returned by the top-: singular value decomposition

of a matrix A 2 R=1� =2 by svd¹A; : º := ¹UA–� A–UAº, whereUA 2 R=1� : and VA 2 R=2� :

respectively collect the top-: left and right singular vectors, and� A is a diagonal matrix with

its diagonal entries being the top-: singular values in non-increasing order. We de�ne additional

notations in Table 3.3, which will be used frequently. Let¹U? –� ? –V? º be the SVD ofR � U� V> .

Elementary Facts. One can easily verify thatf 2 � ~f 2 � " f 2.
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When " = 1, our setting reduces to the independent noise case. With Assumption 3 , we

assume a low-rank signal matrix and balanced block size in the dependence structure. Comparing

the �rst line (3.5) to Theorem 9 in [121], even in the independent noise case, our assumption is

weaker than Theorem 9 by removing the log factor in the lower bound off �
 . The second line

(3.6) is about the assumption on block size� . Compared to (6.5) in Assumption 3 in [121], this is

slightly stronger in the power of thelog3 term, changing from1•2 to 2.

3.8.1.1 Tools for the Proof of Theorem 4

Note that we treat the entries ofE as bounded variables hereinafter, given that all subsequent

high-probability controls have an exceptional probability not greater than$ ¹3� 20º. According to

Assumption 1, replacingE with its truncated version does not alter the concentration inequalities.

Intuitively, we can establish concentration inequalities forE if the local dependence block is

adequately small. For a vectora of length� and a subset( � » � ¼, denotea( = ¹02º22( . For

example, to use the matrix Bernstein inequality to give an upper bound forE1–:A with A 2 R� � @,

we can writeE1–:A as
Í !

;=1
~E>

; A where~E; is a� -dimensional vector that has the;th block equal to

E1–(; and other blocks equal to zero. Then




 E1–:A






2 ®
p

¹log � º+ ¸ ( log �– (3.18)

where

( = max
;2»! ¼




 ~E;A






2 � " � kAk2–1

and

+ = max

( 










Õ

9

E
h
~E>

9AA> ~E9

i











–












Õ

9

E
h
A> ~E9~E>

9A
i











)

� k� k kAk2
� � � k� k kAk2

2–1 •

Remark 4 The perturbation theories in [97] also allow dependency on the columns ofE, assum-

ing that E8–: are sub-Gaussian vectors. However, their proofs depend on Hoeffding's inequality
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instead of Bernstein's inequality, with the help of sub-Gaussianity.

Lemma 4 For any matrixA 2 R< � = with rank andB 2 R=� : –C 2 R: � ; , we have

kAk•
p

< � k Ak2–1 � k Ak � k Ak� �
p

< kAk2–1 – (3.19)

kABk2–1 � k Ak2–1 kBk– (3.20)

kABCk1 � k Ak2–1 kBkkCk1 –2• (3.21)

Proof of Lemma 4. Refer to [95] for the �rst three inequalities in (3.19). The last inequality of

(3.19) is becausekAk� =
p Í <

8=1 kA8–:k2 �
q

< kAk2
2–1 =

p
< kAk2–1 . Inequality (3.20) holds since

kABk2–1 = max
8

kA8–:Bk � max
8

kA8–:kkBk = kAk2–1 kBk•

And inequality (3.21) yields from

j¹ABCº8 9j =jA8–:BC:– 9j � k A8–:kkBkkC:– 9k

�k Ak2–1 kkBkkCk1 –2•

ƒ

Lemma 5 For any matricesA 2 R31� 32–B 2 R31� 33, we have

tr¹AA> Bº � k Ak2
� kBk•

Proof of Lemma 5. It follows directly from

tr¹AA> Bº �
Õ

92»31¼

f 9¹AA> Bº �
Õ

92»31¼

f 9¹AA> ºkBk = kAk2
� kBk•

ƒ

Lemmas 6 and 7 below give matrix concentration results for the block dependent noise matrix.
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Lemma 6 (Bernstein inequalities for block dependent noise matrix)Suppose Assumption 1 holds.

Given any deterministic matrixA 2 R� � @–B 2 R# � ? and a positive constantU ¡ 0, with probabil-

ity at least1 � $ ¹3� Uº one has




 E8–:A




 ® ~f

p
Ulog3 kAk� ¸ U" � log3 kAk2–1 – (3.22)






 E>

:– 9B





 ® f

p
Ulog3 kBk� ¸ U� log3 kBk2–1 – (3.23)

kEAk ® ~f
p

Ulog3
�
kAk� ¸

p
# kAk

�
¸ U" � log3 kAk2–1 –

kE> Bk ® f
p

Ulog3¹
p

" kBk� ¸
p

� kBkº ¸ U
p

" � log3 kBk2–1 •

Proof of Lemma 6. The proof is an application of the matrix Bernstein inequality (for ex-

ample, Theorem 6.1.1 in [122]; Corollary 3.3 in [56]). We write matrices as a summation of

a sequence of independent random matrices:E8–: =
Í

;2»! ¼P:–(; ¹E8–:º, E:– 9 =
Í

82»# ¼P8–:¹E:– 9º,

E:–(9 =
Í

82»# ¼P8–:¹E:–(9º, E =
Í

82»# ¼
Í

;2»! ¼P8–(; ¹Eº. Note that for882 »# ¼– ;2 »! ¼– 92 »� ¼, we

can upper bound each independent block matrix:kE8–(; A( ;–:k = k
Í

92( ;
E8– 9A 9–:k � " � kAk2–1 ,

kE8– 9B8–:k � � kBk2–1 , andkE>
8–(;

B8–:k � k E8–(; kkBk2–1 �
p

" � kBk2–1 .

For the �rst inequality we considerE8–:A,

kE
�
A> E>

8–:E8–:A
�

k = kA> E»E>
8–:E8–:¼Ak � k E»E>

8–:E8–:¼kkAk2 � max
;2»! ¼

k� 8–(; kkAk2 � ~f 2kAk2–

E»E8–:AA> E>
8–:¼= tr

�
AA> E»E>

8–:E8–:¼
�

� k Ak2
� k� 8k � k Ak2

� max
;2»! ¼

k� 8–(; k
2 � ~f 2kAk2

� –

where the second line uses Lemma 5.

For the second inequality,E>
:– 9B satis�es

kE»B> E:– 9E>
:– 9Bk¼ � kE»E:– 9E>

:– 9¼kkBk2 � f 2kBk2–

E»E>
:– 9BB> E:– 9¼= tr

�
BB> E»E:– 9E>

:– 9¼
�

� f 2kBk2
� –

where the second line uses Lemma 5.
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For the third inequality,

kE
�
A> E> EA

�
k �

Õ

82»# ¼

kA> E»E>
8–:E8–:¼Ak � # ~f 2kAk2–

kE»EAA> E> ¼k= kdiag¹E»E8–:AA> E>
8–:¼ºk � ~f 2kAk2

� •

For the last inequality,
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ƒ

Proposition 2 (Corollary 2.17 in [102]) LetY =
Í =

8=1 Z8, whereZ1–� � � –Z= are independent (pos-

sibly non-self-disjoint)3 � 3 random matrices withE»Z8¼= 0. Then

P
h
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for a universal constant� and allC ¡ 0, where
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1
2 –

f � ¹Yº = sup
kvk=kwk=1

�
E

�
j hv–Ywi j2

� 	 1
2 –

' ¹Yº =








 max

1� 8� =
kZ8k










1
–

with Cov¹Yº denotes the32 � 32 covariance matrix of the entries ofY.
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Remark 5 Note that the de�nitions off ¹Yº– E¹Yº, andf � ¹Yº do not depend on the decomposition

of Y. The results in Proposition 2 also hold for rectangular matrices, as we can consider a square

matrix by padding zeros to a rectangular matrix.

Lemma 7 (Concentration inequalities for locally dependent noise matrix)Suppose Assumption 1

holds. Then we have

kEk ® f
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1
3 ¹log3º

2
3 ¸ " � kV � k2–1 log3–

kE> U� k ® f
p
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1
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1
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1
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1
3
2–1 ¹log3º

2
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¸
p

" � kU� k2–1 log3–

with probability at least1 � $ ¹3� 20º.

Moreover, if Assumption 3 hold, we have

kEk ® f
p

� ¸ ~f
p

#– (3.24)



 E8–:




 ® f

p
�– 882 »# ¼– (3.25)




 E:– 9




 ® f

p
#– 8 92 »� ¼– (3.26)

kEV � k ® ~f
p

#– (3.27)

kE> U� k ® f
p

�– (3.28)

with probability at least1 � $ ¹3� 20º.

Proof of Lemma 7. Using the facts established in the proof of Lemma 6, we have

kE»E> E¼k
1
2 � ~f

p
#–kE»EE> ¼k

1
2 � f

p
�– f ¹Eº � f

p
� ¸ ~f

p
#–
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E¹Eº � max
82»# ¼

max
;2»! ¼

kE»E>
8–(; E8–(; ¼k

1
2 � ~f–

f � ¹Eº � sup
kwk=1

kE»Eww> E> ¼k
1
2 � max

82»# ¼
sup

kwk=1
kE»E8–:ww> E>

8–:¼k
1
2 � ~f– (3.29)

' ¹Eº =








 max

82»# ¼–;2»! ¼
kE8–(; k










1
�

p
" �•

Then the �rst inequality in Lemma 7 follows by plugging these conditions into Proposition 2 with

C= 2log3 with a suf�ciently large constant2.

Similarly, for the second and third inequalities we use

f ¹E8–:º = maxfkE»E>
8–:E8–:¼k

1
2 –kE»E8–:E>

8–:¼k
1
2 g � maxf f

p
�– ~f g = f

p
�–

E¹E8–:º =



 Cov¹E8–:º






1
2 � ~f– f � ¹E8–:º � ~f– ' ¹E8–:º �

p
" �–

and

f ¹E:– 9º = maxfkE»E>
:– 9E:– 9¼k

1
2 –kE»E:– 9E>

:– 9¼k
1
2 g � f

p
#–

E¹E:– 9º � f– f � ¹E:– 9º � f– ' ¹E:– 9º � �•

Furthermore, for the fourth and �fth inequalities,

f ¹EV � º = max
n
kE»EV� V � > E> ¼k

1
2 –kE»V � > E> EV � ¼k

1
2

o
� ~f

p
#–

E¹EV � º � ~f– f � ¹EV � º � f � ¹Eº
(3.29)

� ~f–

and with" ® " ! � � we have

kE»E> U� U� > E¼k= max
;2»! ¼

kE»E>
:–(; U

� U� > E:–(; ¼k �max
;2»! ¼

EkE>
:–(; U

� U� > E:–(; k

= " max
92»� ¼

E»E>
:– 9U

� U� > E:– 9¼ � "f 2kU� k2
� = " f 2–

kE»U�> EE> U� ¼k � kE»EE> ¼k �f 2�–
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' ¹E> U� º =
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82»# ¼–;2»! ¼
kE>

8–(; U
�
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1
�

p
" � kU� k2–1 –

E¹E> U� º � max
;2»! ¼






 E»E>

:–(; U
� U�> E:–(; ¼








1
2

�
p

" f–

f � ¹U� > Eº2 � f � ¹Eº2
by (3.29)

� ~f 2 � " f 2•

ƒ

Lemma 8 below utilizes a leave-one-out analysis that decouples the dependency betweenR

andVV> V� � V � , and a leave-one-block-out analysis onR andUU> U� � U� .

Lemma 8 Suppose Assumptions 1, 3 hold. Then with probability at least1 � $ ¹3� 10º, one has




 RV� � RVV> V �






2–1

®
~ff

p
 log3¹"# ¸ � º

f �
 

¸ " � log3



 VV> V � � V �






2–1 ¸
f 2�
f �

 




 UU> U� � U�






2–1

¸
^� f 2 ¹"# ¸ � º

f �
 

kU� k2–1 ¸
f" � log3

p
�

f �
 

kV � k2–1 – (3.30)




 R> U� � R> UU> U�






2–1

®
f 2

p
 log3¹"# ¸ � º

f �
 

¸ � log3



 UU> U� � U�






2–1 ¸
f 2"#

f �
 




 VV> V� � V�






2–1

¸
^� f 2¹"# ¸ � º

f �
 

kV � k2–1 ¸
f� log3

p
"#

f �
 

kU� k2–1 • (3.31)

Proof of Lemma 8. We �rst establish some facts using the matrix perturbation theory as a tool

for later use. By the perturbation theory under the spectral norm (for example, Theorem 2.9 in [56],

Lemma 2 in [121]), (3.5) in Assumption 3 , and inequalities (3.24), (3.27), (3.28) in Lemma 7, we

know that

max
� 


 UU> U� � U�




 –




 VV> V � � V �




 	

®
~f

p
# ¸ f

p
�

f �
 

– (3.32)

max
� 


 U� > UU> U� � I  




 –




 V � > VV> V � � I  




 	

®
~f 2# ¸ f 2�

f � 2
 

• (3.33)
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We �rst give an overview of the proof. In Part I, we upper boundkRV � � RVV> V� k2–1 by sep-

arately boundingV1 := kR� ¹VV> V � � V� ºk2–1 andV2 := kE¹VV> V� � V� ºk2–1 . To boundV2 that

involves the error matrixE and the right singular space perturbation, we use the “leave-one-out”

technique since the rows ofE are independent. In Part II, we upper boundkR> U� � R> UU> U� k2–1

by the summation ofV0
1 := kR�> ¹UU> U� � U� ºk2–1 andV0

2 := kE> ¹UU> U� � U� ºk2–1 . Similarly,

to boundV0
2 we use the “leave-one-block-out technique” since the columns ofE are block depen-

dent.

Part I: upper bounding kRV� � RVV> V � k2–1 .

We de�ne the following leave-one-row-out matrix for every82 »# ¼:

R¹� 8º := R� ¸ P � 8–:¹Eº•

Let f ¹� 8º
1 � � � � � f ¹� 8º

# ^ � by the singular values ofR¹� 8º, andu¹� 8º
: , v¹� 8º

: be the left and right

singular vectors associated withf ¹� 8º
: . Write U¹� 8º = ¹u¹� 8º

1 – • • • –u¹� 8º
 º 2 R# �  and V ¹� 8º =

¹v¹� 8º
1 – • • • –v¹� 8º

 º 2 R� �  . We �rst establish some facts about these quantities. Note thatkP� 8–:¹Eºk �

kEk. By Weyl's inequality we knowf ¹� 8º
 � f �

 � kP � 8–:¹Eºk andf ¹� 8º
 ¸ 1 � kP � 8–:¹Eºk, thus

f ¹� 8º
 � f ¹� 8º

 ¸ 1 � kP � 8–:¹Eºk � f �
 � 3kP� 8–:¹Eºk � f �

 � 3kEk ¦ f �
 – (3.34)

where the last inequality is from (3.24) in Lemma 7 and (3.5) in Assumption 3 .

It follows by the triangle inequality that




 RV � � RVV> V �






2–1 =k¹R� ¸ Eº¹V� � VV> V � ºk2–1

�



 R� �

VV> V � � V � � 


2–1

|                         {z                         }
V1

¸



 E

�
VV> V � � V � � 



2–1
|                        {z                        }

V2

• (3.35)
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We �rst notice

V1 =



 R� �

VV> V � � V � � 


2–1 =




 U� � � �

V� > VV> V� � I  
� 



2–1

� f �
1 kU� k2–1




 V � > VV> V � � I  






®
^� f 2 ¹"# ¸ � º

f �
 

kU� k2–1 – (3.36)

where the last inequality yields from (3.33).

For V2, we use the leave-one-out argument to deal with the dependency betweenE8–: and

VV> V� � V � . Applying the triangle inequality gives

V2 � max
82»# ¼






 E8–:

�
V ¹� 8ºV ¹� 8º>

V � � V �
� 






|                                      {z                                      }
W1

¸ max
82»# ¼






 E8–:

�
VV> V� � V ¹� 8ºV ¹� 8º>

V�
� 






|                                             {z                                             }
W2

• (3.37)

Note thatE8: is independent ofV ¹� 8ºV ¹� 8º>
V � � V � , which allows us to apply the matrix Bernstein

inequality to controlW1 conditional onV ¹� 8ºV ¹� 8º>
V � � V� .

Upper bounding W1 in (3.37). We condition onV ¹� 8º and apply Lemma 6 onW1. With probability

at least1 � $ ¹3� 10º, one has

W1 ®~f
p
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� VV>







�
– (3.38)
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where the last line follows since~f �
p

" � .

We next boundmax82»# ¼






 V ¹� 8ºV ¹� 8º>

� VV>







�
. Combining the Wedin theorem (Theorem 2.9

in [56]) and (3.34) gives

max
n
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�

o
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• (3.39)

For the numerator of the RHS above, we have with probability that at least1 � $ ¹3� 12º that
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To show that¹8º holds, see that with probability at least1 � $ ¹3� 20º one has

f 2
 ¹V ¹� 8º>

V � º � 1 �





 V ¹� 8ºV ¹� 8º>

� V� V� >







2

� 1 �
�p

2




 P� 8–:¹Eº






f �
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 P� 8–:¹Eº






� 2 � 1 �
�p

2
kEk

f �
 � kEk

� 2 �
1
4

–

where the �rst inequality is from Lemma 2.5 in [56], the second inequality is from Wedin's The-

orem, and the last inequality uses (3.24), and (3.5) in Assumption 3 . In addition,¹88º uses (3.22)

in Lemma 6,¹888º uses a similar argument to that of¹8º, and¹8Eº uses (3.25) in Lemma 7. Further-

87



more, it holds with probability at least1 � $ ¹3� 12º that
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where¹Eº uses (3.39), (3.40), (3.41). Rearranging the terms in (3.42) yields that
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2–1 (3.43)

holds with probability at least1 � $ ¹3� 12º where¹E8º usesf
p

� = >¹f �
 º from Assumption 3 .

Plugging (3.40), (3.41), (3.43) into (3.39) leads to
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�
(3.44)

with probability at least1 � $ ¹3� 12º, where¹E88º again usesf
p

� = >¹f �
 º from Assumption 3 .
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Plugging (3.44) back into (3.38), we have with probability at least1 � $ ¹3� 10º
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Since" � log3 � f �
 , rearranging the terms in (3.45) yields that

W1 ®~f
p

log3



 VV> V� � V�






� ¸ " � log3



 VV> V � � V �






2–1

¸
" � log3

f �
 

�
~f

p
 log3 ¸ " � log3 kV � k2–1 ¸ f

p
� kU� k2–1

¸ f
p

�



 UU> U� � U�






2–1

�
–

¹G888º
®

~ff
p

 ¹"# ¸ � º log3
f �

 
¸ " � log3




 VV> V � � V �






2–1

¸
" � log3

f �
 

�
~f

p
 log3 ¸ " � log3 kV � k2–1 ¸ f

p
� kU� k2–1

¸ f
p

�



 UU> U� � U�






2–1

�
–

where¹G888º is from (3.32).

Upper bounding W2 in (3.37). Using (3.25) in Lemma 7 and (3.44), we have with probability at

least1 � $ ¹3� 10º that
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Combining (3.32) with the upper bounds forW1 and W2, with f
p

� = >¹f �
 º, we have with

probability at least1 � $ ¹3� 10º that
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where the last inequality is from" � log3 ® f
p

¹"# º ^ � by (3.6) in Assumption 3 .

Now incorporating (3.47) and (3.36) into (3.35), we have with probability at least1 � $ ¹3� 10º

that
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Part II: upper bounding kRV � � RVV> V� k2–1 .

For the second part, we will adopt a “leave-one-block-out” technique on the noise matrixE. We

de�ne the following leave-one-block-out matrix for every92 »� ¼:

R¹ 9º := R� ¸ P :–� ( ; 9
¹Eº–

where; 9 2 »! ¼such that9 2 ( ; 9. Let f ¹ 9º
1 � � � � � f ¹ 9º

# ^ � be the singular values ofR¹ 9º, andu¹ 9º
: ,

v¹ 9º
: be the left and right singular vectors associated withf ¹ 9º

: . Write U¹ 9º = ¹u¹ 9º
1 – • • • –u¹ 9º

 º 2

R# �  andV ¹ 9º = ¹v¹ 9º
1 – • • • –v¹ 9º

 º 2 R� �  . With similar arguments that lead to (3.34), we know

that
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 • (3.48)

To begin with, by the triangle inequality we have
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For V0
1, with (3.33) we have with probability at least1 � $ ¹=� 10º
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For V0
2, introducing the "leave-one-block-out" alternativeU¹ 9º yields that
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Upper bounding W0
1 in (3.51). Utilizing Lemma 6, one has at least1 � $ ¹3� 11º that,
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where the last line holds sincef
p

log3 � � log3.

To boundmax92»� ¼
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in the RHS above, we apply Wedin's theorem with

(3.48) and obtain

max
n




 UU> � U¹ 9ºU¹ 9º>








�
–





 VV> � V ¹ 9ºV ¹ 9º>








�

o

®
max

n




 P:–(; 9

¹Eº> U¹ 9º







�
–





 P:–(; 9

¹EºV ¹ 9º







�

o

f �
 

• (3.53)

Following similar arguments above, with probability at least1 � $ ¹3� 10º we have
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where¹88º uses (3.23) in Lemma 6, and¹888º uses (3.26) in Lemma 7. Further, we note that
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where¹8Eº uses (3.53), (3.54), (3.55), and¹Eº uses"f
p

# � f �
 from (3.5) in Assumption 3 .

Plugging (3.54), (3.55), (3.57) into (3.53), we have with probability at least1 � $ ¹3� 10º,






 UU> � U¹ 9ºU¹ 9º>








�

®
1

f �
 

�
f

p
" log3 ¸

p
" � log3 kU� k2–1 ¸

p
"W0

1

�

¸
1

f �
 

�
f"

p
# kV � k2–1 ¸ f"

p
#






 V ¹ 9ºV ¹ 9º>

V � � V �







2–1

�

®
1

f �
 

�
f

p
" log3 ¸

p
" � log3 kU� k2–1 ¸

p
"W0

1 ¸ f"
p

# kV � k2–1

�

93



¸
f"

p
#

f �
 

2

�
f

p
" log3 ¸

p
" � log3 kU� k2–1 ¸

p
"W0

1 ¸ f"
p

# kV � k2–1

�

¸
f"

p
#

f �
 




 VV> V� � V�






2–1

¹E8º
®

1
f �

 

�
f

p
" log3 ¸

p
" � log3 kU� k2–1 ¸

p
"W0

1 ¸ f"
p

# kV � k2–1

�

¸
f"

p
#

f �
 




 VV> V� � V�
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where¹E8º is becausef"
p

# � f �
 from (3.5) in Assumption 3 .

Combining (3.52) and (3.58) gives that with probability at least1 � $ ¹3� 10º we have
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where¹E88º uses (3.32).

Provided�
p

" log3 � f �
 from (3.5) and (3.6) in Assumption 3 , we rearrange (3.59) and

derive that
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(3.60)

with probability at least1 � $ ¹3� 10º.
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Upper bounding W0
2 in (3.51). Analogous to the upper bounding ofW2, we have with probability

at least1 � $ ¹3� 10º
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where¹E888º uses (3.26) in Lemma 7 and¹8Gº is by (3.58).

Combine (3.60) and (3.61) and use the fact that the coef�cientf
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1 in (3.61) is

negligible, then with probability at least1 � $ ¹3� 10º
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2–1 – (3.62)

where the last inequality follow byf
p

"# ¸ � ¦
p

" � log3 andf
p

# ¦ � log3, from (3.6) in

Assumption 3 .

By plugging (3.50) and (3.62) back into (3.49), we �nally get with probability at least1 �

$ ¹3� 10º that
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ƒ

Proposition 3 The following equations hold for¹U� –� � –V � º and ¹U–� –Vº

UU> U� � U� = � UU> EV� � � � 1 ¸ R
�
VV> V� � � � 1 � V � � � � 1

�
¸ EV � � � � 1 (3.63)

VV> V� � V � = � VV> E> U� � � � 1 ¸ R>
�
UU> U� � � � 1 � U� � � � 1

�
¸ E> U� � � � 1 (3.64)

Proof of Proposition 3. First notice that

UU> U� � U� = UU> R� V � � �� 1 � R� V � � �� 1

= UU> ¹R � EºV � � �� 1 � ¹ R � EºV � � �� 1

= � UU> EV � � �� 1 ¸ UU> RV� � �� 1 � RV � � �� 1 ¸ EV � � �� 1

= � UU> EV � � �� 1 ¸ RVV> V� � �� 1 � RV � � �� 1 ¸ EV � � �� 1–

where the last equality holds becauseUU> R = UU> ¹U� V> ¸ U? � ? V?> º = U� V> = ¹U� V> ¸

U? � ? V?> ºVV> = RVV> . Eq. (3.64) holds following a similar reasoning.ƒ

3.8.1.2 Proof of Theorem 4

We will prove Theorem 4 with Proposition 3 and Lemma 8.

Part I: Bounding kUU> U� � U� k2–1 and kVV> V� � V� k2–1 . With inequality (3.22) in Lemma 6,

we know with probability at least1 � $ ¹3� 10º that,

kEV� k2–1 ® ~f
p

 log3 ¸ " � log3kV� k2–1 ® ~f
p

 log3– (3.65)
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where the last inequality follows by (3.6) in Assumption (3.6). Using the triangle inequality on

(3.63) in Proposition 3 gives that
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holds with probability at least1� $ ¹3� 10º. Here¹8º uses Lemma 2.5 in [56] combined with (3.32),

¹88º uses (3.65), (3.27) in Lemma 7, and (3.30) in Lemma 8,¹888º is because� 1 = >¹1º– �2 = >¹1º

by (3.5) in Assumption 3 , and¹8Eº holds by (3.5) in Assumption 3 .
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We will use similar arguments on the right singular subspace. By (3.23) in Lemma 6,
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holds with probability at least1 � $ ¹3� 10º, where the last inequality follows by (3.6). Therefore,

(3.64) in Proposition 3 leads to
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which holds with probability at least1 � $ ¹3� 10º. Here¹8Eº uses (3.67), (3.28) in Lemma 7, and

(3.31) in Lemma 8;¹Eº holds since� 1 = >¹1º– �2 = >¹1º by (3.5) in Assumption 3 ; and¹E8º holds

by (3.5) in Assumption 3 .
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Now substitute (3.68) into (3.66), and with probability at least1 � $ ¹3� 10º we have
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where¹E88º uses (3.5) and¹E888º holds because� 1 = >¹1º by (3.5), (3.6) in Assumption 3 .

On the other hand, substituting (3.66) into (3.68) gives that with probability at least1� $ ¹3� 10º
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where¹8Gº uses (3.5) and¹Gº holds since� 2 = >¹1º by (3.5), (3.6) in Assumption 3 .

Part II: Bounding kU� V> � U� � � V �> k1 . For the last part, writeR* := U! V>
! with ¹U! –� ! –V ! º =

svd¹U> U� ;  º and R+ := U' V>
' with ¹U' –� ' –V ' º = svd¹V> V � ;  º. Notice thatR>
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+ = I  . Then we have
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Using the triangle inequality and Lemma 4 gives that
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� 


 VV> V � � V �






2–1 ¸ kVk2–1




 V> V � � R+





�

¸ kU� k2–1




 R>

* � R+ � � �



 kV � k2–1 • (3.69)
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We then further break the norms of the empirical termsV–� in (3.69) down into

kVk2–1 �



 V

�
R+ � V> V� � 



2–1 ¸



 VV> V � � V �






2–1 ¸ kV � k2–1

� kVk2–1




 R+ � V> V �




 ¸




 VV> V� � V�






2–1 ¸ kV � k2–1 – (3.70)

Additionally, we note thatkR* � U> U� k = kI � � ! k �



 I � � 2

!




 =




 U>

? U�



 2 and similarly

kR+ � V> V � k �



 V>

? V �



 2. Then Lemma 2.5 in [56] combined with (3.32) yields that

max
� 


 R* � U> U�




 –




 R+ � V> V �




 	

®
~f 2# ¸ f 2�

f �
 

2
(3.71)

with probability at least1� $ ¹3� 10º. Rearranging the termkVk2–1 in (3.70) with (3.5) in Assump-

tion 3 , then with probability at least1 � $ ¹3� 10º we have

kVk2–1 ®



 VV> V � � V �






2–1 ¸ kV� k2–1 – (3.72)

and similarly,

kUk2–1 ®



 UU> U� � U�






2–1 ¸ kU� k2–1 • (3.73)

By substituting (3.72), and (3.73) into (3.69) and withk� k � k� � k ¸ k� � � � k, we have with

probability at least1 � $ ¹3� 10º that




 U� V> � U� � � V �






2–1

®
� 


 UU> U� � U�






2–1 ¸ ¹ kU� k2–1 ¸



 UU> U� � U�






2–1 º



 R* � U> U�





�

�
�
kV � k2–1 ¸




 V� � VV> V �






2–1

�
¹k� � k ¸ k� � � � kº

¸
� 


 VV> V � � V �






2–1 ¸ ¹ kV� k2–1 ¸



 VV> V� � V �






2–1 º



 V> V� � R+





�

�

kU� k2–1 ¹k� � k ¸ k� � � � kº ¸ kU� k2–1




 R>

* � R+ � � �



 kV� k2–1 • (3.74)
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By Weyl's inequality and (3.24),jf  � f �
 j � k� � � � k ® ~f

p
# ¸ f

p
�• In addition, one has




 R>

* � R+ � � �





�



 �

R>
* � U�> U

�
� R+




 ¸




 U�> U�

�
R+ � V> V � � 

 ¸




 U�> U� V> V � � � �






�



 �

R>
* � U�> U

�
� R+




 ¸




 U�> U�

�
R+ � V> V � � 



¸



 U�> RV � � U�> U� � � V �> V �




 ¸




 U�> U? � ? U?> V�






� k� � k
�

 R>

* � U�> U



 ¸




 R>

+ � V�> V



 �

¸



 U� > EV �






¸



 U�> U?




 kEk




 V �> U?




 – (3.75)

where we usek� k � k� � k ¸ k� � � � k ® k� � k andk� ? k � kEk.

We separately look into the terms in (3.75) as follows:

1. Regarding the �rst term, (3.71) immediately implies that

k� � k
�

 R>

* � U�> U



 ¸




 R>

+ � V �> V



 �

®
^� ¹ ~f 2# ¸ f 2� º

f �
 

holds with probability at least1 � $ ¹3� 10º.

2. For the second term, we �rst viewU�> EV � as the sum of independent random matrices

U�> P8–(; ¹EºV � over82 »# ¼– ;2 »! ¼and calculate the following quantities:

max
� 




 E

�
U�> EV � V �> E> U� � 





 –






 E

�
V�> E> U� U�> EV� � 







�

= max
� 




 U�> E

�
EV � V �> E> �

U�





 –






 V �> E

�
E> U� U�> E

�
V �








�

¹8º
� max

8>><

>>
:

Õ

82»# ¼




 U�

8–:




 2

2

�
E

�
EV � V �> E> � �

8–8–
Õ

;2»! ¼






 V�

( ;–:








2 �
E

�
E> U� U�> E

� �
( ;–(;

9>>=

>>
;

� max

8>><

>>
:

Õ

82»# ¼




 U�

8–:




 2

2

�
E

�
EV � V �> E> � �

8–8–
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Õ

;2»! ¼

� Õ

92( ;






 V�

9–:








2 � 





�
E

�
E> U� U�> E

� �
( ;–(;








9>>=

>>
;

¹88º
� "  f 2–

where¹8º holds sinceE
�
EV� V�> E>

�
is a diagonal matrix andE

�
E> U� U�> E

�
is a block-

diagonal matrix. And for¹88º we use Lemma 5 and

�
E

�
EV � V�> E> � �

8–8= tr¹V� V�> Cov¹E8–:ºº � kV � k2
�




 Cov¹E8–:º




 =  ~f 2 �  " f 2–







�
E

�
E> U� U�> E

� �
( ;–(;






 � tr

� �
E

�
E> U� U�> E

� �
( ;–(;

�
= tr

�
U� U�> E»E:–(; E

>
:–(; ¼

�

� kU� k2
�






 E»E:–(; E

>
:–(; ¼






 �  tr

�
E»E>

:–(; E:–(; ¼
�

�  "f 2•

In addition,



 U�> P8–(; ¹EºV �




 �

p
" � kU� k2–1 kV � k2–1 =

p
" � 

q
` 1` 2
#� • With these in-

equalities, we apply the matrix Bernstein inequality which yields




 U�> EV �




 ® f

p
 " log3 ¸

p
" � 

r
` 1` 2

#�
log3 ® f

p
 " log3

holds with probability at least1� $ ¹3� 10º, where the last inequality holds since�
f

q
 ` 1` 2 log3

#� ®

fp
 " 2� ¹log3º3•5 � 1 by (3.6).

3. For the third term, with probability at least1 � $ ¹3� 10º we have




 U�> U?




 kEk




 V�> U?




 ®

�
~f

p
# ¸ f

p
�
� 3

f �
 

2
®

~f 2# ¸ f 2�
f �

 
–

sincemaxf kU�> U? k–kV�> V? kg � ~f
p

# ¸ f
p

�
f �

 
with probability1 � $ ¹3� 10º.
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Putting these pieces together,




 R>

* � R+ � � �



 ®

^� ¹ ~f 2# ¸ f 2� º
f �

 
¸ f

p
 " log3

holds with probability1 � $ ¹3� 10º. Therefore, (3.74) becomes




 U� V> � U� � � V � > 




1

®
�
b0

1 ¸ ¹

r
` 1 
#

¸ b0
1º

~f 2# ¸ f 2�

f �
 

2

� � r
` 2 

�
¸ b0

2

�
¹f �

1 ¸ ~f
p

# ¸ f
p

� º

¸
�
b0

2 ¸ ¹

r
` 2 

�
¸ b0

2º
~f 2# ¸ f 2�

f �
 

2

� r
` 1 
#

¹f �
1 ¸ ~f

p
# ¸ f

p
� º

¸
� ^� ¹ ~f 2# ¸ f 2� º

f �
 

¸ f
p

 " log3
� r

` 1` 2 2

#�

¹8º
®b0

1

� r ` 2 
�

¸ b0
2

�
f �

1 ¸ b0
2

r
` 1 
#

f �
1 ¸

^� ¹ ~f 2# ¸ f 2� º
f �

 

r
` 1` 2 2

#�

¸
p

 "f
p

log3

r
` 1` 2 2

#�
¹88º
®b0

1b0
2f �

1 ¸

r
` 2 

�
f �

1b0
1 ¸

r
` 1 
#

f �
1b0

2 ¸
^� ¹ ~f 2# ¸ f 2� º

f �
 

r
` 1` 2 2

#�

¸
p

 "f
p

log3

r
` 1` 2 2

#�
– (3.76)

which holds with probability at least1� $ ¹3� 10º. Here¹8º follows from the fact that~f
p

# ¸ f
p

� ®

f �
 � f �

1 by (3.5) and the de�nition ofb0
1, and¹88º holds by (3.5) and the de�nitions ofb0

1– b02.

Plugging in the de�nitions ofb0
1– b02, one has

b0
1b0

2f �
1

¹888º
® f �

1

 
f

p
"# ¸ �
f �

 

r
` 1 
#

¸
" � log3

^� f �
 

r
` 2 

�
¸

~f
p

 log3

f �
 

!

�

 
f

p
"# ¸ �
f �

 

r
` 2 

�
¸

� log3
^� f �

 

r
` 1 
#

¸
f

p
 log3

f �
 

!
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¹8Eº
®

^� f 2¹"# ¸ � º
f �

 

r
` 1` 2 2

#�
¸

` 1 
#

�
f� log3

p
"# ¸ �

f �
 

¸
` 2 

�
�

f" � log3
p

"# ¸ �
f �

 

¸
^� f

p
 log3¹"# ¸ � º

f �
 

 

f

r
` 1 
#

¸ ~f

r
` 2 

�

!

¸
^� ~ff log3

f �
 

¹Eº
®

^�  f 2p
" ` 1` 2 log3
f �

 

r
A
"

¸
"
A

¸
 f" � log3

f �
 

 
` 1p
"#

r

1 ¸
A
"

¸
` 2p

�

r

1 ¸
"
A

!

• (3.77)

Here to derive¹888º, we employ the following simpli�cation tob0
1 andb0

2:

b0
1 =

~f
p

#f �
 ¸ ^� f 2�

f �
 

2

|                  {z                  }
® f

p
" # ¸ �
f �

 

r
` 1 
#

¸
~f

p
 log3

f �
 

¸
f" � log3

p
"# ¸ �

f �
 

2

|                       {z                       }
® " � log 3

^� f �
 

r
` 2 

�
–

b0
2 =

f
p

�f �
 ¸ ^� f 2"#

f �
 

2

|                     {z                     }
® f

p
" # ¸ �
f �

 

r
` 2 

�
¸

f
p

 log3

f �
 

¸
f� log3

p
"# ¸ �

f �
 

2

|                    {z                    }
® � log 3

^� f �
 

r
` 1 
#

–

and¹8Eº uses (3.6). To obtain¹Eº, we invoke the following facts that

^� f 2¹"# ¸ � º
f �

 

r
` 1` 2 2

#�
=

^� f 2" 
f �

 

r
` 1` 2#

�
¸

^� f 2 
f �

 

r
` 1` 2�

#

®
^� f 2

p
" 

f �
 

r
� A
"

¸
"
A

�
` 1` 2–

` 1 
#

�
f� log3

p
"# ¸ �

f �
 

=
` 1 f" � log3

f �
 

p
"#

r

1 ¸
A
"

–

` 2 
�

�
f" � log3

p
"# ¸ �

f �
 

=
` 2 f" � log3

f �
 

p
�

r
"
A

¸ 1–

and

^� f
p

 log3¹"# ¸ � º

f �
 

 

f

r
` 1 
#

¸ ~f

r
` 2 

�

!
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�
^�  f 2

p
" log3

p
` 1` 2

f �
 

�
r

1 ¸
A
"

¸

r

1 ¸
"
A

�

®
^�  f 2

p
" log3

p
` 1` 2

f �
 

r
A
"

¸
"
A

•

In addition,

r
` 2 

�
f �

1b0
1 ¸

r
` 1 
#

f �
1b0

2

®

r
` 2 

�
f �

1

 
f

p
"# ¸ �
f �

 

r
` 1 
#

¸
" � log3

^� f �
 

r
` 2 

�
¸

~f
p

 log3

f �
 

!

¸

r
` 1 
#

f �
1

 
f

p
"# ¸ �
f �

 

r
` 2 

�
¸

� log3
^� f �

 

r
` 1 
#

¸
f

p
 log3

f �
 

!

®^�  f
p

"# ¸ �

r
` 1` 2

#�
¸

` 2 
�

" � log3 ¸
` 1 
#

� log3

¸ ^�
p

 log3

 

~f

r
` 2 

�
¸ f

r
` 1 
#

!

=^�  f
p

` 1` 2

r
"
�

¸
1
#

¸
` 2 

�
" � log3 ¸

` 1 
#

� log3

¸ ^�
p

 log3

 

~f

r
` 2 

�
¸ f

r
` 1 
#

!

– (3.78)

Moreover,
^� ¹ ~f 2# ¸ f 2� º

f �
 

r
` 1` 2 2

#�
�

f 2^�  
p

" ` 1` 2

f �
 

r
A
"

¸
"
A

• (3.79)

To the end, plugging (3.77), (3.78), and (3.79) into (3.76) yields that




 U� V> � U� � � V � > 




1

®
^�  f 2p

" ` 1` 2 log3
f �

 

r
A
"

¸
"
A

¸
 f" � log3

f �
 

 
` 1p
"#

r

1 ¸
A
"

¸
` 2p

�

r

1 ¸
"
A

!

¸ ^�  f
p

` 1` 2

r
"
�

¸
1
#

¸
` 2 

�
" � log3 ¸

` 1 
#

� log3

¸ ^�
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 log3

 

~f

r
` 2 

�
¸ f

r
` 1 
#

!
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¸
f 2^�  

p
" ` 1` 2

f �
 

r
A
"

¸
"
A

¸
p

 "f
p

log3

r
` 1` 2 2

#�

¹E8º
®

^�  f 2p
" ` 1` 2 log3
f �

 

r
A
"

¸
"
A

¸ ^�  f
p

` 1` 2 log3

r
"
�

¸
1
#

¸
` 2 

�
" � log3 ¸

` 1 
#

� log3

¹E88º
® ^�  f log3

p
` 1` 2

r
"
�

¸
1
#

¸
` 2 

�
" � log3 ¸

` 1 
#

� log3 =: b3–

where¹E8º follows from

f
f �

 

r

1 ¸
A
"

®
1

p
"#

–
f
f �

 

r

1 ¸
"
A

®
1

p
�

with (3.5) in Assumption 3 , and

^�
p

 log3

 

~f

r
` 2 

�
¸ f

r
` 1 
#

!

� ^�  f
p

log3

 r
" ` 2

�
¸

r
` 1

#

!

� ^�  f
p

` 1` 2 log3

r
"
�

¸
1
#

•

And ¹E88º also used (3.5).ƒ

Remark 6 To ensure the� 2–1 -consistency of the singular subspaces and the� 1 -consistency of the

full matrix, we can impose further assumptions in addition to those in Theorem 4. For
kUU> U� � U� k2–1

kU� k2–1
=

>¹1º to hold, an easy-to-verify condition isf
p

"# log3 ¸ ^� � = >¹f �
 º, " �

f ® log3, and ` 2
` 1

®

�
¹log3º3 . Similarly, a suf�cient condition for

kVV> V� � V� k2–1
kV� k2–1

= >¹1º to hold isf
p

� log3 ¸ ^� "# =

>¹f �
 º, �

f ® log¹# _ � º, and ` 1
` 2

® #
¹log3º3 .

3.8.1.3 Verifying Assumption 1 for Sub-Exponential Noise

It is evident from Assumption 1 that our theory accommodates a broad class of noise dis-

tributions. In what follows we shall spell out the corresponding� satisfying Assumption 1 for

sub-exponential distributions, which is common in statistical scenarios. Assume that every entry
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� 8– 9is sub-exponential with parameters¹E– Uº, i.e.,

E
�
exp¹_� 8– 9º

�
� exp

�
E2_2

2

�
– for 82 »# ¼– 92 »� ¼, and allj_j �

1
U

•

The following lemma allows us to treat the original sub-exponentialE as an entrywise-bounded

and centered random matrixE0with high probability.

Lemma 9 There exists a random matrixE0 = ¹� 0
8– 9º 2 R# � � such that

P¹E = E0º � 1 � $ ¹3� 20º–

j� 0
8– 9j � 80Ulog3 andE»� 0

8– 9¼= 0. Furthermore, we have

max
82»# ¼–;2»! ¼






 Cov¹E0

8–(; º





 � ~f 2 ¸ $ ¹U3� 8f ¸ U23� 19º•

Proof of Lemma 9. Let � := 80Ulog3, then for each entry� 8– 9one has

maxf P¹� 8– 9� � º–P¹� 8– 9� � � ºg � exp¹� 40 log3º = 3� 40

and

E»j� 8– 9j1fj � 8– 9j � � g¼

=
¹ 1

0
P

�
j� 8– 9j1fj � 8– 9j � � g � G

�
3G

=
¹ �

0
P

�
j� 8– 9j1fj � 8– 9j � � g � G

�
3Ģ

¹ 1

�
P

�
j� 8– 9j1fj � 8– 9j � � g � G

�
3G

� � � P¹j� 8– 9j � � º ¸
¹ 1

�
P¹j� 8– 9j � GºdG

� 2� exp¹�
�
2U

º ¸ 2
¹ 1

�
exp¹�

G
2U

ºdG

� 2¹� ¸ 2Uº3� 40 = ¹160 log3 ¸ 4ºU3� 40 (3.80)

108



by [123, Proposition 2.9]. Let̂� 8– 9:= � 8– 91fj � 8– 9j Ÿ � g. Then ^� 8– 9= � 8– 9with probability

at least1 � 23� 40. Note that ^� 8– 9is not centered, we thus make a subtle adjustment by letting

� 0
8– 9:= ^� 8– 9� U�sign¹E»^� 8– 9¼ºV8– 9, whereV8– 9are independent of̂� 8– 9and are independent Bernoulli

random variables with

P
�
V8– 9= 1

�
=

1
U

jE»^� 8– 9¼j �
1
U

E»j� 8– 9j1fj � 8– 9j � � g¼ � ¹160 log3 ¸ 4º3� 40–

where the �rst inequality holds sinceE»^� 8– 9¼ ¸E»� 8– 91fj � 8– 9j � � g¼= E»� 8– 9¼= 0 and the second

inequality follows from (3.80). From the de�nition of� 0
8– 9, it is not hard to see thatE»� 0

8– 9¼= 0,

j� 0
8– 9j � 2� , and � 0

8– 9= � 8– 9with probability at least1 � ¹ 160 log3 ¸ 5º3� 40 for 8 2 »# ¼– 92

»� ¼. Taking a union bound over all possible indices yields thatE = E0 with probability at least

1 � $ ¹3� 20º.

In the end, we need to control the spectral norm of Cov¹E0
8–(;

º for ; 2 »! ¼. For 91– 92 2 ( ; , it

follows from the Cauchy inequality that

�
�
�Cov¹� 0

8– 91– � 0
8– 92º � E»� 8– 91 � 8– 92¼

�
�
�

=
�
�E»^� 8– 91

^� 8– 92¼ �E»^� 8– 91¼E»^� 8– 92¼ �E»� 8– 91 � 8– 92¼
�
�

=
�
�E

�
� 8– 91 � 8– 921fj � 8– 92 j Ÿ � g

�
� E

�
� 8– 911fj � 8– 91 j � � g� 8– 921fj � 8– 92 j Ÿ � g

�

� E
�
� 8– 911fj � 8– 91 j � � g

�
E

�
� 8– 921fj � 8– 92 j � � g

�
� E»� 8– 91 � 8– 92¼

�
�

=
�
�E

�
� 8– 911fj � 8– 91 j � � g� 8– 921fj � 8– 92 j � � g

�
¸ E

�
� 8– 911fj � 8– 91 j Ÿ � g� 8– 921fj � 8– 92 j � � g

�

¸ E
�
� 8– 911fj � 8– 91 j � � g� 8– 921fj � 8– 92 j Ÿ � g

�

¸ E
�
� 8– 911fj � 8– 91 j � � g

�
E

�
� 8– 921fj � 8– 92 j � � g

� �
�

� E»j� 8– 91 j21fj � 8– 91 j � � g¼
1
2 E»j� 8– 92 j21fj � 8– 92 j � � g¼

1
2

¸ E»j� 8– 91 j21fj � 8– 91 j Ÿ � g¼
1
2 E»j� 8– 92 j21fj � 8– 92 j � � g¼

1
2

¸ E»j� 8– 92 j21fj � 8– 91 j � � g¼
1
2 E»j� 8– 92 j21fj � 8– 91 j Ÿ � g¼

1
2

¸ max
92( ;

�
E»j� 8– 9j1fj � 8– 9j � � g¼

� 2– (3.81)
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where we make use of the independence ofV8– 91 andV8– 92, E»^� 8– 9¼ ¸E»� 8– 91fj � 8– 9j � � g¼= 0, and

the de�nition of � 8– 9.

Regarding the second moments of the truncated versions in (3.81), the tail inequality on a

sub-exponential random variable gives that

E»j~� 8– 91 j21fj ~� 8– 91 j � � g¼ �2� 2P»j~� 8– 91 j � � ¼ ¸2
¹ 1

�
GP»j~� 8– 91 j � G¼dG

� 4� 23� 40 ¸ 4
¹ 1

�
Gexp¹�

G
2U

ºdG� 4� 23� 40 ¸ 4U
¹ 1

�
exp¹�

G
4U

ºdG

� 4� 23� 40 ¸ 16U23� 20–

sinceexp¹ G
4Uº � G

U for G� � . Besides, we haveE»j� 8– 9j21fj � 8– 9j Ÿ ! g¼ �f 2
0 for 82 »# ¼– 92 »� ¼.

Combining these pieces together with (3.80) gives that

�
�
�Cov¹� 0

8– 91– � 0
8– 92º � E»� 8– 91 � 8– 92¼

�
�
� � $ ¹U3� 9f 0 ¸ U23� 20º•

Now we are ready to upper-bound





 Cov¹E8–(9º � Cov¹E0

8–(9
º





 provided the entrywise control

above. Invoking the elementary fact thatkAk � kAk� � kAk1
p

=1=2 for a matrixA 2 R=1� =2, we

have





 Cov¹E8–(9º � Cov¹E0

8–(9º





 � $ ¹U3� 8f 0 ¸ U23� 19º–

since" � 3. ƒ

3.8.1.4 Additional Lemmas

Lemma 10 Suppose Assumptions 1, 3 hold. Then with probability at least1 � $ ¹3� 10º,
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f
p

 log3
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•
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Proof of Lemma 10.
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where¹8º used (3.25) in Lemma 7 and (3.22) in Lemma 6 conditional onP:–� 8¹E> ºU� � �� 2, ¹88º

used a similar treatment to (3.28) in Lemma 7 on



 P:–� 8¹E> ºU�




 and (3.23) in Lemma 6 on




 P:–� 8¹E> ºU�






2–1 , ¹888º used (3.6) in Assumption 3 , and¹8Eº is by (3.5) in Assumption 3 . Simi-

larly,






 E> EV � � � � 2








2–1
= max

;2»! ¼






 E>

:–(; EV � � �� 2







� max
;2»( ;¼

� 


 E:–(;




 2 kV� k2–1 • f �

 
2 ¸






 E>

:–(; P:–� ( ; ¹EºV� � �� 2







�

¹Eº
®

f 2"#

f �
 

2

r
` 2 

�
¸ f

p
" log3 max

;2»! ¼




 P:–� ( ; ¹EºV � � �� 2






�

¸
p

" � log3 max
;2»! ¼




 P:–� ( ; ¹EºV � � �� 2






2–1

®
f 2"#

f �
 

2

r
` 2 

�
¸

f
p

" log3

f �
 

2
max
;2»! ¼




 P:–� ( ; ¹EºV �




 ¸

p
" � log3

f �
 

2
max
;2»! ¼




 P:–� ( ; ¹EºV �






2–1

¹E8º
®

f 2"#

f �
 

2

r
` 2 

�
¸

f
p

" log3

f �
 

2
~f

p
# ¸

p
" � log3

f �
 

2

�
~f

p
 log3 ¸ " � log3

r
` 2 

�

�

111



¹E88º
®

f 2"#

f �
 

2

r
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�
¸

~ff
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" # log3
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2

¹E888º
®

f 2"#
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2

r
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�
¸

f
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 log3
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where¹Eº used (3.26) in Lemma 7 and (3.23) in Lemma 6 conditional onP:–� ( ; ¹EºV � � �� 2, ¹E8º

used a similar treatment to (3.27) in Lemma 7 on



 P:–� ( ; ¹EºV �




 and (3.22) in Lemma 6 on




 P:–� ( ; ¹EºV �






2–1 , ¹E88º used (3.6) in Assumption 3 , and¹E888º is by (3.5) in Assumption 3 .

ƒ

3.8.2 Lemmas and Proofs for Theorem 5

Assumption 5

p
 ^ 3¹� � º max

(
~f

p
 ` 1 log3

f  ¹� � º
–

^� f 2�
p

` 1 
p

#f  ¹� � ºf  ¹� � º2
–
f" � log3

p
¹"# ¸ � º` 2 

p
�f  ¹� � ºf  ¹� � º2

)

� 1•

Assumption 5 is a suf�cient condition for
p

 ^ 2¹� � ºf 1¹� � ºb1 � 1 to hold. To see this,

p
 f 1¹� � º � ^2¹� � º � b1

=
p

 f 1¹� � º^2¹� � º
~f

p
# log3

f �
 

r
` 1 
#

¸
p

 f 1¹� � º^2¹� � º
^� f 2�

f �
 

2

r
` 1 
#

¸
p

 f 1¹� � º^2¹� � º
f" � log3

p
"# ¸ �

f �
 

2

r
` 2 

�

�
p

 ^ 3¹� � º
~f

p
 ` 1 log3

f  ¹� � º
¸

p
 ^ 3¹� � º

^� f 2�
p

` 1 
p

#f  ¹� � ºf  ¹� � º2

¸
p

 ^ 3¹� � º
f" � log3

p
¹"# ¸ � º` 2 

p
�f  ¹� � ºf  ¹� � º2

•

Lemma 11 1•
p

 � k � � k2–1 � 1, k� � k2–1 �
p

 , f 1¹� � º �
p

# , f 1¹� � º �
p

� , and^¹R� º �

^¹� � º^¹� � º.
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Proof of Lemma 11. The �rst inequality is because1p
 

� k 08k � k 08k1 = 1 by Cauchy-

Schwarz inequality. The second inequality directly follows by the fact that each row of� � is a

length  Bernoulli probability vector. The third inequality holds becausef 1¹� � º � k� � k� �
p

# k� � k2–1 �
p

# with Lemma 4. The fourth inequality is becausef 1¹� � º � k � � k� �
p

� .

The last inequality is becausef 1¹R� º � f 1¹� � ºf 1¹� � º andf  ¹R� º � f  ¹� � ºf  ¹� � º. ƒ

Proof of Lemma 3. According to the proof of Theorem 2 in [26], Assumption 2 is suf�cient for

the generalized-GoM to be identi�able. Take the rows indicesS� for both sides ofR = U� � V�> ,

then

U�
S� –:�

� V�> = R�
S� –: = � �

S� –:�
�> = � �> • (3.82)

Further note that

U� = R� V � � �� 1 = � � � �> V � � �� 1• (3.83)

Plug (3.82) into (3.83), and we have

U� = � � U�
S� –:�

� V�> V � � �� 1 = � � U�
S� –:• (3.84)

Eq (3.84) indicates thatU�
S� –: is full rank since bothU� and � � have rank . Therefore,� � =

U� U�� 1
S� –: and we have proved the �rst equation in the lemma. Furthermore, sinceU�> U� = I  , Eq

(3.84) also leads toU�>
S� –:�

�> � � U�
S� –: = I  and

f 1¹U�
S� –:º =

1
f  ¹� � º

– f ¹U�
S� –:º =

1
f 1¹� � º

– ¹̂U�
S� –:º = ^¹� � º• (3.85)

ƒ

Lemma 12 (Theorem 3 in [62]) LetM0 = M ¸ N 2 R< � = whereM = WZ = W»IAjZ0¼–W 2 R< � A

has rankA, Z 2 RA� =
¸ , and

Í A
: =1 Z0

: 9 � 1–8 9andA� 2. Let � be the index set extracted by SPA. If

kNk1 –2 � b with  

1 ¸ 80
kWk2

1 –2

f 2
A¹Wº

!

b Ÿ min
�

1

2
p

A� 1
–
1
4

�
f A¹Wº– (3.86)
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then there exists a permutation%of f 1–� � � – Agsuch that

max
1� 9� A

kM0
:–�¹ 9º � W:–%¹ 9ºk � �b := b

 

1 ¸ 80
kWk2

1 –2

f 2
A¹Wº

!

• (3.87)

Lemma 13 (Modi�ed from Theorem G.2 of [54]) LetŜbe the estimated simplex vertex index set

returned by SPA. Suppose Assumptions 1, 2, 3 hold, and further assume that
p

 ^ 2¹� � ºf 1¹� � ºb1 �

1. Then there exists a permutation matrixP 2 R �  such that

kUŜ–: � P> U�
S� –:U

�> Uk2–1 = $ ¹^2¹� � ºb1º

with probability at least1 � $
�
¹# _ � º� 10� .

Proof of Lemma 13. In order to use Lemma 12, letA=  , M0 = U�> UU> , M = U�> , W = U�>
S� –:,

and Z = � �> . Note thatU�> = U�>
S� –:�

�> = U�>
S� –:¹I  j� �>

¹ ¸ 1º:#–:º. According to Theorem 4,

N = M0 � M satis�es kNk1 –2 � b1 with probability at least1 � $
�
¹# _ � º� 10� . Notice that

kU�
S� –:k2–1 � k U�

S� –:k with Lemma 4, thus

kWk2
1 –2

f 2
 ¹Wº

�
f 2

1 ¹U�
S� –:º

f 2
 ¹U�

S� –:º
= ^2¹U�

S� –:º = ^2¹� � º–

where the last equality is from (3.85). Therefore,¹1¸ 80 ¹Wº2

f 2
 ¹Wº

ºb1 ® ^2¹� � ºb1. Furthermore, since

f  ¹Wº = f  ¹U�
S� –:º = 1

f 1¹� � º with (3.85), inequality (3.86) is satis�ed since
p

 ^ 2¹� � ºf 1¹� � ºb1 �

1. With Lemma 12, we know that there exists a permutation matrixP 2 R �  such that

kUŜ–:U
> U� � P> U�

S� –:ºk2–1 = $ ¹^2¹� � ºb1º–

with probability at least1 � $
�
¹# _ � º� 10� . ƒ

Lemma 14 (Modi�ed based on Lemma G.3 of [54]). Suppose Assumptions 1, 2, 3 hold. LetŜ be

114



the estimated simplex vertex index set returned by SPA. Then we have






 U� U�> U

�
U� 1

Ŝ–:
� ¹ P> U�

S� –:U
�> Uº� 1

� 






2–1
= $

�
f 1¹� � º^2¹� � ºb1

�

with probability at least1 � $
�
¹# _ � º� 10� .

Proof of Lemma 14. De�ne F = U�> U–W = P> U�
S� –:F. For every82 »# ¼,

ke>
8 U� U�> U

�
U� 1

Ŝ–:
� ¹ P> U�

S� –:U
�> Uº� 1

�
k

=ke>
8 U� F¹U� 1

Ŝ–:
� W � 1ºk = ke>

8 U� FW � 1¹W � UŜ–:ºU
� 1
Ŝ–:

k

=ke>
8 U� FF� 1U�� 1

S� –:P¹W � UŜ–:ºU
� 1
Ŝ–:

k = ke>
8 � � P¹W � UŜ–:ºU

� 1
Ŝ–:

k

¹8º
� k W � UŜ–:k2–1 kU� 1

Ŝ–:
k = k P> U�

S� –:U
�> U � UŜ–:k2–1 kU� 1

Ŝ–:
k

¹88º
� $ ¹^2¹� � ºb0

1ºkU� 1
Ŝ–:

k with probability at least1 � $
�
¹# _ � º� 10

�
• (3.88)

Here ¹8º holds because� � P is non-negative and has rows with;1 norm 1; � � P¹W � UŜ–:º is a

convex combination of rows ofW � UŜ–:, and the;2 norm of a convex combination can not exceed

the maximum norm of the vertices. Inequality¹88º uses Lemma 13.

Now we boundkU� 1
Ŝ–:

k. With Weyl's inequality andf : ¹P> U�
S� –:U

�> Uº = f : ¹U�
S� –:º–8: , we

have with probability at least1 � $
�
¹# _ � º� 10�

jf : ¹UŜ–:º � f : ¹U�
S� –:º j �k UŜ–: � P> U�

S� –:U
�> Uk

¹888º
�

p
 kUŜ–: � P> U�

S� –:U
�> Uk2–1

¹8Eº
= $ ¹

p
 ^ 2¹� � ºb0

1º–

for : = 1– • • • –  , where¹888º uses Lemma 4 and¹8Eº uses Lemma 13. It immediately follows that

f  ¹UŜ–:º � f  ¹U�
S� –:º

 

1 � $

 p
 ^ 2¹� � ºb0

1

f  ¹U�
S� –:º

! !
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=
1

f 1¹� � º

�
1 � $

�p
 ^ 2¹� � ºf 1¹� � ºb0

1

� �

with (3.85). Therefore,

kU� 1
Ŝ–:

k =
1

f  ¹UŜ–:º
�

f 1¹� � º
�
1 � $

�p
 ^ 2¹� � ºf 1¹� � ºb0

1

� � = $ ¹f 1¹� � ºº– (3.89)

since
p

 ^ 2¹� � ºf 1¹� � ºb0
1 � 1. By plugging Eq (3.89) into Eq (3.88), we get






 U� U�> U

�
U� 1

Ŝ–:
� ¹ P> U�

S� –:U
�> Uº� 1

� 






2–1
= $

�
^2¹� � ºf 1¹� � ºb0

1

�

with probability at least1 � $
�
¹# _ � º� 10� . ƒ

Proof of Theorem 5. Recall that ^� = UU� 1
Ŝ–:

. We control the estimation error of each row up to

a permutation:

max
82»# ¼

ke>
8 ¹ ^� � � � Pºk2

= max
82»# ¼

ke>
8 ¹UU� 1

Ŝ–:
� U� U�� 1

S� –:Pºk2

� max
82»# ¼

�
ke>

8 ¹U � U� U�> UºU� 1
Ŝ–:

k ¸ ke>
8 U� U�> U¹U� 1

Ŝ–:
� ¹ U�> Uº� 1U�� 1

S� –:Pºk2

�

�k U � U� U�> Uk2–1 kU� 1
Ŝ–:

k ¸ kU� U�> U¹U� 1
Ŝ–:

� ¹ P> U�
S� –:U

�> Uº� 1ºk2–1

¹8º
®f 1¹� � ºb0

1 ¸ ^2¹� � ºf 1¹� � ºb0
1

®^2¹� � ºf 1¹� � ºb0
1 with probability at least1 � $

�
¹# _ � º� 10

�
–

where¹8º uses Lemma 14 and Eq (3.89).

On the other hand, recall̂� = V� U>
Ŝ–:

andb3 is the upper bound in (3.9) in Theorem 4.

k ^� P> � � � k1

=kPUŜ–:� V> � U�
S� –:�

� V�> k1
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�k¹ PUŜ–: � U�
S� –:U

�> Uº� V> k1 ¸ k U�
S� –:U

�> U� V> � US� –:� V> k1

¸ k US� –:� V> � U�
S� –:�

� V �> k1

¹8º
� k UŜ–: � P> U�

S� –:U
�> Uk2–1 � f 1¹Rº � kVk2–1 ¸ k U�

S� –:U
�> U � US� –:k2–1 � f 1¹Rº � kVk2–1

¸ k U� V> � R� k1

¹88º
®

�
^2¹� � º ¸ 1

�
� b0

1 � f 1¹Rº � kVk2–1 ¸ b3

¹888º
® ^2¹� � º � b0

1 � f 1¹Rº �
�
r

 ` 2

�
¸ b0

2

�
¸ b3

¹8Eº
® ^2¹� � ºf �

1 ¹

r
 ` 2

�
¸ b0

2ºb0
1 ¸ b3

¹Eº
®^2¹� � ºb3–

with probability at least1 � $
�
¹# _ � º� 10� . Here ¹8º uses Lemma 4,¹88º uses Lemma 13 and

the de�nitions ofb0
1– b3, and¹888º is from (3.72) and the de�nitions of̀ 2 andb2. In addition,¹8Eº

holds sincejf 1¹Rº � f 1¹R� º j � kEk ® f
p

� ¸ ~f
p

# � f ¹
p

� ¸
p

"# º ® f �
 � f �

1 holds with

probability at least1 � $ ¹¹# _ � º� 20º, where we use Assumption 3 and Lemma 7. In addition,¹Eº

follows sinceb0
1b0

2f �
1 ¸

q
` 2 

� f �
1b0

1 ® b3 from (3.76) in the proof of Theorem 4.ƒ

Proof of Corollary 1. Given the additional assumptions, with probability at least1 � $ ¹¹# _

� º� 10º we have
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where we use the fact thatf �
 � f  ¹� � ºf  ¹� � º.

For the error bound of̂� ,

k ^� P> � � � k1 ®  f log3
p

` 1` 2

r
"
�

¸
1
#

¸ " � log3
�
` 1 
"#

¸
` 2 

�

�

with probability at least1 � $ ¹¹# _ � º� 10º. ƒ

Lemma 15 (Lemma 3.6 in [54].) If0�
8

8•8•3� Dirichlet¹" º for each82 »# ¼with Umax = max: U: – Umin =

min: U: , U0 =
Í

: U: anda := U0•Umin, then

P
�
f 2

 ¹� � º �
#

2a ¹1 ¸ U0º

�
� 1 �  exp

�
�

#

36a2 ¹1 ¸ U0º2

�
–

P

 

f 2
1 ¹� � º �

3#
�
Umax ¸ k " k2�

2U0 ¹1 ¸ U0º

!

� 1 �  exp
�
�

#

36a2 ¹1 ¸ U0º2

�
–

P
�
^2 ¹� � º � 3

Umax ¸ k " k2

Umin

�
� 1 � 2 exp

�
�

#

36a2 ¹1 ¸ U0º2

�
•

Lemma 16 If ¹\ �
" ¹;� 1º¸ 2–:º

"
2=1

8•8•3� Dirichlet¹#º for each; 2 »! ¼, : 2 » ¼with V0 =
Í "

2=1 V2,

21 =
V2

0�k #k2

V2
0¹1¸ V0º

, and22 =  k#k2

V2
0

¸ 21, then

P
�
f 2

 ¹� � º �
21!
2

�
� 1 �  exp

 

�
22

1!

80 2

!

–

P
�
f 2

1 ¹� � º �
322!

2

�
� 1 �  exp

 

�
22

1!

80 2

!

–

P
�
^2 ¹� � º �

322

21

�
� 1 � 2 exp

 

�
22

1!

80 2

!

•

(3.90)

Proof of Lemma 16 (Modi�ed based on the proof of Lemma 3.6 in [54].) Write

� � = ¹� �>
1 – • • • –� �>

! º> –
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where� �
; = ¹) �

;1– • • • –) �
; º 2 »0–1¼� �  with ) �

; : = ¹\ �
� ¹;� 1º¸ 2–:º

�
2=1

8•8•3� � ¹#º for each; 2 »! ¼and

: 2 » ¼. DenoteM := � �> � � . Note thatM � E»M¼=
Í

; X; , where eachX; = � �>
; � �

; � E»� �>
; � �

; ¼

is an independent mean zero random �  matrix. Sincek) �
; : k � k ) �

; : k1 = 1, k� �>
; � �

; k �

k� �
; k2

� �  .

Also note that

E
�
� �>

; � �
;

�
=

k#k2

V2
0

11> ¸ diag

 
V2

0 � k #k2

V2
0¹1 ¸ V0º

!

•

With Weyl's inequality,

_ 
�
E»� �>

; � �
; ¼

�
=

V2
0 � k #k2

V2
0¹1 ¸ V0º

=: 21 Ÿ 1–

_1
�
E»� �>

; � �
; ¼

�
=  

k#k2

V2
0

¸
V2

0 � k #k2

V2
0¹1 ¸ V0º

=: 22 Ÿ  ¸ 1•

Therefore,

kX; k � k � �>
; � �

; k ¸ kE»� �>
; � �

; ¼k � ¸ 22 Ÿ 2 ¸ 1 � 3 •

Furthermore, by Jensen's inequality,

kE»X2
; ¼k �E»kX2

; k¼ �E»kX; k2¼ � 9 2•

By the matrix Bernstein inequality in [124], for allg ¡ 0, we have

Pr¹f 1¹M � E»M¼º � gº = Pr

 

f 1¹
!Õ

;=1

X;º � g

!

�  exp
�
�

g2

18! 2 ¸ 2 g

�
:= Xg•

By Weyl's inequality, with probability at least1 � Xg,

jf 1¹Mº � f 1¹E»M¼ºj � f 1¹M � E»M¼º � g

jf  ¹Mº � f  ¹E»M¼ºj � f 1¹M � E»M¼º � g•
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Also we have

f  ¹E»M¼º= f  

 
Õ

;

E
�
� �>

; � �
;

�
!

� !2 1•

f 1¹E»M¼º= f 1

 
Õ

;

E
�
� �>

; � �
;

�
!

� !2 2

For f  ¹Mº, chooseg1 = 21!
2 . Then with probability at least

1 � Xg1 = 1 �  exp

 

�
22

1!

72 2 ¸ 4 2 1

!

� 1 �  exp

 

�
22

1!

80 2

!

–

one has

f 2
 ¹� � º = f  ¹Mº � f  ¹E»M¼º � jf  ¹Mº � f  ¹E»M¼ºj � g2 =

22!
2

•

For f 1¹Mº, chooseg2 = 22!
2 . Then with probability at least

1 � Xg2 = 1 �  exp

 

�
22

2!

72 2 ¸ 4 2 2

!

� 1 �  exp

 

�
22

1!

80 2

!

–

one has

f 2
1 ¹� � º = f 1¹Mº � j f 1¹Mº � f 1¹E»M¼ºj f̧ 1¹E»M¼º � 3g2 =

322!
2

•

With probability at least1 � 2 exp
�
�

22
1!

80 2

�
, one has

^2¹� � º =
f 2

1 ¹� � º

f 2
 ¹� � º

�
322

21
•

ƒ
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Proof of Corollary 2. First note that� = !"– � � 1– f � 1•2–~f �
p

" •2 for the �attened data

matrix with Bernoulli entries. De�ne the event


 :=

(

¹� � –� � º : f  ¹� � º ¦

p
#

 
– f1¹� � º ®

r
#
 

– ¹̂� � º ®
p

 –

f  ¹� � º ¦

p
�

"
– f1¹� � º �

p
 �
"

– ¹̂� � º �
p

 

)

•

With (3.17), the probabilities on the RHS in (3.90) and (3.90) are in the order of1 � $ ¹ # � 3º and

1 � $ ¹ ! � 3º, respectively. Along with the assumptions on" and#, we have

Pr¹
 º � 1 � $
�
 ¹# ^ ! º� 3

�
•

Below we discuss for¹� � –� � º 2 
 . With the lower bounds on#– �, we have

f^ � ¹"
p

# ¸
p

� º ®  ¹"
p

# ¸
p

� º ®

p
#�

" 
® f  ¹� � ºf  ¹� � º–

and thus (3.5) in Assumption 3 holds. Now we bound` 1– 2̀ with Lemmas 4 and 11 and (3.85).

SinceU� = � � U�
S� –:, we have

` 1 =
#
 

kU� k2
2–1 �

#
 

k� � k2
2–1 kU�

S� –:k
2 �

#

 f 2
 ¹� � º

®  •

Similarly, V � = � � U�
S� –:¹U

�>
S� –:U

�
S� –:º

� 1� �� 1. Thus,

` 2 =
�
 

kV � k2
2–1 �

�
 

k� � k2
2–1

kU�
S� –:k

2

f 4
 ¹U�

S� –:ºf
2
 ¹� � ºf 2

 ¹� � º
� �

^4¹� � º

f 2
 ¹� � º

®  2" 2•

One can verify that (3.6) in Assumption 3 holds with the lower bounds on#– � in Assumption 4.

Furthermore, we can verify that Assumption 5 is satis�ed with the lower bounds on#– �, thus
p

 ^ 2¹� � ºf 1¹� � ºb1 � 1. Now we have veri�ed that Assumption 3 holds. By Remark 2, with
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probability at least1 � $ ¹¹# _ � º� 10º one has

b1 ®
" 3•2 2

p
log3

p
#�

¸
" 2 4

# 3•2
–

b3 ®
" 5•2 7•2 log3

p
�

¸
" 2 7•2 log3

p
#

•

Furthermore, with Theorem 5,




 ^� � � � P






2–1 ®
" 3•2 5•2

p
log3

p
�

¸
" 2 9•2

#
–

k ^� � � � Pk1 ®  b 3 ®
" 5•2 9•2 log3

p
�

¸
" 2 9•2 log3

p
#

•

ƒ

3.8.3 Additional Computational Details

3.8.3.1 Gibbs Sampling Updating Steps

For simplicity of presentation, we set the number of possible responses as a constant, i.e.� 9 �

� for all items9; extensions to fully general cases is straightforward. Here we use slightly different

notations. Denote) 9 : 2 R� as the probabilities for all� response categories for item9and extreme

latent pro�le : . When written in the form of the likelihood function, the GoM model is equivalent

to assuming the existence of latent class variables/ 8 92 f1– • • • –  g for each individual8and each

item 9.

' 8 9j/ 8 9= : 8•8•3� Categorical
�
»� ¼; ) 9 :

�
;

/ 8 9j08
8•8•3� Categorical¹» ¼; 08º;

08
8•8•3� Dirichlet¹" º– " 2 R ;

) 9 :
8•8•3� Dirichlet¹#º– # 2 R� •
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We write / 8 9 : := 1¹/ 8 9= : º and' 8 92:= 1¹' 8 9= 2º. The likelihood function of the GoM model is

then

! ¹R; � –Z–� º =
#Ö

8=1

�Ö

9=1

 Ö

: =1

 
�Ö

2=1

\
' 8 92

9 :2

! / 8 9:

•

• For the conditional distribution of) 9 : we have

?¹) 9 :jR–Z–� º /
#Ö

8=1

 
�Ö

2=1

\
' 8 92

9 :2

! / 8 9: �Ö

2=1

\ V2� 1
9 :2 /

�Ö

2=1

\
Í #

8=1 ' 8 92/ 8 9 :̧ V2� 1
9 :2 –

which leads to

) 9 :jR–Z–� � Dirichlet

 "
#Õ

8=1

' 8 92/ 8 9 :¸ V2

#

2

!

•

• For 08, since

?¹` 8j08º =
�Ö

9=1

 Ö

: =1

c
/ 8 9:

8: –

we have

?¹08jZº /
 Ö

: =1

c
Í �

9=1 / 8 9:

8:

 Ö

: =1

cU: � 1
8: =

 Ö

: =1

c
Í �

9=1 / 8 9 :̧ U: � 1

8: •

Thus

08jZ � Dirichlet©­
«

2
6
6
6
6
4

�Õ

9=1

/ 8 9 :¸ U:

3
7
7
7
7
5:

ª
®
¬

•

• For / 8 9, with

?¹' 8 9j/ 8 9= : º =
�Ö

2=1

\
' 8 92

9 :2

and?¹/ 8 9= : º = c8:, we have

?¹/ 8 9= : j' 8 9º /
�Ö

2=1

\
' 8 92

9 :2c8:–
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and thus

?¹/ 8 9= : jR–� –� º =

Î �
2=1 \

' 8 92

9 :2c8:

Í  
: =1

Î �
2=1 \

' 8 92

9 :2c8:

•

3.8.3.2 Additional Algorithms and Figures

Algorithm 4 below estimates the GoM model for Poisson data. The difference of Algorithm 4

from Algorithm 3 is the truncation for̂� .

Algorithm 4 Poisson-GoM Estimation with Potential Local Dependence

Require: Count matrixR 2 N# � �
¸ , number of extreme pro�les .

Ensure: Estimated̂S 2 R –^�
¹postº

2 R� �  –^�
¹postº

2 R# �  

Get the top singular value decomposition ofR asU� V>

Y = U
for : 2 f1– • • • –  gdo

(̂ : = argmax¹fkY8–:k2 : 82 »# ¼n̂Pgº
u = Y (̂ : –:•kY (̂ : –:k2
Y = Y¹I  � uu> º

end for
^� = U¹UŜ–:º

� 1

^�
¹postº

= diag¹ ^� ¸ 1 º� 1 ^� ¸
^� = V� U>

Ŝ–:

Let ^�
¹postº

= ¹)̂
¹postº
9–: º with \̂ ¹postº

9–: =

(
\̂ 9–: if \̂ 9–: � 0

n if \̂ 9–:Ÿ 0

Figure 3.10 presents the heatmaps of the covariance matrix of the true error matrixR� R� (left)

and the estimated error matrixR � ^� ^�
>

(right) in a simulation study. Whether or not there is local

dependence, the covariance matrix of the estimated error matrix empirically approximates that of

the ground truth error matrix well. The details of the simulation setting can be found in Section

3.5.
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Figure 3.10: Heatmaps of the covariance matrices ofR � R� (left) andR � ^� ^�
>

(right), without
local dependence (upper) and with local dependence (lower).
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Chapter 4: Supervised Multidimensional Scaling for Process Data

4.1 Introduction

Computer-based tests have gained increasing popularity in large-scale assessments. These

tests not only evaluate skills measured by standardized tests, but also provide detailed information

about the respondent's cognitive processes and problem-solving strategies. For example, students'

problem-solving competency is assessed in the Programme for International Student Assessment

(PISA). Similarly, 14 items of Problem-Solving in Technology-Rich Environments (PSTRE) were

designed and administered in the Programme for the International Assessment of Adult Competen-

cies (PIAAC) in 2012. In such computer-based problem-solving items, respondents ful�ll real-life

tasks through an interface in a simulated computer environment. They need to appropriately inter-

act with the interface, such as exploring the system and gathering information in order to complete

the tasks. With the help of computer technology, the actions (e.g., mouse clicks and keystrokes)

that a respondent takes to solve a problem are recorded in log �les. Such actions characterize re-

spondents' problem-solving processes and are thus called (response) process data. An example of

a computer based interactive item is illustrated in Figure 1.1.

A variety of applications of response process data involve exploring the relationship between

response processes and variables of interest. For example, process data are used to predict the

problem-solving outcome and duration in the event history analysis [125]. [126] studied how

behavior patterns in process data are related to demographic variables such as gender and age.

In addition, [127] examines the associations between adult digital problem-solving behaviors and

demographic and cognitive variables. While utilizing process data information has demonstrated

bene�ts in various applications, its analysis remains challenging for the following reasons. Process

data are sequences of categorical variables (actions), the lengths of which vary signi�cantly among
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respondents. Thus, it is dif�cult to directly apply regression and other classic statistical models.

Furthermore, the diversity of item interfaces and the speci�c tasks they require often result in

response behavior patterns that are unique to each item. This complexity makes it challenging to

analyze process data across multiple items with a generic approach. In this chapter, we propose a

method that facilitates the studying of the relationship between response processes and variables

of interest. The method is a supervised version of multidimensional scaling [MDS, 128], which

we call supervised MDS (supMDS). In short, supervised MDS leverages information of a set of

target variables to extract features from process data, without using speci�c context of the item.

MDS has been proven useful in extracting features from process data. Speci�cally, [30] pro-

posed a feature extraction method based on the original unsupervised MDS, where latent features

are obtained by approximating the pairwise action sequence dissimilarity with the Euclidean dis-

tance between feature vectors. Features extracted from this method have demonstrated effective-

ness in identifying behavioral patterns related to respondents' demographic or cognitive character-

istics, as well as obtaining accurate latent trait assessments [40]. In these applications, the latent

features extraction procedure is not associated with any variables. They may be crucial for ex-

plaining certain variation of the response processes but not for predicting certain target variables.

A critical component in MDS feature extraction is the measurement that quanti�es the dissimilar-

ities between two action sequences. Since different dissimilarity measures re�ect the variability

of distinct characteristics of response processes, the choice of dissimilarity measures affects the

information that the features contain and thus subsequent analyses. Besides the Order-based Se-

quence Similarity (OSS) employed in [30], other existing measures such as edit distance [129] and

the length of longest common sequence [130] have been used to describe the disparity among pro-

cess sequences. It is unclear, however, which or any combination of the available measures would

be optimal for predicting certain target variables. Our proposed method, supMDS, answers these

questions by �nding the optimal linear combination of multiple dissimilarity measures.

Compared with existing methods, the proposed method has two unique characteristics. Firstly,

supMDS extracts features targeting a single or a group of variables of interest. Secondly, supMDS
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synthesizes the information summarized by different dissimilarity measures and determine the

“relative importance” of each candidate measure. Besides MDS, other feature extraction methods

have been proposed to deal with response processes. For example, [131] and [132] summarized

log �le data into informative aggregate-level variables. Another approach adopted by [133] applies

the concept of n-gram from natural language processing, where consecutive sequence patterns are

extracted. In addition, [31] proposed a feature extraction method based on a sequence-to-sequence

autoencoder, where the low-dimensional representations of process data are obtained to reproduce

the input action sequences. Yet these methods do not take into account the target variables for

extracting features. There are several attempts to extend MDS by incorporating information from

external variables. [134] proposed a supervised MDS method for better visualizing and classifying

objects with binary class labels. [135] discussed a semi-supervised MDS algorithm for visualizing

textual data, where words with different topics are well-separated. However, both extensions do

not consider the problem of choosing an appropriate dissimilarity measure.

The rest of this chapter is organized as follows. We present the proposed supMDS feature ex-

traction method in Section 4.2. The performance of the proposed method is demonstrated through

a simulation study in Section 4.3 and a case study of process data from 13 PIAAC 2012 PSTRE

items in Section 4.4. Section 4.5 contains concluding remarks.

4.2 Supervised Multidimensional Scaling

Consider the process data action sequences of= respondents. The action sequence of the8-th

respondent is denoted ass8 = ¹B81– • • • – B8!8º, where! 8 is the sequence length, and each elementB8 9

takes values from an action setA = f 01– • • • – 0# g. For example, each possible action08 could be

a keystroke or a mouse clip. We also consider' variables of interest such as respondents' demo-

graphic variables, and collect them in matrixY 2 R=� ' . Each rowY8–: = ¹. 81– • • • – .8' º represents

the set of variables associated with the8-th respondent, and each columnY:–A= ¹. 1A– • • • – .=Aº is the

sample of theA-th variable. We assume that all target variable samples are scaled to have variance

of 1. The objective of this study is to extract features from the process responses8 guided by the
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predictability of target variablesY8–:.

The proposed method utilizes MDS to locate response processes in an Euclidean space, in such

a way that the differences between response processes are approximated by their Euclidean dis-

tances. The Euclidean coordinates of the response processes capture the characteristics of response

processes and are used as features. Unlike the existing MDS feature extraction method where a sin-

gle dissimilarity measure is used to quantify the differences among response processes, our method

synthesizes multiple candidate dissimilarity measures by a weighted sum to summarize the differ-

ence in a more comprehensive way. The weights of candidate measures are determined based on

the performance of predicting the target variables from the resulting features. In the sequel, we

describe the supMDS method in details. We �rst introduce candidate dissimilarity measures for

process data in Section 4.2.1. The weighted sum of dissimilarity measures is described in Section

4.2.2. In Section 4.2.3, we explain the MDS procedure to extract features based on the weighted

dissimilarity measure. The model we use to predict the target variables from the extracted fea-

tures is described in Section 4.2.4. Lastly, Section 4.2.5 explains how the weights of dissimilarity

measures are estimated based on the prediction performance.

4.2.1 Dissimilarity Measures for Process Data

A dissimilarity measure quanti�es how different two sequences are, and it plays a crucial role

in MDS analysis. Mathematically, a dissimilarity measure is a function3¹�–�º : S � S ! R¸

satisfying the following conditions for allsands0 in S

3¹s–s0º = 0– 3¹s–s0º � 0– 3¹s–s0º = 3¹s0–sº• (4.1)

Below are some examples of dissimilarity measure that can be used for comparing process se-

quences.

Sequence length difference (SLD)is the difference between the lengths of two sequences,

3(! � ¹s8–s9º = j! 8 � ! 9j• (4.2)
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It only captures the variability in the number of actions in a sequence and is considered the simplest

dissimilarity measure for process sequences.

Order-based sequence similarity (OSS)was �rst proposed by [136] to measure the differ-

ences in tourists' itineraries and the differences in websites visited by users. OSS is used in the

MDS feature extraction procedure proposed in [30]. This dissimilarity measure accounts for the

discrepancy between a pair of sequences from two parts:

3$(( ¹s8–s9º = 3� �� ¹s8–s9º ¸ 3* �� ¹s8–s9º• (4.3)

Here 3� �� ¹s8–s9º describes the common action dissimilarity (CAD), i.e., the difference in the

actions that appear in boths8 ands9. While 3* �� ¹s8–s9º describes the uncommon action dissim-

ilarity (UAD), i.e., the difference in the actions that appear only in one of the two sequences. For

a sequences, let s0 be the chronologically ordered positions of action0 2 A , s0¹: º be the: th

element ofs0, and! 0 be the length ofs0. Then CAD is de�ned as

3� �� ¹s8–s9º =
1

! 8¸ ! 9
�

Í
02� 8 9

Í ! 0
8 9

: =1 js0
8 ¹: º � s0

9¹: º j

maxf ! 8– !9g
– (4.4)

where! 0
8 9= minf ! 0

8– !09gand� 8 9is the set of common actions for sequence8and 9. On the other

hand, UAD is a scaled count of uncommon actions, which is de�ned as

3* �� ¹s8–s9º =
1

! 8¸ ! 9
� ¹

Õ

02* 8 9

! 0
8 ¸

Õ

02* 98

! 0
9º– (4.5)

where* 8 9denotes the actions that only appear ins8 but not ins9 and similarly for* 98. Note that

either CAD or UAD alone can be seen as a dissimilarity measure. The OSS measure is an equal

weighted sum of CAD and UAD.

The longest common subsequence[LCS, 137] of two sequences is the longest subsequence

that presents in both sequences. The length of LCS has been used as a similarity measure for

comparing response processes [126, 130]. We can transform it into a dissimilarity measure by
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de�ning

3!�( ¹s8–s9º = 1 �
LLCS¹s8–s9º
maxf ! 8– !9g

– (4.6)

where LLCS¹s8–s9º denotes the length of the LCS ofs8ands9.

As an illustration, consider item U01a from the PIAAC 2012 data. For this item, respondents

are required to classify the email senders into `can come' and `cannot come' categories based

on their email contents. Consider the action sequences of two respondents:s1=(Start, VF_Party,

VF_CanCome, Next, Next_OK),s2=(Start, Toolbar_E_Move, VF_CanCome, Move_Email_OK,

VF_CanCome, Next, Next_OK). As the sequence length difference is2, we have3(! � ¹s1–s2º = 2.

The common action dissimilarity is3� �� ¹s1–s2º = 0•048, the uncommon action dissimilarity is

3* �� ¹s1–s2º = 0•25, and the order-based sequence dissimilarity is3$(( ¹s1–s2º = 0•298. Finally,

the longest common subsequence is (Start, VF_CanCome, Next, Next_OK);3!�( ¹s1–s2º = 0•429.

4.2.2 Weighted Dissimilarity Measure

Different measures capture variability in different aspects of response processes and they result

in different features. For instance, SLD only accounts for the difference in action sequence length

and is likely to yield features that are highly correlated to respondents' total response time, but

these features may not contain detailed information about how the task is accomplished. Given

a set of target variables, we may use them to guide the choice of dissimilarity measures and the

features to �t better to the subsequent analyses.

Suppose that" ¸ 1 candidate dissimilarity measures30– 31– • • • – 3" are available. To combine

them, we synthesize the" ¸ 1 measures into a weighted measure

3¹8 º = 30 ¸ l 131 ¸ � � � ¸ l " 3" – (4.7)

where8 = ¹l 1– • • • – l" º is an unknown weight vector withl < � 0 for < = 1– • • • – ". Let

J 0–J 1– • • • –J " denote the corresponding dissimilarity matrices for each measure with the8 9-th

element ofJ < being3< ¹s8–s9º, for < = 0– • • • – "and8– 9= 1– • • • – =. The dissimilarity matrix
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corresponding to the weighted measure (4.7) is then

J ¹8 º = J 0 ¸ l 1J 1 ¸ � � � ¸ l " J " • (4.8)

It is straightforward to verify that3¹8 º satis�es conditions (4.1) and thus3¹8 º and � ¹8 º are

valid dissimilarity measures and dissimilarity matrices. The OSS dissimilarity used in [30] satis�es

" = 1, 30 = 3CAD, 31 = 3UAD, andl 1 = 1. For computational convenience, we do not constrain

the weights of the matrices to be less than one or sum to one so that fewer constraints are imposed

on the weight vector8 . Since the scale of the dissimilarity matrix used in MDS only affects the

scale of the extracted features but not the information compressed in the features, we �x the weight

of J 0 to one to avoid non-identi�ability issues. If the dissimilarity matrices are in comparable

scales (which can be achieved by rescaling), each element of8 re�ects the relative importance of

the corresponding dissimilarity measure. For example, in the case of" = 1, 8 reduces to a scalar

l 1. If l 1 is close to zero, thenJ 0 plays a more important role thanJ 1. If l 1 is much larger than

1, thenJ 1 plays a dominating role.

4.2.3 Feature Extraction

Given a weight vector8 , we extract process features using MDS with dissimilarity matrix

J ¹8 º = ¹38 9¹8 ºº=� = by minimizing

Õ

1� 8Ÿ 9� =

¹38 9¹8 º � k x8 � x9kº2– (4.9)

with respect toX = ¹x1– • • • –x=º> 2 R=�  , where is a pre-speci�ed feature dimension, andkx8�

x9k =
q

¹x8 � x9º> ¹x8 � x9º is the Euclidean distance betweenx8 andx9. Denote the minimizer of

(4.9) asX¹8 º = ¹x1¹8 º– • • • –x=¹8 ºº, which gives the extracted features corresponding to8 .

A majorize-minimization (MM) algorithm called the SMACOF algorithm [138] is commonly

used to minimize (4.9); see Algorithm 5. Each iteration of this algorithm requires computing an

= � = matrix, which can be time-consuming when= is large. Therefore, we consider an alternative
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Algorithm 5 MDS with SMACOF

Require: Dissimilarity matrixJ = ¹38 9º 2 R=� =, number of features 
Ensure: Feature matrixX = ¹x1– • • • –x=º> 2 R=�  

Initialize the feature matrixX
Calculate the matrix\ = =O� 11> and its inverse\ � 1

while the entry values ofX are not stabledo

Calculate the matrixH =

8>>><

>>>
:

� 38 9

kx8� x9k
if 8< 9–x8 < x9

0 if 8< 9–x8 = x9

�
Í

: <818: if 8= 9
Update the feature matrixX = \ � 1HX

end while

algorithm proposed in [139], as summarized in Algorithm 6. In this algorithm, instead of perform-

ing MDS for all = subjects at once, we �rst apply the SMACOF algorithm to a randomly sampled

subsetT sub � f 1– • • • – =gand obtain the featuresx8¹8 º for 8in T sub. To be more speci�c,

f x8¹8 º : 82 T subg = arg min
f x8:82T subg

Õ

8Ÿ 9– 8– 92T sub

¹38 9¹8 º � k x8 � x9kº2•

For each of the remaining subjects8� 2 »=¼nT sub, the feature vectorx8� ¹8 º is then obtained through

approximating the dissimilarities between subject8� and the subjects inT sub. That is,

x8� ¹8 º = arg min
x

Õ

82T sub

¹38� 8¹8 º � k x � x8¹8 ºkº2– 8� 2 f1– • • • – =gnT sub• (4.10)

The objective function (4.10) can be minimized by generic optimization algorithms such as the

Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm. Note that this two-step algorithm is not

designed to optimize (4.9) exactly but to obtain an approximated solution. Although features

extracted using this algorithm are not the same as those obtained using the SMACOF algorithm,

the differences are generally small according to [139]. Additionally, since the calculation of the

= � = matrix is avoided, this two-step algorithm is expected to be more computationally ef�cient

than the SMACOF algorithm.
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Algorithm 6 MDS for large scale data

Require: Dissimilarity matrixJ = ¹38 9º 2 R=� =, number of features , subsetT sub
Ensure: Feature matrixX = ¹x1– • • • –x=º> 2 R=�  

Calculate the fully connected features of subsetf x8g82T sub from f 38 9g8– 92T sub using Algorithm 5
for 8� 2 »=¼nT sub do

Solve for the feature of the8� -th subject:

min
x2R 

Õ

92T sub

¹38� 9 � k x � x9kº2

end for

4.2.4 Connecting Features with Target Variables

So far, our discussion on feature extraction assumes that the ground truth weight vector8

is known. In order to �nd the weight vector that produces the best features for predicting the

target variables, we need to connect the featuresX¹8 º with the target variables. We achieve this

through generalized linear models (GLMs), as they unify a large family of regression models and

are broadly used for prediction and inference. Under GLMs, we assume that. 8A's are independent

given X¹8 º. Also assume that. 8Afollows a distribution in the exponential family with natural

parameterx8¹8 º> #A for each8 2 »=¼andA 2 »' ¼, where#A are unknown coef�cients of the

process features. The density function of. 8Acan be expressed in the form

5¹Hj[ 8Aº = exp
�

H¹x8¹8 º> #Aº � 1A¹x8¹8 º> #Aº
qA

¸ 2A¹H– qAº
�

– (4.11)

whereqA is the dispersion parameter, and1A¹�º and2A¹�º are known functions. The conditional

mean,̀ 8A= � ¹. 8Ajx8¹8 ºº, depends onx8¹8 º via

6A¹` 8Aº = x8¹8 º> #A– (4.12)

where6A is a link function.

In many scenarios, such as in the case study presented in Section 4.4, the target variables are
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approximately normally distributed. Therefore, we assume a linear model for each variable:

. 8A= x8¹8 º> #A ¸ 48A– 8= 1– • • • – =– (4.13)

wheref 48Ag=
8=1 are independent and follow# ¹0– f 2

Aº for A= 1– • • • – '. This is a special case of the

GLMs described in (4.11) and (4.12) with[ 8A= ` 8A, 1A¹[ º = [ 2•2, qA = f 2
A, � A¹H– qº = � H2•¹ 2qº,

and the identity link6A¹` º = ` .

4.2.5 Parameter Estimation

With the model connecting the weight-dependent featuresX¹8 º and the target variables, we

can estimate8 that leads to features producing the most accurate prediction of the target variables.

Given 8 and thus the corresponding featuresX¹8 º, let #̂A¹8 º denote the maximum likelihood

estimator (MLE) of#A obtained by minimizing the negative log-likelihood function, i.e.

! A¹VAjX¹8 º–Y:–Aº = �
=Õ

8=1

log¹ 5¹. 8Aj[ 8Aºº– (4.14)

where5is given in (4.11). The minimized negative log-likelihood! A¹ #̂A¹8 ºjX¹8 º–Y:–Aº quanti�es

how well the distribution ofY:–Acan be characterized byX¹8 º, and

! ¹8 º =
'Õ

A=1

! A¹ #̂A¹8 ºjX¹8 º–Y:–Aº (4.15)

summarizes the overall performance among the' target variables, with a smaller value being

better. Therefore, we use the minimizer of! ¹8 º as an estimator of8

8̂ = arg min
8 2»0–1º "

! ¹8 º• (4.16)

With 8̂ , the MDS featuresX¹8̂ º are then the features that best synthesize the" ¸ 1 dissimilarity

matrices to predict the target variables. We callX¹8̂ º the supMDS features.
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We utilize a direct search optimization method called the Nelder-Mead [NM, 140] method to

obtain8̂ . To minimize the objective function! ¹8 º with respect to the" -dimensional weight vec-

tor 8 , the method maintains" ¸ 1 test weight vectors8 1– • • • –8 " ¸ 1 and iteratively updates them

to locate the optimal solution for! ¹8 º. In each iteration, the objective function is evaluated at each

test weight vector according to (4.15) whereX¹8 9º is obtained using the algorithm described in

Section 4.2.3 and̂VA¹8 º is obtained using the iterative re-weighted least square algorithm [Chapter

2.5 in 141]. Then the test weight vector with the highest objective function value is replaced by a

new one that is closer to the optimal solution. The details on how to select a new point are provided

in Algorithm 7 in Appendix 4.6.1.

Since! ¹8 º can be computed numerically for a given8 , a naive method for minimizing! ¹8 º

is to compute! ¹8 º for a �ne grid of values of8 and then the8 related to the smallest computed

value of! ¹8 º is identi�ed as the minimizer of! ¹8 º. However, this method is infeasible because

a large number of grid points of8 are needed for obtaininĝ8 with reasonable accuracy and the

number grows exponentially with the dimension of8 . We do not use gradient-based optimization

methods such as gradient descent and the Newton-Raphson method to minimize! ¹8 º because

X¹8 º and f #̂A¹8 ºg'
A=1 are solutions to two nested optimization problems and they do not have

closed-form expressions in general, making the gradient of! ¹8 º dif�cult to compute.

In the case study, we focus on the special case of linear models so that (4.14) simpli�es to

kY:–A� X¹8 º#Ak2 up to a constant scale and shift, which is the;2 discrepancy between the observed

and predicted values of theA-th variable. In [30],;2 regularization is used in the regression of target

variables on the MDS features to prevent over�tting. This is incorporated in our model by adding

a penalty term to the;2 discrepancy so that̂#A¹8 º is obtained by minimizing

! A¹VAjX¹8 º–Y:–A– _Aº = kY:–A� X¹8 º#Ak2 ¸ _Ak#Ak2– (4.17)

where_A is the penalization parameter. In this case,#̂A¹8 º has a closed form expression

#̂A¹8 º = ¹X¹8 º> X¹8 º ¸ _AOº� 1X¹8 º> Y:–A• (4.18)
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With equal weights for' target variables, the total loss becomes

! ¹8 º =
'Õ

A=1

kY:–A� X¹8 º#̂A¹8 ºk2 ¸
'Õ

A=1

_Ak#̂A¹8 ºk2• (4.19)

Usually, the penalty parameters in regularized regression are chosen by cross-validation, but

we do not take this route to choose_A for the following reason. Appropriate values of the penalty

parameters are often dependent on the covariates. In our case, since the covariate matrixX¹8 º

changes with8 across iterations in Algorithm 6, the appropriate penalty parameter values would

also vary across iterations. Using cross-validation to choose these parameters requires �tting mod-

els with various penalty parameter values at each iteration, which induces considerable computa-

tional cost. Instead, we set the penalty parameter for each target variable to be

_A =
 ~f 2

A

~#
>
A

~#A

– (4.20)

where~#A is the ordinary least square estimator of#A computed fromY:–AandX¹8 º, and ~f 2
A is the

corresponding estimated variance. The choice is made by approximately minimizing the out-of-

sample mean squared estimation error of#A over the values of_A. Derivation details can be found

in Appendix 4.6.2.

To conclude this section, we summarize the procedure to extract supMDS features below.

Procedure 1 (supMDS feature extraction)

1. Obtain" ¸ 1 dissimilarity matricesJ 0–J 1– • • • –J " for = action sequencess1–s2– • • • –s=.

Divide each dissimilarity matrix by the median of its off-diagonal elements to rescale the

" ¸ 1 dissimilarity matrices into comparable scales.

2. Compute the estimated weight vector8̂ and the supervised MDS featuresX¹8̂ º using the

target variablesY1– • • • –Y ' and the dissimilarity matricesJ 0– • • • –J " with Algorithm 6.

3. Perform principal component analysis onX¹8̂ º and obtain the principal features.
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4.3 Simulations

In this section, we evaluate the proposed supMDS method through simulation experiments. In

particular, we examine its performance in recovering the weight vector8 and also in predicting

the target variable with the extracted features.

4.3.1 Experiment settings

Since supMDS requires only the dissimilarity matrices of action sequences instead of the ac-

tion sequences themselves, we directly simulate the dissimilarity matrices of imaginary sequences

when generating data for the simulation experiments. To generate" ¸ 1 dissimilarity matrices

of = imaginary sequences, we �rst obtain" ¸ 1 matrices~X0– • • • –~X " by sampling their elements

independently from the standard normal distribution. Each matrix has= rows and = 10columns,

and the columns of matrix~- < are treated as sequence characteristics that decide the< -th dissimi-

larity measure. The Euclidean distance matrix of the rows of~- < is then calculated asJ < . Given

a weight vector8 , we compute the weighted dissimilarity matrixJ = J 0 ¸
Í "

8=1 l 8J 8 and ex-

tract -dimensional MDS featuresX = ¹x1– • • • –x=º> wherex8 is the -dimensional feature vector

corresponding to the8-th process sequence. These features are used to generate a target variable

according to a linear regression model

. 8 = x>
8 # ¸ 48– 8= 1– • • • – =– (4.21)

where each coef�cientV: is generated independently from# ¹0–2º and41– • • • – 4= are generated

independently from the standard normal distribution.

We consider three choices of sample size=, 200, 500, and 1000. For each sample size, cases

of two and three candidate dissimilarity matrices are considered, i.e.," = 1–2. For each choice

of " , different values of the weight vector are considered to vary the relative importance of the

dissimilarity matrices. For" = 1, the four values considered for the scalar weightl are 0, 1, 4,

and 10. For" = 2, the four weight vectors considered are8 = ¹0–0º– ¹1–1º– ¹10–1º and¹10–10º.

138



We generate100 independent datasets for each experiment setting. Each dataset consists of

" ¸ 1 dissimilarity matrices and one target variable. For each dataset,= subjects are randomly

divided into training and test sets with the ratio of 4:1. The proposed supMDS Algorithm 6 is

applied to the training set to obtain the estimated weight vector8̂ . Here the size of the subsetT sub

used in the algorithm is set as 200. Given8̂ , we evaluate the out-of-sample performance of the

target variable prediction as follows. First, the weighted dissimilarity matrixJ ¹8̂ º containing both

the training and test sets are computed and the corresponding (unsupervised) MDS features are

extracted. Then, a linear regression model of the target variable on the newly extracted features is

�tted using only the training set. The �tted model is then used to obtain the predicted target variable

on the test set. The prediction performance is evaluated by the out-of-sample mean squared error

(MSE) of the target variable.

4.3.2 Results

Figure 4.1 displays the out-of-sample mean squared error (MSE) for predicting the target vari-

able under different settings. In the �gure, the box plots labeled with “supMDS” give the results

obtained from the proposed supMDS method, while others correspond to the results from each

individual dissimilarity matrix. The �gure shows that the prediction accuracy from supMDS is

no less than that obtained from a single dissimilarity matrix in all the settings considered in our

experiment. In the settings with one dominating dissimilarity matrix (e.g.l = 0 and 10 for" = 1

and8 = ¹0–0º–¹10–1º for " = 2), the predicting accuracy from supMDS is comparable to the

results from the dominating dissimilarity matrix alone. In other settings, supMDS leads to a signif-

icant improvement over those single dissimilarity matrix outcomes. These results demonstrate that

supMDS can leverage the information from different dissimilarity measures and produce features

that are more predictive of the target variable.

The results for the recovery of8 are presented in Figure 4.2 where the upper and lower panels

correspond to" = 1 and " = 2 accordingly. As the aggregated dissimilarity matrix in (4.8) is

always scaled before extracting its features, we compare the ground truth and estimated weight
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Figure 4.1: Box plots of out-of-sample target variable MSE in simulation considering two matrices
(upper) and three matrices (lower).

Figure 4.2: Box plots of estimated weight proportion for each candidate matrix. For two matrices
(upper), red solid lines corresponds to the ground truthl •¹ 1 ¸ l º. For three matrices (lower), red
solid lines and blue dashed lines corresponds to the ground truthl 1•¹ 1 ¸ l 1 ¸ l 2º andl 2•¹ 1 ¸
l 1 ¸ l 2º respectively, and the red and blue boxes correspond to the estimated �rst and second
dimensions respectively.
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proportions for each candidate matrix. For example, we comparel •¹ 1 ¸ l º and ^l •¹ 1 ¸ ^l º as the

true and estimated weight proportions for matrixJ 1 when" = 1. In the upper panel, the box plots

represent the weight proportion estimates and the horizontal red lines denote the truth values. In

the lower panel, the red and blue box plots correspond to the estimates of the �rst and the second

dimension of8 , respectively. The solid red lines and dashed blue lines mark the true values for the

two dimensions. In both cases, the estimated weight proportions are relatively accurate when the

true weights of each candidate matrix are not too distinct from each other. Estimation bias does

exist especially when the true weight is large, 10 for instance. However, this is expected because,

when a dissimilarity measure dominates, the prediction of the target variable is no longer sensitive

to its weight as long as it is large enough. Despite the existence of estimation bias, supMDS is

able to detect the importance of each matrix by recovering the relative order of the weights of

each dimension. For example, the third plot in the lower panel shows that the estimates of the �rst

dimension of8̂ are signi�cantly larger than the second dimension, which is also the case in the

true weight vector.

4.4 Case Study

4.4.1 Dataset and Experiment Settings

The dataset used for the case study comes from the PIAAC 2012 survey. Fourteen PSTRE

items were used in the survey and the response processes of these items from 40,230 respon-

dents and 17 countries were recorded. The survey also recorded a broad spectrum of respon-

dents' background information such as occupation, income, education level, etc. We obtain the

respondents' job-related skill levels from the respondents' current job occupation in the back-

ground data and the expert ratings on occupation skill requirements available on O*NET (https:

//www.onetcenter.org/dictionary/27.0/excel/ ). In total, 240 skill variables such

as scores on programming, writing, memorization, etc., are obtained. Out of these skill variables,

39 variables with the highest predictability using the unsupervised MDS features are chosen as

the target variables. We predict these skill variables using process data to explore the possibility
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to provide respondents with career advice based on their response processes. Finally, we con-

sider the process data of 13 items from 4,228 respondents who answered all 13 items and have no

missing-ness in the target variables. Basic descriptions for each item are summarized in Table 4.1

in Appendix 4.6.3, and the summary statistics of these target variables can be found in Table 4.2 in

Appendix 4.6.3.

In this case study, four dissimilarity measures3SLD– 3LCS– 3CAD and 3UAD are considered,

whose de�nitions can be found in Section 4.2.1. We conduct two experiments to examine the

performance of supMDS. In the �rst experiment,3CAD and3UAD are used as candidate measures

in supMDS to predict the target variables. The results are compared with the prediction results

using the unsupervised MDS features based on3OSS. As mentioned previously,3OSS is an equally

weighted sum of3CAD and3UAD. This experiment explores whether alternative choices of weights

could improve the results and examine which of the two measures is more relevant to the target

variables. In the second experiment, all four measures are taken into account in supMDS to explore

whether dissimilarities other than3OSScan be useful in the context of process data. In both experi-

ments, the dissimilarity matrix corresponding to3CAD is treated asJ 0 in the weighted matrix sum

in (4.8).

Process data feature extraction is conducted on each item separately. All 39 target variables are

taken into account for each item and the number of features is chosen to be 10. After obtaining

the supervised features using supMDS for each item, features across all 13 items are combined

to predict each target variable. Ridge regression is performed to avoid over-�tting and �ve-fold

cross-validation is used to choose the regularization parameter for the prediction task. Besides

supMDS, we also extract10 unsupervised MDS features from each item using each individual

dissimilarity measure. Similar to the supMDS features, the features from 13 items for a given

dissimilarity measure are combined and used as the covariates in ridge regression to predict each

target variable. The prediction performance is evaluated by out-of-sample R-squared (OSR2) in

the test set.
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(a) Box plot of OSR2.
(b) Bar plot of8̂ for different items. The red dashed
line corresponds tô8 = 1.

Figure 4.3: Results of the �rst experiment with two candidate dissimilarity measures,3CAD and
3UAD.

4.4.2 Results

Figure 4.3 shows the results of the �rst experiment where3� �� and 3* �� are used as the

candidate dissimilarity measures. The left panel displays the box plot of OSR2 for predicting the 39

target variables using features from different dissimilarity matrices. On average, features extracted

from supMDS produce the highest OSR2 among all features considered. The performances of

OSS is worse than UAD, which indicates that aggregating two dissimilarity measures with pre-

speci�ed weights does not necessarily yields better predictions compared to a single measure. The

OSR2 from UAD is lower than that from supMDS and is better than that from CAD features,

indicating that the difference in uncommon actions between two sequences is more important for

summarizing the characteristics related to the target variables. This is also observed from the

estimated weights displayed in the right panel of Figure 4.3. For 12 out of 13 items, the estimated

weights for UAD are larger than 1. For some items, e.g., U16, the estimated weight^l is much

larger than 1, making UAD the dominant dissimilarity measure.
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Figure 4.4 demonstrates the results of the second experiment where all four dissimilarity mea-

sures3� �� , 3* �� , 3!�( and3(! � , are considered. The box plot of OSR2 shows that UAD features

give the best prediction among all features extracted based on individual dissimilarity measures,

yet supMDS features outperform LCS features by about 6.3% and OSS features by 18.7% on aver-

age, The box plot of OSR2 shows that supMDS features outperforms features from each candidate

measure on average, indicating that supMDS is able to capture and integrate the information from

different dissimilarity matrices to produce features that best predict the target variables. The es-

timated weights presented in the right panel of Figure 4.4 further show that3!�( and3* �� are

two dominating dissimilarity measures among the four measures considered. For 12 out of the 13

items, the dissimilarity measure with the largest weight is either3!�( or 3* �� . As expected, the

sequence length difference measure3(! � has the smallest and negligible weights for most of the

items. For both U04a and U16, UAD signi�cantly outperforms LCS. We note that the number of

possible actions (# ) is quite high for both items, as shown in Table 4.1. In this case, the uncommon

actions of two sequences might give more information compared to the common actions/common

subsequence.

4.5 Summary and Discussion

Process data from computer-based interactive items keep track of respondents' interaction pro-

cesses of solving the items. These data contain valuable information for examining respondents'

behaviors and latent traits, but their non-standard data format creates dif�culties in statistical anal-

ysis. The MDS feature extraction method has been proposed to compress the information in re-

sponse processes into �xed-dimension feature vectors. In various applications, the extracted fea-

tures are used to explain or predict other variables of interest by supervised learning methods.

When it comes to MDS feature extraction, the choice of the dissimilarity measure often affects the

information contained in the extracted features and thus affects the results of subsequent analysis.

In this chapter, we propose a supervised MDS feature extraction method that synthesizes the infor-

mation in multiple dissimilarity matrices of response processes to produce features that are most
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(a) Box plot of out-of-sample R2.
(b) Bar plot of each dimension of̂8 . The red
dashed line corresponds tô8 = 1.

Figure 4.4: Results of the second experiment with four candidate dissimilarity measures,3SLD,
3LCS, 3CAD and3UAD.

relevant to one variable or several target variables. Features extracted from the proposed method

produce higher prediction accuracy than those from the unsupervised MDS method. Besides, the

proposed method also produces a weight vector re�ecting the relative importance of the candidate

dissimilarity measures in explaining the target variables.

In the proposed method, we use GLMs to describe the relationship between the target variables

and features for simplicity. Other supervised learning models can also be used to describe more

complex relationships or to serve different goals of applications. For example, support vector

machine and its variants can be used if one would like to classify respondents based on their

response processes. Feed-forward neural networks can also be used if the sample size is large

enough. However, it is possible that these more complex models bring extra computational burden

in each iteration of the NM method so that the total computational time can increase signi�cantly.

Developing more ef�cient algorithms to search for the optimal weight vector will enable us to use

more complex models for describing the target variables with latent features.

In the case study where multiple target variables are available, we use the same set of features

145



for predicting all the target variables instead of extracting one set of features for each target vari-

able. Since the target variables have low predictability, pooling the target variables and extracting

one set of features allows us to borrow strength from multiple variables and thus improves the over-

all prediction performance. This can also be viewed as a bias-variance trade-off. Understanding

the bene�ts of multi-task prediction versus single-task prediction is of interest. A potential future

direction is to study multi-task prediction in the context of process data analysis.

Besides the four dissimilarity measures considered in the case study, edit distance [142] is also

a possible dissimilarity measure for response process data. We did not take it into account because

it is strongly correlated with the LCS measure. For the items used in the case study, the Pearson

correlation between the elements of the two dissimilarity matrices can be as high as 0.79. Including

two highly correlated dissimilarity matrices in the proposed supervised MDS method could lead to

a high variation of the estimated weight vector. This phenomenon is similar to the high variation of

regression coef�cient estimates brought by the multicollinearity of covariates in linear regression.

The dissimilarity measures that have been discussed stem from the literature of natural lan-

guage processing [143]. We do not consider the time sequences of process data, but the proposed

method can be easily generalized to incorporate time information. For example, a dissimilarity

matrix for the time sequences can be de�ned and utilized as a candidate matrix. One way to de�ne

a time dissimilarity matrix is to consider the pairwise difference of total response times for the

time sequences. Using this time dissimilarity matrix would produce features that have higher pre-

dictability of time-related covariates such as age, as age is correlated with action sequence length

and response time.

4.6 Appendix to Chapter 4

4.6.1 Algorithms

This section summarizes the algorithms related to the supMDS method. Algorithm 5 is the

SMACOF algorithm for MDS [144], where feature matrixX is extracted from the dissimilarity

matrix J in an iterative manner. Algorithm 6 is an ef�cient algorithm for extracting MDS features
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for large datasets. Features for a subset of subjects are �rst extracted using the SMACOF algorithm,

and then the features for the remaining subjects are obtained by making use of the features for

the subset. Algorithm 7 summarizes the NM method for optimizing the weight vector8 for the

supMDS method.

In the NM Algorithm 7, there is a shrink transformation that leads to evaluating the objective

function " times in the last block of the if-else statements, which is computationally expensive

if " is relatively large. However, shrink transformation is rarely used in practice. A typical

iteration of the NM method only evaluates the object function at one or two test points, which

is desired in our case where evaluating! ¹8 º can be computationally expensive. Moreover, the

algorithm typically terminates within a few iterations, which also helps to keep the computational

cost manageable.

Algorithm 7 relies on several parameters includingU ¡ 0, W ¡ 1, 0 Ÿ d � 1
2, 0 Ÿ f Ÿ 1 to

compute the candidate test points. The standard choice for these parameters isU = 1– W= 2, and

d = f = 1
2 as suggested in [140]. We adopt this choice in our experiments. In addition, it is crucial

to choose the initial test points to ensure that the range of the corresponding objective function

values is large enough to prevent the search from getting stuck in a local minimum. A typical way

to choose initial test points is to �x8 1 and generate other test points by adding a large constant to

each element of8 1, i.e., 8 8 = 8 1 ¸ � e8 wheree8 is the vector with the8-th element being 1 and

other elements being 0 for8= 2– • • • – "̧ 1. In our experiments, we set8 1 = ¹1– • • • –1º 2 R" and

� = 10.
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Algorithm 7 NM method

Require: " ¸ 1 initialization test vectors8 1– • • • –8 " ¸ 1; distance matricesJ 0– • • • –J " , target
variablesf YAg'

A=1; the subset indicesT sub; toleranceC>;; hyper parametersU– _– U– W– d– f
Ensure: The estimated optimizer̂8 and its corresponding feature matrixX̂

for 8in 1 : ¹" ¸ 1º do
Extractx8 from J ¹8 8º with Algorithm 6

end for
while ( ¡ C>; do

( =

r
Í " ¸ 1

8=1 ¹! ¹8 8º �
Í " ¸ 1

8=1 ! ¹8 8º
" º

2
• " º

Reorder¹8 i–X8º so that! ¹8 1º � • • •� ! ¹8 " ¸ 1º
8 > = 1

"
Í "

8=1 8 8
8 A = 8 > ¸ U¹8 > � 8 " ¸ 1º
ExtractxA from J ¹8 Aº with Algorithm 6
if ! ¹8 1º� ! ¹8 Aº� ! ¹8 " º then

8 " ¸ 1 = 8 r , X " ¸ 1 = XA
else

if ! ¹8 Aº Ÿ ! ¹8 1º then
8 4 = 8 > ¸ W¹8 A � 8 >º
Extractx4 from J ¹8 4º with Algorithm 6
if ! ¹8 4º Ÿ ! ¹8 Aº then

8 " ¸ 1 = 8 e, X " ¸ 1 = X4
else

8 " ¸ 1 = 8 r , X " ¸ 1 = XA
end if

else
8 2 = 8 > ¸ d¹8 " ¸ 1 � 8 >º
Extractx2 from J ¹8 2º with Algorithm 6
if ! ¹8 2º Ÿ ! ¹8 " ¸ 1º then

8 " ¸ 1 = 8 c, X " ¸ 1 = X2
else

for 8in 2 : ¹" ¸ 1º do
8 8 = 8 1 ¸ f ¹8 8 � 8 1º
Extractx8 from J ¹8 8º with Algorithm 6

end for
end if

end if
end if

end while
8̂ = 8 1; X̂ = X1
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4.6.2 Choice of the Penalty Parameter in Ridge Regression

Consider the ground truth regression model

Y = X# ¸ &–&� # ¹0– f 2O º•

Suppose that the feature matrixX is scaled so that each column has a mean of 0 and a standard

deviation of 1. Also, suppose that the columns of the feature matrix are orthogonal, i.e.X> X =

=O . This can be achieved by performing a principal component analysis. The ordinary least

square (OLS) estimator can be expressed as

#̂$!( = ¹X> Xº� 1X> Y =
1
=

X> Y

and the ridge regression estimator with regularization parameter_ is

#̂
_
'8364 = ¹X> X ¸ _Oº� 1X> Y =

1
= ¸ _

X> Y•

If we de�ne ] _ := 1
=¸ _X> X = =

=¸ _ O, then#̂
_
'8364 = ] _ #̂

$!(
. The mean squared error of the ridge

estimator can then be derived as

"(� ¹ #̂
_
'8364º = Ek] _ #̂$!( � #k2 = kE¹] _ #̂$!( � #ºk2 ¸ tr¹+0A¹] _ #̂$!( ºº

= #> ¹] _ � Oº
>

¹] _ � Oº# ¸
f 2

=
tr¹] _¹] _º> º

= ¹
_

= ¸ _
º
2
k#k2 ¸

= f 2

¹= ¸ _º2
•

With some simple algebra, we can obtain the minimizer for"(� ¹ #̂
_
'8364º as _̂ =  f 2

k#k2 . The

minimizer can be approximated by plugging in the OLS estimatesf̂ 2
$!( and#̂$!( , i.e.

_̂ =
 f̂ 2

$!(

k#̂$!( k2
•
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4.6.3 Data Descriptions

Table 4.1: Summary statistics of 13 PIAAC problem-solving items. Here= is the number of total
respondents,# is the number of total possible actions, and�! is the average process sequence
length.

Item ID Description = # �!

U01a Party Invitations� Can/Cannot Come 26278 67 18.1

U01b Party Invitations� Accommodations 26237 60 26.4

U02 Meeting Rooms 26369 102 26.0

U03a CD Tally 26256 67 9.0

U04a Class Attendance 26169 1537 39.4

U06a Sprained Ankle� Site Evaluation Table 26262 30 9.8

U06b Sprained Ankle� Reliable/Trustworthy Site 26236 27 15.2

U07 Digital Photography Book Purcha 26293 41 17.2

U11b Locate E-mail� File 3 E-mails 25538 140 24.0

U16 Reply All 26327 896 31.9

U19a Club Membership� Member ID 26428 199 17.3

U19b Club Membership� Eligibility for Club President 26410 562 20.4

U23 Lamp Return 26336 178 21.3
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Chapter 5: Reducing Differential Item Functioning via Process Data

5.1 Introduction

Ensuring testing fairness in educational and psychometric assessments has been a major con-

cern for researchers. A typical approach to ensuring testing fairness is through differential item

functioning [DIF, 145] analysis. DIF occurs when an item's response function depends on not only

the target latent trait to be measured by the item, but also the respondents' group memberships

that are often linked to their demographic characteristics. When DIF is present, the measurement

properties of the item differ systematically across groups, leading to measurement bias [146].

The research on DIF has predominantly focused on the statistical detection of its existence. DIF

detection methods are typically categorized as non-parametric [147, 148] and parametric [149, 150,

151, 152, 151, 153]. More recently, DIF detection methods that do not require prede�ned group

memberships or anchor items have been proposed [154, 155, 156]. While research has explored

methods on handling items with DIF [157, 158], items identi�ed with signi�cant DIF are often

removed during item calibration, leading to wasted resources and efforts in their development and

administration. Consequently, there has been growing interest in reducing or eliminating DIF, as

well as understanding the underlying reasons for why DIF occurs [159].

One way to attribute the cause of DIF is multidimensionality, where DIF arises due to the

presence of secondary dimensions in the latent space [160, 161, 162]. Ideally, differences in the

response probabilities solely re�ect variations in the latent ability that the item is designed to assess,

which is the primary dimension. However, secondary latent traits with heterogeneous distributions

across subpopulations can also contribute to these differences. These secondary dimensions are

called auxiliary if they are intentionally measured by the item, or nuisance otherwise [163]. The

multidimensional IRT (MIRT) model has been used to analyze DIF, where both the target trait and
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the nuisance traits are used to model item response probabilities. Latent DIF models have also

been used to investigate the secondary dimensions, using mixture models to identify latent groups

as the secondary dimension and associating it with examinees' demographic characteristics [164,

165]. The multiple-indicator multiple-cause (MIMIC) model provides another approach from the

dimensionality perspective, although only the primary dimension is used [165]. In a mediated

MIMIC model proposed in [166], a secondary dimension construct (the scale of self-con�dence)

is used as a potential mediator. Despite these advances, studies that rely only on response data face

challenges, particularly when prior knowledge of nuisance traits is limited. Thus, it is of interest

to identify the secondary dimensions from data sources beyond the response outcome data.

One data source that presents new opportunities for identifying secondary latent dimensions in

DIF analysis is process data [126, 34, 167, 168]. Process data capture the problem-solving pro-

cesses as respondents interact with computer-based test items. The respondents' actions are logged

as time-stamped action sequences in computer log �les, making process data a detailed record of

respondents' behaviors. Two prominent examples of process data are from the Programme for

International Student Assessment (PISA) and the Programme for the International Assessment of

Adult Competencies (PIAAC). These assessments not only measure skills traditionally tested with

paper-and-pencil methods but also evaluate more complex abilities such as problem-solving in

technology-rich environments. Compared to traditional outcome data that are typically dichoto-

mous (correct/incorrect) or polytomous (partial credit), process data provides more comprehensive

insights into the strategies respondents use to solve problems, which highlights its potential in

identifying nuisance traits. For example, engagement is an acknowledged nuisance trait, and the

�rst principal component of features extracted from the 2012 PIAAC process data is highly corre-

lated with engagement [30]. If we are able to identify the secondary dimensions that lead to DIF

via process data, we can reduce DIF by proposing a new scoring rule based on process data, and

interpret the mechanism of DIF by identifying the heterogeneous behavioral patterns in process

data that drive these differences.

In this chapter, we propose a novel method for reducing DIF that leverages process data and
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introduce a corresponding scoring rule that only depends on the respondents' behaviors. We at-

tribute DIF to multidimensionality and discuss the method within the framework of generalized

linear models (GLM). We assume that the target latent trait (primary dimension) is known or has

been estimated, while the nuisance trait is derived from process data. The key innovation of our

approach lies in constructing a surrogate for the nuisance trait using features extracted from pro-

cess data. This surrogate is formulated as a linear combination of the process data features, with

the weights determined by minimizing the maximum likelihood difference between models with

and without the grouping variable. The motivation is to construct a measurement model with the

target trait and nuisance trait surrogate, while minimizing the impact of the grouping variable on

the measurement model. We show that in the simple case of linear model (classical test theory),

the proposed optimization problem has a closed-form solution that determines the optimal feature

weights. In more complex scenarios involving multiple grouping variables or nonlinear models,

the optimal solution can be found through numerical optimization techniques. With the optimal

feature weights, we propose a new scoring rule that incorporates both the target latent trait and

nuisance trait surrogate that reduces or corrects DIF. We stress that the scoring rule is purely based

on respondents' responses. The effectiveness of this method is demonstrated through simulation

studies and a case study. Additionally, we offer interpretations of the group differences based on

their action sequences in the case study, providing an insight of understanding why DIF occurs.

The rest of the chapter is structured as follows. Section 5.2 outlines the methodology of the

proposed approach, while Section 5.3 presents the results of the simulation experiments. In Section

5.4, we demonstrate a case study using the PIAAC 2012 dataset. Finally, we provide a discussion

in Section 5.5.

5.2 Method

Consider# independent respondents and their process and outcome responses to one item of

interest. Let. 8 2 f0– • • • – �� 1g represent the response of the8-th respondent, where� is the

number of possible responses. For example, when� = 2, . 8 = 1 indicates correct response and
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. 8 = 0 indicates otherwise. We useY = ¹. 1– • • • – .# º> 2 R# to denote the vector of responses

from all # respondents. We introduce one grouping variable/ 8 2 f0–1g, where/ 8 = 0 represents

the reference group and/ 8 = 1 represents the focal group. The item is assumed to measure a

unidimensional latent trait, denoted by\ 8 for respondent8 2 »# ¼. Let ) = ¹\ 1– • • • – \# º> be

the collection of latent traits of all respondents. Additionally, we extract process featuresX =

¹x1– • • • –x# º> 2 R# �  from the action sequences of the process data with the multidimensional

scaling procedure proposed in [30], wherex8 2 R . Since process features capture most of the

useful information of process data when the feature dimension is suf�ciently large [30, 31], we

will use process features as a proxies for the original process data in this work.

5.2.1 Differential Item Functioning

We adopt a multidimensionality-based DIF framework. In addition to the target trait dimension,

\ 8, a nuisance trait dimension,[ 8, also in�uences the probability of the response. Denote( =

¹[ 1– • • • – [# º> as the vector encompassing the nuisance traits for all respondents.

DIF occurs when the item response probability depends on the nuisance trait, and there is

distributional difference of the nuisance trait among the two groups. Conditional on\ 8, [ 8 and/ 8,

it is assumed that. 8 are independently distributed. When the distribution of[ 8 conditional on\ 8

differs across the two subgroups, we have

?¹. 8 = Hj\ 8– /8 = 0º =
¹

?¹. 8 = Hj\ 8– [8º � ?¹[ 8j\ 8– /8 = 0º3[ 8

<
¹

?¹. 8 = Hj\ 8– [8º � ?¹[ 8j\ 8– /8 = 1º3[ 8 = ?¹. 8 = Hj\ 8– /8 = 1º•

Therefore, under this multidimensional framework, a uni-dimensional measurement model leads

to DIF.

Speci�cally, we consider a GLM with the following conditional distribution:

. 8 � ?¹Hj` 8º– where 6¹` 8º = 3 ¸ 00\ 8¸ 01[ 8¸ _/ 8• (5.1)

155



Here6¹�º is the link function with respect to the response mean` 8 = E». 8j\ 8– [8– /8¼, and3–a :=

¹00– 01º– _are unknown coef�cients. When_ = 0, the distributional difference of[ 8j\ 8 among the

two subgroups is the only DIF source in a uni-dimensional measurement model. The model spec-

i�ed by (5.1) is quite general, as we allow6¹�º to take a general form for a wide range of response

types such as binary, polytomous, and continuous responses. For binary responses, the logistic re-

gression model with6¹` 8º = ln¹` 8•¹ 1 � ` 8ºº is referred to as the multidimensional two-parameter

logistic (M2PL) IRT model. In addition,6¹` 8º = � � 1¹` 8º corresponds to the probit regression

model with � ¹�º being the cumulative distribution function of the standard normal distribution.

When6¹` 8º = ` 8, the model becomes a linear regression model for continuous responses. Also

note that the model setup can be easily extended to multiple target traits and multiple nuisance

traits. For the ease of exposition, we focus on the case with only one target trait and one nuisance

trait.

5.2.2 DIF Reduction

One of the primary challenges in applying the multidimensionality-based DIF analysis is that

the nuisance trait,[ 8, is unobserved and cannot be directly measured. We propose to construct a

surrogate for the unobserved nuisance trait in a way that corrects DIF within the GLM framework.

Speci�cally, we aim to build a surrogate,̂[ 8, such that DIF is only attributed to the distributional

differences in[̂ 8j\ 8, and the conditional probabilities of item responses become approximately

equal across different subgroups. Formally, we aim to satisfy the following condition:

?¹. 8 = Hj\ 8–[̂ 8– /8 = 0º � ?¹. 8 = Hj\ 8–[̂ 8– /8 = 1º• (5.2)

To achieve (5.2), we propose leveraging process data to construct the nuisance trait surrogate,

driven by two key motivations. Firstly, process data capture the entire sequence of actions taken

by each respondent as they interact with and solve an item, providing a rich source of information

on various nuisance traits. For instance, the �rst principal component of process features derived
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from process data has been shown to correlate strongly with engagement, a known nuisance trait

that in�uences item responses [30]. Second, process data typically predict the �nal response with

perfect accuracy. By analyzing the respondent's full sequence of actions, we can infer whether

they answered the item correctly or their partial scores. In theory, adding all available process

features in the model eliminates DIF. Yet this approach is not ideal as the resulting measurement

model solely depends on the process features and provides little, if any, information of the target

trait.

The core of our proposed method is to identify an optimal linear combination of process fea-

tures as a surrogate for the nuisance trait[ 8. Speci�cally, we consider

[ 8 = 8 > x8–

where8 = ¹l 1– • • • – l º> 2 R is the weight vector and we assumek8 k = 1 for model identi�-

ability. Our objective in identifying8 is to minimize a quantity equivalent to the likelihood ratio

test statistic,

! ¹8 º := max
3–a–_

; ¹3–a– _º � max
3–a–_=0

; ¹3–a– _º– (5.3)

where; ¹�º is the log-likelihood function,

; ¹3–a– _º =
#Õ

8=1

log ?¹. 8j\ 8– [8– /8º• (5.4)

Function (5.3) quanti�es how much model �t is increased after adding the grouping variable

into the model, thus can be viewed as a quanti�cation of the DIF effect. When there is no DIF

exhibited, adding the grouping variable into the model would barely increase the likelihood, and

we would expect! ¹8 º to be close to0. This objective function enables us to optimize8 by

comparing models with and without the grouping variable, ultimately reducing or removing DIF.

157



Figure 5.1: Measurement model without the intercept.

Therefore, we propose the estimation of8 to be the minimizer of the objective function

8̂ = arg min
k8 k=1

! ¹8 º• (5.5)

and the nuisance trait surrogate is[̂ 8 = 8̂ > x8. We will show that the solution of (5.5) has a closed-

form solution in the linear regression model with one grouping variable; see Section 5.2.3. In other

cases, we can optimize the objective function numerically.

Figure 5.1 displays the updated measurement model incorporating both the nuisance trait and

target trait. With the nuisance trait surrogate, we update the initial estimate of the target trait with

the two-dimensional measurement model. Consider the case with� items, among which items

92 B � » � ¼exhibit DIF. Suppose the nuisance trait surrogates(̂ 9 = ¹[̂ 8 9º 2 R# – 92 B have been

estimated for the DIF items, then we obtain the MLE of the item parameters3̂9–0̂09–0̂19 with _9

�xed as 0 in (5.1) for 92 B, and3̂9–0̂09 with 019– _9 �xed as 0 for 92 »� ¼nB. The the target trait

estimate is then updated by the maximum likelihood estimate (MLE)

\̂ 8 = argmax
\

�Õ

9=1

log ?8 9¹\ º– (5.6)
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where

?8 9¹\ º = ?¹. 8 9j\–[̂ 8 9–3̂9–0̂09–0̂19– _9 = 0º– 92 B–

?8 9¹\ º = ?¹. 8 9j\–3̂9–0̂09– 019 = 0– _9 = 0º– 92 »� ¼nB•

5.2.3 A Special Case: Linear Model with Closed-form Solution

When the link function6 is the identity function, model (5.1) becomes the linear regression

model. As DIF is de�ned as the group difference of the distribution of. conditional on the latent

trait, we conduct our DIF analysis in the orthogonal subspace of) in the linear model. To be

more speci�c, we consider the residuals ofY–Z–X after regressing on) respectively, denoted by

Yy–Zy–Xy.

The model with and without the grouping variable can be rewritten as a reduced and a full

linear regression model

Yy = 00
1( ¸ &– (5.7)

Yy = 01( ¸ _Zy ¸ %– (5.8)

where( = Xy8 . If we assumen8
8•8•3� # ¹0– f 2

nº andX8
8•8•3� # ¹0– f 2

Xº, the objective function (5.3) is

equivalent to

! ¹8 º =
=
2

log¹k&̂k2º �
=
2

log¹k%̂k2º– (5.9)

where&̂and%̂are the linear regression residuals in (5.7) and (5.8). The zero of the objective (5.9)

turns out to have a closed form expression under some weak conditions, in which case DIF can

be fully removed. Without loss of generality, we assume that all the features are orthogonal and

scaled, i.e.Xy> Xy = I  . This is achieved by principal component analysis in practice. We also

assume thatYy> Zy ¡ 0.

Proposition 4 Assume thatXy> Xy = I  . Let Ŷ = Xy> Yy andẐ = Xy> Zy. Under the condition
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that
�k ŶkkẐk ¸ Ŷ> Ẑ

2
Ÿ Yy> Zy Ÿ

kŶkkẐk ¸ Ŷ> Ẑ
2

– (5.10)

there existŝ8 such thatk8̂ k = 1 and ! ¹8̂ º = 0. Speci�cally, denote

U =

s
2Yy> Zy ¸ k ŶkkẐk � Ŷ> Ẑ

2kŶkkẐk
– V=

s
� 2Yy> Zy ¸ k ŶkkẐk ¸ Ŷ> Ẑ

2kŶkkẐk
–

q1 =
kŶkẐ ¸ k ẐkŶ




 kŶkẐ ¸ k ẐkŶ




 – q2 =

kŶkẐ � k ẐkŶ



 kŶkẐ � k ẐkŶ




 •

Then8̂ = Uq1 ¸ Vq2 or 8̂ = Uq1 � Vq2 satis�es! ¹8̂ º = 0.

We note that! ¹8 º has multiple zeros, as established in Proposition 4. We choose8̂ 1 = Uq1 ¸ Vq2

over 8̂ 2 = Uq1 � Vq2 for the following reason. WhenXy predictsYy with high accuracy,Xy8̂ 1

aligns with the projection ofZy onto the column space ofXy, whereasXy8̂ 2 aligns with the

projection ofYy onto the same subspace. As the goal is to reduce DIF, we choose to use8̂ 1 over

8̂ 2. For further details, see the proof of Proposition 4 in the Appendix. There are several scenarios

in which condition (5.10) holds. The �rst scenario occurs whenY
y> Zy = 0, which arises if the

response and the grouping variable are independent conditional on the target trait, indicating that

the item is not a DIF item, and condition (5.10) is automatically satis�ed. The second scenario

is whenXy has high linear predictability ofYy. Speci�cally, whenXy predictsYy with high

accuracy, we �nd thatXyXy> Yy � Yy, which leads toŶ> Ẑ = Y
y> XyX

y> Zy � Y
y> Zy, making it

straightforward to verify condition (5.10). This is the case where process data capture the nuisance

factors that affect the response. In the simplest case, we assumeX can linearly predictY with full

accuracy and letY = XA with some vectorA 2 R . Then,

Yy = Y � E»Yj) ¼= ¹X � E»Xj) ¼º A = XyA•

Accordingly, we consider this case to be achievable. The third scenario is whenX has high linear

predictability ofZ. Following similar calculations, we conclude that condition (5.10) is satis�ed.

With that being said, it is generally dif�cult to predictZ with process data.
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5.2.4 General Cases

While we have previously focused on uniform DIF in a linear factor model with one grouping

variable, the proposed method is applicable to other general cases. In what follows, we will shift

our focus to addressing non-uniform DIF, continuous covariates, multiple grouping variables, and

nonlinear models. The goal is to minimize the objective function (5.3).

Non-uniform DIF. Non-uniform DIF occurs when not only the intercept parameter, but also

the discrimination parameter (the coef�cient of\ 8) differs across groups. More speci�cally, for

non-uniform DIF, (5.1) becomes

6¹` 8º = 3 ¸ 00\ 8¸ 01[ 8¸ _/ 8¸ _0/ 8\ 8• (5.11)

Non-uniform DIF can be viewed as a special case involving one grouping variable/ 8 and a con-

tinuous covariate/ 8\ 8. Therefore, non-uniform DIF is included in the continuous covariates and

multiple-group cases discussed below.

Continuous covariates. In some applications, DIF is brought by continuous covariates. For

instance, in computer-based tests, age is a very important variable. As our proposed method does

not require/ 8 to be a discrete variable, it is applicable when/ 8 is a continuous variable. To see

this, let / 8 2 R, and we aim to construct̂[ 8 9such that

?¹. 8 = Hj\ 8–[̂ 8– /8º � ?¹. 8 = Hj\ 8–[̂ 8º• (5.12)

When (5.12) holds, we expect the objective function (5.3) to be close to0. Therefore, minimizing

(5.3) to reduce DIF is valid for continuous covariates.

Nonlinear models. When the link function6¹�º is not linear, e.g. the M2PL model and the

Probit regression model, minimizing the objective function (5.3) is a nested optimization problem
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that takes in different forms depending on the model employed. Again, we rely on numerical

methods to approximate the solution.

Multiple grouping variables. Sometimes it is of interest to evaluating DIF over more than one

grouping variables [169, 170]. For cases involving multiple grouping variables, the expression

of the objective function in terms of8 becomes signi�cantly more complex. To address this,

we propose an approximation of the objective function for" grouping variablesZ1– • • • –Z " 2

R# – " � 2 as follows:

! ¹8 º =
"Õ

< =1

! ¹< º ¹8 º– (5.13)

where! ¹< º ¹8 º is the objective function (5.3) corresponding toZ< . In general, there is no closed-

form solution for the minimizer of (5.3) or (5.13) with the presence of multiple grouping variables.

Therefore, we rely on numerical methods to approximate the minimizer.

5.2.5 Procedure

We outline the procedure of the proposed method in a practical setting with� items.

1. Suppose we have access to a set of anchor items that are DIF-free, which are used to perform

DIF detection on all the items. Suppose DIF has been detected on a subset of itemsB � » � ¼.

2. Obtain an initial latent trait estimatê)
¹0º

using the items without DIF.

3. For each item, perform the proposed method to obtain the nuisance trait surrogates and DIF-

corrected model parameters. More speci�cally, for each item92 B,

(a) With the initial ability estimate,̂)
¹0º

, �nd the minimizer8̂ 9 in Equation (5.5) and obtain

the nuisance trait estimatê( 9 = X 98̂ 9.

(b) With )̂
¹0º

–(̂ 9, obtain the item parameter estimates3̂9–0̂09–0̂19 in (5.1) with_9 set to0,

using the full data.

4. Obtain the updated estimate of\ 8 with (5.6), utilizing the nuisance trait surrogates and cali-

brated the measurement models.
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5.3 Simulation Studies

We carry out extensive simulation experiments to evaluate the proposed method in this section.

The goal is to show that the proposed method is able to minimize the objective function, accurately

estimate the nuisance traits and the item parameters, and correct for target trait estimation from the

DIF items.

5.3.1 Simulation Settings

We consider three settings with the sample sizes# = 200–500–1000. Among the subjects,2•3

are in the reference group and1•3 are in the focal group. We �x the number of items as� = 25and

consider low, medium, high proportions of DIF items, that is,5–10–15DIF items. We also consider

two settings for the DIF parameters019. For small DIF effects,019s are uniformly sampled from

0•5 to 1; for large DIF effects, the range is from1 to 1•5. In summary, there are18 simulation

settings varying in sample size, proportion of DIF items, and DIF effect size. For each simulation

setting,100 independent replications are generated. In each replication, we sample the target

latent trait\ 8 independently from the standard normal distribution. The dif�culty parameters39

are sampled uniformly from� 1 to 1 and the discrimination parameters009 are sampled uniformly

from 1 to 2. As the generation of process data is challenging, we generate the process data features

directly. The number of process data features for each item is �xed at = 10. The process

data featuresx8 92 R are �rst independently sampled from the multivariate Gaussian distribution

# ¹- ¹/ 8º–I  º. The mean of the process features depends on the respondent's group membership.

For the reference group,- ¹0º = 1 , and for the focal group- ¹1º = � 1 . We then right multiply

X 9 with sample Cov¹X 9º� 1•2 for the process features to have the identity matrix as the covariance.

The ground truth nuisance trait is a linear combination of the process features:[ 8 9= 8 >
9x8 9, with

l 9 : sampled independently from the exponential distribution with rate1 and8 9's are scaled to

have unit norm. Note that the generated nuisance traits for each item have unit norm. We consider

both the linear model and the M2PL model in generating the item responses. As DIF is solely
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introduced by the distributional difference of the nuisance trait in simulation,_9 is set to be0 in

(5.1) when generating the item responses for both models.

For the linear factor model, we set the variance of the item response noise as1 when generating

the item responses. To make sure that the features can almost perfectly predict each item response

in the linear model, we add one column ofY 9 ¸ # ¹0–0•1 � I=º to the generatedX 9 for each item

9 and generate the nuisance traits with the same manner as mentioned above. The initial target

trait estimateŝ\ ¹0º
8 are obtained with factor analysis using responses from the DIF-free items. To

construct the nuisance trait, we adopt the closed form expression of8̂ from Proposition 4. For the

M2PL model, we generate. 8 9with the link function6¹�º being the the logit function. The initial

target trait estimateŝ\ ¹0º
8 are the MLE estimates using the DIF-free items. The nuisance traits are

estimated by solving (5.5) using theoptim function with the L-BFGS-B optimizer inR.

The simulation above corresponds to uniform DIF. In addition, we consider the case with non-

uniform DIF so that_0 in (5.11) is not zero. Similar simulation settings are adopted except for

the generation of process data features. To ensure the existence of non-uniform DIF, the process

featuresx8 9are sampled from the multivariate Gaussian distribution simulated from the exponential

distribution with rate1.

5.3.2 Evaluation Criteria

We consider �ve evaluation criteria. Firstly, we check wether the proposed method is able to

reduce the objective function value. Speci�cally, we verify whether zero of (5.3) is obtained for the

linear model with Proposition 4. Secondly, we evaluate the correlation of nuisance trait estimation

compared to its ground truth. Thirdly, we calculate the mean squared error (MSE) of the item

parameter estimations. In addition, to evaluate measurement reliability after changing the scoring

rule, we calculate the Fisher information (FI) of the target trait for the DIF items. For the linear

model, target trait FI for the item9 2 B is FI9 = 0̂2
09• f̂ 2

9, where0̂09 is the estimated coef�cient

for the target trait and̂f 2
9 is the estimated variance. For the M2PL model, FI9 = 1

#
Í #

8=1 ?̂8 9¹1 �

?̂8 9º0̂2
09, where?̂8 9is the estimated response of the logistic model. Last but not least, we consider
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the between-group sum of squared (SS) bias for target trait estimation using the DIF items. We

elaborate more on this evaluation criterion assuming one grouping variable with a focal group

and a reference group. Note that this criterion can be easily generalized to multiple grouping

variables. For any target trait estimate~) , de�ne the bias. := ~) � ) and denote the mean of bias as

�a := 1
#

Í #
8=1 a8. Consider the between-group SS for the bias of~) in analysis of variance (ANOVA):

((� ~) = #A

 
1
#A

Õ

82NA

a8 � �a

! 2

¸ # 5
©
­
«

1
# 5

Õ

82N 5

a8 � �aª
®
¬

2

– (5.14)

whereNA andN 5 are the index sets of the reference group and focal group respectively, and#A =

jNAj– #5 = jN 5j. To illustrate that the proposed method is able to de-bias target trait estimation, we

compare the above-de�ned value for two estimates. The benchmark estimate is the MLE computed

using the responses from the DIF items inB, assuming DIF is not present:

�\ 8 = argmax
\

Õ

92B

log ?¹. 8 9j\– �39–�009– 019 = 0– _9 = 0º–

where �39–�009 are calibrated on the DIF items. The second estimate is the MLE computed after

DIF-correction:

\̂ 8 = argmax
\

Õ

92B

log ?¹. 8 9j\–3̂9–0̂09–0̂19– _9 = 0º–

where3̂9–0̂09–0̂19 are calibrated on the DIF items with the nuisance trait surrogates. Because of

the presence of DIF,�) is expected to be over-estimated within one group, and under-estimated

within the other, leading to large values of((� �) . With the proposed method, we expect((� )̂ for

the corrected estimate to be small compared to((� �) for the not-corrected estimate.
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5.3.3 Simulation Results

Figure 5.2 summarizes the values for the objective function 5.3 before and after adding the

nuisance trait surrogate for the linear and M2PL models, with uniform DIF,# = 500, and large

DIF. For complete results of all simulation settings, see Figures 5.8 and 5.9 in the Appendix. We

are able to minimize the objective function across simulation settings and replications. Speci�cally,

we are able to obtain the zero of the objective function for the linear model. Tables 5.1 and 5.2

demonstrate the MSE of the item parameter estimates and the correlation between the ground truth

and estimated nuisance traits. We observe that the MSE values are small in magnitude and the

nuisance trait estimation correlation is high. It also shows that as the sample size increases, MSE

tends to decrease and the nuisance trait correlation tends to increase. On the other hand, larger

DIF effects and DIF item proportion lead to larger MSE. For the linear model, the nuisance trait

correlation does not change with the sample size. For the M2PL model, it increases with the sample

size. Figures 5.10 and 5.11 in the Appendix summarize the Fisher information of the target trait\

before and after adding the nuisance trait surrogate for the linear and M2PL models respectively.

We observe an increase in Fisher information of the target trait in the measurement model after

correcting for DIF in both models. Furthermore, Figure 5.3 compares the between-group SS bias

of the corrected and not-corrected target trait estimates using the DIF items, for the linear and

M2PL models. The x-axis corresponds to the estimation without DIF correction, and the y-axis

corresponds to the DIF-corrected estimation. The corresponding simulation setting is# = 500

with large DIF; for the complete results, see Figures 5.12 and 5.13 in the Appendix. We see that

the proposed method is able to correct for the target estimation bias introduced by DIF, as the

between-group SS bias is signi�cantly reduced after DIF correction for both models.

Results for non-uniform DIF are deferred to the Appendix. In Figures 5.14, 5.15, we observe

an increase in the minimized objective function values for non-uniform compared to uniform DIF,

although the proposed method is still able to reduce DIF signi�cantly. Similar results for item

parameter and nuisance trait estimation, target trait Fisher information, and between-group SS bias

are observed; see Tables 5.6, 5.7, Figures 5.16, 5.17, 5.18, 5.19 in the Appendix.
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Figure 5.2: Values of the objective function before and after adding the nuisance trait surrogate for
the linear model (upper) and the M2PL model (lower) withuniformDIF, # = 500, and large DIF.

Figure 5.3: Between-group sum of squared bias for target trait estimation for the linear model
(upper) and the M2PL model (lower) withuniform DIF, # = 500, and large DIF. The x-axis
corresponds to the estimation without DIF correction using the DIF items; the y-axis corresponds
to the DIF-corrected estimation using the DIF items.
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Small DIF Large DIF

� 1=5 � 1=10 � 1=15 � 1=5 � 1=10 � 1=15

MSE (3)
# = 200 0.0618 0.0507 0.0665 0.1206 0.1249 0.1276
# = 500 0.0401 0.0451 0.0512 0.1085 0.1133 0.1122
# = 1000 0.0423 0.0370 0.0387 0.1042 0.1122 0.1083

MSE (00)
# = 200 0.0140 0.0155 0.0144 0.0209 0.0177 0.0225
# = 500 0.0059 0.0057 0.0053 0.0078 0.0071 0.0079
# = 1000 0.0026 0.0030 0.0026 0.0029 0.0036 0.0035

MSE (01)
# = 200 0.0465 0.0448 0.0460 0.1099 0.1111 0.1114
# = 500 0.0389 0.0401 0.0394 0.1052 0.1030 0.1043
# = 1000 0.0409 0.0392 0.0392 0.1053 0.1012 0.1051

Corr (̂e–e)
# = 200 0.7540 0.7542 0.7544 0.7609 0.7582 0.7573
# = 500 0.7598 0.7575 0.7574 0.7577 0.7609 0.7585
# = 1000 0.7549 0.7568 0.7586 0.7566 0.7616 0.7560

Table 5.1: Mean squared error of item parameter estimates and nuisance trait correlation for the
linear modelwith uniformDIF under different simulation settings. The values are averaged across
the DIF items and replications.

Small DIF Large DIF

� 1=5 � 1=10 � 1=15 � 1=5 � 1=10 � 1=15

MSE (3)
# = 200 0.0447 0.0530 0.0444 0.0505 0.0574 0.0552
# = 500 0.0191 0.0176 0.0190 0.0222 0.0231 0.0222
# = 1000 0.0108 0.0101 0.0112 0.0120 0.0116 0.0132

MSE (00)
# = 200 0.0794 0.0799 0.0821 0.0851 0.0894 0.0971
# = 500 0.0367 0.0435 0.0496 0.0454 0.0541 0.0715
# = 1000 0.0275 0.0330 0.0474 0.0393 0.0447 0.0577

MSE (01)
# = 200 0.0603 0.0526 0.0598 0.0979 0.1040 0.1111
# = 500 0.0258 0.0302 0.0310 0.0775 0.0812 0.0908
# = 1000 0.0272 0.0263 0.0266 0.0748 0.0744 0.0884

Corr (̂e–e)
# = 200 0.7478 0.7489 0.7432 0.8264 0.8219 0.8242
# = 500 0.8322 0.8215 0.8231 0.8654 0.8669 0.8631
# = 1000 0.8487 0.8511 0.8568 0.8795 0.8819 0.8773

Table 5.2: Mean squared error of item parameter estimates and nuisance trait correlation for the
M2PL modelwith uniform DIF under different simulation settings. The values are the averaged
across the DIF items and replications.

5.4 Case Study

We use the PIAAC 2012 survey data as a case study to demonstrate the effectiveness of our

method. Response processes of13 Problem Solving in Technology-Rich Environments (PSTRE)

items from17 countries are considered in this study. PIAAC was the �rst attempt to assess the

PSTRE construct on a large scale and as a single dimension [171]. Under the PIAAC framework,

PSTRE is de�ned as the use of digital technology, communication tools, and the internet to obtain
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and evaluate information, communicate with others, and perform practical tasks [172]. The survey

also recorded a broad spectrum of respondents' background information such as gender, age, oc-

cupation, hourly income, education level, etc.. To conduct DIF analysis, we consider age, income,

and gender as the demographic grouping variables. We include the process data of 8,398 respon-

dents who answered all 13 items and have no missing value of the three covariates in the study.

For age, we use47, which is the70%quantile, as the cutoff value to split the samples into younger

and older sub-populations. The younger population is treated as the reference group, and the older

population is treated as the focal group. For income, we �rst group the samples by their nation-

ality, and then use the medium income of each nation as the cutoff value. The lower-income and

higher-income groups are treated as the focal and the reference groups, respectively. For gender,

female is treated as the focal group and male as the reference group.

Table 5.3 provides a descriptive summary of the13 items, where= is the number of total pos-

sible actions,�! is the average process sequence length, and Correct% is the percentage receiving

the full credit on each item. When solving for each item, the respondents are presented with one

or more simulated informational and communicative (ICT) environments, such as an email inbox,

a spreadsheet, a web browser, etc. For example, in item U01a, the respondents are presented with

an email inbox interface and are asked to classify the email senders into `can come' and `cannot

come' categories based on their email contents. To complete the task, the respondents need to

conduct a sequence of clicking, dragging, or typing actions, which are recorded in the log �les as

process data.

We use the MDS approach proposed in [30] to extract item features that approximate the geo-

metric distances de�ned by a dissimilarity matrix of the action sequences. We set the dimension

of features to be = 100 to ensure enough information is retained in the extracted features. To

verify that the features contain an adequate amount of information in the process data, we use them

to predict the responses with both linear regression and logistic regression. Results show that the

extracted features can perfectly predict whether the examine received the full credit of each item

with both regression methods. Engagement is often considered a nuisance trait in respondent be-
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