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Abstract

In this thesis, we study minimizers of the energy functional

J(u,g):/Q|V;‘|2+W(u)dx

for two different potentials W (u).

In the first part we consider the Allen-Cahn energy, where W (u) = (1 — u?)? is a double
well potential which is relevant in the theory of phase transitions and minimal interfaces. We
investigate the rigidity properties of global minimizers in low dimensions. In particular we extend
a result of Savin on the De Giorgi’s conjecture to include minimizers that are not necessarily
bounded, and that can have subquadratic growth at infinity.

In the second part we consider potentials of the type W(u) = u* which appear in obstacle
type free boundary problems. We establish higher order estimates and the analyticity of the
regular part of the free boundary. Our method relies on developing higher order boundary
Harnack estimates iteratively and deducing them from Schauder estimates for certain elliptic
equations with degenerate weights.

Finally we consider similar regularity questions of the free boundary in the Signorini
problem which also known as the thin obstacle problem. We develop C>® estimates of the free

boundary under sharp assumptions on the coefficients and the data.
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Chapter 1: Introduction and Background

We study minimizers of the energy functional

2
J(u,sz):/glvgl + W (u)dx (1.0.1)

with some different examples of potentials W(u). A minimizer satisfies the Euler-Lagrange equa-
tion

Au=W'(u)

in the classical sense provided that W is of class C-“.

First, we consider the Allen-Cahn equation, where W(s) = (1 — s%)? is a positive double
well potential which is extended to zero outside the interval [—1, 1]. We investigate the rigidity
properties of global minimizers in low dimensions. In particular we extend a result of Savin on the
De Giorgi’s conjecture to include minimizers that are not necessarily bounded, and that can have
subquadratic growth at infinity.

Next, we consider the classical obstacle problem, where u > 0 and the potential W(s) = s™.
We use the higher order boundary Harnack principle to show the analyticity of the free boundary
{u > 0} near a regular boundary point.

Finally, we use a similar C'** boundary Harnack principle as in the classical obstacle problem,
in order to study the C>? regularity of the free boundary in a similar obstacle problem called the
Signorini problem. The difference in the Signorini problem is that the obstacle is only defined on

a hypersurface.



1.1 The Allen-Cahn equation
First we consider the Ginzburg-Landau energy

2
JGL(M,Q):/Q|V;| +W(w)dx, W(s) = (1- s> (1.1.1)

which is used to model phase transitions [1, 2]. Here, u is a scalar function that represents some
density, and its stable states are +1.

We briefly explain the physical motivation of the Ginzburg-Landau theory. Imagine that we
have a sufficiently large lattice (for example Z?) of particles. Each particle could be viewed as a
magnetic dipole due to its self spin. Let u(x) be the average magnetic moment density averaged

over atomic distance. The Gibbs free energy can be approximately written as an integral:

\v/ 2
Gz/| ;l + W(u)dx.

Here the potential W(u) = a — bu® + cu*

is assumed to be a polynomial, whose coefficients are
depending on some physical parameters like the temperature. In particular, when the temperature
T is below the material’s critical temperature 7T, then b, ¢ > 0.

After a rescaling W has the form as in (1.1.1). The phase field region, where |u| < 1 — €,
describes the phase transition region between steady states.

Letu : R* — [—1, 1] be a global minimizer of (1.1.1) (i.e. u is a minimizer of each ball Bg).

We denote the zero-homogeneous blow-down of u that rescales Bg to B as

ug(x) := u(Rx),

which minimizes the corresponding rescaled functional

|Vul?
2R

+ RW (u)dx. (1.1.2)



The well-known I'-convergence result of Modica and Mortola [3] states that as R — oo, ug has a

subsequence that L }Oc—converges to a limiting function of the form

Uoo = XE¢ — XE»

where E is a set with minimal perimeter. The connection between the level sets of u at large scales
and minimal surfaces is a subject of great interest, which was intensively studied in the literature,
see [4, 5, 6,7, 8, 9]. Key differences between the two problems are the invariance under dilations
of minimal surfaces, and the local smoothing properties of minimizers of J.

A natural question, which is referred to as the De Giorgi conjecture, asks whether or not a global
minimizer of the functional J (or global solution to its Euler-Lagrange equation) has the same
rigidity as its rescaled limit, a global minimal surface. Since when n < 7, global minimal surfaces
are hyperplanes (see Simons [10]), the conjecture states that level sets of a global minimizer of
(1.1.1) are hyperplanes as well in n < 7 (or in other words, the minimizer is one-dimensional).

In [11], Savin gave a positive answer to this question, that a function u : R" — [-1,1] is

one-dimensional if

|Vul?
2

 Either: n < 7 and u is a global minimizer of / + (1 — u?)?dx,

* Or: n < 8 and u is a solution of the Euler-Lagrange equation Au = W’(u), so that 8, u > 0

and {u = 0} is a graph in the x,-direction over R*~!.

We remark that the original formulation of the De Giorgi conjecture in [12] was stated only
for bounded monotone solutions of Au = W’(u) without the assumption that {u = 0} is a graph
over the whole R”~!. Under these weaker hypotheses the conjecture is known to be true only in
dimensions 2 and 3 by the works of Ghoussoub-Gui [8], Ambrosio-Cabre [7], and to be false in
dimension n > 9 by a counterexample due to Del Pino, Kowalczyk and Wei [13].

In this thesis, we focus on global minimizers of (1.1.1). We relax the boundedness assumption

u € [-1,1], and extend the results in Savin [11] to minimizers with sub-quadratic growth at



infinity. The double well potential is extended trivially outside the interval [—1, 1]. That is

W(s) = (1-sH% x_11]- (1.1.3)

Before stating the main result, we make precise the notion of global minimizers.

Definition 1.1.1. We say u : R" — R is a global minimizers of the double well energy

2
J(u,Q):/QW;l + W (u)dyx, (1.1.4)

if for any Bg, u is J-minimizing subject to the fixed boundary value u o5
R

We should notice that such a potential W(s) can be viewed as an approximation of the o-
function centered at the origin. To see this, let uy(x) = wu(x)/M, then uy(x) is a minimizer

of

\vj 2
/ | “2M| + Wiy (upr)dx, Wy(s) =M -W(M -s).
As M — oo, the phase field region corresponds to the region where uy; = 0, and the potential
Wi converges to a d-function. Heuristically speaking, sudden change are expected to occur near
the zero-set of uy,. In fact, in section 2, we will relate the minimizer u(x) to the solutions of
a well-known free boundary problem studied by Athanasopoulos, Caffarelli, Kenig and Salsa in

[14].

Our main results are the following Liouville type theorems:

Theorem 1.1.2. Let u(x) : R" — R be a global minimizer of (1.1.4) with potential W(s) as in
1.1.3. Ifrrll;ax lu| = o(R?), then u is one dimensional if n < 7. More precisely, after a Euclidean
R

group action on R", u(x) = u(x,).

Theorem 1.1.3. Let u : R" — R be a global solution of Au = W’(u) with W(s) as in 1.1.3.
If v, u > 0 and its zero set {u = 0} is a graph of the first (n — 1) coordinates, then u is one-

dimensional for n < 8.



We will show that solutions satisfying the assumptions of Theorem 1.1.3 are in fact global
minimizers, and we can deduce Theorem 1.1.3 from Theorem 1.1.2.

Since u is not necessarily bounded by +1, we divide minimizers into three categories according
to their range. In the definition below, we borrow the terminology used in free boundary problems.
We view the phase field region {|u| < 1} as “the free boundary", the region {u > 1} as “the positive

phase", and {u < —1} as “the negative phase".

Definition 1.1.4. We say that a function u is
* zero-phase: if |u| < 1 everywhere,
* one-phase: if one of {u > 1} and {u < —1} is empty while the other is not,
» two-phase: if {u > 1} and {u < —1} are both non-empty.

Since from Savin [11], we know that global zero-phase minimizers must be one dimensional

when n < 7, we need to focus only on one-phase and two-phase minimizers and show that:
* One-phase minimizers don’t exist when n < 7,

* Two-phase sub-quadratic minimizers are one-dimensional ODE solutions (no constrain on

the dimension n).

The rescaling problems in the one-phase and the two-phase case are different. In the one-phase

case we study rescaled functions
u(Ry)
VR

while in the two-phase case we study rescaled functions

ur(y) =

We will perform the method of I'-convergence as in Modica and Mortola [3], and show that

rescaled functions ug converge up to a subsequence as R — oo to



* for one-phase case: a minimizer of the Dirichlet/perimeter functional

\v/ 2
I(u,Q)z/l ;' dx+ A - Per(u > 0,Q)
Q

studied in Athanasopoulos-Caffarelli-Kenig-Salsa [14],

* for two-phase case: a harmonic function.

In what follows we refer to the functional 7 (u, Q) as the ACKS functional.

It is yet unknown whether or not global minimizers of J with higher growth exist, especially
in low dimensions. The difficulty lies on that global minimizers with at least quadratic growth, if
exist, will have complicated (like self-intersection) zero-sets.

In Chapter 2 we study properties of one-phase global minimizers and show that they do not
exist in n < 7. In Chapter 3 we study two-phase global minimizers and show that they are one-
dimensional. At the end we give a proof of Theorem 1.1.3 concerning monotone solutions.

De Giorgi type conjectures can be posed for other energy minimizing problems. The question

is whether or not a global minimizer of a generic functional J has the same rigidity as the limit of its
u(Ry)  u(Ry)

maxg, |u|” R®

studied minimizers of (1.1.4), with potential W (is) being a smooth approximation of the heaviside

rescaled function (such as u(Ry), etc.). For example in [15] Audrito and Serra

function y(s0y. Its corresponding limiting problem is the Bernoulli free boundary problem (also

called the one-phase problem), associated with the Alt-Caffarelli functional (see [7]):

|Vu?

A natural follow-up problem related to this thesis is to extend Theorem 1.1.2 and 1.1.3 to

potentials W (s) with “power-decay tails", for example

W(s) = (1+s5>)7/2

Formally, the limiting problems depend on the parameter y. If y > 2 (fast decay), the limiting

6



problem is of ACKS type and the situation is similar to the one we consider in this thesis. If y < 2
(slow decay), the limiting problem is of Alt-Philips type with negative powers, which was studied

recently by De Silva and Savin in [16, 17, 18].

1.2 Classical obstacle problems

Next we discuss the classical obstacle problem, which in the simplest setting corresponds to
the potential W(s) = s* in (1.0.1).

The obstacle problem describes the behavior of an elastic membrane stretched above a solid
obstacle. The membrane and the obstacle are represented by the graphs of two functions u and
Y defined on a domain Q C R”. The function u is fixed on 9€2, and minimizes the Dirichlet
energy under the constrain that # > . Then U = u —  is non-negative and minimizes the energy
functional

VU|?
J(U,Q):/%—U-'—Awdx, (121)
Q

and hence satisfies the Euler-Lagrange equation AU = —Ay x(y>0)-
It is customary to simplify the model further and assume that Ay = —1, so the problem corre-

sponds to the minimization problem (1.0.1) with the potential
W(s) = s*.

It follows that U > 0 is a minimizer of the functional

VU|?
ﬂum:/|;+ww, (1.2.2)
Q

and therefore satisfies the Euler-Lagrange equation AU = x{yso). In [19], Frehse obtained the

optimal regularity U € C 11

loc®

Just like in the Allen-Cahn equation, where we are interested in the phase field region. In the



classical obstacle problem, we study the free boundary of U defined as
I':=0{U > 0}. (1.2.3)

The free boundary points are classified by their blow-up limits. Among them one type of the

free boundary points is called regular:

Definition 1.2.1. We say xo € I is a regular free boundary point, if the rescaled function

_U(xo+rx)

Uy (x) = a (1.2.4)

r

1
converges asr — 0 to 5((xn)+)2, after a possible rotation.

Caffarelli in the ground-breaking work [20] proved that the free boundary is a C»® graph near a
regular free boundary point, say y, = I'(y”). He first proved that I" is Lipschitz and then applied the
boundary Harnack principle (see Kemper [21]) to the quotient Uy, /U, and showed that I" € cle
for some «, since

Uy,
8, F'=— lim —eC”
yn—=T(y) Uy,

The higher regularity and analyticity of the regular part of the free boundary I" was obtained by
Kinderlehrer and Nirenberg in [22] using a hodograph-Legendre transform.

A second approach to obtain higher regularity of I" is to inductively apply a higher order version
of the boundary Harnack principle established by De Silva and Savin in [23]. The idea is quite

simple: assume that I' € C%?, then we apply the higher order boundary Harnack principle to

Xi

w; = , and obtain that ;" = lin% w; € C k"’, hence I' € C¥*1¢ This proves the smoothness of
x—

Xn
the free boundary I" near a regular point.
More generally, the classical obstacle problem can be formulated for variable coefficients. We

study the uniformly elliptic equation with CX® or analytic coefficients:

div(A -VU) = w0, U 20. (1.2.5)



The discussion above applies in variable coefficients setting, that U € C ll{;i and the free boundary
near a regular boundary point is C¢.

In this thesis, we investigate the higher order boundary Harnack principle in detail, and use it
to study the higher regularity and analyticity of the free boundary in (1.2.5).

We recall the simplest version of the boundary Harnack principle due originally to Kemper
[21], which states that if

up,up >0, Au; =0 (1.2.6)

on a Lipschitz domain {x, > I'(x”)} and both vanish at I, then their ratio
w(x) == L(x) (1.2.7)
us

is C® near the boundary I'. The boundary Harnack principle was extended to general elliptic
operators with measureable coefficients, and to more general domains like NTA or Holder domain,
see for example [24, 25, 26, 27, 28].

De Silva and Savin established more recently in [23] a higher order boundary Harnack princi-
ple, which states that if I" € Ck2 then the ratio w is CX® near I". The idea in [23] is to use higher
order polynomials to approximate the boundary I" and two functions u, u;.

In Chapter 4, we prove the following higher order boundary Harnack principle for divergence
equations by a different method based on directly studying the degenerate equation satisfied by the

ratio.

Theorem 1.2.2. Assume that uy,u> > 0 defined on Q) = {x,, > I'(x’)} N By satisfy

div(A-Vu;) =0, u; e =0 (1.2.8)

with A symmetric and uniformly elliptic. IfT € C*®, A € C¥~1% for k > 1, then the ratiow = all
uz

is Ck’a in Ql/Z-



The strategy to obtain Theorem 1.2.2 is to straighten the boundary I" by the coordinate change

(', xn) = (', x, =T (X)), (1.2.9)

and investigate the degenerate equation satisfied by w. By a Schauder type estimate of w (will be
given later in Theorem 4.1.1), we can prove that if ' € C1?, then w € C'®. The general result can
be deduced inductively from the C-® estimate by taking tangential derivatives.

In Chapter 6, we use this result to establish smoothness or analyticity of the free boundary,

given that the coefficient matrix A is smooth or analytic, respectively. We first straighten the
Uy,
Uy,
an alternative proof with respect to Kinderlehrer and Nirenberg [22] of the analyticity of the free

boundary I" using (1.2.9), and inductively apply Theorem 4.1.1 to Dﬁw = D;(

). We provide

boundary.

Theorem 1.2.3. Let U be a solution of (1.2.5) with AI < A < Al being analytic. If 0 € ' is a

regular free boundary point, then I is an analytic surface near 0.

We prove Theorem 1.2.3 by following Blatt’s method in [29], and construct power series en-
U,

coding the higher regularity of u; = U,, and w; = —L_ The elliptic estimates give inductive
Xn

inequalities of the higher regularity, which could be turned into an ODE inequality system about

the two power series.

1.3 The Signorini problem

In Chapter 5, we use a similar higher order boundary Harnack principle to study the free bound-
ary regularity in the Signorini problem. We briefly introduce the problem below.

Assume that Q C R"*! is divided into two regions Q1, Q> by a hypersurface M C Q and the
obstacle i is defined only on M. One can imagine a scenario of a carpet hanged over a string.

Such an obstacle problem is called the thin obstacle problem, or the Signorini problem. Math-

10



ematically it consists of minimizing the energy
J(U,Q) = /(VU)’A(VU) +Ux)F(x)dx, U =8
Q

under the constrain that U > ¢ on a M.
Unlike the Allen-Cahn equation or the classical obstacle problem, the potential W is depending
also on the space parameter, that W(U(x), x) = F(x)U(x) with F(x) varying in Q.

The minimizing solution satisfies
div(AVU) = F(x) whenU >y orx ¢ M.
The free boundary is a submanifold of M defined as
F::GM{U>1//}. (1.3.1)

The simplest model to consider is that of constant coefficients, where we assume A = &4,
F, =0, M = R", and U is an even function in x,;-direction. The optimal regularity that
Ue Cllt;i/ 2 in the half space {x,+; > 0} was obtained in [30] by Athanasopoulos and Caffarelli.

In this setting, the Almgren’s frequency function

2
‘/ér(xo) |VU|

Ny, (U,r) =71 ,
2
/(;Br(xo) U

xg €I’
is used to classify different types of free boundary points. It is an increasing function of r and its
limit as r — 0 is called the frequency of U at xy, denoted by Ny, (U).

In Athanasopoulos-Caffarelli-Salsa [31], it was shown that for n > 1, either N, (U) = 3/2,

in which case we say that x is a regular free boundary point, or N, (U) > 2, then xo is called a

singular point. The classification of singular points is a difficult open problem when n > 1.

11



For a regular free boundary point xg, the rescaled function

U(rx + xg)
(Fon 0 U2

Uy(x) := (1.3.2)
as r — 0 has a subsequence U,, converging to a multiple of the 3/2-homogeneous solution
Re((x, + iXpe1)3! %) near 0, after a possible coordinate rotation.

Near a regular point xo, the free boundary I' is locally a C'® graph (an (n — 1)-dimensional
submanifold) for some small «.

These results were extended to variable coefficient Signorini problem in [32, 33, 34, 35], under
various regularity assumptions on coefficients. The free boundary T is still a C** graph near a
regular boundary point.

In Koch-Petrosyan-Shi [36] (for constant coefficient model) and Koch-Ruland-Shi [37] (for
variable coefficients), the authors showed that the set of regular boundary point in the Signorini
problem is analytic, using the hodograph-Legendre transform.

Similar to the classical obstacle problem, in [38] De Silva and Savin derived a higher order

boundary Harnack in a C* slit domain like B, \ S where

S={x=01, .0, Xns1) : X, <T(x1,- -+ ,x0-1), Xn41 = 0}, (1.3.3)

and showed that the free boundary I" is a smooth (n—1)-dimensional graph near a regular boundary
point.
In this thesis, we assume D = By, M = R" = {x,,;1 = 0}, and the obstacle ¢y = 0 on {x,4+; = 0}.

Besides, U is assumed to be x,,.1-even, meaning

U(-xla e axn’xn+l) = U(-xla X, _-xn+1)’

and the symmetric matrix A, accordingly, needs to be an x,4+;-odd function in entries Al AT for

i <n,j=n+1,and be an x,.-even function in all other entries.

12



More precisely, the assumption on A is that A = Ap + x,+1 A0, so that
(@) Al < A< Aland [A]ce < go(a < 1/2) for a fixed small €,
(b) Ag = Ag =0fori < n,j=(n+1), while Ap is non-zero only at these entries,
(c) 8;Ap and 9;Ap are C*(R"™!) for all i < n.
(d) Ap and Ap are both x,,;-even functions.

Assumption (d) is somehow optional, because it is not needed once we assume the solution U
is x,+1-even. However, if the matrix A satisfies assumption (d), then we can always assume the

solution U is x,.1-even by replacing U with

- 1 1
U(-xla”' ,xn+1) = EU(XI,.. : ’xn’xn+1) + EU(XI" v ’x}'l’ _xn+1),

without affecting the free boundary I".

We can perform a scaling, replacing U (x) by R~3/2U(Rx) near the origin. This keeps the blow-
up of U(x) at the regular boundary invariant, but we can assume that [D'A]ce (i < n) and [F]y1.
are small by sending R — 0.

The following theorem (as a special case of the result in [37]) shows the C> regularity of the

free boundary near a regular point.

Theorem 1.3.1. Assume that the matrix A satisfies the even conditions (a)-(d), F(x) € W', and

an xu41-even solution U solves the thin obstacle problem
div(AVU) = F(x), whenU > 0orx ¢ R". (1.3.4)

If 0 is a regular boundary point, then the free boundary T' C R" is a C*>® graph near 0.

In this thesis we prove the theorem above using a different approach other than that in [37].

The discussion starts from knowing the free boundary I" € C!*? near a regular point. Let’s assume

13



that the free boundary I" is a graph in (xy, - - ,x,_1) variables near the origin, meaning that there

exists y(x1, -+ ,X,—1) € C1? so that
I'= {(XI,' T ,xn_l,'}/(XI,"' ’xn—1)90) : (X],"' ,xn—l) € Rn_l mBl}

The strategy is to show w; = U,, /Uy, (i < n) are Cl®onT. If w; - e C1?, then so do 0y,
meaning that T" is a C> graph. Generally speaking, the methods we use in Chapter 5 for the
Signorini problem are similar to those in Chapter 4 for the classical obstacle problem.

The main difference is that the blow-up limits of (1.3.2) differ along the free boundary I" be-
cause of the changing coefficient matrix and the changing slope of I". Due to such a difference, we

need to carry out the analysis more carefully in the Signorini problem.

14



Chapter 2: Global minimizers of the double well energy: one-phase case

In this and the next chapter, we will discuss the global minimizers of (1.1.4), which we write

again as

2
J(u,Q):/QW;l + W (u)dx. 2.0.1)

The potential W (s) satisfies:

(W1) W(s) > 0and supp(W) = [-1,1],

(W2) W(s) € CFL(R),ie. max |W”(s)] < oo.
NS

Clearly, W(s) < C(1 — s?)?in [—1,1] for some C > 0. For example, the potential W(s) =
(1 —s2)? X[-1,1] in the introduction satisfies both requirements.

In this chapter, we show that there is no one-phase minimizers when n < 7. In the next chapter,
we will discuss the two phase minimizers.

Before discussing the one-phase minimizers (to be non-existing for low dimensions), we need

to look at the simplest minimizers in two-phase setting, which is important in the discussion.

2.1 The one-dimensional two-phase minimizers

Let’s first understand one-dimensional solutions of the Euler-Lagrange equation:

Au=W'(u). (2.1.1)
d2
Definition 2.1.1. For any K > 0, we define Uk (t) as a function such that Ug(0) = 0, EUK =

d
W' (Ux) and —Ux (1) = K for all t such that |Ux ()| > 1.
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d
If W(s) satisfies conditions (W1), then we can multiply EU x on both sides of the ODE and

obtain a first order ODE:

%UK(t) = V2W (Uk(1)) + K2. (2.1.2)

In fact the zero-phase one-dimensional minimizers in Savin [11] are also constructed using (2.1.2)
by setting K = 0.

We provide a few properties of Uk (7).
Lemma 2.1.1. Assume that W (s) satisfying assumption (W1) is fixed, then:

d
(1) Let L = L(K) be defined such that Ux(+L) = +1, then we always have EUK > K and

L <1/K,
(2) Let K > 0 be fixed, then for any K > K, Uy < CK everywhere for some C = C(K),

(3) Let K > 0 be fixed, then for any K < K| < K, and any h € R, we have

Ul (U ()

K>
—U;(I(UI_{II(h)) -12 C(K)(f1 - 1)

(4) |Ux(x) — Kx| < 1 forall x € R.

Proof. From (2.1.2) we can easily get (1)-(3). To show (4), we let f(x) = Ug(x) — Kx for x > 0.
Clearly f” > 0forx € [0,L] and f" =0 for x > L. Besides, f(0) =0and f(L)=1-KL <1, s0

0< f(x) <lforx=>0. O

The solution Uk (x) is essential in constructing a barrier function in the next section.

2.2 A volcano-shape barrier function

Assume that u is a one-phase minimizer of (2.0.1). Without loss of generality, we assume
u > —1 and {u > 1} is non empty. Otherwise we just need to replace u(x) with —u(x).
We construct a barrier function, in order to later show the C'/? growth rate of a one-phase

minimizer u.
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Lemma 2.2.1 (barrier function A). There exists universal constants R and C so that for any R > R,

C

there exists a radial symmetric “volcano” Vg(x) defined in By /10

satisfying
(1) Vr(x) < —1 as long as |x| > 2R,
(2) 1 < Vg(x) < 1+CVR for0.1R < |x| < 0.9R,

(3) AVg(x) > W/(Vg(x)) everywhere.

The construction of such radial barrier uses the ODE solutions Uk (7). We first look at the

deformation of R.

Lemma 2.2.2. For any R;, > O, there exists an increasing function t(r) = tg, (r) vanishing at
r = 0 satisfying
(1) [7'(r)=1]-r <0,

n-—1

(2) "(r) +

7(r) >0,

m
(3) Forany e < 0.1, if Rip > 100n? /€2, then wherever |t(r)| < VRin, we have |r| < (1+€)VRin

and |T'(r) — 1| < ¢,

(4) Forany L > Oande < 0.1, if R;, > (n—1)L/€, we have that |t(r)| < L implies |r| < (1+€)L
and |T'(r) — 1| < e.

_ ,—Ar

-1
Proof. Let1=0.9- n—, and we directly construct 7(r) =
in

(1) and (2). Next we only prove (3), while (4) follows from the same idea. When |7(r)| < VR;p,

, then 7(r) satisfies condition

we have that

-1
|r| < Tlog(l —AVRi) < (1 +€)vRy,.
It follows that |Ar| < €/5 when |7(r)| < VR, and thus 7/(r) = e € (1 — €, 1 +€). O

Now we use the deformation above to construct the “volcano" function.
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Definition 2.2.1 (a “volcano" function). Given K > 0, R;, > 0 and € < 0.1, we let L = L(K)
such that Ug(+L) = 1. Assume that for tg,, (r) constructed in Lemma 2.2.2, tg, (r) € [-L,L] is

equivalent tor € [r_p,rp]. We denote

R=Riy+ry, Royy=R-r_p =Ry +rp—r_g

and construct a radial symmetric “volcano"

KRi, x| \1-9-n
1+ (1 {(_) —1}, R/10 < |x| < Ry
+( +6)n—1.9 R for R/ x|
Vi re(x) = 3 UK(TRin(R—|x|)), for Riy < 1x| < Rows - 2.2.1)
KR()ut |X| 1.9-n
e () s,
#(1- g (25 for el = Rou

Now Lemma 2.2.1 is proven by choosing K = Rl._nl/ 2

and € = 0.1. The construction (2.2.1) will
also be used in the next chapter by choosing some other parameters (K, R, €).
Proof of Lemma 2.2.1. Let Vg(x) = Vi re(x) be defined in (2.2.1) with e = 0.1. We set

-1/2

K =R, ', then L(K) < 1/K = YRy, s0 |rsr| < (1 + €)VR;, and 74(r) € (1 —€,1+¢€) in

[r—r,rr] provided that R;, is large enough. As a result, when R > R (i.e. R;, large), R;;, > 0.9R.

Let’s verify (1)-(3).

(1) When R > R, we have 2R > R,,; because —r_; < 2VR;;, < R.

1
(2) Obvious, C = —< (10"—1-9 _ 1).
n—-1.9

(3) We can easily verify that when R/10 < |x| < R, or |x| > Ryus, AVR(x) > 0 = W (Vg) since
|Vgr| > 1. When |x| = R;,, we also have AVg(x) > 0 because
d

—_— V =-U,(L) - T,
1| iRt R(X) K( ) TRl.n(rL)

d
- (1 K=—— V .
>—(l+¢) a1 i R(X)

18



d o e
Here “m" means the derivative in radial direction. When |x| = R,,;, for the same reason
X

we also have AVg(x) > 0.

Finally we need to check AVg(x) > W/ (Vg(x)) when R;;, < |x| < R,y;. Denote r = R — |x|,

then by the chain rule, we have

4
d|x|

d2 144 ’ ’ 144
WVR = Ug(tr,,) - (tp (N)> +Uk(7x,,) - Th ().

Vg = =Uk(tR,,) - 14, (r),

d? -1 d d
Vr+ " V. Since —Vp < 0, when

As Vp 18 radial symmetric, we have AVp =
: Y B2 a7 I dixd dlx]

Rin < |X| < Rout,

o on-1d, W' (Ux)
dix2 " Ry dix| K

=W (U (tr, )| (7, (1) = 1| + Upe (e, | 75, () -

AVg =W/ (VR) =

n-1
Rin

7. (7).

Notice that Uy (g,,) > 0 and W’(Uk (7r,,)) has opposite sign with 7¢,,, so by Lemma 2.2.2,

we have AVg — W/ (Vg) > 0 also for R;;, < |x| < Rou:.

2.3 Density estimate

In this section we show that if u(x) is a one-phase minimizer of (2.0.1), then {# > 0} has
neither too large nor too small percentage in each Bg (unless u = ¢ > 1). More precisely, we will

show the following density estimate:

Lemma 2.3.1. Assume that W(s) satisfied (W1),(W2). Assume that u is a one-phase global mini-

mizer of (2.0.1), such that u(0) = 0 and u(x) = O(1 + \/M), then there exists universal constants
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0 > 0 and R, so that for any R > R we have
|IBg N {u >0} = 6R", |BrN{u <0} >6R".

Remark 1. In particular, if u is a global one-phase minimizer of (2.0.1), then by Lemma 2.3.2

below, u(x) = O(1 + \/H), so the assumption of the lemma holds.

Before proving the density estimate, we first need to obtain a C'/? estimate and an energy

estimate for a one-phase minimizers.

Lemma 2.3.2 (C'/? estimate). Assume that W(s) satisfies (WI). Assume that u > —1 is a one-
phase global minimizer of (2.0.1). Let I = 0{u > 1}. There exists a constant C depending only

on W(s) such that
(1) For any point x € R" so that u(x) > 1, let p = dist(x,T'), then u(x) < 1+ C+/p,
(2) If u(0) = 1, then ||max{u, 1}||z~p, < 1+ CVR. Besides, max{u, 1} is globally C'/?-
continuous in the sense that [max{u, 1}]c12gn < C.

Proof. We first show that for pg = 2R where R is the same as in Lemma 2.2.1, (1) holds for all

p > po. After that we prove the whole lemma.

e Step 1: Let u(x) > 1 for some x and p = dist(x,I") > po. After a Euclidean group action,
we assume that x = pe,,, and u > 1in B, (x) with u(0) = 1, then A(u — 1) = 0in B,(x). By

Harnack inequality we have
u(y) =1z efu(x) —1], Vye B (x).

Consider a “volcano" V(y) = V,,/2(y — x¢) defined in B, />9(x0)¢, where V(x) is constructed

in Lemma 2.2.1. As AV, 5(y — x0) > W'(V,2) and limsup V,,;»(y — xo) < —1, we have a

y—

maximal principle:

u(y) > Vo2 (y = x0) in 0B, 20(x0) = u(y) > V,2(y — x0) in B, j20(x0)°.
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Let Cy be the constant C in Lemma 2.2.1, then V,>(y — xo) obtains its maximal value

1+ Cov/p/2 at 3B, 20(x0). We claim that

dy e B%p(x), so that u(y) < 1+ Covp/2. (2.3.1)

If this is true, then we have u(x) < 1+ C+/p with C = Co/(V2e). Now we prove (2.3.1) by

contradiction.

We move the center x( along the ray xo(z) = x — e, with increasing t > 0. Atz = 0,
u(y) > V,2(y —x) in B, 20(x)¢ by the contradiction assumption and the maximal principle.
Att = p/2, we have u(0) = V,2(0 - ge_;,). Therefore, there exists some 79 € (0, p/2), so
that V,,/»(y — xo(#p)) touches u(y) from below at a point yg € B, 20(x0(f0))¢. By maximal

principle, we have

Yo € 9By20(x0(20)) € B (%),
which contradicts the assumption that (2.3.1) is not true.

Step 2: Now we prove the whole lemma. In fact it suffices to show [max{u, 1}]c12gn) < C.
Since A(u + 1) = W (u) € L*(R"), for every xo € I, that is u(xg) = 1, we apply the
Harnack inequality to (u — 1) in Bg,,(xo) and get that u < Cy in By,,(xo) where C; =

C1(po, max |W’[). By Schauder estimate we have
-1/2 3/2 ’
[ulcir2(p,,) < C{po it = Ul 4y + 03> max [W |} <G 2.32)

We can also apply Schauder estimate to (« — 1) in B,(x) where p = dist(x,I") for any

x € {u > 1} with p > pg, and obtain that for some C3 independent of x,
[M]C1/2(Bp/2(x)) < C3. (233)
We combine (2.3.2) with (2.3.3) and obtain that [max{u, 1}]ci2gn) < C.
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Lemma 2.3.3 (energy estimate). Assume that u > —1 is a one-phase global minimizer of (2.0.1).
Let T = 0{u > 1} and assume O € I". There exists a uniform constant C such that

(1) J(u,Bg) < CR" ! forall R > 1,

n—1

R
(2) {lu] < s} N Bg| SCW( )forallRZ 1 and any s < 1.

S

Proof. Let Cy be defined as in Lemma 2.3.2. Let v(x) be defined as

-1, if|x] <R
v(x) = x| —-R-1, if R<|x|<R+2
x|-R-2 .
l1+Co————, if R+2<|x|<2R+4
VR +2

Since v(x) > u(x) for all |x| = 2R + 4, we have Bg C E C Bypys for E = {x : u(x) > v(x)}. we

take v as a competitor in E and have J(u, E) < J(v, E), so we obtain the bound
J(u, Bg) < J(v, Bagss) < CR™! (2.3.4)

for all R > 1. (2) is just a direct consequence of (1). O

Now let’s prove Lemma 2.3.1. Without loss of generality, we just prove the first inequality
|Br N {u > 0} > 6R".
Proof of Lemma 2.3.1. Denote
A(R) = |BrgN{u > -1/2}| +/B W(u)dx =: V(R) + Q(R).
R
Clearly, Q(R) < J(u, R). Besides, by Lemma 2.3.3 we have

|{u > 0} N Bg| = A(R) - CR""
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for R sufficiently large, so it suffices to show that there exists a ¢ > 0, so that A(R) > 6R" for an
increasing sequence of Ry — oo satisfying Ry, /Rx < 100.
By Schauder estimate, |Vu| < C in B, which means that A(R) > ¢ for R > 1. Let Ry = 100T

where T > 1 is a fixed large constant to be decided later, then we have A(Ro) > 6R; as long as

§ < ¢1(100T)™", (2.3.5)

Suppose that for some k > 0, A(Ry) > 6R”, we now try to find a Rg4+; < 100R so that A(Ry+1) =

6RZ+1‘

* Case I: If in Ay = Bag, \ Bg,, it happens that |A; N {u > 1}| > 6|A[, then we naturally

choose Ryy; = 3Rg. Clearly we still have A(Ry+1) = 6R”

a1’ and we go back to the next

iteration.

e Case 2: Otherwise, we choose Ryy1 = R; + T < 100R;. The remaining content in the proof

is to show A(Ry41) > OR},, for such a choice.

Assume that we fall into Case 2 and Ry = Ry +T < 100R;, we write r = Ry41. Since (u—1)* €
C'/? is harmonic on its positive part, we apply the De Giorgi - Nash - Moser L estimate to the

annulus Ay, and get that

C
lellz=omar) < Rn/2||u”L2(Ak) < CV6|lull sy < CaVoT.
k

Let v(x) defined in By, so that v > u on 0By, be

—142eM i x] < 7

v(x) = _ )
L+ Vo =T iy < el < 2r
r
One can verify that (recall that Ry =r —T)
J(v,By \ By) < C6r™',  J(v,Bg,) < Ce?Ty" 1, (2.3.6)
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Denote E; = By, N {u > s > v} which has positive distance from dB5,, and E = By, N {u > v} 2

U E,. For each s € [—1, 1], we denote
se[—1,1]

0E; =0,E; U 0, E;,

where u = s on 9,E; and v = s on 0, E;. In fact, 0,E; = EN{u =s} and ,E; = E N {v = s}. By

isoperimetric inequality
B < CIH™ (0,E,) + H" ™ (0,Ey)]

We integrate for s € [—1, 1], and obtain that

[: |E| T \2W(s)ds SC{/a [Vul + Wis) do + /8VES vl + Wis) do-}

Es 2 Vil 2 |y

<Cl[J(u,E)+J(v,E)] < CJ(v,E).

The last inequality is because we take v(x) as a competitor in E and have J(u, E) < J(v, E). We
first estimate the left-hand side.

Let h = —1+2¢7T, then for all s € [h, —1/2], we have E; 2 Bg, N {u > —1/2}, so
1 n—1 1 n—1 1 n-1
/ |Es| ™ \2W(s)ds > CT'V(Ry) » =C [A(Ry) — Q(Rp)] ™ .
-1
Since A(Ry) > A(Ry) = 61, we write the last term as
-1 n-1 -1 n-1 ~1/n
CW(RYE > C {A(Rk) o Q(Rk)}.

The term Q(Ry) is estimated as:

Q(Ry) < J(u,E) +/ Ww)dx < J(v,E) + Ce 21,
Br,\E
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Consequently, we have

CUARY) ™ < C[J(v, E) + e 2Tp71].

Now we estimate J (v, E), by (2.3.6) we have
J(,E) <J(v,EN (B, \ Bg)) +Cr=' (6 +¢7%),

In the annulus B, \ Bg,, |Vv|> < C(W(v) + X{v=0}), While in E where u > v, we have y{,>0; <

Xuz0y and W(v) < W(u) + Cxy,s0}, SO
J(v,EN (B \ Bg,)) < C[A(r) — A(Rp)].
In total we have (recall ¥ = Ry = R +7T)
A(Ris1) = A(Rp) + CT' AR = CRIZN (6 +¢7T)
If A(Ry) > OR} can obtain A(Ry+1) > 6R}, if
(T-C)s < Cl" —Ce™ 2.3.7)

The two requirements (2.3.5)(2.3.7) can be satisfied simultaneously, meaning that there exists 6 >

0 such that A(R) > 6R* for R > Ry. O

2.4 The rescaled problem and the ACKS minimization problem

In this section, we rescale the function u(x) to ug(y) = R~'/2u(Ry). We need to understand the
limit of ug(y). It turns out that ug(y) is converging to a minimizer of the ACKS functional (2.4.1)

studied in [14]. Let’s relate the rescaled function ug to the minimizers of the ACKS functional.
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Definition 2.4.1. Let s € [—1, 1], we define

A(s) = /S\/ZW(t)dt.
0
We also define the value
1
A= / V2W(t)dt = A(1) — A(-1).
-1

Definition 2.4.2. We say a pair of functions (u,E) is admissible in an open set Q, denoted as

(1, 8) € A(Q), if
(1) u>0and -1 <E < 1inQ,
(2) n e H(Q) and A(8) € BV(Q),
(3) {u >0} NQis contained in {E =1} N Q.

Definition 2.4.3. If (1, &) € A(Q) and & € H' (Q), we define a functional

|Vl IvE[?
Jr(u, &,Q) ::/ dx + + RW(E) |dx.
R 0 2 Q[ 2R

If (u,&) € A(Q) and & = ygec — xg almost everywhere for some Caccioppoli set E, we introduce
the ACKS functional studied in [14]:

_ [ IvuP
I(u,E,Q) = > dx + A - Per(E,Q). (2.4.1)
Q

In [14], a minimizer of (2.4.1) in B; is known to be Lipschitz in By/;. With this interior

estimate, we obtain the global continuity if the boundary data is positive and continuous.

Lemma 2.4.1 (continuity of ACKS minimizers). Let (v, %) be a minimizer of the functional
I(v,F, By) such that the boundary data vy > 0 is continuous on 0By, then v is uniformly contin-

uous in Bj.
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Proof. The interior pointwise continuity of v is obtained in [14], so it suffices to show the pointwise
boundary continuity. Let p € 0B;. Let u be a harmonic function with the same continuous
boundary data vy, then y is continuous in B; and we obtain that v is upper semi-continuous at p,
1.e.

limsup v(x) < limsup u(x) = vy(p).

X—p x—)p
In particular, if v4(p) = 0, then clearly v is continuous at p. On the other hand, we consider the
case vy(p) > 0 and show that liminf v(x) > v45(p).

x—>p

Let’s assume that there exists a § > 0 such that for € sufficiently small, v5 > ¢ in B N B¢(q)

2(n-1
where ¢ = (1+¢€/2)p. Leta = \/ %Aez"‘3 and set the comparison function
n —
V(x) = max{a|x — ¢|*™" — ae*™",0}. (2.4.2)

V(x) is in fact an ACKS minimizer in B./>(q)¢ satisfying the boundary condition that is con-
stant on dB¢/2(q) and is compactly supported (we will briefly explain this after the proof).

We have that V(x) < C+/e outside B¢/2(gq). Let € be so small that C+/e < 6. Since V(x)
is the minimizer of (-, -, B¢/2(q)) with the fixed Dirichlet boundary data, we have that m(x) =
min{v, V} and M (x) = max{v, V} cannot simultaneously be the minimizers of I(-, -, B¢/2(q)) and
I(-,-, By) respectively, unless v > V > 0in By N (Be(q) \ Be2(q)).

Therefore, we have v > 0 and hence harmonic in a neighbourhood of p in B;. By comparing

with a lower barrier function, we see v is also lower semi-continuous at p. O

Now we explain why V(x) in (2.4.2) is an ACKS minimizer. First, we fix the area of all upper-
level sets A(h) = |B¢/2(q)° N {V > h}|, and obtain that the ACKS functional is minimized if V (x)
is rotationally symmetric about g. Next, we show V(x)* must be a fundamental solution if A(0) is

fixed. Finally, we just need to find the best parameter A(0) to minimize the ACKS functional.
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2.5 T convergence

In this section we prove that the minimizers of Jz(u, &, Q) converges up to a subsequence to

the ACKS minimizers.

Theorem 2.5.1 (I'-convergence). Assume that (ug,Eg) € A(B)) are minimizers of Jg(-,-, B1),
such that Jr(ur, Er, B1) and ||url|c112(p,) are uniformly bounded. Then there exists a pair (feo, Eco) €

A(By) such that:

(1) Up to a subsequence, jig converges to jle in L>(B1) NC%(B) sense for any a < 1/2, A(Eg)

converges to A(Ew) in L'(By) sense,
(2) Ew € {—1, 1} almost everywhere, that is E« = xgc — xE for some Caccioppoli set E,
(3) (Uoor Eco) is a minimizer of the ACKS functional 1(-, -, By) with respect to its boundary value.
Part (1) and (2) are easier, which can be proven right now.

Proof of Theorem 2.5.1(1)(2). Since Jr(ur, Er, B1) < C, we have |V,uR|2dx < Cand
B

VA(E)|dx = / VERIVIW(Er)dx < Jr (i, Exs By) < C.
B B

by Cauchy-Schwartz inequality. Therefore, by the standard compactness argument we obtain (1).
Suppose that pe(x) > 0 for some x € By, then ug > 0 in some neighbourhood B.(x) due to
C?® convergence of ug. As (ug,Er) € A(B1), we have Eg = 1 in Be(x), s0 E(x) = 1. This
proves (feo, Eo) € A(B)).
Since : W(ER)dx < Jp(ug,ER,B1)/R — 0, for any |h| < 1,
I

|Bi N{|Er| < h}| < Co(h)/R,

s0 & € {—1, 1} almost everywhere. This proves (2).
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Besides, by the weak L? @ BV convergence of (g, A(Eg)), we have the following lower semi-
continuity

I(foo, Eco, B1) < liminf Jr(pg, Eg, B1). (2.5.1)

O

The main difficulty lies on the proof of (3). The strategy is to prove by contradiction, that if

the limiting pair (U, Ex) 1s not a minimizer of ACKS functional, then based on a minimizer of

ACKS functional, say for example (i, 50;), we construct a competitor, which performs better
than (ug, Eg) in minimizing Jg.

We need a few lemmas. First, for a minimizer (u, &) € A(B;) of the ACKS functional (2.4.1),

meaning & = ygc — xg is characterizing a set, the functional /(-, -, By) changes slightly if we

smoothify the boundary 0F wisely.

Lemma 2.5.1 (approximation by smooth set). Assume that (u, &) € A(By) with u being uniformly
continuous in By and & = yge — xi. Let a < 1 be a fixed Lebesgue point of H" ™' (B, N E), then

for any small 6 > 0, there exists an approximation (v, F) € A(B,) such that
(1) F = xpe — xr where OF N B, is a smooth hypersurface,
(2) I(v,F,B,) < I(u,&E,B,) + 0,

(3) v = ullr2p, + I1F = EllLis,) <6

Proof. As u is continuous in By, let’s assume that there exists o (€) — 0, such that for any x, y €
By, if u(x) = 0and u(y) > o(e), then |x — y| > €.

We first define v = (u — o (¢))*, then I(v,0, B,) < I(u,0, B;) and
v =2, < Co(e) <6/2

when € is small.
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Let 7 > 0 be a smooth mollifier supported in B.. We define ¥ = yrc — yr where F is a

lower-level set chosen among
Fp={Exn.<h}, he(-1,1).

Before we choose a suitable /&, we should notice that JF is contained in the e-thickening of JE, so
(v,F) € A(B,) and [|F - El|1(p,) < 0/2 for small €.

As a is a Lebesgue point of H"~!(B, N 0E), we have

e—0 e—0

lim sup/ IV(E #n¢)|dx < lim sup/ |VE|dx = 2Per(E, B,).
B, Baye

By Sard’s theorem, almost all level sets of E * ¢ are smooth hypersurfaces, and hence

1
/ Per(Fy, B,) :/ |V(E *n¢)|dx < 2Per(E, B,) +o(1).
-1 B,

Therefore, we can choose some & € (—1, 1) such that
Per(Fy,B,) < Per(E,B,) +0(1).

When € is small, then (2) is also satisfied. O

Next, for ¥ = yrc — xr (cannot be inserted into Jz), we need to approximate it with H L

integrable functions, so that Jg (0, Fr, B,) =~ 1(0, ¥, B,) for large R.

Lemma 2.5.2 (H 1—approximation). Assume that ¥ = ype — xr is defined in By, where OF N B
is a compact smooth hypersurface. Let a < 1 be a fixed Lebesgue point of H" "' (B, N OF), there

exists a sequence Fg such that
(1) Fr=1inF¢, Fr e [-1,1]in F,

(2) 17k = F llz1p,) = 0as R — oo,
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(3) limsup Jg(0, Fg, Ba) < 1(0, %, Ba),

R—

(4) Therefore, if (v,F) € A(B,), then so is the pair (v, Fr) for large R.

Proof. o Step 1: Let ¢ s(s) for s € [0, sg] be a solution of the ODE

d
r(0) =1, —gr(s) = —R\2W(¢r) — 2VR, (25.2)
where sg < R™1/2 is the time when ¢(sg) = —1. Such a construction ensures that for all

s € (0, sR),

D(a(s) = PH 4 REPED < W on(e) + R

* Step 2: Define p(x) = dist(x, F), then [Vp(x)| = 1 almost everywhere in F. Let a < 1 and

assume that B la 0 OF has curvature bounded by K = K(a). For every s > 0, denote
0°F =B, N{x : p(x) =s}. (2.5.3)

If s < min{1/K, (1 —a)/2}, then §°F is a smooth hypersurface in B, and is independent of

the set F' \ By+s. As s — 0, we have

H™ NI F) < H" 1 (Bass N IF) +0(1).
If a < 1is a Lebesgue point of H"~ (B, N dF), we have

lirsn_?(;lp H" Y (8F) < H" (B, N IF).

Clearly, the range of valid a’s is almost everywhere in (0, 1).
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» Step 3: We construct Fz(x) satisfying condition (1) as

1, if p(x) <0
Fr(x) =1 pr(p(x)), if0 < p(x) < sg - (25.4)
-1, if p(x) > sg

Let R > max{K?, } and R — oo, then sz — 0 and we have

_4
(1-a)?
SR
1Tk - Fllis, <2 / HV(3°F)ds — 0.
0

This proves (2). (3) follows from the observation that

1
Jr(0, F. Ba) = / DGR H (O F)don(s)
1
n—1 4 P d
<[l Banor) o] [ Do

<I1(0,F, B,) + o(1).

O

Traditionally, Lemma 2.5.1 and Lemma 2.5.2 together already have proven the I'-convergence.
However, these two procedure are both changing the boundary data of the admissible pair. There-
fore, we need a way to glue the admissible pair in the interior with some “unchangeable" values

near the boundary.

Lemma 2.5.3 (a gluing method). Let Q = Bi_,\ B1-45 With o being fixed. Assume that (ug, Eg) €
A(By) and (vg, Fr) € A(B1-y). If there exists 6 > 0 such that

fim sup {II#R — Vellrzg) + 1€k - ﬁ”L‘@} <0

then there exist (wWg, Gr) € A(B)) for some subsequence R — co and some €(5) — 0 such that
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(1) (wr,GRr) = (VR, FR) in Bi-4s and (wr, Gr) = (1R, ER) in B{__,

(2) limsup Jr(wRr, Gr, Q) < 3Jr(VR, Fr, Q) + 3JR(Ur, Er, Q) + €(9).

R—

Proof. The key point is to construct (wg, Gg) in Q. We first construct wg and then construct Gg.

» Step 1: Let n1, 172, 73 be a partition of unity in B; so that:
(1) supp(m) = Bi-35, and 1 = 1 in Bj_4,,
(2) supp(m2) = Bi-¢ \ Bi-45,and 1 = 1in Bi_25 \ Bi-30,
(3) supp(m) = B{_,,andn; = 1in B{__,

@ 1Vnille < Co™t.

We define wg(x) in B such that

wg(x) = n1vg + @y min{ug, v} + M34R, (2.5.5)
then clearly wg = vg in B|_4, and wg = ug in B‘lf’_(r. We have that in Q,

IVwr|(x) < Co™'|u = v[(x) + |Vug| + |Vvgl,

52
s0 Jr(wg,0,Q) < 3Jr(vg,0,Q) +3Jr(ug,0,Q) + C—2 +o(1).
o

» Step 2: Let R be sufficiently large, and for simplicity, we assume that o = N/R for some
integer N. Leta; = 1 =30 +i/R with 1 <i < N, and denote A; = B, \ By,—1/r. Let y; g be

supported in B, so that

ViR =1, |Vyir| < CRya,.

a;-1/R

Let G; r’s be candidates of Gg defined as

Gir =VirFr+ (1 =i r)Er, (2.5.6)

33



then in A, |Gir — Er| < |Fr — Er| < 2, and
IVGir| < |[VER|+ |[VFR| + CR|FR — Er|.
This gives an estimate that for C; depending on max |W’|,
JR(0,Gir, A;) < 3Jr(0,Er, Aj) +3JR(0, Fr, A;) + C1R||Fr — Erll 11 (a))-
There must exists an 1 < i* < N, so that the last term
o)
CiR|[Fr = Erllr(a) < € +o(1).
For such an i*, we define Gg = G+ r have

JR(()’ gRa Q) :JR(O’ 7:Ra Q N Bai—l/R) + ‘]R(Oa SR’ Q \ Ba[)

+Jr(0, Gi* k. Ai)

)
<3JR(0. T, Q) +3Jr(0. 84, 2) + C— +o(1).

» Step 3: We finally show (wg, Gr) € A(B1), so that J is “additive”. In fact, in Bi_3,,
wpr < vg and Gg = TR, s0 (Wg, Gr) € A(B]-34). For the similar reason we get (wg, Gr) €
ﬂ(Bi—Za')' In Bi_25 \ Bi-3¢5», wg = min{ug, vg} and Gg > min{Fg, Fr}, so (wr, Gr) €

A(Bi-20 \ B1-35).

With these three lemmas, we can finish the proof of Theorem 2.5.1.
Proof of Theorem 2.5.1(3). We show by contradiction. Suppose that for some rg < 1, (Uco, Eco)

is not the minimizer of / in B, but (e, g;) € A(By,) is. Assume that

I(I-loo’ 800$ B}’()) > I(/’?.;’ g(;’ Br()) + 26'
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By the Holder continuity of ¢ and Lemma 2.4.1, we can apply Lemma 2.5.1 to the pair

(,UooXBrg + ITJOXB,O, 800)(3,5 + g;oXB,O),

so for arbitrarily small §, there exists a pair (v, ¥) € A(B,) satisfying

ro+ 99
100

<a<l,

(1)
(2) ¥ = xre — xr and B, N JF is a smooth hypersurface,
B) Moo = Vllz2g0\8,) + 1€ = F ll1(B\B,) < O

4) (oo, Ecor By) = 1(v,F,B,) +€.

Let b = 1 — o for some small o be a Lebesgue point of H"~! (B, N dF), where we require o to

fulfill the following requirements:
(1) 1 —a <o < (1-rg)/4,thatis B,, € Bj_4s and Bj_, C By,
(2) I(Moos Ecor Ba \ Bi-4o) + (v, F, By \ B1-40) < €/100.

By Lemma 2.5.2 we have a sequence of smooth functions F so that (v, Fg) € A(B-,) for large
R. Together with (2.5.1) we have (ug, Eg) with (v, Fr) satisfies all assumptions in Lemma 2.5.3.

We glue them and obtain a pair (wg, Gr) € A(B)) satisfying
lim inf {JR(,uR, Er, B1) — Jr(wr, Gr, Bl)} > €/2 - €(9).
When 6 is so small, then (ug, Eg, B1) is not a minimizer of Jg, a contradiction. |

2.6 Non-existing of one-phase minimizers

Now we prove the one-phase case for Theorem 1.1.2. Let’s state it in the following more

general way.
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Theorem 2.6.1. Assume that the double well potential W (s) satisfies (W1),(W2). Then there does

not exist a one-phase global minimizer of (2.0.1) if n < 7.

Proof. Suppose that there does exist u >

—1 so that {# > 1} is non-empty. For simplicity, we

assume u(0) = 1. We denote

) = max ("D =10}, £x(y) = minfu(Ry), 1)

By Lemma 2.3.2 and 2.3.3, we have that ||ug||c1/2(5,) < C and Jr(ur, Er, B1) < C. By Theorem
2.5.1, up to a subsequence, (ug, Sg) converges to (Ueo, Eco), @ minimizer of I(+, -, By), in L' sense.
When n < 7, the set &, has C'? boundary near the origin. For example, we assume that at the

origin the exterior normal vector of E is €,. This means, if we define
Y(R) = {x € dB; : u(Rx) > 1}, e(R)=H"'(Z(R)\ dB})

like in (3.1.3), then there exists a sequence of Ry — oo, such that

1 [

— e(r)r"'dr = 6(Ry) — 0. (2.6.1)
Ry

Let A(R) be the first Laplace eigenvalue of X(R) and a(R) the same as (3.1.2), then a(R) >

I(R):/B de’

|x|n—2

1-C-e(R). Let

and assume for simplicity that /(Rg) > 0. We integrate the lower bound

2a(R) 2 e(R)

—(R —-2C
( )z R R
n [Ry, Ry ] and obtain that
I(R R Riac
log (Ry) 22log—k—/ &dr
I(Ro) Ro  Jr, r
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nwy,

)

Using the restriction (2.6.1), we have that (notice that e(R) <

Ry . R
/ 2C-e(R) _ / Yar, R = 0(5(RORY),
R Ry T

0 R 0

I(Ry)
k
cioppoli inequality to (« — 1)*. In conclusion, we reach a contradiction, so there is no one-phase

SO — co. However, this violates the C'/? estimate (Lemma 2.3.2) if we apply the Cac-

minimizer of (2.0.1) if n < 7. O
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Chapter 3: Global minimizers of the double well energy: two-phase case

In this chapter, we assume that # : R” — R is a two-phase minimizer of (2.0.1). That is, both
{u > 1} and {u < —1} are non-empty. Like in the previous chapter, we assume throughout this
chapter that the potential W (ss) satisfies (W1) (no need to satisfy (W2)).

We will show that a two-phase global minimizer is an one-dimensional solution for any dimen-

sion n.

3.1 The ACF monotonicity formula

We start from showing

M(R) :I%ax|u| (3.1.1)

has at least linear growth, meaning M (R) > 2KR for some K > 0 and any large R.

The method is to use the ACF monotonicity formula given in [39].

Theorem 3.1.1. Let u.,u_ be continuous function defined in R" such that

ur. >0, Aur >0, wu,-u_=0.

For any R > 0, if we define

2
L = [ a0 = g ®)- L),

then J(R) is non-decreasing about R.

Since we will somehow simulate its proof later in this paper, it is necessary to sketch the main

idea.
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Sketch proof of Theorem 3.1.1. Use the fact that |Vu.|> < Au2/2 and A|x|>™" < 0, we integrate

by part and have

1 n
Ii(R) = W ABR U0y + Wuidx.

1
Besides, I.(R)" = W/ |Vu,|*dx. Denote . (R) = {x € dB; : us(Rx) > 0} and 1. (R) be
dBR

the first Laplace eigenvalue of X, (R). It follows that if @.(R) > 0 are defined such that

@+ (R) (a/i(R) tn- 2) = 1.(R), (3.12)

20+ (R
@ )and thus

I/
then I—i (R) >

+

I I 4 _ 20.(R) +2a-(R) - 4

J' + +
7(R):E(R)+Z(R)_E > R > 0.

This proves that J(R) is non-decreasing. The last step a4 (R) + @—(R) > 2 is called the Friedland-
Hayman inequality, which holds if £, (R) N 2_(R) = 0. O

Remark 2. One can verify that if £, (R) happens to be a hemisphere for some R, then the corre-

sponding a.(R) = 1.

Remark 3. If Z.(R) (or simply Z(R)) “looks like" the upper hemisphere 0 B, we denote the area

of error as
e(R) = H" ' (X(R) \ 0BY). (3.1.3)
It turns out that for some C > 0, a(R) > 1 —C - e(R).
Now we can easily show M (R) has at least linear growth.

Corollary 3.1.1. Assume that u is a two-phase solution of (2.1.1), and denote M(R) = max |ut],
R

then M (R) is at least linear for R > R. Say for example, M(R) > 2KR for some K > 0.

Proof. We apply the ACF monotonicity formula (Theorem 3.1.1) to the pair

uy=(w—-10% u_=(-1-u)".
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Since u is a two-phase function, J(R) > 0 for some R, so J(R) > J(R) for any R > R. It follows
that

max{L,(R),I_(R)} > CR>.

By the Caccioppoli inequality, we have M (R) > 2KR for R > R. O

3.2 Asymptotic linearity

In this section, we show that u is asymptotic linear.

Proposition 3.2.1 (asymptotic linearity). Let K,e > 0 be fixed. Assume that M(R) > 2KR
and M(R) = o(R?) for R sufficiently large. Then after a Euclidean group action, there exist

subsequences Ry — oo, 6y — 0 and K = K(Ry) > K, such that in Bg,,

Uk (re) (Xn = 0k Ri) < u(x) < Ug(ry) (Xn + 0k Ry)- (3.2.1)

The key observation is that, as a minimizer of the double well energy 2.0.1, the rescaling of u
looks harmonic as R — oo, so we can use the Schauder estimate for harmonic functions to show

the asymptotic behavior.
u(Ry)

W have a

We first show the following Holder estimate, which guarantees the rescaling

uniformly convergence limit.

Lemma 3.2.1 (Holder estimate). Assume that |W(u)| < 1 everywhere (W is not necessarily equal

to W). If u is a minimizer in By of the functional

2
J(u,Q):/QW;l + W (u)dx

and |lul|L~(B,) < 1, then |[ul|ca(p,,) < C for some & > 0 and ||”||H1(Bl/2) <C.

Proof. 1t suffices to show osc(u, B,) < Cr® in ngg sense, meaning that there exists A(r) satisfy-
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ing
/ lu — A(r)|2dx < Cr™t?e.
B,
Let ro be small enough, then still |#| < 1 in B,,. Let v be the harmonic replacement of u with

Dirichlet boundary condition in Bg (R = 2 ¥r¢), then osc(vik, Brj2) < (1 —0)osc(u, Br). As

J(u, Bg) < J(v, Bg), we have

0< [ |Vul>=|Vve|?dx < 2|Bg|.

Br
This already implies ||u||H1(Bl/2) < C. Infact, as u = v; on dBg and Av; = 0, we have . |Vul|? -
Vv |?dx = : |V (u — vi)|>dx. By Poincare inequality,
R
’ lu —vi|> < CR™?, ie. 08Cave(u — vi, BR) < CR.
R
Therefore, if we denote Oy = 0scavg(u, Bz—kro), then
Ors1 < (1=8)0k +C - 27Fpg.
As long as rg is small enough, Oy < C(1 — §/2)%. O

We use the Holder regularity to show that the rescale of u(x) is harmonic. In fact, the method

is quite similar to the proof of I'-convergence in the previous chapter.

Lemma 3.2.2. Let the rescaling function of u(x) be

_ u(Ry)

vr(y) = MR’

y € Bj.

Then for some subsequence Ry — oo, vg, (y) converges uniformly in B, to a harmonic function.

Proof. It follows that |[vg, (y)| < 1 and satisfies the equation Ayvg, (y) = then vg(x) is a minimizer
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in By of
2

_ Voul? — _
JRk(u,Q)=/Q| y2u| + Wg, (u)dy, WRk(u):ﬁW(M(Rk)“).

Since M (R) > 2KR, by Lemma 3.2.1, for a subsequence of Ry (still written as Ry), vg, (y) — v(y)

in Cl"
oc

(By) N leoc(Bl) for some v(y) € Hzloc(Bl)'

Now we show that v(y) is harmonic. Assume that v(y) is non-constant near a point yg. We
1 —yol

can then find some ry € (0, ) so that v(y) is not everywhere zero in dB,(yg) for any

r € (ro,2rgp). Let ¥(y) be a harmonic replacement in B, (yg), still equal to v(y) outside B,(yo).

Suppose that v is not harmonic at yg, then there exists some ¢y > 0 so that

Vv |? Vi |?
/ V] dy 2/ Vo] dy + cy.
B.(yo) 2 B.(yo) 2

Since ¥ is almost everywhere non-zero in B, (yo), for k sufficiently large,

c
<0

B.(yo) N {I9] < M(Rp)™'}| < 00"

/ Wg, (¥)dy < C
Br(y())

. N + . .
Let N be sufficiently large and r,,, = Nmro. Since ||Vg, [l g1 ( Bary(y0) S C, there must exists some

0 < m < N such that

/ i + Vvl + IVvlzdy < &

By G0\Boy (y0) M (Ri)? 2 =~ 100

Let 7 > 0 be a cut-off function supported in B, ., (yo) such that n =1 and |Vn| < 2N/ry.
rm Y0

We construct a competitor

wi(y) =n()v(y) + (L =n()Vve.(y)-
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Since Jg, (W, By,,., (70)) = Jr, (VR,» Bryy (¥0)), We have

|Vw|? ~ co 49
dy = JR (W, Brm+ (yo) \ Brm (yo)) -—— 2 —CQ.
/13rm+1 (Y0)\Br,,, (yo) ‘ ! 100 — 50
On the other hand,
Vwl|? N2
Vvl < 4| Vg, >+ 2|Vv)? + 8—|v — i/,
2 ré
and for k sufficiently large, |v — v¢| — O in L? sense, so
2
/ Vil dy < il
By O0\Brn (v0) 2 2
for k sufficiently large, a contradiction. O

Harmonic functions have good regularity. Since the limit v above is harmonic in B; and
IVIlz=(B,) < 1, it follows that v € C2(Bl/2) with ||D2v||Loo(Bl/2) < C. Yet we still need to avoid
harmonic functions with vanishing gradient at the origin. This is where the sub-quadratic growth

rate assumption plays a role.

Lemma 3.2.3. Let C, € > 0 be fixed. Assume that

R
lim inf (R)

R—o0 Rz_f
then for any 8 < 6o = min{C~/€,1/2}, there is a subsequence Ry — co such that

M(SRy) = CS*M(Ry). (3.2.2)

Proof. We argue by contradiction, suppose M(SR) < C5*M(R) for all R > R, then we set ry =

6"KR and my = M(ry), and obtain that

Mmy_y1/mi < Co? < 52_E,Vk > 1.
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Therefore, M (ry) > r%‘f for r;, = 6% R, a contradiction. m|

This results in non-zero gradient of the limit v at the origin, since the harmonic function v has

a Cl! estimate near the origin. We have:

Corollary 3.2.1. Assume M(R) < R>€ for R sufficiently large. Then the limit v obtained as the

u(Ry)
M(R)

limit of vg(y) = has non-zero gradient at the origin.

Now we prove Proposition 3.2.1, under the assumption that M(R) < R>~€ for some subse-
quence R; — oo. Without loss of generality, we assume u(0) = 0.
Proof of Proposition 3.2.1, R*€ case. By the previous corollary, for a subsequence R; — oo,

the limit v(y) is harmonic with Vv(0) # 0. After a coordinate change, we might assume that

v(y) = Koya +O(ly|*), Ko > 0.

Finally we show that for every ¢ > 0, there exists an R > 0 and K(R) > K such that

UK(R)(xn — 5R) < Lt(X) < UK(R)(xn + 5R)

First, let 1 = A(6) < 1 satisfies that for any y € B,

Ko(yn —064/4) <v(y) < Ko(yn +061/4),

then by [|vg, = vlca(s,,,) — 0, for k sufficiently large,

Ko(yn = 64/2) < vr,(y) < Ko(yn +61/2).

We just set R = ARy, then for x € Bg, we have

KOM(Rk)

(x, —0R/2) < u(x) < Ky

Mg:k) (x, +OR/2).
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Set K(R) = Ky

M(R
I(€ k). Notice that M (R) > 2K R for large R, we have K(R) > K. For K(R) > K,
k

Uk (r)(xn —2L) < K(R)x, < Ug(r)(x, +2L) for L = 1/K, so we obtain (3.2.1). O

Finally, we prove Proposition 3.2.1 in another setting that M(R) = o(R?) but M(R) > R'> for

R
—_6) < oo, cover all possibilities

large R. This case, together with the previous one where lim inf
R2

of M(R) = o(R?).
Proof of Proposition 3.2.1, M(R) = o(R?) and M(R) > R' case. Without loss of generality,

we assume u(0) = 0. We compare vg(y) with its harmonic replacement vg(y) in By, like what

2
is done in Lemma 3.2.1. It follows that as ———= <
M(R)? ~ R
VRl 218, 1) < C. After a rotation action, let’s write

1 — .
< —, we have/ lvg — V&> < C/R with
B

VE(Y) = VR(0) + kgy, +yT Agy + O(|y]%).

Here, kg and A are bounded, regardless of R. Recall that from Lemma 3.2.1 we have |[vg||ca (s, ,) <
C,s0|vg — Vg| < R™3 in Bj ), for some small 6 > 0. It then follows that, after a rotation action

(recall that vg(0) = 0),
Ve (¥) — kry, — y' Agy| < CR™° in Bg-s. (3.2.3)

The slope kg is just known as non-negative. Based on its value, we consider the following two
possibilities:
e Case 1: kxVR > co > 0 at least for a subsequence of R = R; — oo. In this case, (3.2.3)

written in the x = R;y coordinate, implies that

M(R;
lu(x) — th.—; ')xnl < CM(R)R;* in Bpi-s.
i i

M (R;)

1

Let K = kg, , which is greater than cq, and write r; = Rl.l“s , then

1 _
E””x - Kxn“L“’(Brt_) < CR?'5 28 = o(r;).
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This again implies the expression (3.2.1) since ry — oo.

e Case 2: Otherwise, kR\/E — 0, which means we can pretend that kg = 0 in (3.2.3), that is,

for any R large enough,

[vr(y) — yTARyl < CR % in Bg-s.

The rest of the proof will focus on Case 2. We will see that Case 2 violates the assumption that
M(R) = o(R?).

If for a certain R, ||Ag|| is uniformly non-degenerate, say ||Ag|| = H for some small constant
H > 0, then in this situation, we have

M (R'9) . H-CR™
M(R'-9/2) ~ H/4+CR™

> 4(1 - CR™).

On the other hand, if for a certain R, ||Ag|| < H, then when H is small, by max [vr(y)| =1 we get
1

M(R) R

> (
M(R'-9/2) = "R1-5/2

)2
With this in mind, let’s construct a sequence ry — oo, that
2
N(ri) = M(ri) /7y

is bounded from below. We start with a sufficiently large ro. For each chosen r(k > 0), we write

R = '}/2r;. We choose

2ri, if [|Ag|l = H
Tk+1 =

R = "2r, if ||Ag]| < H

We see that N(riyq) = (1 - Cr];‘s)N(rk) in the first situation and N(rr+1) > N(rg) in the sec-
ond one. Therefore, N(r;) is bounded from below under such a construction. This violates the

assumption that M (R) = o(R?). O
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3.3 A Harnack type estimate

In this section, we will prove the following Harnack type estimate.

Proposition 3.3.1 (a Harnack type estimate). For any fixed K > O, there exist constants ¢, R, o >

0. Let R > R, K > 2K, t < oR. Assume that

Uk(x, —t) < u(x) < Ug(x, +1) in Bog,

then there exist t1,t, with |ty — t3| < 2(1 — ¢)t such that

Uk (x, +t1) <u(x) < Uk(x, + 1) in Beg.

Assuming that Proposition 3.3.1 is correct, we consider a baby case version of (3.2.1).

Corollary 3.3.1. Assume that u satisfies (2.1.1) and there exist K,t > 0 such that after a Euclidean
group action,

Ug(xp, —t) <u(x) < Ug(x,+t), VxeR", (3.3.1)

or “almost equivalently",

K(x,—1t) <u(x) < K(x,+t), VxeR"

then u is one-dimensional, meaning that u(x) = Uk (x, — s) everywhere in R" for some constant

s € [—t,t].

Proof. Assume that there exists some A and R, so that for any R > R,

Ug(x, +11(R)) < u(x) < Ukg(x, +12(R)) (3.3.2)
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in B g, where |t1(R) — t2(R)| < t/10. Let
1= Iiegfétl (R), ty= 2‘;‘;’2(”’
then for any x € R"” we always have
Uk (xn +17) < u(x) < Ug(x, +13).
Let’s plug in x = 0 in (3.3.2), to avoid “conflict" among different R’s, we have

() [11(R). 12(R)] # 0.

R>R

As [t1(R) — ©2(R)| < /10, we conclude that |t} — #| < /5. Now it suffices to repeatedly iterate

the process above. O

In the rest of this section, we prove Proposition 3.3.1.
Recall that we have constructed a volcano-shape barrier function (2.2.1) in Chapter 2. Here we

use it again in a different way to construct the following barrier function.

Lemma 3.3.1 (barrier function B). Given any K > 0, there exist constants R,co > 0. For any

R > Rand K < K| < K, satisfying

K
§:==2_1<0.1,
K

there exists a barrier function ®(x) defined in Bg satisfying:
(1) AD(x) > W (D(x)) in Bg,
(2) ®(x) < Uk, (x,) in 0Br N {x, < codR},

(3) @(x) < Uk, (x,) in 0Br N {x, > codR},
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(4) @(x) > Uk, (xn + co0R) in Beyr. Consequently, ®(x) > Uk, (xn + c(0R) in B g for ¢ =

co/100.

Proof. Let N = max{1000, 1000M (K), No}. M(K), Ny will be given later.

K|+ K 0
l > 2, €= I co= 100N and construct the barrier function

* Step 1: We set K =
O(x) = VK,N_;?,E(X — p), where p = (? - m)éh

as a local “view" of the “volcano" in (2.2.1). By Lemma 2.2.2, (1) is satisfied as long as we
(n-1)
K

choose R = 1000 (one can repeat the proof in Lemma 2.2.1).

» Step 2.1: Now we prove (2) and (3). First we notice that when N > Ny for some uniform

No, (2) holds for x = —Ré,, and (3) holds for x = Re,.

e Step 2.2: Next, on dBg, the distance p = dist(x, p) takes the form

==+ )2~ 25 = ), s

\/ (NR SR NR 6R dp
AN dxn 0BR

0
+1] < 10—
N

as long as N > 1000. By Lemma 2.2.2 we know

d
%(D

0
—————+1| <e=— when Q| < 1.
U (U (D))

| N
AsKy/K,K/K; > 1+6/3if 6 < 0.1, by Lemma 2.1.1, there exists a large M (K) such that

Uy, (Ug! () 5

— % _I|>——,VheR.
U (Ut () M(K)’

We let N > 1000M (K), then by chain rule

A dd dp |2 Uk, (U (®)),if @ € [-1,0]
dx,loBg %dxn '

< U, (U (@), if @ € [0, 1]
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In other words, on dBg, ®(x) < Uk, (x,) when ® € [-1,0] and ®(x) < Uk, (x,) when
d e [0,1].

* Step 2.3: Denote by A;(i = 0, +1) so that x,,-component of §; € dBg is h;, where at g; holds
®(g;) = i. Then we have hy > co6R, meaning that (2) holds if x,, € [h_y, ho] and (3) holds
if x, € [ho, h1]. From the expression of p(x,), ® o5 is convex about x,, when |®(x)| > 1,

R

while Uk, (x,) is linear about x,,, so we finally obtain (2) and (3) holds for generic points on

0Bg.

* Step 3: Since @ is aradial function centered at p, it suffices to show (4) on 9B, g. On 9B,
the distance function p = dist(x, p) also has the form VA — Bx,, so we can use the chain

rule to check that on 0B k.

d
) > U (Ugh (®)).
20, = U (U @)
Besides, one can check that (4) holds at the point x = —cgRé,,, so (4) holds everywhere on

dB.,k.

Remark 4. For the ®(x) constructed above, (2)-(4) are automatically satisfied if we replace c
with any other c( < co. It also means we can simply write ®(x) > Uk, (x, + co0R) in Beg in (4)

by choosing a smaller cy.

Proposition 3.3.1 is obtained from the following lemma (sometimes we need to replace u(x)

with —u(—x), W(s) with W(-s)).

Lemma 3.3.2. For any fixed K > O, there exist constants c,R,0 > 0. Let R > R, K > 2K, t < oR,

and denote L = L(K). Assume that u(x) > Uk (x,) in Bog and u(x) < —1 when x,, < —L —2t. If

u(Rey) > Ug(R) +Kt or u(-Ré,) > Ux(—R) + K1,
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then u(x) > Uk (x, + ct) in B¢g.

Proof. We first copy from the last lemma the constants c¢o and R. Consider two possibilities: ¢ < L,

ort > L.

* If t < L. We apply the Hopf lemma to u(x) — Ug(x,) in the region Bog N {x, > 3L} or

Bsr N {x, < —3L}, and obtain (recall that R is way greater than L, t)

Kt
u(x) > Uk (x,) +c1?(x,, —3L) in Brn{x, >3L},

K
or u(x)>Ug(x,) +01%(xn +3L) in Brn{x, <-3L}.

Kt
In particular, if x € Bg N {x, = £4L}, then u(x) > Ug(x,) + clﬁL. By applying the

Harnack inequality to v(x) = u(x) — Ug(x,), which satisfies
|Av(x)] < max{|W”[}v(x)|
in all balls B,z (p) centered at p € Bg N {x, = 0}, we obtain that
u(x) > Ug(x,) + cz%L in Bg N {|x,| < 5L}.
Consequently, by setting K. = (1 + 6)K where ¢ = c¢3t/R, we have
u(x) = Uk, (x,) in By, or u(x) > Uk (x,) in By.

By Lemma 3.3.1 and the maximal principle, u(x) > Uk(x, + codR) in B, and we choose

C = CpC3.

o Ifr > L. We again apply the Hopf lemma to u(x) — Uk (x,) in Bog N{x,, = 3t} or BogN{x, <
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—3t}, and obtain

Kt
u(x) = Uk (xn) +C1?(xn —-31) in BgrnN{x, >3t}

Kt
or u(x) > Ug(x,) +c1§(xn +3t) in BgpN{x, < -3t}

Denote K. = (1 + 6)K, where 6 = c¢1t/R. It then follows that u(x) > Uk, (x, — t.) in Bg,

where 0 < 1, < Cyt? /R. By Lemma 3.3.1 and the maximal principle,

u(x) > Ug(xy + co6R — t1) in Beyr(—t+€p).

1 coCq
100° 100C4
resulting in u(x) > Uk (x, + ct) in B¢g.

One can set o = min{ } so that codR > 100¢z., and then can set ¢ = cocy/100,

3.4 Improvement of flatness

In this section, we reduce the asymptotic linearity (3.2.1) given in Proposition 3.2.1 to its baby

case version (3.3.1).

Without loss of generality, by choosing 6 in (3.2.1) slightly larger, we assume that 6; Ry — oo,

and u(0) = 0.

Our goal in this section is to show the following improvement of flatness result.

Lemma 3.4.1 (Improvement of flatness). Let K be given, then there exists T, 6, co > 0. For any

K > K, § <6 and R > 0 satisfying SR > T, if u(x) as a solution of (2.1.1) satisfies

K(x;, —6R) <u(x) < K(x,+06R) in Bg

then up to a Euclidean group action, there is another K* such that

K*(xy —co0R) < u(x) < K*(xp + coSR) in Beyr-
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As a preparation, we use the volcano-shape function (2.2.1) one more time to construct the

third barrier function.

Lemma 3.4.2 (barrier function C). Let K > 0 be fixed, then there exist constants R,T,co > 0. For

any R > R and any K < K| < K, such that

K
T/IR<§:=—=-1<0.1,
= K

1 <
there is a barrier function Y (x) defined in By satisfying
(1) A¥(x) > W (¥(x)) in Bg,
(2) ¥(x) < Ki(x, —coR) in dBgr N {x, < coR},
(3) ©(x) < Ka(x, — coR) in dBr N {x, = coR},
(4) ®(0) > K coR.

Kl +K2

Proof. LetK = and N > 100 to be decided later. We construct the barrier function

— - R -
Y(x) = VK’NR’%(X —p), where p = (NR - m)Ren.
When T > 1000(n — 1)/K, we have (1) is satisfied. The remaining proof is similar to Lemma
3.3.1. m]

We will prove Lemma 3.4.1 through a compactness argument. Therefore, we develop the

following Lemma, in order to show that the scaling

u;(R;y) — KiR;yn
K;0;R;

converges up to a subsequence R; — oo to a harmonic function.
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Lemma 3.4.3. Assume that 6; — 0, 6;R; — oo, K; > K > 0. Assume that u; satisfies (2.1.1) and

Uk, (xn — 6iR;) < u;(x) < Uk, (x, + 6;R;) in Bg,. Define v;(y) in By as

u;(R;y) — Uk, (Riyn)
K:o.R; :

vi(y) =

Then there exists some v(y) € C*(Bj ) satisfying

(1) vi(y) has a subsequence converging uniformly to v(y) in By, and |v(y)| < 1 everywhere,

(2) v(y) is also the uniform convergence limit (up to a subsequence) of

ui(R;y) — KiR;y,
KioiR; ’

vi(y) =

(3) v(y) is harmonic in viscosity sense.

Proof. Let L = 1/K. Recall that Uy < CK for some C = C(K), we have |[v(y)| < C(K)

everywhere. We also notice that v;(y) is harmonic and
vi(y)| < 1in By N {|ya| > 6; + L/R;}.

Therefore, if v(y) is the limit of v;(y), then [v(y)| < 1 everywhere in By, and v(y) is harmonic in

B12 N {x, # 0} in viscosity sense.

(1) Assume that u;(p) = 0 for some p € By 2, for simplicity suppose p = 0. For every r > 0 we

denote 71 (r) = max{t,}, r»(r) = min{z,} such that
UK(xn + tl) < u(x) < UK(xn + t2) in Br(p)

Write i = (¢/100)%R; and Ok = t2(ri) — t1(ri), then O¢ = 26;R;. By Proposition 3.3.1, we

have O+ < (1 —¢)Oy aslong as ry < 0Oy and ry > R, or in other words when

k < ki = C™' min{-1log(é;), log(R;)}.
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2)

3)

As Uy < C(K)K, it then follows that for ¢ = p/R;,

osc  vi(y) < C(1—-c)ffork <k;.

B 1000k (4

By applying the Schauder estimate to v; in By N {|y,| > 6; + L/R;}, we conclude that there

is a sequence d; — 0 such that

vi(y1) = vi(y2)l
ly1 — y2|®

< C, Vyi,y2 € By with |y = y2| > d;.

Recall that |v;| < C(K) everywhere, so up to a subsequence, v; Holder convergences to some
velC* (B 1 /2) .

K,( z)’n) i lynl < _>0uniformly.

Si O;R; ,
ince 0;R; = oo, | K;0;R; K6iR;

We only need to show v is harmonic at any point ¢ € By, N {y, = 0}. We argue by
contradiction, suppose that Av(g) > 0 (or < 0) in viscosity sense, meaning that there exists

a sub-harmonic quadratic polynomial

PY)=vig)+(y—q) 8+ -9 " M(y-q) +2aly—ql*,

such that M is a quadratic form with zero trace, and P(y) < v(y) in a small neighbourhood
of g. As v(y) is harmonic if y,, # 0, by Hopf lemma, we may just assume v(y) > Q(y) +

ey — g/ in By(g) with

) =v(g)+(y—q) 8+ -9 "My —q) +5elyl.

Let co be the same as in Lemma 3.4.2, we can manually reset s small so that

Co€E
s <0.00] ———.
L+ M|

55



Since v;(y) — v(y) uniformly, there is some small 4 € (0, 1), so that when i is sufficiently

large, vi(y) 2 Q(y) +2h on B,(q) and vi(q) < Q(q) + h.
Let’s now fix a large i. Denote

u(z) = u;i(z + Riq),

then u is still a solution of (2.1.1). Denote

E*:Ki'(e_;l"'éig)’ K*:lg*l’ VIE*/K*

With these, v;(¢) < Q(q) + h implies that (recall that |v|, 2 < 1)

1(0) < 26;K;R;,

while v;(y) > Q(y) +2h on 0B;(q) implies that on 0 Bg,,

o 1
u(z) = —6;KiRi+z-K* + 6,~K,-<EZTMZ +562a]).
l

K* 9 11
If i is large enough, then — € (—, —

d
AT A

1
EZTMZ > —€exR;s in Bygp,.
i

Besides, if z € 0Bsg, and z - V > cosR;, then

SR; 1 K*

| R -
|2l 2 Sz -Vl 2 coms 80 —2 Mz + 56z, > —elz- V.

2 R; K;

Therefore, for i large, (3.4.1) implies

> K*(z-v—cosR;),if z-V < cosR;

)|, .
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By Lemma 3.4.2 and the maximal principle, we expect u(0) > coK*sR; if i is large, but this

violates u(0) < 26;K;R;.

Now let’s prove Lemma 3.4.1.
Proof of Lemma 3.4.1. If such T, § does not exist, then we have a sequence of counter examples

u; defined in Bpg,, and 6; — O satisfying 6;R; — oo, so that

Ki(x, — 0iR;) < u;i(x) < K;(x,, + 6;R;) in Bg;.

By Lemma 3.4.3, we construct a sequence

u;i(R;y) — KiR;yn
Kio;R;

vi(y) = ,
whose limit is a harmonic function v so that ||v||,, < 1. By Schauder estimate,
v(y) = v(0) =y - Vv(0)| < Cily[* in Byj4
Denote rlrslf}f [vi(y) = v(y)| = ¢ — 0. We then approximate u; with
Li(x) = 6;K;Riv(0) + Kix,, + 6;K;x - Vv(0),
then in B (1 <0.1)

luj(x) — Li(x)] < 6;KiR;(& + C1A%) < 100K;A6;R;,

as long as co = A is chosen small and i is large. O
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3.5 Rigidity of two-phase minimizers

We now prove the two-phase case of Theorem 1.1.2, which we write here more explicitly:

Theorem 3.5.1. Assume that the double well potential W (s) satisfies (W1). If u(x) : R* — R (no
restriction on n) is a global two-phase minimizer of (2.0.1), such that max lu| = o(R?), then it
R

must be one-dimensional.

Proof. As is discussed in Proposition 3.2.1, # must be asymptotically linear, satisfying (3.2.1) with

OR sufficiently large. Then “almost equivalently" we have
K(R)(xp —6(R)R) < u(x) < K(R)(x, + 6(R)R) in Bg.
We then have (up to a Euclidean group action)
K’ (coR)(xp — co6(R)R) < u(x) < K'(coR)(x, + co6(R)R) in B,k.

We keep iterating, until escaping at k-th step, when c’(;ci(R)R < T. At this moment we have (up to

a Euclidean group action)
K'(cER)(xy, = T) < u(x) < K'(c{R)(x, +T) in B.ig 2 Beyt/o()-
Notice that coT /6(R) — oo, so for another subsequence R — oo and slopes K;
Ki-x, —TIKi| < u(x) < K; - x, = T|K;] in Bp:.

We then have that lim K; exists (say for example equal to K¢;,) and we reach the baby case version

[—00

(Corollary 3.3.1). O

58



3.6 Solutions with a graphical level set

We finally make a note about monotonic solutions of the Euler-Lagrange equation (2.1.1). We
not only require the assumption (W1)(W2) on the potential W(s), but also require an additional

(W3) condition that:
(W3) W'(s) >0when -1 <5 <0, W(s) <Owhen0 < s <1, W(0) <0.

Definition 3.6.1. Let the potential W (s) satisfy (W1)-(W3) and u is a solution of the Euler-
Lagrange equation (2.1.1). We say u has a graphical level set if 0., u > 0, and {u = 0} is a

graph x, = T'(x") on R"™1. Let v(x’) be its pointwise limit as x,, — +oo, that is

—+00

v(x) = lim u(x’,x,) € (0,+c0].
Xp—+
In this section we extend Theorem 1.1.2 to the graphical level set setting and prove Theorem
1.1.3. We write it more precisely as:

Theorem 3.6.2. Assume that the potential W (s) satisfy (WI)-(W3). Letu : R* — R(n < 8) be a
solution of the Euler-Lagrange equation (2.1.1) so that it has a graphical level set. Then u(x) must

be one-dimensional.

The goal will be to show that if u has a graphical level set, then it must be a global minimizer

of the functional (2.0.1). The key is to show
v(x") = constant € [1,+00].

First we deal with the case that v(x”) = +oo.

Lemma 3.6.1. Let u(x) and v(x") be described in Definition 3.6.1. If v is somewhere equal to +co,

then v(x') = +oo0 everywhere.
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Proof. Let’s just assume v(0) = lim u(0,x,) = +oo. It then follows from continuity that there
Xp—>+00

exists some H, r > 0 such that
u(x) > 1in B}, X [H/2,+0c0).
Since v(0) = +oo, it follows from Harnack inequality that
v(x') = xiiinoou(x',xn) = +oo, for x" € B,

and the convergence to +co is uniform.

Suppose there exists some v(p’) < +oo, then we set R = 2|p’| + r, and let & > H be large
enough so that the whole ball Bg(p’, h) is above the level set {u = 0}. Since the Euler-Lagrange
equation (2.1.1) yields that Au < 0 in Bg(p’, h), by the weak Harnack inequality we conclude that

there exists a constant M such that
|Br(p',h) n{u>M-u(p’,h)}| < w,r".

However, u can be uniformly and arbitrarily large in the half cylinder B, X [H,+0), whose in-

n

tersection with Bg(p’, h) has a measure larger than w,r". This results in a contradiction since

M -u(p’,h) <M -v(p’) is just bounded. O
Next, we assume that v(x") < 400 everywhere.

Lemma 3.6.2. Let u(x) and v(x’) be described in Definition 3.6.1 so that v(x’) < 4oco. Then v(x’)

is also a solution to the Euler-Lagrange equation (2.1.1) in the lower dimensional space R".

Proof. For example, we show that Av(x’) = W/(v(x’)) for x" € B}. By the boundedness of [W’|,

we have that |Au(x)| < C. Let h be large enough so that the whole ball B4(0, k) is above the level
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set {u = 0}. By Harnack inequality, we have

max u < C(u(0,h)+1) < C(v(0,h) +1)
B»(0,h)

and therefore ||u|c(p,(0.n)) < C for large h. It then follows that Au = W’ (u) € C?, so
”u”CZ’“(Bl(O,h)) < C, for large h.

Therefore, if we abuse the notation v(x’, h) = v(x’), then v(x’, h) also satisfies (2.1.1) and is

constant in x,,-direction, so Av(x’) = W’(v(x’)) for x" € BY. O

Now we show that v(x") > 1 everywhere. If that is true, then by Liouville theorem (since v(x”)
is harmonic and bounded from below), we know v(x”) is constant (including the special case that

v(x’) = 400 everywhere).

Lemma 3.6.3. Let u(x) and v(x") be described in Definition 3.6.1 so that v(x') < +oo. Then

v(x’) = 1 everywhere.

Proof. Clearly we have v(x”") > 0 for all x’. Suppose that for example v(0) < 1, then by condition

(W3) there exists a huge number L such that

2

W (s) < dl
§) < ———————,
4(n—1)L2

V0 < s < v(0).

We contact v(x’) from below at p” € (=L, L)"~! by some test function

n—1
() = h- ]:1[ cos (%xi), X e [-L,L]"".

Here, we have & exists and 0 < h < v since v(x’) > 0 everywhere. At p’ we have

2 2

o(p"),  Av(p) =W (p)) < -7

T z 5 )

Ag(p’) = FTTEE 7_T e
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If p’ is the contact point, then v(p’) = ¢(p’) < v(0), so A¢(p’) > Av(p’), a contradiction. O

Now we prove Theorem 3.6.2. Recall that the conclusion in [14] can be extended to monotonic
functions, that the critical point u(x) : B; — R of the ACKS functional (2.4.1), if is monotonic in

x,-direction, then must have a C* free boundary if the dimension is n < 8.

Besides, we don’t need to assume M(R) = max |u| = o(R?). This is because 4
Br M(R)
converge to some x,-increasing harmonic function, whose gradient at the origin cannot be zero.
Proof of Theorem 3.6.2. 1t suffices to show that if u has a graphical level set, then it must be a
global minimizer of (2.0.1). Suppose that u(x) is a different competitor that J(u, Bg) is minimized

with u = u outside Bg, then u is also a solution of the Euler-Lagrange equation (2.1.1). By maximal

principle we have

max u < max{maxu, 1}, minz > max{minu,—1}.
BR BR BR BR

Suppose u(xg) > u(xg) for some xo € Bg. We slide the function u(x + té,) starting from
t = +oo until it first touches v from above at x| for ¢ = ¢;. This is possible because

v(x") = lim u(x’,x,) > max{maxu, 1}.
Xp—>+00 Br

Since w = u(x + t1€,) — u(x) is non-negative, w(x;) = 0 and satisfies |[Aw| < max |W”| - |w|,

we have w = 0 everywhere by the strong maximal principle. This violates the assumption that

u(xg) > u(xp). The argument above also works if u(xo) < u(xp). O
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Chapter 4: Higher order boundary Harnack on the regular set

In this chapter, we will prove the higher order boundary Harnack principle on the regular
domain, which is Theorem 1.2.2. The method is to directly study the equation satisfied by the ratio

of two solutions.

4.1 Relation to a degenerate equation

Let L = div(A - V) be a uniformly-elliptic divergence operator. We first find the equation of

the ratio of two solutions of a same elliptic PDE.

Lemma 4.1.1. Ifuy, up satisfy div(A - Vu;) = div(fi) + ¢, then the ratiow = il satisfies
us

div(u%AVW) = a’iv(uzﬁ - ulj?z) + (]?2 -Vuy — f] -Vuy) + (updy — ui ) 4.1.1)

as long as A is symmetric.

Proof. As u; = upw, by expanding u,div (AV(uzw)) = uzdiv(fl) + up 1, we have
u%a’iv(AVw) + 2up A(Vuy, Vw) = uz[div(fl) +¢1] —uyw - div(AVuy).

Its left-hand side is

u%div(AVw) + A(Vu%, Vw) = div(u%AVw),

and right-hand-side is

wa[div(fi) + ¢1] — wi [div(f) + ¢2]

=div(urfi — 1 f2) + (fo - Vuy = fi - Vio) + uagpy — u1 5.
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This equation can be turned into a model degenerate equation
div(x2A - Vw) = div(x2f) in BT, (4.1.2)
The equation (4.1.2) belongs to the class of general x;-weight equations
div(x;A - Vw) = div(x,slf). (4.1.3)

When s € (—1,1), x} is an A-weight, which were studied extensively in the literature, see [40,
41, 42]. There are also results outside this range. For example, in [43, 44] Dong and Phan gave a
weighted W27 estimate for the Neumann problem when s > —1 and the Dirichlet problem when
s < 1.

In our setting s = 2, and we prove the following Schauder estimate:

Theorem 4.1.1. Assume A is a C* matrix with AI < A < Al Ifw € LZ(BT) NH!

loc

(BY) satisfies

(4.1.2), then there exists C = C(n, a, A, A\, ||A||CQ(BT)), so that

Iwllerecsr,) < CULflleemy +Iwlicae;)- (4.1.4)

We prove Theorem 4.1.1 through the standard Campanato iteration, together with the weighted
Poincare and Caccioppoli inequality. The method can be easily generalized to equation (4.1.3)
with s > 1.

We remark that we cannot pose a Dirichlet boundary problem to (4.1.2) at the planar boundary
B = By N {x, = 0}. Instead, w € LZ(BT) can be viewed as a Neumann boundary data of (4.1.2) at
B'. More generally, the Neumann boundary data of (4.1.3) takes the form lim xfl‘lw = 0 in trace

X, —0

sense.
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4.2 A weighted Sobolev space in regular domain

Let’s first establish a Poincare type inequality (Proposition 4.2.1) which fits the degenerate

equation.

Lemma 4.2.1. Ifw € C lloc (R%}) is compactly supported, which means there exists R > 0 such that

w = 0, then we have the inequality
|x|>R

/lwldxs/ Xp|Ouw|dx. 4.2.1)
R” R?

+

Proof. Fix x’ = (x1, ..., x,—1), and it suffices to show that for each x’,

/ |w(x',xn)|dxnﬁ/ Xn|Opw (X', x) | dx,.
0 0

To show this, we notice that since w is compactly supported,

|w@zmns/”|mwucmn@m

and hence by changing the order of integration, we have

00 I Vn 00
'/|m§/ / @MWJMWMMI/ Sn B (x5 o
0 0 0 0

O

This lemma is also true foru € H IIOC(RZ) compactly supported. By replacing w with w? in

(4.2.1), we obtain the following Poincare inequality.

Proposition 4.2.1. Ifw € H! (R") is compactly supported, i.e. w =0, then

loc x|>R

J

wdx < 4 / x2|Vw|?dx. (4.2.2)
R

n n
+ +
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It’s thus quite natural to define a weighted Sobolev space:

Definition 4.2.1. The space H' (B, x,zldx) is the set of H llac functions w such that

/ x2|Vw|?dx +/ w2dx < co.
+ +
B B!

The space H' (B}, x2dx) is a Hilbert space by defining the square norm as

2 2 2 2
= \% + .
”w”Hl(B;’,x%dx) /l;;anl Wl dx L;W dx

For each w € H' (B}, x2dx), there exists w; € H' (B}, x2dx) N C*® (B}), so that

/ xi|V(w —w;)|Pdx + / (w —w;)?dx — 0.
Bf B}

r r

We explain the smooth approximation below:

Proof of smooth approximation. For simplicity we let r = 1. Let
Fs5(X) = (1 —26)X + 8¢, : Bf — B]_;.

Let ns > 0 be a smooth mollifier supported on By so that / nsdx = 1. For any w € H'(BY, x2dx),

we consider the following smooth approximating function
wa(x) = (w115) © Fas(x) € H' (B}, xzdx) 0 C¥(BY).

It then suffices to show the H' (B}, x2dx)-convergence, especially that / x,%lV(w —we)|2dx — 0.

1

Let y = F»5(X), then correspondingly x, < 2y, if § < 1/100, so we have

/ X2V (w — we)|dx < C/ X2|V(w —w o Fas)|*dx + C/ V2V (w —w #ne)|*dy.
Bt BY P,

1 1 6(BT)
The first term is small because a continuous family of affine maps F»s ~ id is continuous in L?
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norm. The second term is small by the mollifier. O

4.3 Energy estimates and existence of weak solutions

Now, let’s also develop two Caccioppoli inequalities for the degenerate model (4.1.2). First we

establish an interior estimate.

Proposition 4.3.1. Assume that Al < A < Al. Ifw e H ;OC(B;r) is a solution of (4.1.2), then there

exists C = C(n, A, A) so that
/ 2|Vw[2dx < c{/ x,%|f|2dx+/ |w|2dx}. 43.1)
B, Bt Bt

Proof. Let ¢(x), n,(x) be two positive smooth functions satisfying

=1, ¢ , 4.3.2)

|x|<r/2 B

Mh =1, nn (4.3.3)

X, >h x, <0

We also denote ¢, = ¢-17;, and it’s not hard to show that x2|V¢,|?> < C inside B}. Now multiplying

cp%lw on both sides of (4.1.2), integration by parts implies

/B+X,%A(V(gohw),V(gohw)) - /+x,2,w2A(V(ph,Vgoh) = ‘/+ x2f - V(piw).

r r r

As Al < A < Al and x2|Vgp|? < C, we have

[ a2a(viom. ) 24 [ 219l
B B

OS/ 2wrA(Ven, Von) SC‘A/ w.
B} B

+
r
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Besides, as 0 < ¢, < 1,

| / 2F - V(gw) < £ / 2|V (giw) + Ce / wie L / 21712,
B} 2 Jpr B} € JB;

Putting those estimates together yields that when € = €(n, 4, A),

[ i< [ amemr <cl [ we [ e
B N {xnzh} B} B B

Finally, we just need to apply Fatou lemma to XZ|VW|2 = }llin%) xﬁ|Vw|2 X{x,>h} O

r

2
X
Remark 5. A more careful computation yields x,%chphlZ < C(—; +X{xnsh}), soif | wldx < o,
r B}

we can get a more accurate Caccioppoli inequality:
= 1
/ 2|Vw|2dx < C{ / 2| fdx + — / x5|w|2dx}. 4.3.4)
B, Bt r? Jg:

Next, here is a global inequality for solutions of (4.1.2) with zero boundary data.

Proposition 4.3.2. Assume that AI < A < Al Ifw € L*(B}) N H}, (By}) is a solution of (4.1.2)
so that w =0, then there exists C = C(n, A, \) so that

|x|>r

/ x2|Vw|?dx < c/ X2 f|Pdx. (4.3.5)
B} B}

r

Proof. The proof is similar to Proposition 4.3.1 and we adopt its cut-off function 77;,, which satisfies
xX2|\Viul? < C X (x,<h)- We multiply by n%lw on both sides of (4.1.2) and do integration by parts.

Finally, we let 4 — 0 and apply the Fatou lemma. O

Assume that 1/ < A < Al. To find a solution of (4.1.2) satisfying some boundary condition,

we can use the Lax-Milgram lemma. Let the bilinear form and linear functional

B(w, ¢) = / x>Vl AVwdx, F(y) = / X2 f - Vdsx (4.3.6)

r Br
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be defined on H' (B}, x2dx). If w = 0 when |x| > r, then by Proposition 4.2.1,

r»>’ n

A 2
B(W7 W) > g”wllH](B?,X,%dx), B(”’ V) S A”ullHl(B::,x%dx)||v||Hl(B¢,x%dx)

In the special case f = 0, we have the following existence result:

Proposition 4.3.3. Assume that A\I < A < Al If wg € H' (B}, x2dx), then there exists a unique
weak solution w € H' (B, x2dx) of

div (x,%AVw) =0

with boundary data wy. Besides, there exists C = C(n, A, \) so that

/ x2|Vw|?dx < C/ x2|Vwol?dx. (4.3.7)
B} B}

=0 and

|x|>r

Proof. Tt suffices to find a solution wy € H' (B}, x2dx) so that w

div(x,%Ale) = —div(x,%AVwo).

Let f = —AVwo, then as wy € H'(B},x2dx), the linear functional F(¢) is bounded. By Lax-

Milgram lemma, w; exists and

-/x%|Vw1|2SC/ xZIfIZSC/ x2|Vwol?.
B} B} B

r

If w = wo + wy, then div(x2AVw) = 0 with boundary data wy. O

Remark 6. We should notice that wy is the Dirichlet boundary data of w only on the spherical
part of the hemisphere. Even if ||wo||L~ < oo, what we know on the planar boundary B, is at most

|w| < co. Therefore, we may call wg a half-Dirichlet-half-Neumann boundary data.
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4.4 Schauder estimate

In this section, we will give a C'*® interior estimate of model equation (4.1.2). First, Proposition

’

4.4.1 gives a Schauder estimate at the planar boundary B’ 120

then Theorem 4.1.1 follows easily by
interior Schauder estimate.

We first give two approximation lemmas.

Lemma 4.4.1. If h € H'(B*, x2dx) solves the equation

1°>7n
div(x2Vh) =0,

then h € C 2(Bir /2). In particular, there exists a linear polynomial

[(x) = h(0) +x-Vh(0) 4.4.1)
such that for all p < 1/2,
1
”l”é()l(BJlr) + W /B* |h - l|2dx < C(n)”h”iZ(BJ]r) (442)
0

Proof. Let hy € H'(BY,x2dx) N C*(B?) be a H' (BT, x2dx) approximation of /, then Hy = x, /iy
is a smooth H'(B?*, dx) approximation of H = x,h and each Hj vanishes at {x,, = 0}. Therefore,

H o = 0 in trace sense. Notice that AH = 0, and the desired inequality follows from the C3
1

boundary estimate of H. O

Remark 7. One can also show that [(x) = [(x") is vertically constant. In fact, for linear functions,

I(x) = [(x") is equivalent to div(x2VI) = 0.

Remark 8. You can refer to [43] for a more general proof of Lemma 4.4.1. The method is to

establish a De Giorgi - Nash - Moser estimate in the weighted setting.
Later, we will use the following rescaled version of the previous lemma.

70



Corollary 4.4.1. Let r > 0. If h € H' (B}, x2dx) solves the equation
div(x2Vh) =0,
then h € C 2(8;’/2). In particular, there exists a linear polynomial
[(x) = h(0) +x - Vh(0) (4.4.3)

such that for all p < 1/2,

110)|? + 2 |VI|)* +

Cn)
pn+4rn -/l;+ |h_l|2dx < n ”h”iz(B;') (444)

F

Lemma 4.4.2. Assume that "/ (0) = 6" and [a"/]ca(pr) < €0. Let w € H] (B}) be a solution of

loc

(4.1.2), then there is a weak solution

div(x2vh) =0, h((aBr/2)+ = w (4.4.5)

in the space H' (B* ,, x2dx), and there exists C = C(n) so that

r/2’
IR

/ h — w|Pdx sc{/ x5|f|2dx+g§r2“/ wzdx}. 4.4.7)
B* Bf B

r/2 r

W dx sC{ / 2| f2dx + / wzdx}, (4.4.6)
, B B

Proof. We first use Proposition 4.3.1 and 4.3.3 to get the existence of 4 with

/ x,%wmzsc*/ x5|vw|zsc{/ x,%|f|2+/ wz}.
B* B* B Bt

r/2 r/2 "
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If we denote f = (aij (x) — 6’7)[)]}1 - e;, then

/ xﬁ|f/|2SC8(2)r2“‘/ x,%thI2 SCs%rZU{/ xﬁ|f|2+/ wz} (4.4.8)
B+ B+ B:: B;

r/2 r/2

and (h—w) satisfies div (x,zlA(x) -V(h—w)) = div (x,%(f’—f)) with zero boundary data at (0B,/2)*.

Proposition 4.2.1 and 4.3.2, applied to (h — w), give

J;
;

By using (4.4.8) we prove (4.4.7). Now (4.4.6) follows from triangle inequality. O

|h—w|2§C/ xﬁw(h—w)FsC/ (P +177).
2

/ Bl B,

Now let’s give a Schauder estimate of w at R"~!.

Proposition 4.4.1. Assume that a”/ (0) = 6%, [aij]ca(BT) < g andw € LZ(BJI') NH!

loc

(B}) is a
solution of (4.1.2). Given that & is small, there exist a linear polynomial P and C = C(n, @) such

that

1 -
1P sy * vz /B w = PPdx < CUGags,) + IWl172p,)- (4.4.9)

Proof. Let’s first deal with the case ]? (0) = 0. Let’s inductively define
k
wo=w, Wis1=wk—L(k>0), Pr=w—wi= Z 1, (4.4.10)
i=0

where the linear polynomials I (x) = I; (x”) will be chosen in (4.4.13). We also define

-

fo=F fr=f+ (5"1' - a"f(x))(ajzk)e,-, (k > 0). 4.4.11)

2

By induction, we know f;(0) = 0 and div(x2A-Vwy) = div(x2fi) forall k > 0. Let g™ < § <

A

be a shrinking rate, and we define two quantities

1 -
2 ._ 2 ._
oy = SR /B+ widx,  xk = [fk]ca(ng). (4.4.12)
sk
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Here, o, measures how w and Py, differina C'® sense. Let by € H' (BJS’k s x%dx) be a replacement

+

of wi in Bsk/z’

and [; be the linearization of Ay, i.e.

div(x,%th) =0
. I = h(0) +x - Vig (0). (4.4.13)
h‘ = wy
(BBSk/2)+

By applying Lemma 4.4.2 and Corollary 4.4.1 to wiy1 = (Wgx — hy) + (hy — l), we have

Xie1 < C(n)(xx + &0S* o),

C(n) 2

2 2-2a 2
(o] < C(I’l)S O +W)(k,

(4.4.14)

16 (0)] + VI (0)| < C(n)S* (i + o).

Clearly, when g is very small, then there is room to choose a S = S(n, «) satisfying

C(n)S?>2 <

| =

With this the iteration inequality (4.4.14) implies
T Xk < C(n,@) (xo +0) = C(Il fllces) + Wll2gs,)-
Besides, it follows that the sequence of linear polynomials P; converges to P with
1Pllcor sy < CUIFllcais + Wl 2s,))-

P is a C' approximation of w because o ’s are bounded.
Finally, if f (0) # 0, then we can subtract a linear function from w so that the remainder w’

satisfies div(x2A - Vw’) = div (x,zlf’) with f’(O) = 0. Now we are reduced to the first case. O

Now, Theorem 4.1.1 is almost obvious by an interior estimate.
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Proof of Theorem 4.1.1. After rescaling, we can assume that a'/(0) = 6"/ [a"/]ce < &o. Let
P(x) be the linear approximation of w, then it suffices to prove the regularity of (w — P), which

satisfies

div (A V(w— P)) = div(x2f.) (4.4.15)
with foo = klim fk It’s not hard to check that

fo(0) =0, [fulcaesry < CUIFllcos + Iwlli2can)-

Besides, Proposition 4.4.1 gives a L> bound of the error (w — P):

1 5 - )
pn+2+2a -/B+ |W - Pl < C(Hf”C“(BT) + ”W”LZ(BT))

This holds not only when Bj is centered at 0, but its center can also move on R~ Therefore,

we can apply the uniformly-elliptic Schauder estimate to (4.4.15) in small interior balls to get
IVOW = P)llcas, ) < CUIfllcesn + Iwllr2ar))- m

Remark 9. The right hand side of (4.1.2) can also have a non-divergence term, like
div(x2A - Vw) = div(x2f) + xng. (4.4.16)
If g € C%, then x,g is absorbed by div(x%f), so Theorem 4.1.1 immediately implies

Iwllcracsr,) < CUIfllcemy +llgllee ) + Wl ay)- (4.4.17)

Remark 10. /n Theorem 4.1.1, the assumption that A is symmetric can be removed. In fact, Lemma

4.4.1 also works for non-symmetric matrix.

4.5 Higher order boundary Harnack

We first prove Theorem 1.2.2 when I' = B/ is straight, we allow some right-hand side.
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Theorem 4.5.1. Assume that AI < A < Al and uy,u; > 0 defined on By satisfy

div(A - Vuy) = div(x,f}), ui| =0. (4.5.1)

’

- u
(a) IfD?U‘,;D’;‘M € C? for some k > 1, then the ratiow = —Lis tangentially C*®. More
uz

precisely, D’;‘lw € Cl’“(Bl/z).
(b) Ifﬁ,A e C* 12 for some k > 1, then the ratiow = % is Ck"’(Bl/z).
2

Before proving Theorem 4.5.1, let’s recall that for a non-degenerate equation
0i(aVdu) = div(f), u =0 (4.5.2)
1

there is a standard C'** boundary estimate.

Theorem 4.5.2. Assume that A € C® and 1|¢é|> < T AE. If u be a solution of (4.5.2), then there is
C=C(n,a,A, ||A||C(Y(BD) so that

-

lullcres; ) < C(L 1oy + lull2esy)- (4.5.3)

Notice that when u vanishes at B}, then u € C' implies — € C®. With this let’s prove
n

Theorem 4.5.1.

Proof of Theorem 4.5.1. We first show part (a). When k = 1, then first we know Vu;, Ui e

Xn
C“(B;’M) by Theorem 4.5.2 and e > ¢ > 0 by Hopf lemma. By Lemma 4.1.1, we know w = i
Xn uz
satisfies
div(u%AVw) = div(x,,uzfi - x”ulfz) +x,1(f; -Vuy — ]?1 -Vuy).
By writing

A=

:le S
SIS

A, f=—fi—-——f, g=frVur—fi-Vu,
Xn Xn

we simplify the equation of w to the form (4.4.16). The fact 12 > & > 0 ensures that A is still a
Xn
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uniformly elliptic matrix. Besides, A, f ,8 € C“(B;’/ )+ Therefore, w € C 1’O‘(BT/Z) by applying
Theorem 4.1.1.

When k > 2, we first apply D§‘1 to (4.5.1) and obtain D?‘lui € Cl’“(B;“M). Therefore,
D{'A, DS f, DY g € CY(BY

/ 4)- By induction hypothesis, we can also assume D* 2y €

C'(B},,). Now we just apply DX~! to (4.4.16) and obtain D*'w € Clo(B: ).

For part (b), we can inductively prove that for all 0 < [ < k,
Dy 'o,w € C(BT ).

The base case k = 0, 1 is shown in part (a). For larger /, we just need to inductively take normal
derivatives to (4.4.16). O
Now we deal with the curvy boundary case. The strategy is to straighten the boundary under a
coordinate change.
To avoid abuse of coordinate, from now on it’s necessary to introduce two variables x and y to
represent different coordinate systems. We call the original coordinate y-coordinate, and the new

coordinate x-coordinate. That is, the coordinate change (1.2.9), is better written as

’

x,:y’ Xn :yn_r(y,)- 4.54)

We can also treat I" as a function in x-coordinate, i.e. I'(x) = I'(x”) = I'(y”). The inverse coordinate
change will be

y(x)=x+T(x)e,. 4.5.5)

If u satisfies an equality in y-coordinate, then the following coordinate-change lemma gives the

corresponding equality of u# in x-coordinate:

Lemma4.5.1. Let x = (x1, ..., X) and y = (y1, ..., yn) be two coordinate charts. If 9 ,(b"10y u) =
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Ay, (fp), then

g dy. Ox; i 0y, g 0x; 0X;
0uy (a0 yu) = b, det(5 ). with a'l = det(52)pr 2L =L 456
, (a x_,”) x| A€ (ax)ayp Jp|s witha € (ax) 3y, 9y, ( )
Proof. Let ¢ € C be a test function, integration by parts in y-coordinate gives
/ bP10y, @iy udy = / fpOy,pdy.
We turn both sides into integration in x-coordinate, then
ox; Ox; dy i
LHS = bp"( Bxi(,o) (—8)6‘14) ( det(—)a’x) = | 478,00, udx,
oyp 0y, ™/ 0x !
and similarly
RHS / 1, ( Oxi ) det(22)a
= —O0,. —)ax.
P\oay » e Ox
The desired identity now follows from integration by parts using x-coordinate. O

Now Theorem 1.2.2 is easily proven by combining Theorem 4.5.1 and Lemma 4.5.1:

Proof of Theorem 1.2.2. If T' € C*“ then % is C¥=1 in y-coordinate. By assumption,
P4 e Cck-Le jp y-coordinate, and thus so does a’ .pBesides, [ e Ck also implies that the x — y
coordinate change is C*®. More precisely, y(x) is C*? in x-coordinate, so a’/ (y(x)) is also C¥~1-@
in x-coordinate by chain rule. By applying Theorem 4.5.1 to the x-coordinate equation obtained
by Lemma 4.5.1, we arrive at the desired higher order boundary Harnack inequality. O

We should have directly turn to the proof of Theorem 1.2.3 about the analyticity of free bound-
aries. However, this requires more careful estimates using the majorant power series. Instead, let’s

first look at how a similar process works in the Signorini problem in the next chapter, and after that

we go back to the classical obstacle problem and study the analyticity of free boundaries.
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Chapter 5: Higher order boundary Harnack on the slit domain

In this chapter, we use a similar method as in the previous chapter to study the C>®-regularity

of the free boundary near a regular point in the Signorini problem.

5.1 The C'“ boundary Harnack in slit domain

We study the Signorini problem (1.3.4), which is

div(AVU) = F(x), whenU > 0Oorx ¢ R".

Assume that the free boundary of the Signorini problem near the origin (a regular boundary

point) is a graph

F = {(-xla' o ,Xn—l,V(xl,"‘ 7xn—1)70) : (.XI,"' ’xn—l) € Rn_l mBl}

We perform a coordinate change

X~ X =YX, Xp-1)en (5.1.1)

which straighten the boundary I' to R”~! (it will be made more clear in (5.7.1)), and then establish
a C'® boundary Harnack principle on straight boundary.

We denote the “straightened-slit" as S, more precisely,

S={x=(x1, .0, Xnt1) : X < 0,x,41 = 0}. (5.1.2)

It corresponds to the region {x, < y(x1,....,x,—1)} NR" = {U = 0} N R" before the coordinate
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change (5.1.1).

For each point (xy, - - - , x,41) after the coordinate change, we abbreviate its first (n — 1) indices
as xT, and last two indices (X, Xp41) = x*.

As U converges in C' sense to a 3/2-homogeneous solution, we see U,.’s converge to a
multiple of 1/2-homogeneous solution in C* sense near the regular point. Let’s first get ourselves
familiar with the homogeneous solution.

Assume that after straightening the boundary I", which is turned in to R"~!, we have a corre-
sponding matrix A (will be explicit in (5.7.3)). Let A = A(0) so that A>"*! = A" = ( for all

i < n, then the positive 1/2-homogeneous solution of
div(AVi) =0inR™\ S, i ;=0 (5.1.3)

is given up to a constant multiple by

Xp + A[X2 + sz,%“ Ann
_— _ T 1/2
i = 7 , k=«k(A)= (An+1,n+1) . (5.1.4)

In particular when A = 6"/, then « = 1 and we set

- Xn + .
pi= el =t =i = [T = Re((n+ina)'?). 5L

1
Simple computation yields that 0 < & < 4/p and V€| = ﬁ We will use these new coordinates
o

quite often.
It suffices to study the special case A = &'/ since homogeneous solutions differ only by a

stretching

IZA (xn’ xn+l) = f(xna Kxn+1)-

It’s worthwhile to mention that when A is uniformly elliptic, then «(A) is bounded from above and

below when we move the center point elsewhere, and there is a uniform constant C(4, A) so that
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for any x,

C(L, A < @(x) < C(14A).

MA2

. ux . . .
However, the ratio —=(x) is not continuous when «x(A;) # «(A»). It is a degree 0 homogeneous
MAz

i~
function depending only on the angle arg(x, +ix,.+1), so when |x*| — 0, the oscillation of _—Al(x)
iig,

. . LY Lo . .
remains large. Besides, one can check that the ratio — (x) is Lipschitz with respect to the angle
g,
arg(x, + ixy41).
In this thesis, we will sometimes use a path distance to describe the metric space in R"*! \ S,

that 1s

dist(x,y) := inf{|y| : v(0) = x,y(1) = y, y(r) € R**! \ §}. (5.1.6)

We describe a kind of Holder continuity which will be used quite often in this paper. We say a

scalar/vector value function f(x) satisfies property (¥4) in Bg \ S if

(Fa) There exists a constant C and h(x) so that f(x) = it4(,r)(x)h(x) and

1A (xX)lce(Bg\s) £ C, w.rt. path distance dist(-, ).

We can also simply write (%4) as (), provided that the matrix A is known on R"~!. Besides, if
f(x) is x,41-even, then there’s no distinction between using the path distance dist(-,-) and using
|x — y| to describe regularity.

The C'® boundary Harnack principle is the following.

Theorem 5.1.1. Assume that Al < A < Al and A € C¥(a < 1/2). ¢1, ¢ are L™ functions. uy, u;

are defined on B1, and they satisfy

div(A - Vu;) = div(f)) + ¢; in By \ S, wl, =0. (5.1.7)
N
1
We also assume up/é > co > 0 in By. Ifﬁ -ej for j < nand M all have property (Fa) in
Xn+1
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. up . -1 . . .
Bj, then the ratio w = —, when restricted on R"™!, is C1*. Besides, uy,u, have property (F4) in
up

Bip.

5.2 A degenerate Schauder estimate in the slit domain

Assume that A(0) = 6%/ for simplicity, meaning that the blow-up of u» at the origin is & (defined

in (5.1.5)). We consider a model degenerate equation
div(€*A - Vw) = div(€2f) +€%g in By \ S. (5.2.1)

Other terms can also appear on the right-hand-side, and we give some explanation in Remark
11&12.

To describe its solution, we realize that if w is an x,,.;-even, the linearization of w is a non-
smooth “polynomial” in the variable (xi, ..., X, 0), where p is defined in (5.1.5). We make the

following definition.
Definition 5.2.1. We refer to “polynomials" as elements in the ring R[x1, ...,x,, p]. A “polyno-
mial" is called linear, if it is in the form
L=co+cixi+-+cpXxnytcpp.
We also define “point-wise" C* vector fields, which are the gradients of some linear “polyno-
mial" with O (|x|?) error.

Definition 5.2.2. A vector field f is called “point-wise" C® at the origin, if it can be written as

]?: f())+]?a, where

fo=ciei+, - +chen+cp,Vp,  |fol < colx|?,
and we denote its norm as ”f"ca(Bl,O) =ler]+ -+ en| +ep| + co.
We prove the following point-wise Schauder estimate:
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Proposition 5.2.1. Assume that AV (0) = 6%/, [Aij]ca(BT) <egpandw € L*(B; \ S, p~ldx) N Hlloc
+3
is an xp4+1-even solution of (5.2.1). Let p = ln_ Given that &g is small, there exist a linear

“polynomial” L and C = C(n, @) such that

1 lw — L|?
2
||L||C0,I(BI\S) + rn+2+2lY Lr\s p dx

7112 2 2
<ClI 25,00+ 1125 pe2a) * 191251 - (522)

We can call such a description of w as C' in average sense. If w is C1® in average sense
everywhere on R”~!, then its restriction on R”~! is C!*® in the classical sense.
The L? assumption on g can be weakened, for example we just need to assume

1
7 (n+2+2a)

/ p&te?dx < C, Vr<l. (5.2.3)
B/\S

In order to apply Proposition 5.2.1 to the equation in Lemma 4.1.1, we need to show that u, /&
is C at the origin, and has a positive lower bound. Therefore, we use a similar method to study a

uniform equation

-

div(AVu) = div(%) inB;\S, u o= 0 (5.2.4)

in trace sense and f =0 on R""!. In Theorem 5.4.1 we will show that u will have property (%) if

f € C®. We also use it to prove a Hopf-type result in Proposition 5.5.1.

5.3 Proof of the Schauder estimate in average sense: a sketch

In this section we briefly list an outline of the proof Proposition 5.2.1. Since the details are
very similar those in Proposition 4.4.1, we omit most of the proof(details can be seen in [45]).
Let’s establish a suitable Poincare inequality Proposition 5.3.1. In this sub-section, we tem-

porarily introduce a complex coordinate. For each x = (x7, x%) with x* = (x,,, X,41), We write

E4in = (xp+ixp)'?, (5.3.1)
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where £ here is the same as (5.1.5).

Proposition 5.3.1. If a function w € H lloc (R™1\ S) is compactly supported, i.e. w =0, then

|x|>r

2
/ Y dx 34/ £2|Vw|2dx. (5.3.2)
BA\S P B\S

Proof. Tt suffices to show that for each fixed x7,

2
/ Wy dx < 4 EVEw P dxdx s .
C\R_ P C\R_

Between two coordinates (x,, x,+1) and (£,7), we have

1
dgdn = 7 dxdznan, Ve qwl*dédn = |V wl>dxydxns.

Now, by writing (4.2.1) in the (x,,, x,+1)-coordinate, we have

w2
/ —dx,dx,+1 = 4/ wzdfdn
C\R_ P Re(a)>0

<4 / EVewlidédn = 4 / ENVEw P dxndx s -
Re(a)>0 C\R_

O
Let’s define a weighted Sobolev space H' (B, \ S, &2dx).
Definition 5.3.1. H!(B, \ S, £2dx) is the space of H }OC functions w such that
w2
”WHIZLIl(B,\S,dex) = /Br\sleVdex + /B,\s ?dx < . (5.3.3)

Its subspace H(l) (B, \ S, &%dx), is the set of allw € H' (B, \ S, £2dx) which vanish in BE.

For each w € H' (B, \ S, £2dx), there exists w; € H' (B, \ S, £2dx), so that wy € C®(B, \ §) N

83



C%B, \ S) as well and

(w —w;)?

§2|V(w - wi)|2dx +/ dx — 0.

B/\S B/\S Y

The reason is quite simple. Although S is not a C! boundary for B, \ S, we can use the complex
coordinate (x7, &, n) mentioned in (5.3.1). It turns B, \ S to Q = {(x7, &, 1) : € > 0, |xT |7 + (&% +
n%)? < r?}, and the slit S becomes the plane {& = 0}, which is now a C! boundary. We can then
use the global approximation theorem in (x7, £, n)-coordinate.

Now, let’s also develop two Caccioppoli inequalities for the degenerate model (5.2.1). We write
it down again.

div(€2A - Vw) = div(€2f) + % in By \ S. (5.3.4)
First we establish an interior estimate.

Proposition 5.3.2. Assume that A < A < Al. Ifw e H lloc is a solution of (5.3.4), then there exists

C =C(A,A) so that

2

/ §2|Vw|2dx§C{/ W—dx+/ (§2|f|2+p§4g2)dx}. (5.3.5)
B, p\S B,\S P B\S

Next, here is a global inequality for solutions of (5.3.4) with zero boundary data.

Proposition 5.3.3. Assume that A1 < A < Al. Ifw € H lloc is a solution of (5.3.4) so that
w = 0, then there exists C = C(A, A\) so that

|x|>r

E2\Vw|Pdx < C/ (E2|f? + p&tg?)dx. (5.3.6)

B\S B:\S

Assume that 1/ < A < Al. To find a solution of (5.3.4) satisfying some boundary condition,
we can use the Lax-Milgram lemma. Let the bi-linear form and linear functional

B(w.¢) = /B (EVS AT F (o) = / (EF Vo= Egprix

r\
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be defined on Hé (B, \ S, &2%dx). If w = 0 when |x| > r, then by Proposition 5.3.1,

A 2
B(w,w) > §”W”Hg(3,\s,§2dx)’ B(w,v) < A||W||H(1)(B,\S,§2dx)”V”Hé(B,\s,gde)-

Besides, the norm of F () is

IF() < (1 l2s\s.62a0) + 118 128\5082ax) 1PN 11 (8,15 22a0) -

In the special case f =0 and g = 0, we have the following existence result:
Proposition 5.3.4. Assume that A\I < A < Al Ifwy € H'(B,\ S, £%dx), then there exists a unique
weak solution w € H' (B, \ S, £2dx) of
div(£2AVw) =0

with boundary data wy. Besides, there exists C = C(A, \) so that

EVw|?dx < c/ EXVwol?dx. (5.3.7)
B/\S B/\S

In this section, we should give a C'** estimate in average sense of model equation (5.3.4) at the
origin. Before we move into the proof, we should mention that in Theorem 5.2.1, the assumption
A(0) = 6" can be weakened, so that 1/ < A(0) < AI, A»*1(0) = A™1(0) = 0 fori < n, and
AM" = AL+l Thig can be reduced to the case A(0) = 6/ by taking a linear coordinate change.

We first give two approximation lemmas.

Lemma 5.3.1. If h € H' (B \ S, £2dx) is an x4 1-even function solving the equation

div(£?Vh) =0,
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then there exists a linear “polynomial” | such that for allr < 1/2,

[p + 1/ lh_llzdeC(/l,A) h—zdx. (5.3.8)
COL(BI\S) ~ n+d B\S P B\s P

Lemma 5.3.2. Assume that AH =0 in By \ S and H‘S =0 in trace sense. If H € H'(By, dx), then

H e C6(Bl/2) when written in (x”, €,1) coordinate.
The proof can be seen in [23] (Theorem 4.5). We briefly sketch the main idea below.

Proof. We can apply the weak Harnack principle to H, and H_ on the slit S, showing that H is C°
at B34 NS, hence H € C °(B; /2) by an interior estimate. Now we can inductively show that H is

differentiable in (&, 7).

Step 1 We take discrete quotients in tangential directions to show that tangential derivatives (DT)*H
are all C° for arbitrarily large k. This implies that ATH + Heg + Hyy = (1 — 487 — 4n) £,

where f = ATH e C°.

Step2 As H ¢ 0, it also vanishes on {¢ = 0}, so the boundary Schauder estimate applied to H in

(¢,m)-coordinate implies that H, H,, € C°.

Step 3 Let H = ATH, then it also satisfies ATH + Hgz + Hy,y = (1 — 4€% — 4n?) f for some f, we

repeat Step 2 and obtain that Ay, H, € C°.
Step 4 Since f; = I:Ig, 1y =Hy € C°, we get that Heg, Hgyy, Hyyy € C° in (€, n)-coordinate.
Step 5 We repeat Step 2-4 infinitely many times, and finally obtain that H is smooth in (x”, &,7)-
coordinate.
O

Lemma 5.3.3. Assume that AV (0) = 6" and [AV]ca(p,\s) < 0. Let w € Hlloc(B’ \ S, &2dx) be a

solution of (5.3.4), then there is a weak solution

div (g2wl) =0, (5.3.9)

5,0 ="
(@B, )\S
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in the space H' (B2 \ S, £2dx), and there exists C so that

2 2
/ LipN sc{/ (§2|f|2+p§4g2)dx+/ W—dx}, (5.3.10)
B,p\S P B\S B\S P
)2 . 2
/ lh = vl dx SC{/ (§2|f|2+p§4g2)dx+8%r2”/ w—dx}. (5.3.11)
B, p\S P B\S BA\S P

Now let’s prove the Schauder estimate of w in an average sense.

2
Remark 11. If the right-hand-side of (5.3.4) has a term ér—h, where h € C% at the origin, then it
Je

could be absorbed into div(&? f ) by setting

A [ r h(0)
f = / s-h(sx+(1-s)x")dsVp = TVP +O(|x]Y). (5.3.12)
0

é‘;Z

To check div(fzf) = 2-h, we write y = y(s) := sx + (1 — s)xT, then we have
0

1
P(x) = /0 s+ h(sx + (1= )x")ds = p(x)~ / p(0)h(y)dy,

Y
50 8p(p2‘P) = ph. Since div(%) = A(log p) =0, we have

2

2 \% \ 2 2
e’ p \p P P

Remark 12. If @ < 1/2, then the right-hand-side of (5.3.4) can also have a term &¢, where
¢ € L. This is because when g = ¢ /&, then ¢ = £2g and g satisfies the weakened assumption

(5.2.3).

5.4 Holder estimate of ratio v = u/¢

In this section we describe a somehow weird regularity estimate of u:

Theorem 5.4.1. Under the same assumption of Lemma 5.4.1, plus that f is C% inside By and

]?(x) = 0 for all x € R"\, then u(x) and pd;u (j < n) have property (F) in By. Besides,
J /
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Xn+100n1u also has property (F) in By .

The property (¥4), or (¥) if the matrix A is known, given in the introduction is easier for
the readers to understand, but with it only it’s hard to do estimate, so we provide a few parallel
properties.

In R\ S, we define a cone of opening 1, radius r > 0, centered at (x,0) as Cone,(x',0),

or simply Cone,(x"). More explicitly,
Cone,(x") = {y = (", y") : < YT =TI < M\ S. (5.4.1)

We say f(x) defined in By \ S satisfies properties (1), (%2) or (F3) if:

(F1) There exists a constant C, so that for every Cone,(x") € Bg \ S,

H _ S ()
gry(y)

< C, w.r.t. path distance dist(-, ).
C¥(Cone,(xT)\Cone, 5(xT))

(%) There exists a constant C, so that for every Cone,(x’) € Bg \ S,

_f(—y) < C, w.rt. path distance dist(-,-).
UA(xT) (y) C(Cone,(xT))
. T f(y) . T
(#3) There exists a constant C, so that for every By, (x") C Bg, _—() < Cin B,(x"), and
UaT)Y

for every pair y € B,(x), z € Cone,(x"), we have

f&»  f@
dapry(y)  dgry(2)

‘ < C -dist(y,2)“.

Again, it,r is an abbreviation of it4 (.. Just like (), these three properties are also defined when
assuming A is known on R"!.
If A < A < Al and [A] ¢« is small, then the properties (), (F1), (%2), (F3) are equivalent

up to a shrinking of radius, meaning that for example, if f(x) has property (%) in Bg, then it also
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has property (1) in Bg/i00. The proof uses some similar technique like in [46] and is postponed
to section 5.8.

Now we study the Holder continuity of (5.2.4). We state the equation again,

-

div(AVu) = div(%) inB\S, u = 0. (5.4.2)

Lemma 5.4.1. Assume that AV (0) = 67, [Aif]ctx(BT) <ggandu € L*(B,\S,dx)NH] vanishing
at S is an x,+1-even solution of (5.4.2) with f (0) = 0. Given that g is small, there exist a constant

¢ and C = C(n, @) such that

= 1 lu/é - 2
2 2 2
e+ s /Br\s S drs C{Ilfllca(Bl,o) + ||u||L2(Bl\S7dx)}. (5.4.3)

Here, the norm || f||ce(B, 0 is the same as that in Proposition 5.2.1.

Proof. We write v = u/¢, and also denote sequences u; = u — c & and v = uy /&, where ¢;’s are

constants yet to be decided. It follows that u; satisfies the equation

-

div(AVuy) = div(%), fi = f = cxnJp(A = 67)Ve.
As |Vé| = % we see that | fx (x)| < ¢x|x|*, where

¢ < C(lIfllces,.0) + €olexl). (5.4.4)

As uy vanishes at S, there is a Hardy-like inequality (will be explained after the proof)

V2 M2
k k 2
/ kg = / Sdx < c/ Vuy [2dx. (5.4.5)
B\S P B,\s £°p B/\S
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Besides, the Caccioppoli inequality for uniform elliptic equation implies that

) up | fil?
/ ’ |Vuy|>dx < C/ (= +~——)dx. (5.4.6)
B,

BZr\S r p

Therefore, if there exists a converging sequence c; and some A < 1, so that

/ uidx < CAK(rH2e), (5.4.7)
B \S
then we can use (5.4.5) and (5.4.6) to get (5.4.3) for ¢ = klim Ck. O

We now explain (5.4.5) and (5.4.7).
Proof of (5.4.5). Instead of using the x-coordinate, we use the (x”, &, )-coordinate mentioned

in (5.3.1). It follows that

/ |Vu|>dx > / |V4ul?dx > / |Ozu|*dx" dédn,
B/\S B/\S Q

2 2
/ S dx = / =" dgan,
B,\S £°p Qé

where Q = {(x7,&,17) : € > 0, |xT|? + (€2 + n?)? < r?} corresponds to B, \ S region in (x”, &, n)-
coordinate. We fix x and n, and write u(¢) = u(xT,f, n), then it suffices to find a constant C
independent of (x”,7) and the bound A, so that for all u(¢) € H IIOC(R+) vanishing at 0, we have

A ) A M2
c/ witde > | Lae.
0 0o &2

Ay, A
The strategy is to show a W'! Hardy inequality / %d& > / lg—zldf and then replace u
0 0

with u?, just like the method in (4.2.1). For simplicity, we assume w € C, then the W!! Hardy

inequality follows from changing the order of integration:

(@) AqopE Ay A (h)|
d — h|dhdé = — h\|dédh —dh.
/0 = gs/o é__2/0|u<>| ¢ /0/h§2|u<>|§ s/o ;
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O
Proof of (5.4.7). We follow a similar Campanato iteration like in Proposition 5.2.1. Without
o 2
loss of generality, we assume that || flce(,.0) = |4l 22(8\s.ax) = 1- Weletco =0, g™ <A < 1/4,

and define

1
»_ 1 2
Ok = Ak (n+2+2a) -/B: S ukdx'
2

Clearly we have oy = 1. By (5.4.6) we have that

/B | [Vup|* < CAHR2D (52 4 92,
k)2

where ¢y < C(1+¢&p|ck|). Let Hy be a harmonic replacement obtained using Lax-Milgram lemma

or energy minimizing method, so that it vanishes on § in trace sense and

AH; =01n B S, H; = Uyg.
a2\ 08 18

H
By Lemma 5.3.2 plus that Hy vanishes on S, we can set cx4+1 = ¢ + lirr(l) ?k, and
x—

1 C
2 2 2
Ck — Ck+1|” + ———— Hy +cié —cp1él” < / H
| k k+ | /l"+4rn+4 //lr\g | k kf k+ | r"+2 B\ | kl

for all A < 1 if Hy is x,4+1-even. If follows that
|cke] < lex] + CAX (o + ) (5.4.8)

As upyy = (ux — Hy) + (Hi = cp1€ + ¢ €), we have

C(n) 2
An+2+2a ¢k ’

o2, < CmA* 0t + (5.4.9)

The iterative system (5.4.4)(5.4.8)(5.4.9), if we further assume C(n)A>72% < 1/2, will imply the

2
boundedness of o and convergence of ¢,. Such a A which simultaneously satisfies j** < 4 < 1/4

91



mentioned before exists, if g9 is small enough. O
Now let’s prove Theorem 5.4.1.
Proof of Theorem 5.4.1. In each conic annulus Cone, \ Cone, >, whose closure is contained in
B, \ B, 4, (5.2.4) is a non-degenerate equation, so a boundary Schauder estimate yields that under
the distance function dist(-, -), we have

“1)2
[u]Cl,a(Cone,\Coner/z) <Cr

|xn+1 |

for some C independent of . As u : =0and ¢ ~ near the slit, we conclude that [u/&] ce(cone,\Cone, ) <

C with respect to dist(-, -). After all, we have

[V]C“(Coner\Cone,/z)a [pvv]C"(Coner\Coner/z) <C,

which means u has property (#7). The (77) regularity of pVu is obtained from

v
M:va+v-(%n+

3

P —Xn

2Xp41

en+1)-

O

Remark 13. In fact, to get [u]C"“(Coner\Coner/z) < Cr7'2, we don’t really require fto be C*(B)).

We just need to assume | f(y)— f(z)| < C-dist(y,z)® foreveryy € Cones(xT) and z € By g(x7).

5.5 Non-degeneracy of u: a Hopf type estimate

We can use a similar method to prove that the growth rate of u is exactly proportional to & as

long as u is close to £ in L? sense.

Proposition 5.5.1. Assume that A(0) = 6" and [A]ce(p,\s) < &o. f'RH =0 and [f]cn(Bl\S) <

£0. U is an xpy1-even solution of (5.4.2) with zero trace at S and satisfies ||u — £||;2g,\s) < €0
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Given that g is small enough, then we have

) (5.5.1)

| =

inf

u
-2
Bis\S &

Proof. For every point x” € R"!' n B, /2, as |A(xT) — 6| < &, the corresponding homogeneous

solution i, r = i1 4,1y s closed to £ in L? sense, so

e = trllz2s,p (s < M= Ellzs, o + 16 = tarll s, porns) < C2o-

At each center x7, the function i = (u — if,r) satisfies

- -
/

div(AVi) = div(% +(A- A)Vﬁ,() - div(\j/%

),

where f ’ vanishes at x” with [ f lca(s, (s < Ceo. We repeat the method in Theorem 5.4.1 and

get that

U—Uu,r
|| — X ||C‘Y(C0nel/4(xT)\S) < Cegy.
u,r

For every y € B3, we construct z like in (5.8.1) and get

u

—¢ u-¢ Y- X
z Wl = z (z)|+|§(z) g(y)l

u

f(zn + %T(ynﬂ”;(z) - o)

u-—=¢& U—u,r
<l llca(Conera\s) + C(AGT ) | —— lca(Coneys(xT\s)
é: Uyr
SCSQ.
u—¢

When g is small, then |

1
()| < 5 forall y € By, which proves the non-degeneracy assertion.

O
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5.6 C'® boundary Harnack for straight boundary

With Lemma 4.1.1, plus the Theorem 5.4.1 previously obtained, we can prove the C® bound-
ary Harnack principle for straight boundary.

Proof of Theorem 5.1.1. After a linear coordinate change, let’s assume A(0) = 6"/ and i A0) =
. In fact, to say us/us) > co > 0, this is independent of the homogeneous solution it 4(g), since

the ratio of i14()’s between different A(0)’s are bounded from above and below.

» Step 1: We first absorb ¢; into the divergence term by
N N Xn+1 N
div(f;) + ¢i(x) = div(ﬁ+/ di(xy,--- ,xn,h)dh-en+1) = div(f)). (5.6.1)
0

A

We write ]?l-’ = T so that \/p fi’ € C“ and vanishes at R""!, then by Theorem 5.4.1 we
o

have that u;, p0;u;(i < n) and x,41p0,11u; are () in B3 4.

» Step 2: By Lemma 4.1.1, we know w = M Satisfies (4.1.1). Now we write
us

2

~ MZ - 1 b d g
A= ?A, f= ?(MZfl —u1f2),

and add two additional term mentioned in Remark 11.

N > 1
h = %(fz Vup = fi-Vup), ¢ = E(“2¢1 — u1¢2).

then by the assumption of ﬁ we know A, f and & are all C® at the origin and ¢ € L,
meaning that we simplify the equation of w to the form (5.2.1), but with some additional
term in Remark 11. The assumption u/& > co > 0 ensures that A is still a uniformly elliptic

matrix. Therefore, w at the origin is C** in average sense by applying Proposition 5.2.1.

* Step 3: Such an argument works not only at the origin, but also for all points on R"~!. More
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c—l}’l}’l

(x"))'72, then we set

precisely, assume that at xl e R k= (

ghtln+l
Px = JXn + K2XZ (5.6.2)
Each w,, is approximated by a linear polynomial L,, in the variables (xp, - - - , X, o«), S0 that
1 Wi = L |?
2 m m
”Lm”CO’l(B](xT)\S) + m /Br(xT)\S de <C. (5.6.3)

By overlapping B, (x") between different x” € R"~!, we obtain that DTw € C%(B;,nR"}),

so restriction of w on R"~! is C!:? in the classical sense.

5.7 Proof of Theorem 1.3.1

In this section, to avoid ambiguity, we use y-coordinate to represent the coordinate before
straightening the boundary, and x-coordinate to be the new coordinate. We re-write (5.1.1) in a

more clear way as

xi=y,Vi<n—1, x,=y,- '}’(yT)a Xn+l = Yn+l- (5.7.1)

The equation (1.3.4) will be better written as

d,, (BP9, U) = F(y). (5.7.2)

Here, we use the matrix B(y) as the original matrix in y-coordinate satisfying assumption (a)-(d)
mentioned in the introduction.
Assume that U(y) > 0 solves the thin obstacle problem (5.7.2) whose blow-up is C!?-

converging to a 3/2-homogeneous solution near the regular point 0. After the coordinate change
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(5.7.1), we have that u,, = Uy,, with 1 < m < n satisfy the equations

.. ox; .. Ox;: 0x;
Oy, (a8, O (—0y, b7 - uy) = 8y, F(y), da" =pr1_—L_"L 573

One can check that matrix A also satisfies assumptions (a)-(d). We write

I d ax,- Pq

Jm=-— By, b" - ugei,  ¢m =0y, F(y(x)), (5.7.4)

0yp
then
div(AViy) = div(f) + Gm. (5.7.5)

Since the coordinate change (5.7.1) is C'** and F(y) € W'*, we know ¢,, € L* in x-coordinate.

It is clear that once we know all u,,’s have property (), then so do fm -e; foralli < n. If

pPa Oxn+1

e; = e,41, then as is C1® in directions ey, -+ ,e, when p = n+1,¢g < n, and as =0
Xn+1 Yp
. fm *Cp+l . s
for all p < n, we realize that ——— will also have property (¥) once all u,,’s do.
Xn+l1

Like in (5.6.1), we again absorb ¢,, into the divergence term in Step 1&2.

» Step 1: By Theorem 5.4.1, as \/,Bf,; are C? and vanish at R"~!, we have that u,, are all (¥)

in B7/8.

» Step 2: We now show the non-degeneracy of u,,. Without loss of generality, we assume that
B(0) = 6% and VI'(0) = 0, then a”/ (0) = 6. As the blow-up of U converges in C'® to the
positive 3/2 harmonic homogeneous solution Re((x,1 + ixn+1)3/ 2), we have that the blow-up
of u, = d,,U converges to & = Re((x,, + ix,,+1)1/2) in C® sense. When @ < 1/2, then by

zooming in at the origin, we have that /p f,; vanish at S and

[Alce, lun = €ll 2, [VPfi o < 0

as long as ||¢p ||z, [D'A]ce < &o(i < n). By Proposition 5.5.1, we see that u, /& > co > 0

in B3/4.
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f;n *€ntl
Xn+l
Um

all have property (%), so by Theorem 5.1.1, we see that w,, = — is C* in average sense
Un

* Step 3: Finally, as discussed before, u,,’s being () implies that fm -e;(i <n)and

at the origin for m < n, and in particular, w,, is C'** when restricted to R"~! or I,

5.8 Equivalence of regularity

Let’s prove the “equivalence” of properties (7), (1), (%2), (¥3). The most obvious relation
is clearly (73) = (%2) © (%1) up to a shrinking of radius.

The following lemmas prove the rest of “equivalence”. In this section, when ii ; corresponds to
the matrix A(x”) where x € R""!, we can also simply write the homogeneous solution i AxT) S

U,r.
Lemma 5.8.1. If Al < A < Al then (%2) = (F3) up to a shrinking of radius.

Proof. For simplicity, let’s assume x” = 0, A(0) = 6"/, meaning that it = £. If y € B,(0) \ (S U

Cone,), z € Cone,(0), then |y*| < |y’| and we let

|yT|yJ_
|y+]

w=yl + € Cone,(0) N Cone,(y7). (5.8.1)
It’s not hard to verify that
ly—wl <2ly-z|, |z—w|<3ly-zl|

In the cone Cone,(y") we also have for yr = lp(yT),

CAN" <iy/é <CHAN),  [fiyr]coConenim) S C-
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) T I/_lyT I/_tyT
Since 0, y', y, w are co-planar, we have — (w) = ——(y). Therefore,

3 3

SO _f@), f0) iayr(y)  f(w) ﬁyr(w)|+|f<w) 1@,
£€0) 0 i ED) apmm eon e TR
%( >|i< )—i(w)|+|f<w>—f(z)|
y

<C(ly=w|*+|w-2%) < 2 +3"Cl|y - z|*.

O
Lemma 5.8.2. If Al < A < Al and [A] ¢ is small, then (F) = (F1) up to a shrinking of radius.

Proof. For simplicity, let’s assume x” = 0, A(0) = 6"/, meaning that ity = £. It suffices to show

that for every y, z € Cone,(0) \ Cone,;»(0), we have

iyt (y) R T(z) N
Ca i,r(2)
The left-hand-side is a sum of D = - |h(y) — h(z)| and
£(2)
_ ) I’_tyT(Z) _ lZZT(Z) _ ) I’_tyr(y) _ ZZyT(Z)

As h(x) is C*, we have D| < C - dist(y, z)*. When z is fixed, ;(( )) is Lipschitz about A, which
z

is a C* function as [A] ¢« is small. Therefore, we also have
D, < C-dist(y",z))* < C - dist(y, z)°.
To estimate D3, we first use complex coordinate to write
Yn+iyns1 = ryeigy, Zn+izpe1 = 1o, 0y,0; € (—m,m).

It follows that iz, /¢ is determined and Lipschitz by the argument angle 6y, 6. Besides, as A € C,
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the Lipschitz norm about 6 is in fact bounded by

‘ Uyr (r,0)

b~ | < I
£(r.6)

The angle between y*, z*- without crossing the slit S, say 2(y*, z*+) = |6, — 6,|, which takes value

in (0, 27), satisfies

. dist(yt, zth)
sin —L|

A(yJ_’ZJ_) < ly
2n, if dist(y*,z") > |y*|

,if dist(y*, zt) < |yt dist(y*, z%)

|y

Notice that when y € Cone,, |y*| > |y7], so

i,r(r,0)
D scwp-l———ﬂ 16, — 6. < CyT|° -
3 0 £(r.0) e | y 2 [y*

<C(dist(yL,zL)
B |y+]

dist(y*,z%)
[y
1-a
) dist(yt,z5)* < €317 %ist(y, 2)*.

Here we used 2|y*| > |z*]| in the last step, since y, z € Cone,(0) \ Cone,2(0). m]

Lemma 5.8.3. If Al < A < Al and [A]ce is small, then (F3) = (F) up to a shrinking of radius.
J(x)

i, (x)
BRr/100, then as x € Coneg/1o(x"), we have that

Proof. We write h(x) = in Bg, then it suffices to show h(x) € C*(Bg/i00). Let x,y €

J) f)  f

|h(x) — = | = 1= - = | < Clx —y|°.
e (y)  ur(x)  dr(y)
Therefore, as it is obvious that 2 € L*(Bg/100), we have
iyr (y)
|1(x) = h(y)] <Clx = y|* + [h(y)| - | Z——= — 1]
Uyt (y)

<Clx — y|* + C|x" = yT)e.
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5.9 More comments

As different matrices A correspond to different homogeneous solutions iz 4, the vertical coordi-
nate change (5.1.1) is not suitable in proving I" € C>¢, ..., C¥.

If there is a coordinate change different from (5.1.1), so that x(A) is constant along R"~!, then
we can take tangential derivatives of w; and obtain higher order regularity of w;, perhaps also
obtain the analyticity of I like in [36][37] by a bootstrap argument (see the next chapter for regular
obstacle problem).

We consider that if A = Ap or equivalently Ao = 0, and if A”*1"*! is a constant, then a geodesic
flow that starts from I" and its normal vector v € R” will be the desired coordinate change.

Besides, in order to prove I' € C“, we also need to improve Proposition 5.2.1, so that C La
estimate is in the classical sense rather than in the average sense.

The coordinate change obtained by geodesic flow will be C*® only when we assume I" € C>,
so in this paper we still have to use the vertical coordinate change. It seems to be a common
phenomenon (like [38] and [23]) that the proof of C>® regularity of the free boundary is different

from the proof of higher regularity.
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Chapter 6: The bootstrap method and the analyticity of free boundaries in

the classical obstacle problem

We now go back to the classical obstacle problem and prove the analyticity of the free boundary
near a regular point. Let’s first recall the notations we used in section 4.5 concerning the coordinate
change:

“We call the original coordinate y-coordinate, and the new coordinate x-coordinate. That is,
the coordinate change (1.2.9), is better written as x’ = y’, x, = y, — ['(y’). We can also treat I"
as a function in x-coordinate, i.e. I'(x) = I'(x”) = I'(y’). The inverse coordinate change will be

y(x) =x+T(x)e,."

6.1 A global norm concerning the growth rate at boundary

To prove analyticity, we first develop global versions of Theorem 4.1.1 and 4.5.2 by controlling

growth rate of the Holder regularity near the spherical boundary (dB;)*. For X € R”, let’s denote
B (X) := B,(X) NR.

Definition 6.1.1. For any function f defined in By in x-coordinate, its global C*® norm with

b-many normal derivatives is defined as

[f1)5%a = sup max A'([DPf] s, (x)) + A" [DP flces, (x)- (6.1.1)
G XeBt |BI=k ) I+
A=1-|x| Pn=b

In this paper, b = 0, 1, meaning that all (but at most one) derivatives are tangential. In our case

we will choose [ = k, see (6.3.1) later.
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< 1, then for any X € BY, we

k,a —

b
let |z| < 1 such that (X + Ay - z) € B, where Ay = 1 — | X], and set

This norm has a “scaling invariance". If it’s known that [ f ]z

frri(2) = AL F(X + Ax - 2), 6.1.2)

then we also have [fX’kvl]*lel(,a <1
b

6.2 Global degenerate Schauder estimate: degenerate and non-degenerate

By using Theorem 4.1.1 at R”~! and using the non-degenerate Schauder estimates away from

R"~!, Theorem 4.1.1 holds for all B} (X). More precisely, we have the following lemma.

Lemma 6.2.1. Let X € R} and w € Lz(B‘l”(X)) satisfies (4.1.2) in B{(X). If A € C® with

Al < A < Al then there is C independent of the center X, so that

Iwllcreesr, o) < CULfllee ;oo + Wl oxo)- (6.2.1)

Now let’s give a global version of Theorem 4.1.1. In this proposition, we describe the boundary

growth rate of the C® estimate, and the shrinking rate of interior balls is generalized to oo

Proposition 6.2.1. Let [ > 0 be an arbitrary integer. Assume that A € C* with AI < A < Al and

w satisfies (4.1.2) in BY, which is
div(x,%AVw) = div(x%f),
then there exists C independent of 1, such that

Wl < CUATe + U+ 2wl (022

0,
1 0 C()

Proof. Let’s write o = [W]Zé,a and y = [f]*é:l

0 0

Besides, because of the “scaling invariance",
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let’s only consider the special case X = 0, which is

[VW]CO(B* ) + [VW]C‘Y(Bl) < C{X‘l‘ (l +2)O’}

1

+2 +2

Other X € B}’s will be the same, except that we need to care about its scaling. For every x € B, ,
"2

I+1 1
its A > oo Now let’s set r = o3 From Lemma 6.2.2 which will be stated after the proof, it

then suffices to show for every x € B*, ,
)

[VW]CO(B+I (x)) + [VW]C(Y(B+1 (x)) < C{X + (l + 2)0’}
20+4 21+4

By using a rescaled version of Lemma 6.2.1, we know

[Vwleowr | oy <Cla) (A L1 +r7 AT Twl )
2044 0 0

<C-e{y+(+2)0}.

The bound of [Vw]ce(p+ | (x)) can be argued similarly. O
20+4

Lemma 6.2.2. For any function f € C*(B} (X)) with X € R? and r > 0, we have

[flesrooy < sup [fLeesr ) (6.2.3)
X€BF(X)
[flce(sr(xy <2'™% sup [flcas: @ (6.2.4)
x€B}(X)

Proof. The first inequality is obvious. To prove the second inequality, we pick any xo, x4 € B} (X).

. . - . . i 4-i
We divide the line segment xx4 into four equal sub-segments using the points x; = 7% + %o

with i € {1,2,3}. We just need to combine the Holder bounds in B:r/z (x1) and B:/z (x3). O
Following the same method, we have a parallel result for the uniformly-elliptic equation (4.5.2).

Proposition 6.2.2. Let [ > 0 be an arbitrary integer. Assume that A € C* with A|&|> < ETAE. If u
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satisfies (4.5.2) in BY, which is
div(AVu) = div(f),

then there exists C independent of |, such that

]t < CLLATat + U+ ) [l 7, ) (6.2.5)

1 0 0

6.3 Majorant power series

Definition 6.3.1. For any function f defined in B} in x-coordinate, we define its majorant coeffi-

cient and power series as

Py F1% = [f15F,. PoLA1(O) —ZPb W (6.3.1)

Ck a?’

Coefficients are allowed to be oo and convergence of the power series is not required.

Remark 14. Here, P,[ f]%) happens to be the k-th derivative of Py[f](t), evaluated at t = 0.

Therefore, the abuse of notation P, [ f]1%) as k-th derivative does not cause confusion.

Remark 15. As I'(x) = I'(x") = ['(y’), we can also define the majorant power series of I'(x) as

Py [I](2).

Here, we only consider » = 0, 1. In fact, Po[f](¢) < Pi[f](¢) for any f. If 9,f = 0, then
Po[f1(2) = P1[f](2).

Definition 6.3.2. Given two power series f(t) = ),,s0ant" and g(t) = 2,50 bnt" with b, €

R | J{zxo0}. We say f is majorized by g, denoted as [ < g, if |a,| < b, foralln > 0.

The power series Pp[ f](¢) encodes the regularity of f in tangential direction. In fact, if there
exists 6 > 0 such that P, [ f](¢) is convergent when |t| < ¢, then f is analytic in tangential direction

at 0, with convergence radius at least ¢.
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The following Lemma 6.3.1 and 6.3.2 provide basic computational rules of the majorant power

series. The C* product rule

[f - glcags) < [flees)lglcas) + [flcas)lglie(s)

will be used several times during the proof.

Lemma 6.3.1. Here are some basic properties of majorant power series.
(a) (linear) For f and g defined in B, Py| f + g](t) < Pp[ f](t) + Pp[g](2).
(b) (product) For f and g defined in BT, P,[f - g](t) < Pp[f](2) - Pp[g](2).

(c) (integration) Let f be defined on By and g be a power series. If P,[V f](t) < g(t), then
Py f1(t) < t-g(t) +C for some C = C(f,g). If in particular f(0) = 0, then C < g(0).

Proof. Part (a) is obvious.

(b) For every X € BT, we bound its C* semi-norm by

k
AF [fg]ck(B (X)) <A* Z [flcis & y&ler-1 4 )

1=0 k+1
k
Ak
flews HA " 8lex-1 , )
l=0 I+1 k—I1+1
and bound its CX® semi-norm by
k
k
Akt [fg]Ckﬂ(Bﬁ(X)) <At Z () { [f] Clo(B o ) [g]Ck"(Bﬁ)
+ 1=0 + +

+ [f]cl(B o )[g]Ck—l’”(BA)}
k+1

k
<> {A” Aera , AT 8lcr1s )

1=0 I+1 k—1+1

+ Al[f]cl(B%)Ak_lm [g]ck—l’“(Bk_Am)}'
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By adding these two inequalities together, we have

Akm[fg]ckﬂ(BA(X)) + AR [fg]Ck»"(BA(X))
k+1 k+1

1+1

k
< Z (I;){Al[f]cl(B A) +Al+a[f]clﬂ(BA)}
1=0 1+1

(c) Let X € By, then A"[Dkf]c(>(B+A x)) < A1 [Dk_IVf]CO(BwLA (x))> and similar inequality
BT 3
holds for C%®-global norm. This means for k > 1 we have P,[f]® < P,[Vf]*-D, so
Pyl f](1) < / g + C. Besides, it’s easy to check / g < t-g(t) when g(¢) is a positive

power series.
O

Lemma 6.3.2. Let f be defined on By and g is a tensor-value function defined on the range R
of f. If [flcis,) < 2, then their composition satisfies Py[g o f] < 2g o Py[f], where g >
ad k

A .
Z | D¥ gllcowr) =l is some scalar-value power series.
k=0 )

Proof. For any & > 0 (we’ll finally let & ™\ 0), there is X € B} so that

Pplgo f]
—=——= < A [D"(g o =, (x) +AFID (g 0 Hlcasr, (x)-
k+1 1

l+e y Tl

We first consider the first derivative case.

Pylgo f]

. . I+a . @f pt
g SAIVE() VS, 000+ AT VE(S) - Vlcams 00

<Alglei[flen +Al+a{[g]c1 [flcre + [gleralfler[fler}
<[glaA{[flct + A% [flcra} + ([8lcraALf]ler) - [flen

<[l Polf1V + ([glcraPo £1V) -2 < 28" Py [ £1V.
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More generally, higher order chain rule says that there are polynomials p’ generated by higher

derivatives D f, D f,-- - so that
k
DX(go f)=> 8g"(f) p'.
i=1
From this, we have in Bz /2(X ),

gD llco - APl co

AF[D¥(g o f)]co
1

-
Il

1glco - 1PV (AIID fllco, A1 D? fll o, - )

1

~
Il

gD llco - [P (PLAW, PLAI?, - )] o,

~
Il
—_

and

k
A IDR(g o fllce < Y N2 o - A [P (PLAIY, PLFI?, - )]ce
i=1
k

+ > ALY (e - ATPPLAIM, PLAP, )] eo.

i=1

We similarly bound A®[g® (f)]ce by [gP]ce[f lor < 2[g®]ce and computation afterwards is

the same as first derivative case. O

6.4 Application to regular obstacle problem: relation to boundary Harnack

Let U > 0 be a solution of (1.2.5) which is better written as

dy,(bP10,,U) = x>0y, (6.4.1)

and let I" be the free boundary passing through the origin. As mentioned in the introduction, if 0

is a regular boundary point, then y, = I'(y’) is a Lipschitz graph and boundary points on I" are

107



all regular near 0. In fact, one can also show that I is locally C', meaning that after a rotation,
[["] o1 < & near the origin for some small 6.

If bP9 = 6P4, or equivalently AU = x(uys0, then classical boundary Harnack ensures that

Uy i
Uy

n

,VyI'e C % in y-coordinate. More generally, if b?? € C ! then
dy, (bP93y Uy,) = 8y, (Uy, y,bP7) =: div(fi).

in {y, > I'(y’)}. Here, fk vanishes at I" and [ f]ca is small. For such an equation with right-
hand-side, one can use the method given by Ros-Oton and Torres-Latorre [47] to show that if

[T]cot, [fklce < 6 for some small §, then e,
y’l
Now let’s assume I' is a C1® graph and |V, I'| < 1 near 0. Let’s denote

ui = in’ Wi = 77 u:= (ula e ,un)’ w = (Wl’ e ’Wl’l)' (6'42)
In the region {y, > I'(y’)}, what u; satisfies in y-coordinate is
aYp (bpqa)’quk) = _a)’p(uqa)’kbpq)’

so by Lemma 4.5.1 with f,, = —u,d,, b”9, we know that u; satisfies

.. ox; .. Ox;: 0x;
O, (@ 0 up) + O, (5—0y, bP! - uy) =0, aV =pP1_—_—L 6.4.3
xl(a x,uk) x,(ayp Vi Mq) a ayp 6yq ( )
oy . ) . . . Uk
Here, det(a—) = 1 because vertical coordinate change is volume-preserving. The ratio wy = —,
X Un
by Lemma 4.1.1, satisfies
. 0x; ox;
2 i _ i i
axi(una jaxjwk) _axi(ukuq ayp aynbpq) - 6xi(unuqﬂa)’kbpq)
0)6,‘ Pq 6x,~
— uyg—0y, bP10 uy + ug—20,,b"10,,up. (6.4.4)
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U,.
By implicit function theorem, the ratio w; = —— represents the slope of U’s level set, so

Yn

0,,I' = grrr% )wk. A naive application of Theorem 4.5.1 can inductively imply I' € C*(By2).
YN

Now let’s be more careful in order to prove I' € C“.

6.5 A PDE system

Ox
dy
free boundary I'. Two important quantities are Vu and w, and we define their corresponding power

The expression (6.4.3) and (6.4.4) depend on u, w, av, , VyB, which in turn depend on the

series:

I1(¢) = Po[Vu](t), Q(t) = Pi[w](2). (6.5.1)

Next we write (6.4.3) and (6.4.4) in a more convenient form. Let’s write
~ Up . o
A=(—)A, (6.5.2)
Xn

which is uniformly elliptic by Hopf lemma, and

> U Ug Ox; up Ug 0x;

F=(————0, bP1 — —— 0y, bP1)e;, 6.5.3
(x,, X, 0yp In Xp X Oy b ( )

ox; Ug 0x;

G =——208, bP10u, — ——8, bP1d, uy, 6.5.4
xn ayp Yk xtun xn ayp Yn xluk ( )

S Ox;

H :ﬁaykbw “uge;. (6.5.5)

With these notations, A, A, F , G, H are polynomials in the variables

9
(B.V,B, 5%, Vu, =),
ay Xn
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and (6.4.4) and (6.4.3) become the following PDE system:

div(x2A - Vw) =div(xF) + x,G, (6.5.6)

div(A - Vu) =div(H). (6.5.7)
The following lemma describes how the coefficients A, A, F ,G, H are dominated by II(¢) and
Q(1).

Lemma 6.5.1. Assume that |VI'| < 1 and the matrix B is analytic in y-coordinate with large

convergence radius. There exist analytic functions
AAF,G,H
in the variables (t,11, Q) with large convergence radius so that
Po[A] < A, T1(1), (1)), Po[A] < A(1,11(1), (1)), etc.

Proof. The majorant inequalities follow from Lemma 6.5.2 and 6.5.3 below. Lemma 6.5.2 yields

that A, A, F ,G, H are analytic functions in the variables

(x, T, VL, Vu, 1).
Xn

Lemma 6.5.3 implies that Py[["],Po[VI'] are controlled by Q(¢), and Po[i] is controlled by
X

n

I1(z). O

Lemma 6.5.2. Assume that B = (bP?) is analytic in y-coordinate with large convergence radius,

and that I is passing through O with |V .| < 1, then after the x — y coordinate change,
ay ox
(a) Pi[y(x)] <2+t+ Po[I'] and P, [6_]’P1 [(9_] < 1+ Py[VI].
X y
(b) If we treat B(x) = B(y(x)) and V,B(x) = V,B(y(x)) as functions in x-coordinate, then
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there is some large R so that

C

Ox; 0x;j
L) there is some large R so that

(c) Fora" = bP
dyp 0y,

(1+ Py[VI])?

P()[A] < CR—Z‘—P()[F] .

(6.5.9)

Proof. We only prove (a),(b), and (c) is just obtained from (a),(b).
.. oy
(a) Thisis because y =x +I'(x)e, (see (4.5.5)), and oy = I +VI'® e,.
X

(b) As we assume |V,.I'| < 1, it follows that

[y®]cr < [xler + [T(xenler < 2.

This means we can apply the composition rule Lemma 6.3.2.

Lemma 6.5.3. Assume that I'(0) = 0 and u o 0, then

(a) P()[VF] =P [VF] < Py [W],
(b) PolL1(1) < Pi[w]© +1- Pi[w] (1),
(¢) Pol=] < Po[Vu]

(d) Polu] < (1+1¢)- Py[Vu](t).

U
Proof.  (a) By implicit function theorem, d;I" = lim =X = lim wy, so P1[VI] < P;[w]. An

x,—0 Vi Xp—

application of integration rule in Lemma 6.3.1 hence proves (b).
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1
(c) When u o 0, then v / en - Vu(x', tx,)dt. By taking higher order derivatives to this
1 XnJo

integral, we obtain (c). We can then use the integration or product rule in Lemma 6.3.1 to

prove (d).

6.6 Analyticity of free boundary

Now let’s inductively estimate the higher regularity of w and u using an ODE system. For con-

venience, we will treat analytic expressions like F (¢, I1(z), €(z)) as power series of ¢ and denote

dk
(k) .- 2
FO = 2] FEI0.90)).

With this notation, we have Po[ﬁ](k) <F®, py[A]® < AP erc..

First, we have an estimate of higher derivatives of w.

Lemma 6.6.1. Assume that div(x2A - Vw) = div (x,%ﬁ) +x,G where A is uniformly elliptic, and
Po[A] < A1, TLQ), Po[F] < F(1,1,Q), Po[G] < G(1,T,Q),
then there is analytic and positive power series M so that

%Q«Mmmm. (6.6.1)

Proof. Let 8 be any tangential multi-index with || = k > 1, applying D? to (6.5.6) gives
div(x,%g -VDPw) :div(xﬁD'Bﬁ) +x,DPG

= 3 ] Ea. 127 @6, P,

O<y<Bm=1
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The global Schauder estimate proposition 6.2.1 yields that

k
QU <C{(k+ D Iwl, + FIZE + GIT + 3 ()1

Cl a
0 =1

<C{(k+2)QW + 7 4 gk 4 Z (A QUE1+DY
=1

<C{(t QW+ Q+F+6)W +[(A - ﬂ<°>)%sz]<k>}.

Here, we have used a combinatoric identity

Z n |/3|

Y<B m=1
lyl=t

By setting k > O to be arbitrary, we have

%Q« C{t%9+§2+?+g+(ﬁ ﬂ(o)) Q}.

Therefore, we obtain
d Q
Lao<c T MeILQ).
dt 1-t-(A-AO)

We remark that (ﬁ - 5’17(0)) 1s a positive power series starting from linear term.

Similarly, we have an estimate of higher derivatives of u.

* Jk—1+1
Cl,a

Lemma 6.6.2. Assume that div(A - Vu) = div(FI) where A is uniformly elliptic, and

PolA] < A(1,1,Q),  Po[H] < H(1,11,Q),
then there is analytic and positive power series N so that

d
—I1 1,11, Q).
P < N( )
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}

(6.6.2)

(6.6.3)



With these the standard Cauchy-Kovalevskaya theorem for ODEs proves the analyticity.

Corollary 6.6.1. IfT(0) = 0, |V, Tlce < 1, and TI¥) and Q' are bounded, then T1(t) and Q(t)

are analytic near t = 0, with converging radius uniformly bounded from below.

Proof. As Il and Q satisfy two ODE inequalities, they are majorized by ODE solutions of the same
right hand side and the same initial data, because the right hand sides are positive power series.
Analyticity of first order ODE system gives a uniform lower bound of the convergence radius of

I1(¢) and Q(1). O

Proof of Theorem 1.2.3. Analyticity of w in x-coordinate implies the analyticity of I'(x) in
x-coordinate. As I'(x) = I'(x"), and x” = y" in the x — y coordinate change, I'(y’) is also analytic in

y-coordinate. m|
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