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Abstract

Nonlinear operator equations of the form ¥ (u) = v are fundamental to the mathematical
modeling of complex physical systems. Historically, research has focused on the solving the
unknown state u given a known forward operator # and measurement v. However, with the rise
of data-driven scientific computing, equal attention is now given to operator learning:
approximating the unknown operator ¥ itself from a finite set of input-output data pairs (u, v).
Both paradigms face severe theoretical and computational bottlenecks, most notably the challenge
of ensuring rigorous convergence from finite discrete measurements and overcoming the
infinite-dimensional curse of dimensionality. This thesis provides a unified mathematical
framework for both solving and learning nonlinear operators, grounded in the theory of optimal
recovery, active learning, and Reproducing Kernel Hilbert Spaces (RKHS).

The thesis is structured around four primary contributions. First, we solve the nonlinear
equation by developing a comprehensive framework for nonlinear optimal recovery in Hilbert
spaces. This approach provides rigorous well-posedness, stability guarantees, and
finite-dimensional tractability for recovering the state variable # when the governing nonlinear
operator ¥ is known.

Second, we transition this optimal recovery philosophy to the data-driven machine learning
setting. We formulate operator learning from inexact, finite measurements as a regularized
optimal recovery problem within a vector-valued RKHS. Crucially, we prove a Representer
Theorem for operator learning, which guarantees the existence of an optimal operator and reduces
the inherently infinite-dimensional optimization to a tractable, finite-dimensional computational
task with explicit convergence rates.

Third, we address the practical bottleneck of operator learning: the infinite-dimensional
curse of dimensionality that plagues standard passive sampling. Focusing on a broad class of

mappings defined as operators of “neural network type,” we propose a novel active learning



framework. By utilizing adaptively chosen point queries to estimate local gradient covariance
matrices, this strategy systematically uncovers the underlying functional active subspace. We
provide theoretical guarantees demonstrating that this active querying effectively reduces the
infinite-dimensional approximation problem to a bounded, finite-dimensional optimal recovery
task.

Finally, to rigorously justify the capacities of the hypothesis classes and the theoretical
bounds utilized throughout the preceding chapters, the thesis concludes by establishing the
foundational information-theoretic limits of these function spaces. By rigorously analyzing the
relationship between metric entropy (covering numbers) and embeddability within RKHS, we
quantify the intrinsic spatial complexity. Together, these four works provide a rigorous,
end-to-end mathematical foundation for optimally solving and learning complex nonlinear

operator equations.
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Chapter 1: Introduction and Background

1.1 The Overarching Problem: Operator Equations in Complex Systems

The mathematical modeling of complex physical, biological, and engineering systems fre-

quently relies on nonlinear operator equations of the form

F(u)=v, (1.1)

where ¥ : U — V is a nonlinear operator mapping between two infinite-dimensional function
spaces, U and V [1, 2, 3, 4]. In the context of physical modeling, U typically represents the space
of system inputs—such as initial conditions, boundary conditions, or spatially varying material
parameters—while V represents the space of system responses or observable quantities. The
operator ¥ thus embodies the underlying physical laws of the system, often implicitly defined by
the solution operator of a system of Partial Differential Equations (PDEs) or complex dynamical
systems [35, 6, 7].

While writing down the governing equation ¥ (u) = v is often conceptually straightforward,
mathematically analyzing and computationally solving it is profoundly difficult. The primary chal-
lenge stems from the infinite-dimensional nature of the spaces U and V (which are typically
Banach or Hilbert spaces, such as L? or Sobolev spaces [7]). In practice, computers cannot ma-
nipulate infinite-dimensional objects; we can only access finite, discrete information.

Whether we are trying to solve for an unknown state or discover the physical law itself, we
are fundamentally restricted by the amount of information we can gather—such as finite sensor
measurements of v, or a finite number of paired observations (u;,v;) [8, 9, 10]. Bridging the gap

between the continuous, infinite-dimensional mathematical formulation and the discrete, finite-



dimensional computational reality, without losing theoretical guarantees, is the central mathemat-

ical challenge addressed in this thesis.

1.2 Two Perspectives on ¥ (u) = v

Depending on the information available and the objective of the study, the equation ¥ (u) = v
gives rise to two distinct, yet mathematically dual, problems. Historically, the scientific computing
community has focused on solving the problem, whereas recent advances in data science have

shifted attention to data-driven operator learning. This thesis investigates both paradigms.

1.2.1 The Analytical Paradigm: Solving the Equation

In the traditional mathematical setting, the governing operator ¥ is explicitly known, and a
target element v € V is provided. The objective is to solve the nonlinear equation ¥ (1) = v for
the unknown state variable u € U [6, 11].

Solving such nonlinear equations in infinite-dimensional spaces is generally a formidable task.
First, the inherent nonlinearity of # dictates that powerful linear tools—such as the superposition
principle, Riesz representation, or straightforward spectral decompositions—are entirely inappli-
cable. Consequently, establishing the existence and uniqueness of a solution, let alone constructing
it analytically, often requires specialized, complex functional analytic techniques [7, 12].

Second, any computational approach must grapple with the infinite-dimensional nature of the
state space U. Because exact, closed-form solutions are rarely available, one must rely on finite-
dimensional approximations. However, in many practical and computational scenarios, the right-
hand side v itself is not known perfectly as a continuous function. Instead, it is only accessible
through a finite number of discrete, potentially inexact measurements, y = M(v) € R™ [8, 10].
Finding a mathematically rigorous solution u that is both computationally tractable and strictly
consistent with this incomplete, finite-dimensional information is a profound theoretical challenge
[9]. It requires frameworks that can optimally bridge the gap between continuous function spaces

and discrete observational data.



1.2.2 The Data Paradigm: Data-Driven Operator Learning

In many data applications, the exact physical laws governing a system are either partially un-
known or far too computationally expensive to evaluate repeatedly. In this scenario, we face the
operator learning problem: the underlying operator ¥ is unknown, and we aim to approximate
it. Instead of a known law, we are provided with a dataset consisting of N input-output pairs,
D = {(ui,vi) Y, (3,4, 13].

The objective here is to learn a surrogate operator F that generalizes well to unseen data
[2]. However, standard machine learning techniques, which map finite-dimensional vectors to
finite-dimensional vectors (R? — R*), are ill-equipped for this task. Learning mappings between
infinite-dimensional spaces introduces the infinite-dimensional curse of dimensionality [14, 15,
16]. Without strong structural priors, the number of data pairs required to achieve a uniform ap-
proximation error grows unmanageably large [14, 17]. Furthermore, just as in the inverse problem,
the data pairs (u;,v;) are rarely known exactly; they are reconstructed from finite discrete sen-
sor measurements [18, 19]. Formulating a rigorous theoretical foundation for learning operators
from inexact, discrete data—and overcoming the ensuing curse of dimensionality—is a critical

bottleneck in data-driven scientific computing.

1.3 A Unified Mathematical Framework

The central premise of this thesis is that despite their apparent differences, the analytical resolu-
tion of  (u) = v and the data-driven learning of # share a fundamental mathematical bottleneck:
both require the rigorous reconstruction of an infinite-dimensional object from a finite collection of
discrete measurements. To overcome this shared bottleneck, this thesis relies on a unified mathe-
matical framework built upon four interconnected pillars: Optimal Recovery, Reproducing Kernel

Hilbert Spaces, Sample Complexity, and Active Learning.



1.3.1 Optimal Recovery in Function and Operator Spaces

When dealing with incomplete and discrete information, classical approximation methods often
rely on ad-hoc regularization or heuristic interpolations. In contrast, Optimal Recovery provides
a rigorous, minimizing norm to approximation [9, 10]. The philosophy of optimal recovery is to
identify the minimizing norm approximation given the available finite-dimensional measurements.

A core contribution of this thesis is utilizing optimal recovery as the universal theoretical frame-
work for both perspectives of the operator equation. For the analytical paradigm, we apply it in
standard function spaces to recover the state u. For the learning paradigm, we elevate the frame-
work directly into the operator space to recover ¥. By formulating both problems as regularized
optimal recovery tasks, we seamlessly incorporate discrete measurement functionals into the foun-
dational mathematics, providing strict stability guarantees and well-posedness in the presence of

inexact data.

1.3.2 Reproducing Kernel Hilbert Spaces and Representer Theorems

While optimal recovery provides the theoretical justification, we need a mechanism for numer-
ical solvability. For the framework to be computationally viable, the underlying hypothesis classes
must possess specific structural properties. This thesis extensively utilizes Reproducing Kernel
Hilbert Spaces (RKHS) [20] and their vector-valued counterparts (vvRKHS) [21].

The power of an RKHS lies in its reproducing property, which intimately links the contin-
uous geometry of the infinite-dimensional function or operator space to discrete point evalua-
tions and measurement functionals. Crucially, working within an RKHS allows us to leverage
generalized Representer Theorems [10, 22, 23]. These theorems act as a mathematical bridge,
proving that the solution to an inherently infinite-dimensional optimization problem actually lies
within a finite-dimensional subspace spanned by the representers of the measurement data. Con-
sequently, the RKHS framework ensures that theoretical optimal recovery reduces to a tractable,
finite-dimensional computational task (such as solving a linear system), completely bypassing the

need to discretize the infinite-dimensional spaces directly.
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1.3.3  Sample Complexity

To rigorously evaluate the performance of our recovery frameworks, we must establish a quan-
titative metric for the approximation error [24]. In statistical learning theory and approximation
theory, this is fundamentally captured by sample complexity—the number of discrete measure-
ments or data pairs required to achieve a desired target error [25, 26]. Understanding sample
complexity is essential, as it dictates the practical feasibility and theoretical convergence rates of
any data-driven algorithm [15, 27].

The sample complexity of a learning task is intrinsically tied to the "size" or spatial capacity of
the chosen hypothesis class, a property formally quantified by metric entropy and covering num-
bers [24]. Because the core computational machinery of this thesis relies heavily on Reproducing
Kernel Hilbert Spaces (RKHS) and their generalizations, studying the profound mathematical re-
lationship between these two quantities—metric entropy and kernel space structure—becomes a
question of central theoretical interest.

Historically, it is well-understood that embedding a function space into a Reproducing Kernel
Hilbert Space (RKHS) imposes strict analytical bounds on its metric entropy [20, 26]. However,
exploring the deep, bidirectional interplay between metric entropy and functional embeddability
remains a highly valuable theoretical pursuit. By rigorously analyzing the converse—specifically,
whether spaces with controlled metric entropy can inherently be embedded into generalized kernel
spaces such as Reproducing Kernel Banach Spaces (RKBS)—we achieve two overarching goals.
First, we theoretically validate the sample complexity bounds utilized in our earlier operator learn-
ing frameworks. Second, we establish the foundational mathematical limits and universal modeling

capabilities of kernel methods as a whole.

1.3.4 Active Learning for Dimensionality Reduction

The sample complexity analysis reveals a harsh reality: learning operators between infinite-
dimensional spaces using standard, passive sampling suffers from the infinite-dimensional curse of

dimensionality [14]. Without strong structural priors, the sample complexity grows unmanageably



large, rendering uniform approximation theoretically intractable.

To crack this curse of dimensionality, the final pillar of our framework introduces Active Learn-
ing. Instead of relying on passive data collection, active learning systematically and adaptively
queries the domain to extract maximal information [28, 29]. By utilizing adaptively chosen point
queries to estimate local gradient covariance matrices, we can systematically uncover the underly-
ing functional active subspace. This strategic dimension reduction effectively projects the infinite-
dimensional approximation problem down to a bounded, low-dimensional optimal recovery task,
completely bypassing the traditional dimensionality bottlenecks and enabling highly efficient op-

erator learning.

1.4 Main Contributions and Thesis Outline

This thesis is structured to progressively build a comprehensive, mathematically rigorous frame-
work for both the analytical resolution and the data-driven learning of nonlinear operator equations.
By leveraging the unified framework of Optimal Recovery, Reproducing Kernel Hilbert Spaces
(RKHS), and Active Learning, the main contributions of this work are organized into four core

chapters, outlined as follows:

Chapter 2: Nonlinear Optimal Recovery in Hilbert Spaces Chapter 2 addresses the analyt-
ical paradigm, focusing on the resolution of the classical equation ¥ (u) = v for an unknown
state u given a known nonlinear forward operator . We develop a comprehensive mathematical
framework for nonlinear optimal recovery in standard Hilbert spaces, rigorously reconstructing
an infinite-dimensional state variable from a finite number of discrete measurements. A major
theoretical challenge addressed in this chapter is that, unlike in the classical linear setting, non-
linear optimal recovery does not inherently guarantee a finite-dimensional solution. To resolve
this, we present specific sufficient conditions for finite-dimensional tractability, particularly appli-
cable to problems involving point evaluation measurements. Furthermore, to address broader and

more complex measurement settings where strict finite-dimensionality cannot be directly guaran-



teed, we introduce a novel relaxed nonlinear optimal recovery formulation. We establish strict
well-posedness for these formulations and provide a detailed convergence analysis, proving that
the recovered solution rigorously converges to the true state as the number of measurements in-
creases. This work provides the foundational optimal recovery methodology that will subsequently

be elevated to the operator space.

Chapter 3: Optimal Recovery for Operator Learning Chapter 3 pivots to the data-driven
paradigm, where the governing operator ¥ is unknown and must be learned from paired input-
output data. A major limitation in existing literature is the assumption of full access to exact,
continuous observation data. To address this gap, we elevate the optimal recovery philosophy
introduced in Chapter 2 by formulating operator learning from inexact, finite measurements on
both input and output spaces as a regularized optimal recovery problem. Specifically, we use
neural network operators as the approximation candidates and model the learning task in a vector-
valued Reproducing Kernel Hilbert Space (vwvRKHS). The central theoretical contributions of this
chapter are threefold: First, we prove a generalized Representer Theorem that guarantees the ex-
istence of an optimal operator and reduces the infinite-dimensional optimization to a tractable,
finite-dimensional computational task determined solely by the observed data and measurement
functionals. Second, we establish a strong convergence analysis demonstrating that the learned
operator converges to the true operator under minimal assumptions. Finally, we derive explicit
error bounds for Lipschitz operators, quantitatively characterizing the precise relationship between

recovery accuracy, the number of training samples, and the input and output measurements.

Chapter 4: Active Learning for Operators of Neural Network Type Building upon the com-
putational framework of Chapter 3, Chapter 4 tackles the fundamental statistical bottleneck of
operator learning: the infinite-dimensional curse of dimensionality inherent to standard passive
sampling. To overcome this, we focus on a broad class of mappings defined as scale-L operators
of neural network type. This specific formulation assumes the underlying operator can be decom-

posed into a linear projection onto an L-dimensional latent space, followed by a nonlinear recon-



struction. This structure naturally models problems in reduced-order modeling and sensor-based
data acquisition. Leveraging this structural prior, we propose a novel active learning framework.
Rather than relying on passive data collection, we utilize adaptively chosen point queries to es-
timate local gradient covariance matrices. This active querying strategy systematically uncovers
the underlying functional active subspace. We provide rigorous theoretical guarantees demonstrat-
ing that this approach effectively projects the infinite-dimensional approximation problem down
to a bounded, finite-dimensional optimal recovery task, thereby completely bypassing the infinite-

dimensional curse of dimensionality.

Chapter 5: Metric Entropy and the Foundations of Information Complexity Chapter 5 shifts
focus to the foundational information-theoretic limits of the spaces utilized throughout this thesis.
While the practical frameworks developed in previous chapters derived explicit sample complex-
ity and recovery bounds based on specific structural or regularity assumptions—such as Lipschitz
continuity—a fundamental theoretical question remains: what is the intrinsic, universal relation-
ship between a space’s information complexity and its kernel structure? While classical results
show that embedding a function space into a Reproducing Kernel Hilbert Space (RKHS) inher-
ently implies a bound on its metric entropy, this chapter establishes a profound converse. By
rigorously analyzing the relationship between covering numbers and functional embeddability, we
prove that a bound on the metric entropy growth of a function space mathematically guarantees
its explicit embedding into an L,-type Reproducing Kernel Banach Space (RKBS). Placing this
analysis as the theoretical capstone of the thesis goes beyond the specific operator classes stud-
ied earlier; it establishes the deep, fundamental equivalence between learnability (metric entropy)
and kernel space structure, revealing the ultimate theoretical boundaries of kernel-based learning

frameworks.

Chapter 6: Conclusion and Future Directions Finally, Chapter 6 summarizes the core findings
and contributions of the thesis. We discuss how the unified lens of optimal recovery successfully

bridges the gap between classical equation solving and data operator-learning paradigms, and we



outline potential avenues for future research in the operator equations of complex physical sys-

tems.



Chapter 2: Nonlinear Optimal Recovery in Hilbert Spaces

The content in this chapter has been published in Analysis and Applications under the name
“Nonlinear Optimal Recovery in Hilbert Spaces" [11].

This chapter investigates solution strategies for nonlinear problems in Hilbert spaces, such
as nonlinear partial differential equations (PDEs) in Sobolev spaces, when only finite measure-
ments are available. We formulate this as a nonlinear optimal recovery problem, establishing its
well-posedness and proving its convergence to the true solution as the number of measurements
increases. However, the resulting formulation might not have a finite-dimensional solution in gen-
eral. We thus present a sufficient condition for the finite dimensionality of the solution, applicable
to problems with well-defined point evaluation measurements. To address the broader setting, we
introduce a relaxed nonlinear optimal recovery and provide a detailed convergence analysis. An
illustrative example is given to demonstrate that our formulations and theoretical findings offer
a comprehensive framework for solving nonlinear problems in infinite-dimensional spaces with

limited data.

2.1 Introduction

Many mathematical models developed for the study and understanding of physical phenomena
can be cast as finding solutions to linear or nonlinear problems in Banach spaces. These spaces
could be infinite-dimensional, such as the case of nonlinear partial differential equations (PDEs).
As analytical solutions in simple close-forms are often elusive or even nonexistent, numerical
methods play a pivotal role in providing effective finite dimensional approximations and insights
into the behavior of these complex systems. The subject of numerical PDEs, from finite difference

and finite element methods to spectral methods, mesh-free techniques, and machine learning meth-
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ods, continues to evolve, driven by advances in numerical algorithms and mathematical theory, as
well as computational resources and practical considerations. In applications, one of the frequently
encountered challenges is the lack of a complete physical model or the limited availability of model
parameters or data. In such situations, we see the natural connection to optimal recovery problems.

Based on finite measurements, the optimal recovery aims to find the minimum norm solu-
tion that satisfies all the measurements. Recently, optimal recovery methods for solving linear
and nonlinear PDEs have drawn considerable attention due to the finite-dimensional nature of the
optimally recovered solutions, making them computationally tractable and amenable to efficient
implementations [6, 8, 10]. Furthermore, the robust convergence theory associated with these
methods underscores their appeal, offering a rigorous framework for analyzing and guaranteeing

the accuracy of recovered solutions in various scientific and engineering applications [6, 30].

2.1.1 Summary of our Contributions

The primary goal of this paper is to introduce a general framework for optimal recovery in
abstract Hilbert spaces and to develop its mathematical theory under a suitable set of assumptions.
We further discuss the optimality conditions and investigate scenarios in which our framework
yields numerically solvable problems. For cases that might not appear directly tractable numeri-
cally, we present some generalizations as possible remedies. We also specialize to some concrete
examples to illustrate our theory.

To be more specific, we present below a more formal description of the problems under con-

sideration, together with a summary of our contributions.

* An Abstract Nonlinear Problem with Finite measurements: Given a Fréchet differen-
tiable nonlinear operator # from a Hilbert space U to a reflexive Banach space B, we seek

a solution u in U to the following abstract nonlinear equation:

[F (), 9] = [f. 4], Vo eB 2.1)
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under the assumption that the only prescribed information on the data f € 8 is through N

finite measurements, {[ f, ¢n]}2]:1, for some given {¢,, € B*}, i.e.,

[F (), ¢n]l = [f.Pul, n=1,...,N. (2.2)

Here, [-,-] denotes the duality pairing between dual spaces(B/8* or U/U*), so that our

constraint is defined naturally in the weak form with {¢,} being test functions.

We are interested in the problem for not only a given finite N but also as N — oo, assuming
that Span{¢, } " , forms a dense subset of B*. For easy representation, throughout this paper,
we will assume that the abstract nonlinear equation admits a unique solution «*. ! On the
other hand, the problem with only finite measurements (2.2) is in general under-determined,
thus its solution is not expected to be unique. This calls for further specifications to be

illustrated later in Section 2.2.

* Nonlinear Optimal Recovery: The nonlinear optimal recovery problem is a framework to
construct a numerical solution to the above nonlinear problem with finite measuraments by

solving the following variational problem:

min ||u
min uflo s

s.t. [F(uw),on] =1f,bn]l, n=1,...,N,

In Theorem 1, we demonstrate theoretically that, as N — oo, the solution uy of the nonlinear
optimal recovery problem (2.3) converges strongly to a weak solution u* of the abstract

nonlinear problem (2.11), under suitable assumptions.

* Optimality and Finite Dimensionality Conditions: Given a fixed N, for the solution uy of

"Much of our discussions remain valid, with suitable modifications, for cases that the nonlinear problem has mul-
tiple isolated solutions, see comments given later.
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the optimal recovery problem (2.3), we present in Proposition 1 the optimality condition

N
uy = ) A (un, ba). (2.4)

n=1

Here, the operator ¥ : U X B* — U is defined by
W, dn),v)u = [DuF (W)v,¢nl, Vv eU, n=1,..,N, (2.5)

corresponding to the inner product (-, -)¢; of the Hilbert space U.

In general, it might not be possible to characterize the solution uy in a finite-dimensional
space. However, the following sufficient condition assures that the solution uy can be con-

structed with a finite-dimensional representation:

L

lvl’(u’ ¢n) = Z Cl(u’ ¢n)¢’l(¢ﬂ)7 n= 1’ ""N’ Vl/l € 7/1’ (26)

=1

for L scalar functions {c; : UXB* — R} and L operators y; : B* — U that are independent
of u. The condition holds obviously when ¥ is a linear operator. However, this is a trivial
case, since D, (u) becomes independent of u. Meanwhile,there are also non-trivial cases

where this condition also holds.

Finite Measurement Nonlinear Operator:
We provide nontrivial cases where the aforementioned finite-dimensionality condition holds.

We define a finite measurement nonlinear operator as an operator ¥ of the form

[T(u)’ ¢] = F¢(<wl(¢)’ M), R <wL(¢)a Lt>), Yu € 7/{,

for any ¢ in a specific test function set B;.
This class of operators encompasses many important examples, including nonlinear equa-

tions in reproducing spaces (to be discussed in Section 2.4) and neural operators [3, 5, 16,
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31].
We will show that, under suitable assumptions, these operators not only admit finite-dimensional
solution spaces but are also weakly continuous—a key condition in our convergence analy-

Sis.

* A Regularization Framework: In many data science problems, a regularized loss function
composed of fidelity terms and regularization terms is employed to find a robust solution.
In the same spirit, for the nonlinear problem with finite measurements (2.2), we define the

following regularization framework:
o 1
. 2 2
min ;([T(u), Sul = L, 4a])% + Zluly @.7)

In Theorem 2, it is shown that the solution u’lf, of the above regularized formulation (2.7)
converges to the nonlinear optimal recovery solution uy as u — oco. Moreover, u’;, converges

to the solution u* of the nonlinear problem (2.1) as (u, N) — (o0, 00).

* A Relaxed Nonlinear Optimal Recovery: When the measurement test functions {¢,} do
not satisfy the aforementioned finite dimensionality condition, but can be approximated by

functions {¢,,, } that do: namely, for each fixed n, there exist coefficients {c;, } such that:

M
” Z Cnm¢n;n - ¢n”8* — O, as M — oo.
m=1

To obtain a finite-dimensional solution, we can generalize the nonlinear optimal recovery by

proposing the following relaxed nonlinear optimal recovery formulation:

min  fuly
M (2.8)
s.t [7:(”)’ Z Cmn¢nm] - [f7 ¢n] < €m, N = 1, ceey N.
m=1

In Theorem 2.3, we demonstrate that, under appropriate assumptions, the solution ”% of
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the relaxed nonlinear optimal recovery (2.8) converges to the solution uy of the nonlinear
optimal recovery problem (2.3) as M — oo, and to the solution u* of the nonlinear problem

(2.1)as (M,N) — (o0, ).

Optimal Recovery in Reproducing Function Spaces: Consider a special case of finite
measurement nonlinear operators given by a nonlinear equation of an unknown function

u = u(x) on a domain Q:

F(u)(x) = F(Liu(x), ..., Lpu(x),x) = f(x)

with the Banach space 8 given by a reproducing kernel Banach space (see definition 2). We

present 3 key observations on the point evaluations in 8* (see definition 1):
— When the test functions are point evaluations, the nonlinear optimal recovery of the
above equation yields finite-dimensional solutions, see Proposition 4,5.

— The span of all point evaluations is dense in the dual space of any reproducing kernel

Banach space B under the weak* topology, see Lemma 4.

— When the function F is continuous, the operator ¥ is weakly continuous in 5.

These observations enable the use of relaxed nonlinear optimal recovery with point evalua-
tions as the approximation function set to obtain a finite-dimensional solution of the nonlin-

ear problem of finite measurements with convergence guarantees.

Linear-Nonlinear Decomposition: We consider a nonlinear equation with a linear-nonlinear

decomposition, namely:

[F(u), ¢] = [Lu, $] + [F (), ] = [ 4]

where L can be seen as the principle linear part with F being a nonlinear perturbation that

maps into a more regular function space. In this case, we can generalize the relaxed optimal
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recovery (2.8) by approximating with point evaluations only those test functions correspond-

ing to the nonlinear term. That is,

min u
min  fully

M (2.9)
s.t [Lu’ ¢n] + [7/}(”), Z Cmn(sxm] - [f, (bn] < €m, N = 1, ...,N.
m=1

This generalization significantly reduces the regularity requirement of the solution when
using relaxed nonlinear optimal recovery to obtain a finite-dimensional solution. We present
the optimality condition and the convergence result of this generalization and a concrete

example will be presented in Section 2.6.2.

* Multi-Domain Generalization: Let the domain Q have a decomposition, that is, Q =
UII; :()Qp where €, ..., Qp are disjoint subdomains. In this case, we consider a nonlinear
equation defined piecewisely on the subdomains corresponding to a nonlinear operator 7

given by:

Lu(x), Vxe€Q,,p=0,
F(u)(x) =
Fp(Ly pu(x), ..., Lo, pu(x)), VxeQ,,p=1,..,P

Applying the point evaluation approximation on subdomains where ¥ is nonlinear, we obtain

the following generalized relaxed nonlinear optimal recovery:

min ||u
min |l

R Y (2.10)
st |[Lusglay + D [F (). Y cunpbs,, la, = [fdul| < €nr. n = 1N,
m=1

p=1

This generalization is applicable to the solution of nonlinear PDE problems with linear
boundary conditions, see the example of a linear natural boundary condition represented

by a Robin boundary in Section 2.6.2. As in previous cases, the optimality condition and
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convergence result for this generalization are presented.

To offer a concise summary of the main results, a diagram is provided in Figure 2.1 to illustrate
the relationships among the different problems and the associated solutions u*(nonlinear prob-
lem), uy(nonlinear optimal recovery), u‘]f,(regularization Problem) and u% ( relaxed optimal

recovery).

7
U N

Section 2

Theorem 2 Theorem 2

om— o0

Theorem 1 N
Un > U

N — o

Moo o Section 4

Theorem 6 M
U N

(N, M) — (00, 0)
Theorem 6

Figure 2.1: Convergence relation among different solutions

2.1.2 Related Works

There have been many studies on optimal recovery problems. We now discuss those closely

related to the results summarized in subsection 2.1.1.

* Optimal Recovery/Minimum Norm Interpolation: The Optimal Recovery [9], or the Min-
imum Norm Interpolation, is a widely employed method in regression tasks, such as Ridge
regression [32] and Lasso [33]. Recently, there has been growing interest in utilizing it to
find solutions for partial differential equations (PDEs) [8, 10]. However, the extension of

optimal recovery to nonlinear problems has also gained attention and has been studied [6].

* The Representer Theorem and the Reproducing Space: The representer theorem for

infinite-dimensional optimization as a pathway to numerical solvability has been widely
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studied. The most renowned result is the representer theorem in Reproducing Kernel Hilbert
Spaces (RKHS) [34], which characterizes the solution of the optimal recovery problem with
the RKHS norm and Dirac measurements as a linear combination of kernels. Additionally,
there have also been investigations on the representer theorem in general Hilbert spaces [35].
Moreover, the extension of this theorem to (Reproducing) Banach spaces has been explored

[22, 23].

2.1.3  Outline of the Paper

The paper is organized as follows.

In Section 2.2, we introduce the concept of nonlinear optimal recovery and show its conver-
gence properties. In addition, we present a related regularization problem and demonstrate analo-
gous convergence results.

In Section 2.3, we present the optimality condition for the solution of the nonlinear optimal
recovery problem. Furthermore, we establish a sufficient condition for the solution to be finite-
dimensional. Additionally, we propose a relaxed nonlinear optimal recovery algorithm to extend
the class of nonlinear equations that admit finite-dimensional solutions. Lastly, we introduce the
finite measurement neural operator, a class of operators that satisfy the sufficient condition.

In Section 2.4, we examine a broad class of nonlinear functional equations, a significant subset
of nonlinear equations. We demonstrate that point evaluation test functions yield finite-dimensional
solutions and the nonlinear operator is weakly continuous. Furthermore, we employ the relaxed
nonlinear optimal recovery formulation to extend this result to test functions that can be uniformly
approximated by point evaluations.

In Section 2.5, we generalize the nonlinear optimal recovery and relaxed nonlinear optimal re-
covery formulations to multi-operator nonlinear equations, accompanied by an analysis of the as-
sociated convergence theory. We then explore the realization of these generalizations in functional
nonlinear equations, demonstrating how this extension enhances and broadens the problem-solving

capabilities of our method.
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In Section 2.6, we present an illustrative example in the form of partial differential equations
that demonstrates the efficacy of our algorithms and theoretical framework. Section 3.7 concludes
with additional discussions and outlines potential future research directions. Proofs of all theorems

are provided in the Appendix A.

2.2 Optimal Recovery on Nonlinear Problem

In this section, we describe in detail the proposed abstract framework— nonlinear optimal
recovery—to solve general nonlinear problems with finite measurements. In subsection 2.2.1, we
begin with the introduction to classic optimal recovery and present the representer theorem as
well as the extension to linear problems. In subsection 2.2.2, we set up the nonlinear optimal
recovery method and explore the theory behind. We show that as the number of measurements
N — oo, the solutions of the nonlinear optimal recovery converge to a solution of the nonlinear
problem (2.11). Finally in subsection 2.2.3, we introduce the regularization problem, a widely
used approach in data science. We demonstrate that the regularized solution not only converges to
the optimal recovery problem (2.12), for a fixed N, as the regularization parameter increases but

also asymptotically converges to the solution of the nonlinear problem (2.11).

2.2.1 Optimal Recovery and Representer Theorem
Classic Optimal Recovery

Consider the problem of recovering u in a Hilbert space U from N measurements

V() == (W, vi)y = fis oo (U vadar) = fv € RY

where (-, -), as used before, is the inner product in U, and we use || - ||¢/ to represent the induced
norm in subsequent discussions. Meanwhile, {vn}fyzl C U are measurement functions and { f;, 2]:1
are measurement data.

The original optimal recovery [9, 10] aims to find the best solution operator ¥ : RY — U for
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the following problem:

. lu =¥ (Vn(u))llu
min max .
Y uel ||Lt||ru

Moreover, given a function u, one of the optimal solutions uy = ¥(Vy(u)) of the problem
above can be characterized as the solution to the following minimum norm interpolation prob-

lem:

min u
min  fully

s.t {u,vp)y = fu, n=1,...,N.

The Representer Theorem [10], which plays an essential role in optimal recovery, shows that the
solution uy of the optimal recovery problem has a finite dimensional representation. Specifically

speaking, we have
N
Uy = Z AnVn
n=1

where {1, } are the coefficients, implying that uy is the projection of u in the space spanned by the

measurement functions in the space U.

Optimal Recovery for Abstract Linear Problems

The optimal recovery can be easily formulated in an abstract setting for a linear operator £ :
U — B*.Given N measurements {[ Lu, qﬁn]}nN=1 for N measurement function {(;5,1}”1\’=1 C B*, the

optimal recovery problem is equivalent to solve
min ||u|l¢y among u € U with prescribed {[ Lu, ¢,] nNzl .

One can prove a similar representer theorem in this case. Specifically, for 1 < n < N, let

v, € U be the Riesz representer such that
w, vy = [Lw, ¢,], Yw € U.

That is, v, = Ry L"¢, where L* denotes the adjoint operator of £ and Rq, is the Riesz mapping
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in U that maps the element in U™ to its Riesz representer. Then the solution uy satisfies
N N
Uy = Z/lnvn = Z/lnR(LIL*QSn
n=1 n=1

with some coefficients {4,}".

2.2.2 Nonlinear Optimal Recovery

We now focus on the nonlinear equation for a Fréchet differentiable nonlinear operator 7 :

[F(w), ] = [f. 9], Vp B (2.11)

where u € U, a Hilbert space, and ¥ (1) € B, a Banach space. Analogous to the linear optimal
recovery approach, with finite measurements {[F («), ¢, ] }, we introduce the following nonlinear

optimal recovery framework:

min lleals
uet (2.12)

st [Fu),¢u] =1f,bn]l, n=1,..,N

We now present a general theorem for (2.12), and show that under proper assumptions, the nonlin-
ear optimal recovery problem with N measurements indeed admits a solution. And when N — oo,
the solution of the optimal recovery problem will converge to the solution of the nonlinear problem

(2.11). We first present some assumptions.

Assumption 1 Dense span of test functions: N ¢ € B*, there is a sequence {(/3 N € Span{¢; }j.\’:] }N |

such that ¢y converge to ¢ weak*-ly in B*.

Assumption 2 Weak continuity: uy weakly converging to u in U implies the weak convergence

of F (un) to F (u) in B.
The results are summarized in the following theorem.
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Theorem 1 Under assumptions 1 and 2, the optimal recovery problem (2.12) for a given N has
a solution uy in U. Assuming the solution of nonlinear problem (2.11) u* is also in U, then

uy — u* strongly in U as N — oo.

The proof can be found in the Appendix A.1.

2.2.3 Regularization Framework

Regularization techniques are widely used in data science, where we minimize a loss function
composed of a fidelity term and regularization terms. The goal of regularization is to find the best
fitting function with some regularity, aligning with the objective of the optimal recovery problem.
Similarly, we can define the following regularization framework to find a suitable solution from

finite measurements:

N
1
: 2 2
, -7, + — 2.13
min Z;usf(u) Sl = L1l + Cluly (2.13)
n= N———
Fidelity regularization

with a regularization parameter u. This regularization problem can be interpreted as a relaxation
of the nonlinear optimal recovery problem (2.12). We can expect that the solution to this regu-
larization problem will converge to the solution of the nonlinear optimal recovery problem as the

regularization parameter u approaches 0. We make the following assumption first.
Assumption 3 Uniquenss: The solution uy of nonlinear optimal recovery problem(2.12) is unique.

In the following theorem, we prove the above convergence. Moreover, we prove that the solution

of this regularization problem converges to the solution of the nonlinear problem (2.11).

Theorem 2 Under assumptions 1, 2 and 3, the regularization problem (2.13) with N measure-

ments and the regularization parameter u has a solution u’X, in U. In addition, we have,

7

v — un strongly in U as p — oo, where uy is the unique solution of the nonlinear optimal

*u

recovery (2.12).
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U

v — u” strongly in U as (u, N) — (oo, 00), where u* is the solution of the nonlinear

*u

problem (2.11).

A diagram presents the convergence relation among u*(Nonlinear Problem (2.11)), u y(nonlinear

optimal recovery (2.12)), and u% (regularization problem (2.13)) is given in Figure 2.2.

7

Uu
Theorem 2 N Theorem 2
p—= 9 (1; N) = (00, 00)

Theorem 1 Ak
Un > U

N — oo

Figure 2.2: Convergence Relation

2.3 Optimality and Relaxation Formulation

In the previous section, we formulated the nonlinear optimal recovery problem for abstract
nonlinear equations and demonstrated its desirable convergence properties. This section will delve
into the optimality condition and the numerical solvability of the nonlinear optimal recovery (2.12),
leading to the proposal of the relaxed nonlinear optimal recovery based on this discussion. In order
to consider the finite-dimensional solution

Firstly, subsection 2.3.1 derives the optimality conditions for the nonlinear optimal recovery
problem. Subsequently, subsection 2.3.2 will present the condition for the problem to have a finite-
dimensional solution. Lastly, subsection 2.3.3 introduces the relaxed nonlinear optimal recovery

algorithm, and 2.3.3 will establish its convergence result.

2.3.1 Optimality Condition

In classical optimal recovery theory, the representer theorem indicates that the solution will
possess a finite-dimensional structure. Analogously, we are interested in investigating the struc-

ture of the solution for nonlinear optimal recovery problems (2.12). To this end, we will present
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the following proposition, which characterizes the optimality conditions for the nonlinear optimal

recovery problem in any general Hilbert space U.

Proposition 1 For the Hilbert space U, by Riesz representation theorem there are {¢(u, ¢)} C U,

such thatVv,u € U and V¢ € B*

<w(u’ ¢)a V>(L( = [DMT(M)V, ¢]’

where D, F (u) is the Fréchet derivative of the mapping F : U — B at the point u, which is a
linear mapping between U and B. Then the solution uy of the nonlinear optimal recovery problem

(2.12) satisfies the following condition:

N
uy = ) 4 (un, dn) (2.14)

n=1

Proof 1 Noticing that we can change the objective function to ||u ||3u without changing the solution.

Then the Lagrangian of the nonlinear optimal recovery problem (2.12) is:

N
ez, = " An ([F (), 6] = [f. 6a])
n=1

Then the Fréchet derivative w.r.t u is the following linear operator on U:
N
(R, -] = > Aa[DuF () (), b
n=1

where D, F (u) is the Fréchet derivative of the mapping ¥ : U — B at the point u, which is a
linear mapping between U and B and Rq, is the Riesz mapping that maps the element in U™ to its

Riesz representer in U. Applying Rq; we have the optimality condition:

N
= A (u)
n=1



where Y, (u) is the Riesz representer of u satisfying:

<'»l’n(”)’v>fu = [Duf(u)v, ¢n]’ n= 1’ ’N

The solution to the regularization framework (2.13) exhibits an analogous structure, as demon-

strated in the following corollary:

Corollary 1 The solution uy of the nonlinear optimal recovery problem (2.13) satisfies the fol-

lowing condition:

N
un = D A (1, ) (2.15)

n=1

where Y : U X B* — U is the Riesz mapping satisfying (Y (u, ¢),v)qy = [D,F (u)v, ¢].

It should be noted that functions {y (uy, qﬁn)}n[\’:1 generally depend on uy, resulting in the opti-
mality condition (2.15) being a nonlinear equation in uy. Consequently, this does not constitute a
representer theorem in the traditional sense since the solution space is not finite-dimensional.

2.3.2 Finite Dimensional Solution

For nonlinear systems in infinite dimensions, it is in general not numerically solvable. There-
fore, we focus on the case where the solution remains finite-dimensional so that the problem be-
comes numerically solvable.

Finite Dimensional Condition

To ensure that the solution in Proposition 1 is spanned by a finite number of functions, the

following Finite Dimensionality Condition can be imposed:
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Finite Dimensionality Condition: Let ¢ : U X 8 — U be the Riesz representation
mapping satisfies (¢ (u, ¢,), )y = [D,F (u)v, ¢,] for Vv € U, there is a constant L € N

such that:

I~

U da) = ) cilu, @)vi(¢),  n=1,..N (2.16)

=1

where ¢; : U x B* — R are L scalar functions and y; : 8 — U are independent of u.

We will first demonstrate that when this condition is met, our nonlinear optimal recovery prob-
lem (Equation (2.12)) can be transformed into a finite-dimensional optimization problem. Accord-

ing to Proposition 1, the solution to the nonlinear optimal recovery problem satisfies:

N L N L
uy = Z A (u, ¢) = Zl lzzlﬂncl(MN, IOYACHE Zl ; A 01(¢0)-
Scalar

Therefore minimization of ||luy||¢, with the prescribed finite measurements is equivalent to

minimization in the span {¢;(¢,)}. Then the nonlinear optimal recovery can be converted to:

L
min I Z/ln,ll//l(%)”'u
l_

AeRNL

L
[F O At ($n)), da] = [ ¢al, n=1,..,N
=1

This results in a finite-dimensional optimization for the unknowns {4, ;} that can be numerically
solved.

Now we turn to discuss cases where the finite-dimensionality condition will be satisfied. When
¥ is a linear operator L, its Fréchet derivative D, 7 (u) is equal to L for all u. Consequently, for

any ¢ € 8%, the functional ¥ (u, ¢) satisfies:

<l//(1/t, ¢),V>7J = [.[:V, ¢] = [V, £*¢] = <R(LI-£*¢na V>(L[
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So we have ¢ (u, ¢,,) = Ry L* ¢, and it is independent of u. Therefore, any linear operator satisfies
the finite-dimensionality condition (2.16) for L = 1 and ¢ | (¢,,) = Ry L" ¢y,.

We note that requiring the condition (2.16) to hold for all test functions will significantly limit
the class of nonlinear problems to which the framework is applicable. However, there are many
more instances where this condition (2.16) holds for a certain subset of test functions. Namely, for
some nonlinear operators 7 there are a subset BS C B*, L scalar functions ¢; : U X B* — R and

L corresponding functions ¢; : 8* — U such that for any ¢ € B;;:

L

[DF (v, ¢] = ) crlu, ) (Wi(9), vy, v e U (2.17)

=1

then if our test function set {¢,} C B, by proposition 1, the solution of the nonlinear optimal

recovery is finite-dimensional.

2.3.3 Relaxed Nonlinear Optimal Recovery

As discussed in the previous subsection, the nonlinear operator satisfying (2.17) possesses a
finite-dimensional solution only for a certain test function subset 8. In practice, it is possible
that a test function {¢,} of the measurements might not belong to B;. Therefore, the following
question arises naturally: Is it possible to modify our nonlinear optimal recovery framework in
such a way that we can obtain a finite-dimensional solution without sacrificing the convergence
property in this case?

In this subsection, we give an affirmative answer. Namely, we show that if the span of the subset
B{)“ is dense in the test function space 8*, some modifications can be made to the nonlinear optimal
recovery problem so that the solution of the new problem retains not only a finite-dimensional

representation but also the convergence property.
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Problem Formulation

To be more specific, assume that for a fixed measurement ¢,,, there exist coefficients {c,,, } and

{d’mn} - BS such that:

M

Z CnmPum — Pn

m=1

— 0, as M — oo.
B*

Then, for each M > 1, we propose the following approximation as a formulation of the relaxed

nonlinear optimal recovery of scale-M:

min

min ully
(2.18)
s.t <e€em, n=1,...N

M
[F ), D combmnl = £ 6]

m=1

where, for each 1 < n < N, the negative parameters {€,; > 0}, to be specified later, form an
infinite sequence that converges to 0 as M — oo. Assume that the nonlinear operator ¥ satisfies
the condition (2.17), we can show that the solution uIA\’,I of the relaxed nonlinear optimal recovery

problem is always finite-dimensional:

Proposition 2 Assuming that our nonlinear operator satisfies the condition (2.16), then the solu-

tion u% of the relaxed nonlinear optimal recovery satisfies:

u% e span{y(ppn) : L =1,...,.Lin=1,..,.Nym=1,...,M}.

Some discussions are presented below to motivate the use of this inequality formulation:

* Limitations associated with equality constraints A key property used earlier to prove the
convergence of the nonlinear optimal recovery (2.12) is that the sequence of solutions can
be bounded by the true solution u of the nonlinear problem (2.11). However, if we simply
replace the test function with an approximation in By, the original #* may no longer satisfy

the constraints defining the allowed set of solutions. This leads to a challenging issue of how
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to guarantee that the solution sequence remains bounded.

* Advantages of inequality constraints To overcome the above obstacle, we employ a re-
laxation involving inequality constraints along with a careful choice of the parameter €y,
under reasonable assumptions on the nonlinear term. By incorporating these inequality con-
straints, we can construct the feasible set in such a way that it includes the solution u*. The
detailed derivations and justifications of these conditions will be provided in the next sub-
section. This ensures that the solution sequence can be bounded by u, which is a crucial

requirement to establish convergence.

Convergence Analysis

Firstly, we show that the weak continuity in the assumption 1 of ¥ also implies boundness.

Namely, we have the following proposition

Proposition 3 (Boundness of ) Under the assumption 1, there exists a constant function C :

Ry — R, such that for any K > 0 andu € U:

lullu <K = [[F (W)lls < C(K)

Proof 2 Assuming for a given K, there is no such constant C(K). Then there exists a function

sequence {u,}, such that:

””n”ﬂ S K’ ”T(u}’l)llg Z n, Vn = 1’ ee

Since {u,} is bounded, there exists a weakly convergent subsequence {uy, }. By assumption I,

{F (un,,)} is weakly convergent, therefore it is bounded, and that is a contradiction.

Assumption 4 (Approximation of B)): For any ¢ € B*, there exist coefficients {c,,}, a function
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set {¢y,} C By, and coefficients {€s y} satisfies €y — 0 when M — oo, such that

M

Zcm‘pjn - ¢

m=1

< €EpM-

B+

To simplify the notation, in the case of ¢ = ¢,, we denote €,y = €.

Remark I The above assumption means that Z%:l CnmPnm converge to ¢, strongly in B*. In order

words,

Span{¢ : ¢ € B} = B".
In section 2.4.2, we will give a nontrivial example where assumption 4 holds.

Remark 2 One important remark is that we aim to approximate an arbitrary ¢ € B*. Conse-
quently, the constant €z may depend on the particular ¢, as no uniform convergence over B* is
assumed. In practice, its determination is therefore case-specific.

Nevertheless, if the measurement functions {¢,,} lie in a smoother space while still spanning
B* (e.g., the C* sine basis {sin(nnx)}> , for Hé([O, 1])), certain uniform bounds can be obtained

under classical spectral approximation theory.

Example 1 (Different choice of ¢, ) We consider the one-dimensional domain Q = [0, 1] as an
illustrative example. According to classical approximation theory (see, e.g., [36]), we have several

possible choices for the basis functions {¢,,} and their corresponding approximation bounds.

* Fourier basis: Let B* = L*[0, 1] and define ¢%,(x) = e*™™ form = —M, ..., M. The best
M -term Fourier approximation of a function ¢ is obtained by truncating its Fourier series.

Therefore one can pick c,, = (¢, ¢},), and we have

2

D cndly— ¢ = D (o)

|m|<M L2([0.1]) |m|>M

where the RHS depends on ¢ and M, and tends to zero as M — oo for a fixed ¢.
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* Gaussian kernel: Let B* be a RKHS H;. with the kernel

Y
K(x.y) = exp(—%) ,

M
m=1

and take the basis functions as ¢,,(x) = k(x,x,,) for a set of uniform centers {x,} C

[0, 1]. Then, let ¢y be the solution of:

min ||$||’ .. é(xm) = ¢(xm)’ m = 1’ ’M
peH

By the representer theorem, we have ¢y = M. conk(xm, ) and ¢u is ¢’s projection on

m=1

span{¢, :m =1, ..., M}. Therefore we have

M 2

2 e 2
Dendn—o|  =lIo3, — Idml,,
m=1 H

By classic theorem of linear optimal recovery and RKHS, if the samples {xm}%:1 are dense

in [0,1] as M — oo, the RHS tends to zero as M — oo for a fixed ¢.

Building upon our earlier discussion, incorporating both the true and the nonlinear optimal
recovery solutions into the feasible set confers advantages for the convergence analysis. We show

in the following lemma that this inclusion is achievable with the assumption 4 and proposition 3:

Lemma 1 Under assumptions 4, by taking €,y = C(||u*||) € with C defined by proposition 3,

we have

* The solution for the nonlinear optimal recovery (2.12) uy is in the feasible set of relaxed

nonlinear optimal recovery (2.18) of scale M.

* The solution for the nonlinear equation (2.11) u* is in the feasible set of relaxed nonlinear

optimal recovery (2.18) of scale M.
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Proof 3 By previous proofs, we have shown that ||luy||ly < ||u*||y for any N > 0, therefore by

proposition 3, we can conclude that:

IF W)z < CUlu™D, NF un)llz < Clul).

For any ¢,, we denote the set of correspondent coefficients and functions in assumption 3 as {cum }

and {¢um }. Then we have:

M
H‘}N(MN), Z Cmn¢mn] — [F(un), ¢n]
m=1

M

Z Cmn®Pmn — Pn

m=1

</IF (un)lis

B

<C(llu*D€nm = €nm

And the proof for u™ is similar.

By leveraging the previous lemma, which guarantees the boundedness of the solution series, we
can establish a theorem regarding the convergence of the solution to the relaxed nonlinear optimal
recovery (u% ) toward the solution of the nonlinear optimal recovery (uy) and the solution of the

weak form of the partial differential equation (u*).

Theorem 3 Under assumptions 1, 2, 3 and 4, the relaxed nonlinear optimal recovery problem
(2.18) with N measurements and scale-M approximation and constants {0,y = C(||u*||) € } has

a solution uAN” in U. In addition, we have,

. uAN’[ — uy strongly in U as M — oo, where uy is the unique solution of the nonlinear

optimal recovery (2.12).

M

s uy — u* strongly in U as (M,N) — (c0,0), where u* is the solution of the nonlinear

problem (2.11).

It is important to note that u% converges to u when (M, N) — (oo, c0), implying that regardless of

the specific relationship between N and M. That is, as long as both M and N approach infinity, u%
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will converge to u. A diagram representing the various convergence relations among «*(nonlinear
Equation (2.11)), uy(nonlinear optimal recovery (2.12)), and u"N” (relaxed nonlinear optimal

recovery (2.18)) is given in figure 2.3.

uy

Theorem 6
(N, M) — (00, 0)

Theorem 6
M — o

Theorem 1 v
Un > U

N —

Figure 2.3: Convergence relation

2.3.4 Finite Measurement Nonlinear Operator

The condition (2.17) might not appear as easily verifiable. In this subsection, we will define
a class of nonlinear operators called finite measurement nonlinear operator, which satisfies the
aforementioned condition (2.17) and encompasses a wide range of application problems.

We define a nonlinear operator as a finite measurement nonlinear operator if, for any ¢ € B,

the operator ¥ satisfies

[7:(”)’ ¢] = F¢(<wl(¢)’u>"<¢L(¢)’u>)’ Yu e U,

where each y;(¢) € U* depends on ¢, and F, is a function mapping R” to R.

Some Examples

Some examples of finite measurement nonlinear operators are listed below:

* Function Space Setting:

Suppose U and B are both function spaces over a domain €, and the test function set 5]
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consists of point evaluation functionals on Q. Assume each y;(¢) is a linear operator com-

posed with a point evaluation. Then the nonlinear operator 7 takes the form

F (u)(x) = F(Liu(x), ..., Lou(x),x), Vx € Q, Yu e U,

where Ly, ..., Lo are linear operators.
This setting covers a wide range of problems, including nonlinear differential equations,

integral equations, and operator equations. We will discuss this case in detail in Section 2.4.

* Neural Operator Setting:
Suppose B is a function space over a domain €2, and the test function set B consists of
appropriate evaluations. Assume that Fy is a neural network function. In previous work [16]

on operator learning, a neural network-type operator is defined as

F(u)(x) = Fe(Qu, 1), .o, us ), VxeQ, Yuel,

where ¢/, ..., are test functions in 8%, and F) is a neural network function.
This definition includes most operator learning frameworks, such as PCANet [5], Deep-

ONet [3], and NOMAD [31].

Finite Dimensional Solution

In this subsection, we show that any finite measurement nonlinear operator satisfies condi-

tion (2.17). We summarize this result in the following lemma:

Lemma 2 Let F be a finite measurement nonlinear operator. Then F satisfies condition (2.17).

Proof 4 For any ¢ € B, by definition we have:

[F(u), 9] = Fs((@1(g), ), ... (i), u)), Yu e U,
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Computing the Fréchet derivative w.r.t to u:

L
[Du?.(u)v’ ¢] = Z 31F¢(<¢1(¢), Lt), SRR <¢L(¢)’ Lt>)<lﬁ](¢), V), Yu,v € U,
=1

Noticing that 0,F4 maps RE to R, this is exactly condition(2.17).

Convergence Analysis—Weak Continuity

In Theorems 1, 2, and 3, one of the crucial assumptions is Assumption 2, which requires the
weak continuity of the nonlinear operator. However, weak continuity is generally difficult to verify.
In this subsection, we show that for finite measurement nonlinear operators, this condition can be
reduced to the continuity of Fy and Assumption 4. Specifically, we have the following assumption

and lemma:

Assumption 5 For the finite measurement nonlinear operator ¥, the function F, : Rl — R is

. k)
continuous for every ¢ € 8.

Lemma 3 Let ¥ be a finite measurement nonlinear operator satisfying Assumption 5, and suppose
the test function set B satisfies Assumption 4. Then ¥ satisfies Assumption 2; that is, ¥ is weakly

continuous.

Proof 5 Since B is dense in B, for any ¢ € B there are a sequence

K
<5K=ch¢k—>¢, K — o0

k=1

where {¢} C B,

By the triangle inequality, we have:

|[F (un), @1=1F (), G < |[F (un), $1=1F (un), Sk 1|+ F (), px1=[F (), $x 1|+ [F (), ¢1-[F (w), bk

and we want to show that for any € > 0, there is a n, k such that the RHS quantity is less than e.
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Since {u,} is a weakly convergent sequence, therefore it is bounded, also by F is bounded,

{F (u,)} is a bounded sequence. Then there exist a K such that

[F (un), ¢1 = [F (un), d 1| < 17 (u), ¢] = [F (u), $x ]| <

€
3

W m

And for each ¢y with k = 1, ..., K, we have

[F (un), ¢k = Fo ([tn 11, oo [, 1) = Fo ([ g1l oo [, gri]) = [F (u), i

by the weak convergence of u, and the continuity of Fy,. Therefore there exists a n such that:

(1 2). k] = [F (), G| < 5

Combining all these, we proved the result.

Remark 3 From the above analysis, the relaxed nonlinear optimal recovery framework (2.18) pro-
vides a systematic approach to solving nonlinear equations with any finite measurement operator.
Specifically, given a finite measurement operator ¥ and partial measurements of ¥ (u), solving

(2.18) yields a reliable approximation of the true solution u.

* Function space setting: In this case, we are typically concerned with nonlinear PDEs/integral

equations, where the governing operator is known in advance.

* Neural operator setting: Here, the primary interest is usually in learning the mapping F :
U — B. However, even once ¥ has been learned and some measurements of F (u) are
available, recovering u remains a nontrivial challenge. Our framework (2.18) addresses
this problem by providing a principled way to construct finite-dimensional approximations
of u, together with reliable convergence guarantees for a broad class of widely used neural

operators.
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2.4 Nonlinear Optimal Recovery in Reproducing Function Spaces

In this section, we focus on the function space setting of finite measurement nonlinear
operators. This encompasses a wide range of application problems. Specifically, we will study
the nonlinear equation in reproducing function spaces, which can represent many widely known
examples.

In Subsection 2.4.1, we first introduce the nonlinear equation problem in a general function
space related to functions defined on an open domain €. In Subsection2.4.2, we define the point
evaluation and reproducing function spaces and present two observations related to the condition
(2.16) and assumption 4. Moreover, in Subsection 2.4.3 we present some cases where our nonlinear
optimal recovery (2.12) and relaxed nonlinear optimal recovery (2.22) admit a finite-dimensional

solution.

2.4.1 Nonlinear Equation in function spaces

Given a domain €, for an unknown function u# :  — R, we consider the following general
nonlinear equation:

Fu)(x) = f(x), xeQ

where ¥ is a Fréchet differentiable nonlinear operator on the space of functions on € and f is a

prescribed function.

Some examples Depending on the choices of €, the nonlinear equation may represent many
different types of model problems. We offer several scenarios to illustrate the broad applicability

of our proposed setting.

* Qs a countable set. In this setup, our equation can be an infinite system of equations.

* Qis a subspace of RY. If ¥ is a nonlinear differential or integral operator, then our equation

can represent a nonlinear differential or integral equation.
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* Qis a function space. Then the nonlinear equation can represent an operator equation.

Moreover, we assume the general form of our nonlinear operator ¥ to be a finite measurement

nonlinear operator on the whole domain Q with the following form:

F(u)(x) = F(Liu(x), ..., Lou(x),x), xe€Q (2.19)

where Ly, ..., Lo represent various linear operators that map U to some function spaces on the

domain Q and F is a nonlinear function from R€ to R.

2.4.2 Point Evaluation and Reproducing Function Spaces

For a function space 8 defined on €, let us recall the notion of a point evaluation.

Definition 1 The point evaluation functional 6, associated with a point x € Q is a linear functional

on B, such that

[f.0x] = f(x), VfeB8B.

Note that §, often can also be viewed as a Dirac delta measure.

There have been extensive studies of function spaces where any point evaluation is a bounded
functional. Such function spaces are called the Reproducing Function Space. Moreover, if the
function space is a Hilbert(Banach) space, then it is a Reproducing kernel Hilbert (Banach)

space [20, 37]. Specifically, we have the following definition:

Definition 2 A Banach space 8 on domain Q is a reproducing kernel Banach space if for any
x € Q, the point evaluation functional oy is bounded. Namely, there exists a constant Ly, such that
forVf e 8B,

f(x) =11 6:] < Lill fll3

Remark 4 The definition of a reproducing kernel Banach space (RKBS) in the literature is not

entirely uniform. For instance, in the earliest formulation [38], an RKBS is defined in terms of
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a pair with its dual, and reflexivity is assumed. In contrast, a more recent work [37] introduces
a broader definition, where the space can be defined without explicitly involving its dual, and
reflexivity is not required. In this paper, we adopt the more general definition of [37]. Nevertheless,
we emphasize that reflexivity remains essential for the main conclusions of this section, and further

discussion will be provided later.

First, we have the following observation

Observation 1: When the test functions are point evaluations, any nonlinear function equa-
tion with a nonlinear operator of the form (2.19) satisfies the finite-dimensional condition

(2.16).

This observation follows directly from the fact that ¥ is a finite measurement nonlinear opera-

tor, according to lemma 2 and:

F(u)(x) = [F(u), 6x] = Fx({u, L10x), ..., {u, Lpox)) = F(Liu(x), ..., Lou(x),x), x € Q

where we denote Fy(-) = F(-,x).

Moreover, we note that the convergence analysis of the relaxed nonlinear optimal recovery is
subject to a crucial assumption on the approximation function set 8. Specifically, Assumption 4
posits that the span of the approximation function set can approximate any function ¢ € 8*. We

are then ready to present the next important observation:

Observation 2: For any reflexive reproducing kernel Banach space, the set of all point

evaluations satisfies the assumption 4.

Remark 5 In [37], reflexivity is not required in the definition of a reproducing kernel Banach space,
which allows the inclusion of non-reflexive Banach spaces such as Ly and ;. However, the reflex-
ivity assumption is essential for the proof of the following lemma, and thus our results presently

apply only under this more restrictive setting.
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To formalize this, we present the following lemma:

Lemma 4 For any reproducing kernel Banach space B on domain €, the assumption 4 is true for

the subset B = {6, : x € Q}. Namely,

Span{é, : x € Q} = B*

Proof 6 By the proposition 2 in [39], we have:

Span{d, : x € Q}N = B*.

Since B* is reflexive, the weak topology is the same as the weak* topology. Also, by Theorem 3.7

in [7], any convex set is weakly closed if and only if it is strongly closed, therefore:

Span{6, : x € Q} = Span{d, : x € Q}W* = B

Remark 6 Noticing that by observations 1 and 2, only assumptions 1, 2 and 3 are needed for the
convergence of relaxed nonlinear optimal recovery (2.18), which is the same set of assumptions
as for the case of the nonlinear optimal recovery (2.12). In other words, when B* is a repro-
ducing kernel Banach space, we can always employ the relaxed nonlinear optimal recovery with

approximations by pointwise evaluations, without imposing additional assumptions.

Lastly, the discussion of weak continuity is presented in the next observation:

Observation 3: Assume B is a reflexive reproducing Banach space and assumption 5(F is

continuous), ¥ satisfies assumption 2(¥ is weak continuous).

Noticing that by observation 2, the span of the test function set B = {0,;x € Q} is dense in

B*. Then this observation follows directly from the Lemma 3
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2.4.3 Finite Dimensional Solutions

Based on the discussion in the previous subsection, we present two cases where we can ob-
tain a finite-dimensional solution for nonlinear optimal recovery on a reflexive reproducing kernel

Banach space:
* Nonlinear Optimal Recovery: When test functions are point evaluations.
* Relaxed Nonlinear Optimal Recovery: More general test functions.

In this subsection, we let U be a reproducing Hilbert function space, 8 and 8* be a duality pair
of reproducing Banach function spaces, all on the domain Q. Meanwhile, let ¥ : U — B be a
nonlinear operator and take the form (2.19).
The case of Nonlinear Optimal Recovery

Now if the N test functions are points evaluation {d,,} on the set of points {x,}, the nonlinear

optimal recovery (2.12) on functions spaces becomes

min lluell s
ue (2.20)

s.t F(u)(x,) = f(xy), n=1,..,N
Combining Lemma 2 and Proposition 1, we arrive at the following proposition:

Proposition 4 The solution uy of the nonlinear optimal recovery problem with point evaluation

measurements (2.20) satisfies the following condition:

N0
v =" Auglng 2.21)

n=1 g=1

where . 4 are given by Riesz representation theorem, satisfies [Lqyv, 6x,] = (Wn g, V)u

Remark 7 This formulation aligns with that presented by Chen et al. [6], who established the
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convergence theory and solution structure for this case. Our theoretical framework offers an alter-

native approach to deriving the results reported in their study.

The Case of Relaxed Nonlinear Optimal Recovery

By Lemma 4, any function ¢ € B* can be approximated by some point evaluations. Therefore

consider the scale-M approximation of the test function ¢,,:

M

Z cmnéxmn - ¢n

m=1

-0

Bx

Then the scale-M relaxed nonlinear optimal recovery becomes

min - lufly
M (2.22)
s.t Z cnn® () (Xmn) — [f> Pnl| < €, n=1,..,N
m=1

Combining Lemma 2 and Proposition 2 we have:

Proposition 5 The solution uy of the relaxed nonlinear optimal recovery problem with point eval-

uation measurements (2.22) satisfies the following condition:

N M QO
I/t Z Z Z/lnmqwnmq (2.23)

S
I
MR
3
I
—_
_
MR

where r,, 4 are given by the Riesz representation theorem, satisfies [Lyv, 6x,,. 1 = (Wnm.q>V)u

Remark 8 This formulation extends the model proposed by Chen et al. [6], expanding its applica-
bility to more general problems by accommodating cases where measurements are not limited to

precise point evaluations.
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2.5 Some Generalizations in Function Spaces

This section presents two generalizations of our relaxed nonlinear optimal recovery framework
in function spaces. Subsection 2.5.1 examines the separate consideration of linear and nonlinear
components, exploring the potential for reducing regularity requirements through this decomposi-
tion. Subsection 2.5.2 introduces a generalization where the nonlinear operator assumes distinct
forms across different subdomains. In each subsection, we will demonstrate the convergence of

the proposed generalization.

2.5.1 Linear-Nonlinear Decomposition

Section 2.4 demonstrates that employing point evaluations as test functions ensures the satis-
faction of the finite-dimensional condition (2.16). Nevertheless, this approach demands B to be a
reproducing kernel Banach space, a requirement that entails exceptionally high regularity within
the framework of traditional PDE theory. In other words, to make the formulation presented earlier
(2.22) work with the solution u*, the function ¥ («*) must be pointwise defined and bounded.
On the other hand, for many PDE:s, it is possible to decompose the nonlinear operator into two
parts: a linear component that retains the primary regularity requirements, and a residual nonlin-
ear component. Such a decomposition may be utilized to lower the regularity assumptions of the
optimal recovery formulation on the solution.

In such cases, we define the function space for the linear term L(u) as $; and for the nonlinear
term 7 (u) as By. Then the nonlinear function equation (2.11) on domain Q can be reformulated

as:

[F(w), ¢] = [Lu, $] + [F (), ] = [ 4]

for any test function ¢ € B, N By, = B*. Same as (2.19), we assume the F to be a finite

measurement nonlinear operator with the following general form:
F (1) (x) = F(Liu(x), ..., Lou(x), x)
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where L, L1, ..., Lo are different linear operators maps U to some function spaces with domain Q

and F is a nonlinear function from R€ to R.

Formulation and Optimality Condition

For the linear part L, we retain the test function ¢,, while employing the point evaluations
approximation fozl CmnOyx,, Of ¢, for the nonlinear component. This approach allows us to define

the corresponding multi-operator relaxed nonlinear optimal recovery as follows:

min - flufle
% (2.24)
st |[Lu, ) + [F W), Y e, ] = [fs $al| < €mar n=1,..,N
m=1

It is important to note that this formulation only requires the nonlinear component ¥ (u) to be
pointwise defined, while the primary regularity requirements are imposed on the linear part. Con-
sequently, this modification allows for the obtainment of solutions with lower regularity compared
to the original approach. A concrete example of this will be presented in the section 2.6.

Then the solution uy of (2.24) satisfies:
N N M Q0
u% = Z Anryn + Z Z Z ﬂn,m,qwn,m,q
n=1 n=1 m=1 g=1
where ¢,,, , are given by Riesz representation theorem, satisfies [Lv,¢,] = (v,¥,)y and
[qua 6xmn] = <V, wn,m,q>ﬂ'
Convergence Analysis

Note that in the formula above, we only apply the test function approximation on the nonlinear
part. Therefore, one should expect a convergence theorem similar to the relaxed nonlinear optimal
recovery. Accordingly, we make a similar weak convergence assumption and propose the following

convergence result:
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Assumption 6 uy weakly converging to u in U implies Luy weakly converging to Lu in By.

Corollary 2 Under assumptions 1, 3, 6, By is a reflexive reproducing Banach space and F is con-
tinuous, the relaxed nonlinear optimal recovery problem for the linear-nonlinear decomposition
(2.24) with N measurements and scale-M approximation has a solution u% in U. In addition, by
taking €xp = C(|[u”||) &,
. u%’ — uy strongly in U as M — oo, where uy is the unique solution of the nonlinear
optimal recovery (2.12).
. u% — u* strongly in U as (M,N) — (o0, 00), where u* is the solution of the nonlinear

problem (2.11).
Remark 9 Since our considerations are in the reproducing kernel Banach space and the approxi-
mation is made by point evaluations, assumption 4 is automatically satisfied by Lemma 4.
2.5.2 Multi-Domains Generalization

In our previous discussion of nonlinear equations on the domain €2, we assumed the nonlinear
operator ¥ had the uniform form (2.19) throughout the entire domain. However, the nonlinear
operator may sometimes be defined piecewise on different subdomains. Consider a decomposition
of the domain Q = Ul}: :19 »» Where Q, ..., Qp are disjoint subdomains. In this case, we assume ¥

takes the following form:
F(u)(x) = Fp(Lypu(x), ...,LQp,pu(x),x), VxeQ,,p=1..,P

where L, , are different linear operators maps U to some function spaces with domain Q and F),

are nonlinear function from R2» to R. Then we can rewrite the nonlinear equation as:

[F (), play + ... + [F (), dla, = [f, dla

where [+, ]q, is the duality pairing on the subdomain €,,.
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There are numerous scenarios where this generalization proves valuable. For instance, it is
particularly well-suited to piecewise equations. Furthermore, boundary conditions play a crucial
role in many PDEs, and in the case of natural boundary conditions, the boundary values become
an integral part of the variational equation. Consequently, these situations align perfectly with this

generalization. A concrete example of this will be presented in the section 2.6.

Formulation and Optimality Condition

Regarding the relaxed nonlinear optimal recovery, we consider the point evaluation approx-
imation Y, CmnpOxy,, Of ¢n on subdomains {Qp}lf _, Where ¥ is nonlinear, and arrive at the

following relaxed nonlinear optimal recovery formulation:

min ||u
min |l

M M
st |[F @), D emmbunla, + -+ [F@), D cnnpbplap = [f200)| < €, n=1,..,N
m=1 m=1
(2.25)

Similar to Proposition 2, the relaxed nonlinear optimal recovery solution u,"\/,’ satisfies:
N P M Q
M _
CEDIPIDIP TR
n=1 p=1 m=1 g=1

where Yy, 4.p are given by Riesz representation theorem [L,v, 6y, 10, = Vs Ynm.q.p)u-

Convergence Analysis

Similar to Lemma 4, we can show that the point evaluation approximation works on every

subdomain Q,, for p = 1, ...P. Our convergence result is:

Corollary 3 Under assumptions 1, 3, B is a reflexive reproducing Banach space and F), is contin-
uous, the relaxed nonlinear optimal recovery problem for the multi-domains generalization (2.25)

with N measurements and scale-M approximation has a solution uﬁNl in U. In addition, by taking

onmt = C(|lu*[]) €nnt,
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M

.MN

— uy strongly in U as M — oo, where uy is the unique solution of the nonlinear

optimal recovery (2.12).

M

Ny — u” strongly in U as (M,N) — (o0, 00), where u* is the solution of the nonlinear

*u

problem (2.11).

2.6 A Concrete Example

In this section, we will work with a concrete example—a nonlinear PDE for the steady state of

a reaction-diffusion system on a domain Q c R?
—Au(x) +u’(x) = f(x), x€Q (2.26)

For the homogeneous Dirichlet boundary condition, Subsection 2.6.1 demonstrates the correspond-
ing nonlinear optimal recovery and relaxed nonlinear optimal recovery formulations for this PDE
example. We explore the optimal regularity that satisfies all requirements. Furthermore, Sub-
section 2.6.2 illustrates how the generalization introduced in Section 2.5 helps us to improve or
generalize our previous formulation.

2.6.1 Nonlinear Optimal Recovery and relaxed nonlinear Optimal Recovery

For the homogeneous Dirichlet boundary condition, the equation (2.26) becomes:

—Au(x) +u(x) = f(x), x€Q
(2.27)

u(x) =0, x € 0Q

and by integration by part, the weak form for this PDE is defined as:

/ Vu(x) - Vo(x) + 1’ (x)p(x)dx = / f(xX)p(x)dx, Ve HL(Q).
Q Q
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According to Sobolev embedding theory, in R, Hé (Q) embeds into L*(Q) embeds continuously,
therefore in this case, the standard test function space 8* = H,(Q) N L*(Q) = H)(Q) and B =
H~'(Q). By the classic PDE theory, the minimal requirement on our solution space is that U is a

Hilbert space continuously embedded in Hj ().

Nonlinear Optimal Recovery

The nonlinear optimal recovery (2.12) of the equation (2.26) and test function {¢,,} is:

min llulles

uett (2.28)

s.t /Vu(x) -V, (x) + u3(x)¢n(x)dx = / f(xX)pp(x)dx, n=1,..,N
Q Q

We will show that to satisfy the assumptions in Theorem 1, the minimal regularity requirement

is still U to be continuously embedded in Hé (Q).

* Dense span of test functions: We can adopt standard practices to pick a series of test func-

tions {¢,} such that its span is dense in HOl (Q).

* Weak continuity for linear part: For the linear part —Au, we need Vuy convergent to Vu
weakly in L?(Q) if uy converges to u weakly in U, which is direct consequence of U is

continuously embedded into H(l) (Q).

* Weak continuity for nonlinear part: Characterizing the continuity of nonlinear maps in the
weak topology is often more challenging. Thus, a higher regularity requirement is imposed
instead. Specifically, we desire ui] converges strongly to 1> in L*3(Q) — H (Q) = B if

uy converges weakly to u in Y. We then observe that:

4/3
”“?\/ - u3||L£/3(Q) = L(MN — u)4/3(u12\, + uuy + u2)4/3dx

1/3 2/3
< (/Q(MN - u)4dx) (/ (u%\, +uuy + uz)zdx)

4/3 8/3 8/3
< 2y = ally (leenll} + el
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which means that U compactly embedded into L*(Q) is sufficient, and this is a direct

consequence of U continuously embeds into H(l) (Q).

However, Proposition 1 clearly indicates that the nonlinear optimal recovery does not yield a finite-
dimensional solution. Therefore, to render our approach applicable, additional steps towards a

relaxed nonlinear optimal recovery must be taken.

Relaxed Nonlinear Optimal Recovery

We begin by verifying that our equation conforms to the general form (2.19). Noticing that if

we take L1 = A, L, =idand F(x,y) = —x + y3, we have:
F(Liu(x), Lou(x)) = —Au(x) + u?(x)

Following the analysis presented in Section 2.4, we employ a point evaluation approximations
{Zf‘;’:] CmnOy,, } Of the test functions {¢,(x)} to achieve a finite-dimensional solution. Then the

corresponding scale M relaxed Nonlinear optimal recovery is

min [l
(2.29)

s.t <€m, n=1,...,.N

M
mZ:l o (B0 + 16 i) = /Q F () (6)

To evaluate the nonlinear PDE at specific points, we require that —Au + u> be pointwise bounded.
This necessitates a sufficient condition that our solution space U is continuously embedded in
C*(Q).

According to the Sobolev embedding theorem, we see that one possible choice of U is H*(Q).
In this case, B = H?(Q) is a reproducing kernel Hilbert space (therefore, a reflexive reproducing
kernel Banach space).

Since we are using the point evaluation approximation, the assumption 4 is satisfied automat-

ically. Consequently, we establish the relaxed nonlinear optimal recovery convergence as formu-
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lated in (2.29). In conclusion, if the solution of equation (2.27) belongs to H4(Q) and we choose
H™2(Q) as the test function space, then the solution of the relaxed nonlinear optimal recovery
problem (2.29) will converge to the true solution.

Furthermore, from Proposition 5, we can conclude that our relaxed nonlinear optimal recovery

(2.29) admits a finite-dimensional solution:

N M
MAN4 = Z Z /lmn’vbmn + /imnlﬁmn

n=1 m=1

where /.., and .., are Riesz representer satisfied —Au(X) = (ut, Wpn ) and (X)) = (s Yo

2.6.2 Some Generalizations

In this subsection, we will illustrate how the linear-nonlinear decomposition introduced in Sub-
section 2.5.1 enables us to relax the regularity requirements in relaxed nonlinear optimal recovery.
Additionally, we show that the multi-domain generalization presented in Subsection 2.5.2 facili-

tates handling cases involving Robin boundary conditions.

Reduction of Regularity Requirement

Although the relaxed nonlinear optimal recovery solution of (2.27) presented in Subsection
2.6.1 is finite-dimensional, it requires that 2/ be continuously embedded in C?(£2), which imposes
a very high regularity requirement in classical PDE theory. However, by employing the operator
decomposition technique introduced in Subsection 2.5.1, we can reduce this regularity requirement
while preserving the finite-dimensional property of the solution. Specifically, by employing a point
evaluation approximation point evaluation approximations {Zf,‘fz | CmnOx,,, } of the test functions
{#,(x)} we propose the following formulation:

min u
min  fully

(2.30)

s.t <e€em, n=1,...N

& 3
- /Q Vu(x) - Vo, (x)dx + mZ=1 Crntt” (Xpmn) — Lf(x)¢n(x)dx
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Notably, in this formulation, we only require u> to be pointwise bounded. Consequently, the
regularity requirement for u is reduced to U being embedded in H(l) () N C(Q). This represents a
significant reduction in regularity compared to the previous C?(Q) requirement.

By definitions in Subsection 2.5.1, we have 8; = H~!(Q) and By is continuously embedded
into C°(Q). By the Sobolev embedding theory, we see that one possible choice is By = H%(Q),
which is both reflexive and reproducing. In this case since Hé (Q) is isometric to H~'(Q) and
H Q) — (H(Z)(Q))*, the test function space is 8* = H(l) (Q) and B = H'(Q).

Furthermore, following the discussion about the equation (2.24), we can conclude that the

solution uy of the equation (2.30) is also finite-dimensional and satisfies:

N N M
u% = Z /ln‘/’n + Z Z /imnwmn
n=1

n=1 m=1

where ., ¥, 4 are given by Riesz representation theorem, satisfying
- [ Vua) - Vo, 0 = b and wCinn) = Wne Vo

The Case of Robin Boundary Conditions

In this section, we look into the case of Robin Boundary condition of the PDE (2.26). Namely,

we consider the following PDE systems:

—Au(x) +u’(x) = f(x), x€Q

ou (2.31)

u(x)+ —(x) =0, x eoQ.
on

We use a multi-domain representation involving € and 9€2 with the test function space being a

product space B = H'(Q) x L?(9Q), then the weak form of this PDE is given by:

/Vu(x) SV(x) + 1’ (x)p(x)dx +/ u(x)p(x)dx = /f(x)</)(x)dx, Vo € B
Q 0Q Q
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and the solution space derived from classical PDE theory is U — B8 = H'(Q) x L?>(d). Now

we can reformulate our nonlinear optimal recovery (2.12) as follows:

min llulls
s.t / Vu(x) - Vo (x) + 1’ (x)d(x)dx + / u(x)ep(x)dx = / f(x)o(x)dx, n=1,..,.N
Q a0 Q (232)
To make the convergence theorem 1 work for this nonlinear optimal recovery, we have to verify

the following requirement:

* Weak continuity (on the boundary 0Q): As the mapping is identical on the boundary J€2,

the weak continuity requirement is automatically satisfied.

Therefore theorem 1 holds true for the equation (2.32) and U = H'(Q) x L*(0Q).
Furthermore, by setting Q; = Q and Q; = J€, and defining the subdomain operators as
Fi(u) = —Au + v and %> (u) = u, we can reformulate the problem to align with the framework

presented in Section 2.5.2 as follows:

[F1(u), ¢ + [F2(u). ¢]

/Vu(x)-V¢(x)+u3(x)¢(x)dx+/ u(x)p(x)dx
Q oQ

/Q )6 dr.

Applying the linear-nonlinear decomposition discussed in the previous section on £, we im-
plement the point evaluation approximations point evaluation approximations {Z%zl CmnOx,,, } Of
the test functions {¢,(x)} solely for the nonlinear term u>. This approach yields the relaxed non-

linear optimal recovery:

min [l
M
s.t —/ Vu(x) - Vo, (x)dx + Z Connitt> (Xonn) (2.33)
Q m=1

< €pm, n= 1, ...,N.

+ /a REErS /Q ) (x)d
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Following similar discussion in subsection 2.6.2, we take U = H>(Q) x L*(0Q).

From the discussion of subsection 2.5.2, we have the solution u]]‘\,” satisfies:

N
u% = Z /lnwn + Z /h,bn + Z Z /lmn'vbmn

n=1 n= n=1 m=

where ¥, Yy 4, i, are given by Riesz representation theorem, satisfying
= [ 9V, = et ) = s and [, = e

2.7 Conclusion and Future Directions

This paper introduces a general framework called nonlinear optimal recovery for solving non-
linear problems with finite measurements. Our theoretical analysis demonstrates that as the number
of measurements increases, the solution derived from this method converges to the true solution of
the problem. Moreover, we observe that the solution structure is generally infinite-dimensional. To
offer further theoretical insight, we propose a sufficient condition for achieving finite-dimensional
solutions.

To accommodate a broader range of cases that might arise in applications, we develop a re-
laxed nonlinear optimal recovery and provide a comprehensive convergence analysis. For non-
linear equations in infinite dimension, we present key ingredients to assure the finite-dimensional
condition and formulate the corresponding model. Additionally, we extend our framework to sce-
narios where it might be convenient to formulate the problem using multiple operators. In addition,
to validate our models and theoretical findings, we examine them through an illustrative example:
the steady-state equation of a reaction-diffusion system.

There are numerous potential future research directions stemming from this work, such as those

outlined below.

* Sequential Optimal Recovery: As a generalization of our nonlinear optimal recovery, we

propose the following sequential optimal recovery. Consider a space sequence {U,}"
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such that Uy c U, c --- C U, C -- -, the sequential optimal recovery is

min u
min - ully

s.t [Fu),dn) =1f,bn]l, n=1,...N

It should be recognized that this formulation offers a broadly applicable framework that can

cover many different cases.

— Nonlinear Optimal Recovery: When we take Uy = U, this is exactly our nonlinear

optimal recovery problem

— Galerkin/Petrov Galerkin: When we take Uy = Span{¢,}, it becomes the Galerkin
method. More generally, if we take Uy be an My dimensional subspace of U, then it

coincides the Petrov Galerkin methods.

In earlier discussions on models like the nonlinear optimal recovery (2.12), regularization
model (2.13), and relaxed nonlinear optimal recovery (2.18), we considered the original
solution space U. Such a choice made it challenging to obtain a finite-dimensional solution.
However, with the extension to a sequential optimal recovery formulation, we allow the
solution space to change as the number of measurements changes, making it easier to obtain
a finite-dimensional solution. For instance, one can choose the solution space U, to be
finite-dimensional, thereby ensuring that the solution is automatically finite-dimensional.

The conventional Galerkin and Petrov-Galerkin approximations can be seen as special cases.

Obviously, the convergence theorem discussed in Section 2.2.2 cannot be directly extended
to arbitrary sequential optimal recovery problems. This is because the true solution may
not belong to the subspace U,. Thus, generalizing the convergence analysis for sequential

optimal recovery presents an intriguing avenue for further investigation.

* Generalization to Banach Space The present work is built within the context of a Hilbert

solution space. However, for many PDE problems, the most natural solution space might not
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be a Hilbert space, but rather a Banach space. When the solution space is a Banach Space
B, the optimal recovery problem becomes:

min llullg
ueB

st [F (), ¢nl = [fs ), n=1,...N

By computing the Fréchet derivative of the Lagrangian, we obtain the condition for the

solution uy:

N
Un = Rz_gl (Z A [DyF (u)-, ¢n])
n=1

where Rg is the duality mapping on $, which is generally nonlinear. Due to the nonlinear-
ity of this mapping, our study on finite-dimensional solutions cannot be directly extended
to this case. Therefore, another interesting avenue for future research is to generalize our
formulation and the theory of nonlinear optimal recovery to encompass Banach spaces as

the underlying solution space.

* Error Analysis: The discussion here on the nonlinear optimal recovery is based on the mini-
mum regularity requirements, precluding a meaningful error estimation analysis that usually
requires more strict regularity assumptions. Further research into the rate of convergence

and/or other asymptotic error estimates would be a valuable avenue to explore.

Finally, we note that our work here has focused on theoretical development. There are certainly
many practical issues, such as the computational efficiency, to be investigated in future research.
Also, the accessibility to measurement data is a key part of the optimal recovery. It will be interest-
ing to consider optimal design problems to find out what are the most theoretically desirable (and
practically observable) measurement data in order to achieve better solutions for specific problems

from applications.
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Chapter 3: Optimal Recovery for Learning Operators

The content in this chapter is currently under preparation for journal submission

We propose a rigorous mathematical framework that formulates operator learning from inexact,
finite measurements on both input and output spaces as a regularized optimal recovery problem.
Focusing on "operators of neural network type"—which consist of a linear dimension reduction
step followed by a nonlinear mapping—we model the learning task within a Reproducing Kernel
Hilbert Space (RKHS) of vector-valued functions. Crucially, we establish a Representer Theorem
for this problem, which guarantees the existence of an optimal operator and reduces the infinite-
dimensional optimization to a tractable finite-dimensional computational task determined solely
by the observed data and measurement functionals. Furthermore, we provide a strong convergence
analysis demonstrating that the learned operator converges to the true operator under a minimal
set of assumptions as sample size and measurement resolutions grow. Finally, we derive explicit
error bounds for Lipschitz operators, quantitatively characterizing the relationship between recov-
ery accuracy, the number of training samples, and the resolution levels of the input and output
measurements. The bounds are illustrated for a concrete example of learning solution operators

associated with a class of nonlinear partial differential equations.

3.1 Introduction

In recent years, with the rapid development of deep learning and data science, learning oper-
ators between infinite-dimensional function spaces has attracted increasing attention in scientific
computing and engineering. Unlike traditional partial differential equation (PDE) solvers such as
those based on the Finite Element Method (FEM) or Finite Difference Method (FDM), operator

learning aims to learn the underlying solution operator directly from data[3, 4, 5, 13, 31, 40]. Once
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the operator is learned from training, it can provide fast evaluations of new input functions, which
can be very efficient for many-query problems such as design optimization and inverse problems.
Representative works such as Deep Operator Network (DeepONet) and Fourier Neural Operator
(FNO) have demonstrated great empirical success in approximating complex physical systems [41,
42,43, 44].

However, despite promising evidences in various applications, there is a significant lag in the
theoretical foundation of operator learning, especially with regard to the utilization of finite dis-
crete data. In classical regression problems, the inputs are finite-dimensional vectors. In contrast,
operator learning deals with mappings between infinite-dimensional spaces, denoted by U and V
here. Although the target operator ¥ : U — V acts on infinite-dimensional objects, in practice,
we can only access finite measurements of the input and output functions. For example, in a phys-
ical experiment, input excitations and system responses are usually recorded by a finite number of
sensors. Existing theoretical studies often either assume that the observation data are known ex-
actly or ignore the error introduced by approximate representations[17, 18, 42, 45]. This calls for
the development of a rigorous mathematical framework to understand how to recover the infinite-
dimensional operator from inexact measurements on both the input and output sides, which is the
main objective of this work.

In this paper, we study the operator learning problem from the perspective of Optimal Recovery.
Optimal recovery, or minimum norm interpolation, is a classical field in approximation theory that
seeks the best possible reconstruction of an unknown object consistent with limited information
[6, 8,9, 10]. We formulate the learning task as an optimal recovery problem where the goal is to
identify the operator with the minimum norm in a proper operator space, subject to the constraints
imposed by the observed data. This framework naturally bridges the gap between classical approx-
imation theory and modern neural network models. Specifically, we focus on a class of operators
called "operators of neural network type" defined in [16], which consist of a linear dimension re-
duction step followed by a nonlinear mapping. This structure is not only computationally efficient

but also theoretically amenable to analysis under the optimal recovery setting.
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Our main contributions are summarized as follows:

* A Unified Framework for Operator Learning with Finite Measurements. Most exist-
ing theoretical works assume the full access to the data or ignore the approximation error.
In this paper, we propose a rigorous framework that explicitly accounts for the finite linear
measurements on both the input space U and the output space V. We model the data acqui-
sition process using measurement functionals, which makes our theory more consistent with

practical scenarios where only discrete sensor data are available.

* Optimal Recovery Formulation for Operators of Neural Network Type. We focus on a
specific class of operators, namely "operators of neural network type," which are composed
of a linear dimension reduction step followed by a nonlinear mapping. We formulate the
learning task as a regularized optimal recovery problem in a Reproducing Kernel Hilbert
Space (RKHS) of vector-valued functions. Crucially, we prove a Representer Theorem for
this problem, which guarantees the existence of the optimal operator. Moreover, the latter
admits a finite-dimensional representation determined solely by the measurement functionals
and the observed data, thereby reducing the infinite-dimensional optimization problem to a

solvable finite-dimensional computational task.

» Strong Convergence Analysis under Minimal Assumptions. We provide the theoretical
justification for the proposed method by showing the convergence of the learned operator to
the ground truth in the suitable topology. To ensure the generality of our theory, we proceed
with a minimal set of assumptions regarding the operator space and the data distribution. We
show that as the number of samples N increases and the levels of resolution of measurements
L, and K grow, the regularized solution converges to the true operator strongly with respect

to the operator norm.

* Explicit Error Bounds for Lipschitz Operators. To obtain quantitative convergence rates,
we consider a special but practical scenario where the target operator is Lipschitz continuous.

By introducing additional assumptions on the input and output spaces and the properties of
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the measurements, we derive explicit error bounds. Our theoretical estimates characterize
the relationship between the recovery accuracy and the number of training samples (N),
as well as the levels of resolution of input/output measurements (L and K). The analysis
reveals how the errors behave with respect to the mesh regularity and under different norms

and assumptions.

3.1.1 Related Work

In this section, we briefly review the literature relevant to our work, focusing on three main
areas: operator learning, optimal recovery, and Reproducing Kernel Hilbert Spaces (RKHS) for

vector-valued functions.

Operator Learning

In recent years, operator learning has emerged as a transformative paradigm in scientific ma-
chine learning, moving beyond traditional neural networks that map finite-dimensional vectors to
frameworks capable of learning mappings between infinite-dimensional function spaces [2]. Un-
like standard surrogates that must be retrained for every new boundary condition or source term,
operator models learn the underlying mathematical operator itself.

Early influential architectures include DeepONet [3], which leverages the universal approx-
imation theorem for operators by utilizing a dual-network structure (branch and trunk), and the
Fourier Neural Operator (FNO) [4], which parameterizes the integral kernel in Fourier space to
achieve resolution-invariant predictions. More recent developments have focused on efficiency and
geometric constraints; PCANet [5] utilizes Principal Component Analysis to reduce the dimen-
sionality of the target functions before learning the mapping, while NOMAD (Nonlinear Manifold
Decoders) [31] improves upon linear decoder structures by learning low-dimensional nonlinear
manifolds to represent complex solution spaces.

The theoretical foundation of operator learning has evolved from simple existence proofs to

rigorous quantitative analyses of error convergence and complexity in infinite-dimensional spaces.
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Lanthaler, Mishra, and Karniadakis [45] provided foundational error estimates for DeepONets by
decomposing the total error into approximation and encoding components. Similarly, Kovachki,
Lanthaler, and Mishra [42] established universal approximation properties and error bounds for
Fourier Neural Operators (FNO), emphasizing their unique discretization-invariant nature. How-
ever, achieving high accuracy in practice is often challenged by the "curse of parametric complex-
ity," as identified by Lanthaler and Stuart [16], which describes the exponential scaling of param-
eters required to learn general Lipschitz operators. From an information-theoretic perspective,
Kovachki, Lanthaler, and Mhaskar [17] provided data complexity estimates to quantify the sample
sizes necessary for generalization. To overcome these bottlenecks, PCA-Net utilizes dimension-
ality reduction where the efficiency is governed by the spectral decay of the operator’s range [13].
Furthermore, recent studies on deep nonparametric estimation by Liu et al. [46], and specialized
PDE architectures by Chen et al. [47] demonstrate that deep operator learning can effectively mit-
igate the curse of dimensionality by exploiting the intrinsic low-dimensional manifold structure of
physical systems.

Recent literature has increasingly analyzed operator learning through a rigorous information-
theoretic and statistical lens, shifting focus from empirical architectural design to fundamental
limits of learnability. A cornerstone of this shift is the work by Lanthaler [14], who evaluated the
approximation of general Lipschitz operators using metric and Kolmogorov entropy. Lanthaler
demonstrated that the number of encoded bits necessary to store a model achieving accuracy €
must scale exponentially with e~!, exposing an unavoidable "curse of parametric complexity" in-
dependent of the chosen architecture.

Building upon the data complexity limits identified by Kovachki et al., recent work has for-
malized the intrinsic statistical difficulty of this problem through the lens of sample complexity
and minimax risk. Adcock, Griebel, and Maier [48] tightly characterized the sample complexity
for Lipschitz operators with respect to Gaussian measures, confirming that algebraic convergence
rates relative to sample size are generally unattainable unless the underlying covariance operator

exhibits fast spectral decay. This limitation was further cemented by Adcock, Maier, and Parhi
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[27], who established sharp minimax risk bounds for operator learning. Their analysis provides
information-theoretic lower bounds proving that for generic uniformly bounded Lipschitz opera-
tors, the minimax risk cannot decay at any algebraic rate in the sample size, defining the absolute

theoretical frontiers of data-driven operator approximation [40].

Optimal Recovery

The adoption of optimal recovery as a foundation for operator learning is driven by its ca-
pacity to yield stable and high-quality approximations, even when working with finite or noisy
datasets. This methodology is deeply rooted in linear optimal recovery theory, which is exten-
sively discussed in the comprehensive work of Owhadi and Scovel [10]. By following the classical
principles established by Micchelli and Rivlin [9], researchers can design numerical procedures
that minimize worst-case error, providing a stable alternative to purely data-driven heuristics. A
significant application of this theory is found in the work of Chen et al. [6], who successfully
integrated these principles into the study of nonlinear PDEs using Gaussian Processes. Their
approach leverages the structural connection between recovery in Reproducing Kernel Hilbert
Spaces (RKHS) and MAP estimation to maintain stability during the learning process. Further-
more, Binev et al. [8] expanded this perspective to the problem of solving PDEs with incomplete
information, demonstrating that near-optimal recovery is achievable through a consistency-based
loss framework. Finally, Lin and Du [11] further advanced this trajectory by establishing a theory
for nonlinear optimal recovery in Hilbert spaces. As an improvement upon previous structural
methods, it provides the necessary mathematical justification for the nonlinear mappings used in
modern neural operators, ensuring that the stability and optimality found in linear recovery theory

are preserved in the nonlinear deep learning regime.

Vector-Valued RKHS

The framework of Reproducing Kernel Hilbert Spaces (RKHS) is particularly suitable for

operator learning because it is fundamentally defined by the property that point evaluations are
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bounded linear functionals. As established in the foundational work of Steinwart and Christmann
[20], this property ensures the continuity of the evaluation functional, providing a stable mathe-
matical environment for function approximation. To extend these benefits to the operator setting,
the theory is broadened to Vector-Valued RKHS (vvRKHS). Micchelli and Pontil [49] provided
a seminal formalization of this extension, demonstrating how to learn vector-valued functions by
utilizing operator-valued kernels and establishing the corresponding representer theorems. This
framework was further refined by Carmeli et al. [S0], who rigorously investigated the universality
of vvRKHS. Their work provides the essential theoretical guarantee that these kernel spaces are
dense in the space of continuous operators, ensuring they possess the representational capacity to
approximate complex, infinite-dimensional mappings while maintaining the point-wise stability

and regularity inherent to the RKHS structure.

3.1.2  Organization

The remainder of this paper is organized as follows.

In Section 3.2, we establish the mathematical foundation for our study. We formally define
the input and output Hilbert spaces, denoted by U and V, and introduce the concept of "operators
of neural network type"in definition 5. Furthermore, we explicitly model the data acquisition
process using linear measurement functionals, which serve as a bridge between the continuous
infinite-dimensional operator and the discrete finite data. Finally, we construct a vector-valued
Reproducing Kernel Hilbert Space (vvRKHS) in definition suited for the proposed operator class.

In Section 3.3, we formulate our operator learning task within the framework of Optimal Re-
covery 3.2 and regularization 3.3. We review the classical optimal recovery approach and extend it
to the operator setting. This formulation facilitates the finite-dimensional reduction and theoretical
convergence studies presented in subsequent sections.

In Section 3.4, we characterize the finite-dimensional structure of the solutions. The core the-
oretical contribution of this section is the Representer Theorem 4, which proves that the optimal

solution F4

. v g lies in a finite-dimensional subspace spanned by the measurement functionals,
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thereby making the problem computationally tractable. We further analyze the special case of a
diagonal kernel vector-valued RKHS, where the finite-dimensional structure is significantly sim-
plified.

In Section 3.5, we establish the theoretical convergence of the proposed method. Under a
minimal set of assumptions regarding the operator space and data density, we prove the strong
convergence of the learned operator to the ground truth in the operator norm as the discretization
parameters L, N, and K tend to infinity in Theorems 5, 6, 7 and 8.

In Section 3.6, we refine the analysis to derive explicit convergence rates. By assuming that
the target operator is Lipschitz continuous, we establish quantitative error bounds. This section
analyzes the impact of the sample size N, the measurement resolutions L and K, and the regular-
ization parameter A on the total approximation error. In a concrete setup, these rates are shown in
corollaries 4, 5, 6 and 7. The error rates are illustrated for a concrete example of learning solution
operators associated with a class of nonlinear partial differential equations.

Finally, Section 3.7 concludes the paper with a summary of our findings and a discussion of

potential directions for future research.

3.2 Problem Setting and Operator Framework

In this section, we introduce a unified formulation of operator learning from finite measure-
ments. The unknown operator is inferred from a finite set of input—output observations and is
constrained to lie in a prescribed Hilbert space of admissible operators. This perspective naturally
leads to a regularized optimal recovery problem, bridging classical approximation theory with
modern operator learning models, including neural-network—type parameterizations.

3.2.1 Operator Learning

Let U and V be two Hilbert spaces, and U is a compact subsect of U, and let

F.:U—>V
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be a (possibly nonlinear) operator. The objective of operator learning is to approximate the map-

ping ¥ using only a finite collection of input—output observations

(un,?(un)), n=1,...,N,

where {un}ﬁyzl C U is a prescribed set of input functions.

In contrast to classical regression problems with finite-dimensional inputs and outputs, oper-
ator learning concerns mappings between infinite-dimensional spaces. The approximation of ¥
is therefore required to capture not only pointwise input—output relations, but also the underlying

functional structure of the operator.

3.2.2  Operator Learning with Finite Measurement

Since operator learning studies mappings between infinite-dimensional spaces U and V, it is
usually impossible to access the full input and output functions in practice. In many realistic appli-
cations, elements in U and V represent physical fields or solutions of partial differential equations,
which can only be observed through a finite number of sensors or measurements. Therefore, the
available data are intrinsically finite-dimensional, even though the underlying operator acts on
infinite-dimensional spaces.

For this reason, we consider learning the target operator ¥ : U — V based on finite measure-

ments on both the input and output spaces. Specifically, the data are given by

{l¥r,u,] :1=1,...,L}, {ne, F(up)] :k=1,...,K}, n=1,...,N,

where u, € U are the input functions, and ¥; € U™ and n; € V* are measurement functionals
on U and V, respectively. These functionals describe the accessible observations and reflect the
practical difficulties in operator learning problems.

A significant development in this direction is the work by Batlle et al. [18], which proposes

a framework showing that kernel methods are competitive for operator learning. By framing the
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problem through the lens of Optimal Recovery and Gaussian Process regression, they provide
a systematic way to construct operators from finite measurements. However, their convergence
analysis relies on relatively strong assumptions, such as the requirement that the input functions u
are perfectly captured by the measurement functionals {¢,}, Specifically, u, belongs to the finite-

dimensional subspace span{y;'}.

3.2.3 Operator Space and Reproducing Kernel Framework

In this subsection, we establish the theoretical foundation of the operator space N. Instead of
relying on specific regularity assumptions like Lipschitz continuity, we adopt a functional-analytic
perspective based on bounded evaluation functionals. This approach allows us to characterize N
as a Vector-Valued Reproducing Kernel Hilbert Space (vwRKHS), providing a rigorous tool for

subsequent finite-dimensional reduction.

Definition 3 (Hilbert Space of Operators with Bounded Evaluation [50, 51]) Let U and V be
two Hilbert spaces, and let U C U be a fixed compact set. A Hilbert space N consisting of

operators

F:.:U—>YV

is called a vector-valued Reproducing Kernel Hilbert Space (vwRKHS) if it satisfies the bounded

pointwise evaluation property. Namely, for every fixed u € U, the linear evaluation functional
E, : N — V defined by
E(F) =F(u)

is bounded. That is, there exists a constant C,, > 0 (possibly dependent on u) such that

1F@)lly < CullFlin.  VF eN.

This boundedness assumption is fundamental in learning theory. It implies that convergence

in the NV-norm controls the pointwise convergence of the operator outputs in V. Based on Defini-
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tion 3, we can introduce the operator-valued kernel that characterizes the structure of N.

Since E, : N — V is a bounded linear operator, its adjoint operator E;, : V — N is well-
defined. For any vector v € V, the element E;v € N serves as a representer for the evaluation
functional. Specifically, the Riesz representation theorem implies that for any ¥ € N, the follow-

ing reproducing property holds:

(F(u),v)y = (E,TF,v)y ={(F,E,v)N.

This leads to the explicit definition of the operator-valued kernel associated with N.

Definition 4 (Operator-Valued Kernel [50, 51]) The reproducing kernel of the space N is a map-
ping K : UXU — L(V), where L(V) denotes the space of bounded linear operators on V. The

kernel K(u,u’) is defined by

K(u,u’) = E,E,,, VYu,u' € U.

Explicitly, for any v,v' € V, the kernel satisfies the identity

(K(u,u' )W, v)y =(EE NV, v)y =(E WV, Ev)N.

It is straightforward to verify that the kernel K(-,-) is symmetric and positive semi-definite.

Moreover, we have the following reproducing property:

Proposition 6 (Reproducing property) Foranyu € U andv € V, we have:

(F(u),v)y =(F,K(,u)v)n

The space N is uniquely determined by this kernel and is referred to as the Vector-Valued

Reproducing Kernel Hilbert Space (vvRKHS) associated with K.
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Example 2 (Infinite-Dimensional vvRKHS and Operator-Valued Kernel) Let the input and out-
put spaces both be the infinite-dimensional Hilbert space U,V. Let the input domain U C U be
compactly embedded in ‘U.

Let k : U XU — R be the concrete functional kernel, and let Ny be the pre-Hilbert space

consisting of all finite linear combinations of operators of the form:
n
Fo(-) = Z k(-,u;j)v;, whereu; e U, vi €V, neN.
i=1

for ¥y and Go(+) = 21”.1:1 k(-,u})v}, where u} € U and v;. € V, we explicitly define the inner
product on Ny by extending the kernel bilinearly:
n m

<7—6’ g())N = Z k(l/li,bl})(Vi,V}%V.
1

i=1 j=

This inner product induces the norm ||Follny = V{(Fo, Fo)n. And the space N is formally defined
as the completion of Ny with respect to the induced norm || - || y.
Under this framework, the operator-valued kernel K : UXU — L(V) takes a straightforward

diagonal form scaled by the concrete scalar kernel:

K(uu') = exp (~yllu = u'I,) Iy,

where Iy € L(V) is the identity operator on V.
Using the notations introduced above, the adjoint of the evaluation operator, E;, : V — N,

maps a vector v € V directly to a representer function in N:
E,v=K(G,u)v=k(-,u)v.

We can explicitly verify the operator-valued kernel identity (E;,v', E;v)ny = (K(u,u")v’,v)y
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for this space:

(E. V', Evyn = Ck(Cou' W, k(L u)viy = k(u,u' )V, v)y = (K(u,u' )V, v)qy.

Finally, by the continuity of the inner product (-, -)v, the reproducing property extends from

Ny to the completion N, holding for any ¥ € N:

(FL K u)v)n = (F (u), v)y.

3.2.4  Operator of Neural Network type

Based on the available finite measurements, a natural strategy is to approximate the target op-
erator by a model of neural network type. The key idea is to first project the infinite-dimensional
input u € U onto a finite-dimensional feature space, and then apply a nonlinear mapping to pro-
duce an output in V. This structure, introduced in [16], reflects the practical setting in which only

a finite number of measurements of the input are accessible.

Definition 5 An operator ¥ : U — V is called an operator of neural network (NN) type if it can

be written in the form

F(u) = F(LLu),
where L : U — RE is a linear measurement operator, and F : RE — V is a nonlinear operator.

In this framework, the linear map £ extracts finite-dimensional information from the input func-
tion, while the nonlinear map F models the dependence of the output on these features. A canonical
choice for L is given by

LLM = ([wl’u]’ ORI [lﬁL,M]),

where {%01}1L=1 C U™ are prescribed measurement functionals.
Many neural operator frameworks have been shown to be of this type [16]. Some examples are

given below for illustration.
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Example 3 (PCA-Net [13]) If U and V are Hilbert spaces, the PCA-Net finds orthonormal PCA
bases in both U and V :

Uiy ubyy €U, ¢1,...,0xk €V
And the PCA-Net is defined as:
K
Fu) = cx([yrul, ..., [, ul) ¢

k=1

where cy is some neural network.

Therefore for any evaluation point y, we have:

[6y, F ()] = F () (y) = ) cx(l¥rul, ..., [Wm, ul) i (y)

M=

k=1
So it is an operator of neural network-type. Moreover, for any test function n € V*:
K
[0, F )] = > cxln,ul, ... [War, ul) [, 4]
k=1
therefore it is also an operator of neural network-type for any functional set.
Example 4 (DeepONet [3]) The only difference between DeepONet and PCA-Net is rather than

using the PCA basis, we use neural network as the basis ¢, ..., ¢]kv € B. Similarly for any

evaluation point y, we have:

K

[6y, F ()] = F(u)(y) = Z ck(lpi,uls ooy [War, ul) 9y (v)

k=1

So it is an operator of neural network-type.

Example 5§ (NOMAD [31]) The NOMAD(NOlinear MAnifold Decoder) is defined as:

Fu)(y) = F([Y1,ul, ... [Yum,ul, y)
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where F is a neural network; therefore, it is an operator of neural network-type.

We note that the choice of working with neural network type operators is consistent with the
observation model introduced earlier and ensures that the operator # depends on u only through
quantities that are actually observed. As a result, operators of neural network type provide a mathe-
matically transparent framework for operator learning, in which the reduction to finite-dimensional
information is explicitly realized through linear measurements, while the expressive power is en-
tirely captured by a nonlinear map acting on this finite-dimensional representation.

Furthermore, since we are interested in utilizing operators of the neural network type for the

approximation, we define the subspace Ny as:

NL=AF e N|F =F(LD)}.

where Lru = ([Y1,ul, ..., [¥L,ul])

Therefore, we restrict our attention to the subset N € N, which consists of operators that
factorize through the linear measurement £ .

For any u € U, the evaluation functional on Ny, is bounded. Therefore, the subspace Ny is also
a Vector-Valued Reproducing Kernel Hilbert Space. We can define the kernel on the feature space

R’ and the corresponding kernel on U as follows.

Definition 6 Let EL be the evaluation map at x. We define the kernel Ki : RE x RE — L(V) by:

Ki(x,x) = E)f(Ef,)*, Vx,x" € Range(L]).

Consequently, the kernel K;, : U X U — L(V) on the subspace N is given by:

Kp(u,u') =K (Lru, L1v'), Yu,u’ € U.

This kernel K satisfies the following projection property with respect to the global kernel K.
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Proposition 7 Let Py, be the orthogonal projection operator from N to Ni. Then:

Ki(-,u) = Py, K(-,u), VYuel.

Remark 10 (Neural Operators as Projected Subspaces) From a functional-analytic perspective, ar-
chitectures such as PCA-Net, DeepONet, and NOMAD do not require the ad hoc construction of
bespoke inner products to be rigorously analyzed. By Definition 5, any such neural operator
Fan factors through a finite-dimensional measurement operator L : U — RL, taking the form
Fay = F o Ly for some nonlinear map F : R — V.
Consequently, these models can be naturally embedded into any sufficiently rich ambient vvRKHS

N (such as the one constructed in Example 2). The hypothesis space for these specific architectures
is exactly the restricted subspace N = {F € N | ¥ = F o L }. The geometry of this subspace is

strictly inherited from N; for any F1, %> € Ny, the inner product is well-defined simply as:

(Fi. Fon = (F1, TN

Furthermore, by Proposition 7, the reproducing kernel K; governing these neural architectures is

exactly the orthogonal projection of the ambient kernel:

Kr(-,u) = Py, K(-,u).

Thus, analyzing the learning and approximation capabilities of DeepONet, PCA-Net, or NOMAD
is mathematically equivalent to studying the projected space Range(P, ) equipped with the inher-

ited structural kernel K.

3.3 Regularization Problem of Operator Learning

In this section, we study the optimal recovery problem from the perspective of regularization.

Building on the finite-measurement setting introduced earlier, we first recall the classical optimal
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recovery formulation for functions in Hilbert spaces, as well as its regularized variant. We then
extend this framework to operator learning, where the unknown object is an operator and only
partial observations of its evaluations are available. A key idea of this section is that the Hilbert
space structure and minimum-norm principle naturally lead to finite-dimensional representations,

which form the theoretical basis for practical, neural-network-type operator models.

3.3.1 Optimal Recovery Problem and Regularization Formulation

This subsection introduces the classical optimal recovery problem for functions in Hilbert
spaces, as well as its regularized formulation. We emphasize the role of the Hilbert space structure
in inducing minimum-norm solutions and in enabling finite-dimensional representations.

Let f € U be an unknown function in a Hilbert space, and suppose that only a finite set of
linear measurements

{nn}nNzl cu

is available. The goal of optimal recovery is to reconstruct or approximate f from this limited
information, under the assumption that f belongs to U and has bounded norm.
The classical optimal recovery problem for functions [10, 9], also known as the minimum-norm
interpolation problem, is formulated as
min | fllz

feu

3.1
s.t. [f,nn]:[f,n,,], n=1,...,N.

Among all functions that are consistent with the given measurements, this formulation selects the
one with minimal U/-norm. The corresponding solution, denoted by fy, is used as an approxima-
tion of the target function f.

Alternatively, one may consider a regularized formulation,

N
: 7112 7 2
min A||f||¢,+;([f fomal)’s

fe
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where A > 0 is a regularization parameter. This formulation can be viewed as a relaxed version of
the constrained problem, in which the measurement conditions are enforced in a penalized manner.

A fundamental connection between the two formulations is obtained in the vanishing regular-
ization limit. As 4 — 0, the solutions of the regularized problem converge, in the U/-norm, to the
minimum-norm interpolant fy of the constrained problem. This provides a variational interpreta-
tion of optimal recovery through regularization.

Moreover, despite the infinite-dimensional nature of the space U, the solution of the optimal
recovery problem is finite-dimensional. In particular, the minimum-norm interpolant of (3.1) ad-

mits the representation [10, 20]
N

In= Z cnRaymn,

n=1
where Rqy : U* — U denotes the Riesz map associated with U. This shows that the recov-

ery problem effectively reduces to computations in the finite-dimensional span generated by the

measurement functionals.

3.3.2 Optimal Recovery for Operator Learning

We now generalize the optimal recovery formulation from function reconstruction to operator
learning. In this setting, the unknown object is the operator ¥ : U — V, and the available
information consists of its evaluations at finitely many inputs {un},];]:l. However, as discussed
earlier, the outputs ¥ (u,) cannot be fully observed. Instead, only finite measurements of these
outputs, given by linear functionals {nk}f:1 C V¥, are accessible. Therefore, the recovery of ¥
must be carried out using partial observations of its action on the input samples.

We restrict our attention to approximating any operator with operators of neural network type,
where in the approximation the dependence on the input u is mediated through the finite-dimensional
map Lu. The operator learning problem with finite measurements can then be formulated as an
optimal recovery problem: among all admissible operators consistent with the observed measure-

ments, we select the one with minimal norm in a prescribed operator space N. This leads to the
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constrained problem

min F(L
pmin - IF(LDy )

st. [F(Lp)(uy) —F(uy),ne] =0, n=1,...,N, k=1,...,K.

This formulation enforces exact consistency with the available measurements while controlling the
complexity of the learned operator through the N-norm.
In practice, it is often more convenient to work with a regularized formulation, in which the

measurement constraints are incorporated into the objective function. This leads to

[F(Lruy) — F (un), me]*. (3.3)

Ma

N
min A||F 2+
ponin - AF(LDIR+ ),

b
I

n=1 1

This formulation closely resembles standard loss functions used in data science and machine learn-
ing, where the second term plays the role of a data-fidelity loss and the first term acts as a regular-
izer controlling model complexity.

For this reason, we will mainly focus on the regularized formulation (3.3) in the remainder
of this paper. It provides a natural bridge between classical optimal recovery theory and modern
data-driven operator learning, and it allows for a direct interpretation in terms of empirical risk

minimization while retaining a clear functional-analytic structure.

Remark 11 For a vwRKHS H with a diagonal kernel, problem (3.3) reduces to a finite-dimensional
form, rendering it numerically tractable. The practical implementation of these computations is

detailed in Section 3.4.3.

3.4 Finite-Dimensional Solution Structure

In this section, we investigate the finite-dimensional representability of the learned operator
in (3.3). We proceed in three steps. First, we apply the Representer Theorem to establish the
general finite expansion of the optimal solution. Second, we introduce the diagonal kernel as-

sumption, which constrains the operator range to a finite-dimensional output space. Finally, uti-
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lizing this structure, we derive an explicit operator factorization that significantly simplifies the

finite-dimensional structure and discuss how this relates to classic neural network models.

3.4.1 Finite-Dimensional Structure via Representer Theorem

In this subsection, we establish the finite-dimensional representation of the optimal operator.
By utilizing the Representer Theorem in the Vector-Valued RKHS (vvRKHS), we show that the
minimization problem over the infinite-dimensional space N can be reduced to solving for a finite

set of scalar coefficients. We summarize the main result in the following theorem.

Theorem 4 (Representer Theorem for Operator Learning) Let the operator space N; be a vRKHS
defined in Subsection 3.2.3. The optimal solution F f v k(L) € N to the regularized optimal re-

covery problem (3.3) admits the following finite-dimensional expansion:

N K
Fyyx(LLu) = Z Z Cn e Kr (L, Lyun) Ry, (3.4)
k=1

n=1

where {cp i }n.k are scalar coefficients determined by the data and regularization.

Proof 7 Recall the optimization problem (3.3). We seek an operator of the form G = F(Lr) € N
that minimizes the regularized empirical risk. The objective functional depends on the operator
G solely through its norm ||G||n and the values of the bounded linear functionals acting on it.

Specifically, the data fidelity terms involve functionals of the form:

Ly (G) = [G(un),ni] = (G (un), Rymi).

Where Rey is the Riesz map from V* to V.

According to the property of the reproducing kernel Ky (-,-), the Riesz representer of the func-
tional L, in N is the function Ky (-, Lpu,)nx. Explicitly, for any G € N, the reproducing property
implies:

(G, Kr(, Lup) Rymidn = (G (un), Ryniyy = Ly i (G).
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It is worth noting that here K; (Lyu, Lyu,) is an operator acting on the vector Ryny, yielding a
vector in V.

Since the loss function is strictly monotonic in the norm and depends only on these functionals,
the generalized Representer Theorem guarantees that the optimal solution F i n i (LL) lies in the
subspace spanned by these representers. Therefore, F £ ~ x (LL) admits the expansion form given
in (3.4):

N K
1 _
Fpyx(Liu) = Z Z CnkKp (Lo, Liug) Ryn,

n=1 k=1

where the scalar coefficients {c, } are obtained by substituting this form back into (3.3) and

solving the resulting finite-dimensional quadratic optimization problem.

Remark 12 It is worth noting that Theorem 4 characterizes the optimal solution F £ Nk as an el-
ement of a finite-dimensional subspace within the potentially infinite-dimensional operator space
N. Specifically, the solution lies strictly in the span of the representers associated with the mea-

surement functionals:
Ff’MK € span {IZL(-,LLun)R(Vnk |ln=1,...,N, k=1,. ..,K}.

This property is fundamental to the analysis, as it guarantees that the optimization problem, orig-
inally formulated over the entire Hilbert space N, can be exactly reduced to a search over a

finite-dimensional coefficient space without any loss of optimality.

3.4.2 Diagonal Kernel and Finite-Dimensional Output Space

In this subsection, we discuss a specific class of operator-valued kernels, namely the diago-
nal kernel, which we briefly touched upon in Example 2. This class of operators is particularly
important for practical implementation as it simplifies the operator learning problem into learning

multiple scalar-valued functions.

Definition 7 (Diagonal Kernel) An operator-valued kernel K : U X U — L(V) is called a diag-
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onal kernel if it takes the form:

K(u,u") = k(u,u’) 1dq, (3.5)

where k : RE x RY — R is a scalar-valued reproducing kernel and 1d«y is the identity operator on

V.

By the proposition 7, if the kernel K is diagonal, then the £ ’s corresponding kernel K is also
diagonal, we have:

Kp(Lpu, Lrw') = kp(Lpu, Lru)ldy

where k7 (-, ) : RE x RE — R is a scalar-valued function.
When the operator space N is endowed with a diagonal kernel, the structure of the optimal
solution derived in Theorem 4 simplifies significantly. By substituting the diagonal form into the

expansion (3.4), we obtain:

N K
LNK(‘ELM chnk kp(Lpu, Liuy) dy) Ryny
n=1 k=1
(3.6)

K
Z ch’k];L(.ELM,-ELMn) Ryny.
k=1 \n=1

Let us define the scalar coefficient functions @ : RE — R as:

ax(z) = Y cnikr(z, Lruy). (3.7)

M=

n=1
Then the learned operator can be written compactly as:

K
Flyx(Low) = )" an(Liu)Rymi. (3.8)

k=1
This result leads to an important structural observation regarding the optimal recovery solution.
Proposition 8 If the kernel K is diagonal, the image of the optimal operator F} LNK lies strictly
within the finite-dimensional subspace spanned by the Riesz representers of the output measure-
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ment functionals. That is:
Range(Ff,N’K) C span{Ryni | k=1,...,K}.

Proof 8 The prooffollows directly from equation (3.8). For any input u € U, the output F£ v i (LLu)
is a linear combination of Ryny. Identifying ni € V™ with elements in V via the Riesz map Ry,

we see that the output is confined to the span of the observed components of the output space.

Remark 13 This structure is consistent with the finite-dimensional structure analysis in the previ-
ous subsection. Specifically, the diagonal kernel assumption implies that the interactions between
different output components are decoupled. The learning problem essentially reduces to learn-
ing K scalar functions ay(-), each corresponding to the coefficient of the measurement functional
Reyn. In the context of neural networks, ay(Lpu) can be interpreted as the k-th output of the net-
work, and {Ryny} serves as a fixed basis (or the "decoder") for the output space V. An example

of space that Proposition 8 holds is example 2.

3.4.3 Operator Factorization and Finite-Dimensional Reduction

Having established that under the diagonal kernel assumption the learned operator lies in a

finite-dimensional subspace of V, we now formalize the explicit factorization of F f This

N.K°
factorization bridges the gap between the abstract operator learning formulation and practical im-
plementation.

First, we rigorously define the measurement and optimal recovery operators for both input and

output spaces. These operators provide the mechanism for projecting between infinite-dimensional

Hilbert spaces and finite-dimensional Euclidean spaces.

Definition 8 (Measurement and Optimal Recovery Operators) Let {wl}lel C U be a set of

linearly independent measurement functionals on the input space U C U. We define the input
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measurement operator L : U — RE by

Liu:= ([Y1ul, ..., [WL ul).

The corresponding optimal recovery operator Dy : Rl — U is defined as the minimum-norm
inverse:

Dy(y) = argmin @l subject o [1,) = yi, [ = 1., L.
ue

Similarly, let {nk}f=1 C V* be a set of linearly independent measurement functionals on the

output space V. We define the output measurement operator Lg : V — RK by
Lgv = ([m.v], . ... [nx.v]).
The corresponding output optimal recovery operator Dg : RK — V is defined as:
Dk(z) := al‘ggléi({/l [¥|lv, subjectto [ni,V] =zx, k=1,...,K.

From the previous subsection, we know that the solution F' 1’\1, k1 (Lru) lies in the span of the

Riesz representers of the output functionals:
Fji g (Lou) € span{Rymy | k =1,...,K},

where Ry : V* — V denotes the Riesz map. It is a standard result in optimal recovery that the
image of the recovery operator D is exactly this span. Furthermore, for any v in this subspace,
the recovery is exact. Specifically, since the output measurement operator L is a bijection when

restricted to Range(Dy), we have the identity:

DgoLgv=v, Vvespan{Rym}i_,.
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These definitions allow us to decompose the learned operator into three distinct stages: encod-

ing (measurement), finite-dimensional mapping, and decoding (recovery).

Proposition 9 (Operator Factorization) If N is a vwRKHS with diagonal Kernel, the learned

operator admits the following factorization:
Fj/\l/’K,L :DKOQ’OLL, (3.9)

where:
 Encoder: L] : U — R is the fixed input measurement operator;

e Processor: « : RE — RK is a finite-dimensional nonlinear map determined by the learning

coefficients;

s Decoder: Dy : RK — <V is the fixed output optimal recovery operator:

By substituting the factorization (3.9) into the original regularized problem (3.3), and utiliz-
ing the isometric properties of the recovery operators on their respective subspaces, the problem

reduces to a finite-dimensional optimization over the map c. The resulting objective function is:

K [ K 2
-1

N
min A||a||2NL,K+; 2| s an(Leun) T Rymal = [mie F ()1 | |. (3.10)

GeNLK =1 \h=1

where N7 i is the induced coefficient space, and a;, denotes the A-th component of the map a.

Namely, if we define H; » as the RKHS induced by the kernel k7 on the domain £ (U), then

2
lell, =

K
k=1

K
Z(ak, an)r, Ry, Rynp)y.
h=1
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and by (3.7), the term {ay, @) can be explicit computed as:
N N
(ks On)H; = Z Z CnkCr hKp (Lpttn, Lruy).

n=1n'=1

Remark 14 (Connection to Neural Networks) The factorization structure Dg o a o Ly, similar to

the decomposition in [13, 18, 46], is one of the most representative structure for operator learning.

» The operator L acts as a fixed encoder or feature extractor, projecting the infinite-dimensional

input u to a latent feature vector in R

» The map « : RE — RK corresponds to a finite dimensional nonlinear function, can be a

standard neural network (e.g., an MLP) that processes the latent features.

o The operator Dy serves as a linear decoder, reconstructing the infinite-dimensional output

field from the network’s output vector.

This formulation demonstrates that operator learning with finite measurements is mathematically

equivalent to learning a neural network « situated between fixed linear reconstruction layers.

3.5 Convergence Analysis

In this section, we study the convergence of the proposed operator learning method under a

minimal set of assumptions.
3.5.1 Order of Limits
Under suitable conditions, we can establish the following convergence path:

L—>oc A1—0 N—>o0 K— o

Ff,N,K(~£L) — T]\?,K — Nk Fx F,
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Where F solves

[F(Lrun) = F (ua), mil?,

Mw

N
min /l||F(£L)||/2V+Z

F(Lp)eNL

n=1 k=1
7—‘]3]( solves:
K
min /lll?'IIN + Z Z F(un) — F (n)s ) |
FeN k=1

FnN .k solves:
min  ||F |y
FeN

s.t. [i’(un) - F(uy),ni] =0, n=1,.,N;k=1,... K,

and ¥k solves:

min 1 F In
FeN

sit. [Fw)-Fw),n] =0, VYueUk=1,..,K,

The problems discussed herein have been extensively studied in the extant literature. The latter two
formulations, characterized as minimum-norm interpolation, have been investigated within the
framework of optimal recovery [10, 6, 11]. In contrast, the first two formulations—representing
the regularization-based relaxation of the optimal recovery problem—have been further devel-
oped in [11].

We provide some intuitive discussions on why changing the order of limits might introduce
additional assumptions. This helps to justify that our proposed order represents the scheme with a

minimal set of required assumptions.

e The limit in the measurement of U has to be the first one taken, as it expands the mini-
mization set F'(Ly). It is necessary that this limit is taken before the regularization limit A.

Otherwise, since the true operator ¥ is not in the feasible set, we would not be able to obtain
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the equality constraints, and additional assumptions would be needed.

* The limit K in the measurement of V' and the limit N in the sampling of the operator ¥
should be taken after the regularization limit A — 0 to transfer the unconstrained problem
to the constrained problem. Otherwise, an additional assumption on the boundedness of the

sum over N or K would be needed for the sequence to be bounded.

* The relative order between the V’s measurement limit K and the operator s sampling limit
N does not matter. As long as these limits are taken after the regularization limit A, they will
imply the equality constraints associated with the discrete data. Therefore, exchanging their

order does not require extra assumptions.

3.5.2 Assumptions for the convergence analysis

In this subsection, we establish the theoretical foundation for our convergence analysis. We
introduce the necessary assumptions on the operator approximation space, the measurement func-
tionals, and the sampling sets. All assumptions are stated in a minimal form and are standard
in the context of optimal recovery. First, to ensure that the operator class N is stable under the
finite-dimensional approximation induced by the measurement and recovery operators, we impose
the following assumptions on the operators D; and £;, which guarantee the uniform bounded-
ness of the solutions. Furthermore, they are essential for being able to extract weakly convergent

subsequences in the theoretical analysis.

Assumption 7 For any ¥ € N and any L > 0, the composed operator F (D o L]) belongs to

N. Moreover, the norm converges as the approximation level L increases:
Jim |7 (DL o L)y = [ Fllx-

Remark 15 This assumption is a novel assumption of us for keeping the assumption set minimal.

Although it appears abstract, it is applicable in a broad class of settings. As shown in the propo-
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sition 11 in Section 3.6, this condition is automatically true if we assume the Lipschitz continu-
ity(Assumption 16) and the uniform boundedness of the projection error on U (Assumption 12).

We adopt this formulation to establish the results under the weakest possible conditions.

Next, we address the properties of the measurement systems. In practical settings, only finite
measurements of the input space U and the output space V are available. The following assump-
tions ensure that these measurement systems are sufficiently rich to capture the necessary infor-
mation. Specifically, the boundedness conditions prevent numerical instability, while the density

conditions ensure that no information is lost asymptotically.

Assumption 8 The input measurement functionals {y}°, satisfy the linear span of {¥}72, is

dense in U* = {y/|y* € U}, the dual set of U.

Assumption 9 The output measurement functionals {ny};"_, satisfy |nkllv+ < Ry, and the linear

span of {ni}y., is dense in V*.

Remark 16 Assumptions 8 and 9 establish standard well-posedness and identifiability conditions
widely used in optimal recovery and operator learning [3, 9]. The assumption that the linear
spans of the measurement functionals are dense in their respective dual spaces ensures that the
corresponding information operators are injective in the limit. This guarantees the unique iden-
tification of infinite-dimensional inputs and serves as a fundamental prerequisite for universal
approximation [10]. Furthermore, the uniform boundedness condition ||ni||v+ < R, is a standard
requirement for continuous output measurements, which prevents unbounded error amplification

during the recovery process.

Finally, we characterize the quality of the sampling set Uy for the approximation space. To do
so, we first introduce the concept of the conditional power function, which measures the worst-case

error of the optimal recovery given the specific sampling locations.

Definition 9 (Conditional Power Function [50, 36]) Let N be the vector-valued Reproducing Ker-

nel Hilbert Space (vRKHS) of operators endowed with the operator-valued kernel K : U X U —
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L(V). Given a set of sampling points Uy = {uy,...,un} C U, the conditional power function

Py : U — Ry is defined as:

Py(u) := sup 15 () [y - 311
FeN, FlIn<1
F (un)=0,VYn=1,...,.N

Equivalently, in terms of the kernel K, this function is given by:

12

L) (3.12)

Py(u) = ||K (u,u) = V(@)G™'V(u)*

where G € L(VN,VN) is the block Gram matrix with entries Gi; = K(uj,u;), and V(u) =

[K(u,uy),...,K(u,un)] is the cross-covariance operator.

Based on this definition, we require the sampling set to be dense enough relative to the regular-
ity defined by the kernel. The following assumption replaces the classical geometric fill-distance

condition [36] and ensures uniform convergence of the interpolation error.

Assumption 10 The sequence of sampling sets Uy = {un}f;]= | Is chosen such that the conditional
power function converges to zero uniformly over the compact domain U C U. That is, there exists

a sequence oy > 0 with limy_,. on = 0 such that:

sup Py(u) < on. (3.13)
uel

The validity of this assumption is illustrated in the subsequent example:

Example 6 (Diagonal Gaussian Kernel) Assuming the kernel takes the diagonal form K (u,u’) =

k(u,u’)Id«, the power function is given by:

_ «11/2 _ 1/2
Prv(u) = K (u,w) = V) GV ()| oy, = [ea) = v() g vw)] 2,
where g € RNV s the Gram matrix with entries gij = k(ui,uj), andv(u) = [k(u,ur),. .., k(u,uy)]".
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If we further assume that k is the Gaussian kernel:

7112
lu—u’ll,
2 b

k(u,u’) = exp (—

then by the classical theory of the power function for the Gaussian kernel [36], we have:

Py (u) ~ exp (—i) ,

where hy = sup,c; min, ||u — u,|| denotes the fill distance of the samples {“n}nNzl- Consequently,

Py (u) converges to 0 as hy — 0.

Remark 17 (Finite Regularity and Algebraic Convergence) More generally, we consider the case
where the diagonal kernel possesses finite regularity, in contrast to the C* smoothness of the

Gaussian kernel. Specifically, the power function scaling behaves as:
P N(u) ~ h;\,

exhibits an algebraic convergence rate rather than an exponential one. In Section 3.6, we analyze

the scenario where the operator is Lipschitz continuous, which corresponds to s = 1.
3.5.3 Convergence Theorems
With the assumptions, we are ready to present convergence theorems for the path:

L—oo 1—0 N—oo K—oo

Ff,N,K(ﬁL) — T]\?,K — Nk Fx F,

Measurement Limit /. — o

Theorem 5 Under Assumptions 7, 8, and 9, the solution sequence {F £ v (L)Y ., of prob-

lem (3.3) admits a convergent subsequence. Moreover, this subsequence converges strongly in
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N to 7‘_](}’ x> Which is a solution of the following problem:

min AIITIIN+Z D T () = F () i) - (3.14)

K
FeN =1

Proof 9 Since the Lipschitz space is embedded into N, there exists a constant Cp > 0 such that

|F (ua)llvy <sup IF (Wllv < CullFlly,  n=1,....N.

uelU
By the optimality ofFil ~ g Jor problem (3.3), we obtain

N K

1
IFw ke (LOIR < NF (Do LI+ < ) | D17 (DL o Liwa) = F (). mel?

n=1 \k=1

NKR
<|F(Dro Lo)IF + p LCxn (IF (DL o Lo)lIn + IFIn)

which shows that the sequence is uniformly bounded in N. Therefore, there exists a subsequence
(still indexed by L) that converges weakly in N to some TI(} I

Next, we show that 7—'1(}, x s a minimizer of (3.14). Define the loss functional
K
GN(F) = AlIF I3 + Z D IF () = F (), i)

k=1

We claim that for any € N,
GY(F) = limsup G*(F} y (LL)) > lim inf GY(F}yx(L1) = GY(Fy ¢)-

L—o

Indeed, since FfN x minimizes (3.3), for any F € N we have

GYF (Do Lr)) = GY(F} yx(L0)).
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By Assumption 7,
ngrgo IF (DL o L)y = IF lIn-

Moreover, since F is Lipschitz, it is weakly continuous, and Dy o Lju, — u, in U, which implies
Llim [(F(Dp o Liuy)—F (u,),ni] =0, n=1,...,N, k=1,...,K.

Hence,

lim GHNF (Do L1)) = GHF),

and taking limits yields

GY(F) > limsup GY(F v x(LL).

L— o

On the other hand, since G* is weakly lower semicontinuous,
lim inf G (F} y x(LL) = GY(FF ¢

which proves the claim and shows that TZ\/} x Is a minimizer of (3.14).

Finally, we prove strong convergence. By weak convergence,

K

Z LNK(‘ELMH) = F (un), Ml
k=1

N K N
DD F k) = F (), me] )= Z

n=1 \k=1

Together with the optimality of 77,(}’ - this implies
2 . p
||TN,K||N < lanllg;lf ||FL,N,K(-£L)||N-
Since the norm is weakly lower semicontinuous, we also have the reverse inequality, and therefore

. A A
lim ”FLNK(LL)”N = ”TN K“N-
L—oo e s
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Combining norm convergence with weak convergence yields strong convergence in N, which com-

pletes the proof.

Regularization Limit 1 — 0

Theorem 6 The solution sequence {?—13, k 11—0 of problem (3.14) admits a weakly convergent sub-
sequence. Its limit ¥y k is a solution of the following problem:
min  ||Fln
FeN (3.15)
s.t. [i‘(un)—?‘(un),nk]zo, n=1,...,.N, k=1,...,K.

Proof 10 By the optimality of TIG x Jor problem (3.14), we have

K

N
AT I+ DD Ik ) = F ()i | < ANF N,

n=1 \k=1

In particular, this implies

A
1Fx5 & lIn < 1F Ins

and hence the sequence {771\’,1’ k 11—0 is uniformly bounded in N. Therefore, there exists a subse-
quence (still indexed by 1) that converges weakly to some Fy g € N.

Next, we show that Fy g satisfies the constraints of (3.15). By weak convergence and continuity
of the evaluation functionals, we obtain
N
=1

N [ K
Z (Z[fN,K(un) - T(un),nk]z) = /111_1)%2

n=1 \k=1 n=

N K
< lim (auﬁxni £ (Z[?‘,&,K(un) — F (n), Uk]z))
n=1 \k=1

< lim A||F |3, = 0.
< lim V&)

K
(Z[ﬁ,(wn) ~ F (). nk]z)

k=1

Thus,

[Pk (un) = F (un),ni] =0, n=1,...,N, k=1,...,K,
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and Fy k is feasible for (3.15).
We now verify the minimal norm property. Since Fn g is the weak limit, the norm is weakly

lower semicontinuous, and hence
.. ”
I1Fv.klln < liminf 155 ¢l
—0

On the other hand, for any A > 0 and any F satisfying the constraints of (3.15), we have
. 1M 3
175kl < NFIR + 5 D | 251 () = F ().l = IF -
n=1 \k=

1

Taking A — 0 yields
1FN kv < liﬂmi(glf||7:1\/},1(||N < 1imSélP 175 kv < I1F Iy
— A—

Since this holds for all feasible F, Fn.x is a minimizer of (3.15).
Finally, taking ¥ = Fn .k in the above inequality yields convergence of norms. Together with

weak convergence, this implies that 7"1\/}’ x — Ik strongly in N.
Sampling Limit N — o
Theorem 7 Under Assumptions 9, 10, the solutions {Fy k } N—o 0of problem (3.15) admit a weakly

convergent subsequence. Its limit Fx is a solution of the following problem:

min  [|Flx,
FeN (3.16)

5.1, [F(u) = F(u),ni] =0, Yuel, k=1,...,K.

Moreover, Fx k — Tk strongly in N along this subsequence.

Proof 11 First, from problem (3.15) we have the uniform bound

IFvxlin < 1F 1w

91



which implies that {Fn k}N—o is bounded in N. Therefore, there exists a weakly convergent

subsequence with limit Fg.

We now verify that Fx satisfies the constraints of problem (3.16). First, by problem (3.15)’s

constraints, we have:

7:N,K(un) = (D~K © jK)T(un)

Fix u € U and € > 0, under assumption 10, we have:

[Fnk () = F (), ni]| = [[Fwv.k () = (D o L) F (u), ni]|
< 1Fn.k () = (Dk o Li)F ()l lInwlly-

< Py ()| F Nl Ry.

Taking the limit N — oo yields

(i (u) = F (W), me] = lim [Fy g (u) = F (). ni] =0,

which shows that Fx satisfies the constraints of (3.16).

Next, by weak lower semicontinuity of the norm,
IFklln < liminf [|Fy k|| x-
N—ooco

Moreover, for any F satisfying the constraints of (3.16), it is also feasible for problem (3.15) for
all N, hence

IFn.xllv < [1F 1w

Combining the above inequalities gives

IFxlln < 1i]{]n_>i£f 1Nkl < limsup [[Fyvxllnv < (IF v,

N—oo

which justifies the minimizing norm property.
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Finally, taking ¥ = Fx implies norm convergence, and therefore Fnx — Tk strongly in N
along the selected subsequence.
Measurement Limit K — oo

Theorem 8 Under Assumptions 9, and 10, the solutions {Fk}k—c of problem (3.16) admit a

weakly convergent subsequence. Its limit ¥ is a solution of the following problem:
[F(u) = F(u),n] =0,  YueU, VneV. (3.17)

Moreover, Fx — F strongly in N along this subsequence.

Proof 12 First, by construction of problem (3.16), we have the uniform bound
IFxlIn < [1F v,

which implies that {Fk }k —c is bounded in N. Therefore, there exists a weakly convergent subse-
quence with limit F.

We now verify that  satisfies the constraint (3.17). Fix u € U and j € V*. By Assumption 9,
the linear span of {ni }"_, is dense in V*. Hence, for any € > 0, there exists K and fj € span{ny }le

such that

17 = nllv- < e

Since Tk satisfies the constraints of problem (3.16), we have
[Fk (u) = F (), 7] = 0.

Using the Lipschitz continuity of operators in N, we obtain

[Pk () = F (), nl| < [[Fx (w) = F (u),n -7
< max V|[K (u, ) [|F | xlllln = 7llv- < Ce.
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Letting K — oo yields
[F () = F (u), 7] = Jim [Fk (u) = F(u),n] =0,

which proves that F satisfies (3.17).

Next, by weak lower semicontinuity of the norm,
I 1lar < Tim inf || Fic .
On the other hand, F itself satisfies the constraints of (3.16) for all K, hence
IFxlin < 1F NIy
Combining the above inequalities gives
IF Ny = Jim [ Fklln,
which implies strong convergence of Fx to F in N.

3.6 Error Rate Analysis for Lipschitz Operator

In this section, we establish error estimates for the approximation of the target operator ¥ by
the estimator F £ N x(LL). Due to the fact that only finite measurement data {un}n’\’:1 are available,
it is generally not feasible to derive convergence rates in the strong norm of the operator space N.
Therefore, we focus our analysis on error estimation under a weaker topology.

In the sequel, we denote this weaker space by N and the corresponding norm by || - || n- We
consider two canonical settings for this weaker norm, which correspond to different practical sce-

narios:

Settings 1 (Uniform Approximation) A natural choice for the weaker norm is the uniform norm
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on the input domain U, defined by:

I1F lcw) = sup |F (@) |v.
uel

This setting corresponds to a worst-case notion of approximation error. It is suitable for applica-

tions where uniform control of the operator over all admissible inputs is required.

Settings 2 (Approximation in Expectation) Alternatively, we consider an L*(uy)-type norm in-
duced by a probability measure uy supported on U:

1712 By [1F @)113,]-

L2(uy) ~

This norm captures an average-case notion of approximation. It is more closely aligned with data-

driven scenarios where input samples are drawn independently from an underlying distribution.

It is important to point out that the proposed framework relies on finite pointwise evaluations
of the operator. Consequently, the regularity of the operators in NV plays a pivotal role in the error
analysis. To guarantee that the behavior of the operator at unobserved points can be controlled by
the observed data, the operators are required to possess Lipschitz continuity. We formally state this

requirement in the following assumption:

Assumption 11 (Lipschitz Continuity of Operators) We assume that the space N is continu-
ously embedded into the space of Lipschitz operators from U to V. Specifically, there exists a

constant Cn > 0 such that for any ¥ € N and any u,u’ € U:
15 (u) = F )lly < CallF linllu —u'llu.

This assumption is intrinsic to the choice of the reproducing kernel K. The following proposi-
tion clarifies the relationship between the smoothness of the kernel and the Lipschitz property of

the generated operator space.
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Proposition 10 Assume the kernel K : U X U — L(V) is Lipschitz continuous in the following

sense: there exists a constant Lg > 0 such that for all u,u’ € U:

IK (u, ) = K, )l vy < Lellu —u'llqy.

Then Assumption 16 holds with Cn = Lk.

The subsequent analysis is organized as follows. In Subsection 3.6.1, we introduce further
necessary assumptions and derive error bounds in the general setting of V. In Subsections 3.6.2
and 3.6.3, we apply these general results to discuss the specific convergence rates achievable under

the uniform and expectation norms respectively.

3.6.1 Error Analysis in the general setting

In this subsection, we investigate the approximation error of the proposed estimator in the
general setting of the weaker space N. To establish rigorous error bounds, it is necessary to
impose certain regularity conditions on the target operator # and the sampling scheme. These
assumptions ensure that the finite measurement data sufficiently capture the underlying structure
of the operator. Based on these conditions, we then derive an upper bound for the approximation
error, which serves as the foundation for the specific convergence rates discussed in the subsequent

subsection.

Assumptions for Error Analysis

In the implementation of the proposed estimator F f N, «(LL), the infinite-dimensional spaces
U and V are approximated by finite-dimensional subspaces. To guarantee the convergence of the
learned operator to the ground truth ¥, it is essential to assume that the projection errors associated
with these finite-dimensional approximations vanish asymptotically.

We formalize these requirements in the following assumptions regarding the input feature map

L and the output reconstruction operators, which can be seen as a strengthened version of As-
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sumption 7.

Assumption 12 (Projection Error on U) We assume that the finite-dimensional feature map L
and its associated reconstruction operator D provide a convergent approximation of the input
space. Specifically, there exists a sequence of positive constants {5 }>1 satisfying limy _,o, 67 = 0,
such that:

lu—DpLyully <o, Yu e U.

Remark 18 From this assumption, the span of {y};2, is dense in U*. Moreover, pairing this
projection assumption with the Lipschitz condition (Assumption 16) provides a much more standard
and verifiable framework than Assumption 7.

Specifically, Assumption 7 requires the difficult functional analytic proof that a discrete projec-
tion preserves the strict regularity enforced by the vRKHS norm || - || 5. In contrast, our approach
relies on quantities that are naturally satisfied and directly controlled in practice. The projection
bound in the input space U cleanly captures classical truncation errors (e.g., in PCA or spectral
methods) and corresponds directly to minimizing empirical reconstruction loss in models like au-
toencoders. Similarly, the Lipschitz assumption on F is a standard property of well-posed physical
systems (such as PDE solution operators) and robust neural network architectures. This cleanly
decouples the spatial discretization error from the complex geometry of N. Combining these prop-

erties, we have the following proposition.
Proposition 11 Under assumptions 16 and 12, the assumption 7 holds

Proof 13 The composition defines a linear operator Cp, r, : N — N such that Cp, p, (F) =

F(DpLy). Its operator norm is bounded by the distortion of the feature map:

IK(-, D Lru)lly
C —_—
I€o.c.ll,, = sup 1K () Iy

Since K(-,u) is Lipschitz continuous and U is compact, ||K(-,DpLru)||n is bounded. Thus
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||CDL-£L||0p < oo, implying:
IF (DL Ly < [[Cppsl,, 1Flly <00 = F(DLL) €N

Let € > 0. By the denseness of the span of {K(-,u)|lu € U} in the vwRKHS, we can choose

G = Zle K (-, ui)vi such that | — Gl < 5. We decompose the error:

IF(DLLL) = Fliy S IF -G)DLL)Iy +IG(DLLL) = Gliny + G = Flln

For the first and the last term, we have

€

IF =) DLL)ly < ClIF =Glly <3

For the second term,

M
IG(DLLL) = Gliy = |[D (K (. DLLiw)) = K(-, )i
i=1

N
M

< Vil - |IK (-, D Lrui) — K(-,u;) || 5
i=1

M
<Lg ) |villy - IDLLru; — uillqy

i=1

As L — oo, ||DpLiu —ullqy — O, so for sufficiently large L, the second term < %.
Combining all these, we have strong convergence limy ., ||F —F (D Ly)||n = 0, so the norm

also converge.

To establish the convergence analysis, we require a stability condition on the output space
V that links the continuous norm to the discrete measurements. Unlike classical finite element
analysis, which typically treats the approximation error (projection) and the inverse stability (frame
condition) separately, we introduce a unified error bound. This formulation directly controls the

output norm || - || using the empirical observations (the loss function terms) and a vanishing
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truncation error. This approach allows us to simultaneously handle the projection error and relate

the operator norm to the data fidelity term used in the optimization.

Assumption 13 (Error Bound on V) We assume that the discretization of the output space YV is
asymptotically exact with respect to the image of F and that the measurements provide a stable
characterization of the norm. Specifically, let the set V contains {F (u)|¥ € N,u € U} be a
compact subset of V, the output measurement functionals {ny};°_, satisfy ||ni|lv+ < Ry, and there
exists a sequence of positive constants {8k } k=1 satisfying limg_,. 0 = 0, and a stability constant
Bx > 0 such that:

K
IF )l < 6% + Bk D [F(u),m)®  VueU.
k=1

Remark 19 (Connection to Standard FEM) To illustrate Assumption 13, consider a 1D Finite El-
ement Method over V = L*(0, 1) with uniform mesh size h ~ 1/K and piecewise linear "hat"
functions {ny }le. For a smooth function f = F (), let Pk f be its L*-orthogonal projection onto
the finite element space.

Classical FEM analysis treats the continuous approximation and discrete stability separately:
1. Projection Error: | f - Pgf|5, < Cii?| 2.

2. Inverse Stability: Bounded by the inverse mass matrix (which scales as O(h™")), the discrete

norm satisfies ||PKf||%, < Coh! Zle [, ne]>

By orthogonality, the total energy decouples exactly as ||f||§v =|f - PKfllgv + ||PKf||§V.

Summing the two independent bounds yields:

K
IF @13, < CLIF ()7, + Coh™ > [F (), mi]*.
—_— =

) Bk
Ox

This directly recovers the unified structure of Assumption 13, where the truncation error 5x — 0
as K — oo (h — 0), and the stability constant Bx = O(K).While this assumption may still appear

abstract, we demonstrate in Section 3.6.2 that it holds for several other concrete examples.
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Analogous to the discretization of the output spaces V, we introduce the following error bound

assumption on N:

Assumption 14 (Error Bound of Operator Sampling) We assume that the discrete sampling on
the grid {un}fyzl is sufficient to control the norm of the operator in the weaker topology N. Specif-
ically, there exists a stability constant Ay > 0 and a truncation error oy > 0 such that for any
F e N:
N
I1F 1%, < 6% + An D IF )l

n=1
Remark 20 If the weaker space N is continuously embedded into the space of continuous functions
C(U), the behavior of the truncation error 8y is governed by the sampling density. By exploiting
the Lipschitz continuity of ¥, 0y can be explicitly characterized in terms of the fill distance hy =

SUp,cy Minj<p<n || — uy||qs. In this regime, one may estimate:
on S CyllFll ghn,

where C g depends on the Lipschitz constant of the embedding. When N = N, this rate is consistent

with the remark under the assumption 10.

Remark 21 Similar to assumption 13, we demonstrate in Section 3.6.2 that it holds for several

concrete examples.

From the discussion above, we have demonstrated that the assumptions in Section 3.5 follow
from the assumptions in this section. Consequently, all theorems established there remain valid
under the current conditions.

Convergence Rates in General Weak Norms

We are now in a position to state the main result regarding the convergence rate of the proposed

estimator in the weaker topology. The following theorem provides an explicit upper bound on
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the approximation error, incorporating the effects of discretization in input, output, and operator

spaces.

Theorem 9 (General Error Bound) Suppose that the target operator ¥ € N satisfies the reg-
ularity conditions in Assumption 16. Let F 21 v x(LL) be the estimator obtained by solving the
optimization problem (3.3). Under Assumptions 12 13 14, the approximation error in the weaker

space N satisfies the following bound:
IFf e (L£0) = FIZ, <253 + 4ANNG} + 4ANBy (AM* + NKR2CK M263 ) (3.18)

where M is the uniform bound of ||F (D Lr)||n-

Proof 14 The proof relies on decomposing the total error into components corresponding to the
projection errors and the estimation error derived from the finite measurements. We proceed in

three steps.

Step 1: Decomposition via Stability Estimates. We begin by applying the triangle inequality to
separate the projection error of the target operator from the estimation error. Let ProjyF denote

the projection of F onto the subspace spanned by the kernel sections {K (-, ”n)}nN=1- We have:
IFE v k(L) = Flly < 20Ff y x (L1) = ProjyF NI, + 21 ProjyF = FlI,-

By Assumption 14, we have:

N
1y (L) = Flizy < An ) IFL g g (Loun) = F ()13, + 83 (3.19)

n=1

Step 2: Discretization of the Qutput Space. Next, we estimate the pointwise error terms || F f v (Lrun)—

F(uy) ||§V Using the triangle inequality with respect to the output reconstruction D Ly, and ap-
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plying Assumption 13, we obtain:

K
1y (Liun) = Fn)ll3, < 2B DIy o (Liun) = F (), mel® +25%.
k=1
Substituting this estimate back into (3.19), we arrive at:

N K
1Yy (L£0) = FI% < 2A8Bk D D [FLy o (Liun) = F (ua), mi)* +2ANNSE + 6. (3.20)
n=1 k=1

‘Sdatu

Step 3: Optimality and Reference Operator. [t remains to bound the data fidelity term &E g4,

We utilize the fact that F Zl is the minimizer of the regularized loss function defined in (3.3), the

,N,K

objective function value at F?

I Nk 18 less than or equal to that at ¥ (D Ly):

o
M=
M=

Edata + AIFL y [F(DLLL)(un) = F (un), mi]* + AF (DLLL) -

Dropping the non-negative regularization term on the left-hand side, and noting that || (D Lr)||n
is bounded by M, we focus on the data fitting error of ¥ (D Lr). For each term in the sum, we

have:

[F(DLLrun) = F (un)nil? < i3 IF (DL Liun) = F (un) I3,
<R (CNIIFINIDLLLun - unll)?  (by Assumption 16)

< R%C/%(Mzdi (by Assumption 12).

Summing overn=1,...,Nand k = 1,...,K, we obtain:
Edata < AM + NKRIC{,M?67 .

Finally, substituting this bound into (3.20) yields the assertion of the theorem.
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3.6.2 Assumption Discussion under Different Settings

In this subsection, we provide a detailed discussion on the implications of the error bounds
derived in the main theorem. We specifically analyze the roles of the norms on the operator space

N, as well as the input and output spaces U and V, in determining the recovery stability.

Discussion on Operator Norm

In this subsection, we explicitly characterize the stability constant Ay and the truncation error
on (as introduced in Assumption 14) under specific norm settings. We analyze the behavior of

these constants for the uniform norm and the L?-expectation norm, respectively.

Uniform Approximation First, consider the uniform norm on the input domain U, defined by:

1F lcw) = sup 1F ()l

uelU

Let u, denote the nearest sample point to a given u € U. By invoking the triangle inequality and

the Lipschitz continuity of , we estimate the pointwise error as:
IF ()3, <2 (IIT(un)Ilgv +|F (un) - T(M)II%/) <20 F (ua)ll3 + 2CRAF IR A, (321

where hy is the fill distance in U and Cy, is the embedding constant. Taking the supremum over

u € U, we obtain:
IITIIZC(U) = sup [|F (W)|5, < 2CRNIF N3 13 + max 2[F (un) |3,
uelU 1<n<N

N
< 2GRN F IR +2 D NF @)l

n=1

Consequently, satisfying Assumption 14 in the uniform setting yields the constants:

Ay =2, and 6y = V2CN|FlInhy-
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Approximation in Expectation Alternatively, we consider the L?(uy) norm induced by a prob-

ability measure uy on U:

1F 12 ) = B (17 @)1 ].

While the bound derived for the uniform norm naturally holds for this weaker topology, it results
in a stability constant Ay = O(1). To achieve a tighter bound where Ay scales with O(N~!), we

introduce a geometric regularity condition on the samples.

Assumption 15 (Mass-Regularity) The samples {un}nN:] are mass-regular with respect to uy.
Let {Vn}nN:1 be the Voronoi partition of U generated by the samples, i.e., V, = {u € U : n =
argming ||u — ug||y}. We assume there exist constants a,b > 0, independent of N, such that the
measure wy, = uy(V,) satisfies:

<w,<

z(a
z| >

Remark 22 We use the term mass-regularity here to ensure that no Voronoi cell is too large or too
small. While this specific name is new, the underlying idea is standard in the literature. In kernel
methods, this is essentially the same as requiring quasi-uniform points, which means the data
points are evenly spread out—without large empty gaps or dense clusters [52]. Similarly, dividing
a space into equal-weight regions is a natural result of using Centroidal Voronoi Tessellations

(CVTs) [53].

Under this assumption, we decompose the integral over the Voronoi cells:

N
1712, = Z / ||¢(M)||rvd/lu(u)ﬁz wa (205 ) I3, + 263 17134

N N
<2 Z 1T )13, + 2G| F 13,03 (Z wn)

n=1

%‘

Noting that ), w, = uy(U) = 1, we identify the constants:

2b
Ay="7 and oy = V2CN | F Il b
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Discussion on Input and OQutput Spaces

In this subsection, we substantiate the assumptions imposed on the input and output function
spaces by invoking classical results from approximation theory. We specifically analyze the projec-
tion error condition on the input space (Assumption 12) and the unified error bound on the output
space (Assumption 13).

Throughout this discussion, we assume that the input and output spaces are Sobolev spaces
on Q = [0, 1]¢, defined as U,V = L*(Q) and U,V are balls with radius R, R, in H*' () and
H*2(Q) with regularity index sy, s, > d/2. This condition guarantees the continuous embedding
into the space of continuous functions C (). Regarding the measurement functionals, we consider

two canonical settings:

* Spectral measurements: The functionals correspond to the spectral projections onto the
first K eigenfunctions of the Laplacian operator —A with periodic BC (e.g., Fourier or

Sine/Cosine basis).

* Pointwise measurements: The functionals consist of point evaluations on a uniform spatial

grid {x; }X_, with grid spacing h.

Spectral Truncation Let the measurement functionals {wl}le and {nk}f:1 correspond to the
first L and K eigenfunctions of the Laplacian operator —A on € with periodic BC (e.g., the Fourier
basis or Sine/Cosine basis).

Assumption verification on the Input Space: For any input function u € H*!(Q), the projec-
tion error onto the subspace spanned by the first L eigenfunctions is governed by the spectral decay
rate. On the d-dimensional hypercube, the eigenvalues satisfy the asymptotic growth A; ~ L.

Consequently, the truncation error satisfies:
lu = Dy Loul}s g < CAL ullfy ) < CALRY ~ CRILT

Thus, the projection error assumption holds with a rate of 6, ~ VCR L1714,
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Assumption verification on the Output Space: Since the eigenfunctions {¢;} form an or-
thonormal basis in L?(Q), the Parseval identity implies that the energy of the projected component
is:

K

1Dk ZicvIl}a gy = D [vsmel
k=1

Combining this with the truncation analysis derived above, we employ the elementary inequality

lla + b||> < 2(]|lal|> + ||b]|?) to obtain:

V122 0y < 2 (Ilv = D LivliZs g + 1Dk LxvliZs )

K
<2CK 2R, o) +2 Y [F (). mel
k=1

Consequently, under the assumption that the image is bounded by Ry, i.e. |[v[[g2(@) < R», the
unified error bound holds with the vanishing sequence éx ~ V2CR,K~*2/? and stability constant

Bk =2.

Remark 23 The radius assumption on U,V affects the truncation error 81 and dx by the constant.

Pointwise Evaluation in RKHS Consider the measurements consist of point evaluations on uni-
form grids: {xl}lL:1 with spacing &, for the input space, and {y k}f:1 with spacing hg for the output
space.

Assumption verification on the Input Space: According to standard RKHS theory, the
Sobolev space H*(Q) is norm-equivalent to the RKHS associated with a Matérn kernel. This
equivalence holds strictly when the Sobolev smoothness s satisfies s > d/2, corresponding to a
Matérn smoothness parameter of v = s — d/2. We define the reconstruction operator D via the

classical optimal recovery formulation:

1 il s .t, 1 = N l:1,...,L.
min il st (o) = u(o)
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By standard error estimates for scattered data interpolation in Sobolev spaces, we have:
lu—DrLiulli2q) < Chy lullzs ()

Expressing this in terms of the measurement count L (where h; ~ L~'/¢), the truncation error
satisfies 5% ~ \CR L™ %s1/4,

Assumption verification on the QOutput Space: We invoke the Sobolev embedding theorem,
which implies H%2(Q) — C%(Q) for the Holder exponent @ = sy — d/2. Let {Qk}f=1 denote
the Voronoi partition associated with the grid {y; }, where the measure of each cell is bounded by
u(Qx) < b/K. Using the Holder continuity to bound the variation within each cell, we approximate

the integral norm as follows:

K
Vg = Y] [ @ s
k=1 Y%

K

< D (@) (22(50) + CHE IV )
k=1

Summing over the partition and noting that ), u(Q;) = u(2) = 1, we obtain:

K
_ 2b
V1220 < ChE Il + = D v2(00).

K=
Given hx ~ VCR,K~'/4, the unified error bound (Assumption 13) holds with the vanishing se-

quence 6 ~ K~2/4+1/2 and stability constant Bg = 2b/K.

Remark 24 A comparison between spectral measurements and point evaluations reveals a key dis-
tinction. While the projection error in the input space behaves similarly in both cases (O (L™51/4)),
the stability bound in the output space differs. For spectral measurements, the orthonormal basis
property (Parseval’s identity) allows for an exact norm preservation (up to truncation). In contrast,
pointwise measurements rely on quadrature approximations, resulting in a slower convergence rate

for 6 due to the lack of a tight frame structure.
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Remark 25 Restricting the input and output spaces U and V to balls of radius R in H*'(Q) and
Ry in H*2(Q), respectively, explicitly determines the proportionality constants of the truncation

errors. Specifically, the radii Ry and R, act directly as linear scaling factors for the bounds 6 and

oK.

3.6.3 Precise Error Bounds under Concrete Settings

In this subsection, we apply the general stability analysis from Theorem 6 to four specific set-
tings of practical interest. By explicitly characterizing the truncation errors and stability constants
associated with different measurement operators and norms, we derive concrete convergence rates
in terms of the measurement resolutions L, K and the sample size N.

Specifically, we will consider the following 2 settings of operator norms

e Supremum Norm: We evaluate the reconstruction error using the uniform operator norm,

I llew:vy ==sup|l - [|v.
uelU

« L2 Norm: We assess the error in the L?(uy)-norm, defined as

1712y = [ 10 dis .

Furthermore, we assume the training inputs {u,,}nN=1 satisfy the Voronoi partition property

(Assumption 15)

Throughout this discussion, we assume that the input and output spaces are U = V = L*(Q),
and that the subspace Uand V are balls with radius Ry, Ry in H*'(Q) and H*2(Q). Below, we

present some classic examples of Lipschitz continuous operators acting on these spaces:

Example 7 (Source-to-Solution Map for Nonlinear Poisson [54]) The steady-state monotone non-

linear Poisson equation is a robust benchmark in scientific machine learning for evaluating truly
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nonlinear spatial operators. Considering the three-dimensional domain Q = [0, 113, the forward
problem is defined by:

—Au(x) +uP(x) = f(x), xeQ

with Dirichlet boundary conditions u = 0 on Q. The nonlinear operator of interest is the source-
to-solution map ¥ : f v u, which maps a spatially varying source term f(x) to the resulting state
field u(x). Under the framework of strongly monotone operators, this inverse mapping is rigorously
established to be well-posed and directly Lipschitz continuous [54]. Because the domain is three-
dimensional (d = 3), the Sobolev space H*(Q) strictly forms a Banach algebra for any s > 3/2
(e.g., s = 2). This structural property allows the continuity of the operator to be established
directly in higher-order spaces, bypassing lower-regularity derivations. Assuming the admissible
source terms yield solutions confined within a local ball of radius Ry in H*(Q), the operator F is

locally Lipschitz continuous from H*(Q) to H**?(Q), yielding the rigorous bound:

I1F (1) = F () s < Lrllfi = L2l @

where Ly is a local Lipschitz constant dependent on the domain’s elliptic regularity constants
and the H’-boundedness of the solutions, reflecting the nonlinear algebraic scaling of the cubic

reaction term.

Example 8 (The Nemytskii (Composition) Operator [55]) This is arguably the most common
nonlinear operator in this setting, frequently used as the pointwise activation function in infinite-
dimensional operator learning. Given a scalar function f : R — R, the operator is defined by
F(u)(x) = f(u(x)).

If f is sufficiently smooth (e.g., f € CI1(R)) and £(0) = 0, the composition f(u) is guaranteed
to remain in H®. To see why, note that when s > d 2, the continuous Sobolev embedding H® — L%
ensures the input u is strictly bounded. This uniform boundedness allows us to apply Moser’s
inequality to establish that the H* norm of the composition is bounded by a constant depending

only on the L™ norm of u, specifically || f(u)||lgs < C(|lul||z=)|tt||gzs. The f(0) = 0 condition
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additionally guarantees that f(u) does not add infinite mass, keeping it square-integrable.
Furthermore, if the underlying scalar function f is globally Lipschitz with constant Ly, then

the operator is automatically Lipschitz in L?:

I1F () = F ()7, = /[0,1]d | (u(x)) = fF(v(x) P dx < L} /[o,l]d u(x) =v()|> dx = L7llu = vll7,

In classical partial differential equations, this operator formalizes pointwise reaction or source
terms. The two mathematical regimes outlined above correspond directly to well-known physical
models. The globally Lipschitz regime (the L?> bound) applies to models like the Sine-Gordon equa-
tion, where the reaction term f(u) = sin(u) is inherently bounded. Conversely, the Sobolev/Moser
theory is essential for equations with unbounded polynomial reactions, such as the Allen-Cahn
equation (f(u) = u — u3); the Sobolev embedding guarantees the state field u remains bounded,
keeping the polynomial f(u) in a locally Lipschitz regime. In modern neural operators, these ex-
act same principles respectively govern the stability of bounded activation functions (e.g., tanh,

Sigmoid) versus unbounded ones (e.g., ReLU, GelLU).

Example 9 (Fredholm Integral Operators with Smooth Kernels [S56]) Integral operators are the
backbone of solving inverse problems and establishing Green’s functions for linear PDEs. The op-

erator is defined by the integral transform:

T = [ K d

If the kernel K (x, y) is sufficiently smooth—specifically, if K € H*([0, 119 x [0, 1]¢)—the operator
maps L? (and consequently H*) directly into H®, as the derivatives of F (u) can be bounded by
moving the spatial derivatives onto the kernel. Because this is a linear operator, Lipschitz conti-
nuity is equivalent to boundedness. By the Cauchy-Schwarz inequality, the L* operator norm is

bounded by the L* norm of the kernel over the joint domain, establishing the Lipschitz bound:

NF () = F Wl2 < 1K 22(0,174x0,179) 14 = VIl 2
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Spectral Approximation

We first consider the spectral measurement setting, a framework fundamental to Fourier Neu-

ral Operators (FNO) and related spectral methods [kovachki2021neural, 4].

Settings 3 (Spectral Measurement) We adopt the following configuration on U and V :

o Function Spaces: Let U = V = L*([0, 1]1%). The compact subspaces U and V are balls

with radius R, R> of Sobolev spaces H*' ([0, 1]1¢) and H*2([0, 119) with s1, 55 > 0.

» Measurements: The input and output measurement operators, Ly and L, consist of pro-
Jection coefficients onto the first L and K eigenfunctions of the Laplacian subject to periodic

BC (Fourier modes), respectively.

In this spectral framework, the orthogonality of the Fourier basis implies that the stability
constant is unity, i.e., Bx ~ 1. Furthermore, for functions in H’, the spectral truncation errors
decay according to:

5L ~L_Sl/d, and SKNK_SZM.

Regarding the sampling error §, we invoke the classical results on the metric entropy of Sobolev
spaces under the supremum norm. For uniform sampling, the covering radius yields an error decay
of:

Sy ~ (log N)~*1/4.

a known theoretical barrier in optimal recovery and information-based complexity [novak2006deterministic].
The asymptotic behavior of the constant Ay depends on the approximation scheme and the

underlying assumptions. Specifically, we have:
) 1
Supremum Norm: Ay ~ 1, L“ Norm: Ay ~ v

Combining these estimates with Theorem 6, we obtain the following convergence bounds:
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Corollary 4 (Spectral Convergence Rate with Supremum Norm) Under the spectral measure-
ment setting 3 and supremum norm setting 1, the error of the regularized optimal recovery solution
satisfies:

IF = F 20y S A+ NKL™14 £ NK722/4 4 (log N) 5114, (3.22)

Corollary 5 (Spectral Convergence Rate with > Norm) Under the spectral measurement set-

ting 3 and L? norm setting 2, the error of the regularized optimal recovery solution satisfies:

1F = F7 kg S AN+ KL7204 4 k729204 4 (log N1/, (3:23)

Pointwise Measurement

Next, we consider the pointwise evaluation setting, which is consistent with physical sensor

data and standard numerical discretizations.
Settings 4 (Pointwise Evaluation) We adopt the following configuration on U and V :

o Function Spaces: Let U =V = L?>([0,1]¢). The compact subspaces U andV are balls with
radius Ry, Ry of Sobolev spaces H* ([0, 119) and H*>([0, 1]¢) with s1, s> > d/2, ensuring

the continuous embedding H*' ([0, 1]¢), H*>([0, 1]%) — C([0, 1]%).

* Measurements: The measurements consist of point evaluations on uniform grids of size L

and K, denoted by {x,-}lel and { yk}szl, respectively.

» Voronoi Assumption: We assume the measurement points {y k}f:1 satisfy a similar Voronoi

partition property allowing the discrete empirical risk to approximate the L? integral.

From the lower frame condition of the nodal basis (assuming quasi-uniform meshes), the sta-
bility constant is bounded by the mesh regularity Bx ~ 1/K. The truncation errors are governed

by standard finite element interpolation estimates:

6[, ~ L—S]/d’ SK o K—Sz/d+1/2.

112



Regarding the sampling error & and the constant Ay, from our previous discussion:

_ 1
oy ~ (log N)_s/d, Supremum Norm: Ay ~ 1, L? Norm: AN ~ v

Therefore, we have the following corollaries:

Corollary 6 (Pointwise Convergence Rate with Supreme Norm) Under the pointwise evalua-

tion setting 3.6.3 and supremum norm setting 1, the regularized optimal recovery solution satisfies:
”7_'_ ﬁN,Kllé(U) < /lK_l + NL—Zsl/d + NK—ZSz/d+1 + (log N)—2S1/d, (324)

Corollary 7 (Pointwise Convergence Rate with L> norm) Under the pointwise evaluation set-

ting 3.6.3 and L* norm setting 2, the regularized optimal recovery solution satisfies:
”7_‘_ fcﬁN,K”iz(#U) s /lN_lK_l + L—2S1/d + K—2S2/d+l + (logN)_ZSI/d, (325)

Application to Nonlinear Possion Equation in Example 7

The asymptotic convergence rates established in Corollaries 4, 5, 6 and 7 directly characterize
the learning guarantees for the concrete operators discussed at the beginning of this section. For

example, under the following specific setting:

* Mapping: Let ¥ be the source to solution map for the Nonlinear Poisson equation in Ex-

ample 7 for Q = [0, 1]°.

+ Function Spaces: Let U =V = L*([0, 1]°). U, V are balls with radius R, R, in H* ([0, 1]3)
and H**2([0,1]?) with regularity index s > 3/2, ensuring the continuous embedding to

c([0, 1]3).

* Measurements(Pointwise): We consider the uniform grid, {xi}[L: =11/ (VL+1), ... VL/(NL+
D} and {y}¥, = {1/(VK + 1), ... VK/(VK + 1)}*.
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* Operator Space N: Let N be the vector-valued Reproducing Kernel Hilbert Space (vvRKHS)

equipped with the diagonal Matérn-3/2 kernel K : U X U — L(V):

, , \3r 3r
K(u,u’) = kMats), (|4 — t'||ps)Idy,  kmag), (r) = (1 + e exp |

The scalar kernel knjag, ,, generates a space ‘H;. continuously embedded in C 1(U ) [57]. Let
{e; };’.‘;1 be the L*(Q) orthonormal eigenbasis of the —A with eigenvalues u j~ j*/3. By the

property of the vvRKHS of the diagonal kernel, we have:
IF IR = D IF513,
j=1

where the projections ¥;(u) = (¥ (u),e;)y. Next, the continuous embedding of Hj into
C(U) allows us to bound each ||7-'j||ng by the supremum of its pointwise magnitude and

Fréchet derivative over U:

155113, < C [sup |F7(w)]* + sup | DF; ()7 ] -
uel uelU

To bound these terms, we use the spectral definition of the H**?(Q) norm. For the operator

output ¥ (u), the squared norm is given by:

IF )12 = ) P UF @), eyl = D 2| Fiw)|.
i=1 i=1

Because all terms in the sum are non-negative, any individual j-th term is bounded by the

total sum, which isolates the pointwise magnitude:
~(s+2
)2 < 1 PNF @10

Applying the exact same spectral decomposition to the Fréchet derivative DF (u)[h] €

H**?(Q) for any direction & € U, and taking the supremum over ||k||y = 1, yields the
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corresponding dual norm bound:
~(s+2
IDFF NG < 15 P IDF )11 4 gevay-

Substituting these two bounds back into the continuous embedding inequality yields the

following spectral decay

= 1
IF IR = > IFl3, <C (sgg I 01502 + sup ||D¢<u>||%,_(U,Hs+z)) > PRl
T u u

Jj=1 j=1 7]

This strictly guarantees ¥ € N since s > 3/2 ensures the convergence of the series. Fi-
nally, the point evaluation continuity follows directly from the vvRKHS reproducing prop-
erty (F (u),v)y = (F,K(-,u)v)y for all v € V. Evaluating the operator norm at the

diagonal (r = 0) yields a uniform constant ¢, = 1:
IF @)y < 1K, w) |2 N1 F v = 1|2 1 F Iy = (]
u)llv = u,u L(V) N — 4% L(V) N — N-

« Sample on U: Let U be a ball of radius R; in H*([0, 1]°). Using the orthonormal eigenfunc-
tions {ex} of the negative Laplacian (—A) with eigenvalues 1, ~ k>/3, any f € U is repre-
sented by coefficients ¢y = (f, ex);2 satisfying the spectral constraint 3}, /lilckl2 < Rf. To
construct a finite uniform grid of N samples, {uy,...,uy}, we truncate the expansion to the
first M terms and discretize the resulting bounded coefficient ellipsoid HQ/I:I [—Rl/lzs/ 2, RM:/ 2] .
Balancing the finite-dimensional truncation error (O(R;M~5/3)) with the grid quantization

error, the metric entropy dictates an optimal filling distance for these samples of € ~ Ry (log N) /3,

Therefore, this grid selection satisfies the assumption 15.

For the numerical solvability, since we are using vvRKHS with a diagonal kernel, one can refer
to section 3.4.3 on the practical computation. For the error rate estimation, first we verify all the

assumptions 16, 12, 13, 14:
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* Assumption 16: By discussions in example 7, the operator is Lipschitz:
1F(f1) = F (s < Lellfi = follas@

* Assumption 12: By the discussion in section 3.6.3, since our point evaluation measurements

are uniform mesh points in [0, 1]3:

lu—-DyLrullgy < L3,

* Assumption 13: Since our uniform mesh selection satisfies the Voronoi assumptions, by the

discussion in section 3.6.3, we have:
1 &
17l s K2E2E 4 2 3 F @) ()
k=1
* Assumption 14: By the discussion on the operator norm 3.6.2, we have:
N
171, < (og N)>% + Ay D IIF ()13,
n=1

where Ay = 1if N = C(U) and Ay = 1/Nif N = L*>(uy).

Then, by Corollaries 4 and 5, with uy being the uniform distribution on U, we have
IF = Fiy ke S A+ NKLP 4+ NK=53745 1 (log N) ™77,

IF - 77 N,k”iz(,w) < ANV 4 KL72B 4 K7253743 4 (log N) /3.
Alternatively, if we consider the measurements:

* Measurements (Spectral): We let {a,l/l}lL:1 = H}31=1 sin(21,7xp,) where I, = 0, ..., VL and
{nk}le = Hfl:l sin(2k,mxy) where k;, =0, ..., VK.
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Then the assumptions 12 and 13 become:

* Assumption 12: By the discussion in section 3, if we take the spectral measurements:

lu—-DpLiulley < L3,

* Assumption 13: By the discussion in section 3, for spectral measurements:
K
IF )l < K225 43 [F (), i)
k=1

Then by Corollaries 6 and 7, we have
IF = Fi ikl S AK™ + NL™5 4 NKT2B713 4 (log N) 7P,
IF = T w2y S AN KT+ L7254 K257 4 (log N) 727,

Comparison of Error Bound Rates

In this section, we summarize the main results derived in Corollaries 1 through 4. Table 3.1

presents a detailed comparison of the error bounds under different settings.

Table 3.1: Comparison of convergence rates for the regularized optimal recovery solution under
Spectral and Pointwise measurement settings. The error terms are categorized by their dependence
on the regularization parameter A, the output projection dimension K (error on V), the input pro-
jection dimension L (error on U), and the sample size N (error on N).

Setting Regularization (1) Output Proj. on V (K) Input Proj. on U/ (L) Sampling Error on N (N)
Spectral / Supremum Pl NK252/d NKL-2s1/d (log N)~2s1/d
Spectral / L? /N K~252/d KL-251/d (log N) 251/
Pointwise / Supremum /K NK2s2/d+1 NL-2s1/d (log N)~21/4
Pointwise / L* A/(NK) K252/d+1 L-2s1/d (log N)=21/d

Based on the results summarized in Table 3.1, we provide a detailed discussion on the behavior
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of the error bounds:

e Sampling Error: The sampling error remains unchanged. This term is intrinsically tied to
the number of input samples N and the complexity of the function space, and is unaffected

by the specific choice of input or output measurements.

* Regularization Error: The regularization error changes up to a scaling factor (specifically
dictated by the measurement stability constants Ay and Bg). However, because A acts as a
tunable penalty parameter, we can simply choose it to be sufficiently small—for instance, de-
caying faster than 1/N and 1/K—so that this error term vanishes asymptotically and overall

convergence is guaranteed.

+ Impact of the Norm (L? vs. Supremum): When comparing the projection errors with re-
spect to the norm choice, the supremum norm introduces an additional scaling factor of N
compared to the L% norm. This disparity arises because the L? norm is weaker; by incorpo-
rating the Voronoi partition assumption, we achieve a more stable discrete approximation of

the integral, effectively reducing the stability constant Ay by order O (N).

* Input Space Projection: For the projection error on the input space U, the spectral and
pointwise measurement methods yield comparable convergence behaviors. This suggests
that pointwise evaluations are nearly optimal for recovering operators in a Reproducing Ker-

nel Hilbert Space (RKHS), provided the kernel possesses sufficient smoothness.

* Output Space Efficiency: In contrast, the two measurement methods perform differently
on the output space V. The spectral method is more efficient in capturing the energy of the
operator, whereas the pointwise method incurs a penalty in the convergence rate (typically a

factor of K difference) due to the bounds associated with the lower frame condition.

* Coupling of Discretization Parameters: The trade-off between the methods is evident in
the coupling of the dimensions K (output) and L (input). The spectral method offers a faster

rate on the output space (K~*/¢ vs. K=2%/4+1) but may introduce a coupling factor K into the
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input error term (K L2/ yg, [=25/d) Therefore, the choice of measurement method should

be guided by the relative availability of input vs. output data.

+ Asymptotic Convergence of the Pointwise L> Setting: Notably, in the Pointwise evalu-
ation with the L? norm setting, the error bound consists of decoupled terms, where each
term depends on a single discretization variable (N, L, or K). This indicates unconditional
asymptotic convergence: as the parameters (4, L, N, K) — (0, oo, 00, 00) independently, the

solution is guaranteed to converge to the true operator.

3.7 Conclusion and Future Discussion

In this paper, we have established a unified theoretical framework for learning operators from
partial observations using the optimal recovery perspective. By modeling the problem in a Vector-
Valued Reproducing Kernel Hilbert Space (vwRKHS), we derived the explicit finite-dimensional
representer of the optimal estimator, which provides a rigorous justification for neural-network-
type operator learning models.

Our theoretical analysis consists of two main parts. First, we established the convergence of
the proposed method under a minimal set of assumptions. We proved that the learned operator
converges to the ground truth following a specific order of limits: first as the feature dimension
L — oo, then as the regularization 4 — 0, followed by the sample size N — oo, and finally as the
output dimension K — oo. This result guarantees the consistency of our framework in the infinite-
data limit. Second, we derived explicit error bounds for the approximation error. These bounds
characterize the quantitative trade-off between the measurement resolutions (L, K), the sampling
size (N), and the regularization parameter (4), providing theoretical guidance for hyperparameter
selection in practical applications.

There are several promising directions for future research to extend and refine this framework:
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3.7.1 Extension to Banach Space

The current framework heavily relies on the Hilbert space structure of U and V, particularly
for the existence of the Riesz representation and the definition of the reproducing kernel. However,
many physical problems are naturally formulated in Banach spaces (e.g., L' or L spaces). Ex-
tending our optimal recovery framework to Banach spaces is a non-trivial but important task. This
would require replacing the orthogonal projections and Riesz maps with semi-inner products or
duality mappings. Such an extension would allow the framework to cover a wider range of PDEs

where the solutions do not possess Hilbert regularity.

3.7.2 Lower Bound of the Approximation Error

In this work, we have focused on deriving the upper bounds of the approximation error. To
understand the fundamental limits of operator learning, it is essential to establish the corresponding
lower bounds. By utilizing the concepts of Kolmogorov widths and data complexity, we can derive
the minimax rates for learning Lipschitz operators from finite measurements. Comparing our upper
bounds with these theoretical lower bounds will allow us to determine if our regularized optimal

recovery estimator is rate-optimal in the minimax sense.

3.7.3 Adaptive Sampling

Our convergence analysis assumes a prescribed set of sampling points. A natural improvement
is to develop an adaptive sampling strategy to select the input samples {u,} or the measurement
functionals {y;}, {nx} sequentially. Motivated by the optimal recovery formulation, the condi-
tional power function (or the posterior variance in the Gaussian process interpretation) serves as an
indicator of the local uncertainty. We can design a greedy algorithm that selects the next sample
uy+1 to maximize this uncertainty, thereby accelerating the convergence rate and improving data

efficiency.
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3.7.4 Regularization Error and Parameter Complexity

In our current paper, the regularization error is controlled by A and does not depend on the
sample size N, as we consider the optimization over the entire operator set N. However, in prac-
tical neural network implementations, the parameter space is restricted. It would be interesting to
introduce a specific parameter class £ C N into the analysis. This would allow the regularization
term to play a more dynamic role, revealing how the model capacity should scale with the sample

size to balance the approximation and estimation errors.
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Chapter 4: Active Learning for Operators of Neural Network Type

The content in this chapter is currently under preparation for journal submission

Operator learning aims to approximate complex mappings between infinite-dimensional func-
tion spaces, a critical task in scientific computing and the data-driven modeling of physical systems.
However, standard passive learning approaches that rely on independent random sampling suffer
from an infinite-dimensional curse of dimensionality, making uniform approximation theoretically
intractable without strong structural priors. To overcome this, we study a broad class of mappings
defined as scale-L operators of Neural Network type. This formulation assumes the mapping can
be decomposed into a linear projection onto an L-dimensional latent space followed by a nonlin-
ear reconstruction, naturally modeling physical bottlenecks found in reduced order modeling and
sensor-based data acquisition. We propose a novel active learning framework that utilizes adap-
tively chosen point queries to estimate local gradient covariance matrices, allowing us to system-
atically uncover the underlying functional active subspace. We provide rigorous theoretical guar-
antees demonstrating that this active query strategy effectively reduces the infinite-dimensional
approximation problem to a bounded, finite-dimensional optimal recovery task, completely by-

passing the infinite-dimensional curse of dimensionality.

4.0.1 Background and Motivation

In recent years, machine learning has emerged as a transformative tool in scientific computing,
particularly for approximating the solutions of complex physical systems governed by partial dif-
ferential equations (PDEs). Unlike traditional machine learning tasks that map finite-dimensional
vectors to finite-dimensional labels, these scientific applications often require learning mappings
between infinite-dimensional function spaces. This paradigm, known as operator learning, seeks

to approximate an underlying nonlinear operator ¥ : U — YV from a finite set of input-output
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observations where U and V are two Hilbert spaces.

While frameworks such as Fourier Neural Operators(FNO [4]) and Deep Operator Networks
(DeepONets [3]) have demonstrated remarkable empirical success, the theoretical foundation of
operator learning remains a challenging area of research due to the infinite-dimensional nature of
the input space U. In a standard passive learning regime where input functions are sampled inde-
pendently from a presumed distribution, achieving a uniform error bound of € generally requires an
exponentially large number of samples [16]. This phenomenon, effectively an infinite-dimensional
manifestation of the curse of dimensionality, makes purely passive, black-box learning intractable

without imposing strong structural priors on the operator F or the input domain.

4.0.2 Scale-L Operators of Neural Network Type

In many physical and engineering contexts, it can be expected that the operator # inherently
possesses a low-dimensional representation, or bottleneck, as often being named as. To rigorously
capture this, we study a specific class of mappings which we denote as scale-L operators of Neural
Network type [16]. Such an operator can be decomposed into two distinct stages: a linear measure-
ment operator L, that projects the infinite-dimensional input # € U into an L-dimensional latent
representation, followed by a nonlinear operator F : RY — <V that reconstructs the target function.

This formulation naturally models a wide array of practical scenarios. For instance, in Proper
Orthogonal Decomposition (POD) and reduced basis methods [1, 58], infinite-dimensional pa-
rameter fields are projected onto a small set of dominant empirical eigenfunctions. Similarly, in
sensor-based data acquisition [3] and medical imaging inverse problems [59, 60], continuous phys-
ical phenomena are observed strictly through a finite number of localized sensors or frequency
measurements. In all these cases, the complex infinite-dimensional mapping is funneled through

an L-dimensional information bottleneck.
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4.0.3 Active Learning and Main Contributions

The central theme of this work is that when the underlying operator exhibits a scale-L struc-
ture, an active learning regime can drastically reduce the sample complexity required for operator
learning. By intelligently querying the operator rather than passively accepting samples, we can
systematically identify the subspace governing the linear projection L. Once this latent mani-
fold is identified, the approximation problem is reduced from discretizing an infinite-dimensional
hyperrectangle to constructing a uniform e-net exclusively over a bounded L-dimensional latent
space.

In this paper, we formalize this procedure and provide rigorous theoretical guarantees. Our

main contributions are as follows:

1. We establish the theoretical baseline for the passive learning regime, demonstrating the se-
vere scaling of the e-net cardinality required to bound the uniform approximation error when

no active queries are permitted.

2. We present an active learning strategy designed to exploit the scale-L structural prior, sys-

tematically recovering the linear projection matrix.

3. We derive sharp sample complexity and uniform error bounds (employing rigorous Lips-
chitz continuity and triangle inequality arguments) to prove that our active learning approach
strictly circumvents the infinite-dimensional curse of dimensionality, matching the optimal

recovery bounds of finite L-dimensional systems.

4.0.4 Related Works

Operator Learning. The approximation of mappings between infinite-dimensional function spaces
has gained significant traction with the advent of deep learning in scientific computing. Founda-
tional work by Chen and Chen [61] established the universal approximation theorem for nonlinear
operators, which recently motivated the development of Deep Operator Networks (DeepONets)

[3]. Parallel to this, architectures such as the Fourier Neural Operator (FNO) [4] have achieved
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state-of-the-art performance by parameterizing integral operators directly in the frequency do-
main.As the field has matured, theoretical investigations have extended these foundational con-
cepts to provide rigorous error estimates for operator networks [45] and to establish unified math-
ematical frameworks for neural network-based model reduction in parametric PDEs [5]. However,
while these empirical and structural successes are notable, the theoretical sample complexity of
such purely passive models remains a critical bottleneck. Recent rigorous analyses have demon-
strated that without explicitly exploiting structural priors, general operator learning suffers from an
infinite-dimensional curse of dimensionality [16, 17, 62]. This fundamental limitation has spurred
emerging research into identifying low-dimensional latent structures and information bottlenecks
within operator learning [63] to make high-dimensional approximation and optimal recovery the-

oretically tractable.

Reduced Order Modeling. Classical numerical analysis has extensively studied the approxi-
mation of parametric PDEs through reduced basis methods and Proper Orthogonal Decompo-
sition (POD) [1, 58, 64, 65]. These traditional frameworks intrinsically rely on identifying a
low-dimensional active subspace that captures the majority of the solution manifold’s variance.
However, they typically depend on passively projecting down from an expensive, pre-computed
ensemble of full-space snapshots. Our formulation of scale-L operators of Neural Network type
builds upon the core intuition of these classical model reduction techniques while circumvent-
ing the need for massive passive data collection. By explicitly defining the latent measurement
bottleneck, we demonstrate that an active querying strategy can systematically identify the opti-
mal projection subspace without requiring exhaustive global snapshots. This formally reduces an
intractable, infinite-dimensional operator learning problem into a highly sample-efficient, finite-

dimensional approximation task.

Multi-Index Models. The structural assumption of our scale-L operator is deeply connected
to multi-index models (MIMs) and active subspaces [66], which are extensively studied in high-

dimensional statistics and approximation theory. A multi-index model assumes that a high-dimensional
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target function depends on its input primarily through a low-dimensional linear projection, fol-
lowed by a nonlinear link function. Crucial foundations for identifying these latent structures
were established by works exploring the learning of non-parametric, basis-independent models
from point queries via low-rank matrix recovery methods [28]. While traditional MIM literature
largely focuses on finite-dimensional vector inputs, our scale-L formulation extends this active
query paradigm directly to infinite-dimensional operator learning. We demonstrate that active point
queries can systematically uncover the underlying functional active subspace, naturally generaliz-
ing this finite-dimensional bottleneck concept to operators between infinite-dimensional function

spaces.

Active Learning and Sample Complexity. As established above, standard passive sampling
regimes are fundamentally bottlenecked by severe data complexity lower bounds. However, a well-
known principle in classical non-parametric statistics demonstrates that active learning—where
the algorithm adaptively selects observation points—can overcome these limits to achieve strictly
faster rates of error decay for structured functions [67]. This theoretical advantage has recently
gained traction in the infinite-dimensional setting, where studies rigorously demonstrate that adap-
tive querying yields arbitrarily fast convergence rates in operator learning when underlying struc-
tural priors are properly exploited [14, 68]. Beyond fundamental sample complexity bounds, the
practical necessity of active and adaptive data collection has been increasingly validated in training
neural PDE solvers [69], fine-tuning operators for Bayesian inverse problems [70], and surrogate
modeling for complex fluid dynamics [71]. Furthermore, our use of a low-dimensional bottleneck
conceptually aligns with recent advances in indirect active learning, which establish that optimiz-
ing through a lower-dimensional control manifold can achieve minimax optimal rates even when
the full state space is prohibitively complex [72]. Building upon these insights, our work demon-
strates that intelligently querying the operator allows us to systematically uncover the underly-
ing functional active subspace (the measurement operator £;). By doing so, our active learning

strategy provably improves the passive learning rate, reducing an intractable infinite-dimensional
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approximation problem into a highly sample-efficient, finite-dimensional optimal recovery task.

4.0.5 Organization of the Paper

The remainder of this paper is organized as follows.

In Section 4.1, we introduce the rigorous mathematical preliminaries for the operator learning
problem. We define the function spaces, establish the fundamental assumptions regarding Lips-
chitz continuity and eigenvalue decay of the input domain, and formally distinguish between the
passive and active learning regimes.

In Section 4.2, we formally introduce the structural prior of our study: scale-L operators of
Neural Network type. We demonstrate that this formulation is not merely a mathematical abstrac-
tion by connecting it to concrete physical and engineering applications, including Proper Orthog-
onal Decomposition (POD), sensor-based DeepONets, and inverse problems in medical imaging.

In Section 4.3, we detail our active learning methodology. We demonstrate how carefully
designed point queries can be utilized to evaluate local gradient covariance matrices, allowing us
to systematically identify and recover the low-dimensional latent subspace (the linear projection
operator £ ) that bottlenecks the target mapping.

In Section 4.4, we present our main theoretical guarantees. We first derive the determinis-
tic uniform error bounds and sample complexity for standard passive learning, highlighting the
infinite-dimensional curse of dimensionality. We then provide the rigorous approximation bounds
for our active learning strategy, proving with high probability that our active query approach suc-
cessfully reduces the optimal recovery problem to a finite, L-dimensional domain.

Finally, Section 4.5 concludes the paper with a summary of our contributions and a brief dis-
cussion of potential avenues for future work, such as exploring deterministic recovery bounds

under stronger structural assumptions.
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4.1 Preliminaries

In this section, we introduce the operator learning setup and outline the distinction between

passive and active learning regimes.

4.1.1 Operator Learning Setup

Let U and V be two function spaces, with U being a compact subset of U. Consider an
operator:

F:U->YV

The objective of operator learning is to approximate the mapping ¥ using only a finite collection

of input-output observations:

(tn, F(n)),  n=1,...,N,

where {un},’:’: , € U is a prescribed set of input functions.
To guarantee the learnability of the operator, we introduce the following basic assumptions.

First, we assume that ¥ is Lipschitz continuous:

Assumption 16 (Lipschitz Continuity of Operators) We assume there exists a constant Cr;p >

0 such that for any u,u’ € U:

1F () = F W)llv < Cripllu — u'lla.

To facilitate the error analysis, we impose the following eigenvalue condition on the space U

and the compact subset U:

Assumption 17 We assume the existence of an orthonormal basis {¢;}>, of U and a sequence of
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eigenvalues {A;}, such that Ay > A2 > --- > 0. Furthermore, U is defined as the set:

U= {i aipi

i=1

o (o] 1
2 Ailai|* < 1, where ; % < oo}

Assumption 18 For any € > 0, there exists an integer d(&) > 1 and a linearly independent set of

functions {¢,-}?=(‘19) C U such that the orthogonal projection Proj, : U — span{qbi}f:(f) satisfies:

lu — Proj ul|lq¢y <&, VYuel.
Furthermore, we define the e-truncation set as the image of U under this projection:
Ug = {Projgu | ue€ U}.

Remark 26 Assumption 18 characterizes U as a subset of U that is uniformly approximable by
finite-dimensional spaces, a property that typically arises from the spatial regularity of functions in
U undergoing numerical discretization. A canonical example is defined on a bounded domain Q C
RY, where U represents the unit ball of the Sobolev space H*(Q) compactly embedded in L*(Q).
In this setting, the approximation space span{ ¢i}fl:(f) corresponds to a finite element space over a
triangulation with characteristic mesh size h, and the {¢;} represent standard, locally supported
nodal basis functions, such as piecewise linear "hat functions." For spatial regularity 0 < s < 2, the
truncation error g is governed by standard interpolation estimates yielding € ~ h®. Consequently,
the required dimension scales with the smoothness s as d(g) ~ &/,

This specific uniform approximability condition is a foundational assumption across several
fields: it provides the standard framework for a priori error estimates in finite element methods
(FEM) for partial differential equations [73], it justifies spatial discretization and dimensionality

reduction in reduced basis methods [1], and it serves as the essential prerequisite for implementing

finite-dimensional discrete forward models in computational inverse problems.
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4.1.2 Passive and Active Setups

Given a fixed observation budget NV, we define passive and active learning for operator learning

as follows:

» Passive Learning: The sample locations {un}nN=1 are fixed a priori, independent of any

observed data.

* Active Learning: Samples are selected dynamically over K distinct phases. At phase k + 1
(where 1 < k < K), let Ni denote the cumulative number of samples from the preceding k

phases. The M1 new sample locations are determined by an active learning policy P:

{Unem st = P ((uy, F (), . . (un,, F(un,))

In this way, the sample selection for each subsequent phase depends on the complete history

of observations from all prior phases.

Unlike passive learning, the active approach dynamically leverages the information gained
from previous observations to guide future sample selection. The primary focus of this work is to
investigate the theoretical and practical advantages of active learning within the context of operator

learning.

4.2 Operator Setup and Active Learning

In this section, we will first introduce the formal definition of the specific scale-L operator
we aim to learn. Subsequently, we will describe both the passive and active learning strategies

designed to efficiently approximate it.

4.2.1 Operator of Neural Network Type

In this work, we are interested in learning operators that inherently possess a low-dimensional

bottleneck structure [16]. Specifically, we define the following operator type:
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Definition 10 An operator ¥ : U — V is called a scale-L operator of neural network (NN) type
if it can be written in the form

F(u) = F(LLu), 4.1)

where L1 : U — RE is a linear measurement operator defined by the inner products Liu =

(1), ooy sy )T, and F : RE — V is a nonlinear reconstruction operator:

Without loss of generality, we assume throughout this work that the basis functions {wl}lel
defining the measurement operator are orthonormal, satisfying ||;||¢/ = 1 and (;, ;) = 0 fori #
J. If the initial measurement set is not orthonormal, one can apply a standard orthonormalization
procedure (e.g., the Gram-Schmidt process) accompanied by a corresponding linear transformation
in F to obtain an equivalent orthonormal basis.

To illustrate the generality and practical relevance of this definition, we provide three prominent

examples from scientific machine learning that naturally conform to this scale-L operator structure.

Example 10 (Parametric Elliptic PDEs and Karhunen-Loeve Expansion[1]) Consider the 2D
Darcy flow equation, =V - (a(x)Vv(x)) = f(x) on a physical domain D c R? with Dirichlet
boundary conditions. Let a(x) = a(x) + u(x), where a is a fixed mean permeability field, and u is
the zero-mean fluctuation field.

The operator of interest F : U — V maps the input fluctuation field u € U := L*(D) to the
corresponding solution field v € V = Hé (D). Note that both U and V are Hilbert spaces, as
required.

In the context of parameterized PDEs [1], the input field is often restricted to an L-dimensional
subspace via a truncated Karhunen-Loéve Expansion (KLE). The linear measurement operator
L1 1 L>(D) — RE extracts the coefficients of the input fluctuation field u by projecting it onto the

top L dominant L?>(D) eigenfunctions {wl}le of the permeability covariance kernel:

c=Lou= (). .. (wwr)) eRE. (4.2)

Instead of a learned surrogate, we formulate the nonlinear map F : Rl — H(l) (D) strictly
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as the exact solution map for this parameterized field. Specifically, F maps the discrete coeffi-
cient vector ¢ directly to the unique weak solution v of the Darcy flow equation driven by the

L-dimensional approximation of the permeability. The resulting scale-L operator is:

[F ()] (x) = [F(e)](x), (4.3)
where v = F(c¢) formally solves the boundary value problem:

Vv(x)| = f(x). 4.4)

L
-V ((d(x) + ) cwn(x)
=1

Example 11 (Sensor-Based Data Acquisition and DeepONets[3]) The architecture of DeepONets,

motivated by the universal approximation theorem for nonlinear operators [61], aligns exactly
with this scale-L formulation. Here, the base input space is U = L*(Q) over a physical domain
Q c RY, and the output space is V = L*(Q) over a target domain Q. The universal approx-
imation holds over a compact subset U C U, which we define as the unit ball of the Sobolev
space H*(Q) with s > d /2. This choice guarantees that U is compact in L>(Q) (via the Rellich-
Kondrachov theorem) and that its functions are continuous (via the Sobolev embedding theorem),
making pointwise evaluation valid.

The input function u € U is evaluated at L fixed sensor locations {xl}lel. This step is rigorously
framed as the application of Ly by taking inner products with localized Dirac measures yy; = 0y,

yielding the encoding:
c=Liu= (u(x)),u(xz),... ,u(xL))T e RE.

The nonlinear map F is parameterized by the inner product of a branch network output b(c) € R?
and a trunk network output t(y) € RP. The final operator evaluation at a target domain coordinate
y is given by: ,
[F @] = [F©](y) = ) be(©)ta(y),
k=1
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which acts as the decoding step from R¥ to the continuous function space V [3].

Example 12 (Discrete Radon Transforms in X-ray CT Imaging) In computed tomography (CT)[59],
the underlying operator F : U — V maps the true 2D tissue attenuation coefficient u(xy,x,) in
the input space U := L*(Q) defined on a physical domain Q C R? to a reconstructed high-fidelity
image in the output space V = L*(Q). In this operator learning framework, the target space
V models the reconstructed images as continuous functions over the domain, rather than a dis-
crete collection of pixels. Due to physical constraints, the scanner cannot capture the continuous
analytical Radon transform; it takes measurements along a discrete set of L X-ray beam paths
parameterized by angles 0; and detector offsets s;. This physical acquisition acts exactly as the

linear projection L :
Cij= (LLu)i,j = / u(xl,xz) 5()61 cos b; + xp sin 6, — Sj) dxld)Q,
Q

yielding a finite vector of L sinogram measurements ¢ € RL. Classical analytic inversion of this
truncated data suffers from severe artifacts. In modern deep learning paradigms [60], the ill-posed
analytic inverse is replaced by a learned, fully nonlinear convolutional operator F : RE — <V
that maps the discrete L-dimensional sensor array directly back to the infinite-dimensional image
space:

[F )] (x) = [F(0)](x), VxeQ.

4.2.2 Active vs. Passive Learning Strategies

Having established the structural form of the scale-L operator, a fundamental question arises:
Assuming the intrinsic latent dimension L is known, can we design an active learning strat-
egy that explicitly exploits this low-dimensional bottleneck to significantly improve the operator
learning rate compared to traditional methods?

Before answering this, we formally contrast the passive and active learning paradigms. And

based on this, the question would be answered quantitatively in Section 4.4
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Passive Learning for Operators of NN Type

In the standard passive learning setting, the algorithm does not exploit the structural prior that
¥ factors through an L-dimensional space. Instead, it treats F as a general operator mapping
between U and V, employing standard algorithms for approximating Lipschitz continuous opera-

tors. This process generally involves:

* Global Sampling: We construct an e-net {u, }”N:(f) covering the entire ambient input space
U, where N (&) denotes the covering number. Because U is typically infinite- or very high-

dimensional, N (&) grows exponentially, leading to a severe curse of dimensionality.

N(e)

* Querying: We obtain the corresponding observations {(u,,  (u,))},

by evaluating the

operator at each point in the dense global net.

* Approximation: The operator ¥ is then reconstructed directly from these pairs using inter-

polation methods, such as optimal recovery or other Lipschitz-consistent schemes.

Active Learning for Operators of NN Type

In the active learning setting, the algorithm dynamically selects queries to explicitly exploit
the structural prior that ¥ is a scale-L operator. By adaptively interacting with the system, the
algorithm bypasses the need to densely sample the entire approximate active subspace U. The

strategy proceeds in the following targeted phases:

* Subspace Identification (Approximating £;): Through a sequence of actively chosen ex-
ploratory queries, we identify the specific L-dimensional active subspace spanned by the

unknown measurement basis {y;}- ;.

* Latent Space Querying: Once the active subspace is approximated, subsequent data queries
are strictly constrained to this L-dimensional manifold. By building an &-net only within this
low-dimensional latent space, we drastically reduce the required number of queries, avoiding

the global covering complexity.
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* Nonlinear Reconstruction (Approximating F): Finally, using the targeted queries gathered
from the latent space, we efficiently approximate the nonlinear mapping F : Rl — V|

completing the recovery of the full operator # with high sample efficiency.

4.3 Active Learning Algorithm for Operators of NN Type

In this section, we present the details of the active learning algorithm presented in Section 4.2.2
designed to efficiently approximate the Operators of NN Type . The proposed methodology
systematically breaks down the high-dimensional operator learning problem into three tractable
stages.

First, we introduce a dimension-truncation scheme that reduces the continuous, infinite-dimensional
input space to a finite, computable matrix representation. Second, following a similar approach as
in [29, 28], we identify the unknown L-dimensional active subspace spanned by the measurement
basis {wl}le by actively querying the system along specific random directions. Finally, once a
highly accurate approximation of the latent space is established, we restrict our subsequent data
queries entirely to this low-dimensional manifold. This allows us to perform the nonlinear recon-
struction of the mapping F with exceptional sample efficiency, formally bypassing the global curse

of dimensionality.

4.3.1 Dimension Truncation and Matrix Representation

At first, we truncate the infinite dimensional space U to the space U, such that the trunca-
tion error is at most . For u € U, defining the truncated operator as () = F (Proj.u), the

approximation error is bounded as follows:

15 () = Fe @)l = |F () = F (Proj.u)|| < Cipllu - Proj ul| < Cripe
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By the self-adjoint property of the projection operator Proj,., we observe that:

(¢, Proj,u) = (Proj y, Proj,u) = (Proj y, u)
We then define the normalized projected basis functions ¢; . as:

Proj ¥
= = ajiePi
Prc s ~ 2 16

wl,e

This allows us to express the truncated operator in terms of a finite-dimensional map Ly ;u =
(Wiest)s. .o, (Wre w)). Letxg = (@1, u), ..., (Pae),u))" € R4 represent the coordinates of
the projected input, and let W, € RL*4(®) be the matrix with entries a;; .. The operator can then be
evaluated in matrix form:

Fe(u) = F(Lpeu) = F(Wex,)

4.3.2 Active Subspace Identification via Direct Covariance Sketching

We propose a direct sketching framework to identify the active subspace associated with the
truncated operator F,. Specifically, our goal is to recover the L-dimensional column space of W,
where W, € RE*¥4(9) is the underlying projection matrix.

Let u € U be an input from the function space, and let x, € R%(®) denote its truncated coordi-
nate representation. The truncated operator ¥, maps x; to the output space V. By the chain rule,
the local gradient operator g(x;) = V., Fe(xe) : R4 — Y is given by g(xz) = VF(Wexg)We,
where VF operates in the latent space.

Mimicking the active learning framework for multi-index models [28, 29], the active subspace

can be characterized by the expected local gradient covariance matrix X € R4(©*4(8)_defined as:

X = / g(xs)"g(xe)du(u) = W, (/ VE(Wexe) VE(Wexe)dp(u) | We,
u u
where g is the adjoint operator, and u is the probability measure of the input function u over U.
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By construction, the column space of X exactly matches the span of W, .

We make the following assumption on the structure of X:

Assumption 19 The matrix X is positive semi-definite (PSD) with rank L, and its L-th largest

eigenvalue satisfies A (X) > C, for some constant Cy > Q.

To estimate X from data without suffering the curse of dimensionality or explicitly storing V-
valued gradients, we employ a randomized directional sampling strategy that directly sketches the
empirical covariance matrix Xy, = % Zf.‘;[ 1 8(x¢,)*g(xs,;) using scalar quadratic measurements.

We first sample M base centers {ui}l’.‘i | ~ M, yielding their truncated representations {xg,i}f‘i {
Rather than drawing unique directions for every center, we draw K common random directions
{v; }le from a standard Gaussian distribution, v; ~ N(0, I, ). For a given step size h > 0, we

probe the operator along these directions and compute the squared V-norm of the finite differences:

fs(xs,i + hvj) - 7:8(368,1’)

2
h .

Si’j = ‘
%

By Taylor expansion, s; ; = ||g(xs;)v ]~||3V = v;(g(xg,i)*g(xg,i))v ;. Averaging these scalar values
across all M centers provides K direct scalar measurements of the global empirical covariance
matrix Xpy:

M

b; = % Z;Si’j =v;Xuvj +ej,
i

where e; = O(h) accounts for the finite difference truncation error.

This formulation yields a standard linear sensing system b = VK.A(Xy) +e, where the sensing
operator A : RI(E)xde) _, RK ig defined by A(X )i = \/LI_(VJTX v;. Because the measurement
matrices are rank-1 Wishart projectors generated by standard Gaussians, the operator (A satisfies
the Restricted Isometry Property (RIP) for rank-L PSD matrices [74, 75].

This RIP guarantee ensures that we can accurately recover the high-dimensional covariance

matrix from highly underdetermined measurements (K ~ O(L -d(g)) < d(&)?) via low-rank PSD
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optimization (trace-norm minimization):

< A4,

, b
X = inTr(Z) s.t. Z) - —
argminTr(Z) s H&"l( )

VK

2

where A bounds the normalized Taylor approximation error ¢/ VK.
Finally, to extract the active subspace, we compute the eigenvalue decomposition of the recov-
ered symmetric matrix, X = UXUT. The estimated projection matrix W, € RE?(®) is constructed

strictly from the transpose of the top L eigenvectors:
Wl =uW.

By aggressively contracting the “V-space evaluations into scalar inner products during the measure-
ment phase, this approach successfully isolates the L-dimensional active subspace while maintain-
ing computationally memory-efficient, thereby enabling subsequent operator evaluations via the

low-dimensional projection 2 = W,x,.

4.3.3 Nonlinear Reconstruction on Approximated Latent Space

Once the active subspace is identified, we can evaluate the operator by constructing a uniform
grid (i.e., a natural way to define a g-net) over the estimated latent domain. We define this bounded
low-dimensional domain as Z = H1L=1 [—R;, R;], where the maximum extent in each latent dimen-

sion is bounded by:
d(e) 4
[We 1]

R, = .
’;w—i

For each discrete grid point 2 € Z, we "lift" it back to the high-dimensional truncated input
space using the right-inverse projection: x; = WJ2 € R?®). We then query the true operator

(acting as an oracle) at these lifted points to obtain the corresponding output evaluations:

F(xz) = F(Wexz) = F(W,W]2).
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This procedure effectively defines an induced function g(2) := F( WgWET Z) over the estimated
latent space. Using the acquired grid samples of g, we construct a piecewise interpolant £ : R —
V.

For any new input function u € U with truncated coefficients x,, the final end-to-end approxi-
mated operator is evaluated simply by projecting the input onto the estimated subspace and passing
it through the interpolant:

F(u) = F(Wex,).

4.3.4 Active Algorithm Summary

The complete procedure for learning the scale-L operator of neural network type is summarized
in Algorithm 1. The algorithm systematically reduces the dimensionality of the problem, recovers
the active subspace via low-rank gradient sensing, and constructs a sample-efficient interpolant

over the latent manifold.

4.4 Theoretical Complexity Analysis

In this section, we provide a rigorous theoretical analysis of the sample complexity required to
approximate the operator of NN type ¥ under both learning paradigms. Our primary objective is to
mathematically quantify the number of data queries necessary to achieve a desired approximation
error €.

First, we establish the complexity bounds for the passive learning baseline, formally demon-
strating how it inevitably succumbs to the curse of dimensionality due to its reliance on global,
space-filling data queries across the ambient space U. Next, we derive the sample complexity for
our proposed active learning framework. We theoretically prove that the targeted subspace identi-
fication and subsequent localized latent sampling drastically reduce the overall data requirements,
shifting the exponential dependence from the infinite-dimensional input space to the finite dimen-
sion L. Finally, to concretize these abstract theoretical bounds, we present a detailed comparative

example that explicitly illustrates the exponential efficiency gains achieved by transitioning from
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Algorithm 1: Active Learning of NN-Type Operator via Covariance Sketching
Input: Oracle 7, tolerance &, subspace dim L, centers M, queries K, step h.
Output: Approximated operator ¥ (1) = F(Wx,).

Stage 1: Dimension Truncation

1. Determine truncation index d(&);

d(e),

i=1

Stage 2: Active Subspace Sketching

1. Sample M base centers {u; IA;I , ~ u from the input distribution;

2. Generate K common random directions {v; }le ~ N0, I5));

2. Define truncated function sets {¢;}

3. for each center u; and direction v; do
Query the oracle to compute the squared V-norm of the finite difference:
1 2,
Si,j = ||E[7:(ul + hvj) - 9_-(141)]”(‘/,
end
4. Aggregate the scalar measurements across all centers: b; = - M s

5. Define the linear sensing operator A : R4(&)xd(©) _, RK a5 A(Z); = \/LEV}—ZVJ'.

6. Recover the covariance matrix X via PSD Trce norm minimization:

5 . _ b )
X = argmingyo Tr(Z) s.t. 13’{(2) v <4 )
7. Extract the projection matrix W, € R? (&)XL a5 the top L eigenvectors of X;

Stage 3: Operator Approximation A
1. Construct grid Z. over ]_[lL=1 [-R;, R;] with spacing &/Cy;,, where R; = Zli(f) %,
2. for each grid point 2 € Z. do

‘ Query oracle at lifted points: y: = F (W, 2);
end
3. Construct piecewise interpolant £ : RE — <V from pairs (2, y2);

return ¥ (1) = F(W.x,)

a passive to an active learning strategy.

4.4.1 Sample Complexity of the Passive Baseline

In the passive learning setting, we do not exploit the structural prior of the L-dimensional active
subspace. Instead, we must construct an £-net (a uniform grid) over the entire infinite-dimensional
input domain U.

Assume the input space U can be bounded by an ellipsoid defined by its decaying eigenvalues
A;. The following theorem bounds the complexity of approximating the operator without active

subspace identification. The proof is given in the appendix B.1.
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Theorem 10 (Passive Grid Interpolation Complexity) Let Zémss"ve be a uniform grid constructed
over the full input space U, with a step size proportional to € in every orthogonal direction.
The total number of required grid points (cardinality of the e-net) is bounded by the infinite

product:

Zpasszve ﬁ ( 4CLi[’)
eVvAi |

i=1
Consequently, an interpolant F, passive constructed on this full-space grid achieves an g-approximation

error:

”Fpassive(”) - T(”)”"V <e&.

Remark 27 (The Curse of Dimensionality) The infinite product in Theorem 10 highlights the fun-
damental flaw of passive learning in infinite-dimensional spaces. For a given precision &, the
number of terms in the product that are strictly greater than one defines the effective dimension of
the space, denoted as d(g). Because the active subspace is unknown a priori, the passive strategy
is forced to blindly explore all d(&) of these functional directions in U. As we demand higher
precision (¢ — 0), the effective dimension d(&) grows rapidly, causing the sample complexity
to scale as O(&4®). This unavoidable exponential dependence on the growing dimension d(g)
perfectly illustrates the severe curse of dimensionality, demonstrating why passive methods are

computationally prohibitive for high-accuracy operator learning.

Remark 28 (Generalization to Metric Entropy) While our analysis of sample complexity explicitly
relies on the eigendecomposition of the input space, the fundamental limitations of passive learning
extend to broader settings. A more general framework is established in [14], which demonstrates
that for arbitrary compact domains, the sample complexity of learning Lipschitz operators scales
exponentially with the metric entropy of the input space. This confirms that the infinite-dimensional
curse of dimensionality is a universal barrier in passive operator learning, rather than a mere

artifact of our specific eigenvalue assumptions.
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4.4.2 Sample Complexity of the Active Learning Algorithm

In contrast to the passive baseline, our proposed active learning framework explicitly seeks to
bypass the curse of dimensionality by identifying and exploiting the low-dimensional structure of
the operator. To rigorously prove the efficiency of this approach, we must decompose the active
learning process and bound the sample complexity at each stage.

Similar to the proofs in [28, 29], the analysis proceeds in three distinct phases: first, we estab-
lish the number of active queries required to accurately estimate the gradient covariance matrix and
recover the active subspace; second, we bound the complexity of constructing a uniform grid ex-
clusively within this identified low-dimensional latent space; and finally, we combine these bounds

to formulate an end-to-end error decomposition for the complete operator approximation.

Subspace Approximation Theorem

The first crucial step in the active learning algorithm is to accurately identify the L-dimensional
latent space spanned by the measurement operator £;. We achieve this by actively sampling the
input space to approximate the gradient covariance matrix X. The following theorem establishes
the sample complexity—defined by the number of base centers M and random directional queries

K—required to estimate X up to a desired precision €. The proof is given in appendix B.2.

Theorem 11 (Sample Complexity for Direct Covariance Sketching) For any desired accuracy
parameter € > 0 and failure probability 6 € (0, 1), let X = / g(xg)*g(xes)du be the true expected
gradient covariance matrix, and Xy be its empirical approximation over M centers. There exist

absolute constants Cy, Ca, C3 > 0 such that if the number of randomly sampled base centers M

satisfies
Clip  (4d
M > C sz log( (8)),
£ 0

where Cy;p is the uniform Lipschitz constant of the truncated operator F, and the total number of
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common random directional queries K satisfies

4
K > C,L -d(¢g) + Cslog (5) ,

and the finite difference step size h > 0 is chosen sufficiently small such that the normalized Taylor
truncation noise n = \/LEHeHz (wWhere e is the deviation between the squared finite difference
norm and the true directional gradient energy vJTX mV;) yields a stable matrix recovery error X -
XumllF < %, then with probability at least 1 — 6, the spectral norm of the total estimation error is
bounded by:

IX - X2 < &.

Once we have a bounded estimation error for the covariance matrix X, we can extract its top
L eigenvectors to form our empirical basis WST . The next theorem utilizes the Davis-Kahan sin ®
theorem to bound the geometric distance (the principal angles) between our estimated subspace

and the true active subspace. The proof is given in the appendix B.3.

Theorem 12 (Active Subspace Recovery) Let X € R4©*4) pe the true population gradient co-
variance matrix of rank L, and let 11 (X) > 0 denote its L-th largest eigenvalue (which represents
the minimum energy of the operator along its active directions). Let X be the estimated covariance
matrix satisfying the bound:

1X - Xl <e.

Let W/ € RYEXL be the matrix with columns equal to the top L eigenvectors of X.

If the sample complexity is sufficiently large such that the estimation error satisfies € < %, then
the principal angles © between the true active subspace span(W,. ) and the estimated subspace
span(W]) are bounded by:

2e
in®l|, < —.
Isin® < =
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Operator Approximation Complexity

Having successfully bounded the error in identifying the active subspace, the algorithm pro-
ceeds to the nonlinear reconstruction phase. Instead of gridding the entire ambient space as in
the passive baseline, we now construct a grid strictly within the estimated L-dimensional latent
domain. The following theorem quantifies the dramatic reduction in sample complexity achieved

by this targeted gridding. The proof is given in the appendix B.4.

Theorem 13 (Grid Interpolation Error and Complexity) Assume the induced non-linear pro-
file over the latent space is Lipschitz continuous. Let Zs be a uniform grid constructed over the
estimated L-dimensional latent domain, with a uniform step size of € along each dimension.

The total number of required grid points (cardinality) is bounded by:

L
~ 4CL,'p
|Z|S| |rnax(1, )
¢ =1 8\//11

Consequently, the interpolant F constructed on Z: satisfies the following uniform error bound

for any point Z in the estimated latent domain:
I£(2) = F(WW] )l < &.

Remark 29 (Overcoming the Curse of Dimensionality) Comparing the cardinality bound in The-
orem 13 with that of the passive baseline in Theorem 10, the fundamental advantage of the ac-
tive approach becomes apparent. The infinite product over the effective dimension d(&) has been
strictly truncated to a finite product over the latent dimension L. The exponential dependence on

precision € is now O(g7L) rather than O(g74®)), successfully lifting the curse of dimensionality.

End-to-End Operator Approximation and Error Decomposition

We conclude our theoretical analysis by aggregating the individual bounds derived above. The

final theorem provides the comprehensive, end-to-end error bound for the fully approximated op-
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erator ¥, formally proving that if the conditions for subspace recovery and latent gridding are met,

the total approximation error scales linearly with &.

Theorem 14 (End-to-End Error Decomposition) For the active learning algorithm, let the sam-
pling parameters M, K, and the grid cardinality 1 Ze| satisfy the conditions established in the

preceding theorems. The end-to-end approximation error is bounded by:

ZCL,'p

CVA,

+1]e.

I1F () = F )l < | Crip +

Proof 15 We decompose the total error using the triangle inequality by injecting the implicit grid

A

function g evaluated at the projected input 7 = Wexg:

IF (u) = F () lly < [|F (1) = F(Wexe) ||y

Term 1: Truncation

+ ||[F(Wexg) — g(sts)”’V

Term 2: Subspace Mismatch

+ ”g(sts) - F(sts)“(V .

Term 3: Grid Interpolation

Term 1 (Truncation Error): By the definition of the effective dimension d(¢), the truncation
error from projecting the infinite-dimensional input onto the first d(g) components is bounded by
Cripe.

Term 2 (Subspace Mismatch Error): By substituting the definition of g, we have g(Wyxs) =
F (WSWET Wex.). Notice that WST W, is the orthogonal projection matrix onto the row space of We.

Using the Lipschitz continuity of F:

”F(Wexs) - F(WSW;—WSXS)”(V < CLip”sts - WeW;WeerZ

= CLip”Ws(I - W;Wea)xellz-

The matrix (I — WST W,) is the orthogonal projection onto the null space of W,. The operator norm
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|We (I — WST W)l is exactly the sine of the largest principal angle between the row spaces of Wy

and W,. Using the bound established in Theorem 12, we have || sin ®||» < 2&/Cy. Thus:

2Crip

CLip”Ws(I - W;WS)xslb < CLip” Sin@”ZHXSHZ < C,l\//l_l

E.

Term 3 (Grid Interpolation Error): The interpolant F is constructed to approximate the con-
tinuous function g on a grid Zs defined over the estimated latent space. By the bounds established
in Theorem 13, the interpolation error at any point in this domain is strictly bounded by &.

Combining these three bounds yields the final end-to-end result.

Remark 30 (Breaking the Curse of Dimensionality) Theorem 14 crystallizes the fundamental ad-
vantage of the active learning framework. We achieve an overall O(€) end-to-end approximation
error without suffering from the exponential sample complexity inherent to the ambient space U.
In our approach, the effective dimension d(&) only impacts the query complexity polynomially and
logarithmically during the subspace identification phase (Theorem 11). The severe, exponential
cost of grid construction is strictly confined to the low-dimensional latent space, requiring only
O(&7L) samples (Theorem 13). By shifting the exponential dependence from d(g) to the intrinsic
dimension L, this end-to-end strategy rigorously breaks the curse of dimensionality that otherwise

prohibits high-precision passive operator learning.

Remark 31 (Probabilistic Nature of the Active Learning Bound) Unlike the passive learning bound
established earlier, which is purely deterministic, the active learning bound presented in Theorem
14 is probabilistic in nature. This distinction arises because the local gradient covariance matrix,
when evaluated at a single sampled point (or a finite set of points), may be degenerate—meaning it
might fail to achieve the full rank L required to perfectly span the active subspace. Consequently,
the empirical recovery of the latent directions holds with high probability over the sampling dis-
tribution. However, it is possible to develop a strictly deterministic active learning bound if one is
willing to impose stronger structural assumptions on the operator, such as assuming that the local

gradient covariance matrix is uniformly non-degenerate (strictly full rank L) everywhere across
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the entire input domain U.

4.4.3 Active vs. Passive Learning: A Comparative Example

To concretely illustrate the theoretical guarantees and the fundamental reduction in complex-
ity discussed in the preceding remarks, we now present a comparative example. By specifying a
standard decay rate for the input space eigenvalues, we can explicitly instantiate the effective di-
mension d(&). This allows us to directly compare the total number of operator queries required for
an g-approximation, clearly demonstrating how the active learning algorithm’s two-stage approach

overcomes the passive baseline’s curse of dimensionality.

Example 13 (Complexity of Example 10) Assume the setting of Example 10, where the domain
is Q = [0, 1] and the input space is the unit ball of H*([0, 1]¢). We employ hat functions on a

uniform grid as the basis. First, we verify the assumptions:

* Lipschitz continuity: As established in Example 10, the operator is Lipschitz continuous.

* Decay of d(&): By classical approximation theory and Sobolev embedding results, the effec-

tive dimension required to achieve an g-accurate truncation scales polynomially as
_d
d() = 0(8 ) ,

where a > 0 denotes the spatial regularity.

1. Passive Learning Sample Complexity: In the passive setting, we must construct an g-net

over this d(&)-dimensional space. The required number of samples scales as (1/£)%®), yielding:

€

Npassive =0 (GXP (d(g) log l)) =0 (exp (8_% IOg 1)) .
E

This demonstrates a severe curse of dimensionality; the sample cost explodes exponentially as the

target error € decreases, exacerbated by the spatial dimension d.
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2. Active Learning Sample Complexity: Our active learning framework splits the queries into

two distinct stages: direct subspace sketching and latent interpolation.

» Subspace Sketching Cost (Ngercr): We query M base centers along K common random
directional perturbations. By Theorem 11, controlling the spatial variance requires M =
O(& % log d(g)) centers, while satisfying the Restricted Isometry Property for covariance re-
covery requires K = O(Ld(€)) directions. The total number of operator queries is bounded

by M x K = O(Ld(g)e 2 log d(&)). Substituting d(&) = O(g~4/?), this stage requires:

(244 1 :
Nykeren = O (Ls (2+3) log (—)) queries.
e
* Latent Interpolation Cost (Ngyiq): Once the L-dimensional active subspace is recovered,
constructing the uniform grid for function approximation strictly operates in this low-dimensional

space, requiring:

Ngria = O ((é)L) =0 (s_L) queries.

Summary: The total sample complexity of the active learning algorithm is the sum of these two
stages:
Nactive = Nketeh + Ngria = O (Ls_(2+%) log (é) + s_L) )
Both terms in the active learning complexity are strictly polynomial in 1/e. By replacing the
passive, high-dimensional space-filling design with active, linear covariance sketching followed
by low-dimensional non-linear interpolation, we replace the exponential dependence exp(s_%)

with an additive polynomial dependence, effectively breaking the infinite-dimensional curse of

dimensionality.
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4.5 Conclusion and Future Directions

4.5.1 Conclusion

In this paper, we investigated the problem of operator learning through the lens of optimal re-
covery, focusing on mappings between infinite-dimensional function spaces. We formally defined
the class of scale-L operators of Neural Network type, which naturally models a wide array of
physical systems with low-dimensional information bottlenecks, such as reduced basis methods
and sensor-based data acquisition. We established that under a standard passive learning regime,
approximating such operators inevitably suffers from an infinite-dimensional curse of dimension-
ality. To overcome this, we proposed a novel active learning strategy. By utilizing adaptively
chosen point queries to estimate the local gradient covariance matrix, our algorithm systematically
recovers the underlying linear projection operator. We provided rigorous theoretical guarantees
demonstrating that this active approach successfully reduces the infinite-dimensional approxima-
tion problem to a bounded, finite-dimensional optimal recovery task, effectively bypassing the

curse of dimensionality.

4.5.2 Future Directions

While our active learning framework provides sharp bounds for operators with a strictly linear,
rank-L bottleneck, several open questions remain for more relaxed structural assumptions. We
highlight two primary directions for future work:

Adaptive Recovery with Unknown Intrinsic Dimension. Our current active learning algo-
rithm requires the latent dimension L to be known a priori. A natural extension is the scenario
where L is unknown, but the intrinsic dimension of the active subspace is assumed to be small. In
this setting, one could develop an adaptive active learning algorithm that incrementally increases
the number of queries. By sequentially analyzing the eigenspectrum of the empirical local gradient
covariance matrix, the algorithm could employ a principled stopping criterion—such as an eigen-

value decay threshold—to dynamically estimate L and halt the active sampling process once the
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latent subspace is sufficiently resolved.

Generalization to Nonlinear Data Manifolds. The scale-L operator formulation fundamen-
tally assumes that the low-dimensional bottleneck is accessed via a global linear projection L,
(i.e., the data is effectively captured by a low-dimensional affine space). However, in many com-
plex physical systems, the underlying data may lie on a highly nonlinear, low-dimensional man-
ifold within the infinite-dimensional ambient space. Extending our active learning framework to
this regime would require moving beyond a single global covariance estimation. Future research
could explore active query strategies designed to estimate local tangent spaces across the manifold.
By patching these local linear approximations together into a global atlas, or by integrating active
queries with nonlinear dimensionality reduction techniques (such as kernel methods or autoen-
coders), it may be possible to establish optimal recovery bounds for operators acting on strictly

nonlinear function manifolds.
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Chapter 5: Metric Entropy and Reproducing Spaces

The content in this chapter is currently under preparation for journal submission [76]

In this chapter, we establish a novel connection between the metric entropy growth and the
embeddability of function spaces into reproducing kernel Hilbert/Banach spaces. Metric entropy
characterizes the information complexity of function spaces and has implications for their approx-
imability and learnability. Classical results show that embedding a function space into a repro-
ducing kernel Hilbert space (RKHS) implies a bound on its metric entropy growth. Surprisingly,
we prove a converse: a bound on the metric entropy growth of a function space allows its em-
bedding to an L,—type Reproducing Kernel Banach Space(RKBS). This shows that the L,—type
RKBS provides a broad modeling framework for learnable function classes with controlled metric
entropies. Our results shed new light on the power and limitations of kernel methods for learning

complex function spaces.

5.1 Introduction

Learning a function from its finite samples is a fundamental problem in science. A recent
emerging trend in machine learning is to use Reproducing Kernel Hilbert/Banach Spaces (RKHSs/RKBSs)
[38, 77, 78, 79, 80, 81] as a powerful framework for studying the theoretical properties of neural
networks([82, 83, 84, 85, 86] and other machine learning models. The RKBS framework offers
a principled approach to numerically implementable parametric representation via the represen-
ter theorem[22, 87, 88], characterizing the hypothesis spaces induced by neural networks[89, 90,

91, 92] and studying the generalization properties [93, 94, 95]. The Reproducing Kernel Banach
Space (RKBS) framework offers a flexible and general approach to characterizing complex ma-

chine learning estimators. However, most of the construction and statistical analysis in the litera-
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ture focuses on and is based on the structure of L ,-type RKBS, i.e., the feature space is specifically
embedded into an L, space. In this paper, we aim to answer the following questions for general

machine learning problems:

Can L,—type Reproducing Kernel Banach Spaces offer a general enough framework for machine

learning studies? Which spaces can be embedded into a L,—type ?

Surprisingly, we provide a positive answer to the question posed above. Namely, we demon-
strate that every function class learnable with a polynomial number of data points with respect to
the excess risk can be embedded into an L ,-type Reproducing Kernel Banach space. This result
indicates that L,-type Reproducing Kernel Banach spaces constitute a powerful and expressive
model class for machine learning tasks.

To show this, we link the learnability and metric entropy [96] with the embedding into the re-
producing Kernel Banach Space. Metric entropy quantifies the number of balls of a certain radius
required to cover the hypothesis class. A smaller number of balls implies a simpler hypothesis
class, which in turn suggests better generalization performance. Conversely, a larger number of
balls indicates a more complex hypothesis class, potentially leading to overfitting or poor general-
ization. Classical results show that embedding a function space into a reproducing kernel Hilbert
space implies a polynomial bound on its metric entropy growth [20, 97].

Our main theorem 18 demonstrates that if the growth rate of a Banach hypothesis space’s met-
ric entropy can be bounded by a polynomial function of the radius of the balls, then the hypothesis
space can be embedded into an L ,-type Reproducing Kernel Banach space for some p > 2. This
result indicates that if a function space can be learned with a polynomially large dataset with re-
spect to the learning error, then it can be embedded into an L ,-type? Reproducing Kernel Banach
Space. Thus, Reproducing Kernel Banach Spaces provide a powerful theoretical model for study-

ing learnable datasets.
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5.1.1 Related Works

Reproducing Kernel Hilbert Space and Reproducing Kernel Banach Space A Reproducing
kernel Banach space (RKBS) is a space of functions on a given set  on which point evaluations are
continuous linear functionals. For example, the space of R-valued, bounded, continuous functions
C(Q) on some metric space € is an RKBS. The space ¢, () of all pointwise bounded functions
f : Q — R equipped with the supremum norm is also an RKBS. A formal definition of RKBS is

given below.

Definition 11 (Definition 3.2 in [82]) A reproducing kernel Banach space B on a prescribed nonempty
set  is a Banach space of certain functions on Q such that every point evaluation functional 9,

x € Q on B is continuous, that is, there exists a positive constant C, such that

16x (N = 1f O] < Cell fllg forall f € B.

Note that in a RKBS 8 on Q, norm-convergence implies pointwise convergence, that is, if (f,) C
B is a sequence converging to some f € B in the sense of || f,, — f|lg — 0, then f,,(x) — f(x) for
all x € Q. Note that in the special case with the norm || - ||g being induced by an inner product, the
space is called a Reproducing Kernel Hilbert Space (RKHS).

Compared to Hilbert spaces, Banach spaces possess much richer geometric structures, which
are potentially useful for developing learning algorithms. For example, in some applications, a
norm from a Banach space is invoked without being induced from an inner product. It is well-
known that minimizing the £, norm in R¢ leads to a sparse minimizer when p is close to 1.

As in the case of RKHS, a feature map (which is the Reproducing kernel of the Hilbert space)
can also be introduced as an appropriate measurement of similarities between elements in the
domain of the function. To see this, [38, 80, 82] provide a way to construct the Reproducing
Kernel Banach Spaces via a feature map. In this construction, the reproducing kernel naturally

represents the similarity of two elements in the feature space.
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Construction of a Reproducing Kernel Banach Space

For a Banach space ‘W and its dual space ‘W', let [-,-]qy : W’ X W — R be its duality
pairing. Suppose there exists a nonempty set € and a corresponding feature mapping @ :

Q — W’. We can construct a Reproducing Kernel Banach Space as

B :={f,(x) = [DPx),v]w:veW,xeQ}

with a norm

I/l == inf{[[v]lay : v e W with f, = [®(),v]w}. (5.1)

In [82], the relation between the feature map construction and the RKBS has been established

in the following theorem.

Theorem 15 (Proposition 3.3 [82]) A space B of functions on Q is an RKBS if and only if there
is a Banach space ‘W and a feature map ® : Q — W’ such that B is constructed by the method

above.

As discussed in [82], the feature maps are generally not unique, and the relation between the

Banach space W and the RKBS 8 is presented in the following technical remark:
Remark 32 (Remark 3.4 of [82]) The RKBS 8 is isomorphically isomorphic to the quotient space

WIN, where N = {v e W f, =0}, for f, defined as in (5.1).

L?-type Reproducing Kernel Banach Space For a probability measure space (2, M, u) and

1 < p < oo, the space L,(u) is defined as

Lp(p):{f:QaR'fismeasurableand/lflpd,u<00}.
Q

It is known that [20], under proper assumptions on the kernel, an RKHS can be characterized in

two equivalent feature spaces: ¢, and L, (u) via Mercer’s theorem.
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In this paper, our focus lies in the generalization of the L, characterization of the RKHS to the

RKBS, i.e., the L,-type Reproducing Kernel Banach space, defined as follows:

Definition 12 (L ,—type Reproducing Kernel Banach Space) If the feature space ‘W is given by
W = L,(u) for some measure 1, then we call the constructed Reproducing Kernel Banach Space

as L,—type.

Example 14 (Reproducing Kernel Hilbert Space) L,—type Reproducing Kernel Banach Space

can be constructed by
B, = {f(x) = [@x),v]w :v € Ly, x € Q}

is a Reproducing Kernel Hilbert Space.

Example 15 (Barron Space [91, 98, 99, 100, 101]) Barron spaces are used to characterize the
approximation properties of shallow neural networks from the point of view of non-linear dictio-
nary approximation. Let B be a Banach space and D C B be a uniformly bounded dictionary,
i.e. D is a subset such that sup,cp ||hllg = Kp < co. A Barron space is concerned with approxi-
mating a target function f by non-linear n-term dictionary expansions, i.e. by elements of the set
(D) = {%_ ajh; : hy € D}

The approximation is non-linear since the elements h; in the expansions will depend upon the
target function f. It is often also important to have some control over the coefficients a ;. For this
purpose, we introduce the Barron space Zil (D) = {Z?zl ajh; :h; e D,neN,a; € R} with the
Barron norm

1

n »
Iz := min (Z |a,~|P)

i=1

h=) ajhj,hjeD,neNt, he3h (D).
j=1

[84] showed that the Barron space 211\/1 (D) is an Li-type RKBS. Furthermore, we will show a
stronger embedding result later on that 211\/1 (D) can be embedded into an L,—type RKBS for some

p > 1 with an additional covering number assumption on the dictionary.
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Learnability and Metric Entropy The metric entropy [96, 102, 103] indicates how precisely we
can specify elements in a function class given a finite amount of bits information, and it is closely
related to the approximation by stable non-linear methods [104]. Metric entropy is quantified as
the log of the covering number, which counts the minimum number of balls of a certain radius
needed to cover the space. In information theory, metric entropy is the natural characterization of
the complexity of a function class.

[105, 106, 107] showed that a concept class is learnable (i.e., there exists a learning algorithm
that, for any €,0 > 0, outputs with probability at least 1 — ¢ a hypothesis whose error under
the fixed data distribution is at most €) with respect to a fixed data distribution if and only if the
concept class is finitely coverable (i.e., there exists a finite € cover for every € > 0) with respect to
the distribution. Moreover, concept classes that can be learned with a dataset of size polynomial
in 1/€ (i.e., with respect to the learning error) also have their metric entropy growth polynomially

bounded [108, 109].

5.1.2 Contribution

In this paper, we aim to establish connections between L ,-type RKBS and function classes
that can be learned efficiently with a polynomially large dataset with respect to the learning error.
Specifically, it is shown that such classes have a metric entropy that enjoy a power law relationship
with the covering radius and can be embedded into an L ,-type reproducing kernel Banach space
(RKBS). Classical results indicate that the ability to embed a hypothesis space into a reproducing
kernel Hilbert space (RKHS) implies a metric entropy decay rate (Steinwart, 2000), which in turn
suggests learnability. Our novel contribution is establishing a converse connection between the
metric entropy and the type of a Banach space. We demonstrate that concept classes whose metric
entropy can be polynomially bounded lead to the embedding into L,-type RKBSs. These results
highlight the generality of using L,-type RKBSs as prototypes for learnable function classes and
are particularly useful because bounding the metric entropy of a function class is often straightfor-

ward. Several illustrative examples are provided in Section 5.4.
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Relationship with [110] Recently [110] connects embedding to RKHS with type 2 (Definition
13) of the Hypothesis. We emphasize that we are not only merely extending [110] from L, fea-
ture geometry to L, feature geometry. Unlike in [110], where type 2 checks for different function
spaces require varied techniques, our method, based on metric entropy, provides a more unified
approach across different function spaces. At the same time, type 2 is not directly associated with
learning. The link between embedding and metric entropy enables us to directly connect learnabil-
ity with RKBS, as discussed in Section 5. These advancements offer a broader and more versatile
framework for understanding the relationships between function space properties, learning theory,

and embeddings in non-Hilbert space settings.

5.2 Preliminary

Type and Cotype of a Banach Space The type and cotype of a Banach space are classifications
of Banach spaces through probability theory. They measure how far a Banach space is from a
Hilbert space. The idea of type and cotype emerged from the work of J. Hoffmann-Jorgensen, S.
Kwapien, B. Maurey, and G. Pisier in the early 1970s. The type of a Banach space is defined as

follows:

Definition 13 (Banach Space of Type p) A Banach space B is of type p with p € [1,2] if there

exists a finite constant C > 1 such that for any integer n and all finite sequences (x;)!_, € B" we

have 1 1
n P\p n ?
B ex| | <c[> Il
i=1 B i=1
where € = {€} is a sequence of independent Rademacher random variables, i.e., P(¢; = —1) =

P =1) = %and Eleen] = O fori # m and Var|e;] = 1. The sharpest constant C is called of

type p constant and denoted as T, (8B).

Definition 14 (Banach Space of Cotype q) A Banach space B is of cotype q for q € [2,00] if
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there exist a finite constant C > 1 such that

(E

for any integer n and all finite sequences (x;)" , € B". The sharpest constant C is called cotype q
i=1

9\ q

n

E €iXj

i=1

1 [< qé
> = ;nxing :

B

constant and denoted as C,(B).

The previous work [110] utilizes the following Kwapien’s Theorem to characterize whether
there exists an RKHS H with a bounded kernel, such that a certain Banach space 8 can be embed-
ded into H.

As a result, it was shown that typical classes of function spaces described by the smoothness
have a strong dependence on the underlying dimension: the smoothness s required for the space E
needs to grow proportionally to the underlying dimension in order to allow for the embedding to

an RKHS H.

Theorem 16 (Kwapien’s Theorem [111, 112]) A Banach space E being both type 2 and cotype

2 is equivalent to E being isomorphic to a Hilbert Space.
The relation of the type of a Banach space and L, can be characterized by the following Theorem:

Theorem 17 (Corollary 11.18 in [113] of Pietsch Domination Theorem and Maurey-Pisier Theorem)
Consider type p (1 < p < 2) Banach Space B which is a closed subspace of L1(u) for some mea-
sure (1, then for any 1 < r < p there exists an isomorphic embedding u : 8 — L,(v) (isomorphic

to a subspace of L,(v)) for some probability measure v.

Covering Number and Metric Entropy Covering number and metric entropy measure the size
of the hypothesis space on which we work. For many machine learning problems, a natural way to
measure the size of the set is via the number of balls of a fixed radius 6 > 0 required to cover the

set.
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Definition 15 (6—Covering Number for Metric Space (8, d) [102]) Consider a metric space (B, d)
where d is the metric for space B and a set S C B. Let 6 > 0. A d-covering or 6-net of S under
the metric d is a set of elements of S given by {61, ...,0n} C S, such that for any 6 € S, there
exists i € [N] such that d(0,0;) < 6. The 6-covering number of (S, d), denoted as N(8, S, d), is

the smallest cardinality of all 5-coverings.

We can define a related measure, more useful for constructing our lower bounds, of size related to

the number of disjoint balls of radius ¢ > 0 that can be placed into the set:

Definition 16 (6—Packing Numbers for Metric Space (B, d)) Given a metric space (B,d), a 6-
packing of a set S C B is a set of elements of S given by {01, ...,0y} C S, such that for all i # j,
d(0;,0;) > 6. The 6-packing number of (S, d), denoted as M (6, S, d), is the largest cardinality of

all 6-packing sets.

The following lemma shows that the packing and covering numbers of a set are in fact closely

related:

Lemma 5 (Lemma 4.3.8 [114]) Given S C B and d, for any 6 > 0, M(26,S,d) < N(4,S,d) <
M(5,S,d).

The metric entropy, which is defined as the log of the covering number, indicates how precisely

we can specify elements in a function class given a fixed number of bits of information.

Definition 17 The metric entropy of a set S C B with metric space (8, d) is defined aslog N (6, S, d).

5.3 Main Results

In recent literature, reproducing kernel Banach spaces (RKBS) have been gaining interest in
the analysis of neural networks. Moreover, RKBS also offers a versatile and comprehensive frame-
work for characterizing complex machine learning estimators. However, the majority of the con-
structions and statistical analyses in the literature are concentrated on and based on the structure of

L,-type RKBS, specifically, embedding the feature space into an L, space. Unfortunately, it still
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remains largely unknown whether L,-type RKBS could offer a sufficiently flexible and versatile
modeling tool.

In this paper, we consider the following question:

Question. Given an RKBS E of functions from Q — R, does there exist an L,—type RKBS
B, on Q with the embeddings £ — B, — F = {(L2), where {,,(£2) denotes the space of

all the pointwise bounded functions on €7?

Recently, the question was studied in [110] for the case p = 2. The authors showed that
there exists no Reproducing Kernel Hilbert Space H with a bounded kernel such that the space
of all bounded, continuous functions from Q to R satisfies C(Q2) C H. At the same time, the
smoothness required for the space E needs to grow proportionally to the underlying dimension to
allow for embedding into an intermediate RKHS H.

In the literature, one way to characterize the “size” of an RKBS is through its density in a
surrounding ambient space F', and universal consistency can be established for kernel-based learn-
ing algorithms if universal kernels are used, [20, 115]. However, universal consistency does not
mean that the problem can be efficiently learned. To precisely approximate arbitrary continuous
functions, having a large RKHS norm is sufficient but may lead to a large sample complexity
requirement [116, 117].

Surprisingly, we show the following connection between the sample complexity and the em-

bedding to L,—type RKBS :

All the polynomially learnable RKBS can be embedded to an L,—type RKBS.

We first demonstrate the relationship between metric entropy and embedding in Theorem 18
given below, and subsequently establish the connection between metric entropy and sample com-
plexity. The significance of this result lies in the fact that estimating metric entropy is considerably
more straightforward in practice than finding the embedding. For instance, the metric entropies of

all classical Sobolev and Besov finite balls in L, or Sobolev spaces are well-known. In Section
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5.4, we show that both spaces can be embedded into an RKBS, implying that functions in these

spaces can be effectively approximated using kernel methods.

Theorem 18 (Main Theorem) Given p > 2, a bounded domain Q c R¢, and an RKBS E
of functions on Q that is compactly embedded into F = {(Q) on Q. If the growth of the

metric entropy can be bounded via

EL(6) :=logN(6,{x € E : |lx|[g < 1}, 1| - lr) S 677, (5.2)

forany 6 > 0, and the notation < means that Sg (0) < ¢67P for c independent of 6 as 6 — O.

Then for any s > p, there exists an Ly—type RKBS B, such that

E— B, —F.

Remark 33 In the statement of Theorem 18, we required the compact embedding E — F = {5, (Q).
Strictly speaking, the proof only uses the continuous embedding E — F. However, once the
covering number condition (5.2)is assumed, the unit ball of E is totally bounded in F, which
in turn implies the compactness of the embedding. Thus, the compact embedding condition is
automatically ensured by the entropy bound, and can be replaced by the weaker assumption of

continuous embedding.

Related Work A series of earlier works [118, 119, 120, 121, 122] provided the metric entropy
control of the convex hull in a type p Banach space which showed that a type p Banach space
always has metric entropy control. [123] showed that a Banach space is of weak type p if and only
if it is of entropy type p” with 1/p”+1/p = 1. Since weak type is a weaker requirement on Banach
space in the sense that all type p Banach spaces are weak type p [124], thus our work showed a

stronger result than [123].
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5.3.1 Proof Sketch

A sketch of the proof of the main theorem 18 is given below.

1

1. We first bound the Rademacher norm E, - ||Z?:1 e,-x,-”  of the Banach space E via general-

izations of the Massart’s lemma and Dudley’s chaining theorem to a general Banach space.

2. We provide a novel lemma which shows that the type of a Banach space can be inferred from

the estimation of Rademacher norm Eei% ||Z?:1 el-xi” P

3. Using the isomorphism between the Banach space £ = (E, || - ||r) and a subspace of Ly (1)

to construct the feature mapping of the L;—type RKBS.

To be more specific, given p > 2, for any s > p, our proof takes on the following pathway:

Metric entropy control (2) ——| Type s’ Banach Space ——— L;-type RKBS

where 1 <s" <p’<2suchthatl/s+1/s'=1/p+1/p' =1.

5.3.2 Metric Entropy Bound to Rademacher Norm Bound

We generalize the Dudley’s Chaining Theorem to abstract Banach space, so that we can show

1

a n_% decay of the Rademacher norm Ee, - ||Z:’:1 e,-xl-”  based on the assumption of 85 ().

Theorem 19 (Dudley’s Chaining for Abstract Banach Space) Given two Banach spaces (E, || -
l£) and (F,| - ||F), an upper bound on the Rademacher norm can be shown by Dudley’s chaining

argument as follows:

1|+ 6 [2
Ee, sup - €xi|| < Cinf {a/ + —/ A/ EE(6) d6} ,
“ X],"',XneE n ; B F a \/ﬁ a E
lxille<Lllx2llE<1,
= llxnllE<1

holds where: €; are independent Rademacher variables, taking values in {—1,+1} with equal

probability.
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Remark 34 According to Theorem 19, if the entropy number 85 (6) < 6P forall p > 2, we can

have :
1

n
Ee, — E €X;
n

i
i=1

11! -
<n 5 + _/ 1 Vo-Pds (Take a = n /I’)
Vi Jnp

F

1 . ., -1
<nvpr (The integral is of O(n" 7))

Sfor all ||xi||g < 1.
To prove the theorem 19, we first extend Massart’s lemma to a Banach space.

Lemma 6 (Generalized Massart’s Lemma in Banach Space) Let B be a Banach space and A

be a finite set of vectors a = (ai, ..., ay) where a; € B. Let r = maxX,es MaX;e[m) lla;lls, then

Zoga, <ry2log|A|

sup
acA

where |A| denotes the cardinality of A, o;’s are Rademacher random variables (which are indepen-

dent and identically distributed random variables taking values {—1, 1} with equal probability).

Proof 16 The proof of the Massart’s Lemma follows from Hoeffding’s Lemma:

3

sup
acA

oid;i
i=1

exp (/UE

) < Eexp ([sup Z Aoia; (Jensen’s for A > 0)

acA ||’ 3]

Zexp( S i

acA i=1 5/ |

< Z E [exp ( Z Aoa; (as oi’s are i.i.d.)

acA i=1 B
m

< Z 1—1[ E [exp (||A0ya;l|8)] (by Traingular Inequality)

B

3

<E

3

mA%r? .
< Z exp 7 (Using Hoeffding’s Lemma)

Applying the logarithm operator to the inequality and multiplying by /ll we get
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1 — 1 mA*r?
-1 AE < -1 A
1 og (exp( Zlelg Zma, B_)) <7 og (l |exp( > ))
log|A|  maAr?
sup oida; < + .
acA Z o 3 A 2

Set the value of A = ,/21:1%"4' above, we obtain

Z o4, <ry2log|A|.

Sup
acA

This completes the proof of the lemma.
We now prove Dudley’s Chaining Theorem 19 for abstract Banach spaces.

Proof 17 (Proof of Theorem 19) We start with the crudest e-cover for our function class. To

simplify the notation, we denote:
Ns:=N@0,{x € E: |xllg <1}1 - [IF)

For any 0 < a < 1, we can set ¢¢ = 2™a, where m is choosed properly, such that €y >
SUp;_1.... » IIXille and note that we have the covering net Ne, = {go} for go = 0 which implies
Ne = 1.

Next, we define the sequence of epsilon covers N, by setting €; = 27Vey = 2"V a for j =
0, ...,m. By definition, Vx € E, ||x||g < 1, we can find g;(x) € N, that such that ||x - g;(x)||F < €.

Therefore, we can write the telescopic sum

x=x—gnt ) &%) - g1 (%),

j=1

By triangle inequality, for any x € E, we have ||g;j(x) — gj-1(X)|lr < llgj(x) — x|lF + |Ix —
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gj-1(x)|lr < € +€j_1 = 3€;. Thus,

1| 1 &
E, sup - Z €xil| < ]E; sup Z €(x — gm(x))
X1, Xn€E =1 X1, Xn€E i=1
Ixile<tlxlle<t, F i lle<Lllolle<1, F
lxalle<1 <l lle<1

Zez(gj(xl gj—l(xi))

F
1 1 m n
< —onen Bl sup DD (g(n) - g1 ()
X1, Xp€E ; im
Iile<talp<t, /= F
Slnlle<1
1 m n
Sen+E- | sup |y eig() - g1 ()
n = X - xn€E =1 P
||x1||E<1 le2llE<1,
Slnlle<1
(by sup Z < Z sup)

1 m n
<a+-E Z sup Z €Yi

n ; eN., ;

=1 Y17 Yn€Ne; j 1 1li=1 F
||y1||E<36, ||y2||E<3€]
SlynllE<3e; ]

<a+ Z \/2nlog |N (by Massart’s lemma 6)

J=1

2 ST B YA PR A
<a+— € — €j+1) 7/10g [N, §a+—/ log |N;|dt.

\/ﬁ j=1 ! \/ﬁ €m

6 2
Sa+—/ Vlog |V |dt.
Vi Ja

5.3.3 From Bounded Rademacher norm to the type of the Banach Space

In the previous remark, we showed that if the entropy number 85 (6) <o Pforallp>2,

n
1
- E €iXi
n

i=1

1
sn = Eg
F

E,
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with all ||x;||[g < land 1/p +1/p’ = 1.
Now we will present a novel lemma, which shows that the estimation of the Rademacher norm

B, 1 ”2?:1 el-xi”  can imply the type of the Banach space.

€in

Lemma 7 (Techinque Contribution: From bounded Rademacher norm to type of the Banac]z space)

Given two Banach spaces (E, || - ||g) and (F,|| - ||r) on Q where we have the compact

embedding E — F, if for 1 < p’ <2 the following inequality holds

Ee,

when ||xil|g < 1,i = 1,---,n,Vn € N, then E = (E, || - ||) is of the type s', for very

1<s <p

Proof 18 We first prove for all ||x;||g < 1,i = 1,---,n,Yn € N, the inequality holds. By the
compact embedding E — F, we have ||x;||F < cl||xi||g < ¢ for some constant ¢ > 0, WLOG, we
can assume ¢ = 1. In the following proof, we will fix an m € N. For j,k = 0,1,2, ... define the

two sets
- 11 (.. k-1 k
U'={l-||xi||F€(W,§]} and Vi = {j : |U;| € (m*~',m"]}.

We will perform a calculation for any s" < p’ and take advantage of the assumption, which buys us
a bit of room that will come in handy later. Let t = 1/s" = 1/p’ > 0. Fixa k and a j € Vi, by the
fact that |U;| < m*, ||2/x;||r < 1 and the Kahane-Khintchine inequality [125, 126], which states

that for any normed space (E, || - ||g), exponent 0 < r < oo, there exists a constant K, such that

n 1/r n
(En > efxing) < KBl ) exille,
i=1 i=1
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for any {x;}_, C E, we get

n L
s\ 57

1 .
E Z €iX; S E Z €Xxil| = 2—]]5 Z € (2Jx,~)
IEUJ' F lEUj F l€Uj F
< imk/p’ — imk/s'm—‘rk
-2 27 ’
For each j, let us define f; : {-1,1}" — R by
fj(f) = Z € X;
iEUJ' F
Then we have
n s’ % () s SL’ [o%) %
E Z €X; =|E Z €iX; <|E. ij(e)s’
i=1 F j=0ieU; F =0
L
S\ s/
[o0) L (o]
< Z (Eefj(e)s )S = Z E. Z €;X;
j=0 k=0 jeVi ieU; F
S -1k mk/s’ S -7k k/s’ 1
SZZm 5 SZm mlflxm 22]
k=0 jeVy k=0 JjeVk
< C max ka/s/i (C= : )
- k 4 2J l-mT7
JE€VE
1 1 _ 1 1 2 -
<2Cms m/?XIj%E\l/f{lUflb 5 € Vk} for Z > < 5 < S (V) U;| >m
J€Vk Jj=>min(Vy)

1 1
<2Cms mjax{|Uj|s 5 —0,1,2,...}

1

s/

b , . 1 )
<4Cm¥ mjax Z lxillw | :7=0,1,2,... (for ST < ||x;|| holds Vi € U,

ieU;

L
5/

< 4Cmsl’

n

’
> ||x,~||sF)
i=1

167

(5.3)

1



(E.|| - |p)9E=5 F

. . i_l
(B, llp) SLE=KE. | - 11r) ’J
Ls/(:u

Figure 5.1: In our paper, we first use the type of an RKBS to build an isomorphic mapping to a
subspace of L, (u) for some probability measure . Then we construct the L ,-type RKBS via an
extension maps from L, (u) to F.

Gathering up the implicit factors in the above inequalities and noting that they all only depend
on r and T gives the result. Now we prove forall x; € E,i = 1,--- ,n, anyn € E and any s’ < p’,

we have

s’

“ |-
N

n

1
< (Z ||x,~||;') : (5.4)
i=1

E Z €:X;

i=1 F
Let %; = m, then ||%;||g < 1 holds for alli = 1,--- ,n. From the previous proof, we
i=1 t
have 1
N\ 37 L

n S \s n I’

B> x| | s | Islx]
i=1 F i=1

which leads to the complete proof of lemma(7).

5.3.4 Embedding to L,-type RKBS

From the previous lemma 7, the space £ = (E, || - ||r) is of the type s’ forall 1 < s’ < p’. We
will show the procedure for constructing the corresponding L-type RKBS.

Recall that E is an RKBS, so it is a closed subspace of F' = £, (). Therefore E is a closed
subspace of L;(Q) because £o, () embeds continuously to L1, so is E. Consequently, E is a closed
subspace of L;(v), where v is the uniform distribution on Q. By Theorem 17, £ is isomorphic to

a subspace of Ly (u) for some measure u for any 1 < s’ < p’.

168



By the derivation given above, the following embedding holds

S E D) B E= (B0 T F=(F ).

Therefore, we have the following embedding

idp p A N
S (B llp) = (E -0 T F =)

and E is isomorphic to Wy, a closed subspace of Ly () by the isomorphic mapping i.

First, for any x € Q, we denote 65 € F’ as the evaluation functional at x acting on F. Then we

consider the following linear functional:

[é(X), W]Wsr = [65’ (ldE_>F © i_l)(w)]F, Yw e Wy.

Since Wy is a subspace of Ly (u), by the Hahn-Banach continuous extension theorem, we can

extend this mapping ¢(x) : Wy — R to a continuous linear functional ¢ : Ly (1) — R. Then we
have for any e € E, i(e) € Wy,

[¢(x),i(e)]r, w=1d(x),i(e)lw, = [6%, (idg_poi™")(i(e)]F
=[6F,ids_ p(e)]lr = idp_ p(e)(x),

where (1) is based on the fact that ®i(e) = (idp_p o1 Di(e)) =

dp_ p(e). Now we define the
Ls-type RKBS,

By = {f,(x) = [¢(x),v]L, : v € Wy,x € Q}

with a norm
I follg, :=inf{|[v|lw : v € Wy with f, = [¢(),v]r,}.

Next, we show the embedding £ — B; — F. Noticing that B, is an RKBS, so B, — F

we only need to show the first embedding. Since E < E and E is isomorphic to ‘W, we will
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prove this by showing that B is the image of the mapping id;_,, o i~! on W,. Noticing that for
allv e Wy, f, = [¢(-), vl } =idp_po i~!(v) € By. Conversely, for any f € By, one can find
av € Wy such that f = [¢(-),v]r,,} by definition. Therefore B; is the image of the mapping
idp_poi™l on Wy.

Now, since E = (idp_,p o i !)oioid,_,E, therefore E is a subset of the image of the mapping

idp_,po i~! on ‘W, then we can conclude that E — B;.

5.4 Applications

In this section, we apply our results to two commonly used function spaces: the space of mixed
smoothness [127, 128, 129], which is widely employed in analyzing PDE regularity and learning
complexity, and Barron space [98, 99, 101], which characterizes functions representable by two-
layer neural networks. We show that both spaces can be embedded into an RKBS, implying that

functions in these spaces can be effectively approximated using kernel methods.

Spaces of (Generalized) Mixed Smoothness The Besov space is a considerably general func-
tion space including the Holder space and Sobolev space, and especially can capture spatial inho-

mogeneity of smoothness.

Definition 18 (Besov Space [127], Definition 2.2.1) Let0 < s < oo, ] < p < oo, and 1 < g < oo,
with ¢ = 1 in case s = 0. For f € LP(R%, 1) define
00 1/q

1Fllspg =D 25UNF (@ F Pl

k=0

where ¢q is a complex-valued C®-function on R? with ¢o(x) = 1 if ||x|| < 1 and ¢o(x) = 0 if

X[l = 3/2. Define ¢1(x) = ¢o(x/2) = ¢o(x) and ¢x(x) = ¢1(27**'x) for k € N. ({¢y} forms

a dyadic resolution of unity) and ¥ denotes the Fourier transform acting on this space (with a
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scaling constant (211)~4?). We further define

By, (R ) = {r : |17 - o]

< o0
pa <

where (x)P := m is the polynomial weighting function parameterized by 3 € R.

Remark 35 Let S'(RY) denote the space of complex tempered distributions on R%. Since any f €
L?(RY) gives rise to an element of S'(R?), the quantity F~ (¢ F f) is well-defined (for any k)
as an element of S'(R?). Moreover, ¥~ (¢ Fg) is an entire analytic function on R¢ for any

g € S"(RY) and any k by the Paley-Wiener-Schwartz theorem [128].

Theorem 20 (Metric Entropy of Besov Space [128]) Let 1 < p < o0, 1 < g < oo, B € Ry, and

d : d d
s=5> 0. Suppose E is a (non-empty) bounded subset of B),,(R”, {(x}P). For > s — 5, we have

10g N (6, E, || - lo) < 67975,

Corollary 8 Let ¢ < p' < p < oo 1 < g <o, L <sandf>s~ 2. Then B, (Rd, <x>f’)

can be embedded into an L ,» -type RKBS.

p’-1

Remark 36 Our corollary 8 covers the results in [110, Section 4.2, 4.3 and 4.5] for the embedding

of Besov Spaces to Reproducing Kernel Hilbert Space by taking p’ = 2.

Barron Space Barron space is used to characterize the function space represented by two-layer
neural networks, and the common belief is that the Barron space is larger than any Reproducing
Kernel Hilbert Space. For example, [100] has shown that Barron space is not isomorphic to a
Reproducing Kernel Hilbert Space because Barron space violates the parallelogram law. However,
our result shows that Barron space can still be embedded into a Reproducing Kernel Hilbert Space

using our theory.
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To show this, we utilize the metric entropy of a convex hull in Banach space [122, 121], which
is the technique used widely in estimating the metric entropy of Barron space / Integral Reproduc-

ing Kernel Banach Spaces [130, 131, 132].

Theorem 21 (Convex Hull Metric Entropy [121, 122]) Let A C Q be a precompact subset of
the unit ball of a Banach space B of type p, p > 1, with the property that there are constants a > (0
such that

N((S’A’ ” . ”B) < 6

Then there exists a positive constant ¢, o , such that we have the asymptotically optimal estimate

for the dyadic entropy numbers of the convex hull:
log N (68,co(A), | - llg) < cp,a,pd_(l_(l/p))_“ forn=1,2,...

Since every Banach space is type 1 (from the triangular inequality), we can have the following

corollary.

Corollary 9 Ifthe dictionary space D satisfies N(6, D, || - ||c) < pd~7*€ for some constant

p>2,e€>0,p >0, then Barron space 211\/1 (D) can be embedded into L _»_-type RKBS.
-

Remark 37 [110] showed that if the dictionary has a positive decomposition, then the Barron
space can be embedded into a Reproducing Kernel Hilbert space. Our condition provides a new

class of conditions that can utilize the smoothness of the dictionary [130, 131].

Note that [133] provides the metric entropy estimate of g—hull in type p Banach space. This

helps us to embed Barron spaces into an RKBS.

Lemma 8 (Metric Entropy of ¢g—hull in type p Banach Space[133]) Let K C B be a precom-

pact subset of the unit ball of a Banach space B of type p (p > 1). If N(6,K, || - ||lg) = O(67%*F)
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witha > 0,e > 0 and B € R, then we have

log N(e, Hy(K). || - lg) < € amatra.

where Hy(K) = {Z?:l cixi|lxie K,1<i<nneN,Y |cd< 1}.

Based on the result in [133], we have the following corollary

Corollary 10 If the dictionary space D satisfies N(6, D, || - ||lo) < pd 7*€ for some con-

stant p > 2,€ > 0, p > 0, then the Barron space Z;{/I(D) can be embeded into L __ra__ -type

2pg—-q-p

RKBS.

5.5 Conclusion

In their seminal 2013 Review Paper on Feature Learning [134], Bengio, Courville and Vincent

wrote,

"much of the actual effort in deploying machine learning algorithms goes into the de-
sign of preprocessing pipelines and data transformations that result in a representation

of the data that can support effective machine learning." [134]

While the geometry of features is the cornerstone that enables machine learning to work effectively,
most theoretical research in the field has predominantly focused on the complexity of hypothesis
classes. This raises a critical question: what is the relationship between feature geometry and the
complexity of the hypothesis class?

A fundamental connection is established in this work between the information complexity of
a function space, as measured by its metric entropy, and the representability within a reproducing
kernel Banach space (RKBS). Our main result shows that a controlled growth rate of metric entropy
is a sufficient condition for embedding a function space in a general L ,-type RKBS. This provides a
clear geometric interpretation of learnability in kernel-based methods: The complexity of the func-

tion space, a reflection of its richness and approximability, is directly linked to the geometry of the
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implicitly defined feature space. These theoretical insights offer principled guidance for designing
and selecting kernel methods, clarifying which function classes can be effectively modeled. By
identifying the essential conditions for embedding function spaces into RKBS, our work deepens
the understanding of both the power and limitations of RKBS-based analytical tools, paving the
way for the future development of more effective and theoretically grounded kernel-based learning

methods for complex data.
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Chapter 6: Conclusion

This thesis set out to bridge a fundamental gap in the mathematical and computational sciences:
the rigorous resolution of nonlinear operator equations across both classical analytical paradigms
and modern data-driven settings. Whether the goal is to invert a known physical law to recover a
hidden state u, or to learn an unknown physical law # from observational data, both paradigms
share the profound mathematical challenge of reconstructing infinite-dimensional objects from
finite, discrete, and potentially inexact measurements.

By unifying these challenges under a cohesive mathematical framework built upon Optimal
Recovery, Reproducing Kernel Hilbert/Banach Spaces, Sample Complexity, and Active Learning,
this thesis has provided rigorous theoretical guarantees and computationally tractable methodolo-
gies that were previously lacking in heuristic machine learning approaches. The core contributions

of this work can be summarized as follows:

* Foundations of Nonlinear Optimal Recovery: In Chapter 2, we extended the classical
optimal recovery framework into the nonlinear regime to solve ¥ (u) = v. By formally
addressing the breakdown of finite-dimensionality inherent to nonlinear operators, we intro-
duced sufficient conditions and relaxed recovery formulations that mathematically guarantee

the stable and convergent reconstruction of continuous states from finite observations.

* A Representer Theorem for Operator Learning: In Chapter 3, we elevated the optimal
recovery paradigm directly to the operator space. By modeling the learning task within
a vector-valued RKHS, we incorporated realistic, finite-resolution measurements on both
the input and output spaces. The proof of a generalized Representer Theorem for operator
learning successfully reduced the inherently infinite-dimensional optimization to a tractable

computational task, accompanied by explicit quantitative error bounds based on sample size
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and measurement resolution.

* Breaking the Curse of Dimensionality: Chapter 4 addressed the severe statistical limi-
tations of passive operator learning. By focusing on scale-L operators of neural network
type—a structure highly relevant to reduced-order modeling and physical sensor bottlenecks—
we introduced a novel active learning framework. Utilizing adaptive point queries to un-
cover local gradient covariance matrices, we demonstrated that active dimension reduction
can systematically bypass the infinite-dimensional curse of dimensionality, rendering high-

dimensional operator learning highly efficient.

* The Foundational Equivalence of Entropy and Kernels: Finally, Chapter 5 provided the
theoretical capstone of the thesis by exploring the ultimate limits of information complex-
ity. By proving a profound converse to classical embedding theorems, we established that a
bound on the metric entropy growth of a function space is mathematically sufficient to guar-
antee its explicit embedding into an L ,-type Reproducing Kernel Banach Space (RKBS).
This result proved that generalized kernel spaces serve as a universal modeling framework
for any learnable function class, fully justifying the structural priors utilized throughout this

thesis.

6.1 The Unified Mathematical Vision

A central philosophical takeaway of this thesis is that the boundary between classical numeri-
cal analysis (solving equations) and modern data science (learning operators) is highly permeable.
Historically, machine learning techniques applied to physical systems have relied heavily on mas-
sive datasets and black-box architectures that lack strict convergence guarantees or respect for the
underlying functional geometry.

This thesis proves that by relying on the rigorous, minimum norm philosophy of Optimal Re-
covery and the geometric structures of RKHS and RKBS, data-driven methods can achieve the

exact same level of mathematical rigor as classical numerical solvers. We have shown that contin-
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uous physics and discrete data do not exist in opposition; rather, they can be seamlessly connected
through appropriate representer theorems and adaptive sampling strategies. Ultimately, this work
establishes that the foundational tools of approximation theory and functional analysis remain ab-
solutely indispensable for unlocking the full potential—and understanding the absolute theoretical

limits—of modern data-driven scientific computing.

6.2 Future Directions

While this thesis establishes a robust and mathematically rigorous framework for optimal re-
covery and operator learning, it also opens several promising avenues for future research. The
unified perspective developed here naturally points toward more complex functional geometries,

realistic measurement constraints, and deeper explorations of information complexity.

1. Optimal Recovery in Banach Spaces

The optimal recovery frameworks and Representer Theorems developed in Chapters 2 and 3
rely heavily on the geometric properties of Hilbert spaces (specifically RKHS and vv-RKHS).
Hilbert spaces offer immense mathematical convenience due to the existence of inner products
and orthogonal projections. However, as demonstrated in Chapter 5, Reproducing Kernel Banach
Spaces (RKBS) provide a strictly broader and more universal modeling framework. A natural and
highly impactful future direction is to extend the nonlinear optimal recovery and operator learning
formulations natively into the Banach space setting. Developing computationally tractable optimal
recovery algorithms within L ,-type RKBS would allow for the rigorous learning of operators that
exhibit sparsity, sharp discontinuities, or other non-Hilbertian physical constraints that traditional

L, geometries tend to artificially smooth out.

2. Active Learning under Finite and Inexact Measurements

Chapter 4 successfully cracked the infinite-dimensional curse of dimensionality by utilizing

active point queries to estimate local gradient covariance matrices. However, in many practical
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engineering and physical applications, exact point evaluations of a state or operator are physically
impossible to obtain. Instead, researchers are limited to the finite, low-resolution, and inexact
measurements addressed in Chapter 3. Bridging these two chapters represents a critical next step:
developing an active learning framework for operators where the querying mechanism itself is
constrained by finite measurement functionals. This would involve designing adaptive experimen-
tal design strategies that can estimate active functional subspaces and local gradients strictly from

aggregated, noisy sensor data, rather than idealized exact evaluations.

3. Constructive Kernel Design and Tighter Entropy Bounds

Chapter 5 established a profound theoretical existence theorem: a bound on metric entropy
guarantees embeddability into an L,-type RKBS. However, moving from theoretical existence to
practical construction remains an open challenge. Future research should focus on the explicit,
algorithmic construction of these reproducing kernels based directly on the entropy properties of
the target space. By deepening the study of the exact mathematical relationship between the metric
entropy constants and the resulting kernel structure, it may be possible to develop data-driven algo-
rithms that custom-build the optimal RKBS kernel for a specific physical system. Furthermore, in-
vestigating tighter, problem-specific entropy bounds for particular classes of nonlinear PDEs could
yield even sharper sample complexity guarantees for the operator learning frameworks proposed

in this thesis.
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Appendix A: Nonlinear Optimal Recovery in Hilbert Spaces

A.1 Proof of Theorem 1

Proof 19 We first show the existence of a minimizer for the nonlinear optimal recovery problem
(2.12) at scale n, followed by a convergence of the minimizer sequence to the true solution of the
nonlinear equation (2.11) in the strong topology of the Hilbert space U.

1. Existence of Minimizer. Since our objective function is the Hilbert space norm, it is
bounded below by 0. Therefore, there exists a minimizing sequence {uAN/I Yoro- Also, the mini-
mizing sequence is actually minimizing the Hilbert norm. It is thus a bounded sequence in ‘U.

By the weak compactness of the Hilbert space, we can then find a weakly convergent subse-
quence of {u%’ }. With a little abuse of notation, we will still denote this subsequence as {u%’ } and
the weak limit as iiy. We then show that iiy satisfied all the constraints in the optimal recovery

problem in scale N. Noticing that by our second assumption, we can show that:

[F (up)s u] — [F (@n), ¢ul,

forn =1,..., N. Therefore we will have the weak limit satisfy all the constraints. Moreover, by the

weak lower semi-continuity of norms, we have:
- .. M
linller < liminf [l [lq/
n—oo

Since {u% } is the minimizing sequence, we can conclude that iy is the minimizer of the optimal
recovery problem (2.12).
2. Convergence Analysis. Since we have ||u*||lq > ||lun||ly, our solutions series {uy} is a

bounded series in U. Therefore we can find a weakly convergent subsequence with weak limit i.
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With a little abuse of notation, we still denote the subsequence as {uy} (Note that, as shown later,
i is actually the weak limit for the whole sequence).
We wish to prove that ii satisfies the nonlinear equation (2.11). WLOG, we assume that f=0.

Then our equation becomes:

[F(u).¢] =0, Vo eB

Now, for any ¢y € Span (@1, ..., dn), by summing the constraints we have for M > N

[F (un), dv] =0

by the weak convergence of F (upr)(condition 2), we have as M — oo, that

[F (um), dn] — [F (@), pw].

Therefore we can conclude that:

[F (@), dn] = 0.

By the first condition of our theorem, we can find a sequence of {¢n} that converges weakly to

¢ in B*. Therefore we have:

(7 (@), gn] — [F (@), ).

We can then conclude that

[F (@), ¢] =0,

This means that the weak limit ii satisfies the nonlinear equation (2.11). By the uniqueness of the
solution, we have u* = 0. Also, since the weak limit is independent of the sequence, we conclude
that u is actually the weak limit of the whole sequence in U

Next, we prove that u is actually the strong limit in U. Noticing that norm convergence and
weak convergence imply strong convergence. With the already established weak convergence, we

only need to prove the norm convergence. To do this, notice that the Hilbert space norm is a convex
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functional and weakly lower semi-continuous. As u is the weak limit of {uy}, we get
llu*|lgs < liminf ||uy |l
n—oo

Also, by the definition of the optimal recovery problem, uy is the smallest norm solution with N

measurement, so we also have ||u*||qy > ||lun||y for any N > 0. Therefore we conclude that:
lim luylle = llu”lla
N—

This shows that u* is actually the strong limit of uy in U.

A.2 Proof of Theorem 2

Proof 20 Similar to part I in Theorem I, we can show the existence of the solution u’;,. We thus

focus on proving the two convergence results.

1. Convergence to uy: We define
N
Ry(ut) = > ([F (1), ¢ul = [f> ¢a])?
n=1
For any u > 0, we observe the following inequality:
iyl < Ny llae + Ry () < llunllas + pRy (un) = llunlla.

Therefore, for any sequence {uy,} such that p,, — oo as m — oo, the sequence {u%’"} is bounded.

So, there is a weakly convergent subsequence {u*]\l]’” }(same as Theorem 1, a little abuse of notations)

with a weak limit iiy. By the weak continuity of the F, we have

Ry(uh") — Ry(iy)
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Also, noticing that:

1 1
Ry(uy") < —luy" lla + Ry (uly") < —llunllay — O,
Hm Him

we conclude that Ry (iiy) = 0. Moreover, by the weak lower semi-continuity of the Hilbert space
norm, we have:

lanll < liminf [lul" [l < llunlle-
m—0oo

Since uy is the minimum norm element with the constraints Ry(u) = 0, we get iiy = uy and it is
CI) Hm
the weak limit of the whole sequence {u'\"}.

Now, it remains to prove the norm convergence. Noticing that

lun |l < liminf [l [l < Timsup [luy" llag < llunlla,
m-—-00

m-—-oo

we conclude that lim,,_ ||u‘]<,'"|| = |lun||. Since the series {u,,} is arbitrary, we have u', — u

u
N
strongly in U.

2. Convergence to u: For any u > 0, we observe the following inequality

luylle < Ny llas + pRy () < Nlu®llag + pRy () = [l

For any sequence {uy} such that uy — oo as N — oo, the sequence {uZN } is a bounded sequence.
Therefore, there is a weakly convergent subsequence {ux’V }(same as Theorem 1, a little abuse of
notations) with a weak limit ii. Now for any ¢ € B*, by the assumptions, we can find a sequence

{bm} such that dy € Span{¢, ..., oy} and

[(F (@), dp] — [F(i2),¢] as M — oo.
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Similar to the proof in Theorem 1, one can get that
[F ("), dul — [F (@), dul as N — co.
Also, as N — oo, we have:
Ry (uly") < pw Y llas + Ry (uly®) < pwllu*lls — 0,
therefore [T(uﬁfj’v), du] — 0as N — oo. So we conclude that:
[F(4),¢] =0

which means ii = u*. Next, we show the norm convergence. By the weak lower semi-continuity of
the norm, we have:

Jurllar < Tign inf [

and for any uy > 0

™ e < Ny llas + v R (™) < Hlullag + py Ry (") = [lu”lla

therefore limy o ||u’1<,N||ru = |lu*|lgs. By the arbitrary of the series {u"}, we have u’;, — u* as

(1, N) — (00, 0).

A.3 Proof of Theorem 3

Proof 21 Similar to part 1 in Theorem 1, we can show the existence of the solution u’li, Therefore
we will focus on proving 2 convergence results.
1. Convergence to uy: Take the {5,y } for uy in lemma I we have the true solution u is in

the feasible set of the M —points approximation algorithm. Therefore the solution for the relaxed
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nonlinear optimal recovery (2.18) {u%f }or—1 18 a bounded sequence is U since we have:

M
luy llar < llull.

Therefore it will have a weak convergent sub-sequence with a weak limit iiy when M — oo in U.
With a little abuse of notation, we will still denote the weak convergent sub-sequence as {uAN/I ISYIRE
and we will show that iy is actually the strong limit for the whole series later.

Next, we show that the weak limit iiy is actually the solution to the optimal recovery problem

[1‘\,/’ converges weakly to iy in U and T(u%

(2.12). First, for any n = 1,...,N, since we have u
converges weakly to F (iiy) in B. Therefore there exist a sequence of constants {GAI\/]I} goes to 0 and

such that

[F M), 6] = [F (an). dul| < €y

where the symbol [-, -] is the duality pairing. Notice that from lemma 1, we have ||u%’ llze < ™|,

therefore

< ém

M
'[7:(”1‘1\]4)’ ¢n - Z Cnm¢mn]

m=1

Next, WLOG we assume f =0, Then we have for any M > 0

[F (@n), ¢all < |[F(uR), ¢a] = [F (@), ¢al| + |[F (un), 64]|

SEA]\,]I+ +

M
F(up), D combumn
m=1

M
7:(”5‘\!/[)’ ¢n - Z Cnm¢mn]

m=1

< EA]\/]I + 26,1

Therefore fixing a N, when M — oo, we can conclude that:

[F(in),du] =0, n=1,...N

So it satisfied all the constraints for our optimal recovery problem (2.12). Next, we will verify

the minimum norm property. We will prove by contradiction, suppose ||uy|l¢s < ||dn]||ly. Since
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in is the weak limit of {u% Yor=- By the weakly lower semi-continuous of the norm we have
lldn]lzs < liminf ||u§‘v’1 |l2s, but since uy is in the feasible set of the problem (2.18) so we should have
lunller = IIMAN’IH(L[. So we should have |\uy||ly = |in||le , that is a contradiction. By assuming the
solution for (2.12) is unique, then we have iy = uy. Since the weak limit uy is independent of the
sequence, it is actually the limit of the whole series.

Lastly, we will show that uy is actually the strong limit. First by the weakly lower semi-
continuous of norm we have |luy|l¢; < liminf ||u1A\’,’||ru Also since uy is in the feasible set of

(2.18), we should have ||un||lq¢ > ||u%||(u. Therefore we can conclude that:
el = lim Jlu

By weak convergence and norm convergence implies strong convergence, uy is actually the strong
S M
limit for {uy }.
2. Convergence to u: Take the {6,np } for u™ in lemma 1. Firstly, for any function series {u% }
with (M, N) — (o0, 00), since it is a bounded series, it has a weak convergent subsequence with a

weak limit ii. Next, we will try to show that:

[F (@), ¢u] = [f.¢] , V¢ € B
WLOG, we assume f = 0, we only need to prove for any fixed ¢ € B* and € > 0, we have:
[F (@), ¢] < €
First we will pick a H > 0 such that there exist a ¢y = Zle cnoy such that:
(Assumption 1) |[T(ﬂ), o) — [F (i), (511]| <

€
4
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Next, let Cyy = Y, |ci1| we pick a (N, M) pair in the series large enough such that N > H and.:

(Assumption 2) |[T(u%’),¢h] - [T(ﬂ),qﬁh” < ﬁ , h=1,..,.H

M
(Assumption 4) || F (i), ¢y, — Z Conh®mh ¢ , h=1,...H
“ 4CH
M
(Algorithm assumption) T(u%[), Z Con®mn|| £ —, h=1,...H
m=1 4CH

Then we have:

H
< Y lenl (|[7 k). 0] - 17 @) ) < 3
h=1
Also,
H _ ] H M €
'[7:(1/!) Z (Z C;nh¢mh) — || < Z lcnl [?(ﬂ), bén — Z th¢mh] Z
h=1 11 = =1
And, )
H M €
[7:(”) Z Ch (Z th¢mh) < Z |Ch| [7:(11)’ Z th¢mh] < Z
m=1 ] h=1 m=1

Summing these 4 inequalities together we will get

[[F (@), ¢1 - [f. 4]l <€, Vo e B

for any € > 0, so by the uniqueness of the solution of the equation, we have ii = u. Utilizing similar

arguments in part 1 we can show that i is also the strong limit for {u’,‘\,/’ }, so we complete the proof.
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Appendix B: Active Learning for Operators of Neural Network Type

B.1 Proof of Theorem 10

Proof 22 By Assumption 17, the input space U is defined by the ellipsoid constraint }.;° | Ailai? <

1, where a; = {u, ¢;). This constraint implies that the maximum extent of the compact subset U in

1
VT

safely bounded by an infinite-dimensional hyperrectangle [];2, [—\/%, \/%].

the i-th orthogonal direction ¢; is bounded by |a;| < Therefore, the ambient domain can be

To construct a passive e-net ZL***'" over this full input space, we discretize each orthogonal

direction with a uniform grid spacing of A = ﬁ
ip

passive

For any arbitrary input function u € U, let u* € Z; be the closest grid point. By the
construction of our uniform grid, the approximation error in the input space is bounded by the

grid step size:
€
2C Lip

lu—u™lly <

The passive interpolant F passive evaluates the operator exactly at these grid points. Assuming
the interpolation scheme preserves the Lipschitz constant Cp;, of the true operator ¥ (Assumption
1), we can bound the interpolation error for any arbitrary function u by employing the triangle

inequality:

||Fpassive(u)_7:(u)”(V < ||Fpassive(u)_ﬁpassive(u*)||‘V+||ﬁpassive(u*)_7:(u*)||q’+||7:(u*)_7:(u)||(v

We evaluate each term individually:

1. By the Lipschitz continuity of the interpolant, ||Epassive(U) — Epassive )|y < Cripllu —

u*||y.
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2. The interpolant is exact at the grid points, hence ||Fpass,-ve(u*) —F )|y =0.
3. By the Lipschitz continuity of the true operator ¥, ||F (u*) — F (u)||y < Crip|lu™ — ul|y.

Summing these bounds and substituting the grid spacing limit yields the required uniform error

bound:

. . €
||Fpassive(u) - Flly < 2CLip||u —u'l|ly < 2CLip =€
2CLip

To evaluate the total number of grid points required (the cardinality of the e-net), we compute

the number of segments required in each dimension. For the i-th dimension, the total interval

length is \/% Dividing this bound by the halved grid spacing A yields a proportional point count
4CLip
of i

Since we require at least one grid point even in dimensions where the effective domain size is

smaller than the grid spacing, the number of grid points in the i-th dimension is strictly bounded

4CLip

eV

the product of the points across all dimensions:

by max (1, ) The total cardinality of the passive grid over the infinite-dimensional space is

; = 4CL,'p
|ZPasszve| < max (1’ )
] e

B.2 Proof of Theorem 11

Proof 23 To bound the spectral norm of the total estimation error || X — X||2, we introduce the
exact empirical covariance matrix Xy = % Z?;Il g(x:i)g(xei)T. By the triangle inequality, we

decompose the total error into a spatial statistical error term and a sketched recovery error term:

1X = X2 < 1 Xp = X2 + 11X = Xull2 - (B.1)

Statistical Error  Recovery Error

We will bound each term by 5 with probability at least 1 — %, and then apply a union bound over

the failure events.
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Step 1: Bounding the Statistical Error (Choosing M). The true empirical covariance Xy is
the average of M independent, symmetric, positive semi-definite (PSD) matrices X; = g;g,, where
E[X;] = X. We define the centered random matrices Z; = %(gl-giT —X), such that Xy —X = Zle Z;
and E[Z;] = 0.

By the uniform Lipschitz assumption, the local gradients are bounded by ||g;||> < Crip almost
surely. Thus, the spectral norm of each outer product is strictly bounded: ||gig;" |2 = | gill? < Ciip.
Consequently, by Jensen’s inequality, ||X|2 = |[E[gig/ 1ll2 < Ciip. This allows us to bound the

spectral norm of each centered matrix Z;:

2
1 2 Lip
1Zill2 < i (Ilgig/ 2 + 1X1l2) < Y

To apply the Matrix Hoeffding inequality, we compute the variance parameter o>. Since Zl.2 =

4ct

1ZilI531 =2 =521, we have:

M

D ElZ]

i=1

M 4Ct

2!

i=1

Lip
M

2

4C%
g = =

<

2 2

Applying the Matrix Hoeffding inequality yields:

2

t M
>t <2d(g)exp|———=] <2d(g)exp |-
2 ) (€) p( 202) (€) p( sci

t2

P (X - Xll2 2 1) =P(

M
>
i=1

Setting t = 5 and equating the failure probability to g, we find that || Xy — X|l2 < § holds with

probability at least 1 — % provided that:

M >

320,
L7 1og (4‘1(‘9)) . (B.2)

g2 )

This establishes the first sample complexity condition with absolute constant Cy = 32.
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Step 2: RIP Condition for Direct Covariance Sketching (Choosing K). Next, we bound the
difference between the recovered matrix X and the empirical matrix Xy Rather than recovering a
gradient matrix, our algorithm directly sketches the rank-L matrix Xy using K common Gaussian
directions v; ~ N (0, I(s)).

This forms a linear sensing system b = A(Xy) + €, where the normalized sensing operator
A : RAEXAE) _ RK s defined as AZ); = \/LEVJTZVJ; and é = #e is the normalized truncation
noise.

Because A is constructed from rank-1 Wishart projectors generated by standard normal vec-
tors, it satisfies the Restricted Isometry Property (RIP) for rank-2L symmetric matrices [75]. By

standard covering number arguments over the manifold of rank-2L matrices, ‘A achieves an RIP

constant dry, < % with probability at least 1 — g, provided the number of global directions satisfies:

4
K >CoL-d(e) + Cilog (5) , (B.3)

where Cy,C3 > 0 are absolute constants. This removes the dependence of K on the number of

centers M, as the low-rank geometry of Xy inherently limits the degrees of freedom to O(L -d(¢)).

Step 3: Bounding the Recovery Error via Taylor Truncation. Conditioned on the event that
A satisfies the RIP, low-rank matrix recovery via PSD trace-norm minimization is highly stable.
By the stable recovery theorems of Candés and Plan [74], the Frobenius error of the reconstructed

matrix is bounded proportionally to the {>-norm of the measurement noise:
IX = Xull2 < 1IX = Xmllr < Cripllé]la, (B.4)

where Cgyp is a constant depending strictly on the RIP tolerance.
The unnormalized noise entries e; = b; — v}_XMv j arise purely from replacing the exact di-
rectional derivative with a finite difference approximation of step size h. Assuming the nonlinear

operator F has bounded curvature (Hessian bounded by Cy), the Taylor expansion guarantees
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that the approximation error for the squared norm scales as |e;| < O(Cy - h). Thus, the total
normalized noise bound is ||€||» < O(h).
Because the recovery error is strictly proportional to h, we can force the error to be ar-

bitrarily small by selecting a sufficiently fine finite difference step size. Specifically, choosing

h<0O £ ensures that:
CripCH

IX = Xnll2 <

N M

Conclusion. We have established two independent failure events: the empirical spatial average
failing to concentrate (Step 1), and the random directional sensing operator failing to satisfy the
RIP (Step 2). Applying a union bound, both the statistical error bound and the recovery error
bound hold simultaneously with probability at least 1 — (% + %) =1-96.

Substituting these two bounds back into the triangle inequality (B.1), we conclude:

M
M

X-Xlh<f+l-e
I£-Xl2<S+2 =0

This completes the proof.

B.3 Proof of Theorem 12

Proof 24 Since X has rank L, its (L + 1)-th eigenvalue is exactly zero, i.e., 1p+1(X) = 0. The true

spectral gap separating the active L-dimensional subspace from the null space is therefore:

A=2(X) - Ap1(X) = 2.(X).

By Weyl’s inequality, the eigenvalues of the perturbed matrix X satisfy |4;(X) — 4;(X)| <

|X = X||2 < € for all i. Because we assume € < #, the separation between the L-th eigenvalue

of X and the (L + 1)-th eigenvalue of the true matrix X is strictly positive:

AL(X)

AL(X) = 241 (X) 2 (X)) —e =0 2 >

> 0.
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We can now directly apply the Davis-Kahan sin(®) theorem, which bounds the spectral norm

of the sine of the principal angles between the eigenspaces:

X-X
| sin®||, < | AHZ .
AL (X) = IX = X||2

Substituting || X — X||» < € and using the condition & < ’lLéx), we obtain:

& 2¢e

Isin®|; < ——— < - .
AL(X)—& = AL(X) —A.(X)/2  AL(X)

B.4 Proof of Theorem 13

Proof 25 Let the induced non-linear profile over the latent space be defined as g(3) = F(W W 2).
By our assumptions, g(Z2) is Lipschitz continuous with a constant of Crp.

We construct a uniform grid ZE over the bounded L-dimensional latent domain Z = Hlel [—R;, Ry].

€
2CLip”

To achieve the desired uniform error bound of €, we set the uniform grid spacing to A =
For any arbitrary point 7 in the estimated latent domain, let Z* € Z be the nearest grid point.

By the construction of the uniform grid, the distance between 7 and Z* is bounded by the step size:

12 =27 <
2CL,'p

The piecewise interpolant F(2) is constructed from the exact evaluations on this grid. Assum-
ing the interpolant scheme preserves the Lipschitz constant Cy;p, we can bound the interpolation

error at an arbitrary point Z by employing the triangle inequality:

1F(2) — gl < IIFE) = (@)l + IF(Z) = F@lly + 118(27) — ()l

We evaluate each term as follows:

1. The interpolant is exact at the grid points, hence ||F(5*) — g(2)||lv = 0.
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2. By the Lipschitz continuity of the interpolant, ||F(8*) = F(2)||y < CripllZ* = Z2ll.
3. By the Lipschitz continuity of the induced profile g, ||g(Z*) — g(2)||lv < Cripl|Z" = Z]|.

Summing these bounds and substituting the grid spacing limit yields the required uniform error

bound:

A A A A N A €
£ ) = FOWWT) [l < 0+ 2C10 |15 - 2°]] < 2cu,,( ) e
ZCL,'p

To determine the cardinality of the grid, we evaluate the number of points required per dimen-

sion l. Given the bounded extent [—R;, R;]| and the halved grid spacing A, the number of segments

is proportional to RiCrip, Thus, the total number of required grid points is bounded by the product

€

across all L dimensions:

L
~ 4CLip
|Z|S| |max(1, )
¢ =1 6\//11
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