
Inference and criticism of dynamical models to accelerate microrobot design

Dimitri Livitz

Submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy
under the Executive Committee

of the Graduate School of Arts and Sciences

COLUMBIA UNIVERSITY

2024



© 2023

Dimitri Livitz

All Rights Reserved



Abstract

Inference and criticism of dynamical models to accelerate microrobot design

Dimitri Livitz

This thesis seeks to advance the field of microrobotics by leveraging Bayesian principles and

computational tools to design system parameters for information gain and microrobot propulsion.

Inspired by living cells, the development of mobile robots on the micron scale (microrobots)

promises new capabilities for advancing human health, renewable energy, and environmental

sustainability. To help pave the way towards this goal we develop practical recipes for applying

computational and analytical tools to physics-based dynamical models of our microrobot

experiments. We apply methods of criticism and validation to identify robust models for the

motion of magnetic particles at curved interfaces, and identify optimal conditions for propulsion

in our model system. We then develop tools for identifying optimal experimental conditions for

most efficiently learning model parameters. By studying microscale actuation in depth, we seek

to provide a roadmap of how to apply these computational tools to other microrobot design

challenges, accelerating the scientific process.

In Chapter 1, we focus on the actuation of magnetic particles adsorbed at curved liquid interfaces

by external fields, a phenomenon that can be utilized for applications such as droplet mixing or

propulsion. To optimize these behaviors, the development and validation of predictive models are

essential. We employ Bayesian data analysis as a principled approach to infer model parameters

from experimental observations, assess the capabilities of candidate models, and select the most

plausible among them. Specifically, we identify and validate a dynamical model which accounts



for the effects of gravity and tilting of the particle, a Janus sphere, at the interface. We show how

this favored model can predict complex particle trajectories with micron-level accuracy across the

range of driving fields considered.

Chapter 2 builds on this modeling to develop the optimal properties of a mobile liquid droplet,

driven by an adsorbed magnetic particle. This configuration enables the design of responsive

emulsions, which can be actuated by a magnetic field. This work develops the properties of such a

swimmer and validates our findings with an experimental realization of a ferromagnetic ellipsoid

adsorbed onto a stationary water droplet in decane. Accounting for geometric differences, the

model developed in the previous chapter is demonstrated to be accurate for this new system. We

find that the configuration of the magnetic moment of our ellipsoid prohibits swimming of the

assembly, but if it can be modified during fabrication, propulsion is possible.

In Chapter 3 we show how automated experiments based on Bayesian inference and design can

accurately and efficiently characterize another microscale propulsion system, the acoustic field

within resonant chambers used to propel acoustic nanomotors. Repeated cycles of observation,

inference, and design are guided by a physical model that describes the rate at which levitating

particles approach the nodal plane. We show how this iterative process serves to discriminate

between competing hypotheses and efficiently converges to accurate parameter estimates using

only a few automated experiments. This work demonstrates how Bayesian methods can learn the

parameters of nonlinear hierarchical models used to describe video microscopy data of active

colloids.

Finally, the forward-looking perspective in Chapter 4 illustrates how best to leverage these

techniques and models to provide a path forward for self-guided microrobots. Existing

microrobots based on field-driven particles rely on knowledge of the particle position and the

target destination to control particle motion through fluid environments. These external control

strategies are challenged by limited information and global actuation, where a common field

directs multiple robots with unknown positions. We discuss how time-varying magnetic fields can

be used to encode self-guided behaviors of magnetic particles conditioned on local environmental



cues. Programming these behaviors is framed as a design problem: we seek to identify the design

variables (e.g. particle shape, magnetization, elasticity, stimuli-response) that achieve the desired

performance in a given environment. We discuss strategies for accelerating the design process

using the methods developed in this thesis—including automated experiments, computational

models, and statistical inference—as well as other approaches such as machine learning. Based

on the current understanding of field-driven particle dynamics and existing capabilities for

particle fabrication and actuation, we argue that self-guided microrobots with potentially

transformative capabilities are close at hand.

This research offers a unique contribution by demonstrating the practicality and efficiency of

Bayesian computational methods in microrobot design, and provides a template that is applicable

anywhere that physics-based dynamical models can be used to guide experimental effort.
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3.1 Bayesian experimental design. (a) The relationship between an experimental de-
signd and a measurement outcomey can be described by the conditional probabil-
ity distribution@¹yjdº, which is unknown to the experimenter. The user-speci�ed
model" provides a parametric approximation to this relationship@¹yjdº �

¯
?¹yj) –d– " º?¹) j" º3) ,

where the distribution?¹) j" º describes our uncertain knowledge of the model pa-
rameters) , and the distribution?¹yj) –d– " º describes the likelihood of the mea-
surement outcome under model" with parameters) . (b) Model parameters can
be learned through iteration of a three-step cycle of observation, inference, and de-
sign (OID).[45] Upon conducting an experiment (observation), our knowledge of
the model parameters is updated (inference) and used to design future experiments
to maximize their expected utility (design). . . . . . . . . . . . . . . . . . . . . . . 36
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reapplication of the acoustic �eld (aqua curve, left axis). (c) Image sequence show-
ing a single particle as it moves into focus at the nodal plane. The corresponding
particle size in each image is plotted in (b) (open circles). The scale bar is 15` m. . 39

3.3 Inference & Design. (a) Graphical representation of the full probability model for
acoustic levitation experiments. Circles denote random variables with observed
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cles decreases exponentially with different rates_8 9for 9= 1– • • • – #p (rectangular
markers). Circular markers denote experimental observations for �ve selected par-
ticles; solid curves denote model predictions using the maximum likelihood param-
eter estimates for_8 9andq8 9(see Appendix C.2). (c) Posterior distribution for the
resonance amplitudeU and the natural frequencyV conditioned on data from two
experiments. (d) Predicted rate parameter_¹l º as a function of frequencyl based
on data from two experiments. Each purple curve is evaluated using equation (3.5)
with parameter valuesU– V– Wdrawn from the posterior distribution in (c). Markers
show estimates of the rate parameter_8 9for each experiment8and particle9. The
solid black curve represents the expected utility* of a subsequent experiment as
function of the driving frequency; here, the optimal design maximizing* occurs
at the right boundary of the frequency window. . . . . . . . . . . . . . . . . . . . 43
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a set of# p � 10particles at different frequenciesl agree with the posterior predic-
tive distribution?¹_ j y–dº conditioned on the experimental datay (curves). Solid
curves denote the noise-free resonant response_¹l º sampled from the posterior;
the dashed curves denote 95% credible intervals for the rate_. The# e = 14exper-
iments were conducted at regular intervals of 20 kHz using a constant frame rate
of 1000 fps. Agreement between the experimental data and the model predictions
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frequencyV, width W, and heterogeneityf ––conditioned on the experimental data
in (a). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
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In each plot, the circular markers denote the experimental estimates for the rate pa-
rameters_8 9for each particle9in experiment8; colored markers denote the results
of the current experiment (Observation). The purple curves are posterior samples
of the noise-free resonant response_¹l º conditioned on the experimental data (In-
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optimal frequencyl ¢ that maximizes* (Design). See Supplementary Figures C.7
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3.6 Results of ten optimal experiments. (a) Rate parameter_ as function of the driv-
ing frequencyl (left axis). Markers represent maximum likelihood estimates of
_8 9for each particle9and experiment8; purple curves denote the noise-free res-
onance_¹l º sampled from the posterior distribution; the dashed curves show the
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distribution. The grey distributions denote 99% credible intervals for the informa-
tion gain predicted prior to the=th experiment using simulated experiments; the
expected value of this distribution* is use in designing the=th experiment. . . . . 52

x



4.1 Schematic illustration of increasingly autonomous microrobots moving on a user-
de�ned reward landscape. These `robots' are simply magnetic particles that roll
across a solid surface in a time-varying magnetic �eldB¹Cº. (a) With knowledge
of the particle position, a human controller can direct the motion of a singlemar-
ionette[88] to a desired location; a second particle experiences the same �eld and
moves to an undesired location. (b) Using real-time feedback between the particle
position (e.g., from microscopy) and the applied �eld, a computer-based control
system can direct the autonomous migration of a singlerobot to the target loca-
tion. (c) Self-guidedrobots use internal mechanisms of sensing and control to
navigate the reward landscape in a common time-varying �eld. The physical intel-
ligence[89] of these systems is encoded in the design of the particle and the driving
�eld (see Section 4.3.1 for a concrete example based on topotaxis[62]). . . . . . . 56

4.2 (a) The self-guided capabilities of magnetic microrobots are encoded in their mate-
rial properties (e.g., shape, magnetization, �exibility, stimuli-response) and in the
waveform of the time-varying magnetic �eldB¹Cº. The selection of these design
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Chapter 1: Understanding magneto-capillary particle dynamic through

Bayesian data analysis

1.1 Introduction

Magnetic particles adsorbed at liquid interfaces can be actuated by external �elds to drive

particle motion and �uid �ow that provide a basis for dynamic biphasic materials.[1, 2, 3] We dis-

tinguish different types of magneto-capillary phenomena based on the nature of the driving �eld,

the role of interparticle interactions, and the curvature of the interface. For an individual particle

at a planar interface, �eld gradients are required to produce magnetic forces that drive particle

motion. [4] In the absence of such gradients, time-varying �elds can propel particle assemblies

mediated by magnetic and capillary interactions.[5, 6, 7] Such �elds produce non-reciprocal mo-

tions among three or more particles that allow for propulsion at low Reynolds numbers. Atcurved

interfaces, spatially uniform time-varying �elds move individual particles by coupling magnetic

and capillary torques to produce forces that scale linearly with the interfacial curvature.[8, 9, 10]

Such magneto-capillary forces at curved interfaces are potentially useful in addressing magnetic

particles adsorbed onto micron-scale droplets in emulsions. Their �eld-induced motion and the

associated �uid �ow can serve to accelerate mass transfer[10] at the level of individual droplets

and perhaps also propel droplet motion through viscous environments.

The design of magneto-capillary particle dynamics to achieve behaviors such as droplet mixing

or propulsion bene�ts from the development and validation of predictive models. Such models al-

low for rapid screening of candidate designs—for example, different driving �elds, particle shapes,

and magnetic properties—to identify and understand the conditions that produce desired functions.

Existing models of magneto-capillary particle motion on curved interfaces are based on lattice

Boltzmann simulations of the Navier–Stokes equations[8] or approximate dynamical equations
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Figure 1.1: (a) Schematic illustration of the experimental setup: a magnetic Janus particle is
adsorbed at the interface of a water drop in decane and moves under the in�uence of a precessing
�eld B¹Cº with angular frequencyl and precession anglei . (b) Experimental image with measured
trajectory of the particle (gray markers) overlaid with the prediction of the best �t model (orange
curve). Scale bar is 20̀m. (c) Particle positionGandHas a function of timeCfor a particular
experiment and measured trajectory of the particle (gray markers) as compared to predictions of the
best �t model (orange curves). (d) Experiments are conducted at different frequenciesl and angles
i for a single particle-drop pair. Experiments at frequencies below 14 Hz are randomly assigned
to batches 1-5 indicated by the drop color. Measured trajectories (gray markers) are classi�ed as
“pole-orbiting” or “zig-zag” based on their asymptotic behaviors.

that describe particle motion.[9, 10] The former allows for direct simulation of multiple particles

of different shapes and/or surface chemistries but requires signi�cant computational resources,

which can slow the design process. Approximate models of particle dynamics make simplifying

assumptions that signi�cantly accelerate model evaluation but require comparison with experimen-

tal data to validate model predictions and infer unknown parameters. Previously, we showed that

models based on rigid capillary constraints can explain the complex trajectories of magnetic Janus

spheres adsorbed at spherical interfaces and subject to precessing �elds.[10] However, the quan-

titative accuracy of such models remains uncertain thereby limiting their utility in the design of

useful functions.

Bayesian data analysis provides a principled approach for inferring model parameters from ex-

perimental observations, assessing the descriptive and predictive capabilities of candidate models,

and selecting the most plausible candidate(s) among them. These methods of parameter estimation,
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model criticism, and model selection require a probabilistic model that describes the likelihood of

the observed data given the values of model parameters. The uncertain parameters are described

by prior probability distributions that serve to constrain their likely values based on relevant infor-

mation. Using Bayes theorem, the likelihood and the prior are combined to produce a posterior

distribution for model parameters, which summarizes their likely values and the associated uncer-

tainty given the data. Notably, this process of Bayesian parameter estimation (or model training)

assumes the validity of the candidate model, which must be criticized on the basis of its predictive

accuracy and internal consistency. Ideally, a �tted model should produce simulated data which is

indistinguishable from the observed data used to inform parameter estimation; discrepancies be-

tween simulations and observations indicate limitations in the descriptive capacity of the model.

Additionally, a useful model should produce accurate predictions of new observations under un-

familiar conditions not used in training. When multiple candidate models survive such criticism,

Bayesian model selection can help to identify the more probable candidate given the available

data. This best model can then be used to guide the design of future experiments for the purpose of

achieving functional behaviors (e.g., drop mixing) or enhancing knowledge of the modeled system

(e.g., reducing parameter uncertainty).

Here, we apply methods of Bayesian data analysis to identify and validate a dynamical model

that accurately predicts the �eld-driven motion of a magnetic particle adsorbed at the interface of a

spherical droplet. In addition to previous models of magneto-capillary dynamics,[10] we consider

candidate models that describe particle tilting at the interface, �eld-dependent contributions to the

magnetic moment, gravitational forces, and their combinations. The analysis of each candidate

model is informed by particle tracking data for a magnetic Janus sphere moving in a precessing

�eld at different frequencies and angles. For each candidate, we divide the experiments into batches

and estimate the most probable parameters and their uncertainties. The �tted models are criticized

to assess (i) their capacity for describing the data, (ii) the consistency of parameter estimates across

batches, and (iii) the accuracy of model predictions. For the few models that survive criticism, we

use Bayesian model selection to identify the most probable candidate, which accounts for the
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effects of gravity and tilting of the Janus sphere at the interface. We show how this favored model

can predict complex particle trajectories with micron-level accuracy across the range of driving

�elds considered. Additional experiments on tilted particles reveal star-shaped trajectories, which

were previously unobserved but are well explained by the model. We discuss how knowledge of

this “best” model can be used to design experiments that inform accurate parameter estimates or

achieve desired particle trajectories.

1.2 Methods

1.2.1 Experimental Data

Our analysis is based on data from a previous experimental study on the �eld-driven dynamics

of magnetic Janus particles adsorbed at the interface of a water drop in decane (Fig. 1.1a).[10] The

particles are 4 µm polystyrene spheres coated on one hemisphere with a magnetic Ni layer and

functionalized with a hydrophilic surface treatment to direct their orientation at the interface.[9]

Previous analysis of their �eld-driven motion suggests that these particles have a permanent mag-

netic moment,< � 3 � 10� 14 A m2, directed parallel to the Janus equator and to the water-decane

interface (Fig. 1.1a).[9] Prior to each experiment, a single adsorbed particle sediments under grav-

ity to the lower pole of a spherical drop where it is imaged by an optical microscope. Application

of a precessing magnetic �eld with frequencyl and anglei drives the particle to move across the

interface and approach one of two possible attractors—termed, pole-orbiting and zig-zag, respec-

tively.[10] The particle moves either along circular trajectories around the lower pole of the drop

(pole-orbiting; Fig. 1.1c) or along sawtooth trajectories around the drop equator (zig-zag; Fig.

1.1c).

We analyze particle tracking data for a series of experiments conducted at different frequencies

l and anglesi of the precessing �eld for a single particle-drop pair (Fig. 1.1). The goal of the

analysis is to develop and validate a quantitative model for the magneto-capillary dynamics of

particles moving on curved interfaces in time-varying magnetic �elds. Ideally, the model should

be capable of describing the transient particle trajectories for all experimental designs (i.e., values
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of l andi ) to within a speci�ed precision using a minimal number of �tting parameters. As we

will show, the model proposed previously[10] to describe the particle dynamics is inadequate in

reproducing quantitatively the tracking data although it agrees qualitatively with the experimental

results. In the following section, we describe several extensions of this base model that account

for previously neglected effects due to gravity, particle tilting at the interface, �eld-dependent

contributions to the magnetic moment, and combinations thereof.

1.2.2 Candidate Models

Base model: Magnetocapillary dynamics

The base model accounts for the magnetic, capillary, and hydrodynamic forces/torques acting

on a rigid spherical particle adsorbed at the interface of a spherical drop. In a spatially uniform

�eld B¹Cº, the magnetic torquem � B acts to align the particle's magnetic moment parallel to the

�eld, and there is no magnetic force on the particle. The momentm is approximated by a constant

vector �xed to the particle directed parallel to the water-oil interface. Capillary forces and torques

act to constrain particle motion, allowing two degrees of particle translation on the interface and

one degree of particle rotation normal to the interface. For a spherical drop of radius' , these

constraints are summarized by the kinematic conditionU = ' ¹
 � n), which relates the particle's

linear velocityU to its angular velocity
 and the unit normal vectorn directed out from the drop.

At low Reynolds numbers (Re= d0* • [ � 7 � 10� 6 � 1), inertial effects are negligible, and

the particle velocity is linearly related to the applied force/torque by the hydrodynamic resistance

tensor. We approximate the components of this tensor by that of a solid sphere of radius0 in an

unbounded �uid of viscosity[ . With these preliminaries, the angular velocity of the particle is

given by


 =
�

%� nn
8c[0 3 ¸ 6c[0' 2

¸
nn

8c[0 3

�
� ¹m � Bº (1.1)

where%is the identity matrix. Due to the kinematic constraint, the dynamical state of the system

can be speci�ed by the 3D orientation of the particle-drop complex as parameterized by Euler an-
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Figure 1.2: Candidate models. (a) Thebase modelassumes an permanent magnetic moment< of
unknown magnitude oriented parallel to the liquid interface. (b) Theangle modelallows the per-
manent moment to tilt by an angle` relative to the interface due to asymmetric particle adsorption.
(c) Theparamagnetic modelinstead considers �eld-induced contributions to the magnetic moment
as characterized by the polarizability difference� U = U? � Uk between directions pependicular
and parallel to the Janus axis. (d) Thegravity modelincludes the gravitational force on the particle
which depends on its buoyant mass" . Combinations of the extended models (b-d) are also con-
sidered.

gles or the unit quaternion.[11] Equation (1.1) describes the evolution of this orientation—and the

associated particle position—due to the time-varying �eldB¹Cº. The model is integrated numeri-

cally using the DifferentialEquations.jl library in Julia.[12]

The base model is fully speci�ed by ten parameters: the particle radius0, the drop radius' , the

average �uid viscosity[ , the magnetic moment< , the magnitude� , frequencyl , and anglei of

the precessing �eld, as well as the initial position and orientation of the particle at the interface. Of

these, eight are independent since the dynamics depends on the expression<� • [ rather than the

component parameters. Some of the parameter values are known a priori:0 = 2 ` m, [ = 8•7� 10� 3

Pa s,� = 5 mT. Others are speci�ed by the experiment design—namely, the precession anglei

and the angular frequencyl . Still other parameters are uncertain but remain constant from one

experiment to the next: the drop radius' and the magnetic moment< . The remaining parameters

are uncertain and vary from one experiment to the next—namely, the initial position and orientation
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of the particle on the drop. As detailed below, the uncertain parameters are �tted to the data using

Bayesian inference.

To understand the limits of the base model, it is instructive to consider more closely the as-

sumptions on which it relies. The accuracy of the rigid capillary constraint implies that capil-

lary effects are much stronger than magnetic effects as described by the dimensionless parameter

W02•<� � 103 � 1, whereW= 51 mN/m is the interfacial tension. The approximation used

for the resistance tensor assumes (i) that the Janus particle is adsorbed symmetrically at the in-

terface, (ii) that the viscosity contrast between the two liquids is small (ca. 6% for water-decane),

and (iii) that the particle is much smaller than the drop such that curvature effects are negligible

(0• ' � 0•02 � 1). While these assumptions appear to be reasonably accurate, it is possible that

the Janus particle adsorbs at an angle thereby tilting the direction of the magnetic moment relative

to the interface. Moreover, the base model neglects additional forces due to gravity which may

be non-negligible as suggested by the dimensionless parameter"6' •<� � 0•05, where" is

the buoyant mass of the particle, and6 is the acceleration due to gravity. Finally, the particle's

magnetic moment may not be constant due to additional contributions induced by the external

�eld.

In analyzing the base model and its extensions, we also account for imperfections in the ex-

perimental measurements. In particular, the axis of the precessing �eld is not exactly parallel to

the imaging direction, thereby distorting particle trajectories projected onto the imaging plane.

For example, pole orbiting trajectories appear displaced from the drop center and distorted from

their ideal circular shape. We introduce two angular parameters common to all experiments that

describe the tilt of the �eld axis with respect to the imaging direction. By contrast, the gravity

direction is assumed parallel to the imaging direction for models that include gravity. Finally, be-

cause imaging is not synchronized with the driving �eld, the initial phase of the precessing �eld in

each experiment is unknown and treated as a �tting parameter.
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Angle model: Effect of particle tilting

In the simplest extension of the base model, we consider that the Janus particle adsorbs onto

the water-decane interface at an angle thereby tilting its magnetic moment out of the plane of

the interface. The particle dynamics is still described by equation (1.1); however, the magnetic

momentm now has components parallel and perpendicular the interface. We parameterize the

magnetic momentm in terms of its magnitude< and the tilt anglè such thatm � n = < sin` .

Paramagnetic model: Effect of �eld-induced moment

In addition to the permanent magnetic moment considered in the base model, we consider

that the moment has an additional �eld-induced contribution of the formm = mp ¸ " � B, where

mp is the permanent moment, and" is the magnetic polarizability tensor. As in the base model,

the permanent magnetic moment is directed parallel to the Janus equator and to the water-decane

interface. We assume that the polarizability tensor shares the symmetry of the Janus particle with

componentsUk andU? parallel and perpendicular to the Janus director. Notably, only the difference

between these componentsU? � Uk is needed to compute the additional contribution to the magnetic

torque. With this one added parameter (� U), the particle dynamics is still described by equation

(1.1).

Gravity model: Effect of gravity

In the gravity model, we consider the gravitational force on the particle as well as the magnetic

torque. Subject to the capillary constraint, the angular velocity of the particle is given by


 =
�

%� nn
8c[0 3 ¸ 6c[0' 2

¸
nn

8c[0 3

�
�

�
¹m � Bº ¸ '" ¹n � gº

�
(1.2)

as derived in the appendix A.1.2. The gravitational �eldg is antiparallel to the imaging direction

and approximately parallel to the axis of the precessing �eldB¹Cº. While the �eld magnitude is

known, the buoyant mass of the particle" is treated as an uncertain parameter with an estimated
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value of " � 2 � 10� 11 kg based on the composition of the particle and the surrounding �uids.

Owing to the heavy metal coating on one hemisphere, the particle also experiences a gravitational

torque; however, its contribution is expected to be much smaller than that of the force considered

here (by a factor of0• ' � 1). We therefore neglect this additional torque.

Correlated Gaussian noise

The deterministic models outlined above are augmented by additive Gaussian noiseF ¹Cº with

zero mean and covariance

hF ¹CºF ¹C0ºi = f 2 exp¹�j C� C0j•gº (1.3)

wheref is the noise magnitude, andg is the correlation time. Such noise is added to the computed

particle positionsG¹Cº andH¹Cº to describe the observed particle trajectories projected onto theGH-

plane. With the addition of noise, we obtain a full probability model for the observed tracking data

that describes the likelihood of experiment outcomes conditioned on the model parameters. This

probabilistic description of the observed data is a prerequisite for applying methods of Bayesian

parameter estimation and model selection.[13, 14] Our use of the correlated noise model (1.3) (as

opposed to white noise) is motivated by analysis of the residuals between experimental data and

predictions of the deterministic model.[13] The autocorrelation of the residuals decays in time at

a characteristic rate comparable to the slower of the two intrinsic rates of the system: the pre-

cession frequencyl and the magnetic relaxation rate[9]: m = <� •6c[0' 2 (see Supplementary

FigureA.1). We specify the correlation rate asg� 1 = min¹: m– l º and the noise magnitude asf = 1

pixel (0.58 µm). In the present experiments, the imaging frame rate is typically much faster than

the relaxation rate resulting in highly correlated measurements. By accounting for these correla-

tions, the noise model (1.3) gives conservative estimates for parameter uncertainty that depend on

theeffectivenumber of data pointsCmax•g independent of the frame rate.
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1.2.3 Parameter Estimation & Model Criticism

Bayesian inference

We use Bayesian inference to estimate the most probable parameter values for each of the

candidate models and their combinations using data from 20 experiments conducted at different

precession frequenciesl and anglesi (Fig. 1.1c, multi-color). An additional 10 experiments are

set aside for use in validating the �tted models (Fig. 1.1c, gray). The duration of each time series

is truncated to three times the respective correlation time to facilitate comparison of parameter

estimates between experiments. The posterior distribution for the parameters (denoted collectively

as\ ) conditioned on the dataD and model" is evaluated using Bayes theorem

?¹\ j D – " º =
?¹D j \– " º?¹\ j " º

?¹D j " º
(1.4)

Here, the likelihood function?¹D j \– " º describes the probability of observing the dataD under

model " given knowledge of the parameter values\ . The prior distribution?¹\ j " º describes

knowledge of the uncertain parameter values before considering the data. For example, the prior

for the magnetic moment< is approximated by a log-normal distribution with a median of3� 10� 14

A m2 and an interquartile range spanning 1.4 times more or less.[9] Other priors are detailed in

the ESI, Section A.2.

We use numerical optimization to identify the most probable parameter estimates that maxi-

mize the logarithm of the posterior distribution (1.4). Starting from many (� 100) initial parameter

guesses, we use automatic differentiation[15] to evaluate function gradients and the L-BFGS al-

gorithm to ascend to local maxima. In pursuit of the global optimum, we use Latin hypercube

sampling to distribute the initial parameter guesses over the high probability regions of the prior

distribution. This procedure reliably converges to the same posterior mode for different realizations

of the initial guesses, suggesting that the global optimum is identi�ed.

We then approximate the posterior by a multivariate normal distribution centered on the most

likely parameter estimates. To determine the covariance matrix of this distribution, we use au-
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tomatic differentiation to compute the Hessian matrix of the log-posterior evaluated at the mode.

Under the so-called Laplace approximation,[13] the covariance matrix is equal to the negative

inverse of this Hessian matrix. When the true posterior has a single well de�ned mode, this ap-

proximation provides an accurate and concise description of the likely parameter values and their

respective uncertainties.

To accelerate the process of parameter estimation, we divide the data into 5 batches of 4 ex-

periments and analyze each batch independently of the others. By focusing on 4 experiments at a

time rather than 20, the dimensionality of the parameter space is reduced signi�cantly (e.g., from

84 to 20 in the base model) thereby facilitating numerical optimization. Moreover, the respective

posteriors conditioned on each batch are more likely to have a single mode to which the optimiza-

tion algorithm reliably converges. As detailed below, these distributions can be compared and

combined to produce the �nal parameter estimates. In this way, batching provides a scalable ap-

proach to analyzing large amounts of experimental data with large numbers of models parameters.

Here, we assign experiments to batches at random as illustrated in Figure 1.1c. The batch size of 4

experiments is selected to accelerate computation and produce unimodal posteriors well described

by the Laplace approximation.

Posterior predictive checks

The �tted models are criticized to assess (1) the model description of the experimental data,

(2) the consistency of parameter estimates across batches, and (3) the accuracy of model predic-

tions for unseen data. First, at the batch level, we perform posterior predictive checks (PPCs)

that compare observed data to simulated data produced by the �tted model. Using the Laplace

approximation for the posterior, we sample� 1000 parameter values and simulate noisy particle

trajectories to produce an ensemble of model predictions. Figure 1.3a illustrates such predictions

for one component of the particle position generated using two different models. Visually, the

predictions of the angle+gravity model “look like” the experimental data, while those of the base

model do not. To quantify this distinction, we �rst compute the average absolute error between
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Figure 1.3: Model criticism. (a) Posterior predictions for theG-component of particle position
for the base model (blue curves) and the angle+gravity model (orange curves) as compared to
experimental data (gray markers). The experiment is from batch 2 with precession anglei = 1•0
rad and frequencyl •2c = 0•28 Hz (Fig. 1.1b). (b) Histogram of average absolute error for
simulated trajectories like those shown in (a); the measured error for the experimental trajectories
is plotted as a vertical line. The right-tailed?-value for the base model is much less than 0.05
indicating a poor description of the data. (c) Posterior probability for probability distributions for
the magnetic moment as estimated from two models (paramagnetic+gravity, angle+gravity) in the
same two batches. One batch is denoted with solid contours, the other with dashed. The z-score
for the consistency of each pair of probability distributions is annotated.

each simulated trajectory and the most probable trajectory. Figure 1.3b shows histograms of these

errors for the two different models measured in units of particle diameters. We then compute the

analogous error for the experimental trajectory and compare it to the distribution of simulated er-

rors. Failure of the experiment error to conform to expectations of the �tted model is quanti�ed

using a?-value, which describes the probability of obtaining an error greater than or equal to that

observed in experiment assuming that the model is correct. A small?-value (often? Ÿ 0•05)
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indicates that the �tted model does not provide a self-consistent description of the experimental

data. Continuing the example above, the small?-value for the base model in Figure 1.3b suggests

that this model is unable to describe the experimental data at the level of accuracy speci�ed by

the noise model. By contrast, the angle+gravity model passes the PPC to provide one consistent

description of the data—but not the only one.

Model consistency between batches

Further support for a candidate model is obtained by comparing the batch-level parameter es-

timates for consistency. When a model is suf�ciently accurate, parameter estimates from different

batches of experimental data should agree with one another within the uncertainty of the posterior

distributions. Figure 1.3c shows examples of parameter estimates for two batch using two models

that are more or less consistent. The degree of consistency can be quanti�ed by a pairwiseI -score

I 8 9=
�
¹` 9 � ` 8º) ¹� 8¸ � 9º� 1¹` 9 � ` 8º

� 1•2
(1.5)

where` 8 and� 8 are the posterior mean and covariance matrix of batch8. The I -score measures

the distance between the two parameter estimates scaled by the uncertainty. SmallI -scores of

order one suggest consistent parameter estimates between batches while largeI -scores indicate

inconsistencies.

Figure 1.3c shows the marginal posteriors for the the magnetic moment< and the buoyant

mass" for two batches analyzed using two different models. For the angle+gravity model, the

overlapping distributions produce aI -score of 3.23, while the paramagnetic+gravity model leads

to non-overlapping distributions withI 12 = 11•4. The largeI -score of the paramagnetic+gravity

model suggests that inferences drawn from the two batches are inconsistent with one another. Such

inconsistencies may indicate that the model is wrong—for example, it uses the descriptive ability

of one physical effect (e.g., paramagnetic anisotropy) to describe a different effect (e.g., particle

tilting). Alternatively, inconsistencies between batches may indicate that the model is over�tting

13



each batch, in which case larger batch sizes may resolve the inconsistency.

Cross-validation

The candidate models are further criticized using cross-validation in which parameters inferred

from one batch are used to predict data in other batches. We use the most probable parameter

estimates from each batch to make noise-free predictions of experiments in other batches and

compute the root mean square (RMS) error for each prediction. Ideally, a good model should make

accurate predictions of unseen data not used in model training. Moreover, if a model is consistent

from batch to batch, we can combine the batch-level parameter distributions into a global posterior

of the form

?¹\ j D – " º =
?¹\ j " º
?¹D j " º

�Ö

1=1

?¹D 1 j \– " º (1.6)

where?¹D 1 j \– " º is the likelihood for dataD 1 in batch1 as described by the Laplace approxi-

mation. We use this combined estimate to make predictions for all experiments, including batches

and long-time data excluded during inference (Fig. 1.1c, gray).

Bayesian model selection

Finally, we use Bayesian model selection to evaluate the (relative) probability of each candidate

model based on the global posterior (1.6) conditioned on data from the combined batches. Using

this multivariate normal approximation, we evaluate the model likelihood?¹D j " º analytically

by integrating equation (1.6) with respect to the parameters\ (see Supporting Information for

details). Assuming that each model is equally probable a priori, the posterior probability for any

model " 8 is directly proportional to its likelihood?¹D j " 8º. The most probable model is that

with the largest likelihood.

14



1.3 Results and Discussion

Posterior predictive checks (PPCs) show that the simplest models fail to describe the exper-

imental data from one or more batches (Fig. 1.4a). The?-values computed for the base, angle,

paramagnetic, and gravity models are all much smaller than one for at least one of the �ve batches

considered. These models lack the descriptive power necessary to reproduce data from multiple

experiments simultaneously. By contrast, composite models that combine multiple effects—for

example, angle+gravity—pass the PPC for all batches and remain viable candidates for further

criticism and comparison. In particular, we �nd that the effects of gravity on particle motion

cannot be neglected—particularly, at low driving frequencies. However, the addition of either a

paramagnetic contribution to the particle's magnetic moment (paramagnetic) or a tilt to its orien-

tation at the interface (angle) is suf�cient to reproduce the experimental observations. In other

words, there are three models that describe the data: angle+gravity, paramagnetic+gravity, and

angle+paramagnetic+gravity. It remains to determine which of these candidate models is favored

over the others.

Of the three candidate models that pass the PPCs, the angle+gravity (ag) model shows the

highest degree of consistency between parameters inferred from different batches (Fig. 1.4b). The

averageI -score is 4.35 as compared to 14.6 and 6.75 for the paramagnetic+gravity (pg) and an-

gle+paramagnetic+gravity (apg) models, respectively. In other words, by using the ag-model to

analyze different subsets of the experimental data, we are led to similar conclusions about common

parameter values such as the tilt angle` or the magnetic moment< . Such consistency provides

further support for this model as well as other aspects of the analysis such as the Laplace approxi-

mation and the choice of batch size. For the pg-model, the higherI -scores indicating lower levels

of consistency between batches suggests that this model is less capable of describing the data

from all experiments. Notably, the apg-model shows less consistency between batches despite

containing the ag-model as a limiting case (i.e., when� U = 0). This observation is indicative of

over�tting whereby the added parameter—here, the polarizability difference� U—adopts different
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Figure 1.4: (a) Results of posterior predictive checks (PPCs) for each of the eight models and
�ve batches of four experiments. Each marker corresponds to one experiment; colors denote dif-
ferent batches. The vertical line shows the 5% signi�cance threshold accounting for multiple
comparisons—namely,? = 0•05•20. (b) Between batchI -scores of equation (1.6) for each of the
eight models and 20 batch-batch pairs. Colors denote different batch pairs.

values from batch to batch as to reduce the batch-level error. In addition to inconsistent parameter

estimates, this type of over�tting leads also to inaccurate predictions as detailed below.

Based on cross-validation, the ag-model shows the smallest average prediction error (0.33 par-

ticle diameters) across all experiments including unseen data excluded during parameter estimation

(Fig. 1.5a). Only the apg-model which contains the ag-model as a limiting case performs almost

as well. Competing models such as pg and g exhibit nearly twice the error in the predicted particle

trajectories. Figures 1.5b and 1.5c illustrate the average prediction errors for the ag- and pg-

models as a function of experimental design variablesl andi . The ag-model is characterized by

small prediction errors over the entire design space, including unfamiliar conditions excluded dur-

ing parameter estimation (gray markers). By contrast, the pg-model exhibits comparatively large
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Figure 1.5: Cross-validation. (a) Table of average prediction errors across all 30 experiments
using each of the eight candidate models with parameters inferred from different batches (1 to 5)
and their combination (all). The reported errors denote the average absolute error between the
experimental data and noise-free model predictions using the most probable parameter estimates.
(b,c) Prediction errors as a function of the frequencyl and anglei of the precessing �eld for the
(b) angle+gravity and (c) parametric+gravity models. Parameter values are inferred from the 20
experiments marked with black� 's; gray circles denote experiments excluded during parameter
estimation. The contour plot uses bilinear interpolation between experiments with the colormap
from (a).
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errors for conditions near the transition region between the pole-orbiting and zig-zag behaviors.

These results highlight the challenge of discriminating between competing models using limited

data. Despite the different physics they contain, both the ag- and pg-models can provide accu-

rate descriptions of the pole-orbiting and zig-zag behaviors. Only by considering all the data—in

particular, the transition region between the two behaviors—do the de�ciencies of the pg-model

become clear.

Model Model LL Data LL Occm's factor
(ag) 0.0 104.2 -104.2
(apg) -21.6 104.2 -125.8
(pg) -139.4 31.4 -170.8

Table 1.1: Logarithm of the model likelihood?¹D j " º for the remaining candidate models" .
The results are shifted by a common value such that the log-likelihood of the favored angle+gravity
model is zero.

Further support for the ag-model is provided by Bayesian model selection, which favors this

model decisively over the other candidates considered. In particular, the ag-model is ca.109 times

more probable than the next best apg-model. The apg-model is judged to be less likely despite

containing the favored ag-model as a limiting case. The reason for this is that while the model is

more descriptive, it does not achieve a better �t but is still penalized for the additional parameter

space explored. While the pg-model should be favored over the apg-model by this metric, its

estimates are less consistent batch to batch than the other two models and it is as a result penalized

for the overcon�dence in the �nal normal approximation.

To summarize, the ag-model provides an accurate, self-consistent description of all the exper-

imental data using physically reasonable parameter estimates. The buoyant mass of the particle

is inferred to be" = 0•70 � 10� 11 g (� 20%), as compared to the prior estimate of1•2 � 10� 11

g based on the stated size and composition of the Janus sphere. The inferred magnetic moment

is < = 2•2 � 10� 14 A m2 (� 10%), which is close a previous estimate of2•9 � 10� 14 A m2 for

similar particles.[9] The moment is tilted relative to the interface by an angle` = � 8•8� (� 10%),

where the negative value implies a contribution directed into the drop center. The origin of this

tilt, however, remains unclear. In one interpretation, the moment is aligned parallel to the equator
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of the Janus sphere, and the particle itself tilts at the interface due to pinning of the three-phase

contact line.[16] Alternatively, the Janus sphere may adsorb in its preferred orientation while its

internal magnetic moment tilts with respect to the Janus equator.

The ag-model predicts new types of particle motion which are borne out by additional ex-

periments on particles with large tilt angles. Figure 1.6 shows the �ower-shaped trajectory of a

magnetic Janus particle in a precessing �eld with anglei = 0•4 and frequencyl = 4•6 rad/s. Such

trajectories were not predicted previously for particles with zero tilt angle;[10] however, they are

well explained by the present ag-model. Figure 1.6 also shows that when using the bouyant mass

and magnetic moment estimated from the other experiments presented here, the �t between the

model and data is good, further supporting the estimate. (The average error between model and

data is 0.79 particle diameters.) Physically, such �ower-like trajectories are closely related to the

zig-zag trajectories observed at lower precession angles and/or frequencies. For tilted particles, the

component of the magnetic moment directed out of (into) the interface acts to displace the zig-zag

trajectory from the drop equator towards the upper (lower) pole. In the case of the experiment in

Figure 1.6, the estimated tilt of the magnetic moment is51� degrees out of the interface. Such

asymmetric, zig-zag trajectories are potentially useful for droplet mixing[10] and/or propulsion in

time-varying �elds.

1.3.1 Data analysis

In addition to physical insights into magneto-capillary particle dynamics, the present analysis

provides useful lessons in applying Bayesian methods to analyze time-series data using dynamical

models.

Posterior predictive checks are critical because Bayesian model selection requires that models

be consistent with collected data. By checking per-batch model consistency, ineffective models

can be easily screened and model design decisions such as the noise model selection can be made

before further Bayesian tools are applied. Skipping PPCs and proceeding directly to Bayesian

model selection will yield misleading results.
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Figure 1.6: Flower trajectory observed in a precessing �eld (gray), and ag-model prediction for
the best �t to this data (orange), using the above estimated magnetic moment and buoyant mass.
The estimated drop position and radius is shaded in blue.

An orthogonal approach to the usual Bayesian tools, cross-validation highlights inconsistency

in parameter estimates of otherwise well �tting models. As �nite data is collected, the added

con�dence that additional data will not change our conclusions is welcome. As cross-validation

can be performed immediately after the �rst step of per-batch �tting, it is easy to scale to more data.

This metric provides an intuitive measure of how reliable results are, even if all model assumptions

fail, providing consistent predictions on data not seen.

The Bayes model ratio remains an effective way to discriminate between well-�tting models.

The most important insight from this metric is the measure of how much model �t is best supported

by the data. While higher order effects may be present, it is not always the case that their inclusion

is justi�ed in designing an effective model. The Bayes model ratio provides a screening tool, with

the desirable properties of disfavoring overly complex models.
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1.4 Conclusions

In this analysis we have conclusively identi�ed that both buoyant mass and adsorption angle

must be accounted for to accurately model magneto-capillary effects of a magnetic Janus particle.

We present a model that is consistent with the data, even when looking at small batches of experi-

ments. The values �t by the model are further validated on a new experiment. The same magnetic

moment and bouyant mass, physical properties expected to be conserved between experimental

replicates, can be used to �t the data.

We have shown how model performance scales with additional data. Batches of any four exper-

iments could be used to make predictions. With more data, these estimates could be re�ned further.

The combination of all these estimates can be used to make improved and robust predictions. As

we collect more and more data, the analysis becomes the bottleneck rather than the collection.

Fitting all data, even in batches, can become too expensive.

Examining cross-validation shows that some experiments are easy to �t, such as small radius

pole-orbiting experiments, where others are more challenging, like those along the zig-zag/pole

orbiting boundary. Batch 4 showed the best performance of the other batches on data not measured,

while batches 1 and 3 were poor. This suggests some experiments are more useful to learn from

than others. If batches are carefully curated results can even be obtained with less compute.

Extending our Bayesian approach could allow us to make use of other tools, such as experiment

design. By calculating which experimental conditions are the most informative, based on either our

priors or after the analysis of a single batch, the most informative additional experiments can be

selected, as we show in Chapter 3.1. By iteratively computing batches, and recomputing parameter

estimates, the �tting can be re�ned until a desired accuracy is achieved.
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Chapter 2: Magneto-capillary dynamics of Janus ellipsoids at curved

interfaces: Time-varying �elds and drop propulsion

2.1 Introduction

Magnetocapillary swimming droplets, composed of a microscale magnetic particle adsorbed

onto a liquid droplet, offer a unique platform for microrobotics. Unlike many other microrobots,

these swimmers can be paired with any emulsion which allows for a wider range of application and

customization. Emulsion separation or agitation can be performed directly with the microrobot,

instead of designing cargo capture and release mechanisms. While any magnetic material can

be actuated with a strong enough �led gradient, as we discuss in section 1.1, a rotating uniform

magnetic �eld allows for a far greater range of actuation.

While a simple Janus sphere does not allow for propulsion when adsorbed onto a liquid drop, an

ellipsoidal particle does. The two sphere assembly would have an axial symmetry which prevents

the coupling of its rotation to translation [17]. In contrast, an ellipsoid-drop assembly does not

contain this symmetry, and is analogous to the minimal three-bead swimmer as described in the

work of Cheang et al. [18] Due to their simplicity, these ellipsoid particles are an accessible path

to building an emulsion swimmer.

Here we show the viability of using magnetic ellipsoidal particles adsorbed onto liquid emul-

sion droplets for a gradient free �eld-driven propulsion. We identify three distinct modes of this

propulsion and derive the conditions for achieving maximum propulsion velocity. Through exper-

imental model validation, using the framework developed in Chapter 1, we con�rm the predictive

power of our theoretical models. Our �ndings pave the way for more ef�cient microscale propul-

sion systems and offer a robust model for further analysis.
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2.2 Dynamical model of a drop-particle swimmer

2.2.1 Hydrodynamics of the drop-particle complex

We consider a spherical droplet of radius' and viscosity[ d immersed in an unbounded �uid of

viscosity[ (Fig. 2.1a). An ellipsoidal particle with radii0 ¡ 1 = 2 is adsorbed at the drop interface

with its major axis oriented parallel to the interface. The relative position and orientation of the

particle and the droplet are held constant by strong capillary forces and torques. The kinematics of

the drop-particle pair is therefore described by six degrees of freedom corresponding its position

and orientation. At low Reynolds numbers, the external forceF and torqueT on the drop-particle

pair are related to its linear velocityU and angular velocity
 as
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Figure 2.1: (a) Schematic illustration of a spheroidal particle adsorbed at the interface of a spherical
drop. Within the drop-particle reference frame, the particle is positioned at the “north” pole of the
drop with its major axis parallel to thee0

1 direction. (b) Rotation of the drop-particle complex with
an constant angular velocity
 leads to helical propulsion with speed* propel.
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whereA, B, andC are components of the hydrodynamic resistance tensor.[19] Due to the symme-

try of the drop-particle complex (� 2v point group), these tensors can be written as

A = � 1e0
1e0

1 ¸ � 2e0
2e0

2 ¸ � 3e0
3e0

3

B = � 1e0
1e0

2 ¸ � 2e0
2e0

1

C = � 1e0
1e0

1 ¸ � 2e0
2e0

2 ¸ � 3e0
3e0

3

(2.2)

wheree0
1, e0

2, ande0
3 are orthogonal unit vectors that describe a moving reference frame attached to

the complex (Fig. 2.1a). In this reference frame, the drop-particle pair is symmetric to re�ections

about thee0
1 ande0

2 directions; the resistance tensors share these symmetries.[17] The coef�cients

� 1, � 2, etc. are constant due to the isotropic environment assumed to surround the drop.

When the particle is much smaller than the droplet (0 � ' ) and the viscosities of the two

liquids are comparable ([ d � [ ), we can derive useful approximations for the resistance coef�cients

introduced above. The resistance to translationA is approximated by that of the drop alone such

that � 8 � 5c[' for 8= 1–2–3.[20, 21] Additional contributions due to the viscosity contrast and the

small particle are neglected. The resistance to rotationC is approximated by that of the ellipsoidal

particle with respect to the drop center (see Supporting Information)

� 1 = 6c[0' 2. � – �2 = 6c[0' 2- � – �3 = 6c[0 3. � (2.3)

Here, the coef�cients. � and- � describe, respectively, the resistance to translation for a prolate

spheroid moving perpendicular and parallel to its major axis. The coef�cient. � describes the

resistance to rotation for the spheroid rotating perpendicular to its major axis. The coupling tensor

B linking rotation and translation is approximated by considering only the contribution of the

ellipsoid with respect to the drop center (see Supporting Information)

� 1 = � 6c[0'. � – �2 = 6c[0'- � (2.4)
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The three resistance coef�cients- � , . � , and. � correspond to the three degrees of freedom of

the particle adsorbed at the drop interface. These coef�cients depend on the aspect ratio0•2 of

the spheroid as described by available formula[19]—for example, the coef�cients are- � = 0•602,

. � = 0•689, . � = 0•376for the aspect ratio0•2 = 2.

The symmetry of the drop-particle pair allows for helical propulsion driven by a constant

torque, which rotates the complex with a constant angular velocity (Fig. 2.1b). In the absence

of external forces, equation (2.1) implies that the linear velocity of the complex is related to its

angular velocity asU = �¹ A � 1B> º � 
 . For helical motion, the linear velocity is constant in the

moving reference frame of the drop-particle complex. The propulsion velocity along the axis of

the helix can be expressed as

* propel = U � ^
 = �
�

� 1� 1 ¸ � 2� 2

� 1 � 2

�

̂ 0

1
̂ 0
2 
 (2.5)

where the unit vector̂
 = 
 • 
 has componentŝ
 0
8 in the drop-particle reference frame. The

propulsion speed is maximal when the angular velocity is oriented such that
̂ 0
1 = 
̂ 0

2 = 1•
p

2 (see

Fig. 2.1b). Using the approximate expressions for the resistance tensors, the maximum propulsion

speed is

* max �
3
5

¹. � � - � º0
 (2.6)

The speed increases linearly with the size of the ellipsoid (assuming0 � ' ) and is maximized for

particle aspect ratios of0•2 = 6•51, for which the prefactor is approximately0•0708. Rotation of

the tilted ellipsoid allows the drop to “screw” into the �uid with a displacement of0•4450 per turn.

2.2.2 Drop-particle dynamics in a precessing �eld

We now consider that the ellipsoidal particle has a permanent magnetic momentm. The appli-

cation of a magnetic �eldB creates a magnetic torque,Tm = m � B, that drives the rotation and

translation of the force-free drop-particle complex. In particular, we consider precessing �elds of
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the form

B¹Cº = �
�
sini coslC e1 ¸ sini sinlC e2 ¸ cosi e3

�
(2.7)

with magnitude� , conic anglei , and angular frequencyl . Using equation (2.1) for the force-free

complex and the approximate resistance coef�cients, the angular velocity is related to the magnetic

torque as


 �
1

6c[0' 2

�
1

. �
e0

1e0
1 ¸

1
- �

e0
2e0

2 ¸
' 2

02. �
e0

3e0
3

�
� ¹m � Bº (2.8)

Consistent with our assumption of small particles0 � ' , this expression includes only the lead-

ing order contributions in the small parameter0• ' . Together with the kinematics of rigid body

rotation, equation (2.8) can be integrated numerically to describe how the orientation of the drop-

particle complex evolves in time. Similarly, the linear velocity of the complex evolves as

U �
1

6c[' 2

�
�

6
5

e0
1e0

2 ¸
6
5

e0
2e0

1

�
� ¹m � Bº (2.9)

where we have neglected contributions of order0• ' and higher.

As discussed in previous work on the dynamics of spherical particles on the drop interface,[9,

10] equation (2.8) is characterized by a characteristic rate: m � <� •6c[0' 2 at which the particle

moves across the drop as to align its magnetic moment with the applied �eld. Here, this rate dif-

fers for motion parallel and perpendicular to the particle's major axis as described by the order one

resistance coef�cients. � and- � . By contrast, particle rotation normal to the drop interface pro-

ceeds much faster with a characteristic rate: m¹ ' •0º2. Consistent with previous experiments,[9,

10] we consider precessing �elds for which the driving frequency is comparable to the translational

relaxation rate,l � : m, but slower than the rotational relaxation rate,l � : m¹ ' •0º2.

When the drop is �xed (U = 0), equation (2.1) implies that the angular motion of the particle is

related to the applied torque as
 = C� 1�T. For a small particle (0 � ' ) with a permanent moment

m in a magnetic �eldB, the angular dynamics of the �xed drop-particle complex is identical to

that of the force-free complex described by equation (2.8). This equivalence is not true in general

but derives from our approximate treatment of small particles adsorbed onto large drops.
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2.3 Experiments on ellipsoidal particles on �xed drops

To validate the above model and assess the feasibility of magneto-capillary propulsion, we

conducted experiments on magnetic Janus ellipsoids adsorbed onto �xed drops and subject to

precessing �elds. Ellipsoidal particles were prepared by stretching 5 µm polystyrene (PS) micro-

spheres (Magsphere Inc.) within a polyvinyl alcohol (PVA) matrix heated to 130� C.[22, 23] Once

cooled, the ellipsoids were released by dissolution of PVA in isopropyl alcohol, washed repeatedly

in deionized water, and deposited as a monolayer on a glass substrate by convective assembly.[24,

23] Successive layers of metal—5 nm chromium adhesive layer, 20 nm iron magnetic layer—were

then deposited onto the monolayers by thermal evaporation.[23] As inferred from the experiments

below, the iron layer gave the particles a permanent magnetic moment directed along the long axis

of the ellipsoid. It is inferred the magnetic moment of the adsorbed ellipsoid also has a component

a directed normal to the interface of the drop. From microscopy images, the aspect ratio of the

ellipsoids was estimated as 2.7. As the ellipsoid appears symmetrically adsorbed, we can infer the

component normal to the interface of the drop is also normal to the Janus equator.

The magnetic Janus ellipsoids were deposited onto the interface of a water drop in decane

supported between two hydrophobic glass slides (Fig. 2.2a).[10] The particles were �rst suspended

in a mixture of water and isopropyl alcohol (3:1 ratio by volume) and sprayed onto a cover slip

treated with a hydrophobic silane to produce small droplets (20 to 200 µm) each containing a few

particles. The cover slip was incorporated as the ceiling of a glass chamber into which decane was

�owed. The chamber was sealed with UV-curable epoxy (NOA 68) and positioned on the stage of

an inverted microscope for imaging.

We identi�ed drops containing a single MJP adsorbed at the water-decane interface for use

in our investigation. Particles within the pendant drops settled under gravity to the bottom pole.

To con�rm that a particle was adsorbed at the interface (and not resting above it), we applied a

static magnetic �eld parallel to the gravity direction (B = � eI with � = 5 mT) and monitored the

motion of the particle. As described previously,[9] particles adsorbed at the interface move rapidly
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to the drop equator; those resting above the interface rotate in the �eld without translation. The

orientation of the particle and its response to the applied �eld was monitored using a combination

of bright�eld and �uorescent imaging to visualize both the metal and �ourescent hemispheres,

respectively.

Application of a precessing magnetic �eldB¹Cº caused the particles to move steadily across the

drop interface (Fig. 2.2a). The �eld was generated using a custom triaxial electromagnet[25] with

a constant magnitude of� = 5 mT. The precession angle was varied fromi = 0, corresponding to

a static �eld in theI -direction, toi = c•2, corresponding to a rotating �eld in the12-plane. The

applied frequency5 = l •2c was varied over two orders of magnitude from5 = 0•2 to 10 Hz.

Bouyant mass, magnetic moment, and the hydrodynamic coef�cients were measured from the

experiments, following the procedure outlined in Chapter 1. In short, unknown quantities were �t

for each of �ve batches. Only the �rst 250 data points were used for each experiment to reduce

computational burden, and save data for validation. The batch size was increased to mitigate batch

Figure 2.2: (a) Schematic of the two considered angles of the magnetic moment. (b) Schematic
illustration of the experimental setup: a magnetic ellipsoid is adsorbed at the interface of a water
drop in decane and moves under the in�uence of a precessing �eldB¹Cº with angular frequencyl
and precession anglei . (c) Particle tracking data for an experiment ati = 1.0 andl = 1.25 rads
plotted with black markers. Model �t plotted with green markers. Inset image for the �rst video
frame for the experiment, with a scale bar of 10µm.
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effects, producing a more unimodal posterior. Two models were tested, one with the angle` set

to zero, and the other with it free to �t. Each experiment's �t was then screened with a predictive

posterior check, with a threshold of 0.05, adjusted with the Bonferroni correction [26],[27] for the

25 �ts performed. All experiments passed. Then a Laplace approximation was performed on the

log-likelihood around the mode of each �t, and those estimates were combined for each model.

2.4 Results and Discussions

2.4.1 Drop-particle dynamics in a precessing �eld

In the limit of small particles (0 � ' ), �eld-driven propulsion of the drop-particle complex is

possible only for chiral geometries, for which the magnetic moment contains contributions normal

to thee0
1e0

3 ande0
2e0

3 symmetry planes. We �rst consider the case in which the moment lies parallel

to the drop interface,m = < ¹cos` e0
1 ¸ sin` e0

2º, as parameterized by the angle` . We �x the shape

of the particle to its optimal geometry with aspect ratio0•2 = 6•51 and resistance coef�cients

. � = 0•434, - � = 0•316, and. � = 0•162. For a “right-handed” particle with0 Ÿ ` Ÿ c •2 in a

“right-handed” �eld with l ¡ 0 (Fig. 2.3a), particle motion acts to propel the drop in the negative

e3 direction. The propulsion speed depends on the precession anglei and the driving frequencyl

scaled by the relaxation rate: m (Fig. 2.3b).

We identify three distinct modes of propulsion corresponding to stable particle trajectories in

the precessing �eld. Pole-orbiting solutions correspond to circular particle orbits about the respec-

tive poles of the drop with an orbital frequency equal to that of the driving �eld (Fig. 2.3a). Within

a rotating frame of reference, these solutions correspond to stable �xed points of the drop-particle

dynamics (see Supporting Information). In contrast to spherical particles studied previously,[10]

ellipsoidal particles with chiral moments (0 Ÿ ` Ÿ c •2) exhibit different pole-orbiting solutions at

the two poles. At the south pole, the �eld-driven rotation of the tilted ellipsoid propels its motion

towards the pole thereby tightening its orbit relative to that of a sphere with comparable resistance.

By contrast, such propulsion acts to loosen the particle orbit at the north pole of the drop. For a

common �eld, the larger orbit of the north pole-orbiting solution leads to faster drop propulsion
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Figure 2.3: (a) Schematic illustration of a right-handed ellipsoid (left) with magnetic moment
m = < ¹cos` e0

1 ¸ sin` e0
2º parameterized by the angle0 Ÿ ` Ÿ c •2. Application of a right-

handed �eld withl ¡ 0 leads to one of three possible particle trajectories—north pole-orbiting,
south pole-orbiting, and zig-zag—depending on the precession anglei , frequencyl , and initial
particle position. Shown here are particle trajectories forl = 5: m andi = 0•94 with aspect ratio
0•2 = 6•51 and moment anglè = c•4. The drop radius is' = 1000; particles are not drawn to
scale. (b) Propulsion velocity* propel (scaled by: m0) as a function of angular frequencyl (scaled
by : m) and precession anglei for ` = c•4. Solid curves show the stability boundaries for the
two pole-orbiting solutions. The colored markers denote the maximum speed for the pole-orbiting
solutions.

than the south pole-orbiting solution. The different orbits of the two solutions also in�uence their

regions of stability in theli -plane (Fig. 2.3b).

Away from the poles, the particle follows a saw-toothed trajectory about the drop equator—

termed the zig-zag solution (Fig. 2.3a). Within a rotating frame of reference, these solutions cor-

respond to stable periodic orbits (limit cycles) with a period) longer than that of the driving �eld

(see Supporting Information). Thus, while the particle follows a larger equatorial orbit around

the drop (favoring faster propulsion), it requires more cycles of the periodic �eld to complete this

orbit (favoring slower propulsion). The resulting propulsion velocity is comparable to that of the
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