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Abstract

Totally Inaccessible Stopping Times, Path-dependent Volatility

and Quadratically Regularized Optimal Transport

Andrés Ignacio Riveros Valdevenito

This dissertation brings together research carried out during my PhD program, in

areas ranging from mathematical finance to optimal transport theory. It begins by showing

that the Cox construction of totally inaccessible stopping times arises naturally when

looking at Markovian jump times, thus supporting its role as a universal tool to study

these random times. This work also covers the existence, uniqueness, positivity and

martingality properties of the path-dependent volatility model introduced by Guyon and

Lekeufack, providing a thorough theoretical analysis that supports numerical findings.

Finally, it characterizes two properties of the quadratically regularized variant of the

optimal transport problem. Firstly, that the empirically observed monotonicity property of

the support of the regularized solution, as the regularization parameter shrinks, fails in

general. Then, it provides theoretical guarantees for the linear convergence of several

algorithms proposed in the literature to approximate the regularized solution. Beginning

with implicit results, through a functional-analytic contraction argument, and later refining

the analysis for more general setups, by establishing a PL–type inequality, obtaining

explicit constants for said linear convergence.
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"You should call it entropy, for two reasons.

In the first place your uncertainty function

has been used in statistical mechanics under that name,

so it already has a name.

In the second place, and more important,

no one really knows what entropy really is,

so in a debate you will always have the advantage."

- John Von Neumann.

“There is no real ending.

It’s just the place where you stop the story.”

- Frank Herbert.
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Introduction

This dissertation is a collection of all the research projects completed throughout my

time as a PhD student. Having had many collaborators in different areas, the range of topics

covered is broad, touching problems in mathematical finance and optimal transport theory.

For this reason, the chapters are self-contained, making it easy for readers to refer to their

chapter of interest without needing any additional information. Nonetheless, the notation

has been kept consistent throughout each topic, for easier reference between chapters.

Chapter 1 discusses connecting the procedure of constructing a totally inaccessible

stopping time for a given process using the well-known Cox construction, dependent on

an independent exponential random variable; with naturally occurring jump times of Feller

processes. Ultimately, these two phenomena are shown to not only be related, but in fact

to be two examples of the same object. This fact is linked to the behaviour of predictable

stopping times, by proving that they can always be written as the hitting time of zero of a

continuous process.

Chapter 2 focuses on the path-dependent volatility model Guyon and Lekeufack

recently proposed, documenting its excellent performance in fitting market data and cap-

turing stylized facts. The instantaneous volatility is modeled as a linear combination of two

processes, one is an integral of weighted past price returns and the other is the square-root of

an integral of weighted past squared volatility. Each of the weightings is built using two ex-

ponential kernels reflecting long and short memory. Mathematically, the model is a coupled

system of four stochastic differential equations. The main result is the well-posedness of this
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system: the model has a unique strong (non-explosive) solution for all parameter values. It

further studies the positivity of the resulting volatility process and the martingale property

of the associated exponential price process.

The remainder of the chapters relate to the optimal transport problem and, in

particular, on its quadratically regularized variant. Here quadratic regularization means that

transport couplings are penalized by the squared 𝐿2 norm, or equivalently the 𝜒2 divergence.

This is a sparse alternative to entropic regularization, that is, the solution measure tends to

have small support.

Computational experience suggests that the support decreases monotonically to

the unregularized counterpart as the regularization parameter is relaxed. Chapter 3 shows it

is useful to investigate this monotonicity more abstractly for linear programs over polytopes,

regularized with the squared norm. Here, monotonicity can be stated as an invariance

property of the curve mapping the regularization parameter to the solution: once the curve

enters a face of the polytope, does it remain in that face forever? This invariance turns out

to be equivalent to a geometric property of the polytope, namely that each face contains

the minimum norm point of its affine hull. Returning to the optimal transport problem and

its associated Birkhoff polytope, it verifies this property for low dimensions, but fails for

marginals with five or more point masses. As a consequence, the conjectured monotonicity

of the support fails in general, even if experiments suggest that monotonicity holds for many

cost matrices. Separately, this geometric point of view is applied to a problem of Erdős,

namely to characterize the doubly stochastic matrices whose maximal trace equals their

squared norm.

Chapters 4 and 5 study the theoretical guarantees of algorithmic approaches to

compute the value of the quadratically regularized optimal transport problem. While a

number of computational approaches have been shown to work in practice, quadratic regu-

larization is analytically less tractable than entropic, and any theoretical convergence rate

analysis hasn’t been found in the literature. Chapter 4 focuses on the gradient ascent algo-
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rithm for the dual transport problem in continuous and semi-discrete settings for quadratic

cost. This problem is convex but not strongly convex; its solutions are the potential func-

tions that approximate the Kantorovich potentials of unregularized optimal transport. The

gradient ascent steps are straightforward to implement, and stable for small regularization

parameter—in contrast to Sinkhorn’s algorithm in the entropic setting. The main result is

that gradient ascent converges linearly; that is, the 𝐿2 distance between the iterates and the

limiting potentials decreases exponentially fast. The analysis centers on the linearization

of the gradient ascent operator at the optimum and uses functional-analytic arguments to

bound its spectrum. These techniques seem to be novel in this area and are substantially

different from the approaches familiar in entropic optimal transport.

Chapter 5 extends the results of Chapter 4 by establishing a quantitative curvature

property for the dual problem of quadratically regularized optimal transport. Under mild

assumptions covering both continuous and semi-discrete transport problems, both a local

error bound and a Polyak–Łojasiewicz (PL) inequality are given, with explicit constants

depending only on the problem primitives. These results are obtained by functional-analytic

techniques exploiting that near the optimum, the argument of the positive part function

is positive on the interior of the support of the optimal coupling. As applications, linear

convergence is derived for the gradient ascent, coordinate ascent, and coordinate gradient

ascent algorithms on the dual problem, with explicit contraction rates.

Finally, it’s important to mention that Chapter 1 is joint work with Philip Protter,

and it is based on the published work [1]. Chapter 2 is joint work with Marcel Nutz, and it

is published in [2]. The remaining chapters are joint work with Alberto González-Sanz and

Marcel Nutz, and Chapter 3 has been published in [3]; while Chapters 4 and 5 have been

submitted for publication.
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Chapter 1: Markov Process Jump Times and Their Cox

Construction

Understanding and predicting random events is completely intertwined with the study

of stopping times and their behaviour. To facilitate the readers comprehension, all of the

standard mathematical terms not defined in what follows can be found in [4]. The setup

for modelling stopping times is virtually always the same. Given a filtered probability space(
Ω, F , (F𝑡)𝑡≥0 , P

)
satisfying the usual conditions, a stopping time is a positive random vari-

able 𝜏 : Ω → R+ such that, for any 𝑡 ∈ [0,∞), it satisfies

{𝜏 ≤ 𝑡} ∈ F𝑡 .

However, random events, by nature, are hard to directly predict. Hence, it is common

to approach capturing elements of 𝜏’s behaviour by studying its compensator, defined as

follows (see [4, Section III.5]). Given a stopping time 𝜏, the stochastic process (1𝑡≥𝜏)𝑡≥0

is positive, increasing, bounded, right-continuous and adapted. Thus, by the Doob-Meyer

decomposition, there exists an increasing, right-continuous, predictable process (𝐴(𝑡))𝑡≥0,

satisfying 𝐴(0) = 0, such that

(1𝑡≥𝜏 − 𝐴(𝑡))𝑡≥0 , (1.1)

is a martingale. The process 𝐴 is called the compensator of 𝜏 for the filtration (F𝑡)𝑡≥0 and

it is unique.

More precisely, the fact that (1.1) is a martingale and that (1𝑡≥𝜏)𝑡≥0 is constant on the

interval [𝜏,∞) indicates that 𝐴(𝑡) can be written as 𝐴(𝑡 ∧ 𝜏). Therefore, we have that (1.1)

4



is equivalent to

(1𝑡≥𝜏 − 𝐴(𝑡 ∧ 𝜏))𝑡≥0 , (1.2)

being a martingale. Notice that if the stopping time 𝜏 is predictable (see [4, Section III.2]),

then the compensator for the process (1𝑡≥𝜏)𝑡≥0 is just the process itself, it being predictable

and the compensator unique, and so this decomposition is useful in the case where 𝜏 is not

predictable.

Conversely, given an increasing, right-continuous, predictable process (𝐴(𝑡))𝑡≥0, satisfying

𝐴(0) = 0, on a filtered probability space satisfying the usual conditions; a stopping time can

be constructed by using the now standard Cox construction. Assuming the probability space

is sufficiently rich to contain an exponential random variable 𝑍 , with parameter 1, that is

independent of the underlying filtration to which 𝐴 is adapted to, we can define

𝜏 = inf {𝑡 ≥ 0 : 𝐴(𝑡) ≥ 𝑍} . (1.3)

It is then straightforward to see that 𝜏 defined as in (1.3) is a stopping time with com-

pensator (𝐴(𝜏 ∧ 𝑡))𝑡≥0, albeit for a larger filtration, where we include the information given

by the random variable 𝑍 in a progressive manner (see [4, Section VI.3, page 378]).

Several work has been done in both studying and applying this construction to a variety

of financial problems. A significant amount of these studies (see [5, 6, 7]) focus on the

conditions necessary so that (𝐴(𝑡))𝑡≥0 admits the following form

𝐴(𝑡) =
∫ 𝑡

0
𝛼𝑠𝑑𝑠 ,

for a process (𝛼𝑠)𝑠≥0 satisfying myriad properties. This setup is particularly interesting

when studying default times in financial markets (see [8, 9, 10, 11]), but it is restrictive and

ultimately not the focus of this chapter.
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The question we seek to answer comes as a consequence of a pivotal theorem of P.A.

Meyer (see Theorem 1.1.2) that characterizes the nature of positive stopping times of a

strong Markov Feller process and, in particular, concludes that the jump times of such a

process are totally inaccessible. Thus, if we consider the natural filtration of the Markov

process (see [4, Section I.5, Def.1]), we have the existence of totally inaccessible stopping

times (see [4, Section III.2]) without the need of including the external exponential random

variable 𝑍 we use in constructions of the type of (1.3). This begs the question, is 𝑍 needed

as part of the construction? And if it is, where is this exponential random variable in the

jump times of strong Markov Feller processes?

1.1 Results

We begin by defining the class of Markov processes that will be the focus of our work in

this chapter. We will use the definition and notation of [12, Chapter 2].

Definition 1.1.1. A Markov process (𝑋𝑡)𝑡≥0, with transition semigroup (𝑃𝑡)𝑡≥0 is Feller if

(i) 𝑃0 is the identity mapping.

(ii) For all 𝑓 ∈ C0, 𝑃𝑡 𝑓 ∈ C0, for all 𝑡 ≥ 0, where C0 are all continuous functions vanishing

at infinity.

(iii) For all 𝑓 ∈ C0, for all 𝑥 ∈ R

lim
𝑡↓0

𝑃𝑡 𝑓 (𝑥) = 𝑓 (𝑥) ,

where we have that 𝑃𝑡 𝑓 (𝑥) = E( 𝑓 (𝑋𝑡 + 𝑥)).

We focus on Feller processes because they are the quintessential example of general strong

Markov processes (see [4, Section I.5]) defined by properties of their semigroup. The results in

this chapter may apply to more general processes, but we limit our results to Feller processes
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to skip dealing with possible complications of further generality and, moreover, they turn

out to be fundamental in their connection with totally inaccessible stopping times.

The next step is stating the result by P.A. Meyer that originates the discussion and

results present in this chapter (see [4, Section III.2]).

Theorem 1.1.2 (Meyer’s Theorem). Let (𝑋𝑡)𝑡≥0 be a (strong) Markov Feller process for the

probability P𝜇, where 𝑋0 is distributed as 𝜇, and consider it’s natural completed filtration F𝜇.

Let 𝑇 be a stopping time such that P𝜇 (𝑇 > 0) = 1. Define

Λ :=
{
𝜔 ∈ Ω : 𝑋𝑇 (𝜔) ≠ 𝑋𝑇− (𝜔) , 𝑇 (𝜔) < ∞

}
, (1.4)

where 𝑋𝑇− (𝜔) = lim𝑡↑𝑇 (𝜔) 𝑋𝑡. Then, 𝑇 satisfies that 𝑇 = 𝑇Λ∧𝑇Λ𝑐 , where 𝑇Λ is totally inaccessible

and 𝑇Λ𝑐 is predictable; where, for any set 𝐴 ∈ F𝑇 ,

𝑇𝐴 (𝜔) =


𝑇 (𝜔) if 𝜔 ∈ 𝐴,

∞ if 𝜔 ∉ 𝐴.

The implications of this theorem are many; nonetheless, for our purposes, we use it in

the following way. Suppose we have a Feller process (𝑋𝑡)𝑡≥0 with a fixed initial condition

𝑋0 = 𝑥, under its natural filtration; and let 𝜏 be a jump time of (𝑋𝑡)𝑡≥0. Thus 𝜏 is a stopping

time (this is easy to see), and moreover, property (i) of (𝑃𝑡)𝑡≥0 assures us that P𝑥 (𝜏 > 0) = 1,

where P𝑥 denotes the law of the process starting at 𝑥.

Therefore, we can apply Theorem 1.1.2 to 𝜏 to obtain that, because 𝜏 is a jump time of

(𝑋𝑡)𝑡≥0, then 𝜏 must be totally inaccessible. This is because, for a jump time, we have that

the set Λ defined in (1.4) is equal to the set {𝑇 < ∞}. Notice that this probability space

thus admits a totally inaccessible stopping time with seemingly no additional independent

exponential random variables needed, like those present in (1.3).

The existence of this totally inaccessible stopping time therefore implies, by the Doob-

Meyer decomposition, the existence of an increasing, right-continuous, predictable process
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(𝐴(𝑡))𝑡≥0, satisfying 𝐴(0) = 0, such that

(1𝑡≥𝜏 − 𝐴(𝑡 ∧ 𝜏))𝑡≥0 ,

is a martingale, as in (1.2). Moreover, it is well known (see, for example, [4, Section III.5,

Theorem 24]) that, because 𝜏 is totally inaccessible, then 𝐴 has to be continuous almost

surely.

With all this framework, we can now state the main theorem of this chapter, which unifies

the Cox construction of totally inaccessible stopping times by enlarging a filtration with the

existence of totally inaccessible stopping times in given natural filtrations.

Theorem 1.1.3. Given all the previous definitions, we have that the random variable 𝐴(𝜏)

follows an exponential distribution with parameter 1, for all 𝜏 < ∞ a.s.

Proof. To fix ideas, let us first further assume that (𝐴(𝑡))𝑡≥0 is strictly increasing. This

allows us to define it’s inverse 𝐴−1(·) for every 𝑡, by continuity of 𝐴, when 𝑡 ≤ 𝜏, and extend

it naturally to 𝐴−1(𝑡) = ∞ when 𝑡 > 𝜏. Then, if we define 𝑠 = 𝐴(𝑡) and apply this time

change onto (1.2), we obtain

1𝐴−1 (𝑠)≥𝜏 − 𝐴(𝐴−1(𝑠) ∧ 𝜏) = 1𝐴−1 (𝑠)≥𝜏 − 𝐴(𝐴−1(𝑠)) ∧ 𝐴(𝜏)

= 1𝑠≥𝐴(𝜏) − 𝑠 ∧ 𝐴(𝜏) ,

where we used the fact that 𝐴 is increasing. This means that a.s., for any 𝑠 > 𝑢 ≥ 0, we have

E
(
1𝑠≥𝐴(𝜏) − 𝑠 ∧ 𝐴(𝜏) |F𝐴−1 (𝑢)

)
= E

(
1𝐴−1 (𝑠)≥𝜏 − 𝐴(𝐴−1(𝑠) ∧ 𝜏) |F𝐴−1 (𝑢)

)
= 1𝐴−1 (𝑢)≥𝜏 − 𝐴(𝐴−1(𝑢) ∧ 𝜏) (1.5)

= 1𝑢≥𝐴(𝜏) − 𝑢 ∧ 𝐴(𝜏) ,

using the fact that (1.2) is a martingale, we are using the natural filtration, and both 𝐴−1(𝑠)
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and 𝐴−1(𝑢) can be seen as stopping times, because they are hitting times of a predictable

process. This proves that

(
1𝑡≥𝐴(𝜏) − 𝑡 ∧ 𝐴(𝜏)

)
𝑡≥0 ,

is an (F𝐴−1 (𝑡))𝑡≥0 martingale.

In particular, for all 𝑡 ∈ R+, we have

E
(
1𝑡≥𝐴(𝜏) − 𝑡 ∧ 𝐴(𝜏)

)
= E

(
10≥𝐴(𝜏) − 0 ∧ 𝐴(𝜏)

)
= 0

=⇒ P (𝐴(𝜏) ≤ 𝑡) = E (𝑡 ∧ 𝐴(𝜏)) ,

where we use that 𝐴(·) is strictly increasing almost surely with 𝐴(0) = 0, and thus P(𝐴(𝜏) =

0) = 0. Taking an increasing sequence (𝑡𝑛)𝑛∈N such that 𝑡𝑛
𝑛→∞−−−−→ 𝑡, we can see that, by

monotone convergence,

P (𝐴(𝜏) < 𝑡) = lim
𝑛→∞

P(𝐴(𝜏) ≤ 𝑡𝑛) = lim
𝑛→∞

E (𝑡𝑛 ∧ 𝐴(𝜏)) = E (𝑡 ∧ 𝐴(𝜏)) = P (𝐴(𝜏) ≤ 𝑡) ,

showing that 𝐴(𝜏) has a diffuse distribution.

Now, if we write 𝑍 := 𝐴(𝜏), then

P (𝑍 ≤ 𝑡) = E (𝑍 ∧ 𝑡) =
∫ ∞

0
P(𝑍 ∧ 𝑡 > 𝑠)𝑑𝑠 =

∫ 𝑡

0
P(𝑍 ∧ 𝑡 > 𝑠)𝑑𝑠

= 𝑡P(𝑍 > 𝑡) +
∫ 𝑡

0
P(𝑠 < 𝑍 ≤ 𝑡)𝑑𝑠 = 𝑡P(𝑍 > 𝑡) +

∫ 𝑡

0
P(𝑍 ≤ 𝑡) − P(𝑍 ≤ 𝑠)𝑑𝑠

= 𝑡 − 𝑡P(𝑍 ≤ 𝑡) + 𝑡P(𝑍 ≤ 𝑡) −
∫ 𝑡

0
P(𝑍 ≤ 𝑠)𝑑𝑠 = 𝑡 −

∫ 𝑡

0
P(𝑍 ≤ 𝑠)𝑑𝑠 ,
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and thus the function 𝐹 (𝑡) :=
∫ 𝑡

0
P(𝑍 ≤ 𝑠)𝑑𝑠 satisfies the ODE


𝐹′(𝑡) = 𝑡 − 𝐹 (𝑡) ,

𝐹 (0) = 0 ,

for which the continuity of P(𝑍 ≤ 𝑡) is paramount; solved by

𝐹 (𝑡) = 𝑡 − 1 + 𝑒−𝑡 ,

which gives

𝑃(𝐴(𝜏) ≤ 𝑡) = 𝐹′(𝑡) = 1 − 𝑒−𝑡 ,

and thus 𝐴(𝜏) is exponentially distributed with parameter 1.

For the general case, when (𝐴(𝑡))𝑡≥0 is not strictly increasing, we can still define its gener-

alized inverse by using the standard definition we use when inverting continuous probability

distributions. For 𝑠 ≥ 0, define

𝐴−1(𝑠) = inf {𝑡 ≥ 0 : 𝐴(𝑡) ≥ 𝑠} ,

then 𝐴−1(·) is clearly increasing and satisfies 𝐴(𝐴−1(𝑡)) = 𝑡 for 𝑡 in the codomain of 𝐴, by

continuity. The only thing left to prove is that 𝐴−1(𝐴(𝜏)) = 𝜏 a.s., which is not direct, and

is necessary for the almost sure equalities

1𝑠≥𝐴(𝜏) = 1𝐴−1 (𝑠)≥𝜏 and 𝑠 ∧ 𝐴(𝜏) = 𝐴(𝐴−1(𝑠) ∧ 𝜏) , (1.6)

to hold, together with P(𝐴(𝜏) = 0) = 0; key pieces of the argument of (1.5). Note that

𝐴−1(𝐴(𝜏)) = inf {𝑡 ≥ 0 : 𝐴(𝑡) ≥ 𝐴(𝜏)} ,
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and so 𝜏 ≥ 𝐴−1(𝐴(𝜏)). For equality to hold, it suffices to show that

P
(
𝐴−1(𝐴(𝜏)) < 𝜏

)
= 0 . (1.7)

To prove this, we have to resort to the "well-known" section theorems and the 𝜎-fields

related to those results. For an extensive account of all the definitions and theorems needed,

see [13]. Specifically, we note that the set 𝐵 ⊆ R+ ×Ω, defined by

𝐵 =

{
(𝑡, 𝜔) : 𝐴−1(𝜔)

(
𝐴(𝜔) (𝜏(𝜔))

)
≤ 𝑡 < 𝜏(𝜔)

}
,

where we write all the dependences on 𝜔 explicitly, is an optional set, because 𝐴 is predictable

and therefore optional and 𝜏 is a stopping time, therefore optional. Moreover, it satisfies

that its projection onto Ω is

𝜋Ω(𝐵) =
{
𝐴−1(𝐴(𝜏)) < 𝜏

}
.

Now, assume

𝛿 = P
(
𝐴−1(𝐴(𝜏)) < 𝜏

)
> 0 .

Then, applying the respective section theorem (see [13, Chapter IV, T10]), we know that

there exists a stopping time 𝑅, such that

{(𝑡, 𝜔) : 𝑡 = 𝑅(𝜔)} ⊆ 𝐵 , (1.8)

and also satisfies

P
(
𝐴−1(𝐴(𝜏)) < 𝜏

)
= P (𝜋Ω(𝐵)) ≤ P(𝑅 < ∞) + 𝛿

2
,
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which gives us in particular that

P(𝑅 < ∞) ≥ 𝛿

2
> 0 . (1.9)

However, we also know that, because 𝑅 is a stopping time, then the martingale property

of (1.2), together with a possible application of the monotone convergence theorem, allows

us to conclude that

E (1𝑅≥𝜏 − 𝐴 (𝑅 ∧ 𝜏)) = 0 .

which implies

0 = E (1𝑅≥𝜏 − 𝐴 (𝑅 ∧ 𝜏)) = E ((1𝑅<∞ + 1𝑅=∞) (1𝑅≥𝜏 − 𝐴 (𝑅 ∧ 𝜏)))

=⇒ E (𝐴 (𝑅 ∧ 𝜏) 1𝑅=∞ + 𝐴 (𝑅 ∧ 𝜏) 1𝑅<∞) = E (1𝑅<∞1𝑅≥𝜏) + E (1𝑅≥𝜏1𝑅=∞)

⇐⇒ E (𝐴 (𝜏) 1𝑅=∞ + 𝐴 (𝜏) 1𝑅<∞) = E (1𝑅=∞) ,

where we use the fact that, when 𝑅 is finite, then by (1.8)

𝐴−1 (𝐴 (𝜏)) ≤ 𝑅 < 𝜏 .

In particular 𝑅 < 𝜏 and, by applying 𝐴(·) to the above inequality, we recover that 𝐴(𝑅) =

𝐴(𝜏).

All of this amounts to the fact that

P(𝑅 = ∞) = E(𝐴(𝜏)) = E (1𝜏≥𝜏) = 1 ,

by again stopping our martingale (1.2), now at time 𝜏, which we can do because 𝜏 < ∞ a.s..

This would then mean that P(𝑅 < ∞) = 0, contradicting (1.9), which shows (1.7) holds,

together with the a.s. inequalities in (1.6). Thus, applying the same calculation we did for
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the strictly increasing case, all the steps follow in the same manner, and therefore 𝐴(𝜏) has

the desired distribution.

Notice that the restriction of 𝜏 being a.s. finite, which is needed to prove (1.7), also

eliminates a possibly problematic border case in which P (𝐴 ≡ 0) > 0. This would ren-

der our time change argument invalid, even though (1.6) still holds, because in particular

P (𝐴(𝜏) = 0) > 0. However, we have that

P
(
𝐴−1(𝐴(𝜏)) < 𝜏

)
≥ P

(
𝐴−1(𝐴(𝜏)) < 𝜏, 𝐴 ≡ 0

)
= P (0 < 𝜏, 𝐴 ≡ 0) = P (𝐴 ≡ 0) > 0 ,

which contradicts (1.6), and so the problematic case doesn’t arise when 𝜏 < ∞ a.s. □

Remark 1.1.4.

• Note that we only use the properties of the Feller process to obtain that a jump time is

always totally inaccessible. This same procedure can be applied to totally inaccessible

stopping times obtained from any other framework.

• This result can be traced back to [14], where they proved a similar result for more

general random times, and more recently to [15, 16]. However, both proofs rely heavily

on the behaviour of functionals and stochastic integrals of the process 𝐴, while ours

deals directly with the process itself, showing that the time change

1𝐴−1 (𝑠)≥𝜏 − 𝐴(𝐴−1(𝑠) ∧ 𝜏) = 1𝑠≥𝐴(𝜏) − 𝑠 ∧ 𝐴(𝜏) ,

is not only valid, but somehow essential for finite totally inaccesible stopping times,

thanks to (1.7).

• A more general result for non-finite stopping times is in corollary 6 and lemma 7

of the post Compensators of Stopping Times, in the blog Almost Sure: a Random

Mathematical Blog (Lowther, 2011), albeit with no mention to the connection to jumps

of Markov processes or the Cox construction.
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• The connection to the Cox construction comes naturally out of the previous result. If

we naively use 𝐴(𝜏) as our exponential random variable to create a stopping time with

compensator (𝐴(𝑡))𝑡≥0, then the resulting stopping time 𝜏′ is defined by

𝜏′ := inf {𝑡 ≥ 0 : 𝐴(𝑡) ≥ 𝐴(𝜏)}

= inf {𝑡 ≥ 0 : 𝑡 ≥ 𝜏} = 𝜏.

Of course, the requirement of independence of the exponential random variable in

this case is unable to be satisfied, because our totally inaccessible stopping time is

already a stopping time for the filtration we are working on. Thus, this suggests that

any totally inaccessible stopping time, particularly any jump time, can potentially be

understood as incorporating an external exponential random variable into a previously

existing more "bare bones" filtration, for which the original stopping time is no longer

a stopping time.

A natural question to pose after the previous result is, now that all finite jump times of

a strong Markov process, which are totally inaccessible, come from a Cox construction set

up; can we find, for any given finite totally inaccessible stopping time, a Markov process,

or even a Feller process, such that said stopping time is a jump time for that process. We

present a preliminary answer to this question in the next result.

Theorem 1.1.5. Let
(
Ω, F , (F𝑡)𝑡≥0 , P

)
contain a totally inaccessible stopping time 𝜏, such

that P(𝜏 > 0) = 1. Then the process

(𝑋𝑡)𝑡≥0 := (1𝑡≥𝜏)𝑡≥0 , (1.10)

is weak Markov for the completed right-continuous version of the smaller filtration (𝜎(𝑡 ∧ 𝜏))𝑡≥0,

which we will call (E𝑡)𝑡≥0.
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Proof. It is enough to prove, as stated in [12, Def. 1, (iib)], that for 𝑢 > 𝑡,

E( 𝑓 (𝑋𝑢) |E𝑡) = E( 𝑓 (𝑋𝑢) |𝑋𝑡) ,

for any bounded Borel 𝑓 : R → R. For this we will use the following lemma (see [4, Section

III.5, page 121]):

Lemma 1.1.6. Let 𝑌 ∈ 𝐿1(F ), then

E(𝑌 |E𝑡) = E(𝑌 |𝜏)1𝑡≥𝜏 +
E(𝑌1𝑡<𝜏)
P(𝑡 < 𝜏) 1𝑡<𝜏 .

Taking 𝑌 = 𝑓 (𝑋𝑢) above, with 𝑢 > 𝑡, as seen in Lemma 1.1.6 we have that

E( 𝑓 (𝑋𝑢) |E𝑡) = E( 𝑓 (𝑋𝑢) |𝜏)1𝑡≥𝜏 +
E( 𝑓 (𝑋𝑢)1𝑡<𝜏)

P(𝑡 < 𝜏) 1𝑡<𝜏

= E( 𝑓 (1𝑢≥𝜏) |𝜏)1𝑡≥𝜏 +
E( 𝑓 (1𝑢≥𝜏)1𝑡<𝜏)

P(𝑡 < 𝜏) 1𝑡<𝜏

= 𝑓 (1𝑢≥𝜏)1𝑡≥𝜏 +
E( 𝑓 (1𝑢≥𝜏)1𝑡<𝜏)

P(𝑡 < 𝜏) 1𝑡<𝜏

= 𝐾11𝑡≥𝜏 + 𝐾21𝑡<𝜏

= 𝐾11𝑡≥𝜏 + 𝐾2(1 − 1𝑡≥𝜏) =: 𝑔(1𝑡≥𝜏) = 𝑔(𝑋𝑡) ,

where 𝐾1 = 𝑓 (1) and 𝐾2 =
E( 𝑓 (1𝑢≥𝜏)1𝑡<𝜏)

P(𝑡<𝜏) are constants.

On the other hand, by the tower property

E( 𝑓 (𝑋𝑢) |𝑋𝑡) = E(E( 𝑓 (𝑋𝑢) |E𝑡) |𝑋𝑡) = E(𝑔(𝑋𝑡) |𝑋𝑡) = 𝑔(𝑋𝑡) ,

and the result holds. □

Remark 1.1.7.

• This result is a weak reciprocal to Theorem 1.1.2, where we have constructed, for a

totally inaccessible stopping time, a weak Markov process that jumps at the desired
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time.

• The result above does not seem to use the fact that 𝜏 is totally inaccessible, and

therefore we have seemingly contradicted Theorem 1.1.2 by finding a Markov process

that jumps at a predictable time. However, notice that the space where we define

the process 𝑋, namely the shrinking of the filtration from F𝑡 to E𝑡 makes 𝜏 totally

inaccessible where once it was predictable, and so there is no contradiction.

However, the Markov process defined in (1.10) is simple enough that we can attempt to

prove that it is not only weak Markov, but indeed a Feller process. Therefore, if we manage

to prove that this holds, then we will have the reciprocal for theorem, because not only all

jump times of a Feller process will come from a Cox construction, but all totally inaccessible

stopping times, in particular those Cox constructed, will indeed be jump times of a Feller

process. This is our next result.

Theorem 1.1.8. (𝑋𝑡)𝑡≥0 defined in (1.10) is a Feller process.

Proof. Lets check each property. For any 𝑓 ∈ C0, we have that:

(i) 𝑃0 𝑓 (𝑥) = E( 𝑓 (𝑋0 + 𝑥)) = E( 𝑓 (0 + 𝑥)) = E( 𝑓 (𝑥)) = 𝑓 (𝑥), because 𝑋0 = 10≥𝜏 = 0, as

P(𝜏 > 0) = 1.

(ii) 𝑃𝑡 𝑓 (𝑥) = E( 𝑓 (𝑋𝑡 + 𝑥)) = E( 𝑓 (1𝑡≥𝜏 + 𝑥)) = 𝑓 (𝑥)P(𝑡 < 𝜏) + 𝑓 (𝑥 + 1)P(𝜏 ≤ 𝑡), which is

clearly continuous in 𝑥 and vanishing at infinity, because 𝑓 is.

(iii) For 𝑥 ∈ R, we have that 𝑓 (1𝑡≥𝜏 + 𝑥) ≤ max { 𝑓 (𝑥), 𝑓 (𝑥 + 1)} < ∞. Thus, by dominated

convergence and the continuity of 𝑓 , we have that

lim
𝑡↓0

𝑃𝑡 𝑓 (𝑥) = lim
𝑡↓0

E( 𝑓 (𝑋𝑡 + 𝑥)) = lim
𝑡↓0

E( 𝑓 (1𝑡≥𝜏 + 𝑥))

= E(lim
𝑡↓0

𝑓 (1𝑡≥𝜏 + 𝑥)) = E( 𝑓 (10≥𝜏 + 𝑥)) = E( 𝑓 (𝑥)) = 𝑓 (𝑥) ,

because of the right continuity of (1𝑡≥𝜏)𝑡≥0. Thus we have shown that (1𝑡≥𝜏)𝑡≥0 is Feller.
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□

The previous results show that every positive totally inaccessible stopping time is in fact

the jump time of a strong Markov (particularly Feller) process. Having this result sparks

even more potential connections when we notice that totally inaccessible stopping times may

arise by projecting a predictable time into a smaller filtration. We saw a basic example of

this in the remarks after Theorem 1.1.5, however, a more extensive example is [17], where

the author describes a method of obtaining strict local martingales with jumps by projecting

a continuous strict local martingale onto a smaller filtration.

This simple fact led us to ask for an analogous result to the previous ones, but for

predictable stopping times. Luckily, a question posed by Monique Jeanblanc gave us the

answer, which we present in the next result.

Theorem 1.1.9. Let 𝜏 be a predictable stopping time with respect to a filtration (F𝑡)𝑡≥0.

Then there exists a continuous process (𝑌𝑡)𝑡≥0, adapted to a possibly larger filtration (G𝑡)𝑡≥0,

such that

𝜏 = inf {𝑡 ≥ 0 : 𝑌𝑡 = 0} .

Proof. Because 𝜏 is predictable, there exists a sequence of stopping times (𝜏𝑛)𝑛∈N, such that

(i) For all 𝑛 ∈ N, 𝜏𝑛 ≤ 𝜏𝑛+1.

(ii) For all 𝑛 ∈ N, 𝜏𝑛 < 𝜏, when 𝜏 > 0.

(iii) 𝜏𝑛
𝑛→∞−−−−→ 𝜏 a.s.

Let us construct the process 𝑌 . Firstly, when 𝜏 = 0, then 𝑌𝑡 ≡ 0, and we trivially satisfy

what we want. When 𝜏 > 0, we first focus on the case where (𝜏𝑛)𝑛∈N satisfies 𝜏𝑛 < 𝜏𝑛+1, for

all 𝑛 ∈ N. In this case, we can define the decreasing process

𝑌𝑡 =

∞∑︁
𝑖=1

1[𝜏𝑖−1,𝜏𝑖) (𝑡)
(
1

𝑖
−

(
1

𝑖
− 1

𝑖 + 1

)
𝑡 − 𝜏𝑖−1
𝜏𝑖 − 𝜏𝑖−1

)
,
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where we take the convention of 𝜏0 = 0. Then 𝑌 satisfies the following:

1. 𝑌𝑡 > 0 for all 𝑡 < 𝜏 : if 𝑡 < 𝜏, then, by condition (ii), ∃𝑛 ∈ N such that 𝑡 ∈ [𝜏𝑛−1, 𝜏𝑛),

and therefore

𝑌𝑡 =

(
1

𝑛
+

(
1

𝑛 + 1
− 1

𝑛

)
𝑡 − 𝜏𝑛−1
𝜏𝑛 − 𝜏𝑛−1

)
≥

(
1

𝑛
+

(
1

𝑛 + 1
− 1

𝑛

)
𝜏𝑛 − 𝜏𝑛−1
𝜏𝑛 − 𝜏𝑛−1

)
=

1

𝑛 + 1
> 0 .

2. 𝑌𝑡 = 0 for all 𝑡 ≥ 𝜏: If 𝑡 ≥ 𝜏, then 𝑡 ∉ [𝜏𝑖−1, 𝜏𝑖) for any 𝑖, therefore 𝑌𝑡 = 0.

3. (𝑌𝑡)𝑡≥0 is continuous: Obviously, 𝑌 is right-continuous. If 𝑡 ∈ (𝜏𝑖−1, 𝜏𝑖), for some 𝑖, then

𝑌 is linear in a neighbourhood of 𝑡, and so, in particular it is continuous. Now, checking

continuity for 𝑡 = 𝜏𝑖, for some 𝑖, we see that 𝑌𝜏𝑖 =
1
𝑖+1 , while

𝑌𝜏−
𝑖
= lim

𝑡↑𝜏𝑖
𝑌𝑡 = lim

𝑡↑𝜏𝑖

1

𝑖
−

(
1

𝑖
− 1

𝑖 + 1

)
𝑡 − 𝜏𝑖−1
𝜏𝑖 − 𝜏𝑖−1

=
1

𝑖
−

(
1

𝑖
− 1

𝑖 + 1

)
=

1

𝑖 + 1
,

and thus the process is continuous at 𝑡 = 𝜏𝑖. For 𝑡 > 𝜏, 𝑌𝑡 = 0 in a neighbourhood of 𝑡

and so continuity is trivial, so it only remains to check continuity for 𝑡 = 𝜏.

For this, we take a sequence of real numbers (𝑡𝑛)𝑛∈N, such that 𝑡𝑛 < 𝜏 for all 𝑛 ∈ N,

and 𝑡𝑛
𝑛→∞−−−−→ 𝜏. Then, for any fixed 𝑛 ∈ N, there exists an 𝑚0(𝑛) ∈ N, such that, for all

𝑚 ≥ 𝑚0(𝑛), we have that 𝑡𝑚 > 𝜏𝑛. Thus, because 𝑌 is decreasing and positive, we have

that for any 𝜀 > 0, we find 𝑛 ∈ N such that 1
𝑛+1 < 𝜀, and for all 𝑚 ≥ 𝑚0(𝑛), we have

0 ≤ 𝑌𝑡𝑚 ≤ 𝑌𝜏𝑛 =
1

𝑛 + 1
< 𝜀 ,

which proves that 𝑌𝑡𝑛
𝑛→∞−−−−→ 0 = 𝑌𝜏, which proves the continuity of 𝑌 at 𝜏.

These results show that (𝑌𝑡)𝑡≥0 satisfies all the path properties we want. However, one

key complication is that 𝑌𝑡 may not be F𝑡 measurable, because the random variable 𝑡−𝜏𝑖−1
𝜏𝑖−𝜏𝑖−1

is not necessarily in F𝑡 . We can remedy this by building a larger filtration G = (G𝑡)𝑡≥0 that
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makes 𝑌𝑡 G𝑡-measurable. To this end, define

G𝑡 = F𝑡 ∨ 𝜎(𝜏𝑖 − 𝜏𝑖−1), ∀𝑡 ∈ [𝜏𝑖−1, 𝜏𝑖) .

Now we have that 𝑌𝑡 is G𝑡-measurable and, because F𝑡 ⊆ G𝑡 , 𝜏 is still predictable and it is

announced by the same sequence (𝜏𝑛)𝑛∈N. This process and filtration prove the statement of

the theorem.

For the general case, we define the following subsequence (𝑛𝑘 )𝑘∈N. We set 𝑛0 = 0, 𝑛1 = 1,

and then

𝑛𝑖 := inf
{
𝑘 > 𝑛𝑖−1 : 𝜏𝑛𝑖 > 𝜏𝑛𝑖−1

}
,

which, because of properties (ii) and (iii), exists and satisfies

𝜏𝑛𝑘
𝑘→∞−−−−→ 𝜏.

Then, we reduce the general case to the previous case where 𝜏𝑛−1 < 𝜏𝑛 for all 𝑛, by

considering the subsequence (𝜏𝑛𝑘 )𝑘∈N that also announces 𝜏, and defining in this case

𝑌𝑡 =

∞∑︁
𝑖=1

1[𝜏𝑛𝑖−1 ,𝜏𝑛𝑖 ) (𝑡)
(
1

𝑖
−

(
1

𝑖
− 1

𝑖 + 1

)
𝑡 − 𝜏𝑛𝑖−1
𝜏𝑛𝑖 − 𝜏𝑛𝑖−1

)
,

which is still G𝑡-measurable, and satisfies all the conditions of the previously defined 𝑌 . □

Remark 1.1.10.

• We can see this last result as a parallel to the previous ones regarding totally inacces-

sible stopping times, in the sense that we can describe predictable stopping times as

hitting times of adapted continuous processes, while totally inaccessible stopping times

are jump times of discontinuous adapted processes, specifically Markov. However, it is

easy to see from our construction that 𝑌 is not Markov for either (F𝑡)𝑡≥0 or (G𝑡)𝑡≥0, and
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so finding a process that satisfies the conditions of Theorem 1.1.9, but is also Markov,

is still an open problem.

• The enlargement of the filtration we use for the construction of the process 𝑌 is not

as extensive as it looks, because even though we are adding a random variable to each

interval to make everything measurable, we see that (𝜏𝑖 − 𝜏𝑖−1) ∈ F𝜏𝑖 , and so in reality

we are only performing an initial enlargement with one specific random variable at

each step of enlargement, which is the next time in the predicting sequence of 𝜏. Note

as well that this also shows that we are not adding 𝜏 itself in any step, which would

indeed make that problem trivial.

• Although we are again not aware of any similar result in the literature, there is a

different proof of this result in Lemma 3 of the post Predictable Stopping Times in the

blog Almost Sure: a Random Mathematical Blog (Lowther, 2009). The proof presented

there has the advantage that the continuous process they construct is adapted to the

original filtration of the stopping times, without the need to define (G𝑡)𝑡≥0; nonetheless,

it is a less explicit construction and again it is not Markov, so the open question

presented above remains.
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Chapter 2: Well-Posedness of the Guyon–Lekeufack Volatility

Model

Path-dependent volatility models (PDV) are stochastic models for security prices where

the instantaneous volatility is a function of the price path. Starting with [18, 19, 20, 21, 22],

such models emphasize that prices have a feedback on volatility (e.g., the leverage effect)

rather than the volatility being an exogenous factor driving the price. In their recent paper

[23], Guyon and Lekeufack empirically study the volatility of the S&P 500 index (and other

indexes) and conclude that the majority of the variation can be explained by past index

returns. Indeed, the relevant statistics are 1. weighted sum of past daily returns and 2.

square-root of weighted sum of past daily squared returns (i.e., squared volatility). More

specifically, long and short memory are both found to be important, hence the authors

recommend using two decay kernels with different time scales. This leads to four processes

feeding into the volatility: weighted sum of past returns at two timescales (indexed as (1,0)

and (1,1) below) and weighted sum of past squared returns at two (different) timescales

(indexed as (2,0) and (2,1) below).

For practical purposes, [23] finds that exponential kernels provide a tractable model with

good fit. This leads the authors to propose a Markovian model with nine parameters, called

the Markovian 4-factor PDV model. They convincingly argue that this model captures the

important stylized facts of volatility, produces realistic price and volatility paths, and can

jointly fit S&P 500 and VIX smiles. Specifically, the volatility process of the 4-factor PDV

model is given as

𝜎𝑡 = 𝛽0 + 𝛽1𝑅1,𝑡 + 𝛽2
√︁
𝑅2,𝑡 .

Here 𝑅1,𝑡 is the convex combination (1− 𝜃1)𝑅1,0,𝑡 + 𝜃1𝑅1,1,𝑡 of the past returns weighted with
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different decay rates 𝜆1, 𝑗 ; i.e., 𝑅1, 𝑗 ,𝑡 is an Ornstein–Uhlenbeck process 𝑑𝑅1, 𝑗 ,𝑡 = 𝜆1, 𝑗𝜎𝑡𝑑𝑊𝑡 −

𝜆1, 𝑗𝑅1, 𝑗 ,𝑡𝑑𝑡 for 𝑗 ∈ {0, 1}. Moreover, 𝑅2,𝑡 is a convex combination (1−𝜃2)𝑅2,0,𝑡 +𝜃2𝑅2,1,𝑡 of the

past squared volatility weighted with different decay rates 𝜆2, 𝑗 ; i.e., 𝑅2, 𝑗 ,𝑡 is an exponential

moving average 𝑑𝑅2, 𝑗 ,𝑡 = 𝜆2, 𝑗
(
𝜎2
𝑡 − 𝑅2, 𝑗 ,𝑡

)
𝑑𝑡 for 𝑗 ∈ {0, 1}.

Altogether, this leads to a coupled SDE system for the four processes (𝑅𝑖, 𝑗 ,𝑡), stated

as (4-PDV) below. Due to the square and square-root terms in the dynamics, its wellposed-

ness is not obvious. Most importantly, it is not clear if the system explodes in finite time (the

numerical simulations in [23] truncate the volatility at a fixed upper bound). The purpose of

this chapter is to provide existence and uniqueness for (4-PDV). Our results extend to other

models where the relationship between (𝑅1,𝑡 , 𝑅2,𝑡) and 𝜎𝑡 has a more general form satisfying

certain regularity and growth properties (see Remarks 2.2.5, 2.3.3 and 2.4.4).

The main results are summarized in the subsequent section. There, we first discuss a

simpler model which uses only one timescale for each process 𝑅𝑖,𝑡 , corresponding to the

special case 𝜃𝑖 ∈ {0, 1}. While [23] details that this 2-factor model does not provide a

good fit in practice, the authors find it useful to gain intuition about the more complicated

4-factor model. Following their didactic lead, we first prove our results for the 2-factor

model in Section 2.2. In this case, the equations are simpler and the algebraic expressions

clearly motivate our strategy of proof. Guided by those insights, the 4-factor model can be

treated using a similar strategy (detailed in Section 2.3), though the expressions are more

convoluted. Section 2.4 concludes by studying the martingale property of the exponential

local martingale (price) process associated with the volatility models, a problem posed to us

by an anonymous referee.
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2.1 Main Results

The 2-factor model of [23] is specified by an SDE driven by a standard Brownian mo-

tion 𝑊 ,

𝜎𝑡 = 𝛽0 + 𝛽1𝑅1,𝑡 + 𝛽2
√︁
𝑅2,𝑡

𝑑𝑅1,𝑡 = 𝜆1𝜎𝑡𝑑𝑊𝑡 − 𝜆1𝑅1,𝑡𝑑𝑡 (2-PDV)

𝑑𝑅2,𝑡 =

(
𝜆2𝜎

2
𝑡 − 𝜆2𝑅2,𝑡

)
𝑑𝑡 ,

with parameters

𝛽0, 𝛽2, 𝜆1, 𝜆2 ≥ 0 and 𝛽1 ≤ 0 ,

and initial values 𝑅1,0 ∈ R and 𝑅2,0 ∈ (0,∞). The above is an autonomous SDE for the

processes (𝑅1,𝑡 , 𝑅2,𝑡), with 𝜎𝑡 merely acting as an abbreviation. On the other hand, if 𝜎𝑡 is

given, the equations for 𝑅1,𝑡 and 𝑅2,𝑡 in (2-PDV) are straightforward: 𝑅1,𝑡 is an Ornstein–

Uhlenbeck process driven by the log-returns 𝜎𝑡𝑑𝑊𝑡 ,

𝑅1,𝑡 = 𝑅1,0𝑒
−𝜆1𝑡 + 𝜆1

∫ 𝑡

0
𝑒−𝜆2 (𝑡−𝑠)𝜎𝑠𝑑𝑊𝑠 ,

and 𝑅2,𝑡 is an exponential moving average of 𝜎2
𝑡 ,

𝑅2,𝑡 = 𝑅2,0𝑒
−𝜆2𝑡 + 𝜆2

∫ 𝑡

0
𝜎2
𝑠 𝑒

−𝜆2 (𝑡−𝑠)𝑑𝑠 > 0 . (2.1)

In particular, the expression
√︁
𝑅2,𝑡 in (2-PDV) is well-defined.

Theorem 2.1.1. The 2-factor model (2-PDV) has a unique strong solution.

The proof is detailed in Section 2.2. There, we first observe that strong existence and

uniqueness readily hold up to a possible explosion time, and then proceed to show the
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absence of explosions in finite time. Theorem 2.1.1 extends to certain more general models

(Remark 2.2.5). Table 2.1 reports the parameters used in [23]. In Theorem 2.2.6, we provide

the condition 𝜆2 < 2𝜆1 ensuring 𝜎𝑡 > 0; that condition is satisfied by the values in Table 2.1.

𝛽0 𝛽1 𝛽2 𝜆1 𝜆2
0.08 -0.08 0.5 62 40

Table 2.1: Example parameters for the 2-factor model from [23, Table 7].

Next, we move on to the 4-factor model of [23]. It is specified by the SDE

𝜎𝑡 = 𝛽0 + 𝛽1𝑅1,𝑡 + 𝛽2
√︁
𝑅2,𝑡

𝑅1,𝑡 = (1 − 𝜃1)𝑅1,0,𝑡 + 𝜃1𝑅1,1,𝑡

𝑅2,𝑡 = (1 − 𝜃2)𝑅2,0,𝑡 + 𝜃2𝑅2,1,𝑡 (4-PDV)

𝑑𝑅1, 𝑗 ,𝑡 = 𝜆1, 𝑗𝜎𝑡𝑑𝑊𝑡 − 𝜆1, 𝑗𝑅1, 𝑗 ,𝑡𝑑𝑡, 𝑗 ∈ {0, 1}

𝑑𝑅2, 𝑗 ,𝑡 = 𝜆2, 𝑗

(
𝜎2
𝑡 − 𝑅2, 𝑗 ,𝑡

)
𝑑𝑡, 𝑗 ∈ {0, 1} ,

with parameters

𝛽0, 𝛽2, 𝜆1, 𝑗 , 𝜆2, 𝑗 ≥ 0, 𝛽1 ≤ 0, 𝜃1, 𝜃2 ∈ [0, 1] ,

and initial values 𝑅1, 𝑗 ,0 ∈ R and 𝑅2, 𝑗 ,0 > 0, 𝑗 ∈ {0, 1}.

The above is an autonomous SDE for the four processes (𝑅1, 𝑗 ,𝑡 , 𝑅2, 𝑗 ,𝑡) 𝑗∈{0,1}. We note

that (4-PDV) generalizes the 2-factor model (2-PDV); the latter is recovered when 𝜃1, 𝜃2 ∈

{0, 1}. Whereas for 𝜃1, 𝜃2 ∈ (0, 1), the difference with (2-PDV) is that 𝑅1,𝑡 , 𝑅2,𝑡 are proper

convex combinations of processes with different time scales. Once again, 𝑅1, 𝑗 ,𝑡 and 𝑅2, 𝑗 ,𝑡

have straightforward expressions once 𝜎𝑡 is given, and 𝑅2, 𝑗 ,𝑡 > 0 as in (2.1). Our main result

reads as follows.

Theorem 2.1.2. The 4-factor model (4-PDV) has a unique strong solution.

The proof is stated in Section 2.3. Again, strong existence and uniqueness readily hold
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up to a possible explosion time, and we prove absence of explosions in finite time. The-

orem 2.1.2 extends to certain more general models (Remark 2.3.3). The parameters used

in [23] are reproduced in Table 2.2. While in the 2-factor model, 𝜎𝑡 remains strictly positive

for a certain parameter range (Theorem 2.2.6), that property can fail in the 4-factor model

(Proposition 2.3.4).

𝛽0 𝛽1 𝛽2 𝜆1,0 𝜆1,1 𝜆2,0 𝜆2,1 𝜃1 𝜃2
0.04 -0.13 0.65 55 10 20 3 0.25 0.5

Table 2.2: Example parameters for the 4-factor model from [23, Table 8].

Finally, we study the martingale property of the resulting price process (𝑋𝑡)𝑡≥0, a problem

posed by an anonymous referee. We provide a positive result for the 2-factor model; the

problem remains open for the 4-factor model. For the sake of generality, we allow processes

(𝜎𝑡)𝑡≥0 that can become negative (even if those may be undesirable in practice), but stop

them at some level for technical reasons; that gives rise to the volatility process (𝜈𝑡)𝑡≥0 in

the theorem below. If the process (𝜎𝑡)𝑡≥0 is nonnegative, as is guaranteed for the parameters

mentioned in Theorem 2.2.6, then clearly 𝜈𝑡 = 𝜎𝑡 .

Theorem 2.1.3. Let (𝜎𝑡)𝑡≥0 be given by (2-PDV) and 𝜈𝑡 := 𝜎𝑡∧𝜏 where 𝜏 = inf {𝑡 ≥ 0 : 𝜎𝑡 < −𝐶}

for some 𝐶 ≥ 0. The exponential local martingale (𝑋𝑡)𝑡≥0 given by

𝑑𝑋𝑡 = 𝜈𝑡𝑋𝑡𝑑𝑊𝑡 , 𝑋0 = 𝑥0 > 0 ,

is a true martingale.

The proof is reported in Section 2.4. Following an idea in [24] and [25], we characterize the

martingale property of (𝑋𝑡)𝑡≥0 as the non-explosiveness of (𝜈𝑡)𝑡≥0 under a changed measure,

and then prove the latter by an estimate for the associated stochastic differential equation.

This line of argument may extend to the 4-factor model, but the present argument for non-

explosiveness in the 2-factor case does not apply in the 4-factor case (see Remark 2.4.5).
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2.2 Analysis of the 2-Factor Model (2-PDV)

We first show, using fairly standard arguments, that (2-PDV) has a unique strong solution

up to a possible explosion time. Then, we prove the absence of explosions. In Section 2.2.2,

we study the positivity of 𝜎𝑡 .

2.2.1 Wellposedness and Absence of Explosions

To detail the aforementioned arguments, we introduce a more concise notation for (2-PDV):

writing 𝑅𝑡 :=
(
𝑅1,𝑡 , 𝑅2,𝑡

)
, we can rewrite (2-PDV) as

𝑑𝑅𝑡 = 𝑏(𝑅𝑡)𝑑𝑡 + 𝜈(𝑅𝑡)𝑑𝑊𝑡 , 𝑅0 = (𝑅1,0, 𝑅2,0)

𝜈(𝑥, 𝑦) =
©­­«
𝜆1(𝛽0 + 𝛽1𝑥 + 𝛽2

√
𝑦)

0

ª®®¬
𝑏(𝑥, 𝑦) =

©­­«
−𝜆1𝑥

𝜆2
(
𝛽20 + 𝛽

2
1𝑥

2 + (𝛽22 − 1)𝑦 + 2𝛽0𝛽1𝑥 + 2𝛽0𝛽2
√
𝑦 + 2𝛽1𝛽2𝑥

√
𝑦
)ª®®¬ .

As the coefficients 𝜈(𝑥, 𝑦) and 𝑏(𝑥, 𝑦) are continuous in their domains and the initial condition

is deterministic, the general existence result of [26, Theorem IV.2.3] (applied with √
𝑦 := 0

for 𝑦 < 0) shows the following.

Lemma 2.2.1. The SDE (2-PDV) has a weak solution up to a possible explosion time.

Next, we establish pathwise uniqueness. The usual local Lipschitz condition (e.g., [26,

Theorem IV.3.1]) fails because of the term √
𝑦 in the coefficients. However, as this failure

only occurs at the boundary of the relevant domain, a modification of the usual proof applies.

Lemma 2.2.2. The SDE (2-PDV) satisfies pathwise uniqueness.

Proof. Following the proof of [26, Theorem IV.3.1], we consider two solutions (𝑅,𝑊) and

(𝑅′,𝑊) of (2-PDV) on the same probability space (Ω, F , P) with Brownian motion 𝑊 , and

with the same initial values 𝑅0 = 𝑅′
0 = (𝑅1,0, 𝑅2,0).
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Given 𝑁, 𝜀 > 0, there exists 𝐾𝜀,𝑁 > 0 such that

∥𝜈(𝑥, 𝑦) − 𝜈(𝑥′, 𝑦′)∥2 + ∥𝑏(𝑥, 𝑦) − 𝑏(𝑥′, 𝑦′)∥2 ≤ 𝐾𝜀,𝑁 ∥(𝑥, 𝑦) − (𝑥′, 𝑦′)∥2 ,

for all (𝑥, 𝑦), (𝑥′, 𝑦′) ∈ R2 with ∥(𝑥, 𝑦)∥, ∥(𝑥′, 𝑦′)∥ ≤ 𝑁 and 𝑦, 𝑦′ ≥ 𝜀. Define

𝑆𝑁 := inf {𝑡 ≥ 0 : ∥𝑅𝑡 ∥ ≥ 𝑁} , 𝑇𝜀 := inf
{
𝑡 ≥ 0 :

��𝑅2,𝑡 �� ≤ 𝜀} ,
and similarly 𝑆′

𝑁
, 𝑇 ′
𝜀 for 𝑅′ instead of 𝑅. Set 𝑆𝜀,𝑁 := 𝑆𝑁 ∧ 𝑆′

𝑁
∧ 𝑇𝜀 ∧ 𝑇 ′

𝜀 and note that

𝑅𝑡∧𝑆𝜀,𝑁 − 𝑅′
𝑡∧𝑆𝜀,𝑁 =

∫ 𝑡∧𝑆𝜀,𝑁

0

(
𝜈(𝑅𝑠) − 𝜈(𝑅′

𝑠)
)
𝑑𝑊𝑠 +

∫ 𝑡∧𝑆𝜀,𝑁

0

(
𝑏(𝑅𝑠) − 𝑏(𝑅′

𝑠)
)
𝑑𝑠.

Fix 𝑇 ∈ (0,∞). For 𝑡 ≤ 𝑇 , Itô’s isometry and Hölder’s inequality yield

E
(
∥𝑅𝑡∧𝑆𝜀,𝑁 − 𝑅′

𝑡∧𝑆𝜀,𝑁 ∥
2
)

≤ 2E

(



∫ 𝑡∧𝑆𝜀,𝑁

0

(
𝜈(𝑅𝑠) − 𝜈(𝑅′

𝑠)
)
𝑑𝑊𝑠





2) + 2E

(



∫ 𝑡∧𝑆𝜀,𝑁

0

(
𝑏(𝑅𝑠) − 𝑏(𝑅′

𝑠)
)
𝑑𝑠





2)
≤ 2E

(∫ 𝑡

0




𝜈(𝑅𝑠∧𝑆𝜀,𝑁 ) − 𝜈(𝑅′
𝑠∧𝑆𝜀,𝑁 )




2 𝑑𝑠) + 2𝑇E
(∫ 𝑡

0




𝑏(𝑅𝑠∧𝑆𝜀,𝑁 ) − 𝑏(𝑅′
𝑠∧𝑆𝜀,𝑁 )




2 𝑑𝑠)
≤ 2(1 + 𝑇)𝐾𝜀,𝑁E

(∫ 𝑡

0




𝑅𝑠∧𝑆𝜀,𝑁 − 𝑅′
𝑠∧𝑆𝜀,𝑁




2 𝑑𝑠) ,
and then Grönwall’s inequality shows

E
(
∥𝑅𝑡∧𝑆𝜀,𝑁 − 𝑅′

𝑡∧𝑆𝜀,𝑁 ∥
2
)
= 0 .

As 𝑇 > 0 was arbitrary, this holds for all 𝑡 ≥ 0.

Next, we let 𝜀 → 0. In view of the positivity (2.1), we have 𝑇𝜀, 𝑇 ′
𝜀 → ∞ and conclude
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that

𝑅𝑡∧𝑆𝑁∧𝑆′𝑁 = 𝑅′
𝑡∧𝑆𝑁∧𝑆′𝑁

∀𝑡 ≥ 0 .

Together with the continuity of the paths, it follows that 𝑆𝑁 = 𝑆′
𝑁
, and since this holds for

all 𝑁 > 0, we have shown that 𝑅 = 𝑅′ up to a possible (common) time of explosion. □

As weak existence together with pathwise uniqueness implies strong existence [26, Theo-

rem IV.1.1], the results so far establish the strong wellposedness of (2-PDV) up to explosion.

Corollary 2.2.3. The SDE (2-PDV) satisfies strong existence and uniqueness up to a pos-

sible explosion time.

Turning to the main contribution of this section, we now show the absence of explosions.

Lemma 2.2.4. A solution (𝑅1,𝑡 , 𝑅2,𝑡) of (2-PDV) cannot explode in finite time. Moreover,

sup𝑡≤𝑇 E(𝑅2
1,𝑡 + 𝑅2,𝑡) < ∞ for any 𝑇 ∈ [0,∞).

Proof. Fix 𝑀 > 0 and define the stopping times

𝑇1
𝑀 := inf

{
𝑡 ≥ 0 : 𝑅2

1,𝑡 ≥ 𝑀2
}
, 𝑇2

𝑀 := inf
{
𝑡 ≥ 0 : 𝑅2,𝑡 ≥ 𝑀2

}
𝑇𝑀 := 𝑇1

𝑀 ∧ 𝑇2
𝑀 .

Fix also 𝑡 ≥ 0, and note that

𝑀2P(𝑇𝑀 ≤ 𝑡) = E(𝑀21𝑇𝑀≤𝑡) ≤ E(max(𝑅2
1,𝑇𝑀∧𝑡 , 𝑅2,𝑇𝑀∧𝑡)) ≤ E(𝑅2

1,𝑇𝑀∧𝑡 + 𝑅2,𝑇𝑀∧𝑡) .

In the main part of the proof below, we show that

E(𝑅2
1,𝑇𝑀∧𝑡 + 𝑅2,𝑇𝑀∧𝑡) ≤ 𝑐(𝑡) , (2.2)

with 𝑐(𝑡) < ∞ independent of 𝑀. It will then follow that lim𝑀→∞ P(𝑇𝑀 ≤ 𝑡) = 0, showing
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that 𝑅1 and 𝑅2 have bounded paths on any compact time interval and hence completing the

proof.

To show (2.2), we first apply Itô’s formula to obtain

𝑅2
1,𝑡∧𝑇𝑀 = 𝑅2

1,0 +
∫ 𝑡∧𝑇𝑀

0
2𝜆1𝜎𝑠𝑅1,𝑠𝑑𝑊𝑠 +

∫ 𝑡∧𝑇𝑀

0
(𝜆21𝜎

2
𝑠 − 2𝜆1𝑅

2
1,𝑠)𝑑𝑠 .

As 𝜎𝑠𝑅1,𝑠 is uniformly bounded up to the stopping time 𝑡 ∧ 𝑇𝑀 , it follows that

E(𝑅2
1,𝑇𝑀∧𝑡) = 𝑅

2
1,0 + E

(∫ 𝑡∧𝑇𝑀

0
(𝜆21𝜎

2
𝑠 − 2𝜆1𝑅

2
1,𝑠)𝑑𝑠

)
,

and thus, by Fubini’s theorem,

E(𝑅2
1,𝑇𝑀∧𝑡) = 𝑅

2
1,0 +

∫ 𝑡

0
E

(
(𝜆21𝜎

2
𝑠 − 2𝜆1𝑅

2
1,𝑠)1𝑠≤𝑡∧𝑇𝑀

)
𝑑𝑠 . (2.3)

Next, we insert the definition of 𝜎2
𝑠 to get

E(𝑅2
1,𝑇𝑀∧𝑡) = 𝑅

2
1,0 +

∫ 𝑡

0
E

({
𝜆21(𝛽0 + 𝛽2

√︁
𝑅2,𝑠)2

+ 2𝜆21𝛽1𝑅1,𝑠 (𝛽0 + 𝛽2
√︁
𝑅2,𝑠) + (𝜆21𝛽

2
1 − 2𝜆1)𝑅2

1,𝑠

}
1𝑠≤𝑡∧𝑇𝑀

)
𝑑𝑠 .

Using the elementary inequalities

2𝑎𝑏 ≤ 𝑎2 + 𝑏2 and (𝑎 + 𝑏)2 ≤ 2𝑎2 + 2𝑏2,

we deduce

E(𝑅2
1,𝑇𝑀∧𝑡) ≤ 𝑅2

1,0 +
∫ 𝑡

0
E
({
2𝜆21𝛽

2
0 + 2𝜆21𝛽

2
2𝑅2,𝑠 + 𝜆

2
1𝛽

2
0 + 𝜆

2
1𝛽

2
1𝑅

2
1,𝑠

+ 𝜆21𝛽
2
1𝑅

2
1,𝑠 + 𝜆

2
1𝛽

2
2𝑅2,𝑠 + (𝜆21𝛽

2
1 − 2𝜆1)𝑅2

1,𝑠

}
1𝑠≤𝑡∧𝑇𝑀

)
𝑑𝑠 ,
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and therefore

E(𝑅2
1,𝑇𝑀∧𝑡) ≤ 𝑅2

1,0 +
∫ 𝑡

0
E

((
3𝜆21𝛽

2
0 + 3𝜆21𝛽

2
2𝑅2,𝑠 + (3𝜆21𝛽

2
1 − 2𝜆1)𝑅2

1,𝑠

)
1𝑠≤𝑡∧𝑇𝑀

)
𝑑𝑠

≤ 𝑅2
1,0 + 3𝜆21𝛽

2
0𝑡 +max

{
3𝜆21𝛽

2
2, (3𝜆

2
1𝛽

2
1 − 2𝜆1)

} ∫ 𝑡

0
E

(
𝑅2
1,𝑠∧𝑇𝑀 + 𝑅2,𝑠∧𝑇𝑀

)
𝑑𝑠

=: 𝑐1,1 + 𝑐1,2𝑡 + 𝑐1,3
∫ 𝑡

0
E

(
𝑅2
1,𝑠∧𝑇𝑀 + 𝑅2,𝑠∧𝑇𝑀

)
𝑑𝑠 , (2.4)

where the constants 𝑐1,1, 𝑐1,2, 𝑐1,3 > 0 are independent of 𝑀 and 𝑡.

Our next goal is a similar bound for 𝑅2 instead of 𝑅2
1. From the SDE for 𝑅2,

E(𝑅2,𝑇𝑀∧𝑡)

= 𝑅2,0 + 𝜆2E
(∫ 𝑡∧𝑇𝑀

0

(
𝜎2
𝑠 − 𝑅2,𝑠

)
𝑑𝑠

)
= 𝑅2,0 + 𝜆2

∫ 𝑡

0
E

(
(𝜎2

𝑠 − 𝑅2,𝑠)1𝑠≤𝑡∧𝑇𝑀
)
𝑑𝑠

= 𝑅2,0 + 𝜆2
∫ 𝑡

0
E

({(
𝛽0 + 𝛽1𝑅1,𝑠

)2 + 2
(
𝛽0 + 𝛽1𝑅1,𝑠

)
𝛽2

√︁
𝑅2,𝑠 + (𝛽22 − 1)𝑅2,𝑠

}
1𝑠≤𝑡∧𝑇𝑀

)
𝑑𝑠 .

Similarly as above, we obtain

E(𝑅2,𝑇𝑀∧𝑡) ≤ 𝑅2,0 + 𝜆2
∫ 𝑡

0
E
({
2𝛽20 + 2𝛽21𝑅

2
1,𝑠 + 𝛽

2
0 + 𝛽

2
2𝑅2,𝑠

+ 𝛽21𝑅
2
1,𝑠 + 𝛽

2
2𝑅2,𝑠 + (𝛽22 − 1)𝑅2,𝑠

}
1𝑠≤𝑡∧𝑇𝑀

)
𝑑𝑠 .

We conclude that

E(𝑅2,𝑇𝑀∧𝑡) ≤ 𝑅2,0 + 𝜆2
∫ 𝑡

0
E

((
3𝛽20 + 3𝛽21𝑅

2
1,𝑠 + (3𝛽22 − 1)𝑅2,𝑠

)
1𝑠≤𝑡∧𝑇𝑀

)
𝑑𝑠

≤ 𝑅2,0 + 3𝜆2𝛽
2
0𝑡 +max{3𝛽21, 3𝛽

2
2 − 1}

∫ 𝑡

0
E

(
𝑅2
1,𝑠∧𝑇𝑀 + 𝑅2,𝑠∧𝑇𝑀

)
𝑑𝑠

=: 𝑐2,1 + 𝑐2,2𝑡 + 𝑐2,3
∫ 𝑡

0
E

(
𝑅2
1,𝑠∧𝑇𝑀 + 𝑅2,𝑠∧𝑇𝑀

)
𝑑𝑠 , (2.5)

where again the constants do not depend on 𝑀 and 𝑡.
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Writing 𝑐𝑖 = 𝑐1,𝑖 + 𝑐2,𝑖, combining (2.4) and (2.5) yields

E(𝑅2
1,𝑇𝑀∧𝑡 + 𝑅2,𝑇𝑀∧𝑡) ≤ 𝑐1 + 𝑐2𝑡 + 𝑐3

∫ 𝑡

0
E

(
𝑅2
1,𝑠∧𝑇𝑀 + 𝑅2,𝑠∧𝑇𝑀

)
𝑑𝑠 ,

and now Grönwall’s inequality shows

E(𝑅2
1,𝑇𝑀∧𝑡 + 𝑅2,𝑇𝑀∧𝑡) ≤ (𝑐1 + 𝑐2𝑡) 𝑒𝑐3𝑡 .

This establishes (2.2) and hence completes the proof. □

Remark 2.2.5. The results in this section generalize to volatility models having the same

dynamics as (2-PDV) for (𝑅1,𝑡 , 𝑅2,𝑡) but a more general functional 𝜎𝑡 = 𝑓 (𝑅1,𝑡 , 𝑅2,𝑡) where

(i) 𝑓 : R × R+ → R is continuous, and Lipschitz on compact subsets of R × (0,∞),

(ii) there are 𝐾1, 𝐾2 ∈ R such that

𝑓 (𝑥, 𝑦)2 ≤ 𝐾1(𝑥2 + 𝑦) + 𝐾2 . (2.6)

Indeed, continuity and local Lipschitz continuity will lead to results analoguos to Lemma 2.2.1

and Lemma 2.2.2. Inequality (2.6) implies that bounding (2.2) is enough to bound the

expectation of 𝜎2
𝑡 . Moreover, it implies that

𝜆21 𝑓 (𝑥, 𝑦)
2 − 2𝜆1𝑥

2 ≤ 𝐾1,1(𝑥2 + 𝑦) + 𝐾1,2 ,

for some 𝐾1,1, 𝐾1,2 ∈ R, so that a bound analogous to (2.4) holds, as well as

𝑓 (𝑥, 𝑦)2 − 𝑦 ≤ 𝐾1(𝑥2 + 𝑦) + 𝐾2 ,

so that a bound analogous to (2.5) holds.
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2.2.2 Positivity of 𝜎𝑡

In this section we show that 𝜎𝑡 > 0 under certain conditions. More precisely, we exhibit

a lower bound 𝜎𝑡 ≥ 𝑌𝑡 > 0 which also shows, e.g., that 1/𝜎𝑡 has finite moments of all orders.

This strengthens the result in [23, Section 4.1.5] where it is observed that 𝜎𝑡 ≥ 0 since the

drift of 𝜎𝑡 would be positive whenever 𝜎𝑡 reaches 0.

Theorem 2.2.6. Consider the solution (𝑅1,𝑡 , 𝑅2,𝑡) of (2-PDV) up to a possible time 𝜏 of

explosion. If the initial values (𝑅1,0, 𝑅2,0) are such that 𝜎0 = 𝛽0 + 𝛽1𝑅1,0 + 𝛽2
√︁
𝑅2,0 > 0, and

if moreover 𝜆2 < 2𝜆1, then 𝜎𝑡 > 0 for all 𝑡 < 𝜏. More precisely, we have 𝜎𝑡 ≥ 𝑌𝑡, where 𝑌𝑡 is

the stochastic exponential (2.10).

Proof. By Itô’s formula, 𝜎𝑡 satisfies the SDE

𝑑𝜎𝑡 =

(
−𝛽1𝜆1𝑅1,𝑡 +

𝜆2𝛽2

2

𝜎2
𝑡 − 𝑅2,𝑡√︁
𝑅2,𝑡

)
𝑑𝑡 + 𝛽1𝜆1𝜎𝑡𝑑𝑊𝑡 . (2.7)

Using the assumption that 𝜆2 < 2𝜆1, we can bound the drift of 𝜎𝑡 from below:

−𝛽1𝜆1𝑅1,𝑡 +
𝜆2𝛽2

2

𝜎2
𝑡 − 𝑅2,𝑡√︁
𝑅2,𝑡

= −𝜆1(𝜎𝑡 − 𝛽0 − 𝛽2
√︁
𝑅2,𝑡) −

𝜆2𝛽2

2

√︁
𝑅2,𝑡 +

𝜆2𝛽2

2

𝜎2
𝑡√︁
𝑅2,𝑡

≥ −𝜆1𝜎𝑡 + 𝛽0𝜆1 + 𝛽2
(
𝜆1 −

𝜆2

2

) √︁
𝑅2,𝑡 +

𝜆2𝛽2

2

𝜎2
𝑡√︁
𝑅2,𝑡

≥ −𝜆1𝜎𝑡 , (2.8)

because all the other terms are nonnegative. Inspired by (2.8), we define a process 𝑌 via

𝑑𝑌𝑡 = −𝜆1𝑌𝑡𝑑𝑡 + 𝛽1𝜆1𝑌𝑡𝑑𝑊𝑡 , 𝑌0 = 𝜎0 . (2.9)

Note that 𝑌 is simply the stochastic exponential

𝑌𝑡 = 𝜎0 exp

(
𝛽1𝜆1𝑊𝑡 − 𝜆1𝑡 −

1

2
𝛽21𝜆

2
1𝑡

)
, (2.10)
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and, in particular, 𝑌𝑡 > 0 for all 𝑡 ≥ 0.

The SDEs (2.7) and (2.9) have the same initial condition 𝜎0, the same volatility function

𝑣(𝑥) = 𝛽1𝜆1𝑥 and their drift functions are ordered according to (2.8). Moreover, both drift

and volatility functions are continuous on the relevant domains, the drift function of 𝑌 is

Lipschitz, and

∫ 𝜀

0
𝑣(𝑥)−2𝑑𝑥 = ∞ ,

for every 𝜀 > 0. In view of these conditions, the comparison result for SDEs1 [27, Theo-

rem 5.2.18] yields that 𝜎𝑡 ≥ 𝑌𝑡 for all 𝑡 < 𝜏. □

2.3 Analysis of the 4-Factor Model (4-PDV)

In Section 2.3.1 we prove our main result on the wellposedness of the 4-factor model and

the absence of explosions. In Section 2.3.2 we show that 𝜎𝑡 need not remain positive under

the stated conditions.

2.3.1 Wellposedness and Absence of Explosions

The general wellposedness of (4-PDV) is shown using the same arguments as in the

2-factor model; we therefore omit the proof.

Proposition 2.3.1. The SDE (4-PDV) satisfies strong existence and uniqueness up to a

possible explosion time.

The next result contains our main contribution.

Lemma 2.3.2. A solution (𝑅1, 𝑗 ,𝑡 , 𝑅2, 𝑗 ,𝑡) 𝑗∈{0,1} of (4-PDV) cannot explode in finite time.

Moreover, sup𝑡≤𝑇 E(𝑅2
1,0,𝑡 + 𝑅

2
1,1,𝑡 + 𝑅2,0,𝑡 + 𝑅2,1,𝑡) < ∞ for any 𝑇 ∈ [0,∞).

1To be precise, the cited theorem is stated for SDEs where the drift and volatility functions depend only
on time and the solution process. Here, they are random as they depend on (𝑅1,𝑡 , 𝑅2,𝑡 ). The proof holds
without change.
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Proof. We follow the guidance provided by the 2-factor model. Fix 𝑀 > 0 and define

𝑇
1,0
𝑀

:= inf
{
𝑡 ≥ 0 : 𝑅2

1,0,𝑡 ≥ 𝑀2
}
, 𝑇

1,1
𝑀

:= inf
{
𝑡 ≥ 0 : 𝑅2

1,1,𝑡 ≥ 𝑀2
}

𝑇
2,0
𝑀

:= inf
{
𝑡 ≥ 0 : 𝑅2,0,𝑡 ≥ 𝑀2

}
, 𝑇

2,1
𝑀

:= inf
{
𝑡 ≥ 0 : 𝑅2,1,𝑡 ≥ 𝑀2

}
𝑇𝑀 := 𝑇1,0

𝑀
∧ 𝑇1,1

𝑀
∧ 𝑇2,0

𝑀
∧ 𝑇2,1

𝑀
.

Fix also 𝑡 > 0, then

𝑀2P(𝑇𝑀 ≤ 𝑡) = E(𝑀21𝑇𝑀≤𝑡)

≤ E
(
max

(
𝑅2
1,0,𝑡∧𝑇𝑀 , 𝑅

2
1,1,𝑡∧𝑇𝑀 , 𝑅2,0,𝑡∧𝑇𝑀 , 𝑅2,1,𝑡∧𝑇𝑀

))
≤ E

(
𝑅2
1,0,𝑡∧𝑇𝑀 + 𝑅2

1,1,𝑡∧𝑇𝑀 + 𝑅2,0,𝑡∧𝑇𝑀 + 𝑅2,1,𝑡∧𝑇𝑀
)
= E(𝑈𝑡∧𝑇𝑀 ) ,

where

𝑈𝑡 := 𝑅
2
1,0,𝑡 + 𝑅

2
1,1,𝑡 + 𝑅2,0,𝑡 + 𝑅2,1,𝑡 .

We shall prove that

E(𝑈𝑡∧𝑇𝑀 ) ≤ 𝐶 (𝑡) , (2.11)

for a continuous 𝐶 (𝑡) independent of 𝑀, and that will imply the claim.

To prove (2.11), we note as in (2.3) that

E
(
𝑅2
1, 𝑗 ,𝑡∧𝑇𝑀

)
= 𝑅2

1, 𝑗 ,0 +
∫ 𝑡

0
E

(
{𝜆21, 𝑗𝜎

2
𝑠 − 2𝜆1, 𝑗𝑅

2
1, 𝑗 ,𝑠}1𝑠≤𝑡∧𝑇𝑀

)
𝑑𝑠 . (2.12)
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We first focus on 𝑗 = 0. Inserting the definition of 𝜎2
𝑠 and then the one of 𝑅2

1,𝑠, we have

𝜆21,0𝜎
2
𝑠 − 2𝜆1,0𝑅

2
1,0,𝑠

= 𝜆21,0(𝛽0 + 𝛽2
√︁
𝑅2,𝑠)2 + 2𝜆21,0𝛽1(𝛽0 + 𝛽2

√︁
𝑅2,𝑠)𝑅1,𝑠 + 𝜆21,0𝛽

2
1𝑅

2
1,𝑠 − 2𝜆1,0𝑅

2
1,0,𝑠

≤ 3𝜆21,0𝛽
2
0 + 3𝜆21,0𝛽

2
2𝑅2,𝑠 + 3𝜆21,0𝛽

2
1𝑅

2
1,𝑠 − 2𝜆1,0𝑅

2
1,0,𝑠

≤ 3𝜆21,0𝛽
2
0 + 3𝜆21,0𝛽

2
2 (𝑅2,0,𝑠 + 𝑅2,1,𝑠) + 3𝜆21,0𝛽

2
1 (𝑅

2
1,0,𝑠 + 𝑅

2
1,1,𝑠) − 2𝜆1,0𝑅

2
1,0,𝑠

= 3𝜆21,0𝛽
2
0 + 3𝜆21,0𝛽

2
2𝑅2,0,𝑠 + 3𝜆21,0𝛽

2
2𝑅2,1,𝑠 + 3𝜆21,0𝛽

2
1𝑅

2
1,1,𝑠 + (3𝜆21,0𝛽

2
1 − 2𝜆1,0)𝑅2

1,0,𝑠 ,

where we used the elementary convexity inequalities

𝑅2
1,𝑠 = ((1 − 𝜃1)𝑅1,0,𝑠 + 𝜃1𝑅1,1,𝑠)2 ≤ (1 − 𝜃1)𝑅2

1,0,𝑠 + 𝜃1𝑅
2
1,1,𝑠 ≤ 𝑅2

1,0,𝑠 + 𝑅
2
1,1,𝑠 , (2.13)

𝑅2,𝑠 = (1 − 𝜃2)𝑅2,0,𝑠 + 𝜃2𝑅2,1,𝑠 ≤ 𝑅2,0,𝑠 + 𝑅2,1,𝑠 . (2.14)

Using this inequality in (2.12) yields

E
(
𝑅2
1,0,𝑡∧𝑇𝑀

)
≤ 𝑅2

1,0,0 +
∫ 𝑡

0
E
(
3𝜆21,0𝛽

2
0 + 3𝜆21,0𝛽

2
2𝑅2,0,𝑠∧𝑇𝑀

+ 3𝜆21,0𝛽
2
2𝑅2,1,𝑠∧𝑇𝑀 + 3𝜆21,0𝛽

2
1𝑅

2
1,1,𝑠∧𝑇𝑀 + (3𝜆21,0𝛽

2
1 − 2𝜆1,0)𝑅2

1,0,𝑠∧𝑇𝑀

)
𝑑𝑠

=: 𝑐1,0,0(𝑡) + 𝑐1,0,1
∫ 𝑡

0
E(𝑅2,0,𝑠∧𝑇𝑀 )𝑑𝑠 + 𝑐1,0,1

∫ 𝑡

0
E(𝑅2,1,𝑠∧𝑇𝑀 )𝑑𝑠

+ 𝑐1,0,1
∫ 𝑡

0
E(𝑅2

1,1,𝑠∧𝑇𝑀 )𝑑𝑠 + 𝑐1,0,2
∫ 𝑡

0
E(𝑅2

1,0,𝑠∧𝑇𝑀 )𝑑𝑠 ,

where 𝑐1,0,0(𝑡) is affine in 𝑡.

Symmetrically, we have for 𝑗 = 1 that

𝜆21,1𝜎
2
𝑠 − 2𝜆1,1𝑅

2
1,1,𝑠 ≤ 3𝜆21,1𝛽

2
0 + 3𝜆21,1𝛽

2
2𝑅2,0,𝑠

+ 3𝜆21,1𝛽
2
2𝑅2,1,𝑠 + 3𝜆21,1𝛽

2
1𝑅

2
1,0,𝑠 + (3𝜆21,1𝛽

2
1 − 2𝜆1,1)𝑅2

1,1,𝑠 ,
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and then

E
(
𝑅2
1,1,𝑡∧𝑇𝑀

)
≤ 𝑅2

1,1,0 +
∫ 𝑡

0
E
(
3𝜆21,1𝛽

2
0 + 3𝜆21,1𝛽

2
2𝑅2,0,𝑠∧𝑇𝑀

+ 3𝜆21,1𝛽
2
2𝑅2,1,𝑠∧𝑇𝑀 + 3𝜆21,1𝛽

2
1𝑅

2
1,0,𝑠∧𝑇𝑀 + (3𝜆21,1𝛽

2
1 − 2𝜆1,1)𝑅2

1,1,𝑠∧𝑇𝑀

)
𝑑𝑠

=: 𝑐1,1,0(𝑡) + 𝑐1,1,1
∫ 𝑡

0
E(𝑅2,0,𝑠∧𝑇𝑀 )𝑑𝑠 + 𝑐1,1,1

∫ 𝑡

0
E(𝑅2,1,𝑠∧𝑇𝑀 )𝑑𝑠

+ 𝑐1,1,1
∫ 𝑡

0
E(𝑅2

1,0,𝑠∧𝑇𝑀 )𝑑𝑠 + 𝑐1,1,2
∫ 𝑡

0
E(𝑅2

1,1,𝑠∧𝑇𝑀 )𝑑𝑠 .

Combining the results for 𝑗 = 0 and 𝑗 = 1 yields

E
(
𝑅2
1,0,𝑡∧𝑇𝑀 + 𝑅2

1,1,𝑡∧𝑇𝑀

)
≤ 𝑐1,0(𝑡) + 𝑐1,1

∫ 𝑡

0
E(𝑅2,0,𝑠∧𝑇𝑀 + 𝑅2,1,𝑠∧𝑇𝑀 )𝑑𝑠

+ 𝑐1,2
∫ 𝑡

0
E

(
𝑅2
1,0,𝑠∧𝑇𝑀 + 𝑅2

1,1,𝑠∧𝑇𝑀

)
𝑑𝑠 , (2.15)

where the constants have the obvious definitions.

Next, we derive a similar bound for 𝑅2, 𝑗 instead of 𝑅2
1, 𝑗 . From the SDE for 𝑅2, 𝑗 ,

E
(
𝑅2, 𝑗 ,𝑡∧𝑇𝑀

)
= 𝑅2, 𝑗 ,0 + 𝜆2, 𝑗

∫ 𝑡

0
E

(
(𝜎2

𝑠 − 𝑅2, 𝑗 ,𝑠)1𝑠≤𝑡∧𝑇𝑀
)
𝑑𝑠. (2.16)

Focusing again on 𝑗 = 0 first, we insert the definitions of 𝜎2
𝑠 and 𝑅2,𝑠 and estimate

𝜎2
𝑠 − 𝑅2,0,𝑠

= (𝛽0 + 𝛽1𝑅1,𝑠)2 + 2𝛽2(𝛽0 + 𝛽1𝑅1,𝑠)
√︁
𝑅2,𝑠 + 𝛽22𝜃2𝑅2,1,𝑠 + (𝛽22 (1 − 𝜃2) − 1)𝑅2,0,𝑠

≤ 2𝛽20 + 2𝛽21𝑅
2
1,𝑠 + 𝛽

2
0 + 𝛽

2
2𝑅2,𝑠 + 𝛽

2
1𝑅

2
1,𝑠 + 𝛽

2
2𝑅2,𝑠 + 𝛽

2
2𝜃2𝑅2,1,𝑠 + (𝛽22 (1 − 𝜃2) − 1)𝑅2,0,𝑠

≤ 3𝛽20 + 3𝛽21𝑅
2
1,𝑠 + 3𝛽22𝑅2,1,𝑠 + (3𝛽22 − 1)𝑅2,0,𝑠

≤ 3𝛽20 + 3𝛽21𝑅
2
1,0,𝑠 + 3𝛽21𝑅

2
1,1,𝑠 + 3𝛽22𝑅2,1,𝑠 + (3𝛽22 − 1)𝑅2,0,𝑠 .
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Applying this in (2.16), we conclude that

E
(
𝑅2,0,𝑡∧𝑇𝑀

)
≤ 𝑅2,0,0 + 𝜆2,0

∫ 𝑡

0
E
(
3𝛽20 + 3𝛽21𝑅

2
1,0,𝑠∧𝑇𝑀

+ 3𝛽21𝑅
2
1,1,𝑠∧𝑇𝑀 + 3𝛽22𝑅2,1,𝑠∧𝑇𝑀 + (3𝛽22 − 1)𝑅2,0,𝑠∧𝑇𝑀

)
𝑑𝑠

=: 𝑐2,0,0(𝑡) + 𝑐2,0,1
∫ 𝑡

0
E

(
𝑅2
1,0,𝑠∧𝑇𝑀

)
𝑑𝑠 + 𝑐2,0,1

∫ 𝑡

0
E

(
𝑅2
1,1,𝑠∧𝑇𝑀

)
𝑑𝑠

+ 𝑐2,0,1
∫ 𝑡

0
E

(
𝑅2,1,𝑠∧𝑇𝑀

)
𝑑𝑠 + 𝑐2,0,2

∫ 𝑡

0
E

(
𝑅2,0,𝑠∧𝑇𝑀

)
𝑑𝑠.

Symmetrically, we obtain for 𝑗 = 1 that

𝜎2
𝑠 − 𝑅2,1,𝑠 ≤ 3𝛽20 + 3𝛽21𝑅

2
1,0,𝑠 + 3𝛽21𝑅

2
1,1,𝑠 + 3𝛽22𝑅2,0,𝑠 + (3𝛽22 − 1)𝑅2,1,𝑠 ,

and then

E
(
𝑅2,1,𝑡∧𝑇𝑀

)
≤ 𝑅2,1,0 + 𝜆2,0

∫ 𝑡

0
E
(
3𝛽20 + 3𝛽21𝑅

2
1,0,𝑠

+ 3𝛽21𝑅
2
1,1,𝑠 + 3𝛽22𝑅2,0,𝑠 + (3𝛽22 − 1)𝑅2,1,𝑠

)
𝑑𝑠

=: 𝑐2,1,0(𝑡) + 𝑐2,1,1
∫ 𝑡

0
E

(
𝑅2
1,0,𝑠∧𝑇𝑀

)
𝑑𝑠 + 𝑐2,1,1

∫ 𝑡

0
E

(
𝑅2
1,1,𝑠∧𝑇𝑀

)
𝑑𝑠

+ 𝑐2,1,1
∫ 𝑡

0
E

(
𝑅2,0,𝑠∧𝑇𝑀

)
𝑑𝑠 + 𝑐2,1,2

∫ 𝑡

0
E

(
𝑅2,1,𝑠∧𝑇𝑀

)
𝑑𝑠.

Adding the two inequalities, we deduce

E
(
𝑅2,0,𝑡∧𝑇𝑀 + 𝑅2,1,𝑡∧𝑇𝑀

)
≤ 𝑐2,0(𝑡) + 𝑐2,1

∫ 𝑡

0
E(𝑅2

1,0,𝑠∧𝑇𝑀 + 𝑅2
1,1,𝑠∧𝑇𝑀 )𝑑𝑠

+ 𝑐2,2
∫ 𝑡

0
E

(
𝑅2,0,𝑠∧𝑇𝑀 + 𝑅2,1,𝑠∧𝑇𝑀

)
𝑑𝑠. (2.17)
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We can now add (2.15) and (2.17) to obtain

E(𝑈𝑡∧𝑇𝑀 ) ≤ 𝑐0(𝑡) + 𝑐1
∫ 𝑡

0
E(𝑈𝑠∧𝑇𝑀 )𝑑𝑠 ,

where 𝑐0(𝑡) is affine and nondecreasing in 𝑡 and 𝑐0(𝑡), 𝑐1 do not depend on 𝑀. Grönwall’s

inequality then yields

E(𝑈𝑡∧𝑇𝑀 ) ≤ 𝑐0(𝑡)𝑒𝑐1𝑡 ,

which is the desired bound (2.11). □

Remark 2.3.3. The results in this section generalize to volatility models having the same

dynamics as (4-PDV) for (𝑅1,0,𝑡 , 𝑅1,1,𝑡 , 𝑅2,0,𝑡 , 𝑅2,1,𝑡) but a more general functional

𝜎𝑡 = 𝑓 (𝑅1,𝑡 , 𝑅2,𝑡) = 𝑓 (𝑅1,0,𝑡 , 𝑅1,1,𝑡 , 𝑅2,0,𝑡 , 𝑅2,1,𝑡),

where

(i) 𝑓 : R2 × R2
+ → R is continuous, and Lipschitz on compact subsets of R2 × (0,∞)2,

(ii) there are 𝐾1, 𝐾2 ∈ R such that

𝑓 (𝑥0, 𝑥1, 𝑦0, 𝑦1)2 ≤ 𝐾1 + 𝐾2(𝑥20 + 𝑥
2
1 + 𝑦0 + 𝑦1). (2.18)

These conditions for 𝑓 are satisfied in particular if 𝑓 satisfies the conditions of Remark 2.3.3;

this can be seen using inequalities (2.13) and (2.14).

Indeed, continuity and local Lipschitz continuity imply the analogue of Proposition 2.3.1.

Inequality (2.18) implies that bounding (2.11) is enough to bound the expectation of 𝜎2
𝑡 .

Moreover, it implies that, for 𝑗 ∈ {0, 1}, 𝑓 satisfies

𝜆21, 𝑗 𝑓 (𝑥0, 𝑥1, 𝑦0, 𝑦1)
2 − 2𝜆1, 𝑗𝑥

2
𝑗 ≤ 𝐾1, 𝑗 ,0 + 𝐾1, 𝑗 ,1(𝑥20 + 𝑥

2
1 + 𝑦0 + 𝑦1) , (2.19)
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for some 𝐾1, 𝑗 ,0, 𝐾1, 𝑗 ,1 ∈ R, so that a bound analogous to (2.15) holds, as well as, for 𝑗 ∈ {0, 1},

𝑓 (𝑥0, 𝑥1, 𝑦0, 𝑦1)2 − 𝑦 𝑗 ≤ 𝐾1 + 𝐾2(𝑥20 + 𝑥
2
1 + 𝑦0 + 𝑦1) ,

so that a bound analogous to (2.17) holds.

2.3.2 Failure of Positivity of 𝜎𝑡 in (4-PDV)

In [23] it is reported that for realistic parameter values, the volatility 𝜎𝑡 remained pos-

itive in simulations of the 4-factor model. Nevertheless, existence of a reasonable sufficient

condition for 𝜎𝑡 > 0 (or even just 𝜎𝑡 ≥ 0) in (4-PDV) remains open. Below, we explain that

a direct generalization of Theorem 2.2.6 fails. Indeed, in the 4-factor model, 𝜎𝑡 follows the

SDE

𝑑𝜎𝑡 =

(
−𝛽1𝜆1𝑅1,𝑡 +

𝜆2𝛽2

2

𝜎2
𝑡 − 𝑅2,𝑡√︁
𝑅2,𝑡

)
𝑑𝑡 + 𝛽1𝜆1𝜎𝑡𝑑𝑊𝑡 , (2.20)

where

𝜆𝑖 := (1 − 𝜃𝑖)𝜆𝑖,0 + 𝜃𝑖𝜆𝑖,1 , 𝑅𝑖,𝑡 :=
(1 − 𝜃𝑖)𝜆𝑖,0𝑅𝑖,0,𝑡 + 𝜃𝑖𝜆𝑖,1𝑅𝑖,1,𝑡

𝜆𝑖
,

as seen in [23]. The analogue of the condition in Theorem 2.2.6 is 𝜆2 < 2𝜆1.

Proposition 2.3.4. Under (4-PDV), it may happen that 𝜎0 > 0 but P(𝜎𝑡 < 0) > 0 for some

𝑡 > 0, even if 𝜆2 < 2𝜆1.

Proof. We choose initial conditions 𝑅1,0,0 < 0 and 𝑅1,1,0 > 0, and coefficients 𝜃1, 𝜆1,0, 𝜆1,1,

such that 𝑅1,0 > 0 and 𝑅1,0 < 0. Next, choose 𝛽1 = −1 (say), and then 𝛽2 > 0 such that

𝛽1𝑅1,0 + 𝛽2
√︁
𝑅2,0 = 0. Consider for the moment 𝛽0 := 0, then the preceding identity means

that 𝜎0 = 0. Inspecting (2.20), we see that at 𝑡 = 0, the volatility vanishes while the drift
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rate is

−𝛽1𝜆1𝑅1,𝑡 −
𝜆2𝛽2

2

𝑅2,𝑡√︁
𝑅2,𝑡

< 0 .

By continuity of the paths, it follows that P(𝜎𝑡 < 0) > 0 for all 𝑡 > 0 sufficiently small.

Next, we modify the above by choosing 𝛽0 strictly positive, so that 𝜎0 = 𝛽0 > 0. We

may see 𝛽0 as a parameter of the SDE determining 𝜎𝑡 . If the solution is continuous with

respect to 𝛽0, it follows that P(𝜎𝑡 < 0) > 0 for 𝛽0 > 0 and 𝑡 sufficiently small. Continuity is a

standard result for SDEs with Lipschitz coefficients (e.g., [28, Section 4.5]). To see that the

Lipschitz result is sufficient, note that for the present purpose of showing that P(𝜎𝑡 < 0) > 0

for some small 𝑡 > 0, we may truncate the non-Lipschitz coefficients in (4-PDV); that is, we

replace
√︁
𝑅2,𝑡 by

√︁
𝑅2,𝑡 ∨ 𝛿 and 𝜎2

𝑡 by 𝜎2
𝑡 ∧ 𝛿−1 for a small constant 𝛿 > 0. □

2.4 Martingale Property of the Price Process

In this section we study the martingale property of the price process (𝑋𝑡)𝑡≥0 (cf. Theo-

rem 2.1.3). Following [24, Proof of Lemma 4.2] and [25, Section 5.3], the idea is to rephrase

the martingale property into non-explosiveness of another process, and establish the latter.

Given a continuous adapted process (𝜈𝑡)𝑡≥0, consider the exponential local martingale (𝑋𝑡)𝑡≥0

given by

𝑑𝑋𝑡 = 𝜈𝑡𝑋𝑡𝑑𝑊𝑡 , 𝑋0 = 𝑥0 > 0 . (2.21)

For 𝑀 > 0, we define the stopping time

𝑇𝑀 := inf {𝑡 ≥ 0 : |𝜈𝑡 | ≥ 𝑀} . (2.22)
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Given also 𝑡 ≥ 0, Novikov’s condition allows us to define a probability measure P̃𝑀,𝑡 ≪ P by

𝑑P̃𝑀,𝑡
𝑑P

= exp

{∫ 𝑇𝑀∧𝑡

0
𝜈𝑠𝑑𝑊𝑠 −

1

2

∫ 𝑇𝑀∧𝑡

0
𝜈2𝑠 𝑑𝑠

}
.

We have 𝑇𝑀 → ∞ a.s. given that (𝜈𝑡)𝑡≥0 does not explode in finite time. The martingale

property of (𝑋𝑡)𝑡≥0 is characterized as follows.

Lemma 2.4.1. For the local martingale (𝑋𝑡)𝑡≥0 given by (2.21), the following are equivalent:

(i) (𝑋𝑡)𝑡≥0 is a martingale,

(ii) lim inf𝑀→∞ E(𝑋𝑇𝑀1𝑇𝑀<𝑡) = 0 for all 𝑡 > 0,

(iii) lim inf𝑀→∞ P̃𝑀,𝑡 (𝑇𝑀 < 𝑡) = 0 for all 𝑡 > 0.

Proof. As (𝑋𝑡)𝑡≥0 is a nonnegative local martingale, it is a supermartingale by Fatou’s lemma,

hence a martingale if and only if 𝑥0 = E(𝑋𝑡) for all 𝑡 > 0. The bounded process (𝑋𝑡∧𝑇𝑀 )𝑡≥0 is

a martingale, hence

𝑥0 = E(𝑋𝑡∧𝑇𝑀 ) = E(𝑋𝑡1𝑇𝑀≥𝑡) + E(𝑋𝑇𝑀1𝑇𝑀<𝑡) .

Using monotone convergence for E(𝑋𝑡1𝑇𝑀≥𝑡), this yields

𝑥0 = E(𝑋𝑡) + lim inf
𝑀→∞

E(𝑋𝑇𝑀1𝑇𝑀<𝑡) ,

and now the equivalence of (1) and (2) follows. For fixed 𝑀 > 0 and 𝑡 ≥ 0,

E(𝑋𝑇𝑀1𝑇𝑀<𝑡) = E
(
𝑥0 exp

{∫ 𝑇𝑀

0
𝜈𝑠𝑑𝑊𝑠 −

1

2

∫ 𝑇𝑀

0
𝜈2𝑠 𝑑𝑠

}
1𝑇𝑀<𝑡

)
= 𝑥0E

(
exp

{∫ 𝑇𝑀∧𝑡

0
𝜈𝑠𝑑𝑊𝑠 −

1

2

∫ 𝑇𝑀∧𝑡

0
𝜈2𝑠 𝑑𝑠

}
1𝑇𝑀<𝑡

)
= 𝑥0P̃𝑀,𝑡 (𝑇𝑀 < 𝑡) , (2.23)
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showing the equivalence of (2) and (3). □

Proposition 2.4.2. Let (𝜎𝑡)𝑡≥0 be given by (2-PDV). For a fixed constant 𝐶 ≥ 0, define

the stopping time 𝜏 := inf {𝑡 ≥ 0 : 𝜎𝑡 < −𝐶} and set 𝜈𝑡 := 𝜎𝑡∧𝜏. Then the exponential local

martingale (𝑋𝑡)𝑡≥0 of (2.21) is a true martingale.

Proof. Define the stopping time

𝑆𝑀 := inf {𝑡 ≥ 0 : |𝜎𝑡 | ≥ 𝑀} .

Fix 𝑡, 𝑀 > 0. By Girsanov’s theorem,

𝑊̃𝑠 = 𝑊𝑠 −
∫ 𝑠

0
𝜎𝑟𝑑𝑟 , 0 ≤ 𝑠 < 𝑡 ∧ 𝑆𝑀 ,

is a Brownian motion under P̃𝑀,𝑡 up to time 𝑡 ∧ 𝑆𝑀 . The system (2-PDV) for (𝑅1,𝑠, 𝑅2,𝑠) can

be stated up to time 𝑡 ∧ 𝑆𝑀 as

𝜎𝑠 = 𝛽0 + 𝛽1𝑅1,𝑠 + 𝛽2
√︁
𝑅2,𝑠

𝑑𝑅1,𝑠 = 𝜆1𝜎𝑠𝑑𝑊̃𝑠 + 𝜆1(𝜎2
𝑠 − 𝑅1,𝑠)𝑑𝑠

𝑑𝑅2,𝑠 =

(
𝜆2𝜎

2
𝑠 − 𝜆2𝑅2,𝑠

)
𝑑𝑠.

By the same arguments as in Lemma 2.2.1 and Lemma 2.2.2, this system has a unique strong

solution up to time 𝑡∧ 𝑆𝑀 under P̃𝑀,𝑡 . The solution (𝜎𝑠) of (2-PDV) up to time 𝑡∧ 𝑆𝑀 under

P̃𝑀,𝑡 has the same distribution as the solution of (2-PDV˜) in Lemma 2.4.3 below under P.

For 𝑀 > 𝐶, we also note that 𝑡 ∧ 𝑆𝑀 ≥ 𝑡 ∧ 𝑇𝑀 ∧ 𝜏. By the assertion of Lemma 2.4.3, it

then follows that lim𝑀→∞ P̃𝑀,𝑡 (𝑇𝑀 < 𝑡) = 0 for any 𝑡 ≥ 0, which by Lemma 2.4.1 shows that

(𝑋𝑡)𝑡≥0 is a martingale. □

Lemma 2.4.3. The following SDE under P has a unique strong solution (𝜎𝑠)𝑠≥0 up to a
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possible time of explosion:

𝜎𝑠 = 𝛽0 + 𝛽1𝑅1,𝑠 + 𝛽2
√︁
𝑅2,𝑠

𝑑𝑅1,𝑠 = 𝜆1𝜎𝑠𝑑𝑊𝑠 + 𝜆1(𝜎2
𝑠 − 𝑅1,𝑠)𝑑𝑠 (2-PDV˜)

𝑑𝑅2,𝑠 =

(
𝜆2𝜎

2
𝑠 − 𝜆2𝑅2,𝑠

)
𝑑𝑠.

Given 𝐶 ≥ 0, define 𝜏 = inf{𝑡 ≥ 0 : 𝜎𝑠 < −𝐶}. Then the process (𝜎𝑠∧𝜏)𝑠≥0 a.s. does not

explode in finite time.

Proof. Existence and uniqueness again follows as in Lemma 2.2.1 and Lemma 2.2.2. For

𝑀 > 𝐶, let

𝑇𝑀 := inf{𝑠 ≥ 0 : |𝜎𝑠∧𝜏 | ≥ 𝑀} = inf{𝑠 ≥ 0 : 𝜎𝑠 ≥ 𝑀},

𝑆𝑀 := inf{𝑠 ≥ 0 : |𝜎𝑠 | ≥ 𝑀}.

Note that 𝜏 ≤ 𝑇𝑀 implies 𝑇𝑀 = ∞. For fixed 𝑡 ≥ 0, we can then write

𝑀P(𝑇𝑀 ≤ 𝑡) = E(𝜎𝑡∧𝑇𝑀1𝑇𝑀≤𝑡) = E(𝜎𝑡∧𝑇𝑀1𝑇𝑀≤𝑡1𝜏>𝑇𝑀 )

= E(𝜎𝑡∧𝑆𝑀1𝑇𝑀≤𝑡1𝜏>𝑇𝑀 ) ≤ E((𝐶 + 𝜎𝑡∧𝑆𝑀 )1𝑇𝑀≤𝑡1𝜏>𝑇𝑀 )

≤ E(𝐶 + 𝜎𝑡∧𝑆𝑀 ) = 𝐶 + E(𝜎𝑡∧𝑆𝑀 ). (2.24)

Below, we show a bound E(𝜎𝑡∧𝑆𝑀 ) ≤ 𝐾0 + 𝐾1𝑡 that is uniform in 𝑀. Then, (2.24) implies

that lim𝑀→∞ P(𝑇𝑀 ≤ 𝑡) = 0, which is the claim.

Choose 𝛽2 > 0 small enough such that 𝛽1𝜆1 + 𝛽2𝜆2 < 0, and then choose 𝛽2 > 0 such that

𝛽2
√
𝑥 ≤ 𝛽2 + 𝛽2𝑥 for all 𝑥 ≥ 0. The first equation in (2-PDV˜) then yields

E(𝜎𝑡∧𝑆𝑀 ) ≤ 𝛽0 + 𝛽2 + E(𝛽1𝑅1,𝑡∧𝑆𝑀 + 𝛽2𝑅2,𝑡∧𝑆𝑀 ) , (2.25)

and we can focus on bounding the last expectation. Using the last two equations in (2-PDV˜),
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we have

E(𝛽1𝑅1,𝑡∧𝑆𝑀 + 𝛽2𝑅2,𝑡∧𝑆𝑀 ) = 𝛽1𝑅1,0 + 𝛽2𝑅2,0+E
( ∫ ∞

0

{
(𝛽1𝜆1 + 𝛽2𝜆2)𝜎2

𝑠

− 𝜆1𝛽1𝑅1,𝑠 − 𝜆2𝛽2𝑅2,𝑠
}
1𝑠≤𝑡∧𝑆𝑀𝑑𝑠

)
. (2.26)

Defining 𝛼 := 𝛽1𝜆1 + 𝛽2𝜆2 < 0, the term under the integral is

𝛼𝜎2
𝑠 − 𝜆1𝛽1𝑅1,𝑠 − 𝜆2𝛽2𝑅2,𝑠 = 𝛼𝛽20 + 𝛼𝛽

2
2𝑅2,𝑠 + 𝛼𝛽

2
1𝑅

2
1,𝑠 + 2𝛼𝛽0𝛽1𝑅1,𝑠

+ 2𝛼𝛽0𝛽2
√︁
𝑅2,𝑠 + 2𝛼𝛽1𝛽2𝑅1,𝑠

√︁
𝑅2,𝑠 − 𝜆1𝛽1𝑅1,𝑠 − 𝜆2𝛽2𝑅2,𝑠

= 𝐶 + 𝐵
√︁
𝑅2,𝑠 + 𝐴𝑅2,𝑠 ,

where

𝐶 = 𝛼𝛽20 + 𝛼𝛽
2
1𝑅

2
1,𝑠 + 2𝛼𝛽0𝛽1𝑅1,𝑠 − 𝜆1𝛽1𝑅1,𝑠 ,

𝐵 = 2𝛼𝛽2(𝛽0 + 𝛽1𝑅1,𝑠) , 𝐴 = 𝛼𝛽22 − 𝜆2𝛽2 ,

and 𝐴 < 0 due to 𝛼 < 0 and 𝜆2𝛽2 > 0. Thus, the term is bounded from above by

𝐶 − 𝐵2

4𝐴
= 𝛼𝛽20 + 𝛼𝛽

2
1𝑅

2
1,𝑠 + 2𝛼𝛽0𝛽1𝑅1,𝑠 − 𝜆1𝛽1𝑅1,𝑠 −

4𝛼2𝛽22 (𝛽
2
0 + 𝛽

2
2𝑅

2
1,𝑠 + 2𝛽0𝛽1𝑅1,𝑠)

4(𝛼𝛽22 − 𝜆2𝛽2)

= 𝐶′ + 𝐵′𝑅1,𝑠 + 𝐴′𝑅2
1,𝑠 ,

with

𝐶′ = 𝛼𝛽20 +
𝛼2𝛽20𝛽

2
2

𝜆2𝛽2 − 𝛼𝛽22
, 𝐵′ = 2𝛼𝛽0𝛽1 − 𝜆1𝛽1 +

2𝛼2𝛽22𝛽0𝛽1

𝜆2𝛽2 − 𝛼𝛽22
,

𝐴′ = 𝛼𝛽21 +
𝛼2𝛽21𝛽

2
2

𝜆2𝛽2 − 𝛼𝛽22
.

Here again 𝐴′ < 0 due to 𝛼 < 0 and 𝜆2𝛽2 > 0, so that the term is bounded from above by
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the constant 𝐿 := 𝐶′ − 𝐵′2

4𝐴′ . Using this bound in (2.26) yields

E(𝛽1𝑅1,𝑡∧𝑆𝑀 + 𝛽2𝑅2,𝑡∧𝑆𝑀 ) ≤ 𝛽1𝑅1,0 + 𝛽2𝑅2,0 + E
(∫ ∞

0
𝐿1𝑠≤𝑡∧𝑆𝑀𝑑𝑠

)
≤ 𝛽1𝑅1,0 + 𝛽2𝑅2,0 + |𝐿 |𝑡 ,

and thus

E(𝜎𝑡∧𝑆𝑀 ) ≤ 𝛽0 + 𝛽2 + 𝛽1𝑅1,0 + 𝛽2𝑅2,0 + |𝐿 |𝑡 =: 𝐾0 + 𝐾1𝑡 ,

as claimed. □

Remark 2.4.4. Proposition 2.4.2 and its proof generalize to volatility models having the

same dynamics as (2-PDV) for (𝑅1,𝑡 , 𝑅2,𝑡) but a more general functional 𝜎𝑡 = 𝑓 (𝑅1,𝑡 , 𝑅2,𝑡),

where 𝑓 satisfies the conditions of Remark 2.2.5 and in addition there exist constants

𝐿1, 𝐿2, 𝐿3, 𝐿 ∈ R such that

𝑓 (𝑥, 𝑦) ≤ 𝐿0 + 𝐿1𝑥 + 𝐿2𝑦,

(𝐿1𝜆1 + 𝐿2𝜆2) 𝑓 (𝑥, 𝑦)2 − 𝜆1𝐿1𝑥 − 𝜆2𝐿2𝑦 ≤ 𝐿.

The constant 𝐿1 typically needs to be negative, as in (2-PDV) where 𝐿1 = 𝛽1 < 0.

Our final remark details why the above proof does not extend to the 4-factor model.

Remark 2.4.5. The general line of argument given above may extend to (4-PDV). Indeed,

the following SDE under P has a unique strong solution (𝜎𝑠)𝑠≥0 up to a possible time of
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explosion:

𝜎𝑡 = 𝛽0 + 𝛽1𝑅1,𝑡 + 𝛽2
√︁
𝑅2,𝑡

𝑅1,𝑡 = (1 − 𝜃1)𝑅1,0,𝑡 + 𝜃1𝑅1,1,𝑡

𝑅2,𝑡 = (1 − 𝜃2)𝑅2,0,𝑡 + 𝜃2𝑅2,1,𝑡 (4-PDV˜)

𝑑𝑅1, 𝑗 ,𝑡 = 𝜆1, 𝑗𝜎𝑡𝑑𝑊𝑡 + 𝜆1, 𝑗 (𝜎2
𝑡 − 𝑅1, 𝑗 ,𝑡)𝑑𝑡, 𝑗 ∈ {0, 1}

𝑑𝑅2, 𝑗 ,𝑡 = 𝜆2, 𝑗

(
𝜎2
𝑡 − 𝑅2, 𝑗 ,𝑡

)
𝑑𝑡, 𝑗 ∈ {0, 1}.

Given 𝐶 ≥ 0, define 𝜏 = inf{𝑡 ≥ 0 : 𝜎𝑠 < −𝐶}. If the process (𝜎𝑠∧𝜏)𝑠≥0 a.s. does not explode

in finite time, then the assertion of Theorem 2.1.3 extends to (4-PDV). However, the proof

for non-explosiveness given in Lemma 2.4.3 does not extend directly to the present setting.

Indeed, the system (4-PDV˜) satisfies bounds analogous to (2.24) and (2.25). Applying

the same procedure as in the proof of Lemma 2.4.3, and recalling the notation used in (2.20),

E(𝛽1𝑅1,𝑡∧𝑆𝑀 + 𝛽2𝑅2,𝑡∧𝑆𝑀 ) =𝛽1𝑅1,0 + 𝛽2𝑅2,0 + E
( ∫ ∞

0

{
(𝛽1𝜆1 + 𝛽2𝜆2)𝜎2

𝑠

− 𝜆1,1𝜃1𝛽1𝑅1,1,𝑠 − 𝜆1,0(1 − 𝜃1)𝛽1𝑅1,0,𝑠

− 𝜆2,1𝜃2𝛽2𝑅2,1,𝑠 − 𝜆2,0(1 − 𝜃2)𝛽2𝑅2,0,𝑠
}
1𝑠≤𝑡∧𝑆𝑀𝑑𝑠

)
.

The integrand is bounded from above by a quadratic form in (𝑅1,0,𝑠, 𝑅1,1,𝑠,
√︁
𝑅2,0,𝑠,

√︁
𝑅2,1,𝑠);

however, the matrix defining the form is not negative definite. Hence, we cannot bound it

uniformly as we did in Lemma 2.4.3.
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Chapter 3: Monotonicity in Quadratically Regularized Linear

Programs

Let P ⊆ R𝑑 be a polytope and 𝑐 ∈ R𝑑. The regularized linear program

𝑥𝛿 = argmin
𝑥∈P: ∥𝑥∥≤𝛿

⟨𝑐, 𝑥⟩ , (3.1)

has a unique solution as long as 𝛿 ≥ 0 belongs to a certain interval [𝛿min, 𝛿max], cf.

Lemma 3.2.1, hence we can consider the curve 𝛿 ↦→ 𝑥𝛿 ∈ P which travels across various

faces of P as 𝛿 increases (i.e., as the regularizing constraint relaxes). We are interested in

the following invariance property: once 𝛿 ↦→ 𝑥𝛿 ∈ P enters a given face, does it ever leave

that face? (Cf. Figure 3.1.) In the optimal transport applications that motivate our study

(see below), this property corresponds to the monotonicity of the optimal support spt 𝑥𝛿 wrt.

the regularization strength. (The support is defined as the set of locations with nonzero

mass, spt 𝑥 := {𝑖 : 𝑥𝑖 > 0} for 𝑥 = (𝑥1, . . . , 𝑥𝑑) ∈ R𝑑.) Our abstract result, Theorem 3.3.2,

geometrically characterizes all polytopes such that the invariance property holds (for any

cost 𝑐). We show that this property holds for the set of probability measures (unit simplex),

but fails for the set of transport plans (Birkhoff polytope) when the dimension 𝑑 ≥ 25. As a

consequence—which may be surprising given numerical experience—the optimal support in

quadratically regularized optimal transport problems is not always monotone.

3.1 Motivation

This study is motivated by optimal transport and related minimization problems over

probability measures. In its simplest form, the transport problem between probability mea-
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0
𝑐

𝛿min

𝑥 𝛿min

𝛿max

𝑥 𝛿max

𝑐

0 = 𝑥 𝛿min

𝛿max
𝑥 𝛿max

Figure 3.1: A non-monotone (left) and a monotone (right) polytope with cost 𝑐 (red). The
curve [𝛿min, 𝛿max] ∋ 𝛿 ↦→ 𝑥𝛿 follows the blue arrows and has the invariance property only in
the right example.

sures 𝜇 and 𝜈 is

inf
𝛾∈Γ(𝜇,𝜈)

∫
𝑐(𝑥, 𝑦) 𝛾(𝑑𝑥, 𝑑𝑦), (OT)

where 𝑐(𝑥, 𝑦) is a given “cost” function and Γ(𝜇, 𝜈) denotes the set of couplings; i.e., joint

probability measures 𝛾 with marginals (𝜇, 𝜈). See [29] for a detailed discussion. In many

applications such as machine learning or statistics (see [30, 31] for surveys), the marginals

encode observed data points 𝑋1, . . . , 𝑋𝑁 and 𝑌1, . . . , 𝑌𝑁 which are represented by their em-

pirical measures 𝜇 = 1
𝑁

∑
𝑖 𝛿𝑋𝑖 and 𝜈 = 1

𝑁

∑
𝑖 𝛿𝑌𝑖 . Denoting by 𝑐𝑖 𝑗 = 𝑐(𝑋𝑖, 𝑌 𝑗 ) the resulting

𝑁 × 𝑁 cost matrix, (OT) then becomes a linear program

inf
𝑥∈P

⟨𝑐, 𝑥⟩ , (LP)

where the polytope P is (up to a constant factor) the Birkhoff polytope of doubly stochastic

matrices of size 𝑁 × 𝑁.

For different choices of polytope, (LP) includes other problems of recent interest, such

as multi-marginal optimal transport and Wasserstein barycenters [32] or adapted Wasser-

stein distances [33]. The optimal transport problem is computationally costly when 𝑁 is

large. The impactful paper [34] proposed to regularize (OT) by penalizing with Kullback–

Leibler divergence (entropy). Then, solutions can be computed using the Sinkhorn–Knopp
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algorithm, which has lead to an explosion of high-dimensional applications (see [35]). More

generally, [36] introduced regularized optimal transport with regularization by a divergence.

Different divergences give rise to different properties of the solution. Entropic regularization

always leads to couplings whose support contains all data pairs (𝑋𝑖, 𝑌 𝑗 ), even though (OT)

typically has a sparse solution. In some applications that is undesirable; for instance, it may

correspond to blurrier images in an image processing task [37]. The second-most promi-

nent regularization is 𝜒2-divergence or equivalently the squared norm, as proposed in [37],1

which gives rise to sparse solutions. In the Eulerian formulation of [36], this is exactly our

problem (3.1) with P being the (scaled) Birkhoff polytope. Alternately, the problem can be

stated in Lagrangian form as in [37], making the squared-norm penalty explicit:

inf
𝛾∈Γ(𝜇,𝜈)

∫
𝑐(𝑥, 𝑦) 𝛾(𝑑𝑥, 𝑑𝑦) + 1

2𝜂





 𝑑𝛾

𝑑 (𝜇 ⊗ 𝜈)





2
𝐿2 (𝜇⊗𝜈)

, (QOT)

where 𝑑𝛾/𝑑 (𝜇 ⊗ 𝜈) denotes the density of 𝛾 wrt. the product measure 𝜇 ⊗ 𝜈 and the regular-

ization strength is now parameterized by 𝜂 ∈ [0,∞]. In the general setting, this corresponds

to

inf
𝑥∈P

⟨𝑐, 𝑥⟩ + 1

2𝜂
∥𝑥∥2, (3.2)

which has a unique solution 𝑥𝜂 for any 𝜂 ∈ (0,∞). The curves (𝑥𝜂) and (𝑥𝜂) of solutions

to (3.1) and (3.2), respectively, coincide up to a simple reparametrization.

In optimal transport, the regularized problem is often solved to approximate the linear

problem (OT). The latter has a generically unique (see [39]) solution 𝑥, which is recovered

as 𝛿 → 𝛿max (or 𝜂 → ∞): 𝑥 = 𝑥𝛿max = 𝑥∞.2 In particular, the support of 𝑥𝛿 converges to

the support of 𝑥, which is generically sparse (𝑁 out of 𝑁2 possible points, again by [39]). In
1See also [38] for a similar formulation of minimum-cost flow problems, and the predecessors referenced

therein. Our model with a general polytope includes such problems, and many others.
2By “generic” we mean that the set of 𝑐 where uniqueness fails is a Lebesgue nullset. For problems with

non-unique solution, 𝑥 𝛿max recovers the minimum-norm solution.

49



numerous experiments, it has been observed not only that spt 𝑥𝛿 is sparse when 𝛿 is large,

but also that spt 𝑥𝛿 monotonically decreases to spt 𝑥 (e.g., [37]). If this monotonicity holds,

then in particular spt 𝑥 ⊆ spt 𝑥𝛿, meaning that spt 𝑥𝛿 can be used as a multivariate confidence

band for the (unknown) solution 𝑥.

3.1.1 Summary of Results

When P is the unit simplex or the Birkhoff polytope, its elements can be interpreted

as probability measures and thus carry a natural notion of support, spt 𝑥 := {𝑖 : 𝑥𝑖 > 0}

for 𝑥 = (𝑥1, . . . , 𝑥𝑑) ∈ R𝑑. We can then ask whether spt 𝑥𝛿 is monotone wrt. the strength 𝛿

of regularization. When P is a general polytope, the set of vertices of the minimal face

containing 𝑥 yields a similar notion, replacing the concept of support. The question of

monotonicity then becomes the aforementioned invariance property: if 𝑥𝛿 ∈ 𝐹 for some

face 𝐹, does it follow that 𝑥𝛿′ ∈ 𝐹 for all 𝛿′ ≥ 𝛿? (This indeed specializes to the monotonicity

of spt 𝑥𝛿 when P is the simplex or the Birkhoff polytope; cf. Lemma 3.4.2.) The answer may

of course depend on the cost 𝑐; we call P monotone if the invariance holds for any 𝑐 ∈ R𝑑.

We show that monotonicity can be characterized by the geometry of P. Namely, mono-

tonicity of P is equivalent to two properties: for any proper face 𝐹, the minimum-norm point

of the affine hull of 𝐹 must lie in 𝐹, and moreover, the minimum-norm point of P must lie

in the relative interior riP (see Theorem 3.3.2). Once the right point of view is taken, the

proof is quite elementary. An example satisfying both properties, and hence monotonicity, is

the unit simplex Δ ⊆ R𝑑, for any 𝑑 ≥ 1. For that choice of polytope, 𝑥𝛿 is a sparse soft-min

of 𝑐 = (𝑐1, . . . , 𝑐𝑑), converging to 1
#argmin 𝑐 1{argmin 𝑐} in the unregularized limit. On the

other hand, we show that the Birkhoff polytope violates the first condition whenever the

marginals have 𝑁 ≥ 5 data points (meaning that 𝑑 ≥ 25). As a result, the optimal support

in quadratically regularized optimal transport problems is not always monotone, even if it

appears so in numerous experiments. In fact, we exhibit a particularly egregious failure of

monotonicity where the support of the limiting (unregularized) optimal coupling 𝑥 is not
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contained in spt 𝑥𝛿 for some reasonably large 𝛿. Our counterexample is constructed by hand,

based on theoretical considerations. Our numerical experiments using random cost matrices

have failed to locate counterexamples, suggesting that there are, in some sense, “few” faces

violating our condition on the minimum-norm point. (See also the proof of Lemma 3.4.10.)

This is an interesting problem for further study in combinatorics, where the Birkhoff

polytope has remained an active topic even after decades of research (e.g., [40] and the

references therein). In that spirit, we also apply our point of view to a problem of Erdős,

namely to characterize the doubly stochastic 𝑁 ×𝑁 matrices 𝐴 satisfying ∥𝐴∥2 = max tr 𝐴 :=

max𝜎
∑𝑁
𝑖=1 𝑎𝑖,𝜎(𝑖) where 𝜎 ranges over all permutations of {1, . . . , 𝑁}. We show in Theo-

rem 3.5.4 that this is precisely the set of minimum-norm points of certain faces 𝐹 of the

Birkhoff polytope. We use this geometric characterization to prove a conjecture of [41],

namely that such matrices must have rational entries.

The remainder of this note is organized as follows. Section 3.2 introduces the regularized

linear program and its solution curve in detail. Section 3.3 contains the main abstract result,

whereas Section 3.4 reports the applications to optimal transport and soft-min. We conclude

in Section 3.5 with the application to Erdős’ problem about doubly stochastic matrices.

3.2 Preliminaries

This section collects notation and well-known or straightforward results for ease of ref-

erence. Let ⟨·, ·⟩ be an inner product on R𝑑 and ∥ · ∥ the induced norm. Let ∅ ≠ P ⊆ R𝑑

be a polytope; i.e., the convex hull of finitely many points. The minimal set of such points,

called vertices or extreme points, is denoted extP. A face of P is a subset 𝐹 ⊆ P such that

any open line segment 𝐿 = (𝑥, 𝑦) ⊆ P with 𝐿 ∩ 𝐹 ≠ ∅ satisfies 𝐿 ⊆ 𝐹, where 𝐿 = [𝑥, 𝑦]

denotes closure. Alternately, a nonempty face 𝐹 of P is the intersection 𝐹 = P ∩ 𝐻 of P

with a tangent hyperplane 𝐻. Here a hyperplane 𝐻 = {𝑥 ∈ R𝑑 : ⟨𝑎, 𝑥⟩ = 𝑏} is called tangent

if 𝐻 ∩ P ≠ ∅ and P ⊆ {𝑥 ∈ R𝑑 : ⟨𝑎, 𝑥⟩ ≤ 𝑏}. We denote by ri𝐾 and rbd𝐾 = 𝐾 \ ri𝐾 the

relative interior and relative boundary of a set 𝐾, and by aff 𝐾 its affine span. See [42] for
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background on polytopes and related notions.

Next, we introduce the regularized linear program and the interval of parameters 𝛿 where

the set of feasible points is nonempty and the constraint is binding.

Lemma 3.2.1 (Eulerian Formulation). Denote P(𝛿) := {𝑥 ∈ P : ∥𝑥∥ ≤ 𝛿} for 𝛿 ≥ 0 and

𝛿min := min{𝛿 ≥ 0 : P(𝛿) ≠ ∅}, 𝛿max := min

{
𝛿 ≥ 0 : min

𝑥∈P(𝛿)
⟨𝑐, 𝑥⟩ = min

𝑥∈P
⟨𝑐, 𝑥⟩

}
.

Then

𝐷 :=

{
𝛿 > 𝛿min : argmin

𝑥∈P(𝛿)
⟨𝑐, 𝑥⟩ ∩ argmin

𝑥∈P
⟨𝑐, 𝑥⟩ = ∅

}
= (𝛿min, 𝛿max).

For each 𝛿 ∈ 𝐷 = [𝛿min, 𝛿max], the problem

inf
𝑥∈P(𝛿)

⟨𝑐, 𝑥⟩ has a unique minimizer 𝑥𝛿. (3.3)

Moreover, [𝛿min, 𝛿max] ∋ 𝛿 ↦→ 𝑥𝛿 is continuous and ∥𝑥𝛿∥ = 𝛿. In particular, 𝑥𝛿min is the

singleton P(𝛿min), and 𝑥𝛿max is the minimum-norm solution of min𝑥∈P ⟨𝑐, 𝑥⟩.

Proof. Compactness of P implies that the minima defining 𝛿min and 𝛿max are indeed attained.

Moreover, the identity 𝐷 = (𝛿min, 𝛿max) follows directly from the definition of 𝛿max.

Fix 𝛿 ∈ 𝐷. Let 𝑥𝛿 ∈ argmin𝑥∈P(𝛿) ⟨𝑐, 𝑥⟩ and 𝑥∗ ∈ argmin𝑥∈P ⟨𝑐, 𝑥⟩. If ∥𝑥𝛿∥ < 𝛿, then

𝑥 := 𝜆𝑥𝛿 + (1 − 𝜆)𝑥∗ ∈ P(𝛿) for sufficiently large 𝜆 ∈ (0, 1). By optimality it follows that

𝑥𝛿 ∈ argmin𝑥∈P ⟨𝑐, 𝑥⟩, meaning that 𝛿 ∉ 𝐷. Thus, for 𝛿 ∈ 𝐷, we have ∥𝑥𝛿∥ = 𝛿. In particular,

the set argmin𝑥∈P(𝛿) ⟨𝑐, 𝑥⟩ is contained in the sphere {𝑥 : ∥𝑥∥ = 𝛿}. As the set is also convex,

it must be a singleton by the strict convexity of ∥ · ∥. Continuity of 𝛿 ↦→ 𝑥𝛿 is straightforward.

It remains to deal with the boundary cases. For 𝛿 = 𝛿min, we note that ∥𝑥𝛿∥ < 𝛿 is

trivially ruled out, hence we can conclude as above. Clearly {𝑥𝛿min} = P(𝛿min). Define 𝑥∗

as the minimum-norm solution of min𝑥∈P ⟨𝑐, 𝑥⟩, which is unique by strict convexity. Clearly

∥𝑥∗∥ = 𝛿max. Thus when 𝛿 = 𝛿max, we must have 𝑥𝛿 = 𝑥∗ for any 𝑥𝛿 ∈ argmin𝑥∈P(𝛿) ⟨𝑐, 𝑥⟩.

Continuity and ∥𝑥𝛿∥ = 𝛿 are again straightforward. □

52



The next lemma recalls the standard projection theorem (e.g., [43, Theorem 5.2]).

Lemma 3.2.2 (Projection). Let ∅ ≠ 𝐾 ⊆ R𝑑 be closed and convex. Given 𝑥 ∈ R𝑑, there

exists a unique 𝑥𝐾 ∈ 𝐾, called the projection of 𝑥 onto 𝐾 and denoted 𝑥𝐾 = proj𝐾 (𝑥), such

that

∥𝑥 − 𝑥𝐾 ∥ = inf
𝑥′∈𝐾

∥𝑥 − 𝑥′∥.

Moreover, 𝑥𝐾 is characterized within 𝐾 by

⟨𝑥 − 𝑥𝐾 , 𝑥′ − 𝑥𝐾⟩ ≤ 0 for all 𝑥′ ∈ 𝐾. (3.4)

If 𝑥𝐾 ∈ ri𝐾, then 𝑥𝐾 = projaff 𝐾 (𝑥) and (3.4) can be sharpened to

⟨𝑥 − 𝑥𝐾 , 𝑥′ − 𝑥𝐾⟩ = 0 for all 𝑥′ ∈ 𝐾. (3.5)

In particular, (3.5) holds when 𝐾 is an affine subspace. In that case, 𝑥 ↦→ proj𝐾 (𝑥) is affine.

Below, we often use proj𝐾 (0) as a convenient notation for argmin𝑥∈𝐾 ∥𝑥∥, the minimum-

norm point of 𝐾. In the Lagrangian formulation of our regularized linear program, the

solution can be expressed as a projection onto P as follows.

Lemma 3.2.3 (Lagrangian Formulation). Define

𝑥𝜂 := projP (−𝜂𝑐), 𝜂 ∈ [0,∞), 𝑥∞ := lim
𝜂→∞

𝑥𝜂 . (3.6)

Then

𝑥𝜂 = argmin
𝑥∈P

⟨𝑐, 𝑥⟩ + 1

2𝜂
∥𝑥∥2, 𝜂 ∈ (0,∞), (3.7)

𝑥0 = argmin
𝑥∈P

∥𝑥∥, 𝑥∞ = argmin
𝑥′∈argmin𝑥∈P ⟨𝑐,𝑥⟩

∥𝑥′∥. (3.8)
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The limit 𝑥𝜂 → 𝑥∞ is stationary; i.e., there exists 𝜂 ∈ R+ such that 𝑥𝜂 = 𝑥∞ for all 𝜂 ≥ 𝜂.

Proof. Let 𝜂 ∈ (0,∞). Then (3.7) follows from

1

2𝜂
∥ − 𝜂𝑐 − 𝑥∥2 = 𝜂

2
∥𝑐∥2 + ⟨𝑐, 𝑥⟩ + 1

2𝜂
∥𝑥∥2.

The first claim in (3.8) is trivial. For the second claim and the stationary convergence

𝑥𝜂 → 𝑥∞ (which will not be used directly), see [44, Theorem 2.1], or [45] for the exact

threshold 𝜂. □

The algorithm of [46] solves the problem of projecting a point onto a polyhedron, hence

can be used to find 𝑥𝜂 = projP (−𝜂𝑐) numerically. The solutions 𝑥𝛿 of the Eulerian formula-

tion (3.3) and 𝑥𝜂 of the Lagrangian formulation (3.6) are related as follows.

Lemma 3.2.4 (Euler ↔ Lagrange). Given 𝜂 ∈ [0,∞], there exists a unique 𝛿 = 𝛿(𝜂) ∈ 𝐷

such that 𝑥𝜂 = 𝑥𝛿, namely 𝛿 = ∥𝑥𝜂∥. The function 𝜂 ↦→ 𝛿(𝜂) is nondecreasing.

Conversely, let 𝛿 ∈ 𝐷. Then there exists 𝜂 ∈ [0,∞) (possibly non-unique) such that

𝑥𝜂 = 𝑥𝛿. Define 𝜂(𝛿) as the minimal 𝜂 with 𝑥𝜂 = 𝑥𝛿.3 Then 𝛿 ↦→ 𝜂(𝛿) is strictly increasing

on 𝐷.

Proof. We first prove the second part. Let 𝛿 ∈ 𝐷 and recall that ∥𝑥𝛿∥ = 𝛿. Note also that

𝜂 ↦→ 𝑥𝜂 is continuous and that 𝜂 ↦→ ∥𝑥𝜂∥ is nondecreasing, with range [∥𝑥0∥, ∥𝑥∞∥] = 𝐷.

Hence there exists 𝜂 = 𝜂(𝛿) such that ∥𝑥𝜂∥ = 𝛿. We see from (3.7) that 𝑥𝜂 minimizes ⟨𝑐, 𝑥⟩

among all 𝑥 ∈ P(𝛿), which is to say that 𝑥𝜂 = 𝑥𝛿.

To see the first part, fix 𝜂 ∈ [0,∞] and define 𝛿(𝜂) := ∥𝑥𝜂∥. The above shows that

𝑥𝜂 = 𝑥
𝛿(𝜂). Moreover, 𝛿(𝜂) must be unique with that property, due to ∥𝑥𝛿∥ = 𝛿. □

3.3 Abstract Result

Recall that 𝑥𝛿 and 𝑥𝜂 denote the solutions of the Eulerian (3.3) and Lagrangian (3.6)

formulation, respectively. Lemma 3.2.4 shows that the curves (𝑥𝛿)𝛿min≤𝛿≤𝛿max and (𝑥𝜂)𝜂≥0
3This is merely for concreteness; any choice of selector will do.
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are reparametrizations of one another. In particular, they trace out the same trajectory, and

only the trajectory matters for the subsequent definition.

Definition 3.3.1. Let P ⊆ R𝑑 be a polytope and 𝑐 ∈ R𝑑. We say that P is 𝑐-monotone if

for any face 𝐹 of P,

𝑥𝛿 ∈ 𝐹 =⇒ 𝑥𝛿
′ ∈ 𝐹 for all 𝛿′ ≥ 𝛿 in [𝛿min, 𝛿max], or equivalently if (3.9)

𝑥𝜂 ∈ 𝐹 =⇒ 𝑥𝜂′ ∈ 𝐹 for all 𝜂′ ≥ 𝜂 in [0,∞] . (3.10)

We say that P is monotone if it is 𝑐-monotone for all 𝑐 ∈ R𝑑.

This definition means that the “support” of 𝑥𝛿 is monotonically decreasing in 𝛿, in the

following sense. For any 𝑥 ∈ P, there is a unique face 𝐹 = 𝐹 (𝑥) such that 𝑥 ∈ ri 𝐹; moreover,

𝑥 ∈ ri 𝐹 if and only if 𝑥 is a convex combination of the vertices ext 𝐹 with strictly positive

weights [42, Exercise 3.1, Theorem 5.6]. Thus ext 𝐹 (𝑥) is a notion of support for 𝑥, and

then the property (3.9) indeed means that the support of 𝑥𝛿 is monotonically decreasing for

inclusion. When P is the unit simplex {𝑥 : 𝑥𝑖 ≥ 0,
∑
𝑖 𝑥𝑖 = 1}, then ext 𝐹 (𝑥) boils down to

the usual measure-theoretic notion of support, namely {𝑖 : 𝑥𝑖 > 0} for 𝑥 = (𝑥1, . . . , 𝑥𝑑) ∈

P. This identification breaks down when P is the Birkhoff polytope, but monotonicity

is nevertheless equivalent for the two notions of support (see Lemma 3.4.2).4 Next, we

characterize monotonicity in geometric terms.

Theorem 3.3.2. A polytope P is monotone (Definition 3.3.1) if and only if

(H1) projP (0) ∈ riP and

(H2) projaff 𝐹 (0) ∈ 𝐹 for each face ∅ ≠ 𝐹 ⊆ P.

The two conditions are similar, with the requirement for the proper faces 𝐹 being less

stringent than for the improper face P: while proj𝐹 (0) ∈ ri 𝐹 is a sufficient condition for (H2),
4Clearly this equivalence does not hold in general. E.g., when P ⊆ (0, 1)𝑑, all points have the same

measure-theoretic support.
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the condition (H2) includes the boundary case where proj𝐹 (0) = projaff 𝐹 (0) ∈ rbd 𝐹. We

shall see that (H1) and (H2) play different roles in the proof. Simple examples show that

changing riP to P in (H1) or 𝐹 to ri 𝐹 in (H2) invalidates the equivalence in Theorem 3.3.2.

3.3.1 Proof of Theorem 3.3.2

We first prove the “if” implication, using the Lagrangian formulation (Lemma 3.2.3).

This parametrization is convenient because 𝜂 ↦→ 𝑥𝜂 is piecewise affine. While the latter is

well-known (even for some more general norms, see [47] and the references therein); we detail

the statement for completeness.

Lemma 3.3.3. Let P ⊆ R𝑑 be a polytope, 𝑐 ∈ R𝑑 and let 𝑥𝜂 be the solution of (3.2) with

𝜂 > 0. The curve [0,∞] ∋ 𝜂 ↦→ 𝑥𝜂 is piecewise affine. The affine pieces correspond to faces

of P as follows. Fix 𝜂0 ∈ [0,∞] and let 𝐹 be the unique face of P such that 𝑥𝜂0 ∈ ri 𝐹. Let

𝐼 = {𝜂 : 𝑥𝜂 ∈ ri 𝐹}. Then 𝐼 is an interval containing 𝜂0 and 𝐼 ∋ 𝜂 ↦→ 𝑥𝜂 ∈ 𝐹 is affine. In

particular, the curve 𝜂 ↦→ 𝑥𝜂 does not return to ri 𝐹 after leaving it.

Proof. Consider 𝜂1 < 𝜂2 in 𝐼 and let 𝐻 = aff 𝐹. As 𝑥𝜂𝑖 ∈ ri 𝐹, we have 𝑥𝜂𝑖 = proj𝐹 (−𝜂𝑖𝑐) =

proj𝐻 (−𝜂𝑖𝑐). Since 𝐻 is an affine subspace, the curve 𝜂 ↦→ proj𝐻 (−𝜂𝑐) is affine. In particular,

convexity of ri 𝐹 implies that proj𝐻 (−𝜂𝑐) ∈ ri 𝐹 for all 𝜂 ∈ [𝜂1, 𝜂2]. Thus 𝐼 is an interval and

𝐼 ∋ 𝜂 ↦→ 𝑥𝜂 ∈ ri 𝐹 is affine, and this extends to the closure by continuity. □

Recall that rbd𝐾 := 𝐾 \ ri𝐾 denotes the relative boundary of 𝐾 ⊆ R𝑑. Consider the first

time the curve 𝜂 ↦→ 𝑥𝜂 touches a given face 𝐹 of P. That point may lie in ri 𝐹 or in rbd 𝐹.

As seen in Lemma 3.3.5 below, the boundary situation indicates that 𝜂 ↦→ 𝑥𝜂 left another

face 𝐹∗ when it entered 𝐹 ⊈ 𝐹∗, meaning that P is not monotone. Hence, we analyze that

situation in detail in the next lemma.

Lemma 3.3.4. Let P ⊆ R𝑑 be a polytope, 𝑐 ∈ R𝑑 and let 𝑥𝜂 be the solution of (3.2) with

𝜂 > 0. Let 𝐹 be a face of P and 𝐼 = {𝜂 : 𝑥𝜂 ∈ ri 𝐹} ≠ ∅. Let 𝜂0 := inf 𝐼. If 𝑥𝜂0 ∈ rbd 𝐹, then

exactly one of the following holds true:
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(i) projaff 𝐹 (0) ∉ 𝐹;

(ii) 𝜂0 = 0, and then 𝑥𝜂0 = 𝑥0 = projP (0) = projaff 𝐹 (0) ∈ rbd 𝐹. In particular, 𝑥0 ∉ riP.

Proof. Recall from Lemma 3.3.3 that 𝐼 is an interval and 𝐼 ∋ 𝜂 ↦→ 𝑥𝜂 ∈ 𝐹 is affine. Let

𝐻 = aff 𝐹 and consider 𝑧𝜂 := proj𝐻 (−𝜂𝑐). Recalling Lemma 3.2.2, we have for 𝜂 ∈ 𝐼 that

𝑥𝜂 = projP (−𝜂𝑐) = proj𝐹 (−𝜂𝑐) = proj𝐻 (−𝜂𝑐) = 𝑧𝜂 and in particular 𝑧𝜂 ∈ ri 𝐹.

As 𝑥𝜂 = 𝑧𝜂 for 𝜂 ∈ 𝐼 and both curves are continuous, it follows that 𝑥𝜂0 = 𝑧𝜂0 . Therefore,

our assumption that 𝑥𝜂0 ∈ rbd 𝐹 implies that 𝑧𝜂0 ∈ rbd 𝐹.

Since 𝐻 is an affine space, R+ ∋ 𝜂 ↦→ 𝑧𝜂 is affine. We have 𝑧𝜂0 ∈ rbd 𝐹 and 𝑧𝜂 ∈ ri 𝐹 for all

𝜂 ∈ (𝜂0, 𝜂1), where 𝜂1 := sup 𝐼 > 𝜂0. (Note that 𝐼 cannot be a singleton when 𝑧𝜂0 ∈ rbd 𝐹.)

As 𝐹 is convex, it follows that 𝑧𝜂 ∉ 𝐹 for 0 ≤ 𝜂 < 𝜂0. If 𝑧0 ∉ 𝐹, we are in the first case.

Whereas if 𝑧0 ∈ 𝐹, it follows that 𝜂0 = 0. Thus 𝑥𝜂0 = 𝑥0 = projP (0) = proj𝐹 (0). Moreover,

𝑧𝜂0 = 𝑥𝜂0 ∈ 𝐹 implies 𝑥𝜂0 = projaff 𝐹 (0). □

Lemma 3.3.5. Let P ⊆ R𝑑 be a polytope, 𝑐 ∈ R𝑑 and let 𝑥𝜂 be the solution of (3.2) with

𝜂 > 0. Let 𝜂∗ ≥ 0 and let 𝐹∗ be the unique face of P with 𝑥𝜂∗ ∈ ri 𝐹∗. Suppose there exists

𝜂 > 𝜂∗ such that 𝑥𝜂 ∉ 𝐹∗ and let 𝜂0 = max{𝜂 ≥ 𝜂∗ : 𝑥𝜂 ∈ 𝐹∗}. For sufficiently small 𝜂1 > 𝜂0,

there is a unique face 𝐹 such that 𝑥𝜂 ∈ ri 𝐹 for all 𝜂 ∈ (𝜂0, 𝜂1).5 If 𝑥0 := projP (0) ∈ riP,

then 𝐹 satisfies projaff 𝐹 (0) ∉ 𝐹.

Proof. For 𝑥 ∈ P, let 𝐹 (𝑥) denote the unique face such that 𝑥 ∈ ri 𝐹 (𝑥). By Lemma 3.3.3,

the map (𝜂0,∞) ∋ 𝜂 ↦→ 𝐹 (𝑥𝜂) has finitely many values and the preimage of each value is

an interval. Hence the map must be constant on (𝜂0, 𝜂1) for sufficiently small 𝜂1 > 𝜂0. Let

𝐹 = 𝐹 (𝑥𝜂), 𝜂 ∈ (𝜂0, 𝜂1) be the corresponding face. As 𝐹∗ and 𝐹 are faces with 𝐹∗ ⊈ 𝐹,

we have 𝐹 ∩ 𝐹∗ ⊆ rbd 𝐹. Thus 𝑥𝜂0 ∈ 𝐹 ∩ 𝐹∗ implies 𝑥𝜂0 ∈ rbd 𝐹, and now Lemma 3.3.4

applies. □

Proof of Theorem 3.3.2. Step 1: (H1), (H2) ⇒ monotone. If P is not monotone, then

Lemma 3.3.5 shows that either (H1) or (H2) must be violated.
5When traveling along the curve (𝑥𝜂)𝜂≥𝜂∗ , 𝐹 is the first face outside 𝐹∗ whose interior is visited.
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Step 2: Not (H1) ⇒ not monotone. Suppose that 𝑥0 := projP (0) ∉ riP. As 𝑥0 ∈ P\(riP),

there exists a hyperplane 𝐻 =
{
𝑥 ∈ R𝑑 : ⟨𝑎, 𝑥⟩ = 𝑏

}
with

𝑥0 ∈ 𝐻, P ⊆
{
𝑥 ∈ R𝑑 : ⟨𝑎, 𝑥⟩ ≤ 𝑏

}
, riP ⊆

{
𝑥 ∈ R𝑑 : ⟨𝑎, 𝑥⟩ < 𝑏

}
.

Define 𝑐 = 𝑎 and 𝐹 = 𝐻 ∩ P and 𝛿0 = ∥𝑥0∥, and denote 𝐵𝛿 = {𝑥 ∈ R𝑑 : ∥𝑥∥ ≤ 𝛿}. Then

P ∩ 𝐵𝛿0 = {𝑥0} and in particular 𝑥𝛿0 = 𝑥0. Moreover,

⟨𝑐, 𝑥⟩ = 𝑏 for all 𝑥 ∈ 𝐹, while ⟨𝑐, 𝑥⟩ < 𝑏 for all 𝑥 ∈ riP . (3.11)

For any 𝛿 > 𝛿0, we have 𝐵𝛿 ∩ riP ≠ ∅, and then (3.11) implies 𝑥𝛿 ∉ 𝐹. In particular, P is

not monotone for the cost 𝑐.

Step 3: Not (H2) ⇒ not monotone. Given the assumption, there exists a face 𝐹 of P

such that projaff 𝐹 (0) does not belong to 𝐹. Set 𝑥min := proj𝐹 (0). As 𝐹 is a face of P, there

is a hyperplane 𝐻 = {𝑥 ∈ R𝑑 : ⟨𝑎, 𝑥⟩ = 𝑏} such that

𝐹 = 𝐻 ∩ P and P ⊆ {𝑥 ∈ R𝑑 : ⟨𝑎, 𝑥⟩ ≥ 𝑏}.

Define 𝑐 = 𝑎 − 𝑥min and 𝛿1 = ∥𝑥min∥. Then for every 𝑥 ∈ P ∩ 𝐵𝛿1 ,

⟨𝑐, 𝑥⟩ = ⟨𝑎, 𝑥⟩ − ⟨𝑥min, 𝑥⟩ ≥ 𝑏 − ∥𝑥∥∥𝑥min∥ ≥ 𝑏 − ∥𝑥min∥2 = ⟨𝑐, 𝑥min⟩,

showing that 𝑥𝛿1 = 𝑥min. Recall that 𝑥min := proj𝐹 (0), so that ⟨𝑥min, 𝑥 − 𝑥min⟩ ≥ 0 for all

𝑥 ∈ 𝐹 (Lemma 3.2.2). Thus 𝑥min ≠ projaff 𝐹 (0) implies that

𝐹′ := {𝑥 ∈ R𝑑 : ⟨𝑥min, 𝑥 − 𝑥min⟩ = 0} ∩ 𝐹
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is a proper face of 𝐹—and a fortiori a face of P—such that

∅ ≠ 𝐹 \ 𝐹′ ⊆ {𝑥 ∈ R𝑑 : ⟨𝑥min, 𝑥 − 𝑥min⟩ > 0}.

We claim that 𝑥𝛿 ∉ 𝐹′ for all 𝛿 > 𝛿1. Indeed, for any 𝑥′ ∈ 𝐹′ it holds that

⟨𝑐, 𝑥′⟩ = ⟨𝑎, 𝑥′⟩ − ⟨𝑥min, 𝑥
′⟩ = 𝑏 − ⟨𝑥min, 𝑥

′⟩ = ⟨𝑐, 𝑥min⟩,

whereas for any 𝑥 ∈ 𝐹 \ 𝐹′, it holds that

⟨𝑐, 𝑥⟩ = 𝑏 − ⟨𝑥min, 𝑥⟩ = ⟨𝑐, 𝑥min⟩ − ⟨𝑥min, 𝑥 − 𝑥min⟩ < ⟨𝑐, 𝑥min⟩.

In summary, ⟨𝑐, 𝑥⟩ < ⟨𝑐, 𝑥′⟩ for all 𝑥 ∈ 𝐹 \ 𝐹′ and 𝑥′ ∈ 𝐹′. In view of 𝑥𝛿1 = 𝑥min ∈ 𝐹′, it

follows that 𝑥𝛿 ∉ 𝐹′ for all 𝛿 > 𝛿1 and in particular that P is not monotone for the cost 𝑐. □

3.4 Applications

3.4.1 Soft-Min

To begin with a straightforward example, let P = Δ be the unit simplex in Euclidean

space R𝑑 and 𝑐 = (𝑐1, . . . , 𝑐𝑑) ∈ R𝑑. Then

min
𝑥∈Δ

⟨𝑐, 𝑥⟩ = min
1≤𝑖≤𝑑

𝑐𝑖

corresponds to finding the minimum value of 𝑐. More specifically, 𝑥 = (𝑥1, . . . , 𝑥𝑑) is a

minimizer if and only if 𝑥 is supported in argmin 𝑐; i.e., spt 𝑥 = {𝑖 : 𝑥𝑖 ≠ 0} ⊆ argmin 𝑐.

When this linear program is regularized with the entropy of 𝑥, we obtain the usual soft-min

(counterpart of log-sum-exp) which gives large weights to the small values of 𝑐 but non-zero
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weights to all values. The quadratic regularization,

𝑥𝛿 = argmin
𝑥∈Δ: ∥𝑥∥≤𝛿

⟨𝑐, 𝑥⟩ or 𝑥𝜂 = argmin
𝑥∈Δ

⟨𝑐, 𝑥⟩ + 1

2𝜂
∥𝑥∥2, (3.12)

yields a sparse soft-min: as 𝛿 → 𝛿max (or as 𝜂 → ∞), the support of the solution tends to

argmin 𝑐. In this example, 𝛿min = 1√
𝑑

and 𝛿max = 1√
#argmin 𝑐

.

Corollary 3.4.1. The unit simplex Δ ⊆ R𝑑 is monotone for all 𝑑 ≥ 1; i.e., the support of the

soft-min 𝑥𝛿 (or 𝑥𝜂) defined in (3.12) decreases monotonically to argmin 𝑐 as 𝛿 ∈ [𝛿min, 𝛿max]

(or 𝜂 ≥ 0) increases.

Proof. We have extΔ = {𝑒1, . . . , 𝑒𝑑}, the canonical basis of R𝑑. Let 𝐹 ⊆ Δ be a face, then

there exist {𝑖1, . . . , 𝑖𝑘 } ⊆ {1, . . . , 𝑑} such that 𝐹 = conv(𝑒𝑖1 , . . . , 𝑒𝑖𝑘 ). Note that proj𝐹 (0) =∑𝑘
𝑗=1 𝜆 𝑗𝑒𝑖 𝑗 , where 𝜆 = (𝜆1, . . . , 𝜆𝑘 ) is the solution of

min
𝜆∈R𝑑



 𝑘∑︁
𝑗=1

𝜆 𝑗𝑒𝑖 𝑗



2 s.t.
𝑘∑︁
𝑗=1

𝜆 𝑗 = 1,

namely 𝜆 = (𝑘−1, . . . , 𝑘−1). In particular, proj𝐹 (0) = 𝑘−1
∑𝑘
𝑗=1 𝑒𝑖 𝑗 ∈ ri 𝐹. Now Theorem 3.3.2

applies. □

3.4.2 Optimal Transport

We recall the quadratically regularized optimal transport problem

inf
𝛾∈Γ(𝜇,𝜈)

∫
𝑐(𝑥, 𝑦)𝑑𝛾(𝑥, 𝑦) + 1

2𝜂





 𝑑𝛾

𝑑 (𝜇 ⊗ 𝜈)





2
𝐿2 (𝜇⊗𝜈)

, (QOT)

where Γ(𝜇, 𝜈) denotes the set of couplings of the probability measures (𝜇, 𝜈). We will be

concerned with the discrete case as introduced in [37, 36, 38]. See also [48, 49, 50] for more

general theory, [51, 52, 53] for asymptotic aspects, [54, 55, 56, 57, 58] for computational

approaches and [57, 59] for some recent applications.
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Fix 𝑁 ∈ N and two sets of distinct points, {𝑋1, . . . , 𝑋𝑁 } ⊆ R𝐷 and {𝑌1, . . . , 𝑌𝑁 } ⊆ R𝐷 .

Let 𝜇 = 1
𝑁

∑𝑁
𝑖=1 𝛿𝑋𝑖 and 𝜈 = 1

𝑁

∑𝑁
𝑖=1 𝛿𝑌𝑖 denote the associated empirical measures, and let

𝑐 : R𝐷 × R𝐷 → R be a (cost) function. We note that 𝜇 ⊗ 𝜈 = 1
𝑁2

∑𝑁
𝑖, 𝑗=1 𝛿(𝑋𝑖 ,𝑌 𝑗 ) while

𝑑𝛾/𝑑 (𝜇 ⊗ 𝜈) is simply the ratio of the probability mass functions. Any coupling 𝛾 ∈ Γ(𝜇, 𝜈)

can be identified with its matrix of probability weights

(𝛾𝑖, 𝑗 )𝑛𝑖, 𝑗=1 ∈ Γ𝑁 =

{
𝛾 ∈ R𝑁×𝑁 :

𝑁∑︁
𝑖=1

𝛾𝑖, 𝑗 =
1

𝑁
,

𝑁∑︁
𝑗=1

𝛾𝑖, 𝑗 =
1

𝑁
, 𝛾𝑖, 𝑗 ≥ 0

}
,

via 𝛾 =
∑𝑁
𝑖, 𝑗=1 𝛾𝑖, 𝑗𝛿(𝑋𝑖 ,𝑌 𝑗 ). Writing similarly 𝑐𝑖 𝑗 = 𝑐(𝑋𝑖, 𝑋 𝑗 ), (QOT) can be identified with the

problem

inf
𝛾∈Γ𝑁

⟨𝑐, 𝛾⟩ + 𝜀𝑁
2

∥𝛾∥2.

Clearly Γ𝑁 = 1
𝑁
Π𝑁 where

Π𝑁 =

{
𝜋 ∈ R𝑁×𝑁 :

𝑁∑︁
𝑖=1

𝜋𝑖, 𝑗 = 1,
𝑁∑︁
𝑗=1

𝜋𝑖, 𝑗 = 1, 𝜋𝑖, 𝑗 ≥ 0

}
,

denotes the Birkhoff polytope of doubly stochastic matrices; see, e.g., [60]. The monotonicity

(in the sense of Definition 3.3.1) of Π𝑁 is equivalent to that of Γ𝑁 .

The following result connects the measure-theoretic support spt 𝜋 = {(𝑖, 𝑗) : 𝜋𝑖 𝑗 > 0}

with the geometric notion discussed below Definition 3.3.1.

Lemma 3.4.2. Let 𝜋, 𝜋′ ∈ Π𝑁 . Denote by 𝐹 (𝜋) the unique face 𝐹 ⊆ Π𝑁 such that 𝜋 ∈ ri 𝐹.

For 𝜋, 𝜋′ ∈ Π𝑁 , the following are equivalent:

(i) spt 𝜋′ ⊆ spt 𝜋,

(ii) 𝐹 (𝜋′) ⊆ 𝐹 (𝜋),

(iii) if 𝜋 ∈ 𝐹 for some face 𝐹 ⊆ Π𝑁 , then 𝜋′ ∈ 𝐹.

Proof. The equivalence of (ii) and (iii) follows from the fact that 𝐹 (𝜋) is the smallest face

containing 𝜋 [42, Theorem 5.6]. The equivalence of (i) and (iii) is deferred to Lemma 3.4.8
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below. (The implication (ii) ⇒ (i) is straightforward, and holds for any polytope P of

measures.) □

As a consequence of Lemma 3.4.2, we have the following equivalence.

Corollary 3.4.3. Let 𝛾𝜂,𝑐 denote the solution of (QOT) for 𝑐 : R𝑁 ×R𝑁 → R. The Birkhoff

polytope is monotone if and only if the optimal support spt 𝛾𝜂,𝑐 is monotone decreasing in 𝜂

for all 𝑐.

Theorem 3.4.4. The Birkhoff polytope Π𝑁 is monotone for 1 ≤ 𝑁 ≤ 4 but not monotone

for 𝑁 ≥ 5. In particular, when 𝑁 ≥ 5, the optimal support 𝜂 ↦→ spt(𝛾𝜂,𝑐) is not monotone

for some costs 𝑐.

Example 3.4.5. We exhibit an example for 𝑁 = 5 where the support is not monotone.

(This is not easily achieved by brute-force numerical experiment). Our starting point is the

matrix 𝐴 in (3.14) below, which is used to describe a face where (H2) fails. Step 3 in the

proof of Theorem 3.3.2 then suggests to perturb −𝐴 in a suitable direction to find a cost 𝑐

exhibiting non-monotonicity. With some geometric considerations, this leads us to propose

the cost matrix

𝑐 =



−1.1 −1 −1 −1 −1

−1 −1.1 0 0 0

−1 0 −1.1 0 0

−1 0 0 −1.1 0

−1 0 0 0 −1.1


.

(If one prefers a nonnegative cost matrix, one can obtain that by adding 1.1 to all entries.

This translation does not change the solution 𝛾𝜂 to (QOT).) For 𝜂 = 2.5, or equivalently

regularization strength 1/(2𝜂) = 0.2, the corresponding problem (QOT) has an exact solution
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coupling 𝛾𝜂 with probability weights given by

(𝛾𝜂=2.5) =



0 0.05 0.05 0.05 0.05

0.05 0.15 0 0 0

0.05 0 0.15 0 0

0.05 0 0 0.15 0

0.05 0 0 0 0.15


.

(This can be verified by noticing that the stated coupling is induced by the dual potentials

𝑓 = 𝑔 = (−0.575,−0.175,−0.175,−0.175,−0.175); see for instance [50, Theorem 2.2 and

Remark 2.3].) We observe in particular that the location (𝑋1, 𝑌1) is not in the support. On

the other hand, because the diagonal of 𝑐 features the smallest costs, the solution 𝛾∞ of the

unregularized transport problem is to put all mass on the diagonal; i.e., to transport all mass

from 𝑋𝑖 to 𝑌𝑖 for each 𝑖. Because of the stationary convergence mentioned in Lemma 3.2.3,

that is also the solution of the regularized problem for large enough value of 𝜂 (e.g., 𝜂 = 100

will do):

(𝛾𝜂=100) = (𝛾∞) =



0.2 0 0 0 0

0 0.2 0 0 0

0 0 0.2 0 0

0 0 0 0.2 0

0 0 0 0 0.2


.

In particular, (𝑋1, 𝑌1) is part of the support for large 𝜂, completing the example. Figure 3.2

shows in more detail the weight at (𝑋1, 𝑌1) as a function of (the inverse of) 𝜂.

Remark 3.4.6. The early work of [38] considered a minimum-cost flow problem with

quadratic regularization that predates the optimal transport literature for this regularization.

The authors point out that the solution can have non-monotone support already in the mini-

mal setting of 2×2 points [38, Figure 1]. Similarly, it is not hard to obtain non-monotonicity
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Figure 3.2: Probability mass 𝛾𝜂 (𝑋1, 𝑌1) plotted against 1/(2𝜂), showing that (𝑋1, 𝑌1) is in
the support for small and large values of 𝜂 but outside for an intermediate interval.

if instead of 𝜇 ⊗ 𝜈 we use a different measure to define the 𝐿2-norm in (QOT), similarly

as in [50, Example A.1]. In those examples, the mechanism causing non-monotonicity is

straightforward and quite different than in the present work, where non-monotonicity arises

only in higher dimensions.

3.4.3 Proof of Lemma 3.4.2 and Theorem 3.4.4

The celebrated Birkhoff’s theorem [61] (or, e.g., [62, p. 30]) states that the vertices extΠ𝑁

are the permutation matrices of {1, . . . , 𝑁}; that is, the elements of Π𝑁 with binary entries.

Following [63], the faces of Π𝑁 can be described using the so-called permanent function. If 𝐴

is a binary 𝑁 ×𝑁 matrix, its permanent per(𝐴) ∈ N is defined as the number of permutation

matrices 𝑃 with 𝑃 ≤ 𝐴 (meaning that 𝑃𝑖, 𝑗 ≤ 𝐴𝑖, 𝑗 for all 𝑖, 𝑗). Denoting by conv(·) the convex

hull, the following characterization is contained in [63, Theorem 2.1].

Lemma 3.4.7. Let 𝑡 ∈ N and 𝑃(1) , . . . , 𝑃(𝑡) ∈ ext(Π𝑁 ). Let 𝐴 = (𝐴𝑖, 𝑗 )𝑁𝑖, 𝑗=1 be the matrix

such that 𝐴𝑖, 𝑗 = 1 if there exists 𝑠 ∈ {1, . . . , 𝑡} with 𝑃
(𝑠)
𝑖, 𝑗

= 1 and 𝐴𝑖, 𝑗 = 0 otherwise. Then

conv({𝑃(1) , . . . , 𝑃(𝑡)}) is a face of Π𝑁 if and only if per(𝐴) = 𝑡.

We use Lemma 3.4.7 to relate faces with the distribution of zeros.

Lemma 3.4.8. Let 𝜋, 𝜋′ ∈ Π𝑁 . The following are equivalent:

(i) there exists (𝑖, 𝑗) such that 𝜋𝑖, 𝑗 = 0 and 𝜋′
𝑖, 𝑗
> 0;
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(ii) there exists a face 𝐹 of Π𝑁 such that 𝜋 ∈ 𝐹 and 𝜋′ ∉ 𝐹.

Proof. (i) ⇒ (ii): Let (𝑖, 𝑗) be such that 𝜋𝑖, 𝑗 = 0 and 𝜋′
𝑖, 𝑗

> 0. Assume w.l.o.g. that

(𝑖, 𝑗) = (1, 1). Then 𝜋 belongs to the set

𝐹 = {𝜋 ∈ Π𝑁 : ⟨𝜋, 𝐴⟩ = 𝑁},

where 𝐴 is the matrix

𝐴 =

©­­­­­­­­­­­­«

0 1 1 · · · 1

1 1 1 · · · 1

1 1 1 · · · 1

...
...
...
. . .

...

1 1 1 · · · 1

ª®®®®®®®®®®®®¬
.

As Π𝑁 ⊆ {𝜋 ∈ Π𝑁 : ⟨𝜋, 𝐴⟩ ≤ 𝑁}, we see that 𝐹 is a face. Clearly 𝜋′ does not belong to 𝐹,

proving the claim.

(ii) ⇒ (i): Let 𝑃(1) , . . . , 𝑃(𝑡) ∈ extΠ𝑁 be such that 𝐹 = conv({𝑃(1) , . . . , 𝑃(𝑡)}) and let

𝐴 = (𝐴𝑖, 𝑗 )𝑁𝑖, 𝑗=1 be the matrix such that 𝐴𝑖, 𝑗 = 1 if there exists 𝑠 ∈ {1, . . . , 𝑡} such that 𝑃(𝑠)
𝑖, 𝑗

= 1

and 𝐴𝑖, 𝑗 = 0 otherwise. We have per(𝐴) = 𝑡 by Lemma 3.4.7. As an element of Π𝑁 , 𝜋′ can

be written as a convex combination of permutation matrices, i.e.,

𝜋′ =
∑︁

𝑃∈ext(Π𝑁 )
𝜆𝑃𝑃, with 𝜆𝑃 ∈ [0, 1] and

∑︁
𝑃∈ext(Π𝑁 )

𝜆𝑃 = 1.

As 𝜋′ ∉ 𝐹, there exists 𝑃 ∈ ext(Π𝑁 ) \ {𝑃(1) , . . . , 𝑃(𝑡)} with 𝜆𝑃 > 0. Using the fact that

per(𝐴) = 𝑡, we derive the existence of (𝑖, 𝑗) such that 𝑃𝑖, 𝑗 = 1 but 𝐴𝑖, 𝑗 = 0. In particular,

𝜋′
𝑖, 𝑗

≥ 𝜆𝑃 > 0 but 𝜋𝑖, 𝑗 = 0, proving the claim. □
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Lemma 3.4.9. Let 𝑁 ≥ 1. Define the permutation matrices 𝑃𝑘 ∈ R𝑁×𝑁 , 1 ≤ 𝑘 ≤ 𝑁 by

𝑃𝑘𝑖, 𝑗 =



1 if 𝑖 = 1 and 𝑗 = 𝑘,

1 if 𝑖 = 𝑘 and 𝑗 = 1,

1 if 1 ≠ 𝑖 = 𝑗 ≠ 𝑘,

0 otherwise.

That is, 𝑃𝑘 permutes the first with the 𝑘-th element. Then 𝐹 := conv(𝑃1, . . . , 𝑃𝑁 ) is a face

of Π𝑁 and

projaff 𝐹 (0) =
𝑁∑︁
𝑖=1

𝜆𝑘𝑃
𝑘 for 𝜆1 =

4 − 𝑁
𝑁 + 2

, 𝜆2 = · · · = 𝜆𝑁 =
2

𝑁 + 2
. (3.13)

As a consequence,

projaff 𝐹 (0) ∈



ri 𝐹, if 𝑁 = 1, 2, 3,

rbd 𝐹, if 𝑁 = 4,

R𝑁×𝑁 \ 𝐹 if 𝑁 ≥ 5,

and in particular (H2) is violated for 𝑁 ≥ 5.

Proof. Define 𝐴 ∈ R𝑁×𝑁 by

𝐴𝑖, 𝑗 =



1 if 𝑖 = 𝑗 ,

1 if 𝑖 = 1 or 𝑗 = 1,

0 otherwise,

(3.14)

so that 𝐴 is the entry-wise maximum 𝐴 = max(𝑃1, . . . , 𝑃𝑁 ). One readily verifies that

per(𝐴) = 𝑁. Hence by Lemma 3.4.7, 𝐹 := conv(𝑃1, . . . , 𝑃𝑁 ) is a face of Π𝑁 . To deter-
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mine projaff 𝐹 (0), we consider the minimization problem

min
𝜆=(𝜆1,...,𝜆𝑁 )∈R𝑁



 𝑁∑︁
𝑖=1

𝜆𝑖𝑃
𝑖


2 s.t.

𝑁∑︁
𝑖=1

𝜆𝑖 = 1,

where ∥ · ∥ denotes the Frobenius norm. The Lagrangian for this problem is

𝐿 (𝜆, 𝜌) = 𝜆21 + 2
𝑁∑︁
𝑗=2

𝜆2𝑗 +
𝑁∑︁
𝑗=2

(∑︁
𝑘≠ 𝑗

𝜆𝑘

)2
+ 𝜌

(
1 −

𝑁∑︁
𝑗=1

𝜆 𝑗

)
.

Here the first three terms arise from the objective: the first is the value
( ∑𝑁

𝑖=1 𝜆𝑖𝑃
𝑖
)
1,1, the

second is the sum of all remaining terms in the first row and column, and the third is the sum

of the remaining terms in the diagonal. Finally, the fourth term arises from the constraint.

The resulting optimality equations are

𝜌 = 2𝑁𝜆1 + 2(𝑁 − 2)
𝑁∑︁
𝑗=2

𝜆 𝑗 ,

𝑁∑︁
𝑗=1

𝜆 𝑗 = 1,

𝜌 = 2𝑁𝜆𝑖 + 2(𝑁 − 2)𝜆1 + 2(𝑁 − 3)
𝑁∑︁
𝑗=2
𝑗≠𝑖

𝜆 𝑗 for 2 ≤ 𝑖 ≤ 𝑁.

By symmetry, the unique optimal 𝜆 satisfies 𝜆𝑖 = 𝜆 𝑗 =: 𝜆0 for all 𝑖, 𝑗 ≥ 2, so that

2𝑁𝜆0 + 2(𝑁 − 2)𝜆1 + 2(𝑁 − 2) (𝑁 − 3)𝜆0 = 2𝑁𝜆1 + 2(𝑁 − 1) (𝑁 − 2)𝜆0,

𝜆1 + (𝑁 − 1)𝜆0 = 1,

and finally

𝜆1 = 𝜆0
(4 − 𝑁)

2
, 𝜆1 + (𝑁 − 1)𝜆0 = 1.

Solving for 𝜆1 and 𝜆0 yields (3.13). Note that 𝜆0 > 0 for any 𝑁 whereas 𝜆1 > 0 for

𝑁 ∈ {1, 2, 3}, 𝜆1 = 0 for 𝑁 = 4 and 𝜆1 < 0 for 𝑁 ≥ 5, implying the last claim. □
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The matrix 𝐴 of (3.14) is inspired by the 4 × 4 matrix in [64, Example 1.5] where the

authors are interested in a different problem (and, in turn, credit [65]).6 For the present ques-

tion of monotonicity, this matrix yields a counterexample only for 𝑁 ≥ 5. As an aside, the

subsequent proof that for 𝑁 = 4, the face 𝐹 considered in Lemma 3.4.9 is (up to symmetries)

the only face where projaff 𝐹 (0) ∈ rbd 𝐹, whereas all other faces 𝐹′ satisfy projaff 𝐹′ (0) ∈ ri 𝐹′.

Lemma 3.4.10. Let 1 ≤ 𝑁 ≤ 4. Then Π𝑁 is monotone.

Proof. We verify (H1) and (H2). Note that projΠ𝑁
(0) is the matrix with all entries equal to

1/𝑁 (corresponding to the product measure). This matrix is clearly in the relative interior

of Π𝑁 , showing (H1). The property (H2) is trivial for 𝑁 = 1, 2. For 𝑁 = 3 and 𝑁 = 4, we

give a computer-assisted proof in the interest of brevity.78 Specifically, we generate all 𝑁 ×𝑁

permutation matrices and determine all families {𝑃1, . . . , 𝑃𝑚} of permutation matrices that

form the vertices of a nonempty face 𝐹 by using the permanent function as in Lemma 3.4.7.

There are 49 nonempty faces for 𝑁 = 3 and 7443 for 𝑁 = 4. For each face 𝐹, we can

numerically compute projaff 𝐹 (0) or more specifically scalar coefficients (𝜆𝑘 )1≤𝑘≤𝑚 such that

projaff 𝐹 (0) =
∑
𝑘 𝜆𝑘𝑃𝑘 and

∑
𝑘 𝜆𝑘 ≤ 1. The coefficients 𝜆𝑘 are non-unique for some faces; in

that case, we choose positive weights if possible. Note that as 𝑃𝑘 are binary matrices and

𝑁 ≤ 4, the computation can be done with accuracy close to machine precision. It turns

out that for 𝑁 = 3, all coefficients satisfy 𝜆𝑘 > 0.01 (much larger than machine precision),

establishing that projaff 𝐹 (0) ∈ ri 𝐹 and in particular (H2). For 𝑁 = 4, most faces have

coefficients 𝜆𝑘 > 0.01, whereas for 96 faces, one coefficient is numerically close to zero,

hence requiring an analytic argument. We verify that all those 96 faces are equivalent up

to permutations of rows and columns, corresponding to a relabeling of the points 𝑋𝑖 and 𝑌 𝑗 .

Specifically, they are all equivalent to the particular face analyzed in Lemma 3.4.9, where

we have seen that projaff 𝐹 (0) ∈ 𝐹 for 𝑁 ≤ 4 (and in fact projaff 𝐹 (0) ∈ rbd 𝐹 for 𝑁 = 4). We
6In [64], the conclusion is that “not every zero pattern of a fully indecomposable (0, 1)-matrix is realizable

as the zero pattern of a doubly stochastic matrix whose diagonal sums avoiding the 0’s are constant.”
7An analytic proof is also available, but requires us to go through 52 different cases for 𝑁 = 4.
8The cases 𝑁 ≤ 3 can also be obtained as a corollary of the case 𝑁 = 4. One can check directly that if the

Birkhoff polytope Π𝑁 is (not) monotone for some 𝑁 ∈ N, then Π𝑁 ′ is also (not) monotone for all 𝑁 ′ ≤ (≥)𝑁.
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conclude that (H2) holds for all faces 𝐹 when 𝑁 = 4, completing the proof. □

Proof of Theorem 3.4.4. In view of Theorem 3.3.2, the last statement of Lemma 3.4.9 implies

that Π𝑁 is not monotone for 𝑁 ≥ 5, whereas we have seen in Lemma 3.4.10 that Π𝑁 is

monotone for 1 ≤ 𝑁 ≤ 4. □

3.5 On a Problem of Erdős

Let 𝐴 = (𝑎𝑖 𝑗 ) be an 𝑁 × 𝑁 matrix. Then its maximal trace is defined as

max tr 𝐴 := max
𝜎

𝑁∑︁
𝑖=1

𝑎𝑖,𝜎(𝑖) ,

where 𝜎 ranges over all permutations of {1, . . . , 𝑁}. When 𝐴 ∈ Π𝑁 (i.e., 𝐴 is doubly

stochastic) a result of the early paper [66] states that

∥𝐴∥2 ≤ max tr 𝐴, (3.15)

where ∥𝐴∥2 = ∑
𝑖, 𝑗 𝑎

2
𝑖 𝑗

is the squared Frobenius norm. For a simple proof of (3.15), note that

the maximal trace can be expressed as

max tr 𝐴 = max
𝑃∈extΠ𝑁

⟨𝑃, 𝐴⟩ (3.16)

where 𝑃 ranges over the set extΠ𝑁 of all 𝑁 × 𝑁 permutation matrices (Birkhoff’s theorem)

and the inner product is the Frobenius one, ⟨𝐵, 𝐴⟩ = ∑
𝑖, 𝑗 𝑏𝑖 𝑗𝑎𝑖 𝑗 for 𝐴 = (𝑎𝑖 𝑗 ) and 𝐵 = (𝑏𝑖 𝑗 ).

Consider the linear optimization problem max𝐵∈Π𝑁
⟨𝐵, 𝐴⟩. Its maximum must be attained at

an extreme point. On the other hand, 𝐴 ∈ Π𝑁 , hence

∥𝐴∥2 = ⟨𝐴, 𝐴⟩ ≤ max
𝐵∈Π𝑁

⟨𝐵, 𝐴⟩ = max
𝑃∈extΠ𝑁

⟨𝑃, 𝐴⟩ = max tr 𝐴,

proving (3.15). Erdős posed the following problem; see also [41] for further background.
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Question 3.5.1 (Erdős). For which doubly stochastic matrices 𝐴 is inequality (3.15) satu-

rated?

In formulas, the problem is to describe the set {𝐴 ∈ Π𝑁 : ∥𝐴∥2 = max tr 𝐴}. To simplify

the discussion, let us introduce the following terminology.

Definition 3.5.2. We call 𝐴 ∈ R𝑁×𝑁 an Erdős matrix if it is doubly stochastic (i.e., 𝐴 ∈ Π𝑁)

and ∥𝐴∥2 = max tr 𝐴.

Definition 3.5.3. Let 𝐹 be a face of Π𝑁 . We say that 𝐹 is centered if projaff 𝐹 (0) ∈ 𝐹.

In this terminology, Theorem 3.3.2 states that Π𝑁 is monotone if and only if every face

of Π𝑁 is centered. The following theorem shows that Erdős matrices can be parametrized by

the centered faces of Π𝑁 ; in particular, we provide a geometric answer to Erdős’ question.

As a reminder, for 𝑁 ≤ 4, all faces of Π𝑁 are centered, whereas for 𝑁 ≥ 5, not all faces are

centered (see Theorem 3.4.4).

Theorem 3.5.4. For 𝐴 ∈ R𝑁×𝑁 , the following are equivalent:

(i) 𝐴 is an Erdős matrix,

(ii) 𝐴 = projaff 𝐹 (0) for some centered face 𝐹 of Π𝑁 , and 𝐴 ≠ proj𝐹′ (0) for any non-centered

face 𝐹′ containing 𝐹.

Proof. (𝑖) ⇒ (𝑖𝑖): Let 𝐴 be an Erdős matrix and {𝑃1, . . . , 𝑃𝑘 } = argmax𝑃∈extΠ𝑁
⟨𝑃, 𝐴⟩. Then

we have ⟨𝐴, 𝐴⟩ = ⟨𝑃𝑖, 𝐴⟩ for 𝑖 = 1, . . . , 𝑘 and ⟨𝐴, 𝐴⟩ > ⟨𝑃, 𝐴⟩ for all 𝑃 ∈ extΠ𝑁 \ {𝑃1, . . . , 𝑃𝑘 }.

Hence,

𝐹 := conv(𝑃1, . . . , 𝑃𝑘 ) = argmax
𝑃∈Π𝑁

⟨𝑃, 𝐴⟩ ,

is a face containing 𝐴. As ⟨𝐴, 𝐴⟩ = ⟨𝑃𝑖, 𝐴⟩ for 𝑖 = 1, . . . , 𝑘, we deduce 𝐴 = projaff 𝐹 (0); cf.

Lemma 3.2.2. Recalling that 𝐴 is doubly stochastic, this implies 𝐴 ∈ (aff 𝐹) ∩ Π𝑁 = 𝐹, and

hence that 𝐹 is centered.
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To see the second part of (ii), suppose that 𝐴 = proj𝐹′ (0) for some face 𝐹′. When 𝐹′

is not centered, it follows that 𝐴 ≠ projaff 𝐹′ (0). By Lemma 3.2.2, the combination of both

facts implies that

0 < ⟨𝐴, 𝑃 − 𝐴⟩ = ⟨𝐴, 𝑃⟩ − ∥𝐴∥2 ,

for some 𝑃 ∈ ext 𝐹′, contradicting that 𝐴 is Erdős. (We did not use the condition that 𝐹′ ⊃ 𝐹.

Thus, the theorem remains true if in (ii) we require 𝐴 ≠ proj𝐹′ (0) for all non-centered faces

𝐹′ of Π𝑁 , and not just the ones containing 𝐹.)

(𝑖𝑖) ⇒ (𝑖): Assume that 𝐴 = projaff 𝐹 (0) for some centered face 𝐹 of Π𝑁 , hence also

𝐴 ∈ 𝐹, and assume that 𝐴 is not Erdős. We shall construct a face 𝐹′ ⊃ 𝐹 with 𝐴 = proj𝐹′ (0)

that is not centered. Indeed, 𝐴 = projaff 𝐹 (0) implies in particular that

𝐹 ⊆ {𝜋 ∈ Π𝑁 : ⟨𝐴, 𝜋 − 𝐴⟩ = 0}. (3.17)

We claim that there exists a face 𝐹′ of Π𝑁 such that 𝐹 ⊆ 𝐹′,

𝐹′ ⊆ {𝜋 ∈ Π𝑁 : ⟨𝐴, 𝜋 − 𝐴⟩ ≥ 0} and {𝜋 ∈ Π𝑁 : ⟨𝐴, 𝜋 − 𝐴⟩ > 0} ∩ 𝐹′ ≠ ∅. (3.18)

This claim will complete the proof: Indeed, as 𝐴 ∈ 𝐹 ⊆ 𝐹′, the first part of (3.18) implies

that 𝐴 = proj𝐹′ (0). If 𝐹′ were centered, this would yield 𝐴 = projaff 𝐹′ (0), contradicting the

second part of (3.18).

It remains to prove the claim. Let {𝜋 : ⟨𝐵, 𝜋 − 𝐴⟩ = 0} be a supporting hyperplane such

that

Π𝑁 ⊆ {𝜋 : ⟨𝐵, 𝜋 − 𝐴⟩ ≤ 0} and Π𝑁 ∩ {𝜋 : ⟨𝐵, 𝜋 − 𝐴⟩ = 0} = 𝐹. (3.19)

We define

𝐻𝛼 = {𝜋 : ⟨𝛼𝐵 + (1 − 𝛼)𝐴, 𝜋 − 𝐴⟩ ≤ 0}, 𝛼 ∈ [0, 1] ,
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and the function

[0, 1] ∋ 𝛼 ↦→ Φ(𝛼) :=


1 if Π𝑁 ⊆ 𝐻𝛼,

0 otherwise.

Let 𝜋 ∈ Π𝑁 . As ⟨𝐵, 𝜋 − 𝐴⟩ ≤ 0, there are two cases: if ⟨𝐴, 𝜋 − 𝐴⟩ ≤ 0, then 𝜋 ∈ 𝐻𝛼 for all

𝛼 ∈ [0, 1], whereas if ⟨𝐴, 𝜋 − 𝐴⟩ > 0, then 𝛼 ↦→ ⟨𝛼𝐵 + (1 − 𝛼)𝐴, 𝜋 − 𝐴⟩ is nonincreasing. It

follows that 𝛼 ↦→ 𝐻𝛼∩Π𝑁 is nondecreasing (for inclusion) and hence that Φ is nondecreasing.

Notice also that Φ is right-continuous (by continuity of the inner product) with Φ(1) = 1,

and that

{𝜋 ∈ Π𝑁 : ⟨𝐴, 𝜋 − 𝐴⟩ ≤ 0} ⊆ 𝐻𝛼 for all 𝛼 ∈ [0, 1] . (3.20)

In view of (3.17) and (3.19), the latter implies that

𝐹 ⊆ (rbd𝐻𝛼) ∩ Π𝑁 ⊆ {𝜋 ∈ Π𝑁 : ⟨𝐴, 𝜋 − 𝐴⟩ ≥ 0} for all 𝛼 ∈ [0, 1] . (3.21)

Define

𝛼∗ := min{𝛼 ∈ [0, 1] : Φ(𝛼) = 1} and 𝐹′ := (rbd𝐻𝛼∗) ∩ Π𝑁 ,

where the minimum is attained thanks to right-continuity and Φ(1) = 1. The fact that

Φ(𝛼∗) = 1 yields that 𝐹′ is a face of Π𝑁 . Moreover, (3.21) for 𝛼 = 𝛼∗ shows 𝐹 ⊆ 𝐹′ and the

first part of (3.18).

It remains to show the second part of (3.18). Suppose for contradiction that it fails, then

by (3.20) we have 𝐹′ ⊆ 𝐻𝛼 for all 𝛼 ∈ [0, 1]. Thus

𝐹′ := (rbd𝐻𝛼∗) ∩ Π𝑁 ⊆ 𝐻𝛼 ∩ Π𝑁 for all 𝛼 ∈ [0, 1] .

On the other hand, the definition of 𝛼∗ implies 9

9Specifically, let 𝑆′ ⊆ extΠ𝑁 be the set of extreme points of Π𝑁 that are contained in 𝐹′, or equivalently
are contained in rbd𝐻𝛼∗ . Note that all of extΠ𝑁 is contained in 𝐻𝛼∗ as Φ(𝛼∗) = 1. As extΠ𝑁 is a finite set
and 𝛼 ↦→ 𝐻𝛼 is continuous, there exists 𝜖 > 0 such that (extΠ𝑁 \𝑆′) ⊆ 𝐻𝛼∩Π𝑁 for all 𝛼 ∈ (𝛼∗−𝜖, 𝛼∗) ∩ [0, 1].
We choose such an 𝜖 . If 𝛼 ∈ (𝛼∗ − 𝜖, 𝛼∗) ∩ [0, 1], then as Φ(𝛼) = 0, we know that extΠ𝑁 ⊈ 𝐻𝛼, and it follows
that 𝑆′ ⊈ 𝐻𝛼; i.e., 𝐹′ ⊈ 𝐻𝛼.
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(rbd𝐻𝛼∗) ∩ Π𝑁 ⊈ 𝐻𝛼 ∩ Π𝑁 for all 𝛼 ∈ (𝛼∗ − 𝜖, 𝛼∗) ∩ [0, 1] ,

for some 𝜖 > 0. The two displays form a contradiction unless 𝛼∗ = 0. Hence Φ(0) = 1; that

is, Π𝑁 ⊆ 𝐻0. The latter means that ⟨𝐴, 𝜋 − 𝐴⟩ ≤ 0 for all 𝜋 ∈ Π𝑁 , which in turn implies

that 𝐴 is Erdős. This contradiction completes the proof. □

As a consequence of Lemma 3.4.10, we deduce the following simpler statement for 𝑁 ≤ 4.

Corollary 3.5.5. For 𝐴 ∈ R𝑁×𝑁 and 𝑁 ≤ 4, the following are equivalent:

(i) 𝐴 is an Erdős matrix,

(ii) 𝐴 = projaff 𝐹 (0) for some face 𝐹 of Π𝑁 .

Arguably Theorem 3.5.4 is a only a partial answer to Erdős’ question, as it is not straight-

forward to list all centered faces of Π𝑁 when 𝑁 is large. To illustrate how Theorem 3.5.4 can

be useful, we use this geometric point of view to answer a question recently posed in [41,

Question 7.2]: Do all Erdős matrices have rational entries? (The main contribution of [41] is

to list explicitly all 3 × 3 Erdős matrices, and it is observed that they have rational entries.

Of course this list can also be recovered using our description.) Theorem 3.5.4 allows us to

answer this affirmatively in a general and elegant way.

Corollary 3.5.6. Erdős matrices have rational entries.

Proof. Let 𝐴 be an Erdős matrix. By Theorem 3.5.4, 𝐴 = projaff 𝐹 (0) for some face 𝐹 of Π𝑁 .

Let 𝑃1, . . . , 𝑃𝑘 be the vertices of 𝐹 and note that

𝐴 = projaff 𝐹 (0) = projaff{0,𝑃2−𝑃1,...,𝑃𝑘−𝑃1} (−𝑃1) = projlin{𝑃2−𝑃1,...,𝑃𝑘−𝑃1} (−𝑃1),

the projection of −𝑃1 onto the linear span of 𝑃2 − 𝑃1, . . . , 𝑃𝑘 − 𝑃1. Eliminating some of the

latter matrices if necessary, we may assume that they are linearly independent. If we see
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𝑁 × 𝑁 matrices as vectors of length 𝑁2 by stacking their columns, the projection admits the

following formula, well known as the solution of the least squares linear regression problem:

𝐴 = (𝑋⊤𝑋)−1𝑋⊤(−𝑃1), (3.22)

where 𝑋 is the 𝑁2 × (𝑘 − 1) matrix with columns 𝑃2 − 𝑃1, . . . , 𝑃𝑘 − 𝑃1. Because 𝑃𝑖 are

permutation matrices, 𝑋 has integer entries and it follows that (𝑋⊤𝑋)−1 has rational entries

(as can be seen from Cramer’s rule for computing the inverse). It is now apparent from (3.22)

that 𝐴 also has rational entries. □
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Chapter 4: Linear Convergence of Gradient Ascent

for Quadratically Regularized Optimal Transport

Optimal transport has become ubiquitous in many areas where distributions or data

sets need to be compared, such as statistics, machine learning and image processing. Given

compactly supported probability distributions 𝑃 and 𝑄 on R𝑑, the optimal transport problem

with quadratic cost is

OT(𝑃,𝑄) = inf
𝜋∈Π(𝑃,𝑄)

∫
1

2
∥𝑥 − 𝑦∥2𝑑𝜋(𝑥, 𝑦), (4.1)

where Π(𝑃,𝑄) denotes the set of couplings; that is, probability distributions on R𝑑×R𝑑 with

marginals (𝑃,𝑄). The optimal value OT(𝑃,𝑄) defines the Wasserstein distance between 𝑃

and 𝑄 and hence is the target of numerous computational approaches (see [35] for a recent

monograph). Following [34], entropic regularization and the corresponding Sinkhorn algo-

rithm are likely the most popular as of now. The entropically regularized optimal transport

problem is

EOT𝜀 (𝑃,𝑄) = inf
𝜋∈Π(𝑃,𝑄)

∫
1

2
∥𝑥 − 𝑦∥2𝑑𝜋(𝑥, 𝑦) + 𝜀KL

(
𝜋 |𝑃 ⊗ 𝑄

)
, (4.2)

where 𝜀 > 0 is a parameter determining the strength of regularization and KL(𝜋 |𝑃 ⊗ 𝑄) is

the Kullback–Leibler divergence between 𝜋 and the product 𝑃 ⊗𝑄. Sinkhorn’s iteration can

be described as the coordinate-ascent algorithm for the dual problem of (4.2) which seeks a

pair of functions 𝑓 , 𝑔 : R𝑑 → R maximizing

∫
𝑓 (𝑥) + 𝑔(𝑦) − 𝜀𝑒

𝑓 (𝑥 )+𝑔 (𝑦)− 1
2 ∥𝑥−𝑦 ∥2

𝜀 𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦). (4.3)
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Thanks to the algebraic properties of the exponential function in (4.3), the coordinate-wise

maximization (i.e., optimizing separately 𝑓 or 𝑔) has a closed-form solution, leading to the

iteration

𝑔𝑛 (𝑦) = −𝜀 log
(∫

𝑒
𝑓𝑛−1 (𝑥 )− 1

2 ∥𝑥−𝑦 ∥2

𝜀 𝑑𝑃(𝑥)
)
, 𝑓𝑛 (𝑥) = −𝜀 log

(∫
𝑒

𝑔𝑛 (𝑦)− 1
2 ∥𝑥−𝑦 ∥2

𝜀 𝑑𝑄(𝑦)
)
. (4.4)

The exponential also entails that the dual objective (4.3) is strongly concave (when restricted

to uniformly bounded 𝑓 (𝑥)+𝑔(𝑦)). This implies (see [67]) that the iteration converges linearly

to the maximizer of (4.3), which in turn approximates the dual solution of the optimal

transport problem (4.1) in the limit 𝜀 → 0 of vanishing regularization. Several other proofs

of linear convergence are known, starting with [68] for the discrete case, and a recent body of

literature analyzes the corresponding constants in detail (see [69] and the references therein).

While Sinkhorn’s algorithm has been very successful in many applications, it has lim-

itations. Using KL divergence entails that the optimal coupling of (4.2) always has full

support (equal to the support of 𝑃 ⊗ 𝑄). This is known as overspreading in applications, as

the true optimal transport for (4.1) is typically sparse (even given by a deterministic map).

For example, overspreading can correspond to blurring in an image processing task [37] or

bias in a manifold learning task [59]. Separately, a computational limitation is faced when

small regularization parameters 𝜀 are desired to closely approximate (4.1): since exponen-

tially large and small values occur in (4.4), the algorithm tends to become unstable for small

values of 𝜀, an issue that can be mitigated only to some extent [70]. See also [71], where a

Dijkstra-type search algorithm is proposed as a replacement.

Starting with [37, 38, 72], an alternate approach is to regularize with a different diver-

gence. The most tractable choice is the 𝜒2 divergence, or equivalently, penalization by the

squared 𝐿2 norm of the density, leading to the quadratically regularized optimal transport
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problem,

QOT𝜀 (𝑃,𝑄) = inf
𝜋∈Π(𝑃,𝑄)

∫
1

2
∥𝑥 − 𝑦∥2𝑑𝜋(𝑥, 𝑦) + 𝜀

2





 𝑑𝜋

𝑑 (𝑃 ⊗ 𝑄)





2
𝐿2 (𝑃⊗𝑄)

. (4.5)

It is known that QOT𝜀 (𝑃,𝑄) approximates the unregularized optimal transport cost OT(𝑃,𝑄)

at rate 𝜀2/(𝑑+2) as 𝜀 → 0 (see [52], and [53] for the leading constant). In contrast to entropic

regularization, the optimal coupling 𝜋∗ of (4.5) has sparse support for small 𝜀; this has been

observed empirically since the initial works (e.g., [37, 38, 49, 51]) and established theoreti-

cally more recently in [73, 74]. See Figure 4.1 for an illustration.

Figure 4.1: Transporting 𝑃 = 𝑁 (0, 1) to 𝑄 = 𝑁 (1, 1); the measures are truncated to [−3, 3]
and [−2, 4], respectively. Left: Dual solutions of QOT𝜀 and OT. Right: Supports of the
optimal couplings are sparse and converge to the optimal transport map.

A number of computational approaches have been considered, mostly targeting the dual

problem of (4.5),

sup
𝑓 ,𝑔:R𝑑→R

∫
𝑓 (𝑥) + 𝑔(𝑦) − 1

2𝜀

(
𝑓 (𝑥) + 𝑔(𝑦) − 1

2
∥𝑥 − 𝑦∥2

)2
+
𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦) , (4.6)

or its first-order conditions of optimality,


𝜀 =

∫ (
𝑓 (𝑥) + 𝑔(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2
)
+
𝑑𝑃(𝑥),

𝜀 =

∫ (
𝑓 (𝑥) + 𝑔(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2
)
+
𝑑𝑄(𝑦).

(4.7)

77



Here (𝑡)+ := max{𝑡, 0} denotes the positive part function; it appears as a consequence of

the constraint that couplings are nonnegative measures. In the realm of discrete marginals,

[72] proposed a mirror gradient method while [38] used a Newton-type algorithm to solve a

minimum-cost flow problem on a graph. In [37], the authors leveraged a generic L-BFGS

solver and also introduced an alternating minimization scheme. A similar Gauss–Seidel

method was suggested in [49]; the idea is to alternately solve the equations in (4.7). While

Sinkhorn’s algorithm implements the analogous iteration for entropic regularization, the

equations in (4.7) cannot be solved in closed form. To implement this implicit method,

[49] explored both direct search strategies and a semi-smooth Newton method. These ap-

proaches were further examined in [75] where the authors noted good empirical convergence

but a high computational cost per iteration in large-scale settings. To mitigate this, they

proposed several alternative methods, including cyclic projections, dual gradient ascent, and

its accelerated variant.

While no theoretical analysis is given, their numerical experiments suggest that all three

approaches are efficient and consistent. (Note that the numerical methods and experiments

can be found in the preprint [75]; they are omitted in the journal version [48].) In the

continuous setting, several works including [54, 55, 56, 57, 58] apply neural networks to

the dual problem. For instance, [57] uses neural networks and gradient descent to compute

regularized Wasserstein barycenters.

Numerous algorithms have been used successfully, however, we are not aware of any

convergence rates in the literature. Note that rates are not obvious given the lack of strong

concavity in (4.6)—while the early work of [72] mentions examining linear convergence as

an “important avenue for future work,” not much progress has been made in that direction

until the present work. More generally, conventional wisdom is that quadratically regularized

optimal transport “works” in practice but is difficult to analyze theoretically. This chapter

provides not only a convergence analysis, but also develops techniques that will be useful in

other theoretical studies on regularized optimal transport (for example, see Chapter 5).
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Specifically, we consider the gradient ascent algorithm for the dual problem (4.6). With

Γ( 𝑓 , 𝑔) denoting the objective function in (4.6), the gradient ascent in 𝐿2(𝑃) × 𝐿2(𝑄) with

step size 𝜂 > 0 is ©­­«
𝑓𝑛+1

𝑔𝑛+1

ª®®¬ =
©­­«
𝑓𝑛

𝑔𝑛

ª®®¬ + 𝜂 · DΓ
©­­«
𝑓𝑛

𝑔𝑛

ª®®¬ , (4.8)

for 𝑛 ≥ 0, where the initial values ( 𝑓0, 𝑔0) are given and the explicit form of the gradient is

DΓ
©­­«
𝑓

𝑔

ª®®¬ (𝑥, 𝑦) =
©­­«
1 − 1

𝜀

∫ (
𝑓 (𝑥) + 𝑔(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2
)
+𝑑𝑄(𝑦)

1 − 1
𝜀

∫ (
𝑓 (𝑥) + 𝑔(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2
)
+𝑑𝑃(𝑥)

ª®®¬ . (4.9)

We observe that the iteration (4.8) is fairly straightforward to implement, similarly as the

Sinkhorn iteration, however it is free from exponentially large or small values. Indeed, even

a naive implementation is stable for very small parameters 𝜀, a key reason for the growing

interest in quadratic regularization. We observe that evaluating the integrals in (4.9) may

require replacing 𝑃 and 𝑄 by empirical samples, especially in high-dimensional problems.

In that respect, it is useful to know that the quadratically regularized optimal transport

problem has parametric sample complexity (see [76])—it does not suffer from the same curse

of dimensionality as optimal transport.

We provide a theoretical analysis in a general setting covering continuous and semi-

discrete marginals; in fact, we will only assume that one of the two marginal measures has

connected support and does not charge small sets. The main result (Theorem 4.1.3) shows

that for step size 𝜂 < 𝜀, the iterates ( 𝑓𝑛, 𝑔𝑛) converge linearly in 𝐿2 to the solution ( 𝑓∗, 𝑔∗)

of the dual problem (4.6); that is, there exist 𝛿∗ < 1 and 𝑛 ≥ 𝑛0 such that

∥( 𝑓𝑛, 𝑔𝑛) − ( 𝑓∗, 𝑔∗)∥𝐿2 (𝑃)×𝐿2 (𝑄) ≤ 𝛿𝑛∗ ,

for all 𝑛 ≥ 𝑛0. Our numerical experiments suggest that this bound accurately captures the

behavior of the algorithm: convergence is approximately geometric after a burn-in period.
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Our mathematical analysis centers on the linearization L of the gradient ascent operator

I + 𝜂DΓ at the optimum ( 𝑓∗, 𝑔∗). Indeed, we show that the linear operator L𝑛 mapping

( 𝑓𝑛, 𝑔𝑛) − ( 𝑓∗, 𝑔∗) to ( 𝑓𝑛+1, 𝑔𝑛+1) − ( 𝑓∗, 𝑔∗) converges in operator norm to L. The main result

in Theorem 4.1.3 then boils down to showing that L is a strict contraction. Thus, we

establish that the spectrum of the self-adjoint operator L is contained in (−1, 1). We mention

that a similar proof strategy would likely apply to a class of 𝑓 -divergence regularizations

that includes 𝐿𝑝 regularization for 1 < 𝑝 < 2; more specifically, the class detailed in [77,

Assumption 2.1].

While our analysis does not proceed through a Polyak–Łojasiewicz (PL) inequality or

quadratic growth condition, the following remarks may give additional intuition for the

geometry underlying linear convergence—and also illustrate that the techniques developed

in this chapter are useful beyond the proof of Theorem 4.1.3. Under an additional regularity

condition (that 𝑃 does not charge small sets, like 𝑄 in Assumption 4.1.1), one can check

that Γ is twice differentiable at its maximizer ( 𝑓∗, 𝑔∗). Adapting the proof techniques in

Section 4.3, one can then show (see Theorem 5.2.7 in Chapter 5) strict positive definiteness,

𝛿 := inf
∥(𝑢,𝑣)∥

𝐿2=1
⟨[−D2Γ( 𝑓∗, 𝑔∗)] (𝑢, 𝑣), (𝑢, 𝑣)⟩ > 0.

This result is related to a local quadratic growth condition around ( 𝑓∗, 𝑔∗). However, it is not

clear how to ensure existence of D2Γ( 𝑓 , 𝑔) at points ( 𝑓 , 𝑔) ≠ ( 𝑓∗, 𝑔∗) or even the continuity

of ( 𝑓 , 𝑔) ↦→ D2Γ( 𝑓 , 𝑔), so that a rigorous statement is not immediate. Under additional

smoothness assumptions on (𝑃,𝑄), exploiting the proof techniques in Section 4.4 and with

additional work, we hope to show in future work that a quadratic growth condition holds in

an 𝐿∞ neighborhood:

Γ( 𝑓 , 𝑔) ≤ Γ( 𝑓∗, 𝑔∗) −
{
𝛿/2 + 𝜔(∥( 𝑓 , 𝑔) − ( 𝑓∗, 𝑔∗)∥∞)

}
∥( 𝑓 , 𝑔) − ( 𝑓∗, 𝑔∗)∥2𝐿2 ,

for a function 𝜔 with lim𝑡→0 𝜔(𝑡) = 0. We note that the above inequality is still weaker
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than the quadratic growth condition in 𝐿2 which would be needed to directly infer linear

convergence of gradient ascent from standard results. See Chapter 5 for further analysis.

The remainder of the chapter is organized as follows. Section 4.1 details the setting,

the gradient ascent algorithm and our main result on its convergence. Section 4.2 gathers

preliminary results for the proof. Section 4.3 studies the linearized gradient ascent operator

L and forms the core of our analysis. Section 4.4 completes the proof of the main result by

showing the convergence of L𝑛 to L. Section 4.5 concludes with numerical experiments.

4.1 Problem statement and main result

Let 𝑃,𝑄 be probability measures on R𝑑. The following is a standing assumption through-

out this chapter.

Assumption 4.1.1 (Marginals). The topological supports of 𝑃,𝑄 ∈ P(R𝑑), denoted

Ω := spt 𝑃 and Ω′ := spt𝑄, are compact.

Moreover, 𝑄 does not charge the boundary of any convex subset of R𝑑, and its support Ω′

is connected.

Roughly speaking, Assumption 4.1.1 imposes that one of the two marginals be continuous.

As there is no structural condition on the other marginal, it covers both continuous transport

problems (where both marginals are continuous) and semi-discrete problems (where one

marginal is discrete and the other is continuous).

The quadratically regularized optimal transport (QOT) problem with regularization pa-

rameter 𝜀 > 0 is

QOT𝜀 (𝑃,𝑄) := inf
𝜋∈Π(𝑃,𝑄)

∫
1

2
∥𝑥 − 𝑦∥2𝑑𝜋(𝑥, 𝑦) + 𝜀

2





 𝑑𝜋

𝑑 (𝑃 ⊗ 𝑄)





2
𝐿2 (𝑃⊗𝑄)

, (4.10)

with the convention that the last term is +∞ if 𝜋 3 𝑃 ⊗ 𝑄. This problem has a unique
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solution 𝜋∗ ∈ Π(𝑃,𝑄), and 𝜋∗ is characterized within Π(𝑃,𝑄) by having a density of the

form
𝑑𝜋∗

𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦) =
1

𝜀

(
𝑓∗(𝑥) + 𝑔∗(𝑦) −

1

2
∥𝑥 − 𝑦∥2

)
+
, (4.11)

for a pair ( 𝑓∗, 𝑔∗) ∈ 𝐿2(𝑃) × 𝐿2(𝑄) called the potentials. If ( 𝑓∗, 𝑔∗) are potentials, then

( 𝑓∗ − 𝑐, 𝑔∗ + 𝑐) are also potentials for any 𝑐 ∈ R. To remove this ambiguity, we work with the

subspace

𝐿2⊕ =

{
( 𝑓 , 𝑔) ∈ 𝐿2(𝑃) × 𝐿2(𝑄) :

∫
𝑓 𝑑𝑃 =

∫
𝑔𝑑𝑄

}
= {(𝑐,−𝑐) : 𝑐 ∈ R}⊥ ⊂ 𝐿2(𝑃) × 𝐿2(𝑄).

As a consequence of the connectedness in Assumption 4.1.1, the potentials are unique

in 𝐿2⊕ (see Lemma 4.2.1 below for all these assertions). The orthogonal projection onto 𝐿2⊕

is

proj⊕ : 𝐿2(𝑃) × 𝐿2(𝑄) → 𝐿2⊕,
©­­«
𝑓

𝑔

ª®®¬ ↦→
©­­«
𝑓 + 1

2

(∫
𝑔𝑑𝑄 −

∫
𝑓 𝑑𝑃

)
𝑔 − 1

2

(∫
𝑔𝑑𝑄 −

∫
𝑓 𝑑𝑃

) ª®®¬ , (4.12)

and 𝐿2⊕ is naturally a Hilbert space with the induced inner product

⟨( 𝑓 , 𝑔), (𝑢, 𝑣)⟩𝐿2⊕ = ⟨( 𝑓 , 𝑔), (𝑢, 𝑣)⟩𝐿2 (𝑃)×𝐿2 (𝑄) = ⟨ 𝑓 , 𝑢⟩𝐿2 (𝑃) + ⟨𝑔, 𝑣⟩𝐿2 (𝑄) .

The potentials are also characterized as the unique solution of the dual problem of (4.10),

sup
( 𝑓 ,𝑔)∈𝐿2⊕

Γ( 𝑓 , 𝑔), (4.13)

where the dual objective function is

Γ( 𝑓 , 𝑔) =
∫

𝑓 (𝑥)𝑑𝑃(𝑥) +
∫

𝑔(𝑦)𝑑𝑄(𝑦) − 1

2𝜀

∫ (
𝑓 (𝑥) + 𝑔(𝑦) − 1

2
∥𝑥 − 𝑦∥2

)2
+
𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦).
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The gradient of Γ at ( 𝑓 , 𝑔) ∈ 𝐿2⊕ is

DΓ
©­­«
𝑓

𝑔

ª®®¬ =
©­­«
1 − 1

𝜀

∫ (
𝑓 (·) + 𝑔(𝑦) − 1

2 ∥ · −𝑦∥
2
)
+𝑑𝑄(𝑦)

1 − 1
𝜀

∫ (
𝑓 (𝑥) + 𝑔(·) − 1

2 ∥𝑥 − ·∥2
)
+𝑑𝑃(𝑥)

ª®®¬ ∈ 𝐿2⊕ . (4.14)

Thus, the gradient ascent algorithm with step size 𝜂 > 0 is

©­­«
𝑓𝑛+1

𝑔𝑛+1

ª®®¬ =
©­­«
𝑓𝑛

𝑔𝑛

ª®®¬ + 𝜂 · DΓ
©­­«
𝑓𝑛

𝑔𝑛

ª®®¬ , (4.15)

for 𝑛 ≥ 0, where the initial values ( 𝑓0, 𝑔0) ∈ 𝐿2⊕ are given inputs. Note that ( 𝑓𝑛, 𝑔𝑛) ∈ 𝐿2⊕

implies ( 𝑓𝑛+1, 𝑔𝑛+1) ∈ 𝐿2⊕.

Assumption 4.1.2. The initial values 𝑓0 : Ω → R and 𝑔0 : Ω′ → R are Lipschitz continuous

functions normalized such that
∫
𝑓 𝑑𝑃 =

∫
𝑔𝑑𝑄. The step size 𝜂 satisfies 𝜂 ∈ (0, 𝜀).

We can now state the main result of this chapter.

Theorem 4.1.3 (Linear convergence of gradient ascent). Under Assumption 4.1.2, there

exist constants 𝛿∗ ∈ (0, 1) and 𝑛0 ∈ N such that the iterates ( 𝑓𝑛, 𝑔𝑛) of (4.15) satisfy

∥( 𝑓𝑛, 𝑔𝑛) − ( 𝑓∗, 𝑔∗)∥𝐿2⊕ ≤ 𝛿𝑛∗ for all 𝑛 ≥ 𝑛0 .

The proof, which occupies the rest of the chapter, has the following structure. We observe

that the iterates ( 𝑓𝑛, 𝑔𝑛) satisfy

©­­«
𝑓𝑛+1 − 𝑓∗

𝑔𝑛+1 − 𝑔∗

ª®®¬ = L𝑛
©­­«
𝑓𝑛 − 𝑓∗

𝑔𝑛 − 𝑔∗

ª®®¬ ,
for an operator L𝑛 (see Lemma 4.4.1) which converges in operator norm to a limit L as

𝑛 → ∞ (Proposition 4.4.7). The limiting operator L is the linearization of the gradient

ascent operator at the optimum ( 𝑓∗, 𝑔∗). The key step is to show that the operator norm
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of L is strictly smaller than one (Proposition 4.3.1). It then follows that L𝑛 is a strict

contraction for 𝑛 ≥ 𝑛0, which is the assertion of Theorem 4.1.3.

Remark 4.1.4. Assumption 4.1.2 allows for step sizes 𝜂 < 𝜀. A classical result (see [78,

Theorem 2.1.15]) states that for a strongly convex function with 𝐿-Lipschitz gradient, the

gradient descent algorithm converges linearly for any step size 𝜂 < 2/𝐿. In our problem,

the gradient DΓ is Lipschitz in 𝐿2⊕ with Lipschitz constant bounded by 2/𝜀, as can be seen

directly by applying the inequality | (𝑡)+ − (𝑠)+ | ≤ |𝑡 − 𝑠 |. In that sense, Assumption 4.1.2

is in line with the classical result. Our experiments in Section 4.5 suggest that convergence

can break down for 𝜂 ≥ 𝜀. See Chapter 5 for more details on the related constants.

Remark 4.1.5. We focus on the transport cost 𝑐(𝑥, 𝑦) = 1
2 ∥𝑥 − 𝑦∥2 which is the most

important example in practice. While the continuity of this function is used throughout, the

specific form is used only to infer the regularity properties in Lemma 4.2.2 (i) which, in turn,

are used to argue that certain sets occurring in the proof of Proposition 4.4.7 are negligible.

While here we do not guarantee the latter in general, Theorem 4.1.3 could extend to more

general transport costs. The analysis of the linearized gradient ascent operator in Section 4.3

directly extends to general continuous costs 𝑐(𝑥, 𝑦). See Chapter 5 for an analysis on general

cost functions.

4.2 Preliminaries

Let C(Ω) denote the space of continuous functions 𝑓 : Ω → R. For 𝑓 ∈ C(Ω) and

𝑔 ∈ C(Ω′), we denote ( 𝑓 ⊕ 𝑔) (𝑥, 𝑦) := 𝑓 (𝑥) + 𝑔(𝑦). Consider the quotient space

C⊕ := (C(Ω) × C(Ω′)) /∼⊕ ,

where ( 𝑓 , 𝑔) ∼⊕ (𝑢, 𝑣) if and only if 𝑓 ⊕ 𝑔 = 𝑢 ⊕ 𝑣, and endow C⊕ with the norm

∥(𝑢, 𝑣)∥C⊕ := inf
𝑎∈R

{∥𝑢 + 𝑎∥∞ + ∥𝑣 − 𝑎∥∞} .
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Next, we detail some properties of the potentials ( 𝑓∗, 𝑔∗) that will be used throughout

our convergence analysis. The following system (4.16) can be understood as the first-order

condition of optimality for the dual problem (4.6).

Lemma 4.2.1. There exists a unique pair ( 𝑓∗, 𝑔∗) ∈ C⊕ solving the system


𝜀 =

∫ (
𝑓∗(𝑥) + 𝑔∗(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2
)
+
𝑑𝑃(𝑥) for all 𝑦 ∈ Ω′,

𝜀 =

∫ (
𝑓∗(𝑥) + 𝑔∗(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2
)
+
𝑑𝑄(𝑦) for all 𝑥 ∈ Ω.

(4.16)

The pair ( 𝑓∗, 𝑔∗) is also characterized as the unique maximizer of the dual problem (4.6) and

by the relation (4.11) with the primal solution 𝜋∗.

Proof. Existence of a solution ( 𝑓∗, 𝑔∗) ∈ C⊕ of (4.16), as well as the equivalence of (4.16)

with solving the dual problem and with (4.11), are shown for instance in [50]. Uniqueness is

also shown in [50], but only under additional conditions on (𝑃,𝑄). Next, we provide a more

general proof.

Let ( 𝑓∗, 𝑔∗) and ( 𝑓 ′∗ , 𝑔′∗) be continuous solutions of (4.16). Fix 𝑦 ∈ Ω′, then (4.16) implies

that

𝑃
{
𝑥 ∈ Ω : 𝑓∗(𝑥) + 𝑔∗(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2 > 0

}
> 0 ;

in particular, the latter set contains an element 𝑥0. Continuity of 𝑔∗ implies that

𝑓∗(𝑥0) + 𝑔∗(𝑦) − 1
2 ∥𝑥0 − 𝑦∥

2 > 0 for all 𝑦 in a neighborhood 𝑈𝑦 of 𝑦 in Ω′. (4.17)

The relation (4.11) shows that 𝑑𝜋∗
𝑑 (𝑃⊗𝑄) admits a continuous version, and it is a general fact

that if the density of a measure admits a continuous version, then that version is uniquely

determined at every point of the support. Since (4.11) holds both with ( 𝑓∗, 𝑔∗) and ( 𝑓 ′∗ , 𝑔′∗),

and both are continuous, we conclude from (4.17) that

𝑓∗(𝑥0) + 𝑔∗(𝑦) − 1
2 ∥𝑥0 − 𝑦∥

2 = 𝑓 ′∗ (𝑥0) + 𝑔′∗(𝑦) − 1
2 ∥𝑥0 − 𝑦∥

2 for all 𝑦 ∈ 𝑈𝑦 .
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Hence, 𝑔∗(𝑦) − 𝑔′∗(𝑦) = 𝑓 ′∗ (𝑥0) − 𝑓∗(𝑥0) =: 𝑐 for all 𝑦 ∈ 𝑈𝑦, showing that 𝑔∗ − 𝑔′∗ is locally

constant in Ω′. As Ω′ is connected, it follows that 𝑔∗ − 𝑔′∗ = 𝑐 is constant in Ω. It now

follows from (4.16) that 𝑓∗ − 𝑓 ′∗ = −𝑐 (see, e.g., [50, Lemma 2.4]) and hence ( 𝑓∗, 𝑔∗) = ( 𝑓 ′∗ , 𝑔′∗)

in C⊕. □

Next, we detail two properties of the set

E :=
{
(𝑥, 𝑦) ∈ Ω ×Ω′ : 𝑓∗(𝑥) + 𝑔∗(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2 ≥ 0

}
. (4.18)

We denote its sections by

S𝑥 :=
{
𝑦 ∈ Ω′ : 𝑓∗(𝑥) + 𝑔∗(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2 ≥ 0

}
, 𝑥 ∈ Ω , (4.19)

T𝑦 :=
{
𝑥 ∈ Ω : 𝑓∗(𝑥) + 𝑔∗(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2 ≥ 0

}
, 𝑦 ∈ Ω′. (4.20)

Lemma 4.2.2.

(i) For any 𝑥 ∈ Ω, there is a convex set 𝐶𝑥 ⊆ R𝑑 with nonempty interior such that

S𝑥 =
{
𝑦 ∈ Ω′ : 𝑓∗(𝑥) + 𝑔∗(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2 ≥ 0

}
= 𝐶𝑥 ∩Ω′,

N𝑥 :=
{
𝑦 ∈ Ω′ : 𝑓∗(𝑥) + 𝑔∗(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2 = 0

}
= 𝜕𝐶𝑥 ∩Ω′.

In particular, N𝑥 is 𝑄-negligible.

(ii) There exists a constant 𝜆 > 0 such that 𝑄(S𝑥) ≥ 𝜆 and 𝑃(T𝑦) ≥ 𝜆 for all (𝑥, 𝑦) ∈ Ω×Ω′.

Proof. (i) This is due to a concavity property that was previously used in [73, 74]; we detail

the proof for the sake of completeness. One first observes that 𝑓∗, 𝑔∗ of (4.16) can be extended

to continuous functions on R𝑑 such that


𝜀 =

∫ (
𝑓∗(𝑥) + 𝑔∗(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2
)
+
𝑑𝑃(𝑥) for all 𝑦 ∈ R𝑑 ,

𝜀 =

∫ (
𝑓∗(𝑥) + 𝑔∗(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2
)
+
𝑑𝑄(𝑦) for all 𝑥 ∈ R𝑑 .

(4.21)
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Let 𝑓∗, 𝑔∗ satisfy (4.21). Write 𝐹 (𝑥) = 𝑓∗(𝑥) − ∥𝑥∥2/2 and 𝐺 (𝑦) = 𝑔∗(𝑦) − ∥𝑦∥2/2. We show

that 𝐹 : R𝑑 → R is concave. Indeed, let 𝑥, 𝑥′ ∈ R𝑑 and 𝜌 ∈ [0, 1]. Convexity of 𝑡 ↦→ (𝑡)+ and

using (4.21) at both 𝑥 and 𝑥′ yield

∫ [
𝜌𝐹 (𝑥) + (1 − 𝜌)𝐹 (𝑥′) + 𝐺 (𝑦) + ⟨𝜌𝑥 + (1 − 𝜌)𝑥′, 𝑦⟩

]
+𝑑𝑄(𝑦)

≤ 𝜌

∫ [
𝐹 (𝑥) + 𝐺 (𝑦) + ⟨𝑥, 𝑦⟩

]
+𝑑𝑄(𝑦) + (1 − 𝜌)

∫ [
𝐹 (𝑥′) + 𝐺 (𝑦) + ⟨𝑥′, 𝑦⟩

]
+𝑑𝑄(𝑦) = 𝜀.

On the other hand, (4.21) at 𝑥′′ := 𝜌𝑥 + (1 − 𝜌)𝑥′ yields

∫ [
𝐹 (𝜌𝑥 + (1 − 𝜌)𝑥′) + 𝐺 (𝑦) + ⟨𝜌𝑥 + (1 − 𝜌)𝑥′, 𝑦⟩

]
+𝑑𝑄(𝑦) = 𝜀.

Together, it follows that 𝜌𝐹 (𝑥) + (1 − 𝜌)𝐹 (𝑥′) ≤ 𝐹 (𝜌𝑥 + (1 − 𝜌)𝑥′), as claimed.

Analogously, 𝐺 is concave. In particular, for any 𝑥 ∈ Ω, the function

𝑦 ↦→ 𝑓∗(𝑥) + 𝑔∗(𝑦) − 1
2 ∥𝑥 − 𝑦∥

2 ,

is concave, which implies that its super-level set Ŝ𝑥 := {𝑦 ∈ R𝑑 : 𝑓∗(𝑥) +𝑔∗(𝑦) − 1
2 ∥𝑥− 𝑦∥

2 ≥ 0}

is convex. Moreover, (4.21) implies that the open set {𝑦 ∈ R𝑑 : 𝑓∗(𝑥) + 𝑔∗(𝑦) − 1
2 ∥𝑥 − 𝑦∥

2 > 0}

has positive 𝑄-measure and in particular is nonempty. As a consequence, Ŝ𝑥 is a convex set

with nonempty interior and its boundary in R𝑑 is the zero-level set {𝑦 ∈ R𝑑 : 𝑓∗(𝑥) + 𝑔∗(𝑦) −
1
2 ∥𝑥 − 𝑦∥

2 = 0}. Since the boundary of a convex set is 𝑄-negligible by Assumption 4.1.1, the

proof is complete.

(ii) This follows from an argument given in the proof of [51, Proposition 5.1] for a class

of divergences; however, for the present case, we can also give a straightforward proof. Set

𝐶 := sup
𝑥∈Ω, 𝑦∈Ω′

𝑓∗(𝑥) + 𝑔∗(𝑦) − 1
2 ∥𝑥 − 𝑦∥

2.

For any 𝑥 ∈ Ω, (4.16) yields 𝜀 =
∫ (

𝑓∗(𝑥) + 𝑔∗(𝑦) − 1
2 ∥𝑥 − 𝑦∥

2
)
+ 𝑑𝑄(𝑦) ≤ 𝑄(S𝑥)𝐶, and now
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the claim 𝑄(S𝑥) ≥ 𝜆 follows with 𝜆 := 𝜀/𝐶. The proof of 𝑃(T𝑦) ≥ 𝜆 is analogous. □

The last lemma shows that the case where spt 𝜋∗ = Ω×Ω′ is straightforward. This implies

that any algorithm should first check the nonnegativity condition (4.22) which is equivalent

to spt 𝜋∗ = Ω × Ω′; if it holds, the potentials are given by the explicit expression (4.23) and

there is no need for gradient descent in the first place. In practice, spt 𝜋∗ = Ω × Ω′ only

occurs for large values of 𝜀 that are rarely of interest, but we include it for completeness.

Lemma 4.2.3. Set 𝑝 =
∫
𝑥𝑑𝑃 and 𝑞 =

∫
𝑦𝑑𝑄. Then spt 𝜋∗ = Ω ×Ω′ if and only if

𝜀 + 𝑝𝑞 − 𝑞𝑥 − 𝑝𝑦 + ⟨𝑥, 𝑦⟩ ≥ 0 for all (𝑥, 𝑦) ∈ Ω ×Ω′. (4.22)

In that case, the potentials are given by

𝑓∗(𝑥) =
1

2
∥𝑥∥2 − 𝑞𝑥 + 𝜀 + 𝑝𝑞

2
, 𝑔∗(𝑦) =

1

2
∥𝑦∥2 − 𝑝𝑦 + 𝜀 + 𝑝𝑞

2
. (4.23)

Proof. Let 𝑓 (𝑥) and 𝑔(𝑦) denote the above right-hand sides and note that (4.22) is equivalent

to 𝑓 (𝑥) + 𝑔(𝑦) − 1
2 ∥𝑥 − 𝑦∥

2 ≥ 0 for all (𝑥, 𝑦) ∈ Ω × Ω′. Assuming spt 𝜋∗ = Ω × Ω′, we see

from (4.11) that the potentials satisfy 𝑓∗(𝑥) +𝑔∗(𝑦)− 1
2 ∥𝑥− 𝑦∥

2 ≥ 0 and hence (4.16) simplifies

to

𝜀 =

∫
𝑓∗(𝑥) + 𝑔∗(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2 𝑑𝑃(𝑥),

𝜀 =

∫
𝑓∗(𝑥) + 𝑔∗(𝑦) − 1

2 ∥𝑥 − 𝑦∥
2 𝑑𝑄(𝑦).

It is then straightforward to verify ( 𝑓∗, 𝑔∗) = ( 𝑓 , 𝑔). Conversely, if 𝑓 (𝑥) +𝑔(𝑦) − 1
2 ∥𝑥− 𝑦∥

2 ≥ 0

for all (𝑥, 𝑦) ∈ Ω × Ω′, the fact that ( 𝑓 , 𝑔) solves the above system means that ( 𝑓 , 𝑔) also

solves (4.16), and we conclude by the uniqueness in Lemma 4.2.1. □
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4.3 Contractivity of linearized gradient ascent

In this section, we present the (formal) linearization of the gradient ascent operator

©­­«
𝑓

𝑔

ª®®¬ ↦→
©­­«
𝑓

𝑔

ª®®¬ + 𝜂 · DΓ
©­­«
𝑓

𝑔

ª®®¬ , (4.24)

at the dual optimum ( 𝑓∗, 𝑔∗); namely, the operator L : 𝐿2⊕ → 𝐿2⊕,

L
©­­«
𝑓

𝑔

ª®®¬ = proj⊕
©­­«
𝑓
(
1 − 𝜂

𝜀
𝑄(S(·))

)
− 𝜂

𝜀

∫
S( ·)

𝑔 𝑑𝑄

𝑔
(
1 − 𝜂

𝜀
𝑃(T(·))

)
− 𝜂

𝜀

∫
T( ·)

𝑓 𝑑𝑃

ª®®¬ , (4.25)

where 𝑥 ↦→ S𝑥 and 𝑦 ↦→ T𝑦 were defined in (4.19) and (4.20).1 We will show that L is

self-adjoint on the Hilbert space (𝐿2⊕, ⟨·, ·⟩𝐿2⊕ ), so that its operator norm can be computed

via

∥L∥op = sup
∥( 𝑓 ,𝑔)∥

𝐿2⊕
≤1

|⟨L( 𝑓 , 𝑔), ( 𝑓 , 𝑔)⟩| .

The main result of this section is the following.

Proposition 4.3.1. Under Assumption 4.1.2, the operator L : 𝐿2⊕ → 𝐿2⊕ is a strict contrac-

tion; i.e., ∥L∥op < 1.

The proof, which occupies the rest of the section, has the following structure. Since L is

self-adjoint, either 𝛼 := ∥L∥op or 𝛼 := −∥L∥op belongs to the spectrum of L, and

𝛼 = sup
∥( 𝑓 ,𝑔)∥

𝐿2⊕
=1
⟨L( 𝑓 , 𝑔), ( 𝑓 , 𝑔)⟩𝐿2⊕ or 𝛼 = inf

∥( 𝑓 ,𝑔)∥
𝐿2⊕

=1
⟨L( 𝑓 , 𝑔), ( 𝑓 , 𝑔)⟩𝐿2⊕ .

1The expression in (4.25) serves as the definition of L. While linearizing (4.24) is the intuition giving
rise to (4.25), differentiability of (4.24) may not hold under the stated assumptions as 𝜕T𝑦 need not be
𝑃-negligible.
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We deduce that






©­­«
𝑓𝑛 ((1 − 𝛼) − 𝜂

𝜀
𝑄(S(·))) − 𝜂

𝜀

∫
S( ·)

𝑔𝑛𝑑𝑄 + 𝑏𝑛

𝑔𝑛 ((1 − 𝛼) − 𝜂

𝜀
𝑃(T(·))) − 𝜂

𝜀

∫
T( ·)

𝑓𝑛𝑑𝑃 − 𝑏𝑛

ª®®¬








𝐿2 (𝑃)×𝐿2 (𝑄)

→ 0 ,

for a sequence ( 𝑓𝑛, 𝑔𝑛) ∈ 𝐿2⊕ with unit norm. Moreover, we establish that the sequence

©­­«
∫
S( ·)

𝑔𝑛𝑑𝑄∫
T( ·)

𝑓𝑛𝑑𝑄

ª®®¬ ∈ 𝐿2(𝑃) × 𝐿2(𝑄),

is strongly pre-compact. We deduce that ( 𝑓𝑛, 𝑔𝑛) is strongly convergent along a subsequence,

and then, that one of the numbers ±∥L∥op is an eigenvalue of L. We conclude by proving that

all eigenvalues of L lie in the open interval (−1, 1), which is the main part of the argument.

We start with several auxiliary results and detail the proof of Proposition 4.3.1 at the

end of the section. Denote by B𝑟 (𝑥) the open ball of radius 𝑟 around 𝑥.

Lemma 4.3.2. The following operators are compact:

A1 : 𝐿
2(𝑄) → 𝐿2(𝑃), A1(𝑔) =

∫
S( ·)

𝑔𝑑𝑄

𝑄(S(·))
,

A2 : 𝐿
2(𝑃) → 𝐿2(𝑄), A2( 𝑓 ) =

∫
T( ·)

𝑓 𝑑𝑃

𝑃(T(·))
.

Proof. We prove that A1 is compact, the second claim is analogous. It suffices to show

that if {𝑢𝑛}𝑛 ⊆ 𝐿2(𝑄) converges weakly to zero, then ∥A1(𝑢𝑛)∥𝐿2 (𝑃) → 0. In view of

Lemma 4.2.2 (ii),

∥A1(𝑢𝑛)∥2𝐿2 (𝑃) =
∫ (∫

S𝑥
𝑢𝑛 (𝑦) 𝑑𝑄(𝑦)
𝑄(S𝑥)

)2
𝑑𝑃(𝑥) ≤ 𝜆−2

∫ (∫
S𝑥

𝑢𝑛 (𝑦) 𝑑𝑄(𝑦)
)2
𝑑𝑃(𝑥).
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Set ℎ𝑛 (𝑥) :=
(∫

S𝑥
𝑢𝑛 (𝑦) 𝑑𝑄(𝑦)

)2
. As 𝑢𝑛 → 0 weakly in 𝐿2(𝑄),

ℎ𝑛 (𝑥) =
〈
IS𝑥
, 𝑢𝑛

〉2
𝐿2 (𝑄) → 0 for all 𝑥 ∈ Ω.

On the other hand, Jensen’s inequality yields ℎ𝑛 (𝑥) ≤ ∥𝑢𝑛∥2𝐿2 (𝑄) . As weakly convergent

sequences are norm-bounded, this shows that {ℎ𝑛}𝑛 is uniformly bounded by a constant.

Using the dominated convergence theorem, we conclude that ∥A1(𝑢𝑛)∥𝐿2 (𝑃) → 0. □

Lemma 4.3.3. For A1,A2 as defined in Lemma 4.3.2, the equation

©­­«
A1(𝑔)

A2( 𝑓 )

ª®®¬ = −
©­­«
𝑓

𝑔

ª®®¬ , (4.26)

on 𝐿2(𝑃) × 𝐿2(𝑄) has the solution set {( 𝑓 , 𝑔) = (𝑐,−𝑐) : 𝑐 ∈ R}.

Proof. Let ( 𝑓 , 𝑔) ∈ 𝐿2(𝑃) × 𝐿2(𝑄) be any solution of (4.26), and recall the definition (4.18).

Using the first row of (4.26) yields

∫
E
( 𝑓 (𝑥) + 𝑔(𝑦))ℎ(𝑥)𝑑𝑄(𝑦)𝑑𝑃(𝑥) =

∫
Ω

(∫
S𝑥

( 𝑓 (𝑥) + 𝑔(𝑦))ℎ(𝑥)𝑑𝑄(𝑦)
)
𝑑𝑃(𝑥) = 0 ,

for all ℎ ∈ 𝐿2(𝑃). In particular, choosing ℎ := 𝑓 yields

0 =

∫
E
( 𝑓 2(𝑥) + 𝑓 (𝑥)𝑔(𝑦))𝑑𝑄(𝑦)𝑑𝑃(𝑥).

Analogously, ∫
E
(𝑔2(𝑦) + 𝑓 (𝑥)𝑔(𝑦))𝑑𝑄(𝑦)𝑑𝑃(𝑥) = 0.

Adding the two displays shows that
∫
E ( 𝑓 (𝑥) +𝑔(𝑦))

2𝑑𝑄(𝑦)𝑑𝑃(𝑥) = 0 and hence that 𝑓 ⊕𝑔 = 0

holds 𝑃 ⊗ 𝑄-a.s. in E.

Next, we argue that 𝑓 and 𝑔 admit continuous versions. Recall (4.11) and that 𝑓∗, 𝑔∗

are continuous (see [50, Lemma 2.6]). In particular, 𝜋∗ is supported in E and its density is
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continuous. For any test function ℎ ∈ 𝐿2(𝑃), it follows from 𝑓 ⊕ 𝑔 = 0, 𝑃 ⊗ 𝑄-a.s. in E that

0 =

∫
ℎ(𝑥) (𝑔(𝑦) + 𝑓 (𝑥)) 𝑑𝜋∗

𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦)𝑑𝑃(𝑥)𝑑𝑄(𝑦)

=

∫ (
ℎ(𝑥) 𝑓 (𝑥) + ℎ(𝑥)

∫
𝑑𝜋∗

𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦)𝑔(𝑦)𝑑𝑄(𝑦)
)
𝑑𝑃(𝑥).

Therefore,

𝑓 (𝑥) = −
∫

𝑑𝜋∗
𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦)𝑔(𝑦)𝑑𝑄(𝑦) 𝑃-a.s. , (4.27)

and as the right-hand side is continuous in 𝑥, this shows that 𝑓 admits a continuous version.

The argument for 𝑔 is analogous.

It remains to show that the continuous versions 𝑓 , 𝑔 with 𝑓 ⊕ 𝑔 = 0 on E satisfy ( 𝑓 , 𝑔) =

(−𝑐, 𝑐) on Ω × Ω′, for some 𝑐 ∈ R. Let 𝑦 ∈ Ω′. As in (4.17), there exist 𝑥0 ∈ Ω and a

neighborhood 𝑈𝑦 of 𝑦 ∈ Ω′ such that {𝑥0} ×𝑈𝑦 ⊆ E. Thus 𝑔(𝑦) = − 𝑓 (𝑥0) for all 𝑦 ∈ 𝑈𝑦. We

have shown that 𝑔 is locally constant. As Ω′ is connected by Assumption 4.1.1, it follows

that 𝑔 ≡ 𝑐 on Ω′, and now (4.26) implies that 𝑓 ≡ −𝑐 on Ω. □

Lemma 4.3.4. The operator L is self-adjoint in (𝐿2⊕, ⟨·, ·⟩𝐿2⊕ ).

Proof. We first consider the auxiliary operator M : 𝐿2(𝑃) × 𝐿2(𝑄) → 𝐿2(𝑃) × 𝐿2(𝑄) defined

by

M
©­­«
𝑓

𝑔

ª®®¬ =

©­­­«
𝑓 · 𝑄(S(·)) +

∫
S( ·)

𝑔 𝑑𝑄

𝑔 · 𝑃(T(·)) +
∫
T( ·)

𝑓 𝑑𝑃

ª®®®¬ .
The following representation readily yields that M is self-adjoint:

M
©­­«
𝑓

𝑔

ª®®¬ (𝑥, 𝑦) =
©­­«

∫
IE (𝑥, 𝑦′) ( 𝑓 (𝑥) + 𝑔(𝑦′))𝑑𝑄(𝑦′)∫
IE (𝑥′, 𝑦) ( 𝑓 (𝑥′) + 𝑔(𝑦))𝑑𝑃(𝑥′)

ª®®¬ ,
where

E =

{
(𝑥, 𝑦) ∈ Ω ×Ω′ : 𝑓∗(𝑥) + 𝑔∗(𝑦) ≥

1

2
∥𝑥 − 𝑦∥2

}
.
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As a consequence, M induces a self-adjoint operator M⊕ := proj⊕ M on 𝐿2⊕. Indeed, for every

( 𝑓 , 𝑔), (𝑢, 𝑣) ∈ 𝐿2⊕ we have

⟨( 𝑓 , 𝑔), proj⊕ M(𝑢, 𝑣)⟩𝐿2⊕ = ⟨( 𝑓 , 𝑔),M(𝑢, 𝑣)⟩𝐿2 (𝑃)×𝐿2 (𝑄)

= ⟨M( 𝑓 , 𝑔), (𝑢, 𝑣)⟩𝐿2 (𝑃)×𝐿2 (𝑄) = ⟨proj⊕ M( 𝑓 , 𝑔), (𝑢, 𝑣)⟩𝐿2⊕ .

Recalling from (4.25) that L = I − 𝜂

𝜀
M⊕, it follows that L is also self-adjoint. □

Proof of Proposition 4.3.1. To show that ∥L∥op < 1, recall (e.g., [43, Proposition 6.9]) that

Lemma 4.3.4 implies ∥L∥op = max{|𝛼+ |, |𝛼− |} where

𝛼+ := sup
∥( 𝑓 ,𝑔)∥

𝐿2⊕
=1
⟨L( 𝑓 , 𝑔), ( 𝑓 , 𝑔)⟩𝐿2⊕ , 𝛼− := inf

∥( 𝑓 ,𝑔)∥
𝐿2⊕

=1
⟨L( 𝑓 , 𝑔), ( 𝑓 , 𝑔)⟩𝐿2⊕ .

We set

𝛼 :=


𝛼+, if ∥L∥op = |𝛼+ | ,

𝛼−, otherwise.
(4.28)

Suppose for contradiction that ∥L∥op ≥ 1. Note that this implies 𝛼 ≥ 1 in the first

case of (4.28) and 𝛼 ≤ −1 in the second. By the definition of 𝛼, there exists a sequence

( 𝑓𝑛, 𝑔𝑛)𝑛 with ∥( 𝑓𝑛, 𝑔𝑛)∥𝐿2⊕ = 1 such that ⟨L( 𝑓𝑛, 𝑔𝑛), ( 𝑓𝑛, 𝑔𝑛)⟩𝐿2⊕ → 𝛼. Recall that ( 𝑓𝑛, 𝑔𝑛) can

be considered as elements of 𝐿2(𝑃) × 𝐿2(𝑄) with
∫
𝑓𝑛𝑑𝑃 =

∫
𝑔𝑛𝑑𝑄. Note that ∥L∥op = |𝛼 |

implies ∥L( 𝑓𝑛, 𝑔𝑛)∥2
𝐿2⊕

≤ 𝛼2 and hence

∥(L − 𝛼I) ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2⊕ = −2𝛼⟨L( 𝑓𝑛, 𝑔𝑛), ( 𝑓𝑛, 𝑔𝑛)⟩𝐿2⊕ + 𝛼
2 + ∥L( 𝑓𝑛, 𝑔𝑛)∥2𝐿2⊕

≤ 2𝛼(𝛼 − ⟨L( 𝑓𝑛, 𝑔𝑛), ( 𝑓𝑛, 𝑔𝑛)⟩𝐿2⊕ ) → 0.
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Thus, there exists a sequence {𝑏𝑛}𝑛 ⊆ R such that






©­­«
𝑓𝑛 ((1 − 𝛼) − 𝜂

𝜀
𝑄(S(·))) − 𝜂

𝜀

∫
S( ·)

𝑔𝑛𝑑𝑄 + 𝑏𝑛

𝑔𝑛 ((1 − 𝛼) − 𝜂

𝜀
𝑃(T(·))) − 𝜂

𝜀

∫
T( ·)

𝑓𝑛𝑑𝑃 − 𝑏𝑛

ª®®¬








𝐿2 (𝑃)×𝐿2 (𝑄)

→ 0. (4.29)

In fact, the sequence {𝑏𝑛}𝑛 is bounded by the choice of ( 𝑓𝑛, 𝑔𝑛), hence converges to a limit 𝑏

after passing to a subsequence. After passing to another subsequence, the Banach–Alaoglu

theorem yields that the bounded sequence {( 𝑓𝑛, 𝑔𝑛)}𝑛 has a weak limit ( 𝑓 , 𝑔) in 𝐿2(𝑃) ×

𝐿2(𝑄). Recalling Lemma 4.3.2 and the fact that compact operators map weakly convergent

to strongly convergent sequences, it follows that






©­­«
A1(𝑔𝑛)

A2( 𝑓𝑛)

ª®®¬ −
©­­«
A1(𝑔)

A2( 𝑓 )

ª®®¬








𝐿2 (𝑃)×𝐿2 (𝑄)

→ 0.

Together with (4.29), we deduce that

©­­«
𝑓𝑛

𝑔𝑛

ª®®¬ →
©­­­«

𝜂

𝜀

∫
S(·)

𝑔𝑑𝑄+𝑏

(1−𝛼)− 𝜂

𝜀
𝑄(S( ·) )

𝜂

𝜀

∫
T(·)

𝑓 𝑑𝑃−𝑏

(1−𝛼)− 𝜂

𝜀
𝑃(T( ·) )

ª®®®¬ in 𝐿2(𝑃) × 𝐿2(𝑄),

where we have used that the denominator is bounded away from zero thanks to |𝛼 | ≥ 1 and
𝜂

𝜀
𝑃(T(·)), 𝜂𝜀𝑄(S(·)) ∈ ( 𝜆 𝜂

𝜀
, 1], where 𝜆 is as in Lemma 4.2.2 (ii). In particular, the sequence

{( 𝑓𝑛, 𝑔𝑛)}𝑛 converges strongly. It follows that {( 𝑓𝑛, 𝑔𝑛)}𝑛 converges strongly to its weak limit

( 𝑓 , 𝑔), and furthermore that ∥( 𝑓 , 𝑔)∥𝐿2⊕ = 1 and
∫
𝑓 𝑑𝑃 =

∫
𝑔𝑑𝑄. Thus, the equation

©­­«
𝑓

𝑔

ª®®¬ =

©­­­«
𝜂

𝜀

∫
S(·)

𝑔𝑑𝑄+𝑏

(1−𝛼)− 𝜂

𝜀
𝑄(S( ·) )

𝜂

𝜀

∫
T(·)

𝑓 𝑑𝑃−𝑏

(1−𝛼)− 𝜂

𝜀
𝑃(T( ·) )

ª®®®¬ ,
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admits the solution ( 𝑓 , 𝑔) ∈ 𝐿2⊕, or


𝑓 ((1 − 𝛼) − 𝜂

𝜀
𝑄(S(·))) = 𝜂

𝜀

∫
S( ·)

𝑔𝑑𝑄 + 𝑏,

𝑔((1 − 𝛼) − 𝜂

𝜀
𝑃(T(·))) = 𝜂

𝜀

∫
T( ·)

𝑓 𝑑𝑃 − 𝑏.
(4.30)

Next, we show that 𝑏 = 0. Integrating the first and second equation of (4.30) with respect

to 𝑃 and 𝑄, respectively, and applying Fubini’s theorem, we obtain

(1 − 𝛼)
∫

𝑓 (𝑥) 𝑑𝑃(𝑥) = 𝜂

𝜀

∫
E
( 𝑓 (𝑥) + 𝑔(𝑦)) 𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦) + 𝑏, (4.31)

(1 − 𝛼)
∫

𝑔(𝑦) 𝑑𝑄(𝑦) = 𝜂

𝜀

∫
E
( 𝑓 (𝑥) + 𝑔(𝑦)) 𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦) − 𝑏. (4.32)

Subtracting (4.32) from (4.31), we find (1 − 𝛼)
(∫

𝑓 𝑑𝑃 −
∫
𝑔 𝑑𝑄

)
= 2𝑏, and recalling that∫

𝑓 𝑑𝑃 =
∫
𝑔𝑑𝑄, we conclude 𝑏 = 0. In summary, ( 𝑓 , 𝑔) satisfies ∥( 𝑓 , 𝑔)∥𝐿2⊕ = 1, with∫

𝑓 𝑑𝑃 =
∫
𝑔𝑑𝑄, and solves the system


𝑓

(
(1 − 𝛼) − 𝜂

𝜀
𝑄(S(·))

)
=
𝜂

𝜀

∫
S( ·)

𝑔 𝑑𝑄,

𝑔

(
(1 − 𝛼) − 𝜂

𝜀
𝑃(T(·))

)
=
𝜂

𝜀

∫
T( ·)

𝑓 𝑑𝑃.

(4.33)

Case 𝛼 > 1 or 𝛼 < −1 : Then, (4.33) implies

∥ 𝑓 ∥∞ ≤


∥ 𝑓 ∥∞ sup𝑥,𝑦

𝜂

𝜀
𝑄(S𝑥)

|1−𝛼 |+ 𝜂

𝜀
𝑄(S𝑥)

𝜂

𝜀
𝑃(T𝑦)

|1−𝛼 |+ 𝜂

𝜀
𝑃(T𝑦)

if 𝛼 > 1,

∥ 𝑓 ∥∞ sup𝑥,𝑦
𝜂

𝜀
𝑄(S𝑥)

1−𝛼− 𝜂

𝜀
𝑄(S𝑥)

𝜂

𝜀
𝑃(T𝑦)

1−𝛼− 𝜂

𝜀
𝑃(T𝑦)

if 𝛼 < −1.

We observe that the above supremum is < 1 in either case, and thus that 𝑓 = 0. Similarly,

𝑔 = 0, contradicting that ∥( 𝑓 , 𝑔)∥𝐿2⊕ = 1.
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Case 𝛼 = 1 : In this case, (4.33) specializes to


𝑓 𝑄(S(·)) = −

∫
S( ·)

𝑔𝑑𝑄,

𝑔𝑃(T(·)) = −
∫
T( ·)

𝑓 𝑑𝑃,

which by Lemma 4.3.3 means that ( 𝑓 , 𝑔) = (0, 0) in 𝐿2⊕, again contradicting ∥( 𝑓 , 𝑔)∥𝐿2⊕ = 1.

Case 𝛼 = −1 : In this case, (4.33) can be written as


2 𝑓 (𝑥) = 𝜂

𝜀

∫
S𝑥
( 𝑓 (𝑥) + 𝑔(𝑦′))𝑑𝑄(𝑦′),

2𝑔(𝑦) = 𝜂

𝜀

∫
T𝑦 ( 𝑓 (𝑥

′) + 𝑔(𝑦))𝑑𝑃(𝑥′).

Adding these equations, taking squares, applying the inequality (𝑎 + 𝑏)2 ≤ 2(𝑎2 + 𝑏2) and

then Jensen’s inequality, we deduce

4 ( 𝑓 (𝑥) + 𝑔(𝑦))2 =
(𝜂
𝜀

)2 (∫
S𝑥

( 𝑓 (𝑥) + 𝑔(𝑦′))𝑑𝑄(𝑦′) +
∫
T𝑦
( 𝑓 (𝑥′) + 𝑔(𝑦))𝑑𝑃(𝑥′)

)2
≤ 2

(𝜂
𝜀

)2 ©­«
(∫

S𝑥

( 𝑓 (𝑥) + 𝑔(𝑦′))𝑑𝑄(𝑦′)
)2

+
(∫

T𝑦
( 𝑓 (𝑥′) + 𝑔(𝑦))𝑑𝑃(𝑥′)

)2ª®¬
≤ 2

(𝜂
𝜀

)2 (
𝑄(S𝑥)

∫
( 𝑓 (𝑥) + 𝑔(𝑦′))2𝑑𝑄(𝑦′) + 𝑃(T𝑦)

∫
( 𝑓 (𝑥′) + 𝑔(𝑦))2𝑑𝑃(𝑥′)

)
.

(4.34)

We now recall Assumption 4.1.2 and reach a contradiction using that 𝜂 ∈ (0, 𝜀). Inte-

grating (4.34) with respect to 𝑃 ⊗ 𝑄 and using the fact that 𝑃(T𝑦), 𝑄(S𝑥) ∈ [0, 1], we get

the strict inequality

∫
( 𝑓 (𝑥) + 𝑔(𝑦))2 𝑑𝑃(𝑥)𝑑𝑄(𝑦) ≤

(𝜂
𝜀

)2 ∫
( 𝑓 (𝑥) + 𝑔(𝑦))2𝑑𝑃(𝑥)𝑑𝑄(𝑦)

<

∫
( 𝑓 (𝑥) + 𝑔(𝑦))2𝑑𝑃(𝑥)𝑑𝑄(𝑦) ,

contradicting that ∥( 𝑓 , 𝑔)∥𝐿2⊕ = 1. □
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Remark 4.3.5. Assume now that 𝜂 = 𝜀 and that spt 𝜋∗ ≠ Ω × Ω′, recalling Lemma 4.2.3.

Then there exists 𝐴 ⊆ Ω, with 𝑃(𝐴) > 0, such that 𝑄(S𝑥) < 1 for all 𝑥 ∈ 𝐴. With the same

bounds as in the previous proof, we can use (4.34) to show the strict inequality

∫
( 𝑓 (𝑥) + 𝑔(𝑦))2 𝑑𝑃(𝑥)𝑑𝑄(𝑦) <

(𝜂
𝜀

)2 ∫
( 𝑓 (𝑥) + 𝑔(𝑦))2𝑑𝑃(𝑥)𝑑𝑄(𝑦)

≤
∫

( 𝑓 (𝑥) + 𝑔(𝑦))2𝑑𝑃(𝑥)𝑑𝑄(𝑦).

This implies that Proposition 4.3.1 still holds in the limiting case 𝜂 = 𝜀, while spt 𝜋∗ ≠ Ω×Ω′.

4.4 Proof of linear convergence

Recall from (4.15) that the gradient ascent iterates satisfy

©­­«
𝑓𝑛+1 − 𝑓𝑛

𝑔𝑛+1 − 𝑔𝑛

ª®®¬ =
𝜂

𝜀
· proj⊕

©­­«
𝜀 −

∫ (
𝑓𝑛 (·) + 𝑔𝑛 (𝑦) − 1

2 ∥ · −𝑦∥
2
)
+𝑑𝑄(𝑦)

𝜀 −
∫ (

𝑓𝑛 (𝑥) + 𝑔𝑛 (·) − 1
2 ∥𝑥 − ·∥2

)
+𝑑𝑃(𝑥)

ª®®¬ . (4.35)

We first represent the iterates in a form convenient for our analysis, with the operator L𝑛

introduced in Lemma 4.4.1. To prove the main result, it then remains to show that L𝑛

converges to L in operator norm. We first show that ( 𝑓𝑛, 𝑔𝑛) → ( 𝑓∗, 𝑔∗); this is a straight-

forward Arzelà–Ascoli argument (Lemma 4.4.5). Next, the proof of L𝑛 → L is given in

Proposition 4.4.7. Combining ∥L𝑛 − L∥op → 0 with the fact that L is a contraction (Propo-

sition 4.3.1), we complete the proof of the main result in Corollary 4.4.8. Let L1(𝜆) denote

one-dimensional Lebesgue measure.

Lemma 4.4.1. The gradient ascent iterates ( 𝑓𝑛, 𝑔𝑛) satisfy

©­­«
𝑓𝑛+1 − 𝑓∗

𝑔𝑛+1 − 𝑔∗

ª®®¬ = L𝑛
©­­«
𝑓𝑛 − 𝑓∗

𝑔𝑛 − 𝑔∗

ª®®¬ , (4.36)
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for the operator

L𝑛
©­­«
𝑓

𝑔

ª®®¬ := proj⊕
©­­«
𝑓 (1 − 𝜂

𝜀
· [L1 ⊗ 𝑄] (S𝑛,(·))) − 𝜂

𝜀
·
∫
S𝑛, ( ·)

𝑔(𝑦)𝑑 [L1 ⊗ 𝑄] (𝜆, 𝑦)

𝑔(1 − 𝜂

𝜀
· [L1 ⊗ 𝑃] (T𝑛,(·))) − 𝜂

𝜀
·
∫
T𝑛, ( ·)

𝑓 (𝑥)𝑑 [L1 ⊗ 𝑃] (𝜆, 𝑥)

ª®®¬ , (4.37)

where

S𝑛,𝑥 :=
{
(𝜆, 𝑦) ∈ [0, 1] ×Ω′ : 𝜆( 𝑓∗(𝑥) + 𝑔∗(𝑦)) + (1 − 𝜆) ( 𝑓𝑛 (𝑥) + 𝑔𝑛 (𝑦)) ≥

1

2
∥𝑥 − 𝑦∥2

}
,

T𝑛,𝑦 :=
{
(𝜆, 𝑥) ∈ [0, 1] ×Ω : 𝜆( 𝑓∗(𝑥) + 𝑔∗(𝑦)) + (1 − 𝜆) ( 𝑓𝑛 (𝑥) + 𝑔𝑛 (𝑦)) ≥

1

2
∥𝑥 − 𝑦∥2

}
.

Proof. In view of (4.16), (4.35) implies that

©­­«
𝑓𝑛+1 − 𝑓∗

𝑔𝑛+1 − 𝑔∗

ª®®¬ −
©­­«
𝑓𝑛 − 𝑓∗

𝑔𝑛 − 𝑔∗

ª®®¬
=
𝜂

𝜀
· proj⊕

©­­«
∫ (

𝑓∗(·) + 𝑔∗(𝑦) − 1
2 ∥ · −𝑦∥

2
)
+ −

(
𝑓𝑛 (·) + 𝑔𝑛 (𝑦) − 1

2 ∥ · −𝑦∥
2
)
+ 𝑑𝑄(𝑦)∫ (

𝑓∗(𝑥) + 𝑔∗(·) − 1
2 ∥𝑥 − ·∥2

)
+ −

(
𝑓𝑛 (𝑥) + 𝑔𝑛 (·) − 1

2 ∥𝑥 − ·∥2
)
+ 𝑑𝑃(𝑥)

ª®®¬ . (4.38)

After applying the fundamental theorem of calculus in the form

𝜙(1)+ − 𝜙(0)+ =

∫ 1

0

𝑑

𝑑𝜆
[𝜙(𝜆)+] 𝑑L1(𝜆) ,

to the functions

𝜙(𝜆) = 𝜆( 𝑓∗(𝑥) + 𝑔∗(𝑦)) + (1 − 𝜆) ( 𝑓𝑛 (𝑥) + 𝑔𝑛 (𝑦)) −
1

2
∥𝑥 − 𝑦∥2,

𝑑

𝑑𝜆
[𝜙(𝜆)+] = I𝜙(𝜆)≥0 · ( 𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑓𝑛 (𝑥) − 𝑔𝑛 (𝑦)),
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we get

©­­«
𝑓𝑛+1 − 𝑓∗

𝑔𝑛+1 − 𝑔∗

ª®®¬ −
©­­«
𝑓𝑛 − 𝑓∗

𝑔𝑛 − 𝑔∗

ª®®¬
= −𝜂

𝜀
· proj⊕

©­­«
( 𝑓𝑛 − 𝑓∗) [L1 ⊗ 𝑄] (S𝑛,(·)) +

∫
S𝑛, ( ·)

(𝑔𝑛 (𝑦) − 𝑔∗(𝑦))𝑑 [L1 ⊗ 𝑄] (𝜆, 𝑦)

(𝑔𝑛 − 𝑔∗) [L1 ⊗ 𝑃] (T𝑛,(·)) +
∫
T𝑛, ( ·)

( 𝑓𝑛 (𝑥) − 𝑓∗(𝑥))𝑑 [L1 ⊗ 𝑃] (𝜆, 𝑥) ,

ª®®¬
and the claim follows. □

The next two lemmas establish that the gradient ascent iterates are uniformly bounded

and equicontinuous.

Lemma 4.4.2. Let 𝜂 ∈ (0, 𝜀], then






©­­«
𝑓𝑛+1 − 𝑓∗

𝑔𝑛+1 − 𝑔∗

ª®®¬








C⊕

≤ 2 ·








©­­«
𝑓0 − 𝑓∗

𝑔0 − 𝑔∗

ª®®¬








C⊕

. (4.39)

Proof. Up to taking equivalence classes in C⊕, (4.38) states that

©­­«
𝑓𝑛+1 − 𝑓∗

𝑔𝑛+1 − 𝑔∗

ª®®¬ =
©­­«
𝑓𝑛 − 𝑓∗

𝑔𝑛 − 𝑔∗

ª®®¬
+ 𝜂
𝜀
·
©­­«

∫ (
𝑓∗(·) + 𝑔∗(𝑦) − 1

2 ∥ · −𝑦∥
2
)
+ −

(
𝑓𝑛 (·) + 𝑔𝑛 (𝑦) − 1

2 ∥ · −𝑦∥
2
)
+ 𝑑𝑄(𝑦)∫ (

𝑓∗(𝑥) + 𝑔∗(·) − 1
2 ∥𝑥 − ·∥2

)
+ −

(
𝑓𝑛 (𝑥) + 𝑔𝑛 (·) − 1

2 ∥𝑥 − ·∥2
)
+ 𝑑𝑃(𝑥)

ª®®¬ .
Using the inequality

(𝑡)+ − (𝑠)+ ≤ I{𝑡≥0} (𝑡 − 𝑠) , (4.40)
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with 𝑡 = 𝑓∗(𝑥) + 𝑔∗(𝑦) − 1
2 ∥𝑥 − 𝑦∥

2 and 𝑠 = 𝑓𝑛 (𝑥) + 𝑔𝑛 (𝑦) − 1
2 ∥𝑥 − 𝑦∥

2, we infer

𝑓𝑛+1(𝑥) − 𝑓∗(𝑥) ≤ ( 𝑓𝑛 (𝑥) − 𝑓∗(𝑥)) +
𝜂

𝜀
·
∫
S𝑥

( 𝑓∗(𝑥) − 𝑓𝑛 (𝑥)) + (𝑔∗(𝑦) − 𝑔𝑛 (𝑦))𝑑𝑄(𝑦)

= ( 𝑓𝑛 (𝑥) − 𝑓∗(𝑥))
(
1 − 𝜂

𝜀
· 𝑄(S𝑥)

)
− 𝜂

𝜀
·
∫
S𝑥

(𝑔𝑛 (𝑦) − 𝑔∗(𝑦))𝑑𝑄(𝑦)

≤ ∥ 𝑓𝑛 − 𝑓∗∥∞
(
1 − 𝜂

𝜀
· 𝑄(S𝑥)

)
+ 𝜂
𝜀
· 𝑄(S𝑥)∥𝑔𝑛 − 𝑔∗∥∞.

Note that the right-hand side is a convex combination of ∥ 𝑓𝑛 − 𝑓∗∥∞ and ∥𝑔𝑛 − 𝑔∗∥∞ as

𝜂 ∈ (0, 𝜀].

Writing

S̃𝑛,𝑥 :=
{
𝑦 ∈ Ω′ : 𝑓𝑛 (𝑥) + 𝑔𝑛 (𝑦) ≥

1

2
∥𝑥 − 𝑦∥2

}
, 𝑥 ∈ Ω, 𝑛 ∈ N, (4.41)

we analogously get

𝑓∗(𝑥) − 𝑓𝑛+1(𝑥) ≤ ∥ 𝑓𝑛 − 𝑓∗∥∞
(
1 − 𝜂

𝜀
· 𝑄(S̃𝑛,𝑥)

)
+ 𝜂
𝜀
· 𝑄(S̃𝑛,𝑥)∥𝑔𝑛 − 𝑔∗∥∞ ,

a convex combination of the same quantities. Together, it follows that

∥ 𝑓𝑛+1 − 𝑓∗∥∞ ≤ max (∥ 𝑓𝑛 − 𝑓∗∥∞, ∥𝑔𝑛 − 𝑔∗∥∞) .

Repeating the same argument for ∥𝑔𝑛+1 − 𝑔∗∥∞, we conclude

max (∥ 𝑓𝑛+1 − 𝑓∗∥∞, ∥𝑔𝑛+1 − 𝑔∗∥∞) ≤ max (∥ 𝑓𝑛 − 𝑓∗∥∞, ∥𝑔𝑛 − 𝑔∗∥∞)

for all 𝑛 and hence

max (∥ 𝑓𝑛+1 − 𝑓∗∥∞, ∥𝑔𝑛+1 − 𝑔∗∥∞) ≤ max (∥ 𝑓0 − 𝑓∗∥∞, ∥𝑔0 − 𝑔∗∥∞) .
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The claim follows after recalling the definition of the norm ∥ · ∥C⊕ . □

Lemma 4.4.3. Let 𝜂 ∈ (0, 𝜀] and let ( 𝑓0, 𝑔0) be Lipschitz with constant 𝐿0. Then for every

𝑛 ≥ 1, the gradient ascent iterates ( 𝑓𝑛, 𝑔𝑛) are Lipschitz with constant 𝐿, where

𝐿 = max{𝐿0, 𝐶}, 𝐶 := max{∥𝑥 − 𝑦∥ : 𝑥 ∈ Ω, 𝑦 ∈ Ω′}.

Proof. Arguing by inductively, let 𝐿𝑛−1 denote the Lipschitz constant of 𝑓𝑛−1. Fix 𝑥, 𝑥′ ∈ Ω

with 𝑥 ≠ 𝑥′. By (4.35),

𝑓𝑛 (𝑥) − 𝑓𝑛 (𝑥′) = ( 𝑓𝑛−1(𝑥) − 𝑓𝑛−1(𝑥′)) −
𝜂

𝜀
·
∫ (

𝑓𝑛−1(𝑥) + 𝑔𝑛−1(𝑦) −
1

2
∥𝑥 − 𝑦∥2

)
+
𝑑𝑄(𝑦)

+ 𝜂
𝜀
·
∫ (

𝑓𝑛−1(𝑥′) + 𝑔𝑛−1(𝑦) −
1

2
∥𝑥′ − 𝑦∥2

)
+
𝑑𝑄(𝑦).

Recalling the definition of S̃𝑛−1,𝑥′ from (4.41) and using the inequality (4.40), we get

𝑓𝑛 (𝑥) − 𝑓𝑛 (𝑥′)

≤ ( 𝑓𝑛−1(𝑥) − 𝑓𝑛−1(𝑥′)) +
𝜂

𝜀
·
∫
S̃𝑛−1,𝑥′

( 𝑓𝑛−1(𝑥′) − 𝑓𝑛−1(𝑥)) +
∥𝑥 − 𝑦∥2 − ∥𝑥′ − 𝑦∥2

2
𝑑𝑄(𝑦)

≤ ( 𝑓𝑛−1(𝑥) − 𝑓𝑛−1(𝑥′)) (1 −
𝜂

𝜀
· 𝑄(S̃𝑛−1,𝑥′)) +

𝜂

𝜀
·
∫
S̃𝑛−1,𝑥′

∥𝑥 − 𝑦∥2 − ∥𝑥′ − 𝑦∥2
2

𝑑𝑄(𝑦)

≤ ( 𝑓𝑛−1(𝑥) − 𝑓𝑛−1(𝑥′)) (1 −
𝜂

𝜀
· 𝑄(S̃𝑛−1,𝑥′)) +

𝜂

𝜀
· 𝐶∥𝑥 − 𝑥′∥𝑄(S̃𝑛−1,𝑥′) ,

where 𝐶 = max{∥𝑥 − 𝑦∥ : 𝑥 ∈ Ω, 𝑦 ∈ Ω′}.

As a consequence,

𝑓𝑛 (𝑥) − 𝑓𝑛 (𝑥′)
∥𝑥 − 𝑥′∥ ≤ 𝐿𝑛−1(1 −

𝜂

𝜀
· 𝑄(S̃𝑛−1,𝑥′)) +

𝜂

𝜀
· 𝑄(S̃𝑛−1,𝑥′)𝐶.

Noting that the right-hand side is a convex combination of 𝐿𝑛−1 and 𝐶, we have

𝑓𝑛 (𝑥) − 𝑓𝑛 (𝑥′)
∥𝑥 − 𝑥′∥ ≤ max (𝐿𝑛−1, 𝐶) ,
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and the claim for 𝑓𝑛 follows. The proof for 𝑔𝑛 is analogous. □

The next lemma shows that the linearized gradient DΓ defined in (4.14) is 2/𝜀-Lipschitz,

as stated in Remark 4.1.4.

Lemma 4.4.4. The operator DΓ : 𝐿2⊕ → 𝐿2⊕, as defined in (4.14), is 2/𝜀-Lipschitz.

Proof. Denote

DΓ1( 𝑓 , 𝑔) := 1 − 1

𝜀

∫ (
𝑓 (·) + 𝑔(𝑦) − 1

2
∥ · −𝑦∥2

)
+
𝑑𝑄(𝑦)

DΓ2( 𝑓 , 𝑔) := 1 − 1

𝜀

∫ (
𝑓 (𝑥) + 𝑔(·) − 1

2
∥𝑥 − ·∥2

)
+
𝑑𝑃(𝑥) ,

the projections of DΓ to each of its coordinates. Consider ( 𝑓 , 𝑔) and (𝑢, 𝑣) in 𝐿2⊕,

|DΓ1( 𝑓 , 𝑔) −DΓ1(𝑢, 𝑣) |

=
1

𝜀

����∫ (
𝑢(·) + 𝑣(𝑦) − 1

2
∥ · −𝑦∥2

)
+
−

(
𝑓 (·) + 𝑔(𝑦) − 1

2
∥ · −𝑦∥2

)
+
𝑑𝑄(𝑦)

���� ,
and, using the inequality | (𝑡)+ − (𝑠)+ | ≤ |𝑡 − 𝑠 |

|DΓ1( 𝑓 , 𝑔) −DΓ1(𝑢, 𝑣) | ≤
1

𝜀

∫
|𝑢(·) + 𝑣(𝑦) − 𝑓 (·) − 𝑔(𝑦) |𝑑𝑄(𝑦)

≤ 1

𝜀

(
|𝑢(·) − 𝑓 (·) | +

∫
|𝑣(𝑦) − 𝑔(𝑦) |𝑑𝑄(𝑦)

)
.

Taking the square and integrating, we can use Jensen’s inequality and that (𝑎 + 𝑏)2 ≤

2𝑎2 + 2𝑏2 to recover

∥DΓ1( 𝑓 , 𝑔) −DΓ1(𝑢, 𝑣)∥2𝐿2 (𝑃) ≤
2

𝜀2

(
∥ 𝑓 − 𝑢∥2

𝐿2 (𝑃) + ∥𝑔 − 𝑣∥2
𝐿2 (𝑄)

)
=

2

𝜀2
∥( 𝑓 , 𝑔) − (𝑢, 𝑣)∥2

𝐿2⊕
.
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Using the analogous bound for DΓ2, we obtain

∥DΓ( 𝑓 , 𝑔) −DΓ(𝑢, 𝑣)∥2
𝐿2⊕

= ∥DΓ1( 𝑓 , 𝑔) −DΓ1(𝑢, 𝑣)∥2𝐿2 (𝑃) + ∥DΓ2( 𝑓 , 𝑔) −DΓ2(𝑢, 𝑣)∥2𝐿2 (𝑄)

≤ 4

𝜀2
∥( 𝑓 , 𝑔) − (𝑢, 𝑣)∥2

𝐿2⊕

which is the desired regularity. □

We can now conclude the convergence of ( 𝑓𝑛, 𝑔𝑛) to ( 𝑓∗, 𝑔∗) in C⊕.

Lemma 4.4.5. Let 𝜂 ∈ (0, 𝜀), then ∥( 𝑓𝑛, 𝑔𝑛) − ( 𝑓∗, 𝑔∗)∥C⊕ → 0.

Proof. In view of Lemmas 4.4.2 and 4.4.3, the Arzelà–Ascoli theorem shows that there exists

a subsequence {( 𝑓𝑛𝑘 , 𝑔𝑛𝑘 )}𝑘 converging to a limit ( 𝑓∞, 𝑔∞) in C⊕. Recalling Lemma 4.4.4, DΓ

is Lipschitz with constant 2/𝜀, which by a classical result of convex optimization (see [78,

Theorem 2.1.5]) implies

𝜂

(
1 − 𝜂

𝜀

)
∥DΓ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2⊕ ≤ Γ( 𝑓𝑛+1, 𝑔𝑛+1) − Γ( 𝑓𝑛, 𝑔𝑛) .

For 𝜂 < 𝜀, summing over 0 ≤ 𝑛 ≤ 𝑁, we deduce for any 𝑁 ∈ N that

𝑁∑︁
𝑛=0

∥DΓ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2⊕ ≤ 1

𝜂
(
1 − 𝜂

𝜀

) (Γ( 𝑓𝑁+1, 𝑔𝑁+1) − Γ( 𝑓0, 𝑔0)) ≤
1

𝜂
(Γ( 𝑓∗, 𝑔∗) − Γ( 𝑓0, 𝑔0)) < ∞.

It follows that DΓ( 𝑓𝑛, 𝑔𝑛) → 0 in 𝐿2⊕. By continuity of DΓ, this implies DΓ( 𝑓∞, 𝑔∞) = 0,

meaning that ( 𝑓∞, 𝑔∞) solves (4.16). Lemma 4.2.1 shows ( 𝑓∗, 𝑔∗) is the unique solution of

(4.16), and therefore the claim follows. □

Remark 4.4.6. Lemma 4.4.5 is the only result that doesn’t hold in the case where 𝜂 = 𝜀

and spt 𝜋∗ ≠ Ω × Ω′. Therefore, if the Lipschitz constant of 2/𝜀 given in Lemma 4.4.4 were

to be improved by any margin, we can incorporate this limiting case to our analysis.

We can now prove the main technical result of this section.
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Proposition 4.4.7. Let Assumption 4.1.2 hold. We have ∥L𝑛 − L∥op → 0.

Proof. Comparing the definitions of L and L𝑛 in (4.25) and (4.37), we see that ∥L𝑛−L∥op → 0

is implied by the two limits

∥ [L1 ⊗ 𝑄] (S𝑛,(·)) −𝑄(S(·))∥𝐿2 (𝑃) → 0 , (4.42)

sup
∥ℎ∥

𝐿2 (𝑄)≤1






∫S𝑛, ( ·)

ℎ(𝑦)𝑑 [L1 ⊗ 𝑄] (𝜆, 𝑦) −
∫
S( ·)

ℎ(𝑦)𝑑𝑄(𝑦)






𝐿2 (𝑃)

→ 0 , (4.43)

and the symmetric results for the second component. Clearly (4.43) implies (4.42) by spe-

cializing to ℎ = 1, hence we focus on (4.43). Separating ℎ = (ℎ)+ − (ℎ)−, it even suffices to

prove

sup
∥ℎ∥

𝐿2 (𝑄)≤1, ℎ≥0






∫S𝑛, ( ·)

ℎ(𝑦)𝑑 [L1 ⊗ 𝑄] (𝜆, 𝑦) −
∫
S( ·)

ℎ(𝑦)𝑑𝑄(𝑦)






𝐿2 (𝑃)

→ 0. (4.44)

Consider 𝑥 ∈ Ω and ℎ ≥ 0 with ∥ℎ∥𝐿2 (𝑄)≤1. Note that the sets

S±
𝑛,𝑥 :=

{
𝑦 ∈ Ω′ : 𝑓∗(𝑥) + 𝑔∗(𝑦) −

1

2
∥𝑥 − 𝑦∥2 ≥ ∓∥( 𝑓𝑛, 𝑔𝑛) − ( 𝑓∗, 𝑔∗)∥C⊕

}
satisfy

[0, 1] × S−
𝑛,𝑥 ⊆ S𝑛,𝑥 ⊆ [0, 1] × S+

𝑛,𝑥 ,

and thus

0 ≤
∫
S−
𝑛,𝑥

ℎ(𝑦)𝑑𝑄(𝑦) ≤
∫
S𝑛,𝑥

ℎ(𝑦)𝑑 [L1 ⊗ 𝑄] (𝜆, 𝑦) ≤
∫
S+
𝑛,𝑥

ℎ(𝑦)𝑑𝑄(𝑦).

Hence, it suffices to show that

E±
𝑛 =

∫ (∫
S±
𝑛,𝑥

ℎ(𝑦)𝑑𝑄(𝑦) −
∫
S𝑥

ℎ(𝑦)𝑑𝑄(𝑦)
)2
𝑑𝑃(𝑥) → 0 (4.45)
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uniformly in ℎ. We show this for E+
𝑛 , the proof for E−

𝑛 is similar. In view of ∥ℎ∥𝐿2 (𝑄)≤1, the

Cauchy–Schwarz inequality yields

E+
𝑛 =

∫ (∫
(IS+

𝑛,𝑥
(𝑦) − IS𝑥

(𝑦))ℎ(𝑦)𝑑𝑄(𝑦)
)2
𝑑𝑃(𝑥)

≤ ∥ℎ∥2
𝐿2 (𝑄)

∫
∥IS+

𝑛,𝑥
− IS𝑥

∥2
𝐿2 (𝑄)𝑑𝑃(𝑥) ≤

∫
∥IS+

𝑛,𝑥
− IS𝑥

∥2
𝐿2 (𝑄)𝑑𝑃(𝑥) ,

and we note that the right-hand side is independent of ℎ. As |IS+
𝑛,𝑥
(𝑦) − IS𝑥

(𝑦) | ≤ 1, it

suffices to show that |IS+
𝑛,𝑥
(𝑦) − IS𝑥

(𝑦) | → 0 for (𝑃 ⊗ 𝑄)-almost all (𝑥, 𝑦). Write 𝜉∗(𝑥, 𝑦) :=

𝑓∗(𝑥) + 𝑔∗(𝑦) − 1
2 ∥𝑥 − 𝑦∥

2. Since the set {(𝑥, 𝑦) ∈ Ω × Ω′ : 𝜉∗(𝑥, 𝑦) = 0} is (𝑃 ⊗ 𝑄)-negligible

by Lemma 4.2.2 (i) and Fubini’s theorem, it suffices to show |IS+
𝑛,𝑥
(𝑦) − IS𝑥

(𝑦) | → 0 for

(𝑥, 𝑦) ∈ Ω × Ω′ with 𝜉∗(𝑥, 𝑦) ≠ 0. Fix such a pair (𝑥, 𝑦). By Lemma 4.4.5, there exists 𝑛0

such that

∥( 𝑓𝑛, 𝑔𝑛) − ( 𝑓∗, 𝑔∗)∥C⊕ ≤ 1

2
|𝜉∗(𝑥, 𝑦) | for all 𝑛 ≥ 𝑛0.

If 𝜉∗(𝑥, 𝑦) > 0, it follows that IS𝑥
(𝑦) = IS+

𝑛,𝑥
(𝑦) = 1 for 𝑛 ≥ 𝑛0, whereas if 𝜉∗(𝑥, 𝑦) < 0, then

IS𝑥
(𝑦) = IS+

𝑛,𝑥
(𝑦) = 0 for 𝑛 ≥ 𝑛0. In either case, |IS+

𝑛,𝑥
(𝑦) − IS𝑥

(𝑦) | = 0 for 𝑛 ≥ 𝑛0, completing

the proof. □

Combining Propositions 4.3.1 and 4.4.7, we deduce that L𝑛 a uniform contraction for

𝑛 ≥ 𝑛0.

Corollary 4.4.8. Let Assumption 4.1.2 hold. There exist 𝛿∗ ∈ (0, 1) and 𝑛0 ∈ N such that

∥L𝑛∥op ≤ 𝛿∗ for all 𝑛 ≥ 𝑛0.

In view of (4.36), Corollary 4.4.8 implies Theorem 4.1.3.
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4.5 Numerical experiments

In this section, we provide numerical experiments for the gradient ascent algorithm. The

key quantity of interest is

Δ𝑛 := ∥( 𝑓𝑛, 𝑔𝑛) − ( 𝑓𝑛−1, 𝑔𝑛−1)∥𝐿2⊕ .

On the one hand, we see from (4.35) that

Δ𝑛 =
𝜂

𝜀








©­­«
𝜀 −

∫ (
𝑓𝑛 (·) + 𝑔𝑛 (𝑦) − 1

2 ∥ · −𝑦∥
2
)
+𝑑𝑄(𝑦)

𝜀 −
∫ (

𝑓𝑛 (𝑥) + 𝑔𝑛 (·) − 1
2 ∥𝑥 − ·∥2

)
+𝑑𝑃(𝑥)

ª®®¬








𝐿2⊕

,

and hence Δ𝑛 has a direct interpretation as 𝜂/𝜀 times the 𝐿2 norm of the constraint violation

in (4.16). This captures how far the measure with density 1
𝜀

(
𝑓𝑛 (𝑥) + 𝑔𝑛 (𝑦) − 1

2 ∥𝑥 − 𝑦∥
2
)
+ is

from being a coupling of 𝑃 and 𝑄. On the other hand, we will observe that Δ𝑛 ≈ 𝛿𝑛∗ for large

𝑛, for some 𝛿∗ ∈ (0, 1), implying that also ∥( 𝑓𝑛, 𝑔𝑛) − ( 𝑓∗, 𝑔∗)∥𝐿2⊕ ≈ 𝛿𝑛∗ . This will confirm that

Theorem 4.1.3 accurately captures the convergence behavior.

The left panels in Figure 4.2 plot log(Δ𝑛) against 𝑛 for three different pairs of marginals

(𝑃,𝑄) and for numerous different step sizes 𝜂. The regularization parameter 𝜀 = 10−1 and the

initialization 𝑓0 ≡ 𝑔0 ≡ 0.5 are fixed. The gradient ascent iteration is run until Δ𝑛 ≤ 10−10.

The integrals in (4.14) are approximated using the regular trapezoid rule over a discretized

mesh of [−0.1, 1.6], with step size 0.001, giving approximately 1700 discretization points for

the one-dimensional marginals, while the same integration procedure is applied on a mesh

of [−0.1, 2] × [−0.1, 2], with step size 0.05, to obtain approximately the same number of

discretization points.

For all step sizes 𝜂 < 𝜀, we observe a linear behavior after a burn-in period, confirming

that Δ𝑛 ≈ 𝛿𝑛∗ where 𝛿∗ ∈ (0, 1). We also show some step sizes with 𝜂/𝜀 ≥ 1; specifically, we

increase the step size until convergence breaks. In the three experiments, convergence breaks
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Figure 4.2: Gradient ascent algorithm for three pairs of marginals. Top: 𝑃 = 𝑈 [0, 1] and
𝑄 = 𝑈 [0.5, 1.5]. Middle: 𝑃 = 𝑈 [0, 1] and 𝑄 = 𝛽(0.1, 0.2). Bottom: 𝑃 = 𝑈 ( [0, 1] × [0, 1])
and 𝑄 = 𝑈 ( [1/

√
2, 1 + 1/

√
2] × [1/

√
2, 1 + 1/

√
2]). Left: Convergence for different step sizes

𝜂. Right: Estimated 𝛿∗ for different 𝜂, both for fixed 𝜀 = 10−1. Step size is increased until
convergence breaks, which happens at 𝜂/𝜀 = 1.13, 1.42, 1.24, respectively.
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when 𝜂/𝜀 reaches the values 1.13, 1.24, and 1.42. This suggests that the condition 𝜂/𝜀 < 1

in Assumption 4.1.2 is fairly sharp; see also Remark 4.1.4.

The right panels in Figure 4.2 show an estimate of 𝛿∗ for each step size. The estimate is

obtained by a linear regression over log(Δ𝑁−𝑘 ), 𝑘 = 0, . . . , 9, where 𝑁 is the iteration where

the convergence criterion is reached. We observe that 𝛿∗ depends substantially on 𝜂/𝜀, with

a distinct V shape. Overall, the value of 𝛿∗ is quite small for a large range of step sizes

(bounded away from zero and the break point), indicating fast convergence. As a caveat, we

emphasize that the estimated 𝛿∗ pertains to the particular trajectory of the algorithm which

depends on the chosen initialization, meaning that the constant in Theorem 4.1.3 could be

worse.

Figure 4.3: Repeating the first experiment (top row of Figure 4.2) with smaller values of
𝜀 and warm-start initialization. Left: Convergence for 𝜀 = 10−4 and different step sizes 𝜂.
Right: Estimated 𝛿∗ for several values of 𝜀 and varying step size 𝜂. Step size is increased
until convergence breaks.

Figure 4.3 repeats the first experiment (i.e., the top row in Figure 4.2) but varies the

regularization parameter 𝜀. In addition, the experiment for 𝜀 = 10−𝑘 is initialized with the

potentials found for 𝜀 = 10−𝑘+1. Even so, a longer burn-in period is observed for smaller

values of 𝜀 (for constant initialization, the burn-in period would be even longer). We observe

that the break point as well as the optimal ratio 𝜂/𝜀 increase as 𝜀 decreases, extending beyond

Assumption 4.1.2. Comparing with Remark 4.1.4 and Remark 4.4.6, a possible explanation

is that for small values of 𝜀, the Lipschitz constant of the gradient DΓ is substantially
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smaller than 2/𝜀. Specifically, the positive part operator in (4.14) implies that the integral

is approximately taken only over the support of the optimal coupling. This support is

conjectured to be sparse, with sections of diameter ∼ 𝜀
1

𝑑+2 (see [73, 74]), which suggests a

Lipschitz constant that shrinks with 𝜀.
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Chapter 5: Polyak–Łojasiewicz Inequality

for Quadratically Regularized Optimal Transport

We start by recalling the framework, context and notation presented in Chapter 4, for

ease of reading. Optimal transport provides a principled framework for comparing probabil-

ity distributions, with ubiquitous applications from machine learning to economics. Given

compactly supported probability measures 𝑃 and 𝑄 on R𝑑, the optimal transport problem

with cost function 𝑐 : R𝑑 × R𝑑 → R is

OT(𝑃,𝑄) = inf
𝜋∈Π(𝑃,𝑄)

∫
R𝑑×R𝑑

𝑐(𝑥, 𝑦) 𝑑𝜋(𝑥, 𝑦), (5.1)

where Π(𝑃,𝑄) denotes the set of couplings (or transport plans), i.e., probability measures

on R𝑑 ×R𝑑 with marginals (𝑃,𝑄). In particular, the optimal value OT(𝑃,𝑄) induces the 𝑝-

Wasserstein distance when 𝑐(𝑥, 𝑦) = ∥𝑥− 𝑦∥𝑝 (which was the setup of Chapter 4, with 𝑝 = 2).

As (5.1) is computationally and statistically challenging in high dimensions, the dominant

approach in applications is to introduce a regularization term. Popularized by [34], the most

widely used is Kullback–Leibler (KL) divergence, leading to the entropic optimal transport

(EOT) problem

EOT𝜀 (𝑃,𝑄) = inf
𝜋∈Π(𝑃,𝑄)

∫
𝑐(𝑥, 𝑦) 𝑑𝜋(𝑥, 𝑦) + 𝜀KL

(
𝜋 |𝑃 ⊗ 𝑄

)
. (5.2)

Here 𝜀 > 0 is a parameter controlling the strength of the regularization. The associated dual

problem is the maximization of

∫ (
𝑓 (𝑥) + 𝑔(𝑦) − 𝜀𝑒

𝑓 (𝑥 )+𝑔 (𝑦)−𝑐 (𝑥,𝑦)
𝜀

)
𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦) (5.3)
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over functions 𝑓 , 𝑔 : R𝑑 → R.

The celebrated Sinkhorn algorithm can be interpreted as the (block) coordinate ascent

algorithm on this objective. Two key features underlying the success of EOT and Sinkhorn’s

method are the strong concavity of the objective (5.3) and the fact that its optimizers

( 𝑓∗, 𝑔∗) are automatically as smooth as the cost 𝑐. In particular, strong concavity directly

yields linear convergence of Sinkhorn’s algorithm (see [67]). At the same time, entropic

regularization introduces structural distortions. The infinite derivative of 𝑡 log 𝑡 at zero entails

that the optimal coupling of (5.2) necessarily has full support (the same support as 𝑃 ⊗

𝑄), even though (5.1) is typically sparse. This “overspreading” induces blurring or bias in

applications such as image processing (see [37]) or manifold learning (see [59]). Moreover,

weak regularization 𝜀 ≪ 1 leads to numerical instability due to exponentially large and small

values in the Sinkhorn updates (see [70]). See, e.g., [35, 79] for further background.

The most popular alternative, first considered by [37, 38, 72], replaces KL divergence by

the squared 𝐿2-norm (equivalently, 𝜒2 divergence), leading to the quadratically regularized

optimal transport (QOT) problem

QOT𝜀 (𝑃,𝑄) = inf
𝜋∈Π(𝑃,𝑄)

∫
𝑐(𝑥, 𝑦)𝑑𝜋(𝑥, 𝑦) + 𝜀

2





 𝑑𝜋

𝑑 (𝑃 ⊗ 𝑄)





2
𝐿2 (𝑃⊗𝑄)

. (5.4)

Its optimal value converges to OT(𝑃,𝑄) as 𝜀 → 0 at the rate 𝜀2/(𝑑+2) (see [52]). Un-

like entropic regularization, the optimal coupling is sparse for small to moderate 𝜀, as has

been observed empirically in many works including [37, 38, 49, 51] and recently established

theoretically in [50, 73, 74]. Moreover, exponentially large or small values do not appear

in QOT. A variety of computational approaches have been developed, including mirror gra-

dient methods (see [72]), Newton-type algorithms (see [38]), Gauss–Seidel (coordinate ascent)

schemes(see, e.g., [37, 49]), cyclic projections and gradient methods [75], as well as neural

network methods parameterizing the dual domain [54, 55, 56, 57, 58].

From an optimization viewpoint, quadratic regularization leads to a markedly different
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geometry. The dual problem associated with (5.4) is the maximization of the concave objec-

tive

Γ( 𝑓 , 𝑔) =
∫ (

𝑓 (𝑥) + 𝑔(𝑦) − 1

2𝜀

(
𝑓 (𝑥) + 𝑔(𝑦) − 𝑐(𝑥, 𝑦)

)2
+

)
𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦). (5.5)

Note that the positive part function (𝑡)+ = max(𝑡, 0) destroys strong (and even strict) con-

cavity: Γ is linear in 𝑓 ⊕ 𝑔 as long as 𝑓 ⊕ 𝑔 − 𝑐 ≤ 0. Moreover, optimizers have limited

smoothness (not C2 even if 𝑐(𝑥, 𝑦) = ∥𝑥 − 𝑦∥2, cf. [50, 77]). Thus, many of the arguments

that are used in EOT do not apply. While well established in computational practice, QOT

has long been regarded as difficult to study analytically, and it is fair to say that the theory is

still in its infancy. However, two recent results suggest that QOT is better behaved than the

aforementioned properties suggest: despite the lack of strong concavity and smoothness, [76]

established that QOT has parametric sample complexity (i.e., does not suffer from the same

statistical curse of dimensionality as unregularized optimal transport), and, in Chapter 4,

we showed that the gradient ascent algorithm for (5.5) converges linearly for quadratic costs

(c.f Theorem 4.1.3). These results hint that the geometry of the QOT dual may retain some

features of strong concavity, at least locally around the optimum. The goal of the present

chapter is to crystallize this intuition into a quantitative result.

Indeed, our main result provides an error bound and a Polyak–Łojasiewicz (PL) in-

equality for the QOT dual (5.5) under mild assumptions, thus offering the first structural

understanding for the optimization and statistical properties of QOT. Denoting by ( 𝑓∗, 𝑔∗)

the (essentially unique) dual optimizers, Theorem 5.1.5 states that

∥ 𝑓 ⊕ 𝑔 − 𝑓∗ ⊕ 𝑔∗∥𝐿2 (𝑃⊗𝑄) ≤ 𝛾𝜀max(∥ 𝑓 ⊕ 𝑔 − 𝑓∗ ⊕ 𝑔∗∥∞, 𝜀) ∥DΓ( 𝑓 , 𝑔)∥𝐿2 (𝑃)×𝐿2 (𝑄)

and

∥DΓ( 𝑓 , 𝑔)∥2
𝐿2 (𝑃)×𝐿2 (𝑄) ≥

1

𝛾𝜀max (∥ 𝑓 ⊕ 𝑔 − 𝑓∗ ⊕ 𝑔∗∥∞, 𝜀)
(
QOT𝜀 (𝑃,𝑄) − Γ( 𝑓 , 𝑔)

)
,
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where DΓ denotes the gradient and 𝛾𝜀 is an explicit constant. This error bound and PL

inequality are local in the sense that their constants are uniform only for ∥ 𝑓 ⊕𝑔− 𝑓∗⊕𝑔∗∥∞ ≤ 𝜀,

where 𝜀 is the (fixed) regularization parameter. Such a localization is clearly necessary, given

the aforementioned linear structure of the dual on part of the domain. Our setting assumes

that one marginal has compact and convex support and a density that is bounded from above

and below, whereas the second marginal is only assumed to be compactly supported and the

transport cost 𝑐 is any Lipschitz function. In particular, our setting covers both continuous

and semi-discrete transport problems, and is more general than the results presented in

Chapter 4.

It is well known that a PL inequality enables a host of desirable properties for optimiza-

tion. In this chapter, our applications focus on the convergence of several algorithms for

the dual QOT problem (and hence also for the primal problem (5.4), since the dual opti-

mizers yield the optimal coupling via the relation (5.11) below). Specifically, we show in

Corollaries 5.1.6 to 5.1.8 that gradient ascent, coordinate ascent, and coordinate gradient

ascent all converge linearly, with explicit contraction constants. Of course, the PL inequality

may also be useful for analyzing other algorithms. Further important applications, to be

developed more fully in forthcoming works, include explicit bounds for the statistical sample

complexity of QOT and quantitative stability for the dual (and hence also the primal) QOT

optimizers. Regarding the second application, we mention that first Lipschitz-stability re-

sults follow immediately along the lines of [80, Section 4.4], whereas stronger results follow

with additional work. These implications of the PL inequality offer a marked improvement

over the Hölder continuity of optimal couplings shown in [51, Theorem 3.3].

The basic intuition for our main result is the following. The dual objective (5.5) would

be strongly concave (in 𝑓 ⊕ 𝑔) if it weren’t for the positive part operator. The latter is active

only on the complement of the set E = {(𝑥, 𝑦) : 𝑓 (𝑥) +𝑔(𝑦) ≥ 𝑐(𝑥, 𝑦)}. When ( 𝑓 , 𝑔) = ( 𝑓∗, 𝑔∗)

are dual optimizers, E is the support of the optimal coupling, by way of (5.11). While we

expect the support to be sparse, the fact that it carries the solution also implies certain
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lower bounds. Thus, if ( 𝑓 , 𝑔) is close to ( 𝑓∗, 𝑔∗), we know that there is a nontrivial set

where the positive part operator is not active, and that set must be exploited as the source

of curvature for our result. However, it is not straightforward to turn this intuition into a

formal argument (in part, because we have very limited knowledge about the shape and size

of the optimal support). The actual proof follows an original approach leveraging functional-

analytic tools: We fix ( 𝑓 , 𝑔) and consider the dual objective Γ( 𝑓𝑡 , 𝑔𝑡) along the interpolation

( 𝑓𝑡 , 𝑔𝑡) := 𝑡 ( 𝑓 , 𝑔) + (1− 𝑡) ( 𝑓∗, 𝑔∗). The main step is to bound the second derivative 𝜕2𝑡𝑡Γ( 𝑓𝑡 , 𝑔𝑡)

from below, which corresponds to the coercivity of an integral operator whose kernel is

1{ 𝑓𝑡 (𝑥)+𝑔𝑡 (𝑦)≥𝑐(𝑥,𝑦)}. For 𝑡 = 0, this set is the support of the optimal coupling, linking to the

intuition sketched above. Establishing the lower bound boils down to bounding the minimum

eigenvalue of an associated operator, which requires us to develop a tailored spectral analysis

since the operator is not compact.

As the PL inequality is local, drawing the corollaries for the algorithms requires uniform

bounds for the iterates. These bounds are algorithm-specific, but once they are obtained,

the linear convergences are direct consequences of the PL inequality. Of course, this analysis

could be extended to variants of the discussed algorithms, for instance variable step sizes.

As mentioned, linear convergence of gradient ascent was previously shown in Chapter 4, for

𝑐(𝑥, 𝑦) = 1
2 ∥𝑥 − 𝑦∥

2. However, the contraction constant given there is not explicit (due to

the proof containing a qualitative compactness argument). Moreover, the proof is not easily

adapted to other algorithms such as coordinate ascent or coordinate gradient ascent since

it relies on a symmetry property specific to the gradient ascent algorithm. The derivation

through the PL inequality in the present chapter offers a systematic approach that covers a

whole class of algorithms. Apart from Chapter 4 and the present chapter, we are not aware

of previous results on convergence rates for QOT.

Organization Section 5.1.1 details the assumptions and collects relevant background re-

sults. The main result on error bound and PL inequality is Theorem 5.1.5 in Section 5.1.2,
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whereas the linear convergences of the algorithms are stated as Corollaries 5.1.6 to 5.1.8 in

Section 5.1.3. The proof of the main result is given in Section 5.2, and the corollaries for the

algorithms are derived in Section 5.3.

5.1 Main Results

5.1.1 Problem statement and background

We first detail our assumptions on the marginals 𝑃,𝑄 and the cost 𝑐. Let L𝑑 denote the

𝑑-dimensional Lebesgue measure and 𝐵𝑟 (𝑥) the open ball of center 𝑥 and radius 𝑟 > 0. We

fix probability measures 𝑃 and 𝑄 on R𝑑 and impose the following conditions throughout.

Assumption 5.1.1 (Marginals).

(a) The first marginal 𝑃 has convex, compact support Ω and admits a density 𝜌 := 𝑑𝑃/𝑑L𝑑

that is bounded away from zero and infinity on Ω, i.e., there exist constants 0 < 𝜆𝑃 <

Λ𝑃 < ∞ such that

𝜆𝑃 ≤ 𝜌(𝑥) ≤ Λ𝑃 for all 𝑥 ∈ Ω.

(b) The second marginal 𝑄 has compact support Ω′.

Remark 5.1.2 (Lower bounds for ball measures).

(a) Since Ω is compact and convex, it satisfies a uniform interior cone condition: for every

𝑥 ∈ Ω, there exists a convex cone C𝑥 with vertex 𝑥, angle 𝜃 > 0 and height ℎ > 0

such that C𝑥 ⊆ Ω, where 𝜃 and ℎ are independent of 𝑥 (e.g., [81, p. 12]). Hence,

Assumption 5.1.1 implies that there exists 𝛿𝑃 ∈ (0, 1], depending only on Ω and 𝜆𝑃,

such that

𝑃(𝐵𝑟 (𝑥)) ≥ 𝛿𝑃 min(𝑟𝑑 , 1) for all 𝑟 > 0 and 𝑥 ∈ Ω.

(b) Since Ω′ is compact, lower semicontinuity of 𝑦 ↦→ 𝑄(𝐵𝑟 (𝑦)) implies

inf
𝑦∈Ω′

𝑄(𝐵𝑟 (𝑦)) > 0 for all 𝑟 > 0.
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We note that 𝑄 can be continuous or discrete, that is, our setup covers both continuous

and semi-discrete optimal transport.

Assumption 5.1.3 (Cost). The cost 𝑐 : R𝑑 × R𝑑 → R is Lipschitz with constant 𝐿 > 0.

The quadratically regularized optimal transport (QOT) problem with regularization pa-

rameter 𝜀 > 0 is

QOT𝜀 (𝑃,𝑄) := inf
𝜋∈Π(𝑃,𝑄)

∫
𝑐(𝑥, 𝑦)𝑑𝜋(𝑥, 𝑦) + 𝜀

2





 𝑑𝜋

𝑑 (𝑃 ⊗ 𝑄)





2
𝐿2 (𝑃⊗𝑄)

(5.6)

with the convention that the last term is +∞ if 𝜋 3 𝑃 ⊗ 𝑄. The dual problem is

QOT★𝜀 (𝑃,𝑄) = sup
( 𝑓 ,𝑔)∈𝐿2 (𝑃)×𝐿2 (𝑄)

Γ( 𝑓 , 𝑔), (5.7)

where the dual objective function Γ : 𝐿2(𝑃) × 𝐿2(𝑄) → R is defined by

Γ( 𝑓 , 𝑔) :=
∫ (

𝑓 (𝑥) + 𝑔(𝑦) − 1

2𝜀

(
𝑓 (𝑥) + 𝑔(𝑦) − 𝑐(𝑥, 𝑦)

)2
+

)
𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦). (5.8)

The gradient of Γ at ( 𝑓 , 𝑔) ∈ 𝐿2(𝑃) × 𝐿2(𝑄) is

DΓ
©­­«
𝑓

𝑔

ª®®¬ =
©­­«
D1Γ

D2Γ

ª®®¬
©­­«
𝑓

𝑔

ª®®¬ =
©­­«
1 − 1

𝜀

∫
( 𝑓 (·) + 𝑔(𝑦) − 𝑐(·, 𝑦))+𝑑𝑄(𝑦)

1 − 1
𝜀

∫
( 𝑓 (𝑥) + 𝑔(·) − 𝑐(𝑥, ·))+𝑑𝑃(𝑥)

ª®®¬ (5.9)

and its action on (𝑢, 𝑣) ∈ 𝐿2(𝑃) × 𝐿2(𝑄) is

⟨DΓ( 𝑓 , 𝑔), (𝑢, 𝑣)⟩𝐿2 (𝑃)×𝐿2 (𝑄) =
∫

(𝑢 ⊕ 𝑣)
(
1 − 1

𝜀
( 𝑓 ⊕ 𝑔 − 𝑐)+

)
𝑑 (𝑃 ⊗ 𝑄).

Next, we recall a number of known properties. They do not require the full strength of

Assumption 5.1.1, only that Ω and Ω′ are compact and Ω is connected.
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Proposition 5.1.4.

(i) The strong duality QOT𝜀 (𝑃,𝑄) = QOT★𝜀 (𝑃,𝑄) holds.

(ii) The dual problem (5.7) admits an optimizer ( 𝑓∗, 𝑔∗) ∈ 𝐿2(𝑃) × 𝐿2(𝑄). The functions

( 𝑓∗, 𝑔∗) are unique up to translation in the following sense: fixing one optimizer ( 𝑓∗, 𝑔∗),

the set of all optimizers is given by {( 𝑓∗ + 𝑎, 𝑔∗ − 𝑎) : 𝑎 ∈ R}.

(iii) We can choose versions 𝑓∗ : Ω → R and 𝑔∗ : Ω′ → R that are 𝐿-Lipschitz. Those

versions are fixed in all that follows. We call ( 𝑓∗, 𝑔∗) the potentials.

(iv) The potentials ( 𝑓∗, 𝑔∗) satisfy the first-order condition


∫
( 𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑐(𝑥, 𝑦))+𝑑𝑄(𝑦) = 𝜀 for all 𝑥 ∈ Ω ,∫
( 𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑐(𝑥, 𝑦))+𝑑𝑃(𝑥) = 𝜀 for all 𝑦 ∈ Ω′.

(5.10)

(v) The primal problem (5.6) has a unique solution 𝜋𝜀 ∈ Π(𝑃,𝑄). It is related to the

potentials by
𝑑𝜋𝜀

𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦) =
1

𝜀

(
𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑐(𝑥, 𝑦)

)
+. (5.11)

We refer to the proof of Lemma 4.2.1 for the uniqueness of the potentials and to [50,

Section 2] for all other claims.

Given functions 𝑓 : Ω → R and 𝑔 : Ω′ → R, we denote ( 𝑓 ⊕ 𝑔) (𝑥, 𝑦) := 𝑓 (𝑥) + 𝑔(𝑦). The

uniqueness of the potentials up to translation implies that 𝑓∗ ⊕ 𝑔∗ is uniquely determined.

More generally, we observe that the dual objective (5.8) can be seen as a function of 𝑓 ⊕ 𝑔

rather than the two separate functions 𝑓 and 𝑔. This point of view, unlike in Chapter 4,

is used for our main proofs, which consider the operator Φ( 𝑓 ⊕ 𝑔) := Γ( 𝑓 , 𝑔) on the space

H =
{
𝑓 ⊕ 𝑔 : ( 𝑓 , 𝑔) ∈ 𝐿2(𝑃) × 𝐿2(𝑄)

}
⊆ 𝐿2(𝑃 ⊗ 𝑄). This is mathematically convenient

and also leads to slightly tighter constants. On the other hand, algorithms (and scientists)

often consider 𝑓 , 𝑔 as individual functions that are updated separately, hence we take that
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point of view in the presentation of the main results below, which align with the results in

Chapter 4.

5.1.2 PL inequality

Our main result is a PL-type inequality for the dual objective Γ of (5.8). We recall that

( 𝑓∗, 𝑔∗) ∈ C(Ω) × C(Ω′) are fixed (but arbitrary) potentials and the constants 𝜆𝑃,Λ𝑃, 𝛿𝑃, 𝐿

were defined in Assumption 5.1.1, Remark 5.1.2 and Assumption 5.1.3.

Theorem 5.1.5 (PL inequality for Γ). For ( 𝑓 , 𝑔) ∈ 𝐿∞(Ω) × 𝐿∞(Ω′), we have the error

bound

∥ 𝑓 ⊕ 𝑔 − 𝑓∗ ⊕ 𝑔∗∥𝐿2 (𝑃⊗𝑄) ≤ 𝛾𝜀max(∥ 𝑓 ⊕ 𝑔 − 𝑓∗ ⊕ 𝑔∗∥∞, 𝜀) ∥DΓ( 𝑓 , 𝑔)∥𝐿2 (𝑃)×𝐿2 (𝑄)

and the PL inequality

∥DΓ( 𝑓 , 𝑔)∥2
𝐿2 (𝑃)×𝐿2 (𝑄) ≥

1

𝛾𝜀max (∥ 𝑓 ⊕ 𝑔 − 𝑓∗ ⊕ 𝑔∗∥∞, 𝜀)
(
QOT𝜀 (𝑃,𝑄) − Γ( 𝑓 , 𝑔)

)
, (5.12)

where

𝛾𝜀 = 16

(
𝛿−1𝑃 max

(
8𝐿

𝜀
, 1

)𝑑) Λ2
𝑃

𝜆2
𝑃

(
⌈8𝐿 diam(Ω)/𝜀⌉

)𝑑+2
inf 𝑦∈Ω′ 𝑄

(
𝐵 𝜀

8𝐿
(𝑦)

) . (5.13)

The proof is given in Section 5.2.

5.1.3 Convergence of algorithms

Next, we apply the PL inequality to show that three natural algorithms for the dual

problem (5.7) converge linearly: gradient ascent, coordinate ascent, and coordinate gradient

ascent. All algorithms have iterates ( 𝑓𝑛, 𝑔𝑛), and linear convergence means that the subop-

timality gap Δ𝑛 := QOT𝜀 (𝑃,𝑄) − Γ( 𝑓𝑛, 𝑔𝑛) ≡ Γ( 𝑓∗, 𝑔∗) − Γ( 𝑓𝑛, 𝑔𝑛) satisfies Δ𝑛 ≤ (1 − 𝑞)𝑛Δ0

for some 𝑞 ∈ (0, 1) that is made explicit below. Numerical experiments for these algorithms
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can be found in [75] (they are omitted in the journal version [48]). The experiments sug-

gest that all three algorithms are efficient and consistent in the examples considered, but no

theoretical analysis was given.

The proof of each corollary below is reported in Section 5.3 and combines three facts: the

PL inequality (Theorem 5.1.5), the Lipschitz property of DΓ (Lemma 5.3.1), and a uniform

bound for ∥ 𝑓𝑛 ⊕ 𝑔𝑛 − 𝑓∗ ⊕ 𝑔∗∥∞. The latter gives a uniform constant for the PL inequality

and has a slightly different proof for each algorithm; after that, the argument for linear

convergence is standard. As mentioned in the introduction, in Chapter 4 we established

linear convergence of gradient ascent, but without explicit control of the contraction rate.

Apart from that, we are not aware of any previous results on convergence rates of QOT

algorithms. For the statements that follow, we recall that ( 𝑓∗, 𝑔∗) ∈ C(Ω) × C(Ω′) are fixed

(but arbitrary) potentials and the constant 𝛾𝜀 defined in (5.13).

Gradient ascent

The gradient ascent algorithm with step size 𝜂 > 0 is initialized at ( 𝑓0, 𝑔0) ∈ 𝐿∞(Ω) ×

𝐿∞(Ω′) and defined by

©­­«
𝑓𝑛+1

𝑔𝑛+1

ª®®¬ =
©­­«
𝑓𝑛

𝑔𝑛

ª®®¬ + 𝜂DΓ
©­­«
𝑓𝑛

𝑔𝑛

ª®®¬ , 𝑛 ≥ 0, (5.14)

where the gradient DΓ has the explicit form stated in (5.9). It is well known that a PL

inequality implies linear convergence of gradient ascent. Given the specific form of our

(local) PL inequality (5.12), we only need to bound ∥ 𝑓𝑛 ⊕ 𝑔𝑛 − 𝑓∗ ⊕ 𝑔∗∥∞ uniformly in 𝑛.

Corollary 5.1.6 (Linear convergence of gradient ascent). Let ( 𝑓0, 𝑔0) ∈ 𝐿∞(Ω) × 𝐿∞(Ω′)

and define ( 𝑓𝑛, 𝑔𝑛)𝑛≥1 by (5.14). For every 𝜂 ∈ (0, 𝜀) and 𝑛 ≥ 1,

∥ 𝑓𝑛 ⊕ 𝑔𝑛 − 𝑓∗ ⊕ 𝑔∗∥∞ ≤ 2∥ 𝑓0 ⊕ 𝑔0 − 𝑓∗ ⊕ 𝑔∗∥∞ (5.15)
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and the suboptimality gap Δ𝑛 := QOT𝜀 (𝑃,𝑄) − Γ( 𝑓𝑛, 𝑔𝑛) satisfies

Δ𝑛 ≤ (1 − 𝑞)𝑛Δ0 for 𝑞 :=
𝜂

(
1 − 𝜂

𝜀

)
𝛾𝜀max(2∥ 𝑓0 ⊕ 𝑔0 − 𝑓∗ ⊕ 𝑔∗∥∞, 𝜀)

.

This result is analogous to Theorem 4.1.3, but with an explicit contraction constant.

Coordinate ascent

The coordinate ascent algorithm is an implicit algorithm which is initialized at 𝑔0 ∈

𝐿∞(Ω′) and iteratively optimizes the coordinates of Γ,

𝑓𝑛 := argmax
𝑓

Γ( 𝑓 , 𝑔𝑛), 𝑔𝑛+1 := argmax
𝑔

Γ( 𝑓𝑛, 𝑔), 𝑛 ≥ 0. (5.16)

This is equivalent to iteratively solving the first-order conditions for 𝑛 ≥ 0:

define 𝑓𝑛 (𝑥) via 𝜀 =

∫ (
𝑓𝑛 (𝑥) + 𝑔𝑛 (𝑦) − 𝑐(𝑥, 𝑦)

)
+ 𝑑𝑄(𝑦), (5.17)

then 𝑔𝑛+1(𝑦) via 𝜀 =

∫ (
𝑓𝑛 (𝑥) + 𝑔𝑛+1(𝑦) − 𝑐(𝑥, 𝑦)

)
+ 𝑑𝑃(𝑥). (5.18)

These equations imply that the argmax is unique and a bounded function (by the same

arguments as [50, Lemmas 2.4, 2.5]), so that the iterates are uniquely defined.

We remark that the coordinate ascent algorithm becomes Sinkhorn’s algorithm when

the quadratic regularization is replaced by KL divergence (i.e., entropic optimal transport).

In that case, the above equations are solved explicitly as the properties of the exponential

function allow one to take 𝑓𝑛 and 𝑔𝑛+1 out of the integral. For quadratic regularization, the

definition remains implicit. In [48], methods such as line search were proposed to solve the

implicit problems. While in practice, an explicit scheme such as coordinate gradient ascent

may be easier to implement, we discuss coordinate ascent due to its importance for theory

and comparison with entropic optimal transport.

Corollary 5.1.7 (Linear convergence of coordinate ascent). Let 𝑔0 ∈ 𝐿∞(Ω′) and define
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( 𝑓𝑛, 𝑔𝑛)𝑛≥0 by (5.16). Then

∥𝑔𝑛+1 − 𝑔∗∥∞ ≤ ∥ 𝑓𝑛 − 𝑓∗∥∞ ≤ ∥𝑔𝑛 − 𝑔∗∥∞ ≤ · · · ≤ ∥𝑔0 − 𝑔∗∥∞ (5.19)

and the suboptimality gap Δ𝑛 := QOT𝜀 (𝑃,𝑄) − Γ( 𝑓𝑛, 𝑔𝑛) satisfies

Δ𝑛 ≤ (1 − 𝑞)𝑛Δ0 for 𝑞 :=
𝜀

2𝛾𝜀max(2∥𝑔0 − 𝑔∗∥∞, 𝜀)
.

In the definition of 𝑞, the constant ∥𝑔0 − 𝑔∗∥∞ can be replaced by inf𝑎∈R ∥𝑔0 − 𝑔∗ + 𝑎∥∞

since the corollary holds for any pair of potentials, including ( 𝑓∗ + 𝑎, 𝑔∗ − 𝑎).

Coordinate gradient ascent

The coordinate gradient ascent algorithm with step size 𝜂 > 0 is initialized at ( 𝑓0, 𝑔0) ∈

𝐿∞(Ω) × 𝐿∞(Ω′) and defined by

𝑓𝑛+1 := 𝑓𝑛 + 𝜂D1Γ
©­­«
𝑓𝑛

𝑔𝑛

ª®®¬ , 𝑔𝑛+1 := 𝑔𝑛 + 𝜂D2Γ
©­­«
𝑓𝑛+1

𝑔𝑛

ª®®¬ , 𝑛 ≥ 0. (5.20)

Corollary 5.1.8 (Linear convergence of coordinate gradient ascent). Let ( 𝑓0, 𝑔0) ∈ 𝐿∞(Ω) ×

𝐿∞(Ω′) and define ( 𝑓𝑛, 𝑔𝑛)𝑛≥1 by (5.20). For every 𝜂 ∈ (0, 𝜀/
√
2),

max(∥ 𝑓𝑛+1 − 𝑓∗∥∞, ∥𝑔𝑛+1 − 𝑔∗∥∞) ≤ max(∥ 𝑓𝑛 − 𝑓∗∥∞, ∥𝑔𝑛 − 𝑔∗∥∞) (5.21)

and the suboptimality gap Δ𝑛 := QOT𝜀 (𝑃,𝑄) − Γ( 𝑓𝑛, 𝑔𝑛) satisfies

Δ𝑛 ≤ (1 − 𝑞)𝑛Δ0 for 𝑞 :=
𝜂

(
1 − 𝜂

2𝜀

)
2𝛾𝜀max(2∥ 𝑓0 ⊕ 𝑔0 − 𝑓∗ ⊕ 𝑔∗∥∞, 𝜀)

.
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5.2 Proof of the PL inequality

Consider the linear subspace

H =
{
𝑢 ⊕ 𝑣 : (𝑢, 𝑣) ∈ 𝐿2(𝑃) × 𝐿2(𝑄)

}
⊆ 𝐿2(𝑃 ⊗ 𝑄),

which is closed by the argument in [82, p. 370]. Hence, H is a Hilbert space with the induced

inner product ⟨·, ·⟩H = ⟨·, ·⟩𝐿2 (𝑃⊗𝑄). We define the operator Φ : H → R by Φ( 𝑓 ⊕𝑔) = Γ( 𝑓 , 𝑔),

that is,

Φ( 𝑓 ⊕ 𝑔) :=
∫ (

𝑓 (𝑥) + 𝑔(𝑦) − 1

2𝜀
( 𝑓 (𝑥) + 𝑔(𝑦) − 𝑐(𝑥, 𝑦))2+

)
𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦). (5.22)

Working with Φ and H will be convenient as the direct sum removes the non-uniqueness of

the potentials. The relation between the gradients of Φ and Γ will be detailed in Lemma 5.2.8.

We fix ( 𝑓 , 𝑔) ∈ 𝐿∞(Ω) × 𝐿∞(Ω′) in addition to the direct sum 𝑓∗ ⊕ 𝑔∗ of the potentials,

and denote by 𝜙 the function

[0, 1] ∋ 𝑡 ↦→ 𝜙(𝑡) = −Φ ( 𝑓𝑡 ⊕ 𝑔𝑡) , where 𝑓𝑡 ⊕ 𝑔𝑡 := ((1 − 𝑡) 𝑓∗ + 𝑡 𝑓 ) ⊕ ((1 − 𝑡)𝑔∗ + 𝑡𝑔) .

Note that 𝜙 is non-decreasing, convex, C1,1, and attains its minimum at 0. Moreover,

𝜙′(𝑡) =
∫

(( 𝑓∗ − 𝑓 ) ⊕ (𝑔∗ − 𝑔))
(
1 − 1

𝜀
( 𝑓𝑡 ⊕ 𝑔𝑡 − 𝑐)+

)
𝑑 (𝑃 ⊗ 𝑄), (5.23)

and for a.e. 𝑡 ∈ [0, 1],

𝜙′′(𝑡) = 1

𝜀

∫
𝑓𝑡⊕𝑔𝑡≥𝑐

(( 𝑓∗ − 𝑓 ) ⊕ (𝑔∗ − 𝑔))2𝑑 (𝑃 ⊗ 𝑄). (5.24)

Here the differentiation under the integral can be justified by combining the proof of [83,

Theorem 2.27] and the a.e. differentiability of 𝑠 ↦→ (𝑠)+.
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In particular, we have the expansion

𝜙(𝑡) = 𝜙(0) +
∫ 𝑡

0
𝜙′(𝑠)𝑑𝑠 = 𝜙(0) + 𝑡𝜙′(0) +

∫ 𝑡

0

∫ 𝑠

0
𝜙′′(𝑟)𝑑𝑟𝑑𝑠

= 𝜙(0) +
∫ 𝑡

0

∫ 𝑠

0
𝜙′′(𝑟)𝑑𝑟𝑑𝑠, (5.25)

where in the last step, we used (5.11) together with (5.23), and the fact that 𝜋𝜀 ∈ Π(𝑃,𝑄)

yields

𝜙′(0) =
∫

(( 𝑓∗ − 𝑓 ) ⊕ (𝑔∗ − 𝑔)) [𝑑 (𝑃 ⊗ 𝑄) − 𝑑𝜋𝜀] = 0.

In what follows, we set

𝐶 𝑓 ,𝑔 := ∥ 𝑓∗ ⊕ 𝑔∗ − 𝑓 ⊕ 𝑔∥∞, 𝑟0 := min
(

𝜀
2𝐶 𝑓 ,𝑔

, 1
)
, (5.26)

and show in Theorem 5.2.7 that ∥( 𝑓∗− 𝑓 ) ⊕ (𝑔∗−𝑔)∥2𝐿2 (𝑃⊗𝑄) ≤
𝜀
𝛽𝜀
𝜙′′(𝑟) for a.e. 𝑟 ∈ [0, 𝑟0], for

a certain constant 𝛽𝜀. Note that 𝑟0 depends on 𝑓 , 𝑔 only through 𝐶 𝑓 ,𝑔; this will be important

below to obtain an inequality for arbitrary 𝑓 , 𝑔. We mention that the choice of such 𝑟0 is

inspired by an argument of [84] in the context of entropic statistical optimal transport. Once

Theorem 5.2.7 is shown, the following theorem will be deduced via (5.24).

Theorem 5.2.1 (PL inequality for Φ). The dual objective Φ : H → R satisfies the error

bound

∥ 𝑓 ⊕ 𝑔 − 𝑓∗ ⊕ 𝑔∗∥𝐿2 (𝑃⊗𝑄) ≤ 𝛾𝜀max (∥ 𝑓 ⊕ 𝑔 − 𝑓∗ ⊕ 𝑔∗∥∞, 𝜀) ∥DΦ( 𝑓 ⊕ 𝑔)∥𝐿2 (𝑃⊗𝑄)

and the PL inequality

∥DΦ( 𝑓 ⊕ 𝑔)∥2
𝐿2 (𝑃⊗𝑄) ≥

1

𝛾𝜀max (∥ 𝑓 ⊕ 𝑔 − 𝑓∗ ⊕ 𝑔∗∥∞, 𝜀)
(
QOT𝜀 (𝑃,𝑄) −Φ( 𝑓 ⊕ 𝑔)

)
, (5.27)
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for all ( 𝑓 , 𝑔) ∈ 𝐿∞(Ω) × 𝐿∞(Ω′), where

𝛾𝜀 = 16

(
𝛿−1𝑃 max

(
8𝐿

𝜀
, 1

)𝑑) Λ2
𝑃

𝜆2
𝑃

(
⌈8𝐿 diam(Ω)/𝜀⌉

)𝑑+2
inf 𝑦∈Ω′ 𝑄

(
𝐵 𝜀

8𝐿
(𝑦)

) .

In this statement, DΦ( 𝑓 ⊕ 𝑔) ∈ H denotes the H -gradient of Φ. Its explicit form is

detailed in Lemma 5.2.8 below.

5.2.1 Coordinate-wise coercivity of 𝜙′′

With a view toward the second derivative (5.24), the goal of this subsection is the coer-

civity of the nonnegative bilinear form

(𝑢 ⊕ 𝑣, 𝑢 ⊕ 𝑣) ↦→
∫
𝑓𝑟⊕𝑔𝑟≥𝑐

(𝑢 ⊕ 𝑣) (𝑢 ⊕ 𝑣)𝑑 (𝑃 ⊗ 𝑄)

with respect to the first coordinate, for sufficiently small 𝑟 ∈ [0, 1].

Lemma 5.2.2 (Coordinate-wise coercivity). Let 𝑟0 be as in (5.26). For all 𝑟 ≤ 𝑟0 and

(𝑢, 𝑣) ∈ 𝐿2(𝑃) × 𝐿2(𝑄),

∫
𝑓𝑟⊕𝑔𝑟≥𝑐

(𝑢 ⊕ 𝑣)2𝑑 (𝑃 ⊗ 𝑄) ≥ 𝛼Var𝑃 (𝑢), 𝛼 :=
𝜆2
𝑃

Λ2
𝑃

inf 𝑦∈Ω′ 𝑄
(
𝐵 𝜀

8𝐿
(𝑦)

)(
⌈8𝐿 diam(Ω)/𝜀⌉

)𝑑+2 .
The proof of Lemma 5.2.2 uses the following auxiliary result, which is inspired by the

Bourgain–Brezis–Mironescu limits for Sobolev energies (e.g., [85, Theorem 1]).

Lemma 5.2.3. For any convex and bounded set Ω ⊆ R𝑑, 𝜚 > 0 and ℎ ∈ 𝐿2(Ω), the operator

𝔈𝜚 (ℎ) :=
∫
Ω

∫
𝐵𝜚 (𝑥)∩Ω

(ℎ(𝑥) − ℎ(𝑧))2𝑑𝑧𝑑𝑥

satisfies ∫
Ω

∫
Ω

(ℎ(𝑥) − ℎ(𝑧))2𝑑𝑥𝑑𝑧 ≤ (⌈diam(Ω)/𝜚⌉)𝑑+2 𝔈𝜚 (ℎ).
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Proof. Fix 𝑥, 𝑧 ∈ Ω and set 𝑥𝑘 = 𝑥 + 𝑘
𝑚
(𝑧 − 𝑥) where 𝑚 = ⌈diam(Ω)/𝜚⌉. Then

(ℎ(𝑥) − ℎ(𝑧))2 =
(
𝑚−1∑︁
𝑘=0

ℎ(𝑥𝑘 ) − ℎ(𝑥𝑘+1)
)2

≤ 𝑚
𝑚−1∑︁
𝑘=0

(ℎ(𝑥𝑘+1) − ℎ(𝑥𝑘 ))2

and integrating this inequality gives

∫
Ω

∫
Ω

(ℎ(𝑥) − ℎ(𝑧))2𝑑𝑧𝑑𝑥

≤ 𝑚
𝑚−1∑︁
𝑘=0

∫
Ω

∫
Ω

(
ℎ

(
𝑥 + 𝑘 + 1

𝑚
(𝑧 − 𝑥)

)
− ℎ

(
𝑥 + 𝑘

𝑚
(𝑧 − 𝑥)

))2
𝑑𝑧𝑑𝑥︸                                                                     ︷︷                                                                     ︸

=:𝐼𝑘

. (5.28)

For fixed 𝑘, we use the change of variables

(𝑢, 𝑣) = 𝑇 (𝑥, 𝑧) =
(
𝑥 + 𝑘 + 1

𝑚
(𝑧 − 𝑥), 𝑥 + 𝑘

𝑚
(𝑧 − 𝑥)

)
,

with

D𝑇 (𝑥, 𝑧) = 𝐴 ⊗ I𝑑 , 𝐴 :=
1

𝑚

©­­«
𝑚 − 𝑘 − 1 𝑘 + 1

𝑚 − 𝑘 𝑘

ª®®¬ ,
detD𝑇 (𝑥, 𝑧) = det(𝐴 ⊗ I𝑑) = det(𝐴)𝑑 =

(
− 1

𝑚

)𝑑
to get

𝐼𝑘 = 𝑚
𝑑

∫
𝑇 (Ω×Ω)

(ℎ(𝑢) − ℎ(𝑣))2𝑑𝑢𝑑𝑣.

We have 𝑇 (Ω × Ω) ⊆ Ω × Ω by convexity of Ω. Noting that (𝑢, 𝑣) = 𝑇 (𝑥, 𝑧) satisfy 𝑢 − 𝑣 =

(𝑧 − 𝑥)/𝑚, we also have ∥𝑢 − 𝑣∥ ≤ diam(Ω)/𝑚 ≤ 𝜚 for all 𝑥, 𝑧 ∈ Ω. As a consequence,

𝐼𝑘 ≤ 𝑚𝑑𝔈𝜚 (ℎ) and thus (5.28) yields

∫
Ω

∫
Ω

(ℎ(𝑥) − ℎ(𝑧))2𝑑𝑧𝑑𝑥 ≤ 𝑚𝑑+2𝔈𝜚 (ℎ) ,
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as claimed. □

We can now show Lemma 5.2.2.

Proof of Lemma 5.2.2. Fix 𝑟 ≤ 𝑟0 and (𝑢, 𝑣) ∈ 𝐿2(𝑃) × 𝐿2(𝑄). For each 𝑦 ∈ Ω′, inspired

by (4.18), we define the section T 𝜀
𝑦 = {𝑥 ∈ Ω : 𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑐(𝑥, 𝑦) ≥ 𝜀

2 } of the set

{ 𝑓∗ ⊕ 𝑔∗ − 𝑐 ≥ 𝜀
2 }. As 𝑟 ≤ 𝑟0 implies { 𝑓𝑟 ⊕ 𝑔𝑟 ≥ 𝑐} ⊇ { 𝑓∗ ⊕ 𝑔∗ − 𝑐 ≥ 𝜀

2 }, we have

I :=

∫
𝑓𝑟⊕𝑔𝑟≥𝑐

(𝑢 ⊕ 𝑣)2𝑑 (𝑃 ⊗ 𝑄) ≥
∫
𝑓∗⊕𝑔∗−𝑐≥ 𝜀

2

(𝑢 ⊕ 𝑣)2𝑑 (𝑃 ⊗ 𝑄)

=

∫
Ω′

∫
T 𝜀
𝑦

(𝑢(𝑥) + 𝑣(𝑦))2𝑑𝑃(𝑥)𝑑𝑄(𝑦)

≥
∫
Ω′
min
𝑠∈R

∫
T 𝜀
𝑦

(𝑢(𝑥) + 𝑠)2𝑑𝑃(𝑥)𝑑𝑄(𝑦).

For fixed 𝑦, the minimality property of the variance of 𝑢 under the probability measure

𝑃(𝑑𝑥)/𝑃(T 𝜀
𝑦 ) yields

min
𝑠∈R

∫
T 𝜀
𝑦

(𝑢(𝑥) + 𝑠)2 𝑑𝑃(𝑥) = 1

2𝑃(T 𝜀
𝑦 )

∫
T 𝜀
𝑦

∫
T 𝜀
𝑦

(𝑢(𝑥) − 𝑢(𝑧))2 𝑑𝑃(𝑥)𝑑𝑃(𝑧).

Using also 𝑃(T 𝜀
𝑦 ) ≤ 1, we conclude that

I ≥ 1

2

∫
Ω′

∫
T 𝜀
𝑦

∫
T 𝜀
𝑦

(𝑢(𝑥) − 𝑢(𝑧))2𝑑𝑃(𝑥)𝑑𝑃(𝑧)𝑑𝑄(𝑦). (5.29)

Choose a measurable selector

Ω ∋ 𝑥 ↦→ 𝑦(𝑥) ∈ argmax
𝑦∈Ω′

( 𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑐(𝑥, 𝑦))+

and set

𝑚𝑥 = max
𝑦∈Ω′

( 𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑐(𝑥, 𝑦))+ .
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Recalling (5.10), we then have

𝑚𝑥 ≥
∫
Ω′
( 𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑐(𝑥, 𝑦))+ 𝑑𝑄(𝑦) = 𝜀.

Since 𝑓∗, 𝑔∗ and 𝑐 are 𝐿-Lipschitz, we deduce

𝑓∗(𝑧) + 𝑔∗(𝑦) − 𝑐(𝑧, 𝑦) ≥ 𝑓∗(𝑥) + 𝑔∗(𝑦(𝑥)) − 𝑐(𝑥, 𝑦(𝑥)) − 2𝐿∥𝑥 − 𝑧∥ − 2𝐿∥𝑦(𝑥) − 𝑦∥

= 𝑚𝑥 − 2𝐿∥𝑥 − 𝑧∥ − 2𝐿∥𝑦(𝑥) − 𝑦∥

≥ 𝜀 − 2𝐿∥𝑥 − 𝑧∥ − 2𝐿∥𝑦(𝑥) − 𝑦∥ ,

and hence

𝑓∗(𝑧) + 𝑔∗(𝑦) − 𝑐(𝑧, 𝑦) −
𝜀

2
≥ 𝜀

2
− 2𝐿∥𝑥 − 𝑧∥ − 2𝐿∥𝑦(𝑥) − 𝑦∥.

Let 𝜚 := 𝜀
8𝐿 and 𝑥 ∈ Ω. If 𝑧 ∈ 𝐵𝜚 (𝑥) and 𝑦 ∈ 𝐵𝜚 (𝑦(𝑥)), then

𝑓∗(𝑧) + 𝑔∗(𝑦) − 𝑐(𝑧, 𝑦) −
𝜀

2
≥ 𝜀

2
− 2𝐿𝜚 − 2𝐿𝜚 =

𝜀

2
− 𝜀

4
− 𝜀

4
= 0, (5.30)

meaning that 𝑧 ∈ T 𝜀
𝑦 . This applies in particular to 𝑧 = 𝑥, so 𝑥 ∈ T 𝜀

𝑦 . Equivalently, for all

𝑥, 𝑧 ∈ Ω and 𝑦 ∈ Ω′, we have

1𝐵𝜚 (𝑥) (𝑧) 1𝐵𝜚 (𝑦(𝑥)) (𝑦) ≤ 1T 𝜀
𝑦
(𝑥) 1T 𝜀

𝑦
(𝑧) 1𝐵𝜚 (𝑦(𝑥)) (𝑦) ≤ 1T 𝜀

𝑦
(𝑥) 1T 𝜀

𝑦
(𝑧).
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Applying this in (5.29) gives

I ≥ 1

2

∫
Ω′

∫
Ω

∫
Ω

1T 𝜀
𝑦
(𝑥) 1T 𝜀

𝑦
(𝑧) (𝑢(𝑥) − 𝑢(𝑧))2 𝑑𝑃(𝑥) 𝑑𝑃(𝑧) 𝑑𝑄(𝑦)

≥ 1

2

∫
Ω′

∫
Ω

∫
Ω

1𝐵𝜚 (𝑦(𝑥)) (𝑦) 1𝐵𝜚 (𝑥) (𝑧) (𝑢(𝑥) − 𝑢(𝑧))2 𝑑𝑃(𝑥) 𝑑𝑃(𝑧) 𝑑𝑄(𝑦)

=
1

2

∫
Ω

[
𝑄

(
𝐵𝜚 (𝑦(𝑥))

) ∫
𝐵𝜚 (𝑥)

(𝑢(𝑥) − 𝑢(𝑧))2 𝑑𝑃(𝑧)
]
𝑑𝑃(𝑥)

≥ 1

2

(
inf
𝑦∈Ω′

𝑄(𝐵𝜚 (𝑦))
) ∫

Ω

∫
𝐵𝜚 (𝑥)

(𝑢(𝑥) − 𝑢(𝑧))2 𝑑𝑃(𝑧) 𝑑𝑃(𝑥).

Recall from Assumption 5.1.1 that the density 𝜌 of 𝑃 satisfies 𝜆𝑃 ≤ 𝜌 ≤ Λ𝑃 on Ω, so that

∫
Ω

∫
𝐵𝜚 (𝑥)

(𝑢(𝑥) − 𝑢(𝑧))2 𝑑𝑃(𝑧) 𝑑𝑃(𝑥) ≥ 𝜆2𝑃 𝔈𝜚 (𝑢).

By Lemma 5.2.3 applied with 𝜚 = 𝜀
8𝐿 ,

𝔈𝜚 (𝑢) ≥
1(

⌈diam(Ω)/𝜚⌉
)𝑑+2 ∫

Ω

∫
Ω

(𝑢(𝑥) − 𝑢(𝑧))2 𝑑𝑥 𝑑𝑧.

Moreover,

∫
Ω

∫
Ω

(𝑢(𝑥) − 𝑢(𝑧))2 𝑑𝑥 𝑑𝑧 ≥ 1

Λ2
𝑃

∫
Ω

∫
Ω

(𝑢(𝑥) − 𝑢(𝑧))2 𝑑𝑃(𝑥) 𝑑𝑃(𝑧) = 2

Λ2
𝑃

Var𝑃 (𝑢).

Combining the last four displays,

I ≥
(
inf
𝑦∈Ω′

𝑄(𝐵𝜚 (𝑦))
) 𝜆2

𝑃

Λ2
𝑃

1(
⌈diam(Ω)/𝜚⌉

)𝑑+2 Var𝑃 (𝑢),
which gives the claim after recalling that 𝜚 = 𝜀

8𝐿 . □

Remark 5.2.4. For a given 𝑦 ∈ Ω′, applying the argument around (5.30) with 𝑥 replaced by

𝑥(𝑦) ∈ argmax𝑥∈Ω( 𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑐(𝑥, 𝑦))+ and 𝑦(𝑥) replaced by 𝑦 yields that 𝑧 ∈ T 𝜀
𝑦 for any

𝑧 ∈ 𝐵𝜚 (𝑥(𝑦)) ∩Ω. That is, (𝐵𝜚 (𝑥(𝑦)) ∩Ω) ⊆ T 𝜀
𝑦 . Symmetrically, we have for any 𝑥 ∈ Ω that
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(𝐵𝜚 (𝑦(𝑥)) ∩Ω′) ⊆ S𝜀𝑥 for the 𝑥-section S𝜀𝑥 := {𝑦 ∈ Ω′ : 𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑐(𝑥, 𝑦) ≥ 𝜀
2 }. Recalling

that 𝜚 = 𝜀
8𝐿 , we have in particular

inf
𝑦∈Ω′

𝑄
(
𝐵 𝜀

8𝐿
(𝑦)

)
≤ 𝑄(S𝜀𝑥 ) , inf

𝑥∈Ω
𝑃
(
𝐵 𝜀

8𝐿
(𝑥)

)
≤ 𝑃(T 𝜀

𝑦 ). (5.31)

5.2.2 Uniform coercivity of 𝜙′′

Fix 𝑟 ∈ [0, 1]. By the Riesz representation theorem, there exists a unique bounded linear

operator M : H → H such that

⟨𝑢 ⊕ 𝑣,M(𝑢 ⊕ 𝑣)⟩H =

∫
𝑓𝑟⊕𝑔𝑟≥𝑐

(𝑢 ⊕ 𝑣) (𝑢 ⊕ 𝑣)𝑑 (𝑃 ⊗ 𝑄) (5.32)

for all (𝑢⊕ 𝑣), (𝑢⊕ 𝑣) ∈ H . Denote by S𝑟,𝑥 and T𝑟,𝑦 the sections of the set R𝑟 := { 𝑓𝑟 ⊕ 𝑔𝑟 ≥ 𝑐},

S𝑟,𝑥 = {𝑦 ∈ Ω′ : 𝑓𝑟 (𝑥) + 𝑔𝑟 (𝑦) ≥ 𝑐(𝑥, 𝑦)} , T𝑟,𝑦 = {𝑥 ∈ Ω : 𝑓𝑟 (𝑥) + 𝑔𝑟 (𝑦) ≥ 𝑐(𝑥, 𝑦)}.

Moreover, define

𝑚(𝑢 ⊕ 𝑣) :=
∫
𝑓𝑟⊕𝑔𝑟≥𝑐

𝑢 ⊕ 𝑣 𝑑 (𝑃 ⊗ 𝑄) ∈ R.

Lemma 5.2.5. The operator M : H → H has the explicit representation

M(𝑢 ⊕ 𝑣) = M1(𝑢 ⊕ 𝑣) ⊕ M2(𝑢 ⊕ 𝑣), (5.33)

where

M1(𝑢 ⊕ 𝑣) := 𝑢𝑄(S𝑟,(·)) +
∫
S𝑟 , ( ·)

𝑣 𝑑𝑄 − 𝑚(𝑢 ⊕ 𝑣)
2

∈ 𝐿2(𝑃),

M2(𝑢 ⊕ 𝑣) := 𝑣𝑃(T𝑟,(·)) +
∫
T𝑟 , ( ·)

𝑢 𝑑𝑃 − 𝑚(𝑢 ⊕ 𝑣)
2

∈ 𝐿2(𝑄).
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Proof. The definition (5.32) can be stated as

⟨𝑤̃,M𝑤⟩𝐿2 (𝑃⊗𝑄) = ⟨𝑤̃, 1R𝑟
𝑤⟩𝐿2 (𝑃⊗𝑄) for all 𝑤̃, 𝑤 ∈ H .

This implies that M𝑤 is the orthogonal projection of 1R𝑟
𝑤 ∈ 𝐿2(𝑃 ⊗ 𝑄) onto the subspace

H ⊆ 𝐿2(𝑃 ⊗ 𝑄). For arbitrary ℎ ∈ 𝐿2(𝑃 ⊗ 𝑄), define

ℎ𝑃 (𝑥) :=
∫

ℎ(𝑥, 𝑦) 𝑑𝑄(𝑦) , 𝑥 ∈ Ω ,

ℎ𝑄 (𝑦) :=
∫

ℎ(𝑥, 𝑦) 𝑑𝑃(𝑥) , 𝑦 ∈ Ω′,

ℎ̄ :=

∫
ℎ(𝑥, 𝑦) 𝑑 (𝑃 ⊗ 𝑄) (𝑥, 𝑦).

We verify below that the orthogonal projection of ℎ ∈ 𝐿2(𝑃 ⊗ 𝑄) onto H is

proj ℎ := ℎ𝑃 ⊕ ℎ𝑄 − ℎ̄.

Specializing to ℎ := 1R𝑟
(𝑢 ⊕ 𝑣), we have

proj ℎ =

(
ℎ𝑃 −

1

2
ℎ̄

)
⊕

(
ℎ𝑄 − 1

2
ℎ̄

)
= M1(𝑢 ⊕ 𝑣) ⊕ M2(𝑢 ⊕ 𝑣),

showing the claim.

It remains to prove that proj ℎ is indeed the orthogonal projection. Given ℎ ∈ 𝐿2(𝑃⊗𝑄),

clearly ℎ𝑃 ∈ 𝐿2(𝑃), ℎ𝑄 ∈ 𝐿2(𝑄) and ℎ̄ ∈ R, so that proj ℎ ∈ H . To complete the proof, we

need to show for all 𝑢 ⊕ 𝑣 ∈ H that

0 =
〈
𝑢 ⊕ 𝑣, ℎ − proj ℎ

〉
𝐿2 (𝑃⊗𝑄)

=

∫
Ω×Ω′

(𝑢(𝑥) + 𝑣(𝑦))
(
ℎ(𝑥, 𝑦) − ℎ𝑃 (𝑥) − ℎ𝑄 (𝑦) + ℎ̄

)
𝑑𝑃(𝑥)𝑑𝑄(𝑦) =: 𝐼1 + 𝐼2 ,
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where

𝐼1 :=

∫
𝑢(𝑥)

(
ℎ(𝑥, 𝑦) − ℎ𝑃 (𝑥) − ℎ𝑄 (𝑦) + ℎ̄

)
𝑑𝑃(𝑥)𝑑𝑄(𝑦) ,

and 𝐼2 is defined analogously with 𝑣 instead of 𝑢. Next, we show that 𝐼1 = 𝐼2 = 0. By

Fubini’s theorem,

∫
𝑢(𝑥)ℎ(𝑥, 𝑦) 𝑑𝑃(𝑥)𝑑𝑄(𝑦) =

∫
𝑢(𝑥)

(∫
ℎ(𝑥, 𝑦) 𝑑𝑄(𝑦)

)
𝑑𝑃(𝑥) =

∫
𝑢(𝑥)ℎ𝑃 (𝑥) 𝑑𝑃(𝑥).

Moreover,

∫
𝑢(𝑥)ℎ𝑄 (𝑦) 𝑑𝑃(𝑥)𝑑𝑄(𝑦) =

(∫
𝑢(𝑥) 𝑑𝑃(𝑥)

) (∫
ℎ𝑄 (𝑦) 𝑑𝑄(𝑦)

)
= ℎ̄

∫
𝑢(𝑥) 𝑑𝑃(𝑥).

Expanding 𝐼1 into four integrals, this shows that the first two and the last two integrals

cancel, so that 𝐼1 = 0. Similarly, 𝐼2 = 0, completing the proof. □

The next lemma is an important technical step for the derivation of our main result. While

M is not compact, the lemma uses the explicit form of M to establish that the minimum

Rayleigh quotient is an eigenvalue. The proof technique is adapted from Proposition 4.3.1

in Chapter 4.

Lemma 5.2.6. For any 𝑟 ∈ [0, 1], the operator M : H → H is bounded, self-adjoint and

positive. Let

𝜆0 := inf
∥𝑢⊕𝑣∥H=1

⟨𝑢 ⊕ 𝑣,M(𝑢 ⊕ 𝑣)⟩H (5.34)

and suppose there exists a constant 𝜅0 > 0 such that

𝑄(S𝑟,(·)) − 𝜆0 ≥ 𝜅0 𝑃-a.s. , 𝑃(T𝑟,(·)) − 𝜆0 ≥ 𝜅0 𝑄-a.s. (5.35)

Then 𝜆0 is an eigenvalue of M. As a consequence, the infimum in (5.34) is attained and 𝜆0

is the smallest eigenvalue of M.
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Proof. Step 1. We readily see from the definition (5.32) that M is bounded, self-adjoint and

positive on the Hilbert space H . For the remainder of the proof we abbreviate 𝜆 := 𝜆0,

⟨·, ·⟩ = ⟨·, ·⟩H and ∥ · ∥ = ∥ · ∥H , whereas ∥ · ∥op denotes the operator norm. Noting

0 ≤ ⟨𝑤,M𝑤⟩ =
∫
{ 𝑓𝑟⊕𝑔𝑟≥𝑐}

𝑤2 𝑑 (𝑃 ⊗ 𝑄) ≤
∫

𝑤2 𝑑 (𝑃 ⊗ 𝑄) = ∥𝑤∥2,

we have 0 ≤ M ≤ I, where I denotes the identity. Define the linear operator L : H → H by

L := I −M.

Then L is also bounded, self-adjoint and positive, so that its operator norm can be expressed

via the Rayleigh quotient as

𝛼+ := sup
∥𝑤∥=1

⟨L𝑤, 𝑤⟩ = ∥L∥op. (5.36)

For 𝑤 ∈ H with ∥𝑤∥ = 1, clearly ⟨L𝑤, 𝑤⟩ = 1 − ⟨M𝑤, 𝑤⟩, so that 𝜆 = 1 − 𝛼+.

Step 2. By the definition of 𝛼+, there exists a sequence 𝑤𝑛 = 𝑢𝑛 ⊕ 𝑣𝑛 ∈ H with ∥𝑤𝑛∥ = 1

and ⟨L𝑤𝑛, 𝑤𝑛⟩ → 𝛼+. As ∥L∥op = 𝛼+ implies ∥L𝑤𝑛∥ ≤ 𝛼+ for all 𝑛, we have

∥𝜆𝑤𝑛 −M𝑤𝑛∥2 = ∥(L − 𝛼+I)𝑤𝑛∥2 = ∥L𝑤𝑛∥2 + (𝛼+)2 − 2𝛼+⟨L𝑤𝑛, 𝑤𝑛⟩

≤ 2𝛼+
(
𝛼+ − ⟨L𝑤𝑛, 𝑤𝑛⟩

)
→ 0. (5.37)

Below, we prove that 𝑤𝑛 converges strongly to a limit 𝑤 ≠ 0 (along a subsequence). Once

that is shown, we have 𝜆𝑤 = M𝑤 and ∥𝑤∥ = 1, completing the proof.

Step 3. We may choose representatives (𝑢𝑛, 𝑣𝑛) ∈ 𝐿2(𝑃) × 𝐿2(𝑄) of 𝑤𝑛 = 𝑢𝑛 ⊕ 𝑣𝑛 with∫
𝑢𝑛 𝑑𝑃 =

∫
𝑣𝑛 𝑑𝑄. Recall the operators M1 and M2 with M(𝑢 ⊕ 𝑣) = M1(𝑢, 𝑣) ⊕ M2(𝑢, 𝑣)
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from Lemma 5.2.5. Fubini’s theorem shows that this split gives a balanced normalization,

∫
M1(𝑢, 𝑣) 𝑑𝑃 =

∫
M2(𝑢, 𝑣) 𝑑𝑄.

Note also that if ( 𝑓𝑛, 𝑔𝑛)𝑛≥0 ⊆ 𝐿2(𝑃) × 𝐿2(𝑄) satisfy
∫
𝑓𝑛 𝑑𝑃 =

∫
𝑔𝑛 𝑑𝑄 for 𝑛 ≥ 0, then the

convergence 𝑓𝑛⊕𝑔𝑛 → 𝑓0⊕𝑔0 in 𝐿2(𝑃⊗𝑄) already implies the separate convergences 𝑓𝑛 → 𝑓0

in 𝐿2(𝑃) and 𝑔𝑛 → 𝑔0 in 𝐿2(𝑄), thanks to the fact that

𝑓𝑛 (·) =
∫

𝑓𝑛 (·) ⊕ 𝑔𝑛 (𝑦) 𝑑𝑄(𝑦) − 1

2

∫
𝑓𝑛 ⊕ 𝑔𝑛 𝑑 (𝑃 ⊗ 𝑄)

and analogously for 𝑔𝑛. As a consequence, (5.37) and M(𝑢 ⊕ 𝑣) = M1(𝑢, 𝑣) ⊕M2(𝑢, 𝑣) imply



𝑢𝑛 (𝜆 −𝑄(S𝑟,(·))) − A1𝑣𝑛 + 1
2𝑚(𝑢𝑛 ⊕ 𝑣𝑛)




𝐿2 (𝑃) → 0, (5.38)

𝑣𝑛 (𝜆 − 𝑃(T𝑟,(·))) − A2𝑢𝑛 + 1

2𝑚(𝑢𝑛 ⊕ 𝑣𝑛)



𝐿2 (𝑄) → 0,

where we have abbreviated the integral terms with the operators

A1 : 𝐿
2(𝑄) → 𝐿2(𝑃), A1𝑣(𝑥) :=

∫
S𝑟 ,𝑥

𝑣(𝑦) 𝑑𝑄(𝑦),

A2 : 𝐿
2(𝑃) → 𝐿2(𝑄), A2𝑢(𝑦) :=

∫
T𝑟 ,𝑦

𝑢(𝑥) 𝑑𝑃(𝑥).

These are integral operators with kernels in 𝐿2(𝑃 ⊗ 𝑄) and hence compact (cf. [43, Theo-

rem 6.12]).

As the sequences (𝑢𝑛)𝑛≥0 ⊆ 𝐿2(𝑃) and (𝑣𝑛)𝑛≥0 ⊆ 𝐿2(𝑄) are bounded, the Banach–Alaoglu

theorem yields (after passing to another subsequence) the weak convergences

𝑢𝑛 ⇀ 𝑢 in 𝐿2(𝑃), 𝑣𝑛 ⇀ 𝑣 in 𝐿2(𝑄),
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for some 𝑢 ∈ 𝐿2(𝑃) and 𝑣 ∈ 𝐿2(𝑄). By the compactness of A1 and A2, this implies

A1𝑣𝑛 → A1𝑣 in 𝐿2(𝑃), A2𝑢𝑛 → A2𝑢 in 𝐿2(𝑄).

Moreover, 𝑚 is clearly weakly continuous, so that 𝑚(𝑢𝑛 ⊕ 𝑣𝑛) → 𝑚(𝑢 ⊕ 𝑣). We can now

revisit (5.38): as A1𝑣𝑛 → A1𝑣 strongly and 𝑚(𝑢𝑛 ⊕ 𝑣𝑛) → 𝑚(𝑢 ⊕ 𝑣) are constants, 𝑢𝑛 (𝜆 −

𝑄(S𝑟,(·))) must also converge strongly. Multiplication with 1/(𝜆 − 𝑄(S𝑟,(·))) is a bounded

operator thanks to the uniform bound (5.35), so that 𝑢𝑛 also converges strongly; the limit

must coincide with the weak limit 𝑢. Similarly, 𝑣𝑛 → 𝑣. As noted after (5.37), this completes

the proof. □

Now we show the main result of this section.

Theorem 5.2.7 (Uniform coercivity of M). Let 𝑟0 be as in (5.26) and 𝛿𝑃 as in Remark 5.1.2.

Set

𝛽𝜀 :=
1

4
𝜅𝛼, where 𝜅 := 𝛿𝑃min

( 𝜀
8𝐿
, 1

)𝑑
≤ 1, 𝛼 :=

𝜆2
𝑃

Λ2
𝑃

inf 𝑦∈Ω′ 𝑄
(
𝐵 𝜀

8𝐿
(𝑦)

)(
⌈8𝐿 diam(Ω)/𝜀⌉

)𝑑+2 ≤ 1.

Then for all 𝑟 ≤ 𝑟0 and (𝑢, 𝑣) ∈ 𝐿2(𝑃) × 𝐿2(𝑄),

⟨𝑢 ⊕ 𝑣,M(𝑢 ⊕ 𝑣)⟩𝐿2 (𝑃⊗𝑄) ≥ 𝛽𝜀∥𝑢 ⊕ 𝑣∥2𝐿2 (𝑃⊗𝑄) , (5.39)

and, as a consequence,

∥( 𝑓∗ − 𝑓 ) ⊕ (𝑔∗ − 𝑔)∥2𝐿2 (𝑃⊗𝑄) ≤
𝜀

𝛽𝜀
𝜙′′(𝑟). (5.40)

Proof. Step 1. We first derive lower bounds on the sections T𝑟,𝑦 and S𝑟,𝑥 of { 𝑓𝑟 ⊕ 𝑔𝑟 ≥ 𝑐}.

Recall from Remark 5.2.4 and from the beginning of the proof of Lemma 5.2.2 that

𝐵 𝜀
8𝐿
(𝑥(𝑦)) ∩Ω ⊆ T 𝜀

𝑦 :=
{
𝑥 ∈ Ω : 𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑐(𝑥, 𝑦) ≥ 𝜀

2

}
⊆ T𝑟,𝑦 .
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In view of Remark 5.1.2, it follows that

𝑃(T𝑟,𝑦) ≥ 𝛿𝑃min
( 𝜀
8𝐿
, 1

)𝑑
= 𝜅 for all 𝑦 ∈ Ω′. (5.41)

Analogously, S𝜀𝑥 := {𝑦 ∈ Ω′ : 𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑐(𝑥, 𝑦) ≥ 𝜀
2 } ⊆ S𝑟,𝑥, so that (5.31) yields

𝑄(S𝑟,𝑥) ≥ inf
𝑦∈Ω′

𝑄
(
𝐵 𝜀

8𝐿
(𝑦)

)
=: 𝑞0 for all 𝑥 ∈ Ω. (5.42)

Step 2. Let 𝜆0 be as in Lemma 5.2.6. If 𝜆0 ≥ 𝛽𝜀, then (5.39) holds and we are done. We

may thus assume that 𝜆0 < 𝛽𝜀. Noting that 𝜅, 𝛼 ≤ 1 and 𝛼 ≤ 𝑞0, the definition of 𝛽𝜀, (5.41)

and (5.42) then yield

𝑃(T𝑟,𝑦) − 𝜆0 ≥ 3
4𝑃(T𝑟,𝑦) ≥

3
4𝜅 > 0 for all 𝑦 ∈ Ω′, (5.43)

𝑄(S𝑟,𝑥) − 𝜆0 ≥ 3
4𝑄(S𝑟,𝑥) ≥ 3

4𝑞0 > 0 for all 𝑥 ∈ Ω.

In particular, we may assume that (5.35) holds.

Step 3. Hence, by Lemma 5.2.6, it suffices to show that the minimal eigenvalue 𝜆0 of M

satisfies 𝜆0 ≥ 𝛽𝜀. Let 𝑤 = 𝑢 ⊕ 𝑣 ≠ 0 be an eigenvector of M with associated eigenvalue 𝜆0 ≥ 0

and suppose for contradiction that

𝜆0 < 𝛽𝜀 . (5.44)

We may choose representatives (𝑢, 𝑣) ∈ 𝐿2(𝑃) × 𝐿2(𝑄) with the centering
∫
𝑢 𝑑𝑃 = 0. The

eigenvalue equation 𝜆0(𝑢 ⊕ 𝑣) = M(𝑢 ⊕ 𝑣), the centering of 𝑢 and Lemma 5.2.5 imply that

𝜆0𝑢 = 𝑢𝑄(S𝑟,(·)) +
∫
S𝑟 , ( ·)

𝑣 𝑑𝑄 −
∫ (

𝑢𝑄(S𝑟,(·)) +
∫
S𝑟 , ( ·)

𝑣𝑑𝑄

)
𝑑𝑃
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and

𝜆0𝑣 = 𝑣𝑃(T𝑟,(·)) +
∫
T𝑟 , ( ·)

𝑢 𝑑𝑃. (5.45)

On the other hand, the eigenvalue equation, Lemma 5.2.2 and the centering of 𝑢 yield

𝜆0∥𝑢 ⊕ 𝑣∥2𝐿2 (𝑃⊗𝑄) = ⟨𝑢 ⊕ 𝑣,M(𝑢 ⊕ 𝑣)⟩𝐿2 (𝑃⊗𝑄) ≥ 𝛼Var𝑃 (𝑢) = 𝛼∥𝑢∥2𝐿2 (𝑃) .

The centering also implies ∥𝑢 ⊕ 𝑣∥2
𝐿2 (𝑃⊗𝑄) = ∥𝑢∥2

𝐿2 (𝑃) + ∥𝑣∥2
𝐿2 (𝑄), and we conclude that

𝜆0 ≥ 𝛼
∥𝑢∥2

𝐿2 (𝑃)

∥𝑢∥2
𝐿2 (𝑃) + ∥𝑣∥2

𝐿2 (𝑄)
. (5.46)

Next, we bound ∥𝑣∥2
𝐿2 (𝑄). Note that (5.45) yields the inequality

|𝑣 | ≤

∫
T𝑟 , ( ·)

|𝑢 |𝑑𝑃

|𝜆0 − 𝑃(T𝑟,(·)) |
.

Using (5.43), we deduce

|𝑣 | ≤

∫
T𝑟 , ( ·)

|𝑢 |𝑑𝑃

𝑃(T𝑟,(·)) − 𝜆0
≤

∫
T𝑟 , ( ·)

|𝑢 |𝑑𝑃
3
4𝑃(T𝑟,(·))

.

Taking squares, applying Jensen’s inequality for 𝑃(𝑑𝑥)/𝑃(T𝑟,𝑦), integrating with respect to 𝑄,

and using (5.41) again, we get

∥𝑣∥2
𝐿2 (𝑄) ≤

16

9

∫ ∫
T𝑟 , ( ·)

𝑢2𝑑𝑃

𝑃(T𝑟,(·))
𝑑𝑄 ≤ 16

9

∥𝑢∥2
𝐿2 (𝑃)
𝜅

≤ 2
∥𝑢∥2

𝐿2 (𝑃)
𝜅

.

As 𝑢 ⊕ 𝑣 ≠ 0, this shows in particular that 𝑢 ≠ 0. Therefore, substituting the last display

into (5.46) and using 𝜅 ≤ 1 yields

𝜆0 ≥ 𝛼
∥𝑢∥2

𝐿2 (𝑃)

∥𝑢∥2
𝐿2 (𝑃) + 2∥𝑢∥2

𝐿2 (𝑃)/𝜅
= 𝛼

𝜅

𝜅 + 2
≥ 1

3
𝛼𝜅 ≥ 𝛽𝜀,

contradicting (5.44) and completing the proof of (5.39).
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Step 4. Finally, set 𝑤∗ := ( 𝑓∗ − 𝑓 ) ⊕ (𝑔∗ − 𝑔); then (5.24) and (5.39) yield

𝜙′′(𝑟) = 1

𝜀

∫
{ 𝑓𝑟⊕𝑔𝑟≥𝑐}

𝑤2
∗ 𝑑 (𝑃 ⊗ 𝑄) = 1

𝜀
⟨𝑤∗,M𝑤∗⟩𝐿2 (𝑃⊗𝑄) ≥

𝛽𝜀

𝜀
∥𝑤∗∥2𝐿2 (𝑃⊗𝑄) ,

which is (5.40). □

5.2.3 Conclusion of the proof of Theorem 5.2.1

We can now complete the proof of the error bound and the PL inequality for Φ.

Proof of Theorem 5.2.1. Using (5.40) in (5.25) yields

𝜙(𝑟0) ≥ 𝜙(0) +
𝑟20𝛽𝜀

2𝜀
∥( 𝑓∗ − 𝑓 ) ⊕ (𝑔∗ − 𝑔)∥2𝐿2 (𝑃⊗𝑄) .

On the other hand, the convexity of 𝜙 and the resulting monotonicity of 𝜙′ show

𝜙(𝑟0) ≤ 𝜙(0) + 𝑟0𝜙′(𝑟0) ≤ 𝜙(0) + 𝑟0𝜙′(1).

Together, we obtain

𝑟20𝛽𝜀

2𝜀
∥( 𝑓∗ − 𝑓 ) ⊕ (𝑔∗ − 𝑔)∥2𝐿2 (𝑃⊗𝑄) ≤ 𝜙(𝑟0) − 𝜙(0) ≤ 𝑟0𝜙′(1)

= 𝑟0⟨DΦ( 𝑓 ⊕𝑔), 𝑓∗⊕𝑔∗− 𝑓 ⊕𝑔⟩𝐿2 (𝑃⊗𝑄) ≤ 𝑟0∥DΦ( 𝑓 ⊕𝑔)∥𝐿2 (𝑃⊗𝑄) ∥( 𝑓∗− 𝑓 ) ⊕ (𝑔∗−𝑔)∥𝐿2 (𝑃⊗𝑄) ,

and hence

∥( 𝑓∗ − 𝑓 ) ⊕ (𝑔∗ − 𝑔)∥𝐿2 (𝑃⊗𝑄) ≤
2𝜀

𝑟0𝛽𝜀
∥DΦ( 𝑓 ⊕ 𝑔)∥𝐿2 (𝑃⊗𝑄) . (5.47)

Noting that

2𝜀

𝑟0
=

2𝜀

min
(

𝜀
2𝐶 𝑓 ,𝑔

, 1
) =

4

min(1/𝐶 𝑓 ,𝑔, 2/𝜀)
= 4max(𝐶 𝑓 ,𝑔, 𝜀/2) ≤ 4max(𝐶 𝑓 ,𝑔, 𝜀)
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and

𝛽−1𝜀 = 4𝜅−1𝛼−1 = 4

(
𝛿−1𝑃 max

(
8𝐿

𝜀
, 1

)𝑑) Λ2
𝑃

𝜆2
𝑃

(
⌈8𝐿 diam(Ω)/𝜀⌉

)𝑑+2
inf 𝑦∈Ω′ 𝑄

(
𝐵 𝜀

8𝐿
(𝑦)

) ,

this gives the first claim of Theorem 5.2.1. Moreover, concavity of Φ yields

QOT𝜀 (𝑃,𝑄) −Φ( 𝑓 ⊕ 𝑔) = Φ( 𝑓∗ ⊕ 𝑔∗) −Φ( 𝑓 ⊕ 𝑔) ≤ ⟨DΦ( 𝑓 ⊕ 𝑔), 𝑓∗ ⊕ 𝑔∗ − 𝑓 ⊕ 𝑔⟩𝐿2 (𝑃⊗𝑄)

≤ ∥DΦ( 𝑓 ⊕ 𝑔)∥𝐿2 (𝑃⊗𝑄) ∥( 𝑓∗ − 𝑓 ) ⊕ (𝑔∗ − 𝑔)∥𝐿2 (𝑃⊗𝑄) ,

and now bounding ∥( 𝑓∗ − 𝑓 ) ⊕ (𝑔∗ − 𝑔)∥𝐿2 (𝑃⊗𝑄) by (5.47) yields the second claim. □

5.2.4 Proof of Theorem 5.1.5

Finally, we translate the result of Theorem 5.2.1 from Φ to Γ, that is, from the space H

to 𝐿2(𝑃) × 𝐿2(𝑄).

Lemma 5.2.8. Let ( 𝑓 , 𝑔) ∈ 𝐿2(𝑃) × 𝐿2(𝑄) and

𝐼0 :=

∫ (
1 − 1

𝜀
( 𝑓 ⊕ 𝑔 − 𝑐)+

)
𝑑 (𝑃 ⊗ 𝑄).

The gradients of Φ : H → R and Γ : 𝐿2(𝑃) × 𝐿2(𝑄) → R are related by

DΦ( 𝑓 ⊕ 𝑔) = D1Φ( 𝑓 ⊕ 𝑔) ⊕ D2Φ( 𝑓 ⊕ 𝑔), where D𝑖Φ( 𝑓 ⊕ 𝑔) = D𝑖Γ( 𝑓 , 𝑔) −
1

2
𝐼0 (5.48)

and the explicit form of D𝑖Γ( 𝑓 , 𝑔) is given in (5.9). As a consequence,

∥DΦ( 𝑓 ⊕ 𝑔)∥2
𝐿2 (𝑃⊗𝑄) = ∥DΓ( 𝑓 , 𝑔)∥2

𝐿2 (𝑃)×𝐿2 (𝑄) − 𝐼
2
0 ≤ ∥DΓ( 𝑓 , 𝑔)∥2

𝐿2 (𝑃)×𝐿2 (𝑄) .
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Proof. For all ( 𝑓 , 𝑔), (𝑢, 𝑣) ∈ 𝐿2(𝑃) × 𝐿2(𝑄), we have

⟨DΦ( 𝑓 ⊕ 𝑔), 𝑢 ⊕ 𝑣⟩𝐿2 (𝑃⊗𝑄) =
∫

(𝑢 ⊕ 𝑣)
(
1 − 1

𝜀
( 𝑓 ⊕ 𝑔 − 𝑐)+

)
𝑑 (𝑃 ⊗ 𝑄)

=
〈
1 − 1

𝜀
( 𝑓 ⊕ 𝑔 − 𝑐)+, 𝑢 ⊕ 𝑣

〉
𝐿2 (𝑃⊗𝑄)

= ⟨DΓ( 𝑓 , 𝑔), (𝑢, 𝑣)⟩𝐿2 (𝑃)×𝐿2 (𝑄) .

Now (5.48) follows as in the proof of Lemma 5.2.5. Moreover, using the above identity with

𝑢 = D1Φ( 𝑓 ⊕ 𝑔) and 𝑣 = D2Φ( 𝑓 ⊕ 𝑔) yields

∥DΦ( 𝑓 ⊕ 𝑔)∥2
𝐿2 (𝑃⊗𝑄) = ∥D1Γ( 𝑓 , 𝑔)∥2𝐿2 (𝑃) + ∥D2Γ( 𝑓 , 𝑔)∥2𝐿2 (𝑄)

− 1

2
⟨D1Γ( 𝑓 , 𝑔), 𝐼0⟩𝐿2 (𝑃) −

1

2
⟨D2Γ( 𝑓 , 𝑔), 𝐼0⟩𝐿2 (𝑄)

= ∥DΓ( 𝑓 , 𝑔)∥2
𝐿2 (𝑃)×𝐿2 (𝑄) − 𝐼

2
0 . □

Proof of Theorem 5.1.5. Combine Theorem 5.2.1 with Γ( 𝑓 , 𝑔) = Φ( 𝑓 ⊕ 𝑔) and Lemma 5.2.8.

□

5.3 Proofs of linear convergence

We first record several Lipschitz constants associated with DΓ. Recall the components

D1Γ( 𝑓 , 𝑔) ∈ 𝐿2(𝑃) and D2Γ( 𝑓 , 𝑔) ∈ 𝐿2(𝑄) from (5.9).

Lemma 5.3.1. The gradient DΓ : 𝐿2(𝑃)×𝐿2(𝑄) → 𝐿2(𝑃)×𝐿2(𝑄) is 2
𝜀
-Lipschitz. Moreover,

D𝑖Γ( 𝑓 , ·) and D𝑖Γ(·, 𝑔) are 1
𝜀
-Lipschitz for 𝑖 = 1, 2, for all ( 𝑓 , 𝑔) ∈ 𝐿2(𝑃) × 𝐿2(𝑄).

Proof. For ( 𝑓 , 𝑔), (𝑢, 𝑣) ∈ 𝐿2(𝑃) × 𝐿2(𝑄), the inequality | (𝑡)+ − (𝑠)+ | ≤ |𝑡 − 𝑠 | yields

��D1Γ( 𝑓 , 𝑔) −D1Γ(𝑢, 𝑣)
�� ≤ 1

𝜀

∫ ��(𝑢(·) + 𝑣(𝑦) − 𝑐(·, 𝑦))+ − (
𝑓 (·) + 𝑔(𝑦) − 𝑐(·, 𝑦)

)
+
�� 𝑑𝑄(𝑦)

≤ 1

𝜀

{
| 𝑓 (·) − 𝑢(·) | +

∫
|𝑔(𝑦) − 𝑣(𝑦) |𝑑𝑄(𝑦)

}
.

139



Using (𝑎 + 𝑏)2 ≤ 2𝑎2 + 2𝑏2 and Jensen’s inequality, we deduce

∥D1Γ( 𝑓 , 𝑔) −D1Γ(𝑢, 𝑣)∥2𝐿2 (𝑃) ≤
2

𝜀2

(
∥ 𝑓 − 𝑢∥2

𝐿2 (𝑃) + ∥𝑔 − 𝑣∥2
𝐿2 (𝑄)

)
=

2

𝜀2
∥( 𝑓 , 𝑔) − (𝑢, 𝑣)∥2

𝐿2 (𝑃)×𝐿2 (𝑄) . (5.49)

Note that if 𝑓 = 𝑢 or 𝑔 = 𝑣, the factor 2 is unnecessary, showing the claimed 1
𝜀
-Lipschitz

property of D1Γ( 𝑓 , ·) and D1Γ(·, 𝑔). On the other hand, combining (5.49) with its analogue

for D2Γ yields

∥DΓ( 𝑓 , 𝑔) −DΓ(𝑢, 𝑣)∥2
𝐿2 (𝑃)×𝐿2 (𝑄) ≤

4

𝜀2
∥( 𝑓 , 𝑔) − (𝑢, 𝑣)∥2

𝐿2 (𝑃)×𝐿2 (𝑄) . □

Remark 5.3.2. For any bounded functions 𝑓 : Ω → R and 𝑔 : Ω′ → R, we note that

∥ 𝑓 ⊕ 𝑔∥∞ = inf
𝑎∈R

(∥ 𝑓 − 𝑎∥∞ + ∥𝑔 + 𝑎∥∞).

Recall that if ( 𝑓∗, 𝑔∗) are potentials, then ( 𝑓∗ − 𝑎, 𝑔∗ + 𝑎) are also potentials, for any 𝑎 ∈ R.

Thus, if some inequality

𝐴( 𝑓 , 𝑔) ≤ 𝐵( 𝑓 , 𝑔, ∥ 𝑓 − 𝑓∗∥∞ + ∥𝑔 − 𝑔∗∥∞)

has been established for arbitrary potentials ( 𝑓∗, 𝑔∗), we can already conclude that

𝐴( 𝑓 , 𝑔) ≤ 𝐵( 𝑓 , 𝑔, ∥ 𝑓 ⊕ 𝑔 − 𝑓∗ ⊕ 𝑔∗∥∞).

5.3.1 Proof of Corollary 5.1.6 (gradient ascent)

This proof is standard; we state the argument for the sake of completeness.

Proof of Corollary 5.1.6. The bound (5.15) for the iterates is shown in Lemma 4.4.2. (The

norm in that reference is defined differently but has the same value by Remark 5.3.2. More-
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over, in Chapter 4 we assume that 𝑐 is the quadratic cost, but the proof applies to any

bounded 𝑐.)

By Lemma 5.3.1, DΓ is 2
𝜀
-Lipschitz on 𝐿2(𝑃)×𝐿2(𝑄), hence Γ is 2

𝜀
-smooth. In particular,

Γ( 𝑓 + 𝑢, 𝑔 + 𝑣) ≥ Γ( 𝑓 , 𝑔) +
〈
DΓ( 𝑓 , 𝑔), (𝑢, 𝑣)

〉
𝐿2 (𝑃)×𝐿2 (𝑄) −

1

𝜀
∥(𝑢, 𝑣)∥2

𝐿2 (𝑃)×𝐿2 (𝑄) . (5.50)

We apply (5.50) with ( 𝑓 , 𝑔) = ( 𝑓𝑛, 𝑔𝑛) and (𝑢, 𝑣) = 𝜂DΓ( 𝑓𝑛, 𝑔𝑛). Using the update rule (5.14)

and 𝜂 ∈ (0, 𝜀], we obtain

Γ( 𝑓𝑛+1, 𝑔𝑛+1) ≥ Γ( 𝑓𝑛, 𝑔𝑛) + 𝜂∥DΓ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2 (𝑃)×𝐿2 (𝑄) −
𝜂2

𝜀
∥DΓ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2 (𝑃)×𝐿2 (𝑄)

= Γ( 𝑓𝑛, 𝑔𝑛) + 𝜂
(
1 − 𝜂

𝜀

)
∥DΓ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2 (𝑃)×𝐿2 (𝑄) .

Subtracting this from the optimal value QOT𝜀 (𝑃,𝑄) gives

Δ𝑛+1 ≤ Δ𝑛 − 𝜂
(
1 − 𝜂

𝜀

)
∥DΓ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2 (𝑃)×𝐿2 (𝑄) .

Using the PL inequality (5.12) at ( 𝑓𝑛, 𝑔𝑛) and the bound (5.15),

∥DΓ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2 (𝑃)×𝐿2 (𝑄) ≥ 1

𝛾𝜀𝑀
Δ𝑛, 𝑀 := max(2∥ 𝑓0 ⊕ 𝑔0 − 𝑓∗ ⊕ 𝑔∗∥∞, 𝜀),

hence we conclude that

Δ𝑛+1 ≤ Δ𝑛 − 𝜂
(
1 − 𝜂

𝜀

) 1

𝛾𝜀𝑀
Δ𝑛 = (1 − 𝑞)Δ𝑛, 𝑞 :=

1

𝛾𝜀𝑀
𝜂

(
1 − 𝜂

𝜀

)
. □

5.3.2 Proof of Corollary 5.1.7 (coordinate ascent)

Again, the proof has two steps. The first step is to bound the iterates. Once that is

achieved, the second step follows the standard argument for deriving linear convergence of

coordinate ascent from a PL inequality.
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Proof of Corollary 5.1.7. Step 1. Set

S𝑥 := {𝑦 ∈ Ω′ : 𝑓∗(𝑥) + 𝑔∗(𝑦) ≥ 𝑐(𝑥, 𝑦)} , S𝑛𝑥 := {𝑦 ∈ Ω′ : 𝑓𝑛 (𝑥) + 𝑔𝑛 (𝑦) ≥ 𝑐(𝑥, 𝑦)} . (5.51)

Using (5.10) and the definition (5.17) of 𝑓𝑛, as well as the inequality (𝑎)+−(𝑏)+ ≤ (𝑎−𝑏)1𝑎≥0,

we have for every 𝑥 ∈ Ω that

0 =

∫ (
𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑐(𝑥, 𝑦)

)
+ −

(
𝑓𝑛 (𝑥) + 𝑔𝑛 (𝑦) − 𝑐(𝑥, 𝑦)

)
+𝑑𝑄(𝑦)

≤
∫
S𝑥

𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑓𝑛 (𝑥) − 𝑔𝑛 (𝑦)𝑑𝑄(𝑦)

and hence

( 𝑓𝑛 (𝑥) − 𝑓∗(𝑥))𝑄(S𝑥) ≤
∫
S𝑥

𝑔∗(𝑦) − 𝑔𝑛 (𝑦)𝑑𝑄(𝑦) ≤ ∥𝑔𝑛 − 𝑔∗∥∞𝑄(S𝑥).

Symmetrically, ( 𝑓∗(𝑥)− 𝑓𝑛 (𝑥))𝑄(S𝑛𝑥 ) ≤ ∥𝑔𝑛−𝑔∗∥∞𝑄(S𝑛𝑥 ). Noting that (5.10) and (5.17) imply

𝑄(S𝑥) > 0 and 𝑄(S𝑛𝑥 ) > 0, we conclude

∥ 𝑓𝑛 − 𝑓∗∥∞ ≤ ∥𝑔𝑛 − 𝑔∗∥∞.

Arguing analogously for 𝑔𝑛+1 yields

∥𝑔𝑛+1 − 𝑔∗∥∞ ≤ ∥ 𝑓𝑛 − 𝑓∗∥∞.

Combining these two inequalities yields the claim (5.19)

Step 2. Recall the expressions of D1Γ and D2Γ from (5.9). By Lemma 5.3.1, D𝑖Γ is

1
𝜀
-Lipschitz in each of its coordinates. In particular, the descent lemma yields

Γ( 𝑓 , 𝑔𝑛) ≥ Γ( 𝑓𝑛−1, 𝑔𝑛) + ⟨D1Γ( 𝑓𝑛−1, 𝑔𝑛), 𝑓 − 𝑓𝑛−1⟩𝐿2 (𝑃) −
1

2𝜀
∥ 𝑓 − 𝑓𝑛−1∥2𝐿2 (𝑃)
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for every 𝑓 ∈ 𝐿2(𝑃). Taking supremum over 𝑓 and recalling the definition of 𝑓𝑛, we obtain

Γ( 𝑓𝑛, 𝑔𝑛) ≥ Γ( 𝑓𝑛−1, 𝑔𝑛) + sup
𝑓

{
⟨D1Γ( 𝑓𝑛−1, 𝑔𝑛), 𝑓 − 𝑓𝑛−1⟩𝐿2 (𝑃) −

1

2𝜀
∥ 𝑓 − 𝑓𝑛−1∥2𝐿2 (𝑃)

}
= Γ( 𝑓𝑛−1, 𝑔𝑛) +

𝜀

2
∥D1Γ( 𝑓𝑛−1, 𝑔𝑛)∥2𝐿2 (𝑃) .

Analogously,

Γ( 𝑓𝑛−1, 𝑔𝑛) ≥ Γ( 𝑓𝑛−1, 𝑔𝑛−1) +
𝜀

2
∥D2Γ( 𝑓𝑛−1, 𝑔𝑛−1)∥2𝐿2 (𝑄) .

Combining the two inequalities yields

Γ( 𝑓𝑛, 𝑔𝑛) ≥ Γ( 𝑓𝑛−1, 𝑔𝑛−1) +
𝜀

2

(
∥D1Γ( 𝑓𝑛−1, 𝑔𝑛)∥2𝐿2 (𝑃) + ∥D2Γ( 𝑓𝑛−1, 𝑔𝑛−1)∥2𝐿2 (𝑄)

)
,

but as D1Γ( 𝑓𝑛−1, 𝑔𝑛−1) = 0 and D2Γ( 𝑓𝑛−1, 𝑔𝑛) = 0 by the first-order conditions (5.17)

and (5.18) for 𝑓𝑛−1 and 𝑔𝑛, respectively, this even gives

Γ( 𝑓𝑛, 𝑔𝑛) ≥ Γ( 𝑓𝑛−1, 𝑔𝑛−1) +
𝜀

2

(
∥DΓ( 𝑓𝑛−1, 𝑔𝑛)∥2𝐿2 (𝑃)×𝐿2 (𝑄) + ∥DΓ( 𝑓𝑛−1, 𝑔𝑛−1)∥2𝐿2 (𝑃)×𝐿2 (𝑄)

)
≥ Γ( 𝑓𝑛−1, 𝑔𝑛−1) +

𝜀

2
∥DΓ( 𝑓𝑛−1, 𝑔𝑛−1)∥2𝐿2 (𝑃)×𝐿2 (𝑄) . (5.52)

Next, we apply the PL inequality (5.12) to the last term. Using that

∥ 𝑓𝑛−1 ⊕ 𝑔𝑛−1 − 𝑓∗ ⊕ 𝑔∗∥∞ ≤ ∥ 𝑓𝑛−1 − 𝑓∗∥∞ + ∥𝑔𝑛−1 − 𝑔∗∥∞ ≤ 2∥𝑔0 − 𝑔∗∥∞

by (5.19) and abbreviating 𝑀 := max (2∥𝑔0 − 𝑔∗∥∞, 𝜀), we obtain

Γ( 𝑓𝑛, 𝑔𝑛) ≥ Γ( 𝑓𝑛−1, 𝑔𝑛−1) +
𝜀

2

1

𝛾𝜀𝑀
(QOT𝜀 (𝑃,𝑄) − Γ( 𝑓𝑛−1, 𝑔𝑛−1)) .

Subtracting this from QOT𝜀 (𝑃,𝑄) gives Δ𝑛 ≤ Δ𝑛−1(1 − 𝜀
2𝛾𝜀𝑀

) and hence the claim. □

143



5.3.3 Proof of Corollary 5.1.8 (coordinate gradient ascent)

Once again, the argument has two steps.

Proof of Corollary 5.1.8. Step 1. Recall the notation (5.51). As before, the bound (5.21)

follows by a similar argument as Lemma 4.4.2; we give the details for completeness. From

(5.20) we obtain that for all 𝑥 ∈ Ω,

𝑓𝑛+1(𝑥) − 𝑓∗(𝑥) = 𝑓𝑛 (𝑥) − 𝑓∗(𝑥) +
𝜂

𝜀

(
𝜀 −

∫
( 𝑓𝑛 (𝑥) + 𝑔𝑛 (𝑦) − 𝑐(𝑥, 𝑦))+𝑑𝑄(𝑦)

)
= 𝑓𝑛 (𝑥) − 𝑓∗(𝑥)

+ 𝜂
𝜀

(∫
( 𝑓∗(𝑥) + 𝑔∗(𝑦) − 𝑐(𝑥, 𝑦))+ − ( 𝑓𝑛 (𝑥) + 𝑔𝑛 (𝑦) − 𝑐(𝑥, 𝑦))+𝑑𝑄(𝑦)

)
≤ 𝑓𝑛 (𝑥) − 𝑓∗(𝑥) +

𝜂

𝜀

(∫
S𝑥

𝑓∗(𝑥) + 𝑔∗(𝑦) − ( 𝑓𝑛 (𝑥) + 𝑔𝑛 (𝑦))𝑑𝑄(𝑦)
)

=

(
1 − 𝜂

𝜀
𝑄(S𝑥)

)
( 𝑓𝑛 (𝑥) − 𝑓∗(𝑥)) −

𝜂

𝜀

(∫
S𝑥

𝑔𝑛 (𝑦) − 𝑔∗(𝑦)𝑑𝑄(𝑦)
)

≤
(
1 − 𝜂

𝜀
𝑄(S𝑥)

)
∥ 𝑓𝑛 − 𝑓∗∥∞ + 𝜂

𝜀
𝑄(S𝑥)∥𝑔𝑛 − 𝑔∗∥∞,

which is a convex combination of ∥ 𝑓𝑛 − 𝑓∗∥∞ and ∥𝑔𝑛 − 𝑔∗∥∞. Analogously,

𝑓∗(𝑥) − 𝑓𝑛+1(𝑥) ≤
(
1 − 𝜂

𝜀
𝑄(S𝑛𝑥 )

)
∥ 𝑓𝑛 − 𝑓∗∥∞ + 𝜂

𝜀
𝑄(S𝑛𝑥 )∥𝑔𝑛 − 𝑔∗∥∞.

Together, we have

∥ 𝑓𝑛+1 − 𝑓∗∥∞ ≤ max(∥ 𝑓𝑛 − 𝑓∗∥∞, ∥𝑔𝑛 − 𝑔∗∥∞).

Repeating the argument for 𝑔𝑛+1 gives

∥𝑔𝑛+1 − 𝑔∗∥∞ ≤ max(∥ 𝑓𝑛+1 − 𝑓∗∥∞, ∥𝑔𝑛 − 𝑔∗∥∞) ≤ max(∥ 𝑓𝑛 − 𝑓∗∥∞, ∥𝑔𝑛 − 𝑔∗∥∞)

and combining the two bounds yields (5.21).
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Step 2. Lemma 5.3.1 implies

Γ( 𝑓𝑛+1, 𝑔𝑛+1) ≥ Γ( 𝑓𝑛+1, 𝑔𝑛) + ⟨D2Γ( 𝑓𝑛+1, 𝑔𝑛), 𝑔𝑛+1 − 𝑔𝑛⟩𝐿2 (𝑄) −
1

2𝜀
∥𝑔𝑛+1 − 𝑔𝑛∥2𝐿2 (𝑄) .

The definition of 𝑔𝑛+1 shows that 𝑔𝑛+1 − 𝑔𝑛 = 𝜂D2Γ( 𝑓𝑛+1, 𝑔𝑛). Substituting this gives

Γ( 𝑓𝑛+1, 𝑔𝑛+1) ≥ Γ( 𝑓𝑛+1, 𝑔𝑛) + 𝜂
(
1 − 𝜂

2𝜀

)
∥D2Γ( 𝑓𝑛+1, 𝑔𝑛)∥2𝐿2 (𝑄) . (5.53)

Analogously, we have

Γ( 𝑓𝑛+1, 𝑔𝑛) ≥ Γ( 𝑓𝑛, 𝑔𝑛) + 𝜂
(
1 − 𝜂

2𝜀

)
∥D1Γ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2 (𝑃) . (5.54)

Plugging (5.54) into (5.53) yields

Γ( 𝑓𝑛+1, 𝑔𝑛+1) ≥ Γ( 𝑓𝑛, 𝑔𝑛) + 𝜂
(
1 − 𝜂

2𝜀

) (
∥D1Γ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2 (𝑃) + ∥D2Γ( 𝑓𝑛+1, 𝑔𝑛)∥2𝐿2 (𝑄)

)
. (5.55)

Note that the inequality ∥𝑢∥2 ≥ 1
2 ∥𝑣∥

2 − ∥𝑢 − 𝑣∥2 holds in any normed space. Applying

this with 𝑢 := D2Γ( 𝑓𝑛+1, 𝑔𝑛) ∈ 𝐿2(𝑄) and 𝑣 := D2Γ( 𝑓𝑛, 𝑔𝑛) ∈ 𝐿2(𝑄) yields

∥D2Γ( 𝑓𝑛+1, 𝑔𝑛)∥2𝐿2 (𝑄) ≥
1

2
∥D2Γ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2 (𝑄) − ∥D2Γ( 𝑓𝑛+1, 𝑔𝑛) −D2Γ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2 (𝑄) .

By Lemma 5.3.1 and the definition of 𝑓𝑛+1, the last term satisfies

∥D2Γ( 𝑓𝑛+1, 𝑔𝑛) −D2Γ( 𝑓𝑛, 𝑔𝑛)∥𝐿2 (𝑄) ≤
1

𝜀
∥ 𝑓𝑛+1 − 𝑓𝑛∥𝐿2 (𝑃) =

𝜂

𝜀
∥D1Γ( 𝑓𝑛, 𝑔𝑛)∥𝐿2 (𝑃) ,

so that

∥D2Γ( 𝑓𝑛+1, 𝑔𝑛)∥2𝐿2 (𝑄) ≥
1

2
∥D2Γ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2 (𝑄) −

𝜂2

𝜀2
∥D1Γ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2 (𝑃) .
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Plugging this into (5.55) and recalling that 𝜂 ∈ (0, 𝜀/
√
2), we deduce

Γ( 𝑓𝑛+1, 𝑔𝑛+1) ≥ Γ( 𝑓𝑛, 𝑔𝑛) +
𝜂

2

(
1 − 𝜂

2𝜀

)
∥DΓ( 𝑓𝑛, 𝑔𝑛)∥2𝐿2 (𝑃)×𝐿2 (𝑄) .

This bound has the same form as (5.52) except for the different constant. Moreover, (5.21)

implies that ∥ 𝑓𝑛 − 𝑓∗∥∞ + ∥𝑔𝑛 − 𝑔∗∥∞ ≤ 2(∥ 𝑓0 − 𝑓∗∥∞ + ∥𝑔0 − 𝑔∗∥∞). We can now proceed

exactly as after (5.52) to deduce the final result, except that we also use Remark 5.3.2 to

replace ∥ 𝑓0 − 𝑓∗∥∞ + ∥𝑔0 − 𝑔∗∥∞ by ∥ 𝑓0 ⊕ 𝑔0 − 𝑓∗ ⊕ 𝑔∗∥∞. □
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