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Abstract

Nonlinear Stability of sub-extremal Reissner-Nordström Blackhole Spacetimes

— Hyperbolic Estimates for Nonlinear Positive-Spin Regge-Wheeler system

Jingbo Wan

We initiate the study of the nonlinear stability of sub-extremal Reissner-Nordström

spacetimes within the Klainerman-Szeftel framework, extending methods developed for the

Schwarzschild case [27] and the linear stability of Reissner-Nordström [12, 13]. We aim to

establish nonlinear stability without imposing additional symmetry assumptions, instead

relying on a finite co-dimension constraint on perturbations, as introduced in [6] for the

Schwarzschild case. In this thesis, we focus on deriving the essential hyperbolic estimates

for the nonlinear problem. A significant challenge arises from the interaction between

gravitational and electromagnetic perturbations, which are governed by the nonlinear

positive-spin Regge-Wheeler system. To address this, we establish the energy, Morawetz,

redshift, and 𝑟 𝑝-type estimates, in the spirit of Dafermos and Rodnianski’s linear analysis,

while carefully managing the additional complexities introduced by the coupling and the

intricate nonlinearities. As a result, we obtain decay estimates of the main variables under

reasonable assumptions, providing the foundational hyperbolic estimates necessary to

address the full nonlinear stability problem in sub-extremal Reissner-Nordström spacetimes

in the future.
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Chapter 1: Introduction

Black holes are fundamental solutions to Einstein’s equations and occupy a central role in the

theory of general relativity. A critical mathematical question concerns their stability under

perturbations: do small deviations from an exact black hole spacetime remain bounded and

controlled over time? Proving the stability of charged black holes necessitates understanding

the nonlinear evolution governed by a geometric nonlinear PDE system, the Einstein-Maxwell

equations. This thesis explores the nonlinear stability problem for charged black holes,

focusing specifically on the Reissner-Nordström spacetime.

1.1 Einstein-Maxwell Equations and Black Hole Solutions

1.1.1 The Einstein-Maxwell Equations

Formulation of the Einstein-Maxwell equations and their role in describing charged space-

times. The Einstein-Maxwell equations describe the coupling of the gravitational field, repre-

sented by the metric g𝜇𝜈, and the electromagnetic field, represented by the Faraday two-form

F𝜇𝜈. The system is given by:

G𝜇𝜈 = 8𝜋T𝜇𝜈, D𝜇F𝜇𝜈 = 0, D[𝛼F𝛽𝛾] = 0,

where G𝜇𝜈 is the Einstein tensor and T𝜇𝜈 is the stress-energy tensor for the electromagnetic

field.

1



R-N nonlinear stability

1.1.2 The Reissner-Nordström Blackhole Solution

The Reissner-Nordström solution is obtained by solving the Einstein-Maxwell equations un-

der spherical symmetry, leading to the metric:

g = −
(
1 − 2𝑀

𝑟
+ 𝑄

2

𝑟2

)
𝑑𝑡2 + 1

1 − 2𝑀
𝑟

+ 𝑄2

𝑟2

𝑑𝑟2 + 𝑟2
(
𝑑𝜃2 + sin2 𝜃 𝑑𝜙2

)
,

in the Boyer-Lindquist coordinate system (𝑡, 𝑟, 𝜃, 𝜙). We will focus on the sub-extremal case

only, i.e., |𝑄 | < 𝑀. Key geometric properties can be summarized as:

• It admits a stationary Killing vector field 𝑇 and a 𝑆𝑂 (2)-family of rotational Killing

vector fields.

• {𝑟 = 𝑟+} in the Boyer-Lindquist coordinate is the event horizon, where 𝑇 fails to be

timelike and in fact null. Here 𝑟+ is given by

𝑟+ = 𝑀 +
√︁
𝑀2 −𝑄2.

• {𝑟 = 𝑟𝑃} in the Boyer-Lindquist coordinate is the trapping hypersurface where null

geodesics can stay there. Here 𝑟𝑃 is given by

𝑟𝑃 =
3𝑀 +

√︁
9𝑀2 − 8𝑄2

2
.

• The sub-extremality condition ensures the surface gravity of the event horizon is pos-

itive, which leads to the presence of the redshift effect.

The Reissner-Nordström solution is a sub-family of a broader family of Kerr-Newman black-

holes.

2
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1.2 The Stability Problem for Black Hole Spacetimes

Since the pioneering work of Christodoulou and Klainerman [4] on the global stability of

Minkowski spacetime in general relativity, substantial progress has been made in under-

standing the stability of black holes. A major breakthrough was the linear theory developed

by Dafermos, Holzegel, and Rodnianski in [5], where they established the first quantita-

tive decay estimates for the Teukolsky equations in the linear stability of Schwarzschild.

Their approach introduced a physical version of Chandrasekhar’s transformation to relate

the Teukolsky and Regge-Wheeler equations, alongside a robust vector-field method for de-

riving decay estimates. These techniques were later adapted by Klainerman-Szeftel in [27] to

address the nonlinear stability of Schwarzschild under an additional symmetry assumption,

which was subsequently removed in [6] by Dafermos, Holzegel, Rodnianski and Taylor. In

the presence of an electromagnetic field, Giorgi extended the linear analysis of [5] to establish

the linear stability of Reissner-Nordström in a series of works [9, 10, 12, 11, 13]. The stability

problem for the Kerr spacetime presented additional challenges due to the lack of spherical

symmetry, but a new method based on hidden symmetries was introduced by Andersson-

Blue [1] to analyze wave equations on Kerr. Additionally, a full GCM gauge framework

was developed in [28, 29, 32], enabling Giorgi, Klainerman, Szeftel, and Shen to resolve the

nonlinear stability of slowly rotating Kerr black holes in [30, 18]. Progress has also been

achieved in the study of linear and nonlinear stability for Kerr-Newman black holes, as ev-

idenced by recent works such as [14] and [21]. Additionally, numerous other contributions

have addressed various aspects of black hole stability problems, including [20, 24, 22, 23, 25],

among others.

1.3 Linear Stability of Reissner-Nordström Spacetime

The linear stability of Reissner-Nordström spacetime forms a foundational element in the

analysis of nonlinear stability, as many of its structural properties, geometric frameworks,

3
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and hyperbolic estimates seamlessly extend into the nonlinear regime. In this section, we

present the theory of linear stability for Reissner-Nordström spacetime, as developed by

Elena Giorgi in a series of seminal works [9, 10, 12, 11, 13].

We start by introducing the linearized quantities and equations that describe gravitational

and electromagnetic perturbations under the Einstein-Maxwell system. A crucial step is iden-

tifying gauge-invariant quantities that capture the essential dynamics of linearized gravity,

the Maxwell field, and their interactions. These quantities satisfy decoupled transport equa-

tions, leading to the Teukolsky system. However, directly performing hyperbolic estimates

on the Teukolsky system is challenging. To address this, we introduce the Chandrasekhar

transformation, which converts the Teukolsky system into the Regge-Wheeler system, offer-

ing a more straightforward framework for stability analysis.

1.3.1 Linearized quantities and linearized Einstein-Maxwell equations

We consider a spacetime (M, g) foliated by a family of 2-spheres. A null frame {𝑒3, 𝑒4, 𝑒𝑎}

(𝑎 = 1, 2) is said to be adapted to this foliation if 𝑒3 and 𝑒4 are normal to each leaf and

satisfy the metric conditions:

g(𝑒3, 𝑒3) = g(𝑒4, 𝑒4) = g(𝑒3, 𝑒𝑎) = g(𝑒4, 𝑒𝑎) = 0, g(𝑒3, 𝑒4) = −2.

Given such an adapted null frame, we decompose the Weyl curvature W, the electromagnetic

2-form E, and define the Ricci coefficients Γ associated with the null frame:

W = {𝛼, 𝛽, 𝜌, ★𝜌, 𝛽, 𝛼},

E = { (𝐹)𝛽, (𝐹)𝜌, ★ (𝐹)𝜌, (𝐹)𝛽},

Γ = {𝜒, 𝜒, 𝜉, 𝜉, 𝜂, 𝜂, 𝜁 , 𝜔, 𝜔}.

4
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For detailed definitions, see Section 2.1.1.

Using these quantities, we express the Einstein-Maxwell equations, which consist of the Ricci

identities, Maxwell equations, and Bianchi equations associated with the given null frame.

Schematically, these equations are:

• Ricci identities:

∇Γ + Γ ∗ Γ = W + E ∗ E .

• Maxwell equations:

∇E + Γ ∗ E = 0.

• Bianchi equations:

∇(W + E ∗ E) + Γ ∗ (W + E ∗ E) = 0.

where ∇ denotes the appropriate derivatives along 𝑒𝜇 (𝜇 = 1, 2, 3, 4), and ∗ represents con-

tractions.

For linear stability, we consider an 𝑂 (𝜖) perturbation of (W, E, Γ) and linearize around the

Reissner-Nordström background, neglecting 𝑂 (𝜖2) terms:

(}W, qE, qΓ) = (W −W𝑅𝑁 , E − E𝑅𝑁 , Γ − Γ𝑅𝑁 ) = 𝑂 (𝜖).

The linearized Einstein-Maxwell equations are then schematically given by:

• Linearized Ricci identities:

∇qΓ + Γ𝑅𝑁 ∗ qΓ = }W + E𝑅𝑁 ∗ qE .

• Linearized Maxwell equations:

∇qE + Γ𝑅𝑁 ∗ qE + E𝑅𝑁 ∗ qΓ = 0.

5
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• Linearized Bianchi equations:

∇(}W + E𝑅𝑁 ∗ qE) + Γ𝑅𝑁 ∗ (}W + E𝑅𝑁 ∗ qE) + qΓ ∗ (W𝑅𝑁 + E𝑅𝑁 ∗ E𝑅𝑁 ) = 0.

A key aspect of the linear stability problem is identifying “master quantities” that decouple

from the rest of the linearized system. Various results in the literature, both in physics and

mathematics, address this issue. See [3, 31, 33], etc.

1.3.2 Gauge-Invariant Quantities and Transport Equations

The “master quantities” in our linear analysis are the gauge-invariant quantities, which re-

main unchanged under infinitesimal coordinate or frame transformations in the linearized

setting.

In the context of Reissner-Nordström stability, the gauge-invariant quantities are (𝛼, 𝛽, 𝔣, 𝔵),

where

𝛽 := 2 (𝐹)𝜌𝛽 − 3𝜌 (𝐹)𝛽, 𝔣 := −1
2
∇p⊗ (𝐹)𝛽 + (𝐹)𝜌 p𝜒, 𝔵 := ∇4

(𝐹)𝛽 + 3

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽 − 2 (𝐹)𝜌𝜉,

along with their negative-spin counterparts (𝛼, 𝛽̃, 𝔣, 𝔵). Notably, these definitions exhibit a

non-trivial coupling between gravitational and electromagnetic perturbations. These quan-

tities satisfy a system of decoupled transport equations, referred to as the gauge-invariant

transport equations:

(𝐹)𝜌∇3𝛼 + . . . = − 𝑑★/2𝛽 + . . . ,

∇4𝛽 + . . . = (𝐹)𝜌 𝑑/2𝛼 + . . . ,

∇4𝔣 + . . . = 𝑑★/2𝔵 + . . . ,

∇3𝔵 + . . . = − 𝑑/2𝔣 + . . . ,

6
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where . . . denote lower-order terms in (𝛼, 𝛽, 𝔣, 𝔵), 𝑑/2 is the sphere divergence operator on

symmetric traceless two-tensors, and 𝑑★/2 is its adjoint. These transport equations lead to

Teukolsky-type equations for each gauge-invariant quantity. For instance, applying ∇3 to

the equation for ∇4𝛽 and substituting the equation for ∇3𝛼 yields the Teukolsky equation

for 𝛽:

∇3∇4𝛽 + 𝑑/2 𝑑★/2𝛽 = . . . ,

where the right-hand side remains coupled to other gauge-invariant quantities.

In the nonlinear stability problem, these quantities are no longer strictly invariant under

infinitesimal frame transformations; instead, they transform at lower orders, meaning they

still decouple from the rest of the nonlinear system up to nonlinear coupling terms. In this

context, we refer to them as almost gauge-invariant quantities, and they remain fundamental

in the nonlinear analysis. See Section 3.1 for further details.

1.3.3 The Chandrasekhar Transformation and the Regge-Wheeler System

The Chandrasekhar transformation serves as a crucial tool for mapping Teukolsky-type equa-

tions into Regge-Wheeler-type equations. This method was initially introduced by Chan-

drasekhar in the context of mode decomposition and was later extended to physical space

in the seminal work by Dafermos, Holzegel, and Rodnianski [5]. In the context of the linear

stability problem for the Reissner-Nordström spacetime [12], we apply the Chandrasekhar

transformation to 𝛽 and 𝔣, thereby defining the corresponding the Regge-Wheeler variables:

𝔭 = 𝑟5(∇3𝛽 + . . . ),

𝔮𝐹 = 𝑟3(∇3𝔣 + . . . ),

7
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where 𝑟 is the areal radius of the sphere foliation. As a result, we obtain the linearized

Regge-Wheeler system for (𝔭, 𝔮𝐹):

□𝔭 −𝑉1𝔭 =
8𝑄2

𝑟2
𝑑/2𝔮𝐹 ,

□𝔮𝐹 −𝑉2𝔮𝐹 =
1

𝑟2
𝑑★/2𝔭.

This system decouples from the rest of the linearized equations. The proof of the linear

stability of Reissner-Nordström spacetime is built upon establishing robust hyperbolic esti-

mates for this system in the full sub-extremal regime. The full linearized stability is then

completed through a structured hierarchy of the linearized Einstein-Maxwell equations to

estimate all relevant linearized quantities }W, qE, qΓ.

The nonlinear stability of Reissner-Nordström spacetime is fundamentally built on the hy-

perbolic estimate of the nonlinear counterpart of the above Regge-Wheeler system, which is

the main focus of this thesis.

1.4 Nonlinear Stability in the Klainerman-Szeftel Framework

A complete proof of the nonlinear stability of Reissner-Nordström spacetime requires a de-

tailed geometric framework and the construction of GCM (Geometric Coordinate Modula-

tion) admissible spacetimes, both essential for the broader stability program. While these

elements are crucial to the long-term project, the primary focus of this thesis is the hyper-

bolic estimates for the nonlinear positive-spin Regge-Wheeler system—a major step in the

overall proof. In this section, we briefly introduce the geometric setup, GCM admissible

spacetimes, and the key intermediate results and strategies within the Klainerman-Szeftel

framework. We refer readers to [27] for the analogous setup in the Schwarzschild case, while

a full treatment in the Reissner-Nordström case will appear in future works.
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1.4.1 Geometric Setup and GCM Admissible Spacetimes

In this section, we provide a simplified version of the geometric setup and the definition of

GCM (Geometric Coordinate Modulation) admissible spacetimes, analogous to Definition

3.2 in [27].

Definition 1.4.1 (GCM-admissible spacetime, a simplified version). We consider a space-

time (M, g), sketched below in Figure 1.1, where

• g is close to the Reissner-Nordström metric in a suitable topology.

• M = (ext)M ∪ (int)M, with T = (ext)M ∩ (int)M a time-like hypersurface.

A

(int)M
(ext)M

C1

C1

Σ∗C∗ C∗

T

H+

I+

Figure 1.1: GCM admissible spacetime M

The spacetime (M, g) is called a general covariant modulated admissible (or shortly

GCM-admissible) spacetime if it satisfies:

9



R-N nonlinear stability

(1) Boundaries: The future and past boundaries of M are given by

𝜕+M = A ∪ C∗ ∪ C∗ ∪ Σ∗,

𝜕−M = C1 ∪ C1,

where:

• For simplicity1, we assume that the initial data is given on the initial data

cone C1 ∪ C1, where the geometric data is a small perturbation of the Reissner-

Nordström data2.

• Σ∗ is the future spacelike boundary of (ext)M, called GCM hypersurface.

• C∗ is the future outgoing null boundary of (ext)M.

• C∗ is the future incoming null boundary of (int)M.

• A is the future spacelike boundary of (int)M.

• T separates (ext)M and (int)M, starting at C1 ∩ C1 and ending at C∗ ∩ C∗.

(2) Foliations of M and adapted null frames:

• (ext)M is foliated by (𝑢, (𝑒𝑥𝑡)𝑠), where:

– 𝑢 is an outgoing optical function, initialized on Σ∗.

– (𝑒𝑥𝑡)𝑠 is an affine parameter along 𝑢-hypersurfaces.

– The null frame ( (𝑒𝑥𝑡)𝑒3, (𝑒𝑥𝑡)𝑒4, (𝑒𝑥𝑡)𝑒𝑎) is adapted to (𝑢, (𝑒𝑥𝑡)𝑠), with (𝑒𝑥𝑡)𝑒4 =

𝐿 = −g𝜇𝜈𝜕𝜇𝑢𝜕𝜈.

– (𝑒𝑥𝑡)𝑟 is the area radius of 2-spheres 𝑆(𝑢, (𝑒𝑥𝑡)𝑠).
1In the Klainerman-Szeftel framework, the initial data is in fact prescribed on a spacelike hypersurface

Σ0. Through local stability and exterior stability results, this control is transferred to an initial data layer
L0, which lies in the finite causal future of Σ0. The cones C1 ∪C1 are contained within this initial data layer
L0.

2In fact, the control of data on C1 ∪ C
1

is non-trivial, we refer readers to Theorem M0 in [27] for more
details in Schwarzschild case.
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– C∗ corresponds to 𝑢 = 𝑢∗, and C1 to 𝑢 = 1.

– The foliation terminates at T = { (𝑒𝑥𝑡)𝑟 = 𝑟𝑟+,𝛿0}, where 𝑟𝑟+,𝛿0 satisfies:3

𝑟+

(
1 + 𝛿H

2

)
≤ 𝑟𝑟+,𝛿0 ≤ 𝑟+

(
1 + 3𝛿H

2

)
.

• (int)M is foliated by (𝑢, (𝑖𝑛𝑡)𝑠), where:

– 𝑢 is an ingoing optical function, initialized on T .

– (𝑖𝑛𝑡)𝑠 is an affine parameter along 𝑢-hypersurfaces.

– The null frame ( (𝑖𝑛𝑡)𝑒3, (𝑖𝑛𝑡)𝑒4, (𝑖𝑛𝑡)𝑒𝑎) is adapted to (𝑢, (𝑖𝑛𝑡)𝑠), with (𝑖𝑛𝑡)𝑒3 =

𝐿 = −g𝜇𝜈𝜕𝜇𝑢𝜕𝜈.

– (𝑖𝑛𝑡)𝑟 is the area radius of 2-spheres 𝑆(𝑢, (𝑖𝑛𝑡)𝑠).

– The foliation terminates at A = { (𝑖𝑛𝑡)𝑟 = 𝑟+(1 − 𝛿H )}.

– C∗ corresponds to 𝑢 = 𝑢∗, and C1 to 𝑢 = 1.

(3) GCM foliation of Σ∗:

• Σ∗ = {𝑢 + (𝑒𝑥𝑡)𝑟 = 𝑐Σ∗} for some constant 𝑐Σ∗ .

• 𝑟 ≫ 𝑢∗ on Σ∗ (dominance condition).

• (𝑒𝑥𝑡)𝑠 = (𝑒𝑥𝑡)𝑟 on Σ∗ (Initialization of (𝑒𝑥𝑡)𝑠 on Σ∗).

• Σ∗ is a GCM hypersurface if it satisfies GCMH conditions on 𝜂ℓ=1 and 𝜉ℓ=1,

and is foliated by GCM spheres with specific conditions on tr𝜒, tr𝜒
ℓ≥2

, and 𝜇ℓ≥2.

• We calibrate 𝑢 on Σ∗ by setting 𝑢 = 1 such that 𝑆1 = Σ∗ ∩ {𝑢 = 1} is the unique

sphere in Σ∗ whose south pole coincides with the south pole of a sphere in the

outgoing null cone C(1,L0) of the initial data layer.

(4) Initialization of the (𝑢, (𝑖𝑛𝑡)𝑠)-foliation on T :

• 𝑢 = 𝑢, (𝑖𝑛𝑡)𝑠 = (𝑒𝑥𝑡)𝑠 on T .
3In [27], a specific choice of 𝑟𝑟+ , 𝛿0 was made in their Theorem M8, i.e. the top order estimate.
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• The null frames are related by:

(𝑖𝑛𝑡)𝑒4 = 𝜆
(𝑒𝑥𝑡)𝑒4,

(𝑖𝑛𝑡)𝑒3 = 𝜆
−1 (𝑒𝑥𝑡)𝑒3,

(𝑖𝑛𝑡)𝑒𝑎 =
(𝑒𝑥𝑡)𝑒𝑎,

where 𝜆 = 1 − 2 (𝑒𝑥𝑡)𝑚
(𝑒𝑥𝑡)𝑟

and (𝑒𝑥𝑡)𝑚 is the Hawking mass of 𝑆(𝑢, (𝑒𝑥𝑡)𝑠).4

Remark 1. The existence of GCM spheres and GCM hypersurfaces in perturbations of

Kerr spacetime has been established in [28, 29, 32]. In the case of Schwarzschild spacetime,

the GCM construction was simplified in [27] due to the assumption of polarized symmetry.

A similar construction for perturbations of Reissner-Nordström spacetime, without relying

on symmetry assumptions, is expected to follow with relative ease. As demonstrated in

[26] for perturbations of Kerr spacetime, the GCM procedure plays a pivotal role in the

Klainerman-Szeftel framework for black hole stability. Analytically, the GCM procedure is

an infinite-dimensional modulation technique that manages the full diffeomorphism group of

Einstein’s equations, enabling the stability problem to be approached as a Cauchy evolution.

Geometrically, it establishes a rigid, canonical foliation at null infinity, resolving ambiguities

related to supertranslations. Physically, it determines the center-of-mass frame of the final

black hole, providing an optimal framework for defining key physical quantities at null infinity

and deriving their evolution laws.

In this thesis, we focus on hyperbolic estimates within a subregion of the GCM admissible

spacetime. Since this analysis does not require detailed knowledge of the GCM procedure

itself, we will not elaborate further on the GCM construction.

1.4.2 The Contradiction Argument in Nonlinear Stability

In a GCM admissible spacetime M, the initial data assumptions are imposed on 𝐶1 ∪ 𝐶1

with a small parameter 𝜖0 ≪ 1. A bootstrap assumption is then made in M with a larger
4We point out that in a Reissner-Nordström blackhole spacetime with mass 𝑀 and charge 𝑄, the Hawking

mass of a two sphere 𝑆(𝑡, 𝑟) in the Boyer-Lindquist coordinates is 𝑀 − 𝑄

2𝑟
.
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parameter 𝜖 = 𝜖
2
3

0 ≫ 𝜖0. The proof proceeds via a contradiction argument, assuming that M

is the largest GCM admissible spacetime in which the bootstrap assumption holds at the size

𝜖 . The goal is to show that if 𝜖0 is chosen sufficiently small, the bootstrap assumption in M

can be improved to the smaller size 𝜖0. Through further analysis, it can be demonstrated that

M can be extended to a larger GCM admissible spacetime where the bootstrap assumption

of size 𝜖 still holds. This leads to a contradiction, implying that such a GCM admissible

spacetime cannot be bounded in time. Equivalently, this establishes the existence of a long-

time solution to the Einstein-Maxwell equations, provided the initial data is sufficiently close

to that of a Reissner-Nordström spacetime. Along this solution, we also have quantitative

decay estimates for gravitational and electromagnetic perturbations.

1.4.3 Main Intermediate Theorems in the Klainerman-Szeftel framework (M0–M8)

The focus of this thesis is on the hyperbolic estimates for the nonlinear positive-spin Regge-

Wheeler system, which arises from gravitational and electromagnetic perturbations of the

Reissner-Nordström spacetime. (See Theorem M1 below.)

As part of the broader effort to establish the nonlinear stability of Reissner-Nordström ,

we introduce a series of intermediate theorems within the Klainerman-Szeftel framework for

black hole stability. These results, analogous to those in [27] for the nonlinear stability of

Schwarzschild, provide a specific hierarchy of controlling various quantities involved in the

problem.

We now briefly state the simplified version of these intermediate theorems, without much

explanation.

Theorem M0. Control of the initial data.

Theorem M1. Control of the Chandrasekhar-transformed variables 𝔭, 𝔮𝐹 through hyper-

bolic estimates for the nonlinear positive-spin Regge-Wheeler system.

Theorem M2. Control of the positive-spin (almost) gauge-invariant quantities 𝛼, 𝛽, 𝔣, 𝔵 via

13
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transport estimates for the gauge-invariant transport equations.

Theorem M3. Control of the negative-spin (almost) gauge-invariant quantities 𝛼, 𝛽̃, 𝔣, 𝔵

using the Teukolsky-Starobinski identities.

Theorem M4. Control of }W, qΓ, qE on the GCM hypersurface Σ∗ and in the exterior region

(ext)M.

Theorem M5. Control of }W, qΓ, qE in the interior region (int)M.

Theorem M6. Initialization: existence of an initial GCM-admissible spacetime.

Theorem M7. Extension: existence of a GCM-admissible extension.

Theorem M8. Top-order estimates via hyperbolic estimates for the Bianchi equations.

In this thesis, we will prove Theorem M1 under reasonable assumptions for future

applications. The rigorous statements and proofs of the remaining intermediate theorems

will be developed in future works.

1.5 Focus of This Thesis: Theorem M1

Theorem M1 establishes a hyperbolic estimate for the nonlinear positive-spin Regge-

Wheeler system. This system arises from gravitational and electromagnetic perturbations of

Reissner-Nordström spacetime. See Section 2.3 for a rough version and the end of Section

8.5 for a full version of Theorem M1.

The stability analysis of the Reissner-Nordström spacetime differs significantly from that of

Schwarzschild due to the presence of the electromagnetic field. The key distinctions in the

hyperbolic estimates are as follows:

• Coupled Gravitational and Electromagnetic Perturbations: In the Reissner-

Nordström case, gravitational perturbations are coupled to electromagnetic pertur-

bations, introducing additional complexity absent in the vacuum Schwarzschild case.

This requires us to study a system of two coupled waves instead of a single wave.
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• Nonlinear Interactions: The nonlinear structure of Reissner-Nordström leads to

distinct analytical challenges, requiring new ideas beyond those used for Schwarzschild.

This thesis addresses these difficulties in detail.

1.6 Discussion of the Proof

The proof of Theorem M1 is structured across several chapters, each addressing a key

component of the argument. The main equations, including the nonlinear positive-spin

Regge-Wheeler system, are derived in Chapters 3 and 4, revealing the specific structure of

the nonlinear terms, which provide the foundation for the nonlinear analysis. Key estimates

for the model Regge-Wheeler system, including Energy-Morawetz and 𝑟 𝑝-type estimates,

are established in Chapters 5 and 6. Finally, the proof of Theorem M1 is completed in

Chapters 7 and 8, where the 𝑟 𝑝-hierarchy is applied to the nonlinear positive-spin Regge-

Wheeler system, and the desired decay estimates are derived. Further details and notable

points on each step in the proof will be provided in the subsequent discussion.

1.6.1 The specific structure of the nonlinearity

We first point out that ∇3
(𝐹)𝜌 and ∇3𝜌 exhibit poor 𝑟-decay behavior, according to the

Maxwell equations in Proposition 2.1.1 and the Bianchi equations Proposition 2.1.4. Con-

sequently, defining the almost gauge-invariant quantity 𝛽 in the nonlinear setting as 𝛽 =

2 (𝐹)𝜌𝛽 − 3𝜌 (𝐹)𝛽 leads to highly unfavorable nonlinear terms in the nonlinear positive-spin

Regge-Wheeler system. However, this issue can be tackled by adjusting the definition of

𝛽 as 𝛽 = 2 (𝐹)𝜌0𝛽 − 3𝜌0
(𝐹)𝛽, where (𝐹)𝜌0 and 𝜌0 are the non-zero background values. This

adjustment ensures better 𝑟-decay behavior, as ∇3
(𝐹)𝜌0 and ∇3𝜌0 are more well-behaved

than ∇3
(𝐹)𝜌 and ∇3𝜌. See Proposition 3.1.1 for the precise definitions of the almost gauge-

invariant quantities.

With the refined definition of 𝛽 and an appropriate Chandrasekhar transformation applied

to both 𝛽 and 𝔣, we conduct a detailed derivation in Chapters 3 and 4. This derivation in-
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corporates several dedicated and nontrivial quadratic improvements, leading to the following

nonlinear positive-spin Regge-Wheeler system for the Chandrasekhar-transformed variables

𝔭 and 𝔮𝐹 :

¤□1𝔭 −𝑉1𝔭 =
8𝑄2

𝑟2
𝑑/2𝔮𝐹 + Err[ ¤□1𝔭],

¤□2𝔮
𝐹 −𝑉2𝔮𝐹 =

1

𝑟2
𝑑★/2𝔭 + Err[ ¤□2𝔮

𝐹],

where the nonlinear terms exhibit the following specific structure:

Err[ ¤□1𝔭] = 𝑁𝑔 + ∇3(𝑟𝑁𝑔) + 𝑁𝑚 [𝔭, 𝔮𝐹] + 𝑁𝑏,

Err[ ¤□2𝔮
𝐹] = 𝑁𝑔 + ∇3(𝑟𝑁𝑔) + 𝑁𝑚 [𝔭, 𝔮𝐹] .

Here, the terms 𝑁𝑔 + ∇3(𝑟𝑁𝑔) + 𝑁𝑚 [𝔭, 𝔮𝐹] already appear in the Schwarzschild case, as

analyzed in [27], while the additional term 𝑁𝑏 arises from the nontrivial coupling between

gravitational and electromagnetic perturbations in the Reissner-Nordström case. For details

of the nonlinear terms, we refer to Theorem 4.2.1.

1.6.2 Energy-Morawetz Estimates for the Model Regge-Wheeler system

Before analyzing the nonlinear positive-spin Regge-Wheeler system, we first establish fun-

damental estimates for a model Regge-Wheeler system with general inhomogeneous terms:

¤□1𝜓1 −𝑉1𝜓1 =
8𝑄2

𝑟2
𝑑/2𝜓2 + 𝑁1,

¤□2𝜓2 −𝑉2𝜓2 =
1

𝑟2
𝑑★/2𝜓1 + 𝑁2.

In a spacetime region M(𝜏1, 𝜏2) foliated by Σ(𝜏), with boundary

𝜕M(𝜏1, 𝜏2) = A(𝜏1, 𝜏2) ∪ Σ∗(𝜏1, 𝜏2) ∪ Σ(𝜏1) ∪ Σ(𝜏2),
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the Energy-Morawetz estimate proven in Chapter 5 takes the form

sup
𝜏∈[𝜏1,𝜏2]

𝐸 [𝜓1, 𝜓2] (𝜏2) + 𝐵[𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲ 𝐸 [𝜓1, 𝜓2] (𝜏1) + . . . ,

where 𝐸 [𝜓1, 𝜓2] (𝜏) is the combined energy norm of 𝜓1 and 𝜓2 on Σ(𝜏), 𝐵[𝜓1, 𝜓2] (𝜏1, 𝜏2) the

bulk norm in M(𝜏1, 𝜏2), and 𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2) the flux norm across A(𝜏1, 𝜏2) and Σ∗(𝜏1, 𝜏2),

while . . . corresponds to the error terms and the contribution from the inhomogeneous terms.

The core idea of the Energy-Morawetz estimate is to integrate ¤□1𝜓1 against ∇𝑋𝜓1 and ¤□2𝜓2

against ∇𝑋𝜓2 for a suitably chosen vector field 𝑋. To handle the coupled terms later, we

need to linearly combine these two computations as

∫
M(𝜏1,𝜏2)

∇𝑋𝜓1 · ¤□1𝜓1 + 8𝑄2∇𝑋𝜓2 · ¤□2𝜓2.

This is followed by applying the model Regge-Wheeler system and performing integration

by parts.

This approach is systematically implemented via the combined energy-momentum method,

introduced in [13] for the linear stability of Reissner-Nordström spacetime. See Section 5.2.7

for further details. In practice, we apply the divergence theorem to the combined energy-

momentum current 𝑃𝜇 = 𝑃
(𝑋,𝑤,𝑀)
𝜇 [𝜓1, 𝜓2] in the spacetime region M(𝜏1, 𝜏2), yielding

∫
A(𝜏1,𝜏2)

𝑃 · 𝑁A +
∫
Σ∗ (𝜏1,𝜏2)

𝑃 · 𝑁Σ∗ +
∫
M(𝜏1,𝜏2)

D𝜇𝑃𝜇 +
∫
Σ(𝜏2)

𝑃 · 𝑁Σ ≲
∫
Σ(𝜏1)

𝑃 · 𝑁Σ .

With a careful choice of multipliers (𝑋, 𝑤, 𝑀), we obtain the linear Energy-Morawetz es-

timate, which is a consequence of combining the degenerate Energy estimate, degenerate

Morawetz estimate, and Redshift estimate. We remark that the redshift estimate was in-

troduced by Dafermos-Rodnianski in [7] to recover the lack of control of ∇3𝜓1 and ∇3𝜓1

near the event horizon of a subextremal black hole spacetime. See Sections 5.3-5.4 for more

details.
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In our nonlinear analysis of perturbations on the Reissner-Nordström spacetime, deviations

from the linear estimates arise due to the following factors:

• Errors originating from geometric computations, which reflect the perturbations of the

background Reissner-Nordström spacetime.

• Contributions from inhomogeneous terms, or nonlinear terms, when applying the esti-

mates to the nonlinear positive-spin Regge-Wheeler system.

The errors arising from geometric computations necessitate improved estimates for ∇3𝜓1 and

∇3𝜓2. These estimates can be achieved using the so-called Morr-estimate, which has already

been introduced in [27] for the Schwarzschild case. The key idea is to employ the multiplier

(𝑋, 𝑤, 𝑀) = (𝑟−𝛿𝑇, 0, 0). For further details, we refer to Section 5.6.3.

The contributions from inhomogeneous terms impose a constraint on these terms when

analyzing the trapping region M𝑡𝑟𝑎𝑝 (𝜏1, 𝜏2), a region where 𝑟 is uniformly bounded. We now

briefly describe the underlying heuristic. In the context of the Energy-Morawetz estimate,

it is clear that the following integral will appear as an inhomogeneous term:

2∑︁
𝑖=1

∫
M𝑡𝑟𝑎𝑝 (𝜏1,𝜏2)

( |∇𝑅𝜓𝑖 | + |∇𝑇𝜓𝑖 | + |𝜓𝑖 |) · |𝑁𝑖 |.

Due to the trapping phenomenon, the bulk norm 𝐵(𝜏) cannot control ∇𝑇𝜓𝑖 in the region

M𝑡𝑟𝑎𝑝 (𝜏1, 𝜏2). Consequently, we can only estimate the above inhomogeneous term using the

energy norm:

2∑︁
𝑖=1

∫
M𝑡𝑟𝑎𝑝 (𝜏1,𝜏2)

( |∇𝑅𝜓𝑖 | + |∇𝑇𝜓𝑖 | + |𝜓𝑖 |) · |𝑁𝑖 |

=

2∑︁
𝑖=1

∫ 𝜏2

𝜏1

𝑑𝜏

∫
(𝑡𝑟𝑎𝑝)Σ(𝜏)

( |∇𝑅𝜓𝑖 | + |∇𝑇𝜓𝑖 | + |𝜓𝑖 |) · |𝑁𝑖 |

≲
∫ 𝜏2

𝜏1

(𝐸 (𝜏))
1
2

(∫
(𝑡𝑟𝑎𝑝)Σ(𝜏)

|𝑁1 |2 + |𝑁2 |2
) 1
2

𝑑𝜏

≲ 𝜆 sup
𝜏

(𝐸 (𝜏))
1
2 + 𝜆−1

(∫ 𝜏2

𝜏1

(
| |𝑁1 | |𝐿2 ( (𝑡𝑟𝑎𝑝)Σ(𝜏)) + ||𝑁2 | |𝐿2 ( (𝑡𝑟𝑎𝑝)Σ(𝜏))

)
𝑑𝜏

)2
.
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From this, one can deduce the required 𝜏-decay rates for 𝑁1 and 𝑁2 in order to close the

Energy-Morawetz estimate despite the nonlinearity.

1.6.3 The 𝑟 𝑝-type estimates for the Model Regge-Wheeler system

Based on the Energy-Morawetz estimate for the Model Regge-Wheeler system, we can up-

grade them into weighted 𝐿2-type estimates via the 𝑟 𝑝𝑒4-multiplier in the far region as

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝∇4𝜓𝑖 · ¤□𝑖𝜓𝑖

This is followed by applying the model Regge-Wheeler system and performing integration

by parts.

This is the celebrated 𝑟 𝑝-estimate introduced by Dafermos-Rodnianski in [8], which estab-

lishes the so-called 𝑟 𝑝-hierarchy for 𝑝 ∈ [𝛿, 2 − 𝛿]. The hierarchy takes the form

sup
𝜏∈[𝜏1,𝜏2]

𝐸𝑝 [𝜓1, 𝜓2] (𝜏2) + 𝐵𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐹𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲ 𝐸𝑝 [𝜓1, 𝜓2] (𝜏1) + . . . ,

where 𝐸𝑝 [𝜓1, 𝜓2] (𝜏) is the weighted combined energy norm of 𝜓1 and 𝜓2 on Σ(𝜏), 𝐵[𝜓1, 𝜓2] (𝜏1, 𝜏2)

the weighted bulk norm in M(𝜏1, 𝜏2), and 𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2) the weighted flux norm across

A(𝜏1, 𝜏2) and Σ∗(𝜏1, 𝜏2), while . . . corresponds to the error terms and the contribution from

the inhomogeneous terms.

The essence of the Dafermos-Rodnianski 𝑟 𝑝-estimate is to trade 𝑟-weights in the 𝑟 𝑝-hierarchy

for 𝜏-decay. We briefly illustrate the idea using the linear case. The weighted energy norm

and the weighted bulk norm satisfy the relation 5

𝐵𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≃
∫ 𝜏2

𝜏1

𝐸𝑝−1 [𝜓1, 𝜓2] (𝜆) 𝑑𝜆.

5There is a loss of derivatives due to trapping, but we omit these details to highlight the main idea of the
𝑟 𝑝-estimate.
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Thus, the 𝑟 𝑝-hierarchy yields

∫ 𝜏

𝜏/2
𝐸𝑝−1 [𝜓1, 𝜓2] (𝜆) 𝑑𝜆 ≲ 𝐸𝑝 [𝜓1, 𝜓2] (𝜏/2).

By the mean value theorem or the pigeonhole principle, there exists 𝜏0 ∈ [𝜏/2, 𝜏] such that

𝐸𝑝−1 [𝜓1, 𝜓2] (𝜏0) ≲ (1 + 𝜏)−1𝐸𝑝 [𝜓1, 𝜓2] (𝜏/2),

which implies

𝐸𝑝−1 [𝜓1, 𝜓2] (𝜏) ≲ 𝐸𝑝−1 [𝜓1, 𝜓2] (𝜏0) ≲ (1 + 𝜏)−1𝐸𝑝 [𝜓1, 𝜓2] (𝜏/2) ≲ (1 + 𝜏)−1𝐸𝑝 [𝜓1, 𝜓2] (0).

Using an interpolation argument on the weighted energy norms, we deduce that for an 𝑟 𝑝-

hierarchy with 𝑝 ∈ [𝑝−, 𝑝+],

𝐸𝑝− [𝜓1, 𝜓2] (𝜏) ≲ (1 + 𝜏)−(𝑝+−𝑝−)𝐸𝑝+ [𝜓1, 𝜓2] (0).

Pointwise decay then follows from commutation and the Sobolev inequality. In other words,

at most 𝑟−(𝑝+−𝑝−)/2 decay of 𝜓1, 𝜓2 can be exchanged for 𝜏−(𝑝+−𝑝−)/2 decay.

For the model Regge-Wheeler system, the same computation as in [8] shows that [𝑝−, 𝑝+] =

[𝛿, 2− 𝛿]. Consequently, even in the linear case, the 𝑟 𝑝-hierarchy for 𝜓1, 𝜓2 only yields 𝜏−1+𝛿

decay, regardless of how strong the initial data is. See Section 6.1 for further details.

However, for the positive-spin Chandrasekhar variables 𝔭 and 𝔮𝐹 , we require a stronger 𝜏-

decay to close the full problem. Specifically, we aim to establish that 𝔭, 𝔮𝐹 satisfy a pointwise

decay of 𝜏−1−𝛿𝑒𝑥𝑡𝑟𝑎 for some 𝛿𝑒𝑥𝑡𝑟𝑎 > 0. Achieving this improved decay requires enlarging the

range of 𝑝 in the 𝑟 𝑝-hierarchy for 𝜓1, 𝜓2.

The key idea of enlarging the 𝑝-range, introduced in [2], is to define new variables for
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q∇4· = 𝑟−1∇4(𝑟 ·)

q𝜓1 := 𝑟
2
q∇4𝜓1, q𝜓2 := 𝑟

2
q∇4𝜓2,

which satisfy the modified system

¤□1 q𝜓1 −𝑉1 q𝜓1 =
8𝑄2

𝑟2
𝑑/2 q𝜓2 + 𝑟2

(
∇4 +

3

𝑟

)
𝑁1 + . . . ,

¤□2 q𝜓2 −𝑉2 q𝜓2 =
1

𝑟2
𝑑★/2 q𝜓1 + 𝑟2

(
∇4 +

3

𝑟

)
𝑁2 + . . . ,

where the omitted terms are less significant. Performing an 𝑟𝑞-hierarchy on this system

for 𝑞 > 0 is effectively equivalent to an 𝑟 𝑝-hierarchy for (𝜓1, 𝜓2) with 𝑝 > 2, which is not

permissible in the original model Regge-Wheeler system. We refer to this as the improved

𝑟 𝑝-estimate for (𝜓1, 𝜓2). See Section 6.2 for details.

This concludes the linear part of our 𝑟 𝑝-type estimates for the model Regge-Wheeler sys-

tem. However, the inhomogeneous terms and nonlinear effects remain unaddressed. The

techniques for 𝑟 𝑝-type estimates in the model Regge-Wheeler equation have already been

explored in [27] for the Schwarzschild case. Due to the combined energy-momentum method,

extending these techniques to the coupled Regge-Wheeler system in the Reissner-Nordström

case is structurally similar to the Schwarzschild case. However, as we will see, the non-

linear terms and the coupling between gravitational and electromagnetic perturbations in

the Reissner-Nordström spacetime introduce new challenges. In fact, for the improved 𝑟 𝑝-

estimate, we will encounter the following inhomogeneous term in the 𝑟𝑞-hierarchy for q𝜓1, q𝜓2

2∑︁
𝑖=1

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟𝑞q∇4 q𝜓𝑖 · 𝑟2
(
∇4 +

3

𝑟

)
𝑁𝑖 .
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Since such inhomogeneous term appears in the far enough region, that is away from the

trapping region, we can use the modified bulk term of (q𝜓1, q𝜓2) to control it

2∑︁
𝑖=1

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟𝑞q∇4 q𝜓𝑖 · 𝑟2
(
∇4 +

3

𝑟

)
𝑁𝑖

≲
2∑︁
𝑖=1

𝜆

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟𝑞−1 |q∇4 q𝜓𝑖 |2 +
2∑︁
𝑖=1

𝜆−1
∫
M≥𝑅 (𝜏1,𝜏2)

𝑟𝑞+5
����∇4𝑁𝑖 +

3

𝑟
𝑁𝑖

����2
≲𝜆𝐵𝑞 [q𝜓1, q𝜓2] (𝜏1, 𝜏2) +

2∑︁
𝑖=1

𝜆−1
∫
M≥𝑅 (𝜏1,𝜏2)

𝑟𝑞+5
����∇4𝑁𝑖 +

3

𝑟
𝑁𝑖

����2 .
From this, one can deduce the required 𝑟-decay and 𝜏-decay rates for 𝑁1 and 𝑁2 in order to

close the improved 𝑟 𝑝-estimate despite the nonlinearity.

1.6.4 The proof of Theorem M1: handling the nonlinearity

To prove Theorem M1, we apply the 𝑟 𝑝-estimate for (𝜓1, 𝜓2) and the improved 𝑟 𝑝-estimate

for (q𝜓1, q𝜓2) to the positive-spin Regge-Wheeler system. The main aspect is to replace the

general inhomogeneous terms 𝑁1 and 𝑁2 by the actual nonlinear terms in the positive-spin

Regge-Wheeler system. We recall from Section 1.6.1 that the specific structure of nonlinear

terms is given as

¤□1𝔭 −𝑉1𝔭 =
8𝑄2

𝑟2
𝑑/2𝔮𝐹 + Err[ ¤□1𝔭],

¤□2𝔮
𝐹 −𝑉2𝔮𝐹 =

1

𝑟2
𝑑★/2𝔭 + Err[ ¤□2𝔮

𝐹],

with a specific structure of the nonlinear terms

Err[ ¤□1𝔭] = 𝑁𝑔 + ∇3(𝑟𝑁𝑔) + 𝑁𝑚 [𝔭, 𝔮𝐹] + 𝑁𝑏,

Err[ ¤□2𝔮
𝐹] = 𝑁𝑔 + ∇3(𝑟𝑁𝑔) + 𝑁𝑚 [𝔭, 𝔮𝐹] .
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Since the terms 𝑁𝑔 +∇3(𝑟𝑁𝑔) +𝑁𝑚 [𝔭, 𝔮𝐹] are analogous to those in [27] for the Schwarzschild

case, our focus will be on the term 𝑁𝑏, which is the most significant nonlinear term due

to the nontrivial coupling of gravitational and electromagnetic perturbations. We first note

that although 𝑁𝑏 represents a strictly worse nonlinearity compared to those appearing in

[27] for the Schwarzschild case, it still exhibits sufficient 𝜏-decay in the trapping region. This

property allows us to close the Energy-Morawetz estimate without significant difficulty. For

further details, see the discussion in Section 1.6.2.

However, 𝑁𝑏 introduces a challenge in closing the improved 𝑟 𝑝-estimate. Specifically, based

on our bootstrap assumption introduced in Section 2.2.1, we have 𝑁𝑏 ∼ 𝜖2

𝑟3𝜏
3
2+𝛿𝑑𝑒𝑐

. Conse-

quently, the inhomogeneous term appearing in the discussion in Section 1.6.3

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟𝑞+5
����∇4𝑁𝑏 +

3

𝑟
𝑁𝑏

����2
will exhibit worse-than-linear behavior for 𝑞 > 0, unless ∇4𝑁𝑏 +

3

𝑟
𝑁𝑏 demonstrates improved

decay, particularly in terms of 𝑟-decay, compared to
𝜖2

𝑟4𝜏
3
2+𝛿𝑑𝑒𝑐

. Fortunately, this is indeed the

case due to the structure of the Einstein-Maxwell equations. In particular, in Lemma 4.2.2,

we observe a nontrivial quadratic improvement in the behavior of ∇4𝑁𝑏 +
3

𝑟
𝑁𝑏. It is this

underlying structure of the Einstein-Maxwell equations that enables us to unravel the non-

trivial coupling of gravitational and electromagnetic perturbations and close the improved

𝑟 𝑝-estimate for the positive-spin Regge-Wheeler system, see Section 8.4. This resolves the

difficulty caused by the coupling and nonlinearity, and Theorem M1 can be concluded

using the improved 𝑟 𝑝-hierarchy, along with standard commutation and Sobolev inequality

arguments.

1.7 Thesis Structure and Organization

This thesis is organized as follows:

• In Chapter 2, we introduce the essential background and preliminary concepts needed
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for the analysis in later chapters. It also provides the rough version of Theorem M1,

which is the main result of this thesis.

• Chapter 3 derives the nonlinear almost gauge-invariant transport equations. While the

derivation is computationally intensive, it is crucial for understanding the nonlinear

structure of the problem.

• In Chapter 4, we introduce the Chandrasekhar transformation and derive the nonlinear

positive-spin Regge-Wheeler system. The structure of the nonlinear terms identified

here is critical for later nonlinear analysis.

• Chapter 5 develops Energy-Morawetz estimates for a model Regge-Wheeler system

with general inhomogeneous terms.

• In Chapter 6, we establish 𝑟 𝑝-type estimates for the model Regge-Wheeler system.

These weighted 𝐿2-type estimates are a key ingredient in obtaining decay estimates in

Chapter 8.

• Chapter 7 applies the 𝑟 𝑝-type estimates from Chapter 6 to the positive-spin Regge-

Wheeler system. By exploiting the structural properties of the nonlinear terms identi-

fied in Chapter 4, we establish an 𝑟 𝑝-hierarchy for the system.

• Finally, in Chapter 8, we prove Theorem M1. This is achieved by applying the 𝑟 𝑝-

hierarchy derived in Chapter 7 and using a mean value theorem argument to convert

𝑟-weight into 𝑢-decay. The careful treatment of nonlinear terms plays a critical role in

this proof. At the end of the chapter, we provide the full version of Theorem M1.
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Chapter 2: Preliminaries

2.1 The Einstein-Maxwell equations

The Einstein-Maxwell equations are given by

R𝜇𝜈 = 2F𝜇𝜆F𝜈
𝜆 − 1

2
g𝜇𝜈F

𝛼𝛽F𝛼𝛽, (2.1.1)

D[𝜇F𝜈𝜆] = 0, D𝜇F𝜇𝜈 = 0. (2.1.2)

where R𝜇𝜈 denotes the Ricci curvature of (M, g) and F𝜇𝜈 is an antisymmetric 2-tensor. In

this section we recall the null Einstein-Maxwell equations in full generality, as obtained in

[16].

2.1.1 Ricci, electromagnetic and curvature components

We consider a spacetime (M, g) foliated by a family of 2-spheres. A null frame {𝑒3, 𝑒4, 𝑒𝑎}

(𝑎 = 1, 2) is said to be adapted to this foliation if 𝑒3 and 𝑒4 are normal to each leaf. We also

normalize the null frame {𝑒3, 𝑒4, 𝑒𝑎} as

g(𝑒3, 𝑒3) = g(𝑒4, 𝑒4) = g(𝑒3, 𝑒𝑎) = g(𝑒4, 𝑒𝑎) = 0, g(𝑒3, 𝑒4) = −2, (2.1.3)

we define the general connection coefficients,

(Λ𝜇)𝛼𝛽 := g
(
D𝑒𝜇𝑒𝛽, 𝑒𝛼

)
(2.1.4)
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and the special ones, which are called Ricci coefficients

𝜒
𝑎𝑏

= g(D𝑎𝑒3, 𝑒𝑏), 𝜒𝑎𝑏 = g(D𝑎𝑒4, 𝑒𝑏),

𝜉
𝑎
=
1

2
g(D3𝑒3, 𝑒𝑎), 𝜉𝑎 =

1

2
g(D4𝑒4, 𝑒𝑎),

𝜔 =
1

4
g(D3𝑒3, 𝑒4), 𝜔 =

1

4
g(D4𝑒4, 𝑒3),

𝜂
𝑎
=
1

2
g(D4𝑒3, 𝑒𝑎), 𝜂𝑎 =

1

2
g(D3𝑒4, 𝑒𝑎),

𝜁𝑎 =
1

2
g(D𝑒𝑎𝑒4, 𝑒3).

(2.1.5)

Note that these account for all the connection coefficients except

(Λ𝜇)𝑎𝑏 := g(D𝑒𝜇𝑒𝑏, 𝑒𝑎), 𝜇 = 1, 2, 3, 4, 𝑎, 𝑏 = 1, 2.

We have the Ricci formulas

D𝑎𝑒𝑏 = ∇𝑎𝑒𝑏 +
1

2
𝜒𝑎𝑏𝑒3 +

1

2
𝜒
𝑎𝑏
𝑒4,

D𝑎𝑒4 = 𝜒𝑎𝑏𝑒𝑏 − 𝜁𝑎𝑒4,

D𝑎𝑒3 = 𝜒
𝑎𝑏
𝑒𝑏 + 𝜁𝑎𝑒3,

D3𝑒𝑎 = ∇3𝑒𝑎 + 𝜂𝑎𝑒3 + 𝜉
𝑎
𝑒4,

D3𝑒3 = −2𝜔𝑒3 + 2𝜉
𝑏
𝑒𝑏,

D3𝑒4 = 2𝜔𝑒4 + 2𝜂𝑏𝑒𝑏,

D4𝑒𝑎 = ∇4𝑒𝑎 + 𝜂
𝑎
𝑒4 + 𝜉𝑎𝑒3,

D4𝑒4 = −2𝜔𝑒4 + 2𝜉𝑏𝑒𝑏,

D4𝑒3 = 2𝜔𝑒3 + 2𝜂
𝑏
𝑒𝑏 .

For a given horizontal 1-form 𝜉, we define the frame independent operators

div𝜉 = 𝛿𝑎𝑏∇𝑏𝜉𝑎, curl𝜉 =∈𝑎𝑏 ∇𝑎𝜉𝑏, (∇p⊗𝜉)𝑏𝑎 = ∇𝑏𝜉𝑎 + ∇𝑎𝜉𝑏 − 𝛿𝑎𝑏 (div𝜉).
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Let F be an antisymmetric 2-tensor on (M, g). We define the null components of F as the

horizontal vectors 𝛽(F), 𝛽(F) by the formulas

(𝐹)𝛽(𝑋) = 𝛽(F) (𝑋) = F(𝑋, 𝐿)

(𝐹)𝛽(𝑋) = 𝛽(F) (𝑋) = F(𝑋, 𝐿)

𝜚(F) (𝑋,𝑌 ) = F(𝑋,𝑌 )

For a 2-form F, the dual ★F denotes the Hodge dual on (M, g) of F, defined by ★F𝛼𝛽 =

1
2 ∈𝜇𝜈𝛼𝛽 F𝜇𝜈.

It is convenient to express in terms of the following two scalar quantities

(𝐹)𝜌 = 𝜌(F) = 1

2
F(𝐿, 𝐿), ★ (𝐹)𝜌 = ★𝜌(F) = 1

2
★F(𝐿, 𝐿). (2.1.6)

Thus, 𝜚(F) (𝑋,𝑌 ) = −★𝜌(F) ∈ (𝑋,𝑌 ) for horizontal vectors 𝑋,𝑌 . i.e. F𝑎𝑏 = − ∈𝑎𝑏 ★ (𝐹)𝜌.

Let W be a Weyl field on (M, g). We define the null components of the Weyl field W, hori-

zontal 2-tensors 𝛼(W), 𝛼(W), 𝜚(W) and horizontal 1-tensors 𝛽(W), 𝛽(W) by the formulas

𝛼(W) (𝑋,𝑌 ) = W(𝐿, 𝑋, 𝐿,𝑌 ),

𝛼(W) (𝑋,𝑌 ) = W(𝐿, 𝑋, 𝐿,𝑌 ),

𝛽(W) (𝑋) = 1

2
W(𝑋, 𝐿, 𝐿, 𝐿),

𝛽(W) (𝑋) = 1

2
W(𝑋, 𝐿, 𝐿, 𝐿),

𝜚(W) (𝑋,𝑌 ) = W(𝑋, 𝐿,𝑌, 𝐿).

Recall that if W is a Weyl field its Hodge dual ★W, defined by ★W𝛼𝛽𝜇𝜈 =
1
2∈𝜇𝜈

𝜌𝜎W𝛼𝛽𝜌𝜎, is

also a Weyl field. It is convenient to express it in terms of the following two scalar quantities,

𝜌(W) = 1

4
W(𝐿, 𝐿, 𝐿, 𝐿), ★𝜌(W) = 1

4
★W(𝐿, 𝐿, 𝐿, 𝐿). (2.1.7)

27



R-N nonlinear stability

Thus, 𝜚(𝑋,𝑌 ) = −𝜌 𝛾(𝑋,𝑌 ) + ★𝜌 ∈ (𝑋,𝑌 ) for horizontal vectors 𝑋,𝑌 . We have

W𝑎3𝑏4 = 𝜚𝑎𝑏 = (−𝜌𝛿𝑎𝑏 + ★𝜌 ∈𝑎𝑏),

W𝑎𝑏34 = 2 ∈𝑎𝑏 ★𝜌,

W𝑎𝑏𝑐𝑑 = − ∈𝑎𝑏∈𝑐𝑑 𝜌,

W𝑎𝑏𝑐3 =∈𝑎𝑏 ★𝛽
𝑐
,

W𝑎𝑏𝑐4 = − ∈𝑎𝑏 ★𝛽𝑐 .

2.1.2 Maxwell equations

We express the Maxwell equations using null decomposition of F𝜇𝜈, then we have the following

Maxwell equations.

Proposition 2.1.1. We have,

∇3
(𝐹)𝛽 − ∇ (𝐹)𝜌 + ★∇ ★ (𝐹)𝜌 = −1

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽 + 2

(
(𝐹)𝜌𝜂 − ★ (𝐹)𝜌 ★𝜂

)
+ p𝜒 · (𝐹)𝛽,

∇4
(𝐹)𝛽 + ∇ (𝐹)𝜌 + ★∇ ★ (𝐹)𝜌 = −1

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽 − 2

(
(𝐹)𝜌𝜂 + ★ (𝐹)𝜌 ★𝜂

)
+ p𝜒 · (𝐹)𝛽,

∇4
(𝐹)𝜌 − div (𝐹)𝛽 = −tr𝜒 (𝐹)𝜌 +

(
𝜁 + 𝜂

)
· (𝐹)𝛽 − 𝜉 · (𝐹)𝛽,

∇3
(𝐹)𝜌 + div (𝐹)𝛽 = −tr𝜒 (𝐹)𝜌 + (𝜁 − 𝜂) · (𝐹)𝛽 + 𝜉 · (𝐹)𝛽,

∇4
★ (𝐹)𝜌 − curl (𝐹)𝛽 = −tr𝜒 ★ (𝐹)𝜌 +

(
𝜂 + 𝜁

)
· ★ (𝐹)𝛽 + 𝜉 · ★ (𝐹)𝛽,

∇3
★ (𝐹)𝜌 − curl (𝐹)𝛽 = −tr𝜒 ★ (𝐹)𝜌 − (𝜂 − 𝜁) · ★ (𝐹)𝛽 + 𝜉 · ★ (𝐹)𝛽.

2.1.3 Ricci identities and null structure equations

We now compute the Ricci curvature R𝜇𝜈 of (M, g) in terms of the decomposition in frames

according to the Einstein equation (2.1.1):

R𝑎3 = 2F𝑎𝜆F3
𝜆 = 2𝛿𝑏𝑐F𝑎𝑏F3𝑐 − F𝑎3F34 = 2★ (𝐹)𝜌 ★ (𝐹)𝛽

𝑎
− 2 (𝐹)𝜌 (𝐹)𝛽

𝑎
,

R𝑎4 = 2★ (𝐹)𝜌 ★ (𝐹)𝛽𝑎 + 2 (𝐹)𝜌 (𝐹)𝛽𝑎,
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R33 = 2𝑔𝜆𝜇F3𝜆F3𝜇 = 2𝛿𝑎𝑏F3𝑎F3𝑏 = 2 (𝐹)𝛽 · (𝐹)𝛽,

R44 = 2 (𝐹)𝛽 · (𝐹)𝛽,

R34 = (F34)2 + 2 (𝐹)𝛽 · (𝐹)𝛽 +
(
−2 (𝐹)𝜌2 + 2★ (𝐹)𝜌2 − 2 (𝐹)𝛽 · (𝐹)𝛽

)
= 2 (𝐹)𝜌2 + 2★ (𝐹)𝜌2,

R𝑎𝑏 = −F𝑎3F𝑏4 − F𝑎4F𝑏3 + 2𝛿𝑐𝑑F𝑎𝑐F𝑏𝑑 −
1

2
𝛿𝑎𝑏

(
−2 (𝐹)𝜌2 + 2★ (𝐹)𝜌2 − 2 (𝐹)𝛽 · (𝐹)𝛽

)
= − (𝐹)𝛽

𝑎

(𝐹)𝛽𝑏 − (𝐹)𝛽𝑎
(𝐹)𝛽

𝑏
+ 2★ (𝐹)𝜌2 ∈𝑎𝑐∈𝑏𝑐 −

1

2
𝛿𝑎𝑏

(
−2 (𝐹)𝜌2 + 2★ (𝐹)𝜌2 − 2 (𝐹)𝛽 · (𝐹)𝛽

)
= −( (𝐹)𝛽p⊗ (𝐹)𝛽)𝑎𝑏 +

(
(𝐹)𝜌2 + ★ (𝐹)𝜌2

)
𝛿𝑎𝑏 .

Using the decomposition of the Riemann curvature in Weyl curvature and Ricci tensor:

R𝛼𝛽𝛾𝛿 = W𝛼𝛽𝛾𝛿 +
1

2
(𝑔𝛽𝛿R𝛼𝛾 + 𝑔𝛼𝛾R𝛽𝛿 − 𝑔𝛽𝛾R𝛼𝛿 − 𝑔𝛼𝛿R𝛽𝛾), (2.1.8)

we compute the components of the Riemann tensor:

R𝑎33𝑏 = W𝑎33𝑏 −
1

2
𝛿𝑎𝑏R33 = −𝛼

𝑎𝑏
−

(
(𝐹)𝛽 · (𝐹)𝛽

)
𝛿𝑎𝑏,

R𝑎34𝑏 = W𝑎34𝑏 +R𝑎𝑏 −
1

2
𝛿𝑎𝑏R34 = 𝜌𝛿𝑎𝑏 − ★𝜌 ∈𝑎𝑏 −2( (𝐹)𝛽p⊗ (𝐹)𝛽)𝑎𝑏,

R𝑎334 = W𝑎334 −R𝑎3 = 2𝛽
𝑎
− 2★ (𝐹)𝜌 ★ (𝐹)𝛽

𝑎
+ 2 (𝐹)𝜌 (𝐹)𝛽

𝑎
,

R3434 = W3434 + 2R34 = 4𝜌 + 4 (𝐹)𝜌2 + 4★ (𝐹)𝜌2,

R𝑎3𝑐𝑏 = W𝑎3𝑐𝑏 +
1

2
(𝛿𝑎𝑐R3𝑏 − 𝛿𝑎𝑏R3𝑐)

=∈𝑐𝑏 ★𝛽
𝑎
+ 𝛿𝑎𝑐 ( ★ (𝐹)𝜌 ★ (𝐹)𝛽

𝑏
− (𝐹)𝜌 (𝐹)𝛽

𝑏
) − 𝛿𝑎𝑏 ( ★ (𝐹)𝜌 ★ (𝐹)𝛽

𝑐
− (𝐹)𝜌 (𝐹)𝛽

𝑐
),

Using the null decomposition of R𝜇𝜈 and R𝛼𝛽𝛾𝛿, with structural equations for submanifolds,

we have the following null structure equations and Ricci identities.

Proposition 2.1.2. We have

∇3tr𝜒 = 2div𝜉 − 1

2
tr𝜒2 − 2𝜔tr𝜒 − |p𝜒 |2 + 2𝜉 · (𝜂 + 𝜂 − 2𝜁) − 2 (𝐹)𝛽 · (𝐹)𝛽,
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∇3p𝜒 = −tr𝜒 p𝜒 − 2𝜔 p𝜒 + ∇p⊗𝜉 − 𝛼 + 𝜉p⊗(𝜂 + 𝜂 − 2𝜁),

∇3tr𝜒 = −1
2
tr𝜒tr𝜒 + 2𝜔tr𝜒 + 2div𝜂 + 2𝜌 − p𝜒 · p𝜒 + 2

(
𝜉 · 𝜉 + |𝜂 |2

)
,

∇3 p𝜒 = −1
2

(
tr𝜒p𝜒 + tr𝜒p𝜒

)
+ 2𝜔p𝜒 + ∇p⊗𝜂 + 𝜉p⊗𝜉 + 𝜂p⊗𝜂 − (𝐹)𝛽p⊗ (𝐹)𝛽,

∇4tr𝜒 = −1
2
tr𝜒tr𝜒 + 2𝜔tr𝜒 + 2div𝜂 − p𝜒 · p𝜒 + 2

(
𝜉 · 𝜉 + |𝜂 |2

)
+ 2𝜌,

∇4p𝜒 = −1
2

(
tr𝜒p𝜒 + tr𝜒p𝜒

)
+ 2𝜔p𝜒 + ∇p⊗𝜂 + 𝜉p⊗𝜉 + 𝜂p⊗𝜂 − (𝐹)𝛽p⊗ (𝐹)𝛽,

∇4tr𝜒 = −1
2
tr𝜒2 − 2𝜔tr𝜒 + 2div𝜉 − | p𝜒 |2 + 2𝜉 · (𝜂 + 𝜂 + 2𝜁) − 2 (𝐹)𝛽 · (𝐹)𝛽,

∇4 p𝜒 = −tr𝜒 p𝜒 − 2𝜔p𝜒 + ∇p⊗𝜉 − 𝛼 + 𝜉p⊗(𝜂 + 𝜂 + 2𝜁).

∇3𝜁 + 2∇𝜔 = −1
2
tr𝜒(𝜁 + 𝜂) + 2𝜔(𝜁 − 𝜂) + 1

2
tr𝜒 𝜉 + 2𝜔𝜉 − 𝛽 − (𝐹)𝜌 (𝐹)𝛽

− p𝜒 · (𝜁 + 𝜂) + p𝜒 · 𝜉 + ★ (𝐹)𝜌 ★ (𝐹)𝛽,

∇4𝜁 − 2∇𝜔 =
1

2
tr𝜒(−𝜁 + 𝜂) + 2𝜔(𝜁 + 𝜂) − 1

2
tr𝜒 𝜉 − 2𝜔𝜉 − 𝛽 − (𝐹)𝜌 (𝐹)𝛽

+ p𝜒 · (−𝜁 + 𝜂) − p𝜒 · 𝜉 − ★ (𝐹)𝜌 ★ (𝐹)𝛽,

∇3𝜂 − ∇4𝜉 = −1
2
tr𝜒(𝜂 − 𝜂) − 4𝜔𝜉 + 𝛽 + (𝐹)𝜌 (𝐹)𝛽

− p𝜒 · (𝜂 − 𝜂) − ★ (𝐹)𝜌 ★ (𝐹)𝛽,

∇4𝜂 − ∇3𝜉 = −1
2
tr𝜒(𝜂 − 𝜂) − 4𝜔𝜉 − 𝛽 − (𝐹)𝜌 (𝐹)𝛽

− p𝜒 · (𝜂 − 𝜂) − ★ (𝐹)𝜌 ★ (𝐹)𝛽,

∇3𝜔 + ∇4𝜔 = 4𝜔𝜔 + 𝜌 + (𝐹)𝜌2 + ★ (𝐹)𝜌2 + 𝜉 · 𝜉 + (𝜂 − 𝜂) · 𝜁 − 𝜂 · 𝜂.

We also have the Codazzi equations

divp𝜒 + 𝜁 · p𝜒 =
1

2
∇tr𝜒 + 1

2
tr𝜒𝜁 − 𝛽 + ★ (𝐹)𝜌 ★ (𝐹)𝛽 + (𝐹)𝜌 (𝐹)𝛽,

divp𝜒 − 𝜁 · p𝜒 =
1

2
∇tr𝜒 − 1

2
tr𝜒𝜁 + 𝛽 + ★ (𝐹)𝜌 ★ (𝐹)𝛽 − (𝐹)𝜌 (𝐹)𝛽,

curl𝜁 = −1
2

p𝜒 ∧ p𝜒 + ★𝜌,
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curl𝜉 = 𝜉 ∧ (𝜂 + 𝜂 + 2𝜁),

curl𝜉 = 𝜉 ∧ (𝜂 + 𝜂 − 2𝜁).

We also have the Gauss equation

𝐾 = −1
4
tr𝜒tr𝜒 − 𝜌 + (𝐹)𝜌2 + ★ (𝐹)𝜌2 + 1

2
p𝜒 · p𝜒.

2.1.4 Bianchi identities

The Bianchi identities for the Weyl curvature are given by

D𝛼W𝛼𝛽𝛾𝛿 =
1

2
(D𝛾R𝛽𝛿 −D𝛿R𝛽𝛾) =: 𝐽𝛽𝛾𝛿 (2.1.9)

We introduce the following shorthanded notation for convenience:

(𝐹)𝑏 = (𝐹)𝜌 (𝐹)𝛽 + ★ (𝐹)𝜌 ★ (𝐹)𝛽, (𝐹)𝑏 = − (𝐹)𝜌 (𝐹)𝛽 + ★ (𝐹)𝜌 ★ (𝐹)𝛽.
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Lemma 2.1.3. Components of (2.1.9) are given by

𝐽434 = 2( (𝐹)𝛽 · ∇ (𝐹)𝜌 + ★ (𝐹)𝛽 · ∇ ★ (𝐹)𝜌) − tr𝜒 (𝐹)𝛽 · (𝐹)𝛽 + 2p𝜒( (𝐹)𝛽, (𝐹)𝛽)

− 2( (𝐹)𝜌div (𝐹)𝛽 + ★ (𝐹)𝜌div★ (𝐹)𝛽) + 2tr𝜒( (𝐹)𝜌2 + ★ (𝐹)𝜌2) − 2𝜁 · (𝐹)𝑏,

𝐽𝑎𝑏4 = ∇𝑏 (𝐹)𝑏𝑎 + 𝜉𝑏 (𝐹)𝑏𝑎 + 𝜒𝑏𝑐 ( (𝐹)𝛽p⊗ (𝐹)𝛽)𝑐𝑎 − 𝜒𝑎𝑏 ( (𝐹)𝛽 · (𝐹)𝛽) − 2( (𝐹)𝜌2 + ★ (𝐹)𝜌2)𝜒𝑎𝑏

+ ∇4( (𝐹)𝛽p⊗ (𝐹)𝛽)𝑎𝑏 − ∇4( (𝐹)𝜌2 + ★ (𝐹)𝜌2)𝛿𝑎𝑏 + 2(𝜂p⊗ (𝐹)𝑏)𝑎𝑏 + 2(𝜉p⊗ (𝐹)𝑏)𝑎𝑏,

𝐽4𝑎4 = − (𝐹)𝜌∇ + 4 (𝐹)𝛽 − ★ (𝐹)𝜌∇4
★ (𝐹)𝛽 − 2𝜔 (𝐹)𝑏 − 2p𝜒 · (𝐹)𝑏 + 2( (𝐹)𝜌2 + ★ (𝐹)𝜌2)𝜉

− (div (𝐹)𝛽 + 𝜁 · (𝐹)𝛽) (𝐹)𝛽 − (div★ (𝐹)𝛽 + 𝜁 · ★ (𝐹)𝛽) ★ (𝐹)𝛽 + ∇( (𝐹)𝛽 · (𝐹)𝛽),

𝐽4𝑎3 = ∇𝑎 ( (𝐹)𝜌2 + ★ (𝐹)𝜌2) + 2( (𝐹)𝜌2 + ★ (𝐹)𝜌2)𝜂𝑎

− ∇3
(𝐹)𝑏𝑎 −

1

2
tr𝜒 (𝐹)𝑏𝑎 + 2𝜔 (𝐹)𝑏𝑎 − p𝜒

𝑎𝑏

(𝐹)𝑏𝑏

− 1

2
tr𝜒 (𝐹)𝑏

𝑎
− p𝜒𝑎𝑏

(𝐹)𝑏
𝑏
+ (𝐹)𝛽 · (𝐹)𝛽𝜉

𝑎
− ( (𝐹)𝛽p⊗ (𝐹)𝛽)𝑎𝑏𝜂𝑏,

★𝐽434 = −2curl (𝐹)𝑏 + 2★𝜁 · (𝐹)𝑏 − p𝜒( ★ (𝐹)𝛽, (𝐹)𝛽) − p𝜒( (𝐹)𝛽, ★ (𝐹)𝛽).

Use Lemma 2.1.3 and rewrite the right-hand side of (2.1.9) using null components of Weyl

curvature, we have the following Bianchi equations.

Proposition 2.1.4. We have

∇3𝛼 − ∇p⊗𝛽 = −1
2
tr𝜒𝛼 + 4𝜔𝛼 − 3(𝜌 p𝜒 + ★𝜌 ★p𝜒) + (𝜁 + 4𝜂)p⊗𝛽

+ (𝐹)𝜌∇p⊗ (𝐹)𝛽 + ★ (𝐹)𝜌∇p⊗ ★ (𝐹)𝛽 − 2( (𝐹)𝜌2 + ★ (𝐹)𝜌2) p𝜒

+ 𝜁 p⊗ (𝐹)𝑏 + 2𝜉p⊗ (𝐹)𝑏 + (∇4
(𝐹)𝛽 − 1

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽)p⊗ (𝐹)𝛽

∇4𝛼 + ∇p⊗𝛽 = −1
2
tr𝜒𝛼 + 4𝜔𝛼 − 3(𝜌p𝜒 − ★𝜌 ★p𝜒) + (𝜁 − 4𝜂)p⊗𝛽

− (𝐹)𝜌∇p⊗ (𝐹)𝛽 + ★ (𝐹)𝜌∇p⊗ ★ (𝐹)𝛽 − 2( (𝐹)𝜌2 + ★ (𝐹)𝜌2)p𝜒

− 𝜁 p⊗ (𝐹)𝑏 + 2𝜉p⊗ (𝐹)𝑏 + (∇3
(𝐹)𝛽 − 1

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽)p⊗ (𝐹)𝛽.
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We also have

∇4𝛽 − div𝛼 = −2tr𝜒𝛽 − 2𝜔𝛽 + 𝛼 · (2𝜁 + 𝜂) + 3(𝜌𝜉 + ★𝜌 ★𝜉),

+ (𝐹)𝜌∇4
(𝐹)𝛽 + ★ (𝐹)𝜌∇4

★ (𝐹)𝛽 + 2𝜔 (𝐹)𝑏 + 2p𝜒 · (𝐹)𝑏 − 2( (𝐹)𝜌2 + ★ (𝐹)𝜌2)𝜉

+ (div (𝐹)𝛽 + 𝜁 · (𝐹)𝛽) (𝐹)𝛽 + (div★ (𝐹)𝛽 + 𝜁 · ★ (𝐹)𝛽) ★ (𝐹)𝛽 − ∇( (𝐹)𝛽 · (𝐹)𝛽),

∇3𝛽 + div𝛼 = −2tr𝜒 𝛽 − 2𝜔𝛽 − 𝛼 · (−2𝜁 + 𝜂) − 3(𝜌𝜉 − ★𝜌 ★𝜉),

+ (𝐹)𝜌∇3
(𝐹)𝛽 − ★ (𝐹)𝜌∇3

★ (𝐹)𝛽 − 2𝜔 (𝐹)𝑏 − 2p𝜒 · (𝐹)𝑏 + 2( (𝐹)𝜌2 + ★ (𝐹)𝜌2)𝜉

− (div (𝐹)𝛽 − 𝜁 · (𝐹)𝛽) (𝐹)𝛽 − (div★ (𝐹)𝛽 − 𝜁 · ★ (𝐹)𝛽) ★ (𝐹)𝛽 + ∇( (𝐹)𝛽 · (𝐹)𝛽),

∇3𝛽 − ∇𝜌 − ★∇ ★𝜌 = −tr𝜒𝛽 + 2𝜔 𝛽 + 2𝛽 · p𝜒 + 3(𝜌𝜂 + ★𝜌 ★𝜂) + 𝛼 · 𝜉

− 1

2
tr𝜒 (𝐹)𝑏 + tr𝜒 (𝐹)𝑏 − p𝜒 · (𝐹)𝑏

+ (𝐹)𝜌(∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌) + ★ (𝐹)𝜌(∇ ★ (𝐹)𝜌 + ★∇ (𝐹)𝜌)

+ (div (𝐹)𝛽 + 𝜁 · (𝐹)𝛽) (𝐹)𝛽 − (div★ (𝐹)𝛽 + 𝜁 · ★ (𝐹)𝛽) ★ (𝐹)𝛽,

∇4𝛽 + ∇𝜌 − ★∇ ★𝜌 = −tr𝜒𝛽 + 2𝜔 𝛽 + 2𝛽 · p𝜒 − 3(𝜌𝜂 − ★𝜌 ★𝜂) − 𝛼 · 𝜉

+ 1

2
tr𝜒 (𝐹)𝑏 − tr𝜒 (𝐹)𝑏 + p𝜒 · (𝐹)𝑏

− (𝐹)𝜌(∇ (𝐹)𝜌 + ★∇ ★ (𝐹)𝜌) − ★ (𝐹)𝜌(∇ ★ (𝐹)𝜌 − ★∇ (𝐹)𝜌)

− (div (𝐹)𝛽 − 𝜁 · (𝐹)𝛽) (𝐹)𝛽 + (div★ (𝐹)𝛽 − 𝜁 · ★ (𝐹)𝛽) ★ (𝐹)𝛽.

Finally,

∇4𝜌 − div𝛽 = −3
2
tr𝜒𝜌 + (2𝜂 + 𝜁) · 𝛽 − 2𝜉 · 𝛽 − 1

2
p𝜒 · 𝛼,

− tr𝜒( (𝐹)𝜌2 + ★ (𝐹)𝜌2) + ( (𝐹)𝜌div (𝐹)𝛽 + ★ (𝐹)𝜌div★ (𝐹)𝛽)

− ( (𝐹)𝛽 · ∇ (𝐹)𝜌 + ★ (𝐹)𝛽 · ∇ ★ (𝐹)𝜌) + 1

2
tr𝜒 (𝐹)𝛽 · (𝐹)𝛽

+ 𝜁 · (𝐹)𝑏 − p𝜒( (𝐹)𝛽, (𝐹)𝛽),

∇3𝜌 + div𝛽 = −3
2
tr𝜒𝜌 − (2𝜂 − 𝜁) · 𝛽 + 2𝜉 · 𝛽 − 1

2
p𝜒 · 𝛼

− tr𝜒( (𝐹)𝜌2 + ★ (𝐹)𝜌2) − ( (𝐹)𝜌div (𝐹)𝛽 − ★ (𝐹)𝜌div★ (𝐹)𝛽)
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+ ( (𝐹)𝛽 · ∇ (𝐹)𝜌 − ★ (𝐹)𝛽 · ∇ ★ (𝐹)𝜌) + 1

2
tr𝜒 (𝐹)𝛽 · (𝐹)𝛽

− 𝜁 · (𝐹)𝑏 − p𝜒( (𝐹)𝛽, (𝐹)𝛽),

∇4
★𝜌 + curl𝛽 = −3

2
tr𝜒 ★𝜌 − (2𝜂 + 𝜁) · ★𝛽 − 2𝜉 · ★𝛽 + 1

2
p𝜒 · ★𝛼

− curl (𝐹)𝑏 − ★𝜁 · (𝐹)𝑏 + 1

2
p𝜒( ★ (𝐹)𝛽, (𝐹)𝛽) + 1

2
p𝜒( (𝐹)𝛽, ★ (𝐹)𝛽),

∇3
★𝜌 + curl𝛽 = −3

2
tr𝜒 ★𝜌 − (2𝜂 − 𝜁) · ★𝛽 − 2𝜉 · ★𝛽 − 1

2
p𝜒 · ★𝛼

+ curl (𝐹)𝑏 − ★𝜁 · (𝐹)𝑏 − 1

2
p𝜒( ★ (𝐹)𝛽, (𝐹)𝛽) − 1

2
p𝜒( (𝐹)𝛽, ★ (𝐹)𝛽)

2.1.5 ∇3,∇4 equations of tr𝜒0, tr𝜒
0
, 𝜌0,

(𝐹)𝜌0

We will later make use of the following equations of the background values tr𝜒0, tr𝜒
0
, 𝜌0,

(𝐹)𝜌0,

especially in Section 4.2.1 when we derive the Regge-Wheeler equation of 𝔭.

Proposition 2.1.5. tr𝜒0, tr𝜒
0
, 𝜌0,

(𝐹)𝜌0 have the following ∇3,∇4 equations:

∇4
(𝐹)𝜌0 = −tr𝜒0 (𝐹)𝜌0 + 𝑟−3 ~𝑒4(𝑟),

∇3
(𝐹)𝜌0 = −tr𝜒

0

(𝐹)𝜌0 + 𝑟−3 ~𝑒3(𝑟),

∇4𝜌0 = −3
2
tr𝜒0𝜌0 − tr𝜒0 (𝐹)𝜌20 + 𝑟−4 ~𝑒4(𝑟),

∇3𝜌0 = −3
2
tr𝜒

0
𝜌0 − tr𝜒

0

(𝐹)𝜌20 + 𝑟−4 ~𝑒3(𝑟),

∇4tr𝜒0 = −1
2
tr𝜒20 + 𝑟−2 ~𝑒4(𝑟),

∇3tr𝜒0 = −1
2
tr𝜒

0
tr𝜒0 + 𝑟−2 ~𝑒3(𝑟),

∇4tr𝜒
0
= −1

2
tr𝜒

0
tr𝜒0 + 2𝜌0 + 𝑟−2 ~𝑒4(𝑟),

∇3tr𝜒
0
= −1

2
tr𝜒2

0
− 2𝜔0tr𝜒0 + 𝑟

−2
~𝑒3(𝑟).

2.2 M1-adapted Global frames and Bootstrap assumptions

A central idea in proving the stability of nonlinear evolution equations is to show that so-

lutions to the nonlinear equation remain close to those of the linearized equation when the
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initial perturbation is sufficiently small. A key tool in achieving this is the bootstrap assump-

tion, which provides an initial framework for controlling the nonlinear behavior.

The bootstrap assumption is formulated based on the expected decay rates of relevant quan-

tities. It must be strong enough to ensure that nonlinear terms remain better controlled than

their linear counterparts, yet weak enough to allow for later recovery and improvement. The

expected decay of each quantity in our nonlinear stability problem of Reissner-Nordström

spacetime is determined by the method used to estimate it:

• Hyperbolic estimates govern the decay of quantities satisfying the Regge-Wheeler

equation. Here, the 𝑟-decay is typically dictated by the initial data, while the 𝑡-decay

follows from the 𝑟 𝑝-hierarchy.

• Transport estimates apply to quantities governed by transport equations, which are

integrated along 𝑒3- or 𝑒4-integral curves. Their decay depends on the initial conditions

or the natural 𝑟-weights associated with these quantities in their transport equations.

• Elliptic estimates are used for quantities, such as those satisfying the Codazzi equa-

tion, and are applied on 2-spheres. The expected decay of these quantities should be

easily given by reverting the elliptic operator involved on a 2-sphere.

However, in problems involving underlying geometry, like General Relativity, the behavior

of certain geometric quantities—particularly the Ricci coefficients—depends on the choice of

gauge or frame. This motivates the introduction of an appropriate frame choice to ensure

that key quantities exhibit better decay properties than their direct estimates would sug-

gest. Similar to the work [27] of Klainerman-Szeftel on nonlinear stability of Schwarzschild

spacetime, we adopt a frame in which 𝜉 and 𝜂 decay faster than their expected rates. This

choice is crucial for controlling the nonlinear terms in the Regge-Wheeler system; without it,

the nonlinear effects would dominate the linear terms, preventing the closure of the stability

argument. Together, the bootstrap assumption and the frame choice form the backbone of

our nonlinear analysis.
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Definition 2.2.1 (M1-Adapted Global Frame). The M1-adapted global frame is a null frame

( (𝑔𝑙𝑜′)𝑒4, (𝑔𝑙𝑜
′)𝑒3, (𝑔𝑙𝑜

′)𝑒𝑎) defined on (int)M∪(ext)M with specific properties outlined in Propo-

sition 2.2.3.

Definition 2.2.2 (Matching Region). The matching region is defined as the spacetime region

M′
match := (ext)M ∩

{
7

6
𝑟𝑃 ≤ 𝑟ext ≤

4

3
𝑟𝑃

}
,

where 𝑟ext denotes the area radius of the outgoing geodesic foliation of (ext)M.

The following proposition establishes the existence of a global null frame adapted to our

problem. The proof is omitted, as it follows straightforwardly from Proposition 3.26 of [27].

Proposition 2.2.3. Let an integer 𝑘 𝑙𝑜𝑠𝑠 and a small constant 𝛿0 > 0 satisfying 2.2.5. There

exists a global null frame ( (𝑔𝑙𝑜′)𝑒4, (𝑔𝑙𝑜
′)𝑒3, (𝑔𝑙𝑜

′)𝑒𝑎) defined on (int)M ∪ (ext)M such that

(a) In (ext)M ∩ { (𝑒𝑥𝑡)𝑟 ≥ 4
3𝑟𝑃}, we have

( (𝑔𝑙𝑜′)𝑒4, (𝑔𝑙𝑜
′)𝑒3,

(𝑔𝑙𝑜′)𝑒𝑎) =
(
(𝑒𝑥𝑡)Υ (𝑒𝑥𝑡)𝑒′4,

(𝑒𝑥𝑡)Υ−1 (𝑒𝑥𝑡)𝑒′3,
(𝑒𝑥𝑡)𝑒′𝑎

)
,

where ( (𝑒𝑥𝑡)𝑒′4, (𝑒𝑥𝑡)𝑒′3, (𝑒𝑥𝑡)𝑒′𝑎) denotes the second frame of (ext)M, i.e. the fame of

Proposition 3.20 in [27]. In particular, 𝜉 vanishes here.

(b) In (int)M ∪ ((ext)M ∩ { (𝑒𝑥𝑡)𝑟 ≤ 7
6𝑟𝑃}), we have

( (𝑔𝑙𝑜′)𝑒4, (𝑔𝑙𝑜
′)𝑒3,

(𝑔𝑙𝑜′)𝑒𝑎) = ( (𝑔𝑙𝑜)𝑒4, (𝑔𝑙𝑜)𝑒3, (𝑔𝑙𝑜)𝑒𝑎),

where ( (𝑔𝑙𝑜)𝑒4, (𝑔𝑙𝑜)𝑒3, (𝑔𝑙𝑜)𝑒𝑎) denotes the first global frame of M, i.e. the frame of

Proposition 3.23 in [27].
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(c) In the matching region, we have

max
0≤𝑘≤𝑘𝑠𝑚𝑎𝑙𝑙+𝑘𝑙𝑜𝑠𝑠

sup
Match′

𝑢1+𝛿𝑑𝑒𝑐−2𝛿0
���𝔡𝑘 ( (𝑔𝑙𝑜′)qΓ, (𝑔𝑙𝑜′)}W, (𝑔𝑙𝑜

′)
qE)

��� ≲ 𝜖,

where (𝑔𝑙𝑜′)
}W, (𝑔𝑙𝑜′)

qΓ and (𝑔𝑙𝑜′)
qE are given by

(𝑔𝑙𝑜′)
}W =

{
𝛼, 𝛽, 𝜌 + 2𝑀

𝑟3
− 2𝑄2

𝑟4
, ★𝜌, 𝛽, 𝛼

}
,

(𝑔𝑙𝑜′)
qΓ =

{
𝜉, 𝜔 + 𝑀

𝑟2
− 𝑄

2

𝑟3
, tr𝜒 − 2Υ

𝑟
, p𝜒, 𝜁, 𝜂, 𝜂, tr𝜒 + 2

𝑟
, p𝜒, 𝜔, 𝜉

}
,

(𝑔𝑙𝑜′)
qE =

{
(𝐹)𝛽, (𝐹)𝜌 − 𝑄

𝑟2
, ★ (𝐹)𝜌, (𝐹)𝛽

}
,

with the Ricci coefficients, Weyl curvature components and Maxwell field components

being the one associated to the frame ( (𝑔𝑙𝑜′)𝑒4, (𝑔𝑙𝑜
′)𝑒3, (𝑔𝑙𝑜

′)𝑒𝑎).

(d) Furthermore, we may also choose the global frame such that, in addition, one of the

following two possibilities hold,

i. We have on (ext)M ∩ { (𝑒𝑥𝑡)𝑟 ≥ 5
4𝑟𝑃}

( (𝑔𝑙𝑜′)𝑒4, (𝑔𝑙𝑜
′)𝑒3,

(𝑔𝑙𝑜′)𝑒𝑎) =
(
(𝑒𝑥𝑡)Υ (𝑒𝑥𝑡)𝑒′4,

(𝑒𝑥𝑡)Υ−1 (𝑒𝑥𝑡)𝑒′3,
(𝑒𝑥𝑡)𝑒′𝑎

)
.

ii. We have on (int)M ∪ ((ext)M ∩ { (𝑒𝑥𝑡)𝑟 ≤ 5
4𝑟𝑃})

( (𝑔𝑙𝑜′)𝑒4, (𝑔𝑙𝑜
′)𝑒3,

(𝑔𝑙𝑜′)𝑒𝑎) = ( (𝑔𝑙𝑜)𝑒4, (𝑔𝑙𝑜)𝑒3, (𝑔𝑙𝑜)𝑒𝑎).
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2.2.1 Bootstrap Assumptions

We introduce the schematic notation for Γ𝑔 and Γ𝑏:

Γ𝑔 =

{
𝜉, p𝜒, q𝜔, }tr𝜒, |tr𝜒, 𝜂, 𝜂, 𝜁 , 𝑟−1 ~𝑒4(𝑟)

}
∪

{
𝑟 (q𝜌, ★𝜌), 𝑟 𝛽, 𝑟𝛼

}
∪

{
(~(𝐹)𝜌, ★ (𝐹)𝜌), (𝐹)𝛽

}
, (2.2.1)

Γ𝑏 =

{
𝜉, p𝜒, 𝜔, 𝑟−1 ~𝑒3(𝑟)

}
∪

{
𝑟𝛽, 𝛼

}
∪

{
(𝐹)𝛽

}
. (2.2.2)

Here, we denote

q𝜔 = 𝜔 + 𝑀
𝑟2

− 𝑄
2

𝑟3
, }tr𝜒 = tr𝜒 − 2Υ

𝑟
, |tr𝜒 = tr𝜒 + 2

𝑟
,

Υ = 1 − 2𝑀

𝑟
+ 𝑄

2

𝑟2
, ~𝑒4(𝑟) = 𝑒4(𝑟) − Υ, ~𝑒3(𝑟) = 𝑒3(𝑟) + 1.

Note that 𝜉 vanishes in (ext)M away from the matching region as in Proposition 2.2.3, and

in particular for 𝑟 ≥ 4
3𝑟𝑃.

For higher derivatives, we define 𝔡 = {𝑟∇4,∇3, 𝑟∇/ } and 𝔡/= 𝑟∇/ ,

Γ
(1)
𝑔 =

{
𝔡𝜉, 𝔡p𝜒, 𝔡/𝜔, 𝔡/(tr𝜒), 𝔡𝜂, 𝔡𝜂, 𝔡𝜁, 𝑟−1𝔡~𝑒4(𝑟)

}
,

Γ
(1)
𝑏

=

{
𝔡p𝜒, 𝔡/(tr𝜒), 𝔡𝜉, 𝑟−1𝔡~𝑒3(𝑟), 𝔡/𝜔, 𝔡𝜉

}
.

For 𝑠 ≥ 2,

Γ
(𝑠)
𝑏

= 𝔡𝑠−1Γ(1)
𝑔 , Γ

(𝑠)
𝑏

= 𝔡𝑠−1Γ(1)
𝑏
.

Moreover, we define

Γ≤𝑠
𝑔 =

{
Γ
(0)
𝑔 , Γ

(1)
𝑔 , . . . Γ

(𝑠)
𝑔

}
, Γ≤𝑠

𝑏
=

{
Γ
(0)
𝑏
, Γ

(1)
𝑏
, . . . Γ

(𝑠)
𝑏

}
.
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We assume the following bootstrap assumption for 0 ≤ 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + 𝑘 𝑙𝑜𝑠𝑠

|Γ≤𝑠
𝑔 | ≲ min

{
𝜖

𝑟2𝑢
1
2+𝛿𝑑𝑒𝑐

,
𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐

}
,

|∇3Γ
≤𝑠
𝑔 | ≲ 𝜖

𝑟2𝑢1+𝛿𝑑𝑒𝑐
,

|Γ≤𝑠
𝑏
| ≲ 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐
.

(2.2.3)

Furthermore, we denote 𝛾 := (𝛼, 𝛽, 𝑟−1 (𝐹)𝛽) and impose a better 𝑟-decay assumption on 𝛾≤𝑠:

|𝛾≤𝑠 | ≲ 𝜖

𝑟
7
2+𝛿𝐵

. (2.2.4)

We remark that we follow the notation 𝑘 𝑙𝑎𝑟𝑔𝑒, 𝑘𝑠𝑚𝑎𝑙𝑙 , 𝑘 𝑙𝑜𝑠𝑠 introduced in [27]:

• 𝑘 𝑙𝑎𝑟𝑔𝑒 is the derivative order at which the Bootstrap Assumptions on energies and

weighted energies were imposed in [27].

• 𝑘𝑠𝑚𝑎𝑙𝑙 is the derivative order at which the Bootstrap Assumptions on decay were im-

posed in [27].

• 𝑘 𝑙𝑜𝑠𝑠 represents the total derivative loss in the proof of Theorems M0–M7 in [27].

We will specify 𝑘 𝑙𝑎𝑟𝑔𝑒, 𝑘𝑠𝑚𝑎𝑙𝑙 , 𝑘 𝑙𝑜𝑠𝑠 in the future works.

2.2.2 Estimates for Ricci Coefficients, Weyl Curvature, and Maxwell Field

With these notations, we may now state the estimates satisfied by the Ricci coefficients,

Maxwell components and curvature components according to our bootstrap assumption and

the choice of frame.

Lemma 2.2.4. Consider the global frame of Proposition 2.2.3 and the above definition1 of
1Recall in particular that the M1-adapted global frame of Proposition 2.2.3 is such that 𝜂 ∈ Γ𝑔.
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Γ𝑔 and Γ𝑏. Let an integer 𝑘 𝑙𝑜𝑠𝑠 and a small constant 𝛿0 > 0 satisfying2

16 ≤ 𝑘 𝑙𝑜𝑠𝑠 ≤
𝛿𝑑𝑒𝑐

3
(𝑘 𝑙𝑎𝑟𝑔𝑒 − 𝑘𝑠𝑚𝑎𝑙𝑙), 𝛿0 =

𝑘 𝑙𝑜𝑠𝑠

𝑘 𝑙𝑎𝑟𝑔𝑒 − 𝑘𝑠𝑚𝑎𝑙𝑙
. (2.2.5)

Then, the Ricci coefficients, Maxwell components and curvature components with respect to

the M1-adapted global frame of Proposition 2.2.3 satisfy

𝜉 = 0 on 𝑟 ≥ 4

3
𝑟𝑃,

max
0≤𝑘≤𝑘𝑠𝑚𝑎𝑙𝑙+𝑘𝑙𝑜𝑠𝑠

sup
M

{(
𝑟2𝜏

1
2+𝛿𝑑𝑒𝑐−2𝛿0 + 𝑟𝜏1+𝛿𝑑𝑒𝑐−2𝛿0

)
|𝔡𝑘Γ𝑔 | + 𝑟𝜏1+𝛿𝑑𝑒𝑐−2𝛿0 |𝔡𝑘Γ𝑏 |

+
(
𝑟

7
2+

𝛿𝐵
2 + 𝑟3𝜏 1

2+𝛿𝑑𝑒𝑐−2𝛿0 + 𝑟2𝜏1+𝛿𝑑𝑒𝑐−2𝛿0
) (
|𝔡𝑘𝛾 |

)
+

(
𝑟3𝜏

1
2+𝛿𝑑𝑒𝑐−2𝛿0 + 𝑟2𝜏1+𝛿𝑑𝑒𝑐−2𝛿0

)
|𝔡𝑘 q𝜌 |

+ 𝜏1+𝛿𝑑𝑒𝑐−2𝛿0
(
𝑟2 |𝔡𝑘 𝛽 | + 𝑟 |𝔡𝑘𝛼 |

)}
≲ 𝜖,

max
0≤𝑘≤𝑘𝑠𝑚𝑎𝑙𝑙+𝑘𝑙𝑜𝑠𝑠

sup
M

{
𝑟2𝜏1+𝛿𝑑𝑒𝑐−2𝛿0 |𝔡𝑘−1∇3(Γ𝑔) |

+ 𝑟3(𝜏 + 2𝑟)1+𝛿𝑑𝑒𝑐−2𝛿0
(
|𝔡𝑘−1∇3(𝛾) |

)}
≲ 𝜖 .

Proof. See Lemma 5.1 in [27].
2Recall that we have

0 < 𝛿𝑑𝑒𝑐 ≪ 1, 𝛿𝑑𝑒𝑐 𝑘𝑙𝑎𝑟𝑔𝑒 ≫ 1, 𝑘𝑠𝑚𝑎𝑙𝑙 =

⌊
1

2
𝑘𝑙𝑎𝑟𝑔𝑒

⌋
+ 1.

In particular, we have 𝛿𝑑𝑒𝑐 (𝑘𝑙𝑎𝑟𝑔𝑒− 𝑘𝑠𝑚𝑎𝑙𝑙) ≫ 1 and hence there exists an integer 𝑘𝑙𝑜𝑠𝑠 satisfying the required
constraints. In [27], they choose 𝑘𝑙𝑜𝑠𝑠 = 33.
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2.3 Statement of the main theorem

Theorem M1 (Rough Version). Let the Chandrasekhar variables (𝔭, 𝔮𝐹) ∈ 𝔰1 × 𝔰2 satisfy

the nonlinear Regge-Wheeler system arising from a perturbation of a sub-extremal Reissner-

Nordström spacetime with parameters (𝑀,𝑄).

Under a well-adapted frame and suitable bootstrap assumptions on the perturbation,

suppose the initial data of (𝔭, 𝔮𝐹) on an initial slice Σ(0) is sufficiently small in certain

weighted norms, with size 𝜖0. Then, in the future of Σ(0), we obtain the following pointwise

decay estimates:

|𝔭| +𝑄 |𝔮𝐹 | ≲ 𝜖0𝑟
−1(1 + 𝜏)−1

2−𝛿,

|𝔭| +𝑄 |𝔮𝐹 | ≲ 𝜖0𝑟
−1

2 (1 + 𝜏)−1−𝛿,

for some 𝛿 > 0. Moreover, we control ∇3𝔭 and ∇3𝔮
𝐹 as

|∇3𝔭| +𝑄 |∇3𝔮
𝐹 | ≲ 𝜖0𝑟

−1(1 + 𝜏)−1−𝛿 .

Similar decay estimates hold for higher-order derivatives.

We will list the full version of the main theorem at the end of the thesis.

2.4 Commutation formulas

We list the general commutation formulas below. Later, we will use the bootstrap assumption

introduced in Section 2.2.1 to rewrite them.

Lemma 2.4.1. Let 𝑈𝐴 = 𝑈𝑎1...𝑎𝑘 be a general 𝑘-horizontal tensor field.
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(1) We have

[∇3,∇𝑏]𝑈𝐴 = −𝜒
𝑏𝑐
∇𝑐𝑈𝐴 + (𝜂𝑏 − 𝜁𝑏)∇3𝑈𝐴 +

𝑘∑︁
𝑖=1

(
𝜒
𝑎𝑖𝑏
𝜂𝑐 − 𝜒

𝑏𝑐
𝜂𝑎𝑖

)
𝑈𝑎1...

𝑐
...𝑎𝑘

+ Err3𝑏𝐴 [𝑈],

Err3𝑏𝐴 [𝑈] =
𝑘∑︁
𝑖=1

(
𝜒𝑎𝑖𝑐𝜉𝑐

− 𝜒𝑏𝑐 𝜉
𝑎𝑖
− ∈𝑎𝑖𝑐 ★𝛽

𝑏

)
𝑈𝑎1...

𝑐
...𝑎𝑘 + 𝜉𝑏∇4𝑈𝐴.

(2.4.1)

(2) We have

[∇4,∇𝑏]𝑈𝐴 = −𝜒𝑏𝑐∇𝑐𝑈𝐴 + (𝜂
𝑏
+ 𝜁𝑏)∇4𝑈𝐴 +

𝑘∑︁
𝑖=1

(
𝜒𝑎𝑖𝑏𝜂𝑐

− 𝜒𝑏𝑐𝜂
𝑎𝑖

)
𝑈𝑎1...𝑐...𝑎𝑘

+ Err4𝑏𝐴 [𝑈],

Err4𝑏𝐴 [𝑈] =
𝑘∑︁
𝑖=1

(
𝜒
𝑎𝑖𝑐
𝜉𝑐 − 𝜒

𝑏𝑐
𝜉𝑎𝑖+ ∈𝑎𝑖𝑐 ★𝛽𝑏

)
𝑈𝑎1...

𝑐
...𝑎𝑘 + 𝜉𝑏∇3𝑈𝐴.

(2.4.2)

(3) We have

[∇4,∇3]𝑈𝐴 = 2(𝜂
𝑏
− 𝜂𝑏)∇𝑏𝑈𝐴 + 2

𝑘∑︁
𝑖=1

(
𝜂𝑎𝑖𝜂𝑏

− 𝜂
𝑎𝑖
𝜂𝑏− ∈𝑎𝑖𝑏 ★𝜌)𝑈𝑎1... 𝑏 ...𝑎𝑘

+ 2𝜔∇3𝑈𝐴 − 2𝜔∇4𝑈𝐴 + Err43𝐴,

Err43𝐴 = 2
𝑘∑︁
𝑖=1

(
𝜉
𝑎𝑖
𝜉𝑏 − 𝜉𝑎𝑖𝜉𝑏)𝑈𝑎1...

𝑏
...𝑎𝑘 .

(2.4.3)

Proof. See for example Lemma 2.33 in [17]

2.4.1 M1-adapted commutation

Proposition 2.4.2. Using bootstrap assumption introduced in Section 2.2.1 and general

commutation formulas in Lemma 2.4.1, we have the following M1-adapted commutation
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formula for 𝜓 ∈ 𝔰𝑖

[∇4,∇3]𝜓 = 2𝜔∇3𝜓 − 2𝜔∇4𝜓 + 𝑟−1(𝜂 + Γ𝑔) · 𝜓 (1) ,

[∇4,∇]𝜓 = −1
2
tr𝜒∇𝜓 + (𝜉 + 𝑟−1Γ𝑔) · 𝜓 (1) ,

[∇3,∇]𝜓 = −1
2
tr𝜒∇𝜓 + (𝜂 + Γ𝑔) · 𝜓 (1) .

Proof. Straightforward consequence of the definition of Γ𝑔, Γ𝑏. We single out 𝜂, 𝜉 to emphasis

the necessity for our choice of M1-dapated frame in Proposition 2.2.3.

2.5 Hodge systems

Definition 2.5.1. For tensor fields defined on a 2–sphere 𝑆, we denote by 𝔰0 := 𝔰0(𝑆) the

set of pairs of scalar functions, 𝔰1 := 𝔰1(𝑆) the set of 1–forms and 𝔰2 := 𝔰2(𝑆) the set of

symmetric traceless 2–tensors.

Definition 2.5.2. Given 𝜉 ∈ 𝔰1, we define its Hodge dual

∗𝜉𝑎 :=∈𝑎𝑏 𝜉𝑏 .

Clearly ∗𝜉 ∈ 𝔰1 and

∗(∗𝜉) = −𝜉.

Given 𝑈 ∈ 𝔰2, we define its Hodge dual

∗𝑈𝑎𝑏 :=∈𝑎𝑐 𝑈𝑐
𝑏 .

Observe that ∗𝑈 ∈ 𝔰2 and

∗(∗𝑈) = −𝑈.
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Definition 2.5.3. Given 𝜉, 𝜂 ∈ 𝔰1, we denote

𝜉 · 𝜂 := 𝛿𝑎𝑏𝜉𝑎𝜂𝑏,

𝜉 ∧ 𝜂 :=∈𝑎𝑏 𝜉𝑎𝜂𝑏,

(𝜉p⊗𝜂)𝑎𝑏 := 𝜉𝑎𝜂𝑏 + 𝜉𝑏𝜂𝑎 − 𝛿𝑎𝑏𝜉 · 𝜂.

Given 𝜉 ∈ 𝔰1, 𝑈 ∈ 𝔰2, we denote

(𝜉 ·𝑈)𝑎 := 𝛿𝑏𝑐𝜉𝑏𝑈𝑎𝑐 .

Given 𝑈,𝑉 ∈ 𝔰2, we denote

𝑈 ∧𝑉 :=∈𝑎𝑏 𝑈𝑎𝑐𝑉𝑐𝑏,

𝑈 · 𝑉 := 𝛿𝑎𝑏𝑈𝑎𝑐𝑉𝑐𝑏 .

Definition 2.5.4. For a given 𝜉 ∈ 𝔰1, we define the following differential operators:

div𝜉 := 𝛿𝑎𝑏∇𝑎𝜉𝑏,

curl𝜉 :=∈𝑎𝑏 ∇𝑎𝜉𝑏,

(∇p⊗𝜉)𝑎𝑏 := ∇𝑎𝜉𝑏 + ∇𝑏𝜉𝑎 − 𝛿𝑎𝑏 (div𝜉).

Definition 2.5.5. We define the following Hodge type operators:

• 𝑑1 takes 𝔰1 into 𝔰0 and is given by:

𝑑1𝜉 := (div𝜉, curl𝜉),
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• 𝑑2 takes 𝔰2 into 𝔰1 and is given by:

(𝑑2𝑈)𝑎 := ∇𝑏𝑈𝑎𝑏,

• 𝑑∗1 takes 𝔰0 into 𝔰1 and is given by:

𝑑∗1( 𝑓 , 𝑓∗)𝑎 := −∇𝑎 𝑓 + ∈𝑎𝑏 ∇𝑏 𝑓∗,

• 𝑑∗2 takes 𝔰1 into 𝔰2 and is given by:

𝑑∗2𝜉 := −1
2
∇p⊗𝜉.

Proposition 2.5.6. We have the following identities:

𝑑∗1𝑑1 = −Δ1 +K, 𝑑1𝑑
∗
1 = −(Δ0,Δ0),

𝑑∗2𝑑2 = −1
2
Δ2 +K, 𝑑2𝑑

∗
2 = −1

2
(Δ1 +K).

(2.5.1)

where K denotes the Gauss curvature on 𝑆.

Proof. See Section 2.2 in [4].

Proposition 2.5.7. Let (𝑆, 𝑔/ ) be a compact 2-sphere with Gauss curvature 𝐾. We have,

(1) The following identity holds for 1-form 𝑓 ∈ 𝔰1,∫
𝑆

(
|∇/ 𝑓 |2 + 𝐾 | 𝑓 |2

)
=

∫
𝑆

| 𝑑/1 𝑓 |2. (2.5.2)

(2) The following identity holds for symmetric, traceless tensors in 𝑓 ∈ 𝔰2,∫
𝑆

(
|∇/ 𝑓 |2 + 2𝐾 | 𝑓 |2

)
= 2

∫
𝑆

| 𝑑/2 𝑓 |2. (2.5.3)
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(3) The following identity holds for scalars 𝑓 ∈ 𝔰0,∫
𝑆

|∇/ 𝑓 |2 =
∫
𝑆

| 𝑑★/1 𝑓 |2. (2.5.4)

(4) The following identity holds for 1-form 𝑓 ∈ 𝔰1,∫
𝑆

(
|∇/ 𝑓 |2 − 𝐾 | 𝑓 |2

)
= 2

∫
𝑆

| 𝑑★/2 𝑓 |2. (2.5.5)

Proof. See Section 2.2 in [4].

2.6 M1-adapted Wave operator

Proposition 2.6.1. For 𝜓 ∈ 𝔰𝑖, we have the M1-adapted wave operator on 𝔰𝑖:

¤□𝑖𝜓 = −(∇3 +
1

2
tr𝜒 − 2𝜔) (∇4 +

1

2
tr𝜒)𝜓 + 𝜌𝜓 + Δ𝑖𝜓 + 𝑟−1(𝜂 + Γ𝑔) · 𝜓 (1) . (2.6.1)

Proof. Straightforward consequence of the definition of Γ𝑔 and the standord expression of

¤□𝑖, see for example Lemma 4.30 in [18]. We single out 𝜂 to emphasis the necessaty for our

choice of M1-dapated frame in Proposition 2.2.3.
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Chapter 3: Almost gauge invariant quantities and their transport

equations

3.1 Almost gauge invariant quantities

Proposition 3.1.1. For a electromagnetic-gravitational perturbation of the Reissner-Nordström

spacetime, the following 𝔰2-tensors

𝛼, 𝛼

and

𝔣 = −1
2
∇p⊗ (𝐹)𝛽 + (𝐹)𝜌 p𝜒, 𝔣 = −1

2
∇p⊗ (𝐹)𝛽 − (𝐹)𝜌p𝜒 (3.1.1)

and the following 𝔰1-tensors (where (𝐹)𝜌0 and 𝜌0 are non-zero background values)

𝛽 = 2 (𝐹)𝜌0𝛽 − 3𝜌0
(𝐹)𝛽, 𝛽̃ = 2 (𝐹)𝜌0𝛽 − 3𝜌0

(𝐹)𝛽 (3.1.2)

and

𝔵 = ∇4
(𝐹)𝛽 + 3

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽 − 2 (𝐹)𝜌𝜉, 𝔵 = ∇3

(𝐹)𝛽 + 3

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽 + 2 (𝐹)𝜌𝜉

(3.1.3)

are almost gauge-invariant. (That is, quantities that are unchanged under infinitesimal null

frame transformations in the linear theory.)

Proof. See Appendix A.2.
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Remark 2. The definitions

𝛽 = 2 (𝐹)𝜌0𝛽 − 3𝜌0
(𝐹)𝛽, 𝛽̃ = 2 (𝐹)𝜌0𝛽 − 3𝜌0

(𝐹)𝛽

are adopted instead of

𝛽 = 2 (𝐹)𝜌𝛽 − 3𝜌 (𝐹)𝛽, 𝛽̃ = 2 (𝐹)𝜌𝛽 − 3𝜌 (𝐹)𝛽

to ensure that the nonlinear terms in the Regge-Wheeler equation for the Chandrasekhar-

transformed 𝛽 remain well-behaved. If the latter definitions were used, the nonlinear terms in

the transformed equation would become significantly more singular, making it impossible to

obtain the necessary nonlinear estimates for Theorem M1. By incorporating the background

quantities 𝜌0 and (𝐹)𝜌0, we avoid this issue and maintain control over the nonlinear structure.

3.2 Transport equations for gauge invariant quantities 𝛼, 𝔣, 𝛽 and 𝔵

Recall, we have denoted 𝛾 :=
(
𝛼, 𝛽, 𝑟−1 (𝐹)𝛽

)
in Section 2.2.1.

Proposition 3.2.1. In the M1-Adapted global frame, the almost gauge-invariant positive-

spin quantities 𝛼, 𝛽, 𝔣, 𝔵 satisfy the following transport equations:

(𝐹)𝜌(∇3𝛼 + 1

2
tr𝜒𝛼 − 4𝜔𝛼) = 1

2
∇p⊗𝛽 − (3𝜌 + 2 (𝐹)𝜌2)𝔣

+ 𝑟−1(Γ𝑔 · 𝛾) (1) , (3.2.1)

∇4𝔣 + 2tr𝜒𝔣 + 2𝜔𝔣 = −1
2
∇p⊗𝔵 − (𝐹)𝜌𝛼

+ (Γ𝑔 · 𝛾) (1) + 𝑟−1(Γ𝑔 · 𝜉) (1) , (3.2.2)

∇4𝛽 + 3tr𝜒𝛽 + 2𝜔𝛽 = 2 (𝐹)𝜌div𝛼 − (3𝜌 − 2 (𝐹)𝜌2)𝔵

+ (𝛾 · 𝛾) (1) + Γ𝑏 · 𝜉 · 𝛾, (3.2.3)

∇3𝔵 +
1

2
tr𝜒𝔵 − 4𝜔𝔵 = −2div𝔣 − 2𝛽
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+ (Γ𝑏 · 𝛾) (1) + (Γ𝑔 · 𝜉) (1) + 𝑟−1(Γ𝑔 · 𝜂) (1) . (3.2.4)

Proof. See Sections 3.2.1, 3.2.2, 3.2.3 and 3.2.4.

3.2.1 Derivation of 𝛼’s transport equation

The derivation of (3.2.1) is straightforward. From Proposition 2.1.4, we obtain the relevant

equation for 𝛼:

∇3𝛼 = ∇p⊗𝛽 − 1

2
tr𝜒𝛼 + 4𝜔𝛼 − (3𝜌 + 2 (𝐹)𝜌2) p𝜒 + (𝐹)𝜌∇p⊗ (𝐹)𝛽 + Γ𝑏 · 𝛾 (1) + 𝑟−1Γ𝑔 · Γ𝑔 .

Therefore, we can compute

(𝐹)𝜌(∇3𝛼 + 1

2
tr𝜒𝛼 − 4𝜔𝛼)

= (𝐹)𝜌(∇p⊗𝛽 − (3𝜌 + 2 (𝐹)𝜌2) p𝜒 + (𝐹)𝜌∇p⊗ (𝐹)𝛽) + 𝑟−2Γ𝑏 · 𝛾 (1) + 𝑟−3Γ𝑔 · Γ𝑔

=
1

2
∇p⊗(2 (𝐹)𝜌𝛽 − 3𝜌 (𝐹)𝛽) − (3𝜌 + 2 (𝐹)𝜌2)

(
−1
2
∇p⊗ (𝐹)𝛽 + (𝐹)𝜌 p𝜒

)
− ∇ (𝐹)𝜌p⊗𝛽 + 3

2
∇𝜌p⊗ (𝐹)𝛽 + 𝑟−2Γ𝑏 · 𝛾 (1) + 𝑟−3Γ𝑔 · Γ𝑔

=
1

2
∇p⊗𝛽 − (3𝜌 + 2 (𝐹)𝜌2)𝔵 + 𝑟−1(Γ𝑔 · 𝛾) (1) .

This concludes the derivation of (3.2.1). Throughout, we have used the hierarchy

𝛾 > 𝑟−2Γ𝑔 > 𝑟
−3Γ𝑏 .

3.2.2 Derivation of 𝔣’s transport equation

The derivation of (3.2.2) is relatively direct. From Proposition 2.1.1, we obtain the ∇4

equation for (𝐹)𝜌:

∇4
(𝐹)𝜌 = −tr𝜒 (𝐹)𝜌 + div (𝐹)𝛽 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉.
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Similarly, Proposition 2.1.2 provides the expression for ∇4 p𝜒:

∇4 p𝜒 = −tr𝜒 p𝜒 + ∇p⊗𝜉 − 𝛼 + (𝜂 + Γ𝑔) · Γ𝑔 .

Additionally, Proposition 2.4.2 gives the commutation formula:

[∇4,∇p⊗] (𝐹)𝛽 = −1
2
tr𝜒∇p⊗ (𝐹)𝛽 + (𝜉 + 𝑟−1Γ𝑔) · (𝐹)𝛽(1) .

Substituting these expressions and simplifying, we can compute

∇4𝔣 = ∇4

(
−1
2
∇p⊗ (𝐹)𝛽 + (𝐹)𝜌 p𝜒

)
= −1

2
∇p⊗∇4

(𝐹)𝛽 − 1

2

(
−1
2
tr𝜒∇p⊗ (𝐹)𝛽 + (𝜉 + 𝑟−1Γ𝑔) · (𝐹)𝛽(1)

)
+

(
−tr𝜒 (𝐹)𝜌 + div (𝐹)𝛽 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉

)
p𝜒

+ (𝐹)𝜌
(
−tr𝜒 p𝜒 + ∇p⊗𝜉 − 𝛼 + (𝜂 + Γ𝑔) · Γ𝑔

)
= −1

2
∇p⊗

(
∇4

(𝐹)𝛽 + 3

2
tr𝜒 (𝐹)𝛽 − 2 (𝐹)𝜌𝜉

)
− 2tr𝜒

(
−1
2
∇p⊗ (𝐹)𝛽 + (𝐹)𝜌 p𝜒

)
− (𝐹)𝜌𝛼

+ 3

2
∇tr𝜒p⊗ (𝐹)𝛽 − ∇ (𝐹)𝜌p⊗𝜉

+ 𝑟𝜉 · 𝛾 (1) + Γ𝑔 · 𝛾 (1) + Γ𝑔 · 𝛾 (1) + 𝑟Γ𝑔 · Γ𝑔 · 𝛾 + Γ𝑏 · Γ𝑔 · 𝜉 + 𝑟−2(𝜂 + Γ𝑔) · Γ𝑔

= −1
2
∇p⊗𝔵 − 2tr𝜒𝔣 − (𝐹)𝜌𝛼

+ (Γ𝑔 · 𝛾) (1) + 𝑟−2𝜂 · Γ𝑔 + 𝑟−1Γ(1)
𝑔 · 𝜉,

which establishes the desired identity. This concludes the derivation of (3.2.2).
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3.2.3 Derivation of 𝛽’s transport equation

The derivation of (3.2.3) is relatively direct. From Proposition 2.1.1, we know the ∇4 equation

for (𝐹)𝜌:

∇4
(𝐹)𝜌 = −tr𝜒 (𝐹)𝜌 + div (𝐹)𝛽 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉.

Proposition 2.1.4 gives ∇4 equations for 𝜌 and 𝛽:

∇4𝜌 = −3
2
tr𝜒𝜌 − tr𝜒 (𝐹)𝜌2 + div𝛽 + (𝐹)𝜌div (𝐹)𝛽 + Γ𝑏 · 𝛾 (1) + 𝑟−1Γ𝑏 · 𝜉 + 𝑟−1Γ𝑔 · Γ𝑔,

∇4𝛽 = div𝛼 − 2tr𝜒𝛽 + (3𝜌 − 2 (𝐹)𝜌2)𝜉 + (𝐹)𝜌∇4
(𝐹)𝛽 + Γ𝑔 · 𝛾 (1) + 𝑟−1Γ𝑔 · 𝜉.

Using these equations, we can compute

∇4𝛽 = ∇4(2 (𝐹)𝜌𝛽 − 3𝜌 (𝐹)𝛽)

= 2(−tr𝜒 (𝐹)𝜌 + div (𝐹)𝛽 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉) · 𝛽

+ 2 (𝐹)𝜌(div𝛼 − 2tr𝜒𝛽 + (3𝜌 − 2 (𝐹)𝜌2)𝜉 + (𝐹)𝜌∇4
(𝐹)𝛽 + Γ𝑔 · 𝛾 (1) + 𝑟−1Γ𝑔 · 𝜉)

− 3(−3
2
tr𝜒𝜌 − tr𝜒 (𝐹)𝜌2 + div𝛽 + (𝐹)𝜌div (𝐹)𝛽 + Γ𝑏 · 𝛾 (1) + 𝑟−1Γ𝑏 · 𝜉 + 𝑟−1Γ𝑔 · Γ𝑔) · (𝐹)𝛽

− 3𝜌∇4
(𝐹)𝛽

= −6tr𝜒 (𝐹)𝜌𝛽 + 2 (𝐹)𝜌div𝛼 + 2(3𝜌 − 2 (𝐹)𝜌2) (𝐹)𝜌𝜉 + (2 (𝐹)𝜌2 − 3𝜌)∇4
(𝐹)𝛽

+ 9

2
tr𝜒𝜌 (𝐹)𝛽 + 3tr𝜒 (𝐹)𝜌2 (𝐹)𝛽

+ 𝛾 · 𝛾 (1) + 𝑟Γ𝑔 · 𝛾 · 𝛾 + Γ𝑏 · 𝜉 · 𝛾 + 𝑟−2Γ𝑔 · 𝛾 (1) + 𝑟−3Γ𝑔 · 𝜉

+ 𝛾 · 𝛾 (1) + 𝑟−1𝛾 · 𝛾 (1) + 𝑟Γ𝑏 · 𝛾 · 𝛾 (1) + Γ𝑏 · 𝜉 · 𝛾 + Γ𝑔 · Γ𝑔 · 𝛾

= 2 (𝐹)𝜌div𝛼 − 3tr𝜒(2 (𝐹)𝜌𝛽 − 3𝜌 (𝐹)𝛽) + (2 (𝐹)𝜌2 − 3𝜌)
(
∇4

(𝐹)𝛽 + 3

2
tr𝜒 (𝐹)𝛽 − 2 (𝐹)𝜌𝜉

)
+ 𝛾 · 𝛾 (1) + Γ𝑏 · 𝜉 · 𝛾

= 2 (𝐹)𝜌div𝛼 − 3tr𝜒𝛽 + (2 (𝐹)𝜌2 − 3𝜌)𝔵 + 𝛾 · 𝛾 (1) + Γ𝑏 · 𝜉 · 𝛾.
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Thus, the derivation of (3.2.3) is complete.

3.2.4 Derivation of 𝔵’s transport equation

The derivation of (3.2.4) is intricate and will be divided into six steps.

Step 1. Expand ∇3𝔵:

From Proposition 2.1.1, we know ∇3-equation for (𝐹)𝛽:

∇3
(𝐹)𝛽 = ∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌 − 1

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽 + 2 (𝐹)𝜌𝜂 + p𝜒 · (𝐹)𝛽 + Γ𝑔 · 𝜂.

From Proposition 2.4.2, we know the commutation formula

[∇4,∇3] (𝐹)𝛽 = 2𝜔∇3
(𝐹)𝛽 − 2𝜔∇4

(𝐹)𝛽 + 𝑟−1(𝜂 + Γ𝑔) · (𝐹)𝛽(1) .
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We begin by computing

∇3𝔵 = ∇3

(
∇4

(𝐹)𝛽 + 3

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽 − 2 (𝐹)𝜌𝜉

)
=

(
∇4 +

3

2
tr𝜒 + 2𝜔

)
∇3

(𝐹)𝛽 − [∇4,∇3] (𝐹)𝛽 +
(
3

2
∇3tr𝜒 + 2∇3𝜔

)
(𝐹)𝛽 − 2∇3( (𝐹)𝜌𝜉)

=

(
∇4 +

3

2
tr𝜒

) (
∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌 − 1

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽 + 2 (𝐹)𝜌𝜂 + p𝜒 · (𝐹)𝛽 + Γ𝑔 · 𝜂

)
−

(
−2𝜔∇4

(𝐹)𝛽 + 𝑟−1(𝜂 + Γ𝑔) · (𝐹)𝛽(1)
)
+

(
3

2
∇3tr𝜒 + 2∇3𝜔

)
(𝐹)𝛽 − 2∇3( (𝐹)𝜌𝜉)

=

(
∇4 +

3

2
tr𝜒

) (
∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌

)
+

(
∇4 +

3

2
tr𝜒

) (
−1
2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽

)
+ 2𝜔∇4

(𝐹)𝛽 +
(
3

2
∇3tr𝜒 + 2∇3𝜔

)
(𝐹)𝛽

+ 2

(
∇4 +

3

2
tr𝜒

)
( (𝐹)𝜌𝜂) − 2∇3( (𝐹)𝜌𝜉)

+
(
∇4 +

3

2
tr𝜒

)
( p𝜒 · (𝐹)𝛽)

+ 𝑟−1(Γ𝑔 · 𝜂) (1) + (𝜂 + Γ𝑔) · 𝛾 (1) .

(3.2.5)

We will compute the right-hand side of (3.2.5) line by line in the following four steps. Each

step addresses a specific component of the computation, and we will finally sum up all

contributions to obtain the desired equation (3.2.4).

Step 2. First line of (3.2.5):

We compute the first line of the right-hand side in (3.2.5). From Proposition 2.1.1, we know

the following equations for (𝐹)𝜌 and ★ (𝐹)𝜌:

∇4
(𝐹)𝜌 = div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉,

∇4
★ (𝐹)𝜌 = curl (𝐹)𝛽 − tr𝜒 ★ (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉,

∇3
(𝐹)𝜌 = −div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · (𝜂 + Γ𝑔),

∇3
★ (𝐹)𝜌 = curl (𝐹)𝛽 − tr𝜒 ★ (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · (𝜂 + Γ𝑔).
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Applying Lemma 2.4.1 to [∇4,∇] (𝐹)𝜌 and Proposition 2.4.2 to [∇4,
★∇] ★ (𝐹)𝜌, we obtain:

[∇4,∇] (𝐹)𝜌 = −1
2
tr𝜒∇ (𝐹)𝜌 + (𝜂 + 𝜁)∇4

(𝐹)𝜌 − p𝜒 · ∇ (𝐹)𝜌 + 𝜉∇3
(𝐹)𝜌

= −1
2
tr𝜒∇ (𝐹)𝜌 + (𝜂 + 𝜁)

(
div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉

)
− p𝜒 · ∇ (𝐹)𝜌 + 𝜉

(
−div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · (𝜂 + Γ𝑔)

)
= −1

2
tr𝜒∇ (𝐹)𝜌 − tr𝜒 (𝐹)𝜌(𝜂 + 𝜁) − tr𝜒 (𝐹)𝜌𝜉

+ Γ𝑔 · 𝛾 (1) + 𝑟Γ𝑔 · Γ𝑔 · 𝛾 + Γ𝑔 · Γ𝑏 · 𝜉 + 𝑟−1Γ𝑔 · Γ(1)
𝑔

+ 𝑟−1Γ(1)
𝑏

· 𝜉 + 𝑟Γ𝑔 · 𝛾𝜉 + Γ𝑏 · (𝜂 + Γ𝑔)𝜉

= −1
2
tr𝜒∇ (𝐹)𝜌 − tr𝜒 (𝐹)𝜌(𝜂 + 𝜁) − tr𝜒 (𝐹)𝜌𝜉 + 𝑟−1Γ(1)

𝑏
· 𝜉 + 𝑟−1Γ𝑔 · Γ(1)

𝑔 ,

[∇4,
★∇] ★ (𝐹)𝜌 = −1

2
tr𝜒∇ ★ (𝐹)𝜌 + (𝜂 + 𝜁)∇4

★ (𝐹)𝜌 − p𝜒 · ∇ ★ (𝐹)𝜌 + 𝜉∇3
★ (𝐹)𝜌

= −1
2
tr𝜒∇ ★ (𝐹)𝜌 + Γ

(1)
𝑔 · 𝜉 + 𝑟−1Γ𝑔 · Γ(1)

𝑔 .

Thus, the first line of the right-hand side in (3.2.5) becomes

(
∇4 +

3

2
tr𝜒

) (
∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌

)
= ∇

(
div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉

)
+

(
−1
2
tr𝜒∇ (𝐹)𝜌 − tr𝜒 (𝐹)𝜌(𝜂 + 𝜁) − tr𝜒 (𝐹)𝜌𝜉 + 𝑟−1Γ(1)

𝑏
· 𝜉 + 𝑟−1Γ𝑔 · Γ(1)

𝑔

)
− ★∇

(
curl (𝐹)𝛽 − tr𝜒 ★ (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉

)
−

(
−1
2
tr𝜒∇ ★ (𝐹)𝜌 + Γ

(1)
𝑔 · 𝜉 + 𝑟−1Γ𝑔 · Γ(1)

𝑔

)
+ 3

2
tr𝜒

(
∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌

)
= ∇div (𝐹)𝛽 − ★∇curl (𝐹)𝛽 − (𝐹)𝜌∇tr𝜒 − tr𝜒 (𝐹)𝜌(𝜂 + 𝜁) − tr𝜒 (𝐹)𝜌𝜉

+ (Γ𝑔 · 𝜉) (1) + 𝑟−1Γ𝑔 · Γ(1)
𝑔 + (Γ𝑔 · 𝛾) (1) .
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By elliptic identities for Hodge operators from Proposition 2.5.6, we can deduce on 𝔰1 that

𝑑∗1𝑑1 = 2𝑑2𝑑
∗
2 + 2𝐾.

Combining with the Gauss equation from Proposition 2.1.2, we see for any 𝜓 ∈ 𝔰1

∇div𝜓 − ★∇curl𝜓 = div(∇p⊗𝜓) +
(
1

2
tr𝜒tr𝜒 + 2𝜌 − 2 (𝐹)𝜌2

)
𝜓 + Γ𝑏 · Γ𝑔 · 𝜓.

So we have finished computing the first line of right-hand side in (3.2.5):(
∇4 +

3

2
tr𝜒

) (
∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌

)
= div(∇p⊗ (𝐹)𝛽) +

(
1

2
tr𝜒tr𝜒 + 2𝜌 − 2 (𝐹)𝜌2

)
(𝐹)𝛽 − (𝐹)𝜌∇tr𝜒 − tr𝜒 (𝐹)𝜌(𝜂 + 𝜁) − tr𝜒 (𝐹)𝜌𝜉

+ (Γ𝑔 · 𝜉) (1) + 𝑟−1Γ𝑔 · Γ(1)
𝑔 + (Γ𝑔 · 𝛾) (1) .

(3.2.6)

Step 3. Second line of (3.2.5):

We compute the second line of the right-hand side in (3.2.5). From Proposition 2.1.2, we

know

∇3tr𝜒 = −1
2
tr𝜒tr𝜒 + 2𝜔tr𝜒 + 2div𝜂 + 2𝜌 + Γ𝑔 · Γ𝑏 + 𝜂 · 𝜂,

∇4tr𝜒 = −1
2
tr𝜒tr𝜒 + 2𝜔tr𝜒 + 2div𝜂 + 2𝜌 + Γ𝑔 · Γ𝑏 + 𝜂 · 𝜂,

∇3𝜔 + ∇4𝜔 = 4𝜔𝜔 + 𝜌 + (𝐹)𝜌2 + Γ𝑏 · 𝜉 + (Γ𝑔 + 𝜂) · Γ𝑔 .

So we directly compute

− 1

2
∇4tr𝜒 + 2∇4𝜔 + 3

2
∇3tr𝜒 + 2∇3𝜔

= −1
2

(
−1
2
tr𝜒tr𝜒 + 2𝜔tr𝜒 + 2div𝜂 + 2𝜌 + Γ𝑔 · Γ𝑏 + 𝜂 · 𝜂

)
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+ 2
(
4𝜔𝜔 + 𝜌 + (𝐹)𝜌2 + Γ𝑏 · 𝜉 + (Γ𝑔 + 𝜂) · Γ𝑔

)
+ 3

2

(
−1
2
tr𝜒tr𝜒 + 2𝜔tr𝜒 + 2div𝜂 + 2𝜌 + Γ𝑔 · Γ𝑏 + 𝜂 · 𝜂

)
= −1

2
tr𝜒tr𝜒 + 3𝜔tr𝜒 + 4𝜌 + 2 (𝐹)𝜌2

− 𝜔tr𝜒 + 8𝜔𝜔 − div𝜂 + 3div𝜂 + Γ𝑔 · Γ𝑏 + 𝜂 · 𝜂

= −1
2
tr𝜒tr𝜒 + 3𝜔tr𝜒 + 4𝜌 + 2 (𝐹)𝜌2 + 𝑟−1(𝜂 + Γ𝑔) (1) .

Therefore, we can finish computing the second line of right-hand side in (3.2.5):(
∇4 +

3

2
tr𝜒

) (
−1
2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽

)
+ 2𝜔∇4

(𝐹)𝛽 +
(
3

2
∇3tr𝜒 + 2∇3𝜔

)
(𝐹)𝛽

=

(
−1
2
∇4tr𝜒 + 2∇4𝜔 + 3

2
∇3tr𝜒 + 2∇3𝜔 − 3

4
tr𝜒tr𝜒 + 3tr𝜒𝜔

)
(𝐹)𝛽

+
(
−1
2
tr𝜒 + 4𝜔

)
∇4

(𝐹)𝛽

=

(
−1
2
tr𝜒tr𝜒 + 3𝜔tr𝜒 + 4𝜌 + 3 (𝐹)𝜌2 + 𝑟−1(𝜂 + Γ𝑔) (1) −

3

4
tr𝜒tr𝜒 + 3tr𝜒𝜔

)
(𝐹)𝛽

+
(
−1
2
tr𝜒 + 4𝜔

)
∇4

(𝐹)𝛽

=

(
−5
4
tr𝜒tr𝜒 + 6𝜔tr𝜒 + 4𝜌 + 2 (𝐹)𝜌2

)
(𝐹)𝛽 +

(
−1
2
tr𝜒 + 4𝜔

)
∇4

(𝐹)𝛽 + (𝜂 + Γ𝑔) (1) · 𝛾.

(3.2.7)

Step 4. Third line of (3.2.5):

We compute the third line of the right-hand side in (3.2.5). From Proposition 2.1.1, we know

the equations for (𝐹)𝜌:

∇4
(𝐹)𝜌 = div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉,

∇3
(𝐹)𝜌 = −div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · (𝜂 + Γ𝑔).

From Proposition 2.1.2, we also know

∇4𝜂 − ∇3𝜉 = −1
2
tr𝜒(𝜂 − 𝜂) − 4𝜔𝜉 − 𝛽 − (𝐹)𝜌 (𝐹)𝛽 + 𝑟Γ𝑔 · 𝛾 + Γ𝑔 · (𝜂 + Γ𝑔).
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Thus, the third line of the right-hand side in (3.2.5) becomes

2

(
∇4 +

3

2
tr𝜒

)
( (𝐹)𝜌𝜂) − 2∇3( (𝐹)𝜌𝜉)

= 2 (𝐹)𝜌(∇4𝜂 − ∇3𝜉) + 2(∇4
(𝐹)𝜌)𝜂 − 2(∇3

(𝐹)𝜌)𝜉 + 3tr𝜒 (𝐹)𝜌𝜂

= 2 (𝐹)𝜌

(
−1
2
tr𝜒(𝜂 − 𝜂) − 4𝜔𝜉 − 𝛽 − (𝐹)𝜌 (𝐹)𝛽 + 𝑟Γ𝑔 · 𝛾 + Γ𝑔 · (𝜂 + Γ𝑔)

)
+ 2

(
div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉

)
𝜂

− 2
(
−div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · (𝜂 + Γ𝑔)

)
𝜉 + 3tr𝜒 (𝐹)𝜌𝜂

= tr𝜒 (𝐹)𝜌𝜂 + 2tr𝜒 (𝐹)𝜌𝜉 − 8𝜔 (𝐹)𝜌𝜉 − 2 (𝐹)𝜌𝛽 − 2 (𝐹)𝜌2 (𝐹)𝛽

+ 𝑟−1Γ𝑔 · 𝛾 + 𝑟−2Γ𝑔 · (𝜂 + Γ𝑔) + 𝜂 · 𝛾 (1) + 𝑟Γ𝑔 · 𝛾 · 𝜂 + Γ𝑏 · 𝜉 · 𝜂

+ 𝑟−1Γ(1)
𝑏

· 𝜉 + 𝑟Γ𝑔 · 𝛾 · 𝜉 + Γ𝑏 · (𝜂 + Γ𝑔) · 𝜉

= tr𝜒 (𝐹)𝜌𝜂 + 2tr𝜒 (𝐹)𝜌𝜉 − 8𝜔 (𝐹)𝜌𝜉 − 2 (𝐹)𝜌𝛽 − 2 (𝐹)𝜌2 (𝐹)𝛽 + 𝜂 · 𝛾 (1) + 𝑟−1Γ(1)
𝑏

· 𝜉.

(3.2.8)

Step 5. Fourth line of (3.2.5) with improvement:

We will show that the fourth line of right-hand side in (3.2.5) is improved by using the

equations. As a direct consequence of bootstrap assumption in Section 2.2.1, one only have

the decay assumption as:

(
∇4 +

3

2
tr𝜒

)
( p𝜒 · (𝐹)𝛽) = 𝑟−1(Γ𝑔 · Γ𝑏) (1) .

From Proposition 2.1.1, we know ∇4 equation of (𝐹)𝛽 as

∇4
(𝐹)𝛽 = −∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌 − 1

2
tr𝜒 (𝐹)𝛽 − 2 (𝐹)𝜌𝜂 + Γ𝑔 · Γ𝑏

= −1
2
tr𝜒 (𝐹)𝛽 + 𝑟−1Γ(1)

𝑔 + Γ𝑔 · Γ𝑏 .

From Proposition 2.1.2, we know ∇4 equation of p𝜒 as

∇4 p𝜒 = −tr𝜒 p𝜒 + ∇p⊗𝜉 − 𝛼 + (𝜂 + Γ𝑔) · Γ𝑔
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= −tr𝜒 p𝜒 + 𝑟−1𝜉 (1) + 𝛾 + (𝜂 + Γ𝑔) · Γ𝑔 .

Thus, the fourth line of the right-hand side in (3.2.5) becomes(
∇4 +

3

2
tr𝜒

)
( p𝜒 · (𝐹)𝛽)

=

(
−tr𝜒 p𝜒 + 𝑟−1𝜉 (1) + 𝛾 + (𝜂 + Γ𝑔) · Γ𝑔

)
· (𝐹)𝛽

+ p𝜒 ·
(
−1
2
tr𝜒 (𝐹)𝛽 + 𝑟−1Γ(1)

𝑔 + Γ𝑔 · Γ𝑏
)
+ 3

2
tr𝜒p𝜒 · (𝐹)𝛽

= 𝑟−1𝜉 (1) · Γ𝑏 + 𝛾 · Γ𝑏 + (𝜂 + Γ𝑔) · Γ𝑔 · Γ𝑏 + 𝑟−1Γ𝑔 · Γ(1)
𝑔 + Γ𝑔 · Γ𝑔 · Γ𝑏

= Γ𝑏 · 𝛾 + 𝑟−1Γ𝑏 · 𝜉 (1) + 𝑟−1Γ𝑔 · Γ(1)
𝑔 + 𝜂 · Γ𝑔 · Γ𝑏 .

(3.2.9)

It’s worthy to point out the improvement from 𝑟−1(Γ𝑔 ·Γ𝑏) (1) to the right-hand side of (3.2.9).
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Step 6. Summing up:

Combining (3.2.5), (3.2.6), (3.2.7), (3.2.8), and (3.2.9), we obtain:

∇3𝔵 = div(∇p⊗ (𝐹)𝛽) +
(
1

2
tr𝜒tr𝜒 + 2𝜌 − 2 (𝐹)𝜌2

)
(𝐹)𝛽 − (𝐹)𝜌∇tr𝜒 − tr𝜒 (𝐹)𝜌(𝜂 + 𝜁) − tr𝜒 (𝐹)𝜌𝜉

+ (Γ𝑔 · 𝜉) (1) + 𝑟−1Γ𝑔 · Γ(1)
𝑔 + (Γ𝑔 · 𝛾) (1)

+
(
−5
4
tr𝜒tr𝜒 + 6𝜔tr𝜒 + 4𝜌 + 2 (𝐹)𝜌2

)
(𝐹)𝛽 +

(
−1
2
tr𝜒 + 4𝜔

)
∇4

(𝐹)𝛽 + (𝜂 + Γ𝑔) (1) · 𝛾

+ tr𝜒 (𝐹)𝜌𝜂 + 2tr𝜒 (𝐹)𝜌𝜉 − 8𝜔 (𝐹)𝜌𝜉 − 2 (𝐹)𝜌𝛽 − 2 (𝐹)𝜌2 (𝐹)𝛽 + 𝜂 · 𝛾 (1) + 𝑟−1Γ(1)
𝑏

· 𝜉

+ Γ𝑏 · 𝛾 + 𝑟−1Γ𝑏 · 𝜉 (1) + 𝑟−1Γ𝑔 · Γ(1)
𝑔 + 𝜂 · Γ𝑔 · Γ𝑏

+ 𝑟−1(Γ𝑔 · 𝜂) (1) + (𝜂 + Γ𝑔) · 𝛾 (1)

= div(∇p⊗ (𝐹)𝛽) +
(
−3
4
tr𝜒tr𝜒 + 6𝜔tr𝜒 + 6𝜌 − 2 (𝐹)𝜌2

)
(𝐹)𝛽 +

(
−1
2
tr𝜒 + 4𝜔

)
∇4

(𝐹)𝛽

− (𝐹)𝜌∇tr𝜒 − tr𝜒 (𝐹)𝜌𝜁 + tr𝜒 (𝐹)𝜌𝜉 − 8𝜔 (𝐹)𝜌𝜉 − 2 (𝐹)𝜌𝛽

+ (Γ𝑏 · 𝛾) (1) + (Γ𝑔 · 𝜉) (1) + 𝑟−1(Γ𝑔 · 𝜂) (1)

= div(∇p⊗ (𝐹)𝛽) +
(
6𝜌 − 2 (𝐹)𝜌2

)
(𝐹)𝛽 +

(
−1
2
tr𝜒 + 4𝜔

) (
∇4

(𝐹)𝛽 + 3

2
tr𝜒 (𝐹)𝛽 − 2 (𝐹)𝜌𝜉 (𝐹)𝛽

)
− (𝐹)𝜌∇tr𝜒 − tr𝜒 (𝐹)𝜌𝜁 − 2 (𝐹)𝜌𝛽 + (Γ𝑏 · 𝛾) (1) + (Γ𝑔 · 𝜉) (1) + 𝑟−1(Γ𝑔 · 𝜂) (1)

= div(∇p⊗ (𝐹)𝛽) − 2𝛽 +
(
−1
2
tr𝜒 + 4𝜔

)
𝔵

− (𝐹)𝜌∇tr𝜒 − tr𝜒 (𝐹)𝜌𝜁 + 2 (𝐹)𝜌𝛽 − 2 (𝐹)𝜌2 (𝐹)𝛽

+ (Γ𝑏 · 𝛾) (1) + (Γ𝑔 · 𝜉) (1) + 𝑟−1(Γ𝑔 · 𝜂) (1) .

(3.2.10)

From Codazzi equation in Proposition 2.1.2, we know

divp𝜒 =
1

2
∇tr𝜒 + 1

2
tr𝜒𝜁 − 𝛽 + (𝐹)𝜌 (𝐹)𝛽 + Γ𝑔 · Γ𝑔 .
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Therefore, many terms in the right-hand side of (3.2.10) can be rewritten as div𝔣-term:

−2div𝔣 = −2div
(
−1
2
∇p⊗p𝜒 + (𝐹)𝜌 p𝜒

)
= div(∇p⊗ (𝐹)𝛽) − 2∇ (𝐹)𝜌 · p𝜒

− 2 (𝐹)𝜌

(
1

2
∇tr𝜒 + 1

2
tr𝜒𝜁 − 𝛽 + (𝐹)𝜌 (𝐹)𝛽 + Γ𝑔 · Γ𝑔

)
= div(∇p⊗ (𝐹)𝛽) − (𝐹)𝜌∇tr𝜒 − tr𝜒 (𝐹)𝜌𝜁 + 2 (𝐹)𝜌𝛽 − 2 (𝐹)𝜌2 (𝐹)𝛽 + 𝑟−1Γ𝑔 · Γ(1)

𝑔 .

Substitute back to (3.2.10), we have completed the derivation of (3.2.4).
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Chapter 4: The nonlinear postive-spin Regge-Wheeler system

4.1 Chandrasekhar transformation

To apply the robust energy-momemtum method to the stability problem, we define the

following new variables to derive the postive-spin Regge-Wheeler system.

Definition 4.1.1. The Chandrasekhar transformations of almost gauge invariant quantities

𝛽 and 𝔣 are given by

𝔭 := 𝑟5
(
∇3𝛽 + 2tr𝜒𝛽 − 2𝜔𝛽

)
, 𝔮𝐹 := 𝑟3

(
∇3𝔣 + tr𝜒𝔣 − 2𝜔𝔣

)
. (4.1.1)

In the linear theory, the Chandrasekhar transformation is a method for converting Teukolsky-

type equations into Regge-Wheeler-type equations. This approach was first introduced by

Chandrasekhar in the context of mode decomposition and later extended to physical space

in the celebrated work [5] by Dafermos, Holzegel, and Rodnianski. Today, it is a standard

tool in the physical-space method for addressing black hole stability and has been widely

employed in works such as [27, 6, 12, 30, 15], among others on various blackholes.

4.2 Regge-Wheeler system of 𝔭 and 𝔮𝐹

Theorem 4.2.1. Regge-Wheeler variables (𝔭, 𝔮𝐹) ∈ 𝔰1 × 𝔰2 satisfy the following nonlinear

Regge-Wheeler system

¤□1𝔭 −𝑉1𝔭 =
8𝑄2

𝑟2
𝑑/2𝔮𝐹 + Err[ ¤□1𝔭], 𝑉1 = −1

4
tr𝜒tr𝜒 + 5 (𝐹)𝜌2,

Err[ ¤□1𝔭] = 𝑁𝑔 + ∇3(𝑟𝑁𝑔) + 𝑁𝑚 [𝔭, 𝔮𝐹] + 𝑁𝑏,
(4.2.1)
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¤□2𝔮
𝐹 −𝑉2𝔮𝐹 =

1

𝑟2
𝑑★/2𝔭 + Err[ ¤□2𝔮

𝐹], 𝑉2 = −tr𝜒tr𝜒 + 2 (𝐹)𝜌2,

Err[ ¤□2𝔮
𝐹] = 𝑁𝑔 + ∇3(𝑟𝑁𝑔) + 𝑁𝑚 [𝔭, 𝔮𝐹],

(4.2.2)

where 𝑁𝑔, 𝑁𝑚 [𝔭, 𝔮𝐹] and 𝑁𝑏 are given by

𝑁𝑔 = 𝑟
2((𝜂 + Γ𝑔) · 𝛾 (1)) (2) + 𝑟 (Γ𝑔 · 𝜉) (2) + (Γ𝑔 · 𝜂) (2) ,

𝑁𝑏 = (Γ𝑔 · Γ𝑏) (2) ,

𝑁𝑚 [𝔭, 𝔮𝐹] = (Γ𝑔 · 𝔭) (1) + (Γ𝑔 · 𝔮𝐹) (1) .

(4.2.3)

Proof. See Section 4.2.1 and Section 4.2.2.

As a direct consequence of the bootstrap assumption in Section 2.2.1, the optimal 𝑟-decay

of 𝑁𝑏 = (Γ𝑔 · Γ𝑏) (2) is given by

𝑁𝑏 = (Γ𝑔 · Γ𝑏) (2) =
𝜖

𝑟2𝑢
1
2+𝛿𝑑𝑒𝑐

· 𝜖

𝑟𝑢
3
2+𝛿𝑑𝑒𝑐

=
𝜖2

𝑟3𝑢2+2𝛿𝑑𝑒𝑐
, (4.2.4)

so that
(
∇4 +

3

𝑟

)
𝑁𝑏 schematically decays as

(
∇4 +

3

𝑟

)
𝑁𝑏 =

𝜖2

𝑟4𝑢2+2𝛿𝑑𝑒𝑐
, (4.2.5)

according to the bootstrap assumption. However, the insufficient 𝑟−4-decay of
(
∇4 +

3

𝑟

)
𝑁𝑏

presents an obstruction to the improved 𝑟 𝑝-estimate in Section 8.2, a method introduced

by [2] and applied by [27] in the nonlinear stability of Schwarzschild spacetimes. In the

improved 𝑟 𝑝-estimate, we will see that 𝑁𝑏 must be improved after applying
(
∇4 +

3

𝑟

)
and

using the Einstein-Maxwell equations, as shown in the following crucial lemma.

Lemma 4.2.2. We have the improved estimate:

(
∇4 +

3

𝑟

)
𝑁𝑏 = (𝛾 · Γ𝑏) (3) + 𝑟−1(Γ𝑔 · Γ𝑔) (3) . (4.2.6)
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Proof. From the Einstein-Maxwell equations (c.f. (3.2) in [26]), we have

∇4(𝑟2Γ𝑔) = 𝑟2𝛾 (1) , ∇4(𝑟Γ𝑏) = Γ
(1)
𝑔 .

Thus, we compute:

(
∇4 +

3

𝑟

)
𝑁𝑏 = 𝑟

−3∇4

(
𝑟3(Γ𝑔 · Γ𝑏) (2)

)
= 𝑟−3

(
∇4(𝑟2Γ𝑔) · 𝑟Γ𝑏

) (2)
+ 𝑟−3

(
𝑟2Γ𝑔 · ∇4(𝑟Γ𝑏)

) (2)
= (𝛾 · Γ𝑏) (3) + 𝑟−1(Γ𝑔 · Γ𝑔) (3) .

Remark 3. By the bootstrap assumption in Section 2.2.1, the 𝑟-decay of the right-hand side

of (4.2.6) is given by

(𝛾 · Γ𝑏) (3) + 𝑟−1(Γ𝑔 · Γ𝑔) (3) =
𝜖

𝑟
7
2+𝛿𝐵

· 𝜖

𝑟𝑢
3
2+𝛿𝑑𝑒𝑐

+ 𝑟−1 𝜖

𝑟2𝑢1+𝛿𝑑𝑒𝑐
· 𝜖

𝑟2𝑢1+𝛿𝑑𝑒𝑐

=
𝜖2

𝑟
9
2+𝛿𝐵𝑢

3
2+𝛿𝑑𝑒𝑐

+ 𝜖2

𝑟5𝑢2+2𝛿𝑑𝑒𝑐
,

(4.2.7)

which exhibits an additional decay factor of 𝑟−
1
2−𝛿𝐵 compared to the direct consequence

(4.2.5) of the bootstrap assumption. This crucial improvement enables us to handle the more

intricate nonlinear interactions that arise in the nonlinear stability of Reissner-Nordström

spacetime, in contrast to the Schwarzschild case.
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4.2.1 Derivation of 𝔭’s Regge-Wheeler equation

The goal of this section is to prove Regge-Wheeler equation (4.2.1) for 𝔮𝐹 . In particular, we

will show

¤□1𝔭 = −
(
1

4
tr𝜒0tr𝜒

0
− 5 (𝐹)𝜌20

)
𝔭 + 8𝑟2 (𝐹)𝜌20div𝔮𝐹

+ ∇3

(
𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 ((𝜂 + Γ𝑔) · Γ(1)

𝑔 ) (1)
)

+ (Γ𝑔 · Γ𝑏) (2) + 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (2) + 𝑟 (Γ𝑔 · 𝜉) (1)

+ (Γ𝑔 · 𝔭) (1) ,

(4.2.8)

which implies (4.2.1). We divide the derivation of (4.2.38) into four steps, highlighting the

important and necessary improvements for the quadratic terms in Step 3. below.

Step 1. Expand 𝔭 and rewrite ¤□1𝔭:

From Proposition 2.1.1, we know ∇3-equation of (𝐹)𝛽:

∇3
(𝐹)𝛽 = ∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌 − 1

2
tr𝜒

0

(𝐹)𝛽 + 2𝜔0
(𝐹)𝛽 + 2 (𝐹)𝜌0𝜂

+ p𝜒 · (𝐹)𝛽 + 𝑟Γ𝑏 · 𝛾 + 𝜂 · Γ𝑔 .

From Proposition 2.1.4, we know the ∇3-equation of 𝛽:1

∇3𝛽 = ∇𝜌 + ★∇ ★𝜌 − tr𝜒
0
𝛽 + 2𝜔0𝛽 + 3𝜌0𝜂 −

1

2
tr𝜒 (𝐹)𝜌 (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 (𝐹)𝛽 + (𝐹)𝜌0(∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌)

+ tr𝜒0 ★ (𝐹)𝜌 ★ (𝐹)𝛽 + 2p𝜒 · 𝛽 + Γ𝑏 · 𝛾 (1) + 𝑟−1(𝜂 + Γ𝑔) · Γ(1)
𝑔 + Γ𝑔 · Γ𝑔 · Γ𝑏 .

1Notice the coefficients of −1
2 tr𝜒 (𝐹 )𝜌 (𝐹 )𝛽 − tr𝜒 (𝐹 )𝜌 (𝐹 )𝛽 are not background values.
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Using Proposition 2.1.5, we first compute ∇3𝛽:

∇3𝛽

= ∇3

(
2 (𝐹)𝜌0𝛽 − 3𝜌0

(𝐹)𝛽
)

= 2 (𝐹)𝜌0∇3𝛽 + 2(−tr𝜒
0

(𝐹)𝜌0 + 𝑟−3 ~𝑒3(𝑟))𝛽

− 3𝜌0∇3
(𝐹)𝛽 − 3(−3

2
tr𝜒

0
𝜌0 − tr𝜒

0

(𝐹)𝜌20 + 𝑟−4 ~𝑒3(𝑟)) (𝐹)𝛽

= 2 (𝐹)𝜌0
(
∇𝜌 + ★∇ ★𝜌 − tr𝜒

0
𝛽 + 2𝜔0𝛽 + 3𝜌0𝜂 −

1

2
tr𝜒 (𝐹)𝜌 (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 (𝐹)𝛽

+ (𝐹)𝜌0(∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌)
)

+ 2 (𝐹)𝜌0
(
tr𝜒0 ★ (𝐹)𝜌 ★ (𝐹)𝛽 + 2p𝜒 · 𝛽 + Γ𝑏 · 𝛾 (1) + 𝑟−1(𝜂 + Γ𝑔) · Γ(1)

𝑔 + Γ𝑔 · Γ𝑔 · Γ𝑏
)
− 2tr𝜒

0

(𝐹)𝜌0𝛽

− 3𝜌0

(
∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌 − 1

2
tr𝜒

0

(𝐹)𝛽 + 2𝜔0
(𝐹)𝛽 + 2 (𝐹)𝜌0𝜂 + p𝜒 · (𝐹)𝛽 + 𝑟Γ𝑏 · 𝛾 + 𝜂 · Γ𝑔

)
+ 9

2
tr𝜒

0
𝜌0

(𝐹)𝛽 + 3tr𝜒
0

(𝐹)𝜌20
(𝐹)𝛽 + 𝑟−2Γ𝑏 · 𝛾

= 2 (𝐹)𝜌0
(
∇𝜌 + ★∇ ★𝜌

)
+ (2 (𝐹)𝜌20 − 3𝜌0)

(
∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌

)
− (4tr𝜒

0
− 4𝜔0)

(𝐹)𝜌0𝛽

+ (2tr𝜒
0

(𝐹)𝜌20 + 6tr𝜒
0
𝜌0 − 6𝜔0𝜌0)

(𝐹)𝛽 + 2 (𝐹)𝜌0(−tr𝜒0 (𝐹)𝜌 (𝐹)𝛽 + tr𝜒0 ★ (𝐹)𝜌 ★ (𝐹)𝛽)

+ 4 (𝐹)𝜌0 p𝜒 · 𝛽 − 3𝜌0 p𝜒 (𝐹)𝛽 + 𝑟−2Γ𝑏 · 𝛾 (1) + 𝑟−3(𝜂 + Γ𝑔) · Γ(1)
𝑔 .

(4.2.9)

Therefore, we can expand 𝔭 according to its definition

𝔭 : = 𝑟5
(
∇3𝛽 + 2tr𝜒𝛽 − 2𝜔𝛽

)
= 𝑟5

(
∇3𝛽 + 2tr𝜒

0
𝛽 − 2𝜔0𝛽

)
+ 𝑟5Γ𝑏 · 𝛽

= 𝑟5
[
2 (𝐹)𝜌0(∇𝜌 + ★∇ ★𝜌) + (2 (𝐹)𝜌20 − 3𝜌0) (∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌)

+ 2tr𝜒
0

(𝐹)𝜌20
(𝐹)𝛽 − 2 (𝐹)𝜌0tr𝜒0 (𝐹)𝜌 (𝐹)𝛽

]
+ 𝑟5

[
2 (𝐹)𝜌0tr𝜒0 ★ (𝐹)𝜌 ★ (𝐹)𝛽 + 4 (𝐹)𝜌0 p𝜒 · 𝛽 − 3𝜌0 p𝜒 · (𝐹)𝛽

]
+ 𝑟3Γ𝑏 · 𝛾 (1) + 𝑟2(𝜂 + Γ𝑔) · Γ(1)

𝑔 .

(4.2.10)
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Hence, we can write 𝔭 into three parts:

𝔭 = 𝔭1 + 𝔭2 + 𝔭3,

𝔭1 : = 𝑟
5
[
2 (𝐹)𝜌0(∇𝜌 + ★∇ ★𝜌) + (2 (𝐹)𝜌20 − 3𝜌0) (∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌)

+ 2tr𝜒
0

(𝐹)𝜌20
(𝐹)𝛽 − 2 (𝐹)𝜌0tr𝜒0 (𝐹)𝜌 (𝐹)𝛽

]
𝔭2 : = 𝑟

5
[
2 (𝐹)𝜌0tr𝜒0 ★ (𝐹)𝜌 ★ (𝐹)𝛽 + 4 (𝐹)𝜌0 p𝜒 · 𝛽 − 3𝜌0 p𝜒 · (𝐹)𝛽

]
,

𝔭3 : = 𝑟
3Γ𝑏 · 𝛾 (1) + 𝑟2(𝜂 + Γ𝑔) · Γ(1)

𝑔 .

(4.2.11)

Now we split the ¤□1𝔭 using (2.6.1) into Background wave operator part and remaining part:

¤□1𝔭 = −(∇3 +
1

2
tr𝜒 − 2𝜔) (∇4 +

1

2
tr𝜒)𝔭 + 𝜌𝔭 + Δ𝔭 + 𝑟−1(𝜂 + Γ𝑔) · 𝔭(1)

= −(∇3 +
1

2
tr𝜒

0
− 2𝜔0 + Γ𝑏) (∇4 +

1

2
tr𝜒0 + Γ𝑔)𝔭 + (𝜌0 + 𝑟−1Γ𝑔)𝔭 + Δ𝔭 + 𝑟−1(𝜂 + Γ𝑔) · 𝔭(1)

= −(∇3 +
1

2
tr𝜒

0
− 2𝜔0) (∇4 +

1

2
tr𝜒0)𝔭 + 𝜌0𝔭 + Δ𝔭 + (Γ𝑔 · 𝔭) (1)

= □𝑅𝑁 (𝔭1 + 𝔭2 + 𝔭3) + (Γ𝑔 · 𝔭) (1) ,

(4.2.12)

where we denote the background Reissner-Nordström wave operator

□𝑅𝑁 := −(∇3 +
1

2
tr𝜒

0
− 2𝜔0) (∇4 +

1

2
tr𝜒0) + 𝜌0 + Δ. (4.2.13)

In the following steps, we will compute □𝑅𝑁𝔭1, □𝑅𝑁𝔭2, and □𝑅𝑁𝔭3 to complete the proof of

(4.2.8).
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Step 2. Compute □𝑅𝑁𝔭1:

The goal of this step is to prove the following equation:

□𝑅𝑁𝔭1 = −
(
1

4
tr𝜒0tr𝜒

0
− 5 (𝐹)𝜌20

)
𝔭 + 8𝑟2 (𝐹)𝜌20div𝔮𝐹 + 𝜌0(𝔭1 − 𝔭) + Δ(𝔭1 − 𝔭) + 𝑟−1Γ𝑔 · 𝔭

+ ∇3

(
𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1)

)
+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (1) + 𝑟 (Γ𝑔 · 𝜉) (1) + (Γ𝑔 · Γ𝑔) (1) .

(4.2.14)

The derivation of (4.2.14) is very computationally involved and we will divide the derivation

into 3 steps.

Step 2.1. Compute (∇4 + 1
2tr𝜒0)𝔭1: By the definition (4.2.11) of 𝔭1, we have

(∇4 +
1

2
tr𝜒0)𝔭1

= (∇4 +
1

2
tr𝜒0)

[
2𝑟5 (𝐹)𝜌0(∇𝜌 + ★∇ ★𝜌)

]
+ (∇4 +

1

2
tr𝜒0)

[
𝑟5(2 (𝐹)𝜌20 − 3𝜌0) (∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌)

]
+ (∇4 +

1

2
tr𝜒0)

[
2𝑟5tr𝜒

0

(𝐹)𝜌20
(𝐹)𝛽

]
+ (∇4 +

1

2
tr𝜒0)

[
−2𝑟5 (𝐹)𝜌0tr𝜒0 (𝐹)𝜌 (𝐹)𝛽

]
.

(4.2.15)

Next, we evaluate the right-hand side of (4.2.15) term by term.

Step 2.1a. From Proposition 2.1.4, we know the equations of 𝜌 and ★𝜌:

∇4𝜌 = div𝛽 − 3

2
tr𝜒𝜌 − tr𝜒 (𝐹)𝜌2 + (𝐹)𝜌div (𝐹)𝛽 + Γ𝑏 · 𝛾 + 𝑟−1𝜉 · Γ𝑏 + 𝑟−1Γ𝑔 · Γ𝑔,

= −3
2
tr𝜒𝜌 − tr𝜒 (𝐹)𝜌2 + 𝑟−1𝛾 (1) + Γ𝑏 · 𝛾 + 𝑟−1𝜉 · Γ𝑏 + 𝑟−1Γ𝑔 · Γ𝑔,

∇3𝜌 = −div𝛽 − 3

2
tr𝜒𝜌 − tr𝜒 (𝐹)𝜌2 − (𝐹)𝜌div (𝐹)𝛽

− 1

2
p𝜒 · 𝛼 + 1

2
tr𝜒 (𝐹)𝛽 · (𝐹)𝛽 + Γ𝑏 · 𝛾 + 𝑟−1(𝜂 + Γ𝑔) · Γ𝑏,

= −3
2
tr𝜒𝜌 − tr𝜒 (𝐹)𝜌2 + 𝑟−2Γ(1)

𝑏
+ Γ𝑔 · Γ𝑏,

∇4
★𝜌 = −curl𝛽 − 3

2
tr𝜒 ★𝜌 − (𝐹)𝜌curl (𝐹)𝛽 + Γ𝑏 · 𝛾 + 𝑟−1𝜉 · Γ𝑏 + 𝑟−1(Γ𝑔 · Γ𝑔) (1) ,
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∇3
★𝜌 = −curl𝛽 − 3

2
tr𝜒 ★𝜌 − (𝐹)𝜌curl (𝐹)𝛽

− 1

2
p𝜒 · ★𝛼 + 𝑟−1𝜂 · Γ𝑏 + Γ𝑏 · 𝛾 + 𝑟−1(Γ𝑔 · Γ𝑏) (1) + Γ𝑔 · Γ𝑏 · Γ𝑏 + 𝑟Γ𝑏 · Γ𝑏 · 𝛾

= −curl𝛽 − 3

2
tr𝜒 ★𝜌 − (𝐹)𝜌curl (𝐹)𝛽 + Γ𝑔 · Γ𝑏 .

Applying Lemma 2.4.1 to [∇4,∇]𝜌 and Proposition 2.4.2 to [∇4,
★∇] ★𝜌, we obtain:

[∇4,∇]𝜌 = −1
2
tr𝜒∇𝜌 + (𝜂 + 𝜁)∇4𝜌 − p𝜒 · ∇𝜌 + 𝜉∇3𝜌

= −1
2
tr𝜒∇𝜌 + (𝜂 + 𝜁)

(
−3
2
tr𝜒𝜌 − tr𝜒 (𝐹)𝜌2 + 𝑟−1𝛾 (1) + Γ𝑏 · 𝛾 + 𝑟−1𝜉 · Γ𝑏 + 𝑟−1Γ𝑔 · Γ𝑔

)
− p𝜒 · ∇𝜌 + 𝜉

(
−3
2
tr𝜒𝜌 − tr𝜒 (𝐹)𝜌2 + 𝑟−2Γ(1)

𝑏
+ Γ𝑔 · Γ𝑏

)
= −1

2
tr𝜒∇𝜌 − 3

2
tr𝜒𝜌(𝜂 + 𝜁) − tr𝜒 (𝐹)𝜌2(𝜂 + 𝜁) − 3

2
tr𝜒𝜌𝜉 − tr𝜒 (𝐹)𝜌2𝜉

+ 𝑟−1Γ𝑔 · 𝛾 (1) + Γ𝑔 · Γ𝑏 · 𝛾 + 𝑟−1Γ𝑔 · Γ𝑏 · 𝜉 + 𝑟−1Γ𝑔 · Γ𝑔 · Γ𝑔 + 𝑟−2Γ𝑔 · Γ(1)
𝑔

+ 𝑟−2𝜉 · Γ(1)
𝑏

+ 𝜉 · Γ𝑔 · Γ𝑏

= −1
2
tr𝜒∇𝜌 − 3

2
tr𝜒𝜌(𝜂 + 𝜁) − tr𝜒 (𝐹)𝜌2(𝜂 + 𝜁) − 3

2
tr𝜒𝜌𝜉 − tr𝜒 (𝐹)𝜌2𝜉

+ 𝑟−2𝜉 · Γ(1)
𝑏

+ 𝑟−2Γ𝑔 · Γ(1)
𝑔 ,

[∇4,
★∇] ★𝜌 = −1

2
tr𝜒 ★∇ ★𝜌 + (𝜂 + 𝜁)∇4

★𝜌 − p𝜒 · ∇ ★𝜌 + 𝜉∇3
★𝜌

= −1
2
tr𝜒 ★∇ ★𝜌 + 𝑟−1Γ(1)

𝑔 · 𝜉 + 𝑟−2Γ𝑔 · Γ(1)
𝑔 .

By Proposition 2.1.5, we can compute ∇4(𝑟4 (𝐹)𝜌0) up to linear order:

∇4(𝑟5 (𝐹)𝜌0)

= 5𝑟4( 𝑟
2
tr𝜒0 + ~𝑒4(𝑟)) (𝐹)𝜌0 + 𝑟5(−tr𝜒0 (𝐹)𝜌0 + 𝑟−3 ~𝑒4(𝑟))

=
3

2
𝑟5tr𝜒0 (𝐹)𝜌0 + 𝑟3Γ𝑔 .
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Thus, the first term in the right-hand side of (4.2.15) becomes:

(∇4 +
1

2
tr𝜒0)

(
2𝑟5 (𝐹)𝜌0(∇𝜌 + ★∇ ★𝜌)

)
= 2∇4(𝑟5 (𝐹)𝜌0) (∇𝜌 + ★∇ ★𝜌) + 2𝑟5 (𝐹)𝜌0(∇4 +

1

2
tr𝜒0) (∇𝜌 + ★∇ ★𝜌)

= 2𝑟5 (𝐹)𝜌0(∇4 + 2tr𝜒0) (∇𝜌 + ★∇ ★𝜌) + 𝑟3Γ𝑔 · 𝑟−2Γ(1)
𝑔

= 2𝑟5 (𝐹)𝜌0

(
∇∇4𝜌 + [∇4,∇]𝜌 + 2tr𝜒0∇𝜌 + ★∇∇4

★𝜌 + [∇4,
★∇] ★𝜌 + 2tr𝜒0 ★∇ ★𝜌

)
+ 𝑟Γ𝑔 · Γ(1)

𝑔

= 2𝑟5 (𝐹)𝜌0

[
∇

(
div𝛽 − 3

2
tr𝜒𝜌 − tr𝜒 (𝐹)𝜌2 + (𝐹)𝜌div (𝐹)𝛽 + Γ𝑏 · 𝛾 + 𝑟−1𝜉 · Γ𝑏 + 𝑟−1Γ𝑔 · Γ𝑔

)]
+ 4𝑟5 (𝐹)𝜌0tr𝜒0∇𝜌 + 2𝑟5 (𝐹)𝜌0

[
−1
2
tr𝜒∇𝜌 − 3

2
tr𝜒𝜌(𝜂 + 𝜁) − tr𝜒 (𝐹)𝜌2(𝜂 + 𝜁) − 3

2
tr𝜒𝜌𝜉 − tr𝜒 (𝐹)𝜌2𝜉

+𝑟−2𝜉 · Γ(1)
𝑏

+ 𝑟−2Γ𝑔 · Γ(1)
𝑔

]
+ 2𝑟5 (𝐹)𝜌0

[
★∇

(
−curl𝛽 − 3

2
tr𝜒 ★𝜌 − (𝐹)𝜌curl (𝐹)𝛽 + Γ𝑏 · 𝛾 + 𝑟−1𝜉 · Γ𝑏 + 𝑟−1(Γ𝑔 · Γ𝑔) (1)

)]
+ 4𝑟5 (𝐹)𝜌0tr𝜒0 ★∇ ★𝜌 + 2𝑟5 (𝐹)𝜌0

[
−1
2
tr𝜒∇ ★𝜌 + 𝑟−1Γ(1)

𝑔 · 𝜉 + 𝑟−2Γ𝑔 · Γ(1)
𝑔

]
+ 𝑟Γ𝑔 · Γ(1)

𝑔

= 2𝑟5 (𝐹)𝜌0
(
∇div𝛽 − ★∇curl𝛽

)
+ 2𝑟5 (𝐹)𝜌20

(
∇div (𝐹)𝛽 − ★∇curl (𝐹)𝛽

)
− 𝑟5 (𝐹)𝜌0(3𝜌0 + 2 (𝐹)𝜌20)∇tr𝜒

− 4𝑟5 (𝐹)𝜌20tr𝜒0∇ (𝐹)𝜌 − 𝑟5 (𝐹)𝜌0(3𝜌0 + 2 (𝐹)𝜌20)
(
tr𝜒0𝜂 + tr𝜒0𝜁 + tr𝜒

0
𝜉

)
+ 𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1) .

(4.2.16)

Step 2.1b. From Proposition 2.1.1, the equations for (𝐹)𝜌 and ★ (𝐹)𝜌 are:

∇4
(𝐹)𝜌 = div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉,

∇4
★ (𝐹)𝜌 = curl (𝐹)𝛽 − tr𝜒 ★ (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉,

∇3
(𝐹)𝜌 = −div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · (𝜂 + Γ𝑔),

∇3
★ (𝐹)𝜌 = curl (𝐹)𝛽 − tr𝜒 ★ (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · (𝜂 + Γ𝑔).
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Applying Lemma 2.4.1 to [∇4,∇] (𝐹)𝜌 and Proposition 2.4.2 to [∇4,
★∇] ★ (𝐹)𝜌, we obtain:

[∇4,∇] (𝐹)𝜌 = −1
2
tr𝜒∇ (𝐹)𝜌 + (𝜂 + 𝜁)∇4

(𝐹)𝜌 − p𝜒 · ∇ (𝐹)𝜌 + 𝜉∇3
(𝐹)𝜌

= −1
2
tr𝜒∇ (𝐹)𝜌 + (𝜂 + 𝜁)

(
div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉

)
− p𝜒 · ∇ (𝐹)𝜌 + 𝜉

(
−div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · (𝜂 + Γ𝑔)

)
= −1

2
tr𝜒∇ (𝐹)𝜌 − tr𝜒 (𝐹)𝜌(𝜂 + 𝜁) − tr𝜒 (𝐹)𝜌𝜉

+ Γ𝑔 · 𝛾 (1) + 𝑟Γ𝑔 · Γ𝑔 · 𝛾 + Γ𝑔 · Γ𝑏 · 𝜉 + 𝑟−1Γ𝑔 · Γ(1)
𝑔

+ 𝑟−1Γ(1)
𝑏

· 𝜉 + 𝑟Γ𝑔 · 𝛾𝜉 + Γ𝑏 · (𝜂 + Γ𝑔)𝜉

= −1
2
tr𝜒∇ (𝐹)𝜌 − tr𝜒 (𝐹)𝜌(𝜂 + 𝜁) − tr𝜒 (𝐹)𝜌𝜉 + 𝑟−1Γ(1)

𝑏
· 𝜉 + 𝑟−1Γ𝑔 · Γ(1)

𝑔 ,

[∇4,
★∇] ★ (𝐹)𝜌 = −1

2
tr𝜒∇ ★ (𝐹)𝜌 + (𝜂 + 𝜁)∇4

★ (𝐹)𝜌 − p𝜒 · ∇ ★ (𝐹)𝜌 + 𝜉∇3
★ (𝐹)𝜌

= −1
2
tr𝜒∇ ★ (𝐹)𝜌 + 𝑟−1Γ(1)

𝑏
· 𝜉 + 𝑟−1Γ𝑔 · Γ(1)

𝑔 .

By Proposition 2.1.5, we can compute ∇4

(
𝑟5(2 (𝐹)𝜌20 − 3𝜌0)

)
up to linear order:

∇4

(
𝑟5(2 (𝐹)𝜌20 − 3𝜌0)

)
= 5𝑟4( 𝑟

2
tr𝜒0 + ~𝑒4(𝑟)) · 2 (𝐹)𝜌20 + 4𝑟5 (𝐹)𝜌0(−tr𝜒0 (𝐹)𝜌0 + 𝑟−3 ~𝑒4(𝑟))

− 5𝑟4( 𝑟
2
tr𝜒0 + ~𝑒4(𝑟)) · 3𝜌0 − 3𝑟5(−3

2
tr𝜒0𝜌0 − tr𝜒0 (𝐹)𝜌20 + 𝑟−4 ~𝑒4(𝑟))

= −3𝑟5tr𝜒0𝜌0 + 4𝑟5tr𝜒0 (𝐹)𝜌20 + 𝑟2Γ𝑔 .
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This allows us to evaluate the second term in the right-hand side of (4.2.15):

(∇4 +
1

2
tr𝜒0)

(
𝑟5(2 (𝐹)𝜌20 − 3𝜌0) (∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌)

)
= ∇4

(
𝑟5(2 (𝐹)𝜌20 − 3𝜌0)

)
(∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌) + 𝑟5(2 (𝐹)𝜌20 − 3𝜌0) (∇4 +

1

2
tr𝜒0) (∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌)

=

(
−3𝑟5tr𝜒0𝜌0 + 4𝑟5tr𝜒0 (𝐹)𝜌20

)
· (∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌) + 𝑟2Γ𝑔 · 𝑟−1Γ(1)

𝑔

+ 𝑟5(2 (𝐹)𝜌20 − 3𝜌0) (∇4 +
1

2
tr𝜒0) (∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌)

= 𝑟5(2 (𝐹)𝜌20 − 3𝜌0)
(
∇∇4

(𝐹)𝜌 + [∇4,∇] (𝐹)𝜌 + 1

2
tr𝜒0∇ (𝐹)𝜌

− ★∇∇4
★ (𝐹)𝜌 − [∇4,

★∇] ★ (𝐹)𝜌 − 1

2
tr𝜒0 ★∇ ★ (𝐹)𝜌

)
+ 𝑟5tr𝜒0

(
−3𝜌0 + 4 (𝐹)𝜌20

)
· (∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌) + 𝑟Γ𝑔 · Γ(1)

𝑔

= 𝑟5(2 (𝐹)𝜌20 − 3𝜌0)
[
∇

(
div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉

)
+ 1

2
tr𝜒0∇ (𝐹)𝜌

]
+ 𝑟5(2 (𝐹)𝜌20 − 3𝜌0)

[
−1
2
tr𝜒∇ (𝐹)𝜌 − tr𝜒 (𝐹)𝜌(𝜂 + 𝜁) − tr𝜒 (𝐹)𝜌𝜉 + 𝑟−1Γ(1)

𝑏
· 𝜉 + 𝑟−1Γ𝑔 · Γ(1)

𝑔

]
− 𝑟5(2 (𝐹)𝜌20 − 3𝜌0)

[
★∇

(
curl (𝐹)𝛽 − tr𝜒 ★ (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉

)
+ 1

2
tr𝜒0 ★∇ ★ (𝐹)𝜌

]
− 𝑟5(2 (𝐹)𝜌20 − 3𝜌0)

[
−1
2
tr𝜒∇ ★ (𝐹)𝜌 + Γ

(1)
𝑔 · 𝜉 + 𝑟−1Γ𝑔 · Γ(1)

𝑔

]
+ 𝑟−1Γ𝑔 · Γ(1)

𝑔

+ 𝑟5tr𝜒0
(
−3𝜌0 + 4 (𝐹)𝜌20

)
· (∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌) + 𝑟Γ𝑔 · Γ(1)

𝑔

= 𝑟5(2 (𝐹)𝜌20 − 3𝜌0)
(
∇div (𝐹)𝛽 − ★∇curl (𝐹)𝛽

)
+ 2𝑟5 (𝐹)𝜌20tr𝜒0(∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌)

− 𝑟5(2 (𝐹)𝜌20 − 3𝜌0) (𝐹)𝜌0∇tr𝜒 − 𝑟5(2 (𝐹)𝜌20 − 3𝜌0) (𝐹)𝜌0
(
tr𝜒0𝜂 + tr𝜒0𝜁 + tr𝜒

0
𝜉

)
+ 𝑟2(Γ𝑔 · 𝛾) (2) + 𝑟 (𝜉 · Γ𝑏) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1) .

(4.2.17)

Step 2.1c. We first recall from the Proposition 3.1.1 that 𝔵 is given by

𝔵 : = ∇4
(𝐹)𝛽 + 3

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽 − 2 (𝐹)𝜌𝜉

=

(
∇4 +

1

2
tr𝜒0

)
(𝐹)𝛽 + tr𝜒0 (𝐹)𝛽 − 2 (𝐹)𝜌0𝜉 + 𝑟Γ𝑔 · 𝛾 + Γ𝑔 · 𝜉,
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so that
(
∇4 + 1

2tr𝜒0
) (𝐹)𝛽 is given by

(
∇4 +

1

2
tr𝜒0

)
(𝐹)𝛽 = 𝔵 − tr𝜒0 (𝐹)𝛽 + 2 (𝐹)𝜌0𝜉 + 𝑟Γ𝑔 · 𝛾 + Γ𝑔 · 𝜉.

By Proposition 2.1.5, we can compute ∇4(2𝑟5tr𝜒
0
(𝐹)𝜌20) up to linear order:

∇4(𝑟5tr𝜒
0

(𝐹)𝜌20)

= 5𝑟4
( 𝑟
2
tr𝜒0 + ~𝑒4(𝑟)

)
tr𝜒

0

(𝐹)𝜌20 + 𝑟5
(
−1
2
tr𝜒0tr𝜒

0
+ 2𝜌0 + 𝑟−2 ~𝑒4(𝑟)

)
(𝐹)𝜌20

+ 2𝑟5tr𝜒
0

(𝐹)𝜌0
(
−tr𝜒0 (𝐹)𝜌20 + 𝑟−3 ~𝑒4(𝑟)

)
= 2𝑟5𝜌0

(𝐹)𝜌20 + Γ𝑔 .

These enable us to compute the third term in the right-hand side of (4.2.15):

(∇4 +
1

2
tr𝜒0)

(
2𝑟5tr𝜒

0

(𝐹)𝜌20
(𝐹)𝛽

)
= 2𝑟5tr𝜒

0

(𝐹)𝜌20 (∇4 +
1

2
tr𝜒0) (𝐹)𝛽 + 2∇4(𝑟5tr𝜒

0

(𝐹)𝜌20) (𝐹)𝛽

= 2𝑟5tr𝜒
0

(𝐹)𝜌20

(
𝔵 − tr𝜒0 (𝐹)𝛽 + 2 (𝐹)𝜌0𝜉 + 𝑟Γ𝑔 · 𝛾 + Γ𝑔 · 𝜉

)
+ 2

(
2𝑟5𝜌0

(𝐹)𝜌20 + Γ𝑔

)
(𝐹)𝛽

= 2𝑟5tr𝜒
0

(𝐹)𝜌20𝔵 + 𝑟5 (𝐹)𝜌20 (4𝜌0 − 2tr𝜒0tr𝜒
0
) (𝐹)𝛽 + 4𝑟5 (𝐹)𝜌30tr𝜒0𝜉

+ 𝑟Γ𝑔 · 𝛾 + Γ𝑔 · 𝜉.

(4.2.18)

Step 2.1d. From Proposition 2.1.1, we know the ∇4-equation of (𝐹)𝜌 and (𝐹)𝛽:

∇4
(𝐹)𝜌 + tr𝜒0 (𝐹)𝜌 = div (𝐹)𝛽 − (𝐹)𝜌}tr𝜒 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉,

∇4
(𝐹)𝛽 + 1

2
tr𝜒0 (𝐹)𝛽 = −∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌 − 2 (𝐹)𝜌0𝜂 + Γ𝑔 · Γ𝑏 .

Therefore,
(
∇4 + 3

2tr𝜒0
)
( (𝐹)𝜌 (𝐹)𝛽) is given by

(
∇4 +

3

2
tr𝜒0

)
( (𝐹)𝜌 (𝐹)𝛽)
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= (𝐹)𝜌

(
∇4 +

1

2
tr𝜒0

)
(𝐹)𝛽 + (∇4 + tr𝜒0) (𝐹)𝜌 · (𝐹)𝛽

= (𝐹)𝜌
(
−∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌 − 2 (𝐹)𝜌0𝜂 + Γ𝑔 · Γ𝑏

)
+

(
div (𝐹)𝛽 − (𝐹)𝜌}tr𝜒 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · 𝜉

)
(𝐹)𝛽

= − (𝐹)𝜌0
(
∇ (𝐹)𝜌 + ★∇ ★ (𝐹)𝜌

)
− 2 (𝐹)𝜌20𝜂

+ Γ𝑏 · 𝛾 (1) + Γ𝑏 · Γ𝑏 · 𝜉 + 𝑟−1Γ𝑔 · Γ(1)
𝑔 .

By Proposition 2.1.5, we can compute ∇4(2𝑟5tr𝜒
0
(𝐹)𝜌20) up to linear order:

∇4(𝑟5 (𝐹)𝜌0tr𝜒0)

= 5𝑟4
( 𝑟
2
tr𝜒0 + ~𝑒4(𝑟)

)
(𝐹)𝜌0tr𝜒0 + 𝑟5

(
−tr𝜒0 (𝐹)𝜌20 + 𝑟−3 ~𝑒4(𝑟)

)
tr𝜒0

+ 𝑟5 (𝐹)𝜌0

(
−1
2
tr𝜒20 + 𝑟−2 ~𝑒4(𝑟)

)
= 𝑟5 (𝐹)𝜌0tr𝜒20 + 𝑟2Γ𝑔 .

Hence, we can compute the fourth term in the right-hand side of (4.2.15):

(∇4 +
1

2
tr𝜒0)

(
−2𝑟5 (𝐹)𝜌0tr𝜒0 (𝐹)𝜌 (𝐹)𝛽

)
= −2∇4(𝑟5 (𝐹)𝜌0tr𝜒0) (𝐹)𝜌 (𝐹)𝛽 − 2(𝑟5 (𝐹)𝜌0tr𝜒0)

(
∇4 +

1

2
tr𝜒0

)
( (𝐹)𝜌 (𝐹)𝛽)

= −2
(
𝑟5 (𝐹)𝜌0tr𝜒20 + 𝑟2Γ𝑔

)
(𝐹)𝜌 (𝐹)𝛽 − 2(𝑟5 (𝐹)𝜌0tr𝜒0)

(
∇4 +

1

2
tr𝜒0

)
( (𝐹)𝜌 (𝐹)𝛽)

= −2(𝑟5 (𝐹)𝜌0tr𝜒0)
(
∇4 +

3

2
tr𝜒0

)
( (𝐹)𝜌 (𝐹)𝛽) + Γ𝑔 · Γ𝑏

= 2𝑟5tr𝜒0 (𝐹)𝜌20

(
∇ (𝐹)𝜌 + ★∇ ★ (𝐹)𝜌

)
+ 4𝑟5 (𝐹)𝜌30tr𝜒0𝜂

+ 𝑟2Γ𝑏 · 𝛾 (1) + 𝑟2Γ𝑏 · Γ𝑏 · 𝜉 + 𝑟Γ𝑔 · Γ(1)
𝑔 .

(4.2.19)
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Step 2.1e. Now, substituting (4.2.16), (4.2.17), (4.2.18) and (4.2.19) into (4.2.15), we obtain:

(∇4 +
1

2
tr𝜒0)𝔭1

= 2𝑟5 (𝐹)𝜌0
(
∇div𝛽 − ★∇curl𝛽

)
+ 2𝑟5 (𝐹)𝜌20

(
∇div (𝐹)𝛽 − ★∇curl (𝐹)𝛽

)
− 𝑟5 (𝐹)𝜌0(3𝜌0 + 2 (𝐹)𝜌20)∇tr𝜒

− 4𝑟5 (𝐹)𝜌20tr𝜒0∇ (𝐹)𝜌 − 𝑟5 (𝐹)𝜌0(3𝜌0 + 2 (𝐹)𝜌20)
(
tr𝜒0𝜂 + tr𝜒0𝜁 + tr𝜒

0
𝜉

)
+ 𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1)

+ 𝑟5(2 (𝐹)𝜌20 − 3𝜌0)
(
∇div (𝐹)𝛽 − ★∇curl (𝐹)𝛽

)
+ 2𝑟5 (𝐹)𝜌20tr𝜒0(∇ (𝐹)𝜌 − ★∇ ★ (𝐹)𝜌)

− 𝑟5(2 (𝐹)𝜌20 − 3𝜌0) (𝐹)𝜌0∇tr𝜒 − 𝑟5(2 (𝐹)𝜌20 − 3𝜌0) (𝐹)𝜌0
(
tr𝜒0𝜂 + tr𝜒0𝜁 + tr𝜒

0
𝜉

)
+ 𝑟2(Γ𝑔 · 𝛾) (2) + 𝑟 (𝜉 · Γ𝑏) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1)

+ 2𝑟5tr𝜒
0

(𝐹)𝜌20𝔵 + 𝑟5 (𝐹)𝜌20 (4𝜌0 − 2tr𝜒0tr𝜒
0
) (𝐹)𝛽 + 4𝑟5 (𝐹)𝜌30tr𝜒0𝜉

+ 𝑟Γ𝑔 · 𝛾 + Γ𝑔 · 𝜉

+ 2𝑟5tr𝜒0 (𝐹)𝜌20

(
∇ (𝐹)𝜌 + ★∇ ★ (𝐹)𝜌

)
+ 4𝑟5 (𝐹)𝜌30tr𝜒0𝜂

+ 𝑟2Γ𝑏 · 𝛾 (1) + 𝑟2Γ𝑏 · Γ𝑏 · 𝜉 + 𝑟Γ𝑔 · Γ(1)
𝑔

= 2𝑟5 (𝐹)𝜌0
(
∇div𝛽 − ★∇curl𝛽

)
+ 𝑟5(4 (𝐹)𝜌20 − 3𝜌0)

(
∇div (𝐹)𝛽 − ★∇curl (𝐹)𝛽

)
− 4𝑟5 (𝐹)𝜌30 (∇tr𝜒 + tr𝜒0𝜁) + 2𝑟5tr𝜒

0

(𝐹)𝜌20𝔵 + 𝑟5 (𝐹)𝜌20 (4𝜌0 − 2tr𝜒0tr𝜒
0
) (𝐹)𝛽

+ 𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1) .

(4.2.20)

By elliptic identities from Proposition 2.5.6 and the Gauss equation from Proposition 2.1.2,

we can deduce on 𝔰1 that

∇div𝜓 − ★∇curl𝜓 = div(∇p⊗𝜓) +
(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 2 (𝐹)𝜌20

)
𝜓 + 𝑟−1Γ𝑔 · 𝜓.
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This allows us to compute the first line of the right-hand side of (4.2.20):

2𝑟5 (𝐹)𝜌0
(
∇div𝛽 − ★∇curl𝛽

)
+ 𝑟5(4 (𝐹)𝜌20 − 3𝜌0)

(
∇div (𝐹)𝛽 − ★∇curl (𝐹)𝛽

)
= 2𝑟5 (𝐹)𝜌0

(
div∇p⊗𝛽 +

(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 2 (𝐹)𝜌20

)
𝛽 + 𝑟−1Γ𝑔 · 𝛽

)
+ 𝑟5(4 (𝐹)𝜌20 − 3𝜌0)

(
div∇p⊗ (𝐹)𝛽 +

(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 2 (𝐹)𝜌20

)
(𝐹)𝛽 + 𝑟−1Γ𝑔 · (𝐹)𝛽

)
= 𝑟5

(
div∇p⊗(2 (𝐹)𝜌0𝛽 − 3𝜌0

(𝐹)𝛽) +
(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 2 (𝐹)𝜌20

)
(2 (𝐹)𝜌0𝛽 − 3𝜌0

(𝐹)𝛽)
)

+ 4𝑟5 (𝐹)𝜌20

(
div∇p⊗ (𝐹)𝛽 +

(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 2 (𝐹)𝜌20

)
(𝐹)𝛽

)
+ 𝑟2Γ𝑔 · 𝛾

= 𝑟5div∇p⊗𝛽 + 𝑟5
(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 2 (𝐹)𝜌20

)
𝛽

+ 4𝑟5 (𝐹)𝜌20div∇p⊗ (𝐹)𝛽 + 𝑟5 (𝐹)𝜌20

(
2tr𝜒0tr𝜒

0
+ 8𝜌0 − 8 (𝐹)𝜌20

)
(𝐹)𝛽 + 𝑟2Γ𝑔 · 𝛾.

(4.2.21)

From the Codazzi equation of divp𝜒 from Proposition 2.1.2, we derive:

div𝔣

= div
(
−1
2
∇p⊗ (𝐹)𝛽 + (𝐹)𝜌 p𝜒

)
= −1

2
div∇p⊗ (𝐹)𝛽 + (𝐹)𝜌divp𝜒 + ∇ (𝐹)𝜌 · p𝜒

= −1
2
div∇p⊗ (𝐹)𝛽 + (𝐹)𝜌0

(
1

2
∇tr𝜒 + 1

2
tr𝜒0𝜁 − 𝛽 + (𝐹)𝜌0

(𝐹)𝛽 + Γ𝑔 · Γ𝑔
)
+ 𝑟−1(Γ𝑔 · Γ𝑔) (1)

= −1
2
div∇p⊗ (𝐹)𝛽 + 1

2
(𝐹)𝜌0(∇tr𝜒 + tr𝜒0𝜁) − (𝐹)𝜌0𝛽 + (𝐹)𝜌20

(𝐹)𝛽 + 𝑟−1(Γ𝑔 · Γ𝑔) (1) ,

which implies

−4𝑟5 (𝐹)𝜌30 (∇tr𝜒+tr𝜒0𝜁) = 4𝑟5 (𝐹)𝜌20

(
−2div𝔣 − div∇p⊗ (𝐹)𝛽 − 2 (𝐹)𝜌0𝛽 + 2 (𝐹)𝜌20

(𝐹)𝛽
)
+(Γ𝑔 ·Γ𝑔) (1) .

(4.2.22)
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Plugging back (4.2.21) and (4.2.22) to (4.2.20), we arrive at

(∇4 +
1

2
tr𝜒0)𝔭1

= 𝑟5div∇p⊗𝛽 + 𝑟5
(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 2 (𝐹)𝜌20

)
𝛽

+ 4𝑟5 (𝐹)𝜌20div∇p⊗ (𝐹)𝛽 + 𝑟5 (𝐹)𝜌20

(
2tr𝜒0tr𝜒

0
+ 8𝜌0 − 8 (𝐹)𝜌20

)
(𝐹)𝛽 + 𝑟2Γ𝑔 · 𝛾

+ 4𝑟5 (𝐹)𝜌20

(
−2div𝔣 − div∇p⊗ (𝐹)𝛽 − 2 (𝐹)𝜌0𝛽 + 2 (𝐹)𝜌20

(𝐹)𝛽
)
+ (Γ𝑔 · Γ𝑔) (1)

+ 2𝑟5tr𝜒
0

(𝐹)𝜌20𝔵 + 𝑟5 (𝐹)𝜌20 (4𝜌0 − 2tr𝜒0tr𝜒
0
) (𝐹)𝛽

+ 𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1)

= 𝑟5div∇p⊗𝛽 + 𝑟5
(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 2 (𝐹)𝜌20

)
𝛽 − 8𝑟5 (𝐹)𝜌20div𝔣 + 2𝑟5tr𝜒

0

(𝐹)𝜌20𝔵

+ 12𝑟5 (𝐹)𝜌20𝜌0
(𝐹)𝛽 − 8𝑟5 (𝐹)𝜌30𝛽 + 𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1)

= 𝑟5div∇p⊗𝛽 + 𝑟5
(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 6 (𝐹)𝜌20

)
𝛽 − 8𝑟5 (𝐹)𝜌20div𝔣 + 2𝑟5tr𝜒

0

(𝐹)𝜌20𝔵

+ 𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1) .

(4.2.23)

This finishes Step 2.1.

Step 2.2. Compute −(∇3 + 1
2tr𝜒0 − 2𝜔0) (∇4 + 1

2tr𝜒0)𝔭1: Using the expression for

(∇4+ 1
2tr𝜒0)𝔭1 from (4.2.23), we proceed by applying −

(
∇3 + 1

2tr𝜒0 − 2𝜔0

)
to the right-hand

side of (4.2.23), evaluating each term individually.

Step 2.2a. From Proposition 2.4.2, we know the following commutation formula

[∇3,∇p⊗]𝛽 = −1
2
tr𝜒∇p⊗𝛽 + (𝜂 + Γ𝑔) · 𝛽(1) ,

[∇3, div]∇p⊗𝛽 = −1
2
tr𝜒div∇p⊗𝛽 + (𝜂 + Γ𝑔) · ∇p⊗𝛽.
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Therefore, by writing 𝛽 = 𝑟−2𝛾 and 𝔭 = 𝑟5
(
(∇3 + 2tr𝜒

0
− 2𝜔0)𝛽 + Γ𝑏 · 𝑟−2𝛾

)
schematically,

we can compute

− (∇3 +
1

2
tr𝜒

0
− 2𝜔0) (𝑟

5div∇p⊗𝛽)

= −5𝑟4
( 𝑟
2
tr𝜒

0
+ ~𝑒3(𝑟)

)
· div∇p⊗𝛽 − 𝑟5

(
div(∇3∇p⊗𝛽) + [∇3, div]∇p⊗𝛽

)
− 𝑟5div∇p⊗(1

2
tr𝜒

0
𝛽 − 2𝜔0𝛽)

= −5
2
𝑟5tr𝜒

0
div∇p⊗𝛽 + 𝑟4 · 𝑟Γ𝑏 · 𝑟−4𝛾 (2) − 𝑟5

(
div∇p⊗∇3𝛽 + div[∇3,∇p⊗]𝛽 + [∇3, div]∇p⊗𝛽

)
− 𝑟5div∇p⊗(1

2
tr𝜒

0
𝛽 − 2𝜔0𝛽)

= −𝑟5div∇p⊗
(
∇3𝛽 + 3tr𝜒

0
𝛽 − 2𝜔𝛽

)
+ 𝑟Γ𝑏 · 𝛾 (2)

− 𝑟5div
(
−1
2
tr𝜒∇p⊗𝛽 + (𝜂 + Γ𝑔) · 𝛽(1)

)
− 𝑟5

(
−1
2
tr𝜒div∇p⊗𝛽 + (𝜂 + Γ𝑔) · ∇p⊗𝛽

)
= −𝑟5div∇p⊗

(
∇3𝛽 + 3tr𝜒

0
𝛽 − 2𝜔𝛽

)
+ 𝑟Γ𝑏 · 𝛾 (2)

− 𝑟5div
(
−1
2
tr𝜒

0
∇p⊗𝛽 + 𝑟−2(𝜂 + Γ𝑔) · 𝛾 (1)

)
− 𝑟5

(
−1
2
tr𝜒

0
div∇p⊗𝛽 + 𝑟−3(𝜂 + Γ𝑔) · 𝛾 (1)

)
= −div∇p⊗𝑟5

(
∇3𝛽 + 2tr𝜒

0
𝛽 − 2𝜔𝛽

)
+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (1)

= −div∇p⊗𝔭 + 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (1) .

(4.2.24)

Step 2.2b. From Proposition 2.1.5, we have up to first order:

∇3

(
𝑟5

(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 6 (𝐹)𝜌20

))
= 5𝑟4

( 𝑟
2
tr𝜒

0
+ ~𝑒3(𝑟)

) (
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 6 (𝐹)𝜌20

)
+ 𝑟5

(
1

2
(−1

2
tr𝜒0tr𝜒

0
+ 𝑟−2 ~𝑒3(𝑟))tr𝜒

0
+ 1

2
tr𝜒0(−

1

2
tr𝜒2

0
− 2𝜔0tr𝜒0 + 𝑟

−2
~𝑒3(𝑟))

)
+ 𝑟5(−3tr𝜒

0
𝜌0 − 2tr𝜒

0

(𝐹)𝜌20 + 𝑟−4 ~𝑒3(𝑟)) − 12𝑟5 (𝐹)𝜌0(−tr𝜒
0

(𝐹)𝜌0 + 𝑟−3 ~𝑒3(𝑟))

= 𝑟5tr𝜒
0

(
3

4
tr𝜒

0
tr𝜒0 − 𝜔0tr𝜒0 + 2𝜌0 − 5 (𝐹)𝜌20

)
+ 𝑟3Γ𝑏 .
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Therefore, by writing 𝛽 = 𝑟−2𝛾 and 𝔭 = 𝑟5
(
(∇3 + 1

2tr𝜒0 − 2𝜔0)𝛽 +
3
2tr𝜒0𝛽 + Γ𝑏 · 𝑟−2𝛾

)
schemat-

ically, we can compute

− (∇3 +
1

2
tr𝜒

0
− 2𝜔0)

(
𝑟5

(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 6 (𝐹)𝜌20

)
𝛽

)
= −𝑟5

(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 6 (𝐹)𝜌20

)
(∇3 +

1

2
tr𝜒

0
− 2𝜔0)𝛽 − ∇3

(
𝑟5

(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 6 (𝐹)𝜌20

))
= −

(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 6 (𝐹)𝜌20

)
(𝔭 − 3

2
𝑟5tr𝜒

0
𝛽 + 𝑟5Γ𝑏 · 𝑟−2𝛾)

− 𝑟5tr𝜒
0

(
3

4
tr𝜒

0
tr𝜒0 − 𝜔0tr𝜒0 + 2𝜌0 − 5 (𝐹)𝜌20

)
𝛽 + 𝑟Γ𝑏 · 𝛾

= −
(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 6 (𝐹)𝜌20

)
𝔭 + 𝑟5tr𝜒

0

(
−𝜔0tr𝜒0 − 𝜌0 − 4 (𝐹)𝜌20

)
𝛽 + 𝑟Γ𝑏 · 𝛾

= −
(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 6 (𝐹)𝜌20

)
𝔭 − 4𝑟5tr𝜒

0

(𝐹)𝜌20𝛽 + 𝑟Γ𝑏 · 𝛾,

(4.2.25)

where in the last line, we have used the fact that 𝜌0+𝜔0tr𝜒0 = 0 on the background spacetime.

Step 2.2c. From Proposition 2.4.2, we know the following commutation formula

[∇3, div]𝔣 = −1
2
tr𝜒div𝔣 + (𝜂 + Γ𝑔) · 𝔣.

From Proposition 2.1.5, we compute up to first order:

∇3(8𝑟5 (𝐹)𝜌20)

= 40𝑟4
( 𝑟
2
tr𝜒

0
+ ~𝑒3(𝑟)

)
(𝐹)𝜌20 + 16𝑟5 (𝐹)𝜌0(−tr𝜒

0

(𝐹)𝜌0 + 𝑟−3 ~𝑒3(𝑟))

= 4𝑟5tr𝜒
0

(𝐹)𝜌20 + 𝑟Γ𝑏 .
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Therefore, by writing 𝔣 = 𝛾 (1) and 𝔮𝐹 = 𝑟3
(
(∇3 + 1

2tr𝜒0 − 2𝜔0)𝔣 +
1
2tr𝜒0𝔣 + Γ𝑏 · 𝛾 (1)

)
schemat-

ically, we can compute

− (∇3 +
1

2
tr𝜒

0
− 2𝜔0)

(
−8𝑟5 (𝐹)𝜌20div𝔣

)
= 8𝑟5 (𝐹)𝜌20

(
∇3div𝔣 + 1

2
tr𝜒

0
div𝔣 − 2𝜔0div𝔣

)
+ ∇3(8𝑟5 (𝐹)𝜌20)div𝔣

= 8𝑟5 (𝐹)𝜌20

(
div

(
∇3𝔣 +

1

2
tr𝜒

0
𝔣 − 2𝜔0𝔣

)
+ [∇3, div]𝔣

)
+

(
4𝑟5tr𝜒

0

(𝐹)𝜌20 + 𝑟Γ𝑏
)
div𝔣

= 8𝑟2 (𝐹)𝜌20div
(
𝔮𝐹 − 1

2
𝑟3tr𝜒

0
𝔣 + 𝑟3Γ𝑏 · 𝛾 (1)

)
+ 8𝑟5 (𝐹)𝜌20

(
−1
2
tr𝜒div𝔣 + (𝜂 + Γ𝑔) · 𝔣

)
+ 4𝑟5tr𝜒

0

(𝐹)𝜌20div𝔣 + Γ𝑏 · 𝛾 (2)

= 8𝑟2 (𝐹)𝜌20div𝔮𝐹 − 4𝑟5tr𝜒
0

(𝐹)𝜌20div𝔣 + 𝑟 (𝜂 + Γ𝑔) · 𝛾 (2) .

(4.2.26)

Step 2.2d. From Proposition 3.2.1, we know ∇3𝔵 is given by

∇3𝔵 = −1
2
tr𝜒𝔵 + 4𝜔𝔵 − 2div𝔣 − 2𝛽 + (Γ𝑏 · 𝛾) (1) + (Γ𝑔 · 𝜉) (1) + 𝑟−1(Γ𝑔 · 𝜂) (1)

= −1
2
tr𝜒

0
𝔵 + 4𝜔0𝔵 − 2div𝔣 − 2𝛽 + (Γ𝑏 · 𝛾) (1) + (Γ𝑔 · 𝜉) (1) + 𝑟−1(Γ𝑔 · 𝜂) (1) .

From Proposition 2.1.5, we evaluate up to first order:

∇3(2𝑟5tr𝜒
0

(𝐹)𝜌20)

= 10𝑟4
( 𝑟
2
tr𝜒

0
+ ~𝑒3(𝑟)

)
tr𝜒

0

(𝐹)𝜌20 + 2𝑟5
(
−1
2
tr𝜒2

0
− 2𝜔0tr𝜒0 + 𝑟

−2
~𝑒3(𝑟)

)
(𝐹)𝜌20

+ 4𝑟5tr𝜒
0

(𝐹)𝜌0(−tr𝜒
0

(𝐹)𝜌0 + 𝑟−3 ~𝑒3(𝑟))

= −4𝑟5𝜔0tr𝜒0
(𝐹)𝜌20 + Γ𝑏 .
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Therefore, by writing 𝔵 = 𝛾 (1) schematically, we can compute

− (∇3 +
1

2
tr𝜒

0
− 2𝜔0) (2𝑟

5tr𝜒
0

(𝐹)𝜌20𝔵)

= −2𝑟5tr𝜒
0

(𝐹)𝜌20 (∇3𝔵 +
1

2
tr𝜒

0
𝔵 − 2𝜔0𝔵) − ∇3(2𝑟5tr𝜒

0

(𝐹)𝜌20)𝔵

= −2𝑟5tr𝜒
0

(𝐹)𝜌20 (∇3𝔵 +
1

2
tr𝜒

0
𝔵 − 2𝜔0𝔵) −

(
−4𝑟5𝜔0tr𝜒0

(𝐹)𝜌20 + Γ𝑏

)
𝔵

= −2𝑟5tr𝜒
0

(𝐹)𝜌20 (∇3𝔵 +
1

2
tr𝜒

0
𝔵 − 4𝜔0𝔵) + Γ𝑏 · 𝛾 (1)

= −2𝑟5tr𝜒
0

(𝐹)𝜌20

(
−2div𝔣 − 2𝛽 + (Γ𝑏 · 𝛾) (1) + (Γ𝑔 · 𝜉) (1) + 𝑟−1(Γ𝑔 · 𝜂) (1)

)
+ Γ𝑏 · 𝛾 (1)

= 4𝑟5tr𝜒
0

(𝐹)𝜌20div𝔣 + 4𝑟5tr𝜒
0

(𝐹)𝜌20𝛽 + (Γ𝑏 · 𝛾) (1) + (Γ𝑔 · 𝜉) (1) + 𝑟−1(Γ𝑔 · 𝜂) (1) .

(4.2.27)

Step 2.2e. Combining (4.2.23), (4.2.24), (4.2.25), (4.2.26) and (4.2.27), we obtain

− (∇3 +
1

2
tr𝜒

0
− 2𝜔0) (∇4 +

1

2
tr𝜒0)𝔭1

= −div∇p⊗𝔭 + 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (1)

−
(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 6 (𝐹)𝜌20

)
𝔭 − 4𝑟5tr𝜒

0

(𝐹)𝜌20𝛽 + 𝑟Γ𝑏 · 𝛾

+ 8𝑟2 (𝐹)𝜌20div𝔮𝐹 − 4𝑟5tr𝜒
0

(𝐹)𝜌20div𝔣 + 𝑟 (𝜂 + Γ𝑔) · 𝛾 (2)

+ 4𝑟5tr𝜒
0

(𝐹)𝜌20div𝔣 + 4𝑟5tr𝜒
0

(𝐹)𝜌20𝛽 + (Γ𝑏 · 𝛾) (1) + (Γ𝑔 · 𝜉) (1) + 𝑟−1(Γ𝑔 · 𝜂) (1)

+ (∇3 + 𝑟−1)
(
𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1)

)
= −div∇p⊗𝔭 −

(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 6 (𝐹)𝜌20

)
𝔭 + 8𝑟2 (𝐹)𝜌20div𝔮𝐹

+ ∇3

(
𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1)

)
+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (1) + 𝑟 (Γ𝑔 · 𝜉) (1) + (Γ𝑔 · Γ𝑔) (1) .

(4.2.28)

This finishes Step 2.2.
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Step 2.3. Finish computing □𝑅𝑁𝔭1: Finally, from Proposition 2.5.6, we know 𝑑2𝑑
∗
2 =

−1
2Δ1− 1

2𝐾. Combining with the Gauss equation from Proposition 2.1.2, we can deduce that

div∇p⊗𝔭 = Δ𝔭 +
(
−1
4
tr𝜒0tr𝜒

0
− 𝜌0 + (𝐹)𝜌20

)
𝔭 + 𝑟−1Γ𝑔 · 𝔭. (4.2.29)

So combining (4.2.28) from Step 2.2, (4.2.29), and the defining equation (4.2.13) of the

background wave operator □𝑅𝑁 , we compute

□𝑅𝑁𝔭1 = −(∇3 +
1

2
tr𝜒

0
− 2𝜔0) (∇4 +

1

2
tr𝜒0)𝔭1 + 𝜌0𝔭1 + Δ𝔭1

= −div∇p⊗𝔭 −
(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 6 (𝐹)𝜌20

)
𝔭 + 8𝑟2 (𝐹)𝜌20div𝔮𝐹

+ ∇3

(
𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1)

)
+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (1) + 𝑟 (Γ𝑔 · 𝜉) (1) + (Γ𝑔 · Γ𝑔) (1)

+ 𝜌0𝔭1 + Δ𝔭1

= −
(
Δ𝔭 +

(
−1
4
tr𝜒0tr𝜒

0
− 𝜌0 + (𝐹)𝜌20

)
𝔭 + 𝑟−1Γ𝑔 · 𝔭

)
−

(
1

2
tr𝜒0tr𝜒

0
+ 2𝜌0 − 6 (𝐹)𝜌20

)
𝔭 + 8𝑟2 (𝐹)𝜌20div𝔮𝐹 + 𝜌0𝔭1 + Δ𝔭1

+ ∇3

(
𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1)

)
+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (1) + 𝑟 (Γ𝑔 · 𝜉) (1) + (Γ𝑔 · Γ𝑔) (1)

= −
(
1

4
tr𝜒0tr𝜒

0
− 5 (𝐹)𝜌20

)
𝔭 + 8𝑟2 (𝐹)𝜌20div𝔮𝐹 + 𝜌0(𝔭1 − 𝔭) + Δ(𝔭1 − 𝔭) + 𝑟−1Γ𝑔 · 𝔭

+ ∇3

(
𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1)

)
+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (1) + 𝑟 (Γ𝑔 · 𝜉) (1) + (Γ𝑔 · Γ𝑔) (1) .

(4.2.30)

This completes the proof of (4.2.14) and concludes Step 2..
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Step 3. Improved quadratic errors in □𝑅𝑁𝔭2:

Recall from definition (4.2.11) that

𝔭2 = 𝑟
5
[
2 (𝐹)𝜌0tr𝜒0 ★ (𝐹)𝜌 ★ (𝐹)𝛽 + 4 (𝐹)𝜌0 p𝜒 · 𝛽 − 3𝜌0 p𝜒 · (𝐹)𝛽

]
.

Using (4.2.13), we can rewrite background Reissner-Nordström wave operator □𝑅𝑁 as

□𝑅𝑁𝜓 = −∇3(∇4 +
1

2
tr𝜒0)𝜓 + 𝑟−2𝜓 (2) . (4.2.31)

Under the bootstrap assumption in Section 2.2.1, 𝔭2 takes the form 𝔭2 = 𝑟2Γ𝑔 · Γ𝑏. As a

direct consequence, the action of □𝑅𝑁 on 𝔭2 can be schematically expressed as

□𝑅𝑁𝔭2 = ∇3

(
𝑟 (Γ𝑔 · Γ𝑏) (1)

)
+ (Γ𝑔 · Γ𝑏) (2) . (4.2.32)

However, such a nonlinear term is good enough for our subsequent analysis. To address

this, we need to make use of the Einstein-Maxwell equations and establish improvement in

these nonlinear terms. For convenience, we decompose □𝑅𝑁𝔭2 into three distinct terms,

each corresponding to the components of 𝔭2. Indeed, □𝑅𝑁 acting on 𝔭2 gives the sum of the

following three terms:

□𝑅𝑁

(
𝑟5 (𝐹)𝜌0tr𝜒0 ★ (𝐹)𝜌 ★ (𝐹)𝛽

)
= −∇3(∇4 +

1

2
tr𝜒0)

(
𝑟5 (𝐹)𝜌0tr𝜒0 ★ (𝐹)𝜌 ★ (𝐹)𝛽

)
+ (Γ𝑔 · Γ𝑏) (2) ,

□𝑅𝑁

(
𝑟5 (𝐹)𝜌0 p𝜒 · 𝛽

)
= −∇3(∇4 +

1

2
tr𝜒0)

(
𝑟5 (𝐹)𝜌0 p𝜒 · 𝛽

)
+ (Γ𝑔 · Γ𝑏) (2) ,

□𝑅𝑁

(
𝑟5𝜌0 p𝜒 · (𝐹)𝛽

)
= −∇3(∇4 +

1

2
tr𝜒0)

(
𝑟5𝜌0 p𝜒 · (𝐹)𝛽

)
+ (Γ𝑔 · Γ𝑏) (2) .

(4.2.33)

The primary goal of this step is to demonstrate that the right-hand side of (4.2.33) ex-

hibit improved behavior compared to the schematic form ∇3

(
𝑟 (Γ𝑔 · Γ𝑏) (1)

)
+ (Γ𝑔 · Γ𝑏) (2).

Specifically, we will demonstrate that, by exploiting the structure of the Einstein-Maxwell
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equations, the terms

−∇3

(
∇4 +

1

2
tr𝜒0

) (
𝑟5 (𝐹)𝜌0tr𝜒0 ★ (𝐹)𝜌 ★ (𝐹)𝛽

)
,

−∇3

(
∇4 +

1

2
tr𝜒0

) (
𝑟5 (𝐹)𝜌0 p𝜒 · 𝛽

)
,

and

−∇3

(
∇4 +

1

2
tr𝜒0

) (
𝑟5𝜌0 p𝜒 · (𝐹)𝛽

)
on the right-hand side of (4.2.33) exhibit improved 𝑟-decay compared to the term ∇3

(
𝑟 (Γ𝑔 · Γ𝑏) (1)

)
.

By Proposition 2.1.1, we have ∇4-equations of ★ (𝐹)𝜌, (𝐹)𝛽 and ★ (𝐹)𝛽:

(∇4 + tr𝜒0) ★ (𝐹)𝜌 = 𝛾 (1) + 𝜉 · Γ𝑏,

(∇4 +
1

2
tr𝜒0) (𝐹)𝛽 = 𝑟−1Γ(1)

𝑔 + Γ𝑔 · Γ𝑏,

(∇4 +
1

2
tr𝜒0) ★ (𝐹)𝛽 = 𝑟−1Γ(1)

𝑔 + Γ𝑔 · Γ𝑏 .

By Proposition 2.1.2, we see ∇4-equation of p𝜒:

(∇4 + tr𝜒0) p𝜒 = 𝛾 + 𝑟−1𝜉 (1) + Γ𝑔 · Γ𝑔 .

By Proposition 2.1.4, we see ∇4-equation of 𝛽:

(∇4 + tr𝜒0)𝛽 = 𝑟−2Γ(1)
𝑔 + Γ𝑏 · 𝜉 + 𝑟−1Γ𝑔 · Γ𝑏 .

Moreover, by Proposition 2.1.5, we can compute up to linear order:

∇4(𝑟5 (𝐹)𝜌0) = 5𝑟4( 𝑟
2
tr𝜒0 + ~𝑒4(𝑟)) (𝐹)𝜌0 + 𝑟5(−tr𝜒0 (𝐹)𝜌0 + 𝑟−3 ~𝑒4(𝑟))

=
3

2
𝑟5tr𝜒0 (𝐹)𝜌0 + 𝑟2Γ𝑔,

∇4(𝑟5𝜌0) = 5𝑟4( 𝑟
2
tr𝜒0 + ~𝑒4(𝑟))𝜌0 + 𝑟5(−

3

2
tr𝜒0𝜌0 − tr𝜒0 (𝐹)𝜌20 + 𝑟−4 ~𝑒4(𝑟))
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= 𝑟5tr𝜒0𝜌0 − 𝑟5tr𝜒0 (𝐹)𝜌20 + 𝑟Γ𝑔,

∇4(𝑟5 (𝐹)𝜌0tr𝜒0) = 5𝑟4( 𝑟
2
tr𝜒0 + ~𝑒4(𝑟)) (𝐹)𝜌0tr𝜒0 + 𝑟5(−tr𝜒0 (𝐹)𝜌0 + 𝑟−3 ~𝑒4(𝑟))tr𝜒0

+ 𝑟5 (𝐹)𝜌0(−
1

2
tr𝜒20 + 𝑟−3 ~𝑒4(𝑟))

= 𝑟5tr𝜒20
(𝐹)𝜌0 + 𝑟Γ𝑔 .

We are now prepared to show that the quadratic terms in (4.2.33) are indeed improved by

using Einstein-Maxwell equations:

(1) The first line in (4.2.33) is improved because

(∇4 +
1

2
tr𝜒0)

(
𝑟5 (𝐹)𝜌0tr𝜒0 ★ (𝐹)𝜌 ★ (𝐹)𝛽

)
= ∇4(𝑟5 (𝐹)𝜌0tr𝜒0) ★ (𝐹)𝜌 ★ (𝐹)𝛽 + 𝑟5 (𝐹)𝜌0tr𝜒0(∇4 +

1

2
tr𝜒0) ( ★ (𝐹)𝜌 ★ (𝐹)𝛽)

= 𝑟5 (𝐹)𝜌0tr𝜒0(∇4 +
3

2
tr𝜒0) ( ★ (𝐹)𝜌 ★ (𝐹)𝛽) + 𝑟Γ𝑔 · ★ (𝐹)𝜌 ★ (𝐹)𝛽

= 𝑟5 (𝐹)𝜌0tr𝜒0
[
(∇4 + tr𝜒0) ★ (𝐹)𝜌 ★ (𝐹)𝛽 + ★ (𝐹)𝜌 (∇4 +

1

2
tr𝜒0) (𝐹)𝛽

]
+ 𝑟−1Γ𝑔 · Γ𝑏

= 𝑟2
[
(𝛾 (1) + 𝜉 · Γ𝑏) · Γ𝑏 + Γ𝑔 · (𝑟−1Γ(1)

𝑔 + Γ𝑔 · Γ𝑏)
]
+ 𝑟−1Γ𝑔 · Γ𝑏

= 𝑟2𝛾 (1) · Γ𝑏 + 𝑟Γ𝑔 · Γ(1)
𝑔 + 𝑟2𝜉 · Γ𝑏 · Γ𝑏 .

(2) The second line in (4.2.33) is improved because

(∇4 +
1

2
tr𝜒0)

(
𝑟5 (𝐹)𝜌0 p𝜒 · 𝛽

)
= ∇4(𝑟5 (𝐹)𝜌0) p𝜒 · 𝛽 + 𝑟5 (𝐹)𝜌0(∇4 +

1

2
tr𝜒0) ( p𝜒 · 𝛽)

= 𝑟5 (𝐹)𝜌0(∇4 + 2tr𝜒0) ( p𝜒 · 𝛽) + 𝑟2Γ𝑔 · p𝜒 · 𝛽

= 𝑟5 (𝐹)𝜌0
[
(∇4 + tr𝜒0) p𝜒 · 𝛽 + p𝜒 · (∇4 + tr𝜒0)𝛽

]
+ 𝑟Γ𝑔 · Γ𝑔 · Γ𝑏

= 𝑟3
[
(𝛾 + 𝑟−1𝜉 (1) + Γ𝑔 · Γ𝑔) · 𝑟−1Γ𝑏 + Γ𝑔 · (𝑟−2Γ(1)

𝑔 + Γ𝑏 · 𝜉 + 𝑟−1Γ𝑔 · Γ𝑏)
]
+ 𝑟Γ𝑔 · Γ𝑔 · Γ𝑏

= 𝑟2𝛾 · Γ𝑏 + 𝑟𝜉 (1) · Γ𝑏 + 𝑟Γ𝑔 · Γ(1)
𝑔 ,
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(3) The third line in (4.2.33) is improved because

(∇4 +
1

2
tr𝜒0)

(
𝑟5𝜌0 p𝜒 · (𝐹)𝛽

)
= ∇4(𝑟5𝜌0) p𝜒 · 𝛽 + 𝑟5𝜌0(∇4 +

1

2
tr𝜒0) ( p𝜒 · (𝐹)𝛽)

= 𝑟5 (𝐹)𝜌0(∇4 +
3

2
tr𝜒0) ( p𝜒 · (𝐹)𝛽) − 𝑟5tr𝜒0 (𝐹)𝜌20 p𝜒 · (𝐹)𝛽 + 𝑟Γ𝑔 · p𝜒 · (𝐹)𝛽

= 𝑟5𝜌0

[
(∇4 + tr𝜒0) p𝜒 · (𝐹)𝛽 + p𝜒 · (∇4 +

1

2
tr𝜒0) (𝐹)𝛽

]
+ Γ𝑔 · Γ𝑏 + 𝑟Γ𝑔 · Γ𝑔 · Γ𝑏

= 𝑟2
[
(𝛾 + 𝑟−1𝜉 (1) + Γ𝑔 · Γ𝑔) · Γ𝑏 + Γ𝑔 · (𝑟−1Γ(1)

𝑔 + Γ𝑔 · Γ𝑏)
]
+ Γ𝑔 · Γ𝑏 + 𝑟Γ𝑔 · Γ𝑔 · Γ𝑏

= 𝑟2𝛾 · Γ𝑏 + 𝑟𝜉 (1) · Γ𝑏 + 𝑟Γ𝑔 · Γ(1)
𝑔 .

Indeed, substituting these into (4.2.33), we obtain

□𝑅𝑁

(
𝑟5 (𝐹)𝜌0tr𝜒0 ★ (𝐹)𝜌 ★ (𝐹)𝛽

)
= ∇3

(
𝑟2𝛾 (1) · Γ𝑏 + 𝑟Γ𝑔 · Γ(1)

𝑔 + 𝑟2𝜉 · Γ𝑏 · Γ𝑏
)
+ (Γ𝑔 · Γ𝑏) (2) ,

□𝑅𝑁

(
𝑟5 (𝐹)𝜌0 p𝜒 · 𝛽

)
= ∇3

(
𝑟2𝛾 · Γ𝑏 + 𝑟𝜉 (1) · Γ𝑏 + 𝑟Γ𝑔 · Γ(1)

𝑔

)
+ (Γ𝑔 · Γ𝑏) (2) ,

□𝑅𝑁

(
𝑟5𝜌0 p𝜒 · (𝐹)𝛽

)
= ∇3

(
𝑟2𝛾 · Γ𝑏 + 𝑟𝜉 (1) · Γ𝑏 + 𝑟Γ𝑔 · Γ(1)

𝑔

)
+ (Γ𝑔 · Γ𝑏) (2) .

(4.2.34)

Summing them shows that

□𝑅𝑁𝔭2 = ∇3

(
𝑟2𝛾 (1) · Γ𝑏 + 𝑟𝜉 (1) · Γ𝑏 + 𝑟Γ𝑔 · Γ(1)

𝑔

)
+ (Γ𝑔 · Γ𝑏) (2) , (4.2.35)

which indeed behaves better than the direct consequence ∇3

(
𝑟 (Γ𝑔 · Γ𝑏) (1)

)
+ (Γ𝑔 · Γ𝑏) (2) in

(4.2.32) of the bootstrap assumption. This structure ensures that the nonlinear contributions

are more controlled, which is essential for the subsequent analysis.

Step 4. Compute □𝑅𝑁𝔭3 and complete the computation of ¤□1𝔭:

Utilizing equation (4.2.31) of background wave operator and equation (4.2.11) for 𝔭3, we can

85



R-N nonlinear stability

directly write down

□𝑅𝑁𝔭3 = −∇3(∇4 +
1

2
tr𝜒0)

(
𝑟3Γ𝑏 · 𝛾 (1) + 𝑟2(𝜂 + Γ𝑔) · Γ(1)

𝑔

)
+ 𝑟−2

(
𝑟3Γ𝑏 · 𝛾 (1) + 𝑟2(𝜂 + Γ𝑔) · Γ(1)

𝑔

) (2)
= ∇3

(
𝑟2(Γ𝑏 · 𝛾 (1)) (1) + 𝑟 ((𝜂 + Γ𝑔) · Γ(1)

𝑔 ) (1)
)
+ 𝑟 (Γ𝑏 · 𝛾 (1)) (2) + ((𝜂 + Γ𝑔) · Γ(1)

𝑔 ) (2) .

(4.2.36)

Finally, we plug (4.2.14) from Step 2, (4.2.35) from Step 3 and (4.2.36) back to (4.2.12)

and see

¤□1𝔭 = −
(
1

4
tr𝜒0tr𝜒

0
− 5 (𝐹)𝜌20

)
𝔭 + 8𝑟2 (𝐹)𝜌20div𝔮𝐹 + 𝜌0(𝔭1 − 𝔭) + Δ(𝔭1 − 𝔭) + 𝑟−1Γ𝑔 · 𝔭

+ ∇3

(
𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 (Γ𝑔 · Γ𝑔) (1)

)
+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (1) + 𝑟 (Γ𝑔 · 𝜉) (1) + (Γ𝑔 · Γ𝑔) (1)

+ ∇3

(
𝑟2𝛾 (1) · Γ𝑏 + 𝑟𝜉 (1) · Γ𝑏 + 𝑟Γ𝑔 · Γ(1)

𝑔

)
+ (Γ𝑔 · Γ𝑏) (2)

+ ∇3

(
𝑟2(Γ𝑏 · 𝛾 (1)) (1) + 𝑟 ((𝜂 + Γ𝑔) · Γ(1)

𝑔 ) (1)
)
+ 𝑟 (Γ𝑏 · 𝛾 (1)) (2) + ((𝜂 + Γ𝑔) · Γ(1)

𝑔 ) (2)

+ (Γ𝑔 · 𝔭) (1)

= −
(
1

4
tr𝜒0tr𝜒

0
− 5 (𝐹)𝜌20

)
𝔭 + 8𝑟2 (𝐹)𝜌20div𝔮𝐹

+ ∇3

(
𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 ((𝜂 + Γ𝑔) · Γ(1)

𝑔 ) (1)
)

+ (Γ𝑔 · Γ𝑏) (2) + 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (1) + 𝑟 (Γ𝑔 · 𝜉) (1)

+ (Γ𝑔 · 𝔭) (1) + 𝑟−2(𝔭2 + 𝔭3) (2)

= −
(
1

4
tr𝜒0tr𝜒

0
− 5 (𝐹)𝜌20

)
𝔭 + 8𝑟2 (𝐹)𝜌20div𝔮𝐹

+ ∇3

(
𝑟2(Γ𝑏 · 𝛾) (2) + 𝑟2(𝜉 · Γ𝑔) (1) + 𝑟 ((𝜂 + Γ𝑔) · Γ(1)

𝑔 ) (1)
)

+ (Γ𝑔 · Γ𝑏) (2) + 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (2) + 𝑟 (Γ𝑔 · 𝜉) (1) + (Γ𝑔 · 𝔭) (1) ,

(4.2.37)

where on the last line, we have used the fact that 𝔭2 = 𝑟2Γ𝑔 · Γ𝑏 and 𝔭3 = 𝑟
3Γ𝑏 · 𝛾 (1) + 𝑟2(𝜂 +

Γ𝑔) · Γ(1)
𝑔 according to (4.2.11).
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This establishes the desired nonlinear Regge-Wheeler equation for 𝔭, capturing the intended

nonlinear structure. Thus, the proof of (4.2.1) is complete.

4.2.2 Derivation of 𝔮𝐹 ’s Regge-Wheeler equation

The goal of this section is to prove Regge-Wheeler equation (4.2.2) for 𝔮𝐹 . In particular, we

will show

¤□2𝔮
𝐹 = (−tr𝜒tr𝜒 + 2 (𝐹)𝜌2)𝔮𝐹 − 1

2𝑟2
∇p⊗𝔭

+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (2) + 𝑟 (Γ𝑔 · 𝜉) (2) + (Γ𝑔 · 𝜂) (2)

+ ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
+ 𝑟−1(𝜂 + Γ𝑔) · (𝔮𝐹) (1) ,

(4.2.38)

which implies (4.2.2). We divide the derivation of (4.2.38) into three steps. This approach

is different from and easier than the one used for the Regge-Wheeler equation (4.2.1) of 𝔭 in

the previous section.

Step 1. Compute ∇4𝔮
𝐹:

This goal of this step is to prove

∇4𝔮
𝐹 = 𝑟3

(
−1
2
tr𝜒∇3𝔣 + (𝜔tr𝜒 − 𝜌)𝔣 + ∇p⊗div𝔣 + 1

2
∇p⊗𝛽 + 1

2
tr𝜒 (𝐹)𝜌𝛼

)
+ 𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2) .

(4.2.39)

From Proposition 2.4.2, we know the commutation formula

[∇4,∇3]𝔣 = 2𝜔∇3𝔣 − 2𝜔∇4𝔣 + 𝑟−1(𝜂 + Γ𝑔) · 𝔣(1) .
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Moreover, 𝔣 = −1
2∇p⊗ (𝐹)𝛽 + (𝐹)𝜌 p𝜒 = 𝛾 (1) and ∇4𝑟 =

𝑟
2tr𝜒 + 𝑟Γ𝑔. We can expand and get

∇4𝔮
𝐹 = ∇4

(
𝑟3

(
∇3𝔣 + tr𝜒𝔣 − 2𝜔𝔣

))
= 𝑟3

(
∇4∇3𝔣 + tr𝜒∇4𝔣 − 2𝜔∇4𝔣 + (∇4tr𝜒 − 2∇4𝜔)𝔣

)
+ 3𝑟2∇4𝑟 ·

(
∇3𝔣 + tr𝜒𝔣 − 2𝜔𝔣

)
= 𝑟3

(
∇3∇4𝔣 + tr𝜒∇4𝔣 − 4𝜔∇4𝔣 + (∇4tr𝜒 − 2∇4𝜔)𝔣 + 2𝜔∇3𝔣 + 𝑟−1(𝜂 + Γ𝑔) · 𝛾 (2)

)
+ 3

2
𝑟3

(
tr𝜒 + Γ𝑔

)
·
(
∇3𝔣 + tr𝜒𝔣 − 2𝜔𝔣

)
= 𝑟3

(
(∇3 + tr𝜒 − 4𝜔)∇4𝔣 +

3

2
tr𝜒∇3𝔣 +

(
∇4tr𝜒 − 2∇4𝜔 + 3

2
tr𝜒tr𝜒 − 3tr𝜒𝜔

)
𝔣

)
+ 𝑟3Γ𝑔 · 𝛾 (2) .

(4.2.40)

From Proposition 2.1.1, we have the ∇3-equation for (𝐹)𝜌:

∇3
(𝐹)𝜌 = −div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · (𝜂 + Γ𝑔),

= −tr𝜒 (𝐹)𝜌 + 𝑟−1Γ(1)
𝑏
.

From Proposition 2.1.2, we know the ∇3-equation for tr𝜒:

∇3tr𝜒 = −1
2
tr𝜒tr𝜒 + 2𝜔tr𝜒 + 2div𝜂 + 2𝜌 + Γ𝑔 · Γ𝑏 + 𝜂 · 𝜂

= −1
2
tr𝜒tr𝜒 + 2𝜔tr𝜒 + 2𝜌 + 𝑟−2𝜂(1) .

From Proposition 2.4.2, we know the commutation formula

[∇3,∇p⊗]𝔵 = −1
2
tr𝜒∇p⊗𝔵 + (𝜂 + Γ𝑔) · 𝔵(1) .
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From Proposition 3.2.1, we have the transport equations for almost gauge-invariant positive-

spin quantities 𝔣, 𝛼, 𝔵:

∇4𝔣 = −2tr𝜒𝔣 − 1

2
∇p⊗𝔵 − (𝐹)𝜌𝛼 + (Γ𝑔 · 𝛾) (1) + 𝑟−1(Γ𝑔 · 𝜉) (1) ,

(𝐹)𝜌∇3𝛼 = −1
2
tr𝜒 (𝐹)𝜌𝛼 + 4𝜔 (𝐹)𝜌𝛼 + 1

2
∇p⊗𝛽 − (3𝜌 + 2 (𝐹)𝜌2)𝔣 + 𝑟−1(Γ𝑔 · 𝛾) (1) ,

∇3𝔵 = −1
2
tr𝜒𝔵 + 4𝜔𝔵 − 2div𝔣 − 2𝛽 + (Γ𝑏 · 𝛾) (1) + (Γ𝑔 · 𝜉) (1) + 𝑟−1(Γ𝑔 · 𝜂) (1) .

Thus, we compute by noticing 𝔵 = ∇4
(𝐹)𝛽 + 3

2tr𝜒
(𝐹)𝛽 + 2𝜔 (𝐹)𝛽 − 2 (𝐹)𝜌𝜉 = 𝛾 (1)

(∇3 + tr𝜒 − 4𝜔)∇4𝔣

= (∇3 + tr𝜒 − 4𝜔)
(
−2tr𝜒𝔣 − 1

2
∇p⊗𝔵 − (𝐹)𝜌𝛼 + (Γ𝑔 · 𝛾) (1) + 𝑟−1(Γ𝑔 · 𝜉) (1)

)
= −2tr𝜒∇3𝔣 +

(
−2∇3tr𝜒 − 2tr𝜒tr𝜒 + 8tr𝜒𝜔

)
𝔣

− 1

2
∇p⊗∇3𝔵 −

1

2
[∇3,∇p⊗]𝔵 − 1

2
tr𝜒∇p⊗𝔵 + 2𝜔∇p⊗𝔵

− (𝐹)𝜌∇3𝛼 − (∇3
(𝐹)𝜌)𝛼 − tr𝜒 (𝐹)𝜌𝛼 + 4𝜔 (𝐹)𝜌𝛼

+ (Γ𝑔 · 𝛾) (2) + 𝑟−1(Γ𝑔 · 𝜉) (2)

= −2tr𝜒∇3𝔣 +
(
tr𝜒tr𝜒 − 4𝜔tr𝜒 − 4𝜌 + 𝑟−2𝜂(1) − 2tr𝜒tr𝜒 + 8tr𝜒𝜔

)
𝔣

− 1

2
∇p⊗

(
−1
2
tr𝜒𝔵 + 4𝜔𝔵 − 2div𝔣 − 2𝛽 + (Γ𝑏 · 𝛾) (1) + (Γ𝑔 · 𝜉) (1) + 𝑟−1(Γ𝑔 · 𝜂) (1)

)
− 1

2

(
−1
2
tr𝜒∇p⊗𝔵 + (𝜂 + Γ𝑔) · 𝔵(1)

)
− 1

2
tr𝜒∇p⊗𝔵 + 2𝜔∇p⊗𝔵

−
(
−1
2
tr𝜒 (𝐹)𝜌𝛼 + 4𝜔 (𝐹)𝜌𝛼 + 1

2
∇p⊗𝛽 − (3𝜌 + 2 (𝐹)𝜌2)𝔣 + 𝑟−1(Γ𝑔 · 𝛾) (1)

)
−

(
−tr𝜒 (𝐹)𝜌 + 𝑟−1Γ(1)

𝑏

)
𝛼 − tr𝜒 (𝐹)𝜌𝛼 + 4𝜔 (𝐹)𝜌𝛼

+ (Γ𝑔 · 𝛾) (2) + 𝑟−1(Γ𝑔 · 𝜉) (2)

= −2tr𝜒∇3𝔣 + ∇p⊗div𝔣 +
(
−tr𝜒tr𝜒 + 4tr𝜒𝜔 − 𝜌 + 2 (𝐹)𝜌2

)
𝔣 + 1

2
∇p⊗𝛽

+ 1

4
∇tr𝜒p⊗𝔵 − 2∇𝜔p⊗𝔵 + 1

2
tr𝜒 (𝐹)𝜌𝛼

+ 𝑟−2𝜂(1) · 𝔣 + 𝑟−1(Γ𝑏 · 𝛾) (2) + 𝑟−1(Γ𝑔 · 𝜉) (2) + 𝑟−2(Γ𝑔 · 𝜂) (2) + (𝜂 + Γ𝑔) · 𝔵(1) + 𝑟−1(Γ𝑔 · 𝛾) (1)
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+ (Γ𝑔 · 𝛾) (2) + 𝑟−1(Γ𝑔 · 𝜉) (2)

= −2tr𝜒∇3𝔣 + ∇p⊗div𝔣 +
(
−tr𝜒tr𝜒 + 4tr𝜒𝜔 − 𝜌 + 2 (𝐹)𝜌2

)
𝔣 + 1

2
∇p⊗𝛽 + 1

2
tr𝜒 (𝐹)𝜌𝛼

+ ((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟−1(Γ𝑔 · 𝜉) (2) + 𝑟−2(Γ𝑔 · 𝜂) (2) .

Substituting into (4.2.40), we obtain

∇4𝔮
𝐹 = 𝑟3

(
(∇3 + tr𝜒 − 4𝜔)∇4𝔣 +

3

2
tr𝜒∇3𝔣 +

(
∇4tr𝜒 − 2∇4𝜔 + 3

2
tr𝜒tr𝜒 − 3tr𝜒𝜔

)
𝔣

)
+ 𝑟3Γ𝑔 · 𝛾 (2)

= 𝑟3
(
−1
2
tr𝜒∇3𝔣 +

(
∇4tr𝜒 − 2∇4𝜔 + 1

2
tr𝜒tr𝜒 + tr𝜒𝜔 − 𝜌 + 2 (𝐹)𝜌2

)
𝔣 + ∇p⊗div𝔣

)
+ 𝑟3

(
1

2
∇p⊗𝛽 + 1

2
tr𝜒 (𝐹)𝜌𝛼

)
+ 𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2) .

(4.2.41)

Further more, from Proposition 2.1.2, we know the ∇4-equations of tr𝜒 and 𝜔:

∇4tr𝜒 = −1
2
tr𝜒tr𝜒 + 2𝜔tr𝜒 + 2div𝜂 + 2𝜌 + Γ𝑔 · Γ𝑏 + 𝜂 · 𝜂

= −1
2
tr𝜒tr𝜒 + 2𝜌 + 𝑟−1Γ(1)

𝑔 + 𝜂 · 𝜂,

∇4𝜔 = −∇3𝜔 + 4𝜔𝜔 + 𝜌 + (𝐹)𝜌2 + Γ𝑏 · 𝜉 + (Γ𝑔 + 𝜂) · Γ𝑔

= 𝜌 + (𝐹)𝜌2 + Γ
(1)
𝑔 + Γ𝑏 · 𝜉 + (Γ𝑔 + 𝜂) · Γ𝑔 .

Hence, the coefficient of 𝔣 in the right-hand side of (4.2.41) is given by

∇4tr𝜒 − 2∇4𝜔 + 1

2
tr𝜒tr𝜒 + tr𝜒𝜔 − 𝜌 + 2 (𝐹)𝜌2

=

(
−1
2
tr𝜒tr𝜒 + 2𝜌 + 𝑟−1Γ(1)

𝑔 + 𝜂 · 𝜂
)
− 2

(
𝜌 + (𝐹)𝜌2 + Γ

(1)
𝑔 + Γ𝑏 · 𝜉 + (Γ𝑔 + 𝜂) · Γ𝑔

)
+ 1

2
tr𝜒tr𝜒 + tr𝜒𝜔 − 𝜌 + 2 (𝐹)𝜌2

= 𝜔tr𝜒 − 𝜌 + Γ
(1)
𝑔 .
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Plugging in (4.2.41), we get

∇4𝔮
𝐹 = 𝑟3

(
−1
2
tr𝜒∇3𝔣 +

(
𝜔tr𝜒 − 𝜌 + Γ

(1)
𝑔

)
𝔣 + ∇p⊗div𝔣

)
+ 𝑟3

(
1

2
∇p⊗𝛽 + 1

2
tr𝜒 (𝐹)𝜌𝛼

)
+ 𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2)

= 𝑟3
(
−1
2
tr𝜒∇3𝔣 + (𝜔tr𝜒 − 𝜌)𝔣 + ∇p⊗div𝔣 + 1

2
∇p⊗𝛽 + 1

2
tr𝜒 (𝐹)𝜌𝛼

)
+ 𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2) .

This completes proof of (4.2.39) and concludes Step 1.

Step 2. Compute ∇3(∇4𝔮
𝐹 + 1

2tr𝜒𝔮
𝐹):

Our goal of this step is to prove

∇3(∇4𝔮
𝐹 + 1

2
tr𝜒𝔮𝐹)

= 𝑟3
((
1

2
tr𝜒tr𝜒 − 𝜌

)
∇3𝔣 +

(
1

4
tr𝜒tr𝜒 − 1

2
𝜌

)
tr𝜒𝔣 + ∇p⊗div∇3𝔣 +

1

2
tr𝜒∇p⊗div𝔣

)
+ 𝑟3

(
1

2
∇p⊗∇3𝛽 +

3

4
tr𝜒∇p⊗𝛽 +

(
−1
4
tr𝜒 + 𝜔

)
tr𝜒 (𝐹)𝜌𝛼

)
+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (2)) (1) + ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
.

(4.2.42)

To achieve this, we will divide the computation into 6 smaller steps from Step 2a. to Step 2f.

Step 2a. We first expand using 𝔮𝐹 = 𝑟3
(
∇3𝔣 + tr𝜒𝔣 − 2𝜔𝔣

)
and (4.2.39):

∇3(∇4𝔮
𝐹 + 1

2
tr𝜒𝔮𝐹)

= ∇3

(
𝑟3

((
1

2
tr𝜒tr𝜒 − 𝜌

)
𝔣 + ∇p⊗div𝔣 + 1

2
∇p⊗𝛽 + 1

2
tr𝜒 (𝐹)𝜌𝛼

))
+ ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
= 𝑟3

((
1

2
tr𝜒tr𝜒 − 𝜌

)
∇3𝔣 + ∇3

(
1

2
tr𝜒tr𝜒 − 𝜌

)
· 𝔣 + ∇3∇p⊗div𝔣 + 1

2
∇3∇p⊗𝛽 + 1

2
∇3(tr𝜒 (𝐹)𝜌𝛼)

)
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+ 3𝑟2∇3𝑟 ·
((
1

2
tr𝜒tr𝜒 − 𝜌

)
𝔣 + ∇p⊗div𝔣 + 1

2
∇p⊗𝛽 + 1

2
tr𝜒 (𝐹)𝜌𝛼

)
+ ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
= 𝑟3

((
1

2
tr𝜒tr𝜒 − 𝜌

)
∇3𝔣 + ∇3

(
1

2
tr𝜒tr𝜒 − 𝜌

)
· 𝔣 + ∇3∇p⊗div𝔣 + 1

2
∇3∇p⊗𝛽 + 1

2
∇3(tr𝜒 (𝐹)𝜌𝛼)

)
+ 3𝑟2

( 𝑟
2
tr𝜒 + 𝑟Γ𝑏

)
·
((
1

2
tr𝜒tr𝜒 − 𝜌

)
𝔣 + ∇p⊗div𝔣 + 1

2
∇p⊗𝛽 + 1

2
tr𝜒 (𝐹)𝜌𝛼

)
+ ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
= 𝑟3

((
1

2
tr𝜒tr𝜒 − 𝜌

)
∇3𝔣 + (∇3 +

3

2
tr𝜒)

(
1

2
tr𝜒tr𝜒 − 𝜌

)
· 𝔣 + (∇3 +

3

2
tr𝜒)∇p⊗div𝔣

)
+ 𝑟3

(
1

2
(∇3 +

3

2
tr𝜒)∇p⊗𝛽 + 1

2
(∇3 +

3

2
tr𝜒) (tr𝜒 (𝐹)𝜌𝛼)

)
+ 𝑟3Γ𝑏 ·

(
𝑟−2𝛾 (1) + 𝑟−2𝛾 (3) + 𝑟−3𝛾 (1) + 𝑟−3𝛾

)
+ ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
.

We re-organize and deduce

∇3(∇4𝔮
𝐹 + 1

2
tr𝜒𝔮𝐹)

= 𝑟3
((
1

2
tr𝜒tr𝜒 − 𝜌

)
∇3𝔣 + (∇3 +

3

2
tr𝜒)

(
1

2
tr𝜒tr𝜒 − 𝜌

)
· 𝔣 + (∇3 +

3

2
tr𝜒)∇p⊗div𝔣

)
+ 𝑟3

(
1

2
(∇3 +

3

2
tr𝜒)∇p⊗𝛽 + 1

2
(∇3 +

3

2
tr𝜒) (tr𝜒 (𝐹)𝜌𝛼)

)
+ 𝑟Γ𝑏 · 𝛾 (3) + ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
.

(4.2.43)

Now we are going to compute the right-hand side of (4.2.43) term by term.

Step 2b. From Proposition 2.1.1, we know ∇3-equation of (𝐹)𝜌:

∇3
(𝐹)𝜌 = −div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · (𝜂 + Γ𝑔),

= −tr𝜒 (𝐹)𝜌 + 𝑟−1Γ(1)
𝑏
.
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From Proposition 2.1.2, we know ∇3-equations of tr𝜒 and tr𝜒:

∇3tr𝜒 = −1
2
tr𝜒2 − 2𝜔tr𝜒 + 2div𝜉 + Γ𝑏 · Γ𝑏

= −1
2
tr𝜒2 − 2𝜔tr𝜒 + 𝑟−1Γ(1)

𝑔 + Γ𝑏 · Γ𝑏,

∇3tr𝜒 = −1
2
tr𝜒tr𝜒 + 2𝜔tr𝜒 + 2div𝜂 + 2𝜌 + Γ𝑔 · Γ𝑏 + 𝜂 · 𝜂

= −1
2
tr𝜒tr𝜒 + 2𝜔tr𝜒 + 2𝜌 + 𝑟−2𝜂(1) .

From Proposition 2.1.4, we have ∇3-equation of 𝜌:

∇3𝜌 = −3
2
tr𝜒𝜌 − tr𝜒 (𝐹)𝜌2 − div𝛽 − (𝐹)𝜌div (𝐹)𝛽 + Γ𝑔 · Γ𝑏

= −3
2
tr𝜒𝜌 − tr𝜒 (𝐹)𝜌2 + 𝑟−2Γ(1)

𝑏
+ Γ𝑔 · Γ𝑏 .

Thus, we compute the 𝔣 zeroth-order term in the right-hand side of (4.2.43):

(∇3 +
3

2
tr𝜒)

(
1

2
tr𝜒tr𝜒 − 𝜌

)
· 𝔣

=

(
1

2
(−1

2
tr𝜒2 − 2𝜔tr𝜒 + 𝑟−1Γ(1)

𝑔 + Γ𝑏 · Γ𝑏)tr𝜒 + 1

2
tr𝜒(−1

2
tr𝜒tr𝜒 + 2𝜔tr𝜒 + 2𝜌 + 𝑟−2𝜂(1))

)
𝔣

+
(
−(−3

2
tr𝜒𝜌 − tr𝜒 (𝐹)𝜌2 + 𝑟−2Γ(1)

𝑏
+ Γ𝑔 · Γ𝑏) +

3

4
tr𝜒2tr𝜒 − 3

2
tr𝜒𝜌

)
𝔣

=

(
1

4
tr𝜒2tr𝜒 + tr𝜒𝜌 + tr𝜒 (𝐹)𝜌2

)
𝔣 +

(
𝑟−2Γ(1)

𝑔 + 𝑟−1Γ𝑏 · Γ𝑏 + 𝑟−3𝜂(1) + 𝑟−2Γ(1)
𝑏

+ Γ𝑔 · Γ𝑏
)
𝔣

=

(
1

4
tr𝜒tr𝜒 + 𝜌 + (𝐹)𝜌2

)
tr𝜒𝔣 + 𝑟−2Γ(1)

𝑏
· 𝛾 (1) .

(4.2.44)

Step 2c. From Proposition 2.4.2, we know the following commutation formula

[∇3,∇p⊗]div𝔣 = −1
2
tr𝜒∇p⊗div𝔣 + (𝜂 + Γ𝑔) · (div𝔣) (1) ,

[∇3, div]𝔣 = −1
2
tr𝜒div𝔣 + (𝜂 + Γ𝑔) · 𝔣(1) .
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Thus, we compute the 𝔣 highest-order term in the right-hand side of (4.2.43):

(∇3 +
3

2
tr𝜒)∇p⊗div𝔣

= ∇p⊗∇3div𝔣 + [∇3,∇p⊗]div𝔣 + 3

2
tr𝜒∇p⊗div𝔣

= ∇p⊗ (div∇3𝔣 + [∇3, div]𝔣) + [∇3,∇p⊗]div𝔣 + 3

2
tr𝜒∇p⊗div𝔣

= ∇p⊗div∇3𝔣 + ∇p⊗
(
−1
2
tr𝜒div𝔣 + (𝜂 + Γ𝑔) · 𝔣(1)

)
+

(
−1
2
tr𝜒∇p⊗div𝔣 + (𝜂 + Γ𝑔) · (div𝔣) (1)

)
+ 3

2
tr𝜒∇p⊗div𝔣

= ∇p⊗div∇3𝔣 +
1

2
tr𝜒∇p⊗div𝔣 − 1

2
∇tr𝜒p⊗div𝔣 + 𝑟−1((𝜂 + Γ𝑔) · 𝛾 (2)) (1) + 𝑟−1(𝜂 + Γ𝑔) · 𝛾 (3)

= ∇p⊗div∇3𝔣 +
1

2
tr𝜒∇p⊗div𝔣 + 𝑟−1((𝜂 + Γ𝑔) · 𝛾 (2)) (1) .

(4.2.45)

Step 2d. From Proposition 2.4.2, we know the following commutation formula

[∇3,∇p⊗]𝛽 = −1
2
tr𝜒∇p⊗𝛽 + (𝜂 + Γ𝑔) · 𝛽(1) .

Thus, we compute the 𝛽 term in the right-hand side of (4.2.43):

1

2
(∇3 +

3

2
tr𝜒)∇p⊗𝛽

=
1

2
∇p⊗∇3𝛽 +

1

2
[∇3,∇p⊗]𝛽 + 3

4
tr𝜒∇p⊗𝛽

=
1

2
∇p⊗∇3𝛽 +

1

2

(
−1
2
tr𝜒∇p⊗𝛽 + (𝜂 + Γ𝑔) · 𝛽(1)

)
+ 3

4
tr𝜒∇p⊗𝛽

=
1

2
∇p⊗∇3𝛽 +

1

2
tr𝜒∇p⊗𝛽 + 𝑟−2(𝜂 + Γ𝑔) · 𝛾 (1) .

(4.2.46)

Step 2e. From Proposition 2.1.1, we know the ∇3-equation of (𝐹)𝜌:

∇3
(𝐹)𝜌 = −div (𝐹)𝛽 − tr𝜒 (𝐹)𝜌 + 𝑟Γ𝑔 · 𝛾 + Γ𝑏 · (𝜂 + Γ𝑔),

= −tr𝜒 (𝐹)𝜌 + 𝑟−1Γ(1)
𝑏
.
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From Proposition 2.1.2, we know the ∇3-equation of tr𝜒:

∇3tr𝜒 = −1
2
tr𝜒2 − 2𝜔tr𝜒 + 2div𝜉 + Γ𝑏 · Γ𝑏

= −1
2
tr𝜒2 − 2𝜔tr𝜒 + 𝑟−1Γ(1)

𝑔 + Γ𝑏 · Γ𝑏 .

From Proposition 3.2.1, we have the transport equation of 𝛼:

(𝐹)𝜌∇3𝛼 = −1
2
tr𝜒 (𝐹)𝜌𝛼 + 4𝜔 (𝐹)𝜌𝛼 + 1

2
∇p⊗𝛽 − (3𝜌 + 2 (𝐹)𝜌2)𝔣 + 𝑟−1(Γ𝑔 · 𝛾) (1) .

Thus, we compute the 𝛼 term in the right-hand side of (4.2.43):

1

2
(∇3 +

3

2
tr𝜒) (tr𝜒 (𝐹)𝜌𝛼)

=
1

2

(
tr𝜒 (𝐹)𝜌∇3𝛼 + (∇3tr𝜒) (𝐹)𝜌𝛼 + tr𝜒(∇3

(𝐹)𝜌)𝛼 + 3

2
tr𝜒2 (𝐹)𝜌𝛼

)
=
1

2
tr𝜒

(
−1
2
tr𝜒 (𝐹)𝜌𝛼 + 4𝜔 (𝐹)𝜌𝛼 + 1

2
∇p⊗𝛽 − (3𝜌 + 2 (𝐹)𝜌2)𝔣 + 𝑟−1(Γ𝑔 · 𝛾) (1)

)
+ 1

2

(
−1
2
tr𝜒2 − 2𝜔tr𝜒 + 𝑟−1Γ(1)

𝑔 + Γ𝑏 · Γ𝑏
)

(𝐹)𝜌𝛼 + 1

2
tr𝜒

(
−tr𝜒 (𝐹)𝜌 + 𝑟−1Γ(1)

𝑏

)
𝛼

+ 3

4
tr𝜒2 (𝐹)𝜌𝛼

=

(
−1
4
tr𝜒 + 𝜔

)
tr𝜒 (𝐹)𝜌𝛼 + 1

4
tr𝜒∇p⊗𝛽 − 1

2
tr𝜒(3𝜌 + 2 (𝐹)𝜌2)𝔣

+ 𝑟−2(Γ𝑔 · 𝛾) (1) + 𝑟−3Γ(1)
𝑔 · 𝛾 + 𝑟−2Γ𝑏 · Γ𝑏 · 𝛾 + 𝑟−2Γ(1)

𝑏
· 𝛾

=

(
−1
4
tr𝜒 + 𝜔

)
tr𝜒 (𝐹)𝜌𝛼 + 1

4
tr𝜒∇p⊗𝛽 − 1

2
tr𝜒(3𝜌 + 2 (𝐹)𝜌2)𝔣 + 𝑟−2(Γ𝑏 · 𝛾) (1) .

(4.2.47)

Step 2f. Substituting (4.2.44), (4.2.45), (4.2.46) and (4.2.47) back to (4.2.43), we get

∇3(∇4𝔮
𝐹 + 1

2
tr𝜒𝔮𝐹)

= 𝑟3
((
1

2
tr𝜒tr𝜒 − 𝜌

)
∇3𝔣 + (∇3 +

3

2
tr𝜒)

(
1

2
tr𝜒tr𝜒 − 𝜌

)
· 𝔣 + (∇3 +

3

2
tr𝜒)∇p⊗div𝔣

)
+ 𝑟3

(
1

2
(∇3 +

3

2
tr𝜒)∇p⊗𝛽 + 1

2
(∇3 +

3

2
tr𝜒) (tr𝜒 (𝐹)𝜌𝛼)

)
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+ 𝑟Γ𝑏 · 𝛾 (3) + ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
= 𝑟3

((
1

2
tr𝜒tr𝜒 − 𝜌

)
∇3𝔣 +

(
1

4
tr𝜒tr𝜒 + 𝜌 + (𝐹)𝜌2

)
tr𝜒𝔣 + 𝑟−2Γ(1)

𝑏
· 𝛾 (1)

)
+ 𝑟3

(
∇p⊗div∇3𝔣 +

1

2
tr𝜒∇p⊗div𝔣 + 𝑟−1((𝜂 + Γ𝑔) · 𝛾 (2)) (1)

)
+ 𝑟3

(
1

2
∇p⊗∇3𝛽 +

1

2
tr𝜒∇p⊗𝛽 + 𝑟−2(𝜂 + Γ𝑔) · 𝛾 (1)

)
+ 𝑟3

((
−1
4
tr𝜒 + 𝜔

)
tr𝜒 (𝐹)𝜌𝛼 + 1

4
tr𝜒∇p⊗𝛽 − 1

2
tr𝜒(3𝜌 + 2 (𝐹)𝜌2)𝔣 + 𝑟−2(Γ𝑏 · 𝛾) (1)

)
+ 𝑟Γ𝑏 · 𝛾 (3) + ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
= 𝑟3

((
1

2
tr𝜒tr𝜒 − 𝜌

)
∇3𝔣 +

(
1

4
tr𝜒tr𝜒 − 1

2
𝜌

)
tr𝜒𝔣 + ∇p⊗div∇3𝔣 +

1

2
tr𝜒∇p⊗div𝔣

)
+ 𝑟3

(
1

2
∇p⊗∇3𝛽 +

3

4
tr𝜒∇p⊗𝛽 +

(
−1
4
tr𝜒 + 𝜔

)
tr𝜒 (𝐹)𝜌𝛼

)
+ 𝑟3

(
𝑟−2Γ(1)

𝑏
· 𝛾 (1) + 𝑟−1((𝜂 + Γ𝑔) · 𝛾 (2)) (1) + 𝑟−2(𝜂 + Γ𝑔) · 𝛾 (1) + 𝑟−2(Γ𝑏 · 𝛾) (1)

)
+ 𝑟Γ𝑏 · 𝛾 (3) + ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
= 𝑟3

((
1

2
tr𝜒tr𝜒 − 𝜌

)
∇3𝔣 +

(
1

4
tr𝜒tr𝜒 − 1

2
𝜌

)
tr𝜒𝔣 + ∇p⊗div∇3𝔣 +

1

2
tr𝜒∇p⊗div𝔣

)
+ 𝑟3

(
1

2
∇p⊗∇3𝛽 +

3

4
tr𝜒∇p⊗𝛽 +

(
−1
4
tr𝜒 + 𝜔

)
tr𝜒 (𝐹)𝜌𝛼

)
+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (2)) (1) + ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
.

This completes the proof of (4.2.42) and concludes Step 2.

Step 3. Compute ¤□2𝔮
𝐹:

The goal of this step is to compute ¤□2𝔮
𝐹 and finish the proof of (4.2.2). Using (2.6.1), we

can first express ¤□2𝔮
𝐹

¤□2𝔮
𝐹 = −(∇3 +

1

2
tr𝜒 − 2𝜔) (∇4 +

1

2
tr𝜒)𝔮𝐹 + 𝜌𝔮𝐹 + Δ2𝔮

𝐹 + 𝑟−1(𝜂 + Γ𝑔) · (𝔮𝐹) (1) . (4.2.48)
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Using (4.2.39) in Step 1. and (4.2.42) in Step 2., we compute the first term in the right-

hand side of (4.2.48):

− (∇3 +
1

2
tr𝜒 − 2𝜔) (∇4 +

1

2
tr𝜒)𝔮𝐹

= −𝑟3
((
1

2
tr𝜒tr𝜒 − 𝜌

)
∇3𝔣 +

(
1

4
tr𝜒tr𝜒 − 1

2
𝜌

)
tr𝜒𝔣 + ∇p⊗div∇3𝔣 +

1

2
tr𝜒∇p⊗div𝔣

)
− 𝑟3

(
1

2
∇p⊗∇3𝛽 +

3

4
tr𝜒∇p⊗𝛽 +

(
−1
4
tr𝜒 + 𝜔

)
tr𝜒 (𝐹)𝜌𝛼

)
+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (2)) (1) + ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
−

(
1

2
tr𝜒 − 2𝜔

) (
𝑟3

((
1

2
tr𝜒tr𝜒 − 𝜌

)
𝔣 + ∇p⊗div𝔣 + 1

2
∇p⊗𝛽 + 1

2
tr𝜒 (𝐹)𝜌𝛼

))
−

(
1

2
tr𝜒 − 2𝜔

) (
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
= −𝑟3

((
1

2
tr𝜒tr𝜒 − 𝜌

)
∇3𝔣 +

(
1

2
tr𝜒tr𝜒 − 𝜌

)
(tr𝜒 − 2𝜔)𝔣 + ∇p⊗div∇3𝔣 + (tr𝜒 − 2𝜔)∇p⊗div𝔣

)
− 𝑟3

(
1

2
∇p⊗∇3𝛽 + tr𝜒∇p⊗𝛽 − 𝜔∇p⊗𝛽

)
+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (2) + 𝑟 (Γ𝑔 · 𝜉) (2) + (Γ𝑔 · 𝜂) (2)

+ ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
= −𝑟3

((
1

2
tr𝜒tr𝜒 − 𝜌

)
(∇3𝔣 + tr𝜒𝔣 − 2𝜔𝔣) + ∇p⊗div(∇3𝔣 + tr𝜒𝔣 − 2𝜔𝔣) + 1

2
∇p⊗(∇3𝛽 + tr𝜒𝛽 − 𝜔𝛽)

)
+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (2) + 𝑟 (Γ𝑔 · 𝜉) (2) + (Γ𝑔 · 𝜂) (2)

+ ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
.

Therefore, after re-organizing, we have

− (∇3 +
1

2
tr𝜒 − 2𝜔) (∇4 +

1

2
tr𝜒)𝔮𝐹

= −
(
1

2
tr𝜒tr𝜒 − 𝜌

)
𝔮𝐹 − ∇p⊗div𝔮𝐹 − 1

2𝑟2
∇p⊗𝔭

+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (2) + 𝑟 (Γ𝑔 · 𝜉) (2) + (Γ𝑔 · 𝜂) (2)

+ ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
.

(4.2.49)
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From Proposition 2.5.6, we know 𝑑∗2𝑑2 = −1
2Δ2 + 𝐾. Combining with the Gauss equation

from Proposition 2.1.2, we deduce

∇p⊗div𝔮𝐹 = Δ2𝔮
𝐹 +

(
1

2
tr𝜒tr𝜒 + 2𝜌 − 2 (𝐹)𝜌2

)
𝔮𝐹 + Γ𝑔 · Γ𝑏 · 𝔮𝐹 . (4.2.50)

Substituting (4.2.49) and (4.2.50) back to (4.2.48), we obtain

¤□2𝔮
𝐹 = −

(
1

2
tr𝜒tr𝜒 − 𝜌

)
𝔮𝐹 − ∇p⊗div𝔮𝐹 − 1

2𝑟2
∇p⊗𝔭 + 𝜌𝔮𝐹 + Δ2𝔮

𝐹 + 𝑟−1(𝜂 + Γ𝑔) · (𝔮𝐹) (1)

+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (2) + 𝑟 (Γ𝑔 · 𝜉) (2) + (Γ𝑔 · 𝜂) (2)

+ ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
= −

(
1

2
tr𝜒tr𝜒 − 𝜌

)
𝔮𝐹 −

(
1

2
tr𝜒tr𝜒 + 2𝜌 − 2 (𝐹)𝜌2

)
𝔮𝐹 − 1

2𝑟2
∇p⊗𝔭 + 𝜌𝔮𝐹

+ Γ𝑔 · Γ𝑏 · 𝔮𝐹 + 𝑟−1(𝜂 + Γ𝑔) · (𝔮𝐹) (1)

+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (2) + 𝑟 (Γ𝑔 · 𝜉) (2) + (Γ𝑔 · 𝜂) (2)

+ ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
= (−tr𝜒tr𝜒 + 2 (𝐹)𝜌2)𝔮𝐹 − 1

2𝑟2
∇p⊗𝔭

+ 𝑟2((𝜂 + Γ𝑔) · 𝛾 (1)) (2) + 𝑟 (Γ𝑔 · 𝜉) (2) + (Γ𝑔 · 𝜂) (2)

+ ∇3

(
𝑟3((𝜂 + Γ𝑔) · 𝛾) (2) + 𝑟2(Γ𝑔 · 𝜉) (2) + 𝑟 (Γ𝑔 · 𝜂) (2)

)
+ 𝑟−1(𝜂 + Γ𝑔) · (𝔮𝐹) (1) .

This concludes Step 3, and finishes the proof of (4.2.2).
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Chapter 5: Energy-Morawetz estimate for the model

Regge-Wheeler system

The goal of this chapter is to prove Theorem 5.1.1 concerning the Energy-Morawetz estimates

for the solution (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 to the model Regge-Wheeler system


¤□1𝜓1 −𝑉1𝜓1 =

8𝑄2

𝑟2
𝑑/2𝜓2 + 𝑁1, 𝑉1 = −1

4
tr𝜒tr𝜒 + 5 (𝐹)𝜌2,

¤□2𝜓2 −𝑉2𝜓2 =
1

𝑟2
𝑑★/2𝜓1 + 𝑁2, 𝑉2 = −tr𝜒tr𝜒 + 2 (𝐹)𝜌2.

These Energy-Morawetz estimates will play a crucial role in proving the so-called 𝑟 𝑝-estimate

in Chapter 6, which provides the essential weighted 𝐿2-type estimate required to finally prove

Theorem M1 in Chapter 8.

The structure of this chapter is as follows:

• In Section 5.1, we state the main result, Theorem 5.1.1, and outline the overall strategy

for the chapter.

• In Section 5.2, we establish the geometric and analytic framework necessary for the

Energy-Morawetz estimates.

• In Section 5.3, we prove the degenerate energy estimate as the first ingredient.

• In Section 5.4, we prove the degenerate Morawetz estimate as the second ingredient.

• In Section 5.5, we compensate for the degeneracy in the estimates by deriving the

Redshift estimate as the third ingredient.

• In Section 5.6, we complete the proof of Theorem 5.1.1 by combining the previous

estimates.
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5.1 Main statement and Strategy of the Energy-Morawetz Estimate for the

Model Regge-Wheeler System

In this chapter, we study the following inhomogeneous Regge-Wheeler system arising in the

perturbation of the Reissner-Nordström spacetime with parameters (𝑀,𝑄) satisfying sub-

extremality condition 0 < |𝑄 | < 𝑀. Specifically, on (M, g), the solution (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2

satisfies 
¤□1𝜓1 −𝑉1𝜓1 =

8𝑄2

𝑟2
𝑑/2𝜓2 + 𝑁1, 𝑉1 = −1

4
tr𝜒tr𝜒 + 5 (𝐹)𝜌2,

¤□2𝜓2 −𝑉2𝜓2 =
1

𝑟2
𝑑★/2𝜓1 + 𝑁2, 𝑉2 = −tr𝜒tr𝜒 + 2 (𝐹)𝜌2.

(5.1.1)

The main statement of the chapter is the following Energy-Morawetz estimates to the equa-

tion (5.1.1).

Theorem 5.1.1. The following Energy-Morawetz estimate holds for (𝜓1, 𝜓2) ∈ 𝔰1×𝔰2 solving

(5.1.1):

𝐸𝑀𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲|𝑄 |/𝑀,𝛿H ,𝛿𝑟𝑒𝑑 𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝜖 ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2).
(5.1.2)

We also have the following control of ∇3𝜓1 and ∇3𝜓2 for a fixed 𝛿 > 0:∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

𝑟−1−𝛿
(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
≲𝛿H ,𝛿𝑟𝑒𝑑 𝐸𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1) + Mor50𝑟+≤𝑟≤100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2) + ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2).

(5.1.3)

We remark that ≲|𝑄 |/𝑀,𝛿H ,𝛿𝑟𝑒𝑑 indicates that the inequality depends on a constant 𝐶 =

𝐶 ( |𝑄 |/𝑀, 𝛿H , 𝛿𝑟𝑒𝑑). Indeed, the above estimates, particularly the Redshift estimate in

Section 5.5, rely heavily on the sub-extremality condition 0 < |𝑄 | < 𝑀 and the region
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{|Υ| ≤ 2𝛿𝑟𝑒𝑑}, where the Redshift estimate is applied. Additionally, the location of A,

determined by 𝛿H , plays an important role in these estimates. In particular, we require

0 < 𝛿H ≪ 𝛿5
𝑟𝑒𝑑

≪ 1 for combining the degenerate Energy-Morawetz estimate with the Red-

shift estimate.

Our approach consists of the following steps, including various setups and the actual esti-

mates:

(1) Introduce various setups:

• Geometric set up: we will work in a causal region M(𝜏1, 𝜏2) whose bound-

aries are given by 𝜕M(𝜏1, 𝜏2) = A(𝜏1, 𝜏2) ∪ Σ∗(𝜏1, 𝜏2) ∪ Σ(𝜏1) ∪ Σ(𝜏2).We denote

𝑁A , 𝑁Σ∗ , 𝑁Σ(𝜏) be the normal vectors of these boundaries. We will also make use

of special vector fields 𝑇 and 𝑅 where

𝑇 =
1

2
(𝑒4 + Υ𝑒3), 𝑅 =

1

2
(𝑒4 − Υ𝑒3).

• A simplified set of Bootstrap Assumption of size 𝜖 is provided in Section 5.2.3,

part of it is given as:

𝑒4(𝑟) = Υ +𝑂
( 𝜖

𝑢1+𝛿𝑑𝑒𝑐

)
, 𝑒3(𝑟) = −1 +𝑂

( 𝜖

𝑢1+𝛿𝑑𝑒𝑐

)
,

tr𝜒 =
2Υ

𝑟
+𝑂

( 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐

)
, tr𝜒 = −2

𝑟
+𝑂

( 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐

)
,

𝜔 = −𝑀
𝑟2

+ 𝑄
2

𝑟3
+𝑂

( 𝜖

𝑟2𝑢1+𝛿𝑑𝑒𝑐

)
,

𝜌 = −2𝑀
𝑟3

+ 2𝑄2

𝑟4
+𝑂

( 𝜖

𝑟2𝑢1+𝛿𝑑𝑒𝑐

)
, (𝐹)𝜌 =

𝑄

𝑟2
+𝑂

( 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐

)
.

• Combined Energy-Momentum tensor method set up, see Section 5.2.7

– We define combined Energy-Momentum tensor Q (𝑋,𝑤,𝐽) [𝜓1, 𝜓2] and combine

current P (𝑋,𝑤,𝐽) [𝜓1, 𝜓2], associated to a choice of multiplier (𝑋, 𝑤, 𝐽).

– Our estimate will rely on a general divergence identities of the combine cur-
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rent.

D𝜇P (𝑋,𝑤,𝐽)
𝜇 [𝜓1, 𝜓2] = E (𝑋,𝑤,𝐽) [𝜓1, 𝜓2] + ...

The main terms in E (𝑋,𝑤,𝐽) [𝜓1, 𝜓2] is Q[𝜓1, 𝜓2] · (𝑋)𝜋, (□g𝑤) |𝜓 |2 and coupling

term that is new in the stability problem of Reissner-Nordström spacetime in

contrast to Schwarzschild case.

• We will define the main norms Section 5.2.8, appearing in Theorem 5.1.1, which

will be used throughout this chapter, are as follows, :

– Energy norms: 𝐸𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏) and 𝐸 [𝜓1, 𝜓2] (𝜏).

– Morawetz norms: Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2), Mor[𝜓1, 𝜓2] (𝜏1, 𝜏2), and Morr[𝜓1, 𝜓2] (𝜏1, 𝜏2).

– Flux norms: 𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2), 𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2), and 𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

– Norms for inhomogeneous terms: 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2).

– Weighted bulk norm in far enough region: ¤𝐵𝛿,100𝑟+ .

– Error terms: Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(2) Main estimates:

• To show the 𝐸𝑑𝑒𝑔-estimate in Section 5.3: we make use of the multiplier (𝑋, 𝑤, 𝐽) =

(𝑇, 0, 0) to bound energy flux on Σ𝜏 which degenerates at {𝑟 = 𝑟+} ∩ Σ𝜏.

• To show the Mor𝑑𝑒𝑔-estimate in Section 5.4: Choose (𝑋, 𝑤, 𝐽) to obtain a bulk

term controlling |∇𝑅𝜓 |2 and |∇𝑇𝜓 |2 but degenerate in |∇3𝜓 |2 along {𝑟 = 𝑟+}.

• To overcome these degeneracy, we prove Redshift estimate in Section 5.5: Make

use of the sub-extremality condition and appropriate vector field 𝑌 = 𝑎(𝑟)𝑒3 +

𝑏(𝑟)𝑒4 + 2𝑇 to recover |∇3𝜓 |2 in Mor𝑑𝑒𝑔 and 𝐸𝑑𝑒𝑔 estimates.

• Combine Mor𝑑𝑒𝑔, 𝐸𝑑𝑒𝑔, and Redshift estimates to obtain a combined estimates

towards to full Energy-Morawetz estimates (5.1.2).

• To handle the error terms presented due to the perturbation of Reissner-Nordström

spacetime, we need an additional Morr-estimate with (𝑟−𝛿𝑇, 0, 0) to strengthen the
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control of ∇3𝜓1 and ∇3𝜓2 near I+, i.e. for large 𝑟. This is achieved in Section

5.6.3.

5.2 Geometric and Analytic Set Up

Our goal is to perform hyperbolic type estimate in a GCM admissible spacetime M as defined

in Section 1.4.1. We will introduce a 𝜏-foliation on M and our estimate will be restricted to

a subset M(𝜏1, 𝜏2) = M ∩ {𝜏1 ≤ 𝜏 ≤ 𝜏2}, for any given 𝜏1 < 𝜏2.

5.2.1 The 𝜏-foliation of M

Recall that a GCM admissible spacetime M is decomposed as M = (int)M ∪ (ext)M, where

𝑢 is an outgoing optical function on (ext)M and 𝑢 is an ingoing optical function. In this

chapter, we utilize the global frame (𝑒3, 𝑒4, 𝑒𝑎) defined in Proposition 2.2.3, and 𝑟 denotes

the corresponding areal radius function associated with this frame. Additionally, we define

the trapping region M𝑡𝑟𝑎𝑝 as

M𝑡𝑟𝑎𝑝 :=
{
𝑟𝑃 −

𝑟𝑃 − 𝑟+
2

≤ 𝑟 ≤ 𝑟𝑃 +
𝑟𝑃 − 𝑟+

2

}
. (5.2.1)

Let M
𝑡𝑟𝑎𝑝
/ = M \ M𝑡𝑟𝑎𝑝 denote the complement of M𝑡𝑟𝑎𝑝 in M.

We foliate the spacetime domain M by hypersurfaces Σ(𝜏), which are characterized as fol-

lows:

• Incoming null in (int)M, with 𝑒3 as the null incoming generator. We denote this portion

by (𝑖𝑛𝑡)Σ(𝜏) := Σ(𝜏) ∩ (int)M.

• Strictly spacelike in M𝑡𝑟𝑎𝑝. We denote this portion by (𝑡𝑟𝑎𝑝)Σ(𝜏) := Σ(𝜏) ∩ M𝑡𝑟𝑎𝑝.

• Outgoing null in M>2𝑟𝑃 .1 We denote this portion by Σ>2𝑟𝑃 (𝜏) := Σ(𝜏) ∩M>2𝑟𝑃 .
1Note that 2𝑟𝑃 > 𝑟𝑃 + 𝑟𝑃−𝑟+

2 .
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• The parameter 𝜏 of Σ(𝜏) can be chosen smoothly, such that

𝜏 :=



𝑢 in M>2𝑟𝑃 ,

𝑢 + 𝑟 in M𝑡𝑟𝑎𝑝,

𝑢 in (int)M .

(5.2.2)

• In particular, the unit normal in the region M𝑡𝑟𝑎𝑝, i.e., the normal to (𝑡𝑟𝑎𝑝)Σ(𝜏),

satisfies

−2 ≤ g(𝑁Σ, 𝑒4), g(𝑁Σ, 𝑒3) ≤ −1 on M𝑡𝑟𝑎𝑝 . (5.2.3)

5.2.2 The causal region M(𝜏1, 𝜏2)

In a GCM admissible spacetime M endowed with the scalar function 𝜏 defined in (5.2.2).

Let M(𝜏1, 𝜏2) be the subset of M defined by

M(𝜏1, 𝜏2) := M ∩ {𝜏1 ≤ 𝜏 ≤ 𝜏2}, (5.2.4)

which is foliated by Σ(𝜏), i.e. M(𝜏1, 𝜏2) =
⋃
𝜏∈[𝜏1,𝜏2] Σ(𝜏). The boundary of M(𝜏1, 𝜏2) is

given by

𝜕M(𝜏1, 𝜏2) = A(𝜏1, 𝜏2) ∪ Σ∗(𝜏1, 𝜏2) ∪ Σ(𝜏1) ∪ Σ(𝜏2), (5.2.5)

where A(𝜏1, 𝜏2) is a spacelike hyersurface given by

A(𝜏1, 𝜏2) :=
{
𝑟 = 𝑟+(1 − 𝛿H ), 𝜏1 ≤ 𝜏 ≤ 𝜏2

}
, (5.2.6)

and Σ∗(𝜏1, 𝜏2) is a spacelike hypersurface defined by

Σ∗ := {𝑢 + 𝑟 = 𝑐Σ∗ , 𝜏1 ≤ 𝜏 ≤ 𝜏2}, (5.2.7)
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for some constant 𝑐Σ∗ . See Figure 5.1 for a better illustration of the causal region M(𝜏1, 𝜏2).

Σ(𝜏1)

Σ(𝜏2)

A(𝜏1, 𝜏2)

Σ∗(𝜏1, 𝜏2)

M(𝜏1, 𝜏2)

Figure 5.1: The causal region M(𝜏1, 𝜏2) and its boundary 𝜕M(𝜏1, 𝜏2).

Note: 𝜕M(𝜏1, 𝜏2) contains four components Σ(𝜏1), Σ(𝜏2), A(𝜏1, 𝜏2) and Σ∗(𝜏1, 𝜏2).

In view of the GCM admissible spacetime M introduced in Section 1.4.1, one should

view A(𝜏1, 𝜏2) = A∩ {𝜏1 ≤ 𝜏 ≤ 𝜏2} and Σ∗(𝜏1, 𝜏2) = Σ∗ ∩ {𝜏1 ≤ 𝜏 ≤ 𝜏2}. However, it is worth

noting that the concept of a GCM admissible spacetime is not essential to the discussion in

this thesis.

5.2.3 Perturbation of Reissner-Nordström spacetime

Fix (𝑀,𝑄) with the sub-extremality condition 0 < |𝑄 | < 𝑀. We consider the background

Reissner-Nordström spacetime with parameters 𝑀, 𝑄 and an ingoing geodesic gauge, in

which the only non-zero Ricci coefficients, curvature components, and Maxwell components

are

𝑒4(𝑟)0 = Υ, 𝑒3(𝑟)0 = −1,

tr𝜒0 =
2Υ

𝑟
, tr𝜒

0
= −2

𝑟
, 𝜔0 = −𝑀

𝑟2
+ 𝑄

2

𝑟3
,

𝜌0 = −2𝑀
𝑟3

+ 2𝑄2

𝑟4
, (𝐹)𝜌0 =

𝑄

𝑟2
,

(5.2.8)
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in which we have denoted

Υ := 1 − 2𝑀

𝑟
+ 𝑄

2

𝑟2
.

We will assume the following Bootstrap Assumption of size 𝜖 on the perturbation (M, g) of

Reissner-Nordström spacetime, according to the ingoing renormalization:

𝑒4(𝑟) = Υ +𝑂
( 𝜖

𝑢1+𝛿𝑑𝑒𝑐

)
, 𝑒3(𝑟) = −1 +𝑂

( 𝜖

𝑢1+𝛿𝑑𝑒𝑐

)
,

tr𝜒 =
2Υ

𝑟
+𝑂

( 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐

)
, tr𝜒 = −2

𝑟
+𝑂

( 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐

)
,

𝜔 = −𝑀
𝑟2

+ 𝑄
2

𝑟3
+𝑂

( 𝜖

𝑟2𝑢1+𝛿𝑑𝑒𝑐

)
,

𝜌 = −2𝑀
𝑟3

+ 2𝑄2

𝑟4
+𝑂

( 𝜖

𝑟2𝑢1+𝛿𝑑𝑒𝑐

)
, (𝐹)𝜌 =

𝑄

𝑟2
+𝑂

( 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐

)
.

(5.2.9)

To prove Theorem 5.1.1, it suffices to make a simplified set of assumptions. Define

𝑢𝑡𝑟𝑎𝑝 =


1 + 𝜏 for 𝑟 ∈ [𝑟𝑃 − 𝑟𝑃−𝑟+

2 , 𝑟𝑃 + 𝑟𝑃−𝑟+
2 ],

1 for 𝑟 ∉ [𝑟𝑃 − 𝑟𝑃−𝑟+
2 , 𝑟𝑃 + 𝑟𝑃−𝑟+

2 ] .
(5.2.10)

For 𝑘 = 0, 1, we assume the following.

Mor1. The renormalized (linearized) Ricci coefficients Γ̌≤𝑘 verify on M = (int)M ∪ (ext)M,

|qΓ≤𝑘 | ≲ 𝜖𝑟−1𝑢−1−𝛿𝑑𝑒𝑐𝑡𝑟𝑎𝑝 ,���𝔡≤𝑘 (𝜔 + 𝑀
𝑟2

− 𝑄
2

𝑟3
, 𝜉

)��� ≲ 𝜖𝑟−2𝑢−1−𝛿𝑑𝑒𝑐𝑡𝑟𝑎𝑝 .

(5.2.11)

Mor2. The Gauss curvature 𝐾 of 𝑆 and 𝜌 verify,

���𝔡≤𝑘 (𝜌 + 2𝑀

𝑟3
− 2𝑄2

𝑟4

)��� ≲ 𝜖𝑟−2 𝑢−1−𝛿𝑑𝑒𝑐𝑡𝑟𝑎𝑝 ,���𝔡≤𝑘 (𝐾 − 1

𝑟2

)��� ≲ 𝜖𝑟−2 𝑢−1−𝛿𝑑𝑒𝑐𝑡𝑟𝑎𝑝 .

(5.2.12)
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Mor3. The 𝑒3(𝑟) and 𝑒4(𝑟) verify, ���𝑒4(𝑟) − Υ

��� ≲ 𝜖 𝑢
−1−𝛿𝑑𝑒𝑐
𝑡𝑟𝑎𝑝 ,���𝑒3(𝑟) + 1

��� ≲ 𝜖 𝑢
−1−𝛿𝑑𝑒𝑐
𝑡𝑟𝑎𝑝 .

(5.2.13)

5.2.4 Normal vector fields along 𝜕M(𝜏1, 𝜏2)

With the quantitative assumption introduced in Section 5.2.3, we explicitly write out the

normal vector fields along the boundaries of M(𝜏1, 𝜏2). These vector fields play an essential

role in the Energy-Morawetz estimate, especially in the boundary flux contribution.

Lemma 5.2.1. The boundary 𝜕M(𝜏1, 𝜏2) of the causal region M(𝜏1, 𝜏2) consists of compo-

nents, as 𝜕M(𝜏1, 𝜏2) = A(𝜏1, 𝜏2) ∪ Σ∗(𝜏1, 𝜏2) ∪ Σ(𝜏1) ∪ Σ(𝜏2). The normal vector field 𝑁A

along A(𝜏1, 𝜏2) is given by

𝑁A = 𝑒4 + (𝛿H +𝑂 (𝜖)) 𝑒3, (5.2.14)

the normal vector field 𝑁Σ∗ along Σ∗ is given by

𝑁Σ∗ = 𝑇 +𝑂
(
𝜖 + 𝑀

𝑟
+ 𝑄

2

𝑟2

)
(𝑒3 + 𝑒4), (5.2.15)

and the normal vector field 𝑁Σ along Σ(𝜏) is given by

𝑁Σ = 𝑎𝑒3 + 𝑏𝑒4, (5.2.16)

with

𝑎 = 1, 𝑏 = 0 on (int)M, 𝑎 = 0, 𝑏 = 1 on M𝑟≥2𝑟𝑃 , 𝑎, 𝑏 ≥ 1

4
on M𝑡𝑟𝑎𝑝 . (5.2.17)

Proof. The proof is through direct computation using the information that

• A(𝜏1, 𝜏2) is 𝑟-constant hypersurface on which 𝑟 = 𝑟T ∈
[
𝑟+

(
1 + 𝛿H

2

)
, 𝑟+

(
1 + 3𝛿H

2

)]
and

107



R-N nonlinear stability

so

𝑁A = 2g𝛼𝛽𝑒𝛼 (𝑟)𝑒𝛽. (5.2.18)

• Σ∗ is (𝑢 + 𝑟)-constant hypersurface and so

𝑁Σ∗ = −g𝛼𝛽𝑒𝛼 (𝑢 + 𝑟)𝑒𝛽. (5.2.19)

• Σ(𝜏) is 𝜏-constant hypersurface and so

𝑁Σ = −g𝛼𝛽𝑒𝛼 (𝜏)𝑒𝛽. (5.2.20)

5.2.5 Special functions, vector fields and deformation tensors on M

We first define the following Regge-Wheeler potentials

𝑉1 =
1

4
tr𝜒tr𝜒 − 5 (𝐹)𝜌2, 𝑉2 = −tr𝜒tr𝜒 + 2 (𝐹)𝜌2. (5.2.21)

We will make use of the special vector fields 𝑇 and 𝑅 where

𝑇 =
1

2
(𝑒4 + Υ𝑒3), 𝑅 =

1

2
(𝑒4 − Υ𝑒3). (5.2.22)

Hence, we have from bootstrap assumption made in Section 5.2.3 that

−g(𝑇,𝑇) = g(𝑅, 𝑅) = Υ, g(𝑇, 𝑅) = 0,

𝑅(𝑟) = Υ +𝑂
( 𝜖

𝑢1+𝛿𝑑𝑒𝑐

)
, 𝑇 (𝑟) = 𝑂

( 𝜖

𝑢1+𝛿𝑑𝑒𝑐

)
.
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The deformation tensor of a vector field 𝑋 is defined as

(𝑋)𝜋𝜇𝜈 := (L𝑋g)𝜇𝜈 = g(D𝜇𝑋, 𝑒𝜈) + g(D𝜈𝑋, 𝑒𝜇). (5.2.23)

Lemma 5.2.2. Based on bootstrap assumption made in Section 5.2.3, we have the following

basic identities:

(1) We have for Regge-Wheeler potentials 𝑉1, 𝑉2 defined in (5.2.21):

𝑒3(𝑉1) =
2

𝑟3

(
1 − 3𝑀

𝑟
+ 12𝑄2

𝑟2

)
+𝑂

( 𝜖

𝑟3𝑢1+𝛿𝑑𝑒𝑐

)
,

𝑒4(𝑉1) = −2Υ
𝑟3

(
1 − 3𝑀

𝑟
+ 12𝑄2

𝑟2

)
+𝑂

( 𝜖

𝑟3𝑢1+𝛿𝑑𝑒𝑐

)
,

𝑅(𝑉1) = −2Υ
𝑟3

(
1 − 3𝑀

𝑟
+ 12𝑄2

𝑟2

)
+𝑂

( 𝜖

𝑟3𝑢1+𝛿𝑑𝑒𝑐

)
,

𝑇 (𝑉1) = 𝑂
( 𝜖

𝑟3𝑢1+𝛿𝑑𝑒𝑐

)
,

and

𝑒3(𝑉2) =
8

𝑟3

(
1 − 3𝑀

𝑟
+ 3𝑄2

𝑟2

)
+𝑂

( 𝜖

𝑟3𝑢1+𝛿𝑑𝑒𝑐

)
,

𝑒4(𝑉2) = −8Υ
𝑟3

(
1 − 3𝑀

𝑟
+ 3𝑄2

𝑟2

)
+𝑂

( 𝜖

𝑟3𝑢1+𝛿𝑑𝑒𝑐

)
,

𝑅(𝑉2) = −8Υ
𝑟3

(
1 − 3𝑀

𝑟
+ 3𝑄2

𝑟2

)
+𝑂

( 𝜖

𝑟3𝑢1+𝛿𝑑𝑒𝑐

)
,

𝑇 (𝑉2) = 𝑂
( 𝜖

𝑟3𝑢1+𝛿𝑑𝑒𝑐

)
.

(2) The components of the deformation tensor of 𝑅 satisfy:���� (𝑅)𝜋34 + 4𝑀

𝑟2
− 4𝑄2

𝑟3

���� ≲ 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐
,���� (𝑅)𝜋𝐴𝐵 − 2Υ

𝑟
𝛿𝐴𝐵

���� ≲ 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐
,��� (𝑅)𝜋33, (𝑅)𝜋3𝐴,

(𝑅)𝜋4𝐴

��� ≲ 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐
,
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��� (𝑅)𝜋44��� ≲ 𝜖

𝑟2𝑢1+𝛿𝑑𝑒𝑐
.

(3) The components of the deformation tensor of 𝑇 satisfy:

��� (𝑇)𝜋𝜇𝜈��� ≲ 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐
,

��� (𝑇)𝜋44��� ≲ 𝜖

𝑟2𝑢1+𝛿𝑑𝑒𝑐
.

we can compute the following derivatives of Regge-Wheeler potentials 𝑉1, 𝑉2.

Proof. Through direct computation, see Lemma 10.7 of [27].

Lemma 5.2.3. Let 𝑋 = 𝑓 (𝑟)𝑅 and (𝑋)𝜋 be its deformation tensor. We have

(𝑋)𝜋 = (𝑋) ¤𝜋 + 𝜖 (𝑋) ¥𝜋.

Moreover, the only non-zero components of (𝑋) ¤𝜋 are

(𝑋) ¤𝜋33 = 2𝜕𝑟 𝑓 ,
(𝑋) ¤𝜋44 = 2(𝜕𝑟 𝑓 )Υ2,

(𝑋) ¤𝜋34 =
(
−4𝑀
𝑟2

+ 4𝑄2

𝑟3

)
𝑓 − 2(𝜕𝑟 𝑓 )Υ, (𝑋) ¤𝜋𝐴𝐵 =

2Υ 𝑓

𝑟
𝛿𝐴𝐵.

We also have

��� (𝑋) ¥𝜋��� ≲ | 𝑓 | + 𝑟2 |𝜕𝑟 𝑓 |
𝑟𝑢1+𝛿𝑑𝑒𝑐

,

��� (𝑋) ¥𝜋44��� ≲ | 𝑓 | + 𝑟2 |𝜕𝑟 𝑓 |
𝑟2𝑢1+𝛿𝑑𝑒𝑐

.

Proof. We have by definition 5.2.23,

(𝑋)𝜋𝜇𝜈 = 𝑓 (𝑅)𝜋𝜇𝜈 + 𝑒𝜇 ( 𝑓 )g(𝑅, 𝑒𝜈) + 𝑒𝜈 ( 𝑓 )g(𝑅, 𝑒𝜇).

Applying bootstrap assumption made in Section 5.2.3 and Lemma 5.2.2, we infer

(𝑋)𝜋33 = 𝑓 (𝑅)𝜋33 − 2𝑒3 𝑓 = 2𝜕𝑟 𝑓 +𝑂
(
𝜖 ( | 𝑓 | + 𝑟2 |𝜕𝑟 𝑓 |)

𝑟𝑢1+𝛿𝑑𝑒𝑐

)
,
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(𝑋)𝜋44 = 𝑓 (𝑅)𝜋44 + 2Υ𝑒4 𝑓 = 2Υ2𝜕𝑟 𝑓 +𝑂
(
𝜖 ( | 𝑓 | + 𝑟2 |𝜕𝑟 𝑓 |)

𝑟2𝑢1+𝛿𝑑𝑒𝑐

)
,

(𝑋)𝜋34 = 𝑓 (𝑅)𝜋34 + 𝑒3( 𝑓 )Υ − 𝑒4( 𝑓 ) =
(
−4𝑀
𝑟2

+ 4𝑄2

𝑟3

)
𝑓 − 2Υ𝜕𝑟 𝑓 +𝑂

(
𝜖 ( | 𝑓 | + 𝑟2 |𝜕𝑟 𝑓 |)

𝑟𝑢1+𝛿𝑑𝑒𝑐

)
,

(𝑋)𝜋3𝐴 = 𝑓 (𝑅)𝜋3𝐴 = 𝑂

(
𝜖 𝑓

𝑟𝑢1+𝛿𝑑𝑒𝑐

)
,

(𝑋)𝜋4𝐴 = 𝑓 (𝑅)𝜋4𝐴 = 𝑂

(
𝜖 𝑓

𝑟𝑢1+𝛿𝑑𝑒𝑐

)
,

(𝑋)𝜋𝐴𝐵 = 𝑓 (𝑅)𝜋𝐴𝐵 =
2Υ 𝑓

𝑟
𝛿𝐴𝐵 +𝑂

(
𝜖 𝑓

𝑟𝑢1+𝛿𝑑𝑒𝑐

)
.

This concludes the proof of Lemma 5.2.3.

Remark 4. It is crucial that (𝑋) ¥𝜋44 decays one order in 𝑟 faster than the other components

(𝑋) ¥𝜋𝜇𝜈. This faster decay ensures that when (𝑋) ¥𝜋44 is multiplied by the potentially more

problematic terms Q33 ∼ |𝑒3𝜓𝑖 |2, the resulting nonlinear terms remain controlled. See Lemma

5.4.5 for further details.

Lemma 5.2.4. We have the following identities for 𝑋 = 𝑓 (𝑟)𝑅 and 𝑤 = 𝑤(𝑟):

Div𝑋 = 𝑟−2𝜕 (𝑟2 𝑓Υ) +𝑂
( 𝜖

𝑟2𝑢1+𝛿𝑑𝑒𝑐

)
𝑓 (1) ,

where

𝑓 (1) := 𝑟 |𝜕𝑟 𝑓 | + | 𝑓 |, (5.2.24)

and

□g𝑤 = 𝑟−2𝜕𝑟 (𝑟2Υ𝜕𝑟𝑤) +𝑂
( 𝜖

𝑟2𝑢1+𝛿𝑑𝑒𝑐

)
𝑤 (2) ,

where

𝑤 (2) := 𝑟2 |𝜕2𝑟 𝑤 | + 𝑟 |𝜕𝑟𝑤 |. (5.2.25)
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Proof. See Lemma 10.11 in [27].

5.2.6 Hodge system and Poincaré inequalities on sphere

We recall from Section 2.5 the Poincaré inequalities on sphere. More specifically, we will use

the following Proposition to handle the coupled terms in the boundary contribution.

Proposition 5.2.5. Let (𝑆, 𝑔/ ) be a compact 2-sphere with Gauss curvature 𝐾. We have,

(1) The following identity holds for symmetric, traceless tensors in 𝑓 ∈ 𝔰2,∫
𝑆

(
|∇/ 𝑓 |2 + 2𝐾 | 𝑓 |2

)
= 2

∫
𝑆

| 𝑑/2 𝑓 |2. (5.2.26)

(2) The following identity holds for 1-form 𝑓 ∈ 𝔰1,∫
𝑆

(
|∇/ 𝑓 |2 − 𝐾 | 𝑓 |2

)
= 2

∫
𝑆

| 𝑑★/2 𝑓 |2. (5.2.27)

5.2.7 Combined Energy-Momentum Tensor method

In this section, we introduce the combined Energy-Momentum tensor and combined current,

which are the main tool for studying the coupled system (5.1.1).

Definition 5.2.6. Let (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 solve (5.1.1). We define the energy-momentum

tensor for each 𝜓𝑖, 𝑖 = 1, 2:

Q𝜇𝜈 [𝜓𝑖] := ¤D𝜇𝜓𝑖 ¤D𝜈𝜓𝑖 −
1

2
g𝜇𝜈L𝑖 [𝜓𝑖], (5.2.28)

where the Lagrangian of 𝜓𝑖 is defined via its Regge-Wheeler potential

L𝑖 [𝜓𝑖] := ¤D𝜆𝜓𝑖 · ¤D𝜆𝜓𝑖 +𝑉𝑖 |𝜓𝑖 |2.
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We define the following combined energy-momentum tensor for the system:

Q[𝜓1, 𝜓2]𝜇𝜈 := Q[𝜓1]𝜇𝜈 + 8𝑄2Q[𝜓2]𝜇𝜈, (5.2.29)

Let 𝑋 be a vector field, 𝑤 a scalar function and 𝑀 an one form, we define the following

combined current for the system:

P (𝑋,𝑤,𝑀)
𝜇 [𝜓1, 𝜓2] := P (𝑋,𝑤,𝑀)

𝜇 [𝜓1] + 8𝑄2P (𝑋,𝑤,𝑀)
𝜇 [𝜓2], (5.2.30)

where

P (𝑋,𝑤,𝑀)
𝜇 [𝜓𝑖] := Q[𝜓𝑖]𝜇𝜈𝑋𝜈 +

1

2
𝑤𝜓𝑖 · ¤D𝜇𝜓𝑖 −

1

4
𝜕𝜇𝑤 |𝜓𝑖 |2 +

1

4
|𝜓𝑖 |2𝑀𝜇 . (5.2.31)

Remark 5. The combined energy-momentum tensor and current are designed to exploit the

inherent symmetry of the coupled system (5.1.1), where the operators 𝑑/2 and 𝑑★/2 are adjoint

on the sphere. This symmetry enables the construction of a single set of multipliers to control

both waves and ensures the cancellation of the highest-order terms without assuming the

smallness of the charge. Moreover, the definition of the combined current P (𝑋,𝑤,𝑀)
𝜇 [𝜓1, 𝜓2] is

tailored to optimize its divergence properties, as shown in the following proposition. These

structural advantages allow us to establish bounded energy, Morawetz, and 𝑟 𝑝-estimates

across the full sub-extremal regime |𝑄 | < 𝑀.

Proposition 5.2.7. Let (𝜓1, 𝜓2) ∈ 𝔰1×𝔰2 solve (5.1.1). For multiplier (𝑋, 𝑤), the divergence

of the combined current P (𝑋,𝑤,𝑀)
𝜇 [𝜓1, 𝜓2] is given by

D𝜇P (𝑋,𝑤,𝑀)
𝜇 [𝜓1, 𝜓2] = E (𝑋,𝑤,𝑀) [𝜓1, 𝜓2] + N (𝑋,𝑤)

𝑐𝑜𝑢𝑝𝑙𝑒
[𝜓1, 𝜓2] + N (𝑋,𝑤)

𝑁1,𝑁2
[𝜓1, 𝜓2] (5.2.32)

where
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• the bulk term E (𝑋,𝑤,𝑀) [𝜓1, 𝜓2] is given by

E (𝑋,𝑤,𝑀) [𝜓1, 𝜓2]

:=
1

2
Q[𝜓1] · (𝑋)𝜋 +

(
−1
2
𝑋 (𝑉1) −

1

4
□g𝑤

)
|𝜓1 |2 +

1

2
𝑤L1 [𝜓1] +

1

4
D𝜇

(
|𝜓1 |2𝑀𝜇

)
+ 4𝑄2Q[𝜓2] · (𝑋)𝜋 +𝑄2 (

−4𝑋 (𝑉2) − 2□g𝑤
)
|𝜓2 |2 + 4𝑄2𝑤L2 [𝜓2] +𝑄2D𝜇

(
|𝜓2 |2𝑀𝜇

)
.

(5.2.33)

• the term N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] involving the coupling terms on the right-hand side of the

(5.1.1) is given by

N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] :=
8𝑄2

𝑟2
𝑑/2𝜓2 ·

(
∇𝑋𝜓1 +

1

2
𝑤𝜓1

)
+ 8𝑄2

𝑟2
𝑑★/2𝜓1 ·

(
∇𝑋𝜓2 +

1

2
𝑤𝜓2

)
(5.2.34)

• the term N (𝑋,𝑤)
𝑁1,𝑁2

[𝜓1, 𝜓2] involving the inhomogeneous terms 𝑁1, 𝑁2 on the right-hand

side of the (5.1.1) is given by

N (𝑋,𝑤)
𝑁1,𝑁2

[𝜓1, 𝜓2] := 𝑁1 ·
(
∇𝑋𝜓1 +

1

2
𝑤𝜓1

)
+ 8𝑄2𝑁2 ·

(
∇𝑋𝜓2 +

1

2
𝑤𝜓2

)
. (5.2.35)

Proof. First, we compute the divergence of Q[𝜓𝑖]𝜇𝜈 with the help of (5.1.1):

D𝜇Q[𝜓1]𝜇𝜈 =
( ¤□1𝜓1 −𝑉1𝜓1

)
· ¤D𝜈𝜓1 −

1

2
𝜕𝜈𝑉1 |𝜓1 |2

=

(
8𝑄2

𝑟2
𝑑/2𝜓2 + 𝑁1

)
· ¤D𝜈𝜓1 −

1

2
𝜕𝜈𝑉1 |𝜓1 |2,

D𝜇Q[𝜓2]𝜇𝜈 =
( ¤□2𝜓2 −𝑉2𝜓2

)
· ¤D𝜈𝜓2 −

1

2
𝜕𝜈𝑉2 |𝜓2 |2

=

(
1

𝑟2
𝑑★/2𝜓1 + 𝑁2

)
· ¤D𝜈𝜓2 −

1

2
𝜕𝜈𝑉2 |𝜓2 |2.

Then we compute the divergence of the single currents P (𝑋,𝑤)
𝜇 [𝜓1] and P (𝑋,𝑤)

𝜇 [𝜓2]:

D𝜇P (𝑋,𝑤,𝑀)
𝜇 [𝜓1]
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= D𝜇

(
Q[𝜓1]𝜇𝜈𝑋𝜈 +

1

2
𝑤𝜓1 · ¤D𝜇𝜓1 −

1

4
𝜕𝜇𝑤 |𝜓1 |2 +

1

4
|𝜓1 |2𝑀𝜇

)
= D𝜇Q[𝜓1]𝜇𝜈𝑋𝜈 +

1

2
Q[𝜓1]𝜇𝜈 · (𝑋)𝜋 + 1

2
𝑤 ¤D𝜇𝜓1 · ¤D𝜇𝜓1 +

1

2
𝑤𝜓1

¤□1𝜓1 −
1

4
□g𝑤 |𝜓1 |2 +

1

4
D𝜇

(
|𝜓1 |2𝑀𝜇

)
=

(
8𝑄2

𝑟2
𝑑/2𝜓2 + 𝑁1

)
· ∇𝑋𝜓1 −

1

2
𝑋 (𝑉1) |𝜓1 |2 +

1

2
Q[𝜓1]𝜇𝜈 · (𝑋)𝜋 + 1

2
𝑤L1 [𝜓1]

+ 1

2
𝑤𝜓1

( ¤□1𝜓1 −𝑉1𝜓1
)
− 1

4
□g𝑤 |𝜓1 |2 +

1

4
D𝜇

(
|𝜓1 |2𝑀𝜇

)
=
1

2
Q[𝜓1] · (𝑋)𝜋 +

(
−1
2
𝑋 (𝑉1) −

1

4
□g𝑤

)
|𝜓1 |2 +

1

2
𝑤L1 [𝜓1]

+
(
8𝑄2

𝑟2
𝑑/2𝜓2 + 𝑁1

)
·
(
∇𝑋𝜓1 +

1

2
𝑤𝜓1

)
+ 1

4
D𝜇

(
|𝜓1 |2𝑀𝜇

)
.

Similarly, we have

D𝜇P (𝑋,𝑤,𝑀)
𝜇 [𝜓2] =

1

2
Q[𝜓2] · (𝑋)𝜋 +

(
−1
2
𝑋 (𝑉2) −

1

4
□g𝑤

)
|𝜓2 |2 +

1

2
𝑤L2 [𝜓2]

+
(
1

𝑟2
𝑑★/2𝜓1 + 𝑁2

)
·
(
∇𝑋𝜓2 +

1

2
𝑤𝜓2

)
+ 1

4
D𝜇

(
|𝜓2 |2𝑀𝜇

)
.

Taking a linear combination, we have the divergence of the combined current P (𝑋,𝑤,𝑀)
𝜇 [𝜓1, 𝜓2]:

D𝜇P (𝑋,𝑤,𝑀)
𝜇 [𝜓1, 𝜓2] =

1

2
Q[𝜓1] · (𝑋)𝜋 +

(
−1
2
𝑋 (𝑉1) −

1

4
□g𝑤

)
|𝜓1 |2 +

1

2
𝑤L1 [𝜓1]

+
(
8𝑄2

𝑟2
𝑑/2𝜓2 + 𝑁1

)
·
(
∇𝑋𝜓1 +

1

2
𝑤𝜓1

)
+ 1

4
D𝜇

(
|𝜓1 |2𝑀𝜇

)
+ 4𝑄2Q[𝜓2] · (𝑋)𝜋 +𝑄2 (

−4𝑋 (𝑉2) − 2□g𝑤
)
|𝜓2 |2 + 4𝑄2𝑤L2 [𝜓2]

+ 8𝑄2

(
1

𝑟2
𝑑★/2𝜓1 + 𝑁2

)
·
(
∇𝑋𝜓2 +

1

2
𝑤𝜓2

)
+𝑄2D𝜇

(
|𝜓2 |2𝑀𝜇

)
.

This finishes the proof of Proposition 5.2.7 by rearranging and regrouping.

The following Lemma is essential for handling the coupled terms:

Lemma 5.2.8. Suppose 𝑤 = 𝑤(𝑟), then we can rewrite the inhomogeneous term N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2]
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in (5.2.34) in the following two ways:

N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] =
(
−8𝑄

2

𝑟2
Div𝑋 − 𝑋

(
8𝑄2

𝑟2

)
+ 8𝑄2

𝑟2
𝑤

)
( 𝑑★/2𝜓1 · 𝜓2) +

8𝑄2

𝑟2
𝜓2 · [ 𝑑★/2, 𝑋]𝜓1

+ 4𝑄2

𝑟2
𝑤div(𝜓2 · 𝜓1) +

8𝑄2

𝑟2
div (𝜓2 · ∇𝑋𝜓1) +D𝜇

(
8𝑄2

𝑟2
( 𝑑★/2𝜓1 · 𝜓2)𝑋𝜇

)
,

(5.2.36)

and

N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] =
(
−8𝑄

2

𝑟2
Div𝑋 − 𝑋

(
8𝑄2

𝑟2

)
+ 8𝑄2

𝑟2
𝑤

)
( 𝑑/2𝜓2 · 𝜓1) +

8𝑄2

𝑟2
𝜓1 · [ 𝑑/2, 𝑋]𝜓2

− 4𝑄2

𝑟2
𝑤div(𝜓2 · 𝜓1) −

8𝑄2

𝑟2
div (𝜓1 · ∇𝑋𝜓2) +D𝜇

(
8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)𝑋𝜇

)
.

(5.2.37)

Proof. The main idea is to create spherical divergence terms using the adjoint-ness of 𝑑/2

and 𝑑★/2 or spacetime divergence terms via the vector field 𝑋. Recall for Θ ∈ 𝑠2, 𝜉 ∈ 𝑠1, we

have

𝑑/2Θ · 𝜉 − Θ · 𝑑★/2𝜉 = div(Θ · 𝜉) (5.2.38)

So apply this to 𝜓2 ∈ 𝔰2 and ∇𝑋𝜓1 ∈ 𝔰1, we get

8𝑄2

𝑟2

(
𝑑/2𝜓2 · ∇𝑋𝜓1 + 𝑑★/2𝜓1 · ∇𝑋𝜓2

)
=
8𝑄2

𝑟2

(
𝜓2 · 𝑑★/2∇𝑋𝜓1 + div (𝜓2 · ∇𝑋𝜓1) + 𝑑★/2𝜓1 · ∇𝑋𝜓2

)
=
8𝑄2

𝑟2

(
𝜓2 · 𝑋 ( 𝑑★/2𝜓1) + 𝑑★/2𝜓1 · ∇𝑋𝜓2

)
+ 8𝑄2

𝑟2
𝜓2 · [ 𝑑★/2, 𝑋]𝜓1 +

8𝑄2

𝑟2
div (𝜓2 · ∇𝑋𝜓1)

= −𝑋
(
8𝑄2

𝑟2

)
( 𝑑★/2𝜓1 · 𝜓2) + ¤∇𝑋

(
8𝑄2

𝑟2
( 𝑑★/2𝜓1 · 𝜓2)

)
+ 8𝑄2

𝑟2
𝜓2 · [ 𝑑★/2, 𝑋]𝜓1 +

8𝑄2

𝑟2
div (𝜓2 · ∇𝑋𝜓1)

=

(
−8𝑄

2

𝑟2
Div𝑋 − 𝑋

(
8𝑄2

𝑟2

))
( 𝑑★/2𝜓1 · 𝜓2) +

8𝑄2

𝑟2
𝜓2 · [ 𝑑★/2, 𝑋]𝜓1

+ 8𝑄2

𝑟2
div (𝜓2 · ∇𝑋𝜓1) +D𝜇

(
8𝑄2

𝑟2
( 𝑑★/2𝜓1 · 𝜓2)𝑋𝜇

)
,

Now for 𝑤 = 𝑤(𝑟), we can also write the rest of the terms in N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] as divergence

116



R-N nonlinear stability

term plus a ( 𝑑★/2𝜓1 · 𝜓2)-term using (5.2.38) for 𝜓1 ∈ 𝔰1, 𝜓2 ∈ 𝔰2:

8𝑄2

𝑟2

(
𝑑/2𝜓2 ·

1

2
𝑤𝜓1 + 𝑑★/2𝜓1 ·

1

2
𝑤𝜓2

)
=
4𝑄2

𝑟2
𝑤div(𝜓2 · 𝜓1) +

8𝑄2

𝑟2
𝑤( 𝑑★/2𝜓1 · 𝜓2).

Therefore, adding the two and recall (5.2.34), we deduce

N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] =
(
−8𝑄

2

𝑟2
Div𝑋 − 𝑋

(
8𝑄2

𝑟2

)
+ 8𝑄2

𝑟2
𝑤

)
( 𝑑★/2𝜓1 · 𝜓2) +

8𝑄2

𝑟2
𝜓2 · [ 𝑑★/2, 𝑋]𝜓1

+ 4𝑄2

𝑟2
𝑤div(𝜓2 · 𝜓1) +

8𝑄2

𝑟2
div (𝜓2 · ∇𝑋𝜓1) +D𝜇

(
8𝑄2

𝑟2
( 𝑑★/2𝜓1 · 𝜓2)𝑋𝜇

)
.

This finishes the proof of (5.2.36). For the second one, we apply (5.2.38) to ∇𝑋𝜓2 ∈ 𝔰2 and

𝜓1 ∈ 𝔰1, then

8𝑄2

𝑟2

(
𝑑/2𝜓2 · ∇𝑋𝜓1 + 𝑑★/2𝜓1 · ∇𝑋𝜓2

)
=
8𝑄2

𝑟2
( 𝑑/2𝜓2 · ∇𝑋𝜓1 + 𝜓1 · 𝑑/2∇𝑋𝜓2 − div(𝜓1 · ∇𝑋𝜓2))

=
8𝑄2

𝑟2
( 𝑑/2𝜓2 · ∇𝑋𝜓1 + 𝜓1 · 𝑋 ( 𝑑/2𝜓2)) +

8𝑄2

𝑟2
𝜓1 · [ 𝑑/2, 𝑋]𝜓2 −

8𝑄2

𝑟2
div (𝜓1 · ∇𝑋𝜓2)

= −𝑋
(
8𝑄2

𝑟2

)
( 𝑑/2𝜓2 · 𝜓1) + ¤∇𝑋

(
8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)

)
+ 8𝑄2

𝑟2
𝜓1 · [ 𝑑/2, 𝑋]𝜓2 −

8𝑄2

𝑟2
div (𝜓1 · ∇𝑋𝜓2)

=

(
−8𝑄

2

𝑟2
Div𝑋 − 𝑋

(
8𝑄2

𝑟2

))
( 𝑑/2𝜓2 · 𝜓1) +

8𝑄2

𝑟2
𝜓1 · [ 𝑑/2, 𝑋]𝜓2

− 8𝑄2

𝑟2
div (𝜓1 · ∇𝑋𝜓2) +D𝜇

(
8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)𝑋𝜇

)
,

and for 𝑤 = 𝑤(𝑟), we can similarly also write the rest of the terms in N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] as

divergence term plus a ( 𝑑/2𝜓2 · 𝜓1)-term using (5.2.38) for 𝜓1 ∈ 𝔰1, 𝜓2 ∈ 𝔰2::

8𝑄2

𝑟2

(
𝑑/2𝜓2 ·

1

2
𝑤𝜓1 + 𝑑★/2𝜓1 ·

1

2
𝑤𝜓2

)
= −4𝑄

2

𝑟2
𝑤div(𝜓2 · 𝜓1) +

8𝑄2

𝑟2
𝑤( 𝑑/2𝜓2 · 𝜓1).
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Therefore, adding the two and recall (5.2.34), we deduce

N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] =
(
−8𝑄

2

𝑟2
Div𝑋 − 𝑋

(
8𝑄2

𝑟2

)
+ 8𝑄2

𝑟2
𝑤

)
( 𝑑/2𝜓2 · 𝜓1) +

8𝑄2

𝑟2
𝜓1 · [ 𝑑/2, 𝑋]𝜓2

− 4𝑄2

𝑟2
𝑤div(𝜓2 · 𝜓1) −

8𝑄2

𝑟2
div (𝜓1 · ∇𝑋𝜓2) +D𝜇

(
8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)𝑋𝜇

)
.

This finishes the proof of (5.2.37) and hence Lemma 5.2.8.

One can take a linear combination between the two forms (5.2.36) and (5.2.37) of N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2]

to derive:

Corollary 5.2.9. Suppose 𝑤 = 𝑤(𝑟) and given 𝜆 ∈ R, then we can rewrite the inhomogeneous

term N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] in (5.2.34) as:

N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] =
(
−8𝑄

2

𝑟2
Div𝑋 − 𝑋

(
8𝑄2

𝑟2

)
+ 8𝑄2

𝑟2
𝑤

) (
𝜆( 𝑑★/2𝜓1 · 𝜓2) + (1 − 𝜆) ( 𝑑/2𝜓2 · 𝜓1)

)
+ 𝜆8𝑄

2

𝑟2
𝜓2 · [ 𝑑★/2, 𝑋]𝜓1 + (1 − 𝜆) 8𝑄

2

𝑟2
𝜓1 · [ 𝑑/2, 𝑋]𝜓2

− 4𝑄2

𝑟2
(1 − 2𝜆)𝑤div(𝜓2 · 𝜓1) +

8𝑄2

𝑟2
div

(
𝜆𝜓2 · ∇𝑋𝜓1 − (1 − 𝜆)𝜓1 · ∇𝑋𝜓2

)
+D𝜇

(
8𝑄2

𝑟2

(
𝜆( 𝑑★/2𝜓1 · 𝜓2) + (1 − 𝜆) ( 𝑑/2𝜓2 · 𝜓1)

)
𝑋𝜇

)
.

(5.2.39)

Lemma 5.2.10. The components Q𝜇𝜈 of the energy-momentum tensor are given by

Q[𝜓𝑖]33 = |∇3𝜓𝑖 |2, Q[𝜓𝑖]44 = |∇4𝜓𝑖 |2, Q[𝜓𝑖]34 = |∇/𝜓𝑖 |2 +𝑉𝑖 |𝜓𝑖 |2, g𝜇𝜈Q[𝜓𝑖]𝜇𝜈 = −L𝑖 [𝜓𝑖] −𝑉𝑖 |𝜓𝑖 |2,

where L𝑖 [𝜓𝑖] = ¤D𝜇𝜓𝑖 · ¤D𝜇𝜓𝑖 +𝑉𝑖 |𝜓𝑖 |2 = −D3𝜓𝑖 · D4𝜓𝑖 + |∇/𝜓𝑖 |2 +𝑉𝑖 |𝜓𝑖 |2.

5.2.8 Main norms used in the Energy-Morawetz estimates

Definition 5.2.11. We introduce the following norms for the Regge-Wheeler system (5.1.1):
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• Energy norms:

𝐸𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏) :=
∫
Σ(𝜏)

|g(𝑁Σ, 𝑒3) | |∇4𝜓1 |2 + |g(𝑁Σ, 𝑒4) | |Υ| |∇3𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2

+𝑄2
(
|g(𝑁Σ, 𝑒3) | |∇4𝜓2 |2 + |g(𝑁Σ, 𝑒4) | |Υ| |∇3𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2

)
,

(5.2.40)

𝐸 [𝜓1, 𝜓2] (𝜏) :=
∫
Σ(𝜏)

|g(𝑁Σ, 𝑒3) | |∇4𝜓1 |2 + |g(𝑁Σ, 𝑒4) | |∇3𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2

+𝑄2
(
|g(𝑁Σ, 𝑒3) | |∇4𝜓2 |2 + |g(𝑁Σ, 𝑒4) | |∇3𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2

)
.

(5.2.41)

• Morawetz norms:

Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) :=
∫
M(𝜏1,𝜏2)

1

𝑟3

(
|∇𝑅𝜓1 |2 + |𝜓1 |2

)
+ 1

𝑟

(
1 − 𝑟𝑃

𝑟

)2 (
|∇/𝜓1 |2 +

1

𝑟2
|∇𝑇𝜓1 |2

)
+ 𝑄

2

𝑟3

(
|∇𝑅𝜓2 |2 + |𝜓2 |2

)
+ 𝑄

2

𝑟

(
1 − 𝑟𝑃

𝑟

)2 (
|∇/𝜓2 |2 +

1

𝑟2
|∇𝑇𝜓2 |2

)
,

(5.2.42)

Mor[𝜓1, 𝜓2] (𝜏1, 𝜏2) :=
∫
M(𝜏1,𝜏2)

1

𝑟3

(
|∇𝑅𝜓1 |2 + |𝜓1 |2

)
+ 1

𝑟

(
1 − 𝑟𝑃

𝑟

)2 (
|∇/𝜓1 |2 +

1

𝑟2
|∇3𝜓1 |2

)
+ 𝑄

2

𝑟3

(
|∇𝑅𝜓2 |2 + |𝜓2 |2

)
+ 𝑄

2

𝑟

(
1 − 𝑟𝑃

𝑟

)2 (
|∇/𝜓2 |2 +

1

𝑟2
|∇3𝜓2 |2

)
,

(5.2.43)

Morr[𝜓1, 𝜓2] (𝜏1, 𝜏2) := Mor[𝜓1, 𝜓2] (𝜏1, 𝜏2) +
∫
M>100𝑟+ (𝜏1,𝜏2)

𝑟−1−𝛿 |∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2.

(5.2.44)

• Flux norms:

𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2) :=
∫
A(𝜏1,𝜏2)

|∇4𝜓1 |2 + 𝛿H |∇3𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2

+𝑄2
(
|∇4𝜓2 |2 + 𝛿H |∇3𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2

)
, (5.2.45)
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𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2) :=
∫
Σ∗ (𝜏1,𝜏2)

|∇4𝜓2 |2 + |∇3𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2

+𝑄2
(
|∇4𝜓2 |2 + |∇3𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2

)
, (5.2.46)

𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2) := 𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2). (5.2.47)

• Norms of inhomogeneous terms:

𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) := 𝐽 [𝜓1, 𝑁1] (𝜏1, 𝜏2) +𝑄2𝐽 [𝜓2, 𝑁2] (𝜏1, 𝜏2), (5.2.48)

𝐽 [𝜓1, 𝑁1] (𝜏1, 𝜏2) :=
∫
M(𝜏1,𝜏2)

(
|∇3𝜓1 | + |∇4𝜓1 | + 𝑟−1 |𝜓1 |

)
|𝑁1 |, (5.2.49)

𝐽 [𝜓2, 𝑁2] (𝜏1, 𝜏2) :=
∫
M(𝜏1,𝜏2)

(
|∇3𝜓2 | + |∇4𝜓2 | + 𝑟−1 |𝜓2 |

)
|𝑁2 |. (5.2.50)

• Weighted bulk norm:

¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2) :=
∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

𝑟𝛿−1( |∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2)

+𝑄2𝑟𝛿−1( |∇4𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2). (5.2.51)

• Error terms:

Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2) :=
∫
M(𝜏1,𝜏2)

Err𝜖 [𝜓1, 𝜓2], (5.2.52)

where Err𝜖 [𝜓1, 𝜓2] satisfies for any 𝛿 ∈ (0, 1):

Err𝜖 [𝜓1, 𝜓2] = 𝑂
( 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐

) (
𝑟−𝛿 |∇3𝜓1 |2 + 𝑟𝛿 |∇4𝜓1 |2 + |∇/𝜓1 |2 +

|𝜓1 |2
𝑟2

)
+𝑄2𝑂

( 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐

) (
𝑟−𝛿 |∇3𝜓2 |2 + 𝑟𝛿 |∇4𝜓2 |2 + |∇/𝜓2 |2 +

|𝜓2 |2
𝑟2

)
. (5.2.53)
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We also define the following combined norms:

𝐸𝑀𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) := sup
𝜏∈[𝜏1,𝜏2]

𝐸𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏) + Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2), (5.2.54)

𝐸𝑀𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2) := sup
𝜏∈[𝜏1,𝜏2]

𝐸 [𝜓1, 𝜓2] (𝜏) + Mor[𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(5.2.55)

5.3 Degenerate energy estimate

In this section, we prove the degenerate energy estimate, as stated in Proposition 5.3.3. The

main idea is to apply the divergence theorem to the current P (𝑇,0) [𝜓1, 𝜓2] − B in the region

M(𝜏1, 𝜏2), where B is an auxiliary current defined in (5.3.2). The presence of the auxiliary

current B is necessary due to the coupling nature of the system (5.1.1). Moreover, Lemma

5.3.2 is our essential idea for handling the couple terms in a boundary flux.

We begin with the control of an bulk integral:

Lemma 5.3.1. We have the following estimate of bulk term����∫
M(𝜏1,𝜏2)

D𝜇
(
P (𝑇,0)
𝜇 [𝜓1, 𝜓2] − B𝜇

)���� ≲ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2),

(5.3.1)

where B𝜇 is given by

B𝜇 =
4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
𝑇 𝜇 (5.3.2)

Proof. Applying Proposition 5.2.7 to multiplier (𝑋, 𝑤) = (𝑇, 0), we get

D𝜇P (𝑇,0)
𝜇 [𝜓1, 𝜓2] = E (𝑇,𝑤) [𝜓1, 𝜓2] + N (𝑇,0)

𝑐𝑜𝑢𝑝𝑙𝑒
[𝜓1, 𝜓2] + N (𝑇,0)

𝑁1,𝑁2
[𝜓1, 𝜓2],

where each term is given by

E (𝑇,0) [𝜓1, 𝜓2] =
1

2
Q[𝜓1] · (𝑇)𝜋 − 1

2
𝑇 (𝑉1) |𝜓1 |2 + 4𝑄2Q[𝜓2] · (𝑇)𝜋 − 4𝑄2𝑇 (𝑉2) |𝜓2 |2,
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N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] =
8𝑄2

𝑟2
𝑑/2𝜓2 · ∇𝑇𝜓1 +

8𝑄2

𝑟2
𝑑★/2𝜓1 · ∇𝑇𝜓2,

N (𝑋,𝑤)
𝑁1,𝑁2

[𝜓1, 𝜓2] = 𝑁1 · ∇𝑇𝜓1 + 8𝑄2𝑁2 · ∇𝑇𝜓2.

For the bulk term E (𝑇,0) [𝜓1, 𝜓2], we have from Lemma 5.2.2 that

E (𝑇,0) [𝜓1, 𝜓2] =
1

2
Q[𝜓1] · (𝑇)𝜋−

1

2
𝑇 (𝑉1) |𝜓1 |2+4𝑄2Q[𝜓2] · (𝑇)𝜋−4𝑄2𝑇 (𝑉2) |𝜓2 |2 = Err𝜖 [𝜓1, 𝜓2] .

For the inhomogeneous term N (𝑇,0)
𝑁1,𝑁2

[𝜓1, 𝜓2], we can directly control it by 𝐽-norms����∫
M(𝜏1,𝜏2)

N (𝑇,0)
𝑁1,𝑁2

[𝜓1, 𝜓2]
���� ≲ ∫

M(𝜏1,𝜏2)
|∇𝑇𝜓1 | |𝑁1 |+𝑄2 |∇𝑇𝜓2 | |𝑁2 | ≲ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2).

For the coupled term N (𝑇,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2], we can rewrite out the coupled term N (𝑇,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2]

by Lemma 5.2.9 with 𝜆 = 1
2 :

N (𝑇,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] =
(
−8𝑄

2

𝑟2
Div𝑇 − 𝑇

(
4𝑄2

𝑟2

)) (1
2
( 𝑑★/2𝜓1 · 𝜓2) +

1

2
( 𝑑/2𝜓2 · 𝜓1)

)
+ 4𝑄2

𝑟2
𝜓2 · [ 𝑑★/2, 𝑇]𝜓1 +

4𝑄2

𝑟2
𝜓1 · [ 𝑑/2, 𝑇]𝜓2

+ 4𝑄2

𝑟2
div

(
𝜓2 · ∇𝑇𝜓1 − 𝜓1 · ∇𝑇𝜓2

)
+D𝜇

(
4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
𝑇 𝜇

)
.

Thus, noting that the spherical divergence term vanishes upon integration over the sphere,

we obtain the desired estimate:����∫
M(𝜏1,𝜏2)

D𝜇
(
P (𝑇,0)
𝜇 [𝜓1, 𝜓2] − B𝜇

)����
≲

∫
M(𝜏1,𝜏2)

Err𝜖 [𝜓1, 𝜓2] + 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)

+
∫
M(𝜏1,𝜏2)

����(−4𝑄2

𝑟2
Div𝑇 − 𝑇

(
4𝑄2

𝑟2

)) (
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)����
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+
∫
M(𝜏1,𝜏2)

����4𝑄2

𝑟2
𝜓2 · [ 𝑑★/2, 𝑇]𝜓1 +

4𝑄2

𝑟2
𝜓1 · [ 𝑑/2, 𝑇]𝜓2

����
≲ Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2).

We will also make use of the following lemma that helps us deal with coupled terms in

boundary terms:

Lemma 5.3.2. On a given sphere 𝑆, we have the following inequality that can handle coupled

terms appearing in a boundary integral∫
𝑆

Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +
8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
≥

∫
𝑆

1

2
|∇/𝜓1 |2 + 4𝑄2 |∇/𝜓2 |2 +

1

𝑟2
|𝜓1 |2 +

8𝑄2

𝑟2
|𝜓2 |2.

(5.3.3)

Proof. We handle the cross term using the Poincaré inequality from Proposition 5.2.5, inte-

grating over the sphere. First, applying (5.2.27) to 𝜓1 ∈ 𝔰1, we obtain

∫
𝑆

1

2
|∇/𝜓1 |2 +

8𝑄2

𝑟2
( 𝑑★/2𝜓1 · 𝜓2)

≥
∫
𝑆

| 𝑑★/2𝜓1 |2 +
1

2
𝐾 |𝜓1 |2 +

8𝑄2

𝑟2
( 𝑑★/2𝜓1 · 𝜓2)

≥
∫
𝑆

−16𝑄
4

𝑟4
|𝜓2 |2 +

1

2
𝐾 |𝜓1 |2.

Next, since 𝜓2 ∈ 𝔰2 is supported on the ℓ ≥ 2 modes, we apply (5.2.26), yielding

∫
𝑆

4𝑄2 |∇/𝜓2 |2 +
8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)

≥
∫
𝑆

4𝑄2 | 𝑑/2𝜓2 |2 + 4𝑄2

(
1

𝑟2
− 𝐾

)
|𝜓2 |2 +

8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)

≥
∫
𝑆

−4𝑄
2

𝑟4
|𝜓1 |2 + 4𝑄2

(
1

𝑟2
− 𝐾

)
|𝜓2 |2.
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Combining these estimates, we find that for any given sphere 𝑆,∫
𝑆

Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +
8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
=

∫
𝑆

|∇/𝜓1 |2 +𝑉1 |𝜓1 |2 + 8𝑄2 |∇/𝜓2 |2 + 8𝑄2𝑉2 |𝜓2 |2 +
8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
≥

∫
𝑆

1

2
|∇/𝜓1 |2 +𝑉1 |𝜓1 |2 + 4𝑄2 |∇/𝜓2 |2 + 8𝑄2𝑉2 |𝜓2 |2

− 16𝑄4

𝑟4
|𝜓2 |2 +

1

2
𝐾 |𝜓1 |2 −

4𝑄2

𝑟4
|𝜓1 |2 + 4𝑄2

(
1

𝑟2
− 𝐾

)
|𝜓2 |2

=

∫
𝑆

1

2
|∇/𝜓1 |2 + 4𝑄2 |∇/𝜓2 |2 +

(
𝐾

2
+𝑉1 −

4𝑄2

𝑟4

)
|𝜓1 |2 + 4𝑄2

(
1

𝑟2
− 𝐾 + 2𝑉2 −

16𝑄2

𝑟4

)
|𝜓2 |2.

(5.3.4)

This concludes the proof of Lemma 5.3.2, given the bootstrap assumption on the Gauss

curvature 𝐾 established in Section 5.2.3.

Remark 6. Lemma 5.3.2 plays a crucial role in controlling the cross term in the bound-

ary contributions, ensuring a lower bound for certain boundary fluxes when applying the

divergence theorem. This result is essential for handling boundary terms in the proof of

Proposition 5.3.3 on the degenerate energy estimate and Proposition 5.5.2 on the Redshift

estimate. Additionally, it is used in (6.1.81), a key step in the proof of Lemma 6.1.11, which in

turn is needed to establish Theorem 6.3.1 on the 𝑟 𝑝-estimate. This lemma directly addresses

the challenges posed by the coupling terms, aligning the analysis in Reissner-Nordström more

closely with that in Schwarzschild. By handling the coupled terms, it allows the rest of the

argument to proceed in a manner similar to the uncoupled case. Moreover, it enables the

analysis of a pair of coupled wave equations to be treated in an analytically similar way to

that of a single wave equation, significantly simplifying the overall approach.
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Proposition 5.3.3. We have the following degenerate energy estimate:

sup
𝜏∈[𝜏1,𝜏2]

𝐸𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏) +
∫
A(𝜏1,𝜏2)

(
|∇4𝜓1 |2 +𝑄2 |∇4𝜓2 |2

)
+ 𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝛿H sup
𝜏∈[𝜏1,𝜏2]

𝐸𝑟≤𝑟+ (1+𝛿H) [𝜓1, 𝜓2] (𝜏) + 𝛿H𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(5.3.5)

Proof. Applying the divergence theorem to P−B = P (𝑇,0) [𝜓1, 𝜓2]−B in the region M(𝜏1, 𝜏2)

where B is given by (5.3.2), we deduce∫
A(𝜏1,𝜏2)

(P − B) · 𝑁A +
∫
Σ(𝜏2)

(P − B) · 𝑁Σ +
∫
M(𝜏1,𝜏2)

D𝜇 (P𝜇 − B𝜇) +
∫
Σ∗ (𝜏1,𝜏2)

(P − B) · 𝑁Σ∗

=

∫
Σ(𝜏1)

(P − B) · 𝑁Σ .

(5.3.6)

Recall from Lemma 5.3.1 that the spacetime integral term can be estimated as����∫
M(𝜏1,𝜏2)

D𝜇
(
P𝜇 − B𝜇

) ���� ≲ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

Now, we consider the boundary terms. Notice that on A, the normal is given by

𝑁A = 𝑒4 + (𝛿H +𝑂 (𝜖))𝑒3.

We also have on A = {𝑟 = 𝑟+(1 − 𝛿H )} that Υ = 𝑂 (𝛿H ), so

(P − B) · 𝑁A = Q[𝜓1] (𝑇, 𝑁A) + 8𝑄2Q[𝜓2] (𝑇, 𝑁A)

− 4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
g(𝑇, 𝑁A)

=
1

2
Q[𝜓1] (𝑒4 + Υ𝑒3, 𝑒4 + (𝛿H +𝑂 (𝜖))𝑒3) + 4𝑄2Q[𝜓2] (𝑒4 + Υ𝑒3, 𝑒4 + (𝛿H +𝑂 (𝜖))𝑒3)

− 2𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
g (𝑒4 + Υ𝑒3, 𝑒4 + (𝛿H +𝑂 (𝜖))𝑒3)
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=
1

2
Q[𝜓1]44 +𝑂 (𝛿2H )Q[𝜓1]33 +

Υ + 𝛿H +𝑂 (𝜖)
2

Q[𝜓1]34

+ 4𝑄2
(
Q[𝜓2]44 +𝑂 (𝛿2H )Q[𝜓2]33 + (Υ + 𝛿H +𝑂 (𝜖))Q[𝜓2]34

)
+ 4𝑄2

𝑟2
(Υ + 𝛿H +𝑂 (𝜖))

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
≥ 1

4
|∇4𝜓1 |2 −𝑂 (𝛿H )

(
𝛿H |∇3𝜓1 |2 + |∇/𝜓1 |2 + |𝜓1 |2

)
+ 2𝑄2 |∇4𝜓2 |2 −𝑄2𝑂 (𝛿H )

(
𝛿H |∇3𝜓2 |2 + |∇/𝜓2 |2 + |𝜓2 |2

)
,

which implies

∫
A(𝜏1,𝜏2)

(P−B)·𝑁A ≥
∫
A(𝜏1,𝜏2)

(
1

4
|∇4𝜓1 |2 + 2𝑄2 |∇4𝜓2 |2

)
−𝑂 (𝛿H )𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2). (5.3.7)

We also have on Σ(𝜏) that

(P − B) · 𝑁Σ = Q[𝜓1] (𝑇, 𝑁Σ) + 8𝑄2Q[𝜓2] (𝑇, 𝑁Σ)

− 4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
g(𝑇, 𝑁Σ)

=
1

2
Q[𝜓1] (𝑒4 + Υ𝑒3, 𝑎𝑒3 + 𝑏𝑒4) + 4𝑄2Q[𝜓2] (𝑒4 + Υ𝑒3, 𝑎𝑒3 + 𝑏𝑒4)

− 2𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
g (𝑒4 + Υ𝑒3, 𝑎𝑒3 + 𝑏𝑒4)

=
𝑎Υ

2
Q[𝜓1]33 +

𝑎 + 𝑏Υ
2

Q[𝜓1]34 +
𝑏

2
Q[𝜓1]44

+ 8𝑄2

(
𝑎Υ

2
Q[𝜓2]33 +

𝑎 + 𝑏Υ
2

Q[𝜓2]34 +
𝑏

2
Q[𝜓2]44

)
+ 4𝑄2

𝑟2
(𝑎 + 𝑏Υ)

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
=
𝑎Υ

2
Q[𝜓1]33 +

𝑏

2
Q[𝜓1]44 + 4𝑄2𝑎ΥQ[𝜓2]33 + 4𝑄2𝑏Q[𝜓2]44

+ 𝑎 + 𝑏Υ
2

(
Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
where 𝑎 and 𝑏 are defined in (5.2.17). Applying Lemma 5.3.2 to a given sphere 𝑆 ∈ Σ(𝜏),
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we know

∫
𝑆

(P − B) · 𝑁Σ ≥
∫
𝑆

𝑎Υ

2
Q[𝜓1]33 +

𝑏

2
Q[𝜓1]44 + 4𝑄2𝑎ΥQ[𝜓2]33 + 4𝑄2𝑏Q[𝜓2]44

+ 𝑎 + 𝑏Υ
2

(
1

2
|∇/𝜓1 |2 + 4𝑄2 |∇/𝜓2 |2 +

1

𝑟2
|𝜓1 |2 +

8𝑄2

𝑟2
|𝜓2 |2

)
Hence, we obtain a lower bound for the flux through Σ(𝜏)∫
Σ(𝜏)

(P − B) · 𝑁Σ ≥ 1

4

∫
Σ(𝜏)

𝑎 |Υ| |∇3𝜓1 |2 + 𝑏 |∇4𝜓1 |2 + (𝑎 + 𝑏Υ) |∇/𝜓1 |2 + (𝑎 + 𝑏Υ)𝑟−2 |𝜓1 |2

+ 8𝑄2
(
𝑎 |Υ| |∇3𝜓2 |2 + 𝑏 |∇4𝜓2 |2 + (𝑎 + 𝑏Υ) |∇/𝜓2 |2 + (𝑎 + 𝑏Υ)𝑟−2 |𝜓2 |2

)
−𝑂 (𝛿H )

∫
Σ(𝜏)∩{𝑟≤𝑟+ (1+𝛿H)}

|∇3𝜓1 |2 + |𝜓1 |2 +𝑄2
(
|∇3𝜓2 |2 + |𝜓2 |2

)
≥ 1

8
𝐸𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏) −𝑂 (𝛿H )𝐸𝑟≤𝑟+ (1+𝛿H) [𝜓1, 𝜓2] (𝜏).

(5.3.8)

Moreover, we also have the upper bound control of the flux through Σ(𝜏)∫
Σ(𝜏)

| (P − B) · 𝑁Σ | ≲
∫
Σ(𝜏)

𝑎Q[𝜓1]33 + (𝑎 + 𝑏)Q[𝜓1]34 + 𝑏Q[𝜓1]44

+𝑄2 (𝑎Q[𝜓2]33 + (𝑎 + 𝑏)Q[𝜓2]34 + 𝑏Q[𝜓2]44)

+ 4𝑄2

𝑟2
(𝑎 + 𝑏)

(
| 𝑑★/2𝜓1 · 𝜓2 | + | 𝑑/2𝜓2 · 𝜓1 |

)
≲

∫
Σ(𝜏)

𝑎 |∇3𝜓1 |2 + 𝑏 |∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2

+𝑄2
(
𝑎 |∇3𝜓2 |2 + 𝑏 |∇4𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2

)
= 𝐸 [𝜓1, 𝜓2] (𝜏).

(5.3.9)

Finally, we have on Σ∗ that the normal is given by

𝑁Σ∗ = 𝑇 +𝑂
(
𝜖 + 𝑀

𝑟
+ 𝑄

2

𝑟2

)
(𝑒3 + 𝑒4),
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so∫
Σ∗ (𝜏1,𝜏2)

(P − B) · 𝑁Σ∗ =

∫
Σ∗ (𝜏1,𝜏2)

Q[𝜓1] (𝑇, 𝑁Σ∗) + 8𝑄2Q[𝜓2] (𝑇, 𝑁Σ∗)

− 4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
g(𝑇, 𝑁Σ∗)

=

∫
Σ∗ (𝜏1,𝜏2)

1

4
Q[𝜓1] (𝑒3 + 𝑒4, 𝑒3 + 𝑒4) +𝑂

(
𝜖 + 𝑀

𝑟
+ 𝑄

2

𝑟2

) (
|D𝜓1 |2 + 𝑟−2 |𝜓1 |2

)
+ 2𝑄2

(
Q[𝜓2] (𝑒3 + 𝑒4, 𝑒3 + 𝑒4) +𝑂

(
𝜖 + 𝑀

𝑟
+ 𝑄

2

𝑟2

) (
|D𝜓2 |2 + 𝑟−2 |𝜓2 |2

))
− 4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
g(𝑇,𝑇 +𝑂

(
𝜖 + 𝑀

𝑟
+ 𝑄

2

𝑟2

)
(𝑒3 + 𝑒4))

≥ 1

16

∫
Σ∗ (𝜏1,𝜏2)

(
|∇3𝜓1 |2 + |∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2

)
+ 8𝑄2

(
|∇3𝜓2 |2 + |∇4𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2

)
=

1

16
𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2),

(5.3.10)

where we again used (5.3.3) to handle the cross terms. Combining Lemma 5.3.1 and the

above estimates (5.3.6), (5.3.7), (5.3.8), (5.3.9) and (5.3.10), we deduce the desired estimate

sup
𝜏∈[𝜏1,𝜏2]

𝐸𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏) +
∫
A(𝜏1,𝜏2)

(
|∇4𝜓1 |2 +𝑄2 |∇4𝜓2 |2

)
+ 𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝛿H sup
𝜏∈[𝜏1,𝜏2]

𝐸𝑟≤𝑟+ (1+𝛿H) [𝜓1, 𝜓2] (𝜏) + 𝛿H𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(5.3.11)

This concludes the proof of Proposition 5.3.3.

5.4 Degenerate Morawetz estimate

In this section, we prove the degenerate Morawetz estimate, as stated in Proposition 5.4.1.

The main idea is to apply the divergence theorem to the current P (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2] − B𝑌 in the

region M(𝜏1, 𝜏2), where B𝑌 is an auxiliary current defined in (5.4.11). The The auxiliary
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current B𝑌 is introduced to address the coupling nature of the system (5.1.1). We rely on

the multiplier (𝑋, 𝑤, 𝑀) = (𝑌, 𝑤𝑌 , 0)2 with the ansatz

𝑌 = 𝑟−2𝑢𝑅, 𝑤𝑌 = 𝑟−2𝜕𝑟𝑢, (5.4.1)

and a choice of 𝑢 = 𝑢𝑌 that has already appeared in [19] to derive the degenerate Morawetz

estimate.

Proposition 5.4.1. We have the following degenerate Morawetz estimate for solution (𝜓1, 𝜓2) ∈

𝔰1 × 𝔰2 to (5.1.1)

Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲|𝑄 |/𝑀 sup
𝜏∈[𝜏1,𝜏2]

𝐸𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏) +
∫
A(𝜏1,𝜏2)

(
|∇4𝜓1 |2 +𝑄2 |∇4𝜓2 |2

)
+ 𝛿H𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(5.4.2)

5.4.1 Ansatz for the Morawetz multiplier (𝑌, 𝑤𝑌 )

Lemma 5.4.2. Let 𝑌 = 𝑟−2𝑢𝑌𝑅 for a given 𝑢𝑌 = 𝑢𝑌 (𝑟). Then, we have for 𝑖 = 1, 2

Q[𝜓𝑖] · (𝑋)𝜋 =
2𝑢𝑌T
𝑟6

|∇/𝜓𝑖 |2 + 𝜕𝑟
(
2𝑢

𝑟2

)
|∇𝑅𝜓𝑖 |2 −

Υ

𝑟2
(𝜕𝑟𝑢𝑌 )L𝑖 [𝜓𝑖] − (𝜕𝑟Υ)

𝑢𝑌

𝑟2
𝑉𝑖 |𝜓𝑖 |2,

where T = 𝑟3 − 3𝑀𝑟2 + 2𝑄2𝑟 is the trapping polynomial.

Proof. In view of Lemma 5.2.3 and Lemma 5.2.10, we have for 𝑌 = 𝑓 𝑅 with 𝑓 = 𝑟−2𝑢𝑌 that

Q[𝜓𝑖] · (𝑌 ) ¤𝜋

=
1

2
Q[𝜓𝑖]34 (𝑌 ) ¤𝜋34 +

1

4
Q[𝜓𝑖]44 (𝑌 ) ¤𝜋33 +

1

4
Q[𝜓𝑖]33 (𝑌 ) ¤𝜋44 + Q[𝜓𝑖]𝐴𝐵 (𝑌 ) ¤𝜋𝐴𝐵

2Observe that, in contrast with [16], here we do not need to use a one form 𝑀 in the current for Morawetz
estimate.
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=

(
−2𝑀
𝑟2

+ 2𝑄2

𝑟3

)
𝑓Q[𝜓𝑖]34 − 𝜕𝑟 𝑓ΥQ[𝜓𝑖]34 +

1

2
Q[𝜓𝑖]44𝜕𝑟 𝑓 +

1

2
Q[𝜓𝑖]33Υ2𝜕𝑟 𝑓 +

2Υ

𝑟
𝑓 𝛿𝐴𝐵Q[𝜓𝑖]𝐴𝐵

=

(
−2𝑀
𝑟2

+ 2𝑄2

𝑟3

)
𝑓Q[𝜓𝑖]34 +

2Υ

𝑟
𝑓 𝛿𝐴𝐵Q[𝜓𝑖]𝐴𝐵 +

1

2
𝜕𝑟 𝑓 (Q[𝜓𝑖]44 − 2ΥQ[𝜓𝑖]34 + Υ2Q[𝜓𝑖]33)

=

(
−2𝑀
𝑟2

+ 2𝑄2

𝑟3

)
𝑓 ( |∇/𝜓𝑖 |2 +𝑉𝑖 |𝜓𝑖 |2) +

2Υ

𝑟
𝑓 ( |∇/𝜓𝑖 |2 − L𝑖 [𝜓𝑖]) + 2𝜕𝑟 𝑓Q[𝜓𝑖]𝑅𝑅

=
2 𝑓

𝑟

(
1 − 3𝑀

𝑟
+ 2𝑄2

𝑟2

)
|∇/𝜓𝑖 |2 + 2𝜕𝑟 𝑓

(
|∇𝑅𝜓𝑖 |2 −

1

2
ΥL𝑖 [𝜓𝑖]

)
− 2Υ

𝑟
𝑓L𝑖 [𝜓𝑖] +

(
−2𝑀
𝑟2

+ 2𝑄2

𝑟3

)
𝑓 𝑉𝑖 |𝜓𝑖 |2

=
2 𝑓

𝑟

T
𝑟3

|∇/𝜓𝑖 |2 + 2𝜕𝑟 𝑓 |∇𝑅𝜓𝑖 |2 −
(
Υ𝜕𝑟 𝑓 +

2Υ

𝑟
𝑓

)
L𝑖 [𝜓𝑖] − (𝜕𝑟Υ) 𝑓 𝑉𝑖 |𝜓𝑖 |2.

Now take 𝑓 = 𝑟−2𝑢𝑌 and we conclude the proof of Lemma 5.4.2.

Proposition 5.4.3. Take multiplier (𝑌, 𝑤𝑌 ) of the form for a given 𝑢𝑌 = 𝑢𝑌 (𝑟)

𝑌 = 𝑟−2𝑢𝑌 (𝑟)𝑅, 𝑤𝑌 (𝑟) = 𝑟−2Υ𝜕𝑟𝑢𝑌 .

Then, we have the bulk term E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2] in D𝜇P (𝑌,𝑤𝑌 )
𝜇 [𝜓1, 𝜓2] as

E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2] = ¤E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2] + 𝜖 ¥E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2], (5.4.3)

with

¤E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2] :=
𝑢𝑌T
𝑟6

(
|∇/𝜓1 |2 + 8𝑄2 |∇/𝜓2 |2

)
+ 𝜕𝑟

(𝑢𝑌
𝑟2

) (
|∇𝑅𝜓1 |2 + 8𝑄2 |∇𝑅𝜓2 |2

)
+

(
−1
2
𝜕𝑟 (Υ𝑉1)𝑟−2𝑢 −

1

4
𝑟−2𝜕𝑟 (𝑟2Υ𝜕𝑟𝑤𝑌 )

)
|𝜓1 |2

+ 8𝑄2

(
−1
2
𝜕𝑟 (Υ𝑉2)𝑟−2𝑢 −

1

4
𝑟−2𝜕𝑟 (𝑟2Υ𝜕𝑟𝑤𝑌 )

)
|𝜓2 |2, (5.4.4)

¥E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2] :=
(
1

2
Q[𝜓1] + 4𝑄2Q[𝜓2]

)
· (𝑌 ) ¥𝜋 +𝑂

(
1

𝑟3𝑢1+𝛿𝑑𝑒𝑐

) (
𝑟−2 |𝑢𝑌 | + 𝑟𝑤 (2)

𝑌

) (
|𝜓1 |2 + 8𝑄2 |𝜓2 |2

)
.

(5.4.5)

Proof. From Proposition 5.2.7 and Lemma 5.4.2, we know

E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2]
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=
1

2
Q[𝜓1] · (𝑌 ) ¤𝜋 +

(
−1
2
𝑌 (𝑉1) −

1

4
□g𝑤𝑌

)
|𝜓1 |2 +

1

2
𝑤L1 [𝜓1]

+ 4𝑄2Q[𝜓2] · (𝑌 ) ¤𝜋 +𝑄2 (
−4𝑌 (𝑉2) − 2□g𝑤𝑌

)
|𝜓2 |2 + 4𝑄2𝑤L2 [𝜓2]

+
(
1

2
Q[𝜓1] + 4𝑄2Q[𝜓2]

)
· (𝑋) ¥𝜋

=
𝑢𝑌T
𝑟6

|∇/𝜓1 |2 + 𝜕𝑟
(𝑢𝑌
𝑟2

)
|∇𝑅𝜓1 |2 −

Υ

2𝑟2
(𝜕𝑟𝑢𝑌 )L1 [𝜓1] −

1

2
(𝜕𝑟Υ)

𝑢𝑌

𝑟2
𝑉1 |𝜓1 |2

+
(
− 𝑢𝑌
2𝑟2

𝑅(𝑉1) −
1

4
□g𝑤𝑌

)
|𝜓1 |2 +

Υ

2𝑟2
(𝜕𝑟𝑢𝑌 )L1 [𝜓1]

+ 𝑢𝑌T
𝑟6

8𝑄2 |∇/𝜓2 |2 + 𝜕𝑟
(𝑢𝑌
𝑟2

)
8𝑄2 |∇𝑅𝜓2 |2 − 4𝑄2 Υ

𝑟2
(𝜕𝑟𝑢𝑌 )L2 [𝜓2] − 4𝑄2(𝜕𝑟Υ)

𝑢𝑌

𝑟2
𝑉2 |𝜓2 |2

+𝑄2
(
−4 𝑢𝑌

2𝑟2
𝑅(𝑉2) − 2□g𝑤𝑌

)
|𝜓2 |2 + 4𝑄2𝑤L2 [𝜓2]

+
(
1

2
Q[𝜓1] + 4𝑄2Q[𝜓2]

)
· (𝑋) ¥𝜋

=
𝑢𝑌T
𝑟6

(
|∇/𝜓1 |2 + 8𝑄2 |∇/𝜓2 |2

)
+ 𝜕𝑟

(𝑢𝑌
𝑟2

) (
|∇𝑅𝜓1 |2 + 8𝑄2 |∇𝑅𝜓2 |2

)
+

(
−1
2
(𝜕𝑟Υ)

𝑢𝑌

𝑟2
𝑉1 −

𝑢𝑌

2𝑟2
𝑅(𝑉1) −

1

4
□g𝑤𝑌

)
|𝜓1 |2

+ 8𝑄2

(
−1
2
(𝜕𝑟Υ)

𝑢𝑌

𝑟2
𝑉2 −

𝑢𝑌

2𝑟2
𝑅(𝑉2) −

1

4
□g𝑤𝑌

)
|𝜓2 |2

+
(
1

2
Q[𝜓1] + 4𝑄2Q[𝜓2]

)
· (𝑌 ) ¥𝜋.

Now by 𝑅(𝑟) = Υ + 𝑂
( 𝜖

𝑢1+𝛿𝑑𝑒𝑐

)
and Lemma 5.2.4, we can compute the coefficients of zero

order terms:

− 1

2
(𝜕𝑟Υ)

𝑢𝑌

𝑟2
𝑉𝑖 −

𝑢𝑌

2𝑟2
𝑅(𝑉𝑖) −

1

4
□g𝑤𝑌

= −1
2
(𝜕𝑟Υ)

𝑢𝑌

𝑟2
𝑉𝑖 −

𝑢𝑌

2𝑟2

(
Υ +𝑂

( 𝜖

𝑢1+𝛿𝑑𝑒𝑐

))
𝜕𝑟𝑉𝑖 −

1

4

(
𝑟−2𝜕𝑟 (𝑟2Υ𝜕𝑟𝑤𝑌 ) +𝑂

( 𝜖

𝑟2𝑢1+𝛿𝑑𝑒𝑐

)
𝑤

(2)
𝑌

)
= −1

2
𝜕𝑟 (Υ𝑉𝑖)𝑟−2𝑢𝑌 − 1

4
𝑟−2𝜕𝑟 (𝑟2Υ𝜕𝑟𝑤𝑌 ) +𝑂

(
1

𝑟3𝑢1+𝛿𝑑𝑒𝑐

) (
𝑟−2 |𝑢𝑌 | + 𝑟𝑤 (2)

𝑌

)
.

Substitute back, then we finish the proof of Proposition 5.4.3.

Remark 7. Given a vector field of the form 𝑌 = 𝑟−2𝑢𝑌 (𝑟)𝑅, the function 𝑤𝑌 = 𝑟−2𝜕𝑟𝑢𝑌

is chosen to eliminate the Lagrangian terms L𝑖 [𝜓𝑖] in the expression E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2]. This
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choice creates significant convenience for selecting 𝑢 such that E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2] ≥ 0. However,

this approach also eliminates the time derivatives |∇𝑇𝜓𝑖 |2 from the bulk terms. To address

this, we will eventually recover the time derivatives by introducing an additional multiplier

(0, 𝛿𝑇𝑤𝑇 ). See Section 5.4.3.

Proposition 5.4.4. Take multiplier (𝑌, 𝑤𝑌 ) of the form for a given 𝑢𝑌 = 𝑢𝑌 (𝑟)

𝑌 = 𝑟−2𝑢𝑌 (𝑟)𝑅, 𝑤𝑌 (𝑟) = 𝑟−2Υ𝜕𝑟𝑢𝑌 .

Then, we have the coupled term N (𝑌,𝑤𝑌 )
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] in D𝜇P (𝑌,𝑤𝑌 )
𝜇 [𝜓1, 𝜓2] as

N (𝑌,𝑤𝑌 )
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] =
16𝑄2

𝑟5
𝑢𝑌

(
T
𝑟3

+ Υ

2

)
( 𝑑/2𝜓2 · 𝜓1) +D𝜇

(
8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)𝑌 𝜇

)
− 4𝑄2

𝑟2
𝑤𝑌div(𝜓2 · 𝜓1) −

8𝑄2

𝑟2
div (𝜓1 · ∇𝑌 (𝜓2)) + Err𝜖 [𝜓1, 𝜓2],

(5.4.6)

Proof. Using (5.2.37) with 𝑋 = 𝑌 = 𝑟−2𝑢𝑌 (𝑟)𝑅, 𝑤 = 𝑤𝑌 = 𝑟−2𝜕𝑟𝑢𝑌 , we have

N (𝑌,𝑤𝑌 )
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] =
(
−8𝑄

2

𝑟2
Div

(
𝑟−2𝑢𝑌𝑅

)
− 𝑟−2𝑢𝑌𝑅

(
8𝑄2

𝑟2

)
+ 8𝑄2

𝑟2
𝑟−2Υ𝜕𝑟𝑢𝑌

)
( 𝑑/2𝜓2 · 𝜓1)

+ 8𝑄2

𝑟2
𝜓1 · [ 𝑑/2, 𝑟−2𝑢𝑌𝑅]𝜓2 +D𝜇

(
8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)𝑌 𝜇

)
− 4𝑄2

𝑟2
𝑤𝑌div(𝜓2 · 𝜓1) −

8𝑄2

𝑟2
div (𝜓1 · ∇𝑌 (𝜓2))

=

(
−8𝑄

2

𝑟2
𝑟−2𝜕𝑟 (𝑟2𝑢𝑌𝑟−2Υ) + 2𝑢𝑌Υ

8𝑄2

𝑟5
+ 8𝑄2

𝑟2
𝑟−2Υ𝜕𝑟𝑢𝑌 + 8𝑄2

𝑟5
𝑢𝑌Υ

)
( 𝑑/2𝜓2 · 𝜓1)

+D𝜇

(
8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)𝑌 𝜇

)
− 4𝑄2

𝑟2
𝑤𝑌div(𝜓2 · 𝜓1) −

8𝑄2

𝑟2
div (𝜓1 · ∇𝑌 (𝜓2))

+ Err𝜖 [𝜓1, 𝜓2]

=

(
−8𝑄

2

𝑟2
𝑢𝑌𝜕𝑟

(
Υ

𝑟2

)
+ 8𝑄2

𝑟5
𝑢𝑌Υ

)
( 𝑑/2𝜓2 · 𝜓1) +D𝜇

(
8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)𝑌 𝜇

)
− 4𝑄2

𝑟2
𝑤𝑌div(𝜓2 · 𝜓1) −

8𝑄2

𝑟2
div (𝜓1 · ∇𝑌 (𝜓2)) + Err𝜖 [𝜓1, 𝜓2]

=
16𝑄2

𝑟5
𝑢𝑌

(
T
𝑟3

+ Υ

2

)
( 𝑑/2𝜓2 · 𝜓1) +D𝜇

(
8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)𝑌 𝜇

)
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− 4𝑄2

𝑟2
𝑤𝑌div(𝜓2 · 𝜓1) −

8𝑄2

𝑟2
div (𝜓1 · ∇𝑌 (𝜓2)) + Err𝜖 [𝜓1, 𝜓2],

where in the last equality, we have used the identity that 𝜕𝑟
(
Υ

𝑟2

)
= −2T

𝑟6
. In fact, this

identity reveals the relation between null geodesic potential
Υ

𝑟2
and the trapping polynomial

T .

5.4.2 The choice of 𝑢𝑌 in the full subextremal regime

According to [19], we take

𝑢𝑌 =

(
1 − |𝑄 |2

𝑀2

)
(𝑟2 − 𝑟2𝑃) +

|𝑄 |2
𝑀2

𝑟3 − 𝑟3
𝑃

𝑟
, (5.4.7)

where 𝑟𝑃 is the largest root of the trapping polynomial T . So our multiplier (𝑌, 𝑤𝑌 ) is given

by

𝑌 =

[(
1 − |𝑄 |2

𝑀2

) (
1 −

𝑟2
𝑃

𝑟2

)
+ |𝑄 |2
𝑀2

(
1 −

𝑟3
𝑃

𝑟3

)]
𝑅, 𝑤𝑌 = Υ

(
2

𝑟
+ |𝑄 |2
𝑀2

𝑟3
𝑃

𝑟3

)
. (5.4.8)

Lemma 5.4.5. We have for the choice (5.4.8) of multiplier (𝑌, 𝑤𝑌 ) that for any 𝛿 ∈ (0, 1),

��� ¥E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2]
��� ≲ 1

𝑟𝑢1+𝛿𝑑𝑒𝑐

(
𝑟−𝛿 |∇3𝜓1 |2 + 𝑟𝛿 |∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2

)
+ 𝑄2

𝑟𝑢1+𝛿𝑑𝑒𝑐

(
𝑟−𝛿 |∇3𝜓2 |2 + 𝑟𝛿 |∇4𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2

)
.

(5.4.9)

Proof. By Lemma 5.2.3, we know for 𝑌 = 𝑟−2𝑢𝑌𝑅 with 𝑢𝑌 given by (5.4.7) that

| (𝑌 ) ¥𝜋𝜇𝜈 | ≲
|𝑟−2𝑢𝑌 | + 𝑟2 |𝜕𝑟 (𝑟−2𝑢𝑌 ) |

𝑟𝑢1+𝛿𝑑𝑒𝑐
≲

1

𝑟𝑢1+𝛿𝑑𝑒𝑐
,

| (𝑌 ) ¥𝜋44 | ≲
|𝑟−2𝑢𝑌 | + 𝑟2 |𝜕𝑟 (𝑟−2𝑢𝑌 ) |

𝑟2𝑢1+𝛿𝑑𝑒𝑐
≲

1

𝑟2𝑢1+𝛿𝑑𝑒𝑐
.
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So applying Lemma 5.2.10, we obtain for any 𝛿 ∈ (0, 1) that for 𝑖 = 1, 2

|Q[𝜓𝑖] · (𝑌 ) ¥𝜋 | ≲ |Q[𝜓𝑖]34 (𝑌 ) ¥𝜋34 | + |Q[𝜓𝑖]44 (𝑌 ) ¥𝜋33 | + |Q[𝜓𝑖]33 (𝑌 ) ¥𝜋44 | + |Q[𝜓𝑖]𝐴𝐵 (𝑌 ) ¥𝜋𝐴𝐵 |

≲ | (𝑌 ) ¥𝜋𝜇𝜈 |
(
|∇3𝜓𝑖 | |∇4𝜓𝑖 | + |∇4𝜓𝑖 |2 + |∇/𝜓𝑖 |2 + 𝑟−2 |𝜓𝑖 |2

)
+ | (𝑌 ) ¥𝜋44 | |∇3𝜓𝑖 |2

≲
1

𝑟𝑢1+𝛿𝑑𝑒𝑐

(
|∇3𝜓𝑖 | |∇4𝜓𝑖 | + |∇4𝜓𝑖 |2 + |∇/𝜓𝑖 |2 + 𝑟−2 |𝜓𝑖 |2

)
+ 1

𝑟2𝑢1+𝛿𝑑𝑒𝑐
|∇3𝜓𝑖 |2

≲
1

𝑟𝑢1+𝛿𝑑𝑒𝑐

(
𝑟−𝛿 |∇3𝜓𝑖 |2 + 𝑟𝛿 |∇4𝜓𝑖 |2 + |∇/𝜓𝑖 |2 + 𝑟−2 |𝜓𝑖 |2

)
.

Moreover, it’s straightforward to see that 𝑢𝑌 and 𝑤𝑌 satisfy 𝑟−2 |𝑢𝑌 | + 𝑟𝑤 (2)
𝑌

= 𝑂 (1), so (5.4.5)

implies the lemma.

Theorem 5.4.6 (Appendix A of [19]). Suppose
|𝑄 |
𝑀

< 1, then there exists a sufficiently

small 0 < 𝛿H = 𝛿H

(
|𝑄 |
𝑀

)
≪ 1 such that in the region {𝑟 ≥ 𝑟+(1 − 𝛿H )}, we have for the

choice (5.4.8) of multiplier (𝑌, 𝑤𝑌 ) that

¤E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2] + N (𝑌,𝑤𝑌 )
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] −D𝜇B𝑌𝜇 +
4𝑄2

𝑟2
𝑤𝑌div(𝜓2 · 𝜓1) +

8𝑄2

𝑟2
div (𝜓1 · ∇𝑌 (𝜓2))

≳|𝑄 |/𝑀
1

𝑟

(
1 − 𝑟𝑃

𝑟

)2
|∇/𝜓1 |2 +

1

𝑟3

(
|∇𝑅𝜓1 |2 + |𝜓1 |2

)
+ 𝑄

2

𝑟

(
1 − 𝑟𝑃

𝑟

)2
|∇/𝜓2 |2 +

𝑄2

𝑟3

(
|∇𝑅𝜓2 |2 + |𝜓2 |2

)
+ Err𝜖 [𝜓1, 𝜓2],

(5.4.10)

where B𝑌 is given by

B𝑌 =
8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)𝑌 . (5.4.11)

Proof. By Proposition 5.4.3 and Proposition 5.4.4, we know

¤E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2] + N (𝑌,𝑤𝑌 )
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] =
𝑢𝑌T
𝑟6

(
|∇/𝜓1 |2 + 8𝑄2 |∇/𝜓2 |2

)
+ 𝜕𝑟

(𝑢𝑌
𝑟2

) (
|∇𝑅𝜓1 |2 + 8𝑄2 |∇𝑅𝜓2 |2

)
+

(
−1
2
𝜕𝑟 (Υ𝑉1)𝑟−2𝑢 −

1

4
𝑟−2𝜕𝑟 (𝑟2Υ𝜕𝑟𝑤𝑌 )

)
|𝜓1 |2

+ 8𝑄2

(
−1
2
𝜕𝑟 (Υ𝑉2)𝑟−2𝑢 −

1

4
𝑟−2𝜕𝑟 (𝑟2Υ𝜕𝑟𝑤𝑌 )

)
|𝜓2 |2
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+ 16𝑄2

𝑟5
𝑢𝑌

(
T
𝑟3

+ Υ

2

)
( 𝑑/2𝜓2 · 𝜓1)

+D𝜇

(
8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)𝑌 𝜇

)
− 4𝑄2

𝑟2
𝑤𝑌div(𝜓2 · 𝜓1) −

8𝑄2

𝑟2
div (𝜓1 · ∇𝑌 (𝜓2))

+ Err𝜖 [𝜓1, 𝜓2] .

Now in [19], it was shown that if |𝑄 | < 𝑀, then the first four lines of the right-hand side are

bounded below by

≳
1

𝑟

(
1 − 𝑟𝑃

𝑟

)2
|∇/𝜓1 |2 +

1

𝑟3

(
|∇𝑅𝜓1 |2 + |𝜓1 |2

)
+ 𝑄

2

𝑟

(
1 − 𝑟𝑃

𝑟

)2
|∇/𝜓2 |2 +

𝑄2

𝑟3

(
|∇𝑅𝜓2 |2 + |𝜓2 |2

)
,

for 𝑟 ≥ 𝑟+. Due to strict positivity, we can extend a bit inward 𝑟 = 𝑟+.

Remark 8. This estimate extends slightly inward toward 𝑟 = 𝑟+ as a consequence of subex-

tremality. In the extremal case, however, it remains valid only in the exterior region, strictly

away from 𝑟 = 𝑟+.

5.4.3 Recover time derivatives by multiplier (0, 𝛿𝑇𝑤𝑇 )

The main idea for recovering the time derivatives |∇𝑇𝜓𝑖 |2 is to sacrifice certain positivity of

other terms in (5.4.10) by choosing a multiplier (𝑋, 𝑤) = (0, 𝛿𝑇𝑤𝑇 ) for a sufficiently small

𝛿𝑇 > 0.

Note that in (5.4.10), we only have an 𝑟−3-weight for |∇𝑅𝜓𝑖 |2, with |∇/𝜓𝑖 |2 vanishing at

𝑟 = 𝑟𝑃. Consequently, in the process of recovering the time derivatives |∇𝑇𝜓𝑖 |2, we can only

choose 𝑤𝑇 ∼ 1

𝑟3
Υ

(
1 − 𝑟𝑃

𝑟

)2
. As a result, the recovered |∇𝑇𝜓𝑖 |2 in (5.4.12) below carry an

1

𝑟3

(
1 − 𝑟𝑃

𝑟

)2
-weight.

Proposition 5.4.7. Take 𝑤𝑇 = −2Υ
𝑟3

(
1 − 𝑟𝑃

𝑟

)2
, then there exists a sufficiently small 0 <
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𝛿𝑇 = 𝛿𝑇

(
|𝑄 |
𝑀

)
≪ 1 such that

E (𝑌,𝑤𝑌+𝛿𝑇𝑤𝑇 ) [𝜓1, 𝜓2] + N (𝑌,𝑤𝑌+𝛿𝑇𝑤𝑇 )
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] −D𝜇B𝑌𝜇 +
4𝑄2

𝑟2
𝑤𝑌div(𝜓2 · 𝜓1) +

8𝑄2

𝑟2
div (𝜓1 · ∇𝑌 (𝜓2))

≳|𝑄 |/𝑀
1

𝑟

(
1 − 𝑟𝑃

𝑟

)2 (
|∇/𝜓1 |2 +

1

𝑟2
|∇𝑇𝜓1 |2

)
+ 1

𝑟3

(
|∇𝑅𝜓1 |2 + |𝜓1 |2

)
+ 𝑄

2

𝑟

(
1 − 𝑟𝑃

𝑟

)2 (
|∇/𝜓2 |2 +

1

𝑟2
|∇𝑇𝜓2 |2

)
+ 𝑄

2

𝑟3

(
|∇𝑅𝜓2 |2 + |𝜓2 |2

)
− E𝜖 [𝜓1, 𝜓2],

(5.4.12)

where the error term E𝜖 [𝜓1, 𝜓2] satisfies the control for any 𝛿 ∈ (0, 1),

|E𝜖 [𝜓1, 𝜓2] | ≲
𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐

(
𝑟−𝛿 |∇3𝜓1 |2 + 𝑟𝛿 |∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2

)
+ 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐
𝑄2

(
𝑟−𝛿 |∇3𝜓2 |2 + 𝑟𝛿 |∇4𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2

)
.

(5.4.13)

Proof. Notice that the Lagrangian L𝑖 [𝜓𝑖] can be expanded as

L𝑖 [𝜓𝑖] = −Υ−1 |∇𝑇𝜓𝑖 |2 + Υ−1 |∇𝑅𝜓𝑖 |2 + |∇/𝜓𝑖 |2 +𝑉𝑖 |𝜓𝑖 |2.

So by Proposition 5.2.7, we can compute the bulk term of a current associated with the

multiplier (0, 𝑤𝑇 )

E (0,𝑤𝑇 ) [𝜓1, 𝜓2]

= −1
4
□g𝑤𝑇 |𝜓1 |2 +

1

2
𝑤𝑇L1 [𝜓1] − 2𝑄2□g𝑤𝑇 |𝜓2 |2 + 4𝑄2𝑤𝑇L2 [𝜓2]

=
1

2
𝑤𝑇

(
−Υ−1 |∇𝑇𝜓1 |2 + Υ−1 |∇𝑅𝜓1 |2 + |∇/𝜓1 |2 +𝑉1 |𝜓1 |2

)
− 1

4
□g𝑤𝑇 |𝜓1 |2

+ 4𝑄2𝑤𝑇

(
−Υ−1 |∇𝑇𝜓2 |2 + Υ−1 |∇𝑅𝜓2 |2 + |∇/𝜓2 |2 +𝑉2 |𝜓2 |2

)
− 2𝑄2□g𝑤𝑇 |𝜓2 |2

= −1
2
𝑤𝑇Υ

−1 |∇𝑇𝜓1 |2 +
1

2
𝑤𝑇Υ

−1 |∇𝑅𝜓1 |2 +
1

2
𝑤𝑇 |∇/𝜓1 |2 +

(
1

2
𝑉1𝑤𝑇 −

1

4
□g𝑤𝑇

)
|𝜓1 |2

− 4𝑄2𝑤𝑇Υ
−1 |∇𝑇𝜓2 |2 + 4𝑄2𝑤𝑇Υ

−1 |∇𝑅𝜓2 |2 + 4𝑄2𝑤𝑇 |∇/𝜓2 |2 +
(
4𝑄2𝑉2𝑤𝑇 − 2𝑄2□g𝑤𝑇

)
|𝜓2 |2.
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Moreover, by Lemma 5.2.8, we know

N (0,𝑤𝑇 )
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] =
8𝑄2

𝑟2
𝑤𝑇 ( 𝑑★/2𝜓1 · 𝜓2) +

4𝑄2

𝑟2
𝑤𝑇div(𝜓1 · 𝜓2).

Now since 𝑤𝑇 = −2Υ
𝑟3

(
1 − 𝑟𝑃

𝑟

)2
, it follows from Lemma (5.2.4) that

����(12𝑉𝑖𝑤𝑇 − 1

4
□g𝑤𝑇

)���� ≲ 1

𝑟5
+𝑂

( 𝜖

𝑟5𝑢1+𝛿𝑑𝑒𝑐

)
.

Hence, we can choose 𝛿𝑇 > 0 small enough so that |∇𝑅𝜓𝑖 |2, |∇/𝜓𝑖 |2 and |𝜓𝑖 |2 terms in (5.4.10)

can absorb the corresponding terms in 𝛿𝑇E (0,𝑤𝑇 ) [𝜓1, 𝜓2] + 𝛿𝑇N (0,𝑤𝑇 )
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2]. Then, by The-

orem 5.4.6, we see

E (𝑌,𝑤𝑌+𝛿𝑇𝑤𝑇 ) [𝜓1, 𝜓2] + N (𝑌,𝑤𝑌+𝛿𝑇𝑤𝑇 )
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] −D𝜇B𝑌𝜇 +
4𝑄2

𝑟2
𝑤𝑌div(𝜓2 · 𝜓1) +

8𝑄2

𝑟2
div (𝜓1 · ∇𝑌 (𝜓2))

= ¤E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2] + 𝛿𝑇E (0,𝑤𝑇 ) [𝜓1, 𝜓2] + 𝜖 ¥E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2]

≳𝑄/𝑀
1

𝑟

(
1 − 𝑟𝑃

𝑟

)2
|∇/𝜓1 |2 +

1

𝑟3

(
|∇𝑅𝜓1 |2 + |𝜓1 |2

)
+ 1

𝑟3

(
1 − 𝑟𝑃

𝑟

)2
|∇𝑇𝜓1 |2

+ 𝑄
2

𝑟

(
1 − 𝑟𝑃

𝑟

)2
|∇/𝜓2 |2 +

𝑄2

𝑟3

(
|∇𝑅𝜓2 |2 + |𝜓2 |2

)
+ 𝑄

2

𝑟3

(
1 − 𝑟𝑃

𝑟

)2
|∇𝑇𝜓2 |2

+𝑂
( 𝜖

𝑟5𝑢1+𝛿𝑑𝑒𝑐

)
( |𝜓1 |2 +𝑄2 |𝜓2 |2) + 𝜖 ¥E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2] .

Combining this with the control of ¥E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2] in Lemma 5.4.5, we conclude the proof of

Proposition 5.4.7.

Remark 9. In (5.4.10) of ¤E (𝑌,𝑤𝑌 ) [𝜓1, 𝜓2], the term |∇𝑅𝜓𝑖 | appears with a weight of 𝑟−3.

This necessitates the choice 𝑤𝑇 ∼ − 1

𝑟3
Υ

(
1 − 𝑟𝑃

𝑟

)2
. As a result, the recovered |∇𝑇𝜓𝑖 |2

terms in E (𝑌,𝑤𝑌+𝛿𝑇𝑤𝑇 ) [𝜓1, 𝜓2] in (5.4.12)—as established in the previous proposition—are

also weighted by 𝑟−3.

5.4.4 Proof of the degenerate Morawetz estimate

Now we proceed with the proof of the degenerate Morawetz estimate, Proposition 5.4.1.
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Proof of Proposition 5.4.1. Applying the divergence theorem to P−B = P (𝑌,𝑤𝑌+𝛿𝑇𝑤𝑇 ) [𝜓1, 𝜓2]−

B𝑌 in the region M(𝜏1, 𝜏2), where B𝑌 is given by (5.4.11), we deduce by using Proposition

5.2.7 to express D𝜇P𝜇∫
A(𝜏1,𝜏2)

(P − B) · 𝑁A +
∫
Σ(𝜏2)

(P − B) · 𝑁Σ +
∫
M(𝜏1,𝜏2)

(
E + N𝑐𝑜𝑢𝑝𝑙𝑒 −D𝜇B𝑌𝜇

)
+

∫
Σ∗ (𝜏1,𝜏2)

(P − B) · 𝑁Σ∗

=

∫
Σ(𝜏1)

(P − B) · 𝑁Σ −
∫
M(𝜏1,𝜏2)

N𝑁1,𝑁2 .

(5.4.14)

The spacetime integral of the term (E + N𝑐𝑜𝑢𝑝𝑙𝑒 − D𝜇B𝑌𝜇 ) is bounded from below using

Proposition 5.4.7. This follows from the fact that all spherical divergence terms on the left-

hand side of (5.4.12) vanish upon spacetime integration. Furthermore, the inhomogeneous

term N𝑁1,𝑁2 = N (𝑌,𝑤𝑌+𝛿𝑇𝑤𝑇 )
𝑁1,𝑁2

[𝜓1, 𝜓2] is given by

N (𝑌,𝑤𝑌+𝛿𝑇𝑤𝑇 )
𝑁1,𝑁2

[𝜓1, 𝜓2] = 𝑁1 ·
(
∇𝑌𝜓1 +

𝑤𝑌 + 𝛿𝑇𝑤𝑇
2

𝜓1

)
+ 8𝑄2𝑁2 ·

(
∇𝑌𝜓2 +

𝑤𝑌 + 𝛿𝑇𝑤𝑇
2

𝜓2

)
.

Thus, in view of Proposition 5.4.7 and Lemma 5.4.5, we can control Mor𝑑𝑒𝑔 by the spacetime

integral term (E + N𝑐𝑜𝑢𝑝𝑙𝑒 −D𝜇B𝑌𝜇 ) modulo an error E𝜖

Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲|𝑄 |/𝑀

∫
M(𝜏1,𝜏2)

E (𝑌,𝑤𝑌+𝛿𝑇𝑤𝑇 ) [𝜓1, 𝜓2] + N (𝑌,𝑤𝑌+𝛿𝑇𝑤𝑇 )
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] −D𝜇B𝑌𝜇

+ E𝜖 [𝜓1, 𝜓2] .

(5.4.15)

We also establish control over the inhomogeneous term N𝑁1,𝑁2 in terms of 𝐽-norms. Specifi-

cally, leveraging our choice of (𝑌, 𝑤𝑌 + 𝛿𝑇𝑤𝑇 ), which satisfies

𝑌 = 𝑂 (1)𝑅, 𝑤𝑌 + 𝛿𝑇𝑤𝑇 = 𝑂 (𝑟−1),
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we obtain the following estimate����∫
M(𝜏1,𝜏2)

N𝑁1,𝑁2

����
≤

����∫
M(𝜏1,𝜏2)

𝑁1 ·
(
∇𝑌𝜓1 +

𝑤𝑌 + 𝛿𝑇𝑤𝑇
2

𝜓1

)���� +𝑄2

����∫
M(𝜏1,𝜏2)

𝑁2 ·
(
∇𝑌𝜓2 +

𝑤𝑌 + 𝛿𝑇𝑤𝑇
2

𝜓2

)����
≲

∫
M(𝜏1,𝜏2)

( |∇𝑅𝜓1 | + 𝑟−1 |𝜓1 |) |𝑁1 | +𝑄2

∫
M(𝜏1,𝜏2)

( |∇𝑅𝜓2 | + 𝑟−1 |𝜓2 |) |𝑁2 |

≲ 𝐽 [𝜓1, 𝑁1] (𝜏1, 𝜏2) +𝑄2𝐽 [𝜓2, 𝑁2] (𝜏1, 𝜏2)

= 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2).

(5.4.16)

We now treat the boundary terms. We first recall that

P (𝑌,𝑤𝑌+𝛿𝑇𝑤𝑇 )
𝜇 [𝜓1, 𝜓2] − B𝑌𝜇 = 𝑟−2𝑢𝑌Q𝜇𝜈 [𝜓1]𝑅𝜈 +

𝑤𝑌 + 𝛿𝑇𝑤𝑇
2

𝜓1𝑒𝜇𝜓1 −
1

4
|𝜓1 |2𝜕𝜇 (𝑤𝑌 + 𝛿𝑇𝑤𝑇 )

+ 8𝑄2

(
𝑟−2𝑢𝑌Q𝜇𝜈 [𝜓2]𝑅𝜈 +

𝑤𝑌 + 𝛿𝑇𝑤𝑇
2

𝜓2𝑒𝜇𝜓2 −
1

4
|𝜓2 |2𝜕𝜇 (𝑤𝑌 + 𝛿𝑇𝑤𝑇 )

)
− 8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)𝑌 .

We take the following convention for the normal vector field 𝑁A on A(𝜏1, 𝜏2) := {𝑟 = 𝑟+(1 −

𝛿H )} ∩ {𝜏1 ≤ 𝜏 ≤ 𝜏2}:

𝑁A = 𝑒4 + (𝛿H +𝑂 (𝜖))𝑒3.

We have on A(𝜏1, 𝜏2) := {𝑟 = 𝑟+(1 − 𝛿H )} ∩ {𝜏1 ≤ 𝜏 ≤ 𝜏2}

𝑁A (𝑟) = 𝑒4(𝑟) +𝑂 (𝛿H )𝑒3(𝑟) = Υ +𝑂 (𝜖) +𝑂 (𝛿H ) = 𝑂 (𝛿H ),

where we used the fact that Υ = 𝑂 (𝛿H ) on A(𝜏1, 𝜏2). Hence, we obtain on A(𝜏1, 𝜏2)

𝑤𝑌 + 𝛿𝑇𝑤𝑇 = 𝑂 (𝛿H ), 𝑁A (𝑤𝑌 + 𝛿𝑇𝑤𝑇 ) = 𝑂 (𝛿H ).
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Thus, we deduce on A(𝜏1, 𝜏2)

| (P − B) · 𝑁A |

≤ 𝑟−2 |𝑢𝑌 | |Q[𝜓1] (𝑅, 𝑁A) | +
����𝑤𝑌 + 𝛿𝑇𝑤𝑇

2
𝜓1∇𝑁A𝜓1

���� + 1

4
|𝜓1 |2 |𝑁A (𝑤𝑌 + 𝛿𝑇𝑤𝑇 ) |

+ 8𝑄2𝑟−2 |𝑢𝑌 | |Q[𝜓2] (𝑅, 𝑁A) | + 8𝑄2

����𝑤𝑌 + 𝛿𝑇𝑤𝑇
2

𝜓2∇𝑁A𝜓2

���� + 2𝑄2 |𝜓2 |2 |𝑁A (𝑤𝑌 + 𝛿𝑇𝑤𝑇 ) |

+
����8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)g(𝑟−2𝑢𝑌𝑅, 𝑁A)

����
≲ |Q[𝜓1] (𝑒4 − Υ𝑒3, 𝑁A) | + 𝛿H |𝜓1 | |∇𝑁A𝜓1 | + 𝛿H |𝜓1 |2

+𝑄2
(
|Q[𝜓2] (𝑒4 − Υ𝑒3, 𝑁A) | + 𝛿H |𝜓2 | |∇𝑁A𝜓2 | + 𝛿H |𝜓2 |2

)
+

(
𝑟−2 |𝜓1 |2 +𝑄2 |∇/𝜓2 |2

)
|g(𝑒4 − Υ𝑒3, 𝑁A) |

≲ 𝛿2HQ33 [𝜓1] + 𝛿HQ34 [𝜓1] + Q44 [𝜓1] + 𝛿2H |𝜓1 | |∇3𝜓1 | + 𝛿H |𝜓1 | |∇4𝜓1 | + 𝛿H |𝜓1 |2

+𝑄2
(
𝛿2HQ33 [𝜓2] + 𝛿HQ34 [𝜓2] + Q44 [𝜓2] + 𝛿2H |𝜓2 | |∇3𝜓2 | + 𝛿H |𝜓2 | |∇4𝜓2 | + 𝛿H |𝜓2 |2

)
≲ |∇4𝜓1 |2 + 𝛿2H |∇3𝜓1 |2 + 𝛿H |∇/𝜓1 |2 + 𝛿H |𝜓1 |2 +𝑄2

(
|∇4𝜓2 |2 + 𝛿2H |∇3𝜓2 |2 + 𝛿H |∇/𝜓2 |2 + 𝛿H |𝜓2 |2

)
.

Integrating it on A(𝜏1, 𝜏2), we infer

∫
A(𝜏1,𝜏2)

| (P − B) · 𝑁A | ≲
∫
A(𝜏1,𝜏2)

|∇4𝜓1 |2 +𝑄2 |∇4𝜓2 |2 + 𝛿H𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2). (5.4.17)

Next, we have on Σ∗(𝜏1, 𝜏2)

𝑢𝑌 = 𝑂 (𝑟2), 𝑤𝑌 + 𝛿𝑇𝑤𝑇 = 𝑂 (𝑟−1), 𝑁Σ∗ = 𝑇 +𝑂
(
𝜖 + 𝑀

𝑟
+ 𝑄

2

𝑟2

)
(𝑒3 + 𝑒4).

Thus, we obtain along Σ∗(𝜏1, 𝜏2)

| (P − B) · 𝑁Σ∗ |

≤ 𝑟−2 |𝑢𝑌 | |Q[𝜓1] (𝑅, 𝑁Σ∗) | +
����𝑤𝑌 + 𝛿𝑇𝑤𝑇

2
𝜓1∇𝑁Σ∗𝜓1

���� + 1

4
|𝜓1 |2 |𝑁Σ∗ (𝑤𝑌 + 𝛿𝑇𝑤𝑇 ) |
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+ 8𝑄2𝑟−2 |𝑢𝑌 | |Q[𝜓2] (𝑅, 𝑁Σ∗) | + 8𝑄2

����𝑤𝑌 + 𝛿𝑇𝑤𝑇
2

𝜓2∇𝑁Σ∗𝜓2

���� + 2𝑄2 |𝜓2 |2 |𝑁Σ∗ (𝑤𝑌 + 𝛿𝑇𝑤𝑇 ) |

+
����8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)g(𝑟−2𝑢𝑌𝑅, 𝑁Σ∗)

����
≲ |Q[𝜓1] (𝑒4 − Υ𝑒3, 𝑁Σ∗) | + 𝑟−1 |𝜓1 | |∇𝑁Σ∗𝜓1 | + 𝑟−2 |𝑇 (𝑟) | |𝜓1 |2

+𝑄2
(
|Q[𝜓2] (𝑒4 − Υ𝑒3, 𝑁Σ∗) | + 𝑟−1 |𝜓2 | |∇𝑁Σ∗𝜓2 | + 𝑟−2 |𝑇 (𝑟) | |𝜓2 |2

)
+

(
𝑟−2 |𝜓1 |2 +𝑄2 |∇/𝜓2 |2

)
|g(𝑒4 − Υ𝑒3, 𝑁Σ∗) |

≲ |∇4𝜓1 |2 + |∇3𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2
(
|∇4𝜓2 |2 + |∇3𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2

)
,

which implies

∫
Σ∗ (𝜏1,𝜏2)

| (P − B) · 𝑁Σ∗ | ≲ 𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2). (5.4.18)

Finally, we note that the normal vector field of Σ(𝜏) is given by

𝑁Σ = 𝑎𝑒3 + 𝑏𝑒4,

with 𝑎 and 𝑏 given by (5.2.17). Hence, we obtain along Σ(𝜏)

| (P − B) · 𝑁Σ |

≤ 𝑟−2 |𝑢𝑌 | |Q[𝜓1] (𝑅, 𝑁Σ) | +
����𝑤𝑌 + 𝛿𝑇𝑤𝑇

2
𝜓1∇𝑁Σ

𝜓1

���� + 1

4
|𝜓1 |2 |𝑁Σ (𝑤𝑌 + 𝛿𝑇𝑤𝑇 ) |

+ 8𝑄2𝑟−2 |𝑢𝑌 | |Q[𝜓2] (𝑅, 𝑁Σ) | + 8𝑄2

����𝑤𝑌 + 𝛿𝑇𝑤𝑇
2

𝜓2∇𝑁Σ
𝜓2

���� + 2𝑄2 |𝜓2 |2 |𝑁Σ (𝑤𝑌 + 𝛿𝑇𝑤𝑇 ) |

+
����8𝑄2

𝑟2
( 𝑑/2𝜓2 · 𝜓1)g(𝑟−2𝑢𝑌𝑅, 𝑁Σ)

����
≲ |Q[𝜓1] (𝑒4 − Υ𝑒3, 𝑎𝑒3 + 𝑏𝑒4) | + 𝑟−1 |Υ| |𝜓1 | | (𝑎𝑒3 + 𝑏𝑒4)𝜓1 | + 𝑟−2 |𝑎𝑒3(𝑟) + 𝑏𝑒4(𝑟) | |𝜓1 |2

+𝑄2
(
|Q[𝜓2] (𝑒4 − Υ𝑒3, 𝑎𝑒3 + 𝑏𝑒4) | + 𝑟−1 |Υ| |𝜓2 | | (𝑎𝑒3 + 𝑏𝑒4)𝜓2 | + 𝑟−2 |𝑎𝑒3(𝑟) + 𝑏𝑒4(𝑟) | |𝜓2 |2

)
+

(
𝑟−2 |𝜓1 |2 +𝑄2 |∇/𝜓2 |2

)
|g(𝑒4 − Υ𝑒3, 𝑎𝑒3 + 𝑏𝑒4) |

≲ 𝑎 |Υ| |∇3𝜓1 |2 + 𝑏 |∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2
(
𝑎 |Υ| |∇3𝜓2 |2 + 𝑏 |∇4𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2

)
,
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which implies

∫
Σ(𝜏)

| (P − B) · 𝑁Σ | ≲ 𝐸𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏). (5.4.19)

Combining (5.4.14) with the above estimates , (5.4.15), (5.4.16), (5.4.17), (5.4.18) and

(5.4.19), we deduce

Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲|𝑄 |/𝑀 sup
𝜏∈[𝜏1,𝜏2]

𝐸𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏) +
∫
A(𝜏1,𝜏2)

(
|∇4𝜓1 |2 +𝑄2 |∇4𝜓2 |2

)
+ 𝛿H𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2),

(5.4.20)

This concludes the proof of Proposition 5.4.1.

5.5 Redshift estimate

At 𝑟 = 𝑟+, the vector fields 𝑇 and 𝑅 both reduce to
1

2
𝑒4, which fails to control ∇3𝜓1 and

∇3𝜓2. This degeneracy is already present in the degenerate energy estimate (Proposition

5.3.3 in Section 5.3) and the degenerate Morawetz estimate (Proposition 5.4.1 in Section

5.4). To overcome this issue, we introduce the Dafermos-Rodnianski redshift vector field

[7], which restores control by exploiting the favorable sign of 𝜔 in a small neighborhood of

𝑟 = 𝑟+. Recall, in our setting,

𝜔 = 𝜔0 +𝑂
( 𝜖

𝑟2𝑢1+𝛿𝑑𝑒𝑐

)
, 𝜔0 = −𝑀

𝑟2
+ 𝑄

2

𝑟3
,

hence the sub-extremality condition |𝑄 | < 𝑀 implies the favorable sign of 𝜔0(𝑟+)

𝜔0(𝑟+) = −𝑟+ − 𝑀
𝑟2+

= −
√︁
𝑀2 −𝑄2

𝑟2+
< 0.
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Proposition 5.5.1. Let 𝑌0, 𝑌𝑟𝑒𝑑, and B𝑟𝑒𝑑 be defined as follows. First, define the vector

field 𝑌0 as

𝑌0 = 𝑎𝑟𝑒𝑑𝑒3 + 𝑏𝑟𝑒𝑑𝑒4, (5.5.1)

where

𝑎𝑟𝑒𝑑 = 1 + 20

𝑟+
(𝑟 − 𝑟+), 𝑏𝑟𝑒𝑑 =

10

𝑟+
(𝑟 − 𝑟+). (5.5.2)

Next, define the vector field 𝑌𝑟𝑒𝑑 as a modification of 𝑌0 + 2𝑇 by

𝑌𝑟𝑒𝑑 = 𝜅𝑟𝑒𝑑 (𝑌0 + 2𝑇) , (5.5.3)

where 𝜅𝑟𝑒𝑑 (𝑟) = 𝜅
(
Υ

𝛿𝑟𝑒𝑑

)
, with 𝜅 = 𝜅(𝑟) a smooth cut-off function supported on [−2, 2] and

equal to 1 on [−1, 1], and 0 < 𝛿𝑟𝑒𝑑 ≪ 1. Finally, define the additional current B𝑟𝑒𝑑 as

B𝜇

𝑟𝑒𝑑
=
4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
𝑌
𝜇

𝑟𝑒𝑑
. (5.5.4)

Then, the following spacetime integral estimate holds:∫
M(𝜏1,𝜏2)

(
E (𝑌𝑟𝑒𝑑 ,0) [𝜓1, 𝜓2] + N (𝑌𝑟𝑒𝑑 ,0)

𝑐𝑜𝑢𝑝𝑙𝑒
[𝜓1, 𝜓2] −D𝜇B𝜇

𝑟𝑒𝑑

)
≥

∫
M(𝜏1,𝜏2)

1|Υ|≤𝛿𝑟𝑒𝑑

(√︁
𝑀2 −𝑄2

𝑟2+
|∇3𝜓1 |2 +

1

𝑟+
|∇4𝜓1 |2 +

1

𝑟+
|∇/𝜓1 |2 +

𝑀

𝑟4+
|𝜓1 |2

)
+𝑄21|Υ|≤𝛿𝑟𝑒𝑑

(√︁
𝑀2 −𝑄2

𝑟2+
|∇3𝜓2 |2 +

1

𝑟+
|∇4𝜓2 |2 +

1

𝑟+
|∇/𝜓2 |2 +

𝑀

𝑟4+
|𝜓2 |2

)
+𝑂 (𝛿−1𝑟𝑒𝑑)1𝛿𝑟𝑒𝑑≤Υ≤2𝛿𝑟𝑒𝑑

(
|D𝜓1 |2 +

1

𝑟2+
|𝜓1 |2 +𝑄2 |D𝜓2 |2 +

𝑄2

𝑟2+
|𝜓2 |2

)
+𝑂 (𝛿𝑟𝑒𝑑)1|Υ|≤2𝛿𝑟𝑒𝑑

(
|D𝜓1 |2 +

1

𝑟2+
|𝜓1 |2 +𝑄2 |D𝜓2 |2 +

𝑄2

𝑟2+
|𝜓2 |2

)
+ Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(5.5.5)

Proof. Throughout the proof we use 𝑁𝐿 to denote a schematic form of nonlinear terms

which will eventually be collected as Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2) appearing in (5.5.5), and we will
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focus on the region {|Υ| ≤ 2𝛿𝑟𝑒𝑑}. We consider the following multiplier for 𝑎𝑟𝑒𝑑 = 𝑎𝑟𝑒𝑑 (𝑟)

and 𝑏𝑟𝑒𝑑 = 𝑏𝑟𝑒𝑑 (𝑟)

𝑌0 = 𝑎𝑟𝑒𝑑𝑒3 + 𝑏𝑟𝑒𝑑𝑒4, (5.5.6)

where

𝑎𝑟𝑒𝑑 = 1 + 20

𝑟+
(𝑟 − 𝑟+), 𝑏𝑟𝑒𝑑 =

10

𝑟+
(𝑟 − 𝑟+). (5.5.7)

We will need for |Υ| ≤ 2𝛿𝑟𝑒𝑑,

𝑎𝑟𝑒𝑑 = 1 +𝑂 (𝛿𝑟𝑒𝑑), 𝑎′𝑟𝑒𝑑 > 0, 𝑏𝑟𝑒𝑑 = 𝑂 (𝛿𝑟𝑒𝑑), 𝑏′𝑟𝑒𝑑 > 0

To get positive |∇3𝜓1 |2 and |∇3𝜓2 |2, we need a good sign for (𝑌0)𝜋44, which comes from the

good sign of 𝜔0(𝑟+). We first compute the deformation tensor (𝑌0)𝜋 and divergence of 𝑌0

within the region {|Υ| ≤ 2𝛿𝑟𝑒𝑑}:

(𝑌0)𝜋44 = 2g(D4𝑌0, 𝑒4)

= −4Υ𝑎′𝑟𝑒𝑑 − 8𝑎𝑟𝑒𝑑𝜔0 + 𝑁𝐿,

= 8

√︁
𝑀2 −𝑄2

𝑟2+
+𝑂 (𝛿𝑟𝑒𝑑),

(𝑌0)𝜋33 = 2g(D3𝑌0, 𝑒3)

= 4𝑏′𝑟𝑒𝑑 + 𝑁𝐿,

(𝑌0)𝜋34 = g(D3𝑌0, 𝑒4) + g(D4𝑌0, 𝑒3)

= 2𝑎′𝑟𝑒𝑑 − 2Υ𝑏′𝑟𝑒𝑑 + 4𝑏𝑟𝑒𝑑𝜔0 + 𝑁𝐿,

= 2𝑎′𝑟𝑒𝑑 +𝑂 (𝛿𝑟𝑒𝑑),

(𝑌0)𝜋𝐴𝐵 = 𝑁𝐿,

Div𝑌0 =
1

2
g𝜇𝜈 (𝑌0)𝜋𝜇𝜈

= −𝑎′𝑟𝑒𝑑 + Υ𝑏′𝑟𝑒𝑑 − 2𝑏𝑟𝑒𝑑𝜔0 + 𝑁𝐿,

= −𝑎′𝑟𝑒𝑑 +𝑂 (𝛿𝑟𝑒𝑑),
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We also evaluate 𝑌0(𝑉𝑖) and 𝑉𝑖 for 𝑖 = 1, 2 within the region {|Υ| ≤ 2𝛿𝑟𝑒𝑑}, provided 0 <

𝛿𝑟𝑒𝑑 << |𝑄 |/𝑀:

𝑌0(𝑉1) =
2𝑎𝑟𝑒𝑑
𝑟3

(
1 − 3𝑀

𝑟
+ 12𝑄2

𝑟2

)
− 2𝑏𝑟𝑒𝑑Υ

𝑟3

(
1 − 3𝑀

𝑟
+ 12𝑄2

𝑟2

)
+ 𝑁𝐿,

=
2

𝑟3+

(
−𝑀
𝑟+

+ 11𝑄2

𝑟2+

)
+𝑂 (𝛿𝑟𝑒𝑑),

𝑌0(𝑉2) =
8𝑎𝑟𝑒𝑑
𝑟3

(
1 − 3𝑀

𝑟
+ 3𝑄2

𝑟2

)
− 8𝑏𝑟𝑒𝑑Υ

𝑟3

(
1 − 3𝑀

𝑟
+ 3𝑄2

𝑟2

)
+ 𝑁𝐿,

=
8

𝑟3+

(
−𝑀
𝑟+

+ 2𝑄2

𝑟2+

)
+𝑂 (𝛿𝑟𝑒𝑑),

𝑉1 =
1

𝑟2

(
1 − 2𝑀

𝑟
+ 6𝑄2

𝑟2

)
=
5𝑄2

𝑟4+
+𝑂 (𝛿𝑟𝑒𝑑),

𝑉2 =
4

𝑟2

(
1 − 2𝑀

𝑟
+ 3𝑄2

2𝑟2

)
=
2𝑄2

𝑟4+
+𝑂 (𝛿𝑟𝑒𝑑).

Given these preliminary computations, we can compute E (𝑌0+2𝑇,0) [𝜓1, 𝜓2] as follow:

E (𝑌0+2𝑇,0) [𝜓1, 𝜓2]

=
1

2
Q[𝜓1] · (𝑌0)𝜋 −

1

2
𝑌0(𝑉1) |𝜓1 |2 + 4𝑄2Q[𝜓2] · (𝑌0)𝜋 − 4𝑄2𝑌0(𝑉2) |𝜓2 |2 + Err𝜖 [𝜓1, 𝜓2]

=
1

8
Q[𝜓1]33 (𝑌0)𝜋44 +

1

4
Q[𝜓1]34 (𝑌0)𝜋34 +

1

8
Q[𝜓1]44 (𝑌0)𝜋33 −

1

2
𝑌0(𝑉1) |𝜓1 |2

+𝑄2Q[𝜓2]33 (𝑌0)𝜋44 + 2𝑄2Q[𝜓2]34 (𝑌0)𝜋34 +𝑄2Q[𝜓2]44 (𝑌0)𝜋33 − 4𝑄2𝑌0(𝑉2) |𝜓2 |2 + Err𝜖 [𝜓1, 𝜓2]

=

(√︁
𝑀2 −𝑄2

𝑟2+
+𝑂 (𝛿𝑟𝑒𝑑)

)
|∇3𝜓1 |2 +

(
1

2
𝑎′𝑟𝑒𝑑 +𝑂 (𝛿𝑟𝑒𝑑)

)
( |∇/𝜓1 |2 +𝑉1 |𝜓1 |2)

+ 1

2
𝑏′𝑟𝑒𝑑 |∇4𝜓1 |2 +

(
1

𝑟3+

(
𝑀

𝑟+
− 11𝑄2

𝑟2+

)
+𝑂 (𝛿𝑟𝑒𝑑)

)
|𝜓1 |2

+ 8𝑄2

(√︁
𝑀2 −𝑄2

𝑟2+
+𝑂 (𝛿𝑟𝑒𝑑)

)
|∇3𝜓2 |2 + 8𝑄2

(
1

2
𝑎′𝑟𝑒𝑑 +𝑂 (𝛿𝑟𝑒𝑑)

)
( |∇/𝜓2 |2 +𝑉2 |𝜓2 |2)

+ 4𝑄2𝑏′𝑟𝑒𝑑 |∇4𝜓2 |2 + 4𝑄2

(
8

𝑟3+

(
𝑀

𝑟+
− 2𝑄2

𝑟2+

)
+𝑂 (𝛿𝑟𝑒𝑑)

)
|𝜓2 |2 + Err𝜖 [𝜓1, 𝜓2]

=

(√︁
𝑀2 −𝑄2

𝑟2+
+𝑂 (𝛿𝑟𝑒𝑑)

)
|∇3𝜓1 |2 +

1

2
𝑏′𝑟𝑒𝑑 |∇4𝜓1 |2 +

(
1

2
𝑎′𝑟𝑒𝑑 +𝑂 (𝛿𝑟𝑒𝑑)

)
|∇/𝜓1 |2

+
(
𝑀

𝑟4+
− 11𝑄2

𝑟5+
+ 5𝑄2

2𝑟4+
𝑎′𝑟𝑒𝑑 +𝑂 (𝛿𝑟𝑒𝑑)

)
|𝜓1 |2
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+ 8𝑄2

(√︁
𝑀2 −𝑄2

𝑟2+
+𝑂 (𝛿𝑟𝑒𝑑)

)
|∇3𝜓2 |2 + 4𝑄2𝑏′𝑟𝑒𝑑 |∇4𝜓2 |2 + 8𝑄2

(
1

2
𝑎′𝑟𝑒𝑑 +𝑂 (𝛿𝑟𝑒𝑑)

)
|∇/𝜓2 |2

+ 8𝑄2

(
4𝑀

𝑟4+
− 8𝑄2

𝑟5+
+ 𝑄

2

𝑟4+
𝑎′𝑟𝑒𝑑 +𝑂 (𝛿𝑟𝑒𝑑)

)
|𝜓2 |2 + Err𝜖 [𝜓1, 𝜓2] .

By Corollary 5.2.9 with (𝑋, 𝑤) = (𝑌0, 0) and 𝜆 = 1
2 , we handle the coupling bulk term

N (𝑌0+2𝑇,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2]:

N (𝑌0+2𝑇,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2]

=

(
−8𝑄

2

𝑟2
Div𝑌0 − 𝑌0

(
8𝑄2

𝑟2

)) (1
2
( 𝑑★/2𝜓1 · 𝜓2) +

1

2
( 𝑑/2𝜓2 · 𝜓1)

)
+ 4𝑄2

𝑟2
𝜓2 · [ 𝑑★/2, 𝑌0]𝜓1 +

4𝑄2

𝑟2
𝜓1 · [ 𝑑/2, 𝑌0]𝜓2

+ 4𝑄2

𝑟2
div

(
𝜓2 · 𝑌0(𝜓1) − 𝜓1 · 𝑌0(𝜓2)

)
+D𝜇

(
4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
(𝑌0 + 2𝑇)𝜇

)
+ Err𝜖 [𝜓1, 𝜓2]

=

(
4𝑄2

𝑟2+

(
𝑎′𝑟𝑒𝑑 −

3

𝑟+

)
+𝑂 (𝛿𝑟𝑒𝑑)

) (
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
+ 4𝑄2

𝑟2
div

(
𝜓2 · 𝑌0(𝜓1) − 𝜓1 · 𝑌0(𝜓2)

)
+D𝜇

(
4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
(𝑌0 + 2𝑇)𝜇

)
+ Err𝜖 [𝜓1, 𝜓2],

where we have used the fact that Div𝑌0 = −𝑎′
𝑟𝑒𝑑

+ Υ𝑏′
𝑟𝑒𝑑

− 2𝑏𝑟𝑒𝑑𝜔0 = −𝑎′
𝑟𝑒𝑑

+ 𝑂 (𝛿𝑟𝑒𝑑),

𝑌0(𝑟−2) = 2𝑟−3+ +𝑂 (𝛿𝑟𝑒𝑑) and

[ 𝑑★/2, 𝑌0] = −𝑎𝑟𝑒𝑑
𝑟

𝑑★/2+
𝑏𝑟𝑒𝑑Υ

𝑟
𝑑★/2+𝑁𝐿 = −1 +𝑂 (𝛿𝑟𝑒𝑑)

𝑟+
𝑑★/2+𝑁𝐿

[ 𝑑/2, 𝑌0] = −𝑎𝑟𝑒𝑑
𝑟

𝑑/2+
𝑏𝑟𝑒𝑑Υ

𝑟
𝑑/2+𝑁𝐿 = −1 +𝑂 (𝛿𝑟𝑒𝑑)

𝑟+
𝑑/2+𝑁𝐿

Now we use Poincaré inequalities on a given sphere in {|Υ| ≤ 2𝛿𝑟𝑒𝑑}, taking 𝑎′
𝑟𝑒𝑑

= 20
𝑟+∫

𝑆

𝑎′
𝑟𝑒𝑑

2
|∇/𝜓1 |2 +

4𝑄2

𝑟2+

(
𝑎′𝑟𝑒𝑑 −

3

𝑟+

)
( 𝑑★/2𝜓1 · 𝜓2)
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≥
∫
𝑆

𝑎′
𝑟𝑒𝑑

4
|∇/𝜓1 |2 +

𝑎′
𝑟𝑒𝑑

2
| 𝑑★/2𝜓1 |2 +

𝑎′
𝑟𝑒𝑑

4
𝐾 |𝜓1 |2 +

4𝑄2

𝑟2+

(
𝑎′𝑟𝑒𝑑 −

3

𝑟+

)
( 𝑑★/2𝜓1 · 𝜓2)

≥
∫
𝑆

𝑎′
𝑟𝑒𝑑

4
|∇/𝜓1 |2 +

𝑎′
𝑟𝑒𝑑

4
𝐾 |𝜓1 |2 −

8𝑄4

𝑟4+𝑎
′
𝑟𝑒𝑑

(
𝑎′𝑟𝑒𝑑 −

3

𝑟+

)2
|𝜓2 |2,∫

𝑆

4𝑄2𝑎′𝑟𝑒𝑑 |∇/𝜓2 |2 +
4𝑄2

𝑟2+

(
𝑎′𝑟𝑒𝑑 −

3

𝑟+

)
( 𝑑/2𝜓2 · 𝜓1)

≥
∫
𝑆

2𝑄2𝑎′𝑟𝑒𝑑 |∇/𝜓2 |2 + 2𝑄2𝑎′𝑟𝑒𝑑 | 𝑑/2𝜓2 |2 + 2𝑄2𝑎′𝑟𝑒𝑑

(
1

𝑟2
− 𝐾

)
|𝜓2 |2 +

4𝑄2

𝑟2+

(
𝑎′𝑟𝑒𝑑 −

3

𝑟+

)
( 𝑑/2𝜓2 · 𝜓1)

≥
∫
𝑆

2𝑄2𝑎′𝑟𝑒𝑑 |∇/𝜓2 |2 + 2𝑄2𝑎′𝑟𝑒𝑑

(
1

𝑟2
− 𝐾

)
|𝜓2 |2 −

2𝑄2

𝑟3+𝑎
′
𝑟𝑒𝑑

(
𝑎′𝑟𝑒𝑑 −

3

𝑟+

)2
|𝜓1 |2.

Therefore, if we integrate E (𝑌𝑟𝑒𝑑 ,0) [𝜓1, 𝜓2] + N (𝑌𝑟𝑒𝑑 ,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] − D𝜇B𝜇

𝑟𝑒𝑑
on a given sphere in

{|Υ| ≤ 𝛿𝑟𝑒𝑑}, in which 𝜅𝑟𝑒𝑑 ≡ 1 we see

∫
𝑆

E (𝑌𝑟𝑒𝑑 ,0) [𝜓1, 𝜓2] + N (𝑌𝑟𝑒𝑑 ,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] −D𝜇B𝜇

𝑟𝑒𝑑∫
𝑆

E (𝑌0+2𝑇0,0) [𝜓1, 𝜓2] + N (𝑌0+2𝑇0,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] −D𝜇

(
4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
(𝑌0 + 2𝑇)𝜇

)
=

∫
𝑆

(√︁
𝑀2 −𝑄2

𝑟2+
+𝑂 (𝛿𝑟𝑒𝑑)

)
|∇3𝜓1 |2 +

1

2
𝑏′𝑟𝑒𝑑 |∇4𝜓1 |2 +

(
1

2
𝑎′𝑟𝑒𝑑 +𝑂 (𝛿𝑟𝑒𝑑)

)
|∇/𝜓1 |2

+
(
𝑀

𝑟4+
− 11𝑄2

𝑟5+
+ 5𝑄2

2𝑟4+
𝑎′𝑟𝑒𝑑 +𝑂 (𝛿𝑟𝑒𝑑)

)
|𝜓1 |2 +

(
4𝑄2

𝑟2+

(
𝑎′𝑟𝑒𝑑 −

3

𝑟+

)
+𝑂 (𝛿𝑟𝑒𝑑)

)
( 𝑑★/2𝜓1 · 𝜓2)

+ 8𝑄2

(√︁
𝑀2 −𝑄2

𝑟2+
+𝑂 (𝛿𝑟𝑒𝑑)

)
|∇3𝜓2 |2 + 4𝑄2𝑏′𝑟𝑒𝑑 |∇4𝜓2 |2 + 8𝑄2

(
1

2
𝑎′𝑟𝑒𝑑 +𝑂 (𝛿𝑟𝑒𝑑)

)
|∇/𝜓2 |2

+ 8𝑄2

(
4𝑀

𝑟4+
− 8𝑄2

𝑟5+
+ 𝑄

2

𝑟4+
𝑎′𝑟𝑒𝑑 +𝑂 (𝛿𝑟𝑒𝑑)

)
|𝜓2 |2 +

(
4𝑄2

𝑟2+

(
𝑎′𝑟𝑒𝑑 −

3

𝑟+

)
+𝑂 (𝛿𝑟𝑒𝑑)

)
( 𝑑/2𝜓2 · 𝜓1)

≥
∫
𝑆

(√︁
𝑀2 −𝑄2

𝑟2+
+𝑂 (𝛿𝑟𝑒𝑑)

)
|∇3𝜓1 |2 +

1

2
𝑏′𝑟𝑒𝑑 |∇4𝜓1 |2 +

(
1

4
𝑎′𝑟𝑒𝑑 +𝑂 (𝛿𝑟𝑒𝑑)

)
|∇/𝜓1 |2

+
(
𝑎′
𝑟𝑒𝑑

4
𝐾 + 𝑀

𝑟4+
− 11𝑄2

𝑟5+
+ 5𝑄2

2𝑟4+
𝑎′𝑟𝑒𝑑 −

2𝑄2

𝑟3+𝑎
′
𝑟𝑒𝑑

(
𝑎′𝑟𝑒𝑑 −

3

𝑟+

)2
+𝑂 (𝛿𝑟𝑒𝑑)

)
|𝜓1 |2

+ 8𝑄2

(√︁
𝑀2 −𝑄2

𝑟2+
+𝑂 (𝛿𝑟𝑒𝑑)

)
|∇3𝜓2 |2 + 4𝑄2𝑏′𝑟𝑒𝑑 |∇4𝜓2 |2 + 8𝑄2

(
1

4
𝑎′𝑟𝑒𝑑 +𝑂 (𝛿𝑟𝑒𝑑)

)
|∇/𝜓2 |2

+ 8𝑄2

(
𝑎′
𝑟𝑒𝑑

4

(
1

𝑟2
− 𝐾

)
+ 4𝑀

𝑟4+
− 8𝑄2

𝑟5+
+ 𝑄

2

𝑟4+
𝑎′𝑟𝑒𝑑 −

𝑄2

𝑟4+𝑎
′
𝑟𝑒𝑑

(
𝑎′𝑟𝑒𝑑 −

3

𝑟+

)2
+𝑂 (𝛿𝑟𝑒𝑑)

)
|𝜓2 |2

+ Err𝜖 [𝜓1, 𝜓2] .
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Now taking 𝑎′
𝑟𝑒𝑑

=
20

𝑟+
, 𝑏′

𝑟𝑒𝑑
=
10

𝑟+
, we have on a given sphere in {|Υ| ≤ 𝛿𝑟𝑒𝑑}

∫
𝑆

E (𝑌𝑟𝑒𝑑 ,0) [𝜓1, 𝜓2] + N (𝑌𝑟𝑒𝑑 ,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] −D𝜇B𝜇

𝑟𝑒𝑑

≥
∫
𝑆

(√︁
𝑀2 −𝑄2

𝑟2+
+𝑂 (𝛿𝑟𝑒𝑑)

)
|∇3𝜓1 |2 +

5

𝑟+
|∇4𝜓1 |2 +

(
5

𝑟+
+𝑂 (𝛿𝑟𝑒𝑑)

)
|∇/𝜓1 |2

+
(
5

𝑟3+
+ 𝑀
𝑟4+

+ 10𝑄2

𝑟5+
+𝑂 (𝛿𝑟𝑒𝑑)

)
|𝜓1 |2

+ 8𝑄2

(√︁
𝑀2 −𝑄2

𝑟2+
+𝑂 (𝛿𝑟𝑒𝑑)

)
|∇3𝜓2 |2 +

40𝑄2

𝑟+
|∇4𝜓2 |2 + 8𝑄2

(
5

𝑟+
+𝑂 (𝛿𝑟𝑒𝑑)

)
|∇/𝜓2 |2

+ 8𝑄2

(
4𝑀

𝑟4+
− 3𝑄2

𝑟5+
+𝑂 (𝛿𝑟𝑒𝑑) +𝑂 (𝜖)

)
|𝜓2 |2

+ Err𝜖 [𝜓1, 𝜓2] .

Now for 𝑌𝑟𝑒𝑑 = 𝜅𝑟𝑒𝑑 (𝑌0 + 2𝑇) with the cut-off 𝜅𝑟𝑒𝑑, we can compute in M that

E (𝑌𝑟𝑒𝑑 ,0) [𝜓1, 𝜓2] = 𝜅𝑟𝑒𝑑E (𝑌0+2𝑇,0) [𝜓1, 𝜓2] +
1

2
Q[𝜓1] (𝑌0 + 2𝑇, 𝑑𝜅𝑟𝑒𝑑) + 4𝑄2Q[𝜓2] (𝑌0 + 2𝑇, 𝑑𝜅𝑟𝑒𝑑).

So integrating E (𝑌𝑟𝑒𝑑 ,0) [𝜓1, 𝜓2] + N (𝑌𝑟𝑒𝑑 ,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] − D𝜇B𝜇

𝑟𝑒𝑑
on a given sphere in M(𝜏1, 𝜏2),

we deduce

∫
M(𝜏1,𝜏2)

E (𝑌𝑟𝑒𝑑 ,0) [𝜓1, 𝜓2] + N (𝑌𝑟𝑒𝑑 ,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] −D𝜇B𝜇

𝑟𝑒𝑑

≥
∫
M(𝜏1,𝜏2)

1|Υ|≤𝛿𝑟𝑒𝑑

(√︁
𝑀2 −𝑄2

𝑟2+
|∇3𝜓1 |2 +

1

𝑟+
|∇4𝜓1 |2 +

1

𝑟+
|∇/𝜓1 |2 +

𝑀

𝑟4+
|𝜓1 |2

)
+𝑄21|Υ|≤𝛿𝑟𝑒𝑑

(√︁
𝑀2 −𝑄2

𝑟2+
|∇3𝜓2 |2 +

1

𝑟+
|∇4𝜓2 |2 +

1

𝑟+
|∇/𝜓2 |2 +

𝑀

𝑟4+
|𝜓2 |2

)
+𝑂 (𝛿−1𝑟𝑒𝑑)1𝛿𝑟𝑒𝑑≤Υ≤2𝛿𝑟𝑒𝑑

(
|D𝜓1 |2 +

1

𝑟2+
|𝜓1 |2 +𝑄2 |D𝜓2 |2 +

𝑄2

𝑟2+
|𝜓2 |2

)
+𝑂 (𝛿𝑟𝑒𝑑)1|Υ|≤2𝛿𝑟𝑒𝑑

(
|D𝜓1 |2 +

1

𝑟2+
|𝜓1 |2 +𝑄2 |D𝜓2 |2 +

𝑄2

𝑟2+
|𝜓2 |2

)
+ Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).
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This finishes the proof of Proposition 5.5.1.

Proposition 5.5.2. We have the following redshift estimate:

sup
𝜏∈[𝜏1,𝜏2]

𝐸Υ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏) + 𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2) + MorΥ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝐸Υ≤2𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏1) + 𝛿−5𝑟𝑒𝑑Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)

+ Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(5.5.8)

Proof. Applying the divergence theorem for P−B = P (𝑌𝑟𝑒𝑑 ,0) [𝜓1, 𝜓2] −B𝑟𝑒𝑑, we deduce from

Proposition 5.2.7 that∫
A(𝜏1,𝜏2)

(P − B) · 𝑁A +
∫
Σ(𝜏2)

(P − B) · 𝑁Σ +
∫
M(𝜏1,𝜏2)

E (𝑌𝑟𝑒𝑑 ,0) + N (𝑌𝑟𝑒𝑑 ,0)
𝑐𝑜𝑢𝑝𝑙𝑒

−D𝜇B𝜇

𝑟𝑒𝑑

=

∫
Σ(𝜏1)

(P − B) · 𝑁Σ −
∫
M(𝜏1,𝜏2)

N (𝑌𝑟𝑒𝑑 ,0)
𝑁1,𝑁2

.

(5.5.9)

We have from Proposition 5.5.1, the spacetime integral is bounded from below as∫
M(𝜏1,𝜏2)

E (𝑌𝑟𝑒𝑑 ,0) + N (𝑌𝑟𝑒𝑑 ,0)
𝑐𝑜𝑢𝑝𝑙𝑒

−D𝜇B𝜇

𝑟𝑒𝑑

≥
√︁
𝑀2 −𝑄2

𝑟2+
MorΥ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏1, 𝜏2) +𝑂 (𝛿−5𝑟𝑒𝑑)Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) +𝑂 (𝛿𝑟𝑒𝑑)Mor[𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(5.5.10)

It is important to note the presence of the term 𝑂 (𝛿−5
𝑟𝑒𝑑

) in front of Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) on

the right-hand side of (5.5.10). This term arises because, in the region M(𝜏1, 𝜏2) ∩ {𝛿𝑟𝑒𝑑 ≤

Υ ≤ 2𝛿𝑟𝑒𝑑}, Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) only controls a small multiple of the |∇3𝜓1 | and |∇3𝜓2 |
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bulk terms. Specifically, we have

Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≥
∫
M(𝜏1,𝜏2)

1

𝑟3

(
|∇𝑅𝜓1 |2 +𝑄2 |∇𝑅𝜓2 |2

)
≳

∫
M(𝜏1,𝜏2)

1𝛿𝑟𝑒𝑑≤Υ≤2𝛿𝑟𝑒𝑑
Υ2

𝑟3

(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
≥ 𝛿4𝑟𝑒𝑑

∫
M(𝜏1,𝜏2)

1𝛿𝑟𝑒𝑑≤Υ≤2𝛿𝑟𝑒𝑑

(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
.

(5.5.11)

On the right-hand side of (5.5.11), a factor of 𝛿2
𝑟𝑒𝑑

is sufficient for the sub-extremal case,

where Υ2 ∼ 𝛿2
𝑟𝑒𝑑

. However, the factor 𝛿4
𝑟𝑒𝑑

also covers the extremal case, where Υ2 ∼ 𝛿4
𝑟𝑒𝑑

.

We also have the control of inhomogeneous term����∫
M(𝜏1,𝜏2)

N (𝑌𝑟𝑒𝑑 ,0)
𝑁1,𝑁2

���� ≤ ����∫
M(𝜏1,𝜏2)

𝑁1 · 𝑌𝑟𝑒𝑑 (𝜓1)
���� +𝑄2

����∫
M(𝜏1,𝜏2)

𝑁2 · 𝑌𝑟𝑒𝑑 (𝜓2)
����

≲ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2).
(5.5.12)

Next, we address the boundary terms. Since 𝛿H ≪ 𝛿5
𝑟𝑒𝑑

≪ 𝛿𝑟𝑒𝑑, we note that along A, we

have 𝜅𝑟𝑒𝑑 = 1, which implies

𝑌𝑟𝑒𝑑 = 𝑌0 + 2𝑇 = (𝑎𝑟𝑒𝑑 + Υ)𝑒3 + (𝑏𝑟𝑒𝑑 + 1)𝑒4 = (1 +𝑂 (𝛿H ))𝑒3 + (1 +𝑂 (𝛿H ))𝑒4 on A.

Hence, along A

(P − B) · 𝑁A = Q[𝜓1] (𝑌𝑟𝑒𝑑 , 𝑁A) + 8𝑄2Q[𝜓2] (𝑌𝑟𝑒𝑑 , 𝑁A)

− 4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
g(𝑌𝑟𝑒𝑑 , 𝑁A)

=
1

2
Q[𝜓1] (𝑌0 + 2𝑇, 𝑒4 + (𝛿H +𝑂 (𝜖))𝑒3) + 4𝑄2Q[𝜓2] (𝑌0 + 2𝑇, 𝑒4 + (𝛿H +𝑂 (𝜖))𝑒3)

− 2𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
g (𝑌0 + 2𝑇, 𝑒4 + (𝛿H +𝑂 (𝜖))𝑒3)

=
1

2
Q[𝜓1] (𝑒3 + 𝑒4, 𝛿H 𝑒3 + 𝑒4) +𝑂 (𝛿H ) (Q[𝜓1]33 + Q[𝜓1]44 + Q[𝜓1]34)

+ 4𝑄2Q[𝜓2] (𝑒3 + 𝑒4, 𝛿H 𝑒3 + 𝑒4) +𝑄2𝑂 (𝛿H ) (Q[𝜓2]33 + Q[𝜓2]44 + Q[𝜓2]34)

150



R-N nonlinear stability

+ 4(1 +𝑂 (𝛿H ))𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
=

(
1

2
+𝑂 (𝛿H )

)
(𝛿HQ[𝜓1]33 + Q[𝜓1]44) + 8𝑄2

(
1

2
+𝑂 (𝛿H )

)
(𝛿HQ[𝜓2]33 + Q[𝜓2]44)

+
(
1

2
+𝑂 (𝛿H )

) (
Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
.

Applying Lemma 5.3.2 on a given sphere 𝑆 ∈ A, we get

∫
𝑆

(P − B) · 𝑁A ≥
∫
𝑆

1

4
(𝛿HQ[𝜓1]33 + Q[𝜓1]44) + 2𝑄2 (𝛿HQ[𝜓2]33 + Q[𝜓2]44)

+ 1

4

(
1

2
|∇/𝜓1 |2 + 4𝑄2 |∇/𝜓2 |2 +

1

𝑟2
|𝜓1 |2 +

8𝑄2

𝑟2
|𝜓2 |2

)
,

which implies a lower bound on the flux through A

∫
A(𝜏1,𝜏2)

(P − B) · 𝑁A ≥ 1

8
𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2). (5.5.13)

We also have in {Υ ≤ 𝛿𝑟𝑒𝑑}, where 𝑁Σ = 𝑒3, and

𝑌𝑟𝑒𝑑 = 𝑌0 + 2𝑇 = (𝑎𝑟𝑒𝑑 +Υ)𝑒3 + (𝑏𝑟𝑒𝑑 + 1)𝑒4 = (1 +𝑂 (𝛿𝑟𝑒𝑑))𝑒3 + (1 +𝑂 (𝛿𝑟𝑒𝑑))𝑒4 for Υ ≤ 𝛿𝑟𝑒𝑑 .

Hence, along Σ(𝜏) ∩ {Υ ≤ 𝛿𝑟𝑒𝑑}

(P − B) · 𝑁Σ = Q[𝜓1] (𝑌𝑟𝑒𝑑 , 𝑁Σ) + 8𝑄2Q[𝜓2] (𝑌𝑟𝑒𝑑 , 𝑁Σ)

− 4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
g(𝑌𝑟𝑒𝑑 , 𝑁Σ)

= Q[𝜓1] (𝑒3 + 𝑒4, 𝑒3) +𝑂 (𝛿𝑟𝑒𝑑) (Q[𝜓1]33 + Q[𝜓1]34)

+ 8𝑄2Q[𝜓2] (𝑒3 + 𝑒4, 𝑒3) +𝑄2𝑂 (𝛿𝑟𝑒𝑑) (Q[𝜓2]33 + Q[𝜓2]34)

+ 8(1 +𝑂 (𝛿𝑟𝑒𝑑))𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
≥ (1 +𝑂 (𝛿𝑟𝑒𝑑)) ( |∇3𝜓1 |2 + 8𝑄2 |∇3𝜓2 |2)

+ (1 +𝑂 (𝛿𝑟𝑒𝑑))
(
Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
.
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Applying Lemma 5.3.2 on a given sphere 𝑆 ∈ Σ(𝜏) ∩ {Υ ≤ 𝛿𝑟𝑒𝑑}, we get

∫
𝑆

(P − B) · 𝑁Σ ≥
∫
𝑆

1

2
( |∇3𝜓1 |2 + 8𝑄2 |∇3𝜓2 |2) +

1

2

(
1

2
|∇/𝜓1 |2 + 4𝑄2 |∇/𝜓2 |2 +

1

𝑟2
|𝜓1 |2 +

8𝑄2

𝑟2
|𝜓2 |2

)
,

which implies a lower bound on the flux through Σ(𝜏2)∫
Σ(𝜏2)

(P − B) · 𝑁Σ ≥ 1

4
𝐸Υ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏2), (5.5.14)

where the flux through Σ(𝜏2) ∩{𝛿𝑟𝑒𝑑 ≤ Υ ≤ 2𝛿𝑟𝑒𝑑} is non-negative, since 𝜅𝑟𝑒𝑑 is non-negative.

Moreover, it’s relatively easy to control the flux through Σ(𝜏1) ∩ {Υ ≤ 2𝛿𝑟𝑒𝑑} from above

∫
Σ(𝜏1)

(P − B) · 𝑁Σ ≲ 𝐸Υ≤2𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏1). (5.5.15)

Combining (5.5.9) with the above estimates , (5.5.10), (5.5.12), (5.5.13), (5.5.14) and (5.5.15),

we deduce

sup
𝜏∈[𝜏1,𝜏2]

𝐸Υ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏) + 𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2) + MorΥ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲|𝑄 |/𝑀 𝐸Υ≤2𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏1) + 𝛿−5𝑟𝑒𝑑Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝛿𝑟𝑒𝑑Mor[𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

Noticing that

Mor[𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲ MorΥ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2),

we obtain for 0 < 𝛿𝑟𝑒𝑑 ≪ 1

sup
𝜏∈[𝜏1,𝜏2]

𝐸Υ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏) + 𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2) + MorΥ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝐸Υ≤2𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏1) + 𝛿−5𝑟𝑒𝑑Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2)
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+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

This concludes the proof of Proposition 5.5.2.

5.6 Proof of Energy-Morawetz estimate

Our goal is to combine the degenerate Energy estimate from Proposition 5.3.3, the degenerate

Morawetz estimate from Proposition 5.4.1, and the Redshift estimate from Proposition 5.5.2

to establish the Energy-Morawetz estimate (5.1.2) in Theorem 5.1.1. Furthermore, we will

employ the multiplier (𝑋, 𝑤, 𝑀) = (𝑟−𝛿𝑇, 0, 0) to strengthen the control of ∇3𝜓1 and ∇3𝜓2

in the far region, thereby enabling us to manage the error terms. This includes the Morr-

estimate (5.1.3) in Theorem 5.1.1.

For the reader’s convenience, we restate Theorem 5.1.1 below:

Theorem 5.6.1 (Theroem 5.1.1 restated). The following Energy-Morawetz estimate holds:

𝐸𝑀𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲|𝑄 |/𝑀,𝛿H ,𝛿𝑟𝑒𝑑 𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝜖 ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2).
(5.6.1)

We also have the following control of ∇3𝜓1 and ∇3𝜓2:∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

𝑟−1−𝛿
(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
≲𝛿H ,𝛿𝑟𝑒𝑑 𝐸𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1) + Mor50𝑟+≤𝑟≤100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2) + ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2).

(5.6.2)

5.6.1 Combined estimates

Combining the Morawetz estimate, the energy estimate, and the redshift estimate, we obtain

the following proposition.
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Proposition 5.6.2. We have the following estimate:

𝐸𝑀𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲|𝑄 |/𝑀,𝛿H ,𝛿𝑟𝑒𝑑 𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).
(5.6.3)

Proof. We have from the degenerate Morawetz estimate (5.4.2)

Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲|𝑄 |/𝑀 sup
𝜏∈[𝜏1,𝜏2]

𝐸𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏) +
∫
A(𝜏1,𝜏2)

(
|∇4𝜓1 |2 +𝑄2 |∇4𝜓2 |2

)
+ 𝛿H𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

We also have from the degenerate Energy estimate (5.3.5)

sup
𝜏∈[𝜏1,𝜏2]

𝐸𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏) +
∫
A(𝜏1,𝜏2)

(
|∇4𝜓1 |2 +𝑄2 |∇4𝜓2 |2

)
+ 𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝛿H sup
𝜏∈[𝜏1,𝜏2]

𝐸𝑟≤𝑟+ (1+𝛿H) [𝜓1, 𝜓2] (𝜏) + 𝛿H𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

Combining the above estimates, we obtain

𝐸𝑀𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲|𝑄 |/𝑀 𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝛿H sup
𝜏∈[𝜏1,𝜏2]

𝐸𝑟≤𝑟+ (1+𝛿H) [𝜓1, 𝜓2] (𝜏) + 𝛿H𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(5.6.4)
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Next, we recall from the Redshift estimate (5.5.8)

sup
𝜏∈[𝜏1,𝜏2]

𝐸Υ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏) + 𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2) + MorΥ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲|𝑄 |/𝑀 𝐸Υ≤2𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏1) + 𝛿−5𝑟𝑒𝑑Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(5.6.5)

Using (5.6.5) to control the 𝛿H sup𝜏∈[𝜏1,𝜏2] 𝐸𝑟≤𝑟+ (1+𝛿H) [𝜓1, 𝜓2] (𝜏) term in the right-hand side

of (5.6.4), we obtain

𝐸𝑀𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲|𝑄 |/𝑀 𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝛿H sup
𝜏∈[𝜏1,𝜏2]

𝐸Υ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏) + 𝛿H𝛿−5𝑟𝑒𝑑Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

Thus, we infer from 𝛿H ≪ 𝛿5
𝑟𝑒𝑑

≪ 1 that

𝐸𝑀𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲|𝑄 |/𝑀 𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝛿H sup
𝜏∈[𝜏1,𝜏2]

𝐸Υ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(5.6.6)

Now use (5.6.6) to control 𝛿−5
𝑟𝑒𝑑

Mor𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2)-term in the right-hand side of (5.6.5),

we deduce from 𝛿H ≪ 𝛿5
𝑟𝑒𝑑

≪ 1 that

sup
𝜏∈[𝜏1,𝜏2]

𝐸Υ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏) + 𝐹A [𝜓1, 𝜓2] (𝜏1, 𝜏2) + MorΥ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲|𝑄 |/𝑀 𝛿−5𝑟𝑒𝑑

(
𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

)
.
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Hence, we obtain

𝐸𝑀𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲|𝑄 |/𝑀,𝛿H ,𝛿𝑟𝑒𝑑 𝐸𝑀𝐹Υ≤𝛿𝑟𝑒𝑑 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐸𝑀𝑑𝑒𝑔 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐹Σ∗ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲|𝑄 |/𝑀,𝛿H ,𝛿𝑟𝑒𝑑 𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

This concludes the proof of Proposition 5.6.2.

5.6.2 Error terms

Proposition 5.6.3. We have the following estimate:

Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲𝛿H ,𝛿𝑟𝑒𝑑 𝜖𝐸𝑀 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝜖
∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

𝑟−1−𝛿
(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
+ 𝜖 ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2).

Proof. We recall from (5.2.53)

Err𝜖 = 𝑂
( 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐

) (
𝑟−𝛿 |∇3𝜓1 |2 + 𝑟𝛿 |∇4𝜓1 |2 + |∇/𝜓1 |2 +

|𝜓1 |2
𝑟2

)
+𝑄2𝑂

( 𝜖

𝑟𝑢1+𝛿𝑑𝑒𝑐

) (
𝑟−𝛿 |∇3𝜓2 |2 + 𝑟𝛿 |∇4𝜓2 |2 + |∇/𝜓2 |2 +

|𝜓2 |2
𝑟2

)
Thus, we have

∫
M𝑡𝑟𝑎𝑝 (𝜏1,𝜏2)

Err𝜖 ≲
∫ 𝜏2

𝜏1

𝜖

𝜏1+𝛿𝑑𝑒𝑐
𝐸 [𝜓1, 𝜓2] (𝜏)𝑑𝜏 ≲ 𝜖 sup

𝜏∈[𝜏1,𝜏2]
𝐸 [𝜓1, 𝜓2] (𝜏).

We also have

∫
M

𝑡𝑟𝑎𝑝

/ (𝜏1,𝜏2)
Err𝜖 ≲ 𝜖

∫
M

𝑡𝑟𝑎𝑝

/ (𝜏1,𝜏2)
𝑟−1−𝛿 |∇3𝜓1 |2 + 𝑟−1+𝛿 |∇4𝜓1 |2 + 𝑟−1 |∇/𝜓1 |2 + 𝑟−3 |𝜓1 |2

+𝑄2
(
𝑟−1−𝛿 |∇3𝜓2 |2 + 𝑟−1+𝛿 |∇4𝜓2 |2 + 𝑟−1 |∇/𝜓2 |2 + 𝑟−3 |𝜓2 |2

)
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≲𝛿H ,𝛿𝑟𝑒𝑑 𝜖Mor[𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝜖
∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

𝑟−1−𝛿
(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
+ 𝜖 ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2).

Here, we have used Mor[𝜓1, 𝜓2] (𝜏1, 𝜏2) to control the terms |∇/𝜓1 |2, |∇/𝜓2 |2, |𝜓1 |2, and |𝜓2 |2,

while ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2) provides control over |∇4𝜓1 |2 and |∇4𝜓2 |2. Consequently, we

obtain

Err𝜖 (𝜏1, 𝜏2) ≲𝛿H ,𝛿𝑟𝑒𝑑 𝜖𝐸𝑀 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝜖
∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

𝑟−1−𝛿
(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
+ 𝜖 ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2).

This concludes the proof of Proposition 5.6.3.

Remark 10. Since Mor[𝜓1, 𝜓2] (𝜏1, 𝜏2) does not provide sufficient control over ∇3𝜓𝑖 and

∇4𝜓𝑖, additional multipliers are required. In the next subsection, we control ∇3𝜓𝑖 using 𝑟−𝛿𝑇

as a multiplier, while ∇4𝜓𝑖—or equivalently, ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)—is controlled via the

𝑟 𝑝-estimate, employing 𝑟 𝑝𝑒4 as a multiplier.

5.6.3 Estimates for ∇3𝜓1 and ∇3𝜓2

Lemma 5.6.4. Let 𝑓−𝛿 be a function that satisfies 𝑓−𝛿 = 𝑟−𝛿 in 𝑟 ≥ 100𝑟+ and is supported

in 𝑟 ≥ 50𝑟+ with 𝑅 ≫ 𝑟+ a fixed constant. Then, we have for 𝑟 ≥ 100𝑟+∫
M(𝜏1,𝜏2)

E ( 𝑓−𝛿𝑇,0) [𝜓1, 𝜓2] + N ( 𝑓−𝛿𝑇,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] + N ( 𝑓−𝛿𝑇,0)
𝑁1,𝑁2

[𝜓1, 𝜓2] −D𝜇B 𝑓−𝛿𝑇
𝜇

≳
∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

−𝛿
4
𝑟−1−𝛿

(
|∇4𝜓1 |2 + 8𝑄2 |∇4𝜓2 |2

)
+ 𝛿Υ

2

4
𝑟−1−𝛿

(
|∇3𝜓1 |2 + 8𝑄2 |∇3𝜓2 |2

)
− Mor50𝑟+≤𝑟≤100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2) − 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) − Err𝜖 ;𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(5.6.7)
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where B 𝑓−𝛿𝑇 is given by

B 𝑓−𝛿𝑇 :=
4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
𝑓−𝛿𝑇. (5.6.8)

Proof. We have from Proposition 5.2.7 and Lemma 5.2.2

E ( 𝑓−𝛿𝑇,0) [𝜓1, 𝜓2] =
1

2
Q[𝜓1] · ( 𝑓−𝛿𝑇)𝜋 − 1

2
𝑓−𝛿𝑇 (𝑉1) |𝜓1 |2 + 4𝑄2Q[𝜓2] · ( 𝑓−𝛿𝑇)𝜋 − 4𝑄2 𝑓−𝛿𝑇 (𝑉2) |𝜓2 |2

= Q[𝜓1]𝛼𝛽𝑇𝛼D𝛽 𝑓−𝛿 +𝑂
( 𝜖

𝑟1+𝛿𝑢1+𝛿𝑑𝑒𝑐

) (
|∇3𝜓1 |2 + |∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2

)
+ 8𝑄2Q[𝜓1]𝛼𝛽𝑇𝛼D𝛽 𝑓−𝛿 +𝑄2𝑂

( 𝜖

𝑟1+𝛿𝑢1+𝛿𝑑𝑒𝑐

) (
|∇3𝜓1 |2 + |∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2

)
= −1

2
Q(𝑒4, 𝑇) [𝜓1]𝑒3( 𝑓−𝛿) −

1

2
Q[𝜓1] (𝑒3, 𝑇)𝑒4( 𝑓−𝛿)

− 4𝑄2Q(𝑒4, 𝑇) [𝜓2]𝑒3( 𝑓−𝛿) − 4𝑄2Q[𝜓2] (𝑒3, 𝑇)𝑒4( 𝑓−𝛿)

+𝑂
( 𝜖

𝑟1+𝛿𝑢1+𝛿𝑑𝑒𝑐

) (
|D𝜓1 |2 +𝑄2 |D𝜓2 |2 + 𝑟−2 |𝜓1 |2 +𝑄2𝑟−2 |𝜓1 |2

)
=
1

4
𝑓 ′−𝛿

(
|∇4𝜓1 |2 + 8𝑄2 |∇4𝜓2 |2 − Υ2 |∇3𝜓1 |2 − 8𝑄2Υ2 |∇3𝜓2 |2

)
+𝑂

( 𝜖

𝑟1+𝛿𝑢1+𝛿𝑑𝑒𝑐

) (
|D𝜓1 |2 +𝑄2 |D𝜓2 |2 + 𝑟−2 |𝜓1 |2 +𝑄2𝑟−2 |𝜓1 |2

)
.

Hence, we have in 𝑟 ≥ 100𝑟+

E ( 𝑓−𝛿𝑇,0) [𝜓1, 𝜓2] = −𝛿
4
𝑟−1−𝛿

(
|∇4𝜓1 |2 + 8𝑄2 |∇4𝜓2 |2 − Υ2 |∇3𝜓1 |2 − 8𝑄2Υ2 |∇3𝜓2 |2

)
+ 1𝑟≥50𝑟+𝑂

( 𝜖

𝑟1+𝛿𝑢1+𝛿𝑑𝑒𝑐

) (
|D𝜓1 |2 +𝑄2 |D𝜓2 |2 + 𝑟−2 |𝜓1 |2 +𝑄2𝑟−2 |𝜓1 |2

)
.

For the coupled term N ( 𝑓−𝛿𝑇,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2], we can rewrite out the coupled term N ( 𝑓−𝛿𝑇,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2]

by Lemma 5.2.9 with 𝜆 = 1
2 :

N ( 𝑓−𝛿𝑇,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] =
(
−8𝑄

2

𝑟2
Div( 𝑓−𝛿𝑇) − 𝑓−𝛿𝑇

(
4𝑄2

𝑟2

)) (1
2
( 𝑑★/2𝜓1 · 𝜓2) +

1

2
( 𝑑/2𝜓2 · 𝜓1)

)
+ 4𝑄2

𝑟2
𝜓2 · [ 𝑑★/2, 𝑓−𝛿𝑇]𝜓1 +

4𝑄2

𝑟2
𝜓1 · [ 𝑑/2, 𝑓−𝛿𝑇]𝜓2

+ 4𝑄2

𝑟2
div

(
𝜓2 · 𝑓−𝛿∇𝑇𝜓1 − 𝜓1 · 𝑓−𝛿∇𝑇𝜓2

)
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+D𝜇

(
4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
𝑓−𝛿𝑇

𝜇

)
= D𝜇B 𝑓−𝛿𝑇

𝜇 + Err𝜖 ;𝑟≥50𝑟+ [𝜓1, 𝜓2] .

For the inhomogeneous term N ( 𝑓−𝛿𝑇,0)
𝑁1,𝑁2

[𝜓1, 𝜓2], we can directly control it by 𝐽-norms����∫
M(𝜏1,𝜏2)

N ( 𝑓−𝛿𝑇,0)
𝑁1,𝑁2

[𝜓1, 𝜓2]
���� ≲ ∫

M(𝜏1,𝜏2)
| 𝑓−𝛿∇𝑇𝜓1 | |𝑁1 |+𝑄2 | 𝑓−𝛿∇𝑇𝜓2 | |𝑁2 | ≲ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2).

Combining these two, we deduce

∫
M(𝜏1,𝜏2)

E ( 𝑓−𝛿𝑇,0) [𝜓1, 𝜓2] + N ( 𝑓−𝛿𝑇,0)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] + N ( 𝑓−𝛿𝑇,0)
𝑁1,𝑁2

[𝜓1, 𝜓2] −D𝜇B 𝑓−𝛿𝑇
𝜇

=

∫
M(𝜏1,𝜏2)∩{50𝑟+≤𝑟≤100𝑟+}

E ( 𝑓−𝛿𝑇,0) [𝜓1, 𝜓2]

+
∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

−𝛿
4
𝑟−1−𝛿

(
|∇4𝜓1 |2 + 8𝑄2 |∇4𝜓2 |2

)
+ 𝛿Υ

2

4
𝑟−1−𝛿

(
|∇3𝜓1 |2 + 8𝑄2 |∇3𝜓2 |2

)
− Err𝜖 ;𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≳
∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

−𝛿
4
𝑟−1−𝛿

(
|∇4𝜓1 |2 + 8𝑄2 |∇4𝜓2 |2

)
+ 𝛿Υ

2

4
𝑟−1−𝛿

(
|∇3𝜓1 |2 + 8𝑄2 |∇3𝜓2 |2

)
− Mor50𝑟+≤𝑟≤100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2) − 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) − Err𝜖 ;𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2).

This finishes the proof of Lemma 5.6.4.

Proposition 5.6.5. We have the following conditional ∇3𝜓1 and ∇3𝜓2 estimate:∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

Υ2

4
𝛿𝑟−1−𝛿

(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
≲ 𝐸𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1) + Mor50𝑟+≤𝑟≤100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2) + ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 ;𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(5.6.9)

Proof. Applying the divergence theorem for P − B = P ( 𝑓−𝛿𝑇,0) [𝜓1, 𝜓2] − B 𝑓−𝛿𝑇 , we deduce
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from Proposition 5.2.7 that∫
Σ∗ (𝜏1,𝜏2)

(P − B) · 𝑁Σ∗ +
∫
Σ(𝜏2)

(P − B) · 𝑁Σ +
∫
M(𝜏1,𝜏2)

E (𝑌𝑟𝑒𝑑 ,0) + N (𝑌𝑟𝑒𝑑 ,0)
𝑐𝑜𝑢𝑝𝑙𝑒

+ N (𝑌𝑟𝑒𝑑 ,0)
𝑁1,𝑁2

−D𝜇B𝜇

𝑟𝑒𝑑

=

∫
Σ(𝜏1)

(P − B) · 𝑁Σ .

(5.6.10)

The spacetime integral is bounded from below from Proposition 5.6.4. So we only need to

address the boundary terms.

Moreover, we have

(P − B) · 𝑒4 = 𝑓−𝛿Q[𝜓1] (𝑇, 𝑒4) + 8𝑄2 𝑓−𝛿Q[𝜓2] (𝑇, 𝑒4) −
4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
g( 𝑓−𝛿𝑇, 𝑒4)

=
1

2
𝑓−𝛿 (Q44 [𝜓1] + 8𝑄2Q44 [𝜓2])

+ Υ

2
𝑓−𝛿

(
Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
,

(P − B) · 𝑒3 = 𝑓−𝛿Q[𝜓1] (𝑇, 𝑒3) + 8𝑄2 𝑓−𝛿Q[𝜓2] (𝑇, 𝑒3) −
4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
g( 𝑓−𝛿𝑇, 𝑒3)

=
Υ

2
𝑓−𝛿 (Q33 [𝜓1] + 8𝑄2Q33 [𝜓2])

+ 1

2
𝑓−𝛿

(
Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
.

Now applying Lemma 5.3.2 to handle the cross terms upon spherical integration, we know

∫
Σ∗ (𝜏1,𝜏2)

(P − B) · 𝑁Σ∗ +
∫
Σ(𝜏2)

(P − B) · 𝑁Σ ≥ 0, (5.6.11)

and also we can easily bound the flux through Σ(𝜏) from above����∫
Σ(𝜏1)

(P − B) · 𝑁Σ

���� ≲ 𝐸𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1). (5.6.12)
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Combining Lemma 5.6.4 with above estimates (5.6.10), (5.6.11) and (5.6.12), we deduce

∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

Υ2

4
𝛿𝑟−1−𝛿

(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
≲ 𝐸𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1) +

∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

𝑟−1−𝛿
(
|∇4𝜓1 |2 +𝑄2 |∇4𝜓2 |2

)
+ Mor50𝑟+≤𝑟≤100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝐸𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1) + Mor50𝑟+≤𝑟≤100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2) + ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 ;𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2).

This concludes the proof of Proposition 5.6.5.

5.6.4 Proof of Theorem 5.1.1

Proof. We have from Proposition 5.6.2

𝐸𝑀𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲|𝑄 |/𝑀,𝛿H ,𝛿𝑟𝑒𝑑 𝐸 [𝜓1, 𝜓2] (𝜏1)+Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2)+𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2).

(5.6.13)

In particular, we control the Mor[𝜓1, 𝜓2] (𝜏1, 𝜏2). Combining with Proposition 5.6.5, we infer∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

Υ2

4
𝛿𝑟−1−𝛿

(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
≲|𝑄 |/𝑀,𝛿H ,𝛿𝑟𝑒𝑑 𝐸 [𝜓1, 𝜓2] (𝜏1) + ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 ;𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2),

(5.6.14)

which implies ∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

𝑟−1−𝛿
(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
≲|𝑄 |/𝑀,𝛿H ,𝛿𝑟𝑒𝑑 𝐸 [𝜓1, 𝜓2] (𝜏1) + ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 ;𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(5.6.15)
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We also have the control of from Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2) Proposition 5.6.3

Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲𝛿H ,𝛿𝑟𝑒𝑑 𝜖𝐸𝑀 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝜖
∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

𝑟−1−𝛿
(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
+ 𝜖 ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(5.6.16)

Hence, we can use (5.6.15) to control the ∇3𝜓1 and ∇3𝜓2 terms in the right-hand side of

(5.6.16), and obtain for 𝜖 small enough

Err𝜖 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲𝛿H ,𝛿𝑟𝑒𝑑 𝜖𝐸𝑀 [𝜓1, 𝜓2] (𝜏1, 𝜏2)+𝜖 ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)+𝜖𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2).

(5.6.17)

Thus, we use (5.6.17) to control the Err𝜖 -term in the right-hand side of (5.6.13), and infer

for 𝜖 small enough

𝐸𝑀𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲|𝑄 |/𝑀,𝛿H ,𝛿𝑟𝑒𝑑 𝐸 [𝜓1, 𝜓2] (𝜏1)+𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)+𝜖 ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2),

(5.6.18)

which implies (5.1.2). We also have from Proposition 5.6.5, (5.6.16) and (5.6.18)

∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
≲|𝑄 |/𝑀,𝛿H ,𝛿𝑟𝑒𝑑 𝐸𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1) + Mor50𝑟+≤𝑟≤100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2) + ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + Err𝜖 ;𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲|𝑄 |/𝑀,𝛿H ,𝛿𝑟𝑒𝑑 𝐸𝑟≥50𝑟+ [𝜓1, 𝜓2] (𝜏1) + Mor50𝑟+≤𝑟≤100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2) + ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 𝐽 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + 𝜖
∫
M𝑟≥100𝑟+ (𝜏1,𝜏2)

𝑟−1−𝛿
(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
.

For 𝜖 small enough, we deduce (5.1.3). This concludes the proof of Theorem 5.1.1.
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Chapter 6: The weighted 𝑟 𝑝 type estimates for the model

Regge-Wheeler system

The goal of this chapter is to prove Theorem 6.3.1, concerning the 𝑟 𝑝-estimate, and Theo-

rem 6.2.1, concerning the improved 𝑟 𝑝-estimate, for the solution (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 to the

model Regge-Wheeler system:


¤□1𝜓1 −𝑉1𝜓1 =

8𝑄2

𝑟2
𝑑/2𝜓2 + 𝑁1, 𝑉1 = −1

4
tr𝜒tr𝜒 + 5 (𝐹)𝜌2,

¤□2𝜓2 −𝑉2𝜓2 =
1

𝑟2
𝑑★/2𝜓1 + 𝑁2, 𝑉2 = −tr𝜒tr𝜒 + 2 (𝐹)𝜌2.

The main idea is to localize the 𝑟 𝑝𝑒4-multiplier in the far region, while the transition/cut-off

region is handled using the Energy-Morawetz estimate established in Chapter 5. These 𝑟 𝑝-

type estimates will provide the essential 𝑟 𝑝-hierarchy needed to demonstrate the pointwise

decay of 𝔭 and 𝔮𝐹 in Chapter 8. The structure of the chapter is as follows:

• In Section 6.1, we perform 𝑟 𝑝-weighted estimates in the spirit of Dafermos-Rodnianski

[8] for 𝜓. In particular, we provide the proof of Theorem 6.1.1 in the case 𝑠 = 0 (i.e.,

without commuting the equation of 𝜓 with derivatives).

• In Section 6.2, we apply the method of [2] to derive slightly stronger weighted estimates

and prove Theorem 6.2.1 in the case 𝑠 = 0 (i.e., without commuting the equation of q𝜓

with derivatives).

• In Section 6.3, we state Theorem 6.3.1, which controls the higher-order derivatives of

𝜓1 and 𝜓2 for 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 3). We also state Theorem 6.2.1, which controls the

higher-order derivatives of q𝜓1 and q𝜓2 for 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 4). These theorems are
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R-N nonlinear stability

proved by commuting the model Regge-Wheeler system for 𝜓1 and 𝜓2 with derivatives,

as well as commuting the system for q𝜓1 and q𝜓2 with derivatives. For simplicity, we

omit the detailed proofs.

6.1 Basic 𝑟 𝑝-estimate for the model Regge-Wheeler type estimate

The goal of this section is to show the following 𝑠 = 0 case of Theorem 6.1.1.

Theorem 6.1.1 (𝑟 𝑝-weighted estimates, 𝑠 = 0 case). Let (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 be a solution to

(5.1.1). Consider a fixed 𝛿 > 0 and let 𝑅 ≫ 𝑟+
𝛿

, 𝜖 ≪ 𝛿2. The following estimates hold true

for all 𝛿 ≤ 𝑝 ≤ 2 − 𝛿,

¤𝐸𝑝;𝑅 [𝜓1, 𝜓2] (𝜏2) + ¤𝐵𝑝;𝑅 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + ¤𝐹𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝐸𝑝 [𝜓1, 𝜓2] (𝜏1) + 𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2).
(6.1.1)

Remark 11. Note that Theorem 5.1.1 on Morawetz estimates and Theorem 6.1.1 on 𝑟 𝑝-

weighted estimates immediately yield for all 𝛿 ≤ 𝑝 ≤ 2 − 𝛿,

sup
𝜏∈[𝜏1,𝜏2]

𝐸𝑝 [𝜓1, 𝜓2] (𝜏) + 𝐵𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐹𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝐸𝑝 [𝜓1, 𝜓2] (𝜏1) + 𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2),
(6.1.2)

which corresponds to Theorem 6.3.1 in the case 𝑠 = 0.

Theorem 6.1.1 will be proved in section 6.1.5. We will need in this section stronger

assumptions in the region 𝑟 ≥ 𝑟𝑃 + 𝑟𝑃−𝑟+
2 , away from trapping, than those in (5.2.11)–(5.2.13)

of the previous section. For convenience, we express our conditions with respect to the

weights 1,

𝑤𝑝,𝑞 (𝑢, 𝑟) = 𝑟−𝑝 (1 + 𝜏)−𝑞−𝛿𝑑𝑒𝑐+2𝛿0 .
1The assumptions are consistent with the M1-adapted global frame introduced in Proposition 2.2.3. In

particular, 𝛿0 > 0 is chosen such that 𝛿𝑑𝑒𝑐 − 2𝛿0 > 0. This property of 𝛿𝑑𝑒𝑐 − 2𝛿0 is the only requirement
needed to derive the 𝑟 𝑝-weighted estimates.
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RP0. The assumptions (5.2.11)–(5.2.13) made in the previous chapter hold true.

RP1. The Ricci coefficients verify, for 𝑟 ≥ 4
3𝑟𝑃

��𝜉, p𝜒, p𝜒, 𝜂, 𝜂, 𝜁 , 𝜔
�� ≲ 𝜖𝑤1,1,���tr𝜒 + 2

𝑟

��� ≲ 𝜖𝑤1,1,���tr𝜒 − 2Υ

𝑟

��� ≲ 𝜖 min{𝑤1,1, 𝑤2,1/2},���𝜔 + 𝑀
𝑟2

+ 𝑄
2

𝑟3

���, |𝜉 | ≲ 𝜖 min{𝑤2,1, 𝑤3,1/2}.

(6.1.3)

RP2. The derivatives of 𝑟 verify, for 𝑟 ≥ 4
3𝑟𝑃,

��𝑒3(𝑟) + 1
�� ≲ 𝜖𝑤0,1,��𝑒4(𝑟) − Υ
�� ≲ 𝜖 min{𝑤0,1, 𝑤1,1/2},���𝑒3𝑒4(𝑟) + 2𝑀

𝑟2
− 2𝑄2

𝑟3
, 𝑒4𝑒3(𝑟)

��� ≲ 𝜖𝑤1,1.

(6.1.4)

RP3. For 𝑟 ≥ 4
3𝑟𝑃, ���𝜌 + 2𝑀

𝑟3
− 2𝑄2

𝑟4

��� ≲ 𝜖𝑤3,1,��� (𝐹)𝜌 − 𝑄2

𝑟2

��� ≲ 𝜖𝑤2,1,���𝐾 − 1

𝑟2

��� ≲ 𝜖𝑟−2.

(6.1.5)

6.1.1 Renormalized frame in the far region

Since the estimates we are establishing are restricted to the far region 𝑟 > 𝑅, it is convenient

in this section to work with the renormalized frame.

𝑒′3 = Υ𝑒3, 𝑒′4 = Υ−1𝑒4, 𝑒′𝑎 = 𝑒𝑎 . (6.1.6)
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Relative to the new frame (𝑒′3, 𝑒′4, 𝑒′𝑎) we have,

𝜉′ = Υ−2𝜉, 𝜉′ = Υ2𝜉, 𝜁 ′ = 𝜁, 𝜂′ = 𝜂, 𝜒′ = Υ−1𝜒, 𝜒′ = Υ𝜒

and,

𝜔′ = Υ−1
(
𝜔 + 1

2
𝑒4(logΥ)

)
= Υ−1

(
𝜔 + 1

2
Υ−1Υ′𝑒4(𝑟)

)
= Υ−1

(
−𝑀
𝑟2

− 𝑄
2

𝑟3
+𝑂 (𝜖𝑟−2(1 + |𝑢 |)−1/2−𝛿𝑑𝑒𝑐 ) + Υ−1(𝑀

𝑟2
+ 𝑄

2

𝑟3
) (Υ +𝑂 (𝜖𝑟−1(1 + |𝑢 |)−1/2−𝛿𝑑𝑒𝑐 )

)
= 𝑂 (𝜖𝑟−2),

𝜔′ = Υ

(
𝜔 − 1

2
𝑒3(logΥ)

)
= Υ

(
𝜔 − 1

2
Υ−1Υ′𝑒3(𝑟)

)
= Υ

(
𝜔 − 1

2
Υ−1Υ′(−1 +𝑂 (𝜖 (1 + |𝑢 |)−1−𝛿𝑑𝑒𝑐 )

)
=
𝑀

𝑟2
+ 𝑄

2

𝑟3
+𝑂 (𝜖𝑟−1(1 + |𝑢 |)−1−𝛿𝑑𝑒𝑐 ).

Thus in this new frame we have, for 𝑟 > 𝑅,

RP1’. The Ricci coefficients with respect to the null frame (𝑒′3, 𝑒′4, 𝑒′𝑎) verify, for 𝑟 ≥ 4
3𝑟𝑃:

��𝜉′, p𝜒′, p𝜒′, 𝜂′, 𝜂′, 𝜁 ′
��, |𝜔′ − 𝑀

𝑟2
− 𝑄

2

𝑟3
| ≲ 𝜖𝑤1,1,���tr𝜒′ + 2Υ

𝑟

��� ≲ 𝜖𝑤1,1,���tr𝜒′ − 2

𝑟

��� ≲ 𝜖 min{𝑤1,1, 𝑤2,1/2},��𝜔′��, |𝜉′| ≲ 𝜖 min{𝑤2,1, 𝑤3,1/2}.

(6.1.7)

RP2’. The derivatives of 𝑟 verify,

��𝑒′3(𝑟) + Υ
�� ≲ 𝜖𝑤0,1,��𝑒′4(𝑟) − 1
�� ≲ 𝜖𝑤1,1,���𝑒′3𝑒′4(𝑟), 𝑒′4𝑒′3(𝑟) + 2𝑀

𝑟2
+ 2𝑄2

𝑟3

��� ≲ 𝜖𝑤1,1.

(6.1.8)
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RP3’. The Gauss curvature 𝐾 of 𝑆 and 𝜌, (𝐹)𝜌 verify,

���𝜌 + 2𝑀

𝑟3
− 2𝑄2

𝑟4

��� ≲ 𝜖𝑟−3,��� (𝐹)𝜌 − 𝑄2

𝑟2

��� ≲ 𝜖𝑟−2,���𝐾 − 1

𝑟2

��� ≲ 𝜖𝑟−2.

(6.1.9)

6.1.2 Weighted Norms

Definition 6.1.2. We define the following weighted norms.

• The weighted energy norm is defined as

𝐸𝑝 [𝜓1, 𝜓2] (𝜏) : = 𝐸 [𝜓1, 𝜓2] (𝜏) + ¤𝐸𝑝;𝑅0 [𝜓1, 𝜓2] (𝜏), (6.1.10)

where 𝐸 [𝜓1, 𝜓2] (𝜏1, 𝜏2) is defined in (5.2.41),

¤𝐸𝑝;𝑅 [𝜓1, 𝜓2] (𝜏) : = ¤𝐸𝑝;𝑅 [𝜓1] (𝜏) +𝑄2 ¤𝐸𝑝;𝑅 [𝜓2] (𝜏), (6.1.11)

and

¤𝐸𝑝;𝑅 [𝜓1] (𝜏) : =



∫
Σ≥𝑅 (𝜏)

𝑟 𝑝
(
|q∇4𝜓1 |2 + 𝑟−2 |𝜓1 |2

)
for 𝑝 ≤ 1 − 𝛿,

∫
Σ≥𝑅 (𝜏)

𝑟 𝑝
(
|q∇4𝜓1 |2 + 𝑟−𝑝−1−𝛿 |𝜓1 |2

)
for 𝑝 > 1 − 𝛿,

(6.1.12)

¤𝐸𝑝;𝑅 [𝜓2] (𝜏) : =



∫
Σ≥𝑅 (𝜏)

𝑟 𝑝
(
|q∇4𝜓2 |2 + 𝑟−2 |𝜓2 |2

)
for 𝑝 ≤ 1 − 𝛿,

∫
Σ≥𝑅 (𝜏)

𝑟 𝑝
(
|q∇4𝜓2 |2 + 𝑟−𝑝−1−𝛿 |𝜓2 |2

)
for 𝑝 > 1 − 𝛿.

(6.1.13)
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Here the first-order operator q∇4 is ∇
q𝑒4 , where q𝑒4 is given by

q𝑒4(·) = 𝑟−1Υ−1𝑒4(𝑟 ·). (6.1.14)

• For 0 < 𝑝 < 2, the weighted bulk norm is defined as

𝐵𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2) := Morr[𝜓1, 𝜓2] (𝜏1, 𝜏2) + ¤𝐵𝑝;𝑅0 [𝜓1, 𝜓2] (𝜏1, 𝜏2), (6.1.15)

where Morr[𝜓1, 𝜓2] (𝜏1, 𝜏2) is defined in (5.2.44),

¤𝐵𝑝;𝑅 [𝜓1, 𝜓2] (𝜏1, 𝜏2) : = ¤𝐵𝑝;𝑅 [𝜓1] (𝜏1, 𝜏2) +𝑄2 ¤𝐵𝑝;𝑅 [𝜓2] (𝜏1, 𝜏2), (6.1.16)

and

¤𝐵𝑝;𝑅 [𝜓1] (𝜏1, 𝜏2) :=
∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−1
(
𝑝 |q∇4𝜓1 |2 + (2 − 𝑝) |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2

)
, (6.1.17)

¤𝐵𝑝;𝑅 [𝜓2] (𝜏1, 𝜏2) :=
∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−1
(
𝑝 |q∇4𝜓2 |2 + (2 − 𝑝) |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2

)
. (6.1.18)

• The weighted flux norm is defined as

𝐹𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2) := 𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + ¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2), (6.1.19)

where 𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2) is defined in (5.2.47),

¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2) := ¤𝐹Σ∗

𝑝 [𝜓1] (𝜏1, 𝜏2) +𝑄2 ¤𝐹Σ∗
𝑝 [𝜓2] (𝜏1, 𝜏2), (6.1.20)

and

¤𝐹Σ∗
𝑝 [𝜓1] (𝜏1, 𝜏2) : =

∫
Σ∗ (𝜏1,𝜏2)

𝑟 𝑝
(
|∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2

)
, (6.1.21)
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¤𝐹Σ∗
𝑝 [𝜓2] (𝜏1, 𝜏2) : =

∫
Σ∗ (𝜏1,𝜏2)

𝑟 𝑝
(
|∇4𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2

)
. (6.1.22)

• The weighted inhomogeneous norm is defined as

𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) : = 𝐽𝑝 [𝜓1, 𝑁1] (𝜏1, 𝜏2) +𝑄2𝐽𝑝 [𝜓2, 𝑁2] (𝜏1, 𝜏2), (6.1.23)

where

𝐽𝑝 [𝜓1, 𝑁1] (𝜏1, 𝜏2) : =
( ∫ 𝜏2

𝜏1

𝑑𝜏∥𝑁1∥𝐿2 ( (𝑡𝑟𝑎𝑝)Σ(𝜏))

)2
+

∫
M

𝑡𝑟𝑎𝑝

/ (𝜏1,𝜏2)
𝑟1+𝛿 |𝑁1 |2 (6.1.24)

+ 𝐽𝑝,𝑅 [𝜓1, 𝑁1] (𝜏1, 𝜏2), (6.1.25)

𝐽𝑝 [𝜓2, 𝑁2] (𝜏1, 𝜏2) : =
( ∫ 𝜏2

𝜏1

𝑑𝜏∥𝑁2∥𝐿2 ( (𝑡𝑟𝑎𝑝)Σ(𝜏))

)2
+

∫
M

𝑡𝑟𝑎𝑝

/ (𝜏1,𝜏2)
𝑟1+𝛿 |𝑁2 |2 (6.1.26)

+ 𝐽𝑝,𝑅 [𝜓2, 𝑁2] (𝜏1, 𝜏2), (6.1.27)

where 𝐽𝑝,𝑅 is a weighted inhomogeneous norm in far region {𝑟 ≥ 𝑅} ∩M(𝜏1, 𝜏2)

𝐽𝑝,𝑅 [𝜓1, 𝑁1] (𝜏1, 𝜏2) : =
���� ∫

M≥𝑅 (𝜏1,𝜏2)
𝑟 𝑝q∇4𝜓1𝑁1

����, (6.1.28)

𝐽𝑝,𝑅 [𝜓2, 𝑁2] (𝜏1, 𝜏2) : =
���� ∫

M≥𝑅 (𝜏1,𝜏2)
𝑟 𝑝q∇4𝜓2𝑁2

����. (6.1.29)

Remark 12. We point out the following equivalent expression of the bulk quantity 𝐵𝑝 [𝜓] (𝜏1, 𝜏2)2

𝐵𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≃
∫ 𝜏2

𝜏1

𝑀𝑝−1 [𝜓1, 𝜓2] (𝜏)𝑑𝜏 (6.1.30)

where,

𝑀𝑝−1 [𝜓1, 𝜓2] (𝜏)

2This equivalence follows from the coarea formula and the fact that the lapse of the 𝜏-foliation is controlled
uniformly from above and below.
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=

∫
Σ≤ 4

3 𝑟𝑃
(𝜏)

|∇𝑅𝜓1 |2 + 𝑟−2 |𝜓1 |2 +
(
1 − 𝑟𝑃

𝑟

)2 (
|∇/𝜓1 |2 +

𝑀2

𝑟2
|∇3𝜓𝑖 |2

)
+

∫
Σ≥ 4

3 𝑟𝑃
(𝜏)
𝑟 𝑝−1

(
𝑝 |∇4𝜓 |2 + (2 − 𝑝) |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2

)
+

∫
Σ≥ 4

3 𝑟𝑃
(𝜏)
𝑟−1−𝛿 |∇3𝜓1 |2

+𝑄2

∫
Σ≤ 4

3 𝑟𝑃
(𝜏)

|∇𝑅𝜓2 |2 + 𝑟−2 |𝜓2 |2 +
(
1 − 𝑟𝑃

𝑟

)2 (
|∇/𝜓2 |2 +

𝑀2

𝑟2
|∇3𝜓2 |2

)
+𝑄2

∫
Σ≥ 4

3 𝑟𝑃
(𝜏)
𝑟 𝑝−1

(
𝑝 |∇4𝜓 |2 + (2 − 𝑝) |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2

)
+

∫
Σ≥ 4

3 𝑟𝑃
(𝜏)
𝑟−1−𝛿 |∇3𝜓2 |2.

We will use this equivalence to apply the mean value theorem argument for the 𝑟 𝑝-hierarchy

in Chapter 8.

Remark 13. To control the weighted quantities (6.1.10), it will be convenient to introduce

in (ext)M(𝑟 ≥ 4
3𝑟𝑃) the following renormalized frame

𝑒′4 = Υ−1𝑒4, 𝑒′3 = Υ𝑒3, 𝑒′𝑎 = 𝑒𝑎 .

In particular, this yields

q∇4𝜓 = 𝑟−1𝑒′4(𝑟𝜓). (6.1.31)

Note also that we have the following alternate form

q∇4𝜓 = 𝑒′4𝜓 + 𝑟−1𝜓 +
𝑒′4(𝑟) − 1

𝑟
𝜓

where 𝑒′4(𝑟) − 1 = Υ−1𝑒4(𝑟) − 1 = 𝑂 (𝜖𝑟−1) in view of our assumption on Γ𝑔.

6.1.3 Vector field 𝑋 = 𝑓 (𝑟)𝑒4

Let 𝑓 (𝑘) denote

| 𝑓 (𝑘) | =
𝑘∑︁
𝑖=0

𝑟 𝑘−𝑖 |𝜕𝑖𝑟 𝑓 |

170



R-N nonlinear stability

Lemma 6.1.3. Consider the vector field 𝑋 = 𝑓 (𝑟)𝑒4.

(1) We have the decomposition,

(𝑋)𝜋𝜇𝜈 =
2

𝑟
𝑓 g𝜇𝜈 + (𝑋) 𝜋̃𝜇𝜈,

with symmetric tensor (𝑋) 𝜋̃ which verifies

(𝑋) 𝜋̃43 = −2 𝑓 ′ + 4 𝑓

𝑟
+𝑂 (𝜖)𝑤1,1 | 𝑓 (1) |

(𝑋) 𝜋̃33 = 4 𝑓 ′Υ − 4 𝑓Υ′ +𝑂 (𝜖)𝑤1,1 | 𝑓 (1) |

(𝑋) 𝜋̃4𝐴 = 𝑂 (𝜖)𝑤2,1/2 | 𝑓 |

(𝑋) 𝜋̃𝐴𝐵 = 𝑂 (𝜖)𝑤2,1/2 | 𝑓 |

(𝑋) 𝜋̃3𝐴 = 𝑂 (𝜖)𝑤1,1 | 𝑓 |

(6.1.32)

(2) We have,

□

(
2

𝑟
𝑓

)
=
2

𝑟
𝑓 ′′ +𝑂

(
𝑀

𝑟4
+ 𝑄

2

𝑟5
+ 𝜖𝑤3,1

)
| 𝑓 (2) |. (6.1.33)

Proof. See Lemma D.14 in [27].

6.1.4 Energy densities for 𝑋 = 𝑓 (𝑟)𝑒4

The linear 𝑟 𝑝-estimate of the Regge-Wheeler equation in the Schwarzschild spacetime has

been previously established in [5], while the nonlinear 𝑟 𝑝-estimate appears in [27] and [6].

For the Reissner-Nordström case, the linear 𝑟 𝑝-estimate of the Regge-Wheeler system has

been developed in [13]. In this work concerning the nonlinear Regge-Wheeler system, we will

closely follow [13], providing a detailed proof of the 𝑟 𝑝-estimate for the reader’s convenience.

A key distinction between [13] and [27] lies in the coupling terms introduced in the Reissner-

Nordström setting, which could potentially complicate the analysis. However, a crucial

observation is that the coupling terms appearing in the bulk integrals are, in fact, negligible

in sufficiently distant regions, allowing for a treatment similar to the Schwarzschild case.
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Energy bulk for 𝑋 = 𝑓 (𝑟)𝑒4

Lemma 6.1.4. Let (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 solve (5.1.1) and let q𝑒4 = 𝑟
−1𝑒4(𝑟 ·) as in (6.1.31). For

multipliers (𝑋, 𝑤, 𝑀) =
(
𝑓 𝑒4,

2 𝑓

𝑟
,
2 𝑓 ′

𝑟
𝑒4

)
, we have

E (𝑋,𝑤,𝑀) [𝜓1, 𝜓2] =
1

2
𝑓 ′|q∇4𝜓1 |2 +

1

2

(
2 𝑓

𝑟
− 𝑓 ′

) (
|∇/𝜓1 | +𝑉1 |𝜓1 |2

)
+ 4𝑄2 𝑓 ′|q∇4𝜓2 |2 + 4𝑄2

(
2 𝑓

𝑟
− 𝑓 ′

) (
|∇/𝜓2 | +𝑉2 |𝜓2 |2

)
+ Err

(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓

)
[𝜓1, 𝜓2],

(6.1.34)

where the error terms are given by

Err
(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓

)
[𝜓𝑖]

= 𝑂

(
𝑀

𝑟2
+ 𝑄

2

𝑟3

)
| 𝑓 (1) | |𝑒4𝜓𝑖 |2 +𝑂

(
𝑀

𝑟4
+ 𝑄

2

𝑟5
+ 𝜖𝑤3,1

)
| 𝑓 (2) | |𝜓𝑖 |2

+𝑂 (𝜖)𝑤1,1 | 𝑓 (1) |
(
|∇4𝜓𝑖 |2 + |∇/𝜓𝑖 |2 + 𝑟−2 |𝜓𝑖 |2

)
+𝑂 (𝜖)𝑤2,1/2 | 𝑓 |

(
|∇3𝜓𝑖 | ( |∇4𝜓𝑖 | + 𝑟−1 |∇/𝜓𝑖 |) + |∇/𝜓𝑖 |2 + 𝑟−2 |𝜓𝑖 |2

)
,

(6.1.35)

and

Err
(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓

)
[𝜓1, 𝜓2] = Err

(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓

)
[𝜓1] +𝑄2Err

(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓

)
[𝜓2] . (6.1.36)

Proof. From Proposition 5.2.7, we know

E (𝑋,𝑤,𝑀) [𝜓1, 𝜓2]

=
1

2
Q[𝜓1] · (𝑋)𝜋 +

(
−1
2
𝑋 (𝑉1) −

1

4
□g𝑤

)
|𝜓1 |2 +

1

2
𝑤L1 [𝜓1] +

1

4
D𝜇

(
|𝜓1 |2𝑀𝜇

)
+ 4𝑄2Q[𝜓2] · (𝑋)𝜋 +𝑄2 (

−4𝑋 (𝑉2) − 2□g𝑤
)
|𝜓2 |2 + 4𝑄2𝑤L2 [𝜓2] +𝑄2D𝜇

(
|𝜓2 |2𝑀𝜇

)
.

(6.1.37)
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From Lemma 5.2.3, we can directly compute

Q[𝜓𝑖] · (𝑋) 𝜋̃ =

(
𝑓 ′ +𝑂

(
𝑀

𝑟2
+ 𝑄

2

𝑟3

)
| 𝑓 (1) |

)
|𝑒4𝜓𝑖 |2 +

(
− 𝑓 ′ + 2 𝑓

𝑟

) (
|∇/𝜓𝑖 |2 +𝑉𝑖 |𝜓𝑖 |2

)
+𝑂 (𝜖)𝑤1,1 | 𝑓 (1) |

(
|∇4𝜓𝑖 |2 + |∇/𝜓𝑖 |2 + 𝑟−2 |𝜓𝑖 |2

)
+𝑂 (𝜖)𝑤2,1/2 | 𝑓 |

(
|∇3𝜓𝑖 | ( |∇4𝜓𝑖 | + 𝑟−1 |∇/𝜓𝑖 |) + |∇/𝜓𝑖 |2 + 𝑟−2 |𝜓𝑖 |2

)
,

(6.1.38)

as well as

Q[𝜓𝑖] · (𝑋)𝜋 + 𝑤L𝑖 [𝜓𝑖] =
2 𝑓

𝑟
trQ[𝜓𝑖] + Q[𝜓𝑖] · (𝑋) 𝜋̃ + 2 𝑓

𝑟
L𝑖 [𝜓𝑖]

=
2 𝑓

𝑟

(
−L𝑖 [𝜓𝑖] −𝑉𝑖 |𝜓𝑖 |2

)
+ Q[𝜓𝑖] · (𝑋) 𝜋̃ + 2 𝑓

𝑟
L𝑖 [𝜓𝑖]

= Q[𝜓𝑖] · (𝑋) 𝜋̃ − 2 𝑓

𝑟
𝑉𝑖 |𝜓𝑖 |2.

(6.1.39)

Now in view of (6.1.33), we have

−𝑋 (𝑉𝑖) −
1

2
□g𝑤 = − 𝑓 𝑒4(𝑉𝑖) −

1

2
□g

(
2 𝑓

𝑟

)
= − 𝑓 𝑉 ′

𝑖 −
1

𝑟
𝑓 ′′ +𝑂

(
𝑀

𝑟4
+ 𝑄

2

𝑟5
+ 𝜖𝑤3,1

)
| 𝑓 (2) |

=
2 𝑓

𝑟
𝑉𝑖 −

1

𝑟
𝑓 ′′ +𝑂

(
𝑀

𝑟4
+ 𝑄

2

𝑟5
+ 𝜖𝑤3,1

)
| 𝑓 (2) |.

(6.1.40)

Therefore, combining (6.1.38), (6.1.39) and (6.1.40), we have for 𝑖 = 1, 2

Q[𝜓𝑖] · (𝑋)𝜋 +
(
−𝑋 (𝑉𝑖) −

1

2
□g𝑤

)
|𝜓𝑖 |2 + 𝑤L𝑖 [𝜓𝑖]

= 𝑓 ′|∇4𝜓𝑖 |2 +
(
− 𝑓 ′ + 2 𝑓

𝑟

) (
|∇/𝜓𝑖 |2 +𝑉𝑖 |𝜓𝑖 |2

)
− 1

𝑟
𝑓 ′′|𝜓𝑖 |2 + Err

(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓

)
[𝜓𝑖] .

(6.1.41)
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Now we compute the one-form 𝑀 part

D𝜇𝑀𝜇 = D𝜇

(
2 𝑓 ′

𝑟
𝑒4

)
𝜇

= D𝜇

(
2 𝑓 ′

𝑟 𝑓
𝑋𝜇

)
=
𝑓 ′

𝑟 𝑓
tr (𝑋)𝜋 + 𝑋

(
2 𝑓 ′

𝑟 𝑓

)
=
𝑓 ′

𝑟 𝑓
(2𝑒4 𝑓 − 4 𝑓 𝜔 + 2 𝑓 tr𝜒) + 2 𝑓 𝑒4

(
𝑓 ′

𝑟 𝑓

)
=
𝑓 ′

𝑟 𝑓

(
2𝑒4(𝑟) 𝑓 ′ +

4 𝑓

𝑟
+𝑂

(
𝑀

𝑟3
+ 𝑄

2

𝑟4
+ 𝜖𝑤2,1

))
+ 2 𝑓

(
𝑓 ′′𝑟 𝑓 − 𝑓 ′( 𝑓 + 𝑟 𝑓 ′)

𝑟2 𝑓 2

)
𝑒4(𝑟)

=
4 𝑓 ′

𝑟2
+ 2( 𝑓 ′)2

𝑟 𝑓
+ 2

𝑓 ′′

𝑟
− 2 𝑓 ′

𝑟2
− 2( 𝑓 ′)2

𝑟 𝑓
+𝑂

(
𝑀

𝑟4
+ 𝑄

2

𝑟5
+ 𝜖𝑤3,1

)
| 𝑓 (2) |

=
2 𝑓 ′

𝑟2
+ 2 𝑓 ′′

𝑟
+𝑂

(
𝑀

𝑟4
+ 𝑄

2

𝑟5
+ 𝜖𝑤3,1

)
| 𝑓 (2) |,

(6.1.42)

as well as

1

2
𝜓𝑖 · D𝜇𝜓𝑖𝑀

𝜇 = 𝑟−1 𝑓 ′𝜓𝑖 · D4𝜓𝑖 . (6.1.43)
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Hence, combining (6.1.37), (6.1.41), (6.1.42) and (6.1.43), we deduce

E (𝑋,𝑤,𝑀) [𝜓1, 𝜓2]

=
1

2
𝑓 ′|∇4𝜓1 |2 +

1

2

(
− 𝑓 ′ + 2 𝑓

𝑟

) (
|∇/𝜓1 |2 +𝑉1 |𝜓1 |2

)
− 1

2𝑟
𝑓 ′′|𝜓1 |2

+ 1

4

(
2 𝑓 ′

𝑟2
+ 2 𝑓 ′′

𝑟

)
|𝜓1 |2 + 𝑟−1 𝑓 ′𝜓1 · D4𝜓1 + Err

(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓

)
[𝜓1]

+ 4𝑄2 𝑓 ′|∇4𝜓2 |2 + 4𝑄2

(
− 𝑓 ′ + 2 𝑓

𝑟

) (
|∇/𝜓2 |2 +𝑉2 |𝜓2 |2

)
− 4𝑄2

𝑟
𝑓 ′′|𝜓2 |2

+ 2𝑄2

(
2 𝑓 ′

𝑟2
+ 2 𝑓 ′′

𝑟

)
|𝜓2 |2 + 8𝑄2𝑟−1 𝑓 ′𝜓2 · D4𝜓2 +𝑄2Err

(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓

)
[𝜓2]

=
1

2
𝑓 ′

(
|∇4𝜓1 |2 + 2𝑟−1𝜓1 · D4𝜓1 + 𝑟−2 |𝜓1 |2

)
+ 1

2

(
− 𝑓 ′ + 2 𝑓

𝑟

) (
|∇/𝜓1 |2 +𝑉1 |𝜓1 |2

)
+ 4𝑄2 𝑓 ′

(
|∇4𝜓2 |2 + 2𝑟−1𝜓2 · D4𝜓2 + 𝑟−2 |𝜓2 |2

)
+ 4𝑄2

(
− 𝑓 ′ + 2 𝑓

𝑟

) (
|∇/𝜓2 |2 +𝑉2 |𝜓2 |2

)
+ Err

(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓

)
[𝜓1, 𝜓2]

=
1

2
𝑓 ′

(
|q∇4𝜓1 |2 + 𝑟−1(1 − 𝑒4(𝑟)) |𝜓1 |2

)
+ 1

2

(
− 𝑓 ′ + 2 𝑓

𝑟

) (
|∇/𝜓1 |2 +𝑉1 |𝜓1 |2

)
+ 4𝑄2 𝑓 ′

(
|q∇4𝜓2 |2 + 𝑟−1(1 − 𝑒4(𝑟)) |𝜓2 |2

)
+ 4𝑄2

(
− 𝑓 ′ + 2 𝑓

𝑟

) (
|∇/𝜓2 |2 +𝑉2 |𝜓2 |2

)
+ Err

(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓

)
[𝜓1, 𝜓2] .

(6.1.44)

Hence, we get (6.1.34) from the control of 𝑒4(𝑟) − 1 from (6.1.8). This finishes the proof of

Lemma 6.1.4.

Coupling bulk for 𝑋 = 𝑓 (𝑟)𝑒4

Lemma 6.1.5. Let (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 solve (5.1.1). For multipliers (𝑋, 𝑤) =
(
𝑓 𝑒4,

2 𝑓

𝑟

)
, we

have a lower bound for the coupling bulk term upon spherical integration

∫
𝑆

N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] −D𝜇B𝑋
𝜇 ≥ 𝑂

(
|𝑄 | | 𝑓 (1) |
𝑟4

) ∫
𝑆

(
|𝜓1 |2 +𝑄2 |𝜓2 |2

)
, (6.1.45)
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where B𝑋 is given by

B𝑋 :=
4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
𝑋. (6.1.46)

Proof. By Corollary 5.2.9 with (𝑋, 𝑤) =
(
𝑓 𝑒4,

2 𝑓

𝑟

)
and 𝜆 = 1

2 ,

N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] =
(
−8𝑄

2

𝑟2
Div𝑋 − 𝑋

(
8𝑄2

𝑟2

)
+ 8𝑄2

𝑟2
𝑤

) (1
2
( 𝑑★/2𝜓1 · 𝜓2) +

1

2
( 𝑑/2𝜓2 · 𝜓1)

)
+ 4𝑄2

𝑟2
𝜓2 · [ 𝑑★/2, 𝑋]𝜓1 +

4𝑄2

𝑟2
𝜓1 · [ 𝑑/2, 𝑋]𝜓2

+ 4𝑄2

𝑟2
div

(
𝜓2 · 𝑋 (𝜓1) − 𝜓1 · 𝑋 (𝜓2)

)
+D𝜇

(
4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
𝑋𝜇

)
=
4𝑄2

𝑟2

(
3 𝑓

𝑟
− 𝑓 ′

) (
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
+ 4𝑄2

𝑟2
div

(
𝜓2 · 𝑋 (𝜓1) − 𝜓1 · 𝑋 (𝜓2)

)
+D𝜇

(
4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
𝑋𝜇

)
.

(6.1.47)

Now, integrating over a given sphere 𝑆 to eliminate the spherical divergence term and ap-

plying the Poincaré inequalities from Proposition 2.5.7, we deduce that∫
𝑆

N (𝑋,𝑤)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] −D𝜇B𝑋
𝜇 =

∫
𝑆

4𝑄2

𝑟3

(
3 𝑓

𝑟
− 𝑓 ′

)
( 𝑑★/2𝜓1 · 𝜓2 + 𝑑/2𝜓2 · 𝜓1) + Err𝜖 [𝜓1, 𝜓2]

≥ 𝑂
(
|𝑄 | | 𝑓 (1) |
𝑟4

) ∫
𝑆

(
|𝜓1 |2 +𝑄2 |𝜓2 |2

)
.

(6.1.48)

This concludes the proof of Lemma 6.1.5.
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Flux identities for 𝑋 = 𝑓 (𝑟)𝑒4

Lemma 6.1.6. Let (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 solve (5.1.1). For the current P − B = P (𝑋,𝑤,𝑀) − B𝑋 ,

where (𝑋, 𝑤, 𝑀) =
(
𝑓 𝑒4,

2 𝑓

𝑟
,
2 𝑓 ′

𝑟
𝑒4

)
and B𝑋 is given in (6.1.46), we have

(P − B) · 𝑒3 = 𝑓Q[𝜓1]34 +
1

2
𝑟−2𝑒3

(
𝑟 𝑓 |𝜓1 |2) + 8𝑄2 𝑓Q[𝜓2]34 + 4𝑄2𝑟−2𝑒3

(
𝑟 𝑓 |𝜓2 |2)

+ 8𝑄2

𝑟2
𝑓

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
+𝑂

(
𝑀

𝑟3
+ 𝑄

2

𝑟4
+ 𝜖

𝑟2

)
|𝑟 𝑓 ′|

(
|𝜓1 |2 +𝑄2 |𝜓2 |2

)
,

(6.1.49)

and

(P − B) · 𝑒4 = 𝑓

����∇4𝜓1 +
1

𝑟
𝜓1

����2 − 1

2
𝑟−2𝑒4(𝑟 𝑓 |𝜓1 |2) + 8𝑄2 𝑓

����∇4𝜓2 +
1

𝑟
𝜓2

����2 − 4𝑄2𝑟−2𝑒4(𝑟 𝑓 |𝜓2 |2)

+𝑂
( 𝜖
𝑟3

)
𝑓

(
|𝜓1 |2 +𝑄2 |𝜓2 |2

)
.

(6.1.50)

Proof. From Definition 5.2.6 and (6.1.46), we know

(P − B)𝜇

= Q[𝜓1]𝜇𝜈 𝑓 𝑒𝜈4 +
𝑓

𝑟
𝜓1 · D𝜇𝜓1 −

1

2
|𝜓1 |2𝜕𝜇 (𝑟−1 𝑓 ) +

𝑓 ′

2𝑟
|𝜓1 |2(𝑒4)𝜇

+ 8𝑄2Q[𝜓2]𝜇𝜈 𝑓 𝑒𝜈4 + 8𝑄2 𝑓

𝑟
𝜓2 · D𝜇𝜓2 − 4𝑄2 |𝜓2 |2𝜕𝜇 (𝑟−1 𝑓 ) +

4𝑄2 𝑓 ′

𝑟
|𝜓2 |2(𝑒4)𝜇

− 4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
( 𝑓 𝑒4)𝜇 .

So we can compute directly

(P − B) · 𝑒4 = 𝑓Q[𝜓1]44 +
1

𝑟
𝑓 𝜓1 · ∇4𝜓1 −

1

2
𝑒4(𝑟−1 𝑓 ) |𝜓1 |2

+ 8𝑄2 𝑓Q[𝜓2]44 +
8𝑄2

𝑟
𝑓 𝜓2 · ∇4𝜓2 − 4𝑄2𝑒4(𝑟−1 𝑓 ) |𝜓2 |2

= 𝑓

(
|∇4𝜓1 |2 +

1

𝑟
𝜓1 · ∇4𝜓1

)
− 1

2
𝑒4(𝑟−1 𝑓 ) |𝜓1 |2
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+ 8𝑄2 𝑓

(
|∇4𝜓2 |2 +

1

𝑟
𝜓2 · ∇4𝜓2

)
− 1

2
𝑒4(𝑟−1 𝑓 ) |𝜓2 |2

= 𝑓

����∇4𝜓1 +
1

𝑟
𝜓1

����2 − 1

2
𝑟−2𝑒4(𝑟 𝑓 |𝜓1 |2) + 8𝑄2 𝑓

����∇4𝜓2 +
1

𝑟
𝜓2

����2 − 4𝑄21

2
𝑟−2𝑒4(𝑟 𝑓 |𝜓2 |2)

+𝑂
( 𝜖
𝑟3

)
𝑓

(
|𝜓1 |2 +𝑄2 |𝜓2 |2

)
where we have used 𝑒4(𝑟) − 1 = 𝑂 (𝜖𝑟−1) from (6.1.8).3 Also,

(P − B) · 𝑒3

= 𝑓Q[𝜓1]34 +
1

𝑟
𝑓 𝜓1 · ∇3𝜓1 −

1

2
𝑒3(𝑟−1 𝑓 ) |𝜓1 |2 −

𝑓 ′

𝑟
|𝜓1 |2

+ 8𝑄2 𝑓Q[𝜓2]34 +
8𝑄2

𝑟
𝑓 𝜓2 · ∇3𝜓2 − 4𝑄2𝑒3(𝑟−1 𝑓 ) |𝜓2 |2 − 8𝑄2 𝑓

′

𝑟
|𝜓2 |2

+ 8𝑄2

𝑟2
𝑓

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
= 𝑓Q[𝜓1]34 +

1

2
𝑟−2𝑒3

(
𝑟 𝑓 |𝜓1 |2) + 𝑟−1 𝑓 ′Υ|𝜓1 |2 −

𝑓 ′

𝑟
|𝜓1 |2 − 𝑟−1 𝑓 ′(𝑒3(𝑟) + Υ) |𝜓1 |2

+ 8𝑄2 𝑓Q[𝜓2]34 + 4𝑄2𝑟−2𝑒3
(
𝑟 𝑓 |𝜓2 |2) + 8𝑄2𝑟−1 𝑓 ′Υ|𝜓2 |2 − 8𝑄2 𝑓

′

𝑟
|𝜓2 |2 − 8𝑄2𝑟−1 𝑓 ′(𝑒3(𝑟) + Υ) |𝜓2 |2

+ 8𝑄2

𝑟2
𝑓

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
= 𝑓Q[𝜓1]34 +

1

2
𝑟−2𝑒3

(
𝑟 𝑓 |𝜓1 |2) + 8𝑄2 𝑓Q[𝜓2]34 + 4𝑄2𝑟−2𝑒3

(
𝑟 𝑓 |𝜓2 |2)

+ 8𝑄2

𝑟2
𝑓

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
+𝑂

(
𝑀

𝑟3
+ 𝑄

2

𝑟4
+ 𝜖

𝑟2

)
|𝑟 𝑓 ′|

(
|𝜓1 |2 +𝑄2 |𝜓2 |2

)
,

as desired, where we have used 𝑒3(𝑟) + Υ = 𝑂 (𝜖) from (6.1.8). We conclude the proof of

Lemma 6.1.6.

Lemma 6.1.7. On Σ∗, let (𝑒1, 𝑒2, 𝑁Σ∗ , 𝜈Σ∗) be an orthonormal frame of 𝑇M, where 𝜈Σ∗ is
3Note that so far we have only used the weaker version 𝑒4 (𝑟) − 1 = 𝑂 (𝜖). This is the first time we need

the stronger version of the estimate in this chapter.
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tangential to Σ∗, then we have

(P − B) · 𝑁Σ∗ =
1

2
𝑓

(
Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
+ 1

2

(
𝑓 |q∇4𝜓1 |2 + 8𝑄2 𝑓 |q∇4𝜓2 |2

)
+ 1

2
divΣ∗

(
𝑟−1 𝑓 |𝜓1 |2𝜈Σ∗

)
+ 4𝑄2divΣ∗

(
𝑟−1 𝑓 |𝜓2 |2𝜈Σ∗

)
+𝑂

(
𝑀

𝑟
+ 𝑄

2

𝑟2
+ 𝜖

)
| 𝑓 (1) | ( |∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2)

+𝑄2𝑂

(
𝑀

𝑟
+ 𝑄

2

𝑟2
+ 𝜖

)
| 𝑓 (1) | ( |∇4𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2).

(6.1.51)

Proof. Since Σ∗ is given by the level set 𝑢 + 𝑟 = 𝑐∗ for some constant 𝑐∗, its unit normal 𝑁Σ∗

satisfies

𝑁Σ∗ ∝ −2g𝛼𝛽𝜕𝛼 (𝑢 + 𝑟)𝜕𝛽 = 𝑒4(𝑢 + 𝑟)𝑒3 + 𝑒3(𝑢 + 𝑟)𝑒4

= 𝑒4(𝑟)𝑒3 + (𝑒3(𝑢) + 𝑒3(𝑟))𝑒4.

Computing its norm square, we obtain

g
(
𝑒4(𝑟)𝑒3 + (𝑒3(𝑢) + 𝑒3(𝑟))𝑒4, 𝑒4(𝑟)𝑒3 + (𝑒3(𝑢) + 𝑒3(𝑟))𝑒4

)
= −4𝑒4(𝑟) (𝑒3(𝑢) + 𝑒3(𝑟)),

which leads to the normalization

𝑁Σ∗ =

√︁
𝑒4(𝑟)

2
√︁
𝑒3(𝑢) + 𝑒3(𝑟)

𝑒3 +
√︁
𝑒3(𝑢) + 𝑒3(𝑟)
2
√︁
𝑒4(𝑟)

𝑒4.

Therefore, applying this to (P − B) · 𝑁Σ∗ , we deduce

(P − B) · 𝑁Σ∗ =

√︁
𝑒4(𝑟)

2
√︁
𝑒3(𝑢) + 𝑒3(𝑟)

(P − B) · 𝑒3 +
√︁
𝑒3(𝑢) + 𝑒3(𝑟)
2
√︁
𝑒4(𝑟)

(P − B) · 𝑒4. (6.1.52)
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Since from (6.1.8)

𝑒4(𝑟) = 1 +𝑂 (𝜖), 𝑒3(𝑟) = −Υ +𝑂 (𝜖), 𝑒3(𝑢) = 2 +𝑂 (𝜖),

we know the coefficients are √︁
𝑒4(𝑟)

2
√︁
𝑒3(𝑢) + 𝑒3(𝑟)

=
1

2
√
2 − Υ

(1 +𝑂 (𝜖)),√︁
𝑒3(𝑢) + 𝑒3(𝑟)
2
√︁
𝑒4(𝑟)

=

√
2 − Υ

2
(1 +𝑂 (𝜖)).

By Lemma 6.1.6, we have

(P − B) · 𝑒4 = 𝑓 |q∇4𝜓1 |2 −
1

2
𝑟−2𝑒4

(
𝑟 𝑓 |𝜓1 |2

)
+ 8𝑄2 𝑓 |q∇4𝜓2 |2 − 4𝑄2𝑟−2𝑒4

(
𝑟 𝑓 |𝜓2 |2

)
+𝑂

( 𝜖
𝑟

)
𝑓
(
|∇4𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
,

and

(P − B) · 𝑒3 = 𝑓Q[𝜓1]34 +
1

2
𝑟−2𝑒3

(
𝑟 𝑓 |𝜓1 |2

)
+ 8𝑄2 𝑓Q[𝜓2]34 + 4𝑄2𝑟−2𝑒3

(
𝑟 𝑓 |𝜓2 |2

)
+ 8𝑄2

𝑟2
𝑓

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

)
+𝑂

(
𝑀

𝑟3
+ 𝑄

2

𝑟4
+ 𝜖

𝑟2

)
|𝑟 𝑓 ′|

(
|𝜓1 |2 +𝑄2 |𝜓2 |2

)
.
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Substituting these into our earlier expression (6.1.52), we obtain

(P − B) · 𝑁Σ∗

=
1

2
√
2 − Υ

𝑓

(
Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
+ 1

2
√
2 − Υ

(
1

2
𝑟−2𝑒3

(
𝑟 𝑓 |𝜓1 |2

)
+ 4𝑄2𝑟−2𝑒3

(
𝑟 𝑓 |𝜓2 |2

) )
+
√
2 − Υ

2

(
𝑓 |q∇4𝜓1 |2 −

1

2
𝑟−2𝑒4

(
𝑟 𝑓 |𝜓1 |2

)
+ 8𝑄2 𝑓 |q∇4𝜓2 |2 − 4𝑄2𝑟−2𝑒4

(
𝑟 𝑓 |𝜓2 |2

) )
+

(
𝑀

𝑟
+ 𝑄

2

𝑟2
+ 𝜖

)
| 𝑓 (1) |

(
|∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2 |∇/𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
=
1

2
𝑓

(
Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
+ 1

2

(
𝑓 |q∇4𝜓1 |2 + 8𝑄2 𝑓 |q∇4𝜓2 |2

)
+ 1

2
𝑟−2𝜈Σ∗ (𝑟 𝑓 |𝜓1 |2) + 4𝑄2𝑟−2𝜈Σ∗ (𝑟 𝑓 |𝜓2 |2)

+
(
𝑀

𝑟
+ 𝑄

2

𝑟2
+ 𝜖

)
| 𝑓 (1) |

(
|∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2 |∇/𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
,

(6.1.53)

where 𝜈Σ∗ denotes the unit vector field that is tangent to Σ∗ and normal to 𝑒𝐴. That is, 𝜈Σ∗

is given by

𝜈Σ∗ =

√︁
𝑒4(𝑟)

2
√︁
𝑒3(𝑢) + 𝑒3(𝑟)

𝑒3 −
√︁
𝑒3(𝑢) + 𝑒3(𝑟)
2
√︁
𝑒4(𝑟)

𝑒4.

Furthermore, since (𝜈Σ∗ , 𝑒1, 𝑒2) is an orthonormal frame of Σ∗, we have

divΣ∗ (𝜈Σ∗) = g(D𝜈Σ∗ 𝜈Σ∗ , 𝜈Σ∗) + g𝐴𝐵g(D𝑒𝐴𝜈Σ∗ , 𝑒𝐵)

=

√︁
𝑒4(𝑟)

2
√︁
𝑒3(𝑢) + 𝑒3(𝑟)

g𝐴𝐵g(D𝐴𝑒3, 𝑒𝐵) −
√︁
𝑒3(𝑢) + 𝑒3(𝑟)
2
√︁
𝑒4(𝑟)

g𝐴𝐵g(D𝐴𝑒4, 𝑒𝐵)

=

√︁
𝑒4(𝑟)

2
√︁
𝑒3(𝑢) + 𝑒3(𝑟)

tr𝜒 −
√︁
𝑒3(𝑢) + 𝑒3(𝑟)
2
√︁
𝑒4(𝑟)

tr𝜒.
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In particular, we have for 𝑖 = 1, 2

divΣ∗

(
𝑟−1 𝑓 |𝜓𝑖 |2𝜈Σ∗

)
= 𝑟−2𝜈Σ∗

(
𝑟 𝑓 |𝜓𝑖 |2) + 𝜈Σ∗ (𝑟−2)𝑟 𝑓 |𝜓𝑖 |2 + divΣ∗ (𝜈Σ∗)𝑟−1 𝑓 |𝜓𝑖 |2

= 𝑟−2𝜈Σ∗

(
𝑟 𝑓 |𝜓𝑖 |2) +

(
divΣ∗ (𝜈Σ∗) −

2𝜈Σ∗ (𝑟)
𝑟

)
𝑟−1 𝑓 |𝜓𝑖 |2

= 𝑟−2𝜈Σ∗

(
𝑟 𝑓 |𝜓𝑖 |2) +

( √︁
𝑒4(𝑟)

2
√︁
𝑒3(𝑢) + 𝑒3(𝑟)

(
tr𝜒 − 2𝑒3(𝑟)

𝑟

)
−

√︁
𝑒3(𝑢) + 𝑒3(𝑟)
2
√︁
𝑒4(𝑟)

(
tr𝜒 − 2𝑒4(𝑟)

𝑟

) )
𝑟−1 𝑓 |𝜓𝑖 |2

and hence

𝑟−2𝜈Σ∗

(
𝑟 𝑓 |𝜓𝑖 |2) = divΣ∗

(
𝑟−1 𝑓 |𝜓𝑖 |2𝜈Σ∗

)
+𝑂 (𝜖𝑟−2) 𝑓 |𝜓𝑖 |2 (6.1.54)

Combining (6.1.53) and (6.1.54), we finally obtain

(P − B) · 𝑁Σ∗

=
1

2
𝑓

(
Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
+ 1

2

(
𝑓 |q∇4𝜓1 |2 + 8𝑄2 𝑓 |q∇4𝜓2 |2

)
+ 1

2
divΣ∗

(
𝑟−1 𝑓 |𝜓1 |2𝜈Σ∗

)
+ 4𝑄2divΣ∗

(
𝑟−1 𝑓 |𝜓2 |2𝜈Σ∗

)
+

(
𝑀

𝑟
+ 𝑄

2

𝑟2
+ 𝜖

)
| 𝑓 (1) |

(
|∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2 |∇/𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
,

(6.1.55)

which concludes the proof of the Lemma 6.1.7.

6.1.5 Proof of Theorem 6.1.1

To prove Theorem 6.1.1 (𝑠 = 0 case), we consider the function 𝑓𝑝 = 𝑓𝑝,𝑅 defined by,

𝑓𝑝 =


𝑟 𝑝, if 𝑟 ≥ 𝑅,

0, if 𝑟 ≤ 𝑅
2 ,

(6.1.56)
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where 𝑅 is a fixed, sufficiently large constant which will be chosen in the proof. We also

consider

𝑋𝑝 = 𝑓𝑝𝑒4, 𝑤𝑝 =
2 𝑓𝑝

𝑟
, 𝑀𝑝 =

2 𝑓 ′𝑝
𝑟
𝑒4.

We apply divergence theorem to the current P−B = P (𝑋𝑝 ,𝑤𝑝 ,𝑀𝑝)−B𝑋𝑝 in the region M(𝜏1, 𝜏2),

where B𝑋𝑝 is given by (6.1.46),

∫
Σ(𝜏2)

(P − B) · 𝑁Σ +
∫
Σ∗ (𝜏1,𝜏2)

(P − B) · 𝑁Σ∗ +
∫
M(𝜏1,𝜏2)

D𝜇 (P − B)𝜇 =
∫
Σ(𝜏1)

(P − B) · 𝑁Σ

Denoting the boundary terms,

Bdr≥𝑅 (𝜏1, 𝜏2) : =
∫
Σ≥𝑅 (𝜏2)

(P − B) · 𝑒4 +
∫
Σ∗ (𝜏1,𝜏2)

(P − B) · 𝑁Σ∗ −
∫
Σ≥𝑅 (𝜏1)

(P − B) · 𝑒4,

(6.1.57)

Bdr≤𝑅 (𝜏1, 𝜏2) : =
∫
Σ≤𝑅 (𝜏1)

(P − B) · 𝑁Σ −
∫
Σ≤𝑅 (𝜏2)

(P − B) · 𝑁Σ, (6.1.58)

we can write by using Proposition 5.2.7 for (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 solving (5.1.1),

Bdr≥𝑅 (𝜏1, 𝜏2) +
∫
M≥𝑅 (𝜏1,𝜏2)

(
E (𝑋𝑝 ,𝑤𝑝 ,𝑀𝑝) [𝜓1, 𝜓2] + N (𝑋𝑝 ,𝑤𝑝)

𝑐𝑜𝑢𝑝𝑙𝑒
[𝜓1, 𝜓2] −D𝜇B𝑋𝑝

𝜇

)
= Bdr≤𝑅 (𝜏1, 𝜏2) −

∫
M≤𝑅 (𝜏1,𝜏2)

(
E (𝑋𝑝 ,𝑤𝑝 ,𝑀𝑝) [𝜓1, 𝜓2] + N (𝑋𝑝 ,𝑤𝑝)

𝑐𝑜𝑢𝑝𝑙𝑒
[𝜓1, 𝜓2] −D𝜇B𝑋𝑝

𝜇

)
−

∫
M(𝜏1,𝜏2)

N (𝑋𝑝 ,𝑤𝑝)
𝑁1,𝑁2

[𝜓1, 𝜓2] .

(6.1.59)

We first reduce to {𝑟 ≥ 𝑅} region, which is to handle the shaded region in Figure 6.1.
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Σ(𝜏1)

Σ(𝜏2)

A(𝜏1, 𝜏2)

Σ∗(𝜏1, 𝜏2)

𝑟 = 𝑅
2 𝑟 = 𝑅

Figure 6.1: The shaded region is M(𝜏1, 𝜏2) ∩ { 𝑅2 ≤ 𝑟 ≤ 𝑅}

Lemma 6.1.8. Let (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 solve (5.1.1). Fix 𝛿 > 0, for 𝑝 ≥ 𝛿, we have

Bdr≥𝑅 (𝜏1, 𝜏2) +
∫
M≥𝑅 (𝜏1,𝜏2)

(
E (𝑋𝑝 ,𝑤𝑝 ,𝑀𝑝) [𝜓1, 𝜓2] + N (𝑋𝑝 ,𝑤𝑝)

𝑐𝑜𝑢𝑝𝑙𝑒
[𝜓1, 𝜓2] −D𝜇B𝑋𝑝

𝜇

)
≲ 𝑅𝑝+2

(
𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) +𝑂 (𝜖) ¤𝐵𝑠𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

)
.

(6.1.60)

Proof. The spacetime and boundary terms restricted in the region {𝑟 < 𝑅} on the right-hand

side of (6.1.59) can be easily estimated as follows���� ∫
Σ≤𝑅 (𝜏1)

(P − B) · 𝑁Σ

���� ≲ 𝑅𝑝𝐸 [𝜓1, 𝜓2] (𝜏1),���� ∫
Σ≤𝑅 (𝜏2)

(P − B) · 𝑁Σ

���� ≲ 𝑅𝑝𝐸 [𝜓1, 𝜓2] (𝜏2),���� ∫
M≤𝑅 (𝜏1,𝜏2)

(
E (𝑋𝑝 ,𝑤𝑝 ,𝑀𝑝) [𝜓1, 𝜓2] + N (𝑋𝑝 ,𝑤𝑝)

𝑐𝑜𝑢𝑝𝑙𝑒
[𝜓1, 𝜓2] −D𝜇B𝑋𝑝

𝜇

) ���� ≲ 𝑅𝑝+2Mor[𝜓1, 𝜓2] (𝜏1, 𝜏2).

Hence, by (6.1.59), we deduce

Bdr≥𝑅 (𝜏1, 𝜏2) +
∫
M≥𝑅 (𝜏1,𝜏2)

(
E (𝑋𝑝 ,𝑤𝑝 ,𝑀𝑝) + N (𝑋𝑝 ,𝑤𝑝)

𝑐𝑜𝑢𝑝𝑙𝑒
−D𝜇B𝑋𝑝

𝜇

)
+

∫
M(𝜏1,𝜏2)

N (𝑋𝑝 ,𝑤𝑝)
𝑁1,𝑁2

≲ 𝑅𝑝+2
(
𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝐸 [𝜓1, 𝜓2] (𝜏2) + Mor[𝜓1, 𝜓2] (𝜏1, 𝜏2)

)
.

(6.1.61)
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In view of the Energy-Morawetz estimate (5.1.2) in Theorem 5.1.1, we know for fixed 𝛿 > 0,

𝐸𝑀𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲|𝑄 |/𝑀,𝛿 𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝜖 ¤𝐵𝛿,100𝑟+ (𝜏1, 𝜏2) + 𝐽𝛿 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2).

(6.1.62)

Combining (6.1.61) and (6.1.62), we deduce

Bdr≥𝑅 (𝜏1, 𝜏2) +
∫
M≥𝑅 (𝜏1,𝜏2)

(
E (𝑋𝑝 ,𝑤𝑝 ,𝑀𝑝) + N (𝑋𝑝 ,𝑤𝑝)

𝑐𝑜𝑢𝑝𝑙𝑒
−D𝜇B𝑋𝑝

𝜇

)
+

∫
M(𝜏1,𝜏2)

N (𝑋𝑝 ,𝑤𝑝)
𝑁1,𝑁2

≲ 𝑅𝑝+2
(
𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝜖 ¤𝐵𝛿,100𝑟+ (𝜏1, 𝜏2) + 𝐽𝛿 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)

)
.

(6.1.63)

Now the inhomogeneous term is given by

N (𝑋𝑝 ,𝑤𝑝)
𝑁1,𝑁2

[𝜓1, 𝜓2] = 𝑁1 ·
(
𝑓𝑝∇4𝜓1 +

𝑓𝑝

𝑟
𝜓1

)
+ 8𝑄2𝑁2 ·

(
𝑓𝑝∇4𝜓2 +

𝑓𝑝

𝑟
𝜓2

)
. (6.1.64)

In the view of definition (6.1.23) for 𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2), (6.1.64) implies����∫
M(𝜏1,𝜏2)

N (𝑋𝑝 ,𝑤𝑝)
𝑁1,𝑁2

[𝜓1, 𝜓2]
���� ≲ 𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2). (6.1.65)

Therefore, we deduce from (6.1.62) and (6.1.65) that for any 𝑝 ≥ 𝛿,

Bdr≥𝑅 (𝜏1, 𝜏2) +
∫
M≥𝑅 (𝜏1,𝜏2)

(
E (𝑋𝑝 ,𝑤𝑝 ,𝑀𝑝) + N (𝑋𝑝 ,𝑤𝑝)

𝑐𝑜𝑢𝑝𝑙𝑒
−D𝜇B𝑋𝑝

𝜇

)
≲ 𝑅𝑝+2

(
𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝜖 ¤𝐵𝛿,100𝑟+ (𝜏1, 𝜏2) + 𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)

)
.

(6.1.66)

This finishes the proof of Lemma (6.1.8).

Next, we give a lower bound for spacetime integral restricted to the region {𝑟 ≥ 𝑅}.

Lemma 6.1.9. Let (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 solve (5.1.1). Given a fixed 𝛿 > 0 we have for all
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𝛿 ≤ 𝑝 ≤ 2 − 𝛿 and 𝑅 ≫ 𝑟+
𝛿

, 𝜖 ≪ 𝛿2,

∫
M≥𝑅 (𝜏1,𝜏2)

(
E (𝑋𝑝 ,𝑤𝑝 ,𝑀𝑝) + N (𝑋𝑝 ,𝑤𝑝)

𝑐𝑜𝑢𝑝𝑙𝑒
−D𝜇B𝑋𝑝

𝜇

)
≥ 1

4

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−1
(
𝑝 |q∇4𝜓1 |2 + (2 − 𝑝) ( |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2)

)
+ 2𝑄2

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−1
(
𝑝 |q∇4𝜓2 |2 + (2 − 𝑝) ( |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2)

)
−𝑂 (𝜖)Morr[𝜓1, 𝜓2] (𝜏1, 𝜏2).

(6.1.67)

Proof. We make use of Lemma 6.1.4 according to which, in M≥𝑅 (𝜏1, 𝜏2),

E (𝑋𝑝 ,𝑤𝑝 ,𝑀𝑝) [𝜓1, 𝜓2]

=
1

2
𝑓 ′𝑝 |q∇4𝜓1 |2 +

1

2

(
2 𝑓𝑝

𝑟
− 𝑓 ′𝑝

) (
|∇/𝜓1 | +𝑉1 |𝜓1 |2

)
+ 4𝑄2 𝑓 ′𝑝 |q∇4𝜓2 |2 + 4𝑄2

(
2 𝑓𝑝

𝑟
− 𝑓 ′𝑝

) (
|∇/𝜓2 | +𝑉2 |𝜓2 |2

)
+ Err

(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓𝑝

)
[𝜓1, 𝜓2]

= 𝑟 𝑝−1
[
𝑝

2
|q∇4𝜓1 |2 +

2 − 𝑝
2

( |∇/𝜓1 |2 +𝑉1 |𝜓1 |2)
]
+ 8𝑄2𝑟 𝑝−1

[
𝑝

2
|q∇4𝜓2 |2 +

2 − 𝑝
2

( |∇/𝜓2 |2 +𝑉2 |𝜓2 |2)
]

+ Err
(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓𝑝

)
[𝜓1, 𝜓2]

≥ 𝑟 𝑝−1
[
𝑝

2
|q∇4𝜓1 |2 +

2 − 𝑝
2

( |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2)
]
+ 8𝑄2𝑟 𝑝−1

[
𝑝

2
|q∇4𝜓2 |2 +

2 − 𝑝
2

( |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2)
]

+ Err
(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓𝑝

)
[𝜓1, 𝜓2] .

(6.1.68)

where, by (6.1.35) and (6.1.36), the error terms are controlled as

Err
(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓𝑝

)
[𝜓1, 𝜓2]

≲ 𝑂

(
𝑀

𝑟
+ 𝑄

2

𝑟2
+ 𝜖

)
𝑟 𝑝−1

(
|q∇4𝜓1 | + 𝑟−2 |𝜓1 |2 +𝑄2 |q∇4𝜓2 | +𝑄2𝑟−2 |𝜓2 |2

)
+𝑂 (𝜖)𝑟 𝑝−1

(
𝑟−2 |∇3𝜓1 |2 + |∇/𝜓1 |2 +𝑄2𝑟−2 |∇3𝜓2 | +𝑄2 |∇/𝜓2 |2

)
.
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Thus, integrating (6.1.68), we see

∫
M≥𝑅 (𝜏1,𝜏2)

E (𝑋𝑝 ,𝑤𝑝 ,𝑀𝑝) [𝜓1, 𝜓2]

≥
∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−1
[
𝑝

2
|q∇4𝜓1 |2 +

2 − 𝑝
2

( |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2)
]

+ 8𝑄2

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−1
[
𝑝

2
|q∇4𝜓2 |2 +

2 − 𝑝
2

( |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2)
]

−𝑂
(
𝑀

𝑅
+ 𝑄

2

𝑅2

) ∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−1
[
|q∇4𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |q∇4𝜓2 | +𝑄2𝑟−2 |𝜓2 |2

]
−𝑂 (𝜖)

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−1
(
|q∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |q∇4𝜓2 |2 +𝑄2 |∇/𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
−𝑂 (𝜖)

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−3
(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
.

For 𝛿 ≤ 𝑝 ≤ 2 − 𝛿, 𝑅 ≫ 𝑟+
𝛿

and 𝜖 ≪ 𝛿 we can absorb all error terms except the last term

involving ∇3𝜓1 and ∇3𝜓2, i.e.

∫
M≥𝑅 (𝜏1,𝜏2)

E (𝑋𝑝 ,𝑤𝑝 ,𝑀𝑝) [𝜓1, 𝜓2] ≥
1

4

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−1
(
𝑝 |q∇4𝜓1 |2 + (2 − 𝑝) ( |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2)

)
+ 2𝑄2

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−1
(
𝑝 |q∇4𝜓2 |2 + (2 − 𝑝) ( |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2)

)
−𝑂 (𝜖)

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−3
(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
.

Additionally, from the definition in (5.2.44) of Morr[𝜓1, 𝜓2] (𝜏1, 𝜏2), it follows that for all

𝛿 ≤ 𝑝 ≤ 2 − 𝛿, we have

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−3
(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
≤

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟−1−𝛿
(
|∇3𝜓1 |2 +𝑄2 |∇3𝜓2 |2

)
≲ Morr[𝜓1, 𝜓2] (𝜏1, 𝜏2).
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Hence, for all 𝛿 ≤ 𝑝 ≤ 2 − 𝛿 and 𝑅 ≫ 𝑟+
𝛿

, 𝜖 ≪ 𝛿,

∫
M≥𝑅 (𝜏1,𝜏2)

E (𝑋𝑝 ,𝑤𝑝 ,𝑀𝑝) ≥ 1

4

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−1
(
𝑝 |q∇4𝜓1 |2 + (2 − 𝑝) ( |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2)

)
+ 2𝑄2

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝−1
(
𝑝 |q∇4𝜓2 |2 + (2 − 𝑝) ( |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2)

)
−𝑂 (𝜖)Morr[𝜓1, 𝜓2] (𝜏1, 𝜏2).

(6.1.69)

From Lemma 6.1.5, we know the coupled bulk term is bounded below as

∫
𝑆

N (𝑋𝑝 ,𝑤𝑝)
𝑐𝑜𝑢𝑝𝑙𝑒

[𝜓1, 𝜓2] −D𝜇B𝑋𝑝

𝜇 ≥ 𝑂
(
|𝑄 |
𝑟

) ∫
𝑆

𝑟 𝑝−3
(
|𝜓1 |2 +𝑄2 |𝜓2 |2

)
. (6.1.70)

Thus, (6.1.67) follows by combining (6.1.69) and (6.1.70). Since 𝑅 ≪ 𝑟+
𝛿
, the coupled bulk

term is negligible in the far region M𝑟≥𝑅 (𝜏1, 𝜏2). This completes the proof of Lemma 6.1.9.

Combining Lemma 6.1.8 and Lemma 6.1.9, we get

Corollary 6.1.10. Let (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 solve (5.1.1). Given a fixed 𝛿 > 0 we have for all

𝛿 ≤ 𝑝 ≤ 2 − 𝛿 and 𝑅 ≫ 𝑟+
𝛿

, 𝜖 ≪ 𝛿2,

Bdr≥𝑅 (𝜏1, 𝜏2) + ¤𝐵𝑝,𝑅 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲ 𝑅𝑝+2
(
𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)

+𝑂 (𝜖) ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)
)
.

(6.1.71)

Finally, we address the boundary terms B𝑅 (𝜏1, 𝜏2). A detailed illustration that can assist

the following proof is provided in Figure 6.2.
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Σ(𝜏1)

Σ(𝜏2)

A(𝜏1, 𝜏2)

Σ∗(𝜏1, 𝜏2)

𝑟 = 𝑅
2 𝑟 = 𝑅

𝑆∗(𝜏1)

𝑆∗(𝜏2)

𝑆𝑅 (𝜏1)

𝑆𝑅 (𝜏2)

Figure 6.2: The shaded region is M(𝜏1, 𝜏2) ∩ {𝑟 ≥ 𝑅}.

Note: The four corners correspond to spheres formed by the intersection of the boundaries

of the shaded region.

Lemma 6.1.11. Let (𝜓1, 𝜓2) ∈ 𝔰1×𝔰2 solve (5.1.1). Given a fixed 𝛿 > 0 we have for 𝑅 ≫ 𝑟+
𝛿

,

𝜖 ≪ 𝛿, a lower bound for Bdr≥𝑅 (𝜏1, 𝜏2)

Bdr≥𝑅 (𝜏1, 𝜏2)

≥
(∫

Σ≥𝑅 (𝜏2)
−

∫
Σ≥𝑅 (𝜏1)

)
𝑟 𝑝

(
|q∇4𝜓1 |2 + 8𝑄2 |q∇4𝜓2 |2

)
+ 1

12
¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 1

2

(∫
𝑆𝑅 (𝜏2)

−
∫
𝑆𝑅 (𝜏1)

)
𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

+𝑂 (𝜖)
(∫

Σ≥𝑅 (𝜏2)
+
∫
Σ≥𝑅 (𝜏1)

)
𝑟 𝑝−1

(
|∇4𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
.

(6.1.72)

Proof. We first recall the definition (6.1.57) of Bdr≥𝑅

Bdr≥𝑅 (𝜏1, 𝜏2) =
∫
Σ≥𝑅 (𝜏2)

(P − B) · 𝑒4 +
∫
Σ∗ (𝜏1,𝜏2)

(P − B) · 𝑁Σ∗ −
∫
Σ≥𝑅 (𝜏1)

(P − B) · 𝑒4, (6.1.73)
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where P−B = P (𝑋𝑝 ,𝑤𝑝 ,𝑀𝑝) −B𝑋𝑝 . Then, we invoke from Lemma 6.1.6 and Lemma 6.1.7 that

(P − B) · 𝑒4 = 𝑓𝑝 |q∇4𝜓1 |2 −
1

2
𝑟−2𝑒4

(
𝑟 𝑓𝑝 |𝜓1 |2

)
+ 8𝑄2 𝑓𝑝 |q∇4𝜓2 |2 − 4𝑄2𝑟−2𝑒4

(
𝑟 𝑓𝑝 |𝜓2 |2

)
+𝑂

( 𝜖
𝑟

)
𝑓𝑝

(
|∇4𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
,

(6.1.74)

and

(P − B) · 𝑁Σ∗ =
1

2
𝑓𝑝

(
Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
+ 1

2

(
𝑓𝑝 |q∇4𝜓1 |2 + 8𝑄2 𝑓𝑝 |q∇4𝜓2 |2

)
+ 1

2
divΣ∗

(
𝑟−1 𝑓𝑝 |𝜓1 |2𝜈Σ∗

)
+ 4𝑄2divΣ∗

(
𝑟−1 𝑓𝑝 |𝜓2 |2𝜈Σ∗

)
+𝑂

(
𝑀

𝑟
+ 𝑄

2

𝑟2
+ 𝜖

)
| 𝑓 (1)𝑝 | ( |∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2)

+𝑄2𝑂

(
𝑀

𝑟
+ 𝑄

2

𝑟2
+ 𝜖

)
| 𝑓 (1)𝑝 | ( |∇4𝜓2 |2 + |∇/𝜓2 |2 + 𝑟−2 |𝜓2 |2).

(6.1.75)

Substituting (6.1.74) and (6.1.75) into (6.1.73), we deduce

Bdr≥𝑅 (𝜏1, 𝜏2)

=

∫
Σ≥𝑅 (𝜏2)

𝑓𝑝 |q∇4𝜓1 |2 −
1

2
𝑟−2𝑒4

(
𝑟 𝑓𝑝 |𝜓1 |2

)
+ 8𝑄2 𝑓𝑝 |q∇4𝜓2 |2 − 4𝑄2𝑟−2𝑒4

(
𝑟 𝑓𝑝 |𝜓2 |2

)
+

∫
Σ∗ (𝜏1,𝜏2)

1

2
𝑓𝑝

(
Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
+

∫
Σ∗ (𝜏1,𝜏2)

1

2

(
𝑓𝑝 |q∇4𝜓1 |2 + 8𝑄2 𝑓𝑝 |q∇4𝜓2 |2

)
+ 1

2
divΣ∗

(
𝑟−1 𝑓𝑝 |𝜓1 |2𝜈Σ∗

)
+ 4𝑄2divΣ∗

(
𝑟−1 𝑓𝑝 |𝜓2 |2𝜈Σ∗

)
−

∫
Σ≥𝑅 (𝜏1)

𝑓𝑝 |q∇4𝜓1 |2 −
1

2
𝑟−2𝑒4

(
𝑟 𝑓𝑝 |𝜓1 |2

)
+ 8𝑄2 𝑓𝑝 |q∇4𝜓2 |2 − 4𝑄2𝑟−2𝑒4

(
𝑟 𝑓𝑝 |𝜓2 |2

)
+

∫
Σ∗ (𝜏1,𝜏2)

𝑂

(
𝑀

𝑟
+ 𝑄

2

𝑟2
+ 𝜖

)
𝑟 𝑝 ( |∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2 |∇/𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2)

+𝑂 (𝜖)
(∫

Σ≥𝑅 (𝜏2)
+
∫
Σ≥𝑅 (𝜏1)

)
𝑟 𝑝−1

(
|∇4𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
.

(6.1.76)

By applying integration by parts to Σ≥𝑅 (𝜏), where the boundary is given by 𝜕Σ≥𝑅 (𝜏) =

𝑆∗(𝜏) ∪ 𝑆𝑅 (𝜏) with 𝑆∗(𝜏) = Σ∗ ∩ Σ(𝜏) and 𝑆𝑅 (𝜏) = Σ(𝜏) ∩ {𝑟 = 𝑅} (as illustrated in Figure
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6.2), we obtain the following for 𝑖 = 1, 2:∫
Σ≥𝑅 (𝜏)

𝑟−2𝑒4(𝑟 𝑓𝑝 |𝜓𝑖 |2) =
∫
𝑟≥𝑅

(∫
𝑆𝑟

𝑟−2𝑒4(𝑟 𝑓𝑝 |𝜓𝑖 |2)
)

1

𝑒4(𝑟)

=

∫
𝑟≥𝑅

1

𝑒4(𝑟)
𝑒4

(∫
𝑆𝑟

𝑟−1 𝑓𝑝 |𝜓𝑖 |2
)
−

∫
Σ≥𝑅 (𝜏)

(
𝑒4

(
𝑟−2

)
+ 𝜅𝑟−2

)
𝑟 𝑓𝑝 |𝜓𝑖 |2

=

∫
𝑆∗ (𝜏)

𝑟 𝑝−1 |𝜓𝑖 |2 −
∫
𝑆𝑅 (𝜏)

𝑟 𝑝−1 |𝜓𝑖 |2 −
∫
Σ≥𝑅 (𝜏)

(
𝜅 − 2𝑒4(𝑟)

𝑟

)
𝑟−1 𝑓𝑝 |𝜓𝑖 |2

=

∫
𝑆∗ (𝜏)

𝑟 𝑝−1 |𝜓𝑖 |2 −
∫
𝑆𝑅 (𝜏)

𝑟 𝑝−1 |𝜓𝑖 |2 +𝑂 (𝜖)
∫
Σ≥𝑅 (𝜏)

𝑟 𝑝−3 |𝜓𝑖 |2.

(6.1.77)

and ∫
Σ∗ (𝜏1,𝜏2)

divΣ∗

(
𝑟−1 𝑓𝑝 |𝜓𝑖 |2𝜈Σ∗

)
=

∫
𝑆∗ (𝜏2)

𝑟 𝑝−1 |𝜓𝑖 |2 −
∫
𝑆∗ (𝜏1)

𝑟 𝑝−1 |𝜓𝑖 |2. (6.1.78)

Summing up (6.1.77) and (6.1.78), the spherical boundary terms on 𝑆∗(𝜏) cancel, which

implies∫
Σ≥𝑅 (𝜏2)

−1
2
𝑟−2𝑒4

(
𝑟 𝑓𝑝 |𝜓1 |2

)
− 4𝑄2𝑟−2𝑒4

(
𝑟 𝑓𝑝 |𝜓2 |2

)
+

∫
Σ∗ (𝜏1,𝜏2)

1

2
divΣ∗

(
𝑟−1 𝑓𝑝 |𝜓1 |2𝜈Σ∗

)
+ 4𝑄2divΣ∗

(
𝑟−1 𝑓𝑝 |𝜓2 |2𝜈Σ∗

)
−

∫
Σ≥𝑅 (𝜏1)

−1
2
𝑟−2𝑒4

(
𝑟 𝑓𝑝 |𝜓1 |2

)
− 4𝑄2𝑟−2𝑒4

(
𝑟 𝑓𝑝 |𝜓2 |2

)
= −1

2

(∫
𝑆∗ (𝜏2)

−
∫
𝑆𝑅 (𝜏2)

)
𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2) +𝑂 (𝜖)

∫
Σ≥𝑅 (𝜏2)

𝑟 𝑝−3( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

+ 1

2

(∫
𝑆∗ (𝜏2)

−
∫
𝑆∗ (𝜏1)

)
𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

+ 1

2

(∫
𝑆∗ (𝜏1)

−
∫
𝑆𝑅 (𝜏1)

)
𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2) +𝑂 (𝜖)

∫
Σ≥𝑅 (𝜏1)

𝑟 𝑝−3( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

=
1

2

(∫
𝑆𝑅 (𝜏2)

−
∫
𝑆𝑅 (𝜏1)

)
𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2) +𝑂 (𝜖)

(∫
Σ≥𝑅 (𝜏2)

+
∫
Σ≥𝑅 (𝜏1)

)
𝑟 𝑝−3( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

(6.1.79)
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Combining (6.1.76) and (6.1.79), we deduce

Bdr≥𝑅 (𝜏1, 𝜏2)

=

(∫
Σ≥𝑅 (𝜏2)

−
∫
Σ≥𝑅 (𝜏1)

)
𝑓𝑝

(
|q∇4𝜓1 |2 + 8𝑄2 |q∇4𝜓2 |2

)
+

∫
Σ∗ (𝜏1,𝜏2)

1

2
𝑓𝑝

(
|q∇4𝜓1 |2 + 8𝑄2 |q∇4𝜓2 |2 + Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
+ 1

2

(∫
𝑆𝑅 (𝜏2)

−
∫
𝑆𝑅 (𝜏1)

)
𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

+
∫
Σ∗ (𝜏1,𝜏2)

𝑂

(
𝑀

𝑟
+ 𝑄

2

𝑟2
+ 𝜖

)
𝑟 𝑝 ( |∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2 |∇/𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2)

+𝑂 (𝜖)
(∫

Σ≥𝑅 (𝜏2)
+
∫
Σ≥𝑅 (𝜏1)

)
𝑟 𝑝−1

(
|∇4𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
.

(6.1.80)

Now we use Lemma 5.3.2 to handle the Σ∗(𝜏1, 𝜏2) integral that involves cross terms upon

spherical integrals∫
Σ∗ (𝜏1,𝜏2)

1

2
𝑓𝑝

(
|q∇4𝜓1 |2 + 8𝑄2 |q∇4𝜓2 |2 + Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
≥

∫
Σ∗ (𝜏1,𝜏2)

1

2
𝑓𝑝

(
|q∇4𝜓1 |2 + 8𝑄2 |q∇4𝜓2 |2 +

1

2
|∇/𝜓1 |2 + 4𝑄2 |∇/𝜓2 |2 +

1

𝑟2
|𝜓1 |2 +

8𝑄2

𝑟2
|𝜓2 |2

)
≥

∫
Σ∗ (𝜏1,𝜏2)

1

2
𝑓𝑝

(
|∇4𝜓1 |2 + 8𝑄2 |∇4𝜓2 |2 +

2

𝑟2
|𝜓1 |2 +

16𝑄2

𝑟2
|𝜓2 |2 +

2

𝑟
𝜓1 · ∇4𝜓1 +

16𝑄2

𝑟
𝜓2 · ∇4𝜓2

)
+

∫
Σ∗ (𝜏1,𝜏2)

1

2
𝑓𝑝

(
1

2
|∇/𝜓1 |2 + 4𝑄2 |∇/𝜓2 |2

)
=

∫
Σ∗ (𝜏1,𝜏2)

1

2
𝑓𝑝

©­«13 |∇4𝜓1 |2 +
1

2𝑟2
|𝜓1 |2 +

�����
√︂

2

3
∇4𝜓1 +

√︂
3

2

1

𝑟
𝜓1

�����2ª®¬
+

∫
Σ∗ (𝜏1,𝜏2)

1

2
𝑓𝑝

©­«8𝑄
2

3
|∇4𝜓2 |2 +

4𝑄2

𝑟2
|𝜓2 |2 + 8𝑄2

�����
√︂

2

3
∇4𝜓2 +

√︂
3

2

1

𝑟
𝜓2

�����2ª®¬
+

∫
Σ∗ (𝜏1,𝜏2)

1

2
𝑓𝑝

(
1

2
|∇/𝜓1 |2 + 4𝑄2 |∇/𝜓2 |2

)
≥

∫
Σ∗ (𝜏1,𝜏2)

𝑟 𝑝
(
1

6
( |∇4𝜓1 |2 + 8𝑄2 |∇4𝜓1 |2) +

1

2
( |∇/𝜓1 |2 + 8𝑄2 |∇/𝜓1 |2) +

𝑟−2

4
( |𝜓1 |2 + 8𝑄2 |𝜓1 |2)

)
.

(6.1.81)
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Therefore, in light of the definition (6.1.20) of ¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2), for sufficiently small 𝜖 ≪ 𝛿

and for large enough 𝑅 ≫ 𝑟+
𝛿

, the Σ∗(𝜏1, 𝜏2)-error term in the right-hand side of (6.1.80) can

be absorbed by(6.1.81), yielding∫
Σ∗ (𝜏1,𝜏2)

1

2
𝑓𝑝

(
|q∇4𝜓1 |2 + 8𝑄2 |q∇4𝜓2 |2 + Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
+

∫
Σ∗ (𝜏1,𝜏2)

𝑂

(
𝑀

𝑟
+ 𝑄

2

𝑟2
+ 𝜖

)
𝑟 𝑝 ( |∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2 |∇/𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2)

≥ 1

12

∫
Σ∗ (𝜏1,𝜏2)

𝑟 𝑝
(
|∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2 |∇/𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
=

1

12
¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(6.1.82)

Combining (6.1.80) and (6.1.82), we know

Bdr≥𝑅 (𝜏1, 𝜏2)

≥
(∫

Σ≥𝑅 (𝜏2)
−

∫
Σ≥𝑅 (𝜏1)

)
𝑟 𝑝

(
|q∇4𝜓1 |2 + 8𝑄2 |q∇4𝜓2 |2

)
+ 1

12
¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

+ 1

2

(∫
𝑆𝑅 (𝜏2)

−
∫
𝑆𝑅 (𝜏1)

)
𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

+𝑂 (𝜖)
(∫

Σ≥𝑅 (𝜏2)
+
∫
Σ≥𝑅 (𝜏1)

)
𝑟 𝑝−1

(
|∇4𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
.

(6.1.83)

This finishes the proof of Lemma 6.1.11.

The estimate (6.1.72) lacks of the control of |𝜓1 |2 and |𝜓2 |2 on Σ≥𝑅 (𝜏2), so we need

another lemma for the lower bound of Bdr≥𝑅 (𝜏1, 𝜏2).

Lemma 6.1.12. Let (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 solve (5.1.1). Given a fixed 𝛿 > 0, we have for
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𝑅 ≫ 𝑟+
𝛿

, 𝜖 ≪ 𝛿, a lower bound for Bdr≥𝑅 (𝜏1, 𝜏2)

Bdr≥𝑅 (𝜏1, 𝜏2)

≥
∫
Σ≥𝑅 (𝜏2)

(𝑝 − 1)2
4

𝑟 𝑝−2( |𝜓1 |2 + 8𝑄2 |𝜓2 |2) +
1

12
¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

−
∫
Σ≥𝑅 (𝜏1)

𝑟 𝑝
(
|q∇4𝜓1 |2 + 8𝑄2 |q∇4𝜓2 |2

)
+

(
1 − 𝑝
2

∫
𝑆∗ (𝜏2)

+ 𝑝
2

∫
𝑆𝑅 (𝜏2)

−1
2

∫
𝑆𝑅 (𝜏1)

)
𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

+𝑂 (𝜖)
(∫

Σ≥𝑅 (𝜏2)
+
∫
Σ≥𝑅 (𝜏1)

)
𝑟 𝑝−1

(
|∇4𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
.

(6.1.84)

Proof. The proof is similar to the one of Lemma 6.1.11. Besides (6.1.74), we need another

way of expressing (P − B) · 𝑒4 for controlling |𝜓1 |2, |𝜓2 |2 on Σ(𝜏2).

(P − B) · 𝑒4 +
𝑝

2
𝑟−2𝑒4(𝑟 𝑝+1 |𝜓1 |2) + 4𝑝𝑄2𝑟−2𝑒4(𝑟 𝑝+1 |𝜓2 |2)

= 𝑟 𝑝 |∇4𝜓1 |2 + 𝑟 𝑝−1𝜓1 · ∇4𝜓1 −
1

2
𝑒4(𝑟 𝑝−1) |𝜓1 |2 + 𝑝𝑟 𝑝−1𝜓1 · ∇4𝜓1 +

𝑝(𝑝 + 1)
2

𝑟 𝑝−2𝑒4(𝑟) |𝜓1 |2

+ 8𝑄2𝑟 𝑝 |∇4𝜓2 |2 + 8𝑄2𝑟 𝑝−1𝜓2 · ∇4𝜓2 − 4𝑄2𝑒4(𝑟 𝑝−1) |𝜓2 |2

+ 8𝑄2𝑝𝑟 𝑝−1𝜓2 · ∇4𝜓2 + 4𝑝(𝑝 + 1)𝑄2𝑟 𝑝−2𝑒4(𝑟) |𝜓2 |2

= 𝑟 𝑝 |∇4𝜓1 |2 + (𝑝 + 1)𝑟 𝑝−1𝜓1 · ∇4𝜓1 +
𝑝2 + 1

2
𝑒4(𝑟)𝑟 𝑝−2 |𝜓1 |2

+ 8𝑄2𝑟 𝑝 |∇4𝜓2 |2 + 8𝑄2(𝑝 + 1)𝑟 𝑝−1𝜓2 · ∇4𝜓2 + 4(𝑝2 + 1)𝑄2𝑒4(𝑟)𝑟 𝑝−2 |𝜓2 |2

= 𝑟 𝑝

[����∇4𝜓1 +
𝑝 + 1

2𝑟
𝜓1

����2 + (𝑝 − 1)2
4𝑟2

|𝜓1 |2
]
+ 𝑝2 + 1

2
(𝑒4(𝑟) − 1)𝑟 𝑝−2 |𝜓1 |2

+ 8𝑄2𝑟 𝑝

[����∇4𝜓2 +
𝑝 + 1

2𝑟
𝜓2

����2 + (𝑝 − 1)2
4𝑟2

|𝜓2 |2
]
+ 4(𝑝2 + 1)𝑄2(𝑒4(𝑟) − 1)𝑟 𝑝−2 |𝜓2 |2

≥ 𝑟 𝑝−2 (𝑝 − 1)2
4

( |𝜓1 |2 + 8𝑄2 |𝜓2 |2) −𝑂 (𝜖)𝑟 𝑝−3( |𝜓1 |2 + 8𝑄2 |𝜓2 |2).

(6.1.85)

Now substituting (6.1.85) for Σ≥𝑅 (𝜏2)-term, (6.1.74) for Σ≥𝑅 (𝜏1)-term, and (6.1.75) for
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Σ∗(𝜏1, 𝜏2)-term into (6.1.73), we deduce

Bdr≥𝑅 (𝜏1, 𝜏2)

=

∫
Σ≥𝑅 (𝜏2)

(𝑝 − 1)2
4

𝑟 𝑝−2( |𝜓1 |2 + 8𝑄2 |𝜓2 |2) −
𝑝

2
𝑟−2𝑒4

(
𝑟 𝑝+1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

)
+

∫
Σ∗ (𝜏1,𝜏2)

1

2
𝑓𝑝

(
Q[𝜓1]34 + 8𝑄2Q[𝜓2]34 +

8𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2𝜓2 · 𝜓1)

))
+

∫
Σ∗ (𝜏1,𝜏2)

1

2

(
𝑓𝑝 |q∇4𝜓1 |2 + 8𝑄2 𝑓𝑝 |q∇4𝜓2 |2

)
+ 1

2
divΣ∗

(
𝑟−1 𝑓𝑝 |𝜓1 |2𝜈Σ∗

)
+ 4𝑄2divΣ∗

(
𝑟−1 𝑓𝑝 |𝜓2 |2𝜈Σ∗

)
−

∫
Σ≥𝑅 (𝜏1)

𝑓𝑝 |q∇4𝜓1 |2 −
1

2
𝑟−2𝑒4

(
𝑟 𝑓𝑝 |𝜓1 |2

)
+ 8𝑄2 𝑓𝑝 |q∇4𝜓2 |2 − 4𝑄2𝑟−2𝑒4

(
𝑟 𝑓𝑝 |𝜓2 |2

)
+

∫
Σ∗ (𝜏1,𝜏2)

𝑂

(
𝑀

𝑟
+ 𝑄

2

𝑟2
+ 𝜖

)
𝑟 𝑝 ( |∇4𝜓1 |2 + |∇/𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2 |∇/𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2)

+𝑂 (𝜖)
(∫

Σ≥𝑅 (𝜏2)
+
∫
Σ≥𝑅 (𝜏1)

)
𝑟 𝑝−1

(
|∇4𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
.

(6.1.86)

Taking an appropriate combination of (6.1.77) and (6.1.78), the spherical boundary term on

𝑆∗(𝜏1) cancels, which implies∫
Σ≥𝑅 (𝜏2)

− 𝑝
2
𝑟−2𝑒4

(
𝑟 𝑝+1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

)
+

∫
Σ∗ (𝜏1,𝜏2)

1

2
divΣ∗

(
𝑟−1 𝑓𝑝 |𝜓1 |2𝜈Σ∗

)
+ 4𝑄2divΣ∗

(
𝑟−1 𝑓𝑝 |𝜓2 |2𝜈Σ∗

)
−

∫
Σ≥𝑅 (𝜏1)

−1
2
𝑟−2𝑒4

(
𝑟 𝑓𝑝 |𝜓1 |2

)
− 4𝑄2𝑟−2𝑒4

(
𝑟 𝑓𝑝 |𝜓2 |2

)
= − 𝑝

2

(∫
𝑆∗ (𝜏2)

−
∫
𝑆𝑅 (𝜏2)

)
𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2) +𝑂 (𝜖)

∫
Σ≥𝑅 (𝜏2)

𝑟 𝑝−3( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

+ 1

2

(∫
𝑆∗ (𝜏2)

−
∫
𝑆∗ (𝜏1)

)
𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

+ 1

2

(∫
𝑆∗ (𝜏1)

−
∫
𝑆𝑅 (𝜏1)

)
𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2) +𝑂 (𝜖)

∫
Σ≥𝑅 (𝜏1)

𝑟 𝑝−3( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

=

(
1 − 𝑝
2

∫
𝑆∗ (𝜏2)

+ 𝑝
2

∫
𝑆𝑅 (𝜏2)

−1
2

∫
𝑆𝑅 (𝜏1)

)
𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

+𝑂 (𝜖)
(∫

Σ≥𝑅 (𝜏2)
+
∫
Σ≥𝑅 (𝜏1)

)
𝑟 𝑝−3( |𝜓1 |2 + 8𝑄2 |𝜓2 |2).

(6.1.87)
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Combining (6.1.82) for the Σ∗(𝜏1, 𝜏2) integral that involves cross terms, (6.1.87) for the

divergence terms and (6.1.86), we deduce for sufficiently small 𝜖 ≪ 𝛿 and for large enough

𝑅 ≫ 𝑟+
𝛿

Bdr≥𝑅 (𝜏1, 𝜏2)

≥
∫
Σ≥𝑅 (𝜏2)

(𝑝 − 1)2
4

𝑟 𝑝−2( |𝜓1 |2 + 8𝑄2 |𝜓2 |2) +
1

12
¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

−
∫
Σ≥𝑅 (𝜏1)

𝑟 𝑝
(
|q∇4𝜓1 |2 + 8𝑄2 |q∇4𝜓2 |2

)
+

(
1 − 𝑝
2

∫
𝑆∗ (𝜏2)

+ 𝑝
2

∫
𝑆𝑅 (𝜏2)

−1
2

∫
𝑆𝑅 (𝜏1)

)
𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

+𝑂 (𝜖)
(∫

Σ≥𝑅 (𝜏2)
+
∫
Σ≥𝑅 (𝜏1)

)
𝑟 𝑝−1

(
|∇4𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
.

(6.1.88)

This finishes the proof of Lemma 6.1.12.

Now we are ready to finish the proof of Theorem 6.1.1.

Proof of Theorem 6.1.1. We separate the proof into two steps.

Step 1. We begin by considering the case where 𝛿 ≤ 𝑝 ≤ 1 − 𝛿. From Lemma 6.1.12, the

estimate (6.1.84) yields:

Bdr≥𝑅 (𝜏1, 𝜏2)

≥ 𝛿2

4

∫
Σ≥𝑅 (𝜏2)

𝑟 𝑝−2( |𝜓1 |2 + 8𝑄2 |𝜓2 |2) +
1

12
¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

−
∫
Σ≥𝑅 (𝜏1)

𝑟 𝑝
(
|q∇4𝜓1 |2 + 8𝑄2 |q∇4𝜓2 |2

)
+𝑂 (𝜖)

(∫
Σ≥𝑅 (𝜏2)

+
∫
Σ≥𝑅 (𝜏1)

)
𝑟 𝑝−1

(
|∇4𝜓1 |2 + 𝑟−2 |𝜓1 |2 +𝑄2 |∇4𝜓2 |2 +𝑄2𝑟−2 |𝜓2 |2

)
+

(
𝛿

2

∫
𝑆𝑅 (𝜏2)

−1
2

∫
𝑆𝑅 (𝜏1)

)
𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2).

(6.1.89)

Combining (6.1.89) with (6.1.72) in Lemma 6.1.11 and the fact that 𝜖 ≪ 𝛿2 by assumption,
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we infer in view of the definition (6.1.11) of ¤𝐸𝑝,𝑅 [𝜓1, 𝜓2] (𝜏) for 𝛿 ≤ 𝑝 ≤ 1 − 𝛿,

¤𝐸𝑝,𝑅 [𝜓1, 𝜓2] (𝜏2) + ¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2) ≲ Bdr≥𝑅 (𝜏1, 𝜏2) + ¤𝐸𝑝,𝑅 [𝜓1, 𝜓2] (𝜏1)

+
∫
𝑆𝑅 (𝜏1)

𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2).
(6.1.90)

Now, by combining Corollary 6.1.10 and (6.1.90), we deduce for 𝛿 ≤ 𝑝 ≤ 1 − 𝛿,

¤𝐸𝑝,𝑅 [𝜓1, 𝜓2] (𝜏2) + ¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + ¤𝐵𝑝,𝑅 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ ¤𝐸𝑝,𝑅 [𝜓1, 𝜓2] (𝜏1) +
∫
𝑆𝑅 (𝜏1)

𝑟 𝑝−1
(
|𝜓1 |2 + 8𝑄2 |𝜓2 |2

)
+ 𝑅𝑝+2

(
𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) +𝑂 (𝜖) ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

)
.

(6.1.91)

In view of the control of ¤𝐵𝛿;100𝑟+ provided by Theorem 5.1.1, the term ¤𝐵𝑝,𝑅 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

on the left-hand side of (6.1.91) can absorb the ¤𝐵𝛿;100𝑟+-term on the right-hand side. Conse-

quently, we obtain

¤𝐸𝑝,𝑅 [𝜓1, 𝜓2] (𝜏2) + ¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + ¤𝐵𝑝,𝑅 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝑅𝑝+2
(
𝐸𝑝 [𝜓1, 𝜓2] (𝜏1) + 𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)

)
,

(6.1.92)

where we have also employed a trace theorem argument to bound the 𝑆𝑅 (𝜏1) term on the

right-hand side of (6.1.91) by the weighted energy 𝐸𝑝 [𝜓1, 𝜓2] (𝜏1). This establishes the

desired estimate for the case 𝛿 ≤ 𝑝 ≤ 1 − 𝛿.

Step 2. Finally, we focus on the remaining case, i.e. 1 − 𝛿 ≤ 𝑝 ≤ 2 − 𝛿. Combining (6.1.72)
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and Corollary 6.1.10, we deduce for 𝜖 ≪ 1 that∫
Σ≥𝑅 (𝜏2)

𝑟 𝑝 ( |∇4𝜓1 |2 + 8𝑄2 |∇4𝜓2 |2) + ¤𝐵𝑝,𝑅 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + ¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝑅𝑝+2
(
𝐸 [𝜓1, 𝜓2] (𝜏1) + 𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) +𝑂 (𝜖) ¤𝐵𝛿;100𝑟+ [𝜓1, 𝜓2] (𝜏1, 𝜏2)

)
+

∫
𝑆𝑅 (𝜏1)

𝑟 𝑝−1( |𝜓1 |2 + 8𝑄2 |𝜓2 |2) +𝑂 (𝜖)
∫
Σ≥𝑅 (𝜏2)

𝑟 𝑝−3( |𝜓1 |2 + 8𝑄2 |𝜓2 |2).

(6.1.93)

To get the control of ¤𝐸𝑝,𝑅 [𝜓1, 𝜓2] for 1 − 𝛿 ≤ 𝑝 ≤ 2 − 𝛿, which by (6.1.10) is given by

¤𝐸𝑝,𝑅 [𝜓𝑖] (𝜏) =



∫
Σ≥𝑅 (𝜏)

𝑟 𝑝
(
|q∇4𝜓𝑖 |2 + 𝑟−2 |𝜓𝑖 |2

)
for 𝑝 ≤ 1 − 𝛿,

∫
Σ≥𝑅 (𝜏)

𝑟 𝑝
(
|q∇4𝜓𝑖 |2 + 𝑟−𝑝−1−𝛿 |𝜓𝑖 |2

)
for 𝑝 > 1 − 𝛿,

So we apply (6.1.92) for 𝑝 = 1 − 𝛿 to get the control of zeroth order terms in ¤𝐸𝑝,𝑅 [𝜓1, 𝜓2]∫
Σ≥𝑅 (𝜏2)

𝑟−1−𝛿 ( |𝜓1 |2 + 8𝑄2 |𝜓2 |2) ≲ 𝑅3−𝛿
(
𝐸1−𝛿 [𝜓1, 𝜓2] (𝜏1) + 𝐽1−𝛿 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)

)
.

(6.1.94)

In view of the definition of ¤𝐸𝑝,𝑅 [𝜓1, 𝜓2] for 1 − 𝛿 ≤ 𝑝 ≤ 2 − 𝛿, we add (6.1.93) and (6.1.94)

to obtain for 1 − 𝛿 ≤ 𝑝 ≤ 2 − 𝛿 that

¤𝐸𝑝,𝑅 [𝜓1, 𝜓2] (𝜏2) + ¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + ¤𝐵𝑝,𝑅 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝑅𝑝+2
(
𝐸𝑝 [𝜓1, 𝜓2] (𝜏1) + 𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)

)
+𝑂 (𝜖)

∫
Σ≥𝑅 (𝜏2)

𝑟 𝑝−3( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

+ 𝑅3−𝛿
(
𝐸1−𝛿 [𝜓1, 𝜓2] (𝜏1) + 𝐽1−𝛿 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)

)
≲ 𝑅𝑝+2

(
𝐸𝑝 [𝜓1, 𝜓2] (𝜏1) + 𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)

)
+𝑂 (𝜖)

∫
Σ≥𝑅 (𝜏2)

𝑟−1−𝛿 ( |𝜓1 |2 + 8𝑄2 |𝜓2 |2)

≲ 𝑅𝑝+2
(
𝐸𝑝 [𝜓1, 𝜓2] (𝜏1) + 𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)

)
+ 𝐸1−𝛿 [𝜓1, 𝜓2] (𝜏2),

(6.1.95)

where we also used the fact that 1 − 𝛿 ≤ 𝑝 ≤ 2 − 𝛿 and 𝑝 − 3 ≤ −1 − 𝛿. Notice we have
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handled the ¤𝐵𝛿;100𝑟+ term and 𝑆𝑅 (𝜏1) term in the same way as in the proof of (6.1.92). We

apply (6.1.92) for 𝑝 = 1− 𝛿 to control the 𝐸1−𝛿 [𝜓1, 𝜓2] (𝜏2) in the right-hand side of (6.1.95),

and infer

¤𝐸𝑝,𝑅 [𝜓1, 𝜓2] (𝜏2) + ¤𝐹Σ∗
𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + ¤𝐵𝑝,𝑅 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝑅𝑝+2
(
𝐸𝑝 [𝜓1, 𝜓2] (𝜏1) + 𝐽𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)

)
,

(6.1.96)

for 1− 𝛿 ≤ 𝑝 ≤ 2− 𝛿 as desired. Combining Step 1 and Step 2 conclude the proof of Theorem

6.1.1.

6.2 Improved 𝑟 𝑝 estimate

The goal of this section is to use a variation of the method of [2] to derive the following

improved 𝑟 𝑝-estimate for (q𝜓1, q𝜓2) ∈ 𝔰1 × 𝔰2 , which is defined by

q𝜓1 := 𝑓2q∇4𝜓1, q𝜓2 := 𝑓2q∇4𝜓2 (6.2.1)

where (𝜓1, 𝜓2) ∈ 𝔰1×𝔰2 solves (5.1.1), 𝑓2 is defined as in (6.1.56) for 𝑝 = 2 and q𝑒4 = 𝑟
−1𝑒4(𝑟 ·)

as in (6.1.31). In particular, we will prove the following theorem, which is 𝑠 = 0 case of

Theorem 6.2.1.

Theorem 6.2.1 (Improved 𝑟 𝑝 estimate, 𝑠 = 0 case). Let (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 be a solution of

(5.1.1) and (q𝜓1, q𝜓2) ∈ 𝔰1 × 𝔰2 be defined as (6.2.1). The following holds for any −1 + 𝛿 < 𝑞 ≤

1 − 𝛿,

sup
𝜏∈[𝜏1,𝜏2]

𝐸𝑞 [q𝜓1, q𝜓2] (𝜏) + 𝐵𝑞 [q𝜓1, q𝜓2] (𝜏1, 𝜏2)

≲ 𝐸𝑞 [q𝜓1, q𝜓2] (𝜏1) + q𝐽𝑞

[
(q𝜓1, q𝑁1), (q𝜓2, q𝑁2)

]
(𝜏1, 𝜏2)

+ 𝐸1
max(𝑞,𝛿) [𝜓1, 𝜓2] (𝜏1) + 𝐽1max(𝑞,𝛿) [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2),

(6.2.2)
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where we have introduced the notation q𝑁1 = 𝑟
2

(
∇4𝑁1 +

3

𝑟
𝑁1

)
, q𝑁2 = 𝑟

2

(
∇4𝑁2 +

3

𝑟
𝑁2

)
,

q𝐽𝑞

[
(q𝜓1, q𝑁1), (q𝜓2, q𝑁2)

]
(𝜏1, 𝜏2) : = q𝐽𝑞 [q𝜓1, q𝑁1] (𝜏1, 𝜏2) +𝑄2

q𝐽𝑞 [q𝜓2, q𝑁2] (𝜏1, 𝜏2), (6.2.3)

q𝐽𝑞 [q𝜓1, q𝑁1] (𝜏1, 𝜏2) : = 𝐽𝑞,𝑅
[
q𝜓1, q𝑁1

]
(𝜏1, 𝜏2) (6.2.4)

=

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟𝑞+2
(
q∇4 q𝜓1

)
·
(
𝑒4𝑁1 +

3

𝑟
𝑁1

)
,

q𝐽𝑞 [q𝜓2, q𝑁2] (𝜏1, 𝜏2) : = 𝐽𝑞,𝑅
[
q𝜓2, q𝑁2

]
(𝜏1, 𝜏2) (6.2.5)

=

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟𝑞+2
(
q∇4 q𝜓2

)
·
(
𝑒4𝑁2 +

3

𝑟
𝑁2

)
,

and

q𝐽1𝑞 [(q𝜓1, q𝑁1), (q𝜓2, q𝑁2)] (𝜏1, 𝜏2) :=
∑︁
𝑘≤1

q𝐽𝑞 [(𝔡𝑘 q𝜓1, 𝔡
𝑘

q𝑁1), (𝔡𝑘 q𝜓2, 𝔡
𝑘

q𝑁2)] (𝜏1, 𝜏2). (6.2.6)

Remark 14. The flux 𝐹𝑞 [q𝜓1, q𝜓2] (𝜏1, 𝜏2) is absent from the left-hand side of (6.2.2) because

it is not required for the analysis, unlike in Theorem 6.1.1. There, the flux 𝐹 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

is used to estimate ∇3𝜓1 and ∇3𝜓2, which are essential for proving Theorem M4, particularly

in controlling qΓ, qE, }W along the GCM hypersurface Σ∗. In contrast, the goal of (6.2.2) is to

extend the 𝑝-range for the 𝑟 𝑝-estimates of 𝜓1 and 𝜓2, rather than to control ∇3 q𝜓1 and ∇3 q𝜓2,

which are not relevant in this setting. As a result, the flux 𝐹𝑞 [q𝜓1, q𝜓2] (𝜏1, 𝜏2), associated with

q𝜓1 and q𝜓2, does not appear in this equation. This distinction reflects the differing structures

and objectives of (6.2.2) and Theorem 6.1.1.

6.2.1 Wave equations for (q𝜓1, q𝜓2)

Proposition 6.2.2. Assume (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 is a solution of (5.1.1) and (q𝜓1, q𝜓2) ∈ 𝔰1 × 𝔰2

be defined as (6.2.1), then
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(1) In the region 𝑟 ≥ 2𝑟𝑃,



¤□1 q𝜓1 −𝑉1 q𝜓1 =
8𝑄2

𝑟2
𝑑/2 q𝜓2 + q𝑁1 +

2

𝑟

(
1 − 𝑟𝑃

𝑟

)
∇4 q𝜓1 +𝑂 (𝑟−2)𝔡≤1𝜓1 +

[
𝑟2q𝑒4,

8𝑄2

𝑟2
𝑑/2

]
𝜓2

+𝑟Γ𝑏∇4𝔡𝜓1 + 𝔡≤1(Γ𝑏)𝔡≤1𝜓1 + 𝑟𝔡≤1(Γ𝑔)∇3𝜓1 + 𝔡≤1(Γ𝑔)𝔡2𝜓1,

¤□2 q𝜓2 −𝑉2 q𝜓2 =
1

𝑟2
𝑑★/2 q𝜓1 + q𝑁2 +

2

𝑟

(
1 − 𝑟𝑃

𝑟

)
∇4 q𝜓2 +𝑂 (𝑟−2)𝔡≤1𝜓2 +

[
𝑟2q𝑒4,

1

𝑟2
𝑑★/2

]
𝜓1

+𝑟Γ𝑏∇4𝔡𝜓2 + 𝔡≤1(Γ𝑏)𝔡≤1𝜓2 + 𝑟𝔡≤1(Γ𝑔)∇3𝜓2 + 𝔡≤1(Γ𝑔)𝔡2𝜓2.

(6.2.7)

(2) In the region 4
3𝑟𝑃 ≤ 𝑟 ≤ 2𝑟𝑃,


¤□1 q𝜓1 −𝑉1 q𝜓1 =

8𝑄2

𝑟2
𝑑/2 q𝜓2 + q𝑁1 +𝑂 (1)𝔡≤2(𝜓1 +𝑄2𝜓2),

¤□2 q𝜓2 −𝑉2 q𝜓2 =
1

𝑟2
𝑑★/2 q𝜓1 + q𝑁2 +𝑂 (1)𝔡≤2(𝜓1 +𝑄2𝜓2).

(6.2.8)

𝑉1 = −1
4
tr𝜒tr𝜒 + 5 (𝐹)𝜌2 and 𝑉2 = −tr𝜒tr𝜒 + 2 (𝐹)𝜌2.

The proof of Proposition 6.2.2 follows a similar commutation approach to that of Ap-

pendix D.4 in [27]. For simplicity, we omit the details in this thesis, with the full proof to

be provided in future works.

Remark 15. The extra commutator terms compared to the that of Appendix D.4 in [27]

are [
𝑟2q∇4,

8𝑄2

𝑟2
𝑑/2

]
𝜓2 ∼ 𝑄2 [∇4, 𝑑/2]𝜓2 ∼ 𝑄2𝑟−1 𝑑/2𝜓2 ∼ 𝑄2𝑂 (𝑟−2)𝔡≤1𝜓2,[

𝑟2q∇4,
1

𝑟2
𝑑★/2

]
𝜓1 ∼ [∇4, 𝑑

★/2]𝜓1 ∼ 𝑟−1 𝑑★/2𝜓1 ∼ 𝑂 (𝑟−2)𝔡≤1𝜓1.

(6.2.9)

6.2.2 The 𝑟 𝑝 weighted estimates for (q𝜓1, q𝜓2)

The goal of this section is to prove Theorem 6.2.1 (𝑠 = 0). The statement for higher order

derivatives 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 4) will be provided in Section 6.3.
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Proof of Theorem 6.2.1 in the case 𝑠 = 0. We write, in accordance to Proposition 6.2.2


¤□1 q𝜓1 −𝑉1 q𝜓1 =

8𝑄2

𝑟2
𝑑/2 q𝜓2 + q𝑁1 + 𝑁1,

¤□2 q𝜓2 −𝑉2 q𝜓2 =
1

𝑟2
𝑑★/2 q𝜓1 + q𝑁2 + 𝑁2.

(6.2.10)

where, q𝑁1 = 𝑟
2

(
∇4𝑁1 +

3

𝑟
𝑁1

)
, q𝑁2 = 𝑟

2

(
∇4𝑁2 +

3

𝑟
𝑁2

)
and

𝑁1 =



2

𝑟

(
1 − 𝑟𝑃

𝑟

)
∇4 q𝜓1 +𝑂 (𝑟−2)𝔡≤1𝜓1 +

[
𝑟2q𝑒4,

8𝑄2

𝑟2
𝑑/2

]
𝜓2

+𝑟Γ𝑏∇4𝔡𝜓1 + 𝔡≤1(Γ𝑏)𝔡≤1𝜓1 + 𝑟𝔡≤1(Γ𝑔)∇3𝜓1 + 𝔡≤1(Γ𝑔)𝔡2𝜓1, 𝑟 ≥ 2𝑟𝑃,

𝑂 (1)𝔡≤2(𝜓1 +𝑄2𝜓2), 4
3𝑟𝑃 ≤ 𝑟 ≤ 2𝑟𝑃,

𝑁2 =



2

𝑟

(
1 − 𝑟𝑃

𝑟

)
∇4 q𝜓2 +𝑂 (𝑟−2)𝔡≤1𝜓2 +

[
𝑟2q𝑒4,

1

𝑟2
𝑑★/2

]
𝜓1

+𝑟Γ𝑏∇4𝔡𝜓2 + 𝔡≤1(Γ𝑏)𝔡≤1𝜓2 + 𝑟𝔡≤1(Γ𝑔)∇3𝜓2 + 𝔡≤1(Γ𝑔)𝔡2𝜓2, 𝑟 ≥ 2𝑟𝑃,

𝑂 (1)𝔡≤2(𝜓1 +𝑄2𝜓2), 4
3𝑟𝑃 ≤ 𝑟 ≤ 2𝑟𝑃 .

(6.2.11)

Following the proof of Theorem 6.1.1 (see section 6.1.5), we apply the divergence theorem

to the current P − qB = P (𝑋𝑞 ,𝑤𝑞 ,𝑀𝑞) [q𝜓1, q𝜓2] − qB𝑋𝑞 in the region M(𝜏1, 𝜏2), where 𝑓 = 𝑓𝑞,

(𝑋𝑞, 𝑤𝑞, 𝑀𝑞) =
(
𝑓𝑞𝑒4,

2 𝑓𝑞

𝑟
,
2 𝑓 ′𝑞
𝑟
𝑒4

)
, and qB𝑋𝑞 is given by

qB𝑋𝑞 :=
4𝑄2

𝑟2

(
( 𝑑★/2𝜓1 · 𝜓2) + ( 𝑑/2 q𝜓2 · q𝜓1)

)
𝑋, (6.2.12)
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then we have by Proposition 5.2.7 and (6.2.10) that

∫
Σ(𝜏2)

(P − qB) · 𝑁Σ +
∫
Σ∗ (𝜏1,𝜏2)

(P − qB) · 𝑁Σ∗

+
∫
M(𝜏1,𝜏2)

E (𝑋𝑞 ,𝑤𝑞 ,𝑀𝑞) [q𝜓1, q𝜓2] + N (𝑋𝑞 ,𝑤𝑞)
𝑐𝑜𝑢𝑝𝑙𝑒

[q𝜓1, q𝜓2] + N (𝑋𝑞 ,𝑤𝑞)
q𝑁1+𝑁1, q𝑁2+𝑁2

[q𝜓1, q𝜓2] −D𝜇
qB𝑋𝑞
𝜇

=

∫
Σ(𝜏1)

(P − qB) · 𝑁Σ .

Alternatively, we can expand the inhomogeneous term N (𝑋𝑞 ,𝑤𝑞)
q𝑁1+𝑁1, q𝑁2+𝑁2

[q𝜓1, q𝜓2] using (5.2.35)

to rewrite this expression:∫
Σ(𝜏2)

(P − qB) · 𝑁Σ +
∫
Σ∗ (𝜏1,𝜏2)

(P − qB) · 𝑁Σ∗

+
∫
M(𝜏1,𝜏2)

(
E (𝑋𝑞 ,𝑤𝑞 ,𝑀𝑞) [q𝜓1, q𝜓2] + N (𝑋𝑞 ,𝑤𝑞)

𝑐𝑜𝑢𝑝𝑙𝑒
[q𝜓1, q𝜓2] −D𝜇

qB𝑋𝑞
𝜇 + 𝑓𝑞q∇4 q𝜓1 · 𝑁1 + 8𝑄2 𝑓𝑞q∇4 q𝜓2 · 𝑁2

)
=

∫
Σ(𝜏1)

(P − qB) · 𝑁Σ −
∫
M(𝜏1,𝜏2)

𝑓𝑞q∇4 q𝜓1 · q𝑁1 + 8𝑄2 𝑓𝑞q∇4 q𝜓2 · q𝑁2.

(6.2.13)

All terms in (6.2.13) can be treated exactly as in the proof of Theorem 6.1.1, except for the

bulk term on the left-hand side . Hence we obtain the following analog of (6.1.1)

¤𝐸𝑞;𝑅 [q𝜓1, q𝜓2] (𝜏2) + ¤𝐹𝑞 [q𝜓1, q𝜓2] (𝜏1, 𝜏2)

+
∫
M(𝜏1,𝜏2)

(
E (𝑋𝑞 ,𝑤𝑞 ,𝑀𝑞) [q𝜓1, q𝜓2] + N (𝑋𝑞 ,𝑤𝑞)

𝑐𝑜𝑢𝑝𝑙𝑒
[q𝜓1, q𝜓2] −D𝜇

qB𝑋𝑞
𝜇 + 𝑓𝑞q∇4 q𝜓1 · 𝑁1 + 8𝑄2 𝑓𝑞q∇4 q𝜓2 · 𝑁2

)
≲ 𝐸𝑞 [q𝜓1, q𝜓2] (𝜏1) + 𝐽𝑞

[
(q𝜓1, q𝑁1), (q𝜓2, q𝑁2)

]
(𝜏1, 𝜏2).

(6.2.14)

Since the remaining bulk term in left-hand side of (6.2.14), when restricted to M(𝜏1, 𝜏2)∩{𝑟 ≤
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𝑅}, can be controlled by one derivative of (q𝜓1, q𝜓2), we infer

¤𝐸𝑞;𝑅 [q𝜓1, q𝜓2] (𝜏2) + Morr[q𝜓1, q𝜓2] (𝜏1, 𝜏2) + ¤𝐹𝑞 [q𝜓1, q𝜓2] (𝜏1, 𝜏2)

+
∫
M≥𝑅 (𝜏1,𝜏2)

(
E (𝑋𝑞 ,𝑤𝑞 ,𝑀𝑞) [q𝜓1, q𝜓2] + N (𝑋𝑞 ,𝑤𝑞)

𝑐𝑜𝑢𝑝𝑙𝑒
[q𝜓1, q𝜓2] −D𝜇

qB𝑋𝑞
𝜇 + 𝑓𝑞q∇4 q𝜓1 · 𝑁1 + 8𝑄2 𝑓𝑞q∇4 q𝜓2 · 𝑁2

)
≲ 𝐸𝑞 [q𝜓1, q𝜓2] (𝜏1) + 𝐽𝑞

[
(q𝜓1, q𝑁1), (q𝜓2, q𝑁2)

]
(𝜏1, 𝜏2) + 𝑅𝑞+3

(
𝐸1 [𝜓1, 𝜓2] (𝜏2) + Morr1 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

)
.

(6.2.15)

Since 𝛿 ≤ max(𝑞, 𝛿) ≤ 1 − 𝛿, we can, by invoking Theorem 5.1.1 in the case 𝑠 = 14, deduce:

sup
𝜏∈[𝜏1,𝜏2]

𝐸1
max(𝑞,𝛿) [𝜓1, 𝜓2] (𝜏) + 𝐵1

max(𝑞,𝛿) [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝐸1
max(𝑞,𝛿) [𝜓1, 𝜓2] (𝜏1) + 𝐽1max(𝑞,𝛿) [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2),

(6.2.16)

In light of (6.2.15) and (6.2.16), it remains to estimate the far region integral from below:

∫
M≥𝑅 (𝜏1,𝜏2)

(
E (𝑋𝑞 ,𝑤𝑞 ,𝑀𝑞) [q𝜓1, q𝜓2] + N (𝑋𝑞 ,𝑤𝑞)

𝑐𝑜𝑢𝑝𝑙𝑒
[q𝜓1, q𝜓2] −D𝜇

qB𝑋𝑞
𝜇 + 𝑓𝑞q∇4 q𝜓1 · 𝑁1 + 8𝑄2 𝑓𝑞q∇4 q𝜓2 · 𝑁2

)
.

In other words, we need to derive the analog of (6.1.67) in Lemma 6.1.9, which was used in the

proof of Theorem 6.1.1 to estimate the far region integral from below. This is accomplished

in Proposition 6.2.3 below. Together with (6.2.15) and (6.2.16), this directly yields the proof

of Theorem 6.2.1 in the 𝑠 = 0 case.

Now we provide the proof of Proposition 6.2.3:

Proposition 6.2.3. Let (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 be a solution of (5.1.1) and (q𝜓1, q𝜓2) ∈ 𝔰1 × 𝔰2

be defined as (6.2.1). Then we have the following lower bound of the far region spacetime
4The proof of Theorem 5.1.1 for higher derivatives 𝑠 ≥ 1 is through a standard commutation argument,

hence we omit it here for simplicity.
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integral for any −1 + 𝛿 < 𝑞 ≤ 1 − 𝛿,∫
M≥𝑅 (𝜏1,𝜏2)

(
E (𝑋𝑞 ,𝑤𝑞 ,𝑀𝑞) [q𝜓1, q𝜓2] + N (𝑋𝑞 ,𝑤𝑞)

𝑐𝑜𝑢𝑝𝑙𝑒
[q𝜓1, q𝜓2] −D𝜇

qB𝑋𝑞
𝜇 + 𝑓𝑞q∇4 q𝜓1 · 𝑁1 + 8𝑄2 𝑓𝑞q∇4 q𝜓2 · 𝑁2

)
≥

∫
M≥𝑅 (𝜏1,𝜏2)

1

8
𝑟𝑞−1

[
(2 + 𝑞) |q∇4 q𝜓1 |2 + (2 − 𝑞) |∇/ q𝜓1 |2 + 2𝑟−2 |q𝜓1 |2

]
+𝑄2𝑟𝑞−1

[
(2 + 𝑞) |q∇4 q𝜓2 |2 + (2 − 𝑞) |∇/ q𝜓2 |2 + 2𝑟−2 |q𝜓2 |2

]
−𝑂 (𝜖) sup

𝜏∈[𝜏1,𝜏2]
¤𝐸𝑞,𝑅 [q𝜓1, q𝜓2] (𝜏) −𝑂 (1)

(
𝐸1
max(𝑞,𝛿) [𝜓1, 𝜓2] (𝜏1) + 𝐽1max(𝑞,𝛿) [(𝜓1, 𝑁1), (𝜓2, 𝑁2)]

)
.

(6.2.17)

Proof. According to Lemma 6.1.4 when applied to (q𝜓1, q𝜓2) ∈ 𝔰1 × 𝔰2 and (𝑋𝑞, 𝑤𝑞, 𝑀𝑞) =(
𝑓𝑞𝑒4,

2 𝑓𝑞
𝑟
,
2 𝑓 ′𝑞
𝑟
𝑒4

)
, we have

E (𝑋𝑞 ,𝑤𝑞 ,𝑀𝑞) [q𝜓1, q𝜓2] = 𝑟𝑞−1
[
𝑞

2
|q∇4 q𝜓1 |2 +

2 − 𝑞
2

( |∇/ q𝜓1 |2 +𝑉1 |q𝜓1 |2)
]

+ 8𝑄2𝑟𝑞−1
[
𝑞

2
|q∇4 q𝜓2 |2 +

2 − 𝑞
2

( |∇/ q𝜓2 |2 +𝑉2 |q𝜓2 |2)
]

+ Err
(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓𝑞

)
[q𝜓1, q𝜓2],

(6.2.18)

where the error terms are given by

Err
(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓𝑞

)
[q𝜓𝑖]

= 𝑂

(
𝑀

𝑟2
+ 𝑄

2

𝑟3

)
𝑟𝑞 |𝑒4 q𝜓𝑖 |2 +𝑂

(
𝑀

𝑟4
+ 𝑄

2

𝑟5
+ 𝜖𝑤3,1

)
𝑟𝑞 |q𝜓𝑖 |2

+𝑂 (𝜖)𝑤1,1𝑟
𝑞
(
|∇4 q𝜓𝑖 |2 + |∇/ q𝜓𝑖 |2 + 𝑟−2 |q𝜓𝑖 |2

)
+𝑂 (𝜖)𝑤2,1/2𝑟

𝑞
(
|∇3 q𝜓𝑖 | ( |∇4 q𝜓𝑖 | + 𝑟−1 |∇/ q𝜓𝑖 |) + |∇/ q𝜓𝑖 |2 + 𝑟−2 |q𝜓𝑖 |2

)
,

(6.2.19)

and

Err
(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓𝑞

)
[q𝜓1, q𝜓2] = Err

(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓𝑞

)
[q𝜓1] +𝑄2Err

(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓𝑞

)
[q𝜓2] . (6.2.20)
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In view of the definition (6.2.11) of 𝑁1 and 𝑁2, we have for 𝑟 ≥ 𝑅,

𝑁1 = 𝑁
(0)
1 + 𝑁 (1)

1 + 𝑁 (2)
1 ,

𝑁
(0)
1 =

2

𝑟
∇4 q𝜓1 =

2

𝑟
(q∇4 q𝜓1 − 𝑟−1 q𝜓1),

𝑁
(1)
1 = −2𝑟𝑃

𝑟2
∇4 q𝜓1 +𝑂 (𝑟−2)𝔡≤1(𝜓1 +𝑄2𝜓2),

𝑁
(2)
1 = Err[□g q𝜓1],

Err[□g q𝜓1] = 𝑟2Γ𝑔∇4𝔡𝜓1 + 𝑟𝔡≤1(Γ𝑔)𝔡≤1𝜓1 + 𝔡≤1(Γ𝑔)𝔡2𝜓1,

(6.2.21)

and

𝑁2 = 𝑁
(0)
2 + 𝑁 (1)

2 + 𝑁 (2)
2 ,

𝑁
(0)
2 =

2

𝑟
∇4 q𝜓2 =

2

𝑟
(q∇4 q𝜓2 − 𝑟−1 q𝜓2),

𝑁
(1)
2 = −2𝑟𝑃

𝑟2
∇4 q𝜓2 +𝑂 (𝑟−2)𝔡≤1(𝜓1 +𝑄2𝜓2),

𝑁
(2)
2 = Err[□g q𝜓2],

Err[□g q𝜓2] = 𝑟2Γ𝑔∇4𝔡𝜓2 + 𝑟𝔡≤1(Γ𝑔)𝔡≤1𝜓2 + 𝔡≤1(Γ𝑔)𝔡2𝜓2.

(6.2.22)

Consequently, combining (6.2.18) with (6.2.21) and (6.2.22), we can write,

E (𝑋𝑞 ,𝑤𝑞 ,𝑀𝑞) [q𝜓1, q𝜓2] + 𝑓𝑞q∇4 q𝜓1 · 𝑁1 + 8𝑄2 𝑓𝑞q∇4 q𝜓2 · 𝑁2 = 𝐼0 + 𝐼1 + 𝐼2, (6.2.23)

206



R-N nonlinear stability

where 𝐼0, 𝐼1, 𝐼2 are given by

𝐼0 : =
1

2
𝑟𝑞−1

[
(𝑞 + 4) |q∇4 q𝜓1 |2 + (2 − 𝑞) |∇/ q𝜓1 |2 + 4(2 − 𝑞)𝑟−2 |q𝜓1 |2 − 4𝑟−1q∇4 q𝜓1 · q𝜓1

]
+ 4𝑄2𝑟𝑞−1

[
(𝑞 + 4) |q∇4 q𝜓1 |2 + (2 − 𝑞) |∇/ q𝜓1 |2 + 4(2 − 𝑞)𝑟−2 |q𝜓1 |2 − 4𝑟−1q∇4 q𝜓1 · q𝜓1

]
,

𝐼1 : = 𝑟
𝑞

q∇4 q𝜓1 · 𝑁 (1)
1 + 8𝑄2𝑟𝑞q∇4 q𝜓2 · 𝑁 (1)

2 +𝑂
(
𝑀

𝑟
+ 𝑄

2

𝑟2

)
𝑟𝑞−3( |q𝜓1 |2 +𝑄2 |q𝜓2 |2),

= 𝑟𝑞−2q𝑒4(q𝜓1) ·
[
−2𝑟𝑃∇4 q𝜓1 +𝑂 (1)𝔡≤1(𝜓1 +𝑄2𝜓2)

]
+ 8𝑄2𝑟𝑞−2q𝑒4(q𝜓2) ·

[
−2𝑟𝑃∇4 q𝜓2 +𝑂 (1)𝔡≤1(𝜓1 +𝑄2𝜓2)

]
+𝑂

(
𝑀

𝑟
+ 𝑄

2

𝑟2

)
𝑟𝑞−3( |q𝜓1 |2 +𝑄2 |q𝜓2 |2),

𝐼2 : = Err
(
𝜖,
𝑀

𝑟
,
𝑄2

𝑟2
; 𝑓𝑞

)
[q𝜓1, q𝜓2] + 𝑟𝑞q∇4 q𝜓1 · 𝑁 (2)

1 + 8𝑄2𝑟𝑞q∇4 q𝜓2 · 𝑁 (2)
2 .

(6.2.24)

We first estimate 𝐼0, for each 𝑖 = 1, 2

(𝑞 + 4) |q∇4 q𝜓𝑖 |2 − 4𝑟−1q∇4 q𝜓𝑖 · q𝜓𝑖 + 4(2 − 𝑞)𝑟−2 |q𝜓𝑖 |2

= (𝑞 + 2) |q∇4 q𝜓𝑖 |2 + (6 − 4𝑞)𝑟−2 |q𝜓𝑖 |2 + 2
���q∇4 q𝜓𝑖 − 𝑟−1 q𝜓𝑖

���2
≥ (𝑞 + 2) |q∇4 q𝜓𝑖 |2 + (6 − 4𝑞)𝑟−2 |q𝜓𝑖 |2

≥ (𝑞 + 2) |q∇4 q𝜓𝑖 |2 + 2𝑟−2 |q𝜓𝑖 |2,

where we used the fact that 𝑞 ≤ 1 − 𝛿. Hence, a lower bound for 𝐼0

𝐼0 ≥ 1

2
𝑟𝑞−1

[
(2 + 𝑞) |q∇4 q𝜓1 |2 + (2 − 𝑞) |∇/ q𝜓1 |2 + 2𝑟−2 |q𝜓1 |2

]
+ 4𝑄2𝑟𝑞−1

[
(2 + 𝑞) |q∇4 q𝜓2 |2 + (2 − 𝑞) |∇/ q𝜓2 |2 + 2𝑟−2 |q𝜓2 |2

]
.

(6.2.25)
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Next, we estimate 𝐼1,

|𝐼1 | ≤ 𝑂
(
𝑟𝑃

𝑟
+ 𝑀
𝑟

+ 𝑄
2

𝑟2

)
𝑟𝑞−1

(
|q∇4 q𝜓1 |2 +𝑄2 |q∇4 q𝜓2 |2 + 𝑟−2 |q𝜓1 |2 +𝑄2𝑟−2 |q𝜓2 |2

)
+𝑂 (1)

(
𝑟𝑞−1 |q∇4 q𝜓1 |2 +𝑄2𝑟𝑞−1 |q∇4 q𝜓2 |2

) 1
2
(
𝑟𝑞−3 |𝔡≤1𝜓1 |2 +𝑄2𝑟𝑞−3 |𝔡≤1𝜓2 |2

) 1
2
.

(6.2.26)

Thus if
𝑀

𝑅
≪ 1 is sufficiently small, and since 𝑞 ≤ 1 − 𝛿, we deduce, for 𝑟 ≥ 𝑅,

𝐼0 + 𝐼1 ≥ 1

4
𝑟𝑞−1

[
(2 + 𝑞) |q∇4 q𝜓1 |2 + (2 − 𝑞) |∇/ q𝜓1 |2 + 2𝑟−2 |q𝜓1 |2

]
+ 2𝑄2𝑟𝑞−1

[
(2 + 𝑞) |q∇4 q𝜓2 |2 + (2 − 𝑞) |∇/ q𝜓2 |2 + 2𝑟−2 |q𝜓2 |2

]
−𝑂 (1)𝑟𝑞−3( |𝔡≤1𝜓1 |2 +𝑄2 |𝔡≤1𝜓2 |2).

(6.2.27)

To estimate 𝐼2, we invoke from (6.2.19), (6.2.20) and (6.2.24) that

|𝐼2 | ≲ 𝜖𝑟𝑞 |q∇4 q𝜓1 |
(
𝜏−1−𝛿𝑑𝑒𝑐

(
|q𝑒4𝔡≤1𝜓1 | + |𝔡≤1𝜓1 |

)
+ 𝑟−1𝜏−1

2−𝛿𝑑𝑒𝑐
(
|∇3𝜓1 | + 𝑟−1 |𝔡2𝜓1 |

) )
+ 𝜖𝑄2𝑟𝑞 |q∇4 q𝜓2 |

(
𝜏−1−𝛿𝑑𝑒𝑐

(
|q𝑒4𝔡≤1𝜓2 | + |𝔡≤1𝜓2 |

)
+ 𝑟−1𝜏−1

2−𝛿𝑑𝑒𝑐
(
|∇3𝜓2 | + 𝑟−1 |𝔡2𝜓2 |

) )
+

(
𝑀

𝑟
+ 𝑄

2

𝑟2
+ 𝜖

)
𝑟𝑞−1

(
|q∇4 q𝜓1 |2 + |∇/ q𝜓1 |2 + 𝑟−2 |q𝜓1 |2

)
+ 𝜖𝑟𝑞−2𝜏−1

2−𝛿𝑑𝑒𝑐 |∇4 q𝜓1 | |∇3 q𝜓1 |

+𝑄2

(
𝑀

𝑟
+ 𝑄

2

𝑟2
+ 𝜖

)
𝑟𝑞−1

(
|q∇4 q𝜓2 |2 + |∇/ q𝜓2 |2 + 𝑟−2 |q𝜓2 |2

)
+ 𝜖𝑟𝑞−2𝜏−1

2−𝛿𝑑𝑒𝑐 |∇4 q𝜓2 | |∇3 q𝜓2 |

+ 𝜖𝑟𝑞−3 |∇/ q𝜓1 | |∇3 q𝜓1 | + 𝜖𝑄2𝑟𝑞−3 |∇/ q𝜓1 | |∇3 q𝜓1 |.

(6.2.28)
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Integrating (6.2.28) in M≥𝑅 (𝜏1, 𝜏2) and using 𝑞 ≤ 1 − 𝛿, we deduce∫
M≥𝑅 (𝜏1,𝜏2)

|𝐼2 |

≲ 𝜖

(
sup

𝜏∈[𝜏1,𝜏2]
¤𝐸𝑞,𝑅 [q𝜓1, q𝜓2] (𝜏)

) 1
2
(

sup
𝜏∈[𝜏1,𝜏2]

𝐸1
𝑞 [𝜓1, 𝜓2] (𝜏) + 𝐵1

𝑞 [𝜓1, 𝜓2] (𝜏1, 𝜏2)
) 1

2

+
(
𝑀

𝑅
+ 𝑄

2

𝑅2
+ 𝜖

)
¤𝐵𝑞,𝑅 [q𝜓1, q𝜓2] (𝜏1, 𝜏2)

+ 𝜖
(

sup
𝜏∈[𝜏1,𝜏2]

¤𝐸𝑞,𝑅 [q𝜓1, q𝜓2] (𝜏) + ¤𝐵𝑞 [q𝜓1, q𝜓2] (𝜏1, 𝜏2)
) 1

2 (∫
M≥𝑅 (𝜏1,𝜏2)

𝑟𝑞−4( |∇3 q𝜓1 |2 +𝑄2 |∇3 q𝜓2 |2)
) 1
2

≲ 𝜖 sup
𝜏∈[𝜏1,𝜏2]

¤𝐸𝑞,𝑅 [q𝜓1, q𝜓2] (𝜏) +
(
𝑀

𝑅
+ 𝑄

2

𝑅2
+ 𝜖

)
¤𝐵𝑞,𝑅 [q𝜓1, q𝜓2] (𝜏1, 𝜏2)

+ 𝜖
(

sup
𝜏∈[𝜏1,𝜏2]

𝐸1
𝑞 [𝜓1, 𝜓2] (𝜏) + 𝐵1

𝑞 [𝜓1, 𝜓2] (𝜏1, 𝜏2)
)
+ 𝜖

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟𝑞−4( |∇3 q𝜓1 |2 +𝑄2 |∇3 q𝜓2 |2).

(6.2.29)

Next, we estimate the term involving ∇3 q𝜓1 and ∇3 q𝜓2. The key idea is to make use of wave

equations of (𝜓1, 𝜓2), which can be viewed as 𝑒3-transport equations of (q𝜓1, q𝜓2). Making

use of (5.1.1)5, one can have the pointwise estimates

|∇3 q𝜓1 | ≲ 𝑟2 |𝑁1 | + 𝑟 |∇3𝜓1 | + |𝔡≤2𝜓1 | +𝑄2𝑟−1 |𝔡≤1𝜓2 |,

|∇3 q𝜓2 | ≲ 𝑟2 |𝑁2 | + 𝑟 |∇3𝜓2 | + |𝔡≤2𝜓2 | + 𝑟−1 |𝔡≤1𝜓1 |,
(6.2.30)

5Notice □ ∼ ∇3
q∇4 + 𝑟−1∇3 + 𝑟−1∇4 + Δ.
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and hence, integrating and using
𝑄

𝑅
≪ 1, 𝑞 ≤ 1 − 𝛿, we infer

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟𝑞−4( |∇3 q𝜓1 |2 +𝑄2 |∇3 q𝜓2 |2)

≲
∫
M≥𝑅 (𝜏1,𝜏2)

𝑟𝑞−4
(
𝑟4 |𝑁1 |2 + 𝑟2 |∇3𝜓1 |2 + |𝔡≤2𝜓1 |2 +

𝑄4

𝑟2
|𝔡≤1𝜓2 |2

)
+𝑄2𝑟𝑞−4

(
𝑟4 |𝑁2 |2 + 𝑟2 |∇3𝜓2 |2 + |𝔡≤2𝜓2 |2 +

1

𝑟2
|𝔡≤1𝜓1 |2

)
≲

∫
M

𝑡𝑟𝑎𝑝

/ (𝜏1,𝜏2)
𝑟1−𝛿 ( |𝑁1 |2 +𝑄2 |𝑁2 |2) + 𝐵1

𝑞 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝐽𝑞 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2) + 𝐵1
𝑞 [𝜓1, 𝜓2] (𝜏1, 𝜏2).

(6.2.31)

Here, we have used the definitions (6.1.23) and (6.1.15) for the weighted norms. In particular,

the terms 𝑟𝑞−2 |∇3𝜓1 |2 and 𝑟𝑞−2 |∇3𝜓2 |2 are absorbed by Morr[𝜓1, 𝜓2] (𝜏1, 𝜏2), since 𝑞 − 2 ≤

−1− 𝛿. This corresponds to the weighted bulk term 𝐵1
𝑞 [𝜓1, 𝜓2] (𝜏1, 𝜏2) on the right-hand side

of (6.2.31). Therefore, combining (6.2.29) and (6.2.31), we deduce the integral estimate of

𝐼2: ∫
M≥𝑅 (𝜏1,𝜏2)

|𝐼2 |

≲ 𝜖 sup
𝜏∈[𝜏1,𝜏2]

¤𝐸𝑞,𝑅 [q𝜓1, q𝜓2] (𝜏) +
(
𝑀

𝑅
+ 𝑄

2

𝑅2
+ 𝜖

)
¤𝐵𝑞,𝑅 [q𝜓1, q𝜓2] (𝜏1, 𝜏2)

+ 𝜖
(

sup
𝜏∈[𝜏1,𝜏2]

𝐸1
𝑞 [𝜓1, 𝜓2] (𝜏) + 𝐵1

𝑞 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐽𝑞 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)
)
.

(6.2.32)

Combining (6.2.27) and (6.2.32), we have the following spacetime integral lower bound of
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(6.2.23).∫
M≥𝑅 (𝜏1,𝜏2)

E (𝑋𝑞 ,𝑤𝑞 ,𝑀𝑞) [q𝜓1, q𝜓2] + 𝑓𝑞q∇4 q𝜓1 · 𝑁1 + 8𝑄2 𝑓𝑞q∇4 q𝜓2 · 𝑁2

≥
∫
M≥𝑅 (𝜏1,𝜏2)

(𝐼0 + 𝐼1) −
∫
M≥𝑅 (𝜏1,𝜏2)

|𝐼2 |

≥
∫
M≥𝑅 (𝜏1,𝜏2)

1

4
𝑟𝑞−1

[
(2 + 𝑞) |q∇4 q𝜓1 |2 + (2 − 𝑞) |∇/ q𝜓1 |2 + 2𝑟−2 |q𝜓1 |2

]
+ 2𝑄2𝑟𝑞−1

[
(2 + 𝑞) |q∇4 q𝜓2 |2 + (2 − 𝑞) |∇/ q𝜓2 |2 + 2𝑟−2 |q𝜓2 |2

]
− 𝑟𝑞−3( |𝔡≤1𝜓1 |2 +𝑄2 |𝔡≤1𝜓2 |2)

−𝑂 (𝜖) sup
𝜏∈[𝜏1,𝜏2]

¤𝐸𝑞,𝑅 [q𝜓1, q𝜓2] (𝜏) −𝑂
(
𝑀

𝑅
+ 𝑄

2

𝑅2
+ 𝜖

)
¤𝐵𝑞,𝑅 [q𝜓1, q𝜓2] (𝜏1, 𝜏2)

−𝑂 (𝜖)
(

sup
𝜏∈[𝜏1,𝜏2]

𝐸1
𝑞 [𝜓1, 𝜓2] (𝜏) + 𝐵1

𝑞 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐽𝑞 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)
)
.

(6.2.33)

In the view of 1− 𝛿 < 𝑞 ≤ 1− 𝛿, and for
𝑀

𝑅
≪ 1 and 𝜖 ≪ 1, (6.2.33) can be further bounded

below as∫
M≥𝑅 (𝜏1,𝜏2)

E (𝑋𝑞 ,𝑤𝑞 ,𝑀𝑞) [q𝜓1, q𝜓2] + 𝑓𝑞q∇4 q𝜓1 · 𝑁1 + 8𝑄2 𝑓𝑞q∇4 q𝜓2 · 𝑁2

≥
∫
M≥𝑅 (𝜏1,𝜏2)

1

8
𝑟𝑞−1

[
(2 + 𝑞) |q∇4 q𝜓1 |2 + (2 − 𝑞) |∇/ q𝜓1 |2 + 2𝑟−2 |q𝜓1 |2

]
+𝑄2𝑟𝑞−1

[
(2 + 𝑞) |q∇4 q𝜓2 |2 + (2 − 𝑞) |∇/ q𝜓2 |2 + 2𝑟−2 |q𝜓2 |2

]
−𝑂 (𝜖) sup

𝜏∈[𝜏1,𝜏2]
¤𝐸𝑞,𝑅 [q𝜓1, q𝜓2] (𝜏) −𝑂 (1)𝐵1

𝑞 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

−𝑂 (𝜖)
(

sup
𝜏∈[𝜏1,𝜏2]

𝐸1
𝑞 [𝜓1, 𝜓2] (𝜏) + 𝐵1

𝑞 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐽𝑞 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2)
)
.

(6.2.34)
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In view of the control of 𝐵1
𝑞 [𝜓1, 𝜓2] (𝜏1, 𝜏2) in (6.2.16), we infer from (6.2.34)∫

M≥𝑅 (𝜏1,𝜏2)
E (𝑋𝑞 ,𝑤𝑞 ,𝑀𝑞) [q𝜓1, q𝜓2] + 𝑓𝑞q∇4 q𝜓1 · 𝑁1 + 8𝑄2 𝑓𝑞q∇4 q𝜓2 · 𝑁2

≥
∫
M≥𝑅 (𝜏1,𝜏2)

1

8
𝑟𝑞−1

[
(2 + 𝑞) |q∇4 q𝜓1 |2 + (2 − 𝑞) |∇/ q𝜓1 |2 + 2𝑟−2 |q𝜓1 |2

]
+𝑄2𝑟𝑞−1

[
(2 + 𝑞) |q∇4 q𝜓2 |2 + (2 − 𝑞) |∇/ q𝜓2 |2 + 2𝑟−2 |q𝜓2 |2

]
−𝑂 (𝜖) sup

𝜏∈[𝜏1,𝜏2]
¤𝐸𝑞,𝑅 [q𝜓1, q𝜓2] (𝜏) −𝑂 (1)

(
𝐸1
max(𝑞,𝛿) [𝜓1, 𝜓2] (𝜏1) + 𝐽1max(𝑞,𝛿) [(𝜓1, 𝑁1), (𝜓2, 𝑁2)]

)
.

(6.2.35)

Finally we handle the coupling bulk. Applying Lemma 6.1.5 to (q𝜓1, q𝜓2) ∈ 𝔰1 × 𝔰2 with

(𝑋𝑞, 𝑤𝑞) =

(
𝑓𝑞𝑒4,

2 𝑓𝑞

𝑟

)
provides a lower bound for the coupling bulk term upon spherical

integration:

∫
𝑆

N (𝑋𝑞 ,𝑤𝑞)
𝑐𝑜𝑢𝑝𝑙𝑒

[q𝜓1, q𝜓2] −D𝜇
qB𝑋𝑞
𝜇 ≥ 𝑂

(
|𝑄 |
𝑟

) ∫
𝑆

𝑟𝑞−3
(
|q𝜓1 |2 +𝑄2 |q𝜓2 |2

)
, (6.2.36)

where qB𝑋𝑞 is given by (6.2.12). Since 𝑅 ≪ 𝑟+
𝛿
, the coupled bulk term is in fact negligible

in the far region M𝑟≥𝑅 (𝜏1, 𝜏2). Summing up (6.2.35) and (6.2.36), we finish the proof of

Proposition 6.2.3.

6.3 Higher order 𝑟 𝑝-estimate and improved 𝑟 𝑝-estimate

By standard commutation argument, one can show the higher order analog of Theorem 6.1.1

and Theorem 6.2.1. We state them while skip the proof for simplicity.

Theorem 6.3.1. Let (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 be a solution to (5.1.1). Consider a fixed 𝛿 > 0

and let 𝑅 ≫ 𝑟+
𝛿

, 𝜖 ≪ 𝛿2. The following estimates hold true for all 𝛿 ≤ 𝑝 ≤ 2 − 𝛿, , and
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0 ≤ 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 3),

sup
𝜏∈[𝜏1,𝜏2]

𝐸 𝑠𝑝 [𝜓1, 𝜓2] (𝜏) + 𝐵𝑠𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2) + 𝐹𝑠𝑝 [𝜓1, 𝜓2] (𝜏1, 𝜏2)

≲ 𝐸 𝑠𝑝 [𝜓1, 𝜓2] (𝜏1) + 𝐽𝑠𝑝 [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2),
(6.3.1)

Theorem 6.3.2. Let (𝜓1, 𝜓2) ∈ 𝔰1 × 𝔰2 be a solution of (5.1.1) and (q𝜓1, q𝜓2) ∈ 𝔰1 × 𝔰2 be

defined as (6.2.1). The following holds for any −1+𝛿 < 𝑞 ≤ 1−𝛿, and 0 ≤ 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙+(𝑘 𝑙𝑜𝑠𝑠−4),

sup
𝜏∈[𝜏1,𝜏2]

𝐸 𝑠𝑞 [q𝜓1, q𝜓2] (𝜏) + 𝐵𝑠𝑞 [q𝜓1, q𝜓2] (𝜏1, 𝜏2)

≲ 𝐸 𝑠𝑞 [q𝜓1, q𝜓2] (𝜏1) + q𝐽𝑠𝑞

[
(q𝜓1, q𝑁1), (q𝜓2, q𝑁2)

]
(𝜏1, 𝜏2)

+ 𝐸 𝑠+1max(𝑞,𝛿) [𝜓1, 𝜓2] (𝜏1) + 𝐽𝑠+1max(𝑞,𝛿) [(𝜓1, 𝑁1), (𝜓2, 𝑁2)] (𝜏1, 𝜏2),

(6.3.2)

where we have introduced the notation q𝑁1 = 𝑟
2

(
∇4𝑁1 +

3

𝑟
𝑁1

)
, q𝑁2 = 𝑟

2

(
∇4𝑁2 +

3

𝑟
𝑁2

)
,

q𝐽𝑞

[
(q𝜓1, q𝑁1), (q𝜓2, q𝑁2)

]
(𝜏1, 𝜏2) : = q𝐽𝑞 [q𝜓1, q𝑁1] (𝜏1, 𝜏2) +𝑄2

q𝐽𝑞 [q𝜓2, q𝑁2] (𝜏1, 𝜏2), (6.3.3)

q𝐽𝑞 [q𝜓1, q𝑁1] (𝜏1, 𝜏2) : = 𝐽𝑞,𝑅
[
q𝜓1, q𝑁1

]
(𝜏1, 𝜏2) (6.3.4)

=

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟𝑞+2
(
q∇4 q𝜓1

)
·
(
𝑒4𝑁1 +

3

𝑟
𝑁1

)
,

q𝐽𝑞 [q𝜓2, q𝑁2] (𝜏1, 𝜏2) : = 𝐽𝑞,𝑅
[
q𝜓2, q𝑁2

]
(𝜏1, 𝜏2) (6.3.5)

=

∫
M≥𝑅 (𝜏1,𝜏2)

𝑟𝑞+2
(
q∇4 q𝜓2

)
·
(
𝑒4𝑁2 +

3

𝑟
𝑁2

)
,

and

q𝐽𝑠𝑞 [(q𝜓1, q𝑁1), (q𝜓2, q𝑁2)] (𝜏1, 𝜏2) :=
∑︁
𝑘≤𝑠

q𝐽𝑞 [(𝔡𝑘 q𝜓1, 𝔡
𝑘

q𝑁1), (𝔡𝑘 q𝜓2, 𝔡
𝑘

q𝑁2)] (𝜏1, 𝜏2). (6.3.6)

For analogs of the model Regge-Wheeler equation in the Schwarzschild case, we refer

readers to Theorem 5.17 and Theorem 5.18 in [27].
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Chapter 7: Handle inhomogeneous terms

The goal of this chapter is to apply the estimates from Chapters 5 and 6 to the Chandrasekhar

variables 𝔭, 𝔮𝐹 , which satisfy the nonlinear positive-spin Regge-Wheeler system stated in

Theorem 4.2.1. For convenience, we restate the system:

¤□1𝔭 −𝑉1𝔭 =
8𝑄2

𝑟2
𝑑/2𝔮𝐹 + 𝑁1, 𝑉1 = −1

4
tr𝜒tr𝜒 + 5 (𝐹)𝜌2,

¤□2𝔮
𝐹 −𝑉2𝔮𝐹 =

1

𝑟2
𝑑★/2𝔭 + 𝑁2, 𝑉2 = −tr𝜒tr𝜒 + 2 (𝐹)𝜌2.

(7.0.1)

According to Theorem 4.2.1, we assume that 𝑁1 and 𝑁2 take the following form:

𝑁1 = 𝑁𝑔 + ∇3(𝑟𝑁𝑔) + 𝑁𝑚 [𝔭, 𝔮𝐹] + 𝑁𝑏,

𝑁2 = 𝑁𝑔 + ∇3(𝑟𝑁𝑔) + 𝑁𝑚 [𝔭, 𝔮𝐹] .
(7.0.2)

7.1 Statements of the chapter

We will make use of the structure of the nonlinearity (7.0.2) to manage the inhomogeneous

terms appearing in Theorems 6.3.1 and 6.3.2 and establish the following results.

Theorem 7.1.1. Let (𝔭, 𝔮𝐹) ∈ 𝔰1 × 𝔰2 be a solution of (7.0.1) with 𝑁1, 𝑁2 given by (7.0.2).

Then, for any 𝛿 ≤ 𝑝 ≤ 2 − 𝛿 and 0 ≤ 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + 30, we have

sup
𝜏∈[𝜏1,𝜏2]

𝐸 𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏) + 𝐵𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏1, 𝜏2) + 𝐹𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏1, 𝜏2)

≲ 𝐸 𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏1) + 𝐼 𝑠+1𝑝 [𝑁𝑔] (𝜏1, 𝜏2) + 𝐼̃ 𝑠𝑝 [𝑁𝑏] (𝜏1, 𝜏2).
(7.1.1)

Here, the weighted inhomogeneous norms 𝐼𝑝 and 𝐼̃𝑝 are defined in (7.2.2).
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Theorem 7.1.2. Let (𝔭, 𝔮𝐹) ∈ 𝔰1 × 𝔰2 be a solution of (5.1.1) with 𝑁1, 𝑁2 given by (7.0.2),

and let (q𝔭,q𝔮𝐹) ∈ 𝔰1 × 𝔰2 be defined as (6.2.1). Then, for any −1 + 𝛿 ≤ 𝑞 ≤ 1 − 𝛿 and

0 ≤ 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + 29, we have

sup
𝜏∈[𝜏1,𝜏2]

𝐸 𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏) + 𝐵𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏1, 𝜏2)

≲ 𝐸 𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏1) + 𝐸 𝑠+1𝑞+1 [𝔭, 𝔮𝐹] (𝜏1) + 𝐼 𝑠+2𝑞+2 [𝑁𝑔] (𝜏1, 𝜏2) +
∫
M≥4𝑚0 (𝜏1,𝜏2)

𝑟𝑞+5 |𝔡≤𝑠 q𝑁𝑏 |2.
(7.1.2)

Remark 16. Note that in (7.1.1) and (7.1.2), the terms 𝑁𝑚 do not appear on the right-hand

side because they can be absorbed into the left-hand side.

Remark 17. To establish the 𝑟 𝑝-hierarchy for 𝑞 > 0 in (7.1.2), it is crucial to use Lemma

4.2.2 to obtain improved estimates for q𝑁𝑏. This is done in Proposition 8.4.2.

The proof of Theorem 7.1.1 is given in Section 7.3, while the proof of Theorem 7.1.2

is presented in Section 7.4. These proofs rely on the weighted energy flux estimates (𝑟 𝑝-

estimates) established in Theorems 6.3.1 and 6.3.2.

For discussions on analogs of the positive-spin Regge-Wheeler equation for 𝔮1 in the Schwarzschild

setting, we direct the reader to Theorems 5.14 and 5.15 in [27].

7.2 Main norms

We recall the definition (6.1.23) of 𝐽𝑠𝑝
[
(𝔭, 𝑁1), (𝔮𝐹 , 𝑁2)

]
(𝜏1, 𝜏2)

𝐽𝑠𝑝
[
(𝔭, 𝑁1), (𝔮𝐹 , 𝑁2)

]
(𝜏1, 𝜏2) := 𝐽𝑠𝑝 [𝔭, 𝑁1] (𝜏1, 𝜏2) +𝑄2𝐽𝑠𝑝 [𝔮𝐹 , 𝑁2] (𝜏1, 𝜏2),

1The Chandrasekhar transformation of 𝛼, which is fundamental in analyzing the nonlinear stability of
black holes in the vacuum case.
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where

𝐽𝑝,𝑅 [𝔭, 𝑁1] (𝜏1, 𝜏2) : =
���� ∫

M≥𝑅 (𝜏1,𝜏2)
𝑟 𝑝q∇4𝔭 · 𝑁1

����,
𝐽𝑝,𝑅 [𝔮𝐹 , 𝑁2] (𝜏1, 𝜏2) : =

���� ∫
M≥𝑅 (𝜏1,𝜏2)

𝑟 𝑝q∇4𝔮
𝐹 · 𝑁2

����,
𝐽𝑝 [𝔭, 𝑁1] (𝜏1, 𝜏2) : =

( ∫ 𝜏2

𝜏1

𝑑𝜏∥𝑁1∥𝐿2 ( (𝑡𝑟𝑎𝑝)Σ(𝜏))

)2
+

∫
M

𝑡𝑟𝑎𝑝

/ (𝜏1,𝜏2)
𝑟1+𝛿 |𝑁1 |2

+ 𝐽𝑝,𝑅 [𝔭, 𝑁1] (𝜏1, 𝜏2),

𝐽𝑝 [𝔮𝐹 , 𝑁2] (𝜏1, 𝜏2) : =
( ∫ 𝜏2

𝜏1

𝑑𝜏∥𝑁2∥𝐿2 ( (𝑡𝑟𝑎𝑝)Σ(𝜏))

)2
+

∫
M

𝑡𝑟𝑎𝑝

/ (𝜏1,𝜏2)
𝑟1+𝛿 |𝑁2 |2

+ 𝐽𝑝,𝑅 [𝔮𝐹 , 𝑁2] (𝜏1, 𝜏2),

(7.2.1)

while higher order analogs are

𝐽𝑠𝑝 [𝔭, 𝑁1] (𝜏1, 𝜏2) : =
∑︁
𝑘≤𝑠

𝐽𝑝 [𝔡𝑘𝔭, 𝔡𝑘𝑁1] (𝜏1, 𝜏2),

𝐽𝑠𝑝 [𝔮𝐹 , 𝑁2] (𝜏1, 𝜏2) : =
∑︁
𝑘≤𝑠

𝐽𝑝 [𝔡𝑘𝔮𝐹 , 𝔡𝑘𝑁2] (𝜏1, 𝜏2).

We introduce the following inhomogeneous norms

𝐼̃𝑝 [𝑁] (𝜏1, 𝜏2) : =
( ∫ 𝜏2

𝜏1

𝑑𝜏∥𝑁 ∥𝐿2 ( (𝑡𝑟𝑎𝑝)Σ(𝜏))

)2
+

∫
M

𝑡𝑟𝑎𝑝

/ (𝜏1,𝜏2)
𝑟1+𝑝 |𝑁 |2,

𝐼𝑝 [𝑁] (𝜏1, 𝜏2) : = 𝐼̃𝑝 [𝑁] (𝜏1, 𝜏2) +
∫
M

𝑡𝑟𝑎𝑝

/ (𝜏1,𝜏2)
𝑟2+𝑝 |𝑁 | |∇3𝑁 | +

∫
M

𝑡𝑟𝑎𝑝

/ (𝜏1,𝜏2)
𝑟3+𝛿 |∇3𝑁 |2

+ sup
𝜏∈[𝜏1,𝜏2]

∫
Σ(𝜏)

𝑟 𝑝+2
��𝑁 ��2,

(7.2.2)

while higher order analogs are

𝐼̃ 𝑠𝑝 [𝑁] (𝜏1, 𝜏2) :=
∑︁
𝑘≤𝑠

𝐼̃𝑝 [𝔡𝑘𝑁] (𝜏1, 𝜏2), 𝐼 𝑠𝑝 [𝑁] (𝜏1, 𝜏2) :=
∑︁
𝑘≤𝑠

𝐼𝑝 [𝔡𝑘𝑁] (𝜏1, 𝜏2).
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7.3 Inhomogeneous term in the 𝑟 𝑝 estimate

Recall from Theorem 6.3.1 that for 𝛿 ≤ 𝑝 ≤ 2 − 𝑝, (𝔭, 𝔮𝐹) ∈ 𝔰1 × 𝔰2 solving (5.1.1) satisfies

sup
𝜏∈[𝜏1,𝜏2]

𝐸 𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏) + 𝐵𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏1, 𝜏2) + 𝐹𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏1, 𝜏2)

≲ 𝐸 𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏1) + 𝐽𝑠𝑝
[
(𝔭, 𝑁1), (𝔮𝐹 , 𝑁2)

]
(𝜏1, 𝜏2).

(7.3.1)

Our goal now is to handle the inhomogeneous term 𝐽𝑠𝑝
[
(𝔭, 𝑁1), (𝔮𝐹 , 𝑁2)

]
(𝜏1, 𝜏2) according

to the structure (7.0.2) of 𝑁1 and 𝑁2.

Following the “Case of 𝑁𝑚” in [27] to handle 𝑁𝑚 [𝔭, 𝔮𝐹] in (7.0.2), one can show for any 𝑝 ≥ 𝛿

that

𝐽𝑠𝑝
[
(𝔭, 𝑁𝑚), (𝔮𝐹 , 𝑁𝑚)

]
≲ 𝜖2 sup

𝜏∈[𝜏1,𝜏2]
𝐸 𝑠 [𝔭, 𝔮𝐹] (𝜏) + 𝜖𝐵𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏1, 𝜏2). (7.3.2)

Following the “Case of 𝑁𝑔” in [27] to handle 𝑁𝑔 and 𝑁𝑏 in (7.0.2), one can show for 𝛿1 > 0

that

𝐽𝑠𝑝
[
(𝔭, 𝑁𝑔), (𝔮𝐹 , 𝑁𝑔)

]
≲ 𝛿1𝐵

𝑠
𝑝 [𝔭, 𝔮𝐹] (𝜏1, 𝜏2) + 𝛿−11 𝐼̃ 𝑠𝑝 [𝑁𝑔] (𝜏1, 𝜏2), (7.3.3)

and

𝐽𝑠𝑝 [𝔭, 𝑁𝑏] ≲ 𝛿1𝐵
𝑠
𝑝 [𝔭, 𝔮𝐹] (𝜏1, 𝜏2) + 𝛿−11 𝐼̃ 𝑠𝑝 [𝑁𝑏] (𝜏1, 𝜏2). (7.3.4)

Following the “Case of 𝑒3(𝑟𝑁𝑔)” in [27] to handle ∇3(𝑟𝑁𝑔) in (7.0.2) via integration by parts

in ∇3, one can show for 𝑝 ≥ 𝛿 and 𝛿1 > 0 that

𝐽𝑠𝑝
[
(𝔭,∇3(𝑟𝑁𝑔)), (𝔮𝐹 ,∇3(𝑟𝑁𝑔))

]
≲ 𝛿1

(
sup

𝜏∈[𝜏1,𝜏2]
𝐸 𝑠 [𝔭, 𝔮𝐹] (𝜏) + 𝐵𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏1, 𝜏2)

)
+ 𝛿−11 𝐼 𝑠+1𝑝 [𝑁𝑔] (𝜏1, 𝜏2).

(7.3.5)
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Summing up (7.3.2), (7.3.3), (7.3.4) and (7.3.5), we deduce for 𝑝 ≥ 𝛿 and 𝛿1 > 0

𝐽𝑠𝑝
[
(𝔭, 𝑁1), (𝔮𝐹 , 𝑁2)

]
(𝜏1, 𝜏2) ≲ (𝜖2 + 𝛿1) sup

𝜏∈[𝜏1,𝜏2]
𝐸 𝑠 [𝔭, 𝔮𝐹] (𝜏) + (𝜖 + 𝛿1)𝐵𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏1, 𝜏2)

+ 𝛿−11
(
𝐼̃ 𝑠𝑝 [𝑁𝑏] (𝜏1, 𝜏2) + 𝐼 𝑠+1𝑝 [𝑁𝑔] (𝜏1, 𝜏2)

)
.

(7.3.6)

Combining (7.3.1) and (7.3.6), we deduce for any 𝛿 ≤ 𝑝 ≤ 2 − 𝛿, 0 ≤ 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + 30

sup
𝜏∈[𝜏1,𝜏2]

𝐸 𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏) + 𝐵𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏1, 𝜏2) + 𝐹𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏1, 𝜏2)

≲ 𝐸 𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏1) + 𝐼̃ 𝑠𝑝 [𝑁𝑏] (𝜏1, 𝜏2) + 𝐼 𝑠+1𝑝 [𝑁𝑔] (𝜏1, 𝜏2).
(7.3.7)

This concludes the proof of Theorem 7.1.1.

7.4 Inhomogeneous terms in the improved 𝑟 𝑝 estimate

Recall from Theorem 6.3.2 that if (𝔭, 𝔮𝐹) ∈ 𝔰1×𝔰2 is a solution of (5.1.1) and (q𝔭,q𝔮𝐹) ∈ 𝔰1×𝔰2

is defined by (6.2.1), then the following holds for any −1 + 𝛿 < 𝑞 ≤ 1 − 𝛿:

sup
𝜏∈[𝜏1,𝜏2]

𝐸 𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏) + 𝐵𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏1, 𝜏2)

≲ 𝐸 𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏1) + q𝐽𝑠𝑞

[
(q𝔭, q𝑁1), (q𝔮𝐹 , q𝑁2)

]
(𝜏1, 𝜏2)

+ 𝐸 𝑠+1max(𝑞,𝛿) [𝔭, 𝔮
𝐹] (𝜏1) + 𝐽𝑠+1max(𝑞,𝛿)

[
(𝔭, 𝑁1), (𝔮𝐹 , 𝑁2)

]
(𝜏1, 𝜏2).

(7.4.1)

Since 𝑓2, defined in (6.1.56), is supported in 𝑟 ≥ 𝑅
2 , it follows that (q𝔭, 𝔮𝐹) is also supported in

𝑟 ≥ 𝑅
2 . In particular, (q𝔭, 𝔮𝐹) vanishes for 𝑟 < 𝑅

2 . Therefore, in view of the definition (6.1.15)

of the weighted bulk norm 𝐵𝑝,

𝐵𝑞 [q𝔭,q𝔮𝐹] (𝜏1, 𝜏2) ≃
∫
M≥ 𝑅

2
(𝜏1,𝜏2)

𝑟𝑞−3
(
|𝔡q𝔭|2 +𝑄2 |𝔡q𝔮𝐹 |2

)
. (7.4.2)
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First, notice that (7.3.6) yields

𝐽𝑠+1max(𝑞,𝛿)
[
(𝔭, 𝑁1), (𝔮𝐹 , 𝑁2)

]
(𝜏1, 𝜏2) ≲ sup

𝜏∈[𝜏1,𝜏2]
𝐸 𝑠+1 [𝔭, 𝔮𝐹] (𝜏) + 𝐵𝑠+1max(𝑞,𝛿) [𝔭, 𝔮

𝐹] (𝜏1, 𝜏2)

+ 𝐼̃ 𝑠+1max(𝑞,𝛿) [𝑁𝑏] (𝜏1, 𝜏2) + 𝐼
𝑠+2
max(𝑞,𝛿) [𝑁𝑔] (𝜏1, 𝜏2).

(7.4.3)

Hence, using (7.4.3) and Theorem 7.1.1, together with the fact that max(𝑞, 𝛿) ≤ 𝑞 + 1, we

infer

𝐸 𝑠+1max(𝑞,𝛿) [𝔭, 𝔮
𝐹] (𝜏1) + 𝐽𝑠+1max(𝑞,𝛿)

[
(𝔭, 𝑁1), (𝔮𝐹 , 𝑁2)

]
(𝜏1, 𝜏2)

≲ 𝐸 𝑠+1max(𝑞,𝛿) [𝔭, 𝔮
𝐹] (𝜏1) + 𝐼̃ 𝑠+1max(𝑞,𝛿) [𝑁𝑔] (𝜏1, 𝜏2) + 𝐼

𝑠+2
max(𝑞,𝛿) [𝑁𝑔] (𝜏1, 𝜏2)

≲ 𝐸 𝑠+1𝑞+1 [𝔭, 𝔮𝐹] (𝜏1) + 𝐼̃ 𝑠+1𝑞+1 [𝑁𝑔] (𝜏1, 𝜏2) + 𝐼 𝑠+2𝑞+1 [𝑁𝑔] (𝜏1, 𝜏2).

(7.4.4)

In view of (7.4.1) and (7.4.4), it remains to estimate the term

q𝐽𝑠𝑞

[
(q𝔭, q𝑁1), (q𝔮𝐹 , q𝑁2)

]
(𝜏1, 𝜏2) =

∑︁
𝑘≤𝑠

q𝐽𝑞

[
(𝔡𝑘q𝔭, 𝔡𝑘 q𝑁1), (𝔡𝑘q𝔮𝐹 , 𝔡𝑘 q𝑁2)

]
(𝜏1, 𝜏2), (7.4.5)

with q𝑁1 = ∇4𝑁1 +
3

𝑟
𝑁1, q𝑁2 = ∇4𝑁2 +

3

𝑟
𝑁2, and

q𝐽𝑞

[
(q𝔭, q𝑁1), (q𝔮𝐹 , q𝑁2)

]
(𝜏1, 𝜏2) = q𝐽𝑞 [q𝔭, q𝑁1] (𝜏1, 𝜏2) +𝑄2

q𝐽𝑞 [q𝔮𝐹 , q𝑁2] (𝜏1, 𝜏2),

q𝐽𝑞 [q𝔭, q𝑁1] (𝜏1, 𝜏2) =
∫
M≥4𝑚0 (𝜏1,𝜏2)

𝑟𝑞+2
(
q∇4q𝔭

)
·
(
∇4𝑁1 +

3

𝑟
𝑁1

)
,

q𝐽𝑞 [q𝔮𝐹 , q𝑁2] (𝜏1, 𝜏2) =
∫
M≥4𝑚0 (𝜏1,𝜏2)

𝑟𝑞+2
(
q∇4q𝔮𝐹

)
·
(
∇4𝑁2 +

3

𝑟
𝑁2

)
.

(7.4.6)
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Hence, we can rewrite in the equivalent form,

q𝐽𝑠𝑞

[
(q𝔭, q𝑁1), (q𝔮𝐹 , q𝑁2)

]
(𝜏1, 𝜏2)

=
∑︁
𝑘≤𝑠

q𝐽𝑞

[
(𝔡𝑘q𝔭, 𝔡𝑘 q𝑁1), (𝔡𝑘q𝔮𝐹 , 𝔡𝑘 q𝑁2)

]
(𝜏1, 𝜏2)

=
∑︁
𝑘≤𝑠

�����∫M≥4𝑚0 (𝜏1,𝜏2)
𝑟𝑞

(
𝑟q∇4𝔡

𝑘
q𝔭
) (
𝔡≤𝑘+1𝑁1

) ����� +𝑄2
∑︁
𝑘≤𝑠

�����∫M≥4𝑚0 (𝜏1,𝜏2)
𝑟𝑞

(
𝑟q∇4𝔡

𝑘
q𝔮𝐹

) (
𝔡≤𝑘+1𝑁2

) ����� .
(7.4.7)

We now estimate (7.4.7) according to the structure (7.0.2) of 𝑁1 and 𝑁2 following [27]. And

we will use the following notation

q𝐽𝑠𝑞

[
(q𝔭, q𝑁1), (q𝔮𝐹 , q𝑁2)

]
(𝜏1, 𝜏2)

= q𝐽𝑠𝑞

[
(q𝔭, q𝑁𝑚), (q𝔮𝐹 , q𝑁𝑚)

]
(𝜏1, 𝜏2) + q𝐽𝑠𝑞

[
(q𝔭, q𝑁𝑔), (q𝔮𝐹 , q𝑁𝑔)

]
(𝜏1, 𝜏2),

+ q𝐽𝑠𝑞

[
(q𝔭, ­∇3(𝑟𝑁𝑔)), (q𝔮𝐹 , ­∇3(𝑟𝑁𝑔)

]
(𝜏1, 𝜏2) + q𝐽𝑠𝑞

[
q𝔭, q𝑁𝑏

]
(𝜏1, 𝜏2),

(7.4.8)

where q𝑁𝑚 =

(
∇4 +

3

𝑟

)
𝑁𝑚, q𝑁𝑔 =

(
∇4 +

3

𝑟

)
𝑁𝑔, ­∇3(𝑟𝑁𝑔) =

(
∇4 +

3

𝑟

)
∇3(𝑟𝑁𝑔) and q𝑁𝑏 =

(
∇4 +

3

𝑟

)
𝑁𝑏.

Following the estimate of “𝔡≤𝑘+1𝑁𝑔” and “𝔡𝑘+1𝑁𝑚” in [27], we can easily the contribution from

handle q𝑁𝑚, q𝑁𝑔 and ­∇3(𝑟𝑁𝑔). In particular, one can show for any 𝛿 ≤ 𝑞 ≤ 1 − 𝛿 that

q𝐽𝑠𝑞

[
(q𝔭, q𝑁𝑚), (q𝔮𝐹 , q𝑁𝑚)

]
(𝜏1, 𝜏2) ≲ 𝜖2 sup

𝜏∈[𝜏1,𝜏2]
𝐸 𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏) + 𝐸 𝑠+1𝑞+1 [𝔭, 𝔮𝐹] (𝜏1)

+ 𝐼̃ 𝑠+1𝑞+1 [𝑁𝑔] (𝜏1, 𝜏2) + 𝐼 𝑠+2𝑞+1 [𝑁𝑔] (𝜏1, 𝜏2),
(7.4.9)

q𝐽𝑠𝑞

[
(q𝔭, q𝑁𝑔), (q𝔮𝐹 , q𝑁𝑔)

]
(𝜏1, 𝜏2) ≲ 𝛿1𝐵

𝑠
𝑞 [q𝔭,q𝔮𝐹] (𝜏1, 𝜏2) + 𝛿−11 𝐼̃ 𝑠+1𝑞+2

[
𝑁𝑔

]
(𝜏1, 𝜏2), (7.4.10)
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and

q𝐽𝑠𝑞

[
(q𝔭, ­∇3(𝑟𝑁𝑔)), (q𝔮𝐹 , ­∇3(𝑟𝑁𝑔))

]
(𝜏1, 𝜏2)

≲ 𝛿1𝐵
𝑠
𝑞 [q𝔭,q𝔮𝐹] (𝜏1, 𝜏2) + 𝐸 𝑠+1max(𝑞,𝛿) [𝔭, 𝔮

𝐹] (𝜏1) + 𝐵𝑠+1𝑞+1 [𝔭, 𝔮𝐹] (𝜏1, 𝜏2)

+ 𝛿−11 𝐼 𝑠+1𝑞+2 [𝑁𝑔] (𝜏1, 𝜏2).

(7.4.11)

Finally, to handle the contribution from q𝑁𝑏, we compute directly

q𝐽𝑠𝑞

[
q𝔭, q𝑁𝑏

]
=

∫
M≥4𝑚0 (𝜏1,𝜏2)

𝑟𝑞+2
(
q∇4𝔡

≤𝑠
q𝔭
)
· 𝔡≤𝑠 q𝑁𝑏

≲ 𝛿1

∫
M≥4𝑚0 (𝜏1,𝜏2)

𝑟𝑞−1 |q∇4𝔡
≤𝑠

q𝔭|2 + 𝛿−11
∫
M≥4𝑚0 (𝜏1,𝜏2)

𝑟𝑞+5 |𝔡≤𝑠 q𝑁𝑏 |2

≲ 𝛿1𝐵
𝑠
𝑞 [q𝔭,q𝔮𝐹] (𝜏1, 𝜏2) + 𝛿−11

∫
M≥4𝑚0 (𝜏1,𝜏2)

𝑟𝑞+5 |𝔡≤𝑠 q𝑁𝑏 |2.

(7.4.12)

Summing up (7.4.9), (7.4.10), (7.4.11) and (7.4.12), we deduce for 𝛿 ≤ 𝑝 ≤ 1 − 𝛿 and 𝛿1 > 0

q𝐽𝑠𝑞

[
(q𝔭, q𝑁1), (q𝔮𝐹 , q𝑁2)

]
(𝜏1, 𝜏2)

≲ 𝜖2 sup
𝜏∈[𝜏1,𝜏2]

𝐸 𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏) + 𝛿1𝐵𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏1, 𝜏2) + 𝐸 𝑠+1𝑞+1 [𝔭, 𝔮𝐹] (𝜏1) + 𝐵𝑠+1𝑞+1 [𝔭, 𝔮𝐹] (𝜏1, 𝜏2)

+ (𝛿−11 + 1)𝐼 𝑠+2𝑞+2 [𝑁𝑔] (𝜏1, 𝜏2) + 𝛿−11
∫
M≥4𝑚0 (𝜏1,𝜏2)

𝑟𝑞+5 |𝔡≤𝑠 q𝑁𝑏 |2.

(7.4.13)

Now we choose 𝛿1 small enough so that the 𝐵𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏1, 𝜏2) term on the right-hand side of

(7.4.13) can be absorbed to the left-hand side of (7.4.1). Moreover, since 𝛿 ≤ 𝑞+1 ≤ 2−𝛿, we

apply Theorem 7.1.1 to control the weighted energies 𝜖2 sup𝜏∈[𝜏1,𝜏2] 𝐸
𝑠
𝑞 [q𝔭,q𝔮𝐹] (𝜏) and weighted

bulk 𝐵𝑠+1
𝑞+1 [𝔭, 𝔮𝐹] (𝜏1, 𝜏2) on the right-hand side of (7.4.13). Thus, combining Theorem 7.1.1,
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(7.4.1), (7.4.4) and (7.4.13), we infer for any −1 + 𝛿 ≤ 𝑞 ≤ 1 − 𝛿 and 0 ≤ 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + 29 that

sup
𝜏∈[𝜏1,𝜏2]

𝐸 𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏) + 𝐵𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏1, 𝜏2)

≲ 𝐸 𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏1) + 𝐸 𝑠+1𝑞+1 [𝔭, 𝔮𝐹] (𝜏1) + 𝐼 𝑠+2𝑞+2 [𝑁𝑔] (𝜏1, 𝜏2) +
∫
M≥4𝑚0 (𝜏1,𝜏2)

𝑟𝑞+5 |𝔡≤𝑠 q𝑁𝑏 |2.

(7.4.14)

This completes the proof of Theorem 7.1.2.
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Chapter 8: Decay Estimates of 𝔭 and 𝔮𝐹

In this Chapter, we finish the proof of Theorem M1 and obtain pointwise decay estimate

for 𝔭, 𝔮𝐹 and their higher order derivatives.

Decay Norms In addition to the primary norms introduced in Section 5.2.8 and the 𝑟-

weighted norms from Section 6.1.2, we now define decay norms that also account for the

𝜏-decay behavior.

E𝑠𝑝,𝑑 [𝜓] : = sup
0≤𝜏≤𝜏∗

(1 + 𝜏)𝑑𝐸 𝑠𝑝 [𝜓] (𝜏),

B𝑠
𝑝,𝑑 [𝜓] : = sup

0≤𝜏≤𝜏∗
(1 + 𝜏)𝑑𝐵𝑠𝑝 [𝜓] (𝜏, 𝜏∗),

≃ sup
0≤𝜏≤𝜏∗

(1 + 𝜏)𝑑
∫ 𝜏∗

𝜏

𝑀 𝑠
𝑝−1 [𝜓] (𝜏′)𝑑𝜏′,

F 𝑠
𝑝,𝑑 [𝜓] : = sup

0≤𝜏≤𝜏∗
(1 + 𝜏)𝑑𝐹𝑠𝑝 [𝜓] (𝜏, 𝜏∗),

I𝑠𝑝,𝑑 [𝑁𝑔] : = sup
0≤𝜏≤𝜏∗

(1 + 𝜏)𝑑 𝐼 𝑠𝑝 [𝑁𝑔] (𝜏, 𝜏∗).

(8.0.1)

The structure of this chapter is as follows:

• In Section 8.1, we apply the mean value theorem to convert the weighted estimates for

𝔭 and 𝔮𝐹 from Theorem 7.1.1 into the 𝑟 𝑝-hierarchy for 𝑝 ∈ [𝛿, 2− 𝛿] stated in Theorem

8.1.2. This hierarchy is expressed in decay norms, which we introduce above.

• In Section 8.2, we extend this approach to q𝔭 and q𝔮𝐹 , using the mean value theorem

to transform their improved weighted estimates from Theorem 7.1.2 into a new 𝑟𝑞-

hierarchy for 𝑞 ∈ [−1+ 𝑞0, 𝑞0]1, as established in Theorem 8.2.1. This hierarchy is also

formulated using decay norms.
1where 0 < 𝛿 < 𝑞0 ≤ 1 − 𝛿
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• In Section 8.3, we combine the initial 𝑟 𝑝-hierarchy for 𝔭, 𝔮𝐹 (for 𝑝 ∈ [𝛿, 2 − 𝛿] from

Theorem 8.1.2) with the new 𝑟𝑞-hierarchy for q𝔭,q𝔮𝐹 (for 𝑞 ∈ [−1+𝑞0, 𝑞0] from Theorem

8.2.1), extending the 𝑟 𝑝-hierarchy of 𝔭, 𝔮𝐹 up to 𝑝 = 2 + 𝑞0 − 𝛿.

• In Section 8.4, we conduct a detailed analysis of the nonlinear terms and establish the

final 𝑟 𝑝-hierarchy for 𝔭, 𝔮𝐹 in Corollary 8.4.3.

• In Section 8.5, we complete the proof of Theorem M1.

8.1 First Flux Decay Estimates of 𝔭 and 𝔮𝐹

The objective of this section is to establish the first 𝑟 𝑝-hierarchy for (𝔭, 𝔮𝐹) ∈ 𝔰1 × 𝔰2. In

the linear theory, the 𝑟 𝑝-hierarchy introduced by Dafermos and Rodnianski [8] holds only

for 𝑝 < 2, which is insufficient for our purposes.

We begin by deriving Dafermos-Rodnianski’s 𝑟 𝑝-hierarchy for 𝑝 < 2 in this section. In the

next section, leveraging the approach from [2], we effectively extend this hierarchy to the

regime where 𝑝 slightly exceeds 2. Finally, we apply these results to establish the desired

flux decay estimate.

We will use the following interpolation lemma.

Lemma 8.1.1 (Interpolation lemma). For any 𝑝1 ≤ 𝑝 ≤ 𝑝2, we have the energy interpola-

tion:

𝐸 𝑠𝑝 [𝔭, 𝔮𝐹] ≲ (𝐸 𝑠𝑝1 [𝔭, 𝔮
𝐹])

𝑝2−𝑝

𝑝2−𝑝1 (𝐸 𝑠𝑝2 [𝔭, 𝔮
𝐹])

𝑝−𝑝1
𝑝2−𝑝1 . (8.1.1)

Proof. This is direct consequence of the Hölder inequality.

Theorem 8.1.2. Assume (𝔭, 𝔮𝐹) ∈ 𝔰1 × 𝔰2 verifies the estimate of Theorem 7.1.1. Then the

following estimates hold true for all 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 3) and for all 𝛿 ≤ 𝑝 ≤ 2 − 𝛿,

E𝑠−[2−𝛿−𝑝]
𝑝,2−𝛿−𝑝 [𝔭, 𝔮𝐹] + B𝑠−[2−𝛿−𝑝]

𝑝,2−𝛿−𝑝 [𝔭, 𝔮𝐹] + F 𝑠−[2−𝛿−𝑝]
𝑝,2−𝛿−𝑝 [𝔭, 𝔮𝐹]

≲ E𝑠2−𝛿 [𝔭, 𝔮
𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠+1𝛿,2−2𝛿 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠𝛿,2−2𝛿 [𝑁𝑏] .

(8.1.2)
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Proof. We separate the proof into several steps: first, we establish the estimate of E𝑠−[2−𝛿−𝑝]
𝑝,2−𝛿−𝑝 [𝔭, 𝔮𝐹]

in (8.1.2) for 𝑝 = 2−𝛿, then for 𝑝 = 1−𝛿, and subsequently for 𝑝 = 𝛿. We then interpolate to

obtain the result for the full range 𝛿 ≤ 𝑝 ≤ 2− 𝛿. Finally, we conclude the proof by applying

Theorem 7.1.1 to derive the estimates for B𝑠−[2−𝛿−𝑝]
𝑝,2−𝛿−𝑝 [𝔭, 𝔮𝐹] and F 𝑠−[2−𝛿−𝑝]

𝑝,2−𝛿−𝑝 [𝔭, 𝔮𝐹].

Step 0. Rewrite Theorem 7.1.1:

In view of (6.1.30), (7.1.1) implies for 𝛿 ≤ 𝑝 ≤ 2 − 𝛿, on [𝜏1, 𝜏2],

𝐸 𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏2) +
∫ 𝜏2

𝜏1

𝑀 𝑠
𝑝−1 [𝔭, 𝔮𝐹] (𝜆)𝑑𝜆 ≲ 𝐸 𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏1) + 𝐼 𝑠+1𝑝 [𝑁𝑔] (𝜏1, 𝜏2) + 𝐼̃ 𝑠𝑝 [𝑁𝑏] (𝜏1, 𝜏2).

(8.1.3)

Step 1. Estimate E𝑠2−𝛿,0 [𝔭, 𝔮
𝐹]:

Apply (8.1.3) with 𝑝 = 2 − 𝛿 on [𝜏1, 𝜏2] = [𝜏/2, 𝜏], we have

𝐸 𝑠2−𝛿 [𝔭, 𝔮
𝐹] (𝜏) +

∫ 𝜏

𝜏/2
𝑀 𝑠

1−𝛿 [𝔭, 𝔮
𝐹] (𝜆)𝑑𝜆 ≲ 𝐸 𝑠2−𝛿 [𝔭, 𝔮

𝐹] (𝜏/2) + 𝐼 𝑠+12−𝛿 [𝑁𝑔] (𝜏/2, 𝜏) + 𝐼̃
𝑠
2−𝛿 [𝑁𝑏] (𝜏/2, 𝜏).

(8.1.4)

The bound on 𝐸 𝑠2−𝛿 [𝔭, 𝔮
𝐹] (𝜏) in (8.1.4) implies

E𝑠2−𝛿,0 [𝔭, 𝔮
𝐹] ≲ E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] . (8.1.5)

Step 2. Estimate E𝑠−11−𝛿,1 [𝔭, 𝔮
𝐹]:

The bound on
∫ 𝜏

𝜏/2 𝑀
𝑠
1−𝛿 [𝔭, 𝔮

𝐹] (𝜆)𝑑𝜆 in (8.1.4) and mean value theorem imply ∃ 𝜏∗0 ∈ [𝜏/2, 𝜏]

s.t.

𝐸 𝑠−11−𝛿 [𝔭, 𝔮
𝐹] (𝜏∗0) ≲ 𝑀 𝑠

1−𝛿 [𝔭, 𝔮
𝐹] (𝜏∗0)

≲ (1 + 𝜏)−1
(
𝐸 𝑠2−𝛿 [𝔭, 𝔮

𝐹] (𝜏/2) + 𝐼 𝑠+12−𝛿 [𝑁𝑔] (𝜏/2, 𝜏) + 𝐼̃
𝑠
2−𝛿 [𝑁𝑏] (𝜏/2, 𝜏)

)
.

(8.1.6)
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Now apply (8.1.3) with 𝑝 = 1 − 𝛿 on [𝜏1, 𝜏2] = [𝜏∗0 , 𝜏], we have

𝐸 𝑠−11−𝛿 [𝔭, 𝔮
𝐹] (𝜏) ≲ 𝐸 𝑠−11−𝛿 [𝔭, 𝔮

𝐹] (𝜏∗0) + 𝐼 𝑠1−𝛿 [𝑁𝑔] (𝜏
∗
0 , 𝜏) + 𝐼̃ 𝑠−11−𝛿 [𝑁𝑏] (𝜏

∗
0 , 𝜏)

≲ (1 + 𝜏)−1
(
𝐸 𝑠2−𝛿 [𝔭, 𝔮

𝐹] (𝜏/2) + 𝐼 𝑠+12−𝛿 [𝑁𝑔] (𝜏/2, 𝜏) + 𝐼̃
𝑠
2−𝛿 [𝑁𝑏] (𝜏/2, 𝜏)

)
+ 𝐼 𝑠1−𝛿 [𝑁𝑔] (𝜏

∗
0 , 𝜏) + 𝐼̃ 𝑠−11−𝛿 [𝑁𝑏] (𝜏

∗
0 , 𝜏)

≲ (1 + 𝜏)−1
(
E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠1−𝛿,1 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠−11−𝛿,1 [𝑁𝑏]
)

(8.1.7)

where we have used the control of 𝐸 𝑠−11−𝛿 [𝔭, 𝔮
𝐹] (𝜏∗0) in (8.1.6) and used (8.1.5) to control

𝐸 𝑠2−𝛿 [𝔭, 𝔮
𝐹] (𝜏/2). (8.1.7) immediately implies

E𝑠−11−𝛿,1 [𝔭, 𝔮
𝐹] ≲ E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠1−𝛿,1 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠−11−𝛿,1 [𝑁𝑏] . (8.1.8)

Step 3. Estimate E𝑠−1
𝛿,2−2𝛿 [𝔭, 𝔮

𝐹]:

Using (8.1.1) in Lemma 8.1.1 with (𝑝1, 𝑝, 𝑝2) = (1 − 𝛿, 1, 2 − 𝛿) to interpolate the bound on

𝐸 𝑠2−𝛿 [𝔭, 𝔮
𝐹] (𝜏) in (8.1.4) and the bound on 𝐸 𝑠−11−𝛿 [𝔭, 𝔮

𝐹] (𝜏) in (8.1.7), we get

𝐸 𝑠−11 (𝜏) ≲ (𝐸 𝑠−11−𝛿 (𝜏))
1−𝛿 (𝐸 𝑠−12−𝛿 (𝜏))

𝛿

≲ (1 + 𝜏)−1+𝛿
(
E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠1−𝛿,1 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠−11−𝛿,1 [𝑁𝑏]
)
.

(8.1.9)

Similarly, this also holds for 𝜏/2 replacing 𝜏

𝐸 𝑠−11 (𝜏/2) ≲ (1 + 𝜏)−1+𝛿
(
E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠1−𝛿,1 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠−11−𝛿,1 [𝑁𝑏]
)
.

(8.1.10)
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Therefore, we can apply (8.1.3) with 𝑝 = 1 on [𝜏1, 𝜏2] = [𝜏/2, 𝜏], while using (8.1.10) to

control 𝐸 𝑠−11 (𝜏/2),∫ 𝜏

𝜏/2
𝑀 𝑠−1

0 (𝜆)𝑑𝜆

≲ 𝐸 𝑠−11 (𝜏/2) + 𝐼 𝑠1 [𝑁𝑔] (𝜏/2, 𝜏) + 𝐼̃ 𝑠−11 [𝑁𝑏] (𝜏/2, 𝜏)

≲ (1 + 𝜏)−1+𝛿
(
E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠1−𝛿,1 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠−11−𝛿,1 [𝑁𝑏]
)

+ (1 + 𝜏)−1+𝛿
(
I𝑠1,1−𝛿 [𝑁𝑔] + Ĩ𝑠−11,1−𝛿 [𝑁𝑏]

)
≲ (1 + 𝜏)−1+𝛿

(
E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠+11−𝛿,1 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠1−𝛿,1 [𝑁𝑏]
)
,

(8.1.11)

where we have use the definitions of I and Ĩ to interpolate the I and Ĩ norms.

Now the bound on
∫ 𝜏

𝜏/2 𝑀
𝑠−1
0 [𝔭, 𝔮𝐹] (𝜆)𝑑𝜆 in (8.1.11) and mean value theorem imply ∃ 𝜏∗1 ∈

[𝜏/2, 𝜏] s.t.

𝐸 𝑠−20 [𝔭, 𝔮𝐹] (𝜏∗1) ≲ 𝑀 𝑠−1
0 [𝔭, 𝔮𝐹] (𝜏∗1)

≲ (1 + 𝜏)−2+𝛿
(
E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠+11−𝛿,1 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠1−𝛿,1 [𝑁𝑏]
)
.

(8.1.12)

Since 𝜏∗1 ≥ 𝜏/2, from (8.1.7), we have

𝐸 𝑠−11−𝛿 [𝔭, 𝔮
𝐹] (𝜏∗1)

≲ (1 + 𝜏∗1)−1
(
E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠1−𝛿,1 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠−11−𝛿,1 [𝑁𝑏]
)

≲ (1 + 𝜏)−1
(
E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠1−𝛿,1 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠−11−𝛿,1 [𝑁𝑏]
)
.

(8.1.13)

Using (8.1.1) in Lemma 8.1.1 with (𝑝1, 𝑝, 𝑝2) = (0, 𝛿, 1 − 𝛿) to interpolate the bound on

𝐸 𝑠−10 [𝔭, 𝔮𝐹] (𝜏∗1) in (8.1.12) and the bound on 𝐸 𝑠−21−𝛿 [𝔭, 𝔮
𝐹] (𝜏∗1) in (8.1.13), we get

𝐸 𝑠−2𝛿 (𝜏∗1) ≲ (𝐸 𝑠−10 (𝜏∗1))
1−2𝛿
1−𝛿 (𝐸 𝑠−21−𝛿 (𝜏

∗
1))

𝛿
1−𝛿

≲ (1 + 𝜏)−2+2𝛿
(
E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠+11−𝛿,1 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠1−𝛿,1 [𝑁𝑏]
)
.

(8.1.14)
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Now, we can apply (8.1.3) with 𝑝 = 𝛿 on [𝜏1, 𝜏2] = [𝜏∗1 , 𝜏], while using (8.1.10) to control

𝐸 𝑠−2
𝛿

(𝜏∗1),

𝐸 𝑠−2𝛿 [𝔭, 𝔮𝐹] (𝜏)

≲ 𝐸 𝑠−2𝛿 (𝜏∗1) + 𝐼 𝑠−1𝛿 [𝑁𝑔] (𝜏∗1 , 𝜏) + 𝐼̃ 𝑠−2𝛿 [𝑁𝑏] (𝜏∗1 , 𝜏)

≲ (1 + 𝜏)−2+2𝛿
(
E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠+11−𝛿,1 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠1−𝛿,1 [𝑁𝑏]
)

+ (1 + 𝜏)−2+2𝛿
(
I𝑠−1𝛿,2−2𝛿 [𝑁𝑔] + Ĩ𝑠−2𝛿,2−2𝛿 [𝑁𝑏]

)
≲ (1 + 𝜏)−2+2𝛿

(
E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠+1𝛿,2−2𝛿 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠𝛿,2−2𝛿 [𝑁𝑏]
)
,

(8.1.15)

where we have use definitions of I and Ĩ to interpolate the I and Ĩ norms. (8.1.15)

immediately implies

E𝑠−2𝛿,2−2𝛿 [𝔭, 𝔮
𝐹] ≲ E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠+1𝛿,2−2𝛿 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠𝛿,2−2𝛿 [𝑁𝑏] .

(8.1.16)

Step 4. Interpolation for E𝑠−[2−𝛿−𝑝]
𝑝,2−𝛿−𝑝 [𝔭, 𝔮𝐹]:

Interpolating (8.1.16) and (8.1.8), as well as (8.1.8) and (8.1.5), we infer for all 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 +

(𝑘 𝑙𝑜𝑠𝑠 − 3) and for all 𝛿 ≤ 𝑝 ≤ 2 − 𝛿

E𝑠−[2−𝛿−𝑝]
𝑝,2−𝛿−𝑝 [𝔭, 𝔮𝐹] ≲ E𝑠2−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠+1𝛿,2−2𝛿 [𝑁𝑔] + Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠𝛿,2−2𝛿 [𝑁𝑏] .

(8.1.17)
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Step 5. Estimate B𝑠−[2−𝛿−𝑝]
𝑝,2−𝛿−𝑝 [𝔭, 𝔮𝐹] and F 𝑠−[2−𝛿−𝑝]

𝑝,2−𝛿−𝑝 [𝔭, 𝔮𝐹]:

Apply Theorem 7.1.1 on [𝜏, 𝜏∗], we have for any 𝛿 ≤ 𝑝 ≤ 2 − 𝛿

𝐵
𝑠−[2−𝛿−𝑝]
𝑝 [𝔭, 𝔮𝐹] (𝜏, 𝜏∗) + 𝐹𝑠−[2−𝛿−𝑝]𝑝 [𝔭, 𝔮𝐹] (𝜏, 𝜏∗)

≲ 𝐸
𝑠−[2−𝛿−𝑝]
𝑝 [𝔭, 𝔮𝐹] (𝜏) + 𝐼 𝑠+1−[2−𝛿−𝑝]𝑝 [𝑁𝑔] (𝜏, 𝜏∗) + 𝐼̃ 𝑠−[2−𝛿−𝑝]𝑝 [𝑁𝑏] (𝜏, 𝜏∗)

≲ (1 + 𝜏)−(2−𝛿−𝑝)
(
E𝑠−[2−𝛿−𝑝]
𝑝,2−𝛿−𝑝 [q𝔭,q𝔮𝐹] + I𝑠+1𝑝,2−𝛿−𝑝 [𝑁𝑔] + Ĩ𝑠𝑝,2−𝛿−𝑝 [𝑁𝑏]

)
,

(8.1.18)

which immediately implies for all 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 3) and 𝛿 ≤ 𝑝 ≤ 2 − 𝛿

B𝑠−[2−𝛿−𝑝]
𝑝,2−𝛿−𝑝 [𝔭, 𝔮𝐹] + F 𝑠−[2−𝛿−𝑝]

𝑝,2−𝛿−𝑝 [𝔭, 𝔮𝐹] ≲ E𝑠−[2−𝛿−𝑝]
𝑝,2−𝛿−𝑝 [𝔭, 𝔮𝐹] + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠+1𝛿,2−2𝛿 [𝑁𝑔]

+ Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠𝛿,2−2𝛿 [𝑁𝑏] .

(8.1.19)

Combining (8.1.17) and (8.1.19), we conclude the proof of Theorem 8.1.2.

8.2 Flux Decay Estimates of q𝔭 and q𝔮𝐹

The goal of this section is to prove the following 𝑟 𝑝-hierarchy for (q𝔭,q𝔮𝐹) ∈ 𝔰1 × 𝔰2, where

q𝔭 = 𝑓2q𝑒4𝔭 and q𝔮𝐹 = 𝑓2q𝑒4𝔮
𝐹 are defined similarly as (6.2.1).

Theorem 8.2.1. Assume (q𝔭,q𝔮𝐹) ∈ 𝔰1 × 𝔰2 verifies the estimate of Theorem 7.1.2. Then

there exists a fixed number 𝛿 < 𝑞0 ≤ 1− 𝛿 such that the following estimates hold true for all

𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 5) and for all 𝑞0 − 1 ≤ 𝑞 ≤ 𝑞0,

E𝑠𝑞,𝑞0−𝑞 [q𝔭,q𝔮
𝐹] + B𝑠

𝑞,𝑞0−𝑞 [q𝔭,q𝔮
𝐹]

≲ E𝑠+1𝑞0
[q𝔭,q𝔮𝐹] (0) + E𝑠+22−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+3𝑞0+2,0 [𝑁𝑔] + I𝑠+3𝛿,2−2𝛿 [𝑁𝑔] + Ĩ𝑠+22−𝛿,0 [𝑁𝑏] + Ĩ𝑠+2𝛿,2−2𝛿 [𝑁𝑏]

+ sup
0≤𝜏≤𝜏∗

(∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+5 |𝔡≤𝑠+1 q𝑁𝑏 |2 + (1 + 𝜏)
∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+4 |𝔡≤𝑠 q𝑁𝑏 |2
)
.

(8.2.1)
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Proof. We separate the proof into several steps: first, we establish the estimate of E𝑠𝑞,𝑞0−𝑞 [q𝔭,q𝔮
𝐹]

in (8.2.1) for 𝑞 = 𝑞0, then for 𝑞 = 𝑞0 − 1. We then interpolate to obtain the result for the full

range 𝑞0 − 1 ≤ 𝑞 ≤ 𝑞0. Finally, we conclude the proof by applying Theorem 7.1.2 to derive

the estimates for B𝑠
𝑞,𝑞0−𝑞 [q𝔭,q𝔮

𝐹].

Step 0. Rewrite Theorem 7.1.2:

In view of (6.1.30), (7.1.2) implies for all 𝑞0 − 1 ≤ 𝑞 ≤ 𝑞0, on [𝜏1, 𝜏2],

𝐸 𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏2) +
∫ 𝜏2

𝜏1

𝑀 𝑠
𝑞−1 [q𝔭,q𝔮𝐹] (𝜆)𝑑𝜆

≲ 𝐸 𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏1) + (1 + 𝜏1)𝑞−𝑞0
(
E𝑠+1𝑞+1,𝑞0−𝑞 [𝔭, 𝔮

𝐹] + I𝑠+2𝑞+2,𝑞0−𝑞 [𝑁𝑔]
)

+
∫
M≥4𝑚0 (𝜏1,𝜏2)

𝑟𝑞+5 |𝔡≤𝑠 q𝑁𝑏 |2.

(8.2.2)

Step 1. Estimate E𝑠
𝑞0,0

[q𝔭,q𝔮𝐹]:

Apply (8.2.2) with 𝑞 = 𝑞0 on [𝜏1, 𝜏2] = [𝜏/2, 𝜏], we have

𝐸 𝑠𝑞0 [q𝔭,q𝔮
𝐹] (𝜏) +

∫ 𝜏

𝜏/2
𝑀 𝑠
𝑞0−1 [q𝔭,q𝔮

𝐹] (𝜆)𝑑𝜆

≲ 𝐸 𝑠𝑞0 [q𝔭,q𝔮
𝐹] (𝜏/2) +

(
E𝑠+1𝑞0+1,0 [𝔭, 𝔮

𝐹] + I𝑠+2𝑞0+2,0 [𝑁𝑔]
)

+
∫
M≥4𝑚0 (𝜏1,𝜏2)

𝑟𝑞0+5 |𝔡≤𝑠 q𝑁𝑏 |2.

(8.2.3)

The bound on 𝐸 𝑠𝑞0 [q𝔭,q𝔮
𝐹] (𝜏) in (8.2.3) implies

E𝑠𝑞0,0 [q𝔭,q𝔮
𝐹] ≲ E𝑠𝑞0 [q𝔭,q𝔮

𝐹] (0) + E𝑠+1𝑞0+1,0 [𝔭, 𝔮
𝐹] + I𝑠+2𝑞0+2,0 [𝑁𝑔] +

∫
M≥4𝑚0 (𝜏/2,𝜏)

𝑟𝑞0+5 |𝔡≤𝑠 q𝑁𝑏 |2.

(8.2.4)

Step 2. Estimate E𝑠
𝑞0−1,0 [q𝔭,q𝔮

𝐹]:

The bound on
∫ 𝜏

𝜏/2 𝑀
𝑠
𝑞0−1 [𝔭, 𝔮

𝐹] (𝜆)𝑑𝜆 in (8.2.3) and mean value theorem imply ∃ 𝜏∗0 ∈ [𝜏/2, 𝜏]
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s.t.

𝐸 𝑠−1𝑞0−1 [q𝔭,q𝔮
𝐹] (𝜏∗0) ≲ 𝑀 𝑠

𝑞0−1 [q𝔭,q𝔮
𝐹] (𝜏∗0)

≲ (1 + 𝜏)−1
(
E𝑠𝑞0 [q𝔭,q𝔮

𝐹] (0) + E𝑠+1𝑞0+1,0 [𝔭, 𝔮
𝐹] + I𝑠+2𝑞0+2,0 [𝑁𝑔] +

∫
M≥4𝑚0 (𝜏/2,𝜏)

𝑟𝑞0+5 |𝔡≤𝑠 q𝑁𝑏 |2
)
.

(8.2.5)

Now apply (8.2.2) with 𝑞 = 𝑞0 − 1 on [𝜏1, 𝜏2] = [𝜏∗0 , 𝜏], we have

𝐸 𝑠−1𝑞0−1 [q𝔭,q𝔮
𝐹] (𝜏)

≲ 𝐸 𝑠−1𝑞0−1 [q𝔭,q𝔮
𝐹] (𝜏∗0) + (1 + 𝜏∗0)−1

(
E𝑠𝑞0,1 [𝔭, 𝔮

𝐹] + I𝑠+1𝑞0+1,1 [𝑁𝑔]
)
+

∫
M≥4𝑚0 (𝜏

∗
0,𝜏)

𝑟𝑞0+4 |𝔡≤𝑠−1 q𝑁𝑏 |2

≲ (1 + 𝜏)−1
(
E𝑠𝑞0 [q𝔭,q𝔮

𝐹] (0) + E𝑠+1𝑞0+1,0 [𝔭, 𝔮
𝐹] + I𝑠+2𝑞0+2,0 [𝑁𝑔] +

∫
M≥4𝑚0 (𝜏/2,𝜏)

𝑟𝑞0+5 |𝔡≤𝑠 q𝑁𝑏 |2
)

+ (1 + 𝜏)−1
(
E𝑠𝑞0,1 [𝔭, 𝔮

𝐹] + I𝑠+1𝑞0+1,1 [𝑁𝑔]
)
+

∫
M≥4𝑚0 (𝜏

∗
0,𝜏)

𝑟𝑞0+4 |𝔡≤𝑠−1 q𝑁𝑏 |2

≲ (1 + 𝜏)−1
(
E𝑠𝑞0 [q𝔭,q𝔮

𝐹] (0) + E𝑠+1𝑞0+1,0 [𝔭, 𝔮
𝐹] + E𝑠𝑞0,1 [𝔭, 𝔮

𝐹] + I𝑠+2𝑞0+2,0 [𝑁𝑔] + I𝑠+1𝑞0+1,1 [𝑁𝑔]
)

+ (1 + 𝜏)−1
∫
M≥4𝑚0 (𝜏/2,𝜏)

𝑟𝑞0+5 |𝔡≤𝑠 q𝑁𝑏 |2 +
∫
M≥4𝑚0 (𝜏

∗
0,𝜏)

𝑟𝑞0+4 |𝔡≤𝑠−1 q𝑁𝑏 |2.

(8.2.6)

where we have used the control of 𝐸 𝑠−1
𝑞0−1 [q𝔭,q𝔮

𝐹] (𝜏∗0) in (8.2.5). (8.2.6) immediately implies

E𝑠−1𝑞0−1,1 [q𝔭,q𝔮
𝐹]

≲ E𝑠𝑞0 [q𝔭,q𝔮
𝐹] (0) + E𝑠+1𝑞0+1,0 [𝔭, 𝔮

𝐹] + E𝑠𝑞0,1 [𝔭, 𝔮
𝐹] + I𝑠+2𝑞0+2,0 [𝑁𝑔] + I𝑠+1𝑞0+1,1 [𝑁𝑔]

+ sup
0≤𝜏≤𝜏∗

(∫
M≥4𝑚0 (𝜏/2,𝜏)

𝑟𝑞0+5 |𝔡≤𝑠 q𝑁𝑏 |2 + (1 + 𝜏)
∫
M≥4𝑚0 (𝜏

∗
0,𝜏)

𝑟𝑞0+4 |𝔡≤𝑠−1 q𝑁𝑏 |2
)
.

(8.2.7)

Step 3. Interpolation for E𝑠𝑞,𝑞0−𝑞 [q𝔭,q𝔮
𝐹]:

Interpolating (8.2.4) and (8.2.7), we infer for all 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 5) and for all 𝑞0 − 1 ≤
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𝑞 ≤ 𝑞0,

E𝑠𝑞,𝑞0−𝑞 [q𝔭,q𝔮
𝐹]

≲ E𝑠+1𝑞0
[q𝔭,q𝔮𝐹] (0) + E𝑠+2𝑞0+1,0 [𝔭, 𝔮

𝐹] + E𝑠+1𝑞0,1
[𝔭, 𝔮𝐹] + I𝑠+3𝑞0+2,0 [𝑁𝑔] + I𝑠+2𝑞0+1,1 [𝑁𝑔]

+ sup
0≤𝜏≤𝜏∗

(∫
M≥4𝑚0 (𝜏/2,𝜏)

𝑟𝑞0+5 |𝔡≤𝑠+1 q𝑁𝑏 |2 + (1 + 𝜏)
∫
M≥4𝑚0 (𝜏

∗
0,𝜏)

𝑟𝑞0+4 |𝔡≤𝑠 q𝑁𝑏 |2
)
.

(8.2.8)

Now in the view of Theorem 8.1.3, since 𝛿 ≤ 𝑞0 + 1, 𝑞0 ≤ 2− 𝛿, we have the following control

of E𝑠+2
𝑞0+1,0 [𝔭, 𝔮

𝐹] and E𝑠+1
𝑞0,1

[𝔭, 𝔮𝐹] for 𝑞0 − 1 ≤ 𝑞 ≤ 𝑞0

E𝑠+2𝑞0+1,0 [𝔭, 𝔮
𝐹] + E𝑠+1𝑞0,1

[𝔭, 𝔮𝐹]

≲ E𝑠+22−𝛿 [𝔭, 𝔮
𝐹] (0) + I𝑠+32−𝛿,0 [𝑁𝑔] + I𝑠+3𝛿,2−2𝛿 [𝑁𝑔] + Ĩ𝑠+22−𝛿,0 [𝑁𝑏] + Ĩ𝑠+2𝛿,2−2𝛿 [𝑁𝑏] .

(8.2.9)

Combining (8.2.8) and (8.2.9), we deduce

E𝑠𝑞,𝑞0−𝑞 [q𝔭,q𝔮
𝐹]

≲ E𝑠+1𝑞0
[q𝔭,q𝔮𝐹] (0) + E𝑠+22−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+3𝑞0+2,0 [𝑁𝑔] + I𝑠+32−𝛿,0 [𝑁𝑔] + I𝑠+2𝑞0+1,1 [𝑁𝑔] + I𝑠+3𝛿,2−2𝛿 [𝑁𝑔]

+ Ĩ𝑠+22−𝛿,0 [𝑁𝑏] + Ĩ𝑠+2𝛿,2−2𝛿 [𝑁𝑏]

+ sup
0≤𝜏≤𝜏∗

(∫
M≥4𝑚0 (𝜏/2,𝜏)

𝑟𝑞0+5 |𝔡≤𝑠+1 q𝑁𝑏 |2 + (1 + 𝜏)
∫
M≥4𝑚0 (𝜏

∗
0,𝜏)

𝑟𝑞0+4 |𝔡≤𝑠 q𝑁𝑏 |2
)

≲ E𝑠+1𝑞0
[q𝔭,q𝔮𝐹] (0) + E𝑠+22−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+3𝑞0+2,0 [𝑁𝑔] + I𝑠+3𝛿,2−2𝛿 [𝑁𝑔] + Ĩ𝑠+22−𝛿,0 [𝑁𝑏] + Ĩ𝑠+2𝛿,2−2𝛿 [𝑁𝑏]

+ sup
0≤𝜏≤𝜏∗

(∫
M≥4𝑚0 (𝜏/2,𝜏)

𝑟𝑞0+5 |𝔡≤𝑠+1 q𝑁𝑏 |2 + (1 + 𝜏)
∫
M≥4𝑚0 (𝜏

∗
0,𝜏)

𝑟𝑞0+4 |𝔡≤𝑠 q𝑁𝑏 |2
)
,

(8.2.10)

where we have use definitions of I and Ĩ to interpolate the I norms.
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Step 4. Estimate B𝑠
𝑞,𝑞0−𝑞 [q𝔭,q𝔮

𝐹]:

Apply Theorem 7.1.2 on [𝜏, 𝜏∗], we have for any 𝑞0 − 1 ≤ 𝑞 ≤ 𝑞0

𝐵𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏, 𝜏∗) ≲ 𝐸 𝑠𝑞 [q𝔭,q𝔮𝐹] (𝜏) + 𝐸 𝑠+1𝑞+1 [𝔭, 𝔮𝐹] (𝜏) + 𝐼 𝑠+2𝑞+2 [𝑁𝑔] (𝜏, 𝜏∗) +
∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞+5 |𝔡≤𝑠 q𝑁𝑏 |2

≲ (1 + 𝜏)−(𝑞0−𝑞)
(
E𝑠𝑞,𝑞0−𝑞 [q𝔭,q𝔮

𝐹] + E𝑠+1𝑞+1,𝑞0−𝑞 [𝔭, 𝔮
𝐹] + I𝑠+1𝑞+2,𝑞0−𝑞 [𝑁𝑔]

)
+

∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞+5 |𝔡≤𝑠 q𝑁𝑏 |2

≲ (1 + 𝜏)−(𝑞0−𝑞)
(
E𝑠𝑞,𝑞0−𝑞 [q𝔭,q𝔮

𝐹] + E𝑠+22−𝛿 [𝔭, 𝔮
𝐹] (0) + I𝑠+3𝑞0+2,0 [𝑁𝑔] + I𝑠+3𝛿,2−2𝛿 [𝑁𝑔]

)
+ (1 + 𝜏)−(𝑞0−𝑞)

(
Ĩ𝑠+12−𝛿,0 [𝑁𝑏] + I𝑠+3𝛿,2−2𝛿 [𝑁𝑏]

)
+

∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞+5 |𝔡≤𝑠 q𝑁𝑏 |2,

(8.2.11)

where we have use Theorem 7.1.1 to control 𝐸 𝑠+1
𝑞+1 [𝔭, 𝔮𝐹] (𝜏). Now (8.2.11) immediately

implies for all 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 5) and 𝑞0 − 1 ≤ 𝑞 ≤ 𝑞0

B𝑠
𝑞,𝑞0−𝑞 [q𝔭,q𝔮

𝐹] ≲ E𝑠𝑞,𝑞0−𝑞 [q𝔭,q𝔮
𝐹] + E𝑠+22−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+3𝑞0+2,0 [𝑁𝑔] + I𝑠+3𝛿,2−2𝛿 [𝑁𝑔]

+ Ĩ𝑠+12−𝛿,0 [𝑁𝑏] + I𝑠+3𝛿,2−2𝛿 [𝑁𝑏]

+ sup
0≤𝜏≤𝜏∗

(1 + 𝜏) (𝑞0−𝑞)
∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞+5 |𝔡≤𝑠 q𝑁𝑏 |2
(8.2.12)

Combining (8.2.10) and (8.2.12), we conclude the proof of Theorem 8.2.1.

8.3 Flux Decay Estimates of 𝔭 and 𝔮𝐹

The flux decay estimates of q𝔭,q𝔮𝐹 in Section 8.2 allow us to enlarge the 𝑝-range in 𝑟 𝑝-hierarchy

of 𝔭, 𝔮𝐹 . Effectively, it will improve the decay estimate of 𝔭, 𝔮𝐹 by (1 + 𝜏)−𝑞0 .

Theorem 8.3.1. Assume (𝔭, 𝔮𝐹) ∈ 𝔰1×𝔰2 verifies the estimate of Theorem 7.1.1 and (q𝔭,q𝔮𝐹) ∈

𝔰1 × 𝔰2 verifies the estimate of Theorem 7.1.2. Then the following estimates hold true for all
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𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 8) and for all 𝛿 ≤ 𝑝 ≤ 2 − 𝛿,

E𝑠𝑝,2+𝑞0−𝑝 [𝔭, 𝔮
𝐹] + B𝑠

𝑝,2+𝑞0−𝑝 [𝔭, 𝔮
𝐹] + F 𝑠

𝑝,2+𝑞0−𝑝 [𝔭, 𝔮
𝐹]

≲ E𝑠+2𝑞0
[q𝔭,q𝔮𝐹] (0) + E𝑠+42−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+5𝑞0+2,0 [𝑁𝑔] + I𝑠+5𝛿,2+𝑞0−𝛿 [𝑁𝑔] + Ĩ𝑠+42−𝛿,0 [𝑁𝑏] + Ĩ𝑠+4𝛿,2−2𝛿 [𝑁𝑏]

+ sup
0≤𝜏≤𝜏∗

(∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+5 |𝔡≤𝑠+3 q𝑁𝑏 |2 + (1 + 𝜏)
∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+4 |𝔡≤𝑠+2 q𝑁𝑏 |2
)
.

(8.3.1)

Proof. We establish the proof in five steps. First, we derive an improved estimate for

𝐸 𝑠2−𝛿 [𝔭, 𝔮
𝐹] (𝜏) using Theorem 8.2.1. Second and third, we apply the 𝑟 𝑝-hierarchy to ob-

tain the improved estimates for 𝐸 𝑠1−𝛿 [𝔭, 𝔮
𝐹] (𝜏) and for 𝐸 𝑠

𝛿
[𝔭, 𝔮𝐹] (𝜏). In the fourth step, we

interpolate between these estimates to establish improved bounds for 𝐸 𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏) over the

full range 𝛿 ≤ 𝑝 ≤ 2− 𝛿. Finally, applying Theorem 7.1.1, we conclude the proof by deriving

the desired estimates for B𝑠
𝑝,2+𝑞0−𝑝 [𝔭, 𝔮

𝐹] and F 𝑠
𝑝,2+𝑞0−𝑝 [𝔭, 𝔮

𝐹].

Step 1. Improved estimate for 𝐸 𝑠2−𝛿 [𝔭, 𝔮
𝐹] (𝜏):

We start with the main estimate of Theorem 8.2.1 with 𝑞 = −𝛿 which we write in the form,

𝐸 𝑠−𝛿 [q𝔭,q𝔮
𝐹] ≲ (1 + 𝜏)−𝑞0−𝛿 q𝐶𝑠𝑞0 , (8.3.2)

where,

q𝐶𝑠𝑞0 : = E𝑠+1𝑞0
[q𝔭,q𝔮𝐹] (0) + E𝑠+22−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+3𝑞0+2,0 [𝑁𝑔] + I𝑠+3𝛿,2−2𝛿 [𝑁𝑔] + Ĩ𝑠+22−𝛿,0 [𝑁𝑏] + Ĩ𝑠+2𝛿,2−2𝛿 [𝑁𝑏]

+ sup
0≤𝜏≤𝜏∗

(∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+5 |𝔡≤𝑠+1 q𝑁𝑏 |2 + (1 + 𝜏)
∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+4 |𝔡≤𝑠 q𝑁𝑏 |2
)
.

In view of the definition (6.1.10) of 𝐸 𝑠−𝛿 [q𝔭,q𝔮
𝐹], (8.3.2) implies

∫
Σ≥4𝑚0 (𝜏)

𝑟−𝛿
(
|q∇4𝔡

≤𝑠
q𝔭|2 + 𝑟−2 |𝔡≤𝑠q𝔭|2

)
≲ (1 + 𝜏)−𝑞0−𝛿 q𝐶𝑠𝑞0 ,
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𝑄2

∫
Σ≥4𝑚0 (𝜏)

𝑟−𝛿
(
|q∇4𝔡

≤𝑠
q𝔮𝐹 |2 + 𝑟−2 |𝔡≤𝑠q𝔮𝐹 |2

)
≲ (1 + 𝜏)−𝑞0−𝛿 q𝐶𝑠𝑞0

And since q𝔭 = 𝑓2q𝑒4𝔭 = 𝑟𝔡≤1𝔭,q𝔮𝐹 = 𝑓2q𝑒4𝔮
𝐹 = 𝑟𝔡≤1𝔮𝐹 , we deduce

¤𝐸 𝑠+12−𝛿,4𝑚0
[𝔭, 𝔮𝐹] (𝜏) =

∫
Σ≥4𝑚0 (𝜏)

𝑟2−𝛿
(
|q∇4𝔡

≤𝑠+1𝔭|2 +𝑄2 |q∇4𝔡
≤𝑠+1𝔮𝐹 |2

)
≲ (1 + 𝜏)−𝑞0−𝛿 q𝐶𝑠𝑞0 .

(8.3.3)

In view of the first flux decay estimates (8.1.2) for (𝔭, 𝔮𝐹) established in Theorem 8.1.2, we

have,

𝐸 𝑠 [𝔭, 𝔮𝐹] (𝜏) ≲ (1 + 𝜏)−2+2𝛿𝐶𝑠+22−𝛿, (8.3.4)

where

𝐶𝑠+22−𝛿 := E𝑠+22−𝛿 [𝔭, 𝔮
𝐹] (0) + I𝑠+32−𝛿,0 [𝑁𝑔] + I𝑠+3𝛿,2−2𝛿 [𝑁𝑔] + Ĩ𝑠+22−𝛿,0 [𝑁𝑏] + Ĩ𝑠+2𝛿,2−2𝛿 [𝑁𝑏] .

Thus, combining (8.3.3) and (8.3.4), we deduce

𝐸 𝑠2−𝛿 [𝔭, 𝔮
𝐹] (𝜏) = ¤𝐸 𝑠2−𝛿,4𝑚0

[𝔭, 𝔮𝐹] (𝜏) + 𝐸 𝑠 [𝔭, 𝔮𝐹] (𝜏) ≲ (1 + 𝜏)−𝑞0−𝛿
(

q𝐶𝑠𝑞0 + 𝐶
𝑠+2
2−𝛿

)
. (8.3.5)

Step 2. Improved estimate of 𝐸 𝑠1−𝛿 [𝔭, 𝔮
𝐹] (𝜏):

Now we combine (8.3.5) with the estimate (8.1.3) of 𝐸 𝑠2−𝛿 [𝔭, 𝔮
𝐹] with 𝑝 = 2− 𝛿 on [𝜏1, 𝜏2] =

[𝜏/2, 𝜏],

𝐸 𝑠2−𝛿 [𝔭, 𝔮
𝐹] (𝜏) +

∫ 𝜏

𝜏/2
𝑀 𝑠

1−𝛿 [𝔭, 𝔮
𝐹] (𝜆)𝑑𝜆

≲ 𝐸 𝑠2−𝛿 [𝔭, 𝔮
𝐹] (𝜏/2) + 𝐼 𝑠+12−𝛿 [𝑁𝑔] (𝜏/2, 𝜏) + 𝐼̃

𝑠
2−𝛿 [𝑁𝑏] (𝜏/2, 𝜏)

≲ (1 + 𝜏)−𝑞0−𝛿
(

q𝐶𝑠𝑞0 + 𝐶
𝑠+2
2−𝛿 + I𝑠+12−𝛿,𝑞0+𝛿 [𝑁𝑔] + Ĩ𝑠2−𝛿,𝑞0+𝛿 [𝑁𝑏]

)
.

(8.3.6)
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The bound on
∫ 𝜏

𝜏/2 𝑀
𝑠
1−𝛿 [𝔭, 𝔮

𝐹] (𝜆)𝑑𝜆 in (8.3.6) and mean value theorem imply ∃ 𝜏∗0 ∈ [𝜏/2, 𝜏]

s.t.

𝐸 𝑠−11−𝛿 [𝔭, 𝔮
𝐹] (𝜏∗0) ≲ 𝑀 𝑠

1−𝛿 [𝔭, 𝔮
𝐹] (𝜏∗0)

≲ (1 + 𝜏∗0)−𝑞0−1−𝛿
(

q𝐶𝑠𝑞0 + 𝐶
𝑠+2
2−𝛿 + I𝑠+12−𝛿,𝑞0+𝛿 [𝑁𝑔] + Ĩ𝑠2−𝛿,𝑞0+𝛿 [𝑁𝑏]

)
≲ (1 + 𝜏)−𝑞0−1−𝛿

(
q𝐶𝑠𝑞0 + 𝐶

𝑠+2
2−𝛿 + I𝑠+12−𝛿,𝑞0+𝛿 [𝑁𝑔] + Ĩ𝑠2−𝛿,𝑞0+𝛿 [𝑁𝑏]

)
.

(8.3.7)

Now we combine (8.3.7) with the estimate (8.1.3) of 𝐸 𝑠1−𝛿 [𝔭, 𝔮
𝐹] with 𝑝 = 1− 𝛿 on [𝜏1, 𝜏2] =

[𝜏∗0 , 𝜏],

𝐸 𝑠1−𝛿 [𝔭, 𝔮
𝐹] (𝜏)

≲ 𝐸 𝑠1−𝛿 [𝔭, 𝔮
𝐹] (𝜏∗0) + 𝐼 𝑠+11−𝛿 [𝑁𝑔] (𝜏

∗
0 , 𝜏) + 𝐼̃ 𝑠1−𝛿 [𝑁𝑏] (𝜏

∗
0 , 𝜏)

≲ (1 + 𝜏)−𝑞0−1−𝛿
(

q𝐶𝑠+1𝑞0
+ 𝐶𝑠+32−𝛿 + I𝑠+22−𝛿,𝑞0+𝛿 [𝑁𝑔] + I𝑠+11−𝛿,𝑞0+1+𝛿 [𝑁𝑔] + Ĩ𝑠+12−𝛿,𝑞0+𝛿 [𝑁𝑏] + Ĩ𝑠1−𝛿,𝑞0+1+𝛿 [𝑁𝑏]

)
.

(8.3.8)

Step 3. Improved estimate of 𝐸 𝑠
𝛿
[𝔭, 𝔮𝐹] (𝜏):

Using (8.1.1) in Lemma 8.1.1 with (𝑝1, 𝑝, 𝑝2) = (1 − 𝛿, 1, 2 − 𝛿) interpolate the improved

estimate of 𝐸 𝑠2−𝛿 [𝔭, 𝔮
𝐹] (𝜏) in (8.3.6) and the improved estimate of 𝐸 𝑠1−𝛿 [𝔭, 𝔮

𝐹] (𝜏) in (8.3.8),

we get the following improved estimate for 𝐸 𝑠1 [𝔭, 𝔮𝐹] (𝜏)

𝐸 𝑠1 [𝔭, 𝔮𝐹] (𝜏) ≲ (𝐸 𝑠1−𝛿 [𝔭, 𝔮
𝐹] (𝜏))1−𝛿 (𝐸 𝑠2−𝛿 [𝔭, 𝔮

𝐹] (𝜏))𝛿

≲ (1 + 𝜏)−𝑞0−1
(

q𝐶𝑠+1𝑞0
+ 𝐶𝑠+32−𝛿 + I𝑠+22−𝛿,𝑞0+𝛿 [𝑁𝑔] + I𝑠+11−𝛿,𝑞0+1+𝛿 [𝑁𝑔] + Ĩ𝑠+12−𝛿,𝑞0+𝛿 [𝑁𝑏] + Ĩ𝑠1−𝛿,𝑞0+1+𝛿 [𝑁𝑏]

)
.

(8.3.9)
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Now we combine (8.3.9) with the estimate (8.1.3) of 𝐸 𝑠1 [𝔭, 𝔮𝐹] with 𝑝 = 1 on [𝜏1, 𝜏2] =

[𝜏/2, 𝜏],

𝐸 𝑠1 [𝔭, 𝔮𝐹] (𝜏) +
∫ 𝜏

𝜏/2
𝑀 𝑠

0 [𝔭, 𝔮𝐹] (𝜆)𝑑𝜆

≲ 𝐸 𝑠1 [𝔭, 𝔮𝐹] (𝜏/2) + 𝐼 𝑠+11 [𝑁𝑔] (𝜏/2, 𝜏) + 𝐼̃ 𝑠1 [𝑁𝑏] (𝜏/2, 𝜏)

≲ (1 + 𝜏)−𝑞0−1
(

q𝐶𝑠+1𝑞0
+ 𝐶𝑠+32−𝛿 + I𝑠+22−𝛿,𝑞0+𝛿 [𝑁𝑔] + I𝑠+11−𝛿,𝑞0+1+𝛿 [𝑁𝑔] + Ĩ𝑠+12−𝛿,𝑞0+𝛿 [𝑁𝑏] + Ĩ𝑠1−𝛿,𝑞0+1+𝛿 [𝑁𝑏]

)
+ (1 + 𝜏)−𝑞0−1

(
I𝑠+11,𝑞0+1 [𝑁𝑔] + Ĩ𝑠1,𝑞0+1 [𝑁𝑏]

)
≲ (1 + 𝜏)−𝑞0−1

(
q𝐶𝑠+1𝑞0

+ 𝐶𝑠+32−𝛿 + I𝑠+22−𝛿,𝑞0+𝛿 [𝑁𝑔] + I𝑠+21−𝛿,𝑞0+1+𝛿 [𝑁𝑔] + Ĩ𝑠+12−𝛿,𝑞0+𝛿 [𝑁𝑏] + Ĩ𝑠+11−𝛿,𝑞0+1+𝛿 [𝑁𝑏]
)
,

(8.3.10)

where we have use definitions of I and Ĩ to interpolate the I and Ĩ norms.

The bound on
∫ 𝜏

𝜏/2 𝑀
𝑠
0 [𝔭, 𝔮𝐹] (𝜆)𝑑𝜆 in (8.3.10) and mean value theorem imply ∃ 𝜏∗1 ∈ [𝜏/2, 𝜏]

s.t.

𝐸 𝑠 [𝔭, 𝔮𝐹] (𝜏∗1) ≲ 𝑀 𝑠+1
0 [𝔭, 𝔮𝐹] (𝜏∗1)

≲ (1 + 𝜏∗1)−𝑞0−2
(

q𝐶𝑠+2𝑞0
+ 𝐶𝑠+42−𝛿 + I𝑠+32−𝛿,𝑞0+𝛿 [𝑁𝑔] + I𝑠+31−𝛿,𝑞0+1+𝛿 [𝑁𝑔] + Ĩ𝑠+22−𝛿,𝑞0+𝛿 [𝑁𝑏] + Ĩ𝑠+21−𝛿,𝑞0+1+𝛿 [𝑁𝑏]

)
≲ (1 + 𝜏)−𝑞0−2

(
q𝐶𝑠+2𝑞0

+ 𝐶𝑠+42−𝛿 + I𝑠+32−𝛿,𝑞0+𝛿 [𝑁𝑔] + I𝑠+31−𝛿,𝑞0+1+𝛿 [𝑁𝑔] + Ĩ𝑠+22−𝛿,𝑞0+𝛿 [𝑁𝑏] + Ĩ𝑠+21−𝛿,𝑞0+1+𝛿 [𝑁𝑏]
)
.

(8.3.11)

Using (8.1.1) in Lemma 8.1.1 with (𝑝1, 𝑝, 𝑝2) = (0, 𝛿, 1−𝛿) interpolate the improved estimate

of 𝐸 𝑠1−𝛿 [𝔭, 𝔮
𝐹] (𝜏) in (8.3.8) and the improved estimate of 𝐸 𝑠0 [𝔭, 𝔮𝐹] (𝜏∗1) in (8.3.11), we get
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the following estimate for 𝐸 𝑠
𝛿
[𝔭, 𝔮𝐹] (𝜏∗1) for 𝛿 > 0 sufficiently small2

𝐸 𝑠𝛿 [𝔭, 𝔮
𝐹] (𝜏∗1)

≲
(
𝐸 𝑠 [𝔭, 𝔮𝐹] (𝜏∗1)

) 1−2𝛿
1−𝛿

(
𝐸 𝑠1−𝛿 [𝔭, 𝔮

𝐹] (𝜏∗1)
) 𝛿
1−𝛿

≲ (1 + 𝜏∗1)−2−𝑞0+𝛿
(

q𝐶𝑠+2𝑞0
+ 𝐶𝑠+42−𝛿 + I𝑠+32−𝛿,𝑞0+𝛿 [𝑁𝑔] + I𝑠+31−𝛿,𝑞0+1+𝛿 [𝑁𝑔] + Ĩ𝑠+22−𝛿,𝑞0+𝛿 [𝑁𝑏] + Ĩ𝑠+21−𝛿,𝑞0+1+𝛿 [𝑁𝑏]

)
≲ (1 + 𝜏)−2−𝑞0+𝛿

(
q𝐶𝑠+2𝑞0

+ 𝐶𝑠+42−𝛿 + I𝑠+32−𝛿,𝑞0+𝛿 [𝑁𝑔] + I𝑠+31−𝛿,𝑞0+1+𝛿 [𝑁𝑔] + Ĩ𝑠+22−𝛿,𝑞0+𝛿 [𝑁𝑏] + Ĩ𝑠+21−𝛿,𝑞0+1+𝛿 [𝑁𝑏]
)
.

(8.3.12)

Now we combine (8.3.12) with the estimate (8.1.3) of 𝐸 𝑠
𝛿
[𝔭, 𝔮𝐹] with 𝑝 = 𝛿 on [𝜏1, 𝜏2] =

[𝜏∗1 , 𝜏],

𝐸 𝑠𝛿 [𝔭, 𝔮
𝐹] (𝜏)

≲ 𝐸 𝑠𝛿 [𝔭, 𝔮
𝐹] (𝜏∗1) + 𝐼 𝑠+1𝛿 [𝑁𝑔] (𝜏∗1 , 𝜏) + 𝐼̃ 𝑠𝛿 [𝑁𝑏] (𝜏

∗
1 , 𝜏)

≲ (1 + 𝜏)−2−𝑞0+𝛿
(

q𝐶𝑠+2𝑞0
+ 𝐶𝑠+42−𝛿 + I𝑠+32−𝛿,𝑞0+𝛿 [𝑁𝑔] + I𝑠+31−𝛿,𝑞0+1+𝛿 [𝑁𝑔] + Ĩ𝑠+22−𝛿,𝑞0+𝛿 [𝑁𝑏] + Ĩ𝑠+21−𝛿,𝑞0+1+𝛿 [𝑁𝑏]

)
+ (1 + 𝜏)−2−𝑞0+𝛿

(
I𝑠+1𝛿,2+𝑞0−𝛿 [𝑁𝑔] + Ĩ𝑠𝛿,2+𝑞0−𝛿 [𝑁𝑏]

)
≲ (1 + 𝜏)−2−𝑞0+𝛿

(
q𝐶𝑠+2𝑞0

+ 𝐶𝑠+42−𝛿 + I𝑠+32−𝛿,𝑞0+𝛿 [𝑁𝑔] + I𝑠+3𝛿,2+𝑞0−𝛿 [𝑁𝑔] + Ĩ𝑠+22−𝛿,𝑞0+𝛿 [𝑁𝑏] + Ĩ𝑠+2𝛿,2+𝑞0−𝛿 [𝑁𝑏]
)
,

(8.3.13)

where we have use definitions of I and Ĩ to interpolate the I and Ĩ norms.

Step 4. Interpolation for E𝑠
𝑝,2+𝑞0−𝑝 [𝔭, 𝔮

𝐹]:

We first rewrite the improved estimates (8.3.5) of 𝐸 𝑠2−𝛿 [𝔭, 𝔮
𝐹] (𝜏), (8.3.8) of 𝐸 𝑠1−𝛿 [𝔭, 𝔮

𝐹] (𝜏)

2Notice the power of (1+𝜏) here comes from an arithmetic computation
𝛿

1 − 𝛿 (−𝑞0−1−𝛿)+
1 − 2𝛿

1 − 𝛿 (−𝑞0−2) =
−2 − 𝑞0 + 𝛿.
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and (8.3.13) of 𝐸 𝑠
𝛿
[𝔭, 𝔮𝐹] (𝜏) as

E𝑠2−𝛿,𝑞0+𝛿 [𝔭, 𝔮
𝐹] ≲ q𝐶𝑠𝑞0 + 𝐶

𝑠+2
2−𝛿,

E𝑠1−𝛿,𝑞0+1+𝛿 [𝔭, 𝔮
𝐹] ≲ q𝐶𝑠+1𝑞0

+ 𝐶𝑠+32−𝛿 + I𝑠+22−𝛿,𝑞0+𝛿 [𝑁𝑔] + I𝑠+11−𝛿,𝑞0+1+𝛿 [𝑁𝑔] + Ĩ𝑠+12−𝛿,𝑞0+𝛿 [𝑁𝑏] + Ĩ𝑠1−𝛿,𝑞0+1+𝛿 [𝑁𝑏],

E𝑠𝛿,2+𝑞0−𝛿 [𝔭, 𝔮
𝐹] ≲ q𝐶𝑠+2𝑞0

+ 𝐶𝑠+42−𝛿 + I𝑠+32−𝛿,𝑞0+𝛿 [𝑁𝑔] + I𝑠+3𝛿,2+𝑞0−𝛿 [𝑁𝑔] + Ĩ𝑠+22−𝛿,𝑞0+𝛿 [𝑁𝑏] + Ĩ𝑠+2𝛿,2+𝑞0−𝛿 [𝑁𝑏] .

(8.3.14)

We also recall q𝐶𝑠𝑞0 and 𝐶𝑠+22−𝛿 are given by

q𝐶𝑠𝑞0 : = E𝑠+1𝑞0
[q𝔭,q𝔮𝐹] (0) + E𝑠+22−𝛿 [𝔭, 𝔮

𝐹] (0) + I𝑠+3𝑞0+2,0 [𝑁𝑔] + I𝑠+3𝛿,2−2𝛿 [𝑁𝑔] + Ĩ𝑠+22−𝛿,0 [𝑁𝑏] + Ĩ𝑠+2𝛿,2−2𝛿 [𝑁𝑏]

+ sup
0≤𝜏≤𝜏∗

(∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+5 |𝔡≤𝑠+1 q𝑁𝑏 |2 + (1 + 𝜏)
∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+4 |𝔡≤𝑠 q𝑁𝑏 |2
)
,

𝐶𝑠+22−𝛿 : = E𝑠+22−𝛿 [𝔭, 𝔮
𝐹] (0) + I𝑠+32−𝛿,0 [𝑁𝑔] + I𝑠+3𝛿,2−2𝛿 [𝑁𝑔] + Ĩ𝑠+22−𝛿,0 [𝑁𝑏] + Ĩ𝑠+2𝛿,2−2𝛿 [𝑁𝑏] .

Interpolating (8.3.14) on [𝛿, 1− 𝛿] and [1− 𝛿, 2− 𝛿], we deduce for all 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 8)

and for all 𝛿 ≤ 𝑝 ≤ 2 − 𝛿

E𝑠𝑝,2+𝑞0−𝑝 [𝔭, 𝔮
𝐹] ≲ E𝑠+2𝑞0

[q𝔭,q𝔮𝐹] (0) + E𝑠+42−𝛿 [𝔭, 𝔮
𝐹] (0) + I𝑠+5𝑞0+2,0 [𝑁𝑔] + I𝑠+5𝛿,2+𝑞0−𝛿 [𝑁𝑔]

+ Ĩ𝑠+42−𝛿,0 [𝑁𝑏] + Ĩ𝑠+4𝛿,2−2𝛿 [𝑁𝑏]

+ sup
0≤𝜏≤𝜏∗

(∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+5 |𝔡≤𝑠+3 q𝑁𝑏 |2 + (1 + 𝜏)
∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+4 |𝔡≤𝑠+2 q𝑁𝑏 |2
)
.

(8.3.15)

Step 5. Improved estimate B𝑠
𝑝,2+𝑞0−𝑝 [𝔭, 𝔮

𝐹] and F 𝑠
𝑝,2+𝑞0−𝑝 [𝔭, 𝔮

𝐹]:

Apply Theorem 7.1.1 on [𝜏, 𝜏∗], we have for any 𝛿 ≤ 𝑝 ≤ 2 − 𝛿

𝐵𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏, 𝜏∗) + 𝐹𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏, 𝜏∗)

≲ 𝐸 𝑠𝑝 [𝔭, 𝔮𝐹] (𝜏) + 𝐼 𝑠+1𝑝 [𝑁𝑔] (𝜏, 𝜏∗) + 𝐼̃ 𝑠𝑝 [𝑁𝑏] (𝜏, 𝜏∗)

≲ (1 + 𝜏)−(2+𝑞0−𝑝)
(
E𝑠𝑝,2+𝑞0−𝑝 [q𝔭,q𝔮

𝐹] + I𝑠+1𝑝,2+𝑞0−𝑝 [𝑁𝑔] + Ĩ𝑠𝑝,2+𝑞0−𝑝 [𝑁𝑏]
)
,

(8.3.16)
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which immediately implies for all 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 8) and 𝛿 ≤ 𝑝 ≤ 2 − 𝛿

B𝑠
𝑝,2+𝑞0−𝑝 [𝔭, 𝔮

𝐹] + F 𝑠
𝑝,2+𝑞0−𝑝 [𝔭, 𝔮

𝐹] ≲ E𝑠𝑝,2+𝑞0−𝑝 [𝔭, 𝔮
𝐹] + I𝑠+12−𝛿,0 [𝑁𝑔] + I𝑠+1𝛿,2−2𝛿 [𝑁𝑔]

+ Ĩ𝑠2−𝛿,0 [𝑁𝑏] + Ĩ𝑠𝛿,2−2𝛿 [𝑁𝑏] .
(8.3.17)

Combining (8.3.15) and (8.3.17), we conclude the proof of Theorem 8.3.1.

8.4 Handling Inhomogeneous Norms in Theorem 8.3.1

We restate the estimate from our bootstrap assumption and the choice of M1-adapted frame

in Proposition 2.2.3.

Lemma 8.4.1. Consider the global frame of Proposition 2.2.3 and the above definition3 of

Γ𝑔 and Γ𝑏. Let an integer 𝑘 𝑙𝑜𝑠𝑠 and a small constant 𝛿0 > 0 satisfying

16 ≤ 𝑘 𝑙𝑜𝑠𝑠 ≤
𝛿𝑑𝑒𝑐

3
(𝑘 𝑙𝑎𝑟𝑔𝑒 − 𝑘𝑠𝑚𝑎𝑙𝑙), 𝛿0 =

𝑘 𝑙𝑜𝑠𝑠

𝑘 𝑙𝑎𝑟𝑔𝑒 − 𝑘𝑠𝑚𝑎𝑙𝑙
. (8.4.1)

Then, the Ricci coefficients, Maxwell components and curvature components with respect to

the M1-adapted global frame of Proposition 2.2.3 satisfy

𝜉 = 0 on 𝑟 ≥ 4

3
𝑟𝑃,

max
0≤𝑘≤𝑘𝑠𝑚𝑎𝑙𝑙+𝑘𝑙𝑜𝑠𝑠

sup
M

{(
𝑟2𝜏

1
2+𝛿𝑑𝑒𝑐−2𝛿0 + 𝑟𝜏1+𝛿𝑑𝑒𝑐−2𝛿0

)
|𝔡𝑘Γ𝑔 | + 𝑟𝜏1+𝛿𝑑𝑒𝑐−2𝛿0 |𝔡𝑘Γ𝑏 |

+
(
𝑟

7
2+

𝛿𝐵
2 + 𝑟3𝜏 1

2+𝛿𝑑𝑒𝑐−2𝛿0 + 𝑟2𝜏1+𝛿𝑑𝑒𝑐−2𝛿0
) (
|𝔡𝑘𝛾 |

)
+

(
𝑟3𝜏

1
2+𝛿𝑑𝑒𝑐−2𝛿0 + 𝑟2𝜏1+𝛿𝑑𝑒𝑐−2𝛿0

)
|𝔡𝑘 q𝜌 |

+ 𝜏1+𝛿𝑑𝑒𝑐−2𝛿0
(
𝑟2 |𝔡𝑘 𝛽 | + 𝑟 |𝔡𝑘𝛼 |

)}
≲ 𝜖,

3Recall in particular that the M1-adapted global frame of Proposition 2.2.3 is such that 𝜂 ∈ Γ𝑔.
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max
0≤𝑘≤𝑘𝑠𝑚𝑎𝑙𝑙+𝑘𝑙𝑜𝑠𝑠

sup
M

{
𝑟2𝜏1+𝛿𝑑𝑒𝑐−2𝛿0 |𝔡𝑘−1∇3(Γ𝑔) |

+ 𝑟3(𝜏 + 2𝑟)1+𝛿𝑑𝑒𝑐−2𝛿0
(
|𝔡𝑘−1∇3(𝛾) |

)}
≲ 𝜖 .

We will specify 𝑘 𝑙𝑎𝑟𝑔𝑒, 𝑘𝑠𝑚𝑎𝑙𝑙 , 𝑘 𝑙𝑜𝑠𝑠 in the future works.

Proposition 8.4.2. Let 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 3) and assume

𝑞0 < 4𝛿𝑑𝑒𝑐 − 4𝛿0 (8.4.2)

where

𝛿0 =
𝑘 𝑙𝑜𝑠𝑠

𝑘 𝑙𝑜𝑠𝑠 − 𝑘𝑠𝑚𝑎𝑙𝑙
=

𝑘 𝑙𝑜𝑠𝑠

𝑘 𝑙𝑜𝑠𝑠 − ⌊ 𝑘𝑙𝑜𝑠𝑠2 ⌋ − 1
(8.4.3)

is the small constant appearing in Lemma 8.4.1. Then, the following estimates hold true,

I𝑠𝑞0+2,0 [𝑁𝑔] + I𝑠𝛿,2+𝑞0−𝛿 [𝑁𝑔] + Ĩ𝑠−12−𝛿,0 [𝑁𝑏] + Ĩ𝑠−1𝛿,2−2𝛿 [𝑁𝑏]

+ sup
0≤𝜏≤𝜏∗

(∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+5 |𝔡≤𝑠−2 q𝑁𝑏 |2 + (1 + 𝜏)
∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+4 |𝔡≤𝑠−3 q𝑁𝑏 |2
)

≲ 𝜖4.

(8.4.4)

Proof. In Proposition 5.10 of [27], it was already proven under the same condition that

I𝑠𝑞0+2,0 [𝑁𝑔] + I𝑠𝛿,2+𝑞0−𝛿 [𝑁𝑔] ≲ 𝜖4, (8.4.5)

so we will focus on the parts involving 𝑁𝑏 and q𝑁𝑏.

Step 1. 𝑁𝑏 part:

Recall definition (7.2.2) of 𝐼̃𝑝

𝐼̃𝑝 [𝑁𝑏] (𝜏1, 𝜏2) =
( ∫ 𝜏2

𝜏1

𝑑𝜏∥𝑁𝑏∥𝐿2 ( (𝑡𝑟𝑎𝑝)Σ(𝜏))

)2
+

∫
M

𝑡𝑟𝑎𝑝

/ (𝜏1,𝜏2)
𝑟1+𝑝 |𝑁𝑏 |2. (8.4.6)
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From the Theorem 4.2.1 and bootstrap assumption made in Section 2.2.1 (or Lemma 8.4.1)

that for 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 1),

|𝔡≤𝑠−1𝑁𝑏 | = | (Γ𝑔 · Γ𝑏) (𝑠+1) | ≲ min

{
𝜖2

𝑟3𝑢
3
2+2𝛿𝑑𝑒𝑐

,
𝜖2

𝑟2𝑢2+2𝛿𝑑𝑒𝑐

}
.

We first estimate using the bound |𝔡≤𝑠−1𝑁𝑏 | ≲
𝜖2

𝑟2𝑢2+2𝛿𝑑𝑒𝑐
:

∫ 𝜏∗

𝜏

𝑑𝜏′∥𝔡≤𝑠−1𝑁𝑏∥𝐿2 ( (𝑡𝑟𝑎𝑝)Σ(𝜏′)) ≲
∫ 𝜏∗

𝜏

𝜖2

𝜏′2+2𝛿𝑑𝑒𝑐
𝑑𝜏′ ≲ 𝜖2𝜏−1−2𝛿𝑑𝑒𝑐 . (8.4.7)

We then estimate using the bound |𝔡≤𝑠−1𝑁𝑏 | ≲
𝜖2

𝑟3𝑢
3
2+2𝛿𝑑𝑒𝑐

:

∫
M

𝑡𝑟𝑎𝑝

/ (𝜏,𝜏∗)
𝑟3−𝛿 |𝔡≤𝑠−1𝑁𝑏 |2 ≲

∫ 𝜏∗

𝜏

∫ ∞

4𝑚0

𝑟3−𝛿
𝜖4

𝑟6𝜏′3+4𝛿𝑑𝑒𝑐
𝑟2𝑑𝑟𝑑𝜏′

≲ 𝜖4
∫ 𝜏∗

𝜏

𝜏′−3−4𝛿𝑑𝑒𝑐𝑑𝜏′
∫ ∞

4𝑚0

𝑟−1−𝛿𝑑𝑟

≲ 𝜖4𝜏−2−4𝛿𝑑𝑒𝑐 .

(8.4.8)

Now we can estimate similarly |𝔡≤𝑠−1𝑁𝑏 | ≲
𝜖2

𝑟2𝑢2+2𝛿𝑑𝑒𝑐
:

(1 + 𝜏)2−2𝛿
∫
M

𝑡𝑟𝑎𝑝

/ (𝜏,𝜏∗)
𝑟1+𝛿 |𝔡≤𝑠−1𝑁𝑏 |2 ≲ (1 + 𝜏)2−2𝛿

∫ 𝜏∗

𝜏

∫ ∞

4𝑚0

𝑟1+𝛿
𝜖4

𝑟6𝜏′3+4𝛿𝑑𝑒𝑐
𝑟2𝑑𝑟𝑑𝜏′

≲ 𝜖4(1 + 𝜏)2−2𝛿
∫ 𝜏∗

𝜏

𝜏′−3−4𝛿𝑑𝑒𝑐𝑑𝜏′
∫ ∞

4𝑚0

𝑟−3+𝛿𝑑𝑟

≲ 𝜖4(1 + 𝜏)−2𝛿−4𝛿𝑑𝑒𝑐 .

(8.4.9)
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Combining these estimates (8.4.7), (8.4.8) and (8.4.9), we deduce

𝐼̃ 𝑠−12−𝛿 [𝑁𝑏] (𝜏, 𝜏∗) + (1 + 𝜏)2−2𝛿 𝐼̃ 𝑠−1𝛿 [𝑁𝑏] (𝜏, 𝜏∗)

=

( ∫ 𝜏∗

𝜏

𝑑𝜏∥𝔡≤𝑠−1𝑁𝑏∥𝐿2 ( (𝑡𝑟𝑎𝑝)Σ(𝜏))

)2
+

∫
M

𝑡𝑟𝑎𝑝

/ (𝜏,𝜏∗)
𝑟3−𝛿 |𝔡≤𝑠−1𝑁𝑏 |2

+ (1 + 𝜏)2−2𝛿
( ∫ 𝜏∗

𝜏

𝑑𝜏∥𝔡≤𝑠−1𝑁𝑏∥𝐿2 ( (𝑡𝑟𝑎𝑝)Σ(𝜏))

)2
+ (1 + 𝜏)2−2𝛿

∫
M

𝑡𝑟𝑎𝑝

/ (𝜏,𝜏∗)
𝑟1+𝛿 |𝔡≤𝑠−1𝑁𝑏 |2

≲ 𝜖4𝜏−2−4𝛿𝑑𝑒𝑐 + 𝜖4𝜏−2−4𝛿𝑑𝑒𝑐 + (1 + 𝜏)2−2𝛿𝜖4𝜏−2−4𝛿𝑑𝑒𝑐 + 𝜖4(1 + 𝜏)−2𝛿−4𝛿𝑑𝑒𝑐

≲ 𝜖4(1 + 𝜏)−2𝛿−4𝛿𝑑𝑒𝑐

≲ 𝜖4.

(8.4.10)

Taking supremum of (8.4.10) on 𝜏 ∈ [0, 𝜏∗], we deduce the desired bound on the 𝑁𝑏 part:

Ĩ𝑠−12−𝛿,0 [𝑁𝑏] + Ĩ𝑠−1𝛿,2−2𝛿 [𝑁𝑏] ≲ 𝜖4. (8.4.11)

Step 2. q𝑁𝑏 part:

In view of the important Lemma 4.2.2, we have the following improved bound on q𝑁𝑏

|𝔡≤𝑠−2 q𝑁𝑏 | ≲ |𝔡≤𝑠+1(𝛾 · Γ𝑏) | + 𝑟−1 |𝔡≤𝑠+1(Γ𝑔 · Γ𝑔) |

≲
𝜖2

𝑟
9
2+𝛿𝐵𝑢1+𝛿𝑑𝑒𝑐

+ 𝜖2

𝑟5𝑢1+2𝛿𝑑𝑒𝑐

≲
𝜖2

𝑟
9
2+𝛿𝐵𝑢1+𝛿𝑑𝑒𝑐

.

(8.4.12)
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Therefore, since 𝛿 < 𝑞0 ≤ 1 − 𝛿,∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+5 |𝔡≤𝑠−2 q𝑁𝑏 |2 + (1 + 𝜏)
∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+4 |𝔡≤𝑠−3 q𝑁𝑏 |2

≲
∫ 𝜏∗

𝜏

∫ ∞

4𝑚0

𝑟𝑞0+5
𝜖4

𝑟9+2𝛿𝐵𝜏′2+2𝛿𝑑𝑒𝑐
𝑟2𝑑𝑟𝑑𝜏′ + (1 + 𝜏)

∫ 𝜏∗

𝜏

∫ ∞

4𝑚0

𝑟𝑞0+4
𝜖4

𝑟9+2𝛿𝐵𝜏′2+2𝛿𝑑𝑒𝑐
𝑟2𝑑𝑟𝑑𝜏′

≲ 𝜖4
∫ 𝜏∗

𝜏

𝜏′−2−2𝛿𝑑𝑒𝑐𝑑𝜏′
∫ ∞

4𝑚0

𝑟𝑞0−2−2𝛿𝐵𝑑𝑟 + 𝜖4(1 + 𝜏)
∫ 𝜏∗

𝜏

𝜏′−2−2𝛿𝑑𝑒𝑐𝑑𝜏′
∫ ∞

4𝑚0

𝑟𝑞0−3−2𝛿𝐵𝑑𝑟

≲ 𝜖4𝜏−1−2𝛿𝑑𝑒𝑐 + 𝜖4(1 + 𝜏)𝜏−1−2𝛿𝑑𝑒𝑐

≲ 𝜖4(1 + 𝜏)−2𝛿𝑑𝑒𝑐

≲ 𝜖4.

(8.4.13)

Taking supremum of (8.4.13) on 𝜏 ∈ [0, 𝜏∗], we deduce the desired bound on the 𝑁𝑏 part.

sup
0≤𝜏≤𝜏∗

(∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+5 |𝔡≤𝑠−2 q𝑁𝑏 |2 + (1 + 𝜏)
∫
M≥4𝑚0 (𝜏,𝜏∗)

𝑟𝑞0+4 |𝔡≤𝑠−3 q𝑁𝑏 |2
)
≲ 𝜖4. (8.4.14)

Now combine (8.4.5), (8.4.11) and (8.4.14), we conclude the proof of Proposition 8.4.2.

Together with Theorem 8.3.1, Proposition 8.4.2 immediately yields the proof of the fol-

lowing corollary.

Corollary 8.4.3. In addition to the assumptions of Theorem 8.3.1 we assume

2𝛿𝑑𝑒𝑐 < 𝑞0 < 4𝛿𝑑𝑒𝑐 − 4𝛿0 (8.4.15)

where 𝛿0 > 0 is given by (8.4.3). Then for a sufficiently small bootstrap constant 𝜖 > 0, for

all 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 8) and for all 𝛿 ≤ 𝑝 ≤ 2 − 𝛿, we have

E𝑠𝑝,2+𝑞0−𝑝 [𝔭, 𝔮
𝐹] + B𝑠

𝑝,2+𝑞0−𝑝 [𝔭, 𝔮
𝐹] + F 𝑠

𝑝,2+𝑞0−𝑝 [𝔭, 𝔮
𝐹] ≲ E𝑠+2𝑞0

[q𝔭,q𝔮𝐹] (0) + E𝑠+42−𝛿 [𝔭, 𝔮
𝐹] (0) + 𝜖4.

(8.4.16)
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8.5 Proof of Theorem M1

We now specify our initial data condition on Σ(0): for 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 8),

E𝑠+2𝑞0
[q𝔭,q𝔮𝐹] (0) + E𝑠+42−𝛿 [𝔭, 𝔮

𝐹] (0) ≲ 𝜖20 . (8.5.1)

Since 𝜖 = 𝜖
2/3
0 , and given this initial data condition, we can directly deduce from Corollary

8.4.3 that for all 0 < 𝑞 ≤ 𝑞0, 𝛿 ≤ 𝑝 ≤ 2 − 𝛿, and 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 8),

E𝑠𝑝,2+𝑞0−𝑝 [𝔭, 𝔮
𝐹] + B𝑠

𝑝,2+𝑞0−𝑝 [𝔭, 𝔮
𝐹] + F 𝑠

𝑝,2+𝑞0−𝑝 [𝔭, 𝔮
𝐹] ≲ 𝜖20 . (8.5.2)

8.5.1 Control of 𝔭 and 𝔮𝐹

We will also need the following two propositions concerning 𝐿2 estimates on spheres.

Proposition 8.5.1. On any 𝑆 = 𝑆(𝜏, 𝑟) ⊂ Σ(𝜏), for 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 8), for 𝜓 ∈ 𝔰1 or

𝜓 ∈ 𝔰2, we have

(1 + 𝜏)𝑞0+1
∫
𝑆𝑟

|𝔡≤𝑠𝜓 |2 ≲
(
E𝑠1+𝛿,𝑞0+1−𝛿 [𝜓]

) 1
2
(
E𝑠1−𝛿,𝑞0+1+𝛿 [𝜓]

) 1
2 (8.5.3)

and,

𝑟−1(1 + 𝜏)2+𝑞0−𝛿
∫
𝑆𝑟

|𝔡≤𝑠𝜓 |2 ≲ E𝑠𝛿,2+𝑞0−𝛿 [𝜓] . (8.5.4)

Proof. See Proposition 5.12 in [27].

The control of weighted bulk term B𝑠
𝑝,2+𝑞0−𝑝 in (8.5.2) implies for 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 8)

(1 + 𝜏)2+𝑞0−𝛿
∫

(int)M(𝜏,𝜏∗)
|𝔡≤𝑠+1𝔭|2 +𝑄2 |𝔡≤𝑠+1𝔮𝐹 |2 ≲ 𝜖20 . (8.5.5)

The control of weighted energy term E𝑠
𝑝,2+𝑞0−𝑝 in (8.5.2) and Proposition 8.5.1 imply for
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𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 8)

(1 + 𝜏)1+𝑞0
∫
𝑆𝑟 (𝜏)

|𝔡≤𝑠𝔭|2 +𝑄2 |𝔡≤𝑠𝔮𝐹 |2 ≲ 𝜖20 ,

𝑟−1(1 + 𝜏)2+𝑞0−𝛿
∫
𝑆𝑟 (𝜏)

|𝔡≤𝑠𝔭|2 +𝑄2 |𝔡≤𝑠𝔮𝐹 |2 ≲ 𝜖20 .

(8.5.6)

In view of the standard Sobolev inequality on the 2-surfaces 𝑆 i.e.,

∥𝜓∥𝐿∞ (𝑆) ≲ 𝑟
−1∥(𝑟∇/ )≤2𝜓∥𝐿2 (𝑆) ,

we immediately infer for 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 10)

|𝔡≤𝑠𝔭| +𝑄 |𝔡≤𝑠𝔮𝐹 | ≲ 𝜖0𝑟
−1(1 + 𝜏)−1

2−
𝑞0
2 ,

|𝔡≤𝑠𝔭| +𝑄 |𝔡≤𝑠𝔮𝐹 | ≲ 𝜖0𝑟
−1

2 (1 + 𝜏)−1−
𝑞0−𝛿

2 .

(8.5.7)

8.5.2 Control of ∇3𝔭 and ∇3𝔮
𝐹

Proposition 8.5.2. We have for 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 8)

(1 + 𝜏)2+𝑞0−𝛿
∫
Σ∗ (𝜏,𝜏∗)

|∇3𝔡
≤𝑠𝜓 |2 ≲ F 𝑠

𝛿,2+𝑞0−𝛿 [𝜓] . (8.5.8)

Also, on any 𝑆 = 𝑆(𝜏, 𝑟) ⊂ Σ(𝜏), for 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 10), we have

(1 + 𝜏)2+𝑞0−𝛿
∫
𝑆𝑟 (𝜏)

|∇3𝔡
≤𝑠𝜓 |2 ≲ 𝜖20 + F 𝑠+1

𝛿,2+𝑞0−𝛿 [𝜓] + E𝑠+2𝛿,2+𝑞0−𝛿 [𝜓] . (8.5.9)

Proof. See Proposition 5.13 in [27].

The control of weighted flux norm F 𝑠
𝑝,2+𝑞0−𝑝 in (8.5.2) and (8.5.8) imply for 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 +

(𝑘 𝑙𝑜𝑠𝑠 − 8)

(1 + 𝜏)2+𝑞0−𝛿
∫
Σ∗ (𝜏,𝜏∗)

|∇3𝔡
≤𝑠𝔮 |2 +𝑄2 |∇3𝔡

≤𝑠𝔮𝐹 |2 ≲ 𝜖20 . (8.5.10)

The control of weighted flux norm F 𝑠
𝑝,2+𝑞0−𝑝 and weighted energy norm E𝑠

𝑝,2+𝑞0−𝑝 in (8.5.2)
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and (8.5.9) for 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 10)

(1 + 𝜏)2+𝑞0−𝛿
∫
𝑆

|𝔡≤𝑠∇3𝔭|2 +𝑄2 |𝔡≤𝑠∇3𝔮
𝐹 |2 ≲ 𝜖20 . (8.5.11)

Again, in view of the standard Sobolev inequality on the 2-surfaces 𝑆 i.e.,

∥𝜓∥𝐿∞ (𝑆) ≲ 𝑟
−1∥(𝑟∇/ )≤2𝜓∥𝐿2 (𝑆) ,

we immediately infer for 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 12)

|𝔡≤𝑠∇3𝔭| +𝑄 |𝔡≤𝑠∇3𝔮
𝐹 | ≲ 𝜖0𝑟

−1(1 + 𝜏)−1−
𝑞0−𝛿

2 . (8.5.12)

Recall that 𝑞0 > 2𝛿𝑑𝑒𝑐 and that 𝛿 > 0 can be chosen arbitrarily small so that we have

𝑞0 − 𝛿 > 2𝛿𝑑𝑒𝑐. In particular, we may choose

𝛿𝑒𝑥𝑡𝑟𝑎 :=
𝑞0 − 𝛿

2
, 𝛿𝑒𝑥𝑡𝑟𝑎 > 𝛿𝑑𝑒𝑐, (8.5.13)

so (8.5.7) and (8.5.12) imply for 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 10)

|𝔡≤𝑠𝔭| +𝑄 |𝔡≤𝑠𝔮𝐹 | ≲ 𝜖0𝑟
−1(1 + 𝜏)−1

2−𝛿𝑒𝑥𝑡𝑟𝑎 ,

|𝔡≤𝑠𝔭| +𝑄 |𝔡≤𝑠𝔮𝐹 | ≲ 𝜖0𝑟
−1

2 (1 + 𝜏)−1−𝛿𝑒𝑥𝑡𝑟𝑎 ,
(8.5.14)

and for 𝑠 ≤ 𝑘𝑠𝑚𝑎𝑙𝑙 + (𝑘 𝑙𝑜𝑠𝑠 − 12)

|𝔡≤𝑠∇3𝔭| +𝑄 |𝔡≤𝑠∇3𝔮
𝐹 | ≲ 𝜖0𝑟

−1(1 + 𝜏)−1−𝛿𝑒𝑥𝑡𝑟𝑎 (8.5.15)

as desired. This concludes the proof of Theorem M1.
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We conclude this thesis by presenting the full version of Theorem M1, incorporating all

well-defined notions.

Theorem M1 (Full Version). Consider a perturbation of a sub-extremal Reissner-Nordström

spacetime with parameters (𝑀,𝑄). Assume the bootstrap assumptions from Section 2.2.1

and the M1-adapted frame from Proposition 2.2.3. Then, the Chandrasekhar variables

(𝔭, 𝔮𝐹) ∈ 𝔰1×𝔰2 , defined in (4.1.1), satisfy the nonlinear Regge-Wheeler system (4.2.1)–(4.2.2).

Assume the initial data condition (8.5.1) of size 𝜖0 is sufficiently small, then 𝔭, 𝔮𝐹 , and

their higher-order derivatives satisfy the decay estimates in (8.5.14). Moreover, ∇3𝔭, ∇3𝔮
𝐹 ,

and their higher-order derivatives satisfy the decay estimates in (8.5.15).
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Conclusion or Epilogue

This thesis establishes the essential hyperbolic estimate for the nonlinear stability of the

Reissner-Nordström spacetime. The journey continues. Future efforts will be on tackling

remaining challenges to fully resolve the stability of the Reissner-Nordström spacetime,

shaping our understanding of black hole dynamics and Einstein-Maxwell equations.
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Appendix A: Null frame transformation and (almost)

gauge-invariant quantities

The goal of this Appendix is to prove Proposition 3.1.1, which requires the help of null

frame transformation formulas of various curvature components, Maxwell field components

and Ricci coefficients.

A.1 Transformation between integrable frames

Consider two null frames (𝑒4, 𝑒3, 𝑒𝑎) and (𝑒′4, 𝑒′3, 𝑒′𝑎) on M with 𝐻 = {𝑒3, 𝑒4}⊥ and 𝐻′ =

{𝑒′3, 𝑒′4}⊥ the corresponding horizontal structures. Since we only focus on integrable case,

𝐻 = {𝑒𝑎} and 𝐻′ = {𝑒′𝑎}. We denote by Γ′, Γ the connection coefficients relative to the two

frames. We denote by ∇,∇p⊗, div, curl,∇3,∇4 the standard operators corresponding to 𝐻 and

by ∇′,∇′
p⊗, div′, curl′,∇′

3,∇′
4 those corresponding to 𝐻′. The goal is to establish transition

formulas between the Ricci and curvature coefficients of the two frames.

The following transformations can be found in [28].

A.1.1 Transformation between two null frames

Lemma A.1.1. The following transformation formulas hold true.

(1) A general null transformation1 between two null frames (𝑒4, 𝑒3, 𝑒𝑎) and (𝑒′4, 𝑒′3, 𝑒′𝑎) on

1In full generality, one could also rotate 𝑒′1, 𝑒
′
2, but this would not change the horizontal structure and,

as it turns out, is in fact not needed. The dot product and magnitude | · | are taken with respect to the
standard euclidian norm of R2.
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M can be written in the form,

𝑒′4 = 𝜆

(
𝑒4 + 𝑓 𝑏𝑒𝑏 +

1

4
| 𝑓 |2𝑒3

)
,

𝑒′𝑎 =

(
𝛿𝑏𝑎 +

1

2
𝑓
𝑎
𝑓 𝑏

)
𝑒𝑏 +

1

2
𝑓
𝑎
𝑒4 +

(
1

2
𝑓𝑎 +

1

8
| 𝑓 |2 𝑓

𝑎

)
𝑒3,

𝑒′3 = 𝜆
−1

((
1 + 1

2
𝑓 · 𝑓 + 1

16
| 𝑓 |2 | 𝑓 |2

)
𝑒3 +

(
𝑓 𝑏 + 1

4
| 𝑓 |2 𝑓 𝑏

)
𝑒𝑏 +

1

4
| 𝑓 |2𝑒4

)
,

(A.1.1)

where 𝜆, 𝑓𝑎 = 𝑓 𝑎, 𝑓
𝑎
= 𝑓 𝑎 are scalar functions, called the transition coefficients of the

change of frame. Note, in particular,

𝑒′𝑎 = 𝑒𝑎 +
1

2
𝑓
𝑎
𝜆−1𝑒′4 +

1

2
𝑓𝑎𝑒3,

𝑒′3 = 𝜆
−1

(
𝑒3 + 𝑓 𝑎𝑒′𝑎 −

1

4
| 𝑓 |2𝜆−1𝑒′4

)
.

(2) The inverse transformation is given by the formulas

𝑒4 = 𝜆
′
(
𝑒′4 + 𝑓 ′𝑏𝑒

′
𝑏 +

1

4
| 𝑓 ′|2𝑒′3

)
,

𝑒𝑎 =

(
𝛿𝑏𝑎 +

1

2
𝑓 ′
𝑎
𝑓 ′𝑏

)
𝑒′𝑏 +

1

2
𝑓 ′
𝑎
𝑒′4 +

(
1

2
𝑓 ′𝑎 +

1

8
| 𝑓 ′|2 𝑓 ′

𝑎

)
𝑒′3,

𝑒3 = (𝜆′)−1
((
1 + 1

2
𝑓 ′ · 𝑓 ′ + 1

16
| 𝑓 ′|2 | 𝑓 ′|2

)
𝑒′3 +

(
𝑓 ′𝑏 + 1

4
| 𝑓 ′|2 𝑓 ′𝑏

)
𝑒′𝑏 +

1

4
| 𝑓 ′|2𝑒′4

)
,

(A.1.2)

where

𝜆′ = 𝜆−1
(
1 + 1

2
𝑓 · 𝑓 + 1

16
| 𝑓 |2 | 𝑓 |2

)
,

𝑓 ′𝑎 = − 𝜆

1 + 1
2 𝑓 · 𝑓 +

1
16 | 𝑓 |2 | 𝑓 |2

(
𝑓𝑎 +

1

4
| 𝑓 |2 𝑓

𝑎

)
,

𝑓 ′
𝑎
= −𝜆−1

(
𝑓
𝑎
+ 1

4
| 𝑓 |2 𝑓𝑎

)
.

(A.1.3)

Moreover

𝑓 ′
𝑎
𝑓 ′𝑏 = 𝑓

𝑏
𝑓𝑎, 𝜆′| 𝑓 ′|2 = 𝜆 | 𝑓 |2, (𝜆′)−1 | 𝑓 ′|2 = 𝜆−1 | 𝑓 |2 (A.1.4)
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Denoting 𝐹 = ( 𝑓 , 𝑓 , 𝜆 − 1), we also write, for small |𝐹 |,

𝜆′ = 𝜆−1
(
1 + 1

2
𝑓 · 𝑓

)
+𝑂 ( |𝐹 |3),

𝑓 ′𝑎 = −𝜆 𝑓𝑎 +𝑂 ( |𝐹 |3),

𝑓 ′
𝑎
= −𝜆−1 𝑓

𝑎
+𝑂 ( |𝐹 |3).

(A.1.5)

Remark 18. As a consequence of the above lemma, both 𝑓 and 𝑓 ′ can be regarded as

horizontal vectors on both 𝐻 = {𝑒3, 𝑒4}⊥ and 𝐻′ = {𝑒′3, 𝑒′4}⊥.

A.1.2 Integrability condition

The integrability condition for a null frame (𝑒3, 𝑒4, 𝑒𝑎) is that the horizontal structure 𝐻 =

{𝑒3, 𝑒4}⊥ spans the tangent space of the sphere. This condition is equivalent to (𝑎)tr𝜒 = 0

and (𝑎)tr𝜒 = 0, meaning that 𝜒 and p𝜒 are symmetric 2-tensors on the sphere.

Proposition A.1.2. A transformation of type A.1.1 between two integrable null frames

(𝑒3, 𝑒4, 𝑒1, 𝑒2) and (𝑒′3, 𝑒′4, 𝑒′1, 𝑒′2) satisfies the following condition

0 = curl′ 𝑓 + 𝑓 ∧ 𝜂 + 𝑓 ∧ 𝜁 + Err( (𝑎)tr𝜒, (𝑎)tr𝜒′), (A.1.6)

Err( (𝑎)tr𝜒, (𝑎)tr𝜒′) = 𝑓 ∧ 𝜉 + 1

4
𝑓 ∧ 𝑓 tr𝜒 + 𝜔 𝑓 ∧ 𝑓 + 1

4
𝜆−1( 𝑓 ∧ 𝑓 )tr𝜒′ + l.o.t.,

0 = curl′ 𝑓 + 𝑓 ∧ 𝜂 − 𝜁 ∧ 𝑓 + Err( (𝑎)tr𝜒, (𝑎)tr𝜒′), (A.1.7)

Err( (𝑎)tr𝜒, (𝑎)tr𝜒′) = 𝑓 ∧ 𝜉 + ( 𝑓 ∧ 𝑓 )𝜔 + l.o.t.,

where, l.o.t. denote expressions of the type

l.o.t. = 𝑂 (( 𝑓 , 𝑓 )3)Γ +𝑂 (( 𝑓 , 𝑓 )2)qΓ

containing no derivatives of 𝑓 , 𝑓 , Γ and qΓ.
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A.1.3 Transformation formulas for Ricci coefficients

Proposition A.1.3. Under a general transformation of type (A.1.1) between two integrable

null frames, the Ricci coefficients transform as follows:

• The transformation formula for 𝜉 is given by

𝜆−2𝜉′ = 𝜉 + 1

2
∇𝜆−1𝑒′4 𝑓 +

1

4
tr𝜒 𝑓 + 𝜔 𝑓 + Err(𝜉, 𝜉′), (A.1.8)

Err(𝜉, 𝜉′) = 1

2
𝑓 · p𝜒 + 1

4
| 𝑓 |2𝜂 + 1

2
( 𝑓 · 𝜁) 𝑓 − 1

4
| 𝑓 |2𝜂 (A.1.9)

+ 𝜆−2
(
1

2
( 𝑓 · 𝜉′) 𝑓 + 1

2
( 𝑓 · 𝑓 ) 𝜉′

)
+ l.o.t.

• The transformation formula for 𝜉 is given by

𝜆2𝜉′ = 𝜉 + 1

2
𝜆∇′

3 𝑓
′ + 𝜔 𝑓 + 1

4
tr𝜒 𝑓 + Err(𝜉, 𝜉′), (A.1.10)

Err(𝜉, 𝜉′) = 1

2
𝑓 · p𝜒 − 1

2
( 𝑓 · 𝜁) 𝑓 + 1

4
| 𝑓 |2𝜂 − 1

4
| 𝑓 |2𝜂′ + l.o.t.

• The transformation formulas for 𝜒 are given by

𝜆−1tr𝜒′ = tr𝜒 + div′ 𝑓 + 𝑓 · 𝜂 + 𝑓 · 𝜁 + Err(tr𝜒, tr𝜒′) (A.1.11)

Err(tr𝜒, tr𝜒′) = 𝑓 · 𝜉 + 1

4
𝑓 · 𝑓 tr𝜒 + 𝜔( 𝑓 · 𝑓 ) (A.1.12)

− 𝜔| 𝑓 |2 − 1

4
| 𝑓 |2tr𝜒 − 1

4
( 𝑓 · 𝑓 )𝜆−1tr𝜒′ + l.o.t.,

𝜆−1 p𝜒′ = p𝜒 + 1

2
∇′

p⊗ 𝑓 + 𝑓 p⊗𝜂 + 𝑓 p⊗𝜁 + Err( p𝜒, p𝜒′), (A.1.13)

Err( p𝜒, p𝜒′) = 𝑓 p⊗𝜉 + 1

4
𝑓 p⊗ 𝑓 tr𝜒 + 𝜔 𝑓 p⊗ 𝑓 (A.1.14)

− 𝜔 𝑓 p⊗ 𝑓 + 1

4
( 𝑓 p⊗ 𝑓 )𝜆−1tr𝜒′ + 1

2
𝑓 p⊗( 𝑓 · 𝜆−1 p𝜒′) + l.o.t.
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• The transformation formulas for 𝜒 are given by

𝜆tr𝜒′ = tr𝜒 + div′ 𝑓 + 𝑓 · 𝜂 − 𝑓 · 𝜁 + Err(tr𝜒, tr𝜒′), (A.1.15)

Err(tr𝜒, tr𝜒′) = 1

2
( 𝑓 · 𝑓 )tr𝜒 + 𝑓 · 𝜉 − | 𝑓 |2𝜔 + ( 𝑓 · 𝑓 )𝜔 − 1

4
| 𝑓 |2𝜆−1tr𝜒′ + l.o.t.,

𝜆p𝜒′ = p𝜒 + 1

2
∇′

p⊗ 𝑓 + 𝑓 p⊗𝜂 − 𝑓 p⊗𝜁 + Err(p𝜒, p𝜒′), (A.1.16)

Err(p𝜒, p𝜒′) = 1

2
( 𝑓 p⊗ 𝑓 )tr𝜒 + 𝑓 p⊗𝜉 − ( 𝑓 p⊗ 𝑓 )𝜔 + ( 𝑓 p⊗ 𝑓 )𝜔 − 1

4
| 𝑓 |2𝜆−1 p𝜒′ + l.o.t.

• The transformation formula for 𝜁 is given by

𝜁 ′ = 𝜁 − ∇′(log 𝜆) − 1

4
tr𝜒 𝑓 + 𝜔 𝑓 − 𝜔 𝑓 + 1

4
𝑓 tr𝜒 + Err(𝜁, 𝜁 ′),

Err(𝜁, 𝜁 ′) = −1
2

p𝜒 · 𝑓 + 1

2
( 𝑓 · 𝜁) 𝑓 − 1

2
( 𝑓 · 𝜂) 𝑓 + 1

4
𝑓 ( 𝑓 · 𝜂) + 1

4
𝑓 ( 𝑓 · 𝜁)

+ 1

4
★𝑓 ( 𝑓 ∧ 𝜂) + 1

4
★𝑓 ( 𝑓 ∧ 𝜁) + 1

4
𝑓 div′ 𝑓 + 1

4
★𝑓 curl′ 𝑓 + 1

2
𝜆−1 𝑓 · p𝜒′

− 1

16
( 𝑓 · 𝑓 ) 𝑓 𝜆−1tr𝜒′ + 1

16
★𝑓 𝜆−1( 𝑓 ∧ 𝑓 )tr𝜒′ + l.o.t.

• The transformation formula for 𝜂 is given by

𝜂′ = 𝜂 + 1

2
𝜆∇′

3 𝑓 +
1

4
𝑓 tr𝜒 − 𝜔 𝑓 + Err(𝜂, 𝜂′), (A.1.17)

Err(𝜂, 𝜂′) = 1

2
( 𝑓 · 𝑓 )𝜂 + 1

2
𝑓 · p𝜒 + 1

2
𝑓 ( 𝑓 · 𝜁) − ( 𝑓 · 𝑓 )𝜂′ + 1

2
𝑓 ( 𝑓 · 𝜂′) + l.o.t.

• The transformation formula for 𝜂 is given by

𝜂′ = 𝜂 + 1

2
∇𝜆−1𝑒′4 𝑓 +

1

4
tr𝜒 𝑓 − 𝜔 𝑓 + Err(𝜂, 𝜂′), (A.1.18)

Err(𝜂, 𝜂′) = 1

2
𝑓 · p𝜒 + 1

2
( 𝑓 · 𝜂) 𝑓 − 1

4
( 𝑓 · 𝜁) 𝑓 − 1

4
| 𝑓 |2𝜆−2𝜉′ + l.o.t.
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• The transformation formula for 𝜔 is given by

𝜆−1𝜔′ = 𝜔 − 1

2
𝜆−1𝑒′4(log 𝜆) +

1

2
𝑓 · (𝜁 − 𝜂) + Err(𝜔, 𝜔′), (A.1.19)

Err(𝜔, 𝜔′) = −1
4
| 𝑓 |2𝜔 − 1

8
tr𝜒 | 𝑓 |2 + 1

2
𝜆−2 𝑓 · 𝜉′ + l.o.t.

• The transformation formula for 𝜔 is given by

𝜆𝜔′ = 𝜔 + 1

2
𝜆𝑒′3(log 𝜆) −

1

2
𝑓 · 𝜁 − 1

2
𝑓 · 𝜂 + Err(𝜔, 𝜔′), (A.1.20)

Err(𝜔, 𝜔′) = 𝑓 · 𝑓 𝜔 − 1

4
| 𝑓 |2𝜔 + 1

2
𝑓 · 𝜉 + 1

8
( 𝑓 · 𝑓 )tr𝜒

− 1

8
| 𝑓 |2tr𝜒 − 1

4
𝜆 𝑓 · ∇′

3 𝑓 +
1

2
( 𝑓 · 𝑓 ) ( 𝑓 · 𝜂′) − 1

4
| 𝑓 |2( 𝑓 · 𝜂′) + l.o.t.

where, for the transformation formulas of the Ricci coefficients above, l.o.t. denote expressions

of the type

l.o.t. = 𝑂 (( 𝑓 , 𝑓 )3)Γ +𝑂 (( 𝑓 , 𝑓 )2)qΓ

containing no derivatives of 𝑓 , 𝑓 , Γ and qΓ.

A.1.4 Transformation formulas for Curvature coefficients

Proposition A.1.4. Under a general transformation of type (A.1.1) between two integrable

null frames, the curvature components transform as follows:

• The transformation formula for 𝛼, 𝛼 are given by

𝜆−2𝛼′ = 𝛼 + Err(𝛼, 𝛼′), (A.1.21)

Err(𝛼, 𝛼′) =
(
𝑓 p⊗𝛽 − ★𝑓 p⊗ ★𝛽) +

(
𝑓 p⊗ 𝑓 − 1

2
★𝑓 p⊗ ★𝑓

)
𝜌 + 3

2

(
𝑓 p⊗ ★𝑓

)
★𝜌 + l.o.t.,

𝜆2𝛼′ = 𝛼 + Err(𝛼, 𝛼′), (A.1.22)
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Err(𝛼, 𝛼′) = −
(
𝑓 p⊗𝛽 − ★𝑓 p⊗ ★𝛽) +

(
𝑓 p⊗ 𝑓 − 1

2
★𝑓 p⊗ ★𝑓

)
𝜌 + 3

2

(
𝑓 p⊗ ★𝑓

)
★𝜌 + l.o.t.

• The transformation formula for 𝛽, 𝛽 are given by

𝜆−1𝛽′ = 𝛽 + 3

2

(
𝑓 𝜌 + ★𝑓 ★𝜌

)
+ Err(𝛽, 𝛽′), (A.1.23)

Err(𝛽, 𝛽′) = 1

2
𝛼 · 𝑓 + l.o.t.,

𝜆𝛽′ = 𝛽 − 3

2

(
𝑓 𝜌 + ★𝑓 ★𝜌

)
+ Err(𝛽, 𝛽′), (A.1.24)

Err(𝛽, 𝛽′) = −1
2
𝛼 · 𝑓 + l.o.t.

• The transformation formula for 𝜌 and ★𝜌 are given by

𝜌′ = 𝜌 + Err(𝜌, 𝜌′), (A.1.25)

Err(𝜌, 𝜌′) = 𝑓 · 𝛽 − 𝑓 · 𝛽 + 3

2
𝜌( 𝑓 · 𝑓 ) − 3

2
★𝜌( 𝑓 ∧ 𝑓 ) + l.o.t.,

★𝜌′ = ★𝜌 + Err( ★𝜌, ★𝜌′), (A.1.26)

Err( ★𝜌, ★𝜌′) = − 𝑓 · ★𝛽 − 𝑓 · ★𝛽 + 3

2
★𝜌( 𝑓 · 𝑓 ) + 3

2
𝜌( 𝑓 ∧ 𝑓 ) + l.o.t.

where, for the transformation formulas of the curvature components above, l.o.t. denote

expressions of the type

l.o.t. = 𝑂 (( 𝑓 , 𝑓 )3) (𝜌, ★𝜌) +𝑂 (( 𝑓 , 𝑓 )2) (𝛼, 𝛽, 𝛼, 𝛽)

containing no derivatives of 𝑓 , 𝑓 , 𝛼, 𝛽, (𝜌, ★𝜌), 𝛽, and 𝛼.
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A.1.5 Transformation formulas for Maxwell field

Recall null electromagnetic components are given by

(𝐹)𝛽𝑎 : = F(𝑒𝑎, 𝑒4), (𝐹)𝛽
𝑎
:= F(𝑒𝑎, 𝑒3)

(𝐹)𝜌 :=
1

2
F(𝑒3, 𝑒4), ★ (𝐹)𝜌 :=

1

2
★F(𝑒3, 𝑒4)

(A.1.27)

F(𝑒𝑎, 𝑒𝑏) = −𝜖𝑎𝑏 ★ (𝐹)𝜌 (A.1.28)

Proposition A.1.5. Under a general transformation of type (A.1.1) between two integrable

null frames, the electromagnetic components transform as follows:

• The transformation formula for (𝐹)𝛽, (𝐹)𝛽 are given by

𝜆−1 (𝐹)𝛽′ = (𝐹)𝛽 − ★𝑓 (𝐹)★𝜌 + 𝑓 (𝐹)𝜌 + l.o.t.,

𝜆 (𝐹)𝛽′ = (𝐹)𝛽 − ★𝑓 (𝐹)★𝜌 − 𝑓 (𝐹)𝜌 + l.o.t.
(A.1.29)

• The transformation formula for (𝐹)𝜌 and ★ (𝐹)𝜌 are given by

(𝐹)𝜌′ = (𝐹)𝜌 + Err( (𝐹)𝜌, (𝐹)𝜌′)

Err( (𝐹)𝜌, (𝐹)𝜌′) = −1
2
𝑓 · (𝐹)𝛽 + 1

2
𝑓 · (𝐹)𝛽 + 1

2
(𝐹)𝜌( 𝑓 · 𝑓 ) + 1

2
(𝐹)★𝜌( 𝑓 ∧ 𝑓 ) + l.o.t.

(A.1.30)

(𝐹)★𝜌′ = (𝐹)★𝜌 + Err( (𝐹)★𝜌, (𝐹)★𝜌′)

Err( (𝐹)★𝜌, (𝐹)★𝜌′) = −1
2
𝑓 · ★ (𝐹)𝛽 − 1

2
𝑓 · ★ (𝐹)𝛽 + 1

2
★ (𝐹)𝜌( 𝑓 · 𝑓 ) − 1

2
(𝐹)𝜌( 𝑓 ∧ 𝑓 ) + l.o.t.

(A.1.31)

where, for the transformation formulas of the electromagnetic components above, l.o.t. denote
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expressions of the type

l.o.t. = 𝑂 (( 𝑓 , 𝑓 )3) ( (𝐹)𝜌, (𝐹)★𝜌) +𝑂 (( 𝑓 , 𝑓 )2) ( (𝐹)𝛽, (𝐹)𝛽)

containing no derivatives of 𝑓 , 𝑓 , (𝐹)𝛽, (𝐹)𝜌, (𝐹)★𝜌, (𝐹)𝛽.

A.2 Gauge invariant quantities: Proof of Proposition 3.1.1

The goal of this section is to prove Proposition 3.1.1 using the null frame transformation in

Appendix A.1. We restate Proposition 3.1.1 for convenience.

Proposition A.2.1. For a electromagnetic-gravitational perturbation of the Reissner-Nordström

spacetime, the following 𝔰2-tensors

𝛼, 𝛼

and

𝔣 = −1
2
∇p⊗ (𝐹)𝛽 + (𝐹)𝜌 p𝜒, 𝔣 = −1

2
∇p⊗ (𝐹)𝛽 − (𝐹)𝜌p𝜒 (A.2.1)

and the following 𝔰1-tensors (where (𝐹)𝜌0 and 𝜌0 are non-zero background values)

𝛽 = 2 (𝐹)𝜌0𝛽 − 3𝜌0
(𝐹)𝛽, 𝛽̃ = 2 (𝐹)𝜌0𝛽 − 3𝜌0

(𝐹)𝛽 (A.2.2)

and

𝔵 = ∇4
(𝐹)𝛽 + 3

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽 − 2 (𝐹)𝜌𝜉, 𝔵 = ∇3

(𝐹)𝛽 + 3

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽 + 2 (𝐹)𝜌𝜉

(A.2.3)

are almost gauge-invariant. (That is, quantities that are unchanged under infinitesimal null

frame transformations in the linear theory.)
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Proof. Given a 𝑂 (𝜖)-perturbation of Reissner-Nordström spacetime. For any transformation

of type (A.1.1) between two integrable null frames (𝑒4, 𝑒3, 𝑒1, 𝑒2) and (𝑒′4, 𝑒′3, 𝑒′1, 𝑒′2) that is of

size ( 𝑓 , 𝑓 , 𝜆−1) = 𝑂 (𝜖), then from Proposition A.1.4, we have the transformation of relevant

curvature components:

𝛼′ = 𝛼 +𝑂 (𝜖2),

𝛼′ = 𝛼 +𝑂 (𝜖2),

𝛽′ = 𝛽 + 3

2
𝑓 𝜌 +𝑂 (𝜖2),

𝛽′ = 𝛽 − 3

2
𝑓 𝜌 +𝑂 (𝜖2),

𝜌′ = 𝜌 +𝑂 (𝜖2),

★𝜌′ = ★𝜌 +𝑂 (𝜖2).

From Proposition A.1.5, we the transformation of relevant Maxwell field components:

(𝐹)𝛽′ = (𝐹)𝛽 + 𝑓 (𝐹)𝜌 +𝑂 (𝜖2),

(𝐹)𝛽′ = (𝐹)𝛽 − 𝑓 (𝐹)𝜌 +𝑂 (𝜖2).

From Proposition A.1.3, we the transformation of relevant Ricci coefficients:

p𝜒′ = p𝜒 + 1

2
∇′

p⊗ 𝑓 +𝑂 (𝜖2),

p𝜒′ = p𝜒 + 1

2
∇′

p⊗ 𝑓 +𝑂 (𝜖2),

tr𝜒′ = tr𝜒 + div′ 𝑓 +𝑂 (𝜖2),

tr𝜒′ = tr𝜒 + div′ 𝑓 +𝑂 (𝜖2),

𝜉′ = 𝜉 + 1

2
∇𝑒′4 𝑓 +

1

4
tr𝜒 𝑓 + 𝜔 𝑓 +𝑂 (𝜖2),

𝜉′ = 𝜉 + 1

2
∇𝑒′3 𝑓 +

1

4
tr𝜒 𝑓 + 𝜔 𝑓 +𝑂 (𝜖2),

𝜔′ = 𝜔 − 1

2
𝑒′4(log 𝜆) +𝑂 (𝜖2),
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𝜔′ = 𝜔 + 1

2
𝑒′3(log 𝜆) +𝑂 (𝜖2).

Therefore, 𝔣 and 𝔣 transform as (𝑒′𝑎 = 𝑒𝑎 +𝑂 (𝜖)𝑒3 +𝑂 (𝜖)𝑒4)

𝔣′ = −1
2
∇′

p⊗ (𝐹)𝛽′ + (𝐹)𝜌′p𝜒′

= −1
2
∇′

p⊗
(
(𝐹)𝛽 + 𝑓 (𝐹)𝜌 +𝑂 (𝜖2)

)
+

(
(𝐹)𝜌 +𝑂 (𝜖2)

) (
p𝜒 + 1

2
∇′

p⊗ 𝑓
)

= −1
2
∇p⊗ (𝐹)𝛽 + (𝐹)𝜌 p𝜒 − 1

2
∇′ (𝐹)𝜌p⊗ 𝑓 +𝑂 (𝜖2)

= 𝔣 +𝑂 (𝜖2),

𝔣′ = −1
2
∇′

p⊗ (𝐹)𝛽′ − (𝐹)𝜌′p𝜒′

= −1
2
∇′

p⊗
(
(𝐹)𝛽 − 𝑓 (𝐹)𝜌 +𝑂 (𝜖2)

)
−

(
(𝐹)𝜌 +𝑂 (𝜖2)

) (
p𝜒 + 1

2
∇′

p⊗ 𝑓
)

= −1
2
∇p⊗ (𝐹)𝛽 − (𝐹)𝜌p𝜒 − 1

2
∇′ (𝐹)𝜌p⊗ 𝑓 +𝑂 (𝜖2)

= 𝔣 +𝑂 (𝜖2).

Moreover, 𝛽 and 𝛽̃ transform as

𝛽′ = 2 (𝐹)𝜌0

(
𝛽 + 3

2
𝑓 𝜌 +𝑂 (𝜖2)

)
− 3𝜌0

(
(𝐹)𝛽 + 𝑓 (𝐹)𝜌 +𝑂 (𝜖2)

)
= 2 (𝐹)𝜌𝛽 − 3𝜌 (𝐹)𝛽 + 3 (𝐹)𝜌 𝑓 𝜌 − 3𝜌 𝑓 (𝐹)𝜌 +𝑂 (𝜖2)

= 𝛽 +𝑂 (𝜖2),

𝛽̃′ = 2 (𝐹)𝜌0

(
𝛽 − 3

2
𝑓 𝜌 +𝑂 (𝜖2)

)
− 3𝜌0

(
(𝐹)𝛽 − 𝑓 (𝐹)𝜌 +𝑂 (𝜖2)

)
= 2 (𝐹)𝜌𝛽 − 3𝜌 (𝐹)𝛽 − 3 (𝐹)𝜌 𝑓 𝜌 + 3𝜌 𝑓 (𝐹)𝜌 +𝑂 (𝜖2)

= 𝛽̃ +𝑂 (𝜖2).

Finally, we compute how 𝔵 and 𝔵 transform. From Proposition 2.1.1, we know under a
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𝑂 (𝜖)-perturbation of Reissner-Nordström ,

∇4
(𝐹)𝜌 = −tr𝜒 (𝐹)𝜌 +𝑂 (𝜖),

∇3
(𝐹)𝜌 = −tr𝜒 (𝐹)𝜌 +𝑂 (𝜖).

Therefore, (𝑒′4 = 𝑒4 +𝑂 (𝜖)𝑒4 +𝑂 (𝜖)𝑒𝑎 +𝑂 (𝜖2)𝑒3; 𝑒′3 = 𝑒3 +𝑂 (𝜖)𝑒3 +𝑂 (𝜖)𝑒𝑎 +𝑂 (𝜖2)𝑒4)

𝔵′ = ∇𝑒′4
(
(𝐹)𝛽 + 𝑓 (𝐹)𝜌 +𝑂 (𝜖2)

)
+ 3

2
(tr𝜒 +𝑂 (𝜖))

(
(𝐹)𝛽 + 𝑓 (𝐹)𝜌 +𝑂 (𝜖2)

)
+ 2 (𝜔 +𝑂 (𝜖))

(
(𝐹)𝛽 + 𝑓 (𝐹)𝜌 +𝑂 (𝜖2)

)
− 2

(
(𝐹)𝜌 +𝑂 (𝜖2)

) (
𝜉 + 1

2
∇𝑒′4 𝑓 +

1

4
tr𝜒 𝑓 + 𝜔 𝑓 +𝑂 (𝜖2)

)
= ∇4

(
(𝐹)𝛽 + 𝑓 (𝐹)𝜌

)
+ 3

2
tr𝜒

(
(𝐹)𝛽 + 𝑓 (𝐹)𝜌

)
+ 2𝜔

(
(𝐹)𝛽 + 𝑓 (𝐹)𝜌

)
− 2 (𝐹)𝜌

(
𝜉 + 1

2
∇4 𝑓 +

1

4
tr𝜒 𝑓 + 𝜔 𝑓

)
+𝑂 (𝜖2)

= ∇4
(𝐹)𝛽 + 3

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽 − 2 (𝐹)𝜌𝜉 +

(
∇4

(𝐹)𝜌 + tr𝜒 (𝐹)𝜌
)
𝑓 +𝑂 (𝜖2)

= 𝔵 +𝑂 (𝜖2),

𝔵′ = ∇𝑒′3
(
(𝐹)𝛽 − 𝑓 (𝐹)𝜌 +𝑂 (𝜖2)

)
+ 3

2

(
tr𝜒 +𝑂 (𝜖)

) (
(𝐹)𝛽 − 𝑓 (𝐹)𝜌 +𝑂 (𝜖2)

)
+ 2

(
𝜔 +𝑂 (𝜖)

) (
(𝐹)𝛽 − 𝑓 (𝐹)𝜌 +𝑂 (𝜖2)

)
+ 2

(
(𝐹)𝜌 +𝑂 (𝜖2)

) (
𝜉 + 1

2
∇𝑒′3 𝑓 +

1

4
tr𝜒 𝑓 + 𝜔 𝑓 +𝑂 (𝜖2)

)
= ∇3

(
(𝐹)𝛽 − 𝑓 (𝐹)𝜌

)
+ 3

2
tr𝜒

(
(𝐹)𝛽 − 𝑓 (𝐹)𝜌

)
+ 2𝜔

(
(𝐹)𝛽 − 𝑓 (𝐹)𝜌

)
+ 2 (𝐹)𝜌

(
𝜉 + 1

2
∇3 𝑓 +

1

4
tr𝜒 𝑓 + 𝜔 𝑓

)
+𝑂 (𝜖2)

= ∇3
(𝐹)𝛽 + 3

2
tr𝜒 (𝐹)𝛽 + 2𝜔 (𝐹)𝛽 − 2 (𝐹)𝜌𝜉 −

(
∇3

(𝐹)𝜌 + tr𝜒 (𝐹)𝜌
)
𝑓 +𝑂 (𝜖2)

= 𝔵 +𝑂 (𝜖2).

This concludes the proof of Proposition A.2.1.
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