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Abstract
Nonlinear Stability of sub-extremal Reissner-Nordstrom Blackhole Spacetimes
— Hyperbolic Estimates for Nonlinear Positive-Spin Regge-Wheeler system
Jingbo Wan

We initiate the study of the nonlinear stability of sub-extremal Reissner-Nordstréom
spacetimes within the Klainerman-Szeftel framework, extending methods developed for the
Schwarzschild case [27] and the linear stability of Reissner-Nordstrom [12, 13]. We aim to
establish nonlinear stability without imposing additional symmetry assumptions, instead
relying on a finite co-dimension constraint on perturbations, as introduced in [6] for the
Schwarzschild case. In this thesis, we focus on deriving the essential hyperbolic estimates
for the nonlinear problem. A significant challenge arises from the interaction between
gravitational and electromagnetic perturbations, which are governed by the nonlinear
positive-spin Regge-Wheeler system. To address this, we establish the energy, Morawetz,
redshift, and r”-type estimates, in the spirit of Dafermos and Rodnianski’s linear analysis,
while carefully managing the additional complexities introduced by the coupling and the
intricate nonlinearities. As a result, we obtain decay estimates of the main variables under
reasonable assumptions, providing the foundational hyperbolic estimates necessary to
address the full nonlinear stability problem in sub-extremal Reissner-Nordstrom spacetimes

in the future.
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Chapter 1: Introduction

Black holes are fundamental solutions to Einstein’s equations and occupy a central role in the
theory of general relativity. A critical mathematical question concerns their stability under
perturbations: do small deviations from an exact black hole spacetime remain bounded and
controlled over time? Proving the stability of charged black holes necessitates understanding
the nonlinear evolution governed by a geometric nonlinear PDE system, the Einstein-Maxwell
equations. This thesis explores the nonlinear stability problem for charged black holes,

focusing specifically on the Reissner-Nordstrom spacetime.

1.1 Einstein-Maxwell Equations and Black Hole Solutions

1.1.1 The Einstein-Maxwell Equations

Formulation of the Einstein-Maxwell equations and their role in describing charged space-
times. The Einstein-Maxwell equations describe the coupling of the gravitational field, repre-
sented by the metric g,,, and the electromagnetic field, represented by the Faraday two-form

F,,. The system is given by:

G'uv = 87TT#V, DﬂF'uV = O, D[(,F,gy] = 0,

where G, is the Einstein tensor and T, is the stress-energy tensor for the electromagnetic

field.



R-N nonlinear stability

1.1.2 The Reissner-Nordstrom Blackhole Solution

The Reissner-Nordstrom solution is obtained by solving the Einstein-Maxwell equations un-

der spherical symmetry, leading to the metric:

2
g:_( oM Q dr* + 7 (d6? +sin® 0 do?)

1
- —+=|di’+ —
. +r2)dt+1—2—M+Q—2

r r2
in the Boyer-Lindquist coordinate system (¢,r, 6, ¢). We will focus on the sub-extremal case

only, i.e., |Q| < M. Key geometric properties can be summarized as:

e [t admits a stationary Killing vector field T and a SO(2)-family of rotational Killing

vector fields.

e {r = r;} in the Boyer-Lindquist coordinate is the event horizon, where T fails to be

timelike and in fact null. Here r; is given by

e {r = rp} in the Boyer-Lindquist coordinate is the trapping hypersurface where null

geodesics can stay there. Here rp is given by

_ 3M ++9M? —80?

2

rp

e The sub-extremality condition ensures the surface gravity of the event horizon is pos-

itive, which leads to the presence of the redshift effect.

The Reissner-Nordstrom solution is a sub-family of a broader family of Kerr-Newman black-

holes.
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1.2 The Stability Problem for Black Hole Spacetimes

Since the pioneering work of Christodoulou and Klainerman [!] on the global stability of
Minkowski spacetime in general relativity, substantial progress has been made in under-
standing the stability of black holes. A major breakthrough was the linear theory developed
by Dafermos, Holzegel, and Rodnianski in [5], where they established the first quantita-
tive decay estimates for the Teukolsky equations in the linear stability of Schwarzschild.
Their approach introduced a physical version of Chandrasekhar’s transformation to relate
the Teukolsky and Regge-Wheeler equations, alongside a robust vector-field method for de-
riving decay estimates. These techniques were later adapted by Klainerman-Szeftel in [27] to
address the nonlinear stability of Schwarzschild under an additional symmetry assumption,
which was subsequently removed in [6] by Dafermos, Holzegel, Rodnianski and Taylor. In
the presence of an electromagnetic field, Giorgi extended the linear analysis of [5] to establish
the linear stability of Reissner-Nordstrom in a series of works [9, 10, 12, 11, 13]. The stability
problem for the Kerr spacetime presented additional challenges due to the lack of spherical
symmetry, but a new method based on hidden symmetries was introduced by Andersson-
Blue [I]| to analyze wave equations on Kerr. Additionally, a full GCM gauge framework
was developed in [28, 29, 32], enabling Giorgi, Klainerman, Szeftel, and Shen to resolve the
nonlinear stability of slowly rotating Kerr black holes in [30, 18]. Progress has also been
achieved in the study of linear and nonlinear stability for Kerr-Newman black holes, as ev-
idenced by recent works such as [14] and [21]. Additionally, numerous other contributions
have addressed various aspects of black hole stability problems, including [20, 241, 22, 23, 25],

among others.

1.3 Linear Stability of Reissner-Nordstrom Spacetime

The linear stability of Reissner-Nordstrom spacetime forms a foundational element in the

analysis of nonlinear stability, as many of its structural properties, geometric frameworks,
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and hyperbolic estimates seamlessly extend into the nonlinear regime. In this section, we
present the theory of linear stability for Reissner-Nordstrom spacetime, as developed by
Elena Giorgi in a series of seminal works [9, 10, 12, 11, 13].

We start by introducing the linearized quantities and equations that describe gravitational
and electromagnetic perturbations under the Einstein-Maxwell system. A crucial step is iden-
tifying gauge-invariant quantities that capture the essential dynamics of linearized gravity,
the Maxwell field, and their interactions. These quantities satisfy decoupled transport equa-
tions, leading to the Teukolsky system. However, directly performing hyperbolic estimates
on the Teukolsky system is challenging. To address this, we introduce the Chandrasekhar
transformation, which converts the Teukolsky system into the Regge-Wheeler system, offer-

ing a more straightforward framework for stability analysis.

1.3.1 Linearized quantities and linearized Einstein-Maxwell equations

We consider a spacetime (M, g) foliated by a family of 2-spheres. A null frame {es, e4, €.}
(a = 1,2) is said to be adapted to this foliation if es3 and e4 are normal to each leaf and

satisfy the metric conditions:

g(es, e3) =gles,eq) =g(es,eq) =gles,eq) =0, gles, eq) =-2.

Given such an adapted null frame, we decompose the Weyl curvature ‘W, the electromagnetic

2-form &, and define the Ricci coefficients I' associated with the null frame:

W ={a.B.p,"p.B. 2},

&= Vg, T, *p, “)p)

I'={x.x.&(&Emn 8 w0}



R-N nonlinear stability

For detailed definitions, see Section 2.1.1.
Using these quantities, we express the Einstein-Maxwell equations, which consist of the Ricci
identities, Maxwell equations, and Bianchi equations associated with the given null frame.

Schematically, these equations are:

e Ricci identities:

VI+IT'«sI'=W+E % E.

e Maxwell equations:

VE+T xE =0.

e Bianchi equations:

VW +E«E)+Tx« (W+E=E) =0.

where V denotes the appropriate derivatives along e, (u = 1,2,3,4), and * represents con-
tractions.
For linear stability, we consider an O(e€) perturbation of (‘W,&,I") and linearize around the

Reissner-Nordstrom background, neglecting O(€?) terms:
(W,E,1) = (W = Wiy, & = En, T = Trw) = O(e).

The linearized Einstein-Maxwell equations are then schematically given by:

e Linearized Ricci identities:

Vf+FRN*f:(\M7+8RN*é.

e Linearized Maxwell equations:

V5+FRN*5+8RN*f‘:O.
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e Linearized Bianchi equations:

V(W +Ery %) + Ty # (W +Egy #E) + T % (Way + Ery * Ery) = 0.

A key aspect of the linear stability problem is identifying “master quantities” that decouple
from the rest of the linearized system. Various results in the literature, both in physics and

mathematics, address this issue. See [3, 31, 33], etc.

1.3.2 Gauge-Invariant Quantities and Transport Equations

The “master quantities” in our linear analysis are the gauge-invariant quantities, which re-
main unchanged under infinitesimal coordinate or frame transformations in the linearized
setting.

In the context of Reissner-Nordstrom stability, the gauge-invariant quantities are (@, 8, f, ¥),

where

~ 1_~ N 3

pr=2pp-3p "B, T:=-3V8 "B+ o, 1= ViU+ Jux g+ 20 -2,
along with their negative-spin counterparts (o, 8, f.%). Notably, these definitions exhibit a
non-trivial coupling between gravitational and electromagnetic perturbations. These quan-
tities satisfy a system of decoupled transport equations, referred to as the gauge-invariant

transport equations:

FoVaa+...=—d58+...,
VaB+...= Dodoa+...,
Vaf+...= d5x+...,
Vsg+...=—dbf+...,
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where ... denote lower-order terms in (@, 3,,%), o is the sphere divergence operator on
symmetric traceless two-tensors, and ¢3 is its adjoint. These transport equations lead to
Teukolsky-type equations for each gauge-invariant quantity. For instance, applying V3 to
the equation for V48 and substituting the equation for Vza yields the Teukolsky equation
for S3:

VsVuB+ dods5f= ...,

where the right-hand side remains coupled to other gauge-invariant quantities.

In the nonlinear stability problem, these quantities are no longer strictly invariant under
infinitesimal frame transformations; instead, they transform at lower orders, meaning they
still decouple from the rest of the nonlinear system up to nonlinear coupling terms. In this
context, we refer to them as almost gauge-invariant quantities, and they remain fundamental

in the nonlinear analysis. See Section 3.1 for further details.

1.3.3 The Chandrasekhar Transformation and the Regge-Wheeler System

The Chandrasekhar transformation serves as a crucial tool for mapping Teukolsky-type equa-
tions into Regge-Wheeler-type equations. This method was initially introduced by Chan-
drasekhar in the context of mode decomposition and was later extended to physical space
in the seminal work by Dafermos, Holzegel, and Rodnianski [5]. In the context of the linear
stability problem for the Reissner-Nordstrom spacetime [12]|, we apply the Chandrasekhar

transformation to 8 and f, thereby defining the corresponding the Regge-Wheeler variables:

p=r"(VaB+...),

qf =r3(Vsf+...),
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where r is the areal radius of the sphere foliation. As a result, we obtain the linearized

Regge-Wheeler system for (p, q):

80?2
Op—Vip= —- doa”,

1
Oaf - Vaq = r—gd§p-

This system decouples from the rest of the linearized equations. The proof of the linear
stability of Reissner-Nordstrém spacetime is built upon establishing robust hyperbolic esti-
mates for this system in the full sub-extremal regime. The full linearized stability is then
completed through a structured hierarchy of the linearized Einstein-Maxwell equations to
estimate all relevant linearized quantities ‘T/V/, (‘vj, I.

The nonlinear stability of Reissner-Nordstrom spacetime is fundamentally built on the hy-
perbolic estimate of the nonlinear counterpart of the above Regge-Wheeler system, which is

the main focus of this thesis.

1.4 Nonlinear Stability in the Klainerman-Szeftel Framework

A complete proof of the nonlinear stability of Reissner-Nordstrom spacetime requires a de-
tailed geometric framework and the construction of GCM (Geometric Coordinate Modula-
tion) admissible spacetimes, both essential for the broader stability program. While these
elements are crucial to the long-term project, the primary focus of this thesis is the hyper-
bolic estimates for the nonlinear positive-spin Regge-Wheeler system—a major step in the
overall proof. In this section, we briefly introduce the geometric setup, GCM admissible
spacetimes, and the key intermediate results and strategies within the Klainerman-Szeftel
framework. We refer readers to [27] for the analogous setup in the Schwarzschild case, while

a full treatment in the Reissner-Nordstrom case will appear in future works.
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1.4.1 Geometric Setup and GCM Admissible Spacetimes

In this section, we provide a simplified version of the geometric setup and the definition of
GCM (Geometric Coordinate Modulation) admissible spacetimes, analogous to Definition

3.2 in [27].

Definition 1.4.1 (GCM-admissible spacetime, a simplified version). We consider a space-

time (M, g), sketched below in Figure 1.1, where
e g is close to the Reissner-Nordstrom metric in a suitable topology.

o M =EALY M)A with 7 = () AL 0 (08 Af g time-like hypersurface.

Figure 1.1: GCM admissible spacetime M

The spacetime (M,g) is called a general covariant modulated admissible (or shortly

GCM-admissible) spacetime if it satisfies:
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(1) Boundaries: The future and past boundaries of M are given by

ITM=AUC UC.UL,,

oM=C Ugl’

where:

e For simplicity’, we assume that the initial data is given on the initial data
cone C1 U C,, where the geometric data is a small perturbation of the Reissner-

Nordstrém data?.
e X, is the future spacelike boundary of (ext) M called GCM hypersurface.
e C. is the future outgoing null boundary of (€t M.
e C_is the future incoming null boundary of (int) Af

A is the future spacelike boundary of (") M.

T separates (Y M and (") M starting at C, N Cy and ending at C, N C..
(2) Foliations of M and adapted null frames:

o (&t AL is foliated by (u, (¢*s), where:

— u is an outgoing optical function, initialized on Z,.

— (exD)g is an affine parameter along u-hypersurfaces.

— The null frame ( (¥es, (XD, (exD)e ) is adapted to (u, (“*s), with (e, =
L =—gt0,ud,.

— (exD)p ig the area radius of 2-spheres S(u, (¢*)s).

'In the Klainerman-Szeftel framework, the initial data is in fact prescribed on a spacelike hypersurface
Yo. Through local stability and exterior stability results, this control is transferred to an initial data layer
Lo, which lies in the finite causal future of Xy. The cones C; UC | are contained within this initial data layer

Lo.

?In fact, the control of data on C; U C; is non-trivial, we refer readers to Theorem MO in [27] for more

details in Schwarzschild case.

10
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— C, corresponds to u = u,, and C; to u = 1.

— The foliation terminates at 7~ = { “*r = r, s}, where r,, 5, satisfies:*

o 36
ry (1 + 77{) ST STy (1 + Tﬂ) .

o () Af is foliated by (u, @s), where:
— u is an ingoing optical function, initialized on 7.
— (s is an affine parameter along u-hypersurfaces.
— The null frame (eg, (e, (e ) is adapted to (u, s), with ez =
L = -g"6,ud,.
— () is the area radius of 2-spheres S(u, "s).
— The foliation terminates at A = { ™y = r, (1 - 64)}.
— C, corresponds to u = u,, and C; to u = 1.

(3) GCM foliation of %,:

o X, ={u+ Iy =cy } for some constant cy..
e r > u, on X, (dominance condition).

o (g — (e on ¥, (Initialization of s on X,).

2. is a GCM hypersurface if it satisfies GCMH conditions on n,-1 and &,-1,

and is foliated by GCM spheres with specific conditions on try, tr)(bz, and ueso.

We calibrate u on X, by setting u = 1 such that S; = X, N {u = 1} is the unique
sphere in X, whose south pole coincides with the south pole of a sphere in the

outgoing null cone C(q r,) of the initial data layer.
(4) Initialization of the (u, ") s)-foliation on 7

o u=u, Mg=(DsonT.

3In [27], a specific choice of r,, 5, was made in their Theorem M8, i.e. the top order estimate.

11
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e The null frames are related by:

(im‘)e4 ) (ext)e4’ (int)eg — /1—1 (exl)eS, (int)ea — (ext)ea,

2 (ext)m

(ext)

where A =1 - and (“*Ym is the Hawking mass of S(u, (¢*s).%

Remark 1. The existence of GCM spheres and GCM hypersurfaces in perturbations of
Kerr spacetime has been established in [28, 29, 32]. In the case of Schwarzschild spacetime,
the GCM construction was simplified in [27] due to the assumption of polarized symmetry.
A similar construction for perturbations of Reissner-Nordstrom spacetime, without relying
on symmetry assumptions, is expected to follow with relative ease. As demonstrated in
[26] for perturbations of Kerr spacetime, the GCM procedure plays a pivotal role in the
Klainerman-Szeftel framework for black hole stability. Analytically, the GCM procedure is
an infinite-dimensional modulation technique that manages the full diffeomorphism group of
Einstein’s equations, enabling the stability problem to be approached as a Cauchy evolution.
Geometrically, it establishes a rigid, canonical foliation at null infinity, resolving ambiguities
related to supertranslations. Physically, it determines the center-of-mass frame of the final
black hole, providing an optimal framework for defining key physical quantities at null infinity
and deriving their evolution laws.

In this thesis, we focus on hyperbolic estimates within a subregion of the GCM admissible
spacetime. Since this analysis does not require detailed knowledge of the GCM procedure

itself, we will not elaborate further on the GCM construction.

1.4.2 The Contradiction Argument in Nonlinear Stability

In a GCM admissible spacetime M, the initial data assumptions are imposed on C; U C,

with a small parameter €y < 1. A bootstrap assumption is then made in M with a larger

4We point out that in a Reissner-Nordstrém blackhole spacetime with mass M and charge Q, the Hawking

mass of a two sphere S(z,r) in the Boyer-Lindquist coordinates is M — 22
r

12



R-N nonlinear stability

parameter € = 66% > ¢p. The proof proceeds via a contradiction argument, assuming that M
is the largest GCM admissible spacetime in which the bootstrap assumption holds at the size
€. The goal is to show that if € is chosen sufficiently small, the bootstrap assumption in M
can be improved to the smaller size 5. Through further analysis, it can be demonstrated that
M can be extended to a larger GCM admissible spacetime where the bootstrap assumption
of size € still holds. This leads to a contradiction, implying that such a GCM admissible
spacetime cannot be bounded in time. Equivalently, this establishes the existence of a long-
time solution to the Einstein-Maxwell equations, provided the initial data is sufficiently close
to that of a Reissner-Nordstrom spacetime. Along this solution, we also have quantitative

decay estimates for gravitational and electromagnetic perturbations.

1.4.3 Main Intermediate Theorems in the Klainerman-Szeftel framework (M0-M8)

The focus of this thesis is on the hyperbolic estimates for the nonlinear positive-spin Regge-
Wheeler system, which arises from gravitational and electromagnetic perturbations of the
Reissner-Nordstrom spacetime. (See Theorem M1 below.)

As part of the broader effort to establish the nonlinear stability of Reissner-Nordstrém |,
we introduce a series of intermediate theorems within the Klainerman-Szeftel framework for
black hole stability. These results, analogous to those in [27] for the nonlinear stability of
Schwarzschild, provide a specific hierarchy of controlling various quantities involved in the
problem.

We now briefly state the simplified version of these intermediate theorems, without much

explanation.
Theorem MO. Control of the initial data.

Theorem M1. Control of the Chandrasekhar-transformed variables p, " through hyper-

bolic estimates for the nonlinear positive-spin Regge-Wheeler system.
Theorem M2. Control of the positive-spin (almost) gauge-invariant quantities «, B, 1, % via

13
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transport estimates for the gauge-invariant transport equations.

Theorem M3. Control of the negative-spin (almost) gauge-invariant quantities a, S, f.x

using the Teukolsky-Starobinski identities.

Theorem M4. Control of (\MZ I',E on the GCM hypersurface X, and in the exterior region

(ext) A

Theorem M5. Control of ‘T)V/ f & in the interior region (int) Af,

Theorem MS6. Initialization: existence of an initial GCM-admissible spacetime.
Theorem MT7. Extension: existence of a GCM-admissible extension.

Theorem MS8. Top-order estimates via hyperbolic estimates for the Bianchi equations.

In this thesis, we will prove Theorem M1 under reasonable assumptions for future
applications. The rigorous statements and proofs of the remaining intermediate theorems

will be developed in future works.

1.5 Focus of This Thesis: Theorem M1

Theorem M1 establishes a hyperbolic estimate for the nonlinear positive-spin Regge-
Wheeler system. This system arises from gravitational and electromagnetic perturbations of
Reissner-Nordstrom spacetime. See Section 2.3 for a rough version and the end of Section
8.5 for a full version of Theorem M1.

The stability analysis of the Reissner-Nordstrom spacetime differs significantly from that of
Schwarzschild due to the presence of the electromagnetic field. The key distinctions in the

hyperbolic estimates are as follows:

e Coupled Gravitational and Electromagnetic Perturbations: In the Reissner-
Nordstrom case, gravitational perturbations are coupled to electromagnetic pertur-
bations, introducing additional complexity absent in the vacuum Schwarzschild case.

This requires us to study a system of two coupled waves instead of a single wave.

14
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e Nonlinear Interactions: The nonlinear structure of Reissner-Nordstrom leads to
distinct analytical challenges, requiring new ideas beyond those used for Schwarzschild.

This thesis addresses these difficulties in detail.

1.6 Discussion of the Proof

The proof of Theorem M1 is structured across several chapters, each addressing a key
component of the argument. The main equations, including the nonlinear positive-spin
Regge-Wheeler system, are derived in Chapters 3 and 4, revealing the specific structure of
the nonlinear terms, which provide the foundation for the nonlinear analysis. Key estimates
for the model Regge-Wheeler system, including Energy-Morawetz and rP-type estimates,
are established in Chapters 5 and 6. Finally, the proof of Theorem M1 is completed in
Chapters 7 and 8, where the rP-hierarchy is applied to the nonlinear positive-spin Regge-
Wheeler system, and the desired decay estimates are derived. Further details and notable

points on each step in the proof will be provided in the subsequent discussion.

1.6.1 The specific structure of the nonlinearity

We first point out that Vi %) and V3p exhibit poor r-decay behavior, according to the
Maxwell equations in Proposition 2.1.1 and the Bianchi equations Proposition 2.1.4. Con-
sequently, defining the almost gauge-invariant quantity B8 in the nonlinear setting as 8 =
2 FpB — 3p F)B leads to highly unfavorable nonlinear terms in the nonlinear positive-spin
Regge-Wheeler system. However, this issue can be tackled by adjusting the definition of
Bas B =2%pyB —3pgF)B, where Flpg and pg are the non-zero background values. This
adjustment ensures better r-decay behavior, as Vs Flpy and Vspg are more well-behaved
than V3 p and V3p. See Proposition 3.1.1 for the precise definitions of the almost gauge-
invariant quantities.

With the refined definition of 8 and an appropriate Chandrasekhar transformation applied

to both B and f, we conduct a detailed derivation in Chapters 3 and 4. This derivation in-

15



R-N nonlinear stability

corporates several dedicated and nontrivial quadratic improvements, leading to the following
nonlinear positive-spin Regge-Wheeler system for the Chandrasekhar-transformed variables

p and qF":

. 802 :
Dlp—le:r—Qﬂgq + Err[Up],

. 1 .
Oaq” - Vaq” = ) d5p + Err[Oaq” ],
where the nonlinear terms exhibit the following specific structure:

Err[(ip] = Ng + V3(rN,) + Nu[p, a7 + Ny,

Err[Oeq”] = Ng + V3(rNg) + Ny [p, q"].

Here, the terms Ny + V3(rNg) + Ny [p, q7] already appear in the Schwarzschild case, as
analyzed in [27], while the additional term N; arises from the nontrivial coupling between
gravitational and electromagnetic perturbations in the Reissner-Nordstrom case. For details

of the nonlinear terms, we refer to Theorem 4.2.1.

1.6.2 Energy-Morawetz Estimates for the Model Regge-Wheeler system

Before analyzing the nonlinear positive-spin Regge-Wheeler system, we first establish fun-

damental estimates for a model Regge-Wheeler system with general inhomogeneous terms:

) 80?2
Ly = Vg = r% doa + N1,
. 1

Uayra — Vayra = ) d5y1 + Na.

In a spacetime region M(7y, 2) foliated by X(7), with boundary

OM(11,72) = A(T1, T2) U Zi(T1, T2) U Z(11) U Z(12),
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the Energy-Morawetz estimate proven in Chapter 5 takes the form

sup  E[y1,¥2](12) + B[Y1,¥2] (71, 72) + F[¥1, 2] (71, 72) S E[Y1,¥2](71) +...,

T€[11,72]

where E[¥1,¥2](7) is the combined energy norm of 1 and ¥ on X(7), B[y, ¥2] (11, 12) the
bulk norm in M(7y, 1), and F[y1,¥3] (11, T2) the flux norm across A(t11, 72) and Z. (71, T2),
while . .. corresponds to the error terms and the contribution from the inhomogeneous terms.
The core idea of the Energy-Morawetz estimate is to integrate 11y against Vyyq and Cayro
against Vxyo for a suitably chosen vector field X. To handle the coupled terms later, we

need to linearly combine these two computations as

/ Vxirr - Oy + 80V - Tl
M(T17T2)

This is followed by applying the model Regge-Wheeler system and performing integration
by parts.

This approach is systematically implemented via the combined energy-momentum method,
introduced in [13] for the linear stability of Reissner-Nordstrom spacetime. See Section 5.2.7
for further details. In practice, we apply the divergence theorem to the combined energy-

momentum current P, = PLX’W’M) [Y1,¥2] in the spacetime region M(ty, T2), yielding

/ P-N;q+/ P-N2*+/ D“Pﬂ+/ P-st/ P-Ns.
A(71,72) 2, (11,72) M(71,72) 2(72) %(11)

With a careful choice of multipliers (X,w, M), we obtain the linear Energy-Morawetz es-
timate, which is a consequence of combining the degenerate Energy estimate, degenerate
Morawetz estimate, and Redshift estimate. We remark that the redshift estimate was in-
troduced by Dafermos-Rodnianski in [7] to recover the lack of control of Vsy; and Vsyy
near the event horizon of a subextremal black hole spacetime. See Sections 5.3-5.4 for more

details.

17



R-N nonlinear stability

In our nonlinear analysis of perturbations on the Reissner-Nordstrom spacetime, deviations

from the linear estimates arise due to the following factors:

e Errors originating from geometric computations, which reflect the perturbations of the

background Reissner-Nordstrém spacetime.

e Contributions from inhomogeneous terms, or nonlinear terms, when applying the esti-

mates to the nonlinear positive-spin Regge-Wheeler system.

The errors arising from geometric computations necessitate improved estimates for Vs and
Vsira. These estimates can be achieved using the so-called Morr-estimate, which has already
been introduced in [27] for the Schwarzschild case. The key idea is to employ the multiplier
(X,w,M) = (r~°T,0,0). For further details, we refer to Section 5.6.3.

The contributions from inhomogeneous terms impose a constraint on these terms when
analyzing the trapping region M4, (71, T2), a region where r is uniformly bounded. We now
briefly describe the underlying heuristic. In the context of the Energy-Morawetz estimate,

it is clear that the following integral will appear as an inhomogeneous term:

Z/ (IVadil + 1974l + i) - IV
Mtrap(Tl T2)

Due to the trapping phenomenon, the bulk norm B(7) cannot control Vz¢; in the region
Mirap(71, 72). Consequently, we can only estimate the above inhomogeneous term using the

energy norm:

N

T2
/ (E(r)} ( / NI + |N2|2) dr
" ra)x(r)

FE 2 2
< /lSUp (E(T))2 +A 1 (/ (||N1||L2((trap)z(.r)) + ||N2||L2((trap)2(.r))) dT) .
T T1
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From this, one can deduce the required 7-decay rates for N1 and N2 in order to close the

Energy-Morawetz estimate despite the nonlinearity.

1.6.3 The rP-type estimates for the Model Regge-Wheeler system

Based on the Energy-Morawetz estimate for the Model Regge-Wheeler system, we can up-

grade them into weighted L?-type estimates via the r”es-multiplier in the far region as

/ rPVa; - O
MR (11,72)

This is followed by applying the model Regge-Wheeler system and performing integration
by parts.
This is the celebrated rP-estimate introduced by Dafermos-Rodnianski in [3], which estab-

lishes the so-called rP-hierarchy for p € [6,2 — §]. The hierarchy takes the form

sup  Ep[Y1,¢2](12) + Bp[Y1, Yol (11, 12) + Fp[Y1, Y2l (11, 72) S Ep[¢1, 2] (71) +.. .,

T€[11,72]

where E, [{1, ¥2] (1) is the weighted combined energy norm of ¢y and yo on Z(7), By, ¥2] (71, 72)
the weighted bulk norm in M(t1,12), and F[y1,¥2] (71, 72) the weighted flux norm across
A(11,712) and X, (11, T2), while ... corresponds to the error terms and the contribution from

the inhomogeneous terms.

The essence of the Dafermos-Rodnianski rP-estimate is to trade r-weights in the r”-hierarchy

for T-decay. We briefly illustrate the idea using the linear case. The weighted energy norm

and the weighted bulk norm satisfy the relation °

™

Bp[%,lﬁz](ﬁﬁz):/ E,_1[y1,¥2](2) da.

T1

5There is a loss of derivatives due to trapping, but we omit these details to highlight the main idea of the
rP-estimate.
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Thus, the rP-hierarchy yields

//2 Ep_1[Y1,¥2](A) dA < Ep [y, ¥2] (7/2).

By the mean value theorem or the pigeonhole principle, there exists 79 € [7/2, 7] such that

Ep_1[y1.42](10) £ (1+ 1) Ep[Y1. 2] (7/2),

which implies

Ep-1[Y1, 92l (1) S Ep1[W1,92](10) S (L+ 1) Ep[Y1,¥2](7/2) < (L+ 1) Ep [y, ¥2](0).

Using an interpolation argument on the weighted energy norms, we deduce that for an r?-

hierarchy with p € [p_, p+],

Ep [Y1,92](7) s (L+7)"PPIE, [y1,¥2](0).

Pointwise decay then follows from commutation and the Sobolev inequality. In other words,
at most r~P+=P-)/2 decay of ¥, Yo can be exchanged for TP+ P-)/2 decay.

For the model Regge-Wheeler system, the same computation as in ] shows that [p_, p4+] =
[6,2—6]. Consequently, even in the linear case, the r”-hierarchy for ¢, ¥ only yields 7719
decay, regardless of how strong the initial data is. See Section 6.1 for further details.
However, for the positive-spin Chandrasekhar variables p and qf, we require a stronger -
decay to close the full problem. Specifically, we aim to establish that p, qf satisfy a pointwise
decay of 71 %xra for some Soyirq > 0. Achieving this improved decay requires enlarging the

range of p in the rP-hierarchy for ¥, ¢s.

The key idea of enlarging the p-range, introduced in [2], is to define new variables for
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64' = I’_1V4(I”~)
U= r2Vagn,  Uo =iV,
which satisfy the modified system

. ~ N~ 8 2 hd 3
D1'//1—V1lﬁ1=%d2l//2+r2(v4+;)N1+-..,

.~ - 1 -~ 3
Dzlﬁz—Vzwz:r—zd§lﬁ1+r2(V4+;)N2+-~-,

where the omitted terms are less significant. Performing an r?-hierarchy on this system
for g > 0 is effectively equivalent to an r”-hierarchy for (¥1,¥2) with p > 2, which is not
permissible in the original model Regge-Wheeler system. We refer to this as the improved
rP-estimate for (yq,¥2). See Section 6.2 for details.

This concludes the linear part of our r”-type estimates for the model Regge-Wheeler sys-
tem. However, the inhomogeneous terms and nonlinear effects remain unaddressed. The
techniques for r”-type estimates in the model Regge-Wheeler equation have already been
explored in [27] for the Schwarzschild case. Due to the combined energy-momentum method,
extending these techniques to the coupled Regge-Wheeler system in the Reissner-Nordstrom
case is structurally similar to the Schwarzschild case. However, as we will see, the non-
linear terms and the coupling between gravitational and electromagnetic perturbations in
the Reissner-Nordstrom spacetime introduce new challenges. In fact, for the improved r?-

estimate, we will encounter the following inhomogeneous term in the r?-hierarchy for Jl, 121/2

2 - 3
Z/ I’qV4l//l' 'r2 (V4+—) Ni.
i—1 Y M>r(71,72) r
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Since such inhomogeneous term appears in the far enough region, that is away from the

trapping region, we can use the modified bulk term of (1, ¥2) to control it

2 3
Z/ riN ;- r? (V4+—) N;
i—1 Y MsRr(71,72) r
2 2
< Z /l/ ri Vg + Z At / Fa+5
i=1 Msr(71,72) =1 M

>r(71,72)

3 2
V4N,' + —N,'
r

3 2
V4N,' + —Ni
r

2
S/qu[l/vfl,%](Tl,Tz)+Z/l_1/ ra*s
i=1 M

>Rr(T1,72)
From this, one can deduce the required r-decay and 7-decay rates for N1 and N» in order to
close the improved r?-estimate despite the nonlinearity.
1.6.4 The proof of Theorem M1: handling the nonlinearity

To prove Theorem M1, we apply the r”-estimate for (1, ¥9) and the improved rP-estimate
for (Jl, 1;2) to the positive-spin Regge-Wheeler system. The main aspect is to replace the
general inhomogeneous terms N1 and Ny by the actual nonlinear terms in the positive-spin
Regge-Wheeler system. We recall from Section 1.6.1 that the specific structure of nonlinear

terms is given as

. 80% :
Dip = Vip = —5-dba” + Err[Lsip],

. 1 .
020" = V2q" = = ¢5p + Err[Oa"],
with a specific structure of the nonlinear terms

Err[(J1p] = Ng + V3(rN,) + Nu[p, a7 + Ny,

Err[(Jeq”] = Ng + V3(rNg) + Ny [p, g7 ].
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Since the terms Ng+V3(rNg) + Ny [P, q7'] are analogous to those in [27] for the Schwarzschild
case, our focus will be on the term Nj, which is the most significant nonlinear term due
to the nontrivial coupling of gravitational and electromagnetic perturbations. We first note
that although Nj, represents a strictly worse nonlinearity compared to those appearing in
[27] for the Schwarzschild case, it still exhibits sufficient 7-decay in the trapping region. This
property allows us to close the Energy-Morawetz estimate without significant difficulty. For
further details, see the discussion in Section 1.6.2.

However, N, introduces a challenge in closing the improved r”-estimate. Specifically, based

62

on our bootstrap assumption introduced in Section 2.2.1, we have N; ~ R Conse-
510dec
roT?2

quently, the inhomogeneous term appearing in the discussion in Section 1.6.3

/ rq+5
Msr(T1,72)

3
will exhibit worse-than-linear behavior for g > 0, unless V4N, + —N;, demonstrates improved
r
2

3 2
VaNp + =Ny,
r

decay, particularly in terms of r-decay, compared to . Fortunately, this is indeed the

4r3+0dec
case due to the structure of the Einstein-Maxwell e(;u;‘sions. In particular, in Lemma 4.2.2,
we observe a nontrivial quadratic improvement in the behavior of V4N, + ;Nb. It is this
underlying structure of the Einstein-Maxwell equations that enables us to unravel the non-
trivial coupling of gravitational and electromagnetic perturbations and close the improved
rP-estimate for the positive-spin Regge-Wheeler system, see Section 8.4. This resolves the
difficulty caused by the coupling and nonlinearity, and Theorem M1 can be concluded

using the improved r”-hierarchy, along with standard commutation and Sobolev inequality

arguments.

1.7 Thesis Structure and Organization

This thesis is organized as follows:

e In Chapter 2, we introduce the essential background and preliminary concepts needed
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for the analysis in later chapters. It also provides the rough version of Theorem M1,

which is the main result of this thesis.

Chapter 3 derives the nonlinear almost gauge-invariant transport equations. While the
derivation is computationally intensive, it is crucial for understanding the nonlinear

structure of the problem.

In Chapter 4, we introduce the Chandrasekhar transformation and derive the nonlinear
positive-spin Regge-Wheeler system. The structure of the nonlinear terms identified

here is critical for later nonlinear analysis.

Chapter 5 develops Energy-Morawetz estimates for a model Regge-Wheeler system

with general inhomogeneous terms.

In Chapter 6, we establish r”-type estimates for the model Regge-Wheeler system.
These weighted L?-type estimates are a key ingredient in obtaining decay estimates in

Chapter 8.

Chapter 7 applies the rP-type estimates from Chapter 6 to the positive-spin Regge-
Wheeler system. By exploiting the structural properties of the nonlinear terms identi-

fied in Chapter 4, we establish an rP-hierarchy for the system.

Finally, in Chapter 8, we prove Theorem M1. This is achieved by applying the r?-
hierarchy derived in Chapter 7 and using a mean value theorem argument to convert
r-weight into u-decay. The careful treatment of nonlinear terms plays a critical role in

this proof. At the end of the chapter, we provide the full version of Theorem M1.
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Chapter 2: Preliminaries

2.1 The Einstein-Maxwell equations

The Einstein-Maxwell equations are given by

1 Q,
R,, = 2F ,F,* - 58w F PFup, (2.1.1)

D, F, =0, D‘F,, =0. (2.1.2)

where Ry, denotes the Ricci curvature of (M, g) and F,, is an antisymmetric 2-tensor. In

this section we recall the null Einstein-Maxwell equations in full generality, as obtained in

[10].

2.1.1 Ricci, electromagnetic and curvature components

We consider a spacetime (M, g) foliated by a family of 2-spheres. A null frame {e3, e4, €.}
(a =1,2) is said to be adapted to this foliation if es and e4 are normal to each leaf. We also

normalize the null frame {es, e4, €.} as

g(es, e3) = g(eq, e4) = gles, eq) =gles,eq) =0, gles, eq) = -2, (2.1.3)

we define the general connection coefficients,

(Ap)aﬁ = g(Deﬂe,Baea) (2.1.4)
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and the special ones, which are called Ricci coefficients

X.p= g(Dge3, ep),

1
_g(DSe?)’ ea),

£,= 3
1
w= ;lg(D3€3, e4),
1
1, = 58(Daes, eq),
{o = Qg(Dea€4,€3)-

Xab = g(Dae4a eb)’

1
é:a = §g(D4e47 ea)’

1

w= Zg(D4e4, e3), (2.1.5)
1

na = Eg(D3e47 ea)a

Note that these account for all the connection coefficients except

(Aab = g(De,ep, €q),

We have the Ricci formulas

p=1,2,3,4, ab=12.

1

1
Duep = Vaep + —xapes + _)_(abeéla

2

2

Dues = xaver — Laea,

Dae3 = /Kabeb + gae3»

Dze, = Vzeq +nae3+¢ ey,

Dses = —2wes + 2§beb,

D3ey = 2wey + 2npep,

Dyeq = Vieqa+1 es+&qes,

Dyey = —2wey + 2&pep,

Dyes = 2wes + aneb.

For a given horizontal 1-form &, we define the frame independent operators

divé = 6PV, &,,

curlé =€ v,¢,,

26
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Let F be an antisymmetric 2-tensor on (M, g). We define the null components of F as the

horizontal vectors B(F), E(F) by the formulas

FB(X) = B(F)(X) =F(X, L)
FB(X) = B(F)(X) =F(X, L)

o(F)(X,Y) =F(X.Y)

For a 2-form F, the dual *F denotes the Hodge dual on (M,g) of F, defined by *F.p =
Ly 1.

It is convenient to express in terms of the following two scalar quantities
(F) 1 x(F), _ 1
p=p(F)=F(L L), p="pE) =3 “F(L,L). (2.1.6)

Thus, o(F)(X,Y) = —*o(F) € (X,Y) for horizontal vectors X, Y. i.e. Fop = — €4 *Fp.
Let W be a Weyl field on (M, g). We define the null components of the Weyl field W, hori-
zontal 2-tensors (W), a(W), o(W) and horizontal 1-tensors S(W), é(W) by the formulas

a(W)(X,Y)=W(L,X,L,Y),
a(W)(X.¥) = W(LX,L.Y),
BOW)(X) = SW(X,L L, L),
BOW)(X) = sW(X.L L, L),

o(W)(X,Y) =W(X,L,Y,L).

Recall that if W is a Weyl field its Hodge dual *W, defined by *W g,y = %ewmwaﬁpg, is

also a Weyl field. It is convenient to express it in terms of the following two scalar quantities,

p(W) = TW(LLLL, *p(W)=1*W(LLLL). (2.1.7)
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Thus, o(X,Y) = —py(X,Y) + *p € (X,Y) for horizontal vectors X,Y. We have

Wasps = 0ap = (_péab + *p eab),
Wapzs =2 €ap *ps

Wabea = — €av€ea P>

Wabes =€ap *Ec’

*
Wabc4 =—€gp ,Bc~

2.1.2 Maxwell equations

We express the Maxwell equations using null decomposition of F;,,, then we have the following

Maxwell equations.

Proposition 2.1.1. We have,

)

1
Vs -V Fp+ *V*(F)p=—§tr)_((F)ﬁ+2g(F)ﬂ+2((F%n— *(F)p*n)+ -,

(),

[

Vi PV P4 19 P = iy 420 g — 2 (P + * ) +
V4(F)p—div(F)ﬁ=—tr)((F)p+({+Q)- Fp-&. ",
Vg(F)p+diV(F),§:—tr)_((F)p+({—77)~ (F)§+§~ (F)ﬁ,

V4*(F)p—curl(F),8:—tr)(*(F)p+(Q+{) . *(F),8+§~ *(F)é,

Vg*(F)p—curl(F)é: —tr)_(*(F)p— n-2¢)- *(F)é+§- *(F)g,

2.1.3 Ricci identities and null structure equations

We now compute the Ricci curvature Ry, of (M, g) in terms of the decomposition in frames

according to the Einstein equation (2.1.1):

Ry = 2F0iF3"' = 26, FupFac — FosFsy = 2*(F)P*(F),§a -2 (F)Ea,

Ry =2*p* 7, +27p g,
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Ris = 2" F3,F3y = 20,5 F3,F3p = 2 (F)[j' (F)ﬁ,
Ry =2p. P,
Ray = (F3u)? +2p- Fp+ (—2 (Flp? 4 2*(F)p2 _ 9 (). (F)é)

— 2 (F)p2 + 2*(F)/)2,

1 (F),2 , o*(F) 2 _o(F)g . (F)
Rap = —FasFps = FasFps +26caFacFoa = S0av (—2 pT+27 N pt =27 E)
1
== (F)éa (F)ﬁb - (F)ﬁa (F)éb + 2*(F)p2 €ac€he _56611? (_2 (F)pQ +2 *(F)pQ -2 (F)IB ' (F)E)

=—( (F)é@ (F)é)ab + ((F)p2 + *(F)pz) Oub-
Using the decomposition of the Riemann curvature in Weyl curvature and Ricci tensor:

1
R(I,B‘}/6 = Wa/ﬁyé + i(gﬁéRa/y + gayRﬁrS - g,ByRa(S - gaéRﬁy)’ (218)

we compute the components of the Riemann tensor:

1
Rassp = Wassp — §5abR33 =-a,, — ((F),l_5’~ (F),Lj) Sab

1 ~
Rasap = Wasap + Rap = 50ap R34 = pdap — *p €ap —2("B& VB)as,
Ruz3a = Wa33s — Rz =28 —2 *p *(F)Ea +2"p (F)[_ga’
Riasa = Waaza + 2Rz = 4p + 4 Fp? 4+ 4*Fp2,
1
Rascr = Wasep + §(§acR3b - 6abR3c)

s "B+ Gacl *Pp (P — PPl 5, (<P * P (g )

Using the null decomposition of R, and Reg,s, with structural equations for submanifolds,

we have the following null structure equations and Ricci identities.

Proposition 2.1.2. We have

1 ~
Vstry = 2divé - §tr)_(2 — 2wtry — |)_(|2+2§_5- (n+n-20) —Q(F)E- (F)é,
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Vg)Z:—tr)_()Z—2g)2+V(§§—g+§_5<§(n+Q—2{),
1 ~ ~
Vstry = —§tr)(tr)( +2wtry +2divp+2p — ¥ - Y +2(€ - €+ |7)|2),
~ 1 ~ A ~ ~ ~ ~ ~
Vsy = —E(tr/\//£+tr/£)() +2QX+V®77+§®§+’7®77— (F)ﬁ® (F)E,
1
atry = —=trytry + 2wtry + 2divp — xy - ¥ + &+ +2p,
V)_(QX)_(Q)_(Qd’Q)?)ZQ_lmQQp
~ 1 ~ ~ ~ ~ ~ ~ ~
V4/K: —E(tr/x/y+tr/y)_() +2w£+v®ﬂ+§®§+ﬂ®ﬂ_ (F)ﬁ® (F)E,

1
Vatry = —§tr)(2 — 2wtry + 2divé — |p]? +2¢ - (m+n+20) -2 (Fg. (Fg,

Vil = —try ¥ — 20X + V®E — a + £®(n+1+27).

1 1
V3l +2Vw = —§tr)_(({+77) +2w(L —1n)+ §tr)(§+2a)§_f—§— Flp (F),[_3
X (@Hm - E+Fprp,
1 1
Val = 2Vw = Sty (=L +m) + 20(L + 1) = Sty € =206 = f= Tp T
R (L= £ - P,
1
Van —Vyé = —Etr)_((g— n) —4wé + B+ Flp (F),[_3
~x-(p—m = *"p*Tp,
1
Van = Va€ = —Stix(n =) - 4wé - = o Tp
-x- (=) = *Fp*"p,

V3w + Vyw = dww + p + (F)p2

+*Fp? v fv(m-n)-L-n-n.

We also have the Codazzi equations

~ ~ 1 1
divg +¢ - ¢ = =Viry + =tryl — B+ *Ep*Fg 4 (Bl (Fg,

2 2
o~ ~ 1 1
d1V)_(—§~)_(:§Vtr)_(—§tr)_({+/_3+*(F)p*(F)é— (F)p(F)E,

1. o *
curl{z—g)(/\)_(+ P

30



R-N nonlinear stability

curlé =& A (n+n+2J),

curlé =& A (n+n—20).

We also have the Gauss equation

1 1
K= —Z—Ltr)(tr)( —p+ Fp? 4 * )2 4 5)?)?
2.1.4 Bianchi identities
The Bianchi identities for the Weyl curvature are given by
o 1
D Wa575 = §(DyR’35 - D(sRﬁy) = Jlgy(g (219)

We introduce the following shorthanded notation for convenience:

(F)b — (F)p (F)ﬁ+ *(F)p*(F)ﬁ, (F)b — _(F)p (F),8+ *(F)p *(F)IB-
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Lemma 2.1.3. Components of (2.1.9) are given by

Tisa =2(Fp -V P 4 P9 Fp) —try g (g4 2p( (g, )
—2( Fpdiv B + *Fpdiv*FB) + 2try (Flp? + *EFp2y — 97 . (O,
Jabs =V Fba + & Fby + xpe (B FPB)ea = xan (B FB) = 2(Fp% + * Fp?) xap
+Va(B8 T P)ap = Va( %+ ") 50 + 218 Db)as + 268 b,
Jsar == FpV +4 g - *Fpy Bl 04, Py — 29 . (Dp 4 2(Fp? 4 *Fp2e
= (div g+ )~ (div* g+ g Pp) g v (- ),
Jaaz = Va(Fp? + *Fp?) 1 2(Fp? + *Ep?yp,
-3 Fp, — %tr)_( by +20 by -3 Dby,
— 5trx P, = Ras P, + OB PpE, (78 ),

*Jaza = —2curl Db+ 2% - Op — p(* g, Flg) — p(F)g, *(p).

Use Lemma 2.1.3 and rewrite the right-hand side of (2.1.9) using null components of Weyl

curvature, we have the following Bianchi equations.

Proposition 2.1.4. We have

Vi — V@B = —%tr)_(a +4wa —3(px + *p*0) + (¢ +4n)QB

+ Fpv@ (g 4 *(Fpy@*(Flg _o((F)y2 | *(F),2y 0

+¢® Db + 260 Db + (v, F)p - %tr)( )+ 20 P& Fp
Via + V@),[_% = —%tr)(g+ dwa - 3(p)z - *p *X) + (¢ - 4@)@)@

_ (Flvg (Flg 4 *(F)yyg *(Flg _ o( (Flp2 4 *(F)p2y5

- - 1 -
~(®Pb+2£0 b+ (V3B - §tr)_((F)[_3+ 20 FIp)® Fp.
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We also have

Vi —diva = =2try B - 2w + @ - (20 +17) + 3(p¢ + *p *E),
+ v, g4 *Epy, *EFlg 90 B 495 . By —o((F)p2 4 *(F)p2y¢
+(div g+ ) T+ (div* g+ g ) g v (g Fp),
V3 +diva = =2try - 2wB —a - (=2{ +1) = 3(pé = *p*¢),
+ (Fpvs (Flp = *(Fpyy*(F)g 9 (Flp — 25 . (Pl 4 9 (Fp2 4 *(Flp2)e
— (div (F)E_ - (F)é) (F)E_ (div*(F)é— l- *(F)E)*(F)é_,_v( (F)E. (F)é)’
V3B —Vp—"V’p=—tryf+2wB+2B- ¥ +3(pn+ "p'n) +a &
_ %tr)_(mb riry Pp— - Pp
+ Fp(vFp = *v*Flp) 4 *Ep(v+Fp 4 *v Flp)
+(div -+ ¢ Tp) P = (div g+ g > g g,
Vi +Vp - Vo = —tryf+2wp+2B- X —3(pn — *p*Q) —a- &
+ %tr/\/ (Fp — tr)_((F)b +X- (F)p
T s ) - (7T

~ (divB-¢- T B+ (div -z * gy,
Finally,

. 3 1/\
Vap —divf = —ctixp+(2n+0) - f-26- -k,
—try(Fp? + *Fp2) 4 (Fpdiv g 4+ *Fpdiv * ()
1
_ (PR y (F)y o *(F)g g (F)y §tr)—((F)ﬁ' (F)g
+¢- Pb— (B, T,
: 3 1.
Vsp+divB=—gtrxp — (2= {) - B+26-f- 5K @

_ tr)_(( (F)pz + *(F)p2) —( (F)pdiv (F)E _ *(F)pdiv*(F)é)
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1
+((F)§_V(F) _ *(F)E.V*(F)p)_'_étr/\/(F)é_ (F)é

-¢- P -3, Op).
3 1.
Valp+ewlf=—gtixp - (2n+8) - "B-26- "B+ X Ta

1. IR
— el Pb =7 Pt S+, Tp) + S p(Fp,* ),

3 1.
Vs'p+ewlf=—ctixp— (20 =) B2 B-5x T

1. 1
+ourl P —*¢- O - —3(*Flp. Fp) = Sx (7. *Tp)

2.1.5 V3, V4 equations of tryo, tr)(o,po, (F)po

We will later make use of the following equations of the background values tr yq, tr X, P05 oo,

especially in Section 4.2.1 when we derive the Regge-Wheeler equation of p.

Proposition 2.1.5. tr)(o,tr)(o,po, (Fog have the following V3, V4 equations:
V4 Fpg = —tryo Fpo +r3es(r),

(F) o (7)

Vs Fpg = —try, " po+ r-2es(r),

3 P
Vypo = —§t1"/\/opo — trxo Flog + rtea(r),
3 g —

Vspo0 = —§tr)_(0po —try, Fog +res(r),

1 Te—
Vatryo = _§tng + r_2e4(r),

——

1
Vstryo = _§tr)_(0tr)(0 +r %e3(r),

—

1
V4tr)_(0 = —Etr/xotr)(o +2p0 + 1 2eq(r),

1 T~
Vgtr)_(o = —§tr)_((2) - QQOtr)_(O +r2e3(r).

2.2 Ml-adapted Global frames and Bootstrap assumptions

A central idea in proving the stability of nonlinear evolution equations is to show that so-

lutions to the nonlinear equation remain close to those of the linearized equation when the
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initial perturbation is sufficiently small. A key tool in achieving this is the bootstrap assump-
tion, which provides an initial framework for controlling the nonlinear behavior.

The bootstrap assumption is formulated based on the expected decay rates of relevant quan-
tities. It must be strong enough to ensure that nonlinear terms remain better controlled than
their linear counterparts, yet weak enough to allow for later recovery and improvement. The
expected decay of each quantity in our nonlinear stability problem of Reissner-Nordstrom

spacetime is determined by the method used to estimate it:

e Hyperbolic estimates govern the decay of quantities satisfying the Regge-Wheeler
equation. Here, the r-decay is typically dictated by the initial data, while the #-decay

follows from the rP-hierarchy.

e Transport estimates apply to quantities governed by transport equations, which are
integrated along es- or e4-integral curves. Their decay depends on the initial conditions

or the natural r-weights associated with these quantities in their transport equations.

¢ Elliptic estimates are used for quantities, such as those satisfying the Codazzi equa-
tion, and are applied on 2-spheres. The expected decay of these quantities should be

easily given by reverting the elliptic operator involved on a 2-sphere.

However, in problems involving underlying geometry, like General Relativity, the behavior
of certain geometric quantities—particularly the Ricci coefficients—depends on the choice of
gauge or frame. This motivates the introduction of an appropriate frame choice to ensure
that key quantities exhibit better decay properties than their direct estimates would sug-
gest. Similar to the work [27] of Klainerman-Szeftel on nonlinear stability of Schwarzschild
spacetime, we adopt a frame in which ¢ and n decay faster than their expected rates. This
choice is crucial for controlling the nonlinear terms in the Regge-Wheeler system; without it,
the nonlinear effects would dominate the linear terms, preventing the closure of the stability
argument. Together, the bootstrap assumption and the frame choice form the backbone of

our nonlinear analysis.
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Definition 2.2.1 (M1-Adapted Global Frame). The M1-adapted global frame is a null frame
(80" gy, (8107 o5 (810) ¢ ) defined on 7 MUY M with specific properties outlined in Propo-

sition 2.2.3.

Definition 2.2.2 (Matching Region). The matching region is defined as the spacetime region

’ X 7 4
= (e t)/\/( N {érp < Fext < grp} R

match "

where rex; denotes the area radius of the outgoing geodesic foliation of (XY M.

The following proposition establishes the existence of a global null frame adapted to our

problem. The proof is omitted, as it follows straightforwardly from Proposition 3.26 of [27].

Proposition 2.2.3. Let an integer kj,ss and a small constant 6¢ > 0 satisfying 2.2.5. There

exists a global null frame ((8/9)¢y, (819 ¢4 (8197 ¢ ) defined on ) M U (&) M such that

(a) In (UM {0p > 3rp}, we have

((glo’)e4’ (glo’)e?)’ (glo’)ea) — ((ext)Y (ext)e:p (exl)Y—l(ext)e/g’ (ext)e;)

2

where ((e’“)ezl, (e’“)eg, (exD)e’) denotes the second frame of () M, ie. the fame of

Proposition 3.20 in [27]. In particular, £ vanishes here.

(b) In (MOAL U (A N {0y < %rp}), we have

((gIO’)e4’ (gIO’)eg’ (gIO’)ea) — ((g10)64’ (gIO)es’ (gIO)ea),

where ((8/9)¢,, (8l0)es (810)¢ ) denotes the first global frame of M, i.e. the frame of

Proposition 3.23 in [27].
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(¢) In the matching region, we have

max sup ultodec=200 ok (810N (glo) ey (810N gl < ¢

0<k<ksmalitkioss Match’

where (gl”')(\Mz (&l[ and ¢ are given by

—— 2M 202
(glo)W:{a,,B,p+_3 ——Q4 ,*p,ﬁ,z},
r r -

N M 2 2Y 2 .
(gIO)r:{g,w+—2—Q—3,tr)(——,)(,{,n,n,tr)(+—,)(,g,§},
r r r - = ==

(6105 { (g, Py~ L+, <F>ﬁ} ,
p B

with the Ricci coefficients, Weyl curvature components and Maxwell field components

being the one associated to the frame ((810/)64, (810 g (glo')ea).

(d) Furthermore, we may also choose the global frame such that, in addition, one of the

following two possibilities hold,

i. We have on () M N { (e > %I"p}

((glo’)e4’ (glo’)eg’ (glo/)ea) — ((ext)Y (ext)ezp (ext)Y—l(ext)eé’ (ext)e;) )

ii. We have on (m) A U ((X) A  { (ex0)f < 3rp})

((gIO’)e4’ (glo')eg’ (g10’)ea) — ((glt))e4, (glo)e?” (gIO)ea)‘
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2.2.1 Bootstrap Assumptions

We introduce the schematic notation for I'y and I';:

Fg = {g’ )/(\’ 6’ E)?’ t;j_(9 779 Q’ {’ r_le4(r)}

U {r(ﬁ, *p), B m} U {( B, *Fp), (F)ﬁ}, (2.2.1)
I, = {é’ X w T eg(r)} U {r[_?, g} U { ,[_3} (2.2.2)
Here, we denote

- 2 2Y  — 2
w=w+—5 - =, try =try ——, try=try+-—,

r r r = = r

oM 2 _—
Y = 1——+Q—, eq(r)y=eq(r)=7Y, es(r)=-es(r)+1.

r r2

Note that & vanishes in () M away from the matching region as in Proposition 2.2.3, and
in particular for r > %rp.

For higher derivatives, we define d = {rVy4, V3, r¥} and ¥=ry,

1 = {oé, b, B, B(tx), om, by, b2, veatn)},

Fl()l) = {b)z, B(try), dé, roes(r), P, Dg}
For s > 2,
1ﬁl()s) _ bs—ll—él)’ FI(JS) — bs_lrl()l)-
Moreover, we define

< _ (O 0 o < _ O 0 o
re={rdrd ) e =t
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We assume the following bootstrap assumption for 0 <'s < kgnair + Kioss

€ €
|ng5| < min - , ,
r2u§+6dec ru1+6d6"
<s € 2.2.3
|V3Fg | < IR ET I ( )
€

<s <

|Fb | ~ ru1+(5dgc'

Furthermore, we denote y := (a, 8, r~* F)B) and impose a better r-decay assumption on y=*:

=) g —

o (2.2.4)
We remark that we follow the notation kiurge, kgmati, kioss introduced in [27]:

® kiarge is the derivative order at which the Bootstrap Assumptions on energies and

weighted energies were imposed in [27].

® kgnan is the derivative order at which the Bootstrap Assumptions on decay were im-

posed in [27].
e kj,ss represents the total derivative loss in the proof of Theorems MO-M7 in [27].

We will specify kiarge, Ksmails Kioss in the future works.

2.2.2  Estimates for Ricci Coefficients, Weyl Curvature, and Maxwell Field

With these notations, we may now state the estimates satisfied by the Ricci coefficients,
Maxwell components and curvature components according to our bootstrap assumption and

the choice of frame.

Lemma 2.2.4. Consider the global frame of Proposition 2.2.3 and the above definition' of

'Recall in particular that the M1-adapted global frame of Proposition 2.2.3 is such that n € [g.

39



R-N nonlinear stability

I’y and I',. Let an integer kj,5s and a small constant 6o > 0 satisfying”

5d kl
16 < kioss < = (klarge - ksmall)a 6o = — (2.2.5)
klarge - ksmall

Then, the Ricci coefficients, Maxwell components and curvature components with respect to

the M1-adapted global frame of Proposition 2.2.3 satisfy

4
é::OOIll’Zgl’p,

Sup r 23 +0dec=200  ppl+0dec— 260)|bk Tl 4+ rpl*0aec=260 gk |
0<k<kvmall+klnw

+
l\?
L]
+

S5+ Sp 37 3+0dec=200 r2T1+6deC—260) (|hk7|)

+ (r375+5d60‘250 + r271+5d““250) |bkb/|

+ 71 *0dec=200 (r2|bkﬁ| +r|bkg|) < €,

max sup? rip!Hodec=200 [pk=ly (T, )|
OSkSksmall"'kloss M

473 (x4 27) 0200 (DA LWy ()] £ < e

Proof. See Lemma 5.1 in [27]. O

2Recall that we have

1
0< 6dec <1, 6dec klurge > 1, ksmall = \‘éklargeJ +1.

In particular, we have dgec(kiarge = Ksmair) > 1 and hence there exists an integer kjo4s satisfying the required
constraints. In [27], they choose kjogs = 33.
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2.3 Statement of the main theorem

Theorem M1 (Rough Version). Let the Chandrasekhar variables (p, q”) € s1 X so satisfy
the nonlinear Regge-Wheeler system arising from a perturbation of a sub-extremal Reissner-
Nordstrom spacetime with parameters (M, Q).

Under a well-adapted frame and suitable bootstrap assumptions on the perturbation,
suppose the initial data of (p,qf) on an initial slice X(0) is sufficiently small in certain
weighted norms, with size €. Then, in the future of £(0), we obtain the following pointwise

decay estimates:

- _1_
Pl +Qla" s eor M (14+7)727,

ol +0la’| s er 2 (1+7)71 7,
for some § > 0. Moreover, we control Vsp and V3qf as
IV3p| + Q|Vs3a”| < eor M (1+7)7170.

Similar decay estimates hold for higher-order derivatives.

We will list the full version of the main theorem at the end of the thesis.

2.4 Commutation formulas

We list the general commutation formulas below. Later, we will use the bootstrap assumption

introduced in Section 2.2.1 to rewrite them.

Lemma 2.4.1. Let Uy = U,,. 4, be a general k-horizontal tensor field.
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(1) We have

k
[Vs, VplUa = —x, VeUa+ (15 = £p)V3Ua + le (X, ;e = XpoMai) V..
=

+EI‘I‘3bA [U], (2.4.1)

k
Err?)bA[U] = Zl (Xaicéc — Xbc éai_ €a;c *éb)Ual... ¢ ..ag +§bV4UA-
l:

(2) We have

k

[Va, VplUs = —xpcVeUp + (Qb +{p)VaUy + Z (Xa,-bgc - Xbcgai)Ual...c...ak
i=1

+ Err4bA [U], (2.4.2)
k
BrrapalU)] = ) (x, €= X, €a* Cae *Bo)Uar.. .+ €0V3Un.
i=1 i

1

(3) We have

k
[Va, V3lUa = 2(n, = 15)VUa + QZ (a1, = n, M= €ab Wa,."
i=1

+20wV3Uy — 2&V4UA + Errysq, (2.4.3)

k
Errgga =2 ) (€ &b~ Eaé War.." ar-
-1 '

1

Proof. See for example Lemma 2.33 in [17] O

2.4.1 Ml-adapted commutation

Proposition 2.4.2. Using bootstrap assumption introduced in Section 2.2.1 and general

commutation formulas in Lemma 2.4.1, we have the following M1l-adapted commutation
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formula for ¢ € s;

[Va, V3]t = 20V3yp — 20V + 171 (5 + Tp) -,
[Va, V]y = —%tr/\/vw +(&+ r‘ll“g) ),

1
[V, V1 = =Sty Vi + (i +T) - y .

Proof. Straightforward consequence of the definition of I'y, I',. We single out 7, € to emphasis

the necessity for our choice of M1-dapated frame in Proposition 2.2.3. n

2.5 Hodge systems

Definition 2.5.1. For tensor fields defined on a 2—sphere S, we denote by sg := $¢(S) the
set of pairs of scalar functions, s1 := $1(S) the set of 1-forms and s9 := $9(S) the set of

symmetric traceless 2—tensors.

Definition 2.5.2. Given ¢ € s1, we define its Hodge dual

b
*‘fa =C€ub f .

Clearly *¢ € s1 and
(8 =-¢

Given U € so, we define its Hodge dual
“Uap =€ac U‘p.

Observe that *U € s9 and

“("U) = -U.
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Definition 2.5.3. Given &, € s1, we denote

£ =8y,
&N =€l £y,

(fén)ab =&y +EpNa — 0apé - 1.

Given & € s1, U € s9, we denote

(£ U)g = 6"EpUge.

Given U,V € s9, we denote

UAV :=€* U,.V.p,

U-v:=s6%U, V..

Definition 2.5.4. For a given ¢ € s1, we define the following differential operators:

divé = 6%V,¢,
curlé :=e® v,&,,

(V®E)ap 1= Vally + Vil — 8ap (dive).

Definition 2.5.5. We define the following Hodge type operators:

e d; takes s1 into sy and is given by:

d& = (divé, curlé),
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e ds takes so into $7 and is given by:
(daU)q := V' Uap,
e dj takes sg into 1 and is given by:
di (fs f)a == =Vaf+ € Vi fo,
e d; takes $1 into $2 and is given by:
« 1_~

Proposition 2.5.6. We have the following identities:

didi = -A1 + K, did} = —(Ag, Ao),
1 1 (2.5.1)
d;dg = —§A2 +K, dzd; = —§(A1 + K)
where K denotes the Gauss curvature on S.
Proof. See Section 2.2 in [1]. O

Proposition 2.5.7. Let (S, ¢) be a compact 2-sphere with Gauss curvature K. We have,

(1) The following identity holds for 1-form f € s,
/S(IWI2 +KI|f?) = /SI A fI?. (2.5.2)
(2) The following identity holds for symmetric, traceless tensors in f € s,
Jmsisakisi) =2 [1ar. (253)
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(3) The following identity holds for scalars f € sq,

2= * £12. 5.4
/SI)VfI /S|41f| (2.5.4)

(4) The following identity holds for 1-form f € s,
/S (WfP? - KIfP?) =2 /S 4571 (2.55)

Proof. See Section 2.2 in [1]. O

2.6 M1l-adapted Wave operator
Proposition 2.6.1. For ¢ € s;, we have the M1-adapted wave operator on s;:

Uiy = —(Vs + %tr/x —2w) (V4 + %tr)()tﬁ + oW+ A+ (i Ty) -y, (2.6.1)

Proof. Straightforward consequence of the definition of I'; and the standord expression of
[J;, see for example Lemma 4.30 in [18]. We single out 7 to emphasis the necessaty for our

choice of M1-dapated frame in Proposition 2.2.3. n
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Chapter 3: Almost gauge invariant quantities and their transport

equations

3.1 Almost gauge invariant quantities

Proposition 3.1.1. For a electromagnetic-gravitational perturbation of the Reissner-Nordstrom

spacetime, the following so-tensors

and
log g, (), log g _ ()
f:—§V® B+ px, i:—§V® B—""px (3.1.1)
and the following s1-tensors (where Fpg and pg are non-zero background values)

B =2%pop - 3p, g, §= 2 (F)Poﬁ - 3p0 (F),ﬁ (3.1.2)
and

3 3
x:V4(F)ﬁ+§trX(F),B+2a)(F)ﬁ—2(F)p§, 2:Vg(F)§+§tr)_((F)§+2Q(F),§+2(F)p§

(3.1.3)

are almost gauge-invariant. (That is, quantities that are unchanged under infinitesimal null

frame transformations in the linear theory.)

Proof. See Appendix A.2. O

47



R-N nonlinear stability

Remark 2. The definitions

B=2%pop—3p0 "B, B=2%poB-3p0 "
are adopted instead of

p=2"pp-3p ", p=2"pp-3p"p

to ensure that the nonlinear terms in the Regge-Wheeler equation for the Chandrasekhar-
transformed B remain well-behaved. If the latter definitions were used, the nonlinear terms in
the transformed equation would become significantly more singular, making it impossible to
obtain the necessary nonlinear estimates for Theorem M1. By incorporating the background

quantities pg and Fpg, we avoid this issue and maintain control over the nonlinear structure.

3.2 Transport equations for gauge invariant quantities «, f, 8 and x

Recall, we have denoted y := (a,ﬁ, rt (F)ﬁ) in Section 2.2.1.

Proposition 3.2.1. In the M1-Adapted global frame, the almost gauge-invariant positive-

spin quantities @, B, f, ¥ satisfy the following transport equations:

o (Vaa + %tr)_(a —4dwa) = %V@)ﬁ — (3p + 2 Fp?)f
+r (T, ), (3.2.1)
Vuf + 2tryf + 20f = —%V@x - (F)pa
+ (L) +r (- )W, (3.2.2)
VaB + 3try B + 20wB = 2 Ppdiva — (3p — 2 Fp?)x
+(r MWL, -& 0y, (3.2.3)

1 -
Vsx + étr)_(x —dwx = -2divf - 2
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+ (T )W+ (T - &Y 4 r (T - ). (3.2.4)
Proof. See Sections 3.2.1, 3.2.2, 3.2.3 and 3.2.4. O

3.2.1 Derivation of a’s transport equation

The derivation of (3.2.1) is straightforward. From Proposition 2.1.4, we obtain the relevant

equation for a:
~ 1 ~ ~ _
Via = V@ — itr)_(cx +4dwa — (3p +2 g+ Fpve PR +1y, -y 47 IFg Ty
Therefore, we can compute

o (Vaa + %tr)_(a —dwa)
= FpveB - B +25p) v+ Fpve FB) + 21, -y + r_3Fg Ty
= 5VBC B 3p ) - (3p+ 277 578+ T

-V P + ng@ BB+ 721 -y r_?’Fg )

1~ =~ _
= §V®,8 ~Bp+2TpHx+r (T, - y) M.
This concludes the derivation of (3.2.1). Throughout, we have used the hierarchy
v > r_QFg > 3T,

3.2.2 Derivation of {’s transport equation

The derivation of (3.2.2) is relatively direct. From Proposition 2.1.1, we obtain the V4

equation for (Fp:
v, ) :—tr)((F)p+div(F)ﬁ+ng cy+Ip - €.
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Similarly, Proposition 2.1.2 provides the expression for Vy:
Vux = —trX)?+V<§>§—oz+(n+Fg) -Ty.
Additionally, Proposition 2.4.2 gives the commutation formula:
[V, V®] B = —%trxV@) B+ (& + r_lf‘g) . (Fg),
Substituting these expressions and simplifying, we can compute

i =V (578 B+ T

= —%V®V4 (F),B - % (—%tr)(V@ (F),B +(&+ r_lrg) . (F),B(l))
+(—tr)((F)p+div(F),8+ng-y+Fb-§))?

+ Fp (~try ¥ + V& —a + (n+Ty) - Ty)

= —%V@ (V4 (g + ;tr)( (Fg -2 (F)pf) - 2try (—%V@ (g + (F)pA) — Fpa
+ SVtr/\(@) (g — v Fpge

+7E -y W 4Ty yW Ty oy 4 r Ty Ty y Ty - Ty - €472+ 1) - T

1_~+
= —§V®x —2tryf - Fpa

+ (T - Y)W 472y Iy + r_lr‘él) €,

which establishes the desired identity. This concludes the derivation of (3.2.2).
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3.2.3 Derivation of B’s transport equation

The derivation of (3.2.3) is relatively direct. From Proposition 2.1.1, we know the V4 equation

for Fp:
v, Fp = —trX(F)p+diV(F)ﬁ+ng cy+I - €.
Proposition 2.1.4 gives V4 equations for p and g:

3
Vip = —§tr)(p —try (F)p2 +divg + (F)pdiV(F),B +1 - y(l) +r 0, - &+ r_lrg T,

Vif = diva - 2try B+ (3p — 2 e + Tpvy 41T, - W 47711, - £,
Using these equations, we can compute

ViB = V42 pp - 3p ")

:2(—tr)((F)p+diV(F),8+ng-y+Fb <€) B
+2 Fp(diva - 2try B+ (3p =2 FpH)e + Fpv, P41, -y 47711, - £)
- 3(—gtr)(p —try Fp? + divg + Fodiv B+, - yM 4770y - £ 47T, - T,) - T
- 3pVy B

= —6try Fpp +2 Fodiva +2(3p — 2 Fp?) Fpg + (2 Fp? - 3p)v,
+ gtr)(p (F),B + 3try (F)pQ (F)B
+7-"y(1)+ng-)/-y+Fb -§-7+r_2Fg -y(1)+r_3Fg <&
+y~y(1)+r_17-y(1)+rrb-)/-7(1)+Fb £y +Ty Ty vy

=2 Fpdiva - 3tryx (2 Fpg - 3p FB) + (2Fp? - 3p) (V4 T8 + gtr,\/ (g — 2 (Flpg
+y-yD 4Ty, -& -y

=2 Fpdiva - 3try B+ (2 Fp? =3p)x+y -y 4T, - £ 4.
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Thus, the derivation of (3.2.3) is complete.

3.2.4 Derivation of #’s transport equation

The derivation of (3.2.4) is intricate and will be divided into six steps.

Step 1. Expand Vsx:
From Proposition 2.1.1, we know V3-equation for (F)3:
1 ~
V3 g =v Ep — xy*(F), _ itr)_((F),8+2Q(F),B+2(F)pn+)(- (F)E+Fg-77.

From Proposition 2.4.2, we know the commutation formula

(V4. V3] F)B = 20V3 FB - 20V, FB+r(n+T,) - FpD.
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We begin by computing

V3 =Vj3 (V4(F)ﬁ+gtr/\((F)ﬁ+2w(F),8—2(F)p§)
= (V4 + gtr)( + Qw) Vs FB — [V4, V3] T8+ (§V3tr)( + 2V3(1)) (F)g — 2v5( Fpg)
- (v4 + gtw) (v Pp =g+ - Ly P2y P2 Py s - P n)
- (—2@4 FB+rt(n+Ty) - <F>ﬂ<”) + (ngtrX + 2V3w) () - 2v3( Fpg)
= (V4 + gtr)() (V () — *V*(F)p)
+ (V4 + ;tr)() (—%tr&w)ﬁ + 2w (F),B) + 2wV, (F)B + (gvzz,tr/\( + 2V3w) (g
+2 (V4 + ;tr)() (Fpm) = 295(Fpé)
+ (V4 + ;tr)() (x - (F)é)
+r (T -+ (p+Tg) -y,

(3.2.5)

We will compute the right-hand side of (3.2.5) line by line in the following four steps. Each
step addresses a specific component of the computation, and we will finally sum up all

contributions to obtain the desired equation (3.2.4).

Step 2. First line of (3.2.5):
We compute the first line of the right-hand side in (3.2.5). From Proposition 2.1.1, we know

the following equations for Fp and *Fp:

V4(F)p:div(F)ﬁ—tr)((F)p+ng'7+Fb~§,
V4*(F)p:curl(F)ﬁ—tr)(*(F)p+ng-y+Fb-§,
Vg(F)p:—diV(F),B—tl"X(F),O+I"Fg")/+Fb'(7]+rg),

V3*Ep = curl PR —try *Fp 41Ty -y + Ty, - (7 + T).
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Applying Lemma 2.4.1 to [V, V] ¥ and Proposition 2.4.2 to [V4, *V]*E)p, we obtain:

194,91 = ~t0x ¥ P+ (g + 9, P = £ o +£95

= —%tr)(V(F)p+(Q+§) (diV(F),B—tr)((F)p+ng -y + I -f)
—)?-V(F)p+§(—diV(F)é—tr)_((F)p+ng cy+ Ty - (77+Fg))

= —%tr)(V Fp —trx Pp(n+0) - try Fpé
+T -y W 4Ty Ty -y + T Ty - £ 47T, - TV
+ I g Ty 4Ty - (4 Tp)E

= —%tr/\(V (Fp —try (F)p(z+ {) —try (F)p§+r_11“1(71) -§+r_1Fg . Fé(,l),

[Va, *V]*Fp = —%UXV*(F)P+ (m+OVa*Fp - x- V*Fp 1 gvy*Fp

1 1 - 1
= —§tr)(V*(F)p + 1"; ) E+r 1Fg . Fé, ),
Thus, the first line of the right-hand side in (3.2.5) becomes

Vi+ gtr)() (V By — *V*(F)p)
:V(div(F),B—tr)((F)p+ng-y+Fb -f)
+ (—%tr)(v B — try (F)p(ﬂ+ ) — tr)_((F)pf + r_ll"}()l) €+ r_lrg . Fé(,l)
- *V(curl(F),B—tr)(*(F)p+ng~7+Fb 'f)
- (—%tr)(V*(F)p + Fggl) -E+ r_IFg . Fél))
+ gtr)( (V (Fp — *V*(F)p)
= Vdiv B - *Veurl F)g - FpViry — try (F)p(z+ {) —try (F)pg

- 1
+ (g - &)W 4770, - T + (T - y) .
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By elliptic identities for Hodge operators from Proposition 2.5.6, we can deduce on s; that
didy = 2d2d; + 2K.
Combining with the Gauss equation from Proposition 2.1.2, we see for any ¢ € s;
Vdivy — *Veurly = div(Vey) + (%tr)(tr/x+ 20 —2Fp2 |y + T, - [y -y

So we have finished computing the first line of right-hand side in (3.2.5):

3
(V4 + §tr)() (V (Fp — *V*(F)p)
A 1
= div(Vv®e Fp) + (itr)(tr)_(+ 20 —2 (F)pz) (B3 — FoViry —try (F)p(g+ {) —try (F)pé&
- 1
+ (- &)W 4770, - TV + (T - ).

(3.2.6)

Step 3. Second line of (3.2.5):
We compute the second line of the right-hand side in (3.2.5). From Proposition 2.1.2, we

know

1

Vstry = —Etr/xtr/\/ +2wtry +2divp+2p + Ty - T + 1 - 1,
1

Vatry = —itr)(tr)_(+ 2wtry + 2divg+ 20+ - Ty +n-n,

V3w + Vi = doww + p + (F)p2+l"b &+ Ty +m) - Ty
So we directly compute

1 3
- §V4tr)( + 2V + §V3tr/\( +2V3w

1(1
=-3 —Etr/\/tr/\/ +2wtry +2divp+2p + g - T + 1+ 1
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+2(4a)g+p+ Fo? 4Ty - & + (Tg +77) ~Fg)
3( 1 :
+ 3 —atr)(tr)( +2wtry +2divp+2p+ g - T+ - 1
1
= —§tr)(tr)( + 3wtry +4p +2 (F)p2
—wtry + 8ww — divyp +3divp + Iy - T +1 - 1

1
= —§tr/\(tr)_(+ 3wtry +4p +2Fp? 4771 (n + Fg)(l).

Therefore, we can finish computing the second line of right-hand side in (3.2.5):

3 1 3
(V4 + §tr/\/) (—ﬁtr)( (F),B + QQ(F)ﬁ) +2wVy (F)ﬁ + (§V3tr)( + 2V3a)) (F),B
1 3 3 (F)
= —§V4tr)_( + 2V w + §V3tr)( +2V3w — Ztr)(tr)_( +3tryw| VB
1
+ (—5‘51")_( + 4&) v, B
] 5 (3.2.7)
= (—§tr)(tr)_( + 3wtry +4p + 3 Fp2 4 7L + Fg)(l) - Ztr)(tr)_( + Str)(g) (Mg
1 (F)
+ —§tr/\/ +4w | V4V B
5 1
= (—Ztr)(tr)_(+ bwtry +4p +2 (F)pQ) (g + (—étr)_(+ 4&) Vi B+ (n+ Fg)(l) Y.
Step 4. Third line of (3.2.5):
We compute the third line of the right-hand side in (3.2.5). From Proposition 2.1.1, we know

the equations for Fp:

V4(F)p:div(F),8—tr)((F)p+ng~y+Fb-§,

Vs Fp = —diV(F)ﬁ—tr)((F)p+ng cy+ - (n+T,).
From Proposition 2.1.2, we also know
1
Van = Va€ = —stix(n—n) —4wé = = o T+ 1Ty y+ T (+Tp).
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Thus, the third line of the right-hand side in (3.2.5) becomes

2 (s Seow) (“n) - 292 e
=2 (Van = V) +2(V4 Vp)n = 2(Vs Cp)é + 3try oy
=2(F)p(—%trx(n—ﬂ)—4gf—ﬁ— FpFB+rTy -y +Tg - (n+Ty)
+2(diV(F),8—tr/\((F)p+rl"g-y+Fb-§)n
-2 (—div (F)E— tr)_((F)p +rlg-y+Ty - (n +Fg)) & +3try Fon (3.2.8)
= try Py + 2try Fpé — 8w Fpg —2Fpp —2Fp? Fp
+r_1Fg-y+r_2Fg-(n+Fg)+n-y(1)+ng-y-n+Fb-f-n
+r_1Fl()1)-§+ng-y-§+Fb-(n+Fg)-5

—1(1
:tr)((F)pQ+2tr)_((F)p§—SQ(F)p.f—2(F)p,B—2(F)p2(F)ﬁ+77-y(1)+r 1FIE)-§.

Step 5. Fourth line of (3.2.5) with improvement:
We will show that the fourth line of right-hand side in (3.2.5) is improved by using the
equations. As a direct consequence of bootstrap assumption in Section 2.2.1, one only have

the decay assumption as:
v, 40 o (Flg) = 1 ()
at Stoy | (- ) = (T - Ty)
From Proposition 2.1.1, we know V4 equation of )8 as

1
v, Fp=-vFp - rv*Fp - 5tx "B -2y +Ty - T,

1
= —étr)( (F)ﬂ + r_lFé(,l) +1, - I,
From Proposition 2.1.2, we know V4 equation of y as

V4)?=—trX)?+Vt§§—a+(n+Fg)~Fg
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=—try g +r W 4y + (p+Ty) - T
Thus, the fourth line of the right-hand side in (3.2.5) becomes

(V4 + gtr)() x- "B
= (—tr)()?+ rlEW by 4 (p+Ty) - Fg) . (F)é

+x- (—%tr)( (F),[_3+ r_lrél) +T, - Fb) + gtr)()?' (F),[_3 (3.2.9)
=r W T4y T+ (n+Tg) Ty Ty +r T - TV 4T - T, - T,

=Ty -y +r - W40, - TV 47 Ty - T

It’s worthy to point out the improvement from r'l(Fg -T)W to the right-hand side of (3.2.9).
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Step 6. Summing up:
Combining (3.2.5), (3.2.6), (3.2.7), (3.2.8), and (3.2.9), we obtain:

~ 1
Vsx = div(Ve FB) + (Etr)(tr)_(+ 20 —2 (F)pQ) (g — FloViry —try (F)p(g+ 0) - tr)_((F)pf
+ (T -&)W 4770, - T + (T, - )P
5 1
+ (—Ztr)(tr)_(+ bwtry +4p +2 (F)pQ) (g + (—étr)_(+ 4&) Vi B+ (n+ Fg)(l) -y
11
+tr)((F)pQ+2tr)_((F)p§—8Q(F)p§—2(F)p,8—2(F)p2(F),8+7]-7(1) +r 1Fl(7 ) ¥
+T -y +r - W 4, T 4T, - T
+r7 (T W+ (p+Ty) -y
= div(V® ) + (—Ztr)(tr)_(+ bwtry + 6p — 2 (F)pz) (FB + (—§tr)_(+ 4&) v, P
- OpViry —try Ppg +try Fpé — 8w Fps —2Fpp
+ () Db (T O 47 ()
~ 1 3
= div(Ve FB) + (6p -2 (F)p2) (g + (—itr)_(+ 4&) (V4 (Flg + §tr/\/ (Flg — 9 Flpg (F)ﬁ)
= OpVtny —toy Vol =2 Fpp+ (T - ) + (T - &) 471 (T - )™
~ ~ 1
= div(Vv® F)p) — 28 + (—étr)_(+ 4&) X
- FpViry —try Ppg +2Fpp —2p* Fg
()4 (T O 47 ).

(3.2.10)

From Codazzi equation in Proposition 2.1.2, we know

1 1
divy = §Vtr)( + itr)(g” — B+ Fp gy Iy - T.
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Therefore, many terms in the right-hand side of (3.2.10) can be rewritten as divf-term:

1~
—2divf = —2div (—§V®)? + (”p)?)
= div(Ve gy —2vFp . ¢
1 1
—2(F)p (éVtr/\/+§tr)(§—,B+ (F)p(F),8+Fg-Fg

= div(V® FB) — FpViry —try Fos +2Fpp —2F)p2 (g 4 r_ll"g . Fél).

Substitute back to (3.2.10), we have completed the derivation of (3.2.4).
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Chapter 4: The nonlinear postive-spin Regge-Wheeler system

4.1 Chandrasekhar transformation

To apply the robust energy-momemtum method to the stability problem, we define the

following new variables to derive the postive-spin Regge-Wheeler system.

Definition 4.1.1. The Chandrasekhar transformations of almost gauge invariant quantities

B and f are given by
pi=r (Vgﬁ + 2tr)_(ﬁ - QQ,BN) , qf =13 (ng +tryf - 2Qf) . (4.1.1)

In the linear theory, the Chandrasekhar transformation is a method for converting Teukolsky-
type equations into Regge-Wheeler-type equations. This approach was first introduced by
Chandrasekhar in the context of mode decomposition and later extended to physical space
in the celebrated work [5] by Dafermos, Holzegel, and Rodnianski. Today, it is a standard
tool in the physical-space method for addressing black hole stability and has been widely

employed in works such as [27, 6, 12, 30, 15], among others on various blackholes.

4.2 Regge-Wheeler system of p and qf

Theorem 4.2.1. Regge-Wheeler variables (p, qF') € s1 X s9 satisfy the following nonlinear

Regge-Wheeler system

. 80?2 . 1
Lhip-Vip= £ﬂ2qF+EH[D1D], Vi = —=trytry + 5 Fp?,
r* 4= (4.2.1)

Err[(1p] = Ng + V3(rNg) + Ny [p, 7] + Np,
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. 1 .
(2q” = Vaa" = = dip + Brr[Oaa”], Vo = —tuytry +2p?%,

(4.2.2)
Err[(2q”] = Ng + V3(rNg) + Nu[p, 9" 1,
where Ng, Ny, [», q7] and N, are given by
Ng = }’2((7] + Fg) ’ 7(1))(2) + I’(Fg 'f)@) + (Fg : 77)(2),
Np =Ty -Tp)?, (4.2.3)
Nulp,a"] = (Tg - p)™V + (T - ")V,
Proof. See Section 4.2.1 and Section 4.2.2. m

As a direct consequence of the bootstrap assumption in Section 2.2.1, the optimal r-decay

of Np = (I'g - I,)®@ is given by

Np= (T Ty@=— € € € (4.2.4)
§ rzu%'*'(sdec ru%+6dec r3u2+26d‘)0 ’
3 .
so that | V4 + — | Np schematically decays as
r
3 €2
(V4 + ;) Nb = m, (425)

according to the bootstrap assumption. However, the insufficient r~%-decay of (V4 + g) Ny
presents an obstruction to the improved r”-estimate in Section 8.2, a method introduced
by [2] and applied by [27] in the nonlinear stability of Schwarzschild spacetimes. In the
improved rP-estimate, we will see that N, must be improved after applying (V4 + g) and

using the Einstein-Maxwell equations, as shown in the following crucial lemma.

Lemma 4.2.2. We have the improved estimate:

3 -
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Proof. From the Einstein-Maxwell equations (c.f. (3.2) in [26]), we have
V4(r2Fg) =r2yD v, Ty) = l"é,l).
Thus, we compute:

3 _
(V4 + ;) Ny = 77394 (r3(T - 1))

(2) (2)
=3 (V4(r2Fg) . er) +r73 (rQFg . V4(er))

=(y- I_‘b)(g) + r_l(rg : Fg)(g)-

]

Remark 3. By the bootstrap assumption in Section 2.2.1, the r-decay of the right-hand side
of (4.2.6) is given by

€ € 1 € €
. + r .
r%+58 ru%"'(sdec r21/£1+5dec r2u1+5d“

2 2 (4.2.7)

+
152420 dec’

(v - rb)(3) + r_l(Fg } rg)(3)

734085 +0dec

which exhibits an additional decay factor of r=3-08 compared to the direct consequence
(4.2.5) of the bootstrap assumption. This crucial improvement enables us to handle the more
intricate nonlinear interactions that arise in the nonlinear stability of Reissner-Nordstrom

spacetime, in contrast to the Schwarzschild case.
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4.2.1 Derivation of p’s Regge-Wheeler equation
The goal of this section is to prove Regge-Wheeler equation (4.2.1) for qf. In particular, we
will show
. 1 .
(hp=- (Z—Ltr)(otr)_(o -5 (F)pg) p+ 8r? (F)pgdlqu
+ V3 (P20 )@ +r2(E T 4 r((n+Tp) - T D)

(4.2.8)
+ (T TP 4 r2((+T) -y D)@ 4 (T - )P

+ (Fg . p)(1)7

which implies (4.2.1). We divide the derivation of (4.2.38) into four steps, highlighting the

important and necessary improvements for the quadratic terms in Step 3. below.

Step 1. Expand p and rewrite [J;p:

From Proposition 2.1.1, we know V3-equation of F)3:

1
Vs =V o = v+ — Stay, T+ 2w, B+ 2 pon

+1- FB+rly ~y+n-T.
From Proposition 2.1.4, we know the V3-equation of 8:!

1
Vs =Vp+ *Vp —tux, B+ 2we8 + 3pon = ey o T = try o T+ Fpg(v Fp = *v* )

+trxo * Pp*PBa2g-g+T, -y W+t (n+T) - TV 4T, - Ty - T

!Notice the coefficients of —%tr)( (Fp (F)g — try Fp (F)B are not background values.
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Using Proposition 2.1.5, we first compute VgBZ

V3
= V3 (2 ®poB - 3p0 (F)ﬁ)
=2 gV + 2(=try, Ppo+r*es(r)B
—3pyVs ") - 3(—§tr)_(0po —try, Fpf +rtes(r)
=2 (F)po(Vp +*V* - tr)_(O,B + 2wy B+ 3pon — %tr)_( (F)p (F)ﬁ —try (F)p (F),lj
(v P - )
+2 g (trxo* Pp* P+ 27 Ty -y (4 T) - TV 4T - Ty T ) = 2ty oo
- 3p0 (V(F)p— Ky *(Fly %tr)_(o(F)ﬂ+2g0(F)ﬁ+2(F)pon+)?~ (F),[_3+rrb~y+n-rg)
+ gtr)_(opo (F)ﬁ + 3tr)_(0 (F)pg (F),B +r2Ty -y
=2Fpg (Vp+ *V*p) + (2 g = 3p0) (VDo = v * ) = (dtry — 4w,) Ppop
+ (2try Pog + 6ty o = 6wepo) B +2 Fpo(=trxo Tp T +trxo * o)

+4(F)po)?-,§— SpO)?(F)é+r_2Fb -y(l) +r_3(77 +1%) ‘Fé,l).

(4.2.9)
Therefore, we can expand p according to its definition
pr=r° (Vgﬁ + Qtr)_(ﬁ~ - 2@@)
=7 (Vgﬁ~ + Qtr)_(o,é - QQOB) +r°Ty - B
= 1%[2Fpo(Tp + 9 *p) + (2 Fpd = 3p0) (V Fp = *¥*F)) )

+2try, ©pg -2 Fpotrye “p (F)é]

. [2 Footryo* o *(F)é+4(F)p0)?_I§_ 3007 - (F)é]

+73T - 7(1) +r2(n+ Iy) - Fé(,l).
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Hence, we can write p into three parts:

P=PpP1+Pp2+Dps,
pi =12 po(Vp+ ¥ %0) + (2 pf = 300)(V Fp = "7 * )
+2try, Ppd P =2 Opotrye Fp <F>§] (4.2.11)

pa:=r [2 Fpotrxo*Fp* B +4Fpoy - B-3poy - (F),l_f] :

ps:=rT, - yD 4+ r2(n+ I) - Fé(,l).
Now we split the [J;p using (2.6.1) into Background wave operator part and remaining part:

. 1 1 _
Chp = =(Vs+ Sty = 20)(Va + Strx)p+ pp+ Ap+77 (5 + T) - pV

1 1 _ _

= (V3 + 5ty = 200+ 1) (Va+ Strxo + T p + (po +7 Top+Ap+rt(n+Ty) - pM
1 1

=—(V3+ X, — 2w,) (V4 + §tr)(0)13 +pop +Ap + (T - p)V

= Orn(P1+ P2 +p3) + (O - p) Y,

(4.2.12)
where we denote the background Reissner-Nordstrém wave operator
1 1
Ogy = —(V3 + §tr)_(o —2w,) (V4 + étr)(o) + po + A. (4.2.13)

In the following steps, we will compute gy p1, ryp2, and Ly ps to complete the proof of

(4.2.8).

66



R-N nonlinear stability

Step 2. Compute Lgypi:

The goal of this step is to prove the following equation:

1 . )
Hewps = - (ZtrXotr)_(o B (F)pg) p+8r (F)pgdlqu +po(P1—P) +A(PL—p)+7 T p

V3 (P20 )@ 42 T D (T - T D)
+ 72((’7 + Fg) '7(1))(1) + r(Fg : g)(l) + (Fg : Fg)(1)~

(4.2.14)

The derivation of (4.2.14) is very computationally involved and we will divide the derivation

into 3 steps.

Step 2.1. Compute (V4 + %tr)(o)plz By the definition (4.2.11) of py, we have

1
(Va+ Etl“Xo)Pl
1 1
= (Vg + 5“)(0) [2r° Flpg (Vo + *V *p)| + (Vi + étr)(o) [7°(2 FpZ = 3p0) (V Fp = *v*Fp)]

1 1
+(Vy+ §tr)(0) [2r5tr)_(0 (F)p% (F)ﬁ] + (Vg + §tr)(0) [—2r5 Fpgtryo Fp (F)é .

(4.2.15)

Next, we evaluate the right-hand side of (4.2.15) term by term.

Step 2.1a. From Proposition 2.1.4, we know the equations of p and *p:

Vyp =divB - gtr)(p —try (F)pQ + (F)pdiv (F)B +T -y +rte T+ r_lrg T,

3 _ _ -
=—§tr/\/p—tr)((F)p2+r 1y(1)+f‘b-y+r 1§-Fb+r 1Fg-Fg,
3
Vip = —divf — §tr)_(p - tI‘)_((F)p2 — Fpdiv (F)g

1. 1 -
—§X-g+§tr)((F),§- (F)E+Fb-y+r 1(n+Fg)-Fb,
3
= —§tr)_(p—tr)_((F)pQ+r_2F151) +1, - Iy,

3
V4 *p = —curlg — §tr)( *o— pcurl PB4+ Ty -y +r71E - Ty + r_l(Fg . Fg)(l),
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3
V3¥p = —curlp - §tr)_( *o — Fpcurl (F)[_S’

1.
- 5X *a+ri T+ Ty +r N (T - Tp) W 4Ty Ty Ty +7Ty -Tpy -y

3
= —curlé — §tr)_(*p - (F)pcurl (F)é+ Iy - T.
Applying Lemma 2.4.1 to [V4, V]p and Proposition 2.4.2 to [Vy4, *V] *p, we obtain:

1 -
[V4,V]p = —5tx Ve + M+ Vap—x - Vp+E&Vsp
1 3
= —§tr)(Vp +(n+¢) (—Etr)(p —try P2 +r W 4y y+r71E Ty + r_lrg . Fg)
~ 3 (F) 2, —2(1)
- x-Vp+¢& —§tr)_(p—tr)_( p +r T, +Tg - T
1 3 (F) .2 3 (F) 2
= —5tx Vo = Strxp(n + ) —trx " (n + ) = Strypé —try " p°¢
4 Ty W 4Ty Ty -y +77' Ty - €477\ T - Ty - Ty + 7720, - TV
+r72 TV €T, T
1 3 (F) .2 3 (F) 2
=5t Vp - Strxp(n + ) —trx " p~(n + ) = Strxpé — try p°E
+r2¢. 1Y 4721, - T,
1 .
[Va, "VI"p = —5teix V7o + (1 + OVa"p = X - Vp +£V37p

1
= —§tr)(*V*p + r'lFé(,l) CE+TTT - Fé,l).
By Proposition 2.1.5, we can compute V4(r* Fpg) up to linear order:

V4 (r5 Flpg)
]/‘ — _ —
= 5r4(§t1“)(0 +e4(r)) Fog + 5 (=tryo P +r3eq(r))

3
= 5r51;r/\/0 (F)po + rBFg.
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Thus, the first term in the right-hand side of (4.2.15) becomes:

1
(Vg + EtrXO) (2r5 (F) oo(Vp + *V* ))
1
=2V, (r® o) (Vo + *V*0) +2r° Fpo (V4 + 2tr/\(0)(Vp + *V *p)
= 2r° (F) 00 (V4 + 2trxo) (Vo + *V*p) + r3Fg r ZF(D

= 2" (F) (VV4p +[V4, V]p +2trxoVo + *VV4 0 + [V4, *V] *p + 2tryo *V ¥ ) +rl, - Fél)

3
=2 [ (divﬁ—§thP—trx(F)p2 Bodiv FB+T, -y +r71& - Tp 17Ty - F)]

+ 475 ()

| 3 3
potrxoVp +2r° Fpg [—§tr)ch = Stoxp(n+ ) = tox Cp*(n+ ) - Stoypé — toy Fp?e
w72 T 421, ré“]
3
+2r°> Fpg [*V (—Curlﬁ - ?CIX *o— Epcurl PR+, -y +r718 - Ty + r (T - Fg)(l))]

1
+4r° (F)potr)(o *V *o + 2r° (F)po [—gtr)(V *o + r_lrél) -E+ r_QFg . F;l) +rlg - Fél)

=275 F)y o (VdivB — *Vcurlp) + 2r5 (F)p2 (lev (Fg - *Veurl (F),B) > oo (3pg +2 ) )Vtr)(
— 470 (F)pgtrXOV By — 15 o (300 + 25 o2) (tr)(oz +tryod + tr)_(of)

+72(Tp - 7)) 472 - To) W 4 1(T, - T W,

(4.2.16)

Step 2.1b. From Proposition 2.1.1, the equations for Fp and *)p are:

V4(F)p:div(F)ﬂ—tr)((F)p+ng-y+1"b~§,
Vi*Bp = curl B —try *Fp 47Ty -y + T - £,
V3 (F)p——div(F),B—tr)(( ),r)+ng-y+Fb-(n+l"g),

Vs *(F)p—curl(F)ﬁ *(F)p+ng-y+Fb-(n+Fg).
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Applying Lemma 2.4.1 to [V, V] ¥ and Proposition 2.4.2 to [V4, *V]*E)p, we obtain:

194,91 = ~t0x ¥ P+ (g + 9, P = £ o +£95

= —%tr)(V(F)p+(Q+§) (diV(F),B—tr)((F)p+ng -y + I -f)
—)?-V(F)p+§(—diV(F)é—tr)_((F)p+ng cy+ Ty - (77+Fg))

= —%tr)(V Fp —trx Pp(n+0) - try Fpé
+T -y W 4Ty Ty -y + T Ty - £ 47T, - TV
+ I g Ty 4Ty - (4 Tp)E

= —%tr/\(V (Fp —try (F)p(z+ {) —try (F)p§+r_11“1(71) -§+r_1Fg . Fé(,l),

[Va, *V]*Fp = —%UXV*(F)P+ (m+OVa*Fp - x- V*Fp 1 gvy*Fp

1 _1e(1 _ 1
= —§tr)(V*(F)p+r 1Fl(7 ) E+r 1Fg-l“£, ).

By Proposition 2.1.5, we can compute V4 (r5(2 (F)pg - 3,00)) up to linear order:

V4 (52 pd - 300))
= 5 (5texo +ea(r) - 2 Fpf +4r° Tpo(=trxo Tlpo + 1 ear)
r — 3 _ —
- 5”4(§th0 +e4(r)) - 3po — 3T5(—§tr)(opo —tryo Pk +r7tes(r))

= —3r5tr)(0p0 + 4r5tr)(0 (F)p% + r2Fg.

70



R-N nonlinear stability

This allows us to evaluate the second term in the right-hand side of (4.2.15):

(Va+ gtxo) (223 = 3p0) (7 Flp = *9*Fp))

:V4( 5(2 Mp2 - 3p0))(v<F — v (Ey 452 (F)p2 3p0)(V4+;trX0)(V(F _ oy *(F)y

(—3r5tr)(0po + 4r5tr)(0 (F) 2) (V (F — ry*(F) 0) + rZFg . r_lrél)

1
+1752 0 = 3p0) (Va + 5 trxo) (V7o = *v*Fp)

1
r5(2Epd SpO)(Vw Fp + V4, V] Fp + §tYX0V(F)P

1
=V, * Fp — [y, V] *Fp - Stxo *V*(F)P)

+rtryg (—3p0 +4 (F)p2) (VEp — *y*Fpy 4 Ty - Fé(,l)

1
P52 Fp2 — 3p0) [V (div(F),B—tr)( Flp 41Ty -y + T -g) + §trX0V(F)p]
[ 1
+r5(2(F) 2 _3pp) —§tr)(V (Fp — try (F)p(g+§) —tr)_((F)p§+r_1Fl(]1) -§+r_1Fg . Fé,l)]

[ 1
5(2(}:)2 300) *V(Curl(F),B—tr *(F)p+ng~7+Fb~§)+§tr)(o*V*(F)p]

[ 1
= 22" = 3p0) |5tV o+ Ty £ 4T TV | 47T T

+rtryo (—Spo + 4(F)p(2)) (VE)p = v Fpy 4 rl, - Fé(,l)
= (2 Fp2 - 3p0) (Vdiv (Fg — *Veurl (F),B) +2r° Fp2tryo(V Fp — *v* )
—r5(2%F)pg = 3p0) FlpoViry — (2 F)pg - 3p0) Floo (tFX0Q+ tryod + tf)_(of)

+72(Tg - y) @ wr(€-Tp) W 4+ r(T, - Tp) M.

(4.2.17)

Step 2.1c. We first recall from the Proposition 3.1.1 that x is given by

3
x 0=V OB+ Stry P+ 20 Fp -2 Fpe

1
(V4+2tr)(0)(),8+tr)(0(p)ﬁ 2 (F) poé +rlg -y +T, - &,
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so that (V4 + %tr)(o) (F)B is given by

1
(V4+§tr)(0) (F),Bzx—tr)(o(F),B+2(F)p0§+ng~y+Fg~§.

By Proposition 2.1.5, we can compute V4(2r5tr)(0 (F)pg) up to linear order:

V4(r5tr/£0 (F)pg)
r — ]. _ Te——
= 5r' (5“)(0 + e4(r)) try, (F)Pg +7° (—étr)(otr)_(o + 200 + 1 2e4(r) (F)pg

+ 2r5tr)_(0 (F)po (—tr)(o (F)p(z) + r_3e;/(r))

=2r’pg (F)pg +15.
These enable us to compute the third term in the right-hand side of (4.2.15):

1
(Vq+ §tr)(0) (2r5tr)_(0 (F)pg (F)ﬁ)
1
= 2r5tr/£0 (Fo2(Vy + §tr)(0) (FB + 2V4(r5tr/£0 o2y (g

= 2r5tr)_(0 (F)pg (x —tryo (F)B +2 (F)p0§ +rlg-y+T5- f) +2 (2r5p0 (F)pg + Fg) (F),B (4.2.18)

= 2r5tr/£0 (F)pgx +r° (F)pg(llpo - 2tr)(0tr)_(0) (F)B 4 45 (F)pgtr)_(of

+rlg -y +1,-&.

Step 2.1d. From Proposition 2.1.1, we know the V -equation of (Flp and (F)g:

V4 Fp +tryo Flo = div g — Flptry + 1Ty -y + T - £,

1
v, g+ 51X Fp=-vFp - *v*Fp —2Fpgn + T, - T,
Therefore, (V4 + %tr)(o) (Fp (FIB) is given by

3
[7i+ 3] (7 p)
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= (F) (V4+ ;tl”/\/o) (F),3+(V4+tr)(0) (Fly (F)E
= (F) ( v (Fly _ *y *(F), 2(F)pog+l—1g.l_,b)
- Fpo (V(F + *v* () ) 2Fpin

+T, -y V4T, T, 477, - T,
By Proposition 2.1.5, we can compute V4(2r5tr)_(0 (F)pg) up to linear order:

V4 (r® Flpotryo)

(F)

=5rt (Qtr)co + 64(r)) Jootryo +7 (—tl“)(o oG + r‘3er/(r)) tryxo

]_ o ——
L i)

ro (F)potr)(g + rZFg.

Hence, we can compute the fourth term in the right-hand side of (4.2.15):

1
(V4 + Strxo) (—QF > Epotryo Fp (F)E)
1
= ~29,4(~° Fpytrxo) P B — 2 Potrxo) (V4 + 5trxo) (FpPp)
1
= _2 ( 5 (F)potrX(Q) + ,,.2Fg) (F) (F)ﬁ 2(,,.5 (F) OtrXO) (V4 + §tI'X0) ((F)p (F)E)
(4.2.19)
3
= =2(r> Fpotryo) (V4 + §tr)(0) (Fp ") +Ty - Ty
= 2r’tryo (F)Pg (V (Fp 4 *y *(F) ) +4r° (F)pgtr)(oz

+r2T -y W 4120, Ty - & 41T, - TV,
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Step 2.1e. Now, substituting (4.2.16), (4.2.17), (4.2.18) and (4.2.19) into (4.2.15), we obtain:

(V4+ %U‘)(o)m
= 2r5 Pl (Vdivg — *Veurlg) + 2r5 Fp? (Vdiv (Fg — *veurl (F),B) — 1> oo (3p0 + 2 Fpd) Viry
— 4P (F)pgtr)(oV (F)p — 7 (F)po(?)po +2 (F)pg) (tr)(og +tryod + tr)_(of)
+1r2(Tp - )@ + 72 - T) W +7(T, - TV
+7r5(2Fp2 —3p) (Vdiv (Fg - *Veurl (F)ﬁ) +2r° Fp2tryo(V Fp — *v* )
—r(2Fp3 — 3p0) FlpgViry — r*(2 Fpg - 3p0) Fpg (tr)(og +tryod + tf/xof)
+ 3L - 7) @ 47 (€ - Tp) D 4+ 1(Ty - T) W
+ 2r5tr)_(0 (F)pgx +7r° (F)pg(élpo — 2tr)(0tr)_(0) (F)B 4 45 (F)pgtr)_(of
+rlg - y+1,-&
+ 2r0tryo (F)pg (V By + *v *(F)p) +4r° (F)pg’tr)(og
+ 720 -y W 472, Ty - £ 4T, - TV
= 2r5 Flpg (Vdivg - *Veurlg) +r° (4 Fpg - 3p0) (Vdiv (Fg — *Veurl (F),B)
— 4 (F)pg(Vtr)( +tryod) + 2r5tr)_(0 (F)pgx +70 (F)pg(élpo - Qtr)(otr)_(o) (F),B
+72(Ty - y) P 412 - T)W 4 (T, - T W,

(4.2.20)

By elliptic identities from Proposition 2.5.6 and the Gauss equation from Proposition 2.1.2,

we can deduce on s1 that

~ 1
Vdivy — *Veurly = div(Vey) + Etr)(otr)_(o +2p0 — 2 (F)p% v+ r_lrg Y.
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This allows us to compute the first line of the right-hand side of (4.2.20):

2r® (Fp o (VdivB — *Vcurlp) + r2(4Fp2 — 3p0) (lev (Fg — *Veurl (F),B)
=950 (F) (leV®,8 + (1tr)(0tr)( +2p0 — 2( )ﬁ + r_lrg -,8)
+r2(4F)p 2 - 3p0) (leV® (F)g + (1tr)(0tr)( +2p0 — 2 (F)pg) (g + r_lrg . (F)ﬁ)
=’ (divvé@ ooB ~3p0 B) + (1tr)(otr)( +2pg — 2 <F>p2) (2%poB = 3p0 (F&%))
+4r° (F)pg (divV@ (F)ﬁ + (%tr/\/otr)_(o +2p0 — 2 (F)pg) (F),B) + rQFg -y
= rodivVepB + r’ (%tr/\/otr/xo +2p09 — 2 (F)pg) B
+4r° (F)pgdiVV<§> (F)ﬁ +7° (F)pg (2tr)(0tr)_(0 + 809 — 8 (F)pg) (F)ﬁ + rQFg -y,

(4.2.21)

From the Codazzi equation of divy from Proposition 2.1.2, we derive:
divf
log g 4 ()
=div —§V® B+ (3%
1 ~
= —5divVe g+ Fpdivg +VFp . p
1 1 1
= —§d1vV® (Flg 4 (F)y (2Vtr)( + 2tr)(0§ B+ Fpo g+ T, - T, +r (T, Fg)(l)

1, o~ 1
= —§d1VV® (Flg + 3 Foo(Viry +tryold) — FpeB + Fp2 (F),B +r NIy - Fg)(l),
which implies

— 45 (F) 3(Vtr)(+tr)(0{) 450 (F)pg (—Qdivf —divV® (F),B -2 (F)pO,B +2 (F)pg (F),[3)+(Fg-rg)(1).
(4.2.22)
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Plugging back (4.2.21) and (4.2.22) to (4.2.20), we arrive at

1
(Va+ étr)co)m

~ ~ 1
= r°divVes + r° (§tr)(0tr)_(0 +2p0 — 2 (F)pg) B

+4r° Fp2divve g 4 5 Pl (2'51%0'01"{0 +8pg — 8 (F)Pg) OB +rTg -y
+4r° (Fp2 ( 2divf — divvVe® g — 2 F)poB + 2 (F)P(Q) (F)ﬁ) + (I - Fg)(l)

+ 2r5tr)( (F)pzx +70 ) 2(4/)0 - 2tr)(0tr)( ) (F)ﬁ

(4.2.23)
+72(Tp - 9) @ 4+ 72 - To)W 4+ (T, - TV
rPdivVes + rd (%tr/\(otr)_(o +2p9 — 2 (F)pg) B —8r° (F)pgdivf + 2r5tr/\( (F)pg
+12r° Fpdpo FIp - 8r° Flpdp + r2(Ty - )@ + 12 - Tp) W +1(Ty - Tp) W
r°divVeg + r° (%tr)(otr)_(o +2p0—6 (F)p%) B—8r° (F)p(z)divf + 2r5tr)( (F)pgx

+72(T - )P 412 - T)W 4 1(1, - T,

This finishes Step 2.1.

Step 2.2. Compute —(V3 + %tr)(o = 2w() (V4 + %tr)(o)pl: Using the expression for

(Vit3

tryo)p1 from (4.2.23), we proceed by applying — (Vg + %tr/xo - 2@0) to the right-hand

side of (4.2.23), evaluating each term individually.

Step 2.2a. From Proposition 2.4.2, we know the following commutation formula

1 . )
[Vs, V®]B = —§tr/£V®,3 +(n+Ty) - gV,

1 . -
[Vs,div]Vep = —§tr)_(divV®B +(n+T,) - Vep.
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Therefore, by writing 8 = r2y and p = r° ((V3 + 2tr)_(0 - QQO)B +1I - r_2y) schematically,

we can compute

1 o
— (V3 + 50X, - 2w,) (r°divV®p)

= 5 (%t% + e?/(r))  divV&S - P (div(V3V<§B) +[Vs, div]véﬁ)
oa, L = 5
_ r5d1vV®(§tr)_(O,B - 2w,B)
5 A~ a~r o g
= —2rPtry divV8B + 1t Ty - 1ty ® — 17 (divV@Vaf + div[Va, V814 + [Va, div]VEp)
aa, L = 5
— r5d1VV®(§tr)_(O,3 - 2w,B)
_ _ 51 us 3 3 _ 3 (2)
= —r’divVe® (Vgﬁ + 3tr)(0ﬁ QQﬁ) +rlp -y
1 A~ ~ ~ 1 ~ ~ A~ ~
— rPdiv (—§tr)(V®,8 +(m+Ty) -ﬁ(l)) —r° (—§tr)(divV®B +(n+Ty,) - V®,8)
= —r°divVe® (VgB + ?>tlr)_(0ﬁ~ - QQB) +rly - y(2)
1 ~ x 1 ~
— rodiv (—§tr)_(0V®,B +r 2 +T) - 7(1)) —r° (—Etr)_(odiVV&B +r3(n+Ty) - 7’(1))
= ~divV&r (Vo + 2try f - 2wB) +r2((n + ) - y )V
= —divVep + r?((n + Iy) - y My,

(4.2.24)

Step 2.2b. From Proposition 2.1.5, we have up to first order:

1
Vs (r5 (étr)(otr)_(o +2p0—6 (F)pg))

4 (T —\ (1 F) 2
= br (Etr)_(o + e3(r)) (Etr)(otr)_(o +2p0 — 6 )po)
3 (L Lyt “2e5(r)t L Liry? — 2t “2e4(r)

+r7 | 5 (=g txotny +r"es(r)try  + Stoxo(—Stoyg — 2wptry + 1 es(r))

+ FS(—3U§OPO - 2try, o2 +r7e3(r)) - 12/° (F)po(—tfgo g +r73e3(r))

3
=ity (;ltr)_(otr)(o — wytrxo +2p0 - 5F >pg) + 1T,
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Therefore, by writing 8 = r2y and p = r° ((V3 + %tr/xo - QQO)ﬁ + %’51')_(0,8~ +1 - r‘zy) schemat-

ically, we can compute

1 1 .
- (V3 + §tr)_(0 - 2w,) (r5 (itr)(gtr)_(o +2pg—6 (F)pg) B)
_ 5 1 (F) 2 v, 1 o) v, 5 1 (F), 2
=—r §tr)(0tr)_(0 +2po—6""pg| (V3 + étr/xo —2wy)B = Vs |r §tr)(otr)_(0 +2po —6""pg

1 F) 2 3 5 Q 5 -2
= - (§tr)(0tr)_(0+2p0—6( )po) (p - 5" tr&0ﬁ+r Iy -ry)

3 ~
- r5tr/£0 (Ztr)_(otr/yo — wotryo +2p0 — 5 (F)pg) B+rly -y

1 ~

= - (itr)(otr)_(o +2p9—6 (F)pg) p+ r5tr)_(0 (—gotr)(o —po—4 (F)pg)ﬁ +rlp -y
1 ~

=— (ﬁtr)(otr)(o +2p0—-06 (F)pg) p- 4r5tr)(0 (F)pgﬂ +rly -y,

(4.2.25)

where in the last line, we have used the fact that po+w,tryo = 0 on the background spacetime.

Step 2.2c. From Proposition 2.4.2, we know the following commutation formula
. 1 .
[V3,div]f = —§tr)_(dlvf +(n+T,)-f.
From Proposition 2.1.5, we compute up to first order:

Va(sr> pd)

r — _ —
= 40r4 (Etr)_(o + 63(7‘)) (F)pg +16r° (F)po(—tr)_(o Fog +r3e3(r))

= 4r5tr/£0 (F)pg +rl.
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Therefore, by writing f = y) and ¢ = 3 ((V3 + %tr)_(o —2w,)f + %tr)_(of +1 - 7(1)) schemat-

ically, we can compute

1
— (V3 + §tr)_(0 - 2w,) (—8r5 (F)pgdivf)
1
= 87'5 (F)P(% (V3lef + étr)_(odlvf - 2Q0lef) + V3(87'5 (F) 2)d‘lvf

1
= &0 (F)pg (div (ng + —tr)(of - QQOf) + [V3, diV]f) + (4r5trX (F)p2 o+ er) divf
2 = (4.2.26)

1 1
= 8r2 Fp2div (qF - §r3tr)( f+r°T, - )/(1)) +8r° Flpg (—gtr)_(divf +(n+T%) - f)

+ 4r5tr)( (F) 2dlv’f +T, -y

= 8r* Fpidive” - 4r5tr)_(0 Fpgdivi+r(n+Ty) - y?

Step 2.2d. From Proposition 3.2.1, we know V3x is given by

1 i
Vst =~y + dws = 2divi - 26 + (T Y)Y 4 (T, - &)Y 4 r (T - D

1 .
= =5ty ¥ + dwgr - 2div - 26+ (T - YO+, - &) 4 r (1, - )Y,
From Proposition 2.1.5, we evaluate up to first order:

V3(2r5tr)_(0 (F)Pg)
T~ 1
=10r* (%tr)_(o + 63(1’)) tr)( (F) 2 o+ 2r° (—étr)( 2a)0tr)( +r- eg(r) (F) 2

(F)

+ 4r5tr)_(0 (F)po(—tr)_(o oo + 1 3es(r))

= —4;’5Q0tr)( (F)pg +1%.
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Therefore, by writing ¥ = 1 schematically, we can compute

1
- (Vg + tr)( —2w0)(2r5tr)( (F)p2 )

2

1
= —2r5tr/\/ (F) 2(Vg}z + Qtr)( X — Qwox) V3(2r5tr)( (F) 2)x

1
= —2r5tr)( (F) 2(Vgx + 2tI“X X - 2w,%) - ( 4r5gotr)_(0 (F)pg + Fb) X
(4.2.27)

1
= —2r5tr/\(o (F)pg(Vgx + étr)(ox - 4Q0x) +17p - y(l)

—2r5tr)( (F) 2( 2divf — 28 + (I - 7)(1)+(F f)(1)+r 1(F 17)(1))+Fb y()

4r5tr)( (F) 2dlvf + 4r5tr)( (F) 2ﬂ + (I - y)(l) + (T - f)(l) +r 1(F 77)(1)

Step 2.2e. Combining (4.2.23), (4.2.24), (4.2.25), (4.2.26) and (4.2.27), we obtain

1 1
- (V3 + StX, - 20,) (V4 + §t1")(0)131
= —divV®p + r2((n + Ty) - y)D
1
— (§tr)(0tr)(0 +2p0-6 (F) ) p— 4r5tr)( (F) 2ﬁ +rlp -y
+ 82 (F)pgdiqu — 4r5tr)_(0 (F)pgdivf +r(n+Ty) - y(2
+ 4r5tr)_(0 Flo2divf + 4r5tr)( F2B+ (T - )V + (T - WD 47711, - @® (4.2.28)
+ (Va7 (120 - )@ 426 - TV 4 7(Ty - T V)
~ 1
= —divVep - (itr)(otr)_(o +200—6 (F)pg) p+8r2 (F)pgddiF
V3 (P20 )@ 42 T D 4 r (T - T D)

+72((n+T) -y D)W 4 (T, - &)W 4 (T, - Tp) V.

This finishes Step 2.2.
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Step 2.3. Finish computing Ugyp1:  Finally, from Proposition 2.5.6, we know dad} =

—%Al - %K . Combining with the Gauss equation from Proposition 2.1.2, we can deduce that

~ 1
divVep = Ap + —Ztr)(otr)_(o - po+ (F)p% p+ r_ng - p. (4.2.29)

So combining (4.2.28) from Step 2.2, (4.2.29), and the defining equation (4.2.13) of the

background wave operator Llgy, we compute

Oravpr = —(Vz + %tl“/xo = 2w,) (V4 + %tr)(o)m +poP1+Ap;
= —divV®p — (%tr)(otr)_(o +2p9—6 (F)pg) p + 82 Fp2dival
V3 (P20 )@ 42 T (D - T D)
+r2((+Tg) -y W r(Tg - M 4 (T - TV
+poP1 +Ap;
=- (Ap + (—itr/\/otr/zo - po+ (F)pg) p+ r_lrg . p)
- (%U"XOU"/KO +2p0 -6 (F)pg) p+ 8r2 (F)pgdiqu + poP1 + Apg
+ Vs (r2(rb D 42 T D 4+ r(I - rg)<1>)
+r2((+Tg) -y V4 r (T W 4+ (T - TV
= - (itr)(otr)_(o -5 (F’;OS) p+8r% Fpidiva” + po(p1 = p) + A(pr = p) +7 T - p
V3 (P20 - )@ 4+ r2(E T W 4 r(Dy - T) V)

+r2((q+Tg) -y V(T W 4+ (T - TV,

(4.2.30)

This completes the proof of (4.2.14) and concludes Step 2..
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Step 3. Improved quadratic errors in Llgypo:

Recall from definition (4.2.11) that
pa = r” |2 Ppotryo * PP +4Tpoy - B-3pox - B
Using (4.2.13), we can rewrite background Reissner-Nordstrom wave operator Ogy as
1 ~2,,2)
Drviy = =Va(Va+ Stoyo)y + 1770 (4.2.31)

Under the bootstrap assumption in Section 2.2.1, po takes the form po = r2Fg -T'p. As a

direct consequence, the action of [Clgy on po can be schematically expressed as
Ornp2 = Vs (r(Fg - Fb)(l)) + (T, - Tp) . (4.2.32)

However, such a nonlinear term is good enough for our subsequent analysis. To address
this, we need to make use of the Einstein-Mazwell equations and establish improvement in
these nonlinear terms. For convenience, we decompose [lgyPpo into three distinct terms,
each corresponding to the components of ps. Indeed, Clgy acting on po gives the sum of the

following three terms:

1
Drn (r5 Fpotrxo*Fp *(F)é) = ~V3(Va + Stryo) (r5 Fpotrxo*Fp *(F)é) +(Tg- T,
~ 1 ~
Drw (r5 Fpox E) = ~V3(Va+ 5trxo) (r5 Fpox E) +(Tg - 1),

A 1 .
Clrw (r5p0)( . (F)é) = —=V5(Va+ 5trxo) (r5po)( : (F)E) + (T - Ty) .

(4.2.33)

The primary goal of this step is to demonstrate that the right-hand side of (4.2.33) ex-
hibit improved behavior compared to the schematic form Vg (r(Fg . Fb)(l)) + (I - ;).

Specifically, we will demonstrate that, by exploiting the structure of the Einstein-Maxwell
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equations, the terms

1
—V3 (V4 + 5‘“)(0) (r5 Fpotrxo*Fp *(F)ﬁ) ,

1 .
~V3 (V4 + 5tr)m) (r* ook - ).

and

1 -
-V (V4 + 513?)(0) (F5POX : (F)E)

on the right-hand side of (4.2.33) exhibit improved r-decay compared to the term V3 (r(Fg . Fb)(l)).

By Proposition 2.1.1, we have V -equations of *p, (F)g and *F)g:

(Va+trxg) *Fp =y +£.Ty,
1 _
(Vg + étr)(o) (F)é =r 1r§” +1, - T,

(V4 + %tr)(o) * P = Y + Ty - Ty
By Proposition 2.1.2, we see V4-equation of y:
(Va+tryo)r =y +rte® + [y - Ty
By Proposition 2.1.4, we see V4 -equation of E:
(Va+tryo)=r 2Ty  + Ty &+ Ty - T
Moreover, by Proposition 2.1.5, we can compute up to linear order:

r ———— _ ——
Va(r® Fpg) = 5r4(§t1“)(0 +e4(r)) Flpo + 1 (—trxo Flog + r3eq(r))
3
= §r5tr)(0 (F)po +r°T ,
r — 3 4T
Va(r’po) = 5r4(§t1“)(0 +e4(r))po + r5(—§tf)(opo — tryo Fpg +res(r))
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= r5tr)(0p0 - r5tr)(0 (F)pg +rl,

(F)

r —— _ —
Vi (r® Fpotryo) = 5r4(—t1")(0 +e4(r) Ppotryo + 5 (—tryo oo + r3es(r))tryo

ro () o(— tl")(o +r3e4(r))

2 (F)

= r5tr)( oo +rlg.

We are now prepared to show that the quadratic terms in (4.2.33) are indeed improved by

using Einstein-Maxwell equations:

(1) The first line in (4.2.33) is improved because

1
(Va+ Strxo) (7 ( " Epotryo*Fp *(F)é)
1
= Va(r® Dpotrxo) *Fp* B+ r° Fpgtryo (V4 + 5 tx0)( *Bp* )

3
r® Fpotryo (Vs + 2trX0)(*(F) p* ) +rTy - *Fp*Fp

1
=% Fpotryo | (V4 +tryo) *Fp *(F)[3+*(F) (V4+2tr)(0)(F),8 +r71T, - T

= 2 [(y(l) $ET)) T+ Te- 7T 4T, - Ty)| 47710, - T,

=2y Ty 4T, - T 47261, - T,

(2) The second line in (4.2.33) is improved because

(V4+%tr)(())( 5 Fpoy - ﬁ)
=V4(r® Fpo) g - ﬁ+r5(F) 0(V4+;tf)(0)(/\/ B)
r5 Foo(Va + 2trxo) (¥ - ,3)+r2rg X B
r® (Fly [(V4+tr)(0)/\/ B+x - (Vattrxo)B| +rly T T
=73 [()’+r_1§(1) +Tg - Tg) - r 'y + T - (F2TY + Ty - £ 477 Tg - Tp) | + 7T - T - T

=%y Tp+réD Ty + T, - TV,
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(3) The third line in (4.2.33) is improved because

1 ~
(V4 + §t1")(0) (r‘5p0X . (F)E)
~ 1 ~
~APp0R B 47T+ oxa) (E )
3 . A A
= r® Fpy (V4 + 5 txo) (X - () — ity P2 - FB+1T, - - 7

- ~ 1
=r’po l(V4 +trxo) ¥ FB+E - (Vat 5 txo) “p

+Fg-Fb+ng-Fg-Fb

=2 |(y 477D 4Ty D) Ty 4 Ty - 7TV 4 T - 1) [ # Ty Ty # 1T - T - T

=2y Tp+réW Ty + 1T, - TV,

Indeed, substituting these into (4.2.33), we obtain

Crny (r5 Fpotrxo*Fp *(F)é) = V3 (FQ)’(D Ty +rTy - T 4% Ty - Fb) +(Tg - Tp)®,
Orn (1 Ppo - ) = Vs (r2y - Ty +r€D Ty 41T - T ) 4 (0 - T) @,
Orx (rPp0% - ) = Vs (r2y - Ty +r€D T 41T - T )+ (0 - 1)@,

(4.2.34)

Summing them shows that
Cryp2 = Vs (r27(1) Ty + 7€V Ty 47T, - rgl)) + (T - Ty)@, (4.2.35)

which indeed behaves better than the direct consequence V3 (r(Fg . Fb)(l)) + (I - )@ in
(4.2.32) of the bootstrap assumption. This structure ensures that the nonlinear contributions

are more controlled, which is essential for the subsequent analysis.

Step 4. Compute Ogyps and complete the computation of [1;p:

Utilizing equation (4.2.31) of background wave operator and equation (4.2.11) for ps, we can
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directly write down

1 _ (2
OenPs = =Va(Va + 5toxo) (0 -y + 2+ ) - TP ) 4772 (70 -y 42+ T) - 1)
= Vg (0 -y )V 4 (4T - TV ) (0 -y D)2k (4T - T,

(4.2.36)

Finally, we plug (4.2.14) from Step 2, (4.2.35) from Step 3 and (4.2.36) back to (4.2.12)

and see

. 1 | ]
Chp = - (1“)(0“)_(0 -5 (F)pé) p+8r Fpidiva” + po(p1 = p) + A(p1 = p) + 7 'Tg - p

A (rz(Fb YD 42 T D 4+ r(T - rg)<1>)
+12((+Tg) -y )W 4 7 (T - W 4+ (T - Tp) Y
+ Vs, (rzy(v Ty +rEW Ty 4+ 1T, - Iﬂé('n) +(Ty - Tp)@
+ V3 (P20, -y D) D (G + T - T D) (T -y D)2k (7 +T) - 1)@
+ (T -p)
= - (itr)(otr)_(o -5 <F>p3) p +8r% Fp2dive”
93 (120 )@ + 72 TV +r((n+T) - T{HD)
+ (T Tp) @ +r2(( +Tg) -y W 41 (T - )
+(Tg - ) +r72(pa + p3)?
= - (itr)(otr)_(o -5 <F>p§) p +8r% Fp2dive”
93 (120 9@ + 72 TV +r((n+T) - T{HD)
+ (T - Tp) P 42 (4 Tg) -y @ (T - )W + (T - p) Y,

(4.2.37)

where on the last line, we have used the fact that ps = r2Fg T, and p3 = 3T, -7(1) +r2(n+

I,) - Fé(,l) according to (4.2.11).
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This establishes the desired nonlinear Regge-Wheeler equation for p, capturing the intended

nonlinear structure. Thus, the proof of (4.2.1) is complete.

4.2.2  Derivation of qf’s Regge-Wheeler equation

The goal of this section is to prove Regge-Wheeler equation (4.2.2) for ¢7. In particular, we

will show

. 1 _~
[loqf = (—tr)_(tr)( +2Fp2)gF - ﬁv(z@p

(4T -y 4 r(T - P + (T - )@
(4.2.38)
+V3 (P +T) - 9@ 4720 @ +r(Ty - )@

+r 7 (n+Ty) - (aH)W,

which implies (4.2.2). We divide the derivation of (4.2.38) into three steps. This approach
is different from and easier than the one used for the Regge-Wheeler equation (4.2.1) of p in

the previous section.

Step 1. Compute V4q:

This goal of this step is to prove

1 ~ 1 ~ ~ 1
Vaq" = 1 =Sty Vst + (wtry - p)f + V8ivi + SV@B + Sty pa
= (4.2.39)

+15(+T) - )P 472 (T P 41 (T )@

From Proposition 2.4.2, we know the commutation formula

[Va, V3]f = 20V5f - 20Vaf + 7 (n + Tp) - 0.
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Moreover, | = —%V@ B+ Fpy =y and Vyr = stry +rIy. We can expand and get
F _ 3
Vial = Va (% (Vsf + tryf - 20f)

s (V4V3f +trx Vaf — 20Vaf + (Vatry — 2V4g)f) +3r2Vyr - (ng +trxf - QQf)

=3 (V3V4f iy Vaf — 4Vaf + (Vatry = 2940)f + 20V3i + 77 (7 +T) - y<2>)
3 (try + ) - (ng + tr&f - QQf)

3
+ —
2

3 3 3
ro | (Va+try — 4w)Vaf + Etr)(ng + | Vatry - 2Vyw + §tr)(tr)_( - 3tryw]| |

+ r3Fg . 7(2).
(4.2.40)

From Proposition 2.1.1, we have the Vz-equation for Fp:

Vg(F)p:—diV(F)é—tr)_((F)p+ng~7+Fb~(17+Fg),

= —try (F)p + r—lr}?”.
From Proposition 2.1.2, we know the Vs-equation for try:

1
Vstry = —Etr/\/tr/\/ +2wtry +2divp+2p + g - T+ - 1

1
= —§tr)(tr)( + 2wtry +2p + r_277(1).
From Proposition 2.4.2, we know the commutation formula

~ 1 ~
[V3, V®]x = —§tr)_(V®x +(n+Ty)- .
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From Proposition 3.2.1, we have the transport equations for almost gauge-invariant positive-

spin quantities f, a, ¥:

1_~
Vaf = ~2trxf - SVer - Fpa + (T - )V + (T, - &)W,
1 | P
(FoVaa = —§tr)_((F)p0z + 4Q(F)pa/ + §V®,B —3p+2Fp)f+ r_l(l"g ) D,

1 .
Vst = — Sty + dws = 2div - 26 + (T, Y)W+ (T - &)Y 41T, - D,
Thus, we compute by noticing x = V4 F)g + %tr)( B + 20 F)g — 2 Flpg = ()

(V3 +try — 4w)Vaf
1_~
= (V3 + try — dw) (—Qtr)(f - 5 Ver - Foa + (Tg - )V + 77T, - )P

= =2tryVsf + (—2V3tr/\/ - Qtr)(tr)_( + 8tr)(g) i

_ %V@Vgl{ - %[Vg, Velx - %tr)_(Véx + 20wV %
— FpV3a — (V3 Fp)a - tr)_((F)pa +4w Ppa
+ (T )@ +r7 (T )

= —2tryVsf + (tr)_(tr)( —dwtry —4p + r=2pW - 2trytry + 8tr)(g) f

1 ~ 1 ~
-5V (—Etr)_(x + 4wz — 2divf — 28+ (T, - )V + (T - &)W +r7(T - n)(”)

- % (—%tr)_(Véx +(n+Ty)- x(l)) - %tr)_(VQA@x + QQV@R
- (—%tr)_((F)pa/ + 4w Ppa + %V@,@ ~ Bp+2Fp)f +r 1Ty - y)(l))
- (—tr)_( (Fp + r_ll“lgl)) a—try pa + 40 Ppa
+ (L)@ +r (T - 6P
= —2try Vsf + Vdivf + (—tr,\/tr/x +4dtryw —p +2 (F)pQ) f+ %V@)ﬁ
+ inr}_{@i — 2Vw®x + %tr)_( (F)pa

+ r_27](1) -f+ r_l(Fb . y)(2) + r_l(Fg . f)(g) + r_Q(Fg . 77)(2) +(n+T,)- AL r_l(Fg . 7)(1)
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+ (g )@ 471 (T - )

(F)

N I_~~ 1
= —2tryVsf + Vodivf + (—tr)(tr)_( +4dtryw —p +2 (F)pQ) f+ §V®,8 + Etr)_( o

(4T )@ 4 T @ 42 )@,
Substituting into (4.2.40), we obtain

3 3
Vuqf =13 ((V3 +try —4w)Vaf + §tr)(V3f + (V4tr)_( —2V,yw + itr)(tr)_( - 3tr)(g) f)
+ r3Fg . )/(2)
s 1 1 (F)2 &di
=r —§tr)(V3f + V4tr)_( -2V + §tr,\/tr,x+ tryw —p+2Yp” | |+ Vedivi

1o~~ 1
+7r3 (§V®ﬁ+ itr/K(F)pa) +r3((n+ Iy) y) @ 4 rQ(Fg 6P 4 r(Ig - n)?.

(4.2.41)

Further more, from Proposition 2.1.2, we know the V4-equations of try and w:

1
Vatry = —itr)(tr)_(+ 2wtry +2divp +2p+Tg - Ty +1 -7
__1 -1(D)
= 2tr)(tr)_(+2p+r Iy +n-n,
Viw = -V3w +4doww + p + (F)p2+Fb-§+(Fg+17)-Fg

=p+ 24TV 4T, - ¢+ (T, +1) - T

Hence, the coefficient of f in the right-hand side of (4.2.41) is given by

1
Vatry —2Vaw + itr)(tr)( +tryw—p+2 (F),o2

1
= —étr)(tr)_(+2p+r_1f’§1) +77-77) —2(p+ (F)p2+F§1) +1% -§+(Fg+n)-Fg)

1
+ §tr/\/tr/\/ +tryw—p+2 (F)p2

=wtry —p+ Fé,l).
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Plugging in (4.2.41), we get

1 ~
Vigf = (—§tr)(V3f + (wtry —p+ TP+ V®divf)
3 1_~~ 1 (F) 3 (2) 2 (2)
+r7 | SV8B+ Stry Upa ) +r3((n +T) - )@ +r2(T - )
o1 Sdivi + 2VEE + 2try (F)
=r —§tl"XV3f + (wtry — p)f + Vedivf + §V®IB + 51;1"& pa

+r2((+Tg) )P 42Ty P 41Ty ).

This completes proof of (4.2.39) and concludes Step 1.

Step 2. Compute V3(V4q’ + %trXqF):

Our goal of this step is to prove

1
V3(Vaqh + itr)(qF)

1 1 1 ~ 1 ~
= r3 ((5’61")_(171")( _ p) V3f + (thr)_(tr)( — ip) tl”)_(f + V®diVV3f + §tr)_(V®din)
(4.2.42)

1 o~ =~ 3 ~ 1
+r3 (§V®V3ﬁ + Ztr)_(V(X),B + (—Ztr)_( + g) try (F)pa/)
12 +Tg) - YD)V 4 V3 (P +T) - )@ + 2T - P 41Ty - ) @)

To achieve this, we will divide the computation into 6 smaller steps from Step 2a. to Step 2f.

Step 2a. We first expand using qf = r3 (ng +tryf - QQf) and (4.2.39):

1
V3(Vaq" + Strya”)
=Vs3|r §tr)_(tr)(—p f+V®d1Vf+§V®,B+§tr)_( oa
+ V3 (P4 To) - @ 12T - @ +r(Ty - )?)
=3 ((Ltrytry — p| Vai + Vs [Strytry — p| - §+ Vs VBiv + 2 V5VEE + ~Vs(try )
= Stxtoy —p| Vi + Vs [ Stoxtoy —pf - T+ VsVedivi + SVsVep + S Vs(try 7 pa)
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1 ~ 1_~~ 1
+3r2Vsr - ((§tr/\(tr)( - p) f+ Vodivf + §V®ﬁ + §tr/\( (F)poz)
+ V3 (rS((n +15,) - )@ 4+ rQ(Fg 6P 4 r(Iy - 77)(2))
S ((1 1 N BN "
=r Etr)_(tr)( —p|Vsf+ V3 §tr£tr/\( —p|-f+VsVedivi + §V3V®B + §V3(tr)_( Q)
+ 3r (ﬁtr)( + er) . Etr/\/tr/\/ —p| T+ Vedivi + §V®,B + 5’01‘){ oa
+ V3 (P (0 +T) - N@ 42T @ +r(T ) @)
5 ((1 3 1 3 -
=r étr)_(tr)( —p|Vsf+ (Vs + §tr)_() §tr)_(tr)( —p|-f+(Vs+ étr)_()V(X)lef
1 3 ~~ 1 3
+7r3 (§(V3 + étr)()V@)B + §(V3 + Etr)()(tr/\/ (F)pa))
-3.,(1)

+ r3Fb . (r_Qy(l) + r_2y(3) +r oy + r‘gy)

+ V3 (P +T) - 9@ + 2T )@ +r(Tg - ).
We re-organize and deduce

1
V3(Vaq" +Strya”)

1 1 ~
=73 ((§tr)(tr)( - p) Vsf+ (Vs + gtr)() (étr/\/tr/\/ - p) f+ (Vs + gtr)()V@)divf)
' (4.2.43)

1 3 ~~ 1 3
+73 (§(V3 + §tr)_()V®,8 + §(V3 + Etr)_()(tr)_( (F)pa))

+rly - )/(3) + V3 (r3((17 +Ty) -7)(2) + rQ(Fg -f)(2) +r(lyg - 77)(2)) .

Now we are going to compute the right-hand side of (4.2.43) term by term.

Step 2b. From Proposition 2.1.1, we know Vs-equation of (Fp:

Vg(F)p:—div(F)E—tr/K(F)p+ng-7+Fb-(n+Fg),

= —try (F)p + r—lr}f).
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From Proposition 2.1.2, we know Vs-equations of try and try:

1
Vstry = —Etr)(Q —2uwtry +2divéE + T - Ty
1
= —étr)(2 —2wtry + r_lf‘é(,l) + 1y - T,
1
Vatry = —Etr)_(tr)( +2wtry +2divp +2p + g - T + 1+ 1

1
= —itr)(tr)( + 2wtry +2p + r“zn(l).
From Proposition 2.1.4, we have V3-equation of p:

3
Vsp = —§tr)_(p - tr)_((F)p2 —divB - Fpdiv (F),§+ Iy -T

3
= —§tr)(p —try (F)p2 + r_QFlgl) +1, - T,

Thus, we compute the f zeroth-order term in the right-hand side of (4.2.43):

1
(Vs + gtr)_() (itr)_(tr)( - p) - f

1 1 1 1
= (5(—§tr)_(2 — 2wtry + r_lf’é,l) +1p - Ip)try + §tr)_((—§tr)_(tr)( + 2wtry +2p + r“zn(l))) f

3 3 3
+ (—(—§tr)(p —try Fp? + r—2rl§1> +, - T) + Ztr)(2tr)( - Etr)(p) f
1
= (Ztr)(Qtr)( +tryp +try (F)pg) f+ (r_QFé(,D +r 0, - Ty + r_377(1) + r_QFlEl) +I - Fb) f
1
= (Ztr)(tr)( +p+ (F),OQ) tryf + r_QFlgl) Ay,

(4.2.44)

Step 2c¢. From Proposition 2.4.2, we know the following commutation formula

. 1 .
[V, V&]div = —try Vedivi + (n+T) (divH) W,

1
[V, div]f = —Strydivi + (7 +T) - 0,
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Thus, we compute the f highest-order term in the right-hand side of (4.2.43):

(Vs + gtr)_()V@divf

= V®Vsdivf + [V3, VR]divf + gtr)_(védivf

= V® (divVsf + [V3, div]f) + [Vs, VR]divf + ;tr)_(Védivf

= V&divVsf + V& —%tr)_(divf +(n+Ty) - f<1>) + (—%tr)_(Védivf +(n+T) - (divi)™
+ gtr)_(VQdivf

= V&divVsf + %tr)_(V(édivf - %Vtr)_(&f)divf +r 1 ((n+ I) - 7(2))(1) +r i (n+ I,) - 7(3)

~ 1 ~
= VedivVsf + Etr)_(V@)divf + r_l((ﬂ +T) - ),(2))(1)_

(4.2.45)
Step 2d. From Proposition 2.4.2, we know the following commutation formula
814 = — L Ve 5(1)
[V3,V®]6 = —§tr)_(V®,8 +(n+Ty) -
Thus, we compute the 8 term in the right-hand side of (4.2.43):
1 3 ~ =
—(V3+ = \%
5 (Vs + Stry)Vep
1o~ = 1 ~~ 3 -
= §V®V3ﬂ + 5 [Vg, V®]ﬁ + thr)_(V®ﬁ
(4.2.46)

1o~ = 11 A ~ 3 A~
= §V®V3,8 + 3 —itr)_(V@),B +(n+Ty) B+ Ztr)_(V&B

loag = 1 ~
= §V®V3IB + étr/KV@,B +r2(n+ Ig) - y.

Step 2e. From Proposition 2.1.1, we know the Vs-equation of Fp:

Vg(F)p:—diV(F)E—tr)_((F)p+ng~7+Fb~(17+Fg),

= —try (F)p + r_ll“z()l).
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From Proposition 2.1.2, we know the Vs-equation of try:

1
Vstry = —§tr/\(2 —2wtry +2divé + 13 - Ty

= —%tr)_(2 - QQtr)_(+ r_lf’él) +1p 1.
From Proposition 3.2.1, we have the transport equation of a:
FpVsa = —%tr)_( oa + 4w Fpa + %V@)B — (3p+2Fp)f + r (T - ).
Thus, we compute the @ term in the right-hand side of (4.2.43):

1 3
§(V3 + Etr)_() (try Foa)

1 3
=3 (tr)_( FoVia + (Vstry) Foa + try (Vs Bp)a + §tr)_(2 (F)pa)

1 1 1 s
= §tr/£ (—étr)_( Foa + 4Q(F)pa/ + §V®,8 —Bp+2FpHf + r_l(Fg . y)(l))

1(1 1
+ 3 (—étr)_(z — 2wtry + r_ll“é(,l) +1 - Fb) Fpar + §tr)_( (—tr)_( (Flp + r‘lrlﬁ”) a

5 (4.2.47)
+ Ztr)(2 (F)pa
1 1 A~ 1
= (—Ztr)_( + Q) try Foa + Ztr&V@,B - 5‘51‘&(3,0 +2Fp2)f

+ r_Q(Fg . 7)(1) + r_?’l"é(,l) Y+, Ty + r_2Fl§1) -y

1 1 ~x 1
= (—Ztr)_( + Q) try Foa + Z—Ltr)_(V&B - étr)_((?)p + 2D+ 721y - y)W.

Step 2f. Substituting (4.2.44), (4.2.45), (4.2.46) and (4.2.47) back to (4.2.43), we get

1
V3(V4a" + §trXqF)
1 3 1 3 A~
=+ ((geraeme o) e B G [Gonaine )T+ B Senpp Vi

1 3 A= 1 3
+r3 (§(V3 + §tr)_()V®,8 + §(V3 + §tr)_()(tr)_((F)pa/))
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1Ty 4 V3 (P +T) - )@ + 72T O 47Ty - ) @)
1 1
=3 ((atr)_(tr)( - p) Vs + (Ztr)_(tr)( +p+ )pQ) trxf+ 720 - 7(1))
~ 1 ~
+ 3 [VedivVsf + §tr)_(V®divf +r 1 ((n+ I) - 7(2))(1))

1 ~ ~ 1 A~ ~
+r3 §V®V3,8 + Etr/\/V@)ﬁ +r2(n+ Iy) - y(l))

1 1 A~ 1
+r3 (_Ztr)_( + Q) try Foa + Ztl;xV@ﬁ - 5‘51")_((3,0 +2Fp2)f 4 721, - y)(l))

1Ty -y £ 95 (1 (4 Tp) - )@ + 72T - P 4 r(T - m)?)
3 1 1 1 ~ . 1 ~ .
=r §tr/\/tr/\/ —p]|Vsf+ Ztr)(tr)( ~ 3P tryf + VodivVsf + §tr/\/V®d1Vf
+r §V®V3,8+ 1tr{v®ﬁ+ —Ztr&+g try V" pa
472 (200 YD e (4 L) YD)V 42+ T -y D 4720 - ) D)
1Ty 4 V3 (P +T) - )@ + 2T P 41Ty - 1) @)
=r §tr)_(tr)( —p|Vsf+ Ztr)_(tr)( - §p tr)_(f + VodivVsf + §tr)_(V®d1vf
3 1 ~ ~ 3 A~ ~ 1 (F)
+r §V®V3,8 + Z—Ltr)_(V@)ﬁ + —Ztr)_( +w|try " pa

12+ ) - YD) 4 V3 [P+ Tp) - )@ + 2T, - P 41Ty - ) @)

This completes the proof of (4.2.42) and concludes Step 2.

Step 3. Compute [Joq”:
The goal of this step is to compute [loq” and finish the proof of (4.2.2). Using (2.6.1), we

can first express [aqf

. 1 1 .
(20" = =(Vs + Stoy = 20) (Va+ Stry)a’ +pa” +Asq" +r7 (7 +T) - (). (4.2.48)
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Using (4.2.39) in Step 1. and (4.2.42) in Step 2., we compute the first term in the right-
hand side of (4.2.48):

1 1
— (V3 + §tr)_( —2w)(Vy + itr)()qF
3 ((1 1 1 A~ 1 ~
=-r itr)_(tr)( —p|Vsf+ Ztr&tr/y - §p tr)_(f + VodivVsf + §tr)_(V®d1Vf
3 1 ~ ~ 3 A~ ~ 1 (F)
-r §V®V3,B + thr)_(V®ﬁ + —Ztr)_(+g try " pa
+r2((+T) - YD) D 4 V3 [+ Tp) - )@ + 2Ty - P 4 1(Ty - ) @)
1 3((1 ~ lo~s 1 (p
- §tr)_(—2g r §tr)_(tr)(—p f+V®d1Vf+§V®,B+§tr)_( pa
1
- (5’61‘)_(— 26_‘)) ("3((77 + Fg) ) 7)(2) + r2(Fg 'f)@) + I”(Fg ) 77)(2))
=-r §tr)_(tr)( —p|Vsf+ Etr)_(tr)( -p (tr)_( - 2w)f + VRdivVsf + (tr)_( - 20w)Vedivf
1 ~ ~ A~ ~ ~ ~
-3 (§V®V3,B +tryVep - QV@ﬁ)
+r2((+Tg) -y )P 41Ty - 6P + (T -
+V3 (P + T )@ 472 (0 @ +r(Ty - )@
1 ~ 1 ~ ~ ~ ~
= —3 ((§tr)_(tr)( - p) (Vaf + trxf — 20f) + Vediv(Vsf + trxf — 20f) + §V®(V3,8 +tryf — wp)
+r2((+T) -y )P 4 r(Ty - )P + (T - )@

+ V3 (P 4+ T) - @ + 12Ty - 6@ +r(Tg - @)
Therefore, after re-organizing, we have

1 1
— (Vs + 5‘51")_( —2w)(Vy + étr)()qF
]. ~ ]_ ~
= - (—tr)(tr)( — p) qf — v&divqf - S5 VOp
2= 2r (4.2.49)
w2 (+T) YD) 4 1 (T )P + (T - )@

+ V3 (P +T) - 9@+, - 6@ +r(Tg - ).
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From Proposition 2.5.6, we know djds = —%Ag + K. Combining with the Gauss equation

from Proposition 2.1.2, we deduce
~ 1
vedivg” = Asql + (gtr)(tr)_(+ 20 =22 qF + T, - Ty - g7 (4.2.50)
Substituting (4.2.49) and (4.2.50) back to (4.2.48), we obtain

DQqF = - (%tr)_(tr)( - p) qF - V@diqu - 2—’1’2V<§>p +qu + AQQF + r_l(n + 1) - (qF)(l)

+r2((+Ty) YD) 41 (T &)@ 4 (T - )@
+ V3 (P4 To) - @ 42Ty - @ 4+ r(Ty - )?)

= - (%tr)_(tr)( - p) qf - (%tr)(tr)_(+ 2p =2 (F)p2) qf - ;?Vép +pqf
+Tg T+ (n+Ty) - (4"
+r2((+Ty) YD) 4 r(Ty - &)@ 4 (T - )@
+ V3 (P +T) - 9@ 472 (0 - 9@ +r(Ty - ) @)

= (—trytry +2 (Fp2)qF - #V@)p
+r2((+Ty) YD) 41 (T &)@ 4 (T - )@
+ V3 (P +T) 9@ 42 (0 9@ +r(Ty - ) @)

+r7(+Ty) - (4.

This concludes Step 3, and finishes the proof of (4.2.2).
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Chapter 5: Energy-Morawetz estimate for the model

Regge-Wheeler system

The goal of this chapter is to prove Theorem 5.1.1 concerning the Energy-Morawetz estimates

for the solution (¥1,¥2) € 51 X 2 to the model Regge-Wheeler system

. 8 2 1
Lhyn =Viyr = %dm/@ S 5F)p2,

. 1
Doz = Vayz = 551+ Na, Vo= —tryty +2 (Fp2,

These Energy-Morawetz estimates will play a crucial role in proving the so-called r”-estimate
in Chapter 6, which provides the essential weighted L2-type estimate required to finally prove
Theorem M1 in Chapter 8.

The structure of this chapter is as follows:

e In Section 5.1, we state the main result, Theorem 5.1.1, and outline the overall strategy

for the chapter.

e In Section 5.2, we establish the geometric and analytic framework necessary for the

Energy-Morawetz estimates.
e In Section 5.3, we prove the degenerate energy estimate as the first ingredient.
e In Section 5.4, we prove the degenerate Morawetz estimate as the second ingredient.

e In Section 5.5, we compensate for the degeneracy in the estimates by deriving the

Redshift estimate as the third ingredient.

e In Section 5.6, we complete the proof of Theorem 5.1.1 by combining the previous

estimates.
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5.1 Main statement and Strategy of the Energy-Morawetz Estimate for the

Model Regge-Wheeler System

In this chapter, we study the following inhomogeneous Regge-Wheeler system arising in the
perturbation of the Reissner-Nordstrom spacetime with parameters (M, Q) satisfying sub-
extremality condition 0 < |Q| < M. Specifically, on (M, g), the solution (y¥1,¥3) € $1 X 9

satisfies
2

Lhy —Viyn = %dgl/lg +Ni, Vi= _ZtrXtr/x+5(F)p2,
(5.1.1)

. 1
Ooro — Vary = < g8y + No, Vo = —trytry +2Fp?.
r ad
The main statement of the chapter is the following Energy-Morawetz estimates to the equa-

tion (5.1.1).

Theorem 5.1.1. The following Energy-Morawetz estimate holds for (1, ¥2) € $1Xs9 solving

(5.1.1):

EMF[Y1,¥2](T1,72) S|01/M.61.6rea E W1, W2]1(11) + €Bs,100r, [¥1, Y2l (11, 72) (5.1

+J [(¥1, N1), (Y2, No)| (11, 72).

We also have the following control of Vsy; and Vsiy for a fixed 6 > 0:

/ prio (|V3¢1|2+Q2|V3¢/2|2)
Mi>100r (T1,72)

S6a060ea Erzs0r, (W1, ¥2](11) + Morsor, <r<100r, [¥1, ¥2] (71, 72) + Bs.100r, [¥1, ¥2] (11, T2)

+J [(¥1, N1), (Y2, No)] (11, 72).
(5.1.3)

We remark that <jo|/m,64.5,.4 indicates that the inequality depends on a constant C =
C(|Q|/M, b641,6,eq). Indeed, the above estimates, particularly the Redshift estimate in

Section 5.5, rely heavily on the sub-extremality condition 0 < |Q| < M and the region
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{IY] £ 26,04}, where the Redshift estimate is applied. Additionally, the location of A,
determined by 64y, plays an important role in these estimates. In particular, we require
0 <oy < 6?6 4 << 1 for combining the degenerate Energy-Morawetz estimate with the Red-
shift estimate.

Our approach consists of the following steps, including various setups and the actual esti-

mates:
(1) Introduce various setups:

e Geometric set up: we will work in a causal region M(7y,72) whose bound-
aries are given by OM (11, 70) = A(11,T2) U X (11, T2) U Z(11) U X(72).We denote
Na,Ns,, Nx(r) be the normal vectors of these boundaries. We will also make use

of special vector fields T and R where
1 1
T:§(e4+Ye3), R=§(€4—Y63).

e A simplified set of Bootstrap Assumption of size € is provided in Section 5.2.3,

part of it is given as:

try = ? +o (rulfédu ) by = _§ +o (rulf‘sd“')
2
w= 3 + % +0 (r2u16+5dec)
2

e Combined Energy-Momentum tensor method set up, see Section 5.2.7

— We define combined Energy-Momentum tensor QX*/) [y, 2] and combine

current PX" [y, 5], associated to a choice of multiplier (X, w,J).

— Our estimate will rely on a general divergence identities of the combine cur-
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rent.

DALy ] = 5 [y, gl + .

The main terms in EX " [y, ¥sa] is Q[u1, ¥2]- X, (Ogw) |¢|? and coupling
term that is new in the stability problem of Reissner-Nordstrom spacetime in

contrast to Schwarzschild case.
e We will define the main norms Section 5.2.8, appearing in Theorem 5.1.1, which

will be used throughout this chapter, are as follows, :
— Energy norms: Egeg[¢1,¥2](7) and E[y1,¥2](7).
— Morawetz norms: Morgeg [¢1, 2] (71, 72), Mor[y1, ¥2] (71, 72), and Morr [y, 2] (71, T2).
— Flux norms: Faly1,¥2](11,72), Fx. [Y1, 2] (71, 72), and F[¢1, 2] (71, 72).
— Norms for inhomogeneous terms: J [(¥1, N1), (Y2, N2)] (11, 72).
— Weighted bulk norm in far enough region: 35’100”.

— Error terms: Erre[y,¥2] (11, 12).
(2) Main estimates:

e To show the E . 4-estimate in Section 5.3: we make use of the multiplier (X, w,J) =

(T,0,0) to bound energy flux on X; which degenerates at {r =r,} N Z..

e To show the Morgg-estimate in Section 5.4: Choose (X,w,J) to obtain a bulk

term controlling |Vzy|? and |Vz¢|? but degenerate in |Vsy|? along {r = r,}.

e To overcome these degeneracy, we prove Redshift estimate in Section 5.5: Make
use of the sub-extremality condition and appropriate vector field Y = a(r)es +

b(r)es + 2T to recover |V3y|? in Morg,.e and Egeq estimates.

e Combine Morge,, Egeq, and Redshift estimates to obtain a combined estimates

towards to full Energy-Morawetz estimates (5.1.2).

e To handle the error terms presented due to the perturbation of Reissner-Nordstrom

spacetime, we need an additional Morr-estimate with (77, 0, 0) to strengthen the
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control of Vs and Vo near 7+, ie. for large r. This is achieved in Section

5.6.3.

5.2 Geometric and Analytic Set Up

Our goal is to perform hyperbolic type estimate in a GCM admissible spacetime M as defined
in Section 1.4.1. We will introduce a 7-foliation on M and our estimate will be restricted to

a subset M(11,12) = M N {1 <7 < 1}, for any given 71 < 7.

5.2.1 The 7-foliation of M

Recall that a GCM admissible spacetime M is decomposed as M = () Af U (&) A{ where
u is an outgoing optical function on (Y M and u is an ingoing optical function. In this
chapter, we utilize the global frame (es, e4, ¢,) defined in Proposition 2.2.3, and r denotes
the corresponding areal radius function associated with this frame. Additionally, we define

the trapping region M., as

<r<rp+
2 2

Mirap = {rp -

itk rp_”}. (5.2.1)

Let th/p = M\ M;qp denote the complement of M;,4, in M.
We foliate the spacetime domain M by hypersurfaces X(7), which are characterized as fol-

lows:

e Incoming null in (") M, with e3 as the null incoming generator. We denote this portion

by 3(7) = (1) N WM.
e Strictly spacelike in M;,4,. We denote this portion by rap)s(7) .= (1) N Mirap.

e Outgoing null in Msa,,.) We denote this portion by Zso,,(7) := Z(7) N Msa,p.

INote that 2rp > rp + e

103



R-N nonlinear stability

e The parameter 7 of Z(7) can be chosen smoothly, such that

u ln M>2rpa
T=Yu+r in Myap, (5.2.2)
u in (M) M,

e In particular, the unit normal in the region M;.4p, i.e., the normal to (rap) s (1),
satisfies

—2 < g(Ns, eq), g(Ns,e3) < =1 on Miqp. (5.2.3)

5.2.2 The causal region M(71,13)

In a GCM admissible spacetime M endowed with the scalar function 7 defined in (5.2.2).
Let M(7y, 12) be the subset of M defined by

M(t1,12) = MN{n <7 <o}, (5.2.4)

which is foliated by 2(7), i.e. M(71,72) = Ure[ry.r,) (7). The boundary of M(7y,72) is

given by
IM(11,12) = A(T1,72) U Zo(11, 12) U Z(71) U Z(12), (5.2.5)
where A(7y, 70) is a spacelike hyersurface given by
A1, 1) = {r —r(1-6y), m<T< TQ}, (5.2.6)
and X, (71, T2) is a spacelike hypersurface defined by

Yoo={u+r=cy, 11 <T<T10}, (5.2.7)
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for some constant cy,. See Figure 5.1 for a better illustration of the causal region M(t1, 12).

2 (11, T2)

A(11,12)

(1)

Figure 5.1: The causal region M(7y, 2) and its boundary d M(t1, 12).

Note: dM(11,12) contains four components 2(71), Z(12), A(71, T2) and Z. (71, T2).

In view of the GCM admissible spacetime M introduced in Section 1.4.1, one should
view A(11,72) = AN{r £ 7 < 1o} and X, (11, 72) = Z. N {11 < 7 < 19}. However, it is worth
noting that the concept of a GCM admissible spacetime is not essential to the discussion in

this thesis.

5.2.3 Perturbation of Reissner-Nordstrém spacetime

Fix (M, Q) with the sub-extremality condition 0 < |Q| < M. We consider the background
Reissner-Nordstrom spacetime with parameters M, Q and an ingoing geodesic gauge, in
which the only non-zero Ricci coefficients, curvature components, and Maxwell components

are

es(r)o=17Y, e3(r)o = -1,

2Y 2 M Q2
tryo = —, try. =-—-—, wo=—— + Q—, (5.2.8)
r 0 r r2 3
2M 207 (F) 0
=+ —, ==,
Po 3 A PO= "3
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in which we have denoted

oM 2
Y =1-"—+ Q2
r r

We will assume the following Bootstrap Assumption of size € on the perturbation (M, g) of

Reissner-Nordstrom spacetime, according to the ingoing renormalization:

eq(r) —Y+O( Tron ) eg(r)——1+0( 1+6d“)
2Y 2
trX:—+0(+), tr)(:——+0(;),
r ru +0dec - r ru1+6dec
0? . (5.2.9)
w = —r—2 + r_g + 0 (r2u1+6dgc) 9
2Q2 € (F) Q
p:_r_3+ r4 +0(r2u1+5dec)’ b= r_2+0(ru1+5dec)'
To prove Theorem 5.1.1, it suffices to make a simplified set of assumptions. Define
1+71 for re[rp—”’;*,r +rP5”],
Uirap = (5.2.10)
1 for r ¢ [rp—L5=,rp + =]
For k =0, 1, we assume the following.
Morl. The renormalized (linearized) Ricci coefficients Ik verify on M = (" M U () A
<k -1, -1-bg4ec
s utmpd , (5.2.11)
b<k( + % — Q_2 é‘)| —1-64ec o
2 3 Utrap
Mor2. The Gauss curvature K of S and p verify,
2=k + 2M 207 =2 -1 ~aec
pr g =T )| s e
1 (5.2.12)
k -2 -1-6 ec
e ) et
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Mor3. The e3(r) and eq(r) verify,

‘64(1’) - Y‘ < fut_ri;édec’ (5 , 13)
‘eg(r) + 1( < euyl i,

5.2.4 Normal vector fields along dM (11, 72)

With the quantitative assumption introduced in Section 5.2.3, we explicitly write out the
normal vector fields along the boundaries of M(71,72). These vector fields play an essential

role in the Energy-Morawetz estimate, especially in the boundary flux contribution.

Lemma 5.2.1. The boundary d M(ty, 12) of the causal region M(7y, 2) consists of compo-
nents, as OM(1y,12) = A(1, 72) U Zi(11,72) U Z(11) U Z(12). The normal vector field N4
along A(t1,12) is given by

Na =eq+ (64 +O0(€)) es, (5.2.14)

the normal vector field Ny, along X, is given by

Ny, =T+0 (e+¥+g—;) (e3+ey), (5.2.15)
and the normal vector field Ny along X(7) is given by
Ns = aes + bey, (5.2.16)
with

. 1
a=1,b=0 on ™) A, a=0,b=1 on My>2,, a,b > 1 on Myap. (5.2.17)

Proof. The proof is through direct computation using the information that

e A(t1y, 1) is r-constant hypersurface on which r = rq € [r+ (1 + 57”) JFy (1 + 367”)] and
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SO

Na =2g"Peq(r)ep. (5.2.18)
e X, is (u + r)-constant hypersurface and so

Ns, = —g"Peq(u+r)egp. (5.2.19)

e X(7) is T-constant hypersurface and so

Ns = —gPe,(1)ep. (5.2.20)

5.2.5  Special functions, vector fields and deformation tensors on M

We first define the following Regge-Wheeler potentials
V) = %ltr)(tr)_( -5 Vo= —trytry +2 P, (5.2.21)
We will make use of the special vector fields T and R where
T = %(64 +Ye3), R= %(64 —Yesz). (5.2.22)
Hence, we have from bootstrap assumption made in Section 5.2.3 that

-g(T,T)=g(R,R)=Y, g(T,R)=0,

RI)=Y+0 (=), T()=0 ().

u1+5dec
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The deformation tensor of a vector field X is defined as

(X)ﬂ,uv = (-EXg)/,tv = g(DﬂX’ ey) +g(D, X, ey)- (5'2'23)

Lemma 5.2.2. Based on bootstrap assumption made in Section 5.2.3, we have the following

basic identities:

(1) We have for Regge-Wheeler potentials Vy, Vo defined in (5.2.21):

9 12Q2 €
63(V1) - _3 ( ) + 0 (r3ul+6dec) ’
2Y 3M 12Q2 €
64(‘/1) = __3 (1 - T + 7’2 ) +0 (r3u1+6dec) ’
2Y 3M 1202 €
R(Vi) = —— (1 Tt ) +0 (r3u1+5dec)

€
T(Vy) =0 (—r3u1+5m) ,

and

8 3M 302
63(V2)=r—3(1 o )+0(r3;)

r — r2 u1+6dec
8Y 3M 30?2 €
es(Vo) = ——% (1 -t r_z) +0 (r3u1+6dec) ’
8Y 3M 302 €
R(V2) = _r_3 (1 - r -t r2 ) + 0 (r3u1+6dec)

T(Vy) = 0 (L) :

r3M1+6dL’C

(2) The components of the deformation tensor of R satisfy:

<
r3 | 7 rultdaec’

2Y
R ap - —0aB| S .

~ ru 1+64ec ’

(R) (R) €
T T T <
33’ 3A’ 4A ru1+6dec b

‘ (R)
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€

‘ (R) __¢
r2u1+5dgc

7T44‘ <

(3) The components of the deformation tensor of T satisfy:

€

‘ (T)

€ ‘ (T)

44| S
ru1+5dec, 44‘

Tuy| S -
Hy r2u1+5dec

we can compute the following derivatives of Regge-Wheeler potentials Vi, V.
Proof. Through direct computation, see Lemma 10.7 of [27]. O

Lemma 5.2.3. Let X = f(r)R and X x be its deformation tensor. We have

Xz = @4 e®j,

Moreover, the only non-zero components of X)7 are

X jtgs = 20, f, X jtgq =200, 1) Y2,
AM 4 2 2Y
Mgy = ( — ¢ )f 2(9-)Y, Wity = L g0
r r
We also have
|(X)ﬁ‘<|f|+r2|6rf| ‘(x)ﬁ ‘ |f|+r2|5f|
~ ru1+6dec ’ 44 1+6dcc :

Proof. We have by definition 5.2.23,

O = F Bru +eu(fg(R, er) + e, (FE(R, e,).

Applying bootstrap assumption made in Section 5.2.3 and Lemma 5.2.2, we infer

I"l/t1+6d“

2
145 = P14 — Qs f = 20, + 0(€(|f|+r|3f|))
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2
(X)”44:f(R)ﬂ'44+2Y€4f=2Y28,f+0(E(|f|+r |arf|))’

r2u1+5d€c

2
gy = fBrgs 4 e5(/)Y - ea(f) = (—i—]‘f + 4%) f-2Y6,f+0 (

(X)ﬂ'BA:f(R)ﬂ'SA:O( i )

E(|f|+r2|<9rf|))

ru1+6dec

ru 1+04ec

€
Orsn = fPrip=0 (rul';'édec) ;

2Y €
Pap=fPrap = Tf(SAB +0 (rulj;d“) :

This concludes the proof of Lemma 5.2.3. m

Remark 4. It is crucial that Xty decays one order in r faster than the other components
(X)J'T'W. This faster decay ensures that when X)j,4 is multiplied by the potentially more
|2

problematic terms Q33 ~ |esy;|°, the resulting nonlinear terms remain controlled. See Lemma

5.4.5 for further details.

Lemma 5.2.4. We have the following identities for X = f(r)R and w = w(r):

. — €
DivX =r 28(7'2fY) +0 (m) f(l),

where
fO =710, f1+ 111, (5.2.24)
and
Ogw = r20,(r*Yo,w) + 0 (m) w®,
where

w®? = r20%w| +r|d,w|. (5.2.25)
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Proof. See Lemma 10.11 in [27]. O

5.2.6 Hodge system and Poincaré inequalities on sphere

We recall from Section 2.5 the Poincaré inequalities on sphere. More specifically, we will use

the following Proposition to handle the coupled terms in the boundary contribution.
Proposition 5.2.5. Let (S, ¢) be a compact 2-sphere with Gauss curvature K. We have,

(1) The following identity holds for symmetric, traceless tensors in f € s,
Jrreekis®) =2 [ 1o (52.26)
(2) The following identity holds for 1-form f € s,

/ (IFF12 - KIfP) =2 / P (5.2.27)
S S

5.2.7  Combined Energy-Momentum Tensor method

In this section, we introduce the combined Energy-Momentum tensor and combined current,

which are the main tool for studying the coupled system (5.1.1).

Definition 5.2.6. Let (Y1,¥2) € $1 X 83 solve (5.1.1). We define the energy-momentum

tensor for each y;, i =1,2:
. . 1
Q,uv [lﬁl] = D,uwiDvl//i - égyvl:i[lﬂi], (5228)

where the Lagrangian of ; is defined via its Regge-Wheeler potential

Li[y:] =Dy - DYy + Vily .
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We define the following combined energy-momentum tensor for the system:

QY1 ¥2luy = QY1 14y +80°Q[ W2 v (5.2.29)

Let X be a vector field, w a scalar function and M an one form, we define the following

combined current for the system:
P o] = P [y ] + 80220 [y, (5.2.30)
where
(X’W’M) v 1 3 1 2 1 2
P [vi] = QY] X" + QW% Dy - ZapWPM + le/’il M,. (5.2.31)

Remark 5. The combined energy-momentum tensor and current are designed to exploit the
inherent symmetry of the coupled system (5.1.1), where the operators ¢y and ¢3 are adjoint
on the sphere. This symmetry enables the construction of a single set of multipliers to control
both waves and ensures the cancellation of the highest-order terms without assuming the
smallness of the charge. Moreover, the definition of the combined current P,(,X’W’M) [Y1,¥2] is
tailored to optimize its divergence properties, as shown in the following proposition. These
structural advantages allow us to establish bounded energy, Morawetz, and rP-estimates

across the full sub-extremal regime |Q| < M.

Proposition 5.2.7. Let (¥1,¥2) € s1Xs9 solve (5.1.1). For multiplier (X, w), the divergence
of the combined current P/SX’W’M) [Y1,¥2] is given by
DR My, o] = EXM [y, gl + NGO [ W2l + NGV W02l (5:2.32)

couple

where
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o the bulk term XM [y, Y] is given by

EXW M [y, o]

1 1
QU] - Ot (S X (V) = 10w | W + Sw LaTwr] + 7D (M,

+ 4Q2aw2] - 7+ Q% (—4X (Vo) = 20gw) o2 + 40%w L[ws] + QD (I M,.)

(5.2.33)

e the term A [Y1,¥2] involving the coupling terms on the right-hand side of the

couple

(5.1.1) is given by

Q2

NEW)

802 1 . 1
cauple [wl’ wQ] = r_2 deQ ’ (wal + §W'701) 21 - (VXlﬁQ + §Wl,02) (5234)

e the term N;,X;\,V; [Y1,¥2] involving the inhomogeneous terms Ni, N2 on the right-hand

side of the (5.1.1) is given by
1 1
N1£1}1(lv\lv; [Y1,¥2] := Ny - (Vxlﬁ1 + §W¢1) + 8Q2N2 . (th,bg + 5ww2) . (5.2.35)
Proof. First, we compute the divergence of Q[;],, with the help of (5.1.1):

1
D Q[y1]u = Dl% —Viyn) - Doy — §C9VV1|l//1|2

1
— ¢’12!//2 +N1) D,y - §0VV1|¢//1|2,

(
1
D QY2 iy = (Dawra — Vatra) - Dy — §C9VV2|W2|2

1 1
2 @5y + Nz) D,y - 55VV2|1/12|2-

Then we compute the divergence of the single currents Pl(lx’w) [y1] and PlSX’W) [Yo]:
D+, [y ]

114



R-N nonlinear stability

1 . 1 1
- DA (Q[:m],WXV + 5w - Dygn = Sduwlinl” + —|w1|2M,,)

1 1 1
=D"Q[y1],0 X" + Q[lﬁl] O+ 2WDu¢1 DHyy + = W¢151¢’1——Dgw|¢’1| +4D” (|lﬁ1| M )
2 1
= (i dovr2 +N1) Vxyi - —X(V1)|<//1|2 + = Q[‘/’l] N+ 2W£1 [¥1]

1 . 1

+ —WLZ/1 (Ouyr — Viys) - ZDgWWllQ + —D“ (|l//1|2M )
1

= —Q[llll] O+ (——X(Vl) gW) ly1]? + Wll[llfl]

80?2 1
- (% oty +N1) : (Vxlh + §wtﬁ1) + ZD“ (|¢1|2Mﬂ) ,

Similarly, we have

1 1
D“P,SX’W’M) [yo] = =Qlya] - Fr + (—§X(V2) - _Dgw) al? + W-ﬁz[lﬁz]

1
+ (r—2 dsyn +N2) : (Vxlﬁz + §W¢’2) + ZD# (|¢2|2MM) :

Taking a linear combination, we have the divergence of the combined current SD;IX’W’M) (Y1, ¥2]:

DHP M [y, o] = —a[m] x4 (——X(Vl) g w) )2 + wzlwﬂ
80?2 1
+ (% dopa + N1) : (Vxl/’1 + §Wl/’1) + ZD“ (|¢1|2Mﬂ)
+40%Q[Y2] - ©r+ Q% (—4X (Va) — 20gw) |wa|® + 40w Lo [yo]

1 1
+80? (r—2 dsp + N2) : (Vxlﬂz + §Wlﬂ2) +Q*DH (|W2|2Mu) :
This finishes the proof of Proposition 5.2.7 by rearranging and regrouping. O
The following Lemma is essential for handling the coupled terms:

Lemma 5.2.8. Suppose w = w(r), then we can rewrite the inhomogeneous term Nc(o)ip l)e (Y1, 2]
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in (5.2.34) in the following two ways:

802

72

A 802

2
N gupie W1, ¥2] = (——D vX - X( ) 8Q )(dzlﬂl ¢2)+£¢2 [ 45, X1y

402 8
+ %WdiV(l/IZ Y1) + %diV (Y2 - Vxy1) + Dy, (F—Q( dsy - y2) X |,

(5.2.36)

and

2 2 2
NS [ ] = (—QD v - X(gQ) e )uwz m)+£w1 [ o, X0z

cauple

2

4 8 80
- %wdiV(tﬁz Y1) — %diV (Y1 - Vxyo) + Dy, —2( dopo - Y1) X*].
r r r

(5.2.37)

Proof. The main idea is to create spherical divergence terms using the adjoint-ness of o
and ¢3 or spacetime divergence terms via the vector field X. Recall for © € s9,& € 51, wWe

have

10 - £ -0 ¢ =div(O - &) (5.2.38)

So apply this to ¥o € 59 and Vx| € s1, we get

2
8Q (doyro - Vxy + d5y1 - Vxia)
8Q2 " - "
= — (Y2 - d5Vxy1 +div (Y2 - Vxy) + doyn - Vxya)
8 2 8 80?2
Q (Yo - X(d5y1) + d3p1 - Vxipa) + glﬁz [ d5, X1y + r%diV (Y2 - Vxih1)

2
:—X( ) a2+ 9 (—(d*wl 00+ e 1t X101+ F e V)

2 2
:(—QD vX — X(8Q ))(d5¢1'¢2)+%lﬂ2'[d*,x]lﬁ1

8 807
+ %diV (Y2 - Vxy1) + D, (%(45% 'llfz)X”) :

Now for w = w(r), we can also write the rest of the terms in Nc(o);;l)e [Y1,¥2] as divergence
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term plus a ( g5y - Yo)-term using (5.2.38) for 1 € s1,¢9 € $9:

2

80? 40* 8
Q (d2¢’2 Wit + d5y - —W¢2) = %WdiV(% Y1) + %W(d’é% “Y2).

Therefore, adding the two and recall (5.2.34), we deduce

2 30?2 2 2
C(o};;}l)e[w Yol = (—£D vX - X( rQQ) Q )(d*ll’l l/'2)+£l/’2 [ 43, X1y
2

4 8
+ %Wdi\’(lﬁz Y1) + %diV (Y2 - Vxy1) + Dy (r—2( dsy1 - ya) X |

This finishes the proof of (5.2.36). For the second one, we apply (5.2.38) to Vxie € s9 and
Y1 € s1, then

8 2
Q (doypa - Vxyi + d5y1 - Vxio)

8 2
= & (dopo - V1 +¢1 - doVxipo —div(yr - Vxia))

2 2
=— (lﬂ2¢2 “Vxyi +y1 - X(daya)) + gwl [, X]p2 — %diV (Y1 - Vxiha)
2 2
= ( ¢ )(ﬂzl//Q 1) + Vx (8—(d2l//2 $1))+£¢/1 [432,X]lﬂ2—8r%div($1'vxl//2)
2 2
- (- pivx - x (2L sz + Fon - L x10

8 80?
- %di" (Y1 - Vxy2) + Dy, (%( dovro - l/’l)X”) ;

and for w = w(r), we can similarly also write the rest of the terms in Nc(jit;vl)e[;bl,wg] as

divergence term plus a (dotya - ¥1)-term using (5.2.38) for ¢ € s1,¥2 € So::

2 2

2 4
8Q dotpa - —Wlh + d3y - —W1ﬁ2) = —%WdiV(lﬂz Y1) + S%W(ﬂzlﬁz “Y).
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Therefore, adding the two and recall (5.2.34), we deduce

W 80% . 80%\ . 80Q? 80>
Nc((i,pl)e (Y1, 2] = (_%DWX - X (%) + %w) (doya - 1) + %@01 | o, Xro
r r r r
4 2 . 8 2 . 8 2
- %Wdl\’(lﬁz Y1) - r%dw (Y1 - Vxy2) + D, (%( dopa - Y1) X" |
This finishes the proof of (5.2.37) and hence Lemma 5.2.8. O

One can take a linear combination between the two forms (5.2.36) and (5.2.37) of Nc(fu’;vl)e (W1, ¥2]

to derive:

Corollary 5.2.9. Suppose w = w(r) and given A € R, then we can rewrite the inhomogeneous

term N [yy o] in (5.2.34) as:

couple

W 80?2 . 80%\ 8Q? .
Nc(j;pl)e [¥1, ¢2] = (_%DWX - X (%) + %W) (/l( d3y - 2) + (1 = ) (days - lﬁl))
802 80?
A (45 XM+ (1= D2y [ X0
4 2 8 2
- %(1 —2)wdiv(y2 - ¢1) + %diV(ﬂl/& Vxyr = (1 -y - Vxllfz)

2
+D, (%(1(45% ) + (1= ) (days - lﬂl))Xﬂ) :

(5.2.39)

Lemma 5.2.10. The components @, of the energy-momentum tensor are given by
QYilss = [Vayil®,  QIyilaa = IVayil®,  Q[Wilsa = [Fil* +Vilwil®, g QWiluy = —Lilwi] — Vil

where L[] = DAy, - Dy + Vil |2 = —Day; - Daips + Wl + Vil |%.

5.2.8 Main norms used in the Energy-Morawetz estimates

Definition 5.2.11. We introduce the following norms for the Regge-Wheeler system (5.1.1):
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e Energy norms:

Egeg[¥1,¥2](7) = / lg(Ns, e3)[|Vay|® + |lg(Ns, e) [ Y] Vs |* + [Fpa ] + 72|y |

(1)
2 2 2 2 21, 12
+0 (|g(Nz,e3)||V4¢2| +|g(Nx, ed) || Y[|V3yra|® + [Fipa|” + || )

(5.2.40)

E[y1,¢2](7) = / lg(Nx, e3)||Var1|? + |g(Nx, e)|[Va |* + [Wa | + 12|y |

Z(7)

0® (1g(Ns, ex)IVawsal? + lg(Ns, e0) [Vapal® + [Fgol® +r2lysl?).
(5.2.41)

e Morawetz norms:

Mor geg [¥1, 2] (11, T2) = /

M(r1,12) ¥

—3(|VR¢1| + |y ) (1——) (sz 2 +—|VT¢1| )
2
_3

e L (Vaval +lol) + & (1-2)° (190l + 19r0a?).

(5.2.42)

Mor[y1, g (71, 72) = /

M(r1,02) ¥

%UWWIHMU @——)0Wﬂ+—wwn)
2
t 3

e L (Vaval +lel) + & (1-2)° (170l + 100 ).

(5.2.43)
Morr [¢r1, 2] (11, T2) := Mor[1, ¥2] (71, 72) + /M ( )r_1_6|V31//1|2 + Q% Vayo|?.
(5.2.44)

e Flux norms:

Faly1,y2](11,12) = / Va1 |2 + 6| V3 |2 + [P |2 + 72|y |2

A(11,72)

02 (IVappal? + Syl Vaol® + [Fo | + 77212, (5.2.45)
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Fs, [Y1,92] (11, 72) = /

hIN (Tl 7T2)

IVaal? + [Vawa|? + Wil + 2 |yo|?

+ 0 (IVaal? +[Vwsal? + (R + 172w ?)

Fly1,¥2](t1,12) == Faly1, Y2l (11, 12) + Fx, [Y1, ¥2] (11, T2).

e Norms of inhomogeneous terms:

J (Y1, N1), (a2, N2)] (11, 72) = J[Y1, N11(71, 72) + Q*J [W2, Na] (11, 72),

J[Y1, N1](11,12) = /

J[Y2, Na](11,72) 1=/

e Weighted bulk norm:

Bs.100r, [¥1, 2] (11, 72)

e Error terms:

y

M;>100r; (T1,72)

+ Q20 (IVagl? + (o |® + 12|yl ).

M(71,72)

M(t1,72)

rO (Vg |2 + [y |2 + 12|y )

Erre [y, ¥2] (11, 72) i=/ Erre[y, ¥2],

M(71,72)

where Erre [y, ¥o] satisfies for any ¢ € (0, 1):

€ -5 2., .6 2 oyl
Erre[y1. 0] = O (e ) [r 0 IVapa P+ 121V (B P+ 5

+Q20(

€

ru1+(5dgc

) (r-6|v3¢2|2 POVl + |Fal? +

120

o |?

72

(IVagal+ Vsl + 77yl IV,

(IVawal + [Vawal + 77 ol ) INal.

)

(5.2.46)

(5.2.47)

(5.2.48)

(5.2.49)

(5.2.50)

(5.2.51)

(5.2.52)

(5.2.53)
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We also define the following combined norms:

EMeg[¥1,2](11,72) = S[Up ]Edeg[@h,l//Q](T) + Mor geg [Y1, Y2] (11, T2), (5.2.54)
EMF[y1,¥2](11,72) = S[Up ]E[lﬂl,lﬁz](T)+M0r[¢1,$2](71,T2)+F[¢1,¢2](T1,T2)-
(5.2.55)

5.3 Degenerate energy estimate

In this section, we prove the degenerate energy estimate, as stated in Proposition 5.3.3. The
main idea is to apply the divergence theorem to the current P79 [y, ¥2] — B in the region
M(11,12), where B is an auxiliary current defined in (5.3.2). The presence of the auxiliary
current B is necessary due to the coupling nature of the system (5.1.1). Moreover, Lemma
5.3.2 is our essential idea for handling the couple terms in a boundary flux.

We begin with the control of an bulk integral:

Lemma 5.3.1. We have the following estimate of bulk term

<sJ [(lrlllle)’ (¢2’N2)] (Tl,T2) + EITE ['7[’1’ ¢2] (Tl’TQ)’

‘ [ o (p O -5)
M(71,72)

(5.3.1)

where B, is given by

2
8= 25 ((g801 - w2) + (o - 0) ) (532)

Proof. Applying Proposition 5.2.7 to multiplier (X, w) = (T,0), we get
DR [y, ol = ET [y, ol + NI T, ol + N T, o,
where each term is given by

1 1
ETO [y, ps] = éQ[‘//I] - Dy~ §T(V1)|lﬂ1|2 +40%Q[y2] - D - 40%T (Vo) lyr2]?,
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W 802 802
Nc(jfjp,)e[lﬁl, Yol = % dopa - V1 + r% d5y1 - Vi,

NE [y 0] = Ny - Vi +802Ns - Vs,
For the bulk term 79[y, ¥s], we have from Lemma 5.2.2 that
1 1
ET O [y, o] = §Q[l//1] '(T)ﬂ—ET(V1)|l//1|2+4Q2Q[l//2] D —40°T (Vo) ly2|? = Erre[¢1, y2].

For the inhomogeneous term ng’?\,)z [Y1,¥2], we can directly control it by J-norms

’ [ M walls [ Dl QTN € 0160, 2. Na)] (112,
M(711,72) M(71,72)

For the coupled term N (7.0) [Y1,¥2], we can rewrite out the coupled term N (.0) (Y1, Y]

couple couple

by Lemma 5.2.9 with A = %:

2 2
NTO 1y o] = (_%DivT -T (4%)) (%( A5y - o) + %( doro - l/’l))

couple
402 40*
s 145 TI + 2 - [ T
4 2
' %div(wg Vrus =g - Vo)

2
+D, (%((dﬁl’u “Y2) + (dotpa - ¢’1))T”) :

Thus, noting that the spherical divergence term vanishes upon integration over the sphere,

we obtain the desired estimate:

‘/ D* (P;ET’O) [¥1,¥2] - B,u)
M(71,72)

< /M( )Erre[lﬁl,%]+J[(W1,N1),($2,N2)] (11, 72)

+/ ( 4Q2 (4Q2
M(71,72)

-—Divl -T —2)) ((45% “Y2) + (dayro 'lﬁl))
"

72
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40* 40*
s 145 T+ "Ly Lo, T

)
M(71,72)

< Erre[¥1, ¥2](11, 72) +J [(Y1, N1), (W2, N2)| (71, 12).

O

We will also make use of the following lemma that helps us deal with coupled terms in

boundary terms:

Lemma 5.3.2. On a given sphere S, we have the following inequality that can handle coupled

terms appearing in a boundary integral

2
/Q[llfl]34 +80%Q[ Y234 + %((d’é% Yo) + (daya - 1/11))
s (5.3.3)

1 1 80?2
> [ SRl 402 Rl + Sl + "ol
S r r

Proof. We handle the cross term using the Poincaré inequality from Proposition 5.2.5, inte-

grating over the sphere. First, applying (5.2.27) to ¢ € s1, we obtain

1 802
[ 5wl + (s v
S r

1 802
. /S @830+ SR + S5 (3w - v)

1 4
> /S 2 ol + SKlval.

Next, since ¥ € s9 is supported on the £ > 2 modes, we apply (5.2.26), yielding

8 2
/S 102l + L (o> 1)

2 2 2 l_ 2 8_Q2
> 4Q | dowra|” + 40 = K| |ga|” + = (dapa - Y1)

/——w 2 4402 (— _ K) ol
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Combining these estimates, we find that for any given sphere S,

5 80%(
J @l + 80 QUwalus + S (C s - we) + (o - u)
8 2
- /S Ry |2 + Vil |2 + 80| Fra|? + 80 Valyra | + %((dwl W2) + (dotra - ¥
1
> [ SR Vil 40 Rl + 50%Valal

160" 1 40° 1
- a4 gl - S 10° (- & ol

1 K 4 1 1607
=/§IW1|2+4Q2|W2IZ+(5+V1——4) 1 ]? + 407 (—2—K+2v2— f )|w2|2.
S r r r

(5.3.4)

This concludes the proof of Lemma 5.3.2, given the bootstrap assumption on the Gauss

curvature K established in Section 5.2.3. OJ

Remark 6. Lemma 5.3.2 plays a crucial role in controlling the cross term in the bound-
ary contributions, ensuring a lower bound for certain boundary fluxes when applying the
divergence theorem. This result is essential for handling boundary terms in the proof of
Proposition 5.3.3 on the degenerate energy estimate and Proposition 5.5.2 on the Redshift
estimate. Additionally, it is used in (6.1.81), a key step in the proof of Lemma 6.1.11, which in
turn is needed to establish Theorem 6.3.1 on the r”-estimate. This lemma directly addresses
the challenges posed by the coupling terms, aligning the analysis in Reissner-Nordstrém more
closely with that in Schwarzschild. By handling the coupled terms, it allows the rest of the
argument to proceed in a manner similar to the uncoupled case. Moreover, it enables the
analysis of a pair of coupled wave equations to be treated in an analytically similar way to

that of a single wave equation, significantly simplifying the overall approach.
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Proposition 5.3.3. We have the following degenerate energy estimate:

sup Edeg[llfl,L”Q](T)ﬂLL( )(|V4¢’1|2+Q2|V4l//2|2)+Fz*[$1,¢2](T1,T2)

T€[11,72]

S E[Y,92](t1) + 6 sup  Er<r, (1464 (W1, 2] (T) + S Faly1, 2] (11, T2) (5.3.5)

T€[11,72]

+J [(Y1,N1), (Y2, N2)] (11, 72) + Erre [y, 2] (11, T2).

Proof. Applying the divergence theorem to P =8 = PT-O [y, o] —B in the region M(71, 12)

where B is given by (5.3.2), we deduce

/ (P—ﬂ)-Nﬂ+/ (P—B)-Nz+/ D”(Pﬂ—ﬂﬂ)+/ (P -3B)-Ns,
A(11,72) Z(12) M(11,72) 2. (11,72)

:/ (P—-8)-Ns.
(1)

(5.3.6)
Recall from Lemma 5.3.1 that the spacetime integral term can be estimated as
'/M( )D“ (Py— Bu)| < J[(Y1,N1), (W2, N2)] (71, 72) + Erre [y, ¥2] (11, 72).
71,72
Now, we consider the boundary terms. Notice that on A, the normal is given by
Ny{ =eq+ (5«;.( + 0(6))63.
We also have on A = {r =r (1 —dg)} that Y = O(d4), so
(P - B) Na=Q[y1](T.Na) +80°Q[¢2](T. Na)
402
- r—g(( d5y1 - pa) + (daya - z//1))g(T, Na)
1
=5 Q] (ea+ Yes, eq+ (691 + O(€))es) + 40%Q[Y2] (es + Yes, eq + (391 + O(€))es)

72

(( d5y1 - p2) + (doyra - lﬁl))g (es+Yesz, eq+ (0 +O(€))es)
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1 Y+0 0
= JQWA T+ 0@ s + 2D gy,

+407 (QIWalus + 0(63)QIWalas + (Y + 64+ 0(€)QLY2 1)

2
+ %(Y+5W + 0(6))((45% “Y2) + (dayro - 901))

1
> 219411 = 060 (o3I Vapr P + Ry + o )

+20°|Vaol® — 020 (Sy0) (6x1Vappal® + IRl + p2l?)

which implies

1
/ (P-B)-Na 2/ (Z|V4¢1|2+2Q2|V4¢2|2)—0(5H)Fﬂ[$1,¢2](T1,T2)~ (5.3.7)
A(11,72) A(11,72)

We also have on Z(7) that

(P - B) - N = Q[y1](T, Ns) + 80*Q[y2] (T, Nx)

2
- %((d’%lﬁl “Y2) + (dovro - lﬁl))g(Ta Ny)

= %Q[lﬁl] (e4+ Yes, aes + bes) +40°Q[w2](eq + Yes, aes + bey)

20%(, .
- r—z(( doyn - y2) + (doya - Wl))g (es+ Yes,aes + bey)

a+bY
2

Y
+80? (%Q[lllz]s?) +

b
QY1]34 + §Q[l//1]44

a+bY
2

Y
= %Q[l//1]33+

CANPEEITAN

4 2
+ 22+ b (801 02) + (o 0)
Y b
= %awgs + QW1 +4Q%aYQ[Ws ]33 + 40°Q Y2 ]ua

2
" +2bY (Q[¢1]34 +80°Q[y2]34 + 8%(( @5 - y2) + (s - ’pl)))

where a and b are defined in (5.2.17). Applying Lemma 5.3.2 to a given sphere S € X(7),
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we know

Y b
/S(P -8)-Nx > /S%Q[%]% + §Q[l//1]44 +40%aYQ[Y2]33 + 40*bQ[W2] 44

a+bY (1 1 802
5 (§|W¢1|2 +40% | Py + r—2|lﬁ1|2 + r—2|lﬁ2|2

+

Hence, we obtain a lower bound for the flux through X(7)

1
(P=B) Ny > 7 / alY||Vay1]? + bIVa1|* + (a + DY) Wy |? + (a + bY)r 2|y |?

(1) (1)

+80? (61|1(||V3<//2|2 +b|Vayo|® + (a + bY)|Wpa|? + (a + bY)r_2|w2|2)

- 0(53) [Vaua 2+l ? + 0% (1w + [y )
Z(0)N{r<ry(1+04) }

1
> gEdeg[lﬂl,%](T) — O(OH)E </, (1464 [Y¥1, ¥2] (7).

(5.3.8)
Moreover, we also have the upper bound control of the flux through ()
L@ =8 Nals [ a@lunlss+(@s QU5+ bQLLy
+ 0% (aQ[Yal33 + (a + b)Q[W2]34 + bQ[Y2]44)
+4r%2(a+b)(|d’§¢'1'l//2|+|¢f2¢’2'¢'1|) (53.9)

< /( )a|V3lﬁ1|2 +bIVggr 2+ [ 2 + 2y |2
>(t

+ 02 (alVayal? + bIVagal? + IR+ 12w )
= E[y1,¢2](7).

Finally, we have on X, that the normal is given by

M 2
N2*2T+0(6+—+Q—2) (€3+€4),
r r
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SO

/ (P - B) Ny, = / Q[u11(T. Nx.) +80°Q[w] (T, Ns.)
2, (11,72) 2. (11,72)

_

- ((d801 - w2+ (dowrz - 91) (T M)

2

1 M
[ falenrenaten+o (e TR Q—) (1D 2 + 2y ?)

«(11,72) 4 r?

2

M
+207? (Q[lﬁz](eg +eq,e3+e4)+0 (6 t—t %) (|Dlﬁ2|2 +r—2|lﬁ2|2))

2

402 M
_ %((dﬁ% o) + (dayo - l//1))g(T,T+0 (e+ —+ %) (e3+e4))

1
E 2. (11,72)

+807 Vsl + [Vapsal? + Rl + 72l ?)

\%

(IVua 2+ 1Vag P + 1R 2+ 2 )

1
= EFZ* (Y1, 2] (11, 72),

(5.3.10)

where we again used (5.3.3) to handle the cross terms. Combining Lemma 5.3.1 and the

above estimates (5.3.6), (5.3.7), (5.3.8), (5.3.9) and (5.3.10), we deduce the desired estimate

sup  Egeg[¥1,¥2](7) +/ (|V4$1|2+Q2|V4¢’2|2) + Fy, [Y1,¥2] (11, 72)
A(T1,72

T€[11,72]

S E[Y1,¢2](11) + 0 ?Up ]Ersm(ua,ﬂ) (W1, 2] (7) + S Fal1, ¥2](71, T2) (5.3.11)

+J [(Y1,N1), (Y2, N2)] (11, T2) + Erre [y, 2] (11, T2).

This concludes the proof of Proposition 5.3.3. n

5.4 Degenerate Morawetz estimate

In this section, we prove the degenerate Morawetz estimate, as stated in Proposition 5.4.1.
The main idea is to apply the divergence theorem to the current P9 [y, o] — BY in the

region M(t1,72), where 87 is an auxiliary current defined in (5.4.11). The The auxiliary

128



R-N nonlinear stability

current BY is introduced to address the coupling nature of the system (5.1.1). We rely on

the multiplier (X, w, M) = (Y, wy, 0)? with the ansatz

Y =r2uR, wy =1 20,u, (5.4.1)
and a choice of u = uy that has already appeared in [19] to derive the degenerate Morawetz
estimate.
Proposition 5.4.1. We have the following degenerate Morawetz estimate for solution (1, ¥3) €

51 X 59 to (5.1.1)

Motaeg[01.01(r1.72) Sioyu_sup Eaeglur.0l(0)+ [ o (P e @?9wer)

T€[11,72]

+O0uFalyr, Y] (11, 12) + Fx, [Y1, 2] (71, T2)

J [(Y1,N1), (W2, N2)] (71, T2) + Erre [y, ¥2] (11, 12).
(5.4.2)

5.4.1 Ansatz for the Morawetz multiplier (Y, wy)

Lemma 5.4.2. Let Y = r2uyR for a given uy = uy(r). Then, we have for i = 1,2

2I/tyT

Q[yi] - Pm = Wil +a( )|w,| - Q(aruy)zi[w] (0r Y) Vil

where 7 = r3 — 3Mr? + 20?r is the trapping polynomial.

Proof. In view of Lemma 5.2.3 and Lemma 5.2.10, we have for ¥ = fR with f = r~2uy that

Qly] -
= —Q[lﬁz] 7T34+—Q[lﬂl] Vijag + Q[lﬁz] M74s+ QyilasM 7as

20Observe that, in contrast with [16], here we do not need to use a one form M in the current for Morawetz
estimate.
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20* 1 1 5 2Y g
= _r_2 —5 | fQUWils1 = 0, fYQIWilsa + SQUiaad, f + 5QUYil33 Y70, f + —f6""QlYilap
20° 2Y . .3 1 5
= _r_2 —5 | JQWilsa+ —= 6" QlYilas + 50-f(Ql¥ilas = 2Y Q]34 + Y Q[Yi]33)
M 20? 2Y
==+ % SR> + Vilyil?) + —f(WIﬂil2 — Lilyil) + 20, fQl¥ilrr
2 3M 207 202
=2 (1= 2 2 il w20 il - L)) - 2 i + (257 + 2 ) v
2f T
= —f—IW/zl +20, f|Vryil? - (Y3 f+ —f) Lilyil = (0:Y) fVilwil .
Now take f =r2uy and we conclude the proof of Lemma 5.4.2. O]
Proposition 5.4.3. Take multiplier (Y, wy) of the form for a given uy = uy(r)
Y = r_2uy(r)R, wy(r) = r~2Y b,uy.
Then, we have the bulk term YY) [y, 5] in D“PﬁY’WY) [Y1,¥2] as
M [y, ol = T [y, o] + €EX M [y, o], (5.4.3)
with
. T
EV Iy, = L (IR0 l? + 802 Fyal?) + 0, (5 ) (IVawnl? + 802V aw?)
r
+ (_iar(le)r_ u-— Zr_2ar(r2YarWY)) w1 |?
+80? (—%ar(m)r‘zu - }lr‘Qar(rQYarWY)) lyal?, (5.4.4)

)

. 1 1
ETI o] = (562[1!/1] +4Q2Q[t//2]) -Wit+0 (W) (72l 1w (1wl + 8Q21wl?

(5.4.5)

Proof. From Proposition 5.2.7 and Lemma 5.4.2, we know

EV ) [y, yro]
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=-Q[y1]- M+ (——Y(Vl) - 1DgWY) 1 ]? + = W£1 [¥1]

+ 4Q2a[w2] - Wsi 4 0% (—4Y (Vo) — 20wy ) |wa|? + 40%w La[¢rs]

| 3alil + 0%l -

=L R0+ 0, (“3) VRl — S G L1101] — 53 ) Vil

+( : Ry - 1Dng) U2 + 5 Brur) L1101

2SRyl + 0, (5 )8Q2|w2|2 1025 () Lala] ~ 4073 V) 5 Valyl?
+0 (—4ﬁR<V2) — 2wy ) Wal? + 407w Lz (2]
| 3@lil + 10w -

= (I l? + 80 1al?) +0, (“3) (9 sl + 8071 Vvl

1
+ (——(arY)—Qvl - ﬁR(Vﬂ - ZDgWY) 1|
1
+80? (——(a 0y, - 1 (v - —Dng) Wal?

(3@l +4Q2aw2]) @

Now by R(r) = Y + O (L
u

o, ) and Lemma 5.2.4, we can compute the coefficients of zero
ec

order terms:

1 u 1
- 5003V - T5R() - 10wy

1 uy € L o, 9 € (2)
=503 Vi- ﬁ (Y+ 0 (m)) 0Vi—7 (” O (r*Ydwy) + O (r2u1+6dec ) Wy )

1 _ 1 _ 1 _ 2
= —50,(YV,-)1’ 2uy — Zr 20,(r2Y8er) +0 (M—MM) (r 2|uy| + rw)(, )) .

Substitute back, then we finish the proof of Proposition 5.4.3. n

Remark 7. Given a vector field of the form Y = r~2uy(r)R, the function wy = r=20,uy

is chosen to eliminate the Lagrangian terms £;[;] in the expression &Y"Y) [y, o]. This
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choice creates significant convenience for selecting u such that EX"Y) [y, ¥2] > 0. However,

this approach also eliminates the time derivatives |Vziy;|? from the bulk terms. To address
this, we will eventually recover the time derivatives by introducing an additional multiplier

(0, 67wr). See Section 5.4.3.

Proposition 5.4.4. Take multiplier (Y, wy) of the form for a given uy = uy(r)
Y= r_2uy(r)R, wy(r) = r2Yo,uy.

Then, we have the coupled term N WY)[!,/Il, Ysl in DMP,SY’WY) [V1,¥2] as

couple

" 1602
NI gy, o] = 22

7 Y 80?
uy(r—3+§)(¢f2lﬂ2'l//1)+Dy %(ﬂﬂ//z'lﬂl)w

, (5.4.6)

4 802
— o div (s - g1) — i (1 - V() + Errelun, o),

Proof. Using (5.2.37) with X =Y =r2uy(r)R, w = wy = r 20,uy, we have

C(OYMV;Q [¥1,¥2] = (—SrgDiv (r_zuyR) —r2uyR (SrQ;) SrQ2 Y9 MY) (oo - Y1)
+ 8r—Q2¢//1 [ do, 7 2uyR]y2 + D, (8r—2( doys - l/’l)Y“)
- 4—Q2deiv(w2 Y1) - 8%Qdiv (Y1 - Vy (¥2))
- (_@ﬂa (r2uyr™Y) + 2uy Y8Q2 8’?2 r2Y 0,uy + 8Q2uﬂ) (dayra - 1)

2

4
D, 8—2(¢'2¢2 Y)Y - %WYdiV(% Y1) — %di\’ (Y1 - Vy(¥2))
r r r

+ Erre [, ¥2]

8 2 8 2 2
= (—%uya ( )+ guyY) (doyp2 - Y1) + Dy ( rQQ (days - :/zl)Y“)
402 8
20 v ) - i -y ) + B L
_ 1607

2
MY(;r Y)(ﬂ%ﬁz Y1) + Dy (SrQQ (432902'901)1/”)

7o
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2

4 2
- r%wydiv(lﬁz Y1) — Egr%di\f (W1 - Vy(¥2)) + Erre [y, Y],

27

Y
where in the last equality, we have used the identity that 0, (—2) = ——. In fact, this
r r

identity reveals the relation between null geodesic potential — and the trapping polynomial
r

T ]

5.4.2 The choice of uy in the full subextremal regime

According to [19], we take

2 2 —
br%%rpﬂﬁyrh (5.4.7)

where rp is the largest root of the trapping polynomial 7. So our multiplier (Y, wy) is given

by

R, wy=v|2+140 (5.4.8)
r

M2 3

10 AN S
(“W)(“ﬁ)*ﬁ(l‘r—?

Lemma 5.4.5. We have for the choice (5.4.8) of multiplier (Y, wy) that for any ¢ € (0,1),

01273 3)

, L -
B0 ]| § i (PO IVa 2 (Vg P (R0 4 12y )
Q2

ru 1+6d€c

(5.4.9)

(0 19wal? + 1O 1Vapal? + [Fgal? + 7210 2)

Proof. By Lemma 5.2.3, we know for ¥ = r~2uyR with uy given by (5.4.7) that

] < rPuyl+ %10, (rPuy)| 1
1234 u1+6d“ ~ ru1+5dec ’

|(y) tal < Ir2uy| + 2|0, (r 2uy)| 1
2,140 dec S 2 4000
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So applying Lemma 5.2.10, we obtain for any § € (0, 1) that for i = 1,2

1Q[y] - Vit < 1Q[wil34V 34| + 1Q[Wilaa Viiss] + Qw133 7taa] + 1Q[Wi) a7t as)

<1V 2t0) (Il IVatsl + 1940l + (Rl r=2il?) + 1 aa] [V
1 _ 1
< i (IValul Vil + 1940l + (R0l 4 7720012 + e [V ?

1 — -
S — T (r0 1wl 4 0 1D+ Rl + 721 ).

Moreover, it’s straightforward to see that uy and wy satisfy r=2|uy| +rw =0(1), so (5.4.5)

implies the lemma. []

Theorem 5.4.6 (Appendix A of [19]). Suppose lng < 1, then there exists a sufficiently

small 0 < 0y = o (|]\Q/[|) < 1 such that in the region {r > ry(1 — d47)}, we have for the

choice (5.4.8) of multiplier (Y, wy) that

. v 40% 807 ..
EV [y, o] + NC(OYMPIYJ [¥1.¥2] - DHB) + iWYle(l//z Y1) + gle (Y1 - Vy(¥2))

2oy + (1= 2) I+ (el ) + & (1= 72)° |W2|2+—(|w2|2+|w2|)

+ Erre[¥1, Y],
(5.4.10)

where BY is given by

2
B = g(¢121,//2 v1)Y. (5.4.11)

Proof. By Proposition 5.4.3 and Proposition 5.4.4, we know

. Wy T
EV I [y, o) + N [, wa) = 2L (IR0 2 + 8% R ) + 6, (55 ) (I9ku? + 802 Vawiol?)
p r r

1 1
+ (—§ar(YV1)r_2M - ZV_Qar(”2YarWY)) Wllz

1 1
+ 80?2 (—éar(YVQ)r_QM - Z—lr_Qar(ﬂYarWY)) ol
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1602 Y
2%y (T4 ) a0

8 2
D, (%(4121/’2 : %)Yﬂ)
2

4 2
S ndivius - yr) - o div (1 Ty ()
+ EI‘I‘S ['701’ lﬁg] .

Now in [19], it was shown that if |Q] < M, then the first four lines of the right-hand side are

bounded below by

—_

(1——) Wy, |2+—(|w1|2+|w1|) & (1——) W2 |2+—(|VR¢2|2+|w2|)

R
for r > r,. Due to strict positivity, we can extend a bit inward r = r,. O

Remark 8. This estimate extends slightly inward toward r = r; as a consequence of subex-
tremality. In the extremal case, however, it remains valid only in the exterior region, strictly

away from r =r,.

5.4.3 Recover time derivatives by multiplier (0, d7wr)

The main idea for recovering the time derivatives |Vziy;|? is to sacrifice certain positivity of
other terms in (5.4.10) by choosing a multiplier (X,w) = (0, d7wr) for a sufficiently small
or > 0.

Note that in (5.4.10), we only have an r—3-weight for |Vgy;|?, with |Fi;|? vanishing at

r = rp. Consequently, in the process of recovering the time derivatives |Vzy;|?, we can only

1 2
choose wp ~ =Y (1 — r—P) . As a result, the recovered |Vzy;|? in (5.4.12) below carry an
r3 r
1 2
= (1 — —) -weight.
r r
. 2Y rp\? . .
Proposition 5.4.7. Take wr = —— (1 - —) , then there exists a sufficiently small 0 <
r r
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or = Or (@) < 1 such that
M

4 2 2
ELITHII [y o]+ NTWIHOTD [y o] — DRBY + %WydiV(lh Y1) + ég%di\’ (Y1 Vy(¥2))

couple

1 rp\? o 1 2|, 1 2 2
20w ~ (1= ) (an +—5IVrun| )+r—3(|w1| +lyal?)

rp

2 1 2
+ = (1 - 7) (Wlﬁ2|2 + r—2|VTl//2|2) + % (|V1e1ﬁ2|2 + |¢2|2)

- 86 [lpla '702] 5
(5.4.12)
where the error term &, [y, ¥2] satisfies the control for any 6 € (0, 1),
ety voll $ —1o— (F0IVapn P + P 1Vagn P + (R [P+ 2y )
ruse (5.4.13)

Q2 (r 21wl + 7 Vagpal® + [Fgal” + 1 2yf?) .

ru 1+64ec

Proof. Notice that the Lagrangian £;[y;] can be expanded as
Lilwil = =Y Vgl + Y VRyal® + (Wil + Vil

So by Proposition 5.2.7, we can compute the bulk term of a current associated with the

multiplier (0, wr)

EOWD [y, o]

_ 1 2, 1 Con?2 2 2

= 4DgWT|¢1| + 2WT-£1 [¥1] = 20°Ugwr|2|” + 40 wr La[¢2]
1 B B 1

=gwr (—Y Vg2 + Y Ry |2 + | | + V1|lﬂ1|2) - ZDgWT|w1|2
+40°%wr (—Y_llvrllle2 + Y VRl + [Fipal? + V2|¢2|2) — 20%0gwr|w2|?

1 _ 1 _ 1 1 1
= —§WTY NV ® + §WTY NVry? + §WT|)W/1|2 + (§V1WT - ZDgWT) |y |?

—40*wrY N Vrya|? +40%wr Y HVria|? + 402wy |Fira|* + (4Q2V2WT - QQQDgWT) 2]
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Moreover, by Lemma 5.2.8, we know

(0,wr) _ 8Q2 * 4Q2 .
Neoupte W1: 921 = —5-wr (g3 o) + —-wrdiv(yn - ).
2Y 2
Now since wr = —— (1 - r—P) , it follows from Lemma (5.2.4) that
r r

1 1 1 €
[5rivr g < 50 )

2 4

Hence, we can choose 67 > 0 small enough so that |Vgy;|?, [F;|? and |¥;]? terms in (5.4.10)

can absorb the corresponding terms in 678 OW7) [y, o] + (5TN(0 wr) [Y1,¥2]. Then, by The-

couple

orem 5.4.6, we see

Y, wy+6rwr) Y, wy+érwr) Y 4Q2 . 8Q2 .
ST g, o] + N, [Y1,42] —-D*8B, + — wrdivya - yn) + —5-div (Y1 - Vr (¥2))

couple

= &) [y, g +5T8(O’WT) [y1, 2] + €ET) [¢1 Yol

2o/M = ! (1 - —) N | +— (lVRllfll + [ ) (1 - —) V7 |?
Qf (1= 22)" 1ol + & (9l +1al2) + & (1= 22)° 1970

+0 (W) (ly1? + Q%ya)?) + €T [yry, o).

Combining this with the control of EX"Y) [y, ¥5] in Lemma 5.4.5, we conclude the proof of

Proposition 5.4.7. O

Remark 9. In (5.4.10) of EYWY) [y, 5], the term |Vgy;| appears with a weight of r~3

1 rp\2
This necessitates the choice wr ~ ——=Y (1 - —P) . As a result, the recovered |Vzy;|?
r3 r

terms in EX WYV [y Y] in (5.4.12)—as established in the previous proposition—are

also weighted by r3

5.4.4 Proof of the degenerate Morawetz estimate

Now we proceed with the proof of the degenerate Morawetz estimate, Proposition 5.4.1.
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Proof of Proposition 5.4.1. Applying the divergence theorem to P—8 = PE-Wr+orwr) [y o] —
BY in the region M(11,12), where BY is given by (5.4.11), we deduce by using Proposition

5.2.7 to express D*P,

/ (P—B)-Ngq+/ (P—B)-Nz+/ (8+Ncou,,,e—Dﬂza§)+/ (P - B) - Ns.
A(T1,72) Z(12) M(11,72)

Z*(Tl,TQ)
=/ (P-98) -Nz—/ Ny, Ny
2(11) M(t1,72)

(5.4.14)

The spacetime integral of the term (& + Neoupie — D“BZ) is bounded from below using
Proposition 5.4.7. This follows from the fact that all spherical divergence terms on the left-

hand side of (5.4.12) vanish upon spacetime integration. Furthermore, the inhomogeneous

term Ny, n, = N]g:x;%rw) [W1,¥2] is given by
wy + orwr wy +0rwr
Nﬁjﬁﬁ”mﬂ [¥1.¢2] = N1 - (Vylﬁl + —lﬁl) +80°Ny - (VYlﬁz + Tlﬂz :

Thus, in view of Proposition 5.4.7 and Lemma 5.4.5, we can control Morg., by the spacetime

integral term (& + Neoupie — D'“BZ) modulo an error &,

Mot geg [¥1, Y2l (T1. 72) Sjo)/M /M ( )S(Y’W”‘STW”[m,wz]+NC(OY;ZzYe+5TWT)[w1,wz]—D”B/f
71,72

+EelY1, Y2
(5.4.15)

We also establish control over the inhomogeneous term Ny, n, in terms of J-norms. Specifi-

cally, leveraging our choice of (Y, wy + drwr), which satisfies

Y =0(1)R, wy+drwr=0(r),
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we obtain the following estimate

‘/ NNLNQ
M(11,12)
+ O +0
< / N (wﬁum) +0? / NQ_(wﬂww)
M(11,72) M(t1,72)
S/ (IVrYA| +r w1 ])IN1| + Q2 (IVrW2| +r~Hwal) N2 |
M(r1,12 M(r1,12)

< J[W1, Nil(71, 72) + Q*J [a, No] (11, T2)

=J [(¥1,N1), (Y2, N2)] (11, 72).
(5.4.16)

We now treat the boundary terms. We first recall that

wy + 5TWT

1
5 ey — Z'Wllza,u(WY"‘(sTWT)

wy + orwr

P'l(lY,wy+5TWT) [Wl, w2] _ B,Z — r_2I/tYQ’uv [wl]RV +
+ 8Q2 r_zquyv [¥2]R” +

8 2
- —Q2 (doypo - Y1)Y.
r

1
Yoey o — le/’2|23u(WY +67Wr)

We take the following convention for the normal vector field Ng on A(11,12) = {r =ri(1 -

0r)} N {11 <7 < 1}
Na =es+ (0 +O0(€))es.
We have on A(7y,12) ={r=ri.(1=-0¢)}N{r1 <7 <1}
Na(r) = ea(r) + O(6x)e3(r) =Y + O(€) + O(6#) = O(6),
where we used the fact that Y = O(d4) on A(71,12). Hence, we obtain on A(1q, 12)
wy +orwr = O (0g), Na(wy +orwr) = O(63).
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Thus, we deduce on A(1y, 12)

|(P = B) - Nal

wy + 5TWT

1
5 +Z|'J/1|2|Nﬂ(WY+5TWT)|

< r2luyl|Q[ya](R, Na)| +

Y1V

wy + 6TWT

5 +20° o *INa(wy +57wr))|

+80%r|uy||Q[¥2] (R, Na)| + 80*

YoV a¥o

+

8r—Q22( oo - l/fl)g(”_2wR,Nﬂ)‘
< Q1] (es = Yez, Na)l + 61| Vnath ]| + 6l
+0? (1@l (e1 — Yeg, Nou) | + Syl [Vvatral + S3alusal?)
+ (772l + Q2P P?) Ig(es — Yeg, No)|
< 05,Qs3[Yn] + 61 Qsalyn] + Qualy1] + 657, 1u || Vs | + Sl || Vayn | + Sl |2
+ 02 (62, Quslv] + 61 Qaala] + Qualva] + 631wl Vol + Syl Vatsal + Spcluraf?)

< IVag P + 62 1Vsp P + Sl Fun > + Syl + 02 (I9awsal? + 83 Vool + Sy Fra | + 60122

Integrating it on A(7, 12), we infer

/ﬂ( )|(7’—B)'Nﬂ|$/ Va1 |* + Q% [Vato|* + 6 Faa [y w2l (11, 72). (5.4.17)

A(71,72)

Next, we have on X, (11, 72)

2

M
MYIO(I”Q), Wy+(5TWT:0(r_1), Nz* :T+0(€+7+%) (€3+€4).

Thus, we obtain along X, (71, 72)

(P - B) - Nx.|

Wy + 6TWT

1
5 +Z|¢’1|2|NZ*(WY+5TWT)|

< uyl|QLY1(R, Ns,)| + V1Vag ¥
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Wy + 5TWT

5 +20%W2|?|Nx, (wy + S7wr)|

+80%r ?|uy||Q[¥2] (R, Ns,)| + 802

8 2
(o g8l 2uy R Ns,)

WoVns Yo

+

< 1Q[y1](es — Yes, Ns )| +r || Vg wi| + 7 2T (r)||y1]?
+07 (1@l (e1 = Yeg, Ns)l + 7 Wal|Va ol + 12T ()] 02l?)
+ (212 + Q*1FYol) lg(es - Yes, N,

< IVagn P + (Vs + [0y P + 720y 2+ 02 (I9awsal? + [Vawal? + (R + r2al?)

which implies
/ _ (P = B) - Nx.| < Fx, [¢1, Y2l (11, 72). (5.4.18)
2 (11,72

Finally, we note that the normal vector field of Z(7) is given by
Ny =aez + bey,
with @ and b given by (5.2.17). Hence, we obtain along X(7)

(P - B) - Nx|

Wy + 5TWT
2

+80%r 2 uy||Q[¥2] (R, Ns)| + 80>

8 2
r%( do2 - Y1)g(ruyR, Nx)

1
< r2|uy||Q[ya](R, Nx)| + Y1 Vs 1| + Z|¢1|2|N2(WY +67wr)|

wy + 6TWT

5 +20%|af*|Ns (wy +67wr)|

YoV o

+

< 1Q[Y1](es — Yez, aez + bes)| +r7 'Yyl (aes + bea)yr| +r 2 |aes(r) + bea(r)| |y |
+0? (1QUWal(e1 = Yeg,aes + bes)| + Xyl (aes + ben)s| + 1 laes(r) + bes(Mlpal’)
+(F2n 2 + Q%FWal?) lg(es - Yes, aes + beu)|

< a|Y||Vaya|* + bV |* + Wy |2+ r 2|y |* + Q2 (01|Y||V3¢2|2 +b|Varo|* + [Figra|* + ”_2|lﬁ2|2) ,
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which implies
/Z P = B) Nl Faelin 1) (5.4.19)

Combining (5.4.14) with the above estimates , (5.4.15), (5.4.16), (5.4.17), (5.4.18) and
(5.4.19), we deduce

Morgeg [¢1, 2] (11, T2) Sjoym SUp Edeg[‘//lal/’Q](T)"'./ﬂ( )(|V4¢’1|2+Q2|V41//2|2)

T€[11,72]

+ 0y Falyn, w2l (r1, 12) + Fx, [Y1,¥2] (11, 72)

+J [(Y1,N1), (Y2, N2)] (11, 72) + Erre [y, ¥2] (11, 12),

(5.4.20)

This concludes the proof of Proposition 5.4.1. O

5.5 Redshift estimate

At r = ry, the vector fields T and R both reduce to %e4, which fails to control Vs and
Vaa. This degeneracy is already present in the degenerate energy estimate (Proposition
5.3.3 in Section 5.3) and the degenerate Morawetz estimate (Proposition 5.4.1 in Section
5.4). To overcome this issue, we introduce the Dafermos-Rodnianski redshift vector field
[7], which restores control by exploiting the favorable sign of w in a small neighborhood of
r = ry. Recall, in our setting,

€ M Q2

w=wy+0|5———], wo=-—+—7,
0 (r2u1+5dec) 0= 7273

hence the sub-extremality condition |Q| < M implies the favorable sign of wq(r;)

wo(ry) = - 5= > < 0.
+ +
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Proposition 5.5.1. Let Yy, Y,.q, and B,.4 be defined as follows. First, define the vector

field Yy as
Yo = ayeqes + bred€4, (5.5.1)
where
20 10
Areq =1+ —(r=ry), brea=—(r—ry). (5.5.2)
rs s

Next, define the vector field Y,.4 as a modification of Yy + 2T by

Yied = Kred (YO + 2T) , (553)

where ky0q(r) = k (6 ), with x = k(r) a smooth cut-off function supported on [-2,2] and

red

equal to 1 on [-1,1], and 0 < 6,.¢ < 1. Finally, define the additional current B,., as

g, =2 ¢ Y 5.5.4
red_r_g(( 2¢'1'¢/2)+(¢721//2'¢1)) " (5.5.4)
Then, the following spacetime integral estimate holds:

/ (8% [y, vl + Nt (w1, w2] - DB,
M(T1’72)

VM2 — Q2 1 1 M
/ Liy|<6,00 | ——5——IV3W11* + —|Vayr |* + —|Fy1|* + = |y |
Mri.72) r ry Ty r

+ +

>

VM2 - 02 1 1 M
+ Q%1504 (r—2|V3¢2|2 + r—|V4l,02|2 + r—l)Vll’zl2 + r—4|¢2|2)
+ + +

+

(5.5.5)

- 1 0?
+O(8 ) 5,00<Y<26,0 (|Dlr//1|2 + r—2|l/’1|2 + 0% Dyo|* + r—2|¢2|2)

+ +

1 Q?
+ O (6rea) L x|<26,eq (|Dl//1|2 + r—2|l//1|2 + Q% Dy | + r—2|$2|2)
+

+

+ Erre [y, ¥2] (11, 12).

Proof. Throughout the proof we use NL to denote a schematic form of nonlinear terms

which will eventually be collected as Erre[¥1,¥2] (11, 72) appearing in (5.5.5), and we will
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focus on the region {|Y| < 26,.4}. We consider the following multiplier for a,eq = areq(r)

and byeq = bred(r)

Yo = areaes + breaea, (5.5.6)
where
20 10
Areqa = 1+ —(I’ —74), brea = —(I” —ry). (557)
. .

We will need for |Y| < 26,¢4,
Ared = I+ 0(6red)’ a:fed >0, bVEd = 0(6”€d)’ b:”ed >0

To get positive |Vsy1|? and |Vays|?, we need a good sign for Y0z, which comes from the
good sign of wo(ry). We first compute the deformation tensor Y0z and divergence of Yy

within the region {|Y| < 26,.4}:

Y0) 744 = 2g(DyYp, e4)

=—4Ya,, — 8areqwo + NL,

2
Iy

=3 +0(6red)’

(Y0) 733 = 2g(D3Yp, e3)

=4b,,+NL,

(Y0734 = g(D3Yo, es) +g(DaYo, €3)
=2a,,,—2Yb,,, +4breqwo + NL,
=2a,,;+ O0(6rca),

ryp = NL,

DivYy = %g“V(YO)ﬂW

=-a ,,+Yb ,, —2breqwo+ NL,

= _a;ed + O(dred),
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We also evaluate Yy(V;) and V; for i = 1,2 within the region {|Y| < 26,.4}, provided 0 <

6red << |Q|/M
2a, 3M 1202\  2b,.4Y 3M 1202
Yo(V1) = aed(1——+ g)— «d (1——+ g)+NL,
r r r r r
2 1102
=3 (__ + ) + O((Sred)
ry Iy r+
8a, 3M 302\ 8b,.4Y 3M 302
Yo(Va) = ““’(1——+ Q2)— d (1 g Q2)+NL
r r r r r
8 ( M 207
== (-— )+O(5red)
re\ T+ +
1 2M  60%\ 50?2
V1 = 3 1-—+ %) Q 0(6red)
r r r +
4 2M 302 202
VQ——Q 1——+%): Q +0(6red)
r r 2r 4

Given these preliminary computations, we can compute &Y0+27:0) [y 4] as follow:

EX+TO [y o]

1 1
QMY - " — YoVl +40%Q[wo] - " = 40°Yo (Vo) ol + Erre [y, o]
—Q[lﬁl] )74 + Q[lh] Wy + Q[%] 7T33——Y0(Vl)|¢1|2

+0%Q[Y2]33 " 144 + 207 QY2134 7134 + Q*Q[Y2]44T 733 — 40%Yo (Vo) o |® + Erre [Yr1, o]

M2_ 2 1
= (—2Q + 0(5red)) Vg |® + (561264 + 0(5red)) (101 + Valwi )
1 (M 110°
+ Qb’red|v4¢1|2 + (r_3 (r_ - g ) + 0(5red)) 215

2 MQ_QQ 2 2 1 ’ 2 2
80 | Y 00600 | 1Vt 4307 50y + 06,0 (WU + Valoa?)

+

8 (M 20?2
+40%b,,|Vaya|* + 402 (r—g( Q

+

: )+0((5red)) Wal? + Erre [y, 2]

M?2 _Q2 1 , 1 ’
- (—2 + 0(5red)) V| + §bred|V4¢1|2 + (iared + 0(5red)) V1 |?

l"+
M 110* Q2 9

ry ry 4

145



R-N nonlinear stability

o [VM?2 - Q2 2 2 2
+80% | ———5—— + O(6req) | Va2l + 40°b) ;| Vatha|* + 8Q° B red+0(5red) W]
AM  80% Q2
+8Q2 (r_4_ ,,QS +Q red+0(5red)) |lﬁ2| + Erre [, ¥o].

By Corollary 5.2.9 with (X,w) = (¥p,0) and 4 = %, we handle the coupling bulk term
NI 1 g

couple
Ngﬁﬁ:’o) (1, ¥2]
2 80%\\ /1 1
= (_QDIVYO -Y ( g )) (—(45% “Y2) + s (davrso - 901))
r2 2 2
2 4 2
s L4 Yol + 2w - [ Yol
4
+ %diV(l/’Q Yo(¥1) — ¢ 'Yo(llfz))
2
+D, ( g (( d5y1 - 2) + (dayrs - lﬁl))(YO + 2T)”) + Erre [, Y]
40? 3
( rQQ (ared ) + 0(5red)) (( d5y1 - 2) + (doyrs - <ﬁ1))
4 2
+ %diV(l/’Q Yo(¥1) =y 'Yo(lllz))
2
+D, ( (801 -wa) + (s ) (o 2T>~) +Brrclyn, vo),
where we have used the fact that DivYy = —a) , + Yb! , — 2b;eawo = —a,, + O(0rea),

Yo(r=2) = 2r;3 + O (6req) and

re bre Y 1+ 0(6re

[, 7o) = = 2red g PredX g yp = 1HOCGrd) )
r s
- br Y 1+0(o,

[dz,Y0]=—a “d o+ =" g+ NL = Mﬂ#NL
r ry

Now we use Poincaré inequalities on a given sphere in {|Y| < 26,¢4}, taking a’,, = 2—?

§ 3
/S Ly 24 22 (ared—r—)wwl-wg)

+
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4 2 3
2 / el 2+ ’“’|¢2w1|2 ’“’Klw 42 (a,ed——)wawl-wz)
N }" ry

+

a’ a’ 8Q4 3 2
> [ _red 2 4 MK 2 _ a - = 2

+red

2
/ red|Ww2| + Q (red_%)(d2w2'w1)

+

9 5 1 2, 402 3
> 0%a., |Wal? +20%a., | dotpo) +20°%a. ;| = 5 — K| lya]” + a,,,— — | (dotva - 1)
I’ r+ l"+

, 1 2Q2 , 3\
> / 20%a., .|Vl +20%d.,, (——K) Wal® - == (am,-—) 21
S ria ry

+red

Therefore, if we integrate &Yrea O [y, o] + Nc(j;;d[f) [Y1,¥2] — D#Bfed on a given sphere in

{IY] <€ 6yea}, in which kg =1 we see

/ EVrea Oy, o] + NoreaD [y, ra] = DB,

s
¥ 40°
/SS(Y°+2TO’O)[l//1,l//2] NC(ZSPZQZO O y1.ya] - Dy, (%(( A5y - ¥2) + (daty - l/’l))(Yo + 2T)”)

M2 = Q2 1, 1,
- 9 + 0(6red)) |V3¢1|2 + Ebred|v4d/1|2 + (ﬁared + 0(5red)) |Wl//1|2

-

ry

M 11Q°  5Q° § 3
(5= 5 St 0 |+ (% (010 = )+ 00610 (502

+

4
ry 2r+

5
ry
,/ 2
2 (—Q + 0(6red)
r+

2 5 ;
,,%JFQ red+0(5red)) 72 +(rQ (red_Z)+0(5red))(¢2lﬁ2'i//1)

+

+ 80 |Vayol® +40°D ;| Varo|* + 803 (—ared+0(5red)) Kir2|?

+

a4M
8Q (
r+
/M —_ N2 1
/S(r—2Q+0(5red)) |Vay|? + b' Va2 +(—a d+0(5red)) N |

2 2 red 4 re
a M 1102 502 202 ( 3\?
+| LRy — - = =y - —=—|d - =] +0(5 2
4 rﬁ ri 2rﬁ red ria;ed red ry ( d) |¢1|
5 M2 _ Q2 ,
+80 r—2+0(5red) |Vswal* + 40D, | Vawpa|* + 807 4 dlyyg + O (Orea) | W2l
+
a4 (1 aM  80* Q2 0? 3\
+ 802 rEd(——K)+———+—a' ———|d - —]| +0(6,, 2
Q ( 4 72 ril ’”i ’"il red r‘%a:’ed red ry ( d) |'702|

+ Erre[¥1, ¥2].
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20 10
Now taking a’ , = —, = —, we have on a given sphere in {|Y| < 6,¢4}
8 4eq = ry Ty

/S EWea Oy, o] + Nt O [y o] - D, BY,

M2 - 02 5 5
= ./S(—2Q + 0(5red)) |V3!//1|2 + r_lv4§01|2 + (I’_ + 0(5red)) |W’701|2

ry

5 M 100?

(—3+—4+ ¢ +0<ared))|w1|
I’_,_ l”+ I’+

M? - Q? 400

+80? (r—2 + 0(%0) Vol +

+

" Val? +80? ( +0<ared>) Nigal?

4M 307
+80° (—4 G 0(Grea) + O(e)) 2l

+ r+

+ Erre [, ¥2].

Now for Y,eq = kreqa(Yo + 2T) with the cut-off «,.4, we can compute in M that
1
EW Oy, o] = krea& "V [y, y2] + S QLT (Yo + 2T, direa) + 40 Q[r2] (Yo + 2T, direa).

So integrating &¥re:0) [y, o] + N rea0) [Y1,¥2] — D#Bfed on a given sphere in M(1y, 132),

couple

we deduce

Yyeq,0
/ EWeaO [y, o] + Nt O [y, o] - D, B,
M(71,72)

‘/ Q2
> / Ty |<6,eq (—|V Yl + —|V41ﬂ1|2 + —|7Vl//1|2 + —|lﬂ1|2
M(t1,72)

+ ry

M2 — 02 1 1 M

+ QQ]lmgared —— v3!//2|2 +—] V4¢2|2 + —|7V'l/’2|2 + —|¢2|2
2 4
ry F+ T+ ry

- 1 0?
+ 067 ) 16,,0<Y <2604 (|le|2 + r—2|l//1|2 + Q% Dy + r—2|!//2|2)
+

+

1 0>
+ O (0rea) L Y|<26,04 (|D¢1|2 + r—2|l//1|2 + Q% Dyro|? + r—gll//2|2)

+ +

+Erre[y, o] (11, 12).
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This finishes the proof of Proposition 5.5.1. O

Proposition 5.5.2. We have the following redshift estimate:

sup  Ev<s,.q (W1, ¥2](7) + Faly1, 2] (11, 2) + Mory<s,,, [W1, Y2 (11, T2)

T€[11,72]

< Ex<as,,, [0, W2](11) + 670 Mo geg W1, 2] (11, 72) + J [(¥1, N1), (Y2, N2)] (71, 72) (5.5.8)

+ Erre [y, ¥2] (11, T2).

Proof. Applying the divergence theorem for P — B8 = PFrea0 [y o] — Byeq, we deduce from

Proposition 5.2.7 that

/ (P—-B) Na+ / (P - B) - Ns + / gWreal) 4 NretD) _ D, B
A(71,72) Z(r2)

M(11,72)
= (p — B) . NZ _ / N(Yred,o)-
‘/Z(Tl) M(11,72) NLN

(5.5.9)
We have from Proposition 5.5.1, the spacetime integral is bounded from below as
Yyed,0 (Yrea,0)
/ 8( 40 + Ncoupdle - D:“'Bil:led
M(1,72)
M2 — Q2 5
> r—QMOYYsawd (W1, ¥2] (71, 72) + O(6,, )Mot geg [Y1, Y2l (11, T2) + O(6rea)Mor [, 2] (11, T2)
+
+ Erre [y, Y2l (11, 72).
(5.5.10)

It is important to note the presence of the term 0(6;e5d) in front of Morgee [Y1, ¥2] (71, 72) on
the right-hand side of (5.5.10). This term arises because, in the region M(71,72) N {Greq <

Y < 20req}, Morgeg[¥1,¥2] (71, 72) only controls a small multiple of the |V3yq| and |Vays|
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bulk terms. Specifically, we have

Mot geg [W1, ¥2] (11, T2) 2/ (lVRW1|2+Q2|VRl//2| )

M(r1,12) ¥
Y2
2 [ tserasans (TP @Vanl) G
M(t1,72) r
> ot

,ed/ 16,00<Y<26,0q (|V3lﬂ1|2 + Q2|V3¢2|2) :
M(71,72)

On the right-hand side of (5.5.11), a factor of 63€ ;4 1s sufficient for the sub-extremal case,
where Y2 ~ 633 4 However, the factor 6;13 4 also covers the extremal case, where Y2 ~ 6;16 d

We also have the control of inhomogeneous term

Nyrat?) < No - Yyea(2)
‘//;A(Tl,Tg) N1.N2 "

M(71,72) (5.5.12)

+0°

‘/ N1 - Yrea(¥1)
M(t11,12)

S J (W1, N1), (Y2, N2)] (71, 72).

Next, we address the boundary terms. Since d¢y < 5?6 4 < Oreqa, we note that along A, we

have k,.q = 1, which implies
Yiea =Y0+2T = (areqa+ Y)es+ (breg+1)es = (1+0(d))es + (1 +O(dy))es on A.
Hence, along A

(P = B) - Na = Q[Y1](Yyea. Na) +8Q°Q[ 2] (Yrea, Na)
20 (a0 )+ (a0 Vs M)
= —Q[wl] (Yo + 2T, es + (641 + O(€))e3) + 40°Q[ 2] (Yo + 2T, e4 + (64 + O(€))e3)
=20 (301 )+ (a0 ) (o + 2T, 4+ 6+ O
= 2QUUA] (5 + ex,00e3 + e0) + 0(670)(@Ivn Iss + QU s + QL)

+40%Q[y2] (e3 + eq, 6g1e3 + €4) + Q20 (530) (Q[¥2]33 + QW) aa + Q[Y2]34)
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2
.\ 4(1+0(6n))0 (( d5u1 - 2) + (datrs - lﬂl))

72

= (% + 0(57{)) (61 Q[y1]33 + Q[¥1]as) + 807 (% + 0(5%)) (01Q[Y2]33 + Q[Y2]44)

1 2 80?
. (5 +0<6m) (a[w1]34 +80%QMWslan + — (431 - o) + (o wl))).

Applying Lemma 5.3.2 on a given sphere S € A, we get

[@=8)-Naz [ F0n@Uusta+ QUunla) +20* (n@uzlas + Qlwals)

1(1 1 80*
1 (Pl + 102+ P+ 2.

which implies a lower bound on the flux through A

1
/ (P =8B) - Na 2 zFalyr,y2](11,72). (5.5.13)
A(r1,7) 8
We also have in {Y < 6,4}, where Ny = e3, and
Yiea = Yo +2T = (area + Y)ez + (brea +1)es = (1+ 0(6rea))es + (1+O(6rea))es for Y < 6ye4.
Hence, along 2(7) N {Y < ¢4}

(P - B) - Ny = Q[¢/1] (Yrea, Nx) + 80°Q[¢r2] (Yrea, Nx)
407
— r_Q(( dsy - ¥2) + (dotyo - lr//l))g(Yred’ Ny)
= Q[y1](e3 + eq, e3) + O(6rea) (Q[Y1]33 + Q[Y1]34)
+80%Q[y2](e3 + ea, €3) + Q%0 (5rea) (QP2]33 + Q[¥2]34)
2
+ 8L+ OSMZ))Q (( dsy1 - y2) + (doyra - lﬁl))

> (1+0(6rea)) (|Va1|* + 807 Vaual|?)

2
+ (1 +O0(6rea)) (Q[L//1]34 +80%Q[Y2]34 + 8%(( dsy1 - y2) + (ot - illl))) :
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Applying Lemma 5.3.2 on a given sphere S € Z(7) N {Y < 6,4}, We get
1 1(1 1 802
[@=5)Ns> [ S0Vl 802 TauaP) + 5 (S0 + 1002 + 510 + Sl
S Ky r r
which implies a lower bound on the flux through X(73)

1
/ (P =B) Nz 2 1 Exsg, g [Y1,¥21(r2), (5.5.14)
Z(72)

where the flux through X(12) N {6,eq < Y < 28,04} is non-negative, since k.4 is non-negative.

Moreover, it’s relatively easy to control the flux through Z(71) N {Y < 26,.4} from above

/ (P=8) N5 Evcas Il o). (5.5.15)
(1

Combining (5.5.9) with the above estimates , (5.5.10), (5.5.12), (5.5.13), (5.5.14) and (5.5.15),

we deduce

sup  Ev<s,. (W1, 2] (1) + Falyi1,¥2] (71, 72) + Mory<s,,, [W1, ¥2] (71, 72)

T€[11,72]

Sio1/m Ex<26,0[W1, 2] (11) + 8,2 Mot geg [W1, 2] (71, 72) + SreaMor [y1, 2] (11, 72)

+J [(Y1,N1), (Y2, N2)] (11, 72) + Erre[y1, ¥2] (11, T2).

Noticing that

Mor[y1, Y2l (11, T2) < Mory<s, ., [W1, ¥2] (1, T2) + Morgeg [Y1, 2] (11, T2),

we obtain for 0 < §,.¢ < 1

sup  Ev<s,q (W1, ¥2](7) + Faly1, ¥2] (11, 72) + Moryss, ., [¥1, ¥2] (11, T2)

T€[11,72]

< Ev<os,og (W1, ¥2](11) + 6,2 Mot geg [, Y21 (11, 72)
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+J [(Y1, N1), (Y2, N2)] (11, 12) + Erre[¥r1, 2] (1, 12).
This concludes the proof of Proposition 5.5.2. O

5.6 Proof of Energy-Morawetz estimate

Our goal is to combine the degenerate Energy estimate from Proposition 5.3.3, the degenerate
Morawetz estimate from Proposition 5.4.1, and the Redshift estimate from Proposition 5.5.2
to establish the Energy-Morawetz estimate (5.1.2) in Theorem 5.1.1. Furthermore, we will
employ the multiplier (X,w, M) = (r—°T,0,0) to strengthen the control of Vs and Vo
in the far region, thereby enabling us to manage the error terms. This includes the Morr-
estimate (5.1.3) in Theorem 5.1.1.

For the reader’s convenience, we restate Theorem 5.1.1 below:

Theorem 5.6.1 (Theroem 5.1.1 restated). The following Energy-Morawetz estimate holds:

EMF [y, ¥2](T1,72) S101/M.6916rea E[W1,W2](11) + €Bs;100r, [Y1, ¥2] (11, T2)

+J [(¥1,N1), (Y2, N2)] (11, 12).

(5.6.1)

We also have the following control of V31 and Vsyra:

/ 1 (13 + Q%1 V)
M;>100r4 (T1,72)

S640.6req Erz50r, (W1, W2l (1) + Morsor, <r<100r, [W1, ¥2] (71, 72) + Bs:100r, [¥1, ¥2] (71, 2)

+J [(¥1, N1), (Y2, No)| (11, 72).
(5.6.2)

5.6.1 Combined estimates

Combining the Morawetz estimate, the energy estimate, and the redshift estimate, we obtain

the following proposition.
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Proposition 5.6.2. We have the following estimate:

EMF {1, 2] (71, 72) (5.6.3)

<101/ M,550.6r0a EW1, 2] (11) +J [(Y1, N1), (Y2, N2)] (11, 72) + Exre [y, 2] (11, 72).

Proof. We have from the degenerate Morawetz estimate (5.4.2)

Morgeg [1, 2] (11, T2) Sjoym SUp Edeg[‘//lal/’Q](T)""/ﬂ( )(|V4l//1|2+Q2|V4l//2|2)

T€[11,72]

+ 0y Faly, w2l (71, 12) + Fx [Y1,¥2] (11, 72)

+J [(Y1,N1), (Y2, N2)] (11, 72) + Erre [y, ¥2] (11, T2).

We also have from the degenerate Energy estimate (5.3.5)

sup Edeg[lpl’wZ](T)‘*"/ﬂ( )(|V4¢1|2+Q2|V4lﬂ2|2)+F2*[¢1,$2](T1,72)

T€[11,72]

S E[1,¢2](t1) + 0 sup  Evcr, (146, (W1, 2] (T) + S Fnl, ¥2] (11, T2)

T€[11,72]

+J [(Y1, N1), (Y2, N2)] (11, 12) + Erre[r1, ¥2] (11, 12).
Combining the above estimates, we obtain

EMgeg (1, ¥2] (71, 12) + Fx [Y1,¥2] (11, 72)

Sioym EY1,¥2](11) + 691 sup Ercr (1465 [¥1, Y21 (T) + S Faly1. Y2l (11, 72)  (5.6.4)

T€[11,72]

+J [(Y1,N1), (Y2, N2)] (11, 72) + Erre [y, o] (11, T2).
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Next, we recall from the Redshift estimate (5.5.8)

sup  Ev<s, . [¥1, 2] (1) + Faly1, 2] (71, 12) + Mory<s, ., [W1, Y2l (71, 72)

T€[11,72]

Siolm Ex<2s,eq 1,021 (11) + 6,0 Moraeg [Y1, W2 (11, 72) (5.6.5)

+J [(¥1, N1), (Y2, No)] (11, T2) + Erre[¢r1, 2] (11, T2).

Using (5.6.5) to control the g SUPre(r, o] Er<r, (1454 [¥1, ¥2] (1) term in the right-hand side

of (5.6.4), we obtain

EMeg[W1,¥2] (71, 72) + Fx [¥1, 2] (11, T2)

Siom EWW1, w2l (1) + 840 sup  Ex<s,on[W1, 2] () + 89468,2, Mot geg [Yr1, 2] (71, 72)

T€[11,72]

+J [(Y1, N1), (Y2, N2)] (11, 12) + Erre [yr1, ¥2] (71, 2).
Thus, we infer from 64y < 6;56 g < 1 that

EMgeg 1, ¥2] (71, 12) + Fx [Y1,¥2] (11, T2)

Sioym E[1, ¥2](t1) + 04 sup  Ev<s, . [¥1, ¥2](7) (5.6.6)

T€[11,72]

+J [(¥1, N1), (Y2, N2)] (11, 72) + Erre [y, Y2] (11, 12).

Now use (5.6.6) to control 6;§’dMordeg [¥1,¥2](71, T2)-term in the right-hand side of (5.6.5),

we deduce from 6¢y < 55’6 g < 1 that

sup  Ev<s, . (W1, 2] (1) + Falyi, ¥2] (71, 12) + Mory<s,,, [W1, Y2l (71, 72)

T€[11,72]

<|ol/M 5r_e5d(E[¢1’¢’2](7'1) +J [(¥1, N1), (Y2, No)] (11, 72) + Effe[¢1,¢’2](7’1,T2))-
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Hence, we obtain

EMF [y, ¥2](11,72)
$101/M.641.6rea EMFY<6,.4 (W1, 2] (71, 72) + EMaeg[W1,¥2](11, 72) + Fx, [1, 2] (71, 72)

S101/M6p.6,ea EW 1, W2](11) +J [(Y1, N1), (2, N2)] (71, 72) + Erre [1, ¥2] (11, 72).

This concludes the proof of Proposition 5.6.2. O

5.6.2 FError terms

Proposition 5.6.3. We have the following estimate:

Erre [Y1, Y2l (71, 72) S64.6,00 EEM Y1, 2] (11, T2) + 6/ prio (|V3lﬁ1|2 + Q2|V3lﬁ2|2)

M;>100r, (T1,72)

+ €Bs:100r, [W1, ¥2] (11, T2).

Proof. We recall from (5.2.53)

|y |2
3

Err, = O(
,

|

2
) (1wl o 19wl e+ 2E

) (r‘5|V3¢1|2 + 70| Vayn |* + W | +

ru 1+64ec

€

+Q20(

ru 1+04ec

Thus, we have

T2 €
/ Bies [ S Elwal(dr s e sip Elnusl(0).
Mtrap(Tl,TZ) T «

T Te[11,72]

We also have

J.

Erre < 6/ rI0 Vg |2 + e 0 Vg |2+ e R )2 4 3 g |
(11,72) M’ %(71,7'2)

tra/

+02 (1170 Vgl 4 71 gl 7 Wal? + 7 Sol?)
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S640.6rea EMoOT Y1, 2] (71, T2) + 6/ prio (|V3!//1|2 + Q2|V3¢’2|2)

M;>100r (T1,72)

+ €Bs.100r, [Y1, ¥2] (11, T2).

Here, we have used Mor[i1,¥2] (71, T2) to control the terms |V |2, |[Fal|?, |w1|?, and |[wo|?,
while 1?5;100,+ [¥1, 2] (11, T2) provides control over |Vp1|? and |Vaya|?. Consequently, we

obtain

Erre(11,72) S64.6,00 EEM Y1, ¥2] (11, T2) +€/

M;>100r4 (T1,72)

roio (|V3!//1|2 + Q2|V3¢2|2)

+ €Bs.100r, (W1, ¥a] (11, T2).

This concludes the proof of Proposition 5.6.3. O

Remark 10. Since Mor[¥q, ¥2] (11, 72) does not provide sufficient control over Vsy; and
Vu;, additional multipliers are required. In the next subsection, we control Vsy; using r°T
as a multiplier, while V4 ;—or equivalently, 35;100r+ [Y1,¥2] (11, T9)—is controlled via the
rP-estimate, employing rPe4 as a multiplier.

5.6.3 Estimates for Vs and Vsyo

Lemma 5.6.4. Let f_s be a function that satisfies f_s = 779 in r > 100r, and is supported

in r > 50r, with R > r, a fixed constant. Then, we have for r > 100r,
5T.0 - sT.0 3
/M(T . EVT Oy ] + N0y ol + Ny o8O Ty, o] - DHBLT
1,12

5 SY? -
. / =270 (194 + 802V ?) + S (Vapn P + 80 Vaol?)
M;>100r, (T1,72)

— Morsor, <r<100r, [¥1, ¥2] (11, 72) = J [(¥1, N1), (Y2, N2)] (11, 72) — Errero50r, [¥1, ¥2] (11, T2).
(5.6.7)
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where 8/-5T is given by

_ 2
BT = %(( dsy1 - y2) + (day - %))f—(sT- (5.6.8)

Proof. We have from Proposition 5.2.7 and Lemma 5.2.2

U0 1, g] = 2QUAT -V £ ST (V)P +40°Q1s] - VD = 402 £ 5T (V)
= QU1 TaDp 5+ O ez ) (Vs + Vawa + (R P 472y )
+80°QU1" T Dp -5+ 020 (o) (IVawa P + [Vavrs P+ (W + 2y )
= -5Q(es Dles(f0) - 3@ (e5. s ()
—40%Q(es, T) [y2)es(f-5) — 40°Qly2] (€3, Tea(f-5)
+0 () (DAl + Q2w + 1240 P+ 0% 2 )
= s (1941 + 807 Vaal? = Y2 - 80V ¥y

€ _ _
+0 (m) (|Dl//1|2+Q2|Dl//2|2 +r 72y ? + Q%r 2|lﬂ1|2)-

Hence, we have in r > 100r,

. o __
EFT [y, ) = =277 (Va2 + 8| Vawal? = Y* Vag | - 802 Y2 Vo ?)
+ ]lr250r+0 ( <

1+ 1+6dec

) (IDu 2+ Q2D + 12y + 0% 21y ).

N(f—(sTvo)

couple

[Y1,¥2], we can rewrite out the coupled term NU=6T0) Y1, 2]

For the coupled term oo
couple

by Lemma 5.2.9 with 2 = 1:

8Q* 402\ (1 1
Nt i) = (<25 Divrar) = 17 (%)) (53000 + 5o u)

102 402
+ %llfz [ 5, f-sT]y + %l/’l Lo, f~sT g2

4 2
+ %div(lﬁz “f-sVry — Y 'f—éVTlﬁz)

158



R-N nonlinear stability

2
+D, (%((45% “Y2) + (dotpa - lﬁl))f—(sT”)

= D#B;{%ST + Erre;r250r+ (1, 2]

For the inhomogeneous term le,{ ’X,Z’O) [V1,¥2], we can directly control it by J-norms

) / R (2R | B / |- sVrYlINL+Q -6 VrwalNa| S J [(¥1. N1). (2. N2)] (11, 72).
M(11,72) M(71,72)

Combining these two, we deduce

_sT,0 _sT,0 _sT
/M o BTl N W] + N ] - DV B
71,72

EV-2T0 [y o]

//\/((Tl,rz)m{sor+3rs 100r,}
2

5 . oYs __
+/ U ! 6(|V4¢’1|2+8Q2|V4¢2|2) T ! 6(|V3¢1|2+8Q2|V3'//2|2)
Mrz100r, (T1,72)

- Erre;r250r+ [9[’1’ '702] (Tl’ T2)

5 sY? -
. / =271 (194 + 802V ?) + S (1Vapn P + 80 Vaol?)
M;>100r, (T1,72)

— Morsor, <r<100r, [¥1, ¥2] (11, 72) = J [(Y1, N1), (Y2, N2)] (11, T2) — Erreos0r, [¥1, ¥2] (11, T2).
This finishes the proof of Lemma 5.6.4. O

Proposition 5.6.5. We have the following conditional Vsi; and V3o estimate:

Y2
/ —or7170 (|V3$1|2+Q2|V3$2|2)
M

r>100r4 (T1,72) 4

S Erss0r, [¥1, 2] (11) + Morsor, <r<100r, [¥1, 2] (71, 72) + Bs;100r, [¥1, 2] (11, 72) (5.6.9)

+J [(Y1,N1), (Y2, N2)] (11, 72) + Erre,»s0r, [1, Y2 (11, T2).

Proof. Applying the divergence theorem for P — 8 = PU-T-0 [y, yg] — BT, we deduce
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from Proposition 5.2.7 that

(Yrea,0) (Yrea,0) (Yrea,0) 4
./z - 72)(7) - B) - Ns_+ /Z(TQ)(SD - 8B) - Ny +/ EWrea +Ncoupdle + Ny 5% - DB,

M(11,72)
=/ (P -3B) - Ns.
Z(11)

(5.6.10)

The spacetime integral is bounded from below from Proposition 5.6.4. So we only need to
address the boundary terms.

Moreover, we have

(P~ B) e = f5QIU11(T. ex) +80° f-sQY (T, e4) - 4r—Q22(( A5 - 02) + (dors - ) g (f-oT 1)
= 2 Fo(@Quilyr] +50°Quilya)
s (@t s 80%Qtvata + 22 ((dhun va) + (tave 0.
(P~ B) - e3 = fsQu1](T. e3) + 80 f5Q[w2] (T e3) - 4r—Q22(( A5 - w2) + (dors - ) g (f-oT €3)
= S Fo(@ssl1] +80°Qsslv])

1 2 80%
+ 5/ (Q[%I/1]34 +30°Q[Y2]34 + r—2((¢'21ﬂ1 o) + (days - l/’l))) :

Now applying Lemma 5.3.2 to handle the cross terms upon spherical integration, we know

/ (P—B)~Nz*+/ (P - B)- Ny 20, (5.6.11)
Z.(11,72) 2(72)

and also we can easily bound the flux through X(7) from above

/2( )(7) - 8B) - Nx| < Erss0r, [¥1,¥2] (11). (5.6.12)
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Combining Lemma 5.6.4 with above estimates (5.6.10), (5.6.11) and (5.6.12), we deduce

YQ
/ Tor 10 (1Vaun [ + Q1 Vwa )
M

r>100r4 (T1,72) 4

< Erssor, [W1,¥2] (11) + / poio (|V4l//1|2 + Q2|V4'ﬁ2|2)

M;>100r4 (T1,72)

+ Morsor, <r<100r, [¥1, 2] (11, T2) + J [(Y1, N1), (Y2, N2)] (11, T2) + Erre [y, Y2l (71, T2)
S Erss0r, [Y1, ¥2](11) + Morsor, <r<100r, [¥1. Y21 (71, 72) + Bs;100r, [¥1, W21 (11, 72)

+J [(¥1,N1), (Y2, N2)] (11, 72) + Erteyosor, [1, ¥2] (11, T2).
This concludes the proof of Proposition 5.6.5. O]

5.6.4 Proof of Theorem 5.1.1

Proof. We have from Proposition 5.6.2

EMF Y1, 92](T1,72) S101/M.650.6rea E W1, W2l (T1)+Erre[W1, 2] (71, T2)+] [(Y1, N1), (Y2, N2)] (71, 72).
(5.6.13)

In particular, we control the Mor[¢1, 2] (71, 72). Combining with Proposition 5.6.5, we infer

Y2
/ Tor0 (19301 ? + Q1 V50l
M;>100r, (T1,72)
SI01/M 531.6e0 E[W1,¥2](11) + Bs:100r, [¥1, ¥2] (71, 2) (5.6.14)
+J [(Y1,N1), (W2, N2)] (11, T2) + Errero50r, [¥1, ¥2] (11, T2),
which implies
/ pio (|V3lﬁ1|2 + Q2|V31ﬁ2|2)
M;>100r, (T1,72)
(5.6.15)

S101/M.69080ea ETW1,W21(11) + Bs.100r, [¥1, Y2 (11, 72)

+J [(Y1, N1), (Y2, N2)] (11, 72) + Erre,»s0r, [Y1, Y2l (11, T2).
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We also have the control of from Erre [y, ¥2] (11, T9) Proposition 5.6.3

Erre[Y1, Yol (71, 72) S640.6,0a EEM Y1, 2] (11, T2) + 6/ prio (|V31ﬁ1|2 + Q2|V3$2|2)

M, >100r4 (T1,72)
+ €Bs:100r, [W1, ¥2] (11, T2).

(5.6.16)

=

Hence, we can use (5.6.15) to control the Vsy; and Vo terms in the right-hand side of

(5.6.16), and obtain for € small enough

Erre [y, ¥2] (71, 72) S6406,00 €EEM [W1,¥2] (11, T2)+€Bs:100r, (W1, Y2l (71, T2)+eJ [(Y1, N1), (Y2, N2)] (11, 72).
(5.6.17)
Thus, we use (5.6.17) to control the Erre-term in the right-hand side of (5.6.13), and infer

for € small enough

EMPF [y, ¥2](T1,T2) S101/M6p06rea E W1, W21 (11)+T [(Y1, N1), (Y2, N2)] (11, 2)+€Bs;100r, [¥1, ¥2] (11, T2),
(5.6.18)

which implies (5.1.2). We also have from Proposition 5.6.5, (5.6.16) and (5.6.18)

//;AerOOH(Tl,TQ) (|V31ﬂ1|2 * Q2|V3'/’2|2)

101/ M.631.8vea Erz50r, [¥1, 2] (11) + Morsor, <r<100r, [¥1, W21 (71, 72) + Bs.100r, [¥1, 2] (11, T2)
+J [(Y1, N1), (Y2, N2)] (71, 72) + Erre;rzs0r, [Y1, Y2] (11, 72)

S101/M.530.6rea Erzs0r, [¥1, W2l (11) + Morsor, < <100, [1, ¥2] (71, 2) + Bs;100r, [¥1, 2] (71, 72)

+J [(Y1,N1), (2, N2)] (11, 72) + 6/ roio (|V3<//1|2 + Q2|V3¢2|2) .

M;>100r4 (T1,72)

For € small enough, we deduce (5.1.3). This concludes the proof of Theorem 5.1.1. O
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Chapter 6: The weighted r? type estimates for the model

Regge-Wheeler system

The goal of this chapter is to prove Theorem 6.3.1, concerning the r”-estimate, and Theo-
rem 6.2.1, concerning the improved r”-estimate, for the solution (y¥1,¥2) € $1 X $2 to the

model Regge-Wheeler system:

. 8 2 1
Lhyn —Viyr = %dzlﬂz +Ni, Vi= —trxtoy + 5 F)p2,

. 1
Uoo — Voo = ) d5y1 + Noyy, Vo = —trytry + 2 (Fp2,

The main idea is to localize the r” e -multiplier in the far region, while the transition /cut-off
region is handled using the Energy-Morawetz estimate established in Chapter 5. These r?-
type estimates will provide the essential r”-hierarchy needed to demonstrate the pointwise

decay of p and qf in Chapter 8. The structure of the chapter is as follows:

e In Section 6.1, we perform r”-weighted estimates in the spirit of Dafermos-Rodnianski
[8] for . In particular, we provide the proof of Theorem 6.1.1 in the case s = 0 (i.e.,

without commuting the equation of ¢ with derivatives).

e In Section 6.2, we apply the method of |2] to derive slightly stronger weighted estimates
and prove Theorem 6.2.1 in the case s = 0 (i.e., without commuting the equation of l\ﬂ/

with derivatives).

e In Section 6.3, we state Theorem 6.3.1, which controls the higher-order derivatives of
Y1 and Yo for s < kgnan + (kioss — 3). We also state Theorem 6.2.1, which controls the

higher-order derivatives of 1;1 and l\ﬂ/g for s < kgnair + (kjoss —4). These theorems are
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proved by commuting the model Regge-Wheeler system for 1 and 9 with derivatives,
as well as commuting the system for :,;1 and JZQ with derivatives. For simplicity, we

omit the detailed proofs.

6.1 Basic rP-estimate for the model Regge-Wheeler type estimate

The goal of this section is to show the following s = 0 case of Theorem 6.1.1.

Theorem 6.1.1 (r”-weighted estimates, s = 0 case). Let (¥1,¥2) € 51 X 82 be a solution to
(5.1.1). Consider a fixed § > 0 and let R > %Jr, € < 62. The following estimates hold true

foralld < p <2-9,

EprlU1,¥2](12) + Bpr[Y1, Y2l (11, 72) + Fp [Y1, ¥2] (11, T2) (6.1.1)

S Epy,¥2](m1) +J, [(Y1, N1), (Y2, N2)] (11, T2).

Remark 11. Note that Theorem 5.1.1 on Morawetz estimates and Theorem 6.1.1 on r?-

weighted estimates immediately yield for all 6 < p <2 -9,

sup  Ep[@1,¥2](1) + By [y, ¥2] (11, 12) + Fp [¥1, 2] (11, T2)
relmml (6.1.2)

S Eply, ol (m1) +Jp [(Y1, N1), (W2, N2)] (71, 12),

which corresponds to Theorem 6.3.1 in the case s = 0.

Theorem 6.1.1 will be proved in section 6.1.5. We will need in this section stronger
assumptions in the region r > rp+ 25" away from trapping, than those in (5.2.11)—(5.2.13)
of the previous section. For convenience, we express our conditions with respect to the

weights !,

Wp’q(u, r) = r—P(l + T)—q—ddu.+250.

IThe assumptions are consistent with the M1-adapted global frame introduced in Proposition 2.2.3. In
particular, 6y > 0 is chosen such that §4.c — 269 > 0. This property of d4ec — 20¢ is the only requirement
needed to derive the rP-weighted estimates.
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RPO. The assumptions (5.2.11)—(5.2.13) made in the previous chapter hold true.

RP1. The Ricci coefficients verity, for r > %rp

§$)?9)Z’779Qa§$g| $ EWLI,

2
try + —‘ < €Ewla,
- r

2Y .
‘tr/\/ — _‘ < emln{w1,1, W2,1/2}a
r

M Q? .
o+ 55 + 5|, 1l s eminfws, 1, wa 1)
r r

RP2. The derivatives of r verify, for r > %rp,

les(r) + 1| < ewoy,

les(r) = Y| s emin{wo1, w11/2},

oM 20°?

esea(r) + —5 ——35 6463(’”)‘ S ewl.
RP3. Forr > %rp,
‘ . oM 207 -
— | Sewsa
P rd ’
n. @
‘( o - =5| < ewan,
.
1 -2
K- —| S er
r

6.1.1 Renormalized frame in the far region

(6.1.3)

(6.1.4)

(6.1.5)

Since the estimates we are establishing are restricted to the far region r > R, it is convenient

in this section to work with the renormalized frame.

’ ’ -1 ’
e3 = Yes, e, =Y ey, e, =ey.
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’

») we have,

Relative to the new frame (eé, ey, e

£=Y7% =% '=¢ =1 X=Y'x, x=Yx

1 1
W =Y"! (a) + 564(10g Y)) =Y! (a) + §Y_1Y'e4(r))

M QO M Q?

="' (_—2 - Q—3 + O (er (1 + |u)200) 4 YN (5 + %)(Y + O (er™" (1 + |u]) 71 /270ec)
r r r r

= 0(er™),

W'=Y (g - %es(log Y)) =Y (g - %Y‘lY’es(r))
=Y (g = %Y‘lY’(—l +0(e(1+ |u|)—1—5dec))

2

M
=<+ —Q3 +O(er (1 + |u|)~10dec).
r r

Thus in this new frame we have, for r > R,

rp.

[SCI

RP1’. The Ricci coefficients with respect to the null frame (e}, €/, e;,) verify, for r >

o~ o~ 0
|§/’X/’/X/,nlaﬂ/’ 4/ s |Q, - I"_2 - }"_3| S ewl,l’

X r2 : (6.1.7)
try — _’ < emin{wi,1, wa1/2},
r

||, 1€'] $ emin{wa1, w3 1/2}.

RP2’. The derivatives of r verity,

|e§(r) + Y| < €Ewo.1,

e/ (r) = 1] < ewr 1, (6.1.8)

/ M 20°

2
eqel(r), epes(r) + =t r_3‘ < ewr.
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RP3’. The Gauss curvature K of § and p, (Fp verify,

2M 207 -
o M
2
)mp _ Q_2 < er?, (6.1.9)
r
1 -2
)K ) Ser .
6.1.2 Weighted Norms
Definition 6.1.2. We define the following weighted norms.
e The weighted energy norm is defined as
Ep[y1,92](7) : = E[Y1,¥2](7) + Epiro [Y1, Y21 (1), (6.1.10)
where E[y1, 2] (11, 12) is defined in (5.2.41),
Epr[Y1,02](7) - = Epr[y1](7) + Q°Ep g [¥2] (7), (6.1.11)
and
[ r(Fwnl ) forpsi-s
. Z>r(7)
Ep;R['ybl](T) L= (6112)
[ (B e R) o ps1-s,
Z>r(7)
/ rf’(|§4¢2|2 + r‘2|¢/2|2) for p<1-56,
. Z>r(7)
Ep;R [lﬁg] (T) L= (6.1.13)
/ rp(|§4w2|2+r_p_l_5|w2|2) for p>1-6.

2>r(T)
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Here the first-order operator 64 is Vy,, where €&y is given by

&) = r Y ey (). (6.1.14)

e For 0 < p < 2, the weighted bulk norm is defined as

By [y, ¥2] (11, 72) == Morr [y, Y2l (11, 72) + Bpig, Y1, Y21 (71, T2), (6.1.15)

where Morr [y, 2] (71, 72) is defined in (5.2.44),

By r[W1, 02l (11, 72) : = Bpr[W1] (11, 72) + QB g [W2] (71, 72), (6.1.16)

and

Bp.r[¥1](11,72) 1=/

7 (pIVan P+ 2 = IR+ % ?), (6.1.17)
Mg (11,72)

Byegla] (11.72) = /

Pt (plﬁuﬁzl2 +(2 - p)|Fual® + r‘2|¢2|2) . (6.1.18)
Mz r(71,72)

e The weighted flux norm is defined as
Fply1,92) (11, 72) = F Y1, 2] (11, 72) + F Y1, ¥2] (71, 72), (6.1.19)
where F[y1, 2] (71, 72) is defined in (5.2.47),
Fy [y, ol (11, 12) = Fy [y (11, 1) + Q°F [Y2] (11, 72), (6.1.20)
and

FE ) = [

2, (11,72)

(1942 + 1R + 72 ), (6.1.21)
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F,? [W2](11,12) : =/ Fp(|V4%02|2 + Mo |? +r_2|1,//2|2). (6.1.22)

PN (Tl aTQ)

e The weighted inhomogeneous norm is defined as

Jp [(W1, N1), (W2, N2)] (11, 72) © = J, [, N1] (71, T2) + O*J, [, No] (11, 72),  (6.1.23)

where

T1

T2 2
Jpl¥1, Ni](11,12) 1 = (/ dT||N1||L2((n-ap>2(T))) +/ rIOIN, 2 (6.1.24)
M (11,72)
tra%
+Jpr[Y1, N1] (11, T2), (6.1.25)

1

T2 2
Jp[lﬁzaNz](Tl,Tz)i=(/ dT||N2||L2((rrap>z(T))) +/ r'*|Na*  (6.1.26)
M (T1.72)
tra%
+Jp r[Y2, Na] (11, 72), (6.1.27)

where J, g is a weighted inhomogeneous norm in far region {r > R} N M(71, 12)

: (6.1.28)

Jp (W1, N1](11,72) 1 = ‘/ rPV a1 Ny
M

>Rr(T1,72)

. (6.1.29)

Jp.r[W2, N2](11,12) : = ‘/M rPV 2Ny

>r(11,72)

Remark 12. We point out the following equivalent expression of the bulk quantity B, [¢] (1, T2)?

Bp[wl,lﬂz](rl,rz):/ 2Mp_1[¢1,w2](7')d7' (6.1.30)

where,

Mp_1[¥1,¥2](7)

2This equivalence follows from the coarea formula and the fact that the lapse of the r-foliation is controlled
uniformly from above and below.
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2 M?2
Ve +r 2P+ (1- ) (an2 + r—2|v3wi|2)

S%rp(T)
c [ (VWP e pIEn PR [
Z>ir (1) 2>ér (1)
=3P =3P
_ rp\2 M?
+0° |Vral? +r 2|lﬁ2|2+(1——) (|W¢2|2+—2|V3lﬂ2|2)
X4, (1) r r
_3"P
+0? AT T e P Rl A
ZZ%VP(T) EZ%rP(T)

We will use this equivalence to apply the mean value theorem argument for the r”-hierarchy

in Chapter 8.

Remark 13. To control the weighted quantities (6.1.10), it will be convenient to introduce

in ()M (r > %rp) the following renormalized frame
ey = Y ley, eh=Yes, e, =e,.
In particular, this yields
Vay = r e (ry). (6.1.31)

Note also that we have the following alternate form

Vay = el +r g + @lp

where e/ (r) — 1= Y les(r) — 1 =O(er™Y) in view of our assumption on .

6.1.3 Vector field X = f(r)ey

Let %) denote
k

TIED Wty

i=0
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Lemma 6.1.3. Consider the vector field X = f(r)ey.

(1) We have the decomposition,

2 -
(X)T[pv = ;fguv + (X)ﬂ',uv,

with symmetric tensor 7 which verifies

(X)= Af

my3 =-2f"+ -t O(e)ywy 1| f V]

X33 = 4f'Y = 4fY + O(e)wy 1| f V]

X Taa = 0()wa sl f] (6.1.32)

D745 = O(e)wa 12l f]

X734 = 0(e)wralf]

(2) We have,
2 M Q2
D(—f) f”+0( +Q—5+ew3 1) Fasi® (6.1.33)
r
Proof. See Lemma D.14 in [27]. O

6.1.4 Energy densities for X = f(r)ey

The linear rP-estimate of the Regge-Wheeler equation in the Schwarzschild spacetime has
been previously established in [5], while the nonlinear rP-estimate appears in [27] and [0].
For the Reissner-Nordstrom case, the linear rP-estimate of the Regge-Wheeler system has
been developed in [13]. In this work concerning the nonlinear Regge-Wheeler system, we will
closely follow [13], providing a detailed proof of the r-estimate for the reader’s convenience.
A key distinction between [13] and [27] lies in the coupling terms introduced in the Reissner-
Nordstrom setting, which could potentially complicate the analysis. However, a crucial
observation is that the coupling terms appearing in the bulk integrals are, in fact, negligible

in sufficiently distant regions, allowing for a treatment similar to the Schwarzschild case.
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Energy bulk for X = f(r)ey

Lemma 6.1.4. Let (¥1,¥2) € 51 X $9 solve (5.1.1) and let &; = r~tey(r-) as in (6.1.31). For

2f 2f’
multipliers (X,w, M) = (fe4, —f, / 64), we have
roor

1 .,x 1(2
EXT I [y, o] = S Vayn P+ 5 (Tf - f') (Pl + Vil )
+40° 1" Vol + 40 (? - f’) (7ol + Valyal?) (6.1.34)

M 2
+Err (e, -, Q—2; ) [V1,¥2],
r r

where the error terms are given by

M 2
Err (6,—,Q—2;f) [l
r r

M 2 M 2
=05+ L) 1 Olean? +0 %+ &+ ewsa | 17 i
- r r r (6.1.35)

+ 0 wial FOU(IVal? + [Fuil? + r~2un?)
+ (w1 o 1( 1Tl (ITawsl + 7 [Fuel) + Rl + 721w l?),

and

2

M Q? M Q? M
Err (E’ ) Q_Q’ f) [171’17 lr//2] = Err (6? ) Q_27 f) ['7[’1] + QQErr (67 ) Q_27 f) [‘ﬂ?]- (6136)
ror ror ror
Proof. From Proposition 5.2.7, we know

EX WM [y, o]
1

1 1
=5Qlyal- P + (—§X(V1) ~ 1

1 1
Dgw) | + §W£1[W1] + ZD# (|W1|2Mu)

+40%Q[ya] - ©r+ Q2 (—4X (Vo) — 20,w) |wr2|? + 40w La[w2] + Q*D* (|¢2|2M#) .

(6.1.37)
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From Lemma 5.2.3, we can directly compute

M 2
Q- V7 = (f +0 (— + ) |f<1>|) leavil? + ( -f'+ —f) (il + Viluil?)
+0(wial VN (IVagil? + IRl + 721y ) (6.1.38)
+ 0(€)W2,1/2|f|(|V3l//i|(|V4l/’i| +r 7 Ril) + (Rl + ”_2|l//i|2),

as well as
QUi OrswLilyil = Lu@lui + Qi - V7 + L Ly
u L (- siwd i) s @ V7 L) (6139

_of
Qlyi] - O = ==Viluil*
Now in view of (6.1.33), we have

“X(V}) - —D w=—Ffes(Vi) — —D (ZFf)
2

1 M
= —fV/ - f”+0( + Q—5 +EW31) & (6.1.40)
r

r r 5

2 1 M Q?
:—fV——f 0( +Q—+6W31)|f()|
Therefore, combining (6.1.38), (6.1.39) and (6.1.40), we have for i = 1,2

Qlyi]- ®r+ (—X(v» - 1Dgw) il2 + wLi[wi]

: (6.1.41)
2 1 M 02 o
= f[Vapil? + (—f’ + —f) (IPwal? + Viluil?) = = £ if? + Exx (e, ne f) [v:].
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Now we compute the one-form M part

D¥M, = D" (2f’e4) _pr (2f’xﬂ)
u

r rf
fftr(X)ﬂ+X( f,)

r rf
:£(264f—4fw+2ftr)()+2fe4 (%)
/ 2 17 ’
= ff (2e (r)f +— f (%3+g—4+6w2’1))+2f(f rf - ];;2f+rf)) 4(r)
4 ) 2 7" 2f 2 ! 2 M 2
:r—];+ (rff) +2f7_r_];_(rLf)+0(r4+g5 +€W31) T
’ ” 2
SEETCOPTILON SO T
(6.1.42)
as well as
%Wi -DuyiM* = 17! fy; - Dagi. (6.1.43)
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Hence, combining (6.1.37), (6.1.41), (6.1.42) and (6.1.43), we deduce

EX WM [y, o]

1
= SF1Vay [+ ( f +—f) (F61 2 + Vil 2) = 5" ?

L(2f 2" Mo
+1(r]; f )W 24+l D41//1+Err(e r,QQ;f)[l/q]

4 2
+40% f'|Varo|* + 402 (—f' + Tf) (|Wt//2|2 + V2|¢’2|2) - gf”ll/’2|2

’ 7 2
+20? (2f 2 )lw 24802 f'yry - Dapo + Q°Enx (e —,Q—,f)[ y
= 5]"(|V4l//1|2 +2r My - Dy +F_2|lﬁ1|2) + % (—f'+ E) (Wlﬁll2 +V1|lﬂ1|2)
r

2
+ 4Q2f'(|V4%02|2 +2r M - Dy + 7”_2|$2|2) +4Q7? (—f' + Tf) (Wllle2 + V2|l//2|2)

M 2
+ Err (6, — %;f) (Y1, yo]

= 5 (a7 = ea o) 5 =+ 2L (1R 4 il )
407 ([Vagol? +171 (1 = ea ()W) + 40° (—f’ + ﬁ) (IRwl? + ValusP?)
2
+En (e, 4 %;f) [, ).
r r

(6.1.44)

Hence, we get (6.1.34) from the control of e4(r) — 1 from (6.1.8). This finishes the proof of
Lemma 6.1.4. O

Coupling bulk for X = f(r)ey

2
Lemma 6.1.5. Let (¢1,¥2) € s1 X 9 solve (5.1.1). For multipliers (X, w) = (fe4, —f), we
r

have a lower bound for the coupling bulk term upon spherical integration

(1)
/S c((it;avz)ew Yol - D#B;(ZO(@'LZ |)/S(|$1|2+Q2|$2|2), (6.1.45)
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where 8% is given by

BX 4Q2(

(501 - 2) + (dara - ¢1)) (6.1.46)
Proof. By Corollary 5.2.9 with (X,w) = (fe4, ?) and A = %,
A 0 80%\ 80% /1
couple["[’ lﬁQ] (__D vX - X( r2 )+ r2 )( (42‘/’1 '7[’2)"' (deQ lrlll))
2
2 x4 2L Lo X0
29 gie{a - X — v - X))
2
D, (2 ((0n 0+ (o)

2
—2(ﬁ—f)((d5¢1'¢2)+(¢f2¢2'¢1))

2
+ %diV(!ﬁQ - X(Y1) =¥ 'X(lﬁz))
2
+Dy (4%(( d3y1 - 2) + (days - lﬂl))X”) .
(6.1.47)

Now, integrating over a given sphere S to eliminate the spherical divergence term and ap-

plying the Poincaré inequalities from Proposition 2.5.7, we deduce that

W 40% (3 "
/Nc((itpl)e[wl’wz] -Dgy :/S ,,Q (—f f)(dzlﬂl Yo+ oo - Y1) + Erre [y, Y2

—0('Qllri(l)')/S(Iw1|2+Q2lw2|2).

(6.1.48)

This concludes the proof of Lemma 6.1.5. ]
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Flux identities for X = f(r)e4

Lemma 6.1.6. Let (1,¥2) € 51 X 2 solve (5.1.1). For the current P — B = pEXwM) _ gX

2f 2f”
where (X, w, M) = (fe4, —f, A €4) and BX is given in (6.1.46), we have
r’or

(P = B) - e5 = fQI1 T30 + =1 2es(r Flun ) + 80 FQIwo] 34 + 40 e (r flual?)

2
e 30 (s )+ (o - u) (6.1.49)
+0 (% + 8—42 + r%) Irf’l (|¢/1|2 + Q2|¢2|2) :
and
(P -8B)-es=f|Vay1 + %1!’1 " %"_264(”f|¢/1|2) +80°f |Vayra + %51’2 " 40%r %y (r flyral”)

+0 () 1 (1l +Q%waP?).
(6.1.50)

Proof. From Definition 5.2.6 and (6.1.46), we know

(P - 8B),
_ v ) TN PP S
= QY1) fey + rlﬂl Dy 2|¢1| Ou(r—f)+ 2r|¢1| (ea)y
2 y 2 f N2l 128 (-1 40%f" o
+80°Q[Y2] v fey +80 r#’/z'Dylh 4072l 0u(r f)+—r [¥2]”(eq)

2
- %((45% “Y2) + (dayro 'lﬁl))(fez;)u-

So we can compute directly

1 1
(P =8) - es=fQUlaa+ 1 Vayr - 564(7_1f)|lﬁ1|2
2
+80%fQ[walaa + %flﬁz - Vaa — 40%es(r 2l

1 1
=f |V4¢1|2+;¢1'V4lﬁ1 —564(7_1f)|lﬂ1|2
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1 1
+8Q%f (|V4¢//2|2 + ;lﬁz : V4l/’2) - §€4(r_lf)|902|2
2

2
1
=f — 40 ea(rflgal?)

1
Vo + ;lﬁz

1
=5 Cea(rflyal?) + 807 f

1
V4lﬁ1+;lﬁ1

€ 2 21, (2
+0(5) 1 (1l + 0%waP?)
where we have used e4(r) — 1 = O(er™!) from (6.1.8).% Also,

(P —B)-es3

1 1 /
= fQ[Y1]34 + ;fllfl - V3yg — 563(7_1f)|¢’1|2 - 7|l//1|2
o f

8 2
+80%fQ[yr2]34 + %f% - Vs — 4Q%e3(r™" f)lwal* - 80 7|l//2|2

2
+ égr%f((d’ﬁlﬁl “Y2) + (dotpa - l/’l))

1 4
= fQ[Y1]34 + Er_zes(rfllhlz) +r Y |y | - 7|lﬁ1|2 = (e3(r) + Dy
2f

+ 807 fQ[Wal34 +40%r 2es(r flwal®) + 802 £/ Y |yo|* - 8Q 7|z//2|2 —8Q%r 1 f'(es(r) + Y)|yal|?

2
+ %f((d’ﬁlﬁl “Y2) + (dayo - 1,//1))

1
= fQ[Y1]34 + Er‘2e3(rf|¢1|2) +80° QY234 +40%r 2es(r flwr2]?)
8 2
+ %f((ﬁ% o) + (daya - lﬁl))
,
M 2
+0 (—3 T %) 1 (Il + QM)
as desired, where we have used e3(r) + Y = O(e) from (6.1.8). We conclude the proof of

Lemma 6.1.6. O

Lemma 6.1.7. On X, let (e, e2, Ns,,vs,) be an orthonormal frame of T M, where vy, is

3Note that so far we have only used the weaker version e4(r) — 1 = O(€). This is the first time we need
the stronger version of the estimate in this chapter.
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tangential to Z., then we have

1 80?
(P -B) Ne.=5f (Q[¢1]34 +80°Q[y2]34 + r%(( d5y1 - a) + (daypa - lﬁl)))
1 = - 1
+3 (flexlﬁll2 + 8Q2f|V41ﬂ2|2) + 5 divs, (r_1f|lﬁ1|2V2*) +40Q°divs, (r_1f|lﬁ2|2Vz*)
M 2
+0 (7 + % + 6) LS ONAVay P + Ry + r 2y )

M 2
+Q%0 (7 + % + e) IF PNVl + [Fpa]? + 772 |wa]?).

(6.1.51)

Proof. Since X, is given by the level set u +r = ¢, for some constant c,, its unit normal Ny,

satisfies

Ny, « —2gc’ﬂc9(,(u +r)0g =es(u+r)es+ez(u+rey

= eq(r)es + (e3(u) + e3(r))es.
Computing its norm square, we obtain
glea(r)es + (e3(u) + e3(r))eq, ea(r)es + (e3(u) + e3(r))es) = —4des(r)(es(u) + e3(r)),

which leads to the normalization

v e Ves(w) + e3(r)
3 es + éey.

e e - 2yean)

Therefore, applying this to ( — B) - Ny, we deduce

Vea(r) e3(u) +e3(r)
2+/es3(u) +e3(r) QW

(P—-B)- Ny, = (P-B)- e3+ (P - B) - ey. (6.1.52)
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Since from (6.1.8)

eq(r)=1+0(e), e3(r)==Y+0(e), e3(u)=2+0(e),

we know the coeflicients are

vea(r) 1

= 1+0 ,
24/es(u) +e3(r) 2V2 - Y( +0(e))
ves(u) +ez(r) _ \/22— Y(l +0(e)).

2+/eq(r)

By Lemma 6.1.6, we have

- 1 -
(P—B)-eq=f|Vayr|* - Er_2€4(rf|lﬁ1|2) +80% f|Vaya|® — 40%r ey (r flal?)

+0 (;) FUVaur P +r72 0 ? + Q2| Vayal? + Q%r 2 |yal?),

and

(P-8)-e3=fQIY1]34 + %F_2€3(’”f|l//1|2) + 807 fQ[Y2]34 + 40%r2es(r flyr2]?)
802 .
+ —Qf((dzlh “Y2) + (daya - llfl))
»

M 2
(r—g + % + r%) Ir /11 + Q2wal?).
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Substituting these into our earlier expression (6.1.52), we obtain

(P - B) - Nx,

2\/1— ( [¥1]34 + 80 Q[¢2]34+8—((d2lﬁ1 W2) + (oo - lh)))

+ 2\/% (lr_ es(rflyal?) + 4Q2r_2€3(rf|lﬂ2|2))
+ 2 (f|V4l/’1|2 — =1 2e4(rflvn)?) + 8Q%f IV ara|? - 2r_2€4(rf|¢’2|2))

+

(% L Tl 420+ QP Tl + Q7 + 0P )
= 1f (Q[wl]34 +80°Q[y2]34 + S—QZ((CBM “2) + (daa - lﬁl)))

+ 5 (PR 4802 FIFawl) + 57w, (r ) + 40 v, flol?)
+(%+Q—+e) FONVayr P + [0 + 772l P + Q2 Vaal* + Q| Fpal” + Qr 2 |yal?),

(6.1.53)

where vy, denotes the unit vector field that is tangent to X, and normal to e4. That is, vs,

is given by

Vey(r) _ ves(u) +e3(r) e

= es
2+/es(u) + e3(r) 24/eq(r)

Furthermore, since (vy , €1, e2) is an orthonormal frame of X, we have

divy, (vs,) = g(Dyy, vs..vs,) +g*Pg(De,vs.. e5)

V€4(l’) AB Ve3(u)+e3(r) AB

= g"’g(Dyes, ep) —

Djey,
24/es3(u) +e3(r) 24/eq(r) 8(Daes, ex)
veu(r) ves(u) +e3(r) ey

= try —
24/es(u) +e3(r) — 24/eq(r)
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In particular, we have for i =1, 2

divs, (F_1f|lﬂi|2vz*)
= vy, (rflil?) + vs, (2 il + divs, (vs, ) flyl?
22 0)
Veu(r) . 2e3(r)\ Ves(u)+es(r) 2e4(r)\ | 1 P
ry — - try = ——1 | Sl

24/es3(u) + e3(r) r 24/eq(r)

= "_2VZ* (I’fll//l|2) + (diVZ*(VE*) -

= F_QVE* (I”fll//l|2) + (
and hence
r s (rfluil?) = divs, (77 fluilPvs. ) + O(er ) fluil? (6.1.54)

Combining (6.1.53) and (6.1.54), we finally obtain

(P -8B) - Ns,
1 802
=5/ (Q[%]?A +80°Q[Y2]34 + %(( d5u1 - Y2) + (daya - lﬁl)))
1 -~ -~ 1
+3 (f|V4lﬁ1|2 + 8Q2f|V4lﬁ2|2) + §din* (r_lfllﬁllzvz*) +40%divy, (r_lfllﬁzlzvz*)

M 2
+ (7 ¥ % * f) FONVagr |? + 1Ry |? + 772w P + Q| Vaal® + Q| Fgal + Q% 2 |yal?),

(6.1.55)
which concludes the proof of the Lemma 6.1.7. n
6.1.5 Proof of Theorem 6.1.1
To prove Theorem 6.1.1 (s = 0 case), we consider the function f, = f, r defined by,
re, if r>R,
fo= (6.1.56)
0, if r<g,
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where R is a fixed, sufficiently large constant which will be chosen in the proof. We also

consider

2f, 21,
= —p, Mp = 71)64.

Xp = fpe4’ Wp r

We apply divergence theorem to the current P—8 = PXpwp-Mp) _BXp in the region M(11, ),

where 8% is given by (6.1.46),

/ (P—B)-Nz+/ (?—B)-NZ*+/ DM(P_B)IJ:/ (P—-9B)- Ny
%(72) 2, (11,72) M(71,72) 2(11)

Denoting the boundary terms,

BerRm,Tz)::/ (P—B)-e4+/ (P—B)'NZ*—/ P =B)- e,
Zsr(T2) 2. (11,72) Zsr(T1)

(6.1.57)

Bdr<g(71,12) : =/

(P -8) 'Nz—/ (P -8B):Ns, (6.1.58)
Zcr(T1)

2<r(12)

we can write by using Proposition 5.2.7 for (¥1,¥2) € $1 X $9 solving (5.1.1),

Bdrs(ri. )+ [ (£ M) [y, o] + N [, 2] ~ DB,

Msr(71,72) couple
X,, Xp
= Bdr<g(r1,12) - /M _ (S(XP’WP’MP)[!/ILW] +Nc(0u’;x”)[¢/1,¢/2] - D"Bﬂ’) (6.1.59)
<R(T1,72

Xp>
o M el
M(71,72)

We first reduce to {r > R} region, which is to handle the shaded region in Figure 6.1.
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2 (11, T2)

A(T11,12)

2(11)

Figure 6.1: The shaded region is M(7y,m2) N {% <r <R}

Lemma 6.1.8. Let (1,%2) € 81 X 89 solve (5.1.1). Fix § > 0, for p > §, we have

Bdrsg (11, 72) + /M o (S(XP’WP’MP) [W1. 2] + N [ 2] = Dﬂzsz")
< RP+2(E[¢1,¢2](71) +Jp [(W1, N1), (Y2, N2)] (11, 72) + O(€) B}, ., [9”1"p2](71’72))'

(6.1.60)

Proof. The spacetime and boundary terms restricted in the region {r < R} on the right-hand

side of (6.1.59) can be easily estimated as follows

< RPE[y1,¥2](11),

/ (P - B) Ny
Y<r(T1)

/ (P —B)- Ny
ZSR(TZ)

/ (8500 [y o) + N [, 2] — DF 8,7 )
Mcpg(11,72) P

< RPE[Y1,¥2](12),

< RP*Mor [y, ¥2] (11, T2).

Hence, by (6.1.59), we deduce

couple N1,N2

Belrs p(r1, 72) + /

(S(XP’WP’MP) +N(Xp,Wp) _DpBXp) +/ N(Xp,Wp)
u
Msr(T1,72) M(71,72)

< Rp+2(E (Y1, ¥2](11) + E[y1, 2] (12) + Mor[y1, 2] (11, TQ))'
(6.1.61)
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In view of the Energy-Morawetz estimate (5.1.2) in Theorem 5.1.1, we know for fixed § > 0,

EMPF[y1,¢2](11.72) Sjoym.s E[W1, 2l (11) +€Bs100r, (11, 72) +Js [(¥1, N1), (Y2, N2)] (11, T2).
(6.1.62)
Combining (6.1.61) and (6.1.62), we deduce

(Xpwp) X (Xpwp)
Bdrsg (1, 72) + / (8<Xv’vaMv> + NP - DHB ) + / Ny, w?
y Mzr(11,72) coupte . M(71,72) NN
< RP+Z(E[¢1,¢2](7'1) + €Bs.100r, (71, 72) + J5 [ (Y1, N1), (Y2, N (T1,T2))-
(6.1.63)
Now the inhomogeneous term is given by
W J f
Nt [y, 93] = Ny - (fpwl + 220 | +8Q°Na ([ Vatha + 202 (6.1.64)
In the view of definition (6.1.23) for J, [(¥1,N1), (Y2, N2)] (71, 72), (6.1.64) implies
‘ / Ny T ]| s Ty [ N, (b2, No)] (71, 72). (6.1.65)
M(71,72)
Therefore, we deduce from (6.1.62) and (6.1.65) that for any p > 6,
Bdrs g (11, 72) + / (8Xrto) o N — DR
Mor(T1.72) (6.1.66)
< Rp+2(E (Y1, W] (11) + 635,100r+(7’1, T9) + Jp [(¥1, N1), (W2, N2)] (71, 7'2))-
This finishes the proof of Lemma (6.1.8). O

Next, we give a lower bound for spacetime integral restricted to the region {r > R}.

Lemma 6.1.9. Let (¢1,¥2) € $1 X $9 solve (5.1.1). Given a fixed § > 0 we have for all
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(5§p§2—6andR>>%+,e<<62,

/ (S(Xp,wp,Mp) +N(Xp’Wp) _ D,uBl)fp)
Msg(71,72)

couple
1 _ = -
>3 [ (bl 2= p) (R R P))
Mg (71,72) (6.1.67)
+20? P (pIVaal? + (2= p) (el + 121w l?)
Msg(71,72)

— O(e)Morr 1, Y2](11, 72).

Proof. We make use of Lemma 6.1.4 according to which, in Msg (71, 72),

S N
1, - 1(2 ~ 2
= §f,§|V4l//1|2 +35 (% - f,ﬁ) (|W’1| +V1|lﬂ1|2) +40° | Vapa|® + 407 (% - f,;) (Wl//2| + V2|lﬂ2|2)
M 2
+ Err (6,—,Q—2;fp) (Y1, ¥2]
r r

. 2 —
+80%77 [§|V4w2|2 + ==L (Iwel? +v2|w2|2>]

- 2 —
_ o1 [gwwz + LR P+ Vil ) 5
M 2
+ Err (e, o %; fp) (1, ¥2]
2 _
L (1w )? +r‘2"”2'2)}

2 —

1P p — 1P
> rP 1[§|V4l,//1|2+ 5 (IR1]? + 72y ?) | +80%rP 1[§|V4¢’2|2+ 5

2
+ Err (E, g, %7 fp) [wl’ wZ]
(6.1.68)

where, by (6.1.35) and (6.1.36), the error terms are controlled as

M 2

Err (6, - %;fp) (Y1, ¥2]

Q? -1 (1% 210 12 4 N2(% 2~ 12
7 (Wagl + 172 2 + Q2 V] + Q% Jul?)

M
SO(—+—2+€
r r

+0()r" (12 1Vayn |2+ Ry |2 + Q%2 Vs + Q2T
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Thus, integrating (6.1.68), we see

MR (11,72)

e 2 - §
> [ ot [§|V4w1|2+ (R + 7 2|¢f1|2>]
Mr(71,72)
+80? rP [}—)l%%lz +
Msr(11,72) 2

2
_O(M Q

92—
T (Fyl? +r-2|w2|2>]

—+

R —2)/ rP7! [|64l//1|2+”_2|l//1|2+Q2|§4¢//2|+Q2”_2|l//2|2]
R Msg(11,72)

- 0(e) P (Fagn P+ R 2+ 2 2 + 024wl + 2Rl + 0% 21y ?)

Msr(71,72)

- 0(e) 73 (193 P + Q| Vapal?)
Mg (71,72)

.
For6 <p<2-6,R> g and € < ¢ we can absorb all error terms except the last term

involving VY1 and Vs, i.e.

w 1 - V -
[ ety > [ (plFunl 2 p) (Rl )
Mspr(11.72) Mz g(11,72)

+20° pIVapal® + 2 = p)(IFpal® + 21l

rP 1(
MxRr(71,72)
-0(e) 78 (Vs P + QW)
Mz r(11,72)

Additionally, from the definition in (5.2.44) of Morr[¢1, 2] (11, 72), it follows that for all

0 < p<2-9, we have

/ rP=3 (|V3¢1|2+Q2|V3W2|2)

Msr(11,72)

< [ (Rl e Q)
Msr(71,72)

< Morr [y, ¥2] (11, 72).
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Hence, forall § < p <2-¢6 and R > %,e<<6,

1 _ ~ _
/ EXpwpMp) > 1/ rP 1(P|V41ﬂ1|2 + (2= p)(IWy)? +r 2|¢’1|2))
MsRg(711,72) Msg(11,72)

+20? pIVagal? + 2 = p)(Fyal? + 2yl

rP 1(
Msgr(71,72)

— O(e)Morr [, ¥2] (71, T2).

(6.1.69)
From Lemma 6.1.5, we know the coupled bulk term is bounded below as
/ NP [y ) = DFB,” 2 0 (|Q|) /r”‘3 (lwll2 + Q2|w2|2) : (6.1.70)
S N

Thus, (6.1.67) follows by combining (6.1.69) and (6.1.70). Since R < %, the coupled bulk
term is negligible in the far region M,s>g(71,72). This completes the proof of Lemma 6.1.9.

]

Combining Lemma 6.1.8 and Lemma 6.1.9, we get

Corollary 6.1.10. Let (y1,%2) € s1 X 9 solve (5.1.1). Given a fixed § > 0 we have for all

(5§p32—6andR>>%+,e<<62,

Bdrsg(t1,72) + Bpr[¥1, 2] (11, 72) S Rp+2(E[¢1,¢’2](Tl) +Jp [(Y1, N1), (2, N2)| (71, 72)

+0(€)Bs.100r, (Y1, 2] (11, Tz))-

(6.1.71)

Finally, we address the boundary terms Bg(711, 72). A detailed illustration that can assist

the following proof is provided in Figure 6.2.
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S« (TQ)

2 (11, T2)

Alr1.72) S(n)

Figure 6.2: The shaded region is M(71, 1) N {r > R}.

Note: The four corners correspond to spheres formed by the intersection of the boundaries

of the shaded region.

Lemma 6.1.11. Let (1,¥2) € 51X 53 solve (5.1.1). Given a fixed § > 0 we have for R > %,

€ < 0, a lower bound for Bdrsg (71, 72)

Bdrsg(71, 12)

v <z 1.
= (/ _/ )rp(|V4!//1|2 + 8Q2|V4¢/2|2) + —F> [y, 2] (11, 72)
Z>r(72) Zs>r(11)

127
1 -
1Ty B E R
Sr(t2)  JSr(11)

+0(e) ( / + / )r"-l(wmﬁ 20 P + 2V + 0% 2lual).
Ysr(12) 2>r(11)

(6.1.72)

Proof. We first recall the definition (6.1.57) of Bdrsg

Bdrsg(71, 72) =/ (P—B)-e4+/ (P-B)-Ns, —/ (P —B)- ey, (6.1.73)
Z>r(12) Z.(11,72) 2>r(71)
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where P — B8 = PEp-wp-Mp) _ Xp»  Then, we invoke from Lemma 6.1.6 and Lemma 6.1.7 that

~ 1 ~
(P = B) - ea = fplVaynl* = 5r2ea(rfolyn|?) +8Q° £, IVapol” = 40°r Peu(r fyll)
(6.1.74)

0 (;) Lo (IVayt | + 72 |? + Q2 Vayal* + Q%r 2 ya?),
and

(P-8) Ns. =3, (a[w1]34 +50%Quslan + 5L (30 -0 + (b m)))
% (prWll2 +802f,|Vays] ) + %din* (r_lprllQVz*) +40%divy, (V_lfp|¢2|2Vz*)
+0 (M o, e) A0 2+ By 12 + 72 )

+0% (% L2 +e) 1T a21? + (R 2 + 72 ).

(6.1.75)

Substituting (6.1.74) and (6.1.75) into (6.1.73), we deduce

Bdrsg (71, 72)
o 1 o
= /z ( )fp|V4l//1|2 - §r_2€4(rfp|$1|2) +80%f,|Vayal® — 40%r 2eq(r £, |02l
2 8Q2 *
+ /z _ §fp Q[y1]34 +807°Q[2]34 + —2(( doyn - y2) + (doy - l//1)))
+/ 3 (fp|V4lﬂ1|2+8Q fo|Vawol )+ =divy, ( _1fp|¢1|2Vz*) +4Q2din*(r_1fp|¢2|2Vz*)
2 (11,72)
- /2 folVay|? - §r_294(rfp|¢1|2) +80% | Vapol® — 40%r e (r f, 021
r

s -
+/2( )0(—+%+€)”p(|V4¢1|2+|W/1|2+”_2|¢1|2+Q2|V4lﬁ2|2+Q2|W¢2|2+Q2’”_2|<//2|2)

+0(e) ( / + / )rp-l(wwn? 22 + Q2 Vaual? + Q% 2.
Ysr(12) Ysr(11)
(6.1.76)

By applying integration by parts to Xsg(7), where the boundary is given by dZsz(7) =
S.(7) U Sg(7) with S.(7) = . N Z(7) and Sg(7) = Z(7) N {r = R} (as illustrated in Figure
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6.2), we obtain the following for i = 1, 2:

/ 2eq(rfluil?) = / ( / 2es(rf, il >) L
T2 (1) >R \Js, a(r
_ 1 -1 12) -2 -2 12
_./rzR 84(r)€4(£rr fpl%l ) LzR(T) (84(1” )+Kr )”fpl'ﬁzl
_ / P yl? / P yf? / (K—Qe‘*—(”)r—lfpw
S« (1) Sr(T) 2r(7) r

_ / P yl? / P2+ 0(e) P31y 2.
S (1) Sr(7) 2r(7)

(6.1.77)

and

/ divz*(r_lfp|wi|2vz*):/ rP—1|l//,-|2—/ Py (6.1.78)
2. (11,72) S.(12) S.(11)

Summing up (6.1.77) and (6.1.78), the spherical boundary terms on S.(7) cancel, which
implies
1 _ _
/ —57 Zea(rfplunl?) —40°r2ea(r folw2l?)
2>r(72)
-1 2 27 -1 2
o [ i (T P + 4Q%divs, (7 el
s,

(T1T2)2
1
/ —§r 2. (r fylunl?) = 40 2es (1 f 0 l?)

1/ . .
= —5( ),,p Yl +8Q%w2l?) + O(e) rP73 (g +8Q%|wal?)
T2) SR(Tz) 2>r(12)
1 _
5( )rp Ly |? + 802 |y21?)
S*(TQ) S*(Tl)
1 _ _
5( )rp Yy ]? +8Q%|wol?) + O(e) P73 (g |? + 802 |w2|?)
S*(Tl) SR(Tl) 2>r(11)
1 _
-5/ Jrtnees@uapyso@( [ v [ )l o)
SR(T2) SR(T1) Z>Rr(12) Z>r(11)

(6.1.79)
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Combining (6.1.76) and (6.1.79), we deduce

Bdrsg(71, 12)

= (/ —/ )fp |64¢1|2+8Q2|64¢2|2)
Zsr(12) 2sr(11)

+./z( )§fp (|V4¢1|2+8Q2|V4$2| +Q[Y1]34 +80 Q[¢2]34+—((d*$1 W2) + (oo - lﬁl)))

1V I Ay
Sr(r2)  JSr(11)

2
+./z( )0(—+Q—+6)rp(|V4lﬂ1|2+|W¢1|2+r—2|¢1|2+Q2|V4$2|2+Q2|7Vlﬁ2|2+Q2r—2|¢2l2)

r

+0(e) (/ +/ )Vp_1(|V4¢1|2+”_2|¢1|2+Q2|V4¢2|2+Q2r_2|$2|2)-
Ysr(12) Y>r(11)

(6.1.80)

Now we use Lemma 5.3.2 to handle the Z,(711,12) integral that involves cross terms upon

spherical integrals

1 ~ ~ 8 2
‘/z( )§fp (|V4!ﬂ1|2+8Q2|V4lﬁ2|2+Q[¢1]34+8Q2Q[$2]34+%((4’5% 'l//2)+(d2¢2'lﬁ1)))

8 2
/2( >§fp(lv4m|2+8Q2|v4w2|2 —|W1|2+4Q2|W2|2 |w1|2+%"”2'2)

16 1607

/2( )ifp (|V4W1|2+8Q2|V4$2|2+—|¢ ? + Q + lﬁl Vg + o !ﬂz-V4¢2)
o [ (gl 02wt

2, (11,72)

2 31 ?

/Z(TlTQ)pr(3V4l//1| + 2|ll/1|2+ §V4lﬁ1+ 5;1111 )
+ 8Q2 \v 2 2 8 V

2*(7172)2f —|Vays| +—|¢2| +80? a2 + t//z

1
+/ pr( |W1|2+4Q2|W2|2)
Z.(11,72)
1 -2
2/2( o (6(|V4¢1|2+8Q2|V4¢1|2)+§(|W’1|2+8Q2|W’1|2)+rT(|¢/1|2+8Q2|¢1|2) _

(6.1.81)
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Therefore, in light of the definition (6.1.20) of FE* [Y1,¥2] (11, 12), for sufficiently small € < &

and for large enough R > %Jr, the X, (11, T2)-error term in the right-hand side of (6.1.80) can

be absorbed by(6.1.81), yielding

1 > ~ 8 2
/ . (|v4w1|2 #8020l + QU laa + 80* QU231 + o (5w - v2) + (o m)))

M 2
+/2( )0 (7+%+6) r?(IV gy | + [P |2 + 2|y | + Q% Vawal* + Q2 Fal? + Q%r 2 [ys|?)
1 s 52

Z _
12 2, (11,72)

(1942 4 (R 2 + 77200 2+ Q2 Va2 + Q%R0 + Q% yl?)

1.
= —F2 [y1, 2] (11, T2).

C120r
(6.1.82)
Combining (6.1.80) and (6.1.82), we know
Bdryg (71, 12)
- ~ 1 .
> (/ —/ )r”(IV4zp1|2+8Q2|V4¢/2|2)+EFE*[;01,¢2](71,72)
2>r(12) Zyr(11)
1 (6.1.83)
+§(/ —/ )rp—1(|l//1|2+8Q2|l//2|2)
Sr(12) Sr(11)
+0(e) ( [+ )rp-l(wmﬁ S22 + Q2 (Vag? + Q% 2l?).
Zor(12) 2>r(71)
This finishes the proof of Lemma 6.1.11. n

The estimate (6.1.72) lacks of the control of |¢1]? and |¥2|? on Zsg(12), so we need

another lemma for the lower bound of Bdrsg(71, m2).

Lemma 6.1.12. Let (¥1,¥2) € $1 X 2 solve (5.1.1). Given a fixed 6 > 0, we have for
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R > %r, € < 0, a lower bound for Bdrsg (71, 72)

Bdrsg (71, 12)

>/ o1 Dk P2 (Jy|? + 8Q% w2 )+—FZ (Y1, ¥2] (71, 72)
B Z>R(72) 4 12 b , ,

- / rp(|64¢1|2 + 8Q2|64!,//2|2) (6.1.84)
Z>r(71)

17—p p 1 -
+( 2 / +§/ ‘5/ )”p Ly ? + 802wl
S, (12) Sr(2) Sr(11)

+ 0 (€) (/ +/ )rp‘1(|V41//1|2+r‘2|1//1|2+Q2|V4;02|2+Q2r_2|1//2|2).
Y>r(12) Y>r(71)

Proof. The proof is similar to the one of Lemma 6.1.11. Besides (6.1.74), we need another

way of expressing (P — B) - e4 for controlling |12, [W2]? on X(19).

(P =B) - ea+ Er2es (P ) + 4pQPr e |yl

plp+1) ,

e (1)l

_ 1 _ _
=PIV > +rP gy - Vg - 564(?” Dy l? + pre ™y - Vay +
+8Q%rP |Vara|® + 80%rP g - Vg — 40%e4 (rP 1) |yr2)?
+802prP My - Vs + Ap(p + 1) QP 2ey(r) W2

2 1 P2+
=r’ IV "+ (p+ Dr’ gy - Vay +

1 _
ea(r)r’ 2y |’

+80%rP |Vya|* +80%(p + 1)rP Mo - Vayro + 4(p2 + 1)Q%es(r)rP 2|y l?

1 —1)2 +1
=P V4w1+”2+r m‘ +(p ) 2] + (eal(r) = 1)rP 2|y |?
+80%r" ||Vato +—w‘ —)|wz|2 +4(p* + 1)Q?(eq(r) — )rP2|po?
> 2010 =D (0124 802al) — 0P (1 2 + 80 Wal?).

(6.1.85)

Now substituting (6.1.85) for Zsg(te)-term, (6.1.74) for Xsg(11)-term, and (6.1.75) for
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¥, (11, T2)-term into (6.1.73), we deduce

Bdrxg (71, 72)
= [ D g 50 - B (s (P + 50710l
s r(12)
10

+ / _fp ( [W1]34 + 802 Q[¥2]34 + —2(( d3y1 - W2) + (days - lﬂl)))

% (r1,m) 2 r

1

[ (AP s ITwaP) ¢ seivs, (Al P, ) + 407w (7 b P

L. (11,72) 2 2

1 -
- /E ( )f,,lwn? =57 ealrfplunl?) + 80 f, | Vawal* = 407 Peu(r fylal’)
: o

+ -/z _ o (— + % + 6) rP(IVayn | + [y |? + 72y P + Q% Vayal* + Q%R l? + Q°r 2|y

r

+0(e) ( / + / )rf’-l(wwn? 20 + Q2 Vol + 0% 2lual?).
Ysr(12) 2>r(11)

(6.1.86)

Taking an appropriate combination of (6.1.77) and (6.1.78), the spherical boundary term on

S« (1) cancels, which implies

[ Brefrriu+s0%0P)
Z>r(12)

+/ §d1V2 r- fp|1ﬁ1|2vz ) +40%divs, (F fp|lﬁ2|2Vz)
%, (11,72)

/z - ——r Zes(rfolwil?) — 40%r 2eq(r £, lwr2]?)

:_g( / )rp Ly )2 + 802 |y )+0(e)/ rP73 (1 |* + 807wl ?)
S.(12) Sr(72) Z>p(12)
1
+§(/ )rp g 2 + 802y )
S.(r2)  JS.(r0)
1
+5 (/ ‘/ )r”‘%lwlﬁ +802(yl?) +0(e) P (g + 8Q% o)
2 S.(11) Sgr(11) 2>r(11)

(L AL S ) st
(12) Sr(12) Sr(11)

+0(e) (/ +/ )rp'3(|w1|2 +80(ysl?).
2>r(12) Y>r(11)
(6.1.87)
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Combining (6.1.82) for the X,(71,72) integral that involves cross terms, (6.1.87) for the
divergence terms and (6.1.86), we deduce for sufficiently small € < ¢ and for large enough

R>>r—+
o

Bdrsg(71, 12)

2./2 ( )(p 4 2 P2 (yal? + 80 ol ) + S Fy [y, 2] (11, 72)

12p

—/ r"(l%ﬁllQ + 8Q2|§4¢/2|2) (6.1.88)
2>r(71)

1_—p p 1 -
+( 2 / "‘5/ _5/ )rp Ylya? +80%w2l?)
S.(12) Sr(t2) Sr(t1)

+0(e) ( / + / )rp-l(wmﬁ 20 P + 2V o + 0% 2lal).
Ysr(12) 2sr(11)

This finishes the proof of Lemma 6.1.12. n
Now we are ready to finish the proof of Theorem 6.1.1.

Proof of Theorem 6.1.1. We separate the proof into two steps.
Step 1. We begin by considering the case where § < p < 1-6. From Lemma 6.1.12, the

estimate (6.1.84) yields:

Bdrsg(71, 12)
62

> — P2 (g1 + 802 |y )+
4 Zs>r(12) 12 p

- / rp(|§4¢1|2 + 8Q2|64¢/2|2) (6.1.89)
Zxr(11)

> [y, ¥a] (11, 72)

+ 0 (€) (/ +/ )rp—1(|V4l//1|2+r_2|l//1|2+Q2|V4¢2|2+Q2’”_2|¢/2|2)
Y>r(T2) Y>r(71)

s 1 [\,
5[ 5[ )ik,
Sr(12) Sr(T1)

Combining (6.1.89) with (6.1.72) in Lemma 6.1.11 and the fact that € < 6 by assumption,
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we infer in view of the definition (6.1.11) of E, g[¥1,¥2](7) for 6 < p <1-9,

Ep Y1, 92](12) + Fy [y, ¢2] (11, 72) < Bdrsg(t1,72) + Ep r[Y1, 921 (11)

(6.1.90)
+/S( 450 ol

Now, by combining Corollary 6.1.10 and (6.1.90), we deduce for 6 < p <1 -1,

Ep [y, 92](12) + Fy [y, 92l (11, 72) + Bp g [Y1, 2] (11, T2)

< Epalindalm)+ [ (14 5Q%10P)

Sr(71)
+ R (E[y1,w2] (1) + I, [(W1, N1), (Y2, N2)] (11, 72) + O(€) B 100, [¥1, ¥2] (11, 72)) -

(6.1.91)

In view of the control of 35;100,+ provided by Theorem 5.1.1, the term BP,R[lﬁl,lﬁz](Tl,Tg)
on the left-hand side of (6.1.91) can absorb the 35;100r+—term on the right-hand side. Conse-

quently, we obtain

Ep gy, ¢2)(12) + By [, 9] (71, 72) + Bp r (W1, 2] (11, 72)

(6.1.92)
< Rp+2(Ep[l/’1,l//2](Tl) +Jp [W1, N1), (Y2, N2)] (Tl’m))’

where we have also employed a trace theorem argument to bound the Sg(7;) term on the
right-hand side of (6.1.91) by the weighted energy E,[¥1,¥2](71). This establishes the
desired estimate for the case 6 < p < 1-9.

Step 2. Finally, we focus on the remaining case, i.e. 1 =6 < p <2 —¢. Combining (6.1.72)
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and Corollary 6.1.10, we deduce for € < 1 that

/ ( )rp(|V4lﬂ1|2+8Q2|V4¢2|2)+Bp,R[l//1,902](Tl,T2)+F,§*[¢1,$2](T1,T2)
Z>r(T2

S RV (E[y1, ol (1) + 7, [(W1, N1), (2, N2)] (71, 72) + O(€) Bspoor, [¥1, 2] (11, 72))

+/S ( T Wl 4 80%wal) + O(e) P (gl + 807 ol

2>r(12)
(6.1.93)

To get the control of E, g[¢1, 2] for 1 =6 < p <2 -6, which by (6.1.10) is given by

/ 2 (Faal? +r2i?) forp<1-,
. 2>r(7)
E, rl¥il(7) =
/ ri”(|§4zﬁ,~|2 + r_p_1_6|{p,~|2) for p >1-9,
Y>r(T)

So we apply (6.1.92) for p =1 -6 to get the control of zeroth order terms in E, g[¢1, ¥2]

/z ( )r_l_(s(|¢//1|2 +80%|y2l?) s R3_6(E1—5[lﬂ1,¢2](71) +J1-s [(¥1, N1), (Y2, No)] (Tl,Tz))-
o (6.1.94)

In view of the definition of E, g[¢1,2] for 1 -6 < p <2-6, we add (6.1.93) and (6.1.94)

to obtain for 1 — 6 < p <2 -6 that

Ep gy, 02](12) + ) [, ¢2] (11, 72) + Bp r (W1, 2] (11, T2)

< RV (Ep w1, w2l (1) + T, [(¥1, N1), (¥2, N2)] (11, 72)) + O(€) rP 72l |? + 8Q%|w2l?)

2sr(12)

+ R3_6(E1—5 [1, 2] (11) + J1-s [(Y1, N1), (Y2, N2)] (1, TQ))

< RV (Ep [y, ¥2] (1) + T, [(¥1, N1), (Y2, N2)] (11, 72)) + O(€) - )”_1_6(|lﬁ1|2 +80%|y2|?)

S R (Ep [y 2] (t1) + 7, [(W1, N1), (2, N2)] (11, 72)) + E15[¥1, 2] (1),
(6.1.95)

where we also used the fact that 1 -6 < p <2-6 and p -3 < -1 - 6. Notice we have
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handled the B(g;lo()r+ term and Sg(7;) term in the same way as in the proof of (6.1.92). We
apply (6.1.92) for p = 1—-6 to control the E1_s[¥1,¥2](72) in the right-hand side of (6.1.95),

and infer

EprlW1, 92l (12) + ) (Y1, 2] (11, 72) + Bpr W1, Y21 (11, 72)

< RPZ(Ep [y, w2l (11) + T, [(W1, N1), (Y2, N2)] (11, 72))

(6.1.96)

for 1-6 < p < 2-6 as desired. Combining Step 1 and Step 2 conclude the proof of Theorem
6.1.1. O

6.2 Improved r” estimate

The goal of this section is to use a variation of the method of [2] to derive the following

improved rP-estimate for (Jl, Jg) € 51 X $9 , which is defined by

g1 = foVaur, o = foVatho (6.2.1)

where (1, 2) € 51X solves (5.1.1), f» is defined as in (6.1.56) for p = 2 and &4 = r~tey(r-)
as in (6.1.31). In particular, we will prove the following theorem, which is s = 0 case of

Theorem 6.2.1.

Theorem 6.2.1 (Improved r? estimate, s = 0 case). Let (¥1,¥2) € $1 X $2 be a solution of
(5.1.1) and (1, ¥2) € 51 X 8 be defined as (6.2.1). The following holds for any —1+6 < g <
1-0,

sup  Eq [0, 2] (1) + By [, da] (11, 2)

T€[11,72]

< E [, 0] (1) + Iy | (§1, N1), (G2, No) | (71, 72) (6.2.2)

+ Ellnax(q,(;) (Y1, 2] (1) + Jrlnax(q,g) [(¥1,N1), (Y2, N2)] (11, 72),
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where we have introduced the notation Nj = r? (V4N1 + —Nl), Ny = r? (V4N2 + —Ng),
r r

Ty | (1, Ny), (LZQ,NQ)] (11, 72) : = Jg[1, N11 (11, 72) + Q% [2, No (11, T2), (6.2.3)
Jglgn, Ni) (11, 72) = = Ty g [Jl»ﬁl] (71, 72) (6.2.4)

- /M ) ra*2 (V) - (e4N1+§N1),
JglW2. Nol(t1,72) 1 = Ty g [‘Z’/Q,NQ] (11, 72) (6.2.5)

>~ 3
= / rq+2(V4¢/2) : (€4N2 + _NQ) ’
Mzpr(71,72) r

and

TiT, N, B2, No) 1 (11, 72) 1= ) T [(081, 05Ny, (044, 0 No)] (71, 72). (6.2.6)
k<1

Remark 14. The flux F, [Jl, Jl/g] (11, 72) is absent from the left-hand side of (6.2.2) because
it is not required for the analysis, unlike in Theorem 6.1.1. There, the flux F[¢1, 2] (71, T2)
is used to estimate V31 and V3o, which are essential for proving Theorem M4, particularly
in controlling I, &, W along the GCM hypersurface X,. In contrast, the goal of (6.2.2) is to
extend the p-range for the r”-estimates of /1 and o, rather than to control Vthl and Vgl\ﬁ/g,
which are not relevant in this setting. As a result, the flux F, [l\ﬁ/l, 1;2] (11, 72), associated with
Jl and l:ﬁ/g, does not appear in this equation. This distinction reflects the differing structures

and objectives of (6.2.2) and Theorem 6.1.1.

6.2.1 Wave equations for (i1, ¥o)

Proposition 6.2.2. Assume (¥1,¥2) € $1 X 59 is a solution of (5.1.1) and (l\ﬁ/l,(z;g) € 51 X 99

be defined as (6.2.1), then
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(1) In the region r > 2rp,

Y Y 80%  ~ 2 r -
D =Vign - = r%d2‘/’2 N+ (1 - TP) Va1 +0(r 2)p<ly +

807
r2€4,r%dz] o

+r0pVadyy + 051 (1) 05y + 701 () Vg + 051 () 0%y,

SN v I .y ~ 2 r -
Cafy = Vollo = = @801+ No+ - (1= 22) Vadz + 020y +

o 1
r2éy, = 45] U1

+rIpVadys + DSI(F[,)DSIWQ + FDSI(Fg)ngQ + DS1(Fg)b2lﬁ2.
(6.2.7)

(2) In the region %rp <r < 2rp,

v - 80? .
Ui = Vign = %dz#’/z + N1+ 0(1)d=* (Y1 + Q*o),
(6.2.8)

Lo - 1 < -
Oapra — Vaipo =r—24’2‘%+N2+0(1)532(¢1+Q21ﬁ2)-

1
Vi = —Z—ltr)(tr)_(+ 5F)p? and Vs = —trytry +2 (Flp2.

The proof of Proposition 6.2.2 follows a similar commutation approach to that of Ap-
pendix D.4 in [27]. For simplicity, we omit the details in this thesis, with the full proof to

be provided in future works.

Remark 15. The extra commutator terms compared to the that of Appendix D.4 in [27]

are

. 802
[F2V4, r% dz] Yo ~ Q°[Va, doltpa ~ Q%r ™" days ~ Q%0 (r~)d=1yy,
(6.2.9)
~ 1
lF2V4, = 45] U1~ [Va. d8lyn ~ r= dbyn ~ O 2)p=1y.

6.2.2 The r? weighted estimates for (1, ¥2)

The goal of this section is to prove Theorem 6.2.1 (s = 0). The statement for higher order

derivatives s < kgnan + (kjoss — 4) will be provided in Section 6.3.
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Proof of Theorem 6.2.1 in the case s = 0. We write, in accordance to Proposition 6.2.2

s~ - 80% . -~
Dign =Viyn = —5-dapa + N1+ Ny,

(6.2.10)
.~ o 1 o < o~
oo — Voo = r—zd’ilﬁl + Na + Ns.
AT 2 3 N 2 3
Where, N1 =r?|V4N1+-Nq s No =r*|V4Ng + —No and
r r
2 r'p v —2\y <1 2% 80*
—(1——) Va1 + O(r™2)d= "y + ro€s, — d2| Y2
r r r
Ny = +r0pVadyy + 051 (1) 05y + 701 () Vg + 051 (T,) 0%y, r > 2rp,
0(1)DS2(W1 + Q21ﬁ2), %FP <r< 27'13,
2 e v —2ya<1 oy 1
—(1——) Vaa + O(r==)d="yo + |14, 5 43| Y1
r r r
No =4 +r0pVadyo + 051 (Tp) 05y + rd=1 () Vara + D=1 (I,) 0%yo, r > 2rp,
O(1)d=2(y1 + Q%y2), %rp <r < 2rp.
(6.2.11)

Following the proof of Theorem 6.1.1 (see section 6.1.5), we apply the divergence theorem

to the current P — B = PXawa:Mg) [1/71,1;2] — B%4 in the region M(71,72), where f = f,

2f, 2f; o
(Xq’ Wq’Mq) = (fl]€4a ﬁv _qe4)7 and BXq 18 given by
r r

~ 2 ~ ~
BXa = %((d@#l “W2) + (daypo - lﬁl))X, (6.2.12)
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then we have by Proposition 5.2.7 and (6.2.10) that

/ (P—é)-Nz+/ (P - B)- Ny,
2(12) 2, (11,72)

~

¥ / EXevaMa [y o] + NOYO T o] + N [ ] - DB,
M(71,72)

couple N1+1\71,1\72+1\72
= / (P - B)-Ns.
2(r1)

Alternatively, we can expand the inhomogeneous term N Xowq) [Jl,z%] using (5.2.35)
N1+N1,N2+N2

to rewrite this expression:

/ (P—é)~Nz+/ (P - B) - Ny,
%(12) 2 (11,72)

- Xgwvg) (Y % ~ X, N N
+./ ( (S(quwq’Mq)[lﬁl,Wz] +Nc(0;pleq)[lﬁ1,lﬁ2] —D*B; + f, Va1 - N1 +80%f, Vs - Nz)
M(71,72)

:/( )(P—ig)'Nz—/ fq64J1~ﬁ1+8Q2fq64J2'1\\72.
ZTl

M(r1.12)
(6.2.13)

All terms in (6.2.13) can be treated exactly as in the proof of Theorem 6.1.1, except for the

bulk term on the left-hand side . Hence we obtain the following analog of (6.1.1)

Egr[d1,02] (12) + Fy [Yr1, 0] (11, T2)

~ ~ X S ~ ~ \/X ~ ~ —_~ ~ ~ —_—
+ /M( : (S(Xq’wq’Mq)[%,l/’z] +Nc(0:p;veq)[¢1,aﬁ2] -D¥B, 7 + f, Va1 - N1 + 8Q2qu4¢2 .N2)
71,72

< EqlUn, 2] (11) + Jg [(‘Z’/l,ﬁl), (2, No) | (11, 72).

(6.2.14)

Since the remaining bulk term in left-hand side of (6.2.14), when restricted to M(71, 72)N{r <
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R}, can be controlled by one derivative of (Jl, 121/2), we infer

Egr ¢1,¢2](T2) + Morr i1, Yra] (11, 72) + Ey [, ¥ra] (11, 72)
/ EXawaMa) [y o] + Nc((,:p,:) [, 2] = DFB" + £,V - Ny + 802 f,Vas ﬁz)

r(71, T2)

S Eq[dn, g2](11) +J, [(‘Zl,ﬁl)a(ﬁz’/%ﬁﬂ (11, 72) + R (El[lﬁl,sffz](Tz)+M0f1"1[lﬁ1,¢2](7'1,72))~

(6.2.15)

Since ¢ < max(q,d) < 1 -8, we can, by invoking Theorem 5.1.1 in the case s = 1*, deduce:

SUp Ep 00 01 82] (1) + Bl .5 [, 02] (11, 72)
relrml (6.2.16)

E}nax(q s W1, 2] (1) + Jrlnax(q’g) [(Y¥1,N1), (Y2, N2)] (11, T2),

In light of (6.2.15) and (6.2.16), it remains to estimate the far region integral from below:

/ ( )(SWWMW Fa)+ N 100, 02] = DB + £, ¥ady - Ny +80% £, Vi - o).
Msr(T1,72

In other words, we need to derive the analog of (6.1.67) in Lemma 6.1.9, which was used in the
proof of Theorem 6.1.1 to estimate the far region integral from below. This is accomplished
in Proposition 6.2.3 below. Together with (6.2.15) and (6.2.16), this directly yields the proof

of Theorem 6.2.1 in the s = 0 case. ]
Now we provide the proof of Proposition 6.2.3:

Proposition 6.2.3. Let (¢1,¥2) € s1 X 53 be a solution of (5.1.1) and (Y1,02) € 51 X 59

be defined as (6.2.1). Then we have the following lower bound of the far region spacetime

4The proof of Theorem 5.1.1 for higher derivatives s > 1 is through a standard commutation argument,
hence we omit it here for simplicity.
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integral for any —1+d < g <1-9,

~ ~ X s ~ ~ vX ~ —~ ~ ~ —~
/ (8 X Ma) [y, o] + N [0, 5] = DA B + £, ¥4 - Ny + 80 £, Vadh - N
Mg (11,72)

1 . _ _
> /M 1| @+ ) Vadn P + 2= @RGP + 22

>r(71,72) 8

+ QT2+ ) Vs + (2= )Tl + 20721 2|
-0 sw Ealiidal(n) -0 (B g 101021 (1) + T ) [0 N, (02, N2 )

(6.2.17)

Proof. According to Lemma 6.1.4 when applied to (1;1,1;2) € 51 X 89 and (Xg, wy, My) =

2f, 2f,
(fqe4, =, =t 64), we have

2-gq
2

EXg Mo [y o] = 471 [gmw + (P * + v1|J1|2>]

2-q
2

+8Q%r 1! [gwm + = (Rl + v2|J2|2)] (6.2.18)

M Q2 v~
+ Err e,—,—Q i fq | 1, 2],
r’or?

where the error terms are given by

2

M 2 - M M
0 (_2 . Q—3) Flesdil? + 0 (—4 e +6W3,1) FNl?
r r r r

(6.2.19)
+0(ywrar?(|Vahl? + [FGil? + 7210

+ 0(6)W2,1/2rq(lVSJi|(|V4Ji| +r YR + Wl + ’”_2|‘Zi|2),
and

M Q? - M Q? - M Q? -
Err (6’ 7’ %7 fl]) [lﬂl, '7[/2] = Err (6’ 77 %7 fq) [lﬂl] + QZErr (6’ 7’ %7 fq) [1/12] (6220)
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In view of the definition (6.2.11) of N, and Na, we have for r > R,

Ny = ﬁio) + ]V{l) + ﬁ?),

N = §V4J1 = %(64151 - r ),

N = —QrLQPVMZl +0(r~ )0 (Y1 + Q%) (6.2.21)
ﬁ{z) = EI‘I‘[Dgl\ﬂ/l],

Err[Ogr] = r2TVady +rd= (T)d= gy + 251 () 0%y,
and

Ny = NO + 7V 4§92,
Ny = %VMQ = %(6452 - r ),
NV = _2:—2Pv4J2 +0(r )= (Y1 + Q%yo), (6.2.22)
ﬁf) = EI‘I‘[DngQ],

Err[Ogia] = r’TgVadirg + rd=H () 0=y + 051(T) 020,

Consequently, combining (6.2.18) with (6.2.21) and (6.2.22), we can write,

S(Xqqu’Mq) [Jlal\ﬁ/Z] + fq64l;1 . ﬁl + 8Q2fq64{b/2 . NQ = IO + Il + 12, (6223)
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where Iy, I, I are given by

I+ =57 [ (g + DA + @ - WA + 42— @ WAl — 47 - 1|
+40% 7 (g + DV P + 2 - IR P + 42 - g 2 P - 47 Vg -0
I = r1V, - N + 8039V 405 - NV +0( Qg)ﬂ 311 )2 + Q2.
= r1728,(Jn) - [-2rpVaihs + O(1)0= (y1 + Q%)
+80%r9728,(f12) - [~2rpVadhz + O (D= (1 + 0%0) ]
+o( QQ)rq B2 + 02N ),

M Q2 S .~ .. -
I : = Enr (e, — 5 fq) [, 2] + 79V - NP+ 8Q%r 1V aiiy - Ny

(6.2.24)
We first estimate Ip, for each i =1, 2
(q+DIVaihi? = 47V - g + 42 — @)r 2l
O T2 —27 (2 v av)?
= (q+2)|Vahil” + (6 = 4q)r"|yul” + 2 |Vaghi — r 4
> (q +2)IVail® + (6 - 4g)r 2|l
> (q +2IVail® + 27710l
where we used the fact that ¢ < 1 — 6. Hence, a lower bound for I
1 _ e ~ _ ~
Io 2 5r? M 2+ @) [Vagn |* + (2 - @) |0 |* + 2r 2|y |
2
(6.2.25)

+40% 7 |2+ @) ¥aal® + (2 - )Wl + 272l

207



R-N nonlinear stability

Next, we estimate I,

2
|| <0 (— +—+ g )”q ! (|V4lﬁ1|2 + Q2| Vaha|* + r 2y |2 +Q2’”_2|lﬁ2|2)

. . (6.2.26)
+0(1) (! Vadn 2+ QT Vadol?)” (r 0= 2 + 021 0= yl?)
M : : :
Thus if z < 1 is sufficiently small, and since g < 1 — 8, we deduce, for r > R,
1 _ ~ ~ _ ~
lo+ 1= 217 @+ Vb + (2= @)W1+ 272
+20% 07| 2+ ) Vo + (2 = @) [Tl + 2721 2| (6.2.27)

—Oo(Mri3(p=tyq)? + Q205 yal?).

To estimate I, we invoke from (6.2.19), (6.2.20) and (6.2.24) that

12| < erqlml;ﬂ(fl_éd“(|€V4DS1W1| + 051y ) gy e (IV3yi] +r_1|b2lﬂ1|))
<~ (g - 41 _
+€Q2rq|V4¢2|(T 1=0dee (1805 o] + 051 ya]) + 1772704 (|Vgyg| + 1 1|1’21ﬁ2|))
M Q2 g-1(1% 7. 12 Y12 -2,57.12 g2 _—%—64ec Y Y
otz e (IVa1 | + W |° + r =2y |%) + erd =27 2704 |V 1 || Vi |

2
-~ 1_ Y Y
+0? (_ Ly ) rI7(IVadral® + (Wil + 172 |al?) + €r 2772704 |V o || Vil

+er! N[ Va] + €Qr4 ™ |0 || Vagh .
(6.2.28)
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Integrating (6.2.28) in Msg(71,72) and using ¢ < 1 -6, we deduce

/ |12
MsRg(711,72)

$€( sup Eq,R[‘Z’/l,‘ZQ](T)) ( sup E;[lﬁl,lﬁz](T)+B;[*J/1,lﬁ2](71,72))

[71,72] Te[11,72]

M Q2 R
. (E 2. e) Byl 02 (r1, 72)

+€( sup Eq,R[‘Z’/l,JQ](T)+Bq[‘r\///1a12;2](71’7'2)) (/M rq_4(|V3J1|2+Q2|V3J2|2))

[t1,72] >Rr(71,72)
A M Q2 VRS
S € sup Egr[Y1.¢2](7) + | o + —5 + €| BgrlY1,¥2] (11, 72)
re[r1,72] R R

+€( sup E;[lﬂl,lﬁz](ﬂ+B¢11[w1,lﬁ2](T1,T2))+6/M ( )r‘f‘4(|V3¢Z1|2+Q2|V3J2|2).

[Tl 7T2]

(6.2.29)

Next, we estimate the term involving Vglz;l and V3¢Z2. The key idea is to make use of wave
equations of (Y1, ¥s), which can be viewed as es-transport equations of (Jl,zb). Making

use of (5.1.1)°, one can have the pointwise estimates

V31| < P2 INL| + 7| Ve ] + 05201 | + Q%L D=1y,
(6.2.30)
|Vara| < 72| Na| + 7| Vaa| + 0520 + r Hd<1yy],

5Notice O ~ V3§4 +r W+ 71V, + AL
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and hence, integrating and using % < 1,g <1-96, we infer

/ ri (Vs |* + Q%[ Vaal?)
MR (11,72)
g=4 [ 41n 12, 2 2 <2, 2. 0% a1
< r= PN+ 7 Ve |7 + D27y |7 + =507 o
MsRr(11,72) r
1
+Q%ri™ (F4|N2|2 + 77| Vaga|® + [0y |” + r—2|bgll//1|2) (6.2.31)

< / P (N2 + Q2INof?) + BL [y, o] (71, 72)
th% (11,72)

< Jg (W1, N1), (Y2, N2)| (11, 72) + By [Y1, ¥2] (11, 72).

Here, we have used the definitions (6.1.23) and (6.1.15) for the weighted norms. In particular,
the terms r972|Vsy1|? and r972|Vsya|? are absorbed by Morr[y1, o] (11, T2), since g — 2 <
—1-6. This corresponds to the weighted bulk term Bclz [Y1,¥2] (11, T2) on the right-hand side
of (6.2.31). Therefore, combining (6.2.29) and (6.2.31), we deduce the integral estimate of

Is:

/ |12
MsRr(11,72)

VN M Q? C v~
S e sup Eg rl[Yi1,¢e2] () + (E +— +€) By r[¥1, 2] (11, 72)
Te[T17T2] R

+6( sup  Ej[Y1,02] (1) + Byl w2l (11, 72) + Jg [(W1, N1), (W2, No)] (11, 72) | -

[11,72]

(6.2.32)

Combining (6.2.27) and (6.2.32), we have the following spacetime integral lower bound of
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(6.2.23).

/ EXamwa MO [y ] + f,Vaihy - Ny +80% £, Vaiia - No
MzR(TlaTQ)

2/ (Io+ 1) —/ 12|
MsRr(11,72) MR (11,72)

1 ~ ~ ~
> [ I P @ gFR 2
Mspr(11,72)
+20%97 | 2+ ) [Vadhal? + (2 = ) Fdol + 272 il
—r (0=l + Q= yal?)

.~ M Q2 R
—O(e) sup Eq,R[lpl’wﬂ(T)_0(E"‘_Z+5)Bq,R[W1,w2](Tl,T2)

T€[11,72] R

- 0(e)

sup  Eg[y1,92](7) + By[y1, Y] (11, 12) + Jg [ (1, N1), (Y2, N2)] (Tl,TQ)) :

T€[11,72]

(6.2.33)

M
In the view of 1 -6 < ¢ < 1-6, and for 7z < 1 and € < 1, (6.2.33) can be further bounded

below as

/ S(Xq’wq’Mq) [12//1,1;2] +fq64l,\[//1 'ﬁl +8Q2fq€4'z2 'NQ
MzR(TlaTQ)
1 _ ~ ~ ~ _ N~
> / 17 [+ Va2 + 2= RGP + 2721 P
Msr(71,72)

+ QU2+ ) [Vaha? + (2= @) Tl + 20721 2|

—0(e) sup Egpldn,d2](t) - O(1) B[y, ¥2] (11, 72)

T€[11,72]

—0(e)

sup  E, (Y1, 2] () + By (W1, ¥2] (11, 72) + Iy [(W1, N1), (Y2, No)] (Tl,TQ)) -

T€[11,72]

(6.2.34)
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In view of the control of B; [Y1,¥2] (11, 72) in (6.2.16), we infer from (6.2.34)

/ EXaaMa) [y o] + fcﬁzu;l - Ny + 8Q2fq64t/72 - Ny
Msr(11,72)
]. — > N~ _ ~
> [ e QR P+ @ QFR 2 P
Msr(71,72)

+ 0% |2+ ) Vadhal? + (2 = @) Fdal + 272l

—0(6) sup Eqglid1,d2l(r) = O(1) (EL g [91:021 (1) + Ih g (01N, (2, M)

T€[11,72]

(6.2.35)

Finally we handle the coupling bulk. Applying Lemma 6.1.5 to (¢V/1,¢Z2) € $1 X 5o with
2

(Xgowq) = ( fqes, ﬁ) provides a lower bound for the coupling bulk term upon spherical
r

integration:

/SNC(ﬁf;,vZ)[Jl,tZz] ~DHBY > 0 (lg) /Srq—?’ (|J1|2+Q2|1Z2|2), (6.2.36)

r

where 8% is given by (6.2.12). Since R < %, the coupled bulk term is in fact negligible

in the far region M,>g(71,72). Summing up (6.2.35) and (6.2.36), we finish the proof of

Proposition 6.2.3. O

6.3 Higher order r”-estimate and improved r”-estimate

By standard commutation argument, one can show the higher order analog of Theorem 6.1.1

and Theorem 6.2.1. We state them while skip the proof for simplicity.

Theorem 6.3.1. Let (Y1,¥2) € s1 X s2 be a solution to (5.1.1). Consider a fixed § > 0

and let R > %Jr, € < 62. The following estimates hold true for all 6 < p < 2 -6, , and
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0 <s< ksmall + (kloss - 3)7

sup  Ep [y, ¥2](7) + By, [Y1, 2] (71, 72) + Fy [Y1, 2] (71, 72)
relneel (6.3.1)

S Ep Y, v2l(m1) + T, [(Y1, N1), (Y2, No)| (11, 72),

Theorem 6.3.2. Let (1,¥2) € 51 X 52 be a solution of (5.1.1) and (l\ﬂ/l,l:ll/g) € 1 X 89 be

defined as (6.2.1). The following holds for any =146 < ¢ < 1-6, and 0 < 5 < kgnan+(kioss—4),

sup  ES [y, ¥2] (1) + By [y1, 2] (11, 72)

T€[11,72]

< ES [0, 2] (1) +Jv‘; [(Jl,ﬁl), (JQ,NQ)] (11, T2) (6.3.2)

+ Efgix(q,(;) (Y1, 2] (1) + Jrsrfix(q,(;) [(¥1,N1), (Y2, N2)] (11, 72),

. 3 < 3
where we have introduced the notation Nj = r? (V4N1 + —Nl), Ng =12 (V4N2 + —Ng),
r r

Iy | (1, Ny), (Jz,ﬁﬂ] (11, 12) = = Jy [, N1l (71, 12) + Q% [ra, Nol (11, 72), (6.3.3)

Tl N1l (11, 12) - = Jgr [Jl,ﬁl] (11,72) (6.3.4)
. 3
= / ri*? (V) - (€4N1 + —N1) :
Mzr(71,72) r
Tyl Nol(t1.12) 1 = Jyr [Jz,ﬁz] (11, 72) (6.3.5)

>~ 3
= / rq+2 (V4¢2) . (64N2 + —N2) s
Msr(11,72) r

and

JE (01, N), (F2, No) | (11, 72) o= Z To L0501, 0 Ny), (082, 0F No) | (11, 72). (6.3.6)

k<s

For analogs of the model Regge-Wheeler equation in the Schwarzschild case, we refer

readers to Theorem 5.17 and Theorem 5.18 in [27].
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Chapter 7: Handle inhomogeneous terms

The goal of this chapter is to apply the estimates from Chapters 5 and 6 to the Chandrasekhar
variables p, qf', which satisfy the nonlinear positive-spin Regge-Wheeler system stated in

Theorem 4.2.1. For convenience, we restate the system:

. 80% & 1 (F).2
D1D—V1P=r—2¢f2q + Ny, Vlz—Ztr)(tr)_(+5 -,

(7.0.1)
) 1
Caq” = Vaq© = - d5p+No, Vo = —trytry +2 Fp?,
, A
According to Theorem 4.2.1, we assume that N; and Ns take the following form:
N1 = Ny +V3(rNg) + Nulp.q"] + Ny,
(7.0.2)

N2 = Ng + V3(rNg) + Ny [, q7].

7.1 Statements of the chapter

We will make use of the structure of the nonlinearity (7.0.2) to manage the inhomogeneous

terms appearing in Theorems 6.3.1 and 6.3.2 and establish the following results.

Theorem 7.1.1. Let (p, qF') € 81 X 5 be a solution of (7.0.1) with Ny, Na given by (7.0.2).

Then, for any 6 < p <2-9 and 0 < s < kg + 30, we have

sup E5[p,q"1(7) + By [0, " (11, 72) + F [0, q" (11, 72)
relrn] (7.1.1)

S Ep[p, a"1(r1) + I [N ] (11, 72) + T3 [NB] (71, 72).

Here, the weighted inhomogeneous norms I, and f;, are defined in (7.2.2).
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Theorem 7.1.2. Let (p, q") € s1 X s2 be a solution of (5.1.1) with N1, Ny given by (7.0.2),
and let (P,q7) € s1 x 5o be defined as (6.2.1). Then, for any -1+ < ¢ < 1 -6 and

0 <s < kgnan + 29, we have

sup  E}[P.q"1(t) + B[, 4" ] (11, 12)
refrel (7.1.2)
S EJ[, 87 1(r0) + EJty [0, a7 1 (1) + L5 [N (11, 72) +/ ri D= N2
Mz amq (11,72)

Remark 16. Note that in (7.1.1) and (7.1.2), the terms N,, do not appear on the right-hand

side because they can be absorbed into the left-hand side.

Remark 17. To establish the r”-hierarchy for ¢ > 0 in (7.1.2), it is crucial to use Lemma

4.2.2 to obtain improved estimates for N,. This is done in Proposition 8.4.2.

The proof of Theorem 7.1.1 is given in Section 7.3, while the proof of Theorem 7.1.2
is presented in Section 7.4. These proofs rely on the weighted energy flux estimates (r”-

estimates) established in Theorems 6.3.1 and 6.3.2.

For discussions on analogs of the positive-spin Regge-Wheeler equation for q' in the Schwarzschild

setting, we direct the reader to Theorems 5.14 and 5.15 in [27].

7.2 Main norms

We recall the definition (6.1.23) of J} [(p, N1), (af, NQ)] (11, 72)

I5 [0, N1), (07, N2) | (11, 72) := I3 [p, N1] (11, 72) + Q%T3 [a", No] (11, 12),

!The Chandrasekhar transformation of @, which is fundamental in analyzing the nonlinear stability of
black holes in the vacuum case.
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where

b

[P, N1](11,T2) i=‘/ rPV4p - Ny
Msg(T1,72)

Jprla" Nol(1,12) @ = ‘/ rPV4q" - Nol,
Msr(71,72)

1

) 2
Jplp, Ni](71,72) : = (/ dT||N1||L2((lraP)2(-r))) +/ rOINg |
MI %(TLTZ)

+Jp.r[P, N1] (11, T2),

1

(7.2.1)

T2 2
Jp[qF’NQ] (T1,T2) = (/ dT”NQ”LQ((trap)E(T))) +/ r1+5|N2|2
th% (11,72)

+ Jp,R[q

while higher order analogs are

Jy[p, N1l(71,72) : ZJ

k<s

Jola”, Nol(t1,72) : =

k<s

We introduce the following inhomogeneous norms

E Nol(t1,12),

K0, 05 N1 (11, 2),

D IpI0ka" D No] (71, 7).

I,[N](11,72) : = (/ dT||N||L2(<rrap>z(T))) +/ r1+p|N|2,
T Mzm% (11,72)

+ sup /
€[ty 12] JE(7)

while higher order analogs are

LINI(11,72) = Y L[¥N(r1, 1), 1]

k<s
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7.3 Inhomogeneous term in the r” estimate

Recall from Theorem 6.3.1 that for § < p <2 - p, (p, qF) € 81 X $9 solving (5.1.1) satisfies

sup E,[p, q"1(r) + B[, qF (11, 1) + Fylvp, q"1(11,2)
relm.m] (7.3.1)

S Eplp, a"1(r) + 5 [(9,N1), (a7, No) | (71, 72).

Our goal now is to handle the inhomogeneous term J;, [(p, N1), (qF, NQ)] (11, T2) according
to the structure (7.0.2) of Ny and Ns.
Following the “Case of N,,” in [27] to handle N, [p, q"] in (7.0.2), one can show for any p > ¢

that

I3 [0, Nuw), (@7, Nw)| s € sup E*[p,q"](z) + €B}[p,a"] (11, 72). (7.3.2)

T€[11,72]

Following the “Case of N,” in [27] to handle N, and N; in (7.0.2), one can show for §; > 0

that

I3 [(0.Np). (6", Ng)| < 61B3 [, a"1(11.72) + 67T [N (71, 72), (7.3.3)

and

J5 [0, Nol < 61B5[p, "1 (11, 72) + 67 I [N ] (11, 72). (7.3.4)

Following the “Case of e3(rNg)” in [27] to handle V3(rN,) in (7.0.2) via integration by parts

in V3, one can show for p > ¢ and 6; > 0 that

T3 [(0. V3(rNp)). (a7, V3(rN,))| < 61 ?up]ES[D,QF](T)+BZ[D,QF](71,72) -
TELTLT2 7.3.5

+ 07 I [N ] (11, 72).
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Summing up (7.3.2), (7.3.3), (7.3.4) and (7.3.5), we deduce for p > § and §; > 0

I3 [0, N1), (a7, N2) | (11,72) < (€2 +61) sup E*[p,q"](7) + (e +61)B} [0, q"](11,72)

T€[11,72]

+ 67 (T IV (1, m2) + I3 N (71, 72).

(7.3.6)

Combining (7.3.1) and (7.3.6), we deduce for any 6 < p <2-6,0< s < kgnay + 30

sup Ey[p,a"1(7) + B [p, "1 (71, 72) + F) [, 0" ] (71, 72)
relml (7.3.7)

S Ep[p. a"1(10) + I [Np] (11, 72) + Iy [N ] (71, 72).

This concludes the proof of Theorem 7.1.1.

7.4 Inhomogeneous terms in the improved r” estimate

Recall from Theorem 6.3.2 that if (p, q¥') € s1Xx 89 is a solution of (5.1.1) and (P, g¥') € 51X 52

is defined by (6.2.1), then the following holds for any —-1+6 < ¢ <1 -6:

sup E}[P.q"1(t) + B[, 4" (11, 12)

T€[11,72]

< E3[5.671(r) + 75 | (5, 80), &, M) | (71, 72) (7.4.1)

+EL o Deaa 1) + 2L s [N, (0F N2 (7).

Since f,, defined in (6.1.56), is supported in r > g, it follows that (P, q¥') is also supported in
r> %. In particular, (p, qF) vanishes for r < %. Therefore, in view of the definition (6.1.15)

of the weighted bulk norm B,,

By[$,6") (11, 12) = / rd3 (|b5|2 +Q2|baF|2). (7.4.2)

M, g (T12)
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First, notice that (7.3.6) yields

J;i;*jx(q,é) [(p,N1), (a",N2)| (r1,72) s sup E*[p,q"](1) +B$§X(q,5)[p,qF] (11, 72)

T€[71,72]

+ Trsrrix(q’(;) [Np](71,72) + I;:fx(q@ [Ne](71,72).

(7.4.3)

Hence, using (7.4.3) and Theorem 7.1.1, together with the fact that max(g,d) < ¢ + 1, we

infer

Efgix(q’5) [p’ CIF] (Tl) + Js;;x(q,ﬁ) [(p’ Nl)’ (qFa N2)] (Tl’ TQ)
S ENL o pal 1) + Tl S INGI (11, 72) + 1572 ) ) [Ne] (71, 72) (7.4.4)

S ES 00, a7 1() + B ING) (11, 70) + 2 N (7, 7).

In view of (7.4.1) and (7.4.4), it remains to estimate the term

TS| (B, Ny, (aF,ﬁz)] (11,72) = qu [(bkv, D N1), (457, 0 No) | (11, 12), (7.4.5)

k<s

with N1 = V4N1 + —Nl, N2 = V4N2 + —NQ, and
r r

qu (P, N1), (EF,NQ)] (11, T2) = qu[lv% N1l (1, 79) + QQJVq[ﬁF,Nz](TLQ),

Ty [5 N1 ] (1, 72) = /

Mz amg (T1,72)

. 3
r1?(Vyp) (V4N1 + ;Nl) ’ (7.4.6)

To 15, Mol (11, 70) = /

M amg (11,72)

rQ+2 (6461[:) . (V4N2 + %Ng) .
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Hence, we can rewrite in the equivalent form,

Jv;; [(5, N1), (HFJVQ)] (11,T2)

= Zjvq [(bkv, o*NY), (bkEF,bkf\vfz)] (11, 72)

k<s
=> / r4(rV4d*F) (055N [+ 0% Y / r? (rV,0gF) (05F1Ny)| .
k<s | Mzamg(11,72) k<s |Y Mzamg (T1,72)

(7.4.7)

We now estimate (7.4.7) according to the structure (7.0.2) of Ny and Ny following [27]. And

we will use the following notation

v; [(5’ 1\\71)’ (\q/F’]\\/IQ)] (Tl, T2)
=Ty [ G5 M), G, M| (21, 70) +75 | (5, W), @, N | (1, 72), (7.4.8)

+J, | (9, V3(rNy)), (EF,Vs(FNg)] (11, 72) +Jv§ [ﬁﬁb] (11, T2),

- 3 - 3 — 3 ~ 3
where N, = (V4 + _) N, Ng = (V4 + —) Ny, V3(rNg) = (V4 + —) V3(rN,) and Nj = (V4 + —) Np.
r r r r
Following the estimate of “0<F*!N,” and “d¥*1N,,” in [27], we can easily the contribution from

handle Nm, ﬁg and Vg\(rTV:g). In particular, one can show for any 6 < g <1 -6 that

J: [(5, N (aF,zm] (r1.72) s € sup E}[P.d7](1) + ESti[p. a7 ] (1)

relr] (7.4.9)
+Zs]ﬂ [Ngl(71,72) +If,ﬁ [Nel(71,72),
‘\]/; I:(\ﬁ’ Ng)’ (\q/Fa Ng)] (Tla T2) s 5132[57 \q/F] (Tl’ T2) + 511}2:]2- [Ng] (Tl’ TQ)’ (741())
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and

F (3, V3(rN)), (8, V3(rNe)) | (71, 72)

< 1By, § (1, 1) + EXL o) [P a7 1(20) + BoA1 [9. a7 ] (71, 72) (7.4.11)

+67 I35 [N (11, 72).

Finally, to handle the contribution from Nb, we compute directly

AESAE / F142 (¥ ,05°F) - 25N,
Mz amq (11,72)

<o [ A | FERSNE (7.412)
M amq (11,72) Mz amq (11,72)

< BB () + o7 [ P 5SS 2.

M amg (T1,72)

Summing up (7.4.9), (7.4.10), (7.4.11) and (7.4.12), we deduce for § < p <1-¢ and 61 > 0

J5 (3, N, &, 1\72)] (11, 72)

s s EBA1E 0B 5.1 + £ o 1) + B Pl
TE|T1,T2
+ (6T + DIAIN, (71, 72) + 671 / R

Msamq (11,72)

(7.4.13)

Now we choose 1 small enough so that the B; [D,a7] (71, T2) term on the right-hand side of
(7.4.13) can be absorbed to the left-hand side of (7.4.1). Moreover, since § < g+1 < 2-6, we
apply Theorem 7.1.1 to control the weighted energies €2 SUDre[r;,7] Eg [p,aF](7) and weighted

bulk B;:ll [p, g7 1(71, 72) on the right-hand side of (7.4.13). Thus, combining Theorem 7.1.1,
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(7.4.1), (7.4.4) and (7.4.13), we infer for any —1+6 < g <1-6 and 0 < s < kgman + 29 that

sup  E5[9.4"7](7) + By [9, 4" 1(71, 72)

T€[711,72]

S ES[5. 0" 1(r) + [0, a7 1 (71) + L5 [N ] (11, 72) +/ A S A

Mz amg (T1,72)

(7.4.14)

This completes the proof of Theorem 7.1.2.
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Chapter 8: Decay Estimates of p and qf

In this Chapter, we finish the proof of Theorem M1 and obtain pointwise decay estimate

for p, qf and their higher order derivatives.

Decay Norms In addition to the primary norms introduced in Section 5.2.8 and the r-
weighted norms from Section 6.1.2, we now define decay norms that also account for the
7-decay behavior.

& vl = sup (L+0)E}[v](7),

0<7<T,

B 4l¥] = sup (1+1)'By[y] (7, 7),

0<7<T1,

~ sup (1+T)d/T* M;_l[W](T/)dT,, (8.0.1)

0<7<T.

5wl = sup (L+ D) Fyy](r. 7o),

0<7<T,

I3, [INgl = sup (1+ 1) I [N](7, 7).

0<7<t,
The structure of this chapter is as follows:

e In Section 8.1, we apply the mean value theorem to convert the weighted estimates for
p and g from Theorem 7.1.1 into the rP-hierarchy for p € [§,2— 6] stated in Theorem

8.1.2. This hierarchy is expressed in decay norms, which we introduce above.

e In Section 8.2, we extend this approach to p and q”, using the mean value theorem
to transform their improved weighted estimates from Theorem 7.1.2 into a new r9-
hierarchy for g € [~1+qo, qo]", as established in Theorem 8.2.1. This hierarchy is also

formulated using decay norms.

where 0 <6 < gg<1-6
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e In Section 8.3, we combine the initial rP-hierarchy for p,q” (for p € [4,2 — 6] from
Theorem 8.1.2) with the new r¢-hierarchy for p, ¢ (for ¢ € [~1+qo, go] from Theorem

8.2.1), extending the rP-hierarchy of p, q” up to p =2+¢o - 9.

e In Section 8.4, we conduct a detailed analysis of the nonlinear terms and establish the

final 7P-hierarchy for p, qf in Corollary 8.4.3.

e In Section 8.5, we complete the proof of Theorem M1.

8.1 First Flux Decay Estimates of p and qf

The objective of this section is to establish the first rP-hierarchy for (p, qf) € 1 x s9. In
the linear theory, the rP-hierarchy introduced by Dafermos and Rodnianski [¢] holds only
for p < 2, which is insufficient for our purposes.

We begin by deriving Dafermos-Rodnianski’s r”-hierarchy for p < 2 in this section. In the
next section, leveraging the approach from [2], we effectively extend this hierarchy to the
regime where p slightly exceeds 2. Finally, we apply these results to establish the desired
flux decay estimate.

We will use the following interpolation lemma.

Lemma 8.1.1 (Interpolation lemma). For any p; < p < p2, we have the energy interpola-
tion:

P-p1

E o, oF 1 < (E* F\oacpr (ES Flypa=rt 8.1.1
SIp. 0l < (B [p,a" D2 (B, [p,q" ) r2rr. (8.1.1)
Proof. This is direct consequence of the Holder inequality. n

Theorem 8.1.2. Assume (p, qF') € s1 X s verifies the estimate of Theorem 7.1.1. Then the

following estimates hold true for all s < kgua + (kjoss —3) and for all 6 < p <2 -9,

s—[2—-6— s—[2-6—- s—[2—-6—
&2t e a1+ 8,50 P e, a1+ 7,50 P p, ]

" ~ (8.1.2)
< &5 5lp, a"1(0) + I2S—+51,0 [Ne] + 1535325 [Ne] + I2S—5,0 [Np] + Ias,2—25 [N5].

224



R-N nonlinear stability

Proof. We separate the proof into several steps: first, we establish the estimate of 8;’_2[1;3;17 ] [p,q7]

in (8.1.2) for p = 2—¢, then for p = 1-§, and subsequently for p = 6. We then interpolate to

obtain the result for the full range 6 < p < 2-¢. Finally, we conclude the proof by applying

-[2-0-p]

o P e, ] and 2,157 P p, o]

Theorem 7.1.1 to derive the estimates for B° 2.9-6-p

Step 0. Rewrite Theorem 7.1.1:

In view of (6.1.30), (7.1.1) implies for 6 < p <2 -4, on [11, 2],

[0, qF ] (r2) + / L IP aF (DA < E3[p. a1 (r1) + 17 [Nl (r1. ) + T [Ny (r1. ).

(8.1.3)

Step 1. Estimate & ; [, qf]:

Apply (8.1.3) with p =2 -6 on [11, 12] = [7/2, 7], we have

Ej s[p,a" (T)+/ M;_slp, a"1(D)dA s E3_5[p, a7 1(/2) + I35 [Ne1(7/2,7) + I35 [N ] (7/2, 7).

(8.1.4)

The bound on E5_,[p, qf1(7) in (8.1.4) implies

85_5,0 [p, qF] < 85_5 [p, qF] (0) + Igsj(gl,o [Ng] + 5-23_5,0 [Np]. (8-1-5)

Step 2. Estimate 81 5.1 [p,qf]:
The bound on /7;2 Mi_s[p.q F1(2)dA in (8.1.4) and mean value theorem imply 3 7, € [7/2,7]

s.t.

EiZ5lp, a"1(75) s Mi_s[p, a"1(x5)
S (1+ )7 (B30, a"1(/2) + IS ING 1 (1/2,7) + B[N, (r/2,7))

(8.1.6)

225



R-N nonlinear stability

Now apply (8.1.3) with p =1~ on [71, 2] = [7}, 7], we have

E{§p. a"1(7) < E5Ip, a7 1(x5) + I[N (35, 7) + T 5 [Nb] (75, 7)
< (1407 (B3[P a7 1(7/2) + 575NN (/2,7 + Ty [Ny ] (7/2,7)
+I{_6[Ng](TO,T)+I [Nb](TS,T)
S (1+)7 (83,19, a7 10) + L IN] + I [Ne] + Iy o [Ns] + T2 [N

(8.1.7)

where we have used the control of E3"1[p,q"](7;) in (8.1.6) and used (8.1.5) to control

E5_s[p, qf1(7/2). (8.1.7) immediately implies

&5 11,071 < E5_s[p. a"1(0) + I3 [Nl + I | [N + I s o [Np] + I3, [Np]. (8.1.8)

Step 3. Estimate 862 o5 [P>q .
Using (8.1.1) in Lemma 8.1.1 with (p1, p, p2) = (1 =8, 1,2 — §) to interpolate the bound on

E3 [P, q¥1(7) in (8.1.4) and the bound on Ei:}s[p,qF] (1) in (8.1.7), we get

EF (1) 5 (BN ) (B ()’
S (1+ T)_1+6 (85_5[1” qF] (0) + IQS_+51,0 [Ng] + I1s_5,1 [Ng] + ;[;S_(;,o [Np] + fls__(sl,l [Nb]) .

(8.1.9)

Similarly, this also holds for 7/2 replacing 1

E{N(x/2) s (14 1)7190 (85 5[0, a7 100) + T30 [Ng + Iy 1 [Ne] + I35 o [No] + T [N ])

(8.1.10)
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Therefore, we can apply (8.1.3) with p = 1 on [11,72] = [7/2, 7], while using (8.1.10) to

control E{‘l (t/2),

.
My ()da
T/2

< ESN1/2) + B[Nl (7/2,7) + LN (1/2,7)
< (1+7)7 (85_6 [P, a"100) + L3 [Ng] + I35 1 [N + T35 [N ] + )4 [Nb]) (8.1.11)
+(1+7)1*0 (11f1_5 [Nl + 770 [Nb])

< (147 (8550, a7 1(0) + T2 [Nel + T INg] + Iy o [No] + T, (N1

where we have use the definitions of I and T to interpolate the 7 and 7 norms.
Now the bound on ij2 M(s)_l[p, qf1(2)dA in (8.1.11) and mean value theorem imply 3 T €

[7/2,7] s.t.

ES[p.q"1(r)) s My~ [p, 0" 1(x7) (8.1.12)

S (L+1)72 (85_5 [9.a71(0) + L o [Ng] + I [Ng] + I35 o [N] + I} 4 [Nh]) :

Since 7} > 7/2, from (8.1.7), we have

E{5[p.a"1(r)
s (1+ Tf)_l (85_5 [p, qF] (0) + Izs_+51,o [Ng] + I1S_5,1 [Ng] + fzs_(s,o [No] + fls__(s{l [Nb]) (8.1.13)

S (1+)7 (83,19, a7 10) + L3N] + Ty INe]+ Ty o [No] + L) [N

Using (8.1.1) in Lemma 8.1.1 with (p1,p, p2) = (0,6,1 — §) to interpolate the bound on
Eg‘l[p, qF](Tf) in (8.1.12) and the bound on Ei:?[p, qF](Tf) in (8.1.13), we get
E3(x) < (Ey () T (By 3 () ™0

S (L+ 1) (&5, [0, 10) + Lo [N + L3 N1+ T o [No] + T 1 [N

(8.1.14)
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Now, we can apply (8.1.3) with p = ¢ on [, 72] = [7], 7], while using (8.1.10) to control

ES2(r)),

Es[p.a"] (1)
S EJ2 (7)) + I N (35, 1) + T2 [N (71, 7)
—2426 s F s+1 s+1 s s
S (L+ )22 (85[0, 10) + Lo [Ne] + L3 IND+ T35 o [No] + T4 1 [N )
+ (1 7)™ (L5, NG + 1352, N3]
S (14722 (85[0, 071(0) + Lo [Ng] + L5005 [Ngl + 5 [No] + T35 5[N]

(8.1.15)

where we have use definitions of 7 and I to interpolate the 7 and I norms. (8.1.15)

immediately implies

83,_22_2(5 [p, qF] < 8;_5 [p, qF] (0) + Igsjtsl’o [Ng] + I(gs,glg(s [Ng] + IQS_5,0 [Np] + I(ss,z_z(s [Np].

(8.1.16)

Step 4. Interpolation for 8;’_2[3;5;’7 Ip, oF:

Interpolating (8.1.16) and (8.1.8), as well as (8.1.8) and (8.1.5), we infer for all s < kgpnai +
(kjoss —3) and forall § < p<2-96

&350 0,071 £ 550,07 1(0) + L0 [Ng] + o5 [Nl + I o [Ns] + I3 [N ].

(8.1.17)
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Step 5. Estimate B;T;ng;p] [p,q"] and 7—; ) 25 ‘; Plp, af]:

Apply Theorem 7.1.1 on [7, 7], we have forany 6 < p <2-96
~[2-6- s—[2-6-
By P [, oM () + £y p, o N (r, )

< BP0 oFY (1) + PN (2, 1) + T PO (N (7, 1) (8.1.18)

S (L4 0 (& 2OV G+ 15 NG+ T, [NS]),

which immediately implies for all s < kg + (kjpss —3) and 6 < p <2-6

—[2-06- [2-6 2-6—
B2 P a1+ 75 P e af] < €550 P . a1 + 134 o [N] + 355 [N

+ 1,5 0[No) + Iy 5[ Ns 1.

(8.1.19)

Combining (8.1.17) and (8.1.19), we conclude the proof of Theorem 8.1.2. O

8.2 Flux Decay Estimates of p and q*

The goal of this section is to prove the following rP-hierarchy for (9,qf) € s1 X s9, where

p = foésp and q7 = foésq” are defined similarly as (6.2.1).

Theorem 8.2.1. Assume (P, q") € s; X so verifies the estimate of Theorem 7.1.2. Then
there exists a fixed number § < gg < 1 -6 such that the following estimates hold true for all

s < kgman + (kjoss —5) and for all gg — 1 < g < qo,

5 gF < YF
8ZMIO ‘I[p q ]+‘Bc;,q0—q[p’q ]

S &P, A71(0) + 8575 [0, a71(0) + 154, 0 [Ng] + 13255 [Ng ] + L7 0 [N ] + 155255 [N ]
+ sup rq0+5|st+1ﬁb|2 + (1+T) rq0+4|b§sﬁb|2
OST<T M>4m0 (T T* M24m0 (T,T*)

(8.2.1)
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Proof. We separate the proof into several steps: first, we establish the estimate of & , _, [p,a7]

in (8.2.1) for ¢ = qo, then for g = go— 1. We then interpolate to obtain the result for the full
range qo — 1 < g < gg. Finally, we conclude the proof by applying Theorem 7.1.2 to derive

[».4"].

the estimates for B3 p.q

q.90—94

Step 0. Rewrite Theorem 7.1.2:

In view of (6.1.30), (7.1.2) implies for all go — 1 < g < qo, on [11, T2],

T2
BB 1)+ [ M [0
T1

S EJ[P, 0 1(r1) + (1 +7)790 (S;ﬂ,qo_q[p, a1+ [Ng]) (8.2.2)
o e
M amg (71,72)
Step 1. Estimate &; NERE
Apply (8.2.2) with ¢ = go on [11, 2] = [7/2, 7], we have
T
B 15310 + [ REE BT
T
S Ep [5,871(r/2) + (&334, o[p a7 + % o [N (8.2.3)

+ / rio* =N |*.
Msamq (11,72)

The bound on EJ [P, af1(7) in (8.2.3) implies

85

40,0 [P, HF] < 8;0 [P, EF] (0) + 8;:},1,0[13, qF] + Iqs;fz,o [N,] + / rq0+5|bSSNb|2-
M24m0 (7/2’7)

(8.2.4)

Step 2. Estimate 820_170[5,6F]1

The bound on fT;Q MS . [p,q"](1)dA in (8.2.3) and mean value theorem imply 3 7, € [7/2,7]

q0-1
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s.t.

ESSL 5,61 s M2, [5,871(x)

s (1+ T)_l 8;0 [P, EF] (0) + 8;3}.1,0[13, qF] + [qsgfg,o [Ng] + [\4 e/20) rqo+5|st]\\7b|2 .
>4mg (T/4,T

(8.2.5)
Now apply (8.2.2) with ¢ = go — 1 on [71, 2] = [7], 7], we have
E;;El [5, \q/F] (T)
< EL IR + () (8D a T+ kN + [ PO =L, 2
M24m0(TS,T)

S (1+ T)_l 8;0 [P, EF] (0) + 8;;11,0 [p, qF] + Iqso?z,o [Ne] + / rq0+5|bssﬁb|2
M24m0 (T/QvT)
+(1+7)7! (8;0,1[1’, a1+ [Ng]) +/ raot 4 p=sI N, |2
M24m0 (TS,T)

< (1+ T)_l (8;0 [P, EF] (0) + 8;:;}.1,0 [p, qF] + 8;0,1 [p, qF] + I;;fz,o [N,] + IqS;J,11,1 [Ng])

+(1+7)7" ra0t3 9SS N, |2 + / raot4p=s—IN, |2,
Ms 4m (7/2.7) M 4mq (75,7)

(8.2.6)

where we have used the control of E;gfl [P, d71(73) in (8.2.5). (8.2.6) immediately implies

8;;11’1 [\ﬁa \C?F]
< 8;0 [5’ \q/F] (0) + 8;3}.1,0 [p, CIF] + 8;0,1 [p, qF] + Iqs(;.zz,o [Ng] + Iqs;.;.lLl [Ng] (8_2.7)
+ sup / r1* =N, |2 + (1 +7) r <IN, 2]
MZ4mO (T/QvT) M24m0 (TS’T)

OSTST*

Step 3. Interpolation for &5 . [p.4"]:

Interpolating (8.2.4) and (8.2.7), we infer for all s < kgnair + (kjoss — D) and for all go — 1 <
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q =< qo,

K X YF
Eg.q0-q P07 ]

< 8;31 [5» \q/F] (0) + 8;;31,0 [p, qF] + 8;;,11 [p, qF] + Iqsgfz,o [Ng] + Iqs;+21,1 [Ng] (8_2.8)

0<t<T,

+ sup / 1O DS HIN 2 4+ (1+7) 1 pSIN, 2.
M24m0 (T/2’T) M24m0 (TS»T)

Now in the view of Theorem 8.1.3, since 6 < go+1, g0 < 2 -0, we have the following control

of 8;;31,0[13, q] and 8;;}1[p, qf] for go—1 < q < qo

Ertiolma 1 +E [p.a"]

< 8;4_-?5[1), qF] (0) + Igsj(io [Ng] + I§s,§§2§ [Ng] + fgsjg,o [Nb] + ngﬁgg [Nb]

(8.2.9)

Combining (8.2.8) and (8.2.9), we deduce

> <[
Sé,qo—q [p7 q ]
S &P AT1(0) + 855 [0, 71(0) + I3, 0 [Ng] + I 0 [Ng] + 1072 | [Ng] + 15752 5[N]
+ 20 [Nb] + 552,55 [N ]

+ sup
0<7<T1,

rq0+4|stﬁb|2)

/ rAP RSN+ (1+7)
Ms g (7/2.7)

Msamg (75,7)
< 85+1 [V
~ 740 P,

G100) + &350, a"1(0) + 1375 0[N + 3205 [N ] + I3 [No] + 135255 [Ny ]
+ sup (

|
/ rq0+5|h5s+1ﬁb|2 + (1 +T) rQO+4|b§sﬁb|2 ,
0<7t<T: M24m0 (t/2,1) M24m0 (78’7)

(8.2.10)

where we have use definitions of 7 and 7 to interpolate the 7 norms.
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Step 4. Estimate 8} _ [p,q"]:

Apply Theorem 7.1.2 on [7, 7], we have for any gg— 1 < g < qo
By [9,0"1(z, %) < Ej[9,871(0) + EJ1 [, a"1(2) + L5 [N ] (7. 7) + /M e rI SN |
24mp \ *s bk

< (1 + T)—(QO—Q) (Sz,qo—q [5’ \dF] + 85+1 [p’ qF] +]-s+1 [Ng])

q+l,q90—q q+2,90—q
o™
+ / ra*5 05N, |2
M24m0 (T,T*)

< (14 7) (@09 (8;,%_6][5, a“1+ &5 p, aF1(0) + I;;f’z,o[Ng] + I(ss,J2r§25[Ng])

+ (14 1) D (T ING] + I35, [N

+/ rq+5|stNb|2,
M24m0 (T,T*)

(8.2.11)

where we have use Theorem 7.1.1 to control E;ﬂ[p,qF] (r). Now (8.2.11) immediately

implies for all s < kgpnan + (kjoss —5) and go— 1 < g < qo

B gog P01 S 85 (3,871 +E55[0, a7 1(0) + I35, ) [Ng] + 153355 [N,

4:90—4 4-90—9 q0+2,0
+ I3 0 [Np] + I35245 [N ] (8.2.12)
+ sup (1+71)0"9 / AT EVAE
0<7<Ts M24m0 (T,T*)
Combining (8.2.10) and (8.2.12), we conclude the proof of Theorem 8.2.1. O

8.3 Flux Decay Estimates of p and ¢

The flux decay estimates of P, 7 in Section 8.2 allow us to enlarge the p-range in r”-hierarchy

of p, qf . Effectively, it will improve the decay estimate of p, qf by (1 + 7)~90.

Theorem 8.3.1. Assume (p, q7) € s1xs9 verifies the estimate of Theorem 7.1.1 and (, 7) €

$1 X 9 verifies the estimate of Theorem 7.1.2. Then the following estimates hold true for all
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s < kgman + (kjoss —8) and for all 6 < p <2 -6,

F F
8; 2+q0 [ ] +B;) 2+q0—p[p’q ] +T[j’2+q0—p[p’q ]
< ESP2.071(0) + &35 [0, a7 1(0) + 1375 o [Ng] + T332, 5[N] + I3 [Ny ] + I35 55 [Ny ]
+ sup rq0+5|b§s+3ﬁb|2 + (1 +T) rq0+4|bﬁs+2ﬁb|2 )
0<7<t M>4mo (1.7) Mz amg (7,7:)

(8.3.1)

Proof. We establish the proof in five steps. First, we derive an improved estimate for
E5_s[p, q7](7) using Theorem 8.2.1. Second and third, we apply the rP-hierarchy to ob-
tain the improved estimates for EJ_s[p, q7]1(r) and for E3[p, q71(7). In the fourth step, we
interpolate between these estimates to establish improved bounds for E7 [, q7](7) over the
full range 6 < p < 2-¢. Finally, applying Theorem 7.1.1, we conclude the proof by deriving

the desired estimates for 87, [p.q F1 and F porgo—p P qf].

Step 1. Improved estimate for Ej_;[p,q Fl(7):

We start with the main estimate of Theorem 8.2.1 with ¢ = —6 which we write in the form,

ESs[9.671 < (1+1)7907°Cy

(8.3.2)

where,

Cyo o= E [0, a71(0) + E555 [0, a7 1(0) + I35 0[N ] + I352 05 [Ng] + I45  [No] + I5752 5[N]
+ sup rq0+5|st+1]\\7b|2 + (1 + T) rq0+4|b§sﬁb|2
0<7<T, M>4m0 (1,74) M24m0 (1,72)

In view of the definition (6.1.10) of E* [, "], (8.3.2) implies

/ r0 (=B + 2 ="52) < (14 7)™ 070C;,
E>4m0(7)
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02 =0 (|§4b3saF|2+r—2|b3saF|2) <@ +T)—q0—6520

z“Z4m0 (T)

— rbsl F

And since p = foésp = rd=p, qf = fo84q" , we deduce

B iy [0 a1(0) = [ 7 (IVa=1pl2 + 04T 250" 2) € (147) 070G,

z:24m0 (T)

(8.3.3)
In view of the first flux decay estimates (8.1.2) for (p, qF') established in Theorem 8.1.2, we
have,

E’[p,q"](r) s (1+7)720C3%, (8.3.4)

where
C35 = &350, 071(0) + 230 INg] + 35255 [Ng] + 1230 [Ns] + I35%55 [N .
Thus, combining (8.3.3) and (8.3.4), we deduce
E5_s[0.9"1(1) = ES_g 4, [0, 0" 1(0) + E*[p.q"](x) s (1 +7)7 070 (5;0 + Cg’j) . (8.35)

Step 2. Improved estimate of Ej_,[p, qf1(7):
Now we combine (8.3.5) with the estimate (8.1.3) of EJ_¢[», qf] with p=2-6 on [11, 2] =
[7/2,7],

E3 s[p."] (r)+/ M5 [p.0" (D dd

S E3 0,07 1(1/2) + 5 INI (1/2,7) + T3 [Ny (1/2,7) (8:3.6)

< (1+7)79° (5;0 + O+ I sIN+ L s [Nb]) :
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The bound on [, M5 __[p, qF](1)dA in (8.3.6) and mean value theorem imply 317 € [1/2, 7]
z2 M1-s 0

s.t.

E{Z5[p,a"1(x5) s My_s[p. 0" 1(x5)
< (14 77) 790710 (5;0 + OB+ L sIN I s s [Nb]) (8.3.7)

S (140707170 (G 4 2+ [N + T s [N )

Now we combine (8.3.7) with the estimate (8.1.3) of Ej_4[», qf | with p=1-6 on [11, 2] =

[75. 71,

E} 5[p.aF1(7)
< ES [0, 1(x) + BL [N (5, 1) + E_;[Np](75, 7)
< (]- + ‘r)_qo_l_(S (C;-:)—l + C;t:; + I2Sj—52,q0+6 [Ng] + ‘Z—]_sj(sl,qo+1+6 [Ng] + I2S—+51,q0+(5 [Nb] + Ils—é,q0+1+6 [Nb]) .

(8.3.8)

Step 3. Improved estimate of E3[p, qf1(7):
Using (8.1.1) in Lemma 8.1.1 with (p1, p, p2) = (1 = 6,1,2 — §) interpolate the improved
estimate of E5_s[p, qf1(7) in (8.3.6) and the improved estimate of E; [P, qf1(7) in (8.3.8),

we get the following improved estimate for Ej[p, qf1(7)

E{[p,a"1(7) < (E{_s[p.a"1(0) ' (E5_s[p, a"1())°
S (L) 07 (Corl o O3 T2, INGD+ T80 IND+ T80 I+ T V1)

(8.3.9)
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Now we combine (8.3.9) with the estimate (8.1.3) of Ej[p, qf] with p = 1 on [11,72] =
[7/2,7],

Elpa’ 10+ [ /; Mg [p, aF1(DdA

< Ej[p, q"1(1/2) + M [Ng](7/2,7) + I [Ny ] (1/2, 7)

< (L+7)90! (5231 +Cy* fzs+§q +5[Nel + I1S+(slq 4o Vel + I2s+51q wo[Nol + Ils—é,qo+1+5[Nb])
+(1+7)901 (If;éﬂ[ ARSI [Nb])
S (1+7)707! (CS+1 +C3t3 +I2s+62q +6 Vel +I1S+52q A+6 Vgl +]25+61q +6 Vo] +I1s+51q0+1+5[Nb])

(8.3.10)

where we have use definitions of 7 and T to interpolate the 7 and 7 norms.
The bound on fT;2 M [P, q71(2)dA in (8.3.10) and mean value theorem imply 3 T € [1/2,7]

s.t.

E*[p,q"1(z7) < My [p, 0" 1(1})
S (1 + Tf)_q0_2 (5;32 + C5+ I2S+§q +6[ ] [1s+§)qo+1+6[ ] I2s+62q +6 [Nb] + Il 0,q0+1+6 [Nb])
S (L4002 (Cr2 e O 4 I3 IN D+ 12N + 2 S INGL + T2 [N

(8.3.11)

Using (8.1.1) in Lemma 8.1.1 with (p1, p, p2) = (0,3, 1-0) interpolate the improved estimate

of Ei_é[p,qF](T) in (8.3.8) and the improved estimate of E[p, q"1(7}) in (8.3.11), we get
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the following estimate for E[p, qf] (77) for ¢ > 0 sufficiently small?

Ei[p,q"](1))
K F * % s F * %
< (E°[p,q" 1(1]) =2 (Ej_s[p,a"1(1)))
S (L a2 (G2 O I3 oIV T8 o ING + T2 o TN+ T2 s N
< (1 +T)—2—qo+(5 (5;;2 +Cs+4 J-s+3

s+3 542 542
o5 ¥ 1o 5 gors Nl + 1175 1 1as [Nl + L5755 [Nb] + ]1—6,q0+1+5[Nb]) .

(8.3.12)

Now we combine (8.3.12) with the estimate (8.1.3) of E;[p,qF] with p = 6 on [11,12] =

(7). 71,

Ej[p.9"](7)

< ES[p. q"1(r}) + I NI (1}, 1) + I3 [N ] (71, 7)

S (L+7)72740% (5;32 +C35 + Izs:?,qow [Nel + I1S—+§q0+1+5 [Nel + fzs:?,qow [No] + f-lsj(?,qo+1+5 [Nb])
+(1+7)72790% (Iés,;}—qo—é [Nl + z§i2+q0—5 [Nb])

S (L+7) 27007 (Cs+2 +Cyt5 + 12S+§)qo+6[ gl + Iésgiqo s[Ngl + IQS+62q w6 Np] + I5 2zqo 5[Nb])

(8.3.13)

where we have use definitions of 7 and I to interpolate the 7 and 7 norms.

Step 4. Interpolation for 8p g0 p[p qf]:

We first rewrite the improved estimates (8.3.5) of E5_ ([, qf1(1), (8.3.8) of E{_é[p, qf1(7)

2Notice the power of (147) here comes from an arithmetic computation
-2 —-qop+0.

(610 1- 5)+

( qo—2) =
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and (8.3.13) of Ej[p, qf1(7) as

E3 5 qpesl.0"1 5 oy + 57,

s F ~s+1 s+3 ) s+1 Fs+1
S s.qor1+5P:0" 1 s Co it + G375 +I23—6,q0+6[ el + 175 por1es[Nel + 175 15 [Nb ] +I1 5.q0+1+5 [ Nb 5

8;,2+q0—6[p’ a"l s C;:? + C§+ Izﬁf?q w6 Ngl + Ifssgiq _s[Nel + I2s+52q +5[Np] + Ias,;zqo—a [Ns].

(8.3.14)

We also recall Cv;0 and C;Jj% are given by

Coy o= &5, 871(0) + &350, 471(0) + 34, 0 [Ng] + L5525 [Ng] + L2 ) [No] + 133205 [N ]
+ sup / 1*‘10+5|h§s+1]§719|2 +(1+71) 1"10+4|t)5slvb|2
OST<T M>4m0 (T T*) M24m0 (T,T*)
Cy5 - = &350, a"1(0) + L3 ( [Ng ] + 5525 [N ] + L2 0 [Ny + 153255 [N .

Interpolating (8.3.14) on [d,1—6] and [1—6,2 - 6], we deduce for all s < kgnair + (kioss — 8)

and forallo < p<2-6

83 vaop P> 071 EL215,871(0) + 85410, a71(0) + I55 o [N + T332, 5[N]

+ IQY_+540 [Nb] + Igs’-;_lg(s [Nb]

+ sup / rq0+5|b§s+3]\\7b|2 + (1 + T) rq0+4|st+2ﬁb|2
M>4m0 (T T*) M>4m0 (T T*)

0<7t<7,
(8.3.15)
Step 5. Improved estimate B;’%qo_p[p, qf] and TPSQ*'CIO p[p,qF]:
Apply Theorem 7.1.1 on [7, 7], we have for any 6 < p <2-6
N F N F
B,[p, " [(7,7) + Fp[p.a" ](7,7)
< Es[p,af1(0) + I [Nl (7, 7) + T [Ny ] (1, 72) (8.3.16)

< (1+ T)—(2+q0—17) (88

<F 1
S gy PG T+ L5 [N+ IS, p[Nb]),
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which immediately implies for all s < kg + (kjoss —8) and 6 < p <2-6

1S7,2+q0—p [», qF] + ﬁ%qo—l’ [p.q ] S 815’ 2+q0-p L. qF] ¥ IQS:SI’O Vel + I(SSEE% Mgl (8.3.17)

+ fQS—d,O [Np] + Zss,Q—Q(s [Ns].

Combining (8.3.15) and (8.3.17), we conclude the proof of Theorem 8.3.1. O

8.4 Handling Inhomogeneous Norms in Theorem 8.3.1

We restate the estimate from our bootstrap assumption and the choice of M1-adapted frame

in Proposition 2.2.3.

Lemma 8.4.1. Consider the global frame of Proposition 2.2.3 and the above definition® of

I’y and I',. Let an integer kjo55 and a small constant ¢g > 0 satisfying

kloss
(klar e~ ksmall), op=—m. 8.4.1
¢ 0 klarge - ksmall ( )

16 < klass > dec

Then, the Ricci coefficients, Maxwell components and curvature components with respect to

the M1-adapted global frame of Proposition 2.2.3 satisfy

4
§=00nr2§rp,

A sup 2 5+0dec=200 o o l+0dec— 260)|bkr | + rl+0dec=200 k|
OSkSksmall“'klu.m

+

7 1
PE R B 5 0uec=200 | 2 146 ec- 260)<|bk7|)

+ (r37'5+5d“_250 + r271+5f’“‘250) 10k 3]

+ 714007200120k g 4 r|bkgl)} <e

3Recall in particular that the M1-adapted global frame of Proposition 2.2.3 is such that 7 € Iy.

240



R-N nonlinear stability

max sup r271+5"“‘_25°|bk_1V3(Fg)|
0<k<ksmaitkioss M

+ 13 (7 4 2r) 1F0dec=200 (lbk_lV3(7)|)} S €.

We will specify kiarges Ksmails Kioss in the future works.

Proposition 8.4.2. Let s < kgnan + (kioss — 3) and assume
qo < 46dec - 450 (8.4.2)

where
kloss kloss
klass - ksmall kloss — Lklow -1

S0 = (8.4.3)

is the small constant appearing in Lemma 8.4.1. Then, the following estimates hold true,

2,420 Negl + I(Ss2+q0 s[Nel + IQS 510[Nb] + I552 26 [Nb]

+ sup / rI 52N 2 + (1 + 1) rao*4 o3 N, |2 (8.4.4)
OSTST* M>4m0 (T T*) M>4m0 (T T*)

< 64.

~

Proof. In Proposition 5.10 of [27], it was already proven under the same condition that

so we will focus on the parts involving N, and Np.

Step 1. N, part:
Recall definition (7.2.2) of I,

Ip [Nb] (Tl,TQ) = (/ dT”Nb”LQ((lrup)z(T))) +/ r1+p|Nb|2, (846)
sl M % (11,72)
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From the Theorem 4.2.1 and bootstrap assumption made in Section 2.2.1 (or Lemma 8.4.1)

that for s < kgnan + (kjoss — 1),

oy 1) 2 2
=T IN,| = |(Ty - T) Y] < min .
DTN = |(Tg - T) )] e
€2
We first estimate using the bound [d=*"1N,| < FCRCTCT I
I/l +20dec
T Ty E2
ra<s—1 ’ 2_—1-204¢¢
/ dr ”b Nb“LZ((trap)Z(Tr)) < / 7-/2+Tdecd7- S€ET dec (847)
T T
€2
We then estimate using the bound [p=57I1Ny| § ——
r3u§+26dec

A

/ r3—6|st—1Nb|2
M )

; (7,7
tra

2 ’
/ / 3+ oo drdt
4dmo

64/ 1=3-40aee 1 / 16 . (8.4.8)
T 4mg

ehp2-40uec

A

A

62

1212+20dec

(1+71)* 26/ /mo T r2drdr’

ef(1+1)% 25/ R ~Adec gt /OO 30 g (8.4.9)
T 4

mo

Now we can estimate similarly [d=71N,| <

A

(1 +T)2—26/ r1+6|b£s—1Nb|2
M ; (1,7%)

2/\

64(1 + T)_25_4‘5d"°‘ .

A
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Combining these estimates (8.4.7), (8.4.8) and (8.4.9), we deduce

IS ING] (7, 7) + (14 D) P I [N (7, 72)

Ty 2
(/ dT”bSS_le”LQ((zrap)z(.r))) +/ r3—5|st—1Nb|2
T Ml % (7,74)

T, 2
+(1+T)2—25( / dT||bSS_1Nb||L2((n-ap)z(T))) +(1+7)¥% / riop=sTIN, |2
T Mt %(T’T*)

elr 2 Wuee 4 (A2 e (1 4 1) 2B hy2Waee 4 (1 4 1)~ 20~ dee

A

A

64(1 + T)—25_45dec

et

A

(8.4.10)
Taking supremum of (8.4.10) on 7 € [0, 7], we deduce the desired bound on the N, part:
Lo ING] + 5105 [Ns] < €. (8.4.11)

Step 2. N, part:

In view of the important Lemma 4.2.2, we have the following improved bound on N,

|DSS_2NI)| < |DSS+1 (,y . Fb)l + r—lles+1 (Fg . Fg)l

< 62 62
pS +
r%+63u1+6dc)c I’5Lt1+26d“ (8412)
62
s 9 .
r§+63u1+6dec
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Therefore, since 6 < gg < 1-19,

/ rq0+5|bﬁs—2ﬁb|2 + (1 +T) rq0+4|st—3ﬁb|2
M24m0 (TvT*) M24m0 (T,T*)

Ty (o) 64 Ty [+S) 64
qo+5 2 ’ qo+4 2 ’
r ———rdrdtT + (L + 71 r ————r%drdt
/T 1/4m0 r9+2(53 T12+2(5dec ( ) -/T L;no r9+263 T12+25dec

Ty [e9] T L
64/ T/—2—26decd7_// rq0—2—2(53dr + 64(1 + T) / T/—2—26decd7_1/ rq0—3—2(53dr
T 4my T dmo

etr~1720dec 4 64(1 + 7)7_1_2‘55’“

A

N

N

64(1 + T)_26d“

7\

el

N

(8.4.13)

Taking supremum of (8.4.13) on 7 € [0, 7], we deduce the desired bound on the N, part.

OSTST*

sup / r1 2N 2 + (1 + 1) r1o4 =3 N, 12| < € (8.4.14)
M24m0 (T,T*) M24m0 (T,T*)

Now combine (8.4.5), (8.4.11) and (8.4.14), we conclude the proof of Proposition 8.4.2. [

Together with Theorem 8.3.1, Proposition 8.4.2 immediately yields the proof of the fol-

lowing corollary.

Corollary 8.4.3. In addition to the assumptions of Theorem 8.3.1 we assume
204ec < qo < 404ec — 469 (8.4.15)

where g > 0 is given by (8.4.3). Then for a sufficiently small bootstrap constant € > 0, for

all s < kgnai + (kioss —8) and for all 6 < p <2 -8, we have

S 2vgp 0 T+ B0 o (0,07 ]+ F oy, [0.07] < E552[5,671(0) + E575 0, a71(0) + €.
(8.4.16)
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8.5 Proof of Theorem M1

We now specify our initial data condition on Z(0): for s < kgnair + (kioss — 8),

E521P,a71(0) + &35, a"1(0) < €. (8.5.1)

2/3

Since € = €,'", and given this initial data condition, we can directly deduce from Corollary

8.4.3 that forall 0 < g < gg, 6 < p <2-6, and s < kgnan + (kioss — 8),

E orqop P01+ B85 o0 0.0 1+ F o, [0.07] 5 €. (8.5.2)

8.5.1 Control of p and q”

We will also need the following two propositions concerning L? estimates on spheres.

Proposition 8.5.1. On any S = S(7,r) C 2(1), for s < kgnan + (kioss — 8), for ¥ € s1 or

Y € s9, we have

1 1

e T G N 1) M e ) (85.3)

and,
r—1(1+T)2+qo—5'/S |b£slﬁ|2 < 8;2_“10_6['#]. (854)
Proof. See Proposition 5.12 in [27]. O
The control of weighted bulk term B;,%qo_p in (8.5.2) implies for s < kgnan + (kioss — 8)
(1+T)2+q0—6/ |b5s+1p|2+Q2|st+1qF|2 < 68' (855)

(nt) M(7,7,)

The control of weighted energy term 8;’2 do-p in (8.5.2) and Proposition 8.5.1 imply for

245



R-N nonlinear stability

s < ksmall + (kloss - 8)

(ot [ el 0t o <
(T

(8.5.6)
r—1(1+T)2+q0—5/ |stp|2+Q2|stqF|2 < Eg.
Sr(7)
In view of the standard Sobolev inequality on the 2-surfaces S i.e.,
W lles) < r IR =20l 2 ).
we immediately infer for s < kg + (kjoss — 10)
<s <s . F -1 _1_40
D= p[+ 0¥ q" [ S €or (1+7)72772,
) s (8.5.7)
p=°pl + Q00" | s r 2(1+7)7' 72
8.5.2 Control of Vzp and Vaq”
Proposition 8.5.2. We have for s < kgpnan + (kioss — 8)
(14 7)*+d070 / V3= y|* $ Fiorgy_sl¥/]. (8.5.8)
2. (T,74) ’
Also, on any S = S(7,r) C Z(7), for s < kgnai + (kjoss — 10), we have
(1+7)%4070 /S . V3= y|* 5 € + Fograoos W] + E3 g s 0], (8.5.9)
Proof. See Proposition 5.13 in [27]. O
The control of weighted flux norm 77;’2+q0_p in (8.5.2) and (8.5.8) imply for s < kgnan +
(kloss - 8)
(1 +T)2+qo—5/ V50="q|* + Q%|V3d=*a"|* < €. (8.5.10)
2. (T,7)
The control of weighted flux norm ¥,, ~  and weighted energy norm & ,, ~ in (8.5.2)
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and (8.5.9) for s < kgnair + (kjoss — 10)
(02 [ Tapl? 4 0o Va5 o (8.5.11)
Again, in view of the standard Sobolev inequality on the 2-surfaces S i.e.,
1Wllscs) < r D=2 llas),
we immediately infer for s < kgnan + (kjoss — 12)
D= V3p| + QIv="V3a” | < epr (1 +7) "5 (8.5.12)

Recall that gg > 204, and that 6 > 0 can be chosen arbitrarily small so that we have

qo — 0 > 204.c. In particular, we may choose

0o—0
Oextra = 1 5 Oextra > Odecs (8513)

so (8.5.7) and (8.5.12) imply for s < kgmair + (kioss — 10)

95 p] + Q[0=0"| < € (1 +7)7 3 ewre,

1 (8.5.14)
[0=°p| + Q00| 5 €or™2 (L +7)7 0,
and for s < kgnan + (kioss — 12)
19=°Vsp| + Q|d0=°V3ql | < eor 1 (1 + 7)1 0exira (8.5.15)

as desired. This concludes the proof of Theorem M1.
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We conclude this thesis by presenting the full version of Theorem M1, incorporating all

well-defined notions.

Theorem M1 (Full Version). Consider a perturbation of a sub-extremal Reissner-Nordstrom
spacetime with parameters (M, Q). Assume the bootstrap assumptions from Section 2.2.1
and the Ml-adapted frame from Proposition 2.2.3. Then, the Chandrasekhar variables
(p, qF) € 51x859 , defined in (4.1.1), satisfy the nonlinear Regge-Wheeler system (4.2.1)—(4.2.2).
Assume the initial data condition (8.5.1) of size € is sufficiently small, then p, g, and
their higher-order derivatives satisfy the decay estimates in (8.5.14). Moreover, V3p, V3q©,

and their higher-order derivatives satisfy the decay estimates in (8.5.15).
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Conclusion or Epilogue

This thesis establishes the essential hyperbolic estimate for the nonlinear stability of the
Reissner-Nordstrom spacetime. The journey continues. Future efforts will be on tackling
remaining challenges to fully resolve the stability of the Reissner-Nordstrom spacetime,

shaping our understanding of black hole dynamics and Einstein-Maxwell equations.
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Appendix A: Null frame transformation and (almost)

gauge-invariant quantities

The goal of this Appendix is to prove Proposition 3.1.1, which requires the help of null
frame transformation formulas of various curvature components, Maxwell field components

and Ricci coefficients.

A.1 Transformation between integrable frames

Consider two null frames (ey4, e3,e,) and (e}, e5, e;) on M with H = {e3,es}+ and H' =
{e}, e/ }* the corresponding horizontal structures. Since we only focus on integrable case,
H = {e,} and H' = {e/;}. We denote by I"",T" the connection coefficients relative to the two
frames. We denote by V, V®, div, curl, V3, V4 the standard operators corresponding to H and
by V/,V'®,div’, curl’, V5, V), those corresponding to H'. The goal is to establish transition

formulas between the Ricel and curvature coefficients of the two frames.

The following transformations can be found in [285].

A.1.1 Transformation between two null frames

Lemma A.1.1. The following transformation formulas hold true.

(1) A general null transformation' between two null frames (e4, €3, e,) and (e}, €5, e;) on

In full generality, one could also rotate e}, e, but this would not change the horizontal structure and,
as it turns out, is in fact not needed. The dot product and magnitude | - | are taken with respect to the
standard euclidian norm of R2.
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M can be written in the form,

1
ey =4 (64 + flep + Z|f|2€3),

= 5b+ f f )eb+%iae4+(%fa+%|f|2ia)e3, (A.1.1)

- ((1 +5fof+ 1—16|f|2|[|2) e3+ (f’ + %Iﬁfb) eh+ ilﬁ%),

where A, f, = f% f = f¢ are scalar functions, called the transition coefficients of the
a i

change of frame. Note, in particular,

, 1,1
e, =éeq+ §ia/1 1€4+ §fa€3,

’ - ’ ]- —
ey =A"" (eg+flea — Z|i|2/l 1
(2) The inverse transformation is given by the formulas
1 12 1
eg=A" €+ fre, + Z'fl esl,

ea:(52+ i;f’b)e’b+%i e4+( fo+ —|f’|2i;)eg, (A.1.2)

1
2
es = (1) 1( e f 6|f’|2lfl2)e§,+(_”’+ilflzf”’)e}ﬁilfl%i;),

where
A= (1+ [ f+ 6|f|2|[|2),
=TT fj%m?mz (fa+§|f|2za), (A13)
£ ==t (1, + 0P,

Moreover

Fofy=ffe AFP=AR TP =P (AL
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Denoting F = (f, fid- 1), we also write, for small |F]|,

V=21 (1 + %f : [) +O(|F%),

fl==Af. +O(|F?), (A.1.5)

a

[l==f +O(FP).

Remark 18. As a consequence of the above lemma, both f and f’ can be regarded as
horizontal vectors on both H = {e3,e4}* and H' = {e}, e/ }*.
A.1.2 Integrability condition

The integrability condition for a null frame (es, e4, e,) is that the horizontal structure H =
{es, e4} spans the tangent space of the sphere. This condition is equivalent to “try =0

and @try =0, meaning that y and y are symmetric 2-tensors on the sphere.

Proposition A.1.2. A transformation of type A.1.1 between two integrable null frames

(e3,e4,e1,e2) and (€5, €}, €], €,) satisfies the following condition

O=cwrl' f+ f An+ f AZ+Err( Diry, @try), (A.1.6)
1 1
Err( @try, @try’) = fAé+ z_li/\ ftrx +wf A f+ Z/l_l(f A ity +lo.t.,
O=cutl f+ fFAR=C A f+Err( @Qtry, @Dtry’), (A.1.7)

Err(@try, @try’) = fAE+(f A fw+Lo.t.,
where, l.0.t. denote expressions of the type

Lo.t. = O((f, T +O((f, HHT

containing no derivatives of f, f, I' and r.
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A.1.3 Transformation formulas for Ricci coefficients

Proposition A.1.3. Under a general transformation of type (A.1.1) between two integrable

null frames, the Ricci coefficients transform as follows:

e The transformation formula for & is given by

72 = ¢+ %Vﬂlelf+ itr)(f+wf+Err(§,§’),
1 1 1 1
Err(¢,¢) = Qf X+ Z|f|277+ §(f O f- Zlfl?ﬂ
1 1
+172 §(f-§’)i+§(f-£)§’ +lo.t.

e The transformation formula for ¢ is given by

=+ %/Ing +wf+ }ltr)_(i +Err(£,¢),

1 1 1 1
Er(¢.6)=5f X = 5(f - Of + | Pn—JIf P + Lot

e The transformation formulas for y are given by

A ey =tey+divf+ f-n+ f- ¢ +Err(try, try))
Err(try, try’) = foé+ i]_‘~ftr/\/+a)(f-i)
- wlfP = 3Py - 3(F - DAy + Lo,
I = R+ SVBS + o+ 8L+ Enn(E. ),

Err(y, x') = £@§+ ii@ftr)(+wf§>i

—wf®f + i(f@i)/l_ltr)(’ + %ié(f AT + Lot
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e The transformation formulas for y are given by

/ltr/\(’ = tr)(+div'f+f n—f- {+Err(tr)(, tr)(’) (A.1.15)
Err(try, try’) = —(f Dy +f-E=1fPw+(f-w- —|f|2/1 Yy’ +Lo.t.,
~ o~ 1 ~ A~
A =x+ §V’®f+f®n—f®§+Err(X, x), (A.1.16)

Err(¥, ') = —(f®f)tr/\/ +f®¢ - (fef)w+ (fef)w - —|f|2/l "+lo.t.
e The transformation formula for £ is given by

1 1
{’zg’—V’(log/l)—Z—ltr)_(f+w£—gf+Zitr)(+Err({,§’),
1. 1 1 1 1
El"l"(é“,{/):—5)_('f+§(f'§)i—§(f'ﬂ)[+1£(f'77)+1£(f'§)

+i*f(f/\n)+1*f(f/\{)+lfdiv'f+1*fcur1'f+%/l_li-)?'

——(f PfA ey T f/l YA Pty + Lot
e The transformation formula for 7 is given by

1 1
;7’:77+51Véf+Zitr)(—gf+Err(n,n/), (A.1.17)

.1 1.1 o1 ,
Err() =S (f -+ Sf-X+5f(f-O = (L P +5f(f-n) +Lot.
e The transformation formula for 5 is given by

Vit f + 1tr)(f wf +Err(n,7), (A.1.18)

fx+ §(f'77)£_1(f'§)£_1|i|2/l_ & +lo.t.
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e The transformation formula for w is given by

1 1
A =w- 5/1_1e21(10g A) + §f (¢ —n) +Err(w, o), (A.1.19)

1 1 1
Err(w,w’) = _leleQ - gtr)_(|f|2 + 5/1_2i & +1o.t.

e The transformation formula for w is given by

Aes(log ) — %i L - %i -1+ Err(w, o), (A.1.20)

Bri(w o) = f - fw - 7IffPo+5f £+ 3(F Py

1 1
- %lﬂ%r}(— iﬁ['véf+ S D)= U P -0 + Lot

A0’

w +

DN | —

where, for the transformation formulas of the Ricci coefficients above, 1.0.t. denote expressions

of the type

Lot. = O((f, NPT +0((f, )T

containing no derivatives of f, f, I' and I.

A.1.4 Transformation formulas for Curvature coeflicients

Proposition A.1.4. Under a general transformation of type (A.1.1) between two integrable

null frames, the curvature components transform as follows:

e The transformation formula for a, @ are given by

1720’ = a +Err(a, ), (A.1.21)
~ ~ ~ 1, ~ 3, .~
Err(e, o) = (feB - *f®@™B) + (f@f - §*f®*f) o+ §(f®*f) *o+1lo.t.,

/12Q' = a + Err(a, o), (A.1.22)
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Err(e,o) = ~(f8B - *f&"B) + (f8f -

N —

e The transformation formula for B, 8 are given by

3
B =B+ 5 (fp+ " p) + Erx (B, B),
Err(B,58) = %a/ - f+lot.,
3
B =5 (fp+ " 7p) + Err(B. ),

1
Err(8,8) = L f +Lo.t.
e The transformation formula for p and *p are given by

p =p+Err(p,p),
3 3
Ere(p,p)=f-B=f-B+5p(f- /) =3 *o(f A f)+lot.,

o’ = "p+Err("p, *p’),

Bre(*p, ') = ~f - "B~ - B+5p(f - )+ 5p(f A ) +1ot

. 5
[8%f)p+5(F8%) P +lot.

(A.1.23)

(A.1.24)

(A.1.25)

(A.1.26)

where, for the transformation formulas of the curvature components above, l.o.t. denote

expressions of the type

Lot. = O((f, /)°)(p, *p) + O((f, /)*) (@, B, 2. B)

containing no derivatives of f, f, a, B, (p, *p), B, and a.
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A.1.5 Transformation formulas for Maxwell field

Recall null electromagnetic components are given by

(F),Ba :=F(ey, e4), (F),B = F(ea, e3)

) (A.1.27)
(F)p ::EF(eg, ey), *(F) == *F(eg, es)

F(em eb) = —€ab *(F)P (A128)

Proposition A.1.5. Under a general transformation of type (A.1.1) between two integrable

null frames, the electromagnetic components transform as follows:

e The transformation formula for (F)8, (F)8 are given by

AL Fg = (F)g g ()%, 4 ¢ () ] ot
(A.1.29)

AFp = Ep—*pErp— fEp Lot

e The transformation formula for F)p and *F)p are given by

(P = Py 4 Brr( Flp, P

Bre(©p, V') = - gt o - B = Ep(f - )+ 5 ¥ A )+ 1ot

(A.1.30)

(F)*pl _ (F)*p+Err( (F)* (F)* /)

1

—f-*(F)é—%[-*(F)ﬁ+ Op(f )= Po(f A )+l

EI‘I‘( (F)*p’ (F)*p/) — _2

(A.1.31)

where, for the transformation formulas of the electromagnetic components above, l.0.t. denote

260



R-N nonlinear stability

expressions of the type

Lot. = O((£. )H*)(Fp, P*p) + 0((f£. (T, Fp)
containing no derivatives of f, f, (Flg, (Flp (F)xp, (F)E,

A.2 Gauge invariant quantities: Proof of Proposition 3.1.1

The goal of this section is to prove Proposition 3.1.1 using the null frame transformation in

Appendix A.1. We restate Proposition 3.1.1 for convenience.

Proposition A.2.1. For a electromagnetic-gravitational perturbation of the Reissner-Nordstrom

spacetime, the following so-tensors

and
log (g 4 (M), 0 Log (g _ (F)y5
f= —§V® B+ Ypx, f= —§V® B-"px (A.2.1)
and the following s;-tensors (where (Fog and pg are non-zero background values)

B=2%peB-3p0 "B, B=2"peB—3p ") (A.2.2)
and

3 3
2=V B+ Doy Ppa 2w -2, 1=y P diry P20 g2 g

(A.2.3)

are almost gauge-invariant. (That is, quantities that are unchanged under infinitesimal null

frame transformations in the linear theory.)
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Proof. Given a O (e€)-perturbation of Reissner-Nordstrom spacetime. For any transformation
of type (A.1.1) between two integrable null frames (ey, €3, €1, €2) and (e, €5, €7, e5) that is of
size (f, f,A—1) = O(¢€), then from Proposition A.1.4, we have the transformation of relevant

curvature components:

o =a+0(),

o =a+0(eh),
B =B+2fp+0(),
B=p-3ip+0),
P =p+0(e),

*p/ — *p+0(€2).
From Proposition A.1.5, we the transformation of relevant Maxwell field components:

P = Fg+ £ Fp + 0(€2),

g = - To+0().
From Proposition A.1.3, we the transformation of relevant Ricci coefficients:

¥ =0+ 5VEf+0(),
X =g+%v’®i+0(62),
try’ = try + div’ f + O(€?),
tr)_(’ = try + div’i+ 0(€?),
& :§+%Veilf+itr)(f+wf+0(e2),
E=¢+ %Ve§f+ itr)(_f+gi+0(62),

1
w =w- ieﬁl(log/l) +0(€?),
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—_

W =w+=ey(log ) +O(e?).

—e
2
Therefore, f and { transform as (e}, = e, + O(€)es + O(€)ey)

’ 1 VAN ’ 1,
P=-Lye s g

1_,~ o~ 1_,~
- —§V’®((F)ﬂ+f(”p+0(e2)) + ((F)p+0(€2)) (X+ 5V’®f)

1~ 1 -
:—§V@NF%+<Fbxu-§V“F%®f+cxe%

=f+0(e%),
’ 1 /o ’ 1,
i:—§V®(F)§—(F)p)_(
1_,~ o 1A
:DEV®(“%—iwb+0@%yw”%+0@%wz+ind

1~ 1, A
= —§V® (F)é_ (F)p)_(_ EV (F)p®£+ 0(62)

=f+0(e).
Moreover, 8 and é transform as

g =2, (ﬁ n gfp ¥ 0<62>) =30 (P + £ T +0(e)

=2"pp =30 "B+3%pfp -3pf Fp+0()

=B+0(e),

B =25y (/3 - gip +0<e2>) = 3p0 (P - £ Pp+0(e?)

=2"pp-3p " =3 fp+3pf Tp+0(e?)

:§+ 0(é%).

Finally, we compute how ¥ and ¥ transform. From Proposition 2.1.1, we know under a
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O (€)-perturbation of Reissner-Nordstrém |,

Vi Fp = —try Fp + 0(e),

Vs Fp = tr)_((F)p+O(e).
Therefore, (e} = e4 + O(€)es+ O(€)e, + O0(€?)es; e =e3+0(e)ez3+0(e)e, + O(€%)ey)

¢ =V, (B4 £ T+ 0(e) 42 (i + 0e) T+ 1 Tp+ (&)
+2(w+0(e) (<F>,3+f<F>p+0(e2))
2(‘” +0(62)) (§+ Y, [+ tr)(f+wf+0(62))
Vi (F+ 1 )+ Sty (P4 £ F) + 20 (P + £ )
-2y (§+ V4f+1tr/\/f+wf)+0(62)
, P+ tr)((F),8+2w(F)ﬁ 9 (F) §+(V4(F)p+tr)((F) )f+0(e)
=x+0(&),
=9 (-7 0(eh) + 5 (i +00) (- £ T 0t
+2(w+0(e) (TB- £ T+ 0(eH)
+2(Pp+0(e)) (§+%Veé£+%tr/\/_f+gi+0(e2))
=95 (©B - £ ©p) + Sty (P~ 1 ) + 20 (P - £ )
+2Fp (§+ V3f+1tr)(f+a)f)+0(62)
Vg(F)é+§tr)_((F),§+2Q(F)é—2(F ot = (Vs P+ try Pp) £ +0(e?)

=X+ 0(€?).

This concludes the proof of Proposition A.2.1. ]
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