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Abstract

Bounded subgradient trajectories in semialgebraic optimization

Xiaopeng Li

Solving modern data science problems relies on optimization algorithms that often succeed in

high-dimensional, large-scale settings. First-order methods, in particular, are widely used due to

their low per-iteration cost and scalability. However, despite their empirical success, theoretical

understanding of their behavior in such settings remains limited. Classical optimization theory is

typically built on assumptions about the objective function, such as convexity, smoothness, and

coercivity, which are rarely satisfied in practice. In addition, common assumptions on algorithms,

such as the boundedness of iterates or the existence of limit points, are often difficult to verify.

To address these challenges, we develop a framework that replaces these assumptions with easily

checkable conditions, using tools from dynamical systems, semialgebraic geometry, and varia-

tional analysis.

A key result of this thesis is that a broad class of optimization problems, including phase

retrieval, matrix sensing, and neural networks, have bounded gradient flows. This property is

central to multiple aspects of optimization. For landscape analysis, we develop practical tools

for certifying the absence of bad local minima at infinity. For first-order algorithms, we analyze

momentum methods and the proximal random reshuffling algorithm, proving global convergence

of iterates and establishing improved convergence rates.
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Introduction

The past decade has witnessed tremendous advances in data science, enabling remarkable

progress in fields from classical computer vision tasks such as recommendation systems [1, 2,

3] and face recognition [4, 5, 6] to more recent advancements in autonomous driving [7, 8] and

large language models [9, 10]. The success of these models relies heavily on the landscape of their

loss functions and the optimization algorithms used to train them. In the era of high-dimensional

large-scale data, first-order algorithms, namely the optimization algorithms that require only first-

order derivatives, becomes more and more prevailing due to its low per-iteration costs [11, 12].

However, their applications often lack guarantees, raising concerns about their robustness and re-

liability. Practitioners often need multiple executions to fine-tune parameter settings, leading to

significant energy consumption and increased computational costs [13, 14].

A central challenge in establishing theoretical guarantees for the applications discussed above

is that classical optimization theory often rests on assumptions such as convexity, smoothness, or

coercivity of the objective function [15, 16, 17], which are frequently violated in modern data sci-

ence problems [18, 19]. As illustrated in Example 3.1, gradient descent can fail even on a simple

matrix completion task due to the absence of these regularity properties. In addition, standard as-

sumptions on the algorithms, such as the boundedness of iterates or the existence of limit points

[20, 21, 22, 23], may not provide a satisfactory explanation for their empirical success. For exam-

ple, Figure 5.1 shows that even when the iterates of gradient descent remain bounded, it may fail

to converge. Figure 5.3 demonstrates that the subgradient method with a standard diminishing step

size can generate unbounded iterates in the context of ℓ1 matrix completion (unconstrained version
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of Example 5.2). Lastly, Figure 5.4 underscores the difficulty of empirically verifying boundedness

in practice.

In this thesis, we aim to provide theoretical guarantees for minimizing a broad class of functions

using first-order methods. To address the challenges posed by the absence of a global Lipschitz

constant and the lack of standard boundedness assumptions on algorithmic iterates, we adopt a

continuous time dynamics perspective inspired by [24, 25, 26, 27, 22, 28, 29, 30, 31]. Specif-

ically, we utilize subgradient trajectories (Definition 1.6) to analyze the function landscape and

the behavior of first-order algorithms. We introduce the notion of bounded subgradient trajecto-

ries (Definition 1.7) as a key condition for characterizing the global dynamics of some first-order

algorithms. Away from critical points, algorithmic iterates are shown to closely track a bounded

subgradient trajectory, approaching arbitrarily near a critical point. Once the iterates enter a neigh-

borhood of a critical point, they either remain within the neighborhood and converge to a stationary

point, or they exit the region with a sufficiently large decrease in the objective value. Since such

escapes can occur only finitely many times, the iterates ultimately stabilize and converge.

The results in this thesis rely on a key structural assumption that the objective function is semi-

algebraic (Definition 1.4). This class is sufficiently expressive to model a wide range of problems

arising in data science [32, 33, 28], while remaining structured enough to permit the use of power-

ful tools from real algebraic geometry and variational analysis. In contrast, general functions may

exhibit highly oscillatory behavior, which rarely occurs in data science applications [34, 35]. A

review of the relevant properties of semialgebraic functions is provided in Section 1.2. To accom-

modate functions involving components such as exponentials or logarithms, one may consider the

broader class of functions that are definable in an o-minimal structure over the real field [36, 37].

Since all the results in this thesis stated for semialgebraic functions extend naturally to definable

functions, we focus primarily on the semialgebraic setting for clarity and simplicity.

This thesis is organized as follows. Chapter 1 provides the necessary background for the sub-

sequent chapters, introducing the concept of Clarke subdifferential, semialgebraic functions, and

subgradient trajectories, along with their fundamental properties used throughout the thesis. In

2



Chapter 2, we identify a collection of representative models from data science that exhibit bounded

subgradient trajectories; these results serve as the foundation for the landscape and convergence

analyses in the later chapters. Chapter 3 introduces the notion of spurious local minima at infinity

and presents a practical tool (Theorem 3.1) to certify the absence of such undesirable behavior by

leveraging trajectory boundedness. In Chapter 4, we investigate momentum methods for locally

smooth semialgebraic functions with bounded subgradient trajectories. Using a specialized length

formula (Lemma 4.1), we establish results on local convergence (Theorem 4.1), global conver-

gence (Theorem 4.2), and saddle point avoidance (Theorem 4.3). Finally, Chapter 5 extends this

framework to nonsmooth constrained settings and stochastic algorithms. We analyze the proximal

random reshuffling algorithm for composite finite-sum problems and show that, under various reg-

ularity assumptions on the objective, the algorithm can recover approximate stationary points with

quantifiable accuracy (Theorems 5.1 to 5.4).
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Chapter 1: Background

We first list some basic notations and concepts. Let N := {0, 1, 2, . . .}, N∗ := {1, 2, . . .},

R := (−∞,∞), R+ := [0,∞), R++ := (0,∞), and R := R ∪ {±∞}. Let ∥ · ∥ be the induced

norm of an inner product ⟨·, ·⟩ on R𝑛. Given 𝑆 ⊂ R𝑛, let 𝑆 and 𝑆 denote the interior and closure

of 𝑆 in R𝑛 respectively. Let 𝐵(𝑎, 𝑟) and 𝐵̊(𝑎, 𝑟) respectively denote the closed and open balls

of center 𝑎 ∈ R𝑛 and radius 𝑟 ⩾ 0. Given 𝑥 ∈ R𝑛, consider the distance of 𝑥 to 𝑆 defined by

𝑑 (𝑥, 𝑆) := inf{∥𝑥 − 𝑦∥ : 𝑦 ∈ 𝑆}. Given a set-valued mapping 𝐹 : R𝑛 ⇒ R𝑚 and 𝑦 ∈ R𝑚, let

𝐹−1(𝑦) := {𝑥 ∈ R𝑛 : 𝐹 (𝑥) ∋ 𝑦}. Given 𝑓 : R𝑛 → R, the domain, graph, and epigraph are

respectively given by dom 𝑓 := {𝑥 ∈ R𝑛 : 𝑓 (𝑥) < ∞}, graph 𝑓 := {(𝑥, 𝑡) ∈ R𝑛 × R : Φ(𝑥) = 𝑡},

and epi 𝑓 := {(𝑥, 𝑡) ∈ R𝑛+1 : 𝑓 (𝑥) ⩽ 𝑡}. A function 𝑓 : R𝑛 → R is convex (respectively lower

semicontinuous) if epi 𝑓 is convex (respectively closed).

1.1 Clarke subdifferential

In this section, we will review some concepts and results on generalized derivative in the sense

of Clarke [38, p. 336], since we would like to also consider nonsmooth functions. We begin by

recalling the definition of several normal cones [38, Definition 6.3].

Definition 1.1. Given 𝑆 ⊂ R𝑛 and 𝑥 ∈ 𝑆, the regular normal, normal, and convexified normal cones

are given respectively by

𝑁𝑆 (𝑥) :=
𝑣 ∈ R𝑛 : lim sup

𝑥→
𝑆
𝑥,𝑥≠𝑥

⟨𝑣, 𝑥 − 𝑥⟩
∥𝑥 − 𝑥∥ ⩽ 0

 ,
𝑁𝑆 (𝑥) :=

{
𝑣 ∈ R𝑛 : ∃(𝑥𝑘 , 𝑣𝑘 ) → (𝑥, 𝑣), (𝑥𝑘 , 𝑣𝑘 ) ∈ 𝑆 × 𝑁𝑆 (𝑥𝑘 )

}
,

𝑁𝑆 (𝑥) := conv 𝑁𝑆 (𝑥),

4



where 𝑥 →
𝑆
𝑥 means 𝑥 ∈ 𝑆 converges to 𝑥.

Definition 1.2. Given 𝑓 : R𝑛 → R, the Clarke subdifferential is the set-valued mapping 𝜕Φ :

R𝑛 ⇒ R𝑛 defined by

𝜕 𝑓 (𝑥) :=


{
𝑣 ∈ R𝑛 : (𝑣,−1) ∈ 𝑁epi 𝑓 ((𝑥, 𝑓 (𝑥))

}
if | 𝑓 (𝑥) | < ∞

∅ else.

We say 𝑥 ∈ dom( 𝑓 ) is a Clarke critical point if 0 ∈ 𝜕 𝑓 (𝑥) and 𝑣 ∈ R is a Clarke critical value

if 𝑓 (𝑥) = 𝑣 for some 𝑥 ∈ dom( 𝑓 ) such that 0 ∈ 𝜕 𝑓 (𝑥).

Definition 1.3. A function 𝑓 : R𝑛 → R𝑚 is locally Lipschitz if for all 𝑎 ∈ R𝑛, there exist positive

constants 𝑟 and 𝐿 such that

∀ 𝑥, 𝑦 ∈ 𝐵(𝑎, 𝑟), ∥ 𝑓 (𝑥) − 𝑓 (𝑦)∥ ⩽ 𝐿∥𝑥 − 𝑦∥.

Notice that for a locally Lipschitz function, by [39, Theorem 3.2], the derivative exists almost

everywhere. It is also well known that for any locally Lipschitz function 𝑓 and any 𝑥 ∈ R𝑛, the

Clarke subdifferential 𝜕 𝑓 (𝑥) is a nonempty, convex, and compact set [40, Proposition 2.1.2(a)].

1.2 Semialgebraic functions

Definition 1.4. [41, 42] A subset 𝑆 of R𝑛 is semialgebraic if it is a finite union of sets of the

form {𝑥 ∈ R𝑛 : 𝑝𝑖 (𝑥) = 0, 𝑖 = 1, . . . , 𝑘; 𝑝𝑖 (𝑥) > 0, 𝑖 = 𝑘 + 1, . . . , 𝑚} where 𝑝1, . . . , 𝑝𝑚 are

polynomials defined from R𝑛 to R. A function 𝑓 : R𝑛 → R is semialgebraic if its graph, that is to

say {(𝑥, 𝑡) ∈ R𝑛+1 : 𝑓 (𝑥) = 𝑡}, is a semialgebraic set.

Next we recall several useful properties of semialgebraic functions. They will be frequently

used in later chapters.

Lemma 1.1 (semialgebraic Morse-Sard theorem [43]). Let 𝑓 : R𝑛 → R be locally Lipschitz and

semialgebraic. Then 𝑓 has finitely many critical values.
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Theorem 1.1 (Kurdyka-Łojasiewicz inequality [44, 43]). Let 𝑓 : R𝑛 → R be locally Lipschitz and

semialgebraic. Let 𝑋 be a bounded subset of R𝑛 and 𝑣 ∈ R be a critical value of 𝑓 in 𝑋 . There

exists 𝜌 > 0 and a strictly increasing continuous semialgebraic function 𝜓 : [0, 𝜌) → [0,∞)

which belongs to 𝐶1((0, 𝜌)) with 𝜓(0) = 0 such that

∀𝑥 ∈ 𝑋, | 𝑓 (𝑥) − 𝑣 | ∈ (0, 𝜌) =⇒ 𝑑 (0, 𝜕 (𝜓 ◦ | 𝑓 − 𝑣 |) (𝑥)) ⩾ 1. (1.1)

Proposition 1.1 (Uniform Kurdyka-Łojasiewicz inequality [45, Proposition 5]). Let 𝑓 : R𝑛 → R

be locally Lipschitz and semialgebraic. Let 𝑋 be a bounded subset of R𝑛 and𝑉 be the set of critical

values of 𝑓 in 𝑋 if it is non-empty, otherwise 𝑉 := {0}. There exists a concave semialgebraic

diffeomorphism 𝜓 : [0,∞) → [0,∞) such that

∀𝑥 ∈ 𝑋 \ (𝜕 𝑓 )−1(0), 𝑑 (0, 𝜕 (𝜓 ◦ 𝑓 ) (𝑥)) ⩾ 1, (1.2)

where 𝑓 (𝑥) := 𝑑 ( 𝑓 (𝑥), 𝑉) for all 𝑥 ∈ R𝑛.

1.3 Subgradient trajectories

In this section, we will introduce some basic concepts and fundamental properties related to

subgradient trajectories.

Definition 1.5. [46, Definition 1 p. 12] Given two real numbers 𝑎 < 𝑏, a function 𝑥 : [𝑎, 𝑏] → R𝑛

is absolutely continuous if for all 𝜖 > 0, there exists 𝛿 > 0 such that, for any finite collection

of disjoint subintervals [𝑎1, 𝑏1], . . . , [𝑎𝑚, 𝑏𝑚] of [𝑎, 𝑏] such that
∑𝑚
𝑖=1(𝑏𝑖 − 𝑎𝑖) ⩽ 𝛿, we have∑𝑚

𝑖=1 ∥𝑥(𝑏𝑖) − 𝑥(𝑎𝑖)∥ ⩽ 𝜖 .

By virtue of [47, Theorem 20.8], 𝑥 : [𝑎, 𝑏] → R𝑛 is absolutely continuous if and only if it

is differentiable almost everywhere on (𝑎, 𝑏), its derivative 𝑥′ is Lebesgue integrable, and 𝑥(𝑡) −

𝑥(𝑎) =
∫ 𝑡

𝑎
𝑥′(𝜏)𝑑𝜏 for all 𝑡 ∈ [𝑎, 𝑏]. Given a non-compact interval 𝐼 of R, 𝑥 : 𝐼 → R𝑛 is absolutely

continuous if it is absolutely continuous on all compact subintervals of 𝐼.
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Definition 1.6. An absolutely continuous function 𝑥 : [0,∞) → R𝑛 is called a subgradient trajec-

tory of 𝑓 : R𝑛 → R starting at 𝑥0 ∈ dom(𝜕 𝑓 ) if it satisfies the following differential inclusion with

initial condition:

𝑥′(𝑡) ∈ −𝜕 𝑓 (𝑥(𝑡)), for almost every 𝑡 ⩾ 0, 𝑥(0) = 𝑥0, (1.3)

where “almost every” means all elements except for those in a set of zero measure.

However, a subgradient trajectory may not always exist for arbitrary 𝑓 , even if 𝑓 is a smooth

function. Let 𝑓 (𝑥) = −1
3𝑥

3 and 𝑥0 = 1, then it is easy to see 𝑥(𝑡) = 1
1−𝑡 is the unique solution

for 𝑡 ∈ [0, 1) and it cannot be extended to an absolutely continuous function on [0,∞) due to

the singularity at 𝑡 = 1. In this case, one would seek a family of functions including many loss

functions arising in applications that guarantee the existence of a subgradient trajectory.

We say a function 𝑓 : R𝑛 → R is bounded below if infR𝑛 𝑓 = 𝑐 > −∞. It was shown in

[48, Theorem 3.2] that a primal lower nice function bounded below by a linear function suffices.

However, in general it is not easy to check whether those nonconvex functions in statistical learning

problems are primal lower nice. For easily checkable conditions, the following result generalized

from [49, Proposition 2.3] for differentiable functions tells us that a locally Lipschitz function

bounded below also suffices.

Proposition 1.2. If 𝑓 : R𝑛 → R is locally Lipschitz and bounded below, then there exists a

subgradient trajectory of 𝑓 starting at arbitrary 𝑥0 ∈ R𝑛.

Proof. For a fixed real number 𝜏 > 0, define a sequence 𝑥𝜏
𝑘

recurrently by letting 𝑥𝜏0 := 𝑥0 and

𝑥𝜏𝑘+1 ∈ arg min
𝑥∈R𝑛

{
𝑓 (𝑥) +

∥𝑥 − 𝑥𝜏
𝑘
∥2

2𝜏

}
, ∀𝑘 ∈ N.

A solution exists because 𝑓 is bounded below and the objective function is coercive. Any solution

satisfies

𝑣𝜏𝑘+1 :=
𝑥𝜏
𝑘+1 − 𝑥

𝜏
𝑘

𝜏
∈ −𝜕 𝑓 (𝑥𝜏𝑘+1), ∀𝑘 ∈ N.
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Define two functions 𝑥𝜏, 𝑥𝜏 : R+ → R𝑛 where R+ := [0,∞) by

𝑥𝜏 (𝑡) := 𝑥𝜏𝑘+1, 𝑥𝜏 (𝑡) := 𝑥𝜏𝑘 + (𝑡 − 𝑘𝜏)𝑣
𝜏
𝑘+1, ∀𝑡 ∈ (𝑘𝜏, (𝑘 + 1)𝜏]

for all 𝑘 ∈ N, with initial condition 𝑥𝜏 (0) = 𝑥𝜏 (0) = 𝑥0. Note that 𝑥𝜏 is absolutely continuous

because it is piecewise affine. On the contrary, 𝑥𝜏 is not continuous. Also, define 𝑣𝜏 : R+ → R𝑛 by

𝑣𝜏 (𝑡) := 𝑣𝜏𝑘+1, ∀𝑡 ∈ (𝑘𝜏, (𝑘 + 1)𝜏], ∀𝑘 ∈ N,

and choose 𝑣𝜏 (0) ∈ −𝜕 𝑓 (𝑥0). Since (𝑥𝜏)′ = 𝑣𝜏 on (𝑘𝜏, (𝑘 + 1)𝜏) for all 𝑘 ∈ N, and 𝑣𝜏 (𝑡) ∈

−𝜕 𝑓 (𝑥𝜏 (𝑡)) for all 𝑡 ⩾ 0, we conclude that (𝑥𝜏)′(𝑡) ∈ −𝜕 𝑓 (𝑥𝜏 (𝑡)) for almost every 𝑡 ∈ R+. By

optimality of 𝑥𝜏
𝑘+1, we have

𝑓 (𝑥𝜏𝑘+1) +
∥𝑥𝜏
𝑘+1 − 𝑥

𝜏
𝑘
∥2

2𝜏
⩽ 𝑓 (𝑥𝜏𝑘 ), ∀𝑘 ∈ N.

For any 𝑙 ∈ N, we have

𝑙∑︁
𝑘=0

∥𝑥𝜏
𝑘+1 − 𝑥

𝜏
𝑘
∥2

2𝜏
⩽ 𝑓 (𝑥𝜏0) − 𝑓 (𝑥

𝜏
𝑙+1) ⩽ 𝑓 (𝑥0) − inf

R𝑛
𝑓 =: 𝐶 < ∞

since 𝑓 is bounded below. Observe that

𝑙∑︁
𝑘=0

∥𝑥𝜏
𝑘+1 − 𝑥

𝜏
𝑘
∥2

2𝜏
=

𝑙∑︁
𝑘=0

𝜏

2
∥𝑣𝜏𝑘+1∥

2 =
1
2

𝑙∑︁
𝑘=0

∫ (𝑘+1)𝜏

𝑘𝜏

∥(𝑥𝜏)′(𝑡)∥2 𝑑𝑡.

Fix 𝑇 ⩾ 0 from now on. From the above, we have

∫ 𝑇

0
∥(𝑥𝜏)′(𝑡)∥2 𝑑𝑡 ⩽

⌊𝑇/𝜏⌋∑︁
𝑘=0

∫ (𝑘+1)𝜏

𝑘𝜏

∥(𝑥𝜏)′(𝑡)∥2 𝑑𝑡 ⩽ 2𝐶. (1.4)
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Since 𝑥𝜏 is absolutely continuous, for any 𝑠, 𝑡 ∈ [0, 𝑇] we have

∥𝑥𝜏 (𝑡) − 𝑥𝜏 (𝑠)∥ =




∫ 𝑡

𝑠

(𝑥𝜏)′(𝑢) 𝑑𝑢




 (1.5a)

⩽
(∫ 𝑇

0
∥(𝑥𝜏)′(𝑡)∥2 𝑑𝑡

)1/2
|𝑡 − 𝑠 |1/2 ⩽

√
2𝐶 |𝑡 − 𝑠 |1/2 (1.5b)

where we use the Cauchy-Schwarz inequality. Now one can see (𝑥𝜏)𝜏>0 is a family of uniformly

bounded and equicontinuous functions on the compact interval [0, 𝑇]. Therefore, by Arzelà-Ascoli

theorem [50, Theorem 7.25], there exists a sequence of positive reals (𝜏𝑘 )𝑘∈N such that 𝜏𝑘 → 0

and 𝑥𝜏𝑘 → 𝑥∗ uniformly on [0, 𝑇] as 𝑘 → ∞. For all 𝑘 ∈ N and 𝑡 ∈ (𝑘𝜏, (𝑘 + 1)𝜏], we have

𝑥𝜏 ((𝑘+1)𝜏) = 𝑥𝜏
𝑘
+𝜏𝑣𝜏

𝑘+1 = 𝑥𝜏
𝑘+1 = 𝑥𝜏 (𝑡). Thus ∥𝑥𝜏 (𝑡)−𝑥𝜏 (𝑡)∥ = ∥𝑥𝜏 (𝑡)−𝑥𝜏 ((𝑘+1)𝜏)∥ ⩽

√
2𝐶𝜏1/2

for all 𝑡 ∈ [0, 𝑇] where the inequality is due to (1.5) (take 𝑠 := (𝑘 + 1)𝜏). Combined with the

fact that 𝑥𝜏𝑘 → 𝑥∗ uniformly on [0, 𝑇], one can see that 𝑥𝜏𝑘 → 𝑥∗ uniformly on [0, 𝑇]. Since

(1.4) implies that ((𝑥𝜏𝑘 )′)𝑘∈N is a bounded sequence in 𝐿2( [0, 𝑇],R𝑛), there exists a subsequence

(𝜏𝑘 𝑗 ) 𝑗∈N such that (𝑥𝜏𝑘 𝑗 )′ → 𝑣∗ weakly in 𝐿1( [0, 𝑇],R𝑛) as 𝑗 → ∞ by [51, Corollary 14 p. 413].

Since 𝑥𝜏𝑘 𝑗 is absolutely continuous, for all 𝑡 ∈ [0, 𝑇], we have

𝑥
𝜏𝑘 𝑗 (𝑡) − 𝑥𝜏𝑘 𝑗 (0) =

∫ 𝑡

0
(𝑥𝜏𝑘 𝑗 )′(𝑢) 𝑑𝑢.

Take 𝑗 →∞ on both sides, we have

𝑥∗(𝑡) − 𝑥∗(0) =
∫ 𝑡

0
𝑣∗(𝑢) 𝑑𝑢,

where the convergence of the integral relies on the fact that the constant functions equal to the

canonical basis of R𝑛 lie in 𝐿∞( [0, 𝑇],R𝑛). Thus, 𝑥∗ is absolutely continuous and (𝑥∗)′(𝑡) = 𝑣∗(𝑡)

for almost every 𝑡 ∈ [0, 𝑇]. Recall that for all 𝑘 ∈ N, it holds for almost every 𝑡 ∈ [0, 𝑇] that

(𝑥𝜏𝑘 )′(𝑡) = 𝑣𝜏𝑘 (𝑡) ∈ −𝜕 𝑓 (𝑥𝜏𝑘 (𝑡)).
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Since 𝑓 is locally Lipschitz, the set-valued function −𝜕 𝑓 is upper semicontinuous [40, 2.1.5 Propo-

sition (d) p. 29] with nonempty compact values [40, 2.1.2 Proposition (a) p. 27], hence proper

upper hemicontinuous [46, Proposition 1 p. 60]. In addition, 𝑥𝜏𝑘 → 𝑥∗ uniformly on [0, 𝑇] and

(𝑥𝜏𝑘 )′→ (𝑥∗)′ weakly in 𝐿1( [0, 𝑇],R𝑛). Therefore, (𝑥∗)′(𝑡) ∈ −𝜕 𝑓 (𝑥∗(𝑡)) for almost all 𝑡 ∈ [0, 𝑇]

by [46, Theorem 1 p. 60]1. The initial condition also holds since 𝑥𝜏 (0) = 𝑥0 for all 𝜏 > 0.

We have proved that for any initial point 𝑥0, there exists 𝑥∗ : [0, 𝑇] → R𝑛 such that (𝑥∗)′(𝑡) =

−𝜕 𝑓 (𝑥∗(𝑡)) holds for almost every 𝑡 ∈ [0, 𝑇] with any 𝑇 > 0. Since 𝑇 is independent of 𝑥0, by

setting 𝑇 = 1, there exists a sequence of absolutely continuous functions (𝑥𝑘 )𝑘∈N such that

𝑥′𝑘 (𝑡) ∈ −𝜕 𝑓 (𝑥𝑘 (𝑡)), for a.e. 𝑡 ∈ [0, 1], 𝑥𝑘 (0) = 𝑥𝑘−1(1),

for all 𝑘 ∈ N where 𝑥−1(0) = 𝑥0. Therefore, the desired function 𝑥 : [0,∞) → R𝑛 can be defined

in a piecewise fashion by

𝑥(𝑡) := 𝑥𝑘 (𝑡 − 𝑘), 𝑡 ∈ [𝑘, 𝑘 + 1), ∀𝑘 ∈ N.

By construction, 𝑥 is absolutely continuous on any compact interval [𝑎, 𝑏] ⊂ [0,∞). □

We remark here that with Proposition 1.2, one can recover Ekeland’s variational principle [52,

Corollary 2.3] [53, Corollary] for locally Lipschitz lower bounded functions with a chain rule (see

[54, Theorem 3.1] for an extension to lower semi-continuous lower bounded functions). Indeed,

Proposition 1.2 implies that for all 𝜖 > 0, there exists (𝑥, 𝑠) ∈ graph 𝜕 𝑓 such that 𝑓 (𝑥) ⩽ inf 𝑓 + 𝜖

and ∥𝑠∥ ⩽ 𝜖 .2 Note that Proposition 1.2 only guarantees the existence of a solution to (1.3) for all

𝑡 ⩾ 0, but the solution 𝑥(𝑡) could go to infinity as 𝑡 →∞. This motivates the following definition.

Definition 1.7. A function 𝑓 : R𝑛 → R has bounded subgradient trajectories if for any 𝑥0 ∈

dom( 𝑓 ), there exists a constant 𝑟 > 0, such that for any subgradient trajectory 𝑥 of 𝑓 starting at 𝑥0,

1In the theorem we take 𝐹 := −𝜕 𝑓 , 𝑋 = 𝑌 := R𝑛, and 𝐼 := [0, 𝑇].
2This follows from the formula 𝑓 (𝑥(𝑡)) − inf 𝑓 ⩾

∫ ∞
𝑡
𝑑 (0, 𝜕 𝑓 (𝑥(𝜏)))2𝑑𝜏 where 𝑑 (𝑥, 𝑋) := inf𝑦∈𝑋 ∥𝑥 − 𝑦∥ (see

[22, Lemma 5.2] and [55, Proposition 4.10]).
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we have ∥𝑥(𝑡)∥ ⩽ 𝑟 for all 𝑡 ⩾ 0.

Finally, notice that when 𝑓 is continuously differentiable, by [40, Proposition 2.2.4], (1.3)

reduces to the classical Cauchy problem of differential equation

𝑥′(𝑡) = −∇ 𝑓 (𝑥(𝑡)), for all 𝑡 ⩾ 0, 𝑥(0) = 𝑥0.

and subgradient trajectory reduces to gradient trajectory by imposing 𝑥 to be continuously differ-

entiable. Recall the descent property of gradient trajectories [56, Proposition 17.1.1], i.e., 𝑓 ◦ 𝑥 is

a decreasing function for any gradient trajectory 𝑥 of 𝑓 . We want this nice property to hold even in

a more general case. We adopt the notion of chain rule in [22, Definition 5.1]. Note that functions

admitting a chain rule are also referred to as path differentiable [57, Definition 3].

Definition 1.8. Let 𝑓 : R𝑛 → R be locally Lipschitz over dom( 𝑓 ). We say 𝑓 admits a chain rule

if for any absolutely continuous function 𝑥 : [0,∞) → R𝑛, we have

( 𝑓 ◦ 𝑥)′(𝑡) = ⟨𝑣, 𝑥′(𝑡)⟩, ∀ 𝑣 ∈ 𝜕 𝑓 (𝑥(𝑡)),

for almost every 𝑡 ∈ [0,∞).

Thus, for any locally Lipschitz function that admits a chain rule, by [22, Lemma 5.2], the

function value is always decreasing in time along the subgradient trajectory. A detailed discussion

on what class of functions admits a chain rule can be found in [57]. Note that general Lipschitz

functions are far from admitting a chain rule since they generically have a maximal Clarke subdif-

ferential [34, 58, 59].
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Chapter 2: Typical models with bounded subgradient trajectories

In this chapter, we focus on the main condition of this thesis: the boundedness of subgradient

trajectories. We formalize this notion and show that it holds in a wide range of models commonly

encountered in data science. The results on bounded subgradient trajectories form a foundational

tool for the convergence and landscape analyses developed in the subsequent chapters. To help with

exposition, we proceed in order of increasing complexity, starting with convex models, followed

by nonconvex coercive problems, and concluding with nonconvex noncoercive settings.

2.1 Convex model

Theorem 2.1. For a convex proper l.s.c. function 𝑓 : R𝑛 → R, suppose 𝑥∗ ∈ dom( 𝑓 ) is a

minimizer, then 𝑓 has bounded subgradient trajectories.

Proof. By [56, Theorem 17.2.2], for any initial point 𝑥0 ∈ dom( 𝑓 ), there exists a unique subgra-

dient trajectory 𝑥 : R+ → R𝑛. It is easy to see 𝑡 ↦→ ∥𝑥(𝑡) − 𝑥∗∥2 is absolutely continuous and the

chain rule can be applied so that for a.e. 𝑡 ∈ R+,

𝑑

𝑑𝑡
∥𝑥(𝑡) − 𝑥∗∥2 = 2⟨𝑥′(𝑡), 𝑥(𝑡) − 𝑥∗⟩ = −2⟨𝑔𝑡 , 𝑥(𝑡) − 𝑥∗⟩ ≤ −2( 𝑓 (𝑥(𝑡)) − 𝑓 (𝑥∗)) ⩽ 0,

where 𝑔𝑡 ∈ 𝜕 𝑓 (𝑥(𝑡)). Thus, ∥𝑥(𝑡) − 𝑥∗∥ ⩽ ∥𝑥0 − 𝑥∗∥ for all 𝑡 ∈ R+, which implies ∥𝑥(𝑡)∥ ⩽

∥𝑥0 − 𝑥∗∥ + ∥𝑥∗∥. Therefore, 𝑓 has bounded subgradient trajectories. □

Example 2.1. One of the most fundamental and widely used convex models in data science is

linear regression. A general form of linear regression can be written as a special case of a linear

12



feedforward neural network without hidden layers [60], given by

𝑓 (𝑊) :=
𝑚∑︁
𝑖=1
∥𝑊𝑥𝑖 − 𝑦𝑖∥2, (2.1)

where 𝑊 ∈ R𝑛×𝑟 is the parameter matrix, 𝑥𝑖 ∈ R𝑟 are the input vectors, and 𝑦𝑖 ∈ R𝑛 are the

target outputs for 𝑖 = 1, . . . , 𝑚. The function 𝑓 is convex, as it is a sum of convex quadratic

functions. More importantly, 𝑓 always admits a minimizer for any given dataset {(𝑥𝑖, 𝑦𝑖)}𝑚𝑖=1,

since the associated optimality condition is the normal equation, whose solution exists even if the

original system𝑊𝑥𝑖 = 𝑦𝑖 is inconsistent. Consequently, Theorem 2.1 is applicable in this setting.

2.2 Nonconvex coercive model

Recall that a function 𝑓 : R𝑛 → R is said to be coercive if 𝑓 (𝑥) → ∞ as ∥𝑥∥ → ∞. Coercive

functions arise naturally in data science, particularly when regularization is used to control model

complexity. Intuitively, the coercive shape of the function prevents subgradient trajectories from

escaping to infinity, as long as the function value decreases along the trajectory.

Proposition 2.1. For a locally Lipschitz continuous function 𝑓 : R𝑛 → R, if it is coercive and

satisfies chain rule, then 𝑓 has bounded subgradient trajectories.

Proof. The existence of subgradient trajectories is ensured by Proposition 1.2. For any absolutely

continuous 𝑥, 𝑓 ◦ 𝑥 is also absolutely continuous and ( 𝑓 ◦ 𝑥)′(𝑡) = ⟨𝑣, 𝑥′(𝑡)⟩, for all 𝑣 ∈ 𝜕 𝑓 (𝑥(𝑡)).

Since 𝑥′(𝑡) ∈ −𝜕 𝑓 (𝑥(𝑡)), by taking 𝑣 = −𝑥′(𝑡), we obtain ( 𝑓 ◦ 𝑥)′(𝑡) = −∥𝑥′(𝑡)∥2 < 0. Thus,

𝑓 ◦ 𝑥 is decreasing and 𝑓 (𝑥(𝑡)) ≤ 𝑓 (𝑥0) for all 𝑡 ∈ R+. By coercivity of 𝑓 , 𝑥 is bounded and 𝑓 has

bounded subgradient trajectories. □

Example 2.2. Coercive functions frequently appear in data science models through regularization.

One classical example is a ReLU neural network [19] with ℓ2-regularization:

L(𝑊) :=
𝑚∑︁
𝑖=1
∥𝑊𝐿𝜎(𝑊𝐿−1 · · ·𝜎(𝑊1𝑥𝑖) · · · ) − 𝑦𝑖∥2 + 𝜆

𝐿∑︁
ℓ=1
∥𝑊ℓ∥2𝐹 , (2.2)
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where 𝜎(𝑧) = max{0, 𝑧} is the ReLU activation and 𝜆 > 0. The regularization renders the function

coercive, ensuring the boundedness of gradient or subgradient trajectories during training.

2.3 Nonconvex noncoercive model

2.3.1 Phase Retrieval

The problem of solving systems of quadratic equations of the form 𝑦𝑖 = ⟨𝑎𝑖, 𝑥♮⟩2, 1 ≤ 𝑖 ≤ 𝑚,

has applications in numerous contexts. One of the most classical applications is the so-called phase

retrieval problem. This problem has attracted high interest due to its broad applications in X-ray

crystallography [61], microscopy [62], astronomy [63] and optical imaging [64]. Here we consider

a slightly more general formulation

min
𝑥

𝑓 (𝑥) :=
𝑚∑︁
𝑖=1
(⟨𝐴𝑖𝑥, 𝑥⟩ − 𝑦𝑖)2 . (2.3)

Proposition 2.2. Let 𝐴𝑖 ∈ R𝑛×𝑛 be symmetric positive semidefinite and 𝑦𝑖 ∈ R for all 𝑖 = 1, . . . , 𝑚.

Then (2.3) has bounded subgradient trajectories.

Proof. Since 𝐴𝑖 is real symmetric and positive semidefinite for all 𝑖 = 1, . . . , 𝑚, by orthogonal

decomposition, we can write 𝐴𝑖 =
∑𝑟
𝑗=1 𝜆𝑖 𝑗𝑣𝑖 𝑗𝑣

T
𝑖 𝑗

, where (𝑣𝑖 𝑗 )𝑟𝑗=1 are orthonormal, for some 1 ≤

𝑟 ≤ 𝑛 and 𝜆𝑖 𝑗 > 0 for all 𝑗 = 1, . . . , 𝑟 . Define

𝑉 := Span{𝑣𝑖 𝑗 : 𝑖 = 1, . . . , 𝑚, 𝑗 = 1, . . . , 𝑟}.

Notice that

∇ 𝑓 (𝑥) = 4
𝑚∑︁
𝑖=1
(⟨𝐴𝑖𝑥, 𝑥⟩ − 𝑏𝑖) 𝐴𝑖𝑥 = 4

𝑚∑︁
𝑖=1

𝑟∑︁
𝑗=1
𝜆𝑖 𝑗 ⟨𝑣𝑖 𝑗 , 𝑥⟩ (⟨𝐴𝑖𝑥, 𝑥⟩ − 𝑏𝑖) 𝑣𝑖 𝑗 ∈ 𝑉.

Therefore, ∇ 𝑓 (𝑥) ∈ 𝑉 for all 𝑥 ∈ R2𝑛. Denote𝑉⊥ as the orthogonal complement of the subspace𝑉 ,

then for any given initial point 𝑥0, the subgradient trajectory 𝑥(·) of 𝑓 can be decomposed as 𝑥(𝑡) =
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𝑥𝑉 (𝑡) + 𝑥𝑉⊥ (𝑡), where 𝑥𝑉 (𝑡) ∈ 𝑉 and 𝑥𝑉⊥ (𝑡) ∈ 𝑉⊥ for all 𝑡 ≥ 0. Note that 𝑥′(𝑡) = −∇ 𝑓 (𝑥(𝑡)) ∈ 𝑉 ,

thus 𝑥𝑉⊥ (𝑡) ≡ 𝑥𝑉⊥ (0) and we write 𝑥(𝑡) = 𝑥𝑉 (𝑡) + 𝑥𝑉⊥ (0) for all 𝑡 ≥ 0. Since 𝑓 (𝑥) is a decreasing

function over 𝑡 ≥ 0,

𝑟∑︁
𝑗=1
𝜆𝑖 𝑗 ⟨𝑣𝑖 𝑗 , 𝑥(𝑡)⟩2 = |⟨𝐴𝑖𝑥(𝑡), 𝑥(𝑡)⟩| ≤

√︃
2(⟨𝐴𝑖𝑥(𝑡), 𝑥(𝑡)⟩ − 𝑏𝑖)2 + 2𝑏2

𝑖

≤
√︃

2 𝑓 (𝑥(𝑡)) + 2𝑏2
𝑖
≤

√︃
2 𝑓 (𝑥0) + 2𝑏2

𝑖
.

Recall that 𝜆𝑖 𝑗 > 0 for all 𝑗 = 1, . . . , 𝑟 , hence ⟨𝑣𝑖 𝑗 , 𝑥(𝑡)⟩ is bounded over 𝑡 ≥ 0 and so is ⟨𝑣𝑖 𝑗 , 𝑥𝑉 (𝑡)⟩.

As Span{𝑣𝑖 𝑗 : 𝑖 = 1, . . . , 𝑚, 𝑗 = 1, . . . , 𝑟} = 𝑉 , we can extract a basis of vectors 𝑣𝑖 𝑗 to form a basis

of 𝑉 , and denote this basis as {𝑢ℓ : ℓ = 1, . . . , 𝑑}. Then one can write 𝑥𝑉 (𝑡) =
∑𝑑
ℓ=1 𝜁ℓ (𝑡)𝑢ℓ. Notice

that for each ℓ = 1, . . . , 𝑑, there must exist (𝑖ℓ, 𝑗ℓ) such that 𝑣𝑖ℓ 𝑗ℓ = 𝑢ℓ. Thus,

∥𝑥𝑉 (𝑡)∥2 =

𝑑∑︁
ℓ=1

𝜁ℓ (𝑡)2 =

𝑑∑︁
ℓ=1
⟨𝑢ℓ, 𝑥𝑉 (𝑡)⟩2 =

𝑑∑︁
ℓ=1
⟨𝑣𝑖ℓ 𝑗ℓ , 𝑥𝑉 (𝑡)⟩2

is bounded over 𝑡 ≥ 0. Finally, 𝑥(𝑡) = 𝑥𝑉 (𝑡) + 𝑥𝑉⊥ (0) is bounded over 𝑡 ≥ 0. □

2.3.2 Asymmetric matrix sensing

Matrix sensing is a widely used model in computer vision and statistics; see for instance [65,

66]. Given 𝑟 ⩾ 1, the goal is to recover an unknown target matrix 𝑀 ∈ R𝑛1×𝑛2 of rank less than or

equal to 𝑟 from a set of linear measurements 𝑏𝑖 = ⟨𝐴𝑖, 𝑀⟩𝐹 , where 𝐴𝑖 ∈ R𝑛1×𝑛2 for 𝑖 = 1, . . . , 𝑚

are sensing matrices and ⟨·, ·⟩𝐹 is the Frobenius inner product. In order to do so, we minimize the

mean square loss

𝑓 (𝑋,𝑌 ) :=
1

2𝑚

𝑚∑︁
𝑖=1
(⟨𝐴𝑖, 𝑋𝑌T⟩𝐹 − 𝑏𝑖)2. (2.4)

where 𝑋 ∈ R𝑛1×𝑟 and 𝑌 ∈ R𝑛2×𝑟 .

A sufficient condition is to require the sensing matrices to be lower bounded, i.e., there exists
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a constant 𝑐 > 0 such that for any matrix 𝑀 ∈ R𝑛1×𝑛2 with rank(𝑀) ⩽ 𝑟,

1
𝑚

𝑚∑︁
𝑖=1
⟨𝐴𝑖, 𝑀⟩2𝐹 ⩾ 𝑐∥𝑀 ∥2𝐹 .

A special case of lower bounded sensing matrices is to take each 𝐴𝑖 be a matrix unit 𝐸 𝑗 ,𝑘 , i.e., a

matrix with only one nonzero entry at 𝑗-th row and 𝑘-th column with value 1. For example, we can

let 𝑚 = 𝑛1𝑛2, and 𝐴1 = 𝐸1,1, 𝐴2 = 𝐸1,2, . . . , 𝐴𝑛1𝑛2 = 𝐸𝑛1,𝑛2 . In this case,
∑𝑚
𝑖=1⟨𝐴𝑖, 𝑀⟩2𝐹 = ∥𝑀 ∥2

𝐹
,

so the above condition holds. In fact, under such setting, the objective function is equivalent to

simple matrix factorization 𝑓 (𝑋,𝑌 ) = ∥𝑋𝑌T − 𝑀 ∥2
𝐹

.

Proposition 2.3. Matrix sensing with loss function (2.4) and lower bounded sensing matrices has

bounded gradient trajectories.

Proof. Since 𝑓 is locally Lipschitz and lower bounded, by Proposition 1.2 there exists a gradient

trajectory for any initial point. The gradient trajectories of 𝑓 satisfy the initial value problem

¤𝑋 = − 1
𝑚

𝑚∑︁
𝑖=1
(⟨𝐴𝑖, 𝑋𝑌T⟩𝐹 − 𝑏𝑖)𝐴𝑖𝑌,

¤𝑌 = − 1
𝑚

𝑚∑︁
𝑖=1
(⟨𝐴𝑖, 𝑋𝑌T⟩𝐹 − 𝑏𝑖)𝐴T

𝑖 𝑋,

𝑋 (0) = 𝑋0, 𝑌 (0) = 𝑌0.

Notice that ¤𝑋T𝑋 = 𝑌T ¤𝑌 and 𝑋T ¤𝑋 = ¤𝑌T𝑌 , so

𝑑

𝑑𝑡
(𝑋T𝑋 − 𝑌T𝑌 ) = ¤𝑋T𝑋 + 𝑋T ¤𝑋 − ¤𝑌T𝑌 − 𝑌T ¤𝑌 = 0.

This implies that 𝑋T𝑋 − 𝑌T𝑌 = 𝐶 where 𝐶 ∈ R𝑟×𝑟 is a constant. Since the function value

is decreasing along gradient trajectories [22, Lemma 5.2], there exists a constant 𝑐1 such that

𝑓 (𝑋 (𝑡), 𝑌 (𝑡)) ⩽ 𝑐1 for all 𝑡 ⩾ 0. Combined with the assumption that sensing matrices are lower
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bounded, there exist constants 𝑐 and 𝑐2 such that

𝑐∥𝑋𝑌T∥2𝐹 ⩽
1
𝑚

𝑚∑︁
𝑖=1
⟨𝐴𝑖, 𝑋𝑌T⟩2𝐹 ⩽

1
𝑚

𝑚∑︁
𝑖=1
[2(⟨𝐴𝑖, 𝑋𝑌T⟩𝐹 − 𝑏𝑖)2 + 2𝑏2

𝑖 ]

= 2 𝑓 (𝑋,𝑌 ) + 2
𝑚

𝑚∑︁
𝑖=1

𝑏2
𝑖 ⩽ 2𝑐1 +

2
𝑚

𝑚∑︁
𝑖=1

𝑏2
𝑖 =: 𝑐2.

We have ∥𝑋𝑌T∥2
𝐹
⩽ 𝑐3 := 𝑐2/𝑐. Notice that

∥𝑋T𝑋 ∥2𝐹 + ∥𝑌T𝑌 ∥2𝐹 = ∥𝑋T𝑋 − 𝑌T𝑌 ∥2𝐹 + 2∥𝑋𝑌T∥2𝐹 ⩽ ∥𝐶∥2𝐹 + 2𝑐3.

Define the constant 𝑐4 := 2𝑐3 + ∥𝐶∥2𝐹 . By the Cauchy-Schwarz inequality,

∥𝑋 ∥4𝐹 + ∥𝑌 ∥4𝐹 ⩽ rank(𝑋)∥𝑋T𝑋 ∥2𝐹 + rank(𝑌 )∥𝑌T𝑌 ∥2𝐹 ⩽ (𝑛1 + 𝑛2 + 𝑟)𝑐4.

Thus, 𝑋 and 𝑌 are bounded. □

2.3.3 Nonsmooth matrix factorization

In this subsection, we consider the application of Theorem 3.1 in a nonsmooth setting, namely,

the nonsmooth matrix factorization problem. We consider minimizing the loss function

𝑓 (𝑋,𝑌 ) := ∥𝑋𝑌T − 𝑀 ∥1, (2.5)

where 𝑋 ∈ R𝑚×𝑟 , 𝑌 ∈ R𝑛×𝑟 are decision variables and 𝑀 ∈ R𝑚×𝑛 is the given data matrix. Here

∥𝐴∥1 :=
∑𝑚
𝑖=1

∑𝑛
𝑗=1 |𝐴𝑖 𝑗 | for any 𝐴 ∈ R𝑚×𝑛. In robust principal component analysis (PCA) problem

with sparse noise, (2.5) is usually used as a surrogate function for the original ℓ0-norm formulation;

see [67, 68].

To verify (2.5) has bounded subgradient trajectories, we discover that the auto-balancing prop-

erty in [69, Theorem 2.2] also holds for nonsmooth matrix factorization. The result can be sum-

marized in the following proposition.
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Proposition 2.4. Nonsmooth matrix factorization with loss function (2.5) has bounded subgradient

trajectories.

Proof. Since 𝑓 is locally Lipschitz and lower bounded, by Proposition 1.2 there exists a subgradi-

ent trajectory for any initial point. Let (𝑋0, 𝑌0) ∈ R𝑚×𝑟 × R𝑛×𝑟 . Consider an absolutely continuous

function 𝑍 : [0,∞) → R𝑚×𝑟 × R𝑛×𝑟 such that

𝑍′(𝑡) ∈ −𝜕 𝑓 (𝑍 (𝑡)), for almost every 𝑡 ⩾ 0, and 𝑍 (0) = (𝑋0, 𝑌0).

By [40, Theorem 2.3.10],

𝜕 𝑓 (𝑋,𝑌 ) =

©­­«
Λ𝑌

Λ𝑇𝑋

ª®®¬
������� Λ ∈ sign(𝑋𝑌𝑇 − 𝑀)


where sign is an element-wise operation mapping each entry of a matrix to a real number in [−1, 1]

such that

sign(𝑥) :=


−1 if 𝑥 < 0,[
− 1, 1

]
if 𝑥 = 0,

1 if 𝑥 > 0.

Hence, with 𝑍 =: (𝑋,𝑌 ), for almost every 𝑡 ⩾ 0 we have

𝑋′(𝑡) = −Λ(𝑡)𝑌 (𝑡), 𝑌 ′(𝑡) = −Λ(𝑡)𝑇𝑋 (𝑡), (2.6a)

Λ(𝑡) ∈ sign(𝑋 (𝑡)𝑌 (𝑡)𝑇 − 𝑀). (2.6b)

Consider 𝜙 : [0,∞) → R defined by 𝜙(𝑡) := 𝑋 (𝑡)𝑇𝑋 (𝑡) − 𝑌 (𝑡)𝑇𝑌 (𝑡). By taking derivative, we

have

𝜙′(𝑡) = 𝑋′(𝑡)𝑇𝑋 (𝑡) + 𝑋 (𝑡)𝑇𝑋′(𝑡) − 𝑌 ′(𝑡)𝑇𝑌 (𝑡) − 𝑌 (𝑡)𝑇𝑌 ′(𝑡). (2.7)
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Combining (2.6a) and (2.7), we have

𝜙′(𝑡) = −𝑌 (𝑡)𝑇Λ(𝑡)𝑇𝑋 (𝑡) − 𝑋 (𝑡)𝑇Λ(𝑡)𝑌 (𝑡)

+ 𝑋 (𝑡)𝑇Λ(𝑡)𝑌 (𝑡) + 𝑌 (𝑡)𝑇Λ(𝑡)𝑇𝑋 (𝑡) = 0.

Hence the continuous function 𝜙 is constant on [0,∞). Also, we have

∥𝑋𝑇𝑋 − 𝑌𝑇𝑌 ∥2𝐹 = ∥𝑋𝑇𝑋 ∥2𝐹 + ∥𝑌𝑇𝑌 ∥2𝐹 − 2⟨𝑋𝑇𝑋,𝑌𝑇𝑌⟩𝐹

= ∥𝑋𝑇𝑋 ∥2𝐹 + ∥𝑌𝑇𝑌 ∥2𝐹 − 2∥𝑋𝑌𝑇 ∥2𝐹

⩾ ∥𝑋𝑇𝑋 ∥22 + ∥𝑌
𝑇𝑌 ∥22 − 2∥𝑋𝑌𝑇 ∥2𝐹

= ∥𝑋 ∥42 + ∥𝑌 ∥
4
2 − 2∥𝑋𝑌𝑇 ∥2𝐹

⩾ ∥𝑋 ∥42 + ∥𝑌 ∥
4
2 − 2𝑚𝑛∥𝑋𝑌𝑇 ∥21

⩾ ∥𝑋 ∥42 + ∥𝑌 ∥
4
2 − 2𝑚𝑛(∥𝑋𝑌𝑇 − 𝑀 ∥1 + ∥𝑀 ∥1)2.

Here ∥ · ∥2 denotes the spectral norm. Therefore, for all 𝑡 ⩾ 0, we have

∥𝑋 (𝑡)∥42 + ∥𝑌 (𝑡)∥
4
2 ⩽∥𝑋 (𝑡)𝑇𝑋 (𝑡) − 𝑌 (𝑡)𝑇𝑌 (𝑡)∥2𝐹

+ 2𝑚𝑛(∥𝑋 (𝑡)𝑌 (𝑡)𝑇 − 𝑀 ∥1 + ∥𝑀 ∥1)2

⩽∥𝑋𝑇0 𝑋0 − 𝑌𝑇0 𝑌0∥2𝐹

+ 2𝑚𝑛(∥𝑋0𝑌
𝑇
0 − 𝑀 ∥1 + ∥𝑀 ∥1)

2.

□
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2.3.4 Nonnegative matrix factorization

Let 𝐴 ∈ R𝑚×𝑛 and 𝑝 ⩾ 1, we define the 𝑝-norm of 𝐴 by

∥𝐴∥𝑝 := ©­«
𝑚∑︁
𝑖=1

𝑛∑︁
𝑗=1
|𝐴𝑖 𝑗 |𝑝

ª®¬
1/𝑝

.

Let 𝑀 ∈ R𝑚×𝑛, in nonnegative ℓ𝑝 matrix factorization, we aim to minimize

𝑓 : R𝑚×𝑟 × R𝑛×𝑟 −→ R

(𝑋,𝑌 ) ↦−→ ∥𝑋𝑌𝑇 − 𝑀 ∥𝑝𝑝,

subject to (𝑋,𝑌 ) ∈ R𝑚×𝑟+ × R𝑛×𝑟+ =: 𝐶. Without the nonnegativity constraints, ℓ𝑝 matrix factoriza-

tion was studied in [70], and was shown to be robust against outlines when 𝑝 < 2. Note that when

𝑝 = 2, the above example reduces to the problem of nonnegative matrix factorization (NMF) [71,

72, 18, 73].

Next we verify the boundedness of the subgradient trajectories. We begin with some notations.

Let 𝐴, 𝐵 ∈ R𝑚×𝑛, we denote by 𝐴 ⊙ 𝐵 ∈ R𝑚×𝑛 their Hadamard product, whose (𝑖, 𝑗)-entry is given

by (𝐴 ⊙ 𝐵)𝑖 𝑗 := 𝐴𝑖 𝑗𝐵𝑖 𝑗 . Let 𝑝 ⩾ 0, we denote by |𝐴|◦𝑝 ∈ R𝑚×𝑛 the matrix obtained by taking

absolute value and then raising to 𝑝th power for each element in 𝐴, namely, ( |𝐴|◦𝑝)𝑖 𝑗 := |𝐴𝑖 𝑗 |𝑝.

We use the convention that 00 = 1. Let sign denote the element-wise operation that maps each

entry of a matrix to a subset of [−1, 1] such that

sign(𝑡) :=


−1 if 𝑡 < 0,[
− 1, 1

]
if 𝑡 = 0,

1 if 𝑡 > 0.
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By [40, 2.3.10 Theorem (Chain Rule II)], we have

𝜕 𝑓 (𝑋,𝑌 ) =

©­­«

(
Λ ⊙ |𝑋𝑌𝑇 − 𝑀 |◦(𝑝−1)

)
𝑌(

Λ ⊙ |𝑋𝑌𝑇 − 𝑀 |◦(𝑝−1)
)𝑇
𝑋

ª®®¬ : Λ ∈ sign(𝑋𝑌𝑇 − 𝑀)
 .

We next study the solutions to (2.8), which is an equivalent characterization of the subgradient

trajectories of Φ by [74, Theorem 2.3(b)].

Lemma 2.1. Given 𝑋0 ∈ R𝑚×𝑟+ , 𝑌0 ∈ R𝑛×𝑟+ , and 𝑀 ∈ R𝑚×𝑛, there exist 𝑐1, . . . , 𝑐𝑟 ∈ R such that any

solution (𝑋,𝑌,Λ) : R+ → R𝑚×𝑟 × R𝑛×𝑟 × R𝑚×𝑛 to



𝑋′ = 𝑃𝑇R𝑚×𝑟+
(𝑋)

(
−

(
Λ ⊙ |𝑋𝑌𝑇 − 𝑀 |◦(𝑝−1)

)
𝑌

)
𝑌 ′ = 𝑃𝑇R𝑛×𝑟+ (𝑌 )

(
−

(
Λ ⊙ |𝑋𝑌𝑇 − 𝑀 |◦(𝑝−1)

)𝑇
𝑋

)
Λ ∈ sign(𝑋𝑌𝑇 − 𝑀), 𝑋 (0) = 𝑋0, 𝑌 (0) = 𝑌0

(2.8)

satisfies that
𝑚∑︁
𝑖=1

𝑋𝑖𝑘 (𝑡)2 −
𝑛∑︁
𝑗=1
𝑌 𝑗 𝑘 (𝑡)2 = 𝑐𝑘 , ∀𝑡 ∈ R+, ∀𝑘 ∈ ⟦1, 𝑟⟧.

Proof. For all 𝑡 ∈ R+, let

𝐿 (𝑡) := 𝑋′(𝑡)𝑇𝑋 (𝑡) + 𝑋 (𝑡)𝑇𝑋′(𝑡), 𝑅(𝑡) := 𝑌 ′(𝑡)𝑇𝑌 (𝑡) + 𝑌𝑇 (𝑡)𝑌 ′(𝑡)

and 𝐸 (𝑡) := −Λ(𝑡) ⊙ |𝑋 (𝑡)𝑌 (𝑡)𝑇 − 𝑀 |◦(𝑝−1) .

For 𝑘 ∈ ⟦1, 𝑟⟧ and 𝑡 ∈ R+, define the following index sets

𝐼𝑋𝑘 (𝑡) :=
𝑖 ∈ ⟦1, 𝑚⟧ : 𝑋′𝑖𝑘 (𝑡) ≠

𝑛∑︁
𝑗=1

𝐸𝑖 𝑗 (𝑡)𝑌 𝑗 𝑘 (𝑡)


and

𝐼𝑌𝑘 (𝑡) :=

{
𝑗 ∈ ⟦1, 𝑛⟧ : 𝑌 ′𝑗 𝑘 (𝑡) ≠

𝑚∑︁
𝑖=1

𝐸𝑖 𝑗 (𝑡)𝑋𝑖𝑘 (𝑡)
}
.
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Consider the 𝑘-th diagonal element of 𝐿 (𝑡) for 𝑘 ∈ ⟦1, 𝑟⟧, we have that

𝐿𝑘𝑘 (𝑡) = 2
𝑚∑︁
𝑖=1

𝑋𝑖𝑘 (𝑡)𝑋′𝑖𝑘 (𝑡) = 2
∑︁
𝑖∈𝐼𝑋

𝑘
(𝑡)
𝑋𝑖𝑘 (𝑡)𝑋′𝑖𝑘 (𝑡) + 2

∑︁
𝑖∉𝐼𝑋

𝑘
(𝑡)
𝑋𝑖𝑘 (𝑡)𝑋′𝑖𝑘 (𝑡).

Notice that if 𝑖 ∈ 𝐼𝑋
𝑘
(𝑡), then 𝑋′

𝑖𝑘
(𝑡) = 0. Thus

𝐿𝑘𝑘 (𝑡) = 2
∑︁
𝑖∉𝐼𝑋

𝑘
(𝑡)
𝑋𝑖𝑘 (𝑡)

𝑛∑︁
𝑗=1

𝐸𝑖 𝑗 (𝑡)𝑌 𝑗 𝑘 (𝑡) = 2
∑︁
𝑖∉𝐼𝑋

𝑘
(𝑡)

𝑛∑︁
𝑗=1

𝐸𝑖 𝑗 (𝑡)𝑋𝑖𝑘 (𝑡)𝑌 𝑗 𝑘 (𝑡).

Furthermore, notice that if 𝑗 ∈ 𝐼𝑌
𝑘
(𝑡), then 𝑌 𝑗 𝑘 (𝑡) = 0 and

𝐿𝑘𝑘 (𝑡) = 2
∑︁
𝑖∉𝐼𝑋

𝑘
(𝑡)

∑︁
𝑗∉𝐼𝑌

𝑘
(𝑡)
𝐸𝑖 𝑗 (𝑡)𝑋𝑖𝑘 (𝑡)𝑌 𝑗 𝑘 (𝑡).

Similarly, consider the 𝑘-th diagonal element of 𝑅(𝑡) for 𝑘 ∈ ⟦1, 𝑟⟧, one has

𝑅𝑘𝑘 (𝑡) = 2
𝑛∑︁
𝑗=1
𝑌 𝑗 𝑘 (𝑡)𝑌 ′𝑗 𝑘 (𝑡) = 2

∑︁
𝑗∈𝐼𝑌

𝑘
(𝑡)
𝑌 𝑗 𝑘 (𝑡)𝑌 ′𝑗 𝑘 (𝑡) + 2

∑︁
𝑗∉𝐼𝑌

𝑘
(𝑡)
𝑌 𝑗 𝑘 (𝑡)𝑌 ′𝑗 𝑘 (𝑡).

Notice that if 𝑗 ∈ 𝐼𝑌
𝑘
(𝑡), then 𝑌 ′

𝑗 𝑘
(𝑡) = 0. Thus,

𝑅𝑘𝑘 (𝑡) = 2
∑︁
𝑗∉𝐼𝑌

𝑘
(𝑡)
𝑌 𝑗 𝑘 (𝑡)

𝑚∑︁
𝑖=1

𝐸𝑖 𝑗 (𝑡)𝑋𝑖𝑘 (𝑡) = 2
∑︁
𝑗∉𝐼𝑌

𝑘
(𝑡)

𝑚∑︁
𝑖=1

𝐸𝑖 𝑗 (𝑡)𝑋𝑖𝑘 (𝑡)𝑌 𝑗 𝑘 (𝑡).

Moreover, if 𝑖 ∈ 𝐼𝑋
𝑘
(𝑡), then 𝑋𝑖𝑘 (𝑡) = 0, thus

𝑅𝑘𝑘 (𝑡) = 2
∑︁
𝑗∉𝐼𝑌

𝑘
(𝑡)

∑︁
𝑖∉𝐼𝑋

𝑘
(𝑡)
𝐸𝑖 𝑗 (𝑡)𝑋𝑖𝑘 (𝑡)𝑌 𝑗 𝑘 (𝑡) = 2

∑︁
𝑖∉𝐼𝑋

𝑘
(𝑡)

∑︁
𝑗∉𝐼𝑌

𝑘
(𝑡)
𝐸𝑖 𝑗 (𝑡)𝑋𝑖𝑘 (𝑡)𝑌 𝑗 𝑘 (𝑡) = 𝐿𝑘𝑘 (𝑡)

by exchanging the order of two finite sums. Finally, for all 𝑘 ∈ ⟦1, 𝑟⟧ and 𝑡 ∈ R+,

𝑑

𝑑𝑡

©­«
𝑚∑︁
𝑖=1

𝑋𝑖𝑘 (𝑡)2 −
𝑛∑︁
𝑗=1
𝑌 𝑗 𝑘 (𝑡)2ª®¬ = 𝐿𝑘𝑘 (𝑡) − 𝑅𝑘𝑘 (𝑡) = 0.
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Therefore, for all 𝑘 ∈ ⟦1, 𝑟⟧ and 𝑡 ∈ R+,

𝑚∑︁
𝑖=1

𝑋𝑖𝑘 (𝑡)2 −
𝑛∑︁
𝑗=1
𝑌 𝑗 𝑘 (𝑡)2 = 𝑐𝑘 :=

𝑚∑︁
𝑖=1

𝑋𝑖𝑘 (0)2 −
𝑛∑︁
𝑗=1
𝑌 𝑗 𝑘 (0)2,

where 𝑐𝑘 ’s are constants independent of 𝑡. □

Using lemma 2.1, we next prove that the products of the entries of 𝑋 and 𝑌 in (2.8) remain

bounded throughout time.

Lemma 2.2. Given 𝑋0 ∈ R𝑚×𝑟+ , 𝑌0 ∈ R𝑛×𝑟+ , and 𝑀 ∈ R𝑚×𝑛, there exists 𝑑 > 0 such that any

solution (𝑋,𝑌 ) : R+ → R𝑚×𝑟+ × R𝑛×𝑟+ to (2.8) satisfies that for every 𝑖 ∈ ⟦1, 𝑚⟧ and 𝑗 ∈ ⟦1, 𝑛⟧,

|𝑋𝑖𝑘 (𝑡)𝑌 𝑗 𝑘 (𝑡) | ⩽ 𝑑, ∀𝑡 ∈ R+, ∀𝑘 ∈ ⟦1, 𝑟⟧.

Proof. Note that any solution to (2.8) is a subgradient trajectory of 𝑓 + 𝛿R𝑚×𝑟+ ×R𝑛×𝑟+ [74, Theorem

2.3(b)]. By [55, Corollary 5.4] and [22, Lemma 6.3], we have that 𝑡 ↦→ 𝑓 (𝑋 (𝑡), 𝑌 (𝑡)) is a decreas-

ing function over R+. Thus, we have that for all 𝑡 ∈ R+,

∥𝑋 (𝑡)𝑌 (𝑡)𝑇 ∥𝑝 ⩽ ∥𝑋 (𝑡)𝑌 (𝑡)𝑇 − 𝑀 ∥𝑝 + ∥𝑀 ∥𝑝

⩽ ∥𝑋0𝑌
𝑇
0 − 𝑀 ∥𝑝 + ∥𝑀 ∥𝑝 =: 𝑑

where 𝑑 > 0 is a constant. By the equivalence of norms, there is a constant 𝑐𝑝 > 0 such that

∥𝑋 (𝑡)𝑌 (𝑡)𝑇 ∥1 ⩽ 𝑐𝑝 ∥𝑋 (𝑡)𝑌 (𝑡)𝑇 ∥𝑝 ⩽ 𝑐𝑝𝑑

This implies that for all 𝑡 ∈ R+,����� 𝑟∑︁
𝑘=1

𝑋𝑖𝑘 (𝑡)𝑌 𝑗 𝑘 (𝑡)
����� = ��[𝑋 (𝑡)𝑌 (𝑡)𝑇 ]𝑖 𝑗 �� ⩽ ∥𝑋 (𝑡)𝑌 (𝑡)𝑇 ∥1 ⩽ 𝑐𝑝𝑑, ∀𝑖 ∈ ⟦1, 𝑚⟧, 𝑗 ∈ ⟦1, 𝑛⟧.
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Notice that 𝑋 ∈ R𝑚×𝑟+ and 𝑌 ∈ R𝑛×𝑟+ , Thus, we have for all 𝑡 ∈ R+,

𝑟∑︁
𝑘=1

��𝑋𝑖𝑘 (𝑡)𝑌 𝑗 𝑘 (𝑡)�� = ����� 𝑟∑︁
𝑘=1

𝑋𝑖𝑘 (𝑡)𝑌 𝑗 𝑘 (𝑡)
����� ⩽ 𝑐𝑝𝑑,

and the desired result follows immediately by setting 𝑑 := 𝑐𝑝𝑑. □

Finally, by combining Lemma 2.1 and Lemma 2.2, we can obtain the desired result that ℓ𝑝-

nonnegative matrix factorization has bounded subgradient trajectories.

Proposition 2.5. Let 𝑝 ⩾ 1 and let 𝑓 : R𝑚×𝑟 ×R𝑛×𝑟 → R be defined by 𝑓 (𝑋,𝑌 ) := 1
𝑝
∥𝑋𝑌𝑇 −𝑀 ∥𝑝𝑝.

Let Φ := 𝑓 + 𝛿𝐶 where 𝐶 := R𝑚×𝑟+ × R𝑛×𝑟+ . Then for any (𝑋0, 𝑌0) ∈ domΦ, there exists a unique

subgradient trajectory of Φ initialized at (𝑋0, 𝑌0), and this subgradient trajectory is bounded.

Proof. For any (𝑋0, 𝑌0) ∈ domΦ, existence of a subgradient trajectory initialized at (𝑋0, 𝑌0) is

a result of [74, Theorem 3.1]. As Φ is primal lower nice [75, Definition 1.1] at every point in

domΦ, such a subgradient trajectory must be unique [48, Theorem 2.9]. We next show that this

subgradient trajectory is also bounded. Recall that every subgradient trajectory is a solution to

(2.8) by [74, Theorem 2.3(b)]. Thus, it suffices to show that every solution to (2.8) is bounded.

From lemmas 2.1 and 2.2, there exist constants 𝑐𝑘 ’s for any 𝑘 ∈ ⟦1, 𝑟⟧ and 𝑑 > 0 such that for any

solution (𝑋 (·), 𝑌 (·)) to (2.8), we have

©­«
𝑚∑︁
𝑖=1

𝑋𝑖𝑘 (𝑡)2 +
𝑛∑︁
𝑗=1
𝑌 𝑗 𝑘 (𝑡)2

ª®¬
2

=
©­«
𝑚∑︁
𝑖=1

𝑋𝑖𝑘 (𝑡)2 −
𝑛∑︁
𝑗=1
𝑌 𝑗 𝑘 (𝑡)2

ª®¬
2

+ 4
𝑚∑︁
𝑖=1

𝑋𝑖𝑘 (𝑡)2
𝑛∑︁
𝑗=1
𝑌 𝑗 𝑘 (𝑡)2

⩽ 𝑐2
𝑘 + 4𝑚𝑛𝑑2.

for any 𝑡 ∈ R+. Thus, for all 𝑘 ∈ ⟦1, 𝑟⟧,

𝑚∑︁
𝑖=1

𝑋𝑖𝑘 (𝑡)2 +
𝑛∑︁
𝑗=1
𝑌 𝑗 𝑘 (𝑡)2 ⩽

√︃
4𝑚𝑛𝑑2 + 𝑐2

𝑘
.
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Summing both sides up over 𝑘 yields

∥𝑋 (𝑡)∥22 + ∥𝑌 (𝑡)∥
2
2 ⩽

𝑟∑︁
𝑘=1

√︃
4𝑚𝑛𝑑2 + 𝑐2

𝑘
.

Hence, every solution to (2.8) is bounded. □

2.3.5 Linear neural network

Consider minimizing the loss function of linear neural network without bias term

𝑓 (𝑊1, . . . ,𝑊𝐿) :=
1
2
∥𝑊𝐿 · · ·𝑊1𝑋 − 𝑌 ∥2𝐹 , (2.11)

where 𝑋 ∈ R𝑑0×𝑑𝑥 , 𝑌 ∈ R𝑑𝐿×𝑑𝑥 , and 𝑊𝑖 ∈ R𝑑𝑖×𝑑𝑖−1 for 𝑖 = 1, . . . , 𝐿. Here ∥ · ∥𝐹 denotes the

Frobenius norm.

Proposition 2.6. Linear neural network with loss function (2.11) has bounded gradient trajecto-

ries.

An existing proof of Proposition 2.6 under additional assumptions on network structure, ini-

tialization, input data, or target data can be found, for instance, in [76, 77, 78]. To the best of our

knowledge, the closest result to Proposition 2.6 is [76, Theorem 3.2], which shows that gradient

trajectories are bounded if 𝑋𝑋T is of full rank. In the proof of Proposition 2.6, we show that

this rank assumption on 𝑋 can be removed and hence Proposition 2.6 applies to any linear neural

network.

Proof of Proposition 2.6. Since 𝑓 is locally Lipschitz and lower bounded, by Proposition 1.2 there

exists a gradient trajectory for any initial point. By [76, Lemma 2.1], the gradient trajectories of 𝑓

satisfy the initial value problem

¤𝑊𝑖 = −(𝑊𝐿 · · ·𝑊𝑖+1)T(𝑊𝐿 · · ·𝑊1𝑋 − 𝑌 ) (𝑊𝑖−1 · · ·𝑊1𝑋)T, (2.12a)

𝑊𝑖 (0) = 𝑊0
𝑖 , 𝑊0

𝑖 ∈ R𝑑𝑖×𝑑𝑖−1 is a given constant matrix, (2.12b)
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for all 𝑖 = 1, . . . , 𝐿. Note that if 𝑖 = 𝐿, (2.12a) reduces to

¤𝑊𝐿 = −(𝑊𝐿 · · ·𝑊1𝑋 − 𝑌 ) (𝑊𝐿−1 · · ·𝑊1𝑋)T,

and if 𝑖 = 1, (2.12a) reduces to

¤𝑊1 = −(𝑊𝐿 · · ·𝑊2)T(𝑊𝐿 · · ·𝑊1𝑋 − 𝑌 )𝑋T.

Note that [76, Theorem 3.2] proved the boundedness of gradient trajectories of 𝑓 when 𝑋𝑋T

is invertible. Thus, we only need to show we can always reduce the boundedness of gradient

trajectories of 𝑓 for general 𝑋 to the boundedness of gradient trajectories of another function 𝑔 in

the same form as 𝑓 but with invertible 𝑋𝑋T. Let 𝑋 = 𝑈Σ𝑉T be a singular value decomposition,

where𝑈 ∈ R𝑑0×𝑑0 and 𝑉 ∈ R𝑑𝑥×𝑑𝑥 are orthogonal matrices, and Σ ∈ R𝑑0×𝑑𝑥 is a rectangular matrix

satisfying

Σ =


Λ 0

0 0

 , Λ = diag(𝜆1, . . . , 𝜆𝑟) ≻ 0,

where 𝑟 ⩽ min{𝑑0, 𝑑𝑥}. Eliminating 𝑋 in (2.12a), it reduces to

¤𝑊𝑖 = −(𝑊𝐿 · · ·𝑊𝑖+1)T(𝑊𝐿 · · ·𝑊1𝑈Σ𝑉
T − 𝑌 ) (𝑊𝑖−1 · · ·𝑊1𝑈Σ𝑉

T)T

= −(𝑊𝐿 · · ·𝑊𝑖+1)T(𝑊𝐿 · · ·𝑊1𝑈Σ − 𝑌𝑉) (𝑊𝑖−1 · · ·𝑊1𝑈Σ)T.

Define 𝑍 := 𝑌𝑉 ∈ R𝑑𝐿×𝑑𝑥 , and (2.12) reduces to

¤𝑊𝑖 = −(𝑊𝐿 · · ·𝑊𝑖+1)T(𝑊𝐿 · · ·𝑊1𝑈Σ − 𝑍) (𝑊𝑖−1 · · ·𝑊1𝑈Σ)T, (2.13a)

𝑊𝑖 (0) = 𝑊0
𝑖 , ∀ 𝑖 = 1, . . . 𝐿. (2.13b)

Denote 𝑊1 := 𝑊1𝑈 ∈ R𝑑1×𝑑0 and 𝑊
0
1 := 𝑊0

1𝑈 ∈ R𝑑1×𝑑0 . To keep the notation consistent, also let
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𝑊 𝑖 := 𝑊𝑖 and𝑊
0
𝑖 := 𝑊0

𝑖
for 𝑖 = 2, . . . , 𝐿. Thus, (2.13) reduces to

¤
𝑊 𝑖 = −(𝑊 𝐿 · · ·𝑊 𝑖+1)T(𝑊 𝐿 · · ·𝑊1Σ − 𝑍) (𝑊 𝑖−1 · · ·𝑊1Σ)T, (2.14a)

𝑊 𝑖 (0) = 𝑊
0
𝑖 , ∀ 𝑖 = 1, . . . 𝐿. (2.14b)

Partition the matrices𝑊1,𝑊
0
1, and 𝑍 into two column blocks:

𝑊1 =

[
𝑊11 𝑊12

]
, 𝑊

0
1 =

[
𝑊

0
11 𝑊

0
12

]
, 𝑍 =

[
𝑍1 𝑍2

]
,

where 𝑊11, 𝑊
0
11, and 𝑍1 consist of the first 𝑟 columns of 𝑊1, 𝑊

0
1 and 𝑍 respectively. Thus, when

𝑖 = 1, (2.14) can be reduced into

¤
𝑊11 = −(𝑊 𝐿 · · ·𝑊2)T(𝑊 𝐿 · · ·𝑊2𝑊11Λ − 𝑍1)ΛT,

¤
𝑊12 = 0,

𝑊11(0) = 𝑊
0
11, 𝑊12(0) = 𝑊

0
12.

When 𝑖 = 2, . . . , 𝐿, (2.14) can be reduced into

¤
𝑊 𝑖 = −(𝑊 𝐿 · · ·𝑊 𝑖+1)T(𝑊 𝐿 · · ·𝑊2𝑊11Λ − 𝑍1) (𝑊 𝑖−1 · · ·𝑊2𝑊11Λ)T,

𝑊 𝑖 (0) = 𝑊
0
𝑖 .

It indicates that 𝑊12(𝑡) = 𝑊
0
12 for all 𝑡 ⩾ 0. Denote 𝑊1 := 𝑊11 and 𝑊0

1 := 𝑊
0
11. To keep the

notation consistent, also let𝑊𝑖 := 𝑊 𝑖 and𝑊0
𝑖

:= 𝑊0
𝑖 for 𝑖 = 2, . . . , 𝐿. Therefore, (2.14) reduces to

¤̃
𝑊 𝑖 = −(𝑊𝐿 · · ·𝑊𝑖+1)T(𝑊𝐿 · · ·𝑊1Λ − 𝑍1) (𝑊𝑖−1 · · ·𝑊1Λ)T, (2.15a)

𝑊𝑖 (0) = 𝑊0
𝑖 , ∀ 𝑖 = 1, . . . 𝐿. (2.15b)
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Define the new function 𝑔 as

𝑔(𝑊1, . . . ,𝑊𝐿) :=
1
2
∥𝑊𝐿 · · ·𝑊1Λ − 𝑍1∥2𝐹 .

Notice that the gradient trajectories of 𝑔 satisfy (2.15). To prove 𝑓 has bounded gradient trajec-

tories, it is equivalent to prove 𝑔 has bounded gradient trajectories, because ∥𝑊1∥𝐹 = ∥𝑊1𝑈∥𝐹 =

∥𝑊1∥𝐹 and ∥𝑊1(𝑡)∥2𝐹 = ∥𝑊1(𝑡)∥2𝐹 + ∥𝑊
0
12∥2𝐹 for all 𝑡 ⩾ 0. Since ΛΛT is invertible, by [76,

Theorem 3.2], 𝑔 has bounded gradient trajectories, and so does 𝑓 . □

2.3.6 One dimensional deep sigmoid neural network

Though famous for its benign theoretical properties, linear neural network is rarely used in

practice because of its low representation power. We want to take a step further in the case of non-

linear deep neural network. In this subsection, we focus on neural network with sigmoid activation

function in one dimensional case.

Consider minimizing the following loss function of sigmoid neural network

𝑓 (𝑤1, . . . , 𝑤𝐿) :=
1
2
(𝑤𝐿𝜎(𝑤𝐿−1 · · ·𝜎(𝑤1𝑥)) − 𝑦)2, (2.16)

where 𝜎(𝑧) := (1 + 𝑒−𝑧)−1 is the sigmoid function and 𝑤𝑖, 𝑥, 𝑦 ∈ R for all 𝑖 = 1, . . . , 𝐿.

Notice that the techniques in the proof of Proposition 2.6 cannot be adapted to this case because

the auto-balancing property in [69, Theorem 2.1] does not hold. Surprisingly, it is still true that

(2.16) has bounded gradient trajectories.

Proposition 2.7. One dimensional sigmoid neural network with loss function (2.16) has bounded

gradient trajectories.

Proof. Since 𝑓 is locally Lipschitz and lower bounded, by Proposition 1.2 there exists a gradient

trajectory for any initial point. For simplicity, define 𝑝𝑖 for 𝑖 = 0, . . . , 𝐿 − 2 recursively by 𝑝0 := 𝑥,
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𝑝1 := 𝜎(𝑤1𝑥) and 𝑝𝑖+1 := 𝜎(𝑤𝑖+1𝑝𝑖). The gradient trajectories of 𝑓 satisfy

¤𝑤𝐿 = −(𝑤𝐿𝜎(𝑤𝐿−1𝑝𝐿−2) − 𝑦)𝜎(𝑤𝐿−1𝑝𝐿−2), (2.17a)

¤𝑤𝑖 =
𝑝𝑖−1

1 + 𝑒𝑤𝑖 𝑝𝑖−1
¤𝑤𝑖+1𝑤𝑖+1, 𝑖 = 𝐿 − 1, . . . , 1. (2.17b)

We will prove each 𝑤𝑖 is bounded inductively from the last layer to the first layer. The relation

between the last two layers 𝑤𝐿 and 𝑤𝐿−1, and the relation between the first two layers can be

regarded as the base cases.

We claim that there exists a time 𝑇 such that ¤𝑤𝑖 and 𝑤𝑖 does not change sign for all 𝑡 ⩾ 𝑇 and

for all 𝑖. To verify this, first notice that the claim is true for the last layer, i.e., ¤𝑤𝐿 and 𝑤𝐿 will not

change sign for all 𝑡 ⩾ 𝑇 . Suppose ¤𝑤𝐿 changes sign, by continuity and mean value theorem, there

exists 𝑡∗ > 0 such that ¤𝑤𝐿 (𝑡∗) = 0. However, ¤𝑤𝐿 (𝑡∗) = 0 implies ¤𝑤𝑖 (𝑡∗) = 0 for all 𝑖, meaning

that a critical point is achieved and the gradient trajectory is stopped for all 𝑡 ⩾ 𝑡∗. In this case,

all 𝑤𝑖’s are trivially bounded. Thus, we assume the trajectory will never stop at a finite time. In

this case, either ¤𝑤𝐿 (𝑡) > 0 or ¤𝑤𝐿 (𝑡) < 0 for all 𝑡 ⩾ 0. Since 𝑤𝐿 is monotonic, it either keeps

the sign unchanged or changes the sign only once. Thus, there exists 𝑇𝐿 > 0 such that 𝑤𝐿 does

not change sign on [𝑇𝐿 ,∞). Notice that for all 𝑖 ⩾ 2, 𝑝𝑖−1(𝑡) ∈ (0, 1) for all 𝑡 ⩾ 0. Since ¤𝑤𝐿𝑤𝐿

does not change sign on [𝑇𝐿 ,∞), (2.17b) implies that ¤𝑤𝐿−1 does not change sign on [𝑇𝐿 ,∞) either.

Therefore, we conclude that 𝑤𝐿−1 is monotonic. Similarly, there exists 𝑇𝐿−1 > 𝑇𝐿 such that ¤𝑤𝐿−1

and 𝑤𝐿−1 does not change sign on [𝑇𝐿−1,∞). Recursively using the above argument, we can show

the claim is true for all 𝑖 ⩾ 2 on [𝑇2,∞). For 𝑖 = 1, although 𝑝0 = 𝑥 may not be in (0, 1), since 𝑥

is a constant, the fact that ¤𝑤2 and 𝑤2 do not change sign still implies that ¤𝑤1 does not change sign

and hence there exists 𝑇1 > 𝑇2 such that 𝑤1 does not change sign on [𝑇1,∞). Therefore, the claim

holds for 𝑖 = 1, . . . , 𝐿 by choosing 𝑇 = 𝑇1.

By the claim proved in the last paragraph, for 𝑖 = 1, . . . , 𝐿, either ¤𝑤𝑖𝑤𝑖 is nonnegative or ¤𝑤𝑖𝑤𝑖

is negative on [𝑇,∞). Now we are going to prove each 𝑤𝑖 is bounded. The first step is to prove

the last two layers 𝑤𝐿 and 𝑤𝐿−1 are bounded. Consider the case where ¤𝑤𝐿𝑤𝐿 is nonnegative on
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[𝑇,∞). (2.17b) implies that ¤𝑤𝐿−1 ⩾ 0 and 𝑤𝐿−1 is increasing over [𝑇,∞), so there exists a constant

𝑐𝐿−1 such that 𝑤𝐿−1(𝑡) ⩾ 𝑐𝐿−1 for all 𝑡 ⩾ 0. Since 𝑝𝐿−2 ∈ (0, 1), we have 𝜎(𝑤𝐿−1𝑝𝐿−2) ⩾

𝜎(−|𝑐𝐿−1 |) > 0. Again, by [22, Lemma 5.2], 𝑑
𝑑𝑡
𝑓 (𝑤1, . . . , 𝑤𝐿) ⩽ 0 and 𝑓 (𝑤1, . . . , 𝑤𝐿) ⩽ 𝐶 for

some constant 𝐶 on [0,∞). Thus, it is easy to see |𝑤𝐿 |𝜎(𝑤𝐿−1𝑝𝐿−2) ⩽ 𝐶1 for some constant 𝐶1

on [0,∞). Since 𝜎(𝑤𝐿−1𝑝𝐿−2) ∈ [𝜎(−|𝑐𝐿−1 |), 1), we conclude |𝑤𝐿 | is bounded. Suppose 𝑤𝐿−1

is unbounded. Since it is increasing and does not change sign, 𝑤𝐿−1(𝑡) > 0 for all 𝑡 ⩾ 𝑇 and

𝑤𝐿−1(𝑡) → ∞ as 𝑡 →∞. By (2.17b),

¤𝑤𝐿−1 =
𝑝𝐿−2

1 + 𝑒𝑤𝐿−1𝑝𝐿−2
¤𝑤𝐿𝑤𝐿 ⩽ ¤𝑤𝐿𝑤𝐿 , (2.18)

because 𝑝𝐿−2 ∈ (0, 1) and 1 + 𝑒𝑤𝐿 𝑝𝐿−2 > 1. By (2.18), 𝑤𝐿−1 − 1
2𝑤

2
𝐿

is a decreasing function

on [𝑇,∞). Hence, 𝑤𝐿−1 − 1
2𝑤

2
𝐿

⩽ 𝐶2 for some constant 𝐶2. Notice that 𝑤𝐿 is bounded but

𝑤𝐿−1(𝑡) → ∞ as 𝑡 →∞, so a contradiction occurs. Therefore, 𝑤𝐿−1 is bounded.

Now we consider the case where ¤𝑤𝐿𝑤𝐿 is negative on [𝑇,∞). In this case, (2.17b) implies

¤𝑤𝐿−1 ⩽ 0, so 𝑤𝐿−1 is decreasing on [𝑇,∞) and there exists a constant 𝑑𝐿−1 such that 𝑤𝐿−1 ⩽ 𝑑𝐿−1.

Since 𝑝𝐿−2/(1 + 𝑒𝑤𝐿−1𝑝𝐿−2) ∈ (0, 1) and ¤𝑤𝐿𝑤𝐿 ⩽ 0 on [𝑇,∞), we have ¤𝑤𝐿−1 ⩾ ¤𝑤𝐿𝑤𝐿 . This

shows 𝑤𝐿−1 − 1
2𝑤

2
𝐿

is increasing on [𝑇,∞), and hence 𝑤𝐿−1 ⩾ 𝑑𝐿−1 for some constant 𝑑𝐿−1.

Therefore, 𝑤𝐿−1 ∈ [𝑑𝐿−1, 𝑑𝐿−1] is bounded. By exactly the same argument as in the case when

¤𝑤𝐿𝑤𝐿 is nonnegative, we know 𝜎(𝑤𝐿−1𝑝𝐿−2) ∈ [𝜎(−|𝑑𝐿−1 |), 1) and 𝑤𝐿 is bounded by using the

boundedness of objective function 𝑓 .

Up to now, we have proved boundedness for the last two layers 𝑤𝐿 and 𝑤𝐿−1. For 𝑖 = 2, . . . , 𝐿−

2, by discussing two cases ¤𝑤𝑖+1𝑤𝑖+1 ⩾ 0 and ¤𝑤𝑖+1𝑤𝑖+1 ⩽ 0, together with the boundedness of 𝑤𝑖+1,

we can prove that 𝑤𝑖 is bounded by exactly the same argument as we did in the last two paragraphs.

The induction starts with proving 𝑤𝐿−2 is bounded and ends with proving 𝑤2 is bounded. Once we

prove 𝑤2 is bounded, consider the relation between 𝑤1 and 𝑤2,

(1 + 𝑒𝑤1𝑥) ¤𝑤1 = 𝑥 ¤𝑤2𝑤2.
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If 𝑥 = 0, then ¤𝑤1 = 0 implies 𝑤1 is a constant over [0,∞), so it must be bounded. Suppose 𝑥 ≠ 0,

by taking integration with respect to 𝑡 and multiplying 𝑥 on both sides, we have

𝑤1𝑥 + 𝑒𝑤1𝑥 =
𝑥2

2
𝑤2

2 + 𝐶3.

Let 𝑧 = 𝑤1𝑥, then 𝑧+𝑒𝑧 → ±∞ as 𝑧 → ±∞. Thus, the boundedness of 𝑤2 implies the boundedness

of 𝑧 = 𝑤1𝑥. Since 𝑥 ≠ 0 is a constant, 𝑤1 is bounded. Therefore, we proved that 𝑤𝑖 is bounded for

all 𝑖 = 1, . . . , 𝐿. □
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Chapter 3: Landscape at infinity

Having explored a variety of examples that exhibit bounded subgradient trajectories in Chap-

ter 2, we now turn to the question of how such property can be leveraged to analyze the optimization

landscape and the global behavior of first-order algorithms. As a first step, this chapter focuses on

the simplest setting, studying the landscape of the objective function itself. The results presented

in this chapter are based on the following article:

C. Josz and X. Li, “Certifying the absence of spurious local minima at infinity,” SIAM Journal on

Optimization, vol. 33, pp. 1416–1439, 3 2023

The idea that the absence of spurious local minima alone does not guarantee the success of

first-order methods was first expressed in the context of binary classification in the mid-nineties. It

was shown that gradient trajectories are bounded if the objective function satisfies several technical

conditions tailored to the problem at hand [80, Theorems 3.6-3.8]. This property was referred to as

having no attractors at infinity. More recently, it was proved that adding an exponential neuron to

a wide class of neural networks eliminates all spurious local minima [81], but it was soon realized

that this procedure simply sends them to infinity [82]. These results suggest that besides spurious

local minima, a certain notion of spurious local minima at infinity also affects the convergence of

first-order methods to global optima. However, the current optimization literature lacks a precise

definition of local minima at infinity, and, accordingly, there is little theoretical understanding of

them. Worse still, classical tools for landscape analysis, such as the gradient and the Hessian,

cannot detect spurious local minima at infinity even in simple scenarios (recall Example 3.1), let

alone handle nonsmooth functions without a gradient.
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Example 3.1. Consider an instance of matrix completion problem, i.e., minimize

𝑓 (𝑥1, 𝑥2, 𝑦1, 𝑦2) := (𝑥1𝑦1 − 1)2 + (𝑥2𝑦1 − 1)2 + (𝑥2𝑦2 − 1)2.

By solving ∇ 𝑓 (𝑥1, 𝑥2, 𝑦1, 𝑦2) = 0, the set of critical points of 𝑓 can be decomposed into four

connected components:

𝐶1 = {(𝑥1, 𝑥2, 𝑦1, 𝑦2) = (𝑡, 𝑡, 1/𝑡, 1/𝑡) | 𝑡 ∈ R \ {0}},

𝐶2 = {(𝑥1, 𝑥2, 𝑦1, 𝑦2) = (𝑡, 0, 1/𝑡,−1/𝑡) | 𝑡 ∈ R \ {0}},

𝐶3 = {(𝑥1, 𝑥2, 𝑦1, 𝑦2) = (𝑡,−𝑡, 0,−1/𝑡) | 𝑡 ∈ R \ {0}},

𝐶4 = {(𝑥1, 𝑥2, 𝑦1, 𝑦2) = (0, 0, 0, 0)}.

The critical values are 𝑓 (𝐶1) = {0}, 𝑓 (𝐶2) = 𝑓 (𝐶3) = {2}, and 𝑓 (𝐶4) = {3}. Furthermore, 𝐶1

is the set of global minima, and by computing the Hessian ∇2 𝑓 , we find that it has positive and

negative eigenvalues at all points in 𝐶2, 𝐶3 and 𝐶4. Therefore, 𝑓 has no spurious local minima and

all saddle points are strict [83, Definition 2]. One would expect first-order methods like gradient

descent to converge to a global minimum for almost all initial points [83, Theorem 11]. How-

ever, the numerical experiments in Figure 3.1 show otherwise. This is because the function is not

coercive.

Two newly proposed concepts related to spurious local minima at infinity are setwise local

minima [84] and spurious valleys [85]. Setwise local minima [84, Definition 2.5] generalize the

notion of local minima from points to compact sets. It was recently established that the uniform

limit (on all compact subsets) of a sequence of continuous functions which are devoid of spurious

setwise local minima is itself devoid of spurious strict setwise local minima [84, Proposition 2.7].

However, due to the boundedness assumption, setwise local minima cannot be directly used to

study spurious local minima at infinity. Spurious valleys [85, Definition 1] do have the potential to

handle spurious local minima at infinity but they fail to detect them when there are flat regions, such
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Figure 3.1: Gradient method initialized uniformly at random in [−1, 1]4 with constant step size
0.01 sometimes gets stuck at a spurious local minimum at infinity (3 among 10 trials in the exper-
iment).

as in the ReLU network with one-hidden layer (𝑥1, 𝑥2) ↦→ (𝑥2 max{𝑥1, 0} − 1)2 (see Figure 3.2).

Spurious valleys also rely on the notion of path-connectedness, which is actually not necessary for

defining spurious local minimum at infinity. In this chapter, we extend the concept of setwise local

minima by relaxing the boundedness assumption. This enables us to define spurious local minima

at infinity as unbounded setwise local minima over which the infimum of the objective function is

greater than the global infimum. It also allows us to handle classical spurious local minima and

flat regions in a unified way.

An existing strategy to analyze the landscape of non-coercive functions is to construct a strictly

decreasing path to a global minimum from any initial point. Such a path was shown to exist in half-

rectified neural network [86]. This strategy is used to prove the existence of spurious local minima

in neural networks with almost all nonlinear activations [87]. It also explains the phase transi-

tion from the existence of sub-optimal basins in narrow networks to their disappearance in wide

networks [88]. Finally, it is used to prove the absence of spurious valleys for over-parametrized

one-hidden layer neural network [85]. However, such a strategy needs to be tailored to each appli-

cation since one needs to select a particular path for each specific loss function. In this chapter, we
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Figure 3.2: Function devoid of spurious valleys containing a spurious local minimum at infinity.

instead develop a theory allowing one to use a common decreasing path - subgradient trajectory -

to analyze the landscape in various different contexts. We can then rule out spurious setwise local

minima (and thus those at infinity) for a general class of functions. Our main result is as follows.

Theorem 3.1. Suppose a locally Lipschitz function is bounded below, admits a chain rule, has

finitely many critical values, and has bounded subgradient trajectories. Then it has no spurious

local minima if and only if it has no spurious setwise local minima.

The above statement is meant to help readers get a first taste of our main result in this chapter.

For the terminology in the theorem, see Definition 1.3 (locally Lipschitz), Definition 1.8 (chain

rule), Definition 1.7 (bounded subgradient trajectories), and Definition 3.2 (setwise local mini-

mum). A discussion on the role of its assumptions is also given following the proof of Theo-

rem 3.1 in Section 3.2. Let us mention already that two of its assumptions, namely those regarding

the chain rule and critical values, automatically hold for functions definable in an o-minimal ex-

pansion of the real field [36] (by [57, Proposition 2 (iv)] and the definable Morse-Sard theorem

[43, Corollary 9 (ii)]). This includes semi-algebraic, globally subanalytic, and log-exp functions,

and importantly, many applications of interest nowadays [57, Section 4.1]. The locally Lipschitz

and lower bounded assumptions usually come for free in applications, so that in practice the sole

assumption that one needs to check for is that subgradient trajectories are bounded. Theorem 3.1
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thus serves as a handy device to conclude that there are no spurious setwise local minima for a

family of functions that are widely used in machine learning, especially in deep neural networks

and matrix sensing. We summarize the problems that we are going to consider in the following

corollary.

Corollary 3.1. The following problems have no spurious local minima at infinity:

1. deep linear neural network

inf
𝑊1,...,𝑊𝐿

∥𝑊𝐿 · · ·𝑊1𝑋 − 𝑌 ∥2𝐹 ;

2. one dimensional deep neural network with sigmoid activation function 𝜎

inf
𝑤1,...,𝑤𝐿

(𝑤𝐿𝜎(𝑤𝐿−1 · · ·𝜎(𝑤1𝑥)) − 𝑦)2;

3. matrix recovery with restricted isometry property (RIP)

inf
𝑋,𝑌

1
2𝑚

𝑚∑︁
𝑖=1
(⟨𝐴𝑖, 𝑋𝑌T⟩𝐹 − 𝑏𝑖)2;

4. nonsmooth matrix factorization where rank(𝑀) = 1 and 𝑀𝑖 𝑗 ≠ 0

inf
𝑥,𝑦

𝑚∑︁
𝑖=1

𝑛∑︁
𝑗=1
|𝑥𝑖𝑦 𝑗 − 𝑀𝑖 𝑗 |.

Again, the statement above aims at giving readers some feeling on what type of functions we

are considering. More rigorous descriptions of the applications will be given in Section 3.3.

This chapter is organized as follows. Section 3.1 contains background material on setwise

local minima. Section 3.2 contains the proof of our main result, namely Theorem 3.1. Finally,

Section 3.3 contains applications of our main result as delineated in Corollary 3.1.
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3.1 Setwise local minimum

In this section, we present the formal definitions and some useful properties of setwise local

minimum and local minimum at infinity. We first review the classical definition of local and global

minima.

Definition 3.1. A point 𝑥 ∈ R𝑛 is a local minimum (respectively, global minimum) of a function

𝑓 : R𝑛 → R if 𝑓 (𝑥) ⩽ 𝑓 (𝑦) for all 𝑦 ∈ 𝐵̊(𝑥, 𝜖) for some 𝜖 > 0 (respectively, 𝑦 ∈ R𝑛). A local

minimum is spurious if it is not a global minimum.

From Definition 3.1, one can see the definition of a local minimum only considers the landscape

of a function at any finite point. To discuss the function landscape at infinity, we generalize the

notion of setwise local minimum first proposed in [84, Definition 2.5].

Definition 3.2 (Setwise local minimum). A nonempty closed subset 𝑆 ⊂ R𝑛 is a setwise local

minimum of a continuous function 𝑓 : R𝑛 → R if there exists an open set 𝑈 ⊂ R𝑛 such that 𝑆 ⊂ 𝑈

and 𝑓 (𝑥) ⩽ 𝑓 (𝑦) for all 𝑥 ∈ 𝑆, 𝑦 ∈ 𝑈 \ 𝑆.

It is easy to see that a local minimum is a setwise local minimum by taking 𝑆 to be a singleton.

We also define a strict setwise local minimum by replacing 𝑓 (𝑥) ⩽ 𝑓 (𝑦) with 𝑓 (𝑥) < 𝑓 (𝑦) in

Definition 3.2.

Definition 3.3 (Setwise global minimum). A subset 𝑆 of R𝑛 is a setwise global minimum of a

function 𝑓 : R𝑛 → R if 𝑆 is a setwise local minimum of 𝑓 and inf𝑆 𝑓 = infR𝑛 𝑓 .

Note that inf𝑆 𝑓 is a shorthand for inf𝑥∈𝑆 𝑓 (𝑥), and similar for sup𝑆 𝑓 and max𝑆 𝑓 . Setwise local

minima include setwise global minima as a special case, and we say a setwise local minimum is

spurious if it is not a setwise global minimum. Note that Definition 3.2 is not exactly the same as

[84, Definition 2.5] because we do not require a setwise local minimum to be a compact set. In

other words, a setwise local minimum can be either bounded or unbounded, and we say a (spurious)

setwise local minimum is a (spurious) local minimum at infinity if it is unbounded. For example,
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consider the loss function of a one-hidden layer neural network with sigmoid activation 𝜎 and

two data points (1, 1) and (−1,−3) in Figure 3.3. One can see that 𝑆 is a setwise local minimum

(in particular, a local minimum at infinity) and 𝑈 is the corresponding open set in Definition 3.2.

Finally, observe that R𝑛 is a strict setwise local minimum at infinity of any function.

Figure 3.3: Local minimum at infinity of 𝑓 (𝑤1, 𝑤2) = 1
2 [(𝑤2𝜎(𝑤1) − 1)2 + (𝑤2𝜎(−𝑤1) + 3)2].

Now we introduce one of the most useful properties of setwise local minima in Lemma 3.1.

This property is intuitive and will be used in different scenarios throughout this chapter. Let 𝑆, 𝑆◦,

and 𝜕𝑆 := 𝑆 \ 𝑆◦ respectively denote the closure, interior, and boundary of a subset 𝑆 of R𝑛.

Lemma 3.1. If 𝑆 is a setwise local minimum of a continuous function 𝑓 : R𝑛 → R, then 𝑓 (𝑥) =

sup𝑆 𝑓 for all 𝑥 ∈ 𝜕𝑆.

Proof. Let 𝑆 ⊂ R𝑛 be a setwise local minimum of a continuous function 𝑓 : R𝑛 → R. Let 𝑈 ⊃ 𝑆

be an open set such that 𝑓 (𝑥) ⩽ 𝑓 (𝑦) for all 𝑥 ∈ 𝑆 and 𝑦 ∈ 𝑈 \ 𝑆. Note that 𝑆 is closed, so its

boundary is defined by 𝜕𝑆 := 𝑆 \ 𝑆◦. Let 𝑧 ∈ 𝜕𝑆 and consider any real number 𝜖 > 0. Since

𝑓 (𝑧) + (−𝜖, 𝜖) is a neighborhood of 𝑓 (𝑧), by continuity of 𝑓 , there exists a neighborhood 𝑁 (𝑧) of

𝑧 such that 𝑓 (𝑁 (𝑧)) ⊂ 𝑓 (𝑧) + (−𝜖, 𝜖). Since𝑈 is a neighborhood of 𝑧, 𝑁′(𝑧) := 𝑈 ∩ 𝑁 (𝑧) is also a

neighborhood of 𝑧 with 𝑓 (𝑁′(𝑧)) ⊂ 𝑓 (𝑧) + (−𝜖, 𝜖). The set 𝑁′(𝑧) ∩ 𝑆 is nonempty because 𝑧 ∈ 𝑆

and the set 𝑁′(𝑧) \ 𝑆 is nonempty because 𝑧 ∈ 𝜕𝑆. For any 𝑥 ∈ 𝑁′(𝑧) ∩ 𝑆 and 𝑦 ∈ 𝑁′(𝑧) \ 𝑆, it
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follows that

inf
𝑈\𝑆

𝑓 − 𝜖 ⩽ 𝑓 (𝑦) − 𝜖 < 𝑓 (𝑧) < 𝑓 (𝑥) + 𝜖 ⩽ sup
𝑆

𝑓 + 𝜖 ⩽ inf
𝑈\𝑆

𝑓 + 𝜖 .

The last inequality follows from the definition of setwise local minima. As 𝜖 > 0 was arbitrary, we

deduce that

inf
𝑈\𝑆

𝑓 = 𝑓 (𝑧) = sup
𝑆

𝑓 .

Thus, 𝑓 is a constant on the boundary of 𝑆 and 𝑓 attains its maximum over 𝑆 on the boundary of

𝑆. □

It is worth relating our notion of setwise local minimum to the concept of valley proposed in

[85, Definition 1]. A valley of a function 𝑓 : R𝑛 → R is defined as a path-connected component1

of a sublevel set of 𝑓 . These two definitions are distinct in general. The interval [−1, 1] is a setwise

local minimum of 𝑓 : R→ R defined by 𝑓 (𝑥) := 0 for all 𝑥 ∈ R yet it is not a valley. Conversely,

𝑋 := {(𝑥1, 𝑥2) ∈ (R \ {0}) × R | 𝑥2 = sin(1/𝑥1)} is a valley of 𝑓 : R2 → R where 𝑓 is defined

as the distance between 𝑥 and 𝑋 , yet it is not a setwise local minimum since it is not closed. (The

sublevel set of 𝑓 corresponding to the value zero is composed of two path-connected components,

namely 𝑋 and {0} × [−1, 1], whose union is 𝑋 .) Under some mild conditions, their relation can be

summarized in Proposition 3.1.

Proposition 3.1. For a continuous function from R𝑛 to R,

(a) a path-connected component of a strict setwise local minimum (respectively, setwise local

minimum) is a valley (respectively, subset of a valley);

(b) a connected component2 of a sublevel set which has finitely many connected components is

a strict setwise local minimum.
1A subset 𝑆 of R𝑛 is path-connected if for all 𝑥, 𝑦 ∈ 𝑆, there exists a continuous function 𝛾 : [0, 1] → 𝑆 such

that 𝛾(0) = 𝑥 and 𝛾(1) = 𝑦. A maximal path-connected connected set is called a path-connected component. Path-
connected components can be viewed as equivalence classes over a set.

2A subset 𝑆 of R𝑛 is disconnected if there exist nonempty disjoint open (in 𝑆) sets 𝐴 and 𝐵 such that 𝑆 = 𝐴 ∪ 𝐵. It
is connected if it is not disconnected. A maximal connected set is called a connected component.
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Proof. (a) Let 𝑆 be a setwise local minimum. By Lemma 3.1, we know that 𝑐 := sup𝑆 𝑓 = 𝑓 (𝑧)

for all 𝑧 ∈ 𝜕𝑆. Take a path-connected component 𝐶 of 𝑆. Then 𝐶 ⊂ [ 𝑓 ⩽ 𝑐] := {𝑥 ∈

R𝑛 | 𝑓 (𝑥) ⩽ 𝑐}. Since 𝐶 is path-connected, there exists a path-connected component 𝑉 of

[ 𝑓 ⩽ 𝑐] such that 𝐶 ⊂ 𝑉 . By definition, 𝑉 is a valley. This shows that a path-connected

component of a setwise local minimum is a subset of a valley.

If in addition, 𝑆 is a strict setwise local minimum, then we distinguish two cases. If

𝑆 = R𝑛, then the path-connected component 𝐶 of 𝑆 is equal to R𝑛 and is therefore a valley.

Otherwise, it suffices to show that 𝑉 ⊂ 𝑆. Indeed, 𝑉 is then a path-connected subset of 𝑆

containing the path-connected component 𝐶 of 𝑆, so that by maximality, 𝑉 = 𝐶. Therefore

𝐶 is valley.

Consider an open set𝑈 ⊃ 𝑆 such that 𝑓 (𝑥) > 𝑓 (𝑦) for all 𝑥 ∈ 𝑈 \ 𝑆 and 𝑦 ∈ 𝑆. In order

to show that 𝑉 ⊂ 𝑆, it suffices to show that 𝑉 ∩ (𝑈 \ 𝑆) = ∅ and 𝑉 ∩𝑈𝑐 = ∅ because if so,

then 𝑉 = (𝑉 ∩ 𝑆) ∪ (𝑉 ∩ (𝑈 \ 𝑆)) ∪ (𝑉 ∩𝑈𝑐) = 𝑉 ∩ 𝑆. Since 𝑓 (𝑤) ⩽ 𝑐 for all 𝑤 ∈ 𝑉 and

𝑓 (𝑤) > 𝑐 for all 𝑤 ∈ 𝑈 \ 𝑆 (the supremum function value 𝑓 (𝑦) = 𝑐 can be attained by some

𝑦 ∈ 𝜕𝑆 ⊂ 𝑆), we know that 𝑉 ∩ (𝑈 \ 𝑆) = ∅. Thus, 𝑉 = (𝑉 ∩ 𝑆) ∪ (𝑉 ∩𝑈𝑐). Note that 𝑉 ∩ 𝑆

is nonempty and closed because 𝐶 ⊂ 𝑉 ∩ 𝑆 and 𝑉 and 𝑆 are both closed. Since 𝑉 ∩ 𝑈𝑐 is

also closed and 𝑉 is connected, 𝑉 ∩𝑈𝑐 must be empty.

(b) Let 𝑓 : R𝑛 → R be a continuous function and 𝑎 ∈ R be a nonempty sublevel set of 𝑓 . By

continuity of 𝑓 , [ 𝑓 ⩽ 𝑎] is closed in R𝑛. Suppose [ 𝑓 ⩽ 𝑎] has finitely many connected com-

ponents 𝐶1, . . . , 𝐶𝑘 . Denote 𝐵 as the closure of any set 𝐵 ⊂ R𝑛. Since 𝐶𝑖’s are connected, by

[89, Theorem 23.4], 𝐶𝑖’s are also connected. Since 𝐶𝑖 ⊂ [ 𝑓 ⩽ 𝑎], 𝐶𝑖 ⊂ [ 𝑓 ⩽ 𝑎] = [ 𝑓 ⩽ 𝑎].

By [89, Theorem 25.1], 𝐶𝑖 has no intersection with any other 𝐶 𝑗 for 𝑗 ≠ 𝑖. Together with the

fact that [ 𝑓 ⩽ 𝑎] = ⋃𝑘
𝑖=1𝐶𝑖, we have 𝐶𝑖 ⊂ 𝐶𝑖, and hence 𝐶𝑖 = 𝐶𝑖. Thus, each 𝐶𝑖 is closed in

R𝑛.

For any fixed 𝑖, denote 𝐶−𝑖 := [ 𝑓 ⩽ 𝑎] \ 𝐶𝑖, then 𝐶−𝑖 =
⋃𝑘
𝑗=1, 𝑗≠𝑖 𝐶 𝑗 is a closed set

disjoint with 𝐶𝑖. By [89, Theorem 32.2], there exist disjoint open sets 𝐷, 𝐸 ⊂ R𝑛 such that
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𝐶𝑖 ⊂ 𝐷 and 𝐶−𝑖 ⊂ 𝐸 . Take 𝑈 = 𝐷 in Definition 3.2, then 𝑓 (𝑥) ⩽ 𝑎 for all 𝑥 ∈ 𝐶𝑖 because

𝐶𝑖 ⊂ [ 𝑓 ⩽ 𝑎]. Furthermore, 𝑓 (𝑦) > 𝑎 for all 𝑦 ∈ 𝑈 \ 𝐶𝑖 because (𝑈 \ 𝐶𝑖) ∩ [ 𝑓 ⩽ 𝑎] = ∅.

This verifies that 𝐶𝑖 is a strict setwise local minimum of 𝑓 .

□

Remark 3.1. The assumption on finiteness of connected components is necessary, or else coun-

terexample may occur when the function is oscillatory. For example,

𝑓 (𝑥) :=


0 if 𝑥 ⩽ 0,

𝑥2 sin 1
𝑥

if 𝑥 > 0.

The function 𝑓 is continuous on R, but the sublevel set {𝑥 ∈ R | 𝑓 (𝑥) ⩽ 0} has infinitely many

connected components. Take a connected component 𝐶1 = (−∞, 0] (also path-connected, thus a

valley), and it is not a setwise local minimum because for any open set 𝑈 containing 𝐶1, there

exists some 𝑥0 ∈ 𝑁 such that 𝑓 (𝑥0) < 0.

Finally, we discuss the case of coercive functions.

Proposition 3.2. If a continuous function from R𝑛 to R is coercive, then it has no spurious local

minima at infinity.

Proof. Let 𝑆 be a spurious setwise local minimum at infinity. Since inf𝑆 𝑓 > infR𝑛 𝑓 , it must be

that 𝑆 ≠ R𝑛. By Definition 3.2, there exists 𝑦 ∈ 𝑆𝑐 such that 𝑆 ⊂ {𝑥 ∈ R𝑛 | 𝑓 (𝑥) ⩽ 𝑓 (𝑦)}. Since

𝑓 is coercive, its sublevel sets are bounded and hence 𝑆 is bounded. 𝑆 is thus not a spurious local

minimum at infinity. □

In many statistical learning problems, the loss functions without regularizer are usually not

coercive, so spurious local minima at infinity may exist. Therefore, it is important to develop some

device to check whether spurious local minima exist or not so that optimization algorithms can be

designed to avoid getting trapped in them.
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3.2 Proof of Theorem 3.1

This section contains the proof of the main result, i.e., Theorem 3.1. After the proof, we will

explain the necessity of the assumptions in Theorem 3.1 by raising some counterexamples. For

emphasis, we summarize all assumptions in Theorem 3.1 below.

Assumption 3.1. Let 𝑓 : R𝑛 → R be a function such that it

(a) is bounded below, namely, infR𝑛 𝑓 > −∞;

(b) is locally Lipschitz continuous on R𝑛; see Definition 1.3;

(c) admits a chain rule; see Definition 1.8;

(d) has finitely many critical values; see Section 1.1;

(e) has bounded subgradient trajectories; see Definition 1.7.

Proof of Theorem 3.1. Let 𝑓 : R𝑛 → R be a function satisfying Assumption 3.1 If 𝑓 has no

spurious setwise local minima, then 𝑓 has no spurious local minima. We next prove the converse.

Let 𝑆 ⊂ R𝑛 be a setwise local minimum of 𝑓 . We seek to show that 𝑆 is a setwise global minimum

of 𝑓 . If 𝑆◦ = ∅, then by Lemma 3.1 𝑓 (𝑥) = sup𝑆 𝑓 for all 𝑥 ∈ 𝜕𝑆 = 𝑆 \ 𝑆◦ = 𝑆 since 𝑆 is closed

by Definition 3.2. Thus 𝑓 is constant on 𝑆. By definition of setwise local minima (Definition 3.2),

there exists an open subset𝑈 of R𝑛 containing 𝑆 such that the constant value of 𝑓 on 𝑆 is less than

or equal to 𝑓 (𝑦) for all 𝑦 ∈ 𝑈 \ 𝑆. Thus every point in 𝑆 is a local minimum of 𝑓 . Since every

local minimum of 𝑓 is a global minimum, inf𝑆 𝑓 = infR𝑛 𝑓 and 𝑆 is a setwise global minimum

according to Definition 3.3. The rest of the proof deals with the case when 𝑆◦ ≠ ∅. Let 𝐶 be the

set of all critical points of 𝑓 in 𝑆 and consider the following optimization problem:

inf
𝑥∈𝐶

𝑓 (𝑥). (3.1)

We claim that the set of (global) solutions to (3.1) is nonempty, and that any solution is a local
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minimum of 𝑓 belonging to the setwise local minimum 𝑆. We first show that the feasible set of

(3.1) is nonempty.

Since 𝑆◦ ≠ ∅, let 𝑥0 ∈ 𝑆◦. If 𝑥0 ∈ 𝐶, then the feasible set 𝐶 is nonempty. We thus assume

that 𝑥0 ∉ 𝐶. Since 𝑓 is locally Lipschitz and bounded below, by Proposition 1.2 there exists a

subgradient trajectory 𝑥 : [0,∞) → R𝑛 starting at 𝑥0. We next show that 𝑥( [0,∞)) ⊂ 𝑆. We

reason by contradiction and assume that 𝑆𝑐 ∩ 𝑥( [0,∞)) ≠ ∅, where 𝑆𝑐 is the complement of 𝑆 in

R𝑛. Then 𝑆◦ and 𝑆𝑐 are disjoint open subsets of R𝑛 such that 𝑆◦ ∩ 𝑥( [0,∞)) ≠ ∅ (the intersection

contains 𝑥0), 𝑆𝑐 ∩ 𝑥( [0,∞)) ≠ ∅, and 𝑥( [0,∞)) = (𝑥( [0,∞)) ∩ 𝑆◦) ∪ (𝑥( [0,∞)) ∩ 𝑆𝑐) ⊂ R𝑛 \ 𝜕𝑆

(since3 𝑓 (𝑥(𝑡)) < 𝑓 (𝑥(0)) = 𝑓 (𝑥0) ⩽ 𝑓 (𝑥) for all 𝑡 > 0 and 𝑥 ∈ 𝜕𝑆, where the last inequality

follows from Lemma 3.1). Thus the connected set 𝑥( [0,∞)) is the union of two relatively open

disjoint nonempty sets, which is a contradiction.

Since 𝑓 has bounded subgradient trajectories and 𝑥(·) is an arbitrary subgradient trajectory

starting at 𝑥0, by Definition 1.7 and without loss of generality there exists 𝑟 > 0 such that ∥𝑥(𝑡)∥ ⩽

𝑟 for all 𝑡 ⩾ 0. We next show that there exists a critical point of 𝑓 in 𝐵̊(0, 𝑟) ∩𝑆. Suppose that there

exist two constants 𝑇, 𝜖 > 0 for which ∥𝑥′(𝑡)∥ ⩾ 𝜖 for all 𝑡 ⩾ 𝑇 such that 𝑥′(𝑡) ∈ −𝜕 𝑓 (𝑥(𝑡)). By

[22, Lemma 5.2], we have ( 𝑓 ◦ 𝑥)′(𝑡) = −∥𝑥′(𝑡)∥2 ⩽ −𝜖2 for almost every 𝑡 ⩾ 𝑇 . By integrating,

we get 𝑓 (𝑥(𝑡)) − 𝑓 (𝑥(𝑇)) ⩽ −𝜖2𝑡 and thus 𝑓 (𝑥(𝑡)) converges to −∞ as 𝑡 →∞. This is impossible

since 𝑥(𝑡) ∈ 𝐵̊(0, 𝑟) and 𝑓 is continuous. Hence there exists a time sequence 𝑡𝑘 → ∞ such

that ∥𝑥′(𝑡𝑘 )∥ → 0 as 𝑘 → ∞ and 𝑥′(𝑡𝑘 ) ∈ −𝜕 𝑓 (𝑥(𝑡𝑘 )) for all 𝑘 ∈ N := {0, 1, 2, . . .}. By the

Bolzano–Weierstrass theorem, there exists a subsequence 𝑥(𝑡𝑘 𝑗 ) of 𝑥(𝑡𝑘 ) such that 𝑥(𝑡𝑘 𝑗 ) → 𝑥 ∈ R𝑛

as 𝑗 →∞. Since 𝑥′(𝑡𝑘 𝑗 ) ∈ −𝜕 𝑓 (𝑥(𝑡𝑘 𝑗 )), by [40, 2.1.5 Proposition (b) p. 29] we have 0 ∈ −𝜕 𝑓 (𝑥).

Finally, since 𝑥( [0,∞)) ⊂ 𝑆 and 𝑆 is closed, we have 𝑥 ∈ 𝐶. We obtain that 𝐶 ≠ ∅ as desired.

Since 𝑓 has finitely many critical values and 𝐶 ≠ ∅, the set of solutions to (3.1) is nonempty.

Let 𝑥∗ ∈ 𝐶 be a solution, that is to say 𝑓 (𝑥∗) = min𝐶 𝑓 . Recall that𝐶 is a subset of the setwise local

minimum 𝑆. If 𝑥∗ is a local minimum of 𝑓 , then it is a global minimum of 𝑓 in 𝑆 since every local

3If there exists 𝑡 > 0 such that 𝑓 (𝑥(𝑡)) = 𝑓 (𝑥(0)), then 𝑓 (𝑥(𝑡)) − 𝑓 (𝑥(0)) =
∫ 𝑡

0 ∥𝑥
′ (𝑠)∥2𝑑𝑠 = 0 and 𝑥′ (𝑠) = 0 for

almost every 𝑠 ∈ (0, 𝑡). Since 𝑥′ (𝑠) ∈ −𝜕 𝑓 (𝑥(𝑠)) for almost every 𝑠 > 0, by [40, 2.1.5 Proposition (b) p. 29] we have
0 ∈ 𝜕 𝑓 (𝑥(0)).
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minimum of 𝑓 is a global minimum. Thus inf𝑆 𝑓 = infR𝑛 𝑓 and 𝑆 is a setwise global minimum. For

the remainder of the proof, we consider the case where 𝑥∗ is not a local minimum and show that

this leads to a contradiction. We first show that there exists 𝑠0 ∈ 𝑆◦ such that 𝑓 (𝑠0) < 𝑓 (𝑥∗). This

is clearly true if 𝑥∗ ∈ 𝑆◦ since one can then find a ball centered at 𝑥∗ inside 𝑆◦. If 𝑥∗ ∈ 𝑆 \ 𝑆◦ = 𝜕𝑆,

then we reason by contradiction and assume that 𝑓 (𝑥) ⩾ 𝑓 (𝑥∗) for all 𝑥 ∈ 𝑆◦. By Lemma 3.1, we

have 𝑓 (𝑥) = 𝑓 (𝑥∗) = sup𝑆 𝑓 ⩾ 𝑓 (𝑦) ⩾ 𝑓 (𝑥∗) for all (𝑥, 𝑦) ∈ (𝑆 \𝑆◦) ×𝑆◦. Hence 𝑓 (𝑥∗) = 𝑓 (𝑥) for

all 𝑥 ∈ 𝑆. Since 𝑆 is a setwise local minimum, there exists an open set 𝑈 such that 𝑓 (𝑥) ⩾ 𝑓 (𝑥∗)

holds for all 𝑥 ∈ 𝑈 \ 𝑆. Thus 𝑓 (𝑥) ⩾ 𝑓 (𝑥∗) for all 𝑥 ∈ 𝑈 and 𝑥∗ is a local minimum. This

yields a contradiction. Hence let 𝑠0 ∈ 𝑆◦ be such that 𝑓 (𝑠0) < 𝑓 (𝑥∗). The nonempty closed set

𝑆′ := 𝑆 ∩ [ 𝑓 ⩽ ( 𝑓 (𝑠0) + 𝑓 (𝑥∗))/2] is a setwise local minimum of 𝑓 where [ 𝑓 ⩽ 𝛼] := {𝑥 ∈

R𝑛 | 𝑓 (𝑥) ⩽ 𝛼}. Indeed, for all 𝑥 ∈ 𝑆′ and 𝑦 ∈ 𝑈 \ 𝑆′ = (𝑈 \ 𝑆) ∪ (𝑈 \ [ 𝑓 ⩽ ( 𝑓 (𝑠0) + 𝑓 (𝑥∗))/2]),

we have4 𝑓 (𝑥) ⩽ ( 𝑓 (𝑠0) + 𝑓 (𝑥∗))/2 ⩽ 𝑓 (𝑦). Since 𝑠0 ∈ 𝑆◦ and 𝑓 (𝑠0) < ( 𝑓 (𝑠0) + 𝑓 (𝑥∗))/2, we

have 𝑠0 ∈ 𝑆◦ ∩ [ 𝑓 ⩽ ( 𝑓 (𝑠0) + 𝑓 (𝑥∗))/2]◦ = (𝑆 ∩ [ 𝑓 ⩽ ( 𝑓 (𝑠0) + 𝑓 (𝑥∗))/2]))◦ = (𝑆′)◦. Hence

the setwise local minimum 𝑆′ has nonempty interior. Also, 𝑆′ ⊂ 𝑆 and sup𝑆′ 𝑓 < 𝑓 (𝑥∗) = min𝐶 𝑓

where we remind the reader that 𝐶 is the set of critical points in 𝑆. Thus 𝑆′ is devoid of critical

points. However, by the previous paragraph, setwise local minima of 𝑓 with nonempty interior

must contain a critical point. This yields a contradiction. □

Remark 3.2 (Finitely many critical values). This assumption is not intuitive and we explain why

it is necessary by the following example. Define 𝑓 : R→ R as

𝑓 (𝑥) :=



(𝑥 + 4)2 − 8 if 𝑥 ⩽ −2;

−𝑥2 if 𝑥 ∈ [−2, 0];

−2−𝑘 (𝑥 − 2𝑘)2𝑘+1 − 3(1 − 2−𝑘 ) if 𝑥 ∈ [2𝑘, 2𝑘 + 1], 𝑘 ∈ N;

2−𝑘 (𝑥 − 2𝑘)2𝑘+1 − 3(1 − 2−𝑘 ) if 𝑥 ∈ [2𝑘 − 1, 2𝑘], 𝑘 ∈ N∗.

To be more intuitive, we give the plot of 𝑓 on [−7, 7] in Figure 3.4.

4Indeed, for any sets 𝐴, 𝐵, and 𝐶 it holds that 𝐴 \ (𝐵 ∩ 𝐶) = (𝐴 \ 𝐵) ∪ (𝐴 \ 𝐶).
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Figure 3.4: An example of function with infinitely many critical values

By standard calculus, one can see 𝑓 is continuously differentiable, 𝑓 (𝑥) → −3 as 𝑥 → ∞, and

𝑓 (𝑥) ⩾ −8 over R. Furthermore, {−4} ∪ {2𝑘}𝑘∈N are all critical points of 𝑓 , with critical values

{−8} ∪ {−3(1 − 2−𝑘 )}𝑘∈N respectively. Finally, the subgradient trajectory of 𝑓 starting at 𝑥0 < 0

will converge to the critical point 𝑥 = −4; the one starting at 𝑥0 = 0 will stay at the critical point

𝑥 = 0; and the one starting at 𝑥0 > 0 such that 2𝑘 < 𝑥0 ⩽ 2𝑘 + 2 will converge to 𝑥 = 2𝑘 + 2, for

all 𝑘 ∈ N. This shows 𝑓 has bounded subgradient trajectories. Thus, 𝑓 satisfies all conditions in

Assumption 3.1 except the finiteness of critical values. It is also easy to see 𝑓 has no spurious local

minima because all of its critical points are either global minimum (𝑥 = −4), or local maximum

(𝑥 = 0), or saddle points. However, for any 𝑎 > 0, the set [𝑎,∞) is a spurious local minima

at infinity. This shows that Theorem 3.1 may not hold for functions with infinitely many critical

values.

Remark 3.3 (Bounded subgradient trajectories). This is the main assumption of Theorem 3.1.

From the proof of Theorem 3.1, one can easily see that instead of requiring all subgradient tra-

jectories being bounded, only one bounded subgradient trajectory is needed for each initial point.

However, this relaxed one is necessary because without it, one could easily think of a smooth func-
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tion without any spurious local minimum, yet has spurious local minimum at infinity. This is the

case of the function in Figure 3.3 in which the yellow curve corresponds to an unbounded gradient

trajectory. In order to prove the necessity of the boundedness assumption, it suffices to consider

the univariate function 𝑓 defined in [84, Figure 4(a)] defined by

𝑓 (𝑥) :=
𝑥2(1 + 𝑥2)

1 + 𝑥4 , 𝑓 ′(𝑥) = −2𝑥(𝑥4 − 2𝑥2 − 1)
(𝑥4 + 1)2

.

By solving 𝑓 ′(𝑥) = 0, we know that 𝑓 has three critical points, among which 𝑥 = 0 is the global

minimum and 𝑥 = ±(
√

2 − 1)−1/2 are two global maxima. Thus, 𝑓 is bounded below, continuously

differentiable (hence locally Lipschitz and admits a chain rule), has finitely many critical values,

and has no spurious local minima. Since 𝑓 is strictly decreasing for all 𝑥 ⩾ (
√

2 − 1)−1/2 ≈ 1.55

and 𝑓 (𝑥) → 1 as 𝑥 → ∞, one can easily see [2,∞) is a spurious local minimum at infinity. This

shows that Theorem 3.1 does not hold and the reason is that 𝑓 does not have bounded subgradient

trajectories. To see this explicitly, consider the Cauchy problem

¤𝑥 = 2𝑥(𝑥4 − 2𝑥2 − 1)
(𝑥4 + 1)2

, 𝑥(0) = 2.

By using separation of variables, the unique solution 𝑥(𝑡) is given by

𝑐 + 2𝑡 =
1
4
𝑥4 + 𝑥2 + (2 +

√
2) log(𝑥2 −

√
2 − 1)

+ (2 −
√

2) log(𝑥2 +
√

2 − 1) − log 𝑥 =: 𝑔(𝑥),

where 𝑐 is a constant determined by 𝑥(0) = 2. It is easy to see that 𝑥 is strictly increasing so

𝑥(𝑡) ⩾ 2 for all 𝑡 ∈ [0,∞). Note that 𝑔 is continuous on [2,∞), so if 𝑥 is bounded, then 𝑔 ◦ 𝑥

is bounded. This contradicts the fact that 𝑔(𝑥(𝑡)) = 2𝑡 + 𝑐 → ∞ as 𝑡 → ∞, and thus 𝑓 has an

unbounded subgradient trajectory.
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3.3 Applications

In this section, we use Theorem 3.1 to analyze the landscape of some widely used loss functions

in unconstrained optimization. To be more specific, we will consider deep linear neural network,

one dimensional deep sigmoid neural network, matrix sensing, and nonsmooth matrix factorization

in the following four subsections respectively.

3.3.1 Deep linear neural network

As a prototypical example in deep learning, the landscape of deep linear neural network has

been widely studied; see for example [90, 91, 85]. Recall the objective function 𝑓 of deep linear

neural network defined in (2.11). It was recently established that 𝑓 has no spurious valleys [85,

Theorem 11], however this fact alone does not imply the absence of spurious local minima at in-

finity (recall Figure 3.2). Together with the fact that 𝑓 has no spurious local minima [92, Corollary

1] and that 𝑓 is semi-algebraic, it can be deduced that 𝑓 has no spurious setwise local minima (and

thus no spurious local minima at infinity).

The proof of the absence of spurious valleys [85, Theorem 11] is tailored to the problem at

hand. Using linear algebra, it argues that from any initial point one can construct a piecewise

linear path to a global minimum along which the objective function is non-increasing. The proof

spans multiple pages and requires several technical lemmas. The proof that we propose is shorter

and follows a general principle, namely Theorem 3.1, that applies to various problems as the

next subsections will show. The first four assumptions of Theorem 3.1 are easy to verify: 𝑓

is nonnegative, hence bounded below; 𝑓 is continuously differentiable, hence locally Lipschitz

and admits a chain rule; 𝑓 is semi-algebraic, by [42, Corollary 1.1], it has finitely many critical

values. Since 𝑓 has bounded gradient trajectories Proposition 2.6, we verified that 𝑓 satisfies

Assumption 3.1. Thus, (2.11) has no spurious setwise local minima if and only if it has no spurious

local minima. Since a local minimum at infinity is an unbounded setwise local minimum, and 𝑓

has no spurious local minima, we conclude that 𝑓 has no spurious local minima at infinity. This
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proves the first result in Corollary 3.1.

3.3.2 One dimensional deep sigmoid neural network

Landscape analysis of one or two-hidden layer sigmoid neural network can be found, for in-

stance, in [85, 87, 88]. However, none of the results above can be easily generalized to arbitrary

many layers.

We want to apply Theorem 3.1 to conclude that (2.16) has no spurious setwise local minimum,

and hence no local minima at infinity. Again, the first three assumptions in Assumption 3.1 are

easy to verify: 𝑓 is nonnegative, hence bounded below; 𝑓 is continuously differentiable, hence

locally Lipschitz, and admits a chain rule. Note that 𝑓 is not semi-algebraic, but it is definable in

the real exponential field [93] [57, Section 6.2], so by Morse–Sard theorem for definable functions

[43, Corollary 9(ii)], it has finitely many critical values.

With Proposition 2.7, we can conclude that 𝑓 has no spurious setwise local minimum if and

only if it has no spurious local minima. However, from the gradient of 𝑓 , we can easily see that

any critical point of it will be a global minimum, so 𝑓 has neither spurious local minimum nor

spurious setwise local minimum. This verifies the second result in Corollary 3.1.

Unfortunately, unlike linear neural networks, the result in Proposition 2.7 is not true in general

even in one-hidden layer case, if more than one data point is given; see Example 3.2. However, it is

still an open question whether the gradient trajectories will be bounded in the over-parameterized

case (in which case there exists at least one achievable global minimum).

Example 3.2. Consider the following function

𝑓 (𝑤1, 𝑤2) :=
1
2
[(𝑤2𝜎(𝑤1) − 1)2 + (𝑤2𝜎(−𝑤1) + 1)2] . (3.2)

The above function represents a one-hidden layer sigmoid neural network with two data (𝑥1, 𝑦1) =

(1, 1) and (𝑥2, 𝑦2) = (−1,−1). By directly computing the gradient, one can easily see that (3.2)

has only one critical point (0, 0) which is a strict saddle with 𝑓 (0, 0) = 1. The global minimum is
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asymptotically attained as 𝑤1 → ±∞ and 𝑤2 → 1− 2(1+ 𝑒2𝑤1)−1, and its corresponding objective

value approaches to 1/2. In this case, the gradient trajectory of (3.2) starting at any point 𝑥0 such

that 𝑓 (𝑥0) < 1 must be unbounded.

3.3.3 Matrix sensing

The landscape of (2.4) has been studied widely, for example, in [94, 95, 96]. Most of these

work are based on the restrictive isometry property (RIP) of sensing matrices. A set of sensing

matrices 𝐴𝑖 for 𝑖 = 1, . . . , 𝑚 are said to have (𝑟, 𝛿𝑟)-RIP [66] if there exists 𝛿𝑟 ∈ (0, 1) such that

(1 − 𝛿𝑟)∥𝑀 ∥2𝐹 ⩽
1
𝑚

𝑚∑︁
𝑖=1
⟨𝐴𝑖, 𝑀⟩2𝐹 ⩽ (1 + 𝛿𝑟)∥𝑀 ∥2𝐹

holds for any matrix 𝑀 with rank(𝑀) ⩽ 𝑟 . To the best of our knowledge, the minimal assumptions

to guarantee no spurious local minima for (2.4) is for the sensing matrices to satisfy (4𝑟, 𝛿4𝑟)-RIP

with 𝛿4𝑟 ⩽ 1/5, as proposed in [96, Theorem III.1].

However, Theorem 3.1 is applicable to matrix sensing under a weaker condition than RIP. The

first four assumptions in Assumption 3.1 hold because of exactly the same reasons as in the linear

neural network case. For bounded gradient trajectories, Proposition 2.3 shows that lower bounded

sensing matrices suffices. Therefore, Theorem 3.1 says that matrix sensing has no spurious setwise

local minima if and only if it has no spurious local minima, given that the sensing matrices are

lower bounded. Equipped with (4𝑟, 𝛿4𝑟)-RIP where 𝛿4𝑟 ⩽ 1/5, we conclude that matrix sensing

has no spurious local minima at infinity, as shown in the third statement in Corollary 3.1.

3.3.4 Nonsmooth matrix factorization

There are few landscape results of (2.5) in the general rank case. However, if rank(𝑀) = 1 = 𝑟,

(2.5) is shown to have no spurious local minima if every entry 𝑀𝑖 𝑗 of 𝑀 is nonzero [97].

It is hard to analyze (2.5) because it is nonsmooth, nonconvex, and noncoercive. Despite all

those “non” properties, we show that Theorem 3.1 is still applicable to (2.5) without any rank
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assumption on 𝑀 . As a corollary, when rank(𝑀) = 1 and every entry of 𝑀 is nonzero, (2.5) has

no spurious setwise local minimum, hence no spurious local minima at infinity. Again, the first four

assumptions in Assumption 3.1 are easy to check: 𝑓 is bounded below because it is nonnegative; 𝑓

is locally Lipschitz because of [40, Theorem 2.3.10]; since 𝑓 is semi-algebraic, by [55, Corollary

5.4] and [42, Corollary 1.1], it admits a chain rule and has finitely many critical values.

Combined with Proposition 2.4, Theorem 3.1 shows that (2.5) has no spurious setwise local

minimum if and only if it has no spurious local minima. Under the condition in [97, Theorem 1],

i.e., rank(𝑀) = 1 = 𝑟 and all the entries of 𝑀 are non-zero, (2.5) reduces to

𝑓 (𝑥, 𝑦) :=
𝑚∑︁
𝑖=1

𝑛∑︁
𝑗=1
|𝑥𝑖𝑦 𝑗 − 𝑀𝑖 𝑗 |, (3.3)

where 𝑥 ∈ R𝑚 and 𝑦 ∈ R𝑛. In this case, (3.3) has no spurious local minima, thus it has no spurious

local minima at infinity, and we obtain the last result in Corollary 3.1.
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Chapter 4: Convergence of momentum methods

The landscape result (Theorem 3.1) in Chapter 3 establishes that, under the assumptions of

bounded subgradient trajectories and the absence of spurious local minima, there are no spurious

local minima at infinity. While this provides valuable insight into the global structure of certain

optimization problems, it offers only a partial explanation for the convergence behavior of first-

order methods. Specifically, it does not preclude the possibility that an algorithm may converge to

a global minimum at infinity, nor does it address settings where spurious local minima are present,

a situation frequently encountered in data science applications [90, 98, 99].

In this chapter, we address these limitations by analyzing a representative first-order algorithm:

the momentum method. Leveraging the framework of bounded subgradient trajectories, we de-

velop convergence guarantees regardless of the presence of spurious local minima. The results

presented in this chapter are based on the following article:

C. Josz, L. Lai, and X. Li, “Convergence of the momentum method for semialgebraic functions

with locally lipschitz gradients,” SIAM Journal on Optimization, vol. 33, no. 4, pp. 3012–3037,

2023

The gradient method with constant momentum and constant step size (or momentum method

for short [101, Equation (10)]) for minimizing a differentiable function 𝑓 : R𝑛 → R consists in

choosing initial points 𝑥−1, 𝑥0 ∈ R𝑛 and generating a sequence of iterates according to the update

rule

𝑥𝑘+1 = 𝑥𝑘 + 𝛽(𝑥𝑘 − 𝑥𝑘−1) − 𝛼∇ 𝑓 (𝑥𝑘 + 𝛾(𝑥𝑘 − 𝑥𝑘−1)), ∀𝑘 ∈ N, (4.1)

where 𝛼 > 0 is the step size and 𝛽 ∈ (−1, 1) and 𝛾 ∈ R are constant momentum parameters, as

implemented in PyTorch [102, 103] and TensorFlow [104]. When 𝛾 = 0, this reduces to Polyak’s

heavy ball method [105, Equation (9)] and when 𝛽 = 𝛾, this reduces to Nesterov’s accelerated
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gradient method [16, Equation (2.2.22)]. If the objective function is strongly convex and satisfies

some regularity assumptions, the former has a nearly optimal local convergence rate [105, Theorem

9] [16, Theorem 2.1.13], while the latter has a globally optimal convergence rate [16, Equation

(2.2.23)]. This holds with a suitable choice of parameters 𝛼, 𝛽, and 𝛾.

Various objective functions of interest nowadays are however not convex, including matrix

factorization, matrix sensing, and linear neural networks. These problems have in common that

they are semialgebraic and have locally Lipschitz continuous gradients. However, they do not

have globally Lipschitz continuous gradients, they are not coercive, and whether they satisfy a

global growth condition is unknown and hard to check for. In other words, the commonly used

assumptions H1 (sufficient decrease), H2 (relative error), H3 (continuity) due to Attouch et al. [21],

adapted to the momentum method in [106, 107], are not true, and H4 (global growth) is unknown.

As a result, it is not known whether the momentum method — in particular the heavy ball method

and Nesterov’s accelerated gradient method — would converge if the initial points lie close to a

local minimizer of 𝑓 . A fortiori, nothing is known if they are chosen arbitrarily or at random in R𝑛.

Even if one assumes that the iterates are bounded, a common assumption in the literature which

implies H3, it is not known whether the iterates would converge. Indeed, choose a step size 𝛼 > 0

and suppose that the iterates are bounded. Let 𝐿 > 0 denote a Lipschitz constant of the gradient

on the convex hull of the iterates. If 𝛼 ⩾ 2/𝐿, then the argument employed in [20, Theorem

3.2] and [21, Theorem 3.2], which consists of taking a subsequence and invoking the Kurdyka-

Łojasiewicz inequality [108, Proposition 1 p. 67] [44, Theorem 1], fails to establish convergence.

Unfortunately, there is no way to control the size of 𝐿 before choosing the step size 𝛼.

We next review the literature on the momentum method in the nonconvex setting. All the

results in the literature require that 𝑓 has an 𝐿-Lipschitz continuous gradient with 𝐿 > 0, along

with other assumptions that we next describe. First, we discuss convergence when the initial points

are near a local minimizer. If the objective function 𝑓 satisfies the Kurdyka-Łojasiewicz inequality

at a local minimizer 𝑥∗ ∈ R𝑛, 𝛼 ∈ (0, 2(1 − 𝛽)/𝐿), 𝛽 ∈ [0, 1), 𝛾 = 0, and a global growth

condition [107, (H4)] is satisfied, then the momentum method converges to a local minimizer
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when initialized sufficiently close to 𝑥∗ [107, Theorem 3.2]. The growth condition implies the

existence of constants 𝑎, 𝑏 > 0 such that 𝑓 (𝑥) + 𝑏∥𝑥 − 𝑦∥2 ⩾ 𝑓 (𝑥∗) − 𝑎∥𝑦 − 𝑥∗∥2 for all 𝑥, 𝑦 ∈ R𝑛,

and in particular 𝑓 (𝑥) ⩾ 𝑓 (𝑥∗) − 𝑎∥𝑥 − 𝑥∗∥2 for all 𝑥 ∈ R𝑛.

Second, we discuss convergence when the initial points are arbitrary. Under the same param-

eter settings for 𝛼, 𝛽, 𝛾, if 𝑓 is lower bounded, then the gradients ∇ 𝑓 (𝑥𝑘 ) converge to zero [109,

Lemmas 1, 2, 3] for any initial points 𝑥−1, 𝑥0 ∈ R𝑛. If in addition the function is coercive and

satisfies the Kurdyka-Łojasiewicz inequality [44] at every point and 𝑥−1 = 𝑥0, then the iterates

have finite length [106, Theorem 4.9]. If the Łojasiewicz gradient inequality holds [108, Propo-

sition 1 p. 67], then a local convergence rate can be deduced [107, Theorem 3.3]. If instead the

function satisfies an error bound and its level sets are properly separated, then with 𝛼 ∈ (0, 1/𝐿),

𝛽 = 𝛾 ∈ [0, 1/
√

1 + 𝐿𝛼), and 𝑥−1 = 𝑥0, the iterates and the function values converge linearly to a

critical point and a critical value respectively [110, Theorem 3.7]. Finally, if the function satisfies

the Kurdyka-Łojasiewicz inequality and the iterates are bounded, then they have finite length [111,

Theorem 3.5] under the same parameter settings.

Third, we discuss convergence when the initial points are chosen outside a zero measure set.

The momentum method is known to converge to a local minimizer for almost every initial point

under several conditions. First, 𝑓 should be coercive, twice differentiable, and should satisfy the

Kurdyka-Łojasiewicz inequality. Second, the Hessian of 𝑓 should have a negative eigenvalue at

all critical points of 𝑓 that are not local minimizers. Third, the parameters of the momentum

method (4.1) should either satisfy 𝛼 ∈ (0, 2(1 − 𝛽)/𝐿), 𝛽 ∈ (0, 1) and 𝛾 = 0 [112, Lemma 2], or

𝛼 ∈ (0, 4/𝐿), 𝛽 ∈ (max{0,−1 + 𝛼𝐿/2}, 1) and 𝛾 = 0 [113, Theorem 3].

Our contributions are as follows. We consider objective functions 𝑓 : R𝑛 → R that are semi-

algebraic and differentiable with locally Lipschitz gradients. The generalization to arbitrary o-

minimal structures on the real field [36] is immediate and omitted for the sake of brevity. We show

that the length of the iterates generated by the momentum method is upper bounded by an expres-

sion depending on the objective function variation, the step size, and a desingularizing function.

This length formula enables us to show that global Lipschitz continuity of the gradient and the
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global growth condition are superfluous when establishing local convergence. It also enables us

to establish global convergence under the assumption that the continuous-time gradient trajecto-

ries of 𝑓 are bounded, which is satisfied by matrix factorization, matrix sensing, and linear neural

networks, as discussed in Chapter 2. As a result, we bypass the need for coercivity and glob-

ally Lipschitz gradients. Finally, the length formula enables us to guarantee convergence to local

minimizers almost surely, under second-order differentiability and the strict saddle property [83,

114].

This chapter is organized as follows. Section 4.1 contains the statement of the length formula

and the ensuing local and global convergence results (Theorem 4.1 and Theorem 4.2). Section 4.2

contains the proof of the length formula. Section 4.3 contains the proof of tracking lemma. Sec-

tion 4.4 contains the proof of result on saddle point avoidance (Theorem 4.3).

4.1 Convergence results

Given 𝑘 ∈ N, 𝐴 ⊂ R𝑛 and 𝐵 ⊂ R𝑚, let 𝐶𝑘 (𝐴, 𝐵) be the set of continuous functions 𝑓 :

𝐴 → 𝐵 such that, if 𝑘 ⩾ 1 then 𝑓 is 𝑘 times continuously differentiable on the interior of 𝐴. Let

𝐶
1,1
loc (𝐴, 𝐵) denote the set of functions in 𝐶1(𝐴, 𝐵) whose first-order derivative is locally Lipschitz

continuous on the interior of 𝐴. When 𝐵 = R, 𝐶𝑘 (𝐴, 𝐵) and 𝐶1,1
loc (𝐴, 𝐵) are abbreviated as 𝐶𝑘 (𝐴)

and 𝐶1,1
loc (𝐴) respectively. A function 𝜓 : 𝑆 → 𝑆 is a homeomorphism if it is a continuous bijection

and the inverse function 𝜓−1 is continuous. 𝜓 : 𝑆 → 𝑆 is a diffeomorphism if 𝑆 ≠ ∅, 𝜓 is a

homeomorphism, and both 𝜓 and 𝜓−1 are continuously differentiable on 𝑆.

We are now ready to state the key lemma upon which rest all the convergence results in this

manuscript. It is entirely new to the best of our knowledge.

Lemma 4.1 (Length formula). Let 𝑓 ∈ 𝐶1,1
loc (R

𝑛) be semialgebraic, 𝑋 ⊂ R𝑛 be bounded, 𝛽 ∈

(−1, 1), 𝛾 ∈ R, and 𝛿 ⩾ 0. There exist 𝛼̄, 𝜂, 𝜅 > 0 and a diffeomorphism 𝜓 : [0,∞) → [0,∞) such

that, for all 𝐾 ∈ N, 𝛼 ∈ (0, 𝛼̄], and sequences (𝑥𝑘 )𝑘∈{−1}∪N generated by the momentum method
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(4.1) for which 𝑥−1, . . . , 𝑥𝐾 ∈ 𝑋 and ∥𝑥0 − 𝑥−1∥ ⩽ 𝛿𝛼, we have

𝐾∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 𝜓( 𝑓 (𝑥0) − 𝑓 (𝑥𝐾) + 𝜂𝛼) + 𝜅𝛼.

The significance of this formula is that it relates the length of the iterates with the objective

function variation, in spite of the fact that the objective function values generated by the momentum

method are notoriously nonmonotonic. The proof of Lemma 4.1 is quite involved so we defer it

to Section 4.2. There, the reader will learn that one can actually take 𝜓 to be a desingularizing

function of 𝑓 on 𝑋 (see Proposition 1.1).

We next provide some intuition on the constants in the length formula. They are constructed

explicitly using the regularity of the objective function and the momentum parameters. Both 𝜂 and

𝜅 increase with the number of critical values of 𝑓 in 𝑋 and the initial velocity 𝛿 in the momen-

tum method. The constant 𝜂 increases with the minimal Lipschitz constant of ∇ 𝑓 over a certain

bounded set and with the magnitude of the momentum |𝛽 |. The constant 𝜅 increases with the

minimal Lipschitz constant of 𝑓 over a certain bounded set.

Before we proceed, we state the following simple fact regarding the gradient of the objective

function at iterates produced by the momentum method.

Fact 4.1. Let 𝑓 ∈ 𝐶1,1
loc (R

𝑛), 𝑋 ⊂ R𝑛 be bounded, and 𝛽, 𝛾 ∈ R. For all 𝛼 > 0, there exists 𝑏𝛼 > 0

such that for all 𝐾 ∈ N, if 𝑥−1, . . . , 𝑥𝐾+1 ∈ 𝑋 are iterates of the momentum method (4.1), then

∥∇ 𝑓 (𝑥𝑘 )∥ ⩽ 𝑏𝛼∥𝑧𝑘+1 − 𝑧𝑘 ∥ for 𝑘 = 0, . . . , 𝐾 where 𝑧𝑘 := (𝑥𝑘 , 𝑥𝑘−1) ∈ R2𝑛. If 𝑀 > 0 is a Lipschitz

constant of ∇ 𝑓 on 𝑆 + max{|𝛽 |, |𝛾 |}(𝑆 − 𝑆) where 𝑆 is the convex hull of 𝑋 , then one may take

𝑏𝛼 :=
√

2 max {1/𝛼, |𝛽 |/𝛼 + 𝑀 |𝛾 |}.
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Proof. By definition of 𝑦𝛽
𝑘

and 𝑦𝛾
𝑘

in (4.13), for 𝑘 = 0, . . . , 𝐾 , we have

∥∇ 𝑓 (𝑥𝑘 )∥ ⩽ ∥∇ 𝑓 (𝑦𝛾𝑘 )∥ + ∥∇ 𝑓 (𝑥𝑘 ) − ∇ 𝑓 (𝑦
𝛾

𝑘
)∥

⩽ ∥𝑥𝑘+1 − 𝑦𝛽𝑘 ∥/𝛼 + 𝑀 |𝛾 |∥𝑥𝑘 − 𝑥𝑘−1∥

⩽ ∥𝑥𝑘+1 − 𝑥𝑘 ∥/𝛼 + (|𝛽 |/𝛼 + 𝑀 |𝛾 |) ∥𝑥𝑘 − 𝑥𝑘−1∥

⩽
√

2 max{1/𝛼, |𝛽 |/𝛼 + 𝑀 |𝛾 |}∥𝑧𝑘+1 − 𝑧𝑘 ∥,

□

We are now ready to state our first convergence result.

Theorem 4.1 (Local convergence). Let 𝑓 ∈ 𝐶1,1
loc (R

𝑛) be semialgebraic, 𝛽 ∈ (−1, 1), 𝛾 ∈ R, 𝛿 ⩾ 0,

and 𝑥∗ ∈ R𝑛 be a local minimizer of 𝑓 . For all 𝜖 > 0, there exist 𝛼̄, 𝜉 > 0 such that for all

𝛼 ∈ (0, 𝛼̄] and for all sequence (𝑥𝑘 )𝑘∈{−1}∪N generated by the momentum method (4.1) for which

∥𝑥0 − 𝑥−1∥ ⩽ 𝛿𝛼 and 𝑥0 ∈ 𝐵(𝑥∗, 𝜉), (𝑥𝑘 )𝑘∈{−1}∪N converges to a local minimizer of 𝑓 in 𝐵(𝑥∗, 𝜖).

Proof. Without loss of generality, we may assume that 𝑓 (𝑥) ⩾ 𝑓 (𝑥∗) for all 𝑥 ∈ 𝐵(𝑥∗, 2𝜖).

Since 𝑓 is continuous and has finitely many critical values by the semialgebraic Morse-Sard the-

orem (Lemma 1.1), we may also assume that 𝑓 (𝑥∗) is the unique critical value in 𝐵(𝑥∗, 2𝜖). By

Lemma 4.1, there exist 𝛼̃, 𝜂 > 0, 𝜅 > 𝛿, and a diffeomorphism 𝜓 : [0,∞) → [0,∞) such that, for

all 𝐾 ∈ N, 𝛼 ∈ (0, 𝛼̃], and sequences (𝑥𝑘 )𝑘∈{−1}∪N generated by the momentum method (4.1) for

which 𝑥−1, . . . , 𝑥𝐾 ∈ 𝐵(𝑥∗, 𝜖) and ∥𝑥0 − 𝑥−1∥ ⩽ 𝛿𝛼, we have

𝐾∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 𝜓 ( 𝑓 (𝑥0) − 𝑓 (𝑥𝐾) + 𝜂𝛼) + 𝜅𝛼. (4.2)

By the continuity of 𝑓 , there exists 𝜉 ∈ (0, 𝜖/2] such that

𝑓 (𝑥) − 𝑓 (𝑥∗) ⩽ 1
2
𝜓−1

( 𝜖
6

)
, ∀𝑥 ∈ 𝐵(𝑥∗, 𝜉). (4.3)
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Let

𝛼̄ := min
{
𝛼̃,

𝜖

3𝜅
,

1
3𝜂
𝜓−1

( 𝜖
6

)}
. (4.4)

We fix any 𝛼 ∈ (0, 𝛼̄] from now on. Let (𝑥𝑘 )𝑘∈{−1}∪N be a sequence generated by the momentum

method (4.1) for which ∥𝑥0 − 𝑥−1∥ ⩽ 𝛿𝛼 and 𝑥0 ∈ 𝐵(𝑥∗, 𝜉). If 𝐾 := inf{𝑘 ∈ N : 𝑥𝑘 ∉ 𝐵(𝑥∗, 𝜖)} <

∞, then

𝜓−1
( 𝜖
6

)
= 𝜓−1

(
1
2
𝜖 − 𝜅 𝜖

3𝜅

)
(4.5a)

⩽ 𝜓−1 ((𝜖 − 𝜉) − 𝜅𝛼̄) (4.5b)

⩽ 𝜓−1 ((∥𝑥𝐾 − 𝑥∗∥ − ∥𝑥0 − 𝑥∗∥) − 𝜅𝛼̄) (4.5c)

⩽ 𝜓−1 (∥𝑥𝐾 − 𝑥0∥ − 𝜅𝛼) (4.5d)

⩽ 𝜓−1

(
𝐾−1∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ − 𝜅𝛼

)
(4.5e)

⩽ 𝑓 (𝑥0) − 𝑓 (𝑥𝐾−1) + 𝜂𝛼 (4.5f)

⩽ 𝑓 (𝑥0) − 𝑓 (𝑥∗) + 𝜂𝛼̄ (4.5g)

⩽
1
2
𝜓−1

( 𝜖
6

)
+ 1

3
𝜓−1

( 𝜖
6

)
(4.5h)

< 𝜓−1
( 𝜖
6

)
. (4.5i)

As 𝜓−1 (𝜖/6) > 0, a contradiction occurs and thus 𝐾 = ∞. Above, the arguments of 𝜓−1 in (4.5a)

are equal. (4.5b) through (4.5e) rely on the fact that 𝜓−1 is an increasing function. (4.5b) is due to

𝜉 ⩽ 𝜖/2 and 𝛼̄ ⩽ 𝜖/(3𝜅) by the definition of 𝛼̄ in (4.4). (4.5c) holds because 𝑥𝐾 ∉ 𝐵(𝑥∗, 𝜖) and

𝑥0 ∈ 𝐵(𝑥∗, 𝜉). (4.5d) and (4.5e) are consequences of the triangular inequality. (4.5f) is due to the

length formula (4.2) and the fact that 𝑥0, . . . , 𝑥𝐾−1 ∈ 𝐵(𝑥∗, 𝜖) and 𝑥−1 ∈ 𝐵(𝑥0, 𝛿𝛼) ⊂ 𝐵(𝑥0, 𝛿𝛼̄) ⊂

𝐵(𝑥∗, 𝜉 + 𝛿𝜖/(3𝜅)) ⊂ 𝐵(𝑥∗, 𝜖/2 + 𝛿𝜖/(3𝛿)) ⊂ 𝐵(𝑥∗, 𝜖) by the definition of 𝛼̄ in (4.4). (4.5g) is due

to 𝑓 (𝐵(𝑥∗, 𝜖)) ⊂ [ 𝑓 (𝑥∗),∞). Finally, (4.5h) is due to 𝑥0 ∈ 𝐵(𝑥∗, 𝜉), the choice of 𝜉 as in (4.3), and

𝛼̄ ⩽ 𝜓−1(𝜖/6)/(3𝜂) by definition of 𝛼̄ in (4.4).
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We have shown that (𝑥𝑘 )𝑘∈{−1}∪N ⊂ 𝐵(𝑥∗, 𝜖). By the length formula (4.2), we have

∞∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 𝜓

(
max
𝐵(𝑥∗,𝜉)

𝑓 − min
𝐵(𝑥∗,𝜖)

𝑓 + 𝜂𝛼
)
+ 𝜅𝛼.

Thus the sequence admits a limit 𝑥♯ ∈ 𝐵(𝑥∗, 𝜖). Combining with Fact 4.1, 𝑥♯ must be a critical

point of 𝑓 . As 𝑓 (𝑥∗) is the unique critical value in 𝐵(𝑥∗, 2𝜖), 𝑓 (𝑥♯) = 𝑓 (𝑥∗) ⩽ 𝑓 (𝑥) for all

𝑥 ∈ 𝐵(𝑥♯, 𝜖) ⊂ 𝐵(𝑥∗, 2𝜖). □

Note that once local convergence is established, [107, Theorem 3.3] can be applied in order to

obtain local convergence rates of the iterates. Indeed, the reader will be able to check later that

the assumptions [107, (H1), (H2), (H3)] then hold (using Lemma 4.4 and Lemma 4.5 below). The

rates also rely on the fact that one can take the diffeomorphism 𝜓 to be of the form 𝜓(𝑡) = 𝑐𝑡𝜃

where 𝑐 > 0 and 𝜃 ∈ (0, 1] for semialgebraic functions (using Proposition 4.2 below).

In order to go from local convergence to global convergence, we make an assumption regarding

the continuous-time gradient trajectories of the objective function. Given 𝑓 ∈ 𝐶1(R𝑛), we refer to

maximal solutions to 𝑥′(𝑡) = −∇ 𝑓 (𝑥(𝑡)) for all 𝑡 ∈ (0, 𝑇) where 𝑇 ∈ (0,∞] as continuous gradient

trajectories (see [56, Chapter 17], [115], and [45, Section 3] for background and properties). We

say that a continuous gradient trajectory 𝑥 : [0, 𝑇) → R𝑛 is bounded if there exists 𝑐 > 0 such that

∥𝑥(𝑡)∥ ⩽ 𝑐 for all 𝑡 ∈ [0, 𝑇). This assumption enables us to use a generalized version of a tracking

lemma recently proposed by Kovachki and Stuart [101, Theorem 2].

Their result states that the momentum method tracks continuous gradient trajectories up to

any given time for all sufficient small constant sizes. In Lemma 4.2 below, we relax their strong

regularity assumptions which require the objective function to be thrice differentiable with bounded

derivatives. We instead only require it to be differentiable with a locally Lipschitz gradient. In

order to do so, we redefine the key quantity 𝑀𝑘 in the proof of [101, Theorem 2], which regulates

the tracking error and depends on the Hessian of the objective function, so that it depends only on

the gradient. In contrast to [101, Theorem 2], we also make the tracking uniform with respect to

the initial point in a bounded set. Choosing an upper bound on the step size in order to achieve
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this requires some care and cannot be deduced from the proof of [101, Theorem 2]. Below, we

use the notation ⌊𝑡⌋ to denote the floor of a real number 𝑡 which is the unique integer such that

⌊𝑡⌋ ⩽ 𝑡 < ⌊𝑡⌋ + 1.

Lemma 4.2 (Tracking). Let 𝑓 ∈ 𝐶1,1
loc (R

𝑛) be a lower bounded function, 𝛽 ∈ (−1, 1), 𝛾 ∈ R, 𝛿 ⩾ 0.

For any bounded set 𝑋0 ⊂ R𝑛 and 𝜖, 𝑇 > 0, there exists 𝛼̄ > 0 such that for all 𝛼 ∈ (0, 𝛼̄] and

for any sequence 𝑥−1, 𝑥0, 𝑥1, . . . ∈ R𝑛 generated by the momentum method (4.1) for which 𝑥0 ∈ 𝑋0

and ∥𝑥0 − 𝑥−1∥ ⩽ 𝛿𝛼, there exists 𝑥(·) ∈ 𝐶1( [0, 𝑇],R𝑛) such that

𝑥′(𝑡) = − 1
1 − 𝛽∇ 𝑓 (𝑥(𝑡)), ∀𝑡 ∈ (0, 𝑇), 𝑥(0) ∈ 𝑋0,

for which ∥𝑥𝑘 − 𝑥(𝑘𝛼)∥ ⩽ 𝜖 for 𝑘 = 0, . . . , ⌊𝑇/𝛼⌋.

The proof of Lemma 4.2 is deferred to Section 4.3. We will also use the following simple fact

in order to control the length of a single step of the momentum method as a function of the step

size.

Fact 4.2. Let 𝑓 : R𝑛 → R be differentiable and Lipschitz continuous on 𝑋 ⊂ R𝑛, 𝛽 ∈ (−1, 1),

𝛾 ∈ R, and 𝛿0 ⩾ 0. There exists 𝛿1 ⩾ 0 such that for all 𝛼 > 0, 𝐾 ∈ N, and sequence (𝑥𝑘 )𝑘∈{−1}∪N

generated by the momentum method (4.1) for which 𝑥−1, . . . , 𝑥𝐾−1 ∈ 𝑋 and ∥𝑥0 − 𝑥−1∥ ⩽ 𝛿0𝛼, we

have

∥𝑥𝑘 − 𝑥𝑘−1∥ ⩽ 𝛿1𝛼, 𝑘 = 0, . . . , 𝐾,

∥𝑧𝑘 − 𝑧𝑘−1∥ ⩽
√

2𝛿1𝛼, 𝑘 = 1, . . . , 𝐾,

where 𝑧𝑘 := (𝑥𝑘 , 𝑥𝑘−1) ∈ R2𝑛. If 𝐿 > 0 is a Lipschitz constant of 𝛽 𝑓 on 𝑆 + 𝛾(𝑆 − 𝑆) where 𝑆 is the

convex hull of 𝑋 and 𝛽 := (1 − 𝛽)−1, then we may take 𝛿1 := 𝛿0 + 𝐿.
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Proof. For 𝑘 = −1, . . . , 𝐾 − 1, we have

𝑥𝑘+1 − 𝑥𝑘 = 𝛽(𝑥𝑘 − 𝑥𝑘−1) − 𝛼∇ 𝑓 (𝑦𝛾𝑘 )

= 𝛽2(𝑥𝑘−1 − 𝑥𝑘−2) − 𝛼(𝛽∇ 𝑓 (𝑦𝛾𝑘−1) + ∇ 𝑓 (𝑦
𝛾

𝑘
))

...

= 𝛽𝑘+1(𝑥0 − 𝑥−1) − 𝛼
𝑘∑︁
𝑖=0

𝛽𝑖∇ 𝑓 (𝑦𝛾
𝑘−𝑖)

where 𝑦𝛾
𝑘

:= 𝑥𝑘 + 𝛾(𝑥𝑘 − 𝑥𝑘−1). Let 𝐿 be a Lipschitz constant of 𝛽 𝑓 on 𝑆 + 𝛾(𝑆 − 𝑆) where 𝑆 is the

convex hull of 𝑋 . Since ∥𝑥0 − 𝑥−1∥ ⩽ 𝛿0𝛼, we have

∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ |𝛽 |𝑘+1∥𝑥0 − 𝑥−1∥ + 𝛼𝐿𝛽−1
𝑘∑︁
𝑖=0
|𝛽 |𝑖 ⩽ (𝛿0 |𝛽 |𝑘+1 + 𝐿)𝛼.

Given that 𝛽 ∈ (−1, 1), it suffices to take 𝛿 := 𝛿0 + 𝐿. In addition,

∥𝑧𝑘 − 𝑧𝑘−1∥ = (∥𝑥𝑘 − 𝑥𝑘−1∥2 + ∥𝑥𝑘−1 − 𝑥𝑘−2∥2)1/2 ⩽
√

2𝛿𝛼

for 𝑘 = 1, . . . , 𝐾 . □

Finally, we will use the following result.

Lemma 4.3 ([45, Lemma 1]). Let 𝑓 ∈ 𝐶1(R𝑛) be a semialgebraic function with bounded continu-

ous gradient trajectories. If 𝑋0 ⊂ R𝑛 is bounded, then 𝜎(𝑋0) < ∞ where

𝜎(𝑋0) := sup
𝑥∈𝐶1 (R+,R𝑛)

∫ ∞

0
∥𝑥′(𝑡)∥𝑑𝑡

subject to


𝑥′(𝑡) = −∇ 𝑓 (𝑥(𝑡)), ∀𝑡 > 0,

𝑥(0) ∈ 𝑋0.

We are now ready to state our second convergence result. It shows that, similar to the gradient

method [45, Theorem 1], the momentum method is endowed with global convergence if continuous
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gradient trajectories are bounded. In the gradient method, one considers the supremum of the

lengths of all discrete gradient trajectories over all possible initial points in a bounded set and over

all possible step sizes [45, Equation (28)]. This enables one to reason by induction on the initial

set and the upper bound on the step sizes.

When dealing with momentum, one needs to additionally consider an upper bound on the initial

velocity ∥𝑥0 − 𝑥−1∥/𝛼 between two initial points in the inductive reasoning. Fact 4.2 guarantees

that the velocity ∥𝑥𝑘 − 𝑥𝑘−1∥/𝛼 remains bounded within each induction step. This enables one

to reinitialize the momentum method after an arbitrary large number of iterations. Note that the

length formula in Lemma 4.1 admits an error term 𝜂𝛼 that is not present in the gradient method

[45, Proposition 9]. This requires additional care.

Theorem 4.2 (Global convergence). Let 𝑓 ∈ 𝐶1,1
loc (R

𝑛) be semialgebraic with bounded continuous

gradient trajectories. Let 𝛽 ∈ (−1, 1), 𝛾 ∈ R, 𝛿 ⩾ 0 and 𝑋0 be a bounded subset of R𝑛. There exist

𝛼̄, 𝑐 > 0 such that for all 𝛼 ∈ (0, 𝛼̄], there exists 𝑐𝛼 > 0 such that any sequence 𝑥−1, 𝑥0, 𝑥1, . . . ∈ R𝑛

generated by the momentum method (4.1) that satisfies 𝑥0 ∈ 𝑋0 and ∥𝑥0 − 𝑥−1∥ ⩽ 𝛿𝛼 obeys

∞∑︁
𝑖=0
∥𝑥𝑖+1 − 𝑥𝑖∥ ⩽ 𝑐 and min

𝑖=0,...,𝑘
∥∇ 𝑓 (𝑥𝑖)∥ ⩽

𝑐𝛼

𝑘 + 1
, ∀𝑘 ∈ N. (4.6)

Proof. Let 𝛽 ∈ (−1, 1), 𝛾 ∈ R, 𝛿0 ⩾ 0, and 𝑋0 be a bounded subset of R𝑛. Without loss of general-

ity, we may assume that 𝑋0 ≠ ∅. We will show that there exists 𝛼̄ > 0 such that 𝜎(𝑋0, 𝛼̄, 𝛿0) < ∞

where

𝜎(𝑋0, 𝛼̄, 𝛿0) := sup
𝑥∈(R𝑛)N
𝛼∈(0,𝛼̄]

∞∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ (4.7a)

s.t.


𝑥𝑘+1 = 𝑥𝑘 + 𝛽(𝑥𝑘 − 𝑥𝑘−1) − 𝛼∇ 𝑓 (𝑥𝑘 + 𝛾(𝑥𝑘 − 𝑥𝑘−1)), ∀𝑘 ∈ N,

𝑥0 ∈ 𝑋0, ∥𝑥0 − 𝑥−1∥ ⩽ 𝛿0𝛼.

(4.7b)

Letting 𝑐 := 𝜎(𝑋0, 𝛼̄, 𝛿0), the convergence rate is easily deduced. Indeed, for any feasible point

((𝑥𝑘 )𝑘∈{−1}∪N, 𝛼) of (4.7), we have 𝑥−1, 𝑥0, 𝑥1, . . . ∈ 𝐵(𝑋0,max{𝑐, 𝛿0𝛼}) := 𝑋0+𝐵(0,max{𝑐, 𝛿0𝛼})
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and thus ∥∇ 𝑓 (𝑥𝑘 )∥ ⩽ 𝑏𝛼∥𝑧𝑘+1 − 𝑧𝑘 ∥ for all 𝑘 ∈ N for some constant 𝑏𝛼 > 0 by Lemma 4.5, where

𝑧𝑘 := (𝑥𝑘 , 𝑥𝑘−1). Hence

∞∑︁
𝑘=0
∥∇ 𝑓 (𝑥𝑘 )∥ ⩽

∞∑︁
𝑘=0

𝑏𝛼∥𝑧𝑘+1 − 𝑧𝑘 ∥

⩽ 𝑏𝛼∥𝑥0 − 𝑥−1∥ + 2𝑏𝛼
∞∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥

⩽ 𝑏𝛼 (𝛿0𝛼 + 2𝑐) =: 𝑐𝛼

and

min
𝑖=0,...,𝑘

∥∇ 𝑓 (𝑥𝑖)∥ ⩽
1

𝑘 + 1

𝑘∑︁
𝑖=0
∥∇ 𝑓 (𝑥𝑖)∥ ⩽

𝑐𝛼

𝑘 + 1
.

Let Φ : R+ × R𝑛 → R𝑛 be the continuous gradient flow of 𝑓 defined for all (𝑡, 𝑥0) ∈ R+ × R𝑛

by Φ(𝑡, 𝑥0) := 𝑥(𝑡) where 𝑥(·) is the unique continuous gradient trajectory of 𝑓 initialized at

𝑥0. Uniqueness follows from the Picard–Lindelöf theorem [116, Theorem 3.1 p. 12]. Let Φ0 :=

Φ(R+, 𝑋0) and let 𝐶 be the set of critical points of 𝑓 in Φ0. 𝐶 is compact by Lemma 4.3 and [40,

2.1.5 Proposition p. 29]. Thus there exists 𝜖 > 0 such that either 𝑋0 ⊂ 𝐶 or 𝑋0 \ 𝐵̊(𝐶, 𝜖/6) ≠ ∅

where 𝐵̊(𝐶, 𝜖/6) := 𝐶 + 𝐵̊(0, 𝜖/6).

Indeed, either 𝑋0 ⊂ 𝐶 or there exists 𝑥 ∈ 𝑋0 ∩𝐶𝑐 where the complement 𝐶𝑐 of 𝐶 is open since

𝐶 is closed. Thus there exists 𝜖 > 0 such that 𝐵(𝑥, 𝜖/6) ⊂ 𝐶𝑐. Thus 𝑥 ∉ 𝐵̊(𝐶, 𝜖/6) (otherwise

there exists 𝑥′ ∈ 𝐶 such that ∥𝑥−𝑥′∥ < 𝜖/6, i.e., 𝐶 ∋ 𝑥′ ∈ 𝐵(𝑥, 𝜖/6) ⊂ 𝐶𝑐) and 𝑥 ∈ 𝑋0 \ 𝐵̊(𝐶, 𝜖/6).

By Fact 4.2, there exists 𝛿1 > 𝛿0 such that for all 𝛼 > 0, 𝐾 ∈ N, and sequence (𝑥𝑘 )𝑘∈{−1}∪N

generated by the momentum method (4.1) for which 𝑥−1, . . . , 𝑥𝐾−1 ∈ 𝐵(Φ0, 𝜖) := Φ0 +𝐵(0, 𝜖) and

∥𝑥0−𝑥−1∥ ⩽ 𝛿0𝛼, we have ∥𝑥𝑘−𝑥𝑘−1∥ ⩽ 𝛿1𝛼 for 𝑘 = 0, . . . , 𝐾 . By Lemma 4.1, there exist 𝛼̃, 𝜂 > 0,

𝜅 ⩾ 𝛿1, and a diffeomorphism 𝜓 : [0,∞) → [0,∞) such that for all 𝐾 ∈ N \ {0}, 𝛼 ∈ (0, 𝛼̃],

and sequence (𝑥𝑘 )𝑘∈{−1}∪N generated by the momentum method (4.1) for which 𝑥−1, . . . , 𝑥𝐾−1 ∈

𝐵(Φ0, 𝜖) and ∥𝑥0 − 𝑥−1∥ ⩽ 𝛿1𝛼, we have

𝐾−1∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 𝜓 ( 𝑓 (𝑥0) − 𝑓 (𝑥𝐾−1) + 𝜂𝛼) + 𝜅𝛼. (4.8)
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Since 𝑓 is continuous, there exists 𝜉 ∈ (0, 𝜖/2) such that

𝑓 (𝑥) −max
𝐶

𝑓 ⩽
1
4
𝜓−1

( 𝜖
3

)
, ∀𝑥 ∈ 𝐵(𝐶, 𝜉). (4.9)

Let 𝐿 > 0 be a Lipschitz constant of 𝛽 𝑓 on the convex hull of 𝐵(Φ0, 𝜖) and let

𝛼̂ := min
{
𝛼̃,

𝜉

3𝐿
,
𝜖

6𝜅
,
𝜓−1(𝜖/3)

4𝜂

}
> 0 (4.10)

where 𝛽 := 1/(1− 𝛽). If 𝑋0 ⊂ 𝐶, then let 𝛼̄ := 𝛼̂ and 𝑘∗ := 0. Otherwise 𝑋0 \ 𝐵̊(𝐶, 𝜖/6) ≠ ∅. Since

𝛽∇ 𝑓 is continuous, its norm attains its infimum 𝜈 on the non-empty compact set Φ0 \ 𝐵̊(𝐶, 𝜉/3). It

is non-empty because Φ0 \ 𝐵̊(𝐶, 𝜉/3) ⊃ 𝑋0 \ 𝐵̊(𝐶, 𝜖/6) ≠ ∅ and 𝜉 < 𝜖/2. If 𝜈 = 0, then there exists

𝑥∗ ∈ Φ0 \ 𝐵̊(𝐶, 𝜉/3) such that ∥∇ 𝑓 (𝑥∗)∥ = 0. Then 𝑥∗ ∈ 𝐶 \ 𝐵̊(𝐶, 𝜉/3), which is a contradiction.

We thus have 𝜈 > 0. Hence we may define 𝑇 := 2𝜎(𝑋0)/𝜈 where

𝜎(𝑋0) = sup
𝑥∈𝐶1 (R+,R𝑛)

∫ ∞

0
∥𝑥′(𝑡)∥𝑑𝑡

subject to


𝑥′(𝑡) = −𝛽∇ 𝑓 (𝑥(𝑡)), ∀𝑡 > 0,

𝑥(0) ∈ 𝑋0,

is finite by Lemma 4.3. The factor 𝛽 > 0 does not change the optimal value because 𝑥(·) is a

feasible point of the above problem if and only if 𝑥(·/𝛽) is a feasible point of the problem in

Lemma 2.7 and
∫ ∞

0 ∥𝑥
′(𝑡/𝛽)/𝛽∥𝑑𝑡 =

∫ ∞
0 ∥𝑥

′(𝑡)∥𝑑𝑡. Note that 𝜎(𝑋0) > 0 and thus 𝑇 > 0 because

𝑋0 ⊄ 𝐶. In addition, since 𝑓 is semialgebraic and has bounded continuous gradient trajectories,

it is lower bounded by its smallest critical value1. By Lemma 4.2, there exists 𝛼̄ ∈ (0, 𝛼̂] such

that for any feasible point ((𝑥𝑘 )𝑘∈{−1}∪N, 𝛼) of (4.7), there exists an absolutely continuous function

1Indeed, assume to the contrary that there exists 𝑥0 ∈ R𝑛 such that 𝑓 (𝑥0) is less than the smallest critical value of
𝑓 . The continuous gradient trajectory initialized at 𝑥0 converges to a critical point 𝑥∗ since it is bounded. This limit
satisfies 𝑓 (𝑥0) ⩾ 𝑓 (𝑥∗), yielding a contradiction.
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𝑥 : [0, 𝑇] → R𝑛 such that

𝑥′(𝑡) = −𝛽∇ 𝑓 (𝑥(𝑡)), ∀𝑡 ∈ (0, 𝑇), 𝑥(0) ∈ 𝑋0, (4.11)

for which ∥𝑥𝑘 − 𝑥(𝑘𝛼)∥ ⩽ 𝜉/3 for 𝑘 = 0, . . . , ⌊𝑇/𝛼⌋. Now suppose that ∥𝑥′(𝑡)∥ ⩾ 2𝜎(𝑋0)/𝑇 for

all 𝑡 ∈ (0, 𝑇). Then we obtain the following contradiction

𝜎(𝑋0) < 𝑇
2𝜎(𝑋0)
𝑇

⩽
∫ 𝑇

0
∥𝑥′(𝑡)∥𝑑𝑡 ⩽

∫ ∞

0
∥𝑥′(𝑡)∥𝑑𝑡 ⩽ 𝜎(𝑋0).

Hence, there exists 𝑡∗ ∈ (0, 𝑇) such that ∥𝑥′(𝑡∗)∥ = ∥𝛽∇ 𝑓 (𝑥(𝑡∗))∥ < 2𝜎(𝑋0)/𝑇 = 2𝜎(𝑋0)/(2𝜎(𝑋0)/𝜈) =

𝜈. Since 𝑥(𝑡∗) ∈ Φ0 and the infimum of the norm of 𝛽∇ 𝑓 on Φ0 \ 𝐵̊(𝐶, 𝜉/3) is equal to 𝜈, it must

be that 𝑥(𝑡∗) ∈ 𝐵̊(𝐶, 𝜉/3). Hence there exists 𝑥∗ ∈ 𝐶 such that ∥𝑥(𝑡∗) − 𝑥∗∥ ⩽ 𝜉/3.

Since 𝛼 ⩽ 𝛼̂ ⩽ 𝜉/(3𝐿), there exists 𝑘∗ ∈ N such that 𝑡𝑘∗ := 𝑘∗𝛼 ∈ [𝑡∗ − 𝜉/(3𝐿), 𝑡∗]. Thus

∥𝑥𝑘∗ − 𝑥∗∥ ⩽ ∥𝑥𝑘∗ − 𝑥(𝑡𝑘∗)∥ + ∥𝑥(𝑡𝑘∗) − 𝑥(𝑡∗)∥ + ∥𝑥(𝑡∗) − 𝑥∗∥ ⩽ 𝜉/3 + 𝐿 |𝑡𝑘∗ − 𝑡∗ | + 𝜉/3 ⩽

𝜉/3 + 𝜉/3 + 𝜉/3 = 𝜉. To obtain the second inequality, we used the fact that for all 𝑡 ⩾ 0, we have

∥𝑥′(𝑡)∥ = ∥𝛽∇ 𝑓 (𝑥(𝑡))∥ ⩽ 𝐿 since 𝑥(𝑡) ∈ 𝐵(Φ0, 𝜖).

Above, we defined 𝛼̄ ∈ (0, 𝛼̂] if 𝑋0 ⊂ 𝐶 or 𝑋0 ⊄ 𝐶 (in which case 𝑋0 \ 𝐵̊(𝐶, 𝜖/6) ≠ ∅). We

now consider a feasible point ((𝑥𝑘 )𝑘∈{−1}∪N, 𝛼) of (4.7) regardless of whether 𝑋0 ⊂ 𝐶. Based on

the above and the fact that 𝑋0 ≠ ∅, there exists 𝑘∗ ∈ N such that 𝑥𝑘∗ ∈ 𝐵(𝐶, 𝜉). If 𝐾 := inf{𝑘 ⩾
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𝑘∗ : 𝑥𝑘 ∉ 𝐵(𝐶, 𝜖)} < ∞, then

𝜓−1
( 𝜖
3

)
= 𝜓−1

(
1
2
𝜖 − 𝜅 𝜖

6𝜅

)
(4.12a)

⩽ 𝜓−1 ((𝜖 − 𝜉) − 𝜅𝛼̂) (4.12b)

⩽ 𝜓−1 ((∥𝑥𝐾 − 𝑥∗∥ − ∥𝑥𝑘∗ − 𝑥∗∥) − 𝜅𝛼̄) (4.12c)

⩽ 𝜓−1 (∥𝑥𝐾 − 𝑥𝑘∗ ∥ − 𝜅𝛼) (4.12d)

⩽ 𝜓−1

(
𝐾−1∑︁
𝑘=𝑘∗
∥𝑥𝑘+1 − 𝑥𝑘 ∥ − 𝜅𝛼

)
(4.12e)

⩽ 𝑓 (𝑥𝑘∗) − 𝑓 (𝑥𝐾−1) + 𝜂𝛼 (4.12f)

⩽ max
𝐶

𝑓 + 1
4
𝜓−1

( 𝜖
3

)
− 𝑓 (𝑥𝐾−1) + 𝜂𝛼̂ (4.12g)

⩽ max
𝐶

𝑓 + 1
2
𝜓−1

( 𝜖
3

)
− 𝑓 (𝑥𝐾−1) (4.12h)

Above, the arguments of 𝜓−1 in (4.12a) are equal. (4.12b) through (4.12e) rely on the fact that 𝜓−1

is an increasing function. (4.12b) is due to 𝜉 < 𝜖/2. (4.12c) holds because 𝑥𝐾 ∉ 𝐵(𝐶, 𝜖), 𝑥∗ ∈ 𝐶,

and 𝑥𝑘∗ ∈ 𝐵(𝑥∗, 𝜉). (4.12d) and (4.12e) are consequences of the triangular inequality. (4.12f) is

due to the length formula (4.8) and the fact that 𝑥𝑘∗ , . . . , 𝑥𝐾−1 ∈ 𝐵(𝐶, 𝜖) ⊂ 𝐵(Φ0, 𝜖). (4.12g) is

due to 𝑥𝑘∗ ∈ 𝐵(𝑥∗, 𝜉) and (4.9). Finally, (4.12h) is due to 𝛼̂ ⩽ 𝜓−1(𝜖/3)/(4𝜂) by definition of 𝛼̂ in

(4.10). We remark that 𝐾 ⩾ 𝑘∗ + 2 since ∥𝑥𝑘∗+1 − 𝑥∗∥ ⩽ ∥𝑥𝑘∗+1 − 𝑥𝑘∗ ∥ + ∥𝑥𝑘∗ − 𝑥∗∥ ⩽ 𝛿1𝛼 + 𝜉 ⩽

𝛿1𝜖/(6𝜅) + 𝜖/2 ⩽ 𝜖/6 + 𝜖/2 < 𝜖 . It also holds that 𝑥−1, . . . , 𝑥𝐾−2 ∈ 𝐵(Φ0, 𝜖), 𝑥𝐾−1 belongs to

𝑋1 := 𝐵(𝐶, 𝜖)
⋂ {

𝑥 ∈ R𝑛 : 𝑓 (𝑥) ⩽ max
𝐶

𝑓 − 1
2
𝜓−1

( 𝜖
3

)}
,

and ∥𝑥𝐾−1 − 𝑥𝐾−2∥ ⩽ 𝛿1𝛼. Thus, by the length formula (4.8) and the definition of 𝜎(·, ·, ·) in (4.7)
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we have

∞∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ =

𝐾−2∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ +

∞∑︁
𝑘=𝐾−1

∥𝑥𝑘+1 − 𝑥𝑘 ∥

⩽ 𝜓

(
sup
𝑋0

𝑓 − min
𝐵(Φ0,𝜖)

𝑓 + 𝜂𝛼̄
)
+ 𝜅𝛼̄ +max{0, 𝜎(𝑋1, 𝛼̄, 𝛿1)}.

Note that the inequality still holds if 𝐾 = ∞, since in that case (4.8) implies

∞∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 𝜓

(
sup
𝑋0

𝑓 − min
𝐵(Φ0,𝜖)

𝑓 + 𝜂𝛼̄
)
+ 𝜅𝛼̄.

Hence

𝜎(𝑋0, 𝛼̄, 𝛿0) ⩽ 𝜓

(
sup
𝑋0

𝑓 − min
𝐵(Φ0,𝜖)

𝑓 + 𝜂𝛼̄
)
+ 𝜅𝛼̄ +max{0, 𝜎(𝑋1, 𝛼̄, 𝛿1)}.

It now suffices to replace 𝑋0 by 𝑋1, 𝛿0 by 𝛿1, and repeat the entire proof. Since 𝑓 (Φ(𝑡, 𝑥1)) ⩽

𝑓 (Φ(0, 𝑥1)) ⩽ max𝐶 𝑓 − 𝜓−1(𝜖/3)/2 < max𝐶 𝑓 for all 𝑡 ⩾ 0 and 𝑥1 ∈ 𝑋1, the maximal critical

value of 𝑓 in Φ(R+, 𝑋1) is less than the maximal critical value of 𝑓 in Φ(R+, 𝑋0). By the semialge-

braic Morse-Sard theorem (Lemma 1.1), 𝑓 has finitely many critical values. Thus, it is eventually

the case that one of the sets 𝑋0, 𝑋1, . . . is empty. In order to conclude, one simply needs to choose

an upper bound on the step sizes 𝛼̄′ corresponding to 𝑋1 that is less than or equal to the upper

bound 𝛼̄ used for 𝑋0. 𝜎(𝑋0, ·, 𝛿0) is finite when evaluated at the last upper bound thus obtained.

Indeed, the recursive formula above still holds if we replace 𝛼̄ by any 𝛼 ∈ (0, 𝛼̄]. In particular, we

may take 𝛼 := 𝛼̄′. □

The inequalities in (4.6) imply that the iterates converge to a critical point of 𝑓 (i.e., a point

𝑥∗ ∈ R𝑛 such that ∇ 𝑓 (𝑥∗) = 0). The previously known global convergence rate of the momentum

method is𝑂 (1/
√
𝑘) for coercive differentiable functions with a Lipschitz continuous gradient [106,

Theorem 4.14] if 𝑥−1 = 𝑥0 and 𝛾 = 0. Without the coercivity assumption, 𝑂 (1/
√
𝑘) is also the

rate of a modified version of the momentum method which does not capture the heavy ball method

and Nesterov’s accelerated gradient method as special cases [117, Corollary 1]. Our third and final
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convergence result gives sufficient conditions for convergence to a local minimizer.

Theorem 4.3 (Convergence to local minimizers). Let 𝑓 ∈ 𝐶2(R𝑛) be semialgebraic with bounded

continuous gradient trajectories. Let 𝛽 ∈ (−1, 1) \ {0}, 𝛾 ∈ R, and 𝛿 ⩾ 0. If the Hessian of

𝑓 has a negative eigenvalue at all critical points of 𝑓 that are not local minimizers, then for any

bounded subset 𝑋0 of R𝑛, there exists 𝛼̄ > 0 such that, for all 𝛼 ∈ (0, 𝛼̄] and for almost every

(𝑥−1, 𝑥0) ∈ R𝑛 × 𝑋0, any sequence 𝑥−1, 𝑥0, 𝑥1, . . . ∈ R𝑛 generated by the momentum method (4.1)

that satisfies ∥𝑥0 − 𝑥−1∥ ⩽ 𝛿𝛼 converges to a local minimizer of 𝑓 .

In practice, if 𝑋0 has positive measure and 𝛿 > 0, Theorem 4.3 means that one can generate 𝑥0

uniformly at random in 𝑋0 and generate 𝑥−1 uniformly at random in the ball of radius 𝛿𝛼 centered at

𝑥0 in order to guarantee convergence to a local minimizer almost surely. In contrast to the gradient

method [45, Corollary 1], we need to assume that the Hessian of 𝑓 has a negative eigenvalue at

local maxima of 𝑓 . Indeed, the function values are not necessarily decreasing along the iterates.

While the proof of Theorem 4.3 crucially depends on the length bound in Theorem 4.2, it mostly

requires extending well-known arguments regarding the center and stable manifolds theorem [118,

Theorem III.7]. For this reason, we defer its proof to Section 4.4.

4.2 Proof of the length formula

Given 𝜆 > 0, consider the following Lyapunov function proposed by Zavriev and Kostyuk

[109]:

𝐻𝜆 : R𝑛 × R𝑛 −→ R

(𝑥, 𝑦) ↦−→ 𝑓 (𝑥) + 𝜆∥𝑥 − 𝑦∥2.

For certain values of 𝜆, it is known to be monotonic along the iterates if 𝛾 = 0 [109, Lemma 1]

[106, Proposition 4.7 (a)] or 𝛽 = 𝛾 [110, Lemma 3.1 (ii)] [111, Lemma 3.2], but not for general

𝛽 ∈ (−1, 1) and 𝛾 ∈ R. This justifies the need for Lemma 4.4 in which it will be convenient to

67



rewrite the update rule of the momentum method (4.1) as

𝑦
𝛽

𝑘
= 𝑥𝑘 + 𝛽(𝑥𝑘 − 𝑥𝑘−1), (4.13a)

𝑦
𝛾

𝑘
= 𝑥𝑘 + 𝛾(𝑥𝑘 − 𝑥𝑘−1), (4.13b)

𝑥𝑘+1 = 𝑦
𝛽

𝑘
− 𝛼∇ 𝑓 (𝑦𝛾

𝑘
), (4.13c)

for all 𝑘 ∈ N. Likewise, bounds on the norm of the gradient of the objective function and the

Lyapunov function are only known if 𝛾 = 0 [106, Theorem 4.9] or 𝛽 = 𝛾 [110, Equation (3.22)]

[111, Lemma 3.3], which calls for Lemma 4.5.

Lemma 4.4. Let 𝑓 ∈ 𝐶1,1
loc (R

𝑛), 𝑋 ⊂ R𝑛 be bounded, 𝛽 ∈ (−1, 1), and 𝛾 ∈ R. There exists 𝛼̄ > 0

such that for all 𝛼 ∈ (0, 𝛼̄], there exist 𝜆+ > 𝜆− > 0 such that for all 𝜆 ∈ (𝜆−, 𝜆+), there exists

𝑐1 > 0 such that for all 𝐾 ∈ N, if 𝑥−1, . . . , 𝑥𝐾+1 ∈ 𝑋 are iterates of the momentum method (4.1),

then for 𝑘 = 0, . . . , 𝐾 we have

𝐻𝜆 (𝑥𝑘+1, 𝑥𝑘 ) ⩽ 𝐻𝜆 (𝑥𝑘 , 𝑥𝑘−1) − 𝑐1(∥𝑥𝑘+1 − 𝑥𝑘 ∥2 + ∥𝑥𝑘 − 𝑥𝑘−1∥2).

If 𝑀 > 0 is a Lipschitz constant of ∇ 𝑓 on 𝑆 +max{|𝛽 |, |𝛾 |}(𝑆 − 𝑆) where 𝑆 is the convex hull of 𝑋 ,

then one may take

𝛼̄ := min
{

1
𝑀
,

1 − 𝛽2

2(𝛽2 + 2|𝛽 − 𝛾 |)𝑀

}
, (4.14a)

𝜆− :=
(

1
2𝛼
+ 𝑀

2

)
𝛽2 + |𝛽 − 𝛾 |𝑀

2
, 𝜆+ :=

1
2𝛼
− |𝛽 − 𝛾 |𝑀

2
, (4.14b)

and 𝑐1 := min{𝜆 − 𝜆−, 𝜆+ − 𝜆}. (4.14c)

Proof. Consider 𝛼̄ as defined in (4.14a) and let 𝛼 ∈ (0, 𝛼̄]. Given 𝐾 ∈ N, let 𝑥−1, . . . , 𝑥𝐾+1 ∈ 𝑋 be
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iterates generated by the momentum method (4.1). A bound on the Taylor expansion of 𝑓 yields

𝑓 (𝑥𝑘+1) ⩽ 𝑓 (𝑦𝛽
𝑘
) + ⟨∇ 𝑓 (𝑦𝛽

𝑘
), 𝑥𝑘+1 − 𝑦𝛽𝑘 ⟩ +

𝑀

2
∥𝑥𝑘+1 − 𝑦𝛽𝑘 ∥

2, (4.15a)

𝑓 (𝑥𝑘 ) ⩾ 𝑓 (𝑦𝛽
𝑘
) + ⟨∇ 𝑓 (𝑦𝛽

𝑘
), 𝑥𝑘 − 𝑦𝛽𝑘 ⟩ −

𝑀

2
∥𝑥𝑘 − 𝑦𝛽𝑘 ∥

2, (4.15b)

where 𝑘 ∈ {0, . . . , 𝐾}. Subtracting (4.15b) from (4.15a) yields

𝑓 (𝑥𝑘+1) − 𝑓 (𝑥𝑘 ) ⩽⟨∇ 𝑓 (𝑦𝛽𝑘 ), 𝑥𝑘+1 − 𝑥𝑘⟩ +
𝑀

2
(∥𝑥𝑘+1 − 𝑦𝛽𝑘 ∥

2 + ∥𝑥𝑘 − 𝑦𝛽𝑘 ∥
2) (4.16a)

=⟨∇ 𝑓 (𝑦𝛽
𝑘
) − ∇ 𝑓 (𝑦𝛾

𝑘
), 𝑥𝑘+1 − 𝑥𝑘⟩ + ⟨∇ 𝑓 (𝑦𝛾𝑘 ), 𝑥𝑘+1 − 𝑥𝑘⟩ (4.16b)

+ 𝑀
2
(∥𝑥𝑘+1 − 𝑦𝛽𝑘 ∥

2 + ∥𝑥𝑘 − 𝑦𝛽𝑘 ∥
2) (4.16c)

=⟨∇ 𝑓 (𝑦𝛽
𝑘
) − ∇ 𝑓 (𝑦𝛾

𝑘
), 𝑥𝑘+1 − 𝑥𝑘⟩ +

1
𝛼
⟨𝑥𝑘+1 − 𝑦𝛽𝑘 , 𝑥𝑘 − 𝑥𝑘+1⟩ (4.16d)

+ 𝑀
2
(∥𝑥𝑘+1 − 𝑦𝛽𝑘 ∥

2 + ∥𝑥𝑘 − 𝑦𝛽𝑘 ∥
2). (4.16e)

By the Cauchy-Schwarz and AM-GM inequalities, we have

⟨∇ 𝑓 (𝑦𝛽
𝑘
) − ∇ 𝑓 (𝑦𝛾

𝑘
), 𝑥𝑘+1 − 𝑥𝑘⟩ ⩽ ∥∇ 𝑓 (𝑦𝛽𝑘 ) − ∇ 𝑓 (𝑦

𝛾

𝑘
)∥∥𝑥𝑘+1 − 𝑥𝑘 ∥ (4.17a)

⩽ 𝑀 ∥𝑦𝛽
𝑘
− 𝑦𝛾

𝑘
∥∥𝑥𝑘+1 − 𝑥𝑘 ∥ (4.17b)

= 𝑀 |𝛽 − 𝛾 |∥𝑥𝑘 − 𝑥𝑘−1∥∥𝑥𝑘+1 − 𝑥𝑘 ∥ (4.17c)

⩽
|𝛽 − 𝛾 |𝑀

2
(∥𝑥𝑘 − 𝑥𝑘−1∥2 + ∥𝑥𝑘+1 − 𝑥𝑘 ∥2). (4.17d)

By the cosine rule, for any 𝑎, 𝑏, 𝑐 ∈ R𝑛, it holds that

⟨𝑎 − 𝑏, 𝑐 − 𝑎⟩ = 1
2
(∥𝑏 − 𝑐∥2 − ∥𝑎 − 𝑏∥2 − ∥𝑐 − 𝑎∥2).

By letting 𝑎 := 𝑥𝑘+1, 𝑏 := 𝑦𝛽
𝑘

and 𝑐 := 𝑥𝑘 , we have

⟨𝑥𝑘+1 − 𝑦𝛽𝑘 , 𝑥𝑘 − 𝑥𝑘+1⟩ =
1
2
(∥𝑦𝛽

𝑘
− 𝑥𝑘 ∥2 − ∥𝑥𝑘+1 − 𝑦𝛽𝑘 ∥

2 − ∥𝑥𝑘 − 𝑥𝑘+1∥2). (4.18)
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Combining (4.16), (4.17) and (4.18), we find that

𝑓 (𝑥𝑘+1) − 𝑓 (𝑥𝑘 ) ⩽ −
(

1
2𝛼
− 𝑀

2

)
∥𝑦𝛽

𝑘
− 𝑥𝑘+1∥2 (4.19a)

−
(

1
2𝛼
− |𝛽 − 𝛾 |𝑀

2

)
∥𝑥𝑘+1 − 𝑥𝑘 ∥2 (4.19b)

+
[(

1
2𝛼
+ 𝑀

2

)
𝛽2 + |𝛽 − 𝛾 |𝑀

2

]
∥𝑥𝑘 − 𝑥𝑘−1∥2. (4.19c)

Let 𝜆 ∈ (𝜆−, 𝜆+) where 𝜆− and 𝜆+ are defined in (4.14b). Note that 𝜆− < 𝜆+ due to the fact that

𝛼 ∈ (0, 𝛼̄]. By definition of 𝐻𝜆, it readily follows that

𝐻𝜆 (𝑥𝑘+1, 𝑥𝑘 ) − 𝐻𝜆 (𝑥𝑘 , 𝑥𝑘−1) ⩽ −
(

1
2𝛼
− 𝑀

2

)
∥𝑦𝛽

𝑘
− 𝑥𝑘+1∥2

−
(

1
2𝛼
− |𝛽 − 𝛾 |𝑀

2
− 𝜆

)
∥𝑥𝑘+1 − 𝑥𝑘 ∥2

−
[
𝜆 −

(
1

2𝛼
+ 𝑀

2

)
𝛽2 − |𝛽 − 𝛾 |𝑀

2

]
∥𝑥𝑘 − 𝑥𝑘−1∥2.

The desired inequality is guaranteed by taking 𝑐1 as defined in (4.14c). □

Lemma 4.5. Let 𝑓 ∈ 𝐶1,1
loc (R

𝑛), 𝑋 ⊂ R𝑛 be bounded, and 𝛽, 𝛾 ∈ R. For all 𝛼, 𝜆 > 0, there exist

𝑐2 > 0 such that for all 𝐾 ∈ N, if 𝑥−1, . . . , 𝑥𝐾+1 ∈ 𝑋 are iterates of the momentum method (4.1),

then

max{∥∇𝐻𝜆 (𝑧𝑘 )∥, ∥∇𝐻𝜆 (𝑧𝑘+1)∥} ⩽ 𝑐2∥𝑧𝑘+1 − 𝑧𝑘 ∥,

for 𝑘 = 0, . . . , 𝐾 where 𝑧𝑘 := (𝑥𝑘 , 𝑥𝑘−1) ∈ R2𝑛. If 𝑀 > 0 is a Lipschitz constant of ∇ 𝑓 on

𝑆 +max{|𝛽 |, |𝛾 |}(𝑆 − 𝑆) where 𝑆 is the convex hull of 𝑋 , then one may take

𝑐2 :=
√

2 max
{

1
𝛼
,
|𝛽 |
𝛼
+ 𝑀 ( |𝛾 | + 1) + 4𝜆

}
. (4.20)
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Proof. Using Fact 4.1, for 𝑘 = 0, . . . , 𝐾 we have

∥∇𝐻𝜆 (𝑧𝑘 )∥ ⩽ ∥∇ 𝑓 (𝑥𝑘 ) + 2𝜆(𝑥𝑘 − 𝑥𝑘−1)∥ + ∥2𝜆(𝑥𝑘 − 𝑥𝑘−1)∥

⩽ ∥∇ 𝑓 (𝑥𝑘 )∥ + 4𝜆∥𝑥𝑘 − 𝑥𝑘−1∥

⩽
√

2 max{1/𝛼, |𝛽 |/𝛼 + 𝑀 |𝛾 | + 4𝜆}∥𝑧𝑘+1 − 𝑧𝑘 ∥.

Similarly,

∥∇𝐻𝜆 (𝑧𝑘+1)∥ ⩽ ∥∇ 𝑓 (𝑥𝑘+1) + 2𝜆(𝑥𝑘+1 − 𝑥𝑘 )∥ + ∥2𝜆(𝑥𝑘+1 − 𝑥𝑘 )∥

⩽ ∥∇ 𝑓 (𝑥𝑘+1)∥ + 4𝜆∥𝑥𝑘+1 − 𝑥𝑘 ∥

⩽ ∥∇ 𝑓 (𝑥𝑘 )∥ + ∥∇ 𝑓 (𝑥𝑘+1) − ∇ 𝑓 (𝑥𝑘 )∥ + 4𝜆∥𝑥𝑘+1 − 𝑥𝑘 ∥

⩽ ∥∇ 𝑓 (𝑥𝑘 )∥ + (4𝜆 + 𝑀)∥𝑥𝑘+1 − 𝑥𝑘 ∥

⩽
√

2 max{1/𝛼, |𝛽 |/𝛼 + 𝑀 |𝛾 | + 4𝜆 + 𝑀}∥𝑧𝑘+1 − 𝑧𝑘 ∥. □

We say that 𝜓 : [0,∞) → [0,∞) in Proposition 1.1 is a desingularizing function of 𝑓 on 𝑋 .

The uniform Kurdyka-Łojasiewicz inequality (1.2) enables one to relate the length of the iterates of

the gradient method in any bounded region to the function variation [45, Proposition 8]. If one uses

the Kurdyka-Łojasiewicz inequality (1.1) instead, then the function values evaluated at the iterates

would be restricted to a potentially small range around a critical value. If one uses the uniformized

KL property [119, Lemma 6], then the iterates would need to lie in a uniform neighborhood of a

compact subset of the critical points of 𝑓 where 𝑓 is constant.

In order to prove [45, Proposition 8], one uses the fact that the objective function is a Lyapunov

function for all sufficiently small step sizes in the gradient method. However, in the momentum

method the Lyapunov function depends on the step size, as can be seen in Lemma 4.4. The main

challenge that we thus face is to obtain an upper bound on the length of the iterates that is indepen-

dent of the step size. Otherwise, it could blow up as the step size gets small. Such is the object of

the following results.
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Proposition 4.1 takes a first step by showing that the length is bounded by a constant times a

desingularizing function evaluated at the Lyapunov function variation plus a constant multiple of

the step size. Both constants are independent of the step size. Proposition 4.2 ensures that the

desingularizing function no longer depends on the step size. Finally, Lemma 4.1 gets rid of the

dependence on the step size in the argument of the desingularizing function.

Proposition 4.1 below generalizes [45, Proposition 8] from the gradient method to the momen-

tum method. While in the gradient method we have 𝑐3 = 2 in (4.21), in the momentum method

obtaining an expression for 𝑐3 that does not depend on the step size requires some care. We will

use the following simple lemma.

Lemma 4.6. If ℎ : R+ → R+ is concave, ℎ(0) = 0, and 𝑎, 𝑏 ⩾ 0, then |ℎ(𝑏) − ℎ(𝑎) | ⩽ ℎ( |𝑏 − 𝑎 |).

Proof. We first show that ℎ is increasing. Since ℎ is concave, for any 0 ⩽ 𝑥 < 𝑦 < 𝑧, we have

ℎ(𝑧) ⩽ ℎ(𝑦) − ℎ(𝑥)
𝑦 − 𝑥 (𝑧 − 𝑦) + ℎ(𝑦).

If (ℎ(𝑦) − ℎ(𝑥)) (𝑦 − 𝑥) < 0, then we obtain the contradiction 0 ⩽ lim sup𝑧→∞ ℎ(𝑧) = −∞,

establishing that ℎ is increasing. It thus suffices to show that ℎ(𝑏) − ℎ(𝑎) ⩽ ℎ(𝑏 − 𝑎) for any

0 ⩽ 𝑎 ⩽ 𝑏. Since ℎ is concave, we have

𝑎

𝑏
ℎ(0) + 𝑏 − 𝑎

𝑏
ℎ(𝑏) ⩽ ℎ(𝑏 − 𝑎) and

𝑏 − 𝑎
𝑏

ℎ(0) + 𝑎
𝑏
ℎ(𝑏) ⩽ ℎ(𝑎).

Summing these two inequalities and using the fact that ℎ(0) = 0 yields the desired result. □

Proposition 4.1. Let 𝑓 ∈ 𝐶1,1
loc (R

𝑛) be semialgebraic, 𝑋 ⊂ R𝑛 be bounded, 𝛽 ∈ (−1, 1), 𝛾 ∈ R,

𝛿 ⩾ 0, and 𝑚 ∈ N∗ be an upper bound on the number of critical values of 𝑓 in 𝑋 . There exist

𝛼̄, 𝑐3, 𝜁 > 0 such that for all 𝛼 ∈ (0, 𝛼̄], there exists 𝜆 > 0 such that, for any desingularizing

function 𝜓𝜆 of 𝐻𝜆 on 𝑋 × 𝑋 and for all 𝐾 ∈ N, if (𝑥𝑘 )𝑘∈{−1}∪N are iterates of the momentum
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method (4.1) for which 𝑥−1, . . . , 𝑥𝐾 ∈ 𝑋 and ∥𝑥0 − 𝑥−1∥ ⩽ 𝛿𝛼, then

1
2𝑚

𝐾∑︁
𝑘=0
∥𝑧𝑘+1 − 𝑧𝑘 ∥ ⩽ 𝑐3𝜓𝜆

(
𝐻𝜆 (𝑧0) − 𝐻𝜆 (𝑧𝐾)

2𝑚

)
+ 𝜁𝛼 (4.21)

and 𝐻𝜆 (𝑧0) ⩾ · · · ⩾ 𝐻𝜆 (𝑧𝐾) where 𝑧𝑘 := (𝑥𝑘 , 𝑥𝑘−1) ∈ R2𝑛. If 𝐿 > 0 and 𝑀 > 0 are Lipschitz

constants of 𝛽 𝑓 and ∇ 𝑓 respectively on 𝑆 + max{|𝛽 |, |𝛾 |}(𝑆 − 𝑆) where 𝑆 is the convex hull of 𝑋

and 𝛽 := (1 − 𝛽)−1, then one may take the same 𝛼̄ as in (4.14a),

𝑐3 :=
8
√

2(2 + |𝛾 | + 3|𝛽 |)
1 − 𝛽2 , 𝜁 := 2

√
2(𝛿 + 𝐿), and 𝜆 :=

𝛽2 + 1 + 𝑀𝛽2𝛼

4𝛼
. (4.22)

Proof. Consider 𝛼̄ and 𝑐3 as defined in (4.14a) and (4.22) respectively. Given 𝛼 ∈ (0, 𝛼̄], let

𝜆 ∈ (𝜆−, 𝜆+) where 𝜆− and 𝜆+ are defined in (4.14b). Let 𝜓𝜆 be a desingularizing function of 𝐻𝜆

on 𝑋 × 𝑋 . By Lemma 4.4 and Lemma 4.5, for 𝑘 = 0, . . . , 𝐾 − 1 we have

𝐻𝜆 (𝑧𝑘+1) − 𝐻𝜆 (𝑧𝑘 ) ⩽ −𝑐1∥𝑧𝑘+1 − 𝑧𝑘 ∥2 ⩽ −𝑐1
𝑐2
∥∇𝐻𝜆 (𝑧𝑘 )∥∥𝑧𝑘+1 − 𝑧𝑘 ∥ (4.23)

and

𝐻𝜆 (𝑧𝑘+1) − 𝐻𝜆 (𝑧𝑘 ) ⩽ −𝑐1∥𝑧𝑘+1 − 𝑧𝑘 ∥2 ⩽ −𝑐1
𝑐2
∥∇𝐻𝜆 (𝑧𝑘+1)∥∥𝑧𝑘+1 − 𝑧𝑘 ∥. (4.24)

Since ∇𝐻𝜆 (𝑥, 𝑦) = (∇ 𝑓 (𝑥) +2𝜆(𝑥−𝑦), 2𝜆(𝑦−𝑥))⊤, the critical values of 𝑓 in 𝑋 are the same as

those of 𝐻𝜆 in 𝑋 × 𝑋 . We let 𝑉 denote this set of critical values if they exist, otherwise 𝑉 := {0}.

Assume that [𝐻𝜆 (𝑧𝐾), 𝐻𝜆 (𝑧0)) excludes the elements of 𝑉 and the averages of any two con-

secutive elements of 𝑉 .2 If 𝐻𝜆 (𝑧1) = 𝐻𝜆 (𝑧0), then 𝑧1 = 𝑧0 by (4.23). Thus ∇ 𝑓 (𝑥0) = 0 and

𝑧𝐾 = · · · = 𝑧0 by induction. Otherwise, we have that 𝐻𝜆 (𝑧1) < 𝐻𝜆 (𝑧0). With 𝐻𝜆 := 𝑑 (𝐻𝜆, 𝑉), we

thus have 0 ∉ 𝜕𝐻𝜆 (𝑧𝑘 ) and 1 ⩽ ∥∇(𝜓𝜆 ◦ 𝐻𝜆) (𝑧𝑘 )∥ = 𝜓′𝜆 (𝐻𝜆 (𝑧𝑘 ))∥∇𝐻𝜆 (𝑧𝑘 )∥ for 𝑘 = 1, . . . , 𝐾 by

the uniform Kurdyka-Łojasiewicz inequality (1.2). Let 𝑘 ∈ {1, . . . 𝐾 − 1}. If 𝐻𝜆 (𝑧𝑘 ) ⩾ 𝐻𝜆 (𝑧𝑘+1),
2The point of excluding elements in 𝑉 and the averages of two consecutive elements in 𝑉 is to guarantee that there

is a unique closest element in 𝑉 that works for all 𝐻𝜆 (𝑧𝐾 ), . . . , 𝐻𝜆 (𝑧0) and this element is either greater than or equal
to all of them or less than all of them.
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multiplying (4.23) by 𝜓′
𝜆
(𝐻𝜆 (𝑧𝑘 )) and using concavity of 𝜓𝜆, we find that

∥𝑧𝑘+1 − 𝑧𝑘 ∥ ⩽
𝑐2
𝑐1
𝜓′𝜆 (𝐻𝜆 (𝑧𝑘 )) (𝐻𝜆 (𝑧𝑘 ) − 𝐻𝜆 (𝑧𝑘+1))

=
𝑐2
𝑐1
𝜓′𝜆 (𝐻𝜆 (𝑧𝑘 )) (𝐻𝜆 (𝑧𝑘 ) − 𝐻𝜆 (𝑧𝑘+1))

⩽
𝑐2
𝑐1
(𝜓𝜆 (𝐻𝜆 (𝑧𝑘 )) − 𝜓𝜆 (𝐻𝜆 (𝑧𝑘+1))).

If 𝐻𝜆 (𝑧𝑘 ) ⩽ 𝐻𝜆 (𝑧𝑘+1), multiplying (4.24) by 𝜓′
𝜆
(𝐻𝜆 (𝑧𝑘+1)) and using concavity of 𝜓𝜆, we find that

∥𝑧𝑘+1 − 𝑧𝑘 ∥ ⩽
𝑐2
𝑐1
𝜓′𝜆 (𝐻𝜆 (𝑧𝑘+1)) (𝐻𝜆 (𝑧𝑘 ) − 𝐻𝜆 (𝑧𝑘+1))

=
𝑐2
𝑐1
𝜓′𝜆 (𝐻𝜆 (𝑧𝑘+1)) (𝐻𝜆 (𝑧𝑘+1) − 𝐻𝜆 (𝑧𝑘 ))

⩽
𝑐2
𝑐1
(𝜓𝜆 (𝐻𝜆 (𝑧𝑘+1)) − 𝜓𝜆 (𝐻𝜆 (𝑧𝑘 ))).

As a result,

∥𝑧𝑘+1 − 𝑧𝑘 ∥ ⩽
𝑐2
𝑐1
|𝜓𝜆 (𝐻𝜆 (𝑧𝑘 )) − 𝜓𝜆 (𝐻𝜆 (𝑧𝑘+1)) |, 𝑘 = 1, . . . , 𝐾 − 1.

We obtain the telescoping sum

𝐾∑︁
𝑘=0
∥𝑧𝑘+1 − 𝑧𝑘 ∥ ⩽ ∥𝑧1 − 𝑧0∥ +

𝐾−1∑︁
𝑘=1

𝑐2
𝑐1

���𝜓𝜆 (
𝐻𝜆 (𝑧𝑘 )

)
− 𝜓𝜆

(
𝐻𝜆 (𝑧𝑘+1)

)��� + ∥𝑧𝐾+1 − 𝑧𝐾 ∥ (4.25a)

= ∥𝑧1 − 𝑧0∥ +
𝑐2
𝑐1

���𝜓𝜆 (
𝐻𝜆 (𝑧0)

)
− 𝜓𝜆

(
𝐻𝜆 (𝑧𝐾)

)��� + ∥𝑧𝐾+1 − 𝑧𝐾 ∥ (4.25b)

⩽
√

2(𝛿 + 𝐿)𝛼 + 𝑐2
𝑐1

(
𝜓𝜆

(���𝐻𝜆 (𝑧0) − 𝐻𝜆 (𝑧𝐾)
���) − 𝜓𝜆 (0)) + √2(𝛿 + 𝐿)𝛼 (4.25c)

=
𝑐2
𝑐1
𝜓𝜆 (𝐻𝜆 (𝑧0) − 𝐻𝜆 (𝑧𝐾)) + 𝜁𝛼 (4.25d)

where 𝜁 is defined in (4.22). Above, (4.25b) and (4.25d) are due to the monotonicity of𝐻𝜆 (𝑧0), . . . , 𝐻𝜆 (𝑧𝐾).

We use Lemma 4.6 and Fact 4.2 to obtain (4.25c).
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We next consider the general case where

[𝐻𝜆 (𝑧𝐾), 𝐻𝜆 (𝑧𝐾𝑝+1)) ∪ . . . ∪ [𝐻𝜆 (𝑧𝐾2), 𝐻𝜆 (𝑧𝐾1+1)) ∪ [𝐻𝜆 (𝑧𝐾1), 𝐻𝜆 (𝑧0))

excludes the elements of 𝑉 and the averages of any two consecutive elements of 𝑉 . For notational

convenience, let 𝐾0 := −1 and 𝐾𝑝+1 := 𝐾 . Since 𝑝 ⩽ 2𝑚 − 1, we have

𝐾∑︁
𝑘=0
∥𝑧𝑘+1 − 𝑧𝑘 ∥ =

𝑝∑︁
𝑖=0

𝐾𝑖+1∑︁
𝑘=𝐾𝑖+1

∥𝑧𝑘+1 − 𝑧𝑘 ∥ (4.26a)

⩽
𝑝∑︁
𝑗=0

(
𝑐2
𝑐1
𝜓𝜆 (𝐻𝜆 (𝑧𝐾𝑖+1) − 𝐻𝜆 (𝑧𝐾𝑖+1) + 𝜁𝛼

)
(4.26b)

⩽
𝑐2
𝑐1

𝑝∑︁
𝑖=0

𝜓𝜆 (𝐻𝜆 (𝑧𝐾𝑖+1) − 𝐻𝜆 (𝑧𝐾𝑖+1)) + (𝑝 + 1)𝜁𝛼 (4.26c)

⩽
𝑐2
𝑐1
(𝑝 + 1) 𝜓𝜆

(
1

𝑝 + 1

𝑝∑︁
𝑖=0
(𝐻𝜆 (𝑧𝐾𝑖+1) − 𝐻𝜆 (𝑧𝐾𝑖+1))

)
(4.26d)

+ (𝑝 + 1)𝜁𝛼 (4.26e)

⩽
𝑐2
𝑐1
(𝑝 + 1) 𝜓𝜆

(
𝐻𝜆 (𝑧0) − 𝐻𝜆 (𝑧𝐾)

𝑝 + 1

)
+ (𝑝 + 1)𝜁𝛼 (4.26f)

⩽
𝑐2
𝑐1

2𝑚 𝜓𝜆

(
𝐿 (𝑧0) − 𝐿 (𝑧𝐾)

2𝑚

)
+ 2𝑚𝜁𝛼. (4.26g)

Indeed, (4.26e) follows from Jensen’s inequality and (4.26g) follows from the fact that 𝑠 ↦→

𝑠𝜓𝜆 (𝑎/𝑠) is increasing over (0,∞) for any constant 𝑎 > 0. Substituting 𝑐1 and 𝑐2 using (4.14c),

(4.14b), and (4.20), we find that

𝑐2
𝑐1

=

√
2 max

{
1
𝛼
,
|𝛽 |
𝛼
+ 𝑀 ( |𝛾 | + 1) + 4𝜆

}
min

{
𝜆 −

(
1

2𝛼 +
𝑀
2

)
𝛽2 − |𝛽−𝛾 |𝑀2 , 1

2𝛼 −
|𝛽−𝛾 |𝑀

2 − 𝜆
}

=
2
√

2 max{1, |𝛽 | + 𝑀 ( |𝛾 | + 1)𝛼 + 4𝜆𝛼}
min

{
2𝜆𝛼 − (1 + 𝛼𝑀) 𝛽2 − |𝛽 − 𝛾 |𝑀𝛼, 1 − |𝛽 − 𝛾 |𝑀𝛼 − 2𝜆𝛼

} .
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If we take 𝜆 to be the midpoint of (𝜆−, 𝜆+), i.e., 𝜆 = (𝛽2 + 1 + 𝑀𝛽2𝛼)/(4𝛼), then this simplifies to

𝑐2
𝑐1

=
4
√

2( |𝛽 | + 𝑀 ( |𝛾 | + 1)𝛼 + 𝛽2 + 1 + 𝑀𝛽2𝛼)
1 − 𝛽2 − (𝛽2 + 2|𝛽 − 𝛾 |)𝑀𝛼

.

Notice that 𝑐2/𝑐1 is a increasing function of 𝛼 over (0, 𝛼̄], where we recall that 𝛼̄ = min{1/𝑀, (1−

𝛽2)/(2(𝛽2 + 2|𝛽 − 𝛾 |)𝑀)}. As a result,

𝑐2
𝑐1

⩽
4
√

2( |𝛽 | + 𝑀 ( |𝛾 | + 1)𝛼̄ + 𝛽2 + 1 + 𝑀𝛽2𝛼̄)
1 − 𝛽2 − (𝛽2 + 2|𝛽 − 𝛾 |)𝑀𝛼̄

⩽
4
√

2( |𝛽 | + 𝑀 ( |𝛾 | + 1) 1
𝑀
+ 𝛽2 + 1 + 𝑀𝛽2 1

𝑀
)

1 − 𝛽2 − (𝛽2 + 2|𝛽 − 𝛾 |)𝑀 1−𝛽2

2(𝛽2+2|𝛽−𝛾 |)𝑀

=
4
√

2( |𝛽 | + |𝛾 | + 1 + 𝛽2 + 1 + 𝛽2)
(1 − 𝛽2)/2

⩽
8
√

2(2 + |𝛾 | + 3|𝛽 |)
1 − 𝛽2 =: 𝑐3 > 0. □

If the objective function satisfies the Łojasiewicz gradient inequality, then the Lyapunov func-

tion also satisfies it according to [120, Theorem 3.6]. Proposition 4.2 below generalizes [120,

Theorem 3.6] from functions satisfying the Łojasiewicz gradient inequality to functions satisfying

the uniform Kurdyka-Łojasiewicz inequality. We show that a suitable choice of desingularizing

function for the objective is a common desingularizing function for the Lyapunov functions for all

sufficiently large parameters.

Proposition 4.2. Let 𝑓 : R𝑛 → R be a locally Lipschitz semialgebraic function and 𝑋 ⊂ R𝑛 be

bounded. The family of functions (𝐻𝜆)𝜆⩾1/4 admits a common desingularizing function on 𝑋 × 𝑋 .

Proof. By Proposition 1.1, there exists a desingularizing function 𝜓 of 𝑓 on 𝑋 . Without loss of

generality, we may assume that 𝜓′(𝑡) ⩾ 1/
√
𝑡 for all 𝑡 > 0, after possibly replacing 𝜓 by 𝑡 ↦→∫ 𝑡

0 max{𝜓′(𝑠), 1/
√
𝑠}𝑑𝑠, which is semialgebraic3 and concave since the integrand is decreasing.

3To see why, note that {𝑠 > 0 : 𝜓′ (𝑠) ⩾ 1/
√
𝑠} is semialgebraic and hence a finite union of open intervals and

points. Thus the integral is equal to 𝜓 up to a constant on finitely many intervals of R+, and 𝑡 ↦→ 2
√
𝑡 up to a constant

otherwise. The graph of such a function is hence semialgebraic.
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We may also multiply 𝜓 by 1/min{1, 𝑐} ⩾ 1 where

𝑐 := inf {𝜓′((𝑣2 − 𝑣1)/2)𝜃 ((𝑣1 + 𝑣2)/2) : 𝑣1, 𝑣2 ∈ 𝑉, 𝑣1 < 𝑣2, (𝑣1, 𝑣2) ∩𝑉 = ∅} > 0, (4.27)

𝜃 (𝑣) := inf{𝑑 (0, 𝜕 𝑓 (𝑥)) : 𝑥 ∈ 𝑋, 𝑓 (𝑥) = 𝑣} for all 𝑣 ∈ R, and 𝑉 is the set of critical values of 𝑓

in 𝑋 if it is non-empty, otherwise 𝑉 := {0}. Note that 𝑐 > 0 as it is the infimum of finitely many

positive real numbers. Indeed, 𝜓′(𝑡) > 0 for all 𝑡 > 0 and 𝜃 (𝑣) > 0 for all 𝑣 ∉ 𝑉 . To see why

the latter statement holds, assume the contrary that 𝜃 (𝑣) = 0 for some 𝑣 ∉ 𝑉 . Then there exists

(𝑥𝑘 , 𝑠𝑘 )𝑘∈N ⊂ 𝑋 × R𝑛 such that 𝑓 (𝑥𝑘 ) = 𝑣, 𝑠𝑘 ∈ 𝜕 𝑓 (𝑥𝑘 ), and 𝑠𝑘 → 0. As 𝑋 is bounded, (𝑥𝑘 )𝑘∈N

admits a limit point 𝑥. We have that 𝑓 (𝑥) = 𝑣 by continuity of 𝑓 and 0 ∈ 𝜕 𝑓 (𝑥) by [40, 2.1.5

Proposition (b)]. Thus 𝑣 ∈ 𝑉 and a contradiction occurs.

By [40, Corollary 1, p. 39] we have

𝜕𝐻𝜆 (𝑥, 𝑦) = (𝜕 𝑓 (𝑥) + {2𝜆(𝑥 − 𝑦)}) × {2𝜆(𝑦 − 𝑥)}, (4.28)

so that 0 ∈ 𝜕𝐻𝜆 (𝑥, 𝑦) if and only if 0 ∈ 𝜕 𝑓 (𝑥) and 𝑥 = 𝑦. Therefore, the set of critical values of

𝑓 in 𝑋 and the set of critical values of 𝐻𝜆 in 𝑋 × 𝑋 coincide. Accordingly, let 𝑓 := 𝑑 ( 𝑓 , 𝑉) and
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𝐻𝜆 := 𝑑 (𝐻𝜆, 𝑉). Now fix 𝜆 ⩾ 1/4. For all 𝑥, 𝑦 ∈ 𝑋 such that 0 ∉ 𝜕𝐻𝜆 (𝑥, 𝑦), we have

𝑑 (0, 𝜕𝐻𝜆 (𝑥, 𝑦)) = 𝑑 (0, 𝜕𝐻𝜆 (𝑥, 𝑦)) (4.29a)

= 𝑑 (0, (𝜕 𝑓 (𝑥) + {2𝜆(𝑥 − 𝑦)}) × {2𝜆(𝑦 − 𝑥)}) (4.29b)

=
√︁
𝑑 (0, 𝜕 𝑓 (𝑥) + 2𝜆(𝑥 − 𝑦))2 + ∥2𝜆(𝑥 − 𝑦)∥2 (4.29c)

⩾
√︁
𝜂1𝑑 (0, 𝜕 𝑓 (𝑥))2 − 𝜂2∥2𝜆(𝑥 − 𝑦)∥2 + ∥2𝜆(𝑥 − 𝑦)∥2 (4.29d)

=
√︁
𝜂1𝑑 (0, 𝜕 𝑓 (𝑥))2 + (1 − 𝜂2)4𝜆2∥𝑥 − 𝑦∥2 (4.29e)

⩾
√︁
𝜂1𝑑 (0, 𝜕 𝑓 (𝑥))2 + (1 − 𝜂2)𝜆∥𝑥 − 𝑦∥2 (4.29f)

⩾

√︄
𝜂1

𝜓′( 𝑓 (𝑥))2
+ 1 − 𝜂2

𝜓′(𝜆∥𝑥 − 𝑦∥2)2
(4.29g)

⩾

√︄
min{𝜂1, 1 − 𝜂2}

𝜓′(max{ 𝑓 (𝑥), 𝜆∥𝑥 − 𝑦∥2})2
(4.29h)

⩾

√√√√ min{𝜂1, 1 − 𝜂2}

𝜓′
(
𝑓 (𝑥)+𝜆∥𝑥−𝑦∥2

2

)2 (4.29i)

⩾

√︁
min{𝜂1, 1 − 𝜂2}

𝜓′
(
𝐻𝜆 (𝑥,𝑦)

2

) . (4.29j)

Above, (4.29a) holds because 0 ∉ 𝜕𝐻𝜆 (𝑥, 𝑦) and thus 𝐻𝜆 (𝑥′, 𝑦′) − 𝐻𝜆 (𝑥, 𝑦) = ±(𝐻𝜆 (𝑥′, 𝑦′) −

𝐻𝜆 (𝑥, 𝑦)) for all (𝑥′, 𝑦′) in neighborhood of (𝑥, 𝑦) where the sign is constant. (4.29b) is due to

(4.28). (4.29c) holds because the distance function is defined using the Euclidean norm. The

existence of the constants 𝜂1 > 0, 𝜂2 ∈ (0, 1) in (4.29d) are guaranteed by [120, Lemma 3.1].

(4.29e) comes from a factorization. (4.29f) is due to the fact that 𝜆 ⩾ 1/4. (4.29g) is due to the

uniform Kurdyka-Łojasiewicz inequality (1.2) and the fact that 𝜓′(𝑡) ⩾ 1/
√
𝑡 for all 𝑡 > 0. Indeed,

if 0 ∉ 𝜕 𝑓 (𝑥), then 𝑑 (0, 𝜕 𝑓 (𝑥)) = 𝑑 (0, 𝜕 𝑓 (𝑥)) ⩾ 1/𝜓′( 𝑓 (𝑥)) by [40, 2.3.9 Theorem (Chain Rule

I) (ii) p. 42]. If 0 ∈ 𝜕 𝑓 (𝑥), then 𝑓 (𝑥) = 0 or 𝑓 (𝑥) = (𝑣1 + 𝑣2)/2 for some 𝑣1, 𝑣2 ∈ 𝑉 such

that 𝑣1 < 𝑣2 and (𝑣1, 𝑣2) ∩ 𝑉 = ∅. In the former case, 𝑑 (0, 𝜕 𝑓 (𝑥)) ⩾ 1/𝜓′( 𝑓 (𝑥)) = 1/𝜓′(0) =

1/∞ = 0 where 𝜓′(0) := lim𝑎↘0 𝜓
′(𝑎). In the latter case, we have 𝑓 (𝑥) = (𝑣2 − 𝑣1)/2 and

thus 𝑑 (0, 𝜕 𝑓 (𝑥)) ⩾ 𝜃 ((𝑣1 + 𝑣2)/2) ⩾ 1/𝜓′((𝑣2 − 𝑣1)/2) = 1/𝜓′( 𝑓 (𝑥)) by (4.27). (4.29h) and

78



(4.29i) hold because 𝜓 is concave and thus 𝜓′ is decreasing. (4.29j) is due to the fact that 0 <

𝐻𝜆 (𝑧) = 𝑑 ( 𝑓 (𝑥) + 𝜆∥𝑥 − 𝑦∥2, 𝑉) ⩽ 𝑑 ( 𝑓 (𝑥), 𝑉) + 𝜆∥𝑥 − 𝑦∥2 = 𝑓 (𝑥) + 𝜆∥𝑥 − 𝑦∥2. We conclude

that 𝑡 ∈ [0,∞) → 2𝜓(𝑡/2)/
√︁

min{𝜂1, 1 − 𝜂2} is a desingularizing function of 𝐻𝜆 on 𝑋 × 𝑋 for all

𝜆 ⩾ 1/4, which is actually also a desingularizing function of 𝑓 on 𝑋 . □

Thanks to Proposition 4.1 and Proposition 4.2, we are now ready to prove the length formula.

Proof of Lemma 4.1. Let 𝑚 ∈ N∗ be an upper bound of the number of critical values of 𝑓 in 𝑋 . We

apply Proposition 4.1 to the set 𝑋 and let 𝛼̄ ∈ (0, 1], 𝑐3 > 1, and 𝜁 > 0 be given by the proposition.

Let 𝜓̄ be a common desingularizing function of (𝐻𝜆)𝜆⩾1/4 on 𝑋 × 𝑋 given by Proposition 4.2. Let

𝛼 ∈ (0, 𝛼̄] and let 𝜆 := (𝛽2 + 1 + 𝑀𝛽2𝛼)/(4𝛼) ⩾ 1/4 as defined in (4.22). Since 𝑐3 > 1,

𝜓(𝑡) := 2𝑐3𝑚𝜓̄(𝑡/(2𝑚)) is also a desingularizing function of 𝐻𝜆 on 𝑋 × 𝑋 . Let 𝜅 := 2𝑚𝜁 and

𝜂 := 2𝑚𝛿2(𝛽2+1+𝑀𝛽2)/4 where 𝑀 > 0 is a Lipschitz constant of ∇ 𝑓 on 𝑆+max{|𝛽 |, |𝛾 |}(𝑆−𝑆)

and 𝑆 is the convex hull of 𝑋 . It follows from (4.21) that

𝐾∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 𝜓 (𝐻𝜆 (𝑥0, 𝑥−1) − 𝐻𝜆 (𝑥𝐾 , 𝑥𝐾−1)) + 𝜅𝛼

⩽ 𝜓

(
𝑓 (𝑥0) − 𝑓 (𝑥𝐾) + 𝜆∥𝑥0 − 𝑥−1∥2

)
+ 𝜅𝛼

⩽ 𝜓

(
𝑓 (𝑥0) − 𝑓 (𝑥𝐾) + 𝜆𝛿2𝛼2

)
+ 𝜅𝛼

⩽ 𝜓 ( 𝑓 (𝑥0) − 𝑓 (𝑥𝐾) + 𝜂𝛼) + 𝜅𝛼. □

4.3 Proof of Lemma 4.2

The matrix

𝐴 :=
©­­«
1 + 𝛽 −𝛽

1 0

ª®®¬ ⊗ 𝐼𝑛
is diagonalizable as the Kronecker product of two such matrices [121, Exercise 15 p. 265]. Thus

there exist an invertible matrix 𝑃 ∈ R2𝑛×2𝑛 and a diagonal matrix 𝐷 ∈ R2𝑛×2𝑛 such that 𝐴 =

𝑃𝐷𝑃−1. Let ∥𝑥∥𝑃 := ∥𝑃−1𝑥∥. Then for any 𝑋 ∈ R2𝑛×2𝑛, we have ∥𝑋 ∥𝑃 := sup{∥𝑋𝑣∥𝑃 : ∥𝑣∥𝑃 ⩽
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1} = sup{∥𝑃−1𝑋𝑃𝑣∥ : ∥𝑣∥ ⩽ 1} = ∥𝑃−1𝑋𝑃∥. By equivalence of norms, there exist 𝑐1, 𝑐2, 𝑐3 > 0

such that 𝑐1∥𝑥∥ ⩽ ∥𝑥∥𝑃 ⩽ 𝑐2∥𝑥∥ and ∥𝑋 ∥𝑃 ⩽ 𝑐3∥𝑋 ∥.

Similar to [101, Theorem 2], let 𝛽 := 1/(1− 𝛽). Also, let 𝐿 > 0 and 𝑀 > 0 respectively denote

Lipschitz constants of 𝛽 𝑓 and 𝛽∇ 𝑓 with respect to the Euclidean norm ∥ · ∥ on 𝑆 + 𝛾(𝑆 − 𝑆) where

𝑆 denotes the convex hull of 𝐵(𝑋0, 𝜎𝑇 (𝑋0) + 𝛿 + 1) := 𝑋0 + 𝐵(0, 𝜎𝑇 (𝑋0) + 𝛿 + 1) and

𝜎𝑇 (𝑋0) := sup
𝑥∈𝐶1 (R+,R𝑛)

∫ 𝑇

0
∥𝑥′(𝑡)∥𝑑𝑡 (4.30a)

subject to


𝑥′(𝑡) = −𝛽∇ 𝑓 (𝑥(𝑡)), ∀𝑡 > 0,

𝑥(0) ∈ 𝑋0.

(4.30b)

Let 𝑐4 := 𝑀𝐿 (1/2 + |𝛽 |/2 + |𝛾 | − 𝛽 |𝛾 |) and 𝑐5 := 𝑐2𝑀
√︁

1 + 2𝛾 + 2𝛾2. Without loss of generality,

we may assume that 𝑋0 ≠ ∅. The feasible set of (4.30) is thus non-empty (i.e., 𝜎𝑇 (𝑋0) > −∞)

because 𝑓 is lower bounded and belongs to 𝐶1,1
loc (R

𝑛) [56, Theorem 17.1.1]. Notice that we also

have 𝜎𝑇 (𝑋0) < ∞. Indeed, by the Cauchy-Schwarz inequality any feasible point 𝑥(·) of (4.30)

satisfies

∫ 𝑇

0
∥𝑥′(𝑡)∥𝑑𝑡 ⩽

√
𝑇

√︄∫ 𝑇

0
∥𝑥′(𝑡)∥2𝑑𝑡

=
√
𝑇

√︄∫ 𝑇

0
⟨−𝛽∇ 𝑓 (𝑥(𝑡)), 𝑥′(𝑡)⟩𝑑𝑡

=
√
𝑇

√︃
𝛽 𝑓 (𝑥(0)) − 𝛽 𝑓 (𝑥(𝑇))

⩽

√︄
𝑇𝛽

(
sup
𝑋0

𝑓 − inf
R𝑛

𝑓

)
< ∞.

It is easy to check that 𝐿 and 𝑀𝐿 are respectively Lipschitz and gradient Lipschitz constants

on [0, 𝑇] of any feasible point 𝑥(·) of (4.30). Indeed, let 𝑥(·) be a feasible point of (4.30). Since

𝑥(𝑡) ∈ 𝐵(𝑋0, 𝜎𝑇 (𝑋0)) for all 𝑡 ∈ [0, 𝑇], we have ∥𝑥′(𝑡)∥ = ∥𝛽∇ 𝑓 (𝑥(𝑡))∥ ⩽ 𝐿. By the mean

value theorem, for all 𝑠, 𝑡 ∈ [0, 𝑇] we have ∥𝑥′(𝑡) − 𝑥′(𝑠)∥ = ∥𝛽∇ 𝑓 (𝑥(𝑡)) − 𝛽∇ 𝑓 (𝑥(𝑠))∥ ⩽
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𝑀 ∥𝑥(𝑡) − 𝑥(𝑠)∥ ⩽ 𝑀𝐿 |𝑡 − 𝑠 |. As a byproduct, we get the Taylor bound

∥𝑥(𝑡) − 𝑥(𝑠) − 𝑥′(𝑠) (𝑡 − 𝑠)∥ ⩽ 𝑀𝐿

2
(𝑡 − 𝑠)2. (4.31)

Let 𝜖 ∈ (0, 𝛿 + 1] and 𝛼̄ := min{1, 𝜖𝑐1𝑐
−1
2 [𝑒

𝑐5𝑇 ( |𝛽 |𝛿 + 2𝐿 − 𝐿𝛽 + 𝑐4𝑐
−1
5 ) − 𝑐4𝑐

−1
5 )]

−1} > 0. Let

𝑥−1, 𝑥0, 𝑥1, . . . ∈ R𝑛 be a sequence generated by the gradient method with momentum and step size

𝛼 ∈ (0, 𝛼̄] for which 𝑥0 ∈ 𝑋0 and ∥𝑥0 − 𝑥−1∥ ⩽ 𝛿𝛼. Let 𝑥(·) be a feasible point of (4.30) such that

𝑥(0) = 𝑥0. Similar to the proof of [101, Theorem 2], let 𝑥𝑘 := 𝑥(𝑘𝛼) for all 𝑘 ∈ N. We next reason

by induction. We have ∥𝑥0 − 𝑥0∥ = 0 ⩽ 𝜖 . Assume that ∥𝑥𝑘 − 𝑥𝑘 ∥ ⩽ 𝜖 for 𝑘 = 0, . . . , 𝐾 for some

index 𝐾 ∈ N. For 𝑘 = 1, . . . , 𝐾 , we have

∥𝑥𝑘+1 − 𝑥𝑘 + 𝛼𝛽∇ 𝑓 (𝑥𝑘 )∥ ⩽ 𝑀𝐿𝛼2/2, (4.32a)

∥𝑥𝑘−1 − 𝑥𝑘 − 𝛼𝛽∇ 𝑓 (𝑥𝑘 )∥ ⩽ 𝑀𝐿𝛼2/2. (4.32b)

Multiplying (4.32b) by |𝛽 | and adding it to (4.32a) yields

∥𝑥𝑘+1 − 𝑥𝑘 − 𝛽(𝑥𝑘 − 𝑥𝑘−1) + 𝛼∇ 𝑓 (𝑥𝑘 )∥ ⩽ 𝑀𝐿 (1 + |𝛽 |)𝛼2/2,

where we use the fact that 𝛽 − 𝛽𝛽 = 1. We also have

∥∇ 𝑓 (𝑥𝑘 + 𝛾(𝑥𝑘 − 𝑥𝑘−1)) − ∇ 𝑓 (𝑥𝑘 )∥ ⩽ 𝑀 (1 − 𝛽) |𝛾 |∥𝑥𝑘 − 𝑥𝑘−1∥

⩽ 𝑀𝐿 (1 − 𝛽) |𝛾 |𝛼.

Hence by combining the above two inequalities, we have

∥𝑥𝑘+1 − 𝑥𝑘 − 𝛽(𝑥𝑘 − 𝑥𝑘−1) + 𝛼∇ 𝑓 (𝑥𝑘 + 𝛾(𝑥𝑘 − 𝑥𝑘−1))∥ ⩽ 𝑐4𝛼
2
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where 𝑐4 = 𝑀𝐿 (1/2 + |𝛽 |/2 + |𝛾 | − 𝛽 |𝛾 |). Let 𝑒𝑘 = 𝑥𝑘 − 𝑥𝑘 . We have

∥𝑒𝑘+1 − 𝑒𝑘 − 𝛽(𝑒𝑘 − 𝑒𝑘−1) + 𝛼[∇ 𝑓 (𝑥𝑘 + 𝛾(𝑥𝑘 − 𝑥𝑘−1)) − ∇ 𝑓 (𝑥𝑘 + 𝛾(𝑥𝑘 − 𝑥𝑘−1))] ∥ ⩽ 𝑐4𝛼
2

by using the update rule of momentum method (4.1). Thus

∥𝑒𝑘+1 − 𝑒𝑘 − 𝛽(𝑒𝑘 − 𝑒𝑘−1) + 𝛼𝑀𝑘 (𝑒𝑘 + 𝛾(𝑒𝑘 − 𝑒𝑘−1))∥ ⩽ 𝑐4𝛼
2

where 𝑀𝑘 is the linear application such that 𝑀𝑘 (𝑎𝑘 − 𝑏𝑘 ) := ∇ 𝑓 (𝑎𝑘 ) − ∇ 𝑓 (𝑏𝑘 ), 𝑀𝑘𝑥 := 0 for all

𝑥 ∈ span(𝑎𝑘 −𝑏𝑘 )⊥, 𝑎𝑘 := 𝑥𝑘 +𝛾(𝑥𝑘 −𝑥𝑘−1), 𝑏𝑘 := 𝑥𝑘 +𝛾(𝑥𝑘 −𝑥𝑘−1) if 𝑎𝑘 ≠ 𝑏𝑘 , otherwise 𝑀𝑘 := 0.

Let 𝑣𝑘 = (𝑒𝑘 , 𝑒𝑘−1) ∈ R2𝑛. We have ∥𝑣𝑘+1 − 𝐴𝑣𝑘 + 𝛼𝐵𝑘𝑣𝑘 ∥ ⩽ 𝑐4𝛼
2 where

𝐵𝑘 :=
©­­«
1 + 𝛾 −𝛾

0 0

ª®®¬ ⊗ 𝑀𝑘 .

We also have

∥𝐵𝑘 ∥ =








©­­«
1 + 𝛾 −𝛾

0 0

ª®®¬







 ∥𝑀𝑘 ∥ ⩽ 𝑀

√︁
1 + 2𝛾 + 2𝛾2

since 𝑥𝑘 + 𝛾(𝑥𝑘 − 𝑥𝑘−1) and 𝑥𝑘 + 𝛾(𝑥𝑘 − 𝑥𝑘−1) belong to 𝑆 + 𝛾(𝑆 − 𝑆). The latter inclusion follows

from the induction hypothesis and the fact that 𝜖 ⩽ 𝛿 +1. Hence ∥𝑣𝑘+1− 𝐴𝑣𝑘 +𝛼𝐵𝑘𝑣𝑘 ∥𝑃 ⩽ 𝑐2𝑐4𝛼
2

and thus

∥𝑣𝑘+1∥𝑃 ⩽ (∥𝐴∥𝑃 + 𝛼∥𝐵𝑘 ∥𝑃)∥𝑣𝑘 ∥𝑃 + 𝑐2𝑐4𝛼
2

⩽ (∥𝐴∥𝑃 + 𝛼𝑐3∥𝐵𝑘 ∥)∥𝑣𝑘 ∥𝑃 + 𝑐2𝑐4𝛼
2

⩽ (1 + 𝑐5𝛼)∥𝑣𝑘 ∥𝑃 + 𝑐2𝑐4𝛼
2
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where 𝑐5 = 𝑐3𝑀
√︁

1 + 2𝛾 + 2𝛾2. By induction, we find that

∥𝑥𝑘+1 − 𝑥𝑘+1∥ =∥𝑒𝑘+1∥ ⩽ ∥𝑣𝑘+1∥ ⩽ 𝑐−1
1 ∥𝑣𝑘+1∥𝑃

⩽𝑐−1
1 (1 + 𝑐5𝛼)𝑘 ∥𝑣1∥𝑃 + 𝑐−1

1 𝑐2𝑐4𝛼
2
𝑘−1∑︁
𝑖=0
(1 + 𝑐5𝛼)𝑖

=𝑐−1
1 𝑐2(1 + 𝑐5𝛼)𝑘 ∥𝑣1∥ + 𝑐−1

1 𝑐2𝑐4𝛼
2 (1 + 𝑐5𝛼)𝑘 − 1

𝑐5𝛼

⩽𝑐−1
1 𝑐2𝑒

𝑐5𝑘𝛼∥𝑒1∥ + 𝑐−1
1 𝑐2𝑐4𝑐

−1
5 (𝑒

𝑐5𝑘𝛼 − 1)𝛼

⩽𝑐−1
1 𝑐2𝑒

𝑐5𝑇 (∥𝑥1 − 𝑥0∥ + ∥𝑥0 − 𝑥0∥ + ∥𝑥0 − 𝑥1∥)

+ 𝑐−1
1 𝑐2𝑐4𝑐

−1
5 (𝑒

𝑐5𝑇 − 1)𝛼

⩽𝑐−1
1 𝑐2𝑒

𝑐5𝑇 (∥𝛽(𝑥0 − 𝑥−1) − 𝛼∇ 𝑓 (𝑥0 + 𝛾(𝑥0 − 𝑥−1))∥

+ 𝐿𝛼) + 𝑐−1
1 𝑐2𝑐4𝑐

−1
5 (𝑒

𝑐5𝑇 − 1)𝛼

⩽𝑐−1
1 𝑐2𝑒

𝑐5𝑇 ( |𝛽 |𝛿𝛼 + 𝐿 (1 − 𝛽)𝛼 + 𝐿𝛼)

+ 𝑐−1
1 𝑐2𝑐4𝑐

−1
5 (𝑒

𝑐5𝑇 − 1)𝛼

⩽𝑐−1
1 𝑐2 [𝑒𝑐5𝑇 ( |𝛽 |𝛿 + 2𝐿 − 𝐿𝛽 + 𝑐4𝑐

−1
5 ) − 𝑐4𝑐

−1
5 ]𝛼̄

=𝜖

since 𝛼̄ = 𝜖𝑐1𝑐
−1
2 [𝑒

𝑐5𝑇 ( |𝛽 |𝛿 + 2𝐿 − 𝐿𝛽 + 𝑐4𝑐
−1
5 ) − 𝑐4𝑐

−1
5 )]

−1.

4.4 Proof of Theorem 4.3

It is known that if 𝐹 ∈ 𝐶1(R𝑛,R𝑛), 𝑋 is an open subset of R𝑛 such that rank(𝐹′(𝑥)) = 𝑛 for all

𝑥 ∈ 𝑋 , and 𝐹 (𝑋) ⊂ 𝑋 , then for almost every 𝑥 ∈ 𝑋 , 𝐹𝑘 (𝑥) does not converge as 𝑘 → ∞ to any

fixed point of 𝐹 in 𝑋 whose spectral radius is greater than one [122, Theorem 2]. The sequence

(𝐹𝑘 )𝑘∈N is defined by 𝐹𝑘+1 := 𝐹 ◦ 𝐹𝑘 for all 𝑘 ∈ N where 𝐹0 : R𝑛 → R𝑛 is the identity. In

order to prove Proposition 4.3 below, and ultimately Theorem 4.3, we relax the assumption that

𝐹 (𝑋) ⊂ 𝑋 and instead only require that 𝑥𝑘 ∈ 𝑋 for all 𝑘 ∈ N. Below, we let 𝜇(·) and 𝜌(·) denote

the Lebesgue measure and the spectral radius respectively.
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Lemma 4.7. If 𝐹 ∈ 𝐶1(R𝑛,R𝑛) and 𝑋 is an open subset of R𝑛 such that rank(𝐹′(𝑥)) = 𝑛 for all

𝑥 ∈ 𝑋 , then

𝜇

({
𝑥 ∈ R𝑛 : ∀𝑘 ∈ N, 𝐹𝑘 (𝑥) ∈ 𝑋, lim

𝑘→∞
𝐹𝑘 (𝑥) ∈ 𝑌

})
= 0,

where 𝑌 := {𝑥 ∈ 𝑋 : 𝐹 (𝑥) = 𝑥, 𝜌(𝐹′(𝑥)) > 1}.

Proof. Since 𝐹 ∈ 𝐶1(R𝑛,R𝑛) and rank(𝐹′(𝑥)) = 𝑛 for all 𝑥 ∈ 𝑋 , by the inverse function theorem

[123, Theorem 1 p. 498] 𝐹 is a local diffeomorphism over 𝑋 . By the center-stable manifold

theorem [118, Theorem III.7(2) p. 65], for all 𝑦 ∈ 𝑌 , there exists an open neighborhood 𝐵𝑦 of 𝑦

such that its associated local center stable manifold 𝑊 sc
loc(𝑦) := {𝑥 ∈ R𝑛 : ∀𝑘 ∈ N, 𝐹𝑘 (𝑥) ∈ 𝐵𝑦}

has Lebesgue measure zero. Since {𝐵𝑦 : 𝑦 ∈ 𝑌 } is an open cover of 𝑌 , by Lindelöf’s lemma [89,

Theorem 30.3(a)] there exists {𝑦𝑖}𝑖∈N ⊂ 𝑌 such that 𝑌 ⊂ ∪∞
𝑖=0𝐵𝑦𝑖 .

We seek to show that the set

𝑊 :=
{
𝑥 ∈ R𝑛 : ∀𝑘 ∈ N, 𝐹𝑘 (𝑥) ∈ 𝑋, lim

𝑘→∞
𝐹𝑘 (𝑥) ∈ 𝑌

}
has Lebesgue measure zero. In order to do so, we consider the sequence 𝑉0, 𝑉1, 𝑉2, . . . : 𝑌 ⇒ 𝑋

defined by 𝑉0(·) := 𝑊 sc
loc(·) ∩ 𝑋 and 𝑉𝑘+1 := (𝐹|𝑋)−1 ◦ 𝑉𝑘 for all 𝑘 ∈ N where 𝐹|𝑋 denotes the

restriction of 𝐹 to 𝑋 . We will show that

𝑊 ⊂
∞⋃
𝑖=0

∞⋃
𝑘=0
𝑉𝑘 (𝑦𝑖).

It is then easy to show by induction that 𝜇(𝑉𝑘 (𝑦𝑖)) = 0 for all 𝑘, 𝑖 ∈ N. Indeed, on the one hand

𝜇(𝑉0(𝑦𝑖)) ⩽ 𝜇(𝑊 sc
loc(𝑦𝑖)) = 0. On the other hand, if 𝜇(𝑉𝑘 (𝑦𝑖)) = 0, then by [124, Theorem 1]

𝜇(𝑉𝑘+1(𝑦𝑖)) = 𝜇((𝐹|𝑋)−1(𝑉𝑘 (𝑦𝑖))) = 0 since rank(𝐹′(𝑥)) = 𝑛 for all 𝑥 ∈ 𝑋 . We conclude that

𝜇(𝑊) ⩽
∞∑︁
𝑖=0

∞∑︁
𝑘=0

𝜇(𝑉𝑘 (𝑦𝑖)) = 0.

Let 𝑥 ∈ 𝑊 and 𝑦 := lim𝑘→∞ 𝐹𝑘 (𝑥). Since 𝑦 ∈ 𝑌 ⊂ ∪∞
𝑖=0𝐵𝑦𝑖 , there exists 𝑗 ∈ N such that
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𝑦 ∈ 𝐵𝑦 𝑗 . Since 𝐵𝑦 𝑗 is open, there exists 𝐾 ∈ N such that 𝐹𝑘 (𝑥) ∈ 𝐵𝑦 𝑗 for all 𝑘 ⩾ 𝐾 , or

equivalently, 𝐹𝑘 (𝐹𝐾 (𝑥)) ∈ 𝐵𝑦 𝑗 for all 𝑘 ∈ N. Thus 𝐹𝐾 (𝑥) ∈ 𝑊 sc
loc(𝑦 𝑗 ) and in fact 𝐹𝐾 (𝑥) ∈

𝑊 sc
loc(𝑦 𝑗 ) ∩ 𝑋 = 𝑉0(𝑦 𝑗 ). Since 𝑥 ∈ 𝑊 and 𝐹𝐾 (𝑥) ∈ 𝑉0(𝑦 𝑗 ), we have 𝐹𝐾−1(𝑥) ∈ 𝐹−1(𝐹𝐾 (𝑥)) ∩

𝑋 = (𝐹|𝑋)−1(𝐹𝐾 (𝑥)) ⊂ (𝐹|𝑋)−1(𝑉0(𝑦 𝑗 )) = 𝑉1(𝑦 𝑗 ). By induction, it follows that 𝑥 ∈ 𝑉𝐾 (𝑦 𝑗 ) ⊂

∪∞
𝑖=0 ∪

∞
𝑘=0 𝑉𝑘 (𝑦𝑖). □

Given an objective function 𝑓 ∈ 𝐶2(R𝑛) with an 𝐿-Lipschitz continuous gradient, the momen-

tum method (4.1) does not converge to any critical point whose Hessian has a negative eigenvalue

for almost every initial point if 𝛼 ∈ (0, 2(1 − 𝛽)/𝐿), 𝛽 ∈ (0, 1) and 𝛾 = 0 [112, Lemma 2], or

𝛼 ∈ (0, 4/𝐿), 𝛽 ∈ (max{0,−1 + 𝛼𝐿/2}, 1) and 𝛾 = 0 [113, Theorem 3]. In order to prove Theo-

rem 4.3, we enlarge the set of allowable momentum parameters. Below, we let 𝜆min(·) denote the

minimal real eigenvalue of a matrix.

Proposition 4.3. Let 𝑓 ∈ 𝐶2(R𝑛), 𝑋 ⊂ R𝑛 be bounded, 𝛽 ∈ (−1, 1) \ {0}, and 𝛾 ∈ R. There exists

𝛼̄ > 0 such that for all 𝛼 ∈ (0, 𝛼̄] and for almost every (𝑥−1, 𝑥0) ∈ R2𝑛, the limit of any convergent

sequence 𝑥−1, 𝑥0, 𝑥1, . . . ∈ 𝑋 generated by the momentum method (4.1) does not belong to

𝐶− := {𝑥 ∈ R𝑛 : ∇ 𝑓 (𝑥) = 0, 𝜆min(∇2 𝑓 (𝑥)) < 0}.

Proof. Since 𝑋 is bounded, there exists an open bounded set 𝑋 such that 𝑋 ⊂ 𝑋 . Let 𝑀 :=

sup{𝜌(∇2 𝑓 (𝑥)) : 𝑥 ∈ 𝑋 + 𝛾(𝑋 − 𝑋)} < ∞, 𝛼̄ := |𝛽 |/(1 + |𝛾 |𝑀), and 𝛼 ∈ (0, 𝛼̄]. Any sequence

𝑥−1, 𝑥0, 𝑥1, . . . ∈ R𝑛 generated by the momentum method (4.1) follows the update rule 𝑧𝑘+1 = 𝐹 (𝑧𝑘 )

for all 𝑘 ∈ N where 𝑧𝑘 := (𝑥𝑘 , 𝑥𝑘−1) and 𝐹 : R2𝑛 → R2𝑛 is defined by

𝐹 (𝑥, 𝑦) :=
©­­«
𝑥 + 𝛽(𝑥 − 𝑦) − 𝛼∇ 𝑓 (𝑥 + 𝛾(𝑥 − 𝑦))

𝑥

ª®®¬
for all (𝑥, 𝑦) ∈ R𝑛 × R𝑛. In order to prove the desired result, we claim that it suffices to check the

two following facts:

1. rank(𝐹′(𝑧)) = 2𝑛 for all 𝑧 ∈ 𝑋 × 𝑋 ,
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2. {(𝑥, 𝑥) ∈ R2𝑛 : 𝑥 ∈ 𝐶−} ⊂ 𝑍 ,

where

𝑍 := {𝑧 ∈ R2𝑛 : 𝐹 (𝑧) = 𝑧, 𝜌(𝐹′(𝑧)) > 1}.

Indeed, by applying Lemma 4.7 to 𝐹 ∈ 𝐶1(R2𝑛,R2𝑛) and the open subset 𝑋 × 𝑋 of R2𝑛, it follows

that for almost every (𝑥0, 𝑥−1) ∈ R2𝑛, the limit of any convergent sequence (𝑥0, 𝑥−1), (𝑥1, 𝑥0), . . . ∈

𝑋 × 𝑋 such that 𝐹 (𝑥𝑘 , 𝑥𝑘−1) = 𝐹 (𝑥𝑘+1, 𝑥𝑘 ) for all 𝑘 ∈ N does not belong to 𝑌 where

𝑌 := 𝑍 ∩ (𝑋 × 𝑋)

⊃ {(𝑥, 𝑥) ∈ R2𝑛 : 𝑥 ∈ 𝐶−} ∩ (𝑋 × 𝑋)

= {(𝑥, 𝑥) ∈ R2𝑛 : 𝑥 ∈ 𝐶− ∩ 𝑋}.

In particular, for almost every (𝑥0, 𝑥−1) ∈ R2𝑛, the limit of any convergent sequence 𝑥−1, 𝑥0, 𝑥1, . . . ∈

𝑋 generated by the momentum method (4.1) does not belong to 𝐶−∩ 𝑋 . Since 𝑋 ⊂ 𝑋 , such a limit

must belong to 𝑋 , and thus does not belong to 𝐶−.

We next prove the two facts above. First, for any (𝑥, 𝑦) ∈ 𝑋 × 𝑋 , we have

𝐹′(𝑥, 𝑦) =
©­­«
(1 + 𝛽)𝐼𝑛 − 𝛼(1 + 𝛾)∇2 𝑓 (𝑥 + 𝛾(𝑥 − 𝑦)) −𝛽𝐼𝑛 + 𝛼𝛾∇2 𝑓 (𝑥 + 𝛾(𝑥 − 𝑦))

𝐼𝑛 0

ª®®¬
where 𝐼𝑛 ∈ R𝑛×𝑛 is the identity matrix. Since |𝛽 | ⩾ 𝛼(1 + |𝛾 |𝑀) > 𝛼 |𝛾 |𝑀 , by [125, Theorem 3]

for all (𝑥, 𝑦) ∈ 𝑋 × 𝑋 we have

det(𝐹′(𝑥, 𝑦)) = det(𝛽𝐼𝑛 − 𝛼𝛾∇2 𝑓 (𝑥 + 𝛾(𝑥 − 𝑦))) ≠ 0

and thus rank(𝐹′(𝑥, 𝑦)) = 2𝑛. Second, let 𝑥 ∈ 𝐶− and 𝑧 := (𝑥, 𝑥). We seek to show that 𝑧 ∈ 𝑍 .

Since ∇ 𝑓 (𝑥) = 0, we have 𝐹 (𝑧) = 𝐹 (𝑥, 𝑥) = (𝑥, 𝑥) = 𝑧. Since 𝑓 ∈ 𝐶2(R𝑛), ∇2 𝑓 (𝑥) is symmetric

and therefore admits an eigendecomposition ∇2 𝑓 (𝑥) = 𝑃𝐷𝑃⊤ where 𝐷 = diag(𝑑1, . . . , 𝑑𝑛) and 𝑃
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is an orthogonal matrix. Again by [125, Theorem 3], we have

det(𝜆𝐼2𝑛 − 𝐹′(𝑥, 𝑥)) = det( [𝜆2 − (1 + 𝛽)𝜆 + 𝛽] 𝐼𝑛 − [𝛼𝛾 − 𝜆𝛼(1 + 𝛾)]∇2 𝑓 (𝑥))

= det( [𝜆2 − (1 + 𝛽)𝜆 + 𝛽] 𝐼𝑛 − [𝛼𝛾 − 𝜆𝛼(1 + 𝛾)]𝑃𝐷𝑃⊤)

= det( [𝜆2 − (1 + 𝛽)𝜆 + 𝛽] 𝐼𝑛 − [𝛼𝛾 − 𝜆𝛼(1 + 𝛾)]𝐷)

=

𝑛∏
𝑖=1
( [𝜆2 − (1 + 𝛽)𝜆 + 𝛽] − [𝛼𝛾 − 𝜆𝛼(1 + 𝛾)]𝑑𝑖)

=

𝑛∏
𝑖=1
(𝜆2 + [𝛼(1 + 𝛾)𝑑𝑖 − (1 + 𝛽)]𝜆 + 𝛽 − 𝛼𝛾𝑑𝑖︸                                                ︷︷                                                ︸

𝜑𝑖 (𝜆):=

).

Since 𝑥 ∈ 𝐶−, there exists 𝑗 ∈ {1, . . . , 𝑛} such that 𝑑 𝑗 < 0. Since 𝜑 𝑗 is a quadratic function whose

leading coefficient is positive and 𝜑 𝑗 (1) = 𝛼𝑑 𝑗 < 0, 𝜑 𝑗 has a root that is greater than 1. Thus

𝜌(𝐹′(𝑧)) > 1. □

We are now ready to prove Theorem 4.3.

Proof of Theorem 4.3. Let 𝑓 ∈ 𝐶2(R𝑛) be a semialgebraic function with bounded continuous gra-

dient trajectories. Let 𝛽 ∈ (−1, 1) \ {0}, 𝛾 ∈ R, and 𝛿 ⩾ 0. Assume that the Hessian of 𝑓 has a

negative eigenvalue at all critical points of 𝑓 that are not local minimizers. Let 𝑋0 be a bounded

subset of R𝑛. By Theorem 4.2, there exist 𝛼̄, 𝑐 > 0 such that for all 𝛼 ∈ (0, 𝛼̄], there exists 𝑐𝛼 > 0

such that any sequence 𝑥−1, 𝑥0, 𝑥1, . . . ∈ R𝑛 generated by the momentum method (4.1) that satisfies

𝑥0 ∈ 𝑋0 and ∥𝑥0 − 𝑥−1∥ ⩽ 𝛿𝛼 obeys

∞∑︁
𝑖=0
∥𝑥𝑖+1 − 𝑥𝑖∥ ⩽ 𝑐 and min

𝑖=0,...,𝑘
∥∇ 𝑓 (𝑥𝑖)∥ ⩽

𝑐𝛼

𝑘 + 1
, ∀𝑘 ∈ N.

It hence converges to a critical point of 𝑓 and belongs to the bounded set 𝐵(𝑋0, 𝑐). By Proposi-

tion 4.3, after possibly reducing 𝛼̄ > 0, for all 𝛼 ∈ (0, 𝛼̄] and for almost every (𝑥−1, 𝑥0) ∈ R2𝑛, the

limit of any convergent sequence 𝑥−1, 𝑥0, 𝑥1, . . . ∈ 𝐵(𝑋0, 𝑐) generated by the momentum method

(4.1) is not a critical point of 𝑓 where the Hessian admits a negative eigenvalue. We conclude for

all 𝛼 ∈ (0, 𝛼̄] and for almost every (𝑥−1, 𝑥0) ∈ R𝑛 × 𝑋0, any sequence 𝑥−1, 𝑥0, 𝑥1, . . . ∈ R𝑛 gener-
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ated by the momentum method (4.1) that satisfies ∥𝑥0 − 𝑥−1∥ ⩽ 𝛿𝛼 converges to a local minimizer

of 𝑓 . □
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Chapter 5: Proximal random reshuffling algorithm

In Chapter 4, we demonstrated how the notion of bounded subgradient trajectories can be used

to analyze the convergence properties of momentum methods applied to locally smooth semialge-

braic functions (Theorems 4.1 to 4.3). In this chapter, we extend these ideas to a broader setting

by considering stochastic and constrained optimization problems. The results presented in this

chapter are based on the following article:

C. Josz, L. Lai, and X. Li, “Proximal random reshuffling under local lipschitz continuity,” arXiv

preprint arXiv:2408.07182, 2024

Specifically, we consider proximal random reshuffling (PRR, i.e., Algorithm 1) for solving the

composite model

inf
𝑥∈R𝑛

Φ(𝑥) :=
𝑁∑︁
𝑖=1

𝑓𝑖 (𝑥) + 𝑔(𝑥) (5.1)

where 𝑓1, . . . , 𝑓𝑁 : R𝑛 → R are either locally Lipschitz or differentiable with locally Lipschitz

gradients, and 𝑔 : R𝑛 → R := R ∪ {±∞} is proper, convex, and locally Lipschitz on its closed

domain. We allow the user to choose any conservative field 𝐷𝑖 : R𝑛 ⇒ R𝑛 for each 𝑓𝑖, for

example the gradient ∇ 𝑓𝑖 if 𝑓𝑖 is continuously differentiable, or the Clarke subdifferential 𝜕 𝑓𝑖 if 𝑓𝑖

is semialgebraic, but it could also be the output of an automatic differentiation procedure (see, e.g.,

[28, Theorem 8]).

Inspired by the pioneering works of [24, 25, 127, 128, 129, 26], we consider the differential

inclusion

𝑥′(𝑡) ∈ −(𝐷1 + · · · + 𝐷𝑁 + 𝜕𝑔) (𝑥(𝑡)), for a.e. 𝑡 > 0, (5.2)

where 𝑥 : [0,∞) → R𝑛 is an absolutely continuous function. Their insight, extended to the

proximal setting by [22] (i.e., 𝑁 = 1, 𝐷1 = 𝜕 𝑓1), is that trajectories of (5.2) track the iterates
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Algorithm 1 Proximal random reshuffling (PRR)
choose 𝛼0, 𝛼1, 𝛼2, . . . > 0, 𝑥0 ∈ domΦ.
for 𝑘 = 0, 1, 2, . . . do
𝑥𝑘,0 = 𝑥𝑘
choose a permutation 𝜎𝑘 of ⟦1, 𝑁⟧
for 𝑖 = 1, . . . , 𝑁 do
𝑥𝑘,𝑖 ∈ 𝑥𝑘,𝑖−1 − 𝛼𝑘𝐷𝜎𝑘

𝑖
(𝑥𝑘,𝑖−1)

end for
𝑥𝑘+1 = prox𝛼𝑘𝑔 (𝑥𝑘,𝑁 )

end for

(𝑥𝑘 )𝑘∈N generated by Algorithm 1 in the following sense. For any accuracy 𝜖 > 0 and any time

𝑇 > 0, after sufficiently many iterations, say 𝑙, we have ∥𝑥𝑘 − 𝑥(𝑡𝑘 − 𝑡𝑙)∥ ⩽ 𝜖 for some solution

𝑥(·) to (5.2), where the times 𝑡𝑘 := 𝛼0 + . . . + 𝛼𝑘−1 lie in [𝑡𝑙 , 𝑡𝑙 +𝑇]. This requires bounded iterates,

a regularity condition that is slightly stronger than local Lipschitz continuity, and a specific choice

of step sizes.

However, such bounded iterates assumption can be artificial and unnecessary for understanding

the fundamental behavior of the algorithm. In the absence of a global gradient Lipschitz constant,

even if iterates remain bounded in practice, gradient descent (a special case of Algorithm 1) may

fail to converge (see Figure 5.1 below). This occurs because the iterates are not uniformly bounded

Figure 5.1: Iterates of the gradient descent with different constant step sizes applied to 𝑓 (𝑥, 𝑦) =
𝑥2𝑦2 − 𝑥 − 𝑦.

for all sufficiently small step sizes, and the sufficient decrease condition [21, H1] does not hold.

A similar issue arises in machine learning problems such as ℓ1 matrix completion (Example 5.2

without constraints), where constant step sizes lead to non-uniformly bounded iterates (see Fig-

ure 5.2). Moreover, while many well-tuned algorithms exhibit bounded iterates in practice, there
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Figure 5.2: Iterate norms and function values of the subgradient method with constant step sizes
𝛼𝑘 = 𝛼 applied to ℓ1 matrix completion instance 𝑓 (𝑥1, 𝑥2, 𝑦1, 𝑦2) := |1−𝑥1𝑦1 |+|1−𝑥2𝑦1 |+|1−𝑥2𝑦2 |.

exist natural scenarios where unbounded iterates arise. For instance, in the same ℓ1 matrix com-

pletion problem, using diminishing step sizes can lead to unbounded iterates (see Figure 5.3).

Finally, verifying boundedness empirically is inherently difficult. As shown in Figure 5.4, even

Figure 5.3: Iterate norms and function values of the subgradient method with non-summable di-
minishing step sizes 𝛼𝑘 = 𝛼/(𝑘 + 1)𝛽 applied to robust matrix completion instance.

with summable step sizes, after running 109 iterations, the iterate norm appears to increase, but it

does so at such a slow rate that it is unclear whether it is truly unbounded or simply growing at a

diminishing rate and will eventually stabilize. This highlights the need for theoretical results that

do not rely on bounded iterate assumptions.
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Figure 5.4: Iterate norms and function values of the subgradient method with summable diminish-

ing step sizes 𝛼𝑘 = 𝛼/(𝑘 + 1)𝛽 applied to robust matrix completion instance.

In this chapter, we propose a tracking lemma devoid of such assumptions, which is at the same

time more intuitive. For any initial iterate in some bounded set, we show that ∥𝑥𝑘 − 𝑥(𝑡𝑘 )∥ ⩽ 𝜖 for

all times 𝑡𝑘 in [0, 𝑇], provided that the step sizes are sufficiently small. Notably, this result extends

[23] in a nontrivial way, even if we ignore the constraints, as it applies over any finite time horizon

without requiring boundedness of iterates. In the general case, the dynamics is governed by the

set-valued mapping 𝐷1 + · · · + 𝐷𝑁 + 𝜕𝑔 with possibly unbounded values. This leads us to extend

the notion due to [28] initially conceived with compact values. Some set-valued analysis reveals

that the local boundedness of 𝑥 ∈ R𝑛 ↦→ inf{∥𝑦∥ : 𝑦 ∈ (𝐷1 + · · · + 𝐷𝑁 + 𝜕𝑔) (𝑥)} plays a role

instead. The idea of selecting the minimal norm element from unbounded set-valued mappings is

well-established in convex subgradient dynamics [130]. In nonconvex settings, some authors [131,

74] have instead truncated unbounded set-valued mappings, a concept closely linked to the local

boundedness of their distance to the origin.

The tracking lemma enables us to ensure that Algorithm 1 can recover stationary points of the

objective function Φ, with varying degrees of precision depending on the regularity of 𝑓1, . . . , 𝑓𝑁

and 𝑔. If 𝑓1, . . . , 𝑓𝑁 are locally Lipschitz, by a direct application of the tracking lemma, we es-

tablish that Algorithm 1 reaches (𝜖, 𝛿)-near approximate stationary points (Definition 5.2) under
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mild conditions (Theorem 5.1). If the objective is weakly convex, then the algorithm converges

to (𝜖, 𝛿)-near approximate stationary points when certain summable step sizes are used (Theo-

rem 5.2). If additionally requiring the uniqueness and convergence of the solution to (5.2), then

the algorithm converges to (𝜖, 0)-near approximate stationary points (Theorem 5.3). The power of

the tracking lemma becomes especially apparent when 𝑓1, . . . , 𝑓𝑁 are locally smooth. Inspired by

[45] and [132], we establish that if Φ is definable and has bounded subgradient trajectories, then

Algorithm 1 converges to stationary points at a rate approaching 𝑜(1/
√
𝑘) (Theorem 5.4). This rate

improves to 𝑜(1/𝑘) in the deterministic setting (𝑁 = 1), where Algorithm 1 reduces to the proximal

gradient method. Applied to nonnegative matrix factorization (NMF) [72, 18, 133], it provides the

first convergence guarantee to stationary points for solving NMF via the projected gradient method

under the Euclidean metric with constant step sizes (see Example 5.4 and its subsequent discussion

for more details).

This chapter is organized as follows. Section 5.1 provides a detailed review of related work,

comparing our results and techniques with existing approaches to highlight our contributions. Sec-

tion 5.2 contains the main results and is divided into several subsections. They respectively contain

the definitions, assumptions, theorems, and examples. Section 5.3 contains the proofs. It begins

with main technical lemma regarding tracking by trajectories of conservative fields. The four main

results are then proved successively using this lemma. Finally, we prove all intermediate results

in Section 5.4 with a summary of our findings, a discussion of limitations, and potential directions

for future research.

5.1 Literature review

This section reviews the literature closely related to Algorithm 1, comparing their results and

assumptions to ours. We divide the discussion into two subsections based on the regularity of the

component functions 𝑓𝑖’s: nonsmooth and locally smooth. At the end of each subsection, we also

compare the proof techniques used in our analysis with those in the related works.
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5.1.1 Nonsmooth component functions

We begin by reviewing related work on algorithms for solving problem (5.1), where the com-

ponent functions 𝑓𝑖 are assumed to be locally Lipschitz. To the best of our knowledge, the PRR

algorithm has not yet been analyzed under such generality. However, several related algorithms

have been studied under varying assumptions, and many of the techniques developed in those

works have inspired our own approach. A recent study by [134] investigates a class of proximal

algorithms that includes a special case of PRR without the reshuffling step. Under the assump-

tions that the component functions are Clarke regular [40] and that the iterates are bounded, they

prove subsequential convergence to critical points. The proximal stochastic subgradient method

with replacement [135, 136, 22] is closely related to PRR, consisting of a stochastic subgradient

step on 𝑓 := 𝑓1 + · · · + 𝑓𝑁 , followed by a proximal step with respect to 𝑔. In the convex setting,

convergence was established in [135] under certain Lipschitz conditions [135, equation (6)]. If one

relaxes the convexity and assume that 𝑓1, . . . , 𝑓𝑁 are Lipschitz continuous and Φ is weakly convex

instead, then the method generates a point with small gradient norm of a Moreau envelope of Φ

in expectation [136, Theorem 3.4]. If one further relaxes the regularity assumptions and only as-

sume that Φ is Whitney stratifiable, it has been shown that the iterates converge subsequentially to

composite critical points, provided that they remain bounded almost surely and satisfy additional

technical assumptions (see, e.g., [22, Theorem 6.2] and [131]).

We next turn to the other subgradient-based algorithms that apply to general nonsmooth and

nonconvex optimization problems, which might not admit the same composite structure as in (5.1).

This includes variants of the subgradient method that allow stochasticity [22, 23], inexact subgra-

dient oracles [137], and/or momentum terms in the updates [23, 138, 139]. These algorithms are

analyzed in settings where Assumption 5.1 always hold. Moreover, it is worth noticing that all

of these works assume either the iterates are bounded or the objective function is coercive. Un-

der such assumptions, the algorithms are shown to converge subsequentially to critical points with

diminishing step sizes [22, 138, 137], or eventually stay close to the set of critical points with

non-diminishing step sizes [23, 139, 137]. In terms of the stationary measure in this chapter (see
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Definition 5.2), for any 𝜖 > 0, these algorithms return (𝜖, 0)-near approximate stationary (NAS)

points after sufficiently large number of iterates, given that the step sizes are sufficiently small.

The analyses in these works rely on the continuous-time limit of the iterates as we have discussed

in the introduction.

We discuss the relevance of Theorems 5.1 to 5.3 in light of the previous results. First, we

avoid assuming coercivity of the objective function or boundedness of the iterates, which allows

us to apply these theorems to applications in data science (see Section 5.2.4). Specifically, The-

orem 5.1 establishes that an approximate stationary point can be reached under mild assumptions

(Assumption 5.1). While this result may seem limited, it cannot be strengthened without additional

hypotheses. To analyze the asymptotic behavior of Algorithm 1, we rely on summable step sizes in

Theorems 5.2 and 5.3 under stricter assumptions. These theorems follow directly from the tracking

lemma (Lemma 5.1), proven in Section 5.3.1. Notably, Theorem 5.2 provides new asymptotic guar-

antees for locally Lipschitz weakly convex functions, advancing beyond prior works [136, 134].

Meanwhile, Theorem 5.3 appears to be the first result leveraging bounded trajectory assumptions

for subgradient-based methods, whereas prior studies applied this condition only to gradient and

momentum methods [45, 100] for smooth functions.

5.1.2 Locally smooth component functions

We now discuss the contributions of our results when the component functions 𝑓𝑖 are locally

smooth, and relate them to existing work. We divide our discussion into the deterministic case

(Algorithm 1 with 𝑁 = 1) and the stochastic case (Algorithm 1 with 𝑁 > 1), with the latter

one further divided based on the presence or absence of the nonsmooth term 𝑔. We conclude by

highlighting the technical contributions of Theorem 5.4 in comparison to the literature.

In the deterministic case (Algorithm 1 with 𝑁 = 1), the algorithm reduces to the proximal

gradient method. Theorem 5.4 establishes that, if Φ is locally smooth definable and has bounded

subgradient trajectories, the iterates converge to stationary points at a rate of 𝑜(1/𝑘) under suf-

ficiently small constant step sizes. This rate is faster than the general 𝑂 (1/
√
𝑘) convergence for
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nonconvex globally smooth functions when Φ attains its infimum ([17, Theorem 10.15], [140, The-

orem 3]), and is consistent with the known 𝑂 (1/𝑘) rate in the convex case ([17, Theorem 10.26],

[140, Theorem 4]). The global smoothness assumption can be relaxed to local smoothness if a

sufficient decrease condition [21, H1] is satisfied. Under this condition, convergence to critical

points holds [141, Theorem 3.1], and the iterates have finite length when a limit point exists and Φ

satisfies the Kurdyka-Łojasiewicz inequality ([21, Theorem 5.1], [142, Theorem 3.1], [143, Theo-

rem 4.5]). Furthermore, explicit convergence rates can be obtained if the desingularizing function

in the KŁ inequality is a power function ([142, Theorem 3.4], [143, Theorem 4.6]).

If 𝑁 > 1, Theorem 5.4 shows that if Φ is locally smooth definable and has bounded subgradient

trajectories, then the PRR algorithm (Algorithm 1) with diminishing step sizes 𝛼𝑘 = 𝛼/(𝑘 + 1)𝛽

converges to stationary points at a rate 𝑜(1/𝑘1−𝛽) for any 𝛽 ∈ (1/2, 1) and sufficiently small 𝛼.

When 𝑔 = 0, Algorithm 1 corresponds to the random reshuffling (RR) algorithm, also known as

stochastic gradient descent (SGD) without replacement [144, 145, 146]. If a fixed permutation

𝜎𝑘 is used for all 𝑘 ∈ N, the method reduces to the classical incremental gradient (IG) algorithm,

whose asymptotic behavior has been extensively studied [60, 147, 148, 149]. RR has been shown

to converge faster than IG or SGD with replacement when the 𝑓𝑖 are convex with globally Lip-

schitz gradients and Hessians [146, 150]. In the nonconvex setting with globally smooth 𝑓𝑖, RR

achieves 𝑂 (1/𝜖3) complexity using 𝑂 (𝜖) constant step sizes under certain expected smoothness

conditions [151], as shown in [145, Corollary 3] and [152, Corollary 1]. The same complexity is

obtained using optimized diminishing step sizes [152, Theorem 6]. When 𝑓𝑖 are semialgebraic and

iterates are bounded, RR with the same step sizes as in Theorem 5.4 converges to stationary points

[132, Corollary 3.8] at the rate 𝑂 (𝑘−(3𝛽−1)/2) for 𝛽 close to 1/2 [153, Theorem 5.3], approaching

𝑂 (𝑘−1/4), which can be improved with knowledge of a Łojasiewicz exponent.

When 𝑔 ≠ 0, related results for PRR and proximal SGD are more limited. For convex, globally

smooth 𝑓𝑖, [154] shows proximal SGD converges at nearly𝑂 (1/
√
𝑘), matching our rate for noncon-

vex 𝑓𝑖. [155] studies projected proximal SGD with𝐶1 𝑓 , and 𝑔 locally Lipschitz, regular, and lower

bounded, assuming a compact constraint set. Their framework handles broader function classes

96



without requiring definability or convexity of 𝑔, but critically relies on boundedness of the domain,

making it inapplicable to problems like NMF. In contrast, PRR achieves better iteration complexity,

𝑂 (1/𝜖3) versus 𝑂 (1/𝜖4) for proximal SGD, when 𝑓𝑖 are globally smooth and additional regularity

conditions hold ([156, Section 4], [136]). A normal-map-based PRR algorithm was proposed in

[153], showing similar improvements over the proximal stochastic subgradient method under anal-

ogous assumptions. By further assuming bounded iterates and a Kurdyka-Łojasiewicz property,

the asymptotic behavior of the iterates is also established [153, Sections 4 and 5].

We conclude by highlighting the contributions of Theorem 5.4 in the context of related work.

Global convergence of deterministic first-order methods for smooth definable functions is well es-

tablished [20, 21, 106, 45, 100], while convergence of SGD with replacement has been studied in

[157] and [158]. The analysis of RR is more recent in [132]. Although [45] and [100] also leverage

bounded subgradient trajectories, their results are restricted to deterministic methods with a local

descent property. In contrast, the PRR algorithm analyzed in Theorem 5.4 does not satisfy such

a property and instead relies on an approximate descent condition (Lemma 5.7), which compli-

cates the proof of a length formula (Proposition 5.4 and corollary 5.2). The inclusion of a convex

extended-value term 𝑔 further introduces difficulties due to the potential unboundedness of 𝜕𝑔. We

also demonstrate that Theorem 5.4 applies to NMF, which requires a separate proof of bounded

subgradient trajectories due to a weak balanceness condition (Lemma 2.1) in contrast to the strong

balanceness condition [69, Theorem 2.2] used for matrix factorization (MF) in [45, 100]. Finally,

unlike [132], we remove the assumptions of global smoothness and bounded iterates, and extend

the analysis from semialgebraic to general definable functions. This generalization is nontrivial in

the RR setting, where previous work relies on a quasi-additivity condition for the desingularizing

function, an assumption that fails for general definable functions. Our approach circumvents this

via a new uniform Kurdyka–Łojasiewicz inequality (Lemma 5.8).
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5.2 Main results

Given two integers 𝑎 ⩽ 𝑏, we use the notation ⟦𝑎, 𝑏⟧ := {𝑎, 𝑎 + 1, . . . , 𝑏}. A function Φ :

R𝑛 → R is weakly convex [159, 160] if there exists 𝜌 ⩾ 0 such that Φ + 𝜌∥ · ∥2 is convex. Given

𝑔 : R𝑛 → R, the proximal mapping prox𝑔 : R𝑛 ⇒ R𝑛 is defined by prox𝑔 (𝑥) := arg min{𝑦 ∈ R𝑛 :

𝑔(𝑦) + ∥𝑦 − 𝑥∥2/2} for all 𝑥 ∈ R𝑛 [161, 3.b]. If 𝑔 is proper, lower semicontinuous and convex, then

prox𝑔 (𝑥) is a singleton for any 𝑥 ∈ R𝑛 [17, Theorem 6.3] and it lies in the domain of the convex

subdifferential of 𝑔 [17, Theorem 6.39].

5.2.1 Definitions

We begin by stating the definition of a solution to a differential inclusion.

Definition 5.1. Let 𝐼 be an interval of R+ and 𝐷 : R𝑛 ⇒ R𝑛 be a set-valued mapping. We say that

𝑥 : 𝐼 → R𝑛 is a solution to 𝑥′ ∈ −𝐷 (𝑥) if 𝑥(·) is absolutely continuous and 𝑥′(𝑡) ∈ −𝐷 (𝑥(𝑡)) for

almost every 𝑡 ∈ 𝐼.

We say that 𝑥(·) is a 𝐷-trajectory if it is maximal (see, e.g., [45, Definition 5]). Also, we say

that 𝑥(·) is a subgradient trajectory of Φ : R𝑛 → R if it is a 𝜕Φ-trajectory, where 𝜕Φ : R𝑛 ⇒ R𝑛

denotes the Clarke subdifferential (see, e.g., [38, p. 336], [40, Chapter 2]).

In order to measure the optimality of the iterates generated by Algorithm 1, we will borrow the

notion of (𝜖, 𝛿)-near approximate stationarity (see, e.g., [162, Definition 4], [163, Definition 2.7],

[164, 136]). It was introduced due to the intractability of finding near stationary points for Lipschitz

functions, in the sense that the Clarke subdifferential admits small elements [165, Theorem 5]. It

is thus well suited for this chapter. We remark that this is a stronger stationary notion compared

to the one based on the Goldstein subdifferential ([165, Definition 4], [166]). Given 𝑆 ⊂ R𝑛,

𝑥 ∈ R𝑛, and 𝑟 ⩾ 0, let 𝐵(𝑥, 𝑟) := {𝑦 ∈ R𝑛 : ∥𝑥 − 𝑦∥ ⩽ 𝑟}, 𝑑 (𝑥, 𝑆) := inf{∥𝑥 − 𝑦∥ : 𝑦 ∈ 𝑆}, and

𝑃𝑆 (𝑥) := arg min{∥𝑥 − 𝑦∥ : 𝑦 ∈ 𝑆}.

Definition 5.2. Given 𝜖, 𝛿 ⩾ 0 and a set-valued mapping 𝐷 : R𝑛 ⇒ R𝑛, a point 𝑥 ∈ R𝑛 is (𝜖, 𝛿)-

near approximate 𝐷-stationary if 𝑑 (0, 𝐷 (𝐵(𝑥, 𝜖))) ⩽ 𝛿.
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Remark 5.1. In particular, a (0, 0)-near approximate 𝐷-stationary point is also called a 𝐷-stationary

point or a 𝐷-critical point.

We next recall a generalization of semialgebraic sets ([36], [167, Definition p. 503-506]) which

is quite relevant for practical applications in optimization. It will be useful for establishing conver-

gence of Algorithm 1 to stationary points.

Definition 5.3. An o-minimal structure on the real field is a sequence 𝑆 = (𝑆𝑘 )𝑘∈N such that for all

𝑘 ∈ N:

1. 𝑆𝑘 is a Boolean algebra of subsets of R𝑘 , with R𝑘 ∈ 𝑆𝑘 ;

2. 𝑆𝑘 contains the diagonal {(𝑥1, . . . , 𝑥𝑘 ) ∈ R𝑘 : 𝑥𝑖 = 𝑥 𝑗 } for 1 ⩽ 𝑖 < 𝑗 ⩽ 𝑘;

3. If 𝐴 ∈ 𝑆𝑘 , then 𝐴 × R and R × 𝐴 belong to 𝑆𝑘+1;

4. If 𝐴 ∈ 𝑆𝑘+1 and 𝜋 : R𝑘+1 → R𝑘 is the projection onto the first 𝑘 coordinates, then 𝜋(𝐴) ∈ 𝑆𝑘 ;

5. 𝑆3 contains the graphs of addition and multiplication;

6. 𝑆1 consists exactly of the finite unions of open intervals and singletons.

A subset 𝐴 of R𝑛 is definable in an o-minimal structure (𝑆𝑘 )𝑘∈N if 𝐴 ∈ 𝑆𝑛. A function Φ : R𝑛 →

R is definable in an o-minimal structure if its epigraph (or equivalently its graph) is definable in that

structure. Similarly, a set-valued mapping 𝐷 : R𝑛 ⇒ R𝑚 is definable in that structure if its graph

is definable in that structure. Throughout this chapter, we fix an arbitrary o-minimal structure on

the real field, and say that the sets or functions are definable if they are definable in this structure.

The last definition extends the notion of conservative field (see [168, Definition 3.7], [28]) to

allow for unbounded and empty values. The domain and graph of a set-valued mapping 𝐷 : R𝑛 ⇒

R𝑛 are respectively defined by dom𝐷 := {𝑥 ∈ R𝑛 : 𝐷 (𝑥) ≠ ∅} and graph𝐷 := {(𝑥, 𝑦) ∈ R𝑛 × R𝑛 :

𝐷 (𝑥) ∋ 𝑦}. A set-valued mapping is proper if dom𝐷 ≠ ∅. It is locally bounded if for all 𝑥 ∈ R𝑛,

there exists a neighborhood𝑈 of 𝑥 such that 𝐷 (𝑈) is bounded.
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Definition 5.4. Given Φ : R𝑛 → R that is locally Lipshitz continuous on its domain, a set-valued

mapping 𝐷 : R𝑛 ⇒ R𝑛 is a conservative field for Φ if it has closed graph, dom𝐷 ⊂ domΦ, and

for any absolutely continuous function 𝑥 : [0, 1] → dom𝐷, we have (Φ ◦ 𝑥)′(𝑡) = ⟨𝑣, 𝑥′(𝑡)⟩ for all

𝑣 ∈ 𝐷 (𝑥(𝑡)) and almost every 𝑡 ∈ (0, 1).

If Φ : R𝑛 → R is proper, lower semicontinuous, definable, locally Lipschitz continuous on its

domain, and the Clarke subdifferential has closed graph, then the Clarke subdifferential is a con-

servative field for Φ [55, Corollary 5.4]. This is also true if Φ : R𝑛 → R is subdifferentially regular

and locally Lipschitz continuous on its domain, and the Clarke subdifferential has closed graph

[55, Lemma 4.11]. In particular, if Φ : R𝑛 → R is convex and locally Lipschitz continuous on its

domain, then the convex subdifferential (equal to the Clarke subdifferential 𝜕Φ due to [169, (3.19)

Proposition]) is a conservative field for Φ. The following properties, valid for conservative fields

of real-valued definable functions, continue to hold for those of extended real-valued definable

functions:

1. projection formula [28, Theorem 4] (see Theorem 5.1),

2. Morse-Sard theorem [28, Theorem 5] (see Theorem 5.2),

3. Kurdyka-Łojasiewicz inequality ([28, Theorem 6], [43, Theorem 14]) (see Theorem 5.3),

4. uniform Kurdyka-Łojasiewicz inequality [45, Proposition 5] (see Lemma 5.8),

5. length formula ([45, Proposition 7], [44, Theorem 2]) (see Proposition 5.1),

6. uniform boundedness [45, Lemma 1] (assuming 𝑑 (0, 𝐷) is bounded over bounded sets, see

Proposition 5.3).

The proofs are generally similar and omitted for brevity.

While our main results in Section 5.2.3 can be obtained by specializing the general unbounded

conservative field 𝐷 to the form
∑𝑛
𝑖=1 𝐷𝑖 + 𝜕𝑔 in Assumption 5.1, it remains meaningful to retain

the general definition in Definition 5.4. The intermediate results listed above, which underpin
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our main theorems, hold under this broader framework, provided definability is assumed. These

findings may be of independent interest and could be useful for future research.

We acknowledge that Definition 5.4 can lead to an uninformative conservative field in the most

general case, particularly when Φ is not definable. For instance, if 𝑓 is the indicator function of

the Koch curve, there exists no nonconstant absolutely continuous (a.c.) curve entirely contained

within domΦ. As a result, Definition 5.4 would classify the entire space R2 as a conservative field

of Φ at every point in domΦ, rendering the conservative field uninformative.

However, within the class of definable functions, which is the primary focus of this chapter,

Definition 5.4 remains meaningful. By [37, Theorem 3.9], it follows that if Φ is definable, then

for all but finitely many points 𝑥 ∈ domΦ, there exists a nonconstant a.c. curve passing through

𝑥. This ensures that the pathological scenario exemplified by the Koch curve does not occur for a

broad class of functions of interest, further justifying the validity of Definition 5.4.

5.2.2 Assumptions

We first introduce the standing assumption for all the main results.

Assumption 5.1.

1. 𝑓1, . . . , 𝑓𝑁 : R𝑛 → R are locally Lipschitz.

2. 𝐷𝑖 : R𝑛 ⇒ R𝑛 is a locally bounded conservative field with nonempty convex values for 𝑓𝑖

for all 𝑖 ∈ ⟦1, 𝑁⟧.

3. 𝑔 : R𝑛 → R is proper, convex, and locally Lipschitz in its closed domain.

4. Φ := 𝑓 + 𝑔 is lower bounded, where 𝑓 := 𝑓1 + · · · + 𝑓𝑁 , and 𝐷Φ :=
𝑁∑
𝑖=1
𝐷𝑖 + 𝜕𝑔.

Most of the conditions above are mild and standard in the literature, as discussed in the litera-

ture review. The convex value requirement for 𝐷𝑖 can be relaxed, by substituting 𝐷𝑖 with its convex

hull co𝐷𝑖. Since 𝑔 is locally Lipschitz in its closed domain, it holds that domΦ = dom 𝑔 = dom 𝜕𝑔

and 𝜕𝑔 has closed graph [170, Theorem 24.4]. Also, thanks to the outer sum rule of conservative
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fields [28, Corollary 4] and the fact that 𝐷Φ has closed graph (Lemma 5.2), 𝐷Φ is a conservative

field for Φ.

Remark 5.2. A common strategy in the literature (see, e.g., [155], [22], [131]) for handling un-

bounded set-valued mappings is to explicitly decompose 𝑔 as 𝑔 = 𝑔̃ + 𝛿𝐶 , where 𝑔̃ is a locally

Lipschitz convex function and 𝛿𝐶 is the indicator function of a closed convex set. However, this

approach implicitly assumes that 𝑔 admits a globally defined convex extension, which is not always

guaranteed. For instance, consider

𝑔(𝑥, 𝑦) :=


−2√𝑥𝑦 if 𝑥𝑦 ≥ 1 and 𝑥 > 0,

+∞ elsewhere.

It is clear that dom(𝑔) is a closed convex set and that 𝑔 is smooth on its domain. Nevertheless, as

shown in [171], 𝑔 does not possess a convex extension over R2. This example illustrates the limita-

tions of the decomposition approach and motivates our choice to adopt a more general framework

that directly handles convex functions that are locally Lipschitz on their domains.

The following assumption is needed for Theorem 5.2, where we assume access to Clarke sub-

differentials of 𝑓𝑖. Recall that a locally Lipschitz function 𝑓 : R𝑛 → R is subdifferentially regular

[40, 2.3.4 Definition] if the classical directional derivative exists and agrees with the generalized

directional derivative, that is to say, we have

lim
𝑡↘0

𝑓 (𝑥 + 𝑡ℎ) − 𝑓 (𝑥)
𝑡

= lim sup
𝑦 → 𝑥

𝑡 ↘ 0

𝑓 (𝑦 + 𝑡ℎ) − 𝑓 (𝑦)
𝑡

for all 𝑥, ℎ ∈ R𝑛.

Assumption 5.2.

1. 𝑓1, . . . , 𝑓𝑁 are subdifferentially regular.

2. 𝐷𝑖 := 𝜕 𝑓𝑖 for all ∈ ⟦1, 𝑁⟧.
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3. Φ is weakly convex.

When both Assumptions 5.1 and 5.2 hold, we have that 𝐷Φ =
∑𝑁
𝑖=1 𝜕 𝑓𝑖 + 𝜕𝑔 = 𝜕Φ from [38,

10.9 Corollary and p. 337]. We remark that many functions arising in practice are weakly convex

[172, 173, 174]. The next assumption will be used to establish convergence to stationary points of

Φ (Theorem 5.4).

Assumption 5.3.

1. 𝑓1, . . . , 𝑓𝑁 are differentiable with locally Lipschitz continuous gradients.

2. 𝐷𝑖 := {∇ 𝑓𝑖} for all 𝑖 ∈ ⟦1, 𝑁⟧.

5.2.3 Theorems

We are now ready to state our main theorems concerning iterates generated by proximal random

reshuffling (Algorithm 1). The four theorems in this subsection treat objective functions with

varying degrees of regularity, where different step size strategies are needed. None of the theorems

assume global Lipschitz continuity or require prior knowledge on the iterates. The results are new

even when 𝑔 = 0, in which case Algorithm 1 reduces to random reshuffling [144, 145, 146, 30].

We discuss some applications of these results in Section 5.2.4. The proofs of the theorems are

deferred to Section 5.3.

We begin by a theorem that applies to the most general setting in this chapter, where Algo-

rithm 1 is guaranteed to reach a near approximate stationary point.

Theorem 5.1. Let Assumption 5.1 hold and 𝛿, 𝜖 > 0. For any bounded set 𝑋0 ⊂ domΦ, there

exists 𝛼̄ > 0 such that for any sequence generated by Algorithm 1 initialized in 𝑋0 such that

𝛼𝑘 ∈ (0, 𝛼̄] and
∞∑︁
𝑘=0

𝛼𝑘 = ∞,

at least one iterate is (𝜖, 𝛿)-near approximate 𝐷Φ-stationary.
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In the above setting, we require the step sizes to be nonsummable, which is standard for first-

order methods [175, 176]. We also need the step sizes to be small, otherwise the iterates may

diverge and never reach a near approximate stationary point (consider Φ(𝑥) := 𝑥4). Examples of

such step sizes include those that are eventually constant or diminishing at certain rates (for e.g.,

𝛼𝑘 = 𝛼/(𝑘 + 1)𝑝, 𝛼 ∈ (0, 𝛼̄], 𝑝 ∈ (0, 1]).

The conclusion of Theorem 5.1 may appear weak at first glance, but as discussed in our litera-

ture review, the PRR algorithm has not been studied under such general assumptions. The closest

related result we are aware of is [22, Theorem 6.2], which applies to the stochastic proximal sub-

gradient method with replacement. Unlike the unbiased subgradient estimates assumed in [22, p.

141], PRR relies on biased estimates. This key complication is resolved by Lemma 5.1. Moreover,

Theorem 5.1 only requires nonsummable step sizes, thus accommodating constant step sizes. In

this regime, the result offers new insights even when iterates are bounded. The closest related work

we know of considers the random reshuffling algorithm without constraints and requires uniform

boundedness of iterates for all sufficiently small step sizes [23, Corollary 1, Remark 2]. However,

this condition is difficult to verify and is known to hold only in special cases such as coercive

objectives. As illustrated by the example in Figure 5.2, for robust matrix completion, iterates re-

main bounded but over increasingly large regions as step sizes decrease. Nonetheless, Theorem 5.1

remains applicable in such cases.

In the remaining theorems of this subsection, we address the convergence of Algorithm 1. By

additionally assuming that Φ is weakly convex, we establish convergence of the iterates to an

(𝜖, 𝛿)-near approximate stationary point in the following theorem.

Theorem 5.2. Let Assumptions 5.1 and 5.2 hold and 𝛿, 𝜖 > 0. For all 𝑥0 ∈ domΦ, there exists

𝑇0 ⩾ 0 such that for all 𝑇 ⩾ 𝑇0, there exists 𝛼̄ > 0 such that any sequence generated by Algorithm 1

such that

𝛼𝑘 ∈ (0, 𝛼̄] and
∞∑︁
𝑘=0

𝛼𝑘 = 𝑇

converges to an (𝜖, 𝛿)-near approximate 𝜕Φ-stationary point.

In this theorem, weak convexity plays a crucial role by ensuring the uniqueness of the subgra-
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dient trajectory and that its velocity eventually becomes arbitrarily small (see Lemma 5.6). These

two properties, together with the tracking lemma and the proposed step sizes, guarantee that the

iterates converge to a (𝜖, 𝛿)-NAS.

We next elaborate on the choice of step sizes. Given 𝛼̄, 𝑇 > 0, one option is to run the algorithm

with constant step size and then stop after finitely many iterations. More precisely, if we let 𝐾 ∈ N

be such that 𝑇/𝐾 ∈ (0, 𝛼̄], then we may implement Algorithm 1 with 𝛼𝑘 = 𝑇/𝐾 for all 𝑘 ∈

⟦0, 𝐾 − 1⟧ and then terminate. In this case, the 𝐾th iterate is guaranteed to be an (𝜖, 𝛿)-near

approximate 𝜕Φ-stationary point. Another option is to use a sequence of geometrically decaying

step sizes, i.e., 𝛼𝑘 := 𝛼𝜌𝑘 for some 𝛼 > 0 and 𝜌 ∈ (0, 1), which are known to speed up the

local convergence of the (projected) subgradient method [177, 178, 179, 180], if certain sharpness

condition holds around the set of global minima. In order for such step sizes to satisfy the criterion

in the above theorem, it suffices to take 𝛼 ∈ (0, 𝛼̄] and 𝜌 = 1−𝛼/𝑇 . In order to manage the overall

magnitude of the sum in applications such as the nonnegative ℓ1 matrix completion problem in

Example 5.2, our theorem suggests increasing 𝑇 and potentially reducing 𝛼̄. The theorem ensures

that by doing so one reaches regions of interest in the state space.

In Theorem 5.2, we show the convergence to an (𝜖, 𝛿)-near approximate stationary point, which

is not necessarily close to a stationary point of Φ (i.e., a (0, 0)-near approximate 𝜕Φ-stationary

point). In fact, simple examples (for e.g., Φ := exp) can satisfy all assumptions in Theorem 5.2 yet

fail to admit any stationary points. In the following theorem, we prove convergence to somewhere

near a stationary point, if an assumption on 𝐷Φ-trajectories holds.

Theorem 5.3. Let Assumption 5.1 hold, 𝜖 > 0, and 𝑥0 ∈ domΦ. Assume that there exists a unique

𝐷Φ-trajectory initialized at 𝑥0 and that it converges. There exists 𝑇0 ⩾ 0 such that for all 𝑇 ⩾ 𝑇0,

there exists 𝛼̄ > 0 such that any sequence generated by Algorithm 1 initialized at 𝑥0 with

𝛼𝑘 ∈ (0, 𝛼̄] and
∞∑︁
𝑘=0

𝛼𝑘 = 𝑇

converges to an (𝜖, 0)-near approximate 𝐷Φ-stationary point.
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We remark that 𝐷Φ-stationary points (i.e., (0, 0)-near approximate 𝐷Φ-stationary points) ex-

ist in the setting of the above theorem, as bounded 𝐷Φ-trajectories converge to 𝐷Φ-stationary

points. We use summable step sizes in both Theorems 5.2 and 5.3 because Algorithm 1 with non-

summable step sizes might not converge in either setting. Nonconvergence can easily be verified

for Φ(𝑥, 𝑦) := |𝑥 |/𝑦 + 𝛿𝐶 (𝑥, 𝑦) where 𝛿𝐶 is the indicator function of the set 𝐶 := {(𝑥, 𝑦) ∈ R2 : 𝑦 ⩾

1}.

In our final convergence theorem, we provide sufficient conditions for Algorithm 1 to converge

to stationary points of Φ with certain nonsummable step sizes. While the regularity assumption

is stronger than in the previous theorems, this theorem is connected to them due to the use of the

same tracking lemma.

Theorem 5.4. Let Assumptions 5.1 and 5.3 hold and 𝛽 = 0 if 𝑁 = 1, else 𝛽 ∈ (1/2, 1). If Φ is

definable and has bounded subgradient trajectories, then for any bounded set 𝑋0 ⊂ domΦ, there

exist 𝛼̄, 𝑐 > 0 such that any sequence generated by Algorithm 1 initialized in 𝑋0 with

𝛼 ∈ (0, 𝛼̄] and 𝛼𝑘 =
𝛼

(𝑘 + 1)𝛽
, ∀𝑘 ∈ N, (5.3)

converges to a (0, 0)-near approximate 𝜕Φ-stationary point,

∞∑︁
𝑖=0
∥𝑥𝑖+1 − 𝑥𝑖∥ ⩽ 𝑐, and min

𝑖∈⟦0,𝑘⟧
𝑑 (0, 𝜕Φ(𝑥𝑖)) = 𝑜(𝑘 𝛽−1), ∀𝑘 ∈ N∗.

While one might expect to first establish boundedness of the iterates by combining Lemma 5.1

with the assumption of bounded subgradient trajectories, and then apply classical arguments to

derive convergence, this approach is generally invalid. Tracking bounded subgradient trajectories

does not directly imply bounded iterates. In fact, in the case 𝑁 = 1 and 𝛽 = 0, bounded iter-

ates alone are insufficient for convergence, as illustrated in Figure 5.2. As shown in our proof in

Section 5.3.5, establishing bounded iterates in this setting is just as challenging as proving conver-

gence directly. In contrast, for 𝑁 > 1 and 𝛽 ∈ (1/2, 1), the boundedness of iterates is sufficient to

establish convergence, with the same𝑂 (1/𝑘1−𝛽) rate. However, merely assuming bounded iterates
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offers no control over how the constants hidden in the big-O notation vary with the initialization.

By instead assuming bounded subgradient trajectories, we obtain convergence constants that are

uniform across all initial points in a fixed compact set. While one could alternatively assume uni-

form boundedness of the iterates to achieve similar uniformity, verifying such an assumption is

highly nontrivial and computationally expensive, as illustrated in Figure 5.4. In contrast, bounded

subgradient trajectories are often easier to verify in practice, as shown in Example 5.4.

Remark 5.3. In practice, for Theorems 5.1 and 5.4, the constant 𝛼̄ needs to be estimated by tuning

step sizes, typically by decreasing them. For Theorems 5.2 and 5.3, both 𝛼̄ and 𝑇0 require esti-

mation, implying adjustments of step sizes along with an increase in the number of iterations. In

general, these constants depend on how accurately the iterates approximate the subgradient flow

described in Lemma 5.1, making their precise determination challenging. Nevertheless, the practi-

cal tuning of step sizes and iteration counts remains feasible, and the theorems ensure convergence

or desired outcomes when appropriate parameters are chosen.

Remark 5.4. Inspired by the practical stopping criteria proposed in [181], we suggest using the

following criterion:

𝑠𝑘 :=
∥𝑥𝑘+1 − 𝑥𝑘 ∥

𝛼𝑘
≤ 𝜂𝛿, (5.4)

where 𝜂 > 0 is a tolerance parameter chosen by the user. This criterion provides a practical

measure of stationarity, ensuring algorithm termination when close to a stationary point under the

assumptions of Theorem 5.4. Defining the error term

𝑒𝑘 := ∇ 𝑓 (𝑥𝑘 ) −
𝑁∑︁
𝑖=1
∇ 𝑓𝜎𝑘

𝑖
(𝑥𝑘,𝑖−1), (5.5)

it follows from Corollary 5.1 that ∥𝑠𝑘 ∥ ≤ 2𝑑 (0, 𝜕Φ(𝑥𝑘 )) + 2∥𝑒𝑘 ∥. Given that ∥𝑒𝑘 ∥ = 𝑂 (𝛼𝑘 ) by

(5.15), the stopping criterion is guaranteed to be triggered once a 𝛿-stationary point ((0, 𝛿)-NAS)

is reached, provided sufficiently small step sizes and sufficiently large 𝜂 are used. Moreover, we

also obtain 𝑑 (0,Φ(𝑥𝑘+1)) ≤ 2∥𝑠𝑘 ∥ + ∥𝑒𝑘 ∥, ensuring that the triggered stopping criterion indeed

identifies a 𝛿-stationary point. Therefore, this criterion is both practical and theoretically justified.
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5.2.4 Examples

The four theorems can respectively be applied to four examples with increasing degrees of

regularity. In the first example, we show that Theorem 5.1 can be applied in deep learning [182].

Example 5.1 (training of neural networks). In a typical setting of supervised learning using neural

networks, we are given a training set {(𝑥1, 𝑦1), . . . , (𝑥𝑁 , 𝑦𝑁 )} where 𝑥𝑖 ∈ R𝑝 and 𝑦𝑖 ∈ R𝑞 are

the feature and the label for the 𝑖th sample respectively. The goal is to find a neural network

ℎ(·, 𝜃) : R𝑝 → R𝑞 by solving

inf
𝜃∈R𝑛

ℓ(ℎ(𝑥1, 𝜃), 𝑦1) + · · · + ℓ(ℎ(𝑥𝑁 , 𝜃), 𝑦𝑁 ).

In most circumstances, ℎ is a composition of affine functions and nonlinear activation functions

parametrized by the weights 𝜃 ∈ R𝑛. The loss function ℓ : R𝑞 × R𝑞 → R (for e.g., mean squared

loss or cross entropy loss) is always lower bounded. Let 𝑓𝑖 := ℓ(ℎ(𝑥𝑖, ·), 𝑦𝑖), which might not be

differentiable everywhere. In practice, “derivatives” of 𝑓𝑖 are obtained via back propagation, whose

outputs constitute a conservative field 𝐷𝑖 for 𝑓𝑖 [28, Theorem 8].

Theorem 5.1 can readily be applied to provide a guarantee for the implementation of the

stochastic subgradient method in practice [103]. Indeed, Assumption 5.1 is verified by letting

𝑔 := 0 and Algorithm 1 reduces to random reshuffling. We would like to highlight that we do

not make any assumption on coercivity of the objective function or boundedness of the iterates, in

contrast to [23]. The theorem can also be applied to handle nonsmooth regularizers such as the

group sparse/ℓ1 regularizers [183, 184].

In the next example, we see that if the objective function is weakly convex, then Theorem 5.2

can be applied to guarantee the asymptotic behavior of Algorithm 1.

Example 5.2 (nonnegative ℓ1 matrix completion). Let 𝑀 ∈ R𝑚×𝑛 and Ω ⊂ ⟦1, 𝑚⟧ × ⟦1, 𝑛⟧ be a
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collection of observed entries. We seek to solve

inf
𝑋,𝑌⩾0

∑︁
(𝑖, 𝑗)∈Ω

| (𝑋𝑌 − 𝑀)𝑖 𝑗 |

where 𝑋 ∈ R𝑚×𝑟 and 𝑌 ∈ R𝑟×𝑛. This is a nonconvex formulation of nonnegative robust principal

component analysis with partial observations [185], with the rank-one case studied in [186]. Let

𝑓1, . . . , 𝑓𝑁 denote the summands in the objective and 𝑔 denote the indicator of R𝑚×𝑟+ × R𝑛×𝑟+ . Each

function 𝑓𝑖 is weakly convex according to [187, Lemma 4.2], hence subdifferentially regular [40,

2.5.6 Proposition]. The sum Φ := 𝑓1 + · · · + 𝑓𝑁 + 𝑔 is then weakly convex. We may thus apply The-

orem 5.2 to guarantee the convergence of Algorithm 1 to an (𝜖, 𝛿)-near approximate 𝜕Φ-stationary

point.

Recall that the strengthened guarantees in Theorems 5.3 and 5.4 are due to the fact that Φ

has bounded and convergent subgradient trajectories. We next show two examples where this

assumption can be verified.

Example 5.3 (ℓ1 matrix sensing). Given sensing matrices 𝐴1, . . . , 𝐴𝑁 ∈ R𝑚×𝑛 and measurements

𝑏1, . . . , 𝑏𝑁 ∈ R, we aim to recover a low-rank matrix [179, 188] by solving

inf
𝑋,𝑌

𝑁∑︁
𝑖=1
|⟨𝐴𝑖, 𝑋𝑌⟩ − 𝑏𝑖 |

where 𝑋 ∈ R𝑚×𝑟 and 𝑌 ∈ R𝑟×𝑛. Assuming the lower bound in the ℓ1/ℓ2-restricted isometry prop-

erty [189, 179], the objective function has convergent subgradient trajectories, following similar

arguments as in the proof of Propositions 2.3 and 2.4. Uniqueness of the subgradient trajectories

is due to weak convexity of the objective function [48]. This allows us to apply Theorem 5.3 with

𝐷𝑖’s being the Clarke subdifferentials of the summands and 𝑔 := 0. Therefore, with the step sizes

in Theorem 5.3, Algorithm 1 is guaranteed to converge near a critical point.
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Example 5.4 (nonnegative ℓ𝑝 matrix factorization). Given 𝑀 ∈ R𝑚×𝑛 and 𝑝 ⩾ 2, we aim to solve

inf
𝑋,𝑌⩾0

∥𝑋𝑌 − 𝑀 ∥𝑝𝑝

where (𝑋,𝑌 ) ∈ R𝑚×𝑟 × R𝑟×𝑛 and ∥ · ∥𝑝 is the entrywise ℓ𝑝-norm. One possible way is to set

each 𝑓𝑖 to be one of |∑𝑟
𝑘=1 𝑋ℓ𝑘𝑌𝑘 𝑗 − 𝑀ℓ 𝑗 |𝑝 for every ℓ = 1, . . . , 𝑚, 𝑗 = 1, . . . , 𝑛 and 𝑔 to be the

indicator of R𝑚×𝑟+ × R𝑟×𝑛+ . The summands 𝑓𝑖’s and the function 𝑔 readily satisfy Assumptions 5.1

and 5.3. According to Proposition 2.5, the objective function has bounded subgradient trajectories.

Therefore, Algorithm 1 is guaranteed to converge to a stationary point by Theorem 5.4. When

𝑁 = 1, convergence happens at the rate 𝑜(1/𝑘). When 𝑁 > 1, convergence happens at the rate

𝑜(1/𝑘1/2−𝜖 ) if 𝛽 = 1/2 + 𝜖 for any 𝜖 ∈ (0, 1/2). We actually proved boundedness of subgradient

trajectories for any 𝑝 ⩾ 1, so that Theorem 5.3 can be applied when 𝑝 ∈ [1, 2).

Various algorithms have proposed for solving nonnegative ℓ2 matrix factorization over the past

three decades [73]. We briefly summarize their convergence guarantees:

1. convergence in function value: multiplicative update [190], hierarchical alternating least

square [191, 192] (if the columns of the factors remain nonzero);

2. stationarity of limit points: active-set method [193], proximal gradient method [194], alter-

nating direction method of multipliers [195];

3. convergence of bounded iterates to stationary points: proximal alternating linearized mini-

mization [119], Bregman proximal gradient method [196, 197].

By modifying the above algorithms, one can obtain convergence guarantees to modified versions

of nonnegative matrix factorization. For example, 𝑋,𝑌 ⩾ 0 can be replaced by 𝑋,𝑌 ⩾ 𝜖 for some

small 𝜖 > 0, or by 𝑢 ⩾ 𝑋,𝑌 ⩾ 0 for some large 𝑢 > 0. A regularizer can also be added to the

objective. In this vein, modified multiplicative update [198] and modified hierarchical alternating

least square [199] yield bounded iterates and subsequential convergence to modified problems.

The projected gradient method [200, 194] with line search and box constraints produces bounded
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iterates whose limit points are stationary points of the modified problem. A similar result holds

with norm-based regularizers [201].

Despite the extensive convergence results available for various algorithms applied to NMF, it

may be surprising that no existing work establishes local or global convergence for solving NMF

using the projected gradient method in its standard form: without alternating updates, Bregman

divergences, line search, or modifications to the objective or constraints, and using only constant

step sizes. This is because convergence of the forward-backward algorithm typically requires both

bounded iterates and the sufficient decrease property (H1 in [21]). However, under only local gra-

dient Lipschitz continuity and a constant step size, H1 may fail even when iterates are bounded. To

address this, some authors (e.g., [197]) introduce Bregman divergences that ensure global relative

smoothness, allowing the use of the H1-H3 framework with boundedness to establish convergence.

On the other hand, local convergence results without boundedness rely on a quadratic growth-type

condition (H4 in [21]), which is difficult to verify and likely fails in the NMF setting due to its

quartic structure.

Remark 5.5. For Example 5.4, we provide a more detailed heuristic for estimating the step size

𝛼̄ according to the general principles mentioned in Remark 5.3. Specifically, given an initial point

(𝑋0, 𝑌0) ∈ R𝑚×𝑟 × R𝑟×𝑛 with 𝑋0, 𝑌0 > 0, an initial step size can be chosen as 𝛼̄ = 1/𝐿, where

𝐿 is an upper bound on the Hessian of ∥𝑋𝑌 − 𝑀 ∥2
𝐹

. If this initial step size proves too large and

causes divergence within a few iterations, we recommend iteratively reducing 𝛼̄ by factors of 10

until stable convergence occurs. Such tuning is commonly necessary for problems lacking gradient

Lipschitz continuity and when adaptive step sizes are unavailable.

5.3 Proofs of main results

In this section, we prove the results in Section 5.2.
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5.3.1 Tracking lemma

The object of this subsection is to show that the iterates generated by Algorithm 1 can be

tracked by 𝐷Φ-trajectories. This result, stated below, is one of the key technical contributions of

this chapter. All of the theorems pertaining to Algorithm 1 rely on it.

Lemma 5.1. Let Assumption 5.1 hold. For any compact set 𝑋0 ⊂ domΦ and 𝜖, 𝑇 > 0, there exists

𝛼̄ > 0 such that for any sequence generated by Algorithm 1 initialized in 𝑋0 with 𝛼0, 𝛼1, . . . ∈

(0, 𝛼̄], there exists a solution 𝑥 : [0, 𝑇] → domΦ to 𝑥′ ∈ −𝐷Φ(𝑥) such that 𝑥(0) ∈ 𝑋0 and

∀𝑘 ∈ N∗, 𝛼0 + · · · + 𝛼𝑘−1 ⩽ 𝑇 =⇒ ∥𝑥𝑘 − 𝑥(𝛼0 + · · · + 𝛼𝑘−1)∥ ⩽ 𝜖 .

We clarify the contribution of Lemma 5.1 in details. In recent years, there has been significant

progress in analyzing optimization algorithms through their continuous counterparts [27, 22, 28,

29, 30, 31, 202, 45, 23], while such idea traces back to the stochastic approximation literature in

the 1970s [24, 25, 127]. To the best of our knowledge, Lemma 5.1 is the first result to demonstrate

that such approximations remain valid over any finite time period, even without the assumption

of a smooth objective function [45, Proposition 4] or bounded iterates [202, Lemma 1]. This

nontrivial extension is made possible thanks to Proposition 5.3, which asserts uniform boundedness

of the iterates produced by Algorithm 1 when initialized in a bounded set. In addition, we have to

overcome hurdles introduced by the variable step sizes, despite the use of similar techniques as in

[202, Lemma 1] and [23, Proposition 1] at several places.

We would like to further comment that, while the proof of Proposition 5.3 shares some similar-

ities with that of Lemma 5.1, extracting a common core to streamline both proofs is not straight-

forward. The key distinction lies in how truncation is applied: the former relies on linear interpo-

lations truncated at the point where the iterates exit a large ball, whereas the latter truncates at the

time specified in the statement. Developing a unified approach that integrates these proofs into a

single argument remains an interesting direction for future investigation.

An immediate consequence of Lemma 5.1, regarding the existence and uniqueness of trajecto-

112



ries associated with 𝐷Φ can be obtained as follows.

Proposition 5.1. Let Assumption 5.1 hold. Then for every 𝑥0 ∈ domΦ, there exists a solution

𝑥 : R+ → domΦ to 𝑥′ ∈ −𝐷Φ(𝑥) such that 𝑥(0) = 𝑥0. If Assumption 5.3 also holds, then there is

only one such solution.

Proof. From Lemma 5.1, given any initial point 𝑥0 ∈ domΦ, there exists a solution on [0, 𝑇] to

𝑥′ ∈ −𝐷Φ(𝑥) up to any time 𝑇 ⩾ 0. Let 𝑇 = 1, then we have that there exists a solution 𝑥 defined

on [0, 1] that is initialized at 𝑥0. Now we treat 𝑥(1) as the new initial point and apply Lemma 5.1

again, then we obtain a solution defined on [1, 2]. By repeating this process, a solution defined

on R+ can be constructed. If Assumption 5.3 also holds, then Φ is primal lower nice [75] at every

point in domΦ. Thus, the uniqueness follows from [48, Theorem 2.9]. □

We next provide a roadmap for the remainder of this subsection. We first study convergence

towards solutions to differential inclusions with unbounded right-hand side (Proposition 5.2). It

requires closedness of the graph of the sum of two set-valued mappings (Lemma 5.2). Note that

Proposition 5.2 generalizes [46, Theorem 1, p. 60] by relaxing the locally boundedness require-

ment, and is used later for the convergence to solutions of 𝑥′ ∈ −𝐷Φ(𝑥). After that, we turn our

attention to the iterates generated by Algorithm 1. We show that the displacement generated by the

proximal operator is upper bounded by the distance from 0 to the subdifferential of 𝑔 (Lemma 5.3),

which is locally bounded (Lemma 5.4). It then follows that the distances between consecutive it-

erates are well controlled by the step sizes (Corollary 5.1). Combining these results, we show

that iterates are uniformly bounded, given that the sum of step sizes is bounded (Proposition 5.3).

Finally, we prove the approximation of iterates by 𝐷Φ-trajectories (Lemma 5.1).

We first state some results regarding of the sum of two set-valued mappings and the conver-

gence to its solutions.

Lemma 5.2. If 𝐹 : R𝑛 ⇒ R𝑛 is locally bounded with closed graph and 𝐺 : R𝑛 ⇒ R𝑛 has closed

graph, then 𝐹 + 𝐺 has closed graph.
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Proof. Suppose graph(𝐹 + 𝐺) ∋ (𝑥𝑘 , 𝑦𝑘 ) → (𝑥, 𝑦), i.e., 𝑦𝑘 = 𝑢𝑘 + 𝑣𝑘 , for some 𝑢𝑘 ∈ 𝐹 (𝑥𝑘 ),

𝑣𝑘 ∈ 𝐺 (𝑥𝑘 ). Since 𝐹 is locally bounded, 𝑢𝑘 admits a subsequence which converges to 𝑢 ∈ R𝑛. As

𝐹 has closed graph, 𝑢 ∈ 𝐹 (𝑥). Then 𝐺 (𝑥𝑘 ) ∋ 𝑣𝑘 = 𝑦𝑘 − 𝑢𝑘 → 𝑦 − 𝑢. Since 𝐺 has closed graph,

we have 𝐺 (𝑥) ∋ 𝑦 − 𝑢, i.e., 𝑦 ∈ 𝑢 + 𝐺 (𝑥) ⊂ 𝐹 (𝑥) + 𝐺 (𝑥). □

Proposition 5.2. Let 𝐹, 𝐺 : R𝑛 ⇒ R𝑛 have closed graphs with convex values and 𝐹 be locally

bounded. Assume that 𝐹 + 𝐺 is proper. Let 𝐼 ⊂ R be a bounded interval and 𝑥𝑘 , 𝑦𝑘 : 𝐼 → R𝑛 be

measurable functions such that for almost every 𝑡 ∈ 𝐼 and for any neighborhood 𝑈 of 0 in R2𝑛,

there exists 𝑘0 ∈ N such that

(𝑥𝑘 (𝑡), 𝑦𝑘 (𝑡)) ∈ graph(𝐹 + 𝐺) +𝑈, ∀𝑘 ⩾ 𝑘0.

Assume that

1. (𝑥𝑘 (·))𝑘∈N is uniformly bounded in 𝐿∞(𝐼,R𝑛) and 𝑥𝑘 (·) → 𝑥(·) a.e. on 𝐼;

2. (𝑦𝑘 (·))𝑘∈N is uniformly bounded in 𝐿∞(𝐼,R𝑛) and 𝑦𝑘 (·) → 𝑦(·) weakly in 𝐿1(𝐼,R𝑛).

Then (𝑥(𝑡), 𝑦(𝑡)) ∈ graph(𝐹 + 𝐺) for almost all 𝑡 ∈ 𝐼.

For the proof of Proposition 5.2, refer to Section 5.4.1. The proof follows a similar approach

to [131, Lemma 2], which truncates the unbounded-valued component of the system to a bounded

set-valued mapping. However, our result generalizes this idea, extending beyond the case where

𝐹 is the subdifferential of a locally Lipschitz function and 𝐺 is a normal cone. To the best of our

knowledge, Proposition 5.2 does not have an exact counterpart in the literature. Consequently, we

retain the statement for convenience and ease of citation.

We now move on to the study of iterates generated by Algorithm 1. We begin with a simple

upper bound on the length traveled after one iteration.

Lemma 5.3. Let 𝑔 : R𝑛 → R be proper and convex. For any 𝑥 ∈ dom 𝜕𝑔, 𝛼 > 0, 𝑑 ∈ R𝑛, it holds

that
1
𝛼
∥prox𝛼𝑔 (𝑥 − 𝛼𝑑) − 𝑥∥ ⩽ 2∥𝑑∥ + 2𝑑 (0, 𝜕𝑔(𝑥)).
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Proof. Let 𝑦 := prox𝛼𝑔 (𝑥 − 𝛼𝑑). Applying definition of the proximal operator, it holds that

𝑔(𝑦) + 1
2𝛼
∥𝑦 − (𝑥 − 𝛼𝑑)∥2 ⩽ 𝑔(𝑥) + 1

2𝛼
∥𝑥 − (𝑥 − 𝛼𝑑)∥2.

Rearranging the above inequality yields that

1
2𝛼
∥𝑦 − 𝑥∥2 ⩽ 𝑔(𝑥) − 𝑔(𝑦) + ⟨𝑥 − 𝑦, 𝑑⟩. (5.6)

Meanwhile, by convexity of 𝑔, for any 𝑣 ∈ 𝜕𝑔(𝑥), we have 𝑔(𝑦) ⩾ 𝑔(𝑥) + ⟨𝑣, 𝑦 − 𝑥⟩. Together

with (5.6), this yields that ∥𝑦 − 𝑥∥2/(2𝛼) ⩽ ⟨𝑥 − 𝑦, 𝑑 + 𝑣⟩. By Cauchy-Schwarz and triangular

inequalities, we have

1
2𝛼
∥𝑦 − 𝑥∥2 ⩽ ⟨𝑥 − 𝑦, 𝑑 + 𝑣⟩ ⩽ ∥𝑦 − 𝑥∥∥𝑑 + 𝑣∥ ⩽ ∥𝑦 − 𝑥∥(∥𝑑∥ + ∥𝑣∥).

We conclude by taking the infimum with respect to 𝑣 ∈ 𝜕𝑔(𝑥) on the right hand side of the above

inequality. □

The bound on the length after one iteration previously obtained will prove useful once we

can control the distance between the origin and 𝜕𝑔. This is the object of the next result, which

can be regarded as a simple corollary of the norm preserving extension result of convex Lipschitz

functions in [203]. Let 𝐵(𝑆, 𝑟) := 𝑆 + 𝐵(0, 𝑟).

Lemma 5.4. If 𝑔 : R𝑛 → R is proper, convex, locally Lipschitz on its domain, and has closed

domain, then 𝑑 (0, 𝜕𝑔) is locally bounded over dom 𝜕𝑔 and dom 𝜕𝑔 = dom 𝑔.

Proof. Let 𝑋 ⊂ R𝑛 be any compact set. Notice that 𝑌 := dom 𝑔 ∩ 𝐵(co 𝑋, 1) is a convex compact

set, so the restriction of 𝑔 on 𝑌 , denoted as 𝑔
��
𝑌

: 𝑌 → R, is an 𝐿-Lipschitz convex function on

𝑌 . Applying [203, Theorem 1], we obtain an 𝐿-Lipschitz convex function 𝑔̂ : R𝑛 → R such that

𝑔̂(𝑥) = 𝑔
��
𝑌
(𝑥) for all 𝑥 ∈ 𝑌 . Thus, 𝑔(𝑥) = 𝑔̂(𝑥) + 𝛿𝑌 (𝑥) for all 𝑥 ∈ 𝐵(co 𝑋, 1) and 𝜕𝑔(𝑥) =

𝜕𝑔̂(𝑥) + 𝑁𝑌 (𝑥) for all 𝑥 ∈ 𝑋 , where 𝑁𝑌 (𝑥) denotes the normal cone of 𝑌 at 𝑥. Since 0 ∈ 𝑁𝑌 (𝑥) for
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all 𝑥 ∈ 𝑋 , we have that 𝑑 (0, 𝜕𝑔(𝑥)) ⩽ 𝑑 (0, 𝜕𝑔̂(𝑥)) ⩽ 𝐿 for all 𝑥 ∈ 𝑋 . Thus, 𝑑 (0, 𝜕𝑔) is locally

bounded over dom 𝑔. □

Combining Lemmas 5.3 and 5.4, one can control the length traveled after one iteration directly

via the step sizes. To see why, it will be convenient to use the notation ∥𝑆∥ := sup{∥𝑠∥ : 𝑠 ∈ 𝑆} for

any 𝑆 ⊂ R𝑛 and 𝑟 ⩾ 0.

Corollary 5.1. Suppose Assumption 5.1 holds. Let 𝑋 ⊂ R𝑛 be bounded and 𝑥0, . . . , 𝑥𝐾+1 be

generated by Algorithm 1. Consider the constants

𝐿𝑖 := sup
𝐵(𝑋,1)

∥𝐷𝑖∥, 𝐿 := max{𝐿1, . . . , 𝐿𝑁 }, 𝐿𝑔 := sup
𝐵(𝑋,1)∩dom 𝑔

𝑑 (0, 𝜕𝑔),

and assume that 𝑥0, . . . , 𝑥𝐾 ∈ 𝑋 .

1. If 𝛼0, . . . , 𝛼𝐾 ⩽ 1/(𝑁𝐿), then {𝑥𝑘,𝑖}𝑖∈⟦1,𝑁⟧𝑘∈⟦0,𝐾⟧ ⊂ 𝐵(𝑋, 1).

2. If 𝛼0, . . . , 𝛼𝐾 ⩽ 1/(2𝑁𝐿 + 2𝐿𝑔), then ∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 2(𝑁𝐿 + 𝐿𝑔)𝛼𝑘 for all 𝑘 ∈ ⟦0, 𝐾⟧ and

𝑥𝐾+1 ∈ 𝐵(𝑋, 1).

Proof. We first note that 𝐿𝑔 < ∞ by Lemma 5.4 and a standard compactness argument. The first

part can be proved by induction, with hypothesis 𝐻𝑖 : “∀𝑘 ∈ ⟦0, 𝐾⟧, ∥𝑥𝑘,𝑖−1 − 𝑥𝑘 ∥ ⩽ (𝑖 − 1)/𝑁”.

By Algorithm 1, 𝑥𝑘,0 = 𝑥𝑘 ∈ 𝑋 for all 𝑘 ∈ ⟦0, 𝐾⟧, hence 𝐻1. If 𝐻𝑖 holds, then 𝑥𝑘,𝑖−1 ∈ 𝐵(𝑋, 1) and

∥𝑥𝑘,𝑖 − 𝑥𝑘 ∥ ⩽ ∥𝑥𝑘,𝑖 − 𝑥𝑘,𝑖−1∥ + ∥𝑥𝑘,𝑖−1 − 𝑥𝑘 ∥ ⩽ 𝛼𝑘 ∥𝐷𝜎𝑘
𝑖
(𝑥𝑘,𝑖−1)∥ +

𝑖 − 1
𝑁

⩽
1
𝑁𝐿
· 𝐿𝑖 +

𝑖 − 1
𝑁

⩽
𝑖

𝑁
,

hence 𝐻𝑖+1 holds. As for the second part, by Lemma 5.3 and part one, we have

∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 2𝛼𝑘

(




 𝑁∑︁
𝑖=1

𝐷𝜎𝑘
𝑖
(𝑥𝑘,𝑖−1)






 + 𝑑 (0, 𝜕𝑔(𝑥𝑘 ))
)
⩽ 2𝛼𝑘 (𝑁𝐿 + 𝐿𝑔) ⩽ 1.

Finally, since 𝑥𝐾 ∈ 𝑋 , it holds that 𝑥𝐾+1 ∈ 𝐵(𝑋, 1). □
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We next record a property of 𝐷Φ-trajectories.

Lemma 5.5. Let Assumption 5.1 hold and let 𝐼 be an interval of R+. If 𝑥 : 𝐼 → R𝑛 is a solution to

𝑥′ ∈ −𝐷Φ(𝑥), then Φ ◦ 𝑥 is differentiable almost everywhere on 𝐼 with

(Φ ◦ 𝑥)′ (𝑡) = −∥𝑥′(𝑡)∥2 and ∥𝑥′(𝑡)∥ = 𝑑 (0, 𝐷Φ(𝑥(𝑡))) , for almost every 𝑡 ∈ 𝐼 .

Proof of the lemma is omitted as it follows immediately from the definition of conservative

fields and [55, Proposition 4.10 & Lemma 4.11]. We next prove the final result needed for the

proof of Lemma 5.1. We show that iterates generated by Algorithm 1 remain in a bounded set,

whose radius only depends on the sum of step sizes.

Proposition 5.3. Let Assumption 5.1 hold. Then for any bounded set 𝑋0 ⊂ domΦ and 𝑇 > 0,

there exist 𝛼̄, 𝑟 > 0 such that for any sequence generated by Algorithm 1 initialized in 𝑋0 with

𝛼0, 𝛼1, . . . ⩽ 𝛼̄, we have

∀𝑘 ∈ N∗, 𝛼0 + · · · + 𝛼𝑘−1 ⩽ 𝑇 =⇒ 𝑥0, . . . , 𝑥𝑘 ∈ 𝐵(0, 𝑟).

Proof. We assume without loss of generality that 𝑋0 ⊂ domΦ is nonempty and compact. Fix

𝑇 > 0. There exists 𝑄 > 0 such that for any absolutely continuous 𝑥 : [0, 𝑇] → R𝑛 that satisfies

𝑥(0) ∈ 𝑋0 and is a solution to

𝑥′ ∈ −𝐷Φ(𝑥) = −
𝑁∑︁
𝑖=1

𝐷𝑖 (𝑥) − 𝜕𝑔(𝑥), (5.7)

it holds that 𝑑 (𝑥(𝑇), 𝑋0) ⩽ ∥𝑥(𝑇) − 𝑥(0)∥ ⩽
∫ 𝑇

0 ∥𝑥
′(𝑡)∥ 𝑑𝑡 ⩽

∫ 𝑇
0 ∥𝑥

′(𝑡)∥ 𝑑𝑡 ⩽ 𝑄 for all 𝑇 ∈ [0, 𝑇].
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Indeed, let 𝑥(·) be any such function, we have

∫ 𝑇

0
∥𝑥′(𝑡)∥ 𝑑𝑡 ⩽

√
𝑇

√︄∫ 𝑇

0
∥𝑥′(𝑡)∥2 𝑑𝑡 (5.8a)

=
√
𝑇

√︄∫ 𝑇

0
−(Φ ◦ 𝑥)′(𝑡) 𝑑𝑡 (5.8b)

=
√
𝑇
√︁
Φ(𝑥(0)) −Φ(𝑥(𝑇)) (5.8c)

⩽
√
𝑇
√︂

sup
𝑥0∈𝑋0

Φ(𝑥0) − inf
𝑦∈R𝑛

Φ(𝑦) =: 𝑄. (5.8d)

Above, (5.8a) follows from the Cauchy-Schwarz inequality and (5.8b) follows from Lemma 5.5.

Let 𝑅 > 0 such that 𝑋0 ⊂ 𝐵(0, 𝑅) and 𝐿 > 0 such that 𝐷𝑖 (𝐵(0, 𝑅 + 𝑄 + 2)) ⊂ 𝐵(0, 𝐿) for all

𝑖 ∈ ⟦1, 𝑁⟧. By Lemma 5.4 and a standard compactness argument, there exists 𝐿𝑔 > 0 such that

𝑑 (0, 𝜕𝑔(𝑥)) ⩽ 𝐿𝑔 for all 𝑥 ∈ 𝐵(0, 𝑅 +𝑄 + 2) ∩ domΦ.

We next reason by contradiction and assume that for any 𝑟 > 0, there exist a positive sequence

𝛼̄𝑚 → 0, a sequence (𝐾𝑚)𝑚∈N of natural numbers, and sequences of iterates (𝑥𝑚
𝑘
)𝑘∈N generated by

Algorithm 1 with step sizes 𝛼𝑚0 , 𝛼
𝑚
1 , . . . ⩽ 𝛼̄𝑚,

∑𝐾𝑚−1
𝑘=0 𝛼𝑚

𝑘
⩽ 𝑇 , and 𝑥𝑚0 ∈ 𝑋0 such that max{∥𝑥𝑚

𝑘
∥ :

𝑘 = 0, . . . , 𝐾𝑚} > 𝑟 for any 𝑚 ∈ N. Take 𝑟 = 𝑅 + 𝑄 + 2 and assume that 𝛼̄𝑚 ⩽ 1/2(𝑁𝐿 + 𝐿𝑔)

without loss of generality. For each 𝑚 ∈ N, let 𝑘𝑚 := min{𝑘 ∈ N : 𝑥𝑚
𝑘
∈ 𝐵(0, 𝑟), 𝑥𝑚

𝑘+1 ∉ 𝐵(0, 𝑟)}.

We have that 𝑘𝑚 ⩽ 𝐾𝑚 − 1 following our assumption. Thus
∑𝑘𝑚−1
𝑘=0 𝛼𝑚

𝑘
⩽ 𝑇 for any 𝑚 ∈ N

and 𝑇 := lim inf𝑚→∞
∑𝑘𝑚−1
𝑘=0 𝛼𝑚

𝑘
∈ [0, 𝑇]. By taking a subsequence if necessary, assume that

lim𝑚→∞
∑𝑘𝑚−1
𝑘=0 𝛼𝑚

𝑘
= 𝑇 .

Let 𝑇𝑚0 := 0 and 𝑇𝑚
𝑘

:=
∑𝑘−1
𝑖=0 𝛼

𝑚
𝑖

for all 𝑘 ∈ N∗ and 𝑚 ∈ N. For each sequence 𝑥𝑚0 , 𝑥
𝑚
1 , . . . , 𝑥

𝑚
𝑘𝑚

,

consider the (extended) linear interpolation 𝑥𝑚 : [0,max{𝑇𝑚
𝑘𝑚
, 𝑇}] → R𝑛 defined by

𝑥𝑚 (𝑡) = 𝑥𝑚𝑘 + (𝑡 − 𝑇
𝑚
𝑘 )
𝑥𝑚
𝑘+1 − 𝑥

𝑚
𝑘

𝛼𝑚
𝑘

for any 𝑡 ∈ [𝑇𝑚
𝑘
, 𝑇𝑚
𝑘+1] and 𝑘 ∈ {0, 1, . . . , 𝑘𝑚 − 1}. Also, 𝑥𝑚 (𝑡) = 𝑥𝑚

𝑘𝑚
for 𝑡 ∈ [𝑇𝑚

𝑘𝑚
, 𝑇] if 𝑇𝑚

𝑘𝑚
< 𝑇 .

As 𝑥𝑚
𝑘
∈ 𝐵(0, 𝑟) for 𝑘 = 0, . . . , 𝑘𝑚, we know that 𝑥𝑚 (𝑡) ∈ 𝐵(0, 𝑟) for all 𝑡 ∈ [0,max{𝑇𝑚

𝑘𝑚
, 𝑇}]
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by the convexity of 𝐵(0, 𝑟). For any 𝑡 ∈ (𝑇𝑚
𝑘
, 𝑇𝑚
𝑘+1) and 𝑘 ∈ {0, 1, . . . 𝑘𝑚 − 1}, it holds that

(𝑥𝑚)′(𝑡) = (𝑥𝑚
𝑘+1 − 𝑥

𝑚
𝑘
)/𝛼𝑚

𝑘
∈ 𝐵(0, 2(𝑁𝐿 + 𝐿𝑔)) by Corollary 5.1. Also, (𝑥𝑚)′(𝑡) = 0 for any

𝑡 ∈ (𝑇𝑚
𝑘𝑚
, 𝑇) if 𝑇𝑚

𝑘𝑚
< 𝑇 . By successively applying the Arzelà-Ascoli and the Banach-Alaoglu

theorems [46, Theorem 4 p. 13], there exist a subsequence (again denoted (𝑥𝑚 (·))𝑚∈N) and an

absolutely continuous function 𝑥 : [0, 𝑇] → R𝑛 such that 𝑥𝑚| [0,𝑇] (·) converges uniformly to 𝑥(·) and

(𝑥𝑚| [0,𝑇])
′(·) converges weakly to 𝑥′(·) in 𝐿1( [0, 𝑇],R𝑛). In addition, for almost every 𝑡 ∈ (0, 𝑇),

since 𝑇𝑚
𝑘𝑚
→ 𝑇 , for sufficiently large 𝑚, it holds that 𝑡 ∈ (𝑇𝑚

𝑘
, 𝑇𝑚
𝑘+1) for some 𝑘 ∈ ⟦0, 𝑘𝑚 − 1⟧.

Therefore, for any neighborhood𝑈 of 0 and for all sufficiently large 𝑚, it holds that

(𝑥𝑚)′(𝑡) =
𝑥𝑚
𝑘+1 − 𝑥

𝑚
𝑘

𝛼𝑚
𝑘

(5.9a)

=

𝑁∑︁
𝑖=1

𝑥𝑚
𝑘,𝑖
− 𝑥𝑚

𝑘,𝑖−1

𝛼𝑚
𝑘

+
𝑥𝑚
𝑘+1 − 𝑥

𝑚
𝑘,𝑁

𝛼𝑚
𝑘

(5.9b)

∈ −
𝑁∑︁
𝑖=1

𝐷𝑖 (𝑥𝑚𝑘,𝑖−1) − 𝜕𝑔(𝑥
𝑚
𝑘+1) ∩ 𝐵(0, 2𝐿2) (5.9c)

⊂ −
𝑁∑︁
𝑖=1

𝐷𝑖 (𝑥(𝑡)) − 𝜕𝑔(𝑥(𝑡)) +𝑈. (5.9d)

Above, (5.9c) follows from [17, Theorem 6.39] and Lemma 5.3. (5.9d) is due to the fact that

𝑥𝑚
𝑘,𝑖
→ 𝑥(𝑡) for all 𝑖 ∈ ⟦0, 𝑁 − 1⟧, 𝑥𝑚

𝑘+1 → 𝑥(𝑡) as 𝑚 → ∞, and that 𝐷𝑖 and 𝜕𝑔 ∩ 𝐵(0, 2𝐿2) are

locally bounded with closed graphs by Assumption 5.1.

By Lemma 5.2, 𝐷1 + · · · + 𝐷𝑁 is locally bounded with closed graph. According to Propo-

sition 5.2, 𝑥(·) satisfies (5.7) for almost every 𝑡 ∈ (0, 𝑇). Also, 𝑥(0) = lim𝑚→∞ 𝑥𝑚 (0) ∈ 𝑋0.

Recall that 𝑥(𝑇) ∈ 𝐵(𝑋0, 𝑄) ⊂ 𝐵(0, 𝑅 + 𝑄). Notice that lim𝑚→∞ 𝑥𝑚 (𝑇) = 𝑥(𝑇) ∈ 𝐵(0, 𝑅 + 𝑄)

and ∥𝑥𝑚 (𝑇) − 𝑥𝑚
𝑘𝑚
∥ = ∥𝑥𝑚 (𝑇) − 𝑥𝑚 (𝑇𝑚

𝑘𝑚
)∥ ⩽ (2 + 2𝐿2) |𝑇 − 𝑇𝑚𝑘𝑚 | → 0 as 𝑚 → ∞. Thus

𝑥𝑚
𝑘𝑚
∈ 𝐵(0, 𝑅 +𝑄 + 1) for all sufficiently large 𝑚. By Corollary 5.1, we have that ∥𝑥𝑚

𝑘𝑚+1 − 𝑥
𝑚
𝑘𝑚
∥ ⩽

2𝛼𝑚
𝑘
(𝑁𝐿 + 𝐿𝑔) ⩽ 1, contradicting the assumption that 𝑥𝑚

𝑘𝑚+1 ∉ 𝐵(0, 𝑅 +𝑄 + 2). □

We are now ready to prove the desired result.

Proof of Lemma 5.1. Let 𝑋0 ⊂ domΦ be nonempty and compact. Let 𝑇 > 0. By Proposition 5.3,
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there exist 𝛼̂, 𝑟 > 0 such that for any sequence generated by Algorithm 1 initialized in 𝑋0 with

𝛼0, 𝛼1, . . . ⩽ 𝛼̄, we have

∀𝑘 ∈ N∗, 𝛼0 + · · · + 𝛼𝑘−1 ⩽ 𝑇 =⇒ 𝑥0, . . . , 𝑥𝑘 ∈ 𝐵(0, 𝑟).

Let (𝛼̄𝑚)𝑚∈N be a positive sequence that converges to zero. We assume that 𝛼̄𝑚 ⩽ min{1, 𝛼̂}. To

each 𝛼̄𝑚, we attribute a sequence of iterates (𝑥𝑚
𝑘
)𝑘∈N generated by Algorithm 1 with step sizes

𝛼𝑚0 , 𝛼
𝑚
1 , . . . ⩽ 𝛼̄𝑚 and 𝑥𝑚0 ∈ 𝑋0.

Let 𝑇𝑚0 := 0 and 𝑇𝑚
𝑘

:=
∑𝑘−1
𝑖=0 𝛼

𝑚
𝑖

for all 𝑘 ∈ N∗ and 𝑚 ∈ N. Let 𝑇𝑚 := min{∑∞𝑘=0 𝛼
𝑚
𝑘
, 𝑇}. By

taking a subsequence if necessary, we have that 𝑇𝑚 → 𝑇 ∈ [0, 𝑇] as 𝑚 → ∞. For each sequence

(𝑥𝑚
𝑘
)𝑘∈N, consider the (extended) linear interpolation 𝑥𝑚 : [0,max{𝑇𝑚, 𝑇}] → R𝑛 defined by

𝑥𝑚 (𝑡) = 𝑥𝑚𝑘 + (𝑡 − 𝑇
𝑚
𝑘 )
𝑥𝑚
𝑘+1 − 𝑥

𝑚
𝑘

𝛼𝑚
𝑘

for any 𝑡 ∈ [𝑇𝑚
𝑘
,min{𝑇𝑚

𝑘+1, 𝑇
𝑚}] and 𝑘 ∈ N such that 𝑇𝑚

𝑘
< 𝑇𝑚. If 𝑇𝑚 < 𝑇 , then 𝑥𝑚 (𝑡) :=

lim𝑠↗𝑇𝑚 𝑥
𝑚 (𝑠) for all 𝑡 ∈ [𝑇𝑚, 𝑇]. For any 𝑚 ∈ N, let 𝑘𝑚 := sup{𝑘 ∈ N : 𝑇𝑚

𝑘
⩽ 𝑇𝑚}. If 𝑘𝑚 = ∞,

then we have that 𝑥𝑚
𝑘
∈ 𝐵(0, 𝑟) for all 𝑘 ∈ N. Otherwise if 𝑘𝑚 < ∞, then 𝑇𝑚

𝑘𝑚+1 = 𝑇𝑚
𝑘𝑚
+ 𝛼𝑚

𝑘
⩽

𝑇𝑚 + 𝛼̄𝑚 ⩽ 𝑇 + 1, and thus 𝑥𝑚0 , . . . , 𝑥
𝑚
𝑘𝑚+1 ∈ 𝐵(0, 𝑟). In both cases, we know that 𝑥𝑚 (𝑡) ∈ 𝐵(0, 𝑟)

for all 𝑡 ∈ [0,max{𝑇𝑚, 𝑇}] by the convexity of 𝐵(0, 𝑟). Using arguments similar as in the proof of

Proposition 5.3, by passing to a subsequence if necessary, (𝑥𝑚| [0,𝑇] (·))𝑚∈N converges uniformly to a

solution 𝑥 : [0, 𝑇] → R𝑛 to 𝑥′ ∈ −𝐷Φ(𝑥) with 𝑥(0) = lim𝑚→∞ 𝑥𝑚 (0) = lim𝑚→∞ 𝑥𝑚0 ∈ 𝑋0.

The conclusion of the lemma now follows. To see why, assume the contrary that there exists

𝜖 > 0 such that for any 𝛼̄ > 0, there exists (𝑥𝑘 )𝑘∈N generated by Algorithm 1 with step sizes

(𝛼𝑘 )𝑘∈N ⊂ (0, 𝛼̄] and 𝑥0 ∈ 𝑋0 such that for any absolutely continuous function 𝑥 : [0, 𝑇] → R𝑛 is

a solution to 𝑥′ ∈ −𝐷Φ(𝑥) with 𝑥(0) ∈ 𝑋0, there exists 𝐾 ∈ N∗ such that

𝛼0 + · · · + 𝛼𝐾−1 ⩽ 𝑇 and ∥𝑥𝐾 − 𝑥(𝛼0 + · · · + 𝛼𝐾−1)∥ > 𝜖.
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Based on this, we may construct a sequence of iterates (𝑥𝑚
𝑘
)𝑘∈N generated by Algorithm 1 with

step sizes (𝛼𝑚
𝑘
)𝑘∈N and 𝑥0 ∈ 𝑋0, where sup𝑘 𝛼𝑚𝑘 → 0 as 𝑚 → ∞. Moreover, for each (𝑥𝑚

𝑘
)𝑘∈N and

any solution 𝑥 : [0, 𝑇] → R𝑛 to 𝑥′ ∈ −𝐷Φ(𝑥) with 𝑥(0) ∈ 𝑋0, there exists 𝐾𝑚 ∈ N∗ such that

𝛼𝑚0 + · · · + 𝛼
𝑚
𝐾𝑚−1 ⩽ 𝑇 and ∥𝑥𝑚𝐾𝑚 − 𝑥(𝛼

𝑚
0 + · · · + 𝛼

𝑚
𝐾𝑚−1)∥ > 𝜖.

This is in contradiction with what we have shown above, namely the uniform convergence of the

linear interpolations to a solution to 𝑥′ ∈ −𝐷Φ(𝑥). □

5.3.2 Reachability of (𝜖, 𝛿)-near approximate stationarity

Proof of Theorem 5.1. We assume without loss of generality that 𝑋0 ⊂ domΦ is nonempty and

compact. Fix any 𝛿, 𝜖 > 0 and let𝑇 := (sup𝑦∈𝑋0
Φ(𝑦)−inf𝑥∈R𝑛 Φ(𝑥))/𝛿2 ∈ R+. Let 𝑥 : [0, 𝑇] → R𝑛

be a solution to 𝑥′ ∈ −𝐷Φ(𝑥) with 𝑥(0) ∈ 𝑋0. Following the same arguments as (5.8), there exists

𝑟 > 0 such that 𝑥( [0, 𝑇]) ⊂ domΦ ∩ 𝐵(𝑋0, 𝑟) for any such 𝑥(·). According to Lemma 5.4 and a

standard compactness argument, 𝑑 (0, 𝜕𝑔) is bounded over compact subsets of domΦ. Thus, there

exists 𝐿 > 0 such that 𝑑 (0, 𝐷Φ(𝑦)) ⩽ 𝐿 for all 𝑦 ∈ domΦ ∩ 𝐵(𝑋0, 𝑟).

By Lemma 5.1, there exists 𝛼̄ ∈ (0, 𝜖/(2𝐿)] such that for any sequence generated by Algo-

rithm 1 with 𝛼0, 𝛼1, · · · ⩽ 𝛼̄,
∑∞
𝑘=0 𝛼𝑘 = ∞, and 𝑥0 ∈ 𝑋0, there exists a solution 𝑥 : [0, 𝑇] → R𝑛 to

𝑥′ ∈ −𝐷Φ(𝑥) such that 𝑥(0) ∈ 𝑋0 and

∀𝑘 ∈ N∗, 𝛼0 + · · · + 𝛼𝑘−1 ⩽ 𝑇 =⇒ ∥𝑥𝑘 − 𝑥(𝛼0 + · · · + 𝛼𝑘−1)∥ ⩽ 𝜖/2.

By Lemma 5.5 it holds that

∫ 𝑇

0
𝑑 (0, 𝐷Φ(𝑥(𝑡)))2 𝑑𝑡 = Φ(𝑥(0)) −Φ(𝑥(𝑇)) ⩽ sup

𝑦∈𝑋0

Φ(𝑦) − inf
𝑥∈R𝑛

Φ(𝑥).

Thus, there exists 𝑡 ∈ [0, 𝑇] such that 𝑑 (0, 𝐷Φ(𝑥(𝑡))) ⩽ 𝛿. As 𝛼𝑘 ⩽ 𝛼̄, there exists 𝑘 ∈ N such

that 𝑡𝑘 :=
∑𝑘−1
𝑖=0 𝛼𝑖 ∈ [max{0, 𝑡 − 𝛼̄}, 𝑡].
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We next show that ∥𝑥𝑘 − 𝑥(𝑡)∥ ⩽ 𝜖 , then the conclusion of the theorem follows. Indeed,

∥𝑥𝑘 − 𝑥(𝑡)∥ ⩽ ∥𝑥𝑘 − 𝑥(𝑡𝑘 )∥ + ∥𝑥(𝑡𝑘 ) − 𝑥(𝑡)∥ (5.10a)

⩽ 𝜖/2 +
∫ 𝑡

𝑡𝑘

∥𝑥′(𝑠)∥ 𝑑𝑠 (5.10b)

= 𝜖/2 +
∫ 𝑡

𝑡𝑘

𝑑 (0, 𝐷Φ(𝑥(𝑠))) 𝑑𝑠 (5.10c)

⩽ 𝜖/2 + (𝑡 − 𝑡𝑘 )𝐿 (5.10d)

⩽ 𝜖/2 + 𝛼̄𝐿 ⩽ 𝜖 . (5.10e)

Above, (5.10a) and (5.10b) follow from the triangular inequality. (5.10c) is a result of again by

Lemma 5.5 and (5.10d) follows from the fact that 𝑑 (0, 𝐷Φ) is locally bounded over domΦ. □

5.3.3 Convergence to (𝜖, 𝛿)-near approximate stationarity

The proof of Theorem 5.2 requires the following lemma, whose proof is omitted as it essentially

follows from the proof of [204, Theorem 6.2]. We remark that weak convexity implies that the

objective function is primal lower nice [75] everywhere in its domain, with the same constants.

Lemma 5.6. Let Φ be proper, weakly convex, and lower bounded. For any subgradient trajectory

𝑥 : R+ → R𝑛 of Φ and for any 𝜖 > 0, there exists 𝑇 ⩾ 0 such that ∥𝑥′(𝑡)∥ ⩽ 𝜖 for almost every

𝑡 ⩾ 𝑇 .

We proceed to prove the theorem.

Proof of Theorem 5.2. Fix any 𝛿, 𝜖 > 0. As Φ is weakly convex and lower bounded, for any

𝑥0 ∈ domΦ, there exists a unique subgradient trajectory 𝑥 : R+ → R𝑛 of Φ initialized at 𝑥0 [48].

By Lemmas 5.5 and 5.6, there exists 𝑇0 > 0 such that 𝑑 (0, 𝜕Φ(𝑥(𝑡))) = ∥𝑥′(𝑡)∥ ⩽ 𝛿 for almost

every 𝑡 ⩾ 𝑇0. Since graph𝜕Φ is closed, epi 𝑑 (0, 𝜕Φ) is closed. Fix 𝑡 ⩾ 𝑇0 and let 𝑡𝑘 → 𝑡 be such

that (𝑥(𝑡𝑘 ), 𝛿) ∈ epi 𝑑 (0, 𝜕Φ). By continuity of 𝑥(·), (𝑥(𝑡𝑘 ), 𝛿) → (𝑥(𝑡), 𝛿) ∈ epi 𝑑 (0, 𝜕Φ). In

other words, 𝑑 (0, 𝜕Φ(𝑥(𝑡))) ⩽ 𝛿 actually holds for all 𝑡 ⩾ 𝑇0.
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By the subdifferential regularity of 𝑓1, . . . , 𝑓𝑁 and the convexity of 𝑔, it holds that 𝜕Φ = 𝜕 𝑓1 +

· · · + 𝜕 𝑓𝑁 + 𝜕𝑔 [38, 10.9 Corollary, p. 430]. Thus by Lemma 5.1, for any 𝑇 ⩾ 𝑇0, there exists

𝛼̄ > 0 such that for any sequence generated by Algorithm 1 with 𝛼0, 𝛼1, . . . ⩽ 𝛼̄,
∑∞
𝑘=0 𝛼𝑘 = 𝑇 ,

and 𝑥0 ∈ domΦ, it holds that

∀𝑘 ∈ N∗, ∥𝑥𝑘 − 𝑥(𝛼0 + · · · + 𝛼𝑘−1)∥ ⩽ 𝜖 .

As a result, it holds that {𝑥𝑘 }𝑘∈N ⊂ 𝐵(𝑥( [0, 𝑇]), 𝜖), and that any limit point 𝑥∗ of the sequence

must lie in 𝐵(𝑥(𝑇), 𝜖). As 𝑑 (0, 𝜕Φ(𝑥(𝑇))) ⩽ 𝛿, it remains to show that the sequence (𝑥𝑘 )𝑘∈N is

convergent. Indeed, by Corollary 5.1, there exists𝐶 > 0 such that ∥𝑥𝑘+1−𝑥𝑘 ∥ ⩽ 𝐶𝛼𝑘 for all 𝑘 ∈ N.

Therefore,
∑∞
𝑘=0 ∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 𝐶

∑∞
𝑘=0 𝛼𝑘 = 𝐶𝑇 , thus the sequence (𝑥𝑘 )𝑘∈N is convergent. □

5.3.4 Convergence to (𝜖, 0)-near approximate stationarity

The proof of Theorem 5.3 is a relatively direct consequence of the tracking lemma (Lemma 5.1).

Proof. Proof of Theorem 5.3.

Fix any 𝜖 > 0 and 𝑥0 ∈ domΦ. According to the assumption, there exists a unique solution

𝑥 : R+ → R𝑛 to 𝑥′(𝑡) ∈ −𝐷Φ(𝑥(𝑡)) such that 𝑥(0) = 𝑥0. By Lemma 5.5 and the fact that 𝑥(·)

is convergent, we know that 𝑥♯ := lim𝑡→∞ 𝑥(𝑡) must be a 𝐷Φ-critical point. Also, there exists a

𝑇0 > 0 such that 𝑥( [𝑇0,∞)) ⊂ 𝐵(𝑥♯, 𝜖/2).

For any 𝑇 ⩾ 𝑇0, by Lemma 5.1, there exists 𝛼̄ > 0 such that for any sequence generated by

Algorithm 1 with 𝛼0, 𝛼1, . . . ⩽ 𝛼̄ and
∑∞
𝑘=0 𝛼𝑘 = 𝑇 , we have

∥𝑥𝑘 − 𝑥(𝛼0 + · · · + 𝛼𝑘−1)∥ ⩽ 𝜖/2 (5.11)

for any 𝑘 ∈ N∗. Using similar arguments as in the proof of Theorem 5.2, the sequence (𝑥𝑘 )𝑘∈N is

convergent. Taking 𝑘 → ∞ in (5.11), we have that ∥𝑥∗ − 𝑥(𝑇)∥ ⩽ 𝜖/2, where 𝑥∗ := lim𝑘→∞ 𝑥𝑘 .

Therefore, ∥𝑥∗ − 𝑥♯∥ ⩽ ∥𝑥∗ − 𝑥(𝑇)∥ + ∥𝑥(𝑇) − 𝑥♯∥ ⩽ 𝜖/2 + 𝜖/2 = 𝜖 . □
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5.3.5 Convergence to (0, 0)-near approximate stationarity

The proof of Theorem 5.4 is derived from the following steps. We first establish an approximate

descent lemma for the iterates generated by Algorithm 1 in Lemma 5.7. A length formula is then

proved in Proposition 5.4 by using the approximate descent lemma (Lemma 5.7), the uniform

Kurdyka-Łojasiewicz inequality (Lemma 5.8) and the upper bound on the distance between two

successive iterations of Algorithm 1 (Corollary 5.1). We then obtain the convergence of iterates in

Theorem 5.4.

Different versions of approximate descent for Algorithm 1 have been established in the litera-

ture, even though it does not fit into the H1-H2-H3 framework in [21] or [20]. Indeed, the sufficient

decrease and relative error condition cannot be guaranteed due to random reshuffling. An approx-

imate descent property of E[Φ(𝑥𝑘 )] for Algorithm 1 was proved in [156, E.2]. The approximate

descent of Φ(𝑥𝑘 ) for the special case of Algorithm 1 where 𝑔 = 0 was proved in [132, Lemma 3.2].

In contrast to existing work, we do not require global Lipschitz continuity of ∇ 𝑓𝑖’s nor 𝑔 = 0. For

our purposes, it is sufficient to restrict the iterates to a bounded subset, which incidentally makes

the proof more direct.

Lemma 5.7. Suppose Assumptions 5.1 and 5.3 hold. Let 𝑋 be a bounded set. There exists 𝛼̄ > 0

such that if (𝑥0, . . . , 𝑥𝐾+1) ∈ 𝑋 × · · · × 𝑋 × R𝑛 is generated by Algorithm 1 with 𝛼0, . . . , 𝛼𝐾 ⩽ 𝛼̄,

then for all 𝑘 ∈ ⟦0, 𝐾⟧ we have

Φ(𝑥𝑘+1) ⩽ Φ(𝑥𝑘 ) −
𝛼𝑘

4
𝑑 (0, 𝜕Φ(𝑥𝑘+1))2 −

1
8𝛼𝑘
∥𝑥𝑘+1 − 𝑥𝑘 ∥2 +

1
12
(𝑁 − 1)2𝑁 (2𝑁 − 1)𝐿2𝑀2𝛼3

𝑘

where 𝐿 and 𝑀 are respectively Lipschitz constants of 𝑓1, . . . , 𝑓𝑁 on 𝐵(𝑋, 2) and ∇ 𝑓1, . . . ,∇ 𝑓𝑁

on co 𝐵(𝑋, 1).

Proof. Let 𝐿𝑔 := sup𝑥∈𝐵(𝑋,1)∩dom 𝑔 𝑑 (0, 𝜕𝑔(𝑥)) and 𝛼̄ := min{1/(2𝑁𝐿 + 2𝐿𝑔), 1/(2𝑁𝑀)}. Sup-

pose (𝑥0, . . . , 𝑥𝐾+1) ∈ 𝑋 × · · · × 𝑋 × R𝑛 is generated by Algorithm 1 with 𝛼0, . . . , 𝛼𝐾 ⩽ 𝛼̄. By

Corollary 5.1, 𝑥𝐾+1 ∈ 𝐵(𝑋, 1). Let 𝑘 ∈ ⟦0, 𝐾⟧. Since 𝑁𝑀 is a Lipschitz constant of ∇ 𝑓 over
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co 𝐵(𝑋, 1), we have

𝑓 (𝑥𝑘+1) ⩽ 𝑓 (𝑥𝑘 ) + ⟨∇ 𝑓 (𝑥𝑘 ), 𝑥𝑘+1 − 𝑥𝑘⟩ +
𝑁𝑀

2
∥𝑥𝑘+1 − 𝑥𝑘 ∥2.

It holds also that 𝑔(𝑥𝑘+1) ⩽ 𝑔(𝑥𝑘 ) + ⟨𝜕𝑔(𝑥𝑘+1), 𝑥𝑘+1− 𝑥𝑘⟩ by convexity of 𝑔. Added to the previous

inequality, this yields

Φ(𝑥𝑘+1) ⩽ Φ(𝑥𝑘 ) + ⟨∇ 𝑓 (𝑥𝑘 ) + 𝜕𝑔(𝑥𝑘+1), 𝑥𝑘+1 − 𝑥𝑘⟩ +
𝑁𝑀

2
∥𝑥𝑘+1 − 𝑥𝑘 ∥2. (5.12)

We proceed the second term on the right hand side. For all 𝑔′(𝑥𝑘+1) ∈ 𝜕𝑔(𝑥𝑘+1), it holds that

⟨∇ 𝑓 (𝑥𝑘 ) + 𝑔′(𝑥𝑘+1), 𝑥𝑘+1 − 𝑥𝑘⟩ = 𝛼𝑘 ⟨∇ 𝑓 (𝑥𝑘 ) + 𝑔′(𝑥𝑘+1), (𝑥𝑘+1 − 𝑥𝑘 )/𝛼𝑘⟩ (5.13a)

= 𝛼𝑘 ∥∇ 𝑓 (𝑥𝑘 ) + 𝑔′(𝑥𝑘+1) + (𝑥𝑘+1 − 𝑥𝑘 )/𝛼𝑘 ∥2/2 (5.13b)

− 𝛼𝑘 ∥∇ 𝑓 (𝑥𝑘 ) + 𝑔′(𝑥𝑘+1)∥2/2 − ∥𝑥𝑘+1 − 𝑥𝑘 ∥2/(2𝛼𝑘 ). (5.13c)

On the one hand,

𝑑 (0, 𝜕Φ(𝑥𝑘+1))2 = 𝑑 (0,∇ 𝑓 (𝑥𝑘+1) + 𝜕𝑔(𝑥𝑘+1))2

⩽ 2∥∇ 𝑓 (𝑥𝑘+1) − ∇ 𝑓 (𝑥𝑘 )∥2 + 2𝑑 (0,∇ 𝑓 (𝑥𝑘 ) + 𝜕𝑔(𝑥𝑘+1))2

⩽ 2

(
𝑁∑︁
𝑖=1
∥∇ 𝑓𝑖 (𝑥𝑘+1) − ∇ 𝑓𝑖 (𝑥𝑘 )∥

)2

+ 2∥∇ 𝑓 (𝑥𝑘 ) + 𝑔′(𝑥𝑘+1)∥2

⩽ 2𝑁2𝑀2∥𝑥𝑘+1 − 𝑥𝑘 ∥2 + 2∥∇ 𝑓 (𝑥𝑘 ) + 𝑔′(𝑥𝑘+1)∥2. (5.14)

On the other hand, since 𝑥𝑘+1 = prox𝛼𝑘𝑔 (𝑥𝑘,𝑁 ), by Fermat’s rule [38, Theorem 10.1] we have

0 ∈ 𝛼𝑘𝜕𝑔(𝑥𝑘+1) + 𝑥𝑘+1 − 𝑥𝑘,𝑁 . Recall that 𝑥𝑘,𝑁 = 𝑥𝑘 − 𝛼𝑘
∑𝑁
𝑖=1 ∇ 𝑓𝜎𝑘𝑖 (𝑥𝑘,𝑖−1). Thus there exists

𝑔′(𝑥𝑘+1) ∈ 𝜕𝑔(𝑥𝑘+1) such that

0 = 𝑔′(𝑥𝑘+1) +
𝑥𝑘+1 − 𝑥𝑘

𝛼𝑘
+

𝑁∑︁
𝑖=1
∇ 𝑓𝜎𝑘

𝑖
(𝑥𝑘,𝑖−1).
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By the QM-AM inequality [205], we hence have

∥∇ 𝑓 (𝑥𝑘 ) + 𝑔′(𝑥𝑘+1) + (𝑥𝑘+1 − 𝑥𝑘 )/𝛼𝑘 ∥2 =






∇ 𝑓 (𝑥𝑘 ) − 𝑁∑︁
𝑖=1
∇ 𝑓𝜎𝑘

𝑖
(𝑥𝑘,𝑖−1)






2

=






 𝑁∑︁
𝑖=1
∇ 𝑓𝜎𝑘

𝑖
(𝑥𝑘 ) − ∇ 𝑓𝜎𝑘

𝑖
(𝑥𝑘,𝑖−1)






2

⩽ (𝑁 − 1)
𝑁∑︁
𝑖=2
∥∇ 𝑓𝜎𝑘

𝑖
(𝑥𝑘 ) − ∇ 𝑓𝜎𝑘

𝑖
(𝑥𝑘,𝑖−1)∥2

= (𝑁 − 1)𝑀2
𝑁∑︁
𝑖=2
∥𝑥𝑘 − 𝑥𝑘,𝑖−1∥2

= (𝑁 − 1)𝑀2𝛼2
𝑘

𝑁∑︁
𝑖=2







 𝑖−1∑︁
𝑗=1
∇𝜎𝑘

𝑗
𝑓 (𝑥𝑘, 𝑗−1)








2

⩽ (𝑁 − 1)𝑀2𝛼2
𝑘

𝑁∑︁
𝑖=2
(𝑖 − 1)

𝑖−1∑︁
𝑗=1
∥∇𝜎𝑘

𝑗
𝑓 (𝑥𝑘, 𝑗−1)∥2

⩽ (𝑁 − 1)𝐿2𝑀2𝛼2
𝑘

𝑁−1∑︁
𝑖=1

𝑖2

⩽
1
6
(𝑁 − 1)2𝑁 (2𝑁 − 1)𝐿2𝑀2𝛼2

𝑘 . (5.15)

Above, we use the fact that 𝑥𝑘,𝑖−1 ∈ 𝐵(𝑋, 1) for all 𝑖 ∈ ⟦1, 𝑁⟧ and 𝑘 ∈ ⟦0, 𝐾⟧ since 𝛼𝑘 ⩽ 1/(𝑁𝐿)

by Corollary 5.1.

Substituting (5.13) into (5.12), and applying (5.14) and (5.15) to eliminate terms involving

𝑔′(𝑥𝑘+1), we obtain that

Φ(𝑥𝑘+1) ⩽ Φ(𝑥𝑘 ) −
𝛼𝑘

4
𝑑 (0, 𝜕Φ(𝑥𝑘+1))2 +

(
𝑁𝑀

2
+ 𝑁

2𝑀2

2
𝛼𝑘 −

1
2𝛼𝑘

)
∥𝑥𝑘+1 − 𝑥𝑘 ∥2

+ 1
12
(𝑁 − 1)2𝑁 (2𝑁 − 1)𝐿2𝑀2𝛼3

𝑘 .

This yields the desired inequality since 𝛼𝑘 ⩽ 1/(2𝑁𝑀). □

With the approximate descent property, [132] first establish the convergence of 𝑓 (𝑥𝑘 ) and

∥∇ 𝑓 (𝑥𝑘 )∥ to obtain the convergence of 𝑥𝑘 provided that 𝑔 = 0 and the 𝑓𝑖’s have globally Lips-
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chitz gradients. However, without the global Lipschitz gradient continuity of 𝑓𝑖’s nor boundedness

of 𝑥𝑘 , we cannot expect to first obtain the convergence of function value and gradient norm. Thus,

a different approach inspired by [45] is taken to directly show the convergence of 𝑥𝑘 . In [45,

Proposition 8], the author proved a length formula for the gradient method, which is a special case

of Algorithm 1 where 𝑔 = 0 and 𝑁 = 1. It is inspired by Kurdyka’s original length formula [44,

Theorem 2].

In order to establish a length formula for Algorithm 1, we next state the uniform Kurdyka–Łojasiewicz

inequality [45, Proposition 5] for 𝐷Φ. The motivation behind the uniform Kurdyka–Łojasiewicz

inequality as opposed to the Kurdyka–Łojasiewicz inequality is to extend the inequality to all

points of a bounded set, without restricting the function value. We in fact propose a strengthened

version of the uniform Kurdyka–Łojasiewicz inequality for reasons discussed below. Also, we

allow the inequality to hold at 𝐷Φ-critical points, which is new even for the Clarke subdifferential,

and simplifies the subsequent analysis. Given Φ : R𝑛 → R and 𝑋 ⊂ R𝑛, a scalar 𝑣 is called a

𝐷Φ-critical value of Φ in 𝑋 if there exists 𝑥 ∈ 𝑋 such that 0 ∈ 𝐷Φ(𝑥) and 𝑣 = Φ(𝑥). In particular,

if 𝐷Φ = 𝜕Φ, we call this 𝑣 a critical value of Φ in 𝑋 .

Lemma 5.8. Let Assumption 5.1 hold. Assume that Φ and 𝐷Φ are definable. Let 𝑋 be a bounded

subset of domΦ with 𝑋 ⊂ domΦ. Define 𝑉 to be the set of 𝐷Φ-critical values of Φ in 𝑋 if it is

nonempty; otherwise 𝑉 := {0}. Let 𝜃 ∈ (0, 1). There exist a concave definable diffeomorphism

𝜓 : R+ → R+ and 𝜉 > 0 such that

∀ 𝑥 ∈ 𝑋, 𝑑 (0, 𝐷Φ(𝑥)) ⩾
1

𝜓′(𝑑 (Φ(𝑥), 𝑉)) , (5.16a)

∀𝑠, 𝑡 ⩾ 0,
1

𝜓′(𝑠 + 𝑡) ⩽
1

𝜓′(𝑠) +max
{

1
𝜓′(𝑡) , 𝜉𝑡

}
, (5.16b)

∀𝑡 ⩾ 0, 𝜓′(𝑡) ⩾ 𝑡−𝜃 . (5.16c)

Proof. In the prompt, 𝜓′(0) is the right derivative of 𝜓 at 0, and we use the convention 1/∞ = 0.

Following the arguments in [28, Theorem 6] (see also [43, Corollary 15]) and the linear extension
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construction in [45, Proposition 5], there exists a concave definable diffeomorphism 𝜓 : R+ → R+

that satisfies (5.16a). We may assume that 𝜓′(𝑡) ⩾ 𝑡−𝜃 for all 𝑡 ⩾ 0, after possibly replacing 𝜓

by 𝑡 ↦→
∫ 𝑡

0 max{𝜓′(𝑠), 𝑡−𝜃}𝑑𝑠, which is concave definable. It is concave since the integrand is

decreasing. To see why it is definable, note that {𝑠 > 0 : 𝜓′(𝑠) ⩾ 𝑡−𝜃} is definable and hence a

finite union of open intervals and points. Thus the integral is equal to 𝜓 up to a constant on finitely

many intervals of R+, and equal to 𝑡 ↦→ 𝑡1−𝜃/(1 − 𝜃) up to a constant elsewhere. The graph of

such a function is hence definable. By the monotonicity theorem [36, (1.2) p. 43] and adapting

the linear extension in [45, Proposition 5], we may assume that 1/𝜓′ is continuously differentiable

on (0, 𝑇) and is constant on (𝑇,∞) for some 𝑇 ∈ (0,∞), with (1/𝜓′)′ monotone on (0, 𝑇) and

lim𝑡↗𝑇 (1/𝜓′)′(𝑡) ∈ (0,∞). If (1/𝜓′)′(𝑡) → ∞ as 𝑡 → 0, then (1/𝜓′)′ is decreasing on (0, 𝑇).

By concavity of 𝜓, (1/𝜓′)′(𝑡) = −𝜓′′(𝑡)/(𝜓′(𝑡))2 ⩾ 0 for all 𝑡 ∈ (0, 𝑇). As (1/𝜓′)′(𝑡) = 0

for all 𝑡 ∈ (𝑇,∞), 1/𝜓′ is concave on R+. Therefore, (5.16b) holds by Lemma 4.6. Otherwise if

lim𝑡↘0(1/𝜓′)′(𝑡) < ∞, then there exists 𝜉 > 0 such that | (1/𝜓′)′(𝑡) | ⩽ 𝜉 for all 𝑡 ∈ (0, 𝑇) ∪ (𝑇,∞).

Therefore, |1/𝜓′(𝑠 + 𝑡) − 1/𝜓′(𝑠) | ⩽ 𝜉𝑡 for any 𝑠, 𝑡 ∈ R+, and (5.16b) follows. □

We say that 𝜓 in Lemma 5.8 is a desingularizing function of Φ over 𝑋 if it satisfies (5.16a)

with 𝐷 := 𝜕Φ. The existing analysis of random reshuffling in [132, Theorem 3.6] requires 1/𝜓′ to

satisfy a quasi-additivity-type property, namely

∀𝑠, 𝑡 ∈ (0, 𝜂), 𝑠 + 𝑡 < 𝜂 =⇒ 1
𝜓′(𝑠 + 𝑡) ⩽ 𝐶𝜓

(
1

𝜓′(𝑠) +
1

𝜓′(𝑡)

)
for some constants 𝜂, 𝐶𝜓 > 0. This is true for power functions with 𝐶𝜓 = 1 and any 𝜂 > 0. It is

hence satisfied in polynomially bounded o-minimal structures. However, it is not clear why this

should in general o-minimal structures. Thankfully, Lemma 5.8 shows that one can actually get

a somewhat weaker property for free, namely (5.16b), which is sufficient for proving the length

formula below. This is one of the key technical contributions of this chapter.

Proposition 5.4. Suppose Assumptions 5.1 and 5.3 hold and Φ is definable. Let 𝑋 ⊂ domΦ be

bounded, 𝑟 ⩾ 1, 𝜃 ∈ (0, 1), and 𝑚 ∈ N∗ be an upper bound on the number of critical values of
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Φ in 𝑋 . Let 𝜓 be a desingularizing function of Φ over 𝑋 such that there exists 𝜉 ⩾ 2 satisfying

(5.16b) and 𝜓′(𝑡) ⩾ 𝑡−𝜃 for all 𝑡 ⩾ 0. There exist 𝑐1 ⩾ 0 and 𝛼̄, 𝑐2 > 0 such that for all 𝐾 ∈ N,

if (𝑥0, . . . , 𝑥𝐾+1) ∈ 𝑋 × · · · × 𝑋 × R𝑛 is generated by Algorithm 1 with 𝛼0, . . . , 𝛼𝐾 ⩽ 𝛼̄ and

𝛼1/𝛼0, . . . , 𝛼𝐾+1/𝛼𝐾 ⩽ 𝑟, then

1
2𝑚

𝐾∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽2𝑟𝜓

(
1

2𝑚

[
Φ(𝑥0) −Φ(𝑥𝐾) + 𝑐1

𝐾−1∑︁
𝑘=0

𝛼3
𝑘

])
(5.17)

+ 𝑐1
𝑚

𝐾∑︁
𝑘=0

𝛼𝑘 max

(
𝐾∑︁
𝑖=𝑘

𝛼3
𝑖

)𝜃
,

𝐾∑︁
𝑖=𝑘

𝛼3
𝑖

 + 𝑐2 max
𝑘∈⟦0,𝐾⟧

𝛼𝑘 . (5.18)

If 𝐿, 𝑀 ⩾ 1 are respectively Lipschitz constants of 𝑓1, . . . , 𝑓𝑁 on 𝐵(𝑋, 2) and ∇ 𝑓1, . . . ,∇ 𝑓𝑁 on

co 𝐵(𝑋, 1), and 𝐿𝑔 := sup𝑥∈𝐵(𝑋,1)∩dom 𝑔 𝑑 (0, 𝜕𝑔(𝑥)), then one may choose 𝛼̄ := 1/(2 max{𝑁𝐿 +

𝐿𝑔, 𝑁𝑀}),

𝑐1 := 𝜉 (𝑁 − 1)2𝑁 (2𝑁 − 1)𝐿2𝑀2/12 and 𝑐2 := 4(𝑁𝐿 + 𝐿𝑔). (5.19)

Proof. Let 𝐾 ∈ N and (𝑥0, . . . , 𝑥𝐾+1) ∈ 𝑋 × · · · × 𝑋 × R𝑛 be generated by Algorithm 1 with

𝛼0, . . . , 𝛼𝐾 ⩽ 𝛼̄ and 𝛼1/𝛼0, . . . , 𝛼𝐾+1/𝛼𝐾 ⩽ 𝑟. Define 𝑦𝑘 := 𝑐1
∑𝐾
𝑖=𝑘 𝛼

3
𝑖
/𝜉 and 𝑧𝑘 := Φ(𝑥𝑘 ) + 𝑦𝑘

for all 𝑘 ∈ ⟦0, 𝐾⟧. By Lemma 5.7, for all 𝑘 ∈ ⟦0, 𝐾⟧ we have

𝑧𝑘+1 − 𝑧𝑘 ⩽ −
𝛼𝑘

4
𝑑 (0, 𝜕Φ(𝑥𝑘+1))2 −

1
8𝛼𝑘
∥𝑥𝑘+1 − 𝑥𝑘 ∥2. (5.20)

Let 𝑉 be the set of critical values of Φ in 𝑋 if it is nonempty, and otherwise let 𝑉 := {0}. Since Φ

is definable, 𝑉 has finitely many elements by the definable Morse-Sard theorem [43, Corollary 9].

Define 𝑧𝑘 := 𝑑 (𝑧𝑘 , 𝑉) for all 𝑘 ∈ ⟦0, 𝐾⟧.

Assume that [𝑧𝐾 , 𝑧0) excludes the elements of 𝑉 and the averages of any two consecutive

elements of 𝑉 . Since 𝑧0 ⩾ · · · ⩾ 𝑧𝐾 , either 𝑧0 ⩽ · · · ⩽ 𝑧𝐾 or 𝑧0 ⩾ · · · ⩾ 𝑧𝐾 . In the first case, for all
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𝑘 ∈ ⟦0, 𝐾 − 1⟧, we have

𝜓(𝑧𝑘+1) − 𝜓(𝑧𝑘 ) ⩾ 𝜓′(𝑧𝑘+1) (𝑧𝑘+1 − 𝑧𝑘 ) (5.21a)

= 𝜓′(𝑧𝑘+1) (𝑧𝑘 − 𝑧𝑘+1) (5.21b)

⩾ 𝜓′(𝑑 (Φ(𝑥𝑘+1) + 𝑦𝑘+1, 𝑉))
(
𝛼𝑘

4
𝑑 (0, 𝜕Φ(𝑥𝑘+1))2 +

1
8𝛼𝑘
∥𝑥𝑘+1 − 𝑥𝑘 ∥2

)
(5.21c)

⩾ 𝜓′(𝑑 (Φ(𝑥𝑘+1), 𝑉) + 𝑦𝑘+1)
(√
𝛼𝑘

2
√

2
𝑑 (0, 𝜕Φ(𝑥𝑘+1)) +

1
4√𝛼𝑘

∥𝑥𝑘+1 − 𝑥𝑘 ∥
)2

(5.21d)

⩾

(√
𝛼𝑘

2
√

2
𝑑 (0, 𝜕Φ(𝑥𝑘+1)) + 1

4√𝛼𝑘 ∥𝑥𝑘+1 − 𝑥𝑘 ∥
)2

1
𝜓′ (𝑑 (Φ(𝑥𝑘+1),𝑉)) +max

{
1

𝜓′ (𝑦𝑘+1) , 𝜉𝑦𝑘+1
} (5.21e)

⩾

(√
𝛼𝑘

2
√

2
𝑑 (0, 𝜕Φ(𝑥𝑘+1)) + 1

4√𝛼𝑘 ∥𝑥𝑘+1 − 𝑥𝑘 ∥
)2

𝑑 (0, 𝜕Φ(𝑥𝑘+1)) +max
{

1
𝜓′ (𝑦𝑘+1) , 𝜉𝑦𝑘+1

} . (5.21f)

Indeed, (5.21a) holds because 𝜓 is concave. (5.21b) is due to the existence of 𝑣 ∈ 𝑉 such that

𝑧𝑘 = 𝑣 − 𝑧𝑘 for all 𝑘 ∈ ⟦0, 𝐾⟧. (5.21c) follows by the descent property (5.20). (5.21d) uses the fact

that 𝜓′ is decreasing and

𝑑 (Φ(𝑥𝑘+1) + 𝑦𝑘+1, 𝑉) = min
𝑣∈𝑉
|Φ(𝑥𝑘+1) + 𝑦𝑘+1 − 𝑣 |

⩽ min
𝑣∈𝑉
|Φ(𝑥𝑘+1) − 𝑣 | + 𝑦𝑘+1 = 𝑑 (Φ(𝑥𝑘+1), 𝑉) + 𝑦𝑘+1

for all 𝑘 ∈ ⟦0, 𝐾 − 1⟧. It also uses the QM-AM inequality [205]). (5.21e) is an application of

(5.16b). Finally, (5.21f) is a consequence of the uniform Kurdyka-Łojasiewicz inequality (5.16a).
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Using the AM-GM inequality, (5.21) yields

√
𝛼𝑘

2
√

2
𝑑 (0, 𝜕Φ(𝑥𝑘+1)) +

1
4√𝛼𝑘

∥𝑥𝑘+1 − 𝑥𝑘 ∥ (5.22a)

⩽

√︄
(𝜓(𝑧𝑘+1) − 𝜓(𝑧𝑘 ))

(
𝑑 (0, 𝜕Φ(𝑥𝑘+1)) +max

{
1

𝜓′(𝑦𝑘+1)
, 𝜉𝑦𝑘+1

})
(5.22b)

⩽
1

2(1 − 𝜄)√𝛼𝑘
(𝜓(𝑧𝑘+1) − 𝜓(𝑧𝑘 )) +

(1 − 𝜄)√𝛼𝑘
2

(
𝑑 (0, 𝜕Φ(𝑥𝑘+1)) +max

{
1

𝜓′(𝑦𝑘+1)
, 𝜉𝑦𝑘+1

})
(5.22c)

where 𝜄 ∈ [0, 1) can be arbitrary. By letting 𝜄 = 0 and multiplying by 4√𝛼𝑘 on both sides, we

obtain

∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 2(𝜓(𝑧𝑘+1) − 𝜓(𝑧𝑘 )) + 2 max
{

𝛼𝑘

𝜓′(𝑦𝑘+1)
, 𝜉𝛼𝑘 𝑦𝑘+1

}
.

Telescoping yields

𝐾∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 2(𝜓(𝑧𝐾) − 𝜓(𝑧0)) + 2

𝐾∑︁
𝑘=0

max
{

𝛼𝑘

𝜓′(𝑦𝑘+1)
, 𝜉𝛼𝑘 𝑦𝑘+1

}
+ ∥𝑥𝐾+1 − 𝑥𝐾 ∥ (5.23a)

⩽ 2𝜓(𝑧𝐾 − 𝑧0) + 2
𝐾∑︁
𝑘=0

max
{

𝛼𝑘

𝜓′(𝑦𝑘 )
, 𝜉𝛼𝑘 𝑦𝑘

}
+ 2(𝑁𝐿 + 𝐿𝑔)𝛼𝐾 (5.23b)

⩽ 2𝜓(𝑧0 − 𝑧𝐾) + 2
𝐾∑︁
𝑘=0

max
{

𝛼𝑘

𝜓′(𝑦𝑘 )
, 𝜉𝛼𝑘 𝑦𝑘

}
+ 2(𝑁𝐿 + 𝐿𝑔) max

𝑘∈⟦0,𝐾⟧
𝛼𝑘 (5.23c)

where (5.23b) uses Lemma 4.6, 𝑦𝑘 ⩾ 𝑦𝑘+1, and Corollary 5.1.

In the second case, i.e., 𝑧0 > · · · > 𝑧𝐾 , (5.21) becomes

𝜓(𝑧𝑘 ) − 𝜓(𝑧𝑘+1) ⩾

(√
𝛼𝑘

2
√

2
𝑑 (0, 𝜕Φ(𝑥𝑘+1)) + 1

4√𝛼𝑘 ∥𝑥𝑘+1 − 𝑥𝑘 ∥
)2

𝑑 (0, 𝜕Φ(𝑥𝑘 )) +max
{

1
𝜓′ (𝑦𝑘) , 𝜉𝑦𝑘

}
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and (5.22) becomes

√
𝛼𝑘

2
√

2
𝑑 (0, 𝜕Φ(𝑥𝑘+1)) +

1
4√𝛼𝑘

∥𝑥𝑘+1 − 𝑥𝑘 ∥

⩽
1

2(1 − 𝜄)√𝛼𝑘
(𝜓(𝑧𝑘 ) − 𝜓(𝑧𝑘+1)) +

(1 − 𝜄)√𝛼𝑘
2

(
𝑑 (0, 𝜕Φ(𝑥𝑘 )) +max

{
1

𝜓′(𝑦𝑘 )
, 𝜉𝑦𝑘

})
.

Setting 𝜄 = 1 − 𝑟−1/
√

2 and multiplying 4√𝛼𝑘 on both sides yields

√
2𝑟−1𝛼𝑘+1𝑑 (0, 𝜕Φ(𝑥𝑘+1)) + ∥𝑥𝑘+1 − 𝑥𝑘 ∥

⩽ 2𝑟 (𝜓(𝑧𝑘 ) − 𝜓(𝑧𝑘+1)) +
√

2𝑟−1𝛼𝑘

(
𝑑 (0, 𝜕Φ(𝑥𝑘 )) +max

{
1

𝜓′(𝑦𝑘 )
, 𝜉𝑦𝑘

})
where we use the fact that 𝛼𝑘+1/𝛼𝑘 ⩽ 𝑟. This can be simplified to

∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽2𝑟 [𝜓(𝑧𝑘 ) − 𝜓(𝑧𝑘+1)] +
√

2𝑟−1 [𝛼𝑘𝑑 (0, 𝜕Φ(𝑥𝑘 )) − 𝛼𝑘+1𝑑 (0, 𝜕Φ(𝑥𝑘+1))]

+
√

2 max
{

𝛼𝑘

𝜓′(𝑦𝑘 )
, 𝜉𝛼𝑘 𝑦𝑘

}
.
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Telescoping and 𝑟 ⩾ 1 yield

𝐾∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 2𝑟 (𝜓(𝑧0) − 𝜓(𝑧𝐾)) +

√
2𝑟−1 [𝛼0𝑑 (0, 𝜕Φ(𝑥0) − 𝛼𝐾𝑑 (0, 𝜕Φ(𝑥𝐾))]

+
√

2
𝐾∑︁
𝑘=0

max
{

𝛼𝑘

𝜓′(𝑦𝑘 )
, 𝜉𝛼𝑘 𝑦𝑘

}
+ ∥𝑥𝐾+1 − 𝑥𝐾 ∥

⩽ 2𝑟 (𝜓(𝑧0) − 𝜓(𝑧𝐾)) +
√

2𝑟−1𝛼0𝑑 (0, 𝜕Φ(𝑥0)) +
√

2
𝐾∑︁
𝑘=0

max
{

𝛼𝑘

𝜓′(𝑦𝑘 )
, 𝜉𝛼𝑘 𝑦𝑘

}
+ ∥𝑥𝐾+1 − 𝑥𝐾 ∥

⩽ 2𝑟𝜓(𝑧0 − 𝑧𝐾) +
√

2𝛼0(∥∇ 𝑓 (𝑥0)∥ + 𝑑 (0, 𝜕𝑔(𝑥0))) +
√

2
𝐾∑︁
𝑘=0

max
{

𝛼𝑘

𝜓′(𝑦𝑘 )
, 𝜉𝛼𝑘 𝑦𝑘

}
+ 2(𝑁𝐿 + 𝐿𝑔)𝛼𝐾

⩽ 2𝑟𝜓(𝑧0 − 𝑧𝐾) +
√

2(𝑁𝐿 + 𝐿𝑔)𝛼0 +
√

2
𝐾∑︁
𝑘=0

max
{

𝛼𝑘

𝜓′(𝑦𝑘 )
, 𝜉𝛼𝑘 𝑦𝑘

}
+ 2(𝑁𝐿 + 𝐿𝑔)𝛼𝐾

⩽ 2𝑟𝜓(𝑧0 − 𝑧𝐾) + 2
𝐾∑︁
𝑘=0

max
{

𝛼𝑘

𝜓′(𝑦𝑘 )
, 𝜉𝛼𝑘 𝑦𝑘

}
+ 4(𝑁𝐿 + 𝐿𝑔) max

𝑘∈⟦0,𝐾⟧
𝛼𝑘 .

Compared with the upper bound obtained in the first case (5.23c), the above bound is larger. We

can hence use it as a common bound for both cases.

We next consider the case where 𝑧0 > · · · > 𝑧𝐾 and there exist 0 ⩽ 𝐾1 ⩽ . . . ⩽ 𝐾𝑝 ⩽ 𝐾 such

that

[𝑧𝐾 , 𝑧𝐾𝑝+1) ∪ . . . ∪ [𝑧𝐾2 , 𝑧𝐾1+1) ∪ [𝑧𝐾1 , 𝑧0)

excludes the elements of 𝑉 and the averages of any two consecutive elements of 𝑉 . For notational
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convenience, let 𝐾0 := −1 and 𝐾𝑝+1 := 𝐾 . We have

𝐾∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ =

𝑝∑︁
𝑖=0

𝐾𝑖+1∑︁
𝑘=𝐾𝑖+1

∥𝑥𝑘+1 − 𝑥𝑘 ∥

⩽
𝑝∑︁
𝑖=0

(
2𝑟𝜓(𝑧𝐾𝑖+1 − 𝑧𝐾𝑖+1) + 2

𝐾𝑖+1∑︁
𝑘=𝐾𝑖+1

max
{

𝛼𝑘

𝜓′(𝑦𝑘 )
, 𝜉𝛼𝑘 𝑦𝑘

}
+ 4(𝑁𝐿 + 𝐿𝑔) max

𝑘∈⟦𝐾𝑖+1,𝐾𝑖+1⟧
𝛼𝑘

)
⩽ 2𝑟 (𝑝 + 1)𝜓

(
1

𝑝 + 1

𝑝∑︁
𝑖=0

𝑧𝐾𝑖+1 − 𝑧𝐾𝑖+1

)
+ 2

𝐾∑︁
𝑘=0

max
{

𝛼𝑘

𝜓′(𝑦𝑘 )
, 𝜉𝛼𝑘 𝑦𝑘

}
+ 4(𝑝 + 1) (𝑁𝐿 + 𝐿𝑔) max

𝑘∈⟦0,𝐾⟧
𝛼𝑘

⩽ 2𝑟 (𝑝 + 1)𝜓
(
𝑧0 − 𝑧𝐾
𝑝 + 1

)
+ 2

𝐾∑︁
𝑘=0

max
{

𝛼𝑘

𝜓′(𝑦𝑘 )
, 𝜉𝛼𝑘 𝑦𝑘

}
+ 4(𝑝 + 1) (𝑁𝐿 + 𝐿𝑔) max

𝑘∈⟦0,𝐾⟧
𝛼𝑘

⩽ 4𝑚𝑟 𝜓
( 𝑧0 − 𝑧𝐾

2𝑚

)
+ 2

𝐾∑︁
𝑘=0

max
{

𝛼𝑘

𝜓′(𝑦𝑘 )
, 𝜉𝛼𝑘 𝑦𝑘

}
+ 8𝑚(𝑁𝐿 + 𝐿𝑔) max

𝑘∈⟦0,𝐾⟧
𝛼𝑘 ,

where the second inequality uses concavity of 𝜓 and the last inequality uses 𝑝 ⩽ 2𝑚 − 1 and the

fact that 𝑠 ↦→ 𝑠𝜓(𝑎/𝑠) is increasing over (0,∞) for any constant 𝑎 > 0 [206, Proposition 2.1].

We now consider the general case where 𝑧0 ⩾ · · · ⩾ 𝑧𝐾 . Observe that if 𝑧𝑘+1 = 𝑧𝑘 at some

iteration 𝑘 ∈ ⟦0, 𝐾⟧, then 𝑥𝑘+1 = 𝑥𝑘 and 0 ∈ 𝜕Φ(𝑥𝑘+1) by (5.20). Hence such iterations do

not contribute to the length, and happen only at critical points of Φ. We can thus remove them

and obtain the above length formula with the remaining indices, to which we can add back the

discarded indices. Indeed, the added terms on the left hand side would be equal to zero, and the

added terms on the right hand size would only make the bound greater.

The desired formula now follows from simple observations. First,

𝑧0 − 𝑧𝐾 = Φ(𝑥0) + 𝑦0 −Φ(𝑥𝐾) − 𝑦𝐾 = Φ(𝑥0) −Φ(𝑥𝐾) +
𝑐1
𝜉

𝐾−1∑︁
𝑘=0

𝛼3
𝑘 .
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Second, since 𝜓′(𝑡) ⩾ 𝑡−𝜃 for all 𝑡 ⩾ 0 and 𝑦𝑘 ⩽ 𝜉𝑦𝑘 = 𝑐1
∑𝐾
𝑖=𝑘 𝛼

3
𝑖
, we have

max
{

𝛼𝑘

𝜓′(𝑦𝑘 )
, 𝜉𝛼𝑘 𝑦𝑘

}
= 𝛼𝑘 max

{
1

𝜓′(𝑦𝑘 )
, 𝜉𝑦𝑘

}
⩽ 𝛼𝑘 max

{
𝑦𝜃𝑘 , 𝜉𝑦𝑘

}
⩽ 𝛼𝑘 max

𝑐𝜃1
(
𝐾∑︁
𝑖=𝑘

𝛼3
𝑖

)𝜃
, 𝑐1

𝐾∑︁
𝑖=𝑘

𝛼3
𝑖


⩽ 𝑐1𝛼𝑘 max


(
𝐾∑︁
𝑖=𝑘

𝛼3
𝑖

)𝜃
,

𝐾∑︁
𝑖=𝑘

𝛼3
𝑖

 .
The last inequality holds because either 𝑐1 = 0 or 𝑐1 ⩾ 1. Indeed, recall that 𝑐1 := 𝜉 (𝑁 −

1)2𝑁 (2𝑁 − 1)𝐿2𝑀2/12. If 𝑁 = 1, then 𝑐1 = 0 and both sides of the last inequality are zero, so it

holds trivially; otherwise 𝑁 ⩾ 2 and 𝑐1 ⩾ 𝜉 ·12 ·2 ·3𝐿2𝑀2/12 = 𝜉𝐿2𝑀2/2. Recall that we assume

𝜉 ⩾ 2 and 𝑀, 𝐿 ⩾ 1 in the statement of this Proposition, so 𝑐1 ⩾ 2 · 12 · 12/2 = 1 and 𝑐𝜃1 ⩽ 𝑐1 for

all 𝜃 ∈ (0, 1) yields the last inequality. □

The above length formula finds a particularly simple form if we borrow the step sizes used in

[132, Lemma 3.7]. It then agrees with the one we derived for the momentum method Lemma 4.1.

It is hence suitable for obtaining global convergence.

Corollary 5.2. Suppose Assumptions 5.1 and 5.3 hold and that Φ is definable. Let 𝛽 = 0 if

𝑁 = 1, else 𝛽 ∈ (1/2, 1). Let 𝑋 ⊂ domΦ be a bounded set. There exist 𝛼̄ > 0, 𝜂, 𝜅 ⩾ 0, and

a desingularizing function 𝜓 of Φ over 𝑋 such that for all 𝐾 ∈ N, 𝛼 ∈ (0, 𝛼̄], and 𝛾 ∈ N∗, if

(𝑥0, . . . , 𝑥𝐾+1) ∈ 𝑋 × · · · × 𝑋 × R𝑛 is generated by Algorithm 1 with 𝛼𝑘 = 𝛼/(𝑘 + 𝛾)𝛽, then

𝐾∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 𝜓 (Φ(𝑥0) −Φ(𝑥𝐾) + 𝜂𝛼) + 𝜅𝛼.

Proof. Since 𝛼𝑘+1/𝛼𝑘 ⩽ max{1, [(𝑘 + 𝛾)/(𝑘 + 𝛾 +1)]𝛽} ⩽ 1 for all 𝑘 ∈ ⟦0, 𝐾⟧, by Proposition 5.4

the formula (5.17) holds with 𝑟 := 1 and whatever 𝜃 ∈ (0, 1) we desire, with some corresponding
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𝜉 ⩾ 2 and 𝑚 ∈ N∗. Replacing 𝜓 with 4𝑚𝜓(·/(2𝑚)), it holds that

𝐾∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽𝜓

(
Φ(𝑥0) −Φ(𝑥𝐾) + 𝑐1

𝐾−1∑︁
𝑘=0

𝛼3
𝑘

)
+ 2𝑐1

𝐾∑︁
𝑘=0

𝛼𝑘 max

(
𝐾∑︁
𝑖=𝑘

𝛼3
𝑖

)𝜃
,

𝐾∑︁
𝑖=𝑘

𝛼3
𝑖


+ 2𝑚𝑐2 max

𝑘∈⟦0,𝐾⟧
𝛼𝑘 .

If 𝑁 = 1, then it suffices to take 𝜂 := 𝑐1 = 0 and 𝜅 := 2𝑚𝑐2. If 𝑁 > 1, then let 𝜃 ∈ (max{(1 −

𝛽)/(3𝛽 − 1), 1/2}, 1). For any 𝑖 ∈ N, using classical series integral comparison arguments (see,

e.g. [132, Appendix B]), we have

∞∑︁
𝑘=𝑖

𝛼3
𝑘 =

∞∑︁
𝑘=𝑖

𝛼3

(𝑘 + 𝛾)3𝛽
⩽ 𝛼3

𝑖 +
∫ ∞

𝑖+𝛾

𝛼3

𝜈3𝛽 𝑑𝜈 ⩽ 𝛼3
𝑖 + 𝛼3 (𝑖 + 𝛾)1−3𝛽

3𝛽 − 1
. (5.24)

Without loss of generality, we may assume that 𝛼̄ ⩽ 1/2. Since 𝛽 ∈ (1/2, 1), we obtain an upper

bound on the argument of Φ in (5.17):

𝐾∑︁
𝑘=0

𝛼3
𝑘 ⩽

∞∑︁
𝑘=0

𝛼3
𝑘 ⩽

𝛼3

𝛾3𝛽 + 𝛼
3 𝛾

1−3𝛽

3𝛽 − 1
⩽ 𝛼3 + 𝛼3 1

3𝛽 − 1
⩽ 3𝛼3 ⩽ 𝛼,

where the second inequality is obtained by setting 𝑖 = 0 in (5.24) and 𝑘 = 0 in 𝛼𝑘 = 𝛼/(𝑘 +𝛾)𝛽. We

next upper bound the second term on the right hand side of (5.17). Note that
∑𝐾
𝑖=𝑘 𝛼

3
𝑖
< (∑𝐾

𝑖=𝑘 𝛼
3
𝑖
)𝜃

as
∑𝐾
𝑖=𝑘 𝛼

3
𝑖
, 𝜃 ∈ (0, 1). Therefore,

𝐾∑︁
𝑘=0

𝛼𝑘 max

(
𝐾∑︁
𝑖=𝑘

𝛼3
𝑖

)𝜃
,

𝐾∑︁
𝑖=𝑘

𝛼3
𝑖

 =

𝐾∑︁
𝑘=0

𝛼𝑘

(
𝐾∑︁
𝑖=𝑘

𝛼3
𝑖

)𝜃
⩽

𝐾∑︁
𝑘=0

𝛼

(𝑘 + 𝛾)𝛽

(
𝛼3
𝑘 + 𝛼

3 (𝑘 + 𝛾)1−3𝛽

3𝛽 − 1

)𝜃
⩽

𝐾∑︁
𝑘=0

𝛼

(𝑘 + 𝛾)𝛽

(
𝛼3𝜃
𝑘 + 𝛼

3𝜃 (𝑘 + 𝛾) (1−3𝛽)𝜃

(3𝛽 − 1)𝜃

)
⩽

𝐾∑︁
𝑘=0

𝛼3𝜃+1

(𝑘 + 𝛾)𝛽(1+3𝜃)
+ 𝛼3𝜃+1

(3𝛽 − 1)𝜃
𝐾∑︁
𝑘=0
(𝑘 + 𝛾) (1−3𝛽)𝜃−𝛽.
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Similar to the upper bound of
∑𝐾
𝑖=0 𝛼

3
𝑖

in (5.24), we have

𝐾∑︁
𝑘=0

𝛼3𝜃+1

(𝑘 + 𝛾)𝛽(1+3𝜃)
⩽ 𝛼3𝜃+1 + 𝛼3𝜃+1 1

(3𝜃 + 1)𝛽 − 1

due to 𝜃 ∈ (1/2, 1), and

𝛼3𝜃+1

(3𝛽 − 1)𝜃
𝐾∑︁
𝑘=0
(𝑘 + 𝛾) (1−3𝛽)𝜃−𝛽 ⩽ 2𝜃𝛼3𝜃+1

(
1

𝛾𝛽+(3𝛽−1)𝜃 +
𝛾1−𝛽−(3𝛽−1)𝜃

𝛽 + (3𝛽 − 1)𝜃 − 1

)
⩽ 2𝛼3𝜃+1

(
1 + 1

𝛽 + (3𝛽 − 1)𝜃 − 1

)
.

Since 𝛼 ∈ (0, 1/2], we have 𝛼3𝜃+1 ⩽ 𝛼 and

𝐾∑︁
𝑘=0

𝛼𝑘 max

(
𝐾∑︁
𝑖=𝑘

𝛼3
𝑖

)𝜃
,

𝐾∑︁
𝑖=𝑘

𝛼3
𝑖

 ⩽ 𝛼3𝜃+1
(
3 + 1
(3𝜃 + 1)𝛽 − 1

+ 2
𝛽 + (3𝛽 − 1)𝜃 − 1

)
⩽ 𝛼

(
3 + 1
(3𝜃 + 1)𝛽 − 1

+ 2
𝛽 + (3𝛽 − 1)𝜃 − 1

)
⩽ 3𝛼

(
1 + 1

𝛽 + (3𝛽 − 1)𝜃 − 1

)
.

The desired inequality then follows by posing

𝜂 := 𝑐1 and 𝜅 := 6𝑐1

(
1 + 1

𝛽 + (3𝛽 − 1)𝜃 − 1

)
+ 2𝑚𝑐2.

□

We are now ready to prove the main result of this subsection. Leveraging the tracking lemma

(Lemma 5.1) and the length formula (Corollary 5.2), we employ a framework similar to that used in

Theorem 4.2 to establish the desired result, Theorem 5.4. To provide a clear overview, we outline

the proof below, with the full details available in Section 5.4.2.

Sketch proof of Theorem 5.4. Let 𝑋0 be a bounded subset of domΦ. We can first use the tracking

lemma (Lemma 5.1) and the length formula (Corollary 5.2) to prove the existence of 𝛼̄ > 0 such
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that Γ(𝑋0, 𝛼̄) < ∞ where

Γ(𝑋0, 𝛼̄) := sup
𝑥∈(R𝑛)N×⟦0,𝑁⟧,𝜎∈𝔖N

𝑁

(𝛼,𝛾)∈(0,𝛼̄]×N∗

∞∑︁
𝑘=0
∥𝑥𝑘+1,0 − 𝑥𝑘,0∥ (5.25a)

s.t.


𝑥𝑘+1,0 = prox𝛼𝑘𝑔 (𝑥𝑘,𝑁 ),

𝑥𝑘,𝑖 = 𝑥𝑘,𝑖−1 − 𝛼𝑘∇ 𝑓𝜎𝑘
𝑖
(𝑥𝑘,𝑖−1), ∀𝑖 ∈ ⟦1, 𝑁⟧,

𝛼𝑘 = 𝛼/(𝑘 + 𝛾)𝛽, ∀𝑘 ∈ N, 𝑥0,0 ∈ 𝑋0.

(5.25b)

Above, 𝔖𝑁 denotes the symmetric group of degree 𝑁 .

The finiteness of Γ(𝑋0, 𝛼̄) naturally means that ∥𝑥𝑘 − 𝑥0∥ ⩽
∑𝑘
𝑖=0 ∥𝑥𝑖 − 𝑥𝑖−1∥ ⩽ Γ(𝑋0, 𝛼̄) for

all 𝑘 ∈ N, that is, 𝑥𝑘 ∈ 𝐵(𝑋0, Γ(𝑋0, 𝛼̄)) (where 𝑥𝑘 := 𝑥𝑘,0). Let 𝐿0, 𝑀 respectively be Lipschitz

constants of 𝑓1, . . . , 𝑓𝑁 and ∇ 𝑓1, . . . ,∇ 𝑓𝑁 on 𝐵(𝑋0, Γ(𝑋0, 𝛼̄) + 2). We then establish

𝑑 (0, 𝜕Φ(𝑥𝑘+1)) ⩽
(

1
𝛼𝑘
+ 𝑀

)
∥𝑥𝑘+1 − 𝑥𝑘 ∥ + (𝑁 − 1)

√︂
𝑁 (2𝑁 − 1)

6
𝑀𝐿0𝛼𝑘 .

Note that for all nonnegative decreasing sequence 𝑢0, 𝑢1, 𝑢2, . . ., we have 𝑢𝑘 ⩽ 2(∑∞
𝑖=⌊𝑘/2⌋ 𝑢𝑖)/(𝑘 +

2) as explained in [45, Footnote 1]. In particular, for 𝑢𝑘 := min𝑖∈⟦0,𝑘⟧ 𝛼𝑖𝑑 (0, 𝜕Φ(𝑥𝑖+1)), we have

min
𝑖∈⟦0,𝑘⟧

𝛼𝑖𝑑 (0, 𝜕Φ(𝑥𝑖+1)) ⩽
2

𝑘 + 2

∞∑︁
𝑖=⌊𝑘/2⌋

(1 + 𝛼𝑀)∥𝑥𝑖+1 − 𝑥𝑖∥ + (𝑁 − 1)
√︂
𝑁 (2𝑁 − 1)

6
𝑀𝐿0𝛼

2
𝑖 .

Thus, using 𝛼𝑘 = 𝛼/(𝑘 +1)𝛽 and series integral comparison arguments again, we can finally obtain

min
𝑖∈⟦0,𝑘⟧

𝑑 (0, 𝜕Φ(𝑥𝑖+1)) ⩽
1

(𝑘 + 1)1−𝛽
©­«2(𝛼−1 + 𝑀)

∞∑︁
𝑖=⌊𝑘/2⌋

∥𝑥𝑖+1 − 𝑥𝑖∥ +
4(𝑁 − 1)

√︁
𝑁 (2𝑁 − 1)𝑀𝐿0𝛼√

6(2𝛽 − 1) (⌊𝑘/2⌋ + 1)2𝛽−1
ª®¬ .

□

It is worth noting that our proof of Theorem 5.4 is based on a worst-case analysis, which

holds for any permutation of indices used in the stochastic gradient updates. As a consequence,

the resulting complexity bound may not be tight with respect to the sample size 𝑁 , and the step
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size upper bound 𝛼̄ requires a conservative choice to ensure the iterates track the subgradient

trajectories accurately. In particular, while Lemma 5.7 sets 𝛼̄ := min{1/(2𝑁𝐿 + 2𝐿𝑔), 1/(2𝑁𝑀)},

which yields the typical Θ(1/𝑁) scaling seen in nonconvex settings (see, e.g., [181, Eq. (2.16)]),

the final value of 𝛼̄ used in the proof of Theorem 5.4 may be significantly smaller. This tighter

restriction is necessary to guarantee the recursive tracking of subgradient trajectories, particularly

in the absence of additional assumptions.

One natural question is whether a high-probability analysis could improve the dependence on 𝑁

or allow for a larger step size. Indeed, such improvements have been demonstrated in the literature.

For example, applying the approach in [181] to PRR under their global smoothness assumptions,

one can use a constant step size and improve the last-iterate complexity from 𝑂 (𝑁3/2𝜖−3) (deter-

ministic) to 𝑂 (max{𝑁𝜖−2, 𝑁1/2𝜖−3}) (high probability). Correspondingly, the step size improves

from 𝑂 (1/𝑁3/2) to 𝑂 (1/𝑁).

However, in our setting, we do not assume a global Lipschitz constant for ∇ 𝑓𝑖 or a uniform

bound on the iterates. To ensure boundedness and thereby control the local Lipschitz constants, we

need to adopt step sizes that diminish faster than 1/
√
𝑘 . Under such conditions, high-probability

analysis does not lead to an explicit improvement in either the allowable step size or the last-iterate

complexity. Indeed, we explored both worst-case and high-probability analyses and found that,

when using step sizes close to 1/
√
𝑘 , the last-iterate complexity remains approximately 𝑂 (𝜖−6).

This complexity is quite poor, reflecting significantly slower convergence of the last iterate com-

pared to the convergence rate in terms of minimum gradient norm. Moreover, the dependence on

𝑁 remains unclear. For these reasons, we chose not to include any details in this work.

5.4 Proof of intermediate results

5.4.1 Proof of Proposition 5.2

For simplicity, we can consider setting of 𝑈 ⊂ 𝐵(0, 1). By assumption, there exist 𝑟𝑥 , 𝑟𝑦 > 0

such that for every 𝑘 ∈ N, 𝑥𝑘 (𝑡) ∈ 𝐵(0, 𝑟𝑥) and 𝑦𝑘 (𝑡) ∈ 𝐵(0, 𝑟𝑦) for all 𝑡 ∈ 𝐼 \ 𝑍𝑘 , where 𝑍𝑘

has zero measure. Let 𝑍 :=
⋃
𝑘∈N 𝑍𝑘 , then 𝑍 also has zero measure. Thus, 𝑥𝑘 (𝑡) ∈ 𝐵(0, 𝑟𝑥)
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and 𝑦𝑘 (𝑡) ∈ 𝐵(0, 𝑟𝑦) for all 𝑘 ∈ N and 𝑡 ∈ 𝐼 \ 𝑍 . In addition, there exists 𝑟𝐹 > 0 such that

𝐹 (𝑥𝑘 (𝑡)) ⊂ 𝐹 (𝐵(0, 𝑟𝑥)) ⊂ 𝐵(0, 𝑟𝐹) for all 𝑘 ∈ N and 𝑡 ∈ 𝐼 \ 𝑍 as 𝐹 is locally bounded.

Furthermore, there is a set 𝑍′ with zero measure such that for all 𝑡 ∈ 𝐼\𝑍′, for any neighborhood

𝑈 of 0 such that𝑈 ⊂ 𝐵(0, 1), there exists 𝑘0 ∈ N satisfying

(𝑥𝑘 (𝑡), 𝑦𝑘 (𝑡)) ∈ graph(𝐹 + 𝐺) +𝑈, ∀ 𝑘 ⩾ 𝑘0.

Since 𝑦𝑘 (𝑡) ∈ 𝐹 (𝑥𝑘 (𝑡)) + 𝐺 (𝑥𝑘 (𝑡)) + 𝐵(0, 1), there exist 𝛼𝑘 (𝑡) ∈ 𝐹 (𝑥𝑘 (𝑡)), 𝛽𝑘 (𝑡) ∈ 𝐺 (𝑥𝑘 (𝑡)) and

𝛾𝑘 (𝑡) ∈ 𝐵(0, 1) such that 𝑦𝑘 (𝑡) = 𝛼𝑘 (𝑡) + 𝛽𝑘 (𝑡) + 𝛾𝑘 (𝑡) for all 𝑘 ⩾ 𝑘0 and 𝑡 ∈ 𝐼 \ (𝑍 ∪ 𝑍′).

Notice that ∥𝛽𝑘 (𝑡)∥ ⩽ 𝑟𝑦 + 𝑟𝐹 + 1. Set 𝑟 := 𝑟𝑦 + 𝑟𝐹 + 1, and define the cut set-valued mapping

𝐺𝑟 as 𝐺𝑟 (·) := 𝐺 (·) ∩ 𝐵(0, 𝑟). Note that 𝐹 + 𝐺𝑟 is proper, locally bounded, and has convex

values. In addition, 𝐹 + 𝐺𝑟 has closed graph by Lemma 5.2. Using similar arguments as in [40,

2.1.5(d) Proposition], it follows that 𝐹 + 𝐺𝑟 is upper semicontinuous [46, p. 59], and thus upper

hemicontinuous [46, p. 60]. Since 𝛽𝑘 (𝑡) ∈ 𝐺𝑟 (𝑥𝑘 (𝑡)), for all 𝑡 ∈ 𝐼 \ (𝑍 ∪ 𝑍′), we have

(𝑥𝑘 (𝑡), 𝑦𝑘 (𝑡)) ∈ graph(𝐹 + 𝐺𝑟) +𝑈, ∀ 𝑘 ⩾ 𝑘0.

It is easy to see the above also holds for neighborhood not necessarily a subset of 𝐵(0, 1) by taking

the same 𝑘0 as the one for neighborhood 𝑈 ∩ 𝐵̊(0, 1). Therefore, applying [46, Theorem 1, p. 60]

to 𝐹 + 𝐺𝑟 , we can conclude that for a.e. 𝑡 ∈ 𝐼,

(𝑥(𝑡), 𝑦(𝑡)) ∈ graph(𝐹 + 𝐺𝑟) ⊂ graph(𝐹 + 𝐺).

□
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5.4.2 Proof of Theorem 5.4

Let 𝑋0 be a bounded subset of domΦ. Our goal is to show that there exist 𝛼̄ > 0 such that

Γ(𝑋0, 𝛼̄) < ∞, where

Γ(𝑋0, 𝛼̄) := sup
𝑥∈(R𝑛)N×⟦0,𝑁⟧,𝜎∈𝔖N

𝑁

(𝛼,𝛾)∈(0,𝛼̄]×N∗

∞∑︁
𝑘=0
∥𝑥𝑘+1,0 − 𝑥𝑘,0∥ (5.26a)

s.t.


𝑥𝑘+1,0 = prox𝛼𝑘𝑔 (𝑥𝑘,𝑁 ),

𝑥𝑘,𝑖 = 𝑥𝑘,𝑖−1 − 𝛼𝑘∇ 𝑓𝜎𝑘
𝑖
(𝑥𝑘,𝑖−1), ∀𝑖 ∈ ⟦1, 𝑁⟧,

𝛼𝑘 = 𝛼/(𝑘 + 𝛾)𝛽, ∀𝑘 ∈ N, 𝑥0,0 ∈ 𝑋0,

(5.26b)

and 𝔖𝑁 denotes the symmetric group of degree 𝑁 .

Let Σ : R+ × dom 𝑔 → dom 𝑔 defined by Σ(𝑡, 𝑥0) := 𝑥(𝑡) where 𝑥(·) is the unique solution of

𝑥′(𝑡) ∈ −𝜕Φ(𝑥(𝑡)) = −∇ 𝑓 (𝑥(𝑡)) − 𝜕𝑔(𝑥(𝑡)) = −
𝑁∑︁
𝑖=1
∇ 𝑓𝑖 (𝑥(𝑡)) − 𝜕𝑔(𝑥(𝑡)), 𝑥(0) = 𝑥0.

Notice that the uniqueness can be easily derived from [74, Theorem 4.3(b)]. Let 𝐶 be the set of

critical points of Φ in Σ(R+, 𝑋0). Note that 𝐶 is bounded due to Proposition 5.3 and closed due to

[46, Proposition 2(a), p. 141]. Thus, 𝐶 is compact, and either 𝑋0 ⊂ 𝐶 (in this case just take any

𝜖 ∈ (0, 1]) or there exists 𝜖 ∈ (0, 1] such that 𝑋0 \ 𝐵̊(𝐶, 𝜖/6) ≠ ∅.

To prove Γ(𝑋0, 𝛼̄) < ∞ for some 𝛼̄ > 0, we follow the two steps below. First, we will show

that the iterates can go arbitrarily close to a critical point of Φ. Second, we will show that either the

iterates always stay within a neighborhood of the critical point, or they admit a sufficient decrease

in function value when step out of the neighborhood of the critical point.

For the first step, we show that for every 𝑋0 and every 𝛿 ∈ (0, 𝜖/2), there exists 𝛼̂ such that

for any (𝑥𝑘 )𝑘∈N generated by Algorithm 1 with 𝑥0 ∈ 𝑋0 and (𝛼𝑘 )𝑘∈N satisfying 𝛼𝑘 ∈ (0, 𝛼̂] for

all 𝑘 ∈ N, there exist 𝑘∗ ∈ N and 𝑥∗ ∈ 𝐶 such that ∥𝑥𝑘∗ − 𝑥∗∥ ⩽ 𝛿. If 𝑋0 ⊂ 𝐶, then the

desired result trivially holds because we can simply take any 𝛼̂ > 0 with 𝑘∗ = 0 and 𝑥∗ = 𝑥0. If
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𝑋0 \ 𝐵̊(𝐶, 𝜖/6) ≠ ∅, then the argument can be further divided into two parts. The first part is to

show that the subgradient trajectory of Φ can go arbitrarily close to a critical point of Φ, i.e., we

show that for fixed 𝑋0 and 𝛿, there exists 𝑇 > 0 such that for any solution 𝑥(·) of 𝑥′(𝑡) ∈ −𝜕Φ(𝑥(𝑡))

with 𝑥0 ∈ 𝑋0, we have that ∥𝑥(𝑡∗) − 𝑥∗∥ ⩽ 𝛿/3 for some 𝑡∗ ∈ [0, 𝑇] and 𝑥∗ ∈ 𝐶. To prove it, let

𝜈 := inf
𝑥∈Σ0\𝐵̊(𝐶,𝛿/3)

∥𝜕Φ(𝑥)∥ = inf
{
∥𝑦∥ : 𝑦 ∈ 𝜕Φ

(
Σ0 \ 𝐵̊(𝐶, 𝛿/3)

)}
.

Recall that 𝜕Φ := ∇ 𝑓 (𝑥) + 𝜕𝑔(𝑥) has closed graph by Lemma 5.2. Since Σ0 \ 𝐵̊(𝐶, 𝛿/3) is a

nonempty compact subset of dom 𝑔, the set 𝜕Φ(Σ0 \ 𝐵̊(𝐶, 𝛿/3)) is nonempty and closed. Thus, 𝜈

is finite and attained. Combined with the definition of 𝐶, it holds that 𝜈 > 0. Let 𝑇 := 2Γ(𝑋0)/𝜈

where Γ(𝑋0) is defined by

Γ(𝑋0) := sup
𝑥∈A(R+,R𝑛)

∫ ∞

0
∥𝑥′(𝑡)∥𝑑𝑡

subject to


𝑥′(𝑡) ∈ −𝜕Φ(𝑥(𝑡)), for a.e. 𝑡 > 0,

𝑥(0) ∈ 𝑋0.

and Γ(𝑋0) < ∞ by Proposition 5.3. Note that 𝑇 > 0 because 𝑋0 ⊄ 𝐶 and Γ(𝑋0) > 0. Furthermore,

it follows that there exists 𝑡∗ ∈ [0, 𝑇] such that 𝑑 (0, 𝜕Φ(𝑥(𝑡∗))) = ∥𝑥′(𝑡∗)∥ < 2Γ(𝑋0)/𝑇 . We know

from Lemma 5.5 that 𝑑 (0, 𝜕Φ(𝑥(𝑡))) = ∥𝑥′(𝑡)∥ for almost every 𝑡 ∈ [0, 𝑇]. Assume the contrary

that ∥𝑥′(𝑡)∥ ⩾ 2Γ(𝑋0)/𝑇 for all such 𝑡, then

∫ ∞

0
∥𝑥′(𝑡)∥𝑑𝑡 ⩾

∫ 𝑇

0
∥𝑥′(𝑡)∥𝑑𝑡 ⩾ 2Γ(𝑋0) > Γ(𝑋0)

contradicts the definition of Γ(𝑋0). According to the definition of 𝜈, we have 𝑥(𝑡∗) ∈ 𝐵̊(𝐶, 𝛿/3).

Hence, ∥𝑥(𝑡∗) − 𝑥∗∥ ⩽ 𝛿/3 for this 𝑥∗ ∈ 𝐶 and the claim follows.

We next show that there exists 𝛼̂ > 0 such that for any (𝑥𝑘 )𝑘∈N generated by Algorithm 1

with 𝑥0 ∈ 𝑋0 and (𝛼𝑘 )𝑘∈N satisfying 𝛼𝑘 ∈ (0, 𝛼̂] for all 𝑘 ∈ N, there exists 𝑘∗ ∈ N such that
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∥𝑥𝑘∗ − 𝑥(𝑡∗)∥ ⩽ 2𝛿/3. To see this, let

𝐿Φ := sup
𝑥∈𝐵(Σ0,𝜖)

∥∇ 𝑓 (𝑥)∥ + sup
𝑥∈𝐵(Σ0,𝜖)∩dom 𝑔

𝑑 (0, 𝜕𝑔(𝑥)),

where 𝐿Φ < ∞ by Lemma 5.4. By Lemma 5.1, there exists 𝛼̂ ∈ (0, 𝛿/(3𝐿Φ)] such that for any

(𝑥𝑘 )𝑘∈N generated by Algorithm 1 with 𝑥0 ∈ 𝑋0 and (𝛼𝑘 )𝑘∈N satisfying 𝛼𝑘 ∈ (0, 𝛼̂] for all 𝑘 ∈ N,

we have that for all 𝑘 ∈ N∗,

𝑘−1∑︁
𝑖=0

𝛼𝑖 ⩽ 𝑇 =⇒





𝑥𝑘 − 𝑥

(
𝑘−1∑︁
𝑖=0

𝛼𝑖

)




 ⩽ 𝛿

3
,

Since 𝛼𝑘 ⩽ 𝛼̂ ⩽ 𝛿/(3𝐿Φ) and
∑∞
𝑘=0 𝛼𝑘 = ∞, there exists 𝑘∗ ∈ N such that 𝑡𝑘∗ :=

∑𝑘∗−1
𝑘=0 𝛼𝑘 ∈

[𝑡∗ − 𝛿/(3𝐿Φ), 𝑡∗], where the convention
∑−1
𝑘=0 𝛼𝑘 = 0 is used. Thus,

∥𝑥𝑘∗ − 𝑥(𝑡∗)∥ ⩽ ∥𝑥𝑘∗ − 𝑥(𝑡𝑘∗)∥ + ∥𝑥(𝑡𝑘∗) − 𝑥(𝑡∗)∥ ⩽
𝛿

3
+

∫ 𝑡∗

𝑡𝑘∗
∥𝑥′(𝜏)∥ 𝑑𝜏

=
𝛿

3
+

∫ 𝑡∗

𝑡𝑘∗
𝑑 (0, 𝜕Φ(𝑥(𝜏))) 𝑑𝜏 ⩽ 𝛿

3
+ 𝐿Φ(𝑡∗ − 𝑡𝑘∗) ⩽

2𝛿
3
.

Now claim of the first step of the proof follows easily from combining the above two parts, i.e.,

∥𝑥𝑘∗ − 𝑥∗∥ ⩽ ∥𝑥𝑘∗ − 𝑥(𝑡∗)∥ + ∥𝑥(𝑡∗) − 𝑥∗∥ ⩽
2𝛿
3
+ 𝛿

3
= 𝛿.

For the second step, define 𝐾∗ := inf{𝑘 ⩾ 𝑘∗ : 𝑥𝑘 ∉ 𝐵̊(𝐶, 𝜖)}. Clearly, we have that 𝐾∗ ⩾

𝑘∗ + 1. Furthermore, let 𝐿𝑔 := sup
𝑥∈𝐵(Σ0,𝜖)∩dom 𝑔

𝑑 (0, 𝜕𝑔(𝑥)) and 𝐿 := max{𝐿1, . . . , 𝐿𝑁 }, where

𝐿𝑖 := sup
𝑥∈𝐵(Σ0,𝜖+1) ∥∇ 𝑓𝑖 (𝑥)∥ for 𝑖 = 1, . . . , 𝑁 . Since Φ is continuous over dom 𝑔 and𝐶 is compact,

there exists 𝛿 ∈ (0, 𝜖/2) such that

Φ(𝑥) −max
𝐶

Φ ⩽
1
4
𝜓−1

( 𝜖
3

)
, ∀ 𝑥 ∈ 𝐵(𝐶, 𝛿) ∩ dom 𝑔. (5.27)

Apply the result in the first step to this 𝛿, we obtain the desired 𝛼̂ ∈ (0, 𝛿/(3𝐿Φ)], 𝑘∗ and 𝑥∗. Since
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𝐵(Σ0, 𝜖) is bounded, by Corollary 5.2, there exist 𝜂, 𝜅 > 0 and 𝛼̃ ∈ (0, 𝛼̂] such that for every

𝛼 ∈ (0, 𝛼̃],
𝐾∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 𝜓 (Φ(𝑥0) −Φ(𝑥𝐾) + 𝜂𝛼) + 𝜅𝛼. (5.28)

for all 𝐾 = 0, . . . , 𝐾∗−1 holds for any (𝑥0, . . . , 𝑥𝐾∗) ∈ (𝐵(Σ0, 𝜖))𝐾
∗×R𝑛 generated by Algorithm 1

with 𝛼𝑘 = 𝛼/(𝑘 + 𝛾)𝛽 where 𝛼 ∈ (0, 𝛼̃].

If 𝐾∗ = ∞, then 𝑥𝑘 ∈ 𝐵̊(𝐶, 𝜖) for all 𝑘 ⩾ 𝑘∗. Combined with the fact that 𝑥𝑘 ∈ 𝐵(Σ0, 𝛿/3)

for all 𝑘 = 0, . . . , 𝑘∗ − 1, we have that 𝑥𝑘 ∈ 𝐵(Σ0, 𝜖) for 𝑘 ∈ N. In this case, a limiting argument

shows

∞∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩽ 𝜓

(
sup
𝑋0

Φ − inf
𝐵(Σ0,𝜖)

Φ + 𝜂𝛼
)
+ 𝜅𝛼.

Thus, Γ(𝑋0, 𝛼̃) < ∞ immediately follows in this case.

If 𝐾∗ < ∞, then consider any 𝛼 ∈ (0, 𝛼̄0], where

𝛼̄0 := min
{
𝛼̃,

𝜖

4(𝑁𝐿 + 𝐿𝑔)
,
𝜖

6𝜅
,

1
2𝜂
𝜓−1

( 𝜖
3

)}
.

Furthermore, 𝐾∗ ⩾ 𝑘∗ + 2 because Corollary 5.1 implies that

∥𝑥𝑘∗+1 − 𝑥∗∥ ⩽ ∥𝑥𝑘∗+1 − 𝑥𝑘∗ ∥ + ∥𝑥𝑘∗ − 𝑥∗∥ ⩽ 2𝛼𝑘∗ (𝑁𝐿 + 𝐿𝑔) + 𝛿

⩽ 2
𝜖

4(𝑁𝐿 + 𝐿𝑔)
(𝑁𝐿 + 𝐿𝑔) + 𝛿 <

𝜖

2
+ 𝜖

2
= 𝜖 .

We claim that at iteration 𝐾∗ − 1, the objective value has admitted a sufficient decrease from the

largest critical value in 𝐶, i.e.,

Φ(𝑥𝐾∗−1) ⩽ max
𝐶

Φ − 1
4
𝜓−1

( 𝜖
3

)
. (5.29)
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To verify the claim, first notice that

𝐾∗−1∑︁
𝑘=𝑘∗
∥𝑥𝑘+1 − 𝑥𝑘 ∥ ⩾ ∥𝑥𝐾∗ − 𝑥𝑘∗ ∥ ⩾ ∥𝑥𝐾∗ − 𝑥∗∥ − ∥𝑥𝑘∗ − 𝑥∗∥ ⩾ 𝜖 − 𝛿 ⩾ 𝜖

2
.

Furthermore, using the range of 𝛼 and the fact that 𝜓−1 is increasing, we have

𝜓−1

(
𝐾∗−1∑︁
𝑘=𝑘∗
∥𝑥𝑘+1 − 𝑥𝑘 ∥ − 𝜅𝛼

)
⩾ 𝜓−1

( 𝜖
2
− 𝜖

6

)
= 𝜓−1

( 𝜖
3

)
.

On the other hand, (5.28) imply that

Φ(𝑥𝑘∗) −Φ(𝑥𝐾∗−1) ⩾ 𝜓−1

(
𝐾∗−1∑︁
𝑘=𝑘∗
∥𝑥𝑘+1 − 𝑥𝑘 ∥ − 𝜅𝛼

)
− 𝜂𝛼

Therefore, it yields that

Φ(𝑥𝑘∗) −Φ(𝑥𝐾∗−1) ⩾ 𝜓−1
( 𝜖
3

)
− 𝜂𝛼 ⩾

1
2
𝜓−1

( 𝜖
3

)
. (5.30)

Finally, since 𝑥𝑘∗ ∈ 𝐵(𝐶, 𝛿) ∩ dom 𝑔, combining (5.27) and (5.30), we obtain the desired claim

(5.29).

Define the successive initial set of 𝑋0 by

𝑋1 := 𝐵(𝐶, 𝜖)
⋂ {

𝑥 ∈ dom 𝑔 : Φ(𝑥) ⩽ max
𝐶

Φ − 1
4
𝜓−1

( 𝜖
3

)}
. (5.31)

From (5.29), we know that 𝑥𝐾∗−1 ∈ 𝑋1. By (5.28), for any feasible points (𝑥, 𝜎, 𝛼, 𝛾) of (5.26), we
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have

∞∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ =

𝐾∗−2∑︁
𝑘=0
∥𝑥𝑘+1 − 𝑥𝑘 ∥ +

∞∑︁
𝑘=𝐾∗−1

∥𝑥𝑘+1 − 𝑥𝑘 ∥

⩽ 𝜓 (Φ(𝑥0) −Φ(𝑥𝐾) + 𝜂𝛼) + 𝜅𝛼 +
∞∑︁

𝑘=𝐾∗−1
∥𝑥𝑘+1 − 𝑥𝑘 ∥

⩽ 𝜓

(
sup
𝑋0

Φ − inf
𝐵(Σ0,𝜖)

Φ + 𝜂𝛼̄0

)
+ 𝜅𝛼̄0 + Γ(𝑋1, 𝛼̄0).

where in the last inequality we use the fact that if (𝑥, 𝜎, 𝛼, 𝛾) is feasible for (5.26), then for any

𝑘̄ ∈ N, ((𝑥𝑘,·)𝑘⩾ 𝑘̄ , (𝜎𝑘 )𝑘⩾ 𝑘̄ , 𝛼, 𝑘̄ + 𝛾) is again feasible. Using the convention Γ(∅, ·) = −∞, by

taking supremum over all feasible points (𝑥, 𝜎, 𝛼, 𝛾) of (5.26), we can combine the case when

𝐾∗ = ∞ and 𝐾∗ < ∞ into

Γ(𝑋0, 𝛼̄0) ⩽ 𝜓

(
sup
𝑋0

Φ − inf Φ + 𝜂𝛼̄0

)
+ 𝜅𝛼̄0 +max{Γ(𝑋1, 𝛼̄0), 0}.

Note that the above inequality is also valid if 𝛼̄0 is replaced by any 𝛼 ∈ (0, 𝛼̄0].

If 𝑋1 ≠ ∅, we may repeat the above arguments by replacing 𝑋0 with 𝑋1. Recursively, we obtain

sequences of 𝑋ℓ, 𝛼̄ℓ, 𝜓ℓ, 𝜂ℓ, 𝜅ℓ such that

Γ(𝑋ℓ, 𝛼̄ℓ) ⩽ 𝜓ℓ

(
sup
𝑋ℓ

Φ − inf Φ + 𝜂ℓ𝛼̄ℓ
)
+ 𝜅ℓ𝛼̄ℓ +max{Γ(𝑋ℓ+1, 𝛼̄ℓ), 0}, (5.32)

for any ℓ ∈ N as long as 𝑋ℓ ≠ ∅, where 𝜓0 := 𝜓, 𝜂0 := 𝜂, 𝜅0 = 𝜅. Again, the above inequality

remains valid when reducing 𝛼̄ℓ.

We finally show that 𝑋ℓ = ∅ for some ℓ ∈ N. Let 𝑣ℓ be the maximum critical value of Φ

in (−∞,max𝑋ℓ Φ]. By the construction of the sequence of initial sets (5.31), it is evident that if

neither 𝑋ℓ nor 𝑋ℓ+1 is empty, then 𝑣ℓ > max𝑋ℓ+1 Φ ⩾ 𝑣ℓ+1. As Φ has finitely many critical values by

[43, Corollary 9], eventually 𝑋ℓ = ∅. Let ℓ̄ ⩾ 1 be the smallest index such that 𝑋ℓ̄ = ∅. Telescoping
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(5.32) with 𝛼̄ℓ replaced by 𝛼̄ := min{𝛼̄ℓ : ℓ = 0, . . . , ℓ̄ − 1} yields

Γ(𝑋0, 𝛼̄) ⩽
ℓ̄−1∑︁
ℓ=0

𝜓ℓ

(
sup
𝑋ℓ

Φ − inf Φ + 𝜂ℓ𝛼̄ℓ
)
+ 𝜅ℓ𝛼̄ℓ < ∞.

The finiteness of Γ(𝑋0, 𝛼̄) naturally means that ∥𝑥𝑘 − 𝑥0∥ ⩽
∑𝑘
𝑖=0 ∥𝑥𝑖 − 𝑥𝑖−1∥ ⩽ Γ(𝑋0, 𝛼̄) for

all 𝑘 ∈ N, that is, 𝑥𝑘 ∈ 𝐵(𝑋0, Γ(𝑋0, 𝛼̄)) (where 𝑥𝑘 := 𝑥𝑘,0). Let 𝐿0, 𝑀 respectively be Lipschitz

constants of 𝑓1, . . . , 𝑓𝑁 and ∇ 𝑓1, . . . ,∇ 𝑓𝑁 on 𝐵(𝑋0, Γ(𝑋0, 𝛼̄) + 2). After possibly reducting 𝛼̄, we

have 𝛼̄ ⩽ 1/(𝑁𝐿0). Since 𝑥𝑘+1 = prox𝛼𝑘𝑔 (𝑥𝑘,𝑁 ), Fermat’s rule [38, Theorem 10.1] implies that

0 ∈ 𝛼𝑘𝜕𝑔(𝑥𝑘+1) + 𝑥𝑘+1 − 𝑥𝑘,𝑁 and hence

𝜕Φ(𝑥𝑘+1) = ∇ 𝑓 (𝑥𝑘+1) + 𝜕𝑔(𝑥𝑘+1) ∋ ∇ 𝑓 (𝑥𝑘+1) −
𝑥𝑘+1 − 𝑥𝑘,𝑁

𝛼𝑘
.

Since 𝑥𝑘,𝑁 = 𝑥𝑘 − 𝛼𝑘
∑𝑁
𝑖=1 ∇ 𝑓𝜎𝑘𝑖 (𝑥𝑘,𝑖−1), by Corollary 5.1 it follows that

𝑑 (0, 𝜕Φ(𝑥𝑘+1)) ⩽




∇ 𝑓 (𝑥𝑘+1) − 𝑥𝑘+1 − 𝑥𝑘,𝑁𝛼𝑘






⩽
∥𝑥𝑘+1 − 𝑥𝑘 ∥

𝛼𝑘
+






∇ 𝑓 (𝑥𝑘+1) − 𝑁∑︁
𝑖=1
∇ 𝑓𝜎𝑘

𝑖
(𝑥𝑘,𝑖−1)







⩽
∥𝑥𝑘+1 − 𝑥𝑘 ∥

𝛼𝑘
+ ∥∇ 𝑓 (𝑥𝑘+1) − ∇ 𝑓 (𝑥𝑘 )∥ +






∇ 𝑓 (𝑥𝑘 ) − 𝑁∑︁
𝑖=1
∇ 𝑓𝜎𝑘

𝑖
(𝑥𝑘,𝑖−1)







⩽

(
1
𝛼𝑘
+ 𝑀

)
∥𝑥𝑘+1 − 𝑥𝑘 ∥ + (𝑁 − 1)

√︂
𝑁 (2𝑁 − 1)

6
𝑀𝐿0𝛼𝑘 .

The last inequality admits a similar derivation as in the proof of Lemma 5.7. Note that for all

nonnegative decreasing sequence 𝑢0, 𝑢1, 𝑢2, . . ., we have 𝑢𝑘 ⩽ 2(∑∞
𝑖=⌊𝑘/2⌋ 𝑢𝑖)/(𝑘 + 2) as explained
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in [45, Footnote 1]. In particular, for 𝑢𝑘 := min𝑖∈⟦0,𝑘⟧ 𝛼𝑖𝑑 (0, 𝜕Φ(𝑥𝑖+1)), we have

min
𝑖∈⟦0,𝑘⟧

𝛼𝑖𝑑 (0, 𝜕Φ(𝑥𝑖+1)) ⩽
2

𝑘 + 2

∞∑︁
𝑖=⌊𝑘/2⌋

min
𝑗∈⟦0,𝑖⟧

𝛼 𝑗𝑑 (0, 𝜕Φ(𝑥 𝑗+1))

⩽
2

𝑘 + 2

∞∑︁
𝑖=⌊𝑘/2⌋

𝛼𝑖𝑑 (0, 𝜕Φ(𝑥𝑖+1))

⩽
2

𝑘 + 2

∞∑︁
𝑖=⌊𝑘/2⌋

(1 + 𝛼𝑀)∥𝑥𝑖+1 − 𝑥𝑖∥ + (𝑁 − 1)
√︂
𝑁 (2𝑁 − 1)

6
𝑀𝐿0𝛼

2
𝑖 .

Thus, using 𝛼𝑘 = 𝛼/(𝑘 + 1)𝛽, we have

min
𝑖∈⟦0,𝑘⟧

𝑑 (0, 𝜕Φ(𝑥𝑖+1)) ⩽
2

𝛼𝑘 (𝑘 + 2)

∞∑︁
𝑖=⌊𝑘/2⌋

(1 + 𝛼𝑀)∥𝑥𝑖+1 − 𝑥𝑖∥ + (𝑁 − 1)
√︂
𝑁 (2𝑁 − 1)

6
𝑀𝐿0𝛼

2
𝑖

⩽
2𝛼−1

(𝑘 + 1)1−𝛽
∞∑︁

𝑖=⌊𝑘/2⌋
(1 + 𝛼𝑀)∥𝑥𝑖+1 − 𝑥𝑖∥ + (𝑁 − 1)

√︂
𝑁 (2𝑁 − 1)

6
𝑀𝐿0

𝛼2

(𝑖 + 1)2𝛽

⩽
2𝛼−1

(𝑘 + 1)1−𝛽
©­«(1 + 𝛼𝑀)

∞∑︁
𝑖=⌊𝑘/2⌋

∥𝑥𝑖+1 − 𝑥𝑖∥

+(𝑁 − 1)
√︂
𝑁 (2𝑁 − 1)

6
𝑀𝐿0

©­« 𝛼2

(⌊𝑘/2⌋ + 1)2𝛽
+

∞∑︁
𝑖=⌊𝑘/2⌋+1

∫ 𝑖+1

𝑖

𝛼2

𝑣2𝛽 𝑑𝑣
ª®¬ª®¬

⩽
2𝛼−1

(𝑘 + 1)1−𝛽
©­«(1 + 𝛼𝑀)

∞∑︁
𝑖=⌊𝑘/2⌋

∥𝑥𝑖+1 − 𝑥𝑖∥

+(𝑁 − 1)
√︂
𝑁 (2𝑁 − 1)

6
𝑀𝐿0

(
𝛼2

(⌊𝑘/2⌋ + 1)2𝛽
+

∫ ∞

⌊𝑘/2⌋+1

𝛼2

𝑣2𝛽 𝑑𝑣

))
⩽

1
(𝑘 + 1)1−𝛽

©­«2(𝛼−1 + 𝑀)
∞∑︁

𝑖=⌊𝑘/2⌋
∥𝑥𝑖+1 − 𝑥𝑖∥

+(𝑁 − 1)
√︂
𝑁 (2𝑁 − 1)

6
𝑀𝐿0

(
2𝛼

(⌊𝑘/2⌋ + 1)2𝛽
+ 2𝛼
(2𝛽 − 1) (⌊𝑘/2⌋ + 1)2𝛽−1

))
⩽

1
(𝑘 + 1)1−𝛽

©­«2(𝛼−1 + 𝑀)
∞∑︁

𝑖=⌊𝑘/2⌋
∥𝑥𝑖+1 − 𝑥𝑖∥ +

4(𝑁 − 1)
√︁
𝑁 (2𝑁 − 1)𝑀𝐿0𝛼√

6(2𝛽 − 1) (⌊𝑘/2⌋ + 1)2𝛽−1
ª®¬ .

□
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5.4.3 Projection formula

In this subsection, we present a variational stratification property for conservative fields and

discuss its consequences. Specifically, we aim to recover a “projection formula” that relates the

projection of generalized conservative fields to the Riemannian gradient of the potential function

when restricted to certain smooth manifolds. Similar properties have been shown for definable

conservative fields with locally Lipschitz definable potential functions [28, Theorem 4] and for

Clarke subdifferentials of lower semicontinuous functions [43, Corollary 9].

Theorem 5.1. Let 𝐷 : R𝑛 ⇒ R𝑛 be a definable conservative field for a definable lower semicon-

tinuous function Φ : R𝑛 → R. Then there is a Whitney stratification {𝑀1, . . . , 𝑀𝑚} of dom𝐷 such

that for all 𝑥 ∈ dom𝐷, we have that 𝑃𝑇𝑀𝑖 (𝑥)𝐷 (𝑥) = {∇𝑀𝑖Φ(𝑥)} if 𝑥 ∈ 𝑀𝑖 for some 𝑖 = 1, . . . , 𝑚.

Proof. We first claim that for any 𝐶𝑟 definable manifold 𝑀 ⊂ domΦ satisfying 𝐷 (𝑥) ⊂ 𝑇𝑥𝑀 ,

there exists a Whitney stratification {𝑀𝑖}𝑚𝑖=1 of 𝑀 such that Φ
��
𝑀𝑖

is 𝐶𝑟 on 𝑀𝑖 and 𝑅𝑖 defined by

𝑅𝑖 := {𝑥 ∈ 𝑀𝑖 : ∇𝑀𝑖Φ(𝑥) ≠ 𝑃𝑇𝑀𝑖 (𝑥)𝐷 (𝑥)}, ∀ 𝑖 = 1, . . . , 𝑚

satisfies dim 𝑅𝑖 < dim𝑀𝑖.

With the claim, the theorem can be proved by induction. Since dom𝐷 is definable, there is a

Whitney stratification {𝑆0
𝑖
}𝑚0
𝑖=1 of dom𝐷 such that Φ

��
𝑆0
𝑖

is 𝐶 𝑝 smooth on the 𝐶 𝑝 smooth manifold

𝑆0
𝑖

for all 𝑖 = 1, . . . , 𝑚0 [167]. Apply the claim to each manifold 𝑀 := 𝑆0
𝑖

and conservative field

𝑃𝑇
𝑆0
𝑖
(𝑥)𝐷 (𝑥) with potential Φ

��
𝑆0
𝑖

, we obtain a Whitney stratification {𝑆0
𝑖 𝑗
}𝑚0𝑖
𝑗=1 of 𝑆0

𝑖
such that Φ

��
𝑆0
𝑖 𝑗

is 𝐶𝑟 on 𝑆0
𝑖 𝑗

and 𝑅0
𝑖 𝑗

defined by

𝑅0
𝑖 𝑗 := {𝑥 ∈ 𝑆0

𝑖 𝑗 : ∇Φ𝑆0
𝑖 𝑗
(𝑥) ≠ 𝑃𝑇

𝑆0
𝑖 𝑗
(𝑥)𝐷 (𝑥)}, ∀ 𝑗 = 1, . . . , 𝑚0𝑖, ∀ 𝑖 = 1, . . . , 𝑚0

satisfies dim 𝑅0
𝑖 𝑗
< dim 𝑆0

𝑖 𝑗
. It is clear that each 𝑅0

𝑖 𝑗
is a definable set, so again there is a Whitney

stratification {𝑅0
𝑖 𝑗 𝑘
}𝑚0𝑖 𝑗
𝑘=1 of 𝑅0

𝑖 𝑗
such that Φ

��
𝑅0
𝑖 𝑗𝑘

is 𝐶 𝑝 smooth on the 𝐶 𝑝 smooth manifold 𝑅0
𝑖 𝑗 𝑘

for
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all 𝑘 = 1, . . . , 𝑚0𝑖 𝑗 . By renumbering the index, we can define a Whitney stratification

{𝑆1
𝑖 }
𝑚1
𝑖=1 := {𝑅0

𝑖 𝑗 𝑘 : 𝑘 = 1, . . . , 𝑚0𝑖 𝑗 , 𝑗 = 1, . . . , 𝑚0𝑖, 𝑖 = 1, . . . , 𝑚0}, 𝑚1 :=
𝑚0∑︁
𝑖=1

𝑚0𝑖∑︁
𝑗=1
𝑚0𝑖 𝑗 .

Notice that {𝑆1
𝑖
}𝑚1
𝑖=1 is a refinement of {𝑆0

𝑖
}𝑚0
𝑖=1 with max𝑚1

𝑖=1 dim 𝑆1
𝑖
< max𝑚0

𝑖=1 dim 𝑆0
𝑖
. One can

continue this process by recursively until obtaining a Whitney stratification {𝑆𝐿
𝑖
}𝑚𝐿
𝑖=1 at the 𝐿-th

iteration, where max𝑚𝐿
𝑖=1 dim 𝑆𝐿

𝑖
= 0. In this case, we can apply the claim once again to each

manifold 𝑀 := 𝑆𝐿
𝑖

and obtain a Whitney stratification {𝑆𝐿
𝑖 𝑗
}𝑚𝐿 𝑗
𝑗=1 such that Φ

��
𝑆𝐿
𝑖 𝑗

is 𝐶𝑟 on 𝑆𝐿
𝑖 𝑗

and 𝑅𝐿
𝑖 𝑗

defined by

𝑅𝐿𝑖 𝑗 := {𝑥 ∈ 𝑆𝐿𝑖 𝑗 : ∇Φ𝑆𝐿
𝑖 𝑗
(𝑥) ≠ 𝑃𝑇

𝑆𝐿
𝑖 𝑗
(𝑥)𝐷 (𝑥)}, ∀ 𝑗 = 1, . . . , 𝑚𝐿𝑖, ∀ 𝑖 = 1, . . . , 𝑚𝐿

satisfies dim 𝑅𝐿
𝑖 𝑗
< dim 𝑆𝐿

𝑖 𝑗
. Since dim 𝑆𝐿

𝑖 𝑗
= 0, the only possibility is that 𝑅𝐿

𝑖 𝑗
= ∅. This ter-

minates the inductive process. Now the desired Whitney stratification {𝑀𝑖}𝑖∈𝐼 can be defined by

renumbering the index

{𝑀𝑖}𝑖∈𝐼 := {𝑆𝑚𝑖 : 𝑖 = 1, . . . , 𝑚𝑚, 𝑚 = 0, . . . , 𝐿}.

With this Whitney stratification, we have 𝑃𝑇𝑥𝑀𝑥
= {∇𝑀𝑥

𝑓 (𝑥)} for all 𝑥 ∈ dom𝐷, where 𝑀𝑥 is the

active strata of 𝑥.

Therefore, it remains to prove the claim. Since Φ
��
dom𝐷

is definable, there is a Whitney stratifi-

cation {𝑀𝑖}𝑚𝑖=1 such that Φ
��
𝑀𝑖

is 𝐶 𝑝 smooth on 𝑀𝑖 and rankΦ
��
𝑀𝑖

is constant over each 𝑀𝑖. Since

Φ(𝑥) ∈ R for 𝑥 ∈ dom𝐷, we have rankΦ
��
𝑀𝑖
∈ {0, 1}. It suffices to show that for any 𝑀𝑖, the

corresponding 𝑅𝑖 defined in the claim satisfies dim 𝑅𝑖 < dim𝑀𝑖.

We first deal with the case when rankΦ
��
𝑀𝑖

= 0. In this case Φ is a constant on 𝑀𝑖 and it

suffices to show for a.e. 𝑥 ∈ 𝑀𝑖, we have sup{∥𝑣∥ : 𝑣 ∈ 𝑃𝑇𝑀𝑖 (𝑥)𝐷 (𝑥)} = 0. Assume for the sake of

contradiction, there exists 𝛿, 𝜌 > 0, 𝑥 ∈ 𝑀𝑖 such that sup{∥𝑣∥ : 𝑣 ∈ 𝑃𝑇𝑀𝑖 (𝑥)𝐷 (𝑥)} > 𝛿 for all 𝑥 ∈

𝐵𝑀𝑖 (𝑥, 𝜌). Consider a set-valued mapping 𝐺 defined by 𝐺 (𝑥) := {𝑣 ∈ 𝑃𝑇𝑀𝑖 (𝑥)𝐷 (𝑥) : ∥𝑣∥ ⩾ 𝛿/2}.
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Note that 𝐺 is definable with nonempty values over 𝐵𝑀𝑖 (𝑥, 𝜌). By [37, Theorem 3.1, p. 25], there

is a definable function 𝑔 : 𝐵𝑀𝑖 (𝑥, 𝜌) → R𝑛 such that 𝑔(𝑥) ∈ 𝐺 (𝑥) for all 𝑥 ∈ 𝐵𝑀𝑖 (𝑥, 𝜌). Since

𝑔 is a definable function, there is a Whitney stratification {𝑀𝑖 𝑗 }𝑚𝑖𝑗=1 of 𝐵𝑀𝑖 (𝑥, 𝜌) such that 𝑔
��
𝑀𝑖 𝑗

is

𝐶 𝑝 over 𝑀𝑖 𝑗 . Since there is at least one 𝑗 ∈ {1, . . . , 𝑚𝑖} such that dim𝑀𝑖 𝑗 = dim𝑀𝑖, we can find

𝑥 ∈ 𝐵𝑀𝑖 (𝑥, 𝜌) and 𝜖 ∈ (0, 𝜌) such that 𝐵𝑀𝑖 (𝑥, 𝜖) ⊂ 𝐵𝑀𝑖 (𝑥, 𝜌) and 𝑔
��
𝐵𝑀𝑖 (𝑥,𝜖)

is 𝐶 𝑝 over 𝐵𝑀𝑖 (𝑥, 𝜖).

Consider the absolutely continuous curve 𝛾 : 𝐼 → 𝐵𝑀𝑖 (𝑥, 𝜖) defined by

𝛾′(𝑡) = 𝑔(𝛾(𝑡)), 𝛾(0) = 𝑥.

Since 𝛾′(𝑡) ∈ 𝑇𝑀𝑖 (𝑥), for a.e. 𝑡 ∈ 𝐼 we have

(Φ ◦ 𝛾)′(𝑡) = ⟨𝐷 (𝛾(𝑡)), 𝛾′(𝑡)⟩ = ⟨𝑣∗(𝑡), 𝛾′(𝑡)⟩ = ∥𝛾′(𝑡)∥2 ⩾ 𝛿2/4,

where 𝑣∗ ∈ 𝐷 (𝛾(𝑡)) is chosen to satisfy 𝑃𝑇𝑀𝑖 (𝑥)𝑣
∗(𝑡) = 𝛾′(𝑡). This contradicts with the fact that

Φ is a constant on 𝑀𝑖. Therefore, 𝑃𝑇𝑀𝑖 (𝑥)𝐷 (𝑥) = {0} = {∇𝑀𝑖Φ(𝑥)} except for 𝑥 in a lower

dimensional set.

For the case when rank(Φ
��
𝑀𝑖
) = 1, consider 𝐷 := 𝐷 − ∇𝑀𝑖Φ. Notice that for any absolutely

continuous curve 𝛾 : R+ → 𝑀𝑖,

⟨𝐷 (𝛾(𝑡)), 𝛾′(𝑡)⟩ = ⟨𝐷 (𝛾(𝑡)), 𝛾′(𝑡)⟩ − ⟨∇𝑀𝑖Φ(𝛾(𝑡)), 𝛾′(𝑡)⟩ = (Φ ◦ 𝛾)′(𝑡) − (Φ ◦ 𝛾)′(𝑡) = 0

by Definition 5.4. Thus, the constant function 0 is a potential function of the conservative field 𝐷.

Obviously, the rank of constant function 0 is 0 on 𝑀𝑖, so the result in the previous paragraph can

be applied to 𝐷, and we can obtain that for a.e. 𝑥 ∈ 𝑀𝑖, we have 𝑃𝑇𝑀𝑖 (𝑥)𝐷 (𝑥) = {0}. Note that

∇𝑀𝑖Φ(𝑥) ∈ 𝑇𝑀𝑖 (𝑥), so 𝑃𝑇𝑀𝑖 (𝑥)𝐷 (𝑥) = {∇𝑀𝑖Φ(𝑥)} except for 𝑥 in a lower dimensional set. □

We next state several consequences of the above projection formula. Thanks to the notion

of generalized conservative fields, these results apply to a general setting, extending from those

in [43] and [28]. The proofs are omitted as they follow essentially the same arguments in [43,
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Corollary 5 and Theorem 14] or [28, Theorems 5 and 6]. The first consequence is the definable

Morse-Sard theorem, which asserts that there are at most finitely many critical values associated

with a definable conservative field.

Theorem 5.2. Assume that 𝐷 : R𝑛 ⇒ R𝑛 is a definable conservative field for Φ : R𝑛 → R, where

Φ is lower semicontinuous and definable. Then Φ has finitely many 𝐷-critical values.

The projection formula also helps to generalize the nonsmooth Kurdyka–Łojasiewicz inequal-

ity ([28, Theorem 6], [44, Theorem 1], [43, Theorem 14]).

Theorem 5.3. Assume that 𝐷 : R𝑛 ⇒ R𝑛 is a definable conservative field for Φ : R𝑛 → R, where

Φ is lower semicontinuous and definable. Then there exists 𝜖 > 0, 𝜙 : [0, 𝜖) → R+, definable

strictly increasing, continuously differentiable on (0, 𝜖) with 𝜙(0) = 0 and a continuous definable

function 𝜒 : R+ → (0,∞), such that for all 𝑥 ∈ domΦ with 0 < |Φ(𝑥) | ⩽ 𝜒(∥𝑥∥), it holds that

𝑑 (0, 𝐷 (𝑥)) ⩾ 1
𝜙′( |Φ(𝑥) |) .

5.4.4 Continuous length formula

We now examine the lengths of subgradient trajectories under the assumption that both the con-

servative field and its potential function are definable in an o-minimal structure. In this setting, the

lengths of bounded trajectories can be controlled by function variations through a desingularizing

function. Similar results on the finiteness of trajectory lengths have been established for subgradi-

ent and conservative field dynamics when the objective function is locally Lipschitz ([44, Theorem

2], [28, Theorem 7], [207]). The following proposition extends [45, Proposition 6], which ad-

dresses the special case where 𝑓 is locally Lipschitz and 𝐷 is the Clarke subdifferential of 𝑓 . The

proof follows similar arguments as in [45, Proposition 6].

Proposition 5.1. Let 𝐷 : R𝑛 ⇒ R𝑛 be a definable conservative field for Φ, where Φ : R𝑛 → R is a

proper lower semicontinuous definable function that is continuous over its domain. Let 𝑋 ⊂ dom𝐷

be bounded. Assume that Φ has at most 𝑚 ∈ N∗ 𝐷-critical values in 𝑋 . Let 𝜓 be a desingularizing
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function of (Φ, 𝐷) on 𝑋 . If 𝑥 : [0, 𝑇] → 𝑋 with 𝑇 ⩾ 0 is a solution to 𝑥′ ∈ −𝐷 (𝑥), then

1
2𝑚

∫ 𝑇

0
∥𝑥′(𝑡)∥𝑑𝑡 ⩽ 𝜓

(
Φ(𝑥(0)) −Φ(𝑥(𝑇))

2𝑚

)
.

Before we present the proof of Proposition 5.1, we need to first show a descent property of

these trajectories. The proof of it is similar to [22, Lemmas 5.2 and 6.3] (see also [55]).

Proposition 5.2. Let 𝐷 be a conservative field for Φ : R𝑛 → R. Let 𝑇 ∈ (0,∞], and suppose

𝑥 : [0, 𝑇) → R𝑛 is a solution to 𝑥′ ∈ −𝐷 (𝑥). Then Φ ◦ 𝑥 is differentiable almost everywhere on

[0, 𝑇) with

(Φ ◦ 𝑥)′ (𝑡) = −∥𝑥′(𝑡)∥2 and ∥𝑥′(𝑡)∥ = 𝑑 (0, 𝐷 (𝑥(𝑡))) .

Proof. By Definition 5.4, we have that Φ ◦ 𝑥 is differentiable a.e. on [0, 𝑇) with

(Φ ◦ 𝑥)′ (𝑡) = ⟨−𝑥′(𝑡), 𝑥′(𝑡)⟩ = −∥𝑥′(𝑡)∥2

by taking 𝑣 = −𝑥′(𝑡) ∈ 𝐷 (𝑥(𝑡)). We next show that ∥𝑥′(𝑡)∥ = 𝑑 (0, 𝐷 (𝑥(𝑡))). Observe that we

have ⟨𝐷 (𝑡) − 𝐷 (𝑡), 𝑥′(𝑡)⟩ = 0. Let 𝑊 := aff (𝐹 (𝑡) − 𝐹 (𝑡)) and 𝑦 := −𝑥′(𝑡). Then it is easy to see

that 𝑦 ∈ 𝑊⊥ and 𝑦 ∈ 𝑦 +𝑊 . By [55, Lemma 4.7], we have that ∥𝑦∥ = 𝑑 (0, 𝑦 +𝑊). Notice that

𝐷 (𝑡) ⊂ 𝑦 +𝑊 , and thus

𝑑 (0, 𝐷 (𝑡)) ⩾ 𝑑 (0, 𝑦 +𝑊) = ∥𝑦∥ = ∥𝑥′(𝑡)∥

Since −𝑥′(𝑡) ∈ 𝐷 (𝑡), we also have that ∥𝑥′(𝑡)∥ ⩾ 𝑑 (0, 𝐷 (𝑡)), which proves the desired equality.

□

Now we are ready to deliver the proof of Section 5.4.4. Note that it is similar to the one of [45,

Proposition 6], despite the use of Theorem 5.2 and lemma 5.8.

Proof of Proposition 5.1. Let 𝑉 be the set of 𝐷-critical values of Φ over 𝑋 if there exist, and oth-

erwise let 𝑉 := {0}. Since 𝐷 and Φ are definable, by Theorem 5.2, we can write 𝑉 = {𝑣1, . . . , 𝑣ℓ},
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where ℓ ⩽ 𝑚 and 𝑣1 > · · · > 𝑣ℓ. Furthermore, let 𝑢𝑖 = (𝑣𝑖 + 𝑣𝑖+1)/2 for 𝑖 = 1, . . . , ℓ − 1. By Propo-

sition 5.2, Φ is decreasing along any solution to 𝑥′(𝑡) ∈ −𝐷 (𝑥(𝑡)). Consider all 𝑣𝑖’s and 𝑢𝑖’s that

are in [Φ(𝑥(𝑇)),Φ(𝑥(0))] and relabel them as 𝑤1 > . . . > 𝑤𝑝 for some integer 0 ⩽ 𝑝 ⩽ 2ℓ − 1.

Note that 𝑝 = 0 means [Φ(𝑥(𝑇)),Φ(𝑥(0))] does not contain any 𝑣𝑖 or 𝑢𝑖. Now for 𝑖 = 1, . . . , 𝑝,

we define

𝑡−𝑖 := inf {𝑡 ∈ [0, 𝑇] : Φ(𝑥(𝑡)) = 𝑤𝑖} , 𝑡+𝑖 := sup {𝑡 ∈ [0, 𝑇] : Φ(𝑥(𝑡)) = 𝑤𝑖} .

For convenience, we denote 𝑡+0 := 0 and 𝑡−
𝑝+1 := 𝑇 . Notice that according to the above definition,

we have 0 ⩽ 𝑡−1 ⩽ 𝑡+1 ⩽ · · · ⩽ 𝑡−𝑝 ⩽ 𝑡+𝑝 ⩽ 𝑇 .

𝑡

Φ ◦ 𝑥

𝑤1

𝑤2

𝑤3

𝑡−1 𝑡+1 𝑡±2 𝑡−3

Figure 5.1: Visualization of function evolution in the proof of Proposition 5.1.

By Proposition 5.2, for any 0 ⩽ 𝑠 ⩽ 𝑡 ⩽ 𝑇 , we have

Φ(𝑥(𝑠)) −Φ(𝑥(𝑡)) =
∫ 𝑡

𝑠

∥𝑥′(𝜏)∥2 𝑑𝜏 and ∥𝑥′(𝜏)∥ = 𝑑 (0, 𝐷 (𝑥(𝜏))) a.e. on [𝑠, 𝑡] .

Thus, for every 𝑖 = 1, . . . , 𝑝, we have

∫ 𝑡+
𝑖

𝑡−
𝑖

∥𝑥′(𝜏)∥ 𝑑𝜏 = Φ(𝑥(𝑡−𝑖 )) −Φ(𝑥(𝑡+𝑖 )) = 0.

On the other hand, for each 𝑖 = 1, . . . , 𝑝 + 1, 𝑧(·) := 𝑑 (Φ(𝑥(·)), 𝑉) is either strictly increasing or

strictly decreasing over [𝑡+
𝑖−1, 𝑡

−
𝑖
]. If 𝑧(·) is increasing, then 𝑧(·) = 𝑤𝑖−1 − Φ(𝑥(·)) over [𝑡+

𝑖−1, 𝑡
−
𝑖
]
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and hence 𝑧′(·) = −(Φ ◦ 𝑥)′(·) a.e. on [𝑡+
𝑖−1, 𝑡

−
𝑖
]; if 𝑧(·) is decreasing, then 𝑧(·) = Φ(𝑥(·)) −𝑤𝑖 over

[𝑡+
𝑖−1, 𝑡

−
𝑖
] and hence 𝑧′(·) = (Φ ◦ 𝑥)′(·) a.e. on [𝑡+

𝑖−1, 𝑡
−
𝑖
]. In both cases, for any 𝑠, 𝑡 ∈ [𝑡+

𝑖−1, 𝑡
−
𝑖
], we

have

|𝜓(𝑧(𝑡)) − 𝜓(𝑧(𝑠)) | =
�����∫ 𝑧(𝑡)

𝑧(𝑠)
𝜓′(𝑟) 𝑑𝑟

����� = ����∫ 𝑡

𝑠

𝜓′(𝑧(𝜏)) 𝑑𝑧(𝜏)
���� (𝑟 ← 𝑧(𝜏))

=

����∫ 𝑡

𝑠

𝜓′(𝑧(𝜏)) 𝑑 (Φ ◦ 𝑥) (𝜏)
����

=

∫ 𝑡

𝑠

𝜓′(𝑧(𝜏))∥𝑥′(𝜏)∥𝑑 (0, 𝐷 (𝑥(𝜏))) 𝑑𝜏 (Proposition 5.2)

⩾
∫ 𝑡

𝑠

∥𝑥′(𝜏)∥ 𝑑𝜏. (Lemma 5.8)

In conclusion,

∫ 𝑇

0
∥𝑥′(𝜏)∥ 𝑑𝜏 =

𝑝+1∑︁
𝑖=1

∫ 𝑡−
𝑖

𝑡+
𝑖−1

∥𝑥′(𝜏)∥ 𝑑𝜏 +
𝑝∑︁
𝑖=1

∫ 𝑡+
𝑖

𝑡−
𝑖

∥𝑥′(𝜏)∥ 𝑑𝜏 (5.33a)

=

𝑝+1∑︁
𝑖=1

��𝜓(𝑧(𝑡−𝑖 ) − 𝜓(𝑧(𝑡+𝑖−1))
�� + 0 (5.33b)

⩽
𝑝+1∑︁
𝑖=1

𝜓
(��𝑧(𝑡−𝑖 ) − 𝑧(𝑡+𝑖−1)

��) (5.33c)

=

𝑝+1∑︁
𝑖=1

𝜓
(
Φ(𝑥(𝑡+𝑖−1)) −Φ(𝑥(𝑡

−
𝑖 ))

)
(5.33d)

⩽ (𝑝 + 1)𝜓
(

1
𝑝 + 1

𝑝+1∑︁
𝑖=1

(
Φ(𝑥(𝑡+𝑖−1)) −Φ(𝑥(𝑡

−
𝑖 ))

))
(5.33e)

= (𝑝 + 1)𝜓
(
Φ(𝑥(0)) −Φ(𝑥(𝑇))

𝑝 + 1

)
(5.33f)

⩽ 2𝑚𝜓
(
Φ(𝑥(0)) −Φ(𝑥(𝑇))

2𝑚

)
, (5.33g)

where (5.33c) is due to [100, Lemma 3.5] and (5.33g) is because of 𝑝 + 1 ⩽ 2ℓ ⩽ 2𝑚 and [206,

Proposition 2.1]. □

As a consequence of the above proposition, we show in the following corollary that any
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bounded 𝐷-trajectory converges to a 𝐷-critical point.

Corollary 5.3. Under the same assumptions as in Proposition 5.1, then for any bounded 𝐷-

trajectory 𝑥 : R+ → R𝑛 initialized at 𝑥0 ∈ dom𝐷, it holds that 𝑥(𝑡) converges to a 𝐷-critical

point in dom𝐷 as 𝑡 →∞.

Proof. Since 𝑥(·) is bounded, there exist 𝑥∗ ∈ R𝑛 and a positive sequence (𝑡𝑘 )𝑘∈N satisfying 𝑡𝑘 →

∞ and 𝑥(𝑡𝑘 ) → 𝑥∗. Fix any 𝑡, there exits a large enough 𝑘 such that 𝑡 < 𝑡𝑘 and

∥𝑥(𝑡) − 𝑥(𝑡𝑘 )∥ ⩽
∫ 𝑡𝑘

𝑡

∥𝑥′(𝜏)∥ 𝑑𝜏.

Let 𝑘 →∞ on both sides, we obtain that

∥𝑥(𝑡) − 𝑥∗∥ ⩽
∫ ∞

𝑡

∥𝑥′(𝜏)∥ 𝑑𝜏.

By Proposition 5.1, we have that ∫ ∞

0
∥𝑥′(𝜏)∥ 𝑑𝜏 < ∞

and thus, ∫ ∞

𝑡

∥𝑥′(𝜏)∥ 𝑑𝜏 → 0, as 𝑡 →∞.

Therefore, 𝑥(𝑡) → 𝑥∗ as 𝑡 → ∞. Let 𝑍 := {𝑡 ∈ R+ : 𝑥(𝑡) ∉ −𝐷 (𝑥(𝑡))}, then 𝑍 is a set with zero

measure. By the integrability of ∥𝑥′∥ on (0,∞), there is a positive sequence (𝑠𝑘 )𝑘∈N satisfying

𝑠𝑘 ∉ 𝑍 for all 𝑘 ∈ N and 𝑠𝑘 → ∞ as 𝑘 → ∞ with 𝑥′(𝑠𝑘 ) → 0. Notice that 𝑥(𝑠𝑘 ) → 𝑥∗ and

−𝑥′(𝑠𝑘 ) ∈ 𝐷 (𝑥(𝑠𝑘 )), thus 0 ∈ 𝐷 (𝑥∗) due to the assumption that 𝐷 has closed graph. It shows that

𝑥∗ ∈ dom𝐷 is a 𝐷-critical point of Φ and the desired result follows. □

5.4.5 Uniform boundedness of subgradient trajectories

The following proposition establishes the uniform boundedness of trajectories for a definable

conservative field, a key result in the proof of Theorem 5.4. It extends [45, Lemma 1] using similar

proof techniques.
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Proposition 5.3. Under the same assumptions as in Proposition 5.1, if 𝑑 (0, 𝐷) is bounded over

bounded subsets and Φ has bounded 𝐷-trajectories, then the 𝐷-trajectories initialized in a bounded

subset of dom𝐷 have uniformly bounded lengths.

Proof. Let 𝑋0 ⊂ dom𝐷 be nonempty and bounded. It suffices to show that 𝜎(𝑋0) < ∞ where

𝜎(𝑋0) := sup
𝑥∈A(R+,R𝑛)

∫ ∞

0
∥𝑥′(𝑡)∥𝑑𝑡 (5.34a)

subject to


𝑥′(𝑡) ∈ −𝐷 (𝑥(𝑡)), for a.e. 𝑡 > 0,

𝑥(0) ∈ 𝑋0.

(5.34b)

By Proposition 5.1, the feasible set of (5.34) is non-empty and 𝜎(𝑋0) > −∞.

We first consider the case with finite time horizon 𝑇 ⩾ 0. By Theorem 5.2, Φ has finitely

many 𝐷-critical values. Notice that 𝜎𝑇 (𝑋0) ⩽
√︁
𝑇 (sup𝑋0

Φ − 𝑚(Φ)) where 𝑚(Φ) is the smallest

𝐷-critical value of Φ and

𝜎𝑇 (𝑋0) := sup
𝑥∈A(R+,R𝑛)

∫ 𝑇

0
∥𝑥′(𝑡)∥𝑑𝑡 (5.35a)

subject to


𝑥′(𝑡) ∈ −𝐷 (𝑥(𝑡)), for a.e. 𝑡 > 0,

𝑥(0) ∈ 𝑋0.

(5.35b)

Indeed, by the Cauchy-Schwarz inequality and Proposition 5.2, for any feasible point 𝑥(·) of (5.35),
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∫ 𝑇

0
∥𝑥′(𝑡)∥𝑑𝑡 ⩽

√
𝑇

√︄∫ 𝑇

0
∥𝑥′(𝑡)∥2𝑑𝑡 (5.36a)

⩽
√
𝑇

√︄∫ ∞

0
∥𝑥′(𝑡)∥2𝑑𝑡 (5.36b)

=
√
𝑇

√︂
Φ(𝑥(0)) −Φ

(
lim
𝑡→∞

𝑥(𝑡)
)

(5.36c)

⩽

√︄
𝑇

(
sup
𝑋0

Φ − 𝑚(Φ)
)
. (5.36d)

We next treat the case with infinite time horizon. Consider a sequence of feasible points

𝑥0(·), 𝑥1(·), 𝑥2(·), . . . of (5.34) such that
∫ ∞

0 ∥𝑥
′
𝑘
(𝑡)∥𝑑𝑡 converges to 𝜎(𝑋0). We proceed to show

that the sequence is equicontinuous. Let 𝜖 > 0 and 𝑡 ⩾ 0. Consider problem (5.35) with finite time

horizon 𝑇 := 𝑡 + 𝜖 . Since 𝑥0(·), 𝑥1(·), 𝑥2(·), . . . are feasible points of (5.35), for all 𝑠 ∈ [0, 𝑇] and

𝑘 = 0, 1, 2, . . .,

∥𝑥𝑘 (𝑠)∥ ⩽ ∥𝑥𝑘 (𝑠) − 𝑥𝑘 (0)∥ + ∥𝑥𝑘 (0)∥ (5.37a)

⩽
∫ 𝑠

0
∥𝑥′𝑘 (𝜏)∥𝑑𝜏 + ∥𝑥𝑘 (0)∥ (5.37b)

⩽ 𝜎𝑇 (𝑋0) + sup
𝑥0∈𝑋0

∥𝑥0∥ =: 𝑟. (5.37c)

All the trajectories 𝑥0(·), 𝑥1(·), 𝑥2(·), . . . hence belong to 𝐵(0, 𝑟) up to time 𝑇 . We define 𝐿 :=

sup𝑥∈𝐵(0,𝑟)∩dom𝐷 𝑑 (0, 𝐷 (𝑥)). Note that 𝐿 < ∞ because 𝑑 (0, 𝐷) is bounded over bounded subsets

of dom𝐷. As a result, for all 𝑠 ∈ [𝑡−𝛿, 𝑡+𝛿] with 𝛿 := 𝜖/(2𝐿) and for all 𝑘 ∈ N, by Proposition 5.2,

∥𝑥𝑘 (𝑡) − 𝑥𝑘 (𝑠)∥ =




∫ 𝑡

𝑠

𝑥′𝑘 (𝜏)𝑑𝜏




 ⩽ ∫ 𝑡+𝛿

𝑡−𝛿
∥𝑥′𝑘 (𝜏)∥𝑑𝜏 =

∫ 𝑡+𝛿

𝑡−𝛿
𝑑 (0, 𝐷 (𝑥𝑘 (𝜏))) 𝑑𝜏 ⩽ 2𝛿𝐿 = 𝜖 .

It follows that 𝑥0(·), 𝑥1(·), 𝑥2(·), . . . is equicontinuous on R+. In addition, (5.37a)-(5.37c) imply

that, for all 𝑡 ⩾ 0, the sequence 𝑥0(𝑡), 𝑥1(𝑡), 𝑥2(𝑡), . . . is bounded. The Arzelà-Ascoli theorem

[46, Theorem 1, p. 13] implies that there exists a subsequence (again denoted 𝑥𝑘 (·)) converging
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uniformly over compact intervals to a continuous function 𝑥 : R+ → R𝑛.

We next show that 𝑥(·) is a 𝐷-trajectory of Φ. Let 𝑇 ⩾ 0 be a real number. Similar to the above

paragraph, one can obtain that (𝑥′
𝑘
(𝜏))𝑘∈N is bounded in 𝐿∞( [0, 𝑇],R𝑛). By the Banach-Alaoglu

theorem [46, Theorem 3 p. 13], there exists a subsequence (again denoted 𝑥′
𝑘
(·)) that converges

weakly∗ to a function 𝑦(·) in 𝐿∞( [0, 𝑇],R𝑛). Together with 𝐿∞( [0, 𝑇],R𝑛) ⊂ 𝐿1( [0, 𝑇],R𝑛), we

find that 𝑥′
𝑘
(·) converges weakly to 𝑦(·) in 𝐿1( [0, 𝑇],R𝑛). Since 𝑥𝑘 (𝑡) − 𝑥𝑘 (𝑠) =

∫ 𝑡

𝑠
𝑥′
𝑘
(𝜏)𝑑𝜏 for

all 0 ⩽ 𝑠 ⩽ 𝑡 ⩽ 𝑇 , we have 𝑥(𝑡) − 𝑥(𝑠) =
∫ 𝑡

𝑠
𝑦(𝜏)𝑑𝜏. As a result, 𝑥′(𝑡) = 𝑦(𝑡) for almost every

𝑡 ∈ (0, 𝑇). Since 𝐷 has closed graph, it follows that 𝑥′(𝑡) ∈ −𝐷 (𝑥(𝑡)) for almost every 𝑡 ∈ (0, 𝑇).

As 𝑇 ⩾ 0 was arbitrary, we have 𝑥′(𝑡) ∈ −𝐷 (𝑥(𝑡)) for almost every 𝑡 > 0.

Since Φ is definable and has bounded 𝐷-trajectories, by Corollary 5.3, 𝑥(·) converges to a 𝐷-

critical point 𝑥∗ ∈ dom𝐷 of Φ. Let 𝜖 > 0 and let 𝑚 ∈ N∗ be the number of 𝐷-critical values of Φ

in 𝐵(𝑥(R+), 𝜖). Let 𝜓 be a desingularizing function of Φ on 𝐵(𝑥(R+), 𝜖). Since Φ is continuous

over its domain and dom𝐷 ⊂ domΦ, there exists 𝛿 ∈ (0, 𝜖/2) such that

Φ(𝑥) −Φ(𝑥∗) ⩽ 𝑚 𝜓−1
( 𝜖
4𝑚

)
, ∀𝑥 ∈ 𝐵(𝑥∗, 𝛿) ∩ dom𝐷. (5.38)

Let 𝑡∗ ⩾ 0 be such that ∥𝑥(𝑡) − 𝑥∗∥ ⩽ 𝛿/2 for all 𝑡 ⩾ 𝑡∗. By the uniform convergence of 𝑥𝑘 (·),

we have that ∥𝑥𝑘 (𝑡) − 𝑥(𝑡)∥ ⩽ 𝛿/2 for all 𝑡 ∈ [0, 𝑡∗] for all 𝑘 large enough. Hence

∥𝑥𝑘 (𝑡∗) − 𝑥∗∥ ⩽ ∥𝑥𝑘 (𝑡∗) − 𝑥(𝑡∗)∥ + ∥𝑥(𝑡∗) − 𝑥∗∥ ⩽ 𝛿/2 + 𝛿/2 = 𝛿.

If 𝑇𝑘 := inf{𝑡 ⩾ 𝑡∗ : 𝑥𝑘 (𝑡) ∉ 𝐵̊(𝑥∗, 𝜖)} < ∞, then

∫ 𝑇𝑘

𝑡∗
∥𝑥′𝑘 (𝑡)∥𝑑𝑡 ⩾ ∥𝑥𝑘 (𝑇𝑘 ) − 𝑥𝑘 (𝑡

∗)∥ ⩾ ∥𝑥𝑘 (𝑇𝑘 ) − 𝑥∗∥ − ∥𝑥𝑘 (𝑡∗) − 𝑥∗∥ ⩾ 𝜖 − 𝛿 ⩾ 𝜖

2
.

Combined with Proposition 5.1, it yields

𝜖

2
⩽

∫ 𝑇𝑘

𝑡∗
∥𝑥′𝑘 (𝑡)∥𝑑𝑡 ⩽ 2𝑚𝜓

(
Φ(𝑥𝑘 (𝑡∗)) −Φ(𝑥𝑘 (𝑇𝑘 ))

2𝑚

)
.
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Since 𝜓−1 is increasing, it is equivalent to

2𝑚 𝜓−1
( 𝜖
4𝑚

)
⩽ Φ(𝑥𝑘 (𝑡∗)) −Φ(𝑥𝑘 (𝑇𝑘 )).

Since 𝑥𝑘 (𝑡∗) ∈ 𝐵(𝑥∗, 𝛿) ∩ dom𝐷, by (5.38), it follows that

Φ(𝑥𝑘 (𝑇𝑘 )) ⩽ Φ(𝑥𝑘 (𝑡∗)) − 2𝑚 𝜓−1
( 𝜖
4𝑚

)
⩽ Φ(𝑥∗) − 𝑚 𝜓−1

( 𝜖
4𝑚

)
.

Since 𝑥𝑘 (𝑡) ∈ 𝐵(𝑥(R+), 𝜖) for all 𝑡 ∈ [0, 𝑇𝑘 ] and 𝑥𝑘 (𝑇𝑘 ) belongs to

𝑋1 := 𝐵(𝑥∗, 𝜖)
⋂ {

𝑥 ∈ dom𝐷 : Φ(𝑥) ⩽ Φ(𝑥∗) − 𝑚 𝜓−1
( 𝜖
4𝑚

)}
,

by Proposition 5.1 and the definition of 𝜎(·) in (5.34) we have

∫ ∞

0
∥𝑥′𝑘 (𝑡)∥𝑑𝑡 =

∫ 𝑇𝑘

0
∥𝑥′𝑘 (𝑡)∥𝑑𝑡 +

∫ ∞

𝑇𝑘

∥𝑥′𝑘 (𝑡)∥𝑑𝑡

⩽ 2𝑚 𝜓

(
1

2𝑚

(
sup
𝑋0

Φ − inf
𝐵(𝑥∗,𝜖)

Φ

))
+max{0, 𝜎(𝑋1)}.

Note that the inequality still holds if 𝑇𝑘 = ∞. By taking the limit, we get

𝜎(𝑋0) ⩽ 2𝑚 𝜓

(
1

2𝑚

(
sup
𝑋0

Φ − inf
𝐵(𝑥∗,𝜖)

Φ

))
+max{0, 𝜎(𝑋1)}.

It now suffices to replace 𝑋0 by 𝑋1 and repeat the proof starting below (5.36d). A maximizing

sequence 𝑥𝑘 (·) corresponding to 𝜎(𝑋1) converges to a 𝐷-trajectory 𝑥(·) whose initial point lies in

the compact set 𝑋1. If 𝑋1 ≠ ∅, then the 𝐷-critical value Φ(lim𝑡→∞ 𝑥(𝑡)) is less than or equal to

Φ(𝑥∗) − 𝑚𝜓−1(𝜖/(4𝑚)) < Φ(𝑥∗). By Theorem 5.2, Φ has finitely many 𝐷-critical values. Thus,

it is eventually the case that one of the sets 𝑋0, 𝑋1, . . . is empty. We conclude that 𝜎(𝑋0) < ∞ by

the above recursive formula. □
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