
Correcting for Measurement Error and Misclassification using General Location Models

Muhire Honorine Kwizera

Submitted in partial fulfillment of the
requirements for the degree of

Doctor of Philosophy
under the Executive Committee

of the Graduate School of Arts and Sciences

COLUMBIA UNIVERSITY

2023



© 2023

Muhire Honorine Kwizera

All Rights Reserved



Abstract

Correcting for Measurement Error and Misclassification using General Location Models

Muhire Honorine Kwizera

Measurement error is common in epidemiologic studies and can lead to biased statistical

inference. It is well known, for example, that regression analyses involving measurement error in

predictors often produce biased model coefficient estimates. The work in this dissertation adds to

the existing vast literature on measurement error by proposing a missing data treatment of

measurement error through general location models. The focus is on the case in which

information about the measurement error model is not obtained from a subsample of the main

study data but from separate, external information, namely the external calibration. Methods for

handling measurement error in the setting of external calibration are in need with the increase in

the availability of external data sources and the popularity of data integration in epidemiologic

studies. General location models are well suited for the joint analysis of continuous and discrete

variables. They offer direct relationships with the linear and logistic regression models and can be

readily implemented using frequentist and Bayesian approaches. We use the general location

models to correct for measurement error and misclassification in the context of three practical

problems. The first problem concerns measurement error in a continuous variable from a dataset

containing both continuous and categorical variables. In the second problem, measurement error

in the continuous variable is further complicated by the limit of detection (LOD) of the

measurement instrument, resulting in some measures of the error-prone continuous variable

undetectable if they are below LOD. The third problem deals with misclassification in a binary



treatment variable. We implement the proposed methods using Bayesian approaches for the �rst

two problems and using the Expectation-maximization algorithm for the third problem.

For the �rst problem we propose a Bayesian approach, based on the general location

model, to correct measurement error of a continuous variable in a data set with both continuous

and categorical variables. We consider the external calibration setting where in addition to the

main study data of interest, calibration data are available and provide information on the

measurement error but not on the error-free variables. The proposed method uses observed data

from both the calibration and main study samples and incorporates relationships among all

variables in measurement error adjustment, unlike existing methods that only use the calibration

data for model estimation. We assume by strong nondifferential measurement error (sNDME) that

the measurement error is independent of all the error-free variables given the true value of the

error-prone variable. The sNDME assumption allows us to identify our model parameters. We

show through simulations that the proposed method yields reduced bias, smaller mean squared

error, and interval coverage closer to the nominal level compared to existing methods in regression

settings. Furthermore, this improvement is pronounced with increased measurement error, higher

correlation between covariates, and stronger covariate effects. We apply the new method to the

New York City Neighborhood Asthma and Allergy Study to examine the association between

indoor allergen concentrations and asthma morbidity among urban asthmatic children.

The simultaneous occurrence of measurement error and LOD is common particularly in

environmental exposures such as measurements of the indoor allergen concentrations mentioned

in the �rst problem. Statistical analyses that do not address these two problems simultaneously

could lead to wrong scienti�c conclusions. To address this second problem, we extend the

Bayesian general location models for measurement error adjustment to handle both measurement

error and values below LOD in a continuous environmental exposure in a regression setting with

mixed continuous and discrete variables. We treat values below LOD as censored. Simulations

show that our method yields smaller bias and root mean squared error and the posterior credible

interval of our method has coverage closer to the nominal level compared to alternative methods,



even when the proportion of data below LOD is moderate. We revisit data from the New York

City Neighborhood Asthma and Allergy Study and quantify the effect of indoor allergen

concentrations on childhood asthma when over 50% of the measured concentrations are below

LOD.

We �nally look at the third problem of group mean comparison when treatment groups are

misclassi�ed. Our motivation comes from the Frequent User Services Engagement (FUSE) study.

Researchers wish to compare quantitative health and social outcome measures for frequent

jail-and-shelter users who were assigned housing and those who were not housed, and

misclassi�cation occurs as a result of noncompliance. The recommended intent-to-treat analysis

which is based on initial group assignment is known to underestimate group mean differences.

We use the general location model to estimate differences in group means after adjusting for

misclassi�cation in the binary grouping variable. Information on the misclassi�cation is available

through the sensitivity and speci�city. We assume nondifferential misclassi�cation so that

misclassi�cation does not depend on the outcome. We use the expectation-maximization

algorithm to obtain estimates of the general location model parameters and the group means

difference. Simulations show the bias reduction in the estimates of group means difference.
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Chapter 1: Introduction

1.1 Overview

Measurement error occurs when we cannot exactly observe a variable and refers to the dif-

ference between a measured quantity and its true value [1]. Measurement error in categorical

variables is often referred to as misclassi�cation. Both measurement error and misclassi�cation

are prevalent in various �elds such as environmental studies, medical and sociomedical sciences,

epidemiological studies, and so on. Measurement error and misclassi�cation can bias regression

results when they are not accounted for [1, 2]. We use the term “mismeasurement” to encompass

both the measurement error and misclassi�cation. A mismeasurement problem typically has three

components [3]. The �rst component is a model for the true values. The second component is a

mismeasurement model which speci�es the relationship between the true and observed error-prone

measures. The third component is additional information or assumptions that may be needed to

make the models estimable. The additional information can be in the form of (functions of) mis-

measurement parameters, replicate values, estimated standard errors of error-prone variables, in-

strumental variables, and validation or calibration data where both the true and mismeasured data

are observed on a set of units [3].

Figure 1.1 illustrates two sample designs in which the additional validation data are available

as an internal calibration data (Figure 1.1A) or as an external calibration data (Figure 1.1B). In

both data settings a variable of interest- is not measured in the main study sample. Instead its

error-prone variable, is observed. Other variables. and/ are also available in the main study

sample and are assumed to be error-free. In internal calibration, values of- , , , . , and / are

recorded for a subsample of the main study participants while for external calibration,. and/ are

not recorded for the calibration data. External calibration can arise when the calibration data are
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obtained independently of the main study.

Figure 1.1: Calibration and main study design: A, internal and B, external. Question marks indicate
unobserved values.

Literature on measurement error has largely focused on the internal calibration. Methods for

the external calibration are less developed. The external calibration setting is attractive because it

does not require the main study to collect the calibration data. However, mismeasurement adjust-

ment is also more challenging under the external calibration due to limited information available

to the data users. This chapter reviews methods for correcting for measurement error and misclas-

si�cation in the external calibration setting.

We investigate the measurement error problem in the context of regression with a mixture of

continuous and discrete variables, including linear regression and logistic regression in chapter 2.

Our proposed method handles measurement error in outcomes or predictors and allows to adjust

for continuous or discrete error-free covariates. We extend the methods proposed in chapter 2

to handle environmental exposures subject to both measurement error and limit of detection in

chapter 3. As a special case, we focus on the regression setting with the environmental exposure

- as the key predictor of interest. Misclassi�cation is discussed in the context of group mean

comparison in chapter 4, a context that translates to simple linear regression with a variable subject

to misclassi�cation as the only binary predictor.
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1.2 Measurement Error

Measurement error is a well-known problem in many research �elds nowadays. Causes of

measurement error include instrument errors in laboratory experiments, the use of more affordable

or more convenient substitutions of the correct measurement methods, or recall bias such as arises

when individuals are asked to recall and report past events. Measurement error is, therefore, some-

times inevitable during data collection. Methods that ignore measurement error are often biased.

In multivariable regression, for example, measurement error in a main predictor biases the regres-

sion coef�cients of the the main predictor and those of the other predictors in the model measured

without error [1]. Furthermore the bias in the estimated coef�cient of the variable- subject to er-

ror increases when additional explanatory variables correlated with- are added to the regression

model [2]. We discuss below some important concepts in measurement error and existing methods

for measurement error adjustment. We highlight how the methods are used differently in the inter-

nal and external calibration settings where relevant. Some of the concepts discussed in this section

have parallel concepts in the misclassi�cation context. We discuss the concepts in more detail �rst

for the measurement error problem and we will point out how these concepts change when dealing

with mismeasured categorical variables in section 1.3 on misclassi�cation.

1.2.1 Measurement Error Mechanisms

Measurement error can be nondifferential or differential. Nondifferential measurement error

(NDME) with respect to. occurs when the observed covariate, contains no extra information

about the outcome. other than what is contained in true covariate¹-– / º. This means that the

distribution of, given ¹-– .– / º is the same as the distribution of, given ¹-– / º. Otherwise

measurement error is differential with respect to. . Measurement error can be nondifferential with

respect to. and/ , in which case the distribution of, given¹-– .– / º does not depend on¹.– / º.

This mechanism has been referred to as strong nondifferential measurement error (sNDME) [4].

NDME is often needed to identify model parameters in external calibration in the absence of the

3



/ variables [5]. The sNDME assumption is needed to identify model parameters in the external

calibration setting when both/ and. are not available in the calibration data. Throughout this

dissertation we assume NDME and sNDME as appropriate.

1.2.2 Measurement Error Models

It is important to understand how the true and mismeasured values are related through the

measurement error model, since different measurement error structures may require different ad-

justment methods [6]. We review four widely used measurement error models [7, 8, 1].

Classical Measurement Error

The classical measurement error model assumes that the observed continuous, values and

true continuous- values are related according to the linear relationship

, = - ¸ n1 (1.1)

wheren1 is a random variable with mean 0, and is independent of- . Under the classical measure-

ment error model, a naive regression of. on ¹,– / º that ignores measurement error leads to an

estimate of the regression coef�cient associated with- that is biased toward the null [1].

Linear Measurement Error

The linear measurement error model is a generalization of the classical error model in which

, = V, 0•- ¸ V, -•- - ¸ n2 (1.2)

and¹V, 0•- – V, -•- º are the intercept and slope in the regression of, on - . n2 is a random variable

with mean 0, and is independent of- . Under the linear measurement error model, measurement

error can lead to an increase of the estimate of the coef�cient of- in the linear regression of. on

¹-– / º when measurement error is small andV, -•- Ÿ 1 [9]. Otherwise there is attenuation in the

4



adjusted effect of- on. .

Berkson Measurement Error

In a Berkson error model the variability in the true value- is greater than that in the observed

value, :

- = , ¸ n3 (1.3)

wheren3 is a random variable with mean 0, independent of, . While the Berkson model occurs

in epidemiology studies, the Berkson error model has been shown to lead to an overestimate of the

statistical power when the true error model is classical [1].

Multiplicative Measurement Error

The multiplicative error model is given by

, = -4 n4 (1.4)

with n4 being independent and identically distributed (i.i.d.) with mean 0, and independent of- .

Multiplicative error is often used when measurement error increases as the true- value increases

as happens with heteroscedastic measurement error [6].

The above measurement error models can be combined and related in some special settings. If

, and- are normally distributed, for example, the Berkson error model can be rewritten as a linear

measurement error model and vice versa [10]. A multiplicative form of the Berkson error model

can also be considered. The choice of the measurement error model depends on the scienti�c

problem and the interpretation of the data. In this dissertation we use the linear measurement error

model. This model is general enough to encompass the commonly used classical calibration model

and it can accommodate the Berkson model in special settings as mentioned above. The linear

measurement error model can also capture measurement error settings which are addressed by the

multiplicative error model. For example, if we apply a log transformation to the multiplicative

5



model (1.4) we obtain a model similar to the classical calibration model. The classical calibration,

linear measurement, and Berkson error models can accommodate heteroscedastic measurement

error through the error term. The linear measurement has been used to account for heteroscedastic

measurement error by specifying a normal distribution forn2 with mean 0 and with a variance that

was a function of- [5]. The linear measurement error model is, therefore, versatile and provides

a good measurement error framework for the methods considered in this dissertation.

1.2.3 Existing Methods for Measurement Error Adjustment

Classical calibration

One conventional measurement adjustment approach used in the external calibration setting is

the classical calibration method [11]. Classical calibration �ts a direct calibration curve for the

error-prone measurement, given the true value- based on the calibration data. It then estimates

the true value of- in the main study data by plugging the corresponding, values in the inverted

�tted calibration curve. The estimated- values are in turn used in an appropriate model to estimate

the regression of. on - and/ . Classical calibration, while easy to implement, does not account

for calibration uncertainty and is biased whenever there is measurement error [12].

Regression Calibration and Regression Prediction

Regression calibration (RC) is commonly used in the internal calibration setting and uses the

estimated conditional mean of- given the observed data¹,– .– / º to replace missing true values

of - in the main study data [13]. In the external calibration setting,¹.– / º are not observed in the

calibration data and the conditional mean of- is estimated given, only. This method is called

external regression calibration [14] or regression prediction [15]. While RC is valid for the internal

calibration setting and yields consistent coef�cient estimates in the linear regression of continuous

. on - and / , and inconsistent but small-bias coef�cient estimates in the logistic regression of

binary. on - and/ [16, 3], RP is biased when/ is associated with- and. [17, 13, 18].
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Simulation Extrapolation (SIMEX)

SIMEX [19, 20, 21] is a simulation-based method which has a similar idea as regression cal-

ibration. SIMEX creates datasets with additional measurement error in, and obtains the target

naive estimate for each dataset. A trend of the naive estimates against the additional measurement

error variance is then established, and using this trend the corrected estimators of the parameters of

interest are obtained by extrapolating the trend back to the case of no measurement error. Standard

error of the estimates are obtained in a similar way. SIMEX only requires the knowledge of the

measurement error variance, a value that is often estimated using a possibly internal or external

calibration sample. SIMEX was found to behave similarly to regression calibration in some simple

internal calibration settings [3, 19]. While conceptually simple, SIMEX is also computationally

intensive [6].

Likelihood Method

Likelihood methods specify parametric models for the data and the measurement error model.

Fewer likelihood methods have been developed compared to other adjustment methods due to

computational complexity [22], and many were developed for the internal calibration setting [23,

24]. Nonetheless likelihood methods have been shown to perform better than classical calibration,

regression calibration, SIMEX in different settings [5, 15, 6]. Multiple imputation for external

calibration (MIEC) is a likelihood-based method that was developed for the external calibration

setting and speci�ed a joint multivariate normal distribution model for¹-– ,– .– / º which are all

continuous [15]. Maximum likelihood estimation was outlined for MIEC.

Bayesian Method

Bayesian methods build from the likelihood methods by specifying parametric models for the

data and measurement error model and treating parameters of these models as random and placing

prior distributions on them. Posteriors of the parameters are then computed using methods such

as Markov Chain Monte Carlo (MCMC). Bayesian computation was also performed for the MIEC
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method mentioned above, and this method was shown to perform better than classical calibration

and Regression prediction methods [5, 15]. Furthermore advances in Bayesian computing tools

such as Stan [25] make it easier to perform Bayesian inference.

Score and Moment-based Methods

There are two commonly used score function methods for measurement error adjustment which

work for both the internal and external calibration settings. The �rst method is a conditional-score

method which conditions the score function on suf�cient estimators for model estimation [26].

The second method is the corrected-score method which subtracts the score function based on

the naive model from its expected value [27, 28]. It was shown that there is no corrected-score

method for the logistic regression model with covariate measurement error [28], and a Monte Carlo

corrected-score method involving complex variables was proposed for that setting [29]. Score-

function methods do not make any distributional assumption for the true variable- and yield

consistent regression estimators. Score functions may not converge in some cases, however due to

the possibility of multiple solutions and the proposed score-function method solution based on the

quasi-likelihood are better suited for large samples [30].

Moment-reconstruction methods substitute observed error-prone variables, by adjusted vari-

ables whose �rst two moments are the same as those of, and whose covariance matrix with the

outcome. is the same as that of- and, [31]. The estimated covariance matrix is sometimes

not positive de�nite and extensions of the moment-reconstruction method were proposed to deal

with this issue [32, 33]. The moment-reconstruction method also makes no assumption about the

distribution of- and its drawback is that it is computationally intensive.

We use Bayesian methods for measurement error adjustment in chapter 2.

1.2.4 Limit of Detection (LOD)

It is common for studies to be subject to measurement error and values outside limit of de-

tection. For example, in environmental epidemiology research, environmental exposures might be
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measured with error due to instrument error and values below a certain threshold might not be de-

tected by the measuring instrument. We say that the latter values are below the limit of detection.

A large amount of literature has shown that complete-case analyses which only use observations

within LOD lead to biased results [34, 35]. Several methods were developed to account for val-

ues outside LOD. These include methods which impute values outside LOD with a constant [36],

methods which assume the variable subject to LOD follows a distribution that is censored at the

LOD [35], methods which use models for values within LOD to impute values outside LOD [34],

and methods which �t cox models to the variable subject to LOD which they treat as a censored

outcome [37]. Methods which impute values outside LOD with a constant are still commonly used

despite the evidence that they lead to large biases in statistical inference [34, 35].

Methods which simultaneously account for measurement error and LOD have received less

treatment in the literature. Researchers typically use existing measurement error methods and

impute values outside LOD using a constant, such as imputing values below LOD with LOD/
p

2,

for example. Out of the previously mentioned LOD methods, the censored-distribution approach

is fully ef�cient when the correct model is speci�ed [35]. the censored-distribution method can

also be incorporated into the data likelihood such that it can easily be used with the likelihood and

Bayesian methods mentioned above. When values are below LOD, the left-censored distribution

model that is used is also referred to as Tobit regression model [38]. The method performed better

than alternative methods which imputed values below LOD with LOD/
p

2.

In chapter 3 we will discuss how we incorporate the censored-distribution approach into the

Bayesian method for measurement error adjustment developed in chapter 2.

1.3 Misclassi�cation

Many explanatory variables encountered in statistical practice are categorical. We now describe

how the concepts and methods in 1.2 apply when measurement error is in a categorical variable.

In this case mismeasurement arises when the true and observed categories of an observation differ.

Consider- and, to be binary for simplicity with a zero/one coding. The nondifferential measure-
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ment error assumption becomes the nondifferential misclassi�cation assumption. Nondifferential

misclassi�cation is de�ned as that misclassi�cation does not depend on. given- . Nondifferential

misclassi�cation implies that, and. are conditionally independent given- .

A classical measurement error model of the form (1.1) has been used in the past to relate the

true and observed binary variable [39]. This model assumed- and, were binary variables and

followed Bernouilli distributions so that the error term was a three-level categorical variable of

which a distribution could be derive. The classical measurement error and Berkson measurement

error in (1.3) are, however, not commonly used for the misclassi�cation model. It is also clear that

the more general linear measurement error model and the multiplicative error model outlined above

are not well suited to the misclassi�cation problem. Misclassi�cation is typically expressed in

terms of classi�cation probabilities which are the probabilities that an observation will be correctly

classi�ed given its true classi�cation. In epidemiologic applications the value- = 1 tends to

mean positive or exposed and- = 0 means negative or unexposed. In that case the magnitude of

misclassi�cation can be expressed using the sensitivity,%¹, = 1j- = 1º, which is the probability

that a true positive will be correctly detected as positive and speci�city,%¹, = 0j- = 0º, which

is the probability that a true negative will be correctly detected as negative. Smaller sensitivity or

speci�city values imply worse misclassi�cation.

Naive regression methods that do not adjust for misclassi�cation lead to an attenuated effect of

- in the simple regression of. on - and the effect of misclassi�cation is typically worse than that

of measurment error in a continuous variable [2]. The bias due to misclassi�cation also worsens

as the true prevalence%¹- = 1º gets closer to 0 or 1. Much of the early work on misclassi�ca-

tion concerns 2 by 2 contingency tables and covariate misclassi�cation in regression models with

binary outcomes [40, 41, 42, 43, 44]. Methods for covariate misclassi�cation adjustment in lin-

ear regression include the score-based methods described in section 1.2.3 [45]. A nonparametric

method[46] and asymptotic methods based on the �rst two moments of the measurement error

random variable were developed [39, 47]. The nonparametric method was shown to have smaller

ef�ciency and the asymptotic methods are not as ef�cient in smaller samples. A likelihood method
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was also brie�y discussed and not implemented due to computational limitations at the time [46].

With advances in computing we revisit the problem of group mean comparison for misclassi�ed

groups and we use a likelihood method which we estimate using the expectation-maximization

algorithm. This method is discussed in chapter 4.

1.4 Outline

This thesis is organized into �ve chapters. Chapter 1 introduces the problems of measurement

error and misclassi�cation. It then brie�y summarizes useful measurement error concepts such as

measurement error mechanisms and common measurement error models which play an important

role in model speci�cation and identi�cation. Chapter 1 also gives an overview of existing methods

used to correct measurement error and misclassi�cation in the regression setting.

Chapter 2 discusses a Bayesian method based on the general location model for the adjustment

of measurement error in a continuous variable for the external calibration setting. The method is

applied to the problem of covariate measurement error in multivariable linear and logistic regres-

sion models. We specify a joint model for the combined calibration and main study data and we

assume sNDME assumption to identify general location model parameters. We leverage the rela-

tionship between the general location model and linear and logistic regression to derive regression

parameters of interest. The Bayesian method also allows to impute values of the variable subject

to measurement error in the main study sample so that further analyses can be ran on the imputed

data as needed. We compare this method to naive regression, classical calibration and regression

prediction through simulation studies and using the New York City (NYC) National Asthma and

Allergy Study (NAAS).

In chapter 3, we extend the Bayesian model in chapter 2 to simultaneously account for measure-

ment error and values below limit of detection (LOD). We still consider the problem of covariate

measurement error in multivariable linear and logistic regression and we increase the number of

covariates in the model. We assume that the observations with values below LOD come from

the general location model in chapter 2 that is censored at the LOD. The censored-distribution
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approach is ef�cient under a correctly speci�ed model. NDME and sNDME assumptions are as-

sumed as necessary to identify model parameters and regression parameters are derived using the

relationship between the general location model and linear and logistic regression. The Bayesian

method for simultaneous measuremenent erorr and LOD adjustment is compared to the naive re-

gression, classical calibration and regression prediction methods which impute error-prone values

below LOD with LOD/
p

2 through simulations and on the NAAS dataset in which 50% of the

observations have values below LOD.

Chapter 4 discusses a likelihood method based on the general location model for the problem of

group mean comparison when the groups are misclassi�ed. We consider two groups and assume

that the sensitivity and speci�city are known. We use the nondifferential misclassi�cation as-

sumption to identify model parameters. We estimate the likelihood method using the Expectation-

Maximization (EM) algorithm. We compare the likelihood method to the method which ignores

misclassi�cation through simulations and using the Frequent Users Services Engagement (FUSE)

study.

The major contributions and �ndings of the thesis are summarized and discussed in chapter 5

and limitations of the developed methods are highlighted and some suggestions for further work

are provided.
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Chapter 2: Correcting Measurement Error using the General Location

Model

2.1 Introduction

Measurement error is a common problem in environmental health studies. It can bias statistical

analysis if it is not taken into account [48, 49]. Speci�cally, measurement error can lead to biased

estimates of the true effect of environmental exposures. Methods are needed that appropriately

account for measurement error [50]. Although many measurement error methods were previously

developed for various settings (see a recent review by [51]), measurement error methods for mixed

continuous and discrete variables are still sparse. We consider here methods for correcting mea-

surement error in a data set with both categorical and continuous variables in the setting where

information on the measurement error is obtained from external calibration data, separately from

the main study data.

Our motivating example is provided by the New York City (NYC) Neighborhood Asthma and

Allergy Study (NAAS), a primary goal of which is to investigate the association between indoor

allergen concentrations and asthma outcomes in urban children, adjusting for demographic char-

acteristics [52]. The asthma outcome can be continuous (the natural log of exhaled nitric oxide for

asthmatic children) or binary (a child's asthma status). The continuous indoor allergen concentra-

tions were measured using immunoassays that are subject to measurement error, and demographic

characteristics are often binary (e.g. sex). In addition to the main study data, calibration data that

measure both true and estimated concentrations of allergen concentrations are also available from

the standard samples of the same immunoassay plates used in the NAAS. Speci�cally, standard

samples with known allergen concentrations are diluted and the estimated allergen concentrations

are recorded. The data can be depicted in Figure 1.1 B, where- and, represent the true and
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estimated allergen concentration,. represent asthma outcomes, and/ denote other variables, such

as sex. In the main study sample,. and / are observed,- is unobserved, but a variable, that

measures- with error is observed. Information relating- and, is gained from a calibration sam-

ple that includes measurements on- and, . The shaded cells in Figure 1.1 B represent observed

values.

Several methods have been developed to deal with measurement error in the external calibration

setting. A commonly used method is classical calibration (CC), which creates a calibration curve

relating, to - using the calibration data and then uses the estimated calibration curve to read

off the estimates of- in the main study [53]. CC is biased when there is measurement error

[54]. External regression calibration [14] or regression prediction (RP) [15] is another widely used

method in the external calibration setting which regresses- on , in the calibration data and then

predicts- in the main study. RP is biased when/ is associated with. and- [17, 13, 18]. [15]

proposed multiple imputation for external calibration (MIEC) for the external calibration design

with continuous- , , , . , and / . The method assumes a joint multivariate normal model for

all the variables and uses summary statistics from the calibration sample to multiply impute the

missing- values in the main study sample. To estimate the imputation model, the MIEC method

assumes a strong nondifferential measurement error (sNDME) with respect to. and/ , where,

is independent of. and / given - . This sNDME assumption is stronger than the usual NDME

assumption, which assumes, is independent of. given - and/ [1]. The sNDME assumption is

necessary given the limited information contained in the external calibration sample and is often

reasonable when measurement error arises in lab experiments. MIEC performs better than the CC

and RP methods in simulations, but the multivariate normal assumption is violated when the data

consist of mixed continuous and discrete variables.

In this chapter, we apply the general location model [55] to correct measurement error in exter-

nal calibration with mixed continuous and discrete variables. The general location model has been

utilized to handle missing data with mixtures of normal and non-normal variables ([56], chapter

14; [57, 58]), but to our knowledge it has not been used for measurement error adjustment. We
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apply it to jointly model all the continuous variables given the discrete variables. Similar to the

MIEC method [15], we apply the sNDME assumption to estimate the parameters in the general

location model. The sNDME assumption is reasonable in our motivating example, where measure-

ment error is from lab bioassays. Using the relationships between the general location model and

the linear and logistic regression ([56], chapter 14), in addition to obtaining the imputation of- in

the main study sample, we can also directly estimate the regression coef�cients in the model of.

on - and/ . We apply the general location model method for estimating the adjusted association

between the concentration of indoor dust mite allergen and asthma morbidity among asthmatic

children in the motivating example.

2.2 Methods

2.2.1 Setup and Background

We consider data from a main and calibration sample in the form of Figure 1.1 B. The main

study sample contains data on, , . , and/ , where, is the error-prone measurement of- , . and

/ are error-free, and- , , , . , and/ could all be multivariate in practice. Information relating,

and- is obtained from an external calibration sample that includes measurements on- and, , but

not on. and/ . In this chapter, we assume that- and, are continuous. The combined calibration

and main study data have= = =20;81̧ =<08=observations, where=20;81and=<08=are the calibration

and main study sample size, respectively.

The method we develop in this chapter can be utilized to handle measurement error in-

whether it is a dependent or independent variable. Motivated by the NAAS application, we fo-

cus here on the covariate measurement error in regression settings. We consider two types of

outcome models for. : (1) linear and (2) logistic regression

6¹� ¹. j-– / ºº = V. 0•- / ¸ V. -•- / - ¸ V. / •- / / (2.1)

where6 uses the identity link function for linear regression and the logit link function for logis-
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tic regression. We assume that the outcome model includes only the main effects of- and / .

Throughout the chapter, we useV. -•- / to denote the regression coef�cient of. on - in a model

of . on ¹-– / º. Other regression coef�cients are de�ned similarly.

To estimate theVcoef�cients in model (4.1), commonly used methods for regression with co-

variate measurement error include the method that ignores measurement error (naive regression),

classical calibration (CC), and regression prediction (RP). Naive regression ignores the measure-

ment error in- and uses the coef�cients of the error-prone covariate, to estimate the coef�cients

of - in the regression of. on - given / for the main study sample. CC uses the calibration data

to �t a linear regression of, on - and then estimates the unknown value of- in the main study

sample by- �� = ¹, � V̂, 0•- º• V̂, -•- , whereV̂, 0•- andV̂, -•- are the estimates of intercept and

slope in the regression of, on - . The CC estimates of¹V. 0•- / – V. -•- / º in model (4.1) and as-

sociated standard error are obtained by �tting the regression of. on - �� and/ , computed on the

main study data. In contrast, RP computes estimatesV̂- 0•, and V̂-, •, of the coef�cientsV- 0•,

andV-, •, in the linear regression of- on , using the calibration sample and then replaces un-

known values of- in the main sample by predictions- '% = V̂- 0•, ¸ V̂-, •, , . The coef�cients

¹V. 0•- / – V. -•- / º in model (4.1) are then estimated by �tting the regression of. on - '% and / ,

based on the main study sample. Standard errors for the estimate of¹V. 0•- / – V. -•- / º can be es-

timated using asymptotic calculations or by bootstrapping the calibration and main study samples

[15].

2.2.2 The Proposed Method

We consider the general location model in its general unconstrained form. For unit8= 1– •••– =

from a sample of size=, let � 8 be a1 �  vector of continuous variables and� 8 be a1 � + vector

of categorical variables. Construct from� 8 the 1 � � vector� 8 such that� 8 = ' 2 if unit 8is in

cell 2 of the contingency table formed by� 8. Here' 2 is a1 � � vector with1 as the2C� entry and

0 elsewhere. We let\ denote all unknown parameters and assume the general location model for
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¹� 8– � 8º:

� 8j� 8 = ' 2– \ 8=3� N: ¹` ¹2º
� –
 º– (2.2)

� 8j\
883� multinomial¹c1– ••••– c� º–

wherec2 = %¹� 8 = ' 2º, 2 = 1– •••– �, and
�Í

2=1
c2 = 1; ` ¹2º

� are the cell-speci�c means of the contin-

uous variables; and
 is the covariance matrix of the continuous variables and is common to all the

cells. Let� = ¹c1– •••– c� º be the¹1 � � º vector of cell probabilities and� =
�
` ¹1º

� ••• `¹� º
�

� )

be the� �  matrix of cell-speci�c means of� 8so that\ = ¹� –� –
 º. As  and+ may be greater

than 1, the general location model formulation covers a wide range of models involving continuous

and categorical variables such as multivariate, multi-variable regressions where the measurement

error is in the covariate or the outcome.

In what follows we discuss the general location model as applied to data in the form of Figure

1.1 B where we assume all variables are univariate, that- is the true continuous predictor with

surrogate, , . can be either continuous or binary, and/ is a binary error-free variable. We also

assume that the speci�ed general location model holds with the same parameter values in both the

main study sample and the external calibration sample.

Strong Nondifferential Measurement Error (sNDME)

Since- is not observed at the same time as¹.– / º, parameters that capture the relationships

between- and ¹.– / º cannot be estimated directly from the data based on this speci�ed model

alone. To identify the general location model parameters in (2.2), we assume strong nondifferential

measurement error (sNDME) with respect to. and/ . That is,, is independent of¹.– / º given

- . This sNDME assumption implies that the distribution of, given- , . , and/ is the same as the

distribution of, given - . It also implies that the distribution of. and/ given, and- does not

depend on, . That is, the adjusted effects of, on. and/ given - as well as the adjusted effects

of . and/ on , given - are0. With these constraints, we use the sweep operator [56] to derive

regression coef�cients of, on - (which are the same as those of the regression of, on - given.
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and/ ) and those in Model (4.1). We explain the sweep operator in the next section. This sNDME

assumption is suf�cient and necessary to identify all the general location model parameters.

Sweep Operator

The sweep operator was de�ned by Beaton [59] as a powerful tool for matrix inversion, and

for solving linear equations such as the ones that appear in linear regression models. Little and

Rubin [56] used the sweep operator as de�ned by Dempster [60] to illustrate the relation between

the sweep operator and linear regression. We use the sweep operator with constraints implied by

the sNDME assumption to obtain the regression of. on ¹-– / º, the measurement error model of

, given - , and the distribution of- given ¹,– .– / º.

We �rst consider the case of a continuous. , a continuous- , a continuous surrogate, , and a

binary / . For unit8¹8= 1– •••– =º, the general location model (2.2) becomes

©
­
­
­
­
­
«

- 8

, 8

. 8

ª
®
®
®
®
®
¬

j� 8 = ' 2– \ 8=3� N:

©
­
­
­
­
­
«

©
­
­
­
­
­
«

` ¹2º
-

` ¹2º
,

` ¹2º
.

ª
®
®
®
®
®
¬

–

©
­
­
­
­
­
«

f - - f -, f -.

f -, f ,, f ,.

f -. f ,. f ..

ª
®
®
®
®
®
¬

ª
®
®
®
®
®
¬

– (2.3)

� 8j\
883� binomial¹c1º–

where cell2 = 1–2 for / 8 = 0 and / 8 = 1, respectively. ¹` ¹2º
- – `¹2º

. – `¹2º
, º are the means of- 8,

. 8, and, 8 respectively, in cell2 of the contingency table determined by/ 8; (f - - – f -. – f -, – f.. –

f ,. – f,, º form the covariance matrix of¹- 8– , 8–.8º given � 8, which is common to all the cells

of the contingency table determined by/ 8. For each cell2 ¹2 = 1–2º of the contingency table

determined by/ 8, we build the symmetric matrix

" =

©
­
­
­
­
­
­
­
­
«

� 1 ` ¹2º
- ` ¹2º

. ` ¹2º
,

` ¹2º
- f - - f -. f -,

` ¹2º
. f -. f .. f ,.

` ¹2º
, f -, f ,. f ,,

ª
®
®
®
®
®
®
®
®
¬

(2.4)
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Sweeping the matrix" on row and column 2 corresponds to sweeping on- and yields the

symmetric matrix

SWP»2¼" =

©
­
­
­
­
­
­
­
­
«

� 1 �
` ¹2º2

-
f --

` ¹2º
-

f --
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. �
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-
f --

` ¹2º
, �
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f --

` ¹2º
-

f --

� 1
f --

f -.
f --

f -,
f --
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. �
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- f -.
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f -.
f --
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f 2

-.
f --

f ,. � f -, f -.
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®
®
®
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­
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� �

� ) �

ª
®
¬

– (2.5)

where � , � , and � are2 � 2 matrices. According to the relationship between sweep operator

and linear regression [56], matrix (A.5) yields results for the multivariate regression of¹.– , º on

¹-– / º. We have

� =
©
­
­
«

` ¹2º
. �

f -. ` ¹2º
-

f --
` ¹2º

, �
f -, ` ¹2º
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and

� =
©
­
­
«

f .. �
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-.
f --

f ,. � f -, f -.
f --

f ,. � f -. f -,
f --

f ,, �
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=
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f .. •- / f ,. •- /

f ,. •- / f ,, •- /

ª
®
®
¬
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where� gives the coef�cients for the regression of¹.– , º on - in cell 2 of the contingency table

determined by/ , and� is the residual covariance matrix of¹.– , º given - and/ .

Since¹.– / º and, are independent given- by the sNDME assumption, we havef ,. •- / = 0

and V¹1º
, 0•- / = V¹2º

, 0•- / . These two equations yield the sNDME restrictions on the parameters,

f -. = f ,. f - - • f -, and ` ¹2º
- = ` ¹1º

- ¸
�
` ¹2º

. � ` ¹1º
.

�
¹f - - • f -. º, which then make the general

location model fully identi�able. With equations (A.6) and (A.7) and these two constraints, we can

rewrite the regression coef�cients in model (4.1) using the parameters in the general location model

(2.3). Speci�cally, we can rewrite the linear regression model of continuous. on continuous-
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and binary/ as follows:

. j-– / � # ¹V. 0•- / ¸ V. -•- / - ¸ V. / •- / /– f .. •- / º

with

V. 0•- / = ` ¹1º
. � ` ¹1º

-
f -.

f - -
–

V. -•- / =
f -.

f - -
–

V. / •- / =
�
` ¹2º

. � ` ¹2º
-

f -.

f - -

�
�

�
` ¹1º

. � ` ¹1º
-

f -.

f - -

�
– (2.8)

f .. •- / = f .. �
f 2

-.

f - -
•

Further, with the sNDME assumption, the measurement error model of, given - , . and/ can

be written as

, j-– .– /
sNDME

� , j- � # ¹V, 0•- ¸ V, -•- – f,, •- º–

with the regression coef�cients:

V, 0•- = V¹1º
, 0•- = ` ,

¹1º �
f -, ` ¹1º

-

f - -
–

V, -•- =
f -,

f - -
– (2.9)

f ,, •- = f ,, �
f 2

-,

f - -
•

Finally, we can obtain the conditional distribution of- given , , . , and / using a sweep

operator, by sweeping the matrix" �rst on row and column 3 and then on row and column 4.

The conditional distribution of- can be used to obtain the imputations of- . The regression

coef�cients in the conditional distribution of- given, , . , and/ again can be expressed using
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the parameters in the general location model (2.3):

- j,– .– / � # ¹V- 0•,. / ¸ V-, •,. / , ¸ V-. •,. / . ¸ V- / •,. / /– f - -•,. / º

with

V- 0•,. / = ` ¹1º
- � ` ¹1º

,
f ,.

f ,,
�

�
` ¹1º

. � ` ¹1º
,

f -,

f ,,

�
�
f -. � f ,.

f -,
f , ,

�

�
f .. �

f 2
,.

f , ,

� –

V-, •,. / =
f -,

f ,,
�

f ,.

f ,,

�
f -. � f ,.

f -,
f , ,

�

�
f .. �

f 2
,.

f , ,

� –

V-. •,. / =

�
f -. � f ,.

f -,
f , ,

�

�
f .. �

f 2
,.

f , ,

� – (2.10)

V- / •,. / = ` ¹2º
- � ` ¹2º

,
f ,.

f ,,
�

�
` ¹2º

. � ` ¹2º
,

f -,

f ,,

�
�
f -. � f ,.

f -,
f , ,

�

�
f .. �

f 2
,.

f , ,

� � V- 0•,. / –

f - -•,. / = f - - �
f 2

-,

f ,,
�

�
f -. � f ,.

f -,
f , ,

� 2

�
f .. �

f 2
,.

f , ,

� •

Restricted General Location Models

In the case of a binary outcome. , a continuous predictor- , a continuous surrogate, , and

a binary covariate/ , we specify the same general location model (2.2), but now. is part of �

instead of� :

©
­
­
«

- 8

, 8

ª
®
®
¬

j� 8 = ' 2– \ 8=3� N2
©
­
­
«

©
­
­
«

` ¹2º
-

` ¹2º
,

ª
®
®
¬

–
©
­
­
«

f - - f -,

f -, f ,,

ª
®
®
¬

ª
®
®
¬

– (2.11)

� 8j\
883� multinomial¹c1– c2– c3– c4º–

In addition to the constraints implied by the sNDME assumption as shown in Section 2.2.2,
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we further impose the restriction on the means` ¹2º
� = ¹` ¹2º

- – `¹2º
, º for 2 = 1–2–3–4, such that

` ¹4º
- = ` ¹2º

- ¸ ` ¹3º
- � ` ¹1º

- – `¹4º
, = ` ¹2º

, ¸ ` ¹3º
, � ` ¹1º

, . These mean restrictions remove the interaction

between. and / when regressing¹-– , º on ¹.– / º, and thus guarantee the additive outcome

model in (4.1) with a logit link. Such mean restrictions are not needed for an interaction outcome

model.

The sweep operator can be applied similarly. The logistic regression model for a binary out-

come. given continuous- and binary/ can be written as

logitf Pr¹. = 1j-– / ºg= V. 0•- / ¸ V. -•- / - ¸ V. / •- / /

with

V. 0•- / = ln c3 � ln c1 �
¹` ¹3º

- º2 � ¹ ` ¹1º
- º2

2f - -
–

V. -•- / =
` ¹3º

- � ` ¹1º
-

f - -
– (2.12)

V. / •- / = ln c4 � ln c2 �
¹` ¹2º

- ¸ ` ¹3º
- � ` ¹1º

- º2 � ¹ ` ¹2º
- º2

2f - -
� V. 0•- / •

Further a sweep of- on, in each cell of the contingency table determined by. and/ yields the

conditional distribution of- given, , . , and/ which can be used to obtain imputations of- .

- j,– .– / � # ¹V- 0•,. / ¸ V-, •,. / , ¸ V-. •,. / . ¸ V- / •,. / /– f - -•,. / º

22



with

V- 0•,. / = ` ¹1º
- � ` ¹1º

,
f -,

f ,,
–

V-, •,. / =
f -,

f ,,
–

V-. •,. / = ` ¹3º
- � ` ¹3º

,
f -,

f ,,
� V- 0•,. / – (2.13)

V- / •,. / = ` ¹2º
- � ` ¹2º

,
f -,

f ,,
� V- 0•,. / –

f - -•,. / = f - - �
f 2

-,

f ,,
•

Bayesian Computation

To obtain inference of the above general location models, Bayesian statistics can be used by

specifying prior distributions for the model parameters. To ease computations we factor the cell-

speci�c distributions of the continuous outcomes so that the joint distribution of¹- 8– , 8–.8º j� 8– \

in (2•3) becomes

©
­
­
«

- 8

. 8

ª
®
®
¬

j� 8– \ ind� N
©
­
­
«

©
­
­
«

` ¹2º
-

` ¹2º
.

ª
®
®
¬

– (! d! )
d(

ª
®
®
¬

(2.14)

, 8j- 8–.8– � 8– \
sNDME

� , 8j- 8– \ ind� # ¹V, 0•- ¸ V, -•- - 8– f,, •- º (2.15)

for the continuous outcome setting. We apply a Cholesky parameterization for the covariance

matrix where( =
©
­
­
«

p
f - - 0

0
p

f ..

ª
®
®
¬

is the diagonal matrix of standard deviations, and! d is the

Cholesky decomposition of the correlation matrix
©
­
­
«

1 d-.

d-. 1

ª
®
®
¬

.

In the binary outcome setting we factor the cell-speci�c distributions of the continuous out-
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comes as

- 8j� 8– \ ind� N
�
` ¹2º

- – f - -

�
(2.16)

, 8j- 8– � 8– \
sNDME

� , 8j- 8– \ ind� # ¹V, 0•- ¸ V, -•- - 8– f,, •- º• (2.17)

Because both. and/ are only measured in the main study sample but not in the calibration

sample, the conditional speci�cation of the continuous variables given� 8 in models (3.4) and

(2.16) requires imputation of� 8 in each iteration of Bayesian computation and thus the computa-

tion can be slow. As the imputation of missing� 8 is not of interest, to ease the computation, we

marginalize distributions (3.4) and (2.16) as

©
­
­
«

- 8

. 8

ª
®
®
¬

j\ ind�
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2=1

N
©
­
­
«

©
­
­
«

` ¹2º
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` ¹2º
.

ª
®
®
¬

– (! d! )
d(

ª
®
®
¬

� c2 (2.18)

and

- 8j\
ind�

�Õ

2=1

N
�
` ¹2º

- – f - -

�
� c2 (2.19)

respectively. We assume normal priors# ¹0–25º for the cell-speci�c means, half-normal priors

# ¸ ¹0–25º for all the standard deviations, an LKJ prior! � ¹1º for the Cholesky decomposition

! d, uniform priors* ¹�1 –1º for the coef�cientsV, 0•- andV, -•- , and uniform priors* ¹0–1º for

cell probabilities.

We �t the models using Stan's NUTS-Hamiltonian Monte Carlo (HMC) sampler [61] for the

Bayesian computation. HMC is a Markov chain Monte Carlo (MCMC) method that uses the

derivatives of the density function being sampled to generate ef�cient transitions spanning the

posterior. It can properly explore high-dimensional target distributions, and is faster and more
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scalable. To check for sampling behavior and model convergence, we consider trace plots, the

effective sample size, and the Gelman-Rubin diagnostic statistic^' [62].

Our Bayesian inference provides the posterior distributions for all the parameters in models

(3.4) and (3.5) for the continuous outcome setting and in models (2.16) and (2.17) in the binary

outcome setting. For the covariancef -. , we used the relationf -. = d-.
p

f - -
p

f .. . To ob-

tain the general location model parameters corresponding to, both in the continuous and binary

outcome settings, we rewrote the equations in (2.9) with

f -, = f - - V, -•- –

f ,, = f ,, •- ¸ V2
, -•- f - - –

` ¹2º
, = V, 0•- ¸ V, -•- ` ¹2º

- •

(2.20)

Bayesian inference for the general location model also yields Bayesian inference for the pa-

rameters as functions of the general location model parameters [56]. Therefore to obtain Bayesian

inference of any of the coef�cients in the regression of. on ¹-– / º in (2.8) and (2.12) and the

regression of- on ¹,– .– / º in (A.10) and (2.13), we plugged the posterior draws of the general

location parameters in their respective expressions.

2.3 Simulation

We conduct simulation studies to compare the proposed method with alternative methods. We

generate data in accordance with the general location model, creating 500 data sets for each sce-

nario, and compare the proposed method to naive regression, CC, and RP. We implement all the

methods in R. For the naive approach we compute the regression of. on ¹-– / º using least squares

estimates of the regression of. on ¹,– / º based on the main study data. CC and RP are imple-

mented as described in section 2.2.1 where all parameter estimates are obtained using the least

squares method. We create asymptotic 95% con�dence intervals for the regression coef�cients

in the naive, CC and RP approaches, of the formV̂ � 1•96 � cSE¹V̂º wherecSE¹V̂º are estimated
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asymptotic standard errors of̂V. Samples sizes are large enough for small-sampleCcorrections to

have negligible effect on the inferences.

We implement our proposed method using the Bayesian method described in section 2.2.2. We

ran 2 Markov chains, each with 2,500 burn-in iterations and 2,500 sampling iterations, and set

the recommended thinning factor of 1 for an HMC sampler. The point estimates of the regression

parameters of. on ¹-– / º are obtained using the posterior means by averaging the 5,000 sampling

draws from the 2 Markov chains. We construct the 95% posterior credible intervals using the 2.5th

and 97.5th empirical percentiles of the posterior distributions formed by the 5,000 draws. We also

include a benchmark estimator from �tting. on ¹-– / º to the main study data preventing that the

true values of- are known using a least squares method.

2.3.1 Continuous Outcome

In the �rst set of simulations, we consider continuous outcome variable. and generate data as

follows

/ � Bernoulli¹c / º–

- j/ � N¹0 ¸ V- / •/ /– 1º–

. j-– / � N¹0 ¸ V. -•- / - ¸ 0•5/– 1º–

, j- � N¹0 ¸ 1•1-– f ,, •- º•

We consider six simulation scenarios. First, we letc / = 0•5, V- / •/ = 0•5, V. -•- / = 0•5, and

f ,, •- = 0•5, to represent the setting with equal groups of the binary covariate, small correlation

between- and/ and between Y and X, and small measurement error. The calibration and main

study sample have a sample size of=20;81 = 100 and=<08= = 400 respectively. The other �ve

scenarios are modi�cations of the �rst simulation scenario by changing the value of one parameter

at a time: (scenario 2)c / = 0•1, (scenario 3)V- / •/ = 1, (scenario 4)V. -•- / = 1, (scenario 5)

f ,, •- = 0•75, and (scenario 6)=20;81= 50, =<08= = 200. Our objective is the inference for the
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regression coef�cients of. on - and/ .

Figure 2.1 shows simulation results for the continuous outcome settings. We compare the meth-

ods using violin plots [63] which show the distribution of the estimates across the500simulations

and allow us to visualize the bias and spread of each method's estimates. The horizontal line rep-

resents the true parameter value, and average estimates (denoted using dots) that deviation from

this value are evidence of bias. The vertical lines display the average width of the 95% con�dence

(or probability) interval. The numbers above the violin plots show each methods' empirical 95%

non-coverage rates as the proportion of simulated data sets for which the 95% con�dence interval

(or probability interval for Bayesian methods) does not include the true value. These proportions

are multiplied by 1000 to avoid decimal points, and hence a nominal level of non-coverage is equal

to 50. A good method is anticipated to yield estimates that have small absolute biases and small

spreads in the violin plots, with close to the nominal level non-coverage rates.

In general, the benchmark method performs as expected, with average estimates close to the

true values and con�dence intervals close to the nominal coverage. The naive and CC methods

yield biased estimates of the slopes for both- and/ with bias toward zero and the non-coverage

rates of 95% con�dence intervals are much larger than the nominal value of 50, but yield rea-

sonably good estimates of the intercepts. RP performs better than the naive and CC methods in

estimating the slope associated with- , with the average estimates close to the true values, but

shows evidence of under-coverage for the 95% con�dence intervals. RP yields the same estimates

of the slope associated with/ as the naive and CC methods, but leads to biased estimates of inter-

cepts, especially in Scenarios 3-5 with larger correlation between- and/ , larger effect of- on

. , and larger measurement error. In contrast, the estimates of our proposed method display little

evidence of bias, and the probability intervals yield close to the nominal coverage in estimating

both intercepts and slopes in all scenarios. The probability intervals of our proposed method are

wider than the intervals of the benchmark method, as expected given the loss of information from

the measurement error in, .
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2.3.2 Binary Outcome

Similarly, for the binary outcome settings, we simulate data as

� = � ¹.– / º � multinomial¹c. 0/ 0– c. 0/ 1– c. 1/ 0– c. 1/ 1º–

- j.– / � N¹V- 0•. / ¸ V-. •. / . ¸ V- / •. / /– f - -•. / º–

, j- � N¹0 ¸ 1•1-– f ,, •- º–

and consider the following logistic regression

logitf Pr¹. = 1j-– / ºg � 0 ¸ V. -•- / - ¸ ln¹1•5º/•

Our objective is inference for the coef�cients in the logistic regression model. In the �rst simulation

scenario, we let the cell probabilities,c. 0/ 0 = c. 0/ 1 = c. 1/ 0 = c. 1/ 1 = 0•25, the adjusted effect

of - on. , V. -•- / = ln¹1•5º, and the size of measurement error,f ,, •- = 0•5. We don't need to

assign values for¹V- 0•. / – V-. •. / – V- / •. / – f - -•. / º, because they can be expressed as functions of

the other parameters. The calibration and main study sample sizes are=20;81= 200 and=<08= =

400, respectively. The other three scenarios are modi�cations of the �rst simulation scenario by

changing the value of one set of parameters at a time: (scenario 2)V. -•- / = ;=¹3•5º, (scenario 3)

f ,, •- = 0•75, and (scenario 4)c. 0/ 0 = c. 0/ 1 = 0•1 andc. 1/ 0 = c. 1/ 1 = 0•4.

Figure 2.2 shows simulation results for the binary outcome settings, with the �ndings similar

to Figure 2.1. Our proposed method performs similarly to the benchmark estimator using the

true values of- in the main study sample, yielding similar average estimates and con�dence

(probability) intervals with close to the nominal coverage, although our proposed method shows

more spread in the violin plots than the benchmark method. The proposed method also outperforms

the naive, CC, and RP methods with smaller bias and closer to the nominal coverage probability

intervals. The naive, CC, and RP methods all perform similarly to the continuous outcome settings,

except that the intercept estimates of the naive and CC methods are biased now under scenario 4
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where the categorical variables form unequal groups.

2.4 Application to the NYC NAAS Data

We apply the measurement error adjustment methods to the data from the New York City

(NYC) Neighborhood Asthma and Allergy Study (NAAS). One of the goals of the study is to ex-

amine the association between indoor allergen concentrations and asthma morbidity among urban

asthmatic children [52]. The prevalence of allergic diseases and asthma among children is increas-

ing worldwide, and sensitization to indoor allergens, such as those produced by house dust mites,

cockroaches, mice, pets, and molds, is a risk for greater asthma morbidity [64]. Here we consider

the effect of Der f 1, a household dust mite allergen, on the amount of nitric oxide exhaled among

asthmatic children, which can help diagnose and manage asthma [65].

We consider the regression of. on - and/ , where. = the natural log of exhaled nitric oxide

(lneNO) among asthmatic children,- = the natural log of the Der f 1 concentration, and/ = race

(1 = Black; 0 = Not Black). The indoor Der f 1 concentration was measured using microtiter plates

from dust samples collected from children's beds and is subject to measurement error. Thus, a

noisy version of- , namely, , was measured. The main study data include measures of, , . , and

/ on 71 children aged 7 to 8 years from the NYC NAAS, by excluding any observations with,

below limit of detection. In addition to the main study data, there are external calibration data with

known true concentrations- of Der f 1 along with their immunoassay measurements, obtained

using the same plates of immunoassays for measuring- in the NAAS [52, 66]. The calibration

data has 96 pairs of true and measured Der f 1 concentrations. We estimate parameters in the

linear regression by 4 different methods: the naive analysis, classical calibration (CC), regression

prediction (RP) with asymptotic standard errors, and the new Bayesian general location method

(GLoc).

The original dataset had very small measurement error as shown in Figure 2.3a of the relation-

ship between the measured and true natural-log-transformed Derf 1 (ln Der f 1) concentrations in

the original calibration data. Speci�cally, the maximum likelihood estimate of the measurement
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error variance,̂f ,, •- , is equal to0•0007. To better illustrate our proposed approach, we created

a modi�ed NAAS data set, where some random normal noise with mean 0 and variance 0.1 was

added to ln Der f 1 measurements to increase the magnitude of measurement error. Figure 2.3c

shows the modi�ed calibration data. The diagonal lines on the plots are from �tted simple linear

regression of, given - based on the respective datasets. Figures 2.3b and 2.3d show the rela-

tionship between the measured/modi�ed and imputed ln Der f 1 concentrations in the original and

modi�ed NAAS samples, respectively, with �tted linear regression lines. Each imputation is from

a single random draw using the general location model method. The similar �tted lines between

the �gures on the left and right indicate that the imputation of- captures the relationship between

- and, and the measurement error well using our general location model approach.

Table 3.4 contains the estimated regression coef�cients and standard errors for the linear re-

gression of lneNO on the ln Der f 1 concentration, adjusting for race based on both the original and

modi�ed datasets. For both the original and modi�ed datasets the naive, CC, and RP approaches

estimate the same adjusted effect of race on lneNO, which is slightly different from the general

location model estimate. This �nding is consistent with the simulation results. In the original

dataset, the naïve, CC and RP methods estimate similar effects of ln Der f 1 on lneNO (0.1630,

0.1620 and 0.1621 respectively) that are larger than the GLoc estimate of 0.1510. We note that the

naive method can overestimate the adjusted effect of the true predictor under the linear measure-

ment error model with very small measurement error variance [9]. The standard error estimates of

the Naive, CC and RP methods were also similar and larger than the GLoc standard error estimate.

After introducing more measurement error in the modi�ed dataset, the naive and CC approaches

estimate smaller adjusted effects of ln Der f 1 compared to RP and GLoc. It is important to note

that the naive and CC estimates of the adjusted effect of ln Der f 1 became much smaller after

introducing a larger measurement error variance but the changes in the RP and Gloc estimates

are smaller. The adjusted effect of ln Der f 1 concentration on lneNO was signi�cant at a 10%

signi�cance level and that of race was not signi�cant using all 4 methods.
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(a) (b)

(c) (d)

Figure 2.3: Application to the NYC NAAS: (a) Measured ln Der f 1 concentrations (, ) versus
true ln Der f 1 concentrations (- ) in the original calibration data. The �tted line is from a simple
linear regression of, on - . (b) Measured ln Der f 1 concentrations versus imputed ln Der f 1
concentrations in the original main study data based on a single random draw from the posterior
distribution of - given. , / , and, using the general location model. The �tted line is from a
simple linear regression of, on the imputed- using the main study sample. (c) Modi�ed ln Der f
1 concentrations (, ) versus true ln Der f 1 concentrations (- ) in the modi�ed calibration data. (d)
Modi�ed ln Der f 1 concentrations versus imputed ln Der f 1 concentrations in the modi�ed main
study data based on a single random draw from the posterior distribution of- given. , / , and,
using the general location model.

Dataset Parameter Naive CC RP GLoc
Original Intercept 2.7485 (0.1755) 2.7481 (0.1754) 2.782 (0.1754) 2.7209 (0.1740)

Ln Der f 1 0.1630 (0.0831) 0.1620 (0.0826) 0.1621 (0.0826) 0.1510 (0.0811)
Black vs Not 0.0629 (0.1901) 0.0629 (0.1901) 0.0629 (0.1901) 0.0623 (0.1934)

Modi�ed Intercept 2.7193 (0.1738) 2.7222 (0.1749) 2.7352 (0.1800) 2.7120 (0.1818)
Ln Der f 1 0.1412 (0.0798) 0.1386 (0.0784) 0.1516 (0.0857) 0.1421 (0.0865)
Black vs Not 0.0660 (0.1911) 0.0660 (0.1911) 0.0660 (0.1911) 0.0606 (0.1940)

Table 2.1: Estimated regression coef�cients (standard errors) in linear regression of log exhaled
nitric oxide (LneNO) on the ln Der f 1 concentration, adjusting for race (Black vs Not Black).
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2.5 Discussion

Measurement errors are common in environmental epidemiological research. The current liter-

ature on measurement error problem has largely concerned the case with all continuous variables

or with internal calibration. In this chapter, we propose a Bayesian general location model method

to measurement error adjustment in settings with mixed continuous and discrete variables under an

external calibration design. Our method can be used to handle measurement error in both outcomes

and covariates. Motivated by our application example, we show the derivation of model parame-

ter estimates with covariate measurement error in linear regression for a continuous outcome and

logistic regression for a binary outcome.

Our simulations are consistent with �ndings in the setting with all continuous variables, where

the classical calibration and regression prediction methods yield biased estimates in the regres-

sion when the measurement error is nontrivial [15]. Our proposed general location model method

outperforms the alternative methods in eliminating bias in the regression coef�cients due to mea-

surement error. Bayesian inference is straightforward for quanti�cation of uncertainty. The 95%

probability intervals provide close to the nominal level coverage.

In addition to providing posterior distributions for all the parameters in the general location

model, our method also generates multiple imputations for the true values of the error-free covari-

ates in the main study sample. The imputed values of- not only allow the assessment of the model

performance but also can be used in the post-imputation analyses, such as descriptive statistics of

- or other regression analyses using- as a outcome or predictor.

The strong nondifferential measurement error (sNDME) assumption is applied to identify

model parameters. This assumption requires the measurement error to be independent of the out-

come and error-free covariates given the true value of the error-prone variable, and is stronger than

the usual nondifferential measurement error assumption that only requires the measurement error

to be independent of outcome given the true value of the error-prone variable and the error-free

covariates. This sNDME assumption is necessary in the external calibration design we consider in
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this chapter, where the outcome and error-free covariates are not measured in the calibration sam-

ple, and is reasonable when measurement error arises from assay measurements as in the NAAS

application. However, this sNDME assumption may not apply in other settings, such as retrospec-

tive case-control studies where recall error can be larger in cases than in controls [15].

Although we only consider one allergen in our application, the proposed method can be applied

to the setting of co-exposure to multiple allergens. The� 8 vector de�ned in equation (2.2) allows

the inclusion of more than one continuous- 8 and more than one continuous, 8. The proposed

method can also be applied to the setting with more than one error-free covariates. Continuous

/ 8 will be included in the� 8 vector and discrete/ 8 will be de�ned via the� 8 vector. However,

the number of cells of the contingency table formed by� 8 can quickly increase as the number of

discrete/ 8 increases, and the computation can become quite challenging. How to improve the

computation ef�ciency in the presence of high dimensional discrete error-free covariates is a topic

for future research.

In this chapter, we assume that the measurement error is homoscedastic for all values of true

concentrations. It is possible for some true concentration values to have more variance in their

measured values, and this issue of heteroscedastic measurement error is another important topic for

future research. Further, covariates may be subject not only to measurement error but also missing

data and detection limits in real data. The next chapter considers an extension of the general

location model that simultaneously addresses measurement error and detection limit problems.
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Chapter 3: The General Location Model for Simultaneous Measurement

Error and Detection Limits Adjustment

3.1 Introduction

Environmental studies evaluating the health impacts of potentially toxic exposures rely on the

accurate measures of the actual quantities of environmental exposures. However, in environmental

epidemiologic studies, exposure measures are often subject to not only measurement error but also

limit of detection (LOD). The measurement error refers to the difference between the quantity of

the exposure and the measured value. The LOD is de�ned as the exposure's lowest value that

can be reliably detected with a given analytical method [67, 34]. Both the measurement error and

the LOD problems could bias the exposure response in environmental epidemiology [36]. In the

presence of both measurement error and LOD, the exposure effect estimation can be even more

problematic.

This chapter is motivated by the application to the New York City (NYC) Neighborhood

Asthma and Allergy Study (NAAS). One of the primary goals of NAAS is to investigate the associ-

ation between household allergen concentrations and asthma outcomes in urban children, adjusting

for demographic characteristics [52]. The asthma outcome can be continuous (the natural log of

exhaled nitric oxide for asthmatic children) or binary (a child's asthma status). The continuous

household allergen concentrations are measured with error using immunoassay plates and are sub-

ject to LOD. Categorical demographic characteristics such as race are collected. In addition to

the main study data, calibration data that measure both known true and estimated allergen con-

centrations are also available from the standard samples of the same immunoassay plates used in

the NAAS. Speci�cally, standard samples with known allergen concentrations are diluted and the

estimated allergen concentrations are recorded. This data setting is an external calibration.
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Exposure measurement error is commonly known to bias estimates of exposure response in

environmental epidemiology. Existing methods for measurement error adjustment in the external

calibration setting include classical calibration (CC) [11] and external regression calibration [14] or

regression prediction (RP) [15]. These methods �t models to the true and the error-prone measures

in the calibration data and use the �tted models to estimate the true values of the environmental

exposure in the main study data. In a regression setting with environmental exposures as predictors,

the CC approach is biased when there is nontrivial measurement error in the exposure [54] and

RP is biased when there exist covariates that are associated with the outcome and the true value

of the environmental exposure [17, 13, 18]. The Bayesian general location (GLoc) model for

measurement error adjustment developed in chpater 2 is equivalent to a joint modeling approach

assuming a multivariate normal distribution [15] and unlike CC and RP that only use the calibration

data for model estimation, it uses observed data from both the calibration and main study data and

incorporates relationships among all variables in the measurement error adjustment. Simulations

showed that the joint modeling approaches outperform the CC and RP methods in simulations with

reduced bias and improved ef�ciency in the regression coef�cients estimates.

LOD is another major challenge in the environmental epidemiologic research. Commonly

used methods for dealing with LOD include: (1) a method that substitutes values below LOD with

a constant, such as LOD/
p

2 [36]. This approach can result in large bias in statistical inference

[34, 35]; (2) a method which assumes the variable subject to LOD follows a distribution and is

censored at the LOD. The resulting estimate is unbiased when the assumed distribution is correctly

speci�ed [35]; (3) a method that uses models to multiply impute values below LOD [34]. Such a

method is �exible allowing various imputation models, but the good performance of this method

relies on the availability of important predictors of the variable subject to LOD; and (4) a method

that treats the variable subject to LOD as a censored outcome and �ts a cox regression model [37].

Existing methods for measurement error adjustment often account for values below LOD by

using the approach of simple substitution of data below the LOD with a single constant, e.g.,

LOD•
p

2. This simple substitution approach can result in serious bias in the statistical inference
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[34]. Alternatively, the censored distribution approach can be incorporated into the measurement

error adjustment. In the setting with measurement error in more than one exposure, a constrained

chained equations multiple imputation method was proposed that treats the measures below LOD

and the true values of exposures in the main study sample as missing data and places constraints on

the imputation model parameters in the chained equations imputation based on the assumptions of

strong nondifferential measurement error [4]. The model allows the imputation of measures below

LOD by �tting a tobit regression imputation model on the error-prone measures given the imputed

true values of the exposures.

In this chapter, we propose a Bayesian joint model for simultaneously handling measurement

error and LOD in environmental exposures. Motivated by the application to the NYC NAAS, we

consider the setting of external calibration, where information on the measurement error is ob-

tained from external calibration data, separately from the main study data. We extend the Bayesian

general location model for measurement error adjustment to account for values below LOD, by

modeling the joint distribution of continuous variables given categorical variables using a general

location model and treat measures below LOD as censored. To estimate the general location model

parameters, we assume strong nondifferential measurement error (sNDME), where the measure-

ment error depends only on the true value of the exposure. The sNDME is reasonable in our mo-

tivating example where measurement error arises from laboratory experiments. We use Bayesian

computation to iteratively estimate the posterior distributions of the general location model param-

eters and obtain the imputations of the unobserved true values of exposures and the error-prone

measures that are below LOD. Moreover, the Bayesian computation can also provide direct es-

timates of the regression coef�cients in an exposure response analysis with continuous or binary

outcomes. We apply the method to estimate the adjusted associations between exposure to indoor

allergen and asthma outcomes in the NAAS data, while addressing the problems of measurement

error and LOD in the allergen concentration measurements.
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3.2 Methods

3.2.1 Setup and Notation

We consider data from a main study and calibration sample in the form of Figure 3.1.. and`

represent the outcome and covariates, respectively, both of which are error-free and fully observed

in the main study sample. The continuous true exposure- is not observed in the main study

sample but its error-prone continuous measurement, is available. Some, values are missing

in the main study sample due to being below LOD.- , , , . , and ` could all be multivariate

in practice. Information relating, and - is obtained from an external calibration sample that

includes measurements on- and, , but not on. and` . The combined calibration and main study

data have= = =20;81̧ =<08=observations, where=20;81and=<08=are the calibration and main study

sample size respectively.

Figure 3.1: External calibration setting:- and, are continuous and measured exposure in the
calibration data;. and` are either continuous or binary and are observed in the main study data
only. Some, values in the main study data appear as missing because, is subject to LOD.
Question marks indicate unobserved values.

The method we develop in this chapter can handle values outside LOD (below or above) and
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measurement error in a dependent or independent- . We focus here on the below LOD issue in the

independent- as it is more common and arises in our motivating example. We consider two types

of outcome models for. : (1) linear and (2) logistic regression

6¹� ¹. j-– ` ºº = V. 0•- ` ¸ -V . -•- ` ¸ `# _ `“^ ` (3.1)

where6 uses the identity link function for linear regression and the logit link function for logis-

tic regression. We assume that the outcome model includes only the main effects of- and ` .

Throughout the chapter, we useV. -•- ` to denote the regression coef�cient of. on - in a model

of . on ¹-– ` º. Other regression coef�cients are de�ned similarly.

3.2.2 Proposed Method for Simultaneous Measurement Error and LOD Adjustment

In this section, we extend models (2.3) and (2.11) to account for the case where some, values

are below LOD. Starting with model (2.3), we consider a more general model with continuous

. and error-free covariates̀ = ¹/ 1– /2º where/ 1 is continuous and/ 2 is binary. The general

location model becomes
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/ 28j\
883� binomial¹c1º–

where cell2 = 0–1 for / 28 = 0 and / 28 = 1 respectively;¹` ¹2º
- – `¹2º

. – `¹2º
, – `¹2º

/ 1
º are the means of

- 8, . 8, , 8, and/ 18, when/ 28 = 2; and (f - - – f -, – f -. – f - / 1– f,, – f,. – f, / 1– f.. – f. / 1– f / 1/ 1º

form the covariance matrix of¹- 8– , 8–.8– /18º given / 28, which is common to all the values of2.

When some, values are not observed because they are below LOD, we assume¹-– ,– .– / 1º

of these observations follow the same multivariate normal distribution given/ 2 as those with ob-
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served, but have, censored at the LOD level. This censoring approach has been recommended

to deal with LOD and has been shown to yield ef�cient regression coef�cient estimates when the

speci�ed model is correct [35]. The, measure contributes to the likelihood a value of probabil-

ity density function if they are observed and a cumulative distribution function at the LOD level

if they fall below LOD. Speci�cally, let 5¹G8– F8– H8–zi º denote the density function of the joint

distribution for¹- 8– , 8–.8–` 8j\ º, the likelihood of the general location model is

! =
=Ö

8=1

h
5¹G8– F8– H8–zi j\ º� ¹F8� LODº

i
�

� ¹ LOD

�1
5¹G8– F8– H8–zi j\ º 3F8

� � ¹F8ŸLODº

• (3.3)

To ease computations, we factorize5¹-– ,– .– ` º = 5¹, j-– .– / 1– /2º 5¹-– .– / 1j/ 2º 5¹/ 2º.

Similar to chapter 2, we assume sNDME for, . That is,, is independent of¹.– / 1– /2º given - .

Let ( be a diagonal matrix of standard deviations of¹-– .– / 1º and ! is the Cholesky decompo-

sition of the correlation matrix of¹-– .– / 1º, the general location model in (3.2) can be rewritten

as

©
­
­
­
­
­
«

- 8

. 8

/ 18

ª
®
®
®
®
®
¬

�
�
�/ 28 = 2– \ ind� N

©
­
­
­
­
­
«

©
­
­
­
­
­
«

` ¹2º
-

` ¹2º
.

` ¹2º
/ 1

ª
®
®
®
®
®
¬

– (! d! )
d(

ª
®
®
®
®
®
¬

– (3.4)

, 8j- 8–.8– /18– /28– \
sNDME

� , 8j- 8– \ ind� # ¹V, 0•- ¸ V, -•- - 8– f,, •- º– (3.5)

/ 28j\
883� binomial¹c1º– (3.6)

with the likelihood function

! =
=Ö

8=1

5¹G8– H8– I18jI 28– \º 5¹I 28j\ º »5¹F8jG8º¼� ¹F8� LODº
� ¹ LOD

�1
5¹F8jG8º 3F8

� � ¹F8ŸLODº

• (3.7)

To estimate the parameters in (3.4)-(3.6), we assume normal priors# ¹0–25º on all cell-speci�c
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means, half-normal priors# ¸ ¹0–25º on all the standard deviations, an LKJ prior LKJ¹1º on ! ,

uniform priors* ¹�1 –1º on V, 0•- andV, -•- , and standard uniform priors* ¹0–1º on c1. The

cell-speci�c distributions in (3.4) were marginalized as a mixture of normal distributions to avoid

unnecessary imputation of/ 28 in the calibration sample. The Bayesian computation can be im-

plemented using the Hamiltonian Monte Carlo (HMC) sampler in Stan [25], an iterative Markov

Chain Monte Carlo method that uses the derivatives of the density function being sampled to gen-

erate ef�cient transitions spanning the posterior [61]. We iterate the following four steps: (1)

obtaining draws of the parameters in (3.4)-(3.6) from their posterior distributions; (2) imputing the

continuous. and / 1 given - in the calibration sample; (3) imputing- given ¹.– / 1– , º in the

main study sample; and (4) imputing, for those below LOD given the imputed values of- in the

main study sample. Model convergence was checked using trace plots, the effective sample size,

and the Gelman-Rubin diagnostic statistic^' [62].

The relationship between the general location model and linear regression allows to directly

derive regression parameters for. given ¹-– / 1– /2º in model (4.1) as functions of the parameters

speci�ed in the general location model in (3.2) and thus the parameters in (3.4)-(3.6). The detail is

shown in the appendix. After convergence, posterior distributions for linear regression parameters

of continuous. given ¹-– / 1– /2º can be obtained by plugging draws of parameters in (3.4)-(3.6)

using the formulae (A.4)-(A.8) in the appendix. In both the simulation and the application, we ran

2 Markov chains, each with 2,500 burn-in iterations and 2,500 sampling iterations. We set the rec-

ommended thinning factor of 1 for an HMC sampler. Inferences are then based on these posterior

distributions, using posterior mean as the point estimate with 95% credible interval de�ned using

the 2.5th and 97.5th percentile of the posterior distribution.

The above modeling procedure also applies to other general location models. For example,

when. is binary with a continuous/ 1 and a binary/ 2, we extend the general location model in

(2.11) to
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� 8j\
883� mutlinomial¹c1– c2– c3– c4º–

where cell2 = 1–2–3–4 for the contingency table determined by. 8 an / 28. To guarantees the

additive outcome model in (4.1) with a logit link, we impose a restriction on the means` ¹2º
� =

¹` ¹2º
- – `¹2º

, – `¹2º
/ 1

º for 2 = 1–2–3–4, so that̀ ¹4º
� = ` ¹2º

� ¸ ` ¹3º
� � ` ¹1º

� .

Another variation is when. is continuous and there are no error-free covariates` . The general

location model implies a multivariate normal distribution for¹- 8– , 8–.8º [56]
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in which ¹` - – ,̀ – .̀ º are the means of- 8, , 8, and. 8, respectively, and (f - - – f -, – f -. – f,, – f,. – f.. º

form the covariance matrix of¹- 8– , 8–.8º. The multivariate normal distribution has been studied in

the context of measurement error in the external calibration setting [5], but to our knowledge has

not been studied in the context of simultaneous measurement error and LOD adjustment.

Similar to model (3.2), the general location model (3.8) and the multivariate normal model

(3.9) imply a logistic and a linear regression model for. given all the other variables [56]. We

can, therefore, derive parameters of our regressions of interest, namely, the logistic regression of

. on ¹-– / 1– /2º and the linear regression of. on - , respectively, from models (3.8) and (3.9).

Further, we can also derive parameters of the regression of- given ¹,– .– / 1– /2º based on both

(3.2) and (3.8) as well as the regression of- on ¹,– . º based on (3.9), which are useful when

imputing values of- in the main study sample. Statistical analyses other than the regression of.

on covariates can then be conducted using the multiply imputed- . Computation details are in the

Appendix.
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3.3 Simulation Study

We conduct simulation studies to compare the proposed method to the alternative methods. We

generate data structure as displayed in Figure 3.1. Because environmental exposures are typically

right skewed, we generate the true values of the exposure from lognormal distributions. In �tting

the regression models (4.1), we de�ne- as the natural log transformed exposure. We consider

10%and50%of , values below LOD to re�ect low and moderate proportion of non-detects and

remove, values that are lower than the 10th or 50th percentile of, in the main study data. We

compare our proposed (LOD-Gloc) to the following methods:

• Naive Regression: We replace the observations with values below LOD using LOD•
p

2 and

take a natural log transformation to obtain, . We estimate model (4.1) by substituting-

with , in the main study data. We build the 95% con�dence intervals of the regression

parameters usinĝV� 1•96� cSE¹V̂º wherecSE¹V̂º is the asymptotic standard error estimate of

V̂.

• Classical Calibration (CC): We obtain, similarly as in naive regression, �t a simple linear

regression of, on - in the calibration data, and replace- in model (4.1) with- �� =

¹, � V̂, 0•- º• V̂, -•- , whereV̂, 0•- andV̂, -•- are the estimates of intercept and slope in the

regression of, on - . We estimate the regression parameters in model (4.1) similarly to the

naive regression.

• Regression Prediction (RP): We obtain, similarly as in naive regression, �t a simple

linear regression of- on, in the calibration data, and replace- in model (4.1) with- '% =

V̂- 0•, ¸ V̂-, •, , , whereV̂- 0•, and V̂-, •, are least squares estimates of the intercept and

slope in the regression of- on , . We estimate the regression parameters in model (4.1)

similarly to the naive regression

• Benchmark: We estimate the regression parameters in model (4.1) using the main study

data pretending that- is known.
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In the next sections we detail the data generation and compare the performance of various

methods under three settings. We conduct 500 replicates of simulation in each setting and use

absolute empirical bias, root mean squared error (RMSE), average width and coverage rate of the

95% con�dence or credible interval (CI) as the metrics for comparison. LetV̂Cbe an estimate of

the regression coef�cientV in theCC� simulation,C= 1– • • • –500. The absolute empirical bias and

RMSE are de�ned as follows,

Absolute bias=
�
�
�

1
500

500Õ

C=1

¹V̂C� Vº
�
�
�–

RMSE=

vut
1

500

500Õ

C=1

¹V̂C� Vº2•

All values are multiplied by 1000 to avoid decimal points so that the nominal level of non-coverage

is equal to 50. A good method is anticipated to have small absolute bias, low RMSE, nominal level

noncoverage, and narrow CI width.

3.3.1 Simulation One: Continuous.–and Continuous-

In the �rst set of simulations, we consider the marginal model of a continuous outcome variable

. regressed on- . We let the calibration and main study sample sizes=20;81= 100and=<08= = 400,

and generate data as follows:

- � N¹0–1º–

. j- � N¹0 ¸ 0•5-– 1º–

, j.– -
NDME

� , j- � N¹0 ¸ 1•1-– 0•5º•

The results of this simulation study are shown in Table 3.1. As expected, the benchmark

approach has the smallest absolute bias, lowest RMSE, and close to nominal level noncoverage
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with reasonable CI width for both intercept and the slope associated with- . The LOD-GLoc

method has the next smallest absolute bias and RMSE. The naive, CC, and RP methods yield

biased estimates of intercept and slope even when only 10%, measures are below LOD. For the

95% CIs, the LOD-GLoc has the noncoverage rate close to the nominal level while the naive, CC,

and RP methods have poor 95% CI coverage. The average CI widths of our proposed LOD-GLoc

method are wider than those of the benchmark method, as expected given the loss of information

from the measurement error and LOD in, . It is important to note that the performance of the

LOD-Gloc method is relatively stable when we increase the proportion of, measures below LOD

from 10% to 50%.

We observe an apparent decrease in bias, RMSE, and noncoverage rate in the slope of- for the

naive and CC methods when the percentage of, values below LOD increases from 10% to 50%.

This is because under the linear measurement error considered in this simulation the naive and CC

methods attenuate the slope of- toward the null [9] but methods that replace values below LOD

with LOD/
p

2 overestimate the slope of- as the percentage of values below LOD increases [35].

As a result, the attenuation effect due to measurement error and the overestimation effect due to the

increase in below-LOD percentage are cancelling out in this case, giving the false impression that

the naive and CC methods are performing better with increased below-LOD percentage. Overall,

compared to naive, CC and RP, our proposed LOD-GLoc method has less bias, smaller RMSE

and has reasonable-width CIs with noncoverage rates that are closer to the nominal level for the

parameters of interest for small and large percentages of, values below LOD.

In addition to estimating the regression parameters of. on - , LOD-GLoc also provides im-

puted values of- in the main study data. Figure 3.2 shows the empirical cumulative distribution

functions (CDFs) of imputed- values based on 250 sampling draws from the LOD-GLoc method

in the setting with 10% of, values below LOD. The empirical CDFs of the imputed- values

are closer to the empirical CDF of the true- values compared to the empirical CDF of the simu-

lated, values before removing observations below LOD in the main study sample. The empirical

CDFs of the imputed- values also closely capture the empirical CDF of the true- values below
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10% < LOD 50% < LOD
Method Bias RMSE Noncov Width Bias RMSE Noncov Width

Intercept Naive 9 56 70 203 146 159 713 222
CC 10 61 84 204 147 163 692 223
RP 11 62 94 204 147 164 694 223
LOD-GLoc 1 61 54 234 0 64 56 240

Benchmark 0 52 70 196 0 52 70 196
X Naive 167 172 980 163 81 99 250 233

CC 133 142 788 180 37 78 105 257
RP 21 75 90 255 158 187 401 365
LOD-GLoc 7 71 38 286 8 76 39 312

Benchmark 1 52 66 195 1 52 66 195

Table 3.1: Linear regression of. on - : Bias, RMSE, 95% CI noncoverage rate and average 95% CI
width for linear regression coef�cients of. on - based on 500 simulations using different meth-
ods. Naive: naive regression, CC: classical calibration, RP: regression prediction, LOD-GLoc:
proposed general location method for measurement error and LOD adjustment with Bayesian in-
ference, Benchmark: �t a linear model to the simulated main study data with true- values. All
values were multiplied by 1000 so that nominal noncoverage = 50.

LOD suggesting that LOD-GLoc handles both measurement error and LOD well.

3.3.2 Simulation Two: Continuous. , Continuous- , Continuous/ 1, Binary / 2

In the second set of simulations, we consider linear regression of the continuous outcome. on

- adjusting for/ = ¹/ 1– /2º where/ 1 is continuous and/ 2 is binary. We generate the data as

/ 2 � Bernoulli¹0•5º–

/ 1j/ 2 � N¹0 ¸ 0•5/ 1–1º–

- j` � N¹0 ¸ 0•5/ 1 ¸ 0•5/ 2–1º–

. j-– ` � N¹0 ¸ 0•5- ¸ 0•5/ 1 ¸ 0•5/ 2–1º–

, j.– -– `
sNDME

� , j- � N¹0 ¸ 1•1-– 0•5º•

The calibration and main study sample sizes are=20;81= 100and=<08= = 400, respectively, and

our objective is the inference for the regression coef�cients of. on - and` .
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Figure 3.2: Empirical cumulative distribution functions (CDFs) of true simulated- values, true
simulated, values, and imputed- values. The imputed- values are based on LOD-GLoc applied
to 250 simulated datasets for the model of continuous outcome. given - with 10% of, values
below LOD. The vertical line marks the limit of detection (LOD) below which, values are not
detectable.

Results of this simulation are shown in Table 3.2. After adjusting for` , LOD-GLoc still

performs very well, with small bias, reduced RMSE, and the noncoverage rate close to the nominal

level in estimating the intercept and the slopes associated with- and ` , whether the proportion

of , below LOD is 10% or 50%. The naive, CC, and RP continue to perform poorly. All three

methods yield the same estimates for the slopes associated with` . The RP performs better than the

naive regression and CC methods in estimating the slope associated with- when the proportion

of , below LOD is low but the performance deteriorates quickly as the proportion of, values

below LOD increases. Increasing the proportion of, below LOD from 10% to 50%, there are only

small increases in RMSE and CI widths for the LOD-Gloc method, but large increases in bias and

RMSE and serious CI undercoverage associated with the naive regression, CC, and RP methods

in estimating all regression coef�cients. In summary, after adjusting for covariates, our proposed

LOD-GLoc method maintains substantially smaller bias, smaller RMSE, closer-to-nominal-level

noncoverage rate and reasonable CI width compared to the naive, CC and RP methods even when
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the proportion of, values below LOD is as high as 50%.

3.3.3 Simulation Three: Binary. , Continuous- , Continuous/ 1, Binary / 2

In the last simulation, we consider the case where. is binary with both continuous/ 1 and

binary / 2. We generate the data as follows:

� = � ¹.– / 2º � multinomial¹0•25–0•25–0•25–0•25º–

/ 1j.– / 2 � N¹V/ 10•. / 2 ¸ V/ 1. •. / 2. ¸ V/ 1/ 2•. / 2 / 2– f / 1/ 1•. / 2º–

- j.– ` � N¹0 ¸ 0•1. ¸ 0•1/ 1 ¸ 0•1/ 2–1º–

, j.– -– `
sNDME

� , j- � N¹0 ¸ 1•1-– 0•5º–

and consider the logistic regression

logitf Pr¹. = 1j-– ` ºg= 0 ¸ ln¹2•5º- ¸ ln¹1•5º/ 1 ¸ ln¹0•5º/ 2•

We don't assign values for¹V/ 10•. / 2– V/ 1. •. / 2– V/ 1/ 2•. / 2– f / 1/ 1•. / 2º because they can be expressed

as functions of the other parameters. Our objective is inference for the coef�cients in the logistic

regression model. The calibration and main study sample sizes are=20;81= 200and=<08= = 800,

respectively. Table 3.3 shows the simulation results. Findings are similar to the previous two

simulations, with LOD-GLoc performing better than the naive regression, CC, and RP methods,

whether the proportion of, below LOD is 10% or 50%.

3.4 Real Data Application

Our application data comes from the New York City (NYC) Neighborhood Asthma and Allergy

Study (NAAS). One of the goals of this study is to examine the association between indoor allergen

concentrations and asthma morbidity among urban asthmatic children [52]. Over the past few

decades, there has been an increase in the prevalence of asthma and allergies in children. Although
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10% < LOD 50% < LOD
Method Bias RMSE Noncov Width Bias RMSE Noncov Width

Intercept Naive 9 56 70 203 146 159 713 222
CC 20 79 66 289 235 251 814 325
RP 60 98 140 291 283 298 880 338
LOD-GLoc 1 78 44 317 2 82 46 330

Benchmark 1 70 40 278 1 70 40 278
Continuous X Naive 171 176 986 164 103 118 420 232

CC 136 145 802 181 61 92 184 256
RP 28 72 110 235 70 114 156 332
LOD-GLoc 5 72 40 287 10 80 48 316

Benchmark 2 49 60 197 2 49 60 197
Continuous Z1 Naive 76 95 282 221 117 130 550 221

CC 76 95 282 221 117 130 550 221
RP 76 95 282 221 117 130 550 221
LOD-GLoc 6 64 38 251 4 67 44 266

Benchmark 3 57 60 220 3 57 60 220
Binary Z2 Naive 80 134 112 429 123 165 190 435

CC 80 134 112 429 123 165 190 435
RP 80 134 112 429 123 165 190 435
LOD-GLoc 5 112 44 455 9 118 46 473

Benchmark 4 104 46 417 4 104 46 417

Table 3.2: Linear regression of. on - and` = ¹/ 1– /2º: Bias, RMSE, 95% CI noncoverage rate
and average 95% CI width for linear regression coef�cients of. on - and` = ¹/ 1– /2º based on
500 simulations using different methods. Naive: naive regression, CC: classical calibration, RP:
regression prediction, LOD-GLoc: proposed general location method for measurement error and
LOD adjustment with Bayesian inference, Benchmark: �t a linear model to the simulated main
study data with true- values. All values were multiplied by 1000 so that nominal noncoverage =
50.
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10% < LOD 50% < LOD
Method Bias RMSE Noncov Width Bias RMSE Noncov Width

Intercept Naive 108 168 120 519 257 293 436 572
CC 108 173 134 519 256 297 452 572
RP 1 136 56 530 395 425 718 607
LOD-GLoc 1 144 42 589 3 148 34 612

Benchmark 7 135 50 538 7 135 50 538
Continuous X Naive 307 313 992 256 123 156 268 373

CC 246 258 888 281 44 121 102 410
RP 25 104 68 374 243 286 380 546
LOD-GLoc 11 119 38 466 11 129 36 511

Benchmark 7 84 38 343 7 84 38 343
Continuous Z1 Naive 38 89 70 315 52 94 88 311

CC 38 89 70 315 52 94 88 311
RP 38 89 70 315 52 94 88 311
LOD-GLoc 9 84 50 327 10 85 44 335

Benchmark 12 84 62 323 12 84 62 323
Binary Z2 Naive 28 179 44 720 42 180 50 710

CC 28 179 44 720 42 180 50 710
RP 28 179 44 720 42 180 50 710
LOD-GLoc 2 188 46 768 2 192 42 788

Benchmark 4 183 44 740 4 183 44 740

Table 3.3: Logistic regression of. on - and` = ¹/ 1– /2º: Bias, RMSE, 95% CI noncoverage rate
and average 95% CI width for logistic regression coef�cients of. on - and` = ¹/ 1– /2º based on
500 simulations using different methods. Naive: naive regression, CC: classical calibration, RP:
regression prediction, LOD-GLoc: proposed general location method for measurement error and
LOD adjustment with Bayesian inference, Benchmark: �t a logistic model to the simulated main
study data with true- values. All values were multiplied by 1000 so that nominal noncoverage =
50.
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exposure to indoor allergens such as dust mites has been found to aggravate asthma [68], few

studies have been conducted to evaluate the association between lower levels of indoor allergen

exposure and asthma morbidity among children, primarily because the low allergen concentrations

are usually undetectable due to LOD.

We use data from 189 asthmatic children aged 7 to 8 years from the NYC NAAS to study

the association between the concentration of Der f 1 (a dust mite allergen) in the house dust and

the amount of nitric oxide exhaled among asthmatic children, a continuous outcome that can help

diagnose and manage asthma [65], adjusting for demographics such as race (Black vs. Not Black).

Microtiter plates were used to measure Der f 1 concentrations from dust samples collected from

children's beds, and thus these indoor Der f 1 concentrations are subject to measurement error.

Further, 42% of the Der f 1 measures from the microtiter plates were below the LOD of 0.0062.

We compare our proposed method to the naive, CC, and RP methods which replace values

below LOD with LOD/
p

2 as described in section 3.3. Because the allergen concentration is right

skewed, we take a natural log-transformation on the allergen concentration. To apply our proposed

method, we let- be the true values of Der f 1 concentration in the natural-log scale, and, be the

corresponding measures using the microtiter plates. Separate from the NAAS main study data, we

have external calibration data containing only information on- and, from the same plates that

were used to measure Der f 1 concentration in the NAAS study. Speci�cally, standard samples with

known allergen concentrations are diluted and the estimated allergen concentrations are recorded.

The external calibration data consist of 96 pairs of true and measured Der f 1 concentrations.

Figure 3.3a plots, versus- in the calibration sample and shows that there is very small mea-

surement error in the Der f 1 concentration measures in natural-log scale. The maximum likelihood

estimate of the measurement error variance,f̂ ,, •- , is equal to0•0007. To better illustrate our pro-

posed approach, we create a modi�ed NAAS data set and add random normal noise with mean 0

and variance 0.1 to ln Der f 1 measurements. The added noise results in increased measurement

error as shown in Figure 3.3c. The diagonal lines on the plots are from �tted simple linear regres-

sions of, given - based on the respective datasets. In Figures 3.3b and 3.3d we plot ln Der f
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(a) (b)

(c) (d)

Figure 3.3: Application to the NYC NAAS: (a) Measured ln Der f 1 concentrations (, ) versus
true ln Der f 1 concentrations (- ) in the original calibration data. The �tted line is from a simple
linear regression of, on - . (b) Imputed below LOD and observed measurements of ln Der
f 1 concentrations versus imputed true ln Der f 1 concentrations in the original main study data.
Imputed below LOD concentration measures and imputed true concentrations are based on a single
random draw from the posterior distributions of, given- and- given,– .– / , respectively, using
LOD-GLoc. The �tted line is from a simple linear regression �t to the plotted data. (c) Modi�ed
ln Der f 1 concentrations (, ) versus true ln Der f 1 concentrations (- ) in the modi�ed calibration
data. (d) Similar to plot (b) but use the modi�ed data.

1 measures (, , using observed values for those above LOD and imputed values for those below

LOD) in relation to an imputation of their true concentrations (- ) for the original and modi�ed

datasets, respectively, with �tted linear regression lines. The similar �tted lines between the �g-

ures on the left and right indicate that the imputations of- and, (for those below LOD) capture

the relationship between- and, and the measurement error in the calibration sample well using

our general location model approach.

Table 3.4 contains estimated regression coef�cients and standard errors for the linear regres-
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Dataset Parameter Naive CC RP LOD-GLoc
Original Intercept 2.6295 (0.1249) 2.6293 (0.1249) 2.6294 (0.1249) 2.5827 (0.1156)

Ln Der f 1 0.0678 (0.0285) 0.0674 (0.0284) 0.0674 (0.0284) 0.0489 (0.0221)
Black vs Not 0.0960 (0.1086) 0.0960 (0.1086) 0.0960 (0.1086) 0.0960 (0.1089)

Modi�ed Intercept 2.6184 (0.1255) 2.6233 (0.1272) 2.6272 (0.1286) 2.5836 (0.1174)
Ln Der f 1 0.0640 (0.0285) 0.0692 (0.0307) 0.0730 (0.0325) 0.0543 (0.0257)
Black vs Not 0.0934 (0.1087) 0.0934 (0.1087) 0.0934 (0.1087) 0.0969 (0.1097)

Table 3.4: Estimated regression coef�cients (standard errors) in linear regression of log exhaled
nitric oxide (LneNO) on the ln Der f 1 concentration, adjusting for race (Black vs Not Black).

sion of lneNO on ln Der f 1 concentration, adjusting for race based on the original and modi�ed

datasets. In the original and modi�ed datasets, the naive, CC, and RP methods estimate the same

adjusted effect of race on lneNO (0.0960 and 0.0934 respectively), which is consistent with the

simulation results. Naive, CC and RP also estimate similar intercepts and standard error in the

original and modi�ed datasets which are larger than the estimates from LOD-GLoc. The adjusted

effects of ln Der f 1 concentration estimated by the naive, CC and RP approaches based on the

original dataset are similar and larger than the one estimated by LOD-GLoc. The naive method is

known to overestimate the adjusted effect of the true predictor under the linear measurement error

model with very small measurement error variance [9]. The naive, CC, and RP approaches also

have larger standard error estimates of the adjusted effect of ln Der f 1 concentration on lneNO

compared to LOD-GLoc. After adding random noise to measured Der f 1 concentrations, all four

methods estimate different adjusted effects of ln Der f 1 concentration on lneNO and the LOD-

GLoc estimate maintains a substantially smaller standard error estimate of the adjusted effect of

ln Der f 1. After accounting for values below LOD, all four methods found a positive signi�cant

adjusted effect of ln Der f 1 concentration on lneNO given race.

3.5 Discussion

Environmental exposures in epidemiology studies are often subject to measurement error and

limit of detection. Failing to addressing any of these two issues can lead to substantial bias in

the exposure response analysis. When both issues exist, the statistical analysis can be even more
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challenging, as the direction of bias is unclear. The current literature mainly consists of methods

that either correct measurement error or account for limit of detection. Methods that can simulta-

neously handle both issues are sparse. In this chapter, we propose a LOD-GLoc model that extends

the Bayesian general location model for measurement error adjustment by treating values below

the limit of detection as censored. The method can handle measurement error and measures below

LOD simultaneously in the same model.

We consider three LOD-Gloc models that allow outcome and the error-free covariates to be

continuous or binary and without or without adjusting for error-free covariates. We show via

simulations that the LOD-Gloc method outperforms the alternative approaches including the naive

regression, classic calibration, and regression prediction in all three model settings even when the

proportion of measures below LOD is as high as 50%. The LOD-Gloc method yields very small

bias, reduced RMSE, and close to the nominal level 95% credible interval, with the performance

close to the benchmark method in which the true exposure measures are assumed to be known for

all subjects.

LOD-GLoc relies on the assumption that the speci�ed general location model holds similarly

for observations below and above LOD. We note that while this assumption is not always veri�-

able, LOD-GLoc is fully ef�cient when it is correct. LOD-GLoc also assumes strong nondifferen-

tial measurement error to make the model parameters identi�able in the general location models.

This assumption is reasonable when measurement error arises from assay measurements as in our

external calibration setting.

The LOD-GLoc Bayesian implementation allows to directly obtain both point estimates and

uncertainty measures of the effect of the exposure in the exposure response analyses, which in-

cludes a logistic regression for binary outcomes and a linear regression for continuous outcomes.

Further, the LOD-Gloc imputes, values below LOD and the unknown- values in the main study

sample. The multiply imputed data with the �lled-in- values can be used for other analyses, such

as estimating the distribution of environmental exposures.
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Chapter 4: Misclassi�cation Adjustment with the General Location Model

4.1 Introduction

We consider the problem of group mean comparison when the groups are misclassi�ed. Group

misclassi�cation can arise in a study, for example, when individuals who are assigned to different

intervention groups do not comply with their original group assignments. This occurs in our mo-

tivating dataset which comes from the Frequent User Services Engagement (FUSE) study. FUSE

provided supportive housing to individuals who were frequently cycling in and out of jails and

homeless shelters with the goal of improving their life outcomes [69]. Researchers then aimed

at comparing the number of days spent in a shelter after program enrollment for individuals who

received supportive and comparable individuals who did not receive supportive housing. Misclassi-

�cation occurred as a result of housed individuals dropping out of supportive housing or unhoused

individuals being assigned housing after program enrollment. The goal is to evaluate the effect of

supportive housing. Binary misclassi�cation can be more damaging than continuous measurement

error and it causes more bias when the true prevalence gets close to zero or to one [2]. Since

studies subject to misclassi�cation and low prevalences are common, it is important to develop

methods to adjust for misclassi�cation. An analysis that uses the original housing assignments is

called an intent-to-treat analysis and is known to underestimate the effect of the intervention when

comparing two group outcomes [39, 70].

Previous misclassi�cation adjustment methods include frequentist methods that assume known

sensitivity and speci�city [39, 46], double sampling schemes where an infallible device is used to

reexamine a subset of the fallibly classi�ed observations [71, 47], or settings where the binary vari-

able is measured using two fallible devices. Some methods rely on large-sample assumptions to

derive asymptotically unbiased and consistent estimates [39]. The problem of subgroup mean es-
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timation with misclassi�ed groups was previously treated and the maximum likelihood estimation

(MLE) method was brie�y discussed but not implemented due to computational limitations at the

time [46]. With the advances in computing and the introduction of the Expectation-Maximization

(EM) algorithm, we can now easily implement the MLE for group mean comparison when the

groups are misclassi�ed. We revisit this problem using the general location model and we illus-

trate the MLE approach through extensive simulations. We also apply the method to the FUSE

data to investigate the effect of permanent supportive housing on the number of days spent in a

shelter among frequent jail-and-shelter users.

4.2 Methods

4.2.1 Notation

We assume elements from a large population are categorized into two disjoint groups deter-

mined by a univariate grouping variable- , so that each observation belongs to only one group.

We assume- takes on two values- = 1 and- = 0 with probabilities%¹- = 1º and1 � %¹- = 1º

respectively. We have a random sample with= observations from the population that have been

assigned to the two groups using an imperfect classi�cation device. We therefore do not observe

- and we observe, which may be subject to misclassi�cation and has two possible values, = 1

and, = 0. The true sensitivity and speci�city area = %¹, = 1j- = 1º andq = %¹, = 0j- = 0º

respectively.

We would like to estimate the mean of a univariate continuous error-free variable. in each

category determined by- . This translates to the linear regression problem with covariate-

. = V. 0•- ¸ V. -•- - ¸ n (4.1)

wheren � # ¹0– f.. •- º. Throughout the chapter, we useV. -•- to denote the regression coef�-

cient of. on - in a model of. on - . Other regression coef�cients are de�ned similarly.
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4.2.2 The Proposed Method

The general location model is well suited for this misclassi�cation problem. For each observa-

tion 8= 1– •••– =in the data described in section 4.2.1, the general location model (2.2) becomes

. 8j� 8 = ' 2 � N¹` ¹2º
. – f.. º–

� 8j\
883� multinomial¹c1– c2– c3– c4º•

(4.2)

where� 8 is a cell membership variable determined by- 8 and, 8 and cell2 = 1–2–3–4 for - 8 =

0– , 8 = 0; - 8 = 1– , 8 = 0; - 8 = 0– , 8 = 1; - 8 = 1– , 8 = 1 respectively.̀ ¹2º
. is the mean of. 8 in cell

2 of the contingency table determined by- 8 and, 8 andf .. is the variance of. 8 given� 8 which

is common to all cells.¹c1– c2– c3– c4º are the cell probabilities and add up to1.

We can express the probability%¹- 8 = 1º as a function of the sensitivitya, the speci�city q

and? = %¹, = 1º:

%¹- 8 = 1º = ¹a � ?º•¹ a � 1 ¸ qº– (4.3)

and the cell probabilities¹c1– c2– c3– c4º as

c1 = q¹a � ?º•¹ a � 1 ¸ qº–

c2 = ¹1 � qº¹a � ?º•¹ a � 1 ¸ qº–

c3 = ¹1 � aº¹? ¸ q � 1º•¹ a � 1 ¸ qº–

c4 = 1 � c1 � c3 � c2•

(4.4)

For all probabilities in this model to be valid, it is important that0 � a � 1, 0 � q � 1

and 0 � ? � 1 satisfy the conditions that0 � %¹- 8 = 1º � 1, 0 � c1 � 1, 0 � c2 � 1,

0 � c3 � 1, and0 � c4 � 1. If the sensitivitya and speci�city q are known, relation (4.4)

reduces the parameters that we need to estimate to` ¹2º
. , f .. and ? = %¹, = 1º. Since- and.
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are not observed together in the data, we cannot directly estimate` ¹2º
. from the data. We assume

nondifferential misclassi�cation that the probability of misclassi�cation is independent of. . This

assumption is the misclassi�cation equivalent of the NDME assumption mentioned in chapters 2

and 3 and implies that the distribution of, given - and. is the same as the distribution of,

given - . This assumption also implies that the distribution of. given - and, is the same as that

of . given - so that the mean of. when- = 0 is the same as̀¹1º
. = ` ¹3º

. and the mean of. when

- = 1 is the same as̀ ¹2º
. = ` ¹4º

. . Since we observed. we can estimate the marginal distribution

of . and by properties of the mean, we only need to know one cell speci�c mean, say` ¹1º
. and we

will know ` ¹2º
. , ` ¹3º

. and` ¹4º
. . From the nondifferential misclassi�cation assumption we are able

to rewrite parameters of the regression of. on - as functions of parameters in (4.2):

V. 0•- = ` ¹1º
.

V. -•- = ` ¹2º
. � ` ¹1º

. –

f .. •- = f .. •

(4.5)

4.2.3 Maximum Likelihood Estimation

since- is missing in the data, maximum likelihood estimation of parameters in (4.2) can be

done using the Expectation-Maximization (EM) algorithm [56, 72]. Let( 8 be the set of cells

in which observation8could lie given its observed, 8 value. We use the EM algorithm to ob-

tain estimates of\ = ¹` ¹1º
. – `¹2º

. – f.. – ?º given the observed. 8 value and( 8 for 8 = 1– •••=. The

complete-data loglikelihood in (4.2) corresponds to a density in the regular exponential family of

distributions with complete-data suf�cient statistics
Í =

8=1 - 8,
Í =

8=1 . 8,
Í =

8=1 . 2
8 , and

Í =
8=1 - 8. 8. We

use the simpli�ed version of the EM algorithm which computes conditional of the complete-data

suf�cient statistics given the dataf , 8– (8 : 8 = 1– ••– =g and current parameter estimates in the

E-step. The algorithm then equates these unconditional expectations to the unconditional expec-

tations of the complete-data suf�cient statistics in the M-step to update parameter estimates. The
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speci�c EM algorithm is as follows:

• Step 1: We obtain initial estimates for the parameters\ of the general location model.

1. Estimate? = %¹, = 1º with the sample proportion of, = 1 based on the observed

data.

2. Estimate both̀ ¹1º
. and` ¹2º

. with the same mean of. based on the observed data so that

the initial estimate of the effect of- on Y, bV. -•- = 0.

3. Estimatef .. with the same variance of. based on the observed data.

• Step 2: This is the E-step. At each iteration t we compute the expected values of the

complete-data suf�cient statistics given the observed. 8 data, the set( 8 described above,

and current parameter estimates\̂ C. In the next steps we omit the t to simplify notation.

� ¹- 8j, 8–.8– -8 2 f0–1g– \º as b%¹- 8 = 1j, 8–.8– \º–

� ¹. 8j, 8–.8– -8 2 f0–1g– \º as. 8–

� ¹. 2
8 j, 8–.8– -8 2 f0–1g– \º as. 2

8 –

� ¹- 8. 8j, 8–.8– -8 2 f0–1g– \º as. 8b%¹- 8 = 1j, 8–.8– \º•

(4.6)

where

b%¹- 8 = 1j, 8–.8– \º =
1

1 ¸ 4G?f U0 ¸ U1, ¸ U2. g
• (4.7)

with

U0 = ;>6¹a � ?º ¸ ;>6q� ;>6¹? � 1 ¸ qº � ;>6¹1 � aº �
¹ ^̀¹1º

. � ^̀¹2º
. º¹ ^̀¹1º

. ¸ ^̀¹2º
. º

2f̂ ..
–

U1 = ;>6¹1 � qº ¸ ;>6¹1 � aº � ;>6a� ;>6q–

U2 =
^̀¹1º
. � ^̀¹2º

.

f̂ ..
•

(4.8)
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• Step 3: We update parameter estimates through the M-step.

?̂ = ¹a � 1 ¸ qº

Í =
8=1

b%¹- 8 = 1j, 8–.8– \º

=
¸ 1 � q–

^̀¹2º
. =

¹a � 1 ¸ qº
=¹ ?̂ � 1 ¸ qº

=Õ

8=1

. 8b%¹- 8 = 1j, 8–.8– \º–

` ¹1º
. =

¹a � 1 ¸ qº
Í =

8=1 . 8

=¹a � ?̂º
� ^̀¹2º

.
¹ ?̂ � 1 ¸ qº

a � ?̂
–

f̂ .. =

Í =
8=1 . 2

8

=
� ^̀¹1º

.
2 a � ?̂
a � 1 ¸ q

� ^̀¹2º
.

2 ?̂ � 1 ¸ q
a � 1 ¸ q

•

(4.9)

Here again it is important that the estimate?̂ and values ofa andq satisfy the conditions in

section 4.2.2 for all estimated probabilities to be valid.

• Step 4: Alternate between steps 2 and 3 until convergence, and compute parameters of the

regression of. on - by substituting¹ ?̂–^̀¹1º
. –^̀¹2º

. –f̂ .. º for ¹?– `¹1º
. – `¹2º

. – f.. º in (4.5).

To compute standard errors of parameters in (4.5) we create bootstrap samples of the ob-

served data, and we apply the EM algorithm above to each bootstrapped sample. The es-

timated parameter standard errors are then obtained by taking the standard deviation of the

estimated parameters from all bootstrap estimates.

4.3 Simulation

We carry out simulation studies to compare the proposed misclassi�cation general location

method (MIS-GLoc) as described in 4.2 to the intent-to-treat analysis which �ts. on , . We also

include the as-treated analysis which is a benchmark method that �ts. on - based on the simulated

data. We use the EM algorithm in 4.2.3 to compute MIS-GLoc and we use 200 bootstraps to

estimate standard errors of model coef�cients. For the intent-to-treat and as-treated methods we

estimate the model coef�cients using the least squares approach and we estimate standard errors

of model coef�cients using asymptotic calculations. For all three methods, we create asymptotic

95% con�dence intervals for the regression coef�cients usingV̂� 1•96 � cSE¹V̂º wherecSE¹V̂º are
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estimated standard errors ofV̂. We implement all three methods in R, and generate data as follows

- � Bernoulli¹0•5º–

. j- � # ¹0 ¸ 0•5-– 1º–

, j- � Bernoulli¹expit¹1 � q ¸ ¹ a ¸ q � 1º- ºº•

(4.10)

wherea and q are the sensitivity and speci�city respectively. We consider six sensitivity-and-

speci�city combinations: (0.75, 0.55); (0.75, 0.75); (0.75, 0.95); (0.55, 0.75); (0.95, 0.75); (0.95,

0.95). For each combination we consider three different sample sizes: 200, 400 and 600. We create

500 data sets for each scenario, and compare the methods using the bias, root mean squared error

(RMSE), 95% noncoverage rate, and average 95% con�dence interval (CI) width.

Figures 4.1 and 4.2 show the comparison of the three methods in the empirical bias and RMSE.

The as-treated method has small-magnitude bias, small RMSE, noncoverage rate close to 50, and

small width across all scenarios and sample sizes as expected. The intent-to-treat has a large

positive bias in the intercept and a large negative bias in the effect of- for all sensitivity-speci�city

combinations and sample sizes. MIS-GLoc has a small bias in the intercept and effect of- which is

close to that of the as-treated method for all sensitivity-speci�city combinations and sample sizes.

For all methods, the bias does not change much with the increase in sample size. We notice a trend

in the bias of intent-to-treat method, which decreases quickly as the sensitivity and speci�city

increase. For both the intercept and the slope associated with- , the as-treated method has very

low RMSE which does not change much as the sample size, sensitivity or speci�city increases.

When sample size is200, MIS-GLoc has similar or larger RMSE compared to the intent-to-treat

method with the largest RMSE observed when either the sensitivity or speci�city is as low as 0.55.

As the sample size increases, MIS-Gloc becomes more ef�cient than the intent-to-treat method

with smaller RMSE. All methods yield similar RMSE when both the sensitivity and speci�city are

as high as 0.95.

Figures (4.3) and (4.4) show the comparison on the average width and noncoverage rate of the

95% CIs. The as-treated and MIS-Gloc methods have close to nominal level noncoverage rates for
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