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Abstract
Simplifying Revenue Management

Harsh Tarak Sheth

In this thesis, we study three revenue management problems where we propose simple al-
gorithms with provable guarantees. While online marketplaces provide retailers with tremendous
flexibility, they are often large, noisy, have multiple stakeholders, and could be more challenging
to characterize. These complexities give rise to a preference for simple, interpretable policies.
Further, traditional marketplaces such as brick-and-mortar stores cannot always leverage tools de-
signed for online environments due to physical constraints, higher latency, etc. With these moti-
vations in mind, we develop algorithms for assortment optimization and pricing that are easy to
implement in practice and have theoretical justifications for their performance.

In Chapter 1, we consider a dynamic assortment optimization problem where the seller
has a fixed inventory of multiple substitutable products to sell over a fixed time horizon. We
consider two modifications to the traditional problem. First, we simplify the assortment planning
by restricting assortment changes to “product retirements”. When a product is retired, it becomes
unavailable to all future customers. Second, we assume the seller has flexibility regarding which
customers to approach. In each period, the seller chooses which subset of products to retire and
selects a customer to visit. The selected customer then receives an option to purchase one of
the available products, i.e., non-retired products with positive remaining inventory. We provide
two policies for this problem. Our first policy guarantees a constant fraction of the best possible

revenue. Our second policy is near-optimal but requires the problem to have a specific structure.



In Chapter 2, we study the fundamental joint pricing and inventory management prob-
lem. The optimal policy for the model we consider is known to be an (s, S, p) policy: when the
inventory level drops to s units, the seller immediately places an order to replenish the inventory
to S units. Specifically, the optimal pricing policy p has a different price for every inventory state.
We proposed simple policies requiring no more than three prices and prove that these policies
are near-optimal compared to optimal policies which require more prices and are less robust. In
particular, when orders cannot be backlogged, we show that a single price is sufficient for good
performance.

In Chapter 3, we analyze assortment optimization and pricing with opaque products. An
opaque product is one for which only partial information is available to the buyer at the time of
purchase. When a customer selects the opaque product, the seller can fulfill the purchase using
any of the offered products. Opaque products can help sellers boost total sales. We propose
simple policies for assortment optimization with provable constant factor guarantees, which are
near-optimal in numerical experiments. We also provide upper bounds for the advantage of selling

opaque products.
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Introduction

Revenue management and pricing problems study what products to offer, when, to which
customer, and at what prices. The field took shape in the 1980s with the airline industry when
American Airlines segmented customers into two fare classes, successfully fending off competi-
tors offering discounted fares [1, 2]. It has since blossomed into an area of specialty that is useful
across many industries, including but not limited to online retail, ride-sharing, hospitality, and
healthcare. Since the digital era has made it possible to collect and store data on massive scales,
it has opened up doorways to model and capture consumer behavior in a way that was not pos-
sible earlier. Businesses have increasingly used this newfound understanding of their customers’
preferences to improve profit margins.

The main goal of the topics I research in this thesis is to make revenue management tools more
accessible for all businesses and enable widespread adoption. In particular, my research focuses on
the design and analysis of simple policies for revenue management. Online marketplaces provide
tremendous flexibility to retailers to make customer experience more scalable, personalizable, and
dynamic. However, online marketplaces are often large, complex, and noisy, and what might be
“optimal” on paper might not be feasible in practice. Accordingly, this thesis considers relaxing the
optimality requirement in favor of ease of implementation and robustness. Moreover, the policies
considered in this document are also more accessible for traditional marketplaces such as brick-
and-mortar stores, which cannot always leverage tools designed for online environments due to
physical constraints, higher latency, etc. My work focuses on two crucial revenue management

settings: assortment optimization and pricing. In each chapter, we introduce a policy set that is



easy to implement and then provide theoretical and practical justifications for their performance.

In Chapter 1, we consider a multi-period, multi-product revenue management problem where
the seller has a fixed inventory of multiple substitutable products to sell over a fixed time horizon.
We study the dynamic assortment optimization problem when changes in the assortment are lim-
ited to product retirements. In each period, the seller chooses which subset of products to retire
and selects a customer to visit. When a product is retired, it becomes unavailable to all future
customers. When a customer is selected, they are offered all available products, i.e., non-retired
products with positive remaining inventory. The objective of the seller is to dynamically retire
products and select customers to maximize the total expected revenue over a fixed time horizon.
Such product retirement decisions are essential when the seller cannot personalize the set of prod-
ucts offered to each customer.

For this problem, we show that the objective can be bounded above with a linear program.
Using this linear program, we design a policy that guarantees a constant fraction of the optimal
dynamic retirement-selection policy. Further, given an optimal solution to the linear program with
specific structure, we give an asymptotically optimal policy. We show that such a solution can
always be found when there are only two products or only one customer type. Finally, we show
that our policies perform well in numerical experiments calibrated to models from real-world ex-
periments when compared to natural benchmarks.

In Chapter 2, we study a fundamental joint pricing and inventory management problem. We
consider an infinite horizon, continuous review, stochastic inventory system. Demand arrives ac-
cording to a Poisson process, where the customer makes a purchase if their valuation exceeds the
current price. The seller can replenish inventory for a fixed cost and also incurs holding and back-
logging costs. The optimal policy to maximize profit under this setting is an (s, S, p) policy: when
the inventory level drops to s units, the seller instantaneously orders to replenish the inventory to §
units. This optimal pricing policy p has a different price for every inventory state. However, such
inventory-based pricing policies are challenging to implement for sellers and may lead to strategic

customer behavior or perceptions of unfairness. In this work, we prove that simple policies where



only a small number of prices are offered are near-optimal compared to the optimal policy, which
requires S — s prices.

We prove theoretical guarantees for our proposed simple policies when customer valuations
follow a monotone hazard rate (MHR) distribution. When no backlogging is allowed (lost sales
model), we show that there exists a static, single-price policy that garners at least as much revenue
as the optimal dynamic policy while incurring at most \/Tn(S) times the cost of the optimal
dynamic policy. Furthermore, for the classic uniform valuation (linear demand) model, we im-
prove the cost ratio to 1.225. When backlogging is allowed, we show that a three-price policy
achieves similar guarantees. In numerical experiments, we show that our simple policies capture a
significant fraction of the profit in most cases, with the performance improving as the profit margin
increases.

Finally, in Chapter 3, we consider assortment optimization and pricing with opaque products.
An opaque product is one for which only partial information is available to the buyer at the time of
purchase. We consider a seller offering substitutable products, which are similar but differentiated
in some features. A standard example here would be the set of all flights with the same origin
and destination on a given day. When a customer arrives, the seller chooses to offer a subset of
these products to the customer. The seller also offers the customer the option of purchasing an
opaque product. If the customer chooses to purchase the opaque product, the seller can fulfill the
purchase with any of the offered products of the seller’s choosing. Such opaque selling mechanisms
help sellers boost sales and give them more flexibility for inventory management while rewarding
customers with a discount for their flexibility. We study how adding an opaque option modifies the
assortment optimization problem for the multinomial logit choice model.

For our results, we assume that customers are risk-averse when evaluating the opaque option
and value it as much as the lowest valuation product in the assortment. We find that the nested-by-
revenue heuristic is no longer optimal with an opaque product added to the assortment. Instead, we
show that offering the better of a nested-by-revenue assortment and the best singleton assortment

guarantees a half approximation. Furthermore, a nested-by-revenue-and-valuation heuristic has the



same guarantees and is near-optimal in numerical experiments. When considering the joint pricing
and assortment optimization problem, we find that offering the opaque product does not improve

revenue, which we prove when there are two products or when pricing is uniform.



Chapter 1: Revenue Management with Product Retirement and Customer

Selection

1.1 Introduction

Revenue management with customer choice focuses on maximizing revenue by influencing the
purchase decisions of customers via the assortment of products that is offered [1]. The problem
of dynamic assortment optimization has recently gained much traction as it arises in many ap-
plications, including online retail and recommendations [3, 4]. In the classical setting of dynamic
assortment optimization, the seller has the full flexibility of personalizing the assortments for every
customer as they sequentially arrive to the platform. Although powerful for online marketplaces,
such dynamic policies are not suitable or even feasible for many other settings such as brick-and-
mortar stores (e.g., fast-fashion stores, department stores), electronic marketplaces (e.g., iPhones),
and business-to-business (B2B) settings. In the former case, all customers entering the store see
the same products; and for the latter two, available products offered by the sellers are common
knowledge and can often be obtained from the firm’s webpage. Hence, in all cases, assortment
personalization is not an option for revenue maximization. Motivated by such real-world contexts,
in this work, we study two novel practices that are implementable for the aforementioned settings:
product retirement and customer selection. We provide policies to implement these practices with
provable performance guarantees.

Product retirements are a simple way to control the set of available products, where once a
product is retired, it becomes unavailable for purchase for all future customers. They arise natu-
rally in many settings: for brick-and-mortar stores, retiring a product can be interpreted as either
sending the item to a lower-tier department store, or moving the item to the clearance section; for

electronics and B2B sellers, product retirement can be interpreted as discontinuing older services,



models, or generations of the products. Optimally retiring products is essential to revenue maxi-
mization because it helps balance the following trade-off: retiring a product too early can lead to
loss of demand, whereas retiring too late might cannibalize the sales of newer and more profitable
products.

In some settings, product retirements can be coupled with customer selection to enhance their
impact. For instance, in many B2B settings, sellers select potential customers every day, and
sales representatives then offer these customers all the available products via a sales call [5]. In
such settings, the sellers can jointly make decisions on when to retire older generations and which
customers to approach each day to balance the trade-off of customer preference for older products
with the higher revenue of newer products. In fact, this chapter is a direct result of work done with
a B2B hardware provider who operates in exactly this manner, and we use their proprietary data to
evaluate our algorithms.

Formally, we study the problem where a seller has a fixed inventory of multiple substitutable
products to be sold over a finite time horizon. Customers are differentiated by types, where each
customer type chooses from the available products according to the multinomial logit (MNL)
choice model. The seller can decide to retire a product at any time, after which it can no longer
be offered to any future customers. The seller also dynamically decides on the sequence in which
to visit the customers. The seller cannot optimize the assortment shown to the visited customer.
A visited customer is shown all available products, i.e., all products that are not retired and have
inventory remaining. The goal of the seller is to maximize the total expected revenue.

Our main contributions are the following:

1. We construct a policy that achieves at least 1/4 —o(1) of the expected revenue of the optimal
dynamic policy. Our algorithm determines a static sequence of the customers and assort-
ments by constructing an approximate greedy solution to a linear program, whose objective
value is an upper bound for the total expected revenue. Our analysis is tight as the inventory

grows large.

2. When there is an optimal solution to the LP upper bound with a particular nested structure,
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we construct a policy that mimics the optimal LP solution. We show that as the time horizon
and inventories of products grow large, our policy achieves asymptotic optimality. We also
show this nested structure always exists and can be found efficiently when there are two

products or one customer type.

3. We conduct numerical experiments using a proprietary B2B dataset where multiple technol-
ogy products are sold to multiple customer types. We observe that our proposed policies
outperform benchmarks under most scenarios. We also observe that the particular nested
structure required for an asymptotically optimal policy can be found in an overwhelming

majority of cases, and for these cases, our policy results in the best performance.

We note that our theoretical guarantees also apply to the general stochastic dynamic assortment
optimization problem with customer selection, since the performance guarantees are with respect
to an LP upper bound that does not account for product retirement constraints and can offer an

arbitrary assortment to any customer.

1.1.1 Literature review

Our work falls under the larger umbrella of dynamic assortment optimization. Gallego et al. [6]
and Liu and Van Ryzin [7] showed that the optimal revenue for the choice-based network revenue
management problem can be approximated by a deterministic linear program. This LP benchmark,
which is a fluid relaxation of the original problem, has become a popular tool to analyze algorithm
performance for dynamic assortment optimization problems. When this fluid relaxation LP can
be solved, the optimal solution can be used to construct an asymptotically optimal policy for the
dynamic assortment optimization problem. Ma et al. [8] design static policies using the optimal
LP solution and show provable guarantees even in the non-asymptotic setting. The LP in general
has exponentially many decision variables and requires approximation schemes to solve. However,
Gallego et al. [9] showed that the LP can be simplified to a sales-based version for a general class of
choice models that includes the MNL choice model as a special case. Feldman and Topaloglu [10]

similarly show the existence of a simplified LP for the Markov chain choice model. Both works
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also show that the optimal solution to their respective simplified LPs has the property that the
assortments offered by the optimal solution can be ordered such that one assortment is nested
in another. This structural property is useful when thinking of assortment decisions in terms of
product retirements, and we use it when developing our asymptotically optimal policy. In our work,
we use the sales-based version of this LP benchmark [9] for the MNL choice model, modifying
it to accommodate customer selection. Liang et al. [11] study the structure of the sales-based LP
for the MNL choice model to propose policies for joint inventory and assortment planning. Our
work differs from the ones mentioned above due to the unique challenges introduced by limiting
ourselves to product retirements in the presence of multiple customer types.

Our work is the first to consider product retirements in the context of revenue management,
however, several other modifications and extensions to the dynamic assortment optimization prob-
lem have been considered. Davis et al. [12] consider a problem where products are introduced over
time. While in our work the primary constraints are finite inventory and product retirement, the
primary constraint in Davis et al. [12] is that at most one product can be introduced in each period.
Other extensions considered in the literature include add-ons [13], multiple stages [14, 15] and
reusable resources [16, 17, 18, 19].

While the customer arrivals in our model are endogenous and controlled by the seller, a ma-
jority of the literature focuses on exogenous customer arrivals. One popular framework is that of
stochastic customer arrivals where it is assumed that some distributional knowledge about customer
types is known beforehand. For stochastic customer arrivals, Bernstein et al. [4] characterized the
optimal policy for the setting with two identically priced products and two customer types. Further,
there are several works that use optimal solutions of the LP benchmark to construct policies that
are asymptotically optimal [7, 20, 3, 8].

The other popular customer arrival framework is that of adversarial customer arrivals. These
results analyze algorithms with respect to the worst-case customer arrival sequence under the com-
petitive ratio framework. Chan and Farias [21] showed that myopic policies are 1/2-competitive

for stochastic depletion problems, which includes dynamic assortment optimization. Golrezaei et



al. [3] proposed inventory-balancing algorithms that are (1 — 1/e)-competitive for a large class of
customer choice models, and also showed that no policy could do better. Ma and Simchi-Levi [22]
extended the inventory-balancing algorithm to a setting that allows different customer types to have
different prices for each product and showed a price-dependent competitive ratio.

While several works of literature have studied stochastic and adversarial customer arrivals, few
works in revenue management literature have studied the problem of customer selection. One
work to do so is from Cominetti et al. [23], who propose algorithms to select the optimal subset
of customers for offering discounts. Outside revenue management, the customer selection aspect
of our setting is related to the selection problem that is dealt with in context of the prize-collecting
traveling salesman problem [24, 25], the prize-collecting Steiner tree problem [26, 27], facility
location with penalties [28, 29, 30], and supply chain planning with market choice [31]. This set
of problems do offline customer selection, as the set of potential customers (or nodes) is available
beforehand. This is in contrast to supply chain management with online customer selection [32,
33], where customer selection decisions are made without knowledge of the future customer ar-
rivals. In our model, while the set of customers is known beforehand, it may be suboptimal to
perform the customer selection step offline due to the stochasticity of the customer purchase deci-
sions, which makes the customer selection aspect of our setting different from both lines of work

described above.

1.1.2  Organization

We describe the model and LP upper bound in Section 1.2. In Section 1.3, we describe our
policy which gives a constant factor approximation. In Section 1.4, we describe our policy which
is asymptotically optimal when an optimal LP solution with a certain structure is available. In Sec-
tion 1.5, we compare our policies’ performance against some natural benchmarks using numerical

experiments based on real data from a B2B setting.



1.2 Model

We consider a seller with a finite inventory of substitutable products which are sold to a se-
quence of customers over a finite time horizon. The seller has access to a pool of customers, pos-
sibly of different types, and their purchase behavior is governed by known, type-specific choice
models. In every period, the seller decides which type of customer to visit, and all products that
have not been retired and have inventory remaining are offered to that customer. The seller may
decide to retire a product at any time, at which point the product will no longer be available to
future customers. The goal is to design near-optimal policies for product retirement and customer
selection that maximize the seller’s expected revenue.

We denote the set of products by N := {1,...,n} and the number of selling periods by 7.
Each product i has a revenue r; and finite, non-replenishable inventory (capacity) c¢;. Let cpin :=
min;ep ¢;. We denote the set of customer types by £ := {1,...,m}, and let b; be the number of
type-j customers that the seller has access to. For each type j, we let 7le (S) denote the probability
that a type-j customer purchases product i when the set of available products is S. The customer
can also choose to not purchase at all, which we may refer to as the no-purchase option or product
0 for convenience. Thus, né(S) =1-Yes ﬂ{ (S) forall j € Land S € N. Any product that is not
available cannot be purchased by a customer, i.e., n{ (S) =0ifi ¢ SU{0}. In this work, we focus
on the MNL choice model and provide additional results on the independent demand model in
Appendix A.5. We use R;(S) to denote the expected revenue from a customer with choice model

m={n;(S):ie N, S C N} when offered S, i.e.,

R.(S) := Zriﬂi(S). (1.1)

i€eS
We now describe the sequence of events for any policy A. In period 0, the seller selects the
products they will be selling over the selling season, and retires the rest. In each period ¢ € [T], let

S:(A) denote the assortment of available products — products with positive remaining inventory

that have not been retired. The seller first selects a new customer, J;(A), from the remaining
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pool of customers. The customer then purchases product i among S;(A) U {0} with probability
n;.”(ﬂ) (S;(A)). If product i runs out of inventory at this point, it leaves the assortment. Further, the
seller decides which products, if any, to retire before selecting the next customer. In other words,
Si+1(A) € S;(A), where S;(A) \ S;41(A) is the set of products that either ran out of inventory or
were retired at the end of period ¢. The last period that a product was offered in is referred to as its
retirement time, which is denoted as d; for product i. We denote the product choice of customer
Ji(A) by X;(A). The total sales of product i and total number of type-j customers selected are

denoted by

T T
Zi(A) = Y UX(A) = i) and Vi (A) := ) I(A) = j],

=1 t=1

respectively. The objective is to find a product retirement and customer selection policy A that

maximizes expected revenue, i.e.,

n n

REV(A) :=E| > > rm "V (S,(A) | = > rBIZi(A)], (1.2)

t:l l:] l=1

under demand and supply constraints. Here, by demand constraints we mean that the policy can-
not select more type-j customers that there are available, i.e., Y;(A) < b;; whereas supply con-
straints refer to the constraint that the total sales of product i cannot exceed its initial inventory,

i.e., Z,(ﬂ) <c;.

1.2.1 Multinomial logit choice model

We assume that purchase probabilities for each customer type are governed by a multinomial
logit (MNL) choice model. The MNL choice model [34, 35, 36] is one of the most widely used
customer choice models, both in theory and practice. Under the MNL model, the probability of a
type-j customer purchasing i among the set of available products S is,

J

r(§) = ——, (1.3)
1+ Zi’ES ui,

11



where ulj is known as the attractiveness parameter of product i for customer type j. The attrac-

tiveness parameter for the no-purchase option, ué, is normalized to 1. We note some important
properties of the MNL choice model, which we will use repeatedly throughout this chapter. First,
the MNL choice model has the substitutability property, i.e., for any MNL choice model 7, assort-
ment of products S and products i, j € N suchthati € Sand j ¢ S, 7;(S) > (S U {j}). Also,
the product sets to consider when computing the unconstrained revenue-maximizing assortment
for (1.1) are nested-by-revenue [37], meaning that the revenue-maximizing assortment would be

all products with revenue above a certain threshold.

1.2.2  Upper bound

We now present a dynamic assortment and customer selection based upper bound for the ex-
pected revenue that can be achieved by any policy. Specifically, we consider the following sales

based LP [9]:

m n
Lspp = Max Z Z riq]
g j=1 i=1
m n .
s.t Z(Zq{+qé)sﬂ
j=1\i=1
n . .
J J .
Z q; +qy < bj vie L, (SLP)
l;l .
Z q] < ci VieN,
j=1
gl <ulq) VieN,jeL,
gl =0 Vie N,je L.

Here, q{ represents the total expected sales of product i to type-;j customers under the LP relax-
ation. The first three constraints are equivalent to the time horizon, demand, and supply constraints
respectively. For any set of products S, the MNL choice probability of purchasing product i can
be described as m;(S) = I[i € S]u;my(S), which implies that the expected sales of product i under
any policy can be at most u; times the expected number of no-purchases. The fourth constraint

follows directly from this observation. Note that the above LP does not include any product re-
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tirement constraints and, in particular, allows the assortments to change arbitrarily. Therefore, it
in fact serves as a deterministic fluid relaxation for the dynamic assortment optimization problem
with customer selection under the MNL choice model, and is an upper bound as stated in Lemma

1.1.We provide a proof for Lemma 1.1 in Appendix A.1.

Lemma 1.1 (LP upper bound with customer selection [9]). Suppose all customers make purchase
decisions according to a type-specific MNL model. For any product retirement and customer se-

. . . k
lection policy A, the expected revenue REV(A) is at most zg; p.

In Sections 1.3 and 1.4, we cover two policies for product retirement and customer selection
with provable performance guarantees for MNL customers. Both our policies are non-adaptive
and rely on constructing solutions to (SLP). We also separately consider the case where customer
demands for products are independent of the assortment offered (i.e., the independent demand
choice model) in Appendix A.5. When the demands for products are independent, it is optimal to
never retire a product, and only customer selection decisions need to be made. We show that an
adaptive myopic policy guarantees a 1 — 1/e fraction of the optimal expected revenue under the

independent demand model.

1.3 Constant Factor Policy

In this section, we present policy A1 that gives a constant factor approximation. The main idea
of the policy is to construct a good feasible solution of (SLP) by selecting customers one at a time,

and then sequencing the customers to accommodate product retirements.

1.3.1 Structure of policy Al

The policy has two main steps. The first step is customer selection, where we select customers
and corresponding assortments to construct a feasible solution to the LP upper bound (SLP). The
second step determines the sequence of customers and retirement times for the products. In The-

orem 1.2, we show that this policy guarantees at least 1/4 — o(1) fraction of the optimal expected
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revenue. The details of A1 are provided in Algorithm 1. Moreover, the analysis of our algorithm

is tight as ¢y goes to infinity. The tight example is deferred to Appendix A.2.4.

Theorem 1.2 (Approximation guarantee for A1). Recall ¢, := min; ¢;. Then,

w1
REV(A1) > ( Cmin )zj;LP.

min — 2
Moreover, this analysis is tight as cpyin — ©o.

Customer selection (Step 1 of Algorithm 1). The policy selects a subset of the customers based on
a greedy solution of the (SLP). To construct this solution, in each round for a total of 7 rounds, the
policy selects the customer and corresponding assortment from the remaining products and cus-
tomer types which gives the maximum expected revenue. Once the selection is done, the available
customer and product inventory is updated in a fluid sense. Specifically, suppose Js, E) are the
customer type and assortment selected in round ¢, then the remaining inventory for product 7 is
decreased by 7rl.7’ (3}), and the number type-J; customers available is reduced by 1 unit. A customer
type is no longer selected when no more customers of that type remain, whereas a product is no
longer offered when its expected consumption exceeds c¢; — 1, i.e., less than one unit of inven-
tory remains. This guarantees that the total consumption of customer types and products satisfy
the demand and supply constraints. Let 'q'l] denote the total consumption of product i by type-j

customers, 1.€.,
T _
gl = > 110 = 17 (8). (1.4)
=1

We show in Lemma 1.3 below that this greedy solution will have an objective value that is at least
a 1/2 — o(1) fraction of the optimal value zg, ,. The proof idea for the approximation guarantee is

to use dual-fitting. A detailed proof is provided in Appendix A.2.2.

Lemma 1.3. The solution to (SLP) constructed in the customer selection step (described in (1.4))
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Algorithm 1 A1 Policy
// Step 1: Customer selection
initialize Y; «— 0Vj € £,Z; < 0Vie N,S « 0
forr=1toT do _
No—{ieNI|Z<ci-1}, Li—{jeLl|Y;<b-1}
R; « max; 7 s, R,i(S)

(.7,, :Sv',) argmax; z o N, R,i(S) // ties broken arbitrarily

Y <—Y +IZ<—Z+JT’(S) Vi e S,

S —S U (Ji, R,
end for
/I Step 2: Construct customer sequence and retirement times
forr=1to 7T do
(Ji, Ry) < argmin; gyes R // ties broken arbitrarily
S —S\({UnLR)
end for
di—max{t=1,...,T | r; > R;} /[ retirement times
// Step 3: Implement policy with static retirement times
Zi—0VieN
forr=1to T do
S;—{ieN|Z <ci—1landt < d;}
X; « Product purchased by type-J; customer when offered S,
ZX, «— ZX, +1
end for

is feasible and guarantees a (cqin — 1)/ (2cmin — 1) approximation of the optimal LP value, i.e.,

ZZ lq > Zcmm _11 ;LP

i=1 j=1

Customer sequencing and product retirements (Step 2 of Algorithm I). In this step the policy
sequences the customers selected in the first step to accommodate product retirements. Specifically,
the policy arranges the customers in increasing order of R, := R (S;) (Rx(S) is defined in (1.1)).
We let (/;, S‘,)[T:1 denote the new sequence of customers and assortments, with R, := R, (S;). The
product retirement policy is as follows: at the end of time period ¢, all products i with r; < Ry
are retired. In other words, customer J; is shown all products with inventory remaining such that
ri > R;. The intuition behind this step is that under the MNL choice model, adding products with

prices higher than the expected revenue of the assortment, only increases the expected revenue
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Figure 1.1: Customer sequencing step in Al
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(a) Select customers (b) Order by revenue (c) Fill assortment gaps

Note: In this example there are three products (n = 3) and two customer types (m = 2). The prices of apples, oranges
and pears are $4, $2 and $1 respectively. Figure 1.1a shows the order in which customers are selected along with
the corresponding revenue-maximizing assortment, and its expected revenue. Figure 1.1b shows the final sequence of
customers, after arranging them in increasing order of the expected revenue. In Figure 1.1c, the gaps in the assortments
are filled to make them revenue-ordered. It illustrates how the product retirement policy will work. Pears will be retired
att = 1, and oranges will be retired at ¢ = 2.

of the new assortment. Moreover, this step makes all assortments revenue-ordered and therefore,
nested, giving a natural product retirement policy candidate. Figure 1.1 illustrates the working of
this step using a toy example. We show in Lemma 1.4 below that with this customer sequence
and product retirement schedule, our policy earns at least half of the objective value of the feasible
solution to (SLP) constructed in the customer selection step. The exact proof details can be found
in Appendix A.2.3. Note that both the sequence and retirement times in this policy are static, and

determined at the start of the algorithm. The policy A1 is therefore a non-adaptive policy.

Lemma 1.4. The expected revenue of Al is at least half of the objective value of (SLP) at q, i.e.,
1 n n ~j
REV(A1) > 3 ; ; riq; -

The proof of Theorem 1.2 follows directly from combining the chain of inequalities in Lemmas
1.3 and 1.4. Therefore, the expected revenue of Al is guaranteed to be at least 1/4 — o(1) times

the LP upper bound. Details of the proof are deferred to Appendix A.2.1.
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1.4 Asymptotically Optimal Policy

Policy A1 operates by constructing a good feasible solution to (SLP) and extracting a policy
from it. In this section, we show that when an optimal (SLP) solution has a certain structure, which
we call consistent nested assortments, we can construct a policy that mimics the optimal solution.
We prove this policy is asymptotically optimal. We show that if there is only one customer type,
i.e., m = 1, or if there are only two products, i.e., n = 2, then we can always obtain an optimal
solution with consistent nested assortments. Interestingly, in our numerical section, we found that
the optimal (SLP) solution we get from a standard solver has consistent nested assortments for a

majority of instances, even for many products and customer types.

1.4.1 Consistent nested assortments

Even though product retirements are not explicitly captured among the constraints of (SLP),
there is a connection between the two. For any feasible solution g of (SLP) and for every customer
type j, there exists an ordered sequence of assortments such that (i) each assortment is a subset
of the previous one and (ii) the quantities {q{ : i € N'} can be recovered using these assortments
[9, 10]. In particular, there exists a collection of assortments O’ (q) = {0y, ..., 0|0j(q)|} such
that 0{ ») Oé S5 .-+ D 0|JO @) which we call nested assortments, and positive real numbers
T (q) = {:l'g €R.o | S € O/(q)) where 'Tg is the amount of time for which assortment S should

be offered such that,

Z T onl(S)=q!, Vie NU{0}. (1.5)
5€0/(q)

Consider a deterministic fluid setting, where customers are infinitesimal and visited at a constant
rate. and a type-j customer purchases product i when offered an assortment S at a deterministic
rate of 7T{(S ). In this setting, the product sales corresponding to (SLP) solution to customer type j
can be recovered as follows: offer assortment 0{ for ‘T’lj time periods, and then remove products in
0{ \ O’ offer the resulting assortment 0% for ?é time periods and then remove products in 0£ \ o’;

and so on and so forth.
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Procedure 1 NESTEDASSORTMENT(q, /)

Input: Feasible solution g of (SLP), customer type j
Output: Collection of nested assortments (_)j (g) and offering times 7/ (q)
initialize S — {i € N | ¢/ > 0}, §; < ¢q] Vi e NU{0},0'(q) « {}
while S # 0 do
0’(q) «— O’(q) U {S}

A «— min{ —
i€S n{(S)
Ti(q) « A .
gi — gi — Al (S) VieSu{0}
S—{ieS|qg >0}
end while
if go > O then
0’/(q) < O'(q) U {0}
70(q) < o
end if .
return 0/ (q), 7/ (q) = {75(q) | S € O/ (¢)}

Given a feasible solution g and a customer type j, to construct this collection of nested assort-
ments and offering times, we use an iterative algorithm based on the idea of deterministic fluid
consumption. We start by offering all products in O{ ={i e N | q{ > 0} and update fluid
consumption at rate n{‘ (0{ ) for each product i until the consumption of some product hits qu . The
process is repeated until sales of all products are recovered. Details are provided in Procedure 1.
The algorithm runs efficiently and its output satisfies (1.5) as stated in Lemma 1.5. The algorithm
is in a similar vein to the one provided by Feldman and Topaloglu [10] for the Markov chain choice
model. We show that the tuple (O/(q),77(q)) is in fact unique for each feasible solution g and

customer type j.

Lemma 1.5 (Correctness of Procedure 1). Procedure 1 terminates in at most n iterations, and
returns nested assortments O/ (q) and positive offering times T/ (q) which satisfy (1.5). Further,

(O/(q),77(q)) are uniquely defined for each feasible solution q and customer type j.

In the deterministic fluid setting, we see that the sales corresponding to a particular customer
type can be recovered by sequentially removing products from an assortment, which is reminiscent

of product retirements. However, note that the collection of nested assortments can be different for
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different customer types. Consequently, the order in which products are removed from the assort-
ment can be different for different customer types. If the nested assortments corresponding to an
(SLP) solution have this issue, then one can infer from the uniqueness of the nested assortments,
that even in the deterministic fluid setting, no product retirement policy can mimic the sales cor-
responding to the solution. It follows that in order to be able to recover all sales using a product
retirement policy, the order in which products are removed should be consistent across customer
types. This condition is equivalent to O(q) := ’}1:  07(q) being a collection of nested assort-
ments, i.e., O(q) = {O1,...,0|g|} such that O1 D O, D --- D O|g|. We say an (SLP) solution

has consistent nested assortments if it satisfies this condition.

Definition 1.6 (Consistent nested assortments). A feasible solution ¢ of (SLP) has consistent
nested assortments if there exists a collection of nested assortments O(g) and offering times

T/ (q) = {Té € Rso | S € O} forall j € L such that,

qg':zrgn{(S) ie NU{OLVje L. (1.6)
SeO0
In particular, given nested assortments O/ (¢q) and offering times 7/ (g) for every customer type j,

g has consistent nested assortments if O(q) and 7/ (q) defined as

me . 7(q) SeOl(g)
og) = JO'(@). T@:=1" (17)
=l 0 Se0(q)\0/(g)

satisfy (1.6) and O(q) is a collection of nested assortments.

If ¢ has consistent nested assortments, then the sales of all products can be recovered as follows:
offer assortment O for le time to each customer type j € L, then permanently retire products in
01 \ O3y; offer assortment O, for Tg time to each customer type j € £, then permanently retire
products in O, \ O3; and so on and so forth. Therefore, product retirements are sufficient to

recover all sales. Moreover, if ¢ is an optimal solution of (SLP), this policy maximizes revenue in
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the deterministic fluid setting. We show that this policy idea is also asymptotically optimal for our
dynamic, stochastic problem. We illustrate this connection between an (SLP) solution which has

consistent nested assortments and product retirements in the following example.

Example 1.7. Consider the following instance: n = 2, m = 3, T =45, r = {5,2}, ¢ = {20, 30},
b = {15,18,30}, u! = {2,5}, u® = {1,2}, u® = {0.5,0.5}. Table 1.1 shows optimal solution g

and corresponding nested assortments for this instance. It can be seen that the optimal solution

Table 1.1: Optimal solution and nested assortments for example

J 1 2 3
qJ1 10 7 3 j 1 2 3
7@ 0 43 0'(g) ({1} {L2h{1y} ({12}
qé 5 7 6 T/ (q) {15} {8, 10} {12}
(a) Optimal solution (b) Nested assortments and offering times from ¢

has consistent nested assortments with O = {{1,2}, {1}}. A natural candidate policy for product
retirements and customer selections can mimic this optimal solution: visit all customers that are to

be shown {1, 2}, then retire product 2, and then visit all customers that are to be shown {1}.

Step 1: Visit 12 type-3 customers and 8 type-2 customers.

Step 2: Retire product 2.

Step 3: Visit 10 type-2 customers and 15 type-1 customers.

Remark: Customers are offered all products that have not been retired and have inventory

left. [

As seen from the example, if an optimal solution with consistent nested assortments can be
obtained for an instance, a product retirement and customer selection policy can be constructed
using the optimal solution. Generally, the offering times and total customer selections of each type
may not be integral, and thus it requires some nuance when moving from the deterministic fluid

setting of the LP to the stochastic and discrete assortment planning setting. Nonetheless, the key
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idea is to mimic the nested assortments obtained from the optimal LP solution, as shown in the
example. We show in Theorem 1.8 that this policy, referred to as A2, is asymptotically optimal as
T and cpj, grow large. Details about the exact structure of A2 and proof idea for Theorem 1.8 are

deferred to Section 1.4.3.

Theorem 1.8 ((1 — €)-Guarantee for A2). Consider € such that T > ZT’” and Cpin > ﬁ Ifqisan

optimal solution of (SLP) with consistent nested assortments, then REV(A2) > (1 - €)zg, p-

When there is only one customer type, i.e., m = 1, it is easy to see that every feasible solution
has consistent nested assortments with O(q) = O'(q). However, when m > 2, it is unclear
whether a solution will have consistent nested assortments even in the simplest case where there
are only two products, i.e., n = 2. For instance, in the two product case, the nested assortments
corresponding to two customer types j; and j, may be O/1(q) = {{1,2},{1}} and O2(q) =
{{1,2}, {2}} respectively. Since both collections have different assortments of size 1, no uniform
order exists. However, we show in Section 1.4.2 that in the two product case, there always exists
an optimal solution with consistent nested assortments, and it can be found efficiently. Moreover,
in our numerical experiments in Section 1.5, our computed optimal solutions of the (SLP) had

consistent nested assortments on 89% of the instances.

1.4.2 Two product case

When there are only two products, we show that there is always an optimal solution with
consistent nested assortments (Theorem 1.9). Moreover, we provide an algorithm to find this
solution efficiently. Details of the algorithm and a proof of Theorem 1.9 are provided in Appendix

A4

Theorem 1.9. For any instance with n = 2, there exists an optimal solution of (SLP) with consis-

tent nested assortments and this can be found efficiently.

In the two product case, the nested assortments outputted for a customer type with non-zero se-

lections by the NESTEDASSORTMENT (Procedure 1) procedure can either be {{1,2}}, {{1,2}, {1}}
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or {{1,2},{2}}. The key step in the proof is to show that, for any feasible (SLP) solution, given two
customer types such that the corresponding nested assortments are {{1,2}, {1}} and {{1,2}, {2}},
a new feasible solution with the same objective value can be found such that the nested assort-
ments corresponding to the two customer types are {{1,2}, {1}} and {{1,2}}, or {{1,2},{2}} and
{{1,2}}. In order to prove this, we describe two linear programs corresponding to the potential
consistent nested assortments, with constraints reflecting that the consumption of products must
be the same without requiring more customers of either type. We then look at the duals of these
linear programs and prove that one of them must be feasible and bounded, implying that when
there are two customer types we can find consistent nested assortments. Then, we provide a care-
ful algorithm to deal with many customer types and prove that we only need to run our procedure
for two customer types at most m times (avoiding an infinite cycle that alternates between the two
potential nested assortments). Overall, we are able to efficiently transform any optimal solution of
(SLP) to an optimal solution with consistent nested assortments. Figure 1.2 gives an idea of how
this transformation works.

We leave it as an open question whether an optimal solution to (SLP) with consistent nested
assortments always exists for n > 3. If one is guaranteed to exist, it would also be necessary
to show that such a solution can be found efficiently when there are multiple optimal solutions
to (SLP). In our numerical experiments in Section 1.5, we show that the solutions returned by a

solver usually have consistent nested assortments.

1.4.3 Structure of policy A2

In this section, we elaborate on the policy idea discussed in Section 1.4.1. We assume that we
are given an optimal (SLP) solution with consistent nested assortments. The key idea is to mimic
the sales of this optimal solution, while ensuring that constraints are satisfied sample path-wise.
We saw that in a deterministic fluid setting, an optimal product retirement and customer selection
policy can be constructed using consistent nested assortments and offering times. When the policy

idea is translated from the deterministic fluid setting to the stochastic and discrete setting, there are
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Figure 1.2: Transforming the optimal solution in the two product case

{{1.2}} L2}, {1} ] {12}, {21} {12} {12} {1} ] ({12} {2}) {2y L2y (1)) ({L2), (21

© elalg 0z @

- R

(a) (b) (©)

Note: Each time, we pick two customer types, one each from column 2 (nested assortments {{1, 2}, {1}}) and column
3 (nested assortments {{1,2}, {2}}). We then transform the solution for these two customer types such that one of the
customer types moves to column 1 (nested assortments {{1,2}}). In this example, we have three customer types. We
first pick customer type A and C from columns 2 and 3 respectively, and after the transformation, A moves to column
1, as depicted in Figure 1.2a. We then pick customer type B and C from columns 2 and 3 respectively, and after the
transformation, C moves to column 1, as depicted in Figure 1.2b. The final solution, as shown in Figure 1.2c, has
consistent nested assortments {{1,2}, {1}}.

two sources of losses. One, since customer selections of each type need to be integers that satisfy
the demand and time horizon constraints; we use a rounding scheme to modify the offering times
to achieve this, which introduces a rounding loss. Two, due to limited inventory of products, some
sales will be lost, which will also incur a revenue loss. We construct A2 such that these losses can
be bounded above as a function of 7" and ¢, and they disappear as 7" and cp,j, grow large.

We describe A2 in two stages. The first stage is the customer and assortment selection stage. In
this stage, the policy first calculates the consistent nested assortments and offering times using the
optimal solution. The policy then implements a simple rounding procedure to get integer selections
of each customer type, as well as a probability distribution over the nested assortments for each
selected customer. The second stage is implementation, where the policy draws an assortment for
each selected customer according to their probability distribution, and then visits the customers in
decreasing order of the size of their assortment, showing them all products with available inventory

from their assortment.

Stage I: Customer and assortment selection

23



* Step 0: Given an optimal solution g with consistent nested assortments, compute O(q) and

7/ (q) according to (1.7).

* Step 1: Add dummy customers in each customer type, that are offered no products, so that
the total number of customers selected, denoted by Y;, is integer. Denote the k-th type-
J customer by the tuple (j, k). Since the total customers available, (b;);cr, are integers,
this step does not violate the demand constraints, however, it may violate the time horizon

constraint.

* Step 2: For each customer type j, divide the offering times (which add up to Y;) into ¥;
probability vectors, where the probability vector for customer (j, k) is denoted by a{; =
{ai ¢ | S € 0(g)}. Itis not important for the analysis how this step is carried out, but for

completeness, we specify a procedure in Algorithm 2.

* Step 3: Remove customers with the lowest expected revenue, until the total number of

customers left is 7.

We also provide pseudocode for this stage with implementation details in Algorithm 2. Lemma
1.10 states that at the end of the stage, the total customer selections are integer and satisfy all
constraints, (a{;) jeL.kely;] are probability vectors, and the optimality loss is at most by a factor of

m/(T + m).
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Algorithm 2 A2: Stage [

Input: Optimal solution of (SLP) g with consistent nested assortments
Output: O, (Y)) ez (a})jeskely;]

// Step 0: Consistent nested assortments

0/, 7/ NESTEDASSORTMENT(q,j) VjeL

O « U

TS <—1fSeOf thenT] else0 VSe€0,jeL
// Step 1: Add dummy customers
O —0u({0}
for ] =1tomdo
[Zsa)\{@} Sl Yseo\(0) T

Y; « 2.5€0 T
end for
/I Step 2: Construct probability vectors
initialize aLS —0VjeLkelY],Se0
for j =1tomdo

initialize k — 1,/ — 1, %/ « 1/

while k <Y; and [ < |O| do

J oAl
A<—m1n{1 ZSEOak,S’TOI}

J
kO — ay o, +A

N N
To, < T0[ A

1fZS€OakS 1 then k «— k +1
end if
iff'él =0then/ «—[+1
end if
end while
end for
// Step 3: Reduce total customer selections to T
while Z,eLY > T do
(7. k) « argmm Z Z Skr, ](S)

JeLkelY;l seo ieN

YZ(— Yff_l
a, —a,_, Vk=k,....Y;
end while

return O, (Y})jer (a{{)jeLkE[Yj]
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Lemma 1.10. The output of Algorithm 2 satisfies the following.
(i) Y; €Z Y; < bjforall j € L and Z’]’.’:l Y; <T.
(ii) Xseco(q) ai’s =1forall j € L,k €[Y;] and ZZ’;I a{;,s < Téfor all j e £L,5€0(q) \ {0}
v wn wm @Y - - .
(iii) 2y j=1 2y 2se0(q) ai,s”iﬂi(s) 2 %ZSLP'

Stage II: Implementation of randomized policy

Step 0: From the previous stage, get a collection of nested assortments O = {O....,0|¢}
such that O1 2 02 D ... D O)g), the number of customers of each type to visit (¥;),c s, and
probability vectors (a{;) jeLkely;] for each customer denoting distributions over the nested

assortments.

* Step 1: For every selected customer (7, k), where j € L, k € [Y;], draw assortment D{; ~

Categorical((ai §)s€0)-
» Step 2: Construct customer sequence by sorting customers in decreasing order of |D£|.

* Step 3: Visit customers in order of the customer sequence. Show customer (j, k) all prod-

ucts in D{{ with inventory remaining when visited.

The second stage represents a product retirement policy. This is because (Di) jeLkely;) are all
sampled from a set of nested assortments, and if a customer (', k’) is before customer (j”, k") in

the sequence, then D’ o D’

- Moreover, it asymptotically achieves the expected revenue of the

selected customers as the initial inventories increase, specifically at the rate of O (1/+/cpin). Define
k
ik 1

v(k):=1-e —'zl— , (1.8)
k! 2k

where y — 1 as k — oo at the rate of O(1/Vk). In Lemma 1.11, we bound the revenue earned by
the second stage of A2 by y(cmin) times the objective value corresponding to the rounded (SLP)

solution from Stage I.
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Lemma 1.11. Given inputs (O, (Y;) ez, (ai)jei,ke[yj])from Stage I, the expected revenue earned

by the Stage Il policy with the given inputs is at least

n m

v
REV(A2) > y(emin) )| >. > D alniml(S).

i=1 j=1 k=1 SeO(q)

~

The proof of this lemma is provided in Appendix A.3.4. Combining guarantees of Lemmas
1.10 and 1.11 with the theorem conditions completes the proof of Theorem 1.8. Details of the

proof are deferred to Appendix A.3.2.

1.5 Numerical experiments

In this section, we numerically evaluate the performance of the policies for multiple customer
types described in Sections 1.3 and 1.4. We conduct these experiments on a dataset obtained from
a large hardware provider. The dataset provides information on 8 different products and 2208
customers divided into 24 different customer types. For each customer type, we are provided with

an MNL choice model fitted over the 8 products.

1.5.1 Simulation parameters

We test our policies under different scenarios by varying supply (i.e., the total number of prod-
ucts) and demand (i.e., the time horizon). Each scenario is defined by a selection rate and load
factor. Here, the selection rate is the ratio of the time horizon and number of available customers,
and the load factor is the ratio of the time horizon and the total inventory. To ensure robustness of
our policy evaluation, we construct multiple problem instances for each scenario. These instances
are generated by changing the distribution of product inventories and the number of customers
available of each type, which we achieve by multiplying each of (c¢;)!_, and (b j);?’:] with indepen-
dent multiplicative noise. The multiplication factors are sampled from a scaled and translated beta
distribution.

For each scenario, 100 instances are generated which are simulated 50 times for every policy.
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We consider selection rates of 0.25, 0.5, 0.75 and 1.0. A selection rate of 1.0 indicates that all
customers must be selected, and the selection problem purely involves constructing a customer
sequence, whereas a selection rate of 0.25 lays high importance on selecting the right set of cus-
tomers. We look at load factors ranging from 0.2 to 1.0, where a small load factor indicates that
there is supply far exceeds the demand and product retirements are important, whereas a load factor

of 1.0 is the case where supply is equal to demand.

1.5.2 Policies considered

Benchmark policies. To benchmark the performance of our policy, we compare its performance
to some naive product retirement and customer selection policies. The simplest policy is to never
retire products and select customers at random in each time period (NR-R). To make the bench-
mark smarter, we also consider another strategy that does not retire products, but chooses cus-
tomers greedily at each step (NR-G). Our third benchmark policy (ER-G) aggressively retires
products, by retiring all products with revenue less than the expected revenue of the best revenue-

maximizing assortment at time 0, and selects customers greedily.

Our policies. We evaluate the performance of both policies for multiple customer types proposed
in this chapter, i.e., A1 from Section 1.3 and A2 from Section 1.4.3. We also add a third policy to
the consideration set, which is a slight modification of A1. A1 has the tendency to retire products
aggressively, due to the fact that it is a static policy where the revenue thresholds are chosen greed-
ily. For instance, A1 will retire all products whose revenue is less than the revenue threshold, even
if that means that no more products will be left to offer to the remaining customers. To mitigate
this, we introduce a parameter x € (0, 1] in the original A1 policy, which is multiplied to the
revenue threshold R; to get a new, lower threshold and thus push the retirement times for products
further. We refer to the policy parameterized by x as A,,. The policy A, still retains the theo-
retical guarantees of A1, but with additional losses. In particular, it guarantees a (ﬁ - 0(1))

fraction of the LP optimal value. In our simulations, we find that using x = 0.75 works reasonably
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well for our dataset. Parameterized policy A 075 guarantees a 3/14 factor of the optimal revenue.

Implementations for these policies can be found online.

1.5.3 Performance evaluation

The policies are evaluated based on the average revenue gained by the policy compared to the
optimal value of the LP benchmark. For each scenario and policy, we calculate the ratio of the
average revenue earned and the optimal LP value for each instance. In Table 1.2 we report the
average ratio and minimum ratio over all the instances of that scenario.

For A2, we compute an optimal solution of (SLP); if the optimal solution has consistent nested
assortments, then we proceed with the algorithm, else we discard it. In the “Success" column,
we report the percentage of instances that were not discarded for the given scenario. The overall
success rate across all scenarios comes out to be 89%. The number of discarded instances goes
up with load factor. We believe this is due to the fact that at high load factors, multiple optimal
solutions exist since all products can be sold off. Among the non-discarded instances, the perfor-
mance of this algorithm is expectedly good and also less volatile compared to all other algorithms.
The performance of the algorithm improves with lower load factors (larger initial inventories) and
higher selection rates (larger time horizon) which is consistent with the assumptions of Theorem
1.8. Since this policy does not guarantee a solution, we also look at what policies perform the best
after excluding A2.

In all supply-demand scenarios, our policy Al and parametrized variant A ,o75consistently
outperform the benchmarks and their theoretical performance guarantees. The policy A1 works
very well when the load factors are low but suffers from early retirements when the load factor is
high, however A (75 makes up for this and has more balanced performance. The no retirement
policies NR-R and NR-G do well when the load factor and selection rate are high, as these are
low supply, high demand scenarios where a majority of the products are purchased over the time
horizon. These policies do not perform well in scenarios when product retirements are necessary.

It is also worth noting that NR-G consistently outperforms NR-R, especially at low selection
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rates, emphasizing the importance of the customer selection decisions. The performance of the
early retirement policy ER-G is in contrast to that of the no retirement policies. ER-G has its
best performance when the load factor and selection rate are low, i.e., high supply, low demand
scenarios, where offering only the highest revenue product suffices. However, ER-G performs
dismally when demand is high and is also very volatile in its performance.

In conclusion, we note that there is a visible trade-off between retiring products early and
retiring products late. Simple benchmark policies which do not attempt to deal with this trade-off
do well in certain scenarios, but fail to perform consistently. Our policies consistently perform

well in a wide range of scenarios, as they make an effort to correctly manage this trade-off.

1.6 Conclusion

In this chapter, we consider a novel framework for revenue management where sellers control
the sequence of customers and can only retire products. Under this framework, we design policies
for the multinomial logit choice model. We observed that a sales based LP can be used to upper
bound the performance of any dynamic policy. We first propose a static policy for both product
retirement and customer selection which guarantees at least a (1/4 — o(1)) fraction of the optimal
expected revenue. This policy first selects customers and a revenue threshold greedily to construct
a feasible solution to the LP upper bound, and then visits the selected in order of the revenue
threshold, offering all products with revenues higher than the threshold. We construct policy that
is asymptotically optimal as the time horizon and inventory grow large and gave lower bounds
on the convergence rate when an optimal solution to the LP upper bound has specific structure,
i.e., consistent nested assortments. When all customers’ purchase decisions can be captured by a
single multinomial logit model, this nested structure exists naturally in every feasible solution of
the LP upper bound. When there are multiple customer types, we present an efficient algorithm to
construct an optimal solution with consistent nested assortments when there are only two products.
We conduct numerical experiments on a proprietary B2B dataset that consists of multiple customer

types being sold multiple technology products, and observe that our proposed policies outperform

31



several benchmarks, particularly when product retirements are important for increasing revenue.
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Chapter 2: Simple Policies for Joint Pricing and Inventory Management

2.1 Introduction

In this chapter, we study a fundamental joint pricing and inventory management problem. We
focus on an infinite horizon, single product system with continuous review. Customers arrive with
unit demand according to a Poisson process and make a purchase if their valuation for the product
exceeds the current price. The seller incurs a holding costs for excess inventory and shortage costs
for backlogged demand (when allowed). Moreover, there is a fixed cost for ordering inventory
and orders are fulfilled immediately. The goal for the seller is to maximize the long run average
profit, i.e., the combined revenue from the customers minus the ordering, holding, and backlogging
costs. In this setting, an optimal policy has many parameters and is highly dynamic, with the
price changing every time a unit is sold. In this work, we analyze the effectiveness of simple
pricing policies where only one or a few prices are ever offered, and provide strong performance
guarantees against the optimal policy.

Dynamic pricing, where the price keeps changing with the inventory level, requires that sellers
be able to query the current inventory level in real-time and have a mechanism to update the
price frequently. Thus, the implementation of a fully dynamic pricing policy may not be feasible
due to business and logistical constraints. Moreover, inventory systems are known to suffer from
inventory record inaccuracy [38, 39], which may result in selecting the wrong prices. The trajectory
of prices in dynamic pricing policies is also highly dependent on an accurate demand model and
thus suffers when there is model mis-specification [40]. A simple policy is less susceptible to these
issues. For instance, a static policy where the same price is offered throughout requires is entirely
unaffected by inventory record inaccuracy. Moreover, a static policy is also easier to learn (for e.g.

[41, 42, 43]) and is less sensitive to the choice of demand model, in contrast to a high dimensional
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optimal policy [44].

From the customer perspective, dynamic pricing may not be appealing to customers, who do
not usually have access to the underlying inventory state. In fact, customers often are strategic
and wait for favorable prices using price trackers [45, 46], which is difficult to account for in a
model and results in less profit than expected (refer to [47] for a recent survey). In contrast, a
simple pricing policy is more strategy-proof [48, 49] and requires less burden on customers to
get favorable prices, which is often a luxury for the well-informed. In this work, we assume that
the model does not suffer from inventory inaccuracy, model mis-specification, strategic customer
behavior which all clearly disadvantage the optimal dynamic pricing strategy. We do show that
even under these ideal conditions, a simple price strategy with one or a few prices can achieve both

revenue and costs that are very close to the optimal policy.

2.1.1 Contributions

The optimal dynamic pricing policy in the model we consider is known to be an (s, S, p)
policy [50]: when the inventory level drops to s units, the seller immediately places an order to
replenish the inventory to S units. The optimal pricing policy p has a different price for all S — s
inventory states. We provide multiplicative performance guarantees for simple policies compared
to the optimal dynamic pricing policy. Since profit is a mixed objective of revenue minus costs,
it is not possible to give useful worst-case multiplicative guarantees on profit. Consequently, we
divide the profit into two components, revenue and costs, and compare policies individually on the

two metrics. Our results are as follows:

* We first consider the case where backlogging orders is not allowed, which is equivalent
to a lost sales model, and focus on the class of monotone hazard rate (MHR) valuation
distributions which include most standard demand models. The optimal policy in this setting
is an (0,S*, p*). We show that keeping the inventory policy the same and opting for a
particular stzatic price policy, one can obtain more revenue than the optimal dynamic policy,

maintain the same ordering costs, and lose a factor of at most 1+1n(S*) on holding costs. We
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then show that the inventory policy can be adjusted to obtain a better bound of /1 + In(S5*)

for the total costs while still earning at least as much revenue as the optimal dynamic policy.

We show that when valuations are uniform, which corresponds to the classic linear demand
model, our static price policy guarantees at least as much revenue as the optimal policy while

increasing costs by at most a factor of 1.225.

We construct examples showing that our analyses are nearly tight. In particular, the worst-

case valuation distribution corresponds to an exponential demand model.

When backlogging orders is allowed, we show that the holding cost ratio can be arbitrarily
bad for any static pricing policy. For this setting, we propose a 3-price policy, where there
is a different price when the on-hand inventory level is positive, zero, or negative. Suppose
(s*, 8%, p*) is the optimal dynamic policy. For any MHR value distribution, our policy earns
at least as much revenue as the optimal dynamic policy. Our policy also incurs the same
ordering costs as the optimal dynamic policy while the holding cost ratio is at most 1 +

In(S* — s7).

In numerical experiments, we compare the profits for our proposed policy as well as the
optimal static policy, with the optimal dynamic profit in the lost sales setting. We find that
static policies capture most of the profit in a majority of cases. Moreover, for the instances

where the profit ratio is low, the profit margin for the optimal dynamic policy is close to zero.

2.1.2 Literature Review

The benefit of jointly optimizing inventory and pricing has been noted since the early develop-

ment of periodic review inventory theory by Whitin [51]. A mainstream of the literature focuses

on the structure of the profit-optimal control policies. In a multi-period setting, Federgruen and

Heching [52] prove that a list-price-base-stock policy is optimal for both the non-stationary finite-

horizon and stationary infinite-horizon problems when considering the holding and variable order-

ing costs. With fixed ordering costs, Chen and Simchi-Levi [53] demonstrated that the (s, S, p)
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policy is optimal for the finite horizon problem: the optimal inventory policy follows the (s, S)
policy while the optimal pricing strategy is a list-price policy. Moreover, they extended their ear-
lier results to the infinite horizon case for both the average and discounted profit criterion. Huh
and Janakiraman [54] provide an approach for generalizing many of the early results for both
back-order and lost sales settings. In continuous-review models such as the one we study, the
joint pricing-inventory problem has been investigated under Poisson demand, where the arrival
rate of the Poisson process depends on the price. In an infinite-horizon setting, Chen and Simchi-
Levi [50] proved the existence of a stationary (s, S, p) inventory policy that maximizes expected
profit in both the discounted and average cases. Chao and Zhou [55] obtained the closed-form
solutions for the optimal policy and developed efficient algorithms to compute them within the
same Poisson demand model with joint pricing-inventory decisions. Our model is built upon the
optimal structure results in the literature and compares the performance of a static price to the
optimal dynamic pricing policy. The value of dynamic pricing in inventory systems has only been
investigated numerically in the literature (see e.g. [52, 56, 57]).

Another stream of literature examines the efficacy of static pricing policies in various settings
where the optimal policy is inherently dynamic. Gallego and Van Ryzin [58] proposed the use of a
simple fixed price policy in a single-product revenue management setting and provide performance
guarantees. Recently, Chen et al. [48] studied a multi-product revenue management problem over
a fixed horizon with strategic customers and demonstrated similar guarantees. Ma et al. [8] con-
sidered the pricing and assortment control problem and provided a performance guarantee on a
deterministic pricing policy in the form of a price calendar. A recent paper by Besbes et al. [59]
analyzes the efficacy of static pricing policies in the reusable resources setting. market share, and
service level from the optimal dynamic pricing policy. Recently, Lei et al. [60] consider a joint
inventory and pricing problem in a one-warehouse multi-store setting with lost sales and Poisson
demand. They prove a theoretical lower bound on the performance of any policy that does not
dynamically adjust prices, regardless of how sophisticated the replenishment policy is.

The rest of this chapter is organized as follows. In Section 2.2, we describe the model. In
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Section 2.3, we describe the main policy idea and results, which hold for the lost sales version
of our model. In Section 2.4, we consider the extension with backlogging costs. In Section 2.5,
we present numerical examples of the performance of simple pricing policies. We conclude our

chapter in Section 2.6.

2.2 Model and Preliminaries

We consider a joint pricing and inventory management problem for a single product in a con-
tinuous review inventory system over an infinite time horizon. The customers arrive randomly
with unit demand according to a Poisson process with an arrival rate A. Each customer has a ran-
dom valuation V for the product drawn independently from a known distribution with cumulative
distribution function F(-) and density function f(-). The probability that a customer purchases a
product if it is priced at p is thus F(p) := P(V > p) = 1 — F(p). Customers with valuations
lower than the price p leave the system without purchasing anything. The arrival rate of purchas-
ing customers when the price is p is denoted by A(p) := AF(p). Since A(p) is a monotonically
decreasing function of p, it has a unique inverse function p (1), which is the price offered to main-
tain a demand arrival rate of . We assume that the revenue rate p(1)A is concave in A which is
equivalent to the standard assumption that valuation distribution is regular.

We focus our analysis on a special class of regular distributions with monotone hazard rates
(MHRs). For an MHR distribution, the hazard rate, i.e., f(p)/F(p), is non-decreasing in p. Com-

mon examples of MHR valuation distributions lead to the following demand rate functions:

* Linear Demand: When V ~ Uniform(0,1/b) and A = a, a, b > 0, then the demand rate

takes the form

A(p) =a(1-bp).

* Exponential Demand: When V ~ Exp(b) and A = a, a, b > 0, then the demand rate takes
the form

A(p) = ae”®P.
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* Logistic Demand: WhenV ~ Logistic(p., 1/b) truncated to positive reals, A = a, a, b > 0,
then the demand rate takes the form

a(l+ e_bp")

AP) =T o0

Since demand follows a Poisson process, the seller only makes replenishment and pricing de-
cisions based on the current inventory level. We assume the supply lead time is zero as in [55]
and [50]. The costs we consider are a fixed ordering cost, holding cost per unit per period, and
backlogging cost per unit per period. The seller pays a fixed ordering cost of K for each order.
The holding cost is linear in the on-hand inventory level, expressed as 4 per unit product per time
period. The unsatisfied demand is assumed to be backlogged, with a linear backordering cost of 7
unit product per time period. We separately consider settings with and without backlogging. In our
model, the setting where demand cannot be backlogged is equivalent to a lost sales model since
there are no lead times and customers only purchase one unit of the product at a time.

The objective is to maximize the long-run average profit over an infinite time horizon. [50]
proved that optimal policy under these conditions is an (s, S, p) policy. The inventory replenish-
ment follows an (s, S) policy: when the inventory level drops to s, the seller immediately places an
order that increases the inventory level to S. Here, s and S are referred to as the reorder point and
order-up-to level, respectively. The optimal price depends on the on-hand inventory: p denotes the
vector that contains the optimal price for each inventory state. When backlogging is not allowed,
the optimal policy becomes an (S, p) policy, where s = 0. Since each price is associated with a
unique arrival rate, we use notation (s, S, 4) and (s, S, p) interchangeably to denote a joint pricing
and inventory control policy.

In an (s, S, ) policy, the inventory control policy is a (s, S) policy whereby S — s units are
ordered every time the inventory state reaches s. Accordingly, the inventory state cycles between
states 5,8 — 1,...,5 + 2,5 + 1. The price (and correspondingly demand arrival rate) is only a

function of the inventory state, and A; is the demand arrival rate at state i.
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2.2.1 Performance metrics

The long-term average profit PROFIT(s, S, 2) is composed of three components: revenue (REV (s, S, 1)),

ordering costs (ORDER(s, S, 1)) and holding + backordering costs (HOLD(s, S, 1)),
PROFIT(s, S, A1) := REV(s, S, 1) — ORDER(s, S, 1) — HOLD(s, S, 1). 2.1)

For convenience, we use holding costs to refer to holding + backordering costs in the rest of the
chapter. In our theoretical analysis, we give multiplicative guarantees for the performance our

policies with respect to the optimal dynamic policy on each of these components separately.

Formulations. All metrics depend on the steady-state distribution of the inventory state and the
inter-arrival time between orders. Let T'(s, S, A) be the expected inter-arrival time between orders
and m; (s, S, A) be the steady-state probability that the system is in inventory state i. Since the time

taken for demand to arrive in inventory state i is Exp(4;),

S
T(s,S,A) = Z ﬂl (2.2)

i=s+1 "
It follows from the elementary renewal theorem that the steady-state probability for state 7 is

1
Ai

7Ti(s,AS,Il) = i:z;fig—jig.

(2.3)

Using the above definitions, the metrics can be expressed as,

Z,‘S:ﬁ.l p(4;)

REV(s, S, 1) = T(s.5.0)

S
, ORDER(s, S, 1) = HOLD(s, S, 1) = Z F(i)mi(s, S, A),

i=s+1

_K
T(s,S,A)°
2.4)

where f (i) := hil[i > 0] — #il[i < 0]. The first two follow from the elementary renewal theorem

while the holding cost formulation uses the steady state distribution of the inventory state.
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2.2.2  Optimal dynamic policy structure

In this section, we review results on the structure of the optimal prices that were discovered
in [55], as they will be useful throughout the chapter. We leverage the structure of the optimal
dynamic policy to prove our results for holding costs as well as tightness.

Define g; , (1) as,

ih+vy

1 (2.5)

8iy(A) = p(A) -

where ¥y € R is a constant that is a proxy for the long-term average profit while i is an integer
denoting the inventory state. We state the following lemma, which is directly from Theorems 1

and 2 from [55].

Lemma 2.1 (Theorems 1 and 2 [55]). The optimal dynamic policy (s*,S*, A*) with optimal long-

term average profit y* satisfies the following.

(i) Given optimal profit y*, the optimal rate A} is the maximizer of g;,+(A). By first order

conditions:
hi +y*

8 (A4)=0=p'(&) = BVRER
i

(i) Given optimal profit y*, the optimal inventory policy (s*,S*) is given by:

0 g1y+(1]) <0
s*=max{i <0 g, (1) <0}, S = .

max{i > 0| g;,~(47) > 0} otherwise

(iii) Given policy (s, S, ), the corresponding long-term average profit y is the unique solution

to the equation

S
Z gi,y(/li) =K.
i=s+1
(iv) The optimal rates are decreasing from state s + 110 0, i.e., A | < ... < A and increasing

* . * *
from 0 to §7, ie., /lo <...< /lS*.
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Lemma 2.1 gives the structure of the optimal dynamic policy (s, S*, 4*) as a function of the
optimal profit y*. Interestingly, note that the optimal rates in Lemma 2.1(i) do not depend on the
inventory policy or any of the other arrival rates outside of being a function of the optimal profit,
v*. Chao and Zhou [55] show that root-finding schemes can be used to find y* that satisfies Lemma

2.1(iii) for policy (s*, S*, 1%).

2.3 Lost Sales Model

We first analyze the setting where backlogging orders is not allowed, i.e., demand is lost if
it cannot be fulfilled with on-hand inventory. For our model, it implies that an order is placed
immediately when there is no on-hand inventory left, and the optimal dynamic policy is an (S, p)
policy. In this setting, we show that a static price policy is near-optimal. We first describe the static
price that we use in our main theoretical results in this section. Note that this is not the profit-
maximizing price, but a proxy that is more amenable to analysis. In our numerical experiments
section, we compare the performance of the profit-maximizing price with our static price. After

giving our static price construction, we state our main results along with a proof and tight examples.

2.3.1 Static price construction

The static price that we use for our analysis is, in fact, derived from the optimal dynamic
pricing policy itself. In particular, we choose the static price such that the corresponding arrival
rate is equal to the expected arrival rate of the optimal dynamic pricing policy. A related idea
was used by Besbes et al. [59], who studied pricing in an Erlang loss system. However, they
used a modification of the expected arrival rate under the optimal policy and their analysis does

not require studying a mixed objective. Suppose (S*, 2¥) is the optimal dynamic policy where

A" ={A%, ..., Ag.}. Then our constructed static rate Ayqqic 18 given by
s 5oL .
k 3k k 3k l=1 l ﬂ;k S
Avane = Bildf) = 2 (8" A0} = — = S5 2:6)
i=1 i=1 2 i=1 A7
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where the third equality follows from (2.2) and (2.3). We denote the static pricing policy using the
notation A4 - 1, where 1 is the vector of all ones. The choice of this static rate allows us to prove
strong performance guarantees directly comparing to the optimal policy, in contrast to methods

that rely on using a deterministic relaxation of the problem.

2.3.2 Main results

Our main results for this section are captured in Theorems 2.2, 2.3, and 2.4. We denote revenue,
ordering costs and holding costs for policy (S, 1) as REV(S, 1), ORDER(S, 1), and HOLD(S, 1),
respectively. For our first set of results, we modify the pricing policy without changing the in-
ventory policy, i.e., the static policy uses the same value of S as the optimal dynamic policy. The

guarantees under this setting are given in Theorem 2.2.

Theorem 2.2 (Static Price Guarantees). Let (S*, A*) be the optimal dynamic policy for an instance
where customer valuations follow an MHR distribution. Then the static policy (S, Agaric - 1) has

the following guarantees:

e Revenue ratio:
REV(S*’ /lstatic . 1) > 1
REV(S*,A*)

* Ordering cost ratio:
ORDER(S", Agraric - 1)
ORDER(S*, 2%)

=1.

* Holding cost ratio:
HOLD(S*’ /lstatic ) 1)
HOLD(S*, A*)

< 1+In(S%).

For the next set of results, we show that modifying the inventory policy improves our guaran-
tees. As can be observed in Theorem 2.2, using order-up-to level $* with our static pricing policy
achieves an ordering cost ratio of 1 while the holding cost ratio can be greater than 1. Decreas-

ing the order-up-to level reduces the holding cost ratio while increasing the ordering cost ratio.
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Thus, we can adjust the order-up-to level in order to minimize the maximum of the two cost ratios.

Theorem 2.3 specifies the guarantees with our static rate and the optimized inventory policy.

Theorem 2.3 (Guarantees for Optimized Inventory Policy). Let (S*, A¥) be the optimal dynamic
policy for an instance where customer valuations follow an MHR distribution. Then there exists

Sstatic < S* such that the static policy (Ssratic, Astaric - 1) has the following guarantees:

e Revenue ratio:

REV(Sstatic’ /lstatic : 1) > 1
REV(S*, 1%) -

e Total cost ratio:

COSTS(Sstatic’ /lstatic : 1)
< 1 +In(S*),
CoSTS(S*, 1) n(")

where COSTS(S, A1) = ORDER(S, 1) + HOLD(S, A).

Theorems 2.2 and 2.3 give performance guarantees for any MHR valuation distribution, and in
Section 2.3.4 we show that there exist MHR distributions for which the cost guarantees are tight
up to a constant factor. The proof for both theorems is provided in Section 2.3.3.

We give improved bounds for the case of linear demand, which corresponds to customer valu-
ations being drawn from a uniform distribution. When demand is linear, we obtain small constant
bounds for the cost ratios, as stated in Theorem 2.4 below, while still guaranteeing at least as much

revenue as the optimal policy.

Theorem 2.4 (Constant Factor Guarantees for Linear Demand). Let (S*, A*) be the optimal dy-
namic policy for an instance where demand is linear. The static policies we construct have the

following improved guarantees for the costs.
(i) When the inventory policy is unchanged, the holding cost ratio for policy (S*, X*) is

HOLD(S*, /lstatic ' 1)

< 1.5.
HoLD(S*, 4*)
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(ii) When the inventory policy is adjusted to optimize the overall cost ratio, there exists Sgqtic <

S* such that the total cost ratio for policy (Sgatics Astatic - 1) is

COSTS(Sstalic’ /lstatic ' 1)
< V1.5 < 1.225,
COSTS(S*, 1*) - B

where COSTS(S, A1) = ORDER(S, 1) + HOLD(S, A).

We provide a proof of Theorem 2.4 in Appendix B.1.3. The main idea is that when demand is
linear, there is limited variation in the arrival rates of the optimal dynamic policy, so a static price

is not far off from the optimal dynamic policy’s behavior.

2.3.3 Proof of Theorems 2.2 and 2.3

For the proof of Theorems 2.2 and 2.3, we first determine the ratios of the performance met-
rics when comparing our static policy with a general S to the optimal dynamic policy. Then we

conclude the proof by substituting S = S§* for Theorem 2.2 and S = Sgs4sic for Theorem 2.3.

Revenue ratio. MHR distributions are a special case of regular distributions. Moreover, for any
regular distribution, the revenue rate function Ap (1) is concave in A. Using this fact, we show that
the revenue rate for the static policy (S, Agaric - 1) is greater than or equal to the revenue rate for

the optimal dynamic policy (S*, A*), for any value of S.

S
S 0(Agrari Sp(dar
REV(S, Agraric - 1) Lizy PAstatic) _ Sp(Astatic)

= ﬂstalicp(/lstatic) = Ei [/l;k]p(El [/l;k])

B T(S’ /lstatic : 1) /lwi”,‘
S* S* *
, Z-—lp(/l')
> E; [ p(A)] = E (ST, AN p(A)) = ==——- = REV(S", 1Y),
l[ zp( l)] P T[l( ) lp( l) T(S*,/l*) ( )

where the first and last equality both follow from the definition of revenue rate in (2.4), second
equality follows from (2.2) and substituting A; = Agaric fori = 1,..., S, the fourth equality follows
from the definition of A4y in (2.6), the inequality follows from Jensen’s inequality and the con-

cavity of Ap(A), and the sixth equality follows from (2.3). Therefore, for any MHR distribution
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and any order-up-to level S,

REV(S, Astatic : 1) >

2.7
REV(S*, 1%) @.7)

Ordering cost ratio. From the definition of A, in (2.6) and (2.2), it follows that

S*

Astatic = TS

Therefore, for the static policy (S, Agqric - 1), the ordering cost rate is given by,

K S*K

ORPERS: A D= S = 75 1)
Therefore, for our construction of the static rate and (2.4), we have
ORDER(S, Aggric - 1 S*

ORDER(S*,1*)  §

Holding cost ratio. We start with the holding cost rate for the static policy. Note that since static
policies spend the same amount of time in each inventory state, the holding cost rate does not
depend on the static arrival rate and only depends on the mean inventory state, which for our case
is (S + 1)/2 when the order-up-to level is S. Thus, for the static policy (S, Asaric - 1), the holding
cost rate is given by

_h(S+1)

HOLD(S,/lstu”'C * 1) — T (2.9)

The holding cost rate for the optimal dynamic policy depends on the demand model. However,
for MHR distributions, there is a lower bound on the holding cost rate for the optimal dynamic

pricing policy as described in Lemma 2.5.

Lemma 2.5 (Lower Bound on Optimal Holding Costs). For any MHR distribution, the holding
cost rate for the optimal dynamic policy (S*, A*) has a lower bound

hS*

H S* A7) > .
OLD( ) In(eS*)
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The key observation required to prove this result is that there is a lower bound on the time that
the system much spend in each inventory state for MHR distributions. A formal proof for Lemma
2.5 is provided in Appendix B.1.1. It follows from (2.9) and Lemma 2.5 that for any order-up-to

level S, the holding cost ratio is

HOLD(S, Astaric - 1) < (1+In(S*)(S+1)

2.10
HoLD(S*,A*) — 28* 2.10)

Proof of Theorem 2.2. In Theorem 2.2, we analyze the static policy when S = S*. Substituting

S =S8"1in (2.7), (2.8) and (2.10) we get,

¢ Revenue ratio:
REV(S*, /lstatic . 1) > 1
REV(S*,A%)

* Ordering cost ratio:
ORDER(S*, /lstatic ) 1) _ S_* =1
ORDER(S*, A*)  §*

* Holding cost ratio:

HOLD(S*, Astaric - 1) < (1+In(S*)(S*+1)

< 1+In(SY),
HoLD(S, 1)~ 25" < 1+In(57)

where the last inequality uses the fact that $* > 1. O

Proof of Theorem 2.3. We prove this theorem by construction. First, note from (2.7) that the
revenue ratio is still at least 1, irrespective of the new value of Sy 4sic. Consider the value of Syqyic

to be
S*
V1 +1In(S5%)

Note that the total cost ratio is at most as much as the larger of the holding and ordering cost

. 2.11)

Ssmtic =

ratios. We show that both ratios are bounded above by /1 + In(S*) at the chosen value for Sg4sic

in the following lemma. The proof of the lemma is deferred to Appendix B.1.2.
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Lemma 2.6 (Upper bound on cost ratios for (Ssaric, Astatic - 1)). The ordering and holding cost

ratios for the static policy (Sgiatic, Astatic - 1) have the upper bound

ORDER(Sslatic’ ﬂstatic : 1) HOLD(Sstatic, /lslatic ' 1)
, < /1 +In(S5*).
maX{ ORDER(S*, 2*) HoLD(S*, A%) n(57)

From Lemma 2.6 it follows that there exists S, for which total cost ratio is bounded above

by /1 + In(S*).

2.3.4 Tightness Analysis

This section gives examples when bounds in Theorems 2.2, 2.3, and 2.4 are tight, up to a
constant factor when the bound depends on S*. In Example 2.7, we show tightness of the revenue

ratio bound in Theorems 2.2 and 2.3.

Example 2.7 (Tight example for revenue ratio bound). Our static policies guarantee that the rev-
enue ratio is at least 1. This ratio is tight when there are no ordering costs, i.e., K = 0. The optimal
inventory policy is to order one unit of product after every demand arrival, i.e., S* = 1. When

S* =1, the revenue ratio is exactly 1 since the optimal policy is static. [

Next, we cover the tightness of the three cost ratios stated in our results for MHR distributions,
i.e., ordering and holding cost ratios for policy (S, Asaric - 1) (Theorem 2.2), and total cost ratio
for policy (Ssrarics Astaric - 1) (Theorem 2.3). For the latter two bounds, we show rightness by

constructing examples whose cost ratios are within a constant factor of the stated upper bound.

Example 2.8 (Tight example for cost ratio bounds in Theorem 2.2). Since the bound for the order-
ing cost ratio for (S*, Agaric - 1), (2.8), is an equality, it is trivially always tight.
The holding cost ratio bound is tight when demand is exponential and the optimal profit rate

is zero. Suppose the demand follows an exponential demand model and the demand function is
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given by A = ae"?, with unique inverse function

1 a
() = Eln(/—l). 2.12)
The optimal arrival rates are given by
. 1 hi+y
"A)=——=- A = bhi + by, 2.13
U=y = Ty T A TPy e

where vy is the optimal profit rate and 4 is the holding cost parameter. The first equality follows
from differentiating (2.12) and the second equality follows from Lemma 2.1(i). To model the costs

in our tight example, we fix a positive integer k and consider the following cost parameters:

1 i
- E(l —11'1(%)) (214)

We first show that the optimal profit rate and order-up-to level for instance k are O and k, respec-

Pyl

bl

|
(4N
S Q
Ponl

>

bl

i
M»

tively. In particular, substituting values y* = 0 and S* = k along with the optimal rate formula
from (2.13) satisfies the conditions stated in Lemma 2.1(ii) and (iii). Note that if y* = 0, then the
optimal prices for inventory state i € [ k] for this instance are given by

ai
9

4 =bhi+b-0=—

(2.15)

where the first equality follows from (2.13) and the second equality follows from substituting 4y

defined in (2.14). Now, to see Lemma 2.1 (ii), note that,

A, b A, b b

) o Mk 1 (a\ hk 1 fa) mk 1 1
A;) =p(d;) — =—In|l—| - =—lIn|—] - =--7=0,
8ko(Ay) = p(A) : n(ﬂz) : “(%) bhik ~ b

where the first equality follows from (2.5), the second equality follows from (2.12), and the third
equality follows from (2.15). Combining the above with the fact that g;o(4}) is a decreasing

function of 7, it follows that k is the largest integer with g; o(4;) > 0. Therefore, §* = k and y* = 0
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satisfy Lemma 2.1(i1). To show Lemma 2.1(iii), note that

oo - (g ul) 2] - £30 vl -

where the first equality follows from (2.12) and (2.5), the second equality follows from (2.15), and

the last equality follows from (2.14). Thus, the optimal policy is (k, %), and the optimal profit rate

is 0 for our instance. It follows that the holding cost rate for the optimal dynamic policy is,

HoLD(k,A%) = = < = , (2.16)

where the first equality follows from substituting (2.3) and (2.2) into the definition of the holding
cost ratio from (2.4) and the second equality uses the fact that A7 = bhi for our instance. On the
other hand, the holding cost ratio for static policy (k, Agaric - 1) is hi(k + 1)/2. Therefore, the

holding cost ratio for policy (k, Agqric - 1) can be bounded below as,

HoLD(k, Agaric - 1) k+1 In(k)
> In(k+1) > , 2.17
HoLD(k, A*) 2k (k+1) ( )
which is within a constant factor of 1 + In(k). [ |

Example 2.9 (Tightness of total cost ratio bound in Theorem 2.3). We continue using the same
instance as Example 2.8 and show that the best total cost ratio achievable by adjusting order-up-to
level Ssq1ic 1s within a multiplicative factor of the upper bound. Note that the ordering and holding
cost rates decrease and increase, respectively, when the order-up-to level is increased for a static
policy. It follows that the minimum possible total cost ratio occurs when both ratios are equal.
Since the total cost ratio is bounded below by the minimum of holding and ordering costs, we

know that for any order-up-to level S = 1,.. ., k,

CoSTS(S, Agasic - 1) o {k S+

CosTs(k, A*) S’ 7(1 n(k + 1))}’
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which follows from (2.8), (2.9), and (2.16). The right-hand side is minimized when both its terms

are equal, which occurs at
1 1 2k2

ST T ks 1)

Using S, we can lower bound the total cost ratio by

COSTS(S, Asraric - 1) _ S+
CosTS(k, %) - 2k

In(k+ D1 1 2&2
2k (2 N4 In(k+1)

, In(k+1) 2Kk2 _\/ln(k+1)>\/ln(k)
- 2k In(k+1) 2 = 27

which is within a constant factor of the total cost ratio derived in Theorem 2.3. [ ]

Lntk + 1)) =

We next show that the analysis for linear demand is also tight. In particular, we construct a

sequence of instances whose cost ratios approach the constants stated in Theorem 2.4.

Example 2.10 (Tightness of cost ratio bounds in Theorem 2.4). Suppose the demand function is
linear and A(p) = a(1—bp). We construct our sequence of instances as follows. For every positive

integer k, instance k has cost parameters

k N
a 1 ]
o= K ._25(1— E)' (2.18)

Following the same line of analysis that we perform in Examples 2.8 and 2.9 for the exponential

demand, we prove the following facts for instance k when demand is linear.

Lemma 2.11. Instance k with cost parameters (hy, Ky ) has the following properties when demand

is linear.

(i) The optimal order-up-to level and profit for instance k are k and 0, respectively.

(i) The holding cost ratio for policy (k, Agaric - 1) can be bounded below as

HOLD(k’/lstatic ’ 1) > 3 1 1
HoLD(k,A*) 2 N

50



(iii) The total cost ratio for policy (S, Asazic - 1) for S = 1, ..., k is bounded below as

COSTS(S, Asraric - 1) 3k 1— !
Costs(k,A*)  — \2(k+1) ViE+1)

The proof for Lemma 2.11 is deferred to Appendix B.1.4. As k — oo, it follows from Lemma
2.11(ii) and (iii) that holding and total cost ratio lower bounds approach 1.5 and V1.5, respectively.

Therefore, the cost ratios from Theorem 2.4 are tight for this sequence of instances. [

2.4 Backlogging Model

In this section, we consider the setting where unsatisfied demand from purchasing customers
are backlogged. We assume a shortage cost of 7 per unit of backlogged demand per unit time. The
optimal inventory policy shifts from a ZIO policy to an (s, S) policy where s < 0. The price is still
only a function of the inventory state, and A; is the (chosen) demand arrival rate at inventory state
i,fori =s+1,...,5. We first show that the cost ratio can be arbitrarily bad in this setting for a
static pricing policy, even when the demand is linear. Later, we give the formulation for a 3-price

policy with theoretical guarantees.

Example 2.12 (Failure of static pricing). Consider a setting where the demand function is linear
with the form A(p) = a(1 — bp). Let the holding and backlogging costs be symmetric, i.e., 7 = A.

We consider a sequence of instances (g, hy, Ki) with mp = hy = 3

5 — Yk and optimal profit rate

vk for a sequence of positive numbers (Y )xen such that y; — 0. From Lemma 2.1, one can check
that setting Ky = Zil:_l iy (A7) achieves the required optimal profit rate.

The optimal inventory policy for every instance is the same, with S* = 1 and s* = -2, i.e., there
are only three inventory positions which are 1, 0, and -1. Moreover, the optimal arrival rates are

given by

ko4 k_ [ k_4
/1_1—5, /10— ab'}/k’ /11—5
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Therefore, the holding cost rate for the optimal dynamic pricing policy is

OLD(s = =
vt HWbntna

which goes to 0 as k increases since y; — 0. On the other hand, the holding cost rate for any static

policy with arrival rate Ay 1S

T | h
Zh
* k /l ic /l ic
IIOLD(S N ;; ,/lgtan‘c * l) — Lstarle  Tratic 3 start - T

/lstatic

which is a constant independent of the choice of Ay4s;.. We conclude that the holding/backordering
cost ratio diverges to infinity for static policies in the backlogging setting when the profit rate

approaches 0. [

Intuitively, when the profit rate is low, it is optimal to offer very high prices when there is no
available inventory, i.e., in state 0, since the holding/backordering costs incurred in this state are 0.
Consequently, the optimal dynamic policy spends large amounts of time in state 0. However, any
static policy, by construction, will spend the same amount of time in every inventory state and is
thus at a disadvantage. This problem does not arise in the lost sales model, since it was not possible

to sell the product in state 0, and thus a static price performs reasonably well.

2.4.1 Simple pricing policy for backlogging

While static pricing may not be a good idea in the backlogging setting, we still want to find
a simple pricing policy with a few prices and strong performance guarantees. In this section, we
construct a policy that uses three prices, which provides theoretical guarantees in the backlogging
paradigm. In this policy, we offer a different price for each of the following three regimes: negative
inventory, zero inventory, and positive inventory. We denote the three corresponding arrival rates

by 4_, 4., and A4, respectively. The policy construction is similar to the static policy in Section
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Figure 2.1: Three-price policy for backlogging (s* = —10, §* = 200)
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2.3.1. Suppose (s*, S*, %) is the optimal dynamic policy, then the static rates are given by

S* * * . _S*_l
S*—’ /10:&0, /l_:]E[/ll|l<O]:_l—

i=1 a7 i=s*+1 X7

We refer to the policy as A3,. Figure 2.1 shows an example of the arrival rates under policy A3,.

The following theorem states the guarantees for policy A3),.

Theorem 2.13. Let (s*,S*, A*) be the optimal dynamic policy for an instance where customer
valuations follow an MHR distribution. Then the three price policy (s*,S*, A3,) has the following

guarantees:

° Revenue )atiO.'
REV S*, S*,/lgp

REV(s*,S*,A%) —

* Ordering cost ratio:
ORDER(s", §*, 43)) _q
ORDER(s*, §*,A*)

» Combined holding and backlogging cost ratio:

HoLD(s*, S*, A3,)
HoLD(s*, S*, 1%)

< 1+1In(S* - s%).

We defer the proof of Theorem 2.13 to Appendix B.1.5. With just 3 prices compared to S* — s*
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prices, we can achieve more revenue, same ordering costs, and at most a factor of 1 + In(S* — s*)

in combined holding and backlogging costs.

2.5 Numerical Experiments

In this section, we numerically show the effectiveness of static policies for joint inventory and
pricing problems. In this numerical study, we analyze the performance of static policies in the
lost-sales model setting for two specific examples of MHR distributions: linear and exponential

demand. We consider three policies to compare to the optimal policy.

* Our proposed policy for proving guarantees: We consider the policy from Theorem 2.2,
(S*, Asraric - 1). While this static arrival rate make analysis more amenable, for practical

purposes one is more likely to optimize the static arrival rate (price).

* Profit-maximizing static policy with order-up-to level S*: This policy keeps the inventory
policy to be the same as the optimal dynamic policy, and uses the static rate that maximizes
profit. We let A%, . (S) denote the profit-maximizing rate for order-up-to level S. Therefore,

static

this policy is referred to as the (S*, A%, . (S*) - 1) policy.

static

* Profit maximizing static policy: This policy optimizes both the static rate, as well as the

*

order-up-to level to maximize profit. we refer to the optimal order-up-to level as S¢, . .

*

Therefore, this policy is referred to as (S5, ;. Ayruric (Serasic) * 1-

2.5.1 Methodology

For the test bed, we fix the demand function and consider 100 instances with different values
of the ordering cost K and holding cost /4 in a 10 X 10 grid where K = 500, 1000, ..., 5000 and
h = 0.5,1.0,...,5.0. For the demand functions, we let the maximum arrival rate be 10, i.e.,
A = 10, and we let the expected valuation of the customer be 100, i.e., E[V] = 100. Accordingly,
the demand functions for linear and exponential demand come out to be A(p) = 10 — p/20, and

A(p) = 10e7P/190_respectively.
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Figure 2.2: Variation of profit ratio and connection to optimal dynamic profit (linear demand)
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(a) Optimal dynamic profit (b) Profit ratio

Note: Figure 2.2a shows the optimal dynamic profit for each instance, whereas Figure 2.2b shows the profit ratio for
the different static policies we consider. For the policies from left to right, we observe average profit ratios of 0.9689,
0.9693, and 0.9703, respectively.

Figure 2.3: Variation of profit ratio and connection to optimal dynamic profit (exponential demand)
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(a) Optimal dynamic profit (b) Profit ratio

Note: Figure 2.3a shows the optimal dynamic profit for each instance, whereas Figure 2.2b shows the profit ratio for
the different static policies we consider. For the policies from left to right, we observe average profit ratios of 0.9128,
0.9171, and 0.9249, respectively.
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Figure 2.4: Profit ratio vs. profit margin

* * * * * *
(s ) s Astatic * 1) (57, /\static(s )-1) (Sstatic' /\static(sstatic) ‘1)

1.0 /~“0 /‘—"0 /—"‘.
.% 0.9 r) o .0
-4 4 e
E 0.8 ° ° o
<
& 07

° .
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
Profit Margin Profit Margin Profit Margin

(a) Linear demand

* * * * * *
(s ' + Astatic * 1) (57, Astatic(s )-1) (Sstatic' /\sratic(sstatic) ‘1)

1.0 K’O (] /—‘o °
2 0.8 o &
So6] @ e
% 041 @ °
& 02

L]
001% . . . . . . . . . . .
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
Profit Margin Profit Margin Profit Margin

(b) Exponential demand

2.5.2 Results and analysis

Our primary goal from the numerical experiments is to compare the performance of the static
policies directly in terms of long-term average profit. With that in mind, the metric that we mainly
focus on is profit ratio. Figures 2.2b and 2.3b show how the profit ratio varies with instance
parameters for linear and exponential demand, respectively. It can be seen that all three static
policies capture a large fraction of the optimal dynamic profit in most instances. In particular, the
profit ratio is much greater than 0.9 for a large majority of the linear demand instances and 0.8
for some exponential demand instances. Figures 2.2a and 2.3a give the heatmap for the optimal
dynamic profit rates for these instances, and one can see that the instances where the profit ratio
is low coincide with the instances where the profit is low. This observation is illustrated better in
Figures 2.4a and 2.4b, where the profit ratio for the different static policies is plotted against the
profit margin (i.e., profit divided by revenue) for the optimal dynamic policy.

In terms of comparison of performance across the different static policies, all policies perform
similarly to each other in terms of profits. However, in terms of individual metrics such as revenue,

holding costs, and ordering costs, the policies perform differently due to the differences in their
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constructions. These differences are illustrated in Figures 2.5 and 2.6.

Figure 2.5: Variation in revenue and cost ratios for linear demand
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Figure 2.6: Variation in revenue and cost ratios for exponential demand
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2.6 Conclusion

In this work, we study the performance of simple policies for joint pricing and inventory con-
trol problems with continuous review and a general class of distributions that are MHR. For our
analysis, we break the profit rate down into revenue and costs, and give multiplicative guarantees
for each component. Our proofs rely on a particular construction for our simple policies that di-
rectly use the optimal dynamic policy, in contrast to heuristics that rely on fluid limits. When there
is no backlogging, we prove that a static policy is sufficient for good performance guarantees. We
prove that revenue actually increases, while the total costs are at most m factor from op-
timal and at most 1.225 factor when demand is linear. When backlogging is allowed, a policy that
uses only three prices has similar performance guarantees. In numerical experiments, we explic-
itly compare the profit rates of simple policies with the optimal dynamic policies. Simple policies
capture a large fraction of the profit in most cases. For the instances where the profit ratio is low,
the profit margin is low as well.

This work provides a foundation for potentially many avenues for results in more general set-
tings. Future research directions include studying whether simple, low-dimensional policies can
be provably near-optimal for periodic review settings, multiple products, multiple echelons, and

problems with lead times.
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Chapter 3: Pricing and Assortment Optimization Considerations with

Opaque Products

3.1 Introduction

In this chapter, we study the classic problems of assortment optimization and pricing from
revenue management literature under the opaque selling mechanism. We use the term opaque
selling to refer to instances where sellers providing substitutable products that differ on some
features (for instance, shirts of different sizes, flights at different times of day) offer a “surprise
bag” style of product (i.e., an opaque product) for their more flexible customers. Such mechanisms
have been employed in the airline, hospitality, and retail industries [61, 62]. Offering opaque
products allows sellers to boost their sales using differential pricing for their flexible and inflexible
customer bases. It also allows the seller to manage their product inventories more efficiently. Both
these aspects have been studied through several lenses in literature. This chapter studies the pricing
and assortment optimization problem for the multinomial logit (MNL) choice model.

We consider a seller offering substitutable products, which are similar but differentiated along
some features. When a customer arrives, the seller chooses an assortment of these products to offer
to the customer. The product prices may or may not be exogenous. The customer may choose to
buy one of the offered products outright or pay a discounted price for the opaque product option. If
the customer chooses the opaque product, the seller may fulfill the purchase with any of the offered
products as chosen by the seller. To differentiate the two different product types a customer can
choose from, we call them traditional and opaque products. An opaque product purchase is fulfilled
by one of the traditional products in the offered assortment.

A key question to address when modeling the opaque mechanism is determining a customer’s

value for the opaque product. Several early works have studied the idea of “probabilistic selling”
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where the customer has prior knowledge of the probability of receiving every traditional product
when purchasing the opaque product, and thus the valuation of the opaque product being the ex-
pected value over the possible alternatives. The other approach to modeling customer valuations
is to assume the customer has no information beforehand on what product they may receive with
the opaque option. If customers are risk-averse, they are assumed to value the opaque product as
if it were their least valued product in the assortment. On the other hand, if they are risk-neutral,
they are assumed to expect to receive a product uniformly from the assortment, which is the same
idea as probabilistic selling with a uniform distribution. This chapter focuses on the risk-averse

customer model.

3.1.1 Our contributions

* For risk-averse MNL customers, we provide closed-form solutions for purchase probabili-
ties. The purchase probability for a product under opaque selling can be described as a linear
combination of traditional MNL purchase probabilities corresponding to exponentially many
assortments. In each assortment, while the same products are offered each time, the prices

of a subset are changed to the opaque price.

* We show that the revenue-maximizing assortment may no longer have the nested-by-revenue
structure that is observed for MNL customers under traditional selling. Instead, we propose
heuristics with constant factor approximation guarantees. We first show that offering the
better of the optimal traditional assortment and the best singleton assortment guarantees
half the optimal revenue for risk-averse customers. We then extend this idea to a nested-
by-revenue-and-valuation heuristic, which retains the performance guarantee and is near-

optimal in practice.

* For the price optimization problem, we empirically observe that opaque selling does not do
better than traditional selling. We prove these results for risk-averse MNL customers in two

cases: (1) when prices are uniform and (2) when there are two products.

60



* In our numerical experiments, we find that assortment optimization heuristics significantly
outperform the proven guarantees. In particular, the nested-by-revenue-and-valuation heuris-

tic did not give the optimal assortment in only 5/11350 instances.

3.1.2 Literature review

The work by Elmachtoub and Hamilton [62] is most similar to ours in the literature. In this
work, the authors analyze pricing under the opaque selling mechanism for exchangeable valuation
distributions, while our work focuses on the multinomial logit choice model. They consider both
risk-averse and risk-neutral customers in their analyses. Opaque selling for risk-neutral customers
has also been studied under the name of probabilistic selling in the literature [63, 64, 65, 66].
These papers focus on settings with two or three products with customer valuations drawn from
the Hotelling or Salop’s circle choice models and show that there is value in offering opaque
products when different customer segments value products differently. Strauss et al. [67] also
consider the pricing problem with opaque products, particularly in the setting of flexible time slots.
They assumed a nested logit model for customer valuations, with traditional and opaque products
belonging in separate nests.

Another line of literature studies the power of opaque selling for capacity and inventory man-
agement. Gallego and Phillips [61] first considered revenue management with “flexible products”
in their work. They studied a model with two products where the seller can defer the decision of
allocating a traditional product to customers purchasing a flexible product to a predefined time af-
ter the purchase. Gallego et al. [68] extend the concept of flexible products to networks. They also
consider choice models in their work and provide algorithms for assortment and allocation plan-
ning with asymptotic guarantees when the customer valuations are drawn from general “attraction”
models (which encapsulate the MNL choice model). Their work differs from ours as they do not
assume the opaque or flexible product’s valuation to be a deterministic function of the traditional
products and instead allow for it to have a random valuation. Similarly, Liu et al. [69] also provide

an algorithm for assortment and allocation planning based on the fluid relaxation of the problem.
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In their model, the allocation of a traditional product to customers purchasing an opaque product
is done at the time of purchase. Their policy relies on the fluid relaxation linear program being
solvable. Elmachtoub et al. [70] and Elmachtoub et al. [71] also study the value of opaque selling

in inventory management settings.

3.2 Preliminaries

We consider a seller with aset N := {1, ..., n} of substitutable products, where r = {r; | i € N'}
denotes the vector of product prices. These products are referred to as traditional products to con-
trast them from the opaque product mechanism. The prices are assumed to be exogenously given
or endogenous depending on whether we talk about assortment or price optimization respectively.
We model customer behavior using random utility models. Accordingly, the notation (i | MECH)
is used to denote the probability that the customer purchases product i when shown assortment S

under mechanism MECH. The expected revenue earned by the mechanism is denoted by,

n
REV(MECH) := Z rin(i | MECH).
i=1

We consider two mechanisms in this work, the traditional selling mechanism, denoted by TRAD
and the opaque selling mechanism, denoted by OPQ. In the most general sense, a mechanism is
parameterized using an assortment S and a vector of prices for the traditional products rg := {r; |
i € S}, while also including some auxiliary parameters, such as the opaque price for the opaque
selling mechanism. For instance, the traditional selling mechanism where assortment S and prices
rg are offered is denoted by TRAD(S, rs). However, to keep notation concise, we drop parameters
that remain unchanged as applicable, For instance, for the price optimization problem, since the

assortment is assumed to be N, we refer to the traditional selling mechanism as TRAD(r).
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3.2.1 Traditional selling mechanism

We assume that customer valuations for traditional products are Logistic random variables.
The vector of random variables (V;)!" | denotes a customer’s valuation for the traditional products

with V; ~ Logistic(v;, 1), modeled as follows:

Vl':V,’+€l'—€0.

Here, (€)!, are i.i.d. random variables with distribution Gumbel(0,1). Note that due to the
assumption of independence and the Gumbel distribution, € — €y ~ Logistic(0, 1), which implies
that the valuations are Logistic random variables with mean v;. These modeling assumptions are in
line with the well-known multinomial logit (MNL) choice model for modeling customer purchase
decisions. The vector, (U;)!, denotes the utilities of the traditional products. Since the utility is
(valuation - price), its distribution is given as U; ~ Logistic(v; — r;, 1). A customer also always
has the option to not make a purchase. This no-purchase option is denoted as product 0, with
utility Ug = 0. In the traditional assortment selling mechanism, the seller selects a subset § € N
of products to offer to the customer, and then the customer purchases the product that maximizes
their utility. For the MNL choice model, the probability that a customer purchases product i under

mechanism TRAD(S, ry) is given by:

evi—ri

1+ ZjeS e"iri’

n(i | TRAD(S,rs)) =P[U; > U;¥j € SU{0}\ {i}] = (3.1)

Here, we assume without loss of generality thati € S U {0}. If i ¢ S, (i | TRAD(S,rs)) = 0.

Further, the expected revenue earned by the traditional mechanism is,

—ri

iestie'

T+ Yes e o

REV(TRAD(S, rs)) = Z rin(i | TRAD(S, ry)) =
ieS
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3.2.2 Opaque selling mechanism

The seller may also choose to offer an opaque product, denoted by ¢, at price p. If the cus-
tomer purchases the opaque product, the seller can choose to satisfy this purchase with any of the
traditional products that was offered to the customer. In their work, Elmachtoub and Hamilton [62]
consider two approaches to model the customer’s valuation of the opaque product, risk-averse and
risk-neutral. If S is the assortment of traditional products that the customer is offered, the valuation

of the opaque product based on their definitions is
1. Risk Averse: V, = min;cs V;.

2. Risk Neutral: V, = ﬁ 2ies Vi

In this work, we assume customers are risk-averse, i.e., they assume the worst case when de-
ciding to purchase the opaque product. The customer purchases the opaque product if its utility
U, := V, — p is larger than that of all traditional products and the no-purchase option. We re-
fer to the mechanism of offering assortment S of traditional products at prices rs along with the
opaque product option at price p as OPQ(S, rs, 0). The mechanism where the opaque price is

endogenously optimized is referred to as OPQ*(S, rs), where the opaque price is p*(S, ry).

Risk-averse customers.

If customers are risk-averse, they assume the worst-case scenario, i.e., the opaque product
purchase will be satisfied with their least preferred product. We assume that p < min;eg ;. We can
make this assumption without loss of generality since the valuation of the opaque product is the
lowest among all products by definition always, and consequently, the opaque product maximizes
a customer’s utility only if its price is lower than the price of all products.

When p < min;eg 7;, the purchase probabilities of products admit closed form solutions under

64



the risk-averse customer assumption. Fix traditional product i € S, the purchase

n(i | OPQ(S,rs,p)) =P[U; > U;¥j € S\ {i}, U; > Up, U; > Uy|

(g) P

U >UiVjeS\{i},U; > Uy, U; > rI?i?Vk—p]
€

n
(U > UYj € S\ (i) Ui > Un. | Ui > Vi —p

k=1

© Z (_1)|1|+11P[U,~ > U;¥j € S\ {i},U; > Up, U; > Vi — pVk € 1|
0+ICS

@ Z (-D)MplU; > UV € S\ (TU{i}),U; > Uy, U; > Vi — pVk € 1]
0+ICS

9N )IMR[U; > U e S\ (Ui, Ui > Up, Uy > Vy - p¥j € 1]
0+1CS\{i}

(f) . I,
I (—1)"'“71(1 | TRAD(S, ,.SP))
0+1CS\ (i}

Vi—r;

® Z 11+1 e
= (=1 — —
0£1CS\{i} L+ Yjes\r €77 + X jer e’

where,

ri i€ S’\I

ref = (3.3)

p i€l

Here, (a) follows from the definition of V,, for risk-averse customers, (b) uses the fact that it is
sufficient to be greater than at least one element of a set to be greater than the minimum element of
the set, (c) follows from the inclusion-exclusion principle, (d) follows from the fact that Vy—p > Uy
for all k € I due to our assumption that p < min;eg 7;, (€) follows from the fact that the probability
1s0if i € I since V; — p > U, (f) follows from the definition of purchase probabilities and (3.3)
whereas (g) follows from the definition of MNL purchase probabilities in (3.1). Similarly for the

no-purchase option,

1

L+ X e\ €7+ e ei™F

m(0 | OPQ(S,rs,p)) = Z (—1)HH!
0+ICS
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Finally, for the opaque product, the purchase probability is given by,

n(q | OPQ(S,r5,p)) = 1= > 7(i]5S,)
ieSU{0}

1+ Y s €™
— 1 _ Z (_1)|[|+1 JGS\I

L+ 2 e\ €777 + 2 je e’

0+ICS

S Y s S ey e
L+ e\ €7+ e ei7F

0#1CS 0#ICS
o eViP
B YT
- . .
0#ICS L+ Yjes\ €™+ Xjep ™"

where the second equality follows from the fact that a fixed index set / does not appear in the
summation in the purchase probability expansion for product i if and only if i € I, the third

equality follows from the fact that
Z(_1)|I|+1 — Z(_l)|l|+l -0.
Ics Ics

With the probability of purchase of each product defined, the revenue earned from the opaque

selling mechanism when customers are risk-averse is,

REV(OPQ(S.75.p)) = pr(q | OPQ(S.rs.p)) + ) rimi | OPQ(S.rs.p))  (3.4)
ie§

LS oy B e p T e

oiTes L+ Dies\r €+ Xiep '7F

- Z (—1)|1|+1REV(TRAD(S, ré’p)).
0%ICs

From the above equation, it can be seen that the revenue earned from the opaque selling mech-
anism for risk-averse customers is a function of the revenues earned from traditional assortment

mechanisms where a subset of products are offered at the opaque price.
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3.3 Assortment optimization

In this section, we analyze the assortment optimization problem for risk-averse MNL cus-
tomers. This problem is challenging for several reasons. First, it should be noted that despite
having closed form solutions for the purchase probabilities, evaluating the expected revenue for
even a single assortment takes O (n2") operations. Another challenge is determining the optimal
opaque price for a given assortment. In all our experiments, find that the revenue function under
opaque selling is unimodal with respect to the opaque price. This claim is challenging to prove
formally, but for the sake of our algorithms and experiments, we assume that unimodality holds

and the opaque price can be computed using polynomially many calls to the revenue function.

1.0 |

0.8

v 0.6 1
% Opq({1},p)
g’g opq({2}.p)

0.4 opq({3}.p)
opg{2,3}.p)
opq({1,3}.p)

0.2
opq({1,2},p)
opq({1,2,3}.0)

0.0 1 Trad({1,2,3})

T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Opaque product price {p)

Figure 3.1: Example for risk-averse customers where the optimal assortment under the opaque sell-
ing mechanism is not nested-by-revenue. The example has three products, with r = (4.02,4.01,4)
and v = (2,0.1,2). The plots are generated for each assortment by varying the price of the opaque
product. The optimal assortment is to offer products {1, 3} along with the opaque product, which
is not nested-by-revenue since product 2 is excluded from the assortment.

Given these challenges, we focus on analyzing the structure of the optimal assortment, and
propose heuristics that perform well while evaluating only a small set of candidate assortments. Itis

known that assortment optimization is tractable under the MNL choice model for traditional selling
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mechanism. In particular, the revenue maximizing assortment is nested-by-revenue, i.e., it offers
all products whose price is above a certain revenue threshold. Consequently, only n candidate
assortments need to be evaluated to find the revenue maximizing assortment. However, the nested-
by-revenue property does not hold for the revenue maximizing assortment under opaque selling.
In Figure 3.1, we give an example with 3 products, where it is optimal to offer {1, 3} along with
the opaque product, and exclude product 2 from the assortment despite it having a higher revenue
than product 3 for risk-averse customers. The idea behind the nested-by-revenue property not
holding is that while adding a product with high revenue but low valuation to the assortment did
no harm under the traditional mechanism, it can be greatly detrimental for opaque selling, since

the valuation of the opaque product is impacted by such a product.

3.3.1 Traditional optimal or singleton (TOS) heuristic

Our first heuristic is a simple algorithm that builds on the nested-by-revenue idea. In particular,
we consider two types of candidate assortments: (1) the revenue-maximizing traditional assort-
ment and (2) all singleton assortments. This heuristic has the advantage of being very efficient
computationally. Both finding the revenue-maximizing singleton assortment under opaque selling,
and revenue-maximizing assortment under traditional selling can be performed efficiently. Con-
sequently, the only computationally heavy step for this heuristic is computing the optimal opaque
price and revenue for the revenue-maximizing traditional assortment under opaque selling. Fur-
ther, we show that this heuristic guarantees at least half the revenue of the revenue maximizing

assortment under opaque selling.

Theorem 3.1. Let S* and S be the revenue maximizing assortments under opaque and traditional

selling, respectively, then

max{riré%( REv(om*({i})),REv(om*(sf))} > %Rav(om*(s*)).
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Proof. Note that the optimal opaque selling revenue can be written as,
REV(OPQ™(5%)) = p"(S)m(q | OPQ"(SY)) + Z rin(i | OPQ*(S™)).
ieS*

We will proceed by bounding both terms above with different quantities. First, we bound the first

term above as follows:

p(87)7(q | OPQ™(S7)) < max p(S7)7(q | OPQ({i}, p*(S"))) 3-3)
< max REV(0OPQ({i}, p*(S%)))

< max REV(OPQ*({i})),

where the first inequality follows from the fact that for " C S, 7(q | OPQ(S, rs,p)) < n(q | OPQ(S’, ry/, p)),
and the third inequality follows from the optimality of p({i}). Next, we bound the second term

above as follows:

Z ri(i | OPQ*(S¥)) < Z (i | TRAD(S¥)) = REV(TRAD(S")) (3.6)

ieS* ieS*

< REV(TRAD(S)) < REV(OPQ*(ﬁ)),

where the first inequality follows from substitutability, and the second inequality follows from the

definition of $. Combining (3.5) and (3.6) completes the proof:

REV(OPQ*(S)) = p*(S")m(q | OPQ"(SY)) + Z rin(i | OPQ*(S7))
ieS*

< max REV(OPQ*({i})) + REV(OPQ* (S))

<2 max{%%( REV(OPQ*({i})), REV(OPQ* (S))}
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Note that this proof does not use any specific properties of the MNL choice model other than
substitutability, and hence applies to every substitutable choice model (for instance, every random
utility (RUM) choice model). While the TOS heuristic is easy to compute and gives very good
approximations to the optimal opaque assortment in practice (refer to experimental section for per-
formance details), it is not optimal. One sub-optimal example is the one we considered previously
in Figure 3.1. In this example, the optimal opaque assortment, {1, 3} is neither the optimal tradi-
tional assortment, {1, 2, 3}, nor the best singleton assortment, {3}. The reasoning for this is the low
valuation for product 2, which negatively impacts the opaque product valuation while not adding

to the revenue through traditional sales. This motivates the idea for the next heuristic.

3.3.2 Nested by revenue and valuation (NRV) heuristic

The second heuristic we consider builds on the nested-by-revenue heuristic by adding in a val-
uation threshold on top of the revenue threshold. Consequently, this heuristic increases the cardi-
nality of the set of candidate assortments to O (n%). While assortment {1, 3} in the earlier example
is not nested-by-revenue, it is indeed nested by revenue and valuation. In fact, in experiments, we
see that this heuristic is optimal in a wide majority of instances.

One aspect to consider for the NRV heuristic is tie-breaks. In the traditional selling mechanism,
tie-breaks are not necessary, since if r; = r; for two products i and j, then j is in the optimal
assortment if 7 is in the optimal assortment. However, this is not always the case for opaque

selling, even for identical products.

Example 3.2 (Adding identical products increases revenue). Consider a setting with two products
where r = (1, 1) and v = (1, 1). For this setting, REV(OPQ*({1,2})) = 0.67 and REV(OPQ*({1})) =
0.5, i.e., it is optimal to not include the opaque product in any assortment and the optimal assort-

ment includes all identical products. [

Example 3.3 (Adding identical products decreases revenue). Consider a setting with two products
where r = (00, c0) and v = (1, 1). For this setting, REV(OPQ*({1,2})) = 0.34 and REV(OPQ*({1})) =

0.57, i.e., the optimal assortment contains only of the identical products. This observation can be
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extended to n products as well, since when the prices are set to co, products can only be sold via
the opaque product, and the valuation of the opaque product decreases when more products are

added to the assortment. ]

In the two examples above, we show that adding multiple copies of a product to an assortment
sometimes helps and sometimes does not with opaque selling. To deal with this, we break ties in

revenue arbitrarily by adding small perturbations to the revenues. Our algorithm is as follows.

Nested by revenue and valuation

* Input: Revenues r = {r; | i € N} and mean valuations v = {v; | i € N'}
* Step 1: Add small perturbation to revenues for tie-breaks, 7 = r + €.

» Step 2: Construct candidate assortments,
S = {Sv,r|vev,r€7}

where S, , ={ie N |vi>v,r; >r}.

* Step 3: Return revenue maximizing assortment from S,

S = arg max REV(OPQ*(S)).
SeS

Note that despite performing well in practice, the NRV heuristic is also provably sub-optimal.

Example 3.4 (Bad example for the NRV heuristic). Consider the example with three products,
where r = (25,5.5,3) and v = (2,2,2). For this example, the optimal nested by revenue and
valuation assortment is {1, 2, 3} with expected revenue 1.03. However, the optimal opaque assort-
ment is {2, 3} with expected revenue 1.05. In this example, product 1 is priced exorbitantly and its

purchase probability is low. Moreover, adding this product to the assortment reduces the valuation
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of the opaque product for risk-averse customers, since they consider the minimum valuation across

all products, decreasing the overall assortment revenue. [

Nonetheless, we show that the set of candidate assortments considered by the NRV heuristic,
which we denote as S, is a superset of the TOS heuristic, and thus it is at least as good as the TOS

heuristic.

Theorem 3.5. If {f } is the best singleton assortment, then {f } € S, i.e. i is the only product such

that v; > v; and r; > r;. This further implies that,
% 1 * *
max REV(OPQ*(S)) > —REV(OPQ*(S5)).
SeS 2
Proof. Suppose {f } is the best singleton assortment, i.e.,

[ = argmax REV(OPQ*({i})).
ieN

We prove the first statement by contradiction. Suppose there exists i’ such that v; > v; and
ri > r;. Note that for a singleton assortment {i}, the valuation of the opaque product for is
V, =min; V; = V;. Moreover, since p < r;, U, =V, —p > V;—r; = U;. It follows that the singleton

opaque assortment is equivalent to a singleton traditional assortment at a lower price and

e 3 pevi—P B .
REV(OPQ"({i})) = max 17— = max REV(TRAD({i}, p)).

Further, REV(TRAD({i}, p)) increases monotonically with v;. With these two observations, we

prove the statement as follows

" pe’F pe'F pe'i’
= - - > L
REV(OPQ'(17}) Ens% 1+evir—r g I,-}?r),f 1+evw—r — Igﬁsar); 1+eVi=F
= Rev(0r’ ({i})).

where the inequality follows from the fact r» > r; and the second inequality follows from mono-
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tonicity and the fact that vy > v;. This contradicts the claim that {f } is the optimal singleton

assortment. Therefore, {i} = S, ,. and {i} € S.

We prove the second statement next. From theorem 3.1 we know that
ol (n A 1
max{REv(OPQ*({i})),REV(OPQ*(S))} > EREV(OPQ*(S*)),

where § is the optimal traditional assortment. From the first part of the theorem, we know that
{f } € S. Further, since the optimal traditional assortment is nested-by-revenue, we know that

S = Sy, for v = min;en v; and r = min, g r;. Therefore, S € 8. Tt follows that

max REV(OPQ*(S)) > max{REV(OPQ*({?})), REV(OPQ*(S'))}

1
> EREV(OPQ*(S*)).

3.4 Price optimization

We next consider price optimization under the opaque selling mechanism for risk-averse MNL
customers. For traditional selling, it is known that it is optimal to offer every product at the same
price (the so called constant-markup policy, which reduces to a uniform pricing policy when there
are no costs). Interestingly, we empirically observe that the same solution remains optimal for
opaque selling. In fact, it is optimal to not offer the opaque product when prices of traditional

products can be optimized. We formally state this conjecture below.

Conjecture 3.6. Suppose r* is the optimal uniform price for traditional selling, i.e.,

r*1, = argmax REV(TRAD(r)).
reR?,

Then, for all r € R , REV(OPQ*(r)) < REV(TRAD(r*1,)).

>0’
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We prove this conjecture for two special cases and leave the general case as an open problem.

3.4.1 Uniform pricing

We first show that our claim holds when the pricing policies are restricted to uniform pricing,
i.e. r; = r for all products i € N. Naturally, the price of the opaque product does not necessarily

have to be the same as that of the traditional products.
Theorem 3.7. If all products have the same price r, then for every opaque price p < r there exists
a € [0, 1] which depends on the primitives (r, p,v) such that,

REV(OPQ(rl,, p)) - REV(TRAD(r1,)) = a(REV(TRAD(pl,)) — REV(TRAD(r1,))) (3.7)

This further implies that REV(OPQ(rl,, p)) < REV(TRAD(r*1,)) forall p <r.

Proof. We defer the proof of (3.7) to Appendix C.1. Assuming (3.7) to be true, we prove the rest

of the theorem by considering two separate cases:

* Case 1: REV(0OPQ(rl,, p)) < REV(TRAD(rl1,)).

This case is trivial since it directly implies REV(OPQ(r1,, p)) < REV(TRAD(r*1,)).

* Case 2: REV(0OPQ(rl,, p)) = REV(TRAD(r1,)).

For this case, note that,

REV(0OPQ(rl,, p)) = REV(TRAD(r1,)) + (REV(TRAD(p1,)) - REV(TRAD(r1,)))

< REV(TRAD(pl,)) < REV(TRAD(r*1,)),

where the first inequality follows since @ < 1, the second inequality follows from the defini-

tion of r*.
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Note that the theorem only imposes a constraint on the prices, and allows for the products to
have arbitrary valuations. The main idea is that when pricing is uniform, adding an opaque product
at price p moves the expected revenue in the same direction as re-pricing all products to p under
traditional selling. Moreover, the magnitude of revenue change is smaller for adding an opaque

product.

3.4.2 Two products

We also show that our claim holds for two products for general prices and valuations. For this
result, we show that the revenue function for opaque selling is a unimodal function of the prices

and that the unique maximumisry =r, = p =r".

Theorem 3.8. For n = 2 products, the optimal solution for the joint pricing and assortment opti-

mization problem is the same for opaque and traditional selling, i.e.,

max REV(OPQ((r1,72), p)) = REV(TRAD(r*15)),

(r1,r2)€R2  p<min(ri,r2)
and the maximum is achieved whenry =r, = p =r".

We defer the proof of the theorem to Appendix C.2.

3.5 Numerical experiments

In this section we numerically evaluate our proposed heuristics in Section 3.3. For the instance
bed, we considered instances with different values of n ranging from 2 to 10. We reduced the
number of instances considered with n since the computation times increase exponentially. For
each product i, r; and v; are sampled independently from distributions Lognormal(1,0.5) and
Lognormal(0.5,0.5) respectively. we choose the lognormal distribution for its heavy tail, and
choose settings where the price of the product will tend to exceed the valuation to create instances
where adding the opaque product is incentivized. In Table 3.1, we summarize the properties of the

optimal assortments under opaque selling for our instances, which we denote by S*. We consider
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the opaque product to be offered only if it has a non-zero purchase probability (i.e., p < min;eg- 7;).
There is a roughly decreasing trend in the percentage of instances in which the opaque product is
offered as n increases. Furthermore, we see that the size of the optimal assortment when the opaque
product is offered is much smaller than when it is not. This makes sense because offering the

opaque product has a higher purchase probability for risk-averse customers when the assortment

is smaller.
average optimal assortment size
n | #instances | #instances w/ opaque | w/ opaque w/o0 opaque
2 4000 2476 1.44 1.91
3 2000 974 2.00 2.77
4 2000 754 2.40 3.55
5 1000 311 2.68 4.32
6 1000 227 3.30 4.96
7 500 84 3.48 5.59
8 500 84 3.57 6.14
9 250 40 3.70 6.78
10 100 14 3.00 7.21

Table 3.1: Summary for the optimal assortments under opaque selling, for different number of
products.

In Tables 3.2 and 3.3, we analyze the performance of our heuristics on the instance bed. The
traditional optimal or singleton heuristic is referred to as TOS, and the nested by revenue and
valuation heuristic is referred to as NRV. The analysis is limited to instances where the opaque
product is offered, since both heuristics always output the optimal assortment when the opaque
product is not offered. Overall, out of the 11350 instances we considered, the opaque product
was offered in 4964 instances, of which, TOS and NRV deviated from the optimal assortment on
67 and 4 instances respectively. The largest optimality gap for TOS was 9.3%, while for NRYV, it
was 0.7%. Both values are much larger than the theoretical guarantees in Theorems 3.1 and 3.5.
Moreover, NRV is near-optimal.

In Table 3.2 we show how the sub-optimal instances are distributed across different values of n.
The vast majority of sub-optimal instances arise when n = 3 or n = 4. Interestingly, both heuristics

were optimal for all instances when n = 2. This is expected for NRYV, since all possible assortments
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are nested by revenue and valuation unless v; > v, and r; > r;, in which case {2} cannot be the
optimal assortment (from Theorem 3.5). Suboptimality is only possible for TOS when n = 2 if the
optimal assortment is to offer both products while the optimal traditional assortment is singleton.
This implies that the optimal assortment is always a subset of the optimal traditional assortment in

our instances for n = 2.

TOS NRV

n | #instances considered | #subopt max. optimality gap (%) | #subopt max. optimality gap (%)
2 2476 0 - 0 -
3 974 29 9.3 1 0.7
4 754 23 2.5 3 0.6
5 311 8 5.0 0 -
6 227 5 1.7 0 -
7 84 0 - 0 -
8 84 0 - 0 -
9 40 1 0.2 0 -
10 14 1 3.2 0 -

Table 3.2: Comparing algorithms TOS and NRV for the same instances as Table 3.1 but limiting
to instances where the opaque product is offered in the optimal assortment. For each algorithm,
“#subopt” is the number of instances where the output by the algorithm is suboptimal; and “max.
optimality gap” is maximum ratio of the optimality gap and the optimal revenue.

We also sort the instances by the size of the optimal assortment and present those trends in
Table 3.3. A wide majority of the sub-optimal TOS instances occur when |S*| = 2. We also see
that the worst case optimality gap reduces as |S*| grows larger. This indicates that the optimal

traditional and opaque assortments are usually identical when they are large.

3.6 Conclusions

In this work, we illustrated structural and algorithmic insights for the assortment optimization
problem with opaque products for risk-averse MNL customers. We proposed two assortment op-
timization heuristics. Both heuristics are shown to have a constant factor performance guarantee,
that they vastly outperform in experiments. The nested by revenue and valuation heuristic in par-
ticular is near-optimal. The gap between the theory and experiments suggests that there is room

for improvement in the theoretical guarantees for these heuristics. For instance, the guarantee
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TOS NRV
|S*| | #instances considered | #subopt max. optimality gap (%) | #subopt max. optimality gap (%)
1 2482 0 - 0 -
2 1290 52 9.3 1 0.7
3 568 12 1.6 3 0.6
4 353 3 0.2 0 -
5 161 0 - 0 -
6 75 0 - 0 -
7 21 0 - 0 -
8 13 0 - 0 -
9 1 0 - 0 -

Table 3.3: This table is similar to Table 3.2, but the results are represented based on the size of the
optimal assortment, instead of the number of products. Again, we only consider instances where
the opaque product is in the optimal assortment.

for the traditional optimal or singleton heuristic does not use any properties specific to the MNL
choice model. Another interesting open question is to characterize the optimal assortment policy
for risk-averse customers. In our experiments, we have seen that the nested by revenue and valua-
tion heuristic is sub-optimal in cases where one of the products has high revenue and consequently
a very low purchase probability.

For the price optimization problem, we show that adding an opaque product does not improve
revenue. We prove this when pricing is constrained to be uniform and when there are two products.
Proving this in more generality is one of our goals for the future. Another question that we want
to answer is whether or not this phenomenon is specific to risk-averse MNL customers. It would
be good to know if the property still holds for risk-neutral customers, or a setting with costs, or a

different valuation paradigm entirely.
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Appendix A: Appendix to Chapter 1

A.1 Omitted Proofs of Section 1.2

A.1.1 Proof of Lemma 1.1

Proof. Consider any policy A. Let q{ (A) be the expected sales of product i to type-j customers

under policy A.

T T
g/ (A) =E| Y 1XAA) =i, J(A) = j1| = D | PIX(A) =i, Ji(A) = /],

=1 t=1

which follows from the definition of J;(A) and X,(A).
We first show that g(A) is a feasible solution to (SLP). Since sales cannot be negative,
qu (A) > 0 forall i, j. Recall that Z;(A) and Y;(A) denote the sales of product i and number

of selections of type-j customers in one sample path of the algorithm, respectively. Thus,

T T
E[Zi(A)] = ) PIX:(A) =i] = ZZP X(A) =i, J(A) = j1= D gl (A),  (AD
=1 t=1 jerl jeL
T T
E[Y;(A)] = Y PlL(A) =j1= D, >, PIX(A) =i,di(A) = j] (A2)
=1 t=1 ie NU{0}
= g)(A) + ) gl (A).
ieN

To show supply constraints and demand constraints, note that Z;(A) < ¢; for all products i € N
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and Y;(A) < b; for all customer types j € L. Therefore,

PNACOEE

jeL

gy (A) + ) ql(A) < b,
ieN

where the first inequality follows from (A.1) and the second inequality follows from (A.2). To

show the time horizon constraint, observe that, since the total number of customers is at most 7,

then 3 ;e p Y;(A) < T. Thus,

E Z Y;j(A)| = Z(qgm) +Zq{(ﬂ)) <T.

jel jeLl ieN

Finally we show the MNL constraint as follows:

M’ﬂ

T
gl (A) = Y PIX(A) = i, J(A) = j] = ) PIX(A) =i | J(A) = jIP[Ji(A) = j]
t=1

1

-
Il

M’ﬁ

T
7] (S (ANBLI(A) = j1 = D 1li € S,]ulm)(S,(A)PLI(A) = j]
t=1

N
Il
—_

u{ﬂé(st(ﬂ))P[Jt(ﬂ) =7l

M1~

N
Il
—_

uP[X,(A) = 0] J/(A) = jIPLJ(A) = j]

M=

1

-
I

uP[X,(A) = 0,J,(A) = j]

I
—

t

= MiCIé(ﬂ),

where the third follows from the definition of ﬂ{ (-) and S;(A), the fourth equality follows from
the definition of the MNL choice probabilities in (1.3), and the fifth equality follows from the

definition of zrlf (+). Therefore, g(A) is a feasible solution to (SLP).
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The objective value at g (A) matches the expected revenue under policy A (from (1.2)), since,

n

REV(A) = Y rE[Z(A)] ZZrlq (A),

i=1 i=1 j=1

where the second equality follows from (A.1). Since g(A) is a feasible solution to (SLP) with
objective value REV(A), then for any policy A, REV(A) is bounded above by z§, ,, (the optimal

value of (SLP)). ]

A.2 Omitted Proofs from Section 1.3

A.2.1 Proof of Theorem 1.2

Proof. Combining Lemmas 1.3 and 1.4 we get,

Cmin — 1 -1
a2} 5350 > el
=1 j= min

where the first and second inequalities follow from Lemma 1.4 and Lemma 1.3 respectively. This

concludes the proof of the theorem. [

A.2.2 Proof of Lemma 1.3

Proof. In this Lemma, we show that ¢ is a feasible solution to (SLP) and that the objective value
of (SLP) at g is at least a 1/2 — o(1) fraction of the optimal value of the LP upper bound.
We first show that ¢ (as defined in (1.4)) is a feasible solution to (SLP). To show the MNL

constraints, observe that Zj{ u! qo since 7; ’(S,) < ulj Jrg’ (5,) for all i € N by definition of the
MNL purchase probabilities in (1.3). Next, we show demand and supply constraints. According
to the update rule for I7j and Z; used in Algorithm 1, the value that YJ and Z; will take at the end of

the customer selection step is as follows:
—~ T —_~ —_~ s —~
Y] :Z]I[J[ :j], Zi:Zﬂ';']r(Sl‘)' (A3)
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We re-write the value of ?J and Z; in terms of Z[l] as,

Q@ =Y )T =7 (A4)

ieN jeL
where both equalities follow from (A.3) and (1.4). Since a customer type j becomes unavailable
when 171 = by, it follows that ?J < b;. Also, since a product i is not offered once Z >ci— 1,1t
follows that Z; < ¢;. This is because the maximum probability of a customer purchasing product i
is bounded above by 1, so the first time Z goes above ¢; — 1, it cannot exceed c;. It follows that g
satisfies supply constraints and demand constraints. To show the time horizon constraint, observe

that,

Z(ia{w‘é

jeL\i=1

where the first equality follows from (A.4) and the second equality follows from (A.3). Therefore,
the customer selection step constructs a feasible solution to (SLP).

Next, we prove the approximation guarantee using dual-fitting. Consider the dual of (SLP),

m n
Z:‘LP = min ) T/I+ij7]j+zci9i (DZ)
Anj.0i.B] = i=1
st. A+ +B =16 VieN,je L, (A.5)
n
A+n; = Y ulp] Vje L, (A.6)
i=1
A,n,0i,8] =0 VieN,je L.

Here, the dual variables A, 57, @ and B correspond to the time horizon, demand, supply and MNL
constraints of (SLP) respectively.
Fix I7J and Z; to be the state of the corresponding variables in Algorithm 1 at the end of the

execution of the algorithm. Additionally, define Nra={ie N|Z <ci—1}and Lry = { J €

88



L | 7] < bj — 1}. Consider the following candidate dual solution:

. . 0 ieNm,
A= max _ R, (S), 6;:= ,
jeLraSChru ri i€ N\ Nrai,
2= (E[ - /i)

J

,BAZJ ::max{r,-—é,-—/i—ﬁj,O} Vie NVje L.

We show that the candidate dual solution (i, 0, 7, B) is a feasible solution of (D»).

Note that, since Zt 2 ZT+1 and ]V, ) ZVTH forallt=1,...,T, therefore,
Ri= max Ry;(S)> max  Ry(S) =4, (A.7)
JeL,SCN; J€Lr+1,.SCNT+1

where the first equality follows from the definition of R, in Algorithm 1 and the second equality
follows from the definition of A. From the definition of 7 and (A.7), it follows that 7 ;7 20Vje L.
Also, by definition, 1>0,0;, >0and ,5’1] > 0Vie N,je L. To show constraint (A.5), observe
that by definition, ,BAIJ >ri—0i—A-7 -

Next, we show constraint (A.6). Let $¢) := {i € N | B{ > 0} for all j € L. Note that
SOV = {i e Nral | ri > A+ 77} by definition of (1,0, 1, B). We show that for all j € £,
Ri(SW) <A+ 17;. By definition of R, and J; in Algorithm 1,

R =maxR ; (S) > R _; (3U), (A.8)
SCN;
where the inequality follows from the fact that S 2) c K/TH - /V, Ifje ZT+1, then,
Ry (SVy <A< A+7;, (A.9)

where the first inequality follows from the definition of A and the fact that S¢) ¢ K/TH and the
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second inequality follows from the non-negativity of 7j;. It follows from the definition of 17; in
(A3)that Y; = |{r | J; = j}|. By definition of Lr,1, Y; = b; for j € £\ Lr41. Therefore, if

j € L\ZT+19

S SR S (R -
A+7j =+ o > A+ - (A.10)
J J
. bj(Rm‘(ﬁ(j)) —/i) »
=A+ ™ =R, (8V),
J

where the first equality follows from the definition of 7j;, the inequality follows from (A.8) and the
second equality follows from the fact that |{7 | J =} = ?J =bjforall j € L\ Lr41. Therefore,
from (A.9) and (A.10),

an(f(j)) S/’i"'ﬁj. (A.11)

Now we can show constraint (A.6) as follows:

n n
DlulBl - A+ = ul max{r; - 6, - A=, 0} - (1+7)) (A.12)
i=1 i=1

> ulri = A=) - (A+7y)

ieSW)
= Z u{ri—(l+ Z ul/)(/i+ﬁj)
ieSW) ie$U)
= (1+ Z ulj) Z riﬂ{(ﬁ(j)) —/i—ﬁj
ieSG) ieSU)
= (1+ > u{)(R,r_f(S(f))—i—ﬁj)
ieSU)
<0,

where the first and second equalities follow from the definitions of ,@{ and SU) respectively, the

fourth equality follows from the definition of the MNL choice model, the fifth equality follows
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from (1.1) and the inequality follows from (A.11). Therefore, (/i, 0, A, ﬁ) is a feasible solution of

(D2).
Next, we analyze the objective value of this feasible solution. The contribution of  to the

objective value can be bounded above as follows:

n

Zciéi = Z ciri < - Z (ci — Dri (A.13)
i=1 iEN\Nr1 min IGN\NT+1
n
Cmi ~ Cmi ~
_Cmin Z rZ; < —min NV, 7
Cmin — 1 . = Cmin — 1 P
ieN\Nr11 =

where cpin = min;ep ¢;. Here, the first inequality follows from the fact that x/(x — 1) decreases

monotonically for all x > 1, the second inequality follows from the fact that Z; > ¢; — 1 for all

ie N\ Nir41, and the third inequality follows from the fact that Z; > 0foralli € N. On the other

hand, to bound the contribution to the objective value from the remaining variables,

Ti+ib,~ﬁj:Tﬁ+ZZ(i€,—i):Ti+ y R}—Ti:i? (A.14)

where the first equality follows from the definition of 7;, the fourth equality follows from the
definition of I?t and the last equality follows from the definition of Z in (A.3). Adding together

(A.13) and (A.14) yields,

n n
Cmin = =
T/l+ZbJI]J Z ) 1 ril; + I"iZl'

i=1 Cmm S i=1
n n k
_ 2¢min— 1 5 2cmin—1 ~j
= riZi = riq;
Cmin — 1 Cmin — 1 4

where the last equality follows from (A.4). Since (/i, 9, 7, ﬁ) is a feasible solution of (D»), the
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objective value is at least zg, ,,. Therefore,

m n 2¢ 1 n k
sLp Z inj 2, o1 L Z iq;
Jj=1 i=1 i=1 j=1
This concludes the proof of the lemma. 0

A.2.3 Proof of Lemma 1.4

Proof. The intuition behind Lemma 1.4 is as follows. The contribution of product i to the objective
value of (SLP) at ¢ is r,-Z-. Let Nr41 be the (random) set of products with inventory remaining after
the execution of the algorithm. On the one hand, the expected revenue of the algorithm is at least
as much as the expected contribution of products in N'\ Nr4; to the objective value, since these
products stocked out. On the other hand, we also show that the expected revenue of the algorithm
is as much as the expected contribution of the products in N7, to the objective value. This second
result uses the fact that adding products with revenue higher than the expected revenue of the
assortment only increases the expected revenue under the MNL choice model. Adding these two
results together returns the half approximation.

We first introduce some additional notation for convenience. Let Z;; denote the number of
units of product i purchased until time ¢ and N; denote the set of products with positive inventory
remaining at the beginning of the z-th time period, i.e.,, N; = {i € N | Z;;-1 < ¢; — 1} for
t=1,...,T+1. Weuse AU"Y to denote the set of all products with revenue at least R ;(S), i.e.,
AUS) = {i e N|ri > R,(S)}. Also, we use o(f) to denote the round in which (J;, R;) were
selected in the customer selection step, i.e., J; = Zr(t) forallt = 1,...,T. Therefore, §U(,) is the
assortment that was selected along with customer J; in round o (¢). Recall that ¢ is the feasible
solution to (SLP) constructed in the customer selection step. The contribution of product i to the
objective value at ¢ is r,Z. Also recall that Nz, is the set of products with inventory remaining
after the execution of the algorithm.

Next, we show that REV(A1) is at least as much as the expected contribution of the products
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in Nr41 to the objective value of (SLP) at g. We first show that R (S;) > R, (§(,(,) N Nz41) for
allr=1,...,T. Since R, = R, (§g(,)), therefore, AUBSew) = {i € N'| r; = R;} by definition of

o(t) and AUS), Using these observations, S; can be written as,
Si={i e N|Zip1 <ci—1,ri =R} =N, 0 AUSew), (A.15)

where the first equality follows from the definition of S; in Algorithm 1 and the second equality

follows from the definitions of A, and A e, By definition of S; in Algorithm 1,
ri >R, Vies,. (A.16)

In Step 1, the assortment §rr(t) was chosen to be optimal in round o (), and thus the alternative

feasible assortment §U(,) N Nr41 could not have been better, i.e.,
Ri > Ry (S iy N Nrar). (A.17)
Combining (A.16) and (A.17),
ri = R (Seny N Nrv1) Vi€ Sy (A.18)

Revenue-maximizing assortments are nested-by-revenue under the MNL choice model, with the
revenue of each product in the optimal assortment being at least as much as the expected revenue
of the optimal assortment. Therefore, for all i € :S:(T(t), ri > R;. By definition of AUrSem) | this

implies that,

Sen) € AURSr0), (A.19)
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Furthermore,
Son) N Npgt € AUSSe0) AN, = 5, (A.20)

where the first relation follows from (A.19) and the fact that Ny, € N; forallt = 1,...,T and
the equality follows from (A.15). It follows from (A.18) and (A.20) that 3‘0([) N Nri1 € Sy and
ri > R (ir(t) N Nryp) foralli € S\ (§U(,) N Nr4+1). Due to the nested-by-revenue property of
the MNL choice model, adding products in S, \ (gcr(,) N Nr41) to 50(,) N Nr41 keeps the revenue

of the final assortment above R/, (50(,) N Nr41). Therefore,
Ryt (S2) = Ryt (Ser(ey N Npa).- (A21)
Now, REV(A1) can be bounded below as follows,

T
REV(A1) :ZE

=1

Z ri) (S,)] (A.22)

i€S;

W%

T
Z E Z riﬂl-Jl (Nrs1 N So-(z))

=1 |ieNr11nSo (1

T
Z Z riﬂ'ilt (§U(l))

t=1 ieNT41

Sz

ieNT41

>E

=E

b

where the first equality follows (1.2), the first inequality follows from (A.21) and (1.1), the second
inequality follows from the substitutability property of the MNL choice model and the fact that
nl.J’(S'd(T(,)) =0 foralli € Nyryp \ 50(,), and the last equality follows from the definition of Z; in
(A.3).

Next, we show that REV(A1) is also as much as the expected contribution of the products in
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N\ Nr; to the objective value. Fori € N\ Nry1, Z; =¢; > Z. Therefore,

n

Zr,-Z,-

i=1

REV(Al) =E

>EB| > nZi|2E| > nZ (A.23)
iIEN\NT4 IEN\NT11
where the first equality follows from (1.2).

Finally, adding (A.22) and (A.23) yields,

2REV(AD) 2E| ' nZ|+E| > nZ

IENT4 iIEN\NT41
=E ZriZl- =Zr,-Z,-.
ieN ieN

Therefore,

1 —~
REV(AL) > 5 Z riZi.
ieN

A.2.4 Tight example for Theorem 1.2

In this section we show that our analysis of the performance of A1l is tight by means of a
problem instance on which the worst case guarantee of the policy is tight. The problem instance is
as follows:

Suppose there are n = 6 products, each with ¢; = T /4 units of each product i at the start. The
revenue earned from the first 4 products is 1, but for tie-break purposes, negligible terms are added
in to ensure r; > rp > r3 > rq. There are 4 customer types, with 7T'/4 customers of each type.
Each customer can be thought of as having a preference order over the products. The preference
orders for the four customer types are (6,1), (1,2), (5,3) and (1,3,4) respectively. This implies
that, for instance, type 1 customers always prefer product 6 if available, product 1 if it is available
when product 6 is not available, and opt for no-purchase when none of them are available. Such

a model can be approximated by an MNL model by setting attractiveness parameters such that
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1
6

1

| >>1>> max{u%, u%, ui, ué} Additionally, for this instance, we set u% >> max{u!, u?

u 10U

>> U
and u3 >> uj. By this assumption we imply that type-2 customers prefer product 1 more than
type-1 and type-4 customers, while type-4 customers prefer product 3 more than type-3 customers.
In Table A.1 we provide a concrete set of parameters for this problem instance, where M and € can

be assumed to be a large and small constant respectively. Specifically, we can let € = T72/12 and

M = 3T? to make all our calculations work.

i 1 2 3 4 5 6
i 1+36e 1+24¢ 1+12¢ 1 24€ 12¢
ull M € € € € M?
“1'2 M* M € € € €
u? € € M € M? €
u? M3 € M? M € €

Table A.1: Instance parameters

The optimal policy for this problem is to retire products 5 and 6 in the beginning, and then
visit all customers of type 1, 2, 3, 4 in that order. Table A.2 describes how the policy would work.
Type-j customers purchase all units of product j for j = {1, 2, 3,4} and the optimal revenue is 7.

Phase Length J; S; X/ Revenue
1 T/4 1 {1,2,3,4} 1 T/4+0(T")
2 T/4 2 {2,3,4} 2 T/4+0(T"
3 T/4 3 {3,4} 3 T/4+0(Th
4 T/4 4 {4} 4 T/4+0(Th
Total revenue: 7 +O(T)

Table A.2: Optimal policy

Tables A.3 and A.4 describe how A1 performs on this problem instance. In the customer
selection step, customers types are chosen in the order 2, 4, 3, 1. In the first set of 7'/4 rounds, all
type-2 customers are selected with assortment {1} as product 1 has the highest revenue and type-2
customers like product 1 the most. Since none of the remaining customer types have product 2 in
their preference order, product 2, it remains unsold and product 3 becomes the next best product.
Therefore, in the second set of 7'/4 rounds, type-4 customers are selected as they like product 3

the most. The assortment selected is {2, 3} as adding product 2 which has higher revenue than
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product 3 to the assortment cannot hurt. At this point, none of the remaining customer types refer
product 4, thus product 4 remains unsold as well. In the next 2 sets of 7'/4 rounds, type-3 and
type-1 customers are selected in that order due to their preference for product 5 and product 6

respectively. Table A.3 provides a concise representation of this step. The sequence to visit the

Phase Length Products Avail. f, 3’; IFQ: Revenue
1 T/4 (12,3456} 2 {1}  1+3e T/4+0(Th
2 T/4 (23456} 4 {2,3} l4+e T/4+0(T
3 T/4 {2,4,5,6) 3 {2,4,5} 2e o(T™")
4 T/4 (2,4,6} 1 {2,4,6} € o(T™)

Total revenue: 7/2+O(T")

Table A.3: Customer selection

customers when they are sorted by R, is exactly the opposite of the sequence they were selected in.
Type-1 customers are visited first and offered all products. They purchase their highest preference,
i.e., product 6. Then type-3 customers are visited, who too can purchase highest preference, i.e.,
product 5. At this point product 4 is retired since r4 < 1 + €. Type-4 customers are visited next
and they too can purchase their highest preference, i.e., product 1. Finally, type-2 customers are
visited. However, they have no products available, since all units of product 1 were purchased by
type-4 customers and the remaining products were retired since their revenue was less than 1 + 3e.
The expected revenue for A1 on this instance is therefore 7'/4, which is 1/4 times the optimal

revenue, making our analysis of the performance of the policy tight.

Phase Length J; S X; Revenue
1 T/4 1 {1,2,3,4,5,6} 6 o(r™"
2 T/4 3 {1,2,3,4,5} 5 o™
3 T/4 4 {1,2,3} 1 T/4+0(Th
4 T/4 2 0 0 0

Total: T/4+0O(T™")

Table A.4: Final algorithm run
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A.3 Omitted Proofs of Section 1.4

A.3.1 Proof of Lemma 1.5

Proof. Throughout this proof we fix some customer type j. First, we show that there is a unique

tuple (O’ (q),7/(q)) that satisfies the following properties:
(a) O/(q) is a collection of distinct nested assortments.

(b) 7/(q) satisfies ?é > 0 forall S € O(q).

(c) (O/(q),7(q)) satisfy (1.5).

Suppose (07, 77) is a tuple that satisfies the three above properties. Since O/ is a collection of
nested assortments by property (a), let O/ = {O,...,0g} where O; D --- D Og. Define
I} :=0;\ Oy forl =1,...,K—1and Ix = Og U {0}. Note that none of the sets /; are empty
for/ =1,..., K, since the assortments are all distinct and I is non-empty even if Og = 0 since it
contains the no-purchase option. We now show that there exist constants v; for [ = 1,..., K such
that Vi € I;, Z—z = v;. To show this, fix some [ € [K], then for any i,i; € I},

I d : 1< : q
L= — 3 %0, ()] (00) = = > To, ()7, (0x) = 2,

k=1

J
wp U Uy, =1 uj,

iy k=
, where the first and third equality follow from property (c) and the second equality follows from
the definition of the MNL choice model in (1.3). Further, we show that v| < v, < --- < vg. For

this, fix some ! < K —1,1i; € I}, i;41 € I;41, then

7 1< 1<
i ~ f ~ j
vi=—t=— " Fo,())(01) = — ) Fo,(g)m], (0k)
Ui Uiy k=1 iy k=1
I+1 J
1 — ; q;
<= ZTok(‘I)ﬂfm(Ok) = jm = Vsl
i1 k=1 i1+1
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where the third equality follows from the definition of the MNL choice model in (1.3) and the
inequality follows from the fact that ?ém > ( (property (b)) and Jr{; y (Op41) > Osince ijp1 € Opyq.

The fact that vi < vp < --- < vk implies that I; is uniquely the set which contains all products

J
Il:{i|q—ljzvl}
u;

Consequently, the assortment O; and offering time Ty, are also unique and defined as,

such that q{/u{ =y, i.e.

I
0, = U I
k=K

~ Vi — V-]
To, = J—

T 0(01 )
Therefore, if the output of Procedure 1 satisfies properties (a)-(c), it is the unique collection of
nested assortments and offering times to do so.

Next, we analyze properties of Procedure 1. We first establish some notation. We assume that
the last iteration of the while loop in Procedure 1 is iteration K. For every iteration k, we use
the superscript (k) to denote the state of variables in or at the start of the iteration k. We use the

superscript (K + 1) to denote the state of variables after the termination of the loop.

We first show which that the output of Procedure 1 satisfies properties (a)-(c):

(a) Observe that (V' 5 S 5 . since in every iteration products are only removed from S
and never added back. Since O/(q) is the collection of all states of S, it follows that it is a

collection of nested sets, thus proving the statement.

(b) We consider two cases for S € O/(q): S # 0 and S = 0. If S # 0, then this assortment was
added to O/(q) during one of the iterations of the loop. Let that be iteration k. From the
update rule of S, it follows that qu(k) > 0 for all i € S®, which in turn implies that AX) > 0.
Therefore, ?;.(,o () =A% > 0.

Next we consider the second case where S = (0. This case occurs if §o > 0 after the termina-

tion of the loop. For this case, ?é (q) = go > 0, which proves the statement.
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(c) Fixi € N U{0}. We consider two cases: i € N and i = 0. First, we look at the case where

i € N. Let k; be the iteration of the loop where i is removed from S, then,

k,‘ ki

A(ki+1 (1 ' ‘ '

g =0= gV - Y AR (sW) =0 = ¢l = )" AW (sW)
k=1 k=

=ql= > T ®),
§€0/(q)
where the first equality follows from the fact that i ¢ S**!, the second equality follows from
the update rule of ¢§;, the third equality follows from the initialization of §; and the fourth
equality follows from the fact thati ¢ S if S ¢ {S(l), e, S(ki)}. This concludes the current
case.

Next we consider the case where i = 0. We first show that cj(()K“) 0. From the loop

condition it follows that S is non-empty. Fix any i € %, then § A(KH) can be bounded

below as,

K

A(K+1) AWK T (k)
kZ 7o (S1)
¥ K
Z (k)yr{(S(k))/u{ > ql{/ul{ _ Z A(k)nl{ (S(k))/u{
p k=1

where the first equality follows from the update rule and initialization for §o, the second
equality follows from the MNL choice probabilities defined in (1.3), the inequality follows
from the MNL constraints of (SLP),the third equality follows from previous case. If § A(KH)

= 0, then the desired result follows from the previous case. On the other hand if ¢ A(KH) > 0,

A(K D

then setting 7, (q) = is sufficient.

Therefore, the output of Procedure 1 uniquely satisfies properties (a)-(c).

Finally, we consider the runtime. Since at least one product is removed from S in every iteration
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of the loop, the algorithm will terminate in at most # iterations. This concludes the proof of the

lemma. =

A.3.2 Proof of Theorem 1.8

Proof. By the theorem assumption, ¢pin > ﬁ, and thus from (1.8) it follows that

2
Y(Cmin) > )’(p) =1-¢€/2, (A.24)

where the inequality follows from the fact that y(-) is non-decreasing. By the theorem assumption,

T > 2?’" and thus

o, L s i-en (A.25)
T+m_2?m+m l+€/2 ’ '

Since 4 is a feasible solution, Lemma 1.11 can be applied to our policy A2. The expected revenue

of A2 can thus be bounded below as,

n m Y
REV(A2) > y(¢min) Z Z "lq = ¥(Cmin) Z Z a?c,Sr"ﬂz! (S)
i=1 j= i=1 j=1 k=1 SeO(q)
V(Cm1n) 2 %

where the first inequality follows from Lemma 1.11, the equality follows from the definition of cj{ ,
the second inequality follows from Lemma 1.10(ii1), and the third inequality follows from (A.24)
and (A.25). ]

A.3.3 Proof of Lemma 1.10

Proof. (i) Let Y and T denote the value of variables ¥; and T " at the end of Step 2a in Algorithm

2. We first show that ¥; € Z and ¥; < b, for all j € L. From the update steps of 70 and Y; in Step
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2a it follows that,

V=Y =5+ > 7 (A.26)

Se0 SeO0\{0}
o | B SR U S B i
Seo0\{0} SeO0\{0} Seo\{0} Seo\{0}

where the first equality follows from the update step of ¥; and the third equality follows from the
definition of Té . This implies that ¥; € Z. Recall that 7/ is derived from the output of Procedure 1,

7/ . 1t follows that,

Z T é = Z ?é <b s
SeO\{0} Se0/\{0}

where the inequality follows from Lemma 1.5 and (1.5). Combining with (A.26) implies that
Y 7 < b;. The same must also hold for our final customer selections, Y;, since after Step 2a, the
value of Y; is only decreased by integer amounts. Finally, 7:1 Y; < T follows directly from the
termination condition of the while loop in Step 2c of Algorithm 2.

(ii) Fix j € L. LetY; and fg retain their definitions from the previous part. Suppose k* and [*
denote the values of k and [ at the end of Step 2b of Algorithm 2. We first show the loop invariant

that Yy g ai,s +g f; = Y;. We then use the invariant to show that k* > ¥; and /* > |O|, which we

use to conclude the proof.

ot 3l J i _ ¥
Invariant: 3,7 disco a ¢+ Xsco Ty =Y

Initialization: At initialization, @, ; = 0 and #] = 7] forall k € [¥;],S € O. Since, ¥; = Y50 4.
it follows that the invariant is satisfied at initialization.
Maintenance: To see that the invariant is maintained, note that } ¢ a{; ¢ 1s increased by A while

2 f£ is decreased by A in every iteration, keeping the total sum constant. [

From the update rules for k and [ it follows that, } ¢ &LS =1 k" > k; and ?él =0
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[* > [. From these two facts it follows that,

Y
K <VieY Yao<le)i>0e"<|0], (A27)
k=1 SeO Se0

where the second implication uses the loop invariant. From (A.27) it follows that if k* > Y}, then
[* > |0| and vice versa. Since at least one of these two conditions must be true for the while loop
to terminate, both these conditions are true when the while loop terminates. We can now prove

both parts.
(a) Since k* > ¥}, Yseo @) ¢ = 1 forall k € [¥}].

(b) Since [* > O], #] = 0 forall S € O, which implies that I}/, a/ = 7). Fixany S € O\ {0},

then )
Y; Y;
J J o o_ =] _
ZakS = Zak,s =Tg = Tso
k=1 k=1

where the inequality follows from the fact that Y; < ¥; and the second equality follows from

the fact that fé = Té forall S € O\ {0}.

(iii) Let ¥; and 7_'5{ retain their definitions from the previous part. Let P; = {(j, k) | j € L,k €
[¥;1} and Py = {(j, k) | j € L,k € [Y;]} be the customers selected before and after Step 2c is
complete, respectively. If |[P;| < T, Py = P; and the statement follows trivially. Henceforth, we

assume |P;| > T. For this case, |P¢| = T. We can bound the cardinality of P; above as follows,

|P,-|:§:Yj:i ZT;' Sm+i2’l’; (A.28)
j=1 j=118e0 j=1 Se0
:m+izzn:‘r§n{(5) =m+izn:q{ <m+T
j=1 8€0 i=0 j=1i=0

where the second equality follows from (A.26), the first inequality follows from the fact that [x] <
x+1, the fourth equality follows from (1.6) and the second inequality follows from the time horizon

constraint of (SLP). Observe that Py is obtained from P; by iteratively removing the customer
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(indexed by (j, k)) that minimizes 3" | Y.sco ai Srin{ (S). This implies that the average value of

2y 2Se0 ai, Sr,-ﬂ{ (8) for customers in P is higher than it is for customers in P;. Therefore,

n m ) n m o n m Yj ) )
J J J
IEDIDNTADINIONGLACEDIPIPIPRALAC
=1 j=1 i=1 j=1 SO i=1 j=1 S0 k=1
Pil v ! : T+m ~
< Pl al il (S) < al rin!(S),
|P | k,S i T k,S i
1521 =1 S0 k=1 i=1 j=1 S€0 k=1

where the first equality follows from the fact that ¢ is an optimal solution of (SLP), the second
equality follows from the fact that ¢ satisfies (1.6), the third equality follows from part (ii), the first
inequality follows from the fact that the average in P is greater than in P;, the second inequality

follows from the fact that |P¢| = T and (A.28). O

A.3.4 Proof of Lemma 1.11

Proof. We first construct a random variable Z;(A) for every product i, which is a sum of indepen-
dent Bernoulli random variables, and show that sales of product i, i.e., Z;(:A), stochastically domi-
nate min{Z;(A), c¢;}. Moreover, expected value of Z;(A) is equal to 20 Zﬁil 2.5€0(q) ai Srl-Jr{ (S).

We then conclude the proof by relating expected sales of product i to E[ Z;(A)] through E[min{c;, Z;(A)}].

Constructing Z:.. Fori € N, Jj€ L and k = 1,...,Y;, let plf L denote the probability that

customer (j, k) purchases product i when offered assortment Di. Therefore,

pl =Elxl (D)) =) ak,7l(9), (A.29)
Se0

where the second equality follows from the fact that Dé ~C ategorical((ai ¢)sco)- Now we de-

fine the Bernoulli random variables that are the building blocks of Z;. Let B{ , ~ Bernoulli( p{ )
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and define Z; as

m
Zi=) > Bl (A.30)
j=1 k=1
The expected value of Z; can be written as,
m_ Y . m Y m_ Y o
E[Z] =) D BIBL 1= D pli =2, ) abx(S), (A31)
j=1 k=1 j=1 k=1 j=1 k=1 SeO

where the first equality follows from the definition of Z; in (A.30), the second equality follows
from the definition of B{ . and the third equality follows from (A.29). For Z; constructed as above,

we show that Z; stochastically dominates min{Z;, ¢;}
Lemma A.1. Foralli € N, Z; stochastically dominates min{Z;, c;}.

We provide the proof of Lemma A.1 in Appendix A.3.5.

Lower bound for min{Z;, c;}. We use the following lemma to bound the loss incurred due to

supply (inventory) constraints. Readers should refer to [72] for a proof of the lemma.

Lemma A.2 (Theorem 2.2 [72]). Let Dy, D, - - -, Dt be independent Bernoulli random variables.

Then, for any ¢ > Y,I_ E[D,],

T

o

=1

E > y(c)E

T
min{c, Z D,}
=1

First, we verify that E[Z;] is bounded above by ¢;. Suppose the inputs to Stage II correspond
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to optimal solution ¢ of (SLP), then,

where the first equality follows from (A.31), the second equality follows from the fact that 71{ (0) =
0 for all i € N, the first inequality follows from Lemma 1.10(ii), the third equality follows from
the fact that ¢ has consistent nested assortments and (1.6), and the second inequality follows since
g is a feasible solution of (SLP) and satisfies the supply constraints. Since Z; is a sum of Bernoulli
random variables and ¢; > E[Z;], we can use Lemma A.2 to bound E[min{Z;, ¢;}]. Therefore, the

expected revenue earned by A2 can be bounded below as

n n n

REV(A2) = Z rE[Z] > Z rE[min{Z;, ¢;}] > Z riy(c)E[Z;]

i=1 i=1 i=1

> y(Cmin) Z riE[Zl]
i=1

= ¥(Cmin) Z riai’sﬂ{ (S),
i1 j=1 k=1 SeO

where the first inequality follows from the stochastic dominance established in Lemma A.1, the
second inequality follows from Lemma A.2, the third inequality follows from the fact that y(-) is

monotonically increasing, and the equality follows from (A.31). This concludes the proof. [

A.3.5 Proof of Lemma A.1

Proof. We fix a product i and use a coupling argument to prove the stochastic dominance result.

Let (U,]C)z’: , be a sequence of i.i.d. uniform random numbers in [0, 1] for j € £, and let (Vt)thl
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also be a sequence of i.i.d. uniform random numbers in [0, 1]. We will use these to couple Z; and

7.
Constructing customer sequence. We use U ,J( to construct D{;. Recall that
D{{ ~ Categorical((a{g’k)geo).

The construction is as follows: if [/ is the index such that

-1

Z Oy, <UJ<ZOk’

I'=1

then Di = 0;. Recall that J; denotes the customer visited in time ¢. Let o/ (k) be the position in

the customer sequence for the D{; that we just simulated, i.e., Jjx) = J.

Constructing Z;. Recall that Z; = T=1 22 . B{ .- We construct B{ ;. using U,i and V), by

letting
B‘ —H[Vo-z(k) <m (D )] (A.32)

where Di is determined using U,{ as described above. Recall that B{ . should have a Bernoulli (plj i)

distribution according to its definition. This follows from,

Ewmzmmm<ﬂwn

= > BID] = SIP[Vyiry < 7/ (D}) | D} = S]
Se0

_Z s i j(S) lk’
Se0

where the last equality follows from (A.32) and the fact that U,{ and V) are uniform random

variables on [0, 1].
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Constructing Z;,. Recall that Z; = Z,T:1 I[X; = i]. By definition, X; = i with probability nl.J’(S,)
for alli € N U {0}, where §; is the random variable denoting the set of available products offered

to the customer in time period . We construct X; using V; as,

iifV, < 7l (S))
X[ =

i’ w.p. 70 (S, \ {i}) forall i € S, \ {i} U{0}if V, > ' (S,).

We now confirm that X; takes values of S, U {0} according to the distribution 7/ (S;). First,
observe that P[ X, = i] = P[V; < m;(S;)] = m;:(S;) by construction. Similarly, for i’ € S, \ {i} U {0},

it follows that
PIX, = i1 =PIV > 7 (S0l (S \ (i) = (1 = a/" (S))my! (S \ {i}) = 7/ (S)).
where the last equality follows from the MNL choice probabilities defined in (1.3).

Proving stochastic dominance. Note that the retirement time for product i, i.e., the last time
period the product is offered in if inventory is available, is given by d; = [{(j, k) | i € D£}|. Let
:Stt :={i | d; > t}, then note that §U,-(k) = Di. Observe that S; C §, for all t. Therefore, by the

substitutability property of MNL, nl.J’(St) > ﬂl.J’(g',) if i € S;. This implies that if i € S;, then
IV, < 7" (Sy),i € S;] <I[V; < x/'(Sy),i € S,] = 1[X, = ]. (A.33)

Next, we show that Z; > min{Z;, ¢;} under our coupling which directly implies the stochastic

dominance result. When Z; = c;, this is trivially true. When Z; < c¢;, it means that i did not stock
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out (i € S;) until it was retired (forallt =1, ..., d;).

Y d;

WVesy < 7 (DP] = ) IV; < 71 (5)]
t=1

~.
[

m
=1 k=1 j=1 k=1
d;

~.

di

Z [V, <7l (S)l = Y I[X, =] =
=1 t=1

where the first equality follows from (A.30), the second equality follows from (A.32), the third
equality follows since i € S, only fort = 1,...,d; and from the definition of S, and the first

inequality follows from (A.33) and the assumption thati € S, fort =1,...,d;. [

A.4 Proof of Theorem 1.9

Proof. We prove this theorem by construction, i.e., we provide an algorithm to construct an optimal
solution to (SLP) with consistent nested assortments when n = 2. The key idea of this algorithm
is that if there are two customer types such that one is offered the assortment {1} and the other is
offered {2} for a certain amount of time, then there is always a way to offer them nested assortments
instead while selling the same number of units and using at most the same time for each customer
type.

We first formalize this idea. Suppose there are two customer types j; and j, such that as-
sortment {1} is offered to 7} type-j; customers and the assortment {2} is offered to 7> type-j
customers. In other words, q{' = u{‘Tl/(l + u{'), qéz = uész/(l + 1) 2) and q2 = q1 =0isa

feasible solution to the (SLP). We now consider two alternative scenarios:
(A) Assortment {1, 2} offered to t{z type-ji customers and assortments {1, 2} and {2} offered to
12, and £ type-j, customers, respectively.
(B) Assortment {1, 2} offered to t%z type-j» customers and assortments {1, 2} and {1} offered to
tiz and t} type-ji customers, respectively.

We show that there is a feasible solution in at least one of these scenarios, where total sales of

products 1 and 2 is at least q{l and qéz, respectively, while the total type-j; and j, customers is at
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most 77 and T3, respectively. We construct LPs corresponding to the two respective scenarios in
(A) and (B), and show in Lemma A.3 that at least one of them must be feasible. We defer the proof

to Section A.4.1.

max 0
1 1
S.t. l‘l + 112 <Ti,
2
| | o <D
' ! u? 2 uy! (A)
1+u{1 1 1+u{1 wull 12 1+u{2 2 12 1+u{1
A D S SR 5
1+u{l+ujl 12 1+u{2+uj2 12 l+u£2 2
1 1 2
1 f1ss 1, > 0.
max 0
1
s.t. Iy <Ti,
2 2
15 t o | <D,
LA R N e ®)
1+u{2+uj2 12 1+u{1+u£1 12 1+u{1 b
2 J2 J1 72
u u u u
Loty + il t Pty = —5 1,
l+u2 1+u1 +u 1+u1 +it) 1+u2
2 2 1
1, 11, ty > 0.

Lemma A.3. For any values of (T}, T, u{‘, uél , u{z, uéz). at least one of the LPs (A) and (B) is

feasible.

From Lemma A.3, the algorithm follows simply by applying the same idea at most m times.
Each time, there is one less customer type that is offered an assortment of size one. Specifically,
the algorithm works by first solving (SLP) and let t{ , té and t{z be the amount of type-j customers
shown the assortments {1}, {2}, {1, 2}, respectively. Then, find two customer types j; and j, such
that the solution offers j; the assortment {1} and j, the assortment {2}. From Lemma A.3, one
of (A) and (B) must be feasible. Note that these linear programs results in a new solution where

either j; or j» no longer has a size one assortment, the total amount of inventory consumed of
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each product is the same, and the total amount of each customer type chosen does not increase.
Update the values of t{, té and t{z according to the feasible program (either (A) and (B)). Then
keep repeating the procedure (at most m times) until the only size one assortment offered is either

{1} or {2}. Thus, the final output is feasible, with the same objective value, and has consistent

nested assortments. O]

A.4.1 Proof of Lemma A.3

Proof. Consider the LPs (DA) and (DB), that are the duals of (A) and (B) respectively.

71 72
. u u
min 7187 + T8, + lj T,C, + 2j T,Cy
1+ull 1+L422
ull
s.t. 5 + lj 1 > 0,
L+
ull ul!
S + ﬁC] + ﬁCz >0
1+ulj+u2 1+ulj+u2 (DA)
ul? u)?
S + i — + 2 >0
! 1+u'{2+u£2 ! 1+u{2+u£2 2
St, S >0
Ci, C free
) ujl u.l'z
min 718 + 108 + lj T,C + 2]« T,Cr
1 ull 1+u‘22
w72
S.t. S1 + (2 > 0,
1+L422
J1 |
u u
Sl + j]l -l + f12 T -2 >0
1+ulj+u2 1+ulj+u2 (DB)
ul? u?
S + 1 + = >0
! 1+u{2+u£2 ! 1+u{2+uj2 2
S, S >0
Cy, C free.

We prove that at least one of (DA) and (DB) is feasible and bounded, which is equivalent to the

statement we wish to prove. First, note that both LPs are equivalent!. Therefore, we focus our

The LP (DA) transforms into (DB) by substituting Ty = 75, uéz = u{ Loul = !
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analysis on (DA) and get the corresponding results for (DB) by symmetry.
Note that (DA) is trivially feasible with objective zero as all zeroes is a feasible solution. Next,

we analyze conditions under which (DA) is unbounded towards negative infinity. Observe that it
J1
! C1 > 0, and Tl(Sl +

1+u{1

u

is necessary that C; < 0 for (DA) to be unbounded, since S1 > 0, 1 +

J1
-
1+u'{l

C)) is in the objective. Keeping this in mind, we make the following variable substitutions:

u{l uél
S+ —Ci=—Fk1(»
1+uf 1+ul' +u)
J2
_ 2
1= _ﬁkzcz
1+l/t1 + U,
C] :)CCZ,

where k1, ko > 0 and x is free. After these substitutions, the objective of (DA) becomes.

uéz ué' uéz
C —T5 — - —T1ky — ——————Thky|.
J2 J1 J1 J2 J2
1+u2 1+u1+u2 1+u1+u2

Since C; < 0, if there are any feasible values for k| and k; such that the term on the right becomes
positive, then (DA) is unbounded. Therefore, for (DA) to be unbounded, it is necessary that the LP

(MA) described below has a positive optimal value.

ué’z 71 ugz
max T — ki — —=——1k
T L T
Ll{l
S.t. 11—k TR
1-ky < —+2x, (MA)
u
, 4 2
Mjl Ll]l
2 k- —L—x <0

1+u{1 +ué1 1+u{1

ki,kr, >0, x free.

The first and second constraints of (MA) correspond to the second and third constraint of (DA)

respectively whereas the third constraint follows from the non-negativity of S;. The following are
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necessary conditions for any optimal solution of (MA):

uh u’ll(l +u)' +u£l) e
1 1
ki =maxq1 - X . . x,0¢, ko = max 1+7x,0
) :
Alternatively,
qu1 (1+u{1+ ]1) uél
— —Lx X< ——=
J J J1
2] (l+u1]) uy
i1 J1 ]1)
ki =1 u _"‘L<x<(l+u ,
1+uj1 ujl ujl
1 1 1
(1+u{1)
0 — <X
u 1
1
J2
_5
0 X =
k2 = A . . 1
up? uy?
1+ sz —? <X
2 1
(1+ujl)
. . . 1 . .
Note that, since k, increases with x and k; = O when x > TR then at optimality of (MA)
u
1
(l+u';l) o i
we have x < TR Similarly, x >
o

—M%z at optimality of (MA). We next look at the objective
1 1

value of (MA) at the extreme points which lie within this range of values for x.
J1

2 L ..
u u o . .
Case 1: -2 < ——Z. Equivalently, this is the case where u)'ui> > u]'u’. The relevant
"y uy
extreme points for this case are

ke o (u{‘u£2+u‘{2(1+u'{l)) (u'{lu'£2+u{2(l+u‘{l))
1, k2) =10,

Jji,J2 ’ i\ Jj 0}
uy'u (1+u{')u{2
. . (1) 7 - s it
which correspond to solutions at x = ~——= and x = ——% respectively when uzlu 12 > ulluzz. The
Uy Uy
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objective value of (MA) at x = —— i,
1
J2 J J2
u u u
2 —T, — .2 —T1ky — +T2k2
1+u 1+u!" +ul 1+u’?+ul?
2 1 2 1 2
1 J1 ]2 ]2 ]1
uéz (u uy' +uy (1 +uy ))
=1 - , , ,
1+ u J1 J2 J2
2 up (T +u] +uy
Ji, J2 J2 J2 J2 Ji
wyuy uy” = ](1+u2)(1+u1)
=1 - - - - < 0.
J1 J2 J2 J2
uy (1+u2 )(1+u1 +u, )
. . . . sz .
Similarly, the objective value at x = —%2 18,
u
1
ujz (u{‘ ’2+u“(1+u“))
—T.
1"‘” u2(1 )(1+u +u£1)
Thus, if uél u{z > u’ll uf, (DA) is unbounded if and only if,
i Ji J2 J2 J1 J1
ul? (”1 uy +uy (1 +u ))u2

—joz— - - - T1>0
1 +u;, (1+u{1)(1+u{1+u£1)

T, (u]1u12+u]2(1+u“)) (1+u£2)
== >

T J J J
1 12 2(1+u )(1+u1 +u21)

By symmetry, when u'u/> > u/'uJ?, (DB) is unbounded if and only if,

T (u“u“+u“(1+u“)) (1+u'{1)

T ul 11(1+M12)(1+Mj2+uj2)
1 2

uy

(A.34)

Combining these two conditions, there exist 77, 75 such that both (DA) and (DB) are unbounded
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when u2 1 >u u 2 if and only if,

ulu (1+u )(1+u]2+u12) jl(l+u£2)(u{'u£2+u{2(l+u{l))
u{2(1+u'{1)(u u} +u“(1+ué2)) ’2 “(1+u )(1+u{'+u£l)
2ulu (1+u“+u )(1+u] )
> (ujlujz+ujz(1+uj1 )( Jz+u“(1+u”))
:u{1u£2(1+u£2)(1+u{1) +u’ uézuélujz
> (u{lué2)2+u2 (l +u’ )(1 + 1) )
=>(u 72 —ué'u{z)(l +u{' +u£2) >0

]2
:>u uz >I/t2

This is not possible since uél u{z > u{luf. Therefore, both (DA) and (DB) cannot be unbounded

when u!'u’? > u!'ul?.

PIS T )
W' W : i Jiylr < iy
Case 2: _Tl > ——%. Equivalently, this is the case where u;'ui> < uj'uy’. The relevant
Uy Uy
extreme points for this case are
Ji,,J2 J2 Ji
(“1 uy +u (1 +uy ))
(k1, k2) ={ 0, ,
i
1 %2
J1 J1
(1 +uy +u, ) MJ1 uf u{zuél
b : : b
j Ji,,J2
(1 + u{l) )
Jz ]1 J1
Uy u (1 + u '+ u, )
i Y
1 2 1
u, u; (1 +uy )
) ) ( 1 +u‘1i 1 ) Wl qu i
which correspond to solutions at x = ~——=, x = —— and x = ——% respectively when “z u;” <
y _

1 R up?

N 1+u’!
1'ul’. We already saw in (A.34) that at x = ( - ) the objective value is always negative. The
|
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objective value at x = ——=- is,
"
1

J2 Ji J2
L Tk : k
PhEa J1 e J2 272
1+u'2 1+u1 +u, 1+u' +u
J2 J1 Ji, J2 J2. J1
) Uy uy iy —uyiy
- jo2 B J1 I - I
1+I/t2 1+Lt1 (1+I/t +Lt2)
ujlz(ujlu12+u]1(1+u]2)) uél
= P T;. (A.35)
“(1+u/2)(1+u“+u“) 1"‘”1
. . sz .
The objective value at x = ——% is,
u
1
uf uél uéz
1 - S hky = ————Tk> (A.36)
1+u2 1+u1+u2 1+u +u2
J2 J2, 1
u us’u
=2 joz -—21 T
1+u J2 J1
5 u |1 +uy

From (A.35) and (A.36), (DA) is unbounded when u] ! {2 < uj'u} 2 if and only if

T . u{ (1 +u’ )(1 +u1 + uéz) u{l(l +u£2)
— > miny — . , .
g u{2(1+u{1)(u u“+u“(1+u“)) (1+u{1)

J1..J1 J2 J2 J2
uy u;, (1+u2)(1+u1 +u2)

b

u{z(l +u{1)(ul uéz +u“(l + u”))
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where the last equality holds since,

J2 Ji Ji, J2 J1 J2
u, (1+u1 )(”1 uy +uy (1+uy ))

J1 2\, J1,, 02 J1 J2
uy (1 +u, )(u2 uy +u, (l +u;, ))

J2 N Ji, J2 J1 J2
2 (1+u1 )(”1 uy' +uy (1+uy ))

J1 J2 J 2N, 1, d2 g2
uy (1+u2) uy (1+u2)(u1 uy —uuy)
u{z(l + u{l) u{z(l + u{l)(u uj2 +uJ1(1 +u“))

J1 J2
uy (1 +u, )

< . .

J2 J1

uy (l +uy )

J1 J2

By symmetry, (DB) is unbounded when u; u;

< u u 2 if and only if,

1

I ué'(l +ué2)(u{'u£2 +u{2(1 +u{1))

T u“u”(1+u )(1+u{1 +u£1)

Combining these two conditions, there exist 77, 7> such that both (DA) and (DB) are unbounded

when u2 2 <! u2 if and only if,

J1 2\ (,,01,,J2 J2 J1 JiJi J2 J2 J2
u, 1+u2)ulu2 +u1(1+u1)) u1u2(1+u2)(1+u1+u2)
>
J2 J1 J2 J1 Ji,J2 J1 J2
uu (1+u )(1+u1 +u2) uy (1+u1)(u1u2 +u2(1+u2))

Ji, J2 J2 J1 Ji, 2 J1 J2
:>(u1 uy +uy (1 +uy ))(”1 uy +uy (1 +u; ))

Ji, J2 J2
> uy iy, (1+u1 +ul )(1+u1 +u2)

=>(u ]2 - ué'u{z)(l + u{' +u£2) <0

—ully ]2

1 2<“2

This is not possible since u‘él u{z < u u . Therefore, both (DA) and (DB) cannot be unbounded
o J
when u2 u? < ”1 "uy’
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Combining both cases, we conclude that it is not possible for both (DA) and (DB) to be un-
bounded. Therefore, at least one of (DA) and (DB) must be feasible bounded. This concludes our

proof. ]

A.5 Product Retirement with Independent Demand

In the independent demand model, the preference of the customer does not depend on the avail-
able products. Each customer has a desired product, which is sampled from a known distribution.
If the desired product is available, the customer purchases that product, else they leave without
making a purchase. We let vlj denote the probability that product i is the desired product of a

type-j customer. Therefore, for any S € N, any i € S, and any j € £, we have that
7l (S) =vl.
As a result, the probability of no-purchase when customer type j is offered assortment S becomes

ﬂ'é(S) = vé+ Z vlj
ieN\S

Since the desired product is sampled independent of the available products, there is no benefit
to be gained from retiring products under this model. Under the independent demand model, it is
optimal to never retire any products. Therefore, having one type results in a trivial setting when
customers choose according to the independent demand model.

When there are multiple customer types, customer selection decisions become critical. When
there are multiple customer types, we show that a dynamic greedy policy can achieve a 1 — 1/e
approximation to the expected revenue of the optimal dynamic policy. In each time period, the
policy selects the customer type with the highest revenue in expectation over the products available

at the time. The policy, referred to as A3 is provided in detail in Algorithm 3.

Theorem A.4. Policy A3 (described in Algorithm 3) guarantees a 1 — 1/e approximation to the
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Algorithm 3 A3: Greedy policy for Independent Choice Model
Initialize Y; «~ 0 Vje L,Z; <0 Vie N
fortr —1,...,T do
S,<—{i€N|ZiSCi—l},£z<—{]‘€£|YjSbj—l}
Jp e~ argmax ¢ p Dljes, r,-v{
X; < Product purchased by type-J; customer when offered S, // Independent demand
model with probability 7/t (S;)
ZX, <_ZX[+1’YJI (—Y]t+1
end for

expected revenue of the optimal dynamic policy. Moreover, this analysis is tight.

The proof of Theorem A.4 uses the result by Asadpour and Nazerzadeh [73] for maximizing
stochastic monotone submodular functions over a uniform matroid. The formal proof for the per-
formance guarantee is provided in Appendix A.5.1 while an instance for which the analysis is tight

is provided in Appendix A.5.2.

A.5.1 Proof of Theorem A.4

Proof. For convenience, we assume without loss of generality that b; = 1 for all j € L. As per
Algorithm 3, S; is the set of products with inventory remaining at time ¢ and J; is the customer
chosen at time 7. Let X ; be the desired product of the type-; customer. We know that, P[X =] =

v{ . Consequently, X; can be expressed as
X, 1[X;, € S/ (A.37)

Revenue as a set function of selected customers. Let J; be the set of customers selected up to

time 7 in Algorithm 3 and let Z;, be state of variable Z; in Algorithm 3 at time z. Then the total
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revenue earned up to time ¢ can be written as,

(A.38)

Il
N
=.
=}
=
Lo |
o<
|
Ay
————

where the second equality follows from (A.37), the third equality follows from the definition of S,
in Algorithm 3. Observe that the right-hand side of (A.38) is order-independent. It only depends
on the selected customer and not on the order in which they were selected. We abuse notation to

let R( ;) denote the right-hand side of (A.38). More generally, let

n
R(j) = Z ri mln{z I[[XJ = i], Ci}
i=1 jeg
be the set function denoting the expected revenue earned from selecting the set of customers J.

Revenue function is monotone submodular. We show that R(J) is monotone submodular.

Note thatif 7 C K C L,

YUK =i < YK =] VieN. (A.39)

Jjeg JEK

We first show monotonicity. Note that, if J € K C L, then

R(Y) = Zn:rimin{z H[fj = i],ci}

i=1 jeg
n
< Zr,min Z]I[)?j =il,ci¢,
i=1 jeK
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where the inequality follows from (A.39). Next we show submodularity. Observe that, for any

ke L\K,

n

R(T UK} - R(I) = > rillXe =i]1| Y X; < ;-1

i=1 Jjeg

v
=

r,~I[[)?k =il Z )?j <c¢i -1
i=1 JeEK

R(K U {k}) = R(K),

where the inequality follows from (A.39). Therefore, R(J) is monotone submodular.

Finishing up. Asadpour and Nazerzadeh [73] showed that for maximizing the expected value
of a stochastic monotone submodular function over a uniform matroid, a dynamic greedy policy
that selects the element maximizing the expected marginal value in each time period guarantees
an approximation ratio of 1 — 1/e with respect to the optimal adaptive policy. Suppose x g is the
realization of the desired products of all customers in 7. Then the marginal expected revenue in

time period ¢ for choosing customer type k is expressed as,

E[R(Ji-1 ULk} = R(F-1) | xg4]

=Y rE|IX =ilI| > X;<ci-1 ‘x$_1
i=1 jET-
n

= rP[Xe = il1|Zipet < i - 1]
i=1
n

Here, the second equality follows from the definition of Z;;_; and the fact that X and {X ilJe€

Ji-1} are independent, the third equality follows from the definition of S; in Algorithm 3 and the
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fourth equality follows from the definition of X ;- Therefore, J; 1s the customer that maximizes the
expected marginal contribution to the revenue. This implies that Algorithm 3 guaranteesa 1 — 1/e

approximation to the expected revenue of the optimal adaptive policy. [

A.5.2 Tight example for Theorem A.4

In this section we provide an instance for which the 1 — 1/e guarantee in Theorem A.4 is tight.

Instance parameters. For this instance, the number of customer types is the same as the number

of products, i.e., m = n. The set of potential customers has T customers of each type, i.e., b; =T

for j = 1,...,n where recall T is the time horizon. We now define the choice model parameters
for each customer type. For type-1 customers, v} = (";,}—27_1, v} = (':l;}?:i fori = 2,...,n and
v(l) = 0. Note that the parameters are valid, i.e., they sum up to 1.
n -1 n n—i
1 (m=1" (n-1)
Q. —TJfZW (A.40)
i=1 i=2
(n—1)"1 1 < no\i—2
T I+ n—1 (n - 1) (A4D)
i=2
1yl o\l
_nZ DT (1+( 1 )(("‘ ) )) (A.42)
n"-1 n-1 L
n—1
=1. (A.43)
Also, note that
vy < vy <<V (A.44)
For j =2, ..., n, the choice model parameters are vj: = nv} =(1-1/n)"7, vé =1- v;: and v{ =0

for the remaining products. The initial inventory for every product i is given by ¢; = Tvl.1 for all

i € N. The price of the first product is r; = 1 while that of the remaining products is r; = 1 + 1/T
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fori=2,...,n. Note thatfori =2,...,n, Z’,;zl v}c :nvt.1 :v;:.

Zi]vk (n- Z (n= 1) (A.45)

-1 n—k+1
— n niTkt
(n—l)”1
nn=1 n—lz )
i-1
() -1
1 1
(””)
= :nvi:vi,
n

where the last equality follows from the definition of vi The above implies that fori = 2,...,n,

1)11 1

nnl

Reli) = Y rivk =i+ (14 7)Yk < 147) ol (A.46)

k=1 k=2 k=1

1 .
) (1 + T)nvil =riv; = Ru ([i]),

where the first and last equality follow from (1.1), the second equality follows from the definition
of r;, the third equality follows from (A.45) and the fourth equality follows from the definition of

r; and v;: fori > 1.

Revenue from selecting type-1 customers. Consider the customer selection policy TYPE-1 that

always selects type-1 customers. Assume that 7 is large, then expected revenue for this policy is,

REV(TYPE-1) = Z ZE[Z] = ZE[mm{cl,Z} ZE min{Tv}, Z;}] (A47)
i=1
= ZTV; =T,
i=1

where Z; denotes the number of customers who desire product i. The first equality follows from
(1.2), the inequality follows from the fact that r; > 1 for all i € N, the second equality follows

from the definition of Z;, the third equality follows from the definition of c;, for the approximation
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A

we use the fact that since E[Z;] = Tvl.l, for large T, E[min{Tvl.l, Zi}] ~ Tvl.1 2, and the fourth

equality follows from (A.40).

Revenue from A3. Since policy A3 selects customers greedily, from (A.44) and (A.45) it fol-
lows that the policy will first select type-n customers. Since these customers only purchase product
n, these customers will continue to be selected until product n stocks out. Following this, type-
(n — 1) customers will be selected and so on, until finally only product 1 remains, at which point

type-1 customers will be selected. The expected number of type-i customers that must be visited

to stock out product i fori =2,...,nis,
C; TVl-l T
T T (A.48)
mi([i]) Vi n
For large enough 7', we can assume that products 2, ..., n stock out before the time horizon and

T /n customers of each type are visited. The expected revenue earned under these assumptions is

bounded above as follows,

T
REV(A3) ~ ;r1v1+TZ;rlv = —v1+(T+l)Z (A.49)
= =)
T
<=V +T(1-v])+1= ( (1——) )
n
where the approximation follows from the fact that for large T products 2, ..., n are sold out and

T /n type-1 customers are visited, the first equality follows from the definition of r;, the inequality
follows from (A.40) and the fact that v} > 0, and the second equality follows from the definition
1
of v,.
From (A.47) and (A.49) it follows that for large 7" and n, A3 achieves at most 1 — 1/e fraction

of the optimal revenue for this instance.

2This can be shown rigorously using Lemma A.2.
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Appendix B: Appendix to Chapter 2

B.1 Proofs

B.1.1 Proof of Lemma 2.5

Proof. An MHR valuation distribution implies that for any feasible prices p, p’ such that p < p’,

it holds that (4L < (L)~ Recall that 1 - F(p) = A(p)/A. It follows that,

_ S -1
Af(p(1)  1-F(p) Alp)p'(A(p))

pw=r (i3] = -

Since A(p) is monotonically decreasing in p, the MHR condition can equivalently be expressed

as: for any rates A, A’ such that 2 > A, it holds that
—Ap’(4) = =A'p' ().

Under the lost sales model, the inventory level is always non-negative, thus Lemma 2.1(iv) implies
that for any positive integers i, j < S* such thati > j, A; > A;. Therefore, from Lemma 2.1(i) it
follows that

hi +y* S hj+y*

-4ip () = =2;p' (1)) = T

The above relationship establishes an upper bound on the rate at which the optimal arrival rate
increases with the inventory level, under the optimal pricing policy for any MHR valuation distri-
bution. Since 71;(S*, *) oc 1/A7 from (2.3), it follows that

mi(S*,A%)
mi(S*, %)’

hity' hj+y' | hity' mi (8%, A)

=
— >
/li

i
- >
U hjty s mS Ay
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where the last inequality follows from the fact that y* > 0. Using this fact, the minimum holding
cost rate over all MHR valuation distributions for a fixed order-up-to level S and optimal arrival

rates can be characterized as follows:
ming, Z,-S=1 hir;

(B.1)

Intuitively, the optimal solution for the above linear program is the point for which the decrease
in the steady-state probabilities is maximized, i.e., im; = jn; forall 1 < j <i < S. We formally
prove this using induction over S.

Base Case: For S = 1, the hypothesis is trivially true.

Induction Step: Suppose the hypothesis is true for order-up-to level S—1. Let * be an optimal
solution for order-up-to level S. Observe that it follows by the induction hypothesis that in; = j n;‘.
for1 < j <i < S - 1. Moreover, if zg and zs5_; are the optimal values of (B.1) for § and S — 1
respectively, then,

zs = (1 =mg)zs—1 + nghS.

Since, zg-1 < h(S —1) < hS, zrg must be as small as possible for zg to be the optimal value.
Therefore, ', = in}/S foralli =1,...,8 — 1. Thus, the hypothesis holds for .

It follows that the optimal solution and optimal value to (B.1) are

S_ : (B.2)

T ZS 1 and th,
1j i=11i

J=

respectively. Therefore, the holding cost rate for any MHR distribution with optimal order-up-to

level S* is be bounded below as follows.

S* .
HOLD(S,/I):thi(S,/l)Z 5 12 5 _1+1n(S*)'
P S R A
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B.1.2 Proof of Lemma 2.6

Proof. To see the upper bound on the ordering cost ratio observe that

SRR R o] o TS,
, static S Ny
{ ) } \V1+In(5%)

which follows from substituting (2.11) in (2.8). For the holding cost ratio, note that,

. (1 +1n(S*))({ S % 1)
HOLD(Sstatic’/lstatic : 1) < (1 + ln(S ))(Sstatic + 1) _ V1+In(S)

HOLD(S*,/]—*) - 25* N 2S*
1 +1In(S* S 42
< ( n( ))(m ) ~ 1 +1In(S*) N 1 +In(S*)
< 25" 2 s

which follows from substituting (2.11) in (2.10) and using the fact that [x] < x + 1. For §* > 3.

\/1+1I1 S* 1+ In(S* HoLD Ssaic’a/lsaic'l
( )+ + In( )s\/1+ln(S*):> Ssvatic: Astar )SV1+1H(S*)-

2 S* HoLD(S*, %)

For §* = 1, 2, the above bound is inadmissible. When $* = 1, Sg4ic = 1 and the optimal pricing
policy is static, thus the holding cost ratio is 1. When §* = 2, it follows from (B.2) that the lower
bound on the optimal holding cost rate is 44/3. On the other hand, when $* = 2, Sg4ric = 2, thus
the holding cost rate for our static policy is h(Sgaric + 1)/2 = 3h/2. Therefore, the holding cost
ratio for §* = 2 is bounded above by 9/8 which is less than \/Tn(2) ~ 1.3. Therefore, ordering
and holding cost ratios are both bounded above by m for Sgsaric as defined in (2.11) for
all $* > 1. O
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B.1.3 Proof of Theorem 2.4

Proof. We first formulate the optimal rates under linear demand. Suppose the demand model is

given by A = a(1 — bp) and the optimal profit rate is y*. Then from Lemma 2.1(i) it follows that,

1 hity
P = =2 *Y  Af = \Jabhi + aby". (B.3)

(€)?

Having this exact relation of how the rates vary with inventory level for the optimal pricing policy

allows us to lower bound the holding cost rate for the optimal dynamic policy by

- s hi
T M Zl | \Jabhirab oy hys \/_'
HOLD(S*,/l*) A A7 - — 1+ A i= \/abhz Zz 1 (B.4)
Zl 1 ’1 i=1 abhi+aby* Zl 1 \/M Zl 1 ‘/—
nfy \/_ dx RS on(snN

1+/1 Lix S 1+2(VST-1)  6VSF -

where the first equality follows from (2.4), the second equality follows from (B.3), and the first
inequality uses the fact that the expression is monotonically decreasing in y* and y* > 0, and the
second inequality follows from interpreting the summations in the numerator and denominator as

right and left Riemann sums respectively. We can now prove both statements of the theorem.

(i) From (2.9) and (B.4) it follows that,

HOLD(S", Asraric - 1) _ 32VS - 1)(S*+1) £ 3(2VS* —1-5%) §_3(\/§— 1)2 -

= 1.5.
HoOLD(S*, A%) - 4(S*)3/2 25* 4(S*)3/2 2 45032 T

(B.5)

(ii) Our approach to this proof is similar to the proof of the total cost ratio bound for Theorem

23 Let Ss[an'c be

S*
Sstatic = | ——|- B.6
{Vl.Sw (86

128



The ordering cost ratio is bounded above by V1.5 since,

ORDER (Staric» Astaric + 1) _ S* _ S < Sj _ \/B’
ORDER(S*, %) Sstatic [ s* w S
Vis| VIS

which follows from substituting (B.6) in (2.8). For the holding cost ratio note that,

* S*
HOLD(Sstatic» /lstat[c : 1) < 3(2@ - 1)(Sstatic + 1) — 3(2\/5_ - D([*/ﬁ-‘ * 1)

HOLD(S*, 1*) - 4(8*)3/2 4(8%)3/2
32VE - 1) +2) — 3

< ' SVLS+— -4/

- 4(5+)3/2 - * S* 85*

The above bound is bounded above by V1.5 for §* > 24. When §* < 23, we can numerically

check that the upper bound of V1.5 holds directly through computations by using the following

S*

intermediate bound from (B.4), HOLD(S*, 1) > hzzs’f‘ 1\/; Therefore, all cost ratios are bounded
i=1 Vi

above by V1.5 when S, is constructed according to (B.6). O

B.1.4 Proof of Lemma 2.11

Proof. This lemma proves several properties for instance k as defined in (2.18) required to show

tightness of Theorem 2.4.

(i) To see that optimal order-up-to level and profit for instance k are k and 0, respectively, we

check the conditions in Lemma 2.1. Note that g;o(4;) fori =1,...,kis

1 1 2V ' ; 1 _a_;
o) =py L _a) hd_1f Vabhii) A 1, [wr!
A b A A7 b a Vabhii b ab

1 i

= —|{1-4/=

where the first equality follows from (2.5), the third equality follows from (B.3) using y = 0,

and the fourth equality follows from the definition of /. One can check that g (4;) = 0 and
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Ky = Zf‘zl gi0(4}), thus proving our claim.

(ii)) The holding cost rate for the optimal dynamic policy is,

k hi k1
o Zim XN [T VR p (k12—

HOLD(k,A") = —— = —— 17— < T3 a1
Zizl,l_; i=1 Vi /1 de (k+1)l= -

where the second equality uses the fact that A7 = vabhi from (B.3) and the fact that the profit is
0 from part (i). As the holding cost ratio for static policy (k, Agaric - 1) is hy (k + 1)/2, the holding

cost ratio for policy (k, Agasic - 1) can be bounded below as,

HOLD (k. Astaric - 1) 3 (k+ D)2 -1 >§( 1 )
HoOLD(k,A*) 2 (k+1)1/2—ﬁ_2 Vit 1

(iii) For the total cost ratio, we repeat the analysis from Example 2.9. We know that for any

order-up-to level S =1,...,k,

COSTS(S, dgiaric - 1) . [k S+1 3((k+ D2 1)
CosTs(k, %) - S 2 (k+1)32-1 |

Let St (k) be the minimizer of right-hand side. Then,

47 3((k+D12-1)"

S(k) == —=+

1 \/1 L 2k(k+ D - 1)
2

Consequently, the total cost ratio for instance k and policy (S, Asaric - 1) for any order-up-to level

S=1,...,kis bounded below as follows.

COSTS(S,/lsm,iC~1)>§(k)+1‘(k+1)1/2—1> 3k((k+1)1/2—1)> 3k - 1
costs(k,A*) — 2 (k+1)32-1" N 2((k+1)32-1) ~ 2(k+1)( «/ﬁ)

where the last inequality follows from part (i1) 0
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B.1.5 Proof of Theorem 2.13

Proof. Let Ty (S, ), To(A), T-(s, A) be the expected amount of time that the system spends in

positive, 0 and negative inventory states between orders. Then,

S

-1
T.(S, 1) :Z% T,(1) = lio T (s,1) = Z Al

i=1 ! j=s+1 !

We also divide our revenues and cost rates across these three regimes as follows:

St p(A0) K >
REV,(S,1) = =————, ORDER,(S,41) = ————, HOLD,(S,AQ) = hi (S, ),
H(8.4) = T (8. 4) = 7o (8. ) Z]z i.+(S. )
p(do)
REV,(Q) = , ORDER,(A) = , HoLD, (1) =0,
W=7 =775 ()
-1 -1
—s+1 P (i) K
REV_(s,A) = 222 " " ORDER_(5,4) = ————, HOLD_(s, ) = —inn; (s, ),
T_(S, /l) T_(S, /l) l’:zs-l—:]

(B.7)
where 7; (-, 4) = % for y € {+, —}. For any metric, the overall value can be re-constructed as
follows:

T.(S, Q) T,(Q) T_(s,A)
METRIC(s, S, 1) = METRIC4(S, ) ————+METRIC,(d) —————+METRIC_(§, 1) ————.
(5,5, 4) STt Drcsn’ & Dri 5
(B.8)

Observe the similarities between the metrics in (B.7) and those defined for the case without back-
logging in (2.4). For the positive inventory regime, the metrics are equivalent to those for an
instance without backlogging with parameters (/, K) for holding and ordering costs and an order-
up-to level S. For the negative inventory regime, the metrics are equivalent to those for an instance
without backlogging with parameters (7, K) for holding and ordering costs and an order-up-to
level —s — 1. Moreover, the system in the positive inventory regime has no dependence on s or

Aifori =s+1,...,0 and vice versa for the negative inventory regime and S, 4; foriin 0, ...S.
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Combining this and the definition of A3, it follows from Section 2.3.3 that

REV,(S,14 - 1) - ORDER,(S,44-1) s HoOLD,(S,4; - 1) < In(eS*)(S+1)
REV,(S*,A*) ~ °  ORDER,(S*,A*) S’ HoLD, (S*, A*) 28* ’
REV,(4,-1) 1 ORDERo (4, - 1) 1 HoOLD, (4o 1) 1
REV,(,A*) ORDER,(,A*) HoLD.(,A*)

REV_(s,4_-1) S ORDER_(s,4--1) -s"—1 HoOLD_(s,4--1) - In(e(=s* —1))(-s)
REV_(s*,A*) ~ ° ORDER_(s*,A*) —-s—1" HOLD_(s*,A*) ~ 2(—s*—1)

(B.9)

In Theorem 2.13 we analyze the policy at S = S* and s = s*. Note that, when § = §* and s = s,
the time spent in every regime is the same for both static and dynamic policies. Using this fact, we
prove the bounds stated in the theorem.

The revenue ratio can be found by seeing that

T+(S*,/l+ * 1) To(/lo * 1)

REV(s*, S%, 23,) = REV,L(S", 1, - 1) + REV,(4, - 1))

T(S*’ S*’/l3[)) T(S*’ S*9ﬂ'3p)
T_(s*,A--1)
+REV_(s",A_-1)————~
(s IG5 An)
* * T+(S*’/l*) * TO(/l*) * * T_(S*,/l*)
> REV,(S*, 1) ——"" 7~ 4 REV,(A¥)——— + REV_(s*, ") ——— 2
2 REVH (S V) 7 NIy R v D!

= REV(s*, S, 1%),

where the inequality follows from (B.9) and the fact that (s*, S, A3,) spends the same time in

every inventory regime as the optimal policy by construction and the equalities follow from (B.8).
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Similarly, the ordering cost ratio can be found by seeing that

L(s* a1 T.(A, - 1
ORDER(s", S*, A3) = ORDER, (S, 1, - I)W + ORDER, (Ao - 1))T(s*(,S—*,/lz,)
+ ORDER_(s*, A_ - I)YT"EE;V?:?—;I,_/I';,))
= ORDER, (S5, A*)% + ORDERO(/I*)%
+ ORDER_(s", A*)%

= ORDER(s", §*, 7).

Finally, the holding cost ratio can be found by seeing that

| * 1\ 1 | 1
HOLD(S", Agaric - 1) < max{ n(;S )(1 + —), n(e(=s ) (1 +— 1)}HOLD(S*,/1*)
_S —

S 2
< In(e(S* — 5%))
2

1
(1 - - *)HOLD(S*,/I*) < (1 +In(S* = s"))HOLD(S", 1%),
-8

where the last inequality uses the fact that $* — s* > 1. 0
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Appendix C: Appendix to Chapter 3

C.1 Omitted sections of the proof of Theorem 3.7

We restate (3.7), which we will prove in this section.

Lemma C.1. If all products have the same price r, then for every opaque price p < r and assort-

ment S C N, there exists a € [0, 1] which depends on the primitives (S,r, p,v) such that,
REV(OPQ(rl,, p)) — REV(TRAD(r1,)) = a(REV(TRAD(p1,)) — REV(TRAD(r1,))).

We introduce some notation simplifications before we proceed. We shorten REV(-), TRAD(-),
OrPQ(-) to R(+), T(:), O(-) to optimize space. We also drop the 1 when stating prices since it
is understood that pricing of traditional products is uniform. Accordingly, O(r, p) denotes the
opaque selling mechanism where the traditional and opaque products are priced at price r and p
respectively. Similarly, T(r) denotes the traditional selling mechanism where traditional products
are priced at price r. We also overload notation, to let T(r, (p, I)) denote the traditional assortment
where all products in / C § are priced at p while products in S \ 7 are still priced at .

Additionally, we introduce some new notation to make the proof cleaner. For any k € S and

I € S, we use the following shorthand:

e’k
O = -
2ies e

and o6(/) = Zéi.

iel
We also let

u(ry =1+e" Z eVl

€S
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and

u(r,(p, 1)) =1+e™" Z e’ +eF Z " = (1=86(1)u(r) +6(DHulp) (C.1)

ieS\I i€l
denote the total attractiveness of traditional assortments where all products are priced uniformly at

r and products in [ are priced at p respectively.

C.1.1 Helper lemmas

In this section we state and prove lemmas that will be useful in the proof of Lemma C.1.

Lemma C.2. The expected revenue earned from assortment T(r, (p, I)) is a convex combination

of the revenue earned from assortments T (r) and T(p). In particular,

(1 - 6(D)R(T()u(r) + 6(HR(T(p))u(p)
(I =6(1)u(r) +6(Hu(p) '

R(T(r,(p. 1)) =

Proof.

_r . _ .
re”" Yies\ e’ +pef Yicpe
lL+e™ Yies\rei+eP Yjcre

R(T(r,(p. D)) =

Lies\ € re”’ Yiege'i u(r) + ieret | pe P Yiese' u(p)
_ Diese€l 1+e7 Yiegeti Sies € 1FeP 3cgen P

(1 =6()u(r) +6(Du(p)

_ (= 6)R(T(r)u(r) +5(HR(T(p))u(p)
(I=o6(1)u(r) +6(Hu(p) ’

where the second equality uses the definition of u(7) in the numerator and (C.1) in the denominator,

the third equality uses the definitions of 6(-) and T(-). O

Lemma C.3. For sequence of scalars (z;)!", and scalar c, the following identity holds,

n n n [j-1 n
[~ [Ta=ed [ Teo 14
i=0 i=0 j=0\i=0 i=j+1

Proof. We prove the identity by induction on #.
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Base case: Consider n = 0. The LHS for this case is zg + ¢ — z9 = ¢, while the RHS is ¢ - 1 = 1.

Induction step: Assume the identity is true for n — 1.

n n n—1 n—1 n
[[c+o-]]= :zn]_[<z,~+c)+c]_[<zl-+c> —]—[zl-
i=0 i=0 i i i

= Zn(l_l(zl +c) - l—[Zl) +c H(Zz +c)

n—-1[j-1
= i—[( +C) l_l Zi +cl_l(z,+c)
j=0\ i=0 i=j+1
n— 1
=c (h(z, +c) 1_[ Zi +l_[(Zz +C))
j=0\i=0 i=j+1
n 1
= ( +0) ]_[ z
j=0\ i= i=j+1

where the third equality follows from the induction hypothesis.

C.1.2 Proof of Lemma C.1

Note that, from (3.4) it follows that,

R(O(r,p)) =R(T(r) = D (=D'™R(T(r, (p,1))) = R(T(r))
0+ICS

- Z(—l)”'“R(T(r, (p.1))).

IcS

(C2)

To prove the lemma, we will prove the following more general claim: for any sets S € S and

S” :={ki,ko,...,k;} suchthat S” € §\ §" and |S”| =1 > 0,

DL EDIFIR(T(r, (p, 8" U)) = (S, 8”)(R(T(p)) = R(T())),

I1cS”
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where,

I
1
§,8") = - e 0,1]. (C.3)
a(S',S") = u(r)u(p)(u(p) - u(r)) (rl[ k)zyé ,’-zou(r,<p,5'usg([,.])))€[ ]

Here, % is the set of all permutations of [/]. For a specific permutation @ € %; and integer
i=0,...,[, we define Sg([i]) = {kaj | j € [i]}. For example, if $” = {1,2,3} and a = {3, 1,2},
then Sg([l]) = {3} and SZ([z]) = {3, 1}. Note that setting S = 0 and §” = S in the induction
hypothesis proves the lemma.

We perform induction on the cardinality of §”, i.e., [ to prove the above claim.

Base case: We first prove the hypothesis is true when / = 1. Fix §" and k € S\ §’. Then,

R(T(r, (p, 8" U {k}))) = R(T(r, (p,5)))

(@ (1 = 6(8") = 61)R(T(r)u(r) + (6(S) + 5)R(T(p)ulp) (1 -6(S)R(T())u(r) +5(S)R(T(p))u(p)

(1 =6(8") = d)u(r) + (6(S") + 61 )u(p) (1 =6(8)Nu(r) +6(8)u(p)
») 6k (1 = (S +6(5))u(rulp) (R(T(p)) = R(T(r)) _ sxu(r)u(p)(R(T(p)) - R(T(r)))
u(r, (p, $")u(r, (p, 8" U {k})) u(r, (p,S")u(r, (p,S" U {k}))

Da (s, 8\ {k})(R(T(p)) - R(T(r))),

where (a) follows from Lemma C.2, (b) uses (C.1) and (c) follows from (C.3). To see that a(S’, S"\
{k}) € [0, 1] note that,

u(r, (p, SNu(r, (p, 8" U{k})) = (1 =6(S)Nu(r) +6(SHu(p)) (1 = 6(8") = 6x)u(r) + (6(5) + d)u(p))
> u(r)u(p)((1=6(8))(6(S) + k) +6(8) (1 = 6(S") = 6x))
= u(r)u(p) (6 +26(8") (1 - 6(8) = k)

2 u(r)u(p)dr,

where the first equality follows from (C.1), the second inequality follows from the fact that 6(S”) +
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6r =0(S"U{k}) < 1.

Induction step: Assume that the induction hypothesis is true for all $” and S” such that |S”| = [—1.
We show that the induction hypothesis also holds for all S” and S” such that |S”| = /. Fix §" and

S” such that |S”| = 1.

DL EDIFR(T(, (p, 8 U T)))

I1cS”

= D, DRI (o, 5" U D)) = (“DIFIR(T(r, (0, 8" U {(kiy U D))
18" \{ki}

=(a (8", 8" \ {ki}) —a(§" U {k;}, $” \ {ki}))(R(T(p)) = R(T(r))),

where the last equality follows from the induction hypothesis. What remains to be shown is that

a(S, 8"\ (k1)) — (S U {k;}, S” \ {k;}) = a(S', S”). To see this note that

a(8, 8"\ {ki}) —a(S" U {ki}, 8"\ {ki}) (C4

= 1 1
—u(r)u(p) <>—<>>l-2( 6,») ( :
e (o) = uir) | o ; 5 u(r. (0.8 U S ) T ulr (p.8 U (ki) U ST )

-1 Mt ur, (o, S ULk} uS” ) =TT u(r, (p, S US” )
_ _ 12 i=0 M7 P a(Li]) i=0 YA 4P a(li)
mu(nue)utp) =u) (Hék") R PCIVE N WY SCIVT TR YVE T
i=1 /) aeP i=0 L7540 a((in/ M\ P ERh)

where the first equality follows from (C.3). From (C.1) we know that,

u(r, (0.8 U Aki} U S2 ) = u(r (. 8" U S ip))) + 6k, (u(p) — u(r).

Therefore, using Lemma C.3 with z; = u(r, (p, S’ US:;([Z.]))) fori=1,...,I-1and ¢ = &, (u(p) -
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u(r)) in (C.4) we get,

a(8, 8"\ {ki}) —a(S"U {ki}, $” \ {ki})

|~

-1 J-1 ’ ’" -1 ’ ”
) o [Timg u(r, (p, S ULk} U S o) Tz u(rs (0, 87U ST (1)
—u(u(p)(u(p) —ur) [ Ton| > 20 = .
=1 aeP_; i=0 u(r7 (p7S USQ([I.])))M(V, (p’S U{kl} USQ,([Z-])))
N -1 |
=u(r)u(p) (u(p) —u(r) ' [ | o, : —
i=1 aezp;_l =0 [ u(r, (p, S"U ST 1) [Ty u(r, (p, 8 U {ki} U Saqin))

1
B _ -1
=u(r)u(p)(u(p) —u(r)) ] Ok (,Ez;‘)l iz u(r, (p,S" U S 1))

=a(S’,5").
To see that a (S, S”) € [0, 1], note that
a (S, S" \ {ki}), (8" U {ki},S" \ {ki}) < Tand a(S", $” \ {ki}) > a(S" U {ki}, S \ {ki}),

where the first inequality follows from the induction hypothesis and the second inequality follows
from (C.3) and the fact that u(r, (o, 8" U {k;} UI)) > u(r,(p,S" U I)) forall I C S”\ {k;}. This
completes the proof of the induction hypothesis. From (C.2) it follows that setting S’ = @ and

S” = § in the induction hypothesis proves the lemma. ]

C.2 Proof of Theorem 3.8

Let R(-, -) denote the expected revenue as a function of the prices under traditional selling. For

prices (x1,x2),
x1e’1 4+ xpe"2 T2
L4 eV= 4 eva’

R(x1,x2) :=

Further, let R,(-,-,-) denote the expected revenue as a function of the prices (traditional and
opaque) under opaque selling. If the traditional products are offered at prices (ry,r;) and the

opaque product is offered at price p, then revenue for risk-averse customers under opaque selling
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is given by,

Rq(rl»rZ’P) = R(’"l’P) +R(P,r2) - R(P,P),

which follows from (3.4) as long as p < min{r,r,}.

The first-order conditions of R, (r1, r2, p) are given by

OR,(r1,r2,p) OR(ry,p) eV
= = R(ri,p)+1-r1)=0
ory ory 1+evi="1 + eVZ_p( (r1,p) 1)
6Rq(r17r2’ p) aR(p, r2) evz_rz
= = R(p,r)+1-r2) =0
or or; 1+e1=P+ eVZ_rZ( (p12) r2)
ORy(r1,r2,p) _e” P(R(ri,p) +1-p) LTPR(p ) v 1-p) (M) (R(p.p)+1-p)
dp L 4et i e P I +e17P +e¥272 l+e"17P +e27P B

OR,(r1,12,p) _ptip R(p,rn)+1-p  R(p,p)+1-p g R(ri,p)+1-p  R(p,p)+1-p
op B l+eV17P +e272 T 4eV17P +e27F l+e"1 71 +ev27P 1 4eV17P +e"27F

vi-p[R(pr2)+1=p—=(R(p,p)+1-p)\  , _,(R(ri,p)+1-p—=(R(p,p)+1-p)
>eV17F +e"27P
B I +e"17P +e¥27P I +e"17P +e27P

_ o R0 72) ~R(p.0) 1,y R(r1p) — R(p.p)
1+eV1=P +ev2—P 1+eV1=P +ev2P

Let r{,r}, p* denote the optimal prices under the opaque setting and r* be the optimal price under

the traditional setting. We know that

R(r,p") =maxR(r1,p") = R(p",p"), R(p",r3) = maxR(p",r2) = R(p", p").

Therefore, we have

0= OR, (11,12, p) p R(p*,r3) — R(p*, p") e

* R(’”T’P*) - R(P*’P*) >
op (rirpet) 1 +eV1=P 4 ev2=p" 1 +e1=P" +ev2=p"

> 0.

It is known that the traditional revenue function is unimodal in each of the prices, which combined

_ : OR(r1,12) _ OR(ri,r2)
= r,. Moreover, since —- e R ()

holds that r} =] = p* =r". O]

*

with the above implies that r{ = p =0, it
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