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Abstract

Learning graphical models with intractable likelihoods

Seunghyun Lee

This dissertation presents theoretical and methodological developments for a range of statistical

problems that involve graphical structures. Such graphical structures naturally arise by introducing

dependent latent variables and modeling conditional independence structures. However, the result-

ing complexity often leads to a likelihood involving an intractable normalizing constant. As this

hinders model estimation as well as even understanding fundamental identifiability, it is important

to develop a theoretical understanding for such graphical models. We answer this general ques-

tion by focusing on three popular statistical problems that allow both supervised and unsupervised

settings.

First, we consider the problem of conducting frequentist inference under Gaussian mixture

models with dependent latent labels. Despite its popularity, most theoretical research for this

problem assumes that the labels are either independent and identically distributed, or follow a

Markov chain. It remains unclear how the fundamental limits of estimation change under more

complex dependence. Here, under the spherical two-component Gaussian mixture model, we first

show that a naive estimator based on misspecified likelihood can be utilized for labels with arbitrary

dependence. Additionally, under labels that follow an Ising model, we establish the information-

theoretic limitations for estimation, and discover an interesting phase transition as dependence

becomes stronger.



Second, we consider another unsupervised learning problem and propose a complex model

with a deep latent structure that consists of multiple binary latent variables. This model is moti-

vated by deep generative models in machine learning (such as Deep Belief Networks) that exhibit

a similar deep architecture with layer-wise graphical dependence. The proposed model, termed

Deep Discrete Encoders, enjoys additional statistical guarantees including identifiability and in-

terpretability. Theoretically, we propose transparent identifiability conditions for the proposed

model, which imply progressively smaller sizes of the latent layers as they go deeper. Identifi-

ability ensures consistent parameter estimation and inspires an interpretable design of the deep

architecture. Computationally, we propose a scalable estimation pipeline of a layer-wise nonlinear

spectral initialization followed by a penalized stochastic approximation EM algorithm. We illus-

trate the proposed method via conducting simulation studies and illustrations on three real datasets

to perform hierarchical topic modeling, image representation learning, and educational response

time modeling.

Finally, we consider the problem of establishing limit distributions in a high-dimensional hi-

erarchical Bayesian linear regression problem. Unlike the existing literature that focuses on pos-

terior contraction, we work under a non-contracting regime where neither the likelihood nor the

prior dominates the other. This is motivated by modern high-dimensional datasets with a bounded

signal-to-noise ratio. Here, we take a first step towards understanding limit distributions for one-

dimensional projections of the posterior, as well as the posterior mean, in such regimes. Analogous

to contractive settings, the resulting limiting distributions are Gaussian, but they heavily depend

on the chosen prior and center around the Mean-Field approximation of the posterior. We study

two concrete models of interest to illustrate this phenomenon — the white noise design, and the

(misspecified) Bayesian model. As an application, we construct credible intervals and compute

their coverage probability under any misspecified prior.
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Chapter 1: Introduction

Complex models and approximate inference have revolutionized modern statistics and machine

learning. However, a fundamental understanding ofwhy they work andwhenthey can be trusted

remains limited. One important challenge lies in theintractable normalizing constantsthat arise

from graphical structures, latent variables, and prior distributions, which create both theoretical

and computational dif�culties.

This dissertation develops statistically rigorous guarantees for several popular graphical models

commonly used for both supervised and unsupervised tasks. We mainly focus on the following

canonical models:

• Mixture models with discrete latent variables and graphical structures (see Chapters 2 and

3),

• Hierarchical Bayesian linear regression (see Chapter 4).

Here, the �rst problem considers a variant of standard mixture models in unsupervised learning by

allowing dependent or multivariate/structured labels. In contrast, the second problem of hierarchi-

cal Bayesian linear regression is a classical model in supervised learning that involves a graphical

conditional independence structure due to the hierarchical prior.

Below, we elaborate on the setup of each chapter and discuss how they involve a complex

intractable likelihood as well as the challenge and importance.

1.1 Gaussian mixture models with dependent labels

In Chapter 2, we work under a Gaussian mixture model (GMM) with dependent labels. For

simplicity, consider a two component symmetric model, where we observe3-dimensional random
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vectorsX1– • • • –X= generated from latent labelsZ= := ¹/ 1– • • • – /=º 2 f� 1–̧ 1g=:

Z= := ¹/ 1– • • • – /=º � Q0– X8 j Z= � X8 j / 8
ind� # 3¹) / 8–Iº– 8= 1– • • • – =• (1.1)

A natural question is to optimally estimate the mean parameter) 2 � := R3 n f03g, and understand

how this is affected by a potentially dependent label distributionQ0.

If Q0 represents a=-fold product measure onf� 1–1g=, the model reduces to the classical sym-

metric two-class isotropic Gaussian mixtures problem. Even this simple model has served as the

basis for understanding several statistical challenges in unsupervised learning [1, 2, 3, 4, 5, and

the references therein]. Interestingly, as the literature suggests, a complete understanding of even

this model can be subtle from both theoretical and algorithmic perspectives, and has therefore at-

tracted the keen attention of researchers across several quantitative domains such as cryo-EM [6,

7]. However, a parallel theory for more generalQ0 remains lacking.

- 1 - 2 - 8 - =

/ 1

/ 2

/ 8

/ =

Figure 1.1: Graphical illustration of a Hidden Markov Random Field with dependent labels. The
distribution of the labelsZ= is modeled as a MRF.

A natural class of problems that have evolved to extend this domain pertains to a speci�c class

of Q0 arising in the context of undirected graphical models such as Markov Random Fields (MRF)

[8, 9]. WhenQ0 corresponds to a MRF on a given network, model (1.1) is known in the literature

as the Hidden Markov Random Field (HMRF) [10, 11, see Figure 1.1 for a visualization] and a

parallel literature has enriched the methodological arsenal for inference in HMRFs. However, to

the best of our knowledge, rigorous theoretical guarantees or issues of statistical ef�ciency are yet

to be thoroughly explored. This is mainly because the marginal likelihood involves a complicated

normalizing constant and is intractable. This chapter takes one of the �rst rigorous steps to quantify
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ef�cient statistical estimation of) 0 under some mean-�eld type HMRFs.

1.2 Deep generative models with discrete latent variables and graphical structures

Next, Chapter 3 will consider directed graphical models with multiple latent variables. From a

more applied perspective, latent variables are essential for modeling modern high-dimensional het-

erogeneous data, by offering a low-dimensional, interpretable representation that captures mean-

ingful concepts. Consequently, latent variable models are popular across �elds, from social science

to machine learning [12, 13]. However, introducing discrete latent variables results in an intractable

marginal likelihood. For example, the graphical model in Figure 1.2 involves multiple layers of

binary latent variables (white nodes), and marginalizing them out leads to a complicated observed

likelihood:

P¹Yº =
Õ

A ¹3º–83

P¹Y j A ¹1º = " ¹1ºº
�Ö

3=2

P¹A ¹3� 1º = " ¹3� 1º j A ¹3ººP¹A ¹� º = " ¹� ºº– (1.2)

where each conditional distribution will be speci�ed later.

� ¹3º
1 � ¹3º

 ¹3º

� ¹2º
1 � ¹2º

2
� � � � ¹2º

 ¹2º

� � � � � �

� � �

� ¹1º
1 � ¹1º

2
� � � � � � � � � � � � � ¹1º

 ¹1º

. 1 . 2 � � � � � � � � � � � � � � � � � � . �

� � � � � � � � � � � � � � � G¹1º : � �  ¹1º

G¹2º :  ¹1º �  ¹2º

G¹3º :  ¹2º �  ¹3º

Figure 1.2: Example graphical model representation of the proposed “Deep Discrete Encoders”.

In fact, the model described in Figure 1.2 is an illustration of our model “Deep Discrete En-

coders”, which is proposed for applications in unsupervised learning and generative modeling.

The intractable likelihood in Equation (1.2) creates challenges for identi�ability and estimation,

and there is a lack of principled guidelines for specifying the latent structure in many complex

models. This raises concerns aboutreliability and interpretability, both of which are required

3



in high-stakes applications such as education and medicine. This chapter addresses this gap by

proposing new generative models with identi�ability guarantees alongside scalable methods that

address the challenge of the intractable likelihood and estimate the latent structure.

1.3 Bayesian linear regression in high-dimensions

Finally, in Chapter 4, we consider a linear regression model:

y = X# ¸ 9– (1.3)

wherey 2 R= is the response vector,X is an=� ? design matrix,# 2 R? is the vector of regression

coef�cients, and9 � N ¹ 0=– f 2I=º represents unobserved Gaussian noise with known variance

f 2 ¡ 0. Within a Bayesian framework, we further assume a prior distribution on the coef�cient

vector#. A natural starting point is to assume that

V1– • • • – V?
i.i.d� `– (1.4)

where` is the prior distribution for each component of#. A popular application of the above

model is for estimating effect size distributions or genetic architectures of complex physiological

characteristics; see e.g., [14, 15]. Under this Bayesian model speci�cation, the posterior distribu-

tion ay–X ¹#º = ay–X ¹# j y–Xº is given by

3ay–X

3` 
 ? ¹#º / exp
�
�

ky � X #k2

2f 2

�
/ exp

�
�

1
2

#> � ?# ¸
� X> y

f 2

� >
#

�
• (1.5)

Here, the? � ? matrix � ? is de�ned as� ? := f � 2¹X> Xº and it encodes the dependence structure

of the posterior.

Without strong assumptions, such as assuming` is Gaussian or the design is exactly orthog-

onal, the above posterior involves an intractable normalizing constant. Consequently, performing

Bayesian inference underay–X is a challenging problem, especially for high-dimensional poste-
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riors with ? ! 1 . This chapter answers this question by establishing limit distributions for a

one-dimensional projection of the posterioray–X with simpli�ed formulas for the mean and vari-

ance.

1.4 Organization

The remainder of this thesis is organized as follows. Chapter 2 discusses optimal estimation in

Gaussian mixture models with dependent labels, and is a reprint of our paper [16]. Next, Chapter 3

proposes an identi�able and interpretable deep latent variable model for unsupervised learning,

and is a reprint of our paper [17]. Finally, Chapter 4 discusses limiting distributions for linear

projections under the posterior distribution of a Bayesian linear regression model, and is a reprint

of our paper [18]. In the introduction of each chapter, the organization and notation therein are

additionally provided.
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Chapter 2: Estimating Gaussian mixture models with dependent labels

2.1 Introduction

Inference under the presence of latent mixing variables is a classical research area that remains

highly relevant in modern statistical paradigms. In the most general setting, an investigator ob-

serves some variables of primary interest – where the observations areconditionally independent

given some unobserved latent variables.Owing to both the theoretical and computational chal-

lenges that arise due to the hidden nature of the latent variables, signi�cant research has been

devoted to addressing how to learn the conditional distribution of the observed data, among other

things. The subtlety of the problem deepens when the hidden variables display dependence. A

growing body of research has made substantive progress in this regard by developing scalable

methods under dependent models such as Hidden Markov Models (HMM) and Hidden Markov

Random Fields (HMRF). For both HMMs and HMRFs and other related models of study, the fo-

cus mostly has been distributed across both statistical and computational ef�ciency considerations.

However, unlike classical mixture models for independent hidden mixing variables, theoretical ex-

plorations for dependent latent variables are somewhat limited to HMMs. In this chapter, we take

the �rst steps to �ll this gap by initiating a study of the two-class symmetric Gaussian mixture

model with dependent mixing labels, and developing a theory of optimal inference therein.

2.1.1 Summary of results

We develop a statistical theory for ef�cient estimation in model (1.1), under various types of

label dependence. We present our main contributions in two subsections: Sections 2.2.1 and 2.2.2.

In the following, we summarize our main results.

• In Section 2.2.1, we show that there exists an estimator that is
p

=-consistent with the same
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Figure 2.1: Plot of the (scaled) optimal limiting variance with respect to the dependence parameter
V 2 »0–2¼, under Curie-Weiss labels. The hardness of estimation changes atV = 1, regardless of
the true parameter\ 0 2 R. Note that the scale of theH-axis is different for each panel.

limiting distribution for any label distributionQ0. Surprisingly, the estimator we consider

is the MLE computed under i.i.d. labels, which we denote as)̂ iid
= . In other words, the

estimator under the misspeci�ed likelihood attains the usual parametric (and optimal) rate

for estimation. Additionally, we argue that̂) iid
= can be easily computed by an EM algorithm

resulting from the misspeci�ed likelihood.

• In Section 2.2.2, we assume a speci�c dependent parametrization for the labels and analyze

the information-theoretic optimal limiting variance. We consider the Ising model to model

the dependent labels. The Ising model is a popular Markov random �eld that �exibly han-

dles network-type dependencies. This model has a parameterV � 0 that re�ects the strength

of dependence;V = 0 corresponds to the i.i.d. distribution, and a largerV leads to stronger

dependence. In Figure 2.1, we plot the optimal limiting variance with respect toV under

the Curie-Weiss version of the Ising model (formally de�ned in eq. (2.6)). Compared to

i.i.d. labels, estimation becomes easier understrong dependence(V ¡ 1), but there is no

improvement underweak dependence(V � 1). In the following bullet points, we sepa-

rate the two regimes and elaborate on tractable alternatives to the MLE that still attain the

information-theoretic variance.

• Under weak dependence, we show that the misspeci�ed MLE)̂ iid
= is optimal. This claim

holds for a large class of Ising models on “mean-�eld” graphs with the maximum degree
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larger than
p

=log= (see Assumption 2.2.1 for the precise condition). Thus, for dependent

labels under weak dependence, the fundamental limit of estimation remains the same as that

under i.i.d. labels, and one can even perform inference without any cost by blindly assuming

i.i.d. labels. This fundamental limit persists even when the dependenceV is unknown, as

illustrated in Section 2.2.3.

• Under strong dependence,)̂ iid
= is no longer optimal, and we propose a more ef�cient esti-

mator )̂ MF
= based on the variational approximation of the marginal likelihood. When the

underlying Ising model is mean-�eld and satis�es some additional conditions such as reg-

ularity (see Assumption 2.2.2),̂) MF
= is asymptotically normal with a strictly less variance

compared to)̂ iid
= . However, due to technical reasons, we prove the optimality of)̂ MF

= only

for Curie-Weiss labels.

• We also summarize properties of the estimators)̂ iid
= and)̂ MF

= in Table 2.1.

Table 2.1: Summary of the properties of estimators under various label dependencies. MF denotes
“mean-�eld” Ising models (see Assumption 2.2.1) and CW denotes the Curie-Weiss model (see
eq. (2.6)).

Estimatorn Q0 arbitrary
Ising model

MF, V Ÿ1 or CW, V � 1 MF+regular,V ¡ 1 CW, V ¡ 1

)̂ iid
=

p
=-consistent optimal not optimal not optimal

)̂ MF
= not de�ned optimal better than̂) iid

= optimal

2.1.2 Notations

We use the following notations in the remainder of the chapter. First, we use bold capital

letters (e.g.X) to denote matrices and random vectors, bold lower-case letters (e.g.x) to denote

deterministic vectors, and non-bold letters to denote scalars (e.g.-– G). The symbolsk � k and

k � k1 denote the! 2 and ! 1 norm for a vector/matrix, respectively. For two symmetric3 � 3

matricesC3 andD3, we write C3 � D3 andC3 � D3 whenC3 � D3 is positive de�nite and
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positive semi-de�nite, respectively. Let03–I denote the3-dimensional zero-vector and identity

matrix, respectively. Let Rad¹?º denote the Rademacher distribution onf� 1–1g with probability

of 1 equal to?. For two probability measuresP–Q, KL¹PkQº denotes the KL divergence ofP

from Q. Also for any vectorhhh = ¹h1– • • • – h: º> 2 R: we will denote by�hhh = 1
:

Í :
9=1 h9.

As most results in this chapter are asymptotic in=, we also introduce asymptotic notations. We

use the standard Bachmann-Landau notations>¹�º– $¹�º for deterministic sequences. The symbols
%
�! and

3
�! denote convergence in probability and in distribution, respectively. For a sequence of

random variablesf . =g=� 1 and a deterministic positive sequencef 0=g=� 1, we write. = = >?¹0=º

when . =
0=

%
�! 0, and. = = $ ?¹0=º whenlim  !1 lim=!1 P

�
j. = j
0=

�  
�

= 1, respectively. We also use

the same asymptotic notations for �nite-dimensional random vectorsf Y=g=� 1, by writing Y= =

>?¹0=º andY= = $ ?¹0=º whenkY=k = >?¹0=º andkY=k = $ ?¹0=º, respectively.

2.2 Main results

Section 2.2.1 shows that parametric rate-optimal estimation is possible for any dependence

Q0. Next, Section 2.2.2 considers Ising model labels and propose information-theoretic limits and

optimal estimators. Throughout the chapter, let%) 0–Q0 = %¹=º
) 0–Q0

be the distribution ofX= de�ned in

(1.1), under the true parameter) 0 2 � 1 and label distributionQ0. Also, note that the distribution

of X under) and� ) are the same. To ensure identi�ability, we assume that the true parameter) 0

lives in the half-space

� 1 := f ) : \ 1 ¡ 0g [ f \ 1 = 0– \2 ¡ 0g [ � � � [ f \ 1 = 0– • • • – \3� 1 = 0– \3 ¡ 0g•

We also de�ne� 2 = � � 1, so that� 1 [ � 2 = � . In particular when3 = 1, � 1 is simplyf \ : \ ¡ 0g.

2.2.1 Universal
p

=-consistent estimation

We �rst gather some intuition of the problem from studying the i.i.d. label version of the

problem, i.e., whenQ0 is a product measure. Indeed then, (1.1) reduces to the classical symmet-

9



ric isotropic Gaussian mixture problem – a research area that has continued to witness repeated

interest from the quantitative research community as a fundamental object of study in statistics.

Speci�cally with i.i.d. labels/ 8
iid� Rad¹0•5º, after marginalizing out the label/ 8's, traditional

asymptotic theory shows that the maximum likelihood estimator

)̂ iid
= :2 arg min) 2� 1

"
) > )

2
�

1
=

=Õ

8=1

log cosh¹) > X8º

#

(2.1)

is
p

=-consistent and asymptotically optimal in the sense of attaining the information-theoretic

lower bound. In terms of computation, it is well-known that the EM algorithm with a random

initialization is guaranteed to converge to the MLE at a geometric rate [19, 1, 20]. However, the

problem changes drastically when the labels are dependent. A faithful statistician would expect

that the MLE

)̂ MLE
= :2 arg min) 2� 1

2
6
6
6
6
4

) > )
2

�
1
=

log©
­
«

Õ

z2f� 1–1g=

Q0¹zº4) > Í =
8=1 X8I 8ª®

¬

3
7
7
7
7
5

(2.2)

will still be optimal. A further simpli�cation of the summation inside the log in (2.2) is impos-

sible due to the arbitrary dependence withinQ0. The dataX= also becomes dependent, breaking

down the classical theory. Consequently, analyzing the MLE and understanding the information-

theoretic lower bound becomes nontrivial. In terms of computation, the EM algorithm slows down

signi�cantly as each E-step involves summing over2= terms, and global convergence is compli-

cated and yet to be studied.

We address this issue by demonstrating that)̂ iid
= in (2.1) computed assuming i.i.d. hidden labels

already provides
p

=-consistent estimator of) 0 with an asymptotic normal distribution free ofQ0.

To operationalize the argument, assume the model (1.1) whereZ= � Q0 is arbitrarily distributed

on f� 1–1g=, and observeX= � %) 0–Q0 for some true parameter) 0 2 � 1. In order to understand the
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behavior of)̂ iid
= let us denote the objective function it minimizes by

# =¹) º :=
) > )

2
�

1
=

=Õ

8=1

log cosh¹) > X8º

i.e. the re-scaled negative log-likelihood under (misspeci�ed) i.i.d labelsZ=. Subsequently it is

useful to de�ne a population analogue of this random objective as

# 1 ¹) º :=
) > )

2
� EX� # 3 ¹) 0–Iº log cosh¹) > Xº–

i.e. the in probability limit of# =¹) º. To see why this can continue to be the population analogue

for arbitrarily distributedZ=, we note thatlog coshis an even function, and consequently the distri-

bution oflog cosh¹) > X1º j / 1 is the same for any/ 1 = � 1. Therefore, by the law of large numbers

for conditionally independent random variables,

1
=

=Õ

8=1

�
log cosh¹) > X8º � E

�
log cosh¹) > X8º j / 8

� �
j Z=

=
1
=

=Õ

8=1

log cosh¹) > X8º � EX� # 3 ¹) 0–Iº log cosh¹) > Xº j Z= %
�! 0–

and thus# =¹) º converges to# 1 ¹) º in probability, regardless of the distribution ofZ=. Note that

the function# 1 also depends on the true parameter) 0, but we notationally suppress since) 0 is

�xed throughout. Next to gather further intuition why the minimizer of# =¹) º is close to) 0, we

present the following lemma to show that the limiting objective function# 1 is indeed uniquely

minimized at) = ) 0.

Lemma 2.2.1. # 1 : � 1 ! R is differentiable inint¹� 1º and uniquely minimized at) = ) 0.

Furthermore,) 0 is the unique solution of¹r # 1 º¹) º = 03 in int¹� 1º.

Building on this insight, Theorem 2.2.2 shows that)̂ iid
= is

p
=-consistent with a label-independent

Normal limit. Thus,)̂ iid
= , the naive estimator that arises from the misspeci�ed likelihood with in-
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dependent labels, is always
p

=-consistent and rate-optimal1.

Theorem 2.2.2.LetQ0 be an arbitrary measure onf� 1–1g= andX= � %) 0–Q0. Then, for

�0¹) 0º := r 2# 1 ¹) 0º = I � EX� # 3 ¹) 0–Iº XX> sech2¹) >
0 Xº– (2.3)

we have
p

=¹)̂ iid
= � ) 0º = �0¹) 0º� 1 1

p
=

=Õ

8=1

�
X8tanh¹) >

0 X8º � ) 0
�

¸ >?¹1º (2.4)

and

p
=¹)̂ iid

= � ) 0º
3
�! # 3

�
0– �0¹) 0º� 1

�
•

The proofs of Lemma 2.2.1 and Theorem 2.2.2 are deferred to Section 2.4.1.

Remark 2.2.1(Computing the estimator). In the proof of Lemma 2.2.1, we use the fact from [1]

that the mapping) ¹) º := EX� # 3 ¹) 0–Iº X tanh¹) > Xº satis�es) ¹) 0º = ) 0 and

k) ¹Cº ¹) º � ) ¹Cº ¹) 0ºk � ^¹) ºCk) � ) 0k– 8C� 1–

with ^¹) º := exp
h
�

min¹) > ) –) >
0 ) º2

2) > )

i
� 1• Thus, taking an arbitrary initial value) ¹0º 2 � 1 and

iteratively applying) would converge to) 0 at a geometric rate, as long as¹) ¹0ºº> ) 0 < 0. Note

that) can also be viewed as one iteration of the population EM algorithm for the usual symmetric

GMMs with independent labels (c.f. eq (2) in [1]). Based on this global convergence guarantee,

one can computê) iid
= using the sample-based EM algorithm with a random initialization) ¹0º,

which iteratively computes

) ¹Ç 1º :=
1
=

=Õ

8=1

X8tanh¹) ¹Cº>X8º•

Remark 2.2.2. We note that a similar observation regarding the robustness and consistency of the

misspeci�ed MLE has been made in a concurrent work [21]. There, a more general problem of
1The rate-optimality follows by noting that the MLE converges at the same

p
=-rate when all labelsZ= are known,

and it is impossible to do better with an unknownZ=.
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orbit recovery was considered (which allows our Gaussian mixture setup as a special case), and

analyzed the optimization landscape of the population likelihood beyond Lemma 2.2.1. However,

their framework requires i.i.d. (but not necessary uniform) labels/ = as opposed to dependent

labels considered here, and did not establish the limiting distributions as in Theorem 2.2.2.

2.2.2 Ef�cient Estimation under Ising Model of Dependence

Given the
p

=-consistency of̂) iid
= , it is natural to probe its optimality in terms of its asymptotic

variance. It turns out that to go beyond rate optimality and speak to statistical ef�ciency requires

special attention to the models of dependency onZ=. To keep our discussions focused and at

the time demonstrate the complexity of the question in terms of levels of dependence onZ=, we

develop the theory under Ising models for the hidden labels. To that end, we �rst formally intro-

ducing Ising models for the joint distribution ofZ= (Section 2.2.2), and discuss related challenges

and estimation strategies. Subsequently, we separate the argument by considering two regimes for

the “temperature” parameterV: high/critical temperature regimewith V � 1 (Section 2.2.2) and

low-temperature regimewith V ¡ 1 (Section 2.2.2).

Ising Model for Hidden Labels

In this section we consider data generated (1.1) withZ= generated under an Ising model – a

model of dependent binary data stemming from statistical physics of ferromagnetism [22]. The

model is de�ned as follows.

De�nition 2.2.1 (Ising model). LetA= be a nonnegative and symmetric=� = coupling matrix with

0 on diagonals. ForV � 0, an Ising modelQ0–V–A=
for Z= is a probability measure onf� 1–1g= for

= � 1 with probability mass function

Q0–V–A=
¹Z= = zº / 4

V
2 z> A= z–for all z 2 f� 1–1g=•

Here, the coupling matrixA= governs the dependence structure ofZ=. For instance, given a
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network on the= data points,A= will correspond to the scaled adjacency matrix of the network so

that vertices sharing an edge are more likely to have the same labels. Also,V � 0 is a parameter

representing the magnitude of dependence, commonly referred to as the “inverse temperature”

parameter in the statistical physics literature. In particular, forV = 0, the Ising modelQ0–V–A=

simply becomes the i.i.d. product measure overf� 1–1g=.

Throughout this section, sinceV andA= areknown and �xed, we will simply denoteQ0 =

Q0–V–A=
when the context is clear. Since we consider an asymptotic setting with a growing=, we

will consider a sequence of= � = coupling matricesf A=g=� 1 and for ease of presentation of sharp

results will assume a scaling such that the maximum row sum is 1, i.e.

lim
=!1

kA=k1 = 1• (2.5)

Further assumptions onA= will appear along the way as necessary to impart additional precision

to our results. A classical example we will often use in this regard is the Ising model on complete

graphs, referred to as the Curie-Weiss model going forward.

Example 2.2.1(Curie-Weiss model). One important example is whenA= is the scaled adjacency

matrix of a complete graph with� =¹8– 9º = 1
= � ¹8< 9º, which we denote as the Curie-Weiss model

QCW
0–V. The Curie-Weiss model has been popular for modeling dependent binary data, due to its

exchangeability and low-rank nature [23, 24, 25]. For future convenience, we spell out the p.m.f.

of the Curie-Weiss model:

QCW
0–V¹Z

= = zº / 4
=V�I 2

2 for all z 2 f� 1–1g=– (2.6)

and let%CW
) 0–Vbe the distribution ofX= under Curie-Weiss labelsQCW

0–V.

As the Ising modelQ0 determines the true labels, it is crucial to discuss and understand its

fundamental properties. One statistic that turns out to be of central interest is the sample mean�/

i.e. the proportion of label/ 8's equal to 1. Under certain assumptions onA= (see De�nitions 2.2.1
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and 2.2.2), it turns out that the limiting behavior of�/ exhibits a phase transition as it concentrates

around 0 whenV � 1, and around� < 2 whenV ¡ 1 [23, 26]. Thus, although whenV � 1, the

labels roughly have equal proportions, forV ¡ 1, for each con�guration, one label is more likely

than the other (with probability1¸ <
2 and 1� <

2 , respectively). It turns out that the ef�ciency theory

for estimating) crucially relies on this distinction, and we divide our discussion accordingly below.

However, before proceeding to characterize this distinction in our ef�ciency theory, it is worthwhile

to gather some intuition regarding the behavior of the likelihood under hidden Ising dependence.

Likelihood under Ising labels.Our main ingredient for proving subsequent results under the Ising

labelsZ= � Q0–V–A=
is to understand the corresponding normalizing constant in (2.2) as the normal-

izing constant of a “random �eld Ising model”. Speci�cally, de�neQ) = Q) –V–A=–X= as a measure

on f� 1–1g= conditioned on the dataX= � %) 0–Q0–V–A=
with p.m.f.

Q) ¹wº = Q) –V–A=–X= ¹wº :=
4

V
2 w> A=w¸ ) > Í =

8=1 X8F8

/ =–V–A= ¹) –X=º
for all w 2 f� 1–1g=– (2.7)

where

/ =–V–A= ¹) –X=º :=
Õ

w2f� 1–1g=

4
V
2 w> A=w¸ ) > Í =

8=1 X8F8

is the normalizing constant/partition function. It is easy to see thatQ) is the “posterior” distribution

of the labels after observingX= and assuming the knowledge of) . It is interesting thatQ) can be

viewed as arandom �eld Ising model(RFIM) from statistical physics, where the additional linear

term
Í =

8=1¹) > X8ºF8 (compared to the true label distributionQ0–V–A=
) corresponds to the “random

�elds”. Note that we use the notationw•W to denote realizations and samples under the RFIM

W= � Q) , andz•Z for that under the true label distributionZ= � Q0. Also, note that the newly

de�ned Q) is consistent with the previous notationQ0 (see De�nition 2.2.1) in the sense that

Q) = Q0 for ) = 03.

2Here,< = < ¹Vº ¡ 0 is de�ned as the unique positive root of< = tanh¹V<º.
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With these notations, the �rst order conditions of the minimization in (2.2) can be written as

)̂ MLE
= =

1
=

=Õ

8=1

X8EQ)̂ MLE
= ¹, 8 : X=º• (2.8)

Here,EQ) corresponds to the expectation under the distributionQ) ¹wº introduced in (2.7) above.

Hence, to understand the asymptotics of the MLE, it is crucial to have a precise understanding of

the RHS of (2.8). In particular, we claim there exists a valueD=¹V–X=º such that for) � ) 0,

1
=

=Õ

8=1

X8EQ) ¹, 8 : X=º =
1
=

=Õ

8=1

X8tanh¹D=¹V–X=º ¸ ) > X8º ¸ >?

�
1

p
=

: X=
�

• (2.9)

This expansion is the main tool for all of our results, such as deriving the LAN expansion, and

constructing a tractable estimator)̂ by approximating)̂ MLE
= � )̂ in (2.8):

)̂ =
1
=

=Õ

8=1

X8tanh¹D=¹V–X=º ¸ )̂ > X8º•

As explained before, we expand on these heuristics in the next two subsections.

High/critical temperature regime V � 1

In this subsection, we argue that)̂ iid
= is statistically ef�cient under any Ising model label distri-

butionQ0 satisfying the following condition:

sup
) 2�












EQ)

h =Õ

8=1

X8, 8

i
�

=Õ

8=1

X8tanh¹) > X8º












= >?
�p

=
�
• (2.10)

Note that (2.10) is a uniform version of the motivating identity (2.9) withD= = 0. In Theorem 2.2.4,

we compute the LAN expansion of the likelihood ratio under (1.1) with hidden Ising dependence

on Z=. Thereafter, in Corollary 2.2.5, we use the LAN expansion and Le Cam theory to argue that

)̂ iid
= is optimal among the class of regular estimators.
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Before discussing optimality, we �rst state simpler conditions for Ising modelsQ0 = Q0–V–A=

that guarantee (2.10) in Proposition 2.2.3. Our main assumptions are the (i) high-temperature

condition for the parameterV � 1 and (ii) the followingmean-�eld conditionfor the coupling

matrixA=.

Assumption 2.2.1(mean-�eld condition). We say that the sequence of coupling matricesf A=g=� 1

satis�es the mean-�eld condition when

U= :=
=

max
8=1

=Õ

9=1

� =¹8– 9º2 = >

 
1

p
=log=

!

• (2.11)

Condition (2.11) implies that the variational approximation of the log-partition functionlog / =–V–A=

is tight up to the leading order [27, also see eq. (2.16) below], and was required in [28, 18] to derive

tight concentration and limiting distributions on RFIMs. For illustration, letG= 2 f0–1g=� = be the

adjacency matrix of an undirected simple graph on the vertex set+= = f 1– • • • – =g, and let38be the

degree of vertex8. Then, by de�ningA= := G=
max=

8=1 38
, (2.11) is equivalent tomax=

8=1 38 �
p

=log=.

Proposition 2.2.3.Condition(2.10)holds under either of the following scenarios:

(a) The label distribution is the Ising modelQ0–V–A=
(see De�nition 2.2.1) whereV Ÿ 1 andA=

satis�es the mean-�eld condition(2.11).

(b) The label distribution is the Curie-Weiss modelQCW
0–V(see Example 2.2.1) withV = 1.

Note that part (a) includes theV Ÿ 1 case of the Curie-Weiss model. The proof builds upon

concentration results for linear statistics of RFIMs [28], and is deferred to Section 2.4.3.

Remark 2.2.3. The careful reader would have noticed that part (a) in Proposition 2.2.3 does not

allow V = 1, which is the “critical temperature” for Ising models on regular graphs [26]. This

is separated out in part (b), which additionally requires the Curie-Weiss modelQCW
0–V. While we

conjecture that(2.10)will hold for Ising models withV = 1 and more general coupling matrices

A=, we were unable to prove this claim due to technical requirements for RFIM moment bounds.
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Actually, the RFIMQ) –1–A=–X=
(see(2.7)) with ) < 03 is expected to exhibit a larger critical tem-

peratureV2A8C¹) º := 1
EX� # 3 ¹) 0–I º sech2¹) > - º

¡ 1 [29], which is why we expect that the moment bounds

to allow V = 1.

We additionally mention that Proposition 2.2.3 holds even without the nonnegative assumption

on the entries ofA=, as long asV Ÿ1 (see eq. (2.2) in [28] for a precise condition).

In Theorem 2.2.4, we assume eq. (2.10) and prove the LAN expansion of the likelihood (e.g.

see Section 7 in [30]). Here, we do not require any speci�c property for the Ising label distribution

beyond (2.10).

Theorem 2.2.4.Suppose(2.10) holds for an Ising modelQ0 = Q0–V–A=
, and X= � %) 0–Q) . For

h 2 R3, let ) = := ) 0 ¸ hp
=
. Then,

log
3%) =–Q0

3%) 0–Q0

¹X=º = h> � =–) 0 ¹X=º �
1
2

h> �0¹) 0ºh ¸ >?¹1º–

where�0¹) 0º as in(2.3)and

� =–) 0 ¹X=º :=
p

=

 
1
=

=Õ

8=1

X8tanh¹) >
0 X8º � ) 0

!
3

�����!
%) 0–Q0

# 3¹0– �0¹) 0ºº• (2.12)

Hence, the familyf %) –Q0g) 2� 1 is LAN with a precision matrix�0¹) 0º at any) 0 2 � 1.

In the next corollary, we combine all previous results and prove that)̂ iid
= is a regular estimator.

Then, by the convolution theorem (e.g. see Theorem 8.8 in [30]),)̂ iid
= is optimal among all regular

estimators in the sense that for other regular estimators with limiting variance� , we must have

� � �0¹) 0º� 1. Thus,)̂ iid
= is optimal under Ising model labels that satisfy (2.10), including the two

examples given in Proposition 2.2.3. In particular,)̂ iid
= is optimal under Curie-Weiss labelsQCW

0–V

with V � 1, as illustrated by the straight line in Figure 2.1.

Corollary 2.2.5. Suppose(2.10)holds for some Ising modelQ0, andX= � %) 0–Q0. Then,)̂ iid
= is a
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regular estimator, i.e. for anyh 2 R3 � f 0gand) = := ) 0 ¸ hp
=
, we have

p
=¹)̂ iid

= � ) =º
3

�����!
%) =–Q0

# 3¹0– �0¹) 0º� 1º•

Even though the main focus of this chapter is on estimating) 0, the LAN expansion in Theorem

2.2.4 can also be applied for optimal hypothesis testing.

Remark 2.2.4(Testing against contiguous alternatives). For ) 0 2 � 1, consider testing� 0 : ) = ) 0

v.s. � 1 : ) = ) 0 ¸ hp
=

for anyh < 03. Using the LAN expansion in Theorem 2.2.4, we can construct

an asymptotically optimal test by rejecting the null whenh> � =–) 0 ¹X=º is large. Note that we are

considering) 0 2 � 1 and do not allow) 0 = 03, which corresponds to testing the number of mixture

components. Similar to the i.i.d. case [31], we believe that the likelihood would not be LAN at

) 0 = 03.

We conclude this subsection with a discussion on the mean-�eld assumption (2.11). We believe

that the universal optimality of̂) iid
= heavily depends on the mean-�eld assumption (2.11). For non-

mean-�eld models that do not satisfy (2.11), for example whenA= is the adjacency matrix of a

lattice, one would need an alternative approximation of the log normalizing constant in order to

derive a result similar to Proposition 2.2.3. This itself is an open research question and current

results require restrictive assumptions on the boundary conditions of the lattice [32]. We provide

a simple counterexample below and show that the universality may fail whenA= does not satisfy

(2.11).

Example 2.2.2(Counterexample of the mean-�eld condition). Consider the case whenA= is the

scaled adjacency matrix of the graph with edgesf 1 ! 2–3 ! 4– • • • –¹2: � 1º ! 2:– • • •g. Then,

we haveU= = � ¹1º, so(2.11)does not hold. For this case, the pairs¹X2: � 1–X2: º are i.i.d and it

is possible to directly compute the Fisher information for estimating) 0. In Figure 2.2, we display

the limiting variance of the MLÊ) MLE
= and )̂ iid

= . We see that for allV ¡ 0, the MLE has a smaller

variance, and)̂ iid
= fails to be optimal. Note that this model does not have a phase transition in

terms ofV, and the low-temperature regime does not exist.
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Figure 2.2: Scaled limiting variance of the estimators; “IID” denotes)̂ iid
= and “MLE” denotes

)̂ MLE
= . For all V ¡ 0 and) 0, )̂ MLE

= is always more ef�cient compared tô) iid
= .

low-temperature regime: V ¡ 1

Now, we consider the low-temperature regimeV ¡ 1, where the true labels are still gener-

ated from the Ising modelQ0–V–A=
. The low-temperature regime is typically more challenging than

the high-temperature case and many results depend on speci�c structures of the coupling matrix

A= [33, 34, 26]. In particular, the critical temperature (and consequently, the de�nition of the

low-temperature regime) depends on the sequence of graphsf A=g=� 1 as we have seen in Exam-

ple 2.2.2. To makeV ¡ 1 be the bona-�de low-temperature regime, we assume thatA= is an

approximately regularmatrix and iswell-connectedin addition to the mean-�eld condition (2.11).

These conditions are motivated by [26], which establish universal phase transitions atV = 1 for

suchA=. One can immediately check that the Curie-Weiss model satis�es these conditions. Other

possible choices ofA= include the Erd�os–Rényi random graph and the balanced stochastic block

model; see Section 1.3 in [26] for additional examples.

Assumption 2.2.2(approximately regular / well-connected). We say that a sequence of coupling

matricesf A=g=� 1 is approximate regularwhen the row sums' 8 :=
Í =

8=1 � =¹8– 9º satisfy

=Õ

8=1

¹ ' 8 � 1º2 = >¹
p

=º–
=Õ

8=1

¹ ' 8 � 1º = >¹
p

=º•

Also, we say that an approximate regular sequencef A=g=� 1 is well-connectedwhen its two largest

eigenvalue_1¹A=º � _2¹A=º satis�eslim sup=!1
_2¹A=º
_1¹A=º Ÿ 1• Note that for approximately regular
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graphs that satisfy(2.5), we have_1¹A=º ! 1.

WhenV ¡ 1 andf A=g=� 1 is approximately regular and well-connected, the estimator)̂ iid
= turns

out to be suboptimal. Hence, we need to �nd an alternative estimator with an optimal variance and

also compute the LAN expansion of the likelihood. We divide this subsection into two parts, and

consider the upper bound (constructing an estimator) and lower bound (LAN expansion) separately.

The argument is more technical than the high/critical temperature regime due to theasymmetric

proportion of the labels, and we �rst introduce a common notation that will be used throughout

Section 2.2.2. For the same technical reason, we present some results conditioned on the event

�X 2 � 1.

De�nition 2.2.2. Fix V ¡ 1 and let< = < ¹Vº ¡ 0 be the unique positive root of< = tanh¹V<º.

For ) 0 2 � 1, let P) 0 denote the Gaussian mixture with unequal weights:

P) 0 :=
1 ¸ <

2
# 3¹) 0–Iº ¸

1 � <
2

# 3¹� ) 0–Iº•

Also, letE) 0 be the expectation under the distributionP) 0.

Note thatE) 0 takes expectation over the limiting Gaussian mixture, whereasEQ) (see (2.8)) denotes

the expectation over the RFIMW=.

Upper bound We de�ne the estimator̂) MF
= by setting

¹*̂ =–)̂ MF
= º :2 arg min¹D–) º2»�1–1¼�� 1

" =¹D–) º– (2.13)

where" = : »� 1–1¼ � � ! R is

" =¹D–) º :=
) > )

2
¸

VD2

2
�

1
=

=Õ

8=1

log cosh¹VḐ ) > X8º• (2.14)

Here,*̂ = is a nuisance quantity that serves as a proxy for the posterior meanEQCW
) �, .
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Deriving the estimator̂) MF
= . The function" = arises from the followingmean-�eld approximation

of the log-likelihood. For simplicity, let us assume Curie-Weiss labels and recall from (2.2) that

the true log-likelihood is proportional to

;=¹) º = �
) > )

2
¸

1
=

log / CW
=–V¹) –X=º• (2.15)

The mean-�eld approximation for the log-partition functionlog / CW
=–V¹) –X=º (see Example 5.2 in

[35] or eq. (2.4) in [28]) can be written as

1
=

log / CW
=–V¹) –X=º � sup

u2»� 1–1¼=

 
V�D2

2
¸ ) > 1

=

=Õ

8=1

X8D8 �
1
=

=Õ

8=1

� ¹D8º

!

– (2.16)

where the function� : »� 1–1¼ ! R is the binary entropy, de�ned as

� ¹Dº := KL
�
Rad

� 1 ¸ D
2

�
kRad

� 1
2

�
�

=
1 ¸ D

2
log

1 ¸ D
2

¸
1 � D

2
log

1 � D
2

•

By observing the �rst order conditions in (2.16), the supremum is attained atD̂8s that satisfy the

following �xed point equations:

D̂8 = tanh¹V�̂D¸ ) > X8º– for all 8• (2.17)

By plugging this expression of the optimizersD̂8 into (2.16) and (2.15), for each) , we have

;=¹) º � �
) > ) ¸ V�̂D2

2
¸

1
=

=Õ

8=1

log cosh¹V�̂D¸ ) > X8º• (2.18)

Note that the value of�̂Dimplicitly depends on the variable) and it is still hard to directly maximize

the RHS of (2.18). Hence, we instead view the RHS as a bivariate function of�̂Dand) , which is

exactly� " =¹ �̂D–) º, and maximize over both arguments. Now, the resulting M-estimator is)̂ MF
= ,

de�ned in (2.13).

The exact form of the optimizersu in (2.17) requires the Curie-Weiss model. However, one can
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understand (2.17) as anamortizationthat assumes a one-dimensional common structure for each

variational parameterD8. Using the language of variational inference, one can understand the RHS

of (2.16) as the evidence lower bound (ELBO), and the RHS of (2.18) as the amortized ELBO [36,

37]. In the following paragraph, we show the robustness of amortization even whenA= deviates

from the complete graph, as long as it is regular, well-connected, and mean-�eld.

Limiting distribution of)̂ MF
= . Now, we claim that the estimator̂) MF

= is asymptotically normal when

A= is approximately regular, well-connected, and mean-�eld. First, to show the consistency of

)̂ MF
= , we have to understand the limit of the function" =. To this extent, forjDj � 1 and) 2 � 1,

we de�ne

" 1 ¹D–) º :=
) > )

2
¸

VD2

2
� E) 0 log cosh¹VḐ ) > Xº• (2.19)

The following lemma shows that" = converges pointwise to" 1 . Here, � : ¹ �X 2 � 1º denotes

conditioning on the event�X 2 � 1. Also, note that both functions" = and " 1 depend on the

known parameterV, which we omit for notational convenience.

Lemma 2.2.6.SupposeV ¡ 1, A= satisfy Assumptions 2.2.1, 2.2.2, and letX= � %) 0–Q0. Then, for

any jDj � 1 and) 2 � , " =¹D–) º : ¹ �X 2 � 1º
%
�! " 1 ¹D–) º•

In the next lemma, we show that" 1 is minimized at¹D–) º = ¹<–) 0º. This result justi�es the

consistency of̂) MF
= , and provides insights for computation. Due to limited space, we postpone all

low-temperature regime proofs to Section 2.2.2.

Lemma 2.2.7.For anyV ¡ 1, " 1 : »� 1–1¼ � � 1 ! R is uniquely minimized at¹D–) º = ¹<–) 0º.

Now, we derive the limiting distribution of̂) MF
= in Theorem 2.2.8. To state its variance, we

need the following de�nitions.

De�nition 2.2.3. De�ne a ¹3 ¸ 1º � ¹ 3 ¸ 1º matrix � =
©
­
­
«

W1–1 $>
1–2

$1–2 $2–2

ª
®
®
¬

as the Hessian of" 1 at
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¹<–) 0º, i.e.

W1–1 :=
m2" 1 ¹D–) º

mD2
j¹D–) º=¹<–) 0º= V� V2 E) 0 sech2¹V< ¸ ) >

0 Xº 2 R–

$1–2 :=
m2" 1 ¹D–) º

mDm)
j¹D–) º=¹<–) 0º= � VE) 0 X sech2¹V< ¸ ) >

0 Xº 2 R3–

$2–2 :=
m2" 1 ¹D–) º

m) 2
j¹D–) º=¹<–) 0º= I � E) 0 XX> sech2¹V< ¸ ) >

0 Xº 2 R3� 3•

For V ¡ 1, we de�ne a3 � 3 matrix � V¹) 0º as the Schur complement ofW1–1 in � , i.e. � V¹) 0º :=

$2–2 �
$1–2$>

1–2
W1–1

.

Theorem 2.2.8.SupposeV ¡ 1, and thatA= satisfy Assumptions 2.2.1 and 2.2.2. LetX= � %) 0–Q0

and)̂ MF
= be the estimator de�ned in(2.13). Then,� V¹) 0º is invertible and)̂ MF

= satis�es

p
=¹)̂ MF

= � ) 0º
3
�! # 3

�
0– �V¹) 0º� 1

�
•

The mean-�eld estimator requires computing the nuisance quantity*̂ =, and it is natural to

question whether there are simpler estimators with the same or better asymptotic variance. We

address this in the following remark and show that a natural alternative estimator (denoted as

)̂ aMLE
= ) has a larger variance. In Figure 2.3, we display the limiting variance (whereA= is mean-

�eld, approximately regular, and well-connected) of the three estimators considered in this chapter.

The �gure veri�es that)̂ iid
= and)̂ aMLE

= are sub-optimal compared tô) MF
= .

Remark 2.2.5. An alternative estimation strategy arises from approximating thetrue label distri-

butionQ0–V–A=
with a product distribution. Instead of blindly assuming equally likely labels as in

the construction of̂) iid
= , we use the product distribution that is closest toQ0–V–A=

in terms of the KL

divergence. This motivates us to approximateQ0–V–A=
as the=-fold product of Rad¹ 1¸ ~<

2 º, where

~< = ~< ¹X=º :=

8>>>><

>>>>
:

< if �X 2 � 1

� < if �X 2 � 2

• We de�ne)̂ aMLE
= as the approximate MLE computed under
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this approximation:

)̂ aMLE
= :2 arg min) 2� 1

"
) > )

2
�

1
=

=Õ

8=1

log cosh¹V~< ¸ ) > X8º

#

•

By a similar argument as in Theorem 2.2.2, we can derive the limiting distribution

p
=¹)̂ aMLE

= � ) 0º
3
�! # 3

�
0–$ � 1

2–222–2$ � 1
2–2

�
–

where22–2 is a 3 � 3 matrix later de�ned in De�nition 2.5.1(c). WhenV ¡ 1, this is strictly larger

than � V¹) 0º� 1 since$1–2$>
1–2 � 03� 3.

Figure 2.3: Scaled limiting variance of the estimators considered in this chapter; “IID” denotes
)̂ iid

= , “MF” denotes)̂ MF
= , and “aMLE” denoteŝ) aMLE

= . For bothV = 1•1 and1•5, we see that̂) MF
=

has the smallest variance.

Before moving on to deriving the LAN expansion with a matching precision matrix, we illus-

trate that)̂ MF
= can be computed by an EM-type iterative algorithm.

Remark 2.2.6(Computing the mean-�eld estimator). By Lemma 2.2.7, the function" 1 is uniquely

minimized at¹<–) 0º. Whenk) 0k is large enough," 1 turns out to be convex. This justi�es using

the following variational EM algorithm with a random initialization¹*̂ ¹0º
= –)̂ ¹0ºº to compute)̂ MF

= ,

which iteratively computes

©
­
­
«

*̂ ¹Ç 1º
=

)̂ ¹Ç 1º

ª
®
®
¬

=
1
=

=Õ

8=1

©
­
­
«

V

X8

ª
®
®
¬

tanh¹V*̂ ¹Cº
= ¸ )̂ ¹Cº>X8º– for all C� 0•
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For a general) 0 and V ¡ 1, " 1 may have multiple local minimizers [e.g. see Theorem 1 in

38], and the convergence of the above algorithm would depend on the initialization. Hence, for

practical purposes, we suggest using the rate-optimal initialization¹*̂ ¹0º
= –)̂ ¹0ºº = ¹ ~<–)̂ iid

= º, which

will already be close to¹*̂ =–)̂ MF
= º. Here, ~< is as in Remark 2.2.5.

Lower bound In this subsection, we explore ef�ciency lower bounds for estimating) in (1.1)

under hidden Ising models forZ= in a low-temperature regime. Once again, we approach this

through the notion of local asymptotic minimaxity explored through LAN expansions. Speci�cally,

we compute the LAN expansion for (1.1) under hidden Ising models forZ=, which will give us the

information-theoretic lower bound for estimation. We present the LAN expansion underCurie-

Weisslabels, as we were unable to compute the LAN expansions for other Ising models with a

general coupling matrixA=. Recall from Example 2.2.1 that we write the the Curie-Weiss label

distribution asQCW
0–V and the resulting distribution ofX= as%CW

) 0–V.

Our main ingredient for deriving the matching lower bound is the following expansion:

=Õ

8=1

X8EQCW
0–V , 8 =

=Õ

8=1

X8tanh¹V* = ¸ ) >
0 X8º ¸ $ ?¹1º• (2.20)

This is a version of (2.9), where we take the centeringD=¹V–) 0–X=º := * =. Here,* = is de�ned as

the minimizer of" =¹D–) 0º with respect toD:

* = :2 arg minjDj� 1 " =¹D–) 0º = arg minjDj� 1

"
VD2

2
�

1
=

=Õ

8=1

log cosh¹VḐ ) >
0 X8º

#

• (2.21)

We can interpret* = as anoracle analogof *̂ = (de�ned in (2.13)), in the sense that we are using

thetrue value) 0. Using these notations, we state the LAN expansion below.

Theorem 2.2.9.SupposeV ¡ 1 andX= � %CW
) 0–V. For h 2 R3, let ) = := ) 0 ¸ hp

=
. Then,(2.20)holds,

and

log
3%CW

) =–V

3%CW
) 0–V

¹X=º = h> ~� =–) 0–V�
1
2

h> � V¹) 0ºh ¸ >?¹1º–
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where

~� =–) 0–V:=
p

=

 
1
=

=Õ

8=1

X8tanh¹V* = ¸ ) >
0 X8º � ) 0

!
3

����!
%CW

) 0–V

# 3¹0– �V¹) 0ºº•

Hence, the familyf %CW
) –Vg) 2� 1 is LAN with a precision matrix� V¹) 0º at any) 0 2 � 1.

Now, in the next Corollary, we combine the upper bound and lower bound, and conclude that

)̂ MF
= is indeed optimal.

Corollary 2.2.10. SupposeV ¡ 1 andX= � %CW
) 0–V. Then,)̂ MF

= is regular, i.e. for) = = ) 0 ¸ hp
=
,

p
=¹)̂ MF

= � ) =º
3

����!
%CW

) =–V

# 3¹0– �V¹) 0º� 1º•

One immediate question is whether one can generalize Theorem 2.2.9 to Ising models beyond

the Curie-Weiss model, possibly to the full extent of coupling matricesA= that satisfy the condi-

tions in the upper bound (see Theorem 2.2.8). The main bottleneck in terms of deriving such a

lower bound is the lack of tight concentration results for RFIMs in the low-temperature regime. In

the high-temperature lower bound (Theorem 2.2.4), we have crucially utilized the moment bounds

for RFIMs that were developed in the recent work [28]. However, the results in [28] do not apply

to low-temperatures, and we are not certain whether this is generally true. Our current proof for

Theorem 2.2.9 computes the RFIM moments by exploiting the low-rank nature of the Curie-Weiss

coupling matrix, and cannot be generalized for general mean-�eld and approximately regular ma-

tricesA=.

We end the section with additional remarks regarding analyzing)̂ MF
= in the high/critical tem-

perature regime, and implications of Theorem 2.2.9 for testing.

Remark 2.2.7(Comparison with the high/critical-temperature regime). While Theorem 2.2.8 an-

alyzed)̂ MF
= only underV ¡ 1, we can show that its limiting distribution underV � 1 is the same as

Theorem 2.2.2. Indeed, forV � 1, the de�nition of� V¹) 0º in De�nition 2.2.3 is consistent with the

de�nition of �0¹) 0º from the previous section. This follows because< = 0 and $1–2 = 03, which

allows us to simplify$2–2 �
$1–2$>

1–2
W1–1

= $2–2 = �0¹) 0º. Thus,)̂ MF
= is optimal under Curie-Weiss labels
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for all V � 0.

Remark 2.2.8 (Testing in low-temperatures). Consider testing the hypothesis in Remark 2.2.4.

While the LAN expansion in Theorem 2.2.9 depends on) 0 and does not de�ne an estimator, this can

be directly used for testing. Indeed, one can simply construct an asymptotically optimal test based

on ~� =–) 0–V. Of course, one may also construct an equally optimal test using the more complicated

estimator)̂ MF
= .

2.2.3 Unknown strength of dependence

In this chapter so far, we have established the optimality of estimating the mean parameter)

under the assumption that the Ising modelQ0–V–A=
is given. In particular, we have assumed the

knowledge of the inverse temperature parameterV. One immediate question is to understand how

the estimation changes whenVis unknown. Compared to the GMM with i.i.d. labels, this roughly

corresponds to the setting where the label proportions are unknown.

Here, we provide a partial answer under the Curie-Weiss model with unknownV. Let V0 be the

true inverse temperature parameter. First, we test� 0 : V0 � 1 v.s. � 1 : V0 ¡ 1 by rejecting the null

whenk �Xk is large enough3. If V0 � 1, since the assumption thatV is unknown does not improve

the information lower bound�0¹) 0º [e.g. pg 128 in 39], the universal estimator)̂ iid
= continues being

optimal. Also, noting thatV0 Ÿ 1 cannot be consistently estimated even when the labelsZ= are

observed [40], consistent estimation ofVfrom X= is fundamentally impossible.

WhenV0 ¡ 1, the estimator̂) MF
= cannot be used since it requires the knowledge ofV. Indeed,

we expect that the information lower bound would change under an unknownV. To understand this,

one may consider the extreme case withV = 1 , which corresponds to all labels being identical.

For 3 = 1 dimensions, while one can attain the lower bound of�1 ¹) º = 1 given the knowledge of

V(and consequently identical labels), it is not straightforward otherwise. To rigorously understand

optimality, a joint LAN expansion for¹V–) º would be required, and we leave this problem for

future research. However,
p

=-consistent estimation of¹V0–) 0º is possible; one can still usê) iid
= to

3Any thresholdg= that satis�es=� 1•4 � g= � 1 leads to a consistent test
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estimate) 0, and useV̂ := tanh� 1¹<̂ º
<̂ to estimateV0. Here,<̂ := k �Xk•k)̂ iid

= k is a method of moment

estimator for the label mean< = < ¹Vº, which arises from noting thatEk �Xk = k) 0k< ¸ $
�

1p
=

�
.

2.3 Discussion

2.3.1 Connections with literature

Hidden Markov Random �elds.As pointed out in the introduction, mixture models with dependent

labels have long been studied in the context of HMRFs, but there is little work regarding inference

guarantees. HMRFs are a popular framework in spatial statistics, genetics, and image segmen-

tation/restoration [11, 41, 42, 43] to model network dependence among latent variables. This is

a generalization of hidden Markov models (HMM), which are a special case of HMRFs under a

Markov chain dependence. For HMMs, ef�ciency theory has been previously established using

ergodic theory [44, 45]. However, their proof techniques are restricted to time series dependence

and do not generalize to more dense network dependence that we consider.

Recently, the model (1.1) with HMM labels have been analyzed in the high-dimensional setting

[46, 47], where the authors propose rate-optimal spectral estimators based on a temporal partition

of the data. However, this line of research focus on rate-optimal minimaxity, which is different

from the asymptotic ef�ciency with sharp constants. Indeed, we do not expect such moment-based

estimators to attain the information-theoretic lower bound.

In terms of HMRFs, one related theoretical work is [48], which considers time-dependent ob-

servations from spatial HMRFs and shows asymptotic ef�ciency of a block-likelihood-based MLE.

It is also worth mentioning that after ignoring the temporal effect, the motivating example in [48]

is also similar to model (1.1). However, [48] requires many implicit correlation-decay and mixing

conditions regarding the latent dependence, which are extremely challenging to check for indi-

vidual examples. Furthermore, the block-likelihood still suffers from the intractable normalizing

constant within each block. In contrast, our work does not require any such assumptions, and we

propose optimal estimators that entirely avoid computing the normalizing constant.
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Comparison with inference on Ising models.One popular research question in statistical inference

on MRFs is to estimate the dependence/inverse temperature parameterV [24, 49, 40, 50, 51, 52].

The setting is that one observes the exact labelsZ= generated fromQ0–V–A=
with a known graph

A=, with the goal of estimating the unknown parameterV. Similar to dependent GMMs, the MLE

is intractable due to the implicit normalizing constant. In particular, the recent paper [51] assumes

that A= is the scaled adjacency matrix of a dense regular graph and provides a complete picture

for estimation. They show that consistent estimation ofV is impossible whenV Ÿ 1, whereas the

MLE and maximum pseudo-likelihood estimator (MPLE) are
p

=-consistent whenV � 1. While

both estimators are optimal whenV ¡ 1, the MPLE is only rate-optimal whenV = 1 and a tractable

alternative to the MLE is unknown.

Compared to this result, for our problem of estimating) in GMMs, we have already proved

in Theorem 2.2.2 that
p

=-consistent estimation is possible for any distributionQ0. Another com-

parison is at the critical temperatureV = 1, at which the estimation ofV exhibits a non-Normal

limiting experiment, whereas our estimation of) still has a Normal limiting experiment. A �nal

remark is that the MPLE, a popular tractable estimator in Ising models and its variants [49, 53, 54,

55], is not applicable to us since the log-normalizing constant in (2.2) depends onX8 and makes

the pseudo-likelihood
Î =

8=1 P¹X8 j fX 9 : 9< 8gº intractable.

2.3.2 Future research directions

General mixture models with dependence.Currently, for simplicity, we have considered the most

basic GMM with two symmetric components. It would be interesting to consider GMMs with more

components that may not necessarily be symmetric, by modeling the label distribution as a Potts

model. Alternatively, one could consider other mixture models where the conditional distribution

of the observed responses follows an exponential family distribution. We carefully conjecture

that similar results, such as a universal
p

=-consistent estimator, can be derived as long as the

exponential family distribution exhibits a nontrivial even partition function.

High-dimensional asymptotics.Another interesting direction would be to explore inference guar-
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antees under a high-dimensional setting where3, the dimension of the responses, grows with=.

There has been a recent interest for understanding the estimation of) under high-dimensional

symmetric Gaussian mixture models [4, 56, 47] as well as more general isotropic mixtures [57],

but their focus has been on how the minimax rate changes with respect to the signal strengthk) k.

Up to our knowledge, the sharp constants for estimation as well as inference guarantees have not

been established, even under the i.i.d. label setting. To this extent, it would be important to explore

the limiting behavior of)̂ iid
= in high-dimensions and understand whether our universality result

(Theorem 2.2.2) can be generalized. A more challenging question would be to also extend our

optimality results to high dimensions.

Labels with non-mean-�eld dependence.Finally, an important open question is to understand

optimal estimation under label distributionsQ0–V–A=
generated by non-mean-�eld matricesA=. In

particular, many practical applications for HMRFs in spatial statistics and image analysis consider

a lattice type of dependence, whereA= is the adjacency matrix ofZ� for an integer� � 2. This

choice ofA= does not satisfy the mean-�eld condition (2.11), and our optimality results cannot

be applied. Based on preliminary simulations, we believe that the universal optimality of)̂ iid
= in

the high-temperature regime would no longer hold. Thus, we require different approaches, such

as using the recent developments on correlation decay [58, 59]. We plan to consider the ef�ciency

theory under such sparse graphs in the future.

The remainder of this chapter consists of supplementary results such as proof and additional

descriptions and simulations, and is organized as follows. In Section 2.4, we prove the theoretical

claims made in Sections 2.2.1 and 2.2.2. We prove all low-temperature results from Section 2.2.2

in Section 2.5, and prove remaining technical lemmas in Section 2.6. Hidden constants (in. or

$ ¹�º notations) will be speci�ed in each segment of the proof.

2.4 Proof of results in Sections 2.2.1 and 2.2.2

As we work with dependent responsesX=, we cannot apply the well-known limit theorems for

independent random variables. We �rst state a dependent variant of the uniform LLN (ULLN) and
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central limit theorem under model (1.1), which will be used multiple times throughout this section.

The proofs of these lemmas are deferred to Section 2.6.

Our �rst lemma is the following ULLN. Note that this automatically implies a non-uniform

law of large number as well.

Lemma 2.4.1(ULLN). For an arbitrary distributionQ0, letX= � %) 0–Q0, and let	 � R: be a com-

pact set. Forx 2 R3– k 2 	 , let 5¹x– kº be a bivariate function that is an even inx (i.e. 5¹x– kº =

5¹� x– kº) and satis�es the following conditions for �nite constants� 1¹) 0º– �2¹) 0º– �3¹) 0º Ÿ 1 :

• supk 2	 Var»5¹X– kº j / = I ¼ � � 1¹) 0º for I = � 1.

• supk 2	 E»j5¹X– kºj j / = I ¼ � � 2¹) 0º for I = � 1.

• supk 2	 km 5
mk¹X– kºk � � ¹Xº, where� satis�esE»� ¹Xº j / = I ¼ � � 3¹) 0º for I = � 1.

Then,

sup
k 2	

�
�
�
�
�
1
=

=Õ

8=1

5¹X8– kº � EX� # 3 ¹) 0–Iº 5¹X– kº

�
�
�
�
�

%
�! 0•

The same conclusion holds when5 is vector-valued (say,: 0-dimensional for some �nite: 0) and

the absolute value is replaced by any vector norm.

Our second Lemma computes the limiting distribution of the statistic
Í =

8=1 X8tanh¹) >
0 X8º, and

will be used in both the lower and upper bound. Note that this statistic is the gradient of# = (see

Section 2.2.1), and also appears as� =–) 0 ¹X=º in the LAN expansion (see Theorem 2.2.4).

Lemma 2.4.2(Limiting distribution of� =–) 0). LetQ0 be an arbitrary measure onf� 1–1g= and let

X= � %) 0–Q0. Then,

�
p

=¹r # =º¹) 0º = � =–) 0 ¹X=º =
p

=

 
1
=

=Õ

8=1

X8tanh¹) >
0 X8º � ) 0

!
3
�! # 3¹0– �0¹) 0ºº• (2.22)

2.4.1 Proof of Lemma 2.2.1 and Theorem 2.2.2

Lemma 2.2.1 follows from using the KL divergence to show the uniqueness of the minimization

problem, and applying existing analysis of the �rst order conditions to argue convexity.
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Proof of Lemma 2.2.1.The differentiability is immediate. We �rst show that for any) < ) 0 in � 1,

# 1 ¹) º ¡ # 1 ¹) 0º. For any) 2 � 1, de�ne a distribution�P) � 1
2# 3¹) –I º ¸ 1

2# 3¹� ) –I º, which has

the following density function:

�?) ¹xº =
exp

h
� x> x

2 � ) > )
2 ¸ log cosh¹) > xº

i

p
2c

3
•

Then, the de�nition of� 1 as the half-space makesf �P) : ) 2 � 1g an identi�able family. Since

) < ) 0,

KL ¹ �P) 0 k �P) º = E�P) 0

h
�

) >
0 ) 0

2
¸ log cosh¹) >

0 Xº ¸
) > )

2
� log cosh¹) > Xº

i
¡ 0–

and we have# 1 ¹) º ¡ # 1 ¹) 0º by rewriting the terms.

Since) 0 minimizes the differentiable function# 1 , we have

¹r # 1 º¹) 0º = ) 0 � EX� # 3 ¹) 0–Iº X tanh¹) >
0 Xº = 0• (2.23)

To show the uniqueness of the solution ofr # 1 = 0 in int¹� 1º, we use Theorem 2 in [1]. This

result states that for a mapping) : int¹� 1º ! R3 de�ned as) ¹) º := EX� # 3 ¹) 0–Iº X tanh¹) > Xº, we

have

k) ¹) º � ) ¹) 0ºk � ^¹) ºk) � ) 0k•

Here,^¹) º := exp
h
�

min¹) > ) –) >
0 ) º2

2) > )

i
� 1 and note that¹r # 1 º¹) 0º = 0 implies) ¹) 0º = ) 0. Suppose

that there exists) 2 int¹� 1º � f ) 0gsuch that

¹r # 1 º¹) º = ) � ) ¹) º = 03•

If ) > ) 0 < 0, ^¹) º is strictly less than 1, and we have a contradiction. When) > ) 0 = 0, Theorem 2

in [1] also shows that) ¹) º = 0 and we have¹r # 1 º¹) º = ) < 03. Consequently,¹r # 1 º¹) º = 0

has an unique root) = ) 0 in int¹� 1º.
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Remark 2.4.1. The restriction to the interior is imposed so that the gradientr # 1 is well-de�ned.

By considering the (nonidenti�able) entire domain� = R3 � f 03g of # 1 , one can remove this

restriction and show thatr # 1 ¹) º = 0 if and only if) = � ) 0.

We prove Theorem 2.2.2 by modifying the classical argument for the asymptotic normality of

M-estimators to our dependent setting, with the help of Lemmas 2.2.1, 2.4.1, and 2.4.2. Along

with these, our main ingredient is the conditional independence ofX= j Z= and the symmetry of

X1 j / 1.

Proof of Theorem 2.2.2.We divide the proof into two steps.

Step 1: Consistency.We �rst claim that)̂ iid
= is consistent. De�ne� ) 0 := f ) : k) k � k ) 0k ¸ 2

p
3g.

Applying Lemma 2.4.1 with5¹x– kº = log cosh¹k > xº–	 = � ) 0 gives

sup
) 2� 1\ � ) 0

j# =¹) º � # 1 ¹) º j
%
�! 0• (2.24)

Recalling that)̂ iid
= 2 arg min) 2� 1

# =¹) º–we have# =¹)̂ iid
= º � # =¹) 0º = # 1 ¹) 0º ¸ >?¹1º• Also,

because the �rst order conditions of (2.1) givê) iid
= = 1

=
Í =

8=1 X8tanh¹X>
8 )̂ iid

= º, a naive bound using

kX8 � ) 0/ 8k �
q

j 2
3 implies

k)̂ iid
= k �

1
=

=Õ

8=1

kX8k � k ) 0k ¸
1
=

=Õ

8=1

kX8 � ) 0/ 8k � k ) 0k ¸ 2
p

3 (2.25)

with high probability. Thus,̂) iid
= 2 � ) 0 with high probability and (2.24) gives# =¹)̂ iid

= º � # 1 ¹)̂ iid
= º =

>?¹1º• Combining this, we have

# 1 ¹)̂ iid
= º � # 1 ¹) 0º ¸ >?¹1º•

By Lemma 2.2.1,# 1 ¹) º is a continuous function that is uniquely minimized at) 0. Thus, for any

Y ¡ 0, we haveX := inf ) 2� ) 0–k) � ) 0k¡Y # 1 ¹) º � # 1 ¹) 0º ¡ 0. Hence, combining the two displays
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above,

P¹k)̂ iid
= � ) 0k ¡ Y º � P¹# 1 ¹)̂ iid

= º � # 1 ¹) 0º ¡ Xº ¸ P¹)̂ iid
= 8 � ) 0º ! 0•

Step 2: Limiting distribution. The de�nition of )̂ iid
= gives¹r # =º¹)̂ iid

= º = 0. By a Taylor expansion

of r # = around)̂ iid
= � ) 0, we have

p
=¹)̂ iid

= � ) 0º = �¹¹r 2# =º¹/ =ºº� 1p
=¹r # =º¹) 0º– (2.26)

for some/ = 2 ¹)̂ iid
= –) 0º. Note that Step 1 implies/ =

%
�! ) 0.

For simplicity, denote the Hessian as a function� =¹) º := r 2# =¹) º. We �rst claim that

� =¹/ =º
%
�! �0¹) 0º. We apply Lemma 2.4.1 with5¹x– kº = x x> sech2¹k > xº and	 = � ) 0, to write

� =¹/ =º = I �
1
=

=Õ

8=1

X8X>
8 sech2¹/ >

= X8º

= I � EX� # 3 ¹) 0–Iº XX> sech2¹/ >
= Xº ¸ >?¹1º

%
�! I � EX� # 3 ¹) 0–Iº XX> sech2¹) >

0 Xº = �0¹) 0º• (2.27)

The last convergence follows from the continuous mapping theorem.

Now, the �rst conclusion in the theorem follows by plugging the above limit in (2.26):

p
=¹)̂ iid

= � ) 0º = �0¹) 0º� 1 1
p

=

=Õ

8=1

¹X8tanh¹) >
0 X8º � ) 0º ¸ >?¹1º• (2.28)

The second conclusion immediately follows by plugging the limiting distribution in Lemma 2.4.2

to (2.28) and simplifying the variance.

2.4.2 Proof of Proposition 2.2.3

The main idea for proving Proposition 2.2.3 is to use a Taylor expression to simplify the LHS of

(2.2.3) in terms of the linear and quadratic forms of the “local �elds”< 8¹W=º :=
Í

9<8 � =¹8– 9º, 9;

see eq. (2.30). We use the following two lemmas that provide moment bounds for local �elds
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under the two different assumptions in Proposition 2.2.3. We state the two lemmas separately due

to technical differences within proofs. Recall thatEQ) denotes the conditional expectation with

respect toQ) ¹W=º, and is always conditioned onX=.

Lemma 2.4.3.SupposeW= � Q) = Q) –V–A=–X=–whereV Ÿ1 and) –X= are arbitrary deterministic

values. Then, for

� 1¹) –X=º :=
=Õ

8=1

h =Õ

8=1

� =¹8– 9º tanh¹) > X 9º
i 2

–

the following holds, where the hidden constant only depends onV.

(a) EQ)

hÍ =
8=1 < 2

8¹W=º
i

. =U= ¸ � 1¹) –X=º•

(b) For any real-valued vectord = ¹31– • • • – 3=º–we have

j EQ)

=Õ

8=1

38¹, 8 � tanh¹) > X8ºº j . kdk¹1 ¸
q

=U2
= ¸

p
� 1¹) –X=ºº•

Lemma 2.4.4.SupposeV = 1, X= � %CW
) 0–V, and �x any) 2 � . Then,EQCW

) »�, 2¼= $ ?

�
1
=

�
–where

the hidden constant is universal.

Note that the bounds in Lemma 2.4.3 involve the quantity� 1¹) –X=º, which is a complicated

function ofX=. However, assuming thatX= is generated from a true GMM%) 0–Q0, we can addi-

tionally bound� 1 in terms ofU=. We generalize this claim in the following Lemma.

Lemma 2.4.5. SupposeV Ÿ 1, Z= � Q0–V–A=
, andX= � %) 0–Q0–V–A=

. Then, the following holds,

whereU= = max=
8=1

Í =
8=1 � =¹8– 9º2 and the hidden constants only depend onZ– �.

(a) Let q : R3 ! R be an odd function withj E¹q¹Xºj/ = I º j = Z andVar¹q¹Xºj/ = I º � �

for Z– � Ÿ 1 andI = � 1. Then,

E
=Õ

8=1

 
=Õ

8=1

� =¹8– 9ºq¹X 9º

! 2

= $ ¹=U=º•
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(b) Letq1– q2 : R3 ! R be odd functions withj E¹q0¹Xºj/ = I º j = Z0 andVar¹q0¹Xºj/ = I º �

� , Cov¹q1¹Xº– q2¹Xºj/ = I º � � for 0 = 1–2, andI = � 1, whereZ0– � Ÿ 1 . Then,

E©
­
«

=Õ

8– 9=1

� =¹8– 9ºq1¹X8ºq2¹X 9º
ª
®
¬

2

= $ ¹=2U2
= ¸ =U=º•

Proof of Proposition 2.2.3.We prove each part separately. Throughout this proof, all hidden con-

stants will depend just onV–k) 0k– 3, andnot depend on) nor X=. Also, let 28 = 28¹) º := ) > X8

denote the random �elds ofQ) . Then, (2.10) can be re-written as:

sup
) 2�






 EQ)

h =Õ

8=1

X8, 8

i
�

=Õ

8=1

X8tanh¹28º





 = >?

�p
=
�
• (2.29)

(a) Fix V Ÿ1 andA= that satisfy the mean-�eld assumption (2.11). We �rst prove (2.29) for any

deterministicX= that satis�es the following conditions:

C1. � 1¹) –X=º =
Í =

8=1¹
Í =

8=1 � =¹8– 9º tanh¹29ºº2 = $ ¹=U=º,

C2.
Í =

8=1 k
Í =

8=1 � =¹8– 9ºX8sech2¹28ºk2 = $ ¹=U=º,

C3. k
Í =

8– 9=1 X8� =¹8– 9º sech2¹28º tanh¹29ºk = $ ¹=U= ¸
p

=U=º,

C4. max=
8=1 kX8k = $ ¹

p
log=º.

We re-emphasize that the constants in$ ¹�º terms do not depend on) norX=. We will show at

the end of the proof that conditions C1–C4 hold with high probability underX= � %) 0–Q0–V–A=
.

Let < 8¹W=º :=
Í

9<8 � =¹8– 9º, 9. Throughout this proof, we abbreviate< 8¹W=º as< 8. Since
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E¹, 8 j , ¹� 8ºº = tanh¹V<8¸ 28º, a Taylor approximation around< 8 � 0 gives

EQ)

 
=Õ

8=1

X8, 8

!

= EQ)

 
=Õ

8=1

X8tanh¹V<8¸ 28º

!

= EQ)

 
=Õ

8=1

X8

 

tanh¹28º ¸ V<8sech2¹28º ¸
V2< 2

8

2
¹sech2º0¹Vl 8¸ 28º

! !

=
=Õ

8=1

X8tanh¹28º ¸ VEQ)

=Õ

8=1

X8< 8sech2¹28º ¸
V2

2
EQ)

=Õ

8=1

X8< 2
8¹sech2º0¹Vl 8¸ 28º (2.30)

=
=Õ

8=1

X8tanh¹28º ¸ VEQ)

=Õ

8=1

X8< 8sech2¹28º ¸ $
�
=
p

log=U=

�
•

The last equality uses a union bound with C4, followed Lemma 2.4.3(a) with C1:

kEQ)

=Õ

8=1

X8< 2
8¹sech2º0¹Vl 8¸ 28ºk .

p
log=EQ)

=Õ

8=1

< 2
8 .

p
log=¹=U= ¸ � 1º = $ ¹=

p
log=U=º•

Now, to conclude (2.29), it remains to show thatEQ)
Í =

8=1 X8< 8sech2¹28º is >¹
p

=º. Using

the de�nition of < 8, we can write

=Õ

8=1

X8< 8sech2¹28º =
=Õ

8=1

=Õ

9=1

X8� =¹8– 9º, 9sech2¹28º =
=Õ

9=1

d9, 9–

whered9 :=
Í =

8=1 � =¹8– 9ºX8sech2¹28º• Then, by applying Lemma 2.4.3(b) (second line) we

have

kEQ)

=Õ

9=1

d9, 9k � k EQ)

=Õ

9=1

d9¹, 9 � tanh¹29ººk ¸ k
=Õ

9=1

d9tanh¹29ºk

.

vut =Õ

9=1

kd9k2¹1 ¸
q

=U2
= ¸

p
� 1¹) –X=ºº ¸ k

Õ

8– 9

X8� =¹8– 9º sech2¹28º tanh¹29ºk

= $
�
=U= ¸

p
=U=

�
= >¹

p
=º•
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The third line uses assumptions C1-C3 to get

=Õ

9=1

kd9k2 . =U=– �1¹) –X=º . =U=– k
Õ

8– 9

X8� =¹8– 9º sech2¹28º tanh¹29ºk . =U=¸
p

=U=–

and the mean-�eld condition
p

=U= = >¹1º to simplify the �nal bound.

Finally, we prove that C1–C4 hold with high probability, forX= � %) 0–Q0–V–A=
. C1 and C2 fol-

lows from applying Lemma 2.4.5(a) withq1–) ¹xº := tanh¹) > xº andq2–) ¹xº := x sech2¹) > xº,

respectively. Note thatq2–) is vector-valued, but we can just apply Lemma 2.4.5(a) for each

coordinate ofq2, and sum up since3 is �nite. Here the moment assumptions in Lemma

2.4.5 hold as

E
�
q0–) ¹Xº j /

�
– Var

�
q0–) ¹Xº j /

�

can be upper bounded by absolute constants when0 = 1, and by constants that only de-

pend onk) 0k when 0 = 2. Next, C3 follows from applying Lemma 2.4.5(b) withq1–)

and each coordinate ofq2–) . Finally, C4 follows by recalling (1.1) to writemax=
8=1 kX8k �

k) 0k ¸ max=
8=1 kY8k whereY8 � # 3¹03–Iº, and applying the Gaussian maximal inequality:

max=
8=1 kY8k = $ ?¹

p
log=º.

(b) Next, we prove (2.29) under the Curie-Weiss RFIMW= � QCW
) at V = 1, for deterministic

X= that satisfy C4 above and the following condition:

C5. sup) 2�
Í =

8=1 X8sech2¹28º = >¹=º.

Under the Curie-Weiss model, the< 8 = < 8¹W=º's can be written explicitly as

< 8 =
1
=

Õ

9<8

, 9 = �, �
, 8

=
•
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By plugging in this formula to (2.30) alongsideV = 1, we get

EQCW
)

 
=Õ

8=1

X8, 8

!

�
=Õ

8=1

X8tanh¹28º

= EQCW
)

=Õ

8=1

X8< 8sech2¹28º ¸
1
2

EQCW
)

=Õ

8=1

X8< 2
8¹sech2º0¹l 8¸ 28º

=
� =Õ

8=1

X8sech2¹28º
�

EQCW
) »�, ¼ �

1
=

=Õ

8=1

X8sech2¹28º EQCW
) », 8¼ ¸$

� =Õ

8=1

kX8kEQCW
) »< 2

8¼
�

=
� =Õ

8=1

X8sech2¹28º
�

EQCW
) »�, ¼ ¸$

�
=

max
8=1

kX8k
�

¸ $
�
=

=
max
8=1

kX8k
h
EQCW

) »�, 2¼ ¸
1
=2

i �

=>¹
p

=º ¸ $ ¹
p

log=º = >¹
p

=º•

In the penultimate line, we usedj, 8j = 1 and kX8k � max=
8=1 kX8k. The �nal line used

moment bounds of�, from Lemma 2.4.4, alongside conditions C4 and C5.

Now, it remains to show that C4 and C5 hold with high probability forX= � %CW
\ 0–V. C4

follows from the exact same argument in the �rst segment of the proof. Recalling that28 =

) > X8, C5 holds because

sup
\ 2�

�
�
�
1
=

=Õ

8=1

�
X8sech2¹28º � E»X8sech2¹28º j / 8¼

� �
�
�

%
�! 0–

sup
\ 2�

1
=

=Õ

8=1

E»X8sech2¹28º j / 8¼= �/ sup
\ 2�

 ¹) º
%
�! 0

for  ¹) º := E»X1 sech2¹21º j / 1 = 1¼. Here, the �rst convergence follows by from the

ULLN (see Lemma 2.4.1). The second line uses anti-symmetry ofx ! x sech2¹) > xº to

simplify the expression, followed by the LLN for the Curie-Weiss model withV = 1 to get

�/ = >?¹1º (e.g. see [23]). Note thatk ¹) ºk � k ) 0k ¸ 2
p

3 for all ) by a similar argument

as in (2.25), and is bounded.
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2.4.3 Proof of Theorem 2.2.4 and Corollary 2.2.5

We prove Theorem 2.2.4 by doing a one-term Taylor expansion of the log-likelihood ratio, and

applying (2.10).

Proof of Theorem 2.2.4.Recalling the de�nition of the normalizing constant/ =–V–A= ¹) =–X=º from

(2.7), the likelihood ratio can be simpli�ed as

3%) =–Q0

3%) 0–Q0

¹X=º =

Í
w2f� 1–1g= exp

h
� =) >

= ) =
2 ¸ V

2w> A=w ¸ ) >
=

Í =
8=1 X8F8

i

Í
w2f� 1–1g= exp

h
�

=) >
0 ) 0

2 ¸ V
2w> A=w ¸ ) >

0

Í =
8=1 X8F8

i

= exp
�
�

2h> ) 0
p

= ¸ h> h
2

¸ log / =–V–A= ¹) =–X=º � log / =–V–A= ¹) 0–X=º
�

•

By properties of exponential families, we have

mlog / =–V–A= ¹) –X=º
m)

= EQ)

 
=Õ

8=1

X8, 8

!

=
=Õ

8=1

X8tanh¹) > X8º ¸ >?
�p

=
�
•

Here, the>?
�p

=
�

term is uniform in) due to assumption (2.10). Now, by the chain rule, we can

write

log / =–V–A= ¹) =–X=º � log / =–V–A= ¹) 0–X=º =
¹ 1p

=

0
h>

"
=Õ

8=1

X8tanh
�
¹) 0 ¸ Chº> X8

�
¸ >?¹

p
=º

#

3C

=
=Õ

8=1

log
�
cosh¹) >

= X8º
cosh¹) >

0 X8º

�
¸ >?¹1º

=
h>

p
=

=Õ

8=1

X8tanh¹) >
0 X8º ¸

1
2=

h>

 
=Õ

8=1

X8X>
8 sech2¹/ >

= X8º

!

h ¸ >?¹1º

=
h>

p
=

=Õ

8=1

X8tanh¹) >
0 X8º ¸

1
2

h> EX� # 3 ¹) 0–Iº XX> sech2¹) >
0 Xºh ¸ >?¹1º•

Here, the third line is due to a Taylor expansion with some error term/ = 2 ¹) 0–) =º, and the last

line used the limit (2.27). Finally, by combining likelihood ratio expansion and the above display,
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we have

log
3%) =–Q0

3%) 0–Q0

¹X=º = � h> ) 0
p

= �
1
2

h> h ¸ log / =–V–A= ¹) =–X=º � log / =–V–A= ¹) 0–X=º

=
h>

p
=

=Õ

8=1

�
X8tanh¹) >

0 X8º � ) 0

�
�

1
2

h>
�
I � EX� # 3 ¹) 0–Iº XX> sech2¹) >

0 Xº
�
h ¸ >?¹1º

=h> � =–) 0 ¹X=º �
1
2

h> �0¹) 0ºh ¸ >?¹1º–

where� =–) 0 is as in (2.12) and�0¹) 0º is the information matrix in Theorem 2.2.2. The proof is

complete as the limit distribution in (2.12) follows from Lemma 2.4.2.

Finally, we prove Corollary 2.2.5 using previous conclusions and Le Cam theory [30].

Proof of Corollary 2.2.5.First �x ) 0 2 � 1. Under our assumptions, Theorem 2.2.4 proves that

f %) –Q0g) 2� 1 is LAN, whereV � 1 is �xed. Then, Le Cam's �rst lemma (see Lemma 6.4 in [30])

shows that%) 0–Q0 and%) =–Q0 are mutually contiguous. Also, note that equation (2.4) in Theorem

2.2.2 allows us to write
p

=¹)̂ iid
= � ) 0º = �0¹) 0º� 1� =–) 0 ¸ >?¹1º•

Since Lemma 2.4.2 gives� =–) 0

3
����!
%) 0–V

# 3¹0– �0¹) 0ºº–we have

©
­
­
­
«

p
=¹)̂ iid

= � ) 0º

log
3%) =–Q0
3%) 0–Q0

ª
®
®
®
¬

=
©
­
­
«

�0¹) 0º� 1� =–) 0

h> � =–) 0 � 1
2h> �0¹) 0ºh

ª
®
®
¬

¸ >?¹1º (2.31)

3
�����!
%) 0–Q0

# 3¸ 1
©
­
­
«

©
­
­
«

03

� 1
2h> �0¹) 0ºh

ª
®
®
¬

–
©
­
­
«

�0¹) 0º� 1 h

h> h> �0¹) 0ºh

ª
®
®
¬

ª
®
®
¬

• (2.32)

Then, we can apply Le Cam's third lemma (see Theorem 6.6 in [30]) to get
p

=¹)̂ iid
= � ) 0º

3
�����!
%) =–Q0

# 3¹h– �0¹) 0º� 1º. Now, the proof is complete by plugging in) = = ) 0 ¸ hp
=

to adjust the centering.
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2.5 Proof of low-temperature results in Section 2.2.2

2.5.1 Additional lemmas and notations

We �rst state the low-temperature analogs for the conditional LLN and CLTs that we saw in

Lemmas 2.4.1 and 2.4.2. These results will be used multiple times throughout Section 2.5. We

defer the proofs of these lemmas to Section 2.6.

We �rst state the low-temperature ULLN. Note that this immediately implies the non-uniform

LLN in Lemma 2.2.6.

Lemma 2.5.1(low-temperature ULLN). SupposeV ¡ 1, and thatA= satisfy Assumptions 2.2.1 and

2.2.2. LetX= � %) 0–V–A=. For a : -dimensional compact set	 , let 5 : R3 � 	 ! R be a bivariate

function that satis�es all conditions given in Lemma 2.4.1. Then, we haveP¹ �/ Ÿ 0 : �X 2 � 1º ! 0

and

sup
k 2	

�
�
�
�
�
1
=

=Õ

8=1

5¹X8– kº � E) 0 5¹X– kº

�
�
�
�
�
: ¹ �X 2 � 1º

%
�! 0•

Similarly, we haveP¹ �/ ¡ 0 : �X 2 � 2º ! 0 and

sup
k 2	

�
�
�
�
�
1
=

=Õ

8=1

5¹X8– kº � E� ) 0 5¹X– kº

�
�
�
�
�
: ¹ �X 2 � 2º

%
�! 0•

The above conclusions also hold when5 is vector-valued (say,: 0-dimensional for some �nite: 0)

and the absolute value is replaced by any vector norm.

The following lemma computes the limiting distribution of the statistic
p

=¹r " =º¹<–) 0º, where

the function" = is introduced in (2.13).

Lemma 2.5.2(low-temperature CLT). SupposeV ¡ 1, and thatA= satisfy Assumptions 2.2.1 and

2.2.2. LetX= � %) 0–V–A=. Then, we have

p
=¹r " =º¹<–) 0º : ¹ �X 2 � 1º

3
�! # 3¸ 1 ¹03¸ 1–� º –

p
=¹r " =º¹� <–) 0º : ¹ �X 2 � 2º

3
�! # 3¸ 1

�
03¸ 1–~�

�
•
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Here,� and ~� are ¹3 ¸ 1º � ¹ 3 ¸ 1º matrices that will be de�ned below in De�nition 2.5.1(c).

Next, we introduce additional notations, which are required to explicitly state the limiting

variance� as well as simplify further computations.

De�nition 2.5.1. GivenV ¡ 1 and) 0 2 � 1, we de�ne the following the quantities.

(a) For I = � 1, let

` I := E
�
tanh¹V< ¸ ) >

0 Xº j / = I
�
– . I := E

�
X tanh¹V< ¸ ) >

0 Xº j / = I
�
•

(b) De�ne each component of the gradientr " = by setting

� 1¹D–) º : = V

 

D�
1
=

=Õ

8=1

tanh¹VḐ ) > X8º

!

–

� 2¹D–) º : = ) �
1
=

=Õ

8=1

X8tanh¹VḐ ) > X8º–

so thatr " = =
©
­
­
«

� 1

� 2

ª
®
®
¬

.

(c) De�ne a ¹3 ¸ 1º � ¹ 3 ¸ 1º matrix � =
©
­
­
«

f 1–1 2 >
1–2

21–2 22–2

ª
®
®
¬

as

� := E/ � Rad¹ 1¸ <
2 º

h
Var

� ©
­
­
«

V

X

ª
®
®
¬

tanh¹V< ¸ ) >
0 Xº j /

� i
¸

� ¹Vº
4

©
­
­
«

V¹` 1 � ` � 1º

. 1 � . � 1

ª
®
®
¬

©
­
­
«

V¹` 1 � ` � 1º

. 1 � . � 1

ª
®
®
¬

>

•

Here,� ¹Vº := 1� < 2

1� V¹1� < 2º ¡ 0 is the limiting variance of�/ under the Curie-Weiss model (see

Lemma 2.6.1). Also de�ne~� :=
©
­
­
«

f 1–1 � 2 >
1–2

� 21–2 22–2

ª
®
®
¬

.

44



(d) De�ne constantsU0 2 R–" 1 2 R3–" 2 2 R3� 3 by

U0 := E) 0 sech2¹V< ¸ ) >
0 Xº–

" 1 := E) 0 X sech2¹V< ¸ ) >
0 Xº–

" 2 := E) 0 XX> sech2¹V< ¸ ) >
0 Xº•

Using the notations above, we can write� =
©
­
­
«

W1–1 $>
1–2

$1–2 $2–2

ª
®
®
¬

(see De�nition 2.2.3) as:

W1–1 = V¹1 � VU0º– $1–2 = � V" 1– $2–2 = I � " 2• (2.33)

2.5.2 Proof of Lemma 2.2.7

Proof of Lemma 2.2.7.The proof proceeds by a KL divergence argument similar to Lemma 2.2.1.

Set" 1 as in (2.19). Fix anyV ¡ 1. For anyD2 »� 1–1¼and) 2 � 1, de�ne a distribution

PD–) �
4VD

4VD¸ 4� VD# 3¹) –I º ¸
4� VD

4VD¸ 4� VD# 3¹� ) –I º–

which has density

?D–) ¹xº =
exp

h
� x> x

2 � ) > )
2 ¸ log cosh¹VḐ ) > xº

i

¹
p

2cº3 cosh¹VDº
•

Note thatf PD–) : ) 2 � 1g is an identi�able family, which is immediate by writing out the �rst two

moments. Hence, for any¹D–) º < ¹<–) 0º,

0 Ÿ KL ¹P<–) 0 kPD–) º = EP<–) 0

h
�

) >
0 ) 0

2
¸ log cosh¹V< ¸ ) >

0 Xº � log cosh¹V<º

¸
) > )

2
� log cosh¹VḐ ) > Xº ¸ log cosh¹VDº

i
•
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Now setting a function6¹Dº := � VD2

2 ¸ log cosh¹VDº, we can write

" 1 ¹D–) º � " 1 ¹<–) 0º

=
V¹D2 � < 2º

2
¸

) > ) � ) >
0 ) 0

2
� EP<–) 0 log cosh¹VḐ ) > Xº ¸ EP<–) 0 log cosh¹V< ¸ ) >

0 Xº

=KL ¹P<–) 0 kPD–) º � 6¹Dº ¸ 6¹< º ¡ � 6¹Dº ¸ 6¹< º•

Hence, to show the RHS is positive, it suf�ces to prove6¹< º � 6¹Dº for all D. Standard calculus

shows that6 is a symmetric function with60¹Dº ¡ 0 for 0 Ÿ D Ÿ < and60¹Dº Ÿ 0 for D ¡ < , and

hence maximized atD= � < (e.g. see pg. 144-145 in [60]). This completes the proof.

Remark 2.5.1. One immediate consequence of Lemma 2.2.7 is that¹r " 1 º¹<–) 0º = 0, i.e.

< = E) 0 tanh¹V< ¸ ) >
0 Xº– ) 0 = E) 0 X tanh¹V< ¸ ) >

0 Xº• (2.34)

These identities can also be proved directly by using the de�nition ofE) 0 and the fact that< =

tanh¹V<º. However, unlike Lemma 2.2.1, multiple solutions ofr " 1 = 0 may exist.

2.5.3 Proof of Theorem 2.2.8

We prove Theorem 2.2.8 by modifying the usual argument for deriving asymptotic normality

of M-estimators. One subtlety arises in terms of simplifying the limiting variance as� V¹) 0º� 1.

This involves nontrivial computations, which we formally state in the following Lemma. Note that

part (b) also establishes the invertibility of� V¹) 0º.

Lemma 2.5.3.Under the notations from De�nition 2.2.3 and De�nition 2.5.1, the following holds.

(a) 1 � VU0 ¡ 0 andW1–1 ¡ 0.
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(b) For %:= $1–2
W1–1

,

� V¹) 0º = %f 1–1%> � 21–2%> � %2>
1–2 ¸ 22–2 � 0• (2.35)

Proof of Theorem 2.2.8.The positive de�niteness of� V¹) 0º follows from Lemma 2.5.3(b).

To show the limit of)̂ MF
= , writing out the �rst order conditions of (2.13) gives that¹*̂ =–)̂ MF

= º is

a solution of the (3 ¸ 1)-dimensional equation03¸ 1 = ¹r " =º¹D–) º =
©
­
­
«

� 1¹D–) º

� 2¹D–) º

ª
®
®
¬

. Here,� 1– �2 are

as in part (b) of De�nition 2.5.1. By a 1-term Taylor expansion, we have

03¸ 1 =
©
­
­
«

� 1¹*̂ =–)̂ MF
= º

� 2¹*̂ =–)̂ MF
= º

ª
®
®
¬

=
©
­
­
«

� 1¹<–) 0º

� 2¹<–) 0º

ª
®
®
¬

¸ � =¹/ =º
©
­
­
«

*̂ = � <

)̂ MF
= � ) 0

ª
®
®
¬

(2.36)

for some/ =, which implies

p
=

©
­
­
«

*̂ = � <

)̂ MF
= � ) 0

ª
®
®
¬

= �¹ � =¹/ =ºº� 1p
=

©
­
­
«

� 1¹<–) 0º

� 2¹<–) 0º

ª
®
®
¬

• (2.37)

Here,� = denotes the Hessian of" =, and its invertibility will be shown later in the proof (see Step

2). We derive the limiting distribution of (2.37) conditional on�X 2 � 1 through the following steps.

Step 1: Consistency.We �rst show ¹*̂ =–)̂ MF
= º : ¹ �X 2 � 1º

%
�!¹ <–) 0º. Note that Lemma 2.5.1

gives

sup
jDj� 1–) 2� 1\f ) :k) k�k ) 0k¸2

p
3g

j" =¹D–) º � " 1 ¹D–) ºj : ¹ �X 2 � 1º
%
�! 0–

and k)̂ MF
= k � k ) 0k ¸ 2

p
3 with high probability (this follows from (2.25)), where" 1 is as in

Equation (2.19). Viewing our estimator as a M-estimator and repeating the proof argument in Step

1 of Theorem 2.2.2, it suf�ces to show that (<–) 0) is a unique minimizer of" 1 , which follows

from Lemma 2.2.7.

Step 2: Limit of � =¹/ =º. We claim that� =¹/ =º : ¹ �X 2 � 1º
%
�! � . Step 1 implies that/ = :
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¹ �X 2 � 1º
%
�!

©
­
­
«

<

) 0

ª
®
®
¬

. By the same argument as (2.27) in Theorem 2.2.2 (where we replace the

unconditional ULLN Lemma 2.4.1, by the conditional ULLN Lemma 2.5.1), we can write

� =¹/ =º = ¹r 2" =º¹/ =º = ¹r 2" 1 º¹/ =º ¸ >?¹1º = ¹r 2" 1 º¹<–) 0º ¸ >?¹1º = � ¸ >?¹1º• (2.38)

Note that the positive de�niteness of� is equivalent toW1–1 ¡ 0 and� V¹) 0º = $2–2� $1–2W� 1
1–1$1–2 � 0

(see De�nition 2.2.3), both of which follow from Lemma 2.5.3. Since� is positive de�nite,� =¹/ =º

is also positive de�nite with high probability.

Finally, we compute the limit of
p

=¹)̂ MF
= � ) 0º. Using the formula for the inverse of a non-

singular block matrix,� � 1 can be expressed as

� � 1 =
©
­
­
«

¢ ¢

� � V¹) 0º� 1% � V¹) 0º� 1

ª
®
®
¬

•

Here, % = $1–2
W1–1

as in Lemma 2.5.3, and¢ denotes some value that will not be used in further

computations. By combining (2.37), Steps 1-2, and the expression for the second row of� � 1, we

can write

p
=¹)̂ MF

= � ) 0º : ¹ �X 2 � 1º = � � V¹) 0º� 1p
=¹� %� 1¹<–) 0º ¸ � 2¹<–) 0ºº ¸ >?¹1º (2.39)

3
�! # 3

©
­
­
«

03–
�
� V¹) 0º� 1

�
� % I

� ©
­
­
«

f 1–1 2 >
1–2

21–2 22–2

ª
®
®
¬

©
­
­
«

� %>

I

ª
®
®
¬

� V¹) 0º� 1
� ª
®
®
¬

•

Here, the last convergence in distribution follows from Lemma 2.5.2. By applying the identity in

Lemma 2.5.3(b), we can simplify the limiting variance as

� V¹) 0º� 1
�
%f 1–1%> � 21–2%> � %2>

1–2 ¸ 22–2

�
� V¹) 0º� 1 = � V¹) 0º� 1•

Note that� � 1� < I in general, and this identity is a nontrivial result. Now, the unconditional limit
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in the theorem statement follows by noting that an analog of (2.39) holds conditional onX 2 � 2

and marginalizing.

2.5.4 Proof of Theorem 2.2.9 and Corollary 2.2.10

We �rst illustrate why proving the low-temperature lower bound is more challenging compared

to the high-temperature case (Theorem 2.2.4). Recall that Theorem 2.2.4 directly follows by ap-

plying the uniform control (over) 2 � ) in Proposition 2.2.3 to a�rst order Taylor expansion of the

log likelihood ratio. However, such a strong result does not hold for low-temperatures, even under

the Curie-Weiss case considered here. Indeed, (2.20) is stated only for) = ) 0. This is because

the measureP) 0 (see De�nition 2.2.2) is no longer symmetric in the low-temperature regime, and

we have to conduct a more careful analysis of the likelihood ratio by conducting asecond order

Taylor expansion.

For this purpose, it is necessary to understand the second order behavior (variance) of the

statistic
Í =

8=1 X8, 8, and we require the following lemmas about the Curie-Weiss RFIM. We use

Lemma 2.5.4 to understand the limit of* = (see (2.21)). Lemma 2.5.5 provides tight moment

bounds forW= by exploiting the low-rank structure of the Curie-Weiss coupling matrix. While

both lemmas are stated conditional on�X 2 � 1, analogous statements conditioned on�X 2 � 2 can

be derived similarly.

Lemma 2.5.4.SupposeV ¡ 1–X= � %CW
) 0–V. For a sequence/ = = / =¹X=º 2 R3 such that/ = : ¹ �X 2

� 1º
%
�! ) 0, de�ne

+= 2 arg minE2»� 1–1¼" =¹E–/ =º• (2.40)

Then, the following conclusions hold:

(a) For anyC1 function6 : R ! R with bounded derivatives, and a (random) sequencel = =
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l =¹X=º such thatl = : ¹ �X 2 � 1º
%
�! < , we have

1
=

=Õ

8=1

6¹Vl = ¸ / >
= X8º : ¹ �X 2 � 1º

%
�! E\ 0 6¹V< ¸ ) >

0 Xº–

1
=

=Õ

8=1

X86¹Vl = ¸ / >
= X8º : ¹ �X 2 � 1º

%
�! E\ 0

�
X6¹V< ¸ ) >

0 Xº
�
–

1
=

=Õ

8=1

X8X>
8 6¹Vl = ¸ / >

= X8º : ¹ �X 2 � 1º
%
�! E\ 0

�
XX> 6¹V< ¸ ) >

0 Xº
�
•

(b) For any compact setK � R, supD2K j" =¹D–/ =º � " 1 ¹D–) 0º j : ¹ �X 2 � 1º
%
�! 0•

(c) += : ¹ �X 2 � 1º
%
�! < and* = : ¹ �X 2 � 1º

%
�! < , where* = is as in(2.21).

Before stating Lemma 2.5.5, we introduce an additional notation. For a sequence of non-

negative random variablesf . =g=� 1 and a nonnegative deterministic sequencef 0=g=� 1, we write

. = . % 0= when there exists a constant ¡ 0 not depending on= such that. = �  0 = with high

probability.

Lemma 2.5.5.SupposeV ¡ 1–X= � %CW
) 0–V. Let / = := / =¹X=º satisfyk/ = � ) 0k . 1p

=
, and suppose

W= j X= � QCW
/ =–V. Also, consider an auxiliary random variable. = j W=–X= � # ¹ �,– 1

=Vº and let

+= be the random variable de�ned in Lemma 2.5.4.

(a) For all 8, , 8 j . =–X= are independent and has meantanh¹V.= ¸ / >
= X8º. Also,. = j X= has a

density proportional to4� = " = ¹. =–/ =º.

(b) =E¹¹. = � +=º2 : X=–¹ �X 2 � 1ºº
%
�! 1

V¹1� VU0º andE¹j. = � +=j@: X=–¹ �X 2 � 1ºº . %
1

=?•2 for

@ ¡0, whereU0 is as in De�nition 2.5.1.

(c) E¹¹ �, � +=º2 : X=–¹ �X 2 � 1ºº . %
1
=.

(d) j E
� �, � += : X=–¹ �X 2 � 1º

�
j . %

1
= and j E

�
. = � += : X=–¹ �X 2 � 1º

�
j . %

1
=.

Here, high probability statements are with respect toX=, and the hidden constants only depend on

V– U0.
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Proof of Theorem 2.2.9.Let

/ =–V¹) –X=º = / CW
=–V¹) –X=º =

Õ

w2f� 1–1g=

4
=V �F 2

2 ¸ ) > Í =
8=1 X8F8

be the normalizing constant of the Curie-Weiss RFIMQ) = QCW
) –V as introduced in (2.7). By

standard computations for exponential families, we have

mlog / =–V¹) –X=º
m)

= EQ)

 
=Õ

8=1

X8, 8 j X=

!

–
m2 log / =–V¹) –X=º

m) 2
= VarQ)

 
=Õ

8=1

X8, 8 j X=

!

•

Here,EQ) andVarQ) denotes theconditionalexpectation and variance with respect toQ) ¹W= j

X=º. Then, a two-term Taylor expansion gives

log
3%) =–V

3%) 0–V
¹X=º = �

2h> ) 0
p

= ¸ h> h
2

¸ log / =–V¹) =–X=º � log / =–V¹) 0–X=º

= �
2h> ) 0

p
= ¸ h> h

2
¸

h>

p
=

EQ) 0

 
=Õ

8=1

X8, 8

!

¸
1
2=

h> VarQ/ =

 
=Õ

8=1

X8, 8

!

h (2.41)

=
p

=h>

 
1
=

=Õ

8=1

X8EQ) 0 , 8 � ) 0

!

�
1
2

h>

 

I �
1
=

VarQ/ =

 
=Õ

8=1

X8, 8

! !

h•

Here,/ = 2 ¹) 0–) =º and only depends onX=. To show the LAN expansion, it suf�ces to prove the

following three claims. Note that the �rst claim is exactly (2.20) from the main text.

Claim 1. 1
=

Í =
8=1 X8EQ) 0 , 8 = 1

=
Í =

8=1 X8tanh¹V* = ¸ ) >
0 X8º ¸ $ ?

�
1
=

�
•

Claim 2. ~� = =
p

=
�

1
=

Í =
8=1 X8tanh¹V* = ¸ ) >

0 X8º � ) 0

�
3

����!
%) 0–V

# 3¹03– �V¹) 0ºº•

Claim 3. 1
= VarQ/ = ¹

Í =
8=1 X8, 8º

?
����!
%) 0–V

I � � V¹) 0º•

Claim 1: Expanding the linear term. Using Lemma 2.5.5(c), (d) with/ = = ) 0, we have

EQCW
)

� �, � * = : ¹ �X 2 � 1º
�

. %
1
=

– EQCW
)

�
¹ �, � * =º2 : ¹ �X 2 � 1º

�
. %

1
=

•

Note that the same result also holds conditioned on�X 2 � 2. Set �, ¹� 8º := 1
=

Í
9<8, 9 and use the
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fact that, � Q) with � =¹8– 9º = 1•= (see Equation (2.7)) to see that, 8 j ¹, 9 : 9 < 8º is a

Rademacher distribution with meantanh¹V �, ¹� 8º ¸ ) >
0 X8º. By consecutive Taylor expansions (in

the 2nd and 3rd line) alongside the moment bounds, we have

1
=

=Õ

8=1

X8EQ) 0 , 8 =
1
=

=Õ

8=1

X8EQ) 0 tanh¹V �, ¹� 8º ¸ ) >
0 X8º (2.42)

=
1
=

=Õ

8=1

X8EQ) 0 tanh¹V �, ¸ ) >
0 X8º ¸ $ ?

�
1
=

�

=
1
=

=Õ

8=1

X8EQ) 0

�
tanh¹V* = ¸ ) >

0 X8º ¸ V¹ �, � * =º sech2¹V* = ¸ ) >
0 X8º

�
¸ $ ?

�
1
=

�

=
1
=

=Õ

8=1

X8tanh¹V* = ¸ ) >
0 X8º ¸ $ ?

�
1
=

�
•

Claim 2: Computing the limiting distribution of ~� =. Next, we prove a CLT for~� =. Note that

the following conditional law of~� = implies the unconditional result, so it suf�ces to prove:

~� = =
p

=

 
1
=

=Õ

8=1

X8tanh¹V* = ¸ ) >
0 X8º � ) 0

!

: ¹ �X 2 � 0º
3

����!
%) 0–V

# 3¹0– �V¹) 0ºº– 0= 1–2•

Without the loss of generality, we prove the claim conditioned on�X 2 � 1. We begin by writing

out* =. Using the �rst order condition for* = (see (2.21)), we have

* = =
1
=

=Õ

8=1

tanh¹V* = ¸ ) >
0 X8º

=
1
=

=Õ

8=1

tanh¹V< ¸ ) >
0 X8º ¸

V¹* = � < º
=

=Õ

8=1

sech2¹Vl = ¸ ) >
0 X8º

for somel = 2 ¹<– * =º. By subtracting both sides by< and rearranging terms, we can write

* = � < =
1
=

Í =
8=1 tanh¹V< ¸ ) >

0 X8º � <

1 � V
=

Í =
8=1 sech2¹Vl = ¸ ) >

0 X8º
•
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Now, by another Taylor approximation of* = around< , for somel 0
= 2 ¹<– * =º, we have

p
=~� = =

=Õ

8=1

h
X8tanh¹V* = ¸ ) >

0 X8º � ) 0

i

=
=Õ

8=1

h
X8tanh¹V< ¸ ) >

0 X8º ¸ V¹* = � < º
=Õ

8=1

X8sech2¹Vl 0
= ¸ ) >

0 X8º � ) 0

i

=
=Õ

8=1

¹X8tanh¹V< ¸ ) >
0 X8º � ) 0º

¸ V

 
=Õ

8=1

tanh¹V< ¸ ) >
0 X8º � <

!
1
=

Í =
8=1 X8sech2¹Vl 0

= ¸ ) >
0 X8º

1 � V
=

Í =
8=1 sech2¹Vl = ¸ ) >

0 X8º

= � =� 2¹<–) 0º � =� 1¹<–) 0º
1
=

Í =
8=1 X8sech2¹Vl 0

= ¸ ) >
0 X8º

1 � V
=

Í =
8=1 sech2¹Vl = ¸ ) >

0 X8º
–

where� 1– �2 are as in part (b) of De�nition 2.5.1. By Lemma 2.5.4(b),* = : ¹ �X 2 � 1º
%
�! < so we

havel =– l 0
= : ¹ �X 2 � 1º

%
�! < . Then, by part (a) of the same lemma,

1
=

Í =
8=1 X8sech2¹Vl 0

= ¸ ) >
0 X8º

1 � V
=

Í =
8=1 sech2¹Vl = ¸ ) >

0 X8º
: ¹ �X 2 � 1º

%
�!

E) 0 X sech2¹V< ¸ ) >
0 Xº

1 � VE) 0 sech2¹V< ¸ ) >
0 Xº

= �
$1–2

W1–1
= � %•

Hence,

~� = = �
p

=

 

� 2¹<–) 0º ¸ � 1¹<–) 0º
1
=

Í =
8=1 X8sech2¹Vl 0

= ¸ ) >
0 X8º

1 � V
=

Í =
8=1 sech2¹Vl = ¸ ) >

0 X8º

!

= �
p

= ¹� 2¹<–) 0º � %� 1¹<–) 0ºº ¸ >?¹1º =
p

=
�
% � I

�
¹r " =º¹<–) 0º ¸ >?¹1º• (2.43)

Using the limiting distribution of¹r " =º¹<–) 0º =
©
­
­
«

� 1

� 2

ª
®
®
¬

from Lemma 2.5.2, Slutsky's theorem

gives

~� = : ¹ �X 2 � 1º
3
�! # 3

�
0–%f 1–1%> � %2>

1–2 � 21–2%> ¸ 22–2

�
•

The claim follows by simplifying the variance using Lemma 2.5.3(b).
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Claim 3: Limit of the variance term. We decompose the variance as

VarQ/ =

� =Õ

8=1

X8, 8

�
=

=Õ

8=1

X8VarQ/ = ¹, 8ºX>
8

|                      {z                      }
:=C=

¸
Õ

8< 9

X8CovQ/ = ¹, 8– , 9ºX>
9

|                            {z                            }
:=D=

and bound the two terms separately, where/ = = / =¹X=º 2 ¹) 0–) =º is as in (2.41). For simplicity,

we prove this claim assuming that�X 2 � 1 and omit the conditioning notation¹X=–�X 2 � 1º in

each line. Let+= = +=¹X=º be as in (2.40).

We start by computing the limit ofC=
= . Using the notation�, ¹� 8º de�ned in the beginning of

Claim 1, , 8 j ¹, 9 : 9 < 8º is a Rademacher distribution with meantanh¹V �, ¹� 8º ¸ / >
= X8º. By

consecutive Taylor expansions analogous to (2.42), we have

EQ/ = , 8 = EQ/ = tanh¹V �, ¹� 8º ¸ / >
= X8º

= EQ/ = tanh¹V �, ¸ / >
= X8º ¸ $

� 1
=

�

= EQ/ =
�
tanh¹V+= ¸ / >

= X8º ¸ V¹ �, � +=º sech2¹Vl = ¸ / >
= X8º

�
¸ $

� 1
=

�

= tanh¹V+= ¸ / >
= X8º ¸ $ ?

� 1
=

�
•

Here, the last equality uses the moment boundE»�, � +=¼. % 1•= in Lemma 2.5.5(d). Conse-

quently, using the fact that, 8 is � 1 valued, we can write

VarQ/ = ¹, 8º = 1 � » EQ/ = , 8¼2 = sech2¹V+= ¸ / >
= X8º ¸ $ ?

� 1
=

�
•

Since/ =
%
�! ) 0 and+=

%
�! < (see part (c) of Lemma 2.5.4), we can use part (a) of the same lemma

to conclude that

C=

=
=

1
=

=Õ

8=1

X8X>
8 sech2¹V+= ¸ / >

= X8º ¸ >?¹1º
%
�! E) 0 XX> sech2¹V< ¸ ) >

0 Xº = " 2– (2.44)

where" 2 is from part (d) of De�nition 2.5.1.
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Next, we controlD=. Let. = be the auxiliary random variable from Lemma 2.5.5. For8< 9, we

can decompose

CovQ/ = ¹, 8– , 9º = E»Cov¹, 8– , 9 j . =º¼ ¸Cov»E¹, 8 j . =º–E¹, 9 j . =º¼ (2.45)

= Cov¹tanh¹V.= ¸ / >
= X8º–tanh¹V.= ¸ / >

= X 9ºº•

Here, the �rst term is exactly zero by part (a) of Lemma 2.5.5, and the conditional expectation also

follows from part (a) of the same lemma. We expand

tanh¹V.= ¸ / >
= X8º

= tanh¹V+= ¸ / >
= X8º ¸ V¹. = � +=º sech2¹V+= ¸ / >

= X8º ¸
V2¹. = � +=º2

2
¹sech2º0¹Vl = ¸ / >

= X8º

for somel = 2 ¹+=–.=º. Here, the �rst term is a function ofX=, and does not contribute when

computing the covariance under the law. = j X=.

By plugging the expansion oftanh¹V.= ¸ / >
= X8º in (2.45) toD=, we have

D= =
Õ

8< 9

X8CovQ/ = ¹, 8– , 9ºX>
9

=V2
� =Õ

8=1

X8sech2¹V+= ¸ / >
= X8º

�
Var¹. = � +=º

� Õ

9<8

X 9sech2¹V+= ¸ / >
= X 9º

� >

¸ V3
� =Õ

8=1

X8sech2¹V+= ¸ / >
= X8º

� � Õ

9<8

X 9Cov¹. = � +=–¹. = � +=º2¹sech2º0¹Vl = ¸ / >
= X 9ºº

� >

¸ V3
� =Õ

8=1

X8Cov¹. = � +=–¹. = � +=º2¹sech2º0¹Vl = ¸ / >
= X8ºº

� � Õ

9<8

X 9sech2¹V+= ¸ / >
= X 9º

� >

¸ $ ?

�
=2 E¹. = � +=º4

�
•

(2.46)

Using Lemma 2.5.5 part (b) gives the following bounds:

=Var./ =
¹. = � +=º

%
�!

1
V¹1 � VU0º

– E¹. = � +=º4 = $ ?

� 1
=2

�
–
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and

Cov¹. = � +=–¹. = � +=º2¹sech2º0¹V+= ¸ / >
= X 9ºº . E j. = � +=j3 = $ ?

� 1

=
p

=

�
•

Hence, only the �rst term in (2.46) contributes forD=•=. Because/ =
%
�! ) 0 and+=

%
�! < , part (a) of

Lemma 2.5.4 gives

Í =
8=1 X8sech2¹V+= ¸ / >

= X8º

=
%
�! E\ 0 X sech2¹V< ¸ ) >

0 Xº = " 1–

with " 1 is as in De�nition 2.5.1(d). Thus, noting that we can change the summand9< 8to 9 � =,

we have

D=

=

=V2

 Í =
8=1 X8sech2¹V+= ¸ / >

= X8º

=

!

=Var./ =
¹. = � +=º

 Í =
8=1 X8sech2¹V+= ¸ / >

= X8º

=

! >

¸ $ ?

� 1
p

=

�

%
�!

V2" 1" >
1

V¹1 � VU0º
=

$1–2$>
1–2

W1–1
– (2.47)

where the last equality uses (2.33).

To conclude Claim 3, we sum up (2.44) and (2.47) to get

lim
=!1

Var/ = ¹
Í =

8=1 X8, 8º

=
! " 2 ¸

$1–2$>
1–2

W1–1
= I � � V¹) 0º•

For the last equality, we are using the fact that" 2 = I � $2–2 followed by the de�nition of� V¹) 0º

(see De�nition 2.2.3). This veri�es Claim 3, and hence completes the proof of Theorem 2.2.9.

Finally, we prove Corollary 2.2.10 via the same line of arguments as in Corollary 2.2.5.

Proof of Corollary 2.2.10.By the expansions for
p

=¹)̂ MF
= � ) 0º and ~� =–) 0–Vin (2.39), (2.43), we

can write
p

=¹)̂ MF
= � ) 0º : ¹ �X 2 � 1º = � V¹) 0º� 1 ~� =–) 0–V¸ >?¹1º•
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Using the LAN expansion and the limiting distribution of~� =–) 0–Vin Theorem 2.2.9, we have

©
­
­
­
«

p
=¹)̂ MF

= � ) 0º

log 3%) =–V

3%) 0–V

ª
®
®
®
¬

: ¹ �X 2 � 1º
3

����!
%) 0–V

# 3¸ 1
©
­
­
«

©
­
­
«

03

� 1
2h> � V¹) 0ºh

ª
®
®
¬

–
©
­
­
«

� V¹) 0º� 1 h

h> h> � V¹) 0ºh

ª
®
®
¬

ª
®
®
¬

•

Repeating the same argument conditioned on¹ �X 2 � 2º gives an identical limit, and the uncondi-

tional limit also holds. By Le Cam's �rst Lemma,%) =–Vand%) 0–Vare mutually contiguous, and Le

Cam's third Lemma gives

p
=¹)̂ MF

= � ) 0º
3

����!
%) =–V

# 3¹h– �V¹) 0º� 1º•

Hence,)̂ MF
= is regular.

2.6 Proof of auxiliary lemmas

2.6.1 Proof of the conditional ULLN and CLTs

We prove both the ULLNs (Lemmas 2.4.1 and 2.5.1) together. The main idea is to decompose

=Õ

8=1

5¹X8– kº =
=Õ

8=1

»5¹X8– kº � E»5¹X8– kº j / 8¼¼̧
=Õ

8=1

E»5¹X8– kº j / 8¼–

this decomposition will appear again for proving the CLTs as well. The �rst term of the RHS

concentrates due to the conditional independence ofX8 j Z=. Under the setting of Lemma 2.4.1

(with an even function5), the second term becomes exactly zero. Under the low-temperature

setting of Lemma 2.5.1, the second term boils downs to controlling�/ , and we use the following

CLT for �/ .

Lemma 2.6.1(Thm 1.2 in [26]). SupposeV ¡ 1, A= is mean-�eld, approximately regular, and
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well-connected (see De�nitions 2.2.1, 2.2.2). Then, forZ= � Q0–V–A=
, we have

p
=¹ �/ � < º j ¹ �/ ¡ 0º

3
�! # ¹0– � ¹Vºº•

Here, the constant� ¹Vº ¡ 0 is as in part (c) of De�nition 2.5.1.

For notational simplicity, �x) 0 and omit the dependence of) 0 in the constants� 0 = � 0¹) 0º for

0 = 1–2–3 in the statement of the lemmas throughout this proof. Without loss of generality, assume

that 	 is a subset of the unit ball inR: . Let < ¢ 2 »0–1¼be any �xed constant, and letE¢
) 0

be the

expectation with respect toP¢
) 0

:= 1¸ < ¢

2 # 3¹) 0–Iº ¸ 1� < ¢

2 # 3¹� ) 0–Iº. Let 6¹I– kº := E»5¹X– kº j

/ = I ¼, where the expectation is taken under the distributionX j ¹/ = I º � # 3¹) 0I–I º. Using

these notations, we can writeE¢
) 0

5¹X– kº = 1¸ < ¢

2 6¹1– kº ¸ 1� < ¢

2 6¹� 1– kº• Now, by centering each

5¹X8– kº by its conditional mean given/ 8 (i.e. 6¹/ 8– kº), we have

1
=

=Õ

8=1

5¹X8– kº � E¢
) 0

5¹X– kº

=
1
=

=Õ

8=1

h
5¹X8– kº � 6¹/ 8– kº

i
¸

1
=

=Õ

8=1

h1 ¸ / 8

2
6¹1– kº ¸

1 � / 8

2
6¹1– kº � E¢

) 0
5¹X– kº

i

=
1
=

=Õ

8=1

h
5¹X8– kº � 6¹/ 8– kº

i
¸

�/ � < ¢

2

�
6¹1– kº � 6¹� 1– kº

�
– (2.48)

and thus

sup
k 2	

�
�
�
�
�
1
=

=Õ

8=1

5¹X8– kº � E¢
) 0

5¹X– kº

�
�
�
�
�

� sup
k 2	

�
�
�
�
�
1
=

=Õ

8=1

h
5¹X8– kº � 6¹/ 8– kº

i
�
�
�
�
�
¸

�
� �/ � < ¢

�
�

2
sup
k 2	

j6¹1– kº � 6¹� 1– kºj•

(2.49)

Note that the LHS of (2.49) is exactly the LHS of Lemmas 2.4.1 and 2.5.1, by taking< ¢ = 0

and< ¢ = < ¹Vº respectively. We �rst establish a conditional concentration inequality that holds
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for any distribution ofZ= and< ¢ , under the three conditions in Lemma 2.4.1:

P

 

sup
k 2	

�
�
�
�
�
1
=

=Õ

8=1

h
5¹X8– kº � 6¹/ 8– kº

i
�
�
�
�
�
¡ Y j Z=

!

.
=� 1

: ¸ 1

Y2
– 8Y ¡ 0• (2.50)

Here, the constants in. only depend on� 1– �2– �3 from the statement of Lemma 2.4.1, and (2.50)

holds under all= large enough depending on� 1– �2– �3– Y. This follows from a standard uniform

concentration argument for independent random variables, and we postpone the formal proof to

the end. Assuming (2.50), we separately prove Lemmas 2.4.1 and 2.5.1.

Proof of Lemma 2.4.1.Suppose that5 is even ink : 5¹x– kº = 5¹� x– kº. Then,E) 0 5¹x– kº is

invariant for the choice of< ¢ , and we can simply take< ¢ = 0. Since

6¹1– kº = E 5¹) 0 ¸ # 3¹03–Iº– kº = E 5¹� ) 0 � # 3¹03–Iº– kº = 6¹� 1– kº–

the second term in the RHS of (2.49) is exactly zero. Hence, we have

P

 

sup
k 2	

�
�
�
�
�
1
=

=Õ

8=1

�
5¹X8– kº � E) 0 5¹X– kº

�
�
�
�
�
�
¡ Y j Z=

!

.
=� 1

: ¸ 1

Y2
! 0• (2.51)

Proof of Lemma 2.5.1.Here, we work underV ¡ 1, and take< ¢ = < ¹Vº. We only prove the

results conditioned on�X 2 � 1, and the result for�X 2 � 2 follows similarly. For any �xedY ¡ 0,

set

� = :=
n

sup
k 2	

�
�
�
�
�
1
=

=Õ

8=1

�
5¹X8– kº � E) 0 5¹X– kº

�
�
�
�
�
�
¡ Y

o
–

and prove that

P
�
� = : ¹ �X 2 � 1º

� %
�! 0•

To control the second term in (2.49), note thatj6¹I– kºj � � 2 for all k 2 	 andI = � 1, so

supk 2	 j6¹1– kº � 6¹� 1– kºj � 2� 2. Hence, by using the deterministic inequality (2.49) and the
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bound (2.50), we have

P¹ � = j Z=º .
=� 1

: ¸ 1

Y2
¸ �

�
j �/ � < j ¡

Y
2� 2

�
• (2.52)

Since

P¹ � = : ¹ �X 2 � 1ºº � P¹ � = \ ¹ �/ ¡ 0º : ¹ �X 2 � 1ºº
|                                {z                                }

:=¹� º

¸ P¹ �/ Ÿ 0 : ¹ �X 2 � 1ºº
|                      {z                      }

:=¹� � º

–

it suf�ces to show that both terms are>?¹1º.

Noting thatP¹ �X 2 � 1º = 1•2, we bound¹� º by

¹� º =
P¹ � = \ ¹ �/ ¡ 0º \ ¹ �X 2 � 1ºº

P¹ �X 2 � 1º
� 2P¹ � = \ ¹ �/ ¡ 0ºº � 2P¹ � = j ¹ �/ ¡ 0ºº•

It suf�ces to showP¹ � = j ¹ �/ ¡ 0ºº
%
�! 0• But, this is immediate by taking a further expectation on

(2.52), which gives

P¹ � = j ¹ �/ ¡ 0ºº .
=� 1

: ¸ 1

Y2
¸ P

�
j �/ � < j ¡

Y
2� 2

j ¹ �/ ¡ 0º
�

%
�! 0•

The last convergence follows from Lemma 2.6.1.

For ¹� � º, it suf�ces to show thatP¹ �/ Ÿ 0–�X 2 � 1º ! 0. Note that

P¹ �/ Ÿ 0–�X 2 � 1º � P
�

�/ Ÿ �
<
2

–�X 2 � 1

�
¸ P

�
�

<
2

Ÿ �/ Ÿ 0
�

= P
�

�/ Ÿ �
<
2

�
P

�
�X 2 � 1 j �/ Ÿ �

<
2

�
¸ P

�
�

<
2

Ÿ �/ Ÿ 0
�
•

Since �X j �/ � ) 0 �/ ¸ # 3¹03–1
=I º, �X j �/ concentrates around) 0 �/ 2 � 2 and the �rst term goes to0.

The second term goes to 0 again by Lemma 2.6.1.

Proof of (2.50). Fix any X 2 ¹0–1º. Since	 is a subset of the unit ball inR: , we can letN :=

f k 1– • • • – kjN j gbe aX-net of	 with jN j �
�

3
X

� :
using the;2 norm (see Corollary 4.2.13 in [61] for

the existence of a such net). Then for anyk 2 	 , there exists somek C2 N such thatkk � k Ck � X.
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Consequently using the third assumption in the statement of Lemma 2.4.1, we get

j
=Õ

8=1

»5¹X8– kº � 5¹X8– kCº¼j � kk � k Ck
=Õ

8=1

� ¹X8º � X
=Õ

8=1

� ¹X8º•

Similarly, since



 m6¹/ 8–kº

mk




 =




 E»m 5¹X–kº

mk j / = / 8¼



 � E»� ¹Xº j / = / 8¼ � � 3, we have

�
�
�
�
�

=Õ

8=1

¹6¹/ 8– kCº � 6¹/ 8– kºº

�
�
�
�
�
� � 3

=Õ

8=1

kk C� k k � � 3=X–

where the last inequality holds forkk � k Ck � X. Consequently,

sup
k 2	

�
�
�
�
�
1
=

=Õ

8=1

¹ 5¹X8– kº � 6¹/ 8– kºº

�
�
�
�
�

� sup
k 2	

 
1
=

�
�
�
�
�

=Õ

8=1

¹ 5¹X8– kº � 5¹X8– kCºº

�
�
�
�
�
¸

1
=

�
�
�
�
�

=Õ

8=1

¹ 5¹X8– kCº � 6¹/ 8– kCºº

�
�
�
�
�

¸
1
=

�
�
�
�
�

=Õ

8=1

¹6¹/ 8– kCº � 6¹/ 8– kºº

�
�
�
�
�

!

� max
C�jN j

 
X
=

=Õ

8=1

� ¹X8º ¸
1
=

�
�
�
�
�

=Õ

8=1

¹ 5¹X8– kCº � 6¹/ 8– kCºº

�
�
�
�
�
¸ � 3X

!

=
X
=

=Õ

8=1

� ¹X8º ¸ max
C�jN j

1
=

�
�
�
�
�

=Õ

8=1

¹ 5¹X8– kCº � 6¹/ 8– kCºº

�
�
�
�
�
¸ � 3X•
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Fix Y ¡ 0. Since5¹X8– kº's are independent conditioned onZ=, we can bound

P

 

sup
k 2	

�
�
�
�
�
1
=

=Õ

8=1

¹ 5¹X8– kº � 6¹/ 8– kºº

�
�
�
�
�
¡ Y j Z=

!

� P

 

max
C�jN j

�
�
�
�
�
1
=

=Õ

8=1

¹ 5¹X8– kCº � 6¹/ 8– kCºº

�
�
�
�
�
¸

X
=

=Õ

8=1

� ¹X8º ¸ � 3X ¡ Y j Z=

!

�
¹�º

Õ

C�jN j

P

 

j
1
=

=Õ

8=1

¹ 5¹X8– kCº � 6¹/ 8– kCº j ¡
Y
3

j Z=

!

¸ P

 
1
=

=Õ

8=1

� ¹X8º ¡
Y
3X

j Z=

!

.
Õ

C�jN j

Í =
8=1 Var¹ 5¹X8– kCº j / 8º

Y2=2
¸

X
=Y

=Õ

8=1

E¹� ¹X8º j / 8º

.
jN j
Y2=

¸
X
Y

�
3:

Y2=X:
¸

X
Y

•

The inequality¹�º holds forXsuch that� 3X � Y
3. We takeX = =� 1

: ¸ 1 so that¹�º holds for large

enough= (depending on� 3– Y). Then, the bound simpli�es to

P

 

sup
k 2	

�
�
�
�
�
1
=

=Õ

8=1

¹ 5¹X8– kº � 6¹/ 8– kºº

�
�
�
�
�
¡ Y j Z=

!

.
=� 1

: ¸ 1

Y2
•

Now, we prove the CLTs (Lemmas 2.4.2, 2.5.2). Lemma 2.4.2 directly follows by applying a

conditional CLT, as the summands are identically distributed.

Proof of Lemma 2.4.2.Note thatX1 tanh¹) >
0 X1º j / 1 is identically distributed for/ 1 = � 1. Thus,

the mean and variance ofX8tanh¹) >
0 X8º j / 8are deterministic. In particular, using (2.23), we get

E»X1 tanh¹) >
0 X1º j / 1 = I ¼= ) 0–for all I = � 1•

Also, noting that thattanh2 ¸ sech2 = 1, the following holds for allI = � 1:

Var»X1 tanh¹) >
0 X1º j / 1 = I ¼= E»X1X>

1 tanh2¹) >
0 X1º j / 1 = I ¼ � ) 0) >

0

= E»X1X>
1 j / 1 = I ¼ � ) 0) >

0 � E»X1X>
1 sech2¹) >

0 X1º j / 1 = I ¼

= I � E»X1X>
1 sech2¹) >

0 X1º j / 1 = I ¼= �0¹) 0º•
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Now, the usual CLT for sums of i.i.d. random variables gives

p
=

 
1
=

=Õ

8=1

X8tanh¹) >
0 X8º � ) 0

!

j Z= 3
�! # 3¹0– �0¹) 0ºº•

The proof is complete, since conditional convergence implies marginal convergence.

Lemma 2.5.2 is more challenging to prove, as (a) the summands are not identically distributed

and (b) we are claiming a statement conditional on�X 2 � 1. We address issue (a) by splitting the

summand into two terms, similar to the strategy for proving the ULLN in Lemma 2.5.1. To resolve

issue (b), we use the following lemma to condition on an easier event, which we prove at the end

of this subsection.

Lemma 2.6.2.Under the setting of Lemma 2.5.2, let� = be a sequence of events that depend on

X=–Z=. Then,

lim
=!1

j P¹� =–�X 2 � 1º � P¹� =–�/ ¡ 0ºj ! 0•

Furthermore, for aX=-measurable random variable. = such that. = j ¹ �/ ¡ 0º
3
�! , , we have

. = : ¹ �X 2 � 1º
3
�! , .

We also need the following lemma to sum up two limiting distributions, which we prove at the

end of the subsection.

Lemma 2.6.3. Consider the setting of Lemma 2.5.2, and let~g ¡ 0 be a constant. Let� = =

� =¹X=–Z=º– �= = � =¹Z=º be random variables such that

� = j Z= 3
�! # ¹0–1º– �= j ¹ �/ ¡ 0º

3
�! # ¹0–~gº•

Then, we have� = ¸ � = j ¹ �/ ¡ 0º
3
�! # ¹0–1 ¸ ~gº•

Proof of Lemma 2.5.2.We �rst prove the result conditioned on�X 2 � 1. Write a := ¹01–a>
2 º> 2

R3¸ 1, where01–a2 is a scalar and3-dimensional vector, respectively. Writer " = =
©
­
­
«

� 1

� 2

ª
®
®
¬

as in
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part (b) of De�nition 2.5.1. By the Cramer-Wold device, it suf�ces to show the one-dimensional

convergence

p
=a> r " =¹<–) 0º : ¹ �X 2 � 1º

3
�! #

�
0–a> � a

�
(2.53)

holds for alla. For this goal, �x anya and de�ne the function

f ¹xº := a> r " =¹<–) 0º = � 01Vtanh¹V< ¸ ) >
0 xº � a>

2 x tanh¹V< ¸ ) >
0 xº• (2.54)

Here, we omit the dependence ona for convenience. Using the notationf and the identity (2.34),

the statement (2.53) simpli�es to

p
=

� 1
=

=Õ

8=1

f ¹X8º � E) 0 f ¹Xº
�

: ¹ �X 2 � 1º
3
�! #

�
0–a> � a

�
• (2.55)

To prove (2.55), we �rst introduce some additional notations. ForI = � 1, de�ne

6I := E»f ¹Xº j / = I ¼– (2.56)

gI := Var¹f ¹Xº j / = I º–

g := E/ � Rad¹ 1¸ <
2 º»Var¹f ¹Xº j / = I º¼=

1 ¸ <
2

g1 ¸
1 � <

2
g� 1•

By using the decomposition (2.48), we can write the LHS of (2.55) as

1
p

=

=Õ

8=1

¹f ¹X8º � E) 0 f ¹Xºº =
1

p
=

=Õ

8=1

¹f ¹X8º � E»f ¹X8º j / 8¼º ¸
p

=¹ �/ � < º
61 � 6� 1

2
• (2.57)
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Now, we control each term in (2.57) separately. De�ne

� = :=

1p
=

Í =
8=1»f ¹X8º � E¹f ¹X8º j / 8º¼

q
1
=

Í =
8=1 Var¹f ¹X8º j / 8º

=

1p
=

Í =
8=1»f ¹X8º � E¹f ¹X8º j / 8º¼
q

g ¸ �/ � <
2 ¹g1 � g� 1º

–

� = :=

p
=¹ �/ � < º 61� 6� 1

2q
g ¸ �/ � <

2 ¹g1 � g� 1º
–

so that

RHS of (2.57)= ¹ � = ¸ � =º

r

g ¸
�/ � <

2
¹g1 � g� 1º• (2.58)

SinceX= is independent givenZ=, the Lindeberg-Feller CLT gives� = j Z= 3
�! # ¹0–1º• Next, the

limiting distribution of � = can be derived using Lemma 2.6.1:

� = j ¹ �/ ¡ 0º
3
�!

61 � 6� 1

2
p

g
� # ¹0– � ¹Vºº = # ¹0–~gº–

where ~g := � ¹Vº
4g ¹61 � 6� 1º¹61 � 6� 1º> denotes the limiting variance. Note that we have used

Slutsky's theorem alongside the following limit for the denominator of� =:

g ¸
�/ � <

2
¹g1 � g� 1º j ¹ �/ ¡ 0º

%
�! g•

Now, we combine the above limits for� = and� = via Lemma 2.6.3, which gives

� = ¸ � = j ¹ �/ ¡ 0º
3
�! # ¹0–1 ¸ ~gº •

By again using Slutsky's theorem in (2.58), we have

1
p

=

=Õ

8=1

¹f ¹X8º � E) 0 f ¹Xºº j ¹ �/ ¡ 0º
3
�! # ¹0– g¹1 ¸ ~gºº•

Here, we can change the event being conditioned on from�/ ¡ 0 to �X 2 � 1 by applying the second
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conclusion of Lemma 2.6.2.

It �nally remains to show that the variance matches with that in (2.53), that is

g¹1 ¸ ~gº = a> � a•

By the de�nition of � in part (c) of De�nition 2.5.1, we have

a> � a = E/ � Rad¹ 1¸ <
2 º

h
Var

�
¹01V¸ a>

2 Xº tanh¹V< ¸ ) >
0 Xº j /

� i

¸
� ¹Vº

4

h
01V¹` 1 � ` � 1º ¸ a>

2 ¹. 1 � . � 1º
i h

01V¹` 1 � ` � 1º ¸ a>
2 ¹. 1 � . � 1º

i >

= E/ � Rad¹ 1¸ <
2 º

h
Var

�
f ¹Xº j /

� i
¸

� ¹Vº
4

¹61 � 6� 1º¹61 � 6� 1º> = g ¸ g~g•

The last line follows from the de�nition

f ¹xº = � 01Vtanh¹V< ¸ ) >
0 xº � a>

2 x tanh¹V< ¸ ) >
0 xº

(see (2.54)), and writing6� 1 (see (2.56)) as

6I = E»5¹Xº j / = I ¼= � 01V` I � a>
2 . I – 8I = � 1•

The result conditioned on�X 2 � 2 follows from similar arguments.

Proof of Lemma 2.6.2.The �rst part follows by using Lemma 2.5.1 and noting that

P¹� =–�X 2 � 1º � P¹� =–�/ ¡ 0º � P¹ �X 2 � 1–�/ Ÿ 0º ! 0–

P¹� =–�/ ¡ 0º � P¹� =–�X 2 � 1º � P¹ �X 8 � 1–�/ ¡ 0º ! 0•

The second result follows by taking� = := f . = � Cg in the �rst conclusion, and noting thatP¹ �/ ¡

0º ! 1
2–P¹ �X 2 � 1º ! 1

2.

Proof of Lemma 2.6.3.We use standard arguments using characteristic functions and tower prop-
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erty (see e.g. Lemma A.13 in [18]). For anyC2 R, the assumptions for� = and � = imply the

following:

E
�
48C�= j Z=� %

�! 4� C2•2– E
�
48C�= j ¹ �/ ¡ 0º

�
=

E
�
48C�= � ¹ �/ ¡ 0º

�

P¹ �/ ¡ 0º
%
�! 4� C2 ~g•2•

Using tower property alongside the above limits, we have

E
�
48C¹ � =¸ � =º � ¹ �/ ¡ 0º

�
= E

�
48C�= � ¹ �/ ¡ 0º E

�
48C�= j Z=� �

= E
�
48C�= � ¹ �/ ¡ 0º

�
4� C2•2 ¸ >?¹1º = 24� C2¹1¸ ~gº•2>?¹1º•

The last equality used the fact thatP¹ �/ ¡ 0º ! 1•2 for Ising labelsZ= � Q0. Now, the desired

convergence for� = ¸ � = j ¹ �/ ¡ 0º follows as

E
�
48C¹ � =¸ � =º j ¹ �/ ¡ 0º

�
=

E
�
48C¹ � =¸ � =º � ¹ �/ ¡ 0º

�

P¹ �/ ¡ 0º
%
�! 4� C2¹1¸ ~gº•2– 8C•

2.6.2 Proof of Lemmas 2.4.3 and 2.4.5

We prove Lemma 2.4.3 using existing moment bounds for RFIMs.

Proof of Lemma 2.4.3.We extend the mean-�eld approximation of the Curie-Weiss log-partition

function log / CW
=–V¹) –X=º in (2.16) to Ising models with general graphsA= (c.f. (2.4) and (2.5) in

[28]), and letu 2 »� 1–1¼= be an=-dimensional mean-�eld optimizer:

u := arg maxw2»� 1–1¼=

"
V
2

w> A=w ¸ ) >
=Õ

8=1

X8F8 �
=Õ

8=1

� ¹F8º

#

•

Here,� is the binary entropy function from (2.16), and the uniqueness follows from Lemma 2.1
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in [28]. Also, set

28 := ) > X8– <8¹W=º :=
Õ

9<8

� =¹8– 9º, 9– B8 :=
Õ

9<8

� =¹8– 9ºD9•

Under these notations, the following conclusions hold, where the hidden constants only depend on

V Ÿ1:

• D8 = tanh¹B8¸ 28º–

• EQ)

hÍ =
8=1 38¹, 8 � D8º

i 2
. kdk2¹1 ¸ =U2

=º–

• EQ)
Í =

8=1¹< 8¹W=º � B8º2 . =U=–

•
Í =

8=1 B2
8 . � 1¹) –X=º.

Here, the �rst equation follows from writing the �rst order conditions of the optimization. The

second, third, fourth equations follow from Theorem 2.3, Lemma 3.2(a), Lemma 3.3(a) in [28],

respectively. Note that here we consider Ising models with� 1 valued spins, so the functionk 0
8¹2º

in [28] simplify to k 0
8¹2º = tanh¹2º. Also, note that the hidden constants in [28] only depend on an

upper bound of the operator norm ofVA= (see Assumption 2.1(a) in [28]), and here we use (2.5)

to get the upper bound

VkA=k � VkA=k1 ! V Ÿ1•

(a) This is immediate from the third and fourth bullet above:

EQ)

=Õ

8=1

< 8¹W=º2 � 2EQ)

=Õ

8=1

¹< 8¹W=º � B8º2 ¸ 2
=Õ

8=1

B2
8 . =U= ¸ � 1¹) –X=º•

(b) ForE8 := tanh¹28º, we have

�
�
�

=Õ

8=1

38¹D8 � E8º
�
�
�
2

� k dk2
=Õ

8=1

¹D8 � E8º2 � k dk2
=Õ

8=1

B2
8 . kdk2� 1¹) –X=º•
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The second inequality holds since

jD8 � E8j = j tanh¹VB8¸ 28º � tanh¹28º j � VjB8j � j B8j–

and the third inequality uses the fourth bullet point above. Hence, using the second bullet

point, we have

E
h =Õ

8=1

38¹, 8 � E8º
i 2

� 2E
h =Õ

8=1

38¹, 8 � D8º
i 2

¸ 2
�
�
�

=Õ

8=1

38¹D8 � E8º
�
�
�
2

. kdk2¹1 ¸ =U2
= ¸ � 1¹) –X=ºº•

To prove Lemma 2.4.5, we again decomposeq¹X8º as¹q¹X8º � E»q¹X8º j / ¼º¸ E»q¹X8º j / 8¼.

Unlike the case for the ULLN and CLTs, the quantities we wish to control arequadraticforms of

Z=. Hence, we use the following lemma, which is a standard second moment bound for quadratic

forms ofZ= � Q0–V–A=
. We postpone its proof to the end of this subsection.

Lemma 2.6.4.SupposeV Ÿ1 and letZ= � Q0–V–A=
. WithU= as in Assumption 2.2.1, the following

bounds hold.

(a) E¹Z> A2
=Zº2 = $ ¹=2U2

=º.

(b) E¹Z> A=Zº2 = $ ¹=2U2
= ¸ =U=º

In particular, under(2.11), the RHS of (a) and (b) can be replaced with>¹=º.

Proof of Lemma 2.4.5. (a) De�ne < 8¹Z=º :=
Í =

8=1 � =¹8– 9º/ 9 and note that

j
=Õ

8=1

� =¹8– 9ºq¹X 9º j � j
=Õ

8=1

� =¹8– 9º¹q¹X 9º � Z / 9º j ¸ j Zjj< 8¹Z=º j• (2.59)
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SinceX= j Z= is independent, we have

E
h
j

=Õ

8=1

� =¹8– 9º¹q¹X 9º � Z / 9º j2 j Z=
i

= Var
� =Õ

8=1

� =¹8– 9ºq¹X 9º j Z=
�

=
=Õ

8=1

� =¹8– 9º2 Var¹q¹X 9º j Z=º � �
=Õ

8=1

� =¹8– 9º2 . U=

for all 8. Also, Lemma 2.6.4(a) givesE¹Z> A2
=Zº2 = E¹

Í =
8=1 < 2

8¹Zºº2 . =U=. The proof is

complete by summing the two bounds.

(b) By expanding the square and using the independence ofX= j Z=, we have

E
h� =Õ

8– 9=1

� =¹8– 9ºq1¹X8ºq2¹X 9º
� 2

j Z=
i

= E
h Õ

8– 9–:–;

� =¹8– 9º� =¹:– ;ºq1¹X8ºq2¹X 9ºq1¹X : ºq2¹X;º j Z=
i

. j
Õ

jf8– 9–:–;gj=4

� =¹8– 9º� =¹:– ;º/ 8/ 9/ : / ; j ¸ j
Õ

8=: < 9<;

� =¹8– 9º� =¹8– ;º/ 2
8 / 9/ ; j

¸ j
Õ

8– 9

� =¹8– 9º2/ 2
8 / 2

9j•

(2.60)

Here, we have omitted displaying the constants arising from moments ofq1– q2, which only

depend onZ1– Z2– � . Noting thatj/ 8j = 1, it is easy to control the last two terms:

Õ

8=: < 9<;

� =¹8– 9º� =¹8– ;º/ 2
8 / 9/ ; =

Õ

8=: < 9<;

� =¹8– 9º� =¹8– ;º/ 9/ ; = Z> A2
=Z–

Õ

8– 9

� =¹8– 9º2/ 2
8 / 2

9 =
Õ

8– 9

� =¹8– 9º2 . =U=•

Hence, by taking an expectation overZ= on (2.60) and using both conclusions in Lemma
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2.6.4,

E
� =Õ

8– 9=1

� =¹8– 9ºq1¹X8ºq2¹X 9º
� 2

� E j
Õ

jf8– 9–:–;gj=4

� =¹8– 9º� =¹:– ;º/ 8/ 9/ : / ; j ¸ $ ¹=U=º

� E j
Õ

8– 9–:–;

� =¹8– 9º� =¹:– ;º/ 8/ 9/ : / ; j ¸ $ ¹=U=º

= E
�
Z> A=Z

� 2 ¸ $ ¹=U=º = $ ¹=2U2
= ¸ =U=º•

Finally, we prove Lemma 2.6.4 using standard arguments for Ising models.

Proof of Lemma 2.6.4. (a) This directly follows from existing results in the literature, see Lemma

3.2(a) in [28].

(b) Theorem 2.1 in [62] shows that forV Ÿ1,

Var¹Z> A=Zº . kA=k2
� � =U=•

Also, using the fact thatE¹/ 8 j / ¹� 8ºº = tanh¹V<8¹Zºº andj tanh¹V<8¹Zººj � Vj< 8¹Zºj, we

have

�
�
� E

h
Z> A=Z

i �
�
� =

�
�
� E

h =Õ

8=1

/ 8< 8¹Zº
i �
�
� =

�
�
� E

h =Õ

8=1

tanh¹V<8¹Zºº< 8¹Zº
i �
�
�

� VE
=Õ

8=1

< 2
8¹Zº = $ ¹=U=º•

The last bound uses part (a) of the current Lemma. The proof is complete since

E
h
Z> A=Z

i 2
= Var¹Z> A=Zº ¸

�
E

h
Z> A=Z

i � 2
. =U= ¸ =2U2

=•
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2.6.3 Proof of Lemma 2.5.3

The following proof crucially utilizes Stein's lemma to simplify the components of� and� in

terms of the quantities de�ned in De�nition 2.5.1. The individual statements follow by plugging-

in these expressions. Recall the following multivariate Stein's lemma (c.f. Lemma 2 in [63]): for

Y � # ¹- –I º and a differentiable function6 where both expectations below exist, we have

E6¹Yº¹Y � - º = Er 6¹Yº• (2.61)

Proof of Lemma 2.5.3.Throughout the proof, we use the notations` � 1–. � 1 andU0–" 1–" 2 from

parts (a) and (d) of De�nition 2.5.1. FixV ¡ 1 and set? := 1¸ <
2 with < as in De�nition 2.2.2, and

note thatP) 0 = ?# ¹) 0–I 3º ¸ ¹ 1 � ?º# ¹� ) 0–I 3º, whereP) 0 is as in De�nition 2.2.2. Then using

(2.34) we have

< = E) 0 tanh¹V< ¸ ) >
0 Xº = ?` 1 ¸ ¹ 1 � ?º` � 1–

) 0 = E) 0 X tanh¹V< ¸ ) >
0 Xº = ?. 1 ¸ ¹ 1 � ?º. � 1–

< ¹I ¸ ) 0) >
0 º = E) 0 XX> tanh¹V< ¸ ) >

0 Xº•

(2.62)
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The third identity follows from spelling out the expectation, which gives

E) 0 XX> tanh¹V< ¸ ) >
0 Xº

=
1 ¸ <

2
p

2c

¹
exp

�
�

kx � ) 0k2

2

�
x x> tanh¹V< ¸ ) >

0 xº3 x

¸
1 � <

2
p

2c

¹
exp

�
�

kx ¸ ) 0k2

2

�
x x> tanh¹V< ¸ ) >

0 xº3 x

=
1

2
p

2c cosh¹V<º

¹
4� 1

2 ¹kxk2¸k ) 0k2º
h
4V<¸ ) >

0 x ¸ 4� V<� ) >
0 x

i
x x> tanh¹V< ¸ ) >

0 xº3 x

=
1

2
p

2c cosh¹V<º

¹
4� 1

2 ¹kxk2¸k ) 0k2º
h
4V<¸ ) >

0 x � 4� V<� ) >
0 x

i
x x> 3 x

=
1 ¸ <

2
p

2c

¹
exp

�
�

kx � ) 0k2

2

�
x x> 3 x �

1 � <

2
p

2c

¹
exp

�
�

kx ¸ ) 0k2

2

�
x x> 3 x

=
1 ¸ <

2
E»XX> j / = 1¼ �

1 � <
2

E»XX> j / = � 1¼= <
�
I ¸ ) 0) >

0

�
•

Here, the second equality uses< = tanh¹V<º (see De�nition 2.2.2), the third uses the fact that

tanh = sinh•cosh, the fourth again uses< = tanh¹V<º, and the last line uses that the second

moment of# ¹) 0I–I º is I ¸ ) 0) >
0 for bothI = � 1.

Before proving the conclusions in parts (a) and (b), we �rst derive expressions ofU0–" 1 in

terms of` � 1– a� 1. We �rst claim

U0 = ¹1 � < 2º
�
1 �

` 1 � ` � 1

2

�
• (2.63)

This follows from using of Stein's lemma (see (2.61)) with6 = tanhto write

) 0U0 = ?) 0 E»sech2¹V< ¸ ) >
0 Xº j / = 1¼ ¸ ¹1 � ?º) 0 E»sech2¹V< ¸ ) >

0 Xº j / = � 1¼

= ? E»¹X � ) 0º tanh¹V< ¸ ) >
0 Xº j / = 1¼ ¸ ¹1 � ?º E»¹X ¸ ) 0º tanh¹V< ¸ ) >

0 Xº j / = � 1¼

= ?. 1 � ?) 0` 1 ¸ ¹ 1 � ?º. � 1 ¸ ¹ 1 � ?º) 0` � 1

= ) 0
�
1 � ?` 1 ¸ ¹ 1 � ?º` � 1

�

= ) 0¹1 � < 2º
�
1 �

` 1 � ` � 1

2

�
•
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The fourth equality follows from the expression of) 0 in (2.62). The last equality follows by using

? = 1¸ <
2 to write

1 � ?` 1 ¸ ¹ 1 � ?º` � 1 = 1 �
` 1 � ` � 1

2
�

< ¹` 1 ¸ ` � 1º
2

and noting that the �rst identity in (2.62) implies` 1¸ ` � 1
2 = < ¹1 � ` 1� ` � 1

2 º.

Now, we claim the following expression for" 1:

" 1 = �
1 � < 2

2
¹. 1 � . � 1º • (2.64)

Again by Stein's lemma in (2.61) with6 = log cosh, we have

EX� # ¹- –I º»¹X � - º log cosh¹V< ¸ ) >
0 Xº¼= ) 0 EX� # ¹- –I º tanh¹V< ¸ ) >

0 Xº

for any - 2 R3. Taking the derivative with respect to) 0 gives

EX� # ¹- –I º»¹XX> � - X> º tanh¹V< ¸ ) >
0 Xº¼

=I EX� # ¹- –I º tanh¹V< ¸ ) >
0 Xº ¸ ) 0 EX� # ¹- –I º X> sech2¹V< ¸ ) >

0 Xº•

By setting- = � ) 0 and rearranging terms, we get

) 0 E»X> sech2¹V< ¸ ) >
0 Xº j / = � 1¼= E»XX> tanh¹V< ¸ ) >

0 Xº j / = � 1¼ � ` � 1I � ) 0. >
� 1•

(2.65)

In the RHS, we used the de�nition of̀� 1 and. � 1 from De�nition 2.2.3 part (d). Using (2.65) in

the second line, the �rst/third identity of (2.62) in the third line, taking) 0 common alongside the
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second line of (2.62) in the fourth line, �nally using using? = 1¸ <
2 in the last line, we get:

) 0" >
1 = ?) 0 E»X> sech2¹V< ¸ ) >

0 Xºj/ = 1¼ ¸ ¹1 � ?º) 0 E»X> sech2¹V< ¸ ) >
0 Xºj/ = � 1¼

= E) 0 »XX> tanh¹V< ¸ ) >
0 Xº¼ � ¹?` 1 ¸ ¹ 1 � ?º` � 1ºI � ) 0¹?. 1 � ¹ 1 � ?º. � 1º>

= < ) 0) >
0 � ) 0¹?. 1 � ¹ 1 � ?º. � 1º>

= ) 0 »< ¹?. 1 ¸ ¹ 1 � ?º. � 1º � ¹ ?. 1 � ¹ 1 � ?º. � 1º¼>

= � ) 0
¹1 � < 2º¹. 1 � . � 1º>

2
–

which gives the desired expression for" 1. We are now ready to prove the individual statements.

(a) Starting from De�nition 2.5.1 part (a), we have

` 1 = Etanh¹V< ¸ ) >
0 # 3¹0–Iº ¸ ) >

0 ) 0º ¡ Etanh¹V< ¸ ) >
0 # 3¹0–Iº � ) >

0 ) 0º = ` � 1–

(2.63) gives

1 � VU0 = 1 � V¹1 � < 2º
�
1 �

` 1 � ` � 1

2

�
¡ 1 � V¹1 � < 2º ¡ 0•

The last inequality holds from elementary calculations (c.f. Lemma 1.1(b) of [51]). The

positivity of W1–1 follows from noting thatW1–1 = V¹1 � VU0º (see (2.33)).

(b) We �rst show the equality in (2.35). For brevity, for any vectorv, writev2 := vv> throughout

the proof. We begin by spelling out� V¹) 0º (see De�nition 2.2.3) in terms ofU: s, using

(2.33):

� V¹) 0º = $2–2 �
$1–2$>

1–2

W1–1
= I � " 2 �

V" 2
1

1 � VU0
• (2.66)

Next, using the de�nition of� in part (c) of De�nition 2.5.1, we compute the middle term in
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(2.35):

%f 1–1%> � 21–2%> � %2>
1–2 ¸ 22–2 =

�

� % I

�
�

©
­
­
«

� %>

I

ª
®
®
¬

= E/ � Rad¹ 1¸ <
2 º

h
Var

�
¹� V%̧ Xº tanh¹V< ¸ ) > Xº j /

� i
¸

� ¹Vº
4

�
� V%¹` 1 � ` � 1º ¸ ¹ . 1 � . � 1º

� 2

|                                              {z                                              }
:=M

= E) 0

�
¹� V%̧ Xº2 tanh2¹V< ¸ ) >

0 Xº
�

� E/

h
E

�
¹� V%̧ Xº tanh¹V< ¸ ) >

0 Xº j /
� i 2

¸ M

= E) 0 ¹� V%̧ Xº2 � E) 0 ¹� V%̧ Xº2 sech2¹V< ¸ ) >
0 Xº � E/

�
� V%̀ / ¸ . /

� 2 ¸ M

=¹� V<%̧ ) 0º2 ¸ I ¸ ¹ V%º2¹1 � < 2º � ¹ V%º2U0 ¸ V%">1 ¸ " 1V%> � " 2 (2.67)

� E/
�
� V%̀ / ¸ . /

� 2 ¸ M•

Here, the third line usedVar¹Yº = E»Y2¼�¹EYº2 and the tower property, the fourth line used

tanh2 = 1� sech2 and the de�nitions of̀ / –. I (see part (a) of De�nition 2.5.1). The �fth line

used (�rst term) the standard moment computationsE) 0 X = E»E»X j / ¼¼= < ) 0–E) 0 »X2¼=

I ¸ ) 2
0 to write

E) 0 ¹� V%̧ Xº2 = ¹� V%º2 � V<%)>0 � V<) 0%> ¸ I ¸ ) 2
0 = ¹� V<%̧ ) 0º2 ¸ I ¸ ¹ V%º2¹1 � < 2º–

and (second term) the notationU: (see part (d) of De�nition 2.5.1).

We further simplify the sum of �rst term and last two terms in (2.67). To this effect, we use

the expression of< and) 0 in (2.62) to write

� V%< ¸ ) 0 = � V%¹?` 1 ¸ ¹ 1 � ?º` � 1º ¸ ?. 1 ¸ ¹ 1 � ?º. � 1

= ?¹� V%̀ 1 ¸ . 1
|         {z         }

:=w1

º ¸ ¹ 1 � ?º¹� V%̀ � 1 ¸ . � 1
|            {z            }

:=w� 1

º• (2.68)
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By spelling out the expectation over/ � Rad¹?º and using (2.68),

¹� V<%̧ ) 0º2 � E/
�
� V%̀ / ¸ . /

� 2 ¸ M

=¹? w1 ¸¹ 1 � ?º w� 1º2 � ? w2
1 �¹ 1 � ?º w2

� 1 ¸
� ¹Vº

4
¹w1 � w� 1º2

=
� � ¹Vº

4
� ?¹1 � ?º

�
¹w1 � w� 1º2 =

V¹1 � < 2º2

4¹1 � V¹1 � < 2ºº
¹w1 � w� 1º2

=
V¹1 � V¹1 � < 2ºº" 2

1

¹1 � VU0º2
(2.69)

The third line follows as� ¹Vº = 1� < 2

1� V¹1� < 2º , see De�nition 2.5.1(c). The �nal line uses the

following claim,

w1 � w� 1 = �
2¹1 � V¹1 � < 2ºº" 1

¹1 � < 2º¹1 � VU0º
– (2.70)

which will be shown the end of the proof.

Now, using (2.69) to simplify the �rst and last two terms of (2.67), (2.67) becomes

%f 1–1%> � 21–2%> � %2>
1–2 ¸ 22–2

=
V¹1 � V¹1 � < 2ºº" 2

1

¹1 � VU0º2
¸ I ¸ ¹ V%º2¹1 � < 2º � ¹ V%º2U0 ¸ V%">1 ¸ " 1V%> � " 2

=
V¹1 � V¹1 � < 2ºº" 2

1

¹1 � VU0º2
¸

V2" 2
1

¹1 � VU0º2
¹1 � < 2 � U0º � 2V

" 2
1

1 � VU0
¸ I � " 2

= �
V" 2

1

1 � VU0
¸ I � " 2•

The third line follows by using (2.33) to simplify%(see the lemma statement):

%=
$1–2

W1–1
= �

" 1

1 � VU0
– (2.71)

and the �nal line follows by direct algebra. The �nal expression exactly matches the RHS of

(2.66), hence the equality in (2.35) holds.
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Finally, we show the positive de�niteness claim in (2.35). This follows as

%f 1–1%> � 21–2%> � %2>
1–2 ¸ 22–2

= E
�
Var¹� V%tanh¹V< ¸ ) >

0 Xº ¸ X tanh¹V< ¸ ) >
0 Xº j / º

�

¸ � ¹Vº¹w1 � w� 1º¹w1 � w� 1º> � 0•

The strict inequality follows from noting that theVar in the �rst term is positive de�nite for

both / = � 1, and that the second term is positive semi-de�nite.

Proof of (2.70). Using the de�nition ofw� 1 in (2.68), we get

w1 � w� 1 = . 1 � . � 1 � V%¹` 1 � ` � 1º =
�
�

2
1 � < 2

¸
V¹` 1 � ` � 1º

1 � VU0

�
" 1

= 2
�

�
1

1 � < 2
¸

V
�
1 � U0

1� < 2

�

1 � VU0

�
" 1

= �
2¹1 � V¹1 � < 2ºº
¹1 � < 2º¹1 � VU0º

" 1•

The second equality uses the expression for%in (2.71), and (2.64) to write. 1 � . � 1 = � 2" 1
1� < 2 , the

third follows from using (2.63) to writè 1 � ` � 1 = 2
�
1 � U0

¹1� < 2º

�
–and the last equality follows by

direct algebra. This completes the proof.

2.6.4 Proof of Lemmas 2.5.4, 2.5.5, and 2.4.4

We prove the results related to the random �eld Curie-Weiss modelQCW
) . Set " =– " 1 as in

(2.14), (2.19), and extend the domain of" = from »� 1–1¼to R. We omit the second argument

of these functions(which will be �xed as / = and) 0, respectively, throughout the section unless

78



speci�ed otherwise), and write

" =¹Dº := " =¹D–/ =º =
VD2

2
�

1
=

=Õ

8=1

log cosh¹VḐ / >
= X8º–

" 1 ¹Dº := " 1 ¹D–) 0º =
VD2

2
� E) 0 log cosh¹VḐ ) >

0 Xº•

First, we prove Lemma 2.5.4, by modifying standard arguments for M-estimators.

Proof of Lemma 2.5.4. (a) We only prove the �rst conclusion. As6 has bounded �rst deriva-

tives, we have

6¹Vl = ¸ / >
= X8º = 6¹V< ¸ ) >

0 X8º ¸ $ ¹Vjl = � < j ¸ k X8kk/ = � ) 0kº•

Thus, by averaging across8, we get

1
=

=Õ

8=1

6¹Vl = ¸ / >
= X8º =

1
=

=Õ

8=1

6¹V< ¸ ) >
0 X8º ¸ $

�
jl = � < j ¸

k/ = � ) 0k
=

=Õ

8=1

kX8k
� �

=
1
=

=Õ

8=1

6¹V< ¸ ) >
0 X8º ¸ $ ?¹1º

= E) 0 6¹V< ¸ ) >
0 Xº ¸ $ ?¹1º•

In the second line, we note that1
=

Í =
8=1 kX8k �  := k) 0k ¸ 2

p
3 with high probability (see

(2.25)), and also use the assumptions forl = and/ = in the statement. We use the LLN in

Lemma 2.5.1 for the �nal convergence.

(b) Fix any[ ¡ 0. Noting the abbreviation" =¹Dº = " =¹D–/ =º, we have

P
�

sup
D2K

j " =¹Dº � " 1 ¹Dºj � [ : ¹ �X 2 � 1º
�

� P
�

sup
D2K

j" =¹D–/ =º � " =¹D–) 0º j �
[
2

: ¹ �X 2 � 1º
�

¸ P
�

sup
D2K

j" =¹D–) 0º � " 1 ¹Dºj �
[
2

: ¹ �X 2 � 1º
�

� P
� k/ = � ) 0k

=

=Õ

8=1

kX8k ¡
[
2

: ¹ �X 2 � 1º
�

¸ >?¹1º•
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The last line follows from the triangle inequality and the bound

j log cosh¹VḐ / >
= X8º � log cosh¹VḐ ) >

0 X8º j � j / >
= X8 � ) >

0 X8j � k / = � ) 0k kX8k

(�rst term), and Lemma 2.5.1 (second term). Finally, we use the assumption/ =¹X=º : ¹ �X 2

� 1º
%
�! ) 0 to see

P
� k/ = � ) 0k

=

=Õ

8=1

kX8k ¡
[
2

: ¹ �X 2 � 1º
�

� P
� 1
=

=Õ

8=1

kX8k ¡  : ¹ �X 2 � 1º
�

¸ P
�
k/ = � ) 0k ¡

[
2 

: ¹ �X 2 � 1º
�

! 0–

where is the same consant from part (a) of the current proof.

(c) We only prove that+= : ¹ �X 2 � 1º
%
�! < , as this implies the statement for* = (since* = = +=

when/ = = ) 0; see the de�nition of* = in (2.21)).

Fix any Y ¡ 0 and let[ := inf jD� < j¡Y " 1 ¹Dº � " 1 ¹< º ¡ 0. Here,[ ¡ 0 since" 1 ¹Dº =

" 1 ¹D–) 0º is uniquely minimized atD= < (see Lemma 2.2.7). Then, we can bound

P
�
j+= � < j ¡ Y : ¹ �X 2 � 1º

�
= P

�
min

jD� < j¡Y
" =¹Dº � min

jD� < j� Y
" =¹Dº : ¹ �X 2 � 1º

�

� P
�

min
jD� < j¡Y

" =¹Dº � " =¹< º : ¹ �X 2 � 1º
�

� P
�

min
jD� < j¡Y

" =¹Dº � " =¹< º– sup
jDj� 1

j " =¹Dº � " 1 ¹Dºj Ÿ
[
3

: ¹ �X 2 � 1º
�

(2.72)

¸ P
�

sup
jDj� 1

j " =¹Dº � " 1 ¹Dºj �
[
3

: ¹ �X 2 � 1º
�
•

To control the �rst term in (2.72), suppose thatsupjDj� 1 j " =¹Dº � " 1 ¹Dºj Ÿ [
3 and take any

D2 »� 1–1¼with jD� < j ¡ Y . Then,

" =¹Dº ¡ " 1 ¹Dº �
[
3

� " 1 ¹< º ¸
2[
3

¡ " =¹< º ¸
[
3

=) min
jD� < j¡Y

" =¹Dº � " =¹< º ¸
[
3

•
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Hence, the �rst term is exactly 0. The second term is>?¹1º by part (a) of the current lemma.

Consequently, the RHS in (2.72) is>?¹1º, and the proof is complete.

Now, we prove concentration for the random �eld Curie-Weiss model in low-temperatures. The

main idea is to utilize an auxiliary random variable. =, which guarantees conditional independence

of the , 8s. We prove the! ? bounds in parts (b) and (c) using the Laplace approximation, and

prove the stronger! 1 bound in part (d) using the method of exchangeable pairs.

Proof of Lemma 2.5.5. (a) SinceW= j X= � QCW
/ =–V, (see (2.7)) and. = j X=–W= � # ¹ �,– 1•=Vº,

the joint density of¹W=–.=º is given by

P¹W=–.= j X=º / P¹W= j X=º P¹. = j X=–W=º

/ exp
h=V

2
�, 2 ¸ / >

=

=Õ

8=1

X8, 8

i
exp

h
�

=V
2

¹. = � �, º2
i

/ exp
h

�
=V. 2

=

2
¸

=Õ

8=1

, 8¹V.= ¸ / > X8º
i
•

The conditional independence of, 8 j . =–X= is immediate from the above formula. The

marginal distributionP¹. = j X=º also directly follows by marginalizing the below expression

overW= 2 f� 1g=.

(b) For notational simplicity, set

1
f 2

:= " 00
1 ¹< º = V� V2 E) 0 sech2¹V< ¸ ) >

0 Xº = V¹1 � VU0º ¡ 0–

where the �nal inequality is a consequence of Lemma 2.5.3(a). Note thatf 2 is exactly the

limit of =E¹. = � +=º2 in the lemma statement.

We bound=E¹. = � +=º2 using the Laplace approximation of. = j X=. Since

=E¹. = � +=º2 =

p
=

¯ 1
�1 =¹H� +=º24� =¹" = ¹Hº� " = ¹+=ºº3H
p

=
¯ 1
�1 4� =¹" = ¹Hº� " = ¹+=ºº3H

=:
�1–=

�2–=
–
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it suf�ces to show�1–=! � 1 and�2–=! � 2 for positive constants� 1– �2 with � 1
� 2

= f 2.

By a 3rd order Taylor expansion and using" 0
=¹+=º = 0, we can write

j " =¹Hº � " =¹+=º �
¹H� +=º2

2
" 00

= ¹+=º j � � 3jH� +=j3– (2.73)

where� 3 ¡ 0 is some constant depending only onV. Also, by Lemma 2.5.4(a),

" 00
= ¹+=º = V�

V2

=

=Õ

8=1

sech2¹V+= ¸ / >
= X8º

%
�! " 00

1 ¹< º =
1

f 2
• (2.74)

To bound�1–=, we separate the integral region into two parts:

¹�1 –1º = »�
 
p

=
–

 
p

=
¼

|         {z         }
� 1–=

[ »�1 –�
 
p

=
º [ ¹

 
p

=
–1¼

|                         {z                         }
� 2–=

•

For H2 � 1–=, we use the bound" =¹Hº � " =¹+=º � ¹H� +=º2

2 " 00
= ¹+=º � � 3jH� +=j3 (see (2.73))

to upper bound the exponent as

p
=

¹

� 1–=

=¹H� +=º24� =¹" = ¹Hº� " = ¹+=ºº3H

�
p

=4=� 3¹ •
p

=º3
¹

� 1–=

=¹H� +=º24� =¹H� +=º2

2 " 00
= ¹+=º3H

=4=� 3¹ •
p

=º3
¹  

�  
I 24� I 2" 00

= ¹+=º
2 3I

%
�!

¹  

�  
I 24� I 2

2f 2 3I

as= ! 1 . The third line follows by substitutingI =
p

=¹H� +=º, and the last limit used

(2.74). Using the bound" =¹Hº � " =¹+=º � ¹H� +=º2

2 ¸ � 3jH� +=j3 (again using (2.73)) gives

the exact same limiting lower bound for� 1=, and so we have

p
=

¹

� 1–=

=¹H� +=º24� =¹" = ¹Hº� " = ¹+=ºº3H!
¹  

�  
I 24� I 2

2f 2 3I• (2.75)
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Now, we bound the integral forH2 � 2–=. To this extent, we claim that there exists a constant

� 4 ¡ 0 such that

" =¹Hº � " =¹+=º � � 4
¹H� +=º2

2
– 8H2 � 2–=– (2.76)

with high probability. Assuming (2.76), we have

p
=

¹

� 2–=

=¹H� +=º24� =¹" = ¹Hº� " = ¹+=ºº3H

�
p

=
¹

� 2–=

=¹H� +=º24� � 4
=¹H� +=º2

2 3H!
¹

»�1 –�  ¼[» –1¼
I 24� � 4

I 2
2 3I• (2.77)

Now, we add up the individual bounds (2.75), (2.77) and take ! 1 to get�1–=
%
�!

¯ 1
�1 I 24� I 2

2f 2 =
p

2cf 3• Note that we are using the trivial lower bound of zero on behalf of (2.77).

To compute the limit of�2–=, we similarly divide the integral region into� 1–=and � 2–=. By

removing the=¹H� +=º2 term in the integrated and using the same bounds, we get

�2–=
%
�!

¹ 1

�1
4� I 2

2f 2 3I =
p

2cf 2•

Hence,

=E¹. = � +=º2 =
�1–=

�2–=

%
�! f 2 =

1
V¹1 � VU0º

•

For a general@ ¡ 0, the bound=@•2 E/ = j. = � +=j@ . 1 can also be similarly derived by

representing the expectation as

p
=

¯ 1
�1 j

p
=¹H� +=º j@4� =¹" = ¹Hº� " = ¹+=ºº3H

p
=

¯ 1
�1 4� =¹" = ¹Hº� " = ¹+=ºº3H

and upper bounding the numerator with Normal moments.

To complete part (b), it �nally remains to prove (2.76), which we argue by splitting� 2–=
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into three sets. FixY ¡ 0 small enough, which will be speci�ed within the proof, and let

[ 2 ¹0–1º be a constant such thatsupjH� < j� [ j" 00
1 ¹Hº � " 00

1 ¹< ºj � Y.

Case 1:ConsiderjH� < j � [ . By part (a) of Lemma 2.5.4,supjH� < j� [ j" 00
= ¹Hº � " 00

1 ¹Hºj Ÿ Y

holds with high probability. Then, we have

sup
jH� < j� [

j" 00
= ¹Hº � " 00

1 ¹< ºj � sup
jH� < j� [

j" 00
= ¹Hº � " 00

1 ¹Hºj ¸ sup
jH� < j� [

j" 00
1 ¹Hº � " 00

1 ¹< ºj � 2Y•

Hence, forjH� < j � [ , " 00
= ¹Hº ¡ " 00

1 ¹< º � 2Y � " 00
1 ¹< º
2 (by taking a smallY), and a 2nd

order Taylor expansion analogous to (2.73) gives

" =¹Hº � " =¹+=º �
¹H� +=º2

4
" 00

1 ¹< º ¡ 0•

Case 2:For jHj � ! := 2
q

2 ¸ 3k) 0k
V , uselog cosh¹Gº � j Gj to write

" =¹Hº �
VH2

2
�

1
=

=Õ

8=1

¹VjHj ¸ j / >
= X8jº �

VH2

2
� VjHj �  k/ =k

�
VH2

4
� ¹ V¸

3k) 0k
2

º �
VH2

8
–

where the second inequality holds for = k) 0k ¸ 2
p

3 (see (2.25)), the third inequality uses

jHj � H2

4 ¸ 1 andk/ =k � 3k) 0k
2 for = large enough, and the fourth inequality holds forjHj � ! .

Case 3:ConsiderHsuch thatjH� < j ¡ [– jHj Ÿ ! . Set

Z := inf
jH� < j¡[– jHjŸ!

" 1 ¹Hº � " 1 ¹< º ¡ 0–
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where the positivity follows from Lemma 2.2.7. Using the usual triangle inequality,

" =¹Hº � " =¹+=º � inf
jH� < j¡[– jHjŸ!

" 1 ¹Hº � " 1 ¹+=º � 2 sup
jH� < j¡[– jHj� !

j" =¹Hº � " 1 ¹Hºj

� inf
jH� < j¡[– jHjŸ!

" 1 ¹Hº � " 1 ¹< º � 3Y

¡
Z
2

�
Z

¹! ¸ 1º2

¹H� +=º2

2
–

for Y Ÿ Z•6. Here, the second inequality holds with high probability, as Lemma 2.5.4(b), (c)

imply

sup
jHj� !

j" =¹Hº � " 1 ¹Hºj � Y– "1 ¹+=º � " 1 ¹< º � Y

with high probability. The �nal inequality usesjH� +=j � ! ¸ 1.

(c) By adding and subtracting the auxiliary variable. =, we can bound

E¹ �, � +=º2 � 2E¹ �, � . =º2 ¸ 2E¹. = � +=º2•

The second term is$ ?

�
1
=

�
by part (b). The �rst term is also$

�
1
=

�
, by the de�nition. = j

W=–X= � # ¹0–1•=Vº which gives

E¹¹ �, � . =º2º = E¹E¹¹ �, � . =º2 j W=–X=ºº =
1

=V
•

(d) We prove this stronger bound using the method of exchangeable pairs. For notational

simplicity, write 28 := / >
= X8 for this segment of the proof. Let) = :=

p
=¹ �, � +=º and

�, ¹� 8º := 1
=

Í
9<8, 9. Let ¹W=–W0=º be the exchangeable pair that results by moving one

step forward in the Glauber dynamics, i.e., pick an index� 2 »=¼uniformly at random, and

for � = 8, replace, 8 by a random variable, 0
8 generated from the complete conditional of

, 8 j ¹, 9– 9< 8º. GivenW0=, set) 0
= :=

p
=¹ �, 0 � +=º.
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By a Taylor expansion, we can write

E», 8 j ¹, 9– 9< 8º¼= tanh¹V �, ¹� 8º ¸ 28º = tanh¹V �, ¸ 28º �
V, 8

=
sech2¹Vl 8¸ 28º

for somel 8. De�ne an error term

� = :=
V

=2
p

=

=Õ

8=1

, 8sech2¹Vl 8¸ 28º–

which is bounded deterministically byV
=
p

=
.

Now, using the properties of exchangable pairs alongside the above Taylor expansion, we

can write

E¹) = � ) 0
= j W=–X=º =

1

=
p

=

=Õ

8=1

, 8 �
1

=
p

=

=Õ

8=1

tanh¹V �, ¹� 8º ¸ 28º

=
1

=
p

=

=Õ

8=1

, 8 �
1

=
p

=

=Õ

8=1

tanh¹V �, ¸ 28º ¸ � =

=
1

p
=

¹ �, � +=º �
1

=
p

=

h
V¹ �, � +=º

=Õ

8=1

sech2¹V+= ¸ 28º (2.78)

¸
V2

2
¹ �, � +=º2

=Õ

8=1

¹sech2º0¹Vl = ¸ 28º
i

¸ � =•

(2.78) follows from a Taylor expansion of
Í =

8=1 tanh¹V �, ¸ 28º around �, � += and using the

�rst order condition of+= (see (2.40)):

+= =
1
=

=Õ

8=1

tanh¹V+= ¸ 28º• (2.79)
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By taking a further expectation on (2.78) with respect toW= : X= � QCW
/ =

, we have

0 = =
p

=EQCW
/ = ¹) = � ) 0

= : X=º

= EQCW
/ = ¹ �, � +=º

�
= � V

=Õ

8=1

sech2¹V+= ¸ 28º
�

�
V2

2
EQ/ =

�
¹ �, � +=º2

=Õ

8=1

¹sech2º0¹Vl = ¸ 28º
�

¸ =
p

=EQCW
/ = � =•

(2.80)

By rearranging terms, we get

=EQCW
/ =

�
�, � +=

�
=

V2

2 EQCW
/ =

�
¹ �, � +=º2 Í =

8=1¹sech2º0¹Vl = ¸ 28º
�

� =
p

=EQCW
/ = � =

1 � V
=

Í =
8=1 sech2¹V+= ¸ 28º

• (2.81)

The denominator of (2.81) is bounded away from 0 with high probability, again using (2.74).

For the numerator, the! 2 concentration bound in part (b) gives

�
�
� EQCW

/ =

�
¹ �, � +=º2

=Õ

8=1

¹sech2º0¹Vl = ¸ 28º
� �
�
� . =EQ/ = ¹ �, � +=º2 = $ ?¹1º•

By the deterministic bound on� =, we also have=
p

=j EQ/ = � =j . 1•

Now, the bound forEQCW
/ =

�
�, � +=

�
follows by combining the result for the denominator and

the numerator of (2.81). The analogous statement for. = � += directly follows as

E
�
. = � +=

�
= E

�
. = � �,

�
¸ EQCW

/ =
�

�, � +=
�

= EQCW
/ =

�
�, � +=

�
•

Finally, we prove Lemma 2.4.4, which gives the second moment bound underV = 1. The

overall argument is very similar to the low-temperature analog in Lemma 2.5.5(b) with a distinction

that now (underV = 1) we have< = < ¹Vº = 0.

Proof of Lemma 2.4.4.Fix ) 2 � and de�ne the auxiliary Gaussian variable. = as in Lemma 2.5.5.
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Throughout the proof, we �x the second argument of" = to be) and write" =¹Dº = " =¹D–) º.

We divide the proof into two parts. The �rst step shows that the mode of the likelihood for. =

concentrates around0, similar to Lemma 2.5.4. The second step utilizes the Laplace approximation

to derive the second moment bound.

Step 1. Similar to (2.40), de�nee+= :2 arg minE2»� 1–1¼" =¹Eº• Then, by part (a) in Lemma 2.5.5,

the density of. = j X= can be written as

P¹. = j X=º / 4� = " = ¹. =º•

We �rst claim that e+= = $ ?¹ 1p
=
º. By mimicking the proof argument in Lemma 2.5.4 noting

that" 1 uniquely minimized atE= 0 (see Lemma 2.2.7),e+= = >?¹1º. Then, by a Taylor expansion

on the �xed-point equation (2.79) withe+= � 0, we can write

e+= =
1
=

Í =
8=1 tanh¹) > X8º

1 � 1
=

Í =
8=1 sech2¹l = ¸ ) > X8º

–

with l = 2 ¹0–e+=º
%
�! 0. The denominator converges to" 00

1 ¹0º = 1 � Esech2¹) > Xº ¡ 0 (again by

mimicking (2.74)) and the numerator is$ ?¹ 1p
=
º, soe+= = $ ?¹ 1p

=
º.

Step 2.Noting that" 0
=¹e+=º = 0, applying the Laplace method (see part (b) in Lemma 2.5.5) gives

E¹. = � e+=º2 . %
1
=

•

Also, the de�nition of. = givesE¹. = � �, º2 = 1
=V. Then, by combining all bounds,

EQCW
) �, 2 � 3E¹ �, � . =º2 ¸ 3E¹. = � e+=º2 ¸ 3e+2

= = $ ?

�
1
=

�
•
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Chapter 3: Deep Discrete Encoders for Identi�able Deep Generative

Modeling

3.1 Introduction

In the era of generative AI, deep generative models (DGMs) with latent representations have

gained tremendous popularity across various domains. DGMs achieve impressive empirical suc-

cess due to their rich modeling power and predictive capacity, and are useful tools to generate

images, text, and audio [64, 65, 66, 67]. However, these models are often subject to statistical

issues regarding the model identi�ability, interpretability, and parameter estimation reliability. In-

deed, most deep learning models are heavily overparametrized black boxes, with more parameters

than the number of samples, and are fundamentally non-identi�able. The lack of identi�ability

means that there may be very different parameter values that give the same marginal distribution

of the observed data, leading to inconsistent parameter estimation. In such cases, it is impossible

to guarantee the reproducibility of the learned latent representations across different training in-

stances and the validity of the downstream inference. Additionally, the deep layers often merely

serve as tools for inducing �exible data distributions but without a meaningful substantive inter-

pretation. These issues raise serious concerns when deploying DGMs in high-stakes applications

such as education, medicine, and health care.

We address the above problems from statisticians' perspectives by proposing a broad family of

interpretable and identi�able deep generative models for rich types of data, calledDeep Discrete

Encoders(DDEs). DDEs are directed graphical models with potentially deep discrete latent layers

to generate the bottom-layer multivariate observed data. A key feature of DDEs is that the latent

layers are discrete and organized in progressively smaller sizes as they go deeper; see Figure 1.2.

This architecture induces very expressive models via the exponentially many mixture components
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(since each con�guration of the discrete latent vector gives a mixture component), and also has

the nice interpretation of increasingly more general latent features in deeper layers [68]. DDEs

are motivated by both popular generative models in deep learning and latent variable models in

educational and psychological measurement. While these two areas rarely intersect in the past, we

leverage the insights from both �elds to inspire the theory and methodology of DDEs.

Figure 1.2 in Chapter 1 displays the graphical model representations of a typical DDE. Also,

Figure 3.1 shows that �tting DDEs to a dataset of text documents uncovers interesting hierarchical

latent topics as well as an interpretable word generating mechanism; see more details in Section

3.6. We emphasize that there is no restriction on the types of observed data; for example, the

bottom data layer can be modeled by any exponential family distributions. In the text data example,

Poisson distribution is used to model the word counts in documents. Our real data examples

in Section 3.6 range from wordcountsin text documents tobinary pixel values in images, to

continuousresponse times of students in digital educational assessments. Such �exibility makes

DDEs attractive for many practical applications ranging from machine learning to domain sciences.

rec tech

sports car graphics space

league playoff parts opinion color nasa orbit

Figure 3.1: Simpli�ed estimated DDE structure of the latent topics for the 20 newsgroups dataset.
Only the shaded nodes are observed. In the right panel, edge widths are proportional to coef�cients'
absolute values. The black/red edge colors imply positive/negative coef�cients, respectively.

The main contributions of this chapter include rigorous identi�ability theory and scalable com-

putational pipelines for DDEs.For identi�ability , we propose general identi�ability conditions in

terms of the probabilistic graph structures between layers in the graphical model (corresponding

to the directed arrows in Figure 3.1). We work under the minimal possible assumptions in or-

der to �exibly cover the various examples and data types mentioned above. Under an identi�able

DDE, we also prove that a penalized-likelihood based estimator is consistent for estimating both
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the continuous parameters as well as the discrete graph structure.

For computation, we propose a scalable estimation pipeline for DDEs. The multiple layers

of nonlinear latent variables in DDEs lead to a highly nonconvex optimization landscape with

potentially exponentially many local optima. To address this challenging issue, our computational

pipeline features a nuanced layer-wise nonlinear spectral initialization followed by a penalized

stochastic approximation EM algorithm. This procedure can ef�ciently handle models with a large

number of latent variables. We achieve favorable simulation results for as many as ¹1º = 30binary

latent variables in the shallowest latent layer, which amount to2 ¹1º
mixture components and de�ne

a very expressive model. Extensive simulation studies not only validate the identi�ability results,

but also demonstrate the excellent performance of the proposed algorithms. We apply DDEs to real

data in three diverse tasks, including hierarchical topic modeling, image representation learning,

and multimodal modeling in digital educational testing. Across these applications, DDEs extract

highly interpretable latent structures and learn useful representations for downstream analyses.

We make brief remarks to place DDEs in the rapidly emerging �eld of generative AI. For

the considered unsupervised learning setting, we use “generative model” to refer to probabilistic

models where observed data are generated conditional on hidden variables. Recently, powerful

multilayer models have been proposed for more complex tasks, which either consist of multiple

latent layers or a single latent layer transformed by deep neural networks. Popular models in

machine learning include deep belief networks [DBNs, 64], deep Boltzmann machines [DBMs,

69], variational autoencoders [70], generative adversarial networks [71], diffusion models [72],

and transformer-based models [73] such as large language models. Our proposed models are most

closely related to DBNs and DBMs. See Section 3.2.2 for more discussions.

3.1.1 Organization

Section 3.2 formally de�nes DDEs and elaborates on its connection with existing models.

Section 3.3 provides identi�ability results of DDEs and proves the consistency of a penalized-

likelihood estimator. Section 3.4 presents scalable computational algorithms for estimating DDEs.
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Section 3.5 and Section 3.6 present simulation studies and real-data applications under various data

types. Section 3.7 concludes the chapter. Sections 3.8–3.13 provide technical proofs, additional

details about computation, data analysis, and literature review.

3.1.2 Notation

For a positive integer , denote» ¼= f 1– • • • –  g. For a matrixG with � rows, letg1– • • • –g�

denote its row vectors. Let0 –1 be the all-zero vector and all-one vector of length , respectively.

Let e: be the -dimensional canonical basis vector. Letglogistic¹Gº := 4G•¹ 1 ¸ 4Gº denote the

logistic/sigmoid function. For a �nite set� , let ( � denote the collection of all permutation maps of

� , and let id� be the identity permutation on� .

3.2 Deep Discrete Encoders

3.2.1 Model De�nition

The� -latent-layer DDE is a generative model with� discrete latent layers. For each3 2 »� ¼,

assume that the¹3 � 1ºth layer is generated conditional on the3th. Here, only the bottom layer

(indexed by3 = 0) is observed, and all other layers are latent. The bottom layer data can take

arbitrary values, but all latent variables are binary, similar to the celebrated deep belief networks

[64]. Let Y = ¹. 1– • • • – .� º 2 � �
9=1Y9 denote the� -dimensional observed responses, whereY9 is

the sample space for the9th response; see the end of this subsection for concrete examples. We

work under the minimal assumption that eachY9 is a separable metric space. Denote the3th latent

layer asA ¹3º =
�
� ¹3º

1 – • • • – �¹3º
 ¹3º

�
2 f 0–1g ¹3º

, which is a ¹3º-dimensional binary vector. A DDE

has a shrinking-ladder-shaped deep architecture, with the dimension of each layer decreasing as3

increases: ¹� º Ÿ • • • Ÿ  ¹1º Ÿ � . See Figure 1.2 for a graphical model representation.

We further specify the distribution of the directed graphical model in a top-down manner. The

directed edges in Figure 1.2 are pointing downward, meaning that the deepest latent variables in the

top layer3 = � are generated �rst. The top layer latent variables are assumed to be independent
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Bernoullis with parameterp = ¹?1– • • • – ? ¹� º º:

P¹A ¹� º = " ¹� ºº =
 ¹� ºÖ

: =1

P¹ � ¹� º
: = U¹� º

: º =
 �Ö

: =1

?
U¹� º

:
: ¹1 � ?: º1� U¹� º

: – 8" ¹� º 2 f0–1g ¹� º
• (3.1)

Next, de�ne themiddle latent layersinductively as follows. For each3 ¡ 1, suppose thatP¹A ¹3ºº,

the distribution of the3th layer, is given. Then, we de�ne the¹3 � 1ºth layer distribution by

assuming the conditional independence of� ¹3� 1º
1 – • • • – �¹3� 1º

 ¹3 � 1º givenA ¹3º:

P¹A ¹3� 1º = " ¹3� 1º j A ¹3ºº =
 ¹3 � 1ºÖ

: =1

P¹ � ¹3� 1º
: = U¹3� 1º

: j A ¹3ºº– 8" ¹3� 1º 2 f0–1g ¹3 � 1º
• (3.2)

Here, we additionally model each conditional distribution in (3.2) as

� ¹3� 1º
: j A ¹3º � Bernoulli

�
glogistic

�
V¹3º

:–0 ¸
 ¹3ºÕ

;=1

V¹3º
:–; � ¹3º

;

� �
– (3.3)

whereglogistic is the logistic function that maps the real-valued linear combinations to the»0–1¼-

valued Bernoulli parameters (one may use alternative link functions6 : R ! » 0–1¼, such as the

probit link). Collect theV:–;-parameters in a ¹3� 1º � ¹  ¹3º ¸ 1º matrix B¹3º, whose �rst column

is the intercepts
�
V¹3º

:–0

�
: 2» ¹3 � 1º¼and remaining parts are

�
V¹3º

:–;

�
: 2» ¹3 � 1º¼–;2» ¹3º¼.

Finally, we model the bottom layer for the observed data. The observedY = ¹. 1– • • • – .� º are

modeled by assuming the conditional independence of. 1– • • • – .� givenA ¹1º. As the observations

Y are not necessarily binary, we replace the Bernoulli conditional distributions in (3.3) by a general

parametric family of the form

. 9 j A ¹1º � ParFam9

�
69

�
V¹1º

9–0 ¸
 ¹1ºÕ

: =1

V¹1º
9–:�

¹1º
: – W9

� �
• (3.4)

Here, ParFam9 denotes a speci�c identi�able parametric family, and let� 9 denote its parameter

space. For convenience, let?9 be the probability mass/density function of ParFam9. The 69 :

R � » 0–1º ! � 9 is a known link function that maps the linear combinations to the parameters
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of the given parametric family. Here,W9 ¡ 0 denotes the dispersion parameter, when there exists

one. Throughout the chapter, we will state all results under the more general assumption that there

exists a dispersion parameter in the parametric family in (3.4). If not, one may ignore the notation

W. We further elaborate on the speci�c parameterizations in (3.4) for various response typesY9 at

the end of this section.

Following the de�nition of directed graphical models [74], we can write the joint distribution

of all observed and latent variables based on (3.1)–(3.4):

P
�
Y–f A ¹3ºg32»� ¼

�
= P¹Y j A ¹1ºº

�Ö

3=2

P¹A ¹3� 1º j A ¹3ºº P¹A ¹� ºº•

The marginal distribution ofY is obtained by marginalizing out all of the� latent layers:

P¹Yº =
Õ

" ¹3 º 2f 0–1g ¹3 º

832»� ¼

P¹YjA ¹1º = " ¹1ºº
�Ö

3=2

P¹A ¹3 � 1º = " ¹3 � 1º j A ¹3º = " ¹3ºº P¹A ¹� º = " ¹� ºº• (3.5)

The� -latent-layer DDE is parametrized by¹ p–B–$º, whereB := f B¹3ºg32»� ¼and$ := ¹W1– • • • – W� º.

Upon the above marginalization, the induced DDE is a highly expressive model with exponentially

many latent mixture components. However, this expressivity also introduces identi�ability and

computation challenges, which we address in Sections 3.3 and 3.4.

In many scenarios, it is desirable for the coef�cientsB to be sparse, as this leads to a more

interpretable and parsimonious data-generating mechanism. The interpretability stems from that if

a latent variable is connected to only a few, rather than all, variables in the layer below, then these

children variables can help pinpoint the interpretation of the latent parent. Similar sparse deep gen-

erative architectures have been considered in deep exponential families [75], Bayesian pyramids

[76], and deep cognitive diagnostic models [77]. Additionally, as will be shown in Section 3.3.1,

the sparsity of the coef�cients play a key role in facilitating identi�ability. To encode the sparsity

of B¹3º, for each3 2 »� ¼, de�ne a  ¹3� 1º �  ¹3º binary matrixG¹3º = ¹6:–;º, where6:–; = 1

if the corresponding coef�cientV¹3º
:–; is nonzero, and 0 otherwise. De�ne ¹0º := � for notational
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convenience. By (3.2) and (3.3),G¹3º can also be viewed as the adjacency matrix or “graphical

matrix” between the¹3 � 1ºth layer and the3th layer in the graphical model representation (see

Figure 1.2). Collect allG¹3ºs by de�ning G := f G¹3ºg32»� ¼, and collect the number of latent vari-

ables in each layer by de�ningK := f  ¹3ºg32»� ¼• Now, we formally de�ne� -latent-layer DDEs,

which also incorporateG as unknown parameters.

De�nition 3.2.1 (DDE). A � -latent-layer DDE with parameters¹ p–B–G–$º is a statistical model

with marginal distribution of the observed data as given in(3.5). WhenK is known and �xed,

DDEs can be viewed as parametric families with parameters¹� –Gº and probability mass/density

functionsP� –G, where� := ¹ p–B–$º denotes all continuous parameters.

Next, we give some examples of the various response typesY9 allowed in the DDE framework,

along with the corresponding link functions6 and parametrizations for (3.4). As mentioned in

the Introduction, the later numerical experiments consider three types of responses: (i) binary, (ii)

count, and (iii) continuous. We model each of these responses using (i) Bernoulli with6 = 6logistic,

(ii) Poisson with an exponential link6¹Gº = 4G, and (iii) Normal with an identity link6¹G– Hº =

¹G– Hº, respectively. Modeling other data types is also straightforward. While not required, we

typically consider that the data types are the same across the? features. In such cases, we omit the

subscript inY9– 69, and writeY and6.

3.2.2 Connections with Existing Models

Related deep latent variable models in the machine learning literature include the deep Boltz-

mann machine [DBM, 69], deep belief networks [DBNs, 64], and deep exponential families [DEFs,

75]. The DBM and DBN both contain multiple binary latent layers and differ in the directions of

the edges; see Figure 3.2. DBM and DBN have been originally proposed to model binary data and

have been later extended to handle continuous or count responses [78, 79, 80]. We recommend

the review [67] for more details and references on DBM and DBNs. DEFs are an unsupervised

modeling framework that uses exponential families to model conditional distributions for each

layer.
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Figure 3.2: Comparison of the graphical structure of DDEs to relevant deep generative models.
DBM: binary data and binary latent. DBN: binary data and binary latent. DEF: exponential family
conditional distributions. DDE: general-response data and binary latent.

Despite their numerous empirical successes, the aforementioned machine learning models

are usually fundamentally non-identi�able due to an enormous number of latent variables and

parameters organized in a complex nonlinear architecture. These models are typically heavily

overparametrized, making it challenging to understand and interpret the latent representations.

Moreover, popular existing estimation procedures for these models are developed to maximize a

tractable but less theoretically understood alternative to the likelihood, such as contrastive diver-

gence or layer-wise variational approximation.

As to be shown later, DDEs resolve all these issues by assuming a shrinking-ladder architecture

of entirely discrete latent variables and potentially sparse layer-wise connections (see Figure 3.2).

This allows us to establish identi�ability and consistency as well as effectively reduce the model

dimension and interpret the latent structure.

On a related note, several identi�able deep models have recently been proposed. [76] proposed

Bayesian pyramids, which are identi�able multilayer discrete latent variable models with a pyra-

mid structure. But the methodology and identi�ability theory therein are restricted to multivariate

categorical data. DDEs signi�cantly broaden the applicability of Bayesian pyramids by model-

ing arbitrarily �exible data types while still remaining identi�able. [81] considered a modeling

framework allowing both discrete and continuous latent variables, where the discrete part of the

model can have more �exible graphical structures than the multi-layer structure. However, as a

tradeoff, they consider a weaker notion of identi�ability (up to atomic cover structures) and pro-

pose less explicit conditions for identi�ability. Finally, [82] and [83] consider continuous latent
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variable models and prove identi�ability under potentially more general graph structures, but as-

sume that all conditional distributions arelinear. In contrast, DDEs allow arbitrary nonlinear link

functions, which improves representation power. We provide additional literature review regarding

identi�able VAEs and psychometric models in Section 3.13.

3.3 Theoretical Guarantees for DDEs

3.3.1 Model Identi�ability

In this section, we establish the identi�ability of DDEs. Assuming known numbers of latent

variables, we prove that both the continuous model parameters and the discrete graph structures

between layers can be uniquely identi�ed under certain conditions on the true graphical matrices

G¹3º's. We �rst make an assumption to address some trivial ambiguities. For notational conve-

nience, denote ¹0º := � and� ¹0º
9 := . 9.

Assumption 3.3.1.Assume that the graphical matricesG = f G¹3ºg32»� ¼and proportion parame-

ters p satisfy the following conditions.

(a) For all : 2 » ¹� º¼, ?: 2 ¹0–1º.

(b) For all 3 2 »� ¼, G¹3º does not have all-zero columns and is faithful in the sense that for any

: 2 » ¹3� 1º¼– ;2 » ¹3º¼, 6¹3º
:–; = 0 if and only ifV¹3º

:–;̧ 1 = 0.

(c) For any3 2 »� ¼, all column sums ofB¹3º except for the �rst column are strictly positive.

Condition (a) and the �rst part of (b) is required for the latent dimensionK to be well-de�ned,

in the sense that removing or adding a latent variable must change the marginal distribution (3.5).

Condition (b) is a standard faithfulness assumption in graphical models [e.g. see De�nition 3.8

in 74] that follows from our de�nition ofG¹3º. Condition (c) is introduced to avoid trivial sign-

�ipping of latent variables. This condition ensures that for each latent variable� ¹3º
: , the value

� ¹3º
: = 1 implies a larger coef�cient of the¹: ¸ 1ºth row of B¹3º, and may be replaced with

other monotonicity assumptions. For example, one can alternatively assume that the �rst nonzero
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coef�cient in each column ofB¹3º is positive. We emphasize that condition (c) is much weaker

compared to the nonnegative coef�cient assumptionV9–: � 0, which is a popular assumption for

various identi�able latent variable models [84, 85, 86].

Now, we formally de�ne the parameter space and the notion of identi�ability. For multilayer

latent variable models, there are inevitable latent variable permutation issues within each latent

layer. Hence, we introduce the notion of identi�ability up to equivalence.

De�nition 3.3.1 (Parameter space). Consider a� -latent-layer DDE withK = f  ¹3ºg32»� ¼latent

variables. We de�ne the parameter space of the continuous parameters� givenG as
 K ¹� ; Gº :=

f � : V¹3º
;–: < 0 if and only if6¹3º

;–: = 1– W9 ¡ 0g• De�ne the joint parameter space for all parameters

to be
 K ¹� –Gº := f¹ � –Gº : � 2 
 K ¹� ; Gºg•

De�nition 3.3.2 (Identi�ability up to equivalence). For a D-layer DDE withK latent variables,

we de�ne an equivalence relationship “� K ” by setting¹� –Gº � K ¹ ~� – ~Gº if and only if$ = ~$ and

there exists permutationsf ¹3º 2 ( » ¹3º¼for all 3 2 »� ¼such that the following hold:

• ?: = ~?f ¹� º ¹: º

• 6¹3º
;–: = ~6¹3º

f ¹3 � 1º ¹;º–f ¹3º ¹: º
andV¹3º

;–: = ~V¹3º
f ¹3 � 1º ¹;º–f ¹3º ¹: º

for all 3 2 »� ¼, : 2 » ¹3º¼– ;2 » ¹3� 1º¼

Here, we setf ¹0º = id»� ¼. We say that the DDE with true parameters¹� ¢–G¢º is identi�able up to

� K when for any alternate parameter value¹� –Gº 2 
 K ¹� –Gº with P� –G = P� ¢ –G¢ , it holds that

¹� –Gº � K ¹� ¢–G¢º. Here,P� –G is the marginal distribution ofY de�ned in(3.5).

Despite the seemingly heavy notation, the equivalence relationship is quite natural. For ex-

ample, in the right panel of Figure 1, the location of the latent variables in each layer can be

arbitrarily permuted without changing the likelihood. In other words, the latent variable “sports”

and “car” can be equivalently indexed by¹1–2º or ¹2–1º as long as the associated arrows are per-

muted accordingly. For the3th latent layer, the permutationf ¹3º corresponds to this fundamental

yet relatively trivial label-switching map. The following theorem is our �rst main result on the

identi�ability of DDEs. Here, we say that a variable- is a “pure child” of. if . is the only parent

of - .
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Theorem 3.3.1(Identi�ability of DDEs). Consider a� -latent-layer DDE with true parameters

¹� ¢–G¢º, where the number of latent variables,K , is given. Suppose that for all3 � � � 1, the

true graphical structuresG¹3º¢ and parametersB¹3º¢ satisfy the following conditions:

A. Each latent variable� ¹3º
: has at least two pure children� ¹3� 1º

9:–1
– � ¹3� 1º

9:–2
according toG¹3º¢ .

B. For any" ¹3º < " 0¹3º 2 f0–1g ¹3º
, there exists9 2 » ¹3� 1º¼ n [ 

¹3º

: =1 f 9:–1– 9:–2g such that
Í  ¹3º

: =1 V¹3º¢
9–: ¹U¹3º

: � U
0¹3º
: º < 0•

Then, the model components¹� –Gº are identi�able.

Our key observation behind proving the identi�ability of the complex deep generative struc-

tures in DDEs is that, with discrete latent layers, it suf�ces to establish identi�ability for a one-

latent-layer model and proceed in a layer-wise manner inductively. To elaborate, consider a “col-

lapsed” DDE where the latent layers indexed by3 = 2– • • • – �are marginalized out to give a prob-

ability mass function (pmf) for the �rst latent layer:f P¹A ¹1º = " ¹1ºº : " ¹1º 2 f0–1g ¹1º
g. If the

collapsed model is proven to be identi�able, that means the conditional distributionsP¹. 9 j A ¹1ºº

and the marginal distributionP¹A ¹1ºº can be uniquely identi�ed from the data distributionP¹Yº. In

this case, we can determine the structured pmf up to the inevitable permutation of the latent vari-

ables (indexed byf ¹1º 2 ( » ¹1º¼in De�nition 3.3.2). Then, we can theoretically treat the shallowest

latent layerA ¹1º as if it was observed, because its probability mass function is now identi�ed and

known. Then, viewing this pmf as the marginal distribution of ¹1º-dimensional observed vari-

ables of a¹� � 1º-latent-layer Bernoulli-DDE, we can inductively identify all parameters via a

layer-wise argument. See Section 3.8 for the detailed proof.

We next give an interpretation of the conditions in Theorem 3.3.1. Condition A requires each

latent variable� ¹3º
: to have at least twopure childrenin the layer below. For example, the latent

variable “tech” in the right panel of Figure 3.1 has two pure children “graphics” and “space”. Con-

dition B is more technical and is introduced to distinguish the different binary latent con�gurations

" < " 0. For example, condition B holds when each latent variable� ¹3º
: has a third pure child that
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is distinct from those in condition A. We also provide identi�ability guarantees for the number of

latent variables in Section 3.8.5.

The pure children requirements in condition A can be further relaxed under a weaker notion of

generic identi�ability. Generic identi�ability allows a measure-zero subset of the parameter space

to be non-identi�able, and often holds under weaker conditions than that in De�nition 3.3.2. As

the concept was originally proposed under a continuous parameter space [87], we consider the

following modi�ed de�nition that considers a smaller parameter space for the coef�cientsB given

the true graphical matrices.

De�nition 3.3.3 (Generic identi�ability). Consider a� -latent-layer DDE withK latent variables,

graphical matricesG¢ , and true parameters belonging to
 K ¹� ; G¢º. The model is generically

identi�able up to� K whenf � 2 
 K ¹� ; G¢º: there exists¹ ~� – ~Gº � K ¹� –G¢º such thatP~� –~G =

P� –G¢ g is a measure-zero set with respect to
 K ¹� ; G¢º.

For generic identi�ability, we introduce an additional assumption on the parametric families

used to model the conditional distribution. 9 j A ¹1º in (3.4). This is a technical assumption that

arises from our proof technique for dealing with measure-zero sets. This assumption holds for

all example parametric families described in Section 3.2.1, and more generally for exponential

families with an analytic log-partition function.

Assumption 3.3.2(Analytic family). Let ?¹�; [– Wº be the pmf/pdf of a parametric family, indexed

by[– Wand equipped with a sample spaceY . We say that? is analyticwhen the pmf/pdf?¹. ; [– Wº

is analytic in both[– W, for all . 2 Y .

We next state the generic identi�ability result for DDEs. In graph theory, a bipartite graph is

said to have a “perfect matching” if it contains a set of edges without common vertices that covers

every vertex of the graph [88]; see Example 3.3.1 for an illustration.

Theorem 3.3.2(Generic identi�ability of DDEs). Consider the� -latent-layer DDE where the

number of latent variablesK is given, and all parametric families and link function69s are

analytic. LetG¢ denote the true graphical matrices and suppose the true parameter lives in

100




 K ¹� ; G¢º. Suppose that for all3 � � � 1, the true graphical structureG¹3º satisfy the fol-

lowing condition C:

C. There exists a partition of the¹3 � 1ºth layer variable indices» ¹3� 1º¼= I 1 [ I 2 [ I 3 that

satis�es the following properties: (i) for0 = 1–2, there is a perfect matching in the bipartite

graph betweenA ¹3� 1º
I 0

andA ¹3º, (ii) each latent variable� ¹3º
: has at least one child among

A ¹3� 1º
I 3

.

Then, the model components¹� –Gº are generically identi�able.

Condition C relaxes conditions A and B in Theorem 3.3.1. While condition A requires two

pure children for each latent variable, condition C does not require any pure child and allows more

complex dependence structures. Additionally, condition B for the remaining� � 2 ¹3º variables is

relaxed to a simple non-zero column condition onG¹3º
3 . Thus, condition C does not concern any

continuous parameter values and just depends on the graph structureG¹3º, and can be used as a

practical criterion to assess identi�ability.

Example 3.3.1(Illustration of identi�ability conditions). We provide a toy example to illustrate

and compare conditions in Theorem 3.3.1 and Theorem 3.3.2. In Figure 3.3, condition A holds

when only the solid edges exist; in this case, the latent variable� ¹3º
1 has two pure children

� ¹3� 1º
1 – � ¹3� 1º

3 , and latent variable� ¹3º
2 also has two pure children. In contrast, condition C

allows arbitrary additional dashed arrows in the graph structure; in this case, by takingI 1 =

f � ¹3� 1º
1 – � ¹3� 1º

2 g and I 2 = f � ¹3� 1º
3 – � ¹3� 1º

4 g, the red and blue solid edges each form a perfect

matching. Thus, condition C signi�cantly relaxes the pure child condition in condition A, by al-

lowing many more additional edges in the bipartite graph.

We place our identi�ability results in the literature on the identi�ability of generative models

and latent variable models. While the identi�ability of generative models has attracted increasing

attention in machine learning [89, 90, 91, 92], many of these results require additional informa-

tion such as auxiliary covariates. More importantly, almost all of these results build on nonlinear

independent component analysis [93] or variational autoencoders [70], both of which essentially
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Figure 3.3: Graphical illustration of conditions A and C. While condition A holds when all dashed
arrows are ignored (or equivalently,� = 0 in the matrix representation), condition C can allow
arbitrarily many dashed arrows (where each� can be either zero or one).

have only one latent layer of random variables transformed by deterministic deep neural networks.

Consequently, these results cannot be applied to DDEs with multiple latent layers organized in a

probabilistic graphical model. Since uncertainty occurs and accumulates in each layer of a DDE,

addressing identi�ability in such cases requires fundamentally different techniques due to a com-

plicated marginal likelihood. At the high level, our proof techniques are based on transforming the

marginal distribution of data into a tensor and invoking the uniqueness of tensor decompositions

to establish identi�ability.

In statistics, the study of identi�ability has a long history but also mainly concerns relatively

simple latent structures with only one latent layer [94, 95, 87, 96]. In particular, [76] establish

identi�ability of a multi-layer latent structure model, but their result isonly applicable to categor-

ical response data, in contrast to the general and rich types of responses considered in this work;

moreover, [76]'s strict identi�ability result requires each latent variable to have at least three pure

children. On the other hand, [86] considered models for general responses which are similar to

ours, but their model is restricted to only one latent layer, and they prove identi�ability under a

strong assumption that the true graph between the latent and observed layers is known. Compared

to these existing results for related models, our results (i) apply to arbitrary response types as op-

posed to only categorical responses, (ii) require weaker identi�ability conditions compared to [76]

(in terms of both strict and generic identi�ability), and (iii) do not require a known graph structure

as in [86].
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3.3.2 Estimation Consistency

In this section, we propose a penalized maximum likelihood estimation method for DDEs, and

show that the estimator is consistent for both the continuous parameters and the discrete graph

structures. Suppose that the numbers of latent variables in all layers are known. We maximize the

following objective function to estimate parameters� = ¹ p–B–$º:

^� 2 arg max�

"

� ¹� j Yº �
�Õ

3=1

?_# –g# ¹B¹3ºº

#

– (3.6)

where� ¹� j Yº =
Í #

8=1 logP¹Y8 j � º denotes the marginal log-likelihood function given a sample

Y1– • • • –Y# of size# , de�ned based on the marginal distribution ofY in (3.5). From now on, we

slightly abuse notation and letY denote the# � � data matrix includingY1– • • • –Y# as rows. Using

the estimated coef�cients in̂B = ¹V̂¹3º
;–: º, the layer-wise graphical matrices inG can be estimated

by reading off the sparsity pattern of̂B:

6̂¹3º
;–: := 1¹V̂¹3º

;–: < 0º for all 3 2 »� ¼– : 2 » ¹3º¼– ;2 » ¹3� 1º¼• (3.7)

For some tuning parameters_# – g# ¡ 0, ?_# –g# : R ! » 0–1º is a sparsity-inducing symmetric

penalty that satis�es several technical conditions postponed to Section 3.8.4. Our assumption

for the penalty?_# –g# includes common truncated sparsity-inducing penalties such as the TLP

[Truncated Lasso Penalty; 97] and SCAD [Smoothly Clipped Absolute Deviation; 98]. With a

slight abuse of notation, in (3.6), we view the penalty?_# –g# as a function of matrices by letting it

be the sum of the entrywise penalties:?_# –g# ¹B¹3ºº =
Í

: 2» ¹3 � 1º¼–�2» ¹3º¼?_# –g# ¹V¹3º
:–� º•

Assuming a compact parameter space with bounded coef�cientsB¹3º, we prove that the esti-

mator de�ned in (3.6) and (3.7) results in consistent estimation.

Theorem 3.3.3.Consider a� -latent-layer DDE with true parameters� ¢–G¢ and knownK . As-

sume that the model at� ¢ is identi�able, has a non-singular Fisher information, and all entries

of f B¹3ºg�
3=1 are bounded. Then, the estimator^� in (3.6) is

p
# � consistent in the sense that there

103



exists some~� � K ^� such thatk ~� � � ¢ k = $ ?¹1•
p

# º. Here,k � kdenotes the vectorized! 2 norm.

Additionally, the graphical matrices are consistently estimated: for~G resulting from ~� according

to (3.7), we haveP¹ ~G < G¢º ! 0.

3.4 Scalable Computation Pipeline

We present a two-stage scalable computational pipeline to compute the penalized maximum

likelihood estimator in (3.6). Our proposed method builds upon the standard penalized EM algo-

rithm (see Section 3.10) by including a spectral initialization and stochastic approximation. We

separate out each stage into Sections 3.4.1 (stage one) and 3.4.2 (stage two). For notational sim-

plicity, we describe the proposed method assuming� = 2 latent layers, which straightforwardly

extends to an arbitrary number of latent layers.

3.4.1 Stage One: layer-wise Double-SVD Initialization

The multiple layers of nonlinearity in DDEs lead to a highly nonconvex optimization land-

scape with potentially exponentially many local optima [99]. For example, if the EM algorithm

starts with an initialization close to a local optima, it can get stuck and fail to converge to the

global maximizer of the penalized log-likelihood function. Hence, for highly complex latent vari-

able models such as DDEs, it is critical to initialize the optimization algorithm wisely. We propose

a novel layer-wise nonlinear spectral initialization strategy, which enjoys low computational com-

plexity and reasonably high accuracy. This spectral initialization serves as the �rst stage in the

proposed computational pipeline.

Spectral methods have mostly been used for linear low-rank models, and existing approaches

are not directly applicable for DDEs with a deep nonlinear structure. To address this, we propose

a nuanced layer-wise procedure utilizing the double SVD procedure for denoising low-rank gener-

alized linear factor models [100] and the SVD-based Varimax to �nd sparse rotations of the factor

loadings [101].

Our main idea is to view the responsesY as a perturbation of a population expectationE¹Y j
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Algorithm 1: Outline of the layer-wise Double-SVD Initialization
Data: Data matrixY# � � , latent dimensionsK .
1. De-noise the data matrixY using a �rst SVD, and linearize this matrix by applying the

inverse-link function¹` � 6º� 1 elementwisely. Let̂Z denote the inverted matrix.

2. Let Ẑ0 be the column-centered version ofẐ, and compute its rank- ¹1º approximation by a
second SVD:̂Z0 � U# �  ¹1º �  ¹1º �  ¹1º V>

� �  ¹1º .

3. RotateV according to the Varimax criteria, and denote it asB̂¹1º. Modify the sign (� ) of each
column so that Assumption 3.3.2(c) is satis�ed.

4. Use the relationship̂Z � » 1# –A ¹1º¼B¹1º> to estimateA ¹1º.

5. Now, suppose that the estimatedÂ ¹1º is the “observed data” of a one-latent-layer DDE. Repeat
steps 1-4 to estimateB¹2º andA ¹2º.

A ¹1º–B¹1ºº = ¹` � 6º
�
»1# –A ¹1º¼B¹1º>

�
, which is an elementwise (nonlinear) transformation of

a low-rank matrix. Here,̀ : � ! Y is the known mean function of the observed-layer para-

metric family in (3.4) and6 : R ! � is the link function. The function¹` � 6º is equal to

glogistic for Bernoulli responses, the exponential function for Poisson, and the identity function for

Normal. When¹` � 6º is nonlinear, we use the aforementioned double SVD procedure [100].

This procedure applies a �rst SVD to de-noise the data, and then linearizes the data through in-

verting the link function¹` � 6º, and �nally performs a second SVD to �nd the low-rank matrix

Ẑ � » 1# –A ¹1º¼B¹1º> . Next, noting that the true coef�cient matrixB¹1º is sparse, we estimate it

by seeking a sparse rotation of the right singular subspace ofẐ, using the popular Varimax crite-

rion [102, 101]. This procedure also provides an estimate of the latent variablesA ¹1º, which can

be treated as the “observed data” to initialize the deeper layer'sB¹2º andA ¹2º in a similar fash-

ion as described above. This layer-by-layer algorithm readily generalizes to deeper models and is

reminiscent of the greedy learning strategy for DBNs [64, 67].

We summarize the overall procedure in Algorithm 1, and postpone further details of each step

to Section 3.9. There, we also illustrate the effectiveness of the spectral initialization by comparing

the estimation accuracy of our two-stage computational pipeline to that of the EM algorithm with

a random initialization.
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3.4.2 Stage Two: Penalized SAEM Algorithm

For DDEs with a large number of latent variables, the E-step in standard EM algorithms com-

putes all conditional probabilitiesP¹A ¹1º
8 = " ¹1º–A ¹2º

8 = " ¹2º j Y; � »C¼º for all " ¹1º 2 f0–1g ¹1º
and

" ¹2º 2 f0–1g ¹2º
. This requires computing and storing$ ¹# � 2

Í �
3=1  ¹3º

º terms. The exponential

dependency in ¹3º is concerning even for moderately large latent dimensions, say ¹3º = 10,

and quickly becomes prohibitive for larger ¹3º. Therefore, we propose a penalized Stochastic

Approximate EM [SAEM; see 103, 104] by modifying both the E-step and M-step to more scal-

able versions using approximate sampling. As we illustrate below, this is a method with linear

dependence of
Í �

3=1  ¹3º on the computing time as well as memory.

We elaborate on the details on deriving the SAEM.First, we replace the E-step to a simulation

step, which consists of simulating only a small number (denoted as� ) of posterior samples of the

latent variables. As exact sampling from the joint distributionP¹A ¹1º
8 –A ¹2º

8 j Y; � »C¼º is expensive,

we sample each latent variable from their complete conditionals. That is, we sample each� ¹1º–»Ç 1¼
8–:

from P¹ � ¹1º
8–: j ¹�º –� »C¼º, where¹�º denotes the estimates of all other latent variables from theCth

iteration. Since the latent variables are binary, the conditional distribution is Bernoulli and easy to

evaluate. Consequently, the computationally expensive E-step is replaced by the simulation step,

which computes and stores only$ ¹# �
Í �

3=1  ¹3ºº terms. In terms of choosing the number of

samples� in each iteration, we empirically �nd that taking� = 1 is computationally ef�cient

without sacri�cing much accuracy (see Section 3.11). This choice of� = 1 was also suggested in

the original paper that proposed the SAEM [103].

Second, we modify the standard M-step objective function (expected complete data log-likelihood)

by (i) replacing the exact conditional probability values to sample-based quantities, (ii) stochasti-

cally averaging the objective functions, and (iii) including the sparsity-inducing penalties in (3.6).
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The M-step objective for updatingB¹2º is

& ¹2º–»Ç 1¼¹B¹2ºº

:= ¹1 � \ Ç 1º& ¹2º–»C¼¹B¹2ºº ¸ \ Ç 1

#Õ

8=1

logP¹A ¹1º
8 = A ¹1º–»Ç 1¼

8 j A ¹2º
8 = A ¹2º–»Ç 1¼

8 ; B¹2ºº– (3.8)

B¹2º–»Ç 1¼:= arg maxB¹2º

h
& ¹2º–»Ç 1¼¹B¹2ºº � ?_# –g# ¹B¹2ºº

i
– (3.9)

where& ¹2º–»0¼ = 0 and \ Ç 1 is a pre-determined step size that decreases inC. Here, in the log

probability term in (3.8),A ¹3º
8 denotes thelatent random variableandA ¹3º–»Ç 1¼

8 denotes therealized

samplefrom the simulation step in the current¹C¸ 1ºth iteration. In the¹C¸ 1ºth iteration, we

update the objective function& ¹2º–»Ç 1¼by taking a weighted average of the previous objective

function& ¹2º–»C¼, and the conditional probabilities computed using the current iteration's simulated

samplesA ¹1º–»Ç 1¼. Then, in (3.9) we compute the parameters that maximize the penalized objective

function.

Algorithm 2: Penalized SAEM algorithm for the two-latent-layer DDE
Data: Y–K , tuning parameters_# – g# .
Initialize A ¹1º–»0¼–A ¹2º–»0¼and� »0¼based on Algorithm 1.
while k� »C¼� � »C� 1¼k is larger than a thresholddo

In theCth iteration,
// Simulation-step
Sample each� ¹1º–»Ç 1¼

8–: – � ¹2º–»Ç 1¼
8–; from the complete conditionals using the previous

parameter estimates� »C¼–A»C¼

// Stochastic approximation M-step
update the parameters� »Ç 1¼by maximizing the stochastic averaged objectives (e.g.
see (3.9))

EstimateG based on the sparsity structure ofB̂ according to (3.7).
Output: Estimated continuous parameters^� , estimated graphical matricesG.

Algorithm 2 summarizes our proposed SAEM algorithm with� = 1, where detailed formulas

are deferred to Section 3.10. Here, the detailed M-step updates can be written in terms of low-

dimensional maximizations for each row of the coef�cient matrices.
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Algorithm 3: Practical methods for selecting the latent dimensionsK

Data: Â ¹0º := Y# � � – ^ ¹0º := � , the number of latent layers�
For each1 � 3 � � , repeat:

1. LetK ¹3º := fd ^ ¹3� 1º•4e– • • • –b^ ¹3� 1º•2cgbe the candidate grid for̂ ¹3º.
2. De�ne ^ ¹3º based on the largest spectral ratio of the denoised/linearizedÂ ¹3� 1º (see step 1

in Algorithm 1):
^ ¹3º := arg max: 2K ¹3º f : • f : ¸ 1 � 1•

3. Given ^ ¹3º, estimate the3-th layer latent variableŝA ¹3º
# � ^ ¹3º using Algorithm 1.

Output: Estimated latent dimensions for all layers^ ¹1º– • • • –̂ ¹� º.

Selecting the latent dimensions. To apply the above computational pipeline to real data, one also

needs to specify the number of latent variables,K . We propose a layer-wise estimation strategy in

Algorithm 3, which can be incorporated into our initialization procedure in Algorithm 1. Recall

the denoised data matrix̂Z from Step 1 of Algorithm 1 and letf 1– f2– • • •be its singular values

in the descending order. Given a candidate gridK ¹1º, we estimate the size of the �rst latent layer

based on the largest spectral ratio:^ ¹1º := arg max: 2K ¹f : • f : ¸ 1º � 1. Now, given ^ ¹1º, we proceed

with the remaining steps of Algorithm 1 to estimate the �rst-layer latent variablesA ¹1º. Inductively

treating the estimated̂A ¹3º as the observed variables of a one-latent-layer DDE, we can repeat the

above procedure to estimatê ¹3¸ 1º. See Section 3.10.3 for alternative selection criteria forK .

3.5 Simulation Studies

We conduct extensive simulation studies in various settings to assess the performance of the

proposed computation pipeline (Algorithms 1 and 2) and validate our identi�ability conditions (in

Section 3.3.1).

Two-latent-layer DDEs with general response types. First, we generate data from two-latent-

layer DDEs, exploring a total of 90 true settings by varying the following:

(a) threeparametric families: Bernoulli, Poission, Normal,

(b) threeparamter dimensions: ¹�–  ¹1º–  ¹2ºº = ¹18–6–2º–¹54–18–6º–¹90–30–10º,

(c) twoparameter values: see Section 3.11,
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(d) �ve varying sample sizes: # = 500–1000–2000–4000–8000.

Here, we consider two sets of parameter values that each satisfy the strict and generic identi�ability

conditions in Theorems 3.3.1 and 3.3.2. Regarding the parameter dimensions, given a value of

 ¹2º, we set ¹1º = 3 ¹2º and� = 9 ¹2º. This allows a large latent dimension with as many as

 ¹1º = 30binary latent variables in the shallowest latent layer.

Figure 3.4: Estimation error forG and� under the two-latent-layer DDE with strictly identi�able
true parameters and various observed-layer parametric families.

For each scenario, we run100 independent simulations, and display the estimation results in

Figure 3.4. The results under the generic identi�able parameters and computation times are in-

cluded in Section 3.11. We measure the estimation accuracy of the graphical matricesG by com-

puting the average entrywise accuracy. For the continuous parameters� , we report the root mean

squared error (RMSE). Under all response types and parameter values, the estimation errors for

bothG and� decrease as the sample size# increases. This empirically justi�es the identi�ability

and consistency results. Additionally, by comparing the estimation accuracy across different para-

metric families, we observe that the Bernoulli is the most challenging to estimate, and the Normal

is the easiest.
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Simulation studies under deeper models. We assess the scalability of our proposed method for

deeper models(with � = 3–4–5 latent layers) with potentiallyhigh-dimensional responses(with

the observed data dimension set to� = 54–162–486, respectively). For all settings, we consider

Normal observations with ¹� º = 2 latent variables for the top (deepest) layer and ¹3� 1º = 3 ¹3º

variables for the3th layer for each3 = �– • • • –2.

We summarize the estimation accuracy of the graph structure in each layer and the average

runtime for DDEs with� = 5 latent layers in Table 3.1. The results for� = 3–4 are displayed

in Section 3.11. The computation time illustrates that our proposed method is scalable to deeper

models. More speci�cally, the� = 3–4 case only took a few minutes, and the most challenging

case with� = 5 and # = 16–000 also took less than an hour on a personal laptop. In terms

of estimation accuracy of graph structuresG, the accuracy is higher for shallower layers than for

deeper layers. This results from the accumulation of uncertainty for deeper layers, which is in-

evitable as each layer consists of stochastic latent variables. Note that even for such deeper models

with � = 4–5 latent layers, the shallower structuresG¹1º–G¹2º are recovered with high accuracy.

This indicates that one can include additional latent layers to increase the models' representational

power, without sacri�cing the accuracy of learning graph structures closer to the data layer.

Layer \# 500 1000 2000 4000 8000 16000

G¹1º 1.00 1.00 1.00 1.00 1.00 1.00
G¹2º 0.81 0.90 0.95 0.97 0.98 0.98
G¹3º 0.77 0.83 0.86 0.88 0.90 0.92
G¹4º 0.61 0.62 0.65 0.67 0.66 0.74
G¹5º 0.60 0.59 0.62 0.62 0.65 0.64

runtime (s) 220 259 326 563 893 2925

Table 3.1: Average entrywise-accuracy of estimating the graphical matrices and runtime in seconds
for DDEs with � = 5 latent layers.

Ablation studies. As our model closely resemble DBNs, we mainly compare DDEs with DBNs.

For fair comparison, we considered two settings: (a) data generated from a Berounlli-DDE, and

(b) data generated from a DBN with identical coef�cients. The results in Figure 3.5 demonstrate
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that our proposed algorithm has better estimation accuracy for both the graphical structure and the

continuous parameters under both well-speci�ed and mis-speci�ed settings, even when data are

generated from a DBN with undirected edges in the top layer. This is because the DBN algorithm

does not learn sparse coef�cients, and also fundamentally suffers from local optima due to a ran-

dom initialization. Note that our identi�ability results in Propositions S.1-2 immediately guarantee

the identi�ability of DBNs, and theoretically justify the above positive results of our algorithm.

The ablation studies also indicate that the current implementations of DDEs are slower than

DBNs. We believe that our algorithm can be further scaled up by replacing the M-step in the

SAEM algorithm to �rst-order optimization methods (e.g. gradient ascent or stochastic gradient

ascent), which we leave for future work.

(a) (b) (c) (d)

Figure 3.5: Comparison of Bernoulli-DDE vs DBN. True data are generated from aDDE in (a)–
(b), and from aDBN in (c)–(d). Red and blue lines show results obtained by the DBN algorithm
and our DDE algorithm, respectively. (a) and (c): estimation error for the graphsG. (b) and (d):
estimation error for continuous parameters� . Smaller values are better.

Additional simulation results. In Section 3.11, we present additional simulation results where

the latent dimensionK is unknown. We illustrate that the spectral-gap estimator has near-perfect

selection accuracy for a large# (e.g., larger than4000), and is superior in terms of both accuracy

and computation time compared to alternatives.

3.6 Real Data Applications

We illustrate DDEs' interpretability, representation power, and downstream prediction accu-

racy on three diverse real-world datasets. Section 3.12 gives the preprocessing details of all
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Basis image

Positive part

Negative part

#¹1º
0–0 #¹1º

0–1 #¹1º
0–2 #¹1º

0–3 #¹1º
0–4 #¹1º

0–5

Table 3.2: From left to right: Estimated basis images (reshaped from the estimated coef�cients
#¹1º

0–:) from the MNIST data, which de�ne sparse subregions in the28� 28 image. The second and
third row shows the most signi�cant positive and negative parts of the basis images by thresholding
at the value� 1•5.

datasets.

3.6.1 Binary Data: Bernoulli-DDE for MNIST Handwritten Digits

The MNIST dataset for handwritten digits is very popular for classi�cation as well as un-

supervised learning [105]. We �t the two-latent-layer DDE with binary responses (Bernoulli-

DDE), where the observed layer distributions in (3.4) are. 9 j ¹A ¹1º = " ¹1ºº � Ber
�
glogistic¹V¹1º

9–0 ¸
Í

: 2» ¹1º¼V¹1º
9–:U

¹1º
: º

�
. This resembles existing generative models for images such as DBN and DBM,

but we instead consider a much low-dimensional shrinking-ladder shaped latent structure that is

identi�able and interpretable. For easier presentation, we consider the subset of images whose true

digit labels are 0, 1, 2, and 3. After preprocessing, our training set consists of# = 20–679images

each with� = 264 binary pixels. Compared to many existing works that analyzed MNIST, we

are considering a more challenging fully-unsupervised setting by holding out all other information

about the images, such as the true labels, number of classes, and the spatial location among the

pixels.

We �t the two-latent-layer DDE with the latent dimensions set to ¹1º = 5 and ¹2º = 2 (see

Section 3.12 for the rationale for this choice). Table 3.2 displays the �rst-layer coef�cientsB¹1º

by rearranging the each column into the original28 � 28 grid. Note that the value ofB¹1º is in

112



the logit-scale, so the negative coef�cients make the corresponding pixel more likely to be zero.

From the reshaped columns#¹1º
0–0, #¹1º

0–1, . . . , #¹1º
0–5 of B¹1º, we can interpret the meaning of each

latent variable:� ¹1º
1 = 1 indicates a zero-like shape,� ¹1º

5 = 1 indicates symmetric curves on the

upper-left and bottom-right corners, and the other latent variables represent different rotations.

Additionally, using the deeper graphical matrixG¹2º displayed in Section 3.12 (see Figure 3.18),

we can also interpret the top layer latent variables as broader information about the images. For

example,� ¹2º
1 indicates large pixel density and� ¹2º

2 indicates symmetry with respect to the x-axis.

Figure 3.6: Left : Decision tree to estimate the digit! = 0–1–2–3. Center: Estimated latent
representationŝA ¹1º–Â ¹2º. Right: Estimated and true digits in the train set.

The learned shallower and deeper latent representations¹Â ¹1º–Â ¹2ºº are evaluated under two

measures of performance:classi�cation accuracyandreconstruction accuracy. We �rst estimate

the latent variables using thei matrix in the EM algorithm:

¹Â ¹1º
8 –Â ¹2º

8 º = arg max" ¹1º2f0–1g 1–" ¹2º2f0–1g 2 i 8–" ¹1º–" ¹2º ; " ¹3º 2 f0–1g ¹3º
– 3= 1–2• (3.10)

Then, a decision tree that classi�es the binary latent representations to the categorical label is built

by using the misclassi�cation error as the splitting criteria; see the left panel of Figure 3.6. The

center and right panels display the estimated latent traits and estimated labels. Our classi�er leads

to a high train/test accuracy of92•0%•92•6%, even though our model is not �ne-tuned for image

classi�cation. Although the state-of-art machine learning methods can achieve an accuracy as high

as97%[106], we point out that the main goal here is not classi�cation, but on interpretability and

parsimony; indeed, the DDE uses more limited information and is a less complex but more inter-

pretable model that provides the generative process for the image. In Table 3.4, we compare the
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classi�cation accuracy and pixel-wise reconstruction accuracy of the two-latent-layer DDE with

alternative interpretable models (latent class model (LCM) and the one-latent-layer DDE), as well

as popular unsupervised machine learning models (two-latent-layer DBN and VAE). The results

show that the two-latent-layer DDE performs well for both measures. We also display example

images generated from DDE alongside their latent representations in Table 3.3, which illustrate

various handwriting styles for each digit. We provide implementation details and additional visu-

alization in Section 3.12.

»1–0–1–0–1¼ »0–0–0–0–0¼ »0–1–0–1–1¼ »0–0–1–1–1¼

»1–0–1–1–1¼ »0–0–0–1–0¼ »0–1–1–0–1¼ »0–0–1–1–0¼

Table 3.3: Example images generated from
DDE and their latent representations.

Accuracy LCM 1-DDE 2-DDE 2-DBN VAE

Train classif. (%) 89.5 84.8 92.0 89.3 97.1
Test classif. (%) 90.9 86.2 92.6 90.6 92.0
Train recon. (%) 48.2 79.5 79.6 76.4 82.5
Test recon. (%) 48.5 79.1 79.9 77.0 82.7

Table 3.4:Classi�cation accuracy and pixel-wise re-
construction accuracy for the MNIST dataset.

3.6.2 Count Data: Poisson-DDE Hierarchical Topic Modeling

Next, we apply DDEs to learn hierarchical latent topics from text documents. Within the �eld

of topic modeling, it is natural for the topics to be correlated with each other [107], and hierarchical

topic modeling is often adopted [108, 109, 110]. While many of the existing works assume a tree-

structured hierarchy, DDEs �exibly allow multiple parents for each variable.

We analyze the text corpus from the 20 newsgroups dataset [111], which was previously ana-

lyzed by other topic models with binary latent variables [112, 79]. After preprocessing and focus-

ing on 12 newsgroups, the dataset consists of# = 5–883documents and� = 653words. We �t the

two-latent-layer DDE with a Poisson-distributed data layer (Poisson-DDE). 9 j ¹A ¹1º = " ¹1ºº �

Poi
�
exp

�
V¹1º

9–0 ¸
Í

: 2» ¹1º¼V¹1º
9–:U

¹1º
:

� �
and latent dimensions ¹1º = 8–  ¹2º = 2, and display the esti-

mated latent structure in Figure 3.7. Additional details behind this choice are given in Section 3.12.

To better interpret individual latent variables, we de�ne representative words for each topic: based

on the discrepancy betweenV9–:and all other coef�cients,¹V9–;º;<: . That is, for each index: , we
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Figure 3.7: DDE estimated from the 20 newsgroups dataset. For each shallow layer latent variable,
we display the top eight representative words. The width of the upper layer arrows is proportional
to the corresponding coef�cients and the red arrow indicates negative values.

choose the words9with the largest values ofmaxf minf V9–:� V9–;: ; < : g–0g. We display the

representative words for each latent variable in the bottom row of Figure 3.7. Here, each latent

variable is named based on the representative words and the held-out newsgroup categories.

Compared to the held-out tree structure of the 12 newsgroup labels (see Figure S.7 in Sec-

tion 3.12), the DDE discovered a lower-dimensional structure in Figure 3.7. The latent structure in

DDEs allow multiple parents for each topic and effectively model the complex label dependence.

For example, `cars', `software', `location/names' have both `recreation' and `technology' as par-

ents, and many bottom-layer words are assigned to multiple topics. We also observe that similar

true labels are combined into a single latent variable, for example `computer' and `science' are

combined into `technology' in the second latent layer, and `baseball' and `hockey' are combined

as `sports' in the bottom latent layer.

We also compare our model �t to existing directed graphical models with matching latent di-

mensions: LDA [113] and DPFA-SBN [79]. LDA has a single latent layer with mixed membership

scores as continuous latent variables, and DPFA-SBN is a multilayer model with binary latent vari-

ables similar to DDEs. We consider the following three metrics widely used in topic modeling to

measure different aspects of �t [114]. The �rst is theperplexity, measuring the predictive likeli-

hood of the words in the held-out set. The second is the average negativecoherence, measuring

the quality within each topic by computing� 1
 ¹1º

Í  ¹1º

: =1
Í

E1–E22+:
log ¹¹freq¹E1– E2º ¸ 1º•freq¹E2ºº –
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where+: is the top15 representative words for the: th topic, and the function “freq” counts

the number of documents containing the words speci�ed in the input argument. The third is

thesimilarity, computing the number of overlapping representative words across different topics:
Í

1� : 1Ÿ: 2�  ¹1º
Í

E12+: 1–E22+: 2
� ¹E1 = E2º• For all three measures, smaller values are better.

Table 3.5 summarizes the results and shows the promising �t of DDE. Compared to other

models with the same latent dimensions, DDEs have better test perplexity and similarity. The sim-

ilarity measure shows that while the other model �ts exhibit common representative words among

different topics, the representative words learned from DDE are entirely disjoint and effectively

represent different topics. In terms of coherence, the DDE �t is better than LDA but worse than

DPFA. We have also �t models with larger dimensions for comparison, by considering LDA with

256 latent variables, and DPFA with ¹1º = 128–  ¹2º = 64 latent variables. The dimension for

LDA is motivated by that the DDE has28 = 256 mixture components; while for DPFA, this is

the same latent dimension speci�ed in the original paper [79]. We can see that while considering

a larger latent dimension may help in terms of perplexity, this leads to a loss of the within-topic

coherence as well as dilutes the boundary of each topic, and hence gives less interpretable results.

Model DimensionK Train perplexity Test perplexity Neg. coherence Similarity

LDA 8 499 512 276 43
LDA 256 269 515 321 (41450)

DPFA 8 � 2 289 499 211 5
DPFA 128� 64 175 232 280 (3378)

DDE 8 � 2 322 398 270 0
DDE 8 � 3 322 399 275 0

Table 3.5: Train and test perplexity scores of different models on the 20 Newsgroups dataset. For
all measures, smaller values are better. We parenthesize similarity scores for the models with
different dimensions, as the measure is not normalized.

3.6.3 Multimodal Educational Data: Bernoulli-Lognormal-DDE

We apply the DDE to an educational assessment dataset from the Trends in International Math-

ematics and Science Study (TIMSS) [115]. We analyze the eighth-grade students' responses for

an internet-based mathematics assessment. As the assessment is electronically conducted, multi-
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ple modalities of information are recorded. Here, we focus on two important modalities:binary

response accuracy andcontinuousresponse time. For each individual student, our data consists

of response accuracy (whether the student gave a correct answer) and response time (how long

the student took) for each of the� •2 = 29 items. We use the same latent variables to model

both data modalities and model the binary response accuracy via Bernoulli distributions, and

model the continuous positive response times via Lognormal distributions:. 9 j ¹A ¹1º = " ¹1ºº �

lognormal
�
V¹1º

9–0 ¸
Í

: 2» ¹1º¼V¹1º
9–:U

¹1º
: – W9

�
.

Response \ Latent skill � ¹2º
1 � ¹1º

1 : Number � ¹1º
2 : Algebra � ¹1º

3 : Geometry � ¹1º
4 : Data and Prob

Agree a lot 0.62 0.59 0.62 0.42 0.57
Agree a little 0.50 0.47 0.52 0.34 0.43

Disagree a little 0.37 0.33 0.38 0.31 0.37
Disagree a lot 0.29 0.29 0.32 0.22 0.29

Table 3.6: Average latent variable estimate for each response category for the question “Mathe-
matics is one of my favorite subjects”.

We �t the two-latent-layer DDE with ¹1º = 7–  ¹2º = 1, and estimate the latent skills based

on the posterior probability using (3.10) (see Section 3.12 for details). We compare the estimated

latent variables with the held-out information of each student's categorical response to a survey

question: “Mathematics is one of my favorite subjects”, and display the results in Table 3.6. The

�rst column shows that the higher-order latent variable,� ¹2º
1 , is highly correlated with the extent

that students like math. This suggests that� ¹2º
1 can be interpreted as a general indicator of the

students' interest in math, while the �ne-grained latent variablesA ¹1º represent students' speci�c

skill mastery pro�les. In addition, we observe that the students who enjoy math tend to have

a higher probability of mastering speci�c skills as well. This is coherent with the fact that the

estimatedB¹1º-coef�cients are nonnegative for both modes. In the appendix, we also illustrate a

strong correlation of the estimated intercepts for both data modalities, compared to another held-

out information (whether or not the items are multiple choice questions).
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3.7 Discussion

This chapter makes contributions to core AI problems from statisticians' perspective by propos-

ing a broad family of interpretable DGMs with solid identi�ability guarantees, scalable computa-

tional pipelines, and promising application potential. It also opens up interesting directions for

future research. First, the current formulation of DDEs mainly focuses on binary latent variables

and a multi-layer graphical structure, but it provides foundations for understanding more complex

discrete latent variable models. We believe both the identi�ability theory and estimation meth-

ods are extendable to general categorical/polytomous latent variables. It would be interesting to

propose suitable estimation methods for these more �exible model settings.

Another interesting problem pertains to high-dimensional settings, where the number of ob-

served responses,� , may grow with the sample size# . Our current notion of identi�ability focuses

on identifying the population model parameters under the traditional asymptotics with a �xed� ,

where the latent variables are marginalized out in the likelihood. As modern datasets often comes

with a large number of observed features, it would be interesting to explore whether our identi�a-

bility and estimability results can be generalized to such settings.

In terms of the methodology and applications, it would be interesting to extend DDEs to

datasets with additional covariates. For example, the MNIST dataset comes with the actual digit

labels as well as the spatial structure of the pixels in the image. Finally, it would be interesting

to extend DDEs for identi�able causal representation learning [116] to uncover causal structures

among the higher-order latent variables.

The remainder of this chapter is devoted to supplementary results such as proofs and additional

descriptions and simulations, and is organized as follows. Section 3.8 proves all main theorems and

provides additional identi�ability results under one-layer saturated models and generalized DDEs

that goes beyond multi-layer structures. Section 3.9 provides details regarding the spectral initial-

ization algorithm. Section 3.10 gives details regarding the EM algorithm) such as the penalized

EM algorithm, M-step update formulas, implementation details, and selection of the number of
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latent variables. Section 3.11 provides various additional simulation results under (a) generically

identi�able true parameters, (b) varying numbers of Monte Carlo samples in the SAEM algorithm,

(c) unknown latent dimensions. Section 3.12 provides data analysis details and additional results,

and Section 3.13 provides additional literature review.

3.8 Proof of Theorems

Recall from Section 3.3.1 that our identi�ability results for general DDEs with multiple latent

layers build upon the identi�ability of a model with only one latent layer (the shallowest latent

layer), where the deeper latent layers have been marginalized out. Here, we formally state identi-

�ability conditions for such one-latent-layer saturated models in Section 3.8.1, before proving the

identi�ability results for general DDEs in Section 3.8.2. We prove the claims stated for the one-

latent-layer models in Section 3.8.3, and Theorem 3.3.3 in Section 3.8.4. Additional identi�ability

results for selecting the latent dimension are presented in Section 3.8.5.

3.8.1 Identi�ability Under One-latent-layer Saturated Models

Theone-latent-layer saturated modelis de�ned as follows.

De�nition 3.8.1 (One-latent-layer saturated model). The one-latent-layer saturated model with

 ¹1º latent variables, responsesY 2
Î

92»� ¼Y9, and parameters¹� ¹1º–G¹1ºº is de�ned by the

distribution ofY j A ¹1º in (3.4), and the saturated latent distribution

P¹A ¹1º = " º = c" – for all " 2 f 0–1g ¹1º
• (3.11)

Here, the parameter0 := ¹c" º" satis�es c" 2 ¹0–1º and
Í

" c" = 1. The notation� ¹1º :=

¹0–B¹1º–$º collects all continuous parameters. We de�ne the parameter spaces
  ¹1º ¹� ¹1º; G¹1ºº

and
  ¹1º ¹� ¹1º–G¹1ºº similar to De�nition 3.3.1 in the earlier sections.

Here, the term “saturated” indicates that no additional distributional assumptions are imposed

on the latent variables, except that they are discrete. Similar to De�nition 3.3.2, we de�ne an
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equivalence relationship�  ¹1º when the parameters are identical up to label switching, and use it

to de�ne identi�ability.

De�nition 3.8.2 (Equivalence relation). For the one-latent-layer saturated model, de�ne an equiv-

alence relationship “�  ¹1º ” by setting ¹� ¹1º–G¹1ºº �  ¹1º ¹ ~�
¹1º

–~G¹1ºº if and only if $ = ~$ and

there exist a permutationf ¹1º 2 ( » ¹1º¼such that the following conditions hold:

• 0¹Uf ¹1º–•••–Uf ¹ ¹1º ºº
= ~0" for all " 2 f 0–1g ¹1º

• 6¹1º
9–:= ~6¹1º

9–f¹1º ¹: º
andV¹1º

9–:= ~V¹1º
9–f¹1º ¹: º

for all : 2 » ¹1º¼– 92 »� ¼.

We say that the one-latent-layer saturated model with true parameters¹� ¹1º¢–G¹1º¢º is identi-

�able up to �  ¹1º , if for any alternate parameter value¹� ¹1º–G¹1ºº 2 
  ¹1º ¹� ¹1º–G¹1ºº with

P� ¹1º–G¹1º = P� ¹1º¢ –G¹1º¢ , it holds that ¹� ¹1º–G¹1ºº � K ¹� ¹1º¢–G¹1º¢º. Here, P� ¹1º–G¹1º is the

marginal distribution ofY, which follows from(3.4)and(3.11).

Under these de�nitions, we state identi�ability results for the one-latent-layer saturated model.

Proposition 3.8.1 and Proposition 3.8.2 are one-layer analogues of Theorem 3.3.1 and Theo-

rem 3.3.2, respectively. We postpone the proofs of these results to Section 3.8.3.

Proposition 3.8.1. Given the knowledge of ¹1º, the one-latent-layer saturated model with pa-

rameters¹� ¢–G¹1º¢º 2 
  ¹1º ¹� ¹1º–G¹1ºº is identi�able up to �  ¹1º when the true parameters

B¹1º¢–G¹1º¢ satisfy conditions A, B from Theorem 3.3.1. In particular, condition B holds when

G¹1º¢ contains another identity matrix.

Proposition 3.8.2. Consider the one-latent-layer saturated model where all parametric families

and link functions69s in (3.4) are analytic, and the true parameter lives in
  ¹1º ¹� ¹1º; G¹1º¢º.

Then, the model is generically identi�able whenG¹1º¢ satis�es condition C from Theorem 3.3.2.

3.8.2 Proof of Theorems 3.3.1 and 3.3.2

We prove the identi�ability results for DDEs using Propositions 3.8.1 and 3.8.2.
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Proof of Theorem 3.3.1.Our argument is based on applying Proposition 3.8.1 in a layer-wise man-

ner. First, consider the bottom two layers with

c ¹1º
" ¹1º = P¹A ¹1º = " ¹1ºº– 8" ¹1º 2 f0–1g 1 (3.12)

de�ned by marginalizing out the deeper latent layers. Now, we can consider this as the one-layer

model with proportion parameters0 ¹1º = ¹c ¹1º
" ¹1º –" ¹1º 2 f0–1g 1º. Then, Proposition 3.8.1 gives

the identi�ability of B¹1º–G¹1º–0 ¹1º up to�  ¹1º .

Having identi�ed 0 ¹1º, the marginal distribution of the shallowest latent layerA ¹1º is uniquely

identi�ed. We generalize the notation in (3.12) and de�ne0 ¹3º similarly. Inductively, for1 � 3 Ÿ

� , we apply Proposition 3.8.1 by consideringA ¹3º and 0 ¹3º as the “observed” binary response

vector and its proportion parameters that characterize its marginal probability mass function:

c ¹3º
" ¹3º = P¹A ¹3º = " ¹3ºº– 8" ¹3º 2 f0–1g 3 •

Consequently, the parametersB¹3¸ 1º–G¹3¸ 1º–0 ¹3¸ 1º between the3th and¹3 ¸ 1ºth layers are iden-

ti�ed up to �  ¹3¸ 1º . In particular, when3 = � � 1, it remains to determinep from the unstructured

proportion parameter vector0 ¹� º. Since we already have identi�ed the� th layer labels up to

�  ¹� º , this simply follows by marginalizing out the irrelevant coordinates:

?: = P¹ � ¹� º
: = 1º =

Õ

" ¹� º :U¹� º
: =1

c ¹� º
" ¹� º •

The proof is complete.

Proof of Theorem 3.3.2.Proposition 3.8.2 shows that the non-identi�able measure-zero set of the

one-latent-layer saturated model only depends on the coef�cientsB¹1º and$. By marginalizing

out all layers except the bottom two layers, the DDE becomes a one-latent-layer saturated model

with parameters� ¹1º := ¹c ¹1º–B¹1º–G¹1º–$º. Since we assume thatG¹1º satis�es condition C, the

parameters� ¹1º are identi�able (up to a permutationf ¹1º 2 ( » ¹1º¼) as long as¹B¹1º–$º 8 # ¹1º.

121



Here,# ¹1º is a measure-zero subset of the coef�cient space
 ¹B¹1º–$; G¹1ºº.

Now, assumingB¹1º 8 # ¹1º, we can use a similar argument for deeper layers inductively. For

2 � 3 � � � 1, let # ¹3º be the non-identi�able measure-zero subset of the3th layer coef�cient

space
 ¹B¹3º; G¹3ºº. Note that we can still apply Proposition 3.8.2 since the conditional distri-

bution of A ¹3º j A ¹3¸ 1º is modeled as a Bernoulli distribution with a logistic link6logistic, which

is indeed analytic and satisfy Assumption 3.3.2. Consequently, as long asB¹3º 8 # ¹3º for all

1 � 3 � � � 1, the � -layer DDE is identi�able up to permutations of the latent variables within

each layer. The proof is complete since[ �
3=1¹# ¹3ºº2 is a union of a �nite number of measure-zero

sets, and hence again measure-zero.

3.8.3 Proof of Propositions 3.8.1 and 3.8.2

Additional Notations

We introduce additional notations that will be used to prove identi�ability results for the one-

latent-layer saturated model. Most of these notations are consistent with [86]. First, we omit

the superscript “¹1º” that indicates the �rst latent layer when dealing with the one-latent-layer

saturated model. Let9– :–" denote typical indices for9 2 »� ¼– : 2 » ¼–" 2 f0–1g . Write

G = G¹1º = f g>
1 – • • • –g>

� g> and let� 9 := f : 2 » ¼: � 9–: = 1g be the index of the parent latent

variables for. 9. Recall that for each9, the sample spaceY9 is a separable metric space. Let< 9

be a base measure onY9, this will be the counting measure for discrete sample spaces and the

Lebesgue measure for continuous cases. Given9and" , de�ne the measureP9–" onY9 by setting

P9–" ¹( º := P¹. 9 2 ( j A = " º =
¹

(
?9¹H; V9–0 ¸

Õ

:

V9–:U: – W9º3< 9¹Hº• (3.13)

In other words,P9–" denotes the conditional distribution of. 9 j A = " in (3.4).

For each9 2 »� ¼, construct measurable subsets( 1– 9– • • • – (^9– 9 � Y 9 with ^9 � 2, where the

collection of vectorss9¹" º :=
�
P9–" ¹( 1– 9º– • • • –P9–" ¹( ^9– 9º

�
" 2f0–1g is “faithful” in the following

sense:
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(a) for " –" 0with " � 9 = " 0
� 9

, it holds thats9¹" º = s9¹" 0º,

(b) there exists" –" 0with " � 9 < " 0
� 9

such thats9¹" º < s9¹" 0º.

This construction is possible since Assumption 3.3.1(a) on the parameter space lead to a faithful

graphical model. Without loss of generality, suppose that( ^9– 9= Y9 for all 9. Also, de�ne the

following (unordered) set

S9 :=
n
s9¹" º : " 2 f 0–1g 

o
• (3.14)

De�ne N1 to be a^1•••  ̂ � 2 matrix by setting

N1¹¹;1– •••– ; º–" º := P¹. 1 2 ( ;1–1– •••– . 2 ( ; – j " º•

Here, we index the2 columns ofN1 using the binary vector" 2 f0–1g , and the rows by

b1 = ¹;1– • • • – ; º, where ; 9 2 »̂ 9¼. Similarly, let N2 be a ^ ¸ 1 • • • 2̂ � 2 matrix whose

¹¹; ¸ 1– • • • – ;2 º–" º-th entry isP¹.  ¸ 1 2 ( ; ¸ 1– ¸ 1– •••– .2 2 ( ;2 –2 j " º, andN3 be a^2: ¸ 1 • • • �̂ �

2 matrix whose¹¹;2 ¸ 1– • • • – ;� º–" º-th entry isP¹. 2 ¸ 1 2 ( ;2 ¸ 1–1– •••– .� 2 ( ; � –� j " º. Similar to

N1, we index the rows ofN2 andN3 by b2 = ¹; ¸ 1– • • • – ;2 º andb3 = ¹;2 ¸ 1– • • • – ;� º, respectively.

For notational simplicity, leth1 =
Î  

: =1 ^: – h2 =
Î 2 

: = ¸ 1 ^: – h3 =
Î �

: =2 ¸ 1 ^: . Note that the

assumption( ^9– 9= Y9 implies forces the last row in allN0s to be1>
2 .

Next, letP0 be a 3-way marginal probability tensor with sizeh1 � h2 � h3, de�ned as

P0¹b1– b2– b3º = P¹. 1 2 ( ;1– • • • – .� 2 ( ; � º

=
Õ

"

c" N1¹¹;1– • • • – ; º–" ºN2¹¹; ¸ 1– • • • – ;2 º–" ºN3¹¹;2 ¸ 1– • • • – ;� º–" º•

We introduce an additional notation for tensor products as follows. For0 = 1–2–3, considera0 � A

matricesM 0 whose;th column is indexed asm0–;. Also, let � denote the outer product between
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vectors. Then, we de�ne the tensor product ofM1–M2–M3 as

»M1–M2–M3¼:=
AÕ

;=1

m1–; � m2–; � m3–;•

Using this notation, we can writeP0 as follows:

P0 = »N1Diag¹0º–N2–N3¼• (3.15)

Now, our notation is almost identical to that in the proof of Theorem 1 in [86]. Under conditions

A and B from Theorem 3.3.1, we can applystep 3and the �rst two paragraphs ofstep 4there to

argue that the decomposition (3.15) is unique up to a column permutation. We summarize this in

the below Lemma 3.8.3.

Lemma 3.8.3(Theorem 1 in [86]). Consider the one-latent-layer saturated model, where the true

parameters satisfy conditions A and B. LetP0 be the 3-way marginal probability tensor under

these parameters. Then, the tensor decompositionP0 = »M1–M2–M3¼is unique up to a common

column permutation. Here,M 0s areh0 � 2 matrices, whose last rows are the all-one vector1>
2 

for 0 = 2–3. Additionally, assuming that the graphical matrixG is known, the model parameters

� are identi�able up to sign-�ipping.

While [86] establishes identi�ability of the conditional distributionsf P9–" g(see (3.13)), recovering

B–$ from f P9–" g is straightforward since eachP9–" is the distribution of an identi�able parametric

family.

Proof of Proposition 3.8.1

The following Lemma will be crucially utilized to identify and recover~G. Lemma 3.8.4 gen-

eralizes the fact that when. 9 is a pure child of� ¹1º
: (in other wordsj� 9j = 1), we have

jS9j = jfP¹. 9 j A ¹1º = " ¹1ºº : " ¹1º 2 f0–1g ¹1º
gj = jfP¹. 9 j � ¹1º

: = U¹1º
: º : U¹1º

: = 0–1gj = 2•
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Thus, by partitioning the set of conditional distributions corresponding to. 9 which are pure

children, the binary indicesf " ¹1º : U¹1º
: = 1g and ~G can be recovered (up to the permutation

f 2 ( » ¹1º¼). We present its proof after proving the main Proposition.

Lemma 3.8.4.Suppose that the parameters¹B–Gº satisfy part (a) in Assumption 3.3.1. For any

9, de�ne � 9–S9–s9¹" º as above.

(a) j� 9j and jS9j satis�es:

• j� 9j = 0 if and only if jS9j = 1

• j� 9j = 1 if and only if jS9j = 2

• j� 9j � 2 if and only if jS9j � 3.

(b)
n
s9¹" º : U: = 1

o
=

n
s9¹" º : U: = 0

o
if and only if69–:= 0.

Proof of Proposition 3.8.1.Our proof builds upon Lemma 3.8.3, which proved a more general

notion of nonparametric identi�ability of the one-layer model, but under a given graphical matrix

G. Lemma 3.8.3 proves that the continuous parameters are identi�able up to sign �ipping, givenG.

In our setting, Assumption 3.3.1(c) resolves the sign �ipping issue and the continuous parameters

can be uniquely determined. Consequently, it suf�ces to show thatG is identi�able up to the

equivalence relation�
 ¹1º

. We separate this proof into two steps.

Step 1: Tensor decomposition and setup.Consider a one-latent-layer saturated model with

true parameters¹� –Gº that satis�es conditions A, B. Suppose there exists an alternative set of

parameters¹ ~� –~Gº that de�ne a same marginal distribution ofY. De�ne the notation~P9–~" similar

asP9–" in (3.13), and also de�ne~N1–~N2–~N3 as the conditional probability matrices that specify the

value of

P
�
¹. 1– • • • – . º j A = ~"

�
– P

�
¹.  ¸ 1 • • • – .2 º j A = ~"

�
– P

�
¹. 2 ¸ 1– • • • – .� º j A = ~"

�

under the alternative parameters. Here, each column of~N0 is denoted by~" 2 f0–1g , and the last

row of each~N0 is the all-one vector1>
2 . Then, the marginal probability tensorP0 de�ned in (3.15)
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can be written as

P0 = »N1 Diag¹0º–N2–N3¼= »~N1 Diag¹ ~0º–~N2–~N3¼• (3.16)

By applying Lemma 3.8.3, the tensor decomposition in (3.16) is unique, so~N1 Diag¹0º–~N2–~N3

andN1 Diag¹0º–N2–N3 are identical up to a common column permutation, sayS 2 ( f 0–1g . In

particular, as the last row of~N1 Diag¹ ~0º andN1 Diag¹0º is exactly ~0> and0> ,
�
~0–~N1

�
and

�
0–N1

�

are also identical up to the same permutationS .

We use this observation to prove that~G is equivalent toG under �
 ¹1º

. One subtlety for iden-

tifying G is that there is no information about the2 column indices of~N1–~N2–~N3, so we cannot

read off the conditional dependence structure directly. We tackle this problem based on the key

observation that the unordered setS9 (de�ned in (3.14)) can be written as

S9 =
n�

P9–" ¹( 1– 9º– • • • –P9–" ¹( ^9– 9º
�

: " 2 f 0–1g 
o

(3.17)

=
n�

N09¹¹^1– • • • – ^9� 1–1– 9̧̂ 1– • • • – ^� º–" º–� � � –N09¹¹^1– • • • – ^9� 1– 9̂– 9̧̂ 1– • • • – ^� º–" º
�

: "
o

=
n� ~N09¹¹^1– • • • – ^9� 1–1– 9̧̂ 1– • • • – ^� º–~" º–� � � –~N09¹¹^1– • • • – ^9� 1– 9̂– 9̧̂ 1– • • • – ^� º–~" º

�
: ~"

o

=
n� ~P9–~" ¹( 1– 9º– • • • –~P9–~" ¹( ^9– 9º

�
: ~"

o
– (3.18)

and provides enough information about~g9. Here, the index09 = 1–2–3 can be understood from

the context, for example09 = 1 when 9 �  , 09 = 2 when Ÿ 9 � 2 .

Step 2: Proving the equivalence by constructing a column permutation.Now, we show that

there exists a permutationf 2 ( » ¼such that~69–: = 69–f¹: º for all 9 2 »� ¼– : 2 » ¼. We �rst

construct such a permutationf by observingS1– • • • –S . For : 2 » ¼, (3.17) impliesjS: j = 2,

and part (a) of Lemma 3.8.4 constraints~g: to be a standard basis vector. Hence, we can de�nef ¹: º

such that~g: = ef ¹: º. To see thatf is indeed a permutation, we have to show thatf ¹: º < f ¹;º for

: < ;. But this is immediate by noting that the cardinality of the pmf vector off P¹. : 2 ( 1–:–.; 2

( 1–; j A = " º : " g is 2 if and only if : = ;. For future purposes, let us partition the2 row indices
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~" in (3.18) into two groups) : and) 2
: based on the value of

� ~P9–~" ¹( 1– 9º– • • • –~P9–~" ¹( ^9– 9º
�
. Then,

the columns of~N that correspond to the~" 2 ) : must be identical to the columns ofN indexed by

" s such thatUf ¹: º = 0 (or 1).

Now, for each9 ¡  and: 2 » ¼, we show that~69–: = 69–f¹: º. By part (b) of Lemma 3.8.4,

we have~69–:= 0 if and only if

� � ~P9–~" ¹( 1– 9º– • • • –~P9–~" ¹( ^9– 9º
�

: ~" 2 ) :
	

=
� � ~P9–~" ¹( 1– 9º– • • • –~P9–~" ¹( ^9– 9º

�
: ~" 8 ) :

	
• (3.19)

For notational simplicity, let" f := ¹Uf ¹1º– • • • – Uf ¹: ºº. Then, by the construction of) : , (3.19)

simpli�es to

n�
P9–" f ¹( 1– 9º– • • • –P9–" f ¹( ^9– 9º

�
: Uf ¹: º = 1

o
=

n�
P9–" f ¹( 1– 9º– • • • –P9–" f ¹( ^9– 9º

�
: Uf ¹: º = 0

o
•

Another application of part (b) of Lemma 3.8.4 shows that this is equivalent to69–f¹: º = 0. Hence,

~69–:= 69–f¹: º and we have shownG �
 ¹1º

G. This completes the proof.

Below, we provide a short proof of Lemma 3.8.4.

Proof of Lemma 3.8.4. (a) The proof is immediate from the faithfulness of the graphical ma-

trix G. For example, the third bullet point follows from noting thatj� 9j � 2 implies

jf
Í

: 2� 9
V9–:U: : " gj � 3, and thatjf

Í
: 2� 9

V9–:U: : " gj � 2 implies j� 9j � 1.

(b) The “if” part immediately follows by conditional independence. For the “only if” part, by

considering the contrapositive statement, it suf�ces to show that69–:= 1 implies

f s9¹" º : U: = 1g < f s9¹" º : U: = 0g•

By writing out the parametrization and using the identi�ability of the parametric family in

(3.4), it suf�ces to show thatf
Í

;<: V9–;U; ¸ V9–:g < f
Í

;<: V9–;U;g. But this is immediate

sinceV9–:< 0.
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Proof of Proposition 3.8.2

For the sake of notational simplicity, for a given coef�cient matrixB, de�ne

[ 9–" := V9–0 ¸
 Õ

: =1

V9–:U: (3.20)

for each9and" 2 f0–1g . For an alternative coef�cient matrix~B, we similarly de�ne

~[ 9–~" := ~V9–0 ¸
 Õ

: =1

~V9–:~U:

for ~" 2 f0–1g .

Before presenting the proof of Proposition 3.8.2, we state two lemmas whose proof is post-

poned to the end of the subsection. Our �rst lemma is a relaxation of Lemma 3.8.3, and guarantees

analmost sureunique tensor decomposition ofP0. Recall the de�nition ofP0 from (3.15).

Lemma 3.8.5(Modi�cation of Theorem 2 in [86]). Consider the one-latent-layer saturated model

with a true graphical matrixG¹1º¢ that satis�es condition C, and analytic parametric families

?¹�; [– Wº and link functions69. Then, the rank2 tensor decompositionP0 = »M1–M2–M3¼is

unique up to column permutations for
  ¹� ¹1º; G¹1º¢º n N1. Here,M 0s areh0 � 2 matrices,

whose last rows are the all-one vector1>
2 for 0 = 2–3. The setN1 is a measure-zero subset of


  ¹� ¹1º; G¹1º¢º that only imposes restrictions onB–$ and not on the mixture proportion parame-

ters0.

Our next lemma provides additional structure regarding the2 column indices in the tensor

decomposition in Lemma 3.8.5. This is a nontrivial problem as we wish to identify the parameters

up to a label switching of binary latent variables. Note that we can no longer utilize the pure

children to address this problem, which was the strategy under the setting of strict identi�ability.

Here, to formally state the label switching, recall the notation of�  De�nition 3.8.2 and write

128



B �  ~B–G �  ~G, " �  ~" when there exists a permutationf 2 ( » ¼such thatV9–;= ~V9–f¹;º,

69–;= ~69–f¹;º, and" = ¹ ~Uf ¹1º– • • • –~Uf ¹ ºº•

Lemma 3.8.6. Suppose that there exist two sets of parameters¹B–Gº, ¹ ~B–~Gº that satis�es As-

sumption 3.3.1 and de�nes an identical[ 9–" in the following sense: there exists a permutation

S 2 ( f 0–1g such that

[ 9–" = ~[ 9–S ¹" º– (3.21)

for all 9, " . Then, we have¹B–G–" º �  ¹ ~B–~G–S ¹" ºº for “generic” parametersB 8 
 ¹B; Gº n

N2, whereN2 is a measure-zero subset of
 ¹B; Gº.

Proof of Proposition 3.8.2.We work under the same notations introduced at the beginning of the

section. We make one additional assumption regarding the �nite subsetsD 9 := ¹( 1– 9– • • • – (^9– 9º of

the sample spaceY9 as follows. We assume thatD 9 � C 9, whereC9 is a countable separating class

whose values determine probability measure onY9. The existence of such a separating class is a

consequence ofY9 being a separable metric space; see Step 1 in the proof of Theorem 1 in [86] for

a proof.

Suppose thatG satisfy condition C,� 2 
 K ¹� ; Gº, and that there exists an alternate parameter

~� –~G that de�nes the same marginal likelihood. Here, we are dropping all superscripts inG = G¹1º¢

for simplicity. We show that¹� –Gº � K ¹ ~� –~Gº for � 2 
 K ¹� ; Gº n ¹N1 [ N 2º, whereN1–N2 are

measure-zero sets that will be de�ned later. Recall that for0 = 1–2–3, N0 are theh0� 2 conditional

probability matrices that describeY j ¹A = " º under the true parameters� –G. Similarly, de�ne

~N0 as the corresponding matrices under the alternative parameters~� –~G. Similar to the proof of

Proposition 3.8.1, we start from the rank2 decomposition of the marginal probability tensor in

(3.15). By applying Lemma 3.8.5, the decomposition

P0 = »N1 Diag¹0º–N2–N3¼= »~N1 Diag¹ ~0º–~N2–~N3¼ (3.22)
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is unique up to (the2 ) column permutations, for true parameters� 2 
  ¹� ; Gº n N1. Here,

N1 is a measure-zero subset of
  ¹� ; Gº that is de�ned in Lemma 3.8.5. This implies that

¹0–N1–N2–N3º and¹ ~0–~N1–~N2–~N3º are identical up to a common column permutationS 2 ( f 0–1g .

In other words, for any" 2 f0–1g , the" th column inN0 is identical to theS ¹" ºth column of ~N0

andc" = ~cS ¹" º.

By considering the row ofN0 that corresponds to the set( ; 9– 9, we have

P9–" ¹( ; 9– 9º = N0¹^�– • • • – ^9� 1– ;9– 9̧̂ 1– • • • – ^�–" º (3.23)

= ~N0¹^�– • • • – ^9� 1– ;9– 9̧̂ 1– • • • – ^�–S ¹" ºº = ~P9–S ¹" º ¹( ; 9– 9º

for all 9– ;9 2 »̂ 9¼, and" . Furthermore, note that this identity holds for any �nite subsetD 9 of

C9, as the column indices of~N0 are determined by the alternative model and do not depend on the

discretizationD 9. Hence, (3.23) holds for all( ; 9– 92 C9. SinceC9 is a separating class, we have

P9–" = ~P9–S ¹" º. Recalling thatP9–" = ParFam9¹[ 9–" – W9º for some identi�able parametric family

(see (3.13)), we must have[ 9–" = ~[ 9–S ¹" º andW9 = ~W9 for all 9–" .

Now, additionally assuming that� 8 N2, we can apply Lemma 3.8.6. Here,N2 is the null set

de�ned in Lemma 3.8.6. Then, we have¹B–Gº �  ¹ ~B–~Gº. Also, because" �  S ¹" º, ~cS ¹" º = c"

implies ~0 �  0 and the proof is complete.

We �nally present the postponed proof of Lemmas 3.8.5 and 3.8.6. While the main proof idea

of Lemma 3.8.5 is similar to that of Theorem 2 in [86], we provide a detailed proof for the sake of

completeness.

Proof of Lemma 3.8.5.For a matrixN, let A:: ¹Nº be the Kruskal column-rank ofN, that is, the

largest integerAsuch that anyAcolumns ofN are linearly independent. We claim that it suf�ces to

show that

A:: ¹N1º = 2 – A:: ¹N2º = 2 – A:: ¹N3º � 2 (3.24)

130



for generic parameters in
 ¹� ; Gº n N. Assuming this, one can apply Kruskal's Theorem [117],

which guarantees the uniqueness of the three-way tensor decomposition ofP0 up to a universal

column permutation and gives the desired result. Along the way, we show that the candidate set of

non-identi�able parameters,N , only imposes restrictions onB and$ but not on0.

For the remainder of the proof, let#�1–�2 denote the sub-matrix of the� � ¹  ¸ 1º coef�cient

matrix # whose rows and columns are indexed by�1 and�2, respectively. Similarly,$ �1 denotes

the sub-vector of$ by collecting the entries indexed by�1.

Proof of A:: ¹N1º = 2 . First, write the parameter space


 ¹#1: –0: –$1: ; G1º = f #1: –0: –$1: : V9–:< 0 for 69–:= 1g

as a �nite union of open, connected subsets of Euclidean spaceR
Í

9–:�  69–: � R . Without loss of

generality, let


 positive¹#1: –0: –$1: ; G1º := f #1: –0: –$1: : V9–:¡ 0 for 69–:= 1g

be our domain. Here, we considerN1 = N1¹#1: –0: –$1: º to be a matrix-valued function of

¹#1: –0: –$1: º. BecauseN1 has full column rank if and only ifdet¹N>
1 N1º < 0, it suf�ces to show

that

f #1: –0: 2 
 positive¹#1: –0: –$1: ; G1º : det¹N>
1 N1º = 0g

is a measure-zero set in
 ¹#1: –0: –$1: ; G1º. Note that the following argument also holds for

other connected sub-domains of
 ¹#1: –0: –$1: ; G1º, and the union of a �nite number of measure-

zero sets are still measure-zero.

In particular, whenG1 = I  , the proof of Theorem 1 in [86] showed thatN1¹#1: –0: –$1: º

always have full column rank. We use technical real analysis arguments to claim that this statement
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can be generalized to an arbitraryG1 that satis�esDiag¹G1º = I  . Consider the mapping

¹det¹N>
1 N1ºº¹#1: –0: –$1: º : 
 ¹#1: –0: –$1: ; G1º ! R• (3.25)

Observe thatdet¹N>
1 N1º de�ned in (3.25) is a polynomial of entries ofN1. Each entry inN1 can

be written in the form of

N1¹¹;1– • • • – ; º–" º =
 Ö

9=1

¹

( ; 9– 9

?9¹H9; 69¹V9–0 ¸
Õ

:

V9–:U: º– W9º< ¹3H9º•

Since we assume that the density?9 and link function69 are analytic, each entry ofN1 is analytic.

Consequently,det¹N>
1 N1º is also analytic.

Next, note thatdet¹N>
1 N1º cannot be identically zero, in other words, there exists¹#¢

1: –0: –$¢
1: º

such thatdet¹N>
1 N1º¹#¢

1: –0: –$¢
1: º < 0. This is because one can make small perturbations from

a parameter value in
 ¹#1: –0: –$1: ; I  º by settingV9–: = n for indices with69–: = 1 without

making the determinant become zero. Hence, by the following technical Lemma, we conclude that

f #1: –0: –$1: 2 
 ¹#1: –0: –$1: ; G1º : ¹det¹N>
1 N1ºº¹#1: –0: –$1: º = 0g

is a null set in
 ¹#1: –0: –$1: –G1º. The conclusionA:: ¹N2º = 2 automatically follows.

Lemma 3.8.7(Mityagin [118]). Let 5 : 
 ! R be a real analytic function de�ned on an open,

connected domain
 2 R3 that is not identically zero. Then,f l 2 
 : 5¹l º = 0gis a measure-zero

set in
 .

Proof of A:: ¹N3º � 2. Theorem 1 in [86] showed thatA:: ¹N3º � 2 under condition B. Hence,

it suf�ces to show that condition B holds for generic parameters in
 ¹#2 ¸ 1:�–1: ; G3º. Fix any

" < " 0, and let; = ; ¹" –" 0º be an index among» ¼such thatU; < U0
; . Since we assume that all
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columns ofG3 are nonzero, there exists9= 9¹" –" 0º ¡ 2 such that69–;= 1. As V9–;¹U; � U0
;º < 0,

f #9–1: 2 
 ¹#9–1: ; g9º :
 Õ

: =1

V9–:69–:¹U: � U0
: º = 0g

is a measure-zero set in
 ¹#9–1: ; g9º. Consequently,

� " –" 0 := f #2 ¸ 1:�–1: 2 
 ¹#2 ¸ 1:�–1: ; G3º :
 Õ

: =1

V9–:69¹" –" 0º–:¹U: � U0
: º = 0g

is a measure-zero set in
 ¹#2 ¸ 1:�–1: ; G3º. The proof is complete by taking a union over all

" < " 0.

Proof of Lemma 3.8.6.We �rst assume that the true parameterB belongs in the coef�cient space


 6¹B; Gº := f B : for each9, all elements of the form
Õ

: 2� 9

V9–:0: – 0: = 0–1–are distinctg•

It is clear that the complement
 ¹B; Gº n 
 6¹B; Gº can be spelled out as a �nite union of lower

dimensional subspaces, and has measure-zero with respect to
 ¹B; Gº. The following proof is

somewhat technical, but the main idea is to show that one can entirely recoverB–G, S up to label

switching, based on thevaluesof [ 9–" while not using the indices" . Steps 1 and 2 characterizes

the coef�cientsB based on the valuesf [ 9–" g" , which allows us to prove equivalence ofB–G and

~B–~G in step 3.

Step 1: recoveringj� 9j and jBj. We �rst claim that for each9, there uniquely exists an integer

� 9, coef�cients29–0, 29–1 ¡ • • • ¡ 2 9–�9 ¡ 0 that satisfy

[ 9–" = V9–0 ¸
Õ

;2� 9

V9–;U; = 29–0 ¸
Õ

: � � 9

29–:¹T 9¹" ºº: (3.26)

for all " and some permutationT 9 2 ( f 0–1g . Here, we also prove that that� 9 = j� 9j.

The existencedirectly follows as we can take� 9 = j� 9j and de�nef 29–: : : � � 9g to be the
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coef�cients fj V9–;j : ; 2 � 9g in decreasing order. Then, for each: � � 9, there must be an;: 2 � 9

such that29–:= jV9–;: j ¡ 0. Consequently, we can construct the permutationT 9 by setting

¹T 9¹" ºº: :=

8>>>><

>>>>
:

U; : if V9–;: ¡ 0

1 � U; : if V9–;: Ÿ 0–

for : � � 9 and arbitrarily de�ning the remaining coordinates. By plugging in these de�nitions, we

get

Õ

: � � 9

29–:¹T 9¹" ºº: =
Õ

;2� 9

sgn¹V9–;º jV9–;jU; ¸
Õ

;2� 9–V9–;Ÿ0

jV9–;j

=
Õ

;2� 9

V9–;U; �
Õ

;2� 9–V9–;Ÿ0

V9–;•

Hence, (3.26) holds for29–0 := V9–0 ¸
Í

;2� 9–V9–;Ÿ0 V9–;.

Foruniqueness, we provide an inductive characterization of the29–:s based on the values* 9 :=

f [ 9–" : " 2 f 0–1g g. First,29–0 must be the minimum of the set* 9. Next, we de�ne29–�9 by noting

that29–0 ¸ 29–�9 should be the smallest element inf [ 9–" : [ 9–" ¡ 2 9–0g. Inductively for each: Ÿ � 9,

given29–0 and29–:̧ 1– • • • – 29–�9, 29–0 ¸ 29–:must be the smallest element in* 9n f29–0 ¸
Í

;¡: 29–;0; :

0; = 0–1g. We continue the induction until the set* 9n f29–0 ¸
Í

;¡: 29–;0; : 0; = 0–1g is empty. By

considering the true parameterization and the fact thatB 2 
 6¹B; Gº, we havej* 9j = 2j� 9j, and

hencej� 9j = � 9. Additionally, this observation gives29–1 ¡ • • • ¡ 2 9–j� 9j ¡ 0.

Step 2: Recovering the indexing" . While we have recovered the absolute values of the co-

ef�cients jV9–:j in Step 1, they are ordered based on their absolute values. Thus, the ordering is

different across different9. In this step, we fully recoverV9–:up to a column permutationg 2 ( » ¼,

by representing eachV9–: in terms of[ and2-values. To this end, we inductively construct sets

) 9–:–+9–: � » 2 ¼for all 92 »� ¼and: � j � 9j. We claim that they correspond to" s with identical

Uf 9¹: º values, for some injective mappingf 9 : »j� 9j¼ ! » ¼(see (3.29) for a precise statement).
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This claim will be crucially utilized to recover the coef�cientsV9–:.

First, �x 9 2 »� ¼, : � j � 9j, and de�ne) ¹1º
9–: = f " : [ 9–" = 29–0g and+ ¹1º

9–: = f " : [ 9–" =

29–0 ¸ 29–:g. Since there exists a unique index;: such thatjV9–;: j = 29–: ¡ 0, these two sets have

distinct U; values if and only if; = ;: . De�ne f 9¹: º as this;: . Since;: < ;: 0 for : < : 0, f 9 is

injective. Without the loss of generality, supposeV9–;: ¡ 0. This is only for the sake of explicitly

characterizing the sets) 9–:and+9–:, and does not affect their construction. Under this assumption,

" 2 ) ¹1º
9–: must satisfyUf 9¹: º = 0, " 2 + ¹1º

9–: must satisfyUf 9¹: º = 1. Also, as the values ofU; for

; 8 � 9 does not change the value of[ 9–" , we havej) ¹1º
9–:j = j+ ¹1º

9–:j = 2 �j � 9j.

Inductively forC ¡ 1, let

T »C¼
9–: := f " 8 ) ¹C� 1º

9–: –+¹C� 1º
9–: : [ 9–" = min

" 08) ¹C� 1º
9–: –+¹C� 1º

9–:

[ 9–" 0g– (3.27)

V »C¼
9–: := f " 8 ) ¹C� 1º

9–: –+¹C� 1º
9–: : [ 9–" = min

" 08) ¹C� 1º
9–: –+¹C� 1º

9–:

[ 9–" 0 ¸ 29–:g– (3.28)

and de�ne) »C¼
9–:= ) ¹C� 1º

9–: [ T »C¼
9–: and+ »C¼

9–:= + ¹C� 1º
9–: [ V »C¼

9–:. By the construction in (3.27) and (3.28),

again becauseV9–f9¹: º ¡ 0, we must haveUf 9¹: º = 0 for " 2 T »C¼
9–:, andUf 9¹: º = 1 for " 2 V »C¼

9–:. We

also havejT »C¼
9–:j = jV »C¼

9–:j = 2 �j � 9j, which inductively givesj) »C¼
9–:j = j+ »C¼

9–:j = 2 �j � 9jC. We continue

the construction until) »C¼
9–:[ + »C¼

9–:= f 0–1g , that is whenC= 2j� 9j� 1.

Finally, we de�ne) 9–: := )

�
2j � 9j � 1

�

9–: and+9–: := +

�
2j � 9j � 1

�

9–: as the �nal induction outputs. Then,

f ) 9–:–+9–:g is a partition off 0–1g with equal cardinality, where) 9–: = f " : Uf 9¹: º = 0g and

+9–: = f " : Uf 9¹: º = 1g. In general, without the positivity assumptionV9–f9¹: º ¡ 0, we can

conclude that

f ) 9–:–+9–:g =
�
f " : Uf 9¹: º = 0g–f " : Uf 9¹: º = 1g

	
– (3.29)

as anunorderedset. As all columns ofG are not empty (see Assumption 3.3.1 (b)), for each;, we

must have at least one9such that69–;= 1. Hence, the set of all possible partitionsff ) 9–:–+9–:g :

92 »� ¼– : 2 »j� 9j¼gmust take exactly distinct values. Let us index each element byf ) ;–+;g for
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; 2 » ¼, and letg 2 ( » ¼be a permutation such that

f ) ;–+;g =
�
f " : Ug¹;º = 0g–f " : Ug¹;º = 1g

	
• (3.30)

Without loss of generality, suppose that) ; and+; are de�ned so that the mean of the vector¹[ 9–" :

" 2 ) ;º is strictly smaller than the mean of¹[ 9–" : " 2 +;º. Then, the monotonicity assumption

Assumption 3.3.1(c) implies that

) ; = f " : Ug¹;º = 0g– +; = f " : Ug¹;º = 1g– (3.31)

and resolves the sign-�ipping for the latent variable� g¹;º. Next, to recover the parameterV9–g¹;º

for each9and;, we claim that

(a) if f ) ;–+;g 8 ff ) 9–:–+9–:g : : � j � 9jg, V9–g¹;º = 0.

(b) if f ) ;–+;g = f ) 9–:–+9–:g for some: � j � 9j, jV9–g¹;º j = 29–:and

sgn¹V9–g¹;ºº =

8>>>><

>>>>
:

1 if ) ; = ) 9–:–

� 1 if ) ; = +9–:•

Here, to show (a), supposef ) ;–+;g 8 ff ) 9–:–+9–:g : : � j � 9jg. Then, by the characterization

in (3.29) and (3.30), we must havef 9¹: º < g¹;º for all : � j � 9j. Recalling thatf 9 collects

all indices such thatjV9–f9¹: º j ¡ 0, we must haveV9–g¹;º = 0. To prove part (b), note that the

assumption impliesf 9¹: º = g¹;º, so jV9–g¹;º j = jV9–f9¹: º j = 29–:. The claim regarding the sign

holds because) 9–:has a smaller average of[ 9–� values than+9–:by construction. Thus,) ; = ) 9–:if

and only ifV9–g¹;º ¡ 0.

Step 3: explicit representation of all parameters. Finally, we prove the desired result by ap-

plying the same characterization of the parameters under the alternative values~[ 9–~" . Here, note

thatB 2 
 6¹B; Gº implies that~B 2 
 6¹B; Gº. We apply steps 1-2 using~[ 9–~" instead of[ 9–" . Step
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1 holds without any change, and we obtain the same coef�cients29–:s as well asj� 9j = j ~� 9j. Next,

in step 2, the de�nition of) 9–:–+9–:in (3.27), (3.28) needs to be modi�ed to be the collection of~" s

instead of" s. Let ~) 9–:and ~+9–:be the corresponding sets under the alternative parametrization. As

the coef�cients29–:are identical,¹) 9–:–+9–:º and¹ ~) 9–:–~+9–:º are consistent in the sense that

~) 9–:= S ¹) 9–:º– ~+9–:= S ¹+9–:º• (3.32)

In other words, by viewing) 9–:as the collection ofindices" in [ 9–" , ~) 9–:and) 9–:are the same

collection of indices. Thus, in terms of de�ning~) ; and ~+; , we can take the same indexing for

; 2 » ¼as in (3.30) by letting~) ; := S ¹) ;º and ~+; := S ¹+;º. Hence, for some permutation

~g 2 ( » ¼, we must have

~) ; = f ~" : ~U~g¹;º = 0g = S ¹f " : Ug¹;º = 0gº = S ¹) ;º– (3.33)

~+; = f ~" : ~U~g¹;º = 1g = S ¹f " : Ug¹;º = 1gº = S ¹+;º• (3.34)

Now, we �nish the proof by provingB � ~B and " � S ¹" º. By taking f := ~g � g� 1 in

the de�nition of the equivalence relations, it suf�ces to showV9–g¹;º = ~V9–~g¹;º for all 9– ;, and

Ug¹;º = ¹S ¹" ºº~g¹;º for all " – ;. The conclusion forV9–g¹;º follows from its characterization in Step

2. For any9– ;, the relationship (3.32) and (3.33) shows thatf ) ;–+;g 2 ff) 9–:–+9–:g : : � j � 9jg if

and only if f ~) ;–~+;g 2 ff ~) 9–:–~+9–:g : : � j � 9jg. For case (a), we haveV9–g¹;º = ~V9–~g¹;º = 0. For case

(b), we havejV9–g¹;º j = 29–: = j ~V9–~g¹;º j as well as sgn¹V9–g¹;ºº = sgn¹ ~V9–~g¹;ºº, thusV9–g¹;º = ~V9–~g¹;º.

We next show the claim forU. Without loss of generality, supposeUg¹;º = 0. Then, by applying

(3.31) and (3.33), we haveS ¹" º 2 ~) ; and ¹S ¹" ºº~g¹;º = 0. Similarly, for Ug¹;º = 1, we get

¹S ¹" ºº~g¹;º = 1 and the proof is complete.

3.8.4 Technical Conditions and Proof of Theorem 3.3.3

We �rst state the technical assumptions regrading the penalty function?_# –g# and tuning pa-

rameters¹_# – g# º that are imposed for Theorem 3.3.3. For some tuning parameters_# – g# ¡ 0,
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?_# –g# : R ! » 0–1º is a sparsity-inducing symmetric penalty that is nondecreasing on»0–1º ,

nondifferentiable at0, differentiable at¹0– g# º, ?_# –g# / _# •g# around0 and satisfy

?_# –g# ¹1º = 0– if 1 = 0; ?0
_# –g# ¹1º �

�_ #

g#
– if j1j � g# ; ?_# –g# ¹1º = _# – if j1j � g# •

Note that_# is the magnitude of the penalty, andg# is the point of truncation. We also assume that

_# andg# depend on# such that1•
p

# � g# � _# •
p

# � 1• Here, for nonnegative sequences

f¹ 0# – 1# ºg# � 1, we write0# � 1# when0# •1# ! 0 as# ! 1 .

Proof. For simplicity, we omit displaying the dependence of data in the likelihood� ¹� º = � ¹� j

Yº and omit the subscript in the equivalence relation� K . We also de�ne the objective function in

(3.6) as

& # ¹� º :=
1
#

h
� � ¹� º ¸

�Õ

3=1

?_# –g# ¹B¹3ºº
i
•

Below, we separately prove the consistency of the continuous parameters� and discrete param-

etersG. In the proof, we use the usual Bachmann-Landau asymptotic notations for deterministic

sequences as well as its analog for random sequences.

We �rst show that ^� is consistent up to label permutations. This follows by modifying the

usual consistency proof of M-estimators [119] under our identi�ability notion. Fixn ¡ 0, and

de�ne the pointwise limit of& # ¹� º as

&1 ¹� º := � E� ¢ logP¹Y j � º•

De�ne then-ball around� ¢ under the equivalence relation� as

� � ¹n–� ¢º := f � : k� 0 � � ¢ k � n for some� 0 � � g•

Also, de�ne the constant[ := inf � 8� � ¹n–� ¢ º &1 ¹� º � &1 ¹� ¢º. Since we assume the model identi-

�ability up to � , we must have&1 ¹� º � &1 ¹� ¢º = KL
�
P¹� j � ºkP¹� j � ¢º

�
¡ 0 for all � � � ¢ .
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Here, KL denotes the Kullback–Leibler divergence. Then, we get[ ¡ 0, as we are considering a

compact parameter space. By a standard argument, we have

P¹ min
� 0� ^�

k� 0 � � ¢ k ¡ n º � P
�

min
� 8� � ¹n–� ¢ º

& # ¹� º � & # ¹� ¢º
�

(3.35)

� P
�

min
� 8� � ¹n–� ¢ º

& # ¹� º � & # ¹� ¢º– sup
�

�
�& # ¹� º � &1 ¹� º

�
� Ÿ

[
2

�
¸ >¹1º• (3.36)

Here, (3.35) uses the de�nition that̂� is a minimizer of& # ¹� º. The inequality in (3.36) follows

from the uniform law of large numbers, which holds under a compact parameter space and a

vanishing penalty with_# = >¹# º. Now, the proof is complete by noting that the �rst term in

(3.36) is zero, since� 8 � � ¹n–� ¢º andsup� j& # ¹� º � &1 ¹� º j Ÿ [
2 implies

& # ¹� º ¡ & 1 ¹� º �
[
2

� &1 ¹� ¢º ¸
[
2

¡ & # ¹� ¢º•

Hence, there exists some~� � ^� that is consistent for� ¢ .

Now, we prove that~� is
p

# -consistent, additionally using the assumption on the Fisher infor-

mation. We �rst re-write the inequality& # ¹ ~� º � & # ¹� ¢º as

� � ¹ ~� º ¸ � ¹� ¢º � ?_# –g# ¹B0º � ?_# –g# ¹ ~Bº• (3.37)

By a Taylor expansion, we can bound the LHS of (3.37) as

� � ¹ ~� º ¸ � ¹� ¢º = �¹ ~� � � ¢º> � 0¹� ¢º ¸
1
2

¹ ~� � � ¢º> ¹# � ¹� ¢º ¸ >?¹# ºº¹ ~� � � ¢º

� k ~� � � ¢ k2$ ?¹
p

# º ¸ # k ~� � � ¢ k2
2

�
_min¹� ¹� ¢ºº

2
¸ >?¹1º

�
•

Here,_min¹� ¹� ¢ºº ¡ 0 denotes the smallest eigenvalue of the positive de�nite Fisher information

� ¹� ¢º. On the other hand, the RHS of (3.37) must be negative sinceg# ! 0. Indeed, forV¹3º¢
;–: < 0
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and a large enough# , consistency givesj ~V¹3º
;–: j = jV¹3º¢

;–: j ¸ >?¹1º ¡ g # , and the bound

?_# –g# ¹B¹3º
0 º � ?_# –g# ¹ ~B¹3ºº �

Õ

;–::V¹3º¢
;–: <0

h
?_# –g# ¹V¹3º¢

;–: º � ?_# –g# ¹ ~V¹3º
;–: º

i
= 0

holds with high probability. Hence, we have

k ~� � � ¢ k2$ ?¹
p

# º ¸
_min¹� ¹� ¢ºº

2
# k ~� � � ¢ k2

2 � 0

with high probability, which is impossible whenk ~� � � ¢ k2 � 1p
#

. Thus,k ~� � � ¢ k2 = $ ?

�
1p
#

�
.

Finally, we prove the estimation consistency for the discrete graph structuresG¹3ºs. It suf�ces

to show that for any �xed3– ;– :, ~6¹3º
;–: = 6¹3º

0;;–: with high probability. As a �rst case, suppose

that 6¹3º
0;;–: = 1. Then, the consistency result implies~V¹3º

;–:

?
�! V¹3º

0;;–: < 0. Hence, ~V¹3º
;–: < 0 with

high probability, so~6¹3º
;–: = 1. Next, consider the case when6¹3º

0;;–: = 1. Assume the converse,

and suppose~V¹3º
;–: < 0. By the

p
# -consistency and the assumption thatg# � 1p

#
, we must have

j ~V¹3º
;–: j � g# with high probability. Then, the �rst-order conditions (KKT conditions) give that

mV¹3º
;–:

� ¹ ~� º :=
m�¹� º

mV¹3º
;–:

j� = ~� = ?0
_# –g# ¹ ~V¹3º

;–: º = � ?

�
_#

g#

�
•

But we have a contradiction because a Taylor expansion of the partial derivative gives

mV¹3º
;–:

� ¹ ~� º = mV¹3º
;–:

� ¹� ¢º ¸ #$ ?¹ ~� � � ¢º = $ ?

� p
#

�
–

and
p

# � _# •g# • Hence, we must have~6¹3º
;–: = 0, and the proof is complete.

Remark 3.8.1.One natural question is to whether our estimator would still be consistent when the

number of latent variables are unknown. This extension is not straightforward since the number

of the top-layer latent variable, ¹� º, determines the number of deepest mixture components of

DDEs. Estimating the number of mixture components is a challenging problem even in simple

parametric models, and often leads to a slower (than1•
p

# ) rate of convergence in parameter
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estimation [31, 120]. Note that for such cases, the Fisher information becomes singular, and

Theorem 3.3.3 cannot be applied.

3.8.5 Additional Identi�ability Results

Our main identi�ability results in the main theorems have assumed that the latent dimension

K is known. Here, we illustrate that one can additionally establish the identi�ability ofK under a

weaker notion of identi�ability. To elaborate, we identifyK under the class of DDEs that satisfy

the two-pure-children condition A.

Theorem 3.8.8(Modi�cation of Theorem 1 in [121]). Assume a� -latent layer DDEs satisfying

the two-pure-children condition A (see Theorem 3.1), where� is given butK is unknown. Then,

the number of latent variablesK is identi�able.

The above result follows directly from a more general claim from [121] alongside the layer-

wise identi�ability in the proof of Theorem 3.3.1.

We also note in passing that the GLM type of parametrization in the model speci�cation is

not necessary for identi�ability. In fact, the proof can be modi�ed accordingly to allow derive the

identi�ability of non-linear models that allow interactions; see [86, 122] and the published version

of this chapter in [17] for examples.

3.9 Details of the layer-wise Double-SVD Initialization

3.9.1 Details of Algorithm 1

We describe full details of the layer-wise double-SVD initialization in Algorithm 1. We �rst

consider the noiseless scenario to motivate the general procedure. The setting is that we are given

a # � � matrix E»Y¼, and wish to recoverA–B. For simplicity, we consider the one-latent-layer

saturated model, and omit the layer-wise superscript to simplify the notation. We also assume

identical parametric families in the observed layer and a nonlinear function` � 6.
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The �rst step involves denoising the nonlinearity and rewriting the data matrix as a low-rank

approximation. Recall that̀ : � ! R computes the mean of the observed-layer parametric

family, 6 : R ! � is the link function, and de�ne a functionG := ` � 6. Since

E¹. 8– 9j A8º = ` ¹6¹V9–0 ¸
Õ

:

V9–:� 8–:– W9ºº = G¹V9–0 ¸
Õ

:

V9–:� 8–:º–

we have

Z := G� 1¹E¹Y j Aºº = »1# –A¼B>
1 •

Let Z0 be the centered version ofZ so that the column sums are zero, in other words,I 0¹8– 9º :=

I ¹8– 9º � 1
#

Í #
80=1 I ¹80– 9º. Similarly, let A0 be the column-centered version ofA with � 0¹8– :º :=

� ¹8– :º � 1
#

Í #
80=1 � ¹80– ;º. Then, we have

Z0 = A0B> • (3.38)

This is a rank decomposition, and we can write the SVD ofZ0 asZ0 = U� V> . Here,U–� –V

are# �  ,  �  , � �  matrices, respectively.

The second step addresses the rotation invariance of the SVD by �nding the sparse representa-

tion in (3.38). Motivated by the sparsity ofB, we perform the Varimax rotation onV. As Varimax

�nds a sparse rotation [see 101, for a theoretical justi�cation], we expect it to �nd a rotation matrix

R such thatB̂ := VR has the same sparsity pattern asB (and the graphical matrixG). Conse-

quently, we can usêB as a rough estimate forB, and the sparsity pattern of̂B to estimateG. The

estimate forA follows from solving (3.38) forA0, using the estimated̂B.

There are several subtleties to address when extending this procedure to the sample-based

setting. One immediate issue is applying the inverse-link functionG� 1. For discrete samples,

observed data may take values in the boundary of the sample space, such as. 9 = 0 whenY =

N [ f 0g. This makes the inverse function not well-de�ned. To resolve this, we apply the double

SVD-based procedure in [100] as mentioned in the main text, which denoises and truncates the
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data into a subset of the sample space. The �nal output of this procedure is the sample-version

SVD for the matrixZ0 (see step 6 in Algorithm 4).

Another subtlety arises while estimatingA and B after rotatingV, since Varimax does not

account for the scaling of the row/columns. Here, we exploit the discreteness of the latent variables

in A to rescaleB. Using the decomposition (3.38), we can crudely estimateA0 using the sparse

Varimax outputB̂. While the estimateŝA0 also suffer from the same scaling issue, we can still

estimate thebinary A by noting that� 0¹8– :º Ÿ 0 if and only if � ¹8– :º = 0. Finally, using the

estimatedÂ, we re-estimateB via (3.38), now with correct scaling; see steps 9-10 in Algorithm 4.

The entire procedure is summarized in Algorithm 4, where we also specify the choice of tuning

parameters.

Remark 3.9.1(TruncatingŶ). We explain more on the truncation details in Step 3 by considering

speci�c response types. For Normal responses, the original sample space isR and the truncation

(Steps 1-4 in Algorithm 4) may be omitted. For Binary responses, we set

Ĥ ¹1º ¹8– 9º =

8>>>><

>>>>
:

n– if H ¹1º ¹8– 9º = 0–

1 � n– if H ¹1º ¹8– 9º = 1•

For Poisson responses, we set

Ĥ ¹1º ¹8– 9º =

8>>>><

>>>>
:

n– if H ¹1º ¹8– 9º Ÿ n–

H ¹1º ¹8– 9º– otherwise.

In terms of implementing the method, we follow the suggestions of [100] withn = 10� 4.

Remark 3.9.2(Constant� 6). In Step 10 of Algorithm 4,� 6 ¡ 0 is an arti�cial scaling constant

that depends on the link function~6. This is introduced to better adjust the scaling ofB, as the non-

linear transform~6� 1 leads to a potentially biased estimate forẐ0. This adjustment is unnecessary

for Normal-based DDEs, where6 is the identity link, and in such cases, one can simply set� 6 = 1.
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Algorithm 4: Spectral initialization for Algorithm 5

Data: Y–f  ¹3ºg3– � , function ~6, truncation parametersn = 10� 4– X= 1
2•5

p
�

1. Apply SVD toY and writeY = U� V> , where� = Diag¹f 8º andf 1 � • • •� f � .

2. LetY ~ ¹1º =
Í ~ ¹1º

: =1 f : u: v>
: , where ~ ¹1º := maxf  ¹1º ¸ 1–arg max: f f : � 1•01

p
# gg.

3. De�ne Ŷ ~ ¹1º by truncatingY ~ ¹1º to the range of responses, at leveln. See Remark 3.9.1 for
details.

4. De�ne Ẑ by letting Î ¹8– 9º = ~6� 1¹Ĥ~ ¹1º ¹8– 9ºº.

5. Let Ẑ0 be the centered version of̂Z, that is,Î 0¹8– 9º = Î ¹8– 9º � 1
#

Í #
: =1 Î ¹ :– 9º.

6. Apply SVD toẐ0 and write its rank- ¹1º approximation aŝZ0 � Û�̂ V̂.

7. Let ~V be the rotated version of̂V according to the Varimax criteria.

8. Entrywise threshold~V at Xto induce sparsity, and �ip the sign of each column so that all
columns have positive mean. Let̂G1 be the estimated sparsity pattern.

9. Estimate the centeredA0 by Â0 := Ẑ0 ~V¹ ~V> ~Vº� 1, and estimateA by reading off the signs:
^� ¹8– :º = 1¹ � 0¹8– :º ¡ 0º•

10. LetÂ long := »1–Â¼. EstimateB1 by B̂1 := � 6¹¹Â>
longÂ longº� 1Â>

longẐ0º � Ĝ1, where� is the
element-wise product and� 6 is a positive constant that is de�ned in Remark 3.9.2

11. LetY = Â and6 be the logistic function. Go back to Step 1 to estimate the next layer
coef�cient matrix. Continue until reaching the deepest layer.

12. For the deepest layer, estimatep by settingp̂: := 1
#

Í #
8=1

^� ¹8– :º.

Output: p̂–f B̂¹3ºg3.

For the Bernoulli or Poisson-based DDE where~6 is the logistic or exponential function, we choose

� 6 = 1
2 as the scaling factor based on simulation results.

3.9.2 Estimation Accuracy Without the Spectral Initialization

We illustrate the effectiveness of our spectral initialization for by comparing it with EM param-

eter estimates obtained under random initialization. We show that even for the low dimensional

setting¹�–  ¹1º–  ¹2ºº = ¹18–6–2º, the overall model complexity may be too large for an EM al-

gorithm with random initialization to converge to the global optimum. In contrast, the spectral
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initialization provides a reliable starting point. In Table 3.7, we compare the accuracy of the PEM

estimates under (a) random initialization and (b) spectral initialization. Here, we consider the same

three parametric families as the main part, the identi�able true parameter valuesBB(see eq. (3.43)),

and two sample sizes# = 1000–4000. We set the random initialization as follows:

?: – � ¹1º
9–:– � ¹2º

:–; � Unif ¹0–1º– for all : 2 » ¹1º¼– 92 »� ¼– ;2 » ¹2º¼–

� ¹1º
9–0– � ¹2º

:–0 � Unif ¹� 1–0º– W9 � Unif ¹0•5–1•5º–

where Unif¹0– 1º denotes the uniform distribution on the interval¹0– 1º.

ParFam
Accuracy(G) RMSE¹� º Time (s) # iterations

Initialization \# 1000 4000 1000 4000 1000 4000 1000 4000

Bernoulli
Random 0.617 0.547 1.37 1.32 23.6 48.4 20.1 27.11
Spectral 0.966 0.992 0.30 0.20 6.7 37.5 4.1 4.2

Poisson
Random 0.743 0.725 1.47 1.49 20.4 26.8 21.9 23.2
Spectral 0.999 1 0.16 0.08 3.6 6.4 4.4 4.0

Normal
Random 0.595 0.581 1.71 1.83 36.6 347.7 14.7 16.9
Spectral 0.996 1 0.13 0.06 1.2 3.0 4.1 4.4

Table 3.7: Accuracy measures forG and � , computation time and iterations for 2-layer DDE
estimates under different initializations. For the Accuracy¹Gº column, larger is better. For the
other columns, smaller is better.

The results in Table 3.7 clearly illustrates that random initialization does not effectively con-

verge to the true parameter values. In contrast, the spectral initialization results in a signi�cantly

smaller estimator error as well as shorter time and smaller numbers of iterations, demonstrating its

superior performance.

It may be worth mentioning that a signi�cant proportion of local optimizers arise from bound-

ary cases of the identi�ability condition. For example, in the Normal case, the local optimizers

emptied out one or more columns in theB¹1º andB¹2º matrices, or exhibit two linearly dependent

columns. This corresponds to the set of parameters excluded by Assumption 3.3.1.
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3.10 Additional Algorithm Details

3.10.1 Penalized EM Algorithm

We present the details of the standard penalized EM algorithm (PEM) that was mentioned in

the main text, which does not use stochastic approximation. The PEM computes the penalized

maximum likelihood estimator in (3.6) to estimate the potentially sparse coef�cientsB¹1º andB¹2º.

The PEM is an iterative procedure that consists of an expectation step followed by a penalized

maximization step [123, 124]. In the¹Ç 1ºth iteration, the E-step computes the expectation of the

complete data penalized-log-likelihood

� 2¹Y–A ¹1º–A ¹2º; � º�
2Õ

3=1

?_# –g# ¹B¹3ºº =
#Õ

8=1

"

logP¹A ¹2º
8 ; pº ¸ logP¹A ¹1º

8 j A ¹2º
8 ; B¹2ºº

¸ logP¹Y8 j A ¹1º
8 –A ¹2º

8 ; B¹1º–$º

#

�
2Õ

3=1

?_# –g# ¹B¹3ºº•

This requires calculating the conditional probability for each latent con�guration using the previous

parameter estimates; that is, calculatingP¹A ¹1º
8 = " ¹1º–A ¹2º

8 = " ¹2º j Y; � »C¼º for all 8 2 »# ¼,

" ¹1º 2 f0–1g 1, and" ¹2º 2 f0–1g 2. Here, the superscript»C¼denotes theCth iteration estimates.

In the M-step, we update the parameters by maximizing the expectation computed in the E step,

which boils down to solving the following three maximizations:

p»Ç 1¼:= arg maxp

#Õ

8=1

E
h
logP¹A ¹2º

8 ; pº; p»C¼
i

– (3.39)

B¹2º–»Ç 1¼:= arg maxB¹2º

#Õ

8=1

E
h
logP¹A ¹1º

8 j A ¹2º
8 ; B¹2ºº; B¹2º–»C¼

i
� ?_# –g# ¹B¹2ºº– (3.40)

¹B¹1º–»Ç 1¼–$»Ç 1¼º := arg maxB¹1º–$

#Õ

8=1

E
h
logP¹Y8 j A ¹1º

8 –A ¹2º
8 º; B¹1º–»C¼–$»C¼º

i
� ?_# –g# ¹B¹1ºº•

(3.41)
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Here, the optimizations for each layer are separated; we update the top-layer proportion parameters

p in (3.39), the middle latent layer coef�cientsB¹2º in (3.40), and the bottom layer coef�cients

¹B¹1º–$º in (3.41). Additionally, due to the conditional independence assumption in each layer,

the maximizations can be further simpli�ed into low-dimensional optimizations over each row of

B. Algorithm 5 summarizes the PEM algorithm.

Algorithm 5: Penalized EM (PEM) algorithm for the two-latent-layer DDE
Data: Y–K , tuning parameters_# – g# .
Initialize � »0¼using the layer-wise initialization in Algorithm 1.
while log-likelihood has not convergeddo

In the »Ç 1¼th iteration,
// E-step
for ¹8–" ¹1º–" ¹2ºº 2 »# ¼ � f0–1g ¹1º

� f 0–1g ¹2º
do

i »Ç 1¼
8–" ¹1º–" ¹2º = P¹A ¹1º

8 = " ¹1º–A ¹2º
8 = " ¹2º j Y; � »C¼º

end
// M-step
update� »Ç 1¼= ¹ p»Ç 1¼–B¹1º–»Ç 1¼–B¹2º–»Ç 1¼–$»Ç 1¼º by solving (3.39)-(3.41).

end
EstimateG based on the sparsity structure ofB̂ according to (3.7).
Output: Estimated continuous parameters^� and graphical matriceŝG¹1º, Ĝ¹2º.

3.10.2 Detailed Update Formulas for Algorithm 2

Continuing from Section 3.4, we describe Algorithm 2 under� = 2 latent layers. The extension

to more latent layers is straightforward and we omit the detailed updates for simplicity.

Simpli�ed simulation step for the SAEM Algorithm. We display the complete conditionals

for the simulation step in the¹Ç 1ºth iteration of the SAEM (see Algorithm 2). First, we sample

each� ¹2º–»Ç 1¼
8–; from the following distribution:

P¹ � ¹2º
8–; = U¹2º

; j ¹�ºº / ?
»C¼U¹2º

;
; ¹1 � ?»C¼

; º1� U¹2º
;

 ¹1ºÖ

: =1

6logistic¹ � ¹1º–»C¼
8–: ; 4

[
:–A ¹2º–»C¼

8 º

/ ?
»C¼U¹2º

;
; ¹1 � ?»C¼

; º1� U¹2º
;

 ¹1ºÖ

: =1

4� ¹1º–»C¼
8–: V¹2º–»C¼

:–; U¹2º
;

1 ¸ 4
[

:–A ¹2º–»C¼
8

•
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Here, (-) denotes the samples/parameter values computed in the previous (Cth) iteration, excluding

the random variable of interest,� ¹2º–»C¼
8–; . The notation

[ :–A ¹2º–»C¼
8

:= V¹2º–»C¼
:–0 ¸

Õ

;0<;

V¹2º–»C¼
:–;0 � ¹2º–»C¼

8–;0 ¸ V¹2º–»C¼
:–; U¹2º

;

denotes the linear combinations computed under� »C¼–A ¹2º–»C¼. As U¹2º
; = 0•1, sampling from this

distribution is straightforward by computing the above expression.

Next, we sample each� ¹1º–»Ç 1¼
8–: similarly from the complete conditionals:

P¹ � ¹1º
8–: = U¹1º

: j ¹�ºº / 4
U¹1º

: [
:–A ¹2º–»C¼

8

�Ö

9=1

P
�
. 8– 9; 6¹[ 9–A ¹1º–»C¼

8
– W»C¼9 º

�
•

Here,[ 9–A ¹1º–»C¼
8

is similarly de�ned asV¹1º–»C¼
9–0 ¸

Í
: 0<: V¹1º–»C¼

9–:0 � ¹1º–»C¼
8–:0 ¸ V¹1º–»C¼

9–: U¹1º
: .

Simpli�ed M-step for the SAEM Algorithm. In earlier sections, we have motivated the SAEM

M-step in terms of the parameterB¹2º (see (3.9)). Here, for completeness, we present the fully

expanded formulas for updating each parameter.

First, for each; 2 » ¹2º¼, we update?; in closed form as follows:

?»Ç 1¼
; :=

Í
8 � ¹2º–»Ç 1¼

8–;

#
•

Next, for : 2 » ¹1º¼, we update the: th row ofB¹2º (denoted as#¹2º
: ) as follows:

& ¹2º–»Ç 1¼
: ¹#¹2º

: º := ¹1 � \ Ç 1º& ¹2º–»C¼
: ¹#¹2º

: º ¸ \ Ç 1

#Õ

8=1

logP¹ � ¹1º
8–: = � ¹1º–»Ç 1¼

8–: j A ¹2º
8 = A ¹2º–»Ç 1¼

8 ; #¹2º
: º–

#¹2º–»Ç 1¼
: := arg max# ¹2º

:

h
& ¹2º–»Ç 1¼

: ¹#¹2º
: º � ?_# –g# ¹#¹2º

: º
i

–

Finally, for each9 2 »� ¼, we update the9th row of B¹1º (denoted as#¹1º
9 ) andW9 (if it exists) as
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follows:

& ¹1º–»Ç 1¼
9 ¹#¹1º

9 – W9º := ¹1 � \ Ç 1º& ¹1º–»C¼
9 ¹#¹1º

9 – W9º ¸ \ Ç 1

#Õ

8=1

logP
�
. 8– 9j A ¹1º

8 = A ¹1º–»Ç 1¼
8 ; #¹1º

9 –$ 9

�
–

¹#¹1º–»Ç 1¼
9 – W»Ç 1¼

9 º := arg max# ¹1º
9 –W9

h
& ¹1º–»Ç 1¼

9 ¹#¹1º
9 – W9º � ?_# –g# ¹#¹1º

9 º
i

• (3.42)

3.10.3 Alternatives for Estimating the Number of Latent Variables

Recall that we have proposed a spectral-ratio estimator to select the latent dimensionK in Sec-

tion 3.4.2. Here, we propose two alternative estimators motivated by popular methods for selecting

the number of latent variables in other statistical problems [125, 126, 127]. The performance of

these will be later assessed in a simulation study in Section 3.11.5.

Continuing from the setup in Section 3.4.2, we address the estimation ofK under the two-

latent-layer DDE. We �rst focus on the scenario where the number of deepest latent variables,

 ¹2º, is known, and our goal is to select ¹1º from a candidate gridK. This assumption is often

justi�ed in real-world applications where prior knowledge of the number of latent labels or classes

in the dataset is available. The objective is to uncover �ner-grained latent structures that capture

additional generative information beyond the known labels.

• EBIC: We compute the extended BIC [EBIC; 128] for each: 2 K, and select the model with

the smallest EBIC:

 ¹1º := arg min: 2K EBIC¹: º•

We postpone the detailed formula of EBIC¹: º to the end of this subsection. Here, we con-

sider EBIC instead of more traditional information criteria such as AIC and BIC since it is

designed to handle large parameter spaces.

• LRT: The class of models with: 2 K can be viewed as a nested set of regular parametric

models, and one can apply the method of sieves to select ¹1º [125]. In other words, we start

from the smallest: and sequentially conduct level-U likelihood ratio tests for� 0 :  ¹1º = :
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v.s. � 1 :  ¹1º = : ¸ 1 using thej 2 limiting distributions, until when we cannot reject the

alternative; de�ne^ ¹1º as this: .

Below is a discussion regarding the theoretical and computational properties of the three pro-

posed estimators (spectral-ratio, EBIC, LRT). Theoretically, consistency of all three methods can

be justi�ed under varying assumptions. Additionally assuming that ¹1º is identi�able, the EBIC is

known to be consistent even under a diverging� [128]. The LRT estimator can be justi�ed by stan-

dard arguments invoking Wilk's theorem [129]. Finally, under the asymptotic regime#– � ! 1

and assuming that` � 6 is linear,f 1– • • • – fA is close to the topAsingular values ofY and standard

eigenvalue perturbation arguments (Weyl's theorem) guarantee that the spectral ratio estimator for

 ¹1º is consistent.

In terms of computation, the spectral-ratio estimator is the most desirable as it just requires

computing the SVD of the denoised data matrix once. The other two methods (EBIC, LRT) require

re-�tting the model (using Algorithm 2) for each candidate value of ¹1º as well as computing the

likelihood. This limits their usage when the upper bound for ¹1º is large. Furthermore, the model

re-�tting issue for EBIC and LRT is ampli�ed when the number of the top layer latent variables

 ¹2º is also unknown, as the cardinality of the candidate set forK = ¹ ¹1º–  ¹2ºº increases. On the

other hand, the spectral-ratio estimates the number of latent variables in a layer-wise manner, and

is computationally ef�cient even under an unknown ¹2º.

For analyzing real data, we recommend making the �nal selection ofK by also incorporating

qualitative aspects of the data such as domain knowledge and interpretability.

De�nition of EBIC. Consider a 2-latent layer DDE withK = ¹ ¹1º–  ¹2ºº latent variables. This

is a parametric model withj� j = � ¹ ¹1º ¸ 1º ¸  ¹1º ¹ ¹2º ¸ 1º ¸  ¹2º ¸ � (if there exists a dispersion

parameter) or� ¹ ¹1º ¸ 1º ¸  ¹1º ¹ ¹2º ¸ 1º ¸  ¹2º (otherwise) parameters. Here, we do not count

the discrete parametersG, as they are implied by the coef�cientsB. Let ^� K and � K ¹ ^� K ; Yº

respectively denote the MLE and the log-likelihood under the 2-layer DDE withK parameters.

Also, let df¹Kº be the number of non-zero parameters in^� K . Then, following [128], the EBIC
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objective in Section 3.10.3 is de�ned as follows:

� ��� ¹Kº := � 2� K ¹ ^� K ; Yº ¸ df¹Kº log # ¸ 2
�

j� j
df¹Kº

�
•

3.10.4 Implementation Details

We elaborate on the choices made to implement the EM Algorithms 5 and 2.

Tuning parameter selection. For practical implementation, the penalty function and the tuning

parameters_# – g# must be speci�ed. In this work, we consider the truncated Lasso penalty func-

tion (TLP) proposed by [97], that is?_–g¹1º := _ min¹j1j– gº. Preliminary simulations revealed

that the results are very similar under other penalties such as SCAD.

Based on the consistency result in Theorem 3.3.3, we consider_# = # 1•4– g# = max¹3# � 0•3–0•3º

for the simulation studies. For real data analysis, tuning parameters were selected from the follow-

ing grid:

_1–#– _2–# 2 f # 1•8– #2•8– #3•8g– g# 2 2f # � 1•8– #� 2•8– #� 3•8g•

Here,_0–# (0 = 1–2) denotes the penalty size for the0th latent layer coef�cientB¹0º. Note that

distinct_# -values are used for each layer, which is to better accommodate the larger uncertainty

in the deeper layer.

While there are many ways to select tuning parameters such as exact or approximate cross-

validation and information criteria-based methods, we choose to use the latter in order to encourage

sparsity. We select the model with the smallest extended Bayesian information criterion (EBIC).

This approach is preferred over cross-validation in unsupervised settings, where likelihood-based

loss functions often yield non-sparse, over�tted models [130].

Additionally, to implement the SAEM, the step size\ C that determines the weight of the

stochastic averaging needs to be speci�ed. Here, following the standard Robbins-Monro condi-

tion [131], we set\ C= 1•C.
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Convergence criteria. For the penalized EM algorithm, we set the convergence criteria such

that we terminate the algorithm when the difference between the log-likelihood function values

of two consecutive iterations is less than# •500, as the log-likelihood is proportional to# . For

the SAEM, since we do not directly compute the log-likelihood, convergence is declared when the

difference of the vectorized! 2 norm of the continuous parameters is smaller than ¹2º•2. Under

the spectral initialization, the PEM and SAEM generally took less than 10 and 5 iterations until

convergence, respectively.

In terms of implementing the PEM algorithm to select the number of latent variables, ¹1º

or  ¹2º, we consider a more generous threshold of3 � # •500. This is for the sake of faster

implementation, as we only use the resulting likelihood to implement the EBIC and LRT method.

M-step implementation. As our M-step in both algorithms (PEM and SAEM) boils down to

solving multiple lower-dimensional maximization of dimensions less or equal to ¹1º ¸ 1, we

choose to simply apply a built-in optimizing package that directly computes the global maximizers.

This is because there are already other approximations being made in the SAEM, and we did not

want to increase the randomness for our simulation studies.

For the simulation studies under deeper models with� � 3 (see Section 3.5), we have

slightly modi�ed the M-step of the Normal observed-layer (see (3.42)) by considering the hard-

thresholding penalty?g¹1º := g2

2 � ¹ j1j < 0º. This leads to a closed-form simpli�cation of (3.42),

as spelled-out below. Lettingy9 denote the9th column ofY, A»Ç 1¼
long := ¹1# –A ¹1º–»Ç 1¼º, and

thresg¹1º := 1� ¹j1j ¡ g º, we can write the updates for eachV9– W9 as

#̂¹1º–»Ç 1¼
9 = thresg

�
¹A»Ç 1¼>

long A»Ç 1¼
long º� 1A»Ç 1¼>

long y9

�
– Ŵ»Ç 1¼

9 =

s Í
8¹. 8– 9� [ 9–A ¹1º–»Ç 1¼

8
º2

#
–

which speeds up the SAEM algorithm.

For practical implementation for a larger dataset with general observed-layer distributions, we

recommend the user to modify the M-step to a faster but approximate optimization procedure. For
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example, one may choose to do a one-step gradient ascent in each iteration of the M-step.

Addressing latent variable permutation for simulations. In our simulations, resolving the la-

tent variable permutation is necessary to accurately compute the errors. A naive approach involves

computing the error across all possible permutations, but this quickly becomes computationally

infeasible, even for moderate values of ¹1º = 18–  ¹2º = 6. To address this, we formulate the

optimal latent variable permutation as an assignment problem and solve it ef�ciently using the

following bottom-up approach as follows.

First, we construct a ¹1º �  ¹1º cost matrix, where each entry is the squared! 2 norm between

the corresponding column vectors ofB¹1º andB̂¹1º. Next, use the Hungarian algorithm [132] to

�nd a column permutation that minimizes the total assignment cost. As the column indices of

B¹1º correspond to the row indices ofB¹2º, we permute the rows ofB¹2º accordingly. Finally, we

apply the same procedure to �nd an optimal permutation of theB¹2º columns. This method ensures

computational ef�ciency while accurately resolving the latent variable permutation.

3.11 Additional Simulation Results

3.11.1 True Parameter Values

In terms of the true parameter values, we consider two sets of values based on the strict and

generic identi�ability conditions in Theorems 3.3.1 and 3.3.2, respectively. First, we de�neBB =

f B¹3º
B g32»� ¼that satisfy Theorem 3.3.1 as follows:

B¹3º
B =

©
­
­
­
­
­
«

� 21 ¹3º 4I  ¹3º

� 41 ¹3º 4I  ¹3º

� 21 ¹3º B¹3º
1

ª
®
®
®
®
®
¬

– where V¹3º
1;9–::=

8>>>>>>>><

>>>>>>>>
:

4 if : = 9–

4•3 else if j: � 9j =  ¹3º•2–

0 otherwise•

(3.43)
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We also considerB6 = f B¹3º
6 g32»� ¼that satisfy Theorem 3.3.2, de�ned as:

B¹3º
6 =

©
­
­
­
­
­
«

� 21 ¹3º B¹3º
2

� 41 ¹3º B¹3º>
2

� 21 ¹3º B¹3º
1

ª
®
®
®
®
®
¬

– where V¹3º
2;9–::=

8>>>>>>>><

>>>>>>>>
:

4 if : = 9–

4•3 else if0 Ÿ : � 9 � d  ¹3º•3e–

0 otherwise–

(3.44)

andB¹3º
1 is the matrix de�ned in Equation (3.43). Note thatB¹3º

6 is a less sparse version ofB¹3º
B ,

where the identity matrices are modi�ed toB¹3º
2 . While B¹3º

2 andB6 have the same value of 4

on the main diagonals,BB is sparser. In particular,BB has two pure children per latent variable

whereasB6 has none.

Regarding the remaining parameters, we set the top-layer proportion parameters as?: = 0•5

for all : 2 » ¹� º¼, and set the dispersion parameters for the Normal distribution asW9 = f 2
9 = 1

for all 92 »� ¼.

3.11.2 Additional Details on Ablation Studies

We provide additional details regarding ablation studies. We separately considered data gener-

ated from a DDE and a DBN with the same coef�cientsBB in (3.43). We implemented the DBN

using theDeep Neural Network toolbox inMATLAB[133].

In addition to the analysis in the main text, we compare the RMSE values for the continuous

parameters under sparse, identi�able models (panel (d) in Figure 3.5) versus that under fully-

connected, non-identi�able models (Figure 3.8 below). Interestingly, the RMSE values returned

by the DBN algorithm are similar. This indicates the unreliability of parameter estimation via

estimation algorithms for learning DBNs. In contrast, our proposed estimation method for DDEs

encourages sparsity as well as adopts a wiser initialization strategy that is close to the true param-

eters, which leads to better parameter estimation and structure recovery.
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Figure 3.8: Parameter estimation accuracy for fully-connected DBNs with� =  ¹1º =  ¹2º = 18.
The true coef�cients are generated iid from# ¹0–2º.

3.11.3 Simulation Results Under the Generic Identi�able ParametersB6 and Computation Time

Here, we present the omitted details from Section 3.5, regarding (a) the estimation accuracy

under generically identi�able parameters, (b) performance of the PEM algorithm, and (c) compu-

tation time.

Estimation accuracy under generically identi�able parameters. We present the analogs of

Figure 3.4 under the generically identi�able true parametersB6. While all other simulation settings

are identical to that described in the main text, we make the following two changes. First, we do

not consider the largest parameter dimension of¹�–  ¹1º–  ¹2ºº = ¹90–30–10º in this generically

identi�able setting. This is because the layer-wise initialization turned out to be less effective in

this high-dimensional but less-sparse scenario. Second, for Poisson-based-DDEs, we modify the

intercept values to be smaller compared to the values in (3.43) as follows. When ¹2º = 2, we

consider a smaller intercept parameter forB¹1º
6 as follows:

V¹1º
2;9–0 :=

8>>>>>>>><

>>>>>>>>
:

� 3 if : �  ¹1º–

� 5 else if  ¹1º Ÿ : � 2 ¹1º–

� 2 otherwise•
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Similarly for  ¹2º = 6, we work under the smaller intercept values of

V¹1º
2;9–0 :=

8>>>><

>>>>
:

� 10 if
Í  ¹1º

: =1 V9–: � 8–

� 5 otherwise•

This adjustment is to make the Poisson parameters not explode, as using the original intercept

values in (3.44) makes some Poisson parameters for. 9 j A very large and generates unrealistic

data.

Figure 3.9: Estimation error forG and� under the 2-layer DDE with parametersB6 and various
observed-layer parametric families. Note that the y-axis varies across plots.

The estimation accuracy forG and� is displayed in Figure 3.9. While we see a similar trend

as in the results under the true parametersBB (Figure 3.4), the overall error values are larger

and indicate that estimation under the less sparse model is more challenging. Recall that we are

considering a different Poisson intercept compared to that underBB, so we cannot directly compare

the Poisson results.
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Estimation accuracy of the PEM algorithm. We compare the performance of PEM (Algo-

rithm 5) and SAEM (Algorithm 2) for each parametric family. We implement the PEM under the

same simulation setup as SAEM, described in Section 3.5. However, the PEM implementation

failed for higher latent dimensions, speci�cally under the latent dimension of¹�–  ¹1º–  ¹2ºº =

¹54–18–6º or higher, due to memory allocation issues. As a result, PEM was only applied in the

low-dimensional scenario with with¹�–  ¹1º–  ¹2ºº = ¹18–6–2º.

The results, presented in the publish version of the chapter [17], show that the PEM estimates

exhibit a faster rate of convergence as# increases. In particular, the RMSE values decrease at

the parametric rate1•
p

# , as established in Theorem 3.3.3. We believe that the lower estimation

accuracy under SAEM is due to multiple approximations within the SAEM algorithm such as

approximate sampling and the objective function updates. We recommend using PEM instead of

SAEM to estimate DDEs when the latent dimension is small.

Computation time. Figure 3.10 reports the computation times for all simulations in Section 3.5

and Section 3.11.3. The results show that computation time varies across parametric families. A

common trend is that both SAEM and PEM slow down as the sample size# increases. Addition-

ally, SAEM becomes slower as the parameter dimension increases. Comparing SAEM and PEM

is somewhat subtle, as their relative computation times depend on the response type and differ-

ent convergence criteria. However, preliminary simulations under the dimension¹�–  ¹1º–  ¹2ºº =

¹45–15–5º indicate that PEM is slower than SAEM across all three responses types. Further-

more, PEM fails to operate under larger dimensions due to high memory requirements. These

observations support the conclusion that SAEM is desirable for scenarios involving large latent

dimensions.

3.11.4 Experiments With Varying Numbers of Gibbs Samples in Algorithm 2

Here, we conduct additional experiments to assess the effect of the number of Gibbs samples,

� , on both estimation accuracy and computation time. These experiments follow the setup in
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Figure 3.10: Log computation time (in seconds) for the simulation results in Section 3.5 and
Section 3.11.3, under true parametersBB (top row) andB6 (bottom row). The legends indicate
the value of ¹1º and estimation algorithm.

Section 3.9.2, but we implement the SAEM algorithm (Algorithm 2) varying� = 1–5–25.

The simulation results in Table 3.8 indicate that smaller values of� result in faster computation

across all parametric families, with minimal loss in estimation accuracy. Here, the dependence of

computation time on� arises at the M-step, where the maximization objective is a sum of$ ¹� º

functions. A larger� complicates the objective function and makes the optimization slower. Based

on these �ndings, we selected� = 1 as a baseline for the SAEM procedure.

3.11.5 Simulations for Selecting the Number of Latent Variables

We �rst evaluate the performance of the three estimators (denoted as EBIC, LRT, Spectral) for

selecting ¹1º, as introduced in Section 3.10.3, assuming the knowledge of ¹2º. Since the EBIC

and LRT estimators require likelihood computation, we restrict the simulations to the con�guration

¹�–  ¹1º–  ¹2ºº = ¹18–6–2º. For each candidate model with: 2 K �rst-latent-layer variables, the
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ParFam
Accuracy(G) RMSE¹� º time (s) # iterations

# Gibbs� \# 1000 4000 1000 4000 1000 4000 1000 4000

Bernoulli
1 0.916 0.962 0.43 0.36 3.1 10.0 3.0 3.6
5 0.920 0.961 0.43 0.38 5.3 41.4 2.6 3.2
25 0.923 0.962 0.43 0.37 26.0 198.5 2.5 3.1

Poisson
1 0.993 0.999 0.26 0.24 3.5 7.0 3.2 3.2
5 0.999 1 0.24 0.24 6.5 25.4 3.3 3.2
25 0.998 1 0.24 0.24 34.7 120.3 3.4 3.2

Normal
1 0.994 1 0.16 0.14 0.5 1.1 2.0 2.0
5 0.995 1 0.15 0.13 1.0 2.2 2.0 2.0
25 0.994 1 0.16 0.13 2.2 8.8 2.0 2.0

Table 3.8: Accuracy measures forG and � , computation time and iterations for 2-layer DDE
estimates under varying number of Gibbs samples� . For the �rst column, larger is better. For the
other columns, smaller is better.

likelihood is computed using parameter estimates from the PEM algorithm. For the LRT estimator,

we have set the signi�cance level to beU = 0•01 and used thej 2 limiting distribution for each

sequential test. Continuing from the simulation settings in Section 3.5, we consider two sets of

true parameters:BB–B6 and three sets of observed-layer parametric families: Bernoulli, Poisson,

and Normal. In addition to the sample sizes# in the previous section,# = 6000is also considered

to better assess the large-sample accuracy. Here, we assume that the number of the top layer

latent variables ¹2º = 2 is known, and select ¹1º from the candidate setK = »2 ¹2º– �•2º \

N = f 4–5–6–7–8g. The equality in2 ¹2º �  ¹1º is allowed to consider an equal number of

under�tted/over�tted models.

We �t the three estimators400 times for each scenario, and display the correct selection per-

centage for the Bernoulli, Poisson, and Normal-based DDEs with true parametersBB/B6 in Fig-

ure 3.11/Figure 3.12. Comparing the three estimators, the spectral ratio-based estimator has near-

perfect accuracy when# is large enough, say4000. This demonstrates the empirical consistency

of the spectral ratio estimator. In contrast, the consistency of the EBIC and LRT estimators is not

clear for Bernoulli and Poisson responses1. Thus, we conclude that for a large enough# , it is

1To be more precise, as we are using approximate levelU = 0•01 tests, the correct selection percentage of the LRT
estimator should converge to 0.99.
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Figure 3.11: Selection accuracy of ¹1º under the two-latent-layer DDE with true parametersBB.
The spectral ratio estimator shows near-perfect accuracy for large# .

Figure 3.12: Simulation results for selecting ¹1º under the 2-layer DDE with true parametersB6.

desirable to select ¹1º using the spectral ratio estimator. Among the three response types, the

Bernoulli case with its nonlinear link function and limited response values is the most challeng-

ing. In contrast, the Normal case with a linear observed layer and continuous responses achieves

near-perfect selection accuracy, which is consistent with earlier observations regarding parameter

estimation accuracy.

We also apply these three estimators to select ¹2º, assuming that ¹1º = 6 is correctly esti-

mated or known. The candidate set for ¹2º is K := f 1–2–3g. Figure 3.13/Figure 3.14 displays

the correct selection percentage under the true parametersBB/B6. Here, we implement the LRT

estimator by naively assuming that Wilk's theorem holds. The overall trends are similar to those

observed in the previous �gures for selecting ¹1º. Under the sparse true parameterBB, the spectral

ratio estimator performs well across all response types and the LRT estimator has the lowest, but

160



Figure 3.13: Selection accuracy of ¹2º under two-latent-layer DDEs with true parametersBB.

Figure 3.14: Simulation results for selecting ¹2º under the 2-layer DDE with true parametersB6.

still decent accuracy. Interestingly, the EBIC estimator outperforms the spectral ratio estimator in

more challenging scenarios, such as Bernoulli responses with small# or under the Poisson re-

sponses with less sparse true parametersB6. Unlike the case for selecting ¹1º, it is not clear that

the spectral ratio estimator outperforms the EBIC estimator for selecting ¹2º.

Based on these experiments, we conclude that in the most general setting of a two-latent-layer

DDE where both ¹1º and ¹2º are unknown, a two-step approach is effective. First, the spectral

ratio estimator can be used to select ¹1º. Then, ¹2º can be determined using either the EBIC or

the spectral ratio estimator, incorporating domain knowledge if needed.

3.11.6 Simulations for Deeper Models with� � 3 Latent Layers

Estimation accuracy of graphical structures We display the postponed tables from the the

main text (Section 3.5) in Tables 3.9 and 3.10, which correspond to experiments for deeper models
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with Normal responses and� = 3–4 latent layers.

Layer \# 500 1000 2000 4000 8000 16000

G¹1º 1.00 1.00 1.00 1.00 1.00 1.00
G¹2º 0.89 0.89 0.90 0.93 0.94 0.98
G¹3º 0.87 0.89 0.88 0.89 0.90 0.91

runtime (s) 3 3 3 5 8 15

Table 3.9: Average entrywise-accuracy of estimating graphical matrices and runtime when� = 3.

Layer \# 500 1000 2000 4000 8000 16000

G¹1º 1.00 1.00 1.00 1.00 1.00 1.00
G¹2º 0.83 0.89 0.93 0.95 0.96 0.97
G¹3º 0.72 0.74 0.75 0.77 0.78 0.80
G¹4º 0.64 0.65 0.70 0.70 0.71 0.73

runtime (s) 75 96 74 89 186 312

Table 3.10: Average entrywise-accuracy of estimating graphical matrices and runtime when� = 4.

Selecting the number of latent variables To assess our spectral-ratio estimator's performance,

we have conducted additional experiments for deeper models with� = 3. Table 3.11 illustrates

the satisfactory performance of Algorithm 3 for all layers, where each entry reports the accuracy

across 400 replications. We have also evaluated the spectral-ratio estimator for more challenging

cases with� � 4 latent layers, where the accuracy degrades due to accumulation of uncertainty

and larger grid size.

Layer \# 500 1000 2000 4000 8000 16000jK ¹3º j

 ¹1º 100 100 100 100 100 100 14
 ¹2º 28 44 68 79 87 92 5
 ¹3º 65 71 82 89 92 95 2

Table 3.11: Correct selection percentage forK , under a true model with Normal responses and
� = 3–  ¹� º = 2. The last column reports the typical grid size for each ¹3º.
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3.12 Data Analysis Details and Additional Results

3.12.1 Preprocessing

MNIST Data. We work with the preprocessed version of the default training set, which consists

of 60–000images, each containing information on the282 pixel values. Initially, each pixel takes

integer values between0 and255. As the data values are highly concentrated around values near

0 or larger than 200, we transform the data into binary responses by thresholding at a value of

128. In other words, pixels with values exceeding 128 are assigned a binary value of 1, while the

rest are set to 0. For the sake of easier presentation and computational ef�ciency, we work on the

subset of the dataset whose true digit labels are equal to0–1–2–3, and also discard some pixels

with uniformly small values by selecting� = 264pixels whose average pixel values are larger than

40. After preprocessing, the training set consists of# = 20–679unlabeled images. We identically

preprocess the test set, which leads to a total of# = 4–157images.

20 Newsgroups Data. The dataset provides a default partition of the train and test sets based on

chronological order, and we use this partition. The preprocessing of the training data was carried

out in three main steps. First, to reduce the signal-to-noise ratio and enhance interpretability, we

focus on a subset of labels. To elaborate, we consider the newsgroup articles that belong to the

large class of computer, recreation, and science (see the top-latent layer labels in Figure 3.15). A

manual inspection revealed that the newsgroup with labelsci.crypt has a wide range of topics

such as government and politics and was often cross-referenced to those newsgroups, so we did

not include these documents in our dataset. Second, documents of extreme lengths were �ltered

out by removing the shortest5% and longest1% of all documents. This procedure is standard in

the literature, and has been shown to increase the signal-to-noise ratio [134]. Third, we construct

our dictionary by excluding infrequent words (with less than 100 occurrences) and screening out

stop-words (such as the, he, in) and topic-irrelevant words (such as like, must, since) using the

R packagetm. As the original dataset consists of email texts, we performed a manual screening
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to remove uninformative email-related vocabulary, such as edu, com, net, and cmu. Finally, we

conducted a secondary �ltering of the short documents, as the removal of stop-words led to some

documents being uninformative. The resulting processed train dataset is a sparse5883� 653count

matrix.

recreation computer science

sports-baseballcarsmotorcycle sports-hockey os-windows windows graphics hardware-ibm hardware-mac medicine space electronics

Figure 3.15: Nested structure of the true held-out labels for the 20 newsgroups dataset.

To process the test dataset, we go through the same �rst and second steps described above. We

continue using the dictionary constructed from the train set, with� = 653words. After �ltering

out the short/long documents, the resulting data matrix consists of# = 3320documents.

TIMSS Assessment Data. We use the preprocessed dataset provided in [86]. Additionally, we

remove all rows of the data matrix with missing entries, which resulted in a total of# = 435

observations. While our estimation procedure can be modi�ed to handle missing data (missing at

random) by modifying the likelihood function, we take this additional preprocessing step for the

sake of consistency with other parts of the chapter.

This dataset includes additional information regarding the latent structureG¹1º, which is the

so-called&-matrix in the cognitive diagnostic modeling literature [135, 86]. The provisionalG¹1º

matrix speci�es ¹1º = 7 latent cognitive skills (Number, Algebra, Geometry, Data and Probability,

Knowing, Applying, and Reasoning) as well as the skills that are required to solve each item. That

is, 6¹1º
9–: = 1 if item 9requires latent skill: to solve it. Hence, following the con�rmatory latent

variable modeling convention in psychometrics, we estimate the DDE parameters by �xingG¹1º

to this given structure.

3.12.2 Selecting the Number of Latent Variables

MNIST Data. We select ¹1º = 5 based on the spectral-gap estimator, as illustrated in the

left panel of Figure 3.16. Also, we set ¹2º = 2 motivated by our identi�ability requirement
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Figure 3.16: Based on the spectral estimator for ¹1º, (left) we select ¹1º = 5 for MNIST, and
(right)  ¹1º = 8 for 20 newsgroups. The peak, highlighted in red, correspond to the selected values.
We omit displaying the �rst few eigenvalue ratios for better illustration.

2 ¹2º Ÿ  ¹1º. This choice is also supported by the fact that there are four true labels. Each latent

con�gurationA ¹2º = ¹ � ¹2º
1 – � ¹2º

2 º 2 f0–1g2 uniquely corresponds to each digit, as illustrated in the

center panel of Figure 3.6.

20 Newsgroups Data. We select ¹1º = 8 based on the spectral-gap estimator, as illustrated

in the right panel of Figure 3.16. For ¹2º, the EBIC values are quite similar for ¹2º = 2–3

with values of1•3273� 106 and1•3277� 106, respectively. Also, the spectral-gap is similar for

both values ¹2º = 2–3. Hence, we select ¹2º based on the interpretability of the inferred latent

structure. The estimated latent structure with ¹2º = 3 is displayed in Figure 3.17. Compared to

Figure 3.7 in the main text, the `technology' topic has split into two groups whose interpretation

is somewhat blurry. Notably, these two `technology' latent variables do not match the labels of

`computer' and `science' provided by the dataset (see Figure 3.15). For instance, the `technology

2' variable has arrows to the �ner topics of motorcycle, software, and space. Hence, we select

 ¹2º = 2 based on this lack of semantic distinction.

TIMSS Assessment Data. This dataset includes additional information regarding the latent struc-

tureG¹1º, which is the so-called&-matrix in the cognitive diagnostic modeling literature [135, 86].

The provisionalG¹1º matrix speci�es ¹1º = 7 latent cognitive skills (Number, Algebra, Geometry,
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recreation technology 1 technology 2

carssportsmotorcycle software location/names hardware graphics space

Figure 3.17: Graphical structure of the latent topics, where we �t the 2-layer DDE with ¹2º =
3–  ¹1º = 8. The width of the upper layer arrows is proportional to the corresponding coef�cients
and the red arrow indicates negative values.

Data and Probability, Knowing, Applying, and Reasoning) as well as the skills that are required

to solve each item. That is,6¹1º
9–: = 1 if item 9requires latent skill: to solve it. Hence, follow-

ing the con�rmatory latent variable modeling convention in psychometrics, we estimate the DDE

parameters by �xingG¹1º to this given structure.

Additionally, the dataset comes with a rough classi�cation of the seven latent skills into ¹2º =

2 categories: content skills and cognitive skills. However, we observed that �tting ¹2º = 2 results

in one of the proportion parameters exhibiting an unusually large value of?2 = 0•96. This indicates

that � ¹2º
2 = 1 for 96% of the students, and this skill is redundant. Hence, we have adjusted the

number of higher-order latent variables to ¹2º = 1, which partitions the students into two groups

based on the value of� ¹2º
1 . The EBIC for the two cases were also comparable and justi�ed this

choice.

3.12.3 Additional Visualization for the MNIST Dataset

. 1 . 2 . 3 . 4 � � � � � � . �

� ¹1º
1 � ¹1º

2 � ¹1º
3 � ¹1º

4 � ¹1º
5

� ¹2º
1 � ¹2º

2

Figure 3.18: Graphical model representation of the learned latent structure. The edge widths are
proportional to coef�cients' absolute values. The edge colors (black/red) imply positive/negative
coef�cients, respectively.

In Figure 3.18, we visualize the learned latent structure of the MNIST dataset. The corresponding
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Label True LCM 1-layer DDE Spectral init 2-layer DDE

0

1

2

3

Table 3.12: True (�rst column) and reconstructed (other columns) images under various estimators.
Here, each pixel takes values in»0–1¼, where a darker shade indicates a larger value.

graphical matrixG¹2º was used to interpret the top layer latent variables in the main text. For

example,� ¹2º
1 is connected to all lower-layer variables, and we interpret this as an indicator for the

pixel densityof the image.

We additionally visualize examples of reconstructed images under various models in Table 3.12,

which have been used to compute the pixel-wise reconstruction accuracy in Table 3.4 in Sec-

tion 3.6. The reconstructions are based on the corresponding conditional meanE
�
Y j A ¹1º

�
for

each latent representationA ¹1º, which is rearranged in the original28� 28 grid. The visualization

illustrates that the reconstructions from the 2-layer DDE exhibit greater clarity compared to those

from alternative models.

3.12.4 Performance Evaluation for the 20 Newsgroups Dataset

Perplexity. Perplexity is a very popular measure to evaluate topic models and many other ma-

chine learning models. Following the original de�nition from [113] that considers each word as an
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individual sample, we de�ne

perplexity¹Y j A–� º := exp

2
6
6
6
6
6
4

�

Í
8– 9. 8– 9log

�
_8– 9Í
90_8– 90

�

Í
8– 9. 8– 9

3
7
7
7
7
7
5

• (3.45)

Here,_8– 9= exp
�
V¹1º

9–0 ¸
Í

: 2» ¹1º¼V¹1º
9–:�

¹1º
8–:

�
is the Poisson parameter for the conditional distribution

. 8– 9j A ¹1º
8 . The motivation for (3.45) is that under the Poisson likelihood for (3.4), the joint

distribution of¹. 8–1– • • • – .8–�º j A8 follows a Multinomial distribution

Multi

 
Õ

9

. 8– 9–
�

_8–1Í
90 _8– 90

– • • • –
_8–�Í

90 _8– 90

� !

•

This de�nition is consistent with that used for Poisson factor analysis [136, 79] as well as LDA

[113].

To evaluate (3.45), we use the parameter estimates^� from our proposed method. As (3.45) also

requires the knowledge of each latent variableA ¹1º
8 , latent variable estimates needs to be computed.

To compute train perplexity, we use the estimator (3.10) from the main text. For test perplexity, we

adopt the approach of [79], �rst computing the posterior distribution ofA ¹1º
8 by using80%of the

words in each document, and evaluating perplexity based on the remaining20%words.

Implementations of existing topic modeling algorithms. We describe the implementation de-

tails of alternative topic modeling algorithms that were used for model comparison in Table 3.5.

LDA is implemented by the functionLDAin theRpackagetopicmodels [137], using the vari-

ational EM algorithm. For DPFA, we have used the originalMATLABcodes that were publicly

available on the �rst author's GitHub page2 [79]. Based on the empirical �ndings in [79], which

indicate that the DPFA-SBN model optimized using the SGNHT method performs the best among

their proposed methods, we chose this implementation. The method was run using the default tun-

ing parameters. Note while [79] also analyzed the 20 Newsgroups dataset (see Table 1 in the cited

2https://github.com/zhegan27/dpfa_icml2015/tree/master
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