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Abstract
Learning graphical models with intractable likelihoods

Seunghyun Lee

This dissertation presents theoretical and methodological developments for a range of statistical
problems that involve graphical structures. Such graphical structures naturally arise by introducing
dependent latent variables and modeling conditional independence structures. However, the result-
ing complexity often leads to a likelihood involving an intractable normalizing constant. As this
hinders model estimation as well as even understanding fundamental identifiability, it is important
to develop a theoretical understanding for such graphical models. We answer this general ques-
tion by focusing on three popular statistical problems that allow both supervised and unsupervised
settings.

First, we consider the problem of conducting frequentist inference under Gaussian mixture
models with dependent latent labels. Despite its popularity, most theoretical research for this
problem assumes that the labels are either independent and identically distributed, or follow a
Markov chain. It remains unclear how the fundamental limits of estimation change under more
complex dependence. Here, under the spherical two-component Gaussian mixture model, we first
show that a naive estimator based on misspecified likelihood can be utilized for labels with arbitrary
dependence. Additionally, under labels that follow an Ising model, we establish the information-
theoretic limitations for estimation, and discover an interesting phase transition as dependence

becomes stronger.



Second, we consider another unsupervised learning problem and propose a complex model
with a deep latent structure that consists of multiple binary latent variables. This model is moti-
vated by deep generative models in machine learning (such as Deep Belief Networks) that exhibit
a similar deep architecture with layer-wise graphical dependence. The proposed model, termed
Deep Discrete Encoders, enjoys additional statistical guarantees including identifiability and in-
terpretability. Theoretically, we propose transparent identifiability conditions for the proposed
model, which imply progressively smaller sizes of the latent layers as they go deeper. Identifi-
ability ensures consistent parameter estimation and inspires an interpretable design of the deep
architecture. Computationally, we propose a scalable estimation pipeline of a layer-wise nonlinear
spectral initialization followed by a penalized stochastic approximation EM algorithm. We illus-
trate the proposed method via conducting simulation studies and illustrations on three real datasets
to perform hierarchical topic modeling, image representation learning, and educational response
time modeling.

Finally, we consider the problem of establishing limit distributions in a high-dimensional hi-
erarchical Bayesian linear regression problem. Unlike the existing literature that focuses on pos-
terior contraction, we work under a non-contracting regime where neither the likelihood nor the
prior dominates the other. This is motivated by modern high-dimensional datasets with a bounded
signal-to-noise ratio. Here, we take a first step towards understanding limit distributions for one-
dimensional projections of the posterior, as well as the posterior mean, in such regimes. Analogous
to contractive settings, the resulting limiting distributions are Gaussian, but they heavily depend
on the chosen prior and center around the Mean-Field approximation of the posterior. We study
two concrete models of interest to illustrate this phenomenon — the white noise design, and the
(misspecified) Bayesian model. As an application, we construct credible intervals and compute

their coverage probability under any misspecified prior.
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Chapter 1: Introduction

Complex models and approximate inference have revolutionized modern statistics and machine
learning. However, a fundamental understandingvby they work andwvhenthey can be trusted
remains limited. One important challenge lies in thigactable normalizing constanthat arise
from graphical structures, latent variables, and prior distributions, which create both theoretical
and computational dif culties.

This dissertation develops statistically rigorous guarantees for several popular graphical models
commonly used for both supervised and unsupervised tasks. We mainly focus on the following

canonical models:

» Mixture models with discrete latent variables and graphical structures (see Chapters 2 and

3),
 Hierarchical Bayesian linear regression (see Chapter 4).

Here, the rst problem considers a variant of standard mixture models in unsupervised learning by
allowing dependent or multivariate/structured labels. In contrast, the second problem of hierarchi-
cal Bayesian linear regression is a classical model in supervised learning that involves a graphical
conditional independence structure due to the hierarchical prior.

Below, we elaborate on the setup of each chapter and discuss how they involve a complex

intractable likelihood as well as the challenge and importance.

1.1 Gaussian mixture models with dependent labels

In Chapter 2, we work under a Gaussian mixture model (GMM) with dependent labels. For

simplicity, consider a two component symmetric model, where we obSedmnensional random



vectorsX— e ¢ «X- generated from latent labefs := 1/ (—eee—P 2 f 1- 19~

Z7=1 —eeenP Q= XgjZ™ Xgjlg" #3l)/gdo— & l-see—=e (L1

A natural question is to optimally estimate the mean parameger := R3nf03g, and understand
how this is affected by a potentially dependent label distribu@gn
If Qg represents a-fold product measure oin 1-1g-, the model reduces to the classical sym-

metric two-class isotropic Gaussian mixtures problem. Even this simple model has served as the
basis for understanding several statistical challenges in unsupervised learning [1, 2, 3, 4, 5, and
the references therein]. Interestingly, as the literature suggests, a complete understanding of even
this model can be subtle from both theoretical and algorithmic perspectives, and has therefore at-
tracted the keen attention of researchers across several quantitative domains such as cryo-EM [6,

7]. However, a parallel theory for more gene@ remains lacking.

0‘3)0

Figure 1.1: Graphical illustration of a Hidden Markov Random Field with dependent labels. The
distribution of the labelZ~ is modeled as a MRF.

A natural class of problems that have evolved to extend this domain pertains to a speci c class
of Qg arising in the context of undirected graphical models such as Markov Random Fields (MRF)
[8, 9]. WhenQ, corresponds to a MRF on a given network, model (1.1) is known in the literature
as the Hidden Markov Random Field (HMRF) [10, 11, see Figure 1.1 for a visualization] and a
parallel literature has enriched the methodological arsenal for inference in HMRFs. However, to
the best of our knowledge, rigorous theoretical guarantees or issues of statistical ef ciency are yet
to be thoroughly explored. This is mainly because the marginal likelihood involves a complicated

normalizing constant and is intractable. This chapter takes one of the rstrigorous steps to quantify

2



ef cient statistical estimation of o under some mean- eld type HMRFs.

1.2 Deep generative models with discrete latent variables and graphical structures

Next, Chapter 3 will consider directed graphical models with multiple latent variables. From a
more applied perspective, latent variables are essential for modeling modern high-dimensional het-
erogeneous data, by offering a low-dimensional, interpretable representation that captures mean-
ingful concepts. Consequently, latent variable models are popular across elds, from social science
to machine learning [12, 13]. However, introducing discrete latent variables results in an intractable
marginal likelihood. For example, the graphical model in Figure 1.2 involves multiple layers of
binary latent variables (white nodes), and marginalizing them out leads to a complicated observed

likelihood:

~

@) @)
p1yo = PLY jAY = o pIp™ B o B3 B AT opipT P2t fo_ 0 (1.2)
A'3°83 3=2

where each conditional distribution will be speci ed later.

DHOMm L. .
600000000

Figure 1.2: Example graphical model representation of the proposed “Deep Discrete Encoders”.

In fact, the model described in Figure 1.2 is an illustration of our model “Deep Discrete En-
coders”, which is proposed for applications in unsupervised learning and generative modeling.
The intractable likelihood in Equation (1.2) creates challenges for identi ability and estimation,
and there is a lack of principled guidelines for specifying the latent structure in many complex

models. This raises concerns aboeiiability and interpretability, both of which are required

3



in high-stakes applications such as education and medicine. This chapter addresses this gap by
proposing new generative models with identi ability guarantees alongside scalable methods that

address the challenge of the intractable likelihood and estimate the latent structure.

1.3 Bayesian linear regression in high-dimensions

Finally, in Chapter 4, we consider a linear regression model:
y=X#,6 9- (1.3)

wherey 2 R~ is the response vectoX,is an= ? design matrix# 2 R? is the vector of regression
coefcients, and9 N 0-—f2|-° represents unobserved Gaussian noise with known variance
f 2 ; 0. Within a Bayesian framework, we further assume a prior distribution on the coef cient

vector#. A natural starting point is to assume that
Vimeee V" (1.4)

where " is the prior distribution for each component #f A popular application of the above
model is for estimating effect size distributions or genetic architectures of complex physiological
characteristics; see e.g., [14, 15]. Under this Bayesian model speci cation, the posterior distribu-
tion ayx1#° = a,x# j y-X°is given by

3a,x ky X #k? 1 Xy >

>
ﬁl#ol exp T / exp é# ?#’ 2

# o (1.5)

Here, the? ?matrix ,isdenedas ,:=f 21X X°and it encodes the dependence structure
of the posterior.

Without strong assumptions, such as assumirig Gaussian or the design is exactly orthog-
onal, the above posterior involves an intractable normalizing constant. Consequently, performing

Bayesian inference undey.x is a challenging problem, especially for high-dimensional poste-



riors with ? I 1 . This chapter answers this question by establishing limit distributions for a
one-dimensional projection of the posterary with simpli ed formulas for the mean and vari-

ance.

1.4 Organization

The remainder of this thesis is organized as follows. Chapter 2 discusses optimal estimation in
Gaussian mixture models with dependent labels, and is a reprint of our paper [16]. Next, Chapter 3
proposes an identi able and interpretable deep latent variable model for unsupervised learning,
and is a reprint of our paper [17]. Finally, Chapter 4 discusses limiting distributions for linear
projections under the posterior distribution of a Bayesian linear regression model, and is a reprint
of our paper [18]. In the introduction of each chapter, the organization and notation therein are

additionally provided.



Chapter 2: Estimating Gaussian mixture models with dependent labels

2.1 Introduction

Inference under the presence of latent mixing variables is a classical research area that remains
highly relevant in modern statistical paradigms. In the most general setting, an investigator ob-
serves some variables of primary interest — where the observationsradionally independent
given some unobserved latent variabl€&wing to both the theoretical and computational chal-
lenges that arise due to the hidden nature of the latent variables, signi cant research has been
devoted to addressing how to learn the conditional distribution of the observed data, among other
things. The subtlety of the problem deepens when the hidden variables display dependence. A
growing body of research has made substantive progress in this regard by developing scalable
methods under dependent models such as Hidden Markov Models (HMM) and Hidden Markov
Random Fields (HMRF). For both HMMs and HMRFs and other related models of study, the fo-
cus mostly has been distributed across both statistical and computational ef ciency considerations.
However, unlike classical mixture models for independent hidden mixing variables, theoretical ex-
plorations for dependent latent variables are somewhat limited to HMMs. In this chapter, we take
the rst steps to Il this gap by initiating a study of the two-class symmetric Gaussian mixture

model with dependent mixing labels, and developing a theory of optimal inference therein.

2.1.1 Summary of results

We develop a statistical theory for ef cient estimation in model (1.1), under various types of
label dependence. We present our main contributions in two subsections: Sections 2.2.1 and 2.2.2.
In the following, we summarize our main results.

* |n Section 2.2.1, we show that there exists an estimator tf?ai—isonsistent with the same

6



Figure 2.1: Plot of the (scaled) optimal limiting variance with respect to the dependence parameter
V 2 »0-2%under Curie-Weiss labels. The hardness of estimation chandés 4t regardless of
the true parametar 2 R. Note that the scale of thdaxis is different for each panel.

limiting distribution for any label distributionQp. Surprisingly, the estimator we consider

is the MLE computed under i.i.d. labels, which we denote/s In other words, the
estimator under the misspeci ed likelihood attains the usual parametric (and optimal) rate
for estimation. Additionally, we argue thf}¢ can be easily computed by an EM algorithm

resulting from the misspeci ed likelihood.

* In Section 2.2.2, we assume a speci ¢ dependent parametrization for the labels and analyze
the information-theoretic optimal limiting variance. We consider the Ising model to model
the dependent labels. The Ising model is a popular Markov random eld that exibly han-
dles network-type dependencies. This model has a parametdérthat re ects the strength
of dependencey = 0 corresponds to the i.i.d. distribution, and a larydeads to stronger
dependence. In Figure 2.1, we plot the optimal limiting variance with respe¢tutader
the Curie-Weiss version of the Ising model (formally de ned in eq. (2.6)). Compared to
i.i.d. labels, estimation becomes easier unstesng dependencg/ j 1), but there is no
improvement undeweak dependencg/ 1). In the following bullet points, we sepa-
rate the two regimes and elaborate on tractable alternatives to the MLE that still attain the

information-theoretic variance.

« Under weak dependence, we show that the misspeci ed Mi%is optimal. This claim

holds for a large class of Ising models on “mean- eld” graphs with the maximum degree



larger thaang: (see Assumption 2.2.1 for the precise condition). Thus, for dependent
labels under weak dependence, the fundamental limit of estimation remains the same as that
under i.i.d. labels, and one can even perform inference without any cost by blindly assuming
i.i.d. labels. This fundamental limit persists even when the dependémc@nknown, as

illustrated in Section 2.2.3.

« Under strong dependencg is no longer optimal, and we propose a more ef cient esti-
mator YMF based on the variational approximation of the marginal likelihood. When the
underlying Ising model is mean- eld and satis es some additional conditions such as reg-
ularity (see Assumption 2.2.2fMF is asymptotically normal with a strictly less variance
compared tg'"4. However, due to technical reasons, we prove the optimaliffM5fonly

for Curie-Weiss labels.

« We also summarize properties of the estimajdfsand)™F in Table 2.1.

Table 2.1: Summary of the properties of estimators under various label dependencies. MF denotes
“mean- eld” Ising models (see Assumption 2.2.1) and CW denotes the Curie-Weiss model (see

eg. (2.6)).

Ising model
MF,VY1orCW,V 1 MF+regularVil CW, Vi1

Estimatom Q, arbitrary

Nid = consistent optimal not optimal not optimal
YWMF not de ned optimal better thajid optimal

2.1.2 Notations

We use the following notations in the remainder of the chapter. First, we use bold capital
letters (e.g.X) to denote matrices and random vectors, bold lower-case lettersxfetg denote
deterministic vectors, and non-bold letters to denote scalars {e.§. The symbolsk kand
k k denote the 2 and! ! norm for a vector/matrix, respectively. For two symmeBic 3

matricesCz and D3, we writeC3 D3 andCs D3 whenC3 Dg3 is positive de nite and



positive semi-de nite, respectively. L&z denote the3-dimensional zero-vector and identity
matrix, respectively. Let Rda®° denote the Rademacher distributionforil—1g with probability
of 1 equal to?. For two probability measureR-Q, KL*PkQ° denotes th(? KL divergence &f
from Q. Also for any vectoh = thy—e++e—R 2 R we will denote byh = 1 ! o1 Do.

As most results in this chapter are asymptotis,ive also introduce asymptotic notations. We
use the standard Bachmann-Landau notatigrs- $ © for deterministic sequences. The symbols
1 and 3 denote convergence in probability and in distribution, respectively. For a sequence of
random variable$. -g- 1 and a deterministic positive sequerfé&.g- 1, we write. - = >,10-°
Wheni! % 0, and. = = $,10-° whenlim ;1 lim=z; P 'O—J = 1, respectively. We also use
the same asymptotic notations for nite-dimensional random vedt®¥rs: 1, by writing Y= =

>,10-° andY= = $ »10-° whenkY =k = >,10-° andkY -k = $ »,10-°, respectively.

2.2 Main results

Section 2.2.1 shows that parametric rate-optimal estimation is possible for any dependence
Qo- Next, Section 2.2.2 considers Ising model labels and propose information-theoretic limits and
. . 0 _ of=° S . - .
optimal estimators. Throughout the chapter%gto, = 9,0 be the distribution oK~ de ned in
(1.1), under the true parametey 2 1 and label distributior),. Also, note that the distribution
of X under) and ) are the same. To ensure identi ability, we assume that the true parajgeter

lives in the half-space
1:=f):\1j 0g[f\1=0-%i Og[ [f \1=0-eees\1=0-\g Oge
We alsode ne 5, = 1,So0that 1[ 2= . Inparticularwhe =1, iissimplyf\ :\j Og

221 UniversaPE-consistent estimation

We rst gather some intuition of the problem from studying the i.i.d. label version of the

problem, i.e., wheig), is a product measure. Indeed then, (1.1) reduces to the classical symmet-



ric isotropic Gaussian mixture problem — a research area that has continued to witness repeated
interest from the quantitative research community as a fundamental object of study in statistics.
Speci cally with i.i.d. labels/ g id Rad'05°, after marginalizing out the labélgs, traditional
asymptotic theory shows that the maximum likelihood estimator
-- ) 10 -
Yl :2argmin, . ==~ =  logcosh)”Xg (2.1)

2 &1

is IOE-consistent and asymptotically optimal in the sense of attaining the information-theoretic
lower bound. In terms of computation, it is well-known that the EM algorithm with a random
initialization is guaranteed to converge to the MLE at a geometric rate [19, 1, 20]. However, the
problem changes drastically when the labels are dependent. A faithful statistician would expect
that the MLE

©

S a
YVLE 22 argmin, | Qulzed)” s1Xds (2.2)

&2f 14§
will still be optimal. A further simpli cation of the summation inside the log in (2.2) is impos-
sible due to the arbitrary dependence witig The dataX™ also becomes dependent, breaking
down the classical theory. Consequently, analyzing the MLE and understanding the information-
theoretic lower bound becomes nontrivial. In terms of computation, the EM algorithm slows down
signi cantly as each E-step involves summing oZerterms, and global convergence is compli-
cated and yet to be studied.

We address this issue by demonstrating ffi&in (2.1) computed assuming i.i.d. hidden labels
already provideg =-consistent estimator fy with an asymptotic normal distribution free @.
To operationalize the argument, assume the model (1.1) wAtere Q, is arbitrarily distributed

onf 1-1g-, and observ&X™ 9% o, for some true parametg¢p 2 ;. In order to understand the

10



behavior offYd |et us denote the objective function it minimizes by

€;
log coslt) > X
&1

)7)
2

Il

#-1)0 =

i.e. the re-scaled negative log-likelihood under (misspeci ed) i.i.d laB€ls Subsequently it is
useful to de ne a population analogue of this random objective as

)7)

#i11)0:= 5

Ex_ #21)q4° 10g COSH) ”X°-

i.e. the in probability limit of#-1) °. To see why this can continue to be the population analogue
for arbitrarily distributedZ~, we note thatog coshis an even function, and consequently the distri-
bution oflog cosh) > X1° j / 1 is the same for anfy; = 1. Therefore, by the law of large numbers

for conditionally independent random variables,

16 .

= logcosit) >X$L E logcosh) "X jlg jZ©

=g

1C > Sug o5 %
== logcosh) " Xd Ex #;1)40l0gcosht) “X°jz3 = 0-

S

and thus#-1) °© converges ta#; 1) © in probability, regardless of the distribution &f. Note that
the function#, also depends on the true paramgtgrbut we notationally suppress singg is
xed throughout. Next to gather further intuition why the minimizer#af!) ° is close to) o, we
present the following lemma to show that the limiting objective func#anis indeed uniquely

minimized at) =) .

Lemma 2.2.1.#;, : 1! R s differentiable inint* 1° and uniquely minimized gt = ).

Furthermore)) g is the unique solution dfr #1 °1)° =0z inint* ;°.

Building on this insight, Theorem 2.2.2 shows )it is pE-consistent with a label-independent

Normal limit. Thus,Y¥d, the naive estimator that arises from the misspeci ed likelihood with in-

11



dependent labels, is alwaes_:-consistent and rate-optimal

Theorem 2.2.2.Let Qg be an arbitrary measure oh 1-1g-andX~ %q,. Then, for

0) 0® =T 2#1 1) ° =1 Ex #a1),40 XX~ seCH?) 5 XO- (2.3)
we have .
p:]_ Nid o— 1101 1 G >y 0 110
= )/‘: )o°= oYo p= Xgtanht) gX& )o , >»11 (2.4)
]
and

pEl)Nld ) o : #3 0-gl)° 1 e

The proofs of Lemma 2.2.1 and Theorem 2.2.2 are deferred to Section 2.4.1.

Remark 2.2.1(Computing the estimatar)n the proof of Lemma 2.2.1, we use the fact from [1]

that the mapping 1) © := Ex #,1),40 X tanht) > X° satis es) *) o° =) ¢ and

Ko )k M%) )ok- 8C 1-

mint)*)93) 2"
2)7)
iteratively applying) would converge t) ¢ at a geometric rate, as long @ '¥°>) 4 < 0. Note

with ~1)© := exp 1+ Thus, taking an arbitrary initial valug ' 2 1 and

that) can also be viewed as one iteration of the population EM algorithm for the usual symmetric
GMMs with independent labels (c.f. eq (2) in [1]). Based on this global convergence guarantee,
one can comput§@ using the sample-based EM algorithm with a random initializatjof,

which iteratively computes

G
) 1G 10 =

Inile

Xgtanht) > Xe
81

Remark 2.2.2. We note that a similar observation regarding the robustness and consistency of the

misspeci ed MLE has been made in a concurrent work [21]. There, a more general problem of

The rate-optimality follows by noting that the MLE converges at the s%ﬁeate when all labelZ~ are known,
and it is impossible to do better with an unkno#mn.

12



orbit recovery was considered (which allows our Gaussian mixture setup as a special case), and
analyzed the optimization landscape of the population likelihood beyond Lemma 2.2.1. However,
their framework requires i.i.d. (but not necessary uniform) labefsas opposed to dependent

labels considered here, and did not establish the limiting distributions as in Theorem 2.2.2.

2.2.2 Efcient Estimation under Ising Model of Dependence

pE-consistency of it is natural to probe its optimality in terms of its asymptotic

Given the
variance. It turns out that to go beyond rate optimality and speak to statistical ef ciency requires
special attention to the models of dependencyZon To keep our discussions focused and at
the time demonstrate the complexity of the question in terms of levels of dependeiCe wa
develop the theory under Ising models for the hidden labels. To that end, we rst formally intro-
ducing Ising models for the joint distribution df" (Section 2.2.2), and discuss related challenges
and estimation strategies. Subsequently, we separate the argument by considering two regimes for

the “temperature” paramet&t high/critical temperature regimwvith V1 (Section 2.2.2) and

low-temperature regimeith V j 1 (Section 2.2.2).

Ising Model for Hidden Labels

In this section we consider data generated (1.1) &itlgenerated under an Ising model — a
model of dependent binary data stemming from statistical physics of ferromagnetism [22]. The

model is de ned as follows.

De nition 2.2.1 (Ising model) LetA- be a nonnegative and symmetric = coupling matrix with
0 on diagonals. Fov 0, an Ising modeQ)y \s_ for Z~ is a probability measure oh 1-1g- for

= 1 with probability mass function
_ \ > A —
Qo Z7=2°01 427 "=*—forallz2 f 119
Here, the coupling matri®- governs the dependence structureZof For instance, given a

13



network on the= data pointsA- will correspond to the scaled adjacency matrix of the network so
that vertices sharing an edge are more likely to have the same labels.\AIs@,is a parameter
representing the magnitude of dependence, commonly referred to as the “inverse temperature”
parameter in the statistical physics literature. In particular,Mfor 0, the Ising modelQg \u_
simply becomes the i.i.d. product measure dvet-1g-.

Throughout this section, sincé and A= are known and xed we will simply denoteQ, =
Qo_wa_ When the context is clear. Since we consider an asymptotic setting with a greywwe
will consider a sequence ef =coupling matrice$ A-g- ; and for ease of presentation of sharp

results will assume a scaling such that the maximum row sum is 1, i.e.
_Ili{n kAzk; = 1. (2.5)

Further assumptions oh- will appear along the way as necessary to impart additional precision
to our results. A classical example we will often use in this regard is the Ising model on complete

graphs, referred to as the Curie-Weiss model going forward.

Example 2.2.1(Curie-Weiss model)One important example is whex is the scaled adjacency
matrix of a complete graph with-18—-9= 1 18< @, which we denote as the Curie-Weiss model
Qg_v\‘f. The Curie-Weiss model has been popular for modeling dependent binary data, due to its
exchangeability and low-rank nature [23, 24, 25]. For future convenience, we spell out the p.m.f.

of the Curie-Weiss model:
—\ 2
QSWaz==2/ 477 forall z2f 1-1g*- (2.6)

and let%"", be the distribution oK= under Curie-Weiss labefg§,

As the Ising model, determines the true labels, it is crucial to discuss and understand its
fundamental properties. One statistic that turns out to be of central interest is the sample mean

i.e. the proportion of labélgs equal to 1. Under certain assumptionsfn(see De nitions 2.2.1
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and 2.2.2), it turns out that the limiting behavior/oexhibits a phase transition as it concentrates
around O wherV 1, and around < 2 whenV j 1[23, 26]. Thus, although whew 1, the
labels roughly have equal proportions, #r; 1, for each con guration, one label is more likely
than the other (with probabilit%zi and i<, respectively). It turns out that the ef ciency theory
for estimating crucially relies on this distinction, and we divide our discussion accordingly below.
However, before proceeding to characterize this distinction in our ef ciency theory, it is worthwhile

to gather some intuition regarding the behavior of the likelihood under hidden Ising dependence.

Likelihood under Ising labelOur main ingredient for proving subsequent results under the Ising
labelsZ= Qg_\a. is to understand the corresponding normalizing constant in (2.2) as the normal-
izing constant of a “random eld Ising model”. Speci cally, de @) = Qy_\a_x= as a measure

onf 1-1g” conditioned on the datd~ % g, . With p.m.f.

i
4\—2/w>A=w, )7 &1 XeFs

; 5 X= forallw 2 f 1-1g— (2.7)
=—\A- —

Q) *W° = Q) _vax=1W =

where ~
_ O Vi > >i =
/ =—\A. 1) —X_O = 47W A:W,) 81 XgFg
w2f 1497
is the normalizing constant/partition function. Itis easy to see@as the “posterior” distribution
of the labels after observing™ and assuming the knowledge )of It is interesting thaQ, can be
viewed as aandom eld Ising mode(RFIM) from statistical physics, where the additional linear
i - P
term  g,%) ~X¢Fg(compared to the true label distributi@_\»_) corresponds to the “random
elds”. Note that we use the notationsW to denote realizations and samples under the RFIM
W= Qy, andz-Z for that under the true label distributiddt Q. Also, note that the newly
de ned Q) is consistent with the previous notati@@ (see De nition 2.2.1) in the sense that
Q) =Qfor) =0s.

°Here,< = <1\? | Ois de ned as the unique positive root of = tanH\V/<°.
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With these notations, the rst order conditions of the minimization in (2.2) can be written as

G o )
XgEWEL g1 X0 (2.8)
&1

YMLE =

Il

Here,EQ corresponds to the expectation under the distribu@ohwe introduced in (2.7) above.
Hence, to understand the asymptotics of the MLE, it is crucial to have a precise understanding of
the RHS of (2.8). In particular, we claim there exists a vdle/-X™ such that fon ),

G G

| —
I

Inile

X7 . (2.9)

||-ICF"‘

XgEQ1, g: X7 =
&1 1

XgtanhtD-1V-X™° | ) X . >9

This expansion is the main tool for all of our results, such as deriving the LAN expansion, and

constructing a tractable estimafoby approximating™€  Y'in (2.8):
XgtanHDetV-X™0 | Y™ XPe
As explained before, we expand on these heuristics in the next two subsections.

High/critical temperature regime V. 1

In this subsection, we argue tHa¥ is statistically ef cient under any Ising model label distri-
bution Q, satisfying the following condition:
s i & o_
sup EQ Xs 8 Xgtanht) > XP =>, = o (2.10)
)2 &1 &1

Note that (2.10) is a uniform version of the motivating identity (2.9) Viith= 0. In Theorem 2.2.4,
we compute the LAN expansion of the likelihood ratio under (1.1) with hidden Ising dependence
onZ~. Thereafter, in Corollary 2.2.5, we use the LAN expansion and Le Cam theory to argue that

Yid is optimal among the class of regular estimators.

16



Before discussing optimality, we rst state simpler conditions for Ising mo@gls= Qg \a._
that guarantee (2.10) in Proposition 2.2.3. Our main assumptions are the (i) high-temperature
condition for the parametev 1 and (ii) the followingmean- eld conditionfor the coupling

matrix A=.

Assumption 2.2.1(mean- eld condition) We say that the sequence of coupling matric®sy-

satis es the mean- eld condition when

- C 1

WL:=max  =18-B=> p—— - (2.11)
Fl g1 =log=

Condition (2.11) implies that the variational approximation of the log-partition funédigh -_\a.

is tight up to the leading order [27, also see eq. (2.16) below], and was required in [28, 18] to derive

tight concentration and limiting distributions on RFIMs. For illustration@et2 fO-1g- ~ be the

adjacency matrix of an undirected simple graph on the vertex-setf 1— « « e« .g=and let3g be the

G-
max._, 3s

degree of verte8 Then, by de ningA- := , (2.11) is equivalent tonaxg_, 3s P =log=.

Proposition 2.2.3. Condition(2.10)holds under either of the following scenarios:

(@) The label distribution is the Ising modé_,,_ (see De nition 2.2.1) wher& Y 1 and A-

satis es the mean- eld conditio(2.11)
(b) The label distribution is the Curie-Weiss moQ)Q_V{’/(see Example 2.2.1) witti= 1.

Note that part (a) includes thé Y 1 case of the Curie-Weiss model. The proof builds upon

concentration results for linear statistics of RFIMs [28], and is deferred to Section 2.4.3.

Remark 2.2.3. The careful reader would have noticed that part (a) in Proposition 2.2.3 does not
allow V = 1, which is the “critical temperature” for Ising models on regular graphs [26]. This
is separated out in part (b), which additionally requires the Curie-Weiss m@@_éﬂ While we
conjecture tha(2.10)will hold for Ising models withv = 1 and more general coupling matrices

A=, we were unable to prove this claim due to technical requirements for RFIM moment bounds.
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Actually, the RFIMQ) 5.a_x_ (see(2.7)) with) < Oz is expected to exhibit a larger critical tem-

peratureVoagd © := 1 i

= — i 1[29], which is why we expect that the moment bounds
Ex #31)04OSECH1) -

to allow V= 1.
We additionally mention that Proposition 2.2.3 holds even without the nonnegative assumption

on the entries oA-, as long asv Y1 (see eqg. (2.2) in [28] for a precise condition).

In Theorem 2.2.4, we assume eq. (2.10) and prove the LAN expansion of the likelihood (e.g.
see Section 7 in [30]). Here, we do not require any speci ¢ property for the Ising label distribution

beyond (2.10).

Theorem 2.2.4. Supposg2.10) holds for an Ising modeQy = Qo_\a_, andX= %o . For
h2R3 let)=:=)o, #L. Then,

3%.9q, .- - 1
log———=1X™=h> -3 1X™ =h> o1)°h, >;11°-
g 30/90_Q0 9’0 2 0 )0 5 ?
where (1) o° as in(2.3)and

!

Xgtanht) (>)Xgo )o ! 3 #310— 1) 00 (2.12)
g1 Mo

¢;
:_}01)(:0 = pE

Inile

Hence, the family% q,09)> , is LAN with a precision matrixp!) o° atany)o 2 1.

In the next corollary, we combine all previous results and prove)i#fais a regular estimator.
Then, by the convolution theorem (e.g. see Theorem 8.8 in [Bt)is optimal among all regular
estimators in the sense that for other regular estimators with limiting varianeee must have

o1 o® L. Thus,YVd is optimal under Ising model labels that satisfy (2.10), including the two
examples given in Proposition 2.2.3. In particuld is optimal under Curie-Weiss Iabeﬂg_v{’/

with V 1, as illustrated by the straight line in Figure 2.1.

Corollary 2.2.5. Suppos€&2.10)holds for some Ising mod€ly, and X~ % q,. Then,YWd is a
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regular estimator, i.e. forangt 2 R® f Ogand)=:=)g, é‘—z we have

Paid ) o 3 g0 g1 0 o
- 0/‘?:-Qo

Even though the main focus of this chapter is on estimatiythe LAN expansion in Theorem

2.2.4 can also be applied for optimal hypothesis testing.

Remark 2.2.4(Testing against contiguous alternative®)r)o 2 1, considertestingo:) =)o

VS. 1:) =)o, é‘—z for anyh < 03. Using the LAN expansion in Theorem 2.2.4, we can construct
an asymptotically optimal test by rejecting the null wien -y X is large. Note that we are
considering) o 2 1 and do not allow) g = 03, which corresponds to testing the number of mixture
components. Similar to the i.i.d. case [31], we believe that the likelihood would not be LAN at
)o=0s.

We conclude this subsection with a discussion on the mean- eld assumption (2.11). We believe
that the universal optimality 9fi¢ heavily depends on the mean- eld assumption (2.11). For non-
mean- eld models that do not satisfy (2.11), for example wienis the adjacency matrix of a
lattice, one would need an alternative approximation of the log normalizing constant in order to
derive a result similar to Proposition 2.2.3. This itself is an open research question and current
results require restrictive assumptions on the boundary conditions of the lattice [32]. We provide
a simple counterexample below and show that the universality may fail wheloes not satisfy

(2.11).

Example 2.2.2(Counterexample of the mean- eld conditiorfonsider the case whek- is the
scaled adjacency matrix of the graph with edfi@d 2-3! 4—eeel2: 101 2:—eeg Then,

we havel- = 11° so0(2.11)does not hold. For this case, the paiX,. 1—X».° are i.i.d and it

is possible to directly compute the Fisher information for estimalingn Figure 2.2, we display

the limiting variance of the MLEMLE and)Yid. We see that for alV j 0, the MLE has a smaller
variance, and/¥ fails to be optimal. Note that this model does not have a phase transition in

terms ofV, and the low-temperature regime does not exist.
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Figure 2.2: Scaled limiting variance of the estimators; “lID” denq)fé% and “MLE” denotes
YMLE ForallV j 0and) o, YMLE is always more ef cient compared §d9.

low-temperature regime: V j 1

Now, we consider the low-temperature regiviej 1, where the true labels are still gener-
ated from the Ising modé€),_\,_. The low-temperature regime is typically more challenging than
the high-temperature case and many results depend on speci ¢ structures of the coupling matrix
A- [33, 34, 26]. In particular, the critical temperature (and consequently, the de nition of the
low-temperature regime) depends on the sequence of gf#plys 1 as we have seen in Exam-
ple 2.2.2. To make/ | 1 be the bona- de low-temperature regime, we assume Ahais an
approximately regulamatrix and iswell-connectedn addition to the mean- eld condition (2.11).
These conditions are motivated by [26], which establish universal phase transitigis atfor
suchA-. One can immediately check that the Curie-Weiss model satis es these conditions. Other
possible choices oA- include the Erds—Rényi random graph and the balanced stochastic block

model; see Section 1.3 in [26] for additional examples.

Assumption 2.2.2(approximately regular / well-connected)e say that a sequence of coupling

. . . I _ _
matricesf A-g- 1 is approximate regulavhen the row sumsg:= 5 ; -='8—%satisfy

G

G
102 = >1pEo_ 1

1 10 = >1pEO.

'8
81 81

8

Also, we say that an approximate regular sequeieg- 1 is well-connectedvhen its two largest

eigenvalue 1*A-° _,*A-° satis eslim supy; ji—ﬁjz Y 1+ Note that for approximately regular
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graphs that satisfy2.5), we have ;tA-°! 1.

WhenV j 1andfA-g- 1 is approximately regular and well-connected, the estimatbturns
out to be suboptimal. Hence, we need to nd an alternative estimator with an optimal variance and
also compute the LAN expansion of the likelihood. We divide this subsection into two parts, and
consider the upper bound (constructing an estimator) and lower bound (LAN expansion) separately.
The argument is more technical than the high/critical temperature regime duedsytmenetric
proportion of the labels, and we rst introduce a common notation that will be used throughout
Section 2.2.2. For the same technical reason, we present some results conditioned on the event

X2 1.

De nition 2.2.2. Fix V j 1and let< = <1\° j 0 be the unique positive root &f = tanhtV<°.

For)o 2 4, letP), denote the Gaussian mixture with unequal weights:

1 < 1
—#31) 0O,

<
Pyo = #3l )0

Also, letE), be the expectation under the distributiByy,.

Note thatE) , takes expectation over the limiting Gaussian mixture, wheE&agsee (2.8)) denotes

the expectation over the RFIM/~.

Upper bound We de ne the estimatof™MF by setting

W YMFo 2 argminpyoy,, 191, , " ='DY°- (2.13)
where" -:» 1-1¥% | Ris
> ¢;
" 1Dy° :=) ) . ﬁ % log coshVD, )~ Xge (2.14)
2 2 = a1

Here,¥: is a nuisance quantity that serves as a proxy for the posterior Eﬂggn .
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Deriving the estimatofMF. The function" - arises from the followingnean- eld approximation
of the log-likelihood. For simplicity, let us assume Curie-Weiss labels and recall from (2.2) that

the true log-likelihood is proportional to

N—r

;:l) 0 —

7)1 cw =
— sz log/ = \t) =X70e (2.15)

The mean- eld approximation for the log-partition functitog/ SWt) -X= (see Example 5.2 in

[35] or eq. (2.4) in [28]) can be written as

1 _ Y%
“log/ SWH X7 sup  —
- u2» 14va 2 &1 &1

1P — (2.16)

where the function : » 1-1% ! Ris the binary entropy, de ned as

1, D 1 1,D_ 1, D 1 D, 1 D
*— kRad - = ——log— log .

i =KL Rad 5 5 5 5

By observing the rst order conditions in (2.16), the supremum is attainé¥sathat satisfy the

following xed point equations:
;= tanhVD, )~ X£—for all 8e (2.17)

By plugging this expression of the optimizdédsinto (2.16) and (2.15), for eagh we have

> €;
;=1)° M . 1 log cosHVD, )~ X¢Pe (2.18)
2 T g1

Note that the value ddimplicitly depends on the variableand it is still hard to directly maximize
the RHS of (2.18). Hence, we instead view the RHS as a bivariate functiBrand ) , which is
exactly " -!D}°, and maximize over both arguments. Now, the resulting M-estimatf¥fis
de nedin (2.13).

The exact form of the optimizertsin (2.17) requires the Curie-Weiss model. However, one can
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understand (2.17) as amortizationthat assumes a one-dimensional common structure for each
variational parametdn; Using the language of variational inference, one can understand the RHS
of (2.16) as the evidence lower bound (ELBO), and the RHS of (2.18) as the amortized ELBO [36,
37]. In the following paragraph, we show the robustness of amortization even Adhdaviates

from the complete graph, as long as it is regular, well-connected, and mean- eld.

Limiting distribution off™MF. Now, we claim that the estimaty#* is asymptotically normal when
A- is approximately regular, well-connected, and mean- eld. First, to show the consistency of
YMF we have to understand the limit of the functibr. To this extent, fojDj land) 2 1,

we de ne

" 11D-)°:=) )

5

e}
- E), log coshVD, )~ X0 (2.19)

N

The following lemma shows thdt - converges pointwise tb ;. Here, : X 2 1° denotes
conditioning on the evenX 2 1. Also, note that both functions - and"” ; depend on the
known parameteY, which we omit for notational convenience.

Lemma 2.2.6. Suppose/ j 1, A- satisfy Assumptions 2.2.1, 2.2.2, anddet % ,q,. Then, for

anyjy land) 2 ," -D3°:1X 2 10!%" 1 1D O

In the next lemma, we show that; is minimized attD-}° = 1<-) ¢°. This result justi es the
consistency of MF, and provides insights for computation. Due to limited space, we postpone all

low-temperature regime proofs to Section 2.2.2.
Lemma?2.2.7.ForanyV i 1," 1 :» 1-1% 1! Risuniquely minimized éD-}° = 1<-) °.

Now, we derive the limiting distribution ofMF in Theorem 2.2.8. To state its variance, we

need the following de nitions.

. . ©Ai4. $i_2 .
De nition 2.2.3. Dene a3, 1° * 3, 1°matrix = _ as the Hessian of 1 at
S12 $22_
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1<—) o, I.e.

m" 1 1D)° .
W = # jipyocicy o=V VRE),sech1V<, )X 2 R-
m" 1 iD3° . 3
$12:= D o= VE), X secf1V< )gX° 2 R3-
nf" 1 1Dy°
$22 = B e L | E), XX~ secHivV<, )5X° 2R3 3
ForV i 1, wedenea3 3 matrix )o° as the Schur complement¥f; in ,i.e. )° =
$10%
$2_2 1\-,2\1_11-2.

Theorem 2.2.8.Supposé/ j 1, and thatA- satisfy Assumptions 2.2.1 and 2.2.2. Ket % g,

andYMF be the estimator de ned i2.13) Then, yt) ¢° is invertible and/™F satis es
pEl)N;AF )l ° #a 0-y1)° L

The mean- eld estimator requires computing the nuisance quaftifyand it is natural to
guestion whether there are simpler estimators with the same or better asymptotic variance. We
address this in the following remark and show that a natural alternative estimator (denoted as
YeMLEY has a larger variance. In Figure 2.3, we display the limiting variance (Wheis mean-
eld, approximately regular, and well-connected) of the three estimators considered in this chapter.

The gure veri es that)"d andY®MLE are sub-optimal compared Y¥F.

Remark 2.2.5. An alternative estimation strategy arises from approximatingtthe label distri-
bution Qy_\s_ With a product distribution. Instead of blindly assuming equally likely labels as in
the construction of@, we use the product distribution that is closesQg,_ in terms of the KL

divergence. This motivates us to approxim@g,,_ as the=-fold product of Raélizi‘o, where

< = <1X™0 ;= « We de ne)8VLE as the approximate MLE computed under

< if X2 »

§< if X2 1
;
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this approximation:
" - #
> G
yeME 2 argminy, | % logcoshVe )7 XP o
g1

Il

By a similar argument as in Theorem 2.2.2, we can derive the limiting distribution
pzl)l\aMLE o 3 15 1
=1y2 )o?  #3 0-85,52208,5

where2,5isa3 3 matrix later de ned in De nition 2.5.1(c). WheW j 1, this is strictly larger

than Vl) o° 1since$14g$i2 03 3.

Figure 2.3: Scaled limiting variance of the estimators considered in this chapter; “lID” denotes
Yid “MF” denotesf™MF, and “aMLE” denoteg®MLE. For bothV = 1+1 and1+5, we see thafMF
has the smallest variance.

Before moving on to deriving the LAN expansion with a matching precision matrix, we illus-

trate that/™" can be computed by an EM-type iterative algorithm.

Remark 2.2.6(Computing the mean- eld estimatoBy Lemma 2.2.7, the functidn; is uniquely
minimized at<-) o°. Whenk) ok is large enough;' 1 turns out to be convex. This justi es using
the following variational EM algorithm with a random initializatior-" -y %° to compute/™F,

which iteratively computes

o2 16 ova

: _c; 10 &= = - anhlv/\;G , Y & Xg-forall C O
«)N 5 &1 «X8_|
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For a general)p andV j 1, " 1 may have multiple local minimizers [e.g. see Theorem 1 in
38], and the convergence of the above algorithm would depend on the initialization. Hence, for
practical purposes, we suggest using the rate-optimal initializatiof’ - ®° = 1<)y¥do \hich

will already be close t¢*"-YMFo. Here,<is as in Remark 2.2.5.

Lower bound In this subsection, we explore ef ciency lower bounds for estimajing (1.1)

under hidden Ising models fa&&~ in a low-temperature regime. Once again, we approach this
through the notion of local asymptotic minimaxity explored through LAN expansions. Speci cally,
we compute the LAN expansion for (1.1) under hidden Ising model& Tpwhich will give us the
information-theoretic lower bound for estimation. We present the LAN expansion @haes-
Weisslabels, as we were unable to compute the LAN expansions for other Ising models with a
general coupling matriA-. Recall from Example 2.2.1 that we write the the Curie-Weiss label
distribution asQ§%, and the resulting distribution = as? "y

Our main ingredient for deriving the matching lower bound is the following expansion:

~

QCW O: >
XgE~0-v, g= XgtanhtV* _ | )O X, $,110 (2.20)
&1 81

G

This is a version of (2.9), where we take the centefiav9 (—X™ :=* -. Here,* - is de ned as
the minimizer of" -1D-} ¢° with respect td
n #

~vB 16
=1D3o° = argming 4 - = log coshVD, ) X& (2.21)

*-12argming 4
&1

We can interpret - as anoracle analogof ¥'= (de ned in (2.13)), in the sense that we are using

thetrue value) . Using these notations, we state the LAN expansion below.

Theorem 2.2.9.Suppose/ | 1andX= %ﬁ}’_"v Forh 2R3, let)=:= )¢, #L. Then,(2.20)holds,

and
39 WV 1
log 39 =\;/ 1X70 = h~ o)V éh> v1) oh, >,11°—
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where . I
_ P2 1@
=}o-V-—

XgtanhtV* - | )(>)X80 )o ! ()/;W #310— 1) 000

&1 oV

Il

Hence, the familyfycﬁ"’vg) 2 , IS LAN with a precision matrixyt) o° atany)o 2 1.

Now, in the next Corollary, we combine the upper bound and lower bound, and conclude that

YMF is indeed optimal.

Corollary 2.2.10. Suppose/ | 1andX~ 0/§0V_VV Then,YMF is regular, i.e. for)= = )¢, %

pEl)N;/”: ) 0! (y;w #310- 1) o° lo,
-V

One immediate question is whether one can generalize Theorem 2.2.9 to Ising models beyond
the Curie-Weiss model, possibly to the full extent of coupling matriEeshat satisfy the condi-
tions in the upper bound (see Theorem 2.2.8). The main bottleneck in terms of deriving such a
lower bound is the lack of tight concentration results for RFIMs in the low-temperature regime. In
the high-temperature lower bound (Theorem 2.2.4), we have crucially utilized the moment bounds
for RFIMs that were developed in the recent work [28]. However, the results in [28] do not apply
to low-temperatures, and we are not certain whether this is generally true. Our current proof for
Theorem 2.2.9 computes the RFIM moments by exploiting the low-rank nature of the Curie-Weiss
coupling matrix, and cannot be generalized for general mean- eld and approximately regular ma-
tricesA-.

We end the section with additional remarks regarding analyfifgin the high/critical tem-

perature regime, and implications of Theorem 2.2.9 for testing.

Remark 2.2.7(Comparison with the high/critical-temperature regimélhile Theorem 2.2.8 an-
alyzedf'™F only underV j 1, we can show that its limiting distribution under 1 is the same as
Theorem 2.2.2. Indeed, f&f 1, the de nition of \*) ¢° in De nition 2.2.3 is consistent with the

de nition of (1) ¢° from the previous section. This follows becagse 0 and $,, = 03, which

$1287,
W4

allows us to simplify,o =$,0 = ob)° Thus,YMF is optimal under Curie-Weiss labels
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forallvVv O.

Remark 2.2.8 (Testing in low-temperaturesiConsider testing the hypothesis in Remark 2.2.4.
While the LAN expansion in Theorem 2.2.9 dependg@md does not de ne an estimator, this can

be directly used for testing. Indeed, one can simply construct an asymptotically optimal test based
on ~=y,-v Of course, one may also construct an equally optimal test using the more complicated

estimator)™F,

2.2.3 Unknown strength of dependence

In this chapter so far, we have established the optimality of estimating the mean parameter
under the assumption that the Ising mo@gl\,_ is given. In particular, we have assumed the
knowledge of the inverse temperature paramgtédne immediate question is to understand how
the estimation changes whéftis unknown. Compared to the GMM with i.i.d. labels, this roughly
corresponds to the setting where the label proportions are unknown.

Here, we provide a partial answer under the Curie-Weiss model with unkkoilet \jp be the
true inverse temperature parameter. First, wetgstVp 1v.s. 1: VWi 1Dby rejecting the null
whenkXk is large enough If Vp 1, since the assumption thtis unknown does not improve
the information lower boundy?) o° [e.g. pg 128 in 39], the universal estima)df continues being
optimal Also, noting that\Vp Y 1 cannot be consistently estimated even when the labeksre
observed [40], consistent estimation\ofrom X~ is fundamentally impossible.

WhenVy i 1, the estimato)f™F cannot be used since it requires the knowledg¥ ofndeed,
we expect that the information lower bound would change under an unkdoWwnunderstand this,
one may consider the extreme case witke 1 , which corresponds to all labels being identical.
For 3 = 1 dimensions, while one can attain the lower bound;df) ° = 1 given the knowledge of
V (and consequently identical labels), it is not straightforward otherwise. To rigorously understand
optimality, a joint LAN expansion fotV- ° would be required, and we leave this problem for

future research. HoweV(-,p =-consistent estimation 6p-) ° is possible; one can still ug& to

3Any thresholdg that satis es= 4 ¢ 1leads to a consistent test
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estimate) g, and usel := w to estimatevp. Here, < := kXkekf9k is a method of moment

estimator for the label mean = <1\°, which arises from noting th&kXk = k) gk< , $ 91—5 :

2.3 Discussion

2.3.1 Connections with literature

Hidden Markov Random eldsAs pointed out in the introduction, mixture models with dependent
labels have long been studied in the context of HMRFs, but there is little work regarding inference
guarantees. HMRFs are a popular framework in spatial statistics, genetics, and image segmen-
tation/restoration [11, 41, 42, 43] to model network dependence among latent variables. This is
a generalization of hidden Markov models (HMM), which are a special case of HMRFs under a
Markov chain dependence. For HMMs, ef ciency theory has been previously established using
ergodic theory [44, 45]. However, their proof techniques are restricted to time series dependence
and do not generalize to more dense network dependence that we consider.

Recently, the model (1.1) with HMM labels have been analyzed in the high-dimensional setting
[46, 47], where the authors propose rate-optimal spectral estimators based on a temporal partition
of the data. However, this line of research focus on rate-optimal minimaxity, which is different
from the asymptotic ef ciency with sharp constants. Indeed, we do not expect such moment-based
estimators to attain the information-theoretic lower bound.

In terms of HMRFs, one related theoretical work is [48], which considers time-dependent ob-
servations from spatial HMRFs and shows asymptotic ef ciency of a block-likelihood-based MLE.

It is also worth mentioning that after ignoring the temporal effect, the motivating example in [48]
is also similar to model (1.1). However, [48] requires many implicit correlation-decay and mixing
conditions regarding the latent dependence, which are extremely challenging to check for indi-
vidual examples. Furthermore, the block-likelihood still suffers from the intractable normalizing
constant within each block. In contrast, our work does not require any such assumptions, and we

propose optimal estimators that entirely avoid computing the normalizing constant.
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Comparison with inference on Ising modeBne popular research question in statistical inference
on MRFs is to estimate the dependence/inverse temperature parahi2de9, 40, 50, 51, 52].
The setting is that one observes the exact laBelgenerated fronQ,_\s_ with a known graph
A=, with the goal of estimating the unknown parameteSimilar to dependent GMMs, the MLE
is intractable due to the implicit normalizing constant. In particular, the recent paper [51] assumes
that A= is the scaled adjacency matrix of a dense regular graph and provides a complete picture
for estimation. They show that consistent estimatioV & impossible wherv Y 1, whereas the
MLE and maximum pseudo-likelihood estimator (MPLE) gr@consistent wherv 1. While
both estimators are optimal wh&h; 1, the MPLE is only rate-optimal whevi= 1 and a tractable
alternative to the MLE is unknown.

Compared to this result, for our problem of estimatjngn GMMs, we have already proved
in Theorem 2.2.2 tthE-consistent estimation is possible for any distributi@n Another com-
parison is at the critical temperatuxe= 1, at which the estimation o¥ exhibits a non-Normal
limiting experiment, whereas our estimation)ostill has a Normal limiting experiment. A nal
remark is that the MPLE, a popular tractable estimator in Ising models and its variants [49, 53, 54,
55], is not applicablg to us since the log-normalizing constant in (2.2) dependgamd makes

| _
the pseudo-likelihood 5., P*Xgj fXg: 9< &Pintractable.

2.3.2 Future research directions

General mixture models with dependenCairrently, for simplicity, we have considered the most
basic GMM with two symmetric components. It would be interesting to consider GMMs with more
components that may not necessarily be symmetric, by modeling the label distribution as a Potts
model. Alternatively, one could consider other mixture models where the conditional distribution
of the observed responses follows an exponential family distribution. We carefully conjecture
that similar results, such as a univergé-consistent estimator, can be derived as long as the

exponential family distribution exhibits a nontrivial even partition function.

High-dimensional asymptotic&\nother interesting direction would be to explore inference guar-

30



antees under a high-dimensional setting wigréhe dimension of the responses, grows with

There has been a recent interest for understanding the estimatjomrmder high-dimensional
symmetric Gaussian mixture models [4, 56, 47] as well as more general isotropic mixtures [57],
but their focus has been on how the minimax rate changes with respect to the signal s¢yéngth

Up to our knowledge, the sharp constants for estimation as well as inference guarantees have not
been established, even under the i.i.d. label setting. To this extent, it would be important to explore
the limiting behavior off¥id in high-dimensions and understand whether our universality result
(Theorem 2.2.2) can be generalized. A more challenging question would be to also extend our

optimality results to high dimensions.

Labels with non-mean- eld dependencé€&inally, an important open question is to understand
optimal estimation under label distributio@g_\,_ generated by non-mean- eld matricAs. In
particular, many practical applications for HMRFs in spatial statistics and image analysis consider
a lattice type of dependence, wheke is the adjacency matrix & for an integer 2. This

choice ofA- does not satisfy the mean- eld condition (2.11), and our optimality results cannot
be applied. Based on preliminary simulations, we believe that the universal optima)it§ of

the high-temperature regime would no longer hold. Thus, we require different approaches, such
as using the recent developments on correlation decay [58, 59]. We plan to consider the ef ciency
theory under such sparse graphs in the future.

The remainder of this chapter consists of supplementary results such as proof and additional
descriptions and simulations, and is organized as follows. In Section 2.4, we prove the theoretical
claims made in Sections 2.2.1 and 2.2.2. We prove all low-temperature results from Section 2.2.2
in Section 2.5, and prove remaining technical lemmas in Section 2.6. Hidden constantsr(in

$ 1 ° notations) will be speci ed in each segment of the proof.

2.4 Proof of results in Sections 2.2.1 and 2.2.2

As we work with dependent responses we cannot apply the well-known limit theorems for

independent random variables. We rst state a dependent variant of the uniform LLN (ULLN) and
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central limit theorem under model (1.1), which will be used multiple times throughout this section.
The proofs of these lemmas are deferred to Section 2.6.
Our rst lemma is the following ULLN. Note that this automatically implies a non-uniform

law of large number as well.

Lemma 2.4.1(ULLN). For an arbitrary distributionQy, letX= 9% ,q,, and let R' be acom-
pact set. Foix 2 R3—k2 , let 5'x— I be a bivariate function that is an evenir(i.e. 5x— I =

5t x—K) and satis es the following conditions for nite constants?) o°— 21) °— 31)° Y 1:
* sup., VarmSIX-Kj/ =1% qY)°forl = 1.

* Sup, E»BX-Kjj/ =1% Y)°forl = 1

* SUP» k%(le—kok 1X°, where satisesE» 1X°j/ =1% 3%)°forl = 1
Then, .
10 %
sSup — 51)(8—‘@ Ex #31) 040 5X—K! Oe

The same conclusion holds whéris vector-valued (say,%dimensional for some nite % and

the absolute value is replaced by any vector norm.

o [
Our second Lemma computes the limiting distribution of the statisfi¢ Xgtanr) ; X¢, and
will be used in both the lower and upper bound. Note that this statistic is the gradi#nt(sée

Section 2.2.1), and also appears as,1X™° in the LAN expansion (see Theorem 2.2.4).

Lemma 2.4.2(Limiting distribution of -,,). LetQg be an arbitrary measure oh 1-1g- and let
X~ %,q, Then,

~ !

G 3

thanhl) (>)X80 ) o! H#310— 01) 0°Ce (2.22)

Y Y

=1y #:01) o° = :_}lezo =

TR

&1

2.4.1 Proof of Lemma 2.2.1 and Theorem 2.2.2

Lemma 2.2.1 follows from using the KL divergence to show the uniqueness of the minimization

problem, and applying existing analysis of the rst order conditions to argue convexity.
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Proof of Lemma 2.2.1The differentiability is immediate. We rst show that for ahy< )gin 1,
#11)°j# 11) % Forany) 2 1, dene adistributionPy  3#31)-°  2#31 )-°, which has
the following density function:

h i
exp XX L1 logcosh)>x°

2 s
P

DTS
Then, the de nition of ; as the half-space maké®) : ) 2 i1gan identi able family. Since

) <)o

" )2
2

> [
KL!Py, kP)° = EPo , logcosh)gXxe, )2) logcosh)”X° | 0-

and we havef1 1)° i # 1 1) o° by rewriting the terms.

Since) o minimizes the differentiable functio#, , we have
ir #101) 00 = )0 Ex #31)040Xtanhl)(>)X° = Qe (223)

To show the uniqueness of the solutionrag#; = 0in int* 1°, we use Theorem 2 in [1]. This
result states that for a mappihg intt 1°! R3de ned as) 1) ° := Ex #41) 040 X tanht) 7 X°, we
have

K e )Yk ")k )oke

inl) > > 02i
Here,"1)° := exp % 1 and note thatr #; °1) o° = Oimplies) 1) ¢° =) o. Suppose

that there exist} 2 intt 1° f )ogsuch that
r#,0m°=) )1°=0z

If )”)o <0, 1) °is strictly less than 1, and we have a contradiction. Wh&jy = 0, Theorem 2
in [1] also shows that 1) © = 0 and we havér #4°1)° =) < 03. Consequenthr #,°1)°=0

has an unique rogt = ) g in int* ;°. O
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Remark 2.4.1. The restriction to the interior is imposed so that the gradie#t; is well-de ned.
By considering the (nonidenti able) entire domairr R® f 03gof #1, one can remove this

restriction and show that #1 1)°=0ifand only if) = )o.

We prove Theorem 2.2.2 by modifying the classical argument for the asymptotic normality of
M-estimators to our dependent setting, with the help of Lemmas 2.2.1, 2.4.1, and 2.4.2. Along
with these, our main ingredient is the conditional independenc€ gf Z= and the symmetry of

X1i/1.

Proof of Theorem 2.2.2We divide the proof into two steps.
Step 1: ConsistencyWe rst claim that)'d is consistent. De ne , :=f) : k) k k)ok, 2p§g.

Applying Lemma 2.4.1 with5'x— K = log coshtk”x°— =/ gives

sup j#-1)° #51)0) Qe (2.24)
)2 1\ g

Recalling thatf™ 2 argmin,  #-1)°-we have#=1)190  #.1)° = #; 1)°, >,11% Also,

. . I _ i : .
because the rst order conditions of (2.1) gy = 1 a1 XgtanhtXg Ylido 3 naive bound using

kXg )o/ gk  j3implies

) & & p_
Kyid kXgk K)ok | kXs )ol sk K)ok, 2 3 (2.25)

&1 &1

TN
InileL

with high probability. Thusf™ 2 with high probability and (2.24) give-1y¥do #, 1ylido =

>,11% Combining this, we have
#rfTlo #1100, >p11%
By Lemma 2.2.1#, 1) °is a continuous function that is uniquely minimized gt Thus, for any

Y i 0, we haveX:= inf), 10K )okiY #11)° #11° i 0. Hence, combining the two displays
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above,

Pty yokjYo P 1fido g, 1)00 xo piyidg o1 0

Step 2: Limiting distribution. The de nition of {19 givestr #-°1Y¥do = 0, By a Taylor expansion

of r #- around/™ ),, we have
P =, viid — 2 1P =
_1)": )o® = 1ir g 01/ 00 1" =iy y o1y 0 (2.26)

for some/ - 2 1Y¥d_) ;0. Note that Step 1 implies! % )o.

For simplicity, denote the Hessian as a functiop!)© := r2#-1)°. We rst claim that

%

_1/ g ol) °. We apply Lemma 2.4.1 withsx— K = xx> secftk>x°and = ,, to write
€;

0= XeXg secht/ ZX¢
&1

=1 Ex #4140 XX s€CHL/ 2XO | >5110

InileE

171 Ex sy1yo40 XX secR2) IXO = 1) % (2.27)

The last convergence follows from the continuous mapping theorem.

Now, the rst conclusion in the theorem follows by plugging the above limit in (2.26):

) G
p;1)/‘1:|d )o® = o1)° 1o— 1X gtanht) sto )P, >o110e (2.28)
&1

||TF"‘

The second conclusion immediately follows by plugging the limiting distribution in Lemma 2.4.2
to (2.28) and simplifying the variance. O
2.4.2 Proof of Proposition 2.2.3

The main idea for proving Proposition 2.2.3 is to use a Taylor expression to simplify the LHS of
: : : _
(2.2.3) in terms of the linear and quadratic forms of the “local eldgtW™ = g4 =18-9 g

see eq. (2.30). We use the following two lemmas that provide moment bounds for local elds
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under the two different assumptions in Proposition 2.2.3. We state the two lemmas separately due
to technical differences within proofs. Recall th&d denotes the conditional expectation with

respect taQ) *W=°, and is always conditioned ot

Lemma 2.4.3.Suppos&V= Q) = Q)_\a_x=—WhereV Y 1 and) -X~ are arbitrary deterministic

values. Then, for

G hG iy
1) X0 = =18-Qanh) " XL -
g1 &1

the following holds, where the hidden constant only dependé on

hi i
(a) EQ ';1<§1w=° co=W, 41) X0

(b) For any real-valued vectad = 13;—¢ ¢« —3-we have

& 9— p
JEQ 3¢, g tanh) X0, kdkl, =W, ;1) X700
&1

Lemma 2.4.4.Suppose/ = 1, X~ °/r§30V_VV and xany) 2 . ThenEQ"» 2v=$, L —where

the hidden constant is universal.

Note that the bounds in Lemma 2.4.3 involve the quantity) —-X=°, which is a complicated
function of X=. However, assuming that™ is generated from a true GMMj . q,, we can addi-

tionally bound ; in terms ofU=. We generalize this claim in the following Lemma.

Lemma 2.4.5. SupposeV Y1,Z= Qupw.,andX> %.q,,.. Then, the following holds,

. ,
wherel- = max,, &, ='8-%and the hidden constants only dependZen.

(@) Letq: R®! R be an odd function withE1qiX°j/ = I°j = ZandVartqiX°j/ = 1°
forZz— Y1 andl = 1. Then,
.~ =~ Iy
G O
E 18- XL =$1=U0
&1 &1
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(b) Letgi—@ : R®! Rbe odd functions withEtqoX°j/ = 1°j = Zy andVartgoX®j/ =1°
, Covtq11X°—@1X°j/ =1° for0=1-2,andl = 1,whereZy— Y 1. Then,

~ 2
M 2
E- 18- 9XPqXP® = $ 12 =U0e
&8

—

Proof of Proposition 2.2.3We prove each part separately. Throughout this proof, all hidden con-
stants will depend just oK) ok— 3 andnot depend o) nor X=. Also, let2g = 2g!)° := )~ Xg
denote the random elds @@ . Then, (2.10) can be re-written as:
s i G o_
sup EQ Xs 8 Xgtanht2d =>, = o (2.29)
)2 &1 &1

(@) FixV Y 1andA- that satisfy the mean- eld assumption (2.11). We rst prove (2.29) for any
deterministicX™ that satis es the following conditions:
I P
Cl. 1)XT*= g;! g, =18-Tanh24%%=$1=U°,
[
C2. g,k g ='8-gsechH12Pk?=$1=U°,

i
C3. k ;.4 Xs -18-Tseck12@ tani2Pk=$ 1=, P=ure,

C4. mag, kXgk=$ P log=°.

We re-emphasize that the constant$ in° terms do not depend gnnor X=. We will show at

the end of the proof that conditions C1-C4 hold with high probability uxder %, q, .-

_ . . _ .
Let<gW™:= 445 =18-9 o Throughout this proof, we abbreviatgt W= as<g Since

37



EY, gj, : g2 =tanhtV<g, 28, a Taylor approximation arounds 0 gives

EQ Xg 8
81 |
& !
=E9 XgtanhV<g, 2¢
&1 I
& \Re2 I
=EQ Xg tanhi2@ | V<gsecl12¢ 7813ecl‘°r001VI g, 2
&1
& & v G
= Xgtanht2® | VEQ  Xg<gsech12® , —EQ  Xg<3ilsecHUVIg, 29 (2.30)
&1 &1 2 &1
& & P
=  Xgtanh2®, VEO  Xg<gsec129 $ = log=U -
&1 &1

The last equality uses a union bound with C4, followed Lemma 2.4.3(a) with C1.:

~ ~

G _ _
KED  Xg3tsechohVI g, 29k . P log=E®  <3. P log=t=UL, 1°=$% 1= log=ULOe
&1 &1

P

I - _
Now, to conclude (2.29), it remains to show tizd a1 Xe< gsech12¢ is >1" =0, Using

the de nition of <g we can write

C G G
XK gsecl?r128° = Xg =18-9 gseCﬁlzgo = dg o
&1 81 91 =1

i
wheredg:= 4, 18— gseclf 12+ Then, by applying Lemma 2.4.3(b) (second line) we

have
G G G
KEQ9 dg ok kED dgt, 9 tanH2£%k .k dgtanH25Lk
o1 o1 o1
M ¢; q— p @)
kdgk2t1, =lB, 11)-X=° k Xg =!8-ecK12ftanH2s,k
=1 8-9

P,

=$ =y, P=g ==
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The third line uses assumptions C1-C3 to get

C 0
kdok? . =U—  11)-X¥. =U— k Xg =8-GecR2ptanii2fk. =U., P=U-
o1 8-9

and the mean- eld conditioﬁEU: = >11° to simplify the nal bound.

Finally, we prove that C1-C4 hold with high probability, %r %o, ... C1 and C2 fol-
lows from applying Lemma 2.4.5(a) witfyy 1x° := tantt) >x° andgay 1x° := x seclf?) > x,
respectively. Note thaj,, is vector-valued, but we can just apply Lemma 2.4.5(a) for each
coordinate ofg,, and sum up sinc8 is nite. Here the moment assumptions in Lemma
2.4.5hold as

E goyX°j/ — Var qoyiX°j/

can be upper bounded by absolute constants vthenl, and by constants that only de-
pend onk) ok when0 = 2. Next, C3 follows from applying Lemma 2.4.5(b) witl,
and each coordinate of,y . Finally, C4 follows by recalling (1.1) to writenax; , kXgk

K)ok , max,, kYgkwhereYg #303-°, and applying the Gaussian maximal inequality:

maxg, kKYgk=$ ?1p log=°.

(b) Next, we prove (2.29) under the Curie-Weiss RRIWF Q)CW atV = 1, for deterministic
X~ that satisfy C4 above and the following condition:
i
C5.sup, g4 XgSech12g = >1=0,
Under the Curie-Weiss model, tkgs = <g'W™'s can be written explicitly as

10
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By plugging in this formula to (2.30) alongsidé= 1, we get

~ [
ow & G
EQ Xs 8 Xgtanh2¢
g1 g1

~

& 1 G
=EQ"  Xeggsechi29, ZEQ"  Xe<ZisecRo g, 29
81 2 &1

~

1 G
Xgsechi2P EQ » ¥ = XgsecR129EY % ¢4 $ KX gk EQ™ < 24

81 &1 &1

~

h i
_ - 1
XgsecR129 EQ"'» v $ maxkXgk , $ =maxkXek EQ"y 2,5

&1
Y

=1 =0 1p log=° = >1pEOo
In the penultimate line, we usgd § = 1 andkXgk  max; kXgk. The nal line used

moment bounds gf from Lemma 2.4.4, alongside conditions C4 and C5.

Now, it remains to show that C4 and C5 hold with high probability Xor 0/&"_"\, C4
0
follows from the exact same argument in the rst segment of the proof. Recallin@dbat

) > Xg C5 holds because

G

1 . %
sup = XgseclH129 ExXgsech12f j/ g/a! " o
2 T gy

1C . %
sup=  ExXgsecH2¢@ j/ g/ / sup )9 " 0
2 T gy \2

for 1)° := ExXysecl12:° j /1 = 1% Here, the rst convergence follows by from the
ULLN (see Lemma 2.4.1). The second line uses anti-symmetnsy of xseci1)>x° to
simplify the expression, followed by the LLN for the Curie-Weiss model With 1 to get
| =>511° (e.g. see [23]). Note th& 1)°k K)ok, 2p§for all ) by a similar argument

as in (2.25), and is bounded.
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2.4.3 Proof of Theorem 2.2.4 and Corollary 2.2.5

We prove Theorem 2.2.4 by doing a one-term Taylor expansion of the log-likelihood ratio, and

applying (2.10).

Proof of Theorem 2.2.4Recalling the de nition of the normalizing constaiht_\a_*) =—X™° from

(2.7), the likelihood ratio can be simpli ed as

1 h i i
| =) 2). =
3% _ _ w2f 14g° exp )_2) s \§/W>A=W, )z 8:1X8F8
9—_Q0 1¥=0 — . L ;
0 - I LILI = > I _ T
3%00 w2f 14g €XP )%)0 . gw>A=W, )o g1 XFs
p_
2h” = h7h _ _
= exp Jo > 2 ,log/ —\alt) ==X log/ ——\a 1) oX70

By properties of exponential families, we have

I
mlog/ - 1) X7 _ G G

m =EQ Xg g = thanhl)>X8°, >5 pE .
&1 &1
Here, the>, P= term is uniform in) due to assumption (2.10). Now, by the chain rule, we can
write
" . #
_ __x . 6G p_
log/ =——\a.1) =—X7° log/ =—\a.1)o—X°= h> Xgtanh 1) g, @]°>Xg , > =0 3C
N 0 81
G cosh) ZX¢
LK
a1 coslt) o Xg |
h> O: > 1 > > >
=pz  Xetanh)gX¢, ——h XeXg sechl/ ZX$ h, >,11°
! - &1
h> O: > 1 > > >
=Pz Xetanh) gXe, Sh™ Bx s 40 XX sechf1) g Xoh, >,110%
g1

Here, the third line is due to a Taylor expansion with some error fer@ 1) o) =°, and the last

line used the limit (2.27). Finally, by combining likelihood ratio expansion and the above display,
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we have

3%. - —
9—_Q0 1x—0 - h>)0p: %h>h

log
3%0-Qo

, log/ =\ 1) ==X log/ =_\a_1) o=X7°
h> (} > 1 > > >
=p=  Xstan)gXg )o  Sh™ 1 Bx #ayea0 XX sechf) gX° h, >,11°
&1

-1
=h" =3tX7 Sh7 oh)o%h, >11°-

where -y, is as in (2.12) andg?) ¢° is the information matrix in Theorem 2.2.2. The proof is

complete as the limit distribution in (2.12) follows from Lemma 2.4.2. O
Finally, we prove Corollary 2.2.5 using previous conclusions and Le Cam theory [30].

Proof of Corollary 2.2.5.First X )o 2 1. Under our assumptions, Theorem 2.2.4 proves that
f% 0,92 , is LAN, whereV 1is xed. Then, Le Cam's rstlemma (see Lemma 6.4 in [30])
shows thatg o, and%_q, are mutually contiguous. Also, note that equation (2.4) in Theorem
2.2.2 allows us to write

Poiyid Y o= g1yt =30, >2'1%

Since Lemma 2.4.2 gives-y ! /3 #310- o1) o°°-we have
090—V

W )

a 1 a

@ © obo® " =

:: & B >,110 (2.31)
3%-qy h> - ih> 1) o°h

30/90_Q0 - « ~70 2 =

«

@® 0 a ©al)° 1 h aa
TR Yt Lk B e
Mo I oY)eh_  h> h” oh)e°h

&KL -« -

Then, we can apply Le Cam's third lemma (see Theorem 6.6 in [30]) tgﬁeﬂld ) o°! 3

g§=430
#31h— ) o® 1°. Now, the proof is complete by plugging)n =)o, é‘—z to adjust the centering.

O
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2.5 Proof of low-temperature results in Section 2.2.2

2.5.1 Additional lemmas and notations

We rst state the low-temperature analogs for the conditional LLN and CLTs that we saw in
Lemmas 2.4.1 and 2.4.2. These results will be used multiple times throughout Section 2.5. We
defer the proofs of these lemmas to Section 2.6.

We rst state the low-temperature ULLN. Note that this immediately implies the non-uniform

LLN in Lemma 2.2.6.

Lemma 2.5.1(low-temperature ULLN) Supposé/ | 1, and thatA- satisfy Assumptions 2.2.1 and
2.2.2. LetX™ 9%, w.. For a:-dimensional compact set, let 5: R3 I R be a bivariate
function that satis es all conditions given in Lemma 2.4.1. Then,we R&v& 0:X 2 °! 0

and

1 G %
sup — 51 Xg-K  E), SX-K :1X2 9 0O

Similarly, we havé®l/ i 0:X 2 ,°! Oand

~

1 G %
sup — 5Xg=K  E ), 5IX=K :1X2 9 0e

The above conclusions also hold whgis vector-valued (say,’dimensional for some nite 9

and the absolute value is replaced by any vector norm.

The following lemma computes the limiting distribution of the statigﬁrér " 01<—) o2, where

the function” - is introduced in (2.13).

Lemma 2.5.2(low-temperature CLT)SupposeV 1, and thatA- satisfy Assumptions 2.2.1 and
2.2.2. LetX™ %, ,-wa.. Then, we have

p_ n 3
=" 01c—) 21X 2 49 #3’ 1 103’ 1— °—

Pairn o1 < 0iix2 0% #a 05 -
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Here, and ~are'3, 1° ' 3 1° matrices that will be de ned below in De nition 2.5.1(c).

Next, we introduce additional notations, which are required to explicitly state the limiting

variance as well as simplify further computations.

De nition 2.5.1. GivenV j 1and)o 2 1, we de ne the following the quantities.

(@ Forl = 1,let

T =E tanhV< | )iX°j/ =1 — . :=E XtanHV<, )iX°j/ =1«

(b) De ne each component of the gradient - by setting
!

10 5
1!D3°:=V D = tanitVD, ) X¢ -
&l
1CG
21Dy : =) - XgtanhtVD, )>X80—
31
© 42
sothatr " -=: %
2
« |
272
(c) Deneat3, 1° 1 3, 1°matrix = : 1-235
212 222
« =
>
h  ewn i ot %ot T %
=E/ Ragige Var : Bantv<, ygxej/ | 7 - ®
X « L1 _ 11

LK =

Here, 1\° .= #ﬁzo i Ois the limiting variance of under the Curie-Weiss model (see
©f 14 272
Lemma 2.6.1). Also de n& := - 8

212 222
« |
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(d) De ne constantdlp 2 R—" 1 2R3, 2R3 3 py

W := By, secftV< | )Xo
"1:= B, XsechtvV<, )gXOo—

" 5= By XX~ sechiV< | ) 5 X0

. . L OMy 872 g
Using the notations above, we can write : l'2(see De nition 2.2.3) as:
S12 $22_

Wa=V1 VUW°- $10= V'i— $0=1 "pe (2.33)

2.5.2 Proof of Lemma 2.2.7

Proof of Lemma 2.2.7The proof proceeds by a KL divergence argument similar to Lemma 2.2.1.

Set" 1 asin (2.19). Fixany j 1. ForanyD2 » 1-1¥and) 2 1, de ne a distribution

4VD 4 VD

#31)-°

Poy v 74 wo #at )-H%-

B 4VD 4 VD

which has density h
exp X;X )izl log coshVD, )~ x°

D 1x0 = P—
4 1" 2603 cosH VD

Note thatfPpy. : ) 2 1gis an identi able family, which is immediate by writing out the rst two

moments. Hence, for aryp} © < 1<-) o°,

h >
0Y KL1P<y, kPpy® = EP<Jo % , logcoshv<, )gX° logcoshv<®
> i
. )2) log coshitVD, ) ”X° . logcosivVD e



Now setting a functio®1l’ ;= g , log coshVD, we can write

"11D3% " 1i<—)°
VP <% )7) )do
B 2 g 2
=KL1P.y, kPpy® 6P, 61<°; 61D, 61<Os

EP<dolog cositVD, ) ”X°, EP<dologcoshV< , )X

Hence, to show the RHS is positive, it suf ces to pr@#<® 61[F for all D. Standard calculus
shows thab is a symmetric function witls®® ; 0for 0 Y D Y <and6®D® Y OforD j <, and

hence maximized &= < (e.g. see pg. 144-145 in [60]). This completes the proof.

Remark 2.5.1. One immediate consequence of Lemma 2.2.7 istthat; °1<-)¢° =0, i.e.

< = E,tanhtV< | ) X°— ) =E), XtanhV< ) XOe (2.34)

These identities can also be proved directly by using the de nitioB)pfand the fact thak =

tanhtV<°. However, unlike Lemma 2.2.1, multiple solutions bf; = 0 may exist.

2.5.3 Proof of Theorem 2.2.8

We prove Theorem 2.2.8 by modifying the usual argument for deriving asymptotic normality
of M-estimators. One subtlety arises in terms of simplifying the limiting variance,9%° *.
This involves nontrivial computations, which we formally state in the following Lemma. Note that

part (b) also establishes the invertibility aft) o°.
Lemma 2.5.3.Under the notations from De nition 2.2.3 and De nition 2.5.1, the following holds.

@1 VWi 0andWyj O
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— $12
(b) For %= Wi

V) ® =% 14%  210%  %Z,, 220 O (2.35)

Proof of Theorem 2.2.8The positive de niteness ofit) ¢° follows from Lemma 2.5.3(b).

To show the limit offMF, writing out the rst order conditions of (2.13) gives thiaf- Vo is

© 1D_) oa
a solution of the§ , 1)-dimensional equatiofiz ; = 1r " =°1D}°=: : Here, 1— o are
1D% (o]
as in part (b) of De nition 2.5.1. By a 1-term Taylor expansion, we have K

@ 1#\ Foa _ Ooa ©*’\_ < a
03.1=1: — <) B 1o (2.36)

,\/\ )"MFo 1<_)0 . ()N:\AF )O_|

«

for some/ -, which implies

< a 1<) s0a
=" = 1 :1/:00 lpEg@ ! )O R

F 1 o
b <-—
(ft’l )0_I « 2 )o .

Here, -denotes the Hessian bf-, and its invertibility will be shown later in the proof (see Step

(2.37)

2). We derive the limiting distribution of (2.37) conditional 8n2 1 through the following steps.
Step 1: Consistency.We rst show ¥ yMFo - 1x 2 1‘1.1% <-)o°. Note that Lemma 2.5.1
gives
sup " =tD3° " 1tDy%jitX 2 1°!%0—

jD 192 1\f )ik k k)ok,2 3g
andkKMFk  k)ok , 2p§ with high probability (this follows from (2.25)), wheré ;1 is as in
Equation (2.19). Viewing our estimator as a M-estimator and repeating the proof argument in Step
1 of Theorem 2.2.2, it suf ces to show that<) o) is a unique minimizer of 1, which follows

from Lemma 2.2.7.

%

Step 2: Limit of -%/-°. We claim that -*/-°: 1X 2 49 . Step 1 implies that - :
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0 ©< 2
X 2 4 " - By the same argument as (2.27) in Theorem 2.2.2 (where we replace the

() 0—|

unconditional ULLN Lemma 2.4.1, by the conditional ULLN Lemma 2.5.1), we can write
_1/ 0 =1f 2n _01/ 0 =1y 2n 1010 >,110=1y 2n 101<) 0, >,119= | >,11% (2.38)

Note that the positive de niteness ofis equivalenttd{s i Oand ) ¢° = $22 $1_2V\{_11$1_2 0
(see De nition 2.2.3), both of which follow from Lemma 2.5.3. Sinces positive de nite, =/-°

is also positive de nite with high probability.

Finally, we compute the limit oPEl)"Q"F ) 0°. Using the formula for the inverse of a non-

singular block matrix, ! can be expressed as

¢ ¢

II@

P

Wt 1% )e°t
« b |

Here, %= s\;\f as in Lemma 2.5.3, antl denotes some value that will not be used in further

computations. By combining (2.37), Steps 1-2, and the expression for the second roty ok

can write
PopME Y2 o= )00 I ghgc) 0 <) g0 >0 (2.39)
© @] 27 a@ 0/>al
3 14
#3205— v)o® !t % I - Ht 3 vt) o° 1
212

« _l « -

Here, the last convergence in distribution follows from Lemma 2.5.2. By applying the identity in

Lemma 2.5.3(b), we can simplify the limiting variance as
Wt %1998 2158 %Z,, 220 vH)® t= v e

Note that ! < | in general, and this identity is a nontrivial result. Now, the unconditional limit
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in the theorem statement follows by noting that an analog of (2.39) holds conditioixal2on »

and marginalizing. ]

2.5.4 Proof of Theorem 2.2.9 and Corollary 2.2.10

We rst illustrate why proving the low-temperature lower bound is more challenging compared
to the high-temperature case (Theorem 2.2.4). Recall that Theorem 2.2.4 directly follows by ap-
plying the uniform control (ovey 2 )in Proposition 2.2.3 to ast order Taylor expansion of the
log likelihood ratio. However, such a strong result does not hold for low-temperatures, even under
the Curie-Weiss case considered here. Indeed, (2.20) is stated only=fgrp. This is because
the measuré®, (see De nition 2.2.2) is no longer symmetric in the low-temperature regime, and
we have to conduct a more careful analysis of the likelihood ratio by conductegand order
Taylor expansion.

For t,his purpose, it is necessary to understand the second order behavior (variance) of the
statisticI &1 Xa g and we require the following lemmas about the Curie-Weiss RFIM. We use
Lemma 2.5.4 to understand the limit bt (see (2.21)). Lemma 2.5.5 provides tight moment
bounds forW= by exploiting the low-rank structure of the Curie-Weiss coupling matrix. While
both lemmas are stated conditional ¥r2 1, analogous statements conditionedXrR , can

be derived similarly.

Lemma 2.5.4.Suppose/ | 1-X~ O/ézg’_\’v For a sequencé= = / =1X™ 2 R3 such that/ = : 1X 2

+= 2 argming,, 141," =*E+=C (2.40)
Then, the following conclusions hold:

(a) For anyC! function6 : R! R with bounded derivatives, and a (random) sequenge=
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| 21X suchthat -:1X2 49 * < , we have

16 . o .
= BWIo, [ZXP 11X 2 197 E,61V<, )Xo
!
10 . % .
= XPVI-, IZXL 11X 2 19 B, X6V<, ) XO —
&
lG %
S XgXgB1VIo, [ZXP X2 137 B, XXTBLV<, )7XO e
S

(b) Forany compactsdf R, supypk J" =*D+= " 11D}o%:1X 2 49 % O

(c) +=:1X 2 19 * < and* -:1X 2 44 < , Where* _is as in(2.21)

Before stating Lemma 2.5.5, we introduce an additional notation. For a sequence of non-

negative random variablds -g- 1 and a nonnegative deterministic sequeh@eg- 1, we write

- . ¢ 0= when there exists a constan{ 0 not depending o such that - 0 = with high

probability.
Lemma 2.5.5. Supposeé/ j 1-X= °/§:OV_VV Let/-:=/-1X™ satisfyk/ = )ok. ek, and suppose
W=jX=  QFW, Also, consider an auxiliary random variable j W=-X= #1,— 19 and let
+- be the random variable de ned in Lemma 2.5.4.

(a) Forall 8, gj.-—X" are independent and has me@amhV.- , /ZX{. Also,. - j X~ has a

density proportional tat =" =" =*="

(b) =E% - +.92: X=aX 2 00 vvge andEY. = @ XTAX 2 10 o 55 for

@ 0, wherel is as in De nition 2.5.1.
(c) E1l,  +202:X X 2 190, ¢ 1
(d) jJE, +=:X=X2 2. plandjE .- +=: XX 2 1°j. o1,

Here, high probability statements are with respecktq and the hidden constants only depend on
V-Ul
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Proof of Theorem 2.2.9Let

o -ve2 (o0
| =—3) X7 =/ W) X7 = 477.)7 w1 XeFs
w2f 14g°

be the normalizing constant of the Curie-Weiss RFQyl = Q&’{’, as introduced in (2.7). By

standard computations for exponential families, we have

| /:_ _X=O G _. n‘?l /:_ _X:O (} =
mog/ =-¥) SEQ X g X° - 0 2\}) =Var9  Xg gj X
m &1 m &1

Here,EQ andVar® denotes the&onditional expectation and variance with respectQp*W- |

X=°. Then, a two-term Taylor expansion gives

p_
3% _ v _ > = h _ _
log 30/9‘ Vix=o = 27)o > . h7h , log/ =) =—X7° log/ -_}) —X7°
YooV 0 & ! & !
> = > >
2h") o et h B E%  Xg g 2—1_h> VarR-  Xg gh (2.41)
- | &1 B &1 |,
& ! & "
:th> % XgEQ)O, 8 )o %h> | %VarQ/= Xg g he
T g1 B 81

Here,/ - 2 1) o9 =° and only depends oX~. To show the LAN expansion, it suf ces to prove the

following three claims. Note that the rst claim is exactly (2.20) from the main text.
. i i
Claim1. 1 51X6E%, 5= 1' 5, Xotanhve, )3X¢, $ 7 L -

Clam2. ——= Pz

1=
—_

= XgtanhtV* | )2X¢ )0!%3 #3105— \1) 0%
0

i ?
. 1 _ =
Claim 3. ;V&I’Q’—1 &1 Xg & % I V1) %
oV

Claim 1: Expanding the linear term. Using Lemma 2.5.5(c), (d) with= =) 9, we have

*_11X2 q° .%%— EQ)CW 1 * 02 1% D 12 . 9p—*

EQ)CW

i
«g, 9and use the

=

Note that the same result also holds conditioneXo® 5. Set, : g =
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fact that, Q) with -18-9= 1.=(see Equation (2.7))to seethagj *, ¢9: 9< Bis a
Rademacher distribution with me@anhtV, : g, ) JX¢. By consecutive Taylor expansions (in

the 2nd and 3rd line) alongside the moment bounds, we have

1 G 1G
= XgEDo, g= = XgEotanhV, : g, ) X¢& (2.42)
Tl 31
1% o N 1
== XgE™®otanhV, | )OXBOa $- -
= o1 =
1% o N N 1
= : X8E 0 tanh"V*: N )0X80 5 \/1, * :0 SeCHlv*: \ )0 X80 5 $ 9 :
=1 -

XgtanhtV*- )X, $-
&1

1
Inile
ik

Claim 2: Computing the limiting distribution of ~-. Next, we prove a CLT for-. Note that

the following conditional law of = implies the unconditional result, so it suf ces to prove:

~ !
G 3
thanh1V*= s )SXgO )o 11X 2 00! % #310— Vl) 000— 0= 1-2-

90-Vv

- _P

TN

&1

Without the loss of generality, we prove the claim conditionedXo8 ;. We begin by writing

out* . Using the rst order condition fot - (see (2.21)), we have

1G
*_==  tanhVEo | ) XS
-8l .
1 \/]_* - <0 G
=2 tanhv<, ) X, — sechiVI =, ) g X¢
: S a 81

for somel - 2 1<—*_° By subtracting both sides by and rearranging terms, we can write

i_
1 ga ANV, )X <

1 Y aqsechiVl— | ) >X¢

>
0
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Now, by another Taylor approximation dt around<, for somel 2 2 t<—*_°, we have

G h

i
pE~: = XgtanhtV* _ | )8X80 )o
&1 N
G h i
= XgtanhV<, )gX®, V¥ - <°  XgsecKVI2 )IXe )o
§:1 &1
G
XgtanhtV< | )SXSO ) o°
81 N i
G 1 5 XgsechHVI2 )oXe

5

V. tanhtV< ) X <

a1 1 \;/I ;1 SECH:LVl =, )(>)X80

Xgsech1VI 2 )7 X¢
1seciVI = ) 2Xe

= = 21<_) 00 = 11<_) 00 - -
8

where ;— ; are as in part (b) of De nition 2.5.1. By Lemma 2.5.4(b); : 1 X 2 49 * < sowe
havel ——12:1X 2 49 <. Then, by part (a) of the same lemma,

i
1 % Ej,XsecHiv<, )oXe g,

=, Xgsecl1VI 2 )>Xg
\Ej:ilzs _,)0>8 S1X 2 49 = %
1 2 g sechiVi-, )oX¢ 1 VEj,secv<, )>Xe Wi
Hence,
1i = K1y| O >y 0 !
~ - Pz 1<) 0, 11<—) P = 8::1X85ec VIZ. )oXd
) ] 1 Y a1 secVl - ) Xe
= Poi i@ wpta) @, >0=PE g | o), >0 (243)

© 42
Using the limiting distribution oftr " -°1<—) % = _ from Lemma 2.5.2, Slutsky's theorem

2
«K -~

gives
—:1X2 19 3 #3 0-9% 1_10/6 %2_2 21_2%?) L, 220 °

The claim follows by simplifying the variance using Lemma 2.5.3(b).
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Claim 3: Limit of the variance term. We decompose the variance as

~ ~

o)
VarQ/= Xg g8 = X8VarQ/=1, SOXE, XsCO\P’Zl, 8 9°X§
&1 1 &9
o b z }
=C- =D-

and bound the two terms separately, whiere= / -1X™° 2 1) o9 =° is as in (2.41). For simplicity,
we prove this claim assuming th&t 2 ; and omit the conditioning notatiohK™X 2 1°in
each line. Letr= = +-1X™° be as in (2.40).

We start by computing the limit o?:— Using the notation : g de ned in the beginning of
Claim1,, gj %, o: 9< & is a Rademacher distribution with metamhtV, . g , /ZX&. By

consecutive Taylor expansions analogous to (2.42), we have

EQ=, g=EQ-=tanhV, : g, /ZX¢

1
=EQ-tanhV, | /ZXP, $ =

Il

= EQ= tanhV+, /2X#, VI,  +2CsecHiVI-, /ZX¢® | $

Il

=tanhtV+, /ZX$, $»

Here, the last equality uses the moment botsd  +-Y4. o, 1e=in Lemma 2.5.5(d). Conse-

guently, using the fact thatgis 1 valued, we can write

InNileE

Var¥=1, £ =1 »E¥=, gh=sechV, /ZX¢, $>

Since/ % ) o and+J * < (see part (c) of Lemma 2.5.4), we can use part (a) of the same lemma
to conclude that
(} > > % > >
XeXg sechiV4 | /ZXP, >,119 7 E) XX sechiV< | )oX°=",— (2.44)
&1

C=

TN

where" 7 is from part (d) of De nition 2.5.1.
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Next, we controD-. Let. - be the auxiliary random variable from Lemma 2.5.5. &or9 we
can decompose

COVQl:l, g, ¢ = ExCoV, &, 9j . =% CowvE?, 8j . =0—FE1, 9j =Y (2.45)

= CovitaniV.=, /ZXf—tanhtV.=, /ZX L0

Here, the rstterm is exactly zero by part (a) of Lemma 2.5.5, and the conditional expectation also

follows from part (a) of the same lemma. We expand

tanhlV: N /zXBO

\/21. _ +_02

=tanhV+ , /12X, V. - %%ecﬁwlw =, IZX¢

+-0secHiV+ , /ZX&,

for somel - 2 +_—_°. Here, the rst term is a function oK~, and does not contribute when

computing the covariance under the lawj X~.

By plugging the expansion ¢dnhtV.- , /2 X4 in (2.45) toD=, we have

D-=  XgCoW-=1, g, X7
&9

~

& 3
=\?  XgsecH1V+  /ZX$ Varl. . +°

&1 X8

>
XosecH1 V4 | /12X

0
5 \/3 ngeCﬁ1V+: N /zXSO XgCOVl = +:_'1 = +:OleeCH0QLV| =, /zx 00 g

9
&1 *8

G 0 >

OV XgCovh. -+t - +.9%1sechfolry| - /ZXPO X gsecH1V+  /ZX
81 *8
$, EL- +0% .
(2.46)
Using Lemma 2.5.5 part (b) gives the following bounds:
% 1
=Var, L.- +9 —— _ El . +0%= - -
VY[ VS = RS 5
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and

. , 1
Covk -+ - +%secRoUVe  /ZXPLO. Ej= +°=$, = »

. . % %
Hence, only the rstterm in (2.46) contributes fDee=. Becauséd )oand+d <, part (a) of

Lemma 2.5.4 gives

I - %

with " 1 is as in De nition 2.5.1(d). Thus, noting that we can change the summ3ang@to 9 =,

we have

D-

- - XgsecH1V+ /3X8°! - XgsecH1V+ /fX8°!> 1
=\ &l "% =Var, .. +0 & = = . $2 p=
w V&' $10%57

A kL (2.47)

Vi1 VW° W

where the last equality uses (2.33).
To conclude Claim 3, we sum up (2.44) and (2.47) to get
I -
Var_t o, Xg & $108;
m —— 8278 8y =l )0
=l = W4
For the last equality, we are using the fact that=1 $,, followed by the de nition of ) °

(see De nition 2.2.3). This veri es Claim 3, and hence completes the proof of Theorem 2/2.9.
Finally, we prove Corollary 2.2.10 via the same line of arguments as in Corollary 2.2.5.

Proof of Corollary 2.2.10.By the expansions foFr)El)"ﬁ’IF ) o® and ~=y_vin (2.39), (2.43), we
can write

pEl)’V;/lF Y% IX 2 9= \A)° 1~=—}0—V, >,110
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Using the LAN expansion and the limiting distribution ©f, _vin Theorem 2.2.9, we have

= F
@)_1)";/' )0’ 3 @ 03 20! h 22
-1 0] -- R -
- ®R: 1X 2 ¢ % #312C ®— d
- 3%-_v 90~V ’ ih> 1) «°h h> h> 1) o°h
« log 3%e-v 4 w2 vi)o IR vi)o -

Repeating the same argument conditionedXr2 ,° gives an identical limit, and the uncondi-
tional limit also holds. By Le Cam's rst Lemm&__vand% _vare mutually contiguous, and Le

Cam'’s third Lemma gives
pEl)N;AF Yoo C #athe 1) Lo

Hence YMF is regular.

2.6 Proof of auxiliary lemmas

2.6.1 Proof of the conditional ULLN and CLTs
We prove both the ULLNs (Lemmas 2.4.1 and 2.5.1) together. The main idea is to decompose

€; €; €;
BiXg- 0=  »5Xg- K0 E»5iXg- k0 j/ gk  E»5Xg- K j/ ¢4
&1 &1 &1

this decomposition will appear again for proving the CLTs as well. The rst term of the RHS
concentrates due to the conditional independencéggfZ=. Under the setting of Lemma 2.4.1
(with an even functionb), the second term becomes exactly zero. Under the low-temperature
setting of Lemma 2.5.1, the second term boils downs to controllingnd we use the following

CLT for / .

Lemma 2.6.1(Thm 1.2 in [26]) SupposeV/ | 1, A= is mean- eld, approximately regular, and
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well-connected (see De nitions 2.2.1, 2.2.2). Thendor Qg_\a_, We have

pEll <o0ji i o0 8 #10— 1\/P0

Here, the constant 1\° j 0Ois as in part (c) of De nition 2.5.1.

For notational simplicity, x) o and omit the dependence)afin the constantsg = o) o° for
0 = 1-2-3in the statement of the lemmas throughout this proof. Without loss of generality, assume
that is a subset of the unit ball iR*. Let<® 2 »0-1¥%be any xed constant, and Iﬁ?o be the
expectation with respect llqto = l~2<—¢#31) o—°, %#31 )o-°. LetBll—Kk° ;= E»5IX—1I0 |
| = 1% where the expectation is taken under the distribuop/ = 1° #31)ol-1°. Using
these notations, we can wri@0 SIX-K = l~2<—¢611— K, %61 1- K+ Now, by centering each

51X g~ K by its conditional mean givehg(i.e. 6/ - k), we have

16
= 5Xg-k E 5X-K
&l o .
== BiXgk 6Yglk = 851 10 L 8511 o ES 5X—k
E .
== BiXgk 6Y gk | 611-k 61 1-I — (2.48)
T el
and thus
16
sup = 5'Xg-K Ej 5X-k
2 Te 2.49)
sup — 51 Xg-K 61 gk | supj6tl-K 6! 1-K0je
k2 = gq k2

Note that the LHS of (2.49) is exactly the LHS of Lemmas 2.4.1 and 2.5.1, by taKing 0

and<® = <1\P respectively. We rst establish a conditional concentration inequality that holds
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for any distribution oZ= and< ¢, under the three conditions in Lemma 2.4.1:

~

1G h i oL
P sup = 51 Xg-K 6/ gk jY|jZ~ . 7’— 8Y i Qe (2.50)
k2 =

&1

Here, the constants in only depend on ;— >— 3 from the statement of Lemma 2.4.1, and (2.50)
holds under alk large enough depending on— >— 3—Y This follows from a standard uniform
concentration argument for independent random variables, and we postpone the formal proof to

the end. Assuming (2.50), we separately prove Lemmas 2.4.1 and 2.5.1.

Proof of Lemma 2.4.1Suppose thab is even ink: 5'x—K = 5! x—K. Then,E), 5x-K is

invariant for the choice of ¢, and we can simply take® = 0. Since
611-K =E5') g, #3103H-KR=E5' )g #31034°-K =61 1-K-

the second term in the RHS of (2.49) is exactly zero. Hence, we have

16 =4
Psup= 5Xgk E,5X-K Y[z . 71! 0 (2.51)
k2 —

&1

]

Proof of Lemma 2.5.1Here, we work undel j 1, and take<® = <1\P. We only prove the
results conditioned oX 2 ;, and the result foX 2 , follows similarly. For any xedY j O,

set

n 1 G (0]
== sup-— 5 Xe-K  E), 5'X-K Y -

and prove that

P -:1X2 °! "0

To control the second term in (2.49), note ti@#l— k°j oforallk 2 andl = 1, so

sup., j6*1-K 6' 1-Kj 2 ,. Hence, by using the deterministic inequality (2.49) and the
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bound (2.50), we have

PL _jZ™. Y2 . (2.52)
Since
Pt _:1X2 49 rl :\1/1{90:1x2 130, |31/Y o{-zlxz 130—
it suf ces to show that both terms are11°. | |
Noting thatP1X 2 1° =12, we bound* ° by
PL _\1/j 0°\1X2 ;°°

e 2Pt _\1/j 0°° 2Pt _j1/j Q%%
PIX 2 1° R -

It suf ces to showP! -j 1/ (Q°9 % 0e But, this is immediate by taking a further expectation on

(2.52), which gives

_ L

T o 1 : A S %A,
P_J/,OO.—YZ,PJ/ <j|—2 jyi 0010
2

The last convergence follows from Lemma 2.6.1.
Fort ©, jtsufcestoshowthaP!/ Y 0-X2 :°! 0. Note that
.. .. < < . ..
PL/Y 0-X2 ¢ PI/Y E_XZ 1, P EY/YO
=P/Y S~ PX2 4j/Y = P =ViVoO
= > 1) 5 >
SinceX j/ ol , #3103—il°,Xj/ concentrates aroung/ 2 » and the rstterm goes to.

The second term goes to 0 again by Lemma 2.6.1. ]

Proof of (2.50) Fix any X 2 10-1°. Since is a subset of the unit ball iR-, we can letN :=
fki—ee*e—kjgbe axnetof withjNj §( ' using the2 norm (see Corollary 4.2.13 in [61] for

the existence of a such net). Then for &g , there exists somec2 N suchthakk k& X
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Consequently using the third assumption in the statement of Lemma 2.4.1, we get

& & €;
j  »5'Xg-K  5Xg-kOY%j K kK X X IXge
81 81 81
Similarly, since m%i"@ = E»%Xk‘ko jl =1lg/a E»X°jl =/g/4 3, we have
€; €;
161/ 8"@9 61/ 8—k°° 3 kkc k k 3=X—
&1 &1

where the last inequality holds feBk kdk X Consequently,

G

sup } 151Xg-K 61/ g-Ko°
k2 = gq
1 G 1 G
sup = 151Xg K 5iXg-k® = 15Xgk® 61/ gk
k2 7 g1 | &l
10 '
2 161/ g ko 6 g ko
_~8=1 N |
xC 10 '
max — X, = 15 Xg k& 6 gk, 3X
C"\lj ~ g :~8=1
xC 1 C
== Xd, max— 151Xg-k® 61/ gk , 3Xe
S CINJ = g
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Fix Y j 0. Since5'Xg- K's are independent conditioned dr1, we can bound

~

€

1 R
P sup - 151Xg-K 61/ gK° Y |jZ~
10: XO: —
P max — 151Xg-k® 61/ gk | - IXf, 3XiYjZ
ONI = g RS |
6 416G y. . _1C Y .
Pij- 15Xgk® 6%/ koji §j2= . P = IXe i 3—ijz
CiNj i 31 31
O mVarsXekjle xO
Y2=2 s __Y E x8 J/8
CiNj - S
iNj X 3 X
Y=Y Y2=X Y

The inequality® © holds forXsuch that 3X g We takeX = = ~1 so that! © holds for large

enough~ (depending on 3—Y. Then, the bound simpli es to
x !
10 . =
P sup - 151Xg-K 61/ g-K° jY jzZ= .

V2

Now, we prove the CLTs (Lemmas 2.4.2, 2.5.2). Lemma 2.4.2 directly follows by applying a

conditional CLT, as the summands are identically distributed.

Proof of Lemma 2.4.2Note thatX tanht) 3X1° j / 1is identically distributed fof 1 = 1. Thus,

the mean and variance ggtanh') 5X8° j | gare deterministic. In particular, using (2.23), we get
ExXitanht) ;X1 j /1= 1% )o—forall | = 1e
Also, noting that thatant? | secl = 1, the following holds for all = 1:

VarsXytanht) §X1° j /1 = 1%= ExX1X] tantft) 5X1°j/ 1= 1% )o) g
=EX1X] j/1=1% )o)g EXiX]secht) i X1°j/1=1%

=1 BEX1X] sech) 0X1%j/ 1= 1% o) %
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Now, the usual CLT for sums of i.i.d. random variables gives

~ !
p G

InNleE

Xgtanht) g X¢ o jZT ? #310- 1) o°°
&1

The proof is complete, since conditional convergence implies marginal convergence. [

Lemma 2.5.2 is more challenging to prove, as (a) the summands are not identically distributed
and (b) we are claiming a statement conditionako@ ;. We address issue (a) by splitting the
summand into two terms, similar to the strategy for proving the ULLN in Lemma 2.5.1. To resolve
issue (b), we use the following lemma to condition on an easier event, which we prove at the end

of this subsection.

Lemma 2.6.2. Under the setting of Lemma 2.5.2, let be a sequence of events that depend on
X==Z~. Then,

_Ili{an1 =—X2 1 P Hj 0! Oe

_ . . 3
Furthermore, for aX™-measurable random variable- such that. - j */ j 02 ~, , we have

i1X2 90

We also need the following lemma to sum up two limiting distributions, which we prove at the

end of the subsection.

Lemma 2.6.3. Consider the setting of Lemma 2.5.2, anddet O be a constant. Let - =

“IXTZ7°— _= _177° pe random variables such that
.23 . 3
=] Z1 #1040 -ji g 09 #10-g°

Then,we have-, -j%j O? ° #10-1, @°
Proof of Lemma 2.5.2We rst prove the result conditioned o 2 ;. Write a := 10-a,°" 2

© .2
R3.1 where0;-a, is a scalar an®-dimensional vector, respectively. Writ' - = - as in
2_I

«
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part (b) of De nition 2.5.1. By the Cramer-Wold device, it suf ces to show the one-dimensional

convergence

Poprv icyiix2 9% # 0 a (2.53)

holds for alla. For this goal, x anya and de ne the function
fixo:=a’r " -1<-)°= 0;VtanhtV<,k )7 x° a; xtanhtV<, )J X% (2.54)

Here, we omit the dependence affor convenience. Using the notatiérand the identity (2.34),

the statement (2.53) simpli es to

p G

TN

fiIXe B, fIX° :1X2 9° # 0-a a - (2.55)
&1

To prove (2.55), we rstintroduce some additional notations. IFer 1, de ne

61 1= EXIX0 |/ = % (2.56)

g = Vartfixej/ =|°-

. 1 <
Q=) pagieoNarfixej/ = 1% = —g,

By using the decomposition (2.48), we can write the LHS of (2.55) as

& ¢;
fiXg B fIXC= g IXP EIXP |/ a0 | = <°¥- (2.57)

&1 &1

||ﬁ§"‘
||-CF"‘
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Now, we control each term in (2.57) separately. De ne

I | [ _ ,
B aofX® EMIXE [/ B SpfXe ENXE |/ oY
== 8= = & —
% ! ;:1 Val’lfl)(go J / 80 g , / 2< 1gl g 10

= 61 6
=1 021 1
= _/ = 2

== g

9, 55 gq°

so that

:
RHS of 2.57)=t -, -° g,/

<
' g1° (2.58)

2

SinceX~ is independent give#d ™, the Lindeberg-Feller CLT gives= j Z1 3 # 10-1°¢ Next, the

limiting distribution of - can be derived using Lemma 2.6.1:

VNN 6—12# #10- 1\00 = #10-gP—
g

whereg = %161 6 1°16; 6 1°> denotes the limiting variance. Note that we have used

Slutsky's theorem alongside the following limit for the denominator of

< . %
' g1°jYi 09 ge

/
g: 2

Now, we combine the above limits for- and - via Lemma 2.6.3, which gives
_jui 0% #1041, e

By again using Slutsky's theorem in (2.58), we have

€;
11X By fIX0[ 1 | O1° #10-g1, g
&1

||-ICF"‘

Here, we can change the event being conditioned on frpm0to X 2 7 by applying the second
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conclusion of Lemma 2.6.2.

It nally remains to show that the variance matches with that in (2.53), that is

gil, ¢f=a ae

By the de nition of in part (c) of De nition 2.5.1, we have

h [
& a=E; pygice Var 101V, aZX°tanhl_V<, YoXoj/ _
1\/°h ) ] R} ih . ] g is
-] 0.Vt 1%, a4t .12 0V, 2,8t L q°
h i 1

=E/ Ragizo Var f2X°j/ VO161 61°161 61° =g, gg°
The last line follows from the de nition

fixo = 0iVtanhV<, )Jx° & xtanHV<, ) x°
(see (2.54)), and writing 1 (see (2.56)) as

6 :E>>51X°j/ = |Ye 01V\| a§.|— 8l = 1.

The result conditioned oK 2 , follows from similar arguments. O

Proof of Lemma 2.6.2The rst part follows by using Lemma 2.5.1 and noting that

PL .X2 © Pt 4 0° PX2 Y ! 0O

PL /i 0° Pt ~X2 ° PIX8 1+ 0°! O

The second result follows by taking- := f. = @in the rst conclusion, and noting th&t/ j

! ipx2 ;0! O

NI=

Proof of Lemma 2.6.3We use standard arguments using characteristic functions and tower prop-
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erty (see e.g. Lemma A.13 in [18]). For a®?2 R, the assumptions for- and - imply the

following:

E 41§ 0° o
Py 0°

E4Cjz 174 E £y o = 4 G2

Using tower property alongside the above limits, we have

(o]

E 4= =1, o0 =E 4% 1/ °E £C-jz°

=E 40 1/ ° 42 >,110=24 C'LF 25070,

The last equality used the fact tHat/ | 0°! 12 for Ising labelsZ= Q,. Now, the desired

convergence for-, -j?/j 0°follows as

o E 4= <1 ° % e
E 48@:3 = Jlll o = T Ool !/4(2-1,9"-2_ 8Ce
|

2.6.2 Proof of Lemmas 2.4.3and 2.4.5

We prove Lemma 2.4.3 using existing moment bounds for RFIMs.

Proof of Lemma 2.4.3We extend the mean- eld approximation of the Curie-Weiss log-partition
functionlog/ SW1) -X=° in (2.16) to Ising models with general graphs (c.f. (2.4) and (2.5) in
[28]), and letu 2 » 1-1¥z be an=-dimensional mean- eld optimizer:

~

~ #
Vo, G G
U= argmax,, 1ps ;W AW, ) Xdeg 'Fg e
&1 &1

Here, is the binary entropy function from (2.16), and the uniqueness follows from Lemma 2.1
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in [28]. Also, set

o o
2=)"Xe- YWTi= 189 g B=  -18-De
%<8 %<8

Under these notations, the following conclusions hold, where the hidden constants only depend on

VY1

Ds=tanhtB, 29—

hi i2
EQ ';1381, g DF . kdk?11, =LP°-

i _
EQ 5:11<81W_0 &oZl =U~—

[ _
g e

Here, the rst equation follows from writing the rst order conditions of the optimization. The
second, third, fourth equations follow from Theorem 2.3, Lemma 3.2(a), Lemma 3.3(a) in [28],
respectively. Note that here we consider Ising models witlvalued spins, so the functickﬁlzO
in [28] simplify to kg12° = tanht2°. Also, note that the hidden constants in [28] only depend on an
upper bound of the operator norm @A - (see Assumption 2.1(a) in [28]), and here we use (2.5)
to get the upper bound

VKA-k VKA-k; ! V Y1

(a) This is immediate from the third and fourth bullet above:

~ ~ ~

& €;
EQ  <gw™? 2E9 icgwT™ BP? 2 B. =W, )X
&1 &1 &1

(b) ForEs:=tanht2¢, we have

2 G
3Dy B kdk® Dy BP? kdk® B. kdk® 1) -Xe
g1 81 &1

G
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The second inequality holds since
iy B =jtaniVB, 2 tanh2®] ViBj | Bj-
and the third inequality uses the fourth bullet point above. Hence, using the second bullet
point, we have
h& 5 hG io €;

2
E 3w s B 2E 3Bhe ¥ ,2 3 B

&1 &1 &1
kdk?11, =U2 | 1t)-X=00s
O

To prove Lemma 2.4.5, we again decompq$Bg astqiXs ExqiXd j/ A, ExqiXd |/ ¢
Unlike the case for the ULLN and CLTs, the quantities we wish to controtjaeslraticforms of
Z~. Hence, we use the following lemma, which is a standard second moment bound for quadratic

forms ofZ= Qg_\a_. We postpone its proof to the end of this subsection.

Lemma 2.6.4.Suppose/ Y1and letZ= Qu\a_. WithU- as in Assumption 2.2.1, the following
bounds hold.

(@) E1Z>A2Z9? = $ 1=21)20,
(b) E1Z>A-Z°%? = $1=212 | =UL°
In particular, under(2.11) the RHS of (a) and (b) can be replaced ws+°.
Proof of Lemma 2.4.5. (a) De ne<glZ™ := ! a1 =8—%9 gand note that
G G

j =18-9 X | =18-BqX  Z/P), [ Zj<gZ7e (2.59)
&1 &1
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SinceX™ | Z~ is independent, we have

h & i &
Ej  8-9q Xy Z/PPjZ7 =Var 18-QX ¢ | Z°
&1 . &1 ~
= -18-G VarlqiX ¢ j Z7° J18-% . U
&1 81

. i .
for all 8 Also, Lemma 2.6.4(a) giveR!Z>A2Z°? = E1 . <217°°2 = =lL. The proof is

complete by summing the two bounds.

(b) By expanding the square and using the independenke p¥Z~, we have

h & 2 i
E “18—Q XL XL jZT
881
ho i
- E :18_('9 :1:_ ;Oq11X80q21X 90qllx: OCI21X;° J Z:
% 9-:- 5 (2.60)
] 18- =0/ g of -/ j, ] 18- _18-9/ 2/ ¢/ .]
jif8—9-gi4 8 <;
o
0 =8-81 3l e
8-9

Here, we have omitted displaying the constants arising from momegs-a$, which only

depend ors— Z— . Noting thatj/ g = 1, it is easy to control the last two terms:

© 1 19_0/ 2 — © 1 19_o — 7>p2
:8_@:8_,/ /9/_ :8_@:8_,/9/—2 A:Z_
8 ; 3
& <X; » &<,
@) @)
:18_(@/ 82/ % = :18_(§ . =U:.
8-9 8-9

Hence, by taking an expectation ov&r on (2.60) and using both conclusions in Lemma
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2.6.4,

¢; 2 o)
E 18- IXPYIX P Ej 189 11—/ ¢ o ./ .j, $1=ULO
g8l jf8—9-gi4
o}

Ej S18-9 -0/ g o ./ .}, $1=U0
8-9—-:—;

=E Z°AZ ?, $1=U°=$1=22  =U0

Finally, we prove Lemma 2.6.4 using standard arguments for Ising models.

Proof of Lemma 2.6.4. (a) This directly follows from existing results in the literature, see Lemma

3.2(a) in [28].

(b) Theorem 2.1 in [62] shows that faf Y 1,
Variz”A-Z° . kA-K> =Ue

Also, using the fact thaE/ gj / 1 g° = tanhtV<glZ%° andjtanhV<glZ°°] Vj<g'Z%], we
have
h [ h& [ h& [
E ZA-Z = E [ <gZ° = E tanhtV<glZ%%< gl Z°

&1 &1

VE <§1ZO =$ 1=J0%
&1

The last bound uses part (a) of the current Lemma. The proof is complete since

h i2 h | 2
E ZA-Z =VanZ>A-Z°, E Z°A-Z . =W,k =24
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2.6.3 Proof of Lemma 2.5.3

The following proof crucially utilizes Stein's lemma to simplify the components aind in
terms of the quantities de ned in De nition 2.5.1. The individual statements follow by plugging-
in these expressions. Recall the following multivariate Stein's lemma (c.f. Lemma 2 in [63]): for

Y #1-4°and a differentiable functiof where both expectations below exist, we have
E61YClY -O0=FEr 61YO (2.61)

Proof of Lemma 2.5.3Throughout the proof, we use the notationg— 1 andUy—" 1—" 2 from
parts (a) and (d) of De nition 2.5.1. Fi¥ | 1and set? .= in with < as in De nition 2.2.2, and
note thatP), = ?#1)oH43°, 11 7°#1 )o3° whereP), is as in De nition 2.2.2. Then using

(2.34) we have

< =E,taniV<, )gX°=72"1,11 2°° ;-
Jo=E,XtanHvV<, )gXo=2.4,11 20 ;- (2.62)

<1, )0)3° = E), XX tanhV< | )2 X0
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The third identity follows from spelling out the expectation, which gives

E), XX~ tanhtV< | ) s X°
1

1, < k k2
:?éz: exp % XX~ tanhtV< | )5 x°3x
c L ,
<
. %ISZ: exp % XX~ tanhtV< | ) x°3x
c 1 .
1 h |

1 2 2 > >
= 4 3kxk®k) ok 4V<’)0X5 4 V< )oX xx> tanhv< | )SX°3X
2 2ccoshv<e

h i
— o 1 4 S K)ok gV, )5 4 V< )EX y x> 3x
2 20903HV< , 1 5
1 < KX)ok N 1 < kx,)ok >
=H— exp —F— XX 3X p— exp —F— XX 3X
2520 2 2 2c 2
1,< 1 <

== BXX7 | = 14 EXX> [/ = We<1,)g)]

Here, the second equality uses= tanhV<° (see De nition 2.2.2), the third uses the fact that
tanh = sinkecosh the fourth again uses = tanhtV<°, and the last line uses that the second
moment of# 1) ol-1°is|, )o) g for bothl = 1.

Before proving the conclusions in parts (a) and (b), we rst derive expressiokk-bf; in

terms of 1—aj;. We rst claim
=11 <21 L 1, (2.63)
This follows from using of Stein's lemma (see (2.61)) witks tanhto write

)olo = ?) o EvsecifiV< | )gX°j/ = 1% 1 79 gEssechiV<, )oX°j/ = 1Y%

=?2E»X )°tanhiV<, )oX0j/ = 1% 1 PE»X, )CtanhV<, )2X°j/ = 1Y%

2.1 o 1,1 % 1,11 799 1

Jol 271,11 294
=)ql1 <201 1 1,
)o >
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The fourth equality follows from the expression)afin (2.62). The last equality follows by using

?= l-zi to write

e
1 72,11 2 =1 L1 et

and noting that the rst identity in (2.62) implieé% =<11 ‘12‘ 1o,

Now, we claim the following expression fOr:

.1 . 1% (2.64)
Again by Stein's lemma in (2.61) with = log cosh we have

Ex #1.40»X -°logcoshV<, )gX%rF )gEx 41 jotanitV< ) JXO
for any- 2 R3. Taking the derivative with respect }@ gives

Ex #1.40»XX> - X>°tanHV< | )> XU

=1 Ex #1.gotanitV< | ) 5XO | )oEx #1. 40 X” seCRIV< | ) g X0
By setting- = ) and rearranging terms, we get

)oEX> sec1V< | )2X0j/ = 1¥F ExXX>tantV< )3X0j/ = 1% 1l )o.7pe
(2.65)

In the RHS, we used the de nition of ; and. 1 from De nition 2.2.3 part (d). Using (2.65) in

the second line, the rst/third identity of (2.62) in the third line, takingcommon alongside the
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second line of (2.62) in the fourth line, nally using usirg= in in the last line, we get:

)o" 7 = ?)oExX” seciV< | )IX0)/ =1% 1  ?°)oExX” seckiV<, ) X%/ = 1Y
= EjpXX”7 tanhV< | ) X0% 1271 11 297 01 )pl?.q 11 20 1@
=<)g)g )ot?.1 1 7?0
=)o»<1?.9,11 70 0 1?2, 11 ?° %

11 <201.1 _1o>

= )o > —

which gives the desired expression for. We are now ready to prove the individual statements.

(a) Starting from De nition 2.5.1 part (a), we have
T1=EtaniV<, ) #3104°, )5)o°i EtanhV<, ) #3104d° )J)o°=" 1—
(2.63) gives
1 V=1 w1 <% 1 N i1 Vi1 <% Qe

The last inequality holds from elementary calculations (c.f. Lemma 1.1(b) of [51]). The

positivity of W4 follows from noting thaty 3 = VA1 V}° (see (2.33)).

(b) We rst show the equality in (2.35). For brevity, for any vectomwrite v := vv” throughout

the proof. We begin by spelling out?) ¢° (see De nition 2.2.3) in terms obU. s, using

(2.33):
$10%7, V' %
N oo _y o . 2.66
v o = $22 R 2 TVG (2.66)

Next, using the de nition of in part (c) of De nition 2.5.1, we compute the middle term in
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(2.35);

© %2
%14% 212% %Z,, 222= % |
« | bl
h | 1\p0 2
:E/ RadllT<° Val’ 1 \pA), Xo'[anh'LV<’ )>XOJ/ N T VOA\1 * 10>1_1 . 10
I {z }
=M
h in
=E, 1 Wh X°tanifiV<, )oX° E E 1 W4 X°tanHV<, )oX°j/ | M
=E),t Wo X2 E),1 Wb X?secKiV<, )>X° E W6, , ., ° M
=1 V<%, )%, |, 1\A%11 <20 1\0g2y, VWo'T, "W "o (2.67)

2

E, Wo, ., .; ., Me

Here, the third line usedartY° = E»Y2Y, 1E Y°2 and the tower property, the fourth line used
tantf =1 secH and the de nitions of ; — | (see part (a) of De nition 2.5.1). The fth line
used ( rst term) the standard moment computatiBnsX = ExE>X | / Yo% <) o—E)O»X21/4=

I, )3 to write
Bl Wh X%=1 W82 V%Y V<)%, |, )2=1 V<% )¢, |,1\08%11 <%

and (second term) the notatibh (see part (d) of De nition 2.5.1).

We further simplify the sum of rst term and last two terms in (2.67). To this effect, we use

the expression of and) g in (2.62) to write

\/0/&,)0: V[%‘?\]_bll ?20° 1°, ?2.1,%1 7?00 4
=71 VO/\]_b .]_0, 11 701 \M%p 1, - 10‘ (268)
|z} | {Z° }
=W1 =Woq
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By spelling out the expectation ovér Rad ?° and using (2.68),

2

! V<%: )002 E/ \p/(\)/ 5 '/ 5 M
1
=1?2w;,11 w22 2witl ?ow? | \lel w 192
1\/) \/]_1 <202
— 21 20 1 02 — 1 02
2 211 W1 W 1 211 \i] <200 W1 W1
Vil vl <2002
= (2.69)
11 VLbOZ
The third line follows as *\° = #ﬁzo see De nition 2.5.1(c). The nal line uses the

following claim,

_o211 w1 <200y
Wi W= 1] <2011 Vi (2.70)

which will be shown the end of the proof.
Now, using (2.69) to simplify the rst and last two terms of (2.67), (2.67) becomes

% 14% 212% %2, 220

Vil il <o 2
= Lo twestl <% WPy, VT, TIVE

11 VY2 >
VL Wl <2002 \@e2 ) "2
- . 11 < W 2V R
11 V2 11 Vo2 1 VG
v
= 1 Mg
1 VY

The third line follows by using (2.33) to simplif§f(see the lemma statement):

_$10 "1
= TG 2.71)

and the nal line follows by direct algebra. The nal expression exactly matches the RHS of

(2.66), hence the equality in (2.35) holds.
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Finally, we show the positive de niteness claim in (2.35). This follows as

%149 2129 %2, 220
=E Var! WganhV<, ) X° & XtanhtV< )gX°j/°

1\/°1W1 W 1°1W1 w 10> Oe

5

The strict inequality follows from noting that théar in the rst term is positive de nite for

both/ = 1, and that the second term is positive semi-de nite.

Proof of (2.70) Using the de nition ofw 1 in (2.68), we get

W Wq1=. . %3 T q0= "
1 15.1 .1 VWA 1 T <2 "1 v 1
1 Vl 2
_2 1< Ill

1 <2° 1 Vy
211 W1 <%0

11 <2011 VLbO 1

The second equality uses the expressiordfor (2.71), and (2.64) to write; . 1= -22, the

1 <2

third follows from using (2.63) towrite; =~ 1=21 —and the last equality follows by

b
11 <20

direct algebra. This completes the proof.

2.6.4 Proof of Lemmas 2.5.4,2.5.5,and 2.4.4

We prove the results related to the random eld Curie-Weiss m@&&. Set" -—"1 asin
(2.14), (2.19), and extend the domain'ot from » 1-1¥to R. We omit the second argument

of these functiongwhich will be xed as/ - and) o, respectively, throughout the section unless
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speci ed otherwise), and write

ve 1G
1P =" D40 = - = log cosiVD, /2 X$P—

&1

\Ys;
"I =" 11Dy ° = - E), log coshVD, ) ;X0

First, we prove Lemma 2.5.4, by modifying standard arguments for M-estimators.

Proof of Lemma 2.5.4. (a) We only prove the rst conclusion. A8 has bounded rst deriva-

tives, we have
61VI =, /;Xg =6lV<, )SXgob $1V]| = <j, k Xgkk = )oko‘

Thus, by averaging acro8swe get

16 16 | K- )okO
= BWI=, IZXP== 6V<,)iXP. $ |l - <J,f)o kX gk
2 ! - &1
10 N
=2 6IV<, )oXd, S0
S
=E),61V<, )gX°, $,11%
. I = .
In the second line, we note that a1 KXgK = K)ok, 2p3 with high probability (see

(2.25)), and also use the assumptionsifarand/ - in the statement. We use the LLN in

Lemma 2.5.1 for the nal convergence.

(b) Fixany[j O. Noting the abbreviatiofi =D =" -1D+-°, we have

P supj" =i’ " 11D%] [:1X2 1°

D2K

P supj" -1D+4-° " -1D}¢°] L.axo o P supj” -iD3° " 11D [.iy5
D2K N 2 2K 2
K- )okC

P kXK i [E PIX2 1%, >711%

&1
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The last line follows from the triangle inequality and the bound
jlogcoshVD, /ZX¢ logcoshVD, ) X j/ZXs )gXd k/= )ok KXg

(rstterm), and Lemma 2.5.1 (second term). Finally, we use the assumftiofr® : 1X 2

%
19 "~ )oto see

_ G
K= ok kXK i [—:1X2 1°

- &1 2

P

~

1C [
P — kXgK i (1IX2 1 P K= )okj z—:1X2 2! 0O
= &1 2

where is the same consant from part (a) of the current proof.

(c) We only prove that-:1X 2 14 % <, as this implies the statement for (since* - = +-
when/ = =) o; see the de nition of - in (2.21)).

FixanyY j Oandlet[ :=infp <y " 1D " 11<°j 0. Here,[ | Osince" 1@ =

1 D4} ¢° is uniquely minimized aD= < (see Lemma 2.2.7). Then, we can bound

Pjt- <jiY:1X2 © =P min "z min "D:1X2 {°
iD <jiY D<j Y

P min " 21D " -1<0:1X2 4°
iD <jiY

P min "D " i<o- supj” D " DV L:ix2 o
iD <ijiY i1 3

(2.72)

, P osupj" 2P " 11D

[_:1X2 100
o1 3

To control the rstterm in (2.72), suppose theatpy ,j" ='D* " 1 D) \4 [§ and take any
D2 » 1-1Ywith D <j i Y. Then,

[ [ - [
n :1D) . n 1D) L " 1<0 _t . =1<O L 2 mln n :1D) n =1<O Le
I 1 3 1 >3 | ) ) iD <jiY 5



Hence, the rstterm is exactly 0. The second terrr4$1° by part (a) of the current lemma.
Consequently, the RHS in (2.72)%s11°, and the proof is complete.
O

Now, we prove concentration for the random eld Curie-Weiss model in low-temperatures. The
main idea is to utilize an auxiliary random variable which guarantees conditional independence
of the, g&. We prove thd ? bounds in parts (b) and (c) using the Laplace approximation, and

prove the stronger! bound in part (d) using the method of exchangeable pairs.

Proof of Lemma 2.5.5. (a) Sincew=j X= QfW, (see (2.7)) and= j X™-W= #1,— 1.=\2,

the joint density of W™ .- is given by

PIW™— - j X™/ PIW=j X™PL, _ j X-W™

h_ & [ h _ i
/exp_—v, 2 ]2 Xg g exp Vi , 02
2 a1 2
h =V.2 G i
| exp AV ke ¢
&1

The conditional independence pfg j . =—X~ is immediate from the above formula. The
marginal distributiorP®. - j X7 also directly follows by marginalizing the below expression

overW=2 f 1g.

(b) For notational simplicity, set

1
=" Pco=V VE) sechiV<, )iX0=Vi1 VWP 0-

where the nal inequality is a consequence of Lemma 2.5.3(a). Note thi exactly the

limit of =E%. = +-°2in the lemma statement.

We bound=E%. - +-°2 using the Laplace approximation of j X~. Since

—_ 1 —1n " oo
EL_ 402 P2 1 mip go2g @ gy
= — +_ = =
. = = P: 1
1

1—=

4 =" _1pp ¢ :1+:003H ' o =
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it suf ces to show 1_-! 1and ,_-! 2 for positive constants 1— 2 with —; =f2

By a 3rd order Taylor expansion and usihg+-° = 0, we can write

1 +_02
j" :1|_P " :1+:O H 2 - " gq+:oj SJH +:JS_ (273)

where 3 0is some constant depending only @nAlso, by Lemma 2.5.4(a),

\/2 G % 1
"y 0=y L secRiva, /ZXg " %co= = (2.74)

S

To bound 1_5 we separate the integral region into two parts:
11 4° =» p——p—_l/{ »1l — p—:(’ [1 19—:—11/4‘
| {z } | {z }
1-= 2—=
1 n 1 o) 1H +:02|| OQ o) . '3

ForH2 ;_5 we use the bound -1H 40 ——" T 3jH +-j° (see (2.73))

to upper bound the exponent as

1
E =1H +=024 =1" _1}p

1-= 1
p_ = ol opEO3

=4 3

Y

" _14 00

3H

=1H +=°2,,
=IH +9%24 — 2
1-=

1 1
L P 12 Qoo g

2
SRR 124 —= 3] 124 323

3H

P

as=!1 . The third line follows by substituting = ~ =H +-°, and the last limit used

1H +.92

(2.74). Using the bound -*H " 1+.° 3jH +=j2 (again using (2.73)) gives

the exact same limiting lower bound fos=, and so we have

1 1

2
= —1H +:024 =1 _1pp :1+2003H! |24 2If_23|' (275)

1-=

p
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Now, we bound the integral fdi2 »_- To this extent, we claim that there exists a constant

4 i Osuch that

"R v 40 L = BH2 - (2.76)

with high probability. Assuming (2.76), we have

1

" _14 00

E :1H +:024 =1" _1}p 3H
1 2= 1
— -1 4+-02 2
Pz o 402p S8 ap 124 473l (2.77)
2-= »1 — Ya[»-1%

12

Now, we add up the individual bounds (2.75), (2.77) and takel  toget 1 L~ | 124 &2 =

p%f 3« Note that we are using the trivial lower bound of zero on behalf of (2.77).

To compute the limit of _5 we similarly divide the integral region into_-and >_-= By
removing the=tH +-°2 term in the integrated and using the same bounds, we get

1

% L2
oL 4 2723| = 2cf 2e
1
Hence,
:El__ +_02=ﬁ%f2=;o
- N o= Vi1 VUY°

For a general@ i O, the bound=@?E,_j.- +-j@. 1 can also be similarly derived by

representing the expectation as

P=

Poig 4oj@y =k gy

J
M ]:-l- 4 —i" _1pp ¢ :1+:oo3H

1
1

and upper bounding the numerator with Normal moments.

To complete part (b), it nally remains to prove (2.76), which we argue by splitting
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into three sets. Fix¥ j 0 small enough, which will be speci ed within the proof, and let
[ 2 10-1° be a constant such thetigy, <; J" {2H " §%<°] Y.

Case 1:ConsidefiH <j [.Bypart(a) of Lemma2.5.4upy <; (" 22H " PAHj VY
holds with high probability. Then, we have

sup " K v <o sup 24Kt QARR), sup U 2R PA<O) 2Ye
H< [ H<) [ H<i I

w 0
1

Hence, forfH <j [," 8" Qu<o 2y :<° (by taking a small), and a 2nd

order Taylor expansion analogous to (2.73) gives

2
"O_1pp " _14.0 IH +20¢, 5)01<0i Oe
4
a 3K) ok
Case 2:ForjiH ! =2 2, {,0 , uselogcosi@ | g to write
G
Y V_H 1‘ 1\/J|_Lj/zxaio V_ﬁ ViH k/ -k
2 =g 2
VH |, 3Kk, VH
4 2 8

where the second inequality holds for= k) gk , 2p§ (see (2.25)), the third inequality uses
iH

NE

, Landk/ -k 3")20" for =large enough, and the fourth inequality holdsjigr ! .

Case 3:ConsiderHsuch thajfH <ji[-jH Y !. Set

Z:= inf "1 " 1<0 O-
iH <ji[-HY!

84



where the positivity follows from Lemma 2.2.7. Using the usual triangle inequality,

teH S+ inf IR M 40 2 sup T STHR M g THR)
JH <ji[-jHY! jH <ji[-jH !
inf "1 "< 3Y
JH <ji[-jHY!
Z Z H +°2

2 112 2

5

for Y Y 26. Here, the second inequality holds with high probability, as Lemma 2.5.4(b), (c)

imply
supj" tH " g HP) Y= " H+0 M 10 Y
jH !

with high probability. The nal inequality usegdd +- ! | 1.

(c) By adding and subtracting the auxiliary variable we can bound

El, +.02 2F!, .92 2FL_ +.9%

The second term i$ > 1 by part (b). The rst term is alsé < , by the de nition. - |

W™X= #10-1*=\? which gives

ei, L oosgEn o wexws Lo

(d) We prove this stronger bound using the method of exchangeable pairs. For notational

P,

simplicity, write 2g := /2 Xg for this segment of the proof. Lt := +-° and

i _ : :
L1 = 1 g o Let 'WTWO0 pe the exchangeable pair that results by moving one
step forward in the Glauber dynamics, i.e., pick an indé&>=Yauniformly at random, and
for = § replace, gby a random variable ggenerated from the complete conditional of

, 8] L, o X &. GivenW?®, set) 0:= pEl, 0 4.0
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By a Taylor expansion, we can write
E» gj !, o X ®YstanhV, 1 g, 2P =tanhtV, 2§ %‘secﬁlVI g, 28
for somel g De ne an error term
= —p— , gsechHiVlg, 29—

which is bounded deterministically b__%’—z

Now, using the properties of exchangable pairs alongside the above Taylor expansion, we

can write

E). )0 W X®= 5= g —p=  tanitV, . g, 2¢
. ! B 1
1 © 1 ©
=p= ,s —Pp= tanhv, | 2,6 -
! ! 3
1 1 h G
=p=!, +° —p= VW, +2° secHiV+, 2¢ (2.78)
B - &1
\2 G [
, =1, 402 lsecHotvIi_ 2P | e
2 &1

o0 .
(2.78) follows from a Taylor expansion ofg_; tanhtV, | 2¢ around, +- and using the

rst order condition of+- (see (2.40)):

tant- V4 | 29e (2.79)
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By taking a further expectation on (2.78) with respeciMo : X~ Q,C:W we have

:EQ/clNl +0 =V secﬁ1V+— 280
R ~ - (2.80)

p; EQ/C;N _e

v Q ZG: 01
S E¥ w0 1secfolvVI -, 2@ | =
&1

By rearranging terms, we get

I’ = —
QCW % EQ/C;N 1’ +:02 éfllseCHOQL Vl -, 280 :p = EQ;::\N _
=BT 4= S Vi - . (2.81)
1 2 g seckV+, 24

The denominator of (2.81) is bounded away from 0 with high probability, again using (2.74).

For the numerator, the? concentration bound in part (b) gives

~

CW G
E9= 1, +02 1geckovIi., 29 . =EQ-1,  +02=g,110
g1
By the deterministic bound on-, we also havecpEjEQ/: =j. 1l

Now, the bound foEQ/C:Vv ,  += follows by combining the result for the denominator and

the numerator of (2.81). The analogous statementfor+- directly follows as

E.- +- =E .- , ,EQ/C:W, +=:EQ52=W, += o

]

Finally, we prove Lemma 2.4.4, which gives the second moment bound thded. The
overall argument is very similar to the low-temperature analog in Lemma 2.5.5(b) with a distinction

that now (undel = 1) we have< = <1\P = (.

Proof of Lemma 2.4.4Fix) 2 and de ne the auxiliary Gaussian variableas in Lemma 2.5.5.
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Throughout the proof, we x the second argument'of to be) and write" DX = " -1D3J°.
We divide the proof into two parts. The rst step shows that the mode of the likelihood-for
concentrates arour@il similar to Lemma 2.5.4. The second step utilizes the Laplace approximation

to derive the second moment bound.

Step 1. Similar to (2.40), de ne®- :2 arg mirng,,, 141," =*E°* Then, by part (a) in Lemma 2.5.5,

the density of - j X~ can be written as

PL_jX™/ 47 ="

We rst claim that®- = $ ?191—50. By mimicking the proof argument in Lemma 2.5.4 noting
that" 1 uniquely minimized aE= 0 (see Lemma 2.2.7%- = >,11°. Then, by a Taylor expansion

on the xed-point equation (2.79) with= 0, we can write

=N 1=

a1 tanht) ~ X¢

e_= - _
1 L g sechi -, )>X¢

with | - 2 1089 ** 0. The denominator converges'to?®0° = 1 Eseclf!) >X° ; 0 (again by
mimicking (2.74)) and the numerator$s?191—z°, soe-=$% ?191—50.

Step 2.Noting that" 91€-° = 0, applying the Laplace method (see part (b) in Lemma 2.5.5) gives

El. = e:02 . %1‘

Also, the de nition of. - givesEL - , 2= :—1\/ Then, by combining all bounds,

ik

E9", 2 3F, .02 3EL. €02 382=§,
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Chapter 3: Deep Discrete Encoders for Identi able Deep Generative

Modeling

3.1 Introduction

In the era of generative Al, deep generative models (DGMs) with latent representations have
gained tremendous popularity across various domains. DGMs achieve impressive empirical suc-
cess due to their rich modeling power and predictive capacity, and are useful tools to generate
images, text, and audio [64, 65, 66, 67]. However, these models are often subject to statistical
issues regarding the model identi ability, interpretability, and parameter estimation reliability. In-
deed, most deep learning models are heavily overparametrized black boxes, with more parameters
than the number of samples, and are fundamentally non-identi able. The lack of identi ability
means that there may be very different parameter values that give the same marginal distribution
of the observed data, leading to inconsistent parameter estimation. In such cases, it is impossible
to guarantee the reproducibility of the learned latent representations across different training in-
stances and the validity of the downstream inference. Additionally, the deep layers often merely
serve as tools for inducing exible data distributions but without a meaningful substantive inter-
pretation. These issues raise serious concerns when deploying DGMs in high-stakes applications
such as education, medicine, and health care.

We address the above problems from statisticians' perspectives by proposing a broad family of
interpretable and identi able deep generative models for rich types of data, Cxdlepl Discrete
EncodergdDDESs). DDEs are directed graphical models with potentially deep discrete latent layers
to generate the bottom-layer multivariate observed data. A key feature of DDEs is that the latent
layers are discrete and organized in progressively smaller sizes as they go deeper; see Figure 1.2.

This architecture induces very expressive models via the exponentially many mixture components
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(since each con guration of the discrete latent vector gives a mixture component), and also has
the nice interpretation of increasingly more general latent features in deeper layers [68]. DDEs
are motivated by both popular generative models in deep learning and latent variable models in
educational and psychological measurement. While these two areas rarely intersect in the past, we
leverage the insights from both elds to inspire the theory and methodology of DDEs.

Figure 1.2 in Chapter 1 displays the graphical model representations of a typical DDE. Also,
Figure 3.1 shows that tting DDESs to a dataset of text documents uncovers interesting hierarchical
latent topics as well as an interpretable word generating mechanism; see more details in Section
3.6. We emphasize that there is no restriction on the types of observed data; for example, the
bottom data layer can be modeled by any exponential family distributions. In the text data example,
Poisson distribution is used to model the word counts in documents. Our real data examples
in Section 3.6 range from wordountsin text documents tdinary pixel values in images, to
continuousresponse times of students in digital educational assessments. Such exibility makes

DDEs attractive for many practical applications ranging from machine learning to domain sciences.

Figure 3.1: Simpli ed estimated DDE structure of the latent topics for the 20 newsgroups dataset.
Only the shaded nodes are observed. In the right panel, edge widths are proportional to coef cients'
absolute values. The black/red edge colors imply positive/negative coef cients, respectively.

The main contributions of this chapter include rigorous identi ability theory and scalable com-
putational pipelines for DDEg-or identi ability, we propose general identi ability conditions in
terms of the probabilistic graph structures between layers in the graphical model (corresponding
to the directed arrows in Figure 3.1). We work under the minimal possible assumptions in or-
der to exibly cover the various examples and data types mentioned above. Under an identi able

DDE, we also prove that a penalized-likelihood based estimator is consistent for estimating both
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the continuous parameters as well as the discrete graph structure.

For computation we propose a scalable estimation pipeline for DDEs. The multiple layers
of nonlinear latent variables in DDEs lead to a highly nonconvex optimization landscape with
potentially exponentially many local optima. To address this challenging issue, our computational
pipeline features a nuanced layer-wise nonlinear spectral initialization followed by a penalized
stochastic approximation EM algorithm. This procedure can ef ciently handle models with a large
number of latent variables. We achieve favorable simulation results for as man¥ as30binary
latent variables in the shallowest latent layer, which amoudt £o mixture components and de ne
a very expressive model. Extensive simulation studies not only validate the identi ability results,
but also demonstrate the excellent performance of the proposed algorithms. We apply DDEs to real
data in three diverse tasks, including hierarchical topic modeling, image representation learning,
and multimodal modeling in digital educational testing. Across these applications, DDEs extract
highly interpretable latent structures and learn useful representations for downstream analyses.

We make brief remarks to place DDEs in the rapidly emerging eld of generative Al. For
the considered unsupervised learning setting, we use “generative model” to refer to probabilistic
models where observed data are generated conditional on hidden variables. Recently, powerful
multilayer models have been proposed for more complex tasks, which either consist of multiple
latent layers or a single latent layer transformed by deep neural networks. Popular models in
machine learning include deep belief networks [DBNs, 64], deep Boltzmann machines [DBMs,
69], variational autoencoders [70], generative adversarial networks [71], diffusion models [72],
and transformer-based models [73] such as large language models. Our proposed models are most

closely related to DBNs and DBMs. See Section 3.2.2 for more discussions.

3.1.1 Organization

Section 3.2 formally de nes DDEs and elaborates on its connection with existing models.
Section 3.3 provides identi ability results of DDEs and proves the consistency of a penalized-

likelihood estimator. Section 3.4 presents scalable computational algorithms for estimating DDES.
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Section 3.5 and Section 3.6 present simulation studies and real-data applications under various data
types. Section 3.7 concludes the chapter. Sections 3.8—-3.13 provide technical proofs, additional

details about computation, data analysis, and literature review.

3.1.2 Notation

For a positive integer , denote» Y= fl1—eee—g. For a matrixG with rows, letg;—e e« *g
denote its row vectors. Lét -1 be the all-zero vector and all-one vector of lengtirespectively.
Let e. be the -dimensional canonical basis vector. I&sic'C = 4511 4 denote the
logistic/sigmoid function. For a nite set, let( denote the collection of all permutation maps of

, and let id be the identity permutation on

3.2 Deep Discrete Encoders

3.2.1 Model De nition

The -latent-layer DDE is a generative model withdiscrete latent layers. For ea82 » %
assume that th€3 1°th layer is generated conditional on tBth. Here, only the bottom layer
(indexed by3 = 0) is observed, and all other layers are latent. The bottom layer data can take
arbitrary values, but all latent variables are binary, similar to the celebrated deep belief networks
[64]. LetY =1 1—eee—02 2 . Ygdenote the -dimensional observed responses, whéges
the sample space for thH&h response; see the end of this subsection for concrete examples. We

work under the minimal assumption that eadtis a separable metric space. Denote3tielatent

130 130
— 000
1 130

layer asA'®* = 2 fo-1g ~,whichisa ‘¥-dimensional binary vector. A DDE
has a shrinking-ladder-shaped deep architecture, with the dimension of each layer decreasing as
increases: ' °YeeeY 'Y | SeeFigure 1.2 for a graphical model representation.

We further specify the distribution of the directed graphical model in a top-down manner. The
directed edges in Figure 1.2 are pointing downward, meaning that the deepest latent variables in the

top layer3 = are generated rst. The top layer latent variables are assumed to be independent
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Bernoullis with parametep = 1?1—eee—? <°;

. o ..
1 0 O 1 0 1 0 O U10

PlAl ° _m 0 — p1 : =U: 0 — ?:: 11 ?:01 U:1 °_ 8,,1 02fo_1910. (31)

Next, de ne themiddle latent layerénductively as follows. For each j 1, suppose tha®tA™3,
the distribution of the3th layer, is given. Then, we de ne the8  1°th layer distribution by

_ " , 31 13 10 . 130,
assuming the conditional independence Qf = —eee—".", givenA™~"

6 lo o o) 1 o
P1A13 °_ w13 10 j A1300 _ pL :13 1 _ U:3 1 J A13°o_ 8" 13 1° 2 fo_lg 81 . (32)
=1

Here, we additionally model each conditional distribution in (3.2) as

3
B Yia™ Bermnoulli gogisie V.. \/f’o ;130 - (3.3)
;=1

wheregqgisiic 1S the logistic function that maps the real-valued linear combinations toCtHé4
valued Bernoulli parameters (one may use alternative link function® ! » 0-1%such as the
probit link). Collect theV._-parametersina’® ” 1 '3° 19 matrix B"®, whose rst column
is the interceptsV.5) ., s »yand remaining parts are/.” ., s w0, 2o

Finally, we model the bottom layer for the observed data. The obséfved. ;—e++—2° are
modeled by assuming the conditional independenca-ef « «—.givenA'’". As the observations
Y are not necessarily binary, we replace the Bernoulli conditional distributions in (3.3) by a general
parametric family of the form

10

9] AT ParFam 69 Vo, Vo T-W e (3.4)
=1

Here, ParFamdenotes a speci c identi able parametric family, and ley denote its parameter
space. For convenience, |8t be the probability mass/density function of Parlanthe 6g :

R »0-1° ! 9 is a known link function that maps the linear combinations to the parameters
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of the given parametric family. Her® j 0 denotes the dispersion parameter, when there exists
one. Throughout the chapter, we will state all results under the more general assumption that there
exists a dispersion parameter in the parametric family in (3.4). If not, one may ignore the notation
W We further elaborate on the speci c parameterizations in (3.4) for various responsé’tyaes
the end of this section.

Following the de nition of directed graphical models [74], we can write the joint distribution
of all observed and latent variables based on (3.1)—(3.4):

o

PYSAF g, 1y, =PY jAY0  pA™S P ja'Fopip® "o,
3=2

The marginal distribution of is obtained by marginalizing out all of the latent layers:

o o
pLYo = PleAllo — 1% P1A13 10 w13 1° J A13o — n 13°% PlAl ° _ w1l o, (35)
" 13°2f0—19 130 3=2
832» Y

The -latent-layer DDE is parametrized bp-B-$°, whereB := fB'*°gs5,, vand$ := tW—eee—W
Upon the above marginalization, the induced DDE is a highly expressive model with exponentially
many latent mixture components. However, this expressivity also introduces identi ability and
computation challenges, which we address in Sections 3.3 and 3.4.

In many scenarios, it is desirable for the coef ciel®sto be sparse, as this leads to a more
interpretable and parsimonious data-generating mechanism. The interpretability stems from that if
a latent variable is connected to only a few, rather than all, variables in the layer below, then these
children variables can help pinpoint the interpretation of the latent parent. Similar sparse deep gen-
erative architectures have been considered in deep exponential families [75], Bayesian pyramids
[76], and deep cognitive diagnostic models [77]. Additionally, as will be shown in Section 3.3.1,
the sparsity of the coef cients play a key role in facilitating identi ability. To encode the sparsity
of B, for each3 2 » Ydenea =7 "3 pinary matrixG'® = 16._°, where6._. = 1

if the corresponding coef cienv:lf? is nonzero, and 0 otherwise. De ne’® :=  for notational
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convenience. By (3.2) and (3.3%'% can also be viewed as the adjacency matrix or “graphical
matrix” between thé3  1°th layer and theth layer in the graphical model representation (see
Figure 1.2). Collect alG'®°s by de ning G := fG'%°gs2, 1, and collect the number of latent vari-
ables in each layer by de ninf§ :=f g3, 12 Now, we formally de ne -latent-layer DDEs,

which also incorporat& as unknown parameters.

De nition 3.2.1 (DDE). A -latent-layer DDE with parametersp—B-G-$° is a statistical model
with marginal distribution of the observed data as given(3b). WhenK is known and xed,
DDEs can be viewed as parametric families with parametersG°® and probability mass/density

functionsP g, where :=1p-B-$° denotes all continuous parameters.

Next, we give some examples of the various response typaiowed in the DDE framework,
along with the corresponding link functiofisand parametrizations for (3.4). As mentioned in
the Introduction, the later numerical experiments consider three types of responses: (i) binary, (ii)
count, and (iii) continuous. We model each of these responses using (i) Bernoulli wiipgistic,
(ii) Poisson with an exponential [in&'!® = 4% and (iii) Normal with an identity link6:G—H=
1G—%lrespectively. Modeling other data types is also straightforward. While not required, we
typically consider that the data types are the same acrossfdadures. In such cases, we omit the

subscript inY - &, and writeY and6.

3.2.2 Connections with Existing Models

Related deep latent variable models in the machine learning literature include the deep Boltz-
mann machine [DBM, 69], deep belief networks [DBNs, 64], and deep exponential families [DEFs,
75]. The DBM and DBN both contain multiple binary latent layers and differ in the directions of
the edges; see Figure 3.2. DBM and DBN have been originally proposed to model binary data and
have been later extended to handle continuous or count responses [78, 79, 80]. We recommend
the review [67] for more details and references on DBM and DBNs. DEFs are an unsupervised
modeling framework that uses exponential families to model conditional distributions for each

layer.
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Figure 3.2: Comparison of the graphical structure of DDEs to relevant deep generative models.
DBM: binary data and binary latent. DBN: binary data and binary latent. DEF: exponential family
conditional distributions. DDE: general-response data and binary latent.

Despite their numerous empirical successes, the aforementioned machine learning models
are usually fundamentally non-identi able due to an enormous number of latent variables and
parameters organized in a complex nonlinear architecture. These models are typically heavily
overparametrized, making it challenging to understand and interpret the latent representations.
Moreover, popular existing estimation procedures for these models are developed to maximize a
tractable but less theoretically understood alternative to the likelihood, such as contrastive diver-
gence or layer-wise variational approximation.

As to be shown later, DDEs resolve all these issues by assuming a shrinking-ladder architecture
of entirely discrete latent variables and potentially sparse layer-wise connections (see Figure 3.2).
This allows us to establish identi ability and consistency as well as effectively reduce the model
dimension and interpret the latent structure.

On arelated note, several identi able deep models have recently been proposed. [76] proposed
Bayesian pyramidswhich are identi able multilayer discrete latent variable models with a pyra-
mid structure. But the methodology and identi ability theory therein are restricted to multivariate
categorical data. DDEs signi cantly broaden the applicability of Bayesian pyramids by model-
ing arbitrarily exible data types while still remaining identi able. [81] considered a modeling
framework allowing both discrete and continuous latent variables, where the discrete part of the
model can have more exible graphical structures than the multi-layer structure. However, as a
tradeoff, they consider a weaker notion of identi ability (up to atomic cover structures) and pro-

pose less explicit conditions for identi ability. Finally, [82] and [83] consider continuous latent
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variable models and prove identi ability under potentially more general graph structures, but as-
sume that all conditional distributions dieear. In contrast, DDEs allow arbitrary nonlinear link
functions, which improves representation power. We provide additional literature review regarding

identi able VAEs and psychometric models in Section 3.13.

3.3 Theoretical Guarantees for DDEs

3.3.1 Model Identi ability

In this section, we establish the identi ability of DDEs. Assuming known numbers of latent
variables, we prove that both the continuous model parameters and the discrete graph structures
between layers can be uniquely identi ed under certain conditions on the true graphical matrices
G'3”s. We rst make an assumption to address some trivial ambiguities. For notational conve-

. 1
nience, denote ‘® := and 900 =. 9

Assumption 3.3.1.Assume that the graphical matricé€= fG"* ¢35, v,and proportion parame-

ters p satisfy the following conditions.

1 o0

(@) Forall: 2 » ~ "%?. 210410,

(b) Forall 32 » %G"¥ does not have all-zero columns and is faithful in the sense that for any

c2» B0y 13°1/,46:1f? = 0if and only if\/:lf? . =0.

(c) Forany3 2 » Yall column sums dB™3° except for the rst column are strictly positive.

Condition (a) and the rst part of (b) is required for the latent dimen#oto be well-de ned,
in the sense that removing or adding a latent variable must change the marginal distribution (3.5).
Condition (b) is a standard faithfulness assumption in graphical models [e.g. see De nition 3.8
in 74] that follows from our de nition ofG'%°. Condition (c) is introduced to avoid trivial sign-
ipping of latent variables. This condition ensures that for each latent variab:fé the value
13

: =1 implies a larger coef cient of thé: . 1°th row of B'*°, and may be replaced with

other monotonicity assumptions. For example, one can alternatively assume that the rst nonzero
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coef cient in each column oB'¥ is positive. We emphasize that condition (c) is much weaker
compared to the nonnegative coef cient assumptbn. 0, which is a popular assumption for
various identi able latent variable models [84, 85, 86].

Now, we formally de ne the parameter space and the notion of identi ability. For multilayer
latent variable models, there are inevitable latent variable permutation issues within each latent

layer. Hence, we introduce the notion of identi ability up to equivalence.

De nition 3.3.1 (Parameter spacefConsider a -latent-layer DDE withK = f g5, 1 latent
variables. We de ne the parameter space of the continuous paramegirenGas k! ;G°:=
f \/.1_3? < Oifand only if6,1f:0 = 1- Wi Oge De ne the joint parameter space for all parameters

tobe ¢! -G°:=ft -G°: 2 ! ;G°

De nition 3.3.2 (Identi ability up to equivalence) For a D-layer DDE withK latent variables,
we de ne an equivalence relationship k ” by setting! -G° ¢ * ~-G°ifand only if$ = $and

there exists permutatioris™” 2 (, ey for all 3 2 » Ysuch that the following hold:

. 7 :?fl °1.0

* 61—30 = 6‘130 and \/1?0 = \7:(}30 forall 32 » Y4: 2 » 1301744.;2 » 13 101/4

1 01, 1204, 1 01. 1301.
f '3 11’0_f31_o 3 11’o_f31.o

Here, we set '* = id,, ;, We say that the DDE with true parametérs®*-G*° is identi able up to
k when for any alternate parameter valte-G°® 2 ¢* -G°withP g =P ¢_g¢, it holds that

1 _G° g1 ®_GP%, Here,P g isthe marginal distribution o¥ de ned in(3.5).

Despite the seemingly heavy notation, the equivalence relationship is quite natural. For ex-
ample, in the right panel of Figure 1, the location of the latent variables in each layer can be
arbitrarily permuted without changing the likelihood. In other words, the latent variable “sports”
and “car” can be equivalently indexed B$-2° or 12-1° as long as the associated arrows are per-
muted accordingly. For th&th latent layer, the permutatidn’3® corresponds to this fundamental
yet relatively trivial label-switching map. The following theorem is our rst main result on the
identi ability of DDEs. Here, we say that a variableis a “pure child” of. if . isthe only parent

of -.
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Theorem 3.3.1(ldenti ability of DDEs). Consider a -latent-layer DDE with true parameters
1 ¢_G%o where the number of latent variablds, is given. Suppose that for &l 1, the

true graphical structure§'3*® and parameter8'3*® satisfy the following conditions:

A. Each latent variable ;> has at least two pure childreng’ ¥~ & * according toG'3*.

B. For any" '3 < "0% 2 f0-1g ', there exists9 2 » "3 Van [} f 94— 9,g such that

I 130 190 130 01730
=1 \/93_?:1U.3 U %o < 0e

Then, the model components—-G° are identi able.

Our key observation behind proving the identi ability of the complex deep generative struc-
tures in DDEs is that, with discrete latent layers, it suf ces to establish identi ability for a one-
latent-layer model and proceed in a layer-wise manner inductively. To elaborate, consider a “col-
lapsed” DDE where the latent layers indexeddy 2—« ¢ — are marginalized out to give a prob-
ability mass function (pmf) for the rst latent layefPtA'’® = " *°0 . " '2° 3 f01g g If the
collapsed model is proven to be identi able, that means the conditional distribuRiong A'°
and the marginal distributioR*A"1°° can be uniquely identi ed from the data distributiBhY®°. In
this case, we can determine the structured pmf up to the inevitable permutation of the latent vari-
ables (indexed bf '** 2 (,, s1,jn De nition 3.3.2). Then, we can theoretically treat the shallowest
latent layerA™? as if it was observed, because its probability mass function is now identi ed and
known. Then, viewing this pmf as the marginal distribution of’-dimensional observed vari-
ables of at 1°-latent-layer Bernoulli-DDE, we can inductively identify all parameters via a
layer-wise argument. See Section 3.8 for the detailed proof.

We next give an interpretation of the conditions in Theorem 3.3.1. Condition A requires each

. 1
latent variable _3

° to have at least twepure childrenin the layer below. For example, the latent
variable “tech” in the right panel of Figure 3.1 has two pure children “graphics” and “space”. Con-
dition B is more technical and is introduced to distinguish the different binary latent con gurations

< " 9 For example, condition B holds when each latent variaﬁf‘é has a third pure child that
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is distinct from those in condition A. We also provide identi ability guarantees for the number of
latent variables in Section 3.8.5.

The pure children requirements in condition A can be further relaxed under a weaker notion of
generic identi ability. Generic identi ability allows a measure-zero subset of the parameter space
to be non-identi able, and often holds under weaker conditions than that in De nition 3.3.2. As
the concept was originally proposed under a continuous parameter space [87], we consider the
following modi ed de nition that considers a smaller parameter space for the coef ciBrig&zen

the true graphical matrices.

De nition 3.3.3 (Generic identi ability). Consider a -latent-layer DDE withK latent variables,
graphical matricesG®, and true parameters belonging toc* ; G*°. The model is generically
identiable upto x whenf 2 1 ;G there exists ™-G° ¢ 1 -G%°such thatP- 4 =

P e gis a measure-zero set with respectte® ; G°°.

For generic identi ability, we introduce an additional assumption on the parametric families
used to model the conditional distributiog j A'™ in (3.4). This is a technical assumption that
arises from our proof technique for dealing with measure-zero sets. This assumption holds for
all example parametric families described in Section 3.2.1, and more generally for exponential

families with an analytic log-partition function.

Assumption 3.3.2(Analytic family). Let ?* ; [- W be the pmf/pdf of a parametric family, indexed
by [- Wand equipped with a sample spacte We say thaP is analyticwhen the pmf/pd??. ; [-W
is analytic in bothj—Wforall. 2Y.

We next state the generic identi ability result for DDEs. In graph theory, a bipartite graph is
said to have a “perfect matching” if it contains a set of edges without common vertices that covers

every vertex of the graph [88]; see Example 3.3.1 for an illustration.

Theorem 3.3.2(Generic identi ability of DDEs) Consider the -latent-layer DDE where the
number of latent variable& is given, and all parametric families and link functidhs are

analytic. LetG® denote the true graphical matrices and suppose the true parameter lives in
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k! ;G%. Suppose that for alB 1, the true graphical structur&'®’ satisfy the fol-

lowing condition C:

C. There exists a partition of tHg  1°th layer variable indices> ® V= 11[1 2[| 3that

satis es the following properties: (i) fo = 1-2, there is a perfect matching in the bipartite

13 10

" and A%, (ii) each latent variable :130 has at least one child among

graph betweem\

13 10
AT
3

Then, the model componenits—-G° are generically identi able.

Condition C relaxes conditions A and B in Theorem 3.3.1. While condition A requires two
pure children for each latent variable, condition C does not require any pure child and allows more
complex dependence structures. Additionally, condition B for the remaining "3 variables is
relaxed to a simple non-zero column condition@ﬁo. Thus, condition C does not concern any
continuous parameter values and just depends on the graph strG¢tlrand can be used as a

practical criterion to assess identi ability.

Example 3.3.1(lllustration of identi ability conditions) We provide a toy example to illustrate
and compare conditions in Theorem 3.3.1 and Theorem 3.3.2. In Figure 3.3, condition A holds
when only the solid edges exist; in this case, the latent varia@?é has two pure children

;3 r_ ;3 ¥ and latent variable ;30 also has two pure children. In contrast, condition C
allows arbitrary additional dashed arrows in the graph structure; in this case, by taking
f ;3 r_ ;3 10g andl, = f ;3 r_ ;3 1og, the red and blue solid edges each form a perfect
matching. Thus, condition C signi cantly relaxes the pure child condition in condition A, by al-

lowing many more additional edges in the bipartite graph.

We place our identi ability results in the literature on the identi ability of generative models
and latent variable models. While the identi ability of generative models has attracted increasing
attention in machine learning [89, 90, 91, 92], many of these results require additional informa-
tion such as auxiliary covariates. More importantly, almost all of these results build on nonlinear

independent component analysis [93] or variational autoencoders [70], both of which essentially
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Figure 3.3: Graphical illustration of conditions A and C. While condition A holds when all dashed
arrows are ignored (or equivalently,= 0 in the matrix representation), condition C can allow
arbitrarily many dashed arrows (where eaatan be either zero or one).

have only one latent layer of random variables transformed by deterministic deep neural networks.
Consequently, these results cannot be applied to DDEs with multiple latent layers organized in a
probabilistic graphical model. Since uncertainty occurs and accumulates in each layer of a DDE,
addressing identi ability in such cases requires fundamentally different techniques due to a com-
plicated marginal likelihood. At the high level, our proof techniques are based on transforming the

marginal distribution of data into a tensor and invoking the uniqueness of tensor decompositions
to establish identi ability.

In statistics, the study of identi ability has a long history but also mainly concerns relatively
simple latent structures with only one latent layer [94, 95, 87, 96]. In particular, [76] establish
identi ability of a multi-layer latent structure model, but their resulbisly applicable to categor-
ical response datan contrast to the general and rich types of responses considered in this work;
moreover, [76]'s strict identi ability result requires each latent variable to have at least three pure
children. On the other hand, [86] considered models for general responses which are similar to
ours, but their model is restricted to only one latent layer, and they prove identi ability under a
strong assumption that the true graph between the latent and observed layers is known. Compared
to these existing results for related models, our results (i) apply to arbitrary response types as op-
posed to only categorical responses, (ii) require weaker identi ability conditions compared to [76]
(in terms of both strict and generic identi ability), and (iii) do not require a known graph structure

as in [86].
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3.3.2 Estimation Consistency

In this section, we propose a penalized maximum likelihood estimation method for DDEs, and
show that the estimator is consistent for both the continuous parameters and the discrete graph
structures. Suppose that the numbers of latent variables in all layers are known. We maximize the
following objective function to estimate parameters: 1 p-B-$°:

" 5 "
"2argmax !t jY° ? g B — (3.6)
3=1
where 1 jY°= | él logPtYgj ©denotes the marginal log-likelihood function given a sample
Y 1—e ¥4 of size#, de ned based on the marginal distribution¥fin (3.5). From now on, we
slightly abuse notation and I¥tdenote théf  data matrix includingf 1— e ¢ *¥-4 as rows. Using

the estimated coef cients i = 1\’),}3?0, the layer-wise graphical matrices @ can be estimated

by reading off the sparsity pattern Bf
6‘.1_3:0 = 11\7.1_3? <0° forall 32» % :2» i 2% B Ty (3.7)

For some tuning parameters—g | 0, ? ,_g : R! » 0-1° is a sparsity-inducing symmetric
penalty that satis es several technical conditions postponed to Section 3.8.4. Our assumption
for the penalty? ,_g includes common truncated sparsity-inducing penalties such as the TLP
[Truncated Lasso Penalty; 97] and SCAD [Smoothly Clipped Absolute Deviation; 98]. With a
slight abuse of notation, in (3.6), we view the pené?’igg _g as a function of matrices by letting it
be the sum of the entrywise penalti€s;, _q 1B = | 2y 13 110y 130y, g LVL Os

Assuming a compact parameter space with bounded coef cRHits we prove that the esti-

mator de ned in (3.6) and (3.7) results in consistent estimation.

Theorem 3.3.3.Consider a -latent-layer DDE with true parameters®~G® and knowrK . As-
sume that the model at® is identi able, has a non-singular Fisher information, and all entries

of fB™*"g,_, are bounded. Then, the estimatorin (3.6)is pE consistent in the sense that there
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exists some™ g “suchthak~ ‘k=$ ?11-pE°. Here,k kdenotes the vectorizeéd norm.
Additionally, the graphical matrices are consistently estimated:Goesulting from ~ according

to (3.7), we haveP'G < G*° ! 0.

3.4 Scalable Computation Pipeline

We present a two-stage scalable computational pipeline to compute the penalized maximum
likelihood estimator in (3.6). Our proposed method builds upon the standard penalized EM algo-
rithm (see Section 3.10) by including a spectral initialization and stochastic approximation. We
separate out each stage into Sections 3.4.1 (stage one) and 3.4.2 (stage two). For notational sim-
plicity, we describe the proposed method assuming 2 latent layers, which straightforwardly

extends to an arbitrary number of latent layers.

3.4.1 Stage One: layer-wise Double-SVD Initialization

The multiple layers of nonlinearity in DDEs lead to a highly nonconvex optimization land-
scape with potentially exponentially many local optima [99]. For example, if the EM algorithm
starts with an initialization close to a local optima, it can get stuck and fail to converge to the
global maximizer of the penalized log-likelihood function. Hence, for highly complex latent vari-
able models such as DDEs, it is critical to initialize the optimization algorithm wisely. We propose
a novel layer-wise nonlinear spectral initialization strategy, which enjoys low computational com-
plexity and reasonably high accuracy. This spectral initialization serves as the rst stage in the
proposed computational pipeline.

Spectral methods have mostly been used for linear low-rank models, and existing approaches
are not directly applicable for DDEs with a deep nonlinear structure. To address this, we propose
a nuanced layer-wise procedure utilizing the double SVD procedure for denoising low-rank gener-
alized linear factor models [100] and the SVD-based Varimax to nd sparse rotations of the factor
loadings [101].

Our main idea is to view the responsésas a perturbation of a population expectatity |
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Algorithm 1: Outline of the layer-wise Double-SVD Initialization
Data: Data matrixYs , latent dimensionk .
1. De-noise the data matrik using a rst SVD, and linearize this matrix by applying the
inverse-link functiont>  6° ! elementwisely. Le? denote the inverted matrix.

2. LetZ, be the column-centered versiondfand compute its rank-1° approximation by a
second SVDZg Uy w0 w0 V>

110+

3. RotateV according to the Varimax criteria, and denote iB38. Modify the sign () of each
column so that Assumption 3.3.2(c) is satis ed.

4. Use the relationshi » 14-A'"1B"*> to estimateA Y.

5. Now, suppose that the estimai®t}’ is the “observed data” of a one-latent-layer DDE. Repeat
steps 1-4 to estima®'? andA'?.

AT BT = 10 60 »,-A'"1B'™®> which is an elementwise (nonlinear) transformation of
a low-rank matrix. Here, : 1Y is the known mean function of the observed-layer para-
metric family in (3.4) and6 : R ! is the link function. The functiod™ 6° is equal to
Jogistic for Bernoulli responses, the exponential function for Poisson, and the identity function for
Normal. When!" 6° is nonlinear, we use the aforementioned double SVD procedure [100].
This procedure applies a rst SVD to de-noise the data, and then linearizes the data through in-
verting the link functiont™ 6°, and nally performs a second SVD to nd the low-rank matrix
2 »14-A"B'>. Next, noting that the true coef cient matr®'"’ is sparse, we estimate it
by seeking a sparse rotation of the right singular subspaZe a$ing the popular Varimax crite-
rion [102, 101]. This procedure also provides an estimate of the latent variabfesvhich can
be treated as the “observed data” to initialize the deeper lagéf'sandA'? in a similar fash-
ion as described above. This layer-by-layer algorithm readily generalizes to deeper models and is
reminiscent of the greedy learning strategy for DBNs [64, 67].

We summarize the overall procedure in Algorithm 1, and postpone further details of each step
to Section 3.9. There, we also illustrate the effectiveness of the spectral initialization by comparing
the estimation accuracy of our two-stage computational pipeline to that of the EM algorithm with

a random initialization.
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3.4.2 Stage Two: Penalized SAEM Algorithm

For DDEs with a large number of latent variables, the E-step in standard EM algorithms com-
putes all conditional probabilitie®tA;"” =" "°-A =" 2 jvy; Ceforall" " 2 f01g " and
"2 2 f0-1g . This requires computing and storiig-# 2I =1 9 terms. The exponential
dependency in ¥ is concerning even for moderately large latent dimensions, sdy = 10,
and quickly becomes prohibitive for larger®°. Therefore, we propose a penalized Stochastic
Approximate EM [SAEM,; see 103, 104] by modifying both the E-step and M-step to more scal-
able versions,using approximate sampling. As we illustrate below, this is a method with linear
dependence olf 321 *3° on the computing time as well as memory.

We elaborate on the details on deriving the SAH\ist, we replace the E-step to a simulation
step, which consists of simulating only a small number (denoted a$ posterior samples of the
latent variables. As exact sampling from the joint distribullRélti\;lo—A;20 jY; s expensive,
we sample each latent variable from their complete conditionals. That is, we samplegach™
from P! ;1_0: j1o— e wherel© denotes the estimates of all other latent variables fron@the
iteration. Since the latent variables are binary, the conditional distribution is Bernoulli and easy to
evaluate. Consequently, the computatjonally expensive E-step is replaced by the simulation step,
which computes and stores orfht# ! 321 "3° terms. In terms of choosing the number of
samples in each iteration, we empirically nd that taking = 1 is computationally ef cient
without sacri cing much accuracy (see Section 3.11). This choice sf1 was also suggested in
the original paper that proposed the SAEM [103].

Secongdwe modify the standard M-step objective function (expected complete data log-likelihood)
by (i) replacing the exact conditional probability values to sample-based quantities, (ii) stochasti-

cally averaging the objective functions, and (iii) including the sparsity-inducing penalties in (3.6).
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The M-step objective for updatirig'? is

& 1205C 11/5_81200
@ 110 110, 1, 1 1 1
=11 \¢1%& 20 gi2% .\c1 log P1A81 = A81 _»Ql/‘lj A820 = ASZO_»Ql/‘f B"%°o_ (3.8)
h = i
B'ZC 1z argmagr & Z7CYABP0 o 1B _ (3.9)

where& 2% = 0 and\¢ is a pre-determined step size that decreases iHere, in the log
probability termin (3.8)A;3° denotes thé&atent random variablandAge‘%Q ¥denotes theesalized
samplefrom the simulation step in the curref€, 1°th iteration. In thelC, 1°th iteration, we
update the objective functio& ‘2% py taking a weighted average of the previous objective
function& "> and the conditional probabilities computed using the current iteration's simulated
sampleA "% 1 Then, in (3.9) we compute the parameters that maximize the penalized objective

function.

Algorithm 2: Penalized SAEM algorithm for the two-latent-layer DDE
Data: Y-K, tuning parametersy—g.
Initialize A"102A20%gnd P hased on Algorithm 1.

while k % *YXis larger than a thresholdlo
In the Gh iteration,

Il Simulation-lstt)e oo 1
Sample each ;- % P4 2% ™4rom the complete conditionals using the previous
parameter estimates™@-A

/I Stochastic approximation M-step
update the parameters™ by maximizing the stochastic averaged objectives (e.g.
see (3.9))

EstimateG based on the sparsity structureBéccording to (3.7).
Output: Estimated continuous parametétsestimated graphical matric&s

Algorithm 2 summarizes our proposed SAEM algorithm withl= 1, where detailed formulas
are deferred to Section 3.10. Here, the detailed M-step updates can be written in terms of low-

dimensional maximizations for each row of the coef cient matrices.

107



Algorithm 3: Practical methods for selecting the latent dimensions

Data: A'® :=Y; -0 := | the number of latent layers
ForeachlL 3 , repeat:
1. LetK™® := fd M3 Peg4e—eeep™'3 Pe2cgbe the candidate grid fof''3°.
2. De ne ¥ based on the largest spectral ratio of the denoised/lineafized’ (see step 1
in Algorithm 1):

M3 = argmaxyiee foof . 1o
3. Given ¥, estimate the-th layer latent variable8,” ., using Algorithm 1.

N1l O

Output: Estimated latent dimensions for all layeP§’—e e« 2

Selecting the latent dimensions. To apply the above computational pipeline to real data, one also
needs to specify the number of latent variables We propose a layer-wise estimation strategy in
Algorithm 3, which can be incorporated into our initialization procedure in Algorithm 1. Recall
the denoised data matri& from Step 1 of Algorithm 1 and left 1—fo— ¢ » be its singular values

in the descending order. Given a candidate #fi¥f, we estimate the size of the rst latent layer
based on the largest spectral ratid®’ := arg max f . of . 1° 1. Now, given *'¥’, we proceed

with the remaining steps of Algorithm 1 to estimate the rst-layer latent variablés Inductively
treating the estimated3’ as the observed variables of a one-latent-layer DDE, we can repeat the

above procedure to estimafé® °. See Section 3.10.3 for alternative selection criterigkfor

3.5 Simulation Studies

We conduct extensive simulation studies in various settings to assess the performance of the
proposed computation pipeline (Algorithms 1 and 2) and validate our identi ability conditions (in

Section 3.3.1).

Two-latent-layer DDEs with general response types. First, we generate data from two-latent-
layer DDEs, exploring a total of 90 true settings by varying the following:

(a) threeparametric familiesBernoulli, Poission, Normal,

(b) threeparamter dimensiong — '1°— '2°0 =118 62015418 6°-190-30-1(°,

(c) two parameter valuessee Section 3.11,
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(d) ve varying sample sizes# = 500-1000-20064006-800Q
Here, we consider two sets of parameter values that each satisfy the strict and generic identi ability
conditions in Theorems 3.3.1 and 3.3.2. Regarding the parameter dimensions, given a value of
2 weset '"=3 "Pand =9 '®. This allows a large latent dimension with as many as

"1 = 30 binary latent variables in the shallowest latent layer.

Figure 3.4: Estimation error fdé and under the two-latent-layer DDE with strictly identi able
true parameters and various observed-layer parametric families.

For each scenario, we rurD0 independent simulations, and display the estimation results in
Figure 3.4. The results under the generic identi able parameters and computation times are in-
cluded in Section 3.11. We measure the estimation accuracy of the graphical mathgesom-
puting the average entrywise accuracy. For the continuous parameteesreport the root mean
squared error (RMSE). Under all response types and parameter values, the estimation errors for
bothG and decrease as the sample stzéncreases. This empirically justi es the identi ability
and consistency results. Additionally, by comparing the estimation accuracy across different para-
metric families, we observe that the Bernoulli is the most challenging to estimate, and the Normal

is the easiest.
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Simulation studies under deeper models. We assess the scalability of our proposed method for
deeper modeléwith = 34-5 latent layers) with potentiallhigh-dimensional responséwith
the observed data dimension set ta 54-162-486, respectively). For all settings, we consider
Normal observations with * ° = 2 latent variables for the top (deepest) layer and " =3 %
variables for the3th layer for eactB = —eee 2,

We summarize the estimation accuracy of the graph structure in each layer and the average
runtime for DDEs with = 5 latent layers in Table 3.1. The results for= 34 are displayed
in Section 3.11. The computation time illustrates that our proposed method is scalable to deeper
models. More speci cally, the = 34 case only took a few minutes, and the most challenging
case with = 5and# = 16-000 also took less than an hour on a personal laptop. In terms
of estimation accuracy of graph structu@sthe accuracy is higher for shallower layers than for
deeper layers. This results from the accumulation of uncertainty for deeper layers, which is in-
evitable as each layer consists of stochastic latent variables. Note that even for such deeper models
with = 4-5 latent layers, the shallower structui®5*-G'? are recovered with high accuracy.
This indicates that one can include additional latent layers to increase the models' representational

power, without sacri cing the accuracy of learning graph structures closer to the data layer.

Layer#¥ 500 1000 2000 4000 8000 16000

G'T 1.00 1.00 1.00 1.00 1.00 1.00
G'? 0.81 0.90 0.95 097 098 0.98
G'¥ 0.77 0.83 0.86 0.88 090 0.92
G¥ 0.61 0.62 065 0.67 066 0.74
G™ 0.60 059 0.62 062 065 0.64

runtime (s) 220 259 326 563 893 2925

Table 3.1: Average entrywise-accuracy of estimating the graphical matrices and runtime in seconds
for DDEs with =5 latent layers.

Ablation studies. As our model closely resemble DBNs, we mainly compare DDEs with DBNSs.
For fair comparison, we considered two settings: (a) data generated from a Berounlli-DDE, and

(b) data generated from a DBN with identical coef cients. The results in Figure 3.5 demonstrate
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that our proposed algorithm has better estimation accuracy for both the graphical structure and the
continuous parameters under both well-speci ed and mis-speci ed settings, even when data are
generated from a DBN with undirected edges in the top layer. This is because the DBN algorithm
does not learn sparse coef cients, and also fundamentally suffers from local optima due to a ran-
dom initialization. Note that our identi ability results in Propositions S.1-2 immediately guarantee
the identi ability of DBNs, and theoretically justify the above positive results of our algorithm.

The ablation studies also indicate that the current implementations of DDEs are slower than
DBNs. We believe that our algorithm can be further scaled up by replacing the M-step in the
SAEM algorithm to rst-order optimization methods (e.g. gradient ascent or stochastic gradient

ascent), which we leave for future work.

(@) (b) (©) (d)

Figure 3.5: Comparison of Bernoulli-DDE vs DBN. True data are generated froDEin (a)—

(b), and from &DBN in (c)—(d). Red and blue lines show results obtained by the DBN algorithm
and our DDE algorithm, respectively. (a) and (c): estimation error for the gri@plfb) and (d):
estimation error for continuous parametersSmaller values are better.

Additional simulation results. In Section 3.11, we present additional simulation results where
the latent dimensioK is unknown. We illustrate that the spectral-gap estimator has near-perfect
selection accuracy for a large (e.g., larger thad000, and is superior in terms of both accuracy

and computation time compared to alternatives.

3.6 Real Data Applications

We illustrate DDES' interpretability, representation power, and downstream prediction accu-

racy on three diverse real-world datasets. Section 3.12 gives the preprocessing details of all
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Basis image

Positive part

Negative part

110 110 110 110 110 110

Table 3.2: From left to right: Estimated basis images (reshaped from the estimated coef cients

# ) from the MNIST data, which de ne sparse subregions in2Be 28image. The second and
th|rd row shows the most signi cant positive and negative parts of the basis images by thresholding
at the value 1+5.

datasets.

3.6.1 Binary Data: Bernoulli-DDE for MNIST Handwritten Digits

The MNIST dataset for handwritten digits is very popular for classi cation as well as un-
supervised learning [105]. We t the two-latent-layer DDE with binary responses (Bernoulli-

n 11%

DDE), where the observed layer distributions in (3.4).a5¢ 1:A™"° = Ber Giogistic- Vao -

| 2y Vg U0 . This resembles existing generative models forimages such as DBN and DBM,
but we instead consider a much low-dimensional shrinking-ladder shaped latent structure that is
identi able and interpretable. For easier presentation, we consider the subset of images whose true
digit labels are 0, 1, 2, and 3. After preprocessing, our training set cons#tsd0-679images
each with = 264 binary pixels. Compared to many existing works that analyzed MNIST, we
are considering a more challenging fully-unsupervised setting by holding out all other information
about the images, such as the true labels, number of classes, and the spatial location among the
pixels.

We t the two-latent-layer DDE with the latent dimensions set td° = 5and %’ = 2 (see

Section 3.12 for the rationale for this choice). Table 3.2 displays the rst-layer coef cRHis

by rearranging the each column into the origi@8l 28 grid. Note that the value @'’ is in
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the logit-scale, so the negative coef cients make the corresponding pixel more likely to be zero.
From the reshaped columm%g, #;ﬁ, #S{; of B', we can interpret the meaning of each
latent variable: ;" = 1 indicates a zero-like shape," = 1 indicates symmetric curves on the
upper-left and bottom-right corners, and the other latent variables represent different rotations.
Additionally, using the deeper graphical mat@x® displayed in Section 3.12 (see Figure 3.18),

we can also interpret the top layer latent variables as broader information about the images. For

2 indicates large pixel density anti20 indicates symmetry with respect to the x-axis.

example, |

Figure 3.6: Left: Decision tree to estimate the didit = 0-1-2-3. Center: Estimated latent
representationd'"-A'Z. Right: Estimated and true digits in the train set.

The learned shallower and deeper latent representat®its-A'2° are evaluated under two
measures of performancelassi cation accuracyandreconstruction accuracyWe rst estimate

the latent variables using thematrix in the EM algorithm:
1Rg ARy 0= argmax weproqq 1 2oarpag 2 | grre ;"o 2 f0-g ¥_3=12 (3.10)

Then, a decision tree that classi es the binary latent representations to the categorical label is built
by using the misclassi cation error as the splitting criteria; see the left panel of Figure 3.6. The
center and right panels display the estimated latent traits and estimated labels. Our classi er leads
to a high train/test accuracy 82«0% 92:6%, even though our model is not ne-tuned for image
classi cation. Although the state-of-art machine learning methods can achieve an accuracy as high
as97%][106], we point out that the main goal here is not classi cation, but on interpretability and
parsimony; indeed, the DDE uses more limited information and is a less complex but more inter-

pretable model that provides the generative process for the image. In Table 3.4, we compare the

113



classi cation accuracy and pixel-wise reconstruction accuracy of the two-latent-layer DDE with

alternative interpretable models (latent class model (LCM) and the one-latent-layer DDE), as well
as popular unsupervised machine learning models (two-latent-layer DBN and VAE). The results
show that the two-latent-layer DDE performs well for both measures. We also display example
images generated from DDE alongside their latent representations in Table 3.3, which illustrate

various handwriting styles for each digit. We provide implementation details and additional visu-

alization in Section 3.12.

»1-0-1-0-1%4 0-0-0-0-0v4 0-1-0-1-1v4 0-0-1-1-1v4

Accuracy LCM 1-DDE 2-DDE 2-DBN VAE
Train classif. (%) 89.5 84.8 92.0 89.3 97.1
0111V 6004074 611017 601107 Test classif. (%) 90.9 86.2 92.6 90.6 92.0

Trainrecon. (%) 48.2 795 79.6 76.4 82.5
Test recon. (%) 485 79.1 799 77.0 82.7

Table 3.4:Classi cation accuracy and pixel-wise re-

Table 3.3: Example images generated from construction accuracy for the MNIST dataset.
DDE and their latent representations.

3.6.2 Count Data: Poisson-DDE Hierarchical Topic Modeling

Next, we apply DDEs to learn hierarchical latent topics from text documents. Within the eld
of topic modeling, it is natural for the topics to be correlated with each other [107], and hierarchical
topic modeling is often adopted [108, 109, 110]. While many of the existing works assume a tree-
structured hierarchy, DDEs exibly allow multiple parents for each variable.

We analyze the text corpus from the 20 newsgroups dataset [111], which was previously ana-
lyzed by other topic models with binary latent variables [112, 79]. After preprocessing and focus-
ing on 12 newsgroups, the dataset consists ef 5-883documents and = 653words. We tthe
two-latent-layer DDE with a Poisson-distributed data layer (Poisson-DRE)LA'Y = " 1%

Poi exp \fglgo . | oy 110, gliuzll0 and latent dimensions'?” = 8- '2° = 2, and display the esti-
mated latent structure in Figure 3.7. Additional details behind this choice are given in Section 3.12.

To better interpret individual latent variables, we de ne representative words for each toased

on the discrepancy betweéfy_.and all other coef cientstVg_%.<.. That is, for each index, we
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recreation technology

V =
|

motorcycle sports cars software location/names hardware graphics space

geb hockey engine les peter motherboard mouse orbit
bike nhl cheap directory ny dx motif earth
banks playoffs parts le chicago CPU lines research
riding teams turned ms devices mhz color science
pitt players models copy period controller display nasa
dod league dealer deleted york board screen development
bmw season market size thomas ram window project
gordon baseball car charles usa cards image institute

Figure 3.7: DDE estimated from the 20 newsgroups dataset. For each shallow layer latent variable,
we display the top eight representative words. The width of the upper layer arrows is proportional
to the corresponding coef cients and the red arrow indicates negative values.

choose the word9®with the largest values ahaxminfVo_. Vg_.: ; < : g-0g. We display the
representative words for each latent variable in the bottom row of Figure 3.7. Here, each latent
variable is named based on the representative words and the held-out newsgroup categories.

Compared to the held-out tree structure of the 12 newsgroup labels (see Figure S.7 in Sec-
tion 3.12), the DDE discovered a lower-dimensional structure in Figure 3.7. The latent structure in
DDEs allow multiple parents for each topic and effectively model the complex label dependence.
For example, “cars', software’, "location/names' have both “recreation' and “‘technology' as par-
ents, and many bottom-layer words are assigned to multiple topics. We also observe that similar
true labels are combined into a single latent variable, for example "computer' and "science' are
combined into “technology' in the second latent layer, and "baseball' and "hockey' are combined
as ‘sports' in the bottom latent layer.

We also compare our model t to existing directed graphical models with matching latent di-
mensions: LDA [113] and DPFA-SBN [79]. LDA has a single latent layer with mixed membership
scores as continuous latent variables, and DPFA-SBN is a multilayer model with binary latent vari-
ables similar to DDEs. We consider the following three metrics widely used in topic modeling to
measure different aspects of t [114]. The rst is tiperplexity measuring the predictive likeli-

hood of the words in the held-out set. The second is the average negaltigeencemeasuring

i 110 i

I
the quality within each topic by computing-3s -1 g2+ lOglifreqtE—E°, 1%+freqtB%° -
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where+. is the top15 representative words for theth topic, and the function “freq” counts

the number of documents containing the words speci ed in the input argument. The third is
Fhe similarity, ,computing the number of overlapping representative words across different topics:
! 1., ! g2+ g2+, -E1 = B°¢Forall three measures, smaller values are better.

Table 3.5 summarizes the results and shows the promising t of DDE. Compared to other
models with the same latent dimensions, DDEs have better test perplexity and similarity. The sim-
ilarity measure shows that while the other model ts exhibit common representative words among
different topics, the representative words learned from DDE are entirely disjoint and effectively
represent different topics. In terms of coherence, the DDE t is better than LDA but worse than
DPFA. We have also t models with larger dimensions for comparison, by considering LDA with
256 latent variables, and DPFA with'?” = 128- '%° = 64 latent variables. The dimension for
LDA is motivated by that the DDE ha2® = 256 mixture components; while for DPFA, this is
the same latent dimension speci ed in the original paper [79]. We can see that while considering

a larger latent dimension may help in terms of perplexity, this leads to a loss of the within-topic

coherence as well as dilutes the boundary of each topic, and hence gives less interpretable results.

Model DimensiorK Train perplexity Test perplexity Neg. coherence Similarity

LDA 8 499 512 276 43
LDA 256 269 515 321 (41450)
DPFA 8 2 289 499 211 5
DPFA 128 64 175 232 280 (3378)
DDE 8 2 322 398 270 0
DDE 8 3 322 399 275 0

Table 3.5: Train and test perplexity scores of different models on the 20 Newsgroups dataset. For
all measures, smaller values are better. We parenthesize similarity scores for the models with
different dimensions, as the measure is not normalized.

3.6.3 Multimodal Educational Data: Bernoulli-Lognormal-DDE

We apply the DDE to an educational assessment dataset from the Trends in International Math-
ematics and Science Study (TIMSS) [115]. We analyze the eighth-grade students' responses for

an internet-based mathematics assessment. As the assessment is electronically conducted, multi-
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ple modalities of information are recorded. Here, we focus on two important modabiresy
response accuracy amgntinuousresponse time. For each individual student, our data consists

of response accuracy (whether the student gave a correct answer) and response time (how long
the student took) for each of the2 = 29 items. We use the same latent variables to model
both data modalities and model the binary response accuracy via Bernoulli distributions, and
model the continuous positive response times via Lognormal distributiagng2A'l® = " 1%

o I (o] 110
lognormal V- 2y 1101/\/11 U:l -W.

90 » 479!
Response \ Latent skill 120 110: Number ;101 Algebra ;P: Geometry ;102 Data and Prob
Agree a lot 0.62 0.59 0.62 0.42 0.57
Agree a little 0.50 0.47 0.52 0.34 0.43
Disagree a little 0.37 0.33 0.38 0.31 0.37
Disagree a lot 0.29 0.29 0.32 0.22 0.29

Table 3.6: Average latent variable estimate for each response category for the question “Mathe-
matics is one of my favorite subjects”.

1

We t the two-latent-layer DDE with 'Y = 7- '® = 1, and estimate the latent skills based

on the posterior probability using (3.10) (see Section 3.12 for details). We compare the estimated
latent variables with the held-out information of each student's categorical response to a survey
guestion: “Mathematics is one of my favorite subjects”, and display the results in Table 3.6. The
rst column shows that the higher-order latent variablé?o, is highly correlated with the extent

that students like math. This suggests th%ﬁo can be interpreted as a general indicator of the
students' interest in math, while the ne-grained latent varial#€$ represent students' speci ¢

skill mastery pro les. In addition, we observe that the students who enjoy math tend to have
a higher probability of mastering speci c skills as well. This is coherent with the fact that the
estimatedB'’-coef cients are nonnegative for both modes. In the appendix, we also illustrate a

strong correlation of the estimated intercepts for both data modalities, compared to another held-

out information (whether or not the items are multiple choice questions).
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3.7 Discussion

This chapter makes contributions to core Al problems from statisticians' perspective by propos-
ing a broad family of interpretable DGMs with solid identi ability guarantees, scalable computa-
tional pipelines, and promising application potential. It also opens up interesting directions for
future research. First, the current formulation of DDEs mainly focuses on binary latent variables
and a multi-layer graphical structure, but it provides foundations for understanding more complex
discrete latent variable models. We believe both the identi ability theory and estimation meth-
ods are extendable to general categorical/polytomous latent variables. It would be interesting to
propose suitable estimation methods for these more exible model settings.

Another interesting problem pertains to high-dimensional settings, where the number of ob-
served responses, may grow with the sample size. Our current notion of identi ability focuses
on identifying the population model parameters under the traditional asymptotics with a ,xed
where the latent variables are marginalized out in the likelihood. As modern datasets often comes
with a large number of observed features, it would be interesting to explore whether our identi a-
bility and estimability results can be generalized to such settings.

In terms of the methodology and applications, it would be interesting to extend DDEs to
datasets with additional covariates. For example, the MNIST dataset comes with the actual digit
labels as well as the spatial structure of the pixels in the image. Finally, it would be interesting
to extend DDEs for identi able causal representation learning [116] to uncover causal structures
among the higher-order latent variables.

The remainder of this chapter is devoted to supplementary results such as proofs and additional
descriptions and simulations, and is organized as follows. Section 3.8 proves all main theorems and
provides additional identi ability results under one-layer saturated models and generalized DDEs
that goes beyond multi-layer structures. Section 3.9 provides details regarding the spectral initial-
ization algorithm. Section 3.10 gives details regarding the EM algorithm) such as the penalized

EM algorithm, M-step update formulas, implementation details, and selection of the number of

118



latent variables. Section 3.11 provides various additional simulation results under (a) generically
identi able true parameters, (b) varying numbers of Monte Carlo samples in the SAEM algorithm,
(c) unknown latent dimensions. Section 3.12 provides data analysis details and additional results,

and Section 3.13 provides additional literature review.

3.8 Proof of Theorems

Recall from Section 3.3.1 that our identi ability results for general DDEs with multiple latent
layers build upon the identi ability of a model with only one latent layer (the shallowest latent
layer), where the deeper latent layers have been marginalized out. Here, we formally state identi-
ability conditions for such one-latent-layer saturated models in Section 3.8.1, before proving the
identi ability results for general DDEs in Section 3.8.2. We prove the claims stated for the one-
latent-layer models in Section 3.8.3, and Theorem 3.3.3 in Section 3.8.4. Additional identi ability

results for selecting the latent dimension are presented in Section 3.8.5.

3.8.1 Identi ability Under One-latent-layer Saturated Models
Theone-latent-layer saturated modslde ned as follows.

De nition 3.8.1 (One-latent-layer saturated modellhe one-latent-layer saturated model with
110 - T 110 110 .
¥ latent variables, responses 2 g, 1.Yq and parameters T-G'°© is de ned by the

distribution ofY j A" in (3.4), and the saturated latent distribution

PLA ="o=c.— forall " 2fo-1g -« (3.12)

: i : o
Here, the parametef := 1c-° satisesc: 2 !0-1°and .c+ = 1. The notation ¥ :=

10-B'°-$° collects all continuous parameters. We de ne the parameter spacest '*°; G'1

and ! "P-G'Y0 gimilar to De nition 3.3.1 in the earlier sections.

Here, the term “saturated” indicates that no additional distributional assumptions are imposed

on the latent variables, except that they are discrete. Similar to De nition 3.3.2, we de ne an

119



equivalence relationship :1» when the parameters are identical up to label switching, and use it

to de ne identi ability.

De nition 3.8.2 (Equivalence relation)For the one-latent-layer saturated model, de ne an equiv-
alence relationship “ " by setting? ‘T-G'°0 .. 1~"_G' if and only if$ = $ and
there exist a permutatioh " 2 (,, ue,,such that the following conditions hold:

10

® OlUf 110—"-—fu 11000 = G" fOf a” " 2 fo—lg '

110 _ 110 P N % [ . 110
* 6g_.= 6y sy andVy =V, forall i 2» T @ » Y

We say that the one-latent-layer saturated model with true parameéters®-G'1°*° s identi-
able up to e, if for any alternate parameter value °-G'1 2 .1 "T_G'T% with
P 110-6110 = P 110¢_6110¢, It hOIdS thatl 110_61100 K 1 110¢_Gllo¢0. Here, P 110_6110 IS the

marginal distribution ofY, which follows from(3.4)and (3.11)

Under these de nitions, we state identi ability results for the one-latent-layer saturated model.
Proposition 3.8.1 and Proposition 3.8.2 are one-layer analogues of Theorem 3.3.1 and Theo-

rem 3.3.2, respectively. We postpone the proofs of these results to Section 3.8.3.

Proposition 3.8.1. Given the knowledge of ‘¥’

, the one-latent-layer saturated model with pa-
rameterst *-G'1%c 2 .,1 "P_G'% s jdenti able up to 1o when the true parameters
B'1_G'*¢ satisfy conditions A, B from Theorem 3.3.1. In particular, condition B holds when

G'1 contains another identity matrix.

Proposition 3.8.2. Consider the one-latent-layer saturated model where all parametric families
and link functionsBgs in (3.4) are analytic, and the true parameter lives in w1 '1°; G'1%0,

Then, the model is generically identi able whéi™ satis es condition C from Theorem 3.3.2.

3.8.2 Proof of Theorems 3.3.1 and 3.3.2

We prove the identi ability results for DDEs using Propositions 3.8.1 and 3.8.2.
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Proof of Theorem 3.3.10ur argument is based on applying Proposition 3.8.1 in a layer-wise man-
ner. First, consider the bottom two layers with

Cllllo _ P1A110 — 11%__ 8" 110 2 fo_lg 1 (312)

110

de ned by marginalizing out the deeper latent layers. Now, we can consider this as the one-layer
model with proportion parametefs’® = 1¢, %, *¥* 2 f0-1g t°. Then, Proposition 3.8.1 gives
the identi ability of B'Y'-G'*0'" upto .
Having identi ed 0'Y", the marginal distribution of the shallowest latent laget’ is uniquely
identi ed. We generalize the notation in (3.12) and de ®@&” similarly. Inductively, forl 3 Y
, we apply Proposition 3.8.1 by consideriag®* and0"%° as the “observed” binary response
vector and its proportion parameters that characterize its marginal probability mass function:

¢, =PIA® =" Fo_ 8" ¥ 2§ 1g 3.

130

Consequently, the paramet®s- ’-G"3. °’-0"3. ° petween th&th and'3 , 1°th layers are iden-
tiedupto i3 1. In particular, wher8 = 1, it remains to determing@ from the unstructured
proportion parameter vect@ °. Since we already have identi ed theth layer labels up to

: o, this simply follows by marginalizing out the irrelevant coordinates:

(@}

The proof is complete. O

Proof of Theorem 3.3.2Proposition 3.8.2 shows that the non-identi able measure-zero set of the
one-latent-layer saturated model only depends on the coef cRitsand$. By marginalizing

out all layers except the bottom two layers, the DDE becomes a one-latent-layer saturated model
with parameters ¥’ := 1¢"*B'’_G'°_$°. Since we assume thét'’’ satis es condition C, the

1

parameters '’ are identi able (up to a permutatioh™” 2 (, .-, as long asB'’-$° 8 # ',
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Here,# ' is a measure-zero subset of the coef cient spatB'"-$; G'1°°.

Now, assumind'?” 8 #'°, we can use a similar argument for deeper layers inductively. For
2 3 1, let #'%° be the non-identi able measure-zero subset of 3ttelayer coef cient
space !B'¥;G'3°°. Note that we can still apply Proposition 3.8.2 since the conditional distri-
bution of A"** j A*3-%* is modeled as a Bernoulli distribution with a logistic liBlgistic, Which
is indeed analytic and satisfy Assumption 3.3.2. Consequently, as loBg*as8 # "3 for all
1 3 1, the -layer DDE is identi able up to permutations of the latent variables within
each layer. The proof is complete sirfcg ,*# "3°2 is a union of a nite number of measure-zero

sets, and hence again measure-zero. ]

3.8.3 Proof of Propositions 3.8.1 and 3.8.2
Additional Notations

We introduce additional notations that will be used to prove identi ability results for the one-
latent-layer saturated model. Most of these notations are consistent with [86]. First, we omit
the superscript ¥*1°” that indicates the rst latent layer when dealing with the one-latent-layer
saturated model. Le®—:* denote typical indices foB 2 » % : 2 » %' 2 fO-1g . Write
G=G¥=fg/—++sgfg andlet g:=f: 2 » ¥ o_.= 1gbe the index of the parent latent
variables for. g. Recall that for eacl®, the sample spacégis a separable metric space. lse$
be a base measure ofy, this will be the counting measure for discrete sample spaces and the
Lebesgue measure for continuous cases. G8@md" , de ne the measurg- onY g by setting

' 0
Poxi(C:=PL o2 (JA="0= 29H Voo,  VoU-W3<gH: (3.13)
In other wordsPg- denotes the conditional distribution.o§j A =" in (3.4).

For each9 2 » ¥ construct measurable subs@isg-***—(o9 Y gwith *g 2, where the

collection of vectorsg!" © := Pgu1(1_§—e**Pgrt(r,§ . 2104g is “faithful” in the following

sense:
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(@) for" = Owith" ,="0  itholds thatsg!" ° = sg'" @,
(b) there existg ' Pwith" < "0 such thasg!" °© < sgt" @,
9 9

This construction is possible since Assumption 3.3.1(a) on the parameter space lead to a faithful
graphical model. Without loss of generality, suppose {hgtg= Ygfor all 9 Also, de ne the

following (unordered) set

n (0}
Sg:= sgl"°:" 2f0-dg (3.14)

De ne Nj to be a*eee™ 2 matrix by setting
Nlll;l_ooo_?_" 0 -=P1, 1 2 (;1—1_..._- 2 (; _ J " Og

Here, we index the columns ofN; using the binary vectot 2 f0O-1g , and the rows by
by = 1;1—e+—9 where;9 2 »'g%a Similarly, let N> be a” e 2 matrix whose
11, j—eee5 0O thentryisPt. 12 (; - 12 2(, 2 j"%andNzbea™, jeee”

2 matrix whosett;; j—eee—%-"%thentryisP., 12 (;, ,a—°e—.2(;- ]J"° Similarto
N1, we index the rows o, anngAby b =1; 02 :%andbg = 1;3 _1—**+-5, respectively.
For notational simplicity, leh; = ! M= h = ! 2_ qh-h = ! .= 1. Note that the
assumptior( ~,-9= Y gimplies forces the last row in aMgs to belz .

Next, letPg be a 3-way marginal probability tensor with size h, hs, de ned as

Potby— -0 = PL 1 2 (;;—*+*—.2 (; °
O

= CrNpttjp—eee— 0 ONplY g—eeep 0 ONgll, g—eee—0 0

We introduce an additional notation for tensor products as followsOFol—2-3, considerag A

matricesM o whose;th column is indexed asig_. Also, let denote the outer product between
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vectors. Then, we de ne the tensor productw{-M»—M 3 as

€]
"M 1-M M 3V4= M. Mp_. M3=*
=1

Using this notation, we can writ as follows:
Po = »NlDiaglOO—Nz—Ng,l/ﬁ (3.15)

Now, our notation is almost identical to that in the proof of Theorem 1 in [86]. Under conditions
A and B from Theorem 3.3.1, we can appiep 3and the rst two paragraphs attep 4there to
argue that the decomposition (3.15) is unique up to a column permutation. We summarize this in

the below Lemma 3.8.3.

Lemma 3.8.3(Theorem 1 in [86]) Consider the one-latent-layer saturated model, where the true
parameters satisfy conditions A and B. @t be the 3-way marginal probability tensor under
these parameters. Then, the tensor decompodigon »M 1-M ,-M 3¥%4s unique up to a common
column permutation. HerdJlgs arehg 2 matrices, whose last rows are the all-one vec’tg)r

for 0 = 2-3. Additionally, assuming that the graphical matf&is known, the model parameters

are identi able up to sign- ipping.

While [86] establishes identi ability of the conditional distributiofiBg- g (see (3.13)), recovering
B-$ from f Pg- gis straightforward since eadby- is the distribution of an identi able parametric

family.

Proof of Proposition 3.8.1

The following Lemma will be crucially utilized to identify and recovdr Lemma 3.8.4 gen-

eralizes the fact that whenyis a pure child of :110 (in other wordg ¢ = 1), we have
jSg = jfPL gj AT =" om0 o £ g Vgj=jfPL o) ¥ =UTe: U™ = 0-1gj= 2
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Thus, by partitioning the set of conditional distributions correspondinggtavhich are pure

nw 110

children, the binary indice$ : U:110 = 1g andG can be recovered (up to the permutation

f 2 (, u1). We present its proof after proving the main Proposition.

Lemma 3.8.4. Suppose that the paramete83—-G° satisfy part (a) in Assumption 3.3.1. For any

9 dene gSgso'"°as above.
(@) ] ¢ andjSgqj satis es:

*j g=0ifandonlyifjSgj =1
*j g=1lifand onlyifjSgj = 2

*j g 2ifandonlyifjSg 3.

n 0O n 0
(b) sgt"°:U =1 = sg"°:U =0 ifandonlyif6g_.=0.

Proof of Proposition 3.8.10ur proof builds upon Lemma 3.8.3, which proved a more general
notion of nonparametric identi ability of the one-layer model, but under a given graphical matrix
G. Lemma 3.8.3 proves that the continuous parameters are identi able up to sign ipping@iven

In our setting, Assumption 3.3.1(c) resolves the sign ipping issue and the continuous parameters
can be uniquely determined. Consequently, it suf ces to show @ identi able up to the
equivalence relationllo. We separate this proof into two steps.

Step 1. Tensor decomposition and setuponsider a one-latent-layer saturated model with
true parameter$ -G° that satis es conditions A, B. Suppose there exists an alternative set of
parameter$ ~-G° that de ne a same marginal distribution ¥t De ne the notatiorPg- similar
asPg- in (3.13), and also de n&t;-1N>—N3 as the conditional probability matrices that specify the

value of
P 1_1_000__0jA:'!~_ P 1 >1ooo_2 OjA:'L—_ P 1_2 >l_ooo_.0jA:'!~

under the alternative parameters. Here, each coluniy @ denoted by~ 2 f0-1g , and the last

row of eachNg is the all-one vectolz . Then, the marginal probability tensBg de ned in (3.15)
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can be written as
Po = »N1 Diag'0°-N,—N3z¥= »\1 Diagl0°—1N>—1N3% (3.16)

By applying Lemma 3.8.3, the tensor decomposition in (3.16) is uniqu¥; Enag! 0°—IN,-N3
andN; Diag'0°-N,-N3 are identical up to a common column permutation, Sap (;p4q - In
particular, as the last row ¢¥; Diag!6° andN; Diag'0° is exactly@” and0>, 6-\; and 0-N;
are also identical up to the same permutatan

We use this observation to prove ti@&tis equivalent taG under o One subtlety for iden-
tifying G is that there is no information about tBe column indices of¥;—-N»—N3, so we cannot
read off the conditional dependence structure directly. We tackle this problem based on the key

observation that the unordered Set(de ned in (3.14)) can be written as

n (0}
Sg= Pgu1(1-§—e**Pg-1(~,8§ :" 2f0-1g (3.17)
n o]
. Noglll\l_ooo_g/\l_l_/b’ 1_000_0\_" o_ _N0911A1_..._9A1_,§_/b, 1_000_0‘_" o "
n o]
= NOgllAl_ XX _9/\1_1_ /b, 1—eee 0 "0 _N0911A1_ XX _9/\1_/§_/b’ 1—oee —b o -
n (0]
= Pgul(1-§—ce*Port(rg 8 1™~ — (3.18)

and provides enough information abat Here, the indeX0¢ = 1-2-3 can be understood from
the context, for examplég= 1 when9 ,09=2when Y9 2 .

Step 2: Proving the equivalence by constructing a column permutablomv, we show that
there exists a permutatidn 2 (, y,such thatbg_.= 6g_a.0 forall 92 » % : 2 » ¥ We rst
construct such a permutatidnby observingSi1—e+++S . For: 2 » %(3.17) impliesjS. | = 2,
and part (a) of Lemma 3.8.4 constraigtgo be a standard basis vector. Hence, we can dé he
such thatr = e :.0. To see that is indeed a permutation, we have to show that® < f 1;° for
. < ;. But this is immediate by noting that the cardinality of the pmf vector®t . 2 (1-—.. 2

(1—jA="09°:"gis2ifand only if: = ;. For future purposes, let us partition the row indices
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"~in (3.18) into two group3 . and) :2 based on the value oPgw=1( 18— *Port(~,8 . Then,
the columns of¥ that correspond to the 2 ). must be identical to the columns Nfindexed by
" s such thatk ..o =0 (or 1).

Now, foreach9 | and: 2 » Ywe show thaby_.= 69_p.0. By part (b) of Lemma 3.8.4,

we havebg_.= 0 if and only if
P9L1(1_8—°-°P9L1(A9_8 . "”‘2) . = sz',l(l_g—"'Png(/\g_g . "”'8) . (319)

For notational simplicity, let  := U 1;0—*¢¢—<W.°. Then, by the construction 9f , (3.19)
simpli es to
n o n 0

Pgif 1(1—8_...p91f 1("9—8 tUro=1 = Pglf 1(1—8_...P'911 1(’\9—8 tUr10=0

Another application of part (b) of Lemma 3.8.4 shows that this is equivalédy o . = 0. Hence,

69_.= 69_p. 0 and we have showd e G. This completes the proof. [
Below, we provide a short proof of Lemma 3.8.4.

Proof of Lemma 3.8.4. (a) The proof is immediate from the faithfulness of the graphical ma-
trix G. For example, the third bullet point follows from noting thatgj 2 implies

I I
it .2 ;Vo_U :"gj 3,andthaff ., Vo U :"gj Z2impliesj ¢ 1

(b) The “if” part immediately follows by conditional independence. For the “only if” part, by

considering the contrapositive statement, it suf ces to show@bat= 1 implies
fsgl"©: U =1g< fsg!"°: U =0g°

By writing out the parametrization and using the identi ability of the parametric family in
: i i o :
(3.4), it sufces to show that ... Vo U | Vo_g< f ... Vg U g But this is immediate

sinceVg_.< 0.
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Proof of Proposition 3.8.2
For the sake of notational simplicity, for a given coef cient matBxde ne

0
[o= :=Vge,  Vo_U (3.20)
=1

for each9and" 2 fO-lg . For an alternative coef cient matri®, we similarly de ne

0
[or = Voo, Vo U
=1
for~2 f0-1g .
Before presenting the proof of Proposition 3.8.2, we state two lemmas whose proof is post-

poned to the end of the subsection. Our rstlemma is a relaxation of Lemma 3.8.3, and guarantees

analmost suraunique tensor decomposition B§. Recall the de nition ofPy from (3.15).

Lemma 3.8.5(Modi cation of Theorem 2 in [86]) Consider the one-latent-layer saturated model
with a true graphical matrixG''™ that satis es condition C, and analytic parametric families
?1;[-W and link function®ge. Then, the rank tensor decompositioRy = »M 1-M »-M 3¥4s
unique up to column permutations for ¢ '*’; G'°®o n N;. Here,Mgs arehg 2 matrices,
whose last rows are the all-one vecmj for 0 = 2-3. The setN, is a measure-zero subset of
1 % G0 that only imposes restrictions @-$ and not on the mixture proportion parame-

tersO.

Our next lemma provides additional structure regarding2he&olumn indices in the tensor
decomposition in Lemma 3.8.5. This is a nontrivial problem as we wish to identify the parameters
up to a label switching of binary latent variables. Note that we can no longer utilize the pure
children to address this problem, which was the strategy under the setting of strict identi ability.

Here, to formally state the label switching, recall the notation ofDe nition 3.8.2 and write
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B B-G G," *~when there exists a permutatibn 2 (,, y,such thatVg_.= Vg_g.o,

69_;= Gg_ﬂ.;o, and" = 1[’* 110—. .'& 1 oOe

Lemma 3.8.6. Suppose that there exist two sets of parametBrs5°, 1B-G° that satis es As-
sumption 3.3.1 and de nes an identidad- in the following sense: there exists a permutation

S 2 (049 suchthat

[ o= = [os1o— (3.21)

forall 9" . Then, we havéB-G-'° 1B-G-S 1" %0 for “generic” parametersB 8 1B;G°n

N>, whereN» is a measure-zero subset ofB; G°.

Proof of Proposition 3.8.2We work under the same notations introduced at the beginning of the
section. We make one additional assumption regarding the nite suDsgts *(1_g-***—(_§ of
the sample spacég as follows. We assume thBtg C g, whereCgyis a countable separating class
whose values determine probability measureY@n The existence of such a separating class is a
consequence of g being a separable metric space; see Step 1 in the proof of Theorem 1 in [86] for
a proof.

Suppose thab satisfy conditionC, 2 ! ;G°, and thatthere exists an alternate parameter
~—G that de nes the same marginal likelihood. Here, we are dropping all superscripts i6'1°®
for simplicity. We show that -G°® ¢ 17-G°for 2 k! ;G°nINz[N 2° whereN;-N, are
measure-zero sets that will be de ned later. Recall thabferl-2-3, Ng are thehg 2 conditional
probability matrices that describé j *A = " © under the true parameters-G. Similarly, de ne
No as the corresponding matrices under the alternative paramet&s Similar to the proof of
Proposition 3.8.1, we start from the raBk decomposition of the marginal probability tensor in

(3.15). By applying Lemma 3.8.5, the decomposition

Po = »N1 Diagt0°-N,—-Ng¥/= N7 Diagt0°—N,—NsYs (3.22)
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is unique up to (th& ) column permutations, for true parameters2 1 ;G°n N;. Here,
N; is a measure-zero subset of 1 ;G° that is de ned in Lemma 3.8.5. This implies that
10-N;—N2-N3° and* 6N -N-N3° are identical up to a common column permutat®2 (g4 -

In other words, for any 2 fO-1g , the" th column inNg is identical to theS 1" °th column ofNg
andc: = eguvo.

By considering the row dilg that corresponds to the sgt_¢ we have

Pgll(;g_gzN01A_°°'_9A1_'9_,§,1_'°._N0 (323)

= Not—eee—gM—p-"1—22*—51" 0= Pgguol(,,§

for all 9—g 2 »'gzand” . Furthermore, note that this identity holds for any nite subBef of
Co, as the column indices &%ty are determined by the alternative model and do not depend on the
discretizationD o. Hence, (3.23) holds for a(l. .92 Co. SinceCyis a separating class, we have
Pg: = Pggivo. Recalling thatPg- = ParFam[ ¢-—\W for some identi able parametric family
(see (3.13)), we must haye: = [vg1mo andW = W for all 9= .

Now, additionally assuming that 8 N, we can apply Lemma 3.8.6. Hemg; is the null set
de ned in Lemma 3.8.6. Then, we hatB-G° 1B-GP°. Also, becauseg S1"0 egivo =Cn

implies@ 0 and the proof is complete. O

We nally present the postponed proof of Lemmas 3.8.5 and 3.8.6. While the main proof idea
of Lemma 3.8.5 is similar to that of Theorem 2 in [86], we provide a detailed proof for the sake of

completeness.

Proof of Lemma 3.8.5For a matrixN, let A:- IN° be the Kruskal column-rank df, that is, the
largest integeAsuch that any\columns ofN are linearly independent. We claim that it suf ces to

show that

ALINP=2 — AIIN°=2 — A:IN3® 2 (3.24)
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for generic parameters in? ; G° n N. Assuming this, one can apply Kruskal's Theorem [117],
which guarantees the uniqueness of the three-way tensor decomposifigrupfto a universal
column permutation and gives the desired result. Along the way, we show that the candidate set of
non-identi able parameter$y , only imposes restrictions ddand$ but not on0.

For the remainder of the proof, I¢t,_, denote the sub-matrix of the * | 1° coef cient
matrix # whose rows and columns are indexed byand 2, respectively. Similarly$ , denotes

the sub-vector o$ by collecting the entries indexed by.

Proof of A:. 1IN,° =2 . First, write the parameter space
1. 0. $1. ;G1°="F#1. 0. $1. : Vg_.<Ofor6g_.=1g

i
as a nite union of open, connected subsets of Euclidean sRaee %9 R . Without loss of

generality, let
positive #1: —0: —$1: ;G1%:=f#1. 0. $1. : Vo_.j Ofor6ge_.=1g

be our domain. Here, we considsi = Ni1#1._o. —-$1. ° to be a matrix-valued function of
#1. 0. -$1. °. Becausa&\; has full column rank if and only itﬂeth; N1° < O, it suf ces to show
that

f#1._0. 2 positive'#1: —0: —$1: ;G1°: dethi N1° = 0g

is a measure-zero set int#1. _og. -$1. ; G1°. Note that the following argument also holds for
other connected sub-domains of#1. _g- -$1. ; G1°, and the union of a nite number of measure-
zero sets are still measure-zero.

In particular, wherG; = | , the proof of Theorem 1 in [86] showed tha§1#1. 9. —$1. ©

always have full column rank. We use technical real analysis arguments to claim that this statement
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can be generalized to an arbitrdBy that satis esDiag!G1° =1 . Consider the mapping
1det1NiN1001#1: -0: _$]_: 0 1#1: -0: _$]_: ;G]_o I R’ (325)

Observe thatlet N7 N1° de ned in (3.25) is a polynomial of entries &f;. Each entry irN; can
be written in the form of
o ! 0
Npttjg—eee—0-"0= ?9'Hy; 69' Voo, Vo U °—W<13Hpe
o1 (oo -
Since we assume that the densiyand link function6g are analytic, each entry df; is analytic.
ConsequentlydetNT N;° is also analytic.
Next, note thatle N7 N1° cannot be identically zero, in other words, there e>éi#§s_0: —$§: °
such thatetN7 N1°1#‘{: o —$‘1”: 0 < 0. This is because one can make small perturbations from
a parameter value in1#;. _o. -$1. ;1 ° by settingVg_. = n for indices with6g_. = 1 without

making the determinant become zero. Hence, by the following technical Lemma, we conclude that
f#1 0. $1. 2 1.0 -$1. ;G1°: 2detN] N1%°¥ 1. o, —$1. ©=0g

isanull setin #1._o. =$1. <G1°. The conclusior:: 1N,° = 2 automatically follows.

Lemma 3.8.7(Mityagin [118]). Let 5: ! R be a real analytic function de ned on an open,
connected domain 2 R3 thatis not identically zero. Thef, 2 : 5! © = Ogis a measure-zero

setin

Proof of A:-IN3® 2. Theorem 1 in [86] showed th@t:- *N3° 2 under condition B. Hence,
it suf ces to show that condition B holds for generic parameters ##, 1._1. ;G3° Fix any

< "9 and let; = ;1" =" ® be an index among Ysuch thaty < W2 Since we assume that all
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columns ofG3 are nonzero, there exis®s= 9" - ®; 2 such thabg_= 1. As Vo *U. u® < 0,

6]
f#or 2 1#o1 ;0 :  Vg_69_tU U?°=Og
=1

iS a measure-zero set int#g1. ; gL. Consequently,

vxo=fH#y 140 2 Mo 1.4 ;G Vo_bgrro iU U =0g
=1

iS a measure-zero set int#, 1.4. ;G3% The proof is complete by taking a union over all

n < n O. D

Proof of Lemma 3.8.6We rst assume that the true parameBebelongs in the coef cient space
0
61B: G0 := fB : for each9 all elements of the form  Vg_0.—0 = 0-1—are distincge
12 9
It is clear that the complement!B; G° n ®1B; G° can be spelled out as a nite union of lower
dimensional subspaces, and has measure-zero with respeéBi@°. The following proof is
somewhat technical, but the main idea is to show that one can entirely ré&&ages up to label
switching, based on thealuesof [ 9= while not using the indices. Steps 1 and 2 characterizes

the coef cientsB based on the valudg$ - g, which allows us to prove equivalence BfG and

B-G in step 3.

Step 1: recoveringj ¢ and jBj. We rst claim that for each, there uniquely exists an integer

o, coef cients2gg, 291 j *** | 2 9, | Othat satisfy

O O
[ 9= = Voo, Vo U = 290, 29T gt" %, (3.26)
2 9 . 9

forall" and some permutatiohg 2 (044 - Here, we also prove thatthag=j .

The existencelirectly follows as we can takey = ] ¢ and de nef2g_.: : o9 to be the
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coefcientsfjVg_j :; 2 ogin decreasing order. Then, for each o there mustbean 2 o

such thalq_.= jVo_.j j 0. Consequently, we can construct the permutafiery setting

1T gl" 00, -= ' :
for : gand arbitrarily de ning the remaining coordinates. By plugging in these de nitions, we
get
0 0 0
29-1T g" %% = sgntVe 2jVojU. | Vo
9 2 9 5 2 g-\_YO
O O
= Vol Vo_s
2 9 2 9-\4_Y0

Hence, (3.26) holds fd2gg := Vgg, ! 2 o\i_yo Vo

Foruniquenesswe provide an inductive characterization of the s based on the valuégs :=
flon:" 2f0-1g g First,29¢ must be the minimum of the sety. Next, we de ne2q9_, by noting
that2g9¢, 29, should be the smallest elementfing= : [ o= | 2 90g. Inductively for,each Y o

. . I
given2gg and2g_; 1—** *—2,, 290, 29_.must be the smallest elementign f290 , 290 :

sl

I
0. = 0-1g. We continue the induction until the Sepn 290, 29.0. : 0. = 0-1gis empty. By

considering the true parameterization and the factBnhat ©61B; G°, we havej* ¢ = 2/ 9, and

hencej o = g Additionally, this observation giveZgy j e** i 2 g9 4 i O.

Step 2: Recovering the indexing' . While we have recovered the absolute values of the co-
ef cients jVg_j in Step 1, they are ordered based on their absolute values. Thus, the ordering is
different across differen@ In this step, we fully recoveVy_.up to a column permutatiom?2 ( ,, 1

by representing eacko_.in terms of[ and2-values. To this end, we inductively construct sets
)o—t_. »2 Yorall 92 » Yand: | ¢. We claim that they correspond te with identical

Ur ¢2: 0 values, for some injective mappirigy: »j % ! » Y{see (3.29) for a precise statement).
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This claim will be crucially utilized to recover the coef cientg_.

First, x 92 »%: | ¢, and dene) ;1_0: = 1" 1 [ox = 2960 and+;1_°: =f" i [ox =
290, 29-0. Since there exists a unique indgxsuch thajVo_;j = 29_.; 0, these two sets have
distinctU. values if and only if, = ;.. De ne f ¢*: © as this;.. Since;. < ;.ofor: < 0 f4is
injective. Without the loss of generality, suppoge.. | 0. This is only for the sake of explicitly
characterizing the sejg_.and+g_; and does not affect their construction. Under this assumption,
"2 ) o must satisfylr .0 = 0, " 2 + must satlsfyUf ¢:0 = 1. Also, as the values df for
; 8 gdoes not change the value[of-, we have]) o J = J+9 J =21 d

Inductively forC 1, let

W, _ gn 1Cc1° 1C1°, _

T9_: =f 8) 9_: —+9_: : [ gr = ) € 1C 10 1C 10 [ 9 00— (327)
)@4 n 1c 10 ]'C 1° -

Voum M 8)osimhor e = " g) o IEnl'on o [ 920, 20-9- (3.28)

and de ne) 4~ i =)o T g’f“and+£/j‘: +;S:1° [V 5‘_1/“ By the construction in (3.27) and (3.28),
again becausvg_fgl.o i 0, we musthavék 4.0 = 0for" 2 T~ o yandU g.o = 1for" 2 ng_l/;‘ We
also havg Ty pjj‘ v )Qj* 2 1 9 which inductively gives) g_j =jtg =2 I dC We continue
the construction untj f +;f/j‘: f0-1g , thatis wherC=2 9 1,
ol 9l o 91
Finally, we dene) g_.:=) 4 . and+g_.:= +g . as the nal induction outputs. Then,
f) o——*_gis a partition off0-1g with equal cardinality, whergg_.= f" : Ur 2.0 = Og and

+g9_.= f" U 4.0 = 10 In general, without the positivity assumptidfy_¢:.o j 0, we can

conclude that
f) o-—t9-g= " 1 U q:0=0g+" : U .0 =19 — (3.29)

as anunorderedset. As all columns o6 are not empty (see Assumption 3.3.1 (b)), for eache
must have at least on@such thatg_.= 1. Hence, the set of all possible partitiofig g_—+_g :

92 » % : 2 »] g¥agnust take exactly distinct values. Let us index each elementfpy-+g for
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; 2 » Yaandletg 2 (» y,be a permutation such that

f)—+g= " : Ugio=0gF" : Ugo = 1g * (3.30)

Without loss of generality, suppose thaiand+. are de ned so that the mean of the vectpep: :
" 2).%is strictly smaller than the mean &f o= : " 2 +.°. Then, the monotonicity assumption

Assumption 3.3.1(c) implies that

); =f" : Ugl;O = Og— + = f" o Ugl;O = 1g— (331)

and resolves the sign- ipping for the latent variablg:... Next, to recover the paramet®p_go

for each9and;, we claim that
(@) iff),;~+g8ff) o_—4-g:: | ¢g Vo_go=0.

(b) if f),—+g="f) 9_~+_gforsome: | g, Vg_yoj=29_.and

Lo ), =)o
sgn1-V9_go° =
21 if), =+or
Here, to show (a), suppod¢.—+g 8 ff)g_—t_g: : | ¢0 Then, by the characterization
in (3.29) and (3.30), we must haves!:© < gt;°forall : | ¢. Recalling thatf g collects

all indices such thagVg_g:-oj i 0, we must haveVg_ygo = 0. To prove part (b), note that the
assumption implie$ o': © = g*;°, S0jVg_goj = jVg_gi:0] = 29-; The claim regarding the sign
holds becausks_.has a smaller average [p§_values thar-g_.by construction. Thug,. =) g_.if

and only ifVg_go j O.

Step 3: explicit representation of all parameters. Finally, we prove the desired result by ap-
plying the same characterization of the parameters under the alternative jrglueblere, note

thatB 2 %1B; G implies thatB 2 %1B; G°. We apply steps 1-2 usirep= instead of o-. Step
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1 holds without any change, and we obtain the same coef ci&nts as wellag ¢ =) ~gj. Next,
in step 2, the de nition 0} g_—4y_.in (3.27), (3.28) needs to be modi ed to be the collectiortef
instead of' s. Let)y_.andFg_.be the corresponding sets under the alternative parametrization. As

the coef cients2g_.are identicall) 9_—+_2 and!)5_~Fg_2 are consistent in the sense that

Y9-=S1) g%~ Fg_.=Sl+g % (3.32)

In other words, by viewing ¢_.as the collection oindices" in [ 9=, J9_.and) ¢_.are the same
collection of indices. Thus, in terms of de ning and+:;, we can take the same indexing for
; 2 » Yas in (3.30) by letting~ := S?').°© and+ := S+.°. Hence, for some permutation

a2 (» 1, Wwe must have

7= £ b = 0g= S : Uyo = 0g°= S 1) o (3.33)

F =" byo = 1g= S " : Ugio = 1g°= S 1+.0% (3.34)

Now, we nish the proof by provingB B and” Si"o By takingf = ¢ glin
the de nition of the equivalence relations, it suf ces to shdy_yo = Vggi.0 for all 9—;and
Ugee = 1S 1" %0 for all " —; The conclusion folVg_go follows from its characterization in Step
2. For any9—;;the relationship (3.32) and (3.33) shows that-+g 2 ff) g_—+%_g:: | qgif
and only iff)T—Fg 2 ff)9_~Fg_g:: | og Forcase (a), we hawy_go = Vg0 = 0. For case
(b), we havgVg_go] = 29_.= [Vggi.0] as Well as sgiVg_go® = sgnt Vgg:0%, thusVg_go = Vgguro.
We next show the claim fod. Without loss of generality, supposg:.. = 0. Then, by applying
(3.31) and (3.33), we havB " ° 2 )T and1S1" %u.0 = 0. Similarly, for Ugp.o = 1, we get

1S 1" 9%:.0 = 1 and the proof is complete. ]

3.8.4 Technical Conditions and Proof of Theorem 3.3.3

We rst state the technical assumptions regrading the penalty fun€tipn, and tuning pa-

rameterst_»—g?© that are imposed for Theorem 3.3.3. For some tuning parameterg i O,
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? ,—g - R!» 0-1° is a sparsity-inducing symmetric penalty that is nondecreasing«€t? ,
nondifferentiable a®, differentiable at0-g¢°, ? ,_4 / _#*g: aroundO and satisfy

? 4gt1°=0-if 1=0; ?8#_9 110 j—if 1 oy ? ,_gt19=_4— ifjlj gy
Note that 4 is the magnitude of the penalty, agd s the point of truncation. We also assume that

_# andge depend or# such thatL-pE O _#-pE 1. Here, for nonnegative sequences

f104—L°gs 1, we writeOy 1; whenOgze1s ! Oas# !'1

Proof. For simplicity, we omit displaying the dependence of data in the likelihdod® = 1 |
Y° and omit the subscript in the equivalence relatign We also de ne the objective function in

(3.6) as ~ .
h O 30 [
1 O s ’?_# g 1B 0 o
3=1

&ut 0=

*| P

Below, we separately prove the consistency of the continuous parametard discrete param-
etersG. In the proof, we use the usual Bachmann-Landau asymptotic notations for deterministic
sequences as well as its analog for random sequences.

We rst show that " is consistent up to label permutations. This follows by modifying the
usual consistency proof of M-estimators [119] under our identi ability notion. frix O, and

de ne the pointwise limit of& 41 ° as

& 11 °:= E ¢logPtY j O

De ne then-ball around * under the equivalence relationas

Co

in— % :=f :k % Ck nforsome °

g

Also, de nethe constarft :=inf g 1,_¢0o&11 ° &1 o Since we assume the model identi-

abilityupto ,wemusthav&;! © &1 ®°=KL Pt j °kPt j % ; Oforall ¢
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Here, KL denotes the Kullback—Leibler divergence. Then, wqg get0, as we are considering a
compact parameter space. By a standard argument, we have
Pt mink O ®kince P Smin¢&#1 o gyt %o (3.35)
1n_ [o]
[

P min &gl ° &yl ®o_sup&y! © &;! ° V3, > (336)

8 in-‘° ’

Here, (3.35) uses the de nition that is a minimizer of&* °. The inequality in (3.36) follows
from the uniform law of large numbers, which holds under a compact parameter space and a
vanishing penalty with 4 = >1#°. Now, the proof is complete by noting that the rst term in

(3.36) is zero, since 8 in— ®°andsup j&st ° &1 ! 9V [z implies

&ul 0j& 1 O &1 Co P & 41 Co,

5

NI'_'

L
2

Hence, there exists sonte " that is consistent for ¢.
. P— . . : . . .
Now, we prove that™ is # -consistent, additionally using the assumption on the Fisher infor-

mation. We rst re-write the inequalit§4* ™ &x!? o as
1~ 1 %o ? 4—g B0 ? ,_g1B% (3.37)
By a Taylor expansion, we can bound the LHS of (3.37) as

1~0 1 %®o- 1 ~ ¢to> 0 Co 1~ ¢o>14 1 %o >, 14001~ ¢o

NI =

.11 Coo

K= Ck$ot Fo Hk- G T >0

Here,_min® * ®°°; 0denotes the smallest eigenvalue of the positive de nite Fisher information

1 %o On the other hand, the RHS of (3.37) must be negative gjnde 0. Indeed, for\/.1_3’:)¢ <0
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and a large enough, consistency givejéo‘;}f‘?j = j\/;lf’:o‘tj , >711°j g4, and the bound

@) h i
130 130 3°¢ 30 _
1 o 1 o 1 (0] 1 (o]
2, B0 2, 4B ? g V% 2 g1¥¥e =0

120,
;—::\/.3. *<0

holds with high probability. Hence, we have

p_— min® 1 ¢oo
k= “ko$ ot #o, = ———#k" ‘K3 0
with high probability, which is impossible wheéa™  ®k, 91?. Thus,k~ ‘ko=$%- 91? :

Finally, we prove the estimation consistency for the discrete graph stru@ites It suf ces

to show that for any xed3—;-., E‘r.lf’f = 6;‘.??0_: with high probability. As a rst case, suppose
120 i i .. 190 ? 120 120 .
that 60‘,0?_: = 1. Then, the consistency result |mpI|GS_3:! Vo%—: < 0. Hence,\?.‘_3: < 0 with

high probability, soﬁ‘rlf’o = 1. Next, consider the case Wh@{lf_o_: = 1. Assume the converse,

and suppos@'f‘lf’:0 < 0. By thepE-consistency and the assumption tgat 91?, we must have

j\Tlf’OJ g+ with high probability. Then, the rst-order conditions (KKT conditions) give that

But we have a contradiction because a Taylor expansion of the partial derivative gives

P—
My 1~0=m\f3° 1 ¢o’#$?1~ ¢o=$? H —

andpE _#*0gs*Hence, we must ha\lt?izf’:0 = 0, and the proof is complete. O

Remark 3.8.1. One natural question is to whether our estimator would still be consistent when the
number of latent variables are unknown. This extension is not straightforward since the number
of the top-layer latent variable, * °, determines the number of deepest mixture components of
DDEs. Estimating the number of mixture components is a challenging problem even in simple

. P— .
parametric models, and often leads to a slower (tHan#) rate of convergence in parameter
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estimation [31, 120]. Note that for such cases, the Fisher information becomes singular, and

Theorem 3.3.3 cannot be applied.

3.8.5 Additional Identi ability Results

Our main identi ability results in the main theorems have assumed that the latent dimension
K is known. Here, we illustrate that one can additionally establish the identi ability aihder a
weaker notion of identi ability. To elaborate, we identi& under the class of DDEs that satisfy

the two-pure-children condition A.

Theorem 3.8.8(Modi cation of Theorem 1 in [121]) Assume a -latent layer DDEs satisfying
the two-pure-children condition A (see Theorem 3.1), whetis given butK is unknown. Then,

the number of latent variablds is identi able.

The above result follows directly from a more general claim from [121] alongside the layer-
wise identi ability in the proof of Theorem 3.3.1.

We also note in passing that the GLM type of parametrization in the model speci cation is
not necessary for identi ability. In fact, the proof can be modi ed accordingly to allow derive the
identi ability of non-linear models that allow interactions; see [86, 122] and the published version

of this chapter in [17] for examples.

3.9 Details of the layer-wise Double-SVD Initialization

3.9.1 Details of Algorithm 1

We describe full details of the layer-wise double-SVD initialization in Algorithm 1. We rst
consider the noiseless scenario to motivate the general procedure. The setting is that we are given
a# matrix E»Y % and wish to recovefA-B. For simplicity, we consider the one-latent-layer
saturated model, and omit the layer-wise superscript to simplify the notation. We also assume

identical parametric families in the observed layer and a nonlinear functiof.
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The rst step involves denoising the nonlinearity and rewriting the data matrix as a low-rank

approximation. Recall that : ' R computes the mean of the observed-layer parametric
family, 6 : R! is the link function, and de ne a functio® := = 6. Since
@) 0

El g d AP = 6'Vog, Vo_: g~ W° = GVogg, Vo_. g-—

we have

Z =G 1EY A% = 51, —AYB] e

Let Zp be the centered version @fso that the column sums are zero, in other wotgs8—9:=

Iy

[18—9 118 9. Similarly, letAg be the column-centered version Afwith 18—° :=

1
#  9=1
|
8-9 1 &, 1@-° Then, we have
Zo= AoB>° (3.38)

This is arank decomposition, and we can write the SVDa&f asZo = U V~. Here,U- -V
are# : , matrices, respectively.

The second step addresses the rotation invariance of the SVD by nding the sparse representa-
tion in (3.38). Motivated by the sparsity 8 we perform the Varimax rotation ovi. As Varimax
nds a sparse rotation [see 101, for a theoretical justi cation], we expect it to nd a rotation matrix
R such thatB := VR has the same sparsity patternBagand the graphical matrig). Conse-
quently, we can usB as a rough estimate f@, and the sparsity pattern 8fto estimateG. The
estimate forA follows from solving (3.38) forAg, using the estimateB.

There are several subtleties to address when extending this procedure to the sample-based
setting. One immediate issue is applying the inverse-link funaBoh. For discrete samples,
observed data may take values in the boundary of the sample space, such @&swhenY =
N [f Og. This makes the inverse function not well-de ned. To resolve this, we apply the double

SVD-based procedure in [100] as mentioned in the main text, which denoises and truncates the

142



data into a subset of the sample space. The nal output of this procedure is the sample-version
SVD for the matrixZ, (see step 6 in Algorithm 4).

Another subtlety arises while estimatidgand B after rotatingV, since Varimax does not
account for the scaling of the row/columns. Here, we exploit the discreteness of the latent variables
in A to rescaleB. Using the decomposition (3.38), we can crudely estimgteising the sparse
Varimax outputB. While the estimate& also suffer from the same scaling issue, we can still
estimate thebinary A by noting that ¢28—° Y 0if and only if 18—¢ = 0. Finally, using the
estimated®, we re-estimat® via (3.38), now with correct scaling; see steps 9-10 in Algorithm 4.

The entire procedure is summarized in Algorithm 4, where we also specify the choice of tuning

parameters.

Remark 3.9.1(Truncating¥). We explain more on the truncation details in Step 3 by considering
speci ¢ response types. For Normal responses, the original sample sp&cand the truncation

(Steps 1-4 in Algorithm 4) may be omitted. For Binary responses, we set

%n— if H 11018—0= 0
B 11018—0=

31 - if H 18- 10

For Poisson responses, we set

%n— if H :1018—9Y n—
B 018—O=

_EH 11018—9-  otherwise.

In terms of implementing the method, we follow the suggestions of [100hwithO 4.

Remark 3.9.2(Constant ). In Step 10 of Algorithm 4,6 i 0is an arti cial scaling constant
that depends on the link functi@ This is introduced to better adjust the scaling3fas the non-
linear transform6- 1 leads to a potentially biased estimate #4. This adjustment is unnecessary

for Normal-based DDEs, whefis the identity link, and in such cases, one can simply get 1.
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Algorithm 4: Spectral initialization for Algorithm 5
Data: Y-f "*g— , function6, truncation parameters= 10 *- X= E%:
1. Apply SVD toY and writeY =U V~,where = Diagif andf; eee¢ f .

| <o o 110 H
2. LetY ap = ::11 f.u.v>, where ¥ :=max ¥ l-argmaxff, 1-01p#gg

3. De ne ¥~ by truncatingY - to the range of responses, at lemeSee Remark 3.9.1 for
details.

4. De ne Z by lettingN8—%= 6 111, 18—9.

i
5. LetZg be the centered version &f that is,ly18-%9= 18-9 1 * m:—g

6. Apply SVD toZg and write its rank- '* approximation a®, 0"V.
7. LetV be the rotated version & according to the Varimax criteria.

8. Entrywise thresholi at Xto induce sparsity, and ip the sign of each column so that all
columns have positive mean. L&t be the estimated sparsity pattern.

9. Estimate the centereh by Ry = 201> W0 1 and estimaté by reading off the signs:
Mg_o =11 (18- (QPe

10. LetA\ong := »1-AY EstimateB; by By := ellﬂgng/&mng" 1/&;)”9200 G, where is the

element-wise product ands is a positive constant that is de ned in Remark 3.9.2

11. LetY = A and6 be the logistic function. Go back to Step 1 to estimate the next layer
coef cient matrix. Continue until reaching the deepest layer.

I
12. For the deepest layer, estimgtdy settingp: = 2 %, "18-°.

Output: pFB"*gs.

For the Bernoulli or Poisson-based DDE wheés the logistic or exponential function, we choose

6= % as the scaling factor based on simulation results.

3.9.2 Estimation Accuracy Without the Spectral Initialization

We illustrate the effectiveness of our spectral initialization for by comparing it with EM param-
eter estimates obtained under random initialization. We show that even for the low dimensional
setting® — -~ 20 = 118620, the overall model complexity may be too large for an EM al-

gorithm with random initialization to converge to the global optimum. In contrast, the spectral
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initialization provides a reliable starting point. In Table 3.7, we compare the accuracy of the PEM
estimates under (a) random initialization and (b) spectral initialization. Here, we consider the same
three parametric families as the main part, the identi able true parameter \Biisse eq. (3.43)),

and two sample sizes = 10004000 We set the random initialization as follows:

2.— T2 Unifiolo- forall: 2» Ui @ » % 2» Tk

so— o Unift 1-0°- W Unifi0s5-15°—

where UniftO— ? denotes the uniform distribution on the interval- ®.

AccuracyG) RMSEr °© Time (s) # iterations

ParFam
Initialization ¥ 1000 4000 1000 4000 1000 4000 1000 4000
Bernoulli Random 0.617 0547 137 132 236 484 20.1 27.11
Spectral 0966 0992 030 0.20 6.7 375 41 4.2
Poisson Random 0.743 0.725 147 149 204 268 219 232
Spectral 0.999 1 0.16 0.08 3.6 6.4 4.4 4.0
Random 0595 0581 171 183 36.6 347.7 14.7 16.9
Normal

Spectral 0.996 1 0.13 0.06 1.2 3.0 4.1 4.4

Table 3.7: Accuracy measures f& and , computation time and iterations for 2-layer DDE
estimates under different initializations. For the Accuf&&y column, larger is better. For the
other columns, smaller is better.

The results in Table 3.7 clearly illustrates that random initialization does not effectively con-
verge to the true parameter values. In contrast, the spectral initialization results in a signi cantly
smaller estimator error as well as shorter time and smaller numbers of iterations, demonstrating its
superior performance.

It may be worth mentioning that a signi cant proportion of local optimizers arise from bound-
ary cases of the identi ability condition. For example, in the Normal case, the local optimizers
emptied out one or more columns in tBe" andB'? matrices, or exhibit two linearly dependent

columns. This corresponds to the set of parameters excluded by Assumption 3.3.1.
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3.10 Additional Algorithm Details

3.10.1 Penalized EM Algorithm

We present the details of the standard penalized EM algorithm (PEM) that was mentioned in
the main text, which does not use stochastic approximation. The PEM computes the penalized
maximum likelihood estimator in (3.6) to estimate the potentially sparse coef cRftandB'%.

The PEM is an iterative procedure that consists of an expectation step followed by a penalized
maximization step [123, 124]. In tH&€ 1°th iteration, the E-step computes the expectation of the

complete data penalized-log-likelihood

@ @ 0 o 190
AY-AT AP 0 9 g logPtA;; p°, logPAg" j AS” ;B2
3=1 &1
e
, logPtYgj AS A BT g0 2, _g 1B
3=1

This requires calculating the conditional probability for each latent con guration using the previous
parameter estimates; that is, calculatigh,” = " '"’-AZ = "2 jY; e forall 82 WY

"% 2 f0-1g 1, and" ¥ 2 fO-1g 2. Here, the superscripi¥denotes theth iteration estimates.

In the M-step, we update the parameters by maximizing the expectation computed in the E step,

which boils down to solving the following three maximizations:

G h 120 |

pS¥=argmay, E logPtAg; po; p® - (3.39)
&1

0 @ h 110 120 0, I

BZ S Mzargmag=  E logP!Ag jAyT;BZO B 9 1B (3.40)
&1
o @ h 110 190 0, I o
1811 -G 11/4_$»C; 1% = arg max g E Iog PlYBj A81 _A82 o: Bll —>>CI/4_$»0/9 ?_# g 1511 O,
&1

(3.41)
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Here, the optimizations for each layer are separated; we update the top-layer proportion parameters
p in (3.39), the middle latent layer coef cien® in (3.40), and the bottom layer coef cients
1B™°—$° in (3.41). Additionally, due to the conditional independence assumption in each layer,
the maximizations can be further simpli ed into low-dimensional optimizations over each row of

B. Algorithm 5 summarizes the PEM algorithm.

Algorithm 5: Penalized EM (PEM) algorithm for the two-latent-layer DDE

Data: Y-K, tuning parameters;—g.

Initialize ®"using the layer-wise initialization in Algorithm 1.
while log-likelihood has not convergeatb

In the »C, 14h iteration,

I/l E-step

for 182 '1°r 2% 2 y¢1/, fo1g = f O-lg ~ do
Hp 1]/4 — 110_"10 120_"10' . >
I 8%110_.. 120 = P1A8 - ! _A8 - 2 J Y, Q@
end
Il M-step

update % 1= 1 pC ARt CLLRI2C 1 gL 1Y hy solving (3.39)-(3.41).
end

EstimateG based on the sparsity structureBbiccording to (3.7).

Output: Estimated continuous parametérsind graphical matrice8'?’, G'2’.

3.10.2 Detailed Update Formulas for Algorithm 2

Continuing from Section 3.4, we describe Algorithm 2 under 2 latent layers. The extension

to more latent layers is straightforward and we omit the detailed updates for simplicity.

Simpli ed simulation step for the SAEM Algorithm.  We display the complete conditionals
for the simulation step in th&C, 1°th iteration of the SAEM (see Algorithm 2). First, we sample

each ;2_(?*@ Y4rom the following distribution:

»
120 190
pr 2=y jrooy % ag @1 UT

11053/, [:_A12°—»Cl/b
8—; 4 s

: Biogistic* g_.
=1
6‘,10 110_)0/\/1304&0120

4 8-
12050

[
=1 l’ 4:_A8

120 190
/ " 17 Cel u?
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Here, (-) denotes the samples/parameter values computed in the pr&hduter@ation, excluding

2 e

the random variable of mterest . The notation

[ o= V0L 20 20 20

denotes the linear combinations computed und&tA 224 As U? =01, sampling from this

distribution is straightforward by computing the above expression.

1—)@1/4

Next, we sample eachg similarly from the complete conditionals:

UYT i
110 110 . ] A 120
Pt g =U " j1oo/ 47 s

P . g6 QAL \ye .

&1

11050 | V11°—>ﬂ/4 110504 11°—>>G/U11°

Here,[ oAl -c«iS similarly de ned asVg, ™, g0 » Vg_.

Simpli ed M-step for the SAEM Algorithm.  In earlier sections, we have motivated the SAEM
M-step in terms of the parametB? (see (3.9)). Here, for completeness, we present the fully
expanded formulas for updating each parameter.

First, for each 2 » 'Z’%;we update?. in closed form as follows:

Y ot
PCW_ 8 8
2T m

Next, for: 2 » ""Y,we update theth row of B'% (denoted as#:lzo) as follows:

G

190 1, 1 1 110 110 1, 1 1 1, 1
& 2_»(;]_/1# 2, =11\ 1 20—»(1/1# \Ql |OgP1 8]; - 8];:_)Q1/4J A82° — A82°—)>Ql/j1#:200_
&1

120G 1Y 20 1Y ,12° 120
#o% “=argmax & P Po o g1

Finally, for each9 2 » ¥swe update theth row of B'Y" (denoted ast; ) andW (if it exists) as
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follows:

G
&g Mpl_wp =11 \c1°& g P W, \c1  logP g d Ay = AT il gy -
&1

h i
L = argmay e B 5SS 2, o - 342
: _

3.10.3 Alternatives for Estimating the Number of Latent Variables

Recall that we have proposed a spectral-ratio estimator to select the latent dinénsiSec-
tion 3.4.2. Here, we propose two alternative estimators motivated by popular methods for selecting
the number of latent variables in other statistical problems [125, 126, 127]. The performance of
these will be later assessed in a simulation study in Section 3.11.5.

Continuing from the setup in Section 3.4.2, we address the estimati&n wider the two-
latent-layer DDE. We rst focus on the scenario where the number of deepest latent variables,

"2 'is known, and our goal is to select’ from a candidate grik. This assumption is often

justi ed in real-world applications where prior knowledge of the number of latent labels or classes
in the dataset is available. The objective is to uncover ner-grained latent structures that capture

additional generative information beyond the known labels.

» EBIC: We compute the extended BIC [EBIC; 128] for each K, and select the model with
the smallest EBIC:

1" .= argmin , EBICL:

We postpone the detailed formula of EBIC to the end of this subsection. Here, we con-
sider EBIC instead of more traditional information criteria such as AIC and BIC since it is

designed to handle large parameter spaces.

* LRT: The class of models with 2 K can be viewed as a nested set of regular parametric
models, and one can apply the method of sieves to seldcf125]. In other words, we start

from the smallest and sequentially conduct leveMikelihood ratio tests for o : "° =:
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v.s. 1: ¥ =:_1using thej 2 limiting distributions, until when we cannot reject the

/\110

alternative; de ne as this: .

Below is a discussion regarding the theoretical and computational properties of the three pro-
posed estimators (spectral-ratio, EBIC, LRT). Theoretically, consistency of all three methods can
be justi ed under varying assumptions. Additionally assuming that is identi able, the EBIC is
known to be consistent even under a divergiri@28]. The LRT estimator can be justi ed by stan-
dard arguments invoking Wilk's theorem [129]. Finally, under the asymptotic re¢gime! 1
and assuming that 6 is linear,f 1— ¢ ¢ * —fis close to the top\singular values o¥ and standard
eigenvalue perturbation arguments (Weyl's theorem) guarantee that the spectral ratio estimator for

"*is consistent.

In terms of computation, the spectral-ratio estimator is the most desirable as it just requires
computing the SVD of the denoised data matrix once. The other two methods (EBIC, LRT) require
re- tting the model (using Algorithm 2) for each candidate value o’ as well as computing the
likelihood. This limits their usage when the upper bound foF is large. Furthermore, the model
re- tting issue for EBIC and LRT is ampli ed when the number of the top layer latent variables

"2 is also unknown, as the cardinality of the candidate sekfer! '— '2°increases. On the
other hand, the spectral-ratio estimates the number of latent variables in a layer-wise manner, and
is computationally ef cient even under an unknowry¥’.

For analyzing real data, we recommend making the nal selectidf bl also incorporating

gualitative aspects of the data such as domain knowledge and interpretability.

De nition of EBIC.  Consider a 2-latent layer DDE with = * '~ '2° |atent variables. This

is a parametric model with j= t '1° 10 "1 2 1o 2 = (ifthere exists a dispersion
parameter)ort '1° 10 %1 2 1o = 2 (gtherwise) parameters. Here, we do not count
the discrete parametef, as they are implied by the coefcien®. Let "¢ and k! "k;Y°
respectively denote the MLE and the log-likelihood under the 2-layer DDE Mitharameters.

Also, let dftK° be the number of non-zero parameters’in. Then, following [128], the EBIC
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objective in Section 3.10.3 is de ned as follows:

1Ko == 2 1" YO, dftKOlog# , 2 d]JqKJo .

3.10.4 Implementation Details

We elaborate on the choices made to implement the EM Algorithms 5 and 2.

Tuning parameter selection. For practical implementation, the penalty function and the tuning
parameters »—g must be speci ed. In this work, we consider the truncated Lasso penalty func-
tion (TLP) proposed by [97], that i8 _¢1° := _mintjlj—@§. Preliminary simulations revealed
that the results are very similar under other penalties such as SCAD.

Based on the consistency resultin Theorem 3.3.3, we consider# "4~ g = maxt3# 0°-0.3°
for the simulation studies. For real data analysis, tuning parameters were selected from the follow-
ing grid:

g o 2 TR BB 8g g 22y Vg 28y 38y

Here, o-# (0 = 1-2) denotes the penalty size for théh latent layer coef cienB'®. Note that
distinct_x-values are used for each layer, which is to better accommodate the larger uncertainty
in the deeper layer.

While there are many ways to select tuning parameters such as exact or approximate cross-
validation and information criteria-based methods, we choose to use the latter in order to encourage
sparsity. We select the model with the smallest extended Bayesian information criterion (EBIC).
This approach is preferred over cross-validation in unsupervised settings, where likelihood-based
loss functions often yield non-sparse, over tted models [130].

Additionally, to implement the SAEM, the step sixe that determines the weight of the
stochastic averaging needs to be speci ed. Here, following the standard Robbins-Monro condi-

tion [131], we set c= 1-C
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Convergence criteria. For the penalized EM algorithm, we set the convergence criteria such
that we terminate the algorithm when the difference between the log-likelihood function values
of two consecutive iterations is less th#m500, as the log-likelihood is proportional t#. For
the SAEM, since we do not directly compute the log-likelihood, convergence is declared when the
difference of the vectorizet? norm of the continuous parameters is smaller thafie2. Under
the spectral initialization, the PEM and SAEM generally took less than 10 and 5 iterations until
convergence, respectively.

In terms of implementing the PEM algorithm to select the number of latent variabiés,
or ‘2, we consider a more generous threshold3of #+500. This is for the sake of faster

implementation, as we only use the resulting likelihood to implement the EBIC and LRT method.

M-step implementation. As our M-step in both algorithms (PEM and SAEM) boils down to
solving multiple lower-dimensional maximization of dimensions less or equal'to, 1, we
choose to simply apply a built-in optimizing package that directly computes the global maximizers.
This is because there are already other approximations being made in the SAEM, and we did not
want to increase the randomness for our simulation studies.

For the simulation studies under deeper models with 3 (see Section 3.5), we have
slightly modi ed the M-step of the Normal observed-layer (see (3.42)) by considering the hard-
thresholding penaltypy11° := 923 1j1j < 0°. This leads to a closed-form simpli cation of (3.42),
as spelled-out below. Lettingg denote the%h column ofY, Aﬂﬁé% = 11, -A"TPCT% gnd

threg*1° := 1 %j1j j g °, we can write the updates for eadh- Was

S

1 P2
.8-9 110G 1Yy
8 [ 9Ag

#\110—»(; 11/4: thre% 1A »G 11/4)/6\ G 1Y 1A G ]_1/4>y9 _ V\? 11/4: .

9 long long long

which speeds up the SAEM algorithm.
For practical implementation for a larger dataset with general observed-layer distributions, we

recommend the user to modify the M-step to a faster but approximate optimization procedure. For
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example, one may choose to do a one-step gradient ascent in each iteration of the M-step.

Addressing latent variable permutation for simulations. In our simulations, resolving the la-
tent variable permutation is necessary to accurately compute the errors. A naive approach involves
computing the error across all possible permutations, but this quickly becomes computationally
infeasible, even for moderate values of” = 18- ' = 6. To address this, we formulate the
optimal latent variable permutation as an assignment problem and solve it ef ciently using the
following bottom-up approach as follows.

First, we constructa 'Y ' cost matrix, where each entry is the squaréahorm between
the corresponding column vectors B andB'Y°. Next, use the Hungarian algorithm [132] to
nd a column permutation that minimizes the total assignment cost. As the column indices of
B'Y” correspond to the row indices Bf?’, we permute the rows @' accordingly. Finally, we
apply the same procedure to nd an optimal permutation ofgffé columns. This method ensures

computational ef ciency while accurately resolving the latent variable permutation.

3.11 Additional Simulation Results

3.11.1 True Parameter Values

In terms of the true parameter values, we consider two sets of values based on the strict and
generic identi ability conditions in Theorems 3.3.1 and 3.3.2, respectively. First, we dégwe

fBB O32» wthat satisfy Theorem 3.3.1 as follows:

130 (R)
Bs =- 41 4 4 3o ®-= where Vi = 43 elseifii 9= ‘Too—  (3.43)

®

21 e B

« 1 4

©21 o 4l w2 %4 -

O otherwise
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We also consideBg = fBgsoggz» wthat satisfy Theorem 3.3.2, de ned as:

%4 if : =9-

130
©21 = B,
B - 1305 ®) h V= PRV 130 3.44
6 =: 4l o B, ®- where Vo = 4.3 elseif0Y: 9 d Fe3e- (344)
- ®
130
« 2o B _%0 otherwise-

and 8130 is the matrix de ned in Equation (3.43). Note thaiso is a less sparse version BE3°,
where the identity matrices are modi ed B)fo. While B;3° and Bg have the same value of 4
on the main diagonal8gis sparser. In particulaBg has two pure children per latent variable
whereafBg has none.

Regarding the remaining parameters, we set the top-layer proportion parame?ers @s5
forall: 2 » * "and set the dispersion parameters for the Normal distributiof asf 3 = 1

forall 92 » ¥4

3.11.2 Additional Details on Ablation Studies

We provide additional details regarding ablation studies. We separately considered data gener-
ated from a DDE and a DBN with the same coef cielgin (3.43). We implemented the DBN
using theDeep Neural Network toolbox iInMATLAB133].

In addition to the analysis in the main text, we compare the RMSE values for the continuous
parameters under sparse, identi able models (panel (d) in Figure 3.5) versus that under fully-
connected, non-identi able models (Figure 3.8 below). Interestingly, the RMSE values returned
by the DBN algorithm are similar. This indicates the unreliability of parameter estimation via
estimation algorithms for learning DBNSs. In contrast, our proposed estimation method for DDEs
encourages sparsity as well as adopts a wiser initialization strategy that is close to the true param-

eters, which leads to better parameter estimation and structure recovery.
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Figure 3.8: Parameter estimation accuracy for fully-connected DBNs with ** = ' =18,
The true coef cients are generated iid fraai0-2°.

3.11.3 Simulation Results Under the Generic Identi able Param&gend Computation Time

Here, we present the omitted details from Section 3.5, regarding (a) the estimation accuracy
under generically identi able parameters, (b) performance of the PEM algorithm, and (c) compu-

tation time.

Estimation accuracy under generically identi able parameters. We present the analogs of
Figure 3.4 under the generically identi able true parameBeysWhile all other simulation settings

are identical to that described in the main text, we make the following two changes. First, we do
not consider the largest parameter dimensioa of "'~ 20 = 190-30-1(° in this generically

identi able setting. This is because the layer-wise initialization turned out to be less effective in
this high-dimensional but less-sparse scenario. Second, for Poisson-based-DDEs, we modify the
intercept values to be smaller compared to the values in (3.43) as follows. Wfer 2, we

. - 110
consider a smaller intercept parameterB@Jr as follows:

% 3 if: e

lO 110 110
V; 5 elseif Yy: 2 -

90 =
_% 2 otherwise
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Similarly for 2 = 6, we work under the smaller intercept values of

g N
10 if  ._; Vo_. 8-
\/110 =1 :

2,90 "~
_E 5 otherwise

This adjustment is to make the Poisson parameters not explode, as using the original intercept
values in (3.44) makes some Poisson parametersd@rA very large and generates unrealistic

data.

Figure 3.9: Estimation error fd& and under the 2-layer DDE with parametddg and various
observed-layer parametric families. Note that the y-axis varies across plots.

The estimation accuracy f@ and is displayed in Figure 3.9. While we see a similar trend
as in the results under the true paramet®gs(Figure 3.4), the overall error values are larger
and indicate that estimation under the less sparse model is more challenging. Recall that we are
considering a different Poisson intercept compared to that uBgeo we cannot directly compare

the Poisson results.
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Estimation accuracy of the PEM algorithm. We compare the performance of PEM (Algo-
rithm 5) and SAEM (Algorithm 2) for each parametric family. We implement the PEM under the
same simulation setup as SAEM, described in Section 3.5. However, the PEM implementation
failed for higher latent dimensions, speci cally under the latent dimensioh-of "¥'— 20 =
154-18-6° or higher, due to memory allocation issues. As a result, PEM was only applied in the
low-dimensional scenario with with— "°— 20 =1186-20,

The results, presented in the publish version of the chapter [17], show that the PEM estimates
exhibit a faster rate of convergence#sncreases. In particular, the RMSE values decrease at
the parametric raté-pﬂ, as established in Theorem 3.3.3. We believe that the lower estimation
accuracy under SAEM is due to multiple approximations within the SAEM algorithm such as
approximate sampling and the objective function updates. We recommend using PEM instead of

SAEM to estimate DDEs when the latent dimension is small.

Computation time. Figure 3.10 reports the computation times for all simulations in Section 3.5
and Section 3.11.3. The results show that computation time varies across parametric families. A
common trend is that both SAEM and PEM slow down as the samplétsinereases. Addition-

ally, SAEM becomes slower as the parameter dimension increases. Comparing SAEM and PEM
is somewhat subtle, as their relative computation times depend on the response type and differ-
ent convergence criteria. However, preliminary simulations under the dimehsion®— "%°© =
145-15-5° indicate that PEM is slower than SAEM across all three responses types. Further-
more, PEM fails to operate under larger dimensions due to high memory requirements. These
observations support the conclusion that SAEM is desirable for scenarios involving large latent

dimensions.

3.11.4 Experiments With Varying Numbers of Gibbs Samples in Algorithm 2

Here, we conduct additional experiments to assess the effect of the number of Gibbs samples,

, on both estimation accuracy and computation time. These experiments follow the setup in
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Figure 3.10: Log computation time (in seconds) for the simulation results in Section 3.5 and
Section 3.11.3, under true parametBrg(top row) andBg (bottom row). The legends indicate
the value of '” and estimation algorithm.

Section 3.9.2, but we implement the SAEM algorithm (Algorithm 2) varying 1-5-25.

The simulation results in Table 3.8 indicate that smaller valuesrekult in faster computation
across all parametric families, with minimal loss in estimation accuracy. Here, the dependence of
computation time on arises at the M-step, where the maximization objective is a sudtof
functions. A larger complicates the objective function and makes the optimization slower. Based

on these ndings, we selected= 1 as a baseline for the SAEM procedure.

3.11.5 Simulations for Selecting the Number of Latent Variables

We rst evaluate the performance of the three estimators (denoted as EBIC, LRT, Spectral) for
selecting 'T°, as introduced in Section 3.10.3, assuming the knowledge of Since the EBIC
and LRT estimators require likelihood computation, we restrict the simulations to the con guration

1 '°_ 2?0 =118 620 For each candidate model with2 K rst-latent-layer variables, the
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AccuracyG) RMSE © time (s) # iterations

ParFam
# Gibbs \# 1000 4000 1000 4000 1000 4000 1000 4000
1 0.916 0.962 043 036 3.1 10.0 3.0 3.6
Bernoulli 5 0.920 0.961 043 0.38 5.3 41.4 2.6 3.2
25 0.923 0.962 043 0.37 26.0 1985 25 3.1
1 0.993 0.999 0.26 0.24 35 7.0 3.2 3.2
Poisson 5 0.999 1 0.24 024 6.5 25.4 3.3 3.2
25 0.998 1 0.24 024 34.7 1203 34 3.2
1 0.994 1 0.16 0.14 05 1.1 2.0 2.0
Normal 5 0.995 1 0.15 0.13 1.0 2.2 2.0 2.0
25 0.994 1 0.16 0.13 2.2 8.8 2.0 2.0

Table 3.8: Accuracy measures f& and , computation time and iterations for 2-layer DDE
estimates under varying number of Gibbs samplesor the rst column, larger is better. For the
other columns, smaller is better.

likelihood is computed using parameter estimates from the PEM algorithm. For the LRT estimator,
we have set the signi cance level to le= 0401 and used th¢ 2 limiting distribution for each
sequential test. Continuing from the simulation settings in Section 3.5, we consider two sets of
true parametersBg-Bg and three sets of observed-layer parametric families: Bernoulli, Poisson,
and Normal. In addition to the sample sizesn the previous sectiot = 6000is also considered
to better assess the large-sample accuracy. Here, we assume that the number of the top layer
latent variables "* = 2 is known, and select ‘'*° from the candidate sé¢€ = »2 "%— «20\
N = f4-56-7-8g The equality in2 "% "* is allowed to consider an equal number of
under tted/over tted models.

We t the three estimatorg00times for each scenario, and display the correct selection per-
centage for the Bernoulli, Poisson, and Normal-based DDEs with true pararBefBesin Fig-
ure 3.11/Figure 3.12. Comparing the three estimators, the spectral ratio-based estimator has near-
perfect accuracy whet is large enough, sa400Q This demonstrates the empirical consistency
of the spectral ratio estimator. In contrast, the consistency of the EBIC and LRT estimators is not

clear for Bernoulli and Poisson response3hus, we conclude that for a large enoughit is

1To be more precise, as we are using approximate ldweD«01 tests, the correct selection percentage of the LRT
estimator should converge to 0.99.
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Figure 3.11: Selection accuracy of'’ under the two-latent-layer DDE with true parametBgs
The spectral ratio estimator shows near-perfect accuracy for#arge

Figure 3.12: Simulation results for selecting®” under the 2-layer DDE with true paramet&g

desirable to select '° using the spectral ratio estimator. Among the three response types, the
Bernoulli case with its nonlinear link function and limited response values is the most challeng-
ing. In contrast, the Normal case with a linear observed layer and continuous responses achieves
near-perfect selection accuracy, which is consistent with earlier observations regarding parameter
estimation accuracy.

We also apply these three estimators to seleét, assuming that 'I° = 6 is correctly esti-
mated or known. The candidate set fof*’ is K := f1-2-3g. Figure 3.13/Figure 3.14 displays
the correct selection percentage under the true parantegBs. Here, we implement the LRT
estimator by naively assuming that Wilk's theorem holds. The overall trends are similar to those
observed in the previous gures for selecting’”. Under the sparse true parameBgy the spectral

ratio estimator performs well across all response types and the LRT estimator has the lowest, but
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Figure 3.13: Selection accuracy of?’ under two-latent-layer DDEs with true parametBgs

Figure 3.14: Simulation results for selecting® under the 2-layer DDE with true paramet&g

still decent accuracy. Interestingly, the EBIC estimator outperforms the spectral ratio estimator in
more challenging scenarios, such as Bernoulli responses with gn@llunder the Poisson re-
sponses with less sparse true paramedgrsUnlike the case for selecting'™’, it is not clear that
the spectral ratio estimator outperforms the EBIC estimator for selecfifig

Based on these experiments, we conclude that in the most general setting of a two-latent-layer
DDE where both " and '? are unknown, a two-step approach is effective. First, the spectral
ratio estimator can be used to sele¢t’. Then, 'Z can be determined using either the EBIC or

the spectral ratio estimator, incorporating domain knowledge if needed.

3.11.6 Simulations for Deeper Models with 3 Latent Layers

Estimation accuracy of graphical structures We display the postponed tables from the the

main text (Section 3.5) in Tables 3.9 and 3.10, which correspond to experiments for deeper models
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with Normal responses and = 34 latent layers.

Layer¥ 500 1000 2000 4000 8000 16000

G 1.00 1.00 1.00 1.00 1.00 1.00
G'? 0.89 0.89 090 093 094 0.98
G 0.87 0.89 088 0.89 090 0.91

runtime (s) 3 3 3 5 8 15

Table 3.9: Average entrywise-accuracy of estimating graphical matrices and runtime whé&n

Layer#¥ 500 1000 2000 4000 8000 16000

G 1.00 1.00 1.00 1.00 1.00 1.00
G'? 0.83 0.89 0.93 095 096 0.97
G¥ 0.72 0.74 075 0.77 0.78 0.80
G 0.64 065 0.70 0.70 0.71 0.73

runtime (s) 75 96 74 89 186 312

Table 3.10: Average entrywise-accuracy of estimating graphical matrices and runtime whén

Selecting the number of latent variables To assess our spectral-ratio estimator's performance,
we have conducted additional experiments for deeper models with3. Table 3.11 illustrates

the satisfactory performance of Algorithm 3 for all layers, where each entry reports the accuracy
across 400 replications. We have also evaluated the spectral-ratio estimator for more challenging
cases with 4 latent layers, where the accuracy degrades due to accumulation of uncertainty

and larger grid size.

Layer# 500 1000 2000 4000 8000 1600QK'%]

te 100 100 100 100 100 100 14
12 28 44 68 79 87 92 5
13 65 71 82 89 92 95 2

Table 3.11: Correct selection percentageKgrunder a true model with Normal responses and
=3-  ° =2 The last column reports the typical grid size for each'.
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3.12 Data Analysis Details and Additional Results

3.12.1 Preprocessing

MNIST Data. We work with the preprocessed version of the default training set, which consists
of 60-000images, each containing information on @8¢ pixel values. Initially, each pixel takes
integer values betwedhand255. As the data values are highly concentrated around values near
0 or larger than 200, we transform the data into binary responses by thresholding at a value of
128. In other words, pixels with values exceeding 128 are assigned a binary value of 1, while the
rest are set to 0. For the sake of easier presentation and computational ef ciency, we work on the
subset of the dataset whose true digit labels are equadite?-3, and also discard some pixels

with uniformly small values by selecting= 264 pixels whose average pixel values are larger than
40. After preprocessing, the training set consistg af 20-679unlabeled images. We identically

preprocess the test set, which leads to a tot#l ef 4-157images.

20 Newsgroups Data. The dataset provides a default partition of the train and test sets based on
chronological order, and we use this partition. The preprocessing of the training data was carried
out in three main steps. First, to reduce the signal-to-noise ratio and enhance interpretability, we
focus on a subset of labels. To elaborate, we consider the newsgroup articles that belong to the
large class of computer, recreation, and science (see the top-latent layer labels in Figure 3.15). A
manual inspection revealed that the newsgroup with Istietrypt has a wide range of topics

such as government and politics and was often cross-referenced to those newsgroups, so we did
not include these documents in our dataset. Second, documents of extreme lengths were Itered
out by removing the shorte526 and longesiL% of all documents. This procedure is standard in

the literature, and has been shown to increase the signal-to-noise ratio [134]. Third, we construct
our dictionary by excluding infrequent words (with less than 100 occurrences) and screening out
stop-words (such as the, he, in) and topic-irrelevant words (such as like, must, since) using the

R packagem. As the original dataset consists of email texts, we performed a manual screening
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to remove uninformative email-related vocabulary, such as edu, com, net, and cmu. Finally, we
conducted a secondary Itering of the short documents, as the removal of stop-words led to some
documents being uninformative. The resulting processed train dataset is ax&8s&53 count

matrix.

recreation computer science

‘motorcycle cars ‘sports-baseball ‘ ‘sports-hockey ‘ os-windows ‘windows ‘ ‘graphics‘ ‘hardware-ibm ‘\“ hardware-mac‘ ‘medicine‘ ‘space‘ ‘electronics ‘

Figure 3.15: Nested structure of the true held-out labels for the 20 newsgroups dataset.

To process the test dataset, we go through the same rst and second steps described above. We
continue using the dictionary constructed from the train set, with653 words. After ltering

out the short/long documents, the resulting data matrix consigtso8320documents.

TIMSS Assessment Data. We use the preprocessed dataset provided in [86]. Additionally, we
remove all rows of the data matrix with missing entries, which resulted in a tot#l ef 435
observations. While our estimation procedure can be modi ed to handle missing data (missing at
random) by modifying the likelihood function, we take this additional preprocessing step for the
sake of consistency with other parts of the chapter.

This dataset includes additional information regarding the latent strutiffe which is the
so-called&-matrix in the cognitive diagnostic modeling literature [135, 86]. The provisi@ial
matrix speci es " = 7 latent cognitive skills (Number, Algebra, Geometry, Data and Probability,
Knowing, Applying, and Reasoning) as well as the skills that are required to solve each item. That
is, 6;11 = 1if item 9requires latent skill to solve it. Hence, following the con rmatory latent
variable modeling convention in psychometrics, we estimate the DDE parameters byGxing

to this given structure.

3.12.2 Selecting the Number of Latent Variables

MNIST Data. We select '’ = 5 based on the spectral-gap estimator, as illustrated in the

left panel of Figure 3.16. Also, we set'? = 2 motivated by our identi ability requirement
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Figure 3.16: Based on the spectral estimator foF, (left) we select '° = 5 for MNIST, and
(right) ' = 8for 20 newsgroups. The peak, highlighted in red, correspond to the selected values.
We omit displaying the rst few eigenvalue ratios for better illustration.

2 'Y ' This choice is also supported by the fact that there are four true labels. Each latent

120

- ;200 2 f0-1¢? uniquely corresponds to each digit, as illustrated in the

con gurationA'® =1

center panel of Figure 3.6.

20 Newsgroups Data. We select ' = 8 based on the spectral-gap estimator, as illustrated

in the right panel of Figure 3.16. For'®, the EBIC values are quite similar for'? = 2-3

with values 0f1e3273 10° and13277 10, respectively. Also, the spectral-gap is similar for
both values '%° = 2-3. Hence, we select '® based on the interpretability of the inferred latent
structure. The estimated latent structure witlf’ = 3 is displayed in Figure 3.17. Compared to
Figure 3.7 in the main text, the “technology’ topic has split into two groups whose interpretation
is somewhat blurry. Notably, these two “technology' latent variables do not match the labels of
‘computer' and “science' provided by the dataset (see Figure 3.15). For instance, the "technology
2' variable has arrows to the ner topics of motorcycle, software, and space. Hence, we select

'2° = 2 based on this lack of semantic distinction.

TIMSS Assessment Data. This dataset includes additional information regarding the latent struc-
tureG'Y’, which is the so-calle&-matrix in the cognitive diagnostic modeling literature [135, 86].

The provisionalG™* matrix speci es ' = 7 latent cognitive skills (Number, Algebra, Geometry,
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recreation technology 1 technology 2

——)

motorcycle sports cars software location/names hardware graphics space

Figure 3.17: Graphical structure of the latent topics, where we t the 2-layer DDE with =
3- '" = 8. The width of the upper layer arrows is proportional to the corresponding coef cients
and the red arrow indicates negative values.

Data and Probability, Knowing, Applying, and Reasoning) as well as the skills that are required
to solve each item. That iﬁlgli = 1if item 9requires latent skill to solve it. Hence, follow-
ing the con rmatory latent variable modeling convention in psychometrics, we estimate the DDE
parameters by xingG'? to this given structure.

Additionally, the dataset comes with a rough classi cation of the seven latent skills iRt
2 categories: content skills and cognitive skills. However, we observed that ttidg= 2 results
in one of the proportion parameters exhibiting an unusually large val@g ©f0<96. This indicates
that ;20 = 1 for 96% of the students, and this skill is redundant. Hence, we have adjusted the
number of higher-order latent variables t&* = 1, which partitions the students into two groups

based on the value ofizo. The EBIC for the two cases were also comparable and justi ed this

choice.

3.12.3 Additional Visualization for the MNIST Dataset

Figure 3.18: Graphical model representation of the learned latent structure. The edge widths are
proportional to coef cients' absolute values. The edge colors (black/red) imply positive/negative
coef cients, respectively.

In Figure 3.18, we visualize the learned latent structure of the MNIST dataset. The corresponding
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Label True LCM 1-layer DDE Spectral init 2-layer DDE

Table 3.12: True ( rst column) and reconstructed (other columns) images under various estimators.
Here, each pixel takes values»;id-1%:where a darker shade indicates a larger value.

graphical matrixG'® was used to interpret the top layer latent variables in the main text. For
example, -2 is connected to all lower-layer variables, and we interpret this as an indicator for the
pixel densityof the image.

We additionally visualize examples of reconstructed images under various models in Table 3.12,
which have been used to compute the pixel-wise reconstruction accuracy in Table 3.4 in Sec-
tion 3.6. The reconstructions are based on the corresponding conditionalEm¥apA'l” for
each latent representatiéi®’, which is rearranged in the origina8 28grid. The visualization
illustrates that the reconstructions from the 2-layer DDE exhibit greater clarity compared to those

from alternative models.

3.12.4 Performance Evaluation for the 20 Newsgroups Dataset

Perplexity. Perplexity is a very popular measure to evaluate topic models and many other ma-

chine learning models. Following the original de nition from [113] that considers each word as an
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individual sample, we de ne

i e
8—98?@9 =

8-98-9

(3.45)

perplexitytY j A— ©:=exp

o i o 110 | . g . . .
Here, g & exp \/1919, N 1101/4\/191_: 81_ . isthe Poisson parameter for the conditional distribution
.g-9j Ag . The motivation for (3.45) is that under the Poisson likelihood for (3.4), the joint

distribution of?. g3—e**-5.° | Agfollows a Multinomial distribution

=~ I
O
) . _81
Multi .a_g +—— .
. 8—9 o 8-0

ool =5~

Ty 8-

This de nition is consistent with that used for Poisson factor analysis [136, 79] as well as LDA
[113].

To evaluate (3.45), we use the parameter estimatiesm our proposed method. As (3.45) also
requires the knowledge of each latent varia@;@)0 , latent variable estimates needs to be computed.
To compute train perplexity, we use the estimator (3.10) from the main text. For test perplexity, we
adopt the approach of [79], rst computing the posterior distributiom\éﬁ by using80% of the

words in each document, and evaluating perplexity based on the remad#tgords.

Implementations of existing topic modeling algorithms. We describe the implementation de-

tails of alternative topic modeling algorithms that were used for model comparison in Table 3.5.
LDA is implemented by the functiobDAIn the R packagdopicmodels  [137], using the vari-

ational EM algorithm. For DPFA, we have used the origilBATLABcodes that were publicly
available on the rst author's GitHub pag§79]. Based on the empirical ndings in [79], which
indicate that the DPFA-SBN model optimized using the SGNHT method performs the best among
their proposed methods, we chose this implementation. The method was run using the default tun-

ing parameters. Note while [79] also analyzed the 20 Newsgroups dataset (see Table 1 in the cited

2https://github.com/zhegan27/dpfa_icmI2015/tree/master
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