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1 Introduction

This paper is focused on saturation of parton densities [1] in the light cone wave function
of a hadron or nucleus. The discussion will primarily concern quark saturation as it most
easily shows up in electron scattering, however gluon saturation displays all the properties
we shall discuss as well as having a much higher occupancy. [2] (The analogs of 4.7 and 4.14
for gluon distributions would have an extra ﬁ on the right hand side of these equations.)
A main part of our focus is the comparison of how saturation appears in coherent nuclear
reactions versus inelastic reactions [3]. As we go along it should become apparent that parton
saturation and attaining the unitarity limits in high energy dipole hadron scattering are
dual versions of the same phenomenon. This is not new, however, the way in which we do
our calculations makes this duality manifest. The calculation of black disc scattering of the
dipole and the calculation of the high (¢q) density are identical.

Our target will be a McLerran-Venugopalan (MV) nucleus [4-8] on which we shall scatter
a highly virtual transverse photon. In section 2 we take the nucleus at rest with the virtual
photon having a large value of ¢, and where 2¢;/Q? is also large. In this section we use
A4+ = 0 light cone gauge the gauge most natural for this high energy scattering, however,
a gauge not well suited for extracting parton distributions. We review the calculations of
forward jet production in coherent y*-nucleus scattering, and how the single jet cross section

is nicely expressed in terms of quark-antiquark dipole scattering on the nucleus [2]. Then we



turn to inelastic electron scattering where we focus on the (well known) total inelastic cross
sections (DIS). In each of these cases, coherent and inelastic scattering, the cross sections are
written in a way where the unitarity limit of strong scattering is clearly visible. However,
although the cross sections for coherent and inelastic scattering are easily obtained, partonic
interpretations are not easy to see in these A, = 0 gauge calculations.

In section 3 we redo the calculations of section 2, but now using A_ = 0 gauge. We
begin by keeping the same frame of reference as in section 2 so that we imagine x as the
time variable but we use A_ = 0 gauge. This cannot be done in light cone perturbation
theory but is possible, if not straightforward, using Feynman graphs. This is an unusual
gauge for the high energy scattering of a quark-antiquark dipole, having large g, on a
target at rest. The benefit of doing the high energy scattering in this unusual way is that
the calculation, once done, can be converted easily to a light cone perturbation theory
calculation, now viewing the v* as a probe of the target having p_ large, and thus a partonic
interpretation becomes available [2, 9].

We begin section 3 with a momentum space calculation of a single coherent scattering of
the v* on the MV nucleus. Once this calculation is done we convert the result to a coordinate
space dipole target scattering in order to compare with our calculations of section 2. However,
the multiple scattering problem will only be possible in coordinate space so we then, in
section 3.2, redo the single scattering case but now completely in coordinate space. Once this
calculation is done the coherent multiple scattering situation is easily handled in section 3.3,
where we reproduce the results from section 2. But now that the calculation has been done
in A_ = 0 gauge the partonic interpretation is straightforward.

Next, in section 3.4 we do single, inelastic scattering and in section 3.5 inelastic reactions
with multiple scattering. These calculations agree with those of section 2 and are the final
technical calculations necessary for a partonic interpretation, the topic to which we next turn.

In section 4 we note that the A_ = 0 gauge scatterings that have just been done can be
viewed in terms of partonic evolution of the target nucleus and the scattering calculations
can be taken over to give the quark distribution of the target without further calculation.
More precisely the scattering graphs of figure 11 are identical to the partonic graphs of
figure 14. We then use the scattering calculations of section 2 to obtain the saturated quark,
and antiquark, distributions for elastic and inelastic reactions in (4.7) and (4.14).

In section 5 we discuss the phenomenon of saturation. The main new result is that
coherent elastic v*-nucleus scattering corresponds to the nucleus having zero total transverse
momentum ¢gg-pairs which, when the individual quark momenta are below the saturation
momentum, are arranged as a coherent state of such pairs. That is if one takes the light
cone wave function of the nucleus and eliminates a zero total transverse momentum ¢q pair
from the wave function one does not change the wave function, which in more physical terms
is the same as saying that a v* scattering on the nuclear wave function can produce a zero
transverse momentum pair and leave the rest of the wave function still in its ground state.
Thus the duality between reaching the unitarity limit in coherent elastic scattering is to have
the nuclear wave function, in the saturation region, be a coherent state of gg-pairs.

Finally we note that in the saturation regime one-half the quarks, and gluons, are in
a coherent state and correspond to coherent reactions. Thus for example if one produces



Figure 1. Illustration of a coherent (elastic) v*-nucleus scattering in A = 0 light cone gauge.

a p-pair in a nucleus-nucleus collision, with the transverse momentum of the pair in the
saturation region, and the mass not so large as to make Sudakov corrections large, then the
rate for the production of such p-pairs is four times as large as that predicted by the quark
distributions coming only from inelastic electron-nucleus scattering.

2 Projectile picture of coherent and inelastic scattering in A, = 0 gauge

2.1 Coherent scattering

In this section coherent virtual photon-nucleus scattering will be reviewed where the scattering
is done in a frame where the nucleus is at rest, P, = (%, %, Q) = (P4, P_, P), and where

—%, Q). Also in this section we use Ay =0
gauge, natural for the picture of elastic dipole-nucleus scattering which controls the process

the virtual photon has momentum ¢, = (q+,

illustrated in figure 1. In our McLerran-Venugopalan (MV) model of the nucleus the (gq)
dipole scatters elastically on nucleons, having a number density p in the nucleus, in a two
gluon exchange approximation, where the antiquark is at transverse coordinate z and the
longitudinal momentum (1 — z)g; while the quark is at transverse coordinate 0 and has
zq+ longitudinal momentum. The scattering of the (¢g) dipole with a single nucleon of
the target is given by the

T(x,)= me(m’,xL)xl (2.1)

with G the nuclon gluon distribution at a scale 9%2’ where (2.1) corresponds to a quark

1
saturation momentum (g given as

,  4An?aCp
2= —r
N -1

Q pLzG (2.2)

with G in (2.2) evaluated at 22 = é%. L is the length of the nucleus at the impact
S
parameter in question while p is the nuclear density.
Then the coherent scattering (elastic dipole-nucleus scattering) illustrated in figure 1 [3]

and with Q% = Q%z(1 — 2) is

_do} — Q0o Nee2 |22 + (1 = 2)2] 4 2.3
Bpd2pd,  Cemiees [Z +(1-2) } (2.3)
oy [ A2 d?2 . z-x -
A=Q? / Weg(, ) Ky (Qxl> x1; K; (Qxl)T(xJ_)T(x/J_) (2.4)
L
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Figure 2. Illustration of an inelastic y*-nucleus scattering in A, = 0 light cone gauge.

where the elastic dipole-nucleus scattering amplitude is
T(ha,)=1—e @1/ =1-5(b,z,). (2.5)

The exponentiation in (2.5) is manifest in either a covariant gauge or in an A, = 0 gauge
where the scattering of the dipole off the nucleons is sequential.

2.2 Inelastic scattering

An inelastic scattering event is shown in figure 2. Now the dipole has only elastic scatterings,
in both the amplitude and complex conjugate amplitude, up to a distance [ in the nucleus
at which point it has an inelastic reaction with a nucleon of the nucleus. After the inelastic
scattering with a nucleon the total inelastic cross section does not depend on interactions Whic2h

Ok

happen at distances between [ and L so they are ignored in this discussion. Calling § = %,

doin 2~ [P, 2 2(A L —21Gz? 42‘3x2¢

o = 20em NeerQ /m[z +(1—-2) ]dz Kj (Qau_)/o dl e~ 2a=1/ 3 (2.6)
where the exponential factor in (2.6) represents the probability of not having an inelastic
reaction, in the amplitude and complex conjugate amplitude, up to a distance [ in the
nucleus while 2(}752L /4dl represents the probability of having an inelastic reaction in the
interval dl. One finds [3]

doip
d2b

= 206, Nee2Q? / ‘ﬁ 22+ (1= 2% K} (Qzu) [1 - S*(b,w )] dz . (27)

Equations (2.4) and (2.7) are well-known. In the region Q%23 /4 > 1, 04, = 0, and one
says that the scattering is in the (quark) saturation regime which, from the projectile point
of view, simply means that the unitary limits for elastic and inelastic scattering have been
reached. It is widely believed that when scattering occurs in the unitarity regime it should
correspond, from the target point of view, to a maximum value of quark (and antiquark)
occupations of the nuclear wave function and that this should be manifest in an A_ = 0
gauge calculation. We now turn to exactly this issue.



q r ey
_ g
P % &—5
p
P P-4
Figure 3. A dipole nucleon elastic scattering in A_ = 0 light cone gauge.
/B A (X
—>

l

Figure 4. The gluon propagator, Gga(1).

3 Projectile evolution in A_ = 0 gauge

3.1 Coherent single scattering; first version

The picture in figure 1 no longer applies when one calculates o.; in A_ = 0 gauge because the
sequential nature of the multiple scatterings is not manifest in this gauge. By working through
a lowest order example one can see how to proceed in this gauge. It is convenient at the
beginning to consider just the amplitude and to do the evaluation completely in momentum
space. Of the various momenta we choose P and ¢ as in section 2 and label p and ¢ as

Q2
Pu™ |\ P+,—5 P 3.1
u <+ L (3.1)
Q* P
Oy =0, 5—+-—,0], 3.2
! ( 2q+  2py (3:2)

2 2
and we suppose %, ;;—2 < 1 valid in the logarithmic regions of integration for p; and ;.

Lines ¢ — p and p + § are on-shell. The process and kinematics are shown in figure 3.
We focus first on the [_-integration with the A_ = 0 gluon propagator shown in figure 4

given as

—1 nﬁla nalﬁ
)= 55— — — .
Gpall) [P K Py B (3:3)
when n-v = v_ for any vector v,,. Choices of ie different than that of (3.3) can be taken but
are more delicate and do not lead so quickly to the desired form of the final result.
Denominators involving I come from the [,l — ¢ and (p + [) propagators with {_ and
(I — ¢)— from the [ and (I — 0) propagators. The [_-factors are then

1

(- —ie)[(l — ) +i¢)? (3.4)
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Figure 5. Using the relation (3.5) in figure 3 leads to the result A—B with A and B illustrated with
the relevant kinematics.

where 0_ = % + % is fixed by (p + )% = 0. Thus one may do the [_-integration by
distorting the [_-integration over the pole at [_ = ie. (Only the ﬁ and not the ﬁ
from (3.3) contributes because the 7, from (3.3) gives a very small result when used in the
graph shown in figure 3. Also the [-line only couples to the p-line and not the (¢ — p)-line
in that figure if we take the logarithmic p, integration to correspond to z small and (1 — z2)
near 1. There of course is an equivalent region where (1 — z) is small and z large where
[ hooks onto the (¢ — p)-line.) Once the contour integration is done to get [ = 0, and
noticing that [ ~ 0, one sees that for the dominant 75l term of (3.3), when used in figure 3,
I% ~ I, and the [, can be used to generate Ward identities for the graph in figure 3. That
is, referring to figure 3, one writes

‘ i i i i

D D v 39

so that figure 3 gets replaced by figure 5 where the dashed line is that figure carries color
and transverse momentum but has a scalar Lorentz structure. Graph B in figure 5 cannot
have an l2L in the numerator, necessary to get the gluon distribution of the nucleon, P, so
we drop this graph and only keep graph A.

Now include the complex conjugate amplitude for single scattering as illustrated in
figure 6. Let’s evaluate the figure 6(b) version of this graph, which emerge after using the
Ward identities. The trace factor then is

tr =try-el v (p+1) vl v (p+0) ylyv(p+1) ve, v (g —p). (3.6)
Using v-€} 7€, = —1 and v-(¢ — p) ~ 7-g4 one finds

tr = tryy + try + trpy 4 trg (37)
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Figure 6. Graph A shows the term being evaluated which becomes graph B after using the Ward
identities.
with

tryy = 4q4 1% (p + 0)— (3.8)
try = 4g: LpL'[p— + (p+ )] (3.9)
try = 4g+1pllp— + (p + )] (3.10)
tro = gy |11 (202 ps — (p+6)-p*) + 4p_pd pl| 3.11)

Next evaluate the denominators o
One finds

+l)2 and o H,)Q in the graph shown in figure 6(b).

1 1 wl V(o Wl
(p+D2(p+1)2 (}22 N Q2)2 <1 - e Q2> (1 o Q2> : (3.12)

In multiplying (3.12) times the trace given in (3.7)—(3.11) one keeps quadratic terms in [
and !'. In addition there are factors of 6% from the light cone denominators of the (I — 9)

1 o~ 1
2(q—k)+2p+ — 4dqip+
(¢ — p) and (p + §)-lines. Averaging over the angles of [ and [ one gets

for the external state factors of the

and (I' — ) lines as well as a factor

(3.13)



Before trying to compare (3.13) to (2.4) one must first write (3.13) in a coordinate space
expression which is easy to do starting with

p
[132 + QQ] 167rQ

Taking the square of (3.14) gives

/d rzx | Ky (QZL'L) —ipz (3.14)

Prp*|Q? 1 ~, [d2zd2 a!
A= = |: :| s = 7@2/ T 4:6 6—zp(gj z’ KI(QJ?J_) : Kl(Qx ) 2£/2l2y2'
2 [pz n Qz} 16 (2m) TLT,
(3.15)
Now introduce the factors F(I;) and F(I',) giving the /| -dependence of the target nucleons
according to

47raC’Fp

N1 ——LaG = Q% (3.16)

/d2lF 1)1 =

so that including F(I,)F(I)) in A and taking d?ld?/’ gives

4=0 [ G (0 22

Kl(cle) (z)T()  (317)
where

Q2%
4

in this single scattering approximation. Thus without integrating A over d?p but including

T(z,) = (3.18)

the 2aemN(;efc factor gives, when z is small,

dar}*
dzd2bd2p

da dzx/e_iﬂ'(“_x VK, (Qﬂu)

W J_:EJ_ Kl (Qll) (xJ_)T(xl)

(3.19)

= 2aemN(je?cQ2 /

agreeing with (2.14) and (2.17) of [3] and also with (2.3) and (2.4) above.

In order to do multiple scattering it is helpful to redo the single scattering case but
in a manner where the coordinate space description appears at an earlier stage, and it is
to that calculation that we now turn.

3.2 Coherent single scattering; second version

We start again with the graph of figure 6(b) and write it, including the factors F'(I,) and

F('), as

- [ane PUDFE) wfr (@ +0) 119+ (0 —p) (0= 1) 11 (3.20)
T 82 2 _ 2 _ .
o [(p+l) +Q2} {(p%—l’) +Q2]2q+2p+53
where the trace in (3.20) is the same as in (3.6). Now write
1 — d € '(}H-l T
—2—/ o ) Ko(Qll) (3.21)

(p+1) +@Q



so that, making sure that the ¢y factor in the trace survives,

1
- 128miq py o2

[repe =2 (p 4 0)] 20} (Qa ) Ko (Qal ) FUL)F(Ey )2t (3.2

[ o {4+ 0) 21 [yep- — 2 (p+ 1) J1-as

The ~- (Q+l> and - (QJrL') terms in the trace can be written as —iy-V, and iy-Vy,
respectively, so that after integrating the V, and V. by parts one gets

421 a20' 42z a2 , _ , _
A= / 12870p, 57 F)F)tr{y(p+9) vl {WP—KO <Q$L> — 17"V Ko (Qiﬂ)}

- [rep-Ko(@el ) + iV Ko (@l )] pL etttz (323)

l12

In order to get I? and I'? factors to go along with F(l;) and F(l')), and thus giving

gluon distributions we let
et = gl-x, e~ —il-a’ (3.24)

and using (3.16) one finds

2 1 ip-(z—z’
= <Q%> /dQQ:de e (@—z) tr {v-(p + 9) bl ’}/+p_KO(Q$J_) +i.fCJ_QK1(QfI;J_):|

4 32mp, 62
Y- [%p— vl'Kq (Qxl) —iz', QK, (Qﬁvl)}}' (3.25)

Call the first term in the first [-] in (3.25), (y-1 v4p-Ko (QI'L)), term a, the second term in
the first [] b, the first term in the second [-] @/, and the second term in the second [] &, then

troga = 8p+p2,g@'K0 (QmL)KO (Qxﬁ_) (326)
trpy = 4(p + 5),Z‘L$1Q2K1 (Qll)Kl (Q:L‘l) (3.27)
trogy = 2ip~xa:ﬁ_c}2(§2Ko (QmL)Kl (Qxl) (3.28)
trpy = —21’9-&/,%1_ qc_f2 K (QxL)KO (Qxl) . (3.29)

In order to evaluate the aa’ term, Ay, in (3.25) use

/d2;p PR, (Qxl)g /dQQL'/&/e*iE@'KO (le) = [167722_292]4. (3.30)
p°+
For the bb' term use
5 2Q 0 [d’p e % 2Q 0 [d%p e B2
K (Qu> T 1,002 27]-) [szer} T 1002 2:{})2: Q—Qr (3.31)
to get
d*z ey K (Q 24/ e g 5o ) = _16mQ%
/ 1 K4 J:L)/dme xLKl<Q$L)—[2+Q2}4 (3.32)
p



and similarly for the ab’ term and the ba’ term. Each of these terms gives exactly the same
contribution to A so that

@\ 2@
() By o

which agrees with (3.13) after inserting F'(1, )F (I',) into the right hand side of (3.13), doing
the d?1d?l’ integrations in (3.13) and using (3.16).

The reason for going through this exercise of rederiving the single scattering form (3.13)
is that multiple scattering will naturally include exactly the same tr factor as in (3.23) and
this will allow us to write the final answer for multiple coherent scattering exactly as for
the single scattering given in (3.19).

3.3 Coherent multiple scattering

In this section we study two coherent scatterings in the amplitude in detail. After this
calculation is completed it will become apparent how to do the multiple coherent scattering
case with little further work. Consider the three graphs in figure 7. We are going to show
that these three graphs can be reduced to the single graph shown in figure 8.

We begin our evaluation of the graphs in figure 7 by doing the dls_ integration. In each

1
lo_ —1€

of the graphs in figure 7 the only singularity in the upper half l5_-plane comes from the

light cone gauge singularity (corresponding to the lZf li‘;e

term in the G, (l2) propagator).
Rearranging the propagators of the fermion line using the l5-y term in the numerator, as
in (3.5), one finds the result shown in figure 9. (For simplicity the three gluon coupling
terms in the Ward identities are not shown explicitly.) The graph of figure 9(b) does not

2
% term necessary to get the gluon distribution of the nucleon so we ignore this
2

graph and only keep the graph of figure 9(a).

have a

Next consider the dl;_ integration of the graph in figure 9(a). Again the only singularity
in the upper half /;_-plane comes from light cone gauge singularity. Again applying the Ward
identities coming from the l;-y vertex the graph of figure 9(a) becomes that of figure 10.

Again only the graph of figure 10(a) gives an important term. Finally doing the integral
1
01_ —1€’

Ward identity one ends up with the graph shown in figure 8. The dashed lines in figure 8

over the singularity from the (I; — §)-line, in the dd;_ integration and applying the
carry only transverse momentum and color charge while the attachments of the dashed lines
to the p-line carry no vector indices.

It should now be clear that for an arbitrary scattering the general coherent scattering
graph has the form shown in figure 11 where there are N + 1 scatterings in the amplitude
and M + 1 in the complex conjugate amplitude.

Comparing the graphs in figure 11 with that of figure 6(b) one sees that the fermion
loop is identical in the two cases if one makes the replacement

l—>ll+l2—|—...—|—lN+1

3.34
U=+ 4.+ Uy (3.34)

,10,
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Figure 7. An illustration of two dipole scatterings with nucleons in the nucleus. A, B and C show
the three types of scatterings.
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Figure 8. The result of using the Ward identities in the graphs of figure 7.
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Figure 9. An intermediate step in going from the graphs of figure 7 to that of figure 8.
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Figure 10. Further steps in using the Ward identities to go from the graphs of figure 7 to that of
figure 8.

Thus we can get the case of an arbitrary number of scatterings from (3.23) simply by calling
INt1 =1, I}, = U and inserting factors F(I;) and F(I}) as well as integrating over d?[; d2l9
and making the replacement (3.34) in the exponentials. Thus

oo 27/ 27/
— Z / d ll d lN Z d ll PN d ZM eiz.(ll_i_m_i_LN)_Z-El.(lll_,’_m_,’_é/]\/[) (335)
1287T q_|_p+6_ N=0 N+ 1 (M+ 1)'

F(ly)...F(ly)F(L,) ... F(ly) /d2ld2l’ A%z % F()F(U)ei (et z=iletl) 2 qr 1y

where the tr{...} in (3.35) is identical to that in (3.23). The trace in (3.35) has [ and !’
exactly as in (3.23) but [; and l;- do not appear.

,13,
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and in the complex conjugate amplitude.

In order to get the gluon distribution of the nucleon we set

zlx lQ 2

1
— —f(l N i

. ) (3.36)
ebe —5@3@’) e —Zlfg’z.

Then the sums over M and N can be done, and using (3.16) one can write A in (3.35) as

1 (eiQ?@wi/z’L — 1) (eiQ%xf/zl — 1)
= i 5 / 2 e d?z d%a’
1287qp4 62 Q%z? /4 T/4
: / A2 Q2 F)F)et et z=iletl) e yr 1y (3.37)

Eq. (3.37) differs from (3.23) only in the factor

(e—Q%wiM - 1) (e—Qéx’fﬂl — 1)

Q%1 /4 Q5a'?/4

(3.38)

so that our final answer for A can be obtained simply by inserting (3.38) into (3.17) and
using the fact that the T'(x) in (3.17) is given by (3.18). Now calling

T(z))=1-e @1/ (3.39)

for the multiple scattering case we get

—y [ d2zxd?2’ ip(z—2')

K1 (@2 )T ()T (x)) (3.40)

exactly the same structure as (3.17) but where now 7" is given by (3.39) rather than (3.18).

Finally we note agreement between (2.4) and (3.40). It was easy to get (2.4) and rather
difficult to obtain (3.40). However, the partonic picture, including saturation, is hidden in
the derivation giving (2.4) while we shall shortly see that the derivation of (3.40) makes the
partonic picture and partonic saturation manifest.

— 14 —



Figure 12. An illustration of a single inelastic scattering.

3.4 Inelastic single scattering

The lowest order inelastic reaction is shown in figure 12. As usual we take z small, to be
in the logarithmic region of p,, and in A_ = 0 gauge the target only couples to the p-line
and not to the (¢ — p)-line. We begin with the trace

tr = tr{v-p ylym+D)ylypye v(a—p) 1@2} : (3.41)
As usual 7-(¢ — p) ~ v-¢q+ and Y€y V- V€, = Y- SO
tr=qy tr{’v-p ylyP+1)ylyp ’Y—} : (3.42)

In the end we shall average over the directions of [ so

YLy(p+1) vl = Plyr(p+1)- +v-py] (3.43)
and
tr =g P[(p+ 1) tr{yp v4yp v-} + py tr{yp -y 7}
2
Thus, using (p +1); = 2’*;? and p_ ~ —%, one finds
241 [1 N2 (5 2}
tr~ ——|(p°) +(Q . 3.44
o |) (@) (3.44)
Also
dp_d[(¢—p)?] = L
2q4
1
di_6|(p+1?| = —
o+ 7] =5 -
so that
P =-[p*+Q? (3.45)
and also
1 _
I =—p*+@Q%. 4
3 [P+ Q) (3.46)
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Then

11 ()" + (@)
2p.2q4 12 [p2]? = QZQM; (3.47)

and using

e @) e 2
=7 A7 o 8Q? /d%l A2ag e (@-2) ) (:L‘uQ) K (iUuQ> (&) , (3.48)

[Bz + er T11T21
or
/d2 <Q2> @ /d2x K? (mLQ)g2 , (3.49)
P2+ QQ} 2
and including a factor F'(I1) for the target nucleons, as well as using (3.16), one gets
diong — 20 Noe32Q? & xKl (Qx )Q%fi (3.50)

where we have taken the limit z < 1. Eqs. (3.50) and (2.6) are consistent if one drops the
exponential in the last factor of (2.6) and identifies fOL dl§ = 4L = Q2.

In our discussion of coherent reactions the transverse momentum of the forward jets has
been fixed while in the inelastic case the jet transverse momentum has been integrated. In
the coherent case there are no final state interactions so fixing the transverse momentum
causes no essential complications. However, in the inelastic case the transverse momentum
can be significantly modified by the final state interactions so that knowledge of the jet
transverse momentum does not directly tell whether or not the inelastic scattering happened

in the saturation regime.

3.5 Inelastic reaction with multiple scattering

In (2.6) the e~2dl21 /4 factor represents elastic dipole-nuclear scattering, in the amplitude
and complex conjugate amplitude, up to a distance [ in the nucleus. The derivation of (2.6)
in Ay = 0 is straightforward. The object here is to reach a formula equivalent to (2.6) in
A_ =0 gauge. We begin with the graph of figure 12 which we have just considered. Consider
four classes of additional interactions, with another nucleon of the nucleus in addition to the
one shown in figure 12. The two interactions of the p-line in figure 12 with the additional
nucleon can be: (i) Completely between the [ and —[ lines of figure 12. (ii) Before the [-line
in the amplitude and between the [ and —I[ lines in either the amplitude or complex conjugate
amplitude. (iii) To the left of [ in the amplitude and to the right of —[ in the complex
conjugate amplitude in figure 12. (iv) Either completely to the left of the line [ or completely
to the right of line (=) in figure 12. The interactions of the additional nucleon with the p
line cancels in (i) and (ii) by adding the interactions between [ and —I in the amplitude and
complex conjugate amplitude. In (iii) the cancellation occurs by considering the additional
interaction as the basic inelastic interaction and then adding the contribution of the [-lines
as shown in figure 12 to that where the I-line is moved to the right of the cut. Thus we are
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Figure 13. The general graph contributing to the inelastic cross section.

left only with additional interactions of type (iv), that is with additional elastic interactions
in the amplitude and complex conjugate amplitude.

In Ay =0 gauge we could order the interactions sequentially as the (strongly Lorentz-
contracted) dipole passed through the nucleus at rest. In A_ = 0 gauge the interactions
are not local in x4 because of the l— terms in the propagator, and with our choice of
the ie interactions of a nucleon with the dipole (¢ — p,p) may occur long before the dipole
has reached that nucleon [7-9]. Thus we need another labelling for the nucleons distinct
from the [ in the exponent in (2.6).

Suppose, as the dipole passes through the nucleus it has the opportunity to interact
with N nucleons of the nucleus. Label these nucleons 1,2,... N where the labelling is not
necessarily related to the position that the nucleon occupies along the trajectory of the dipole
(¢ — p,p) as it passes through the nucleus. Then from the discussion we have just gone
through we take only one of the nucleons to have an inelastic reaction. Call that nucleon <.
Then if we allow nucleons 1,2,...7 — 1 either to interact elastically or not to interact at all
we will have considered all possible interactions necessary to get the inelastic cross section
by taking these interactions of nucleons 1,2, ...7¢ — 1, along with the inelastic interaction of
nucleon ¢, and summing over ¢ from ¢ = 1 to ¢ = N. Thus we arrive at

dO’in

dzd?b

_ 1z 2 i—1 ]. L
2aemNCefQ2 1 (QCCJ_) Z € qu L) 26]332N (351>

Calling %L =l and dl = % we get (2.6). The fact that the elastic interactions in the

amplitude and complex amplitude arrange each to give a factor e_iq(%L) comes from
evaluating these elastic interactions using the Ward identities, exactly as discussed in great
detail in section 3.2 and section 3.3 above. Now the picture of the inelastic scattering
evaluation in terms of graphs is given in figure 13 where the i*" nucleon scatters inelastically,
as in (3.51), and nucleons 1... (i — 1) may scatter elastically, in the amplitude or complex
conjugate amplitude, also as in (3.51).

4 Target evolution in the A_ = 0 gauge

We now choose a frame where the target nucleus momentum (per nucleon) P, is large

2
P, = <2”;_ P_,O>, % <1 (4.1)
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Figure 14. The same graph as shown in figure 11 but now viewed as evolution of the target.

while components of g, are, say, on the order of (),

2
Qu = <q+, —2662”70) . (4.2)

This is a natural frame to view a partonic picture of the scattering and the A_ = 0 gauge
is the gauge choice that makes the partonic picture of the target manifest. The momenta
given in (4.1) and (4.2) are related to the momenta considered in the earlier sections of
this note by a simple Lorentz boost along the x_-axis and since the A_ = 0 gauge is boost
invariant the calculations necessary for our discussion have already been done in section 3.
The main change is that we now take x_ to be the time variable while previously we had
been considering x4 to be the time variable. In the Feynman diagram calculations we have
been doing this makes no difference. However, our A_ = 0 calculations, viewed now with
x_ as a time variable, should agree with light cone perturbation theory calculations, with
A_ =0 and z_ the time variable, where the parton picture is manifest.

Thus figure 11, drawn with z increasing from left to right in the amplitude, will now
change to figure 14 where we have changed p — —p in going from figure 11 to figure 14
to have p_ > 0 in figure 14. Now the process, in the amplitude, appears as if a nucleon,
N + 1, creates a quark-antiquark pair having p_ and (0_ — p_), and transverse momenta
p and —p, respectively. At its creation the quark also is given the transverse momentum
—l; — I, — ... — [y by the other N nucleons which interact. The quark then propagates in x_
until the N nucleons give the quark [ + 15+ ...+ [y bringing it back to p at which point it is
struck by the v* with (3.39) and (3.40) giving the precise formulas for the process as before.

Recalling that the photon scattering cross section and Fj are related by
v 472 Ao,

o == P (ac QQ) (4.3)
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and using (2.3) and (2.4) one gets

dF2f+f 1/2 2 2 IC?2Q2]\[O62 ip-(z—z'
d2bd?p _/0 dz/d SRR T B Kl(Q“)

K (@) T (@ )T()
(4.4)
where we have included an extra factor of 2 in (4.4) to account for measuring both quarks

rlT

and antiquarks while (2.3) refers only to a quark measurement. Take p; < Qg in (4.4)
so that T'(z ), T(2/,) are close to 1. Then writing K; (QZ'L)% = —%VQK()(QSL'L), and

similarly for Kj (QZL"L), one can integrate V, and V, by parts after which the d?z and

d?z’ integrals can be done. One gets

dFf*f _ Neej

d2bd2p 4 (4.5)
Also
5 (:U,Q2> = Zefc (fo (:U,Q2) + xqy (x,Qz)) (4.6)
f
o (4.5) gives the TMD
dedd2p (fo (:E, Q2> +zqy (xa Q2)>elastic = % . (4.7)

It should be emphasized that (4.7) corresponds to the quark and antiquark phase space
distributions for coherent reactions. One can do a similar calculation for inelastic reactions,
illustrated in figure 15. In the formalism we have used only one inelastic interaction with a
nucleon is included. This is sufficient to generate the inelastic cross section, or Fﬁ”el, but
not to give the distribution of the final jets in transverse momentum. However, it should
be sufficient to generate the momentum distribution of the struck quark in the light cone
wave function and it is to that calculation that we now turn.

We start with (2.6), which is the same as (3.51). Change the K3 (QIEJ_) in (2.6) to Ky by

_ 1 _ _
K (Qur) = g5 VeKo(Qr) - VaKo(@rL) (48)
and write
~ d?p ez
Ko (QwL) = P21 0P (4.9)
to get (2.6) in the form
doin 2z [ d2pd2y oi(p=p )z
ST e N2 Q? / 2dz [ 2 [ SEED P (4.10)
d=b 47 4m2(Q)? (p +Q2> (p/2+Q2>

It will be explained shortly why the exponential in (2.6) has been dropped. The integral over
z has been restricted to 0 < z < % and a factor 2 inserted to cover the region % <z <l
The d?z integration now can be done trivially giving

do?” 1/2 2
Tin_ _ aemNCe? dz v (4.11)

d2vdzp 2 0 (BQ N Q22)2
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Figure 15. An illustration of the inelastic cross section.

or
* 2
dO‘;yn _ aemNCef (4 12)
2bd2p 22 ‘
Using (4.3)
+f 2
dFyt_ Nocy (4.13)
d2bd2p 4t ’
or d
— \inelastic NC’

exactly the same is (4.7). Eq. (4.7) refers to the distribution of quarks in the wave function
which are part of a zero total momentum and zero color charge quark-antiquark pair in the
light cone wave function while (4.14) refers to quark, and antiquarks, which are not part of
such zero momentum and zero charge pairs. Now back to why the final term in (2.6) was
dropped in (4.10). We are looking at a region where ]22 < Q% in (4.10) and that means that
x, in (4.10), and in (2.6) is large. The di integral in (2.6) is then only evaluated at the lower
limit, at [ = 0, causing the whole integral in the last term in (2.6) to be unity.

Finally we note that if (4.7) and (4.14) are added to give the full quark, and antiquark,
distributions in the nucleus the result is the same as (29) of [2] where there was no separation

made between elastic and inelastic events.

5 The phenomenon of saturation

In this section an attempt will be made to interpret the results and picture of the previous
sections. How to go beyond our MV model is a topic which will also be discussed.
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5.1 Coherent states

In our earlier discussion we have often talked about coherent scattering where the nucleus
remains in its ground state after the scattering but (at least) two jets are produced along
the v* direction. Refer now to the coherent scattering process in figure 14 as viewed in a
Bjorken-type frame. The nucleons i =1 to i = N + 1 are part of a large nucleus which does
not break up after the scattering. Viewed in terms of the light cone wave function of the
nucleus the quark-antiquark pair of figure 14 is part of the nuclear wave function just before
the v* strikes the quark. The ~* frees the quark-antiquark pair but does not break up the
nucleus. This can occur because the quark-antiquark pair, just before the scattering, is in a
color singlet state with total transverse momentum almost zero. One might have guessed
that such zero color, zero transverse momentum pairs would be rare but our calculation of
their probability shows that this is not the case. Indeed, comparing (4.7) and (4.14) one sees
that one-half of all quarks, having transverse momentum less than the saturation momentum
are part of such zero color, zero transverse momentum pairs. Thus at small z and for quark
transverse momentum less than the saturation momentum there are many quark-antiquark
pairs having zero total color and transverse momentum in the nuclear wave function which
are so coherently arranged that if a photon frees one of these pairs the coherence of the
overall nuclear wave function is not broken and the nucleus does not break up.

Recall a simple example of a coherent state. If @ and af are an annihilation and a
creation operator, respectively, then

) =" 10) (5.1)

is a coherent state, that is
al|lS)y=A\|S) . (5.2)
For our purposes it is better to write (5.2) in terms of the number operator N = a'a, then
N|S) = \a'|S) . (5.3)

Eq. (5.3) is exactly what is happening in our y*-nucleus process. The ~v* is like a number
operator acting on the nucleus which frees a (¢q) pair, the a' in (5.3), while leaving the
nucleus, the state |S) in (5.3), unchanged. It would appear that a dipole scattering in the
black disc limit is dual to the nucleus having a coherent state of zero momentum dipoles
as part of its wave function.

5.2 Recombinations

For many years the question has arisen as to whether parton saturation comes about because
of partonic recombination when the parton densities become large [10]. Our calculations do
not give a definitive answer to that question but suggest strongly that recombination is a
key element in saturation. Let’s see how the above calculations have touched on this issue
and what additional calculations would have to be done to give a definitive answer as to the
importance of recombination. Refer back to section 3.3 where the graphs in figure 7 were
considered. We evaluated the double scattering graphs in figure 7 by applying the Ward
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Figure 16. The same graph as shown in figure 7(b) but now viewed in terms of target time rather
than projectile time.

identities and reducing these graphs to the graph in figure 8. Let’s focus on the graph of
figure 7(b) which is redrawn in figure 16 with x_ being the time variable rather than having
x4 the time variable as in the graph of figure 7(b), and we have let p — —p as always when
going to the target evolution picture. Earlier when evaluating the graph of figure 16 (or
figure 7(b)) we used the Ward identities to reduce that graph to that of figure 8. Note that
in figure 8 there is only one quark propagator, p — l; — l2 in the target frame notation, while
the graph in figure 16 has four quark lines p — 61 — l2, p — I1 — l2, p — l1 and p. If the minus
component of any of these momenta is negative then the line becomes backward moving.
This is illustrated in figure 17 where the lines are now to be understood as lines in light
cone perturbation theory and where the arrows on the lines follow the flow of the minus
component of the momentum with the minus component, as written on each of the quark
lines being positive. The graphs in figure 16 and figure 17 are equivalent. Figure 16 is a
picture of a Feynman graph while figure 17 is of a light cone perturbation theory graph. In
addition to the graph shown in figure 17 other graphs in light cone perturbation theory must
be included to agree with the Feynman graph of figure 16. In figure 17 at the vertex having
a gluon (I3 — 61) a quark and an antiquark annihilate. This is a recombination graph. In
figure 17 nucleon 2 emits two separate pairs giving 2 quarks and 2 antiquarks. However,
a quark and an antiquark annihilate into a gluon attached to nucleon 1 thus lowering the

quark and antiquark number to a single quark-antiquark pair.

Because the minus component of the gluons in figure 8 is zero, after having done contour
distortions and used Ward identities on graphs such as that in figure 16 we are unable to
determine how important the annihilation graphs, as in figure 17, are. On the other hand
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Figure 17. The same graph as in figure 16 but now viewed as light cone perturbation theory graphs
as opposed to Feynman graphs.

since the minus component of the momenta on the quark and antiquark lines in figure 16
and figure 17 is small compare to that which can be given up or absorbed by the nucleons
bound in a large nucleus, it is natural that light cone perturbation theory graphs, like that of
figure 17 should have multiple virtual creation and annihilation of pairs in each event. To
have a good understanding of the role of recombination in saturation would require a direct
evaluation of the light cone perturbation theory graphs from which the graphs of figure 14
come about. This appears far beyond our current technical capabilities.

5.3 Beyond the McLerran-Venugopalan model

The great virtue of the MV model is that we may imagine many nucleons, each well separated
from the other along the z-direction (the projectile direction of motion) so that the scattering
of one nucleon may be weak but, if we take a sufficient number of nucleons, the scattering of
the projectile with all the nucleons at a given impact parameter is strong. The calculations
outlined in section 2, in the A, = 0 gauge, made use of this where the projectile, a quark-
antiquark dipole coming from the v*, sequentially has the possibility of scattering on the
various individual nucleons and because the scattering is sequential the formulas for the
scattering are just exponentials of a single dipole nucleon scattering in a transverse coordinate
basis for the dipole. However, when one uses A_ = 0 gauge the idea of sequential scattering is
lost since the scattering is very nonlocal in x4 because of the %_ terms in the gluon propagator.
We have chosen the ie that goes along with the [_ so that final state interactions of the
dipole with the nucleons are suppressed [7-9], but the dipole can interact with a nucleon
long before the dipole reaches the target. This is apparent, for example, in figure 8 where
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the interactions of the [y and [ lines reach the point where the dipole is created from the
~*, long before reaching the target.

Also when we evaluated inelastic scattering in section 3.5 we labelled the various nucleons
in the nucleus not necessarily by their position along the projectile dipole’s path but by a
more general labelling which distinguishes the different nucleons in the nucleus.

Since the discussion in sections 3.3 and 3.5 did not use the details of the longitudinal
positions of the nucleons on which the projectile dipole scatters one should be able to
replace the MV nucleus by a collection of elementary dipoles which have arisen through
dipole splitting in the target evolution of the nucleus. The problem with trying to do this
technically and in detail is that unitarity effects on the scattering dipole will only arise when
the density of dipoles in the nucleus is also in the saturation region. Thus one must deal
with target evolution in the presence of saturation at exactly the same time that unitarity
effects (saturation) occur in the scattering. The MV model avoids this by taking a target
which is unevolved but which is big enough to create a saturation momentum )g and where
the individual nucleons are well separated so that they do not interact.
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