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Abstract
Ricci flow and positivity of curvature on manifolds with boundary

Tsz-Kiu Aaron Chow

In this thesis, we explore short time existence and uniqueness of solutions to the Ricci flow
on manifolds with boundary, as well as the preservation of natural curvature positivity conditions
along the flow.

In chapter 2, we establish the existence and uniqueness for linear parabolic systems on
vector bundles for Holder continuous initial data. We introduce appropriate weighted parabolic
Holder spaces to study the existence and uniqueness problem. Having developed the linear
theory, we apply it to establish the existence and uniqueness for the Ricci-DeTurck flow, the
harmonic map heat flow, and the Ricci flow with Holder continuous initial data in Chapter 3.

In chapter 4, we discuss a general preservation result concerning the preservation of
various curvature conditions during boundary deformation. Using a perturbation argument, we
construct a family of metrics which interpolate between two metrics that agree on the boundary,
and such family of metrics preserves various natural curvature conditions under suitable
assumptions on the boundary data.

The results from chapters 2 through 4 will be utilized in proving the Main Theorems in
chapter 5. In particular, we construct canonical solutions to the Ricci flow on manifolds with
boundary from canonical solutions to the Ricci flow on closed manifolds with Holder continuous

initial data via doubling.
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Chapter 1: Introduction

This thesis investigates the deformation of Riemannian metrics on compact smooth manifolds
with boundary by Ricci flow. The study of Ricci flow dates back to the work of Hamilton [15],
who applied it to prove that every three dimensional closed compact Riemannian manifold with
positive Ricci curvature admits a metric of constant positive sectional curvature. Since then, many
significant results on the interaction between geometry and topology were established using Ricci
flow. One key geometric property of Ricci flow is its ability to preserve various curvature condi-
tions. Hamilton’s seminal paper [15] highlighted the preservation of positive Ricci curvature in
Ricci flow on closed compact Riemannian manifolds in three dimensions. In the four-dimensional
case, Hamilton demonstrated that Ricci flow on closed compact Riemannian manifolds preserves
positive curvature operators [13] and positive isotropic curvature [14], which have been utilized
in later convergence results for Ricci flow. In higher dimensions, Ricci flow on closed compact
Riemannian manifolds preserves variants of isotropic curvature conditions, such as PIC, PIC1, and
PIC2, as observed by Brendle [1], Brendle and Schoen [5], and Nguyen [20]. These curvature
conditions play vital roles in general convergence of Ricci flow in higher dimensions and in the
proof of the Differentiable Sphere Theorem, as demonstrated in the results of Brendle [1, 3] and
Brendle-Schoen [5].

Motivated by the aforementioned results, it is reasonable to inquire whether these results can
be extended to smooth manifolds with boundary. This thesis is primarily driven by two pertinent

questions:

Question 1. Do existence and uniqueness statements for Ricci flow on manifolds with boundary

exist, and what would constitute suitable boundary data?

Question 2. Does Ricci flow on manifolds with boundary preserve the natural curvature condi-



tions, similar to its closed manifold counterparts?

The challenge to Question 1 is the diffoemorphism invariance of the Ricci curvature. One
would need to study carefully the geometry of the boundary in order to set up a well-posed bound-
ary value problem. The challenge to Question 2 is the failure of usual parabolic maximum princi-
ple on the boundary, if one asks for an arbitrary initial metric.

The initial attempt to address Question 1 was made by Shen [23], who proved short-time

existence to the Ricci flow on smooth compact manifold with umbilic boundary:

Theorem 1.1 ([23]). For any given compact Riemannian manifold with boundary (M, go) such

that Ag, = Ago, there is a short time solution to the Ricci flow

D o(t) = —2Ric(g(t)) on M

Agry = Ag(2) on OM

such that g(0) = go. Here Ay stands for the second fundamental form of dM with respect to the

metric g(t) and A is a constant.

However, one might wonder about the deformation of more arbitrary metrics. Subsequently,
Pulemotov [21] and Gianniotis [10] established short-time existence results for Ricci flow on
smooth compact manifolds with boundary with arbitrary initial metrics. Notably, Gianniotis [10]
proved both short-time existence and uniqueness results by prescribing the mean curvature and
conformal class of the boundary when formulating the evolution equations. More precisely, Gian-

niotis proved:

Theorem 1.2 ([10]). Let go be a Riemannian metric on M, y(x, t) be arbitrary smooth Riemannian
metrics on M and 1 be an arbitrary function on M X [0, c0). Assume the compatibility conditions

[y(-,0)] = [go()] and Hg, = 1li=0. Then there exists a T > 0 and a smooth solution to the Ricci



flow

%g(l) = —2Ric(g(1)) on M x(0,T]
Hy(iy = n(1) on OM x(0,T]-
[¢()"] = [y(1)] on OM x(0,T]

Ast — 0, g(t) converges in the Cheeger-Gromov C® sense to gy and C* away from the boundary.

In dimension 2, more results were contributed by Brendle [2], Cortissoz and Murcia [8]. How-
ever, there are no results so far that address Question 2. In order to explore this question, we
initially examine the interaction between the boundary geometry and the internal geometry of Rie-
mannian manifolds.

The study of such an interaction can be tracked back to the work by Gromov and Lawson
[12], who observed that a metric of positive scalar curvature can be constructed on the double
of a compact manifold with boundary which equips with metrics of positive scalar curvature and
mean convex boundary. In the work of Shi and Tam [24], the boundary behavior of compact
manifolds with nonnegative scalar curvature was studied. They proved that the integral of mean
curvature of the boundary of a spin manifold cannot be greater than the integral of mean curvature
of its isometrically embedded convex image in Euclidean space. Their work implies positivity
of the Brown-York quasilocal mass. On the other hand, the study of boundary effects to internal
curvatures also plays an important role in studying manifolds with rough data. Positive mass
theorem on manifolds with corners was proved by Miao [18]. In his work, a smoothing procedure
for the metric was done by constructing an "intrinsic bending" of Riemannian manifolds along the
boundary that keeps the scalar curvature non-decreasing. More work were done for positive mass
theorem on manifolds with corner in the literature such as the result by McFeron and Szekelyhidi
[17]. Another important result that involves the study of boundary effects to internal curvatures is
the counter example constructed by Brendle, Marques and Neves [4] to the Min-Oo’s conjecture.

More specifically, a perturbation argument was performed in [4] to make the boundary totally



geodesic while keeping the scalar curvature non-decreasing. More related results can be found in
a recent paper by Gromov [11].

Motivated by these remarkable results, it is intriguing to delve deeper into the impact of bound-
ary data deformation on internal curvature conditions. In addition to addressing Question 2, this
thesis also investigates the effect of boundary deformation on various curvature conditions on the
manifold. In higher dimensions, positivity of curvature operator and various isotropic curvatures
serve as natural curvature conditions that can be applied to manifolds. The relevant definitions will
be revisited in Chapter 1.2.

Positive isotropic curvature was first introduced in the work of Micallef and Moore [19], and
variants of this condition were used to prove the Differentiable Sphere Theorem [5]. For manifolds
without boundary, the significance of the aforementioned curvature conditions lies in their preser-
vation by Ricci Flow [1]. Manifolds with metrics that meet these curvature conditions exhibit rigid
topological constraints. Brendle proved in [3] that for an initial metric that is strictly PIC, Ricci
flow only forms neck-pinched singularities for n > 12. Furthermore, for an initial metric that is
strictly PIC1, Brendle showed in [1] that after rescaling, Ricci flow converges to a metric of con-

stant curvature. Given the importance of these curvature conditions, it is natural to examine their

behavior in manifolds with boundaries.

1.1 Main results

Our work substantially improves the result of [23], where we prove short-time existence and
uniqueness of solutions to Ricci flow on manifold with boundary in which the boundary become
instantaneously umbilic for positive time. We remark that our result does not require the initial
metric to have a umbilic boundary. We approach the problem via doubling of the manifold. Ex-
tending the initial metric to the doubled manifold by reflection, we obtain an extended metric
which is merely Holder continuous. We seek a solution to Ricci flow on the doubled manifold with

a Holder continuous initial metric that is smooth for positive time. To that end, we proved:



Main Theorem 1. Let M be a closed compact smooth manifold and go € C*(M) be a Rimannian
metric for some a € (0,1). Let k > 2, y € (0,a) and B € (y, @) be given. Then there exists a C'#

diffeomorphism  and T = T(M, ||golle), K = K(M, k, ||go|le) such that the following holds:

There is a solution g(t) € X ]E'? (M x [0,T]) to the Ricci flow
0 . -
Eg(t) = —2Ric(g(t)) on M x(0,T]

such that g(0) = ¥*go and
”gllx,@(Mx[o,T]) = K.
Here the Banach spaces X kui) (M % (0,T]) is defined in the beginning of Chapter 3 in (3.5). We
also show that the above theorem gives a canonical solution to the Ricci flow, in the sense of the

following uniqueness theorem:

Main Theorem 2. Let a € (0,1) be given. Let M be a closed compact smooth manifold and
g0 € C*(M) be a Riemannian metric on M. Suppose that the pairs (g'(t), ") and (g%(t),¥?)
satisfy the conclusion of Main Theorem 1. Then there exists a C**! diffeomorphism ¢ : M — M

such that

g2 (t) = ¢*(g' (1)),

where y* = ! o ¢. In particular, (¢")™')"g' (1) = (y*)~')*g*(1).

Via doubling the above results imply the existence and uniqueness results for Ricci flow on

manifolds with boundary:

Main Theorem 3. Ler (M, go) be a compact smooth Riemannian manifold with boundary. Let

k>2 Be(0,1)and e € (0,1 — B) be given. Then there exists a C'*P diffeomorphism ¢ and



T =TM,3,lgollg+s). K = K(M, k, g, ||180l|g+s) such that the following holds:
There is a solution g(t) € X 15[2 (M x [0,T]) to the Ricci flow on manifold with boundary

2 o(r) = —2Ric(g(1)) on M x(0,T]
(1.1)
Agy =0 on OM x(0,T]

such that g(0) = ¥*go and

”gllxg’(Mx[o,T]) = K.

Here Ay, stands for the second fundamental form of the boundary with respect to the metric g(t).
For eacht > 0, the metric g(t) extends smoothly to the doubled manifold M of M, and the doubled
metric lies in X ,E'By) (M x [0,T]). The diffeomorphism  also extends to a C'*P diffeomorphism on
the doubled manifold.

Main Theorem 4. Let (M, go) be a compact smooth Riemannian manifold with boundary. Suppose
that the pairs (g'(t), y') and (g*(t), ¥?) satisfy the conclusion of Main Theorem 3. Then there exists
a C**1 diffeomorphism ¢ : M — M such that ¢ extends to a C**' diffeomorphism on the doubled

manifold and

g2 (t) = ¢*(g' (1)),
where y* = ' o . In particular, (y')™1)*g' (1) = (v*) ") g*(1).

Main Theorem 1 to Main Theorem 4 were proved in [7]. Next, we show that the canonical
solution constructed above preserves natural curvature conditions, provided that the geometry of
the boundary is controlled. More precisely, we prove that the flow preserves positive curvature
operator, PIC1 and PIC2 conditions, provided that the boundary is convex with respect to the
initial metric. Moreover, if the initial metric has a two-convex boundary, we prove that the flow
preserves the PIC conditions. To that end, we initially established a broader result related to the

preservation of these curvature conditions during the deformation of boundary data.
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Main Theorem 5. Suppose that M is a compact manifold with smooth boundary, and g is a smooth
Riemannian metric on M. Suppose that § is another smooth Riemannian metric on M such that
g = & on OM. Then there exists a family of smooth Riemannian metrics {g,}1>1» on M and a

neighborhood U of M such that
* g, agrees with g outside U.
* g, agrees with g in a neighborhood of OM.
Moreover, g, satisfies:
(i) limy_o &) = g in C? forany a € (0, 1).

(ii) Suppose that (M, g) has a convex boundary and that (M, g) has a weakly convex boundary

such that A; > Az > 0, then

- (M, g) and (M, g) have positive curvature operator = (M, g,) has positive curvature

operator;
- (M, g)and (M, g) are PICI = (M, g,) is PICI;

- (M,g)and (M, &) are PIC2 — (M, §,) is PIC2.

(iii) Suppose that (M, g) has a two-convex boundary and that (M, g) has a weakly two-convex

boundary such that

A(X, X) + Ag(Y.Y) > Az(X, X) + Az(Y,Y) > 0

for all orthonormal X,Y € T(OM), then
- (M,g)and (M, g) are PIC = (M, 3,) is PIC.

(iv) Suppose that (M, g) has a mean-convex boundary and that (M, §) has a weakly mean-convex

boundary such that H, > Hz > 0, then



- (M, g) and (M, &) have positive scalar curvature — (M, g,) has positive scalar

curvature.

The author was informed that a similar result to the Main Theorem 5 was proved by Schlichting
in his Ph.D. thesis [22] which concerns with preserving curvature positivity on the gluing of two
Riemannian manifolds along isometric boundaries. Nevertheless, our result allows the boundary
to be two-convex for preserving positive isotropic curvature. The proof in Schlichting’s thesis is
also different from ours.

For the purpose of preserving curvature conditions along Ricci flow on manifolds with bound-
ary, it would be helpful to preserve the curvature conditions of a metric while deforming it to one
with a totally geodesic boundary. This procedure would be useful in smoothing manifolds with
rough data. Under natural assumptions concerning the boundary data, we verify the existence of

such deformations:

Main Theorem 6. Suppose that M is a compact manifold with smooth boundary, and g is a smooth
Riemannian metric on M. Then there is a family of smooth Riemannian metrics {g,}1>1+ on M so

that g, = g outside a neighborhood of 0M and satisfies:
(i) limyo &1 = g in C® for any a € [0, 1).
(ii) (M, g,) has a totally geodesic boundary.
(iii) If (M, g) has a convex boundary, then

— (M, g) has positive curvature operator = (M, g,) has positive curvature operator;
- (M, g)is PICI = (M, $,) is PICI;

- (M,g)is PIC2 = (M, $,) is PIC2.
(iv) If (M, g) has a two-convex boundary, then
— (M, g)is PIC = (M, $,)is PIC.

(v) If (M, g) has a mean-convex boundary, then

8



— (M, g) has positive scalar curvature = (M, g,) has positve scalar curvature.

Main Theorem 5 and Main Theorem 6 were proved in [6]. We now state the result of preserving

curvature conditions along Ricci flow on manifolds with boundary, which was proved in [7].

Main Theorem 7. Suppose that g(t) is a canonical solution to the Ricci flow on manifold with
boundary on M X [0, T] given by the Main Theorem 3. Then the following holds:

If (M, go) has a convex boundary, then
(i) (M, go) has positive curvature operator = (M, g(t)) has positive curvature operator;
(ii) (M, go) is PICI — (M, g(t)) is PICI;
(iii) (M, go) is PIC2 — (M, g(t)) is PIC2.
If (M, go) has a two-convex boundary, then
(iv) (M, go) is PIC = (M, g(t)) is PIC.
Moreover, if (M, go) has a mean-convex boundary, then
(v) (M, go) has positive scalar curvature = (M, g(t)) has positive scalar curvature.

Since the canonical solution we obtained preserves natural curvature conditions under suitable
assumptions of the boundary data and can be extended smoothly to the doubled manifold, many
results in Ricci flow on closed compact manifolds can be applied to our case. For examples, if
the initial metric is PIC1 and has a convex boundary, our results and [1] then imply that the Ricci
flow converges to a metric of constant curvature with a totally geodesic boundary after rescaling.
From [3], we can also obtain a topological classification of all compact manifolds with boundary
of dimension n > 12 which admit metrics that are PIC and have two-convex boundary and do not
contain non-trivial incompressible (n — 1)-dimensional space forms.

Chapter 5 will be dedicated to proving the Main Theorems. In Chapter 2, we study a linear
parabolic equation on vector bundles over M. This result will be employed to establish the exis-

tence and uniqueness of solutions for the Ricci-DeTurck flow, the harmonic map heat flow, and the

9



Ricci flow with Holder continuous initial data in Chapter 3, using the Banach fixed point theorem.
Chapter 4 will feature the proof of a general result related to the preservation of various curvature
conditions during boundary deformation. The work from Chapters 2 through 4 will be utilized in

proving the Main Theorems in Chapter 5.

1.2 Preliminary and notation

In this section we will record notation, identities, and results that will be utilized throughout
this thesis. Let M be a smooth manifold of dimension n with boundary d M, let g be a Riemannian
metric on M, and let D denote the Levi-Civita connection on M compatible with g. The Riemann

curvature tensor of (M, g) is defined by
~R(X,Y,Z,W) = g(DxDyZ — DyDxZ — Dix.y1Z, W)
for all vector fields X, Y, Z, W. The Ricci tensor of (M, g) is defined by

n
Ric(X,Y) = > R(X, e Y, ex)
k=1

for all vector fields X, Y. Here {ey, ..., e,} is a local orthonormal frame on M.
Let v be the inward pointing unit normal field on the boundary d M. The second fundamental

form of M with respect to the metric g is defined by
Ag(X, Y) = g(V, DXY)

forall X,Y € T(0M). With this convention the second fundamental form is positive on the standard

sphere S” ¢ R"*! with respect to the inward pointing unit normal vector v = —x.

Definition 1.3. We say that the boundary OM is (weakly) m-convex (1 < m < n — 1) if the second

10



fundamental form A, is m-positive for all point p € M. That is,
Ag(Xl’ Xl) +-0t Ag(Xm’ Xm) > (2) 0
for all orthonormal X, ..., X, € T(OM). For m = 1 we recover the notion of (weak) convexity,

and for m = 2 we recover the notion of (weak) two-convexity.

We may view the Riemann curvature tensor R as a symmetric bilinear form on the space of
two-forms. For each point p € M, the curvature operator R : N2 T,M X A2 T,M :— R s defined
by

RIXANY,ZAW)=R(X,Y,Z,W)

for all vectors X,Y,Z,W € T,M. With this point of view, we recall the definitions for positive

curvature operators and various positive isotropic curvatures.
Definition 1.4 (curvature conditions).

(i) We say that (M, g) has positive curvature operator if R(¢, ¢) > 0 for all nonzero two-vectors

pE /\ZTI,M andall p € M.

(ii) We say that (M, g) has positive isotropic curvature (PIC) if R(zAw, ZAw) > 0 for all linearly

independent vectors z,w € T,M ® C such that g(z,z) = g(w,w) = g(z,w) =0and allp € M.

(iii) We say that (M, g) is PIC1 if R(z A w,Z A w) > 0 for all linearly independent vectors

zw € T,M ® C such that g(z, z)g(w, w) — g(z, w)2 =0andall p € M.

(iv) We say that (M, g) is PIC2 if R(z A w,Z A w) > O for all linearly independent vectors

zww € T,M®Candall p € M. That means (M, g) has positive complex sectional curvature.

11



1.3 Function spaces

Throughout Chapter 2 and 3, we assume, unless said otherwise, that M is a closed compact
manifold, 7 : E — M is a smooth vector bundle, and ¢ a smooth metric on M. For sections 7, { of
E, the expression 1 * { means a bilinear combination with respect to g. We fix atime 7 < 1, which
we will make small according to our needs. We fix a finite set of coordinate charts which simulta-
neously serve as trivializations of the vector bundle {Uy, ¢, @s}s=1....m SO that ¢ : Ug — R"is a
diffeomorphism and @, : 77'(Us) — U, x RY is a trivialization. We may also assume the charts
trivialize the vector bundle Sym?(7*M). Our trivializations give local frames e’ for E and local

frames dx'dx’ for Symz(T*M ) on Uy (note the coordinates xi, .. ., x, depend on s).

We want to work on the parabolic Holder spaces of tensors on M. Consider any tensor bundle
of the form E = T®PDM. If S is a section of E, then in the open set U; it can be written as
S =YN Sres, where {ef} is a local frame on El|;-1(y,)- Forany a € (0, 1), we define by C*/2(M x
[t1,1]; E) the space of maps 7 : M x [t1,15] — E such that n(r) € C**/>(M;E) is a a-Holder

continuous section of E for each 7 € [t1, ,]. Given any map € C**/2(M X [, 2]; E), we define

the associated C° norm to be

N
7osmxieni) = Z 175 |0z w1102
1

s r=

and we also define the associated parabolic Holder semi-norm to be

N
[Maar2:mxing) = Z Z[n;]a,a/Z;aps(Us)x[n,tz]-
s r=1

Subsequently, we define the parabolic Holder norm on the space C e/ 2(M X [t1,12]; E) to be

1771l /2:Mx(11,02] 7= |M0:mx(er.0] + (M) j2:Mx[11,02] -

12



Next, for any nonnegative integer k > 0, the space of maps CK**(*+O)/2(Af x [11,1,]; E) can be
defined similarly using the same charts {U;}, where the derivatives are taken with respect to the
fixed connection V. For instance, the space C¥*®k+®/2(A1 x [11,1,]; E) consists of maps 7 :
M X [t;,t5] — E such that n(t) € C¥(M;E) is a C*-differentiable section of E for each ¢ with
respect to V, and VEn(r) € C**/2(M;(T*M)®* ® E) is a a-Hélder continuous section for each ¢.

Then the associated norm can be defined similarly by

. Sk Sk
17kt 0 prfoy ) = 1lomaxinnia) + -+ IV losmxin) + [V s 2:mxin.) -

The elliptic Holder space C***(M X [t1, 2]; E) can also be defined similarly. Note that the Holder

norms defined this way are equivalent in different atlas.

We wish to work on weighted parabolic Holder spaces in order to prove existence results. In
the sequel, we define weighted norms on M X (0, T']. Given a nonnegative integer k > 0, a Holder
exponent a € (0, 1) and a positive real number y, we define:

k k

llgkerxory = 2, WP o ¥ nlomxg.or + . sup o V], 0panggey  (1.2)
7 =0 oe(0.7] =0 oe(0.T]

Throughout the note, we will work on the Banach spaces that we define below.

Definition 1.5. Let M be a smooth closed compact manifold, E a vector bundle on M, and g a
smooth background metric on M. Given a nonnegative integer k > 0, a Holder exponent a € (0, 1)

and a positive real number y, we define a weighted parabolic Holder space on the space of sections

by

Cy*(M x (0,T]; E) (1.3)

— - king.
={n:Mx(0,T] = E|n(t) e C*(M; E) foreach t € (0,T], ||77||C;<,Q(MX(0’T]) < oo},

We now state some easy consequences from the definition of these spaces:

13



Lemma 1.6.

(1) 1 € CE(M x (0,T]) implies V/n € c";jf’“(M x (0,T]) for j < k;
Ytz

(2) Foranyé > 0, ||n|| < T‘sllnllck,a(MX(OT]). In particular, this implies that
Y )

k,
CES(M=(OT))

Cr(M % (0,T]) € CL5(M x (0,T]).

(3) Suppose that n € C)]f’a(M X (0,T)), thenn € Cf’ﬁ(M X (0,T]) forany B < a;

(4) Suppose thatn € C)I,C’Q(M x (0,T])and ¢ € Cg’a(M X (0,T]). Then
n*{ € Cyls(M x(0,T]),

where 1 % { means a bilinear combination with respect to g. Moreover,

|7 = [:”Cffs(MX(O,T]) < K(gA) ”n”Cf’“(MX(O,T])”{”C‘];’"(MX(O,T])'

Proof. Statements (1) and (2) follow from the definition. Statement (3) follows from the properties

of parabolic Holder spaces. Now we prove statement (4). Fix o € (0, T]. For any j < k, we have

Vigso)= Y ViV
J1+ja=j
Let us denote M, = M X [, o] for simplicity, we have
TG Olo, < K@) Y o [V louns, o7 F 92 Lo,
Ji+j2=]j

< K@) ||77||C;<,Q(MX(O’TD||§||C§,0(MX(0,T])
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and

J A
oSN # Dlasim,

n 1 A @ 2 A a1 A 2 A
<K@ Y. ("W nlow, e E 0L g, + [Vl g, 07 V2 Lo,
Jitj2=]

< K(g) ”n”cfﬂ(Mx((),T])”g”C(’;’”(Mx(O,T])'

From these, statement (4) follows.
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Chapter 2: Linear Parabolic Equation with C* Initial Data

Although our goal is to solve a boundary-value problem for PDE on a manifold with boundary,
it is equivalent to work with PDE with rough initial data on a closed manifold. Fix a real number
I € (0,1). Let w(x,1),¢t € [0,]] be a continuous family of Riemannian metrics on M. Given a

section g € C*(M; E), we consider the following parabolic system on vector bundle:

%n(x, 1) —tr,V2n(x,t) = F(x,) on M x(0,T]
2.1

n(x,0) = no(x) on M,

where T < I and F € T(M x (0,T]; E), w € [(M x [0, T]; Sym*(T*M)). Here V is the Levi-Civita
connection with respect to the background metric . Our goal is to prove solvability of (2.1). To

do that, we need the uniform parabolicity assumption on w: there is a 4 > 0 such that

1
AEF(x) = wH (s, Né(x)é(x) 2 ZIfIé(X) (2.2)

for any (x,¢) € M x [0,I] and any & € I'(TM).
We now state the main result of this Chapter. It will be utilized to study the existence of Ricci

flow on manifolds with boundary in the next Chapter. The work in this Chapter is taken from [7].

Theorem 2.1. Let a,y € (0, 1) be given such that « > y. Let k > 0 be an non-negative integer.

Suppose that
(1) no € C*(M;E);

(2) w satisfies the uniform parabolicity condition (2.2);

16



(3) wllyz.pmxqon + ”VW”cj‘l”(Mx(o,z]) < Awhenk > 1;

2
or ||w||%%;MX[OJ] < Awhen k = 0.

Then there exits a positive constant K = K(M, k, g, A) such that the following holds:
ForeachT < I, if F € Clkf/% (M x (0,T]; E), then there is an unique solution 1 to the system
(2.1) such that
neC*(Mx[0,T];E), V€ cgj;(M x (0,T); E).

Moreover, n satisfies the estimate

7l gaarxior + 199l gesss gy < KAFllghs, oy * Inollaan)
272 2

We will prove this theorem in the remainder of this Chapter.

2.1 Formulation of the proof

In the remainder of this Chapter, we fix @,y € (0, 1) such that @ > . For every T € (0, I], we

define the Banach space
WM x (O, T];E) := 7, (M x (0, T]; E) x C*(M; E)
2

whose elements are the pairs of sections 7 = (F,ng), where F € Clk (M x (0,T];E) and 19 €
2

C*(M; E). We equip Wy with the norm

Ihllawe = Fllgts oy + 1 ollocar:
2

Moreover, we define the norm || - ||x, (mx[0.7):E) bY

il <= 1mllegaarctors + 1¥9llcs1 4o

2 2
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We define the associated Banach space Xy (M x [0,T]; E) by
Xe(M X [0, T E) :={n: M x[0,T] — E|[Inllx, < co}.

Subsequently Xj.» will serve as the solution space. We basically adapt the method in Chapter IV

of [16] to the case of vector bundles. The idea of the proof is as follows:

Let H : Xx+2 — W to be the linear operator that associates any 17 € X4 to

HU = (LTI, 77(’ 0))7
where Ln = %n — tr,,V?1). Then Theorem 2.1 can be interpreted to the solvability of
Hn=h

for any h € Wy (M x(0,T]; E). It is equivalent to prove the existence of a bounded inverse operator

H~!'. The key is to construct an operator R : ‘W) — Xj.» which satisfies
HRh =h+ Sh
RHn =n+Gn

for some bounded operators S : Wy — Wy and G : Xi;o» — Xi42. If their norms can be controlled

such that ||S||, ||G|| < 1, then it follows from an elementary argument that H~! exists.

2.2 Construction of an approximated solution

Let h = (F,no) € W} be given. To construct the operator R, we consider a system of PDE on
each chart U;. As in the setup given in Chapter 1.3, we let ¢ : n"l(Us) — U, x RY be the local

trivialization of E on the open set Us, and let {e}},~; _n be the canonical local frame of ' (Uy)

18



with respect to the trivialization. Then F can be written as F = Zivz | Fy ey, similarly for n, where
we abbreviate F'(x,t) = F! o (¢;!(x),1) for x € ¢4(Uy) = R™. On each chart Uy, we consider the

following parabolic system:

2
anie ) —whn ) gZgeni(e ) = Fi(x 1) on R'x(OT], r=1.,N 03

n%(x,0) = (n0)5(x) on R:, r=1,.,N.

We see that the system is equivalent to N uncoupled scalar equations, one for each ;. We will
prove the existences and the uniqueness for the uncoupled problems in this subsection. We begin

with an auxiliary lemma for linear parabolic PDEs.

Lemma 2.2. Let o,y € (0, 1) be given such that « > y. Suppose that

(1) a;jj(x,t) € CV’%(R” X [0, T]) and satisfies the uniform parabolicity condition. i.e. there is

A > 0 such that %6,7 < a;j(x,1) < A6;j;

(2) ”f”C?VO (R"%(0,T]) < oo and ”I/‘OHQ;R" < 0o.
2

Then the initial-value problem

D u(x, 1) — api(x N go—u(x,t) = f(x,t)  on R"x(0,T]
KA (2.4)

u(x,0) = up(x) on R"

has a unique solution u, where u € C%%(R" x [0,T]) and Du € C 11 7 (R" x (0,T]). Moreover, u
173

satisfies the estimate
Il gzontors + 1Dsllgrs guqary < KOS lgor ury + olloz).—— 25)

3175 2
Here K is a constant depending only on A, ||a;j||

Y.
777
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Proof. In the sequel of the proof, K will denote a constant depending only on A, ||a,~j||%%, a,y

unless otherwise specified.

Stepl: We use the single layer potential method to construct a unique solution u to (2.4). Given

(&,7) e R"x[0,T] ,Jet I'(x, t; &, 7) to be the fundamental solution to

2

axkaxlu B

2u —ag(x, 1) 0

ot

on R" X (1,T] such that I'(x,1;&,7) — 6(x — &) as t — 7 in the sense of distribution. We

claim that the formula

wen == [ [ Tenensendears [ tangomeds @6

gives a solution to the system (2.4), and uniqueness would follow from the maximum prin-

ciple. It is well known from [9] that the formula (2.6) gives a unique solution to (2.4)

provided that f in a Holder-continuous function on R” X [0,7]. In our case, the assump-

tion || f| ¢, @ix(OT) < oo implies that f is Holder-continuous on R” X [o/2, o] for any
2

o € (0,T], and that

a
_7_'_

IR

T2 flogesteae + 722 Sy o < K

for each 7 € (0, T]. Hence

17 G Dllyzn = 1FC Dlogn + [FG0)]ym

< | flomexiz/an + [f]%%;R"X[T/Z,T]

a_q a_1_Y
<Kt2 +Kr2 2

a_1_Y
<Kt2 2

for each 7 € (0,7]. In particular, the elliptic Holder bound for f(-, 7) is integrable over
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7 € (0,¢) for any ¢ € (0,7]. This implies that the proof of Theorem 9 in Chapter 1 of [9]
still works so that (2.6) satisfies the evolution equation in (2.4) for every ¢t > 0. To show that
(2.6) gives the correct initial condition, it suffices to show that the first integral in RHS of

(2.6) tends to zero as t — 0.

Let us write (2.6) as u := uj + up, where u; stands for the first term in RHS of (2.6), and
uy stands for the second term in RHS of (2.6). We recall the estimates for the fundamental

solution

‘ 2
D;DT(x,t;&,7)| < K(t — T)_M{ﬂ exp |- x = ¢l 2r+s <2 2.7
K(-1)

given in page 376 of [16]. For any (x,¢) € R" x [0, T], we estimate

|1 (x, 1) (2.8)

< / T(x, 13 £, 7)f(€.7)|déd
0o Jrn

t -3 |x - £P°
< K/O R”(t—T) exp (_K(I—T)) |f(&,7)| dédr

! -z |x — f|2 —1+2
< K/o 1(! —T) 2 exp (_K(t — T)) T2 ”f”c;’j%(Mx(o,T]) dédr

R?
b 1 a
n—1 _ Loy 142
< K/() /()' p exp( Kp )T 2 ”fllclo_y%(MX(O,T]) dpdT

< Ktz |1 £lleor ouxory:
2

Since u;(x, t) converges to ug(x) as t — 0, this shows that u(x, ) converges to ug(x) ast — 0,

and that u is continuous on R” X [0, T']. For the integral u5, it is easy to see that

luz(x, )| < K sup |ug| (2.9)
R”
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Step2:

for any (x,7) € R” x [0, T]. Thus we have obtained a C” estimate for u(x, t):

llullozmrxgory < K(T'? ”f”cff%(Mx(o,T]) + [[uolorn) (2.10)

In this step, we are going to derive

”u”a,%;R"X[O,T] < K(”f”C?’_yQ(MX(O,T]) + ”uO”a;R”)- (211)
2

We first bound the Holder semi-norm for u;. That is, we seek the following inequalities for

any x,y € R" and 5,7 € [0, T]:

lur(x, 1) = ur(y, )| < K|x — y|a||f||C:)’_7Q(Mx(O,T])
3 2.12)

lui(x, 1) —ui(x, s)| < K|t - S|% ”f”C?’y(,(MX(O,T])
-5

To derive the first inequality in (2.12), we divide R" into A} = {£€ e R" : |[x — &| > 2|x — y|}

and A, = R" — A;. Using the estimates for fundamental solutions (2.7), we obtain

|1 (x, 1) —ur(y, 1) (2.13)

< /0 /A sup | DTz, 1:€, 1)l — yl| (€, 7)|déd

| ZEXY

+ /0 t /A (N0 + 7056 16 Pldede

< K|x -] /t/ (t - ‘r)_nT+l sup exp (— 2 - §|2 ) | f(& 1)|dédT
{Ix=€1>2)x-y]} €Ty K(t—7)

2 |x = £ ly &7
+K/ /x—f|<2|x y|}(t_T) (exP( Kt - )) eXp(_K(t—r)))|f(§’7)|d§dT'

Note that if ¢ € A; and z is a point on the segment Xy, then |z — &| > %|x — £|. Thus

|z — &2 |x — £
b P (‘ K(r - r)) =P ( 4K(r - r))
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We observe that for any m > «, we have

_-m Cx —§|2) B 1 [x —&m (_M) 214
(t-7) exp( Kt-1)] It — 7|2 |x — &m |t — 7]"2" exp K(t—1) 19
K

< @ .
0= 7% ]x = gl

Using the above estimate with m = n + 1 for the first term and m = n for the second term

respectively in the last inequality in (2.13), we proceed as in (2.8) to obtain that

lui(x, 1) —ur(y, 1)] (2.15)

t
1
<kl [ f S e
0 J{x=gl>20x—yly |t = 7[2]x = €|

t 1
+ K _ ld
.A (Akﬂduﬁnh_ﬂfu_fww¢ﬂgrnf

«f /(6 Tl )
{l

y=£l<3lx—yl} |t — 7| 2|y — &

<K|x - )’|a||fllci”_yg(M><(0,T])’
2

where we have used the inequality

t $-1
/ L dt < K(a)
0

(t-1)2

in deriving the last line. Next, to derive the second inequality in (2.12), we assume without
loss of generality that s < ¢. and we divide R"” into A3 = {£& € R" : |[x — &| > vVt —s} and
A4 =R"- A3. Then

lui(x, 1) —ur(x, s)| (2.16)

S/O /A sup |DtF(x,t;§,T)||t—s||f(§,7)|d§d7'+/S /A3 IT(x, ;& 7)|| £ (& 7)|dédT

3 t€s.1]

+ /Ot /A4 ITCx, ;6,0 f (€, 7)ldédT + /os ./A4 IT(x, s:&, 1) f (&, 7)|dédT
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For instance, using (2.7) and (2.14) with m = n + 1, we can estimate the second term in the

RHS of the above inequality

/ /A ID(x, 16, DI f & T)lded

K/St(t—r)% '/A3(t—'r)_M exp( X _§|2)|f(§,7)|d§dT

K(t—-1)

d | 1
<K / a-9* [ . —|f(&.Dldéd
el It = [ |x = ]I

——1
<Kl|t—s?Ifll, o (MX(OT])/ It — a

We can estimate the other terms in the RHS of (2.16) similarly. Hence we obtain

lur(x, 1) — ui(x, s)|

. 4o
< Kl = s1%11flL o (/ )
C]_V%(MX(O,T]) 0 |t- Tl 2 |S _ TI g

<K|t—s|2 ”f”C;JLVQ(MX(O,T]).
2

From which (2.12) follows.

In the remainder of this step, we derive the following estimate for the Holder semi-norm of

u:
[u2]e,2:Rrxj07) < K [to]amn
That is, for any x, y € R" and s,¢ € [0, T], we claim that:

luz(x, 1) — us(y, )| < K|x — y|*[uo]a:rn
. 2.17)

Jua(x, 1) = ua(x, $)| < Kt = 5% [uolaser
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To derive the first inequality, we break u,(x, t) — us(y, t) into two integrals as follows:

) = a00) = [ (T 136.0) = T01E.0)wo(®) ~ (o)

+ MO(X) an (F(X, L ‘f’ O) - F(y7 L f’ O))dé:

=J1 + ).
For the integral J;, we use (2.7) to estimate

i < /A sup |DsT(z, 15, 0)||x — ylluo(x) — uo(@)]de 2.18)

1 ZEXY

+/A (I0(x, 2:£,0) + [T(y, 1:£, 0))|uo(x) — uo(&)|dé

< Klx -y (1 -7 exp (—ﬂ) 1 = £ uplasc d
- {lx—¢1>2/x-y[} 4K (1 —7) -

-3 lx - &P ly - &P .
- /{|x—.f|<2|x—y|}(t -7 (eXp (_K(t - T)) e (_K(t - r))) =&l luolasa d€-

Similar to the derivation in (2.13) to (2.15), we apply (2.14) with @ = 0 to above, and we

subsequently obtain

|11 < Klx = y|*[uola:pr-

On the other hand, we see that the second integral J, vanishes since the fundamental solution

satisfies fQF(x,t;f, 0)d¢ = fQF(y,t;f, 0)d¢ = 1.

Next, we preform the same procedure on the term uy(x, ) — uz(x, s). We break it into two
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integrals:

(x5, 1) = ws(x, 5) = /R (T 1:£.0) ~ T 5:£0)uol€) — (o))
+ 1o(x) / (K 13 £,0) - T(x 51 £, 0)dé
5

=J3+ Jy.
Again, the integral J4 vanishes. Using a similar argument as in (2.16) and (2.18), we have

/3] < /A sup |D,I'(x, 7; &, 0)l[z = sluo(x) — uo(£)|d& (2.19)

3 Te[s,t]

+/A (I0(x, 2: £, 0)| + |T(x, 53¢, 0))uo(x) — uo(&)d&

< K|t = 5% [uolase-

From this, (2.17) follows.

Therefore we summarize that

[u]a,%;R"X[O,T] < K(”f”ci)ya (R7x(0,T]) + [MO](I;R”)- (220)
2

From (2.10) and (2.20), the estimate (2.11) follows.

Step3: In this step we claim that the solution u(x, ) satisfies the estimates

”Dxu”Cll’ya(R"X(O,T]) < K(”f”C?’jg(R”X(O,T]) + [MO]Q/;R")' (221)
173 2

Fix a point z € R" and o € (0, T'], we consider the parabolic cylinder

Py(2) := B7(2) X [0, 0] (2.22)
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We define a function v on the parabolic cylinder P;(0) = B1(0) X [0, 1] by scaling:
1
v(y,s) :=u(z+o2y,05). (2.23)
Let x(s) be a three times continuously differentiable cutoff function on [0, 1] such that

L, if sel[31]

x(s) = (2.24)
0, if se[0,%]
and
IDix(s)| <C ,j=012. (2.25)
We now define a function ¥ on P;(0) by
V(y,s) := x(s) (v(y, ) = v(0, 1)).
Then v satisfies
v 1 3%y i
——ai'(Z+O-2y,O'S) v :f(yas) on BI(O)X(O’ 1]
as J 0y;0yj (226)

7(y,0)=0 on B1(0),

where f(y,5) = x'(5)(v(y, s) = v(0,1)) + o x(s) f(z + O'%y, os).

Note that f € CV’%(BI(O) X [0, 1]) after change of variables since by the previous step we

have u € CO”%(B\/;(z) X [0,0]) and @ > y. Hence by standard parabolic Schauder interior
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estimate v € C 2+7”?(3 ! (0) x [%, 1]) and we have the following estimate:

Py 2228, @y < Kl )X 0 =90 Dzisonton *+ o Flygisomion)
2

(2.27)
< K(||aU|| , O)(Iv = v(0, 1)|y,%;31(0)x[ + 0'|f| LB (0)x[ 1,1 ])-
Then it follows from the rescaling u(x, t) = v(o’%(x —2), 07 't) that
2 2 .
Z 0-§|Dicu|0;8‘/;/2(z)><[%,0'] Z 7+7 y 1Bz p()X[5.0] (2.28)
i=1 i=1

Y
< K(llayly 3. C){lu = @, 0o eyt + 02 = (2 )y et
142
+ 01 flo pmigol + o ) o i5.01)
Y
< Klaijl 3. ©) {1 = (2, Vo i1 + 0t = 2 Oy et

+ 1 Fllgws, o)
2

Observe that [ f ]%% Bz (2)x[Z,01] €N be controlled by norms of f on [, 5]and [, o]. Indeed,

for any x € B 7(z) and 7,7 € [, 0], we have

|f(x, 1) = f(xr)l |f(x, 1) - f(x,”)l |f(x, 1) — f(x,”)l

|t—‘r|2 |t—T| |t—T|2

It suffices to consider the case where T < % < t, then

|f(x, 1) - f(xT)I |f(x, 1) = f(x, 5 If(x,T)—f(x,g)l

- 7|2 =Xk T4l

< ULy goxgs + Uhisgoxger
This implies

1+% 2
’ [f])’,%;B\/(;(z)X[%,a'] <02 ”‘f”C?’_yg(R”X(O,T])'
2
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Putting this inequality into (2.28), we obtain

NI*<

2 2
Z o2 |D;u|0;3‘/;/2(2)><[‘2’ + Z 0-§+ 7 2 B\/—/2(z)><[ Z 7] (229)
i=1 i=1

Y
2

< K(llaijlly, C)(|M u(z, 0o s x(5.0) + 02 U = u(z, ), 18 (ox1%.01

Ul o)
||f||c?_7%(R X(O,T])
Now, note that the Holder estimate for [u]a,% in (2.20) implies that

lu —u(z, U)lO;B«;(z)X[%,J] <Ko? [”]a,%;B\/;(z)x[%,O']

< KO-%(”f”C?’_yg(R"X(O,T]) + [MO]CY;R”)
2

and

a_Y
[u—u(z )y 35 poxig.01 < Ko2 72 [ula g8 ox1 500

a_Y
2 2

<Ko (”f”c?;“g (Rnx(0,T]) + [”O]Q;R”)'
2

Putting these facts into (2.29), we obtain
2 . 2
Z 0'5_7|D;”|0;B\/;/2(z)x (o]t Z 0'5 27 ic 7.5:Byz p(2X[.0] (2.30)
< K(llayll, 3 ©)( 171t oy * ol a).

Since z € R" and o € (0, T] are arbitrary, the desired estimate (2.21) follows. Putting (2.11)

and (2.21) together, the lemma is thus proved.

Using a standard bootstrap argument, we can improve the regularity of u. We have the follow-
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ing auxiliary lemmas for higher order regularity:

Lemma 2.3. Let a,y € (0, 1) be given such that « > 'y. Suppose that

(1) a;j(x,t) € CV’%(R” X [0, T]) and satisfies the uniform parabolicity condition. i.e. there is

A > 0 such that %6,7 < a;j(x, 1) < A6;j;
(2) ”Dxaij||C]£_l’y(R”X(0,T]) < l‘f k > 1,'
2

2

Then the initial-value problem

Du(x,0) = au(x. )z 5-u(x.0) = f(x.1)  on R"x(0.T] .

u(x,0) = up(x) on R"

has a unique solution u, where u € C%%(R" x [0,T]) and Du € C {H(IY’Y(R” x (0,T)), such that
172

”u”a,%;R”X[O,T] + ”Dxu”CIIH,’](R”X(O,T]) < K(”f”ClkLyg(R”X(O,T]) + ”u()”a;R”)- (232)
272 2

Here K is a constant depending only on k,R", ||a;; ||a,% and ||a;j|| oo
0

Proof. We intend to prove the lemma by induction on k. The case k = 0 follows from Lemma 2.2.

We suppose that the conditions (2) and (3) in the lemma holds with k replaced by k + 1. That is,

< 00 ;

b

d ” Dxaij ”C’IY(Rn x(0.T1)

2

. ”fllclkj—%y(R”X(O,T]) < oo and ”I/l()”a,;Rn < 00,

Moreover, the induction hypothesis implies that the estimate

lleello, g ;Rmxo0.17 + ||DxM||CT+1;y(RnX(O’TD < K(llf ”Cfiyc_r @xorp T Hollazn)
272 2
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holds. Let us fix o € (0,T]. Let y(¢) be a three times continuously differentiable cutoff function

on [0, o] such that

x(1) = (2.33)
0, if sel0,9]
and
D! y(1)| < Co™ ,h=0,1,2. (2.34)

It follows that the %—Hélder norm for y and y’ have estimates

_y , _
Xlyp001 < Co™2 and  [}ly o0 < Co =3,
On R" x (0, o], we define ii(x, t) := x(t)D**u(x, 1), then ii is the solution to the system

_ 2 =
Fin ) = ajgla-i(x0) = f(ur) on R'x(0,0]
i(x,0)=0 on R”
where f is given by

k+1

)Dk“—’a,jD’iju. (2.35)
-

k
f:XID/;+1u+XDk+1f+XZ(
r=0

Note that by the induction hypothesis we have f € C%%(R” X [0, o7]). Then we apply Theorem 5.1

in [16] to obtain D1y € CZ“”Z%(R” X [, 0]) and the estimate

k+3 1+2 k+3 r 1+ 7
0_|D + ulO;Rnx[%,O'] + o +2[D + u]’y,%;R”X[%,O’] S K( o-lflo,R"X[0,0'] + T +2[f]'y,%;R"X[O,(T])'
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Hence,

_a k2 Y
2t 7 t3

=

1_a k+2
o2 272 |Dk+3M|0;Rnx[%,g-] +0 [Dk+3 ] ,%;Rnx[%,g] (2-36)

[f]%%;R”X[%,U]) :

k+2

=2t

NlQ

(o4
_7+

IR

1 k - 1
< K( 27 Tlflo R”X[U- + o2

We can check that (2.36) implies the estimate (2.32). For instance, we can check for the

Holder-semi norm term of £ in the last line of (2.36). We have

1_a k+2 7 1_a,k 1_a, k.Y
0-2 (21+ g +2[X/D§+l ] 7 R” [% ] S I((O-2 (21/+2|D];+IM|O;RIIX[%,O—] + 0-2 g+2+2[DI;_F]M],}/’%;Rnx[%’O-])
< Kllullgaeton + sl
2
and
1 k+2 1 k+2 1 k+2
0-5_%-‘—%-‘—%[XDk+1f]y,%;R”X[%,0'] < K(O-i_%-*'%|Dk+1f|0;R’lx[%,g] + 0'7_%+%+%[Dk+1f] LRIX[Z 0 ])

< Kllf”clkjéy(R”X(O,T])'
2

Also, for each integer r € [0, k| we have

MN

k+1- 2
|D i rdlleR”x ][Dr+ u]y,%;R”X[%ﬂ']
1_a k+2, Y k+1— 2
+ 022D 4], v g2 )| D ”lO;R“X[%"’])
2

xttll ot g0
2 2

< K”D al]” ky(R”X(OT (”f”Clk;yg(R”X(O,T]) + ”uO”a;R")-
2
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From these, we have

_a  k+2 Y~
2t 2

2 f L ymeg.er < Kaij) (”f”Clk*(l,’y(R”x(O,T]) + |uolla:rn).- (2.37)
2

=

o

And similarly we get

[l gzt < K(ai) (1l gt gy + ol
2

©IR

a  k+2
2t T

=
IR

1_a, k2 =
o272 | flogax( .o + O

(2.38)

Therefore we have completed the induction. O

2.3 Completion of the proof

Now we are on the ground of constructing the operator R : Wy — Xj42. To begin with,
let {ps} be the partition of unity subordinate to the charts {U,}. On the basis of Lemma 2.2 and

Lemma 2.3, there is a unique solution set {r}} to the system (2.3) such that for each (r, s),
n. € CY3R"x[0,T]), Dy € CK*Y (R x (0,T))
7%
and

”n;lla,%;tps(Us)X[O,T] + ”Dxn;”C];H(’Yy((pS(US)X(O,T]) < K(HFllCﬁyg(Mx(O,T]) + ”nOlla';M)' (239)
272 2

We then define R : ‘W — T'(U; x [0, T], 7~ 1(Uy)) by

(Rh)(p,1) = ps(p) ) mi(e5(p), 1)e} () (2.40)

for any (p,1) € Us X [0,T]. Moreover, by setting R,/ to be the zero section outside the support

of p,, we can extend Rgh to a section of I'(M x [0,T], E). Now, we define a map R : Wy —
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T(M x [0,T], E) by
Rh = Z Ryh. (2.41)

From the construction of R it is clear that Rh € Xy, for any h € Wy. By (2.39), Rh satisfies the

following estimates:

IR x, ocmxor)) < Kl Allw, max©.1))- (2.42)

Here K is a constant depending only on k, M, A. Recall that A is the positive constant such that

Iwll, vmxior] + ||@w||ck_1,y(MX(0 ) < A provided in the assumption of the theorem.
9 9 el 1 e}

2
Next, we define S : Wy — Wy and G : X2 — Xis2 by

Sh=HRh—-h
(2.43)

Gn=RHn-n

Lemma 2.4. The operators defined above in (2.43) satisfies

1
|IShllw, < KT2||hllw,

1
and ||Gnllx,., < KT?|nllx,..-

Here K is a constant depending only on k, M, g, A.

Proof. Firstly, note that on the intersection U, N U,, the transition map for the vector bundle E is
given by

Guv = Guo (@) (U, NU)XRY - (U, NnU,) xR".
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We denote by @, : (U, N U,) — GLyR the induced isomorphism which is given by
Gu(p.V) = (0, @y (x)V), VpeU,NU, VeR".

Then with respect to the canonical basis {ef‘ } and {ejv.} of ﬂ‘l(U,,) and 7~1(U,), the matrix com-

ponents for the map @, are given by
efl = ((D/lv)lj'(e}/)-

With this notation, we can write the components of R,/ on U, N U, with respect to the basis {eJV.}

as

R, = " Pyl @u)].

Thus we can write the component (Rh)il onU, as
(R, = > (Rh), = " py( @i (2.44)
v Jv
Now, let us prove the first inequality in the lemma. For any & = (F,n9) € ‘W;, we have

Sh =(LRh - F,0).
Let us write v = Rh. Then on each chart U, we have v = }; vLef‘ satisfying

VL = ZPV((DVH);T]{M

A%

where {nf} denotes the unique solution of the system (2.3). By (2.44), we have

9 i _ i 9
EV# - ;pV((DV#)j(EnV)’
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and

WDl = {pv(cbm)’ W' D)) + 2wH Di(py(@y,)1) - Di(ap)) + W D (py (@) - nv} :
Jv

This implies that {v/,} satisfies the system

vi(x, 1) = wkD? Vi (x,1) = FL(x, 1) on ¢,U,)x(O,T], i=1,.,N

ﬁt # kil
vL(x, 0)=0 on ¢,U,), i=1,.,N
where
F/Z = Z {pv(q)vy)j'FJ + 2Wlek(pv((DV/1)§') : Dl(n{;) + Wlei[(pv(q)v,u);) : 77{/} . (2.45)
v

Note that v satisfies the estimate

IVlla,2:px0) + VYl Y (xOT]) S < K| Allw.mxo.1))
2 2

by (2.42). And by Ffl =2, vaZ, = Qv p,,(d)w);Fj, we have the estimate

1Fy = F, ”cl"fg RN x(0.T]) (2.46)
2

= 12" {294 DeCou( @005 - DiGrl) + w9 D (0 @,))) - i}
v Cly RNX(0.T])
2
< KZ {”Dxnv” "7 " (RV%(0,T7) + ”771/” "7 (RNX(OT])}

j v

< K(lIvlgr + 19l

ky (M><(0T ky (Mx(O T]))

< KT (|[vll.2:m1xi0) + IIVVIICkm(MX(OTD)
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Hence, we have
LRh—F—Z 21/"()6 1) = wkV Vv (x, 1) = FH(x,1)] €
Bl ot # k VIV A i H
p
= > (@F + P By s v+ By $v 4 Fl— Fi
p

where I are the connection terms with respect to g. Thus, using Lemma 1.6 and (2.46) we obtain

the estimate

IShllwiaxory = [ILRR = Fllgksr o)) (2.47)
2

3 B pi
=K ”v”cff% mxor) t ”V"Hclkf% mxor) t Z IFy = F, u”cff% RNX(0.T7)
i

. .
< KT2(IVlla.gsmxior) + V7 It o)

2 2

1
< KT?||hllw, (mx.11)

where K = K(k, M, g, A).

In the next step, we derive the second inequality in the lemma. For any € X4 2(M X[0,T]; E),
we denote by (F,no) := (Ln,n(-,0)) = Hn and { := RHn. Then on each chart U,, we see that

(F.mo) = (I, Fie, (- 0)) satisfies
Fi( t)—ﬁi( 1) —w Vi (x, 1) (U)x(0,T], r=1.,N
e _6tn“x’ w kVim (X, on @,(Uy , L), T=1,.,1V.
Now, we denote by {ﬁ{;} the unique solution of the system

Dl (x,0) = wk(x, )D2 il (x,1) = Fl(x,1)  on @, (U)X (O,T], r=1,.,N

(%, 0) = (10)5(x) on ¢, U,), r=1,.N.
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Then by (2.44), RHn = { = X1, {lel' satisfies
{/Iz = va(q)vu)jﬁ{;a
v

and in particular

246,00 = D" py(®y,) 0105, 0) = (m0)](x; 0).
Jsv

Moreover, the components {{ L} satisfy the system

Zri(x,t)-whD2 fi(x,1) = Fi(x,t)  on ¢ (U)x(OT], i=1,.,N

£4(x,0) = (1)}, (x,0) on @uUy), i=1,.,N,
where F L is again defined by (2.45) with n replaced by 7. Similar to (2.46), we have the estimate
1F: = Fullets, gvsory (2.48)
2

= Z {2Wlek(pv(chu)§') - Dy()) + W' D3 (pu (D)) - ’ﬂ}
v Cly RVX(0.T])
2

<K D ||« + || . }
; {” xnvllclj’% (RNX(O,T]) “nvllclj% (RNX(O,T])
1 _j j
<KT? ). {||Dxnv||c¢lg(RNx(oﬂ) * ||nv||a,%;R~x[o,n}
Jsv 272

1
< KTZ(HF”CII?,Q(MX(O,T]) + ”nOHQ,M)
2

1
< KT2(|nllx,,»(mx[0.1])»

where the second last inequality follows from Lemma 2.3.
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This implies that Gy = RHy —n = X, (£}, — i e}’ satisfies

%(4’1 - UL) - Wleil({L - 77;1) = (af + T, f) *y 1]+ [y ﬁ77 + F/Z - F/i on ¢s(Us) X (0,T]
(&~ ) (x.0) =0 on i(Uy).

Then (2.48) and Lemma 2.3 imply that

1Gnllx, o(mx(07]) (2.49)

<K

T B 2 Y, Al i
||(6F + 1y, F) a 77||Clk_yg (Mx(0,T]) + ||r *y anlcf_yg (Mx(0,T]) + Z ”F/J - FN”Clklyg (RN x(0,T])
2 2 iy 2

D=

< KT ||77||a,%;M><[O,T] + ”Vn”CIEtIQy(MX(O,T]) + ||77||Xk+2(M><[0,T])
2 2

1
< KT2||nllx,,(mx[0.17)-

We thereby proved the Lemma. O
To complete the proof of Theorem 2.1, we choose T sufficiently small so that the constant
given in Lemma 2.4 satisfies K7™ < % Then for each T € (0, 7], Lemma 2.4 implies

1

1
IShllw, < SllAllwe Gnllx.. < 51l

Then on the basis of contraction mapping principle and the Fredholm alternative the operators
Idyy + S and Idx + G have bounded inverses. From this and (2.43) we conclude that the operator

H has bounded inverse such that

R(Idw + 8)™' = (Idx + G) 'R = H™!. (2.50)
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Consequently we have

Il g 2015101 + 19l kot sy (2.51)
2

a

2

= |Inllx 2 (Mx[0.7])
= [|H ™" hl|x, ..mx(or])

< K[| hllw,

< K(HFHC]kiyg(MX(O,T]) + ||770||a;M)
2

for each T € (0,7*]. Here K is a constant depending only on &, M, g, A. Having established the
theorem on a small time interval [0, min{T*, /}], we can prove the theorem on an arbitrary interval
[0, 7] for each T < I by standard parabolic theory. Since for r > 0, we have 7(-, 1) € CK*2*Y(M)

and F,we C k“”k%(M X [t,T]). Therefore we have established Theorem 2.1.
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Chapter 3: Ricci Flow with Holder continuous initial metrics

Let M be a smooth, compact Riemannian manifold with boundary M. Let go be a smooth
Riemannian metric on M. Recall that one the goals of this thesis is to prove short time existence

to Ricci flow on manifold with boundary in the following sense:

D g(t) = —2Ric(g(t)) on M x(0,T]
(3.1)

Agy =0 on 0M x(0,T],

where A, is the second fundamental form of dM in (M, g(¢)). In [23], Shen proved short time
existence to the above system provided that the initial metric gg is totally geodesic. We remark
here that we do not impose any condition on the boundary second fundamental form A, for the

initial metric go.

Equivalently, we can prove short time existence to the above boundary value problem via dou-
bling the manifold and solving the corresponding Ricci flow on the doubled manifold but with
rough initial data. Let M be the double of M. More precisely, we define M = MYM2/_where
M and M, are identical copies of M and p; ~ p, if p € M. Fix a smooth background metric
g on M such that in a small collar neighborhood of M the metric ¢ is isometric to a product
OM x [0,&). Note that § extends to a smooth metric on the doubled manifold M via reflection
about 0 M, which we would still denote it as 2. Next, we extend g to a metric gp on the doubled
manifold M via reflection about M. Then g is a Lipschitz metric on M. In particular, we have

3o € C*(M; Sym*(T*M)) for all @ € (0, 1). We consider the Ricci flow on M:

%g(t):—ZRic(g(t)) on M x(0,T]. (3.2)
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Note that solving (3.1) is equivalent to solving (3.2) with initial metric go. Namely if g(¢) is a
smooth solution to (3.2) on M x (0, I], then g() preserves the Z, symmetry of gy and therefore
&(t)|m, is a smooth solution to (3.1) on M; x (0, ] such that (M, g(¢)|p,) has totally geodesic

boundary.

We use the DeTurck’s trick to relate the system (3.2) to a modified system which is strictly
parabolic. In the sequel of this chapter, we will work on the doubled manifold (M, o). For the sake
of notation simplicity we will still denote the doubled Riemannian manifold (M, go) as (M, go) if no
confusions would be made. V will denote the covariant derivative with respect to the background

metric g. We consider the following Ricci-DeTurck system on the doubled manifold (M, go):

%g = —2Ric(g)+ Lwg on M x(0,T]
(3.3)

g(x,0) = go on M.

Here the vector field W is defined as WX = gi ((Fg)f‘j - (f‘g)f‘j). Moreover, we have —2Ric(g) +
Lwg =gMV Vg + Q(g, Vg), where Q(g, Vg) is defined by

Q(g.Vg)ij = — " 8ip8" Rikg — 8" jp&" Rikgi
1 A A A A N A
+ 588" (Vign Vg + 2VigipVagt = 2VigipVigiq

— 4VigpiVigjq)-

We remark that the initial metric go is merely Holder-continuous. We will use the Banach fixed
point theorem to prove existence of a short time solution to (3.3). The work in this Chapter is taken

from [7].

To begin with, we define a suitable Banach space for the solutions. Let @,y € (0, 1) be given
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suchthat @ > yandlet k > 1, forn € I'(M X [0,T]; E) we define a norm ”'7”(\’,§f’y)(M><[o,T]) by
”n”/\’](((;)(MX[O,T]) = ||T’||(1/,%;M><[O,T] + “@nllcllﬁlg’(Mx(O,T])- (34)
175
Moreover we define the Banach space
() ST = L -
Xk,y(M X[0,T;E):={n: M x[0,T] — E| ||77”X,§f’y)(Mx[o,T]) < 0.} (3.5)

3.1 Formulation of the existence result to the Ricci-DeTurck flow

Let @,y € (0,1) be given such that @ > y and gg € C*(M). Denote by E = Sym?*(T*M) the
tensor bundle of symmetric (0,2)-tensors on the closed manifold M. The system (3.3) is equivalent

to

D o(x,1) —tryV2g(x, 1) = Q(g, Vg)(x,t)  on M x(0,T]
(3.6)

g(x,0) = go on M.

The results in Chapter 2 will help us to apply the Banach fixed point theorem.
Letw € XZ(C;)(M X [0,T]; E) be given such that w(-, ¢) is a family of Riemannian metrics on

M x [0, T], we consider the following linear system:

%n(x, t)— trg(ﬁzn(x, t) = trwﬁzw(x, t)— trg(ﬁzw(x, 1)+ Q(w, @w)(x, t) on Mx(0,T]
n(x,0) = go(x) on M

(3.7)

Note that if a solution 7 to (3.7) satisfies 7 = w, then 1 solves the nonlinear system (3.6).

Proposition 3.1. Consider the linear system (3.7). Suppose that

(1) w(x,0) = go(x);
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(2) w(-,t) is a family of Riemannian metrics on M X [0, T| such that

Ago(x) = W) = 1ol

for any (x,t) € M x [0, T].

(3) IIWI|X2<3>(Mx[o,T]> <A

Then there is a unique solution n € Xz(c;)(M X [0,T]) to the system (3.7) and positive constants

Kl = KI(M, g, ”gO”a’), K2 = KZ(M, A’ gA’ ||g0||(1, A) SuCh that

Y
”nllXZ(H)(MX[O,T]) S KI(K2 T2 + ”gO”a',M)
24

Moreover, there exists T* = T*(M, A, &, ||golle, A) such that n(-, t) is a family of Riemannian metrics

on M x [0, min{T, T*}] satisfying

Ago(®) 2 (1) = 1o

for any (x,t) € M x [0, T].

Proof. In the sequel, K| will denote a constant depending only on M, g, ||golle:a and K will denote

a constant depending only on M, A, g, ||go||a:m, A. We first consider the term

1

1 A N

Q=wlswsxR+wlsw«VwsxVw.
By assumption (2) and the matrix identity A~' — B~! = B!(B — A)A~!, we have

W lowxor) < Ka(A,8) and  [w™ o 2imxqor) < KW ooy [Wlazmxor)) < Ka(A, 8. A).
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This implies

| |Q(W, @W)l |CIO’_YQ (MX(O,T]) (38)
2

-1 -1, -1 % &
<
<K (||w * W”c?*_’%(Mx(O,T]) + W = wT % Vw % VW”(:]O’_VQ(Mx(O,T]))

2

< K (1'% 107" o gotom Wl gmrgory + T w2 Vwii? )
= @, 5 ,MX[O,T] Q,E,MX[O,T] a’%;MX[O’T] C(l),'}/a (MX(O,T])

2 2

<K T?.

Similarly, using the facts @ > y and |(w —go)(x,1)| < 2 [w— 80)a.2:mx[07], and the matrix identity

A" =B ' =B (B- A)A!, we have

lere¥w = 1r wlgor oy (3.9)
2

_ -2 -1 -1\, &2 -2+
= sup o (W —gy)xV wlo;Mx[%,g] + sup o 2
oe(0,T] ae(0,7]

1-¢ &2 1-24Y )
<Ko sup o' Hw = goloarxig.oll VWl + 0 o EE w = ol o[V,
O’E(O,T] O’E(O,T]

a
1—7+

IR

+ sup o

&2
e(OT] [W - gO]y,%;MX[%,o'] |V wlO;MX[%,O’])

72 1+21¢2 -2+ &0
< Kz( sup o|V wlo;MX[%,g] + sup o "I[V w]%%;MX[%J] + sup o 272|V W|0;M><[%,a])
oe(0,T] oe(0,T] oe(0,T]

a _a & a _a, Y
SKz(Tz sup o! 2|V2w|o;Mx[%,g] + T2 sup ol=2%2

[V2W], v.0yuie
oe(0,T] oe(0,7] rrMxlzo]

Y 1-2,&2
+TZ sup o 2|V W|0;M><[%,a]
oe(0,T]

<K, TZ.

From (3.8), (3.9) and Theorem 2.1, we conclude that there is a unique solution 7 € Xé‘;)(M X
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[0, T]) to the linear system (3.7) and a positive constant K; = K{(M, &, ||gol|) such that

”77||X2(’(:)(MX[O,T])

S K] ||ter2W - trgOVZW + Q(Wa VW)HCQV (MX(OT]) + ||gO||a;M
1—% ’

Y
< Ki(K2 T + ||8olla:m)-
Next, note that the bound for the semi-H6lder norm [n]a’%; mx[o,r] implies that

I7(x, ) = go(X)llo:axjor) < K(M, A, &, I gollas A) T

Thus if 7% = T*(M, A, 8, ||golla» A) s sufficiently small, then the second conclusion of the proposi-

tion also holds. O

3.2 Short time existence and uniqueness to Ricci-DeTurck flow

We now prove the short time existence for the Ricci-DeTurck flow (3.3) by employing the
Banach fixed point theorem. Let A > 2 and A > 10AK]||goll.:»s be large constants, where K| is

the constant given in Proposition 3.1. We define a closed subset in XZ(C;)(M x [0, T]) by
1
B = {w € X1 wheo = 80, Ago() 2 w(,0) 2 £20), Wl < A}

The subset B is non-empty by our choice of A provided that T = T(M, A, g, ||golas A) 1S chosen

sufficiently small. We next define an operator R : 8 — Xz(‘;) by
n = R(w), (3.10)

where 7 1s the unique solution to the system (3.7) in Xz((;). The operator R is well defined by

Proposition 3.1. Moreover, we can further set 7 = T(M, A, &, ||gollo, A) sufficiently small such that
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||77||X;a) < Aand Ago(-) = n(,,1t) > kgo(-) by Proposition 3.1. Consequently we have R(8) c 8B
Y

by our choice of T'.

Proposition 3.2. If T = T(M, A, &, ||golle, A) is chosen sufficiently small, the operator R is a con-

traction mapping.

Proof. In the sequel, K will denote a constant depending only on M, A, A, &, ||go|a:m- Let wi, wo €

B and write n; := R(w;) for i = 1,2. Then n := n; — 1 solves the following system:

%n - trgoﬁzn =Q on Mx(0,T]

(3.11)
n(x,0)=0 on M,
where
é = trwlﬁzwl - trWZ@ZWQ’ - trgoﬁz(wl —wp) + Q(Wl, @Wl) - Q(Wz, @Wz).
Then Theorem 2.1 with rg = 0 asserts that
12ll e < K||Q||Cf>,_y%(MX(O’TD. (3.12)

We first derive the estimate for the term Q(w1, Vwi) — Q(wa, Vw,). Recall that

1

1 N N

Qw, Vw)=wlsws« R+w s w™ %« Vi« Vw,
thus we can write the difference as
Q(w1, Vwi) = Q(wz, V)
=(w1_1 —wz_l)*wl * R +w2_1 x (W) —wo) * R
+(w1_1 —w2_1)>|<w1_1 « Vwy « Vw, + wz_1 >r<(w1_l —wgl)*@wl « Vw

1

- -1, (¢ & e 1, -1, % ¢ e
+wy ok w, x (Vwp = Vwp) = Vg + wy = wy ™ Vi x (Vwy = V).
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Using the matrix identity A™' — B™' = B~!(B — A)A™! and the fact that [|w;[| ) < A, we have
2y

for each o= € (0, T],

|Q(w1, Vwi) = Q(w2, VW2)lo:mx( £ o]
~1y,, 1 -1 g_L g &
< K(lwl —Walomx(g.01 + T Wl =Wy lomx(g.0) + 022V — VWZ'O;MX[%,O'])

-1 2 1o 5
< K(O-a |W1 - W2|0;M><[%,0'] +0? 2|VW1 - VWZ'O;MX[%,O‘])~
This implies

a5 1QwL wi!, Yw) = Qowa, w3, Yw) o 2.0 (3.13)

IR

a a 1 2 A
<Ko? sup |[wi—walomx(g.o)+02 sup 0272 |Vwi = Vwalomx(g.0

oe(0,T] oe(0,T]

< KT? ||W1 — Wzllx(a).
2y
On the other hand,

[Q(Wla @Wl) - Q(w29 @WZ)])/,%;MX[%,(T]

< K([Wl — w2l rux(g.o) T IWE = Walomx .0l + o wit = wy!

Bl—=

a_
2

Yya-1y, -1 _ . -1

Since @ > vy, the Holder semi-norm [w; — W2]y,§;M><[%,a] is controlled by [w1 — w2la,2:mx($.0]»

thus
o TEEQON, Ywi) = QUwa, Yw2)l, pargg o) < KT I = wall o (3.14)
24
for each o € (0, T]. Putting (3.13) and (3.14) together we obtain

”Q(Wb @Wl) - Q(WZa @WZ)“C?'_)/Q(MX(O,T]) < KT% ”Wl - WZHX;‘;)- (315)
g 5
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Next, we derive the estimate for the term tr,,, V2w — 17, V?wy — trg, V2 (w1 — w2). We write it

as

ry, Viw — ter@ZWQ - trg(ﬁz(wl - wy)

=W = wyh) « V2w + (wy!' = ggh) = VAW — wa). (3.16)
For the first term in (3.16), we use the matrix identity A~' — B~! = B~1(B — A)A™! to estimate

e &2
W™ = wy ) = Viwilomx(g.01 < Klwi = walomx(2.011V Wilo:mx(¢.01

a_
<Ko? 1|Wl - WZlO;Mx[%,a']-
Since wi(+, 0) = wo(+,0), we have

w1 = w2)(x, )] < 17 [wi = walo,2:mxj0.0r]
for any (x,t) € M x [0, o]. Consequently,

I DA N S @ _a
o | wi = wy ) # Viwilomx(g.0) £ Ko 2o 2|lwi = walomx($.0] (3.17)

@ _a
<Ko? sup 7 2|wi = walomx(5.q]
7€(0,T]

< Kod [lwi = wallye
24
for any o € (0, T]. On the other hand,

-1 _ -1y, 92
[OW " =wy ) Vil ¥y .0

2 2
< K (191 = walowna 1091 ] giari .0 + 091 = w2, anis o1 9wt bonrsg .01

S~—"

_X+£_1 a_1
< K(o2"2 7w = walomxg.o1 + 027w = w2l rux g0 )
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for any o € (0, T]. By an argument similar to (3.17) and the fact @ > y, we have

[+4
2

0_1—%+%[

-1 -1 &2 Y _Y
(W —wy ) *V Wl]y,%;Mx[%,o-] < K(O'ZO' 2|lwy — wzlo;Mx[%,g] + 02w — WZ]y,%;Mx[%,o-])

(3.18)

Y
< Ko:?2 - @
< Ko fwr = wallye
for any o € (0, T']. For the second term in (3.16), we have

=2 11y, 2 1-¢ &2
o z|(wy = go ) = Viwi = wo)lomx(g.01 < Ko "2 [wa = golo.mx(2.011V (W1 = wa)lo.mx(2.0]

(3.19)
< Ko [V2(w1 = w2)loumx(5.01
<Ko% sup 773V (wi = w)lowx(z.e]
7€(0,T]
<Ko?|w - "
< Ko2|w W2||X§’y>
for any o € (0, T1], since |wy — golo;MX[%J] <o? [wz]a,%;MX[OJ] < Ao . Moreover,
1=4+5 (=] — o1 5 ©2 _ 3.20
o [(wy" =5 ) * Vw1 = w2)l, 1. mx( g 0 (3.20)

1-24Y &2
< K(U 272 |wi = golosmx 4,01V W1 = w2)l, 2.mx( 9.0

1—%+%[

&2
+ 0 Wl —_ go]’y,%;MX[%,U'ﬂV (Wl - WZ)lO,MX[%,O’])

IA
>

1-24% 12 142 1e2
(¢ HHP2 001 = wloarsiz.or + o E T 001 = w2l 2z

Y N a _a. Y a
<K(o> sup '3V (wi —wo)lowxize + 02 sup T [Vi(wy —w2)ly 2mx| ,T])
7€(0.T] 7€(0,T]

I~

Y
< Ko2[lwi = wal| y@.
2y
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Putting (3.16) to (3.19) together, we obtain that

A 2 2 Y
ler V2 wi = 1130, V22 = 11 V2001 = w2)lleor oy < KT HIW1 = wall o (3.21)
_% ’ 24
Hence, putting (3.12), (3.15) and (3.20) together, we obtain
Y
71 = 2l g < KT Wi = wal| yio- (3.22)
2y 2y

T =T(M,A,&,||gollar A) is chosen sufficiently small, we then have
IROv) = ROl < 5w
w - w ) S —||[W1 — W ) -
1 Dl = 71wt 2l
This proves the proposition. O

Therefore, by the Banach fixed point theorem we have proved

Theorem 3.3. There exist K = K(M, &, ||golla:m) and T = T(M, &, ||gol|a:ar) such that the following

holds:

There is a unique solution g € /\’é‘);)(M X [0, T]) to the Ricci-DeTurck flow (3.3) such that
* g(-, 1) is a family of Riemannian metrics;

Next, we can improve the regularity of g by bootstrapping.

Corollary 3.4. Let k > 2 be given. There exist K = K(M, k, 8, ||golla:m) and T = T(M, &, ||go0|la:m)

such that the following holds:

There is a unique solution g € X ,E‘?(M X [0, T]) to the Ricci-DeTurck flow (3.3) such that
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* g(-, 1) is a family of Riemannian metrics;

* ”g”,\'g;)(Mx[o,T]) < k.

Proof. We will prove the corollary by induction on k. It is clear from Theorem 3.3 that the assertion
holds when k = 2. Let us assume that g € X]E‘);)(M X [0,T]) for some k > 2. In the sequel, K

will denote a constant depending only on M, k, &, [[golla;m: 1€ || y@ . Firstly, note that by the matrix
kyy

Y mx0,1])"

identity A”' =B~! = B"/(B—A)A™!, the term ||g~! ”c(’)"‘”(Mx(o,T])

is controlled by || g|| ok
0

Moreover, we observe that

”g”Cg_]’y(MX(O,T]) = ”g”Cg’y(MX(O,T]) + |Wg”c’;’2’7(Mx(0,T])‘
2

Since a > vy,

”g”C(())y(MX(O,T]) < K”g”a,%;MX[O,T],

and it follows from Lemma 1.6 that

198l gt2r gy < KTHI98
2 2

Y (Mx(0.T]y
2

we have

||g||C§_1’7(M><(O,T]) S K

Since g solves the Ricci-DeTurck system (3.3) on M X (0, T'], by Lemma 1.6, the induction hypoth-

esis, and the above estimates, we have

lg™ 87" * Vg * Vellgitopraom < KT g™ s

0

N2
) cy
2 2

(Mx(0,T (Mx(0,T])

a
2

<K
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and

a

-1 %) 1-£ -1
”g * gk R”Clk:gy(MX(O,T]) < KT 2 ”g ”Cgfl’y(Mx(O,T])”g”()‘(’)"l”(Mx(O,T])

<K.

Theorem 2.1 then implies that

”gllxlgi)ly(MX[O’T]) S K(Ha(gy Vg)HClk_éy(Mx(O,T]) + ||g0||a')

<K.

From these, the assertion follows.

3.3 Short time existence of solutions to the Ricci flow

We will prove the short time existence of solution to the Ricci flow with Holder-continuous
initial metrics in this section. More specifically, we show that any solution of the Ricci-DeTurck
flow with Holder-continuous initial data gives rise to a solution of the Ricci flow with Holder-

continuous initial data.

For any a € (0,1) and k > 0, we define by C**(M; M) the space of C** maps f : M —
M. Recall in Chapter 1.3 that {Uy, ¢,}u=1,..m 1S a fixed set of coordinate charts on M. On the
coordinate chart U,, amap f : M — M has components ( fﬂl, ..-» fy). The Holder norm for
maps f € C%(M; M) is measured with respect to the fixed charts {U,, ¢} More precisely, given

f € Ch*(M; M), we define the associated C*® norm to be

n
||f||ck«r(M;M) = Z Z |f;|Ck’a(¢y(U,u))'
nor=1
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In the remainder of this subsection, we will consider the ODE

%‘ﬁt =-W(Yy, t)
, (3.23)

Yr =id

where W is the DeTurck vector field defined by W* = g/((T)k. — (I)L), and g € X,Ef’y) is the
solution to the Ricci-DeTurck flow on M x (0,7]. Note that the vector field W is undefined at
t = 0. Nevertheless we can show that the one-parameter family of maps {y;} generated by (3.23)
can be extended to a map ¢ at ¢+ = 0. In the sequel of the section, K will denote a constant

depending only on M, @, . lIgolla:n. lIgll -
4

Lemma 3.5. Let g € X ]an) be the solution to the Ricci-DeTurck flow on M X (0,T], and W be the
DeTurck vector field defined by W* = gi/ ((Fg)f‘j - (fg)ffj). Then the one-parameter family of maps
{y,} generated by (3.23) can be extended to a map g att = 0 in CYB(M; M) for any B < a and

satisfies

Willcwsssan < K
for eacht € [0,T]. Moreover, yi; remains a diffeomorphism for t € [0, T]if T is sufficiently small

Proof. Since the W = g~! % g~! x Vg, we have the estimate Wl < K. Note that the

LY (Mx(0.1])

2 2
ODE (3.23) is uniquely solvable on M X (0, T], we would like to show that the solution ¢, can be

extended to M x [0,T] in C"A(M; M) for any S < «.

We now work in local coordinates. Suppose that ¢; has components 1//,k in a chart U, we see

that ﬁil,//,k satisfies the ODE
0 .
Ea,-l//,k =W WL t) !, i=1,..n (3.24)

for each r € (0,7). Let B € (0, @) be given and define g’ := ﬁ% We claim that ||y |lc1s(pr.00) has
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a uniform bound for every ¢ € (0, T). Define

F(@) = Yellero:ay
then from (3.24) we have
0 o
Eaﬂp," <Kt (). (3.25)

To integrate the above inequality, it is possible that the integral curves pass into different charts.
Fix x € M and t € (0,T]. Suppose that y7(x) € U and y,(x) € V. Since there are only finitely
many coordinate charts, we may assume without loss of generality that U NV # ( and there is
s € (t,T) such that ¢.(x) € U forall T € [s,T] and ¥(x) € V for all T € [t, s]. By integrating the

inequality (3.25) from s to 7', and by noting that (9,-¢§ = 61.", we have

T
|0k (x) - 6F| < / K 27 f(7) dr. (3.26)

1 9yk

- where (y;) and (z;) stand for

Moreover, on the intersection U NV we may write 6,~w7’f = 0
the local coordinates on the charts U and V respectively, and ¢ stand for the components of .
on V. Since 9. satisfies (3.25), it also satisfies a similar inequality as above by integrating (3.25)

from ¢ to s. This implies that

) - 0l < [ Ko g dr. (327)
1
From (3.26) and (3.27) we obtain

T
10:0 (%)) §K+/ K 27 (1) dr. (3.28)
t

We can similarly obtain bounds for |/ (x)| by integrating the ODE (3.23). Since x € M is arbitrary,
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we obtain

T
f(t)sK+/ K 727 f(7) dr. (3.29)

Gronwall’s lemma then implies that

iellcroga < K exp(KT?) (3.30)

for any ¢ € (0, T1].

Next, let x,y € M and fix t € (0, 7). To bound the C LA norm for Y, we may assume without
loss of generality that i, (x) stays in the same chart with ¢ (y) for 7 € [¢,T) using the uniform C'
bound (3.30). Note that it is still possible that the integral curves (x) and ¥,(y) may pass into

different charts. By (3.24) we have

a (a,-wf(x) - a,-wﬁ(y))
at\  |x—y#
WY (), ) = AW (e (), 7)

- e G = AW (e (7). 7)

(3.31)

Al (x) — dwt(y)
lx — y|#

for each 7 € (¢,T). By Lemma 1.6, we have ||W||C < K. Thus the bound for VW and

ilf/(Mx(O,T])
2 2
(3.30) imply
B :
W W (x), T) = AW (e (), D < K 77772 e (x) — v (0) P

- ,
<Kt jx—yf

and

a

W e (y), 7)l < KT7142
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Hence

8 0wk (x) - k() e e [0 (x) — 0wk ()
— TP ) < Ko o) + Ko -

a—p’

142 142
<Kt "2 4Kt 1+2”¢T||C1,B/(M;M)

for each 7 € (1, T). Subsequently similar to the argument in deriving the C' bound (3.30), we can

integrate the above inequality to obtain

10k (x) — ok ()l
|x — yIF

T ,
1., B 1+
S/ (Kt BEERE Co 1+2”‘/’T”C1ﬁ’(M;M))dT
t

, T
a—p’ 1+ ¢
<kT*E . / K3 0 e poany -
t

Since x,y € M are arbitrary, we can combine the above inequality and the inequality (3.29) to

obtain

, T
a _1+2
WWellcrs oy < K+ KT 2 +/ Kt 1+z||¢7||clyﬁ,(M;M)dT.
t

Then Gronwall’s lemma implies

Wellcs oy < K'(T) (3.32)

for any ¢ € (0, 7], which is uniform for each ¢t € (0,7]. Since bounded subsets in C 1’/5"(M s M)
are precompact in CY#(M; M) as B’ > f3, upon passing to a subsequence we have ; — i in
CYA(M;M)ast — 0.

Lastly, ¢, remains a diffeomorphism on (0, 7'] provided T is sufficiently small by the inverse
function theorem. It remains to show that ¢ is also a diffeomorphism. We need a uniform lower

bound for the differential dy;. Fix x,y € M and ¢ € (0,T]. Let ¢ : [0, L] — M be a curve such that
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¢(0) = x and ¢(L) = y. Define

L
o) = /0 W) (5), (5))ds.

Then ||y-(x) = Y- (y)llg = inf. he(7). Moreover, from the fact that 0'1‘%||W||0;MX[%J] < K, we

have

L
() = /0 WALow@)((s). ¢/ ())ds
< KIS W) lloarhe(r)

< Kt (1)
for each 7 € (¢, T]. This implies

T
he(T) < he(t) exp ( / KT%—‘dr) < Kh(1).

Similarly,

he(T) > %hc(t).

In particular, this implies the uniform estimate

1
Ellx = Vllg < lle(x) = e(Wllg < Kllx = yllg (3.33)

for any r € (0,7] and any x,y € M. Consequently both ¢y and Dy are injective. Thus i is a
diffeomorphism to its image. Now we show that ¢ is surjective. Take any y € M and choose
a sequence s; — 0. Define a sequence of points by x; := ws‘jl(y). Since M is compact, after
passing to a subsequence we have x; — Xxo € M. The uniform estimate (3.33) then implies
that |5, (x;) — ¥5;(Xx)| — 0. On the other hand, we have |, (x) — Yo(xe)| — 0. Hence

|¥s;(x;) = o(xeo)| — 0 and we get yro(xeo) = .
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For the family of diffeomorphisms {;}c[or], it is possible that the curve ¢ — ;(x) does
not stay in the same chart for all ¢ € [0,7]. Hence if ¢ : M x [0,T] — M is a map defined
by ¥(x,t) = ¥;(x), we cannot measure its parabolic Holder norm the way we did for the elliptic
Holder norm without any modification. However, our final goal is to show that the pullback metric

Y, g satisfies the Ricci flow equation and lies in some weighted space X,f*y)

provided that g € X ]E‘;)
is a solution to the Ricci-DeTurck flow.
Now, consider the section dy;, : M — T°M ® (;)*(TM). We introduce the multi-index

notations

1= (u1, 12).

If (xl.” Yi=1,..n and (yjf ?)j=1,..» are local coordinates on the charts U, and U, respectively, then

efj.(t) =dxl" ® s b =1,.,n

0()’72 oY)

form a local frame on 7"M ® (w’)*(TM)lU,,lﬂw,‘l(Uyz)' Moreover, if x € UL = Uy, Ny (U,,), then

locally around x the section diy/; can be expressed as

dy; = (dyy)ieli(r),  where (dyn)] = Oy,

Definition 3.6. With the above notations, let {p,,} be the partition of unity subordinate to the

chart Uy,, we define functions ‘I’Z M x[0,T] - R by

Wit ) = P () dy) (x) if w,<x)esupp<pm).

0 if Yi(x) ¢ supp(py,)

Note that in this way, although the component maps ¢ — (dz,bt)i{ (x) may not be defined for all

t € [0, T], the maps ‘I’LJ (x, -) are well defined for all ¢ € [0, T].

Lemma3.7. Letg € X (a)

K42y be the solution to the Ricci-DeTurck flow on M x (0, T], and {{; }e[0,1)
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be the one-parameter family of diffeomorphisms generated by (3.23). Then given any S < a, the

functions ‘I’Lj which are defined by Definition 3.6 satisfy
(1) W € CAZ(M x [0,T];R) and V¥ e C;‘:é’y(M x (0, T]; R);

(2) ”\Pilj + ”@\PLJ”C]‘ 2;(M><(0,T]) < K(M, ka ga ”gO”a’a ”g”Xliti)Z,y)

”ﬁé;Mx[o,T] "
2 2
Proof. Firstly, Lemma 3.5 has already shown that ‘I’Lj(-, 1) € CY%(M;R) for each t € [0, T] with an
uniform upper bound for the elliptic Holder norm. Thus to show that ‘I’;{ € Cﬁ’g(M X [0,T];R), it

remains to show that ‘PLJ (x, ) is also Holder-continuous for ¢ € [0, T'] for each x € M. We rewrite

the equation (3.24) in the new notations as

0 ij ' i
- (dw)] = =aW W) (dw.

This gives
0

il = =P (W) W] = (U)W (Wi 1) (i),

Using the C' bound (3.30) and the fact that ||W|| N < K, we have

k+1, >
Y ()
272

%‘I’Lj < Kr1*5

for each r € (0,T). Hence

.. .. t a
[ (x,1) = W}/ (x, 5)| < / Kt'*2 dr
S
< K(t7 - 57)
<Kl|t—s|?

W (1) (x,5)]
Y

[3
|t=s]2

fort,s € [0,T]. This gives sup,.. < K for any x € M. Hence, we conclude that

ij
[k ”/3,§;M><[0,T] <K.
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In the next step, we prove the remaining assertions. Heuristically as g € X ]Ei)” we have

W e Ck+l_’7 and so the highest regularity we can achieve for @‘Pﬁf would be Cf{_é’y. On the other

1_a

2 2 2 2
hand, we can easily control the Holder semi-norm [@’"‘I‘P]%%; Mx(2 o] bY the higher order C 0 norm

W’"‘I’lO;MX[%,O_]. And since we have the freedom of choosing k to be any large integer, it doesn’t
hurt if we omit controlling the highest order Holder semi-norm W"‘I’]y,%; MX[G.o]- Nevertheless,
we will first control the C° norm of W’"‘Plo; Mx[%.o] Up to the highest order. More precisely, we

first prove the estimate

o O o ey < K (3.34)
by induction for 2 < m < k + 1. For notation simplicity, we abbreviate the components (dlp,)i,j of
the differential dy, simply by dy;, the partial derivatives 8! (dy, Z and 8"W' by 8™y, and 0"W
respectively, and the functions ‘PZ by . Moreover, with this abbreviation, for each ¢t € (0, 7] the

C? norm for 0™y, is given by

10" gllow = Y 3 108 Ay o1 0

Moo i,j

Now suppose that the estimate (3.34) holds for all 2 < j < m. Thus the induction hypothesis

implies that

. B 1 j2
107y llos < Ke27277

forall2 < j <mandr € [Z,T]. Using the Francesco Faa di Bruno formula for higher-order chain

rule, the following ODE is satisfied by 0"!y;:

d m+1
5(3 Y1) (3.35)

=— Z (aj1+-~+jm+1W)(l,0z, t) * (&ﬂt)*jl P (8m+lwt)*jm+l

J1+2jp e+ (m+1) 1 =m+1

= — Z (aj1+-..+ij) % (awt)*jl % een % ((9ml//,)*j’" — oW % am+l¢t-

J1+2jp+4+mju=m+1
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Here (9'y/)* stands for 'y * - - - * 9"y and the summation sums over all non-negative integer so-
~—— ———
J times
lutions of j; +2j, + -+ mj,, =m+ 1.
Now observe that for any ¢t € [%, T], the CY bound for /W, 0y, and the induction hypothesis

imply

|(aj1+m+ij)(Wt, 1) 5 (OY) I s - e (0 y) I

(3.36)

IA
>
~
IR
|
=
l\
__r.
"4
5
~
8 3
S
<
s
ST
<

a_m+2 B ym -
(2t Ly

>~ =

m+2

@ __mil
2 2

IA

t

for each {jy, .., ju} satisfying j; +2jo + -+ -+ mj,, = m+ 1.
Let us define f(¢) := ||0™ 'y, |lo.m. Since (dlﬁT)Z(x) = 6; for all x € tpt_l(Um), we have f(T) = 0.

By (3.34), (3.35), (3.36) and the fundamental theorem of calculus, we have

T T
f(t) < K/ T%_%dr + K/ T%_lf(‘[')d‘l'
t t

T
<Ki?7% 4+ K/ 27 f(r)dr
t
for each t € [5,T]. Hence Gronwall’s lemma implies
1™ Wi lloow < Kt272 exp(KT?) (3.37)

for each t € [5,T]. Now, since ¥ = (p o ;) * (0y¥,), where we have abbreviated the function p,,,

62



as p. Using the Francesco Faa di Bruno formula again, we obtain

8l(p oY) = Z p(i1+'-~+i1)(wt) % (alﬁt)*il %ok ((91%)*1'1

i1+2i2+~--+li1=[

for 1 </ < m+ 1. By the induction hypothesis and (3.37), we have the estimate

/
o' (pov)l <K (ﬂnafwtngm) (3.38)

i1+2ip+-+1ij=l \r=2

l
sk 3 ([
i1 +2ip++lij=1 \r=2

<K Z f% Yoo Tir

i1+2ip+---+1ij=l

<K Z T

i1+2i2+-~~+li1=l

< Ki7.
forany 1 </ <m+1andt € [, T]. Then we observe that A" satisfies
oY = Z 0" (p o) x 07y
Ji+ja=m

Using the estimate (3.38), the induction hypothesis and (3.37), we subsequently obtain

i1 B_02 B
2

[0"¥(x,1)| < K Z 172t777 < Kt

Jitja=m

for each ¢ € [F, T]. Therefore we conclude that

B, m
2-+—

1 -1 A H]
5 mylJ
o2 V'Y lomxig.m) < K-

Note that in the RHS of (3.37) the exponent of o is negative for any m > 1. This is why we cannot

hope for higher powers of @’"‘I’Z. to converge for any m > 1 as t — 0. Lastly, to verify that (3.34)
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holds for m = 2, it suffices to consider the following ODE satisfied by 92y,

0
5(52%) =- (92W(l,b,, 1) * Oy % Oy — OW (Y, t) * az'ﬁz-

For each ¢ € [5,T], the C° bound for 8°W and 9y, imply

[SS1[08)

|02W (1, 1) % Oy % D] < K 1272,

Now we can proceed as before to obtain (3.34) for the case m = 2. This proves (3.34) by induction.

In particular, this implies that

1 B m=2 a0 1. i
o VI kg0 < K (3.39)
for2<m<k+1.
Next, we show that
AR N <K 3.40
o [ /J]'y,%;MX[%,O’] = (3.40)

for any 2 < m < k. We first observe that the following equation is satisfied by 9" 1\P:

0 m—1

(0" 71)

= Z 5J'1+1¢ * Z (6ll(po¢)*2(alzw))+ﬁ(ajmw)*ajz(pow)
Ji+ja=m-1 t li+h=j> YT ot ! ot 4 t) (-

Using (3.35) to (3.37) and the €% norm for VW, we obtain

0 a_ a_ a_ -1
'E(al‘”’) <Kt2 7 + K27l 272
a _ 1+1 I1+1
<Kt2"7? + Kt 7
a I+1
<Kt2" 7
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forall 0 </ < k + 1. Combining the above estimate, (3.37) and (3.38), we obtain

’%(am—hp)(x, 1)

a_J1 h o a_hb e N2 7
< K Z {ti‘? Z 12 272 412772 -t 2}

Ji+j2=m-1 11+12=jz
a_J1+ti+2
<K Z { t2 2 }
Jitja=m—1

@ _m+l

<K@ 4157

+1
< Kl7_T.

Now, we fix a point z € M, and let (x,7), (y, 5) € B,7(z) X[5, o]. We may assume without loss
of generality that ,(x), ¥5(y) € supp(py,), and t > s are close enough such that ¢ (y) € supp(p,)
for T € [s,t]. Using (3.35), (3.36) and (3.39) we have

95" (1) = B G 9)
v =yl + e = s
ol - o L0l 1000 - 9, 5))

B |x =yl It — 5|2

t

) .
< K100 loaigon v =317 + Kl =i [
S

d m—1\yliJ
@) dr

t
_m 1y 4 __m_+1
<Ko 20'22+K|t—s|2/ > dt
S

t
B_y_m-1 _Y @ _m+l
<Koz17277 +K|t—s| 2/72 T dr
s

a m—1

<Ko " 4 K|t —s| 3T — 52T,

Now, we can write § — 21 = (g —1omlyy (%ﬂ +%). Using the fact thatae > Band s, s € [§, 0],
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we obtain

a_m-1 a__m-1

T —527 7))

Hence

am—I\Pij x,t _am—I\Pij , S o
| X ,u( ) X ,u(y )l < KO'_%+§_%_TZ

=yl + 1 = s
for any (x,1), (y,s) € B\7(z) X [3, o]. Since z € M is arbitrary, we have proved (3.40).

O

Proposition 3.8. Let k > 2 and B,y € (0, @) be given. There exist a C"P diffeomorphism y - M —
M and K = K(M, k, 8, ||golla:m), T = T(M, 8, ||80lla:ar) such that the following holds: There is a

solution § € X ,E’l;) (M x [0,T]) to the Ricci flow such that

3.0 =y'g0 and gl yory < K-
SY

Proof.
By Corollary 3.4, we can find T = T(M, g, ||gollo) > O sufficiently small such that g(r) €

X(G’)

P +3’7(M % [0, T1) is the unique solution to the Ricci-DeTurck system such that

lgllyo < K.

k+3,y

By Lemma 3.5 and Lemma 3.7, we can find a one-parameter family of diffeomorphisms {i; };¢[0.7]

which is generated by
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%% = -W(Y, 1)

2

yr = id

such that if the functions ‘I’;{ are defined by Definition 3.6, then they satisfy

(1) W7 e CP2 (M x[0,T];R) and V¥J € C*"2(M x (0, T]; R);
-2

1
2

ij & .
(2) ”\Pu ”,B,'g;MX[O,T] + ”V\P/.l ”CII(_II}Y(MX(O,T]) < K(M, k, 8 ”gO”m ”g“XIi(i)By)
272

. & i
Equivalently, we have ||[V'¥, || ¢t (Mx(07) <K.

2 2
We then define g(1) := (;)*g(¢). Thus g(0) = y;;g0 where v is a C'# diffeomorphism. We
have

0
58" W) (=2Ric(g(1)) + Lwg (1)) — Lwg(1) = —2Ric(&(1)).

Hence g is a solution to the Ricci flow on a M X (0,7]. In the sequel, let us denote g(z) by
g:. Next, we fix a chart U. Let x € U and ¢,(x) € V for some chart V. Let {x;} and {%;} be the
coordinates on the charts U and V respectively. Moreover, we denote by h, : U,NV — GL,(R) the
induced transition maps between trivializations of the tangent bundle TM; and by H, : Uy, NV —
GLy(R) the induced transition maps between trivializations of the bundle Sym?*(7*M). So on the

intersection U, NV, we have
(dyn)? = (hu)i(dy)¥ and g = (H)Y - g,

where (dy,) = d! are the components of dy, on U Ny (V), and g! are the components of g
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on U,. Then

§(x, 1)ij = ¥y &1(x)ij (3.41)
= GO0, )5
- SN ) ] o)

=(g o %bz)kl(dlﬁt)lk(dwt)ﬂ
= > s 0w D pu@)dy)* - ) o) (dun)'
s M v

= > PsW)(gs 0 W), (Hy)i mef)(h,,)k(d«m Zpyw,)(h»l(dw,)”

= > psWi) (g 0 )y WPV - ()i () (HOE
V.S
Now, since g € C*2(M x [0,T]), ¥ € Cﬁ’lig(M X [0,T]) and @ > B, we have g € Cﬁ’g(M X [0,T])

from (3.41). Next, for 1 < m < k, we see from (3.41) that

Ve= ) Voo s Vg ou) « VY« Thy.
Jitja+j3+ja=l

Note that we have ||[V¥|| Ck < K. Since y; is a C"# diffeomorphism, g, o ¢, has the

l’(M x(0.T])
same regularity as g;, and SO ||V(g, oY)l c- ly(MX(OT]) < |IV(gs 0 ol = ‘7(Mx(0T]) < K. By the

e k- 1’7(M><(OT]) < K. Moreover,

2 7

definition of ¥, poy; has at least the regularlty of ¥, thus || V(p oy,

by Lemma 1.6, there is

”\P”Ck ly(MX(OT S K(”\P”ﬁ,g,MX(O,T]) + ”V\P”CE_Z’Y(MX(O,T]))

< KU¥llg gm0y + V¥ llek o)

2 2

<K.
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Similarly,

||gt o l//t”Cg_l’y(MX(O,T]) S K aIld ||p o wt”C(l;_l,y(MX(O,T]) S K-

Putting everything together, we obtain

1o 0 0) % (81 0 w) * ¥ 5 V¥llekoty o)
272

< K”(p © w’)”Cé‘_l’y(Mx(O,T])”(g’ © wt)”c(])(_l’y(MX(O,T])”\Pllc(;(_l’y(MX(O,T])||¢\P”Cll(_lby(MX(O,T])
2

2

<K.

We can similarly derive the bounds for the other terms in the summation of (3.41). Therefore we
conclude that

||V<§HC];*1'BY(MX(O,T]) S K

2 2

This proves that § € X ]Eﬁy) (M x [0, T]) and the assertion follows. O

3.4 Short time existence and uniqueness to the harmonic map heat flow

In this section, we assume that a solution to the Ricci flow is given. To construct a solution
to the Ricci-Deturck flow, we prove the short time existence and the uniqueness to the associated
harmonic map heat flow.

Throughout this subsection, let @ € (0, 1) be given such that gg € C*(M). Lety € (0,a) be
given and we fix 8 € (y, @). Moreover, let g(7) € X ]E[;) (M x [0,T]) be a solution to the Ricci flow

on M x (0,T] and ¢ be a C'*# diffeomorphism such that
* 8(0) =y go:
* ”w”ChB(M;M) <C;

-Ly S C.

¢ ”g”X]EBY)(MX[O,T]) = ”g”,B,'%;MX[O,T] + ”Vg”CII
2

[Slhsy

for some constant C > 0.
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Associated with g(z), we consider the harmonic map heat flow

34,
=L =A (,)’A(b[, on M X (0, T]
or— Ens (3.42)

wo =, on M.

We seek short time existence and uniqueness to the initial value problem (3.42). To do that, we
reformulate the problem into an equivalent equation on 7M via the exponential map. Since ¢ €
C#(M), we can find a C* map ¢ : (M, g) — (M, g) such that dg(y(x), (x)) < 1inj(M, ). Here

d; 1s the Riemannian distance with respect to the metric §. Thus we can write

W(x) = expy (U(x)) (3.43)

for some C'*# vector field U(x). The exponential map is taken with respect to the metric g. If
we assume that 7 is sufficiently small so that dg(¢;(x), J(x)) < %inj(M, &), then we can write the

harmonic map heat flow ¢,(x) in the form

¢:1(x) = expy () (V(x, 1)) (3.44)

for some vector field V(x, t). Note that the assumptions on the injectivity radius ensures that V(x, r)
is well-defined. Now the idea is to transform the initial value problem (3.42) into an equivalent
PDE for the vector field V(x, t) with initial condition U(x). The following lemma gives such an

equivalence.

Lemma 3.9. If ¢;(x) € T'(M x [0,T]; M) is a solution to the harmonic map heat flow (3.42), then

the vector field V(x, t) defined by ¢,(x) = exp;,y(V(x, 1)) is a solution in (M X [0, T]; b (TM)) to
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the initial value problem

(g - zrgw) V=PV,9V) on Mx(0T]

(3.45)
V(x,0) = U(x) on M,
provided that T is sufficiently small, where
PV, VV) = g7 ([ = Tp)f; (ViV + Z{(V)) + 7S5V, VV), (3.46)

Z(V) and S(V,VV) are sections of T*M & y*TM and T*M ® T*M ® §*TM respectively. Here
Z}(V) is a smooth function in V, whereas Sl.“j(V, VV) is a smooth function in V and a polynomial

of degree 2 in VV. Moreover, the converse is also true.

Proof. Let {x'}, {y*} and {z¢} be local coordinates around x, y(x) and ¢,(x) respectively. We first

show that

0 .
d1(x)(5=) = (d exPy vt (ViV 1) + Zi(V (1), (3.47)

where Z; = Zi(x, V(x,1)) € Tj,)M is a vector field depending smoothly on x and V.
Fix x and 7, let A(7) := expy,,(TV(x, 1)) be a geodesic. Let y(s) be a curve such that y(0) = x

and y’(0) = %. Let F(s, T) = eXpy,(5)(TV(¥(s). 1)) be a variation of A through geodesics. Then
oF
J(1) = E(s, T) 0

is a Jacobi field with initial conditions J(0) = dy(x)(3%). V+J(0) = VxV(x,1) such that J(1) =
d(j),(x)(%). Let us decompose the Jacobi field J := J; + J» in a way that J;(0) = 0, V.J;(0) =

ViV(x,1) and J,(0) = dij(x)(5%), V+J2(0) = 0. Then we have

K1) = (dexpyyvien (Vivixn)
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Moreover, the vector J,(1) depends smoothly on x and V(x, ¢). To see that, let

o (u) = expy,(u J2(0)) be a geodesic, and let H(u,7) := exp,(, (T Pr((V(x,1))) be another

geodesic variation of A(7) where P, (V(x,1)) is the parallel transport of V(x,t) through o (u).

Note that the Jacobi field J>(7) arises from the variation H since

0H o0H
—_— = d D,— =0.
ou (I/l, T) u=0,7=0 JZ(O) an ’ u (M, T) u=0,7=0 0
Then
- o0H
Zix V(5,0) = (1) = S 1] € Ty 0 M

is a vector field depending smoothly on x and V(x, ). We then define the vector field

Zi(x,V(x,1)) € Tj M by
(d exPg (e (Zix, V(1)) = Zi(x, Vi, 1),

Combining the above results, we obtain the identity (3.47).

Next, let V be the connection on T*M ® ¢! (T M) induced by V) and ¢f@. It is worth noting

that although we are using the connection V = Ven @1 + 1 ® ¢;‘@ which applies to sections

of the form dx’ ® ¢7d.c, we will be using the basis {(d exp w(x))v(x,,)(aya)} on the fibre T, (M.

Moreover, we denote by w{, the connection 1-forms for the connection qb;‘@ with respect to the

basis {(d expw(x))v(m)(aya)}, thus

@(dexpl&)v(aya)(d expl/;)v(ayb) =wy, - (d explﬁ)v(ayc).
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Note that w, depend smoothly on V(x, ). Then (3.47) implies

o 0
¢,( . J)
= 69) o (dg, (2 de, |(V
_(¢t )%( ¢l (ﬁ))_ ¢t (( g(l))iﬁ)
= @9) ((v o Zb)(deXPl/,)v( i )) a9, (<r>
(ailvvb o f)(deXp”’)V( a )

) o 9
+(VJVb+ZJb) (V vas Z“)(dexp )V(ai) ((dexpl/;)v (a—yb))
9
6yc)

= (@@ Ve VZ‘)(dexpw)V( i )+(v VP + ZD(ViVe+ Z7) - ‘”ﬂb(ai )

)

(T (FaVE + Z0)d expy)y (

& c c 0
+ (T = T (VaVE + Z)(d expy v (5)

A A A A 0
(V “+ (I I“g)l’.‘j (ViVe+Z)+V;ve Vjvb . w;b) (d expy)v (ayc

. . . d
+ (V,Z; +(Z0V; VP + Z;’Viva + ZiaZjl.’) . wgb) (dexpy)v (a_yc) .

This means that

g 0

Vde, (ﬁ %) (3.48)

P . - 0
= (VjV,-V“ + (T — Fg)fj (ViVe+ ZE(V)) + S5V, VV)) (d expy)v (8y“

Here S;(V, VV) = @,-Z]? +(ZPV, Ve + ZJ‘:’@,—V[’ + Zl.ij?) ‘i +V;VPV;V¢. ¢ is a smooth function
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in V(x, t) and a polynomial of degree 2 in VV/(x, ¢). The Laplacian Ag(1),5®: 1s thus given by

Ag(1).2P1

= trg Vd¢[

A .. A l 0
= (trgV2Va +g"(T; - Fg)fj (ViVi+ZH)+g JSZ‘) (dexpy)v (8ya) .
On the other hand, it is easy to see that
0 0 0 0
—a¢; =(d , —VI|=|=V* d P —.
o= e (V) = (v e (5]
Therefore, we conclude that

9¢

=5 = Beit (349)
9 a &2y a ij k & a a ij qa d
= EV - trgV Ve - g (Fg - Fg)ij (Vkv + Zk) -8 Sz] (d expl/;)v a—ya .

The assertion then follows since the exponential map exp is a smooth diffeomorphism with respect

to the metric g. O

Similar to the proof of the short time existence and uniqueness to the Ricci De-Turck flow, the
short time existence and uniqueness to (3.45) can be obtained by applying the Banach fixed point

theorem to the following linear system:

(% - ’rgw) V=PW,VW) on M x(0,T]
(3.50)

V(x,0) = U(x) on M,

where
PW, VW) := g"(Tg — L)l (ViW* + Z{(W)) + g7 SL(W, YW). (3.51)
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Moreover, we note that the fact U € C'"#(M) implies that U € C°(M) for any exponent & € (0, 1)

which can be arbitrarily close to 1.
Proposition 3.10. Let k > 2 and 6 € (0, 1) be given such that 6 > B. Suppose that
* W(x,0) = U(x),

* ”W”ng)(Mx[O,T]) <B.

0)

Then there exists a unique solution V € X ,E .

1 y(M x [0, T]; & *(TM)) to the linear system (3.50) and

there are positive constants K| = K{(g, M, ||g||X,iﬁ)), K> = K>(g, M, ||g||(\,](<ﬁ), B) such that
Y Y

1
IVilx@ axgory < Ki(K2 T2 + Ulicrea))-
+1y ’

Proof.
We first claim that the assumption ||W|| XOmx(0) < B implies
PW, YW)|| k-1, < K(g, ,B). 3.52)
PO SWllr s>y < K el 2 (

To see that, we estimate

Hgij(rg — L)l (ViW + Zy)

C 7 L (Mx(O.T])
1-37-2

o -1 a
< K(g) ”g ||Ck—1,y(MX(0,T])||F§ - Fg ”Ck_l’y(Mx(O,T])”VW + Z”Ck_l‘ﬁ(MX(O,T])
° 14 4

< K@ ligllyo- B)
Y
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and

SL(W, VW
Hg i )cl"_é{ L (Mx©T))
2 2
< K(@) 752 [Pl Ivw|?
= K(g & ek (mxor)) iy mxo.r)
272

g
2

< K@ liglyn BT 5.
Y

[ST)e

Hence the estimate (3.52) is established. By Lemma 1.6, this in particular implies that

A n B
”P(W’ VW)”Ck_(lS’y(MX(O,T]) < K(g7 ”g”XIEB), B) T>.
o Sy

1-3

Since the initial condition in (3.50) satisfies U € C°(M;y*(TM)), then by Theorem 2.1 there
exists a unique solution V to the linear system (3.50) such that V € C‘S’g(M % [0,T]) and VV €

Cffé (M x (0, T]). Moreover, V satisfies the estimate

2 2

”V”(S,%;MX[O,T] + ”VV”CIIzé(MX(O,T]) (353)
2 2

< K| lIPW, VW)”Clk_—é’Y(MX(O,T]) + U ls;pm
2

B
< Ki(Ka T2 + ||U|lcrsoany)s
where Ky = K1(&, M, [|g]ly») and K3 = K>(8, M, |Igl|xo, B). O
Sy sY

Now, we choose B > 2K ||U||c15(p1) to be a large positive constant. For k > 2, we define a

closed subset W in X ,E?(M x [0,T]) by

W= {W e X,EQ(M x [0,T] < B}.

)l ||W||X,£?(MX[0,T])
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Next, we define an operator S : W — X ]E‘;)(M x [0, T]) by
Vi.=8(W),

where V is the unique solution to the system (3.50) in X ]E?(M %[0, T]). By Proposition 3.10 and our

choice of B, we can make ||V|| XOmxor]) < B provided that T is sufficiently small. Consequently
ky

[0.7]
S(W) c W.

Proposition 3.11. If T = T(g, M, (gl y», B) is chosen sufficiently small, the operator S is a con-
kyy

traction mapping.

Proof. In the sequel, K will denote a constant depending only on &, M, ||g]| &), B.
ky

Let Wi, W, € ‘W and write V; := S(W;) fori = 1,2. Then V = V| — V, solves the system

(% - ”gw) V=PW, VW) - PW,VW,)  on M x(0,T]
(3.54)

V] =0 on M.

We recall that
PW,VYW)* = gU(Tg = To)l (ViW* + Z{(W)) + g S (W, VW).

Now, we define the tensors Z(s) € T(M;T*M ® ¢*TM) and S(s) € T(M;T*M ® T*M ® y*TM)
by
Z(s) := Z(sWi + (1 — 5)W3))

and

S(s) := S(sW; + (1 — $)Wa, sYW; + (1 — 5)VW>).

Note that (1 — s)W; + sW, € ‘W for all s € [0, 1]. From Lemma 3.9, we observe that
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* VqZi(x,q) is a smooth function in x and q;
. VqSl.“j(x, q, A) is a smooth function in x and q, and a polynomial of degree two in A;

. VASfj (x,q,A) is a smooth function in x and q, and a polynomial of degree one in A.

Let {dx' ® aia} be the local frame of T*M ® *T M on the chart U;,, then from the above obser-

vations and Lemma 1.6, we have

0 d
15 Z) k-2 a0y = Z 15=Z()] k2, 07
1,a

= ) IDGZ(), Wi = Wa)l sy, oy
La

< > K sup [IDZ(s){l|x

Wi — Wal| i
s€[0,1] 0 0

”“(U,»ax(o,ﬂ)' Y (Uiax(0,T])

i,a

< K”W] - W2||XIE§(MX[O,T])'

Hence

0
”Z(Wl) - Z(WZ)”C(’)‘_ZV(MX(O,T]) < ”&Z(S)HC(’)‘_Z”/(Mx(O,T]) < K”W1 - WZHXSY)(MX[O,T])' (355)

Let {dx' ®dx/ ® 6?“ } be the local frame of T* M ®T* M ®*T M on the chart U; ja> then we similarly
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have

0
” a_S(S) | |Ck7(25’y(MX(O,T])

—Zn SOt 00

i,j,a
< Z [{DgS(s)j;, W W2>”Cf_§’7(U,~ja><(O,T]) + [[KDaS(s); VW1 — VW2>||C:‘_‘§”(U,~jax(o,T])
i,j,a T2 2

< D KT? sup [1DgS() k2, arplIWi = Wallgt2v, o)
ij.a s€[0,1]

+ ) KTE sup [IDAS(s) ruon T = Wl

UsiaX(OT
= 5€[0,1] jax(0.T1)

< KT5||W1 - Wz”xk(?(Mx[o,T])'

This gives

A A 6
ISV 9W4) =S¥, SWa)lr iy = 5ot biancr (3.56)

D

< K||W; - W2||lefsy)(Mx[0,T])'

79



From (3.55), (3.56) and Lemma 1.6 we obtain

||P(W1, VWl) — ?)(Wz, VWZ)”CI‘:EY(MX(O,T])
2

< ||g_] *(rg _Fg)*@( 1= 2)” k—2,y Mx(0.T
Wi = Wolllet-2r o
2

+ g™+ (T = Tg) = (Z(Wh) = ZW2)ll gt 40

-3

+ 187" * (S(W1, VW) = S(Wa, W@)”Cf 2 (MX(OT))
2

1_¢6

272 2 2

B N
< K (15T - rg||czz§(Mx(O,TD||V(W1 = Wo)llgt2 o)

B
+7—

o=
(SIS

+THEE T ZOW) = ZW) |

A2V (Mx(0.T])

— I ”cf*zg(Mx(o,T

2 2

+ SO, TW1) = SOWa, SWa) gz oy
-2

B
<KT: ||W1 - W2||X(5)(M><[OT])'
ky ’

Theorem 2.1 then implies

- g
||V||5,§;M><[0,T] + ”VV”cf"g(Mx(o,T]) <KT? W - Wz”X,E‘Sy)(Mx[O,T])'
272 ’
Therefore,

Vi KT% W, (3.57)

- Vzllxg)(Mx[o,T]) < - Wz”z\’,fi)(Mx[O,T])'

This proves the proposition. O

From the previous proposition and Lemma 3.9, the harmonic map heat flow (3.42) has a
unique solution ¢, such that ¢; € C‘s’%(M X [0,T]) and d¢; € C{‘_}S’Y(M % (0,T]) provided that
172

g€ X,EI?(M X [0,T]) and that T = T(8, M, lIgll . [[¥lc1s(ar)) is chosen sufficiently small. Fur-
. o

thermore, as the initial condition satisfies v € C"#(M), we can choose ¢ to be arbitrarily close to
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1. It turns out that the regularity of ¢; can be improved.

Theorem 3.12. Let A € (y,B) be given. If T = T(§, M, ||gllyw, ¥ lcLem) is chosen sufficiently
ky

small, then there exists a unique solution V(x, t) to the initial value problem (3.45) such that

2

(1) Ve CH 2 (M x[0,T]) and V>V € C¥2(M x (0,T));
2

(2) ||V”1+/171%’1;Mx[0’]’] + ||@2V||C’;_IAY(MX(O,T]) < K(g’ Mv ”g”XIEb;/)’ ”U”Clﬁ(M))
272 ’

Proof. In the sequel of the proof, K will always denote a constant depending only on g, M, ||g|| X
and || Ul|c1e(ar)-

Let us take 6 = 1 + A — B in the definition of ng)(M x [0,T];¢*(TM)). Note that A € (v, B)
implies 6 < 1. By Proposition 3.11, we can find a unique solution V € X ]Eiy)(M x [0,T]) to the

initial value problem (3.45) if T is chosen sufficiently small. Since ||[VU|| v < K, we claim that

lim ViV(x, 1) = V;U(x). (3.58)
t—0*

For instance, let us consider an arbitrary chart ¢ : U — R”, so that on this chart V = V¢ a(;a and

we abbreviate V9(x, t) = V4(¢~!(x), 1) for x € ¢(U). Then V¢ solves the equation

Dy _gkp2 Ve =P4V,VV) on ¢U)x(0,T]

]

V4 (x,0) = U%x) on ¢(U)
where P4V, VV) = PYV,VV) + (O + 1'%, I') %, V + T %, VV. Since ”V“X,fy’(Mx[o,T]) < K, the
estimate (3.52) implies that
PV, VV)HC’l“_‘Z(Ux(O,T]) <K. (3.59)
22
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Moreover, the uniqueness part of Lemma 2.2 and (2.6) imply that V¢ has the form

D;V%(x, t):—/t/ Dil(x,1; & 1)PYV, VV)(&, T)dfdr+/ DiT(x,1;£,0)0U%(&)dé. (3.60)
0 JRn Rn

Using the estimates of fundamental solution (2.7) and (3.59), we have

/ t / |DiT(x, t; &, T)P (&, 1)|dédT (3.61)
0 R

! —"ZLI |x_§|2 Sa
< K/o R”(t -7)7 7 exp (_K(t - T)) |PU& 1) dédT

x[ (t—7)"F exp |- Eit i 2| dédr
=8 Jen PI"kac-0 e wxor)
2

2

t 00 1 |
< K/ _/ (t—1)2p"" eXP(——pZ)T—%+71 dodr
0 JO %

[SIPe)

< Kt2.

For the second integral in (3.60), we note that by [16, (11.13)] the fundamental solution I'(x, #; £, 0)

can be written in the form

[(x,1;£,0) =To(x = &,1:£,0) + I'1(x, 15 £, 0),

where the function I'h(x — &,1;&,0) is defined in [16, (11.2)] which is the fundamental solution
obtained by freezing the operator % —gM Dil at the point (&,0). Moreover, Iy also satisfies the
estimates (2.7) by [16, (11.3)]. On the other hand, since g* CP5 (R™ x [0,T1]), the minor term

I'1(x,t; &, 0) satisfies the estimate

D,T'1(x,1;£,0)| < Kt‘m;_ﬁ exp (

e
b f|) (3.62)

Kt

by [16, P.377]. Since fRH D.Ty(z,t;&,0)dz = O for any fixed & by [16, (11.5)], we also have
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fR,, D,T'((x,1;£,0)dé = 0. Hence (3.62) implies

/ Dil'y(x, 1;¢, O)U“(f)df' (3.63)

[ pinteseowe) - U“(x))df‘

+1- - 2 A
SK/ t éBexp (_Ix d )||VU||0;M|X—§| d¢
R Kt

‘We next write

/R DTy~ £,1:£ 00U €)de (3.64)
_ /R DITy(x— .15 X, O)U (€
+ [ (DT = £.1:60) = DITo(x = .55 O)U(E) - U ()

=1+ L.

For the second term />, we apply the estimate [16, (11.4)] to obtain

ﬁ—ﬂ _|X—§:|2 a _gra
Bl <K [ x =gl exp | -S| U0 - U] d (365)

1+ _n+l |-x - §|2 S
<K |x — &Pt 7 exp|— IVUllo.m dé
Rl‘l Kt

IA

00 |
K / % p" exp(——p?) dp
) K

IA
(ST}

Kt2.
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For the first term 7y, by noting that D;To(x — &,7;x,0) = —=DgiTo(x — &,1; x,0), we have
h= [ oG- £x 0D U@ (3.66)
Rn
Now, by putting (3.61) to (3.65) into (3.60), we obtain

DiVi(x, 1) = | Tolx — & 1;x,0)D;UE)dé| < Ki?.
Rn

Note that To(x — &,2;x,0) — 6(x — &) ast — 0% in the sense of distribution. Hence by taking

t — 0", we obtain (3.58).

Next, we observe that V;V(x, 7) solves the system

%—%Wy%wzﬁm@mWw on M x(0,T]

(3.67)
ViV(x,0) = V;U(x) on M,
where
PV, VV,V?V)=Vg '« V2V + g1« R« VV + g7 « VR« V + Vi(P(V,VV))
and the initial condition makes sense in view of (3.58).
Since ||V]| X/fy)( mxqor) < K, the estimate (3.52) implies that
”VI(P(V, VV))”CSizgﬁé(MX(O,T]) < K. (368)
2 2 2
It is also easy to see that
-1 A 2 —1 A A
lg" «* R+« VV + g7 « VR % V||C§-zl,;/ L (MX(OT]) <K. (3.69)
37272
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Moreover, ||V]|| f\’,ﬁfsy)( mxjor]) S K implies that || V2V|| c ) S K. This gives

k-2,
1_ gy(Mx(O,T]

& o~ 2 & —1 &2
”Vg * V V”c’;‘%? 6(M><(O,T]) <K ”Vg ”CII_%Y(MX(O,T])”V V”Cf(_f;’y(MX(O,T]) (370)
37375 172 T2
<K'
As1-4=3-5_3and A < g, we obtain by putting (3.68) to (3.70) that
5 Oy 2
”7)(‘/’ A V)“clk’i”(Mx(o,T]) <Kk.
-5
Since ||V;U]| a:m < K, we apply Theorem 2.1 with @ = A to the system (3.67) to obtain
c &2
”VV“,L%;Mx[O,T] + ”V V”Ci__ll’_ly(MX(O,T]) < K.
2 2
From this, the assertion follows.
O

Now, associated with the differential d¢, of the harmonic map flow ¢;, we define the functions
@ Mx[0,T] - R
as in Definition 3.6. Then Theorem 3.12 and Lemma 3.9 imply
1Dy 4oy + 190 let-ronsory S K@ M. Nl Wlersn) (3.71)

for A € (v, B).

Next, we show that a solution to the Ricci flow gives rise to a solution to the Ricci-DeTurck

flow via the harmonic map heat flow.
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Proposition 3.13. Let A € (y, B) be given. Let {¢;}:c[01) be a one-parameter family of diffeomor-
phisms which evolves under the harmonic map heat flow (3.42). For eacht € [0,T], we define a
metric §(t) by §(t) := (¢;1)*(g(1)). Then, (1) € X ,E’;)(M x [0, T]) solves the Ricci-DeTurck system

(3.3). Moreover, g satisfies the estimate
181y < K@ M. gl 1 lcision). (3.72)
Proof. Since
Ag(059:(P) = Ag, a0y, 29 (P) = Dgqr), ¢1d(¢:(p)) = —W(:(p))

for all (p, 1) € M x (0,T], where WX = ~ff'(r,.’;(g) - F{‘j(g)), we have
8 Y ONE ~ * a ~ d * ~
— H = —&(t — ) 8t
5 0080| =0 (20| + 7| @rae) )
+ 0 . N
= “(=—2(t) — Dl .
60" (5;80) - Lwg )|
But since % g(t) = —2Ric(g(t)), by the diffeomorphism invariance of Ricci curvature we obtain

3
5,80 = Lwg(1) = —2Ric(3(0)).

Hence g satisfies the Ricci-DeTurck system with initial condition g(0) = go. Lastly, since Theorem

3.12 and Lemma 3.9 imply
ij & i A
”(D/J ”/L’%;Mx[O’T] + ”V(D/J ”CILC__IZ(MX(O,T]) < K(gv Ma ”g”XIE{?’ ”lr//”Cl:B(M))’
2 2

we have g € C’L%, and we can then proceed as in Proposition 3.8 to obtain that § € X ,EAY)(M x[0,T])

and the desired estimates. O
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Chapter 4: Positivity of Curvature on Manifolds with Boundary

This Chapter is devoted to study the preservation of multiple positive curvature conditions in
Definition 1.4 while deforming boundary data. To that end, the main result in this Chapter is
Corollary 4.8, which plays a crucial role in the proof of Main Theorem 5 to Main Theorem 7. The
work in this Chapter is taken from [6].

Throughout this Chapter, let M be a smooth manifold of dimension n with boundary M, let g
be a Riemannian metric on M, and let D denote the Levi-Civita connection on M compatible with

g. The Riemann curvature tensor of (M, g) is defined by
-R(X,Y,Z,W) = g(DxDyZ — DyDxZ — Dixy1Z, W)

for all vector fields X, Y, Z, W. Let v be the inward pointing unit normal field on the boundary d M.

The second fundamental form of d M with respect to the metric g is defined by
Ag(Xs Y) = g(V, DXY)

forall X,Y € T(0M). The argument in this Chapter is based on choosing a suitable perturbation to

the metric g.

4.1 Auxiliary results

Lemma 4.1. Consider the Riemannian metrics of the form § = g+h, where h satisfies the pointwise

estimate |h|g < % Let p € M be any point and {E;} be a (local) geodesic orthonormal frame with
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respect to g around p, then the Riemann curvature tensor of ¢ satisfies

R 1 1
Rijki = Rijii + 5 8" Rijip hgr — 3 8" Rijip hig + Eijrt + Fijri

where

| = (D)t + (D)o + (D3 )i = (D3 )i

N =

Eijr =

Fijr == 871 [(Djh)ip + (Dich)jp — (Dph)ji] [(Dih)ig + (Dih)ig — (Dgh)il]

=

1
-7 gpq [(Dih)kp + (th)ip - (Dph)ik] [(Djh)lq + (Dlh)jq - (th)jl]
Here D is the Levi-Civita connection with respect to g.

Proof. Let g and ¢ be two Riemannian metrics. Let D denote the Levi-Civita connection associated

with g, and let D denote the Levi-Civita connection associated with g. Then

DxY = DxY + A(X,Y),

where the tensor A is given by

This gives
DxDyZ = DxDyZ + A(X, DyZ) + Dx(A(Y, 2)) + A(X, A(Y, Z)).
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Consequently,

8(DxDyZ, W) = §(DxDyZ, W) + &(A(X, Dy Z), W)
+ 2(Dx(A(Y, 2)), W) + §(A(X, A(Y, Z2)), W)
= §(DxDyZ, W) + §(A(X, Dy Z), W)
+ X(2(A(Y, 2), W)) - (Dx)(A(Y, Z), W)

—8(A(Y, Z), DxW) + g(A(X, A(Y, Z2)), W).
Using the identity (Dx8)(U, V) = §(A(X, U), V) + §(U, A(X, V), we obtain
(DxQ)AY, Z), W) = (AX,A(Y, Z)), W) + §(A(Y, Z), A(X, W)),
hence

8(DxDyZ, W) = §(DxDyZ, W) + §(A(X, DyZ), W)

- §(A(Y, Z), DxW).

In the following, we fix a point p, and work in geodesic normal coordinates around the point p.

Putting X = 6;,Y = 0;, Z = 0k, W = 9, gives
8(Dy,Dy,0k, 8)) = §(Dy, Dy, 0k, 01) + 0:(8(A (85, 0), 01)) — (A9}, k), Ay, 8y))
at p. Next, we switch i and j and take the difference. Note that

~8(D5,Dy,01, 01) + §(Da; D3, 0, 01) = Riju
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and

~8(Dy,Dy; 0k, 0) + §(Ds, Dy, 0k, 1) = 8" Rijip 8q1

at p. Moreover, using the definition of A, we obtain

- al(g’\([\(aj, ak)7 (9[)) + aj(g(A(ala ak)’ al))
1 R R . 1 . . .
=73 [(Diz,jg)kl + (D,-Z,kg)jl - (D,-Z,Ig)jk] +3 [(Djz-,ig)kl + (Djz;kg)il - (D?,lg)ik]
. 1 .
= =5 8" Rijkp &gt = 5 8" Rijip 8xq

+-[- (D,-Z,kg)jl + (D,-2,1§)j1 + (D?,kg)iz - (Djz;lé’)ik]

N — NI

at p. Finally,

8(A(9j, 0k), N(8;, 01)) — &(A(;, ), A(0}, O1))

1
=2 P (Dj&)ip + (Di&)jp — (Dp8)jx ] [(Di8)1g + (D18)ig — (Dy8)it]
1
~2 8P (Di@)ip + (Di8)ip — (Dp&)ik1 [(D;&8)ig + (D18)jq — (Dy8) il

at p. Putting these facts together, we obtain

N 1 N 1 A
Rijki = 3 8" Rijip 8q1 — 3 8" Rijip 8kq

1 . . . .
+3 [ - (Dzkg)jl + (D,-z,lg)jl + (Djz-,kg)il - (Djz-,lg)ik]

+ =8P [(Dj&)ip + (Di&)jp — (Dp&)jk1 [(Di8)1g + (D18)iqg — (Dygd)it]

P [(Dig)ip + (Dir8)ip — (Dp8)ik 1 [(D8)1g + (D18)jq — (Dg8)ji]

Bl— -
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at p. Hence, if we put h = ¢ — g, then

R 1 1
Rijii = Rijir + 5 8" Rijkp hgr — 3 8" Rijip hig
2 1. 2N 2 7y 2 1.
+ [ - (D,"kh)Jl + (Di,lh)]l + (Dj’kh)zl - (Dj’lh)zk]

+ —gP[(Djh)ip + (Dih)jp — (Dph)ji) [(Dih)ig + (Dih)ig — (Dgh)il]

i Bl NS

-2 3P4 [(Dih)kp + (Dich)ip = (Dph)ix] [(Djh)1q + (Dih)jq — (Dgh);ji]

at p.

Lemma 4.2. Let S and T be real symmetric bilinear forms on TyM . If S and T are (weakly)
positive, then S ® T is (weakly) positive on \*> T M.
Proof. By assumption, we can write S, 7" as a sum of rank-one operators:

n

S:Zv"@v“, T:Zn]wb@)wb.
b=1

a=1

Then for any two-vectors ¢ = ¢'/e; A ej € N> TyM®, we have

40" g Sy Ty

ij =kl . a a b b
4290 @V VEWW
a,b

i b2
43" 1@vew?|
a,b

0.

SBAT)e @)

\%
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Lemma 4.3 (c.f. [3], Lemma A.2). Let S and T be real symmetric bilinear forms on TyM. If S and
T are (weakly) two-positive with respect to the metric g, then S ® T is (weakly) P1C with respect

to the metric g.

Proof. Let £,n € T.MC be linear independent vectors such that

g, 0)=g(¢,n) =gmn) =0.

We shall show that (S ® T)(,n,4,7) > 0. We can find vectors z,w € span{Z,n} such that
8(z,2) = gw,w) = 1, g(z,w) = 0 and S(z, w) = 0. The identities g({, ) = g(£,n) = g(n,m) =0
give g(z,z) = g(z,w) = glw,w) = 0. Consequently, we can find an orthonormal four-frame

{e1, e, e3,e4} C TxM such that

z=e+iey, wW=e3+iey.

Using the identities S(z, w) = S(z, w) = 0, we obtain

SAT)z,w,Z,w)

S(z, 2)T(w,w) + S(w,w)T(z,2)

(S11 + 522)(T33 + Tas) + (833 + Saa)(T11 + T2)

0.

%

Since span{z, w} = span{Z,n}, we conclude that (S ® T)(¢,1,{,17) > 0. O

4.2 Preserving curvature conditions

In this section, g and ¢ are Riemannian metrics on M such that g — g = 0 along M. Now,
we describe our choice of perturbation as in [4]. We fix a neighborhood U of d M and a smooth

boundary defining function p : M — [0, o) by taking it to be the distance function from oM
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with respect to the metric g. Then we have |[Dp|, = 1. Since g — § = 0 along M, we can find
a symmetric (0,2)-tensor S such that ¢ = g + pS in a neighborhood of dM and S = 0 outside U.

Then for all X,Y € T(0M), the second fundamental forms satisfy

%S(X, Y) = A,(X,Y) - Az(X,Y),

D*p(X,Y) = —Aq(X,Y).
This implies that the identity
1
A(X,Y) = Ag(X,Y) = ZS(X,Y) = -D*p(X,Y) = Ag(X,Y) 4.1)

holds on the boundary 0M for all X,Y € T(OM).

Let y : [0,00) — [0, 1] a smooth cut-off function with the following properties (c.f. [4],

Lemma 17):
* x(s)=s- %sz for s € [0, %];

* x(s)is constant for s > 1;

* x¥"(s) <Ofors e[0,1).

Moreover, let 8 : (—oo0, 0] — [0, 1] be a smooth cutoff function such that
* B(s) = 5 for s € [-1,0];

* B(s) =0 fors € (—oo0, -2].
Now, if 4 > 0 is sufficiently large, we can define a smooth metric g, on M by

g+ A yv(1p)S for p> e
ga= 4.2)
- 10281 2logp)S for p<et.
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In the sequel, we will show that g, preserves various curvature conditions of g and g for sufficiently

large A. Note that we have ¢, = g in the region {p < 6—2,12} and g, = g outside U.

Now we give a lower bound to the curvature operator of ¢,. We first consider the region

{pze ).

Proposition 4.4. Suppose that (M, g) has a convex boundary and that (M, ) has a weakly convex
boundary such that A, > Az > 0. Let € be an arbitrary positive real number. If A > 0 is sufficiently

large, then

Rimg, (x)(¢, @) — Rmg(x)(¢, @) = —e€lol;

for any (2,0)-tensor ¢ € N> TeMC and any x € M in the region {p(x) > e"lz}.

Proof. First we fixed a point x € M so that p(x) > e, Let {e;} be a geodesic normal frame
around x. Without loss of generality let us assume that the two-vector ¢ € A2 TMC is normalized
so that |¢[; = 1. We can write ¢ = }; ; OleiNe ; so that ¢' is anti-symmetric. Einstein summation
will be adopted freely so that ¢/ Aj; means that we are summing over j = 1,..,n.. In the region

{p(x) > e"lz}, we have g, = g + h,, where
hy =" x(p)S.
The tensor &, satisfies

(De;ha)exs er) = x'(Ap)Djp - S+ A~ x(Ap) DSk (4.3)
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and

(DZ, ;) (exs er) = Ax"(Ap)DipDjp - Sk + x'(Ap)DiDjp - Sy (4.4)
+ x'(Ap)Djp - DiSki + X' (Ap)Dip - DSk

+ A7 x(Ap)DiD;Sy;.

Since ¢ is a (2,0)-tensor, ¢ induces a linear map [¢] : T,M* — T, M via the action [¢]w :=

o w(e)e ;. Using the notation of Lemma 4.1, we compute

¢ G Eiji = —24" <ﬁkl(D,~2, Wit
= =20x"(Ap)S([¢ldp. [¢1dp) — 2¢" @' x'(Ap)D;DypSji

~ 201 G ' (Ap)(DipDiSji + DipDiSjr) + O(1°)
and

0" M Fijn
= %cpij ¢"'8P9(Djhip + Dihjp — Dyphji)
- (Dihig + Dihig — Dgyh;p)
= %so"j ¢! x'(Ap)*8"1(D;pSip + DipSjp = DppSix)
-(DipSig + DipSig = DygpSi) + O(A™")
= @@ ¥ (Ap)*g" [DjlepSkpSiq - %DpqupSiijl

+(DjpSip + DipSjp)DypSix | + 07,
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Using Lemma 4.1, we obtain

0" (Rgijt — 07 " Riju

= @M Erjry + Y G Fjpg + 047

= 24(-x"(Ap))S([¢ldp. [¢1dp)
+ 0 ' (Ap)(=2D;Dip Sj1 - %X'(APNDP@ASikst)
- 26" @ x'(Ap)(Dip DiSj1 + Dip DiSj1)
+ 78X (Ap)*8"(D;pSip + DipSjp)DypSit

+ ¢ @" }'(1p)*8"'D;pDy pSipSiq + O(A7").
This gives

o (Rgijur — 07 ¢ Riju
> 2A(=x"(Ap))S([¢ldp, [¢]dp)
ij = ’ 1 ’
+ @Gy (Ap)(=2DiDxp Sj1 = 5 x'(Ap)IDplz, Sk Sin)

- Cx'(Ap)|[¢ldp| - CA7,

4.5)

where C is independent of A. By assumption, A, — Az > 0 along the 9 M. Therefore, the restriction

of S to the tangent space of M is positive definite. Hence, we can find a tensor S such that § — §

is a large (but fixed) multiple of dp ® dp, and S is positive definite at each point on M. Let us fix

a small number a > 0 such that § — ag is positive definite in a small neighborhood of M. This

implies

S(eldp. [¢ldp) > alleldpl*

in a neighborhood of M. On the other hand, since [¢] is anti-symmetric, we have ([¢]dp)' D;p =

0D ipD;p = 0. In other words, the vector [¢]dp is annihilated by the one-form dp. Since S—Sis
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a multiple of dp ® dp, it follows that

S(eldp, [¢ldp) = S([¢ldp, [¢ldp) > a|l¢ldp|* (4.6)

in a neighborhood of M. The above estimate with (4.5) give

@' ‘ﬁkl(Rg’,z)ijkl — Y ()ZklRijkl 4.7)
> 2aA(-x"(Ap)) |[¢ldp|*
. i
+ UG X (Ap)(=2DiDip Sj1 = 5 x'(Ap)|DplZ, SiSj)

- Cx'(Ap)ll¢ldpl - CA7".

Since y(0) = 0, we can find a real number sy € [0, 1) such that
’ ij = 1 ’
x'(s0) sup ¢ ¢! (2D; Dyp Sji + X (Ap)|Dpl; SiSjt) + Cllgldpl| < €. (4.8)
U

In the region {p > spA~'}, we have

I S (R ijrt — 07 G Rij
> 2aA(-x"(Ap)) |[¢)dp|*

’ ij = 1 ’ -
- sup () sup |1 6 2DiDwp Sj1 + 5/ (W) DI, SixSy0) + Cllgldpl| - €A~

§>50 U
= 2al(-x"(1p)) |[¢)dp|*

’ ij = 1 ’ -
- x'(s0) sup |cp”g0kl(20kaP Sit+5x (ﬂp)|DP|§ﬂSiij1) + C|[90]dp|) -cal.
Thus it follows from (4.8) that

inf (Rmyg, (¢, @) — Rmg(¢, 9)) > —€

p=s0a7!
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if 4 > 0 is sufficiently large.

We next consider the region {e"l2 < p < soA7'}. We can find a neighborhood V of dM
and a diffeomorphism ® such that ® : V = gM X [0,5). Let T be a smooth (0,2)-tensor in a
neighborhood of dM defined by T = ®*(A; + dp ® dp). Thus T is weakly positive definite in a
neighborhood of d M. We observe by (4.1) that the restriction of S;jx + 2D; Dy p + Tj; to the tangent
space to M vanishes. Therefore, we may write Sjx + 2D;Dyp + Tix = w;Dyp + wyD;p at each
point on M, where w is a suitable 1-form. Hence, in a small neighborhood of the boundary, we

have |Six + 2D;Dyp + T — wiDyp — wiDip| < Cp. This implies

|9 @ (Six + 2DiDip + Tix)Sjul < Cllgldpl + Cp

< Cllgldp| + CA”!
in the region {e‘ﬁ2 < p < soA~!}. Putting these facts with (4.7) together, we obtain

o G (R ijrt — 0 G Rija
> 2aA(-x"(Ap)) l¢ldp|*
ij = ’ 1 /
+ 97w (Ap)(1 = Sx (APIDPI,)Sik Sy

+ @Iy (Ap) T Sj1 — Cx'(Ap)|[¢ldp| — CA™!

in the region {e~* < p < spA"'}.
Next, we may assume without loss of generality that the frame {e;} diagonalizes the (0,2)-

tensor S. Since S — ag is positive definite and T is weakly positive definite, we have

¢ TS > 0
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in a neighborhood of M by Lemma 4.2. Since S — S is a multiple of dp ® dp, it follows that
¢ g " TiSj1 > 07 TS - C |l pldp| = ~C |[¢]dp]

in a neighborhood of dM.

On the other hand, since § — ag is positive definite, we know that
G PSS > aPlel? = a®
in a neighborhood of M. Since § — S is a multiple of dp ® dp, it follows that
07 " SiuSji = 97 581 = Cllgldpl = a® - C|[¢]dp]
in a neighborhood of M. To summarize, we obtain

¢ " (Rg iju — ¢ ' Rijua 4.9)
> 2a(-x"(Ap)) |[¢ldpl” + & x'(Ap)(1 — %X’@PNDP@)

— Nx'(Ap)l[¢ldpl = NA™!
= |l¢ldpl|2aA(=x"(1p)) l[¢ldp| - NX’(/lp)]

: L _
+a’x'(4p)(1 = X' (Ap)|Dplz)) = N

in the region {e"12 < p < soA”'}. Here, N is a positive constant depending only on (M, g) but

independent of A. This implies that

N>x'(4p)?
8ad - infOSSSSO(_X”(s))

_ _ , 1 _
Rmg, (¢, ¢) — Rmg(p, @) > — +a’y (Ap)(1 - 5|D,o|% )= Nl

81

Here we have used x(Ax — B) > —% for positive A and the fact that y is between 0 and 1.

Since |Dplz, = |Dpl; = 1 on the boundary dM, by continuity we have (1 — %IDP|§1) > 1in

99



the region {e‘A2 < p < sod7'}if A is sufficiently large. By the definition of y, we also have

info<s<s,(—=x”(s)) > 0. Thus, we conclude that

. ) 1,
inf  (Rmg, (¢, @) — Rmg(p, §)) > Zaz)( (1p)

e <p<spa!

if A is sufficiently large. Combing these facts, we complete the proof. O

Corollary 4.5. Suppose that (M, g) has a two-convex boundary and that (M, &) has a weakly two-

convex boundary such that
Ag(X, X))+ Ag(Y,Y) > Ag(X, X) + Az(Y,Y) > 0

for all orthonormal X,Y € T(OM). Let € be an arbitrary positive real number. If 1 > 0 is

sufficiently large, then

Rimg,(x)(¢, @) = Rmg(x)(¢, @) = —elpl

for any isotropic 2-vector ¢ = z Aw € N> TeMC satisfying $1(z, z) = ga2(w, w) = 81(z, w) = 0 and

any x € M in the region {p(x) > e"lz}.

Proof. As in Proposition 4.4, we recall (4.5):

o G (R ijkt — 07 G Rij
> 2A(=x"(Ap))S([¢ldp, [¢ldp)
ij = ’ 1 ’
+ @16y (Ap)(-2DiDip Sj1 = 5 x'(Ap)IDplz, SikSin)

— Cx'(Ap)l[gldp| - CA7".
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By assumption, the difference A, — Ay is strictly 2-positive on 0 M. Therefore, the restriction of §
to the tangent space of 0 M is strictly 2-positive (with respect to the metric g). Hence, we can find
a tensor S such that § — S is a large (but fixed) multiple of dp ® dp, and § is strictly 2-positive (with
respect to g) at each point on M. Let us fix a small number a > 0 such that § — 2ag is 2-positive
(with respect to g) in a small neighborhood of M. Then § — ag is 2-positive with respect to g, if
A is sufficiently large. Since ¢ is an isotropic 2-vector with respect to g,, we know that [¢]dp is an

isotropic vector with respect to ;. Since S — ag is 2-positive with respect to g;, we obtain

S(eldp. [¢ldp) > all¢ldpl®

in a neighborhood of M. On the other hand, since [¢] is anti-symmetric, we have ([¢]dp)' D;p =
0 D;pD ;o = 0. In other words, the vector [¢]dp is annihilated by the 1-form dp. Since S—Sisa

multiple of dp ® dp, it follows that

S(Leldp, [¢ldp) = S([¢ldp. [¢ldp) > a|l¢ldp|®

in a neighborhood of dM. Then we proceed as in Proposition 4.4, we can find a real number

5o € (0, 1) so that the estimate

inf (Rmg, (¢, @) — Rmgy(, ) > —€

p=s0A7!

holds if 4 > 0 is sufficiently large.

Next, proceed as in Proposition 4.4, we have

@ S (R )ijrt — 07 G Rij
> 2a(-x"(1p)) |[¢)dp|*
o -
+ @78 n (Ap)(1 = Sx (APIDAI,)Sik Sy

+ @G Y (Ap)TiSj1 — Cx'(Ap)l[@ldp| — CA7!
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in the region {e"l2 < p < soA7'}, where the (0,2)-tensor 7T is defined in the same way as in
Proposition 4.4. In this case, T is weakly 2-positive as Az does. Since S is 2-positive with respect
to the metric g, by Lemma 4.3 we know that the Kulkarni-Nomizu products SASand T @ S are
strictly PIC and weakly PIC respectively with respect to the metric g. Let us fix a small number
b > 0sothat S® S —5bg @ g is PIC with respect to the metric g. Hence, if A is sufficiently large,
then S®S-4bg@®gand T® S + bg ® g are PIC with respect to the metric ;. Since ¢ is an

isotropic 2-vector with respect to g,, it follows that
‘Pijﬁﬁklgikgjz > 4b|p|* = 4b

and

¢V M T Sj1 = —blo|” = -b.

Since § — S is a multiple of dp ® dp, we obtain
07 " SuSji = 97 581 — C l[gldpl = 4b - C|[¢)dpl

and

oGS > ¢ @M TS — Cllpldp| = —b - C |[¢]dp)

in a neighborhood of dM. To summarize, we find

o (R )ijkt — 07 G Rij
> 2aA(=x"(2p)) [[¢ldpl* + bx'(1p)(3 = 2x'(Ap)| DplZ,)

- Nx'(Ap)l[¢ldpl = NA™!

in the region {e‘”2 < p < soA~'}. The assertion then follows as in Proposition 4.4.
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Next, we estimate the curvature operator of g, in the region {p < e‘ﬂz}.

Proposition 4.6. Suppose that (M, g) has a convex boundary and that (M, ) has a weakly convex
boundary such that Ag > Az > 0. Let € be an arbitrary positive real number. If A > 0 is sufficientlt

large, then

Rmg,(x)(¢, ) — Rmg(x)(¢. @) = —e€l¢|?

for any (2,0)-tensor ¢ € N> TeMC and any x € M in the region {p(x) < e'ﬁz}.

Proof. In the region {p < e“z}, we have g, = g + h;, where h, is defined by
hy = —2p*B(A7*1og p)S.

Let {e;} be a geodesic normal frame around x. And without loss of generality let ¢ € A% T, M®

be a normalized (2,0)-tensor, we can write ¢ = >;_; OleiNe ;. Then we have

(De;ha)er er) = =[24pB(A~> log p) + A~ pB' (A7 log p)| Djp - Sk (4.10)
— 4p*B(A"* 1og p)D; Sy

=0
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and

(D7, ha)(exs e) = =[24B(A7* log p) + 347! B'(A % log p) + A7 B"(A7 log p)| DipDjp - Sk

~ [24pB(2"* log p) + ™' pp' (A% log p)| DiDjp - Sk
~ [24pp(a% log p) + 247" pB'(27*log p)| Djp - DiSSw
— [22pB(A"* log p) + 247" pB'(A7*10g p)| Dip - DSk
— Ap* (A7 log p)D;D; Sy

= —21B(A*log p)D;pDjp - Sty + O(A™).
Using Lemma 4.1, we obtain
Rmg, (¢, §) — Rmg(p, @) > 24B(A7* log p)S([¢ldp. [¢ldp) — LA™

Here, L is a positive constant independent of A.

Recall that S(X, X) > 0 for all X € T(0M)®. By continuity, we have

S([eldp, [¢ldp) = 0

in a neighborhood of M. Hence, if A > 0 is sufficiently large, then we have

iniflz(ng/l (¢, @) — Rmz(@, ¢)) > —€.

p<e

From this, the assertion follows.

Following the same line of the above Proposition and Corollary 4.5, we also have
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Corollary 4.7. Suppose that (M, g) has a two-convex boundary and that (M, ) has a weakly two-

convex boundary such that
Ag(X, X) + A (YY) > As(X, X) + A3 (Y,Y) > 0

for all orthonormal X,Y € T(OM). Let € be an arbitrary positive real number. If 1 > 0 is

sufficientlt large, then

Rmg, (x)(¢, §) = Rmg(x)(¢, @) = —€lol3

for any isotropic 2-vector ¢ = z Aw € N> T MC satisfying 8.1(z,z) = ga(w, w) = g1(z,w) = 0 and

any x € M in the region {p(x) < e"lz}.

We now sum up the results in this section:
Corollary 4.8. Let € > 0 be an arbitrary positive real number.

(i) Suppose that (M, g) has a convex boundary and that (M, g) has a weakly convex boundary

such that Ag > Ag > 0. If A > 0 is sufficiently large, then we have the point-wise inequality

Rmg,(x)(¢, §) = min{Rmy(x)(¢, @), Rmg(x)(¢, §)} — € max{le[7, o3}

forall ¢ € A2 T M€ and each point x € M.

(ii) Suppose that (M, g) has a two-convex boundary and that (M, &) has a weakly two-convex

boundary such that
Ag(X, X) + A (YY) > As(X, X) + As(Y,Y) > 0

for all orthonormal X,Y € T(OM). If A > 0 is sufficiently large, then we have the point-wise
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inequality

Rmg,(x)(¢, ) = min{Rmy(x)(¢, @), Rmg(x)(¢, §)} — e max{le[7, o3}

for all isotropic 2-vector ¢ = z Aw € N> T M satisfying $.(z,2) = g2(w,w) = 82(z,w) =0

and each point x € M.

(iii) Suppose that (M, g) has a mean-convex boundary and that (M, g) has a weakly mean-convex

boundary such that H, > Hz > 0. If 1 > 0 is sufficiently large, then we have the point-wise

inequality

Rz, (x) > min{Ry(x), Rz(x)} — €

for each point x € M.

Assertion (iii) in above corollary was given by Theorem 5 in [4].
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Chapter 5: Proof of Main Results

5.1 Proof of Main Theorem 1 to Main Theorem 4
We first prove the existence of a canonical solution to Ricci flow on the doubled manifold with
C? initial metric. The following result implies Main Theorem 1 and Main Theorem 2.

Theorem 5.1. Let M be a closed compact smooth manifold and gy € C*(M) be a Riemannian
metric for some a € (0,1). Let k > 2, v € (0,a) and B € (y, @) be given. Then there exists a C'#

diffeomorphism  and T = T(M, g, ||8ollo), K = K(M, k, , ||8ollo) such that the following holds:

There is a solution g(t) € XIEZ;)(M x [0, T]) to the Ricci flow
0 . -
Eg(t) = —2Ric(g(t)) on M x(0,T]

such that g(0) = ¢* gy and

”g”X,Eff/’(Mx[o,T]) <Kk.

Moreover, the solution is canonical in the sense that if g(t) € X IE'By) (M x [0,T]) is another
solution to the Ricci flow and € CYB(M) is a diffeomorphism such that §(0) = ¥*go, then there

is a C**1 diffeomorphism ¢ such that g(t) = ¢*g(t) which satisfies y = o .

Proof. By Proposition 3.8, we can find T = T(M, g, ||3ollo) > O sufficiently small and K =
K(M,k, 38, ||goll.) and a C'# diffeomorphism ¢ such that there is a solution g(¢) to the Ricci flow

satisfying the estimate

lgllyw < K.
kyy
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and g(0) = ¢~ go.

Now, suppose that g(1) € X ]E[;) (Mx[0, T]) is another solution to the Ricci flow and ¢ € C'*8(M)
is a diffeomorphism such that g(0) = ¥*g,. Let ¢, denote the solution to the harmonic map heat
flow starting from ¢ =  with respect to g(¢) and &. Let ¢, denote the solution to the harmonic
map heat flow starting from ¢ =  with respect to g(¢) and g. By Proposition 3.11 these solutions

exist and are unique. Subsequently Theorem 3.12 and Proposition 3.13 imply that

h(t) = (¢;')'g(t) and h(r) := (¢;")"&(t)

are both solutions to the Ricci-DeTurck flow (3.3) such that h,h € X ,ﬁ’;)(M x [0,T]) for some
A € (y,B) and h(0) = h(0) = go. Since the solution to the Ricci-DeTurck flow in X ,E'? are unique
by Theorem 3.3, we have () = h(t) on M x [0, T]. Now observe that

Ag(1),2 91 iy Ap(r),g1d

l(p) $rou(p)

hence ¢; o ! is a solution to the ODE

a — _ .
E(pf © w l(p) - A/’l([),gAld ¢Iow—l(p)

(5.1)
gooy ! =id.
Analogously, @; o ! satisfies
95 ou! = Az A B}
GPoy (p) = Ah(t),gld G0~ (p) 52)

Goo ¢! =id.

Since we know that h(t) = h(t), it follows that ¢, o ~! and ¢, o ! satisfy the same ODE with

the same initial condition. Consequently ¢; o ™' = ¢, o y~! on M x [0,T]. In other words,

108



¢7' o ¢, =y~ oy is constant in ¢. Let us take the desired diffeomorphism ¢ to be ¢ := ¢! o ¢r.

Then from Theorem 3.12 we know that ¢ is a C¥*! diffeomorphism satisfying ¢ = ¢ o ¢ and

g(1) = (87" 0 d)gt) = 4°5(2).

The previous theorem implies Main Theorem 3 and Main Theorem 4 via doubling:

Theorem 5.2 (Main Theorem 3). Let (M, g9) be a compact smooth Riemannian manifold with

boundary. Let k > 2, B € (0,1), v € (0,B8) and € € (0,1 — B) be given. Then there exists a

C'B diffeomorphism y and T = T(M, 8, llgollg+e), K = K(M, k, 8, ||8oll|g+s) such that the following

holds:

There is a solution g(t) € X IEI? (M x [0,T]) to the Ricci flow on manifold with boundary

such that g(0) = ¢*go and

2 o(t) = —2Ric(g(t)) on M x(0,T]
(5.3)

Ag(t) =0 on OM x(0,T]

”g”X@(Mx[o,T]) <K

For eacht > 0, the metric g(t) extends smoothly to the doubled manifold M of M, and the doubled

metric lies in X ,E[;) (M x [0,T]). The diffeomorphism  also extends to a C* diffeomorphism on

the doubled manifold.

Proof. Let M be the doubling of M, and g be the extension of gy in M via reflection about the

boundary dM. Since gy is Lipschitz, we can find g + & € (8, 1) such that g, € CP*¢(M). Fix a
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smooth background metric ¢ on M such that in a small collar neighborhood of M the metric g is
isometric to a product M X [0, €].

By Proposition 3.8, we can find T = T(M, 8, ||§ol|g+=) > O sufficiently small and K = K(M, k, &, ||gollp+)
and a C!# diffeomorphism ¢ such that there is a solution g(¢) to the Ricci flow on M x (0, T] sat-

isfying the estimate
121y < K.
kyy

and g(0) = ¢ g.

Note that by uniqueness and diffeomorphism invariance the solution to the Ricci-DeTurck flow
on the doubled manifold M with initial metric g, is invariant under the natural natural Z, action
given by the reflection about M which switches the two halves of M. Thus the diffeomorphism
y we obtained by solving the ODE (3.19) is equivariant under this Z, action. This implies that
the solution g() to the Ricci flow is also invariant under the Z, action. In particular, it follows
from the Z; symmetry that g = g|yy € X ,Eﬁy) (M x [0,T]) has totally geodesic boundary on M,

and thus a solution to (5.3). Moreover, = /|y : M — M is a C'# diffeomorphism such that

g(0) = ¥ go. O

Theorem 5.3 (Main Theorem 4). Let (M, go) be a compact smooth Riemannian manifold with
boundary. Suppose that the pairs (g'(t), ') and (g*(t), ¥?) satisfy the conclusion of Theorem 5.2.

Then there exists a C**! diffeomorphism ¢ : M — M such that ¢ extends to a C**' diffeomorphism

on the doubled manifold and

g2 (t) = ¢*(g' (1)),
where y* = ' o . In particular, (")) g' (1) = (v*)")*g*(1).

Proof. By assumptions, the pairs (g'(¢), ') and (g2(¢), ) can be extended to the doubled mani-

fold so that Theorem 5.1 can be applied. Since the whole construction of the harmonic map heat
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flow is invariant under the natural Z, action given by reflection, the assertion thus follows from

restricting the conclusion of Theorem 5.1 to M. O

5.2 Proof of Main Theorem 5

Assertion (i) in Main Theorem 5 follows from the definition of ¢, in (4.2). Assertion (iv)

follows from Corollary 4.8 for sufficiently large 4 > 0.

Proof of (ii):

Suppose that (M, g) has a convex boundary and that (M, &) has a weakly convex boundary
such that A, > A; > 0. Suppose also that (M, g) and (M, g) are PIC1. Let ¢ = z A w € A>T M€
satisfies the condition g,(z, z)81(w, w)—g.1(z, w)*> = 0. This condition is equivalent to the condition
Sik ¢k = 0 with respect to the metric g,. We wish to prove that Rmg, (x)(¢, §) > 0. We divide
the proof into two cases: (1) x is in the region {p > e~*'}; (2) x is in the region {p < e~*'}.

For the first case, we have g, = g + hy where h; = 17! y(1p)S. We fix an orthonormal
frame {e;} with respect to g such that this frame diagonalizes h,. i.e. h;; = 6;;p;, where u; are

eigenvalues of 4. We then evolve the frame {¢;} in T, M by

KE(s) = ~3hio Ei(s) G4

E;(0)

é;.

Then we see that { E;(s)} remains orthonormal with respect to g; = g + sh,. In particular, we have
{E;(1)} being orthonormal with respect to g, = g + h,.

Now, we set @, = Y;; @/ Ei(s) A Ej(s) so that ¢; = ¢ and we define ¢ = @p = 3;; " E;(0) A
E;(0). Hence we see that the condition }}; ; ¢'*o* = 0 implies the condition ik yryk =0
with respect to the metric g. Since (M, g) is PICI, it follows that Rmg(x)(y,¢) > 0. In view of

Corollary 4.8, it suffices to show that Rm,(x)(¢, @) > 0.
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By writing E;(s) = A¥(s)ex, we observe that
0550 = A ek = h Aok = =3 ) Al e
for any s € [0, 1]. Then

d ij ij
%% =2¢"E/(s) NEj(s) = —uk(pfAf(s)ek A Ei(s).

So we have the estimate

Eng((PS’ @)

= 3 lpel [Rmg (@7 A5 S)ei A Ej(5), 85) + Rmglip, 91 AF(s)er A Ef(5))
k

} d

<

~lQ

Here C is a positive constant depending only on (M, g). This implies that

1
_ _ C
Ry(1, 1) — Re(go, 900)) < /0 EdT <

Hence,

Rmg(x)(. @) = 5 Rmg().9) > 0 65

if 4 > 0 is sufficiently large.
For case (2), we have g, = § — 1p°8(17%log p)S. Thus h; = —1p*B(172log p)S. Following

the same argument in case (1) and the fact that

C
il < Ce < X8
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in the region p < e~ for sufficiently large 4 > 0, we also have

Rmg(x)(¢, §) > %ng(x)(lﬁ"ﬁ)

for sufficiently large A. Since (M, g) is also PIC1, this gives Rmz(x)(¢, ¢) > 0.

Combining the two cases together, Corollary 4.8 implies that

Rmg,(x)(¢, @) > 0

for sufficiently large A > 0. From this, we conclude that (M, g,) is also PIC1 for sufficiently large

A. The other assertions in statement (ii) of the Main Theorem 5 can be proved similarly.

Proof of (iii):
Suppose that (M, g) has a two-convex boundary and that (M, &) has a weakly two-convex
boundary such that

Ag(X, X) + Ag(Y,Y) > Ag(X, X) + Ag(Y,Y) = 0

for all orthonormal X,Y € T(0M). Suppose also that (M, g) and (M, g) are PIC. Let o = z Aw €
A>T MC be an isotropic 2-vector satisfying g,(z, z) = g,(w, w) = g1(z, w) = 0. This condition is
equivalent to the condition Y, ¢"*¢*/ = 0 with respect to the metric §,. Using the same argument
in the previous proof, it follows from Corollary 4.8 that we have R;,(¢, ¢) > 0 for sufficiently large

A > 0. Thus (M, g,) is also PIC. The assertion then follows. O

5.3 Proof of Main Theorem 6

Since the boundary M is an embedded hypersurface in M, we can use the Tubular Neighbor-
hood Theorem to find an open neighborhood U of M and a Riemannian metric g on U, such that

g — & = 0 at each point of M, and that the boundary dM is totally geodesic with respect to g.
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It follows from the Lemma below that we can choose g such that it satisfies the same curvature
conditions as g does. Having fixed the neighborhood U, we define &, as in (4.2). The metric
g1 1s well-defined for sufficiently large A. Finally, Main Theorem 6 follows from applying Main

Theorem 5 with choosing the metric g to be the one constructed in the following Lemma.

Lemma 5.4. Suppose that (M, g) is a smooth, compact Riemannian manifold with boundary O M.

Then there is a neighborhood U of M and a Riemannian metric g on U such that
(i) g—g=00noM.
(ii) OM is totally geodesic with respect to g.
(iii) If (M, g) has a convex boundary, then

— (M, g) has positive curvature operator = (U, &) has positive curvature operator;
— (M,g)is PICI = (U,§)is PICI;

— (M,g) is PIC2 = (U, ) is PIC2.
(iv) If (M, g) has a 2-convex boundary, then
— (M,g) is PIC = (U, §) is PIC.

(v) (U, &) has positive scalar curvature.

Proof. By the tubular neighbourhood theorem, there is a neighbourhood U of dM that is dif-
feomorphic to an open set of the normal bundle of M. Specifically, there is a diffeomorphism
®:U — VwhereV ={(x,5) € IM XR, :|s| <d}and D(OM) = M x {0}. Let & > 0 to be a
large constant specified later, we define Vy € V by Vy = {(x,s) € V : |s| < 607}. Define on V; a

product metric ds? + (cos>(6s))gau. Now we define a metric g on Uy = ®~1(Vj) by

g = ©*(ds? + (cos’(6s))gam). (5.6)
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It is easy to see that condition (i) is satisfied. Next, let {E}, .., E,} be a local frame of TUy such
that {d®(E,)}4=1...n—1 is an O.N. frame with respect to ggp and dO(E,) = %. From now on, the
subscript a, b, ¢, .. varies over 1 to n — 1. Using the Koszul formula, we compute the connection

terms of g:

(D, Ep, E) = cos*(05)gam(Daa(k,)dP(Ep), dD(E)), (5.7)
g(Dg,Ep, E,) = %9 sin(265)0 ap,

8(Dg, E, Ep) = —%e sin(265)0 ap,

8(Dg,En E,) =0,

§(Dg, Eq Ep) = —%9 sin(265)0 ap,

2(Dg,E4 Ey) =0,

Dg,E, = 0.
Identifying @ as the identity map, we then have

N 1
Dg Ep = Dg Ep, + 59 sin(205)8apEnp, (5.8)
Dg E, = -6 tan(6s)E,,
Dg, E, = -6 tan(6s)E,,

Dg,E, = 0.
From this, we calculate the components of the Riemann curvature tensor of g:

Rupea = c05*(05)(Rgyp, Jabea — 67 sin*(05) cos?(05)(SacOba — SadaObe)s (5.9)
Rupna = 6% cos(65)Spa,

Rabnd =0.
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Now, it is easy to see from (5.8) that
5 1
DEaEb = DEaEb + 59 Sln(0)5abEn = DEaEb

on 0M. Hence condition (ii) is satisfied by g.

Next, we fix a point p € Uy. Note that the diffeomorphism ® maps p to a point (p, s) € IM XR,.

Letp e A2 T,Uy be a unit two-vector with respect to g. Since the vector fields E,=——E,and

cos(9s)

E, = E, form an orthonormal frame in Uy with respect to g, we can write

¢ = Z ‘PabEa A Eb + ZﬁoanEa A En

a<b a<n

1 ab 1
= E E, NEp+ E NE, N E,.
cosz(Hs)(p @b cos(Hs)(p @
a<b a<n

And we also denote ¢’ = Y, _, 0*’E, A Ey and " =Y ,_, ¢*"E, A E,. Then by (5.9) we have

Re(p)p @)= > > —— OS4 ( o5 ¢ PG RabeaP) + ) ) o Hs)so“"soc”Ram(p) (5.10)

a<b c<d a<n c<n
b —cd —
=>>) & (Rggny abed(P)
2
£ £ cos (Hs)
— 6 tan’(9s) ) > ¢ (Gucdpa = 6uaSbe) + 6 ) N ¢ F e
a<b c<d a<n c<n

= c05%(05) Ry, (P)(dD(¢"), dD(G")) — 6 tan’(05)] " |2 + 67| |2

Here d®(¢') = 3, mgoabd(D(Ea) A dD(Ep). By the Gauss equation, we have

Re (D) dD(¢"), dD(g")) (5.11)

= Re(P)(dD(¢"), dD(@") + ) >

a<b c<d

oG ApaAac — AadApe).

os4(9 )

Here A = Ay is the second fundamental form of the boundary with respect to g. Now, associating

116



to ¢ we define a two-vector ¥ € /\2 T;M by

1
cos2(0s)

W= Z : b ad(E,) A dD(E)) + Z ¢ dD(E,) A v, (5.12)
a<b

cosz(Hs)(p o

where v is the unit normal vector field on dM with respect to g. Hence {d®(E,), v} forms an

orthonormal frame around p € dM. Thus,

Ry (p)(dD(¢"), dD(@")) (5.13)

1
cosZ(0s)

=R |w -

a<n

> Re(D)W, ) - Ci(2)l¢" ;-

¢ dDEN NV, Y=

a<n

and®(E,) A
cos2(0s) 4 (Ea) v

Here C(g) is a uniform constant depending only on (M, g). Upon combining (5.10), (5.11) and

(5.13) we obtain the following estimate

1 _
Re(p)p. @) > SR ) + D D" ¢ 7 (ApaAac = Aaave) (5.14)

a<b c<d

— 6% tan?(0s)|¢” |2 + 670" 2 - C1(2)l "z

Next, by noting that Ps <6 = ftan(fs) < BO%*s < B5O~! for some positive constant B, we

have

1 . B%s?
Re(p)(9.8) > SRPYW D) + 3 D ¢ 6 (ApaAac = Aaihne) = —-l¢' [ (5.15)

a<b c<d

+ 071N 2 - Ci(g)le 5

Now, we are ready to prove statements (ii1) and (iv) of the Lemma.

Proof of (iii):

Suppose that (M, g) has convex boundary, then the second term in the RHS of (5.15) is positive,
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where 1 is the smallest eigenvalue of A,. If (M, g) is PICI, then we let ¢ = z A w € A2 TpUC
be a unit two-vector such that g(z, z)g(w, w) — §(z,w)> = 0. This condition is equivalent to the
condition >;_; ¢ ¢ = 0 with respect to the metric §. By the definition of , this implies that

Yi<j ¥y = 0 with respect to the metric g. Since (M, g) is PIC1, R,(p)(¢, %) > 0, we obtain

S B’ :
Re(p)(g, @) > (inf pulelg = —5=le" I + (0% = (inf 1)")le" [ = i)™ g
B*s’ Ci(g)®
62 62

. 21,12 T2
> (inf 1)l - le" Iz -

1
> —(inf u;)? 2’
Zg&m)WI

provided that 6 is sufficiently large. Hence (U, &) is also PIC1. The other two assertions under

statement (iii) can be proved similarly.

Proof of (iv):

Suppose now that (M, g) has a two-convex boundary and is PIC. Let o = z Aw € A2 TpU(C be
a unit two-vector such that g(z, z) = g(w, w) = g(z, w) = 0. By a similar argument as in the proof
of (iii), the definition of ¢ and the fact that (M, g) is PIC imply the positivity of R,(p)(y, ¥). We
will show that the second term in RHS of (5.15) is positive modulus an error term involving the
normal components. At the point p € dM, the restriction of A, to the tangent space T;(0M) is
2-positive. We define a (0,2)-tensor Ag by Ag = Ay +v*® V", thus Ag is strictly 2-positive on T; M.
Consequently, the Kulkarni-Nomizu product Ag ) Ag is strictly PIC by Lemma 4.3. In fact, the
above procedure can be done uniformly at each point on the boundary. On the other hand, if we
extend the definition of ¢ so that ¢// = —¢//,i < j, the condition g(z, z) = g§(w, w) = §(z,w) = O is
equivalent to the condition Y, ¢ %/ = 0 with respect to the metric g. By the definition of v, this

implies that 3, ¢/*y*/ = 0 with respect to the metric g. Therefore, we can find a uniform constant

118



a > 0 such that

Ay ® Ay, ) > aly ]

on T;M. 1t follows from the definition of Ag that
ab.7.c a
2 2 U (Avadac = Aaane) > SWTG = o)W, (5.17)
a<b c<d

where C>(g) is a uniform constant depending only on (M, g). From the definition of i, we then

have

- a
2 2P (AvaAac = Aaane) > Slel; — Ol . (5.18)

a<b c<d

Combining (5.15), (5.18) and the positivity of Re(p)(¥, ¥), we obtain

. a B%s?
Re(p)(. @) > Slel; = 516" g + (67 = Gl g = Ca(e)l¢" g
B5 Ci(g)®
62 62

a, T2
>§|‘P|g‘ | |g_

a 2
> — o
4|()0| >

provided that 6 is sufficiently large. Hence (U, g) is also PIC.

Proof of (v):
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‘We have

i,j=1
n—1 el
1 5 -
) 4 abab Z 2—Ranan
52 cos(6s) £ cos?(6s)
n—1 1
292 2 2
- = COSZ(HS)(RgaM)ab“b —(n—1)"6"tan“(6s) + 2(n — 1)0
a,b=1
n—1 )
! B
> R _n_12_+2n_192
— COSZ(HS)( gaM)abab ( ) 62 ( )
a,b=1
> 0,

if @ is sufficiently large.

5.4 Proof of Main Theorem 7

We can show that various important curvature conditions are preserved along the Ricci flow on

manifolds with boundary in our formulation. We first prove a compactness result.

Lemma 5.5. Let a, 8 € (0, 1) be given such that 3 < a. Moreover, let y € (0,a) and 6 € (0, B) be
given such that 6 < y. Then the bounded subsets in the space C {(’70 (M x (0,T]) are precompact in
173

k,0
the space C%_g(M x (0, T])).

Proof. Note that by Lemma 1.6 we have the inclusion Cf’ya C Cf’éﬁ. Let {n;} be a bounded
172 172
sequence in Cf"ya (M x(0,T]) so that ||n;{| ;» < L. In particular,
373 1a
2 2
L A L

and [Vl 2. mx(o/20) <

V50 lomx(o 2,01 < Y.

IR
ST

a_ k
+ —7+7+

[STh

1 1
o2 o2

for any o € (0,T]. Thus {V¥p i} is equicontinuous on M X [o"/2, o] and uniformly bounded. By

Arzela-Ascoli it contains a subsequence {7j; } such that { 2 i} is uniformly convergent on compact

120



subsets of M X [0 /2, o]. By the same argument we can also proceed to find a subsequence of {7j;}
which is uniformly convergent on bounded subsets of M X [o/2, o] together with its lower order
x-derivatives. Moreover, by a standard diagonal argument we can further find a subsequence which
is uniformly convergent on bounded subsets of M X (0, 7]. We still denote this subsequence by
{7i;} and its limit by 7. Thus 7 satisfies the same bounds as n; given above. Define {; = 7j; — 5. To

finish the proof we will show that {; — 0 in Cffg (M x(0,T]). Forany 0 < r < k, we have
2 2

1_B.r & aB 1_a.r =«
o2 23|V ¢illomxiojze) < T2 027 2 2|V llosmx(o /2,00 (5.19)
Moreover,
1 _a,r, 7 o
o2 2+2+2[Vr§j]y,%;Mx[0'/2,0'] < ||§J'”c’l"fg(Mx(0,T]) <2L (5.20)
2 2

for any o € (0, T]. Now, we choose a local chart U in M and let x, y € U so that the (0,2)-tensors ¢ |
are represented in local coordinates as {; = Z%:l im€m. Let € > 0 be an arbitrary small number,
we may assume without loss of generality that € < .

If d((x, 1), (y,s)) < €, where the distance d((x, ), (y,s)) = |x — y| + |t — s|'/? is taken within the

chart, then (5.20) implies

0'%_§+%+g |Vr€jm(x’ l)—Vrgjy,;(y, S)I (521)
d((x,1),(y, s))
l_a . r.y |@r§jm(x, 1) - 6r§jm(% s)| 5 @ B o vy
=g 272t ~d((x,1),(y,5)) Or272%t572
d((x, 1), (y, 8))
< 2LT#€ﬂ
If d((x,1),(y,s)) = €, then
1 B, r.s |@r§'m(x’ 1) — @ré«,m(y’ s)| o _
CEEEARAEE . < KDV Gillo:mxior2.01€°- (5.22)

d((x, 1), (y,5))°
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Combining (5.21) and (5.22), we obtain

SEHs s g < K(T)2Le™ + ¥ - 5.23
o [V'4ils.3.pmx10 /201 < KT2LET + IV llo:mxiorj2.01€°)- (5.23)
By taking j — oo and then € — 0 in (5.23), we obtain
. l_l_;+£+é &r
}1_)1’{)100'2 272 2[V g]]é,%,MX[O'/Z,O'] = 0. (5.24)

for each o= € (0, T']. Therefore, (5.19) and (5.24) conclude that

]1520 ||§j||clisfé (Mx(0,T]) — 0 (5.25)

2 2

Theorem 5.6 (Main Theorem 7). Suppose that g(t) is a canonical solution to (5.3) on M X [0, T]
given by Main Theorem 3. Then the following holds:

If (M, go) has a convex boundary, then
(i) (M, go) has positive curvature operator =—> (M, g(t)) has positive curvature operator;
(ii) (M, go) is PICI = (M, g(t)) is PICI;
(iii) (M, go) is PIC2 = (M, g(1)) is PIC2.
If (M, go) has a two-convex boundary, then
(iv) (M, go)is PIC = (M, g(t)) is PIC.
Moreover, if (M, go) has a mean-convex boundary, then
(v) (M, go) has positive scalar curvature = (M, g(t)) has positive scalar curvature.

Proof. By Main Theorem 6, there is a family of smooth Riemannian metrics {g,},>,+ on M which

converges to go in C* for any « € [0, 1) and satisfies:
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(i) (M, g,) has a totally geodesic boundary.
(i1) If (M, go) has a convex boundary, then

— (M, go) has positive curvature operator = (M, g,) has positive curvature operator;
- (M, g9)is PIC1 = (M, $,)is PICI,;

- (M, gy)isPIC2 = (M, g,) is PIC2.
(ii1) If (M, go) has a two-convex boundary, then
~ (M, go)is PIC = (M, $,) is PIC.
(iv) If (M, go) has a mean-convex boundary, then
— (M, go) has positive scalar curvature = (M, g,) has positive scalar curvature.

Note that by Corollary 4.8 the positivity conditions in the above statement are uniform in all suffi-

ciently large A.

Let M be the doubled manifold of M, and fix a background metric ¢ such that in a small col-
lar neighborhood of M the metric is isometric to M x [0, ]. We extend the metrics gg to M
via reflection about the boundary M. Moreover, from the construction in Main Theorem 6, in
a neighborhood of the boundary g, has the form of a product metic, thus the metric g, can be
extended smoothly to the doubled manifold M. Then gg is a Lipschitz metric on M and §, is a

smooth metric on M.

Now, we assume that (M, go) has convex boundary. If (M, g¢) has positive curvature operator/
PIC1/ PIC2, then (M, g,) has positive curvature operator/ PIC1/ PIC2 for all sufficiently large
A > 0 and these positivity conditions are uniformly bounded below for A large. Let g,(¢) be the
solution to Ricci-DeTurck flow on M x (0, T] starting from g,(0) = g,. Let ¢, solves the harmonic

map heat flow so that §(t) = (¢;!)*g(¢) is a solution to Ricci-DeTurck flow on M x (0, T] starting
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from g(0) = go. Proposition 3.13 then implies that g(z) € Xé? for some exponent @ € (0, 1) and

v € (0, @). Next we apply Theorem 3.3 to obtain the estimates

”g/l(t)”(\’g;)(MX[O,T]) S K(Ma g’\’ ”g’\/lllG,M)

Since g, — go in C*(M), we can find a uniform constant K(M, g, ||go||:ar) such that

120 oy < K. lgolloan) (5.26)

Next, we pick some 8 € (0,a) and 6 € (0,y) such that 6 < . Since bounded subsets in
C*3 (M %[0, T]) are precompact in Cﬁ’g(M x[0,T]), Lemma 5.5 then implies that bounded subsets
in the Banach space Xé’(;)(M % [0,T]) are precompact in Xé',?(M X [0,T]). Now, by the estimate
(5.26) the metrics g, are uniformly bounded in Xz(f;)(M x [0, T]) for all large A. Upon passing to a
subsequence we have g; — g in Xz(fs)(M % [0,T]) as 4 — oo. By the continuity of coefficients in
the Ricci-DeTurck flow, g(7) is also a solution to the Ricci-DeTurck flow with g,,(0) = go such

that

”goo(t)llxz(@(Mx[O,T]) < K(M’ g’ ”g0||a;M)-

Since § < B, Theorem 3.3 implies that such a solution is unique, therefore we have g..(t) = g(¢).
On the other hand, since g, are smooth metrics, the curvature conditions are preserved under the
Ricci flow, thus g,(¢) also has positive curvature operator/ PIC1/ PIC2 for all sufficiently large
A by diffeomorphism invariance of curvatures. This in particular implies that g(¢) = g..(¢) also
has positive curvature operator/ PIC1/ PIC2 for each t > 0. Therefore, since g(t) = (¢,)*&(?),
by diffeomorphism invariance of curvatures these curvature conditions also hold for g(¢) for each
t > 0. This proves statements (i) to (iii) in the theorem. Statements (iv) and (v) can be proved

similarly. The theorem then follows.
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