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Abstract
Essays on Informational Efficiency of the Financial Markets

Ran Liu

This dissertation studies the effects of informational frictions and information acquisition
on asset prices and investor decision-making.
Chapter 1 build models for capital market opening based on the noisy rational expectations
equilibrium (NREE) framework. To reconcile the mixed empirical evidence on whether
domestic investors have an advantage over foreign investors in domestic stock market tradings,
I distinguish soft information, which is qualitative and cannot be transmitted if the receiver is
not physically present, and hard information, which can be stored in the form of data,
purchased, and transmitted regardless of the presence of the receiver. The models feature a
mismatch of data processing technology level and availability of soft information. Furthermore,
the partial opening model also features a mismatch between the accuracy of hard information
and foreign investability of shares. The equivalent data amount and the information spillover
rate governs domestic and foreign institutional investors’ data choices, respectively.
Sufficiently, when the unit precision of hard information for foreign investable shares directly
from processing data for them exceeds that indirectly acquired through processing data for
foreign non-investable shares, foreign institutional investors would exhaust data processing
capacity on foreign investable shares. The proportion of foreign institutional investors and their
technology level both need to be large enough to overcome the dilution of soft information.

Given that the signal-to-noise ratio increases, if the domestic investors learn more about foreign



investable shares or the proportion of foreign investors is larger than a threshold, then the
average precision of dividend innovation for foreign investable shares increases. In the full
opening model, the average posterior precision of dividend innovation changes in the same
direction as the signal-to-noise ratio for all shares.

The case of China is characterized by a very small proportion of foreign investors, a large
proportion of domestic individual investors, a large disparity between domestic and foreign
data processing technology, and high precision of soft information. Foreign institutional
investors would allocate their data processing capacity in both type of shares, and the
signal-to-noise ratio for foreign investable shares decreases. Domestic institutional investors
are also induced to learn slightly less about those shares, and thus the average posterior
precision of dividend innovation decreases. In the full opening counterfactual, the
signal-to-noise raios for both type of shares increase.

Chapter 2 fills a gap in the theory literature of NREE models by studying the effects of learning
about future demand shocks. Learning about future demand shocks makes price more
informative in the future but less informative now. Ex-ante utility improves through what I
term as the future uncertainty channel: on the aggregate level, fundamental information
acquisition decreases, which makes dividends more risky and leads to higher risk premium; on
the individual level, the investor is more certain about the asset payoff in the future due to the
signal about future demand shocks she acquires today. As a result, her ex-ante utility improves.
Chapter 3 zooms in on the learning process and highlights a specific subprocess—the perception
process. Agents take the same sensory information as inputs, direct them through different
perceptual sets and thus form different perceptual information, which is then used to update
posterior beliefs. Biased perceptual sets thus lead to persistent disagreement among agents,
while set revision corrects any perceptual bias and allows agreement to be reached. Depending
on the intensity of perceptual shocks, agents’ sensitivity to perceptual shocks and their initial
entrenchment levels, there could be overreaction or underreaction in the price to sensory

information in the markets. When overreaction happens, the trading volume also increases.
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Introduction

Financial markets aggregate and transmit information held by individual traders (Hayek, 2009).
A big-picture question is how well prices reflect information and what frictions best explain
apparent deviations from market efficiency (Fama, 1991; Brunnermeier and Brunnermeier, 2001).
This dissertation studies the effects of informational frictions and information acquisition on asset
prices and investor decision-making.

For information choice problems in financial markets noisy rational expectations equilibrium
(NREE) models have been an established framework. These models usually introduce exogenous
noise trades, alternatively termed as shocks to the demand of the risky assets (demand shocks),
to prevent their prices from fully revealing private information observed by investors (Grossman
and Stiglitz, 1980; Hellwig, 1980; Diamond and Verrecchia, 1981; Verrecchia, 1982). These shocks
are orthogonal to dividend innovations (also called fundamental shocks), and do not affect the
fundamental value, or liquidation value, of the risky assets. It is now well-understood that noise
trades can be micro-founded by hedging needs (Liu and Wang, 2016; Medrano and Vives, 2004),
liquidity needs (Han et al., 2016), or sentiment (Shleifer and Summers, 1990). In Chapters 1 and 2,
I follow this tradition and adopt the NREE framework to discuss issues of information efficiency
in market liberalization and when future demand shocks are learnable.

Continuous-time finance models also plays an important role in models financial markets.
Merton (1969, 1971, 1973) pioneered the use of continuous-time models in financial economics.
Portfolio choices have been heavily studied in this framework (Karatzas et al., 1986; Cox and

Huang, 1989; Basak, 1995). More recently, scholars have applied this tool to study more issues in



the financial markets (e.g., Chen et al., 2024). In Chapter 3, I adopt a continuous time framework,
where information is filtered by Liptser-Shiryaev filtering Liptser and Shiryaev (2001).

Around the topics of informational efficiency in financial markets, two themes run through
the dissertation. The first theme is how frictions in information processing affects the financial
markets. In Chapter 1, I take a further step than Farboodi and Veldkamp (2020), where they
distinguish data and information; I distinguish soft and hard information, with the latter stored
and sold in the form of data, and the former generally requires the presence of the receiver and
cannot be stored and distribute to a distant buyer. This is particularly meaningful for emerg-
ing market liberation. The old wisdom suggests that stock markets reevaluate when emerging
economies liberalize since liberation substantially reduce the cost of capital (Henry, 2000, 2003;
Bekaert and Harvey, 2000; Kim and Singal, 2000) and the systematic risk associated with hold-
ing investable securities, thus increasing risk sharing (Chari and Henry, 2004). In recent years,
with the rapid-developing information technology, the new insight of the information channel
plays has been shed light on (Griffin et al., 2010; Chan and Kwok, 2017). I argue that there are
2 mismatches that create market inefficiency. Firstly, the mismatch between the efficiency of
hard information and foreign investability with markets being partially opened. When the in-
formation spillover rate is sufficiently high, foreign investors will only learn about shares not
eligible for foreign investment and thus the processed hard information is not aggregated into
the equilibrium prices of those shares. Secondly, the mismatch of data processing technology and
availability of soft information: agents with the best data processing technology cannot acquire
soft information. On the one hand, foreign institutional investors are more experienced in in-
vesting (Grinblatt and Keloharju, 2000). On the other hand, local investors have data advantage
(Choe et al., 2005). The equivalent data amount and the information spillover rate governs do-
mestic and foreign institutional investors’ data choices, respectively. Sufficiently, when the unit
precision of hard information for foreign investable shares directly from processing data for them
exceeds that indirectly acquired through processing data for foreign non-investable shares, for-

eign institutional investors would exhaust data processing capacity on foreign investable shares.



It also happens in the limiting cases where the base precision level for the hard information on
foreign non-investable shares are sufficiently large or close to zero. In the cases where foreign
institutional investors only learn about foreign investable shares, their entry does not guarantee
an increase in the signal-to-noise ratio of foreign investable shares since soft information is di-
luted. The proportion of foreign institutional investors and their technology level both need to
be large enough to overcome the abovementioned dilution. Given that the signal-to-noise ratio
increases, if the domestic investors learn more about foreign investable shares or the proportion
of foreign investors is larger than a threshold, then the average precision of dividend innovation
for foreign investable shares increases. In the full opening model, the average posterior precision
of dividend innovation changes in the same direction as the signal-to-noise ratio for all shares.

The case of China is characterized by a very small proportion of foreign investors, a large
proportion of domestic individual investors, a large disparity between domestic and foreign data
processing technology, and high precision of soft information. Foreign institutional investors
would allocate their data processing capacity in both type of shares, and the signal-to-noise ratio
for foreign investable shares decreases. Domestic institutional investors are also induced to learn
slightly less about those shares, and thus the average posterior precision of dividend innovation
decreases. In the full opening counterfactual, the signal-to-noise raios for both type of shares
increase.

Chapter 3 takes a behavioral approach and studies cognitive frictions during the learning
process. The issue of persistent disagreement among agents have been tackled in the Bayesian
framework (Kominers et al., 2018; Nimark and Sundaresan, 2019), as well as from a behavioral
point of view, for example curse of knowledge (Cheng and Hsiaw, 2022), limited working memory
(Kogak, 2018), wishes to agree with information source (Chauvin, 2023), double updating (Fryer
et al., 2019), and etc. I highlight the perception process and biasness of perceptual sets. Individ-
uals process the same sensory information through different perceptual sets (Weiten, 2001) and
thus form different perceptual information, that is individuals obtain different internal represen-

tations of the same external inputs via the perception process (Schacter et al., 2014), and then



combine them with the prior belief to form posterior beliefs. In the spirit of entrenchment for
beliefs (Hansson, 2017), I introduce a notion of set entrenchment so that a perceptual set with
high entrenchment is less subject to revision. When perceptual shocks occur, however, the en-
acted perceptual sets would suddenly change and the entrenchment level would be reset to the
default value, that is agents become entrenched with their new perceptual sets. With percep-
tual biases, persistent disagreement among agents exits even with sufficient information. Shifts
from disagreement to agreement are caused by perceptual sets revisions induced by perceptual
shocks. The magnitude and speed of the shift are affected by agents’ experience and sensitivity
to perceptual shocks. Perceptual set entrenchment and revision of perceptual sets in the face of
huge shocks allow room for both overreaction and underreaction to sensory information from
the markets. When overreaction happens, there is an increase in the trading volume of the risky
asset.

The second theme is the effects of learning information of different nature. In particular,
Chapter 2 deals with how learning about future demand shocks affects investors and the finan-
cial markets. In the literature, the effects of current fundamental shocks (Verrecchia, 1982; Van
Nieuwerburgh and Veldkamp, 2010; Goldstein and Yang, 2015, 2019) and the current demand
shocks (Medrano and Vives, 2004; Ganguli and Yang, 2009) are widely studied. However, re-
search on the effects of learning about future shocks is extremely scarce. Cai (2017) deals with
learning about future fundamental shocks, but the existing literature has not included future de-
mand shocks into theoretical research. Chapter 3 fills this gap. Price volatility increases due to
heterogeneous private information. Learning about future demand shocks makes price more in-
formative in the future but less informative now. Ex-ante utility improves through what I term
as the future uncertainty channel: on the aggregate level, fundamental information acquisition
decreases, which makes dividends more risky and leads to higher risk premium; on the individ-
ual level, the investor is more certain about the asset payoff in the future due to the signal about

future demand shocks she acquires today. As a result, her ex-ante utility improves.



Chapter 1: Data Processing Technology, Soft Information and Capital

Market Opening

1.1 Introduction

There is widespread old wisdom that domestic investors have an advantage over foreign in-
vestors in domestic stock market tradings, which has been used to explain anomalies such as the
home bias and herding. The empirical evidence, however, is mixed. On the one hand, using Ko-
rean data, Choe et al. (2005) find that domestic investors have an edge over foreign investors due
in large part to the fact that prices move more against foreign investors than against domestic
investors before trade, consistent with the claim that foreign investors are less informed. Dvorak
(2005) applies the same approach to Indonesia and concurs that foreign investors are at an in-
formation disadvantage. On the other hand, Grinblatt and Keloharju (2000) find that in Finland
the portfolios of foreign investors outperform those of domestic households, even after control-
ling for behavior differences. Hau (2001) find that in German traders located outside Germany in
non-German-speaking cities show lower proprietary trading profit.

While the empirical evidence around this topic is ample, I try to add to the sparse theoretical
work. To reconcile the mixed empirical results on the performance of foreign investors versus
domestic investors, hereinafter, I distinguish soft information from hard information. The distinc-
tion between soft and hard information first arose in the banking literature, and then expanded
to other areas of finance. Although the distinction has long been established, a clear and precise
definition has not been provided by the literature. Liberti and Petersen (2019) argue that rather
than two distinct classifications, a continuum along wich information can be classified should
be thought of. They provide 3 dimensions, namely numbers versus text, the unimportance of

context, and separation of information collection and decision-making. Gao and Zeng (2022) de-



fine soft information as qualitative information that is difficult to convey or easily convertible to
values, which often requires physical presence to be acquired and evaluated. This information
could be related to intangible features of the firm, such as corporate culture, ethics, employee
loyalty, etc. It could also include small pieces of information that, when considered individually,
are difficult to value. Moreover, critical to the goal of this study, a common feature of this type
of information would be the lack of standard disclosure by the firms.

For the purpose of this research, I define soft information similar to Gao and Zeng (2022) but
more restrictive. Soft information is qualitative information that cannot be converted to values
or be transmitted if the receiver is not physically present. Hard information, on the other hand,
can be physically stored on paper or an electronic device, in the form of data, can be purchased,
exclusively or not, from data sources and transmitted regardless of the presence of receivers. See
Figure 1.1 for a diagrammatic representation. In the context of foreign and domestic investors,
it is reasonable to assume that only domestic investors hold soft information; foreign investors
are shunned out because of distance, linguistic or cultural barriers. Both foreign and domestic
investors can acquire data, i.e. encoded and stored hard information. Data can come in many
different forms, quantitative or textual, precise or imprecise, direct or indirect about the target
variable. For example, imprecise textual data include the textual descriptions in the company’s
news release (...slightly improves, ...relatively stable, etc.). Quantitative data is usually more pre-
cise, e.g. accounting numbers in a company’s annual report (net income, total assets, long-term
debt and etc.), daily trading prices and volumes. Acquired data are then processed by investors
via certain data processing technology back into information. This information extracting process,
however, can induce information loss, depending on software, experience, expertise and etc. This
loss of information is compatible of the findings that investors under-react, or react with a signif-
icant delay, to value-relevant information from earnings announcements (Bernard and Thomas,
1989, 1990; Kothari, 2001; Chordia and Shivakumar, 2005; Truong, 2011). It is reasonable to as-
sume that institutional investors from markets of the same sophistication level would employ

similar data processing technology.
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Figure 1.1. Data, hard information, and soft information
Data is not equal to information; it is a physical or digital format of storage for hard information. It can be purchased
and transmitted regardless of the presence of receivers. The process of converting data back to hard information is
abstracted as data processing technology. Depending on the precision of data processing technology, this process can
be lossy or lossless. Soft information is qualitative information that cannot be converted to values or transmitted if
the receiver is not physically present. Posterior beliefs are formed by combining the prior belief, soft information
and hard information.

If we look back at the empirical evidence, for example in Hau (2001), since it is reasonable to
assume that the data processing technology that professional investors in German employs is at
the same level as foreign professional investors, the lower proprietary trading profit earned by
traders located outside Germany in non-German-speaking cities is compatible with a lack of soft
information due to distance and linguistic barriers.

This mismatch of better data processing technology and availability of soft information is
especially interesting for emerging markets. On the one hand, emerging markets are more opaque
and less efficient than developed markets, which usually means that the soft information held
by domestic investors gives them larger informational advantage. On the other hand, investors
in the emerging markets are likely less sophisticated than investors in the global markets, so
global investors would have an advantage over them on data processing. In other words, when
faced with the same data source, the ability of investors in the emerging markets to restore hard
information is lower than that of investors in the global markets.

When emerging economies liberalize fully or partially, their stock markets go through revalu-
ations due to substantial reductions of the cost of capital (Henry, 2000, 2003; Bekaert and Harvey,

2000; Kim and Singal, 2000). The source of reductions of the cost of capital is further decomposed

into a fall in the risk-free rate and increased risk-sharing (Chari and Henry, 2004; Chan and Kwok,



2017). Since the fall in the risk-free rate introduces a common shock to all firms in the emerging
economy, it should be the same regardless of whether the shares of the firm is investable or not
by global investors after the liberalization. Increased risk-sharing, however, is experienced by
foreign-investable shares. The relevant market portfolio has shifted from the domestic portfolio
to the global busket, substantially reducing the systematic risks.

With the rapid-developing information technology, some new insight of the information
channel has been shed light on. For one thing, foreign institutional investors are more expe-
rienced in investing (Grinblatt and Keloharju, 2000). Thus market liberalization introduces more
informed traders to the emerging market. Chan and Kwok (2017) consider some information is-
sues that may play a role in affecting the efficiency of price revaluation under liberalization. To
the extent that institutional investors tend to be informed traders, a more prominent presense
of informed traders exists in stocks with a high institutional ownership. These stocks will be
more effective in incorporating firm-specific information. For another, an improved information
environment, as measured by analysts coverage, number of analysts and analyst rating in Chan
and Kwok (2017) and analyst coverage, number of forecasts, and frequency of analyst revisions
in Griffin et al. (2010), allows information to be more effectively incorporated. My information
channel stresses the mismatch of the best data processing technology and the availability of soft

information.

Model To study the role which the information channel plays in capital market opening with
the presence of imperfect data processing technology and soft information, I build a model in
the noisy rational expectations equilibrium framework (NREE). For information choice problems
in financial markets, NREE models are widely used (Grossman and Stiglitz, 1980; Hellwig, 1980;
Diamond and Verrecchia, 1981; Verrecchia, 1982). Specifically, I propose a model of a 2-period
competitive CARA-normal economy with domestic institutional investors, domestic individual
investors and foreign institutional investors. In each period, institutional investors first decide

how to allocate limited data processing capacity between foreign investable and uninvestable



shares. Through certain data processing technology, investors get a private signal about the in-
terested target variable dividend innovation. Then they make subsequent investment decisions
based on the information they extract from acquired data, soft information if investors are do-
mestic, and the equilibrium asset price. To fit the evolution of emerging markets, I develop two
versions of the model, partial opening and full opening.

The model features 2 mismatches that create information inefficiency. Firstly, the above-
mentioned mismatch between better data processing technology and availability of soft data.
While the entry of foreign institutional investors dilute the density of soft information, they also
bring into the market more hard information from processed data. This mismatch exists in both
partial and full opening models. Secondly, the mismatch between efficiency of hard information
and foreign investability in partial opening. Although foreign investors are not allowed to invest
in ineligible shares, it is still possible in their best interest to acquire and process data points for
them; intuitively, in equilibrium the marginal gain in posterior precision of divided innovation for
foreign investable shares directly from learning about them and indirectly from learning about
ineligible shares should be equal. When the information spillover rate is sufficiently high, foreign
investors will only learn about shares ineligible for foreign investments. Information inefficiency
is created since the acquired hard information is not aggregated into the equilibrium price of
shares ineligible for foreign investments.

The equivalent data amount and the information spillover rate governs domestic and foreign
institutional investors’ data choices, respectively. In the partial opening model, the equivalent
data amount to the posterior precision of dividend information of foreign non-investable shares
at full data processing capacity is still less than that without processing data for foreign investable
shares, domestic institutional investors would only acquire data on foreign non-investable shares.
In the opposite case, if the equivalent data amount without processing data for foreign non-
investable shares is larger than that at full data processing capacity for foreign investable shares,
they would only acquire data on foreign investable shares. If the information spillover rate

without acquiring data for foreign non-investable shares is smaller than 1, then foreign insti-



tutional investors would only learn about foreign investable shares. If, however, the information
spillover rate at full data capacity for foreign non-investable shares is larger than 1, then they
would only learn about foreign non-investable shares. Sufficiently, when the unit precision of
hard information for foreign investable shares directly from processing data for them exceeds
that indirectly acquired through processing data for foreign non-investable shares, foreign insti-
tutional investors would exhaust data processing capacity on foreign investable shares. It also
happens in the limiting cases where the base precision level for the hard information on foreign
non-investable shares are sufficiently large or close to zero. Partial market opening influences
the market equilibrium through the signal-to-noise ratios, the weighted average of the posterior
variance of the dividend innovation, and the unit demand level. In the cases where foreign insti-
tutional investors only learn about foreign investable shares, their entry does not guarantee an
increase in the signal-to-noise ratio of foreign investable shares since soft information is diluted.
The proportion of foreign institutional investors and their technology level both need to be large
enough to overcome the abovementioned dilution. Given that the signal-to-noise ratio increases,
if the domestic investors learn more about foreign investable shares or the proportion of foreign
investors is larger than a threshold, then the average precision of dividend innovation for foreign
investable shares increases. In the full opening model, the average posterior precision of dividend
innovation changes in the same direction as the signal-to-noise ratio for all shares.

This model is extended to include an active choice of technology level by Manager. In this
chapter, technology is defined abstractly and inclusively: it includes everything that the investors
need to convert data to information about the target variable, in this case dividend innovation,
that can directly aid portfolio choice. Models of endogenous technical change fall into two broad
categories. On the one hand, there are models of “invention” (e.g., Romer 1990; Segerstrom,
Anant, and Dinopoulous 1990; Grossman and Helpman 1991), in which technical change is the
outcome of costly and deliberative research aimed at the development of new technologies. On
the other hand, there are models of “learning by doing” (e.g., Arrow 1962; Lucas 1988), in which

technical change is the by-product of experience gained in the production of goods. In contrast to
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the learning-by-doing literature where innovation is a by-product of production, in this chapter
technological innovation is an active choice by the investors.

This model can be extended to include voluntary disclosure. Tsang et al. (2019) found that
in their sample of 32 non-U.S. countries, foreign institutional investments lead to improved vol-
untary disclosure, and this effect is more pronounced when foreign institutional investors are
unfamiliar with the firm’s home country, have longer investment horizons, and are from coun-
tries with stronger investor protection and disclosure requirements than the firm’s home country.
Consistent with their findings, Ruan et al. (2021) discovered that after the implementation of the
Shanghai-Hong Kong Stock Connect program, the quality of internationally tradable companies’
public information disclosure, proxied by the proportion of commonly used words and the degree

of text uncertainty, significantly improved.

Stock Connect Studies Toillustrate the model, I provide a numerical example of the Shanghai-
Hong Kong Stock Connect Program in China launched on November 17, 2014, which is an im-
portant step China takes to open its capital markets to the outside world. I look at specifically
how the north-bound trades affect investors and the market.

I chose the China case for an illustration of my model mainly for two reasons. Firstly, China
has become one of the fastest growing economies and capital markets in the world. As of the
end of 2022, SSE is the third largest stock exchange in terms of market capitalization, trailing
after NYSE and Nasdaq, while SZSE ranks the sixth. The total market capitalization of the two
exchanges is at $11.4 trillion, accounting for 11.29% of the world total. The sheer size and enor-
mous growth opportunities of the Chinese security markets have grabbed significant attention
and participation from international investors in recent years. In addition, the gradual opening of
the Chinese capital markets to the world also results in a significant share of the Chinese shares
being held by international investors. The highlighted significance of the Chinese capital mar-
kets therefore increasingly calls for thorough studies of information efficiency in these markets,

which is the focus of my research.
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Secondly, China has characteristics that are conformant to the assumptions on soft infor-
mation and technological difference in my model. China’s socioeconomic structure and ideology
differ from those of the majority of countries. The outside world, particularly countries outside of
East Asia and Southeast Asia, is still largely unfamiliar with its dynamic culture, which influences
every facet of its economy and value systems. Cultural and linguistic barriers contribute to the
abundance of soft information that is exclusively available to local investors. Furthermore, it is
also reasonable to assume that Chinese investors translate data less accurately into hard informa-
tion. On the one hand, the trading activities of small retail investors have historically dominated
the Chinese stock markets. The Shanghai Stock Exchange estimates that in China, retail trading
makes up over 80% of total trading volume, compared to just 10% in the U.S. (Jones et al., 2025).
While institutional investors are more adept at analyzing and acting upon financial data, small
retail investors are less experienced (Hand, 1990). A less effective integration of accounting earn-
ings information into stock prices is thus expected in the Chinese stock markets. On the other
hand, post-earnings-announcement drift anomaly in the Chinese equity market documented by
Truong (2011) also contributes to the validity of this assumption. A more transparent informa-
tion environment is linked to foreign ownership, and foreign investors react to new information
faster than domestic investors.

When fitted to the model, the case of China is characterized by a very small proportion of
foreign investors, a large proportion of domestic individual investors, a large disparity between
domestic and foreign data processing technology, and high precision of soft information. Foreign
institutional investors would allocate their data processing capacity in both type of shares, and
the signal-to-noise ratio for foreign investable shares decreases. Domestic institutional investors
are also induced to learn slightly less about those shares, and thus the average posterior precision
of dividend innovation decreases. In the full opening counterfactual, the signal-to-noise raios for
both type of shares increase.

This chapter proceeds as follows. In Section 2, I first present present the partial-opening

model, discuss the characteristics of its equilibrium, and then show the impacts of partial market
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opening. In Section 3, I provide a numerical example of the Shanghai-Hong Kong Stock Connect
programs. In Section 4, I expand the model to full market opening and shows the prospects of

the China case. In Section 5, technology advancement is discussed. I conclude in Section 6.

1.2 Partial-Opening Model

When emerging markets open to the international markets, most economies (Korea, Mexico,

Greece, to mention a few) first implement a partial opening and liberate the market step by step.

1.2.1 Model setup

Consider a 2-period economy. In the first period, the domestic economy is closed. In the

beginning of period 2, the domestic financial market partially opens up to foreign investors.

Assets There is a domestic safe asset with rate of return r. The equities of domestic firms are
originally only traded in domestic markets. I model them as two aggregate risky securities: type-
I security that is eligible for international trade after partial market opening, and type-II risky
asset that is not allowed to be traded by international investors even after partial market opening
is in place. Period-t dividend Jt follows an AR(1) process, Jt = p + Gd;_ + y;, where the
dividend growth rate G = diag((g1, g2)’), the dividend shock y; "N (0,3,). The dividend
is paid out at the end of each period. Denote the ex-dividend aggregate firm value by v;, then

o = p, + (rI — G)"'Gd,, where p, = < (r] — G) .

Investors There is a continuum of investors. Among them there are three types: \; domestic
institutional investors, \; domestic individual investors, and A foreign institutional investors.
For simplicity, T use [,] € {i,j, k} to refer to an investor of any type, and L, L € {I,J, K} to
refer to any type of investors. Investors L are endowed with initial wealth w;. Domestic investors
start to invest in the market from Period 1, while foreign investors only enter the market after
the market becomes open to international investors in Period 2. Individual investors form their

portfolios only based on security prices, while institutional investors acquire and process data,
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obtaining private signals about the dividend innovation. All domestic investors are additionally
endowed with soft information about the dividend innovation.

In Period 1, the securities are only traded by domestic investors. In the beginning of Period 2,
the securities market of the domestic economy opens up to foreign investors. The initial wealth
wy for foreign investors is entirely invested in domestic securities markets; their wealth that is
invested in foreign economies is not modeled here. All investors have CARA utility over their
terminal wealth, with a risk-aversion coefficient p, that is Uy, = —e i+ | € {i,j, k}'. They
make portfolio choices g;; in each period to maximize their expected utility conditional on their

respective information set and subject to a budget constraint, which are

wiz = rwi + qjy(dz + Ty — por) (1.1)

Wy = rwy, + qlll (Jl + P2 — P17’> (1.2)
in Period 2 and Period 1, respectively.

Information structure In this economy, in each period before making the portfolio choice,
institutional investors can acquire data to generate private signals about current dividend in-
novation 9;. In addition, domestic investors are endowed with soft information? about y;. The
equilibrium price aggregates all private information.

At different stages of decision, investors have different information sets. At the beginning of
Period 1 when domestic institutional investor ¢ is to make data acquisition decisions, she does not
have any information other than the prior and her soft information &;;. Denote this information
set by Z;;- = {&n}. Let sy, [ € {i, k}, denote the private signals generated from data, and s,
denote the price signal. Later when she selects portfolio, the choice is based on the equilibrium

price, the soft information, and the private signal generated from the data she acquired, so her

'The superscript + refers to the end of a period when dividend is paid out.

Intuitively, domestic institutional investors should have more soft information than domestic individual in-
vestors. However, since it is not a focus of this chapter and does not change the structure of the model nor the
results, I make the simplifying assumption that domestic investors all have the same amount of soft information.
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information set is Z;; = {sp1, Si1,&i1}. Domestic individual investor j does not acquire and
process data, and makes her portfolio choice based only on her endowed soft information and
the equilibrium price, so Z;; = {s,1,&;1}-

In Period 2, the domestic market is open to foreign institutional investors. When mak-
ing data acquisition decisions, domestic institutional investor [, [ = 7, j, conditions on Z;,- =
T+ U {&2}. Foreign institutional investor k& does not have relevant information other than

the prior. Progressing to the portfolio choice stage, investors base their decisions on Z;, =
Z'lgf U {Spg, 812}, forl = i, k
:Zlg— U {sz}, fOI'i :j
how acquired data is processed into private signals.

. Let me discuss first the generation of price signals and then

The equilibrium price is a linear function of the signals, and since signals are normally dis-

tributed, we can express the price as a linear function of shocks:

p: = Ay + Bid,_, + Cyy, + Dz, (1.3)

Define the price-to-current-noise ratio to be ¢; = D; 'C,. A transformation of the equilibrium
price p; can generate an unbiased signal about current dividend shock. In Period ¢, investors
extract a signal s,; = 9; + {; ' 1, and the precision of the price signal is Q,; = ¢/€2,(;.
Throughout this chapter, I specifically make the distinction between data and information.
While data are physically stored on paper or in an electronic device, and can be purchased, ex-
clusively or not, from data sources, information is the signal about an unknown random variable,
in this case the dividend innovation y,, resulting from processing the data. Data can come in
different forms, including, for example, accounting numbers in a company’s annual report (net
income, total assets, long-term debt and etc.), daily trading price and volume, textual descriptions
in the company’s news release (...slightly improves, ...relatively stable, etc.). Through certain data
processing technology, investors get a private signal about the interested target variable dividend
innovation. Their data source and acquired amount of data could be different, and their data pro-

cessing technology could also differ.
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Specifically in the model, institutional investors can acquire a total of M data points from
two data sources, and the data acquisition costs are normalized to zero. Then investors will
acquire data at full capacity M. Denote the number of data points acquired by investor [ in
Period 2 for type-I and type-II risky asset is MZ(QI) and MZ(QH), respectively. Each data source
corresponds to one type of firm, and each data point is a linear function of current dividend

~(m)

innovation. So the acquired data point 7, is a function of type-I or type-I firm dividend

~1) | ~AD
m type-1fi ~  did
innovation, that is Tﬁt ) = /B%H)—i_ Z"ﬁl)t ype rm’ with # > 1 and ey BN (0, %),
By, +e€,,,; type-Ifirm

with the variance matrix 3. diagonal. With a perfect data processing technology, one correctly
knows the value of 3. Thus each data point can be transformed into an unbiased data signal
sl(:” ) — %ﬁf;ﬂ ) Thus based on all data points, the conditional variance of current dividend inno-
vation is Var(y, | sl(tl), ce Sl(tM)) = (Q, + °M;;Q.)~". Suppose without loss of generality that
foreign institutional investors can process data perfectly, that is they can process data with the
correct /3, while domestic institutional investors only have imperfect data processing technology
with which [ is incorrectly assumed to be (5, with 3; < 3. Therefore, in the eyes of domestic
institutional investors, the data signal is noisier, which will in turn affect their portfolio choices.

The above-generated information is what I term as hard information; it can be stored and pur-
chased in the form of data, which is then back-engineered into hard information using certain
data processing technology by all domestic and foreign data buyer. However, the other type of
information, soft information, cannot be stored and distributed as data; it is only held by domestic
investors. To model hard and soft information, I assume that domestic investors are endowed with
an unbiased signal about the dividend innovation, that is ét = Y; + €;, with €;; N (0, %,).
Although domestic institutional investor 7 has an informational advantage with the soft infor-
mation, she has a technological disadvantage over processing buyable data and is not able to
implement the perfect data processing technology. Thus a priori it is unclear who has an overall
information advantage. Different types of investors along these two dimensions are summarized

in Table 1.1.
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Domestic* Foreign

Price information®

Price information
Imperfect data processing technology

Institutional® Perfect data processing technology

Soft information
(Qy + Qyt + BQMKth)
(Qy + Qyt + B%Mltﬂe + Qe)

Price information
Price information?

(Qy + Qyt)

Individual Soft information

(Qy + Qyt + Qe)

& Domestic investors have soft information about dividend innovation, with precision €2..

b Institutional investors can acquire and process data under capacity M. Foreign institutional in-
vestors are assumed to have perfect data processing technology (3, while domestic institutional
investors only have imperfect technology (;, with 57 < 5.

¢ Apart from the common prior, all investors observe the equilibrium price and extract from it a price
signal with precision 2.

d Foreign individual investors do not enter the domestic market in the partial opening model; they
enter in the full opening extension discussed in later sections. They are included in this table for a
complete description of all investors of interest throughout this chapter.

Table 1.1: Data processing technology and information held by investors and their corresponding
posterior precision about dividend innovations

1.2.2 Equilibrium characterization

Equilibrium definition An equilibrium consists of a price function P;(d;_1, y;, T;) :— R?,
a data acquisition strategy (MZ-(:), Mi(tﬂ)) for domestic institutional investor 7, a data acquisition

strategy (M, ,g), M ég)) for foreign institutional investor k, and a trading strategy q;; for investor /.

DEFINITION 1. A rational expectations equilibrium in this economy is a sequence of data choices
{Mi(tl), Mi(tﬂ)} and {M,g;), M,g)}, prices of the risky asset {p,}, and portfolio choices {q;;},t = 1,2
such that

1 ift=1
1,k ift=2

data points between type-I and type-Il firms to maximize ex-ante expected utility E[—e i+ |

(a) Atthebeginning of Periodt, institutional investorl, | = { , allocates {Ml(tl), Ml(tn)}

Ty, subject to data processing capacity M ;

(b) At the portfolio choice stage of Period 1, domestic investorl (I € {i,j}) invests q;1 in the risky

17



assets to maximize E[—e PP+ | 11|, taking the asset price and signal realizations, with no
expectations that the market will be open up to international investors in Period 2, subject to

budget constraint (1.2);

(c) At the portfolio choice stage of Period 2, investor (I € {i, j, k}) invests q;2 in the risky assets
to maximize E[—e PP+ | 1;y|, taking the asset price and signal realizations as given, subject

to budget constraint (1.1), and foreign institutional investor k subject to constraint q,g) =0;

(d) The price of the risky asset equates demand and supply:

/qﬂ di+/Qj1 dj =T +51. (1.4)
i J

/qigdi—f—/qj'gdj—i‘/qudk:i’z—i‘fg. (1.5)
% J k

Portfolio choices In Period 2, investor [ faces a simple one-shot portfolio choice problem,
which has an optimal solution®

1.
qp = ;QLZUI% (1.6)

where fi;5 = E[&; + vy — por | Ijo| is the conditional mean of Period-2 payoff and Q. =
Var‘l(Zlvg + vy — por | Zj2) is the conditional precision of Period-2 payoff.

The portfolio choice in Period 1 can be written as
Lo o
qn = EQLI(IJJM —pCr), (1.7)

where fi;; = E[Zi\;+p2 —p17 | Zp1] is the conditional mean of Period-1 payoff, Q;, = Var! (Zlv1+
po—p17 | Zjp) is the conditional variance of Period-1 payoff, and C;, = Cov(glvl +p£ —p1r, q}2(52+
Uy — pgr) | Z;1), with g;1C1, being the conditional covariance of Period-1 and Period-2 portfo-

lio payoffs. Notice the difference between q;» and qlTQ. While g, is the actual investment that

3For notatonal simplicity, I adopt the notational style that uses a hat to distinguish conditional moments at the
portfolio choice stage (interim) with those at the data choice stage (ex ante). These conditional moments are derived
in the appendix.
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domestic investor [, [ = 7, j makes at the portfolio choice stage of Period 2 when international
institutional investors enter the market, qlT2 is what investor [ predict herself to hold in Period 2
at the portfolio choice stage in Period 1 when she does not expect that the market would open to

international investors in the next period.

Equilibrium price relation The signal-to-noise ratio

1 C
G=—-——(I-G) [(AIB?MH + Ak’ <E11 - ﬁElz) MKQ) Qe+ Q| . (1.8)

r
P Ky2

An interesting observation is that the signal-to-noise ratio matrix is not symmetric. If foreign
institutional investors choose to acquire data on type-II risky asset, the information they obtain
after data processing is not aggregated into the equilibrium price of type-II risky asset since it
is not open for international trade. However, this information will be partially reflected in the
equilibrium price of type-I risky asset. This is because the two types of assets are correlated and
thus information on type-II asset also affects their posterior belief on type-I asset. This creates
information inefficiency.
The average posterior precision of dividend innovation is

A —1 2 2 —1 Ak CA%(W

Qo = Qy + Qo + A (MBS Mo + A S E11 Mgp) Qe + A AN Qe — —
On the one hand, since foreign institutional investors do not possess soft information, their entry
dilute the density of the soft information for type-II risky asset. On the other hand, they also
add to aggregated information acquired from data. Notice that their contribution to aggregated
data precision is corrected down by the last term, which comes from a revision of the portfolio

position due to the correlation between assets and is present regardless of their data choice.
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In equilibrium, the price coefficients are characterized by

1 =
A= o+ (1T = G) = pr(r] = G) "I A7 (] - G) s, (1.9)
B, = (I -G)'G, (1.10)
- [= A C2 ArC
Cy=(rI—G) Sy |0y —Q, + %En — AR B + M) | (111)
2QKy2 )‘291@2
D, =Cy¢; . (1.12)

where Ay = A+ A5, A=A+ A+ Agand A = ().

B is the constant discounted dividend growth rate, and together A, and B, govern the level
of the equilibrium price. C is the price sensitivity to dividend innovation, and D, regulates the
amount of demand shocks contained in the price. Purchased data amount M7,, data processing
capacity M, the data processing technological 3, 3; and the precision of soft information 2, all
enter the price coeflicients via the signal-to-noise ratio and the average posterior precision of

dividend innovation.

Data choices Domestic and foreign institutional investors face slightly data choices problems.
I start by characterizing the optimal data choice of domestic institutional investor ¢. Her ex ante

utility can be found in the Appendix. What is crucial is summarized in the following lemma.

LEMMA 1. The Period-2 data choice of domestic institutional investor i only enter her Period-2 ex

, where 35 is her posterior variance of Period-2 payoff.

ante utility function via ‘ZA)ZQ

Since the data choice (Mi(gl)7 Mi(zn )) only enter the ex ante utility function though the deter-

minant of the posterior variance of payoft ‘212 , the data choice problem reduces to allocat-

. The F.O.C. yields

ing data points to maximize the determinant of the posterior precision ’Q,g

oW S0 5 e . .
—w2. — %2 Intuitively, domestic institutional investor i allocates data points such that the
gl g2l

equivalent data amount to the posterior precision of current dividend innovation are the same

for each type of risky assets. Her optimal data allocation depends on the posterior precision

equivalent data amount, which I formally define next.

20



DEFINITION 2. The equivalent data amount m" to the posterior precision of dividend innovation of
type-Irisky asset for domestic institutional investori is the amount of data that would be needed if the

posterior precision of dividend innovation were to be obtained by data alone. Formally, mV (Mi(Q)) =
of’ +a{+s2m5) 2P+
2

Denote the optimal data allocation profile of domestic institutional investor i to be (M, M —
M3,). Intuitively, if at the full data processing capacity the equivalent data amount m" (M) to
the posterior precision of dividend innovation of type-II risky asset is still less than the equiva-
lent amount of data when processing zero data for type-I risky asset, then domestic institutional
investor ¢ will opt to not learn about type-I asset and direct all her data processing resources to
type-Il asset, so M} = 0. In the opposite case, if the equivalent data amount m™ (0) to the pos-
terior precision of dividend innovation when processing zero data for type-II risky asset is larger
than the equivalent amount of data at full data processing capacity for type-I risky asset, then
domestic institutional investor i will only learn about type-I asset, so M, = M. Therefore, her

optimal data acquisition amount for type-I risky asset is

0, if m®(0) > m® (M),
=4 a, im0 (0) > m®(1), (113
LmW(M) —m®(0)], otherwise.

The conditions when investor ¢« would tilt data processing capacity towards type-I risky asset is

thus clear.

PROPOSITION 1. Domestic investori would learn more about type-I than type-I risky asset ifm™ (0) <
m®(0). If further mW (M) < m™(0), then investor i would concentrate all data processing capac-

ity on type-I risky asset.

Foreign institutional investor k£ is only allowed to trade type-I risky asset but her data choice
problem is not a priori trivial; it is possibly in her best interests to acquire and process data points
for type-II risky asset. The way her data choices enter her ex ante utility is summarized in the

following lemma.
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LEMMA 2. The Period-2 data choice of foreign institutional investor k only enter her Period-2 ex ante

utility function via i),g%, where XA],(;% denotes the first diagonal element of her posterior variance for

Period-2 payoff and is the posterior variance for type-I risky asset.

. .. A( c?, . .. .
Her data choice problem reduces to maximize Q,(C;Q ?;)2 , reflecting a revision of portfolio
ky2

position resulted from the information on type-II risky asset used to update the posterior belief

of type-I risky asset. The F.O.C. yields BQQQ) = <;’”’2 > BQQ( ) Intuitively, the marginal gain in
ky2

posterior precision of dividend innovation for type-I risky asset directly from learning about type-

I risky asset and indirectly from learning about type-II risky asset should be equal. To proceed, I

define an important concept for information spillover.

2
. . . . I é () ~
DEFINITION 3. The information spillover rate is defined as K(M,EQ)) = (A’“‘”) % where Cpyo

()
QkyQ

and Q,(CHy)Q are the off-diagonal and the second diagonal element of investor k’s posterior precision for

dividend innovations, respectively.

Her optimal data allocation profile depends on the information spillover rate. One unit of
precision for type-II risky asset’s dividend innovation converts to x units of precision for type-I
risky asset. If the information spillover rate when she does not learn about type-II risky asset
is already less than or equal to 1, then the needed data amount to make the marginal gain in
posterior precision of dividend innovation for type-I risky asset directly from learning about
type-I equal that indirectly from learning is negative, so she will only learn about type-I asset,
M, = 0. In the opposite case, if the information spillover rate at full data processing capacity is
still larger than or equal to 1, then it is in her best interests to learn as much about type-II risky

asset as possible, M}, = M. Then her data choice can be expressed as (M — M}, M},), where

0, it k(0) <1,
M, =4 M, if K(M) > 1, (1.14)

o +0) :
0 —— H\/ ’ — 1] otherwise.

While foreign institutional investor k could optimally choose to learn about type-II risky asset,

the generated information is not aggregated at the market level efficiently. Efficiency is achieved
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when M,EH) = 0. Intuitively, if the two types of risky assets are uncorrelated, learning about
type-II risky asset would not help learn about type-I risky asset, foreign institutional investors
would allocate all data processing capacity to type-I asset. This is summarized in the following

lemma.

LEmMmA 3. Ify = 0, that is type-I and -1l risky assets are not correlated, the information spillover rate
k = 0 and the amount of data acquired and processed by foreign institutional inventors for type-II

risky asset M}, = 0.

When the two type of risky assets are correlated, the amount of data on type-II risky assets
acquired and processed by institutional investors declines with the increase of their technology

level, as shown in Figure 1.2.

@y >0 (b)y<0
100 — p=2 — p=2
- p=3 - p=3
80 e et
i mip
T 60 T
(%) (%)
40
20
0-
2 4 6 8 10 2 4 6 8 10
B B

Figure 1.2. Data amount acquired for type-II asset by foreign institutional investors in response
to the foreign data processing technology level

The left and right panels are plotted with positively and negatively correlated type-I and -1 assets, respectively. As
long as the two types of assets are correlated, the data acquired and processed by foreign institutional investors for
type-II risky assets decrease with their data processing technology level.

It is ensured to happen if both the domestic and the domestic institutional investors are suffi-

ciently technologically advanced or underdeveloped for processing the hard data for type-II risky

assets, regardless of the difference of their technology levels per se.
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ProposITION 2. When Q) is sufficiently large or sufficiently close to zero, foreign institutional

investors do not learn about type-II risky asset. Mathematically,

lim M,Eg) =0and Ui M,ig) = 0.

o oo Qﬁj”nlo
When QO is sufficiently large, the signal-to-noise ratio for type-II risky asset will be very
large too, which in turn makes the information spillover rate very small. When o is sufficiently
close to zero, very few information can be transmitted to type-I risky asset, and the information
spillover rate will also be very small. When the information spillover rate falls below one, then
learning directly from type-I risky asset is more efficient than learning indirectly from type-II
risky asset. Thus in these cases foreign institutional investors do not learn about type-II risky
asset. As we can see in Figure 1.4, the proportion of data processing capacity allocated to type-II
assets by foreign institutional investors drops to 0 at the both end of the data precision axis.
There is a less strict condition for zero acquisition and processing in type-II data. Intu-
itively, When the unit precision of hard information for type-I asset directly from processing
data on type-I asset exceeds that acquired through processing data on type-II asset via informa-
tion spillover, foreign institutional inventors will not acquire data on type-II asset. This condition

is formally summarized in the following proposition.

ProPOSITION 3. A sufficient condition for foreign institutional investors to exhaust data processing

v N I risk O < 20
capacity M on type-I risky asset is {le” > W

If the above condition is satisfied, then the existence and accuracy of soft information does
not affect foreign institutional investors’ data acquisition. Otherwise, data acquisition for type-II
asset declines with the abundancy of soft information, as is shown in Figure 1.5.

Foreign institutional investor’s acquisition of hard information for shares not eligible for for-
eign investments decline with the abundancy of soft information, regardless of investability by
foreign investors, available to domestic investors, as shown in Figure 1.5.

Figure 1.7 plots the reactions of signal-to-noise ratios to foreign data processing technology
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Figure 1.5. Data amount acquired for type-II asset by foreign institutional investors in response
to soft information precision

This figure plots how foreign institutional investors’ data acquisition on type-II risky asset change with the soft
information held by domestic investors. Seen in all the four panels is that foreign institutional investor’s acquisition
on hard information for foreign-ineligible assets decline with the abundancy of soft information available to domestic
investors, regardless of investability by foreign investors.

levels. As the technology level goes up, the price of type-I risky asset contains more informa-
tion on its fundamental innovation. The effects come from two sources. On the one hand, the
higher the foreign data processing technology level is, the more data foreign institutional in-

vestors would choose to acquire and process. On the other hand, the higher average data pro-

cessing technology level also increases the average hard information in the market.
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Figure 1.6. Reactions of the signal-to-noise ratios to soft information precision
This figure plots how the signal-to-noise ratio of one asset increases with the precision of soft information about that

asset. With an increase in the soft information precision for the other type of asset, the change of the signal-to-noise
ratio is small.

1.2.3 Impacts of partial market opening

Market opening influences the equilibrium price via three channels. Firstly, through the
signal-to-noise ratio {,. There is a spillover effect on type-II risky asset via data acquisition.
The entry of foreign institutional investors dilutes soft information but brings in more informa-
tion from data. In response, domestic institutional investors could reallocate her data acquisition

between the two types of assets. How the type-I risky asset is affected is more complicated. It
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Figure 1.7. Reactions of the signal-to-noise ratios to foreign technology level
This figure plots how signal-to-noise ratios reacts to foreign data processing technology levels. As the technology
level goes up, the price of type-I risky asset contains more information on its fundamental innovation. With the
same amount of data acquired, the investors will be able to extract more hard information.
comprises of a possible change in domestic institutional investors’ data choice, the addition of
foreign institutional investors’ data processing, and a dilution of soft information. Moreover, if
foreign institutional investors choose to acquire and process some data for type-II risky asset, the

resulted information will be inefficiently aggregated for type-I.

Secondly, through the weighted average of the posterior variance of the dividend innovation

M>\

y2-

Thirdly, through the unit demand level.

Change in data choices of domestic institutional investors The counterfactual where in
Period 2 the domestic market remains closed is readily available from the partial opening model

if we set A = 0.

DEFINITION 4. The equilibrium equivalent data amount m® to the posterior precision of dividend

innovation of type-I risky asset for domestic institutional investor i is the amount of data that would
be needed if the posterior precision of dividend innovation were to be obtained by data alone in

W =91y 004 x 82100200 4+ 52 1D QM o0
. Oy S0P a2 al))zel +s2m b ol 1o
equilibrium. Formally, m¢’ (M, ) = 200 :
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PROPOSITION 4. In equilibrium,

1) in the counterfactual world where the market remains closed in Period 2, if the equilibrium
equivalent data amount with zero data processing for type-I risky asset is still larger than or equal to
the equilibrium equivalent data amount at data processing capacity for type-II formally md (0) >
méﬂ)(]v[), then domestic institutional investors will not acquire and process data for type-I;

2) if in addition the unit data precision for type-I is smaller than the unit precision converted

from type-II data to type-I, i.e. QY < 20" then domestic institutional investors will not acquire

and process data for type-I when the market is partially open.

Signal-to-noise ratio Partial market opening have impacts on the signal-to-noise ratio for
type-I and type-II risky assets. Apart from the common channel via the change of domestic
institutional investors’ data choices that affects both types of assets, the two types of risky assets
are affected differently.

For type-I risky asset, the entry of foreign institutional investors could have direct and/or
indirect impacts on its signal-to-noise ratio. If they choose to learn about type-I risky asset, the
information extracted from acquire-and-processed data is aggregated into its equilibrium price,
thus directly affecting the signal-to-noise ratio for type-I asset. The effects depend positively on
the number of foreign institutional investors, data processing capacity, and data signal precision.
If they choose to learn about type-II risky asset, the extracted information is not aggregated into
the equilibrium price for type-II but aggregate into that for type-I via information spillover, which
indirectly affects the signal-to-noise ratio of type-I risky asset.

For type-II risky asset, domestic institutional investors are the sole contributors to the signal-
to-noise ratio. Since market opening has no effect on their endowed soft information, the di-
rection in which the signal-to-noise ratio changes only depends on the data choice of domestic
institutional investors: if they learn less about type-II risky asset, i.e. M™ < MM then the
signal-to-noise ratio of type-II risky asset drops; if they learn more, then the signal-to-noise ratio

increases.
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To compare the signal-to-noise ratio after market opening ¢, with the counterfactual Cg where
the market remain closed to international investors, let me take the difference of their negatives.
To simplify notations, let me define w(LI)(M SQ), Br) = A\SiM S;QS) to be the aggregated data

signal precision of type-I risky asset for investor type L in Period 2 and similarly wg) (M 512)7 Br) =

)\LB%MSIQ)QSI) for type-II risky asset. Then A Cél) =8 [w?) (MI(IQ) — M}Lél), 1)+ w}?(l\/[[%, )],
A‘Q(H) = %w}l)(Ml(g) — MITS]), Br), and A’Céc) = T;fl —gﬁﬁﬂ w(LH)(MI(fQ), ). Let me call Cél) and
Ky2

Cén) the self-signal-to-noise ratio, which is the rate of its own dividend innovation signal to its
noise contained in the equilibrium price; CQ(C) the cross-signal-to-noise ratio, which is the rate of
type-II dividend innovation signal to the noise of type-I risky asset contained in its equilibrium
price. The signal-to-noise ratios depend on the risk-free rate, the dividend growth rates, the risk-
aversion coefficient, numbers of investors, data processing technology ; and /3, and the data
choices of institutional investors.

Notice that Céc) is only present if foreign institutional investors choose to learn about type-II
risky asset. In the extreme cases where foreign institutional investors only learn about type-II
risky asset, this information does not aggregate into the either of the two self-signal-to-noise

ratios. A‘CQ(I)‘ and A‘CSH)‘ thus have opposite signs.

(1)
PROPOSITION 5. Given that Q%) > % C,| ork(0) <1,
Yy
1) A sufficient condition for partial market opening to have positive effect on the self-signal-to-
2
noise ratio for type-I risky asset is A\ > )\1%.

OIS VIONC:
2) If the number of foreign institutional investors is smaller than (MM—BNZ{M

A1 but their entry
induces domestic institutional investors to learn less about type-I risky asset, then the self-signal-to-
noise ratio for for type-I risky asset decreases after market opening.

3) The cross-signal-to-noise is zero.

PROPOSITION 6. Given that k(M) > 1,
1) Partial market opening has positive impacts on the self-signal-to-noise ratio if domestic insti-

tutional investors learn more about that asset with the entry of foreign investors.
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2) The changes in the self-signal-to-noise ratios for the two type of risky assets are additive in-

verses of each other.

Average posterior precision of dividend innovation Similarly, I define and compute the

effect of market opening on average posterior precision of dividend innovation as AQSQ) =( 2(1)2 —

C;(I)2)Q-(l’l)+(§_éM(I)ﬁ%_%MT(I)B%_F))\\_;{MﬁZ)Qg)_'—(%_%)QEI) and AQSQ _ (CQ(H)Q_CQT(H)z)QgI)+

(i—;M (m i—iM Fm) %an) + (% - i—i)QgH). The change of average posterior precision of dividend
innovation can be decomposed into three parts. Firstly, a change in signal-to-noise ratio leads
to a change in investors’ average ability to extract information from the price for both types of
risky assets and thus a change in the precision of price signals. As with the different effects of
market opening on signal-to-noise ratios, here the effects on changes in the precision of price
signals for type-I and type-II risky assets are also different. Secondly, a change in the amount of
acquired and processed data per investor, or data density, leads to a change in the precision of
private data signals. For both types of risky assets, the possible change of data choice by domestic
institutional investors and the change of their weight after market opening leads to a change in
data density. For type-I risky asset, foreign institutional investors bring in an extra Ax M points
of data in total. Thirdly, the integrated soft information in the market is fixed and thus entering

of foreign investors lowers the density of soft information, bringing in a negative impact on the

average posterior precision of dividend innovation.

PROPOSITION 7. For type-I risky asset,

1) If the number of foreign institutional investors is smaller than %/\[ but their entry
induces domestic institutional investors to learn less about type-I risky asset, then there is less in-
formation about type-I dividend innovation in the market, that is the average posterior precision of
dividend innovation decreases.

2) Given the number of foreign institutional investors is large enough to ensure increasing of

2
signal-to-noise ratio, that is A\ > )\1%,

(i) if inclusion of new data and introduction of perfect data processing technology through for-
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eign institutional investors outweighs the dilution of soft information held by domestic insti-
tutional investors, then the average precision of dividend innovation increases when domestic
institutional investors learn more about it, or when they learn less, but the number of foreign

institutional investors is large enough that

(MO — pr) 200
PN R 0 L o0
115200 — (10 200 1 o)

I

(ii) if the dilution of soft information outweighs inclusion of new data and introduction of perfect
data processing technology, then the average precision of dividend innovation increases only

when the number of foreign institutional investors is small enough, that is

(MO — M) 3200

A < —
Mp2Q — 3 (M0 800 + )

I,

such that domestic institutional investors learn more about type-I dividend innovation.

PrROPOSITION 8. For type-II risky asset,
1) If the entry of foreign institutional investors induces domestic institutional investors to learn
less about it, i.e. MW < MW, then the average posterior precision of dividend innovation decreases.

2) If the number of foreign institutional investors is not too large, or specifically

(M® — prtmyQM

Ak < MT(H)QEH) N QEH)

()\] -+ )\J)

and their entry induces domestic institutional investors to learn more about the type-II risky asset,

i.e. MM > MTM  then the average posterior precision of dividend innovation increases.

1.3 Shanghai-Hong Kong Stock Connect

This section turns to the Chinese capital market liberalization, for which I specifically calibrate

the partial-opening model to the Shanghai-Hong Kong Stock Connect Program. The China case
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is selected for its fitness to the soft information and data processing technology assumptions, as

well as its huge impacts on world economy.

1.3.1 Background

The domestic Chinese stock market (the “A-share” market) started in 1990 with the establish-
ment of two independently operated domestic stock exchanges: the Shanghai Stock Exchange
(SSE hereinafter) and the Shenzhen Stock Exchange (SZSE hereinafter). However, the Chinese
stock market is not well-connected with the international markets. Table 1.2 shows a selected list
of world markets with their percentage of shares and market value eligible for foreign investment
during their capital market liberalization process. The Shanghai-Hong Kong Stock Connect Pro-
gram is an important step China takes to open its capital markets to the outside world. Launched
on November 17, 2014, this program allows investors in Hong Kong, local and global, to trade
shares in the SSE (north-bound trades) via Hong Kong Stock Exchange (HKSE hereinafter). See
Figure A.2 in the appendix for the details of how international trade is carried out. The Shanghai-
Hong Kong Connect mainly covers index component stocks with large market cap listed in the

SSE and HKEX (for the details of trading eligibility refer to Table A.2 in the appendix).

1.3.2 Calibration

Investor composition The aggregate data on composition of shareholders are obtained from
China Securities Regulatory Commission (CSRC). The largest holder of Chinese A-shares is in-
dustrial capital, including non-financial companies and general legal persons. Considering that
industry capital and original shareholders’ holdings cannot be freely circulated®, they are not
included in the discussions of this chapter. In the same vein, the measure of \;’s is calculated
by negotiable market capitalization, i.e. market capitalization for tradable common listed shares

only.

“These are non-tradable shares (e.g. common shares held by state legal persons or orginal promotors.) in Chinese
stock markets. They cannot be traded in the exchange, but can be traded by auction or transfer by agreement under
the approval of the CSRC.
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Markets Date Percentage of Shares Percentage of Market Value

Argentina Sep-89 58.3 -
Brazil May-91 47.7 -
Chile Oct-89 34.6 -
Colombia Dec-91 25.0 -
India Nov-92 62.9 -
Korea Jan-92 91.7 -
Mexico May-89 12.9 -
Pakistan Feb-91 7.3 -
Taiwan (China) Jan-91 100.0 100.0
Turkey Aug-89 64.3 -
Venezuela Jan-90 38.5 -
Shanghai (China) Nov-14 59.0 82.8
Shenzhen (China) Dec-16 53.1 67.0

Table 1.2: Percentage of foreign-investable shares in markets when liberalization was imple-
mented

Percentages for Shanghai and Shenzhen are calculated with the end-of-month values. Eligibility is provided by
HKSE, and market values by SSE and SZSE. Percentage of shares for other markets are calculated based on the raw
data provided in Tables I and II by Chari and Henry (2004).

The second largest shareholders in the A-share stock market are individual investors. In 2013,
the shareholding ratio of individual investors exceeded 33%. The ratio peaked in 2015 exceeding
39%, and then gradually started to decrease, below 30% in 2023. For the time window surrounding
the launch of Shanghai-Hong Kong Stock Connect, I take the simple average and estimate \; =
0.35. The third largest shareholders in the A-share stock market are institutional investors. They
hold around 15% of the A-shares and thus A\; = 0.15. Foreign capital holds about 3% of the A-
shares. Therefore A\ = 0.03. Notice that \’s are not the proportion of each type of investors in
the model since I consider only the negotiable market capitalization. The proportions of domestic
individual investors, domestic institutional investors, and foreign institutional investors are 66%,

28%, and 6%, respectively.

Risk-free rate The risk-free rate r = 1.042 is taken as the mean value of yield to maturity on
10 year government bond in the year of 2014. The government bond yield curve is published by

China Central Depository & Clearing Co., Ltd. (CCDC).
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Risky assets Data on the daily prices of shares prices and eligibility details of the Stock Con-
nect Programs are obtained from the China Stock Market & Accounting Research (CSMAR)
database. Grouped by their eligibility for northbound trade, shares are aggregated by nego-

tiable market capitalization. The variance-covariance structure of the two aggregate shares are

( 4.1721 2.9818 )
2.9818 2.5778 J*

Following the measurement methodology in the literature, I use unexpected earnings to proxy
for dividend innovation y;. Empirically, unexpected earnings, or earnings surprises, are typically
obtained by comparing analyst forecasts and earnings announcement, or using time-series model
forecasts.

For measurement through analyst forecasts, I obtain all analyst forecasts on earnings per
share and the corresponding annual eps announcement for the relevant companies. To ensure a
forecast window of one year, I only keep forecasts that were reported in the previous fiscal year of
the forecast end date. Within this set of earnings forecasts, I drop all but the latest forecasts from
each analyst and then take the median across analysts for each firm and year. The unexpected
earnings are constructed by subtracting the median forecasts from the announced earnings. It
is normalized by multiplying the number of shares outstanding, and then divided by the total
assets. The resulting measure is denoted by ue; ;.

For measurement through time-series model forecasts, I obtain annual earnings announce-
ment data for each firm from 2010 to 2018. It is then fitted to a VAR(1) model. The model residuals
are taken to be earnings surprise.

Last period’s dividend is measured by the EPS announcement for the previous year. It is
also multiplied by the number of shares outstanding, and divided by total assets. The resulting
measure is denoted by ea; ;.

The internationally tradable shares are constituents of the SSE 180 index, which are selected
based on total market capitalization, negotiable market capitalization and industry. As a re-
sult, shares that are eligible and ineligible for international trade through the Connect program

are fundamentally different. To deal with this problem, I adopt the propensity score matching
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Figure 1.8. Prices and volatilities of A-shares around the launch of the Shanghai-Hong Kong
Stock Connect Program

Panel (a) plots the price levels aggregated by negotiable market capitalization and Panel (b) plots the annualized
rolling volatility, with a window of 30 trading days. Type-I security is eligible for northbound trade via the Connect
while type-II is ineligible.

technique and calculate the propensity scores on total market capitalization, negotiable market

capitalization and industry dummies. The kNN algorithm is used to match each type-I asset to
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its closest neighboring type-II asset.
Since previous earnings and unexpected earnings are both normalized by multiplying the
number of shares outstanding and divided by total assets, the same operation is done to market

prices, which is the market capitalization divided by total assets, denoted by ma ;.

Estimation To obtain estimates for price coefficients, I run the following cross-sectional re-

gression for Period t = 1, 2,

maglz =AY + B¢ )eafz L+ C’(I)ue )+ Cf c)ue(n) + K( )Z(I) éﬁf@,

ma® = AD 4 Bea® | + OMue® + KD ZM 1 &,

where Z, ; is a collection of dummies at the 2012 CSRC sub-industry level. The estimated coeffi-
cients are imperfect measures for the price coefficients A;, B, and C}. The residuals are taken as
an estimate for noise contained in the price, that is D, 3, D).

There is a preliminary test for the model according to Lemma 4, which requires the estimated

coefficient C’t(l) to be positive. CA't(I) is estimated to be 3.71, significant at the 5% level.
LEMMA 4. IfCéI) < 0, theny < 0.

Since the signal-to-noise ration (; and posterior variances all depend on data choices, I take
a two-step estimation method. First, I specify data choices for foreign institutional investors
(M- M 1(27 M [(2), then domestic institutional investors’ data choices can be expressed in terms
of M 1(2 and model primitives. Second, use the GMM method for Equations (1.15-1.18) to estimate
the parameters p, g1, g2, 3, 2 EH), Ol ), oM (denoted by 0 on the left hand of the equations for
notational simplicity) and check if the condition for that specific set of data choices to be optimal
is satisfied. In particular, the estimate of Céc) is non-zero with ¢-value -1.399, we estimate 6
particular sets of data choices, I specify 3 particular sets of data choices for foreign institutional

investors: 1. (0, M); 2. (M,0); 3. (M — M, M¢.,).
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1.3.3 Estimated parameters

As reported in Table 1.3, the case of China is characterized by a very small proportion of
foreign investors (A = 0.03, with a proportion of 6%), a large proportion of domestic indi-
vidual investors (A\; = 0.35, with a proportion of 66%), a large disparity between domestic
and foreign data processing technology (ﬁﬁ[ = 1.39), and high precision of soft information

QY =3.34,0Y = 4.71).

o a g B P o® o o N, A, A

2.07 1.042 0.75 0.82 139 334 471 235 197 0.15 035 0.03

Table 1.3: Parameters calibrated for the partial-opening model

With these calibrated parameters, foreign institutional investors would allocate their data
processing capacity in both type of shares, and the signal-to-noise ratio for foreign investable

shares decreases. Domestic institutional investors are also induced to learn slightly less about
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those shares, and thus the average posterior precision of dividend innovation decreases.

Closed Partial Opening Full Opening

Model Data Difference Model Data Difference Model Data  Difference
TypelI 5.823 6.328 0.505 3.732 4.478 0.746 8.334 7.293 -1.041**

(1.883) (2.919) (0.493) (1.477)  (2.263) (0.898) (3.037) (3.283) (0.448)
Type II  2.457 2.134 -0.323 3.272 2.981 -0.291 4.790 4478 -0.312*

(0.542) (0.896) (0.475) (1.235) (0.933) (0.407) (2.817) (2.349) (0.213)

Table 1.4: Price informativeness generated by models and data
Both the model-derived and the data-calculated indicator for price informativeness of type-I asset first decreases and
then increases. For closed and partial-opening cases, model-derived price informativeness is not significantly differ-

ent from the data. In the full-opening case, they still show the same direction. Since China has not yet implemented
full opening, I used data from 2019 to approximate.

1.4 Full Opening of the Market

Instead of a partial market opening, economies theoretically could also directly enter a full
market opening. The baseline full-opening model in this section on the one hand is useful in its
own regard, and on the other hand provides a benchmark and long-term vision for partially-open
markets.

In a full-opening economy, all securities are available for international trade. In addition,
A foreign individual investors also enter the domestic market. Foreign institutional investors
might allocate data processing to both types of risky assets. As a result, information will be less
concentrated on a specific type of risky asset. Entry of foreign individual investors also lower

the information density.

1.4.1 Equilibrium characterization

I use a I to denote variables in this equilibrium. The optimal portfolio choices have the same
form as in the partial opening model. The optimal data choice problem of domestic institutional
investors does not change, but that of foreign institutional investors is no longer trivial since

they are also allowed to invest in type-I risky asset. Now they are allocating M data processing
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capacity to both type of risky assets as the domestic institutional investors do. The form of price
coefficients slightly changes since average level of demand changes (see coefficients A.38, A.39,
A.40 and A.41) with the type of investors allowed in each type of risky asset.

The signal-to-noise ratio and the average posterior precision of dividend innovation are d o=

= 1) g2 1) g2
_T/,;Tg[()\IM}(I)ﬁ%‘f‘)\KM;E((I)BQ)Qg)+)\1Q£I)] and Q?iy(;) _ Q:E/I)_FC%;Q(I)Q(;)_'_AI]\/[I /311‘:\KMK B Q£1)+
:\\—;Qg), respectively. Intuitively, both the signal-to-noise ratio and the average posterior preci-

sion of dividend innovation are more balanced and less concentrated in the full market opening

equilibrium than in the partial market opening equilibrium.

1.4.2 Impacts of full market opening

Full market opening influences the signal-to-noise ratios in a slightly different way. What
foreign institutional investors have learned about type-II risky asset, if any, is aggregated by
the market. In light of that domestic institutional inventors may change their data acquisition

accordingly. The results for type-I and II risky assets are summarized in Propositions 9 and 10.

PROPOSITION 9. For type-I risky asset, the signal-to-noise ratio
1) decreases if domestic institutional investors learn less about it;

2) increases if domestic institutional investors learn more about it and the number of foreign

(M) M) 67

institutional investors A\ <
PROPOSITION 10. For type-II risky asset,

1) the signal-to-noise ratio increases if domestic institutional investors learn more about it.

2) A necessary condition for the signal-to-noise to decrease is that domestic institutional investors

Migy' 82
Mp?

Al

learn less about it, or A\ir <

Without the distortion created by partial market opening, the average posterior precision of

dividend innovation is aligned with the signal-to-noise ratio.

ProposITION 11. The average posterior precision of dividend innovation changes in the same direc-

tion as the signal-to-noise ratio for both types of risky assets.
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In recent years, as China gradually widens and deepens its capital market liberalization, some
researchers have found new evidence that stock prices in China have become as informative
about future profits as they are in the US (Carpenter et al., 2021). Figure 1.9 shows how signal-
to-noise ratio changes (full market opening vs. closed market) reacts to the proportion of foreign
institutional investors of China Stock Connect Programs. In this scenario, entry of the foreign
institutional investors always increase the signal-to-noise ratio, compatible with the above em-
pirical findings. As more and more foreign institutional investors enter the markets, the change
increases at an increasing speed since more hard information is aggregated. However, as more
and more foreign investors enter, the increased hard information is balanced out by the lost of

soft information.

70 A
60
50 A
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Figure 1.9. Reactions of signal-to-noise ratios to the size of foreign institutional investors
This figure plots how signal-to-noise ratio changes in the full market opening case compared with the closed-market
case reacts to the proportion of foreign institutional investors of China Stock Connect Programs. Entry of the foreign
institutional investors increase the signal-to-noise ratio. As more and more foreign institutional investors enter the

markets, the change increases at an increasing speed since more hard information is aggregated. However, as more
and more foreign investors enter, the increased hard information is balanced out by the lost of soft information.

1.5 Technological advancement

Data are not equal to information; they need to be converted into information via certain
data processing technology. Investors are endowed with heterogeneous imperfect data process-

ing technologies. Processing data into information might incur information loss or even induce
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errors. Investors can launch technology innovation®, which would incur an immediate fixed cost
but would ensure a correct data processing process if successful. Or they can hire data analysts
who have superior data processing technology with a certain probability. This resembles Dvorak
(2005), domestic clients of global brokerages have higher profits than foreign clients of global
brokerages, suggesting that the combination of local information and global expertise leads to
higher profits.

Suppose that data processing technology can be improved upfront with a cost %aﬁé. In this
case, domestic institutional investor ¢ would be both choosing the data processing technology

Bie and allocating data points between risky assets. The objective of her data choice problem

A

becomes In(Q;,s| — prafBs. The F.O.C. with respect to the data choice M,g) remains the same.
) ) ira® oW oM )
The F.O.C. with respect to 62 gives pra = Q(I)e ﬁ The technology and data choices are
iy2

1y2

summarized in the following proposition.

PROPOSITION 12. Suppose that data processing technology can be improved upfront with a cost %a 2.

Then domestic investor ¢ choose a technology level

6[7 lfﬁfQSB[
51'*2: B, if@%Zﬁa

c .
<, otherwise

where

c I A o, A0 1) ar g W -
2 = \/MQS) [0 — (7 + Qpy + Q)] + —MQEH) [QS) O — () + Q) + ).

Then M}, is obtained by M} = 5*219(” [QEIy)Q - (QS) + QI(,IQ) + QEI))].
i2 "€

An investor’s decision for technology innovation depends on how much data is available on
the market and what her data processing capacity is. The effect of data amount on investors’

choice of technological innovation is ambiguous. On the one hand, the more data is available

Here the definition of innovation is similar to but slightly different from that in the learning-by-doing litera-
ture. For example, Jovanovic and MacDonald (1994) defined innovation as “putting what has been learned to work
commercially”.
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for the investors, the more valuable technological innovation is if successful. On the other hand,
when the data processing capacity is sufficiently high, investors are not incentivised to innovate
data processing technology due to the immediate fixed cost. Intuitively, the farther an investor’s
data processing technology is to the perfect data processing technology, the more incentivised
she is to innovate.

It does not distinguish technological deepening and technological opening, as proposed by
Jovanovic and Nyarko (1996)°. For example, institutions developing a new and better text mining
algorithm is technological opening, professional traders receiving investment trainings is tech-

nological deepening.

1.6 Conclusion

When foreign institutional investors enter the domestic market, they bring in better data
processing technology for hard information but stand with the lack of soft information. This
mismatch creates information inefficiency, and the two opposite forces also reconcile the mixed
empirical evidence on whether domestic investors have advantage over foreign traders in the
domestic stock markets when the domestic capital markets start to liberalize.

With partial market opening, foreign institutional investors allocate their data processing
capacity to internationally untradable shares if the information spillover rate is larger than 1, re-
sulting in information inefficiency on the market. The hard information obtained from processing
data for internationally untradable shares is not aggregated into their equilibrium price but par-
tially aggregated into the equilibrium price of foreign investable shares given that the two types
of shares are correlated. Thus a distortion of price informativeness is created. This distortion is
further strengthened when hard information of eligible companies comes with higher precision.

In the case of China, foreign institutional investors would allocate their data processing capac-

¢Jovanovic and Nyarko (1996) proposed the ideas of technological deepening and technological opening. Tech-
nological deepening is learning more about a given grade of a technology. The more the agent uses a technology,
the better he learns its parameters, and the more productive he gets. And technological opening is learning about a
new technology. Once the productivity gains on a given technology are exhausted, further growth can occur only
by switching to a better technology. An agent may be so skilled at a technology that he will refuse to switch to a
better, but unfamiliar one and in the long run be overtaken by an agent who initially is less skilled.
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ity in both type of shares, and the signal-to-noise ratio for foreign investable shares decreases.
Domestic institutional investors are also induced to learn slightly less about those shares, and
thus the average posterior precision of dividend innovation decreases. In the full opening coun-
terfactual, the signal-to-noise raios for both type of shares increase.

This chapter abstracts from the managerial side. It could be interesting to zoom in on the firm
side in further research, and see how firm investment, agent costs, voluntary disclosure change in
capital market opening. Ruan et al. (2021) found that after the implementation of the Shanghai-
Hong Kong Stock Connect program, the quality of internationally tradable companies’ public
information disclosure significantly improved. In the framework of this model, firm controls
data release and decides the precision of data. In each period, there is a certain amount from
the current dividend that can be diverted by the Manager. Manager would incur a personal cost
for diverting. The diversion cannot be too large, otherwise Manager’s value diversion would be
detected and punished. On the one hand, managerial data choice directly affects the posterior
standard deviation of current dividend innovation. On the other hand, the entering of foreign
investors could also lower the safe bar. The choice of data precision balances the capital agency
costs reduction and the increase of the information publication costs (Holland, 1998), given that

the mandatory disclosure requirement is satisfied.
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Chapter 2: Reading Tea Leaves: Benefits and Costs of Learning about

Future Demand Shocks

2.1 Introduction

Noisy rational expectations equilibrium (NREE) models have been an established framework
for information choice problems in financial markets. These models usually introduce exogenous
noise trades, alternatively termed as shocks to the demand/supply of the risky assets, to pre-
vent their prices from fully revealing private information observed by investors (Grossman and
Stiglitz, 1980; Hellwig, 1980; Verrecchia, 1982). These shocks are orthogonal to dividend innova-
tions and do not affect the fundamental value, or liquidation value, of the risky assets. It is now
well-understood that noise trades can be micro-founded by hedging needs (Liu and Wang, 2016;
Medrano and Vives, 2004), liquidity needs (Han et al., 2016), or sentiment (Shleifer and Summers,
1990). In this chapter, I abstract from micro-foundations of noise trades and hereinafter refer to
them as demand shocks.

Traditionally, learning about future demand shocks affects the financial markets via the front-
running channel, that is if an investor can learn about future shocks, then she has motives to buy
(sell) shares now and sell (buy) them tomorrow if tomorrow’s demand is predicted to be high
(low) tomorrow. In this chapter, I propose a future uncertainty channel, through which future
demand shocks affect the market regardless of whether the front-running motive is in place or
not. If we shut down the front-running channel, then future demand shocks, if investors cannot
learn about them today, should be irrelevant for investor behavior and the current asset price.
The future uncertainty channel, in fact, makes the future relevant to the present when there is
information acquisition on future demand shocks. The future uncertainty channel works through

two forces to increase the investor’s ex ante utility: on the aggregate level, market-wise dividend
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information acquisition decreases, which makes dividends riskier with higher returns; on the
individual level, information acquisition on future demand shocks makes the conditional variance
of future excess payoffs lower. Higher expected returns and lower conditional variance of future
excess payoffs both increase investors’ ex ante utility.

In the literature, investors are usually worse off if every one holds more private informa-
tion. This is a manifestation of fallacy of composition, i.e. the error of assuming what is true of a
member of a group is true for the group as a whole. In the context of financial markets, more pri-
vate information is better for an individual investor. On aggregate, however, when all investors
acquire more private information, assets become less risky with lower returns, as discussed by
Kurlat and Veldkamp (2015). Learning about current demand shocks is not sufficient to break the
fallacy; but learning about future demand shocks does. It creates heterogeneity between genera-
tions; it introduces risk-sharing across time and information spillover between generations; and
it reduces market-wise dividend information acquisition and thus makes the asset riskier with a
higher risk premium.

Acquiring a signal about future demand shocks also echoes the general idea of news-driven
business cycles in the macroeconomic literature. The news shocks are mainly shocks on future
total factor productivity, ignoring an important aspect of price formation: demand shocks can
drive the prices of goods away from their fundamental values. Learning about future demand
shocks is even more important when we turn our attention to the financial market, which is the
focus of this chapter.

This chapter studies how learning about future demand shocks affects investor behavior, in-
cluding choices of information and investment, and market outcomes, including price informa-
tiveness and volatility. Specifically, I propose a model of a competitive CARA-normal economy
with overlapping-generation (OLG) investors who live for two periods. In each period, investors
first decide, subject to a linear information capacity constraint, how to allocate precision to sig-
nals on current dividend innovations, current demand shocks and future demand shocks. Then

they make subsequent investment decisions after observing signal realizations and the equilib-
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rium asset price. To disentangle the front-running channel and the future uncertainty channel,
I study two versions of the model, one with a long-lived asset (“dynamic model”) and one with
dividend strips (“static model”).

The model features risk sharing across time and information spillover between generations.
On the one hand, with signals of future demand shocks, future risks are incorporated into today’s
price. As a result, tomorrow’s market risks are partially shared by today’s investors. On the other
hand, only the young generation optimally choose to learn about future demand shocks. They
will be able to extract more dividend innovation from the equilibrium price in their second period,
but less in the current period. The old generation know more about the current demand shocks
from the previous period, and their private information is aggregated by and then spill over to
the young generation through the equilibrium price.

This model also features two margins of information choices. On the intensive margin, learn-
ing about tomorrow’s demand shocks today and tomorrow are imperfect substitutes, with the
former also affecting the marginal value of learning tomorrow. Assuming learning about fu-
ture demand shocks is equally costly today and tomorrow, learning about tomorrow’s demand
shock today can fully substitute for learning about it tomorrow and offer an extra benefit from a
higher marginal value of learning. On the extensive margin, we are weighing the cost-adjusted
marginal benefits of one unit of precision allocated to signals about dividend innovations and
demand shocks. The extra benefit brought in by learning about future demand shocks makes
learning about them more beneficial than learning about current dividend innovations. There-
fore, with information acquisition equally costly (both across signals and for each unit of precision
of the same signal), investors specialize in information acquisition and optimally choose to solely
acquire signals about future demand shocks in the first period and signals about dividend inno-
vations in the second period. On the aggregate level, less dividend information is learned and
thus price informativeness decreases, while price volatility increases due to more heterogeneous
private information.

To put the question into empirical contexts, I discuss a few examples where learning about
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future demand shocks plays an important role. One notable example is index recomposition. As
Han et al. (2016) points out, institutional traders, e.g. index funds or ETFs, need to rebalance port-
folios for non-informational reasons around index recomposition. The existence of index funds
and the requirement that they replicate indices create demand shocks that are non-fundamental
to the underlying securities. On the announcement date of index recomposition, investors re-
ceive a signal of effective-date demand shocks. Sophisticated investors can even adjust portfolios
before the index recomposition announcement by making informed predictions about how index
funds will have to rebalance. Another set of examples are in a similar vein as the news shock,
except that here the news that investors receive is not about future total factor productivity, but
about future demand shocks. One case with far-reaching impact is the BlackRock-BGI acquisi-
tion. BlackRock, Inc. announced on June 11, 2009 that it would acquire Barclays Global Investors
(BGI), including iShares, from Barclays Bank PLC. The deal closed on December 1, 2009. Con-
sequently, BlackRock became the world’s largest investment management company. Observing
the news of the BGI transaction on June 11, sophisticated investors would expect the iShares asset
under management (AUM) to expand in the following years. For the component stocks of iShares
ETFs, these are future demand shocks that are not related to their firm fundamentals. Some other
examples may include the future liquidity crisis, sentiment, or behavioral bias. In the financial

markets, it is usually the high-frequency traders (HFTs) who are learning about future demand

shocks.

Contribution to the literature This chapter contributes to the literature on rational expec-
tations models with asymmetric information. Our understanding of endogenous information
acquisition started from static descriptions about financial markets where signals are only on
current fundamentals (Grossman and Stiglitz, 1980; Hellwig, 1980; Verrecchia, 1982): there is
strategic substitution in information acquisition of informed investors. On the one hand, they
can gather private information about the liquidation value or dividend to make better portfolio

choices, collectively making price more informative. On the other hand, when facing a more
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informative price, investors would rely less on private signals and more on price, which reduces
their incentive to acquire private information. There are more mechanisms at force when we
consider a more complicated information structure. For example, when different investors are
informed of different fundamentals of the asset payoff, trading aggressively on information about
one fundamental reduces uncertainty of other fundamentals other investors face, encouraging
those investors to learn more about those fundamentals (Goldstein and Yang, 2015). Goldstein
and Yang (2019) further specify dimensions of fundamental uncertainty to be one that is related to
the aggregate economy and one that is firm-specific. Disclosing firm-specific information that the
real decision maker already knows improves price informativeness and real efficiency. Learning
about current demand shocks plays a slightly different role. In Medrano and Vives (2004), Gan-
guli and Yang (2009) and Manzano and Vives (2011), an investor receives an endowment shock,
which can be viewed as her private information about the aggregate endowment shock and helps
her make more precise inference about fundamentals. Marmora and Rytchkov (2018) show that
learning about noise increases price informativeness, and the price can be the most informative
when the majority of investors acquire non-fundamental information.

In dynamic settings, interpretations about fundamental and non-fundamental information
can be different, and it becomes meaningful to distinguish current and future shocks. However,
learning is still limited to future dividend innovations, e.g. Cai (2017) and Avdis (2016). In Cai
(2017), learning about the future is achieved through learning about the persistent part of current
and past dividends, which can then be thought of as a signal for future dividends. And in Avdis
(2016), the equilibrium price contains both dividend and discount rates information, where dis-
count rates shocks are modeled as demand shocks. Thus dividend information acquisition offers
an extra benefit of revealing non-dividend information about conditional expected returns. This
chapter approaches dynamic information acquisition in a different way where signals of i.i.d. fu-
ture demand shocks are acquired today. I emphasize the future uncertainty channel where the
asset becomes riskier because less dividend information is learned on the aggregate level and an

atomic investor is more certain about asset payoff in the second period thanks to the signal about
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second-period demand shocks they acquire in the first period.

This chapter also connects with the macroeconomic literature on news-driven business cycles.
As discussed by Beaudry and Portier (2014), “if an agent can properly anticipate a future need,
he can gain by trying to preempt the market and invest early as to make good readily available
when the predicted needs eventually appear”. The front-running channel in this chapter echoes
with this general idea. However, the macroeconomic literature usually treats news shock as
signals about future fundamentals. For example, Jaimovich and Rebelo (2009) shows how news
about future total factor productivity affects current output, consumption and investment. This
chapter complements this literature by bringing to the spotlight the importance of learning about
future demand shocks.

This chapter also contributes to the literature on HFT". In reality, HFTs actively manage their
limit orders and reveal information through quote updates (Hasbrouck and Saar, 2013). Empirical
evidence also shows that HFTs predict order flows (Hirschey, 2018) or price changes (Harris and
Saad, 2014), which can be mapped into acquiring a signal for future demand shocks in this chapter.
This chapter also finds that with access to information about future demand shocks, investors are
better off, which is consistent with Jovanovic and Menkveld (2017) who also find a moderately
positive welfare effect.

The rest of this chapter is organized as follows. Section 2.2 sets up the model and present
model solutions, Section 2.3 presents the analytical and numerical results from the static model,

Section 2.4 discusses the empirical applications of the dynamic model, and Section 2.5 concludes.

2.2 The Model

2.2.1 Setup

Assets There is an infinite stream of dividend payments {d;}&°, Jt = i+ gd;—1 + U, where
and g are known parameters, and the dividend shock §; ~ i.i.d. N (0,7, 1), The dividend d is

paid out at the end of each period ¢.

1T refer to Menkveld (2016) for a more thorough literature review on HFT.
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There is a single tradable, risky asset, with supply Z;. To disentangle the future uncertainty
and the front-running channels, I introduce a parameter o € {0, 1} as in Farboodi and Veldkamp
(2020). When o = 1, a time-t asset pays p,1 + d;, the future price of the long-lived asset plus
its dividend. In this case, future demand shocks will affect future equilibrium price, and thus
affect reselling profits and current choices. I call this the “dynamic” model. When o = 0, the
asset is not long-lived, which can be reinterpreted it as a series of dividend strips. That is, in each
period, there is a new one-period risky asset that can be traded. Signals about future demand
shocks can still transmit via the future uncertainty channel, while the front-running channel is
shut down. Using dividend strips allows me to isolate the new future uncertainty channel. I call
this the “static” model. If demand shocks can be insured or hedged, then the static model and
the dynamic model are equivalent, only differ in some constant and multiplier.> Thus the static
model can be interpreted as equivalent to a model with a long-lived risky asset where demand
shocks can be fully-insured or fully-hedged. Studying dividend strips per se is also important

since they provide us information about how stock prices are formed®.

Signals Each investor receives an unbiased signal 77}, = 7, + €}, about current dividend innova-

tion §j;, where ¢/, ~ N(0,7.}), and an unbiased signal ;% = &+ &7, about current demand shocks

yt
Ty, where 7, ~ iid. N(0,7;1) and & ~ N(0,7.,;). Investors can also predict demand shocks
in the next period 7, by an unbiased signal £ = i, + /%, where 7% ~ i.i.d. N(0,7;.}). All

shocks are orthogonal. Signal precision? 7., Teyt; and 7, are choice variables of investor ¢; she

optimally allocate signal precision with a limited information capacity constraint K.

2Consider an insurance company. G;-investor i pays an insurance fee at the beginning of their life, and receives
f: | Z;} (measurable at the end of period t) at the end of period ¢ and f; 1 | I;Zrl at the end of period ¢ 4 1, where

f is the fundamental value of this long-living asset, and fi | ;7 = (r_lr)zﬁ + %dt,l + ﬁyt. Thus the

budget constraint is V~V1—7t+1+ =r[rWiy_1+ + ¢ (ft =)+ Qipq (ft+1 — py17). For investor 4, current and future
demand shocks are insured. The aforementioned model is different to the static model only by some constants and
multipliers.

3For example, van Binsbergen et al. (2012) empirically measure dividend strip prices to study the term structure
of the equity premium.

*The subscript i is dropped because investors are ex ante identical.
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Investors At the start of each period ¢, a continuum of measure-% investors, denoted by G,
with initial investable wealth W;;, 1+ = W, are born. They live for two periods, making both
information and portfolio choices in each period.” Investor i only consumes at the end of her

life, and her utility function over her terminal wealth is —e "Wt where p is the risk aversion

coefficient.

At the portfolio choice stage of period ¢ 4 1, after receiving private signals and observing
the equilibrium price, G;-investor ¢+ maximizes her expected utility conditional on information
they have by choosing how much to invest in the risky asset, that is she chooses the optimal
portfolio ¢;» to maximize her interim expected utility IE[—e”’VViH1+ | Zir41] subject to the budget
constraint® :

VT/itJrlJr =W + di2(d~t+1 + aPrio — PraT). (2.1)

At the beginning of period ¢ + 1, she chooses signal precision 7¢y41, Tezit+1, and 7,zi41 to max-

imize expected utility E[—e~*Wi+1+ | Z:F] subject to the information capacity constraint

Wey%eyit—s—l + ’Ye:p%erit+1 + ’Yuw%l/mit—&—l S K. (22)

The information constraint is assumed to be linear in signal precision, that is the marginal cost of
an extra unit of signal precision is the same at all signal precision levels.” This assumption helps
to isolate the benefits of learning about future demand shocks, i.e. the future uncertainty channel,
from a cost reduction channel. Another popular choice of information constraint in the literature
is a convex one, so that the marginal cost of learning within one signal is increasing as investors
allocate more precision to that signal. In that case, the possibility to learn about future demand
shocks today and tomorrow makes learning about demand shocks effectively cheaper, because

investors can smooth learning costs. This cost reduction channel works in the same direction

>Several papers also model two trading periods, e.g. Holden and Subrahmanyam (2002), Chordia and Subrah-
manyam (2004) and Avdis (2016), among others.

Throughout this chapter, the notation"is used on variables that are related to the old generation.

"The linear information capacity constraint is common in the literature; see Kacperczyk et al. (2016) among others.

53



Yi[eaM SJI[-JO-pu9
[[e WNSUO0J SI03SAAUT ‘T + 7 porrad Jo puos 9y} 1y T + 7 porrad ur s90107d oM} 9y} Jeadar AU} USY[], "'PIIQAIDP pue
pozi[eax st 'p pusprarp 3-porrad (2 Aq pajousp) 7 porad jo pus 9y e usy[, “I*h 3010yd orjojirod e nyewr Aoy id
oo1xd jesse winqinba oy} Suraesqo pue mw Hl sreuSts Suraredar 103y L 42, 375 010U UOT]RULIOJUT 9B
PUE SXO0US PUBWIIP PUB SUOTJRAOUUT PUIPIAIP }sed JO SUONRZI[EAT d9AIdsqO 181 A3y} 7 porrad uf ‘T + 7 porrad pue 7
porxad :sporrod om3 10§ 9A1] A9YT, (| T — 7 £4q pajousp) 7 porrad jo Suruurdag Sy3 Je UI0q 918 SI0ISIAUT 7-UOHBIIUID

"2 potrad Jo Suruurdaq a1y} Je UI0q I8 OYMm SIOISIAUL JO [0AD 91T ‘I°g 2INS1

poazifeal PaAIasSqO poazifeal PIAIISqO pazifeal
T+ ‘149, CTH2eS T+, (T2 I ‘3, (908 (2, <7 T—2p ‘117
x T T+ i HIR M 1d 2 HIR T UM
+I+12 T1+17 +? 7 +I—1
I } ! } | u wu
+#p p
JUWINSU0d 9910 O:OMH.HOQ T+pxa, C4fis ) cTHpe 910D OEO%—HOQ pray fis ) s

9210UD UOIJRULIOJUT 9010UD UOTIJRULIOJUT

54



of the benefit increase through the future uncertainty channel, and will make the results even
stronger. For the purpose of demonstrating the future uncertainty channel clearly, here I use a
linear constraint.

G-investor 7 is rational, which means that when she makes portfolio choices in period ¢, she
also has to take into consideration her future choices in period ¢ + 1. Therefore, at the portfolio
choice stage of period ¢, she chooses ¢;; and ¢;;1 1 ® to maximize the expected utility I[*][—e_pWitH+ |

Z;:], subject to the budget constraint
Wisr+ = r*Wo +1¢:1(dy + apeer — per) + Gia(desr + apesa — prarr). (2.3)

Notice the difference between ¢;» and g;; 1. While §;» is the actual investment that G;-investor ¢
makes at the portfolio choice stage of period ¢ 4 1, based all previous dividend and signal realiza-
tions, ¢;» is what G;-investor 7 predict herself to hold in period ¢ based on only the information
that is available to her at the portfolio choice stage in period .

Finally, in the beginning of period ¢, G;-investor ¢ makes period-t information choices 7.,
Text> and 7,4 to maximize her ex ante utility E[—e‘pWitH* | Z," |] subject to the information
capacity constraint

VeyTeyt + Vex Text + YvaTvat S K (24)

Information structure The equilibrium price is a linear function of the signals, and since

signals are unbiased, we can express the price as a linear function of shocks:

pe = Ar + Bydy 1 + Cygjy + Dity + By (2.5)

8Technically, G;-investor 7 also needs to include three other choice variables, namely 7y 1, Teyit+1 and Tyzi41.
They can be omitted, however, because of two reasons. Firstly, we only solve portfolio choices in a functional
form of conditional expectations and variances of future payoffs. Although those moments depend on the optimal
information choices in period ¢ + 1, that functional form does not. Secondly, solving for the optimal information
choices in period ¢ + 1 is also useless since the investor will make better information choices after d; is realized at the
beginning of period ¢ + 1. The same reasoning goes for the information choice problem at the beginning of period ¢.
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This is different from existing literature in that there is an extra term of the future demand shock,
Z¢41, in the equilibrium price. For future demand shocks to enter the equilibrium price relation,
we need two conditions. Firstly, there must be a signal about future demand shocks. Otherwise,
as in Farboodi and Veldkamp (2020) which modeled a long-lived asset and signals about current
dividend and demand shocks, but still the future demand shock Z;,; does not enter the equilib-
rium price relation. Secondly, the asset has to be long-lived (v = 1). Otherwise when o = 0, cit
and Jt+1 are different assets, and the demand shocks about thH does not affect the equilibrium
price of d; directly, i.e. #,,1 does not appear in the equilibrium price, but only indirectly though

price coefficients due to information acquisition.

Define the price-to-current-noise ratio to be (;; = g , and the price-to-future noise ratio
to be {5y = %, where C; is the price sensitivity to dividend innovation, and D; and E; are

the price sensitivity to current and future demand shocks, respectively, in the equilibrium price
(2.5). A transformation of the equilibrium price p; can generate an unbiased signal about cur-
rent dividend shock. The two generations observe the same price but extract out of it differ-
ent information about ;. In period ¢, G;-investor i extracts a signal 77}, = §; + v}, where
vh = é (7 — E[z, | nzt])%— (:th E[Z¢4q | fﬁ]) ~ N (0,7,,"'), with the variance of the price
signal noise being 7,;' = (;,*Vix + (5,°V, €9 And G,_,-investor 7 extracts a signal 7\, = §i; + I,
where 1/, = o (923 — E[Z; | ﬁﬁ,éﬁ_ﬁ) + & ($t+1 E[:i’tﬂ ] éﬁ]) ~ N (0,7, ), with the vari-
ance of the price signal noise being 7 plt = (2 Vit + C2t m I proceed by defining an important

concept of price informativeness.

DEFINITION 5. Price informativeness for investor i is defined by precision of the price signal given

the dividend realization and her information about demand shocks. That is, in period t, the price

informativeness is Var—! ( vh | m5, & >forgt and Var—! ( v | nlt, 1, Z»t) forG;_q.

As we can see, price informativeness for an investor 7 equals 7,; for G;-investor and 7,,;; for

G,_1-investor, respectively.

Vit Vm, Vit and V:fzt are defined in the appendix. The subscript ¢ is dropped from them and 7,; because in
period ¢, G;-investors are ex ante identical.
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To summarize, each investor will synthesize all information and obtain two signals, the divi-
dend signal 77%, and the price signal 77", (7%,), regarding the dividend innovation. Private knowledge
about 7; will affect their ability to extract information about the dividend innovation from the
equilibrium price. In other words, it affects price informativeness. An investor can learn more
from the price either when she learns more about Z; so that she can better extract information
from the price, or other investors have learned more about Z; so that there is not much noise con-
tained in the price. The acquired signal Ng@ about future demand shocks will affect next period’s
learning abilities and the marginal value of learning.

Let F;" | be the information set that contains all past realizations of dividend innovations,
demand shocks and equilibrium prices. The two generations have different information sets at

different choice stages, which can be summarized by Table 2.1.

Generation Information Choice Stage Portfolio Choice Stage

gt It—i__l = Ft—tl Ly = {-Fttlan?tvnﬁ7§ﬁ7pt}
G L ={Faa) D= {F &l &)

G- and G,_;-investors have different information sets, and the main dif-
ference is that what G, -investors have learnt about Z; in period ¢ carries
on and affects their decision making in period ¢.

Table 2.1: Information sets of the two generations in Period ¢

F,' | canbe interpreted as what an outsider knows about the market at the beginning of period
t. Ex ante, G;-investors know as much as an outsider. But at the portfolio choice stage, they will
have heterogeneous information because they have received private signals. After the current
dividend innovation is realized, signals about the current dividend innovation and demand shock
no longer assist in future decision making. Only the signal realization of next period’s demand

shock carries on and affects future choices.

2.2.2  Equilibrium definition

DEFINITION 6. A rational expectations equilibrium in this economy is a sequence of information

choices {Teyt, Texts Tuats Teyit+1s Tewit+15 Tvait+1 ), prices of the risky asset {p;}, and portfolio choices
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{qi1, G2}, Vt € [0, 00) such that

(a) At the beginning of period t, G;-investor i chooses signal precision Tey;, Tegt and 7,44 to maxi-

mize ex ante utility E[—e "Wir1+ | TV || subject to information capacity constraint (2.4);

(b) At the portfolio choice stage of period t, Gi-investor i invests q;; in the risky asset to maximize
E[—e "Wierrt | T,,], taking the asset price and signal realizations as given, subject to budget

constraint (2.3);

(c) At the beginning of period t + 1, G;-investor ¢ chooses signal precision Teyit11, Tezit+1 and
Tyaits1 to maximize B[—e™?Wirit | TF], taking private signals from periodt as given, subject

to information capacity constraint (2.2);

(d) At the portfolio choice stage of period t + 1, G,-investor i invests ¢;o in the risky asset to
maximize E[—e "Wirit | T4, taking the asset price and signal realizations, including

those from period t, as given, subject to budget constraint (2.1);

(e) The price of the risky asset equates demand and supply:

/ gi¢ di ‘f‘/ Git — Qit—1 di = Ty + T4 + / Git—1 di . (2.6)
1€y 1€Gs—1 1€Gi_2

2.2.3  Model solutions
Portfolio choices

For notatonal simplicity, I define the expected period-t payoff and the expected period-(¢+ 1)
payoff conditional on G;-investor ¢’s interim information set in period ¢ as £; = E[czt + apiy |
Zy] — pyr and &y = E[Jtﬂ + apiro — pear | Zy), respectively, and their variance as V;, =
Var(czt + apiir | Zy) and Vo = Var(thH + apiro — pear | Ziy), respectively. The covariance of
the period-¢ payoff and the period-(¢ 4 1) payoff conditional on Z;; is defined as C = Couv(d, +

aPii1, Czt+1 + apiia — praar | i) These conditional moments are derived in the appendix. Then
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the portfolio choice of G;-investor i can be written as

1 V, C
B £, — &) . 2.7
i1 pT(VtVQ—CZ YV, -2 2) 27)

If the conditional expectation about future excess payoffs (£2;) changes, the individual demand
curve shifts parallelly. But when the conditional variance of future excess payoff becomes smaller
or the conditional covariance of current and future excess payoffs becomes larger, the slope of
the demand curve would become less steep.

For G;_;-investor 7, she faces a simple one-shot portfolio choice problem, which has an opti-

mal solution

it = ——, (2.8)
pVit

where &, = ]E[cit + apii1 | 7:',,5] — prand Vy, = Var(dt + apii | 7:',,5)

Static case When a = 0, the model is static: it does not involve portfolio rebalance and each
period ¢ is an identical snapshot from the timeline. One thing that is worth noticing is that
the covariance term C; = 0 because conditional on Z;, the random component in Jt — p; is
U | 73, 7%, and in CZt+1 — D1 are Yy, Tpq | fﬁ and Ty, respectively. They are orthogonal (see

appendix for proof). This effectively separates an investor’s two portfolio choices. Therefore, the
E[Jt |iit] —ptr

IE[JﬂIit}—ptr
pVar(di|Zir)’

prVar(zit\Iit) and qit =

optimal portfolio choices for G;- and G;_;-investors are ¢;; =

respectively.

Equilibrium price relation

To simplify notations, let us define y,, = %QtVyt + ﬁ Go s %dz and Y, = %Qt‘/}gt +

J; g Veit 4j. Please refer to B.1.2 for details. In equilibrium, the period-¢ price coefficients
t—1 Vit
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are recursively characterized by

it C 1% itp7 1 it C it C
Ar=(1—-=— - - — A - ————aA
¢ ( QTVth—C2) r—ag r $t+r ot 2r ViVy — C? t 2r2VtV2—62a i
(2.9)
B =—9_ (2.10)
r—ag
1 = _
Cr= — ” (1 — Sixpey) (2.11)
)Y 1 - -
D, = L + thﬂx,
r r—ag
1% C _ _
Ei=— #m@rym + 0 (1= SeXarTs) | Din + —— agztgggx. (2.12)

B4 is the constant dividend growth rate, and together A; and B; govern the level of the equilibrium

price. C is the price sensitivity to dividend innovation, and D; and E; regulate the amount of

current and future demand shocks contained in the price, respectively. ¢ L and @t are the market-

wide average future-uncertainty-adjusted dividend-to-total-uncertainty-weighted signal-to-current-

noise and signal-to-future-noise ratios, defined by (B.43) and (B.44), respectively.

Static case When a = 0, the equilibrium price relation greatly simplifies. Firstly, £, = 0. This

means that here #,,; does not enter the equilibrium price at ¢. This is because d; and d; are

different assets, and the supply shock to thH does not affect the equilibrium price of d, directly,

but only indirectly though price coefficients due to information acquisition. Secondly, C; = 0, that

is the current and future excess payoffs are conditionally independent. Thirdly, G, _;-investors

make homogeneous period-¢ information choices. Then price coefficients then become

1 _
¢ = —(U—2pT¢),
r r r

A

1
Bt:g, Ct:—(l—

60

1 - r+1_-
EtTy> , Dy = x <—,02t + 5 EtCﬂx) .

.
(2.13)



Information choices

Ex ante expected utilities Inperiodt, G, ;-investors are in the second period of their life. the
objective function is E | —e Wi+ | Z:_, | and the constraint of the information choice problem
is very similar to (2.2), with only a change of subscript ¢. This yields an objective for investor
i € {G;_1} that is increasing and concave in precision of the fundamental signal and the current

demand signal:

i —-1/2 /LQ
E [efprwiﬁ ‘ Z’t—ﬁ] = —e P Wiors | 21T 2 S S = : (2.19)
Vit 221&—1Jr

where 1 and 3,1+ are defined by (B.18) and (B.17), respectively. Notice that in the static model,
the investor optimally choose not to learn about future non-fundamental risks since she does not
have a future to come and thus 7,11 does not affect her ex-ante utility.

For G;-investors, the information choice problem is to maximize E [—e’pWiHﬁ | Z,” 1] sub-
ject to (2.4). This yields an objective for i € {G,} that is increasing and concave in precision of

the fundamental signal, the current demand signal and the future demand signal precision:

~

E [_efpwiquj_l e Wo | Vitt1 - 2EF’—%€%G’(I—22F)—1EG+J

)

Viey1 + Zz”t+1
(2.15)

where f}it-i—l, by S Y, F, G and J are defined in the appendix.

Information choices in the static model Information choices in the dynamic model are very
complex. To develop intuitions, here I derive the analytical solution of information choices in the
static model. To understand how she would allocate precision to signals about current funda-

mental and demand shocks, it is convenient to first define the concept of learning index.

DEFINITION 7. Learning index for a signal is defined as the increase in ex-ante marginal utility

associated with an extra unit of precision assigned to this signal.
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For G;_;-investors, the learning index for the signals about current fundamental and demand

9EU
87A'eyit

and

shock are (,;935 U
T

~, respectively. The learning indices are functions of current precision
€T

choice 7;; and 7., and also the signal precision 7,,,_; and the realization of the signal about
current demand shocks received in the previous period, £, ;. Since all investors are ex-ante
identical, the signal precision 7,,;_1 is the same across G;_;-investors. But signal realizations
&,_, are private information to investors, introducing heterogeneity in second-period learning
indices. The effects of £, ; on learning indices for signals about current dividend innovation

and demand shocks are in such a proportional way that the weights of them do not depend on

learning indices. This observation can be summarized by the following lemma.

LEmMA 5 (Proportionality of learning indices). The ratio of second-period learning indices for cur-
rent dividend innovation and demand shocks only depend on the signal-to-noise ratio, not on £, ,

the realization of the signal about current demand shocks received in the previous period, that is
i‘exit — /2
i/eyit o Ct )

To better characterize the benefit of learning about future demand shocks, for now I make the

following assumption.

ASSUMPTION 1. Acquiring signals about current dividend innovation, current and future demand

shocks is equally costly, that is Yy = Yex = Vva-

We can then summarize the information choices of §;_;-investors by the following proposi-

tion.
ProrosITION 13 (Second-period information choice). In period t, G, _1-investors

(a) optimally choose not to learn about future demand shocks, that is 7,.;; = 0; and

(b) [under Assumption 1] only learn about current dividend innovation regardless of the realiza-
tion of signal about T, they received in the previous period, that is T.,; = Wﬁ and Tz = 0.
€y
What G,_;-investors have learned in the past about today does not affect their information

choice for today. But they do have an additional signal about today’s asset. Their conditional
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mean and variance about today’s asset are different than those of G;-investors. Then the portfolio
choice and thus payoffs are affected.
The proportionality of learning indices for signals about current non-fundamental and fun-

damental shocks preserves, as is summarized in Lemma 6

LEMMA 6 (Proportionality of learning indices). The ratio of first-period learning indices for current

dividend innovation and demand shocks only depend on the signal-to-noise ratio, that is i—zz = (2
€Y
We can then summarize the first-period information choice by Proposition 14.

ProrosiTION 14 (First-period information choice). Under Assumption 1, G;-investors optimally

choose to only learn about future demand shocks, that is T = Te = 0 and 7,50 = Vﬁ

Because G;-investors are identical at the information choice stage of period ¢, they will make
the same choice of precision, and thus will have the same learning indices. Compared with the
benchmark, the learning indices have changed because the option to learn about future demand
shocks affects 3, the across-generation average of posterior variance of 7, in two ways. Firstly,
investor ¢ € G, optimally choose to only acquire signals about Z;,; and not learn about any
current shocks. Secondly, the learning indices of investor ¢ € G, ; is affected by their observed
private signal :;7@ and their portfolio choices change accordingly. Changes in learning indices of
the old generation spill over to the young generation through ¥;.

Compared with learning about Z;,1 in period ¢ 4 1, learning about it in period ¢ has an extra

bite: it decreases the variance of future excess payoffs conditional on today’s information, which

is directly affected by 7, 7, and 7,,;.

2.3 Results: Static Model

With a long-lived risky asset, learning about future demand shocks affects the market via two
mechanisms: the front-running channel and the future uncertainty channel. These two mecha-

nisms work in the same direction. The new piece here is the future uncertainty channel. To see
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how it works more clearly, in this section I study the static model and set @ = 0 to shut down

the front-running channel.

2.3.1 Limiting cases
Benchmark I: no signal about future demand shocks (7,,,; = 0)

ProrosiTION 15. Under Assumption 1, in both periods, investors make identical information choices
B o B o K B o . r . . o .
Tegt = Tegittl = 7y and7h, =75, =0ifK < 1P/ VeyVexs and arbitrarily allocate precision

torB eyt ANd T, BUifK = 7P/ VeyVex- The signal-to-noise ratio and posterior average variance are

(= (EB) =il [Ty + (CtB)QTx:| — pCB, respectively.

PrRoOPOSITION 16. Under Assumption 1, in the Benchmark I model without signals about future de-

mand shocks:

(a) The equilibrium exists when K < p==5\/VeyVex-
(b) CP >0,DB <.

(c) The equilibrium signal-to-noise ratio |(;| is increasing in information processing capacity K,

that is 6(,‘9%{ |
B
% < 0, and not affected by prior precision about fundamental shocks 7, and demand shocks

B
Tz, that is 8!,@ | = —%S" L= .
Tz y

> 0, decreasing in learning costs associated with demand shocks .., that is

. . . ST S . . . . .
(d) The posterior average precision (ZtB ) is increasing in information processing capacity K,

o(LB -t o(EB =1
that is (Bt—K) > 0, and prior precision about fundamental shocks 7,, that is o=p) > 0,

0Ty
_o(zp) ! o . . .
and demand shocks T, that is —5— >0, and decreasing in learning costs associated with

(S B -1
demand shocks 7., that is d(i% < 0.

(d) As the information processing capacity K goes up, investor i will allocate higher precision to

both fundamental and non-fundamental signals, that i is & “”t > 0 and ° “’t > 0. As the learn-
ing cost associated with demand shocks ., goes up, investor i will allocate higher precision

to fundamental signals and lower precision to non-fundamental signals, that 1s 45t < 0 and
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B
df;yt

> 0, and information choices are not affected by prior uncertainty of fundamental or

d'Yez
. drB dtf drB dﬂf
demand shocks, that is St = —<ut — Teot — —ut — (),
dry drz dry dry

When ,, — o0 in the main model, due to limited information capacity, learning about future
demand shocks becomes too costly, and investors optimally choose not to learn about them. The

model thus degenerates to Benchmark L

PROPOSITION 17. When learning about future demand shocks is sufficiently costly, the main model
is sufficiently close to Benchmark I, that is there exists a 7,, such that ¥v,, > %,., Proposition 16

applies to the main model.

Benchmark II: future demand shocks can be learned perfectly without cost

At t, G, q-investors know 7, and thus can infer y; from the price signal perfectly. If d; > p,,
then they take an infinite long position in the risky asset, that is ¢; = oo; if d; < p, then they
take an infinite short position, that is ¢;; = —oo. For the market of the risky asset to clear, we
must have p; = d;, so price is fully revealing. All §; ;- and G;-investors will not acquire any

information. Market collapse and no trade will take place.

ProrosiTION 18 (Benchmark II). Ifinvestors can freely observe the demand shock in the next period,
then the equilibrium price is fully revealing. There will be no information acquisition or trades of

assets.

2.3.2  Price reveals less fundamental information

When we grant investors another source for non-fundamental information, the informational
content of price will be changed accordingly. We now examine this issue by looking at the signal-
to-noise ratio, the average posterior precision about fundamental shocks and price informative-
ness.

Understanding how the signal-to-noise ratio |(;| changes with model parameters helps us fig-

ure out the information quality in the market. In Benchmark I and the second-period information
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choice of the main mode,

| summarizes all relevant informational contents in the market; to-
gether with parameters associated with learning costs (Vey, Vez> Vo2 and K), the signal-to-noise
ratio |(;| determines how investors allocate signal precision in Benchmark I and in the second
period of the main model.

Investors have a prior belief about the fundamental shocks. The average posterior precision
about the dividend innovation X; * is the sum of prior precision of the fundamental shocks, pre-
cision of dividend signal and precision of the price signal. is a function of the risk-free rate,
the risk-aversion coeflicient, prior precision of dividend innovation and demand shock, and the
signal-to-noise ratio |(;|. ¥, and || often comove with changes in parameters, as is shown in

Figure 2.2.

LEMMA 7. The market-wide average posterior precision about the fundamental shock (X; ') comoves

positively with the signal-to-noise ratio (|(;|), if changes in |(;| are due to changes in parameters

¢t i 0571 a|<z| P P
arc > S1Ign 5o — = sign 3>, sign v

K, Ve, Yeys Yoz OF Ty. Mathematically,

= sign

8|<t 2‘1 6\@ 2‘1 8|<t\

sign 34, sign - = sign 5> and sign <5~ = sign >
Ty

PROPOSITION 19. With access to information about future demand shock,

(a) the signal-to-noise ratio |(;| and the market-wide average posterior precision about the fun-

damental shock ¥; ' increase with information processing capacity K and prior precision of

8|Ct| 9l¢]
> By

demand shocks T,, i.e. >0 > 0;

(b) Assumes that the learning cost associated with demand shocks are the same today and tomor-
row, i.e. Yex = Vve = Vo Then there exists K, v, and Y such that when K > K and~y, < 7,,

|¢;| and ;! decrease with 7, if v, < 7 and increase with ~y, if v, > ~v:. When K < K or

Yo > V0 |G| and B increase with +y,. Mathematically,
0 ot = ifK > K, v, < e <
sign ’Ct’ _ sign t ) lf ‘ ) Y. Yas Yas
0z 0v. | +, otherwise.
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Figure 2.2. The signal-to-noise ratio and the average posterior precision

These figures plot how the signal-to-noise ratio |(;| and the average posterior precision ¥; change with K with
different values of prior precision of demand shocks and the learning costs associated with learning about demand
shocks. Compared with the benchmark model without information acquisition on future demand shocks, the signal-
to-noise ratio is lower and the average posterior variance is higher. Both in the main model and the benchmark
model, the signal-to-noise ratio increases and the average posterior variance decreases with information processing
capacity K.
PrOPOSITION 20. Compared with Benchmark I, the signal-to-noise ratio |(;| decreases when investors
have an extra source of information on future demand shocks. The same results apply to average
posterior precision 3; ', That is sign A|(;| = sign AX; ' = —, where A|G| = ¢ — (P and &;' =

—_\B
(=)™
THEOREM 1 (Price informativeness). With access to information about future demand shocks, price

informativeness decreases compared with Benchmark I .

Figure 2.3a plots price informativeness against the information processing capacity. For the
two periods in an investor’s life, the equilibrium price is not equally informative for her. In the

second period, price is more informative because she has required a signal about second-period
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demand shocks in her first period. Although the price contains less fundamental information, her
ability to extract other investors’ private information out of the equilibrium price is higher, and
the latter effect dominates. However, in the first period, her ability to extract information from
price is not changed. Since price contains less fundamental information, it is less informative for
her.

Figure 2.3b plots the average posterior variance of the dividend innovation against the infor-
mation processing capacity. On the aggregate level, less fundamental information is acquired in
the market. As we can see here, the average posterior variance of fundamental shocks is larger

when investors can learn about future demand shocks. As a result, risk premium is higher.

@ K =1,z =% =10 (b) K =12, Yez = Y1z = 10
141 — Main model: 1st period ! " 0.09 1 \\ ---- w/ learning future demand shocks
Main model: 2nd period ," o \ \\\ —-—- wj/o learning future demand shocks
@12 ---- w/o learning future demand shocks / é 0.081 N
g I% \'\ \\\
> > 0.07 ~ S
= s ~ AN
© Re] N, N
% 2 0.06 N
e 3 N TS
£ o '\.\ ‘\\\
¢ $ %% RN
fu © ~. SS
a = \-\.\ Sso
¢ 0.041 ~ - N
< ~——
0.031 ‘ -
2 4 6 8 10
Information processing capacity K Information processing capacity K

Figure 2.3. Impact of learning about future demand shocks on price informativeness and risk
premium.

Panel (a) plots price informativeness against the information processing capacity. In general, the price informative-
ness is increasing in the information processing capacity. Investors in different stages of their life have different
information sets and thus different abilities to extract dividend information from the equilibrium price. Panel (b)
plots the average posterior variance of dividend innovation against the information processing capacity. Since the

average posterior variance of dividend innovation is positively correlated with risk premium, the plot shows that
the risk premium increases when investors are allowed to learn about future demand shocks.

2.3.3 Information choices

THEOREM 2. When it is possible to learn from future demand shocks, investor i’s information choices

change in both stages of her life:

(a) [fundamental vs. non-fundamental] Agent i learns less about the fundamental shocks
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today compared with the benchmark;

(b) [current vs. future] Agent i learns more about future demand shock than current demand

shock.

Since the marginal cost of allocating precision to one single signal is increasing, granting
access of another signal about demand shocks to investors essentially makes demand shocks
cheaper to learn. As a result, investor ¢ will learn less about the fundamental shocks today. Pre-
cision of the signal of current demand shock and that of future demand shock contribute the
conditional mean and variance of 7; in a symmetric way. Starting from the benchmark equi-
librium, every unit of 7.,; investor ¢ moves away, she can allocate more than one unit to 7,,;.
Since investor 7 live for two periods, allocating precision to 7,,; has an extra benefit of lowering
the conditional variance of excess payoff from the perspective of today, which in turn affects

tomorrow’s learning index.

2.3.4 Ex ante utility

PROPOSITION 21. With access to information about future demand shocks, the ex-ante utility for the
young generation is improved, while the ex-ante utility of the old generation is improved when K,

Ty and Yez = 7y, are smaller than some boundaries.

As showed in Figure 2.4, the ex-ante utility improves through the future uncertainty channel.
On the aggregate level, less fundamental information acquisition leads to higher risk premium,
while price is more informative and thus investors take less risk in the second period. In practice,
high frequency traders are learning about future demand shocks. We tend to think of this as
wasteful activity. But here I show that learning about future demand shocks indeed increase

their ex-ante utility.
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Figure 2.4. Information acquisition on future demand shocks improves ex-ante expected utility
of investors

Panel (a) is the contour plot of AE[U] = E[U] — E[U?] under the linear information constraint. As the information
processing capacity grows or the prior precision of demand shocks increases, information acquisition on future
demand shocks brings a larger benefit in terms of beginning-of-life expected utility to investors. Panel (b) shows

that compared with the benchmark model without information acquisition on future demand shocks, the expected
utility is less concave in the information processing capacity.

2.3.5 Price volatility

From the perspective of §;_;-investor 7, the price volatility at the beginning of period ¢ is
Var <pt | f;{_1> = Ci1, 1Cy + Dy (10 + T,,xt,l)_l D;. For an individual asset j, its conditional

——t—_ Notice that each generation ¢’ of investors only
Tx“l‘ﬂxz

variance is Var (pt | f;thl) =< -+
choose to learn about future demand shocks in period t’, which affects market clearing in period
t' + 1. Recall that &; 1 = % (Ty + Teyt + G (T + Tear) &) + Ty + Teyr + G (T + Tear + Tom—1) G-
Comparing with the benchmark, due to acquisition of future demand signals at ¢ — 1" by gener-
ation G, Teyt OF 7oy is decreased. Due to acquisition of future demand signals by generation G;_4

att — 17, T or 7oy is decreased, but their information choice at t — 27 increases 7,u¢—1.

THEOREM 3 (Price volatility). The price volatility Var(p;) changes with information processing ca-

8|Ct

pacity K. Given that > 0:

(@) if7, > Q,, then 2720 > (;
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(b) ifQ, <71, < Q,, then

OVar(p) | >0, if¢G < oré <¢ <0,

(c) If0 < 7, <, then

where ), = "

OK | <0, if¢, <G <Gy
3Va7“(pt) >0, ifG <,
0K <0, if¢ <G <0;
2 = r r 2
)r Q, = (4)2@’ &= 5ot {—p+ \/_4 (552)" 7y + 507

st |0 = v/ () e 50

and ¢, =

From the perspective of the young generation G, price volatility at the beginning of period ¢

is not affected by whether learning about future demand shocks is possible.
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Figure 2.5. Access to information about future demand shocks affects price volatility

Panel (a) is the contour plot of Var (p;rr) — Var (p,‘fB r). Panel (b) plots price volatility against the information

processing capacity.
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Figure 2.6. Access to information about future demand shocks affects price volatility

Panel (a) is the contour plot of Var (p;r) — Var (ptB T). Panel (b) plots price volatility against the information
processing capacity.

Figure 2.6a shows that for given learning costs 7., = 7, = 0.5, compared with Benchmark
I where learning about future demand shocks is impossible, price volatility increases when the
price precision of demand shocks 7, is low and/or the information processing capacity is high.
Figure 2.6b plots price volatility against the information processing capacity. In each period ¢,
there are two generations of investors. Without learning about future demand shocks, the two
generations are identical. Learning about future demand shocks introduces more heterogeneity
on private information on two margins. On the extensive margin, the older generation will not
learn about future demand shocks because they do not have a future to come, while the younger
generation do. The two generations make different information choices and receive different
private information. On the intensive margin, the older generation have one more signal, thus
their information set is more diverse. Heterogenous private information increases price volatility

Var(pr).

2.4 Empirical Applications: Dynamic Model

This model can be applied to a broad range of real-world scenarios where investors are able to

learn about future demand shocks. Some examples include portfolio adjustment by index funds
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upon index recomposition and the BlackRock-BGI acquisition. '°

Index recomposition As Han et al. (2016) points out, institutional traders, e.g. index funds or
ETFs, need to rebalance portfolios for non-informational reasons around index recomposition.
The existence of index funds and the requirement that they replicate indices creates demand
shocks that are non-fundamental to the underlying securities. On the announcement date of
index recomposition, investors receive a signal of effective-date demand shocks. Sophisticated
investors can even front run the market before the index recomposition announcement by making

informed predictions about how index funds will have to rebalance.

The BGI transaction ! BlackRock, Inc. announced on June 11, 2009 that it agreed to pay $13.5
billion to acquire Barclays Global Investors (BGI), including iShares, from Barclays Bank PLC."?
When the deal closed on December 1, 2009, BlackRock paid approximately $6.65 billion in cash
and issued capital stock valued at $8.53 billion to Barclays."® Consequently, BlackRock became the
world’s largest investment management company, managing, at the end of 2009, approximately
$3.346 trillion worldwide.

While Barclays sold BGI to raise funds to strengthen its balance sheet, BlackRock struck the
deal with Barclays, according to its Chairman and CEO Laurence Fink, to “broaden the firm’s in-
vestment capability with passive and quantitative investment strategies, particularly exchange-
traded funds, and to address client demand for outcome-oriented portfolio strategies and offer
institutional and other investors a full spectrum of investment strategies, including passive and
quantitative approaches”. BGI’s products complement BlackRock’s fundamental active strategies
that employ a bottom-up security selection process led by portfolio managers who use quantita-

tive and fundamental analysis and their market experience to inform their judgment. BlackRock

0Zou (2019) used the BlackRock case to provide identification to the documented positive correlation between
ETF flows and the price-to-fundamentals relation of underlying stocks.

HCalibration results would be included in the next version of the paper.

2Barclays PLC Annual Report (2009), https://home.barclays/content/dam/home-barclays/documents/investor-
relations/annualreports/ar2009/2009-form-20-F.pdf (accessed December 23, 2019).

BBlackRock, Inc. Annual Report (2009), https://ir.blackrock.com/Cache/1001211956.PDF (accessed December 23,
2019).
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aims at industry leadership in ETF globally. The BGI transaction will increase the scale benefits
and introduce synergies between alpha and beta investments. Observing the news of the BGI
transaction on June 11, sophisticated investors expect the iShares AUM to expand in the follow-
ing years. For the component stocks of iShares ETFs, these are future demand shocks that are

not related to their firm fundamentals.

2.5 Conclusion

In the literature of rational expectations equilibrium models with asymmetric information,
research has been done to understand how information acquisition on current demand shocks,
and current and future dividend innovation affects the market. This chapter tries to put together
the missing piece and study how learning about future demand shocks would affect investors’
information and investment choices and their ex-ante utility, as well as price informativeness and
volatility.

Using a competitive CARA-normal NREE model with OLG investors who live for 2 periods,
I show that when possible to learn about future demand shocks, investors choose to learn less
about current dividend innovations and demand shocks and allocate precision to learn about fu-
ture demand shocks. Learning about future demand shocks affects the financial market through
the front-running channel and the future uncertainty channel. To isolate the future uncertainty
channel, I derive a set of results for the static model where the asset is a series of dividend strips.
If future demand shocks are independent from the demand shocks today, then future demand
shocks per se do not affect today’s asset price. It is information acquisition on future demand
shocks that makes it relevant to current price through the future uncertainty channel. While the
current equilibrium price still does not aggregate signals about future demand shocks, informa-
tion acquisition on future demand shocks affects the risk premium and how the current equi-
librium price aggregates signals about current shocks. The future uncertainty channel works
through two forces: on the one hand, the aggregate level of dividend information acquisition

decreases, which makes dividends more risky and leads to higher required returns; on the other
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hand, an atomic investor is more certain about the asset payoff in the second period due to the
signal about the second-period demand shocks she acquires in the first period. As a result, in-
vestors’ ex-ante expected utility improves. Price volatility increases due to more heterogeneous
private information, and learning about future demand shocks makes price more informative in
the future but less informative now.

In the dynamic model, the front-running channel works in the same direction as the future
uncertainty channel and will strengthen the results in the main model. I discuss a few examples
on how this model can be applied to different empirical scenarios.

Learning about future demand shocks is important since it breaks the fallacy of composition
and improves the investors’ ex-ante expected utility. It also extends the concept of news shock
and have implications on business cycle. The next version of this chapter will discuss it in more

detail.
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Chapter 3: From Persistent Disagreement to Agreement: Learning with

Revisions of Perception Sets

3.1 Introduction

The world overflows with information that is visual, auditory, olfactory, gustatory, and etc. In
order to make sense of all this external information, our body has developed a series of processes
for sensing and perceiving the outside world. The first step is sensation, “the process of detecting
external events with sense organs and turning those stimuli into neutral signals” (Krause et al.,
2017). The sensory information is then relayed to the brain where the second step, perception,
occurs. Perception is “the organization, identification, and interpretation of sensory information”
(Schacter et al., 2014) in order to form an internal representation of the world. As an example,
when investors are flipping through business news in the Wall Street Journal, the sensory recep-
tors in their eyeballs are registering different patterns of light reflecting off the pages, converting
them to neutral signals which are then integrated and processed by the brain into meaningful
perception of words. However, humans are not machines; what is conveyed physically on the
paper is likely not what readers understand.

According to Bruner and Postman (1949), when encountering new information, we are open
to different cues. However, as we process more information, some cues become familiar and thus
selective. We search for more cues that confirm the categorization of the target. We also actively
ignore and even distort cues that violate our initial perceptions. Our perception becomes more
selective and we finally re-create a consistent internal presentation of the new information. In
other words, we interpret patterns of stimuli through a perceptual set—“a readiness to perceive a
stimulus in a particular way” (Weiten, 2001).

An important factor that heavily influences our perception is our expectation (Bruner and
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Minturn, 1955), which is characterized by the prior belief in this chapter. Perceptual sets are also
affected by motivational forces—people have a tendency to see what they want to see (Balcetis
and Dunning, 2006), and the selection of sensory input—people tend to perceive what they focus
their attention on (Chun and Wolfe, 2005) and overlook unexpected items and events that do not
receive their attention (Simons and Chabris, 1999). Another factor that affects perception sets
is confirmation bias, that is people seek information that supports their prior beliefs and ignore
information that contradicts them (Nickerson, 1998). Confirmation bias is also widely studied in
the finance literature.

Motivational factors, selective perception and confirmation bias all vary from person to per-
son; it is akin to “individual fixed effect” and thus summarized in this chapter by the blanket term
personal traits. These personal traits make perception sets very persistent—it is hard for people
to change how they view the world. Nevertheless, it is not completely impossible to achieve that,
especially after disastrous events. Those events are so intense that people’s attention is drawn
to them even if it was placed elsewhere and that contradictions to prior beliefs is too significant
to overlook. In other words, disastrous events post perceptual shocks that suddenly and greatly
change perceptual sets.

Individuals process the same sensory information through different perceptual sets and thus
form different perceptual information, that is different internal representation of the same external
inputs, and then combine them with the prior belief to form posterior beliefs'. The processes of

perception and belief updating are shown in Figure 3.1.

To model dynamic belief updating and jumps of perceptual sets, I introduce the tools that
are frequently used in continuous-time finance. Models of utility in stochastic continuous-time
settings typically assume that beliefs are represented by a probability measure. For example,
Chen et al. (2024) models two competitive agents, one with the objective belief in the sense that

her probability measure is consistent with the physical measure, and the other with a probability

In psychology, belief is defined as the mental acceptance of something to be true (Weiten, 2001), which is con-
sistent with its economic interpretation as a probability distribution over a set of possible states.
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Figure 3.1. Sensory information, perception and belief

I abstract from sensation and directly take sensory information as raw input. It goes through the perception process,
during which it is filtered by a subjective perceptual set and converted to perceptual information. It is then combined
with the prior belief to form the posterior belief. The perceptual set is determined by personal traits (motivational
factors, selective perception and confirmation bias), the prior belief and perceptual shocks. Perceptual shocks could
make the perceptual set subject to sudden and big changes.

measure that is different from but equivalent to the physical measure. In this chapter, I model
perceptual sets as probability measures, while beliefs about the unobservable process are obtained
through Kalman filter. Individuals are not aware of the existence of perceptual sets; how the
external information is converted to internal information is a blackbox to them. Starting from
a common prior, individuals observe a random process { P;} and try to make inferences about a
function of P, and an unobservable random process {6;}. The inference is de facto done under
individuals’ subjective probability measures. In the spirit of entrenchment for beliefs?, I define a
notion of set entrenchment. A perceptual set with low entrenchment is more subject to revision.
Agents are endowed with an initial set entrenchment level. Arrivals of independent perceptual
shocks and shocks from P; will affect entrenchment. The perceptual set is revised when the
entrenchment level hits the set revision threshold. Even with common prior and information,
individuals have persistently different beliefs. In somes cases, we also observe side-switching.

Another interesting question to think about is to disentangle the effects of new information

on the posterior belief versus changes in the posterior belief resulted from perceptual set revision.

?In belief contraction, the beliefs with the lowest entrenchment should be the ones that are most readily given
up (Hansson, 2017).
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The first one is the standard Bayesian updating, while the second one has the flavor of Collin-
Dufresne et al. (2016), which implemented parameter learning for model selection. This chapter
takes a different angle, in that independent perceptual shocks could lead to perceptual set revision,
resulting a different posterior despite of the same old information. New information could be
absent in this setting.

This general theoretical framework of subjective perceptual sets could be applied to different
areas in economics and finance. We can introduce it to the financial markets to explain excess
volatility and trading volume. It also explains why investors initially underreact to certain news
but suddenly the market perspective is changed, and why tail events happen more often than
common wisdom suggests. On the micro-level, if investors are aware of the existence of the
perceptual set but do not know how it is biased, what can they do to improve their utility? And
can a social planner devise any policy to increase investors’ utility and stablize the market? The
framework can also be used to explain belief polarization in political economy and bubbles in

household expectations.

Literature There is a growing literature that tries to explain persistent disagreement among
agents. The starting point of many studies is a well-known result by Savage (1954). He argued that
repeated observation of signals will lead a Bayesian agent to assign probability 1 to a true event
almost surely. What we observe, however, is frequently at odds with this standard theoretical
framework; persistent disagreement among agents still exists despite of abundant information.
To explain this observation, some research has been done under the rational inattention
framework. For example, in Nimark and Sundaresan (2019), agents can choose channels, which
are noisy, costly, and have different precisions in different states of the world, to observe the
reality. They allocate more precision to those states a priori more likely, which perpetuates dif-
ferences in beliefs. Kominers et al. (2018) study Bayesian agents for whom computing posterior
beliefs is costly; such agents face a tradeoffs between economizing on attention costs and having

more accurate beliefs. Even small processing costs can lead to significant departures from the
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standard costless processing model.

However, humans are not machines; we process information in different ways than a machine
does. Psychologists and cognitive scientists have shown that individuals display biases in their
perception of the world, upon which another strand of research in economics is based. In that
literature, it is offen assumed that agents do not know certain state of the world and the quality
of information regarding the state. For example, Cheng and Hsiaw (2022) drew on the curse of
knowledge, that is individuals who have seen information often fail to ignore it when the context
requires using only prior beliefs, to model pre-screeners who “double-dip” the data. Pre-screeners
firstly form a first-stage belief about credibility based on newly-observed signals, and then use
it instead of their prior to weight all signals. This proposed mistake predicts when individuals
over- or underreact to new information, depending on the order in which they received previous
signals, and explains why information that should objectively mitigate disagreement may amplify
it instead. In a similar vein, Kocak (2018) showed that if a signal is informative on multiple
dimensions, and if individuals can hold only a limited number of items in working memory,
that is after the agent updates the first belief, she has to discard the prior of the now updated
parameter, and use its posterior and the new information to update the second parameter, then
the order with which beliefs are updated across different dimensions leads to different posteriors.
This provides an underlying mechanism of why the curse of knowledge comes into effect.

In contrast, in this chapter individuals do not doubt the credibility of experts but process
sensory information in an unnoticeably biased way. Individuals do not question the quality of
information source, nor do they make active information acquisition. They are given a full set of
information, but each individual process information under a different perceptual set, resulting
persistent disagreement. The perceptual set is not just a result from experiences or prior informa-
tion, but could also be biological, e.g. sensitivity to different types of sensory information. Thus
individuals can be free of double-dipping the data but still updating information in a biased way.

In Chauvin (2023), a dissonance-reducing learner wishes to agree with his sources of infor-

mation, and therefore distorts his subjective perception of the arguments before adding them to
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the prior. Distortion is achieved through scaling the arguments by real-valued factors. Fryer
et al. (2019) modeled “double updating” when agents are faced with ambiguous information. The
agent first interpret each signal based on their current belief and then form a posterior on the
sequence of interpreted signals. In this chapter, however, belief polarization happens even with
unambiguous information. This chapter also extends the idea of subjective perception of param-

eters/information by introducing a general perceptual set.

3.2 Learning without perceptual bias

Although perceptual sets are generally shaped by personal traits, previous perceptual shocks
and prior beliefs, they are very persistent. Once they are formed, the influence they receive
from belief updating through combining new information is minimal. Revisions of perceptual
sets occur mainly following huge perceptual shocks, which are unforeseeable rare events. In
the absence of perceptual set revisions, the learning process can be modelled by optimal linear
filtering. The agents are not aware of the perception process and bias, and the perceptual shocks
are exogenous, unforeseeable and rare. Once perceptual shocks hit and the perceptual set is
revised, the agent repeats the learning process and apply the optimal linear filtering under her
new perceptual set. In this section, I introduce the general framework of optimal linear filtering,
which is joined piecewise once the perceptual set revision is induced exogenously.

Let (V;, P,), t € [0,T] be a two-dimensional random process, with V; being the unobservable
state of the world that is to be learned, and P, is observable. More specifically, P, and V; are
related by

dP, = AV, dt +B,(P,) dZ, = [AV, — n;] dt + B,(P,) dZ;, (3.1)

where A; is deterministic at time ¢, and B;(P,) is 7/ -measurable. We are interested in the opti-

mal® estimator for V;. Assume that V; can be represented by

dV, = a,V,dt +b,dZ] . (3.2)

31t is optimal in the minimum mean-square error sense.
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where H; is a random process with P (fOT las V| dt < oo) = 1 and fOT a?E [V dt < oo, by
is a random process with P ( fOT |by| dt < oo) = 1, and Z/ is a standard Wiener process over
(Q, F,P), independent from Z;. Let 7 = {PF;0 < s <t} denote the information filtration
generated by the history of signal realizations, which is publicly observable. Agents also have
a common prior Vg | F& ~ N(mg, o). The conditional mean of V; from agent i’s perspective,

which is summarized by the following proposition.

PrOPOSITION 22. Let mj = E' [V, | FF']. Then
dm! = aym!dt + Ay dz, (3.3)

where dZ' = ﬁ [dP, —(A; — n))m! dt].

See the appendix for proofs and the framework for a more general learning objective. By
applying h; = V;? to Theorem 4 and Ito’s Lemma to Proposition 28, we can get the tracking error
(conditional variance) of V; from agent 7’s perspective, which is summarized by the following

proposition.

ProposITION 23. Let v = E' [(V; — m})? | FF]. Then (3.3) and

t t
mi=mo+ [ [0l i)+ B dse [ AL () +2mint] 4zl
0 0
t t
(mi)? = s+ [ [2a, (mi)? + 42 ()] s 2 [ Aaminiaz? (35)
0 0

vi=mi— (mi)’ (3.6)

jointly characterize ..

82



3.3 Learning under perceptual bias

3.3.1 Perceptual sets

Consider the complete probability space (€2, F,P). Assumes that there is a continuum of
measure one ex-ante identical behavioral agents who live over a finite time interval [0, 7). Agent
i has a subjective perceptual set, which is implemented by probability measure IP*, different from
but equivalent to the objective perceptual set, that is the physical measure P. The two measures

are related by

dZ} = dZ, +n; dt, (3.7)

where 7}, is the initial perceptual bias. It only changes when set revision is triggered; otherwise
it remains constant. As a benchmark, I refer to a comparable Bayesian agent who always has an
objective perceptual set, that is she always process sensory information perfectly and thus not

subject to set revision.

3.3.2 Revision of perceptual sets
Simplistic modelling of a rare disaster

At a fixed time ¢, agent i receive an exogenous perceptual shock, which changes their per-
ceptual bias 1} by a multiplier ¢, ¢ > 0,q # 1. When ¢ = 0, agent i is no longer perceptually
biased. When 0 < ¢ < 1, she becomes less perceptually biased. When ¢ > 1, she becomes more
perceptually biased.

This simplistic modelling of perceptual set revision is suitable for characterizing a rare dis-
aster event. To see a clear-cut effect of a disaster, the smaller effects of non-perceptual shock
factors that can affect perceptual set revision are normalized to zero. The large magnitude of the

unpredicted disaster rationalizes the setting of a perceptual set revision.
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Set entrenchment

More general scenarios allow perceptual shocks, personal traits and prior beliefs to jointly
affect perceptual sets. To achieve that, I introduce set entrenchment level into the framework. At
time ¢ = 0, agent 7 has an initial set entrenchment level Eé. The observed observation of P, not
only take part in belief updating as the source of new information, but also affect the set entrench-
ment level. Normally, the latter effect is small and could be positive or negative. The change in set
entrenchment level is predominantly affected by independent perceptual shocks, which always
reduce the set entrenchment level, if occur. Mathematically, let E; be the set entrenchment level

for agent ¢ at time ¢, follows: then

where (' is the sensitivity to perceptual shocks, k; is a Bernoulli random variable which takes
the value 1 with probability p and the value 0 with probability 1 — p, and (3; is an independent
random variable that has a beta distribution. k; governs whether or not a perceptual shock would
occur, and f3; determines the intensity of the shock if it occurs. When the entrenchment level
drops to zero, the agent revises her perceptual set towards the objective view by ni = (1 —
By)ni_. Perceptual shocks always reduce set entrenchment; regardless of the sign of the initial

bias, perceptual shocks shift the bias towards zero.

3.3.3 Results

In this section, I first present the special case where the state of the world does not change,
and then a more general case with a stochastic world state.
Special case: time-invariant state of the world

Consider the special case where the unknown state of the world V' is time-invariant, and

the observable P, is simplified to dP, = V; dt +0 dZ,. Individuals observe {P;},t = 1,--- |t to
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make inference for V. Without the revision of perceptual shocks, the conditional expectation
and variance of the state variable can be solved from equations 3.3-3.6, and the results are shown

as follows.

PROPOSITION 24. In the special case where A; = 1, B,(P;) = o, and the state of the world V is
time-invariant, consider the Bayesian agent and the behavioral agent in the absence of perceptual

set revision.

1) The time-t conditional mean of V' from the Bayesian agent’s view is

moo? + P, t o t
my = — LU /e (LA — L 2/ Z, . (3.8)
Yot + 0 Yot + o Yot + 02 Jo
2) The behavioral agent’s view differs by
i i Yot
m,=m;+n ————-:. 3.9
t t 7] 'YOt + 0_2 ( )
3) All agents agree on the conditional variance of the underlying state:
2
i Yoo
=y = —. 3.10
fyt P)/t ’Ytt 4 0_2 ( )

4) The Bayesian agent eventually learns about the true state of the world V', while behavioral

agent i eventually thinks the state of the world to be V + 1'.

In this special case, all agents, regardless of their perceptual sets, share the same conditional
variance of the state variable, which is decreasing in ¢. The conditional expectations, however,
vary with the perceptual bias. At a fixed time, perceptual shocks are imposed. The conditional
moments can be calculated piecewise. After the perceptual shocks, agents still agree with the
conditional variance of the state variable, the conditional expectation still varies by the remaining

perceive bias.
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If the intensity of or agents’ sensitivity to perceptual shocks is large enough, revisions of per-
ceptual sets occur for all agents. Further assume that the perceptual bias is completely corrected
once perceptual set revision occurs, then the conditional expectation of the state variable viewed
by all agents converge to the true value of the state variable. As an illustration, Figure 3.2 plots
the empirical distribution of the conditional expectation of the state variable and the empirical
distribution of the entrenchment level at time 7". In this special case, the true value of V' is set
to be 1, and the default entrenchment level is normalized to 1. Tests do not reject the normal

distribution hypothesis for either panel.
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Figure 3.2. Distributions of conditional expectations of V' and entrenchment levels
The left panel plots the empirical distribution of m%. = E[V | ]-"751] with V = 1 and n° ~ N(0,1). The true value
V = 1is also noted on the plot. The right panel plots the empirical distribution of E%. with the default entrenchment

level, which is the level to which entrenchment adjusts after a perceptual set revision, normalized to 1. Tests do not
reject the normal distribution hypothesis for either panel.

Figure 3.3 plots the random paths of the conditional expectation of the underlying state. Ab-
sent of perceptual shocks, the conditional expectations change smoothly from updating with new
information. When exogenous perceptual shocks are introduced at a fixed time ({ = 10), per-
ceptual sets are revised and thus conditional expectations experience jumps. The magnitude of
the jumps reflects the effects of perceptual set revision, isolated from any incoming new infor-
mation. Assume the sensitivity to perceptual shocks and the intensity of perceptual shocks are

large enough, then the perceptual bias is immediately eliminated. The conditional expectations

of the underlying state by all agents converge to its true value.
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General case

Generally, the unknown state of the world V; is a random process, as specified by (3.2). Indi-
viduals observe { Ps}, s = 1, -- - , ¢ to make inference for V;. In this part, I discuss a specification

of (Vi, P,), t € [0, T] with:

dv, = rV, dt +o,V,dZ], (3.11)

dPt = At‘/t dt +BtUth dZt, (312)

where r and o, are unknown parameters, o, is a known function of F;.

Let /' = {P,;0 < s <t} denote the information filtration generated by the history of
equilibrium price which are publicly observable by every investor. At time ¢, from investor
i’s perspective, the asset value V; has conditional mean mi = E! [Vt | FF } and variance 7} =
E? |(V, —mi)* | FF|. The innovation process specifies to dZ! = L [P, — (1 —nj)m}dt.

Figure 3.4 shows three random paths of the entrenchment level. Perceptual shocks are intro-
duced at ¢ = 10. Regardless of the entrenchment level at that time, it drops to 0 immediately and
thus revision of perceptual sets occurs. The entrenchment level is then reset to the default value
1. When there are no perceptual shocks, the changes in the entrenchment level are very minor,
insufficient to accumulate for other revisions of perceptual sets.

Figure 3.5 plots two sets of perceptual bias and entrenchment level paths. The initial (default)
entrenchment level is normalized to 1. The perceptual bias is only revised when the entrench-
ment level drops to 0, after which the entrenchment level will reset to its default value 1. The
entrenchment level changes slightly over time through belief updating but normally these small
changes do not result in a revision of the perceptual set. In both panels, only at ¢ = 10 when an

exogenous perceptual shock is introduced does the perceptual set undergoes revision.
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Figure 3.4. Paths of set entrenchment levels

Three random paths of the entrenchment level E} are presented in this figure. Perceptual shocks are introduced at
t = 10. Regardless of the entrenchment level at that time, it drops to 0 immediately and thus revision of perceptual
sets occurs. The entrenchment level is then reset to the default value 1. When there are no perceptual shocks, the
changes in the entrenchment level are very minor, insufficient to accumulate for other revisions of perceptual sets.
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Figure 3.5. Examples of perceptual bias and entrenchment paths

The two panels plots two sets of perceptual bias and entrenchment level paths. The initial (default) entrenchment
level is normalized to 1. The perceptual bias is only revised when the entrenchment level drops to 0, after which the
entrenchment level will reset to its default value 1. The entrenchment level changes slightly over time through belief
updating but normally these small changes do not result in a revision of the perceptual set. In both panels, only at
t = 10 when an exogenous perceptual shock is introduced does the perceptual set undergoes revision.
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Experience and set entrenchment

It is reasonable to think that experience affects entrenchment reduction. On the one hand,
more experienced investors could initially hold their set more affirmatively. In other words, they
will have higher initial set entrenchment level E}. This is in a similar vein to Jovanovic and
Nyarko (1996), which argued that an agent may be so skilled at a technology that he will refuse
to switch to a better but unfamiliar one. On the other hand, more experienced investors could
be better skilled at dealing with perceptual shocks, and thus they reduce set entrenchment at a

higher rate, that is they have a larger (’.

Overwhelming information and sensitivity to set shock

When the private signal about dividend growth rate is more precise, that is when oy is small,
investors have more information to take in. The effects of having more information are two-fold.
The good side is that more information helps investors make more informed portfolio choices.
However, there is also a bad side. When new information becomes too overwhelming, investors

become less sensitive to perceptual shocks, thus less likely to revise their sets.

3.4 Connecting with the financial markets

The modelling of learning with entrenchment sets can be connected with the financial mar-
kets. In Chen et al. (2024), investors “agree to disagree”; belief is modeled as a random pro-
cess, while information and learning are not explicitly modeled. Chen and Epstein (2002) dis-
cussed risks and asset returns when an investor is using the wrong probability measure. With a
continuous-time intertemporal version of multiple-priors utility, their model delivers restrictions
on excess returns that admit interpretations reflecting a premium for risk and a separate premium
for ambiguity. This chapter takes a different perspective in that I model information and learning
explicitly, and distinguish beliefs and perceptual sets, where the latter are entrenched and hard

to change.
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3.4.1 Market setup

The perceptual bias model is readily re-interpretable as investors having perceptual biases
towards the underlying value of the risky asset in the financial markets. Consider a continuous-
time endowment economy over a finite time interval [0, T']. Investors have the same perceptual
set structure as in the previous sections. In this section, I introduce assets into the model and
specify the unknown state of the world and signal structures.

Assume that there is a riskless bond in the market with a constant risk-free rate » > 0. There
is 1 share of aggregate stock, with underlying value V; and price P, specified in the same way
as (3.11) and (3.12). th is the fundamental shock to the risky asset, which has a direct impact on
the underlying value of the asset. Z; represents the demand shock, which is orthogonal to the
fundamental shock and only affects the asset price, not its value.

Investor ¢ has initial wealth W}, and can invest in both the risk-free asset and the stock. Her

wealth dynamics is
th = (’]“Wti — CZ) dt +9;Pt(,u - T) dt +62Pt0- dZt7

where the first term is the return earned on Wti if investor ¢ invest solely in the risk-free market,

and the second term is the total excess return earned from the ¢, shares of the stock. Equivalently,

AWy = [(r + 7m(p — 7)) Wi = C}] dt +m;o W dZ,,

0iP,
W}

where 7} = is the proportion of wealth invested in shares of stock.
Investor i has a time-additive separable utility, given by [, [ fOT e P u(CY)ds +e PTU (W%)] ,
where C' is the consumption, p is investor’s subjective discount rate, u(C) is utility from the

consumption flow, and U (W) is the utility over terminal wealth. At time ¢, investor i’s objective

is to seek the optimal investment and consumption strategy to maximize the expected utility
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given by

T
F(t,W;) = m%x]ﬁli [/ e Py (CY) ds +ePTDU(WE) | FE Py
e t

Notice that when investor © makes decisions, she take expectations under the measure P?, not the
risk-neutral measure PP, since she is unaware of the existence of perceptual bias.

The value function satisfies

or OF 1, &F
ot " HMWar T %W

—pF +u(C") =0 (3.13)

3.4.2 Results

In the perceptual mechanism, there are two opposite forces that compete for overreaction
and underreaction to sensory information. On the one hand, if the initial entrenchment level
is high or the sensitivity to perceptual shocks is low, the entrenchment level would not drop to
0, which leads to an underreaction to shocks. On the other hand, overreaction could happen
when perceptual sets are revised if investors have accumulated enough old sensory information.
When investors revise their perceptual sets, previous sensory information would go through the
new perceptual set to form revised perceptual information, which is then used to correct their
posterior beliefs and previous underreaction to news. This is different from belief updating on
new information. It is the effects of perceptual set revision with old information.

The trading volume can be obtained by aggregating the absolute value of df!. When over-
reaction happens as a result of the perceptual set revision, the trading volume increases. This is
because perceptual set revision creates a sudden jump in investors’s expectations about the risky
asset and thus investors need to adjust their portfolios on a bigger scale. Figure 3.6 plots the
paths of the price and value of the risky asset. The upper panel plots an example of overreaction
to perceptual shocks. Perceptual shocks are introduced at ¢ = 10, indicated by a vertical dashed

line. If the intensity of or the sensitivity to perceptual shocks are sufficiently large, perceptual
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Figure 3.6. Evolutions of the price and value of the risky asset

This figure plots the paths of the price and value of the risky asset. The upper panel plots an example of overreaction
to perceptual shocks. Perceptual shocks are introduced at ¢ = 10, indicated by a vertical dashed line. If the intensity
of or the sensitivity to perceptual shocks are sufficiently large, perceptual shocks induce a sudden jump in investors’
conditional expectations of the risky asset. As a result, an overreaction to new information is reflected in the price.
The lower panel plots an example of underreaction to perceptual shocks.
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shocks induce a sudden jump in investors’ conditional expectations of the risky asset. As a result,
an overreaction to new information is reflected in the price. The lower panel plots an example of

underreaction to perceptual shocks.

(a) Overreaction to perceptual shocks (b) No perceptual bias
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Figure 3.7. Distributions of trading volumes
This figure plots the histograms of the total trading volumes for the risky asset. In the left panel, perceptual shocks
hit and result in an overreaction via perceptual set revisions. As investors adjust their perceptual sets, posterior
beliefs are corrected under the new perceptual sets using all old and new information. The average total trading

volume of the risky asset thus increases. The right panel plots the trading volumes in the case where there is no
perceptual bias.

3.5 Conclusion

This chapter zooms in on the learning process. The sensation process transforms external
inputs into sensory information, which is subsequently directed through the perceptual process
to generate perceptual information. Perceptual information is then used to update prior beliefs
to posterior beliefs. This chapter highlights the perception process and models it by perceptual
sets. Agents have biased perceptual sets. Its entrenched nature is modelled by set entrenchment;
once formed, the entrenchment level is hard to change. When perceptual shocks occur, however,
the enacted perceptual sets would suddenly change and the entrenchment level would be reset
to the default value, that is agents become entrenched with their new perceptual sets.

With perceptual bias, even after sufficient information is assimilated, there is still persistent
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disagreement among agents. Revision of perceptual sets induced by perceptual shocks shifts dis-
agreement to agreement. The magnitude and speed of shift are affected by agents’ experience and
sensitivity to perceptual shocks. The entrenched nature of perceptul sets and sudden set revision
in the face of huge shocks allow room for both overreaction and underreaction to information.
When overreaction happens, there is an increase in the trading volume of the risky asset.

The perceptual set mechanism can be applied to many other scenarios, for example, belief
polarization in political economy. Traditionally, political polarization affects finance through two
channels. Through the partisan utility channel, partisans obtain utility through from engaging
with their fellow party members or from owning specific financial securities. My perceptual set
mechanism is close to the partisan beliefs channel. Partisans may hold different beliefs regarding
the state of the economy, expected risk-adjusted returns in the cross section of stocks, or the
ability of in-group versus out-group partisans. The notion of a partisan perceptual screen was
introduced in a seminal study by Campbell et al. (1960). Heterogeneity in beliefs could arise from
differences in information environments (e.g., via partisan media), differences in attention, or

differences in individuals’ models of the world.
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Appendix A: Appendix of Chapter 1

A.1 Partial-Opening Model: solutions and proofs

Since the two risky securities are uncorrelated and signal noises are independently distributed,
solving the equilibrium for each type of firm separately is essentially the same as working with
the two types together in the matrix form. To simplify notation, I will adopt the scalar form in
this section of Appendix. To further avoid notational complexities of type-I and type-II firms,
superscripts (I) and (II) are not used on model parameters and variables. Without extra notations,
plain-vanilla scalars are used to refer to type-I risky asset, with the whole expression readily

applicable to type-II risky asset.

A.1.1 Computing conditional moments

Recall that the dividend Jt follows an AR(1) process, cit = pu+ Gd;_1 + y;. If we view the
asset as a claim to an infinite series of dividends payments, then v;, the ex-dividend value of the

firm at the end of Period ¢ can be interpreted as

= po+ (rI — G)"'Gd,,

where g1, = (r — G) ' Y (D] — (AG)] = £ (rT - G) e

The excess payoff that investors obtain is c?l + pg — p1r in Period 1 and JQ + vy — pgr in
Period 2. They are normally distributed, and their conditional means and variances are crucial for
the model. In this section, I calculate them conditional on different information sets. Throughout
this chapter, I adopt the notational style that uses a hat to distinguish conditional moments at the

portfolio choice stage (interim) with those at the data choice stage (ex ante).
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Conditional moments of dividend innovations For both periods (¢ = 1, 2), the price signal

is

Syt = C,'(p.— A, — Bid, 1) = y; + C; ' Dy, (A.1)

with price noise v,y = C;'Dyx; ~ N(0,%,;), where ¥,;, = (C;'D,)Z,(C;'D,) = Q.

pt

Thus th == CtIQJ;Ct

Domestic individual investor

At the portfolio choice stage, domestic individual investor j is endowed with inalienable in-
formation Ejt, obtains the price signal s,;, but does not process data. Thus she updates the con-

ditional expectation and variance about y; following

S = Var(@ | Zy) = Var(@: | pr) = (@, + Qe + Q)7

ﬂjyt = E[gt ’ Ijt] - E[gt | pt] = SJytS]ptSpt-

Domestic institutional investor

Apart from information contained in the price, domestic institutional investor 7 is endowed
with inalienable information and also exacts information from buyable data. The conditional

moments are

2Iyt = Var(y; | Zir) = Var(y: | pr, sit, &ir) = (y + Qe + B?Mitﬂe + Qe)_17

fiye = Ely, | Zi) = Elys | pr, Sits §ie) = Elyt(gptspt + B?Qel’itsit + Q&)

(m)
There are two things here worth special mentioning. One is that ¢;;8; = (gme{(l)} Sl(tm)) is a
me{(m} it
vector that denotes the sum of data signal acquired by investor ¢ in Period ¢ for each type of risky
asset. The other is that due to the constraint of imperfect data processing technology, domestic

institutional investors wrongly specifies 5; < (. This will in turn affect their portfolio choices.

International institutional investor
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International institutional investors only enter the market in Period 2. Apart from the ob-
served price po, international institutional investor £ also exacts information from data. Since
her data choice problem is degenerate, she would allocate all M data points to type-I risky asset,

that is My, = diag((M,0)'), txaSke = (Zf\nll s,(;;), 0)’. Then the conditional moments become

EKyZ = Var(9s | Zia) = Var(ys | p2, sk2) = (Q, + Qa2 + 2 Mgo2,) 71,

B2 = Elys | Zio] = E[ya | P2, Sk2] = EKyQ(QpQSpQ + B%QetraSka).

Conditional moments of payoffs Let us look at the portfolio choice stage of Period 1. d, +

pb — p17 | Ziy can be analyzed as

d +P£ —pir | Iy = A; + Bg(ﬂ/ + Gdy) + (I + B;)ﬂl + ngz + D;@ —pir | Tu.

Denote the variance and the expectation of the period-1 payoff dy + pg — p17r conditional on

Tpyas Xy and fuy, 1 € {i, j}, L € {I, J}. Then

= (I+B)2,,.(I+ Bl +cCls,Ccl + Dix, Dy, (A.2)
fur = AL + Bl(p + Gdy) + (I + B})ju,, — pir, (A.3)

respectively. At the data choice stage, p; is not realized. Thus the period-1 excess payoff can be

written as

C71 +ﬁ2—ﬁ17’|zzo

— Al —rA, + (I + Bl)(pn+ Gdy) — rBydy + Cly, + (I + B} —rC)) g, + DIz, — rD, ;.

104



Its conditional variance and expectation are

Y =T+ B} —rC)*2p, + CI'S, + D%, + D}'S,, (A.4)

Hi1 = A; — TAl + (I + B;)([J, + Gdg) — TBldO + (I + B; — rCl)IJ'lyl- (AS)

Domestic investors are endowed with inalienable information about g, thus 31,1 = (£2,+€.) ™"
and Hiy1 = ELyIQegll, l = i,j, L= ], J.

At the Period-2 portfolio choice stage, the Period-2 payoff dy + vy — por can be analyzed as

C?2 + vy — por | Lig = pp +1(r1 — G)flgz — Por

=p, +r(rl —G) 'u+r(rl - G)'Gd, +r(rI — G) 'y, — por.
Its conditional variance and expectation are

S =12l — G) 'S, (rl — G)7Y, (A.6)

fr =, +r(rl —G) 'u+r(rl — G)'Gdy + r(rI — G) ' fuys — por, (A.7)
respectively. At the Period-2 data choice stage, the Period-2 excess payoff can be written as

Jz + Uy — por | Ziso-

=p +7(rI = G) 'u— 1Ay + [r(r] — G) PG — rByldy + [r(rI — G) ' — rCyys — rDyZs | Iy
Its conditional variance and expectation are

Y=l —G) " —rCy)SLe[r(rl — G)™t —rCy) + r*DyX, D), (A.8)
i = oy +r(rl — G)_lu —rAy + [r(rI — G)_lG - rBQ] d, + [r(TI - G)_1 - rCQ} g2,

(A.9)
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respectively. Before foreign institutional investors make data choice, they have no information on
Period-2 dividend innovation y,, thus X g0 = ¥, ty,2 = 0. Domestic investors have inalienable

information &2, s0 X1, = (Q, + Q) ' and pyo = X1, o€, =4,5, L =1, J.

A.1.2 Optimal portfolio choice

In period 2, the optimizing problems faced by all the three types of investors have the same

form. For any domestic investor [, [ € {i,j},

max E[—e™ "2 | Zs] (A.10)
{a2}
s.t. Wpp = 1wy + qllg(dvg + 172 — pQT). (A.ll)

This is a one-shot problem. Substituting (A.11) into (A.10) and using the mean formula for log-
normal variables', we have g;;, = arg max, qjyfti2 — gqlgf] 124),- Then the first-order condition
gives

1.
qp = ;QLQUIQ- (A.12)

Note that since the payoffs of type-I and II risky assets are correlated, Q5 is not diagonal. So
the posterior expectation, variance of one asset’s payoff, and covariance of the payoffs with the
other risky asset all affect the position of the other risky asset. Foreign institutional investor %

faces a constrained problem with q,g) = 0. Thus

In this case, the posterior variance and expectation of type-I risky asset alone determine the

asset position q,(CIQ). However, this does not mean that information about type-II risky asset has no

use, as they could play a role through 6%12) and ﬂfg. To use a uniform notation, denote Qxy =

Uf & ~ N(p, X), then E[e®] = ert3Z,
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ol ¢ . ~2(1 . . . .
<éK 2 Q’gj . Then the first diagonal element O'K(Z) of the posterior variance-covariance matrix
K2 K2

A (T
ol

o - O, ke : . o
ix2 18 Fua g Define Q5 = (QK 2 oW 0 ) With these notations, the portfolio choice of
K2 'K2 VK2

0 0
investor k can be written as

1ae
qi2 = ;Qizll/kz-

Note that the first diagonal elements are different for Q K2 and é%{z

In Period 1, only domestic investors are in the market. Consider domestic investor [, [ € {i, j}.
Since the market opening is an exogenous shock at the beginning of Period 2, when domestic
investors make investment decisions in Period 1, a hypothetical Period 2 when market opening
does not happen is considered. Let us denote the corresponding information set as Isz- Then
her optimal portfolio choice in the hypothetical Period 2 is qsz, which has the same form as g;-
except for the substitution of Z;; by Ifz, in which the sole difference is that the Period-2 price is
the would-be price if the market does not open to international investors. Therefore in Period 1

she faces the following optimization problem:

max E[—e™Pv12 | T ] (A.13)
{an}
s.t. wiy = 2wy + rq)y (dy + pl — pir) + qgg(cig + 0y — pir). (A.14)

By plugging qg and (A.14) into (A.13) and using properties of the log-normal random variable,
one can reduce the portfolio choice problem to maxyq,,} 7qj; ftin — gVar(qfl(glvl +ph—pir) +
ab(ds + s — pir) | Tn).

Note that Var(q),(dy + p} — p17) + qb(ds + 5 — pir) | Tn) = q),Var(dy + p} — pir |
Tn)q), +Var(dy+ g} (D, — phr) | Tin) +2Cov(q), (dy +ph—p17), @ (dy+D5— phr) | Tiy), where

the second item is irrelevant to the choice of g;;. Therefore the optimization problem ultimately
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reduces to

. rooe
max  qj fl; — p—QMEMCIh - panCr,

{an} 2

where the covariance term evaluates
C, =Cov (c?l +p£ — P17, qg (Jg + Uy — p£r> | Il1> )
The F.O.C. leads to
1 . .
qn = _QLI(,Ull - PCL)-
or

To compute C, first note that conditional on Z1, d; + pb = Al + (I + Bl)(n + Gd, +
71) + Cly, + DIz, Al Bl Cl and D] are functions of model parameters, in particular,
B} = (rI — G)"'G. Thus

J1 +p£ = Ag + (I —G)'G(p+ Gdy) +r(rl — G) 'y + 05172 + Dgféz-

Denote a; = A + (rI — G)'G(p + Gdy), by = CJ and ¢, = D).

Since all the shocks are independently normally distributed with zero mean, then we only
need to calculate the constant and the coefficients of 4y, Yo, To, Y7, Y5 and &3 terms of q;;(dvg +
Dy, — pir). On the one hand, dy + ¥y — pbrr = py + (1] — G) ™ (p + Gdy + §) — 1Ay —
TBQ(;lvl — rChys — rDyx,. Since B; = (rI — G)"'G, the (il terms cancel out and no y; shock
is included, that is dy + ¥y — plr = py + r(rl — G) 'y — 1Ay + [r(rl — G)™' — rCly, —
rD5@5. On the other hand, qlT2 = %Qmmg = %QLyQ(uU +r(rl —G)'u+r(rl — G)_chil +

r(rl — G) iy, — rAs — TBdel — rCoys — rDyx,y). Again, JI terms cancel out. Recall that

Qre = (T92(Q, + Qo + MBI, + Q), Ly = (52)2(Q, + Qo + Q) and iy =

zA31y2(Qp?3pQ + A7 ZmE{(I)} S%('?Zn) + Q). frjye = 2Jy2(ﬂp2sp2 + Q&j2). So yi also does
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not enter qlg. Collecting terms that yield non-zero result after the covariance operation, we have

ljl'iyZ — 2Iy2((2p2 + M(I)B%Qe + Qe)gQ + 2IyQS2p2CL2§2- Thus

aly(d> + B, — plr)
— <7ap_TfF(ﬂy + Q0+ MYBIQ, 4+ Q,)

X [t +7(r I = G) ' = 1A + [r(r] — G)™! = 1Cslys — 1Dy

x [“” +r(rl = G) = rAs + (r(r = G) T By (e + MUBIQ + Q) = 1Cs)g)

(T~ G)‘lﬁzmnpgé DY@,

Working out the constant and the coefficients of ¥, To, Y5 and &3, we have ay = (p, + r(rl —
G) ' p—71A5)% by = (o +7(rT —G) =1 A)[r(rI = G) ™ —rCo+1(rT —G) ' S1y2(Qpa +
MOBZQ, 4+ Q) —1Csy), co = (py +7(rI — G) ' — rAs)(r(rI — G)*lﬁhygﬂpgé — 2rDs»),
dy = [T(T’I—G)_l—TCQ](T(TI—G)_lEIyQ(QPQ‘i‘M(I)ﬂ%Qe‘i‘Qe)—TCQ) andey = —rDy(r(rl—
G)_lﬁllygﬂpgé — r D). Therefore

2
T“ —
Cr= ( prf) (Q + Qo + MYBIQ, + Q) [aras + (a1da + b1bo)E, + (ares + c1c2) Ty

Setting all M " to zero, we have C .

A.1.3 Equilibrium price coefficients
Period 2

In Period 2, all investors, domestic-institutional, domestic-individual, and foreign-institutional,
participate in the domestic type-I stock market. For clarity, in the following subsection of deriv-
ing Period-2 price coefficients, I will only the (I) superscript for MQ(I), the data amount acquired
by domestic institutional investors for type-I firm, and drop it for any other model parameter

and variable. The net demand comes from all investors and equals firms’ supply of shares. Thus
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market clearing requires demand equals supply:
/(%‘2 —qi) di+/(%2 —qj1)dj +/q;<;2 dk = T3 + T2 — (Z1 + ).
i j k
Subtracting the period-1 market clearing from it yields

/qig di+/qj2 dj+/qk2 dk = x5 + . (A.15)
i j k

Notice the difference of these two equations. The first one equates demand and supply, which are
both flow variables, while the second one is built on the fact that the aggregate position, which
is a stock variable, held by all investors is equal to the total number of shares issued by the firm.

Let me start by aggregate investor i’ posterior expectations on dividend innovation. The

noises in data signals and in inalienable information both integrate to zero. We have

/ﬂiyg di = gjyg /Qp28p2 -+ 6?961,1‘281'2 + 95512 di = )\IEIyQ[QpQSPQ -+ (,B?MIQQS + Qe)’gg]

7 K3

On the other hand, the aggregate demand of all domestic-institutional investors evaluates to

o 14 .
/qi2dZ:;QI2/Hi2dZ

1 A

X /uv +r(rI —G) 'u+r(rl — G) 'Gdy +r(rI — G) iy, — por di.
Plugging [ fi;y> di we have

A R
/qig di = p—TIQ(rI — G)Qya(rI — G)'[py + r(rI — G)_lp, +r(rl — G) 'Gd, - por]

7

+—(rI — G)[Qp25, + (/B%MIZQe + Q)yol. (A.16)
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The aggregate demand of all domestic individual investors evaluates to

by o
/qj‘g dj = p_TL‘]Q(TI — G)QJyQ(TI - G)l[ﬂlv + T(TI — G>_1ﬂ, + T(T’I — G)_lGdl — pg?“]
J

)\J

p?“ —(rI — G)[Qp28p2 + QYo). (A.17)

Finally, the aggregate demand of all foreign institutional investors evaluates to [, g dk =

%Q%Q i, Prz dk. To aggregate their demands with other investors in a uniform notation, I make

)
. A A . . A A O Cry2
a connection between Q%Q and $2x». First, let me write out Q2. Let Qg0 = ( CKy2 Q(Hi’ )
2 Ky2

Then
Qg{é éK2 R 1 (7";5211)2 Qg? ) (r— 912 r—g2) CKy2
e | = e =l = G)ualrT ~ G)' = (r—g1)(r—g2) . (r—g2)? AW
CK2 QKQ L glr; & CKy2 - ng Q[(yg
Thus 9%)2 = (= gl) QKyl, Qg)z = —(7";%”2@%2 and Cyo = —“‘913?‘92)@@2. Define Q%{yQ =
w _ Sk 32
(QKu? ﬁzz 0> = EHQKyg - Cﬁiﬂ E;,, where Eiy = (} ), E12 = (§}) are matrix units with
0 0 QKyQ

the (1,1)-th and (1, 2)-th element being 1 and all other elements zero. Then

(r=g1)2 /5D Chye AL 6,
1 T(QK N )] ) 0 Qo — K2 0 A
ST = Gy (T - G)' = S R I T S 038
0 0 0 0

Therefore,

X /uv +r(rl — G’)’lu, +r(rl — G)’lGdl +r(rl — G)’lﬂkyg — por dk
Ak

= pe (rI G)Q%yQ(rI Gl +7(rI —G) 41l — G) 'Gd;y — por]
)\ ~
pjf (rI — Gy Sy Qp28p2 + B M2 Q). (A.18)
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Note that

A0) Cheyo A (1) 5 Cry2
A8 ~ QKyQ - Q(IE)Z 0 1 QKyQ _CKyZ 1 _Qg)2
QKy2EKy2 = v X = 0 A ~ . ) = y
Q( ) Q( ) o CQ 1)
0 0 Ky2° “Ky2 Ky2 \ —Cgy2  Q Ky2 0 0

Plug (A.1), (A.16), (A.17) and (A.18) back into (A.15) and we have

- 1 =
p(Zo + T2) = —2(7“I — G)AQ (1] — G)' [y + r(rI — G) 'u+rirl - G)'Gd, — por]

r

1 C _
—f—-(?"I — G) (A — )\KﬁElg) Qp2CQ 1(p2 — A, — Bgdl)

r
Ky2

1 P ~
‘*’;(TI - G)[(AIB?MIZ + )\K52Q§}<y22Ky2MK2)Qe + M€Y,

where A = A+ As Ao = A+ A+ A A = (2 0), and Q5 = AN (A Qp + Ay +

A KQ%yQ). Moving all p,’s to the left-hand side and the rest to the right-hand side, one has

= A
[I — (TI — G)71/2y2 (I - KAC(IE)ZQ E12> QPQC21] Y2
230 Ky2

1
[y +7(rI = G) 'pu+r(rI — G)'Gd,]

r

- AxC
—(rI - G)VE,, (I - Kﬂgf E12) Q,,C; ' (Ay + Bod,)
280K y2

+H(rT — G) 7S A [(ArBF Mz + Ak B2 5 S k2 M) Qe + M7

—pr(rl — G)_llflygA*l(rI — G) Y&y + T),

We then comparing with ps = Ay + Bod; + Coys + Dox5 to determine the coefficients.
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A,: Collect the constant terms we have

~ —1
A2 = [I — (TI — G)_llﬁ]yz (I — MEQ) QPQCQ_:l] X

—pr(rl — G)_l'flygA_l(rI — G)_1j2:|.

= 52
Denote H = (rI — G) V%, (I - %Em) Q,,C; ! for readability. Moving all the A,
2

Ky2

terms to the left-hand side, and , we have

_ 1 _
Ay=[I+(I-H)'H] '[I-H" {;uv + (I -G) 'u— %(H —G) VST - G) 'z, .
2

Note that

1

I+(I-H)'H| 'I-H'=1 < [I+(I-H)'H] '=I-H

<— I=1-H+H-=1.
Therefore,

1 ~
Ay = —py+ (iT = G) ' — pr(rd = G) 'S A (T = G) '

Bj: Collect all the terms on d;, we have

B,=[I-H|'[rI-G)'G-HB,].
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Moving all Bs to the left-hand side, we have

B,=[I+(I-H)'H| ' [I-H'(I-G)'G

=l -G)'G.

C)5: The coefficient on y, is

-1
g A
C, = [I —(rI = G)7VE,, (I KCrp E12> Qp2021] X

A2 g(iﬂ

(rI — G) VS ,,A !

C
(/\15?M12 + A\ 32 <E11 — ﬁEm) MK2> Q.+ M Q.

Ky2

Left multiplying [I — (T - @)V, (I - iKC{;;ﬂ E12> Qp2021] on both sides leads to
2

Ky2

Cy = (rI — G) VS5

C C
A (A A= B ) Qpz + <A15?M12 + A8 (En %1312) MK2> Qe+ M9
QKy2 QKyQ
On the other hand,
Q= A~ (AIQM + A+ )\KQ%W)

= A Ay + Qo + BT M Qe + Q) + A (Qy + Qpp + Q)

()
Ky2

éz
+Ak (En(Qy + Qo + /82MK296) QKy2 En)

A C2
=y + Qo+ AN BEMps + Ak BB Mi)Q + AN Q — Z 52 B

Thus ng —FAil()\[ﬁ%M[g + )\K62E11MK2)95 —|—A71)\195 = ﬁyg Q + (11) Ell Plugglng
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it back, then

= = )\KCAQ McC
Co=0I—-G) 'Sy |Qyp—Q, + A—(Kn)yzEn - KA—(ISQEH(QIQ + 3 M>2)
2850 Ky2 2QKy2

D;: First note that the signal-to-noise ratio

1 C
¢(=D53'Cy = _E(TI - G) [(Mﬁ?MIz + Ak 3 (Ell - ﬁEm) MK2> Q. + M\

Ky2
(A.19)
Thus D, can be derived from D, = CQC2_1.
In sum, the Period-2 price coefficients are
1 =
Ay =~p,+(rT —G) 'u—pr(rl — G) VI A (r] — G) ', (A.20)
r
By = (rI — G)*IG, (A.21)
_ —1 A AKC%{yQ /\KCAKyQ 9
CQ = (TI — G) Zyg ng - Qy -+ WEH — WEH(QPQ -+ ﬁ MK2Qe> (A.ZZ)
29Ky2 )\QQKyQ
D, = Cy¢; " (A.23)

Period 1

In Period 1, only domestic investors participate in the market. The price coefficients of type-I

and type-II risky asset have the same form. Market clearing requires

/qﬂ di + /le dj =x + %1. (A.24)
@ J
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We integrate domestic institutional investor 7’s portfolio choices:

. 1.~ . .
/Qz‘l di = /—Qn(u,ﬂ — pCy)di
i i PT

1 . . .
= EQH [(I + Bl) / friy1 di +01(AL + Bl(p+ Gdy) — pC; — pir)| . (A.25)
Note that
/ﬂiyl di = gjyl /Qp18p1 + 6?9614131'1 + Qe&l di = )\Iﬁlyl[ﬂplspl + (ﬁ?M]lﬂe + Qe)?jﬂ

Thus

AT A - -
/qil di = p—;Qn(I + Bg)zlyl[gplspl + (BT M Q. + Q)71

7

;-
+,0—;911(A; + B;(u + Gdy) — pCr — p17).

We can write Xp,1 = (I+B])"VS,(I+B})"'—(I+B})"V(Cis,C) +Di=, D) (I+B}).
Then

QI+ BY)Si, = |1 - (Cl3,¢4 + DIz, DY) | (1+ B))™.

Q (C’QTEyC;r + D;Eng> is the proportion of the conditional variance of future noises in the
total conditional variance of payoffs. Let me call it the future uncertainty ratio and denote it by
Ap 1. Similarly, the current uncertainty ratio can be defined as the proportion of the conditional

variance of current noises in the total conditional variance of payoffs and denoted by Ap.1. Then

ALcl =T — ALfl- Thus

.Y B -
/qil di = p_;AIcl(I + B;) Q81 + (B M Qe + Q) yi]

7

A7 o~
+p—;911(A; + Bl(p+ Gdy) — pC; — pur). (A.26)
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The portfolio choices of domestic individual investors are aggregated to

D _ ~ AJ o~
/le dj = p—iAJcl(I + B;) I(Qplspl + Qey1> + p—;{ﬂjl(Ag + B;([J/ + Gdo) — IOCJ — pﬂ“).
J

(A.27)

The average current uncertainty ratio is 301 = %()\ IA Il A JA Je1)- Additionally, define the
average precision of excess payoff to be f:ll = )\il(/\[fln + )\JQJl). Plugging (A.26) and (A.27)

into (A.24), one has

o 1. 3 _ _
L1 —+ r1 = EAlACl(I + B;) 1Qp1C'1 1(p1 — A1 — BldO)
1 A - 1 = _ -
+E)\IA101<I + B;)ilﬁ?MHQeyl + p_)\lAd(I + BT) 1Qey1

1 =
o [A; + Bl(p+ Gdy) — plr] - ()\IQHC[ + AJQJ1CJ>
Moving all p;’s to the left-hand side and the rest to the right-hand side, one has

1= =
[I - —ZlAcl(I + B;)—lszplc;l] I

1z =
- ——ElAd(I —|— B ) 1Qp1C'1_1(A1 —|— Bldo)

r
1= o by =
+;21 |:AIcl(I + B;)_l)\—IﬁMHQe +Aa(I+B)'Q |y
1
1= ~ 1 1 P ~ ~ pr, _ ~
+;21 Ql(AQ + BQ(,U + Gdo)) — )\—()\[QHC[ + )\JQJlCJ) — )\—(wl + :Dl)
1 1

We then match the coefficients with p; = A; + Bdy + C1y, + D ;.

Aj:Let H = 13,A, (I + B)7'9,,Cy". Then

A =[I+(I-H) 'H]'[I-H]"

3 {Q (A} + uBj) — )\—(AIQHCI +AQ0C)) — i—aﬁ]
1

1

T

21 |:Q (AT IuBT)—)\—()\[Q]lC[+)\JQJ1CJ>—§_$1:| .
1
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B;: Collect all the terms on d;, we have
1= = =
B, = [I[-H|]" % (QlB;G ~ AT+ B;)—lﬁplcl—lBl) .
Moving all B, terms to the left-hand side, we have

B,=[I+(I-H)'H] '[I-H" %&QlB;G - %(7«1 -GG

C: Collecting terms on y;, we have

1z = -
C :|: —; cl(I+B) 1Qp101_1:|

~

A
1=
X -3 { (I 4+ B~ 5§Mnﬂ€ +A01(I+B;)—196]
.

Multiplying [I — %ilgcl(I + B;)_lﬂplcfl] on both sides, we have

1= = " A =
C, = _21 [Ad([ + B + A (I + Bg)*l)\—lﬂ%MHQe + AT + Bg)lﬂe} :
1

The term in the square brackets can be interpreted as the market average posterior precision of
payoff weighted by current uncertainty ratio that can be explained by current dividend innova-

tion. Or alternatively,

~

1, - . 1
Q, = )\—(AIQH +AQ) = ™ [Ar(2y + Q1 + BT M Qe + Q) + Ay (2, + Q1 + Q)]
1 1

A
= Q + Q1 + T M€ + Q.
1
Plugging it back, we have

1= = = = = A
C, = —21 AL(I+BH ™ — Q)+ (A — Ag)(I + Bg)‘l)\—lﬁ?Mnﬂe
1
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D,: From the price relation,
1 o =
¢, =D;'C, = o [AM(I + BTN M Q.+ An (I + BT\ Q.] .

Then D, can be derived from D, = C’lcl_l.

To put the price coefficients together, we have

A = %fjl -§1<A; +uBl) - %(A[§211C[ +ACy) — %xl] , (A.28)
B, = %(rI -G)'G, (A.29)
C, = %21 Aa(I+BY) 7' + Aga (I + Bi)‘li—iﬁﬁMnﬂe +Aa(I+BH .,

- (A.30)
D, =Ci¢ ' (A.31)

A.1.4 Optimal data choice

In this section, I calculate the ex ante expected utility of the institutional investors at the
beginning of each period, and then solve their data choice problems, that is to maximize the ex
ante expected utility by allocating M buyable data points between internationally tradable and

untradable firms. I proceed backwards and start from the Period-2 data choice problem.

Domestic institutional investors

Proof of Lemma 1.

Step 1: Calculate | [—e¢Fvi2

L]

The interim utility for institutional investor [ is
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E [—e "2 | Ty] = —e "™E [e—(E[Jz+«72—p2r|:ng1)'wr*1<&“2+62|L2>(Jz+52—p2r> | L-z]

) &a—1 -
= —p PTWil « e’%l“;zzm Hi2

2w 1., e .
= —e 0 exp {—§u222i21m2 — prq;y(dy + p2 — pl'f’)} :

where f1iy = E[dy + 0 — por | o] = o +r(rl — G) " (u+ Gdy) + 7(rI — G) friyr — por
and 3, is a function of known model parameters. Note that before making data choice in Period
2, —%ﬂ&f}i}l Lo is a quadratic function of normal variables p, (also s;; and &;» for domestic
institutional investors), while —prq}, (d; + p2 — p;7) is a linear function of normal variables. It
is useful to write them in terms of the same zero-mean normal variable. Before that, we need an

intermediate step to take the expectation over private signals s;2 and &;o.

Step 2: Calculate E [—e "2 | Z;5—, po]

Conditional on Z;,- and ps, w;; is non-random, and fi;> is random with e;>. (Note that the

inalienable information &;, is known to domestic institutional investors under Z;,-). By law of

iterated expectations, one has
E [_eipwﬂ | Ii2—7p2] =E [E [_eipwﬁ | Ii2] \ Iiz—,Pﬂ =—e X E [67%%22;[‘12 | Zio-, p2

Let X, = V(ZT’(&; + Uy — por | Zio-,p2). Conditional on Z;5- and po, fu;o is still normally
distributed. By law of total variance, 3%, = E {212 | Zia-, pg} + Var (fi2 | Zi-, p2). Since )P

~

p

(2

is Z;o- -measurable, one has that Var(fus — pby | Zio-, p2) = Var (fig | Zin-,p2) = X
To work out E [67%%2;2%2 | Zin-, pz} , it is useful to write it in terms of the mean-zero random

variable fu;0 — pby:

— 3RS0 L fuin—pP)) S5 (frin— i) — BB (frin— B, ) — L PSS P
E |:6 2""’12222 Hei2 |Ii27’p2:| —= ]E |:€ 2(“‘22 uz2) 12 (”22 “12) Mo 2o (/‘1‘12 l"‘zQ) 2 Mig2io Mo |_'Z:L.277p2 .
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Therefore,

e - N —1/2 1
E |o sfiaSuhe IIi2—7pz] = ‘E%EE‘ eXP{—§uf£Ef§Mfz}-

Step 3: Calculate E [—e—ri2

IiQ*]

Notice that both w;; and pk, are random with respect to Z;| because of the random component

p». By law of iterated expectations, one has

E [_e_pwiQ

Iig—} =K [E [—e_pw”

Tir-, p2] | Ii2—}

— _e—PT2wi0

P s —1
X ’EZQZQ

~1/2 1 -
E [CXP {‘5“%(2572) 1!‘!?2 - Prqz,l(dl + P2 — pﬂ”)} | Ii2} .

Let X0 = Var(&; + vy — por | Zip- ). Conditional on Z;5-, p?, is still normally distributed. By
law of total variance, 32 = E[X%, | Zio-] + Var (uly | Zio- ). Since 3%, is Z;5- -measurable, one
has that Var (uh, | Zis-) = Var (uf, | Zin-) = X — 3%, which is the variance of pl, — p0
conditional on Z;,-. To work out E [exp { —1ply(55) "' uf, — pral(di + po — pir) } | Zin- . it
is useful to write it in terms of the mean-zero random variable i, — ;0. Recall that pf, =
po + (I = G) '+ r(rl — G)'Gdy 4 1(rl — G) 'y, — por and pip = py, + r(rI —
G)'p—rAs+ (r(rl — G)'G — rBy)d; + (r(rI — G)'G — rC3)p;y». The constructed
zero-mean normal variable is pt, — ;o = r(rl — G)_IEinngcgl(pz — Ay — Body) — por +
rAs +rBady — (r(rl — G)7'G — rCy) iy

U, — pis = Mipy — My(Ay + Bydy),
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where M = 1(r] — G) Y2, + X,) " '2,2C; " — r1. Therefore

E [e—prwu—%u%@grmf; | L.Z,]
=E [67%(“%7“12),(22)_1(“Z*”ﬂ)*”b(zg)_l(Hfzfﬂiz)*%%2(Efz)_llimfpr(wioﬂlél(d1+P2*P1T)) | 1—127}
— e—Prwio—pra; (di—pi7)

o ) P ) ) )t | 7,
—-1/2 y

— prwin—org! - (dq— B
— o Prwio—pray (di p”)|2¢2(2€2) 1|

e*%“bzi}l“ﬂ*“mu 55 B0 or(M =Y g+ p2r2ql MY (ZE,—E0, B B0 ) (MY g
)

and thus the ex ante utility is

~

/2
E [efp’l“wig | Iz’Q—] _ _‘21’22;21 e*pTWz'O*Pqul(dlfplr)*pTQQl(AerBzdﬂ

X e*%liggzﬂliﬂ‘i’l";g (Ifzﬂzfz)pr(M_1)/(Iil+%P2T2‘I£1M_1(EggfzfzziQEfQ)(M_l)qu‘l .

]

Since the data choice (M, Z-(QI), ]\4}2II )) only enter the ex ante utility function though the posterior
variance of payoff (ﬁ]i}l), the data choice problem reduces to allocating data points to maximize

’Qiyg . Since Qz‘yg =Q,+Qp + 32 M;5Q,.+ 82, the data choices only enter through the 57 M ;2.

term. In fact, the objective function can be further reduced to the product of the diagonal elements

of the posterior precision matrix for dividend innovation, that is QU O To see this, let me write

wy2° iy
out the elements of Qiyg.
. 0y + 08 + gm0l + ol C,+Cpo
iy2 — ~
Cy + Cpo O + O + grml o + o
Then ‘QiyZ evaluates to (Q + Q 5+ B2M, ol 4+ ol )(Q + Qp2 + B2M H)Q D4 QEH)) -

122



(Cy + ép2)2. The second term is irrelevant to investor ¢’s data choice, which finally reduces to:

max QW + Q8 + F2ME QD + ) QD + Q) + g2Myo + o) (A32)
(M3 M3y
s.t. MY+ M < A1, (A.33)

Since it is always to acquire and process more data points, data constraint (A.33) will be satisfied

with equality. Substituting MY o =M — M (2 into the objective function (A.32), the F.O.C. is

1 I
20l g

O O

1y2 1y2

The amount of data points allocated to type-I asset is solved to be

I A (I I 1 A (I I
O+ ol P+ 0+0d

1
c _— _

We then compare it with the boundaries 0 and M. We have

ol + 00 + 0 o + 0 + o

M, <0 <~ B%QS B?Q(H) > M,
- o + 0+ o+ 0+l
Moz M= a0 gap 2V

It is more interpretable to rearrange the conditions as

o +05 +af o + 0 + Mol + ol

M, <0 <=

En 520" |
) Q?+Q$+Q@ ) + 0y +M%Q +00

Intuitively, if the amount of data needed to achieve the entire posterior precision of dividend
innovation for type-II risky asset is still less than the equivalent amount of data to recreate the

posterior precision only observing the equilibrium price for type-I risky asset, then domestic
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institutional investor ¢ will opt to not learn about type-I asset and direct all her data processing

resources to type-II asset, so M = 0. Conversely, if the amount of data needed to achieve the

entire posterior precision of dividend innovation for type-I risky asset is more than the equivalent

amount of data to match the posterior precision only observing the equilibrium price for type-II

risky asset, then domestic institutional investor ¢ will optimally only learn about type-I asset, so
i*2 = M.

In sum, the solution is

0 29 +0% 10l a0l +mpzal 1o
’ Q] = 20 (M )
BEQe B Qe
. VI o 2 +00) +o S o)) +00)+mp200 10
v ’ (M, @M 4 o@m M a0 o0 /3?99) - B%st ’
oy +08) 10l - oy+00 ol .
4| ¥ T2 E _ ¥ T p2 e
5 00 200 , otherwise.

Foreign institutional investors

Foreign institutional investor £ faces a slightly different data choice problem. She is only
allowed to invest in type-I risky asset, and her optimal portfolio choice is determined by her pos-
terior expectation and variance of the payoff, but this does not naturally suggest that information
on type-II risky asset could not help with her decision since the two risky assets are correlated.

Her interim utility

E[—e_pw"’? | Ikg] = —¢ PR x [§

~ (T)
exp {_ 'u 2% (CAZS) + 3y — pPr ) } | T
g

k2

~ (D)

—prw M2
= —e "M Xexp{ — :
{ 26;35”}

Recall that Qo = r2(r] — G) 'Sk o (rI — G) ™V and Tiyp = (R, + Qpo + B2 M2Q,.) 1 they

are either data choices or known at the data choice stage. Thus

2D 20

1 _ TK2
- — 5 - 2(1) 7A2(D)] 2 2(1)
PWEo Prwky Prwk, 20
E[—e | Zio-] = —e XxE e 2 | Tip-| = —e X ’aKZ /Crs K2

X e
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So the objective of her data choice problem is reduced to min &ig), which further reduces to

. A2(D) 1 A (1) A(T) éi 2
mino, , = —m—m———F2 <= max (), , — =2 Recall that
o2 = A, e e~ o,
o (weanesuger g+
ky2 — . R
Cy + Cpa O + O + pmiy ol

Therefore the data choice problem finally reduces to:

Cy + Cpa)?
max M ,SZ)QS) -~ (A (21/1)+ ) PG (A.34)
(Y My Qy’ + Qg + B2M;y Qe
s.t. MY+ MY < M. (A.35)

Again the data constraint is satisfied with equality. Substituting M 192) + M ,gg) = M into the

D . _ Y My (Cy+Cp2)?
objective function, we have obj = (M — M, )Qe’ — Q§H)+QS§+BZ;2M,$)Q£“)' The F.O.C.
801)] 20y(1) 5 \2 B2Q£H)
m =070+ (Cy + Cpo) m . A VIO RS 0.
OM,, (Qy7 + Q5 + B2 My Q)

Intuitively, the marginal gain in posterior precision of dividend innovation for type-I risky asset
from directly learning about type-I risky asset equals the gain in posterior precision of dividend

innovation for type-I risky asset from indirectly learning about type-II risky asset. If the needed

. : Cy+C (n) L ,
data amount is negative, or M, < 0 = M Qe ” < 1, that is indirectly learning about
k2 Q?(JH)+Q(H2) Q(I)
P €

type-II risky asset is less efficient than directly learning about typel risky asset, then foreign

institutional investor k£ will only learn about type-I asset, M, = 0. If the needed data amount is

- |Cy+Co| [ o o _
larger than M, or My, > 0 = Q§H)+QS§+M6299) o) > 1, that is indirectly learning about

type-II risky asset is more efficient than directly learning about typel risky asset, then foreign

institutional investor k will only learn about type-Tl asset, M}, = M. Define the information

. . y (m . .. .
spillover efficiency rate as Kk = (C’“—”) % It shows one unit of precision for type-II risky

asset’s dividend innovation converts to  units of precision for type-I risky asset.
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In sum, the solution is

|Cy +ép2 | Q(H

0, aPram \/ ol <1,
* — . Cy+Cp2 Q(H
M = M, if Q(“)+|Szgl)+;4|ﬁ?§)(“) \/ g 2 1,
) A ‘
/3251?2]1) [ Cy +Cp2 g—‘@ — QZ(JH) — QS;)] , otherwise.
Proof of Proposition 2. 1 prove this result by checking the limits of x(0).
Cy + Cpo)? Qg‘”
lim x(0) = lim ((n i p?n)
o® o0 o, (Q + €, )2 o)
C T—g1 )\ 2 Creya MW QL ORISY \wBZM Q(I A0 ] Q ’
vy — K3 5w M, (ArBFM + KB KQ) + Qm
= lim R 5 ?1)
QSI)—)O 2 2 Qe
(Q?(,H) + |:r Y BQSC)%)”ZM(H)Q(H} b 4 [% [)\IB%M[(?QSI) I /\IQEH)H QS])>
Y
=0,

where the last equality is achieved by directly plugging in ol =o.
The other limit is calculated by simultaneously dividing the term (Qg))3 in the numerator

and the denominator,

lim (Cy + ép? g le)
o [ 1 Q)2 D
2
(— (52 ) hae2 S M8 [ sEME + A2 ME)00 + 0,00 9$>> X
. Ky2
= . 2 . \° Q0O
({ AP Mé;} 0P + =2 |nsp || QSI))
=0.
Given that lim .« k(0) = 0andlim_ m . x(0) = 0, itis direct to see M, = 0 when an) — 00
Qe ’—00 Qe ' —0 k2
or QS]) — 0. U]

p2

\ / ) — QSI) — Qz(ﬁ)} From

Proof of Proposition 3. The interior solution of ME %2 s 7 (H [
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(A.19), we can directly write out the elements of (:

o (O BMY + A ME)00 00| a2 S oM
¢ or 112 K2 QK2
5 = — Ky2
0 = [)\ MM + o ]

2 2 R
Thus Qz()Q _ |:7' g1\ ﬂQéﬁiszﬂ)Q ] QS) + [w [}\ B%MI(E)Q(H) W Q(H)” ngﬂ) and G,y =

- (T*gl) A8 2 MEBOD [ BEM] + A8 MG) + 300 ] 0F. Recall that Gy = Crcyo—

"
P Ky2

C,. We can then solve for C Ky2 and Cpg.

. — C
Cry2 —Cy = — (T gl) Ak’ QKy2 MI(QQ [()\151 12 + A 52M§)2)QS) + )‘199)} 0

pr Ky2
) C
= i = YT 0\ 0] oW
1+ (T;;h) M e MIBOL (M) + aep M)l + 3,00 of
Thus [Cxy2| < |Cy|. As a result,

(m (1)

e om _Gm Q" (m
1) Qy Qp? 1) Qy )

~

Cy+Cp

Therefore, a sufficient condition for the LHS to be negative is fro the RHS to be negative, i.e.
I o®e
ol > 2l O
Yy

In equilibrium, the data choices for domestic and foreign institutional investors are deter-
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mined simultaneously. They solve the following system of non-linear equations:

4 Qg(;l) Q<I>+Q(I) QZ(JH>+Q(H>+M,BZQ(H)+Q£H>

07 lf BQQ(I) - 52Q<H) y
M(I) _ M i Q(H)+Q(H>+Q(H) S Q(I)+Q(I)+MBQQ(I>+Q(I)
12 — ’ ) ) B?Q(H) = 5?9(1) 5
1 Q(H>+Q(H)+Q(H) _ Q(I)+Q(I)+Q(1) '
2 529—@) - W , otherwise.
\
(
Cy+C 2 ()
0, if [CutCr2| [l <1

Qi +0f) ol =

m_ ) : [C4-+Cpo] o
My = M, fQ<n)+Q<n>+Mﬁgg<n) oo =L

[qm A
%&” — QSI) - Qg} , otherwise.

p2

52&—2(11) |:

where

Qp2 = Céﬂmc%

1 C
G == (I =) KW?MH + Ak B <E11 - ﬁElz) MK2> Qe + M€
Ky2

2
048, = 0+ o + |7 At | a9

2
5 Pmgar ] o

R r—
CKy2 = C?J - ( prgl) /\K52 ( I2 ) MI((2>MK2Q(H [(AI/B?MI(;) + >\K62MI((I')2)QS) + )\199) Q:(EI)

First of all, Qggﬂ and C Ky2 can be solved in terms of model parameters and data choices. Let

z = C}(ff;’Q Recall that
Ky2

2 2
R . T — g1 r— g2
9%2 = QSI) + B2 M5, 9 + [—p )\K52ZM§£QSI)] Q) + [7 [Mﬁ?Mg)Qgﬂ) + )\1Q£H)H o,

Creyr = Cy — (T ;Tgl) A B2z MO0 {( 1M + A BPMD)QW + N QD} QW
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From here we can derive a cubic equation for z:

2
&y~ (F52) A b0 [o + 2 M0 + 000] 20
pr

2 2
=z{ﬂé“>+62M§?;Q£“>+ {%AKﬂQZMgﬁQén)] QO + [7" o [AIB%M}?QPHIQE“)H ﬂ&}”}.

If foreign institutional investors do not learn about type-II risky asset, i.e. M [(f% = (), then the

above equation reduces to a linear equation of z, with

Cy
—
o + [=2 [nspmfal + xol]] o

z =

When M I(f% > 0, to write it in the standard form 2> + pz + ¢ = 0, we have

2
p= {0+ 000 + |2 [nga ol + aa]| o

2
+ (T2 oraro [ + aarlod + o] o |
2
/{ {%AKﬁzMgQg)] Qg)}> 0,

2
r —
Y R}

which are only functions of model parameters and data choices. Using Cardano’s results, we

know that % + 12”—?7’ > 0, which implies that this cubic equation only has one real root:

Cry 3| q [ ¥ s/ ¢ [¢& p?
Qggﬂ_ SR T 2 1 T

For notational simplicity, let me denote the solution by z(M 1(12), M I(;I%)
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o +00+al o +al)+ip2al” 1o

O’ lf 5?98) - /@29( ) ?
1) M . Q(H)+Q<H)+Q(H) > Q(I)+Q<I +Mﬁ2Q(I)+Q(I)
MIQ = < ’ IBZQ(H) — 629(1) )
oML om | om _ Q0100 oo
% [% — ——2Z——|, otherwise.
Q 20
. I I%e

A 2 ~
Om - { ri ) 52C§;§'2MH)QH)] 0 + [z nap0l + 20l | ol and 0 -

Ky2

(=2 [(ArBEMyy + A B2M) QY + M Q81200

Q) + Q) + o P 0y + Q) + b

2My = +
o o0
O (2 BT — M) + 0 QPO 4 [ g2 BoM Y 4+
20
o+ (MR + Ak M0l + 0,000l + ol
QQ(I)
I e

Q?(JI)_’_(T‘ 91) [)\ B?M(I)Qg)“l‘/\KfﬂM[(ngg)+>\IQ£I)]2Q£})+Q£I)

Moving one M 1(12) to RHS and 5200
I €

to LHS, we have

Q) + (2 BIME QL + MM + WP + o + Mp) gy

B
= (007 + (— P s — MO + M0 Fly
AR MGOPPOY + 0+ (M — M)A | /(1)

This is a quadratic equation (or reduced to a linear equation) of M 1(12) To write it in the standard

notation,

aMY? + oMY + ¢ =0,
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where

0 )\%}1[(7" ;rgl)ZQS)QQin)QS) _ (%VQS)QQ)QQ;H)L

b= 2[(%)2A16?Q£‘)Q£“)(MQED + A B2 M D000
+<’";—f?>2w%@s>szgﬂ>ulagﬂ> + MBI 4 32000M),

e

=100+ (C2POu00 + Axs MAA0 P00 + a0

— [0 + (BP0 + SN + [ EgMROPPY + o + GuaPjl.
In the case where a = 0, that is (r — ¢;)2Q QY = (r — gg)ZQEH)Qg;H), the equation is reduced to
a linear form, and My, = —7. If in addition ¢ > 0, then M7, = 0. If —7 > M, then M}, = M.

In the case where a # 0, it is a quadratic equation, and real solution exists if b? — 4dac > 0.
Under that condition, the smaller solution is always negative. If ¢ > 0, then both solutions are

negative, My, = 0.

0, ifc>0,
M, ifazO,—%ZMora%O,c<O,_b+— ”222_4“62]\7[,

—£ ifa=00<—-§<M
=btvbi—dac V2b;_4ac, ifa+#0,c<0,0 < =bkyb—dac W<M.

* J—

In the counterfactual where the market remains closed to international investors, the solution

has the same form but with a different set of b and c:

b = 2L A0 a000 + (A0 el

PSP + G000,

¢t = [0 + (L9 2)20M200 4 oM
pr

e

0+ (FL RO + A B0 + 0 + 3 MOW]00.
pr

Notice that in this case, leg) is directly expressed in terms of model primitives.
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Proof of Proposition 4. 1) mg)(O) > méﬂ)(]V[) — >0 = M} =0.

2) Consider ¢ — c!. Cancelling out common terms and rearrange, we have

c—c >0

€ €

= MO0 — Q)M — oA F2MQY + M QDM + Ak B2M2Q0 + 20 )\ Q0 > 0.
The above quadratic expression of M [(?% is positive when M [(2 = 0. The symmetry axis is M 1(2 =

7Q0 0)
/\KBZMQIE M9 i Jjes to the left of the y-axis when QP — oW < 0. In that case, MY is also
Ak 8208 —200) K2

increasing to the right of the symmetry axis, thus the value of the quadratic expression when
M I(?% is larger than its value at M 1(3 = 0, which is positive. Therefore Qg) - zQéH) < 0 ensures

¢ — ¢’ > 0. Any positive value of ¢ will lead to M}, = 0. ]

A.1.5 Proofs for partial market opening impacts

()
Proof of proposition 5. Given ol > ggﬂ) ICy

, foreign institutional investors will only learn about
type-II risky asset, M [(?2 =M, M 1(2 = (. The change of the signal-to-noise ratio for type-I risky

asset brought in by partial market opening is

Al — |t

= ¢

= T (A} MG+ A0

Notice that % > 0, Qg) >0, A\; > 0and \g M B3? > 0. Since data choices are limited by data
processing capacity M, a sufficient condition for A‘CQ(I)‘ > 0is —A\;Mf? + A\g M 3% > 0, which
gives A\g > )\Ig—;

For A’Cél) < 0, we need A\ (M® — M52 4 X\ M 3% < 0, which necessarily requires that

domestic institutional investors reduces learning for type-I risky asset, i.e. M) < M'(". Then

MO _pr®ya2
( )B

the number of foreign institutional investors A\ < e L7 ]

Proof of Proposition 7. After market opening, the average posterior precision of dividend innova-
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tion for type-I risky asset changes by

Q(I) QT(I)
1) 22 T 22 (1) 22
(0 4 20w MM WBE + M £ 4 M0y (0 2000 MTQ 4 70)
Y )\2 )\2 Y )\1
A A A
= (G =)0 + (MO8 - =M + M62) + (T - 1ned.
A A A
For Aé( < 0, notice that the first term CQ(I )CQI) ‘CT(I (‘CQ(I) + ’C;(I)‘). For it to

be negative, we need the change in signal-to-noise ratio A)CQ )) to be negative, by Proposition 5,

(MT(I)—M(I)),Bf

it is equivalent to M® < MW and \x < T

Ar. Notice also that Ay > )\{, so the third
term (il - 1)921) is always negative. What remains is to confirm that the second term is also
negative under the current conditions. Since A; < Ay, we have i—;M 0a2 i—iM 052 4 %M B <

5 ArMWBE = A MO BF 4+ e M%) < 0.

For AEZ?(B > 0, we try to find a sufficient condition. The first term is positive when A‘(Z(I)

2
is positive, which is satisfied if Ax > A [%. For the sum of the second and the third terms to be

positive, it is equivalent to have

A
)\]MT(I 529 QEI) > )\I(MT(I) _ M(I)) ?Qg). (A.36)

x| M50 -

Case 1: MQY < (M MB% — A\ M B2V
In this case, inclusion of new data and introduction of perfect data processing technology
through foreign institutional investors outweighs the dilution of inalienable information held by
domestic institutional investors. If market opening induces domestic institutional investors to
learn more about type-I risky asset, i.e. M0 < M®  then (A.36) is always true. If M0 > M ®,

.. . MO _pr@ QQ((:I)
then we need a further condition for it to hold: Mg > — (@ 5 )51 =0
MB2Qe —ﬁMT(I)B%Qe —Qe

AL
Case 2: )\19&1) > ()\1M52 — )\[Mﬁ%)ﬁg)
In this case, the dilution of inalienable information held by domestic institutional investors

outweighs inclusion of new data and introduction of perfect data processing technology through

133



foreign institutional investors. If market opening induces domestic institutional investors to learn

(MO — MT<I>)52Q£})
T(I)B2Q(I +Q£I)—M52Q<el) I

for (A.36) to hold. If M > M® then (A.36) does not hold. H

more about type-I risky asset, i.e. M1 < M®| then we need A\ < Sy

Proof of Proposition 8. After market opening, the average posterior precision of dividend innova-

tion for type-II risky asset changes by

A1 Yo A1 AL )M 4 (ﬁ _ ﬁ)Q<EA.37)
AE

AQ _ Q(H) QT 2(m)  ~t2(I)y ()
y2 (CQ 2 )T.Z' + ()\2 Al /\2

For AEZS;) < 0, it is sufficient to have M™ < AT, én) =

ey (M<H> — MIMOY . So MM < MIW  —s A‘ggﬂ) < 0. Then the first term (¢;™ —

TQ H) A‘CQ ‘CQ ‘CQ ) < 0. Then1 pin down the sign of the sum of the second
and third terms:
A1 A1 A1
MO _ 2L ri(m Q(H) 2L oM
(EM® = a0 + (2 - 1o
/\[ )\[ )\J )\J
— 22 (pmom 4 om M H)Q + QW A AT
oW + ) - +a) + (32 - el
_ A (M® — pTEYOM N (MTOOM 1 oMy — ﬁAKng] < 0.
Ao A2

For ASZZSQ > 0, M® > MW is equivalent to the first term of (A.37) being positive. For

the sum of the second and the third term to be positive, we need an extra condition: A\x <

(M(H),MT(H))QSJ)

Mtmam o A+ As) -
I

Proof. The volatility of type-I risky asset is Var(p{ | Zj1+) = C3¥, + D3%,.

AVar(pY | Zy+) = (C? — CIHS, + (D2 — D3NS,

= (C; — C})(Cy + C)X, + (D, — DY) (D, + D)),

A sufficient condition for AVar(p{’ | Z+) to be positive is the two components both being

positive. For the first one, O]
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Proof. Recall that Cél) = %3551) (ﬁgg — ZSI)) > 0, so the change in dividend innovation coeffi-

o) - P
cient AC’S) = C’él) - C; = ? g(ag(l) 6551)) are in the same direction as AQS%. This line of
reasoning directly applies to type-II risky asset as well. [
M _ 11 11 () H |2y
Proof. Recall that D’ = Tg@(l - (I)) < 0, so A‘D =Ry |CT(”\( Gl — |G 5@ -
)Qél ‘CQ T(I) . Substitute in ‘CQ ‘C(I) A‘C(I) and we have A‘Dg) = —A‘CZ(I) (1—
1/2
Olom  —
o \C \Q 50

A.2 Extension to full Opening: solutions and proofs

A.2.1 Equilibrium

In this extension, a measure of Ay foreign individual investors also enter the domestic mar-
ket, and both types of risky assets are available for foreign investment. At the portfolio choice
stage, foreign individual investor % only has the price signal s,;, thus updating the conditional

expectation and variance about y, following

2%3;2 = Var(ys | Iiiﬂ) = Var(y, | pé) = (92, + 922)_17

lﬁ{yz =Ely, | Ii?] = Ely, | pi} = EEyQQfﬁSga
The signal-to-noise ratio becomes

1
¢k = oI G)[(\BIM] + A B M) Q. + 2],
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and the average posterior precision of dividend innovation is

= 1 o o o o
Qo= (A2 + A€ + Ay + Al
1
-5
1
e A9+ 9 + BEMQ0) + A (€, + 2)]
MBIM| + AP My, | M

Qe _Qev
X %

(9 + Ry + M, + 00 + Ay (Q, + 2y + 90|

p

=Q,+Q,+

where A3 = A\; + A\j + Mg + Ag. The price coefficients update to

1
—1 _
3 L2

| ) =
Al = “Ho ot (rI —G) 'u—pr(rI — G)™* Ezg(rI - Q) "

Bl = (rI-G)"'G,
Ci=(I-G)"I-3x,0,

D} = (rI-G)™V(I - 25295)4';”.

(A.38)
(A.39)
(A.40)

(A.41)

While the data choice problem of foreign institutional investors is distorted in the partial

market opening model, when the market fully opens, they face a similar optimization problem to

that of the domestic institutional investors. I first give their ex ante expected utility.

LEMMA 8. At the beginning of Period 2, the ex ante utility of foreign institutional investor k is

~ 71/2 1,7
E [e_prka |Ik2*} — _ePTWEL ¢ ‘21&2221‘ X e_iﬂkQEkzﬂkz’

(A.42)

where X5 and ko, the variance and expectation of excess payoff, are defined by (A.2) and (A.7),

respectively.

Proof.
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The interim utility at the portfolio choice stage for institutional investor k is

E [_e—pwkz | Ikz} = —e PTURLTR e_(]E[JQ""%Q_P27'|Ik2])lva""71(J2+52‘Ik2)(g2+%2_p27") | IkQ]

N SN—1 A
— _e_prwkl X 6_%“;’622162 IJ'k2’

where fizy = Eldy + 05 — por | Tio] = o +r(rI — G) Y+ Gdy) + (T — G) ™ fugys — por
and 3, is a function of known model parameters and data choice (M [(?2, M [(2) Note that before
making data choice in Period 2, —% ﬂ;czﬁ],;zl [li2 is a quadratic function of normal variables. It is

useful to write them in terms of zero-mean normal variable ft;5 — pt32. One has?

I, & 1~
exp {—5%22@1%2}
L. =1/~ 11/~ 1 1 os—1
= exp y — o (Fnz — pa) By (Brz — i) + M2 By (B2 — M2) — S M B Bz
S e L, w1
= ‘Eﬂzm ‘ exp —§Hk:22k2 k2 ¢ -
O

Since p;, and X}, are unconditional moments that are only functions of known model pa-
rameters, the data choice (M I((I')27 M [(2) only enter the ex ante utility function though the posterior
variance of excess payoff 2,221. Then the data choice problem reduces to allocate data points to

maximize the product of the posterior precision of the two types of firms, that is

max (Q(yl) + Qz(g + MIEIQ)B2QS))<Q§;H) + Qz(g) + M}g)ﬂQan)) (A.43)

M 2
{MK2 ’MK2}

s.t. MY+ MY < M. (A.44)

Intuitively, investors would

?See Veldkamp (2011). The general formula for the mean of the exponential of a multivariate quadratic form
of normal variables is the following: If 2 ~ N(0,X), F, G and H are non-random, then E e? Fz+G'24+H

I —22F| " exp {LG/(I — 25F)'SG + H).
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A.2.2 Proofs for full market opening impacts

Proof of proposition 9. The change of the signal-to-noise ratio for type-I risky asset brought in by

full market opening is

. _
= I (M) - M) + M - M0

¢

Al

= |¢f?

Notice that M I(?; — M < 0. A sufficient condition for A)Cg(l) ’ < 0is M}tél) < M 1(12), that is
domestic institutional investors learn less about type-I risky asset if the market full opens instead

of partially opening.

)
2

For A > 0, we need /\I(Mlig) - M](IQ))ﬂ% + )\K(MI(?; — M)B? > 0, which necessarily

requires that domestic institutional investors increases learning for type-I risky asset, i.e. M}g) >

0 o . (M) — ()2
M5 . Then the number of foreign institutional investors A\ < ~—L2—52—L ;. O

Proof of proposition 10. The change of the signal-to-noise ratio for type-II risky asset brought in

by full market opening is

Al = 1] - (¢

7” —_—
= I e - M)B? + MM 0.

Since A M [(2%2 > 0, a sufficient condition for A

Cg(ﬂ)‘ > 0is M}én) > M 1(12), that is domestic
institutional investors learn more about type-II risky asset if the market full opens instead of
partially opening.

6’

that domestic institutional investors decreases learning for type-II risky asset, i.e. Mliéﬂ) <M I(g) .

For A < 0, we need )\I(M}SI) - M}g))ﬂf + )\KMI(;I%iBQ < 0, which necessarily requires

A . —r 19 M1 59 . M}?%t 2
A necessary condition is —A; M 37 + Ax M5 67 < 0,ie. A\g < _MBT)\I' O
I

Proof of Proposition 11. The change of the average posterior precision of dividend innovation for
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type-I risky asset brought in by full market opening is

_ (D) p2 1) p2
AQ@i{g) _ Qi O Q0 = (70 1 200 4 ArM, 51—;>‘KMK2 g 0 4 % -0
3 3
5 AN MW B2 4\ MB? A
{0+ GO0 4 SELAEANE S0 ) 27
1 B
= (6" = G+ O = MI)ST + (Mg = M) 76
1 pr
— A0 ‘ £ ‘ Oh0 4 ‘
‘C | (1G] + (G )T +)\37“—g

Therefore, Aézg) and A‘Q 1(1)’ have the same sign. The result applies to type-II risky asset as
well. ]

A.3 Technological advance

-1/2

The ex ante utility E[—e™"""2] oc — e277%%  Thus the objective function of the data

choice problem is equivalent to ln‘flm‘ — praf?. Recall that Q= L(rI — G) Qs (rI — G).

Then the optimizing problem further reduces to

{,31'271{2;?{%(5)} In(Q Qs — Clya) = pros (A.45)
s.t Br < Bz < B, (A.46)
MY + MYy < M, (A.47)
Mig)7 Mz'(zn) > 0. (A.48)

Recall that Q0 = Q) + Q) + MY 530 + 0 and Q) = QY + Q%) + My 520" + o,
The data processing capacity will be implemented with equality. Substituting ‘MZ-(ZII )= M — Mi(zl)

into the objective function, the F.O.C. with respective to Mig) becomes

1 Q(el) QSI)
- [szz 1229([ - sz)2 1229 ]— 0 = D Am - (A.49)

Q() Q( )

Qi iy2 iy2
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The F.O.C. with respect to [3;5 is

1

[QQ @

1y2

M5O By + 200, (M — M) Bo] — 2praBis = 0

Plug in (A.49), rearrange, and we have

MOW Q. ) — = pra

iy2

sz? ’

which further reduces to a quadratic function of szz

ol .
pram(ﬁg)?) — MQ® QW

e

50
y2 pra’cly2 =0.

Its determinant M 2(Qg )) + 4(pra)*C? T2 (1) is always positive. The unique positive solution is

_ _ ()
" Mo® + \/MZ(QSI))Q + 4(07“61)26%;/2 Q(I)
Qi = oM ’
2pm o

with the negative solution discarded. This interior solution has boundaries

Mol ma®\ ol
sz2 + CIyQ m -
pra pra 0

e

Notice that Q(I v = Q ](312) + ﬁfMi(QI)QS) +0, so it is also bounded by [Q + Q 5+ 0, Q +

sz + BQMQe + Qe ] Therefore, if Az)?g) > Q(I + Q + ﬁQMQ + QE , then investor 7

would choose f;; = 5 and MZ-(QI) = M to achieve the upper bound. If \/ <%> +4C2 Tu2g, Q((H)) <

Q + Q 5+ Qe , then investor ¢ would choose M (2 = () to achieve the lower bound. In this case,
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Biz is pinned down by sz2 By F.O.C. sz2 S?H Ey)Q Notice that

1 4 A
M5 = 5l — (@) + 93+ 20)] 2 0,

(M — MY = QT[QSE; QP +Qf) + )] > 0.

Adding them up, we have

! [%Qm
MW Qb

f?ﬁ TP i = (O + Q3+ 00 + (@ + 0 + o),

Thus
Br, if ﬁfz < Br
Bo=<K 08, ifpr>p8 .

i) 0therw1se

Then M}, is obtained by M}, = 5*219(1) [91(22 — (P + Q )+ ).
i2 "7
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A.4 Institutional Background

A.4.1 Market
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Figure A.1. Total equity market - market capitalization in current $trillion

A.4.2 China’s Capital Market Opening Timeline

Following the Shanghai-Hong Kong Stock Connect, more programs are being launched by
China to open up its capital market to the rest of the world, including the Shenzhen-Hong Kong
Stock Connect (December 5, 2016) and the Shanghai-London Stock Connect (June 17, 2019). A
large scale capital reallocation will be involved as China furthers its opening-up. As of November
22, a total of ¥273 billion capital net flow has been directed to China within one year. Further-
more, on Nov 7, 2019, the State Council of China announced a new policy that will “eliminate all

restrictions on the scope of business for foreign banks, securities companies and fund management
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Date Event

Nov 17, 2014 The Shanghai-Hong Kong Stock Connect was launched.

Dec 5, 2016 The Shenzhen-Hong Kong Stock Connect was launched.

2018 China would relax the limit on foreign investment in joint-venture securities,
fund management and futures companies to 51 percent.

June 17, 2019 The Shanghai-London Stock Connect was launched.

July 20, 2019 The State Council of China announced that the plan of lifting the foreign own-

ership limits on securities companies, fund management companies and fu-
tures companies would be advanced by one year to 2020.

Jan 1, 2020 The foreign ownership limit on futures companies was lifted. This limit was
51% for eligible foreign investors.
April 1, 2020 The foreign ownership limit on securities companies was lifted. The new rule

is in accordance to implement Sino-US Phase 1 trade deal.

& The information was collected from the official website of various Chinese government agencies, including
the State Council (http://english.www.gov.cn/statecouncil/).

Table A.1: Timeline of the Opening-Up of China’s Capital Market®

companies, and remove requirements on total assets for the establishment of foreign-funded banks”
(State Council of China, No. 23, 2019). Specifically in 2020, foreign investors will be allowed
to hold more than 51% of shares in securities companies, fund management companies, futures
companies, and life insurance companies. My model provides a new perspective from informa-
tional frictions result from imperfect data processing technologies and helps predict the impact

of China’s new policy of the full extension of business scope of foreign financial institutions.
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A.43 Details of the Stock Connect Programs

Mainland Investors

I
I
I
I SSE SZSE
| Members Members
I
I SEHK SEHK
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|

Figure A.2. Illustration of participants of the Shanghai and Shenzhen Connect programs
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Table A.2: Details of the Stock Connect Programs
Panel A: The Shanghai-Hong Kong Stock Connect

Category Restrictions
Northbound
Eligible Shares Constituents of the SSE 180 Index and SSE 380 Index, and shares of

all companies listed on both SSE and SEHK.

Quotas? Aggregate quota of RMB300 billion and a daily quota of RMB13 bil-
lion
Eligible Investors No restrictions.
Southbound
Eligible Shares Constituents of the Hang Seng Composite LargeCap Index and Hang

Seng Composite MidCap Index, and shares of all companies

listed on both SSE and SEHK.

Quotas? Aggregate quota of RMB250 billion and a daily quota of RMB10.5
billion.
Eligible Investors Institutional investors, individual investors with an aggregate bal-

ance of not less than RMB 500,000 in their securities and cash

accounts.

Panel B: The Shenzhen-Hong Kong Stock Connect

Category Restrictions

Northbound

(continued on next page)
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Details of the Stock Connect Programs - continued

Eligible Shares Constituents of the SZSE Component Index and SZSE Small/Mid
Cap Innovation Index which has a market capitalisation of RMB6
billion or above, and all SZSE-listed shares of companies which
have issued both A shares and H shares.

Quotas Daily quota of RMB13 billion.

Eligible Investors Investors eligible to trade shares that are listed on the ChiNext Board
of SZSE under the Northbound Shenzhen Trading Link will be
limited to institutional professional investors as defined in the

relevant Hong Kong rules and regulations.

Southbound

Eligible Shares Constituent stocks of the Hang Seng Composite LargeCap Index
and Hang Seng Composite MidCap Index, any constituent stock
of the Hang Seng Composite SmallCap Index which has a mar-
ket capitalisation of HK$5 billion or above, and all SEHK-listed
shares of companies which have issued both A shares and H
shares.

Quotas Daily quota of RMB10.5 billion.

Eligible Investors Institutional investors, individual investors with an aggregate bal-

ance of not less than RMB 500,000 in their securities and cash

accounts.

Panel C: The Shanghai-London Stock Connect

Category Restrictions

Eastbound

(continued on next page)
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Details of the Stock Connect Programs - continued

Eligible Shares Eligible companies listed on the London Stock Exchange will be
able to issue Chinese Depository Receipts (CDRs) to Chinese in-
vestors and apply for them to be listed on the Main Board of the
Shanghai Stock Exchange.

Quotas Aggregate quota of RMB 250 billion.

Eligible Investors Only qualified securities institutions in each of the two markets may

conduct cross-border conversion business in relation to CDRs

and GDRs.
Westbound

Eligible Shares Eligible companies listed on the Shanghai Stock Exchange will be
able to issue Global Depository Receipts (GDRs) to UK and global
investors and apply for them to be listed on the London Stock
Exchange’s Main Market.

Quotas Aggregate quota of RMB 300 billion.

Eligible Investors Only qualified securities institutions in each of the two markets may

conduct cross-border conversion business in relation to CDRs

and GDRs.

2 The aggregate quota for the Shanghai-Hong Kong Stock Connect was abolished on Aug 16, 2016.

A-shares are issued to domestic investors and qualified foreign institutional investors (QFII).
Launched on November 17, 2014, this program allows investors in Shanghai to trade stocks listed
in the Hong Kong Exchange (HKEX, south-bound trades), and allows investors in Hong Kong to
trade those in the SSE (north-bound trades). The Shanghai-Hong Kong Connect mainly covers
index component stocks with large market cap listed in the SSE and HKEX. All Hong Kong and
overseas investors will be allowed to trade eligible shares listed in Shanghai. However, only
Mainland institutional investors and individual investors who have ¥500,000 in their investment

and cash accounts are eligible to trade Hong Kong-listed shares. Since its inception, the total
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trading volume through the Connect has amounted to ¥7.8 trillion, of which ¥4.3 trillion is for

north-bound trades, and the rest is the trading volume of south-bound trades.
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Appendix B: Appendix of Chapter 2

B.1 Model Solutions

B.1.1 Investors

This section works out investors’ optimal information and portfolio choices, taking price co-
efficients and market aggregates as given. Without loss of generality, the model is solved in
period t. Note that although A;,; depends on Z; (B.46), which is not Itt 1- or Z;;-measurable, the

solution to the optimization problems faced by investors are not affected.

Bayesian updating

At the beginning of period ¢, all G;-investors are identical and thus hold the same belief about
period-t payoffs. Their information choices, 7., Teyr and 7,,, are also identical (we drop the ¢
subscript for simplicity). Since the signal realizations §;-investors receive in period ¢ are different,
at the t-period portfolio choice stage, they hold heterogeneous beliefs about ¢-period payofts.
Some useful conditional variances that we can use to simplify notation is the conditional variance

of dividend, current and future demand shocks in current period.

- 1
V.=Var(d, | Ty) = —————, B.1
yt (di | Zir) Tt (B.1)
V;ct = Var(:ﬁt | I’Lt) =, (BZ)

Ty + Text

- 1

Vft = Var(Tya | L) = ———. (B.3)
Tx + Tvxt

On the aggregate level, the period-(¢ + 1) price coeflicients are Z;;-measurable since there is a
continuum of investors and thus the price coefficients depend on the distributions of shocks, not

the realizations. Therefore, for G;-investor 4, at period-¢ portfolio choice stage, the uncertainty
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in the period-t excess payoff cit + apiy1 — per comes from ¥y, i1, Ty, o1 and Tyio, and the
uncertainty in the period-(¢ + 1) excess payoff JtH + apyro — P comes from Gy, Ui i1, Yir2s T,
Zi11, Te12 and T4y 3. Thus the corresponding conditional expectation and variance of the period-¢

excess payoff are

V, = Var((it + api1 — per | Ziy)
= (1+aBy1)* Vi + aChyy7, 't + oD} Vi + aBfy 7 (B.4)

Eir = E[Jt + aper1 — per | Zit

= (1+ aBi1) [0+ gdi—1 + Vi (Teye iy + TotT)] + @ Avgr + &Dt+1vzi7'mt§~$g — pr.(B.5)

For G;_;-investors, however, the signal realizations they receive in period ¢ — 1 are differ-
ent, which adds another layer of heterogeneity to their information set. For G, ;-investor i at
the period-¢ portfolio choice stage, conditional variances of the current dividend innovation, the

current demand and the future demand shock are

- .~ A 1
Vi = Var(d I@ = = —, B.6
vt ( ! | t) Ty + Teyit + Tpit ( )
‘Zti =V T iz = n s B.7
' ar(xt ‘ t) Tx + Texit + Tyzt—1 ( )

~ A 1
zit CLT(Z‘H_I | t) T, + %int ( )

For G,_;-investor ¢ at period-¢ portfolio choice stage, the uncertainty in the period-¢ excess pay-
off th + apyy1 — pyr comes from Yy, Y1, Ty, Tepq and Tyyo, and the corresponding conditional

expectation and variance of are

Vie = Var(d; + apesr — per | i) = (1 + aByyy) Vi + OthQ_HTy_l + aDtQHVfit +aE7 7t (BY)
Eiw = Eld, + apipr — per | T

= (I 4+ aBy1) |u+ gdi—1 + Vyit (ﬁyitﬁft + ﬁn’tﬁﬁ)] + i + @Dt+1vf¢ﬁumté£ — per- (B.10)
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To obtain the expectation and variance of period-(¢ + 1) excess payoffs conditional on iit+1, Vz‘t+1
and Eit+1, we only need to change the time subscript ¢ in (B.9) and (B.10) to ¢ + 1. Notice that
V; is 7," ,-measurable, but Viesr is only Z;;-measurable, not Z," ,-measurable. This is left to verify

after we have derived the ex-ante expected utility.

Optimal portfolio choice

In this section, I will solve for the optimal portfolio choice of G;-investor 7 in both period ¢
and ¢ 4 1. The solution will apply to any period ¢.
In period t 4+ 1, G;-investor ¢ faces the standard one-shot portfolio choice problem, and the

solution is

A~

Eitr1
PVitt1

Qity1 = (B.11)

This solution is taken as given in period ¢. But note that because the uncertainty in &1 is ot
fully resolved at the portfolio choice stage of period ¢, the realization of g;; 1 is not known, while
its distribution is.

To solve the portfolio choice problem for G;-investor 7 in period ¢, plug in (2.3) to the expected
utility E [—e_pWitJrl+ | Iiti|, which is maximized by choosing ¢;;. The expected utility can be

simplified to

—oW - —ora(d ) — phin(d _
E [—e AW i1+ |Iit] — —e PrWoR [e prai1 (detapit1—per) —pdiz (di41+apit2—peyar) |L,t

To proceed, we first summarize the properties of the covariance term in the following lemma.

LEMMA 9. At the t-period portfolio choice stage, the covariance of the t-period payoff and the (t+1)-

period payoff of the risky asset for G;-investor i is

A

Cy = Cov (git+1 (JtJrl + apiya — pt+17“) >Czt + apii1 — per | Iit)
= (2016275 + 617275) Ve + [%53(73 +4) + 5173%3] 7y
) N+ St | VS ) D+ 5578 B.12
A (7104 (7a +71) + 61747 | Vi + [7105(75 +75) + 017575 | Te- (B.12)
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For the static model, C; = 0.

Proof. For G;-investor ¢ at her portfolio choice stage, the ¢-period payoff of the risky asset is
dy+ aprsr | Tio = 61+ 00 | T T + Osss + GaZigr | € + G5Teya,

where 9 = (1 + aBy1) (p+ gdi—1) + @Ay, 62 = 1+ aByyq, 03 = 03 = aClyq, 04 = aDyyy
and 05 = aFy .

The (¢ + 1)-period excess payoff is

Jt+1 + apira — pea” | Zie = 1+ 20 | 05 T + ’V?T,Qtﬂ + ’Ylftﬂ | éﬁ + ’Y;itn

+o (Cryolio + ErpoTiys),

wherey; = (1+aByio)(ut+gpu+g?di1)—rBepi (ptdi1) =1 Appi+aAiia, 72 = g (1 + aBiya)—
rByi1, 7 =7 =14 aBiys — 1Cyi1, 7} = —r Dy and 4 = aDyys — 7By
The expected period-(¢ + 1) excess payoff conditional on i—it+1 is a random variable at the

portfolio choice stage of period ¢, denoted by é}-tﬂ | Zi;. From (B.10), we have that

éitJrl = (1+ aBiy2) [M + th + Vyitﬂ (%EyitJrlﬁgt—i-l + %pitJrlﬁft—i—l)}

A~ é. . :{L‘
taAio + aDe oV Towit1&liyr — Peaa?

Recall that the period-t + 1 price signal for G;-investor i can be written as

= ~ 1 ~ ~ ~x x 1 ~ ~ 2x
UZH = Y41 T+ <$t+1 -E [$t+1 | 77¢t+17§itD + (It+2 —-E [l’t+2 | fitHD
Clit1 Cot41
~ 1 =~ ? S ~7 Fx =~ ’ A Fx
= Y1 + <$t+1 — Vaitt1 (Texit—l—lnit—i—l + Tmt@t» +— <9Ut+2 - VfitHTumeuH) .
Clet1 Cotr1

From the above two equations, we know

Eivir | T = 11 + Y2it | Y, 5+ Yaberr + YaFers | €+ YsTera,
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. ¥ A A . E A
where 73 = (1 + aByy») Viyit+1 (Teyit—i-l + sz‘t+1) —rCi1, 1 = aDy oV Towitrr — 7D +

~

(1 + aBt+2) Vyitﬂf'pz’tﬂ 1

Cit+1

Veit417z and 5 = (1 + aBy2) %itﬂ%itﬂﬁvygtﬂh —rE.
Using the assumption that ¥, §:+1, Z+4+1 and T;, o are zero-mean and mutually independent,

it follows that all third moments and cross moments are zero. Thus

A

C = Cov <5it+1 (Jt—i-l + apiyo — pt+17”> ,Czt + apei1 — per | Iit)
= (2710272 + 51727;[)‘@ + [7153(73 + 7:;) + 51737:3] Ty

+ [7154(74 +74) + 517471} Vi + [7155(75 +7) + 5175%} Ta-
The stationary solution of B; gives that 7, = (1 + aBy.2)g — rBiy1 = 0. In the static model
where oo = 0, we have C; = 0. O

On the other hand, the ex ante choice of precision of signals in the next period is irrelevant
absent of realizations of those signals. In other words, Teyit+1, Teyit+1, Tvzit+1 do not enter the
objective function and thus do not affect ¢;; and g;;:. if investors are still at the portfolio choice

stage of period . We summarize it in the following lemma.

LEMMA 10. At the portfolio choice stage of periodt, G,-investori does not need to consider information

choice of next period.

Therefore, the optimization problem can be simplified to

P
max rq; &y — 57”2%21% — 1rC=—0i1,

i it+1
which implies
& C
qi1 = - i . (B.13)
prvi pr¥iVie
In the static case (o = 0), C; = 0, which greatly simplifies the portfolio choices to
Eld, | Ty - E[d, | Zu] —
qi1 = i | Za] — pir lit = i | Za] — pr (B.14)

~ prVar(dy | Ty) pVar(d, | Zy)
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Optimal Information Choices

In this section, I calculate the ex ante expected utility of G;- and G, ;-investors at the begin-
ning of period ¢ when they have not made any period-¢ information or portfolio choice, and then
solve their information choice problems, that is to maximize the ex ante expected utility subject to
the information capacity constraint. The ex ante expected utility of G;_;-investor ¢ is summarized

by the following proposition.

PROPOSITION 25. At the beginning of period t, the ex ante utility of G;_1 is

~1/2 9
IL[/A
exp {— s } ) (B.15)

where 1z and S3,_1+ are defined by (B.18) and (B.17), respectively.

A

Et,1+

Vi

E [e*f”Wz‘t-&- ‘ jit—l*’] = —e PWi_1+

Proof.
Step 1: Calculate E [—e_PWiﬁ ] it]

Conditional on Zt, the end-of-period-t wealth W;;+ is log-normally distributed, and thus
. . 2 .
E [—e_”Wiﬁ | L-t} = e PEWirr Tae] g Var (Wi [Zir) Combining the budget constraint W+ =

rWis_1++Gqi (dt + appi1 — pﬂ”) with the portfolio choice of G;_;-investors (2.8), we have E [VVW |

é2 ; é2
rWi_1+ + =% and Var (VVW | Iz-t> = —%—. Therefore,
Vit P Vit
&
E [—e*pwiﬂ“ ] Iit] = —e Wit x e i, (B.16)

Step 2: Calculate E [—e‘pwﬁ ] Zt_ﬁ}

By law of iterated expectations,
. . . _f
E [—e—ﬂwm |Lt_1+} ) [E [—e—pr |Iit] |Iit_1+} — e Wit X I {e Wi |L~t_1+} .
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Let pg, = E [élt | f;_l} and 2t_1+ = Var (czt + api1 — per | i;_l). Conditional on Zt_1+, éit

is still normally distributed. By law of total variance, 3, 1+ = E[V, | Z}_,] + Var(&y | Z_).

~

Since Vit is I;tr_l—measurable, we have Va’r’(éit | I;_l) = f)t,ﬁ — V;;. And the total variance

¥ 1+ = Var (Czt + appy1 — per | j:itflJr)
= [(1 +aByy —rCy)? + aCfﬂ} 7y + 12DF (Te + Tyar1)

+ [(aDy1 — 1Ey)? 4+ aE} | 7o (B.17)

To compute the mean of i, by law of iterated expectations,

pe, = E |:ézt | i.it—1+} =K |:Cit + apiy1 — per | jit—ﬁ]

r
- r— ag” + aAt+1 - TAt - rDtVft—lTuazt—lggf_l- (B18)

52 ~
To work out E [exp {— 2%* } | Iit_1+} , it is useful to write it in terms of the mean-zero vari-
it

able &; — ,ugtlz

o 2 ~
_E <5it - Mg}) (&‘t - Mg}) e, Mi:
Ele Vit |Zy 1+| =FE |exp — ~ - —

= = | jitflJr
2V V; 2V

Evaluating this expectation yields

£
_ i ~
E |:€ Vit ‘ Iit—1+:| =

-1/2 2
Ngt
expy ———=——— ¢ -
2Et—1+

The key feature of (B.15) is that period-¢ information choices only enter through V;;, which

]

greatly simplifies the optimization problem, as stated in the following lemma.

'See Veldkamp (2011). The general formula for the mean of the exponential of a multivariate quadratic form
of normal variables is the following: If z ~ N(0,X), F, G and H are non-random, then E e Fz+Gz+H | —

I —22F| P exp {LG'(I - 25F)"'SG + H).
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LEMMA 11. At the beginning of period t, the information choice facing G;_-investor i is equivalent

to

max

.I.
- Vit

{%eyita%exitﬂﬁuxit}

7“2

(r —ag)

_aDt2+1 (T:v + %int)

2

-1

subject to information capacity constraint.

Ty +7A'Eyl't + (

1

1

= +
C12t (Tz + Texit + Tuzt—l)

<22t (Tz + %int

)]

(B.19)

Proof. From (B.18) and (B.17), it is clear that s, and 3,_1+ are functions of model primitives, price

coefficients, precision choice and signal realization of last period’s future demand signal, but have

nothing to do with this period’s information choices, 7y, Tegit and 7,,;;. The information choices

enter the ex ante utility (B.15) only through Vi Therefore, maximizing the ex ante utility amounts

to minimizing V;;, or maximizing

model primitives and price coefficients, one gets the equivalent objective function V},.

—V;;. Using (B.9), and disposing of terms that only contains

]

ProPOSITION 26. The optimal period-t information choice for G;_1-investor i exists and is unique.

Furthermore, it is I,” ,-measurable and thus homogeneous for all G;_,-investors.

Proof. To begin with, let me calculate the marginal utility with respect to 7eyit, Tepir and 7,4

~

Leyit

Lea:it

Ll/:rit

ovl,

r

2

87ﬁeyit

aw;_

(r —ag)?

a'f_ea:it

oV},

(r

Ty + %eyit + (

Ty + Tsyzt + (

C 1t T:p + Temt + Tyzt— 1)

a%urm‘t

Q—aw2

Ty + Teyzt + (

1

1 . 1 >1'
Cl2t (Tx + 7A_ea:7ﬁt + Tuact—l) C22t (Tx + 7ﬁl/a:it) ’
-2
1 L 1 > "
C12t (Tx + 7A—exit + Tmct—l) C22t (Tx + 7A—1/:cit)
1 -2 ]
A Cl_tQ(Tx + 7A—€:cit + Tuzt—l)_Qa
C2 (Ta: + Tum't))
2t _2
1 1
X

= +
C12t (Tx + Texit + Tz/actfl)

1

(@

—l—oszJrl (Te + Towit)

(

Tx + Texit + Tuzt—l)

—2

g22t (Tz + 7A—l/$it
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avi  avt . . ..
—i it —i > (), Taking second derivatives, one can also show that
d'reyzt OTexit ’ OTuait

It is easy to see that

OVl 9V Vi () Therefore, V1, thus th tility function (B.15), is strictly i i
572 972 > 52 < U. ererore, it us e ex ante utill y runc lon( . ), 1S SIriculy 1r1C1”eaSlng

)
eyit exit vxit

and concave in information choices 7y, Tezie and 7,4 Since the information capacity constraint
is linear, the solution of the period-¢ information choice problem for G; ; exists and is unique.

The F.O.C’’s for the constrained optimization problem is

Leyit = Mey, (B.20)
Levit = Meas (B.21)
Luait = Mva, (B.22)
YeyTeyit + VeaTexit + VvaeTvair = K. (B.23)

Dividing (B.20) by (B.21), one can express T,,;; in terms of 7..;;, and dividing (B.20) by (B.22),
one can express Te;; in terms of 7,,;; and 7..;;. Then plugging them back into (B.23) pins down
Tezit- Because the F.O.C’s depend only on model primitives, price coefficients and 7,,;_1, and
Tuet—1 1S by definition Itt ;-measurable, period-t information choices of G;_;-investor i is also

Z," |-measurable. O

This means that despite the fact that Z, |, the information set G; ;-investors hold at the
beginning of period ¢ is heterogeneous, the information that can be used for information choice
is still homogeneous. Information choices for both periods are determined in the very beginning,

and investors within the same generation all make the same information choices for both periods.

LEMMA 12. The uncertainty in the variance of excess payoff resolves earlier than the realization of

corresponding shocks. More specifically,
(1) Vi, V5 and C are I," | -measurable;

(2) Viep1 is I;" |-measurable.
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PROPOSITION 27. The ex ante utility of G; is

2 5c2 c? A —1/2
Wit Yo Tt ve +
E [—e Wunt | TF ] = —e B g Vit | X
Vit+1
1 c?
R L
_ _ —1/2 2 (-1, -1\ _,p
[1—2 (5 ) F| % () . (B.24)

where F', G, and H are defined by (B.26), (B.27), and (B.28), respectively.

Proof. Plugging in the optimal portfolio choices into the ex ante expected utility, we have

E [—e_pWit+l+ | Ittl]

gi Ct ~ git+1 B
exp {— (Vt - Vt]}itJrl) (dt + Py — Pﬂ“) — 3 (dt+1 + aprio — pt+17‘> }] )

2
— —e MR

it+1

According to Lemma 27, ]>it+1 is Z;;-measurable. Thus the exponent term in the above expression
is a quadratic form of normal variables under Z;;. Then we derive the ex ante expected utility in

two steps.

Step 1: Calculate E [—e‘pWitH* | j-it+1i|

Conditional on Z;; 1, W1+ is a normal random variable. Thus

. . 2 .
E [_e_PWitJrﬁ | Iit+1i| = —e_pE[Wz't+1+ ‘Zitﬂ]"'%var(wiwﬁ‘Z"Hl) (B.25)

Recall that W, 1+ = rW+ + Gio (Jt+1 + apiio — pt+1r). Plugging the optimal portfolio, we

. £ . & .
have E [WiHﬁ |Iit+1] = Wi+ + L and Var (Wit+1+ \IM) — Sin plugging them
pPVitt1 P Vit41
back into (B.25), we have
éthrl
E [—e_”witH* | iit+1:| = —e Wt x e Wit

Step 2: Calculating E [—e‘pWitH* | Iit}.
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Applying (25) to period ¢ 4 1, one has

A

Et-‘r

E [_G—PWiﬁ_ﬁ |I;H — —e Wt x

—-1/2 2
ey
expq ——— o .
2Zt+

On the one hand, note that i]t+ is Z;" ,-measurable, and that frin is 7;;-measurable. On the other

Vit—‘rl

. e . . 7 — L= i _ Ct
hand, W+ = vWy_1+ 4+ ¢ (dt + appiq ptr), and ¢;1 oV T v Thus

(Gt &
e \Vt ViViey

)(Jt+apt+rptr)

E eVt | T;] = e Wit x B | T

The rightmost expectation is the expectation of the exponential of a linear combination of random

2 2

Eit Cy ) d _ i Ct&it Ci

) =\ v v t+Qapi41—per 3V 5 52
variables, thus E |e ( t ViVier ( ) = e ¢ PWir1 2WWVi Therefore, by

| Zit

law of iterated expectations,

E [~e o | L) =B [E [-e oo | T3] | T

2

TR U e & M
— e P it—1t Qvtgizt+1 t+ exp{ — it + tCit . Ei+1
Vit-{-l 2Vt 2VtVit+1 22t+

Step 3: Calculate E [—e "Wutit | TP €21,

Conditional on Z;"; and &, randomness in the above equation only comes from &;. Let

,ugt =FE [&t | Z," Zﬂ and Eiﬁ = Var (Jt +api —per | Iy, ﬁ)

b, =E (80 | T 1. &) = E [d + open —por | 71,67

r
= ILL —|— CYAt-i—l - rAt + (aDtJ,-l - TEt) ‘/‘ftTl/xt 7,11“,
r—ag

And the total variance

Zf_ﬁ = Var <Jt + api1 — per | Zt_ﬁ)
= [(1 + aBy —1rCy)? + aC’t2+J Ty + (aDpyq — rEN)(Ty 4 Towe) H + [rsz + aEf+1} T
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13 2
. . . . . &2 Eit—p
It is useful to write &;; in terms of mean-zero variable &;; — pét, that is —5y = ——< - wft) —
2
(&-t—uit)uit o (Mit)

> o Therefore,

&2 Ct&it
E e 2Vt 2vViena |It+1

e\’ )’
=K [exp{ — <git . Ngt) + [ CAt - ’u_é (&‘t — g > - <”5t> + Ctﬁfé | 7,
2V WVi1 Vi ' 2V, 2ViVit 1
o (1) ,
= eXp{ Ft (i _ ) } X exp { — ) Ctugf
8Vi2t+1 Vi Ef_1+ QEf—lﬂL 225_1+ Vits1
Therefore,

E [—e Wt | TF,, €5

=E[E [—e_pwit+1+ | Zit] | T}, €5

2
2 5C7 cf ~ -1/2 2 3 ¢
=Wy vt gt~ - M He
= —¢ " ViVieer 8wt V2L ‘ tt exp{ — {tﬂ _ ; — £Ct'ugf
Vit+l 2275* 221‘/71-0- 22,5_1+Vit+1
Step 4: Calculate E [—e’pWiHl* | I;r_l].
2 2
. ke M Con
Conditional on Z," |, the only randomness in — 2;: — 2(25’5) v — comes from pg, |
t t—1t t—1t7°

and ,ugt, both of which are functions of £}. Let M = —£— + aA;; — rA;. Then

r—ag
2
2 ¢
_'uét+1 _ (M£t>

2%, 238

Ct/é't
L 250 Vi

= ¢, + G& + H,
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where

1 204
F= =3 (Vina) |Qur®Diy + 01 (@D —rE) (B.26)
. C
G = Vi [Qt+MrDt+1 — Q¢ (aDyy —TEy) (M - )} , (B.27)
2Vit+1
M2 M2 M
H= G (B.28)

22# QEf_ﬁ 22571]%4-1 '

The ex ante utility for G, investors is

E [~ Want | TH ] =E [E [-e Wt | T, 2] | )]

—pr2W,, 4+ 5?t2 _ C?A & —1/2 ,lG—27+H
_ p t—1+ 8VVE L 8E§,1+Vi2t+1 Azﬁ ‘1 _9 (T;l 4 Tl,;lt) F‘_lﬂe 2 (T;1+T;Ilt) ! o
Vit+1
]
One can do a strictly increasing transformation of the ex ante utility:
-E _eprit+1+|It+—1
V¥ 2In . —InH, +1nH, + H; + H,, (B.29)
e—Pr Wo
where
>
H === (B.30)
Vit+1
Hy =1+ V522 [Qur? D2, + Q6 2
2 =1+ V5 erT Dy 80 (aDt+1 - TEt) ) (B.31)
5C? C?
Hy = — ; +—= tAQ , (B.32)
4Vtvit+1 42t71+vz’t+1
G2
Hy = — — H. (B.33)

(T;l + T,:é) —2F
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B.1.2 Market Clearing

In period ¢, G;-investors make the same information choices, while G, ;-investors choose
precision heterogeneously, dependent on what they already learned in period ¢ — 1 about the
period-t demand shock. This effectively makes the aggregation of signals and expected payoffs
for the two generations different.

When aggregated, the noise in signals cancels out. The price signals of G;-investors aggregate

to

1 ~ ~x ~ o .
/ nzt dZ / 5 (pt — At — Btdt—l — DtE [l’t | nzt] — EtE |:I't+1 | fzt:|> dZ
1€Gt i€Gy 't

1 1 1 . 1 -
_ |:C’t( At Btdtfl) - a‘fztﬂgmtl’t — E‘/xiﬂ/zta:tJrl} s (B.34)

Then the expected period-t excess payoffs for G,-investors aggregate to

/ gzt di
1€G;

2{(1 + aBi)(p+ gdi1) + Ay + (14 aBig) Vi Teye e + Dypq (1 - Vfﬂ'x) Tpp1 — per

1
+(1+ @BtJrl)VtytTpt [5(1%
t

1 . 1 -
— A — Btdtfl) - C_V;:tTea:txt - F%%Tuxtxt+11 } (B-35)
1t 2t

For G, -investors, heterogeneity in conditional variances makes things more complicated:

Vyz‘tTpit Xp di
~ 1 d?
1€Gt_1 Vit

Vi 721 1 ~ r fx ~ -
= / yAt pta (pt - Ay — Bydy—y — D,E [xt | nmﬁit—l} — EE [$t+1 | fitD di
i€Gi 1 Vit t

11, 1 1 ~ . 1 - .
= = [wpt_ (pt — A — Btdtfl) — —Z3 % — —Z2t$t+1} ) (B-36)
Cy ¢ ¢

2 1t 2t

where Z;, = 2fz€gt ) y;:p“ <1 — thTZ> di, Zy = 2ﬁ€gt ) y;;:p” <1 - Vme> di and W, =

Vi . . C L . N N
2 [ o, %T’” di are known by the market since the distributions of 7.,;; and 7, are known.
- it
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Define the average posterior precision of period-t excess payoff to be QO =2 /; G, ; di, the

average ratio of the posterior variance of current demand shock to the posterior variance of
1 - AE — zzt ythsyzt
period-t excess payoff to be X3, = 2 [,.; | St di, and @y, = 2 [ica., 5 di. Then the risk

premium of G;_;-investors aggregate to

/ L di
1€Gt—1 Vit

11 ~
=35 {Qt [(1+ aBy1)(p+ gdi—1) + @Ay — pir]

+(1 + aBi1)wyds + aDyy (Qt - f(:pt%) Tyq1

o1 1 1 ~ .
+(1 4+ aB1) {Wpt— [pt — A - Btdt71i| - —thxt — _Z2txt+1:| . (B.37)
Cy Cue Cot

Recall that the market clearing condition is

Ty + Ty + / Qit—1 dt = / gi1 di +/ (Git — Giz—1) di.
i€Gi_2 1€G; 1€G1

to LHS, we have

Plugging in portfolio choices, multiplying p on both sides and moving V

C i Con . Ei1 .
p(i’t—i—i’t)—F/ - dz'+/ = = dz—l—/ L di
1€Gy TVtVitH 1€Gi—1 Vi1 Vi1 Vit i€Gr_o Vit—1

Lo
1€y TVt 1€Gt—1 f}it
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Let’s work out RHS and LHS separately. RHS contains constants, p;, 4, Z; and Zy1:

RHS
1 5 -
. th{(l +aBi)(p+ gdi—r) + Ay + (14 aBi) Vi Tey U + oDy <1 — Vfth> Ti41

1

1 1 - N
—pr + (1 + Oth—i—l)V;;tTpt |:_(pt — A - Btdt—l) — Vot Tent Tt — — (1 - Vfﬂ'x) $t+1:| }

CVt Clt C2t

1) -
+§{Qt [(1 + @Bt+1)(/i + gdt—l) + aAt+1 — ptr} + (]. + othH)wytyt

A . . o1
+aDyyy (Qt - Xa:tTa:> Ty + (14 aBg) [wpta [Pt — A - Btdtq]
t
1 . . 1 -
——Z1 T — C_Ztht+1i| }

Clt 2t

Collecting terms for ¥, Z; and 7; 1, we have

RHS

1 1
= th{(l +aBi)(p+ gdi1) + aAryy — per + (L + aBia) Vi [H(Pt — A — Btdt—l):| }
t
1] A 1
+§{Qt (14 aBi1)(p+ gdi—1) + @A — per] + (1 + aByyq) |:wpt5 [pt — Ay — Btdt—l]:| }
t

N 1 - .
+(1 4+ aByy1)wye gy — (1 + OéBt+1)C—th33t
1t

_ 1 - 7.
+ |:O(Dt+1 (Et_l — thTm) — (]. —+ aBt+1)_C th Tty1, (B38)
2t

where w,; = %Qt%tTeyt + %@yt, Xzt = %Qtvxgt + %me Zy = %Qt‘/yﬂ_pt (1 - Vfth> + %ZQt,

. |5
and Zy; = 5= Qi VTt Var Tewr + 5211
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LHS only contains constants and 7;:

L 1. C 1, Cy
LHS = —Q— — =Q
p(Ty + 74) + Shkias! v, 2 tTVt—l

+ (14 aBy)wyi—19t—1

1
+§Qt—1 { (14 aBy)(p+ gdi—a) + @Ay — prar

1

+(1+ aBy)Vy—17pi—1 |:C_(pt1 — A — Btldt2)] }
t—1

11 -~
+§{Qt1 [(1 + OéBt)(/l/ + gdt72) —+ OéAt — pt,lr]

R 1
+(1 4+ aBy) [Wptlc,— |:pt71 — A — Btldt2H }
t—1

~(1+aB); !

_ B _ B 1 - 5
Zi1Te1 + |:04Dt (Et_ll - thflTa:) —(1+ OéBt)C—ZQtfl Tt.
1t—1

2t—1

Notice that at the portfolio choice stage of period ¢, §;_; and Z;_; are constants. For notational
simplicity, let A, = %Qtﬂ%t — %Qtﬁﬁ:l + %Qt_l{(l +aBy)(p+ gdi—o) + @Ay —pegr + (1 +
aBy)Vyi—1Tpt-1 [é(pt_l — A — Bt_ldt_2>i| }—i—%{flt_l [(1+ aB)(p+ gdi_2) + @Ay — piqr]+
(1+aB,) [@pt_lﬁ [pt_l A - Bt_ldt_gﬂ }+(1+aBt)a)yt_1gjt_1—(1+aBt)C1+Z_1t_1it_1.

—1
Then

Zo 1%y, (B.39)

_ _ 1
LHS = At + ;Ojt + pfit + OéDt [Et__ll — th_lTx] ji‘t — (]. —+ aBt)C
2t—1

Then we try to match coefficients of (B.38) and (B.39) with the following linear equilibrium

price relation:
pr = A+ Bidi1 + Gy + Dy + By

Define the average market-wide posterior precision as ¥.; ' = % (%Qt + Qt> Move (B.39) to RHS
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and ¥, 'p,r to LHS, and then multiply by % on both sides. This yields

pir
1_- 1 1
= ;Zt{th (14 aBi1)(p+ gdi—1) + aAir + (1 + aBi1) Vet {a(pt — A - Btdt—l)] ]
t
1] o1
+§ Q [(14+ aB)(n+ gdi—1) + aApi1]) + (1 + aBigr) |:wpt5 [Pt — A - Btdt—1H ]
t

_ 1 - . a1l - 1 - |.
+(1+ aBpy1)wyg: — (1+ Oth+1)C—th$t + [CYDH—I (57" = Xaema) — (14 Oth+1)<—Z2t} T4
1t 2t
I -
CZ“"}

It is easy to see that at the coefficients of p; and B;d;_; on RHS only differ in sign. Define w,; =

—A — pi’t — Oé.Dt [it__ll — )_(It_sz] f%t + (]. + OéBt>

%Qt\@tTpt + %@pt. Again, move the p; term to LHS and scale down so that p;r on LHS has

coefficient 1:

PN 1\' 1.
=[11-—(1 B Dt — -
DT ( . 1+« t+1)wpt0t) X e

t

= 1
{Zt_l [(1+ aBpr)(p+ gdi—1) + @A) + (1 + OéBt+1)@pt5(—At — Bydi_4)

. L5 .
+<]. + OéBt+1)(IJytyt - (]. + OéBH_l)C_thxt
1t

_ 1 - |
+ |:05Dt+1 (Zt_l - )chﬁx> -1+ OéBt+1)C_ZZt:| Tig1

2t

_ 5 _ _ 5 1 - 5
—A = pry — aDy [Et—ll - Xit—lTx} T+ (1+ Oth)C ZQt—lflft}- (B.40)
2—1

BtZ

From (B.40), it is easy to identify B;, the coefficient before d;_;:

5 I\ 1o o 1
Bi=(1-22(1+aBy)op—= | -5 |71+ aBy1)g — (14 aBi )@y —= By .
r Cy r Cy
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Moving all B, terms to the left hand side, we have

_ -1
5 1) "1 1
14 (1 - —t<]. + OéBt_H)(Ith—) ;Et<1 + OéBt—&—l)(Dpt_

B, =
t T C; C

X

5 1\ '1
(1 - 7t(1 + aBtH)wpta) —g(1+ aBiy).

_ 1 -1 _ -1
Since [1 + (1 — %(1 + &BtJrl)@ptcit) %Et(l + aBtH)@ptC%} (1 — %(1 + aBtH)(DptCit) —
1, it simplifies to

1
By = ;9(1 + aBi). (B.41)

This is a linear difference equation and has a stationary solution®

Ag:

From (B.40), the constant term in the equilibrium price relation is:

5 o1\
At = <]. — Tt(l + QBt+1)wpta>

1- |- 1 _
X;Zt [E;l(l + OéBt+1),u + OéAt—l—l — (]. + OéBt_;,_l)athaAt — At .
t
Moving all A; terms to the left hand side, we have

At:

1 — _
; [(1+ aBi1)p — pZ — A(Avir, Arya) + A1 5] - (B.42)

To emphasize the dependency of A, on A,,; and A, s, I write A;(A;41, Asy2) instead of A,.

“The stationary solution is obtained by setting B; = B, Vt in (B.41) and solving for B.
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Plugging in the stationary solution of B;, we have

The coefficient of ¢, in (B.40) is:

) 1\ t1_
Ct = (1 - 7t(1 + Oth—l—l)(Dpt_) ;Zt(l + OéBt—i-l)(Dyt-

C

Multiplying (1 — %(1 + aBiy1)wp C%) on both sides and rearranging, we have

by
Ct = —t(l + OéBt+1) ((Dyt + (Dpt) .

r
Since Vi (Teyt+7pt) = 1= Viyry and Oy +wp = 2 . Vit GeypitTpit) 4 — (), — 27 J. Vit g
yt\Teyt T Tpt ytTy yt T Wpt i€Gi1 Vit £ 2Ty JieGi 1 Dy
we have
Ct = ! (1 - i]tj(yt'/—z,l) 5
r—ag
where

1.V Vi,
th = —Qt—yt+/ AytdZ'.
r 2 i€Gi1 Vit

Dti

The coefficient of the Z; term in the price relation is:

)M 1\ 1.
D,=11——(1 B Ot — -
t ( 7’( + o t+1)wptc,t) , t X

_ 1
{—p —aD, (z;_ll - ;@_1@ ~ (Lt aB) 2y + (Lt aBy
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Multiplying (1 — %(1 + aBHl)@ptC%) on both sides, we have

¥, 1 _ ) Y 1 - )
Dt = L ((Dpt — th) - P + ! Z2t—1 + OéDt—t
r—ag r r—ag a1 r

<S:1 - Xit717—$> .

We can then solve for D; straightforwardly:

-1 — _ _
Et — _ Zt 1 _ - pZt Et 1 -
D=1——(21—5 m) = (@ — 2 — Zo|.
t [ 4 B et r—agCu (wpt lt) r " r—ag (a1 #
For a better understanding of w,; — 2y, let Xyt = §2:Vy:, which characterizes the proportion of

excess payoff uncertainty that can be explained by the uncertainty that comes from dividend in-

novation. When o = 0, the risky asset is short-lived and all the uncertainty comes from dividend

. . . . . 2 L/ V2
innovation. Thus in this case x,; = 1. Notice that 7y = ————— = ‘C% — % Thus
Cre Vat+Go, Vi ot G/ Ve +C5,/ Vi
Va 3 /Vy . . . . . .
(f = et — ) /Yo s the future-uncertainty-adjusted signal-to-current-noise ratio.
1t Cut 2,/ Var+C2,/ V5
1t/ Vet oot/ Vot

Then define the market-wide average future-uncertainty-adjusted dividend-to-total-uncertainty-

weighted signal-to-current-noise ratio to be

1 |
ggt%tTptvxt"i_/ yitpit it At

1€G_1 it

1
Gt

¢ = (B.43)

When o = 0, EL = %Ct Then ((;th — th)/CM = EL'TI.
By
The coefficient of the term 7;; in the price relation is:

5 1\ "1 , 1
Et = 1 - —t(l + OéBtJrl)(Ith— —Et aDtJrl <Z;1 — XﬁtTw) — (1 + aBt+1)_ZZt .
r Ct r <2t

Multiplying both sides by (1 - %(1 + aBtH)wptCit) and rearranging, we have

¥, 1 _ 1 _
t _ ((Dpt — th) -+ ;OCDH_l (]. — 2t>_<§t7—2?> .

E, =
Cor—agy
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2
) 2 <4/ vé Ve 3 /1vE .
Notice that Tyt = —> 1 Y = ng — - 2t ( ac;) - Thus C;Lt = TtV _ 2w — = Cor/ st jg
Clt Vﬂ?t+€2t Vact th Clt/VIri_CQt/Vvact Cat Clt/VIt—i_CQith

the future-uncertainty-adjusted signal-to-current-noise ratio. Then define the market-wide aver-

age future-uncertainty-adjusted dividend-to-total-uncertainty-weighted signal-to-current-noise

ratio as
4 101 VyitTnit vre 3.
1 = o 5Qtvytrptv;t + / . yﬁ—;\/ﬂit di (B.44)
We can then write E, as
1 _ )P
Ey = ;aDt+1 (1 - Etiim) + _—thQTth- (B.45)
In the static case, we have F; = it%rx, which implies that F; = 0.
B.1.3 Existence of Linear Equilibrium
The price coefficients are
x 1- ) _
A = P —Ai(Apir, Avia) + @A S, (B.46)
r—ag r r r
B=—9 (B.47)
r—ag
1 = _
Ct = r—ag (1 — EthtTy) s (B48)
— -1 — — —
Y (e Y - )y b 1
D, = [1 _ a2t <z;_11 ~ Xﬁu%)] { S IO o A Zo_1| , (B.49)
r r—ag r r—ag (a1
1 _ Y,
Ey = ;OéDt+1 (1 - Ztiiﬂx) + _—th;rth- (B.50)
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B.2 Proof of Results
Proof of Proposition 15. In the benchmark case,

r+1 r+1
TextCt + PCt r Teyt - O

Plugging in the solution for 72, and 72,, we have

eyt ’

r+1 | K %
PG = — — [ th
r Yey Vex

0, (B.51)

or

r+1\> K r+1\> K
( ) —Cf—p2€f+< ) — =0.
r Vex r Vey
This is a quadratic equation of (2. We pick the solution which is consistent with the limit. Thus

02—\/p — 4 (& )2(”"—1)4
B Yez \ Yey T

o 220 IC (ri)?
’Yez Yey

]

Proof of Proposition 16. Recall that (if )_1 = ij—l [Ty + (CtB )2 Tx} — pC¢B. Taking the partial

derivative with respect to ||,

0(=F)”
0|7

r+1
=2 , |<f|7—m+p>0-
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By chain rule, we have

0(SP)" _o(=P) " alcP

oK~ oG ok Y
=g\ —1 =5\ —1

0(3F)  _ o) Al _
NMew aKt’ Mex ’

O(38)" 0(BE) 0Pl rtl e
o= o o T @) >0

Var (p;)
oK
- — 5\ —1 - =\ —1
_o|GPoCE  oxp a (=F) Df (oDF 0P 9 (%F) oD/ \ | 9I¢]
n 057 o(sF) " oGl \OSPa(zp) " olPl APl )| oK

Same as in the main model

B B B B
aTeyt o aTEyt aTeyt agt

oKk~ oK IP 0K

The first term

87’% 1
= > 0.
aK 2 ’Yeyc4 _|__ 1 K
/yey Vex ("/eyC4
Vey Yex +1)
dTe]fct _ 8T£t aTgt aCtB

ik~ ok ok ok~
>0 \2’0-/ <0

de;t _ 87’575 6T£t acP .

dK oK 9P 0K’
=~ ——

>0 >0 <0
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dText . aText @Tgt aCtB
Ver  Mew  OCF Oy
N

>0 <0 >0
dTeyt o aTeyt + aTeyljt aCtB .
Oer e O e
NN~

<0 >0 >0
r+1)4 2
= p4_4(’¥:z"/)eyK Q(Ttl
( rtl )2K T+1
8CtB o TeaYey ,04 ’Yez’Yéy
87“ B / r+1 2
Tex (p2 P4* ('Y:z’Y)eyK )
B N
always holds when r, K, p, Vez, Ve, and the equilibrium existence condition hold. ]
il
Proof of Lemma 7 (Comovement of ©; * and |(;|). The signal-to-noise ratiois ; = ET o whlch
leads to
_ 1 1
sl e (B.52)
r

Taking partial derivative with respect to (;, we have

ai;l_ r+1

= ~+p>0.
a|<-t| |Ct|7- P

The information processing capacity K, learning costs ez, e, and 7,,, and the prior precision of
dividend innovation 7, affect ;! solely through |(;|. Thus any change in |(;| caused by K, 7.,

Yeys Vv OF T, Will be accompanied by a change in 33; ' in the same direction. O

Proof of Proposition 19 (Signal-to-noise ratio and average posterior precision of dividend innovation).

Recall that $;! 12t+§]t, which leads to ¥; ijlquL%TEyt—l—ﬁyt—i—(t (ﬂTm + %Tm + Tewt + fywt_l).
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Plug it into (B.52), we have

1 . . 1 .
(;Tsmt + Text + Tuwt—l) CtQ + Pgt + ;Teyt + Teyt = 0.

(B.53)

This is a quadratic equation of (;, which has two solutions. We pick the larger solution, since

when there is no demand information, the solution converges to the unique solution in the models

where there is only dividend innovation acquisition.

—p + \/ﬂQ —4 (%Tea:t + 7A—e;vt + 7A_1/act—1> (%Teyt + 7A-eyt)

- R < 0.
2 (;Temt + Text + Tua:tfl)

Gt

B.2.1 Information Choices

Proof of Proposition 13. (a) is obvious to see since 7,,;; does not enter the ex ante utility.

(b) The Lagrangian is
L= Eey%eyit + LethQf—exit — A ([’Yezfgzit + %y%ezyit} - K) ‘

The first-order conditions are

oL - .

O eyit = Ley = 20 Teyie = 0,
oL - .

87A'em't = Leny - 2>\7€x7—eazit = 0,

which yields

~ Yey 2~
Texit = Ct Teyit -
ex

Plugging (B.55) into the budget constraint yields the optimal information choices.
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Proof of Lemma 6. To simply calculations, one can do a strictly increasing transformation of the
ex ante utility

+
—E _e_pW¢t+1+ [

V¥ 9 ; —InH, +1nHy, + Hy + H,, (B.56)
e—Pr Wo

where

Var <d~t+1 | Z’tﬂ) + Xz + X,

H, = ~ - , (B.57)
Var <dt+1 | Iit+1>
VYar <(it | Izt) + ES
Hy = ~ (B.58)
V(IT (dt | Izt)
iQ 2~2
Hy = M , (B.59)
Var (dt+1 | Iit-i—l) + Xz + X,
$2 272
H, = P (B.60)

 Var (Jt | Iit> Fyg

Notice that 7., and 7, enter only through Var <th | Iit> and Xg via Hy and H,4. Thus we only
BVar(Jt\Iit) B 8Var(cit\lit)

Teyt OText

need to check whether (? and 25 — 8%; (? hold. Recall that

OTeyt ~ OT,

1
Ty + Teyt + th (Tx + Teact) .

VYar (Czt | In) =

Then
oVar (Jt | Iit> 1
= — 5 (B.61)
8TEyt [Ty + Teyt + CtQ (Tx + 7—€xt):|
oVar (Jt | Iit> ¢2
=— : 5. (B.62)
OTeat [Ty T+ Teyt + Ctz (Tx + Temt)]
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OVar (cit \Iit) - OVar ((it |Iz't)

Thus ¢? holds. One has

67—5yt OTeat
b3 b3 . e
Yo 2% Teyt +2Ct7 AR (B.63)
Ty Tx [Ty + Teyt + Ct (Tm + Tezt)]
Take partial derivative with respect to 7., on both sides, one has
825 . 2b2 Ty 2b3 Cﬂ';c
OTeyt Ty [Ty + Teyt + <t2 (72 + Tezt)]Z Tz [Ty + Teyt + CtQ (72 + Tezvt)]g
1 eyt T G e
+ 5 -~ _2 Tyt 2Ct7— t =, (B64)
[Ty + Teyt + (Tw + Teat)] [Ty + Teyt + G (Tw + Teat)]
0S5  2by ¢, 2b3 G
aText 7—y [Ty + 7—eyt + Ct2 (Tx + Text)]Q Tx [Ty + Teyt + CtQ (Tm + Tﬁwt)]Z
2 2
€ + €T
C; -2 Teyt ftT ! . (B.65)
[Ty + Teyt + (Tw + Teat)] [Ty + Teyt + G (Tw + Teat)]
Therefore 225 = 9%s (2 holds. O

8'7'eyt - OTeqt O

Proof of Proposition 14.

Step 1: Calculate learning indices

On the one hand, from the proof of Lemma 6, we know that the learning index associated with

the signal for current fundamental shock is

OlnHy, OH,
Le it — ;
vt 3T€yt + (9’r€yt
with
811’1 H2 1 825 8Var <dt | Izt)

Oon [Var (Jt | Lt) + ES] Var (dt | Lt) anytVW <Jt | Iit) -

8H4 i?p%?? aES oVar <CZt ’ Iit)

OTeyt [Var (Jt | Lt) + ZS} © | O Oyt

oVar Jt|I-
225 and G
Teyt 67—eyt

where are calculated by (B.64) and (B.61).
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On the other hand, notice that 7,,,; enter the ex-ante utility function only through Var <cit+1 ] iitJrl) ,
Y.z and X, via H; and Hs. Thus

Oln H; 0H;
Luazi - >
! aTlICEt + 87—1/1%
with
8 > Ea g S aVar d~ ‘iz
omH, o Var (dior | T ) — RorlfnBe) (5, 1 5,)
aTyxt Var (dt-i-l | jit—f—l) + ZZ —+ Za Var (dt-i-l | jit—f—l)
OHy 52, P 0(Sz+%.) , IV (dess | Zens)
- - - 12
87_113;15 VCLT <dt+1 | Iit+1> + EZ + Ea aTyxt aTV:ct
Recall that
Var (dyss | Zu !
ar " - N N .
i+ i Ty + Teyit+1 + C152+1 (T:v + Texit+1 + Tl/:vt)
Thus
oVar <Czt+1 | i—it—H) ¢y
aTVﬂ [Ty + 'f_eyit—f—l + C152+1 (TJ: + 7A_exit—i—l + Tua:t)] ‘-
One has
a3 ai+c? Teyit1 + CFoaTexit+1

Sz+ 8. =2+ - 5 - 7
Ty Te + Toat [Ty + Teyit+1 + Ct—i—l (T:c + Tezit+1 + Tl/:ct)]
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Taking partial derivative with respect to 7,,; on both sides, we have

02z +2,)
87—1/:(:15
_ @ <t2+17'y a% +

~ N 2 2
Ty [Ty + Teyit+1 + <t2+1 (Tz + Texit+1 + Tyzt>:| (T;c + Tyxt)

2a3 Cev1

G (Ta + Tvar)

I 2 o N ~ 2
Tr + Tozt _Ty + Teyit+1 + Ct+1 (Tx + Texit+1 + TVCCt) [Ty —+ Teyit+1 —+ th-I-l (Ta: + Teait+1 —+ Tuact)] ]

2c Ces1

C?-s—lTac

o 2 a ~ A~ 2
T+ Toat | Ty + Teyirrr + Ca (T + Teaieer + Towt)  [1 4 Feyivgr + oy (Te + Feitsr + Toar)] |

A 2 A
Teyit+1 + Ci1 Tewit+1

~ ~ 3"
|:7—y + Tsyit+1 + C1€2+1 (Tac + Texit+1 + Tl/act)}

—2¢2,,

Step 2: Characterizing information choices with F.O.C.'s and information capacity constraint

The first-order conditions to the information choice problem are

oL
aTeyt = Leyit - 2)\75y7-6yt = 07
oL
angt = Leyith - 2)\76967-6:1% = 07
oL
- Ll/mit - 2>\’7ym7_uzt = 0.
aTumt‘

Dividing them against each other, we have

Yz Leyit

Teyt = 7 vzt
Vey Luxit
0z Leyit 2

Text = Ct Tyxt-
Vex Lum't

Plug them back into the budget constraint (2.4), we have

2
Tow |7 g
vt VT r2 VT r2 4 2 _

LEyit+ LeyitCt +Luzcit -

2
Lz/zit %y €T Yoz

178

(B.66)




Define

Oln Ho OHy

_ Leyit OTeyt OTeyt
fa =7 = gmm o, (B.67)
vait OTvat OTvat
Then B.66 simplifies to
K
|2 g2+ LR 1| = —.
P)/ey Yex vT

]

Proof of Theorem 3 (Price Volatility). The unconditional price volatility is Var(p,) = G 4 Di

Ty Tz

Take partial derivative with respect to K, we have

(B.68)

- o, 06, 9¢ )| 0K

(3Va7“(pt) —9 g%(‘?—it + & GD,: @it 8Dt @Q
0K Ty ait (9(,5 Tr

We then need to determine the sign of the term inside the square brackets. To do that, we first

derive the partial derivatives of C; and D, with respect to >, and ;. We have g—% = —%Ty,
g—% = G — p, %—Zt = H%,7, and %—% = Y7 (p — 2tL(;7,). Thus the term inside square

brackets becomes

CLOCO%, Dy (9D 0%, oD,
Ty 6Z_3t 3Q T ﬁit 8g 6(}

1-H87, ( r+1 ) o r+1
= - ”’(— Ty)zf <p—2 . g,%>

Ty T
LS G — P2 1 _ 1 1-
+ - tCtT p d |:<7a ki Cth - P) Z% (p - 2r i <t7x> + I Zt7-ac:|
Tx T T T

_ 1 1_ 1
= Z?{[r—’_ (1 — r EtTy> <2r+ gth —p>
r r r
r+1 r+1 3 r+1 r+1
r r Tr r r

Let A =5t (1 =80m,) (25326 — ) +(5E20m — ) [(5526me —p) 2 (p = 25520m) + 22,

T
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For a given parameter region, we determine the sign of A.

For A <=0,( <0, p, 7,7, > 0and Yol = %Ty + T“TZQ — pC: > 0 to hold at the same
2'r+17_zp+3('r+1) Qct
—(TjI)QTITyp—pQ‘—&-Q(Til) TIQTth+4ijlT p2(— 5(%1)2712,0@24-20#)372(3.

Substitute in 3, and solve for (;, we have {¢; | {; < 0}if 7, > Q,, {¢ | ¢ < ¢ or § < ¢ < O} if

time, we must have 0 < %, <

Q. <7< Qpand {¢ | ¢ <¢}if0< 7 <Q,. Since % < 0, the sign of V‘" pt) is:
(a) if 7, > Q,, then 9Var(p:) > (;

oK

(b) if Q, < 7, <, then

OVar(p,) | >0, if¢ < or < ¢ <0,
8K < 0, lfgt < Ct < ét,

() If0 <1, <, then

oVar(py) | >0, if§ <,
0K <0, if(, < <0

_ ) ) _
where Q, = @, Q, = (E% G = 5 [ p+ \/ % 7.7, + 5p?|, and ¢, =

r r 2
2(r4+-1) 7 |:_P o —4 (%) TaTy + 5p2:| ’ 0
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Appendix C: Appendix of Chapter 3

C.1 General framework of optimal linear filtering

Generally, the unobservable state of the world V; and the observable signal P, are related by
AP, = AV, dt +B,(P,) dZ, = [AV, — ;] dt +Bi(P) dZ;, (C1)

where A, is deterministic at time ¢, and B;(P,;) is F;-measurable. We are interested in the optimal
(minimum mean-square error) estimator for a F;-measurable function h,(V;, P;). Assume that h,

can be represented by

dh, = H,dt +b,dZ] (C.2)

where H; is a random process with P (fOT |Hg|ds < oo) =l and fOT E’[H?] dt < oo, by is a ran-
dom process with P <fOT |bs| ds < oo) — 1, and Z/ is a standard Wiener process over ({2, F,P),
independent from Z;. Let 7 = {P;;0 < s < t} denote the information filtration generated by
the history of signal realizations, which is publicly observable. Agents also have a common prior

Vo | FE ~ N(mg, ). Let wj(h) = E [, | F¥']. Theorem 4 shows how 7} (h) is updated.

THEOREM 4. Let the partially observable random process (V, P) permit the representation given by
(C.1) and (C.2). If sup,_, ., E*[h}] < oo and fOT E’ [V;2] dt < oo, then V't € [0,T), it holds almost

surely with respect to probability measure P* that
dmi(h) = m(H) dt +A; [m(RV) — m(h)m (V)] dZ]", (C3)

where the innovation process dZ!'" = ﬁ [dP;, — (A; — n}) m (V) dt].

181



Theorem 4 can be proved by invoking the Liptser-Shiryaev optimal filtering equation' and
change of measure. However, it does not explicitly specify the dynamics that V; follows. In some

special cases, though, we can write out its dynamics. If h; = V; and H; = a;V}, then

AV, = a,V, dt +b,dZ] . (C.4)

Then equation (C.1) and (C.4) are the state-space representation that is widely studied in eco-
nomics and finance literature. Applying Theorem 4, one can get the conditional mean of V; from

agent 7’s perspective, which is summarized by the following proposition.

PropoSITION 28. Let mj = E' [V, | FF']. Then

dm! = a;m!dt +Ayidz], (C.5)

where dZ" = Bt(lpt) [dP, —(A; — n)m! dt].

By applying h; = V;? to Theorem 4 and Ito’s Lemma to Proposition 28, one can get the track-
ing error (conditional variance) of V; from agent ¢’s perspective, which is summarized by the

following proposition.

PROPOSITION 29. Let ) = E' [(V, — mi)* | F']. Then (C.5) and

t t
(Vi) = mo + / 20,7 (V2) + 1] ds + / A i) +2mini] 4zl (o)
0 0
t t
(mi)? =i+ [ [20. (mi)* 4 22 (31)7] ds2 [ Aaminiaz! 7)
0 0
v =m(Vi) — (mj)* (C3)

jointly characterize ..

Liptser and Shiryaev (2001) proved a more general version of the optimal filtering equation.
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C.2 Solutions to the main model

Proof of Proposition 29. We take h; = V2. Then by Ito’s lemma,
dV2 = (2a,V;2 + b7) dt +2b,V; dZ] .
Apply (C.3) to V}%, we have
dm (V) = [2a,mi(V2) + 2] dt +A(t) [mi(V?) — 7 (V)mi(V2)] dZF

Due to the Gaussian behavior of the process {V;, P;}, the moments 7} (V") for all n > 3 can be

expressed in terms of 7} (V') and 7} (theta?). In particular,
i i i )3 ini
7Tt<v3) - Wt(v)ﬂ't(v2) = (mt) + 2myy,

and therefore,

dmj(V?) = [2a,m,(V?) + b7 ] dt +A(t) [(mi)g + meﬁz} dzl.
Applying Ito’s lemma to (C.5), we have
d(mi)? = [Qat (mi)? + A%(1) (7;')2] dt +2A(t)ymivi dZP .
Integrate the above two equations from 0 to ¢, we have

t t
V) = mg + / [2a,7 (V?) + 2] ds + / A [(mg)3+2m27§] dzr
0 0
t

t
(mi)” = mj + /O [2as (mi)? + A2 (7;')2} ds +2 /0 AgminidZPi

Then equations (C.5), (C.6), (C.7) and (C.8) jointly characterize ~!. ]
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Proof of Proposition 24. The Bayesian agent has an objective perceptual set P. The observable
process P, follows

dP, = Vdt +0dZ, (C.9)

which has the solution P, = Py+Vit+o fg dZ,. Ateach t, the Bayesian agent compute the condi-
tional mean and variance of V, by m;, = E [V | FF } and vy, = E [(V —my)’ | FP }, respectively.

The innovation process becomes
P 1
o

It is a standard Wiener process with respect to /" under IP. The Bayesian agent’s belief updating

process follows:

dm, = %dzf, (C.11)
2
N
dy = — <;2) dt . (C.12)
By integrating (C.12), we obtain
2
Y00
= —. C.13
T ")/ot + o2 ( )

Since lim;_,, y; = 0, the unknown state V' is eventually learned. To solve for the expected state

of world, combine (C.10) and (C.11) to get

dmt = l; (dPt — Tt dt)
o

1 1
— Zdmy =~ 44— 4P,
Vi o o’
1 1 1
:>—dmt—|—mtd—:—2dPt
Yt Yt o
1
Ve o
t
SEN mt:'tho+l';(P0+Vt+a/ dZt>.
Y0 a 0
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Plug in the solution of 7; to finally arrive at

my (C.14)

_ moo? + Poyo v Yol Yoo /t
Yot + o2 Yot + 0% Yt + o2 ), b

Then it is obvious to see that lim; ,., m; = V. So the Bayesian agent eventually learns the true

state of the world. O]

Behavioral agent i views the world through the lens of her subjective perceptual set P*. P,

has the following dynamics under measure P:
dP, = (V —n")dt +odZ}, (C.15)

which has the solution P, = Py + (V — i)t + o/t [, dZ]. At time ¢, from agent i’s perspective,

V has conditional mean

mj =K' [V | F}] (C.16)
and variance
i Toi i\ 2 P
i =E [(V —my)” | F; } : (C.17)
The innovation process
. 1 ) .
dzZ; = — (dPt —(m; —n") dt) . (C.18)
o

It is a standard Wiener process with respect to 7/ under P!. Behavioral agent i updates belief as
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follows:

dmi = 1 dzi, (C.19)
o

N2

dyi = _@ dt . (C.20)
o
By integrating (C.20), we obtain

' Y00
= — C.21
T ’)/ot + o2 ’ ( )

which is independent from ¢ and the same as that of the Bayesian agent. At a given time ¢, all
behavioral agents and the Bayesian agent have the same posterior precision about V. To solve

for the expected state of world, we combine (C.18), (C.19) and (C.20) to get
moo” + Pyyo

dmizl(dﬂ—(mi—ni)dt) — mi= —— (V49 Yot +—17 /tdZt.
Yot + o Yot +0* "yt +o? )y

(C.22)

Then it is obvious to see that lim; .., m! =V + n".
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