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Abstract
Optimally Graded Cellular Materials To Mitigate Impact Loading

Vijendra Gupta

Cellular materials are increasingly utilized for impact protection due to their excep-
tional energy absorption and resistance to impact forces. Introducing density gradation
enhances their performance by optimizing energy dissipation and crashworthiness. This re-
search explores the influence of density gradation in cellular materials subjected to shock
and impact loading through a comprehensive integration of analytical, numerical, and ex-
perimental methodologies. An analytical model based on classical shock theory is devel-
oped to characterize the dynamic compaction of these materials. Numerical simulations,
using cell-based finite element models and Voronoi tessellation, capture deformation at the
mesostructural level, while experimental studies leverage high-speed imaging and digital im-
age correlation to analyze their behavior. Advanced resin-based additive manufacturing is
employed to fabricate density-graded specimens precisely. The findings reveal that density
gradation significantly affects deformation patterns and impact resistance. Functional gra-
dation allows for tailoring mechanical responses, enabling optimized stress distribution and
energy absorption. The study identifies an optimal density gradient configuration that max-
imizes impact resistance, offering valuable insights for designing high-performance cellular

materials across various engineering applications.
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Preface

0.1 Motivation

Cellular materials are renowned for their lightweight nature and exceptional energy ab-
sorption capabilities, making them indispensable in applications requiring impact resistance
and crashworthiness. Traditional cellular materials, while e ective, often fail to address the
growing demand for tailored mechanical responses under varying conditions. Density-graded
cellular materials provide a transformative approach by enabling spatial variation in prop-
erties, allowing for precise tailoring of mechanical performance to address these limitations.

The rapid advancements in additive manufacturing have unlocked new possibilities for
fabricating complex cellular structures that were previously unattainable, paving the way for
the development of density-graded cellular materials with superior energy absorption and
impact resistance capabilities. By leveraging stochastic modeling techniques like Voronoi
tessellations and resin-based fabrication methods, innovative designs have demonstrated en-
hanced energy dissipation and stress mitigation compared to uniform-density counterparts.
These advancements highlight the critical role of density gradation in tailoring the mechani-
cal response to speci ¢ performance requirements, particularly under low- and high-velocity
impacts.

Despite signi cant progress in understanding density-graded materials, existing research

predominantly relies on numerical methods to analyze their behavior. Analytical solutions,
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while more e cient for parametric studies and design optimization, still need to be explored.
This gap limits the broader application of density-graded materials in engineering designs,
especially where rapid and precise evaluations are necessary. Developing explicit analytical
models that accurately predict impact resistance, energy absorption, and stress transmission
would bridge this gap and signi cantly advance the eld.

Beyond density gradation, exploring other gradient mechanisms, such as cell wall thick-
ness variations, reveals additional opportunities to optimize mechanical performance. Tai-
lored cell wall gradients can enhance energy absorption and strength through local sti ening
at critical locations, further expanding the design space for high-performance cellular mate-
rials.

This research is motivated by the need to address these gaps and fully harness the poten-
tial of density-graded cellular materials. By combining advanced computational modeling,
additive manufacturing, and analytical techniques, this work aims to develop new strate-
gies for designing and optimizing cellular structures. The insights gained will contribute to
the practical utilization of these materials in the automotive, aerospace, and defense indus-
tries, where lightweight, crashworthiness and superior energy absorption are of paramount

importance.

0.2 Objectives

The primary objective of this research is to advance the understanding, design, and
development of density-graded cellular materials to achieve tailored mechanical responses,
enhanced energy absorption capabilities, and e ective mitigation of shock and impact load-
ing. To address key gaps in current knowledge, this research focuses on the following speci c

objectives:

1. Tailored Mechanical Behavior : Develop cellular structures with customized stress-
strain responses through density gradation and establish constitutive models that ac-

curately describe the mechanical behavior of density-graded cellular materials.
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2. Integration of Additive Manufacturing . Utilize additive manufacturing tech-
niques, such as resin-based fabrication, to produce cellular materials with precise den-

sity and cell wall gradient con gurations.

3. Performance Evaluation : Assess the mechanical behavior, energy absorption and

impact resistance of density-graded versus uniform cellular materials.

4. Development of Analytical Solutions : Formulate explicit analytical solutions to

predict the response of density-graded cellular materials under impact loading.

5. Optimization of Density Gradation . Identify optimal density gradient con gura-
tions that maximize energy absorption and minimize stress transmission under low-

and high-velocity impact conditions.

6. Exploration of Local Cell Wall Gradation Mechanisms . Investigate the e ects

of cell wall thickness gradients on mechanical performance and energy absorption.

This research aims to provide a comprehensive framework for the design and development
of density-graded cellular materials, facilitating their use in engineering applications that
require tailored mechanical properties, superior energy absorption, and enhanced impact

protection.

0.3 Dissertation organization

Chapter 1 develops a three-parameter empirical constitutive model to characterize the
mechanical behavior of density-graded cellular materials, focusing on rigid polyurethane
foam. By utilizing density-dependent material parameters, the model enables the tailoring
of stress-strain responses, providing a versatile approach for customizing material behavior
in design applications.

Chapter 2 presents the dynamic behavior and energy absorption of additively manu-

factured cellular materials with varying densities. Various con gurations of density-graded
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foams are compared and studied by employing Voronoi tessellation and resin-based fabri-
cation techniques. The dynamic deformation of these foams is experimentally investigated
under low-velocity impacts using a drop tower and high-velocity impacts with a modi ed
shock tube. Cell-based nite element models are utilized to analyze local deformation be-
havior.

Chapter 3 proposes an analytical closed-form solution to predict the response of density-
graded cellular materials under rigid body impact in a stationary impact scenario. In this
scenario, a rigid mass strikes the stationary cellular material with an initial velocity. The
chapter derives solutions for key parameters, such as energy absorption and incident stress,
with results that validate existing numerical models, providing a valuable tool for designing
graded structures to mitigate shock and impact loading.

Chapter 4 formulates analytical solutions for the deformation of density-graded cellular
materials under direct impact loading, contrasting with the stationary impact scenario dis-
cussed in Chapter 3. In this scenario, a cellular material moving with an initial velocity
strikes a rigid surface. The in uence of the density gradient on energy absorption and stress
transmission is evaluated. This chapter establishes an analytical framework for determining
the optimal density gradient to achieve maximum impact protection, facilitating the design
of density-graded cellular materials for various applications.

Chapter 5 details the e ect of cell wall thickness gradients on the mechanical performance
and energy absorption of cellular materials. Gradient magnitudes are systematically ana-
lyzed through cell-based nite element models, with experimental validation using additively

manufactured specimens.
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Chapter 1: Designing density-graded cellular materials for tailored

constitutive response

This chapter is published as: V. Gupta and A. Kidane, Designing density-graded cellular
materials for tailored constitutive response, Compos. Part B Eng., p. 111793, Aug. 2024.
https: // doi. org/ 10. 1016/ j. compositesb. 2024. 111793

1.1 Introduction

Cellular materials, characterized by their porous structures, present numerous advantages
and nd diverse applications across various industries [1]. Their lightweight nature and
high strength-to-weight ratio make them well-suited for applications requiring structural
integrity with minimal weight, such as in the aerospace and automotive industries. Their
ability to absorb energy e ciently makes them valuable in impact protection systems [2 4],
ranging from helmet liners to automotive bumpers. Moreover, they are utilized as implants
to support, enhance, or replace biological structures [5]. Additionally, their low thermal
conductivity makes them ideal for insulation purposes [6, 7]. With their diverse bene ts and
wide-ranging applications, cellular materials drive innovation and have become indispensable
across a spectrum of industries.

Cellular materials dissipate substantial energy due to their extensive deformation, which
is primarily governed by their density. While higher-density cellular materials display im-
proved energy absorption, they also incur elevated stress levels, posing a risk of damage if
acceptable limits are exceeded. Conversely, lower-density cellular materials transmit lower
stress but absorb less energy. The optimal density maximizing energy absorption while ad-

hering to speci ed stress thresholds can be identi ed through energy absorption diagrams



[8]. These diagrams analyze energy dissipation and stress levels, aiding in selecting suitable
cellular materials. Another complementary tool, the e ciency diagram [9], also provides re-
sults equivalent to those obtained through energy absorption diagrams, o ering an additional
method for optimizing cellular material performance.

Cellular materials often encounter diverse energy dissipation demands due to the un-
predictability of the loads they face. For example, a cellular material used for packaging
protection may experience a variety of loading scenarios, and a helmet must absorb en-
ergy to prevent injuries during various impact conditions. Moreover, protective devices such
as motorcycle helmets must pass multiple impact attenuation tests to meet regulatory re-
quirements, highlighting the need to accommodate unpredictable loads. An optimal density
selected through an energy absorption diagram may not e ciently handle uncertainties. Its
at plateau in the stress-strain response could lead to poor performance at low-stress levels
or incur high stress even if absorbing a small amount of energy. Density-graded cellular ma-
terials allowing density variation along the length can mitigate this problem by combining
various densities to achieve superior energy absorption performance.

Density-graded cellular materials represent an emerging engineering material class, and
their energy absorption ability has been an active research focus [10]. Cui et al. [11] studied
energy absorption by considering various density gradient functions, such as power-law and
logarithmic density variations, and determined the peak accelerations. Their research indi-
cated that the density-graded foams could shorten the duration of high acceleration in impact
events. Koohbor et al. [12] delved into energy absorption in graded foams with di erent
density pro les using an existing parametric constitutive model [13]. Experimental studies
on graded polyurethane foam with nonlinear density variation have also been conducted [14].
Moreover, researchers have developed nite element models to optimize the energy-absorbing
liner of an equestrian helmet [15, 16]. Many investigators have employed cell-based nite-
element models to study the dynamic responses of density-graded cellular structures [2, 17

20]. Hou et al. [21] speci cally examined the energy absorption of density-graded auxetic



cellular material, concluding that gradient-designed structures exhibited superior energy ab-
sorption capabilities. Additionally, the energy absorption of density-graded honeycombs has
been extensively probed [22 25]. Several aforementioned studies have reported that density-
graded cellular materials enhance energy absorption performance. It has been noted that
both the density and the density gradients can signi cantly in uence material behavior. This
paper delineates the e ects of density from those of density gradients, focusing on the impact
of density gradients on stress-strain responses and energy absorption performance.
Furthermore, density-graded cellular materials expand design possibilities by allowing
tailored material responses through the amalgamation of di erent densities. Their customiz-
able nature allows for tailoring properties to speci c needs, enhancing their versatility in
design. Several studies have focused on customizing lattice-based architected cellular ma-
terials to achieve desired properties. For instance, Kumar et al. [26] examined 2D cellular
metallic structures, enabling the design of materials with unique mesostructures. Another
study explored customizing graded cellular structures to reduce stress-shielding e ects [27].
While architected cellular materials provide bespoke properties, stochastic cellular materials
o er advantages such as improved damage tolerance and near-isotropic properties in addi-
tion to tailorability due to their inherent randomness. Chua et al. [28] concentrated on
optimizing the acoustic properties of stochastic-graded cellular structures. Despite consid-
erable research, limited e orts have been directed toward optimizing density-graded cellular
materials to achieve speci c material properties. This paper aims to determine the optimal
functional form of density-graded cellular materials required for a speci c target stress-strain
response using experimentally obtained material parameters from uniform-density structures.
In this study, rigid polyurethane foam, a widely used cellular material, is considered.
Its material behavior is modeled using an empirical constitutive law, as detailed in Section
1.2. The material parameters of the constitutive model are determined through laboratory
experiments, as shown in Section 1.3. Using the density-dependent material parameters, the

response of the density-graded foam with various density con gurations is studied, aiming to



tailor its behavior for speci ¢ material responses as discussed in Section 1.4. Subsequently,

concluding remarks are presented in Section 1.5.

1.2 Empirical constitutive model

Fig. 1.1 depicts the typical characteristic mechanical behavior of cellular foam materials
with three distinct regions: linear elastic, plateau, and densi cation. In the linear elastic
region, stress is proportional to strain. The plateau region immediately follows the linear
elastic response, with signi cant energy absorption at approximately constant stress. Lastly,
the densi cation stage is marked by a sharp increase in stress as the material becomes dense.
In order to capture this comprehensive response, the following nonlinear constitutive model

is proposed:

n n 2

f :fptanh ﬁ R W

(1.1)

wheref is the engineering stress) is the engineering strainf j is the plateau stress, is
the elastic modulus and is the hardening parameter. The material behavior can be de ned
using just three parameters: , f ,, and . Each parameter corresponds to a speci ¢ region
of the characteristic response, linking to the underlying physical mechanisms in those regions.
The hyperbolic tangent term in Eq. (1.1) incorporates both the initial linear elastic response
and the plateau behavior. The hardening term associated with describes the densi cation
phase and tends tal whenn! 1, as is physically required for compression loading. The

derivative of the function f 1n° or the tangent modulus is given by:

n 2n
fOi0= sech — @ ——
fp * 11 ne3

(1.2)
It can be deduced that asn! 0, f °!
A quadratic function of nin the hardening term is used to capture the sharply increasing

stress-strain curve in the densi cation phase. There are other similar forms for the hardening



Figure 1.1: Typical cellular foam material response

term in the literature incorporating the exponent of the functionne1l n° as an additional
tting parameter. Although having an extra parameter may increase the tting capability
to some extent, an increased number of parameters makes the nonlinear regression more
di cult. In general, Eg. (1.1) can be utilized for most cellular materials. The model can be
modi ed for speci ¢ applications as needed since it is exible to capture the distinct phases
of cellular foam material. Typically, the parameters andf - are readily available for many
cellular materials. In cases where the densi cation phase is not necessary to model, the
hardening term can be dropped from the Eq. (1.1) to result in the following truncated form:

n

f =fptanh — (1.3)
fp

In other cases, thaanh function can be replaced by unity if only the plateau and hardening

phase are essential, leading to the following reduced form:

n 2

f :fp> 11 2

(1.4)

In the present work, the original form of the constitutive equation given by Eq. (1.1) is
employed, and all the three parameters are determined for rigid polyurethane foam from the

experiments.



It should be noted that a closed-form antiderivative of n° also exists and is used to

determine the energy absorbed per unit volume () given by:

! 2

12 n°
, = fdn:—plncosh1 . n
fp 1

. 2Inj1 nj (1.5)

where, n=0°=0is used to eliminate the integration constant.

1.3 Determination of model parameters

1.3.1 Material specimen

Extensive compression experiments were carried out to identify the parameters f p,
and for a wide range of densities of rigid polyurethane foam. Specimens were prepared on
a vertical milling machine from LAST-A-FOAM® FR-7100 rigid polyurethane foam boards
sourced from General Plastics. Fig. 1.2 displays two samples, corresponding to densities of
64 kg/m® and 640 kg/m?. Based on the cell sizes, the densities ranging from 64 kginto
160 kg/m® were categorized as low-density specimens, whereas the densities ranging from
320 kg/m3 to 640 kg/m3 were considered as high-density specimens.

The recommended minimum specimen height according to Ref. [29] is 25.4 mm. The
average cell size of the low-density samples ranged between 180and 250" m, while those
of the high-density samples spanned from 100n to 150  m. The microstructure of samples
with densities of 160 kg/n? and 640 kg/m? is shown for reference in Appendix A.1. Given
their smaller cell sizes, high-density samples can accommodate more cells within a given
size, making smaller specimen sizes su cient for them. Consequently, the nominal size for
the low-density specimens is 20 24 O 24 mn?, whereas for high-density specimens is 18
O 18 © 18 mn?. This leads to 96-160 cells in low-density specimens and 120-180 cells in
high-density specimens along one direction, which ensures the size of the specimen would
not a ect the result. Previous research study [30] has shown that about eight cells along a

direction are enough to capture the macroscale response accurately.



Figure 1.2: Rigid polyurethane foam specimens with densities of 64 kgirand 640 kg/m?

Four samples of each density were considered to ensure repeatability. Table 1.1 presents
the nominal and measured densities, with mean values and standard deviations in parenthe-
ses. The measured densities were determined by measuring the weight and side lengths of
the specimens (See Appendix A.2.1), showing deviations from the nominal densities reported
by the manufacturer, with higher deviations observed in denser specimens.

The specimens were loaded in compression on the MTS Model E43 load frame with a
strain rate of 1.670 102 s as per the standards for quasi-static experiments [29]. The test
temperature and relative humidity were maintained at 23 2 °C and 50+ 10% respectively.

In order to reduce friction between the specimen and the compression platens, white lithium

grease was applied on the contacting surfaces.

1.3.2 Stress-strain response

The load-displacement curve obtained from measurements is adjusted for toe compensa-
tion [31]. Fig. 1.3 illustrates the initial phase of a compressive load-displacement curve for
the nominal density of 64 kg/n?. The raw load-displacement data tends to have an increas-
ing slope at the beginning of compression due to the high compliance of outermost cells at
the boundary. In direct contact with the compression platens, these boundary cells deform

easily, even under extremely low loads, due to the absence of support from neighboring cells



Table 1.1: Nominal and measured densities of specimens

Nominal d (kg/m3) Measuredd (kg/m 3)

- mean  (std. dev.)

64 63.1  (0.745)
96 93.1  (0.339)
128 124.3  (0.308)
160 153.8 (2.32)
320 318.6 (1.56)
480 470.5 (1.71)
640 693.1 (5.07)

on the outer side. This lack of support makes them less sti than the interior cells, which
are interconnected with other cells from all directions.

To accurately interpret the data, the zero-displacement point or zero-strain point on the
load-displacement curve must be determined. This point is identi ed by locating the in ec-
tion point on the curve and then nding the X-intercept using the slope at the in ection
point. Once the zero-displacement point is established, all data points before the in ection
point are discarded, and the remaining data is shifted so that the zero-displacement point
coincides with the origin. A linear behavior is taken between the zero-displacement and in-
ection points. This toe compensation procedure is applied to correct the load-displacement
curves for all other densities.

The corrected stress-strain data for high-density and low-density foam specimens are
shown in Figs. 1.4a and 1.4b, respectively. Across all specimens, both the elastic modulus
and plateau stress show an increase with density. As seen in Fig. 1.4a, the stress remains
remarkably low up to high strain values for low-density specimens; however, it rapidly es-
calates after a certain point, even with a modest increase in strain. In some specimens, a
slight dip in the stress-strain curve is observed after the linear-elastic portion, attributed to

cell buckling at the mesoscale level [1]. This softening behavior is evident in the inset plot



Figure 1.3: Toe compensation for nominal density of 64 kg/n

of Fig. 1.4a.

On the other hand, Fig. 1.4b shows that high-density foams demonstrate a more gradual
increase in stress with increasing strain. The monotonicity of the stress-strain curve is
interrupted by macro-scale fracture, indicated by dashed lines. Although the foam specimens
continued to withstand load even after the macro-scale fractures, data beyond the fractures

were discarded for further analysis.

1.3.3 Material parameters

The material parameters , f,, and in Eq. (1.1) are determined through nonlinear
regression analysis using the experimental stress-strain data. Fig. 1.5 shows the experimental
data, their model ts and corresponding R values for nominal densities of 128 kg/fhand
320 kg/m3. The model appropriately captures trends in the experimental data as indicated
by the R? values approaching unity.

As previously stated, the data beyond the macro-scale fracture is discarded for high-
density specimens to obtain the material parameters. Conversely, data up to 90% strain is
considered for low-density specimens in parameter determination. Although the model does

not capture the softening behavior immediately post-yield (see Fig. 1.4a), this deviation



Figure 1.4: Stress-strain responses of uniform-density specimens (a) low-density specimens
(b) high-density specimens (vertical lines mark the onset of macro-scale specimen failure and
the data beyond this point is not used for parameter estimation)

10



is deemed insigni cant compared to the overall response, which the model is designed to
capture.

Table 1.2 presents the means and standard deviations of the material parametersf p,
and obtained from four samples of each density. These mean values are plotted against
nominal density in Fig. 1.6, showing the variation in each parameter, which can be described

by the power-law relationship given in Eq. (1.6):

= f 31d° ds°:1
fp=af 5ideds (1.6)

= 3f S 1de ds°:3

where f s and ds represent the yield stress and density of the solid material, respectively.
Here,f 5 and ds are taken as 127 MPa and 1200 kg/f respectively [1]. The solid material
yield stress and density are included in the model to make the constantgand =g (8= 1-2-3)
non-dimensional. The terms gand =g are referred to as material constants to di erentiate
them from , fp, and , termed as material parameters . These material constants are

determined through the least square method, and their values are given in Fig. 1.6.

1.4 Density-graded material
In a density-graded specimen, the density varies along its length according to the following
power-law equation:
d=d;, dG 1.7)

where d; and d, are the densities at the two ends, d = d2 d; is the density gradient,G
is the normalized coordinate along the length (ranging from 0 to 1) and is the power-law

exponent. The average density, denoted a%, can be calculated by integrating Eq. (1.7),
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Figure 1.5: Experimental stress-strain data and model t for densities of 128 kg/frand 320
kg/m?3

resulting in:

d
1

5

do = d1 s 2 (1-8)

The degree of density variation can be controlled usingd and <. For instance, a uniform
density specimen corresponds tod = 0, and the variation becomes linear wher = 1.
The density is normalized based on the average densitly. Fig. 1.7 illustrates the spatial
pro les of normalized density for various combinations of dedg and <. The positive density
gradient indicates an increase in density fron= 0 to G= 1. It is worth noting that the

average density remains constant across all cases.

1.4.1 Local strain

In density-graded materials, the material parameters vary spatially due to density de-
pendence. Consequently, strain also varies along the specimen length, depending on the
local material properties. However, stress remains constant throughout the specimen due to
force equilibrium. Since strain is not explicitly expressed as a function of stress, determining

strain for a prescribed stress value is not straightforward and requires a numerical solution
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Figure 1.6: Variation of material parameters with density (a) elastic modulus, (b) plateau
stress and (c) hardening parameter
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Figure 1.7: Spatial density pro les for various density gradients (a) lineat< = 1«0° (b)
nonlinear! dedg = 10°
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procedure.

The specimen is discretized into several layers, as depicted in Fig. 1.8, with each layer
having a constant density. The number of layerg can be selected based on the desired level
of re nement, with more layers providing a smoother transition in properties. The material
parameters 8 f g, and 8in each layer are computed using the known material constantg
and =g The local strain r\%cal in a layer must satisfy Eq. (1.1). Therefore, the local strain is
determined numerically by solving the nonlinear equation Eq. (1.1) for a given stress value.

Since the total displacement must equal the sum of individual displacements of each layer,
the total strain across the specimen (or global strain) is then calculated by summing up the
local strains from all individual layers, expressed as:

n= (1.9)

#l o1 r\%cal
This process is repeated for various stress values to obtain the complete stress-strain response.
It is important to note that, in contrast, the local and global strains of a uniform-density
specimen are identical and do not exhibit such spatial variations.

Another approach to determining stress in density-graded materials is solving multiple
nonlinear equations simultaneously when the global strain is speci ed. This method could
be useful when stress and local strains must be determined for a single known global strain
value. However, it becomes computationally challenging to compute the response at multiple
global strains because several nonlinear equations must be solved simultaneously for each
global strain. Due to this computational complexity, this approach was not utilized in the
current study.

The number of layers &) selected for discretization plays a crucial role in shaping the
stress-strain response. A discretization with fewer layers results in a material with layered
density, where the density changes step-wise along the length. The e ect of varying the
number of layers on a linear density variation is shown in Fig. 1.9. The results are depicted

for do = 320kg/m3, dedg=10and< =1.
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Figure 1.8: Density-graded material discretized inté# layers

Figure 1.9: Stress-strain response for various number of layers. Hedg, = 320 kg/m 3,
dedp =10 and < = 10

17



When using a small number of layers, multiple plateaus can be observed in the stress-
strain response. Each layer with uniform density exhibits its own plateau stress. For instance,
the curve for# = 2 layers displays two plateaus corresponding to layers with density 160
kg/m2 and 480 kg/n®. Similarly, specimens with# layers are marked by# plateaus.

However, as the number of layers increases, the density variation becomes smoother, and
distinct plateaus become less prominent. The curve corresponding#o= 200 layers shows
a gradual increase in stress with strain, marked by only one sharp bend in the stress-strain
curve, indicating the plateau stress corresponding to the layer with the lowest density. Spec-
imens with 200 layers may seem impractical to combine however they are meant to closely
represent a continuously varying density specimen. Advanced methods like additive manu-
facturing have enabled the development of graded cellular materials with smooth variation

[32 34].

Step-wise gradation

Step-wise graded samples are utilized to validate the model, with experiments conducted
on samples composed of multiple layers of uniform-density polymer foams. It is worthwhile to
note that the purpose of conducting these additional experiments is not to extract material
properties. Two specimens, Type A and Type B, each consisting of 7 layers (L1 to L7)
prepared using three di erent densities §;— @ and ds), are tested. Fig. 1.10 depicts the
detailed con gurations of these specimens. All layers, each 5 mm thick, are bonded using a
thin coat of HH-66 Vinyl Cement, which o ers good layer bonding and exibility to minimize
the shear stress at the interface. The densities shown in the gure are determined from
weight and dimensional measurements, with the measured length, width and thickness of
the specimens provided in Appendix A.2.2.

The stress-strain responses of Type A and Type B specimens are shown in Fig. 1.10a
and 1.10b, respectively, alongside their respective density con gurations. Overall, the model

predictions closely match the experimental results. The responses exhibit three distinct
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plateaus, each corresponding to a speci ¢ density. However, an exception is observed around
a strain of 0.65 for the Type B specimen, where a fracture obscures one of the plateau
transitions.

Local strains are experimentally obtained using digital image correlation (DIC), where
one specimen surface is speckled with high-contrast paint to facilitate DIC analysis. The
local strains for the Type A specimen, acquired after DIC post-processing, are depicted in
Fig. 1.11, corresponding to global strains of 0.15 and 0.60. It is important to note that the
global strain is determined experimentally by measuring the change in the total length of
the specimen. The local strains obtained from DIC shown in the gure represent Lagrangian
strains, with compressive strains displayed as negative values.

The stress-strain response of each layer predominantly in uences the local strains within
that layer. The overall response of the specimen is a cumulative e ect as each layer progresses
through its stress-strain behavior. At a low global strain of 0.15, the local strain in layest
is notably high because the material has undergone signi cant crushing through its plateau
regime. In contrast, the local strain in layers withd, density is moderate, as these layers
have just entered their plateau phase. Layers witldls density exhibit minimal local strain,
indicating that they are still in their linear elastic phase. However, at a high global strain
of 0.60, all layers have experienced signi cant compression, resulting in high local strains in
all layers.

In order to compare the model prediction with the experimental results, the variation
of local strain data along the vertical center line is extracted. The local Lagrangian strains
are converted to engineering strains for an appropriate comparison with the model. Fig.
1.12 illustrates the comparison of local strains. The experimental and model results exhibit
a reasonable agreement. The experimental strain variation appears smoother, whereas the

model displays sharper changes attributed to the abrupt density changes across interfaces.
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Figure 1.10: Comparison of model prediction and experimental stress-strain responses of
step-wise graded material (a) Type A specimen (b) Type B specimen
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Figure 1.11: Lagrangian strain elds obtained using DIC for Type A specimen at = 015
and n = 060

Continuous gradation

The following results are based on estimations made with 200 layers representing continu-
ously graded specimens. Fig. 1.13 shows the spatial variation of local straimds) along the
length at di erent global strains for various density gradients and power-law exponents. In
Fig. 1.13(a), corresponding to dedp = 05 and < = 10, the spatial variation of local strain
is roughly linear at the global strain of 1% because the material is in the linear elastic phase
along the length at a low global strain. As the global strain increases, the low-density layers
begin to enter the plateau regime, leading to higher local strains. On the other hand, local
strains remain low in the high-density layers, which are still in their linear elastic phase. The
spatial variation of local strain evolves in this manner. It eventually becomes approximately
linear again when all the layers have become dense, as shown in the gure for the global
strain of 65%.

For the specimen with dedg = 15, as shown in Fig. 1.13b, the broader density range
includes lower densities absent in the specimen withde dg = 0s5. Consequently, this region

with lower densities reaches its plateau even at a 1% global strain, resulting in high local
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Figure 1.12: Comparison of model prediction and experimental local engineering strain in
step-wise graded material for Type A specimen (a)= 015 (b) n= 060
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Figure 1.13: Spatial variation of local strain at various global strains in density-graded
material. Here, dg = 320kg/m3 and # =200 (a) dedp =05 and< =10 (b) dedg = 15
and< =10 (c) dedp=10and< =05 (d) dedp= 10 and < = 2.
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strain near G= 0. The evolution of local strain at increased global strains for the specimen
with  dedg = 15 is similar to that of dedp = 05 but more pronounced due to the higher
density gradient. The local strain pro les in cellular specimens with nonlinear density varia-
tion result in interesting pro les closely tied to their nonlinear variation. The abrupt changes
in density nearG= 0 for < = 05 lead to sharp strain changes at that end (See Fig. 1.13c).
In contrast, the more gradual density pro le in the vicinity of G= 0 for < = 2¢0 causes the

strain to remain relatively constant (See Fig. 1.13d).

1.4.2 Stress-strain response

The stress as a function of global strain for various linearly varying density gradients
is illustrated in Fig. 1.14. It is observed that the stress at which sharp deviation is ob-
served from the initial linear-elastic region decreases with increasing density gradient. More
importantly, a larger density gradient results in a steeper slope of the stress-strain curve
beyond the initial linear region. Additionally, the global strain tends to reach similar values
at greater stress levels.

Fig. 1.14b presents the e ect of exponentg) on the stress-strain response. It shows
the response of specimens with nonlinear density gradation having exponents of 0.5 and 2.0,
along with the uniform density and the linearly varying density cases for comparison. The
stress-strain response of non-linearly varying density specimens is not signi cantly di erent
from the linearly varying one, with only minimal di erences observed. These di erences are
closely connected to the density variation depicted in Fig. 1.7. The stress at the beginning
of the plateau region is higher fox = 2 compared to< = 1 due to the di erence in their
minimum density. Conversely, for the same reason, the response for= 05 shows a lower
stress at the onset of the plateau region compared t = 1. Although nonlinear density
variations result in similar stress-strain responses as linear density variations, they o er the

exibility to precisely customize the response. This will be demonstrated in Section 1.4.4.
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Figure 1.14: Stress-strain response in density-graded material for various density gradients.
Here, dg = 320kg/m?3 and # = 20Q (a) linear 1< = 1+0° (b) nonlinear * dedg = 1:0°
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1.4.3 Energy absorption

Fig. 1.15a illustrates the energy absorption, calculated as the area under the stress-
strain curve. In density-graded samples, energy absorption rises gradually at low global
strain levels, and accelerates with higher strains, especially noticeable with steeper density
gradients. Interestingly, despite the gradation, total energy absorption remains consistent
across all samples. Fig. 1.15b shows that nonlinear density gradients yield energy absorption
comparable to linear gradients.

Fig. 1.16 displays the spatial energy absorption distribution as a function of global
strain. It emphasizes the relative distribution of absorbed energy across di erent regions in
the specimen rather than the total magnitude. In order to assess the proportion of energy
absorbed in di erent regions, the specimen length is divided into ve parts of equal length.

Low-density regions dominate energy absorption at low strains due to their large deforma-
tion. At higher strains, as local material responses plateau, the contribution of high-density
regions in total energy absorption is more in uential. This trend holds across all samples
with varying density gradients, as shown in Figs. 1.16a to d. Although minor magnitude
uctuations are observed, the overall trend depicted in the plots is similar.

Fig. 1.17 is particularly valuable from a design perspective as it displays the energy
absorbed per unit volume against normalized stress. Here, stress is normalized by dividing it
with the plateau stress of the uniform-density material { o). Below the plateau stresd o,
the energy absorbed by the density-graded material signi cantly exceeds that of the uniform-
density material because the low-density regions in the graded material are in their plateau
phases at lower stresses, absorbing more energy. However, fiearf o, the energy absorbed
by the uniform-density material sharply increases, surpassing that of the graded material due
to extensive deformation across the entire material at this stress level. At higher stresses
beyondf o, the uniform-density material remains superior in energy absorption. Therefore,
the main advantage of graded material lies in its excellent energy absorption at lower stresses.

Density-graded materials o er the necessary exibility for designs with uncertainty in
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Figure 1.15: Energy absorbed in density-graded material for various density gradients. Here,
do = 320kg/m?3 and # = 20Q (a) linear 1< = 1s0° (b) nonlinear * dedg = 1+0°
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Figure 1.16: Spatial distribution of the amount of energy absorbed as a function of global
strain. Here, do = 320kg/m3and # = 20Q (a) dedp =05 and < = 10 (b) dedy = 15
and< =10 (c) dedp=10and< =05 (d) dedg= 10 and < = 2.
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their energy absorption requirements. Designs are often not subjected to their maximum
energy absorption capacity. Graded materials experience lower stress when encountering low
energy absorption conditions. In contrast, uniform-density materials result in higher loads
even for lower energy absorption needs. For instance, a midsole in a shoe or a helmet liner
made of density-graded material would o er more comfort to the wearer due to lower force
transfer.

The energy absorption enhancement resulting from density gradation can be quanti ed

using the energy ratio ( raiio) as:

«Q

(1.10)

y ratio
y U

where, gand,  represent the energy absorbed by density-graded material and the uniform-
density material, respectively. It should be noted that , corresponds to a material with a
density equal to that of the average density of the graded material with 4. This approach
eliminates the in uence of density, which can signi cantly a ect energy absorption.

Fig. 1.18alillustrates, ratip for various density gradations. Higher-density gradients result
in greater energy absorption enhancement. The peak energy absorption enhancement also
shifts to lower stress for higher-density gradients, indicating improved performance at lower
stresses. However, ratio falls below unity for stresses beyontiyo, suggesting inferior energy
absorption in this range. Fig. 1.18b depicted the e ect of exponert on, a0 for the same
density gradient. A higher value of< leads to greater enhancement. Another interesting
observation is that any deviation from the linear density pro le & = 1) causes the peak to

shift toward the plateau stress.

1.4.4 Material design

Density-graded materials can be tailored for applications requiring speci ¢ mechanical
responses, such as actuators requiring precise force-displacement characteristics. By choosing

suitable density compositions or functional density variation forms, a target stress-strain
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Figure 1.17: Energy absorbed against stress for various density gradients. Hetg= 320
kg/m3 and # = 20Q (a) linear < = 1+0° (b) nonlinear * dedg = 10°
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Figure 1.18: Energy ratio against stress for various density gradients. Her, = 320kg/m3
and # =200 (a) linear 1< = 1«0° (b) nonlinear * dedp = 10°
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relationship can be achieved. Independent variabledy, d, and < uniquely de ne the
density variation in the material, leading to the desired stress-strain relationship. Therefore,
using Eq. (1.8), the speci c density valued; is eliminated from Eq. (1.7) and the density is

expressed in terms of the parameterdy, d, and <.

1
<,1

5

d=dg, d G

(1.11)

Now, the independent variablesdp, d, and < are determined that will result in the target
stress-strain relationship. An optimization problem is formulated to compute these variables.
It is important to select these variables carefully, as arbitrary choices may lead to negative
density. Therefore, they must satisfy speci c constraints. These constraints are derived by
substituting G= 0 into Eq. (1.11). For positive values of d and <, the minimum density

occurs atG= 0 and must be positive. Therefore, ensuring :G=0° j 0 we get,

dol< 1° dj O (1.12)

Using the constraint given by Eq. (1.12), optimal values ofly, d, and< are determined.

The following equation de nes the target stress-strain response:

f =2n (1.13)

where” and ° are constants.

Linear stress-strain relationship

Fig. 1.19 illustrates a linear stress-strain response and the corresponding curve t ob-
tained for » = 4 MPa. Note that = = 1in Eq. (1.13) for linear response. In order to prevent
densi cation and abrupt stress increases, the strain value is capped at 0.5.

There are instances where the graded material may need to consist of uniform-density

layers. Even with as few as ten layers, the curve t may be acceptable, as shown in Fig.
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Table 1.4: Optimized variables for a linear target stress-strain response

A (MPa) dg (kg/m3) d(kg/m3) < dedo

2.0 86.9 129.8 0.494 1.494
4.0 123.7 184.3 0.490 1.490
6.0 152.1 226.1 0.487 1.487
8.0 176.0 261.3 0.485 1.485
10.0 197.1 292.3 0.483 1.483

1.19a. The deviation from the target data is more pronounced at low strains due to the
dominance of low-density layers in the response, leaving less exibility for tting. On the
other hand, at high strains, all layers contribute almost equally, leading to a more accurate
t. However, using 200 layers, adequate for representing a continuously graded cellular
material, an excellent curve t is achieved, as shown in Fig. 1.19b.

The optimal values ofdg, d, and < for various” values are provided in Table 1.4, along
with the ratio dedp. Interestingly, the optimal values< 05 and dedgy 15 remain
consistent across alt. This consistency arises from these variables representing latent factors
that capture the trend necessary for a linear stress-strain relationship. Setting = 05 and

dedp = 15 in Eq. (1.12) implies that the optimal solution lies on the constraint boundary.

Substituting these values into Eqg. (1.13), the following equation for density variation can be

obtained:

d = 15doG (1.14)

where the average densitydy needs to be determined based on the required magnitude of
slope”.

The normalized optimal average densities required for varioéisvalues are plotted in Fig.
1.20. The curve tting yields an excellent t, as displayed by the R value close to unity

in the gure. The simple relationship, shown in the gure, allows the determination of the
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Figure 1.19: Linear target stress-strain response using a density-graded material #aF 10
(b) # =200
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Figure 1.20: Relationship betweert and optimal dg

functional form of graded material based on the required sloge

In Fig. 1.21, the density variation and the corresponding stress-strain response are illus-
trated for ~ = 3 MPa. The average density, derived from Fig. 1.20, is calculated as 106.9
kg/m3. Employing the optimal values< = 05 and dedg = 145, the required density varia-
tion for the target stress-strain responsef( = 3n) is shown in the gure. Additionally, the
target response compared to the response of an equivalent uniform density material is shown

in the gure for reference.

Nonlinear stress-strain relationship

The density-graded materials can also be tailored to achieve nonlinear stress-strain re-
sponses, as demonstrated in Fig. 1.22. The illustrations for= 0s75and = = 050 are shown
in the gure. As depicted, the response of the density-graded material aligns well with the
target data. The inherent convex-up nature of the transition between the linear elastic and
plateau regimes allows for a good t for responses with 1.

The optimized variables for various™ and = values are presented in Table 1.5. The

consistency of< and dedp values for a given  value, as observed in the linear case,
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Figure 1.21: Density variation and the corresponding stress-strain response for 3 MPa

Table 1.5: Optimized variables for a nonlinear target stress-strain response

A(MPa)  ° do(kg/m3)  d(kgim3) < de do
1682 075  89.1 1218  0.367 1.367
3364 075  127.1 1732  0.363 1.363
5045 075  156.4 2127  0.360 1.360
1414 050  92.9 1114 0252 1.199
2828 050  132.9 158.4 0248 1.192
4243 050  163.8 1949  0.245 1.190

remains true, highlighting their correlation with the target stress-strain trend. Additionally,
as neededdp can be adjusted to calibrate the response magnitude as needed. Moreover, the
optimal solution lies near the constraint boundary. Additionally, it is worth noting that the

optimal solution is close to the constraint boundary.

1.5 Conclusions

This paper uses an empirical constitutive model to investigate the mechanical response

of density-graded material. The study e ectively determines the density-dependent mate-
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Figure 1.22: Nonlinear target stress-strain response using a density-graded material (a)
T =075(b) * =050
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rial parameters for rigid polyurethane through experiments, appropriately describing their
peculiar material behavior. The study shows that the response of density-graded materials
emerges as an aggregate of individual local material behaviors. It also demonstrates that
density-graded materials exhibit non-homogeneous strains even under uniform stress elds,
showcasing their complex nature as the global strains evolve.

The investigation further reveals that these local strains signi cantly impact the spa-
tial distribution of energy absorption, underscoring the importance of understanding density
variations. Both linear and nonlinear density variations are explored, highlighting their sub-
stantial e ect on material response and energy absorption, thus contributing to a deeper
understanding of the mechanical behavior of these materials. The study has demonstrated
that density-graded material o ers signi cant energy absorption enhancement, particularly
below the plateau stress of equivalent uniform-density material. Moreover, the energy ab-
sorption enhancement is greater for materials with steeper density gradients.

The ndings also reveal that the response of density-graded materials can be tailored
to achieve speci ¢ material responses, 0 ering a versatile approach to material design. The
study illustrates both linear and nonlinear target stress-strain responses, highlighting the
range of customization possible. Additionally, the study provides the optimal variables
governing density variation necessary for achieving these specic stress-strain responses,
providing valuable guidance for engineering applications. Overall, this research underscores
the tailorability of density-graded cellular materials, marking a signi cant advancement in
material design for achieving precise and customizable mechanical responses.

Although excellent success is achieved when the target stress-strain response exhibits
convex-up behavior, obtaining target stress-strain responses with concave-up behavior is
challenging due to the inherent convex-up nature of the transition between the linear elastic
and plateau regimes in cellular materials. Another limitation related to step-wise gradation
and step thickness can be overcome through additive manufacturing, which allows for the

fabrication of specimens with continuous gradation. Future work can focus on leveraging
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additive manufacturing to tailor density-graded cellular materials.
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Chapter 2: Impact response of additively manufactured

density-graded open-cell foams

This chapter is published as: V. Gupta and A. Kidane, Impact response of additively
manufactured density-graded open-cell foams, Int. J. Impact Eng., vol. 195, no. September

2024, p. 105127, Jan. 2025https://doi. org/ 10. 1016/ . ijimpeng. 2024. 105127

2.1 Introduction

Cellular solids are used in various engineering applications since they are inherently multi-
functional [1]. Not only are they lightweight due to their porous structure, but they also
dissipate large amounts of energy while transmitting low load. They undergo considerable
deformation when subjected to a compressive force, giving rise to a distinctive elongated
stress plateau region on their stress-strain curve. Since such mechanical properties depend
on density, the energy absorption performance can be improved through density gradation,
often inspired by natural patterns [35, 36]. By varying the density, their deformation can be
locally controlled, enabling them to mitigate a wide range of impact scenarios.

Many studies have demonstrated that density-graded cellular structures provide enhanced
impact protection over uniform-density structures. For example, two-dimensional (2D) peri-
odic honeycomb structures with gradient topologies have been shown to have higher energy
absorption performance than uniform ones [37]. Three-dimensional (3D) lattice structures
with octagonal and Kelvin lattices have also reported superior energy absorption characteris-
tics than the traditional honeycombs loaded in the out-of-plane direction for a constant stress
threshold [38]. Another research investigation on 3D lattices also determined that grading

the periodic cellular structures in uenced sti ness and energy absorption [39]. These studies
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[37 39] focused on varying mechanical properties through density gradation by changing cell
strut thickness (for 2D honeycombs) or diameter (for 3D structures). The density could
also be varied by changing internal cell geometry, such as shifting the center of the body-
centered-cubic cell to make it eccentric [40].

Functionally graded structures have also been e ectively utilized in cellular beams to
absorb energy or increase stiness [36, 41, 42]. Additionally, research on ber-reinforced
lattice materials has shown that density gradation can signi cantly enhance the overall sti -
ness of the structure [43]. Apart from the density gradients, energy absorption and impact
resistance have also been examined through modulus gradients [44]. Other studies have also
proposed gradation through the cross-section in the radial direction of the cell struts using
multiple material mediums [45, 46]. Nevertheless, the studies above focused on utilizing
periodic cellular structures composed of predetermined unit cells arranged in repeating pat-
terns. As a result, their performance is reliant on their orientation and exhibits anisotropic
characteristics.

On the other hand, the stochastic cellular structures commonly found in foams have been
extensively investigated in numerous studies due to several advantages [1, 47 50]. Although
they cannot be characterized by a single unit cell, randomness in their cell sizes and shapes
leads to near-isotropic properties and robustness to local defects [32]. The stochastic nature
of these structures can be e ectively modeled using Voronoi tessellation [51 53], which ac-
curately re ects the cell organization in foam structures [54]. Furthermore, Voronoi models
can seamlessly include density gradation through cell size variation [32].

Numerical studies based on nite element simulations [17 19, 38, 55, 56] and theoretical
analysis [3, 4, 57 59] have demonstrated that cellular structures with varying densities lead
to improved impact resistance. However, much of this research has focused on 2D stochastic
cellular structures. Although some studies have explored 3D stochastic cellular structures
[60 62], there is still a notable lack of research on 3D structures with continuous density

gradients, particularly experimental investigations. Fabricating versatile 3D density-graded
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cellular structures is necessary to develop advanced impact-resistant structures. Neverthe-
less, due to practical manufacturing di culties, experimental e orts primarily have focused
on discretely graded (or layered) structures [4, 14, 20, 63].

Additive manufacturing has rapidly evolved into a versatile technology capable of fabri-
cating intricate and complex designs with high precision. It has been successfully employed
in the 3D printing of metals [64 66] and polymers [67, 68], opening new avenues for in-
novation in material science and engineering. The present study uses resin-based additive
manufacturing [33, 34, 69, 70] to address the manufacturing challenges associated with com-
plex geometries. Resin-based 3D printing technologies can fabricate complicated geometrical
features and intricate shapes encountered in stochastic cellular structures with high accuracy.

This study addresses the gap in understanding the potential of foams with continuous
density gradients for impact applications. Speci cally, it develops the technique for manu-
facturing open-cell foams with gradually varying density using additive manufacturing. The
3D cellular structure is modeled using Voronoi tessellation, where the gradual change in den-
sity is achieved by continuous variation in cell size. Smooth gradation in density achieved
in this work avoids any discontinuities at the interfaces observed in discretely graded foams
that usually cause debonding due to material dissimilarity (di erent densities). Further, the
dynamic deformation behavior of the density-graded foams is experimentally investigated
using a drop tower for low-velocity impacts and a modi ed shock tube for high-velocity im-
pacts. Cell-based nite element models are employed to understand the local deformation
behavior. The energy absorption characteristics and transmitted stress are also studied.

The remainder of the paper is organized as follows. Section 2.2 describes the modeling of
the open-cell foam structures using Voronoi tessellation. Section 2.3 delineates the fabrication
of the open-cell foam structures using resin-based additive manufacturing techniques. Section
2.4 gives the details of the experimental setups used for low and high-velocity impact. Section
2.5 presents the analyses of the deformation behavior, energy absorption and transmitted

stress. Finally, Section 2.6 gives the concluding remarks.
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2.2 Modeling of open-cell foams

2.2.1 Voronoi tessellation

Open-cell foam structures consist of humerous interconnected struts. In order to accu-
rately model their stochastic structural topology, 3D Voronoi tessellation [52] is employed.
This method appropriately mimics the cellular foam structure by following the same prin-
ciples that guide the cell organization in foam. Cells in foam structures develop through
cell nucleation at random locations, followed by the growth phase, where cells usually grow
together at the same linear rate. Voronoi tessellation captures the cell nucleation phase by
generating random seed points and the culmination of the growth phase through appropriate
geometrical constraints.

A Voronoi model is constructed from randomly generated seed points drawn from a
uniform distribution on a pre-de ned domain 2 R® . The domain is partitioned according
to the distance of spatial points to the seed points. Each seed point forms the nucleus of
its corresponding Voronoi cell. The nucleus is not necessarily the geometric center of its
associated cell. However, it is the nearest nucleus to every point within its cell. In other
words, the nuclei of all other cells are farther away from every point within a particular cell.

If the seed points are represented biyB—B-B-++g2 , the Voronoi cell, +g corresponding

to the seed point,Bis a set of pointsGgiven by the following equation.

+g= G2 j31G—8 3 G-§ 89<8 (2.1)

where 3t , © represents the Euclidean distance.

A sample 3D Voronoi model generated in a cubical space is shown in Figure 2.1a, and
a pair of neighboring Voronoi cells is also shown in Figure 2.1b. Each Voronoi cell acquires
a unique shape due to the random distribution of seeds and consists of struts forming a

convex polyhedron. Cells are connected to other neighboring cells through shared polygonal
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Figure 2.1: (a) A 3D Voronoi model (b) Two neighboring Voronoi cells isolated from the
model (the shared polygonal frame of strut$ 5, is shown in black color>,p is the intersection
point of linelB— B® and the plane on which the frame$ 5, lies)

frames.. There is only one common frame between a pair of adjacent cells due to the convex
nature of the cells. The common polygonal fram& 5, shown in Figure 2.1b is shared by
the cells whose nuclei are at seed poing and B,. The line joining the points B, and B, is
perpendicular to the plane on which the common fram® 4, lies, and the intersection point
>,p 1S equidistant from the two nuclei131B— 3,° = 31>,— B%°. The equidistant constraint
stems from the fact that the tessellation partitions are based on the proximity of spatial
points to nuclei. They arise due to the imposition of Eq. 2.1.

The entire Voronoi model generation process is implemented in Python programming
language with the aid of the 'scipy.spatial.Voronoi' module. This module is part of the
SciPy package [71] and utilizes the Qhull library [72] to compute Voronoi tessellation. The
generated Voronoi diagram requires post-processing. Struts that extend beyond the do-
main boundaries are pruned using an extended version of the Cohen-Sutherland algorithm,
adapted for clipping lines in 3D [73]. Additionally, short struts having a length less than

0.23min are removed to keep the size of struts above a certain lower bound. The removal of

1Unlike closed-cell foams, the polygonal faces do not physically exist in open-cell foams. Therefore, the
set of struts (edges) is termed a polygonal frame.
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