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Abstract
Scheduling and Routing under Uncertainty with Predictions

Hao-Ting Wei

Uncertainty surrounds us daily, indicating the need for effective decision-making strategies.
In recent years, the large amount of available data has accelerated the development of novel
methods for decision-making and optimization. This thesis studies this inquiry, centering on a
framework that employs predictions to enhance decision-making in various optimization
problems.

We investigate scheduling and routing problems, which are fundamental in the eld of
sequential decision-making and optimization, within the framework of algorithms with
predictions. Our goal is to improve performance by integrating predictions of unknown input
parameters. The central question is: “Can we design algorithms that use predictions to enhance
performance when the prediction is accurate while still maintaining worst-case guarantees, even
when the predictions are inaccurate?”

Through theoretical and experimental analyses, we demonstrate that by incorporating
appropriate predictions of unknown input parameters, we design algorithms to outperform
existing results when predictions are accurate while maintaining worst-case guarantees even when

the predictions are signi cantly erroneous.
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Introduction

Uncertainty exists in our daily lives, and people need to nd a solution to deal with the
resulting challenges. In many real-world scenarios, parts of the input are not known in advance
and are realized over time. For instance, in ride-sharing platforms such as Lyft and Uber, drivers
are dispatched once the platform receives a request from a rider; obviously, these requests arrive
over time and cannot be known in advance. Another example is task scheduling in data centers;
each data center may need to process many tasks daily, and it is usually dif cult to obtain the
exact input for these tasks beforehand. To address uncertainty, different optimization approaches
have been developed for decades, such as online algorithms and robust algorithms. Most analyses
focus on the worst-case scenario; that is, the algorithms need to handle all possible scenarios. On
the other hand, recently, several powerful machine learning techniques have been developed to
utilize historical data to make predictions, achieving signi cant improvements in many elds.

These achievements include more accurate forecasting of future events in nance and healthcare,
enhancing decision-making processes in smart manufacturing, and better predicting climate
impact. However, one of the shortcomings is that such approaches may not hold for some extreme
cases. For instance, rare or unprecedented events, such as economic crises, natural disasters, or
sudden market shifts, can present challenges that these models are not equipped to handle, leading
to potential negative outcomes and the need for further re nement.

In this thesis, we study different optimization problems centered on the framework of
algorithms with predictionswhich aims to bridge the gap between traditional online algorithms

and machine learning predictions from historical data. Therefore, the main question that we

1



Figure 1. Flowchart depicting the high-level idea of algorithms with predictions.

would like to investigate in the thesis is as follows: “Can we design an algorithm that incorporates
predictions to achieve better results when the predictions are accurate but also obtain worst-case
guarantees even when the predictions are way off?”

In the rest of this section, we rst introduce the frameworlatgorithms with predictionghat

was mentioned earlier. Then, we outline our key contributions for each chapter.

Algorithms with Predictions. In recent years, different machine learning tools and algorithms
have been used to help people make better guesses about the future. In this model, our goal is to
use given predictions about future events or their features and then combine those predictions
with new or existing algorithms to better handle uncertainty. This idea is shown in the chart from
Fig. 1.

For example, when scheduling tasks in a data center, we can often obtain predictions about
future tasks through historical data or patterns. However, these predictions will not always be
perfect. Therefore, we expect that our new algorithm will perform almost as effectively as if we
had complete information in advance when our predictions are accurate, a measure we refer to as
the "consistency” of the algorithm. Simultaneously, we aim for our proposed algorithm to
maintain worst-case guarantees even when predictions are signi cantly inaccurate, a
characteristic that we refer to as the "robustness” of the algorithm.

The line of online algorithms with predictions was initiated by two papers: one by Lykouris
and Vassilvitskii [1], who studied the online caching problem in the presence of predictions.

The online caching problem is as follows: Consider a cache that maintains a xed number of

2



distinct pages from a universe of pages. The input to the problem is an ordered sequence of pages.
Upon the arrival of a page, the algorithm incurs a cost if that page is not in the cache, and no cost
otherwise. The algorithm then has to nd a page inside the cache to be replaced by the newly
arrived page. The objective is to minimize the total number of replacements for any input
sequence. In the model incorporating predictions, upon the arrival of each page request, it is
assumed that the online algorithm is also provided with a prediction of when the request will

occur again in the future. The competitiveness of the algorithm is quanti ed in terms of the

distance between prediction and realization.

Almost simultaneously, Kumar et al. [2] studied the ski rental problem with predictions. The
ski rental problem is a classic problem in the eld of online algorithms and decision-making
under uncertainty. In this problem, the skier must decide whether to rent skis each day or to
purchase them. The objective is to develop a strategy that minimizes the total cost without
knowing in advance how long the skier will continue to ski. In the model incorporating
predictions, the predicted number of ski days is provided at the beginning of the problem. The
algorithm sets two thresholds based on the relationship between the predicted ski days and the
actual ski days and makes the purchase at the start of the day when the threshold is met. They
guanti ed the competitive ratio of their algorithm in terms of thedistance between predicted
ski days and actual ski days.

Many scheduling and routing problems have been studied in this framework. In the following
paragraphs, we introduce some previous works related to the chapters of this thesis.

Lattanzi et al. [3] studied the online makespan minimization problem with restricted
assignments with predictions. In this problem, each job has an integer processing time, arrives in
an online fashion, and is restricted to being assigned to a subset of machines. The objective is to
assign each job to one of the feasible machines to minimize the makespan. This paper predicts the
weights of each machine, corresponding to the fractional assignment for each job. The paper
shows that based on these weights, one can recover a near-optimal fractional solution with an

approximation guarantee that scales logarithmically with the error. The error in this context is



de ned as the maximum ratio of predicted weight to actual weight across all machines.

Bamas et al. [4] studied the problem of energy minimization via the speed scaling problem
with predictions. In this problem, there is one machine that can adjust its running speed
dynamically. Each job arrives in an online fashion with an integer processing time and an integer
deadline. The energy consumption is proportional to the running speed raised to the pbler of
whereU s a prede ned input parameter, typically ranging from 2 to 3. The objective is to set the
running speeds of the machine to process all jobs by their deadlines while minimizing total
energy consumption. In this paper, the prediction is the total number of jobs at each discretized
time point. The author proposed an algorithm that utilizes both the existing algorithm without
prediction and the solution from the predictions. They also quanti ed the competitiveness of the
proposed algorithm in terms of the sum of the differences for all time points between the
prediction and the realization.

Bernardini et al. [5] studied both the online Steiner tree and the online Traveling Salesman
Problem (TSP). In this paper, the authors propose a novel universal error measure using a
minimum-cost hyperedge cover to mitigate the negative impact of the difference between the
number of predicted arrivals and actual arrivals. For instance, in the online routing problem, the
absence of a predicted request may cause the decision-maker to make the wrong decision, such as
waiting for a predicted request that never appears. This could cause a signi cant negative impact
when trying to incorporate predictions. In this study, the authors proposed an algorithm that
incorporates predicted requests by delaying the start of following the optimal predicted schedule
using a con dence factor 2 10-1°. This paper demonstrated that robustness can be maintained
by leveraging an existing competitive online algorithm in a black-box manner. Moreover, the
proposed algorithm is also error-dependency with respect to the cover error that we mentioned
earlier.

In addition to the studies we have introduced in the previous paragraph, many online
optimization problems have been studied in this framework such as paging [1, 2, 6, 7], set

cover [8], routing [5], resource allocation [9], secretary problem [10, 11], knapsack [12, 13, 14],



prophet [15], dynamic acknowledgement [16], matching [10, 17, 18], online convex

optimization [19, 20], markov decision process [21], facility location [22], queueing [23, 24, 25,

26], graph problems [27, 28, 29, 5, 30, 31], mechanism design [32, 33, 34], data structure [35, 36,

37, 31] and scheduling [38, 4, 3, 39, 40]. See the survey website [41] for more information.
Finally, we formally introduce key measures in the eldalgorithms with predictionswhich

are used throughout this thesis. Consider a minimization problemI"ladJ denote the

predicted and realized inputs, respectively. DeaptJ° as the optimal value af and

algtJ*-J° as the value returned by the algorittAnwith predictionJ". We say that algorithrA

is U-consistent ifalgtJ —J°% opttJ° U, andV-robust ifmax p_jo algtJ*-Jo% opttJ° V. Let

[ be the error measure of the predicti@hwe say algorithmA is smooth if the value of

algtJ"—J%« opttJ° smoothly degrades frotdto VVas the prediction errdr grows. We would like

to mention that in different chapters, we may use different notations for each speci c problem.

Outline and contributions. The rest of this thesis is divided into four chapters. In each chapter,
we examine an optimization problem by incorporating predictions of uncertainty. Next, we

provide an overview of our contributions to each chapter.

In Chapter 1, we study a problem motivated by the operations of large data centers. In such
environments, systems such as MapReduce often require tasks to be partitioned into different
“groups” before distributing them between various machines or devices for further processing. The
primary challenge lies in ef ciently partitioning tasks into different unsplittable “groups” while ac-
commodating various potential machine speeds. The objective is to minimize the makespan, which
is the maximum completion time of all machines. Stein and Zhong [42] rst studied this problem
under the setting of binary speed; that is, each machine is either available or unavailable, and each
available machine has the same running speed. This paper de nes the ratio between the makespan
achieved by the proposed algorithm and the optimal makespan (assuming the number of available
machines is known in advance) as thbust ratia Eberle et al. [43] extended the model to gen-

eral speeds. Both studies present upper- and lower-bound results for the robust ratio. However, it



would be natural to predict machine speeds by accessing historical data. Therefore, in this study,
our central question is as follows: “If we have a prediction of unknown speeds, can we utilize such

a prediction to design an algorithm that achieves better performance when the prediction is accu-
rate while still maintaining bounded guarantees even when the prediction is arbitrarily wrong?”
We answer this question by proposing an algorithm that achigved consistency an@, 2-U
robustness. Additionally, we demonstrate a necessary trade-off between consistency and robust-
ness. Finally, we experimentally analyze our proposed algorithm by comparing it with different
benchmarks, showcasing superior performance when errors are small and satisfactory performance
even when errors are large.

In Chapter 2, we explore another problem driven by the need to ef ciently manage power
usage in modern computer systems and large data centers. We address a generalized speed scaling
problem where a single machine must schedule a sequence of jabigving in an online manner
where each job consists of a release tdgea processing tim&g. The decision-maker determines
the running speqc{s = fB2 Pgfor each job9at each timeg with the total running speed at time
Cgiven byB'C = ! oB2 @. Energy consumption *( ° is proportional to the running speed raised
to the power olU, whereU is a prede ned parameter typically ranging from 2 to 3. Additionally,
we incorporate a quality cost functiont(—J° for schedulg over jobsJ , which can be applied
to different settings like deadline adherence of jobs or ow minimization. Our goal is to minimize
the total energy consumptiont( © along with the quality cost function(-J° .

We consider the predictions as follows: at tife 0, a setJ" containing2 predicted jobs
19-A-?¢ is given before the algorithm execution begins. This chapter introduces a general frame-
work with mild assumptions on the quality cost functioh(—J° by leveraging of ine and online
algorithms corresponding to quality cost functioh(—J° .

Our rst main result is that for any instance of the problem with a speci c quality function

1(—=J°, where there exists a constant competitive algorithm and an optimal of ine algorithm,
there exists an algorithm incorporating predictions that achigéves consistency an& 11° ro-

bustness for any constant2 10-1% This means we achieve a near-optimal consistency while



maintaining constant robustness for these problems. Additionally, we demonstrate a necessary
trade-off between consistency and robustness for the setting whgrd® = minI @J 29, Where

29is the completion of jol® Forany_j 0, there is no algorithm that 5, _-consistent and also
>1p1,—1-_°-robust.

The second main result is that our algorithm achieves a competitive ratio that smoothly inter-
polates from thél | n consistency to the constant robustness as a function of the prediction error
[. To de ne the prediction error, we denote By = J\ J" the jobs that are correctly predicted.

We de ne the prediction errgr = ﬁ maxf [ 1— [rg~where[ ;1 = OPTJ nJ :°is the optimal
cost of scheduling the jobs that arrived but were not predicted to arrive.aadPTJ - n J° is
the optimal cost of scheduling the predicted to arrive but did not arrive.

Moreover, we improve our results to satisfy jobs that are approximately predicted correctly
by generalizing our algorithm and the previous result to allow the correctly predicted] jobs
to include jobs that are approximately predicted correctly, where the tolerable approximation is
parameterized by a parameter chosen by the algorithm designer.

In Chapter 3, we delve into a problem prompted by the quality of service (QoS) switches preva-
lent in modern network systems. With the increasing usage of networks and various applications
such as video or audio processing, prioritizing critical traf ¢ over non-critical traf ¢ and ef ciently
managing traf c ow has become paramount. This necessitates adept buffer management to avert
the loss of crucial traf ¢ while minimizing the impact on noncritical traf c.

We explore the problem of online packet scheduling with deadlines, wherein a single machine
schedules a set of jokk arriving in an online fashion. In our problem setting, each b J
has a unit processing time and carries both a speci ¢ dea8kraand a weigh¥ ¢. The algorithm
decides which job should be processed at each time point to maximize the total weight of processed
jobs.

Our study focuses on predicting the entire input sequence, providing a predicted schedule at
each time step. We start by comparing the best overall solution with the best local solution to

show that accurate predictions result in the best outcome when following the predicted schedule.



However, predictions might be inaccurate; to overcome this challenge, our proposed algorithm sets
a threshold to switch between the predicted schedule and the current-best online algorithm. Our
main result is to propose an algorithm that achieves 1-consisters &ifdrobust. Additionally,

we extend our result to a competitive ratio that smoothly interpolates froth¢basistency to the
constant robustness as a function of the prediction trbr our analysis, we demonstrate that any

loss resulting from incorrect decisions can be limited by performing a local test. In Chapter 4, we
study the online Traveling Salesman Problem (TSP) and the online Dial-and-Ride problem. With
the pandemic reshaping work and lifestyle, hybrid work setups have become widespread globally.
Consequently, online delivery platforms like DoorDash and Uber Eats have seen a surge in usage,
making better routing strategies a crucial concern for these companies.

We rst investigate the classic online Traveling Salesman Problem (TSP), a key challenge in
routing problems. In this setup, a server starts from the origin, serving requests as they arrive.
Each request has an arrival time and position, requiring the server to plan the best route to serve all
requests and return to the origin, minimizing the total distance traveled.

To understand how prediction can be useful, we look at two models: one that considers the
whole sequence of requests and another that focuses only on the arrival time of the last request.
Our main ndings are as follows: for the rst model, which predicts the entire sequence of requests,
we designed an algorithm that is 1-consistent and 3-robust. For the second model, which predicts
only the arrival time of the last request, we created an algorithm that is 1-consistent and 4-robust.
Additionally, we provide the necessary trade-offs between consistency and robustness for both
models.

Furthermore, we extended it to the online Dial-and-Ride problem, a natural extension of the
online TSP where each request includes pick-up and drop-off locations. We addressed both unca-
pacitated and capacitated versions of the problem, allowing us to explore the details of optimizing

dynamic routing in situations with different passenger capacities.



Chapter 1: Scheduling with Speed Predictions

In this chapter, we study thecheduling with speed predictiopsoblem. This chapter is based
on the article [44] written in collaboration with Eric Balkanski, Tingting Ou and Clifford Stein.
This article is published at The International Workshop on Approximation and Online Algorithms

(WAOA '23).

1.1 Introduction

In many optimization problems, the decision maker faces crucial information limitations due
to the input not being completely known in advance. A natural goal in such settings is to nd
solutions that have a good worst-case performance over all potential input instances. However,
even though worst-case analysis provides a useful measure for the robustness of an algorithm, it is
also known to be a measure that often leads to needlessly pessimistic results.

A recent, yet extensive, line of work @bgorithms with predictionsnodels the partial informa-
tion that is often available to the decision maker and overcomes worst-case bounds by leveraging
machine-learned predictions about the inputs (see [45] for a survey of the early work in this area).
In this line of work, the algorithm is given some type of prediction about the input, but the predic-
tions are not necessarily accurate. The goal is to design algorithms that achieve stronger bounds
when the provided predictions are accurate, which are catedistencyounds, but also main-
tain worst-caseobustnes®ounds that hold even when the predictions are inaccurate. Optimization
problems that have been studied under this framework include online paging [1], scheduling [2],
secretary [46], covering [8], matching [18, 47, 17], knapsack [12], facility location [22], Nash
social welfare [48], and graph [27] problems. Most of the work on scheduling in this model has

considered predictions about the processing times of the jobs [2, 45, 3, 4, 49, 50, 51].



There is a large body of work considering uncertainty in the input to scheduling problems, in-
cluding whole elds like stochastic scheduling. Most of it studies uncertainty in the jobs. A recent
line of work considers scheduling problems where there is uncertainty surrounding the available
machines (e.g. [52, 53, 42, 43]). In particular, we emphastheduling with an unknown number
of parallel machinesintroduced in [42] where, given a set of jobs, there is a pattitioning stage
where they must be partitioned inbagswithout knowing the number of machines available and
then, in a secondchedulingstage, the algorithm learns the number of machines and the bags must
be scheduled on the machines without being split up. This problem was generaligeeetd
robust scheduling43] where there are& machines, but speeds of the machines are unknown in
the partitioning stage and are revealed in the scheduling stayée will use the speed robust
scheduling model in the rest of this paper, as it captures applications where partial packing deci-
sions have to be made with only partial information about the machines. As discussed in [42], such
applications include MapReduce computations in shared data centers where data is partitioned into
groups by a mapping function that is designed without full information about the machines that
will be available in the data center, or in a warehouse where items are grouped into boxes without
full information about the trucks that will be available to ship the items.

In this paper, we introduce and study the problem of scheduling with machine-learned pre-
dictions about the speeds of the machines. In the two applications mentioned above, MapReduce
computations and package shipping, it is natural to have some relevant historical data about the
computing resources or the trucks that will be available, which can be used to obtain machine-
learned predictions about these quantities. Insiti@eduling with speed predictiopsoblem, we
are given jobs and predictions about the speeds oftheachines. In the rstpartitioning stage
jobs are partitioned intg bags, using only the predictions about the speeds of the machines. Then,
in the secondscheduling stagehe true speeds of the machines are revealed, and the bags must be
scheduled on the machines without being split up. The goal is to use the predictions to design algo-

rithms that achieve improved guarantees for speed-robust scheduling. The fundamental question

1This problem strictly generalizes the rst problem by setting speetl ftar actual machines, and speedQiéor
the other (non)machines.
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we ask is:

Can speed predictions be used to obtain both improved guarantees when the predictions are

accurate and bounded guarantees when the prediction errors are arbitrarily large?

We focus on the classical makespan (completion time of the last completed job) minimization
objective. Two main evaluation metrics for our problem, or for any algorithms with predictions
problem, are robustness and consistency. The consistency of an algorithm is the approximation
ratio it achieves when the speed predictions are equal to the true speeds of the machines, and its
robustness is its worst-case approximation ratio over all possible machine speeds, i.e., when the
predictions are arbitrarily wrong. The main focus of this paper is on general job processing times
and machine speeds, but we also consider multiple special cases.

Without predictions, [43] achievesi® 1e<C%-approximation. Thus, if we do not trust the
predictions, we can ignore them and use this algorithm to achigvela< consistentan@ 1e<
robust algorithm. On the other hand, if we fully trust the predictions, we can pretend that the
predictions are correct and use a polynomial time approximation scheme (PTAS) for makespan
minimization on related machines to obtaid a n consistent algorithm, for any constamtj O.
However, as we show in Section 1.3, this approach would have unbounded robustness. Thus, the
main challenge is to develop an algorithm that leverages predictions to improve over the best known
2 1-< approximation when the predictions are accurate, while maintaining bounded robustness

guarantees even when the predictions are arbitrarily wrong.

1.1.1 Ourresults

Our main result is a deterministic algorithm for minimizing makespan in the scheduling with
speed predictions (SSP) model thatlis U consistent an@ , 2¢U robust, for anyu 2 10-1°
(theorem 1.4.5). When the predictions are accuratelth& consistency outperforms the best-
known approximation for speed-robust scheduling without prediction? ofle< [43], while

maintaining a2 , 2+U robustness guarantee that holds even when the predictions are arbitrarily
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Job sizes | Speeds Upper bound | Lower bound

General General 2, 2eU(theorem 1.4.6) 1,11 We2U $11+<° (theorem 1.3.2)

Equal-size | General2, 1¢U(theorem 1.5.1) 1,11 We2U $11e<°(theorem 1.3.2)

In nitesimal | General| 1, 1+U(theorem 1.5.5) 1,11 W%4U $11+<° (theorem 1.3.2)
General f0,1g 2 (theorem 1.5.11) 14 2WP«3 (theorem 1.5.13)

Table 1.1: Robustness of deterministic U consistent algorithms, wheké2 10-1° except for the
14 2WP«3lower bound, for whichJ 2 10-1e 20«
wrong. To obtain a polynomial time algorithm, the consistency and robustness both increase by a

1, nfactor, for any constant 2 10-1°, due to the PTAS for makespan minimization on related
machines that we use as a subroutine [54].

We extend this result to obtain an approximation ratio that interpolates betivedt and
2, 2+U as a function of the prediction error. More precisely, for &hy 10-1°, our algorithm
achieves an approximation afinf[ 211, W2 2+WPg(Theorem 1.4.6), where the prediction
eIror[ 1= Madgpyy, DBt

“minf BBy
speedg of the< machines. The following hardness result motivates this choice for the prediction

is the maximum ratio between the predicted spBeand the true

error: for anyU 2 10-1°, any deterministicl , U consistent algorithm has robustness at least

1, %’ $ 1%0, even when a single machine speed is incorrectly predicted (theorem 1.3.2). Thus,
a single incorrectly predicted machine speed can cause a strong lower bound on the approximation
ratio. We also note that the maximum ratio over all the predictions is a common de nition for
the prediction error in scheduling with predictions (see, e.g., [3, 55]). Additionally, we obtain the

following results (summarized in table 1.1):

* When the job processing times are equal or in nitesimal, the best-known approximations
without predictions are 1.8 ang'4 1° 158 [43], respectively. For these cases, our
1, Uconsistent algorithm achieves a robustness ofe U (theorem 1.5.1) andl, 1+U (the-

orem 1.5.5), respectively.

* When the machine speeds are eitBear 1, which corresponds to the scenario where the
number of machines is unknown, the best-known approximation without predictién3 is

[42]. We develop an algorithm that isconsistent an@ robust (theorem 1.5.11). We also

12



show that, for anyJ 2 »0-1+2°, any deterministid. , U consistent algorithm has robustness

at leastt4 2W°«3 (theorem 1.5.13).

» Even when the prediction error is relatively large, our algorithm often empirically outper-

forms existing speed-robust algorithms that do not use predictions.

We note that, subsequent to our work, a scheduling with predictions problem where the ma-
chine speeds are unknown was also studied in [55], but in an incomparable online setting where

the speeds can be job-dependent.

1.1.2 Technical overview

We give an overview of the main technical ideas used to obtain our main result (theorem 1.4.6).
The second stage of the SSP problem corresponds to a standard makespan minimization problem
in the full information setting, so the main problem is the rst stage where jobs must be partitioned
into bags given predictions about the speeds of the machines. At a high level, our partitioning
algorithm initially creates a partition of the jobs in bags, and a tentative assignment of the bags to
machines, assuming that the predictions are the true speeds of the machines. This tentative solution
is optimal if the predictions are perfect, but as we discuss in Section 1.3, if the predictions are
wrong, its makespan may be far from optimal. To address this concern, the algorithm iteratively
moves away from the initial partition in order to obtain a more robust partitioning, while also
maintaining that the bags can be scheduled to gi¥¢ a WP-approximation of the makespan if
the predictions are correct. The paramdtie 10-1° is an input to the algorithm that controls
the consistency-robustness trade-off, i.e., it controls how much the predictions should be trusted.
Starting from a consistent solution and then robustifying has been used in some other algorithms
with predictions. Our main technical contribution is in designing such a robusti cation algorithm
for the SSP problem.

More concretely, let the total processing time of a bag be the sum of the processing time of the
jobs in that bag. The partitioning algorithm always maintains a tentative assignment of bags to the

machines. To robustify this assignment, the algorithm iteratively reassigns the bag with minimum
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total processing time to the machine that is assigned the bag with maximum total processing time.
If there are now bags assigned to this machine, we break open thémssys, and reassign the

jobs to new bags using the Longest Processing Time rst algorithm, which will roughly bal-
ance the size of the bags assigned to this machine. Thus, at every iteration, the bags that had
the maximum and minimum total processing times at the beginning of that iteration end up with
approximately equal total processing times, which improves the robustness of the partition. The
algorithm terminates when the updated partition would not achidve @ consistency anymore.

The analysis of th& , 2¢U robustness consists of three main lemmas. The algorithm and
analysis use a parametérwhich is the ratio of the maximum total processing time of a bag that
contains at least two jobs to the minimum total processing time of a bag. We use this particular
parameter partly to handle the case of very large jobs. Informally, both the algorithm and the ad-
versary will need to put that one job in its own bag and on its own machine, so we can just “ignore”
such jobs. We rst show that if we can solve the second-stage scheduling problem optimally, then
the robustness achieved by any partition is at must 2— \g. Then, we show that at each iteration,
the minimum total processing time of a bag is non-decreasing. Finally, we use this monotonicity
property to show that, for the partition returned by the algorithin, 2, 2¢U. Together with the
rst lemma, this implies that the algorithm achieve a2¢U robustness. The last lemma requires
a careful argument to show that\ffj 2, 2+U, then an additional iteration of the algorithm does
not break thel | U consistency achieved by the current partition. To obtain a polynomial-time
algorithm, we pay an extra factor &f nin the scheduling stage by using the PTAS of [54].

Finally, we provide an empirical evaluation of our algorithm that shows that, even when the
prediction error is relatively large, it often outperforms existing speed-robust algorithms that do

not use predictions.

1.2 Preliminaries

We rst describe the speed-robust scheduling problem, which was introduced by [43] and

builds on the scheduling with an unknown number of machines problem from [42]. There are
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jobs with processing timgs= 1?,—<++—? 0and< machines with speeds= 1B—***<=Bj O

such that the time needed to process §an machineis ? ¢ B2 The problem consists of the fol-

lowing two stages. In the rst stage, called the partitioning stage, the speeds of the machines

are unknown and the jobs must be partitioned t{possibly empty) bagsi—e**— such that

[ @<y, 8 = =Ydwhere>=Ys= fl-eee—grand g\ g =; forall§—-82 »<%§ < &. Inthe

second stage, called the scheduling stage, the sgeedgevealed to the algorithm and each bag
gcreated in the partitioning stage must be assigned, i.e., scheduled, on a machine without being

split up.

The paper on speed-robust scheduling, [43], considers the classical makgspan minimization ob-
jective. LetM gbe the bags assigned to mach@te goal is to minimizenaxgp < 1/}| oM 8' @ ? B
An algorithm for speed-robust scheduling\fsobust if it achieves an approximation ratio gf
compared to the optimal schedule that knows the speeds in advanceakgs algtp-s°opttp-s°
V wherealg'p-s° andopt!p-s° are the makespans of the schedule returned by the algorithm (that
learnssin the second stage) and the optimal schedule (that ksawtghe rst stage).

We augment the speed-robust scheduling problem with predictions about the speeds of the
machines and call this problem Scheduling with Speed Predictions (SSP). The difference between
SSP and speed-robust scheduling is that, during the partitioning stage, the algorithm is now given
access to, potentially incorrect, predictiddrs 1B—e+++B&° 0 about the speeds of the machines
(see Appendix A.1 of the full version of the paper for additional discussion about how we learn the
machine speeds and obt&n The true speeds of the machirsese revealed during the scheduling
stage, as in the speed-robust scheduling problem. We also want to minimize the makespan.

Consistency and robustness are two standard measures in algorithms with predictions [1]. An
algorithm is2-consistent if it achieves a approximation ratio when the predictions are correct,

I.e., if maxsalgtp-s-s’+optlp—s" ¢ wherealg'p-5-<° is the makespan of the schedule returned

by the algorithm when it is given predictio&# the rst stage and speedsn the second stage. An

2The non-zero speed assumption is for ease of notation. Having a machine wittBspeis equivalent tdg = n
for n arbitrarily small since in both cases no schedule can assign a j@titbout the completion time of this job
being arbitrarily large.
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algorithm isV-robust if it achieves & approximation ratio when the predictions can be arbitrarily
wrong, i.e., ifmaxssalgtp-6-s".optip-s° V. We note that av-robust algorithm for speed-
robust scheduling is also\arobust (andv-consistent) algorithm for SSP which ignores the speed
predictions.

The main challenge in algorithms with predictions problems is to simultaneously achieve
“good” consistency and robustness, which requires partially trusting the predictions (for consis-
tency), but not trusting them too much (for robustness). In particular, the goal is to obtain an
algorithm that achieves a consistency that improves over the best known approximation without
predictions 2 1+< for speed-robust scheduling), ideally close to the best known approximation
in the full information settingX, n, for any constant j O, for makespan minimization on related
machines), while also achieving bounded robustness.

Even though consistency and robustness capture the main trade-off in SSP, we are also in-
terested in giving approximation ratios as a function of the prediction error. It is important, in
any algorithms with predictions problem, to de ne the prediction error appropriately, so that it
actually captures the proper notion of error in the objective. It might seem that, for exdmple,
distance between the predictions and data is natural, but for many problems, including this one,
such a de nition would mainly give vacuous results. We de ne the prediction drror 1 to

be the maximum ratfbbetween the true speedsind the predicted speedsor vice versa, i.e.,

maxf BBy
Yaminf B—gy

choice of error measure). Given a boundn the prediction error, an algorithm achieve®#i°

[ 165" = maxpx (see Appendix A.2 of the full version for further discussion on the
approximation ifmax, as[ 18« [ alg*p-5-s’e0optip-s" W[°.

Given arbitrary bags 1—¢**—, the scheduling stage corresponds to a standard makespan
minimization problem in the full information setting, for which polynomial-time approximation
schemes (PTAS) are known [54]. Thus, the main challenge is the partitioning stage. We de ne the
consistency and robustness of a partitioning algorithsgto be the consistency and robustness

achieved by the two-stage algorithm that rst ruis, and then solves the scheduling stage opti-

3We scales-8 such thamaxs B = maxg B before computing , to make sure the speeds are on the same scale.
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mally. If we want to require that algorithms be polynomial time, we may simply run the PTAS for
makespan minimization in the scheduling stage, and the bounds increasé bynafactor. We

will not explicitly mention this in the remainder of the paper.

1.3 Consistent Algorithms are not Robust

A natural rst question is whether there is an algorithm with optimal consistency that also
achieves a good robustness. We answer this question negatively and show that there exists an
instance for which any-consistent algorithm cannot bé=C-robust. This impossibility result is
information-theoretic and is not due to computational constraints. The proofs in this section can

be found in Appendix B of the full version.

Proposition 1.3.1.For any= j <, there is no algorithm that i§-consistent ane;%gl-robust,
even in the case of equal-size jobs. In particular, for= =2, there is no algorithm that is

1-consistent and1=C-robust.

More generally, we show that there is a necessary non-trivial trade-off between consistency
and robustness for the SSP problem. In particular, the robustness of any deterministic algorithm

for SSP must grow inversely proportional as a function of the consistency.

Theorem 1.3.2.For anyU 2 10-1°, if a deterministic algorithm for SSP 14, U°-consistent, then
its robustness is at least %J $ 1<1°, even in the case where the jobs have equal processing times.
In the special case where the processing times are in nitesimal, the robustness of a deterministic

11 . W-consistent algorithm is at leadt, 114802 $1%°°

Recall that in the setting without predictions, the best known algorithi is 1¢<°-robust
(and thus alsé2 1e<°-consistent) [43]. Since we have shown that algorithms with near-optimal
consistency must have unbounded robustness, a main question is thus whether it is even possible
to achieve a consistency that improves oV2r 1e<° while also obtaining bounded robustness.
We note that the natural idea of randomly choosing to runtthe 1+ <°-robust algorithm or an

algorithm with near-optimal consistency (with unbounded robustness), aiming to hedge between
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robustness and consistency, does not work since the resulting algorithm would still have unbounded

robustness due to SSP being a minimization problem.

1.4 The Algorithm

In this section, we give an algorithm for scheduling with speed predictions with arbitrary-sized
jobs that achievesminf[ 211, n°t1, P21, n°12, 2« U°gapproximation for any constant? 10-1°

and anyU 2 10-1°. The proofs in this section can be found in Appendix C of the full version.

1.4.1 Description of the algorithm

Our algorithm, called IPR and formally described in algorithm 1, takes as input the processing
times of the job, the predicted speeds of the machifesn accuracy parametera consistency
goall, U, and a parametat that in uences the ratio between the size of the smallest and largest
bags. For general job processing times and machine speeds, We=usd-or some special cases
in section 1.5, we use = 2. IPR rstuses the PTAS for makespan minimization [54] to construct a
partition of the jobs into bags;— ¢ * * — such that scheduling the jobs igon machine3achieves
al, napproximation when the predictions are correct. In other words, it initially assumes that the
predictions are correct and createkla n°-consistent partition of the jobs into bags. In addition,
it also creates a tentative assignmkbht =f 10-***M < =f -gofthe bags 1—¢**— onthe
machines.

Even though this tentative assignment achieves a good consistency, its robustness is arbitrarily
poor. To improve the robustness, IPR iteratively rebalances this partition while maintaining a
11, n°11 WP bound on its consistency. The design and analysis of such an iterative rebalancing
procedure is the main challenge.

At each iteration, the subroutine LPTERALANCE rebalances the bags and modis;— ¢« *M .
We de ne thfa processing tim@! °© of a bag to the total processing time of the jobs in that bag,
ie,?t °= ! o 7?9 The algorithm terminates either when scheduling the bags in ldagpbin

machineBviolates the desiretll, n°11, P consistency bound or when the ratio of the largest pro-
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cessing time of a bag containing at least two jobs to the smallest processing time of a bag is at most
d. To verify the consistency bound, the algorithm compares the makespan of the new tentative as-
signment to the makesp@PT of the initial assignment, assuming that the speed predictions are

correct.

Algorithm 1 ITERATIVE-PARTIAL -REBALANCING (IPR)
Input: predicted machine speets B, job processing time8;— ¢ ¢« —? consistency

1, U, accuracyn 2 10-1°, maximum bag size ratid 1.

=

:f 1—eee—g all, n-consistent partition such th@t ° eee 21 _0
2: OPT MaXpx1,?' LB

3 Mi—seeM. f jg-eeef g

4: whilemax oy gvmgj j 2?2 °id min o gy ?t ©:

5 M{—eedM 2, LPT-REBALANCE(M 1—9* M )

6: if ma@)x%l om9?t OBy 1, WOPT :

7 f 1—eee—g [ @xiMs

8: return f 1—eee—g

90 Mi—seMc M 2—eeem?

10: f 1—eee—g [ oxiMs

11: return f 1—eee—g

The LPT-Rebalance subroutine. This subroutine rst moves the bagmi, with the smallest
processing time to the collection of balysmax that contains the bag with the largest processing
time among the bags that contain at least two jobs. Ibetthe number of bags M max including

min- The subroutine then balances the processing time of the b&ys.ipby running the Longest
Processing Time rst (LPT) algorithm over all jobs in bagsMmay, .. jobs in[ om,.. -
to create new, balanced, bags that are placedVin,ax. LPT-REBALANCE nally returns the
updated assignment of bags to machikks—+++M .. We note that among these collections
of bags, only twoM min andM nax, are modi ed. We use Figure 1.1 to illustrate this rebalancing

procedure.
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Figure 1.1: lllustration of one iteration of the IPR algorithm on an example with3 bags and
machines and = 5 jobs.

Algorithm 2 LPT-REBALANCE
Input: assignments of badd 1—+«*M <

11 min argminggg?t ©

2: M min  the collection of bagM such that in 2 M

3 Mmax argmax gexyMaX omgj j 2 2+ °
4 Mmax M max[f min@Mmin M minnf ming
5 max [ 2Mpm— M max

6: 2_000_0 fg _ooof.g

8. &P argmaxp .. ?9
o: O argmin 0_aes0g Pt ©

10: 0 O[f g)g— max max N fg)g
11: M max f g_..._()g

12: return M (—ee oM

1.4.2 Analysis of the algorithm

We rst show that IPR with parametet = 4 in the general case is'd, n°'1, U°-consistent
and12 2eWP-robust partitioning algorithm (lemma 1.4.1 and theorem 1.4.5). Then, we use these
consistency and robustness guarantees to obtaimitfg 221 n°11, W1, n°l2  2e¢Pgap-
proximation as a function of the prediction erfoftheorem 1.4.6). Finally, we analyze the running

time (lemma 1.4.7). The main challenge is to analyze IPR's robustness.
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The consistency

The consistency almost comes from the de nition of IPR.

Lemma 1.4.1. For any constantdJ—n2 10-1°, IPRis all, n°1l  WP°-consistent partitioning

algorithm.

Proof. To prove the consistency, we consider the nal tentative assignment of the bags on the
machinedM 1—+++M . when IPR terminates. With true speexishe makespan of this schedule

: I - :
iIsmaxexy, om,?t °*B When the speed predictions are correct, §&-. §, we have

2M8?1 o_ 2M8?1 0
maxX—————— = maxX
<Y, B &<V,
11, WOPT

11, W1, noptip—=s’e

Line 6 of IPR enforces the rst inequality. For the second inequality, observe that s/kef
OPT is the makespan of the initial assignment, which i& an approximation to the optimal
makesparopt'p-s°. Since there exists an assignment of the bags returned by IPR that achieves a

11, n°11 WP approximation whes = § IPRis all, n°11, W°-consistent partitioning algorithm.

The robustness

The main part of the analysis is to bound the algorithm's robustness. First, we show that the

. i i o771 O . . . ..
ratio VIB® = T84 L2~ of the maximum total processing time of a bag containing at least

two jobs to the minimum total processing time of a bag can be used to bound the robustness of any

partitionB.

Lemmal.4.2.LetB =f 1— — -gbe apartition of=jobs with processing time®;— ¢ « » 2into

max 2 j 27t ©
min og ?1 ©

< bags. ThemB is amax 2— ¥B°g-robust partition, wheré/AB° =
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By Lemma 1.4.2, it remains to bound the ratiof the bag® returned by IPR. LeB '® denote
the collection of all bags at iteration8of the algorithm and de nd:ﬁn = min ,ge ?* °to be
the minimum processing time of a bag at each iteraiofo bound the ratio/, we rst show in

Lemma 1.4.3 thal:gn is hon-decreasing i@

Lemma 1.4.3. At each iteratiorBof IPR with d = 4, 1817 18

min min*
Using Lemma 1.4.3, we bound the size rdtfioeeded for Lemma 1.4.2.

Lemmal.4.4.LetBpr=f 1—***— gbe the partition of the jobs returned byPR with d = 4.
Then, we have thaf'B|pr® 2, 2¢Ue

Proof sketch; full proof in Appendix A.3.et M 1—e« <M -, andM nax be the collections of bags

when IPR terminates. By using the balancedness of bals gy, we rst show that we have
|

2
\/1 (o} 2M max
B|PR T _1°min 28,pg 7% °

?10

Let| be the total processing time of the 1 bags with the minimum processing time that
are added tM nax by LPT-REBALANCE over all the iterations of the algorithm. L& ¢ be

the collection of bags such thd ¢ = M nax When the algorithm terminates. We show that

Mo 2F ¢ BOPT | |+ Since the minimum processing time of a bag is non-decreasing

by lemma 1.4.3, we also have that * 1°min 2,5 ?* °when the algorithm terminates.

If I is large ( -

B,OPT ), then, by a series of inequalities, we get tNaB,pR°

2. 2+U. The main part of this proof is whdny —{

B,OPT . In this case, we exploit the fact
that, in the last iteration, adding baghin to M max breaks thel | U consistency of the partition to

show thatmin 2gp; ?* ©=?* min® * Ue °BOPT , which implies thaV'Bpr® 2, 2eU.
We are now ready to show the algorithm's robustness.

Theorem 1.4.5.For any constanté)— 2 10-1°, IPRwithd = 4is a2, 2¢WP-robust partitioning

algorithm.

Proof. Let Bjpr = f 1—¢<**— gbe the partition of the jobs returned by IPR witld = 4. By
Lemma 1.4.4, we have thatB|pr® 2, 2¢U. Thus, by Lemma 1.4.2, the robustness of IPR with
d=4is2, 2-U.
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The approximation as a function of the prediction error

We extend the consistency and robustness results for IPR to obtain our main result. We show
that for the SSP problem, the algorithm that runs IPR in the partitioning stage and then a PTAS in
the scheduling stage achieves an approximation ratio that gracefully degrades as a function of the

prediction errof from 11,k n°1 Wto!l,6 n°12, 2¢LF.

Theorem 1.4.6.Consider the algorithm that runi$® R with d = 4 in partitioning stage and a PTAS
for makespan minimization in scheduling stage. For any constéht0-1° and anyU 2 10-1°,
this algorithm achieves minf[ %11, ne1l  W-1  n°t2 2ePgapproximation for SSP where

[ = ma@xw%ggjgg is the prediction error.

If we do not care about the computation runtime; that is, we can solve each scheduling problem
optimally including the initial step of IPR in the partition stage and the scheduling stage, then our

result improves to ainf[ 11, W2 2+Pgapproximation.

The running time of IPR

We show that the main algorithm perforis< 2 iterations, which implies that its running

time is polynomial inr= and<.

Lemma 1.4.7. At most$ 1< 2° jterations are needed fdPR with d = 4 to terminate.

1.5 Improved Trade-offs for Special Cases

In this section, we consider two different special cases where all job processing times are either
equal or in nitesimal (section 1.5.1), or all machines have speeds either 0 or 1 (section 1.5.2).
These special cases were considered without predictions in [43] and [42].

In the rst special case where all job processing times are either equal or in nitesimal, we
prove that the IPR algorithm witd = 2 achieves a better robustness. In the second special case

where the machine speeds ard @a1g, we no longer use the IPR algorithm. Instead, we propose
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a new partitioning algorithm that i<l | n°-consistent an@1 , n°-robust in this special case. We
also prove that for any 2 »0-1+2°, any deterministi¢1, W°-consistent algorithm has robustness

at leastt4 2WPe3.

1.5.1 Improved trade-off by IPR for special job processing times

In this section, we show improved bounds on the robustness of IPR for the special cases where
the jobs either have equal processing time or are in nitesimally small. To obtain these improved

bounds, we use IPR with parametee 2 instead ofd = 4.

Equal-size jobs

In the case where jobs have equal processing times?ye 1 for all 92 >»=% we obtain an

improved robustness 62 , 1P for the returned partition by IPR witd = 2.

Theorem 1.5.1.1f ?¢g= 1for all 92 >»=Y%then, for any constamt 2 10-1° and anyU 2 10-1°, IPR

withd =2isal, n°11l, U°-consistentand2, 1eU°-robust partitioning algorithm.

The proof of theorem 1.5.1 relies on the following two lemmas. The rstlemma, Lemma 1.5.2,

shows the monotonicity property faf::n whend = 2 in the equal-size jobs case.

Lemma 1.5.2. Assume all jobs have the same total processing time?se. 1 for all 92 >»=%1 At

each iteratior8of IPRwithd=2,12% 18

min min*
Proof. In this proof, we extensively use the notations introduced in the proof of lemma 1.4.3.
Consider thé" iteration of the IPR algorithm (Line 4). In this special case where all jobs have total
processing time 1, the LPTHBALANCE subroutine will partition all of the jobs into bags such that

the difference of the total processing time between any two bags is at most8.-.e?2 M rlns;x

we have?t © 2?1t ® 1 Note that we hav&fax i 21;7?;”, otherwise the algorithm will not

1

execute thé8, 1°C iteration. Let gbe the number of bags M ;?;X before we add .
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The sum of the total processing time of bang,ing;X after we add rlf:n is:
O 1@ 1 k] 1 k]
?r o 1 i te 1021 N 10 Ly, 1o 28, 1910 1 og 10
2M &,

Next, we argue that the minimum processing time of a bdg ﬁﬁ;x after balancing is at least

1% je.x 1%

min? min- |f @l jobs have the same total processing time, LPEBRLANCE will simply
assign thed® job to the @mod? g, 1°)€ bag. If we need all thé g, 1° LPT-rebalanced bags to
have total processing time at Iea.ifi’n, we only need to make sure there are at Idé%]{l g, 1°
jobs as input. Sincéz;]f:";n 1in this special case, we have:
1@ _ 1@ 1@
lminl 8, 1°=123, 101min 8]'min
125, 110 s
12, 1019 1 5 10
0

. 183
21 0
Y : s 1min

g
2M max

which shows thax 12

13 10 . 19 _ a8
min: 1HUS, we havéd minfl = —X=1_.

min
The second lemma, Lemma 1.5.3, gives an upper boudgd,gf

Lemma 1.5.3.LetBjpr =f 1—¢**— gbe the partition of the=jobs returned byPR with d = 2.

Thenlnhax =, linthe case of equal-size jobs.

Proof. Since all of the jobs have processing time 1, the balancing process that gedraied

simply distributed unit-length jobs into bags evenly, sGnax d=—e , ¢ | 1.

5

Combining these two lemmas, we can apply Lemma 1.4.4 @vith?2 to prove theorem 1.5.1.

Proof of theorem 1.5.1IPRis*1, n°11 W°-consistent by Lemma 1.4.1. To prove the robustness,
by Lemma 1.5.2 and 1.5.3, we can apply Lemma 1.4.4 dith2, 2; = £ and2, = 1. Then,V

maxf2— —L . Ll, . UeorT ¢ Note that in the proof of Lemma 1.4.4 we have shown fhat
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1Ue °ByOPT , SO ——— 1 1. Therefore, the robustness boudd maxf 2— tr

1
UBOPT Imin s U »

In nitesimal jobs

We also consider the “continuous” case with in nitesimal jobs, i.e, there are in nitely many
jobs with processing tim@g = ? for some extremely smafl j 0. In this setting, in the partitioning
stage, it's possible to divide the load of all jobs irtobags, each of which can have an arbitrary
total processing time. Again, to apply Lemma 1.4.4, we need the monotonicity propérﬁnof

(implied by Lemma 1.5.2) and an upper boundlgfx (proved in Lemma 1.5.4).

Lemmal.5.4.LetBipr =1 1—¢**— gbe the partition of the=jobs returned byPR with d = 2.

Thenlnax = inthe case of in nitesimal jobs.

Proof. Since the jobs are in nitesimal, the re-balancing process can be done perfectly, and within
each group, all bags have the same total processing time. Therefore, eachMbagyhas the

same total processing timee .

Using lemma 1.4.4, we obtain an improved robustnesd of 1« LP° for the returned patrtition

by IPR withd = 2 when all the jobs are in nitesimal.

Theorem 1.5.5.1f all jobs are in nitesimal, then, for any constant2 10-1° and anyU 2 10-1°,

IPRwithd =2isatl, n°t1, W’-consistentandl, 1eW°-robust partitioning algorithm.

Proof. IPRist1, n°11, W°-consistentby Lemma 1.4.1. To prove the robustness, by Lemma 1.5.2

and 1.5.4, we can apply Lemma 1.4.4 with= 2, 2, = L and2, = 0. Then we derive that the

robustness bound max2- —+ lg 1, 1.

1.5.2 New algorithm and lower bounds for th@ 1g-speed case

In this section, we consider a special case where each machine has either speed 0 (unavailable)

or speed 1 (available). Recall thatdenotes the total number of machines, the speeds of which
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are either 0 or 1. In this case, the predicted speeds véaarniquely determined by the number

of ones in the vector, i.e. the number of available machines. Therefore, instead of a predicted
speeds vector, we let the prediction be a sc&larhich denotes the predicted number of available
machines. In addition, we lety denote the actual number of available machines. An algorithm

in the f 0,1g-speed special case &consistent ifmax,_«, algtp-me-me°eoptip-me® ¢ where
algtp—h-mg° is the makespan of the schedule returned by the algorithm when it is given prediction
< in the rst stage and actual number of machines availalyén the second stage. An algorithm

is V-robust if it achieves & approximation ratio when the predictions can be arbitrarily wrong,

i.e., if mMaxya <, algtp—fh-mg®soptip-me® V.

A new algorithm

In this section, we rst show that there ista , n°-consistent an@!1, n°-robust partitioning
algorithm in the binary speeds case. Then, we can pay an‘dxtna factor for the approximation
ratio by using PTAS on the scheduling stage.

We now brie y introduce the idea of th&l | n°-consistent an@!1 , n°-robust partitioning
algorithm. First, we run PTAS with accuracy parameteassuming that machines are available,
and create¢ subsets of job§ = f 1—ee+—ag Next, we partition each subset inbgc or dxe

bags by the LPT algorithm, resulting in a totalobags. The details are presented in Algorithm 3.

Algorithm 3 Thef0-1g-speed SSP algorithm
Input: the predicted number of available machir®&gob processing time8;— ¢ ¢ «—?accuracy

n2 10-1°
1: Partition jobs with PTAS? into < subset$ 1—ee¢e*—sgsuch that?* 1° ?1 L0
2: for8=1to< do
3:  Partition gwith LPT into bc or dxebags such that there are a totakobags

4: Returnf 1—eee—g

Recall thatopt*p—-mg° andalgtp—+f-mg° are the optimal makespan and the makespan that is

obtained by algorithm 3 with job processing timgs< available machines in predictions and
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<o machines in reality. Note thaipt'p—-mg° is just the optimal makespan of the makespan
minimization problem ork o identical parallel machines with job processing tinpes We let
B =f ,— ,—**—gbe the optimal partition of the jobs when &llmachines are available in
reality, the optimal makespan of which is exaatjyt: p—m°.

We rst list a few important properties about the optimal makespan in the makespan minimiza-
tion problems for identical machines. These properties (Lemma 1.5.6, 1.5.7 and 1.5.8) will be used

later.
Lemma 1.5.6.[42] optlp—x° optlp—y°,8G H
i
Lemma 1.5.7.[56] opt'p—x°® max ;pjex-max p;g.

Lemma 1.5.8.[57] Consider the makespan minimization problem on identical parallel machines
with job processing times. Given integerdd G let H= DG E whereD- Ere integers such that

D 114 E GThen,
opttpx° H _ .
opEpy? d Ge— D, 1

In the remainder of this section, we analyze the robustness of algorithm 3 as the consistency is
11, n° by construction. First, we show that the raﬁ%ixozz“"—?,;om of the maximum total processing
time of a bag inB to the maximum total processing time of a baddinis an upper bound for the

robustness of any partitida.

Lemma 1.5.9.LetB =f 1— ,—e*e*+—-gbe a partition of= jobs with processing timgsinto <
bags. If% \ whereB is the optimal partition of the jobs when al machines are

available, therB is amaxf\—2g-robust partition.

Proof. If the number of nonempty bags B is smaller than or equal 9, then by lemma 1.5.6,

we havealg!p—+h-me® = maxaos PB° | maxgme ptB® =\ opttp-m° \ optip-meP.
Otherwise, some bags need to be scheduled on the same machine in ordgf toathines. If

we can “merge” some bags and end up withbags after the merging process, then we can simply

follow a one-on-one schedule. To achieve this, after learning the number of machines available
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<o, we merge the smallest two non-empty bags until there<@graon-empty bags. Through this
process, if the total processing time of the largest bag does not change, then by Lemma 1.5.6,
we havealg'p—f+-mp°® = maxgog p1B° ' maxgop plB(b =\ opttp-m° \ optp-me°.
Otherwise, if the total processing times of the largest bag increases through merging, then we
claim that after the merging process, the total processing time of each bag is ait€asherel;

is the total processing time of the largest bag. We prove the above claim by contradiction. Assume
there exists a bag with total processing time less tha2 after the merging process. Since we
know 1; must be the sum of the total processing time of two smallest bags, every other bag must

have a load larger than or equallte 2. Therefore, we have a contradiction. With the above claim,

we havealg'p—f+-mg° s2p PB°. Then by Lemma 1.5.7, lf 9?9 < pmaxg?g, we have

mp, 1

| : ,
alg! p—f-mg° #1 B28 P'B° rﬁo—rt"loptlp—mOO 2 opttp-mg°, where the second inequality

I o
holds becausept!p—-mg° i pj*mo. Otherwise, if §?9 <gmaxg?g, thenalg!p—fi-mg°

I . .
m02, 7 B2 P'B° mzo_rile maxp, 2maxp 2 optp-me° where the second inequality holds

becaus®ptlp-mg® max p.

We now prove a very important property of the LPT algorithm, which we will use along with

lemma 1.5.9 to prove the robustness of algorithm 3.

Lemma 1.5.10.For any job processing timgs and the total number of machines let B, pt =

f 1— — <gbe the partition of= jobs into< bags by the LPT algorithm witR* 1© eee

. I
?1 L0 0f) 4)i 1,then?t © 2,5 7?1 Oel< 10

- I
Proof. Assume, for the sake of contradiction, tldt °j 2,5 ?! %<  1° We must have

- | I
?1 L0 ,g 7 %I< | 19 otherwise, ,g?t °  ?1 (° 1< 1971 O g2t °

5

which leads to a contradiction. Let;j = : j 1. Ifwe sortthe jobsin 1in a non-decreasing order,

. . o : : I
thenthelargest 1ljobsin i have total processmgﬂmeatleas%?l 1° 1-:—102 og 7?1 Oel<

I . . . . : :
1° og 71 Oel< 10?1 0 Since LPT in each iteration always adds a job to the bag with

the smallest total processing time, there's a contradiction.

Using the above lemmas, we can prove that algorithm 3k an®-consistent an@!1, n°-
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robust partitioning algorithm.

Theorem 1.5.11.For any constanh j 0, Algorithm 3 is at1, n°-consistent an@!1, n°-robust

partitioning algorithm.

Proof. If <g = <, since Algorithm 3 would partition all of the jobs intd subsets according to the
PTAS, itis'1l, n°-consistent. Ik g < €, we compare the returned partiti@=f ;—e¢ee—gby
algorithm 3 with the optimal partitioB =f ,—<+*— gwhen all< machines are available. We
claimthatmax og ?1 © 211, n° max g ?! ®©_|f this claim is satis ed then by lemma 1.5.9,
the robustness is at maatl, n° Let 1 = argmax,g ?* °, and 1 be the subset that contains
1. If j 1j = 1, then the bag only has a large job and we have® = max g ?* ©. By
lemma 1.5.9 the robustness is at most 2. Otherwigejfj 1, sin,ce for each subset we partition
it into at leasth< «<c bags, by Lemma 1.5.10 we ha®é 1° 2I 2 , 7t Oelb<e<c, 1° By
Lemma 1.5.8, we havept'p—+f° d merheoptip—-m°. Then we have
o)
?1 0 2 ?1 Oelph<edc 10
21
211, nfoptip—feetbmerfic , 1°
211, NPk «<Leopttp—meibmerhic | 1°

211, nopttp—mPe

Finally, by lemma 1.5.9, we conclude that Algorithm 3 i&'d , n°-robust partitioning algo-

rithm.

Lower bounds

In this section, we rst show that there exists an instance on whichlesgnsistent algorithm
in the fO-1g-speed case has a robustness that is at I?éés}f We then show that there is a
consistency-robustness trade-off for any deterministic algorithm ihGHBEyspeed case.

Lemma 1.5.12.Any 1-consistent algorithm for tH&-1g-speed SSP problem has a robustness at
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i< 1°

——, where< is the total number of machines.

least

Proof. Consider an instance with a totalofmachinesg = < and== <1< 1°unit-sized jobs,
i.e.?g=1forall 92 fl—-eee g

We rst argue that al-consistent algorithm must partition the jobs irtdbags with each bag
having exactly< 1 job. Assume the predictions are correct, i, = <. By Lemma 1.5.7, the
optimal makespan is at least 1. Therefore, such a partition can obtain the optimal makespan
< 1. Now, consider a partition1—« « « — of the jobs such that some bag does not contain exactly
< 1jobs. In this case, there exists at least one bag that contains more tharnobs. Since the
optimal makespanis 1, an algorithm that makes such a partition is hatonsistent.

Next, consider the case where the predictions are incorrect and the actual number of available
machines ig =< 1. Then the 1-consistent algorithm has to schedule two bags, each of which
contains< 1 jobs, on the same machine. Therefore, the makespan of the 1-consistent algorithm
is2l<  1°if <g=< 1. However, the optimal scheduledfy = < 1isto schedule jobs on

each machine. Therefore the robustnesd4s 1°¢<.

Theorem 1.5.13.For any U 2 »0-1+2°, if a deterministic algorithm for thé0-1g-speed SSP

problemistl, U°-consistent, then its robustness is at |ekabt 2U°«3.

Proof. Consider an instance wit® = < = 3 and= = 6. unit-sized jobs, i.e.?¢ = 1 for all
92 f1-e+e++—gwhere: is a large positive integer. L& =f — ,— 3gbe the partition generated
by an arbitrary*1 , W-consistent algorithm witt?* © 2?1 ,° 2?1 30 We letalg*p-3-mg°
denote the makespan achived by tie, U°-consistent algorithm when there axg machines
available in reality, with prediction being = 3. We rst prove by contradiction that we must
havealg!p-3-3° = p!B:° when<gy = 3. Assume thaalg'p-3-3° = p!Bi°®, p!B;° where8 <
9-—-8-29f 1-2-3g. Since the algorithm of our interesti& , W°-consistent, we havalg'p-3-3°
11, Woptlp-3° = 11, W2k Y 3k. Then for the other bagg the total processing time of it is
?1 9j= 171 £ 21 £°=3:, which contradicts thatlgtp-3-3° = p!B;°, p'B;° Y 3k.

Now we consider the approximation ratio wherg = 2. In this case, the algorithm would

schedule ; and 3 on the same machine. Then the makespan of the algoritlahglig—-3-2° =
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pB2° ., p!B3® 6k 1 1, W2k=4k 2UKk with opttp—2° = 3k. Thus, the approximation ratio is

@alglp32° 4 2u
at least opp20 3

1.6 Experiments

We empirically evaluate the performance of IPR on synthetic data against benchmarks that

achieve either the best-known consistency or the best-known robustness for SSP.

1.6.1 Experiment settings
Benchmarks

We compare three algorithmdPR is Algorithm 1 withd = 4 andU = 0+5. The Largest
Processing Time rst partitioning algorithm, which we calPT-PARTITION , creates< bags
by adding each job, in decreasing order of their processing time, to the bag with minimum total
processing time. LPTARTITION is 2-robust (and2-consistent since it ignores the predictions)
[43]. Thel-CcONSISTENT algorithm completely trusts the prediction and generates a partition that
is 1-consistent (but has arbitrarily poor robustness due to our lower bound in Proposition 1.3.1).
In practice, PTAS algorithms for scheduling are extremely slow. Instead of using a PTAS for the
scheduling stage, we give an advantage to the two benchmarks by solving their scheduling stage via
integer programming (IP). However, since we want to ensure that our algorithm has a polynomial
running time, we use the LPT algorithm to compute a schedule during both the partitioning and

scheduling stage of IPR, instead of a PTAS or an IP and we use IP to compute the optimal solution.

Data sets

In the rst set of experiments, we generate synthetic datasets=with50 jobs and< = 10
machines and evaluate the performance of the different algorithms as a function of the standard
deviation of the the prediction error distribution. The job processing tityemre generated i.i.d.
either fromU?* 0-10C, the uniform distribution in the intervdl0-10®°, or N150-5°, the normal

distribution with mean , = 50 and standard deviatioh, = 5. The machine speedg are also
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generated i.i.d., either frotd* 0-4C° or N1204°. We evaluate the performance of the algorithms
over each of thd possible combinations of job processing time and machine speed distributions.
The prediction erroerrti® = § s of each machine is sampled i.i.d. frddt 0— Gand we varyG

from G= 0to G= " g(the mean of machine speeds).

In the second set of experiments, we x the distributions of the processing times, machine
speeds, and prediction errors to é50-f,°, N120-fg’—andN 10-4° respectively, with default
values off , = 5 andf g = 4. We evaluate the algorithms' performance as a function of (1)
the number= of jobs, (2) the numbex of machines, (3f », and (4)f g For each gure, the
approximation ratio achieved by the different algorithms are averaged 00anstances generated

i.i.d. as described above. Additional details of the experiment setup are provided in A.4.

1.6.2 Experiment results
Experiment set 1

From the rst row of Figure 1.2, we observe that, in all four settings, when we vary the magni-
tude of the prediction error, IPR outperforms LPARRITION when the error is small and outper-
forms 1-cONSISTENTWhen the error is large. Since LPTARTITION does not use the predictions,
its performance remains constant as a function of the prediction errors. SIQC&IUSTENT
completely trusts the predictions, it is optimal when the predictions are exactly correct but its
performance deteriorates quickly as the prediction errors increase.

IPR combines the advantages of LPARRITION and 1€ONSISTENT when the predic-
tions are relatively accurate, it is able to take advantage of the predictions and outperform LPT-
PARTITION. When the predictions are increasingly inaccurate, IPR has a slower deterioration rate
compared to IGONSISTENT It is noteworthy that, in some settings, IPR simultaneously outper-
forms both benchmarks for a wide range of values of the standard deviagiaof the prediction
error distribution. When the distributions of job processing times and machine spe®&tiss@r&°
andN 120-4° respectively, IPR achieves the best performance Wikgn g 02. When they are
N150-5° andU?! 04, IPR outperforms both benchmarks wifegie " g 0e4.
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Figure 1.2: The approximation ratio achieved by our algorithm, IPR, and the two benchmarks as a
function of the standard deviation of the prediction efrgy for different job processing time and

true speed distributions (row 1) and as a function of the number oFalte number of machines

<, the standard deviatidn, of the job processing time distribution, and the standard devi&tipn

of the true speed distribution (row 2).

Experiment set 2

The number of jobs has almost no impact on the performance of any of the algorithms. How-
ever, the approximations achieved by the algorithms do improve as the number of machines
increases, especially for LPTARTITION. The reason is that is also the number of bags, so
when the number of bags increases, there is more exibility in the scheduling stage, especially
when the total processing times of the bags are balanced.

IPR is the algorithm most sensitive to the standard devidtipof the job processing times. It
has performance close to that oicoNSISTENTWhenf 5 is small, and similar to LPT-ARTITION
whenf , is large. The approximation ratio of LPTARTITION increases a6 g increases, while
our algorithm and the ZZONSISTENTpartitioning algorithm are relatively insensitive to the change
in f g Since the LPT-RRTITION algorithm generates balanced bags of similar total processing
times, it performs well when the machine speeds are all almost equal, but its performance then
quickly degrades asgincreases. An additional set of experiments that studies the impact Of the

parameter in the performance of the IPR algorithm can be found in section A.5.
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Chapter 2: Energy-Ef cient Scheduling with Predictions

In this chapter, we study thenergy-ef cient scheduling with predictiopsoblem. This chap-
ter is based on the article [58] written in collaboration with Eric Balkanski, Noemie premier and
Clifford Stein. This article is published at the Thirty-seventh Annual Conference on Neural Infor-

mation Processing Systems (NeurlPS '23).

2.1 Introduction

Large data centers and machine learning models are important contributors to the growing
impact that computing systems have on climate change. An important goal is thus to ef ciently
manage power usage in order to not only complete computing tasks in a timely manner but to
also minimize energy consumption. In many operating systems, this tradeoff can be controlled by
carefully scaling the speed at which jobs run. An extensive area of scheduling has studied such
online (and of ine) speed scaling problems (see, e.g., [59]). Since the speed of many processors
is approximately the cube root of their power [60, 61], these works assume that the power of a
processor is equal to speed to some power 1, whereU is thought of as being approximately
3[62, 63] and the total energy consumption is power integrated over time.

Online energy-ef cient scheduling algorithms have mostly been evaluated using competitive
analysis, which provides robust guarantees that hold for any instance. However, since competitive
analysis evaluates algorithms over worst-case instances, it can often be pessimistic. In particular,
it ignores the fact that, in the context of scheduling, future computation requests to computing
systems can often be estimated from historical data. A recent line of work on algorithms with
predictions aims to address this limitation by assuming that the algorithm designer is given access

to machine-learned predictions about the input. In the context of online algorithms, where this
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line of work has been patrticularly active, the predictions are about future requests and the goal is
to achieve improved competitive ratios when the predictions are accurate (consistency), while also
maintaining the bene ts of worst-case analysis with guarantees that hold even when the predictions
are arbitrarily wrong (robustness).

In this framework with predictions, [4] and [38] recently studied the energy minimization with
deadlines problem, which is a classical setting for energy-ef cient scheduling (see, e.g., [62, 63]).
However, there are many scenarios where the jobs do not have strict deadlines and the goal is
instead to minimize the job response time. In energy plus ow time minimization problems, which
are another family of energy-ef cient scheduling problems that have been extensively studied in the
setting without predictions, the objective is to minimize a combination of the energy consumption
and the ow time of the jobs, which is the difference between their release date and completion
time (see, e.g., [64, 65, 66, 67]).

In this paper, we study a general energy-ef cient scheduling problem that we augment with pre-
dictions. This general problem includes both energy minimization with deadlines, which has been
previously studied with predictions, and energy plus ow time minimization, which has not been
previously studied with predictions, as well as many other variants and generalizations. In par-
ticular, the ow time problem with predictions introduces challenges that require novel learning-

augmented scheduling algorithms (see Section 2.3 for additional discussion).

2.1.1 Ourresults

An instance of the General Energy-ef cient Scheduling (GES) problem is described by a col-
lectionJ of =jobs and an arbitrary quality of service cost functionEach job!9—¢- 2° 2 J
consists of a release tinfg, a processing tim&g, and an identi er9 (and potentially other pa-
rameters such as weighis or deadlines3g). A schedule( is speci ed by the speedBy!C at
which job 9is processed by the machine at ti@& he goal isto nd a schgdu[e of minimum cost

1(°, =J°, where the energy consumption of a schedule i¢° = . Oll o Bot@oldt, for

some constarit) j 0. In the general energy-ef cient scheduling with predictions (GESP) problem,
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Problem Previous results Our results with predictions
without with , L
. - Consistency Robustness
predictions | predictions
Flow time 2 [67] 1 19 odoU 1201
Fractional weighted None (1,72 _
: 2 [66]
ow time
Integral weighted U o2 U o2 olou | Lmg??V b
oW tlme $ 11@0 (0] [65] (1’ 11 WJO _OUO 9 -
2
Deadlines 4V [63] [4, 38] 1, $1_4U—“1°

Table 2.1: The best-known competitive ratios dagnergy-ef cient scheduling problems, previous
work studying these problems in the algorithms with predictions framework, and our consistency
and robustness results, for any?2 *0-1% Note that when is suf ciently small, the consistency
improves over the best-known competitive ratios, while also maintaining bounded robustness. A
detailed comparison with the results of [4, 38] for deadlines is provided in Section 2.1.2.

the algorithm is given at tim€&= 0 a collectionJ" of 2 predicted jobs 9-A~?L, which is a sim-
ilar prediction model as in [4]. For all our results, we assume that the quality cost functi®n
monotone and subadditive, which are two mild conditions that are satis ed for the problems with

ow times and with deadlines.

Near-optimal consistency and bounded robustness.Our rst goal is to design an algorithm for

the GESP problem that achieves a good tradeoff between its consistency (competitive ratio when
the predictions are exactly correct) and robustness (competitive ratio when the predictions are ar-
bitrarily wrong). Our rst main result is that for any instance of the GES problem for which there
exists a constant competitive algorithm and an optimal of ine algorithm, there is an algorithm with
predictions that id | n consistent an® 11° robust for any constamt 2 10-1%{Corollary 2.3.5).

Since problems with the ow time and the problem with deadlines admit constant-competitive
algorithms, we achieve a consistency that is arbitrarily close to optimal while also maintaining
constant robustness for these problems (see Table 2.1 for a summary of problem-speci ¢ upper
bounds). We complement this result by showing that there is a necessary trade-off between con-
sistency and robustness for the ow time problem: for any O, there is nol , _-consistent

algorithm that is;>1p 1, 1+_°-robust (Appendix B.1.2).
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The competitive ratio as a function of the prediction error. The second main result is that our
algorithm achieves a competitive ratio that smoothly interpolates frorh theconsistency to the
constant robustness as a function of the prediction error (Theorem 2.3.4). To de ne the prediction

error, we denote by - = J\ J" the jobs that are correctly predicted. We de ne the prediction

error[ = op%ljb maxOPTJ nJ :°-OPTJnJ :°g-which is the maximum between the optimal
cost of scheduling the johsn J - that arrived but were not predicted to arrive and the cost of the
jobsI'nJ . that were predicted to arrive but did not arrive. This prediction error is upper bounded

by the prediction error in [4] for the problem with uniform deadlines.

Extension to jobs that are approximately predicted correctly. We generalize our algorithm
and the previous result to allow the correctly predicted jdbsto include jobs that are approx-
imately predicted correctly, where the tolerable approximation is parameterized by a parameter
chosen by the algorithm designer. The result for this extension requires an additional smoothness
condition on the quality cost1(—J° of a schedule. This condition is satis ed for the ow time

problem, but not by the one with deadlines.

Experiments. In Section 2.5, we show that when the prediction error is small, our algorithm
empirically outperforms on both real and synthetic datasets the online algorithm that achieves the

optimal competitive ratio for energy plus ow time minimization without predictions.

2.1.2 Related work

Energy-ef cient scheduling. Energy-ef cient scheduling was initiated by [62], who studied the
energy minimization with deadlines problem in both of ine and online settings. These of ine and
online algorithms were later improved in [68, 63]. Over the last two decades, energy-ef cient
scheduling has been extended to several other objective functions. In particular, [64] proposed the

problem of energy plus ow time minimization, which has been studied extensively (see, e.g., [67,

We note that [4] give an alternate approach to transform an arbitrary algorithm with predictions for the problem
with uniform deadlines to an algorithm that allows small deviations in the release time of the jobs. This approach can
be applied to our algorithm for the problem with uniform deadlines.
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69, 66, 65, 70, 71, 72]).

Learning-augmented algorithms. Algorithms with predictions is a recent and extremely active
area, especially in online algorithms, where it was initiated in [1, 2]. Many different scheduling

problems have been studied with predictions (see, e.g., [3, 40, 49, 39, 44, 73, 74, 55]).

Learning-augmented energy-ef cient scheduling. Energy-ef cient scheduling with predictions
has been studied by [38] and [4], who focus on the problem with deadlines, which is a special case
of our setting. The prediction model in [4] is the closest to ours. For the problem with dead-
lines, the algorithm in [4] achieves a better consistency-robustness tradeoff than our algorithm,
but their algorithm and prediction model do not extend to more general energy-ef cient schedul-
ing problems such as the ow time problem. In addition, the competitive ratio as a function of
the prediction error is only obtained in [4] in the case of uniform deadlines where the difference
between the deadline and release date of a job is equal for all jobs (the authors mention that de n-
ing algorithms for general deadlines becomes complex and notationally heavy when aiming for
bounds as a function of the prediction error). Thanks to our algorithmic framework and de nition
of prediction error, our bound generalizes to the non-uniform deadlines without complicating our
algorithm. [38] propose a signi cantly different prediction model that requires an equal number of
jobs in both the predictiod" and true set of jobd . Consequently, their results are incomparable
to ours and those by Bamas et al. [4].

Finally, we note that [75] also study energy scheduling with predictions, but with the different

challenge of deciding if demand should be covered by local generators or the external grid.

2.2 Preliminaries

In the General Energy-Ef cient Scheduling (GEfoblem, an instance is described by a col-
lectionJ of =jobs and a real-valued cost functio(—J° that takes as input the instandeand
a schedulé for J , and returns some quality evaluation of the schedule. Eachgelg: 2° 2 J

consists of a release tindg, a processing tim@g, and an identi er9(and potentially other param-
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eters such as weighi and deadline8g). We often abuse notation and wrig2 J instead of
19— 2° 2 J . For any time interval, we letJ =192 J : A2 gbe the subset of jobs af
with release time in. For intervals = »0—-&or = »C3Y, we writeJ candJ g
) A feasible scheduléor a set of jobs) is specied by( = fB'Cgc0-25 o WhereBC :=
| @J BtC is the speed at which the machine runs at ti@eThus, Bi!C*BC is the frac-
tion of the processing power of the machine allocated to 9t time C? During a time inter-
val , there are BytCdt units of work for job 9that are completed and we Iét be the sub-
schedulef Bs*Cgr —g3 . The cost function we consider is a combination of energy consump-
tion and quality cost for the output schedule. The energy consumption incurred by a schedule is

(%= <o BcYdt, whereU | 1is a problem-dependent constant, chosen so that the power at
timeds B-GY. To de ne the quality of a schedule, we introduce ek pro le, g = fF(glegc Ao
of scheduld for job 9 WhereF(gle =29 A:Bng’du is the amount of work foBremaining at
timeC

We consider general objective functions of the form &pgsl® = (°, 1(-J° and the

goal is to compute a feasible schedule of minimum cost(—J° = 51, i— P—eool (o
is an arbitraryquality costfunction that is a function of the work pro les and the jobs' param-
eters. In the energy minimization with deadlines problem(-J° = 1 if there is a job9
with completion time2{, such that?§, j 3 ¢, and 1(-J° = 0 otherwise. In the energy plus
ow time minimization problem, we have 1(-J° = | ®J 2(9 A (see Section 2.3.3 for addi-
tional functions ). A function 1(-J° is subadditive if for all sets of jobd; andJ,, we have

(=J1[J 2° 1(=J1°, (=J2° is monotone if for all sets of jobd and scheduleé
and(%such thaF 1@ F{*Cforall 92 J andC Ay, we have that (—J° (g0, We
assume throughout the paper thats monotone subadditive, which holds for the deadlines and
ow time problems. We le{ 1J° andOPTJ° :=cost( 1J°-J° be an optimal of ine schedule

and the optimal objective value.

2For ease of notation, we allow the machine to split its processing power at every tim@ostpmultiple jobs.
In practice, this is equivalent to partitioning time into arbitrarily small time periods and splitting each time period into
smaller subperiods such that the machine is processing one job during each subperiod.
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The general energy-ef cient scheduling with predictions problem. We augment the GES
problem with predictions regarding future job arrivals and call this problem the General Energy-
Ef cient Scheduling with Predictions problem (GESP). In this problem, the algorithm is given at
time C= 0 a predictionJ" = f1 9-A-?Lgregarding the jobs = 1 9—4 2°gthat arrive online.
An important feature of our prediction model is that the number of predicted;j{fbsan differ
from the number of true jobg) | .

Next, we de ne a measure for the prediction error which generalizes the prediction error in [4]
for the problem with uniform deadlines to any GES problem. With= J\ J" being the correctly

predicted jobs, we de ne the prediction error as

1
1) Jb = maxOPTJ nJ :°-OPTJ'nJ -°
[ OPTJ® N

whereOPTJ n J :°is the optimal cost of scheduling the true jol8—# 2° such that either

the prediction for9was wrong or there was no prediction férand thatOPT-J'n J :° is the
optimal cost of scheduling the predicted jot&A—?° such that either the prediction f@&was
wrong or 9 never arrived. The prediction errtJ —J® is then the maximum of these costs,
normalized by the optimal co@PT-J® of scheduling the predicted jobs. We assume fiat ;
to ensure thattJ —J® is well-de ned. This prediction error is upper bounded by the prediction
errorjjF™e FPrediju considered in [4] for the problem with uniform deadlines, which we prove
in Appendix B.6.1. Herd""® andFP"®d are the true and predicted workload at each time §tep
i.e., the sum of the processing times of the jobs that arri¢ at

We note that in the above error model, a j6lis in the set of correctly predicted jollks:
only if all the parameters o®have been predicted exactly correctly. To overcome this limitation,
we introduce in Section 2.4 a more general error model where some small deviations between
the true and predicted parameters of a are allowed for the correctly predicted joBs . In

Appendix B.6.1, we provide further discussion of this prediction model in comparison with [4, 38].
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Performance metrics. The standard evaluation metrics for an online algorithm with predictions
are its consistency, robustness, and competitive ratio as a function of the prediction error [76, 1].

The competitive ratio of an algorithm ALG as a function of a prediction grnsr

17 —
spo=  max  COSALG JO .
e 0 OPTJ
ALG is d-robustifforalll 0,2° d(competitive ratio when the error is arbitrarily large) and
" -consistenti10° ° (competitive ratio when the prediction is exactly correct). The competitive

ratio of ALG is called smooth if it smoothly degrades fronto d as the prediction errdr grows.

2.3 The Algorithm

In this section, we develop a simple and general algorithmic framework for GESP and analyze
the resulting consistency, robustness, and competitive ratio as a function of the prediction error.
We rst note that the algorithm with predictions from [4] for the problem with deadlines does not
easily generalize to some of the other problems that we consider, including the ow time problem
(see Appendix B.6.3 for additional discussion). A major difference is that our algorithm consists

of two distinct phases.

Predictions cannot be completely trusted. We also note that a rst natural approach is to as-
sume that the predictions are exactly correct and aim fecansistent algorithm. For the problem

with deadlines, [4] showed that there is haconsistent algorithm with bounded robustness. In
Appendix B.1.1, we show that this approach would also fail for the ow time problem because
the algorithm might start by processing jobs too fast and consume too much energy when trusting
the predictions. More generally, in Appendix B.1.2, we show that there is a necessary trade-off
between consistency and robustness for the ow time problem by proving that, ameconsistent

algorithm must bé& P 1, 1s_°-robust.
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2.3.1 Description of the algorithm

The algorithm, called TPE, takes as input an arbitrary quality of service cost functipre-

dictionsJ", a con dence level 2 0-1¥in the predictions, an of ine algorithm EFLINEALG for
, and an online algorithm @LINEALG for  (without predictions). We denote WyFFJ° =
COSEOFFLINEALG!J® —J° the objective value achieved byFEO_INEALG overJ .

The algorithm proceeds in two phases. In the rst phase (Lines 1-5), TPE ignores the predic-
tions and runs the auxiliary online algorithmNONEALG over the true jobs) cthat have been
released by tim€ More precisely, during the rst phase of the algorithigstC is the speed accord-
ing to the online algorithm @LINEALG for all jobs. The rst phase ends at the tifiewhen the
cost of the of ine schedule computed by runningKQINEALG on jobsJ creaches the threshold
value_ OFRJ®. As we will detail in the analysis section, this rst phase guarantees a bounded
robustness since we ensure that the of ine cost for the true jobs reaches some value before starting
to trust the predictions (hence, TPE does not initially "burn' too much energy compared to the

optimal of ine cost, unlike the example described in Appendix B.1.1).
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Algorithm 4 Two-Phase Energy Ef cient Scheduling (TPE)
Input: predicted and true sets of joldS andJ , quality of cost function , ofine and online

algorithms (without predictions) EFLINEALG and ONLINEALG for problem , con dence level
_210-1%

1: for C 0do

2. ifOFRJ @i _ OFRJ® then

3 c C

4: break

5 fB'COps . ONLINEALGY] Q1C

6: fB!CG: c_gp,  OFFLINEALG!J ¢°

7: for C Cdo _

8 fBiCOp; np, ONLINEALG!) cnJ' colC

©

fB'COp;, 1 | B'COp), o7
10: return fB'Cgc 0-94

In the second phase (Lines 6-9), TPE starts leveraging the predictions. More precisely, TPE
needs to set the speeds for three different types of jobs: (1) the remaining jobs that were correctly
predicted (i.e.J ¢\ I c) (2) the remaining jobs that were not predicted (ik.c nJ' c) 3)
the jobs that were not correctly scheduled in the rst phase and still have work remaining at the
switch pointC (which are a subset afyc). To schedule these jobs, TPE combines two different
schedules. The rst one is the of ine schedufe= OFFLINEALG?J" c° for the jobs" ¢ that are
predicted to arrive in the second phase. Each future job in the true set that was correctly predicted
(i.e., 92 J,c_g\ J' ¢ on Line 9) will then be scheduled by followir@ The second schedule is
an online schedule for the set of jobs J* c=Jdvwcl[J ¢ nJ" c, Which includes all jobs that
have not been completed during the rst phasé (yc) and the incorrectly predicted jobs that are
released during the second phadec(egn I c)- This online schedule is constructed by running
ONLINEALG on the setl n J" ¢ (Line 8). Note that the total speed of the machine at each time

step is the sum of the speeds of these two online and of ine schedules.
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2.3.2 Analysis of the algorithm

We analyze the competitive ratio of TPE as a function of the prediction prfasm which the
consistency and robustness bounds follow. Missing proofs are provided in Appendix B.2. We sep-
arately bound the cost of the algorithm due to job3 e, J ¢ nJ' candJ c\ I c- We do this
by analyzing the costs of schedules := ONLINEALGJ n J* c°and(* := OFFLINEALG!J c°.

In the next lemma, we rst analyze the cost of combining, i.e., summing, two arbitrary schedules.

Lemma2.3.1.LetJ; be a set of jobs anf; be a feasible schedule fdr, letJ, be a set of jobs and
(2 be a feasible schedule fdr. Consider the schedule:= (1, (2for J1[J 2 which, at each time
Cruns the machine at total spe8H® = B 1C, B!C and processes each j@R? J; at speedd_4C
and each job®2 J, at speed®_4C. Then, cost(—J1[J »° cost(1—J 105 , Cost(2-J 205 U-

We next upper bound the cost of the schedule output by TPE as a function of the prediction

OPT:Jn Jb
OPTLJ®

and[» = m. The proof uses the previous

error[ , which we decompose info, = PrIny

lemma repeatedly, rst to analyze the cost of the scheltife= ONLINEALG!J n J* c® for the
set of jobsI n J' c=1vc["] ¢ nJ* c), then to analyze the cost of the nal schedule, which

combineg > and (" := OFFLINEALGLT" ¢°.

Lemma 2.3.2.Assume thaDFFLINEALG is Ws-competitive and thaDNLINEALG is W,-competitive.
Then, for all_ 2 10-1%the schedul¢ output byTPE run with con dence parameter satis es
U

11 1
cost(-J° OPTJ® W, Wil Wt [P0 -«

Proof. We start by upper bounding céét=J n J° c® First, by the algorithm, we have that
OFFJyc® _ OFFJ® . Since G-FLINEALG is W-competitive, we get

OPTJyc® OFFJyc® _ OFRJ® Wy OPTJ®.

We also have thaDPTJ ¢ nJ' c® OPTIn J® [,0PTJI® where the rstinequality

is sinceJ ¢ n J c Jdn J" and the second is by de nition df;. Recall that 1 denotes the
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optimal of ine schedule for the problem and consider the sche¢ilte( ¢1J vc®, (¢ c nJ* c®

fordn 3¢ =Jvc [t ¢ nJ c° We obtain that

U
OPTIn J'c® cost(In J'¢c° OPTlJyC_O%, OPTJ ¢cnJ QO%

U
L_WgOPTJ® & 1[;0PT.Jb 4o

U
1
=OPRJS® 1 Wb, [P -

where the second inequality is by Lemma 2.3.1. Since we assumed thak©€ALG is Wp-

competitive,

cost(>In I'c® Wy OPTIn J'c® W, OPTI® 1 Wyt [

e
[ ]

We now bound the cost of schedile First, note that cos(~J" c® = OFFLINEALGJ" ¢°
Wi OPTLS" c® Wk OPTJ® -where the rstinequality is since BFLINEALG is Wx-competitive

and the last one sinck c J*. Therefore, by applying again Lemma 2.3.1, we get:

u
cost(-J°  cost(*J' C_O% ccost(=In T C_O%
1 1 1Y T U
Wi OPTJI® T W, OPTI® 1 Wx°U [}
11 1 Y
=OPTJ® W, Wt Wi°U [J0
We next state a simple corollary of Lemma 2.3.1.
u
1
Corollary 2.3.3. OPTLJ\ J® 1 [; OPTJ®, and, assuming thaDFFLINEALG is Wj-

u
competitive, we have: ®FFJ° _OFRJ®  then[, 1 1 _WffO%

We are ready to state the main result of this section, which is our upper bound on the competi-

tive ratio of TPE.

Theorem 2.3.4.For any _ 2 '0-1% TPE with a W,-competitive algorithnONLINEALG and a
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Wi-competitive of ine algorithmOFFLINEALG achieves a competitive ratio of

évgn if OFRJ° _OFRJ®

U

T otherwise
U
max W_[l’ 110,

11 14
g Vg:fjf,Vg%ll_WffoU,[l o

The consistency and robustness immediately follow (for simplicity, we present the results in the
case where €FLINEALG is optimal). Additional discussion on this competitive ratio is provided

in Appendix 2.3.4.

Corollary 2.3.5. For any_ 2 10-1°, TPEwith a W,-competitive algorithnONLINEALG and an

optimal of ine algorithmOFFLINEALG iS 1, anu_% competitive iff 1 = [ 2 = 0 (consistency)
1

and maxf Wn—wg-competitive for alll 1—[> (robustness). In particular, for any constant

ni 0, with = 1\,T;‘200U, TPEis 1, n-consistent an® 11°-robust.

2.3.3 Results for well-studied GES problems

We apply the general framework detailed in Section 2.3 to derive smooth, consistent and robust

algorithms for a few classically studied objective functions.

Energy plus ow time minimization. Recall thatZ(9 denote the completion time of jo® The

I
quality cost function is de ned as: 1(-J° = g 129 AL, with total objective cos$(-J° =

(
1(-=J°, 1(°. By a direct application of Corollary 2.3.5, we get that for alR 10-1% Al-
gorithm 4 run with the 2-competitive online algorithm from [67] and con dence parametsr

11 . 2U 4
11 2u_u°Y-consistent ané-22—-robust.

Energy plus fractional weighted ow time minimization. In this setting, each job has a weight
: : i -
Ey The quality costis 1(—-J° = g3 Eg CAQF(Ql(Bdt. We can use as IQINEALG the 2-

competitive algorithm from [66].
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Energy plus integral weighted ow time minimization. In this setting, each job has a weight
: o i
Eg. The quality cost function is de ned as:*(—J° = g, E912(9 AP. We can use as KLIN -

EALG the$ 11Uelog UP?°-competitive algorithm from [65].

Energy minimization with deadlines. In this setting, there is also a deadliBefor the comple-
tion of each job. By writing the quality cost ast(—J° = o3 Xz(gi3 o where)(z(gi3 . =1 if
2(9 i 3 gandO0 otherwise, the total objective can be written as ¥psi® = 1(°, 1(-J°. We
can use as QLINEALG the AVERAGE RATE heuristic [62] (which i2Y-competitive for uniform
deadlines [4]). In particular, for uniform deadlines, and fomafl 10-1%:by setting_ = 1—gU°U,

we obtain a consistency é1 , n° for a robustness factor @f14%enY Lo,

2.3.4 Discussion on the competitive ratio

We assume in this section thatrf.INEALG ionptimaI. Note that for small; and[ », the

1 4 1
LWt U, [[° 1
competitive ratio is upper bounded as —o—, Which smoothly goes &1 , vwn_%ou (con-
[, 1[)

sistency case) whejm—[»> go to 0. Moreover, our upper bound distinguishes the effect of two

possible sources of errors on the algorithm: (1) when removing jobs from the predictien(
and[ » goes tol), the upper bound degrades monotonicall;‘b‘tb_lo. (2) when adding jobs to the
prediction (2 = 0 and[ 1 goes to,1 ), the upper bound rst degrades, then improves again, with
an optimal asymptotic rate ,. This is since our algorithm mostly follows the online algorithm

when the cost of the additional jobs dominates.

2.4 The Extension to Small Deviations

Note that in the de nition of the prediction errdr, a job 9is considered to be correctly pre-
dicted only ifAg = Ayand ?9 = 2. In this extension, we consider that a job is correctly predicted
even if its release time and processing time are shifted by a small amount. We also allow each
job to have some weighEg | O, that can be shifted as well. Assuming an additional smooth-

ness condition on the quality cost functiofie—®, which is satis ed for the energy plus ow time
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minimization problem and its variants, we propose and analyze an algorithm that generalizes the
algorithm from the previous section.

The algorithm, called TPE-S and formally described in Appendix B.3, takes the same input
parameters as Algorithm TPE, with some additional shift tolerance parafféfee »0-1° that
is chosen by the algorithm designer. Two main ideas are to arti cially increase the predicted
processing time?g of each job9 (because the true processing tirigof job 9could be shifted
and be slightly larger thaf®g) and to introduce small delays for the job speeds (because the true
release timeg of some jobs j could be shifted and be slightly later ti#gn Details can be found

in Appendix B.3.

2.5 Experiments

We empirically evaluate the performance of Algorithm TPE-S on both synthetic and real
datasets. Speci cally, we consider the energy plus ow time minimization problem whgrel© =

I . . . .
@J 29 Agand consider unit-work jobs (i.€?9=1forall 9 and x U= 3.

2.5.1 Experimental setting

Benchmarks. TPE-Sis Algorithm 13 with the default setting = 0:02, [ S"ft = 1 andf = 044,
wheref is a parameter that controls the level of prediction error, that we call the error parameter.
2-COMPETITIVE is the2-competitive online algorithm from [67] that sets the speed at each time
Cto :162%, where=1C is the number of jobs witllg¢ Cun nished at timeC and uses the Shortest

Remaining Processing Time rule.

Data sets. We consider two synthetic datasets and a real dataset. For the synthetic data, we rst
generate a predicted set of joBsand we x the value of the error parametiej 0. To create
the true set of jobs , we generate, for each jo®2 J°, some erroerrij° sampled i.i.d. from
N10-f°. The true set of jobs is then de ned ds = f1 94, errtj°° : j 2 Jy, which is the set

of all predicted jobs, shifted according terrtj°g Note that for all9 2 J, 92 J shift only if
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Figure 2.1: The competitive ratio achieved by our algorithm, TPE-S, and the benchmark algo-
rithm, as a function of the error paramete(from left-most to the second from the right), and the
competitive ratio of TPE-S for a larger rangefofas a function of (right-most).

Figure 2.2: The competitive ratio achieved by our algorithm, TPE-S, and the benchmark algo-
rithm, as a function of the shift tolerance paraméf&ft (left) and as a function of the con dence
parameter_(right).

Ay A =jerrtjojy % Oi}jﬁ . Hence, alargefri 0 corresponds to a larger prediction error
[©. For the rst synthetic dataset, called the periodic dataset, the prediction is a set @00
jobs, with& job's arrival A= 8 U. For the second synthetic dataset, we generate the prediction by
using a power-law distribution. More precisely, for each tiGzef 1—« » « —g, where we x) =75,
the number of jobs' arrivals at tim@is set to" 11 ?10°°, where?10° is sampled from a power
law distribution of parameted, and” is some scaling parameter. In all experiments, we use the
valuesO = 100, " = 500

We also evaluate the two algorithms on the College Message dataset from the SNAP database
[77], where the scheduler must process messages that arriv® dags, each with between 300
and 500 messages. We rst x the error paramdter O, then, for each day, we de ne the true set
J as the arrivals for this day, and we create the predictibrisy adding some errcerrti° to the

release time of each jdbwhereerrti® is sampled i.i.d. froniN*0-f).
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2.5.2 Experiment results

For each of the synthetic datasets, the competitive ratio achieved by the different algorithms is
averaged ovetOinstances generated i.i.d., and for the real dataset, it is averaged over the arrivals

for each of the 9 days.

Experiment set 1. We rst evaluate the performance of the algorithms as a function of the error
parametef . In Figure 2.1, we observe that TPE-S outperforms@PETITIVE when the error
parameter is small. In the right-most gure of Figure 2.1, the competitive ratio of TPE-S plateaus

when the value of increases, which is consistent with our bounded robustness guarantee.

Experiment set 2. In the second set of experiments, we study the impact of the parameters
[Shit and_ of the algorithm for the periodic dataset (results for the other datasets can be found
in Appendix B.5) and xf = 0+4. In the left plot of Figure 2.2, we observe the importance of
allowing some shift in the predictions as the performance of our algorithms rst rapidly improves
as a function of " and then slowly deteriorates. The rapid improvement is because an increasing
number of jobs are treated by the algorithm as being correctly predicted h&rincreases.

Next, in the right plot, we observe that the competitive ratio deteriorates as a functiombich

implies that the algorithm can completely skip the rst phase that ignores the predictions and run
the second phase that combines the of ine and online schedules when the prediction error is not
too large. Note, however, that a larger value olleads to a better competitive ratio when the

predictions are incorrect. Hence, there is a general trade-off here.
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Chapter 3: Learning-augmented Packet Scheduling with Deadlines

This chapter studies tHeearning-augmented packet scheudling with deadlpreblem. This

chapter is based on the article [78] written in collaboration with Ya-chun Liang and Clifford Stein.

3.1 Introduction

In today's interconnected world, ef cient and reliable data transmission is paramount. Busi-
nesses, governments, and individuals depend on seamless communication for various time-sensitive
applications. Managing network traf ¢ ow is critical to ensure that essential data takes precedence
over non-critical information. One approach to achieving this goal is through the use of Quality of
Service (QoS) switches [79, 80, 81]. Here, in contrast to switches that process all traf ¢ in FIFO
order, we differentiate between different types of packets, and perhaps allow a packet to specify
a deadline by which it must be processed. Buffer management at such routers a critical issue in
providing effective quality of service to the various applications that use the network, and our goal
is to develop effective algorithms that prioritize critical traf ¢, which is traf ¢ that has a higher
weight.

More concretely, our input will be a series of packets, each of which arrives at its release date,
and has a weight and deadline. Each packet takes one unit of time to process (this assumption is
common in packet routing applications), and our router can process one packet in each time step.
Our scheduling algorithm decides which packet should be processed at each step. Some packets
may miss their deadlines and need to be discarded. To ensure that critical traf c is processed, our
objective is to maximize the total weight (pro t) of processed packets. To evaluate the performance
of such algorithms, we use competitive analysis, a standard metric in online algorithms. The

competitive ratio is used as a measure, representing the ratio of the optimal of ine prot to the
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pro t achieved by online algorithms in worst-case scenarios when considering the maximization
problem.

Traditional competitive analysis can be overly pessimistic, as it considers only the worst-case
scenario and overlooks the potential bene ts of leveraging historical data to predict future inputs.
To address these limitations, a new eld calkdorithms with predictionsr learning-augmented
algorithmshas emerged. These algorithms assume that the designer has access to predictions about
the input, aiming to improve competitive ratios when predictions are accurate (consistency) while
maintaining bounded competitive ratios even if the predictions are inaccurate (robustness).

In this paper, we augment online packet scheduling with deadlines with predictions. Online
algorithms for packet scheduling with deadlines has been studied extensively [82, 83, 84, 85, 86,

87, 88, 89, 90, 91], but this problem has not been previously studied with predictions.

3.1.1 Ourresults

In an instance of thpacket scheduling with deadlinpsoblem, a collectiod of =jobs with
unit processing time is given. Each joby— 3~ F° 2 J consists of a release timdg, a nonnegative
weight F o, and an integer deadlin®y, indicating the time by which it must be processed. The
goal is to nd a schedule that maximizes the total weight of the processed jobs, with at most one
packet being processed at each step. Inghening-augmented packet scheduling with deadlines
problem, the algorithm is provided with a collectidh of 2 predicted jobs:A-3oP L, at time
c=0.
Optimal consistency and bounded robustnes®ur rst goal is to design an algorithm that strikes
a good balance between consistency (competitive ratio when the predictions are exactly correct)
and robustness (competitive ratio when the predictions are arbitrarily wrong). Our rst result
shows that for the learning-augmented packet scheduling with deadlines problem, given an of ine
prediction and an online algorithm (for the problem without predictions) with a competitive ratio
of W, there exists a learning-augmented algorithm that achieves 1 consistency (Lemma 3.3.3)

andW, , $11° robustness (Lemma 3.3.6). We complement this result by showing that there is a
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necessary trade-off between consistency and robustness (Section 3.4).

The competitive ratio as a function of the prediction error. The second main result is that
our algorithm achieves a competitive ratio that smoothly interpolates from consistency to ro-
bustness as a function of the prediction error (Lemma 3.3.4). We de ne the prediction error
[ = mab)ﬂ_)%%, which represents the maximum ratio between the total weight of
the processed jobs in the optimal schedule for all released jobs untilGene the processed
weights obtained by following the choices of the optimal schedule for the prediction untitime
considering all possible values 6fHere,J candJ * © denote the set of jobs i with release

time at mostCand the set of processed jobs in the intesal @&respectively. (See Section 3.2 for

a detailed discussion of the prediction erjr

Experiments. In Section 3.5, we empirically assess the performance of our proposed algorithm by
comparing it with different benchmark algorithms. We speci cally investigate the impact of pre-
dictions of both weights and deadlines. Our results demonstrate that, when the prediction error is

small, our algorithm outperforms the benchmark algorithms empirically on both real and synthetic

datasets in the context of online packet scheduling with deadlines.

3.1.2 Technical overview

This paper proposes a general algorithmic framework for learning-augmented online packet
scheduling with deadlines. We say general algorithmic framework because there are many special
cases of the packet scheduling with deadlines problem that have received attention. These include
agreeable deadline86], where job's deadlines are (weakly) increasing in their arrival times;
uniform delay[86, 88], where each job has the samamount of time available for processing;
and: -bounded delajB4, 92], where each job has at mostinits of time available for processing,
where: is a positive integer. For these, and other variants, we give one framework that converts
a traditional online algorithm for that variant into an algorithm with predictions. Precisely, this
framework relies on two critical components: an of ine prediction and the online algorithm O

LINEALG without prediction given as input. For the of ine setting of online packet scheduling
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with deadlines, one can solve a maximum weight bipartite matching problem to obtain the opti-
mal solution [82]. Various online algorithms are available for different variants of online packet
scheduling with deadlines. See [93] for a survey.

Initially, our algorithm computes an of ine schedu{@based on the prediction. (We don't
immediately run this schedule, we just use it in our algorithm.) While this schedule is optimal
for perfect predictions, it may not be so in the presence of errors. Our algorithm will look at the
decisions and progress of an online algorithm for the problem without predictions and an of ine
algorithm, compute some quantities and make a scheduling decision. We now describe this process
in more detail.

At each timeG the algorithm rst checks wheth&f1J0 *C 2 P, whereS1J° ‘C s the processed
job corresponding t§ at timeG andP denotes the processed jobs of the algorithm until @né.

If $1J°*C has not been processed, the algorithm calculates two quantities and derives the ratio
between them. One is tOPTJ @ ©°, the total weight of jobs in the optimal schedule for all
jobs released until tim€ and also processed by tinke The other is the total weight of the jobs
processed by the algorithm until tin@ 1, denoted by 1P°, with the addition of 1S1Je ‘Ce,

If either$1J° '© 2 P, or if the ratio exceeds the threshold, the algorithm immediately switches
to ONLINEALG until $1J° *© 8 P and the local test ratio becomes no greater than the threshold.
After that, the algorithm resumes following the choice of the predicted schedule. Other algorithms
with predictions for other problems switch between an online and of ine algorithm. [1, 38, 94].
Our algorithm is different than most of the others because it can switch back and forth between the
online and of ine schedule.

Our analysis rst shows that with an appropriate benchmark for the local test, we can ensure
that when the prediction is correct, the algorithm will always follow the choice of the predicted
schedule; that is, the output schedule is optimal. Additionally, we show that our proposed algorithm
achieves constant robustness. The analysis involves partitioning the entire time interval into two
smaller intervals, namely0—C 1¥and»C—)%whereC 1is the last time that the local test ratio

is not greater than the threshold. The high-level idea behind the analysis is as follows: suppose a
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job in the optimal solution is processed in the interv@k)% In this case, it is either processed

by our proposed algorithm in the interveél-C 1Y.0r feasible to be processed by our proposed
algorithm. In either case, the algorithm does not incur signi cant losses even if a wrong decision
is made in the interval0— C 1Y4 Next, consider the case where a job in the optimal solution is
processed in the interval—C 1% If the deadline is no later thad, the competitive ratio can be
safeguarded by the guarantees of the local test, which ensures the performance of our algorithm
until time C 1. Otherwise, if its deadline is later thdD, it is feasible to process it with our

algorithm, ensuring the algorithm's performance.

3.1.3 Related works

Online packet scheduling with deadlines.The problem of online packet scheduling with dead-
lines was initially introduced by [95] and [82]. There are many studies for deterministic algorithms,
including both the general model and different special cases [86, 82, 84, 96]. Recently, [85] gave
anoptimalg  1618-competitive algorithm for the general model, which matches the lower bound
for deterministic algorithms [97, 98, 82].

For randomized algorithms, different adversary models and results have been explored as pre-
sented in studies such as [84, 90, 91]. Additionally, other variants of the online packet scheduling
with deadlines problem have been investigated [99, 96]. Notably, in [96], a lower bound of a 1.25-
competitive ratio was proven for any constant lookahead, where the algorithm can access future
input information for the next few steps. More information about online packet scheduling with
deadlines and related problems can be referred to in survey papers [93, 100].
Learning-augmented algorithms. In recent years, a signi cant body of research has emerged
on algorithms with prediction models, which seeks to address the challenge of partial information
often available to decision-makers. This line of work utilizes machine-learned predictions about
the inputs to design algorithms that achieve stronger bounds (consistency) when provided with
accurate predictions. Furthermore, this research aims to maintain a worst-case guarantee (robust-

ness) that holds even in the presence of inaccurate predictions. Optimization problems investigated
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under this framework include online paging [1, 2], routing [5], matching [10, 17], online convex
optimization [19, 20, 94], Markov decision process [21], queueing [23, 24, 25, 26], and graph
problems [27, 28, 5] (see [45] for a survey of works in this area). Many different scheduling prob-
lems have been studied with predictions [38, 44, 58, 4, 3, 39, 40]. See the survey website [41] for

more information.

3.2 Preliminaries

We rst describe the online packet scheduling with deadlines problem. An instance of online
packet scheduling with deadlines is characterized by a colledti@mf = unit-length jobs, where
each job arrives in an online fashion. Each job, denotéd@as3— R 2 J , is de ned by a release
time Ag, a deadlinég, and a weighFE ¢, whereAgand3gare integers, anb gis a non-negative real
number. In addition, we assume distinct weights for all packets, as any instance can be adjusted
to have unique weights through in nitesimal perturbation while maintaining the competitive ratio.
Let) be a nite time horizon of the problem. At each tin@2 »)-)% only one job can be
processed, and it must satighy Cand3g 1 Cthatis, ajob can only be processed after its
arrival and before its deadline. The objective is to process a set of jobs of maximum total weight.
We also let] cbe a set of jobs id with release time at mo§t

We refer to a collection of processed jobs in the intes@al)¥as aschedule Additionally, we
letS = 1S;— -5 ° denote a set ofhoicesfor processing jobs. To determir@ at each time

82 » Y we use the information on the release time and the rank of the weight-to-lifespan ratio

Fg

39 Ag
With the above de nition ofchoices we can now de ne the jobs that are processed in any

in non-decreasing order, with ties broken by prioritizing the job with the earliest deddline.

realization of jobs instance. For any realizatidnof the job instance, we de n&1J° as the
corresponding jobs processed accordingstdadding zero-weight dummy jobs if there are no
jobs to be processed). ThuslJ® represents a schedule for the job instadceFinally, we let

I
, 1S1J9% = 4q130 Fgbe the total weight of the jobs &1J° .

1For example, if there are two candidate job<at3, such as2-4-4° and12-6-8°, we choosée2-4-4° for (3 at
time C= 3 since it has an earlier deadline of 4.
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De nition 3.2.1 (Dominance Relation [86])For any two jobs9and 9 which are released but not

yet processed at a certain tin@is said to dominaté’if Fgj F 9 and3g 3g.

According to [86], any schedule can be arranged in canonical order in the following way.
Assign the earliest deadline feasible (i.e., a job that has been released but not yet processed and is
not dominated by any other job) to each successive time step. The resulting schedule is referred
to as acanonical scheduleFor any job instancd , let OPTJ° be the optimal schedule far
andOPTJ ¢ be the optimal schedule far g respectively. In the following, we let an optimal
schedule be a canonical schedule.

We also letOPTJ° '© and OPTLJ° " © be the job processed at tin@@and the set of jobs
processed in the interval— €of OPTLJ° , respectively (add a dummy zero-weight job if there is
no job processed). Likewise, for any schedBlel® , we letS1J° 'C andStJ° ' € denote the job
processed at tim€and the set of jobs processed in the intemal €of S1J° , respectively. Also,
for any algorithmA and job instancd , we letA1J° be the output schedule of runnidg on
J . Finally, for any job instancd , we letD*C3J° be the set of expired jobs at tinggthat is,
39Y C 1and which have not been processed.

The learning-augmented online packet scheduling with deadlines problemThe rst impor-

tant modeling task in the learning-augmented framework is to choose the prediction. To answer
this question, we augment the online packet scheduling with deadlines problem with predictions re-
garding future job arrivals, and we call this problem the learning-augmented online packet schedul-
ing with deadlines problem. The algorithm is given a predictior f: &-3o-PPgregarding the

jobsJ = 1Ay 3~ RPgthat arrive online (note that we do not necessarily hjdye= jJ) ). Here,

one may consider a prediction scenario in which, at @rke algorithm has access to extra infor-
mation about arrivals in a few future steps, essentially representing a constant lookahead setting.
However, according to [96], there exists a strong 1.25-competitive lower bound for any constant
lookahead. Therefore, to achieve better consistency, we adopt a model in which the algorithm is
given with predictions about the entire input sequence in the beginning.

Another important modeling task in the learning-augmented framework is to design an appro-
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priate measure for the prediction error. With the de nitionsecheduleand a set othoices we
denoteS as the optimal choices for the predicted set of jdhsepresented &81J> = OPTLJ® .

We will now de ne the prediction error,

[1J —J® := max ‘OPTJ & %
T @0 ’ 1130t Co

as the maximum ratio between the total weight of the processed jobs in the ini@r&bf the
optimal schedule for all released jobs until tiG@nd the processed weights obtained by following

the choices of the optimal schedule for the prediction until thrensidering all possible values

of C In the following, we usé to denote the error wheh andJ" are clear.

Choice of the prediction error. We de ne the prediction error as the norm of the ratio between

the total weight of the processed jobs in the intemx €of the optimal schedule for all released

jobs until timeCand the processed weights by following the choices of the optimal schedule for the
prediction until timeC considering all possibl€ Other types of prediction errors, such as the

norm of the weight difference between the prediction and the realization, may also be considered,
but there are tradeoffs between different errors. For instance,;therm does not distinguish
between instances with one large prediction error and those with many small prediction errors.
The 1 norm, on the other hand, does not distinguish between one large prediction error and many
large prediction errors.

The reason for choosing this error measurement is that the competitive ratio is highly sensitive
to both the weight and deadline of jobs, making it crucial to capture their effects accurately. There-
fore, the error measure is involved in the optimal solution. We believe that our choice of error
captures the essence of the problem. However, we also recognize that other error measurements
could be explored as interesting directions for future research. For instance, our error measure is
sensitive to small shifts in the job's release time, such as when the realization occurs one time unit
earlier than predicted. In this case, although the predictions capture the pattern of realization, it

results in a large error based on the proposed error measure. It would be worthwhile to investigate
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an alternative error measure as in [4] that can accommodate small shifts in job release time.
Performance metrics. The standard evaluation metrics for an online algorithm with predictions
are its consistency, robustness, and competitive ratio as a function of the prediction error [1]. We
let a function2 of error[ , where[ 1 using a given predictor such th2¥] ° represents the worst-

case competitive ratio given that the error is at nfjastWe say an algorithmd\ is U-consistent

if 211° U (competitive ratio when the prediction is exactly correct) and weAsag V-robust
ifforall [ 1-2[° V(competitive ratio when the error is arbitrarily large). We say that the
competitive ratio ofA is smooth if it smoothly degrades frobto V as the prediction errgr

grows.

3.3 Algorithms

3.3.1 Warm up: A simple consistent, smooth, non-robust algorithm

We rst show that an algorithm that blindly follows the predictiong isompetitive. Clearly,
whenJd = J', since the algorithm follows the choices for the prediction, it returns an optimal
schedule. However, this approach is not robust, as the competitive ratio can be arbitrarily large in

case of incorrect predictions.

Algorithm 5 A SIMPLE 1-CONSISTENT SMOOTH ALGORITHM BUT NOT ROBUST
Input: A set of predicted jobd".

1: Compute a set of optimal choic&sfor the predicted jobs", whereS1J® = OPTLJ®

2: return $1J°

Lemma 3.3.1. Algorithm 5 is[ -competitive.

Proof. SinceS1J° follows the same choices &PT-J® , we have

, TOPTJo° , 1OPTJ @ ©e
—_— max
’ 11 joo @0 | 11jot Co

:[_

where the last equality comes from the de nition[of
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Figure 3.1: lllustration of one iteration of the local test (Lines 4-7) of the LAP algorithm. The
rst two rows with a gray background represent the job in the predicted sch&fhi® *© and

the corresponding job i81J° *© at time G while the last two rows indicate the processed jBbs
(yellow) as well as two potential operations for LAP and the job®RIFJ @ €. For each local
test at timeG LAP compares 1OPTJ &' Cowith, 1P [ S1J° *C0 to decide whether LAP
processes eith&f1J° *C (green) or QILINEALG1J n P° *© (orange). In this example, we assume
g1Jo'¢ 8P andD!CJ° = ;.

The main problem with Algorithm 5 is its lack of robustness. Particularly, the competitive ratio
can be unbounded if the prediction is completely wrong. Our next step is to robustify the algorithm

to achieve a bounded competitive ratio and maintain its consistency at the same time.
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Algorithm 6 LEARNING-AUGMENTED ONLINE PACKET SCHEDULING WITH DEADLINES

(LAP)
Input: A set of predicted jobd", an online algorithm @LINEALG, and a threshold 1.

1: Compute a set of optimal choic&sfor the predicted jobs", whereS1J® = OPTLJ®
2. P =,

3: forC 0Odo

4 i S10°C8P and L dthen

5; P=P[ StJo’¢

6: else

P =P[ ONLINEALG!J nlP[D! CJooo'C

~

8: return P

3.3.2 Description of the algorithm

The proposed algorithm, known as LAP, is a general algorithm designed for the online packet
scheduling problem with deadlines. The algorithm takes a set of predicted/jplasthreshold
d, and an online algorithm QLINEALG that solves the online packet scheduling with deadlines
problem without predictions as inputs. Initially, LAP computes a set of choices of the optimal
schedule for the predicted jolE, namely,S (Line 1). At each timeG LAP performs a local
test to determine whether to follo® or switch to ONLINEALG (Lines 4-7). The local test rst
checks whethe81J° *© 2 P. If not, LAP computes the ratio of the total weight of the processed
jobs in the intervab0— &for the optimal schedule of all the released jobs until ti@end the
current processed weights until tinie 1, with the addition of the weight of the processed job
corresponding to the predicted choice at ti@&ee Fig. 3.1 for an illustration of an iteration of
the local test. Note that LAP could switch back and forth between following the prediction or
ONLINEALG.

The underlying principle of LAP is to switch toM@INEALG whenS1J° ‘C 2 P or the current

ratio is larger than the threshol@d d ) to prevent the competitive ratio from worsening. However,
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if $1J°*C 8 P and the current ratio is no greater thdnthe algorithm will continue to trust the
prediction and followS' until a signi cant deviation occurs. The formal description of LAP is

provided in Algorithm 6.

3.3.3 Analysis of the algorithm

The following paragraph analyzes the performance of LAP. Initially, we demonstrate that LAP
is 1-consistent (Lemma 3.3.3). Subsequently, we establish that LARasnpetitive under the
condition that[ d (Lemma 3.3.4). Finally, we investigate the scenario wHered and
demonstrate that LAP maintains a bounded competitive rateb, 0¥y, , 1 (Lemma 3.3.6).

We begin with an important observation of the optimal solution.
Lemma 3.3.2.For everyC2 »0-)¥%, OPTJo" Co  10PTJ @ Co

Proof. The core concept of the proof is that the optimal schedule prioritizes processing jobs with
later deadlines only if there are other jobs with signi cant weights arriving in the future with the
same deadline. Assume thatOPT:Jo ' oY  10PTJ @' ©o. This implies the existence of a
pair of distinct jobs9and P, whereF g j F o, such that92 OPTJ @' Cand¥2 OPTJo " €,

First, consider the case whe88 OPTJ° 'i®  In this case, by adjusting the sequence of
processed jobs, we can repladavith 9 Such a replacement increase$OPT-J° * €0 without
affecting, LOPTJ° 'i® contradicting the optimality cDPTJ .

Next, consider the case wheB2 OPTJ° i€, In this case, there must exist a j&ff 2
OPTJ @'i® such that$°8 OPTJ° 'i®, Otherwise, by processingin OPTJ @'i€, we can
process an extra job iI@PTJ @ © to increase *OPTJ ©°, contradicting the optimality of
OPTJ (.

Consider the relationship betwe&hand 9° According to our assumption, each job has a
unique weight, wher& ¢ < F ga In this case, again, we can adjust a sequence of processed jobs
to replace9and $°with P and 9 (or vice versa), which would increase the total weight of either
OPTJ° or OPTJ (9, contradicting the optimality of eithddPTJ° or OPTJ ¢©. Thus, we

complete the proof.
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Lemma 3.3.3. LAP is 1-consistent.

Proof. To prove 1-consistency, one needs to ensure that LAP satis es the condition in Line 4 for
all C2 »0-)¥% To achieve this, we leverage the insights provided by Lemma 3.3.2. WhenJ",

we haveS1J® = OPTLJ°, and the condition of Line 4 can be represented as:

, 1OPTtJ @ ©e
, 1OPTtJo* Co

Sinced 1, we have
, 1OPTJ & ©e

, 1OPTJo* Co a-

which satis es the condition of Line 4. Therefore, the algorithm will foll&from the beginning

to the end, thus completing the proof.
Lemma 3.3.4.LAP is[ -competitive if  d.

Proof. Initially, by applying the de nition of] , we have

, TOPTJo° , 1OPTJ & ©e
_— max
’ 11 joo 0N | 11301 Co

=[ (3.1)
Next, by our assumptioh  d, we are in the case where LAP follov@from the beginning
to the end (Lines 4-5). Therefore, we have

, TOPTtJeo° | 10OPTJ°°
, 1pPo° B , 11 joo

[_

where the second inequality comes from the result of (3.1).

To prove the robustness of LAP, we partition the output scheBluleto P* € ¥ andP* €°
as processed jobs of LAP within the intervals-C  1¥and>»C-)%respectively, wher€ 1=
arg ma>g;mo_)1/4’1OP11;;,+18:@0 d is the last time that the local test ratio is not greater than the

thresholdd. In this case, LAP follows @LINEALG from C to the end.
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Before diving into the proof of robustness, we rst show that if the total processed weight in
the interval0—C 1¥0of OPTJ° is larger than the total processed weight in the intes@alC 1Y%

of OPTJ ¢ 1°, then the intersection betwe@PTJ° " € ¥ andOPTJ ¢ 1°i® T’ is a non-

empty set.

Lemma 3.3.5.

If, 1OPRJo" C Yoy 10PTJ ¢ 10 € PothenOPTJo" € ¥\ OPTJ ¢ °7C P < ;e

Proof. We prove the lemma by contradiction. Assu@BTJe " € T\ OPTJ ¢ °i€ =,

By replacingOPTJ ¢ :°' € P with OPTJ° " € T we have

, TOPTJo " € Yo 10pRg ¢ 0C To

i, !OPTJ ¢ ¢ o 10PTJ ¢ ,°C T

=, 10PTJ ¢ 1°°-

which contradicts the optimality dPTJ ¢ 1°.

We are now ready to show the algorithm's robustness.
Theorem 3.3.6.LAP isd, W, , 1-robust.

Proof sketch; full proof in AppendiXWe approach the proof by considering two different cases of
the optimal solution, each addressing different scenarios of the relationship between the processed
weights after timeC 1 and the processed weights on or before tithe 1, where\ | Ois a
parameter that we could optimize later:

Case 1:, 1OPTJ0 'iC Yoy 10pTJe* C Po

In this case, the processed weights after tne 1 signi cantly exceed the processed weights
on or before timeC 1. Since LAP follows QILINEALG after timeC, we can utilize the com-

petitiveness of ALINEALG to show that the competitive ratio of this caséa\iéwn.
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Case 2:;, 1OPTJo HiC. o\ 10pTJo’ € Yo
We analyze this case by looking at the following two sub-cases:
(@), *OPTJo" € Fo= 10PTJ ¢ 1o C To.

For this case, since the processed weights of LAP in the interved-o€C 1%4s at least

1, 1OPTJ ¢ 1°° € ¥, we can obtain the competitive ratio of this casé\as 1°d.
(b) , TOPTJO" € Yo 10PTJ ¢ ,° € Yo

In this sub-case, there is an overlapping scenario. By utilizing Lemma 3.3.5, we can handle

the overlapping part. Finally, we can show that the competitive rafib js1°id , 1°.

By optimizing\ = %, we conclude that the overall competitive ratioig, d, 1.

We are ready to state the main result of this section, which is our upper bound on the competi-

tive ratio of LAP.

Theorem 3.3.7.LAP with aW,-competitive algorithnONLINEALG and an optimal solution for

the predictionJ" achieves a competitive ratio of
%[ if[ d
2d, Wn, 1 if[id

whered 1is an error tolerance parameter chosen bjP.

3.4 Lower bound

This section shows some impossibility results about learning-augmented algorithms in the con-
text of Online Packet Scheduling with Deadlinéd/e rst show that there exists an instance for

which anyl-consistent algorithm cannot Rerobust.

Proposition 3.4.1. Assume a deterministic learning-augmented algorithm is 1-consistent; then,

the competitive ratio cannot be better than 2.
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Proof. Consider the following two problem instancek; andJ,, whered ; = f1 0-1- §—-0-2-1°g
andJ, = f1 0-1- 8—0-2-1°-*1-2-1°g, respectively.

Assume that, initially, a 1-consistent algoritinis givenJ as the prediction. We rst argue
that, for any 1-consistent algorithm, it will process the job with weight timeC= O; otherwise,
if such an algorithm does not process it, the job will expire at {rel, leading to a contradiction.

After observing the decision made by algorithAn the adversary will choose the problem
instancel,. Therefore, at timé&= 1, algorithmA realizes that there is another arrival with the
same deadline &= 2 and weightl, and the algorithm can only process one of the two.

On the other hand, the optimal solution fbf would rst process the job with weight at time
C= 0, resulting in a total processing weight &f Therefore, the competitive ratio would k?é%

By letting the value ofi be very small, the ratio becom2sand we conclude the proof.

Subsequently, we show that there is a necessary trade-off between consistency and robustness

for the deadline model by extending the previous instance.

Theorem 3.4.2. Assume a deterministic learning-augmented algorithih idU-consistent; then,

the competitive ratio cannot be better th@@sﬂ.

Proof. Consider the following two problem instancels; andJ 2, whereJ 1 = f1 0-1—- U n°>-0-2-1°g
andJ; = f10-1- U, n°-10-2-1°-11-2-1°g respectively.

Assume that, initially, & , U-consistent algorithrd\ is givenJ; as the prediction. We rst
argue that, for ang, U-consistent, it will process the job with weiglt nat timeC= 0. Otherwise,
if such an algorithm does not process this job, it will expire at t®r€l, resulting in a consistency
value ofi%—” i 1, U, which leads to a contradiction.

Upon observing the decision made by algorithmregarding the job with weight) , n, the
adversary will select problem instande. At time C= 1, the adversary releases another job,
9= 11-2-1° Consequently, at tim€= 1, algorithmA realizes that there is another arrival with
the same deadline and weight, and the algorithm can only process one of the two.

On the other hand, the optimal solution fbs processes the job with weightat timeC= 0,
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resulting in a total processing weightafTherefore, the competitive ratio becorqég, by letting

the value o be very small, concluding the proof.

3.5 Experiments

We empirically evaluate the performance of the proposed algorithm LAP on both synthetic
and real datasets against benchmarks without using predictions, where LAP is the rst attempt at
a model that incorporates predictions within the problem context to understand the behavior of the
algorithm. We speci cally consider the agreeable deadline model, in which jobs with later arrival
times cannot have earlier deadlines. This choice is motivated by an experimental study in a related

paper [101].

3.5.1 Experimental settings

Benchmarks. LAP is Algorithm 1 with the default setting = 1+1. MG is the Modi ed Greedy
Algorithm from [86], which achieves a tight 1.618-competitive ratio for the agreeable deadline
setting. GREEDY is the Greedy Algorithm from [82], which always processes a packet with the
largest weight in the buffer in each step and has been proven to be 2-compdiie.is the
heuristic earliest-deadline- rst algorithm, where the algorithm processes the packet with the ear-
liest deadline in the buffer of each step. Despite the absence of theoretical guarantees on this
problem, it performs well in many scheduling problems. Finally, we condideF from [84].

For each time step, the algorithm rst identi es the maximum weigtdf all packets in the buffer

and processes a packet with a weight at lehast and the earliest deadline. It has been proven that
the competitive ratio is no better than 2 in the agreeable deadline setting [86].

Data sets. We consider two synthetic datasets and two real datasets. For the synthetic data, we
begin by generating a set of real jobs denoted asTo create the predicted set of joii, we
introduce some errarrij° for either weight or deadline, examining the effects on both weight and
deadline. The predicted set of jobs is then de ned as:J{1¥F f: 9-&3-Fy, errj° :j 2 Jg,
whereerrj° is sampled i.i.d. frorN10-f° and (2)J" = f1 9-4- 3, errtj>-w; : j 2 Jg where
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Figure 3.2: The competitive ratio achieved by our algorithm, LAP, and the benchmark algorithms, varies as a
function of the error parametér on packet weight (upper four sub gures), as well as as a function of deadline shift
» —:Y{lower four sub gures).

errtj° is uniformly random sampled i.i.d. from the range:—:%and: is an integer.

For the rst synthetic dataset, we generate predictions using a uniform distribution. Speci -
cally, for each timeC2 1— e+« +—)where we set = 75, the number of job arrivals at timefollows
a uniform distribution with a range of [2,8]. For the second synthetic dataset, predictions are gen-
erated using a power-law distribution. More precisely, for each Gel—ee++—)with) = 75
xed), the number of job arrivals at tim€is determined by 11 ?10°°, where?10° is sampled
from a power-law distribution with paramet8r and" is a scaling parameter. Throughout all
experiments, we consistently use the valdes150and” = 500

We also evaluate all the benchmarks on the College Message dataset [77] and the Brightkite
dataset [102] from the SNAP database. The college dataset spans 23 days, each with between 300
and 500 data points, while the Brightkite dataset covers 10 days within this range. We note that the
rst dataset was previously used in the context of learning-augmented algorithms by [58] and the
second one was used in the [1] and [4].

We rst x the error parameterf j 0O, then, for each day, we de ne the true sktas the
arrivals for this day, and we create the predictidh®y adding some erraerri© to either weights

or deadlines of each jadbwhereerrti® is sampled i.i.d. froniN10-f).
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3.5.2 Experimental results

For each synthetic dataset, the competitive ratio achieved by the different algorithms is aver-
aged over 10 instances generated i.i.d. For the real datasets, the ratio is averaged over the arrivals
for each of the 23 days and 10 days, respectively.
Experiment set 1. We rst evaluate the performance of the algorithms as a function of the error
parametef on packet's weight. In the upper four sub gures of Fig. 3.2, we observe that LAP
outperforms all of the benchmarks when the error parameter is small. Also, the competitive ratio
of LAP plateaus when the value of increases, which is consistent with our bounded robust-
ness guarantee. As previously stated)F demonstrates effective performance across various
scheduling problems. Consequently, we observe that it outperforms other benchmarks without any
augmented predictions for synthetic datasets. Furthermore, when arrival times follow a power-
law distribution, the performances of benchmarks become more comparable. This is due to one
de ning feature of the power-law distribution: its heavy tail, often expressed by the 80-20 rule.
To be more speci ¢, when the majority of jobs arrive infrequently, with occasional bursts, the
differences in the performance of algorithms become less noticeable, exc&rE@DY. How-
ever,EDF encounters challenges in real-world scenarios, as shown in the two gures on the upper
right-hand side of Fig. 3.2. Given the impracticality of sending a very light earliest-deadline packet
when heavy packets are prevaldvic addresses this dif culty by intelligently identifying packets
that merit transmission. It then selectively sends either the earliest-deadline or maximum-weight
packet, depending on the ratio of their weights.
Experiment set 2. In the second set of experiments, we examine the impact of the shift on the
packet's deadline. In the lower four sub gures of Fig. 3.2, we observe that LAP outperforms all
of the benchmarks until a large deadline shift. We also observe that the competitive ratio of LAP
deteriorates as a function of the deadline shift—:%implying that there is a higher possibility
of processing the wrong packet when enlarging the shift.

Overall, we observe that LAP outperforms all the benchmarks when the error parameter is

small, both on packet weight and deadline shift, while still maintaining the competitive ratio when
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the error is large.

3.6 Summary and open problems

This paper explores learning-augmented online packet scheduling with deadlines, presenting a
deterministic algorithm as its main contribution. The algorithm achieves optimality with accurate
prediction and demonstrates improved competitive ratios with small errors, maintaining a constant
competitive ratio even with large errors. Additionally, a novel method is introduced to analyze
the algorithm by partitioning the time interval into two smaller intervals. A lower-bound tradeoff
between consistency and robustness is also proposed.

Lastly, we introduce some open problems. It would be worthwhile to design a new algorithm
or error measure where the competitive ratio is entirely smooth in response to prediction errors.
It would also be interesting to narrow the gap between robustness and the 2-competitive lower
bound for any 1-consistent algorithm. Another direction is to explore the First-In-First-Out (FIFO)
model with prediction. In the FIFO model, each packet has no deadline, but the buffer has limited

capacity, and each packet must be transmitted in the order of its arrival.
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Chapter 4: Online TSP and Online Dial-a-ride with Predictions

This chapter studies th@nline TSP and Online Dial-a-ride with Predictiopsoblem. This
chapter is written in collaboration with Hsiao-Yu Hu, Meng-Hsi Li, Kai-Min Chung, and Chung-

Shou Liao. This article is under the minor revision of the INFORMS Journal on Computing.

4.1 Introduction

In many real scenarios, people usually make decisions without knowing the future, and two
approaches have been widely used to address this issue: machine learning and online algorithms.
While machine learning approaches usually lack theoretical guarantees, online algorithms are often
evaluated based on the ratio of the optimal of ine cost to the cost derived by online algorithms over
worst-case instances (i.e., the competitive ratio).

In recent years, a rapidly growing eld of research known as learning augmentation has at-
tempted to merge the above two approaches: incorporating machine-learned predictions into on-
line algorithms from a theoretical point of view. In this line of work, such an algorithm is given
some type of prediction to the input, but the prediction is not always accurate. The goal of these
studies is to design a novel algorithm that has the following three properties: (1) the algorithm
achieves good performance when the given prediction is perfectly accurate, which isoakbést
tency (2) the algorithm maintains worst-case bounds when the prediction is terribly wrong, which
is calledrobustnessand (3) its performance should not degrade signi cantly when the prediction is
slightly inaccurate, which is callesmoothnessAs the competitive ratio of a learning-augmented
algorithm depends on prediction errors, we de ne it to be a funcBaf error Y using a given
predictor such tha2!Y° represents the worst-case competitive ratio given that the error is at most

Y. Note that the de nition ofY is subject to the problem setting (as shown in Section 4.2). Let the
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of ine optimal cost and the cost achieved by an online algorithm be denotéd®B8y and/ ALC,
respectively. To measure the performance of an learning-augmented online algorithm, we follow
the de nitions proposed in [4, 1]. An algorithm is said to Beconsistent i210° = U, and it is said

to beV-robust if21Y°  Vfor anyY. Since the performance of an algorithm degrades as the error
increases, it is said to bBtYe-smooth if/ A6 U [ OPT 51y holds on any input for some
continuous functiorb with 5*0° = 0.

Optimization problems that have been studied under this framework include online paging
[103, 1], ski-rental [2, 104], scheduling [2, 4, 3, 44], matching [10], bin packing [105], queueing
[25], secretary [10, 46, 11], covering [8], bidding [106], buffer management [78], knapsack [12],
facility location [22], and graph [27, 28, 29, 30] problems.

Compared with the above online optimization problems, in this study we investigate online
routing problems, accompanied by many real-world applications. For example, due to COVID-
19, people have become heavily reliant on online food delivery platforms, such as Seamless and
Uber Eats. There have been many studies which exploited machine learning techniques to improve
their overloaded service. However, most of the studies did not provide worst-case guarantees. We
look into how the learning-augmented framework can be applied to online routing problems. We
remark that previous researchanline learningalso studied the combination of online algorithms
and machine learning for routing problems; readers may refer to the survey [107] for more details.
In contrast, our study aims at designing a route with predictions which learned from historical
information rather than choosing the best possible strategy adaptively based on some given routes.
We particularly study the online TSP problem proposed by Ausiello et al. [108] and then extend to

the online dial-a-ride problem.

Online TSP.We consider one of the classic online routing problems, the online traveling salesman
problem (OLTSP), in which the input is a sequence of requests that arrive in an online fashion.
A salesman, i.e., the server, is out to visit every request after it arrives and eventually returns
to the origin such that the completion time is minimized. Ausiello et al. [108] showed that in a

metric space the problem has a lower bound of 2 and they presented an optimal 2-competitive
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algorithm, assuming that the of ine TSP route can be optimally derived. Meanwhile, the currently

best polynomial-time algorithm,NBART START, is approximatel\2«65-competitive [109].

Online TSP with Predictions. The rst question for developing learning-augmented algorithms

is: “what kind of predictions are required for the problem?” For the OLTSP, it is natural to have
some relevant historical data about the parameters of online requests such as the information of
arrival time and location that is going to be available, which can be used to obtain machine-learned
predictions about these quantities (see D.1 for additional discussions about learning the parameters
of the requests). In this study, we thus investigate two different prediction models. Notice that
the signi cant difference between these two models is the amount of the information from the
predictions.

More precisely, in the rst prediction model, intuitively, we forecast the whole sequence, called
the sequence predictiofrormally, each request in the prediction has its own predicted arrival time
and position. We rst assume that the total number of predicted requests is the same as that of actual
requests. Then, we extend it to the case where the prediction has an arbitrary size. Secondly, we
consider a special prediction model, caltbd prediction of the last arrival timevhere the server
receives less amount of information compared to the previous model. The reason of choosing such
a prediction is that the arrival time of the last request not only provides a lower bound for the

optimal route but also can effectively help the server nish the trip in polynomial time.

OLDARP. We also consider the online dial-a-ride problem (OLDARP), which is a generalization
of the OLTSP and has the same lower boun®.0fThe key modi cation is that a server needs
to transport each request from its pickup position to its delivery position. MERSESTART al-
gorithm proposed in [109] was proved to Beeompetitive for this problem. We investigate the
uncapacitated version (denoted as OLDARPand show a generalization where the server has a

given capacity of (denoted as OLDARP). Readers can refer to Section 4.5 for further details.

Our Contributions. The key contribution is to develop the two models: 1) the sequence predic-

tion and 2) the prediction of the last arrival time, for the OLTSP in each of which we present a
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learning-augmented algorithm with consistency, robustness and smoothness, and achieve the fol-
lowing results. Let; andd, be the approximation ratio of the of ine TSP with and without release

time, respectively. Using the errors de ned in Section 4.2, we derive the following results:

Theorem (Theorem 4.3.5-restated)Ve design an algorithm with a competitive ratiorafnf2 |
d—d, 121, di°%ime, 2'1, di1°YpeLe/ OFTg for the sequence prediction model, whéfghe

denotes the time error anglos denotes the position error.

Theorem(Theorem 4.4.5-restatedje design an algorithm with a competitive ratiaiinf maxf 2¢5,
do—1, 2d,g-1, d2° .| Viasie/ P Tgfor the model with the prediction of the last arrival time, where

Yast IS the prediction error of the last arrival time.

When the predictions are accurate, theconsistent algorithm witld; = 1 outperforms the
best-known non-polynomial competitive ratio 2for the OLTSP without predictions [108], and
the1l, dy°-competitive algorithm withd, = 15 beats the currently best polynomial-tirgdeé5-
competitive algorithm, i.e. SARTSTART [109], when using Christo des' heuristic. These al-
gorithms simultaneously maintain robustness guarante@s, ofi, and maxt2:5 , d>—-1, 2d.g
respectively that hold even when the predictions are arbitrarily wrong. Moreover, we show the

results in a clear way below. (See Table 4.1 for a summary.)

Problem Model Consistency Robustness
Sequence d > d
OLTSP | (theorem 4.3.5, theorem 4.5.2) 1 . 2
OLDARP-1 Last
(theorem 4.4.5, theorem 4.5.4) 1. d max 25, dp-1, 2dxg
Sequence
OLDARP- (theorem 4.5.6) d 2, 2dy
Last 1, 2d; 15, 3d;

(theorem 4.5.8)

Table 4.1: The results of consistency and robustness of the sequence prediction and the prediction
of the last arrival time for OLTSP, OLDARR-, ancbOLDARPe, respectively. The competitive
ratio of SMART START, our benchmark, i84d, , 1, 1, 8dy°+4, whered; is assumed to be 1.5.

Other results are as follows:
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1. Consider the model of predicting a sequence of requests. For 3190—%0, atl, ©-
consistent algorithm has robustness at I@ast2_. For the model of predicting the arrival
time of the last request, there is no algorithm with a consistency bettePthlaat is, partial

information is not enough for breaking the original lower bound of the OLTSP.

2. Even when the prediction errors are large, our algorithm still empirically outperforms exist-

ing online algorithms without using predictions. See Section 4.6 for details.

3. We generalize the proposed two models and algorithms to the online dial-a-ride problem

with unlimited capacity.

Technical Overview. We rst give an overview of the technical idea for the sequence prediction.
At a high level, our algorithm initially computes a tentative route, assuming the predictions are
the actual requests. This tentative route is near optimal if the predictions are perfect; however, if
the predictions are wrong, the tentative route needs to be adjusted. To address this concern, the
algorithm iteratively updates this route by inserting the actual requests one by one into the current
sequence and serving them. After visiting an actual request, the algorithm continues the route
for the remaining predicted requests. Since the model assumes the total number of the predicted
requests is the same as the number of the actual ones, the predicted sequence also gives us a
“signal” when the last request is released. At this moment, the algorithm can optimize the route by
comparing the total distance of nishing the current route with that of designing a route that goes
back to the origin and then serves the remaining requests. More precisely, to robustify the total
distance of the algorithm, the algorithm makes use of the end signal. Since the worst case happens
when the server goes back home to start the last route once the last request arrives, we can bound
the total distance of the algorithm not too far from the optimal route.

Next, consider the second model for the prediction of the last arrival time. If the prediction of
the arrival time of the last request is correct, we can force our algorithm to get the server to reach
the origin at the predicted moment and the algorithm can use the currently best algorithm for the

of ine TSP to serve all of the remaining requests. However, if the prediction is wrong, we need
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to ensure that the remaining work is bounded. To address this concern, the algorithm follows an
online algorithm that is similar to the idea of theeplar” algorithm. That is, the distance between

any request and the origin is bounded so that the total loss of the algorithm can be bounded.

Concurrent Independent Work. Note that very recently, Bernardini et al. [5] studied the same
problems in parallel but from a different perspective. While they mainly focused on de ning a uni-
versal error measure which can be used for different problems, including OLTSP and OLDARP, our
study investigates the performance of different prediction models. Also, for the different require-
ments of the processing time (polynomial or non-polynomial), this paper discusses the amount of
required information: the whole input sequence or only the last arrival time. The model in [5] can
be seen as a generalization of our rst model, the sequence prediction with the number of requests.
The main reason is that the algorithm they proposed requires the information artesignal

of the arrival of the last request when the server lies on the origin, whereas we further assume that
the number of requests is given and each predicted request corresponds to an actual request. Our
algorithm, LAR-SQUENCE can thus achieve better consistency and robustness and operate more
ef ciently. We also want to clarify that in Section 4.3.3, we patrticularly consider the setting where
there is no such assumption about the “end signal” when the last request arrives. In this even more
general setting, we propose an algorithm that gives a trade-off between consistency and robustness
for both upper and lower bounds.

We would also like to mention three related works: [110] and [111], which studied a simpli ed
version of the OLTSP with predictions on the line and various special graphs. In their model,
they assumed that the total number of requests is known. In addition, Chawla and Christou [112]
investigated a variant of OLTSP where each request has a pro t and a deadline. In this variant, the
algorithm may not be able to serve all requests by their deadlines, and the objective is to earn as

many pro ts as possible.
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4.2 Preliminaries

We give the formal de nition of the OLTSP and OLDARP and then de ne error measurements

for the two models.

4.2.1 Problem Setting

Recall the metric OLTSP in which the input is a sequenceafline requestg = 1G—e¢ ¢+ =G
in a metric space. Each requé&gt2 x can be represented ¥ = 1@~ ¥, where@denotes the
arrival time and?g denotes the position of the request. In addition, we assume the requests are in
non-decreasing order of arrival time; that®, G for any8 Y 9andC is the arrival time of the
last request irx. A server is required to start at the origiat time0, visit each requesgin x at
position ?g no earlier than its arrival tim&, and at last come back to the origi which is also
called home. Assuming the server moves with unit speed, the goal is to nd a)rpstech that
the completion time, denoted )], is minimized.

With a slight abuse of notation, we also us@ sequence af online requests in a metric space,
to denote the input of the OLDARP when the context is clear. However, every requeist mow
denoted by = 1@ @ ¥ whereGis the time when the request becomes knogis the pickup
position, andlgis the delivery position. Accordingly, a server starts and ends at the ofjgind
it has to collect a reque§at positionOgat or after its arrival timé&and move it tdlg The goal is
to minimize the completion timg xj of a route) . Let: denote the maximum amount of requests
the server can carry at a time. We focus on the uncapacitated (rel,) OLDARP. Throughout
this paper, we study the non-preemptive version: once the server picks up a @@igsisition
Og, it cannot drop it anywhere else except positign

To describe the behavior of an algorithm, B%C denote the position of the server at any
momentCduring the execution of the algorithm aBd?— % denote the shortest distance between

positions? and?%. See D.2 for some properties of online algorithms for the OLTSP and OLDARP.
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4.2.2 Prediction Models and Error Measure

We present two different models of prediction: the sequence prediction and the prediction of
the last arrival time. First, we assume the number of requeistgiven and consider predicting a
sequence of requests with the same size of the actual requests; fhatli§— ¢ * «G°. Formally,
for the OLTSP, each request in the prediction is de ned®y G2 where@and 73 are its
predicted arrival time and position, respectively. We thus assume that there is a one-to-one corre-
spondence between the requests in the two sequéraedx. That is, each predicted requeit
is exactly paired with the actual requé&gt Let >=%:= f1—e+e+e—g=We rst de ne the time error,
denoted by;ime, as the maximum difference between the arrival time of a predicted request and

its corresponding actual request.

Yiime 1= Maxj i
time ! l/]@ G

=4

Then, we de ne the position error, denoted ¥y, as the sum of distances between the positions
of the predicted and actual requests.

G

Ypos ‘= 31 7%
81
For the OLDARP, each predicted requestfins de ned as® = G-0s 1 whereGis the

predicted arrival time an@s and g are the predicted pickup and delivery positions, respectively.
The de nition of Y;ime can be applied to this problem directly. However, as the OLDARP involves

two positions, we modify the position err¥osand de ne it as follows:

~

Ypos:=  »310s-@, 31fs-¥¥
8

Next, we consider the prediction of the arrival time of the last request, denot€ Biye

de ne the error of the prediction, denoted Mys;, to be the difference between the predicted and
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the actual arrival time of the last request:

Yiast:= J&  Gje

The motivation of making such a prediction is that the arrival time of the last request provides a
guess of the lower bound for the optimal route. For the OLDARP in this model, we de ne the
error in the same way. Note th@treveals much more information comparedl®o that the rst
prediction model would be expected to help achieve better performance than the second model,
assuming the prediction is perfect. However, when the prediction is not good, we must carefully
control bothYiime andYposto avoid paying too much extra cost.

Here we remark that very recently [27] and [28] proposed a framework for designing learning-
augmented online algorithms for some graph problems such as Steiner tree/forest, facility location,
etc. They also presented a novel de nition of prediction errors. In contrast, online routing has to
carefully cope with the predicted arrival time of future requests. While we explore the power of

different predictions, [5] proposed another way to de ne error for routing problems.

4.3 Predict a Sequence of Requests

Given a predicted sequence of requestsve present the LAR-EQUENCE algorithm. The
intuition behind this setting is that a learning model can make predictions based on the features of
each request individually. Note that the server acquires the entire sequence of pregiotitms
beginning.

We remark that, analogous to the discussion in [108], one can disregard the computational
complexity of online algorithms and assume that the server has access to the of ine optimal route
for a sequence of requests, by settihgandd; to 1. This is similar to the assumption in [108] that

the server is given the optimal solution to visit requests without time constraints.

Lower Bound. We consider having access to the number of requestszi.€jven a sequence

prediction, we rst show the limitation of this prediction.
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Theorem 4.3.1.Given a sequence of predicted requestgath the size of, any'1l, °-consistent

algorithm has robustness at least 2_for any_ 2 10-1e2°.

Proof. Consider the OLTSP on the real line, a special metric space, and the predictio@ =
10505 = 11-1°g Assuming the prediction is perfect, i.&.= R, we know that any1, °-
consistent algorithm has to visit requéstat time no later thad , 2_and return to the origin at
time no later thar2 , 2_. Thus, at timel, the server must be at a position betwéen2_and1.
On the other hand, if the actual inputxs= fG = 105-05°-@ = 11-0°g, the algorithm
recognizes the error at tinfeand cannot go back home until tiRe 2_. However, the completion

time of the OPT igl. Thus, the robustness/fg\-Ce/ OPT 1 2 2 o

The difference between previous work and ours is whether the number of requests is known. As
mentioned in Section 4.1, Ausiello et.al. [108] proved any online algorithm without prediction has

a competitive ratio of at least 2 if the number of requests is unknown. However, here we show
that the robustness of a learning-augmented algorithm can perform better with a ratio lower than
2, under our assumption that the number of requests is given. This result aligns with our intuition

that the number of requests is the crucial information for the server.

4.3.1 The LAR-TRuUSTAlgorithm

An intuitive way is that the server nds an approximate routdor the requests in the predic-
tion ® at time0 and just follows the routgy directly. It is clearly a 1-consistent algorithm, which,
however, may result in an arbitrarily bad robustness.

The LAR-TRuUST algorithm follows a route for the prediction and only adjusts the predicted
route when an error is discovered. Formally, the server gets an approximate gaateisit the
requests i in the beginning and starts following: immediately. As the requests arrive, the
server modi es the routgy in two ways: (1) if a requesg arrives, the server adjusts the rolge
by inserting the actual reque&after the corresponding predicted dBg(2) if the server moves

to a request's positios but the requesfg has not arrived, the server waits for it to move. In this
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case, the server can visit all requests vy following the adjusted route 9%. Note tha » decides
the order when the server visits these requests, and the server does not change the order even when

the prediction errors are large.

Algorithm 7 LEARNING-AUGMENTED ROUTING TRUST (LAR-TRUST)
Input: The current timeCand a sequence predicti@n

1: Compute an approximate royte

2: Start to follow the routé ¢

3: For any8= 1-ee+—do

4: If C=G@then

5: Update the routgy by adding the requesk after the predicted requeS
6: Elself 2@ = ?5andC Y ghen

7 Wait at position?guntil time @

To analyze the performance of the LARRUST algorithm, we recall thaty denotes the ap-
proximate route for the requestsxn We let/ A-¢ be the completion time of LAR-RUST and
/ ©PTpe the completion time 0f,. To connect A-C and/ °PT, we consider the completion time of
the following two “abstract” routes. We Iétg denote the completion time 9% and let/ , denote
the completion time if the server visits the request oy following the order of the routg,. The
following theorem shows thdt”C is associated with the error terfme and Yoos respectively;

that is, LAR-TRUST is smooth.

Theorem 4.3.2.The competitive ratio of theAR-TRusTalgorithmisd; , 11 1, d1°Yime, 21,

d 10Yposo‘ / OPT_

The proof of the Theorem 4.3.2 is split into the following two parts: we rst conhétt with
/ 2 and then connedt? with / ©PT. Finally, we obtain the desired result by combining the results

of the two parts.
Lemma4.3.3./AC /9 Yime, 2Ypos

Proof. The ideais as follows: we modify the roytg which is designed fag, to serve the requests
in X. Consider the following route as the adjusjed (1) for any8 the server waits at the position

75 until the requestg arrives, and (2) after the server arriv@s it moves to?g and then to the
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position of the next predicted request to continue the rputeWe argue that by following the
updated g, the server can visit all of requestsxm@mnd return to the origin at tim/eg . Yime, 2Ypos

For (1), it ensures th&ghas arrived aPgwhen the server is & Also, the total waiting time is as
mostYime. For (2), it takes at most31 75— ¥ to serve requesg and continue the roufg, which

is exactly the operation of the LARRUST algorithm. Therefore, we derive that the server can
visit all of requests irx and then returns to the origin at tinte' /g, Yiime , 2Ypos Notice
that the server might need to adjust the rouytéf some request arrives later than expected, or if

some position error exists.

Proof. In contrast to lemma 4.3.3, now we modify the ropgdo serve the requests fn

Consider the route fo/rk: (1) initially, the server waits at the origin for time Y;me before
following ) x, and (2) after the server arrives & it moves to?sand goes back t@gto continue
the route) . We argue that the server can visit all of requests and then return te at time
1 %P7 Yime. 2Ypos For (1), it guarantees that the server does not have to pay any extra waiting
cost compared to the of ine optimal route plus the waiting tiMge. For (2), it take231?g-?2
to serve requeisthen go back tdz Combing (1) and (2) leads to that the server can visit all of
requests irx and then return to the origin at timg,  / °PT Yime, 2Ypos

Note that the result implies that compared wjith the server might nd a longer routgs;, if

there is some request expected to arrive later, or if the prediction error in positions exists.

Proof of Theorem 4.3.2 The proof is obtained by combining Lemma 4.3.3 and Lemma 4.3.4.

/ALG /g, Ytime, 2Ypos
dl/ R s Ytime, 2Ypos
dlll OPT, Ytime, 2Ypos0 R Ytime, 2Ypos

d1/ OPT} 11 s leYtime, 211, dloYpos
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4.3.2 The LAR-&QUENCEAIlgorithm

In this section, we propose the LARESUENCEalgorithm to robustify the LAR-RusTalgo-
rithm. The key observation is that the arrival time of the last req@egtes a lower bound to the
cost of the optimal route. To be more speci c, the LAR@JENCEalgorithm keeps the impact
of errors under control; that is, the server nds an approximate route serve the requests in
the beginning. Before tim&, the server follows the roudg and adjusts it when necessary. When
the last requesk arrives (i.e.C= G), we compute the length of our two possible routgdenotes
the remaining distance 0% after updates, an& denotes the distance to go back to the origin and
follow the nal route)« . to visit the requests ih ¢, where* cdenotes the set comprising every
unserved request that has been present beforeQifiken, the server chooses the shorter one to
visit the remaining requests i If the server choose4, then it is exactly the route by updating
the route of the LAR-TRuUST algorithm sequentially that proposed in the previous section. In the

following theorem, we show that th gives us the bounded robustness.

Algorithm 8 LEARNING-AUGMENTED ROUTING SEQUENCE(LAR-SEQUENCE)
Input: The current time a sequence predictiot) and the set of current released unserved re-
quests ¢
1: While C Y (do
2. Run LAR-TRUST
3: If C= CGthen
4:  CalculateA andA
5.  Follow the shorter route

Theorem 4.3.5.The competitive ratio of theAR-SEQUENCEalgorithm isminf2, d>—d,* 1,

d1°Yiime , 21, dloYposo’/ OPTg-

Proof. At time G, the algorithm decides whether the server continues on the current route or not.

Therefore, we discuss the following two cases depending on the relationsiipmdA.

* A A. Inthis case, the LAR-SQUENCEalgorithm completes its original route which fol-

lows exactly the same as the LARRUST algorithm from the beginning to the end. By the-
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orem 4.3.2, the completion time can be bounded B¢  di/ T 11 d1°Yime, 21,

dloYpos-

* A j Az Inthis case, the LAR-SQUENCEalgorithm goes back to the origin and designs a
new route. The server returns to the origiat timeC, 3*?1C°%- 2 and starts to follow a new
route) . which visits all unserved requests*in;. Because there is no more request, the
server completes all of the requests at tihfé® = G, 31?1C°~2 | j)« j. By Property 2,
31?1C°-®  G. Combining Property 1 and Property 3 leads to the restf® 1 2,

d2°/ OPT_

As the server chooses the faster route among the two possible options, the competitive ratio can be

bounded byninf2, do—d , »1, di°Yime, 211, d1°Ypod/at FTg.

4.3.3 The Sequence Prediction with an Arbitrary Size

Here we generalize the setting in the previous model by removing the assumption that the
number of actual requests is the same as the prediction. In this model, we present the LAR-
ARBITRARYSIZE algorithm, which ist11e5  ©°d,°-consistent and3, 2+ °d,°-robust for_ 2
10-1Ya

Formally, we consider predicting a sequence of requeststG—-«« & °, where< denotes
the number of predicted requests in the sequence. Each request in the predistamned by
G = 1G-?P, where@ and ?3 represent its predicted arrival time and position. Noting that the
de nitions of Ypos and Yime do not work for this model, we only care about whether any error
exists. That is, we simply distinguish whethfer x or not. We remark that from the perspective
of machine learning, this model forecasts by viewing the sequence as a whole, while the previous

model of sequence prediction makes predictions based on the features of each request individually.

Lower Bound. We show the limitation of this prediction. Since the algorithm has less information
about the input, compared with theorem 4.3.1, it guarantees a weaker robustness when achieving

the same consistency.
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Theorem 4.3.6.Given a sequence of predicted requests with an arbitrary sjizny 1, °-

consistent algorithm has robustness at ledst _°s_ for any_ 2 10-1+2°,

Proof. Consider the problem on the real line and the predicfion fG = 1 — G = 11-1°q,
where_ 2 10-1+2°. Suppose the actual inpubis= ®. Any 11, ° algorithm has to visit reque&
attime no later thath, 2 _. Thus, attime 1, the server must be at the position of at lea® and
return to the origin at no later than tin2e 2_. By contrast, if the actual inputis=fG =1 — °g,

i.e. only one request, the algorithm recognizes the error atliared cannot go back home until
time2 2_, since the number of requests is unknown. However, the of ine optimal solution nishes

at time2_. Thus, the competitive ratio isA-Ce/ OPT 12 2 0e1p 0=171 04

The PAH Algorithm [108]. Before introducing the proposed online algorithms with predictions,
we rst revisit the online algorithm, PAN-AT-HOME (PAH) for the OLTSP in a metric space,
reported in [108], and see how we can attain the robustness of our algorithms. The greedy PAH al-
gorithm achieves a competitive ratiodfvhen assuming the server can access an optimal solution
to visit a set of released requests (i@:,= 1). Although the optimal route cannot be computed

in polynomial time unles8o = #%, the PAH algorithm is3-competitive by using Christo des'

heuristic [113] to approximate the optimal route (i@ ,= 1°5).

Algorithm 9 PLAN-AT-HOME (PAH)
Input: The current timeCand the set of current released unserved reqtiests
1: While * ¢c<; do
2. If the server is at the origin then
3 Start to follow an approximate rouje .
4.  Elself the server is currently moving along a roiitey, for
someCY Cand arequesk = G- ¥ arrivesthen
If 31?2 3 1?1C-2then
Go back to the origir»
Else
Move ahead on the current royte,

Theorem 4.3.7([108], Theorem 4.2) The PAH algorithm is2-competitive for the OLTSP in a

metric space.
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Theorem 4.3.8([108], Theorem 5.3) The PAH algorithm is a3-competitive polynomial-time

algorithm for the OLTSP in a metric space when using Christo des' heuristic.

The overview of the PAH algorithm has the following two operations: (1) nd a route only
when the server is at the origi) and (2) act differently in response to the requests that are rela-
tively close to the origin and those that are relatively far. Precisely, if the server is at thexgrigin
it starts to follow an approximate rouje ., which visits all released unserved requests gand
returns to the origire. Otherwise, when the server is on a rojte, whereC@ Y Cand®denotes
the moment when the route was designed, and a new reGredtg- ¥ arrives, the server moves
depending on the relationship betwegf?g- 2 and31?1C-9: if 31?2g-9 | 3 1?1C- 9, request
Gis considered far from the origin, and the server terminates the yeytand goes back to the
origin > directly; otherwise, reque§gis considered close to, and thus the server ignor€guntil
it is back home and continues with the current rgutg.

In addition, we can derive corollary 4.3.9 from the proof of PAH in [108].

Corollary 4.3.9. Assume the server waits at the origtrfor time Cbefore followingPAH where

C G. The algorithm is stilRd,-competitive using @,-approximate heuristic.

4.3.4 The LAR-ARBITRARYSIZE Algorithm

The brief idea of the LAR-ARBITRARYSIZE algorithm is that the server nds an optimal
route )z for the prediction® at time O and follows the route based on a modi ed framework
of PAH, which can guarantee a lower bound fd*PT. Precisely, a server operated by LAR-
ARBITRARYSIZE is given a routg » which serves the requests in the predictRonith the con -
dence level to the prediction, denoted hyin the beginning. To obtain certain robustness, we set
a condition to see whether the current mom@atearlier than j) ¢j or not. IfC Y j) »j, we follow
the PAH algorithm, unless the route.is too long (i.e.C, j)+ 4 i _J) #j). Thatis, we adjust the
route) » . by asking the server to return home at ti@: such that it can reach the origirexactly

attime_)j) ¢j. By adding such a gadget, we can ensure good robustness. Other@ise,j)fyj, the
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server gets to follow the predicted rojteonce there are unserved requests (f.es ;). Finally,
we use the PAH algorithm to serve the remaining request:ir . Note that we tend to set the

parameter_to a small value if we believe the quality of the prediction is good.

Algorithm 10 LEARNING-AUGMENTED ROUTING WITH SEQUENCE PREDICTION OF ARBI-
TRARY SIZE (LAR-ARBITRARYSIZE)
Input: The current time the predicted last arrival tim@&, and the set of current released unserved
requests ¢
1: While C Y j)4j do
2:  If the server is at the originthen
3 Compute an approximate route.
4 If C j)«di_J)sjthen
5: Update the rout- .to return at timegoz: such that it can reach the origin at timg zj
6
7
8
9

Run PAH
Else
. Run PAH
: While C _j)gjdo
10:  Wait until* ¢< ;
11:  Follow the routé ¢ until the server is back to the origin
12:.  Run PAH

Lemma 4.3.10.The LAR-ARBITRARYSIZE algorithm is111s5 = °d,°-consistent, where 2

101%

Proof. The server gets to follow the modi ed framework of the PAH algorithm at tionand
returns to the origin at exactly timg) zj. Then, at time _j) 3j, the server follows the predicted
route) ¢ if * ;5 < ;,; otherwise, it waits until the next request arrives. Assume the prediction is
perfect, i.e.® = x andj)gj  do/ OPT. Since)y is an optimal route, the server completes after

following ) . We consider the following two cases:

1.* p, < ;. The server starts the roujg at time_j) xj, and the algorithm completes at

JAC = ()gj,j)al 11, _°dyf OFT.

2. * »4 = . Inthis case, after timej) ¢j, the server waits for the next request to move.

Let & = G~ ?° denote this request, which impli€s = mindC | j)z) : *c< ;9. The
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completion time of the algorithm is”C = ) 4j .1 G _j)2j°.]) ). NotethatG _j)gjis

the time length that the server waits at the origin.

Next, we split the duratioly _j) »j into two time intervals according to the operations of
the of ine optimal server, i.e., OPTgove aNdGye. The former denotes how much time the
OPT is moving, and the latter denotes the time length the OPT just waits at the origin. That
iS, Gove, Gie = @ _j)zJ. Note that LAR-ARBITRARYSIZE is not visiting any request

during Ggle, either.

Then, because the ca§ge < 0 favors the algorithm, we simply consider the worst case
Gale = O and thusGove = G _j) 2j- Intuitively, the OPT gains the advantage by moving
toward the next request durirgoe Moreover, the time/distance the OPT saves by moving
earlier is at mos%/ OPT due to the triangle inequality. Since the server moves at unit speed,
we haveGiove 3/ OFT. To sum up, the completion time i"® ) zj, Gove. j) 2

1165 od,/ OFT,

lemma 4.3.10 shows the LAR-#BITRARYSIZE algorithm outperforms the pure online algo-
rithm PAH when the predictioris perfect andl, = 1. Next, we show that LAR-RBITRARY SIZE al-

gorithm can still be robust even when the prediction error is not properly de ned.
Lemma 4.3.11.TheLAR-ARBITRARYSIZE algorithm is113  2¢ °d,°-robust, where 2 10-1%

Proof. To show the robustness, we consider the following cases:

1. The server nishes beforgj) ¢xj and acts exactly like the PAH algorithm. Thus, by corol-

lary 4.3.9, the server obtains the bound®¢  2d,/ ©FT.

2. The server cannot nish beforg)) ¢j. In this case, there are some unserved requests at
time _j) gj or some request arriving after timg) ¢j. In both scenarios, the algorithm rst

follows j) zj and then switches to the PAH algorithm if there remain some unserved requests.
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Also, since the algorithm cannot serve all of the requests before tjme it implies that
/ OPT  j)pjt2d.°; otherwise, it contradicts corollary 4.3.9. To analyze the performance

of LAR-ARBITRARYSIZE in this case, we divide the case into the following four subcases:

2-1.% j, <, andCj 1, _°)yj. Since the LAR-ARBITRARYSIZE algorithm follows

PAH after timell, °j)gj, we havel ALC  2d,/ ©PT by Corollary 4.3.9.

2-2.% g <,andG 11, _°)gj. By_j)gjet2dy° / $%) | the completion time of the

algorithm can be derived as follows:

A PYIU D PV D R

2d2/ OPT 1 2d2' o/ OPT dZ/ OPT

1.3 2e ody/ OPT

2-3.* j), =, andG j Cg, j) 3, WwhereGis de ned in the proof of lemma 4.3.10. Similar
to Case 2-1, the LAR-ABITRARYSIZE algorithm follows PAH after timeg | j) 3.

Thus, we havé A6 2d,/ ©PT by corollary 4.3.9.

2-4.*% 5, =, andG G, j)x]. Some request arrives when the server is on the route
)2, which implies that j)4j Y G/ 3%) . Also, the server starts its last route at time

G, ]) 2, whenitis back home. The completion time of LARRBITRARYSIZE can be

obtained as follows:

112G G, i)q, d2)) * 5 )

/ OPT’ 1 1._0/ OPT’ d2/ OPT

12 1e_ody/ OFT

The proof is complete.

By combining lemma 4.3.10 and lemma 4.3.11, we derive the following result.
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Theorem 4.3.12.The LAR-ARBITRARYSIZE algorithm is111e5 | °d,°-consistent and13 |

2¢_°d,°-robust but not smooth, where2 10-1vis the con dence level.

Next, we can further bound the worst-case ratio if the error is de ned as follows.

De nition 4.3.13. For any two sets of requestsindx® we say there is a “good” mapping between

x andx? if one of the conditions hold:

o forany G = 1G- ¥ 2 x, there exists a} = 1§~ %° 2 xsuch thatg ¢ Y Y; and

317g ’%0 Y Y., , whereY; andY, are constants:;

o forany @ = 1& ¥ 2 x° there exists aly = G- 2 x such that§ G Y Y; and
31202 ¥ Y.

Lemma 4.3.14.Given any set of predicted requegtand a set of actual requesss if there is
a “good” mapping between them, the completion time&R-ARBITRARYSIZE can be further

bounded, i.e AtC 12 odyt/ OPT Yy, 2i<  =0Y,0,

Proof. Note that such a mapping indeed exists siicandY, can be set to a very large number.
To satisfy the properties in De nition 4.3.13, several requestsnmght correspond to a particular
Gin x. That is to say, a good mapping does not reguiead® having the same size anigdoes
not necessarily correspond@®for any8 To construct a one-to-one relationship between requests
in x andX, we may need to add some dummy requests. rkquests irR correspond to a request
& in x, we add: 1 dummy requests that arrive at the same time and same locatiGntas
setx. Similarly, we add dummy requests to $et After adding these requests, each request in
X corresponds to a particular requesiinNote that since dummy requests are identical to some
request in the original request setandy, the server can visit dummy requests without extra time
(cost). That is, adding dummy requests changes neither the route nor the completion time.

We cannot guarantee that all the requests itean be served by roufg: due to prediction

errors. However, since a good mapping exists, the time lengjiy should be close té ©FT.
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By theorem 4.3.2, we knoyygj d»/ OPT Y, 2i<  =0Y,°. Thus, the completion time is

) PYIN D PV D R

1 1, _°d21/ OPT) Yl, 21< s =0Y,0 s d2/ OPT

12, _°dpt/ OPT vp, 21< | =00

5

4.4 Predict the Last Arrival Time

To explain the motivation of this prediction, we rst mention an important property about the
last request. When the last request arrives, if the server is at the origin, we can apply an of ine
algorithm for the TSP to serve all the remaining unserved requests without dealing with the release
time of the requests. Based on the insight, it is fair to consider another simpler model by predicting
the arrival time of the last reques only, rather than predicting a whole sequence of future
requests.

We rst show the restricted power of the prediction due to the relatively limited information
compared to the sequence of predictions Next, we introduce a pure online algorginmasigN,
and nally present a polynomial-time learning-augmented algorithm LAKST for this model,

where the number of requestss unknown.

Lower Bound. Intuitively, if the arrival time of the last request is given, the server can just wait
until the last request arrives before starting a route. That is, the completion tinféGs= C |
doj)xj 11, d0/ OPT. Precisely, even when the prediction is correct, the lower bound of 2

(Theorem 3.2 in [108]) still holds.

Lemma 4.4.1([108], Theorem 3.2)There is nd®-competitive algorithm for the OLTSP wizhY 2.
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Corollary 4.4.2. Given the arrival time of the last requeSt there is na2-competitive algorithm

with 2 Y 2.

4.4.1 The RDESIGNAIlgorithm

In order to design a learning-augmented algorithm for the prediction of the last arrival time, we
rst present an online algorithm, BOESIGN. Note that REDESIGNIs similar to the REPLAN algo-
rithm discussed in [109]. Both algorithms compute an approximate route whenever a new request
arrives. However, while RPLAN nds a route at the current position of the serveEdESIGNgoes
back to the origin before designing a new route. Speci cally, at any mdgwhen a request is
arriving, REDESIGN returns to the origir> and designs an approximate rojite, that starts and
ends at> and serves the requestgig The following theorem shows that the&eBESIGNalgorithm

is 115, dy°-competitive.

Algorithm 11 REDESIGN
Input: The current timeCand the set of current released unserved reqtiests
1: While * ¢c< ; do
2:  If the server is at the originthen
Start to follow a routg « .
Elself the server is currently moving along a rojite,, for some® Y Cthen
If a new requestz = 1@ ¥ arrivesthen
Go back to the origir»

Theorem 4.4.3. TheREDESIGNalgorithm is a'1e5 | d,°-competitive algorithm for the OLTSP.

Proof. The algorithm nishes when the server receives the last reqaegbes back to the origin

>, and follows the last route: . found by andz-approximate algorithm. Namely, the completion
time is/ AL = G, 31?1G°-9 j)«.j. By Property 1, Property 3, and Property 4, we know the
completion time of the RDEsIGNalgorithm is bounded byAt¢ [ OPT 0e5/ OPT g,/ OPT

115 d2°/ OPT_
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4.4.2 The LAR-LAST Algorithm

In this section, we present the LARAKT algorithm and show that it isiinf maxf 25, d,—1,
2d>g-1, do?, Yiase/ OFTg-competitive. The idea of the algorithm is to ensure the server to arrive
at the origin> at timeC and follow the REDESIGNalgorithm for the rest of the execution.

It is motivated by the desire to enable the server to approach the origin aGtinen the
last request arrives. An intuitive strategy is to wait at the orkgimntil the predicted last arrival
time € and then follow a routg« , that serves whatever is in hands. It seems to beat the previous
result easily when the prediction is perfectly accurate, €es, C. However, waiting at the origin
is potentially costly when the quality of predictions is undisclosed. If the expected3imme¢oo
late, the server might postpone serving requests for a long time. In consequence, the competitive
ratio might extend to in nity so that the algorithm has no robustness.

The proposed learning-augmented algorithm, LARSIL, incorporates the predicted tin@®
into the REDESIGN algorithm by adding a gadget: we force the server to return to the origin at
time C. The idea is that being atat € makes use of the prediction whileERESIGNhelps hedge
against the possible loss. At any tirgeif the server is at the origim, it nds an approximate
route) « . to visit all released unserved requests$ in We add the gadget once the current route
is too long for the server to go back to the origin (i€..YC Y C j)- 4). If this is the case, the
server nds the momenga,ck to stop the routg« . and start moving towards the origin so that the
server can arrive at the origin exactly at ti@@eOn the other hand, if the server is moving along a
route) - o, and a new requesgarrives, the server goes back to the origilmediately at timeg,
as REDESIGN performs.

Before analyzing the performance of Algorithm LARAET, we rst show the existence of the

Gack moment.

Lemma 4.4.4.During the execution of theAR-L AST algorithm, when the server is at the origin
and the current tim€satis es the conditionC Y& andC j)«4 i &, there exists a time poi@ack

such thaGack, 31 ?2Gack®—3 = €, whereC Yk Y C j)+ 4
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Algorithm 12 LEARNING-AUGMENTED ROUTING WITH LAST ARRIVAL TIME (LAR-LAST)
Input: The current timeg the predicted last arrival tim@&, and the set of current released unserved

requests ¢
1: While * ¢c<; do

2:  If the server is at the originthen

3 Compute an approximate route.

4: If CYCY Cj)«dthen

5: Update the rout« . which returns to origin at
time Gack

6: Run REDESIGN

7: Else

8: Run REDESIGN

Proof. De ne the function5 : »xC-J)« j% ! »C-Q)+ J¥40 be the moment when the server
returns to the origirp, given that it starts a roufe . at time Cbut stops following) « . and goes
back to the origin at a particular mome@kck, i.€., 5'Gack® = Gack, 3*?1@aci®—3. Note that
5!C = Cmeans the server does not follow the route at all &d, j)+ J° = C, j)+ 4 means the
server completes the whole route. Then, we let the fundiig® = 5!@ €, and it has two
properties61C=C €Y 0and6'C j)-4°=Cj)«4 €& 0. Since6is continuous, there must
be at least one poi@ack 2 1C—G )« 4° such thab'Gael = 0 and thusgack, 3 ?1Gacd—2 = C.

Without loss of generality, we choose the last one satisf@iig,° = 0.

Theorem 4.4.5.The competitive ratio of the AR-LAST algorithm isminfmaxf2¢5 | dx-1 ,

2d29‘11, dy° s Yiast*/ OPTg-

Proof. The analysis is divided into two key cases depending on the relationship between the pre-
dicted and actual last arrival tim& andG. Note that we ge€ / °PTandj)-4  da/ OFT for

any Ctrivially.

1. € C. The server is at the origin at time €. After then, it may receive more requests
and returns to the origin only when a request arrives or a route is completed. Therefore, the
completion time ig ALC = G, 31?1G°- 9 j)- . j. By the above two inequalities, this leaves
us/ AtG 11 d,0/ OPT 3121Co-9to discuss. Note that the above result directly implies

the consistency of LAR-AST is1, dy° since31?1C°-2 = 0whenC = C.
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1-1. By property 4, we hav@t?:Go—2® 05/ OPT. Therefore, we obtain our rst bound

/ALG 115 d2°/ OPT_

1-2. Since the server moves with unit speed, the total distance of the server can travel
between time€ and G is at mostG €. As the server is at the origin at time
C, we obtain31?1C°—-® C € = Y Thus, our second bound for case 1 is

/ALG 1 1’ d2°/ OPT, Yiast

2. € j C.. Inthis case, there is no request arriving after tithand the server could start its

last route) - , atC (if needed), we haveAte € j)« ..

Let C be the last moment befo® when a route is planned and be the original route
planned at timeZ. Let) @ be the new route i ' is adjusted and equal )0 , otherwise.

Note thatC ,j)?j € due to the choice dBack

2-1.C j)'j €. The server nishes serving all requestsxrbefore time€ and thus
/ ALG €. Note that none of the routes the server has followed is too long and needs
to be adjusted. In this case, since the algorithm runs in the same way asthe R

DEsIGNalgorithm, we know that AtC 1 15 d,°/ OPTstill holds by Theorem 4.4.3.

2-2.¢ j)'ji €andC C. Theroute ' istoo long, and the algorithm nd a tim@ack
and a substitute rou)é? so that the server can reach the origiat timeC€. Since every
request inx has arrived befor€ , the server could have nished visiting all requests
by following the original routd '. However, the server chooses the adjusted route
) ¢ instead. The additional cost of moving back to the origin is at rB85P1Gael— 3.
Thus, by property 4 and Theorem 4.4.3, the completion timé§§ 1 145 _d,°/ OFT

23121Gad—9 1 265 dy0/ OFT,

2-3.C .j)"'ji €andC i C'. Again, the rout§ ' is too long, and moreover, at least one
request is unknown at tim@é. The server cannot visit all requestsxrbefore€ and

has to start a new route at that moment, which is the last route since all requests have
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arrived by then. Noting that the rout€ also satis eg) ¢ j  do/ OFT, the completion

time is

[AC € )]
=C.) %00l
Ve, )%l

11 2d,0/ OPT

Combining with the results in 2-1 and 2-2, we have our rst bodC maxf2¢5
do—1, 2d,g OFT.
2-4. SinceC€ j C., the server might have not reached the origin at t@néHowever, if the
error is small, it must be close to the origin since it has planned to reach there at time
C. Formally, we have ALC Q| Yiast, )+ ] by replacingC with G, Vas, Which

leads to our second bourhd*® 1 1, d,°/ °PT Yzt

Based on the above, we shéW'® minfmaxft 25, d.°/ P21 2d,°/ OPTg21, d,°/ OFT,

Yast@, Wwhich completes the proof.

45 The Online Dial-a-Ride Problem

In this section, we consider the more generalized online dial-a-ride problem (OLDARP). We
consider the two prediction models that are discussed in the previous sections and design learning-
augmented algorithms for the OLDARP. For the uncapacitated version of the OLDARP (OLDARP-
1), the biggest difference is that each request involves the pickup position and delivery position,
whereas the OLTSP can be seen as both points in the same position. Furthermore, we discuss
the conditions that the server has a capacity constraint. Surprisingly, the proposed two learning
augmented algorithms can be also extended to the capacitated version of the OLDARP (OLDARP-

. ), for a given constarnt.
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4.5.1 The OLDARP with Unlimited Capacity

We notice that the OLDARR- has similar properties as the OLTSP and thus we get similar
results for this problem, as shown in Table 2.1. Remark that a route for the OLDARP can be

described as a series of pickup and delivery positions instead of requests.

The Sequence PredictionWe rst consider the model of the sequence predickoAccordingly,
when a requesis = 1@ @ X’ becomes known at timg the server needs to update two positions,
Ogandlg If we follow a route) » for the prediction and updated it blindly, we have the following

result:

Theorem 4.5.1.Given a sequence prediction, there is an algorithm with the competitive ratio of

di, 11, di°ime, 2'1, d1°YpoLe/ OFT for the OLDARPL .

Proof. We modify the LAR-TRUST algorithm to t the OLDARP4 . Initially, the server gets a
sequence predictiahand an approximate rou}g for % (Line 1), which is described as a series of
positions, and starts to folloyw immediately (Line 2). However, when each requgstrrives, the
server adds the actulal positiobgand 1g after their corresponding predicted positions (Line),
andfs Given Ypos = | 3105 , 31 3P0, we argue that lemma 4.3.3 and lemma 4.3.4 hold
for the OLDARP.

« We rst connect/ ALC and/ g. To deliver the requests i the server waits at mo3time for
the actual requests to come. In addition, for each redqi@esite extra cost of moving t0g

andlgis at mos1310- @ , 3fg-1°°. Thus,/ A€ /9, Yime, 2Ypos

« Second, we connett, and/ OPT To adjust the routp, to serve the requests ) again, the
server can wait folfime and spen®310s- @ to pick upGand31fs- ¥ to deliver it. As a

result,/ , /T, Yime, 2Ypos
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Finally, since) ¢ is found by adi-approximate algorithm, we have the following result:

/ALG /g, Ytime, 2Ypos
dy/ R s Ytime, 2Ypos
dll/ OPT, Ytime, 2Ypos0 R Ytime, 2Ypos

dl/ OPT} 11 s leYtime, 211, d10Ypos

Similar to LAR-SEQUENCE we design an algorithm with robustness by choosing a shorter
route once all requests have arrived. If the server is holding some requests but decides to skip the
predicted routg ¢ at timeG, it carries these requests back to the origiand design a route for

them as well as other unserved requests.

Theorem 4.5.2.Given a sequence prediction, there is an algorithm with the competitive ratio of

minf2, d—d, 211, di°%ime, 21, di1°YpoLe/ OFTgfor the OLDARPL .

Proof. We prove that the LAR-8QUENCEalgorithm for the OLDARPL achieves the same com-
petitive ratio as for the OLTSP. At tim@&, if the server chooses to continue the predicted rppite

it runs the same way as LARRUST. Then, we havé A6 dy/ ©PT 11 d1°Viime, 211, d1°Ypos

by theorem 4.5.1. Otherwise, the server goes back to the origin and designs a new route to trans-
port the remaining requests. Thus, by Properties 1, 2 and 3, the completion tiMéSs=

C, 3121G°%-2 j)«.j 12, d°/ OPT. Given that the server follows the shorter route, we

complete the proof.

The Prediction of the Last Arrival Time. Next, we show the RDESIGN algorithm for the
OLDARP-1 yields the same result as for the OLTSP and adapt the LAR7lalgorithm for the
prediction of the last arrival time to the OLDARP. Recall that the idea of LAKSLis to return

to the origin> at the predicted last arrival tinf® and follow the REDESIGNalgorithm for the rest
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of the time. Again, the server might be carrying some requests when a new régarestes or at

time Go2:, and it needs to bring them back to the origin.

Theorem 4.5.3.The competitive ratio of thREDESIGNalgorithm for the OLDARPE is 15, d».

Proof. As REDESIGNfor the OLTSP, the algorithm nishes after the server follows the nal route

J)= o] designed aC , 31?'C°-2. Note that the server might be carrying some requests at time

C, 31?1G°-3. However, following the rout§ - .j / OFT allows the server to visit all of these
requests and other unserved requests. Therefore, again, by Property 1, Property 4, and Property 3,

the completion time ig ALtC 1 15 d,0/ OPT,

Theorem 4.5.4.Given a prediction of the last arrival time, there is an algorithm with the compet-

itive ratio of minfmaxf 25, do—1, 2d,g-1, d2°, VYiase/ CFTgfor the OLDARPL .

Proof. We adapt the LAR-RAST algorithm for the OLDARPY by adding the gadget dgo.:
to REDESIGNfor the problem (similar to the proof of theorem 4.4.5). That is, the server needs to
be at the origin at tim€ and follows REDESIGNfor the rest of the execution. We observe that the

server runs as the one for the OLTSP. We consider the following cases.

1. € GC. After G, the server receives some request and returns to the origin. Therefore,
the completion time ig AL¢ = G, 31?1C°-9  j)«.j. By Property 1 and Property 3,

/ALG 11 d2°/ OPT 31721C0o— 9,

1-1. By Property 4, we hav@'?1G°—»® 05/ OPT Therefore, we obtain our rst bound

/ALG 115 d2°/ OPT_

1-2. Since the server moves with unit speed, the distance between the server and the origin
isatmostC G, i.e.,31?21C°-2® G € = VYt Then, our second bound for Case 1

is/ ALG 1 1, dZO/ OPT} Yiast

2. € j C.. No request arrives after tin@ and the server could start its last rojite, atC (if

needed), we have™t® € )« ]
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Let C be the last moment befol@ that a route is designed add be the original route
planned at timeC. Let) @ be the updated route )f' is adjusted and equal Jo' if not.
Note thatC . j)?j € due to the choice d&o>..

2-1.C ,j)'j €. The server serves all requestibefore time€. In this case, since the
algorithm runs in the same way as thedEsigNalgorithm,/ ALG 1 15 d,0/ OPT

by theorem 4.5.3.

2-2.¢ .j)'ji €andG C.Theroutd ' istoo long, and the algorithm nds a moment
Go2: SO as to be at the origimat timeC. Since all requests ix have arrived befor€
the server could have served all requests by following the original joutdnstead,
the server chooses the adjusted rgfe The additional cost of moving back to the
origin and continuing the roufe' is at mos231?1Gg».°— 3. Thus, by theorem 4.5.3
and Property 4, the completion time/i$tC 1 15 dy0/ OPT  23171G(,.0—9

12e5 dzo/ OPT_

2-3.C.j)'ji CandC i C' . Theroutd ' istoolong and at least one request is unknown
at timeC. Unlike Case 2-2, the server cannot serve all requests by resuming the route
) ' after terminating it and returning to the origin. Noting the routealso satis es

i)'j daof OPT the completion time is

[AC € ])s
YC.I) i)el
YC.I) i i)el

11, 2,0/ OPT

Combining with the results in 2-1 and 2-2, our rst bound for Case 2 1$€

maxf2¢5 . do-1, 2dog/ ©PT.

2-4. By replacing® with C | Yias, We havel A6 G| Yiast, j)+J , which leads to our
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second bound ¢ 1 1 dy°/ OPT Vet

Both cases show”A'®  minfmaxft 25, d,°/ P21 2d,0/ OPTg21 . d,°/ OPT | Viasw.

4.5.2 The OLDARP with Limited Capacity

A challenge arises when the server has only limited capacity. Consider the server carries some
requests back to the originand there are other unserved requests that it has not picked up. Due
to the capacity constraint, we ask the server to rst deliver the requests on hand and then design
a route for other unserved requests when it returns to the origin. Compared with the OLTSP
or the OLDARP1 , since the server may need more routes to serve the requests, obviously the

completion time of the algorithm increases.

The Sequence PredictionFirst, we assume the server follows the predicted rpgind modi es
it as the actual requests arrives, as in LARUBT. As the predicted routgg is designed under
the capacity constraint and the server does not change the order of visiting requests, adjusting the

route would not violate the constraint.

Theorem 4.5.5.Given the sequence prediction, there is an algorithm with the competitive ratio of

di, 111, di°ime, 21, d1°YpeLe/ ©FTfor the OLDARP:.

Proof. We observe that the LAR-RUST algorithm for the OLDARPL can be extended to the
OLDARP-: and get the same result. Initially, the server gets the predicted yguated starts to
follow it (Line 1-2). When a requesgarrives, the server ad@gandlgafter®zandfy, respectively
(Line 5). Since the original routg has already taken the capacity constraint into consideration,
the adjusted route would work for the requestxinBy theorem 4.5.1/ AL¢  dy/ OPT 11

d10Ytime 5 2'1 5 dloYpos-

Then, to incorporate robustness, we consider the L AR{SNCEalgorithm for the OLDARP-

Theorem 4.5.6.Given the sequence prediction, there is an algorithm with the competitive ratio of

minf2, 2d,—d, 221, di°Vime, 211, d1°YpoLe/ OFTgfor the OLDARP:.
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Proof. Attime G, the server either continues the ropggwith lengthA) or goes back to the origin

> and serve the remaining requests (with len@gjh

1. A A. The server follows the predicted rogtgafter adjusting it during the whole execu-
tion. By Theorem 4.5.5, the completion time is bounded BY®  di/ ©°T 11, d1°Yiime.
211 N dloYpos.

2. A i A2. When the last reque&k arrives, the server might be carrying some requests on
its way back to the origirr. Thus, before nding a route to serve other remaining requests,
it has to design a route to deliver these requests. The completion tim®% C |
311G~ 9 Ycary, Jnext 1 2, 2020/ OFT, where) carry and) next denote the time cost about
serving the current requests on hand and other remaining unserved requests in the next route,

respectively.

Hence, the competitive ratio can be statedarsf 2, 2d—d, 1 1, d1°Yime, 211, d1°YpoLe/ “FTg.

The Prediction of the Last Arrival Time. We consider the OLDARP-with the prediction of
the last arrival timeE. Following the REDESIGN algorithm, the server returns to the origin

whenever a new reque&arrives. We have the following result:

Theorem 4.5.7.The competitive ratio of thREDESIGNalgorithm for the OLDARP-is 15, 2d,
for the OLDARP:.

Proof. Consider REDESIGN for the OLDARP= . Similarly, the server may be carrying some re-
guests when a new request arrives. Thus, it rst delivers these requests and then serves the re-
maining requests. The completion time/i§"¢ G, 3121C°-2  )cany, Jnext 15/ ©FT,

2d,/ ©FT.

Next, we use the LAR-AST algorithm to incorporate the predictiéhfor the OLDARP- .
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Theorem 4.5.8.Given the prediction of the last arrival time, there is an algorithm with the com-

petitive ratio ofminf 1s5, 3d>—1, 2d,°, Yiase/ ©FTgfor the OLDARP:.

Proof. We distinguish between two main cases depending on the predicted and actual last arrival

time, € andC.

1. € G. The server is at the origin & but receives some requests after then. Therefore, the

completion time ig A-¢ = C | 3121C°~2 | )carry, ) next

1-1. Trivially, we havel ALC 1 15  2d,°/ OPT,

1-2. As31?1C°—® G € = Yas the completion time i$ ALC = 11 2d,°/ OPT | VYjast

2. € j C.. Attime G, the server is at the origimand ready to serve the remaining requests. Let

C be the earliest moment the server needs to stay at the origin since a route is too long. Let

) ' be the route planned at tin@. By the de nition of C, we havel AL¢ €, ) carry, ) next Y

C.i) i, Dearry. )next

2-1.

2-2.

2-4.

C.j)'j €. The algorithm runs in the same way as theDRsIGN algorithm, by

Theorem 4.5.7, the completion time/i§-C 1 15 2d,°/ OPT,

C.j)'ji €andC C. If operated by the RDESIGN algorithm, a server would
complete at time? | )carry, ) next: Thus, by Theorem 4.5.7, we haté'C 1 15
2d,°/ OPT’ ) o 15, 3d,°/ OPT

.C.j)'ji €andC i C'. The completion time is bounded by*¢ G, 3dy/ OPT

11, 3dy®/ °PT. Combining 2-1 and 2-2, we have our rst boudd:G 1 15
3d2°/ OPT_

The server might have not reached the origin at @nédowever, the time needed to
arrive the origin,31?1C-39, is bounded by& C = Yag, as the server is expected
to be at the origin at tim&. Thus, by replacingS with G, Yas, We have/ ALC

G, Ylast, )carry, )next ! 1, 2d20/ OPT, Yiast

Both cases have showrf'®  minfl 15 3d,°/ ©PT21 2d,°/ ©PT | Y0
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4.6 Experiments

In this section, we empirically evaluate the performance of LARRGENCEand LAR-LAST 0N

open data against benchmarks without using predictions.

4.6.1 Experiment Settings

Benchmarks. For the two models that predict a sequence of requests and the last arrival time,
we use some famous online algorithms as benchmark algorithms, includemge RGN IGNORE

and SVARTSTART. In addition to the RDESIGN mentioned above,dANOREis 3.5-competitive,
which repeatedly follows the of ine routes with ignoring new arrival requests. Similas t0IRE,
SMARTSTART adds a waiting strategy to decide whether the server starts to follow the routes
immediately or not. With the help of the waiting strategyART START achieves the currently

best2¢65-competitive ratio in polynomial time.

Datasets. We select three networks from a TSP library, TSPLib.Net [114], where each network
contains different numbers of requests. For each run, we sammglguests from a network and
randomly generate their arrival time from a uniform distribution. Then, we generate errors from a
normal distribution to create a prediction. The result of each iteration is the average competitive
ratio of 50 runs. We design two experiments for each prediction model.

For the model of the sequence prediction, we examine the impact of arrival time and position by
xing the standard deviation of errors of the paramdtgy; = 0¢5. For the model of the prediction
of the last arrival time, we show the performance of LARST as the standard deviation of the
error of the last arrival timé ¢, grows.

In both experiments, we use Christo des' heuristic as the replacement for the optimal solution,
which was also used in [5]. We consider the networks witk 100 requests and analyze the
performance of these networks. We would like to mention that the competitive ratios of both
algorithms are lower than their actual values since we use Christo des' algorithm to approximate

the of ine solutions.
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Figure 4.1: The competitive ratios achieved by LAR¢RENCEand the benchmark algorithms,
as a function of the error paramefey; (the left and the middle ones) and the competitive ratios
achieved by LAR-RusTand the benchmark algorithms, as a function of the error paramgter
(the right one)

4.6.2 Experiment results

The Sequence PredictionWe rst evaluate the performance of the LARESUENCEas a func-

tion of the error parametdrer for Ypos and Yime, respectively. In Figure 4.1, we observe that
LAR-SEQUENCEhas a signi cantly better performance thasNOREand SMART START for both

Ypos and Yiime. Moreover, forYime, LAR-SEQUENCE slightly outperforms RDESIGN, but for

Ypos their performance is also close and it outperformEDRSIGN when the error parameter is
smaller than one standard deviation. It is possible trebESIGN is suitable for dealing with a

large number of intensive situations. Note that LARE®ENCE seems to be more sensitive to
position errors than time errors. A possible reason is that the position error is the sum of each
prediction, while the time error only considers the maximum difference of all of the individual

errors.

The Prediction of the Last Arrival Time. We evaluate the performance of the LAR&T as

a function of the error parametég,, for Yiast. In Figure 4.1(right), we observe that LARAST
performs well no matter how the magnitude of thg, changes. It is worthwhile to mention that
REDESIGN still has a good and stable performance. Since LAKStuses EDESIGNas a sub-

routine, the stability can be inferred from the result &d®siIGNfrom the practical perspective.
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