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Abstract

Exploring the Factors Influencing Teachers’ Use of Proof and Justification in the Classroom

Davidson Barr

Teachers must make decisions about the frequency and type of proof and justification
included in their teaching. Researchers have identified that a teacher’s beliefs, knowledge, and
context can influence their behavior, but less so in the subdomain of proof and justification. In
addition, though a common term in the literature, how teachers conceptualize the “conceptual
reach” of their students is not well understood. This study explores the factors that affect a
secondary school teachers’ use of proof. Seven participants from two independent schools in
New Jersey were observed teaching one geometry and one non-geometry class, and follow-up
interviews were conducted with each participant. Using an analytical framework, instances of
proof and justification were counted and categorized. Interviews were coded to identify specific
beliefs, knowledge, and contexts that influence a teacher’s use of proof and justification and find
links to behaviors stemming from those factors. Next, grounded theory was conducted on the
interview transcripts to determine how teachers conceptualize the “conceptual reach” of their
students. Additionally, evidence was collected to determine if conceptual reach is primarily a
product of teacher beliefs, or primarily a characteristic of the students. The results of this study
identified several beliefs, contexts and pieces of knowledge that influence teacher behavior when
using proof and justification in the classroom. Findings also indicate that teacher behavior is
primarily driven by the teachers’ perceptions and beliefs about the conceptual reach of their

students rather than by the students’ conceptual reach directly.
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Chapter 1: Introduction

The National Council for the Teaching of Mathematics (NCTM) lists “Reasoning and
Proof™ as one of six process standards for K-12 education (NCTM, 2000). More recently,
Common Core State Standards for Mathematics (2010) similarly echo the importance of proof
and justification in mathematics education. Indeed, proof and justification play a central role in
the practice of mathematicians. Understanding how to better teach with mathematical proof and
justification is, therefore, an important consideration of mathematics education.

Importantly, formal proof in mathematics is substantively different from other
disciplines. In mathematics, formal proof is arrived at by deductive logic. Some statements,
commonly called axioms, are assumed to be true, and deductive logic is used to arrive at new
statements, called theorems, which must also be true. Informal mathematical proof, on the other
hand, are forms of justification that do not meet the burden of formal mathematical proof.
Mathematics educators have differentiated various types of informal proof as they are used in
teaching and learning (Stylianides 2008).

Mathematics teachers and mathematical researchers may have differing opinions on what
constitutes “proof” (Dickerson & Doerr, 2008; Weber 2014) which may vary in usefulness
depending on context (Stylianides et al. 2016). In the context of teaching, one widely cited
definition of proof in a classroom community, based on two criteria, was established by
Stylianides et al. in The second handbook of research on the psychology of mathematics
education, based on two criteria:

- Criterion 1: An argument qualifying as a proof should use true statements, valid
modes of reasoning, and appropriate modes of representation, where the terms “true,”

“valid,” and “appropriate” are meant to be understood with reference to what is typically
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agreed upon nowadays in the field of mathematics, in the context of specific

mathematical theories.

- Criterion 2: An argument qualifying as a proof should use statements, modes of
reasoning, and modes of representation that are accepted by, known to, or within the
conceptual reach of students in a given classroom community (Stylianides et al., 2016).
The authors describe this definition of proof in the context of a classroom community as

sufficiently well-defined to be useful, but also flexible enough to encompass many different
ideas of what constitutes proof.

Criterion 1 of this definition necessitates that proof follows a set of typical norms
established by the mathematical community. To teach about proof, a teacher must first be
familiar with and understand these norms themselves. Criterion 2 of this definition describes the
need to have proof be within the “conceptual reach” of the community. For the purposes of this
study, what is “accepted by” or “known to” students is also considered part of conceptual reach.
How teachers understand what lies within, or outside, the conceptual reach of the students in a
given class might be an important factor in how teachers decide to teach with proof in their class.
Notably, in this definition “conceptual reach” is described as a characteristic of the students. It is
possible that the conceptual reach of students impacts teacher behavior directly, but it is also
possible that the teachers’ perceptions around conceptual reach, which is driven by the teacher’s
beliefs and knowledge, has a larger impact on teacher behavior.

To understand the need for the study, imagine two teachers both teaching high school
geometry. The first teacher employs a variety of formal and informal proof techniques to engage

their students in proof and justification. The second teacher instead focuses on memorization,



recall, and computation with little engagement in proof or justification. What factors might
explain such differences in their teaching?

If we expect to understand and improve mathematics instruction surrounding proof and
justification, it is important to better understand teachers’ behavior surrounding proof and
justification in the classroom. Many factors influence a teacher’s use of proof and justification in
a part of a lesson (Fives & Buehl, 2012; Furinghetti & Morselli, 2011; Stylianides et al., 2013;
Wadanambi & Leung, 2019). To better understand the factors that determine behavior, the field
of psychology developed frameworks that describe relationships between affect, behavior, and
cognition. Over time, these psychological notions have been incorporated into educational
research where corresponding frameworks are used to describe the interplay between beliefs,
knowledge, and behavior. In particular, and with respect to this study, these notions have been
used to describe relationships in teacher beliefs, teacher knowledge, and teacher behavior (Lui &
Bonner, 2016; Sullivan et al., 2016; Fives & Buehl, 2012; Schoenfeld, 2010) as well as
relationships in student beliefs, student knowledge, and student behavior (Braithwaite &
Sprague, 2021). In general, these models typically claim that one’s behavior can be understood
given sufficient accounting for one’s beliefs and knowledge. This framework has also been
applied broadly to mathematics education. In this study, I apply a modified version of it to
teachers’ behavior when teaching with proof and justification.

To situate my study in the literature, I created a simple framework based heavily on
theoretical frameworks and tools from various research fields (Lui & Bonner, 2016; Fives &
Buehl, 2012; Schoenfeld, 2008; Sullivan et al, 2016) as well as the literature in the specific field
of proof and proving (Stylianides & Ball, 2008). This framework, illustrated in Figure 1,

describes a relationship where beliefs and knowledge come together with context which



influences behavior. The categories for teacher beliefs were adopted from Fives and Buehl
(2016) where they describe teachers' beliefs as being beliefs about teaching, beliefs about
knowledge, or beliefs about students. The knowledge categorizations are adopted from Hiebert’s
(2013) procedural knowledge, i.e. knowledge of processes and strategies, and conceptual
knowledge, i.e. knowledge of concepts and their relationships. Moreover, teacher behavior exists
within a broader classroom context, which might include other important factors like time
available, class sizes, textbook use, etc., which also might influence teacher behavior.
Figure 1
A Framework for Teacher Behavior when Teaching Proof

Figure 1

Framework for Teacher Behavior when Teaching Proof
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This research seeks to identify teacher behavior surrounding the use of proof in teaching
and explore the class-specific beliefs that teachers consider when making decisions on when and
how to teach using proof. As a natural extension of this inquiry, this research also explored the

factors teachers use to determine the “conceptual reach” of their students. Despite this term being



a part of a common definition of proof, there is a need for research that explores how teachers
understand the “conceptual reach” of their students and how their perception of their students’
conceptual reach affects their behavior teaching proof. Moreover, is the impact of “conceptual
reach” on teacher behavior best understood in the aforementioned teacher behavior framework as
internal to teachers or external to teachers? In particular is conceptual reach, as it relates to
teacher behavior, a part of the classroom context, or is conceptual reach better understood as
being influenced by teacher beliefs?

This study adds to the current body of research that exists in the intersection of beliefs,
knowledge, behavior in the subdomain of proof and justification in two important ways. First,
my study aims to illuminate specific beliefs, knowledge and contexts and linked behaviors that
affect secondary school teachers’ use of proof in their classrooms. Other studies like Lesseig
Hine (2022) and have explored the intersection of beliefs and knowledge in the subdomain for
preservice teachers. More research is needed, however, examining how these factors, along with
context, affect active teachers.

Second, though the Stylianides et al. (2016) definition of proof, or variations of it, are
quite popular in the literature, little has been written about the “conceptual reach” of students.
This study gains insight into how teachers conceptualize “conceptual reach,” and how that might
affect their actions in the classroom. Moreover, some insight will be gained into whether teacher
behavior is affected primarily by the actual conceptual reach of their students or instead is
primarily driven by the teachers’ perceptions and beliefs about the conceptual reach of their
students.

This knowledge should be useful to those who do work in teacher preparation and

continuing teacher education by providing teacher educators with information about different



factors that may affect future teachers’ use of proof and how the teaching of proof can be
supported. It may also help teacher educators in developing effective interventions to improve

the teaching of proof.

1.1 Purpose

The purpose of this study is to explore and identify the factors that influence how and
why teachers use proof and justification when teaching mathematics to secondary students. In
particular, this research examined how factors both internal to teachers, like knowledge and
beliefs, and factors external to beliefs, like classroom context affected their use of proof in their
classrooms. Since explicitly teaching proof is rare in secondary mathematics, in this study I
examined how teachers teach “with proof,” i.e. teach another subject, like Geometry, using
proof. These proofs need not always be “formal proofs,” but also might take the form of
justification techniques which Stylianides (2008) describes as “informal proof.”

The research questions in this study were:
1. When teaching with proof, what kinds of proof do secondary teachers incorporate in their
lessons and how does this vary by teacher background and observed course?
2. What factors (teacher knowledge, teacher beliefs, and context) do teachers report as affecting
their use of proof in the classroom?
3. How do teachers determine what kinds of proof and justification are within the conceptual
reach of students in a given classroom community?
4. Is the teaching of proof and justification driven more by the students' conceptual reach
directly, or more by perceptions of conceptual reach as shaped by the teacher’s knowledge and

beliefs?



1.2 Procedures

To answer my research questions, I used a mixed methods case study approach. Each
participant was asked to identify one lesson in a geometry class and one lesson in a non-
geometry class, like Calculus or Algebra, that, in their opinion, contained proof and justification.
The lessons were observed and audio recorded by the researcher, with additional notes taken by
the researcher to provide context. Second, participants were asked to submit all lesson related
materials like lesson plans, associated handouts, worksheets, and book chapters associated with
an observed lesson. Finally, an interview was scheduled where the participants answered a few
demographic questions, discussed the observed lessons with a focus on the factors they consider
to be important regarding their decisions about how, and how much, to use proof, and to discuss
the potential role of conceptual reach in such decisions.
Participants

There were seven participants for this study. In order to minimize contextual
contaminants, participants were all chosen from similarly sized independent schools in New
Jersey. The decision to choose participants from independent schools All participants needed to
teach one course of Geometry, or an equivalent Algebra/Geometry hybrid course, and also teach
an additional course, like Algebra 1 or Calculus. From this pool, participants were selected on
willingness to participate and availability.

Though the choice of similarly sized independent schools in New Jersey did limit some
contextual contamination, it did create bias with regards to broader secondary education.
Independent schools often have different rules with regards to teacher certification or other

educational backgrounds. Neither of the schools that took part in this study required specific



teacher certification or educational backgrounds, like an undergraduate degree in mathematics, to
teach. Both schools gave teachers a fair bit of autonomy as far as the materials they used in class.
Instruments

For the observation instrument, I observed at least one meeting from two different
courses per participant. For example, if a teacher teaches both a Geometry class and an Algebra 1
class, I observed both a Geometry and Algebra 1 course taught by the same teacher.

For each lesson observed, the teachers wore a small microphone to capture their voice.
The dialogue was later transcribed. Participants were also asked to submit class materials, like
worksheets, to the researcher. Observations were transcribed and divided into “lesson segments”
using a similar protocol to “problem” segmentation described by Jacobs et al. (2003).

The next instrument was an interview with each participant. Following protocol
recommendations described by Merriam and Tisdell (2015), I met with each participant at their
school. The interviews were semi-structured, lasted roughly 60 minutes, and were recorded via
lapel microphone. This interview began with briefly gathering teacher background information.
Next, a set of questions were asked designed to capture “teacher knowledge.” For example, some
questions asked participants to evaluate sample student responses or describe how they might
solve a generic proof. Next, questions were asked designed to capture additional factors, like
teacher beliefs, which influence their use of proof in the classroom. To do this, generic questions
were asked about teacher’s beliefs, followed by specific questions about each teacher’s behavior
during observations. In particular, teachers were asked why, or why not, they chose to include
proof in specific lesson segments. Finally, a semi-structured conversation around the idea of

“conceptual reach” was conducted with each participant. Teachers were asked questions about



how they determine what types of proof related lesson segments are appropriate for their classes,
and how they make that determination.
Analysis

After transcribing both the observations and the interviews, I answered the research
questions using the analysis described below.

To answer Research Question 1 transcripts and artifacts from each lesson were analyzed
and coded in the following phases:

Phase 1: The transcript and the artifacts were segmented into individual “lesson
segments” based heavily off the “problem” coding scheme designed for the TIMSS as described
in detail by the technical report from Jacobs et al. (2003). These identified “lesson segments”
served as the unit of analysis for this part of the research.

Phase 2: Jacobs et al. (2003) also provides a procedure for determining when teachers are
the primary solver, like in lectures, students are primary solver, like in individual and group
work, or when both teachers and students share the spotlight, like when using the Socratic
method. I used a simplified version of this method to determine whether the primary solver is the
teacher, student or shared between the two.

Phase 3: Lesson segments were also analyzed to see if they make use of one or more of
the informal and formal proof types synthesized from analytical frameworks of Stylianides
(2008) and Harel and Sowder (2007). Not all lesson segments had proof components and were
described as “lesson segments not involving proof” This process resulted in a list of lesson
segments involving proof, the types of proof used, and a measure of the relative frequency of

proof use in lesson segments.



Phase 4: The instances of informal and formal proof identified in Phase 1 were compared
with the information collected from the background survey on teachers’ education experiences
with proof-based classes, their years taught, and the course being taught. The data were
summarized in charts or tables allowing comparison between the type and quantity of proof
teachers are using in their classes, and the background information collected from the survey.

To answer Research Question 2, the interview was analyzed. First, deductive coding was
used to categorize teacher statements as either evidence of “Teacher Beliefs about Knowledge,”
“Teacher Beliefs about Students,” “Teacher Beliefs about Teaching,” Procedural Knowledge,
Conceptual Knowledge, or Context. Not every statement made by a teacher necessarily fit into
one of these categories, and such statements were not collected.

Next, using the collected coded statements, individual beliefs, procedural knowledge,
conceptual knowledge, and contexts were identified through an iterative inductive process.
Finally, teacher observations, interviews, and data collected from answer Research Question 1
were used to create links between the specific factors identified and teacher behavior.

To answer Research Question 3, the interview was analyzed using grounded theory to
identify and categorize the factors that teachers identify as important when deciding on the
conceptual reach of their students. To do this, I followed the protocol laid out by Merriam and
Tisdell (2015) which calls for an inductive and comparative process where codes are assigned,
themes extracted, and categories constructed. The coded statements were then assigned to
categories, and the categories were refined into themes. Ultimately, I arrived at four themes that
describe how teachers understand the conceptual reach of their students.

Research Question 4 was answered by comparing the results from the observations

coding and interview coding across teachers and classes. First, evidence was examined to see if
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teacher behavior was altered based on student characteristics. Next, teachers were clustered by
sharing beliefs and evidence was examined to see if teachers in similar belief clusters behaved
similarly. Based on these results, a determination was made on whether conceptual reach impacts
teacher behavior directly, or instead is shaped by teacher beliefs about their students’ conceptual

reach.
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Chapter 2: Literature Review

An exploration of the factors that influence teachers’ use of proof and justification in the
mathematics classroom necessitates the examination of a wide range of research domains. This
chapter is an overview of the necessary literature background to understand the design and intent
of the study. To that end, this chapter will be organized around the topics necessitated by the
research questions. In the first section there will be a general discussion of proof, proving and
justification as they pertain to mathematics education, and more specifically, to teacher behavior.
Following that will be a discussion around the factors that influence teacher behavior - namely
teacher beliefs, teacher knowledge, and context. Finally, there will be a brief discussion on the
concept of “conceptual reach.”

2.1 Proof and Justification

Mathematics and Proof

It is fitting to begin a discussion of proof, justification and mathematics education with
Euclid’s Elements (Fitzpatrick, 2007). Although little is known about Euclid himself, his book
Elements is among the most influential works in mathematics and mathematics education. In it,
Euclid describes a system of formal mathematical proof in geometry using only axioms,
definitions and deductive reasoning. To this day, many educators still use Elements as a
framework and guide for teaching geometry and mathematical proof.

Mathematics differs from most other forms of inquiry due to its use of deductive
reasoning to determine if a claim is true. Most sciences, for example, primarily employ inductive
logic, i.e. using empirical evidence as the method for supporting claims. The deductive logic
employed in mathematics demonstrates the truth of new true statements, called theorems, by

using logical reasoning from a set of assumptions. This set of statements, reasons, assumptions,
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and conclusions, taken together, is frequently called a proof. In mathematics, proof serves as the
foundation for validating new statements as true or false, but as discussed later, the types of
arguments accepted for proving may vary by context.

Since Euclid, thinking around the nature of mathematics and mathematical proof has
evolved considerably. In his book The Philosophy of Mathematics Education (Ernest, 1991),
Ernest summarizes the two major competing philosophies in mathematics: absolutism vs social
constructivism. Absolutist philosophies, like Platonism or Naive Empiricism, describe
mathematical knowledge as a prescriptive philosophy consisting of “certain and unchallengeable
truths” (p. 7). Social constructivist philosophies, however, which evolved from conventionalism
and quasi-empiricism, contend that mathematical knowledge is fallible and that objective
mathematical truth is arrived at via social acceptance (Ernest, 1991).

Ideas around mathematics philosophy and the nature of mathematical knowledge impact
more than just the mathematicians and philosophers who work with them professionally, but also
mathematics educators and their students who also engage with mathematics, mathematical proof
and justification. In the case of mathematics education, beliefs about the nature of mathematical
knowledge, like if the source of knowledge is an external authority vs constructed, impact

teacher behavior in the classroom (Beswick, 2007; Ernest, 1991; Fives & Buehl, 2016).

Definitions for Proof in Mathematics Education

Justification, argumentation, reasoning, reasoning-and-proving, and proof are all terms
that describe a set of related concepts in mathematics education. There is limited consensus on
the definitions of these concepts, and descriptions often vary considerably between researchers (
Staples & Connor, 2022). For this reason, research on proof, justification, argumentation,

reasoning, etc. is often difficult to neatly categorize, and important concepts in the domain may
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be called by different names and defined in different ways by different researchers. These
definitions can especially vary widely across grade level, where the threshold for something like
a “proof” might be very different between a classroom community of middle school students
versus university level students.

In mathematics education research, one of the most widely cited definitions of proof
comes from The Second Handbook of Research on the Psychology of Mathematics
Education (Stylianides et al., 2016). It is based on two criteria:

- Criterion 1: An argument qualifying as a proof should use true statements, valid
modes of reasoning, and appropriate modes of representation, where the terms “true,”
“valid,” and “appropriate” are meant to be understood with reference to what is typically
agreed upon nowadays in the field of mathematics, in the context of specific
mathematical theories.

- Criterion 2: An argument qualifying as a proof should use statements, modes of
reasoning, and modes of representation that are accepted by, known to, or within the
conceptual reach of students in a given classroom community (Stylianides et al., 2016).

Of note, though this notion of proof aligns more closely with the social constructivist notion of
mathematics and therefore takes into account the mathematical community that is evaluating the
proof. Harel and Sowder (2007) echo this with their definition of proof as “what establishes truth
for a person or community” (p. 806). In both instances, the proof should be accessible or, as put
by Stylianides, within the “conceptual reach” of those engaging with it. This means that what

counts as proof may vary somewhat across classrooms and contexts.
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Weber (2014) acknowledges that the concept of proof is difficult to define directly and
instead advocates for a “clustered model” where an argument could be considered a better proof
the more criteria it satisfies. Weber proposed six criteria:

(1) A proof'is a convincing argument that convinces a knowledgeable mathematician that

a claim is true. (2) A proof is a deductive argument that does not admit possible rebuttals.

The lack of potential rebuttals provides the proof with the psychological perception of

being timeless. Proven theorems remain proven. (3) A proof is a transparent argument

where a mathematician can fill in every gap (given sufficient time and motivation),
perhaps to the level of being a formal derivation. In essence, the proof is a blueprint for

the mathematician to develop an argument that he or she feels is complete. This gives a

proof the psychological perception of being impersonal. Theorems are objectively true.

(4) A proof'is a perspicuous argument that provides the reader with an understanding of

why a theorem is true. (5) A proof is an argument within a representation system

satisfying communal norms. That is, there are certain ways of transforming mathematical
propositions to deduce statements that are accepted as unproblematic by a community
and all other steps need to be justified. (6) A proof is an argument that has been

sanctioned by the mathematical community. (Weber, 2014 p. 357)

Though this notion of proof is somewhat unwieldy, it does capture how conceptions of proof
may vary based on context and community. Moreover, this definition includes elements that
promote community acceptance which alludes to Socially Constructed views of proof as well as

appeals to authority and unimpeachability which allude to Absolutist notions of proof.
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Defining Justification

The term justification is also used widely by teachers in K-12 classrooms, often
appearing as phrases like “justify your answer” or “justify your thinking.” As previously
mentioned, justification, like proof and argumentation, is another concept with a somewhat
amorphous meaning, though justification appears less frequently in research literature than proof
or argumentation (Staples & Connor, 2022). Bieda and Staples (2020) define justification to be
the “process of supporting your mathematical claims and choices when solving problems or
explaining why your claim or answer makes sense” (p. 103). Staples and Connor (2022) further
clarify that justification is a “call to explicate one’s thinking in order to compel a position” and
that a position can be a “result, idea or choice” (p. 4). The justification process, therefore, could
be providing a singular support for an individual choice or statement, or providing a set of
support for a more complex problem or answer.

Newton and Yackel (2022) describe the close relationship shared by the concepts of
Jjustification and explanation. Cobb et al. (1992) distinguishes between the two concepts based
on the speaker’s belief of if their argument was challenged. A challenged argument, whether
implicitly or explicitly challenged, required justification, whereas an unchallenged argument
contained an explanation. Therefore, Newton and Yackel (2022) examined justification and
explanation collectively rather than separately.

Proof is frequently seen as a type of justification. Kilpatrick et al. (2001) defines proof as
a form of justification and defines proofs as “logically complete” whereas justification “may be
more telegraphic, merely suggesting the source of the reasoning” (p. 130). Depending on the
classroom community, it is possible that this definition of justification might be defined as proof

according to the definition of proof described by Stylianides et al. (2016). Staples and Connor
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(2022) describe this conception of justification as including “on-the-way-to-proof reasoning

practices” (p. 5) which might not meet the burden of a formal proof.

Categorizing Proof and Justification

Several researchers have created categorizations of proof and justification. Harel and
Sowder (2007) divide “proof schemes,” which are the arguments needed to convince oneself or
others that something is true, into three categories: external conviction proof schemes, empirical
proof schemes, and analytical proof schemes. External conviction proof schemes are an appeal to
authority, frequently a textbook or teacher, or conviction based on the appearance of the
argument alone, like if a proof appears in two columns. Empirical proof schemes rely on either
one or more examples as evidence, or perception. Lastly, analytical proof schemes are either
transformational proof schemes, characterized by generality, operational thought, and logical
inference, and axiomatic proof schemes, which in addition to the characteristics of
transformational proof schemes also begin from axioms.

Stylianides (2008) created a framework for what he called reasoning-and-proving, which
could reasonably be used to categorize various classroom activities involving proof and
justification from a mathematics education perspective. He broadly categorizes mathematical
reasoning and proving into two main categories: “making mathematical generalizations” and
“providing support to mathematical claims” (p. 10). This study is concerned with proof and
justification, and so its focus will be on the second category, which Stylianides divided further
into “providing a proof” and “providing a nonproof argument.” Finally, each of these sections is
subdivided further. “Providing a nonproof argument” is divided into “empirical arguments” or
“rational” (p. 10). Empirical arguments are arguments where evidence is used to inductively

make assertions, like arguments found in science. Stylianides describes rationale as “arguments
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for or against mathematical claims that are neither proofs nor empirical” (p. 12) and includes
instances of deductive reasoning where key assumptions are not made explicit. Stylianides
categorizes “proof” as either a “generic argument” or a “demonstration.” A generic argument
makes use of proper deductive reasoning and explicitly cites assumptions but uses a specific case
as representative of all cases. A demonstration is a deductive argument where key assumptions

are made explicit and does not rely on a single representative case.

The Role of Proof and Justification in Mathematics Education

The National Council of Teachers of Mathematics (NCTM) describes five core process
standards in mathematics education: Problem Solving, Reasoning and Proof, Communication,
Connections and Representation (National Council of Teachers of Mathematics, 2000). These
five process standards describe knowledge and skills that all preK-12 students should be enabled
to learn. The Reasoning and Proof process standard addresses instructional programs to enable
students of all ages to “develop and evaluate mathematical arguments and proofs” as well as
“select and use various types of reasoning and methods for proof.” Similarly, in 2010, the
Common Core State Standards for Mathematical Practice (CCSMP) similarly created Standards
of Mathematical Practice (National Governors Association Center for Best Practices & Council
of Chief State School Officers, 2010) that describes eight processes and proficiencies. The first
three these standards are “Make sense of problems and persevere in solving them”, “Reason
abstractly and quantitatively” and “Construct viable arguments and critique the reasoning of
others.” The standard of “Construct viable arguments and critique the reasoning of others”
describes how students should be able to “justify their conclusions™ and “build a logical
progression statements to explore the truth of their conjectures.” Given its prominent place in

both the NCTM and Common Core Standards, it is clear that the mathematics education
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community places high value on students’ ability to engage with mathematical arguments,
justifications and proof.

Proof and justification can have varied meanings depending on the context. Both the
NCTM and CCSMP describe proof within the context of it being a process. By describing it as a
process, the implication is that proof is thing one does, rather than just an end product, like a
completed argument. Stylianides et al. (2013), on the other hand, describe the proof as the final
product of an argumentative process, but also describe “reasoning-and-proving as a vehicle to
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‘sense-making’” (p. 1471). In the later Compendium for Research in Mathematics Education,
Stylianides et al. (2017) distinguish between “proof as problem-solving” where a proof is seen as
a process with less regard to the end form of the proof, whereas “proof as convincing” tends to
focus on what sort of final product would be acceptable to the appropriate audience.

Researchers have additionally argued that engaging in proof and proving provides unique
learning opportunities. Weber (2005) argues that proofs are a problem-solving task, and that
different kinds of proof afford students different types of learning opportunities like practicing
proof techniques, developing strategic knowledge, and improving mathematical
connections. Similarly, Hanna and Barbeau (2008) describe proof as the “bearers of
mathematical knowledge” in that the process of doing a proof itself conveys important
mathematical concepts. Bieda (2010) further describes proof as a vehicle for building
mathematical knowledge for a classroom community. Bieda and Staples (2020) argue that
teaching with justification is important in improving educational equity.

Staples et al. (2012) found that teachers value justification for promoting conceptual

understanding, building mathematics skills, assessing student understanding, building life skills,
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managing diversity by being more effective with a range of students, changing social
organization, but not verification, systemization, or discovery.

Different proofs and justifications might also serve different purposes. Staples et al.
(2012) describe justification in K-12 classrooms as serving as both a disciplinary practice and a
learning practice. As a disciplinary practice, justification is used to verify results, provide insight
or systematize knowledge. As a learning practice, first described by Cohen and Ball (2001),

justification is “a means to learn and do mathematics™ (p. 447).

2.2 Teacher Behavior with Proof and Justification

TIMSS Video Study

How much and what kind of proof and justification are teachers using in their
classrooms? One of the largest studies to examine this question in depth is the Third
International Mathematics and Science Study Video Study (TIMSS Video Study). This study,
conducted from 1998 to 2000, collected video recordings of eighth grade mathematics lessons
from 100 different classrooms in each of seven different countries. Since that time, TIMSS has
continued to report on international mathematics and science education but stopped collecting
video recordings of lessons. The analysis of these videos gives researchers insight into what is
actually going on in classrooms and does not rely on self-reporting or student achievement as
proxies.

The recorded lessons were coded for a wide variety of phenomena, including whether or
not “proof” was used in the class. To do this, lessons were split into units of measure called
“problems” which were then coded for particular phenomena. A problem was coded as using
proof if the “teacher or students verified or demonstrated that the result must be true by

reasoning from the given conditions to the result using a logically connected sequence of steps”
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(Hiebert et al., 2003, p. 73). In the US, no classes were observed to have used proof meeting this
criterion. Of the countries tested, Japan had the highest rate with 39 of 100 classes involving at
least one proof.

In the same study, the researchers also coded “mathematical processes used when solving
problems” into four categories. The first two categories, “giving results only” and “using
procedures,” used no justification or reasoning. The third category “stating concepts” was
described as simply identifying mathematical properties involved in a problem without
explaining additional relationships. The final category, “making connections,” was chosen when
justification and explanation was used. In the US, only one classroom in the 100 observed
involved “making connections,” 8 in 100 involved “stating concepts,” and the remaining 91 in
100 had no justification.

The TIMSS Video Study paints a picture of minimal proof and justification in
mathematics classes in the US and abroad. The results of the TIMSS Video Study may not be an
accurate reflection on the use of proof in secondary schools today for a few reasons. First of all,
the TIMSS Video Study was conducted in eighth grade classrooms. Many students in the US
take Geometry in secondary school and gain their first exposure to the concept of proof
there. Moreover, since the TIMSS study was concluded, national mathematical initiatives, like
the National Council for the Teaching of Mathematics (NCTM, 2000) and the Common Core
State Standards (NGA & CCSSI, 2010), have called for an increased focus on proof and
justification.

Though a wide-reaching survey of actual teaching like the TIMSS Video Study has not
been repeated, some smaller scale studies have shown that proof and justification is indeed

present in many secondary level classrooms, both in the US and abroad. For example,
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Furinghetti & Morselli, 2011) found 9 of the 10 interviewed Italian school teachers self-report
teaching with proof. In a survey given to 8th-10th grade teachers, Kotelawala (2007) found that
26 teachers self-reported using proof in their classes versus 47 who self-reported they did not.
Sears and Chavez (2014) analyzed Geometry classes specifically, and found that while there was
some proof and proof related activities in the curriculum, the teachers required little rigor, and
often over-explained proof related tasks. Implementing proof tasks may be difficult for teachers
even in situations thought to be conducive to proof and proving. Bieda (2010) examined
classrooms using a curriculum “with rich opportunities for students to justify and prove” and
’taught by teachers who are experienced with the curriculum” (p. 353). Even in this “best-case
scenario,” Bieda found that nearly a third of the proof related tasks in the curriculum were not
implemented by the teachers in the actual classroom. Moreover, many of the tasks were
presented to students in such a way to reduce cognitive load or non-proof reasoning, like

empirical justification, were frequently used in place of proof.

Teaching With Proof and Justification

Da Ponte and Quaresma (2016) describe mathematical teacher practice as consisting of
two main elements: the tasks given to students, and teacher communication during class. The
task itself is considered an important starting point for student learning. Tasks chosen can have a
range in difficulty and may or may not involve more challenging elements like problem solving,
exploration or justification. Teacher communication during class is the communications
established by the teacher. The type of communication environment too exists on a spectrum.
Teachers might create a “univocal” environment where the teacher’s voice predominates, or
promote discourse, either between teacher and students or between student and student. For

example, it is possible to imagine a teacher who gives fairly routine tasks in a univocal setting as
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different from teacher who gives the same tasks but promotes student voices and discussion.
Conversely, a challenging task could be given to a class which is solved primarily by the teacher,
or that same challenging task could be given to the class where student voices are amplified
instead.

Both task choice and teacher communication helps establish classroom norms. Staples
and Connor (2022) describe justification as arising from the need to defend one's argument to a
real or perceived audience. They contend that teachers, together with students, construct the
classroom norms that influence the use of justification in classrooms. Staples and Connor borrow
from Yackel and Cobb (1996) and split these norms into social norms, which includes classroom
practices like requiring justification for claims, and sociomathematical norms, which describe
strictly mathematical classroom norms i.e. what counts as sufficient mathematical justification in
a given classroom.

Simon and Blume (1996) investigated how justification and validation were negotiated
within the classroom community. They analyzed transcripts of the mathematical discussion from
elementary school classes and found that justification use in class was negotiated in several
ways. First, the students sometimes resisted the need for justifying themselves by conflicting
with the beliefs about what mathematics is, how it should be done, and the role of the teacher in
the learning process. The students and teacher also found different types of justification
convincing, with students hesitant to accept deductive logic. Finally, they note that community
knowledge grows iteratively, and paralleling axioms in formal proofs, the communities each
relied on a set of shared knowledge that was assumed to be true without justification.

More recently, Newton and Yackel (2022) also examined how community knowledge is

co-constructed by analyzing transcripts of a secondary school teacher. They noted that though
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both the students and the teacher were involved in the process, the teacher was more central in
“controlling the agenda and setting the goals, also determining the balance between justification
as a learning and disciplinary practice” (p. 174). Moreover, Newton and Yackel describe how
students and teachers co-construct justification as a discipline, but also how justification itself
helps construct mathematical knowledge.

In terms of the actual proofs being created, Weber (2005) describes three levels of proof
production for students: procedural, syntactic, or semantic. Procedural proof productions use a
similar, preexisting proof as a template for a new proof, and allow students to gain confidence
with the form of proof. For example, a student could notice that a new proof appears similar to
an already completed proof and attempt to use the same framework for the new proof. Syntactic
proof productions entail the arranging and manipulation of mathematical statements without
attempting to gain intuition about the underlying mathematical concept. An example of this
would be if a student, when confronted with a novel concept to prove, wrote down what was
known and then tried to use algebraic steps, like assembling puzzle pieces, to get to a correct
proof. This type of proof production can give students important practice in logical reasoning
and inference. Semantic proof productions consider informal and intuitive representations in
order to build understanding about the underlying mathematical concept. An example of this
style of proof would be if a student drew a picture, experimented with relationships between
objects in the picture, and used the new knowledge to help construct the proof. These sorts of
proof productions are most convincing to students and deepen their understanding of the
underlying mathematics. Similarly, Hanna (1989) distinguishes between proofs that prove and
proofs that explain and argues for the use of proofs that explain when teaching whenever

possible.
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At the secondary level, formal proof is often associated with geometry (Cirillo & Herbst,
2012; Dundar & Otten, 2023). Furinghetti and Morselli (2011) found that many secondary level
teachers associate proof with geometry, with some teachers even stating that the teaching of
proof is confined to geometry entirely. Even within geometry, proof takes on a variety of forms.
The two-column proof and the use of Dynamic Software Environments will be discussed later in

this chapter.

Use Proof and Justification and Perceived Student Ability

Tracking, or splitting up students by some perceived ability level, has been an area of research
for decades. Tracking in mathematics classes can take many forms, with higher level or harder
classes being sometimes designated as “honors” or “advanced” classes. In a recent meta-analysis
of 53 studies, Terris and Triventi (2023) describe the potential benefits of tracking as gains to
efficiency in teaching, whereas the potential harms are an increase in inequality of achievement
and opportunity. Their meta-analysis found that while the benefit to efficiency is not significant,
the negative impact on inequality is significant.

Secondary school teachers may view more rigorous or formal proof as not being
appropriate to all students. Knuth (2002b) conducted interviews with 16 in-service secondary
school teachers and found that, for all teachers interviewed, “proof seemed to be an appropriate
idea only for those students enrolled in advanced mathematics classes and for those students who
will most likely be pursuing mathematics-related majors in college” (p.73). Those same teachers,
however, also reported that informal proof was important for all students.

Frasier and Panasuk (2013) conducted a survey of 274 mathematics teachers which found
similar results. Teachers report that they spend more time on proof in class for an “upper level”

geometry class when compared to a “lower level” geometry class. “Upper level” algebra classes
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also involved more time spent on proof than “lower level” geometry classes. When asked why
teachers did not teach with more proof, the most reported reason was the “ability level of the
students they teach.” The teachers also, on average, reported that only 70% of students were even

capable of understanding mathematical proof.

Proof Evaluation

An important subfield for understanding the teaching of proof is that of proof evaluation.
Preservice teachers, teachers and mathematicians frequently have different ideas of what counts
as proof (Baldinger & Lai, 2019; Dickerson & Doerr, 2014; Knuth, 2002a; Lesseig et al., 2019;
Miller et al., 2018; Oztiirk & Giiven, 2022). Knuth (2002a) found that secondary teachers tend to
value form over substance. In particular, teachers tended to value their own familiarity with the
argument and the method used more than the mathematical substance of the argument. Lesseig
et al. (2019) also found that teachers tended to evaluate consistently on the generality of a proof
but were much more divided about the validity of non-symbolic arguments. Oztiirk and Giiven
(2022) found a similar on emphasis symbolic arguments in the proof evaluation of preservice
teachers

Proof evaluation may also vary based on certain contexts. Dickerson and Doerr (2014)
found that more experienced secondary teachers tended to value reasoning and concrete or visual
proofs, whereas less experienced teachers were more inclined to value “strict standards of
language.” Baldinger and Lai (2019) conducted a study on preservice teachers’ proof evaluation.
The researcher “primed” the participants by asking them to imagine themselves as either
secondary school teachers or university students. The resulting proof evaluations varied as a
result of the priming, with participants given the role of secondary school teacher viewing more

proofs as valid.
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Even mathematicians evaluate proofs differently from one another. Miller et al. (2018)
interviewed nine mathematicians while they assigned points to several incomplete proofs. For
some proofs, the points assigned varied widely. Moreover, the mathematicians assigned points
based on their perception of student understanding rather than purely on correctness. In a similar
study, Weber (2008) investigated how mathematicians validate proofs and found that
mathematicians did not also look for “correctness,” instead looked to see if the proof gave some
insight to the problem at hand. Also, the context of the proof mattered, meaning that proofs may

be judged differently based on the community that created it.

Teaching Interventions in Proof

Another area of research involves the exploration of interventions designed to improve
students’ ability to do proof. One type of intervention in mathematics broadly is teacher
scaffolding which is the practice of providing limited support to a student learning a new
concept, often with the intention of later removing that support allowing the student to solve
similar problems without aid. Research (Blanton et al., 2003; Schwaighofer et al., 2017; Warli et
al., 2021) has explored how various kinds of scaffolding can positively affect student learning of
proof.

Weber (2005) described proof as a type of problem-solving, and Schoenfeld (1979)
advocated making problem-solving heuristics explicit when teaching. Since then, research
investigating how explicit heuristics might help students learn proof has been conducted.
Schwaighofer et al. (2017), for example, found that heuristic worked examples, i.e. example
problems that include both worked out answers in addition to the strategies and thinking that led

to those answers, provided scaffolding to build students mathematical argumentation skills.
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The Two-Column Proof Structure

In the United States, many secondary school classes, and especially geometry classes, use
the two-column proof structure. In the two-column proof structure, mathematical statements are
put in the left column, and the associated mathematical reasons, oftentimes theorems and
postulates, are put in the right column (Dimmel & Herbst, 2020). Notably, in a typical two-
column proof, a set of assumed truths, often called givens, and an end goal are provided to the
students, and their job is to provide a logical series of statements and reasons that result in the
goal being proved true. Though other proof structures exist, like paragraph proof or the proof
tree, the two-column proof gained dominance in the US due to both historical changes in
textbook curriculum and teachers teaching in the way that they learned (Cirillo & Herbst, 2012).

The choice to use such a structure is important, as it helps determine what is considered a
valid proof within the mathematical community (Ahmadpour et al. 2019). Moreover, the
structure of proof might affect the type of task given to students. In the case of the two-column
proof structure, Cirillo and Herbst (2012) argue it is not authentic mathematics, primarily
because the students are typically provided with the givens and the end goal rather than

conjecturing and constructing it for themselves.

Dynamic Software Environments

A considerable amount of research has been conducted on the impact Dynamic Software
Environments (DSE), also called Dynamic Geometry Environments, have on the teaching and
learning of proof. In an early example of this, Galindo (1998) found that DSEs can help create a
classroom environment richer in justification opportunities, and help students develop a more

meaningful understanding of proof when compared to traditional drawings.
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Later studies have found mixed results when exploring how DSEs might impact proving.
For example, Janjaroon (2024) found that when using DSEs, preservice teachers generally used
empirical justification. Additionally, Wegner (2022) found that though students gained
confidence in proving tasks after using DSEs, that confidence did not carry over into later
proving tasks. How DSEs are implemented in the classroom likely affects outcome. For example,
Gulburnu (2025) found that the same dynamic software had different effects on teacher-student

interactions depending how the software was used by the teacher.

2.3 Factors Affecting Teacher Behavior

Teacher knowledge and teacher beliefs are two factors widely identified by researchers as
influencing teacher behavior (Beswick, 2007; Bray, 2011; Fives & Buehl, 2012; Pajares, 1992;
Pehkonen & Pietild, 2003; Schoenfeld, 2008). Schoenfeld specifically explored relationships
between belief, knowledge, and behavior in the world of mathematics education. Schoenfeld
created a model of teacher behavior which described teachers’ “goals,” “beliefs,” and
“knowledge” as the factors driving their behavior (Schoenfeld, 1998). In future publications,
Schoenfeld used this model to characterize teacher instruction (Schoenfeld 2008). In his 2008
analysis, Schoenfeld characterized the beliefs held by the teacher as beliefs about mathematics,
students, teaching, learning, and classroom environments. This characterization is similar to what
was employed in this study. Schoenfeld does not provide a strict set of categories for
“knowledge,” but subject matter knowledge, general pedagogical knowledge, pedagogical
content knowledge, classroom knowledge, knowledge of students and “other” history were
included. Goals are categorized as overarching goals, major instructional goals, or content goals.
Using this model, Schoenfeld then provided analysis of a transcribed lesson segment where he

was able to describe the teacher’s actions in terms of their beliefs, knowledge, and goals and
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used this to argue that the teacher’s decisions during the class followed flexible and principled
teaching routines. Later, in his book “How We Think: A Theory of Goal-Oriented Decision
Making and its Educational Applications” (2010), Schoenfeld further developed a model of
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behavior which describes “resources,” “goals,” and “orientations” as the primary factors driving
behavior. In this model resources are the knowledge applicable in the current context, goals

include both conscious and unconscious aims, and orientation includes both the beliefs and

values that affect behavior (Schoenfeld, 2010).

The Relationship Between Beliefs and Knowledge

Despite a decades-long interest in better understanding the knowledge and beliefs of
teachers and their impacts on practice, however, there is still some debate on a definition for
either construct (Fives & Buehl, 2012; Pajares, 1992). For example, Beswick (2007) takes beliefs
to mean “anything that an individual regards as true” and that knowledge is simply belief with
consensus based on quality evidence. Somewhat conversely, Pehkonen and Pietild (2003)
describe a belief as a kind of subjective, experience based, frequently implicit piece of
knowledge. In 1992, Pajares provided a synthesis of the contemporary work around knowledge
and belief at the time, concluding that “belief” is a knowledge of sorts, with the major difference
being that knowledge both requires group consensus for validity and knowledge systems are
open to “evaluation and critical examination.” Beliefs, conversely, do not even require internal
constancy, let alone group consensus, and are not receptive to reasonable argument. Siswono et
al. (2019) describe beliefs as orienting knowledge.

In a similar effort to Pajares two decades later, Five and Buehl (2012) again attempted to
synthesize and categorize many of the teacher beliefs and knowledge constructs used by

researchers. They identified common important factors, like whether beliefs are static or dynamic
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or how beliefs are related to knowledge, to help with their analysis. From this, they synthesized
that beliefs, as a construct, range in stability, are activated by context demands, are interwoven
with the concept of knowledge, and are best understood as a system. They further describe the
function of teacher beliefs as acting as a filter for events and information, a frame for a problem
or task, and a guide for action.

Detangling these constructs is a difficult task. For the purposes of this research, the
definition of belief and knowledge from Beswick (2007) was used. Therefore, a belief is
“anything that an individual regards as true”” and knowledge is simply belief with group
consensus and quality evidence. These definitions align well with the definitions of proof, which
also involve community agreement.

In the following sections, belief and knowledge will be discussed as separate constructs.
Moreover, common frameworks and categorizations of each important factor will be discussed
with emphasis placed on those by this research. Importantly, this research considers only a subset
of the possible knowledge and beliefs that an individual might hold. In particular, this research
considers teachers’ beliefs relevant to classroom teaching and teacher knowledge of
mathematics. Other beliefs that might be held by teachers, like beliefs about society, religion,
etc., and other types of knowledge that might be possessed by teachers, like knowledge of
biological sciences or knowledge of pedagogy, are not considered.

2.4 Teacher Beliefs

Understanding teacher beliefs and their impact on teacher behavior has been of interest to
researchers for quite some time. In 1978, Fenstermacher posited that educators and education
researchers would become increasingly important in the understanding of teacher effectiveness.

In 1992, Pajares again argued that researchers need to increase their efforts on understanding the
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impact of teacher beliefs on teacher practice but would first need to clean up the “messy
construct.” Since that time there has been an explosion of research investigating teacher beliefs,
what they are, their impact on teacher behavior, how they are formed, etc. As previously

mentioned, however, consensus on definitions of teacher belief is still illusive.

Beliefs manifest differently

Researchers have determined that beliefs are not always consistently expressed, nor do
they impact behavior in a consistent manner. A study conducted by Stipek et al. (2001) found
that teachers’ belief had a “fair degree” of stability from the beginning to the end of the school
year. One variable that impacts how beliefs impact behavior is the context in which the belief is
brought up. For example, a teacher might manifest a certain set of beliefs during class, but
manifest a different, even contradictory set of beliefs outside of class. As described by Lesseig
and Hine (2022), “beliefs that are psychologically central in one context may not be central in
another context.” Furinghetti and Morselli (2011) theorize that some beliefs, which they call
“leading beliefs,” play a larger role in determining teacher behavior and the nature of the leading
beliefs likely varies from teacher to teacher.

Differing cultural contexts may also impact beliefs and how they manifest in teaching
behavior (An et al., 2006; Wadanambi & Leung, 2019). An et al. (2006) surveyed 28 US and 33
Chinese mathematics teachers on a wide range of beliefs and practices and found that teacher
beliefs and practice differed markedly between countries. Wadanambi and Leung (2019) found
that in the Sri Lankan context, teachers’ implementation of their beliefs were mediated by
contextual factors, like exam-oriented expectations.

Teacher beliefs may exist in what Fives and Buehl (2012) call “a continuum of stability.”

Some studies have shown that certain teacher beliefs can be resistant to change, even if direct
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interventions attempt to alter them (Haney & McArthur, 2002; Moseley et al., 2002), whereas
other teacher beliefs might vary over time (La Paro et al., 2009; Moseley et al., 2002) or as a
result of intervention (Lewis et al., 2009).

One relatively common research question at the intersection of teacher beliefs and proof
and justification concerns how teachers perceive the role of proof and justification in
mathematics and classroom teaching, and why they perceive it in that way (e.g. Dickerson &
Doerr, 2014; Furinghetti & Morselli, 2011; Knuth, 2002a; Lesseig & Hine, 2022). Dickerson and
Doerr (2014) interviewed 17 secondary mathematics teachers about how they view the role of
proof in their classes. The teachers identified many roles that proof might play in their class, but
most broadly identified “enhancement of student understanding” as the primary purpose of
proof, followed by “development of general thinking skills” as a secondary purpose. Knuth
(2002a) similarly found that teachers additionally regard proof as a way for students to develop
logical reasoning and thinking skills. Lesseig et al. (2019) surveyed preservice teachers from the
USA, Australia and Japan and found that teachers think the reason for teaching proof is that
proof teaches students better logical reasoning skills, builds better understanding of content, and
increases student agency. Furinghetti and Morselli (2011) argue that much of the differences in
teaching practices in the teaching of proof arises from whether the proof is valued as a process

used to create it or as the end product itself.

Beliefs’ Impacts on Behavior

A great deal of research ties teacher belief to both inservice and preservice teacher
behavior (e.g. Flowerday & Schraw, 2000; Bray, 2011; Thurm & Barzel, 2020; Charalambous,
2015; Yang et al., 2020; Flowerday & Schraw, 2000; Stipek et al., 2001). Flowerday and Schraw

(2000) found that teacher beliefs affect their use of instruction choice in the classroom, Bray
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(2011) found that beliefs impact how teachers handle errors during classroom discussions, and
Thurm and Barzel (2020) describe how teachers’ beliefs affect their use of technology in the
classroom. Both Charalambous (2015) and Yang et al. (2020) found that beliefs were an
important factor in the behavior of prospective teachers as well. Stipek et al., (2001) used
principal components factor analysis and determined that teacher beliefs had substantial
coherence between professed beliefs and observed behavior.

Not all research has found that teacher beliefs have a clear and consistent impact on their
behavior (Muijs & Reynolds, 2015; Wilcox-Herzog, 2002). In addressing this potential
incongruency, Fives and Buehl (2012) suggest that context, influence of more central beliefs,
methodological issues, and specificity of beliefs might affect the results of such studies. Beswick
(2007) also stresses that beliefs are context bound, and thus a belief may not be evident in

teacher behavior because a more central belief is taking precedence in that context.

Classifying Teacher Beliefs

One area of research has focused on both determining and classifying the different beliefs
held by teachers. Fives and Buehl (2008) used open-ended questionnaires to assess a wide range
of preservice teacher beliefs about teaching, student capability, teacher preparation, and
pedagogy. Among other things, their study found that the preservice teacher had varied views on
what sorts of knowledge was important to teaching, largely believed that teaching is, at least in
part, an innate skill, and believed that a nurturing, caring effect was important for good
teaching.

Later, Fives and Buehl (2016) created a classification of general teacher beliefs. The
categories of their classification are: teacher beliefs about teaching, teacher beliefs about the

nature of knowledge, and teacher beliefs about students. In a similar study specifically on teacher
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beliefs in mathematics education, Beswick (2007) interviewed mathematics teachers and
identified nine distinct beliefs based on their responses. These nine beliefs were then placed in
three categories which mirrored the results of Fives and Buehl: beliefs about the nature of
mathematics, beliefs about mathematics learning, and beliefs about the role of the teacher. As
mentioned earlier in this chapter, Schoenfeld also characterized teacher beliefs along similar
lines: beliefs about mathematics, students, teaching, learning, and the classroom environment
(Schoenfeld, 2008).

Other classifications of teacher beliefs exist as well. An et al. (2006), for example, used
four categories of teacher beliefs: Goals of Education, Primary Focus of Teaching, Importance of
Teachers’ Knowledge, and Planning for Instruction. Instead of classification on the subject of the
belief, Cooney et al. (1998), instead classified teacher belief systems based on how open to
change and resistant to authority they were.

This research made use of a classification system most in line with Fives and Buehl
(2016) and Beswick (2007). Their classification of beliefs allows for categorization of an
appropriately wide range of teacher beliefs. Each of these categories will be discussed in greater

detail in the next section.

Teacher Beliefs about Teaching

The first category of teacher beliefs is “Teacher Beliefs about Teaching” borrowed from
Fives and Buehl (2016), which is mirrored by Beswick’s (2007) “Beliefs about the Role of the
Teacher.” This category is made up of beliefs that describe what a teacher believes teaching is,
what teachers do, and how they best can do it. A common example of this is whether or not
teachers believe that it is better to teach with a “student centered” or a “teacher directed”

approach. Other beliefs that might fall under this category include beliefs about the authority of
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the teacher in constructing classroom norms, and beliefs about the necessity of teachers to
engage in ongoing learning.

Beliefs about teaching do appear to impact teacher behavior, but often in complex,
context-driven ways. Stipek et al. (2001) found that teachers who professed more traditional, i.e.
teacher centered, teaching beliefs tended to focus more on correctness and control and less on
creativity. Beswick (2005) conducted a study that used cluster analysis to group teacher beliefs
with results from a classroom environment survey done by their students. Associations between
some clusters were found suggesting that there is some consistency between teacher beliefs and
student perceptions of teacher behavior, but also that the interaction between beliefs and
behavior is complex.

In the context of proof and justification, teacher beliefs about teaching would include
beliefs about how best to teach proof, beliefs about why one form of proof i.e. paragraph proofs
or t-table proofs, is better than the other, and the extent to which students should be actively
participating in the proving or justification process.

Teacher Beliefs about the Nature of Knowledge

Several sub categorizations of beliefs about the Nature of Knowledge exist. Fives and
Buehl (2016) identify four dimensions of teacher beliefs about the nature of knowledge: a)
beliefs about the certainty of knowledge (fluid vs unchanging), b) beliefs about the simplicity of
knowledge (connected vs isolated) c) beliefs about the source of knowledge (authority vs
community based) and d) beliefs about the justification of knowledge (how to evaluate
knowledge claims). In the realm of mathematics education, Beswick (2005) categorized beliefs
about the nature of mathematics into Platonic Beliefs, Instrumental Beliefs, and Problem Solving

Beliefs, and argued that those beliefs had direct corollaries in beliefs about teaching. Beswick
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(2012) conducted a case study using the same categorization which determined that teachers had
differing views on the nature of school mathematics and the discipline of mathematics.

In the context of teaching proof and justification, these dimensions largely revolve
around how knowledge is formed, determined, and verified. Again, beliefs in this dimension
could largely be viewed from a dichotomy discussed earlier, namely having an Absolutist vs
Constructionist view of mathematics. Absolutist views generally describe mathematical
knowledge as true in isolation from beliefs, whereas constructivist views on knowledge generally
hold that knowledge is only true insofar as it is agreed upon by the broader community. In terms
of proof, someone with Absolutist beliefs about mathematics might argue that a perfect proof,
method of proving, or methods of justification exist independent of the community, whereas
those with a more fluid perspective would say that those proofs and justification exist only
insofar as the mathematical community finds them useful and convincing.

This dimension also takes into account the source of knowledge. Typically, in an
authority based model of knowledge, someone or something, usually the teacher or textbook, is
seen as the ultimate authority on the truth of a subject, whereas the community-based model
relies on group agreement to validate truth claims. In the context of the teaching of proof, these
sorts of beliefs might become apparent based on how teachers verify student justifications. For
example, is the teacher’s or textbook’s solution seen as the best or only example of a correct
proof or justification, or are the proofs developed by the classroom community considered
equally, or even more, valid?

Also, the degree to which knowledge is connected vs isolated may relate to proofs in a
variety of ways. First of all, a teacher might see proof and justification as a separate activity from

normal mathematics like algebraic manipulation, whereas another teacher might see proof,
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justification, and algebra as part of the same connected web of mathematical argumentation.
Connectedness vs isolation of proof and justification might also be important when teachers
think about the different courses they teach. For an example of isolated thinking, a teacher might
argue that justification and proof is part of a geometry course, but not an important part of an
algebra or calculus course.

Finally, beliefs around how knowledge is and should be justified may affect how teachers
use proof and justification in their classrooms. As mentioned above, teachers and students may
co-construct how both when justification is used and what “counts” as justification (Newton &
Yackel, 2022). Moreover, teachers’ proof evaluations, and whether they emphasize form or

substance, would likely affect student perceptions on what acceptable proof looks like.

Teacher Beliefs about Students

Teachers hold a variety of beliefs about both students generally and specific students in
their classrooms (Fives & Buehl, 2008, 2010). Beliefs about students might include the belief
that certain students, or groups of students, are less capable of learning something, or that certain
types of information would be better for one group over another. Having a “fixed” vs “growth”
mindset, as described by Yeager and Dweck (2012), about student ability might also affect
teacher behavior.

Beliefs about students can also include teacher beliefs about how students will react to
classroom practice. Herbel-Eisenmann et al. (2006) found that some teachers avoided discourse
based mathematics lessons with their students because they believed the students would resist
that style of learning.

In the context of teacher beliefs about proof and justification, this belief often manifests

in the teachers perception of students’ ability to understand or benefit from certain types of proof
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and justification. For example, Kotelawala (2007) found that despite most teachers agreeing that
proof and proving is an important skill for students, most teachers believed that their students
needed more practice with the fundamentals before engaging in proof and proving. Similarly,
(Lesseig et al., 2019) found many teachers do believe proof is beyond the capabilities of
secondary students. Stipek et al. (2001) found that teachers who believe that student ability is
more innate than achieved through effort tend to promote a “concern with performance” in
students, like trying to look smart or always be right, over “focus for understanding” where the

teacher and students are focused on growth and learning.

2.5 Teacher Knowledge

Teacher knowledge has long been recognized as playing an important role in a variety of
teacher behaviors (Bray, 2011; Lui & Bonner, 2016). For example, Bray (2011) found that
stronger content knowledge caused teachers to better anticipate student mistakes and emphasize
mathematical concepts and connections. Lui and Bonner (2016) found that teachers with strong
conceptual knowledge were more likely to be able to alter instructional plans according to
student learning. In the subdomain of proof and justification in particular, weak mathematical
knowledge may contribute to the limited use of proof and justification in the classroom. (

Stylianides, 2007; Stylianides et al., 2013)
Frameworks for Teacher Knowledge

Researchers have created several important frameworks for understanding teacher
knowledge. These frameworks differ in the types of knowledge that they consider as well as the
way that knowledge is divided and categorized, and the frameworks themselves may not be

mutually exclusive.
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The first of these frameworks, first proposed by Shulman in 1986, divides teacher
knowledge into content knowledge, pedagogical content knowledge, and curriculum knowledge
(Shulman, 1986). Content knowledge includes an understanding of all the claims for a subject
matter, justifications for those claims, and why those claims are particularly central to
understanding the subject. For mathematics education in particular, Content Knowledge for
teachers would include the knowledge of mathematics required to succeed in the
course. Pedagogical Content Knowledge goes beyond typical content knowledge and also
includes, as Shulman puts it, knowledge for teaching, which includes important and useful
representations, models and analogies as well as common misconceptions and learning
difficulties in the subject matter. In mathematics education, this would include all of the
alternative methods of solving problems, different ways of representing the same mathematical
idea, and possible types of errors. For an example of the difference between the two, consider a
mathematician vs a mathematics educator. It may be sufficient for the mathematician to know a
mathematical concept, its justification, and applications without needing to know the myriad of
ways it could be seen, both correctly or incorrectly, by learners. A mathematics educator would
need both types of knowledge. Finally, Curricular Knowledge includes knowledge of the various
tools, materials, and other resources used in teaching the subject. Shulman’s framework was later
adopted and extended by Ball et al. (2008) into the domain of mathematics education
specifically. Norton (2019) found that mathematical content knowledge is highly predictive of
mathematical pedagogical content knowledge which shows that Content knowledge and
Pedagogical Content Knowledge have a complex relationship and do not often appear in

i1solation.
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The second knowledge framework, and the one most relevant to this study, is designed to
classify mathematics knowledge specifically. First proposed by Hiebert and Lefevre, this
framework categorizes teacher knowledge into two parts: procedural knowledge and conceptual
knowledge (Hiebert & Lefevre, 1986). Hiebert and Lefevre describe procedural knowledge as
consisting of the “formal language of mathematics™ (p. 3) which includes symbols, and rules for
writing like notation and even proof structure and as well as all algorithms and procedures used
to solve mathematical problems. A person being able to execute a series of known steps,
manipulate symbols, or employ problem solving strategies would be evidence of their procedural
knowledge. Conceptual knowledge is primarily “knowledge that is rich in relationships™ and
forms “a web of knowledge” (Hiebert & Lefevre, 1986). Conceptual knowledge is characterized
by its relationships and so it cannot be simply an isolated fact or idea, it must be linked somehow
to the network of broader knowledge.

Various other researchers have adopted this characterization of knowledge in their
research. Braithwaite and Sprague (2021) examined how university students engaged with
conceptual and procedural knowledge by having them solve both routine and nonroutine math
problems out loud and coding the results. They found that higher instances of use of conceptual
knowledge increased doubt, which hurt accuracy for the routine problems, but helped for the
nonroutine problems.

Some researchers have criticized the typical conceptualization of procedural and
conceptual knowledge. Star (2005), in particular, noted that procedural and conceptual
knowledge were #ypes of knowledge, but were often being characterized as a quality of
knowledge. According to Star, and later publications (e.g. Star & Stylianides, 2013), #ype of

knowledge and quality of knowledge should be separate parameters. Star (2005) describes a two
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by two matrix including the type of knowledge on one axis, and depth of knowledge on the
other, leading, therefore, to the cells of deep procedural knowledge, superficial procedural
knowledge developed by rote learning, deep conceptual knowledge, and superficial conceptual
knowledge. Superficial procedural knowledge would be simple knowledge of processes without
any understanding of why those steps exist, or any flexibility in their application. Deep
procedural knowledge, on the other hand, would include justifications for why a step takes place,
as well as the flexibility to adjust the procedure given the context. The depth of conceptual
knowledge would be measured in the richness of the relationships it shares with other
information. The conceptual understanding of an initial learner, for example, would be limited,
but the depth of their conceptual knowledge of that concept would improve as they connected it
more.

There is a need for more research describing how procedural knowledge and conceptual
knowledge could be understood in the realm of proof and justification. In general, proof and
justification might make use of procedural knowledge in several ways. First, knowledge of the
notation used in formal geometry proofs, like A representing a point or AB representing the
distance between points A and B, would count as procedural knowledge. Knowledge of a
specific set of steps, like knowing the steps to prove the diagonals of a parallelogram bisect one
another would also be procedural knowledge. Knowledge of specific heuristics or strategies for
proving or justifying, like working a proof backwards, would fall under procedural knowledge.
Evidence for conceptual knowledge in the realm of proof and justification would include the
ability to understand and effectively evaluate an unexpected proof or justification. This would be
evidence that one's knowledge is not solely based on process, but also ties to the deeper concept.

Doubt, as described by Braithwaite and Sprague (2021), can be seen as an indicator of
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conceptual knowledge being engaged. Finally, conceptual knowledge might be evident in the
ability to describe how the proof or justification fits into a broader mathematical lesson, i.e.

presenting a proof as a process vs as a product as described by Furinghetti and Morselli (2011).

Intersection of Procedural and Conceptual Knowledge

The relationship between procedural knowledge and conceptual knowledge is complex.
There has been some debate among researchers on how procedural and conceptual knowledge
are formed. In the concept-first view, conceptual knowledge comes first and procedural
knowledge is derived from conceptual knowledge. In the procedural-first view, procedures are
first learned through imitation, and gradually learners develop conceptual knowledge by
abstracting and generalizing the procedures. A third, the iterative-view, suggests that both types
of knowledge can cause an increase in the other, and the relationship is bidirectional (Rittle-
Johnson, 2017).

Lauritzen (2012) explored the relationship between conceptual and procedural knowledge
by examining how secondary school students apply each type of knowledge. Lauritzen found
that students with strong conceptual knowledge tended to universally have strong procedural
knowledge, but students with high procedural knowledge might not have strong conceptual
knowledge, suggesting that procedural knowledge is necessary but not sufficient in obtaining

conceptual knowledge.

2.6 Context

The final category of factors that influence teacher behavior regarding proof in the
classroom is context. Differing meanings of the word “context” exist in research on teaching. For
the purpose of this research, context includes the factors external to the teacher that influence

their behavior. This includes access to resources, the student makeup, content area being taught,
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time allotted for teaching, and even broader societal and cultural trends. Both Cross Frances
(2015) and Fives and Buehl (2012) claim that the classroom context is important to the activation
of teacher beliefs, and contextual differences may explain differences between teacher beliefs
and observed behavior.

One particular context that might affect the use of proof and justification in the classroom
is the course being taught. For many schools, geometry is the first class that involves formalized
proofs and usually takes place the first or second year of high school. Depending on the school,
other courses might have less emphasis on proof. The NCTM (2002) describes students’ ability
to reason and prove should evolve over the course of their education, emphasizing that through
justification and reasoning are important aspects of mathematics throughout the k-12 curriculum
their implementation might differ across grade level.

One contextual factor that may be important for understanding teacher behavior is the use
of a textbook (Fan et al., 2013; Herbel-Eisenmann et al., 2006). Textbooks are often an important
resource for mathematics teachers. Fan et al. (2013) conducted a survey of literature and found
that textbooks are a “major conveyor of curriculum” and that the teaching of mathematics is
more reliant on textbooks than other school subjects. Herbel-Eisenmann et al., (2006) found that
the choice of textbook was an important factor in accounting for differences in teacher behavior.
However, teachers’ relationships with textbooks are not always straightforward. Ball and
Feiman-Nemser (1984) found that many teachers believed that good teaching was characterized
by not “teaching from the textbook,” but also noted that often adherence to a textbook may be
mandated by the school. Moreover, the textbook may be an important tool, especially for new
teachers, in developing teacher knowledge, and fostering curricular independence. Textbooks

may not always provide much exposure to proof and justification. Dituri (2013) found that
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Algebra textbooks in US secondary schools provided little justification or proof for the concepts
it presented. Instead, the textbooks relied primarily on specific examples to justify concepts - if
justification was provided at all. More recently, Otten et al. (2014) found that proof and
justification were frequently found in more modern textbooks, but little time was spent reflecting
on the process of proving. Additionally, an international study between Korean and US
textbooks by Hong and Choi (2018) found that the examined US textbooks (Core Plus
Mathematics Project) did not have much proof and justification explanations but instead had
proof or justification in 40% of the exercises.

Lesseig et al. (2019) found that teachers cite time constraints and curriculum demands as
reasons why proof might not be taught. Mathematics teachers make choices about the types of
problems to use in their lessons, which affects the use of proof and justification in the classroom.
Many factors might affect proof and justification included in resources like textbooks (Dituri,
2013; Herbel-Eisenmann et al., 2006), artificial limitations of what counts as proof or
justification (Herbst, 2002), teachers’ lack of knowledge of proof and justification (Rice, 2014),
concerns about lack of time (Bieda, 2010; Cross Francis, 2015; Kotelawala, 2007). Stylianides et
al. (2013) found that teacher mentors may also influence new teachers or preservice teachers to
behave in ways contrary to their beliefs.

Other contextual factors worth considering. Herbel-Eisenmann et al. (2006) found that
parental influences, student resistance to new teaching practices, and even the historical context
of reform at the school all were identified by teachers as factors influencing their behavior. In
particular, the school faced prior community backlash against previous attempts at implementing
a reform curriculum, and teachers were worried about creating additional backlash from

parents.
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2.7 Conceptual Reach

This research employs a definition of proof that employs two criterions. Recall that the
second criterion in particular is as follows:

An argument qualifying as a proof should use statements, modes of reasoning, and

modes of representation that are accepted by, known to, or within the conceptual reach of

students in a given classroom community (Stylianides et al., 2016).

Note the phrase “conceptual reach” in this definition which appears to mean something like
“potentially understandable” or “within the grasp of” the classroom community. Moreover,
whereas the phrase “known to” or “accepted by” imply some sort of prior exposure, “within the
conceptual reach” implies that the statements, modes of reasoning, and modes of representation
might be outside the experience of at least some of the classroom community.

Moreover, teachers must make decisions about how, when, and if their students will
engage with proof (Brunner & Reusser, 2019; Knuth, 2002a; Weiss et al., 2009). These
determinations may be based on the actual conceptual reach of the students. For example,
presuming the designation corresponds with something meaningful, students in an “honors” level
course may be treated differently than students in a standard level course. These determinations
also might be based on a teachers’ perception of their students' conceptual reach as it is
influenced by the teacher’s knowledge and beliefs. If this is the case, one might expect teachers
with similar beliefs and knowledge to behave similarly to one another.

Despite the popularity of this definition in mathematics education research, little research
exploring the meaning of “conceptual reach,” and how it is determined by teachers exists.
Outside the domain of proof, some researchers use the term “teacher judgment” which explores

how close teacher judgements are to student achievement metrics. Researchers have conducted
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significant research on potential bias in teacher judgment (Banerjee, 2019; Krkovic et al., 2014;
Meissel et al., 2017). Some of these factors include the student’s gender (Krkovic et al., 2014),
belonging to a particular ethno-racial group (Banerjee, 2019), or belonging to a traditionally
marginalized group (Meissel et al., 2017).

The notion of “conceptual reach” may have similarities to Vygotsky’s “Zones of
Proximal Development,” which Vygotsky describes as the “the distance between the actual
developmental level as determined by independent problem solving and the level of potential
development as determined through problem solving under adult guidance” (Vygotsky, 1978, p.
86). Using a similar language, a student’s conceptual reach may be understood as the level of
solved tasks that can be performed by a student, either independently or with adult guidance.
With this interpretation, a student’s conceptual reach includes all tasks in “Zone of Proximal
Development” in addition to tasks that could be done by the student without teacher aid. This
idea is illustrated in Figure 2.

Figure 2

Vygotsky’s Zone of Proximal Development compared to Conceptual Reach
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Chapter 3: Methodology

This chapter presents a description of how participants were recruited, what data were

collected, and how the data were analyzed.

3.1 Research Design

This study case study that using mixed methods to investigate the research questions. For
Research Question 1, transcribed observations were first segmented and then categorized using
an analytical framework to determine the use of proof and justification in the classroom. For
Research Question 2, transcribed teacher interviews were first deductively coded and then
examined for themes to identify and classify factors that affected said behavior. These methods
were deemed appropriate for this study due to the in depth analysis of a relatively small
sample. Grounded Theory was utilized to answer Research Question 3. Grounded Theory
provides a means to create a categorization of themes emerging directly from data. In this case,
Grounded Theory was to formulate a novel classification for how teachers conceptualize and
operationalize the “conceptual reach” of their students. Research Question 4 was answered by
comparing teachers' observed behavior using proof other class characteristics to determine if the
use of proof of justification varies more due to teacher beliefs or student characteristics.

Case studies are best used with a small sample size so that analysis can be performed in
sufficient depth to make meaningful conclusions. This study involves an analysis of both class
observations and interviews in order to draw conclusions about how teachers make decisions,

and a case study methodology was adopted for this study.
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3.2 Research Questions

The purpose of this study is to explore the factors and identify that influence a teacher’s
use of proof and justification in their secondary school classrooms. The research questions
guiding this study are as follows:

1. When teaching with proof, what kinds of proof do secondary teachers incorporate in their
lessons and how does this vary by teacher background and observed course?

2. What factors (teacher knowledge, teacher beliefs, and context) do teachers report as affecting
their use of proof in the classroom?

3. How do teachers determine what kinds of proof and justification are within the conceptual
reach of students in a given classroom community?

4. Is the teaching of proof and justification driven more by the students' conceptual reach
directly, or more by perceptions of conceptual reach as shaped by the teacher’s knowledge and
beliefs?

3.3 Participants

Participants for this study were selected based on the following criteria: 1) they could be
observed teaching a lesson on Geometry 2) they teach a separate course where they could be
observed teaching a non-geometry lesson, 3) they teach at a medium sized private school in New
Jersey and 4) willingness to participate in the study.

To find potential participants, one method was used. First, a list of medium sized private
day schools in central New Jersey schools was created. From these schools, potentially eligible
teachers were identified and contacted using a standardized email. If teachers responded to the
initial email, follow-up emails were used to confirm that the teacher was eligible and willing to

participate and, if so, set up appointments for class visitations. Prior to any observations or
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interviews, permission was acquired from a representative of the school administration in the
form of a completed as well as a signed consent form from the potential participant. For a copy
of the standard email, see Appendix A, for a copy of the permission form required from a school
representative, see Appendix B, and for a copy of the consent form see Appendix C.

Exploring the use of proof and justification in the classroom requires a selection of
teachers that would be expected to engage in proof and justification in their classes in a
meaningful way. In the United States, though episodes of proof and justification may exist in
earlier courses, Geometry is traditionally the first class where students are exposed to the idea of
“formal proof,” including common proof terminology like “axiom” and “theorem.” Given the
importance of Geometry to the teaching of proof, participants in this study all teach at least one
course in Geometry or a similar course like Integrated Geometry. For each teacher, one class of
geometry was observed.

The use of proof and justification in mathematics education is certainly not limited to
geometry classrooms. Many educators view justification as an important part of their teaching at
all levels of mathematics. Some teachers might include “informal proof,” as described earlier in
the Review of Literature, as part of their normal teaching. Formal proof is often found in
Geometry classes, but teachers may also include instances of more formal proof in classes
outside of Geometry as well. Exploring how teachers might implement proof and justification
differently between Geometry and non-geometry classes is of interest to this research. To this
end, selected participants should also teach mathematics outside of Geometry. For this research,
each teacher was observed teaching a class outside of traditional Geometry including Algebra 1,

Calculus, Statistics, and Algebra 2.
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Finally, external contexts might affect a teacher's use of proof and justification in their
classroom. For example, a school's adherence to a national or state curriculum, or teacher student
ratios, might affect teachers’ behavior. In order to limit these contextual influences, the selection
criteria for this research should seek out teachers who are in the same or similar types of school
systems in a similar geographic area. To this end, this study limits its participants to medium

sized, independent schools in New Jersey.

3.4 Setting

The observations were conducted in person, on school grounds, during a typical school
day. Using a microphone clipped to the participant’s shirt, an audio-only recording was collected
of each observed class. The location of the microphone enabled it to best collect the participant's
voice, though it did also collect background noise and student voices, both of which were
removed during the transcription process.

During the observations, the researcher was seated in a location in the classroom
determined to be least disruptive by the participant. Typically, this meant in the back or on the
side of the classroom. The classroom varied in size and the number of students per class ranged
from 9 to 17 students. The researcher did not participate in lessons or answer questions related to
the lesson during the observation. The researcher took field notes during the observation, and the
participant gave the researcher with any classroom materials, if any, that were used during the
class observed.

The interview was conducted in a place and time of the teacher’s choosing, which
included an option of meeting remotely over Zoom. In-person meetings utilized a lapel

microphone to capture the voice of the teacher. No teachers elected to use Zoom for interviews.
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Figure 3 is a CONSORT Diagram describing participant recruitment, and which also
depicts the total amount and kind of data collected from the participants — which is further
described in the sections that follow. Of the six total schools invited, only two were both able to
participate in the required timeframe and had teachers who were eligible to participate. Seven

total teachers participated and over 24 total hours of raw recorded data were collected.

Figure 3
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3.5 Data Collection
Observations

After potential participants were identified via email, permission from the school was
obtained. An email was sent to a school administrator equivalent to a principal (Head of School)

requesting permission to be granted via a signed School Permission Form (see Appendix A for
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the School Permission form). After receiving permission from the school, an Informed Consent
Form was sent to teachers (See Appendix C for Informed Consent Form)

After signed permission documents were obtained by both the school administration and
the teacher participant, each teacher participant was asked to invite the researcher to one
geometry class and one non-geometry class where, in the opinion of the participant, some proof
or justification was included in their teaching. This had the dual benefit of increasing the
likelihood that a teacher was using proof or justification as part of their lesson, and also revealing
some information about the types of tasks teachers considered involving proof and justification.

Several forms of data were collected from the participants during class observations.
First, audio from each observation was captured via a lapel microphone attached to the
participants collar or similar. This was done to ensure that the voice of the participant was
captured clearly and to limit outside interference. Second, a copy of any handouts, resources or
worksheets that were used during teaching were requested from the teacher. Any resources used
where making a copy was not feasible, like a textbook, were noted. Finally, field notes were
taken to capture additional data, like the number of students in the classroom and desk

arrangement.

Interviews

After the completion of both in class observations, a semi-structured interview was
scheduled for each participant. The interview included both standardized questions and
individualized questions. Most interviews took between 65-90 minutes. The interview for

Teacher A was 35 minutes due to an unexpected obligation requiring the teacher’s attention.
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The standardized interview questions were designed in four parts. The first group of
questions was designed to gather pertinent background information about each participant,
including years in teaching, educational background etc.

The next set of interview questions were designed to elicit statements from teachers about
their knowledge of proof. First, open ended questions about proof techniques, and the difference
between proving and justification in their classroom were asked. Next, teachers were asked to
grade and discuss several mock student responses to typical proof questions. The mock student
responses included answers given in different formats, for example two-column proofs vs
paragraph proofs, and proofs of various levels of formality, for example, proofs that used
deductive arguments and proofs that relied entirely on inductive arguments.

Next, teachers were asked several open-ended questions about their beliefs surrounding
the teaching of proof and justification. In particular, questions probed how teachers viewed
teaching with justification vs teaching with proof, the appropriateness of teaching proof and
justification to students at various levels, and their views on how proof should be incorporated
into the curriculum. The next set of questions based on specific events during teacher
observations. Select lesson segments were chosen for each teacher, and then each teacher was
asked about why they chose to use or not use proof and justification in that particular lesson
segment. These questions were designed to elicit teacher statements about the beliefs or
knowledge that drive the use of proof and justification in their teaching.

Finally, several questions were asked specifically about how teachers understand and
operationalize the idea of “conceptual reach.” Teachers were asked both about their general use
of proof and justification between levels, as well as specific differences that were noticed

between their classes.
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For more information, see the full Interview Protocol in Appendix D
3.6 Data Analysis

Answer to Research Question 1

To answer Research Question 1, an analysis of the classroom transcripts was conducted
in three parts:

Part 1 of the analysis utilized the transcript, classroom resources, and field notes taken
from each class to divide the class into a unit of analysis called a “lesson segment.” The protocol
for dividing lessons in this way is analogous to the method of dividing lessons into
“problems” as described by the TIMMs technical report (Jacobs et al., 2003). In particular,
lesson segments were identified with a beginning, or problem statement, and end, usually a
solution. Moreover, in line with Jacobs et al., lesson segments were marked as independent,
concurrent, or answered. Independent lesson segments have a clear beginning and end and are
typically worked on one at time. Concurrent lesson segments have students working on several
problems at the same time, and so it may be impossible to tell exactly what type of problem a
student is working on. Answered lesson segments deal with problems not solved during the
lesson, most typically this includes problems completed before the start of the lesson.

To illustrate this idea, consider the following two examples. In Example Lesson Segment
1, Teacher B gave their students a problem in which, given one angle, the students were to
identify all the angle measures formed by a pair of parallel lines and a transversal. This was the
“problem statement” and marked the beginning of the problem. The students worked in groups
for a few minutes and then the teacher called on students to give answers to the entire class. This
set of solutions was the end of the lesson segment. Also, despite there being multiple answers,

this was coded as one lesson segment, due to the answers all being interrelated. In Example
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Lesson Segment 2, Teacher D wrote on the board the Inscribed Angle Theorem. Then, projecting
their work on the board, the teacher provided a diagram and asked for a proof of the theorem.
The teacher led this problem, calling on students occasionally to fill in some of the statements or
reasons, but providing the majority of the framework, setup, and sketching themselves. The
completed proof was the end of this lesson segment.

Part 2 of the analysis categorized each lesson segment defined in Part 1 based on the use
of proof and justification used during that lesson segment. First, each lesson segment was
categorized as either involving proof or justification, or as not involving proof or justification. To
fit into the first category, the lesson segment must contain some mathematical argument made by
either the teacher or student beyond a simple claim. From the above examples, Example Lesson
Segment 1 was coded as not involving proof or justification, Example Lesson Segment 2 was
coded as not involving proof or justification.

Afterwards, lesson segments containing proof or justification was further categorized. In
particular, instances of proof or justification were classified based on the proof classification
system described by Stylianides (2008). Stylianides (2008) identifies four categories of
“Providing Support for Mathematical Claims™: demonstration, generic example, empirical
argument and rationale. Additionally, Harel and Sowder (2007) identify another type of proof
and justification type called “authoritarian proof scheme.”

A demonstration is what is usually considered to be a “formal proof” though it does not
necessarily follow any specific notation. It references pre-established truths and makes
conclusions that are abstracted from specific results. A two-column proof in geometry, like
Example Lesson Segment 2 above, is an example of a demonstration. Proof by exhaustion or

proof by contradiction also count as a demonstration. A generic example is a proof where an
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example is chosen as a representative example and then arguments are made using it as a
reference. For example, if in Example Lesson Segment 2 above, a student started the proof by
assuming that the measure a central angle was 70°, and then provided correct statements and
reasons that led to the conclusion that the measure of the inscribed angle must be 140°, that
student would have completed a generic proof. An empirical argument is one where some
evidence is gathered about the truth of a claim, but insufficient evidence to verify a claim
completely. In the same example, if the student instead, using triangles, showed that a circle with
central angle measure of 70° has an associated inscribed angle measure of 140°, and also showed
that a central angle measure of 20° leads two an inscribed angle measure of 40°, they would have
provided an empirical argument. A rationale is an abstract argument that does meet the standard
of proof. A rationale can often be seen as a proof that is missing steps or reasons, particularly in
reference to important or relevant established truths for a given community. Finally, an
authoritarian proof is a proof which relies on some external authority like the teacher or
textbook. This style of proof was added to the four suggested by Stylianides (2008) to capture
events where teachers asserted something was true without justifying it, but also explicitly stated
that they were not justifying it further since it was known to be true from an external source. In
particular, I sought to capture instances where teachers asserted a postulate or axiom was true
without any other sort of justification, though it is possible this could capture appeals to

textbooks or other authorities as well. A summary of these proof types is in Table 1 below.
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Table 1

Types of Formal and Informal Proofs

Proof Type Example

Demonstration A fully justified deductive generalized argument, not necessarily in
two-column form

Generic A fully justified deductive argument where a specific example is seen
as representative

Empirical An inductive argument where evidence is gathered for a claim

Rationale An argument that is not fully justified or not fully deductive (may be
missing steps). Many would call this a justification.

Authoritarian An assertion that a claim is correct based on some outside authority
(teacher, textbook etc.)

Part 3 of the analysis allows for a better understanding of how proof and justification is
implemented. To this end, lesson segments containing proof were tagged as “teacher led,”
“teacher student mixed,” or “student led” based on how involved the students are in the proof
and justification process. Jacobs et al. (2003) describe a procedure to determine the primary
problem solver for a given problem. I used a modified version of that procedure to determine if
the primary proving or justification is being conducted by the teacher, student, or shared by the

teacher and student. Examples of this are given in Table 2.
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Table 2

Descriptions and Examples of Teacher Led, Mixed, and Student Led Lesson Segments

Description Example

Teacher [ The teacher presents proof | The teacher writes a proof of the Triangle Sum
Led or justification with limited | Theorem on the board. Students may be asked

student interaction. questions, but the questions are simple, closed-
ended questions.

Teacher | The teacher presents part of | The teacher writes some of the proof of the Triangle
Student | the proof, but students are | Sum Theorem, but students are asked to make

Mix asked open ended questions | critical contributions toward the completion of the
that require complex proof. Examples include a teacher asking “Where
answers. should we go from here?” or “How do we know this

is true?”

Student | The students conduct the The students largely conduct the proof of the

Led majority of the proof or Triangle Sum Theorem independently, with the
justification, with the teacher only providing support when needed. This
teacher only providing includes situations where the students do the work
assistance when asked. independently and then the teacher posts or discuss

answers at the end as a class.

At the end of these processes the data were tallied by the teacher and course in a chart or table.

Answer to Research Question 2

To answer Research Question 2, the transcripts of the interviews were analyzed using a
process very similar to the Qualitative Data Analysis method suggested by Merriam and Tisdell
(2015). This was done in several iterative steps.

First, each interview transcript was examined in order to identify and tag teacher belief
statements made by teachers during the interview. Importantly, not all beliefs are “teacher
beliefs.” In particular, Teacher belief statements include Teacher Beliefs about Teaching,
Teacher Beliefs about Knowledge, and Teacher Beliefs about Students. Belief statements about a
teacher's preferred food, for example, would not be included as a teacher belief. After teacher

beliefs are identified, teacher beliefs were categorized based on the classification devised by
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Fives and Buehl (2016) which includes Teacher Beliefs about Teaching, Teacher Beliefs about
Knowledge, and Teacher Beliefs about Students. Parts 3 and 4 of the interview were specifically
designed to elicit teachers discussing their beliefs both abstractly and in reference to specific
lesson segments noticed during observations.

Next, the interview transcripts were examined to identify and tag instances of teacher
knowledge. For the purposes of this study, teacher knowledge was limited to the mathematical
knowledge of a teacher. A discussion on belief, and difference between belief and knowledge for
the purposes of this dissertation, can be found in the Review of Literature. Teacher knowledge
was categorized based on the classification described by Hiebert and Lefevre (1986). In
particular, statements of knowledge were classified as either Procedural Knowledge, i.e.
knowledge of processes, notation, and strategies, or conceptual knowledge i.e. knowledge of
concepts and their relationships. For example, teachers are asked to describe the difference
between proof and justification. Teachers are also asked to evaluate mock student work, and their
responses were evaluated for both types of knowledge. An example of reliance on procedural
knowledge in this case might be a focus form, whereas flexibility in form and a focus on the
completeness of the argument would be evidence of conceptual knowledge. Recognition and
acceptance of different types of proof, like proof by counter example or proof by contradiction,
might also be evidence of conceptual knowledge of proof.

The interview transcript was then examined for teacher statements related to the
classroom context. These statements include access to course materials, time available to teach,

etc.
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At the end of this process, the categorized statements were examined for themes. These
themes were a set of beliefs held by the teacher, knowledge utilized by the teacher, or context
elements deemed important by the teacher based on the interview data.

After beliefs, knowledge, and contexts are determined, the interview transcripts,
classroom materials, and observation transcripts were all be examined to find evidence of
behavior that can be linked to those factors. This was done inductively, working from the list of
factors, using the data from all teacher observations and classroom materials. The evidence
linking behaviors to factors came in the form of quotes from the interviews, quotes from the
observations, data from the analysis performed in Research Question 1, or data taken from the
Classroom Materials. Pairings were linked when the teachers made statements about their
teaching practices and then those behaviors could be observed in their lessons. It is likely that not
all factors were able to be paired with behaviors, and some factors might be paired with more
than one behavior.

In the end, a list of factors, some paired with associated behaviors were generated.

Evidence of these behavior-factor pairings will be presented in Chapter 4.

Answer to Research Question 3

To answer Research Question 3, a qualitative method known as grounded theory was

used. Merriam and Tisdell (2015) describe grounded theory as a research methodology that
utilizes the constant comparative method and results in a “a theory that emerges from ... the
data” (pg. 31). The emergent theory included a construction of categories based on themes
emerging from the data. This research question is concerned with developing a theory on how

teachers determine the “conceptual reach” of their students when making decisions about the use
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of proof and justification in their classrooms. The interviews were coded and analyzed in the
order that they were conducted.

The data used to answer this research question included the interview transcripts. In
particular, the “Teacher Beliefs about Students” identified in the previous research question may
include themes relevant to the idea of conceptual reach.

In practice, this process took place over several phases. In the first phase, known as open
coding (Merriam & Tisdell, 2015), the researcher read the interviews and identified and coded
any teacher statements that might be relevant to that teacher's understanding or use of the
conceptual reach of their students. Though these statements might appear anywhere in the
interview, Part 4 in the Interview Protocol was specifically designed to encourage the discussion
of conceptual reach by the teacher.

Phase 2 involves a process known as analytical coding (Merriam & Tisdell, 2015). The
codes identified in the first transcript was identified and grouped thematically. For each
following transcript, codes were first compared for fit in previously defined groups, or if
necessary, sorted into new groups. A “master list” of groups was maintained.

Next, using the constant comparative method, the categories identified in the previous
phase were combined into new categories that “capture some recurring pattern that cuts through
your data” (Merriam & Tisdell, 2015). The coded statements identified in Phase 1 were grouped
according to theme. This process is sometimes referred to as axial coding. At the end of this
process, a refined set of categories, typically 3-5, are constructed which identify broad themes
found across the data. For this research 96 initial codes were created, and then refined in 17
codes through the axial coding process, ending with four distinct super-categories, also known as

themes.
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Answer to Research Question 4

Finally, to answer Research Question 4, a comparison between how much proof and
justification was observed in different courses was made. In particular, if lesson segments
involving proof and justification occurred more or less frequently based on a student
characteristic, like the honors designation of a class, that would be evidence that teachers are
operationalizing their students’ conceptual reach based on a student characteristic. If, on the
other hand, the frequency and type of proof and justification vary more based on the shared
beliefs of groups of teacher, then it is likely teachers are instead operationalizing the conceptual

reach of their students based more on their own beliefs.

63



Chapter 4: Results

This primary motivation for this study was to explore teachers’ use of proof in their
classroom. To this end, this study had four primary objectives: to identify and characterize
teachers’ use of proof and justification in their classrooms, to identify and characterize the
factors teachers say influence their use of proof and justification in their classrooms, to explore
how teachers might conceptualize and operationalize the conceptual reach of their students, and
to determine if teacher behavior is primarily shaped by the conceptual reach of the students
directly, or if behavior is shaped more by the influence of the teachers’ knowledge and beliefs on
their perceptions of conceptual reach. These objectives correspond to my research questions.

In the following section, I will first present background information about the participants
and courses observed. Following that, I will present results of the study for each research

question in order.

4.1 Participants and Background Information

All seven participants taught at one of two medium sized private day schools in New
Jersey. All teachers were observed twice, with classes ranging from 35 minutes to 65 minutes.
Both schools had block scheduling, meaning that the students did not meet every day during the
week. All class observations and interviews were conducted between May 2024 and May 2025.

Both schools had math programs that included many Integrated Math courses. For both
schools, the Integrated Math courses were divided into units that focused on either Geometry or
Algebra. Importantly, while both schools also included honors and non-honors designations for
their classes, Integrated Math courses at the second school could be honors classes, whereas

Integrated Math classes at the first school were not.
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Table 3 shows a summary of the background information which was collected during the
interview. Some of the background traits were highly predictive of other traits. For example, all
participants who took 10 or more mathematics or mathematics education courses also had some
sort of degree in mathematics and also had taken proof based math courses as part of that study.
Neither teacher who took fewer than 10 mathematics courses had taken a proof base course or
earned a degree in mathematics or mathematics education.

Of additional note, one of the schools recently rewrote their curriculum within the last
five years. The math department switched from more traditional mathematics programs with
classes like Algebra 1 and Geometry, to an integrated program that included geometry topics in
Integrated Mathematics 1-3. The other school has three tracks for mathematics students: a
traditional set of classes with honors and standard level classes, and a set of integrated math
classes between them.

Table 3

Summary of Teacher Backgrounds and Classes Taught

Teacher Total Years | Math Degree in Taught Honors | Taught AP or
Teaching Courses Math or Course in last | Beyond in Last
Taken Math Ed 5 Years 5 Years

Teacher A | 6 5 No No No

Teacher B 20+ Yes Yes Yes

Teacher C | 13 17 Yes Yes Yes

Teacher D | 18 20+ Yes Yes No

Teacher E | 15 0 No Yes Yes

Teacher F | 8 10 Yes No No

Teacher G | 14 16 Yes Yes Yes

A summary of the two classes observed, and the topic covered in each class are listed

below in Table 4. Honors classes are designated with a *. Both schools had at least some classes
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that used an integrated math curriculum. For both schools, integrated math classes taught full

units of geometry followed by full units of algebra.

Table 4

Summary of Class Observed and Topic by Participant

Teacher Geometry Geometry Topic Non-Geometry | Non-Geometry Topic
Teacher A | Integrated Triangle Algebra 1 Completing the square
Geometry 1 Congruence Proofs and Quadradic Formula
Teacher B | Geometry Parallel Lines BC AP Fundamental Theorem
Honors* Calculus* of Calculus part 2
Teacher C | Geometry Linear Pairs and Integrated Absolute Value
Honors* Vertical Angles Geometry 2 Functions
Teacher D | Integrated Angles and Arcs in | Statistics Introduction to
Math 3 Circles Honors* Statistical Inference
Honors*
Teacher E | Integrated Chord Properties in | Calculus Integrals and Area
Math 3 Circles Honors* Under the Curve
Teacher F | Integrated Circle Tangent Integrated Properties of Radicals
Math 3 Properties Math 2
Teacher G | Integrated Parallel lines Precalculus Properties of
Math 1 Honors* Logarithms

Of particular note, Teachers B and D were only observed teaching “honors” level classes

Teachers C, E and G were all observed teaching one honors class and one standard class.

Teachers A and F were observed teaching only standard level classes and had not taught any

honors classes within the last five years. Both teachers also had the least mathematics teaching

experience, though Teacher F did teach philosophy in a prior role.

Two teachers, A and E, had significantly less mathematical education than the other

teachers. Teacher E had taken no courses of mathematics in undergraduate or graduate school.

Teacher A had taken a few courses, but these were largely applied math courses in pursuit of

their degree in Economics. Interestingly, Teacher E, despite having practically no formal

mathematics education, taught both honors and advanced courses within the last five years.
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Teachers at both schools had a significant amount of autonomy in how they taught their
courses. Both schools gave the teachers significant latitude in choosing the materials used in
their course. Teachers frequently either created or found their own materials for teaching. Two
teachers at School 1 had both taught, or were currently teaching, courses that were new to the
school. The first course observed for Teacher A was a geometry unit in an Integrated Math class
with 14 students seated in groups. An iPad projecting to a screen was primarily used by the
teacher but was sometimes given to students to write up their work. The content covered in this
class was triangle congruence proofs. During the class, the teacher circulated among the students
and stopped to work extensively with individuals on the whiteboard. The second course observed
was an Algebra 1 class. That class lasted 65 minutes and had 10 students present who were
sitting in small groups. Similar to the first class, the teacher made use of an iPad and projector to
display notes and student work and used the whiteboard to work with individual students. The
content of this class was completing the square and quadradic formula. The teacher spent a good
part of their time circulating in the class, checking student work, and correcting it when
necessary.

The first class observed for Teacher B was a Geometry class which had an honors
designation. This class lasted 65 minutes with 15 students in attendance who sat in small groups.
The teacher made use of the whiteboard, as well as an iPad and a projector for class notes and to
display student work. The content covered in this class was postulates and theorems involving
parallel lines. The teacher had an easy-going demeanor during class and conversed with the
students both as a class and in groups, and the students seemed comfortable speaking up. The
second class observation for Teacher B was an AP Calculus class. This class had 11 students in

attendance and lasted 55 minutes. The teacher made use of both the whiteboard to display class
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notes and sometimes student work. The content covered in this class dealt with integration
problems introducing the Fundamental Theorem of Calculus. In this class, the students were
older and generally seemed quite interested in the mathematics being taught. The teacher had an
easy-going banter with the class throughout.

The first class observed class for Teacher C was a Geometry course which had honors
designation. This class also had 15 students and met for 65 minutes. The teachers made use of
handouts, and an iPad projecting to a smartboard to teach a class about linear pairs and vertical
angles. The teacher had a fun, but serious attitude during class. They made jokes but also kept
the students on a fairly strict schedule using the handouts. Teacher C’s was next observed
teaching an algebra unit in an Integrated Math class about absolute value functions. This class
lasted 65 minutes and had 11 students in attendance. In that class, the teacher made use of
handouts, whiteboards, and iPad projection. Students entered this class discussing homework and
putting answers on the board. After an initial manipulative based problem, the students again
followed along with the packet either in groups or as a class.

Teacher D was first observed teaching an Integrated Math 3 Honors course on angle and
arc measures in circles. The observed class had eight students present and lasted for 60 minutes.
The teacher made use of handouts, and a projected smartboard to teach the class. All the students
also had access to their own laptop and iPad, which they were using to view the handouts and
notes. The teacher did a mix of teacher led discussion and groupwork. The second observation
for Teacher D was of a Statistics class introducing statistical inference. The class had eight
students present who sat in small groups. The teacher made use of a projector, iPad, and had

students put work up on a whiteboard. This class started with a very fake argument between two
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teachers which the students later explored using statistics. The students were up and down from
the board consistently and very engaged.

Teacher E was first observed teaching an Honors Calculus class working on the link
between area under the curve and anti-derivatives. The class had nine students present who were
seated in groups. The teacher made use of a smartboard, had students put work up on the
whiteboards, and handouts. The class lasted 60 minutes. The students in this class were older,
and there was constant banter between the students and sometimes the teacher, and the students
seemed to largely be enjoying the class. They were up at the board working in groups for a large
part of the class, followed by a lecture where the teacher tried to tie everything together. The
next class observed for Teacher E was an Integrated Math 3 class on chord properties of circles.
The class was 60 minutes and had 12 students present. Teacher E made use of a projected iPad
and handouts to teach the class. In this class, the largely had students doing group work and
checking answers of individuals or as a class afterwards.

The first class observed for Teacher F was a geometry unit in an Integrated Math 3 class
which had nine students seated in small groups and lasted 60 minutes. The class was on circle
tangents. Teacher F made use of a projected iPad and handouts. The teacher spent about 20
minutes walking students through a proof by contradiction, a difficult task for them, and then
largely had the students working in groups as they circulated for help. The next observation for
Teacher F was in an algebra unit for an Integrated Math 2 Class covering properties of radicals.
The class had 13 students and they met for 60 minutes. Teacher F used a projected iPad and
handouts to teach this class. For this class, the students worked together on justifying why or not
statements were true. There was a class debate briefly about the answers, and after that was

settled, the students largely worked in groups.
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The first class observed for Teacher G was a Precalculus Honors course. It had 13
students present and lasted 45 minutes due to a special schedule. The topic of the class was
properties of logarithms. The teacher used a projected iPad and a series of handouts to teach the
course. This class involved students working through problems projected on the board and then
discussing them first as a group and then as a class. There was a bit more of teacher-led section
at the end where an informal proof was completed. The next class observed was a geometry unit
in Integrated Math 2 on Parallel lines. The class had 17 students present and lasted 45 minutes
due to a special schedule. The teacher made use of a projected iPad and handouts to teach the
class. Here the teacher had the students work through a set of questions in groups and then share

answers. The teacher would bring the class together to share their answers regularly.

4.2 Results for Research Question 1

The first research question is: “When teaching with proof, what kinds of proof do
secondary teachers incorporate in their lessons and how does this vary by teacher background
and observed course?” To answer this question, I observed two classes each of seven secondary
level mathematics teachers and then analyzed those observations using a protocol developed
using the TIMSS “problem” framework (Jacobs et al., 2003) to create lesson segments and a
modified proof and justification classification system based on frameworks created by
Stylianides (2008) and Harrel and Sowder (2007).

The first step of the process of determining the types of proof used in the classrooms was
to divide each class into lesson segments. In the 14 observed classes, a total of 180 lesson
segments were identified. A total of 92 lesson segments were observed in Geometry classes and
88 in non-Geometry classes. There were, on average, 13.1 lesson segments in Geometry classes

and 12.6 lesson segments in non-Geometry classes. Aside from Teacher G, most classes had
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similar numbers of lesson segments between classes. The difference in Teacher G can be
partially explained by a shorter class observed due to a special schedule. Table 5 provides a
breakdown of each participant and their lesson segment frequency by class, with asterisk * used
to denote honors classes. Following the table, examples from observation of each type of proof
will be given.

Table 5

Lesson Segments by Participant and Class

Lesson Segments
Participant Geometry Non-Geometry Total
Teacher A 12 9 21
Teacher B 17* 16* 33
Teacher C 12* 13 25
Teacher D 14* 12* 26
Teacher E 11 15* 26
Teacher F 16 17 33
Teacher G 10 6* 23

An example of a “Demonstration” was given in Teacher C’s geometry classroom.
Students were given the theorem and a labeled picture and were expected to complete a two-
column proof of the theorem. The students completed this task in groups, and the teacher
circulated the room offering help when needed. This task was coded as a “Demonstration” and
as “Student-led.” Another, quite different, example of a “Demonstration” occurred during
Teacher F’s non-geometry class. There students were asked if a series of statements about
radicals were true, and to justify their answers. In this case, the statements were false, and the
students rightly explained that they were false due to the fact that they could produce a
counterexample. This use of phrasing and the fact that a counterexample is considered a
demonstration by my definition, means that these segments were also coded as

“Demonstrations.”
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An example of a “Generic” proof occurred in Teacher C’s non-geometry class. They
were working with absolute value functions, and a student made a claim about a negative one
multiplied inside the absolute flipping the graph. Teacher C answered and provided an algebraic
justification with explicit reasons for why the graph reflects over the x axis using the specific
example of y = | — 4x]| as a generic stand in. This was coded as a “Generic” proof.

An example of an informal “Empirical” proof occurred in Teacher D’s geometry class. In
this class, students were asked to describe the relationship between the central angle and
inscribed angle on a circle and to justify their answer. The students used previous examples that
they had solved using triangle properties to argue that the measure of the inscribed angle is
always half the measure of the corresponding central angle. This argument was taken as valid,
though, they did do a teacher-led “Demonstration” as an exercise later.

An example of “Rationale” occurred during Teacher B’s non-geometry class. They were
looking at integration and discussing what happened to the “+C” when doing definite integrals.
The teacher asked a student, who described how the Cs would subtract from one another when
computing the definite integral. There was not enough step by step detail to be coded as a
demonstration, but it was accepted as a justification.

Finally, teachers rarely used an “Authoritarian” proof, which essentially means that they
told the students that the notion was correct. This happened in Teacher B’s geometry class,
where the students were told that for parallel lines, corresponding angles are congruent. Teacher
B did not justify this result, instead told the students that this was a postulate, and so no
additional justification was needed. Postulates that were justified in other ways, like empirical
justification, were coded using that justification type. Moreover, if a postulate was only coded as

authoritarian if the teacher referred to themselves or an outside authority for its truth, for
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example, Teacher B stated about postulates: “Mathematicians long before us decided that this is
how it's going to be. And sometimes that's a pretty good reason because they're really smart
people and we trust them on this stuff.”

The majority of lesson segments were not coded as having any proof. For example,
students solving a for missing angles in a diagram would be coded as a lesson segment without
proof. These types of lesson segments were common as problems assigned to practice the idea

just learned.

Student Led, Teacher Led, and Mixed Classroom Interaction

Lesson segments were first classified by the type of student-teacher interaction taking
place during the segment. Using a modified version of Jacobs et al. (2003) Classroom Interaction
classification, each lesson segment was classified as primarily Teacher-Led, Student-Led, or
Mixed. Teacher-Led lesson segments involved the teacher talking and doing most of the
problem. Simple call and response lesson segments were still classified as teacher led if the
students were only asked simple questions, for example, “what is the name of this theorem?” or
“what is the sum of these two numbers?”. If teachers asked more complex questions of students,
questions that took some time and thought on the part of the students, the lesson segment was
coded as Mixed. Mixed lesson segments involved teachers asking more open-ended questions
like “what does this mean?” or “where can we go from here?” and student responses were
typically not immediate. Student-Led lesson segments involved students being the primary solver
of the problem. This typically involved students working in groups or independently. The teacher
could circulate and ask individual questions or even summarize answers at the end and still be

classified as student led.
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Overall, there were 40 lesson segments coded as Teacher-led, 138 as Student-Led, and 12
as Mixed. There were small differences between Geometry classes and non-Geometry classes in
their student interaction breakdowns. Geometry classes had 14 Teacher-led lesson segments
versus 23 in non-Geometry classes. Student-led lesson segments were by far the most common,
with 74 and 57 in Geometry and non-Geometry classes respectively. Mixed lesson segments
were rare, with 4 and 8 in Geometry and non-Geometry classes respectively. A summary of these
findings can be found in Figure 4
Figure 4

Bar Chart of Student Teacher Interaction
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The observed geometry classes tended to have many more student-led problem segments, which
usually took the form of group work or independent work. Nongeometry class also had a focus

on student-led work. Note, this data does not reflect the time spent on each lesson segment.

Observed use of Proof and Justification
After identifying lessons segments, I examined each lesson segment and determined if it
involved formal or informal proof. The idea of proof was subdivided into the following

categories: Demonstration, Generic, Empirical, Rationale, and Authoritarian with demonstrations
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and generic proof typically being described as “formal proof” and empirical and rationale
described as “informal proof” Authoritarian proof is neither formal nor informal since it relies on
outside authority instead of argumentation, but it is still included hear as teachers do sometimes
use it in the context of proving. Lesson segments could also be classified as “no proof.” Overall,
of the 180 lesson segments identified, 56 of them were found to have formal or informal proof.
Geometry classes had 34 lesson segments with formal or informal proof, whereas non-Geometry
sections had 22. Unsurprisingly, formal proof occurred much more frequently in Geometry than
non-Geometry class, with 23 to 6 lessons segments respectively. Figure 5 shows Figure 6 shows
how frequently each formal and informal proof type was observed by class type.

Figure 5

Bar Chart on Type of Proof or Justification Used
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Figure 6

Bar Chart on Type of Proof or Justification Used Per Class Type
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Of particular note, four of the demonstration proof lesson segments in non-Geometry
classes come from one class which made use of counterexamples to prove something was false.
My framework, which is based heavily off the Analytical Framework described by Stylianides
(2008), classifies counterexamples as a demonstration of a statement. Also of note, Geometry has
a few statements which are listed as Authoritarian proof techniques. In all these cases, the
teacher introduced a new statement and explicitly stated that no proof or justification would be
provided, and students were just to assume they were true. In mathematics, these are frequently
described as postulates or axioms, which are assumed to be true for complete demonstrations, but
in these instances no other type of justification, like empirical evidence, was provided.

The observed use of different types of proof and justification in class may be affected by
teacher background. Figure 7 shows the average frequency of different types of proof and
justification used in the observed classes split apart by whether the teacher has taught for 10 or
more years. Interestingly, observed teachers who have taught for fewer than 10 years use much

more formal proof for Geometry, whereas teachers with more experience tend to use more
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variety of proof and justification in their teaching. Also, less experienced teachers tended to

include more proof in their teaching of non-geometry classes.

Figure 7

Type of Proof'in Geometry by Teacher Career Length
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A teacher’s own mathematical background might also affect how much and what kinds of

formal and informal proof are used in classrooms. Figure 8 shows proportionally how much each

type of proof is used in each class. Though formal proof is common in geometry for both groups,

longer tenured teachers tend to use more variety in their teaching than their less tenured

colleagues. In non-geometry classes, longer tenured teachers tend to teach with slightly more

variety than their less tenured colleagues.
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Figure 8

Percentage of Proof by Class
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Another area of interest is whether teaching an AP Class or higher has any impact on the
use of proof and justification. Of the seven participants, four report they have taught an AP class
or higher within the last five years. A breakdown of the average use of formal and informal proof
can be found in Figure 9. Two of the three teachers who have not taught an AP class in the last
five years also have not taught for longer than 10 years, so there is some similarity with Figure 8.
Of note, current and former AP or beyond teachers utilized a more diverse set of proof practices
in Geometry than non-AP teachers. Moreover, rationale is used more frequently in current or

former AP Teachers than non-AP teachers.
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Figure 9

Average Type of Proof Used based on Class and Teaching an AP Class in Last Five Years
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Another area of interest is whether or not the course being taught was designated as an
honors course. Figure 10 shows that honors geometry classes tend to have a little more variety in
proof. In non-geometry classes, frequence of proof remains fairly consistent, but rationale is
much more prevalent in honors classes. Interestingly, the demonstration style proof in standard
level classes comes entirely from one class which did a series of problems involving proof by

counterexample.
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Figure 10

Proof Type by Honors Designation and Class
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4.3 Results for Research Question 2

The second research question is: “What factors (teacher knowledge, teacher beliefs, and
context) do teachers report as affecting their use of proof in the classroom?” To answer this
question, I conducted an interview with each participant and then applied a deductive coding
scheme to identify and categorize different factors that influence teacher behavior. The deductive
coding categories were generated after a review of the literature and include teacher beliefs about
teaching, teacher beliefs about knowledge, teacher beliefs about students, teacher procedural

knowledge, teacher conceptual knowledge, and context factors.
Summary Results for Research Question 2
394 specific statements were identified from the interviews that fit into one of the six

deductive coding categories. After the initial deductive coding, patterns of beliefs within

categories became evident. The following section will be divided into specific beliefs held by
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teachers. Specific quotes from interviews were chosen to provide context and support for the

belief. A summary of these factors and their super-categories can be found in Table 6.

Table 6

Summary of Factors in Research Question 2

Category

Factor

Teacher Beliefs about
Students Learning
Proof

Students in honors classes are more capable of learning with more
rigorous proof and justification.

All students benefit from learning proof, but potentially in different
ways.

Students are anxious about or intimidated by proof.

Students are able to learn with justification early, and proof only
when they are more mature.

Teacher Beliefs about
the Teaching of Proof

Groupwork is an effective way to teach proof

The best reason to teach with proof and justification is to build
students’ ability to construct and communicate logical arguments

When teaching with proof, scaffolding is important, especially for
weaker students.

Teacher Beliefs about

Proof is an argument made using justifications.

Proof is more formalized justification

Knowledge of Proof | Norms surrounding proof and justification are established over time

by a community.
Conceptual Knowledge of Proof Techniques
Knowledge of Proof | Induction and Deduction
Procedural Knowledge | The Two Column Proof Structure
of Proof Strategies for Proving

Time
Curriculum

Classroom Context o
Tradition

Honors vs Standard Class

A summary of the beliefs held by each teacher is listed below in Table 7.
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Table 7

Factors Identified by Teachers
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After the factors were determined, the interviews, observations and classroom materials
were examined inductively to find behaviors that could be linked with those factors. Not all
factors could be easily associated with a behavior, and some factors were associated with
multiple behaviors. Evidence, like quotes or data from the classroom materials, were chosen to
give support to the behavior and its associated factor. These behaviors and their associated
beliefs are displayed in Table 8. Knowledge and context factors and their associated behaviors

are displayed in Table 9.
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Table 8

Beliefs and their Linked Behaviors

Behavior

B2 | B3

B4

B5

B6 | B7

B8

B9 | B10

TBI.

Increased Proof Rigor

TB2.

Differing Proof Type

TB3.

Scaffolding Proof Tasks

TB4.

Using More Proof

TBS.

Teach with Heuristics

TB6.

Acknowledge Difficulty

TB7.

Emphasize Practice

eltallts

TBS.

Use of Two Column Proof

TBO.

Student Led Proving Tasks

TB10. Co-creating Knowledge

TB11. Developing Consensus

TB12. Different Proof Technique

ltalts

TB13. Meta-discussions

Table 9

Knowledge and Context and their Linked Behaviors

Behavior

CK1

CK2

PK1

PK2

Time

Curr.

Trad.

Honors

TBI.

Increased Proof Rigor

X

TB2.

Differing Proof Type

TB3.

Scaffolding Proof Tasks

X

TB4.

Using More Proof

TBS.

Teach with Heuristics

TB6.

Acknowledge Difficulty

TB7.

Emphasize Practice

TBS.

Two Column Proof

TBO.

Student Led Proving

TB10. Co-creating Knowledge

TB11. Developing Consensus

TB12. Different Proof Technique

Meta-discussions
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Belief 1: Students in honors classes are more capable of learning with more rigorous

proof and justification.

Teachers B, C, D, E, and G all expressed a belief that students that were students in
classes designated as “honors” should engage with proof more rigorously. In describing the
differences of their teaching with proof, Teacher E stated:

“It's an honors level class so in general, the one that my geometry lesson was with an

honors level class. So, in general, the skill level of the student was higher in terms of

them compared to their peers than it was in my Calc class as well ... I do less proof at the
non-honors level. Partially because I think that ability to follow is weaker and then it can
lead to more often it is a distraction from what we're trying to engage with instead of an
illumination of what we're trying to engage with.”
The other teachers of honors level classes echoed this idea. Teacher D, for instance, said “the
kids who are taking it at the honors level would have a higher expectation for justification than
the kids who took it at the standard level” and Teacher G says of justification in general: “I see it
as an important part of an honors class, especially.” Teacher C described a different level of
nuance required by honors and non-honors students by saying “a non-honors student, formal two
column proof is not as critical. Still aiming for justifying everything and not just settling for, oh,
because the teacher said so. But not needing to go like too nuanced with everything”

Teacher B specifically notes that the “track™ of the student is a larger factor in
determining the level of proof and justification than even their age:

“A geometry kid can't do a BC Calc proof because he doesn't have the content

knowledge. But they can still have the same expectations for proof rigor and the depth of
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understanding of an argument at an honors geometry class versus a BC Calc class. They

are all our top track.”

Interestingly, the two teachers who did not express this belief, Teachers A and F, did not teach
any honors classes, meaning that teaching an honors class was a predictor of expressing this
belief.

This belief is also unique in that it is directly related to a particular context: teaching
honors vs standard classes. Interesting the belief that “students in honors classes are more
capable of learning with more rigorous proof”” was only expressed by teachers when they taught
at least one honors class. Therefore, this belief is both about the related context and also requires
the related context to be expressed. Therefore, both the context for this belief, which will be
discussed more under the context section, will share the same behaviors as the belief.

Behavior Linked with Belief 1: Increased Proof Rigor. The notion that students in
honors level classes were held to higher standards of proving was self-reported by teachers in the
interviews. This is a different behavior than giving more frequent proof, or different proof types.
Teacher G, for example, described giving their non-honor class a lot of very repetitive
demonstration style proofs for them to practice: “So I did find that starting with very basic and
repetitive proofs was helpful. And even though they were mimicking at the start, for the
majority, something clicked along the way.” In that self-described class, Teacher G was
measured as giving a high frequency of demonstration proofs, but those proofs would likely be
less challenging for the students due to the repetition and similarity to previous examples.

One way that additional rigor was applied in classes was through the importance given to
referencing named theorems. In the interview, Teacher G marked this as a differentiator between

honors and standard classes saying “I think in honors class, you know, I need you to be able to,
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you know, call upon the theorems like reference, you know, reference the, you know, previous
established ideas rather than, you know, just, well, here are things that I know.” Supporting this
idea, the classroom materials of honors geometry teachers, Teachers B, C and D, referred more
to named theorems and postulates than standard level teachers. Table 10 shows how frequently
each teacher used named theorems or postulates, for example “Inscribed Angle Theorem,” in
their geometry classroom materials. In their non-honors class, Teacher F did provide explicitly
named theorems but later told the class “I don't want you memorizing names of theorems, but
you have to be able to work with them. Like when you see one, know what it means” which
indicates using specific names of the theorems was not important to them.

Table 10

Number of References of Named Theorems and Postulates in Class Materials by Teacher

Teacher Number of References to Named
Theorems or Postulates in
Geometry Class Materials

A 0

B* 5

C* 5

D* 3

E* 0

F 2

G 0

Behavior Linked with Belief 1: Scaffolding Proof Tasks. Teachers also expressed that
they provide fewer scaffolding in honors classes than standard level classes. Teacher E expressed
this idea directly when discussing how they modified their lessons on proof between honors and
standard level classes: “Maybe I did a fill in the blank proof or something like that [for the

standard level class]. So definitely scaffold or scale or change for the non-honors level.” Other
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teachers also described how they modified the lesson based on honors designation. Teacher C
described the difference in proving in honors and standard level classes:
“I would expect the geometry honors to be able to do two column proof and, in most
circumstances, to explain something and like show a theorem to be true. Whereas in
[standard level Integrated Geometry] we can kind of discover it a little bit more
inductively, see a pattern and extrapolate from it and then kind of settle in, OK, here's the
theorem and then go through some examples of like, OK, how can we apply this? So, a
little bit more of that scaffolding for [standard level Integrated Geometry]”
Notably, honors level students are expected to be able to produce the proof and understand its
meaning. Standard level students, however, require more scaffolding steps and end up with less
formal justification. Teacher G suggests that honors students have more resilience, which allows
them to struggle for longer: “So they're a little bit more up to the task of grappling with
something and kind of being okay with the frustration and oh man, this isn't working. Okay, all
right, try something else, right?” This perception of honors students’ resilience causes more

difficult tasks to be assigned.

Belief 2: All students benefit from learning proof, but potentially in different ways.
Teachers B, C, D, and G all expressed that all students benefit from learning proof, but
made frequent distinctions between the benefits to stronger and weaker students. In general,
stronger students were seen as more likely to enjoy using proof and justification to explore
deeper questions and are also more likely to use proof and justification skills in later courses.
Weaker students, on the other hand, were seen as benefiting by proof and justification helping
them gain deeper understanding or remembering the related mathematical concepts better.

Teacher B describes this idea by stating:
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“I think there is kind of two camps. The kids that are the high-flyer math students benefit
from taking their math knowledge and learning how to argue and learning how to
organize their thoughts and things like that. And they get most excited by it and really get
to delve deep into the why. And then on the other end, the kids who really struggle
getting a chance to explain why and understanding the justification of it often helps them
remember stuff better. They may not remember all the reasons but they are much more
likely to remember something is true because they were explained why. So, it kind of
covers both ends.”

Teacher D also echoed that both stronger and weaker students could benefit from learning proof:
So I think I mean I want to say the kids that tend to be the stronger mathematicians
because they're the ones who might go on to courses later on that are going to have more
proofs and a lot of times the kids who are weaker just get like really bogged down with it
that said if it is like more basic and some of the kids are struggling can really go through
and understand and prove it then they would that would benefit them greatly right to
really be able to understand like to understand the math... I think that the weaker kids
have a really hard time I think with proofs and are just like oh my goodness I can't
believe I have to do this and just get you know can get lost but in theory but if you spent
enough time on it and they felt really good about it then I think that would that they
would walk away having a better understanding of the math topic because they know the
ins and outs because to be able to prove something you really have to deeply understand

it.
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This belief that learning proof might benefit different students in different ways based on some
measure of student strength might affect how teachers approach the teaching of proof in their
classrooms.

Teachers A, E, and F also express beliefs about who benefits from the teaching of proof.
Teacher A believed that the weaker students benefited most as it gave them a way to structure
their thoughts. Teachers E and F believed that more inquisitive and curious students would
benefit most as it would allow them to explore mathematical ideas more deeply.

Behavior Linked with Belief 2. This belief could not be linked with a specific set of
behaviors though most teachers expressed it in the interview. This is partially a consequence of

the abstract and nonimmediate outcomes teachers described for the students.

Belief 3: Students are anxious about or intimidated by proof.

Teachers A, B, C, D, F, and G all expressed that students are anxious or intimated by the
idea of proof. This often takes the form of a stigma associated with formal proof that exists
before the student even encounters formal proof in class. Teacher B explains that he wishes proof
were more prevalent in school “to get rid of the stigma... I just am so tired of kids hating it
before they even walk in the room and stuff like that.” Teacher C echoes this and tries to avoid
the word proof in non-geometry classes, saying “I think in the algebra context, I usually try to
use the word like derive or derivation because as soon as | say the word proof, everyone's like,
no, I don't like proof.” Teacher D noted that students worry about the prospect of doing proof,
saying “when we were looking at proofs, they were like, oh my God, we have to do proofs. They
were worried about it.” Several teachers noted that the structure of the proof can be intimidating
for students. Teacher F stated “they tend to be intimidated by this structure of it, especially when

we do the two column proof.”
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Behavior Linked with Belief 3: Teach with Heuristics. Teachers made active use of
heuristics to help students doing proof. When a student asked for help on a proof, Teacher A
modeled first using the givens and then working in reverse to the student. Teacher B told the
class that proofs were difficult, but also had an advantage: “We know exactly what we want to
say at the end. So then it just comes down to how can we connect one to the other.” Teacher F
would help students break bigger problems into smaller ones. She asked of students: “Why
would it help me to find that whole thing, given that [ want the green part?”

Behavior Linked with Belief 3: Acknowledge Difficulty. Teachers regularly expressed
in class that they knew that proofs were difficult. Teacher A, for example, told his students that
they were going to pause their work at a certain time in order address proofs: “were going to stop
at the 20 and talk about any of the proofs that you guys want to talk about because I know that’s
what you guys are going to find the hardest tomorrow.” Teacher C said “So I know it's still kind
of tricky now, just know that that is totally okay.” Teacher D, when describing the next set of
exercises, told their class “the first one is more straightforward. The second one is a little bit
more challenging, but you totally have the information to be able to do any of them.” This sort
acknowledgement that proof tasks can be difficult can help students feel less discouraged when
doing proof activities.

Behavior Linked with Belief 3: Emphasize that Practice Will Improve Performance.
Several teachers also used language emphasizing the idea that learning proof is a process and
that one could improve with practice. Teacher C, when addressing the class said:

“So, so just kind of making sure that we're comfortable with the ideas and thinking about

what leads to what to be able to help us figure out like the best way forward in a proof.
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So the more we do this, though, the more comfortable we will get with it and we'll start

seeing like some patterns that could help us, you know, push forward in a proof.”

Later, when a student told Teacher C that they were not good at proofs yet, Teacher C replied
“Well, I mean, maybe not yet. But that's why we're practicing it, right?” In a similar fashion,
after a misuse of a definition in a student proof, Teacher B said to the student “This is precision
of language, something we're practicing.” When asked by the student if they should be doing a
problem a better or faster way, Teacher B told the student “No, you just kind of go through the
process, like figure out the vertical angles or supplementary angles and go through one at a time.
There's not necessarily a fast way.”

Belief 4: Students are able to learn with justification at a young age, and with proof
only when they are more mature.

Teachers generally thought that “justification” should happen in mathematics as early as
possible, but proof should be reserved for late middle school or high school. Teacher E expressed
this idea most clearly stating “So I think justification starts very early. I don't think proof should
come to a high school at the earliest.” Teacher B expressed a similar idea that justification should
always be a part of mathematics, the idea of proof can come later as they have already built those
skills:

“And that's always, absolutely always. And then, you know, when you formalize it into

proof and call it proof and do it as proof can come later. Because if you're always

requiring them to back up their ideas with justification, they're already building proof.

They're already doing it.”

Teacher C explicitly characterizes middle school students as unable to handle the structure of

proof, but all grades as able to handle some justification:
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“and a seventh grader is brilliant as they are and as intuitive as they are. Can't, they were
just not able to wrap their head around like a proof and being able to like structure an
argument for why something had to be true ... For justification, I think the standard for
justification can be in such a way that like you could even - like granted I'm not an expert
in elementary ed - but you know maybe have like as early as like kindergarten first grade
be able to like justify with some kind of evidence.”

Clearly teachers think that some justification and informal proof are important for younger
students, but the formalized structure of “proof” might be too difficult for younger students.

Teacher Behavior Linked with Belief 4: Differing Proof Type The obvious behavior
linked with this belief would be that teachers start teaching proof in high school and do more
proof with older students than with younger students. Given that all classes observed were at the
high school level, this is somewhat difficult to evaluate. However, some evidence can be found
that suggests this may be true. Teacher F taught middle school mathematics classes in the past,
and in recalling their experience: “So like I'm trying to think back to when I taught an eighth
grade class here ... I don't know that we did a heck of a lot of justification in there. We certainly
didn't do proof in the integrated one for the eighth-grade level.”

The notion that teachers used proof more for older students within secondary school had
little support in the data. As seen in Table 11, both calculus courses had a relatively high level of
proof used, but Precalculus Honors and Honors Statistics, both classes for older students had
relatively low proof usage. It is possible that this relationship is nonexistent or that the data is not

robust enough to measure it.
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Table 11

Proof per Lesson Segment by Non-geometry Class

Class Proof/Lesson
Segment
Stats Honors 0.083
Integrated Geometry 2 | 0.154
Precalculus Honors 0.167
Algebra 1 0.222
Calculus Honors 0.267
Integrated Math 3 0.353
BC Calc 0.375

Teacher Behavior Linked with Belief 4: Use of Two Column Proof. All teachers noted
that the two-column proof structure was used primarily in geometry, though Teacher B explained
the possibility that the two-column proof structure is sometimes used in Algebra 1 classes to
prepare students for two-column proofs in geometry. All teachers besides Teacher G were
observed using two-column proofs in their geometry class, but none were observed using two-
column proof in their non-geometry classes.

Teachers also noted that students would eventually stop using the two-column proof
structure. Teacher B said that they will allow some students to eventually move on to
“paragraph” proofs if they have shown they are capable of maintaining the same level of rigor as
two-column proofs. Teacher B and F both noted that college level proofs are not in the two

column form.

Belief 5: Groupwork is an effective way to teach with proof.

Teachers A and B expressed that students may benefit from working in groups

specifically when doing proof and justification tasks. Teacher A describes their approach to
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teaching geometry proofs as “I think - give them the tools, show them some fundamentals and let
them work with each other.” They further explained that “For the kids that don't think logically,
talking about it with peers, I've found it works better than listening to me drone on and on about,
oh, look at this here and this here.” Teacher B also placed value on working in groups for proof
and justification tasks, saying “so like group activity, I think is really good for justification
because you have to convince the rest of your group what to put down.”

Other teachers expressed beliefs about group work and proving but were more reserved
about its potential benefits. Teacher F was remarked that attempting replaces some teacher-led
activities with group activities would require “heavy scaffolding” and Teacher G remarked that
some student-led activities not being worth the time and effort.

Behavior Linked with Belief 5: Student Led Proving Tasks. All teachers employed
student-led work for most of their lesson segments and most of the student-led work could be
characterized as students working in groups with one another. There were differences, however,
in the types of tasks in each scenario. Table 12 details how Teachers A, B, C and E use
especially demonstration type proof, during student-led lesson segments, whereas teachers D, F
and G primarily use proof, especially demonstration during teacher-led sections.

Table 12

Teacher-Led vs Student-led Proof in Geometry

Teacher Teacher Led Student Led
Demonstration | Demonstration
A 2 5
B 0 5
C 0 3
D 3 0
E 0 3
F 1 0
G 0 0
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This information was echoed in the interview data as well. Teacher F taught a segment of
their class where proof by contradiction was used. When asked if they would consider doing it as
group activity they said “No, I would not. Unless it was again, heavily scaffolded” Teacher G
expressed a similar idea that if the proof was too difficult, learning in groups could lead to
students “go astray in significant ways.”

Teacher C and E are outliers in this situation, as they seemed to behave more in line with
Teachers A and B but did not express any strong belief about groups during the interview. It is
possible that the teachers still hold this belief, however, but the interview protocol was

unsuccessful in capturing that belief for them.

Belief 6: The best reason to teach with proof and justification is to build students’
ability to construct and communicate logical arguments.

All teachers expressed a belief that the potential benefits of learning with proof
justification extend outside just the learning of mathematics, and in particular, helps students to
improve logical communication skills. In this way, the skills of proof and justification transcend
mathematics classes and can impact a student's general life. Teacher B stated “Being able to craft
a logical argument and learn to not make statements without justification is really important. And
so proof as a concept rather than the proofs we do is very important.” Teacher F breaks down the
process of how learning with proof helps build the ability to think and communicate logically,
stating:

“But the way you're organizing your thoughts and the way you're inferring one thing

from another, I think that can be the biggest benefit of teaching proof is inference. Like

how do you make inferences? What else do I know based on these assumptions? What
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can it, what can I draw out from that? And from how many steps can I draw more

information? So I think inferential reasoning is crucial for students.”

Teacher G emphasized how learning how to construct convincing arguments through proof and
justification could have potential benefits outside of mathematics:

“You know, but also I'm like, I do think that it is useful for understanding how to

construct a logical argument and piece ideas together in such a way that nobody can poke

holes in it. It's just irrefutable. I'm like, heck, you want to go to law school? You know, so

like proof is everything, even though it can't be everything that we do.”
Teacher E points out how deductive thinking is a missing skill for people in the modern age,
stating that, for learning proof: “One purpose would be to build that skill of deductive reasoning.
I mean, deductive reasoning is completely absent in the world that we live in.” All teachers
clearly place a value on learning with proof and justification that extends beyond the classroom.
Belief 7: When teaching with proof, scaffolding is important, especially for weaker
students.

All teachers except Teacher A expressed the idea that scaffolding is an important
teaching tool when teaching proof, especially for struggling students. For the case of proof,
scaffolding might involve going through similar examples, providing some steps prefilled in, or
working inductively first. Teacher C, for example, stated:

“Whereas in [non-honors geometry], we can kind of discover it a little bit more

inductively, see a pattern and extrapolate from it and then kind of settle in. OK, here's the

theorem and then go through some examples of like, OK, how can we apply this? So a

little bit more of that scaffolding for non-honors geometry. “

Teacher E describes how they do fewer, more scaffolded proof for their weaker students:
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“I do less proof at the non-honors level. Partially because I think that ability to follow is
weaker and then it can lead to more often it is a distraction from what we're trying to
engage with instead of an illumination of what we're trying to engage with. I will scaffold
by doing fill in the blank instead of do the whole thing by yourself. Proofs I hold them
accountable for will be fewer steps. “
As described above, scaffolding is used for all classes, but is done more in non-honors classes.
Teacher D described their general approach to teaching proof as “I think a lot of it is really just
scaffolding to try and get them to where you want to be and then slowly pulling those away.”
Using scaffolding as a way to help students learn proof was clearly a common teaching strategy
used by teachers.

Behavior Linked with Belief 7: Scaffolding Proof Tasks. In practice, teachers were
observed scaffolding proof tasks in a variety of ways. First of all, teachers were observed telling
students that the tasks would get more challenging over time. Teacher E, for example, scaffolded
one proof task by providing students with a list of potential reasons. The next task, another
demonstration type proof, did not have a bank of reasons. In another example, Teacher D
provided a set of exercises designed to have students use and apply triangles inside circle before
using demonstration to prove the Inside Angle Theorem. Teacher F made their scaffolding
explicit to the students saying “So because it's a pretty difficult proof, I've preloaded a bunch of
it for you, right? I've sort of helped you along the way. We're not doing a two-column formal
proof, right? I'm going to walk you through the steps for this and see if we can get there.”

Even Teacher A, who did not mention scaffolding in the interview, did explain to the
students that proofs would get progressively more complex and build off one another, which is,

in effect, a type of scaffolding.
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Belief 8: Proof'is an argument made using justifications.

Teachers had some differences in beliefs surrounding the differences between proof and
justification. For Teachers B and E, justification seemed to be a part of the logical chain that
eventually formed a full proof. Teacher B stated: “So justification is almost more of a verb and a
proof is a noun,” and later followed up with “you make a proof by using justification.
Justification is the action we take when we make a mathematical statement and then back it up
with an argument doing that in a formalized manner creates a proof.”

Teacher E expressed a similar notion about the relationship between proof and
justification when they stated “so then justification is part of the proof in that individual steps
have justifications, things that we call definitions or theorems within mathematics.” Later,
Teacher E described proof as:

“Typically, if I use the word proof, then the most formal thing that I will think of is a

problem that presents a starting point and a problem that presents the objective and that

the proof then is representative of a series of steps, each step being provided with
justification for why that step is a step.

In this way, the proof is seen as reliant on justification for the “reason” part of each step.

Belief 9: Proof'is more formalized justification

Teachers D, G, and C expressed that proof was simply a more formalized justification.
Teacher G explained that “I suppose I think of proof as a narrow subset of justification, right,
just in terms of, you know, arguments that would support some kind of conclusion that you've
made.” Teacher D echoed that justification and proof mainly differ in formality:

“So I think normally like if I say proof, like I typically I'm looking for something like

formal, right? Where like they're, they're giving me like, here's what I'm saying and here
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is why I'm saying it. And here, okay, so that implies this. And this is why I'm saying that

which implies this, you know, whereas for justification, I feel like it's a little bit messier

sometimes and less formal.”
Teacher C also argues that formality is a key difference between the two ideas by stating:

“So, like, justify why something works. Maybe we don't formally argue it and put it to

like some of the same like tests that a proof would...So even if it's not in the context of a

formal proof, they're still justifying.”

These notions of proof and justification view justification as a broad superset of argumentation,
and proof as a narrow subset of that. Teacher C describes the relationship:

“So I think depending on the problem, uh, I always kind of recommend like before diving

into like the two column structure- just taking a moment to take inventory. See what you

have, see what we're trying to get to. Like we did with the very first proof that we did

with the geometry stuff - convince ourselves that what we're trying to prove is actually

true. Because once we sort of like get that logic in our minds then it might be a little bit
easier to figure out the steps that we need to take to get there”
Belief 10: Norms surrounding proof and justification are established over time by a
community.

Teachers A, B, C, and E also noted that what counts as proof in their classroom
communities can change over time. Teacher C reflects on how the rigor of proof changes as
students gain proficiency saying “Since we were so early in our proof writing journey, I kind of...
I end up kind of having like a more laxed sense of proof there.” Other teachers echoed this idea,
with Teacher B noting that some of how they determine what counts as proof “is norms that

established over time.” Teacher E describes this phenomenon directly when they stated: “You
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know, and justifications themselves sometimes are based upon a proof, but they then become
shorthand for something that is already within the collective knowledge of the group of people
who are solving the proof.” This echoes the Stylianides definition of proof that describes proof as
needing to use modes of reasoning for a given classroom community.

Behavior Linked with Belief 10: Co-creating Knowledge Banks Teachers A, B and C
referred to a “toolbox” or “running list” of known postulates and theorems that students would
keep updated and available. Teacher B described the idea that by proving a theorem they would
be adding “one more tool to the toolbox™ and referred to a specific toolbox folder where students
were adding new theorems. Teacher C, similarly, described the process of “unlocking theorems”
for later by first proving them which would then be added to the toolbox. Teacher C also
encouraged students to use their toolbox when solving later proofs in class. Teacher A referred to
a toolbox of postulates and theorems during class, and that students would have access their own
toolbox on a future assessment. Teacher A also seemed open to students creating and naming
theorems themselves, telling one student he could add a different theorem to his toolbox if he
could prove it.

Other teachers described notions similar to the toolbox In their Precalculus Honors
Course, Teacher G also had students keep a running list of log properties for log proofs. Teacher
F referenced a “list of rules” that was periodically handed out to students.

Behavior Linked with Belief 10: Developing Consensus. Teachers were observed
engaging in behavior designed to build consensus among the students surrounding proof.
Teacher B explicitly encouraged this in their geometry class: “You can have more than one
person talking through a proof. Make sure you have a consensus...Make sure you have a

consensus and agree on your thoughts and then try to get up a good proof.” In another example,
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Teacher E urged students to come to consensus within their groups, telling their students to
“check with those around you that you're coming to the same conclusion.” Teachers C, E and F
made use of consensus building language, like “do we agree” or “do you all agree” when
engaging in proving, inviting students to participate in the development of the proof.

Teacher D emphasized justification as a step towards convincing: “Do you have
compelling evidence to throw that? If you can convince me, you can say it. We can't just say it
because it looks like it.” As the next step of that process, Teacher E told students that the
conclusions would be drawn out from their own work: “What we're going to do is we're going to

draw the conclusions we want to draw from the work that you just did”

Conceptual Knowledge 1: Knowledge of Proof Techniques

All teachers but Teacher A made explicit mention of a variety of proof techniques over
the course of the interview. They primarily mentioned proof by contradiction, but some also
mentioned proof by contrapositive, and proof by counterexample. Evidence that those teachers
also had more than superficial knowledge of alternative proof techniques, especially proof by
contradiction was found. First, one of the questions in the Interview Protocol asked teachers to
grade a sample proof solution that used the proof by contradiction technique. All teachers rated
that solution as high quality. Moreover, Teachers B, C, and E explicitly identified it as a proof by
contradiction when examining it. Teachers C, D, F, and G all mentioned proof by contradiction
later in the interview in reference to a problem that they had done or considered doing. For
example, Teacher C stated, “You know, in my discrete math class, that's where we get into like
proof by cases proof by contradiction, and contrapositive.” This evidence supports the idea that
Teacher B, C, D, E, F, G all possessed a functional conceptual understanding of proof by

contradiction.

101



Behavior Linked with Conceptual Knowledge 1: Introduce Proof Techniques. In
interviews, teachers demonstrated knowledge of various proof techniques by directly naming
them, and by correctly identifying non direct proof techniques used in sample student work.

Interestingly, in practice, the only teacher to teach any demonstration proof that were not
direct proof was Teacher F. Teacher F had students work through several proof by
counterexample in Integrated Math 3 and led the students through one example of proof by
contradiction in geometry. When asked why they decided to do the proof by contradiction,
Teacher F responded that they just wanted to “expose them to it.” This suggests that alternative

proof types are both known to teachers and accessible to students, but nevertheless rarely used.

Conceptual Knowledge 2: Induction and Deduction

Teacher B, C, D, E, and G all explicitly used terminology like induction and deduction
when describing mathematical logic. This terminology was not an explicit part of the interview
and so teachers were not prompted on its use. Teachers primarily used it when evaluating sample
student work that involved inductive logic. For example, Teacher G described why a student
argument was not sufficient proof:

“Because proving to me says deductive, you know, I mean, you can do a proof by

induction, but right. But for this, you know, I'm thinking deductive reasoning, I want an

argument from the top down, not a bunch of specific examples that happen to work.”
Moreover, Teachers B and C both claimed to explicitly teach the difference between inductive
and deductive logic to their students and Teacher C was observed using that language in their

geometry class.
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For Teacher F, whereas they did not use the specific terms of “inductive” or “deductive,”
they did allude to the idea that for them, formal proof is a deductive process. For example,
Teacher F, when grading a sample student answer that used inductive logic, said:

“So, I mean, one thing that occurs to me immediately is they played with a bunch of

cases, but proof to me is not about, I saw a bunch of cases and I made this generalization.

Like to me, that's the basis of a hypothesis. Like I think that this is always going to

happen. I think of proof more like, I don't care what case you give me, it's going to be

true for all of those cases.”
This is evidence in favor of the teacher understanding the difference between inductive and
deductive logic, even if they do not use those terms.

Teacher A did not express that they saw a major difference between deductive and
inductive logic. Teacher A did not mention a logical problem when grading the inductive student
work, further stating that they did not “make a distinction between proof and justification.”

Observed Behavior Linked with Conceptual Knowledge 2: Meta-discussion On
Induction and Deduction. Several teachers had meta-discussions with their students about the
difference between induction and deduction. Teacher B, for example, says that in geometry they
“spend a lot of time looking at the difference between inductive and deductive reasoning” earlier
in the year. Teacher C used this language with their students, referring to specific types of
arguments they had made: “So there is sort of our like inductive approach to getting this right
angle and then we got our deductive conclusion back here.” In his calculus class, Teacher E used
the language of induction and deduction to describe what they were doing: “What I would say
that we have just done is we have used our knowledge of what we have done with antiderivatives

in the past and some inductive reasoning to come to this conclusion.” Making explicit the
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differences between deduction and induction for students in class appears to be a behavior tied to

knowledge of induction and deduction.

Procedural Knowledge 1: The Two Column Proof Structure

All teachers demonstrated knowledge of the two-column format for proof. When
examining student work, all teachers recognized and graded the two-column student work
highly. All teachers except Teacher G were observed using a two-column proof in their geometry
class, and no teachers were seen using a two-column proof outside of geometry class. Teachers
B, C, D, E, and F all specifically mention “paragraph” proofs as a potential alternative to two-
column structure, but say they rarely use it.

The idea of a geometry proof and the two-column proof appeared to be strongly
connected. Teacher’s B, C, F, and G stated that the two-column structure was inherently tied to
the teaching of geometry. For example, Teacher C described proof in geometry as “it has just
sort of the implication of two column proof.” Teacher D echoed the idea that two-column proof
is entrenched in the way we teach geometry: “We have like, you know, like, like a, like a two-
column proof. We have like our statements, our justifications.”

As a part of the interview, teachers were asked to examine and evaluate several sample
student proofs. One of these proofs was a two-column proof. Though the teachers generally
graded the two-column proof highly, they also graded the correct paragraph proof equally as
highly. One teacher even remarked that they might be more likely to take off points when
grading a two-column proof than a paragraph proof because mistakes are easier to see in the two-
column structure.. Overall, teachers seemed to recognize and value proofs that were not in the

two-column format, but overwhelmingly required them in their classes, suggesting that despite
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recognizing paragraph proof as a valid form of proof that is not what was considered proof in
their classroom community.

Observed Behavior Linked with Procedural Knowledge 1: Use of Two-Column
Proof Structure All teachers besides Teacher G were observed using the two-column proof
structure in their classes. In geometry, all demonstration type proofs took the form of a two-
column proof, whereas no proof at of any type used the two-column proof structure outside of
geometry classes. Knowledge of the two-column proof structure is clearly important in teaching

geometry, though it is less important in non-geometry classes.

Procedural Knowledge 2: Strategies for proof

Teachers expressed a wide range of heuristics and strategies that they employ to help
their students work better through proof tasks. The four most common of these were (1) draw the
picture or diagram, (2) go from your givens, (3) list options and (4) work backwards.

For (1) drawing a picture of diagram, Teachers B, D, E, and G all recommended this
strategy. An example of this is where Teacher E said “Let's make sure we know what shape or
diagram or context we're talking about here.”

For (2) go from your givens, all teachers recommend this as an important strategy. An
example of this is when from Teacher G said “I tell them that you want to, you know, squeeze
dry the rock that, you know, is your givens.”

For (3) list options, teacher B, D, E, and F all listed this as strategy for proofs. For
example, Teacher D said “Depending on the level of student, it's also like, do you have a list of
like all your possible reasons available to you?”

For (4) work backwards, Teachers A, B, C, E, and G all recommend this a strategy. As

described by Teacher A:
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“But once we start to get into triangles and, you know, other proofs, then it’s a question

of, okay, let’s sometimes I encourage them to start at the back and work their way up.

Say, this is where I need to be. Right. It sure would be nice if I could prove these two

triangles congruent. Oh, if [ was going to do that, I’d need, I know this, but I would need

to know these two other things.”
Interestingly, these strategies resemble the heuristics recommend by Polya in his book “How to
Solve It” (Polya, 1945). Teachers mentioned other strategies, like trying to alter the givens to see
what changed, but these were mentioned less frequently.

Observed Behavior Linked with Procedural Knowledge 2: Teach with Heuristics
Teachers were observed using many heuristics in their class while teaching with proof. Teacher
C, for example, urged one of their students to “See what you have, see what we're trying to get
to” and to which shows directive to work backwards and to list options.

Table 13 shows what heuristics teachers were observed using when teaching with proof.
Given the small number of classes observed, it is somewhat surprising that so many instances of
heuristic use were observed.

Table 13

Heuristics Observed by Teacher

Teacher Draw a Picture Go From Givens List Options Work Backward
A X X X

B X X X X

C X X X

D X X

E X X

F X X X

G X X X X
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Context 1: Time

Every teacher commented that they would do more proof and justification given more
time. Teacher B noted that the fast pace of BC Calculus prevented him from doing more
justification, saying “And again, like in AB, I do it way more because there was time.” Teacher
E noted that teachers need to make choices about what theorems were worth proving as it is “so
time consuming to do the proof for a new theorem in geometry class as it is. I think it's important
to pick and choose.” Teacher G noted that during a pilot year on a new curriculum, unexpected
time constraints affected the teaching of proof: “We're running out of time, you know, because
this is the pilot year, right? First thing to go would be proofs.” Teacher A also made note of the
idea that proofs, while deep, could potentially come with a cost:

“And you can make them harder and harder and harder and more fun and more fun and

more fun. And then next thing, you know, you spend a whole month and you're like, well,

now I'm way behind. So as much as I would like to, not enough time.”
Time, or more specifically the lack of it, is a major concern for teachers and proof and
justification tasks often suffer for it.

Teacher Behavior Linked with Time: Using More Proof. Given the nature of this
research, directly observing if teachers would behave differently given more time would be
difficult. Instead, the best evidence is that every teacher expressed that they would increase the
amount of proof in their classes, particularly geometry, if they had more time. Teacher C
describes that they already feel they face trade-offs between time spent doing proof and other

“enriching activities” in geometry.
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Context 2: Curriculum

Teachers also cite the curriculum and order of topics as affecting their behavior. Teacher
E notes the difficulties in teaching deductively by saying, “Well I will say another reason that I
can't really teach integration deductively is because we don't teach sequences in series in our
curriculum.” Teacher F described how they had to change their new curriculum because proofs
were accidentally left off:

“Like we didn't do any proofs on circles because they didn't have the triangle
background. And it felt like this add on unit at the end, like, oh, we're going to do
triangles now because we had time this year. We sequenced it differently.”

Clearly, the sequencing of topics from geometry to calculus can have an impact on a teacher’s
ability to teach with proof and justification. Teacher B expresses this same idea more generally:
“you want to get there [to teaching proof] and with the right kids you can, but the curriculum
doesn't lend itself that like super well that way.” In total, Teachers B, C, D, E, F, and G all
expressed that the curriculum hampered their ability to teach with proof in some way.

Teachers from neither school referred to textbooks. Instead, all teachers relied on lessons
and handouts that were developed as a team, developed personally, or sometimes purchased.
Teacher B did use an official Calculus textbook but largely used it for reference and practice
problems rather than a set curriculum.

Teacher Behavior Linked with Curriculum: Proof Types. The overwhelming amount
of proof tasks that were categorized as demonstration occurred in geometry classes. Other proof
types, particularly rationale, were more likely to appear in non-geometry classes. As seen from
the statements made by teachers above, a major reason for this is just the fact that the curriculum

calls for more proof in geometry classes. The task of learning demonstration type proofs is often
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co-taught with geometry. Moreover, that style of proof does not appear in later courses until
post-Calculus classes, like number theory, where proving itself is again part of the educational
goal.

Teacher Behavior Linked with Curriculum: Different Proof Techniques. Several
teachers expressed the notion that the current curriculum does not support proof techniques
beyond direct proof. For example, Teacher C related a story where students asked how to prove
something isn’t true:

When we were talking about trapezoids not too long ago, a lot of kids were asking like

how do I prove that two lines are not parallel. And it's like, well, it's an interesting

question. With the tools that we have, like, our tools don't lend themselves well to
proving stuff isn't... But for the purpose of our class, it's not important.”
So even though it may be a natural part of a student’s inquiry, alternative proof techniques are
rarely discussed in geometry classes.

For some advanced courses, alternative proof techniques may be a part of the curriculum.
Teacher B, for example, describes how he gets to alternative proof techniques:

“I don't really get into fun stuff like proof by contradiction or stuff like that. And partly

just because the high school level math doesn't lend itself that way. There's occasionally

sometimes in calculus, I feel like I could pull out one of those and it's kind of cool and
like the nerdy kids really get excited.”
Teacher C explained that proof techniques like proof by contradiction, proof by contrapositive
and induction do appear in his most advanced classes like discrete math and number theory.
Those classes, however, are designed to be taken after calculus and so only a small percentage of

the student population takes them.
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Teacher Behavior Linked with Curriculum: Using More Proof. Teachers at both
schools described how the curriculum partially dictates how much proof was used in their
classes. As mentioned previously, one school recently rewrote their curriculum. According to a
teacher at the school, the new program de-emphasized geometry and therefore inadvertently
reduced the amount of proof in the curriculum. Since then, according to Teacher G, an effort to
“re-inject more geometry into the curriculum and therefore more proof into the curriculum” has
been made by the teachers of the school. Clearly, the curriculum can have an impact on teacher

behavior regarding the amount of proof used in the classroom.

Context 3: Tradition

Proof and justification are often seen as part of the traditional geometry curriculum
without appearing much elsewhere. Teacher D, E, and F all mentioned how tradition played a
role in how they thought of geometry. Teacher D notes this by saying, “I mean partially it's like
more traditional like to have that [proof] and have seen it in a geometry context.” Teacher E
expressed a similar notion noting “I mean the classical proof is a geometry proof. That's just I
think what most people think of when they're talking about proof in high school math.” In a
converse statement, Teacher F said “when I think of geometry, I think of proof.” Clearly the tie
between high school geometry and the notion of proof is strong.

Teacher Behavior Linked with Tradition: Differing Proof Types. As previously
mentioned, the overwhelming amount of demonstration style proof occurred in geometry classes.
This certainly, in part, due to curriculum, but that curriculum is also affected by tradition. Case in
point, one of the participating schools conducted a teacher-led effort to remake their mathematics
curriculum two years ago. After the curriculum change, however, proof still overwhelming

appeared in the geometry curriculum and less so elsewhere. So even when the curriculum is
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mutable, tradition dictates that proof and geometry, especially demonstration proof, belong
together.

Teacher Behavior Linked with Tradition: Use of Two Column Proof. As previously
mentioned, the two-column proof made an appearance in nearly every geometry-based
classroom, but no teachers used it outside of that context, even when teaching with
demonstration type proof. Teacher D described the use of two column proof in geometry as

“traditional.”

Context 4: Honors vs Standard Class

As previously stated, all teachers who teach an honors class also expressed a belief that
honors students were able to handle more frequent and rigorous proof tasks. The designation of
the class being taught as honors or standard, however, also serves as an important context.
Clearly, the designation of a class as honors is external to a teacher and the results from Research
Questionl indicate that it likely affects behavior, so it makes sense to include both the belief that
students in honors classes can handle more rigorous proof tasks, as well as the context of actually
teaching a class designated as honors, as factors influencing teachers’ behavior.

Teacher Behavior Linked with Tradition: Increased Proof Rigor and Scaffolding
Proof Tasks. As mentioned in earlier, this context is directly linked Belief 1: “students in honors
classes are more capable of learning with more rigorous proof and justification.” All teachers
who had the context of teaching any honors classes all shared Belief 1. Therefore, it makes sense

to assign the same behaviors for this context as were assigned to Belief 1 earlier in this chapter.

4.4 Results for Research Question 3
The third research question is: “How do teachers determine what kinds of proof and

justification are within the conceptual reach of students in a given classroom community?” To
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answer this question Grounded Theory, as described by Merriam and Tisdell (2015), was applied
to the interview. After several passes at the initial coding, codes were examined, rearranged and
grouped until four super-categories emerged. The results of this process are described below.
The open coding phase of the process resulted in 85 relevant teacher statements along
with associated notes. After reviewing the research question again, the teacher statements and
notes were reviewed looking for patterns and themes. This intermediate coding process resulted
in the discarding of 3 statements for not being appropriate to the research question, and the
generation of 17 codes. These codes and the frequency of their occurrence can be found in Table
14.
Table 14

Grounded Theory Codes After Intermediate Coding

Abstraction

Confidence

Curriculum

N O N |-

Equal Depth Across Age

Honors Expectations 13

Level
Lost Skill 1
Lower Expectations

Mathematical
Background 11

Maturity
Proof Difficulty
Proving as a skill

Resilience

Student Anxiety
Student Motivation 12
Student Understanding 3

R (NN

The 17 codes identified above were further grouped and refined until four super-

categories emerged. The resulting categories describe how teachers make decisions about what
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sorts of proof and justification tasks fall within the conceptual reach of their students. To serve
an answer to Research Question 3, these categories are phrased as questions a teacher may ask
themselves when making decisions about the use of proof and justification tasks in their
classrooms. They are as follows: “Do the students have the necessary mathematical background
for this task?”, “Is this task appropriate for students?”, “““What is the ability level this class?”” and
“Will my students like this task?”. I will provide an example of this process below.

When Teacher B was talking about the differences between his classes, he said “when I
know kids will be more excited by the justification, I throw it in more often.” I highlighted this
section and made a note titled “Student Excitement.” After coding the rest of the interviews, I
noticed several teachers had statements that expressed that students’ behavior towards proof and
justification, either being interested in it or of not liking it, as affecting a teachers’ use of proof
and justification. These items were all grouped together under “student motivation.” In the final
round, I noticed that several codes like “Confidence”, “Anxiety”, and “Maturity” described how
teachers believed their students might respond to proof and justification tasks. All of these were
then grouped under “How will my students react to this task?” which describes a teacher’s

perception of how a given class might react to proof and justification tasks.

Theme 1: Perception of Students’ Past Mathematical Background

This theme is defined as the teachers’ perception of their students’ existing mathematical
background knowledge and skills. This perception can be based on the idea that students who
have taken certain classes previously should have certain skills from that class or, instead, based
on the fact that the teacher has taught the skill in previous lessons. For example, teachers might
assume a student who has taken a course in Introductory Algebra will know how to factor

binomials. The most obvious cases of this arises when teachers believe that students lack some
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prerequisite mathematical content knowledge for certain types of proof and justification. For
example, Teacher E described how they could not do a more robust justification of integration
using Riemann Sums because they have “never done an infinite GP formula and added them. So
that has no correlation to prior knowledge for them.” Teacher E describes their Geometry
students as “far more in a position to handle the kind of proof that I did in class partially because
the proofs that we were doing were primarily based upon content that not only had they done
before but had been done in my class.” When asked about how they make decisions about what
to include Teacher D said “number one, like what are we learning, right? Is it the first time
they've seen it or is it something that we've like sort of started on and I just feel like they need
more work.” Teacher B describes this phenomenon succinctly by stating “a BC Calc kid can
obviously handle going a lot deeper and partly just because they have a much larger
mathematical background.”

Some teachers described proof skills as separate from mathematical content knowledge.
This theme includes the teacher’s perception of these skills. For example, Teacher C describes
how his expectations for proof were different earlier in the year: “since we were so early in our
proof writing journey, I kind of... I end up kind of having like a more laxed sense of proof there.”
Teacher B echoes the difference in proof tasks by saying “there are activities for proof that I

would be more likely to do with the younger kids because you are learning how to prove.”
Theme 2: Complexity of Proof Task
This theme is defined as the teacher’s perceptions about how complex proving tasks

would be for a given topic. Teachers might view proof tasks related to a given topic as too

simple to be worth doing, or too complex to be worth the effort.
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Teachers expressed how certain types of proof and justification might be too hard or too
easy. Teacher F explains the challenge with creating appropriate challenging proofs. They said
they “ran into this conundrum of either the proofs were so basic that it was kind of just too easy
for some people and then, but if I made them harder, it would leave everyone behind.”

Teacher G worried about overwhelming students with additional expectations when learning
material:

“I'm generally trying to avoid like a cognitive overload. Right. Like, but, you know, if

they're trying to juggle so much new information at one time, again, depending upon the

level of student , it's like, they're not going to be able to think about this really big, you
know, sort of, you know, very conceptual question if they're still trying to remember what
the words mean...Some topics are also just harder for whatever reason. I've just, you
know, been doing this long enough that I know I'm like, this is a really tough topic. And
if I make it too abstract, or if [ try to get too technical, or if I have them doing sort of like
an independent activity, I need to be very careful because there's just a lot of chances for
them to go astray in very significant ways.”

Teacher E expressed similar sentiments about teaching with proof and justification potentially

being a distraction from other learning goals. He stated:

“If I think that proving a new rule and being more formal in the way that I kind of show

them why it's true would be difficult for the level of students to understand and follow.

Then I might shy away from using that as a tool and look for some other tool.”

These teachers are clearly thinking about the appropriateness of adding complex proof and

justification tasks to their teaching and care about the task itself, in particular its difficulty.
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Theme 3: Current Categorical Ability Level of Students

This theme is defined as the teacher’s perception of student ability derived from some
external criteria, usually if the student was in an “honors level” class or not. When asked if their
classes could handle different amounts or levels of proof or justification Teacher G said “Oh, for
sure. I mean, again, just level in terms of honors versus standard.” Teacher D also expressed this
view when they said:

“Questions that involve more justification or like deeper justification we did differentiate

it that way so like the kids who are taking it at the honors level would have a higher

expectation for justification than the kids who took it at the standard level.”
This is evidence that being in an honors class is a clear marker of the amount and types of proof
and justification tasks that teachers give to students.

The structure and formality of certain types of proof and justification tasks is one area
where some teachers believed that their instruction should differ between honors versus non-
honors classes. Teacher C, for example, said “the honors [class], I think they can handle - or |
guess I guess I'm expecting them to handle the two-column proof a little bit more fluidly.”
Moreover, they expressed that there are different goals in depth of justification between the
honors and non-honors classes by saying “for like a non-honors student, like formal two column
proof is not as critical” followed by for the non-honors students it was more important “to
explain why things work and make the connections, but not necessarily just in the structure.”

Some teachers described students in the same track (honors vs non-honors) as more
similar than students of similar age groups. Teacher B stated that they “can still have the same
expectations for proof rigor and the depth of understanding of an argument at an honors

geometry class versus a BC Calc class” and that the students “are the same kids just displaced by
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time.” Teacher E echoed this by saying that his non-honors calc class was “probably having a
harder time handling a more formal kind of proof for justification” than their honors level

Geometry class due to differences in skill levels between the two classes.

Theme 4: Anticipated Student Reaction to Proof

This theme is defined as the teacher’s perception of their specific students’ behavior,
reactions, and resilience when engaging in proof and justification tasks. Teachers use of proof
and justification tasks in the classroom seem to be affected by how their students react. Some
students might react in such a way that encourages a teacher to use certain techniques. The
example from earlier in this chapter where Teacher B throws in more justification because their
students seem excited about it illustrates this idea.

Other teachers described similar phenomena. Teacher F relates how some students seem
to get enjoyment out of the proof and justification process:

“They don't want to just be told that this is a thing that will always be true and is a thing

that should be memorized. They like to see why and how it is previous knowledge leads

them to that conclusion.”
Teacher perception of students’ resilience to setback and uncertainty can also play a role in the
use of proof and justification. Teacher G describes one of their classes being more “okay with
frustration” if something is not immediately working, and thus able to engage more with
justification.

Teachers’ perceptions about student behavior can also impact how teachers use proof and
justification. Teacher C describes how they had to scaffold the proof and justification tasks in
one class differently because of the teacher’s perception of the students’ attention spans:

“They're also a very distracted class. So just trying to make them, you know, kind of tune in and
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really just think about like, okay, these are the things that you want to do in your proof.” Teacher

C’s perception of the classes behavior seems how they think about teaching them.

4.5 Results for Research Question 4

The fourth research question is: “Is the teaching of proof and justification driven more by
the students' conceptual reach directly, or more by perceptions of conceptual reach as shaped by
the teacher’s knowledge and beliefs?”” To answer this question, I analyzed the data collected
from class observation and added some teacher statements from the interviews for context. In
Research Question 3, it was discovered that the three of the four factors teachers use when
determining the conceptual reach of their students were either based on the teachers’ beliefs or
characteristics of the student. Therefore, there are two hypotheses associated with this question,
namely “Is teacher behavior primarily influenced by students’ conceptual reach directly”, and “Is
teacher behavior primarily influenced by perceptions of conceptual reach as shaped by the

teacher’s knowledge and belief?” Evidence for each hypothesis will be presented in turn.

Is Teacher Behavior Primarily Influenced by Students’ Conceptual Reach Directly?

To explore this hypothesis, evidence was gathered on how teachers treated different
groups of students based on student characteristics. The most salient student characteristic
measured in this research is whether a student was in an honors class. If teachers do indeed
engage students in honors classes with more or different kinds of proof that would be evidence
that conceptual reach is primarily a characteristic of the students. In addition, since the results of
Research Question 1 indicate that proof frequency and proof type differed between geometry and
non-geometry classes, the results in this section are presented separately for geometry and non-

geometry classes to allow for better comparisons across similar classes.
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Two teachers, Teacher B and D were observed teaching only honors classes, whereas two
teachers, Teacher A and F, only taught standard classes. Figure 11 shows the percentage of proof
used by teachers of honors classes and standard classes. For geometry classes, the standard-only
level teachers, Teacher A and F, used the most and least proof, respectively, and for non-
geometry classes, the honors-only level teachers used the most and least proof respectively. This
indicates that teacher behavior surrounding the general use of proof in the classroom is not

primarily a result of whether the teacher is teaching honors level or standard students.

Figure 11
Honors-Only and Standard-Only Teachers’ Percentage of Proof Used by Class
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Another possibility is that teachers varied the type of proof used in different classes. For
example, as suggested by the teachers themselves, perhaps students in standard level classes are
given similar amounts of proof but less formal proof like demonstration. Figure 12 shows a
breakdown of each type of proof used by honors-only teachers, Teachers B and D, and standard-
only teachers, Teachers A and F. As expected, demonstration type proof is generally the most

popular choice in geometry classes regardless of honors designation. For non-geometry classes,
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again there seems to be little pattern. Teachers B and F both use a large number of rationale,
despite teaching different levels, while Teachers D and A both use very little proof in general.
Figure 12

Honors-Only and Standard-Only Teacher’ Types of Proof Used by Class
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It is possible that teaching only honors or only standard classes affects behavior. In
Figure 13 and Figure 14, the percentage of proof used and type of proof used by teachers who
teach both honors and non-honors are displayed. Figure 13 shows that in both geometry and non-
geometry classes, there was slightly more proof used in honors classes versus standard classes
for teachers who taught both types of classes. Figure 14 shows that rationale appeared slightly
more frequently in honors classes than standard classes. In particular, Teacher C used rationale in
both classes, but Teacher E used rationale in their non-geometry class, but none in their

geometry class.
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Figure 13

Percentage of Proof Used by Class for Teachers of Both Honors and Standard Classes
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Figure 14

Types of Proof Used by Class for Teachers of Both Honors and Standard Classes
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The results of this analysis provide only very weak evidence that teacher behavior is
primarily influenced by students’ conceptual reach directly.
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Is Teacher Behavior Primarily Influenced by Perceptions of Conceptual Reach as
Shaped by the Teacher’s Knowledge and Beliefs??

The next hypothesis is that teacher behavior is shaped more by the teacher’s perceptions
of their students’ conceptual reach, which is itself shaped by the teacher’s belief. In this study,
the observed teacher knowledge did not differ enough between teachers, so instead focus was
placed on teacher beliefs. Therefore, to explore this hypothesis, teachers were first clustered
based on their beliefs. Teacher beliefs were compared by counting how many instances of
agreement across the 10 beliefs measured in Research Question 2. Table 15 presents a summary
of the relative beliefs of each teacher pair. The strongest cluster of similar-belief teachers is
teachers D and G, which were identical in discussed beliefs, will be referred to as Cluster 1.
Another cluster, though less strong, contains teachers B and E, which will be referred to as
Cluster 2. Cluster pair A and F was also considered, but Teacher F was as close to A in beliefs as
they were to Teachers D and G. Teacher C was also considered as candidate for Cluster 1, but
was omitted as they were too similar to Teachers in Cluster 2. Thus, to maximize the similarities
within clusters and minimize the similarities between clusters, Cluster 1 was chosen to be
Teacher D and G, and Cluster 2 was chosen to contain Teachers B and E.

Table 15

The Number of Beliefs Shared Between Each Teacher Pair

A B C D E F G
A X 6 5 4 5 7 4
B 6 X 7 6 7 5 6
C 5 7 X 9 6 6 9
D 4 6 9 X 5 7 10
E 5 7 6 5 X 6 5
F 7 5 6 7 6 X 7
G 4 6 9 10 5 7 X

122



When comparing these two clusters, there is in-cluster agreement and between-cluster
disagreement on three beliefs: Belief 8, Belief 9, and Belief 10. Beliefs 8 and 9 describe how
teachers view proof, with teachers in Cluster 1 believing that proof is just more formal
justification, and teachers in Cluster 2 believing that proof is an argument made using
justification. The other difference is that teachers in Cluster 2 expressed the belief that “Norms
surrounding proof and justification are established over time by the community” which were not
expressed by teachers in Cluster 1.

By comparing the use of proofs within each cluster, we can determine if the teachers who
share beliefs behave similarly. Figure 15 shows the percentage of proof in geometry for each
cluster, and Figure 1 shows the type of proof used in the geometry classes for each cluster.
Figure 15 suggests that there is not any trend in proof frequency between clusters, but Figure 16
shows that when breaking the proof down by type there are some differences between clusters. In
particular, Cluster 1 employs more empirical type proof, whereas Cluster 2 employs more
demonstration and authoritarian type proof.

Figure 15

Percentage of Proof Used in Geometry Classes by Belief Clusters
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Figure 16

Type of Proof Used in Geometry Classes by Belief Clusters
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Differences between non-geometry classes were also explored. For frequency of proof,
Figure 17 shows that each class in Cluster 2 had more proof than those in Cluster 1. For proof
types, Figure 18 shows that teachers B and E in Cluster 2 used more rational type proof than
teachers D and G in Cluster 1, whereas Cluster 1 used very little proof at all. When examined in
conjunction with the three other non-clustered teachers, the pattern remains. Figure 19 shows
that teachers Cluster 1 still maintain a higher than typical use of rationale proof type.
Figure 17

Percentage of Proof Used in Non-Geometry Classes by Belief Clusters
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Figure 18

Type of Proof Used in Non-Geometry Classes by Belief Clusters
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Figure 19

Type of Proof Used in Non-Geometry Classes by Belief Clusters Including Un-Clustered
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This data suggests that belief held by teachers likely has an impact on how they behave,
specifically with respect to whether proof and what kinds of proof types are within the

conceptual reach of the students. In particular, teachers in Cluster 1 were more likely to use
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empirical proof in geometry, and Cluster 2 teachers were more likely to use authoritarian proof.
In non-geometry classes, teachers in Cluster 1 used very little proof, whereas teachers in Cluster
2 used rationale type proof more than other teachers. The fact that the teacher behavior around
the teaching of proof that was measured by the study differed more based on teacher beliefs
rather than by context suggests that the impact of conceptual reach on their behavior is more a
product of their beliefs about the conceptual reach of their students, rather than impacted by a

characteristic of the students themselves.

126



Chapter 5: Discussion

Secondary level mathematics teachers make decisions about how many, and what kinds
of proof and justification tasks to include in their teaching. Researchers have explored how
beliefs and knowledge might impact teacher behavior, but less work exists studying the context
of proof. Moreover, research on how teachers determine the “conceptual reach” of a community
of students when engaging in proof tasks is also lacking. The goal of this study was to better
understand teacher behavior with regards to proof tasks through the lens of teacher beliefs,
teacher knowledge, and context, as well as explore how teachers’ understanding of their
students’ conceptual reach might impact decisions around the use of proof in the classroom.

This dissertation used qualitative methods to explore the factors influencing secondary
teachers’ use of proof in the classroom. Seven teachers from two schools participated in the
study. The data collected included two recorded classroom observations and one interview per
teacher. Data from classroom observations were analyzed to explore how much and what kinds
of proof teachers used in their classes, data from the interviews were analyzed to determine the
factors that influenced the teachers’ use of proof and justification, as well as how teachers
understood and operationalized conceptual reach as it pertained to the teaching of proof. A
theoretical model for teacher behavior surrounding the use of proof was developed borrowing
heavily from several previously established teacher behavior models (Lui & Bonner, 2016;
Sullivan et al., 2016; Fives & Buehl, 2012; Schoenfeld, 1998; Schoenfeld, 2008). This model
used Fives and Buehl’s (2016) classification of teacher beliefs and a framework for mathematical
knowledge developed by Hibert (2013) as factors determining teacher behavior surrounding the
use of proof and justification in the classroom.

The Research Questions for this study are:
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1. When teaching with proof, what kinds of proof do secondary teachers incorporate in their
lessons and how does this vary by teacher background and observed course?

2. What factors (teacher knowledge, teacher beliefs, and context) do teachers report as affecting
their use of proof in the classroom?

3. How do teachers determine what kinds of proof and justification are within the conceptual
reach of students in a given classroom community?

4. Is the teaching of proof and justification driven more by the students' conceptual reach
directly, or more by perceptions of conceptual reach as shaped by the teacher’s knowledge and

beliefs?

Summary of Results

The first research question is concerned with how many and what types of proof and
justification teachers are using in their classrooms and how that varied by teacher background
and class taught. The results from this study indicate that teachers tend to use more proof in
Geometry than other classes, but most of the proof in Geometry was a “Demonstration,” or
formal proof. Though having fewer proof tasks overall, non-geometry classes tended to have
more varied types of proof included, particularly “Rationale.”

The second research question sought to identify what factors (teacher beliefs, teacher
knowledge, and context) influence teacher behavior. From the interview data, 10 beliefs, four
kinds of teacher knowledge, and four types of contexts were identified as factors that drove
teacher behavior. One result from this section was the belief that “students in honors level classes
are more capable of learning more rigorous proof.” Most of those same teachers also held the
belief that “all students benefit from learning proof, though in potentially different ways.” These

beliefs are not necessarily contradictory as teachers also described that proof tasks might be
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made more manageable for weaker students through scaffolding. Teachers also emphasized that
learning proof improves students’ logical communication skills. Several teachers expressed that
norms around proof were developed over time and were observed using language that
emphasized community understanding and co-creating knowledge bases with their students.
Most teachers were identified as having a strong understanding of different proof techniques, and
a thorough understanding of induction and deduction. Teachers frequently linked demonstration
type proof with the two-column structure and geometry specifically. Teachers used encouraging
language and offered a wide variety of strategies and heuristics to students who were struggling
with anxiety when engaging in proof and justification tasks. Teachers also cited lack of time,
curriculum, and tradition as driving forces in how much and what types of proof they taught.
Research question 3 was about how teachers determine the types of proof tasks within the
conceptual reach of a given community. Four themes were identified from the interview data.
The first theme is Teacher Perception of Students’ Past Mathematical Background which deals
with the teachers’ perception of the knowledge and skills that a student could reasonably be
expected to have mastered. The second theme is Complexity of Proof Task which focuses on if
the proof task might be too difficult or too easy for the students. The third theme is Current
Categorical Ability Level of Students. Teachers frequently expressed that students in a certain
category, typically in honors classes, were capable of doing more frequent and more difficult
proof tasks than their non-honors peers. The fourth theme is Anticipated Student Reaction to
Proof. Many teachers expressed a desire to teach with proof to those who they perceived might
enjoy it, and a hesitancy to teach with proof to those who they perceived less interested.
Research question 4 asked if teacher behavior was driven more by the conceptual reach

of students directly or instead driven by the teachers’ perception of their conceptual reach as
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influenced by the teacher’s beliefs. It was observed that teachers did not behave differently with
regards to frequency or type of proof between honors and non-honors classes. When clustering

teacher by beliefs, however, the evidence suggested that teachers with similar beliefs behaved in
similar ways. This suggests that teachers’ beliefs about students influence their perception of the

students’ conceptual reach which ultimately drives teacher behavior.

Discussion

In this section, I will show the results of this study in terms of my theoretical framework,
and further place it in the broader body of research.

First, this study extends the Teacher Behavior framework by adding specific beliefs,
knowledge, and contexts that secondary school teachers report affect their behavior in the
context of proof and justification. Specific teacher behaviors were linked to these factors using
evidence gathered from the observations and interviews. The refined framework for Teacher
Beliefs is displayed in Figure 20. Additional detail on each behavior and its linked factors will be

discussed later in this chapter.
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Figure

20

Refinement of the Teacher Factors for Proof Framework
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The left side of Figure 20 lists the specific teacher beliefs and teacher knowledge

Research Question 2, specific relationships between behaviors and linked factors will be

examined further in the next sections.

both the belief that “Honors Students are More Capable of Learning Rigorous Proof” and the

context of “Honors vs Standard Classes.” Rather than vary proof frequency or proof type, this

J/

As shown in Figure 21, the teacher behavior of “Increased Proof Rigor” was linked with

study found evidence that teachers vary proof difficulty for classes that are perceived as stronger

or weaker. This was accomplished by adding more scaffolding or requiring less strict naming

conventions for weaker students.
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Figure 21

Factors Linked with “Increased Proof Rigor” Behavior
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Relationships between beliefs, context and the behavior of “Differing Proof Type” were
found which is displayed in Figure 22. Interestingly, the data did not show a strong link between
honors vs standard classes for Teacher Behavior 2: Proof Type. This is contrary to how the
observed teachers described their own behavior. Curriculum and tradition, however, certainly
played an observable role in the type of proof being used, with geometry classes relying largely
on demonstration type proofs, and most non-geometry classes having either few or no
demonstration type proof. The teacher belief that secondary school students are “ready” to learn
formal proof, but younger students are not also affects proof type. Since no pre-secondary classes
were observed, the evidence here comes from teachers’ recollection of times they taught younger

classes where they reported little to no formal proof, but abundant justification.
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Figure 22

Factors Linked with “Differing Proof Type” Behavior
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Teachers believed that scaffolding proof tasks was an important way to promote student
learning. Interestingly, teachers often viewed scaffolding as a way to help struggling or weaker
students learn proof, with less scaffolding being needed for honors students. The amount of
scaffolding in a proof task was seen as another lever teachers can use to increase or decrease the
difficulty of proof. These results are shown in Figure 23.

Figure 23
Factors Linked with “Scaffolding Proof Tasks” Behavior
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Echoing the findings of Lesseig et al. (2019) “Time” is a context that was described by
all teachers as affecting the amount of proof they use in class, with teachers claiming that more
time would lead to more proof tasks. Contrary to expectations, the observed behavior did not
indicate that belonging to an honors class influenced the use of more proof in classes. Changes to

curriculum, on the other hand, did seem to have a noticeable impact on the amount of proof
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included in classes, as evidenced by the fact that when a new curriculum was adopted by one of
the schools, teachers reported that the amount of proof was first reduced, then increased in
response (See Figure E1 in Appendix E).

Figure 25 display behaviors that came up in conjunction with student anxiety surrounding
proof. Teachers described several main tactics when confronted by student worry. For one,
teachers both described and were observed using a wide range of problem-solving strategies and
heuristics in classes. Sometimes, as suggested by Schoenfeld (1979), these heuristics were
explicitly taught to students, and many of the heuristics observed in this study matched the
problem-solving strategies recommend by Polya (1945). These strategies were used by teachers
to help students struggling to start the proof, or who needed help finding the next step. In
addition, teachers helped alleviate student feelings of anxiety by acknowledging the difficulty of
proof and by encouraging students that practice will improve their performance. These three
behaviors helped students avoid frustration and encourage perseverance.

Figure 24

Factors Linked to Heuristics and Anxiety
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The structure of the two-column proof was observed in nearly every geometry class, and
in no non-geometry classes. In interviews, teachers frequently referred to the two-column proof
structure as “what we do here,” echoing the idea that the use the two-column proof structure is
largely due to history and tradition (Cirillo & Herbst, 2011). In fact, despite a recent curricular
reform towards more integrated mathematics at one school, the new curriculum still sequestered
the two-column proof structure to geometry lessons only. Combining this with the belief that
“students are able to learn with justification at a young age, and with proof only when they are
more mature,” it appears that the two-column proof structure is being used as an introduction to
“formal proof,” or demonstration type proof. Students do not see much, if any, demonstration
style proof prior to two-column proofs, and any demonstration type proof after geometry do not
use the two-column structure. This result is displayed in Figure 26.

Figure 25

Factors Linked with “Use of Two-Column Proof” Behavior
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Teachers also used community and groups when engaging in proof and justification.
Though many teachers used groupwork for proof tasks, only a few teachers gave proving tasks as
a student-led task rather than a teacher-led task. These teachers also mostly held the belief that
“groupwork is an effective way to teach proof” (See Figure E2 in Appendix E) .

Teachers also shared the belief that the norms surrounding the use of proof and

justification developed over time, and this was linked to two behaviors. Echoing the findings of
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Newton and Yackel (2022), teachers often took a central role in engaging students in this
process. One manifestation of this idea was the co-creation of knowledge banks. These
knowledge banks were either kept individually or collectively but gave students a list of what
was “known” to the community and also a process for adding new things to that list. Teachers
would refer to that list when working with students and use it as both a tool to help students see
possible options when working on proof, but also as a tool to help students understand how
deductive knowledge iteratively builds upon itself. Second, teachers worked to develop
consensus within student groups and within the broader mathematical community. Teachers also
asked students to convince one another or to convince the class when making claims (See Figure
E3 in Appendix E).

There is a relationship between using different proof techniques and the factors of
knowledge of proof techniques and curriculum (see Figure E4 in Appendix E). Interestingly,
though most teachers showed knowledge of different demonstration proof techniques, only one
teacher used a demonstration type proof that was not direct proof in their classes. The teacher
who used proof by contradiction to prove a theorem in their geometry class specifically made a
choice outside the curriculum to include it. For most teachers, the fact that alternative proof
techniques are not in the curriculum, until potentially advanced classes like Number Theory, was
cited as a reason for their exclusion.

Teachers also largely demonstrated knowledge of inductive and deductive logic during
their interviews. Several teachers described conversations with their students explicitly referring
to inductive and deductive logic, and three teachers were observed having those discussions in

classes. These discussions about the nature of mathematics itself may help students better
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understand what they are doing by helping them construct a more connected mental framework
of what mathematics is, and how it works (See Figure E5 in Appendix E).

This study also explored how teachers understand and conceptualize the “conceptual
reach” of their students when deciding on proof tasks. In Research Question 3, four themes were
identified. Interestingly, each of these themes connect with a specific belief identified in
Research Question 2. For the first theme, “Perception of Students’ Past Mathematical
Background,” some similarities exist with the belief that students can learn with justification
early, and proof only later. This theme and belief both describe students’ ability to do more proof
as they were exposed to more mathematics and developed more mathematical skills. The second
theme, “Complexity of Proof Task,” is related to the belief that scaffolding proof is important,
especially for weaker students. Both theme and belief describe how teachers might generate
proof tasks and tailor them to be appropriate for a given student population. For example, a
teacher was observed giving their students a list of possible statements and reasons to scaffold
their ability to complete the task. The third theme, “Current Categorical Ability Level of
Students,” pairs well with the belief that “students in honors classes are more capable of learning
with more rigorous proof and justification.” This theme and belief describe how teachers make
teaching decisions based on how teachers perceive students should be at a given “categorical
level” rather than based on the characteristics of specific students. The fourth theme,
“Anticipated Student Reaction to Proof” pairs well with the belief that students will be anxious
about proof tasks. The belief, in this case, is a subset of some of the negative reactions that
students might have towards proof which might affect teacher behavior. It is notable that each of

the emergent themes from Research Question 3 have a related belief from Research Question 2.
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Finally, Research Question 4 focused on determining where “conceptual reach” bests fits
on the Framework for Teacher Behavior. Is it a factor like belief or knowledge, or a factor
outside the teacher, like a characteristic of the students? The data collected from this study found
little evidence that conceptual reach directly drove teacher behavior when teaching proof but did
find some relationship between teacher belief profiles and their measured behaviors. This
reinforces the link between conceptual reach and teacher beliefs that emerged from the results of
Research Question 2 and Research Question 3. Teachers’ perception of their students’
conceptual reach was informed by the teachers’ beliefs. The relationship between teacher beliefs,
teachers’ perceptions of students’ conceptual reach and teacher behavior is displayed in Figure
217.

Figure 26

Conceptual Reach as Interplay Between Teacher Beliefs and Context
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Implications

Implications for Policy Makers. The results of this study have several implications for
policy makers. One finding of this study is that all teachers described time, or the lack of it, as an
important context consideration when deciding to use proof or justification in the classroom.

Policies that affect the amount of class time dedicated to teaching, like the implementation of
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additional standardized testing, may limit teachers’ ability to teach with more proof and
justification. When policy makers consider such measures, they should weigh the benefits of
additional testing against the costs of less meaningful instruction time.

In addition, the results of this study have implications for policy makers considering the
costs and benefits of implementing or removing tracking, like honors and non-honors classes,
from their secondary level mathematics programs. This study found little connection between
teaching honors classes vs standard classes on the frequency and type of proof, but most teachers
did express the belief that honors students were capable of more difficult proof activities. If a
school or district is considering removing tracking, it may be necessary to provide additional
support for teachers who hold beliefs that certain students are not capable of proof. If a school or
district is implementing new tracking, it would be important to work with teachers to ensure that
all tracks are given opportunities to do meaningful, as opposed to rote, proof and justification
activities.

Implications for Teacher Education. The results of this study also have implications for
teacher education. One of the results of this study suggests that teachers who had the belief
“norms surrounding proof and justification are established over time by a community” tended to
have students create resources like theorem banks throughout the course and use language that
supports the idea of developing group consensus. These strategies might help new teachers
develop similar communities in their own future classrooms.

Another common belief expressed by teachers in this study is that students are anxious or
worried about proof and justification tasks. The observed teachers demonstrated several
strategies for attempting to help students who are nervous about proof and proving, including

acknowledging the difficulty of the task and describing proving as a skill that can be improved
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with practice. Teachers also employed a wide range of heuristics when dealing with students
who are facing difficulties with proof, including listing givens and working backwards.
Encouraging future teachers to explicitly coach their students in these sorts of proof strategies
might help them better create environments where proof and justification exercises occur leading
to less anxiety and potential better outcomes.

Implications for Curriculum Design. The first and most important implication from this
study is that teachers cite that the time and curriculum prevent teaching with more frequent and
more varied justification. When designing curriculum, ample time needs to be provided for
meaningful proof and justification activities, otherwise they might be replaced by less time-
intensive tasks.

Additionally, including more varied types of proof throughout the curriculum might
benefit students in several ways. Teachers in this study overwhelmingly used demonstration type
proof in geometry classes but did so much less often in non-geometry classes. By encouraging
additional demonstration type proof tasks in more non-geometry classes, students will continue
to develop the logical communication skills associated with it.

The two-column proof structure was widely used for demonstration style proof in
geometry, but nowhere else. This was so ubiquitous that teachers, and likely students as well,
seemed to link the two-column structure with demonstration type proofs generally, and
moreover, link demonstration type proof with geometry specifically. As mentioned by teachers,
this link is reinforced by tradition and the curriculum. Unfortunately, this creates an unnecessary
hurdle for students to understand the nature of proof since it is so implicitly tied to the two-

column structure. There are two possible paths to deconstructing this linkage: including more
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two-column proof outside of geometry or putting more effort into using different structures
within geometry.

Implications for Teaching Practice. Student anxiety was frequently cited by teachers as
a concern when teaching proof. When engaging students in proof tasks, it may be important for
teachers to attend to this issue. Proof and justification exercise are often more complex and less
routine than other types of activities teachers may choose to use in their classrooms. The teachers
in this study demonstrated several teaching practices aimed at alleviating student anxiety:
acknowledging the difficulty of the task, emphasizing practice will lead to improvement, and
encouraging the use of heuristics.

Working in groups is often seen as a beneficial activity for students, but the nature of that
work is important. Working in groups on simple, close-ended exercises allows the students to
check with one another and potentially correct each other’s mistakes. Groups that tackle more
difficult or open-ended problems, like those often found in proving or justifying tasks, are likely
more engaged in the co-creation of knowledge.

Proof and justification tasks can also benefit from, and lead to, the co-development of
mathematical norms within classroom communities. By using language that explicitly
encourages students’ acceptance of new ideas, and having a community list of known theorems,
students are able to participate in the process of forming new knowledge. All teachers described
learning how to “construct logical arguments” as a major benefit of learning proof, and the
practice of co-developing norms within a classroom may help facilitate this outcome.

This research has several implications for high school mathematics teachers in particular.
First, this study provided a look into the proof related practices of various teachers. It may

benefit high school teachers to examine their own practice surrounding proof and justification in
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a similar way to better understand the amount and type of proof related tasks they are giving to
their students in practice. As in the case of standard vs honors students, teachers’ beliefs about
what they are doing may not match what is taking place in their classroom. Additionally, high
school level teachers should understand that proof and justification tasks may cause students
anxiety, which might affect the student's affect towards proof tasks, and ultimately the frequency
and type of proof tasks given to students. Efforts to reduce student anxiety, like assurances and
scaffolding might be important in creating an environment where both students and the teacher

are less resistant to doing proof tasks.

Limitations and Directions for Further Research

This study has several limitations that should be considered for future research. First, the
sample for this study is very homogeneous. All teachers in this study taught at medium sized
independent schools in New Jersey. The type of school, for example public vs private schools or
day vs boarding schools, might have substantial effect on teacher behavior. Moreover, other
location factors like the school district, state, urban vs suburban vs rural environments, may all
have impacts on teacher beliefs and teacher behavior. Future research should explore these
different contexts to determine if they produce noticeably different results. This research is only
one step of many needed to better understand how teachers are making decisions surrounding the
use of proof in their classrooms.

Second, this study largely used a case study methodology to explore the intersection of
teacher beliefs, knowledge, behavior and proof. This methodological choice, however, limits the
ability to generalize the results or make statistically significant claims. Other researchers have
conducted quantitative studies in areas related to this study. Stipek et al. (2001) have explored

how teacher beliefs affect behavior but not in the proof domain specifically, and Frasier and
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Panasuk (2013) used self-reported teacher behavior surveys rather than classroom observations.
Future studies could include a large enough sample size to make statistical claims but also
investigate the area of proof and justification specifically.

The methodology of this study involved classifying proof and justification tasks given by
teachers based on whether proof or justification was used, the type of proof or justification, and
if the task was teacher-led or student-led. There may be, however, other types of data on proof
tasks that could be of interest to future studies. For example, a more robust classification of proof
difficulty could help researchers understand if and how teachers are differentiating their proving
tasks between honors and standard level classes. Capturing specific teacher actions, like
scaffolding or the explicit teaching of heuristics, could also provide some insight into the actions
that teachers take in class to help students struggling with proof.

Another limitation of this study is that a participant may alter their behavior during
observation or create new lessons specifically for the benefit of the observer. Though teachers
were asked to not alter their lessons or teaching, it is possible that both teachers and their
students changed their behavior during lessons due to the presence of an outside observer.
Moreover, given that teachers were asked to invite the observer to specific lessons, it is also
possible that participants altered their lessons to accommodate the research being conducted.

In addition, the teachers in this study were able to exercise a high level of control over
their lessons. For example, both schools included teachers who had developed their own
handouts for class. One school had recently undergone teacher-led reform of their mathematics
curriculum. Additionally, both schools were independent schools, which meant that students
were subject to limited standardized testing. Therefore, with the exception the teachers of AP

Classes, teachers were not pressured to teach in preparation for an external test. These conditions
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provided a nearly ideal environment to examine teachers’ choices with limited influence of
external tests and curriculum. Schools that have significantly different contexts, like more
standardized curriculum and external pressure like standardized tests, might find that those
contexts have a much larger impact on teacher behavior than those in this study.

Finally, future research could explore further into the subdomain of conceptual reach.
Building on the research here, future studies could work towards understanding how teachers
operationalize conceptual reach in their classrooms. For instance, research could investigate if
teachers change their perception of the conceptual reach of given community over time, or if it is
static. This study also identified four themes regarding how teachers use conceptual reach to
make decisions about proof and justification in their classrooms. Future researchers could
explore if and how each of these themes relates to specific teacher behaviors.

Reflecting on this study, I have several suggestions for future researchers interested in
this area of research. First, effective interviewing is an important skill that takes practice, focus
and flexibility. In a semi-structured interview, staying on track while still allowing for flexible
discussions is quite difficult. Some sort of summary checklist would be a useful tool to keep
track of what was covered and ensure that all important topics were covered. Moreover, teacher
interviews, having many demands on their time, were often interrupted by students, other
teachers and changing environments. Maintaining flexibility is paramount, and so budgeting
more time for each interview than you expect is also important. Additionally, my microphone
setup worked extremely well at capturing teacher voices, as was intended. If student voices
needed to be captured, either as a part of the study or for context, my microphone setup would
have proved insufficient. Testing your equipment in a variety of situations, especially ones with a

lot of background noise, should be considered when looking to capture voice data. Finally, I
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would have liked to capture more types of data in my analysis of teacher proving, like some
measure of proof complexity or difficulty, which would have allowed me to perform some

additional analysis. This, in particular, is fertile ground for future research.

Closing Remarks

This study developed and refined the understanding of teacher decision making in the
subdomain of proof and justification. In particular, this study helps uncover what factors drive
teachers to use more and different types of proof in their classes. Moreover, we now have a
better sense of how teachers understand and operationalize the “conceptual reach” of their
students and how conceptual reach fits into the teacher behavior framework. These results have

potential implications for curriculum development and improving teacher practice.
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Appendix A: Standard Email

Dear Mathematics Instructor,

My name is Davidson Barr. I am conducting research looking into how and why
mathematics teachers include proof in their lessons. This research is part of my dissertation in
pursuit of a doctoral degree in Mathematics Education. I am recruiting teachers who teach both
Geometry and a non-Geometry mathematics class at a medium sized independent school in New
Jersey. This study will require two class observations followed by one interview of
approximately 1 hour. Participants who complete all three parts will be remunerated $75 for their

participation.

If you teach both Geometry and any other mathematics subject and are willing to
participate, please contact me at db3170@tc.columbia.edu . If you know someone who fits the
criteria and might be willing to participate, please forward them this email.

Thank you for your time and consideration!

Sincerely,

Davidson Barr

IRB Protocol 24-345
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Form

ission

: School Permi

Appendix B

APPROVAL TO CONDUCT RESEARCH IN SCHOOLS
To the Principal:

The research study described here has been reviewed by the Teachers College Institutional Review Board (TC IRE). This researcher is now seeking
teachers willing to cooperate in the study. Flease sign below if you agree to have teachers at your school participate in this study.

In order to begin the study, the researcher must submit this form and upload it as a Modification on TC IRB Mentor online — signed by the
principal of each school that will possibly have teachers participating in the study.

Researcher/Primary Investigator: Davidson Barr
Title of Study: Exploring the Factors Influencing Teachers’ Use of Proof and Justification in the Classroom

TC IRB Protocol Number:

Research Will Involve:

Cooperating School Start Date of Data Collection School's Responsibilities

For this study, the researcher must conduct teacher observations,
and, therefore, requests access to classrooms upon invitation by
the participating teacher. The paricipating teachers are
encouraged not to alter or change their lessons in any way. Audio
recording of the teacher will take place via lapel microphone, and
any audio captured of anyone else, including students, will be
removed in the transcription process. Audio data will be secured
on a password protected hard drive and all audio files will be
deleted at the conclusion of the transcription portion of the study.

Signature Date School
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Appendix C: Informed Consent Form

INFORMED CONSENT

Protocol Title: Exploring the Factors Influencing Teachers' Use of Proof and Justification in
the Classroom
Principal Researcher: Mr Davidson Barr, Teachers College
db3170@tc.columbia.edu, 708-421-6102

INTRODUCTION You are invited to participate in this research study called "Exploring the
Factors Influencing Teachers' Use of Proof and Justification in the Classroom.” You may
qualify to take part in this research study because you are teach Geometry and at least one
additional mathematics subject in a medium sized private school in New Jersey.
Approximately 6-8 people will participate in this study and it will take 3 hours of your time
to complete over the course of three days.

WHY IS THIS STUDY BEING DONE? This study is being done to determine better
understand how and why teachers make decisions with regards to the use of proof and

justification in their classrooms.

WHAT WILL [ BE ASKED TO DO IF I AGREE TO TAKE PART IN THIS STUDY? [fyou
decide to participate, the primary researcher observe on Geometry class, observe one non-

Geometry class, and individually interview you after both observations are complete.

During the observations, you will be asked to wear a small microphone to capture your
voice. [n addition, you will be asked to provide the researcher copies of any classroom
materials (like worksheets). For the individual interview, you will be asked to discuss your
view of proof and justification, and discuss how you make decisions about how and when
to teach using proof and justification. The interview will be audio-recorded and any
artifacts produced, like written work, will be collected. After the audio recording is written
down [transcribed) the audio recording will be deleted. If you do not wish to be audio-
recorded, you will not be able to participate. The interview will take approximately sixty
minutes. You will be given a pseudonym in order to keep your identity confidential. The
audio recordings will be destroyed after the analysis is complete.

The two observations will take place during your class. One observation will be of a
Geometry class and the other of a non-Geometry class. For both classes, [ ask that you
invite me to the class based on if you believe that the class contains some proof or
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justification. For both observations, | will ask that you simply conduct the lesson as you
would normally.

The observations will be conducted at your classroom, and the interview will be conducted
at a place and time convenient to you. The interview may be conducted in person or over
zoom based on your preference.

WHAT POSSIBLE RISKS OR DISCOMFORTS CAN [ EXPECT FROM TAKING PART IN THIS
STUDY? This is a minimal risk study. which means the harms or discomforts that you may
experience are not greater than you would ordinarily encounter in daily life while taking
routine physical or psychelogical examinations or tests. However, there are some risks to
consider. You might feel some stress discussing your students, teaching, and the factors
that affect your decisions. You do not have to answer any questions or share anything you
do not want to talk about. You can stop participating in the study at any time without
penalty. You might feel concerned that things you say might get back to your supervisor or
school. Your information will be kept confidential.

The primary researcher is taking precautions to keep your information confidential and
prevent anyone from discovering or guessing your identity, such as using a pseudonym
instead of your name and keeping all information on a password pretected computer.

In addition, all in person data collection carries the risk of exposure to infectious viruses
like COVID-19. I will follow any infectious disease related safety protocol required by your
school, and I will wear a mask if it is required by the school or requested by the participant.

WHAT POSSIBLE BENEFITS CAN [ EXPECT FROM TAKING PART IN THIS STUDY? There
is no direct benefit to you for participating in this study. Participation may benefit the field

of teacher education to better understand how and why teachers make decisions involving

the use of proof and justification in their classrooms.

WILL I BE PAID FOR BEING IN THIS STUDY? You will be paid $75 after both observations
and the interview is completed. There are no costs to you for taking part in this study.

WHEN IS THE STUDY OVER? CAN [ LEAVE THE STUDY BEFORE IT ENDS? The study is
over when you have completed the two class observations and the individual interview.
However, you can leave the study at any time even if you have not finished.

PROTECTION OF YOUR CONFIDENTIALITY The primary researcher will keep all written
materials locked in a desk drawer in a locked office. Any electronic or digital information
(including audio recordings) will be stored on a computer that is password protected. What

Page 2 of 4
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CHERS COLLEGE

is on the audio recording will be written down and the audio recording will then be
destroyed. There will be no record matching yvour real name with your pseudonym.

For quality assurance, the study team, the study sponsor (grant agency), and/or members
of the Teachers College Institutional Review Board (IRB] may review the data collected
from you as part of this study. Otherwise, all information obtained from your participation
in this study will be held strictly confidential and will be disclosed enly with your
permission or as required by U.S. or State law.

HOW WILL THE RESULTS BE USED? The results of this study will be published in journals
and presented at academic conferences. Your identity will be removed from any data you
provide before publication or use for educational purposes. Your name or any identifying
information about you will not be published. This study is being conducted as part of the
dissertation of the primary researcher.

CONSENT FOR AUDIO RECORDING Audio recording is part of this research study. You
can choose whether to give permission to be recorded. If you decide that you don't wish to
be recorded you will not be able to participate in this research study.

| give my consent to be recorded

Signature

WHO MAY VIEW MY PARTICIPATION IN THIS STUDY

__ I consent to allow written and/or audio-recorded materials viewed at an educational
setting or at a conference outside of Teachers College, Columbia University

Signature
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WHO CAN ANSWER MY QUESTIONS ABOUT THIS STUDY?

If you have any questions about taking part in this research study, you should
contact the primary researcher, Mr. Davidson Barr, at 708-421-6012 or at
db3170@tc.columbia.edu . You can also contact the faculty advisor, Dr. Wasserman
at wasserman@tc.columbia.edu.

If you have questions or concerns about your rights as a research subject. you should
contact the [nstitutional Review Board (IRB) (the human research ethics committee) at
212-678-4105 or email IRB@tc.edu or you can write to the IRB at Teachers College,
Columbia University, 525 W. 120%™ Street, New York, NY 10027, Box 151. The IRB is the
committee that oversees human research protection for Teachers College, Columbia
University.

PARTICIPANT'S RIGHTS

+ [haveread the Informed Consent Form and have been offered the opportunity
to discuss the form with the researcher.
+ [have had ample oppertunity to ask questions about the purposes, procedures,

risks and benefits regarding this research study.

¢ [understand that my participation is voluntary. [ may refuse to participate or
withdraw participation at any time without penalty.

o The researcher may withdraw me from the research at any time if the researcher
believes that [ am experiencing high levels of distress from interview questions
related to the research.

o [f during the course of the study. significant new information that has been
developed becomes available which may relate to my willingness to continue my
participation, the researcher will provide this information to me.

« Anyinformation derived from the research study that personally identifies me
will not be voluntarily released or disclosed without my separate consent, except
as specifically required by law.

+ Your data will not be used in further research studies.

o [ should receive a copy of the Informed Consent Form document.

My signature means that [ agree to participate in this study:

Print name: Date:

Signature:
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Appendix D: Interview Protocol

Interview Questions

The interviews will take place at a time and place convenient {0 the paricipants. Use of
software like Zoom to meet online is also an option. The total iime expected per interview is
approximately 65 minutes.

Part 1: Background Questions

Participants will be asked basic background information relevant to the teaching of proof.
(RRRIOX 5 mins)

1. Did you take a “proof based course” in college or graduate school? Y/N What kinds of
courses were those and why do you consider them proof based?

2. How many mathematics education and mathematics (approximately) courses did you
take at the undergraduate and graduate level? What courses are you currently
teaching?

3. How many years have you been teaching? How many at this school?

4. What courses have you taught within the last five years?

5. For each degree received, state the major field of study, and the degree received.

Part 2: Knowledge of Proof Questions
up questions or more detail. A copy of these questions will be provided to the participant, but

their responses will be spoken, not written. (approximately 20 mins)

1. Inyour teaching, what does proof look like? Do you make a distinction between proof
and justification? If so, what is it and what does the distinction look like in your teaching

2. If you were to give your students a conditional statement to prove, for example
something in the form if X then Y, what sorts of strategies would you encourage your
students to use to explore the statement and prove it?
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3. What types of proving techniques do you commonly teach your students? Are there
other proof technigues that you know that you don't usually teach to your students?

4. Imagine that you receive the following student responses to the following questions.
Comment on how you would view each response in your class. How many points out
of 10 would you give each answer?

Student Response 1:

Question: Prove that if ABCD is a parallelogram, the diagonals AD and BC bisect one
another.

| created a parallelogram using Geometry Software. First, | drew AF and then AC, and then
used the parallel line tool to draw lines the €D and BD parallel to AR and AC respectively. |

labeled their intersection point E. Then | drew in AD and BC. Finally, | measured AE, EC, DE,
and DB using the length teol. | can drag around point A and make many different

parallelograms, and all of them show AE = DE, and BE = CE so AD bisects BC and BEC
bisects AD.
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Student Response 2:
Question: Prove that if ABCD is a parallelogram, the diagonals AD and BC bisect one
another.

Statement Reason
£ABC = +DCB A £BAD = CDA Since AF is parallel to CD, alternate interior
angles are congruent.
AB =D Since ABCD is a parallelogram, opposite
sides are congruent.
MABE = ADCE Angle Side Angle Triangle Theorem
AE = DE. BE =TCE Corresponding Parts of Congruent Triangles

are Congruent

AD bisects BC, BC bisects AD Definition of Bisection

169




Student Response 3:
Question: Prove that no two angles in a triangle can be supplementary.

Assume we have AABC, with £ABC supplementary to £BAC. Then m£4BC + meBAC = 180°.
We also know that the sum of all interior angles of a triangle must be equal to 180 degrees.
Since m£ABC + me BAC = 1807, it must be true that me ACE = 0°. But no angle on a triangle
can be 0 degrees, therefore, m£ABC + m«BAC cannot be 180 degrees, and therefore
m£ABC and m£BAC cannot be supplementary.

Student Response 4:
Question: Prove the following true or false: The diagonals of a parallelogram are always
congruent.

I drew this parallelogram using geometry software. DB and AC do not appear to be
congruent.

5. For Student Responses 1, how would you react to the student response if the question
asked the student to “justify” rather than “prove™?

6. What strategies for proof solving would you recommend to a student who was

struggling with proof in general?

Part 3: Belief Questions
The questions here are semi-structured and follow up questions may be asked if the
interviewer feels more detail is needed. Questions 4-6 will be repeated several times (25

mins)
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The following questions will only be asked once.

1.

2.

How can a teacher best facilitate students’ learning of proof and proving?

How important is proof to mathematics? What is the purpose of teaching proof?

When should students start learning mathematical justification? When should they start
learning proof?

How important is “justification” to mathematics at the secondary school level?

If you were to alter the current curriculum, would you include more or less time for
mathematical justification? For proof and proving?

What sorts of students benefit most from learning proof?

If you engage in differentiated instruction during class, do you use proofs as a

differentiated activity?

For the following questions, a specific lesson segment from the observed lesson will be

presented to the participant. If an artifact was used in this lesson segment, this will be

referenced as well. This set of questions will be repeated several times with different lesson

segments.

8.

Why did you decide to include this type of proof or justification for this lesson segment
here? There may be many factors, so feel free to list as many as you feel are
important.

What specific skills, relationships, strategies, or concepts were you looking to develop

with this lesson segment? Again, there may be more than one.

10. Do you think the lesson segment of justifying or proving in this case was important?

Why?
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Part 4: Conceptual Reach Questions

The following questions concern the conceptual reach of the students. The questions are

semi-structured, so the interviewer may ask some follow up questions if additional detail is

needed. Class A and Class B refer to the Geometry class gbserved and the non-Geometry

class observed respectively. (approx 10 mins)

1.

activities, including proof and justification activities, to include or exclude. What sorts of
factors do you consider when determining what kind of activities to use in each class?
| observed that you included this kind of proof and justification morefless in Class A/B
than in your other class. Why did you make that choice?

Would you say that Class A and Class B are able to handle different amounts or levels
of proof and justification? If yes, how would you describe the difference? Is it the
material? Is it the students?

What sorts of activities and problems might be appropriate for Class B, but outside of
the reach of Class A? Is there anything outside the reach of Class A but within the
reach of Class B? What accounts for the difference?

Have you ever taught two classes of the same course, for example two classes in

Geometry, where you felt the need to alter proving activities between them? If so, why?
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Appendix E: Additional Figures

Figure E1

Factors Linked with “Using More Proof” Behavior
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Figure E2

Factors Linked with “Student-led Proving Tasks” Behavior
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Figure E3

Factors Linked with “Co-Creating Knowledge” and “Developing Consensus” Behaviors
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Figure E4

Factors Linked with “Different Proof Techniques” Behaviors
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Figure ES
Factors Linked with “Meta-Discussions” Behaviors
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