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ABSTRACT: The tidal Love numbers parametrize the conservative induced tidal response
of self-gravitating objects. It is well established that asymptotically-flat black holes in
four-dimensional general relativity have vanishing Love numbers. In linear perturbation
theory, this result was shown to be a consequence of ladder symmetries acting on black
hole perturbations. In this work, we show that a black hole’s tidal response induced by a
static, parity-even tidal field vanishes for all multipoles to all orders in perturbation theory.
Our strategy is to focus on static and axisymmetric spacetimes for which the dimensional
reduction to the fully nonlinear Weyl solution is well-known. We define the nonlinear Love
numbers using the point-particle effective field theory, matching with the Weyl solution to
show that an infinite subset of the static, parity-even Love number couplings vanish, to all
orders in perturbation theory. This conclusion holds even if the tidal field deviates from
axisymmetry. Lastly, we discuss the symmetries underlying the vanishing of the nonlinear
Love numbers. An sl(2,R) algebra acting on a covariantly-defined potential furnishes ladder
symmetries analogous to those in linear theory. This is because the dynamics of the potential
are isomorphic to those of a static, massless scalar on a Schwarzschild background. We
comment on the connection between the ladder symmetries and the Geroch group that is
well-known to arise from dimensional reduction.
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1 Introduction

The black holes of general relativity famously display an astonishing beauty and simplicity [1].
Not only do black hole solutions appear to be simple, uniquely characterized in terms of a
few external macroscopic parameters (mass, spin, and charge) and constrained by general
no-hair theorems [2—-11], but this simplicity is in turn inherited by their perturbations. One
notable example is given by a black hole’s linear, static tidal response [12-14]. The tidal
deformation of a compact object in a gravitational theory is parametrized in terms of a
set of coefficients, which can be distinguished into two classes depending on whether they
describe the conservative or the dissipative part of the response, induced by an external
long-wavelength gravitational tidal field [15, 16]. The conservative coefficients are often



referred to as tidal Love numbers, and together with the dissipative numbers they carry
relevant information about the physics of the compact object in question.

It is by now well-known that, in contrast to generic self-gravitating bodies, the Love
numbers of (asymptotically flat) black holes in four-dimensional general relativity vanish
identically [12-14, 17-26]. The mysterious nature of this vanishing is accentuated in the
worldline effective field theory (EFT) approach to tidal deformations, where it translates into
the absence of a set of Wilson couplings of quadratic, higher-derivative, static operators in the
EFT [15, 27-32]. This effectively makes black holes indistinguishable (in the static limit) from
elementary point particles when seen from long distances, at least as far as linear perturbation
theory is concerned. This property, which had for a long time been known as an outstanding
naturalness puzzle in the infrared description of compact sources in gravity [28, 33], has
recently found an explanation in terms of a hidden structure of exact ladder symmetries for
static perturbations around black holes [20-22, 34, 35].1 The ladder symmetries constrain the
solution of the linearized perturbations to take the form of simple polynomials in the radial
coordinate, and enforce the vanishing of the Love numbers. Their existence is a manifestation
of the aforementioned special and elementary nature of black holes in general relativity.

Intriguingly, this is not yet the end of the story. The relation between vanishing Love
numbers and hidden symmetries of general relativity has to date been established only
within the scope of linear perturbation theory. However, recent results have shown that
Love numbers of Schwarzschild black holes are zero beyond just linear theory [18, 40-43]
(see also [44] for a scalar field example). Recently the nonlinear Einstein equations were
solved in the static limit at quadratic order in the fields and to all orders in the multipolar
expansion, including both even and odd perturbations [43]. The quadratic solutions can in
general be written analytically in closed form as simple, finite polynomials, and the quadratic
Love number couplings vanish at all orders in derivatives in the worldline EFT, precisely
as occurs for linear perturbations [43]. These results hint at a putative resummation to an
underlying hidden symmetry at the fully nonlinear level.?

A notable example of such a resummation with obvious relevance to the low-frequency
physics of black holes is the Weyl class of solutions [46]. In particular, any static,® axially-
symmetric vacuum solution in general relativity may be written as a Weyl metric [48, 49],

ds3 = —e~dt? + ¥ 2 (dp? + d2?) + pPd¢?] . (1.1)

Here t and ¢ are coordinates adapted to the temporal and angular Killing vectors, while p
and z are the so-called Weyl canonical coordinates.? The potential ¢ and conformal factor
are functions of p and z. The Weyl formulation has the remarkable property that a solution

See [36, 37] for a different proposal based on symmetries in a near-zone approximation, [38] for the role of
electric-magnetic duality in the vanishing of gravitational Love numbers, and [39] for a study of more general
spherically symmetric and static backgrounds.

2We emphasize that we are working in the exact time-independent limit. There is also evidence for
symmetries at low frequency in the near-zone approximation [21, 36, 37, 45].

3Here we mean static as opposed to stationary; both possess a timelike Killing vector, but static spacetimes
additionally lack time-space cross terms in the metric [47].

“The coordinates (p, z) can be thought of as cylindrical coordinates in an auxiliary flat space, although we
stress that they do not necessarily have such an interpretation in the physical spacetime.



to the full, nonlinear Einstein equations may be obtained by solving a linear equation for v,°
2 1 2
8p+;3p+8z ¥ = 0. (1.2)

The ansatz (1.1) has been used in [18] to show that all (Weyl) multiple-moments of a
tidally deformed Schwarzschild black hole must match those of an undeformed one, at the fully
nonlinear level for axisymmetric configurations (see also the recent [50]). In [18], the induced
nonlinear deformation of the black hole was defined in terms of source integrals [51], following
the Geroch-Hansen definition of asymptotic multipole moments [52-55]. This result suggests
a large class of nonlinear Love numbers, suitably defined, are zero. A different strategy,
making use of a charged black hole and a charged particle and taking the vanishing charge
limit in the end, was adopted by [41] to deduce the nonlinear tidal response of black holes.

In this work, we make progress in two main directions. First, we define the nonlinear
Love numbers as in [42, 43, 56] at the level of the point-particle EFT. This will allow us
to systematically define the nonlinear response of the object in a way that is not affected
by ambiguities, due to e.g., coordinate choice or nonlinear mixing. By performing explicitly
the matching with the EFT we will conclude that the nonlinear Love number couplings
of an infinite subset of operators involving parity-even fields only vanish to all orders in
perturbation theory. An advantage of the EFT matching procedure is that it makes clear,
even though the nonlinear solution used for matching is axisymmetric, the resulting conclusion
of vanishing Love number couplings goes beyond axisymmetry. In addition, we show that
the ladder symmetries of [20, 21] admit a fully nonlinear extension at the level of the Weyl
metric (1.1), which is responsible for the vanishing of the nonlinear Love numbers. We further
demonstrate the relation between these nonlinear symmetries and the Geroch symmetry that
is well-known to be associated with dimensional reduction to two dimensions [57-65].

The paper is organized as follows, in accordance with four main points:

o An axisymmetric, static metric in general relativity takes the Weyl form as in eq. (1.1).
The corresponding fully nonlinear Einstein equations imply a linear equation (1.2) for
1. How these come about is best explained by the logic of dimensional reduction. This
is discussed in section 2.

e Breaking ¢ into the Schwarzschild background gy, and perturbation 1& (without
assuming 1[} is small), the equation of motion for @E can be solved to show that it does
not have a tidal tail, i.e., tail being one that decays as some power of radius at large
distances. This is discussed in section 3.

e The absence of a tidal tail for @ZA) is suggestive of vanishing Love numbers. To confirm
this is the case, we make use of the EFT of the black hole as a point object, in which
Love numbers, linear as well as nonlinear, are clearly defined. We demonstrate the
vanishing of the Love number couplings associated with an infinite subset of operators
involving only even perturbations (but to all orders in the number of spatial derivatives
and in the number of fields). This is done by matching with the Weyl solution. Even

5The conformal factor v is determined by a constraint equation.



though the Weyl solution is axisymmetric, the vanishing of all the even Love number
couplings goes beyond axiysmmetry. This is discussed in section 4.

e The dynamics governing zﬁ has symmetries which are ultimately responsible for the
phenomenon of having no tidal tail. These are explained in section 5. One can think of
them as the nonlinear generalization of the ladder symmetries discussed in [20, 35]. We
connect them with the well-known Geroch group for dimensionally reduced spacetimes.

Points 1 and 2 are essentially known results, albeit repackaged. Points 3 and 4 are the
main new results. We conclude in section 6 with a few thoughts on interesting issues to be
explored in the future. Several appendices follow up with technical details: appendix A goes
over dimensional reduction, appendix B gives a brief overview of Geroch and Hartle’s proof
of the regularity of the distorted potential, appendix C connects the Weyl gauge and the
Regge-Wheeler gauge in first order in perturbation theory, appendix D contains a discussion
on a convenient way of arranging operators in the point-particle EFT, appendix E summarizes
how the horizontal ladder symmetries and the Wronskian are related, and appendix F is a
primer on Geroch symmetry, focusing on aspects relevant to our problem of interest.

Notation and conventions. We adopt units such that ¢ = A = 1 and use the mostly plus
signature for the metric, (—, +, +,+). We use both the Newtonian gravitational constant G
and the reduced Planck mass M1;12 = 87 to describe the coupling strength of gravity.

We work at various points in D = 2, 3, 4-dimensional spacetimes with metrics g2 45, 93,i5,
and g4, respectively. To avoid confusion we reserve Greek letters p,v,--- =0,1,2,3 for 4D
spacetime indices, mid-alphabet Latin letters i, 7, k,... = 1,2,3 for 3D spatial indices, and
Latin letters a,b,... = 1,2 for indices on the 2D spatial manifold obtained from reduction
along the azimuthal isometry direction, e.g., z% = (r,0).

Objects associated to these metrics are distinguished either explicitly with subscripts
or implicitly by their indices, as needed; for instance, V; is the covariant derivative with
respect to g3, rather than the spatial component of the 4D covariant derivative V. We use
€a,--ap b0 refer to the totally antisymmetric Levi-Civita tensor in D dimensions, in particular
€0123 = \/—94, €123 = V93, and €12 = /g2. In forms notation, where there are no indices,
we will write the Hodge star in D dimensions as xp and reserve the star operator for 2D,
* = %9. The symbol (---) denotes symmetrization over the enclosed indices with subtraction
of traces, e.g., A, B, = %(AMBV + A,B,) — %AO‘BagW.

Note added. During the completion of this work, we have become aware of a similar work
by Antonio Riotto and Alex Kehagias [66], and have coordinated the arXiv submission. Our
major conclusions, where they overlap, agree.

2 Dimensional reduction and the Weyl ansatz

In this paper we are principally interested in four-dimensional vacuum spacetimes that are
static and axisymmetric. This means that there is a coordinate system a* = (¢, 2%, ¢), with
a = 1,2, such that £ = J; and 1 = 9y are Killing vectors and the line element is invariant



under t — —t.5 As is well-known dating back to the work of Kaluza and Klein (KK), if
one restricts oneself to the solution space of metrics invariant under a given Killing vector,
general relativity can be dimensionally reduced to an Einstein-Maxwell-dilaton theory in one
fewer dimension. Some remarkable simplifications happen when one reduces to three and
two dimensions, resulting in the Weyl metric (1.1) and Laplace equation (1.2).

In this section we will provide a brief overview of dimensional reduction with the goal of
quickly arriving at the Weyl metric and its Einstein equations. A more detailed exposition
is presented in appendix A. While the discussion in this section is useful for a deeper
understanding of the Weyl construction, for readers interested in getting to the punchline
of vanishing nonlinear Love numbers quickly, much of it can be skipped. The key results
are: the Weyl form of the metric, which follows from eq. (2.1); the Laplace equation (2.8),
which follows from the Einstein equations; and the mapping of the Schwarzschild solution
between Schwarzschild (r,6) and Weyl (p, z) coordinates, in particular egs. (2.15), (2.16),
(2.19) and (2.20).

2.1 Reduction to Weyl and Laplace

One can perform the KK reductions in either order, and obtain different (though of course
dual) descriptions [57-65]. To study Love numbers it is convenient to reduce first along ¢
and then ¢, parametrizing our metric as

ds? = —e7¥dt? + e¥ds?, (2.1a)
ds3 = p?d¢? + eds3. (2.1b)

By construction, we exclude cross-terms involving the isometry directions, gy = g¢q = 0.7
The metric components are encoded in the 2D fields ¢ (z%), v(z%), p(z®), and g qp(2*). The
four-dimensional Einstein-Hilbert Lagrangian reduces to, up to total derivatives:

ViR = v (R 20p-0v - J007) (22)

Indices are raised and lowered with go. In the absence of sources we can use the equations
of motion to simplify the dynamics considerably. Varying with respect to v we obtain an
equation of motion for p,

Oop =ViVup = 0. (2.3)
The variation with respect to v yields its own equation of motion,
Ve (pVat)) = 0. (2.4)

To compute the conformal factor v we project the 2D Einstein equation along d,p,

1
Dary = 3P0 10y $0"p. (2.5)

5We assume £ is timelike and 7 is spacelike, and that ¢ is periodic with period 27. Crucially we also assume
¢ and n commute.

"We thus limit ourselves to the subset of perturbations invariant under time reversal and ¢ reflection.
Appendix A provides more general expressions including these terms. It can be seen setting them to zero is a
consistent truncation.



This is a constraint equation; once we have a solution for ¥ we may integrate it to find ~.
With the equations of motion (2.3), (2.4), and (2.5) under our belt, we now take advantage
of the fact the two-dimensional metric is conformally flat, i.e., we can find coordinates x® for
which g2 o5 = f(2%)dap. In fact, we can absorb this conformal factor f into the definition of
e to set go = 6. Once this is done, the p equation of motion (2.3) tells us p(z®) is a harmonic
function on R2. This allows us to treat p as a coordinate rather than a field (as long as it is
not constant). This harmonic coordinate system is known as Weyl canonical coordinates,

x* = (p, 2), (2.6)
where z is defined as the dual to p,®
Ouz = €,°0pp. (2.7)

Note that the 2-metric in these coordinates is then dp? 4 dz2.”

In Weyl canonical coordinates (p, z) the ¥ equation of motion (2.4) takes the form (1.2),°
2 1 2
<8p + ;3,, + 82) ¥ =0. (2.8)

This equation has a simple interpretation. Treating p and z as the radial and height
coordinates, respectively, of a cylindrical coordinate system (p, ¢, z) in a fictitious flat 3-
space,!! this is simply the Laplace equation for ) = 1(p, z). Remarkably this equation is
linear, even though we are still working with fully nonlinear general relativity. The linearity
of the 1 dynamics can be traced all the way to the beginning: dimensional reduction yields
a quadratic action for 1, cf. eq. (2.2).

Note that while we performed the dimensional reduction in a particular coordinate
system, the fields have coordinate-invariant definitions in terms of the Killing vectors,

Z=—c? EnF=-p (2.9)

Of course this is just because we chose the coordinates (¢, ¢) to be aligned with the isometry
directions.

8This equation is justified most easily in forms notation: eq. (2.3) may be written d x dp = 0, from which it
follows that there exists a z satisfying dz = — x dp.

9We emphasize that this construction only works in the absence of sources; if (ap # 0, then z as defined
in eq. (2.7) does not exist, and we must again treat p as a field, not a coordinate. This will be relevant in
section 4 when we couple gravity to a delta-function source.

10The components of eq. (2.5) are

0y = 1 (0p0)° — (0:0)°), .7 = 20,00,

HWe call it fictitious because it is not a t = const. slice of the full spacetime, which in general is curved.
Nevertheless it is a useful organizing principle for axisymmetric configurations, since we do not care about the
¢—¢ metric component of the 3-space.



2.2 Schwarzschild as a Weyl solution

The Schwarzschild metric describing a non-rotating black hole of mass M, in Schwarzschild
coordinates, is

1

dsi ., = —f(r)dt* + 7 )dr2 + r2(d6? + sin? 0d¢?), (2.10)
T
where
fr)=1-2, ry=2GM. (2.11)
T

This metric is static and axisymmetric with coordinates adapted to its temporal and azimuthal
Killing vectors, so it is of the Weyl form. Comparing to the Weyl metric we see that, reducing

along t,'2 1 is given by
e Ysen = f(y), (2.12)
while the 3-metric
ds? = dr? + A(r)(d6? + sin” d¢?) (2.13)
is the effective metric seen by a static scalar on Schwarzschild [20]. Here we have defined
A(r)y=r2f(r) =r(r—ry). (2.14)
Further reducing along ¢ we see
p=VAsinb, e®dss = dr? + Ad6>. (2.15)

To finish the dictionary between Schwarzschild coordinates and Weyl canonical coordinates
we integrate eq. (2.7) to find z(r,0),'3

1 s
z = §A' cosf = (r - T2> cos 6. (2.16)

The inverse coordinate transformation is
l+ +l_+rg
r=————
2
Iy —1_
cosf) = ——, (2.17Db)

Ts

I = \/p2 + (zj: T;)Q (2.18)

2There is a dual description in which we reduce along ¢ before t. Then e~% = 72 sin? 0, while p is unchanged,

(2.17a)

where we have defined

as it is the determinant of the components of the vielbein in the (¢, ¢) directions. The Lagrangian is the same
for both reductions, as is the combination A%e¥ which appears in the 4D metric determinant V=i

13By this we mean solving the system of first-order partial differential equations (0,z,0pz) =
(A71/289p7 —A1/28rp) obtained by computing the components of eq. (2.7).



If we view (p, z) as Cartesian coordinates for the 2D plane, then the Schwarzschild coordinates
are elliptic coordinates, since curves of constant r are ellipses; in the 3D picture, where the
Weyl coordinates are part of a cylindrical coordinate system, (r,6) correspond to two of
the prolate spheroidal coordinates.

In Weyl coordinates the horizon r = r4 is a line segment of length r4 on the z-axis, i.e.,
p =0 and [z| < %. Indeed we may interpret g, as (up to a factor of —2) the potential
for a constant-density line mass,

o+ +5) )+ (- 5)

o+ e+ 5+ + (- 5) 4+

There is a multiplicative ambiguity between gs ., and 7sq,; making the conventional choice

YPsech = —In (2.19)

ds? = dp? + dz?, the conformal factor v is'*

r2 sin? 6

—27sch — 1
e + N

(2.20)

3 Distorted black holes

We are interested in a distorted black hole [67], by which we mean one placed in a static,
external tidal environment. Focusing on %, let us split

% = tsen + 1, (3.1)

where the distorted potential 1/3 is a (not necessarily small) perturbation away from the
Schwarzschild background tsq,.'® The linearity of the 1 equation of motion is such that
¢ itself obeys the same Laplace equation (2.8).

Using the same (7,6) coordinates as defined by egs. (2.15) and (2.16), the Laplace
equation for @ZA) can be rewritten as

0, (AB,) + Sﬁae (sin60p9) = 0. (3.2)

This is exactly the same equation as that for a massless, static scalar on a Schwarzschild
background (in standard Schwarzschild coordinates), with 84)1/3 = 0 for an axisymmetric field
configuration.'6 Thus from existing results (e.g., [20]), we already know ¥ cannot develop
a tidal tail. Let us review that argument.

We note that v may be computed without explicitly solving for z(r, ). In particular, defining e*”(dp® +
dz?) = Gapdz®dz® and noting that dp = d.pdz® and dz = — xdp = —€% dupda®, it is straightforward to
show that

- g“”aapabp.
This may be useful in cases where integrating eq. (2.7) is less trivial than it is here.

15Tn fact ~ also receives a linear distortion, despite obeying a nonlinear equation of motion [67]. We will not
be concerned in this work with explicitly computing .

6The fact that this happens relies crucially on the axisymmetry of ;/A; (or ). In Weyl coordinates, the
Laplace equation (2.8) means 1& lives effectively in 3D flat space with the metric ds® = dp? + dz? + p?dé>.
Turning to (7,0, ¢) coordinates as defined by egs. (2.15) and (2.16), the 3D flat space metric takes the form
ds? = e7?15eh (dr? 4 Ad#?) 4 Asin® 0d¢?. This is decidedly not the effective 3D metric ds® = dr? + Ad6? +
Assin® §d¢? seen by a static scalar on a Schwarzschild background [20], which is in fact the object we called
gs,i; in the previous section. Nonetheless, it can be checked that if d41) = 0, the resulting scalar equation of
motion on either 3D background takes the exact same form.



We solve for v using separation of variables,'”

D(r,0) = > thy(r)Py(cos ), (3.3)
0

where / is the angular momentum quantum number, and Py is the Legendre polynomial (also
known as Legendre function of the first kind), satisfying

1 .
M@g (sm Qﬁgpg) = —f(f + 1)Pg . (3.4)
Interestingly, writing the Laplace operator in (r,#) coordinates we find that f@g also obeys
a Legendre equation, with the role of cos replaced by A’/rs = (2r/rs) — 1. The most
general solution is thus

O, 0) = %j [agpZ (27“ - 1> + Qe (ff _ 1)} Py(cos6), (3.5)

Ts s

where ay, by are constant coefficients, and P, and @)y are Legendre functions of the first and
second kind, respectively. The asymptotics of P, and @, are as follows:

2 20—1)1 /2 ¢ 2 +
p£<7‘_1) rooo (261N <7°_1> , pg<r_1) o, (3.6a)
Ts 0! Ts s
2r r—00 14 (27‘ ) —=1 (27" ) rord 1 2(T_Ts)
—1] = ———-1 ——1 ——In————-=. 3.6b
QZ(TS ) (20+1)1 \ 7 ’ Qe Ts 2" Ts (3.60)
It is worth emphasizing that Py (z—: — ) is a polynomial with only non-negative powers of

r (and dominated by r‘ at large r), while Q, (z—: — ) does have negative powers of r at

large r. In other words, it is only @, that contains the tidal tail, going as 1/r‘*!

at large
r. Intuitively one can think of P, as the external tidal field, and Q, as the tidal response
of the object in question, in this case the black hole.'®

At this point, we can invoke a result due to Geroch and Hartle, namely that 1[) must be
smooth on the horizon [67]. Put in another way, what they showed is that as one approaches
the horizon, the full ¥ = ¥gq, + zﬁ for a distorted black hole must give rise to exactly
the same distributional singularity as that for a Schwarzschild black hole. Thus, the (not
necessarily small) perturbation 1[1 must be regular on the horizon. A brief summary of their

derivation is given in appendix B.

"That a separable solution in these coordinates exists is due to standard arguments in the theory of
differential equations, namely that the Laplace equation in flat 3D space is separable in prolate spheroidal
coordinates [68].

181t is worth noting that the Schwarzschild background corresponds to the monopolar decaying solution
with bo = 2,

2 1 1

Ts T—Ts

By construction this term is excluded from 1/;



With Geroch and Hartle’s result in hand, we can discard the @, solutions which diverge

logarithmically at the horizon, and thus declare'®

by =0, (3.7)
so that gZA) cannot have a tidal tail in r,%°
U(r,0) = iang <2T - 1) Py(cos ). (3.8)
Ts

(=2

This is a remarkable result, given that this statement comes from solving the @ZAJ equation of
motion, which originates from the fully nonlinear Einstein equation, i.e., without assuming
perturbations from the Schwarzschild background are small.

The absence of a decaying term at r = oo is commonly associated with vanishing Love
numbers, as indeed would be the case in Newtonian gravity, where the Love numbers were
originally defined. Nevertheless it is too quick to declare the vanishing of the (linear or
nonlinear) Love numbers just on the basis of 12) lacking a tail. This is principally for two
reasons. First, the identification of Love numbers with the coefficients of tail terms in gﬁ is
not coordinate invariant. Second, we would ideally like a physically well-motivated definition
of Love numbers, in the sense that we want to focus on an object’s intrinsic static response
and exclude any other effects that may contribute to its gravitational field. These problems
are ameliorated by defining the Love numbers as Wilson coefficients in the worldline effective
theory. In the next section we construct the relevant EFT and perform the matching to
confirm our intuition that the nonlinear Love numbers vanish.

Before we do so, let us close with the observation that we could have derived the no-tidal-
tail statement in a variety of coordinate systems. In writing down eq. (3.2), we chose to go
from the (p, z) Weyl coordinates to the (r, ) Schwarzschild coordinates (related by egs. (2.15)
and (2.16)). This was a reasonable choice, both because the background s, is typically
written in (7, 0) coordinates, and because the resulting eq. (3.2) takes a familiar form, exactly
the same as that for a massless static scalar around a black hole. But as far as deriving
the statement of no-tidal-tail goes, we could have chosen more mundane coordinates (R, ),
where p = Rsind and z = Rsind. After all, as remarked before, eq. (1.2) tells us that v (or

A~

) effectively lives in 3D flat space. Switching to ordinary spherical coordinates (R, ) would

9There is a more direct way of getting the condition by = 0 in cases where 1[3 is a small perturbation to tscn
(as we will assume in the next section when matching to the EFT). For small deviations from Schwarzschild,
one can expand the metric in powers of the distorted potential 121 In particular, the linearized §g:+ component
of the metric perturbation will simply be dg:t = f(r)zz) This can be related to the linearized metric in
Regge-Wheeler gauge via a suitable change of coordinates (see appendix C for more details on the connection
to standard black hole perturbation theory). In particular, notice that, at leading order in the large-distance
limit (rs/r — 0), 6gis becomes gauge invariant, i.e. the linearized 1) must coincide with the Regge-Wheeler
Hy [69] (see, e.g., eq. (C.11)). Since the physical solution for Hy does not contain any decaying falloff at large
r (see, e.g., [43]), this implies by = 0 for 0.

2ONote that we begin the sum at £ = 2. The monopole term ag corresponds to an unphysical constant, which
can be absorbed into a constant rescaling of the coordinates. In perturbation theory, it is easy to understand
that the dipole a1 does not correspond to a physical mode by comparing 1& with the linearized dg; metric
perturbation in the standard Regge-Wheeler gauge [69]; see also appendix C.
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have allowed us to conclude ﬂ has no tidal tail as well.?! We will have more to say about this
in section 5. Note however that the Schwarzschild background g, is a bit more complicated
in these coordinates; rather than corresponding to a pure monopole by, in spherical coordinates
it corresponds to turning on all even multipoles, by even = 2(GM)™1/(r 4+ 1). These are
familiar as the Weyl multipole moments of Schwarzschild (see e.g. [18]).

4 Matching to the worldline effective field theory

4.1 General considerations and nonlinear Love numbers

A rigorous definition of Love numbers in general relativity, which allows one to address
ambiguities associated to gauge freedom in the theory, and provides a systematic framework
to incorporate nonlinear response, is in terms of the worldline EFT [15, 16, 27] (see, e.g., [28—
32, 70] for some reviews). The EFT formalizes the simple intuition that any object from far
away looks, in first approximation, like a point particle. Finite-size effects are then captured
in terms of higher-dimensional operators attached to the worldline, organized in a derivative
expansion. In this language, the Love numbers correspond to particular Wilson coefficients
in the EFT. Such a definition has the added bonus of equipping the Love numbers with a
clear physical interpretation, as the effective theory by construction separates the object’s
intrinsic response from other effects.

The point-particle action along the black hole’s worldline is

dzt dxv
1 da# dz¥
=3 [ (o S ) 12
2/ (eg"d)\d)\ ) (42)

where 7 is the proper time along the worldline, which we parametrize as x*(\) for an arbitrary
affine parameter A, e is an einbein which can be integrated in or out as convenient, and
M is the mass. The goal is to study the induced response, which we extract by probing
the object with some external tidal field. The latter solves the vacuum Einstein equations,
obtained from the bulk Einstein-Hilbert action,

M2
SEH = Tm/d%\/ —gaRy
Mg,

- - / dt de A%z /gap(90)?, (4.3)

with Mp; the Planck mass. The tidal deformation and the multipole moments it induces can
be described by adding an action term Sjnt, which parametrizes the interaction between the
external gravitational field and the object. The final action is therefore

S = Sk + Sp.p. + Sint.- (4.4)

2n fact, the argument is simpler, because the regular and irregular radial solutions are purely power-law:
R and 1/R*.
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At quadratic order, the interaction term Sj,; can be written as
o0
S =Y / AT (QYE,, + QM By) + ..., (4.5)
=2

where ellipses stand for nonlinear couplings between Q) p and powers of I/ and B, and where
we introduced the multi-index notation puy = pp--- ue. Here we have defined

Epyepe = P<V/»11 o 'P/l:j:j\vm Vi o Bl ) (4.6)
Buype = P(iill o .P:fj\vl’l o VV272B|#471M>’ (4.7)
h
where - - T .
By = =Rpguyouu?, By, = 9w Ry)sapu’u (4.8)

correspond to the electric and magnetic parts of the four-dimensional Riemann tensor R, ..,
respectively,?? with u# = da#/dr the particle’s four-velocity, while P} is the projector on
the plane orthogonal to u*, i.e.,

Pl =0, +u uy. (4.9)

In the following, we will work in the rest frame of the point particle (aligned, by construction,
with the timelike Killing direction), where u# = (1,0) = £“. In this frame, only the spatial
components of E,,, and B, are non-vanishing. Note that the notation (p1/2---) denotes
symmetrization with all traces removed.

In eq. (4.5), Q%F and Q'3 correspond to the deformation of the body induced by the
coupling to the external £, and B,,, fields. Note that the action (4.5) can be used to describe
not only the body’s conservative response, but also finite-size dissipative effects. Dissipation
can be incorporated by interpreting Q% and Q%" as composite operators that depend on
additional unknown gapless degrees of freedom on the worldline, which are responsible,
e.g., for absorption [16, 71, 72]. Since we are interested in performing the matching with the
nonlinear solution (3.8) for static and axisymmetric spacetimes, we will restrict ourselves
in what follows to the conservative, even-parity sector. In other words, we will focus on
operators that contain the E,,; field only, and we will neglect dissipation, which is absent
for Schwarzschild black holes in the static regime.

The idea is to solve for Qg in response theory and plug its solution back into the
action (4.5). In general, we shall parametrize the one-point function of Qg as [43]

< %mrzlf dr - / dry, RN (7 7y 71 By (1) By, (), (410)

where iy, =i - - - iy, and where "R is the nt"-order response function.?? Note that eq. (4.10)
parallels the expression of the induced electric polarization of a medium in nonlinear response

22The E and B fields are often defined in the literature in terms of the Weyl tensor, instead of the Riemann
tensor. The two choices are completely equivalent, up to a field redefinition in the effective theory.

%Note that the right-hand side of eq. (4.10) contains only powers of E because, as alluded before, we
are not considering the odd sector. In general, (Q (7)) can be sourced also by B fields at nonlinear
order [42, 43, 56, 73].
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theory of nonlinear optics [74]; in fact, the problem that we are trying to solve here is
conceptually very similar to electromagnetism, where the induced polarization is written as
an expansion in powers of the applied optical electric field strength, parametrized in terms
of a general polarization response function. By construction, the tensor (MRILliL, ~iL, ig
symmetric under the exchange of its last n multi-indices ir,. In addition, causality implies
that (R vanishes whenever any of its arguments 7 — 7j, for j =1,...,n, is negative. In the
absence of dissipation and under the assumption of static tides, the time dependence in (R
factors out as the product of Dirac deltas, i.e., "R o 6(1 — 11)--- 8(7 — 7,,).?* In addition,
for non-rotating objects, its tensorial structure boils down to the tensor product of Kronecker
deltas. For instance, at leading order in the number of spatial derivatives, one has [42, 43, 56]

(nyigli1d1ingn _ (i ¢j) slizgie) | sin—1) _ _
nygidlivit—injn _ zk:)\k permy (05 67 8367 5 [ 6(r — ) - 0(r — ), (411)
with some coefficients \g, and similarly at higher orders. In eq. (4.11) we are summing
over permutations of the enclosed indices. Plugging the solution (4.10) into the action (4.5)
including nonlinear couplings, one then finds a series of effective interaction terms in the
form of local operators involving contractions of E;; and derivatives thereof. In symbols,

Sint = /dTZF )‘eel A Ean) (4.12)

gelv"v n

/dT[ZAMIEZLEZLl + 3 F (N7, Biy By, Biyy )+ | (4.13)
0,01 £,01,02
=01 [€o—£1]|<0<l1+L2

where F'(---) is responsible for all possible contractions among the indices of the enclosed
tensor, and )\gz).__ g, are the (nonlinear) Love numbers coupling encoding information about
the conservative tidal deformability of the compact object, including nonlinearities. Note that
the first set of operators involving two E’s are the standard ones dictating linear response.

(1)

The corresponding coupling Ay, might look a bit unfamiliar, but represents none other than

(1)

what is usually labeled as A,’. (Note that the sum over ¢ and ¢; reduces to a sum over

¢ only, under the condition ¢; = ¢. We will thus sometimes refer to this coupling as )\g?,
or simply as )\gl).) This is as it should be, for E;, E'L1 represents the contraction between
Eii,. i, and Ej Joeejoy keeping in mind that E is completely trace-free (i.e. the contraction
of indices within a single FE is not allowed), and so one must have ¢ = ¢; in order to have all
indices contracted properly As a result, for each multipole, linear response is fully captured
by a single coefficient, )\ Quadratlc response involves three E’s, contracting indices among
Eilia. i) Ejmmﬂ1 and Ekle.”;%. The contraction of indices among the last two E’s gives
rise to a number of possibilities. One could have an object with ¢; + ¢5 free indices (i.e. no
contraction at all). In that case, a successful contraction with the first E requires ¢ = ¢; + lo.
The contraction of indices among the last two E’s can also result in as few as [fo — ¢1] free
indices, in which case the first £ must carry ¢ = |/ — ¢1| indices. One recognizes this is

24This can be thought of as the leading order of an adiabatic approximation [16, 71, 72, 75]. More generally,
in the presence of finite-frequency effects, (R will contain also time derivatives of o(r —75).
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exactly the selection rule associated with the addition of angular momentum [42, 44]. At this
perturbative order, it is easy to realize that, similarly to linear response, there can only be
at most one single nontrivial independent contraction of indices, and thus one single )\EZ 0y
for given multiplet (£¢1/5).?> The pattern repeats at subsequent levels. For instance, the
cubic response operators will involve four E’s, involving ¢, {1, {2, {3, obeying some particular
constraint among them. It is worth noting that the sum of all the £’s, i.e. £+ €1 + o+ -- -,
must be even. Note that starting from O(E*), for a fixed set of angular momenta (€41 - - - £,),
multiple A\’s can appear. The exact counting of inequivalent contractions and independent
Wilson couplings can be obtained from standard group theory arguments [56, 76, 77]. In
the following we will not attempt to provide a classification, which we leave for future work.
Instead, we will show that, after a suitable basis choice in the EFT, matching to explicit
solutions of static and axisymmetric black hole perturbations in general relativity sets to
zero one coupling for each distinct multiplet. At those orders where one single independent
coupling is present, the matching is exhaustive and fixes all the freedom. When instead
more inequivalent contractions of operators are present, some Love number couplings are
left unconstrained (fixing them requires going beyond axisymmetry).

Anticipating that we will perform the matching for axisymmetric tidal fields, let us
reorganize the effective expansion (4.13) so that, at each perturbative order and for a fixed
multiplet, all but one operator yield a vanishing contribution when computed in axisymmetric
configurations. In practice, we shall rewrite (4.13) in full generality as

[e.e]
Suw = 3 [dr NG By By B+ S (h1
n=1" 04y, by
4151 ®®gn

where EiLEiLl - F

i
all the Love number operators that vanish in the Einstein equations for axisymmetric

represents a generic (nontrivial) contraction, while Sjy consists of

configurations, whose couplings we will uniformly refer to as X’s. As we explain in appendix D,
one can always choose an operators basis in the EFT in such a way to extract Sint. In the
matching below with the Weyl solution, we will not be able to constrain the X’s. We will
however be able to constrain the A’s, because they multiply Love number operators that do
not vanish under axisymmetry. In (4.14), we keep the contraction among the indices implicit:
the idea is that we can choose any one of the possible contractions, but only one. All the other
contractions can be combined in such a way that they fall in the class represented by Siy.

2570 see this, consider a generic cubic operator F;, iy Eji - jm Eky -k » where we shall assume in full generality

“Jm
that [ < m < n. Indices are contracted with some constant tensor. One shall proceed constructively and
assume that for fixed [, m and n one such contraction exists and is nontrivial. Then, it is not hard to convince
ourselves that it must be unique. Indeed, any other combination, which does not change I, m and n, must
necessarily involve a trace over at least a couple of indices in one of the E’s. As an example, consider the
operator Eiyiy Ejy js Bk kaksk, With I =m = 2, n = 4. The only nontrivial contraction is FEi, s, Ej, j, E'129192;
one cannot contract the E’s differently without inevitably tracing over two indices of Ex,koksk,. The only
other option is to change I, m and n: e.g., one can have E;,, B j, j, E™27192 which enters at the same order in
the derivative expansion but differs in how derivatives are arranged on the fields. We stress that we are not
saying that at given order in the number of derivatives in the EFT there is only one independent operator.
More operators can be present at fixed | +m + n, but these will necessarily differ by the values of the numbers
I, m and n; as such, as far as the matching is concerned, the couplings of these operators can be probed
independently by considering different harmonic configurations for the tidal and response fields.
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4.2 Matching to Weyl solution

Let us now concretely see the previous logic in action. The goal is to extract the explicit
values of the effective Love number coefficients )\%1).“ g, 0 (4.14), in the case of Schwarzschild
black holes. To this end, we will compute the one-point function of the response field in the
EFT (4.4) with the interaction terms (4.14), and compare it with the full solution (3.8) in
general relativity. To perform this matching, we find it convenient to use in the EF'T calculation
the same Weyl coordinates that we used above; this will save us from performing extra gauge
transformations, or constructing nonlinear gauge-invariant quantities [19, 42, 43]. We will
proceed iteratively and show that, order by order in perturbation theory, the inhomogeneous
solution for the response field in Minkowski space has purely decaying falloff, which is absent
in the large-distance expansion of eq. (3.8). Hence, the coefficients )\EZ)”.@” in (4.14) vanish.

Let us start by considering a static, axisymmetric distortion of flat spacetime in spherical
coordinates, (t,r,0,¢). Recall that a crucial ingredient in the reduction of the Weyl metric
to the form (1.1) was the harmonic condition [yp = 0, which allowed us to choose p as a
coordinate in the metric. In the presence of the source S}, ,. and the interactions Siyt, this
is no longer necessarily true. We should therefore treat the g44 component of the metric as
an independent field. Concretely, we will use here the following ansatz:

ds? = —e7Vdt? + e [ (dr? + 12d6?) + p*dg?] . (4.15)

We stress that here p is not a coordinate; we will interpret it as a field, depending on r and
0, like 1 and ~. In the limit of vanishing source and interactions, one can use the Einstein
equations to set p = rsinf, which, together with z = rcos#, would recover eq. (1.1).2¢
Later on we will argue that p = rsin 6 actually remains a legitimate choice in the EFT (4.4),
even in the presence of Sin.

The EFT is defined in the infrared, where spacetime is close to Minkowski (¢ = 0 = ~),
so we can identify ¢ = 121 and v = 4, and use them as expansion parameters. Herein we will
use 1 and TZJ, and v and 4, interchangeably when doing perturbation theory around flat space.
Each field can be separated into tidal and response contributions, e.g.,

1/} = Ytidal + wrespa (416)

and analogously for v and p?. Note that the split (4.16) is non-ambiguous. In fact, from the
Einstein equations obtained from the action Sgx + Sint,>’ which are schematically
2 46

G = ——5 —Sint, 4.17
! M]E2’1 OGuw ' ( )

26 Although we use the same symbols, to be precise the coordinates  and @ here are different from the
ones used in section 2.2. They coincide only for M = 0. Since we will be working here at leading order in
the flat-space limit, this difference is immaterial. It would be important instead if one tried to perform the
matching at subleading order in M, or reconstruct the nonlinear tidal field solution from the EFT [42, 43].

2"In order to study the induced response and perform the matching at leading order in the M /r — 0 limit,
we can safely neglect the point-particle contribution Sp.p. in the EFT (4.4). Sp.,. would be relevant, for
instance, to study O(rs) corrections to the tidal solution, or to reconstruct the Schwarzschild background
metric [15].
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where G, is the Einstein tensor G, = R, — %ng, Ytidal 18 defined as the solution to
the homogeneous equation in the bulk, G, = 0, i.e., in the absence of Siy. In particular,
following the considerations above, from the combination

_ 1 1
pe?(*' Ry — p*Ryy) = <33 + 0+ r253> p=0, (4.18)
which is valid in the bulk, one can fix in full generality p = rsin 6, and find

Ytidal = Z cort Py(cos ). (4.19)
)4

Note that, in the perturbative regime tjqa1 < 1, one recovers at linear order the usual
gravitational tidal field that grows as r¢ at large r and that is regular at » = 0. Given the
tidal profile (4.19), we shall then add the response piece 9yesp Which by definition solves the
inhomogeneous equations of motion, in the presence of the interaction term Si,;. Note that,
even though we introduced the response field at the level of the nonlinear field ¢ in eq. (4.16),
we are going to expand in tresp < 1 and perform the matching perturbatively order by order
in the number of fields. This will ensure that the right-hand side of eq. (4.17) contains the
tidal field only, while tres, Will appear only in G, as we will see explicitly.

Linear response. As a warm-up, let us start by performing the matching at linear order.
We will follow [19, 22]. As a consistency check, we will show that the matching recovers the
standard result of vanishing linear Love numbers [28]. We will then show how to systematically
extend the result to higher orders in perturbation theory.

At second order in the worldline EFT, a minimal set of independent quadratic operators
is given by E;, E'C in eq. (4.13). The Einstein equations (4.17), with linearized Siyt, read

E}V) L Z 151)31'1 O (5(3) (Z) 0y, - - aigwtidal) 5258, (4.20)
MPI p

Here we have expanded the electric part of the curvature tensor to linear order,

1

replaced ¥ with tjqa1 on the right-hand side, and placed the point particle at the origin of the

coordinate system. Although some of the manipulations below become more straightforward
in Weyl coordinates by working with the full Einstein tensor G, we put a superscript in
GE}V) to recall that eq. (4.20) is valid only at linear order. Taking a linear combination with
the trace, it is convenient to rewrite eq. (4.20) as

1 = 1) q; 7 —
R(}) = _MT%WZ( 1AM ... gie (5(3)(35) i, - --81-21/Jtidal) (5 50 + nw) =J4). (4.22)
=2

Note that, since J(l) Jég/(r sin #)2 = 0, from eq. (4.18) it follows that we can still choose

at linear order p = rsinf, despite the presence of the interaction term to the worldline.?

Z8Recall that we are working on flat spacetime at linear order in perturbation theory. This means for instance
that we can, at this order, approximate to unity the exponential factors appearing in the combination (4.18),
which give contributions at higher orders.
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Corrections, if present, will start from second order in the fields ¥ and ~. Hence, fixing
p = rsinf+O(1?, 1) and focusing on the - component of eq. (4.22), one finds the equation

V2wresp — Mgl Z Doir ... gie (5(3) (Z) 0y, - - - aig¢tidal) , (4.23)
=2

where V2 is the Laplace operator in flat space, and where we have kept only terms linear in
the fields. At this order, the equation does not contain v, and we can readily solve for ¥resp.
Plugging in the expression (4.19) for the tidal field and using standard Green’s function
methods,? one finds the following solution for ¥tidal + Yresp [19, 22]:

-1 l+1 26726!
WYtidal + Yresp = Z CgTEPg(COS 0) |1+ )\él) (=1) 21

- Mg /xT (% - e) ’ (4.24)

which is valid at linear order in perturbation theory. Since the result (4.24) has been obtained
in the same set of coordinates that we used in section 3, we can directly compare eq. (4.24)
with eq. (3.8). Since eq. (3.8) does not contain any inverse falloff in 7, one thus concludes
that ASY = 0 [17, 19, 28].

Quadratic response. Let us now extend the matching to quadratic order in perturbation
theory. This has been previously done for generic cubic operators with arbitrary number
of derivatives in [42, 43]. In the following, we will briefly review it in the Weyl coordinates.
We will then discuss how to systematically generalize it to all orders.

The logic proceeds similarly as before. One crucial ingredient, which will considerably

simplify the analysis, is that )\él)

= 0, which also means that /e, vanishes at linear order.
As a result, this implies that, when we expand the right-hand side of eq. (4.17) to quadratic
order, the only terms that contribute are those quadratic in £. This means that we can still

use eq. (4.21) at linear order.?? Schematically, the equations read

G = MF2’1 5w ? Z/dTZ)‘ez o (Ei Eiy By )

0,0
|eg AT (4.25)
— 2 RIS 7
:_QMPIQZ)\%ZQ(—U‘ALM L28<iL>(6(3)(x) (in,)Vtidal (i, 1/dea1) 3y,

£,61,82
[l —L£1|<l<L1+-Lo

where AL'L1%L2 ig a constant tensor, namely a linear combination of all tensor products of
8%, which takes care of all possible independent contractions between the E tensors [42, 56],
which in eq. (4.25) we linearized as in eq. (4.21). The explicit form of A"Z%Z1%L2 will not be
important. The only relevant ingredients are that A*.?Z1%L2 ig coordinate-independent, and
that, for fixed number of derivatives per field in a given cubic operator, there is at most one

29Tt might be easier to solve the equation in Cartesian coordinates by writing the tidal field equivalently as
Vtidal = Y, Ciyerip T -z [19, 78]

301f )\1(31) were nonzero, at second order there could be contributions coming from the quadratic expansion of
the curvature tensor in the term proportional to )\él) on the right-hand side of eq. (4.17).
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(2)

single nontrivial contraction of indices (and, therefore, one single coupling Aot 52), compatible
with the angular momentum selection rules.
As before, it is convenient to focus on

(2)— 2Mp, 22)\%362 A1L1L11L28< (6(3)(f)a(iLl)wtidala(iL2)wtidal) (5 (5 +-— 77#”):‘];52”)'
£,61,62
[€2—£1]<L<Ly +L2

(4.26)
Let us take again the linear combination (4.18). Keeping only contributions that are at
most second order, it follows from Jt(f ) éjb) /(rsinf)? = 0 that it is consistent again to
set p =rsinf + ..., up to corrections that are cubic in the field perturbations, or higher.
From the t—t component of eq. (4.26), one then finds the following inhomogeneous equation

for the response field:

- 3 9 o .
Vresp = 2Mp> Y /\égz@(—1)614“%1”23(@ (5(3) () 8<iL1>1/1tida15'<¢L2>¢tida1) ;o (427)
0,00,0
|42—51|§1€§2€1+52
where we emphasize that 15, on the left-hand side is a second-order quantity. Note that,
since the linear response vanishes and ;45 solves the homogeneous equations of motion,
there are no terms quadratic in ¢ or of the type 1y on the left-hand side of eq. (4.27).
Eq. (4.27) can be easily solved as before. The left-hand side is the usual flat-space
Laplacian, while the right-hand side after a Fourier transform is again the product of a fixed
number of spatial momenta, up to an irrelevant overall constant tensor, which completely

=1 as expected from simple power-

factors out. In the end, one thus finds that resp ~ 7~
counting arguments. Absence of a decaying falloff in the full solution (3.8) again implies

that A%y, = 0.

Matching at subleading orders. The previous logic can be extended to all subleading
orders in perturbation theory in the worldline EFT. The absence of decaying falloff in the
result (3.8) in the full theory, when compared with the EFT solution, implies a certain
condition on the effective couplings. The particular form of such condition depends in general
on the explicit basis of operators chosen at given order in the EFT. When there is only one
single independent operator at fixed number of derivatives and fields (as at the linear and
quadratic orders discussed above), the matching is straightforward, implying the vanishing
of the corresponding Love number coupling. The situation can be more involved if more
independent operators are present, as matching axisymmetric solutions might not be enough
to completely fix all the couplings. In the latter case, one can however redefine the effective
couplings, as prescribed in section 4.2, in such a way that the matching sets to zero one of
them (corresponding to the only operator that is nontrivial on the axisymmetric solution).
Concretely, one can arrange the EFT in such a way that 8 Sint /0g"" = 0 in the Einstein
equations, when evaluated on axisymmetric field configurations. Therefore, one can just

focus at each order on the single operator with coefficient )‘EZ)-%H in eq. (4.14), and repeat

(n)

iteratively the steps above. By induction, Ay’ , = 0 at order n implies that, at order
n+ 1, in 0Sin/dgu, one can replace E;; with the linear expansion (4.21). This in turn
(n+1) (50 50

v

yields an equation of the form R, + %77“”). After fixing p = rsinf, one finds
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an inhomogeneous equation that contains 1 only, which can be solved to get tresp. The
spatial dependence of the source is localized on the particle’s worldline, and is given by a
fixed number of derivatives acting on 63 (Z), in the rest frame of the particle. The solution’s

—£=1 " which should be compared

profile is dictated by power counting, scaling as ¥resp ~ 7
with eq. (3.8) to find 9resp = 0 to all orders in V.

Let us close with some remarks on what we have accomplished. Focusing on the part of the
worldline action containing all the even Love number couplings, we have organized the effective
expansion in a way that, at each order, only one operator is nontrivial on axisymmetric field
configurations. By performing the matching with the Weyl solution, we have shown that
all Love number couplings of such operators vanish for Schwarzschild black holes in general
relativity. At the orders where a single independent coupling is present, the matching fixes all
the freedom. We stress that, even if the matching was done for axisymmetric solutions, the
vanishing of this (infinite) subset of A’s holds beyond axisymmetry. The situation is rather
similar to other examples of matching in effective field theory. For instance, the coefficient of
a given operator in an EFT could be determined by matching with the scattering amplitude
of some particular process. Once this is done, that coefficient is fixed, and the same operator
can be used to make predictions for the scattering amplitude of other processes.

5 Symmetries

Having established the consequences of the nonlinear Weyl solution at the level of the
point-particle EFT, we now turn to study the underlying symmetries.

The keys to the vanishing of an infinite subset of even-parity Love numbers to all orders
in perturbation theory shown above are:

1. that the fully nonlinear Einstein equations imply a linear equation (2.8) for ¢ (which
exponentiates to the norm of the timelike Killing vector);

2. that this equation implies LZJ (the perturbation of ¥ away from Schwarzschild) develops
no tidal tail;

3. that matching with the worldline EFT tells us that the absence of tidal tail for 1[1 alone
is sufficient to guarantee that an infinite subset of tidal response operators vanishes at
all orders.

Our task in this section is to dig more deeply into (2): what symmetries underlie the absence
of a tidal tail for ?
Let us start by recalling the equation of motion (3.2) for 1& in Schwarzschild coordinates,

. 1 ) N
O (DDD) + 0 (sin69p0)) =0, (5.1)

where A = r(r —rg). Recall that once we expand 1& in terms of Legendre polynomials of cos8,
ie., = oo @(r)Pg(cos 6), the radial modes obey their own Legendre equation (in A’),

Or (A hy) — £(L + 1) = 0. (5:2)
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The radial function zﬂg(r) satisfies a linear, second-order differential equation, and is in general
a superposition of two branches of solutions. Their asymptotics are clear. At large r, one
branch goes as r’ while the other goes as 1/r*1. At r — ry, one branch goes to a constant
while the other goes as In[(r — rg)/rs].

The question boils down to this: why is it that once we impose regularity at the horizon,
12@ at large 7 is not some superposition of both branches r‘ and 1 /7’”1? Generically, one
expects demanding a particular asymptotic behavior at one end of the spatial region (the
horizon) should lead to a solution that contains both branches of solutions at the other end
(the large-r end). This turns out not to happen here: demanding regularity at the horizon
leads to the absence of 1/r/*! far away. We know so from the explicit solution, given in
section 3. Why does it turn out that way? In other words, our question can be sharply stated
as: what is the symmetry story behind the fact that the solution for 1&@ — the one that is

1 tail at large 7

reqular at the horizon — contains no 1/r

Below, in section 5.1, we present the basic story, having to do with what are called ladder
symmetries [20, 22, 35]. The key symmetry generator (see eq. (5.3) below) turns out to be
part of a bigger algebra, an s[(2,R), as explained in section 5.2. In section 5.3, we discuss the
Geroch symmetry that is well-known to arise in the dimensional reduction process carried

out in section 2 [57-62], and how it relates to the ladder symmetries.

5.1 Ladder symmetries

We start with the observation that eq. (5.1) is exactly the same as the equation for a massless,
static scalar in Schwarzschild background, albeit restricted to axisymmetric configurations.
Therefore, we can appeal to the known symmetries discussed in [20, 35]. Such a system
has six symmetries obeying an s0(3,1) algebra, of which three are rotations and three are
generalized conformal transformations. It can be checked that only one of them maintains
the ¢ independence of 1, is non-trivial, and is a symmetry of eq. (5.1):

~ ~ 1 ~
Okt = Acos 00 + §A' (89 sin9¢) , (5.3)

where A’ = 2r — rg, and K3 refers to the fact that this is a (generalized) special conformal
transformation in the z direction.?! See [20, 21, 35] for a discussion of how it arises from
a conformal Killing vector of the 3D space ds? = dr? + A(d#? + sin? §d¢?) in which the
static, massless scalar effectively resides.

An important observation, following [20, 35, 79], is that3?

{+1 N 14 -
o1 DZW Prgr+ ——= D, e Pp_y, (5.4)

0K, (1/3@1’5) = W1

311ts connection with the standard special conformal transformation can be seen as follows. Take the
large-r limit, this reduces to dx ;1 = (7“2 cos 00, + rsin @0y + 7 cos 9) 9, which in Cartesian coordinates reads
Sksth = i(20'% - 8 — #29" + 1) for ¢; = (0,0, 1) in the z direction.

32(Useful identities are:
{41 l L(6+1)

P£+1+7Pz_1, Sineagpg =

cosOP = 557 2+ 1 20+ 1

(Peg1— Po—1) .
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with the operators Di,t defined by
“TlA’, D = AD, — gA’. (5.5)

Being a symmetry, dx, maps solutions to solutions. Thus, if zﬂng is a solution, so is
0K, (@@ng). Looking at the first term on the right of eq. (5.4), since it multiplies Pp41, DZ@
must correspond to a radial solution at level £ 4+ 1. Similarly, the second term on the right

DZ‘ = -A0, —

of eq. (5.4) multiplies Py_1, and so D;(/A)g must be a radial solution at level ¢ — 1. Thus,
th serves to take the level-f solution LZA)g and raise or lower it to 723[_’_1 or YZJg_l, i.e., they
act as raising and lowering operators.

Imagine lining up Ve Py into a giant column vector, with each element labeled by ¢.
In group theoretic language, we would say this forms an infinite representation of dx,. It
is non-diagonal, hence the mixing between neighboring ¢’s, which gives rise to the raising
and lowering operators.

This representation has a “ground state,” the one labeled by ¢ = 0, for which the equation
of motion is very simple:

A possible ground state is one satisfying AB, )y = Dy Yo = 0. This is now a first-order
differential equation, for which an issue associated with a second-order equation does not
arise — that is, the issue of relating two different asymptotics at one end (the horizon) with
two different asymptotics at the other end (the far end). Indeed, we can see simply that zﬁo
equals constant is a solution. The asymptotic behavior of going to a constant at the horizon
is directly linked to the asymptotic behavior of going as r¢ at large r (for £ = 0).

Once this good (regular at the horizon) ground state solution is identified, one can
apply a string of raising operators to reach the solution at any level £.33 And because of the
form of D?, it is plain to see @g = D?_ID;_Q e D(J{ 1&0 is a polynomial with non-negative
powers of r. Such a level-/ solution is regular at the horizon and has no 1/ tidal tail.
Furthermore, an independent solution (of eq. (5.2)) from this one must have a different
asymptotic behavior at the horizon (the logarithmically divergent one), and can be discarded,
based on the horizon-regularity requirement discussed in section 3 and appendix B.

In summary, the lack of a 1/7t? tidal tail for v relies on two things: (a) the existence of
a (generalized) special conformal symmetry (eq. (5.3)), which gives rise to a vertical ladder
structure, allowing one to connect any level ¢ solution to the level 0 solution, and (b) the good
level 0 solution obeying a first order differential equation, thus connecting a single (regular)
asymptotic behavior at the horizon with a single () asymptotic behavior at large r.

With the EFT matching presented in section 4, the absence of a tidal tail for T/A) in turn
implies the vanishing of a subset of even Love number operators at nonlinear orders. Thus,
we can say the vanishing of such operators can be traced to the special conformal symmetry
expressed in eq. (5.3), and the ground state ¢ = 0 solution satisfying a first order equation.

33This is reminiscent of the simple harmonic oscillator, for which (&Td —n)¥, = 0. The ground state
Wy is defined by a¥o = 0 and the excited states are reached by acting on Wy repeatedly with the raising

operator G4'. The parallel with what we have here can be made explicit by observing that eq. (5.2) can be
A~ 2.2
recast as Hyhe = 0, with He = —A(8,.(Ad,) — £({ + 1)) = D}, D; — “I=. Note that He D = D} Hy,

1
Hy 1D; = D; Hy, and D, D} — D} |D; = (204 1)r/4. See [20] and appendix E for further discussions.
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Horizontal ladder symmetries. The star of the story outlined above is the (generalized)
special conformal symmetry of eq. (5.3), which is responsible for the ladder structure of the
solutions organized by ¢, with operators effecting travels up and down the ladder. It turns
out there are symmetries that do not involve changing ¢, termed horizontal symmetries [20].
For instance, at level ¢ = 0, it is obvious 51/30 = A&niﬁo is a symmetry, i.e., 8 is a solution
if 1 is a solution of eq. (5.6). Calling Qo = Ad,, it can be shown (and is intuitive) that
Qy, defined as Qy = DLIDZZ e DJQODf -+ D, D, , generates a symmetry at level /,
i.e., that Q(?Z)g is a solution if @g is a solution. The implied conserved charge at each ¢ —
conserved in the sense of being r independent — can be used to connect asymptotic behavior
at the horizon with asymptotic behavior at large r, thus offering another way to understand
the phenomenon of no tidal tail. Details can be found in [20, 35]. An additional interesting
observation: the conserved charge mentioned above turns out to be the Wronskian squared,
where the Wronskian is that between the 1y of interest and the horizon-regular solution [34].34
This is further discussed in appendix E.

The term ladder symmetries refers to both the (generalized) special conformal sym-
metry (5.3), which gives rise to the vertical ladder structure, and the horizontal symmetries,
one for each multipole /.

5.2 SL(2,R) symmetry

It is worth asking: is it possible eq. (5.1) contains more (first order) symmetries than the
dK, identified in eq. (5.3)7 To answer this it is helpful to go back to the original form of
the equation in (p,z) coordinates:

1 ~
(a,% +20,+ a§> b=0. (5.7)

This describes a free, massless scalar living in a fictitious, 3D flat space, in cylindrical
coordinates. We know such a scalar in principle has conformal invariance with 10 independent
symmetry generators. But to keep 1/3 independent of the azimuthal angle ¢, only three out
of the ten survive: translations in the z direction P, dilations D, and special conformal
transformations in the z direction K [68]:

pa, D:—<;+p8p+zaz>, K =200, + (2= 2)0. 42 (58)

It is straightforward to check they form an s((2,R) algebra,
[D,P|=P, [D,K]=-K, [P,K]=-2D. (5.9)

In Schwarzschild coordinates, i.e., with p = Asinf and z = (A’ cosf)/2, these operators
take the form:

A’
— 29Sch - — g
P=e (cos 00, SA St 089) , (5.10a)

34By the Wronskian, we mean W [1),™8, 1bs] = "8 Ad, )y — 1heAD1pe"°8, where @eg is the regular solution
and 1)y is the field configuration of interest.
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1 r2 1
D =2 [ _ZAH, + —S i i 1
e ( 5 o) —|—4Asm0005989> 5 (5.10Db)
A’ r2 A’

K = Acosf0, + > (sin 00y + cos 0) + Zsez“’s““ (cos 00, — A sin 989) , (5.10c)
swhere we remind the reader that we have defined s, in eq. (2.20). We recognize the
combination

2 R R A’ R A' R
(K - %S ) 1 = Acos 00,1 + > sin 0pt) + ~ cos O1) (5.11)

as precisely & K31$ given earlier in eq. (5.3).%° In summary, the full symmetry algebra for @ZA)
is s[(2,R), of which the combination ¢ K31$ gives the simplest route to the ladder structure
and its implied absence of tidal tail.

Let us close with an observation that echoes one made earlier towards the end of section 3.
There is nothing sacred about the (r,#) Schwarzschild coordinates, even though it is a natural
choice for thinking about the Schwarzschild background. Starting from the (p,z) Weyl
coordinates, we could choose (R,d) coordinates, with p = Rsinf and z = R cos, which
are in a sense better suited to the fictitious flat space that 1/3 effectively lives in. The D,
P, K operators take the same form as in eq. (5.10), with the replacement r — R, § — ¢
and rs — 0. The ladder structure follows from the actions of K and P, and one can run
essentially the same symmetry argument as before.?0 This way of proceeding is simpler,
because K and P expressed in (R, ¥) coordinates takes a simpler form, though at the cost
of a more complicated expression for the Schwarzschild background.3”

5.3 Geroch symmetry

The dynamics of the even-parity, nonlinear black hole distortions discussed in this work arise
from dimensionally reducing four-dimensional general relativity along the Killing vectors &
and 7. It is well-known that this dimensional reduction leads first to the SL(2, R) Ehlers group
in three dimensions, and then to the infinite-dimensional Geroch group in two dimensions [58—
62]. Initially discovered as a solution-generating technique [49, 58], the Geroch symmetry is
remarkably powerful; from a Minkowski space seed, one can generate complicated solutions
such as Kerr-NUT using a Geroch transformation [60, 80]. But with great power comes

35Tt is worth commenting on the difference between K and Ks. The transformation effected by K is the
standard special conformal transformation in the z direction, in a fictitious 3D flat space, ds? = dp®+dz2+p?d¢?.
The transformation effected by K3, defined in eq. (5.3), is a (generalized) special conformal transformation in
the z direction, in the space ds? = dr? + Ad6? + Asin® fd¢?, which is the space effectively seen by a static
massless scalar on Schwarzschild background [20], as well as the Einstein-frame metric in the dimensional
reduction performed in section 2. The two coincide in the flat space limit, rs — 0.

36That the radial solutions in this case are so simple—R* and 1/R**! — might seem to make a symmetry
argument an overkill. Nonetheless, the symmetry argument is what connects asymptotic behavior at one end
with asymptotic behavior at the other. The (R,4) coordinates are special in that, for each branch of solution,
the asymptotic behavior far away is the same as the asymptotic behavior closeby.

370One might also wonder: how about studying the tidal response in the original Weyl coordinates (p,2)? In
that case, the general separable solution that is regular on the symmetry axis is (ae™* + be**)Jo(Ap), where A
is a separation constant, Jy is the Bessel function, and a and b are constant coefficients. In this case, it is more
cumbersome to investigate the large-distance limit, and draw conclusions about the tidal tail or lack thereof.
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great responsibility, and for the Geroch group the responsibility is usually to solve a rather
difficult inverse-scattering or Riemann-Hilbert problem [59, 60, 80, 81]. Fortunately our
responsibility is rather less heavy, as we need only the infinitesimal version of the Geroch
transformation [61, 62]3® to study the Love numbers. The problem is simplified even more by
our assumption that the spacetime is static (i.e., that the y field introduced in appendix A
is turned off).

We discuss the action of the Geroch symmetry on ¥ in appendix F. For the reader in
a hurry we restrict ourselves here to a summary of the points that are important for our
purposes. The infinite-dimensional nature of the Geroch symmetry is encoded by a constant
spectral parameter w, in terms of which the infinitesimal action on zﬁ is [62]

A w
§ih = T (5.12)

The function on the right-hand side has some interesting properties. First, it is a solution
of the Laplace equation (1.2) for any value of w. To see what kind of solution it is, we
expand it at large w, finding that it takes a rather simple form in the polar coordinates
(p,z) = (Rsinv, Rcos?),

=Y w "R Py(cos ). (5.13)

w
Vit (w—2)? =

Expanding the 0 operator in eq. (5.12) as 0 = Y w™"(,,), we see that each of the symmetry
operators d(,) shifts 1[) by the pure growing solution at level n in the separable solution
in polar coordinates,

S(ny¥) = R"Py(cos ). (5.14)

Acting on a separable mode of the form ¢ = @k(R)Pk(cos 1), this becomes the radial symmetry

S(ny Uk = RO (5.15)
The conserved quantity associated to this symmetry is again a Wronskian,>"
Qn = R? (R"Ort) — PORR"). (5.16)

As discussed in [34] and in appendix E, the shift-by-a-solution symmetry has as its conserved
charge the Wronskian with the reference solution, while the associated linear symmetry,

38Note that [61, 62] worked with a dimensional reduction along two spacelike directions, so some expressions
in this section will differ from those references accordingly. See also [82] for deformations of the Schwarzschild
metric obtained via the inverse scattering technique.

39Tf we work with the symmetry operator (5.14) then the conserved current satisfying 9, J* = 0 is a gradient
Wronskian,

Jo = p ($0a0¢) — 590a1)) .

Expanding in powers of 1/w we find the level-n conserved current,

JM =p [R"Pn(cos 9)8at) — 18 (R" Py (cos 19))] .
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which may be obtained via a Poisson bracket, has as its conserved quantity the square
of the Wronskian. While the Geroch symmetry (5.12) is most conveniently expressed in
polar coordinates, an £ mode in Schwarzschild coordinates is just a linear combination of
n modes in polar coordinates, so we may identify the horizontal symmetry at a given £
with a linear combination of d,.

6 Discussion

In this work, we studied nonlinear tidal effects of Schwarzschild black holes in 4D general
relativity. We focused on the Weyl metric (1.1), which provides the most general framework
for static and axisymmetric spacetimes, and studied the solution to the full nonlinear Einstein
equations. Using the framework of the point-particle EFT, we restricted ourselves to operators
involving the electric component of the curvature tensor only, and introduced a set of nonlinear
Love number couplings which capture the (conservative) nonlinear tidal response induced
by static parity-even perturbations. By performing the matching with the full solution, we
showed that an infinite subset of such Love numbers vanish to all orders in perturbation theory.

In the second part of the work, we proposed a fully nonlinear symmetry explanation for
the vanishing of the Love numbers. We showed that there exists in 4D general relativity a
hidden structure of ladder symmetries which is responsible for the absence of a tidal tail in the
nonlinear solution (3.8). The ladder generator belongs to an s[(2,R) algebra (see eq. (5.9)),
whose action is a symmetry of the perturbation equation (3.2). The symmetries, which act
fully nonlinearly at the level of the metric perturbations, recover the ones introduced in [20] in
the linear regime, when written in the same coordinates. In addition to the ladder generator,
we showed that there are “horizontal” types of symmetries, which do not mix different ¢’s
in harmonic space, that are connected to the Geroch group, resulting from dimensional
reduction of general relativity from four to two dimensions.

There are several interesting directions that we envision and leave for future investigation.
First of all, it would be particularly interesting to relax the assumption of axisymmetry
and show that all the remaining couplings, which we were not able to fix, are also zero for
black holes in general relativity. In addition, our analysis here was confined to parity-even
perturbations only. However, explicit calculations have shown that both even and odd static
second-order perturbations display a very simple structure, generically taking the form of
finite polynomials, irrespective of their magnetic quantum numbers [42, 43, 83]. It is therefore
tempting to speculate that it might be possible to find a more convenient description of
perturbation theory that allows one to resum nonlinearities and extend the ladder symmetries
to nonlinear order including in the odd sector. In this work, we primarily focused on the
solution and symmetries of 1[} This was enough for our purposes, because that is the only
ingredient that we needed to compute the Love numbers and perform the matching with
the worldline EFT. However, at the level of the infrared effective action, there ought to
exist a formulation of symmetries acting on the whole metric, applicable even away from
axisymmetry. Finally, it would be interesting to go beyond the static assumption and consider
the more general case of rotating black holes, as well as to study the case of charged solutions,
and higher dimensional spacetimes. We leave these and related questions for future work.
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A Dimensional reduction: peeling the general relativistic onion

In section 2 we reduced the dynamics of general relativity from 4D to 2D along isometry
directions. With every dimensional reduction, some of the metric components become lower-
spin fields. When we reduce all the way down to 2D, all that remains of the metric is the
conformally flat gs 45, leaving us in effect with just a theory of scalars. In this way we peel
layer by layer off of the complex dynamics of general relativity until we are left with something
much more tractable (and indeed integrable [63]).

For concreteness we first reduce along ¢ and then along ¢. For the first dimensional
reduction, we decompose x# = (t,2') and write the metric as

ds? = —e ¥(dt + A)? + e¥ds2. (A1)
This is a valid ansatz for any four-dimensional Lorentzian spacetime, but our assumption
that 0, is Killing restricts the three-dimensional fields (v, A4, g3) to be independent of ¢. The
4D Einstein-Hilbert action decomposes into

V—91Rs = \/33 (R3 — %(aw + ie_2¢(dA)2) , (A.2)

where we have dropped total derivatives. We see that g3 is the Einstein-frame metric, as
it is minimally coupled to ¢. This is the reason for choosing the factor ¥ in front of ds3,
which as usual one may do by virtue of a conformal transformation.

The vector field A has a Maxwell term non-minimally coupled to the dilaton . In

vacuum its equation of motion is
d(e™x3dA) =0 = V' (e 2 Fy), (A.3)

where x5 is the Hodge star associated to the 3-metric g3. This implies the existence of a
scalar potential y dual to A,

x3dA = e?¥dy. (A4)
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One can exchange A for y at the level of the action by introducing y as an auxiliary field
(via a perfect square so as not to affect the dynamics) and integrating out A. The effect is
the same as simply imposing eq. (A.4) in the action,

V=giRs = /T3 <R3 - %(aw - ;eQ¢(ﬁx)2> . (A5)

The scalars (¢, x) form an SL(2,R)/SO(2) sigma model. Note the role played by the reduction
to D = 3 in particular. It is only in 3D that a massless vector is dual to a scalar; in general
it is dual to a (D — 3)-form and does not form a sigma model with ).

The dimensional reduction along the ¢ direction proceeds along largely similar lines,
with one exception: because of conformal invariance in 2D we must treat the g4, metric
component and the conformal factor in front of the 2-metric as independent,

ds? = p? (d + b)* + e¥ds2. (A.6)

As a result there is an unavoidable conformal factor in front of the 2D Einstein-Hilbert term,

1 2 1 1
V—gsRa = \/g2p | R2 — szefw(db)Z + ;3P -0y — 5(51/))2 - 5621”(6%02 : (A7)

None of the fields (p,~, b, g2) is dynamical, and the two gravitational degrees of freedom
can be taken to live in the SL(2,R) fields (¢, x). For the 2-metric, because every 2D pseudo-
Riemannian manifold is locally conformally flat, in a suitable coordinate system we can set
92,ij = 0;; by absorbing the conformal factor into 7. It is also straightforward to set b = 0

by integrating its equation of motion,*’

d (pgef'y * db) =0 = p’¢ 7 xdb=const. (A.8)

and invoking boundary conditions, such as asymptotic flatness, to set the constant to zero.
Varying the action with respect to v we find, in vacuum,

Cap = V2p =0, (A.9)

where [y = géj V;V; and V2 =4 0;0; in coordinates where go o< §. The equality between
the d’Alembertian and the flat-space Laplacian in 2D is a consequence of the conformal
invariance of @géj . Because any solution for p is a harmonic function on R?, as long as
dp # 0 we may think of it as a harmonic coordinate rather than a field. The natural choice
for the second harmonic coordinate is its dual scalar z, defined by

dz = —*dp. (A.10)

The coordinates z% = (p, z) are commonly known as Weyl canonical coordinates.

We are left with three fields to solve for to fully reconstruct the metric, namely the
SL(2,R) coset fields (1, x) and the 2D conformal factor . The latter may be found from the
former via the 2D Einstein equation, which in Weyl canonical coordinates is

1 1 1 1
0ipyy 5 (0p-00)6iy = 3 |00y 5 (00 oy e (B0~ 5 (00%5 ) | (A1)

“OHerein + = %o is the 2D Hodge star.
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There is only one independent component, which we can isolate by projecting along 9;p,*!
1 2 i
Oy = 5P (3<i¢3j>¢ te a(iX8j>X) dp, (A.12)

where angular brackets denote traceless symmetrization. Given a solution for (1, x), one can
obtain v by line integration. The equation of motion for the SL(2,R) fields is conventionally
expressed in terms of the Ernst potential,

E=eY +iy, (A.13)
where it goes by the name of the Ernst equation,

p

d(p*xdf) = =——=dE A xd€. A.14

(o) = s (A14)

For spacetimes that are static rather than stationary, there are no time-space cross terms

in the metric, so A; and therefore x vanish. Here something truly remarkable occurs: the

equation of motion for 1, the only dynamical field in the picture, becomes linear, despite
the fact that we are working with fully nonlinear general relativity,

d(p* dyy) = 0. (A.15)

In Weyl canonical coordinates this takes a particularly suggestive form,
1
(aﬁ - ;ap - 83) Y =0. (A.16)

We may interpret this as the Laplace equation in a fictitious three-dimensional flat space
with cylindrical coordinates (p, ¢, z), restricted to a slice of constant ¢.

This linearity property is the principal reason we focus in this work on static rather than
stationary spacetimes. Invariance under ¢ — —t restricts us to even-parity distortions of
non-rotating black holes. Inclusion of the t—¢ cross terms by keeping x # 0 would allow us to
consider two additional cases of physical relevance, namely w = 0 odd-parity perturbations of
Schwarzschild black holes and w = m = 0 perturbations of Kerr black holes. Even though
the Ernst equation is nonlinear, the theory remains integrable [63], or, equivalently, invariant
under the infinite-dimensional Geroch symmetry [58-60, 62]. We consider this in future work.

At the end of the day we are left with the famous Weyl metric,

ds? = —e ¥dt? + ¥ [e%’(dp2 +dz?) + p2dq§2} , (A.17)

which is the general ansatz for a static and axisymmetric vacuum spacetime in general
relativity [48, 49].

41We may also write this in forms notation as

1
dy=7p [0p1dep — =10 * Ao + €*¥ (9 xdx — D=x * dX)] -
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B Regularity condition for the distorted potential vﬁ

In this appendix we summarize the proof that, for a distorted black hole described by
P = sen + 1&, zﬁ must be regular at the horizon, following from the regularity of the scalars
EuE, ', and V6, V1€ [67].

We first argue that the horizon of a distorted black hole must also be located at p =0
along the z axis. Since, at the horizon, the norm of the timelike Killing vector, £, = —e Y,
has to vanish, and the norm of the axial Killing vector, n,n! = p*e?, remains finite, their
product £,£Fn,n" = p? must vanish on the horizon. Therefore, the horizon can only be
located at p = 0. It follows that the Einstein equation gives the following equation for 1,2

V2 = —ié(p))\(z) + Sousice (P 2), (B.1)

where the source at the horizon, %(5(p))\(z), generates the irregular part of ¢ around the
horizon, and Syytside(p, 2) denotes any sources that are located away from the horizon.
While the solution 1 can be obtained using the Green’s function — ————2—— instead
dmy/ p?+(z—w)?
of looking at the full solution, we only need the p — 0 behavior of ¢. Using Gauss’s law
around an extremely small tube around the z axis, one concludes that

Y — —2Xz)lnp+ Ci(z) for p— 0, (B.2)

where C1(z) is some bounded function at the horizon. Since the norms of the Killing vectors,
—e ¥ and p%e?, are bounded at the horizon, one can immediately conclude that

—c<¢yp<2lnp+c (B.3)

for some positive constant ¢. In order for eq. (B.2) to satisfy the bound, we require

0<A(z) <1 (B.4)
Now consider the scalar®?
1 _
V6 Ve = — M) [CEORERCEDLE (B.5)

At the horizon, this quantity has to be finite. From eqs. (2.5) and (B.2) we have v —
A(z)%In p 4+ Ca(z), where Ca(z) is bounded at the horizon. Therefore,

vﬂé—yvugu ﬂj}O _2p—2()\(z)—1)2 [)\(z)2+p2(01 (Z) —)\/(Z) hlp)ﬂ o201 (z)—QCg(z)‘ (B6)

At the horizon, X (z), C1(z) and C{(z) should be finite. Finiteness of V,£, VF&” at p — 0
leads us to conclude that A(z) = 1 almost everywhere at the horizon. Therefore, the
problem (B.1) reduces to

Vi = —Zd(p)@(GM — 2)8(z + GM) + Soutside s 2), (B.7)

42Despite the delta-function source, the Ricci tensor, in particular the component Ry = —%e_z(w'M)VQw, is
still vanishing at the horizon.

43The regularity of a solution is usually evaluated using the Kretschmann scalar RWQ[;R“WB , which is the
simplest non-vanishing scalar one can build out of the curvature of a Ricci-flat spacetime. The existence of
Killing vectors allows us to construct simpler curvature-like scalars; a notable practical distinction is that the
Kretschmann scalar has a rather more complicated dependence on .
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where we have set the location of the horizon to be within the range z € [-GM, GM] without
loss of generality. We know that the first part, —%5 (p)0(GM — 2)0(z+GM), gives us precisely

the “background” potential 1.y of a Schwarzschild black hole of mass M. Therefore 1& should
satisfy V2¢) = 0 ezactly in the vicinity of the horizon. From the properties of the Laplace
equation we conclude that 12} must be finite and regular at the horizon.

C Black hole perturbation theory

If we consider the tidal distortion to be a small perturbation of the background, zﬁ < Ygeh, We
obtain a theory of the perturbative static response. This must of course be equivalent to the
standard treatment within black hole perturbation theory (BHPT) [69], though the dictionary
between the formalisms turns out to be slightly non-trivial, as we detail in this appendix.
The Weyl metric (1.1) for the distorted black hole is [67]
1
fr)

where the coordinates (r, ) are related to the Weyl canonical coordinates (p, z) by

p=1/r(r—rs)sind, z= (7" - 7“;) cos 6. (C.2)

Linearizing in the distortion fields, the metric (C.1) is

ds? = _e_lz’f(r)dt2 + eqj’ {e% ( dr? + r2d92> + 72 sin? 9d¢2] , (C.1)

1

ds?=—(1-9) f(r)dt*+ {(Hmm) ( o

dr2+r2d02> +r? sin29(1+@z))d¢2] +0O(h2,3% ,09).
(C.3)
Our Schwarzschild coordinates (r, ) are defined covariantly as functions of p and z.
They are not, however, the same as the Schwarzchild coordinates conventionally used in

BHPT in Regge-Wheeler gauge, which we label (7,8). The linearized metric for even-parity

perturbations is**
ds® = —f(7)(1 — Ho)dt* + 1;(;;[0 d7? + 7 (1 + K) (6 + sin? 0de?) (C.4)
where Hy and K are shorthand for the mode sums
Ho = H(7)Ye(0), (C.52)
L
K=Y KiF)Ye(h). (C.5b)
L

The m = 0 spherical harmonics Yy(0) = Y;(0) are related to the Legendre polynomials
Py(cosf) by a normalization factor,

Yi(6) = ,/2{; L Py(cos0). (C.6)

4"We have used two of the non-dynamical Einstein equations — H; = 0 and Hy = Hy, in standard notation

— to write the metric in this form.
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Because the coordinates (r,6) and (7,0) differ by a perturbation,
r=7+dr, 60=0+3d0, (C.7)

we may take Hp, and Ky to be functions of r rather than 7, and Y, to be a function of 6.

To build the dictionary between the Weyl and Regge-Wheeler formalisms, we compute
spacetime scalars in each one and match. The simplest scalars available to us are the gy
and gs4 metric components, which are the norms of the two Killing vectors. Comparing
these between egs. (C.3) and (C.4) we see that

Fr)(1 =) = f(7) (1 - ZHo,z(T)Ye(@)) ; (C.8a)
l

A(r)sin? 6 = A(7) sin? § <1 + Z /fg(T)Yg(@)) , (C.8b)
¢

where for convenience we have performed the field redefinition
k=K — Hp. (C.9)

Noting that
_ Ts
F7) = £(r) (1 - A5r> , (C.10)

we may linearize eq. (C.8a) to relate the Regge-Wheeler metric perturbation Hy to the
linearized Geroch-Hartle distorted potential,

b =" Hou(r)Yi(0) + %57« (C.11)

From eq. (C.8b) we find p in Regge-Wheeler coordinates,

p=1/A(7)sinf <1 + % ;/ﬂg(r)Yg(@)> . (C.12)

We can then compute z(7,6) by linearizing and integrating the defining relation dz = — % dp.
Note that this is not entirely trivial as we must compute the perturbation of the 2D Hodge
star. The result is

U sinf  dYy d(Aky)
=T 2*%:%(“1)(19 ar

(C.13)

The inverse (¢ + 1) factor reflects the nonlocal relation between p and z. Finally we linearize
eq. (C.2) to obtain

1 ) 1 cot@ d(Aky)dYy
or =Y —e15 sin® ¢ (A’ Y, ) 14
T2t TGSy T ) (C.14a)
L o o2 (A’ sinf  d(Aky) dYy )
_ - c - = _ Y, ). 14
§cosf E@ 5¢ sin® 6 NSV TT] cos 0kyYy (C.14b)

Recall that A" = dA/dr = 2r — . As a consistency check we note these satisfy eq. (C.8b).
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It is instructive to study the linearized Einstein equations and their solutions in both
the Weyl and BHPT /Regge-Wheeler frameworks. By linearizing the equation [yp = 0 in
Regge-Wheeler gauge we find a second-order equation for kg,

d?(Aky)

By linearizing the 2D Einstein equation, or equivalently eq. (2.5), we have a constraint
between Hg and x,

dry  7g
a = Ao (C.16)

and by linearizing the v equation (1.2) we obtain an equation of motion for Hy sourced by &,

d dHy,
— (A ,
dr < dr

d
) — (0 + 1)Hyy = TS%. (C.17)

By combining the first two equations we may integrate out x to obtain an equation for
Hy alone [42, 84],

d [ dHos\ 7240+ 1)A -
The horizon-regular solution is

1 Ts

where & is a constant and the functional dependence is, as usual,

1
Hog = E&Pg(:ﬁ), Ry Pgl (a;), (019)

y

xzél:Q—r— . (C.20)
Ts Ts

Notice that the solutions for Hy, are m = 2 associated Legendre polynomials in A’/rs,
while, as we have seen, modes of 1[1 are m = 0 Legendre polynomials, cf. eq. (3.8). This
seemingly-contradictory behavior is in fact explained entirely by eq. (C.11) and the observation
that the multipole expansions in the Weyl and Regge-Wheeler coordinates are not quite the
same. For instance, plugging the £ = 2 Regge-Wheeler solution into eq. (C.11) we find that

the corresponding 1& is a sum of monopole and quadrupole contributions,

1[) = HQQ(T‘)YQ(Q) + %(57“

= \/3237‘2 {QA — 1"82 + (GA + 1"82) cos 20}
= 2\/3(P2($)P2(COS 0) — Py(x)Po(cosh)), (C.21)

that is, an ¢ = 2 Regge-Wheeler solution corresponds to a distorted black hole with as =
—ag = 24/5/(47). In general a Regge-Wheeler mode with ¢ even (odd) will correspond to a
particular sum of distorted black holes at levels n where n < ¢ is also even (odd). We present
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the dictionary up through ¢ = 6 (on the left is ¢ in Regge-Wheeler, and on the right are the
corresponding a; coefficients as in eq. (3.8), labeled as ag, a1, ...):

5
(=2 i =21/ —(-=1,0,1), 22
ai =2y 1-(~1,0,1) (C.22a)
7
f=3: i = - ,—1, ,1, .22b
3 a 61/47T(0 0,1) (C.22b)

9
(=4: i =21/ —(~1,0,-5,0,6), 22
a 1= (~1.0.-5,0,6) (C.22¢)

i1
(=5: ai =2,/ —(0,-3,0,~7,0,10), (C.22d)

13
(=6: ai =2/ 1=(~1,0,-5,0,-9,0,15). (C.22€)
™

D Axisymmetric operators

In this appendix, we elaborate on eq. (4.14) and show how one can systematically construct
Sint. It is useful to start with a concrete example. Consider the ¢ = 2 tidal field E;,;,. This
is a 3 x 3 symmetric traceless matrix. Its five independent components can be expressed
(for m = —2,-1,0,1,2)

in many different ways. One way is to use the five matrices ¢},

associated with the ¢ = 2 spherical harmonics, defined by

72 Y5, (6 Z s atat (D.1)

11,02

where 72 = 3,22, One can write
E; i, Zé'm Ciriy - (D.2)

It is worth noting that this decomposition into £™’s is general, and does not assume linear
theory or the equation of motion. The coefficients £’s can in general be functions of space.
We will assume below that their space dependence, if present, respects axisymmetry, which
will be the case for the problem under consideration. We will be particularly interested
in m = 0, due to its association with axisymmetry. (We will see more explicity the role
m = 0 plays when we perform the matching exercise between the EFT and the exact Weyl
solution.) It is thus useful to define a projection:

. 1 v :/
El, =Py 1Py E = 73“%7?122157“, — gaimp“leinllié, (D.3)
where P; i, = 0i,30i,3. It can be verified that E; ”2 =&0 ?”2 The projection can be extended
to any tidal field with ¢ number of indices: ET Lig = Pl PMZ';ZEZ»& il By construction,

any contraction of an arbitrary number of E¥’s, with ¢ remaining free indices, is proportional
to El1 i, itself, after all traces are subtracted.

With the projection defined, we can look more closely at operators in (4.13) where
multiple contractions are possible. For instance, consider the operator with 6 E’s, each with

{ = 2. There are two possible contractions: (TrE?)* = (3,4 EijEjiEyi)? and (TrE?)? =
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(3ij EijEji)®. (It can be shown other contractions can be rewritten in terms of them [56].)
Once we perform projections though, these two possible contractions are in fact proportional
to each other, that is to say, (TrE¥?2)3 = 6(TrE”?3)2. For this reason, at the level of 6
E'sand ¢ = ¥ = ly = f3 = {4 = {5 = 2, a convenient way to express the Love number
operators would be:

St D / dr (ABhass (TrET)® 4+ Mooy [(TrE?)® — 6(TrE*)2] ) . (D.4)

This is convenient because, when evaluated on an axisymmetric configuration in the equations
of motion, the second operator vanishes identically. Indeed, the variation of the second term

in (D.4) yields 6Sint = 65\552)2222[(TrE2)2E¢j — 6(TrE®)E;*E},;]0 BV, which is zero when the
sz’
A§3)2222 is therefore unconstrained by matching with the axisymmetric Weyl solution. The

E’s in parenthesis are of the form £°¢?;, by virtue of the tracelessness of §E%. The coefficient
coefficient of the first operator in (D.4) is what we will be able to deduce by matching. Note
that we could also dispense with the projection in the first term, and write the action simply as:

Sint D /dT (Agg)mm(TrEQ)g + 5\52)2222 [(TTEQ)B - G(TTE?))QD . (D.5)

After all, the basis in which we express the Love number operators is up to us. The important
point is that the second operator gives a vanishing contribution in the equations of motion
by definition for axisymmetric configurations, while the first does not.

The above example illustrates a general principle: for each distinct multiplet (€45 ---¢,,),
associated with n+ 1 number of fields, there will be one Love number operator whose coupling
we will be able to deduce by matching with the Weyl solution. All the other independent
operators at the same perturbative order in the EFT can be arranged in a way that they
do not contribute to the matching with axisymmetric field configurations. All in all, the
action can be expressed in general as in eq. (4.14).

E Horizontal ladder symmetries and the Wronskian

In this section, we discuss some properties of the symmetries presented in section 5. We will
first briefly review some properties of the ladder symmetries (5.5). We will then explain how
the horizontal symmetries are connected to the conserved Wronskian and the Geroch group.

Let us start again from the ¢’s equation (5.2), which we can rewrite for convenience
more compactly as

Eppy =0, Ey =0, (Ad,) — (L +1). (E.1)
Equivalently, one can work at the level of the Lagrangian from which eq. (E.1) is derived, i.e.,
1 N A
Lo=—5 (AU +0(C+1)07)

1.
= g¥eEey, (E.2)

for each mode 1.
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It is instructive to define the “Hamiltonian”
Hy=—-AE; = —A0, (A0,) +4(f+ 1)A, (E.3)

such that a physical mode 1[13 which solves the equation (E.1) satisfies ngﬁg =0. It is
straightforward to check that the “vertical ladder operators” (5.5) [20, 21, 79],

{+1 _ l
DZZ—A&—MﬁfAQ Dg:Aa—iAQ (E.4)
satisfy the operator identities
He DS = D Hy, (E.5a)
Hy D, = D, Hy. (E.5Db)

These relations make it clear that D; and D, represent raising and lowering operators in
the harmonic number £: DZ and D, acting on a solution for a given ¢ yield solutions at
£+ 1 and £ — 1 levels, respectively.

The vertical ladder operators satisfy some useful intertwining relations [20]. In particular,
they can be used to rewrite the Hamiltonian operator H, as

52
m:@g@-zﬁ (E.6)

In addition to the vertical ladders, we can construct “horizontal” symmetry operators,
which act on a single ¢ multipole. They can be defined recursively in terms of the th
operators as [20]

Qo = Dy, (E.7)
Qi =D; ,Qi1D;
:Dzr_l...DSFDO—...DE—7 (E.8)

such that they satisfy the commutation relations [Qg, Hy] = 0. It is straightforward to check
that @y leave the Lagrangians (E.2) invariant, up to total derivative terms.

It can be shown that their associated conserved charges (conserved in the sense of being
r-independent) take the form of the Wronskian squared [34, 79]. For instance, at ¢ = 0,
the Noether charge corresponding to the symmetry Sy = Qmﬁo turns out to be (A(?TZ/AJ(])Q
(the conservation of which can be easily checked), and Ad,1)y can be thought of as the
Wronskian between the regular solution 1&0 =1 and a generic 1/30, ie. W(1, zﬁo) = lAarzﬁo —
zﬁoA@Tl = A(‘)ﬂﬁg. Another way of saying this, in the language of charge generating symmetry,
is 6thy = {W2, 4y} = —21/3EegW, where W represents W[qﬁgeg,iﬁg], P38 denotes the regular
solution while 775 denotes a generic field configuration, and { } represents the Poisson bracket.*
The symmetry transformation dby = ¢, (dropping the factor of —2) looks rather different
from 51@ = Qg@[}g, but it can be shown they are equivalent. Below is a little detour to establish

this fact. Readers not interested in the proof can skip to below eq. (E.13).

45 — JA éB SA B
Here, {4, B} = 55 586, 3: ~ 50.0¢ 500"

,35,



It is convenient to define

Qube = DEW ™, 4] (E.9)

where ¢} = D | ... Df1 = (—rs/2) 0\ Py(A’/rs). That Qo = Q} is simple to see. Let
us look at ¢ = 1:

Q1= Dy Dy Dy
= (D¢, Dr|Dy + DrDg Dy

2
= AD] + D, <H1 + 2)

=D, H; +Q}, (E.10)

where we have defined D, = Ad,. Thus, on shell, Q1 = Q). But one can make a stronger
statement. Both Qllﬂl and Q/ﬂ[}l are good off-shell symmetries of the action, and their
induced variations of the action differ only by a total derivative:

A§S; =65 —6'S; = /dT(Ellﬁl)(DrHﬂZl)
_ / dr(H101) (8, Hid)
1 .
= —i/drar(Hﬂ/}l)z' (E.11)

Thus we may regard @1 and the reduced-order @} as equivalent, @1 ~ Q). Now we may
proceed recursively. Let us assume that, at order ¢, we have the same sort of equivalence we
found for £ = 0,1, i.e. Q; = Q). Then we can construct the order ¢ + 1 operator with three
derivatives rather than 2¢ 4 3 of them, and proceed analogously to the £ = 1 case,

Q€+1 ~ D;QIZD[_+1
= [D?aQ’e]DZH + Q/ED;DZH
_ 0+ 1)?
= QHe + (D707, + g,
= 0D, (Y Hpr) + Q1. (E.12)

The difference in variations of the action is a total derivative,
AdSpy1 = /dT(EEJrl?/A}éJrl)(QéJrl - QZ+1)¢£+1
= —/d?“@eg(H£+1&Hl)@(@egmﬂ?ﬁzﬂ)
_ _% / drd, (HM@H)Q, (E.13)

establishing equivalence between Q41 and Q) +1- Having already shown this equivalence
for £ = 0,1, it follows that it holds for all 4.

Having established that the horizontal symmetries and symmetries generated by the
Wronskian squared are equivalent, it is natural to ask: what about symmetries generated
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by the Wronskian alone? While the Wronskian squared generates a linear transformation,
in the sense that (57,5@ = {W?, @5@} is proportional to 1/3@, the Wronksian by itself generates
a nonlinear transformation, in the sense that (51/34 =A{W, 1/3@} does not depend on 1[1@. Not
surprisingly, the latter is simply shifting @ by a solution. It is shown by [34] that the full
set of symmetry transformations generated by W and W2, using both the regular and the
irregular solutions (i.e., two different Wronksians and their products), form an algebra which
is the semi-direct product of sl(2,R) and a Heisenberg algebra, with a central charge given
by the Wronskian between the regular and irregular solutions. A natural infinite-dimensional
extension would be to include also W3, W* and so on.

F Geroch symmetry: a primer

The fact that the Geroch group is infinite-dimensional is another way of saying that general
relativity for static and axisymmetric spacetimes is integrable. As for other integrable
systems, the Laplace equation (1.2) is equivalent to a system of first-order equations known
as a Lax pair,*

0, X = (1+ N4 )0y + N_0:), (F.1a)

8.X = (1+ N,)0.0 — N_,p. (F.1b)

Here X (p, z;w) is a field which depends on the spatial coordinates as well as a constant
spectral parameter w, while N (p, z;w) are specified functions of space and of w,

zZ— W
Ny = i (F.2a)
_ p
N_ = = (F.2b)

By taking a z derivative of eq. (F.1a) and a p derivative of eq. (F.1b) we obtain a compatibility
condition which is precisely eq. (1.2).

The functions N4 (p, z;w) are rather interesting. It is straightforward to check that
they obey the duality relation?”

0Ny = O.N_,  0.Ny = —pd, (ﬁ) , (F.3)

and that their squares sum to unity,
N2 4+ N? =1. (F.4)

It follows from eq. (F.3) that the function

N 1
R AT ()

46Tn forms notation, dX = (1 + Ny)dy + N_ x de.
4TIn forms, ANy = px d(N_/p).
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is itself a solution to eq. (1.2) for any value of the spectral parameter w.*® In fact this solution
is a generating function for growing modes, as can be seen by expanding around w = oo,

Ni(p, z;w) —1+ZN n=l (F.6a)
—(p, z;w) Z N n=l (F.6Db)
where, in terms of the polar coordinates (p, z) = (Rsind, R cos ), the coeflicients Nj([n) are?
N = -2 _Rrplcos), (F.7a)
T o411 '
N™ = yR™P,(cos¥). (F.7h)

We may now make precise our claim that ¥ is a generating function for growing solutions,
1 R"P,(cosv

Ve =y R

PA(w—2)?2 = w

Note that the theorem of [18], which is close in spirit to our result, follows from integrating

(F.8)

eq. (F.1), and relies deeply on the properties of the Ni.

Expositions of the Geroch group typically rely on the presence of the field x which we
have set to zero, cf. appendix A. The usual story is that when we reduce to D = 2, in addition
to the Ehlers SL(2,R)/SO(2) group acting on (¢, x), we have an SL(2,R)/SO(1,1) Matzner-
Misner symmetry which results from not dualizing the 3-vector A; into the scalar x. In the
Matzer-Misner description we instead act on the ¢ component of A;, which is related to x by

*dAy = pe??dy. (F.9)

Because of this nonlocal relation, acting an element of the Matzner-Misner group on Y,
or acting an Ehlers element on Ay, requires the introduction of a new, nonlocally related
potential. This process continues ad infinitum, and an infinite tower of fields is required to
locally describe the action of these groups. The infinite-dimensional Geroch group is the
result of this failure of the Ehlers and Matzner-Misner groups to commute. In the static
case considered in this work, we lack most of this structure, but there is a remnant, as
becomes shift-symmetric and has a dual scalar ¢ defined by

dip = pxdip. (F.10)

In the general picture, the fields (¢, x) are gathered into an SL(2, R) matrix-valued coset
representative V, and the field X appearing in the Lax equation (F.1) is also an SL(2,R)
matrix. The infinitesimal action of the Geroch symmetry is [62]

5V = UVn + 5hV, (F.11)

48This is most easily seen in the language of differential forms, where it is just a consequence of d* = 0,
recalling that the Laplace equation (1.2) may be written as d(p x dy)) = 0.

“9We use the notation Ny following [18, 51, 85], where coefficients N(in) were defined that are equivalent to
our expressions up to an overall factor of —2.
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where dh is a compensating transformation to restore the original s0(2) gauge choice, and 7
is a w-dependent infinitesimal factor, obtained by conjugating an sl(2, R)-valued constant
infinitesimal parameter € by X,

n=XeX 1 (F.12)

For the static case, everything is a singlet under SL(2,R) and we have functions rather than
matrices. This implies 7 = ¢, and following [62] we choose € = w so that J¢ — 1 at w — oo.
Thus we find dp = w¥, cf. eq. (5.12).
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