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Abstract
Trade-Offs and Opportunities in High-Dimensional Bayesian Modeling

Collin Andrew Cademartori

With the increasing availability of large multivariate datasets, modern parametric statistical
models makes increasing use of high-dimensional parameter spaces to flexibly represent complex
data generating mechanisms. Yet, ceteris paribus, increases in dimensionality often carry
drawbacks across the various sub-problems of data analysis, posing challenges for the data analyst
who must balance model plausibility against the practical considerations of implementation.

We focus here on challenges to three components of data analysis: computation, inference, and
model checking. In the computational domain, we are concerned with achieving reasonable
scaling of the computational complexity with the parameter dimension without sacrificing the
trustworthiness of our computation. Here, we study a particular class of algorithms - the
vectorized approximate message passing (VAMP) iterations - which offer the possibility of linear
per-iteration scaling with dimension. These iterations perform approximate inference for a class
of Bayesian generalized linear regression models, and we demonstrate that under flexible
distributional conditions, the estimation performance of these VAMP iterations can be predicted to
high accuracy with probability decaying exponentially fast in the size of the regression problem.
In the realm of statistical inference, we investigate the relationship between parameter dimension
and identification. We develop formal notions of weak identification and model expansion in the
Bayesian setting and use this to argue for a very general tendency for dimensionality-increasing

model expansion to weaken the identification of model parameters. We draw two substantive



conclusions from this formalism. First, the negative association between dimensionality and
identification can be weakened or reversed when we construct prior distributions that encode
sufficiently strong dependence between parameters. Absent such prior information, we derive
bounds which indicate that decreasing identification is usually unavoidable with sufficient
inflation of the dimension without increasing the severity of the third challenge we consider: that
of dimensionality to model checking.

We divide the topic of model checking into two sub-problems: fitness testing and correctness
testing. Using our model expansion formalism, we show again that both of these problems tend to
become more difficult as the model dimension grows. We propose two extensions of the posterior
predictive p-value - certain conditional and joint p-values, which are designed to address these
challenges for fitness and correctness testing respectively. We demonstrate the potential of these
p-values to allow successful model checking that scales with dimensionality theoretically and

with examples.
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Chapter 1: Desirable and disastrous dimensionality

The technology-driven proliferation of both large, complex datasets and powerful computa-
tional hardware in recent decades has created a greater impetus for employing increasingly com-
plex statistical models in data analysis tasks. In the realm of parametric probabilistic modeling,
this increasing complexity is reflected in the dimension of the statistical model’s parameter space.
In practice, large, multiplex datasets may compel such large parameter spaces for various reasons,

for instance:

1. A problem may be naturally high dimensional, as when we consider a regression task with
a large and undifferentiated pool of potential covariates. In such cases, there may be no
principled way to locate a lower dimensional model which does not carry an unjustifiable

collection of assumptions.

2. Bringing more data to bear on a problem may necessitate an increase in parameter dimen-
sion, as when data from distinct sub-population are combined by introducing hierarchical
parameters to model the inter-population (dis)similarity. This is particularly relevant in an
age of large interrelated data sets collected without direct control of the data generating pro-

CESSES.

3. Related to the last two cases, complexity may be a priori preferable when there is reason to
suspect that there is no simple description of the true data generating mechanism. This may
occur in highly multi-causal domains, or generally when simplifying conditional indepen-

dence relations are unlikely to hold, as in the presence of many unobserved variables.

In such situations, the data analyst must be guarded against the challenges that frequently arise

as the parameter dimension grows. This thesis is concerned with both understanding the prevalence



and nature of dimensionality-induced challenges as well as with methods for mitigating or over-
coming such challenges in practice. We consider the setting of Bayesian modeling in particular

and focus on three categories of difficulties: computational, evidential, and inferential.

1.1 Computational concerns

A Bayesian model is nothing more than a specification of a joint distribution ¢(y, #) over
observed datay € Y and unobserved quantities @ € ®. Such a model is almost always specified as
a sampling distribution f(y | ) (or likelihood, when treating it as a function of @ for fixed y) and
a prior distribution ¢g(@). Conceptually, it is often convenient to think of f(y | ) as specifying a
(random) process by which observed quantities y are generated from unobserved quantities, and to
think of ¢ (@) as specifying the distribution of plausible values for the unobserved quantities 6.

In Bayesian inference, we are commonly interested in computing the posterior distribution of
the model, ¢(@ | y). In practice, we will never know this distribution completely (insofar as we
cannot know every quantity which might depend on this distribution). Instead, we are usually
content with the computation of certain functionals of ¢(€ | y), including (potentially) means,
variances, correlations, quantiles, or marginal densities. Computational approaches can be divided

into three categories: exact, asymptotically exact, and approximate.

1.1.1 Exact inference is powerful but brittle

Exact inference refers to methods that compute the relevant functional of the posterior distri-
bution ¢(0 | y) exactly. The canonical exact inference method is the method of conjugate families.
In this setting, the prior and sampling distributions ¢(@) and f(y | €) are taken from parametric
families

Q={qa()|AeAcR"}, F={fs(])]oelcR"} (1.1)

These families are said to be conjugate if, whenever ¢ € Q and f € ¥, then g(- | y) € Q.

In this case, there is some value of the hyperparameters A such that g(- | y) = g3(-), and these



hyperparameters are determined as a function of the prior hyperparameters, sampling distribution

hyperparameters, and the observed data. That is, there is a map ¢ : A X X X Y — A such that
1=¢(d,a,y). (1.2)

When we can apply this method to our model, then posterior inference proceeds in two steps.
First, compute 1 using (1.2). This determines the posterior distribution as g3. Second, use the
properties of g to compute the desired posterior functionals. For example, when ¥ is the Poisson
family, then the family of gamma distributions Q with shape and rate hyperparameters A = (a, 8)
is conjugate. Then posterior inference consists of computing the posterior hyperparameters 1 =
(a, ﬁ~). If we are interested in the posterior mean and variance, for example, then these can be
computed for the posterior gamma distribution as @/ E and a/ ,EZ respectively.

In some cases, the desired posterior functionals may not be given in terms of known closed-
form functions of the hyperparameters A. However, in most cases where conjugacy is useful, we
can at least readily sample from gy with very low per-sample complexity. Then most common
functionals can be computed using large sample approximations. For example, sample average
approximate posterior expectations, and histograms approximate marginal densities.

The primary limitation of conjugacy in Bayesian inference lies in the relative paucity of known
conjugate families of priors and sampling distributions. Consequently, conjugate models will
rarely be available in sufficiently complex modeling settings. For instance, exact conjugate in-
ference is possible for linear regression models when the prior on the regression coefficients and
noise variance is taken from the normal-inverse gamma family. However, this conjugacy relation-
ship is highly brittle to modifications in the regression assumptions. In particular, if the error terms
are taken to be heteroskedastic or correlated, if nonlinearity is introduced between the linear com-
bination and the outcome as in generalized linear models, or if data exhibits nontrivial missingness

or hierarchical structure, then the conjugate structure is often lost entirely.



1.1.2 Asymptotically exact inference is flexible but superlinear

Whereas conjugate families allowed us to sample from the exact posterior distribution, it is
often fruitful to trade this exactness for flexibility. This is enabled by the class of Markov Chain
Monte Carlo (MCMC) methods, which generate asymptotically exact samples from the posterior
distribution while imposing far fewer requirements on the form of the model relative to conjugate
methods. The asymptotically exact property means that if we run such a method for long enough,
then the distribution from which the next sample is generated is arbitrarily close to the true posterior
distribution. More formally, an MCMC method generates a sequence of samples {0(“)};?:1 where
each sample is taken from a corresponding distribution §*) ~ ¢()(-). The distributions ¢(*) are
determined in sequence from some initial proposal distribution ¢(®) by the action of a Markov
chain. In particular, given a conditional distribution 77(@ | 8”) which we refer to as the transition

kernel, the distributions ¢(*) are determined sequentially as the marginal distributions of
q(s,s—l)(a(s), 0(&—1)) — q(s—l)(o(s—l))ﬂ_(a(s) | o(s—l)). (13)

When configured correctly, and assuming appropriate conditions on the model, these will con-

verge to the true posterior in distribution, i.e.
orv (¢%.a(- 1)) =0, (1:4)
where 67y is the total variation distance defined by
STV (p,q)zsgphpp (6 €E)-P, (0 €E)|, (1.5)

where the supremum is taken over all measurable subsets of ®. Such convergence results follow
from the convergence of the underlying Markov chains that MCMC algorithms simulate (see, e.g.

[79] for details). This total variation convergence justifies, for example, treating a finite-sample



proportion

1 S
< D 1e(0Y) (16)
s=1

as a reliable estimate of P, g|y)(E) for S sufficiently large regardless of the choice of measurable
E C 0.

The benefit of this approach is that, if the distributions ¢*) have converged to some stable
limit, then this limit must be the true posterior distribution. Consequently, MCMC methods are
often first run for a warmup period during which the distributions ¢(*) converge to ¢(- | y). Once
convergence is (approximately) achieved, the subsequent post-warmup samples are collected and
treated as a sample from the posterior distribution.

Such algorithms apply very widely to parametric models, but they are subject to some common
limitations. In general, there are no guarantees on the rate of the convergence in (1.4), and in
practice this convergence can be intractably slow for sufficiently complex models. Furthermore,
because the samples 8(*) are typically positively correlated, MCMC algorithms may need to run for
a large number of iterations in order to achieve a sample which adequately represents the (desired
functionals of the) posterior distribution.

Perhaps most important in the context of high-dimensional modeling, however, is the scaling
of per-iteration complexity with parameter dimension. This scaling will generally depend on the
structure of the posterior distribution, but it is shown in [16] that we cannot generally expect better
scaling than O(d>/*) in general for the Hamiltonian Monte Carlo (HMC) algorithm. Although
HMC is widely popular and enjoys better per-iteration dimension scaling than most alternatives,

this scaling remains super-linear in d.

1.1.3 Approximate inference is fast but potentially unreliable

Continuing along the path from exact to asymptotically exact inference, approximate inference
methods trade any guarantee of (eventual) exactness for greater computational flexibility and better
scaling. These methods typically approximate the true posterior distribution g(- | €) by one or

more distributions ¢*(-) taken from a class of distributions Q* which provides nice computational



properties. The resulting approximations ¢* may remain arbitrarily far from the true posterior no
matter how long the approximate inference algorithm is run, giving up the asymptotic exactness of
MCMC algorithms.

Many approximate inference algorithms can be characterized by the choice of approximating
family Q* along with the measure of discrepancy between ¢g*(-) and ¢g(- | y) which is minimized to
find the best approximation ¢* € Q*. The most widely-used family of approximating distributions

is the mean-field family, which has the form

d
Q = {q* =] |4} () and {4}, A}, (1.7)

i=1

where d is the dimension of the parameter space @, and {g, | 4 € A} is some parametric family
of one-dimensional distributions. Critically, the mean-field family assumes independence between
all components of the parameter vector # and enforces a specific parametric form for the marginal
distributions.

Once a corresponding discrepancy measure D (-, -) has been fixed, the approximate inference
algorithm proceeds by iteratively updating ¢* € Q" in order to minimize D(g*(:) | q(- | y)).
Specific instances of the approximate inference scheme arise by choosing a combination of Q*
and D so as to make the corresponding minimization problem computationally tractable. The
popular mean-field variational inference algorithm minimizes (a bound on) the KL divergence
D(g*(-) | q(- | y)) from the approximate distribution to the posterior when Q* is the mean-field

family, where the KL divergence is given by

_ p(9)
D(p | q) =Ep) log 20) (1.8)

The KL divergence D(p | ¢) quantifies discrepancy between distributions p and ¢ insofar as it is

nonnegative and D(p | ¢g) = 0 if and only if p = g p-almost everywhere. Furthermore, Pinsker’s



inequality tells us that the KL divergence controls the total variation distance, in that

1
otv(p,q) < \/iD(P | ). (1.9)

Thus, the KL divergence provides an analytically convenient target for optimization while control-
ling a directly interpretable quantification of distance between distributions.

While the distributional families Q* employed by approximate methods often make unrealis-
tically strong simplifying assumptions (e.g. the mutual independence enforced by the mean-field
family), it is precisely this enforced simplicity that opens up the possibility of per-iteration com-
putational complexity scaling that is linear in the parameter dimension d for such algorithms.
Furthermore, in practice, the number of iterations required for convergence of such approximate
methods may be more than an order of magnitude smaller compared to MCMC methods.

Expectation propagation algorithms are another class of approximate inference procedures
which can be applied to minimize the reverse KL divergence (i.e. from the posterior to the ap-
proximate distribution). Minimizing the KL divergence in this direction gives some potentially
beneficial properties depending on the posterior functionals of interest. For instance, mean-field
variational inference has been observed to underestimate marginal variances when the components
of @ are not independent in the true posterior distribution. Moreover, this can be directly related to
the KL divergence which the variational algorithm minimizes. (See [13] for a review of the prop-
erties of variational inference and comparison to other algorithms.) In many cases, by flipping the
direction of the divergence, expectation propagation avoids this problem (with appropriate choice
of approximating family Q") [68, 69]. However, while mean-field variational inference can be ap-
plied with little consideration for the underlying model, expectation propagation procedures often
require a more careful, model-specific construction of the family Q.

Yet more model specific, the approximate message passing (AMP) algorithms were developed
to rapidly compute sparse coefficient estimates in high-dimensional regression models [28]. Many

variants of the original AMP algorithm have been developed with applicability to a wider class



of regression models and with better robustness to different distributional structures. The “vector-
ized” variants introduced in [77, 84], for instance, can achieve convergence more reliably under a
very flexible class of design matrices which can be arbitrarily poorly conditioned. These vector-
ized AMP algorithms can also be derived as a special case of expectation propagation, which we
demonstrate in chapter 2.

The primary drawback of approximate methods in general comes from the potentially un-
bounded error in the approximation g* to the true posterior. While this approximation will min-
imize the chosen discrepancy D(¢*(-),q(- | y)), the size of the minimized objective is typically
unknown and difficult to estimate. This stands in contrast to MCMC methods, for example, for
which diagnostics can indicate convergence with high practical reliability. The AMP family of
algorithms offers a partial counterexample to this trend. In certain limits as both sample size and
number of regressors increase, the estimation error of many AMP algorithms converge to the pre-
dictions of a computable scalar iteration referred to as the state evolution [28, 77]. Furthermore,
in sufficiently nice cases, this convergence has been shown to be exponentially fast [81]. Thus this
state evolution can provide a reliable characterization of the overall estimation error, and hence
also the approximation error, which is one component thereof. Taken as a whole, the primary
computational challenge presented by high-dimensional models is this: to find algorithms which
simultaneously scale tractably with the problem dimension and provide trustworthy approxima-

tions of the true posterior functionals of interest.

1.2 Evidential concerns

When we apply the inferences or predictions obtained from a statistical model to draw a sub-
stantive conclusion or take some action, we may reasonably wish to know if that conclusion or
action is justified. Such justification depends not only on the outputs of the model, but also on
the relationship between the model and the world. In particular, justifying an interpretation of a
model often requires some kind of rigorous test of the fitness of the model (i.e. how well it can

recapitulate features of our measured data) or the correctness of the model (i.e. whether the data



can falsify any of the modeling assumptions).

Because we find that model checking is often treated in the statistical literature as a unified
enterprise with a single goal, we dwell on this distinction between fitness and correctness testing
for a moment. A model may be incorrect but provide adequate fitness to all checked aspects of the
data, simply because the data are insufficient to determine the structure of the model uniquely. In
such a case, depending on the intended application of the model, we may be in a position to trust the
model’s predictions about observable quantities but not necessarily the corresponding inferences

about unobservables.

Figure 1.1: A schematic representation of the distinction between model correctness and fitness.
Wider rectangles represent models with greater sampling variation. Blue rectangles represent
correctly-specified models (which completely overlap the most specific correct model).

On the other hand, because statistical models are partially stochastic, there will not be a unique
correct model in any given case. This is just a mathematical way to say any given “data gener-
ating process” in the world is usually many different processes operating at different scales. The
knowledge of graduates of a given university is generated (partly) by the quality of the university’s
classes. But the quality of the university’s classes is generated (partly) by the educational policies
of the nation in which the university resides (which also affect the other universities within the same
nation). Statistically, if y ~ f(- [ @) and @ ~ ¢(-), then it is also true thaty ~ f(-) =E,(g)f (- | 0).
Thus, both f(- | @) and f(-) are correct models of the process generating y. However, we may

still be able to say that f(- | €) fits the data y better than f(-), since the former may have lower



variance and may more typically produce data resembling y in relevant features.

This distinction is illustrated diagrammatically in Figure 1.1. Each rectangle represents a dif-
ferent model. The width of the rectangle represents the specificity of the model, with wider rectan-
gles representing models with a higher variance sampling distribution (like f(-) above). The blue
highlighted rectangles represent correct models, which are those completely overlapping the most
specific correct model at the bottom. As the figure suggests, some incorrect models (such as that
represented by the third rectangle from the bottom) may be incorrect but also exhibit better fitness
to the data than correct but less specific models (such as that represented by the topmost rectangle).
Essentially, this correctness-fitness distinction is nothing more than the bias-variance tradeoff in

statistical inference rephrased in the setting of model checking.

1.2.1 Assessing model fitness in the context of uncertainty

Assessments of model fitness often begin by selecting one or more features of the data as
represented by test statistics 77,...,Tk, where T; : Y — R for 1 < i < k. Common choices
of test statistics include measures of central tendency and spread, measures of association, and
measures of extreme values. Once the features of the data have been fixed, it must be determined
whether the model is capable of reproducing the observed values of the test statistics 7;(y). Such a

determination is not entirely straightforward, however, for two reasons:

1. The data y are assumed to be a random realization from a true data generating distribution
f(- ] 6%). Thus, even if the model is entirely correct, we would not expect another data set
generated from this model to reproduce the observed 7;(y) values exactly for any 1 < i < k,

and we even expect some values not to match even approximately if k is sufficiently large.

2. The parameter #* which corresponds to the true data generating distribution is itself un-
known. Thus, in any comparison of model to data, we wish to account for our underlying

the uncertainty about the distribution f(- | 7).

If we take a frequentist approach to inference, we may obviate the second issue by simply
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substituting a point estimate @ for *. We then usually resolve the issue of randomness in the
data by comparing the distribution of possible test statistic values under the model to the observed
value. More specifically, given 6, we can compare the distribution of 7;(yrep) where yrep ~ f(- | 0)
to the observed value of T;(y). (Here, y, represents “replicated” data; i.e. data generated from
the same process as y.) If the latter is an extreme value relative to the distribution of 7;(yrep), then
we can conclude that observing a value similar in magnitude to 7;(y) would be extremely unlikely
if the data were truly drawn from f(- | #). An easily applied method for making this procedure
quantitative is to first fix a numerical measure that summarizes the comparison of 7;(y) to the

distribution of T;(yrep) given 6, such as a tail probability or p-value:

pr(0) = Pf(yreplﬁ') (lT(Yrep)l > |T(Y)|) . (1.10)

We then regard T;(y) as too extreme if pr(0) is sufficiently small. Taking 6 = 6 then completes
the fitness assessment in the frequentist case.

In the Bayesian case, we must still contend with our uncertainty about #. A common solution is
to simply average our comparisons (e.g. the values pr(8)) over the posterior distribution ¢ (€ | y),
representing our average fitness assessment accounting for our uncertainty about the true data
generating distribution. If we used a p-value to summarize the fitness given each @, then the

resulting posterior expectation of these is referred to as the posterior predictive p-value:

PP =Eyay) [pr(0)] (1.11)

This approach is simple and interpretable in sufficiently low-dimensional models, but it be-
comes harder to extract useful information from as the model dimension increases. This can be
seen, for instance, in the fact observed by [67] that the posterior predictive p-value tends towards
0.5 as the model dimension grows (when y is drawn from its marginal, or prior predictive, distri-
bution f(y)). It may be tempting to conclude that this is a good thing, that it indicates that larger

models are simply more likely to fit any given feature of the data than smaller models. In any given
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model, this may in fact be the case.

However, the posterior predictive p-value may approach 0.5 with increasing dimension even
though the higher dimensional models do not fit the data better overall. To see why, we need only
examine the distribution of pr (@) for @ ~ ¢(- | y). As we show in chapter 3, as the dimension of
the model increases, the posterior variance of pr (@) tends to increase as well. We also demonstrate
that this fact is sufficient to explain the contraction of pP° towards 0.5, regardless of whether the
fitness of f(- | @) is improving with dimension for a majority of € under the posterior.

In words, we may say that the posterior predictive p-value tends to indicate better model fitness
(for any given test statistic 7") as model dimension grows because higher-dimensional models tend
to be more equivocal about the true data generating process. Specifically, the posterior will com-
monly support some sampling distributions under which the observed 7'(y) is fit well and others
(potentially a majority) under which it is fit poorly. But because of this variation in the fitness, it
is harder for the average value (i.e. the posterior predictive p-value) to reach extreme values. Con-
sequently, higher dimensional models tend to produce checks of fitness that are more ambiguous,

and provide a correspondingly weaker basis for judging the model.

1.2.2 Assessing model correctness in the context of uncertainty

Relative to fitness checking, testing the modeling assumptions for correctness may provide
stronger justification for conclusions about unobservables on the basis of model inferences, with
the caveat that all such testing is subject to the fundamental asymmetry of falsification, namely that
a model may be definitively falsified but never entirely confirmed. Nevertheless, a model which is
not falsified after a strong test of its assumptions is generally regarded as more trustworthy than
one which has not been so rigorously tested.

Assessments of model correctness generally hinge on frequency calculations conditional on
model truth - i.e., how often would an observed quantity lie in some set if the observed data from
which the quantity is calculated were truly generated by the model. Formally, if C : Y/ — Q C Ris

a map which quantifies concordance between our model and data such that smaller values indicate
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less concordance, then we can assess the correctness of the model using the probability

7T = Phyep) (C(Vrep) < C(Y)) (1.12)

where h(-) represents a distribution that we expect y to be drawn from if the model is correct. (We
will see momentarily that this is not unique.) If y ~ A(y), then x is uniformly distributed (by the
probability integral transform). Thus, if we decide to treat our model as incorrect if 7 is below
some threshold o € (0, 1), then g is exactly the probability of erroneously considering the model
incorrect (i.e. the Type I error rate).

As with tests of fitness, it is common to take the concordance quantity C to be a p-value.
Depending on the specific choice of C, the probability 7 may not be easily computable, in which
case it is common to reject the model when C(y) < « for some level @ > 0. This may be justified
by noting that 7 — 0 as C(y) — O.

In classical frequentist testing, correctness testing often comes for free from fitness testing.
Suppose we fix some test statistic 7 and a point estimate 8. Then a frequentist may test the fitness of
the model f(- | @) by computing the p-value p7(8). This immediately yields a corresponding test
of model correctness. To obtain this test, we first ask for the frequency 7 (@) with which pr(8) < «
for any & > 0 under the assumption that f(- | @) is the true data generating process. But this is
just to say that p7(8) is calculated under the same distribution from which y is generated, and so
the probability integral transform again tells us that p7 (@) is uniformly distributed. Critically, we
have in this case that 7(a) = a. Consequently, if we set some rejection threshold @ = 0.05 and
find that p7(0) < «a, then we know that this would occur with frequency 0.05 if the model were
correct, allowing us to test and reject the model with known error rates.

However, we must emphasize that the preceding analysis was entirely conditional on the par-
ticular value of our point estimate 8, and is thus simultaneously a test of both (i) the modeling
assumptions carried by the parametric family ¥ = {f(- | 6) | @ € @} and (ii) the particular choice

of estimator . In the Bayesian setting, we lack a single point estimator and must accommodate the
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uncertainty intrinsic within the posterior distribution ¢(€ | y). Beneficially, the resulting test can
be said to test the correctness of only the modeling assumptions (free from any additional choice of
estimation procedure). But once we lose the convenience of a single point estimator, the relevant
frequency calculations for tests of correctness no longer come for free from fitness calculations as
in the frequentist case.

We may try to construct a Bayesian test of correctness by starting with a fitness test as in the
frequentist example. For instance, we may begin by computing a posterior predictive p-value pl}os’t
and then attempt to find the frequency 7 with which pI™ < @ if the model were correct (where
now model correctness means the correctness of the complete Bayesian specification, including
the sampling family # and prior ¢(-), but excluding any particular choice of estimator). In terms

of the above definitions, this amounts to taking C = pP°* and

h(y) = f(y) =By f(y | 0), (1.13)

the marginal or prior predictive distribution of the data under the model.

In the frequentist case, since m = @, we had that the frequentist p-value pr(0) was uniformly
distributed under the frequentist null hypothesis, i.e. that f(- | 8) is correct. The posterior predic-
tive p-value, on the other hand, typically has a distribution more concentrated around 0.5 compared
to uniform when y ~ f(y). This means that if we would like to find an a for which pI;OSt < a with

known probability, say mg, then we will generally need to select @ > my. Conversely, for any fixed

post

value of a, say @ = 0.05 as above, the frequency with which p,

< a will typically be smaller
than « if the model is correct.

This becomes an issue as soon as we consider the power of the resulting test of model correct-
ness. In tests of model correctness, there is usually no pre-specified alternative to the model under
consideration, and so the power cannot be formally defined in the usual way. But for our purposes,

it suffices to recognize that as my gets smaller, we are less likely to mistakenly conclude that the

model is incorrect, but we are also probably less likely to detect that the model is in fact incorrect
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for any particular fixed alternative. Consequently, if we ignore the distinction between a and o
and choose @ based on common convention, we may end up with a value of 7y small enough that
our power against any particular relevant alternative model specifications becomes unpleasantly
small as well.

In practice, we may hope to overcome this issue by simply adopting a more conservative stance
to correctness testing of Bayesian models overall. Most simply, this might take the form of a policy
of taking @ > my. While such a policy may perform well for this or that particular model, it is
unlikely to be a sustainable strategy in the context of growing model dimension, for the same

reason that high dimensionality posed a challenge for fitness testing. Specifically, as the parameter

post

dimension grows, the frequency distribution of p;.

when y ~ f(y) tends to contract around 0.5.
Thus, in order to maintain 7o > 0.05, for instance, the corresponding value of « will likely need
to be taken closer and closer to 0.5 as the parameter dimension grows. In particular, we can expect
no stable relation between my and @ which allows us to maintain sufficient power as dimension
increases absent further information.

In summary, the fundamental challenge that high dimensionality poses for model checking is
to find methods of assessment and testing which are rich enough to inform us about which aspects

of data are poorly fit, and which are powerful enough to represent a real challenge to our modeling

assumptions, so that passing the test may justify interpretation of the model.

1.3 Inferential concerns

Even if our computational approach succeeds in providing close approximations of posterior
functionals and our model assessments warrant action on the basis of those posterior quantities, the
posterior itself still must be informative enough to support nontrivial conclusions. For instance, if
the posterior distribution is identical to the prior distribution, then we will have learned nothing
from the observed data. Assuming that we constructed this model because our prior information
was an insufficient basis to draw relevant conclusions or take relevant actions, this would represent

a failure of inferential informativeness.
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1.3.1 Weak marginal identification as a challenge to inference

Of course, the posterior could only recapitulate the prior distribution exactly if the likelihood
function

1()=0 f(y]|8) (1.14)

were identically constant over the support of the prior. This would be an extreme form of what
is referred to an nonidentification in the frequentist literature. More generally, we may say that a
model is nonidentified if the likelihood function /(@) has no unique maximum. Most frequently
when this occurs, there is an infinite subset @* C © such that /(0) = maxgee [(0) forall @ € @*. In
the constant case above, we have @ = @ (if the prior is supported over the whole parameter space).
By definition, nonidentification means that the maximum likelihood estimator is not well-defined,
and thus poses an existential challenge to frequentist inference.

For Bayesian models, on the other hand, nonidentification in the frequentist sense does not
pose any existential issues for inference. As long as the prior distribution is proper, a nonidentified
model will still yield a proper and well-defined posterior distribution. This had led some to claim
that issues of identification do not affect Bayesian methods tout court.

To take a somewhat less trivial example, if @ = RY and @" is an affine subspace of ® of
dimension k < d, then the posterior and prior distributions conditional on @ € ®* will be identical,
but the posterior distribution may still be substantially more informative than the prior in directions
orthogonal to ®*. From the perspective of posterior informativeness, however, we need not focus
on subspaces along which the posterior is exactly equal to the prior. For instance, for a given
component of @, say 1, if the variance of ¢(6 | y) is 90% of the prior variance (i.e. the variance of
q(01)), then the posterior provides nearly as little usable information as in the exactly nonidentified
case.

Consequently, the frequentist notion of nonidentification may be replaced by a notion of weak
identification in the Bayesian setting. Rather than posing a challenge to the existence of estimators,

this Bayesian notion of identification relates to our ability to learn nontrivial information from the

16



data given the model specification. We may try to formalize this notion in terms of a function
A(y) which measures posterior learning relative to the prior insofar as E¢y)A(y) > 0 (i.e. we
expect to learn a nonnegative amount of information if the model is correct) and A(y) monoton-
ically increases with some appropriately defined notion of the additional information present in
the posterior over the prior. We may be interested in defining such a A over the full posterior or
over only certain marginal distributions, such as the marginal posterior distributions of the scalar
components of 6.

One natural way to define such A is to start with a distributional quantity that is expected to
decrease when passing from prior to posterior. If we focus only on the scalar marginals, then we

might take the variance as such a quantity since it is always true that

Ef(y)Var (6 | y) < Var (0). (1.15)

We may then define an appropriate A as A(y) = Var () — Var (6 | y). If we wish to define A for
the entire posterior distribution, we may use the entropy functional H(q) = —E,)log q(8), for

example, since this also obeys the required expected decrease:

ErpH(q(-1y) < H(q(")), (1.16)

We then define A(y) = H(q(-)) — H(g(: | y)). In terms of any such choice of A, we may say that

(an appropriate marginal of) the posterior distribution is e-weakly identified if A < €.

1.3.2 Challenges of avoiding weak identification in high dimensions

The relation between our notion of weak identification and parameter dimension is not entirely
straightforward, as the level of identification in any given case will depend on much more than
the problem dimension. On one hand, we know that regression models, for example, become
nonidentified in the frequentist sense as soon as the number of predictors exceeds the number

of observations. As noted above, this creates weak identification along some subspaces in the
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corresponding posterior for a Bayesian linear regression. On the other hand, it is not inevitable that
increasing parameter dimension weakens posterior identification in general. There is no reason that
a larger model could not exhibit a stronger connection between observables and unobservables on
average and lead to better posterior identification overall.

Thus, the strongest relationship that we may expect between dimension and identification
would be something like a trend contingent on other factors. Nevertheless, the preceding still
leaves open whether such a trend exists (in either direction) and under what conditions such a
trend would hold. To gain intuition, it is useful to return to the regression example. In that case,
the poor identification comes from the increasing correlation between (observed measurements)
of the predictor variables as the number of these predictors increases. This increasing correlation
creates a kind of competition between distinct predictors to explain the same variation in the out-
come. When different predictors compete in this way, it becomes difficult to disentangle the effects
of each predictor separately on the outcome, creating weak identification for the corresponding re-
gression coefficients.

The regression case also has the special property that we can associate parameters (the coeffi-
cients) to predictors which are shared across models, allowing us to compare the identification of
the effect of a fixed predictor (i.e. its coefficient) across lower- and higher-dimensional models.
In other words, the presence of a common predictor variable justified the comparison of param-
eters across models. In order to think about the effect of increasing dimension on parameters in
general, we need a generic notion of a parameter being shared between models to enable similar
comparisons. While there is no unique way to identify parameters between models, the following
notion of model expansion captures many commonly encountered cases, including the regression

example.

Definition 1 (Model Expansion). A model q(y, 0, 1) defined with additional parameter A € Rk is

an expansion of base model Gy (y, 0) if

—k
Gvase (Y, ) = q(y, 0 | Ay) for some Ay € R, (1.17)
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where R = [—00, 00]. If g = oo, then the right-hand side is interpreted as a pointwise limit

(in terms of an appropriate notion of distributional convergence) as Ay — *oo.

In words, ¢ is an expansion of gpyee if it embeds gpase as a conditional distribution. When
we have a model expansion of this form, we can reasonably compare the identification of the
parameters 6 between base model and expansion and speak of these parameters as being “shared”
by the two models. This definition also covers many instances of what might be colloquially

referred to as model expansion. For example:

* Let gpase(y, @) be a generalized linear model with response vector y and parameters 6 in-
cluding predictor coefficients and additional parameters. Adding a new predictor and cor-

responding coefficient A with independent prior is then an expansion since gpase(y, ) =

q(y,0 | 1=0).

* Let gpase (¥, 6) be an exchangeable Poisson model over the data {y;} with 6 the Poisson rate.
We can extend this model with a parameter 4 > 0 to account for possible overdispersion in

the data. This is commonly modeled with a negative binomial distribution

Cfy+a=1\ (6 Vo 2!
f@'”)—( y )(m) (m)-

If A is assigned an independent prior, then since gpase(y,0) = limy g(y, 0 | 1), this is

again an expansion.

We will show in chapter 4 that model expansion of the above form tends to decrease identifica-
tion. In particular, let A, and Apase denote an identification function (as defined in the last section)
for the marginal models ¢(y, @) and gpase(y, @) over only the shared parameters @ respectively,

where

4(y.9) = / 4(v.8, DdA. (L18)

We show that A, tends to be smaller than Ap,ge, increasing the risk of e-weak identification for any

fixed € > 0 in the higher-dimensional model when A is taken to be the variance- or entropy-based
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identification function defined in the previous section. As we will see, the reason for this is es-
sentially the same as in the regression case. Specifically, as we add parameters, it is unlikely that
the variation in the data explained by the new parameters is entirely independent of the variation
explained by the previous parameters. When there is some dependence between these parame-
ters, as when regression predictors correlate and compete to explain the same outcomes, posterior
identification suffers.

The tendency for A, to fall relative to Apgse is established through an identity of the form

Ay = Apase + C — B. (1.19)

The term C represents a comparison between Apgge and Ag.jq) for 4 ~ g(A). Since Apase = Ag(29)
we can think of A as indexing a family of models and C as measuring identification in that family
relative to a fixed point 4gp. Depending on how the family is constructed, C could be arbitrarily
large or small.

On the other hand, B is a term with is nonnegative so long as the joint prior ¢(é, 1) does not
enforce too much dependence between the shared and expanded parameters. We therefore refer to
as a bias term. The size of this term is directly related to the dimension k of the space of expanded
parameters A and determines the severity of the downward trend in identification relative to model
dimension. As we will show in chapter 4, examining the form of the terms C and B will point
towards general modeling strategies which may help guard against weakening identification when
applicable.

Notably, the choice of prior distribution plays an important role. As mentioned above, when
0 and A are sufficiently strongly associated in the joint prior ¢(8, 1), then the weakening effect of
expansion on identification (established through the term B in (1.19)) may be substantially atten-
uated or reversed. Importantly, this improvement to identification does not require any condition
on the marginal distributions of the prior, and therefore can achieved with even very weak prior

information about the individual scalar parameters separately.
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Indeed, this is essentially the strategy employed by sparsifying priors in Bayesian regression,
which also provide intuition for this property. When a regression possesses two highly correlated
predictors x and x” with corresponding coefficients 8 and f’, then large positive values of 8 can
be approximately canceled by large negative values of £’, resulting in larger uncertainty about
the value of g relative to a model with only x. However, a sparsifying prior will place lower
probability on models with more coefficients far from 0. Such a prior will strongly favor cases
where either 8 or £ is far from 0, but not both, enforcing strong negative dependence between
the two coefficients. Since this essentially imposes a “soft” choice between including x or X’ in
the model, it enables us to retain marginal identification properties closer to the smaller models
without explicitly excluding either predictor a priori (and therefore without needing strong prior
information about 8 or 8’ marginally).

Thus, the fundamental challenge of high dimensionality to inference is to both find strategies
to limit the tendency of model expansion to diminish identification while also leveraging the full

posterior distribution to extract as much useful information as possible.
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Chapter 2: Challenges to computation

This chapter is taken from [20], with Professor Cynthia Rush, to appear in IEEE Transactions
on Information Theory.

As discussed in chapter 1, approximate Bayesian inference schemes gain substantial computa-
tional speed and flexibility at the cost of incurring an approximation error that is usually difficult
or impossible to quantify. Such algorithms often proceed by approximating the true posterior dis-
tribution ¢(- | y) by a distribution ¢ which has a computationally tractable form. In this chapter,
we study the error of a pair of approximate message passing algorithms, which can be viewed as

special cases of the expectation propagation (EP) algorithm introduced in [68].

2.1 Introduction

In order to make expectation propagation schemes computationally feasible, we must choose
both a family of distributions, which is usually taken to be a parametric family Q* = {g =g | A €
A c R?}, and a corresponding notion of discrepancy D(g(- | y), ) between the true posterior and
our approximation which our algorithm will (approximately) minimize. Expectation propagation
attempts to minimize a certain KL divergence from the posterior to the approximating distribution.

This divergence is given as

q(0 | y)) @.0)

D(q(-1y).q) =D (q(-|y) | q) =Eq(gjy) log (W :

The corresponding approximating family for EP is then constructed in two parts:
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1. Choose a factorization of the posterior distribution:

M
g0 1y) o< [ [ 4™ On), (2.2)
m=1

where the ¢g,, are (proportional to) probability distributions and 6,, is the vector consisting

of those components of  on which ¢,, depends.

2. Approximate each factor ¢ by a distribution g™ taken from an approximating family Q*.

EP then proceeds by iteratively constructing a sequence kam) form = 1,...,M and k =
1,2,3,... which attempts to minimize a corresponding KL divergence. Of course, our posterior

always trivially satisfies the factorization (2.2) with M = 1 factor. The power of expectation prop-
agation usually comes in choosing a nontrivial factorization for which the corresponding factor
updates for g are substantially simpler than in the trivial single factor case.

To see how this can work, we must first elaborate the process for updating the individual ap-
proximate factors g\ . First we define the gap distributions, which leave out a single approximate

factor foreach 1 <m < M:

g\" = n g, (2.3)

m’#£m

In order to update the factor El{km), EP attempts to minimize the KL divergence:

qule = arg Ig\inD (q(m)@m | ak) . 2.4)
q m

The result of this minimization gives an updated gap distribution Z]X:l In order to construct the

updated approximate factor for m, we simply divide:

—m) _ qk
kel = Tom (2.5)
qk+1

Of course, for this step to be valid, the quotient on the right hand side above must also lie in

the approximating family Q*. Furthermore, it is still not apparent how the KL divergence (2.4)
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can be minimized in practice. Conceptually, this may be simpler than minimizing the global KL
divergence (2.1) since the information from the posterior is only incorporated one factor at a time.
But in order to address these validity and feasibility questions in detail, we must first be more
specific about the form of the approximating family Q*.

In particular, we will henceforth assume that the approximating family has the particular para-

metric form of an exponential family:

Q" ={qa|1eR}, (2.6)
where
N
qa(") o exp (Z /lnhn(-)) ; 2.7)
n=1

and where /1, : @ — R for 1 < n < N are called the sufficient statistics for the family Q*.
Such exponential families possess a few essential properties which make them natural choices as

approximating families for expectation propagation:
* Ifga.qn € Q" then gagy = qarx € Q" and qa/qy = qa-y € Q.

* For any distribution g (not necessarily in @), we have that
q = arg _micr; D (q | ') if and only if E,h,(60) = Ezh,(0) (2.8)
qle *

forall 1 <n < N [68].

The first property means that the when the factors g lie in Q*, the gap distributions g\ also
lie in Q*, and the factor update (2.5) is also well-defined.

To see the importance of the second property, note that in most exponential families used in
practice, the expected sufficient statistics can be written as (known) functions of the parameters,

i.e. foreach 1 < n < N there exists ¢, : RV — R such that

Eg,ha(0) = 6u(A). (2.9)
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Thus, the second property of exponential families implies that if the expectations Ey, = Egm,om hn(60)

can be approximated, then the gap distribution updates (2.4) can be carried out by solving the sys-
tem of equations E, = ¢(4). Thus, making the expectation propagation scheme work in practice
comes down to choosing the posterior factorization and exponential family so that the expectations
E,, are computable.

Before presenting some specific instances of this EP scheme, we note that the resulting algo-
rithm proceeds by iteratively minimizing the per-factor KL divergences (2.4). We claimed at the
beginning of our discussion that EP attempts to minimize the overall KL divergence (2.8). At this
point we may ask whether iteratively minimizing the former will also minimize the latter. Unfor-
tunately the answer in general is no, but in sufficiently nice models EP will succeed in finding an

approximation that closely matches the expected sufficient statistics of the true posterior.

2.1.1 Vectorized approximate message passing from EP

We now turn to a specific implementation of these EP updates in the form of the (Generalized)
Vector Approximate Message Passing algorithm (G)VAMP for inference in (generalized) linear
models. In particular, we consider estimating an unknown coefficient vector or signal Xo, assuming

knowledge of both the output y and matrix A, using models of the form

y~ f(y|Axg), x0 ¢ q(xo), (2.10)

where A € RM*N with M < N, ¢(xo) is a prior distribution on the signal, and f (y | -) is some
output distribution that factors as f(y | z) = fi (i | zi). At times, we will give special
consideration to the simple case where f(y | -) is a Gaussian distribution and (2.10) describes the

linear model: letting g(-) denote a normal density, the linear regression model in

y=Axo+w,  w¥ew),  x0™ g(xp). (2.11)
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Algorithm 1 presents VAMP. We define a function g : RY xR, — R" as

(21, Y21, Y) = (Y ATA + ¥, D)7 (3, ATy + yarrar), (2.12)

where y,, = 1/7,, and 7,, < oo is the elementwise variance of the noise w. We assume that the
noise variance 1, is known to simplify the analysis, though, practically VAMP can be run without
such knowledge [32]. The function g; in (2.12) has divergence with respect to the components of

its first argument ry; given by

N
div [g2(r2k, Y21, )] = Z

i=1

0 _
g2(rak, vk, y) = ya Tr ((YWATA + 2 1) ]) ,
d[ral;

where Tr(-) is the trace operator, i.e. it sum the diagonal elements of its argument. The function

g1 : RV xR, — R taking input (rx,y1x) must be specified by the user. The choice of g1, and

Algorithm 1 VAMP

Require: Number of iterations K, design matrix A € RM*N observed y € R¥, and denoiser
g1(+,71x). (Note: A and y enter the algorithm through the definition of g, in (2.12).)
1: Initialize rjo and yjo > O.
2: fork < 0,...,Kdo

3 X < g1(ries Yin)s ayx < div [g1(rix, vl

4: Mk < Yik/ A1k, Yok < Nk — Y1k

50 ok — (MuXik — Yierie) /v,

6:

7. Rop — g2(r2k, Y2k Y), oy — div [g2(ror, v2i, Y)]1
8: Mk < Y2k /@2 Y1(k+1) < M2k = V2ks

9: ri(k+1) < (MarXor — YarXak) [Vik-

10: end for

its relationship to g, can be better understood representing VAMP as an expectation propagation
procedure for the regression model (2.11) with, specifically, Gaussian noise w ~ N (0, 7,,I/).
Recall that the posterior distribution is proportional to the product of the data likelihood and the

signal prior, so in our case is given by

=

a(xo |y) o £ (v A%0,%,'1) | | alxolo, 2.13)

i=1
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where f(y | p, X) is a multivariate normal density evaluated at y having mean g and covariance X,
so that f (y | Axo, y;,'1) is the data likelihood in the case of Gaussian noise. In (2.11), we assume
that x¢ has i.i.d. elements, thus Hfi 1 9([x0];) is the signal prior distribution. This provides the
factorization of the posterior which will form the basis of our EP algorithm. The corresponding
approximating family is taken to be the family of (multivariate) normal distributions with covari-
ance of the form ¢l for ¢ > 0.

First, expectation propagation approximates the factor f(y | Axo,y;'I), by a normal density

Hfi 1 &([x0]; | [r1];, 7), for some means [r|]; and variance 7. This yields the approximate posterior

N N
g(xo |y) < | | e(Txoli | Ir1]ismaD) - | | a([x0l0)- (2.14)
i=1 i=1

The relevant moment calculations for the distribution (2.14) reduce to one-dimensional integrals
over each component 1 < i < N separately. In practice, these integrals can be computed efficiently
using quadrature procedures. Importantly, reducing to one-dimensional integrals means that this
step has O (NN) complexity.

Next, expectation propagation approximates the priors g([Xp];) by independent normal distri-

butions with means [r;]; and equal variances 1, giving the approximate posterior

a0 |¥) o f (v 1 Ax07'1) g (%0 [ 12, 021) 2.15)

Now the model (2.15) is essentially just a conjugate normal regression model, and the relevant
moment calculations can be performed analytically. These conjugacy equations will involve matrix
operations which will generally have super-linear time complexity. However, as we will see, we
can simplify the computations by computing the singular value decomposition of the matrix A
once at the beginning of the algorithm. Fixing the dimension of the data y, this allows the updates
for (2.15) to achieve O (N) per-iteration cost.

In the context of EP, the functions g; and g, defined above perform the factor EP updates

for (2.14) and (2.15) respectively. The definitions of these functions depend on both the signal
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prior and desired posterior summary. In (2.15), the prior is modeled as Gaussian regardless of
the true prior. Since the resulting approximate posterior is again Gaussian, and the MMSE and
MAP estimates are identical, (2.12) is the natural choice for g, as it calculates the mean of (2.15).
However, (2.14) depends on the choice of (i.i.d.) prior p(x¢) and the desired summary, so g; must
be specified by the user accordingly.

Next we turn to the GVAMP iteration. For GVAMP, the user must supply two denoising func-
tions, g, and g,1, because now both the prior and the output distributions are user-specified. In-
deed, the function g,; is meant to combine an estimate ry; of Xy with the prior information p(x)
to produce a new estimate of xo. Likewise, the function g;,; is meant to combine an estimate py
of zo with the specified output distribution f(y | z) to produce an updated estimate of z.

We define two other denoising functions in terms of the singular value decomposition A =
USVT with U € RM*M 'y € RV*N orthogonal, and S € RM*V the rectangular diagonal matrix of

singular values. Let g» : RV xRM xR, xR, — RV and g,» : RN xRM xR, xR, — RM be

defined as
gx2 (ak, P2k, Y2k, 2k) = VDi (TZkSTUTPZk + 72kVTr2k) , (2.16)
822 (Y2k, P2k, Y2k, T2k) = USDy (TZkSTUTPZk + 72kVTI‘2k) . (2.17)
where
[S] ms N M,
D = diag(dy), with [dg], = 5 and s, =
TSy + Y2k

0, M <n<N.

The divergences of these functions with respect to the components of ry; and pog, respectively, are

N N
) TZkS
div[gy2 (r2x, P2ks Y2k, T2k)] = Z —, div[g. (rak, P2k, ¥2k> T2k)] Z
=l oS + Yok 1 TSy + Yok
(2.18)

The above formulas follow because Tr(AB) = Tr(BA) when both products are defined. As for
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VAMP, the iteration dependence of the denoising is entirely controlled by parameters y; and 1.

With this setup, we specify the GVAMP algorithm in Algorithm 2. As in the case of VAMP,

Algorithm 2 GVAMP

Require: Number of iterations K, design matrix A € RM*N gbserved y € RM and denoisers
gx1(-,v1x) and g;1 (-, T1x,y). (Note: A and y enter the algorithm through g,», g2, and g, in

(2.18).)
1: Initialize ryg, p1o, Y10 = 0, and 719 > O.
2: fork < 0,...,Kdo
3 X1k g1 (Tigs Y1k),
4 ry — Ryp —anpr) /(1 - a),
5:
6 21 < ga(P1k> 16> ¥)s
7 Pok < (Z1x = Brxpix) /(1 = Bik),
8
9 Xok — gx2(Tok, P2k> V2ks T2k)>
10: rike1) — (Ko — aoron) /(1 = @),
11:
12: Zp — g2(Tok, P2k» Y2k» T2k)>
13: Prx+1) — (Zox = Boarpax) /(1 = Bak),
14: end for

aiy «— div [ge1(rie, yie)],
Y2k < Yk (ﬁ - 1),

Bik < div [g1(Pik> Tix-Y)]
Tk < Tk /ﬁ -1),

@z — div (g2 T2k, P2k, V2ks T2k)]
Y1(k+1) < Y2k l

@2k ’

Bok « div [gz2(r2k, P2k, Y2k T2k)]

(1

Ti(k+1) < T2k ( Byr

we can understand the GVAMP iteration as a (limit) of an EP procedure. In this case, we introduce

one additional complication. For purposes of deriving an EP procedure, we replace our generalized

linear model in which zyp = Axy with a noise injected model where zy ~ normal (Axo, yv_vl).

Making this adjustment introduces a normal factor into the model which allows for defining an EP

iteration depending on v,,. We will then recover an inference scheme for the original generalized

linear model by taking the limit as y,, — oo. The density of the noise-injected model is given as

=

q([xol:)

J=1

1=

q([zol; | [Axol;, 1/vw) Hf([y]j | [20]))-

M
(2.19)

Jj=1

Using the same normal approximate family as in the VAMP case, the first EP update computes
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moments for the density

N
g1(ru | yi) = | | a(Ixold) g(lrasds | [xolis 1/v10), (2.20)
i=1

where g(- | u,0?) is the normal density with mean u and variance o>

. Note that we drop
the approximate factor corresponding to the last factor in (2.19) above since the “true” factor
Hfl 1 4([x0];) does not involve the zy, and thus there is nothing to update for this factor. We can

view gy as performing this EP update. The second factor update proceeds from the following

model:

N M
42 (tai o | 726, 7a1) = [ | @(Ixoli | [raelis 1/va0) | [ a(0] | [AXo] s 1/70) g([p2l | [2015 1/720).
i=1 j=1
(2.21)
We can view g, and g;» as performing the EP inference for the parameters xo and zg of this model

respectively in the limit as y,, — oo (i.e. as the linear constraint is made exact). The final factor

update uses the last factor in (2.19):

M
g3(P1k | T1x) = ng([ZO]j | [P1elj> V/7we) f(Lyl; | [2o]))- (2.22)

j=1

The function g, can be seen as performing the EP update for the parameter z, of this model.

2.1.2 Approximate message passing in general

The VAMP and GVAMP iterations can also be viewed as extensions of the original approxi-
mate message passing (AMP) iteration. From this perspective, AMP-style algorithms are a class
of iterative methods for solving various high-dimensional statistical estimation and inference prob-
lems [28, 73,9, 56, 76]. In its original form, AMP is the following two-step iteration for recovering
xo from knowledge of y and A under the linear model of (2.11) and the assumption that A is el-

ementwise 1.1.d. Gaussian. At iteration k > 0, the algorithm updates its estimate of the signal xq
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with estimates X1, Xp, .... Initializing with X_; = v_; = 1, calculate for £ > 0,

r, =% +Alv g, Xi = gk (ry), (2.23)

. N .
Vi =y - AX; + M"k—ldlv[gk(rk)], (2.24)

where g; : R — R, which acts elementwise on its vector input, is the so-called ‘denoiser’ func-
tion, an appropriately-chosen Lipschitz function depending on the estimation procedure to be per-
formed, and div[gx(r)] = Zfi ] % gk ([r];) is the divergence of the denoiser, measuring the sen-
sitivity of g at its input. The v; update in (2.24) can be interpreted as a corrected residual: the
usual residual, y — AXy, with a so-called ‘Onsager correction’ given by %Vk_ldiv[gk (re)].

With the presence of the correction term in the residual step, it is possible under certain con-
ditions to characterize the asymptotic distribution of ry in the large system limit where N — oo
and M/N — 6 € (0,1) (see [9, 14]). In particular, for variances 74 that can be characterized
exactly by a scalar recursion referred to as state evolution, in this limit, the elements of the vectors
r; behave like samples from a Gaussian distribution with mean vector Xy and covariance matrix
7Ly, denoted henceforth as N(xg, 7xIy), where Xxg is the true signal and Iy is an N X N identity
matrix.

More formally, it is shown in [9] that for all pseudo-Lipschitz (defined in Section 2.2) loss

functions ¢, in the large system limit, empirical averages converge to deterministic limits,

N
v 2, o(ri [x%0]) — E(9(Xo + 7iZ. Xo)). (2.25)

i=1

where Z ~ N(0, 1) is independent of Xy ~ p(xp). In [81], this distributional convergence is refined

with a finite sample analysis showing that these empirical averages exhibit concentration around

log N
loglog N

their limits with rates exponential in N uptot = O ( ) iterations.
However, asymptotic guarantees for the AMP algorithm in (2.23)-(2.24) have been primar-
ily studied in settings where the elements of the design matrices A are i.i.d. sub-Gaussian [9,

7] (though, an active line of recent research studies universality properties of AMP algorithms
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more generally; see Section 2.1.3) and the concentration results only when the elements are i.1.d.
Gaussian. Furthermore, considering the linear models in (2.10)-(2.11), concentration results have
only been given for AMP for the model in (2.11), which is limited to the case of Gaussian out-
puts. In particular, there has been no concentration results developed for generalized versions of
AMP, which can handle models such as (2.10), or for AMP algorithms with measurement matrices
that are not i.i.d. Gaussian, despite such algorithms playing an important role in high-dimensional
statistics [22, 87, 26], wireless communications [45, 11], and many other applications [92, 70, 71,
72, 3, 100].

In this chapter, we will extend the finite sample analysis for AMP for the linear model in (2.11)
given in [81] for a suite of AMP-style algorithms that can be used when it is assumed that (i)
the data follows the generalized linear model in (2.10), (ii) the random design matrices A comes
from a class of orthogonally invariant matrices (defined below), and (iii) both are assumed. In
particular, generalized approximate message passing (GAMP) [76], is an AMP-style algorithm
used to perform estimation when A is assumed to be i.i.d. Gaussian but the data come from the
generalized linear regression model in (2.10). Moreover, vector approximate message passing
(VAMP) and its generalized extension GVAMP are AMP-style algorithms, recently introduced
in [77] and [84], designed to perform estimation for the models (2.11) and (2.10), respectively,
but under a much larger class of random design matrices A. In particular, this is the class of
orthogonally invariant A, which have the property that AV and UA have the same distribution as A
for any orthogonal matrices V € RV*V and U € R™*M independent of A. Unlike the sub-Gaussian
case, this framework allows the random matrices A to have nearly arbitrarily singular values. In
particular, we will only require that the singular values are bounded above by a universal constant
as N — oo.

This work refines the existing GAMP and VAMP [77, 88, 76, 33] asymptotics by providing
a finite sample analysis of GVAMP — which works under the assumption of rotationally invariant
design matrices and generalized liner models (2.10) — and by extension to GAMP and VAMP as

well. In particular, the non-asymptotic result for VAMP shown in this paper is given under only
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slightly stronger conditions than are used in the proof of its large system limit asymptotics in [77].
In more detail, in [77], it was shown that empirical averages of pseudo-Lipschitz functions of the
VAMP estimates % Zi]\i 1 @ ([X1k]is [X0];) converge in the large system limit (i.e. as N — o0) to
their expected values under limiting distributions, which can be characterized exactly. Here, we
use concentration tools to show that this convergence in fact occurs exponentially fast in N and
demonstrate how these results can be extended to the GVAMP and GAMP algorithms as well.

To summarize, this work generalizes the previous finite sample analyses for the AMP algorithm

simultaneously in two main ways:

* Our work covers GAMP and GVAMP algorithms for generalized linear problems in the form
of 2.10, with output distributions constrained only by a certain log-concavity requirement.
This encompasses many common data models not covered by the Gaussian linear model,

including, for example, logistic and Poisson regression.

* QOur analysis applies to a much less restrictive distributional assumption over the measure-
ment matrix A than previous finite sample analyses. In particular, our measurement matrix
model samples the singular vector matrices uniformly from their orthogonal groups and al-
lows the singular values to be marginally drawn from any arbitrary distribution with bounded
support. This setup is substantially more general than the case of i1.i.d. Gaussian matrices,

and can in particular accommodate arbitrarily poor conditioning of the measurement matrix.

We emphasize that while refining earlier asymptotic results to provide non-asymptotic guaran-
tees is useful to clarify the effect of the iteration number on the problem dimension and the speed
of convergence to the state evolution predictions, it also has other application-specific implications;
e.g. the finite sample analyses of [81] were used to establish the error exponent for sparse regres-
sion codes with AMP decoding for the additive white Gaussian noise channel [82] and the results
in this work will be similarly useful in establishing error exponent for sparse regression codes with
GAMP or VAMP decoding for more general channel models considered in [45, 11]. Moreover, the

analysis in [4] uses a finite-sample style argument as in [81] to study signal recovery in the sparse
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spiked matrix estimation model under the assumption of changing signal sparsity with growing
dimension.

Structurally, the proof we provide is based on an approach used for the finite sample analysis of
AMP in [81]; though, there are critical differences in the required analysis for GVAMP. In short, we
develop a suite of concentration of measure tools to prove that, as the algorithm runs, the output
retains concentration around its expected values. The idea is that if the algorithm concentrates
through iteration k, then we can prove that it will concentrate at iteration k + 1, with only a slightly
degraded rate for the concentration. The differences between our proof and that given in [81] are
detailed in Section 2.3.7. At a high level, when studying generalized versions of AMP algorithms,
one must employ the output vector y in the denoising functions, which is not the case in standard
AMP. This causes added dependencies within the algorithm, as now the measurement matrix A
is no longer independent of the denoiser functions. On the other hand, studying the algorithm
under rotationally invariant assumptions on A (as opposed to i.i.d. Gaussian assumptions), also
complicates the analyses by adding additional dependencies that need to be handled carefully in

the concentration arguments (see point (1) in Section 2.3.7).

2.1.3 Related work

Recent work [59, 58] extends the finite sample analysis of [81] to a related AMP algorithm for

spiked matrix estimation. This work shows rates exponential in N for up to O ( ) itera-

__N
polylog N

log N
loglog N

tions by using novel proof methods, improving on the O ( ) iteration guarantees found in
this paper and in [81]. In this work, we use a proof strategy that is common in the AMP litera-
ture: first one studies properties of the random matrix conditional on linear constraints and then
inductively in the iteration k, shows concentration (or more traditionally, almost sure convergence)
of various objects appearing in the AMP algorithm. This idea was first used to study AMP by
Bayati and Montanari [9] but has roots in statistical physics and spin glass theory [14]. The super-

exponential dependence on iteration number appears in our concentration rates as a consequence

of the inductive aspect of part of the proof. This same dependence is obtained in the finite sample
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analysis of the AMP algorithm in [81]. In particular, this dependence accrues through applications
of our basic tools for proving concentration (i.e. the concentration for sums and products lemmas
in Appendix B). Each iteration introduces a multiplicative factor of the iteration number in the
dependence through application of Lemmas 9-11. As this dependence results from the basic struc-
ture of the proof, we do not see obvious routes for improvements unless one changes the proof
style completely. Indeed, the recent work of [59] uses new analysis ideas to provide tighter control
on the rates of concentration in the case of AMP for the spiked matrix problems. In short, they
decompose the iterates of the AMP algorithm for the spiked matrix model into a signal compo-
nent, a Gaussian component, and a residual term and then the concentration result boils down to
controlling these residuals. In some sense, instead of studying the AMP algorithm directly and
tracking rates of concentration across the iterations, these authors compare their AMP algorithm to
an idealized version and demonstrate the concentration to the state evolution values by controlling
the difference between the real algorithm and the idealized one across iterations. An intriguing
open question is whether their proof technique can be extended to AMP for linear and generalized
linear regression, as is studied here.

As we mentioned above, AMP algorithms have been demonstrated both empirically and the-
oretically to perform well over a wide range of problems and to converge faster than the simple
iterative soft thresholding method. However, there are now many variants on the original AMP
algorithm. Remaining within the realm of Gaussian design matrices, for example, works have
extended the AMP analyses to non-separable denoising functions that do not act componentwise
on their vector arguments and can therefore take advantage of correlation between entries of the
unknown signal [10, 64], to matrices with independent entries and a blockwise variance struc-
ture [49, 27], or to incorporate additional side information on the signal in order to accommodate
streaming estimation procedures [62]. As mentioned, GAMP is designed to accommodate general
separable output distributions; similarly for GVAMP. In other words, GAMP extends AMP to solve
problems like (2.10). MLAMP [65] takes this idea further, accommodating multi-layer problems

where separable nonlinear channels are stacked between multiple linear transformations.
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In addition to VAMP, there have been other approaches to extending AMP to work under more
general assumptions on the measurement matrix beyond i.i.d. Gaussian entries. These include
the orthogonal approximate message passing algorithm (OAMP) [63], extensions to matrices with
1.1.d. sub-Gaussian entries [8, 24], semi-random matrices [29], and other generalizations of AMP
for rotationally invariant matrices [30, 93, 74]. The OAMP algorithm is designed, like VAMP,
to accommodate a larger class of design matrices A. In particular, OAMP assumes that A has
distribution which is orthogonally invariant. If A has singular value decomposition USV’, then
this requires that U and V are uniformly distributed and U, V, and S are mutually independent.
Extending finite sample analyses to more general classes of AMP algorithms like those discussed
above is an exciting avenue for future work.

The types of generalized versions of AMP we study here, namely GAMP and GVAMP, which
are designed for data models such as (2.10), and VAMP, which allows to extend beyond 1i.i.d.
Gaussian measurement matrices, have found many applications in the literature to date. These
algorithms play an important role in high-dimensional statistics [22, 87, 26], wireless communi-
cations [45, 11], and many other applications [92, 70, 71, 72, 3, 100]. In particular, the finite
sample analysis for VAMP and GAMP presented here can be used to find the error rates for the
capacity-achieving sparse regression coding schemes introduced in [45, 11], which use VAMP and
GAMP as decoders. Moreover, AMP algorithms are often used to establish computational limits
of various high-dimensional statistics problems, as they are conjectured to be optimal amongst
polynomial-time algorithms in some problem settings. In particular, finite sample analyses like
that presented in this work, allow one to study such computational limits in the context of chang-
ing sparsity, where the fraction of nonzeros amongst the signal elements approaches zero as the
sample size grows (as opposed to the fraction of nonzeros being fixed in the limit). For example,
in a very simple Bernoulli-Rademacher signal model of rank-one matrix estimation from noisy
observations, the work in [4] considers both information theoretic and computational limits, with
the computational limits found via a finite sample analysis of the associated AMP algorithm. We

believe the analyses in this work could be used to study computational limits for changing sparsity
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regimes in more general problem settings.

As we shall see below, the i.i.d. (sub-)Gaussian assumption is stronger than is needed to char-
acterize the asymptotic behavior of (G)VAMP. And if one restricts attention to VAMP, the orthogo-
nally invariant condition can be relaxed to the less stringent right orthogonally invariance condition.
Furthermore, (G)VAMP has been demonstrated empirically to converge faster than GAMP across
a range of design matrices (see [77, Section VI]).

We finally mention that part of this work was presented at ISIT 2020 [21]. In particular, [21]
provides the statement of the result for VAMP but does not include proof details, nor does it include
the extension of these finite sample analyses to generalized versions of VAMP or AMP, namely
to GVAMP or GAMP. These extensions are significant contributions beyond the original VAMP
result, as they provide finite sample analyses for AMP algorithms for the generalized regression
model of (2.10), whereas the VAMP result applied only to (2.11). Applications of the generalized

versions of VAMP and AMP were discussed above.

2.1.4 Notation

Throughout, we use lowercase boldface letters like v to denote vectors and uppercase boldface
letters like V to denote matrices. We use V7 to denote the transpose of V. For matrices V, we use
V;; to denote the element in the i™ row and j™ column. Similarly, V.; is the j™ columns of the
matrix and V;. is the /™ row. For vectors v, we use [v]; to denote the i element of v.

For general vectors x and y, ¢(x) denotes the probability density function of x and g(x|y) is
the conditional probability density function of x given y. When ¢(x) is a (potentially multivariate)
normal density, we will denote it by g (x | u, X) where u is the mean vector and X the covariance

matrix, and we let N (u, 02) denote a Gaussian random variable with mean u and variance o2,

2.1.5 Outline

The remainder of this chapter is organized as follows. In section 2.2, we state our main concen-

tration result, Theorem (1), and introduce the state evolution recursion which exactly characterizes
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the distributions of the limiting variables. In section 2.3, we state and prove a concentration result
for a more general abstract recursion and then prove Theorem (1) by showing how to recover the
(G)VAMP estimates from this abstract recursion. In section 2.3.7, we conclude with a discussion

of future work.

2.2 Main result

Before stating our main concentration result for GVAMP, from which results for VAMP and
GAMP follow, we first revisit the notion of empirical convergence, we provide some more details
on the matrix assumptions required for the VAMP algorithm to perform well, and we spend some
time discussing the assumptions under which our main results follow. First, we define the class of

functions that act as test functions for assessing convergence and concentration.

Definition 1. A function ¢ : R’ — R is pseudo-Lipschitz of order 2, denoted ¢ € PL(2), if for vec-

tors v,v' € R? and some constant L > 0, it satisfies |¢(v) — (V)| < L||v = V|| (1 + ||v|| + ||V']]) .

With this concept, we can then define empirical convergence and concentration of vector se-

quences to L? random variables/distributions in the following way.

Definition 2 (Empirical convergence). We will say that a sequence of (random or deterministic)
vectors {v, € R’ }o2 | converges empirically (with 2nd moment) to V € R’ if % Zflvzl o(v,) —
E{#(V)}, almost surely for any ¢ € PL(2) : R/ — R. (Note that this implies EV?> < oo since

x — x? € PL(2)).

Definition 3 (Exponentially fast concentration). We will say that a random vector sequence {vy},>  C

R’ concentrates exponentially fast (in N) on V € R’ iffor all € > 0 and all N > 0,
| &
P(‘N Z:; B(v,) - E¢(V)) > e) < K exp(—kNé?),

forany ¢ € PL(2) : R/ — R, where K, k > 0 are universal constants independent of ¢ and N.
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If, for any finite N > 0, the vectors vy, ..., vy are drawn i.i.d. from a subgaussian distribution,
then [81, Lemma B.4] shows that {v,} concentrates on v;. In what follows, we simply write that
a vector sequence converges empirically to or concentrates exponentially fast on some random
variable, without explicitly stating that the random variable has a finite 2nd moment.

The following definitions allow us to characterize those matrices A to which our results apply.

Definition 4 (Haar Distribution). A matrix V.€ RNV is Haar distributed on the class of N x N

. . d .
orthogonal matrices if VoV = V for any non-random orthogonal matrix Vo € RV*N,

Definition 5 (Orthogonal Invariance). For a matrix A € RM*N [et s be its vector of singular
values and let A = USVT be its singular value decomposition, where U € RMM aqnd V € RN*N
are orthogonal matrices and S € RM*N is the rectangular, diagonal matrix with S;; = s; for
1 <i < M. A is orthogonally invariant if V and U are independent of each other and of S and
are Haar distributed on the groups of N X N and M X M orthogonal matrices, respectively. In
particular, S may be deterministic. This implies that UygAV A for any orthogonal Uy € RM*M

and Vo € RV*N which are independent of A. .

2.2.1 Assumptions for the main results

Now we state the assumptions under which we provide our main result for the GVAMP algo-
rithm. We can remove some of these assumptions for the finite sample analysis of VAMP (see
Remark 3).

Assumption 0. The initial estimates rjy and p;o are independent of each other, independent
of the matrices U and V, and independent of the ground-truth xy and zy. Further, riyp and pjg
concentrate on some random vector (Rjg, P1o).

The output vector y can be expressed as y = h (zg, w) where zg = AXg is the transformed input,
w is an independent “disturbance” vector, and 4 is a measurable function. Next, the truth x( is also

independent of these other quantities. The components of w must be either (1) sampled 1.i.d. from

'Ihis definition is slightly stronger than the related condition that AU 2 VA £ A for any orthogonal U € RM>xM
and V € RV*VN independent of A. This latter condition places no restriction on singular vectors corresponding to 0
singular values, so either U or V need not be Haar distributed over all columns.
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a subgaussian distribution or (2) non-random sequences which are bounded independently of N
and which converge in PL(2) sense to a limiting random variable with finite second moment. The
components of Xo must be independent of U, V, and S, must be bounded independently of N, and
X must concentrate on a random variable Xj.

The entries of the singular value vector s € Rﬂ‘f are taken from a compact interval [0, Spax]
with Smax Independent of N. They may be deterministic or random, though in the former case they
must converge in PL(2) to a random variable with finite second moment, and in the latter case
they must be i.i.d. Furthermore, s is independent of the singular vector matrices U and V.

The 1initial precision estimates y 1o and 71¢ are positive for all N and converge to some ¥, T10 >

0, respectively. Finally, we assume that 6 = % is bounded away from 0O independent of N.
Assumption 1. The design matrix A € RM*V is orthogonally invariant. If A has singular value

decomposition USV7, then this implies that V and U are independently Haar distributed on the
group of N x N and M x M orthogonal matrices, denoted O(N) and O(M), respectively. The Haar
property means that V'V 2V and U'U £ U for any other V' € O(N) and U’ € O(M). Definitions
of orthogonal invariance and the Haar distribution along with some useful properties of these kinds
of random elements are given in Definitions 4 and 5.

Assumption 2. The log prior log g(x) and the log likelihood log f(y | z) (as a function of z)
are concave and B-smooth, where ¢(x) and f(y | z) are given in (2.10). The latter property just
requires that, for some S > 0,

2 2

0
-5 logq(x) < B,

Ox2 52108y 12) <B. (2.26)

Furthermore, the second derivatives above are bounded away from O over any compact subset of
their domains.
Assumption 3. The estimating functions g,; and g.; are separable?, and both g,; and g.; and

their derivatives are uniformly Lipschitz? at 7, € (0, o) for all k > 0. When g, and g, are the

%A function g : R/ x R — R’ is separable if for v e R’ and z € R, there exist a function g : R> — R for which

[g(v,2)]; =g([v];,2) forall j € [J].
3 A function ¢(w, ¢) is uniformly Lipschitz at ¢ if there is an open neighborhood U of ¢ and a constant L > 0 such
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MAP or MMSE estimators for the models (2.14), they are separable. Henceforth, we will slightly
abuse notation by writing these functions as taking both vector and scalar input.

Assumption 4. The a;; and B;; are truncated to lie in some interval [#min, fmax] € (0, 1). The
vir and 7y are also clipped so that they lie in some intervals [Ymin, Ymax] With O < ¥Ymin < Ymax <
and [Tmin, Tmax] With O < Tiin < Tmax < o0 respectively.

Assumption 5. We terminate the algorithm according to the following stopping criteria. First,
we stop the iteration if 71, < €] or o < €. To define our second stopping criterion, we consider
the residuals r;; — xo fori = 1,2. Let 7711‘}C be the magnitude of the projection of ri; — Xo onto the

space spanned by the previous residual vectors

{(r1; = x) Y3 U {(ry; = x0) 125

Let 7T121}( be defined similarly as the magnitude of the projection of ry; — X( on all previous residual
vectors. Then Jr;?zt for j = 1,2 are defined analogously in terms of the residuals in the output space:
Pix — Zo and pax — Zo. Our analysis will imply that these projection magnitudes will converge to
certain limits as N — oco. We stop the iteration if any of the residual vectors is nearly spanned the

.12
previous residuals in this limit, i.e. when limy_,e [|rjx — xo||> - [71}.“,{] < € or limy_e ||pjx —

2
2% - [n;?;t] <é,

Remark 1. We note that the function h in Assumption 0 accommodates the linear regression model

(2.11) as well as many forms of the generalized linear model (2.10). In particular, assume that
1. f(y | z) is continuous and differentiable in z for all y, and

2. f(y | z) has an invertible quantile function Q(- | z) for each z.

Then if we set h(z,w) = Q(w | z) and take w iud uniform(0, 1), h(zy, W) has distribution f(y | zo),

as required by Assumption 0. The function h is also implicitly constrained by the log concavity

assumption on f(y | z) (Assumption 2) as well as by the Lipschitz assumption on g,| (Assumption

that ¢ (-, ¢) is L—Lipschitz for any fixed ¢ € U and |¢(w, c1) — (W, c2)| < L (1 +||w||) |c1 — c2| forall ¢, ¢ € U.
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3) since this denoiser leverages the likelihood p(y = h(z,w) | -) for estimating z,. With h equal to
the quantile function as above, h is invertible in w for each z, and log concavity of f(y | z) w.rt. z
is equivalent to log-concavity of the function (%h'l (w; z) where h™'(w; z) is the inverse of h(z, w)

with respect to w for 7 fixed.

Remark 2. The truncation in Assumption 4 prevents the r and p updates from blowing up and
thus assists with convergence. From the point of view of concentration, the truncation allows us
to control the exponential rate of convergence. Truncating the ;i and B is not necessary if the
second derivatives in (A.125) are also lower bounded by some a > 0 (in which case the densities

are also a-strongly log-concave).

Remark 3. For VAMP, some simplifications of the above assumptions are possible. Specifically:

In Assumption 0, the requirement that'y = h(zo, W) is automatic for VAMP since we can

take h(z,w) = z +w with w ~ normal(0, o).

In Assumption 1, we only need that A is right orthogonally invariant, which only imposes

the Haar assumption on V (while U may be taken to be an arbitrary deterministic matrix).

* In Assumption 2, the latter inequality in (A.125) is automatic in the VAMP case (since the

output is normal by definition).

For VAMP, the requirements of Assumption 3 apply to the estimating functions g, and g».

Remark 4. Assumption 2 can be replaced with the weaker condition that the quantities @y,
a2, Bl o @2k (introduced in Section 2.2.3 below) can be contained within the truncation interval
[fmin, tmax]| defined in Assumption 4. See, e.g., Lemma 1 in [78] for a proof that Assumption 2

implies this weaker condition.

Remark 5. We note that these assumptions do exclude our analysis from applying to (G)VAMP
using a denoiser g1 having a derivative that is piecewise constant and, thus, not uniformly Lip-

schitz, like the soft-thresholding function. However, if the derivative is bounded (like in the case
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of the soft-thresholding function), the analysis will still apply to appropriately constructed smooth

approximations to the function that would provide qualitatively similar inference.

For VAMP, our assumptions are only slightly more restrictive than those used for the asymptotic
analyses in [77], with the main differences being that we assume (i) exponentially fast concentra-
tion rather than convergence of input quantities and (ii) clipping and truncating of scalar iterates in

Assumption 4 (though, [77] also suggest clipping y as a practical matter of algorithm stability).

2.2.2 Main results

Rangan et al. [77] show empirical convergence of the vector sequence {([Xix]:, [T1x]i» [Xo] ,-)}?i !
to ()A(lk, R, Xo) for the case of the VAMP iterates where R1x = Xo++/T1x Z with X = 81(Rik,Y1x)
and Z ~ N(0, 1) independent of Xy ~ p(xo). The constants 7|; and ¥, that describe the limiting
variable X, can be characterized exactly by the state evolution equations for VAMP, which we
turn our attention to in Section 2.2.3 after we present our main result, Theorem 1, characterizing

the asymptotic rate of this empirical convergence for VAMP and GVAMP.

Theorem 1. [VAMP and GVAMP Concentration.] Under Assumption 0 - Assumption 5 given

above, for any ¢ € PL(2) : R**! = R, any k > 0, and any € € (0, 1),
N
1 n RN N 5 ’ —c’cxNe?
P()N Z ¢([Ri0lis - - -» [Xixlis [x0]1) — E{p(X10, - - -aXIk,XO)}‘ 2 6) < CCe , (2.27)
i=1

where Ci, = C*(k)'® and ¢, = = with C,C" and c, ¢’ being universal constants not de-

1
C2k(k!)2
pending on € or N. Furthermore, for each j, le = g1(Ry1;,Y,;) where R\; = Xo + 01;Z; with
Z; ~ N(0,1), and where (Zy, ..., Zx) is jointly Gaussian and independent of Xo. The constants
o1k and 7y are defined in Eq. (2.30) in Section 2.2.3. In (2.27), the vector Xk is that given in

either Algorithm 2 or Algorithm 1.

Remark 6. We emphasize that Theorem 1 is true for both GVAMP (Algorithm 2) and VAMP (Al-

gorithm 1), while the assumptions can be slightly simplified for VAMP as discussed in Remark 3.
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Moving from proving VAMP concentration to proving GVAMP concentration only requires the ad-
dition of an "output’ channel (whereas as the ’input’ channel is analyzed in both cases) and the
analysis of the ’output’ channel is symmetric to that of the ’input’ channel. There is a technical
difficulty in that GVAMP requires analyzing denoising functions depending on the vector 7oy = AX,
whereas a direct analysis of the VAMP algorithm would not consider this, but our theoretical anal-
ysis of the GVAMP algorithm below still implies the equivalent result for the (simplified) VAMP

algorithm.

The proof of Theorem 1 is given in Section 2.3.6. The key to proving Theorem 1 comes
in Lemma 4, which establishes that the GVAMP iterates are jointly equal in distribution to the
iterates of another recursion defined entirely in terms of functions of i.i.d. Gaussian variables. The
proof strategy for our main technical concentration lemma (Lemma 6, which implies Theorem 1)
then boils down to using the theory concentration for transformations of Gaussians to inductively
establish the desired results for this distributionally equivalent recursion.

We finally mention that the proof of Theorem 1 implies a similar concentration result for
GAMP as well. This is because, conceptually, we have seen that upgrading the finite sample
analysis of an AMP-style algorithm (VAMP) to its generalized version (GVAMP) only requires re-
peating the same analysis for a symmetric ‘output’ channel and including a few more assumptions
to deal with dependencies between the measurement matrix in the algorithm and the dependence
of the denoiser on the output. Hence, GAMP concentration follows from the proof in [81].

To save space and to avoid introducing further notation, we only state an informal theorem of
this result here, and we refer to the statement of the GAMP algorithm in [31, Section 4 Equation

(55)] and its corresponding state evolution in [31, Section 4 Equation (57)-(58)].

Theorem 2. [Informal GAMP Concentration.] Considering the GAMP algorithm in [31, Section

4 Equation (55)] and its state evolution in [31, Section 4 Equation (57)-(58)]. Under assumptions

given in Appendix A.5, the asymptotic equivalence of its iterates and its state evolution (see for

example for an asymptotic statement in [31, Section 4 Theorem 4.2]) can be upgraded to exponen-
1

. . : _ 2 .
tially fast concentration with rates of CCre “*N¢" where Cy, = C**(k)* and cj = GO with
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K, k" and c,c’ being universal constants not depending on € or N. While we do not specify «, K’
explicitly in this informal statement, these will be small constant values (like k = 16 and ' = 22

from Theorem 1).

The assumptions for this result are slightly different than for GVAMP. In particular, all assump-
tions about the matrix A above are replaced by the assumption that A has i.i.d. N(0, 1) entries (the
same condition under which the large system analysis of GAMP was originally given). Further-
more, the initialization may now be randomly generated without the additional multiplication by
V and U (as in Assumption 0). The remaining assumptions are analogous to those given above,
and these represent natural extensions of the assumptions used for original large system analysis of
GAMP. In particular, the Lipschitz condition on the denoisers must be extended to the uniformly
Lipschitz condition in order to control the rate of change in the T parameters, the initial data and
disturbance vector w must now be drawn i.i.d. from sub-Gaussian distributions in order to ensure
concentration at the appropriate rate, and stronger control is needed over the denoiser derivatives

in order to control the probability of algorithm divergence.

2.2.3 State evolution

As mentioned previously, state evolution equations describe the dynamics of AMP-style algo-
rithms. Generally, these are recursive relationships that characterize the effective signal-to-noise
ratios at various stages of the algorithm. To specify the GVAMP state evolution, which provides
the constants in the expectation in Theorem 1 we must define sensitivity and error functions for
each of the approximate models (2.20), (2.21), and (2.22). Following [77], the sensitivity functions

arc

1 < -1
A (y1,07) = N ZE{g;l([Xo]i +Ri, 1)}, An(y2, 1) = %Tr [(TstS +7’2) ] , (2.28)
i=1

1 & , T _
Ay (11, p3) = ~ D E{gL(Zo+ Pt h (Zo, (W)} An(yam) = MZTr [STS(1:87S +72)7'],
i=1

(2.29)
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where R} ~ N(O, 0'12) and P; ~ N(O, p%) and the derivatives of g,; and g, are taken with respect

to their first input. Next, the error functions are defined as

N
Eay,od) = 3 El(ga(lxali + Riyi) ~ ol))]
i=1

1
—E[llgx2(r2, P2, ¥2, 72) — XolI*],

SXZ()/Z’ TZ’ 0-22’ ,0%) = N

N
61 (r1. 1) = 3y D El(ga (o Promh (7o (W) = 20

1
E2(y2, 12,03, p3) = NE[llgzz(rz, P2, 72, 72) — 2o|1%],

where r; ~ N(Xp, 0'221) and py ~ N(z, p%l), and where zg = Axg. In terms of these functions,
we define the scalar evolution equations for GVAMP. This sequence of equations determines the
constants used in expectation in Theorem 1. Initializations 7y and T1¢ are defined in Assumption
0 as limits of the precision inputs to the GVAMP algorithm, and we initialize the o and p terms as
0120 = % Zf\i] E {(R10 - [xo],-)2} and p%o =E {(Plo - Zo)z} where the random variables Zy, R,
and P are defined in Assumption 0. Then for &k > 0,

o = 2
—_ — 2 Blk :A I(le’o- )’
ik = Axl()’lk,a'lk), ‘ 2k

_ —
&1 Tk p3,) = Bial’y

o5y, = , >
. (1 - @iy)? (1-By)
_ _ 1
72k:71k(;—1), Tzk=7'1k(_——1),
a1k 1k

a2 = A2 (Vor, T2k),

= = —
2 _ 8X2(Y2k’ T2k, pgkv O'sz) - a'2k0-22k
it (1= ax)
_ _ 1
Yi(k+1) = 721((5—% - 1),

Bor = A (Vor Tar)

_ —
2 _ 812(72](’ TZkapgk,O-zzk) _ﬁka%k
T P1een T (1= Byp)? ’
_ _ 1
Ti(k+1) = TZk(E_ - 1)-
2%

(2.30)
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This state evolution closely resembles the state evolution for VAMP derived in [77], with additional
terms to account for the added complexity of the output distribution. In short, the VAMP state

evolution is structurally the same recursion with only half the terms.

2.3 A general concentration result

Theorem 1 is a consequence of a concentration result for a more general iteration, Algorithm 3,
which we introduce now. Let fli,“ (p1, P2, wﬁ,l), w},z), T,y) : R2 x R?Z x R? — R4 be a function of
2d + 2 arguments and two parameters, and let /U, qi“, and fq‘)“t be defined similarly. Furthermore
let f;,“(pl, P2, ng, 7,7) : RZON « RN x R? — RVX4 be given by applying fli,n separably over the
N rows of its arguments.

We note that if M < N, then pikn and pZ‘“ (defined in Algorithm 3 below) have different numbers
of columns. When this occurs, we must take care in defining the notion of separability. In general,
we will encounter situations in which we want to extend a function ¢(x, y, w) : R x R x R? —
R¢ € PL(2) of 2d + 2 arguments x, y and w separably over vectorized inputs x € RV |y ¢ R&*M
and w" € RPN or wo'' € R>M for which M < N. When w € R>M define the separable
extension by simply truncating x to an d X M matrix, and the resulting extended function takes
values in RY. When w € RV it will suffice for our purposes to consider only those ¢ for which
o([x];, [¥]:» [W];) is independent of y for all i > M. In this case, the separable extension of ¢ over
these vectorized arguments clearly makes sense. By convention, unless otherwise noted, we take
[y]; = 0 fori > M so that expressions like ¢([x];, [y];, [W];) are well-defined for all i < N. In par-
ticular, we use these conventions to define separable extensions of the functions f;,n/ Om(-, Y T,Y)
and f;n/ OUt(-, -+, T,y) over vectorized arguments/parameters in the following sections.

Now, letting V and U be orthogonal matrices, we can state Algorithm 3 which defines a recur-
sion in terms of these quantities. Likewise, the VAMP iterates can be generated from a simpler
general recursion given in Algorithm 4. The VAMP algorithm is not strictly a special case of

GVAMP; similarly, Algorithm 4 is not a special case of Algorithm 3. However, Algorithm 4 can

be seen as a subset of Algorithm 3 by discarding all the “output” steps in Algorithm 3 and making
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Algorithm 3 General Recursion for GVAMP

Require: Orthogonal matrices V € RV and U € RM*M; separable denoisers ", O fti]“, and

Rl

91

v »®» 2D

10:

11:
12:

p 9 p 9
f;’“‘ (defined over their argument according to the conventions given above); parameter update

b t . . .
infout . pd _, Rd. and disturbance vectors wi, wi € RLXN and wout, wout ¢ RZxM

functions I' » Wy

rla
Initialize ui € RV, ug" € R,y e RY, and y03 € RY.

fork < 0,...,Kdo

i T i t T t
p}cn —V u}(n, pzu —U uiu ,
in . in in Lout (oin .out .,in out
a/pk A le [fp (pk’pk ’Wp’ypkaypk):l, apk —
diV [f](;ut (p}cn, pzut’ W?,m, ,)/;L]it’ 'ka)] ,
in7 . 1 in [ i0 ,0ut o in ,out . in _ in 1 . [ninj .
[Vk]] A 1_[0,;;1](]] [fp (pkapk ’Wpaypk77pk)1 [apk]] [pk]]:|’
outy . 1 out in out (oout .out .,in _ out] . [youty .
N R [f,, (bl p. it vt v )~ Lo g ],].
in in( .,in in out out (., out out
qu - F6] ( pk’ apk)’ qu “ I16] (ypk’ a/pk >
i i t out
ap = W, 4 -,
in . in in out o in .out .,in out : out in out cout ,out . in
aqk — le [fq (qkaqk ’wqaquaqu)]’ aqk — le [fq (qk’qk ’Wq 7qu9qu):|’
in . 1 in [ oin out o in ,out ,.,in _ out] .[inT .
[uk+1]j — 1_[a,ian]j fq (qk9qk ’Wq ’qu’qu)j [a/qk]j[qk]_] ’
out 1. 1 out [ 4in out cout .out .in _ out] .[0uty .
[uk+]]] — 1_[aout]A fq (qkaqk ,Wq 7qu’qu) . [aqk ]] [qk ]] .
gk1J J
in in . in in out out ., out . out
yp(k+1) - FP (qu’ aqk)’ 7p(k+1) - FP (qu ’ aqk ’
end for

the denoisers f;,n and f;n depend only on the input variables. The resulting “input only” algorithm

exactly recovers Algorithm 4.

As a result, all of the arguments regarding concentration of the iterates in Algorithm 3 can be

specialized to arguments for concentration of the iterates of Algorithm 4. Henceforth, unless spec-

ified otherwise, all arguments and discussion will focus on Algorithm 3. To recover the relevant

statements for Algorithm 4, it suffices to drop the “in” and “out” superscripts (and, when both

occur, eliminate dependence on the “out” variable).

We note that the divergence terms @ € R? in Algorithm 3 are computed component-wise, so
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Algorithm 4 General Recursion for VAMP
Require: Orthogonal matrix V € RV*V, separable (w.r.t. the first two arguments) denoisers

fp RPN X RPN xR — RPN and f; : RPN x R¥N xR — RV,

divergence functions C; : R — R for i € {1,2}, parameter update functions I7 : R2 — R for
i € {1,2}, and disturbance vectors w” € RY and w? € R?",

1: Initialize ug € RY.
2: fork < 0,...,Kdo
3 pr— Vi, ayx — div[fp (Pr> W2, y16) 1,
4 vi — Cilan) [f (ks WP yik) — api] » Y2k < It (Yiks @ie)
5:
6:  qx < Vvg, ao — div[f,(qr, w?, y2i)],
7 W — Calaan) [fy(ae, woya) — aoiqi] » Yitke1) < T2 (2. @21) -
8: end for

e.g.

b

N
o o .
— Z p — [ [17n (plln’ o ’pd p(l)ut, o ’pgut, W, ,yout,,ym)]j
(1B 1o o w17, 75k

i=1 9P

foreachj =1,...,d.

We establish a correspondence between the general algorithm, Algorithm 3, and GVAMP in
Algorithm 2, through the following translation. We take the orthogonal matrices U, V in Algorithm
3 to be the left and right singular vector matrices of A, respectively. Define the following: for

k>0,

Ollt

u;’ = [ry — Xo, Xo], = [pax — 20, 0],

i = [V! (rax =%0), Vixo], pp" = [U" (P —20). 0], (2.31)
] out
0]

vi = [V! (r1geny — %) 0], = [U" (P1xs1) = 20) . U'z0] .

out

qikn = [I‘l(k+1) — Xo, s qp = [pl(k+1) — 29, Zo] .
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Furthermore, we make the following function definitions:

£ (P o™ wp oy ) = [ ([0 o™+ Il p™ 1) /()i D, 13 + 1) 0

out (p P’ Wp’T,'}’) = [[Wp]l ([T]l[wp]l[pout]l + [7]1[pin]1) /([T]l[wp]%+ [7]1) , [Wp]l[Pin]z ’

fir (g™ a® was 7 v) = [ (1™ + Iw9117) = Dwglis Dvgli

e (q .q° quT’y): [g:1 ([¢°" 11 + (g™ 2. 7. 1 ([° ]2, [wg 1)) = [¢™]2. O] .

(2.32)
Finally we define disturbance vectors and constants:
wit=xo,  wY'=w,  wi=[(s0), [uglil,  wi"=[s, [uf"]],
(2.33)
@y = (a1x, 0), Cki]nk = (@24+1),0), @ = (Bix, 0), agy = (Baks1),0),  (2.34)

Y= e, Y= Qagen, Dy v = (e D)y vl = (e, 1. (235)

In (2.33), (s 0) is the N-vector obtained by padding the positive singular values of A with 0’s, and

out

[S [uo out]

]1] is the M X 2 matrix with columns s and [u . Keeping with our matrix notation,

[ng] ; will denote column i of this matrix, i.e. the vector ([zo];, [y];). In all cases, where we
perform truncation of the scalar quantities in GVAMP, we assume the same truncation here. We
claim that these quantities satisfy the recursion in Algorithm 3. We start by establishing this for
the scalar terms inductively. For the y terms, if equality has been established for all scalar terms

up to the current term, then equality follows for the current term immediately if we define the I'

functions as follows:

. . 1 —
Do) =T = T ) = T = (2220 1),

@
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For the « terms, we first observe that the equality follows immediately for cxp and a/"“t given the

definitions of f and f, out regpectively (assuming equality for all prior scalar terms). It follows

directly from the definitions of f and f2" that

N m M out 2 out
Lzl OUt ]ll + [yi]nk]l l=l OUt (q)m]ll + [y;nk]l

Substituting (s 0) for [w! ]1 and s for [w gut] 1, it follows that these are exactly the divergences of
gx2 and g, derived in [84], and hence are equal to a»; and B, respectively.

Observe that lines 3 and 8 in Algorithm 3 follow trivially from the definitions in (2.31) and that

(a) 1
(W11 = ake) = X0 = ——— [gx1 (F1(ee1)» Y1cke1)) = @1(ka)F1(k1) | = X0
1 = ay(k+1)
(b) 1 . . . ) . . . .
= m [gxl ([q;{n]l + [qun]la [7;11](]1) — [a/i]nk]l[qlkn]l _ [a(lan]l[wlqn]l] _ [Wiln]l
q
l : .
= oy [0 ([T I ) = [ = e
a,qk 1
(© ; fin out m out in in
- q Q. w ,)’qk,qu — [ag |

where (a) follows from the definition of GVAMP in Algorithm 2, and (/) and (¢) follow from the

definitions (2.31) and (2.32). The proof for u"llt follows in the same way. Next observe that

[Vi?]1 = VI (r1441 — Xo)

1
@ yr [1 o (VDk [126S"U pok + y2u Viroy | - Q’2kr2k)] ~Vxg

® — [Lin 7 (D [[ﬁ?]lST([Pim]l +U"z0) + [y 1 ([P +VTX0)] — [e¥ 11 ([P} - VTXO)) - V'xg
pk

© e [Lm - (D |y B 11 + Dy B 11 + ([ 1iSTS + [y 10V Wil | = [t ]y (B — V7 [w
pk

(d) 1 out out in in in in

< Ta;;*k]l(]) e[S (BT + ST | = el B

(ﬁ) 1 out m out
= m [f (Pk,Pk , ,)’pk,ka)—akak]
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where (a) follows from the definition of GVAMP in Algorithm 2 and the definition (15) in [84],
(b) follows from the definitions in (2.31), (c) follows from noting that U zg = SV xo, (d) follows
from the fact that D} ' = (Iyo4] 1STS + [7;7“,{] 1), and (e) follows from definition (2.32). The proof
for [Vi‘“] | follows in the same way using the fact that g5 (rax, P2k, T2k, Y2k) = USDy [Tzk STU pos + 72kVTr2k] .

Relative to the large system behavior of the iterates, the primary innovation of (G)VAMP can
be understood in terms of the fact that its iterates can be generated by this more general recursion.
Utilizing the left and right singular vectors separately allows for the effect of A to be broken up
within the general algorithm, isolating the effects of the (rectangular diagonal) singular values
matrix S € RM*N and of the orthogonal matrices V € RV and U € RM*M in various stages.

Notice that in Theorem 1, we want to understand the concentration properties of the estimate
X1x. But this is just a function of rj; and, thus, by the above identities (2.31) of pikn and ng =x9,
Therefore, once we have concentration for the iterates of the general recursion, we will be able to
easily obtain concentration for X4 in the proof of Theorem 1.

As this translation shows, the effect of the singular values can be entirely subsumed within
the denoiser f; through the disturbance vectors wiqn/ U Thus, we do not require any distributional
assumptions about the singular values beyond empirical convergence to some bounded random
variable (Assumption 0). In the case of GVAMP, we require only distributional assumptions about

U and V. Moreover, the matrix U does not occur in Algorithm 4, and it follows that the large

system behavior of VAMP can be characterized using only distributional assumptions on V.

2.3.1 Conditions

To prove our general concentration result, we require a number of conditions on the quanti-
ties in Algorithm 3. Using the translations above, we show that these conditions are implied by

Assumptions 0-5 that we made about the GVAMP quantities in Section 2.2.

in/out

Condition 0. The initial sequences u,,

are independent of each other and the matrices U, V

and concentrate on random variables U(")n and Ug‘”, respectively. Furthermore, the initial y;“o and

Ypo converge to ¥, > 0 and Yoo = 0, respectively, as N — co.
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in/out

Condition 1. Assume that the components of each of the columns [w,"]; and [Win/ out

q liare

either (1) sampled i.i.d. from a sub-Gaussian distribution or (2) are non-random sequences which
are bounded independently of N and which converge in PL(2) sense to a limiting random variable
with finite second moment. In either case, these columns will converge in PL(2) to limiting

variables Wli)“/ " and Wci]n/ U (This is implied by Lemma 17 if the components are sub-Gaussian.)

in/out

We further assume that these are independent of V and U (thus, independent of the limiting P,

and Qikn/ 'Yy and independent of each other.
Condition 2. Same as Assumption 2.

Condition 3. The denoisers f,i,n/ " and fqin/ U are separable, and both these functions and their

derivatives are either
1. uniformly Lipschitz at each (7;11{, 7;1]1;) and (Vian’ 731]?), respectively, for k£ > 1, or

2. uniformly bounded conditionally Lipschitz (UBCL) at the same parameters for all k > 1.
This condition requires the following (in the notation for the p case, the g case being sym-

metric):

(a) fli,n/ " is continuous in (p™, p°™, w,) for all parameters ('™, y°").

(b) In a neighborhood of (7glk,7;1]1<t)’ li)n/out is Lipschitz in (p™, p°™t) for all w,p, with

Lipschitz constant continuous in w .
(c) The domain of w, is compact.

(d) The Lipschitz uniformity over the parameters is satisfied for all inputs, i.e.

f;n/out (pin,pout, W, 71) _ f;n/out (pin,pout, W, ),2)) <L (1 +| (pin’pout, Wp) ”) ly1 = va|

for all v, y2 in a neighborhood of y ;..

Condition 4. The functions Cin/ out Cin/ out Fin/ out Fin/ out

p G Lyt 1y are bounded over their domains and

Lipschitz continuous with Lipschitz constant independent of N and k.
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Condition 5. Following [81], we define stopping criteria that determine when the algorithm

has effectively converged. First, we stop the iteration if yl‘;‘,? < € or 72‘,? < €. In terms Algo-

rithm 1, this is equivalent to stopping the algorithm when the variance of |R; — Xo| or |Ryx — Xo| is

in/out in/out
/out ¢ or o /

sufficiently small. Next, we stop if Pk 1 gk

< eé, where these p quantities are defined
formally in the next section.
These p quantities are equivalent to the limits defined in terms of GVAMP quantities in As-

sumption 5. In terms of the general recursion quantities, we can given these another interpretation.

in/out
k

Our analysis will imply that the p'k“/ °“and q iterates converge empirically to some random
in/out

in/out
. fi

on the previous P ; or

variables P™°" and Qin/ out

. ‘ respectively. If we regress each P

in/out

Osjsk—l,thenppk

is just the variance of the (Gaussian) noise in this regression, and

in/out

similarly for Pyk

. Thus, this stopping criterion amounts to stopping when the limiting amount

ikn/ out . nd Qikn/ U is sufficiently small.

of excess information gained by the additional iteration P

Condition 6. The interval [#yin, fmax] Within which the a; scalars are truncated includes the
[Ezlliom]l and [Eian/ Om]l (defined in the general recursion state evolution (2.67)) for all iterations k
prior to termination.

We now give some remarks on sufficient conditions and special cases of these assumptions.

Remark 7. In our translation (2.31), we set u(i)n =10 — Xo. This can be further expanded as

gx1(ri0, ¥10) — @ikrio
1 —ax

X0, (2.36)

where

N
1 ’
= ;gxl ([r1oli> v10)

Our Assumption 3 ensures that g’ (-, y10) is Lipschitz, and thus Lemma 17 gives concentration
for aix. Then Lemmas 13, 9, 10, and 17 (using subgaussianity of ri0) along with Assumption
0 give concentration for (2.36). Thus, the elements of uB“ concentrate as required. Since gyi
does not depend on the matrices U and V, this uion is also independent of U and V as well. An

analogous argument shows that our translation for ugm and Assumption 0 imply Condition 0
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in/out
p0

out

Jor wy™.  Likewise, from (2.31), we can see that the convergence conditions on the y are

guaranteed by Assumption 0 on the corresponding constants in the GVAMP algorithm.

Remark 8. Under the translation in (2.33), Condition 1 is implied by Assumption 1.

Remark 9. It is easy to see that the f;n/ U in translation (2.32) meet the requirements of Condition

3. They are all clearly separable by definition, and the only functions that are not uniformly Lips-

in/out

chitz are [fin/out]z gk

q and because

= [wy] Lgin/out . However, these are UBCL as they are free of y
wiqn/ U consists of the singular values, which by Assumption 0 lie in a compact interval [0, Sma].
The fli,n/ U are separable and uniformly Lipschitz when the gy1/g.1 are, which is guaranteed by

Assumption 3.

Remark 10. For the functions given in the translation (2.32), Condition 4 is satisfied as long as
the domains of the functions are compact (and independent of N and k). We note that clipping of

the y| and « scalars is guaranteed by (2.34) and (2.35) along with Assumption 4.

Remark 11. Condition 6 can be met, for instance, in a log-concave setting satisfying the following

assumptions:
1. g1 and g, are either the MAP or MMSE denoisers.

2. Assumption 2 holds, which stated that the log prior log p(x) and the log likelihood log p(y |
) (as a function of z) are concave and 3-smooth, and that the second derivatives in (A.125)

are bounded away from zero over any compact subset of their domains.

3. The asymptotic variances T;nk/ U and T;;C/ out (also defined in (2.67)) do not diverge or shrink

to 0 before termination.

Under these conditions, the derivatives of the fli,n/ “and fqin/ ““\ill be bounded away from 1

and 0 over any compact subset of their domains (see e.g. Lemma 1 in [78]), and the [Egllgout]l and

[5ian/ U1} will likewise we bounded away from 1 and 0 for all k.
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2.3.2 Notation

In the above translation between the general recursion and GVAMP, we used general iterates
of dimension d = 2 in order to track the GVAMP iterates, the initial data, and the transformed
input zy throughout the algorithm. Henceforth, we will analyze the general recursion with d = 1
in order to simplify notation and proof ideas. However, these arguments can all be extended to the

case of general dimension d (see Appendix A.4 for details on how the following results generalize

in/out in/out

tod > 1). For k > 0, define matrices U, e R¥*(k+1) having columns u; for0 <i < k, and

define N x (k + 1) matrices Vm/ out Plkn/ U and Qm/ °““ analogously.

Now, for £k > 1, define Cm/ OUt, C;nk/ out ¢ RN*(2k+1) (4 be the matrices containing, respectively,

the pi"/°ut, yin/oU jterates of the algorithm up to and including pm/ U and the ui™/out, gn/out jterates

in/out m/out Cm/out

up to and including u, Similarly, let C [, g € RM*2K be the matrices containing,

respectively, the pi"/°", vi"/°Ut jterates up to and including Vm/ " and the u™/°%, "/ jterates up

in / out in / out Pln Jout __

in/out Cm/out Uln/out

. We use the initial conditions C o 40

to and including q,

ugl/ U and Clv%/ out — Clqno/ °U = . In other words, these matrices are defined as follows:

Cin/out _ [Pin/out Vin/out] Cin/out _ [ m/out an/out]

pk k k-1 uk ’
in/out _ in/out ysin/out in/out _ m/out m/out
et = [P/ iy et = U ey, (237)

where for two matrices M; € RV*P1 and M, € RV*P2, by the notation M = [M; M,], we mean
the N X (p1 + p») matrix obtained from concatenating the columns of M; and M.
Next, we define sigma-algebras generated by previous algorithm output at any iteration using

the matrices defined in the previous paragraph. We use the initializations SD infout _ o (win/out gin/ outy

p >0
and an/out {Wm/out’ Uz)n/out’ Pt)n/out’ V;)n/out}’ and for k > 1 define
in/out _ in/out yqin/out pin/out 1n/0ut 1n/out
Pk - 4 ’ Uk ’ Pk—l ’ Q }’
(2.38)

in/out _ in/out yqin/out in/out 1n/out 1n/out
Qk =0 Wq ) Uk £l Pk Q }'
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in/out . in/ou

Notice that £, includes the iterates of the algorithm up to and including u, "(Le. all output

in/out

after completing the (k — 1)’" iteration of the algorithm) and Q,

includes the iterates up to
in/out

« (i.e. all output through step (5) in the k' h jteration). We define the combined

and including q

sigma-algebras Py = o {P}", 7’,?‘”} and Q = o {QP, Q;(C)Ut}-

: : 1 1 NX(N-2k 1 1
Finally, for k > 0, define the matrices ch Jout? ch o € RVX(V=20) and BL ch/out €
qk vk uk pk
RVX(N=2k=1) \where, for example, Béoul has columns that form an orthonormal basis for span(C;‘,‘;)l
pk

where Cg‘,‘(t is defined in (2.37), and the other matrices are defined analogously. Moreover, for

in/out)
9

injour € RY*X2K 16 have as columns an orthonormal basis for span(Cv &

vk

k > 1, define the matrix B C

and for k > 0, define BCin/out € RNX(2k+1) 49 a matrix having as columns an orthonormal basis for
uk
in/out in/out __
span(C,; ). Then we let O ;™" = Béino/"“‘

€ R™" be any (deterministic) orthogonal matrix, and
for k > 1, we define the orthogonal matrices

Oin/OUt — [BJ_
C

o chlzom] eRVN  and O™ - [Bém,om Binou | € RVV. 0 (2.39)

q(k_l) u(k-1) u(k=1)

in/out
vk

To wrap up the notation, we state a definition and lemma that will be useful throughout the proof.

Definition 6 (Isotropic Invariance). A vector x € RV is isotropically invariant (or, spherically
symmetric) if Vox = X for any orthogonal matrix Vo € RNV Notice this implies that X/||x|| is

uniformly distributed on the unit sphere.
The following lemma about isotropically invariant vectors will be used throughout the proof.
Lemma 1. x < x|l (Wo/||Wol|) where wo ~ N (0, Iyxn) for any isotropically invariant x € R,

. d .
Proof. The result follows from two facts. First, X/||x|| = wo/||Wo|| since both x/||x|| and wg/||wo||
are uniformly distributed on the unit sphere. Second, x/||x|| and ||x|| are independent. To see this,
notice that x/||x|| is uniformly-distributed on the sphere irrespective of the value of ||x||; thus, they

are independent. Therefore, x = ||x||(x/]|x]|) 4 IIx|| (Wo/|lWol|), giving the desired result. O
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2.3.3 General algorithm concentration

Under the conditions given in Section 2.3.1, we state our general concentration result for Al-

gorithm 3 in Lemmas 3 - 5. To obtain our concentration results, we first introduce deviance terms

Ai;l,fom and Aian/ out quantifying the discrepancy between the finite sample behavior of the iterates
(piln/ o, pikn/ Y and (qiln/ o, qikn/ 'Yy and their limiting values. This is done in Lemma 3 by

studying the distributions of the vectors conditional on the previous output of the algorithm, sum-
marized by the sigma-algebras in (2.38). Before we state and prove Lemma 3, we state a lemma,
originally from [77, Lemmas 4 and 5], that characterizes the distribution of random Haar matrices,

conditional on linear constraints.

Lemma 2. [77, Lemmas 4 and 5] Let V. € RYN be a random, Haar-distributed matrix (see
Definition 4). Suppose that for deterministic matrices M1, M, € RN*S, for some 1 < s < N, we

know that V satisfies M| = VM. Then, if M| and M are full column rank,

d T —1a4T 1L yrplt 1T
=M (M M) M, +B;, V[B ,
(M\=VM,) {(M ML) M + By VB, |

where V is Haar distributed, independent of V, and B;Il ,B , € RVXN=5) are any matrices whose

1
M
columns are orthogonal bases for Range(M;)* and Range(M,)*, respectively.

To use the above lemma, we notice that conditioning on sigma-algebras Q;{n/ °““ and P,i{n/ out.

defined in (2.38), is equivalent to conditioning on two linear constraints. As an illustrative example,
consider conditioning on the sigma-algebra Q}(n = o {UP, Pikn, Vikn, ikn_l }, which contains all of the
input iterates up until just before step (8). First, notice that the action of V in Algorithm 3 is only

in step (3), which reads pikIl — VTuik“, and step (8), which reads qikn — Vvik“. Thus, conditioning

on }(“ is equivalent to conditioning on the linear constraint [Pikn Vik“_l] = vI [Uikrl ik“_l] or,

equivalently, on Cg‘k = VI C® for Ci;k and C"_defined in (2.37). By a similar argument, we can

P, in  _ in
see that conditioning on #;%,, = o {U}, ,

) Pikn, Vik“, Qikn} is equivalent to conditioning on [Pikn Vik“] =

Tryyin (yin in _ vT in R : T out out
VAU Q'] or on Cv(k+1) =V Cq(k+1)' Continuing this argument, conditioning on Q" or %

: : L out _ Y17 (out out — 11T out :
is equivalent to conditioning on Cp = U Clor C kel) = U Cq (kt1)? respectively.
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Now we give the conditional distribution lemma, Lemma 3. In the lemma and in what follows,

we use the notation 0; to denotes a vector of zeros of length k. This lemma and the following,

m/out in/out

in/out pin/out k

gk € R.o, which we

Lemma 4, depend on vectors ,B and constants Pk
leave unspecified for the time being. The statements of these lemmas are valid for any choice of
these parameters, and in section 2.3.5 we define them as appropriate limits of GVAMP quantities

so as to ensure the desired concentration behavior.

Lemma 3. If [Cln ]TCln has full rank for 0 < k < K, then we have for all such k that

k=1
n a 1n in n a in in 1n in
p() |P()_ () Op() p0+Ap0, and pk |Pk_ § [ﬂpk]f+l p[ + Opk pk+Apk’ (240)
=0

where Og‘k is defined in (2.39) while p;“k and ﬂ;lk are unspecified for the time being, with appro-

priate values given in what follows in (2.72), and

in

, [[ul |l ; i i k
p0 = Zion — P Bém Zy, A =Cnlachrencn ey -7
R 0,

1B, 17wl

in J_ m in
+ W — p[? Cm Z 1’ ch Zpk'

The matrices C‘Vr}( and Ciq“k are defined in (2.37). In the above, Zj:k are length-N vectors with
independent, standard Gaussian entries that are independent across 0 < k < K and independent
of the corresponding conditioning sigma-algebra Py. These are decomposed as Z;?k = [Zln | Z )
where Z;‘k is length N — 2k and Z;‘k is length 2k. In particular, this means O;‘kz; Bém Zm
. in
If [Cln ]TCln has full rank for 0 < k < K, we have for all such k that

p\\‘
p—d

qbnlao: pmo in Z O+Aq0’ Cll’ld qlklek:

4024 [ﬁi;k]e+1q}“+ pin O Zyy AT (2.41)

iy
S

where Oian is defined in (2.39) while p;“k and ﬂian are unspecified for the time being, with appro-
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priate values given in what follows in (2.72), and

[ m]T in ”[Bém ]T in”
an = ol Yo i | S0 g - B (2.42)
R T S I T Pao | Bes, Zao = P Bes, Zao -
q

, , , 0sc41

A;nk :C1unk ([Clunk]TClk) [Cln ]T in _ .+

B

1B, VeI N
in lﬂ [ m

+ W— qu Cm Z ch qu (243)

The matrices CL“k and Cg‘k are defined in (2.37). In the above, Z;“k € RN are length-N vectors with
independent, standard Gaussian entries that are independent across 0 < k < K and independent

of the corresponding conditioning sigma-algebra Q. As above, these are decomposed as Zm =

[Zink | Zin | where Zin is length N —2k — 1 and Zi“ is length 2k + 1. Again we have that quk =

Bém Zin + BkaZ The same statement holds with all input variables replaced by their output

equivalents.

In both cases, the output statements for pout|gok and qo‘“lak are analogous to those in (A.118)

out

and (2.41) with out replacing in everywhere. Furthermore, we have that p . and p*™ are condi-

out

tionally independent given Py and that q ; and Q" are conditionally independent given Q. for all

k > 0.

Proof. We prove the lemma for qgl and qikn, as the base case for qg‘ is slightly more involved than
that of pg‘. The proof for pg‘ and pikn is broadly similar, and the proof for the output variables
exactly mirrors the proof for the input variables.

We first prove the statement for qgl. Observe from the Algorithm 3 definition, q VT " and
that VBH € Q since Qy = o {Q(i)“, Q") = O'{Wi]n/ out. ugl/ out. pgl/ out. Vi)n/ U as defined in (2.38).

By the reasoning in the paragraph just before the lemma statement, conditioning on Qy is
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equivalent to conditioning on the linear constraints V i Cln and UCOut CoY'. Thus,

(@)

Vle |{ Cm —Cin U C(;;ukt:Czl]l(t} - |{Vci;;k:CLnk}: V|Q;Cn’

uk’
where (a) follows as U and V are assumed to be independent. The right-hand side can be handled
by Lemma 2. In particular, the conditional distribution of V given Q}(“ can be decomposed as

Vign< € (IC]7Cl) 7' [C! ]+Bng[Bém], (2.44)

where V is a random (N — (2k + 1)) X (N — (2k + 1)) matrix that is independent of V, but taking the
same distribution, in that it is Haar (or uniformly) distributed on the group of orthogonal matrices
of its dimensions. In what follows, we drop the explicit “in” superscript to save space because
throughout we will be working with the input version of the variables.

Thus, for k = 0, conditioning on Qy = o {w, ug, o, Vo} is equivalent to conditioning on

C,0 = VC, (since V and w,, are independent), and the result in (2.44) gives

d _ —_—
V¥ol@,= Cuo(CyoCu0) ™' Chovo + B, VIBE 17 vo, (2.45)

46 9’

where we have removed the “in” superscript from the vector vy and the matrices C,o and C,o.

Now observe that C,¢ = pg and C,o = ug, by definition in (2.37), and therefore,
Cuo(ClyCu0) ™' CLyvo = uo|luo|l ~>pf vo. (2.46)

Next, as pg and v are both measurable with respect to Qp, so is the vector [Bépo]TVo. We will
next argue that the vector V[Bépo]TVO is isotropically invariant as defined in Definition 6. To see
this, recall that V is Haar-distributed (see Definition 4), thus V'V 2V for any other orthogonal
matrix V/ € R¥V"XN=1_ Hence, V’V[BéPO]TVo 4 V[Bépo]Tvo, meaning V[BéPO]TVo is isotropi-

cally invariant; therefore, by Lemma 1, its distribution is entirely determined by the distribution of
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its magnitude. In other words, since ||V[BépO]TVO|| = || [Bépo]TVOH, we have

= d
VIBE 17vo £ 1B 1 voll (Zgo/1Zqoll) (2.47)

for Z,0 ~ N(0,In—1xn-1), independent of Qy. This gives us that, conditional on Qy,

I1B& 17 voll
1L vrpl 17, 4 Cpo N
BCuo [BCpo] Vo = W Cqu‘IO
”[BépO]TV()” B
q

The second equality in the above uses that Og4o = [B  Bc,] € RN*N by (2.39) for B¢, € RV¥!

u0

and Béuo € RVXWV=1). therefore, BéMOZqo = Oqozqo - Bcuozqo

Plugging result (2.46) and (2.48) into (2.45), we find the result in (2.41)-(2.42), namely

PVo
Vivila® | o

To establish the statement for qi,?, notice that q va by Algorithm 3, so that q M= vala .

IBE 17 vol

0+ | =7 ~ VPqO
1Zgoll !

Béu() Zqo - quo BCuO Zqo + quo OqO zq0~

(where vikn € Q). Recall from the discussion for the k = 0 case above that Vle: V| Q- Thus, as

before, we drop the explicit “in” superscript, and we can use Lemma 2 to write

d
akla, = Cur(Crp Cur) ' v + B, VIBE, 17k

k-1 0rs _ ; (2.49)
Z [Byiles1e + Cur | (CL, Cur) ™' CL v — +B¢, VIBg,, 1 Vi,
(=0 Bk

where we recall that V is Haar-distributed and independent of the conditioning sigma-algebra. The

second equality in (2.49) follows from the fact that C,; = [Uy Qx—1] from (2.37); thus,

0ps1 =l
Cur = UOps1 + Q=184 = Z[ﬂqk]m%.
Bk =0
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As above in (2.47)-(2.48), because V is Haar distributed and because Béuk Ly = quzqk -

9}

B¢, Z,k, we find that conditional on Q,

L NBE 1wl

—~ Cot
BJ_ V[BJ_ ]TVk = _ k0 BJ_ Z ‘
Cux Cpk ”qu ” C.x “4
I0BE 17wl ) v B
B Be. Zak = VPak Bew Zgk + VPqk Ogic Zak-

Combining with (2.49) and using the definition of A,y in (2.43), we find the desired result:

k-1 0
d _ k+1 —
Akl = Z[ﬁqk]5+1qf + Cuk | (CT,Cu) lcngk - +vPgk Ogi Zyk
=0 qk
1B, 17vin)|
~ k
~ VPgk Be,, Zgk + Hé—qu — VPqk | Be,, Zak
k-1

[Bilen19e + Pk Ogic Zgic + Agi.

Iy
(=)

Finally, we establish the conditional independence of qikn and qi‘“ given the o-algebra Q; for

all k > 0. Notice that conditioning on Qy is equivalent to conditioning on {g(V) =0, 4(U) = 0}

where g, h are the (deterministic) functions X — C}fk —~XC" and X C;‘,‘(t — XC, respectively.

This is just a reformulation of the linear constraints discussed earlier. Hence,
P (qik“ cAqeB| Qk) - P (qikn € A.qM e B|g(V)=0h(U)= 0)

(2.50)
P (VTV}:I e A, U'v™ € B | g(V) =0, h(U) = 0) .

In the above, the second equality follows because qikn = VTVikn and "' = UTvzllt by Algorithm 3
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step (8). Now applying the definition of conditional probability,

P (VI e A, UTVe € B,g(V) = 0, h(U) = 0]
P (g(V) =0,h(0) =0)
PV eAgv=0) F (U e AU =0)  @51)
P(g(V)=0) P (h(U) =0)
:P(qikn € Alg(V) :O)P(qg‘“ € B | h(U)=0).

P(qik“EA,qzuteB | Qk) =

The second equality of (2.51) follows as U and V are independent and Vikn/ " is measurable with
respect to Q;{n/ °U" (and because conditioning on {g(V) =0} or Q" is equivalent; similarly for

{h(U) =0} and Qz‘“). This establishes conditional independence of qikIl and qz‘“ given Q. as

P(qik“ e Al g(V) :O)P(qz‘lt e B | h(U) =0)
—p (qik“ € A|g(V)=0,h(U) = o) P(q" € B | g(V) =0, h(U) =0)

=Plafcal Q)P (e c Bl Q).

Next we extend this lemma to a result characterizing the discrepancy between the finite sample

iterates and the limiting behavior of the p and q iterates jointly. To do this, we introduce a new

—in/

. . . —in/out
recursion in terms of Gaussian vectors, Zp

t ) .
*" and Z, defined in Lemma 3. As we see in
Lemma 4, the iterates generated by this recursion, referred to as the equivalent Gaussian recursion,

are jointly equal in distribution to the iterates in the general recursion, Algorithm 3.
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Algorithm 5 Equivalent Gaussian Representation of General Recursion

Require: Separable denoisers f‘“ fout fln and fOut parameter update functions I'; : R? — R;

initial data u;! € RN and ug‘“ € RM : and disturbance vectors w}?, w‘qn e RN and ng, Wg‘” €
RM

1: p Z [ ] ( ,ppr Oln Z -+ A ) out Z [ out] ( ,p?,l;t Og‘;t z;l;t +K;tt) ’

in 1 in out m out _ ,in Rin
kT Toam, [fp (pk’pk W Vi Vpk) “pkpk]’

Out out out Out out Out out

Vi = a;’ukt [f (pk’pk »Wp s Vpio Vpk) @pr Py ]
o k . ( X ¢ t t—out ~out
3 q — Zrzo[cglk]r ( Pl Ol Z +A ) Q= Xolegy]y ( P OMZ,, +A,, ),

in in out in ,0ut _ ,,in ¥in
Werr 10, [f (qk’qk’ ’qu’qu) aqqu]’

syout out out out out out out
k+1 1_aqk [f (qk’qk W s Yk qu) @ i ]

u

m/ out

In the above, all relevant scalar quantities (e.g. a, ) are understood to be defined analogously

as in the general recursion, Algorithm 3, but now in terms of the Gaussian equivalent iterates (e.g.

ﬁik“ and ﬁi“‘). Likewise, the discrepancy terms Z}f,ﬁ and A;nk/ are defined as those in Lemma 3,
but using the Gaussian equivalent iterates. Constant vectors "o and cm/ U are defined explicitly

pk

in/out d in/out

(2.56) below in terms of the ﬁm/ " and ﬂm/ ! vectors. These vectors, along with p,,, gk

remain unspecified, as the statement of Lemma 4 is valid for any choice of these constants.
The Gaussian equivalent recursion is initialized in the same way as the GVAMP recursion,
t .
so in particular ulon/ out — i)n/ U "and thus Am/ou = A%OM Furthermore, Om/ °““ and Om/ U are

deterministic orthogonal matrices, so we choose them to be equal as well.

In order to state Lemma 4, we first introduce some new notation. For all j > 0, we will let

out —~out —in —out

(pj’p‘(])ut,qj 7q] )’ (p] 9p] ’q] aq] ), (252)

where the terms in r; are those in Algorithm 3, while those in r; are from Algorithm 5. We also

define the concatenation of these up through iteration k as

r, =(ro,...,1r%), T, =(To,...,Tg). (2.53)
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Lemma 4. Let {Z;’k} k>0 and {Z;‘,‘f} k>0 be the i.i.d. standard Gaussian vector sequences defined

in Lemma 3. Then, with respect to the Gaussian equivalent recursion in Algorithm 5, define

. k-1 .
“in _ in (yin 70 “in _ in *in in yin 7™M
r=0
(2.54)

k-1

* —out * out

pgut — out Oout ZpO , and pzut — Z [ ;1/1;] ol p(r)ut out Oout Z
r=0

Similarly define q}(n and (*12‘“. With these definitions, we have

1.
k .
}{n — Z ,P}?r [C; Oln _pr’ out Z /pgl;t out Oout pr ’ (2.55)
r=0
where fork > 1and0 <r < k -1, [c;k] and (¢ °“t] are defined recursively as
. k=1 ' k-1
[ dr = > [0l (B0 i, and [ = > [ (B0, (256)
i=r i=r
with [ci;k]k = [c Out] =1forall k > 0.
2. Letr, = (ro,...,Tx) where r; = (p 9“t,fim q"ut) are defined as above for the ideal

variables p and q. Then we have that
Ek - ik = (dOa L) dk) H (257)

where T, is defined in (2.53) with

Furthermore, for all k > 0, we have that, conditional on (W;]/ Out, w;n/ Om),

T ir,. (2.59)
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3. Foralli > 1, we have ([Plon]z [pk lis [pgut]l’ ) [sz]z) 4 (P(i)n, L P}(n’ Pgut, L qut)
where (Pi“, e, P}{“) and (P2, . .., sz) are independent, zero-mean, jointly Gaussian vec-

tors (and hence the right hand side is itself jointly Gaussian).
Analogous statements for (1.)-(3.) hold for the q variables.

Recall that we introduced the Gaussian equivalent recursion in Algorithm 5 as an idealized
‘Gaussian’ version of the GVAMP general recursion in Algorithm 3. Lemma 4 makes this precise.
Indeed, Lemma 4 introduces a recursion in Algorithm 5 that is shown to be purely Gaussian in point
(3.), in that its iterates are elementwise equal in distribution to Gaussian vectors who covariance
structure can be given exactly. We see from point (2.) of the lemma, that the difference between
the terms in Algorithm 5 (given in T;) and the purely Gaussian terms from (2.55) (collected in
fk) is only in the deviation terms (see (2.58)). Moreover, the terms of Algorithm 5 (given in 1))
are equal in distribution to those from Algorithm 3 (given in r;). Taken together, this shows that
the difference between the GVAMP general recursion and the purely Gaussian recursion can be
summarized via the deviation terms. The major technical part of the proof, given in Lemma 5 is in
showing that these deviation terms concentrate exponentially fast to zero, so that the dynamics of
the GVAMP general recursion can be characterized by studying the purely Gaussian equivalent.

Before proving Lemma 4, we note that the Gaussian vectors used to characterize the dynamics
of the purely Gaussian recursion in point (3.), namely (Pm/ m, m/ 'Y and (Qm/ out . Qm/ oun,

may be explicitly defined in terms of the Z variables defined in Lemma 3 as follows. For k > 1,

k-1 k-1
: —in/out i —in/out
P}(n/om Z [ﬂpk]r+1Pm/OUt [p;lk/out[zpk 1, an/out z : [ﬁqk]rHQm/om [p;nk/out [qu 11,
r=0 r=0

(2.60)

with initializations Pm/ out = p%om[lm/om] nd Qm/ out = p;no/ out [Z‘;’O/ .

Proof. We prove the results for pik“; the arguments for qikn and the output iterates are completely

analogous. To establish the first part, namely the result of (2.55), we proceed by induction. First
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consider the base case k = 0. We have [cglo]o = 1 by definition (2.56), and thus the statement in
(2.55) reduces to f)})“ = /pm 20 Zpo, which is just the definition of f)})“ in (2.54).
Now assume the statement in (2.55) holds for p;n for 0 < j < k — 1. Then, combining the

definition of p}{n in (2.54) with the induction hypothesis, we find

k-1 .
“in in in in (in 71
P, = [ﬂpk]rﬂpr + ppk pk Zpk
r=0
k-1 . .
_ in Ain 71 in fyin 7'M
_Z piclr1 Z\/pp 11 Opi Lpj | + NPk Op Lk
r=0
k=1 [k=1 , k n
_ in Ain 710 in . in 7!
- Z pilret [ ‘\/ O Z +Vp k Opi Zpi = Z [l ‘\/ O Zyj,
j=0 Lr=j j=

as needed, where the final equality uses the definition of cglk in (2.56).

For the second part, we observe that (2.57) becomes trivially true in light of the first result
where we showed, for example, that plkn = f:o \/pTI?r (e ] Oln _;,r, and the Gaussian Algorithm
5 step (1) definition, for which ﬁ‘k“ = Zf:o pgl, [e]r Om Zp, + Z [ 1 Zzl,.

To establish the distributional equalities in (2.59) of part (3.), we make repeated use of two

facts:

Fact 1. Letr x,X € R™ andy,y € R" be random vectors. Then we have:

d ~ d
(A) Ify |x=Y, then (X,y) = (X,Y).
(B) Ify 4 Y and X is independent of y and 'y, then f(X,y) 4 f(x,Y) for any measurable f.

d~ . . . . e
Now we can show r, =r, given in (2.59) inductively. For the initialization step, we show r,, =

=out in

ro £ 7 = T, where by (2.52) we have that ry = (po ™. g ,qgm) and Ty = (po Py, qy ,qgm) .

out

We prove the distributional equality for the p™ and p°" terms, while the proof for q'" and q

pi/ou e have that

follows similarly. By Condition 0 and the definition of p,,
ing 4 in Zin Ain d —~in| _ in 01 z Zin
Py lpo= PpoLpo T Bpo an Py lpy= Ppo L€ [ ] p0Lpot [ ]0 »0
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To see the equivalence of the two terms above, notice that [c! 0 ] = 1and Om/ out = O%m =Iby
definition, and A;‘O = AA?O since the GVAMP recursion and general recursion use identical initial-
ization u . Furthermore, observe that p " and p°ut are independent since U and V are independent,
and ﬁi and pOUIt are independent since Zpo and Zpl(])t are independent (by definition), and u})“ and
out

ug" are independent by Condition 0.

Next, by definition, conditioning on @ is equivalent to conditioning on o (po , pg‘“) (since

Vo is a deterministic function of py conditional on the disturbance vectors; see Algorithm 3). So

in/out in/out 1n/0ut_in/0llt in/out
- O Zg ™ 4 AT

Lemma 3 gives that q, P p2 = 4/Pg0

. Furthermore, g and q)" are
again conditionally independent given @ since V and U are independent, so the above holds for

(qp ,qQ™") jointly. Together, this implies

d Z _ZO
(pO ’ pgut, q0 ’ qgut) (pO ’ pgut, ‘\/ Iz H:) q0q0 210’ \[ 2 ggto(qn(])t q0 Aout)
—out

by (A) in Fact 1. Now note that Oi}no/ °“and Ai]no/ °"" are deterministic functions of (pif", p3“, Zqo, Z,)
and thus the entire above vector is also a function of these variables. Furthermore, by Lemma 3,
(p0 , pOu‘) and (Zqo,zqo) are independent. Likewise, (p0 , po‘“) and (ZE‘O,ZZ‘J) are independent
since the former only depends on Zpo and Z pO‘ Thus, equality in distribution is maintained if we
substitute (pO . py™) for (pO ,py™") in the right side of the above by (B) in Fact 1. But this is just
P, Po™, 4, q*) by the definitions in the Gaussian Algorithm 5 and the fact that <, in/ 0o = L.

This completes the proof of the base case.

. . ~ d . . .
For the inductive step, assume thatr, _, = r,_, for some k > 2. First we will establish that
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Il

(rk 1,pk,pz‘“) (rk l,pk,pz‘“) To do this, observe that

(v P 0)

d C in in m in il in out out out 70Ut out
= (zk_l,Z[ﬁ,,k]m P}’ + /o, O pk+APk,Z[ﬁpk et DY+ ([P0 O T + A,
=0

2.61)
. k-1 ol , |
T, ' ' i 7 =ou ou
£ (Ek—l’ [Byiles1 BF + /P Op Zpk + A Z Bt P + o ou GO Z Apk)’
=0 v
(2.62)

where (2.61) follows from (A) in Fact 1 (using that conditioning on r, _, is equivalent to condition-
ing on P;_; because the additional u and v terms that generate the latter are deterministic functions

of r,_,) and the conclusions of Lemma 3 (particularly, that p " and p°llt are independent givenr, _,),

—in/out —~in/out

and where (2.62) follows from substituting (p,"*", ..., p,"|") for (pm/ o, plkn/ **"). This sub-

stitution is justified by (B) in Fact 1 and the induction hypothesis as (Z Z, k) is independent of

pk>

(pm/ oL, p}(n/ (l)m) C Pi-1 by construction, and independent of ¥, _, as T, _, only depends on

—in/out —in/out —in/out —in/out
(Zoo ™ Zp ) Zge ™ 2 )
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Next observe that

k-1 n
—1 ~in

Z pk {+1 pf m 01 pk pk + A
¢=0

k—1 4 . ) )

i - ~.. —in  ~in . —in  ~in
= D 1B | el (ol O Zyy + K1) | + ol OB Zy + Ky 263)
=0 =0

>~
—
>~

-1

|81 L | (Vo OmZy; + &) + \Join, O Zyj + &
J

AN A +Z Ar (2.64)

(2.65)

'M» i

~
Il
[}

L

Il
=
o~

where (2.63) follows from the definitions of 'ﬁijn in Algorithm 5, (2.64) follows from the definitions

in

of the constants [c k] j» and (2.65) again follows from the definition of ’ﬁlkn in Algorithm 5. The

same reasoning applies to p°“‘.

Thus, as claimed, plugging these into the above gives (rk 15 pk , pzut) 4 (rk 1> p e pZ‘“) Next

out

we need to extend this to the (q R s ) variables. The proof of this works in exactly the same way

as above, conditioning now on (r,_,, pk ,pZ“t) and applying Lemma 2 with (A) and (B) above to

get the proper joint distributional equality.

in —in —in —in

. . =in —in
For the third part, we claim ( in Zpo, quo’ ...,On Zpk, quk) (Zpo, Zqo, AU Zpk, qu .
As a first step, we show that the two above vectors generate the same o-algebras. For this it suf-
fices to show that the right is a function of the left. (The reverse is immediate since the O matrices

(which are equal to their O equivalents defined in (2.39)) are functions of the {p;, q;}*=!, and these

11’

are functions of the right hand side.) We can prove this inductively. For the first component, this
is obvious since 6“‘ = Oin is a deterministic orthogonal matrix. Now suppose the statement is

true for all components up to 0 Since 6“‘ . 1s a function of the ZI(I; g forj <,

(p/q)rZ(P/Q)V

it follows by the induction hypothesis that [OI(I;7 Loy

]-'on

17! is a function of the prior O(p/q)]Z(p/q)/

components. But then Zl& Jor = (O

(p/a)r Z(p /) €an be written as a function of the

(plo)r
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components of the left hand vector up through o as claimed.

(p/q)rZ(p/CI)r’
Now we can prove the asserted distributional equality inductively using (A) in Fact 1 by es-
tablishing distributional equality for each component conditional on the prior components. For the

base case, again we know that (~)in is a deterministic orthogonal matrix, so by standard properties

of Gaussian random vectors we have that O™ 0 ;0 17 Z,. Next suppose that the statement is true
up through O(p/q)(r 1)Z(I;,/q)(r_1). Then conditioning on
in o7 Ain il Oin il
(O ZpO’ q0 qu Oy Lpr-1)s Oq(r—l)Zq(r—l)) ,
is equivalent to conditioning on
—in —in

(Zpo Zyoo -+ Zor-1p Zn)) (2.66)

by the induction hypothesis. But, conditional on the above, on is a deterministic orthogonal

(p/o)r
matrix (as it depends only on {p;, q;}!_ ‘11, which are functions of (2.66)). Together, this gives that

Oln | =in = Oln |—1n
rr Loz r W Zpy

Z .. Putting this together, we find

r— l

(00Zy0 O Zi, . OB Z,, ) £ (08 Zo, O Zo . Zoy ) £ (Zyo g, 2y

pr¥pr q0> -+ > &pr

where the first equality follows from the above and (A) in Fact 1 and the second because Zj:r

—in

is independent of (Zpo,ZqO, .. .,zq(r_l),if(,_l)) using (B) in Fact 1. The same distributional
equality follows in the same way for the vectors of output variables.

Now we can proceed with the proof of the statement in part (iii). For the base case of k =

* 1 ~in =it m/out in/out
0, we have pg' = /o), O ZpO and pJ* = \/p Out OOut ZpO Because the O, =0, are

deterministic orthogonal matrices, we have that

* —1 : io—in 4 —in ;. , d.
in 1n Nin in (yin 1n
pO = ZPO = ppO Z Z

Ppopo p0 £p0 = N(0, ,0}?0),
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and similarly for the output case. The independence of f)g‘ and 138th follows because Zj:o and z;l(l)t
are independent by definition.

To prove the induction step, assume the statement holds for independent Gaussian vectors
(PP, ..., P ) and (P, ... , P2",) (whose values are given in (2.60)). We first notice that the

«in/out .

induction hypothesis along with the definition of p in (2.54) and the above implies that

(1B 151 - [ [55™1:)

k=1 k-1
; X : ~.  —in —out
= [pg']i> [0 i -5 ) pidr (D7 1i 4 [P [0 ZpiLis ) el [P + + POk [OoutZ kli )
r=0 r=0
) k=1 o k=l t
; : o~ —in —ou
S (PO PG DBl PY + o 105 Zyidis D [B il PR + [ poit 0% Zie i
r=0 r=0
) k=1 k=l t
. . . —I1n —O0u
SPE PR Y Bl PN+ ot (Zpylis ) [B il PR + (0 [Z1i]
r=0 r=0
where, on the right-hand side, we treat Z}j‘,f " as independent of the Pm/ out. m/ o (as the
f);n/ U are independent of Z}f,f " for i < k, which follows directly from the definition of the ideal

variables f)}n). In particular, this shows that the last expression is jointly Gaussian (e.g., by Cramer-
Wold). The zero-mean property and the independence of the input and output variables follows
immediately from the definition of the p variables. Thus this completes the proof of the third part.

O

2.3.4 General state evolution

Next we define a scalar recursion that is the analog of the GVAMP state evolution in (2.30),

but for the general algorithm in Algorithm 3. One consequence of our general concentration result,
n/ou

Lemma 5, is that the iterates pk infout and q1 converge empirically to the zero-mean Gaussian
variables P}{n/ o and Qm/ Ou[, respectively, with both defined in (2.60). The variances of these

Gaussian variables are completely characterized by the state evolution equations in (2.67). The
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general algorithm state evolution is given by the following recursive system for k > O:

ai%out _E {[ ;n/out]’ ( ikn, PO WP, 721](’7;%)} 7ian/out _ F;nk/out (ﬁzom,aﬂout) ’
;Illc/om _ (1 _ ai[%out)_z [E{[ Ii)n/out]z ( }(n, qut’ WP, 7;1]( ,y;l]l{t) [a;llgout]zq_[i:}c/out}] ’

5;nk/out _E {[ 1n/0ut] ( Q Qout 71an 72?:)} 721(/;:1;) _ F(i]nk/out (7ian/out’aian/out)’

Tlijn(/ko_lllt) _ (1 B a;nk/out)_z [E{[ qin/out] (Q Qout we, —1nk ?ﬁt) [aian/out]z Tci;llc/Out}] .

(2.67)

—in/out

are well-defined by Condition 0, and the terms Ti”/ out

The initial terms of this recursion Y 50 0

are initialized with pm/ out

, which we have thought of as a free parameter of Algorithm 5 and
which we will define explicitly along with the other limiting quantities in the next section. The
(components of the) random vector W” must be understood relative to the assumptions made in
Condition 0. Specifically, if [W”], is assumed to be i.i.d. sub-Gaussian, then W? is a random
variable following this sub-Gaussian distribution. If instead [w”]; is taken to be deterministic,
then we define W” to be distributed as the empirical distribution of the components of [w”],. In

this case, the expectation over these components reduce to a simple empirical average For instance,

if all components of w” are deterministic, then we have

_m/out _ Z E { [ m/out] (Pm Pout Wn , y;?k’ 7;1]?)}

where wf; is the n' row of the matrix w”, and likewise for the other state evolution quantities.
Clearly, this introduces a dependence on N in the state evolution when some components of w” are
deterministic. Under our assumptions in Condition 0, however, this N-dependent state evolution
still converges as N — oo to a limiting state evolution which is free of N.

In terms of these state evolution quantities, we define two more sequences of random variables.
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For k > O:

U;i::_/lout _ (1 _ ai]nk/out)_1 [fin/out (Q Qout 7?]@73}?) —1n/0th1n/0ut] ’

in/out _ —in/out in/out t t —in/out in/out
vt = (1-a) ) | e (P, e we i ) — @l e

(2.68)

with Qm/ U and P;n/ U defined above in (2.60), and where Uy is the random variable determined

by Condition 0 to which the initial condition uy concentrates.

1n/out||

Lemma 5 part (d) (which we prove in what follows) implies that ||p /N concentrates on

E{[Pm/ °U12} and part (e) implies that ||um/ °U"|2/N concentrates to E{[U, Un/ou 2y,

Following [77], we can use these results to see that

|| ll'l/Ollt” || m/out”

E{[ m/out] }_ . - Lim

N—>00 N N—o0
E in/out in out Wq —in —out ln/out in/out 2
q ko %k o Yak Y gk Q

(1- a1an/0ut)2

)

(2.69)

where the second equality in the above follows because p =V'u m , by definition in Algorithm 3;

hence, ||pm/ o2 = (um/ 'Vl infout _ = [lu} infout |2 Now expanding terms and applying Stein’s
lemma along with the state evolution definitions in (2.67) shows that indeed E{[ P, piv/euty2y = ]1;}(/ out

The same reasoning can be applied to show that E{ [Qm/ o2y = m/ Om.

We can also show, assuming again the result of Lemma 5, that the GVAMP state evolution
(2.30) is equivalent to the general state evolution (2.67) under the translation defined in (2.31) -
(2.35). The equivalences a; = Eg’k and B, = _O“t follow directly from the definitions of the
sensitivity functions A,; and A;; and the definitions in (2.32). The equivalences 0'22k = T and
Py = Tc‘]’zt follow similarly. Then y,, = 7‘an and Ty = 72‘,:‘ follows directly from the definition of
the T™™/°" above.

pk

The equivalences @y = Eiq“k and 8,, = 62‘,‘: follow from as the definitions of the sensitivity

functions A, and A,, are the limits of the averages of the derivatives of f and fg out respectively
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(again by the definitions in (2.32)), and these averages converge to @"/°" since we have empirical
g y g g P

gk

in/out

convergence of the arguments. (Indeed, in this case the derivatives do not depend on the q,

, SO

we only need empirical convergence of the Wiqn/ " which is guaranteed by Condition 0.)

2

Then, the equivalences o

= T;“k and p%k = TI‘;‘,@‘ are established by the definitions (2.32), the
uniformly Lipschitz property of g, and g, and the fact that the i.i.d. sequences r; and p, in the

definition of the error functions converge empirically to the proper normal variables. Finally, the

equivalences ¥ = ?;‘k and Ty = )y follow from the definitions of the in/out

gk functions above.

2.3.5 Definitions of limiting quantities

in/out pin/out _in/out
B

The statements of lemmas 3 and 4 are valid for any choice of parameters ,Bp % gk Pk

b

and pian/ " "and the exact values of these parameters have yet to be specified. To make our analysis

work, we choose these parameters to be the limiting values of the quantities that occur in the
discrepancy terms A defined in Lemma 3, so that these discrepancy terms concentrate around zero.

To formally define these parameters, we first introduce come intermediate quantities: for k > 0,

bin/out _ (E[Uin/outUin/out]’ L E[Uin/outUin/out])’

uk 0 k k-1 k (2.70)
in/out _ in/outy ,in/out in/outy ,in/out
b = (B[O VI otyin/out),
and define matrices Z;nk/ out. Eivnk/ ot ¢ Rk elementwise as
Ein/out -F Uin/outUin/out Ein/out -E Vin/outvin/out 271
uk ij - i J > vk ij - i J 4 2.71)

where the U and V variables are defined in (2.68). In terms of these quantities, we define our

parameters as follows: for k > 1

in/out _ in/out §—14.in/out in/out _ in/outq2 in/out\ 7 rsrin/out 7—1y.in/out
By = IE o] by Ppi - = BUU T = (b ) [, )] by s 2.72)

in/out _ in/out 7—1y.in/out in/out _ in/outq2 in/out\ T psrin/out 7—1y.in/out
By = [Ev(k—l)] b Pk =E{[V," 17 = (b ) [Ev(k—l)] b
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These parameters are initialized as ﬂ% out — ﬂiqno/ ot =, pjpno/ " given by Condition 0, and piqno/ out —
E { [Vin/out]z}
0 .

These definitions may appear circular at first, as the definitions of the P and Q variables in
Lemma 4 depend on these parameters, which are then defined in terms of moments involving

the P and Q. However, it is easy to check that the definitions can be made recursively, avoiding

in/out

in/out .
U0 0 . Since

any circular dependence. For instance is determined by the initial condition u

in/out .

pin/out b0 isalso determined by the initial conditions, Py is well-defined in terms of Up.

I Oand p
Then it is easy to check from the definition and state evolution equations that Vj is well-defined
in terms of Py, and Qg is well-defined in terms of V,;. Continuing in this fashion allows us to
recursively build up the sequences of P, Q, U, and V variables in terms of the previously defined
variables.

Finally, we define limiting precision matrices. Let Hiuno/ ot = [ZL“O/ 11 and for k > 0:

[ in/out] -1 0

" [ in/out]_1 0

Hin/out _ uk

in/out _
uk - 1 -

’ vk

infout y—-1 in/outy—1
0 [Zv(k—l)] 0 [ka ]

, (2.73)

Dependence of limiting quantities on N

We also note that, when one or more of the components of w” or w? is deterministic, the cor-
responding components of W” or W4 will follow the corresponding empirical distribution. Con-
sequently, in this case, these state evolution quantities and the limiting quantities defined above
will also depend on the system size N. Because these quantities also affect the rate of convergence
in our concentration arguments, it is important to note that they can be bounded independently of
N, and that they therefore do not alter the overall (exponential) rate of concentration. We sketch
here an inductive argument that exploits the recursive definitions (2.60) along with continuity to
establish that the existence of an N-independent compact set containing the w®) implies that all
limiting quantities are also contained within such N-independent compact sets.

For simplicity, we demonstrate these bounds in the case where all components of W?/4 follow
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—in / out

depends on pinfout _ pm/ out 7”1/ U and WP. All

an empirical distribution. First note that a, 0 0 k
P p p

but the last of these are independent of N. Since
glotsw s B[] (Pl P T 70 |

is continuous in w, and since the support of W? is contained in a compact set ‘W that is independent

of N, we have that (W(in/oout in/ Out((W ) is compact and independent of N. Thus max gm/ W)
P

is an N-independent bound for a/% out
For ym/ U we again have that
in/out | in/out {—in/out
v @ FpO (7p0 ,a)

is COHtlIlllOllS and since @

gl/ ot ¢ (Wm/ U we have that ym/ e giyr;/oom ((W(ir,l,/oout), which is again

compact and independent of N. Thus we obtain our bound as the maximum of this set.

For Tin /out

0 oW observe that

i 2 i 2 . 2 .
(1 _ agllgout) [E{[f;’n/out] ( Pout, WP, ?mk 7;51:) [5;%01“] T;r}{/out}] .

. t — t — t
depends continuously on infout "in/out ‘zyin/ou , and WP,

00 2 Yp0 > @po The first two of these are already inde-

pendent of N, and the latter two are contained in the N-independent compact set fWCiy%out X W. In

in/out

particular we note that ‘W, ;" excludes 0 by the clipping assumption (see Condition 6), so the

. . . . in/out - . . . .
above expression is continuous over this compact set. Thus, T / is contained in a continuous im-

q0

age of this set, ‘WTHO/ °ut which is compact and N-independent, and so 7%/ °"

40 has an N-independent

upper bound.

Next we observe that pm/ ot = T;I(l)/ ‘" and thus is also contained in compact set independent

—in/out —in/out in/out
g Y0 -and7

in/out

of N. From here, o are analyzed exactly as above. The random variables

in/out

Pin /out

) , which are continuous functions of the expectations

are defined in terms of ﬂ and Py

E[U(i)“/ U2, E[U;“/ o2, EU&“/ OUtU;"/ U (In particular, the stopping criteria ensure that the E;’j/ out
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are always invertible, so matrix inversion is indeed a continuous operation over the range of the
these matrices).
Since Uy is determined by initial conditions, E[U, in/out}2 is independent of N. Next, E[U, in/out}2

and EU(I)H/ OmUin/ U can be expanded in terms of the definitions (2.68), which shows that these

—in/out —in/out _in/out

, Y , T , and w?. Since these have all been
q0 q0 q0

expectations depend continuously on a@

shown to be contained in compact sets independent of N, these expectations are also contained in

such sets, and thus so are ,Bm/ °“and p m/ out

in/out Uin/out

Continuing inductively in this fashion, we can express each of the Vi 1 in terms of

the corresponding Pm/ out Q;.n/ " using definitions (2.68), and these can in turn be expanded using
definition (2.60) to expressions depending recursively on the previous B, p, @, v, and T quantities.
Since the dependence remains continuous in every case, this establishes inductively that all of our
state evolution and limiting quantities are contained within compact sets independent of N (and, in

particular, are bounded independently of N).

Lemma S. Throughout the lemma, we use ¢ and C to denote constants that do not depend on the

iteration number, but which may vary in their exact value between usages. Fort > 0, let

1 Ck
C:Czkk!l6’ = :Ckk+18, ’_
« (k1) k= 2k (k1)26 (k+1) kT ck+ 1)
(2.74)
(a)
(_”AIH/OHtH > 6) < CkZCllc_le—CC;c_lnf/kz‘, (_”AIH/OUt” e_) < CkZCk_le—CCk—lnf/k4'
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(b) For ¢ : R**? — R pseudo-Lipschitz, we have

N

1 . , .
P(‘N Z ¢ ([QBn]i, oo L T [ Tis oo Ly 1o [ )i [wgu‘][)
i=1
-E {¢ (Qin’ B Qk+1’ Qout . Qzljrtl’ Wln Wout)} ‘ > E) < Ck4C, _CC nsz/k7,
(‘N Z o\l ( pkH]l, [pgut]l, [pi‘:_tl]l, [ng]i, [wgut]i)

—E{¢ (PE s P PO, PR W, WO‘H)H > €] < Ch*CY_ ekl

where the Qm/ “ are jointly Gaussian with Qm/ ot~ N(O, T;;/ Yy and E{Qi.n/ Othi;l/ oy =
[Zlvn]/cilit] ij, the Pm/ " are jointly Gaussian with Pm/ Ut~ N(O, T;;/ Y and E{P;n/ out Pijn/ outy =

Jout
[E;nk o ]l_]

We will use Lemma 5 to prove Theorem 1; details in Section 2.3.6. Because the proof of
Lemma 5 is quite technical, in the main body of the text, we give a high level discussion in Sec-
tion 2.3.7 and relegate the details to Appendix A.l. In particular, Section 2.3.7 discusses the
innovation required to prove Lemma 5, and more generally, describes differences between the fi-
nite sample analyses for generalized AMP algorithms and for standard AMP algorithms, as in [81,

Lemma 5].

2.3.6 Theorem 1 proof

Theorem 1 follows from Lemma 5 part (b). In translating GVAMP (Algorithm 2) to the general
iteration (Algorithm 3), recall that we set pikn =Ty, — Xo and 7;1,{ = v1r in (2.31). Along with the

definition of Xz in Algorithm 2, namely X1z = g1 (T, Y1x), it follows that

o([R10lss - - - [Rielis [Xol:) = ¢(ga ([P + XO]iJ’;no)» e ([pt +X0]i,7;,nk)’ [x0]:),

where now the right-hand side quantities are all from Algorithm 3.

Hence, we can bound the probability in (2.27) by introducing the limiting state evolution quan-
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tities 7;1,( defined in (2.67) as follows:

N
P()%Zfﬁ([ﬁm]i, Rkl [x ZE{¢( 12l [%ol )}‘ > e)
N
= (‘%Z (gx1([ p() +X0]l,’)’p0) ..,gxl([pk +X0],,ypk) Xo]; ZE{¢( Xlk i [Xo] )}‘ > 6)
i=1

N
D [# et (10 + %0178, - 801 (10 + 00, 715, [
i=1

<*(;

2 I

— ¢(gx1 ([P +X0)i V) - - -» &x1 ([P +X0li V) [Xol )‘ ) (2.75)

N
{2 00 1 30T a8+ X 7. ) - D B0k )
i=1

(2.76)

Now we consider the two terms in (2.75) and (2.76) separately and for both we give an upper
bound of CCe ¢V € to establish the desired result. First, we notice that bound on (2.76) follows
from Lemma 5 part (b). Indeed, because the gx1(~,7j;‘j) for 0 < j < k are Lipschitz, it is easy to
verify that the composition (po, ..., pr, wP) — ¢(gx1(po + w?, 7;‘0), e &l (pr+ wp,7g‘k), wP)
is pseudo-Lipschitz, and because [w”]; = X(, we can apply Lemma 5 part (b) to conclude that

LN B ([P + (W11, 70 -, gt (B + [WT1 10,710, [Wn1) concentrates to

%ZE [0 (00 (P4 W00 7) o (P2 w075 L)
:%iE[ (31 (frinz + 3010 7) ot ({2 + Tx0l 7 ) [l )|
%i}g [6 ([X - [Xikis [x0li) ] -

i=1

In the final equality above we have used that for 0 < j < &k, [)A(lj],- = g1([xoli + R1j,71;) with
Rij = o1 Z for Z ~ N (0, 1) independent of X, in addition to the facts that T[ifl‘. = crlzk, which is
discussed when introducing the general state evolution in Section 2.3.4 and that y;“k = ¥1k; hence,

7;1,( = ¥,- Now we will upper bound the probability in (2.75). First, notice that by the pseudo-
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Lipschitz property of ¢, we have for a;,a; € R< that |¢(a;, b) — ¢(as, b)| < L(1 + ||(a1, b)|| +

|[(a2, b)||)||a; — az||. Moreover, by the Triangle Inequality:

(ar, )|l + |l(az, b)[| = [ (a1, b) — (a2, b) + (a2, b) || + ||(az, b) || < [[(a1, b) — (a2, D) || +2[| (a2, b) ||

= |la; — az|| + 2[| (a2, b) ||

IS

< > |[a1]i — [a2]i] +2[(az2, b)]|.
i=1

Letting g; = (gxl ([p%)n +Xo0], 7;"0) yees &xl ([pikn +X0]s 7};’,()), we have the following bound.

N
= [ (1l + ol Y. et ([0 + xoli, 20 I3]0
i=1

— p(ge1 ([P +X0li V) - - -» &1 ([PY + X011 Yy [xOm\

+2 (g, o))l |

gxl( p] +Xo l’7p]) gX1([ +X0]l’7p]

2

OIS

i=1

gxl ( +X0]i’ ’ylp[?/) - gxl ([p;n +X0]i’ 7;1]) ‘

k k
1 in in in ~in 2 4 2 2
S Llkce3), 1o 5 3l (P +x0.711) = g1 (B + 0.7, ) 12+ < [l +J§=0 el

k
1 . . . .
_ in in) _ in ~in ) 12
X J N jE—O [1gx1 (pj +Xo,7’pj) 8x1 (Pj +X0,?’p,) 1%,

2.77)

where the final inequality follows by Cauchy-Schwarz and Lemma 16. To see that (2.77) concen-

trates around zero at the correct rate, notice that it suffices to show

v

> e| < CCrecciVe, (2.78)

ngl( +X0 laYp])z_cg

82



for some universal constant ¢, > 0, and

N

D)

i=1

< CCpe N (2.79)

. . N
8«1 ( +X0]i,)’},nj) = &xl ([Pljn +Xo]i,7}?j) ‘ > €

for all 0 < j < k. Indeed if these concentration inequalities hold, then along with either the
concentration of X or component-wise boundedness (see Assumption (), we can apply Lemmas
9,12, and 11 to (2.77) give concentration with the right rates in terms of N and €.

For (2.78), observe that g, (-, Vg‘j) is uniformly Lipschitz by Assumption 3. Thus, the compo-
sition, (p,x) — |[(gx1(p +x, 7;]].), x)||? is pseudo-Lipschitz, and so with constant = E[|| (g, (P;n +
Xo, 72}), Xo)|[]? the result in (2.78) follows by part (b) of Lemma (5). We also use Assumption
4 that y,; and, hence, y,; is bounded. To demonstrate the result in (2.79), observe that by As-
sumption 3, g, is uniformly Lipschitz, meaning |g.1(a, b1) — gx1(a, ba)| < L(1 + |a|)|b; — by|;
hence, |gy1(a, b1) — gv1(a, b2)|> < 2L*(1 + |a|*)|b — bs|* using Lemma 16. Therefore, applying
Lemma 16 again,

—1n
PJ

L N
TZ (1+10p" +x01:P)

2
8x1 ( !+ Xo] 1,7,,] — &xl ( PJ- +X0]i,7}?j)‘ <

1N
p

et &
<P =] S 2 (121 + 2o )
Y VSN IR SN
= 1Ypi = Vi pj i o
i=1 =

Using the above abound, we can bound the probability in (2.78) as follows:

N
1 in in in —in 2 2
P(ﬁ; 8x1 ([Pj +Xolir Vi) — 8x1 ([PJ- +X0]i,7’pk)‘ > €

S~—

—in |? 2 = ing 2, 2 = 2 e
<Py =7 (145 2 NRPUE+ 5 D 1ol | = 55 (2.80)
i=1 i1
: € €
< P( -V —) +P —yi. \/ ||Pm||2 —||X0||2 > -
Ypi| = 5 VAL
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The first term on the right side of (2.80) has the desired bound by Lemma 6 part (f), proved in
Appendix A.1.

The second term is bounded as above by using Lemmas 9, 12, and 11 to combine the concen-
tration results for the individual factors and terms that are given by Lemma 6 part (f) (for 7;7“].),
Lemma 6 part (d) (for ||pijrl |I>/N), and the assumed concentration or component-wise boundedness
(see Assumption 0) of x. Specifically, we either have that |[xo];| < B for some universal constant

B (in which case ||xo||*>/N < B?), or P (|%||X0||2 - E[Xg]| > 1) < Cexp (—cN).

2.3.7 Lemma 5 proof discussion

Structurally, Lemma 5 is similar to [81, Lemma 5], which is used to establish the AMP analog
of Theorem 1 for the linear model in (2.11). However, there are a number of differences between
the algorithms that lead to important differences in the proofs, discussed here.

(1) In the finite sample analysis of AMP, one often studies vectors of the form Ax where A
has i.i.d. Gaussian entries and x is deterministic. For a vector Z having i.i.d. N(0, 1) elements,
Ax & |Ix||Z, since ||x|| is deterministic. Importantly, the elements of ||x||Z are independent.

With GVAMP, the analogous object of interest are vectors of the form Vx where V is uni-
formly distributed on the group of orthogonal matrices. This property of V implies that Vx has a
rotationally invariant distribution, or mathematically, for a vector Z having i.i.d. N(0, 1) elements,
vx £ (IIxII/|1Z]|)Z. Thus, we pay for relaxing the Gaussianity condition by picking up a ||Z|| fac-
tor in the denominator, causing dependencies in the elements of (||x||/||Z||)Z that complicate the
concentration arguments. By observing that the Gaussianity of Z gives concentration of ||Z||/VN
around 1, it can be shown that Vx will concentrate around the same limit as (||x||/VN)Z, which
essentially returns us to the AMP case.

(2) As in the analysis of GAMP, we need to ensure that the z vector is available at the output
denoising stage of the general recursion (as it is an input to the likelihood denoiser). Adding zg
to the disturbance vectors w would create dependence between the disturbance vectors and other

quantities which would violate our conditions, so instead we must generate it from x in the general
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recursion itself. To achieve this, we consider a version of the general recursion where vector
iterates are replaced by matrix iterates in order to track both the GVAMP iterates and to recreate
Zo at each loop through the recursion. This case is not handled explicitly in our proof of Lemma
5, but in Appendix A.4, we demonstrate that when x is a matrix rather than a vector, we recover a
characterization of the form Vx 4 ZG;/ ZG,I(/ 2, where Z is now a matrix of equivalent dimensions
with i.i.d. N(0, 1) entries and Gy is the Gram matrix corresponding to matrix M. This further
generalizes the expression (||x]||/||Z||)Z above.

(3) When studying AMP, one often works with projection matrices Py, which map vectors
into the orthogonal complement of the range of a matrix M. On the other hand, when studying
GVAMP, we instead work with the transformations of the form By, that have columns spanning
range(M)*. These are related to the corresponding projections by Py = By [Bi,[]T. This creates
two main differences in the decomposition in Lemma (3).

First, in the deviation terms that describe the distance of the algorithm in finite samples from
its idealized (and easily analyzable) counterpart, the transformation I — P, that shows up in the

s € RVX2k where all we know about this matrix is
vk

AMP case is replaced with the matrices B,

in/out

ok ) Notice, on the other hand, the projection

that it has orthonormal columns that span range(C
matrix I — P, is fully specified. However, this knowledge is enough to force images of Gaussian
vectors under the transformation given by BCivnk/out to concentrate around zero, because the images
are constrained to live in a k—dimensional subspace and BCivnIgout preserves norms.

The second difference is the presence of the orthogonal matrices O;llgout and Oian/ °““in the de-

Zin /out

in/out qk

composition. These appear because there is no direct way to relate Bé
uk

in/out 1
" /Outh X and BC
vk

to Zj:,iom and Zian/ "' However, these matrices end up having no effect on the resulting joint distri-

—in/out

bution as they are independent of Z ,,

— t .
and Z;nk/ o respectively.

(4) Because the parameters 7y, y2r and 71, Tox can vary with N, so too can the behavior of
the denoisers g1, g2 and g,1, g;2. This is in contrast to AMP, where the denoisers can vary by

iteration but not with N. Furthermore, in the AMP case, the denoisers are Lipschitz in both the

iterates and the (analog of) the disturbance vectors w; whereas in the GVAMP case, we must
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consider a denoiser of the form [w];[q];, which is not Lipschitz in both [w]; and [q];.

One accounts for these differences by using two extensions of the Lipschitz condition: the
uniformly Lipschitz and uniformly bounded conditionally Lipschitz conditions. We ultimately
view the vy, 7, and disturbance vectors w as parametrizing families of Lipschitz functions, and the
two conditions provide sufficient control to ensure that these Lipschitz functions do not vary too
rapidly with the parameters and that the corresponding concentration arguments continue to hold.

(5) The order of denoising and subtracting the Onsager term is interchanged in AMP and

GVAMP. This adds an additional layer of complication in obtaining concentration for v; in/out, from
Algorithm 3,
. 1 .
infout _ in/out ,_in _out ._in/out out 1n/out 1n/0ut
Vi T | ginout fo (PP W ’ypk’ Yok) =@ P |5
@
with f, in/ *(pin, o, w gl/ out. yp Yok a;;lk/omplkn/ °U* failing to be Lipschitz (as am/ " also has a

in/out

dependence on p,""). This prevents us from simply applying Lemma 5 (b) when proving con-

in/out

centration results for \fi

. However, as with the 1/||Z|| dependence discussed in (1) above, we

in/out

n/ U ¢ its limit Ep in/out

handle this by using concentration of @, , allowing one to show that v, *™ will

.. t t —] t t
concentrate around the same limit as —t | £, in/ou (pi, pS™, ng/ oy, o) - m/ ou }Cn/ o
1-a p p

pk
This function is Lipchitz, so (inductively) applying Lemma 5 (b) gives the desired concentration.
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Chapter 3: Challenges to evidence

Checking the adequacy of a statistical model is an essential step in almost any applied mod-
eling workflow [38, 89, 34, 12]. When a model’s assumptions have not been tested against their
observable consequences, inferences about unobservable quantities obtained through such models
must be interpreted skeptically. However, the process of checking a model is often not straightfor-
ward, and it is subject to a number of confusions in the Bayesian setting in particular. For instance,

we find substantial disagreement in the literature over questions such as:

1. Is our goal to subject our model to the strongest possible test of its compatibility with (some
feature of) the data, in order to have the best possible chance of rejecting the model? Or,
is our goal to generate assessments of fitness which can help us to identify particular im-
provements we can make to the model? We will term the former the rejection goal, which
is strongly advocated for by [80]. This perspective is explicitly rejected by [35], who ad-
vocates instead for more qualitative methods that enable “[understanding] in what ways the
fitted model departs from the data.” This view closely tracks with our latter goal, which we

will refer to as the discovery goal.

2. Do we need to know the frequency properties of our model checking procedures in order
to interpret their output? Or can we achieve the relevant goals by using “purely” Bayesian
calculations? And would using frequency calculations undermine the Bayesian consistency
or validity of our analysis? Arguments for the importance of frequency information can
found in [80] and [5], whereas arguments in the opposite direction are given in [36] and

[35].

In practice, we associate the discovery and rejections goals with what we termed fitness and

correctness testing respectively. We note that the distinction between the goals of model rejection

87



and model discovery can be arbitrarily sharp. An oracle which provides a yes or no answer, for
any proposed model, to the question of whether it is a valid description of the true data generating
process gives us 100% power against any alternative. But such a binary oracle offers little help
in diagnosing the source of the model’s inaccuracy or in finding plausible directions for improve-
ment. Combined with Box’s famous adage - “all models are wrong, but some are useful” - one
might argue on this basis that pursuing the discovery goal is the more practical strategy. In the
Bayesian setting, this is most commonly achieved with tests of fitness that compare observed data
to simulations from the model’s posterior predictive distribution - i.e. the model’s sampling distri-
bution f(- | @) averaged over the posterior ¢(6 | y). In numerical form, this leads to the posterior
predictive p-value, but advocates of the posterior predictive check often recommend qualitative
visual checks for their higher density of information [34]. In this setting, concerns over frequency
properties are either not relevant (in the case of the p-value, which can be interpreted directly as a
posterior probability) or not well-defined (in the case of visual assessments, where formal decision
processes are rarely defined).

However, when we pursue the rejection goal, frequency evaluations become much more rel-
evant. As noted in chapter 1, [67] showed that the posterior predictive p-value has a frequency
distribution which is stochastically less variable than uniform (when data y are sampled from the
model’s prior predictive distribution f(y)). As a consequence, the frequency of a given posterior
predictive p-value is usually less than its nominal value, and sometimes substantially so. If we test
the model by comparing the p-value to some threshold, then such tests will be conservative or un-
derpowered compared to a test using the corresponding frequency. Moreover, it has been observed
that the size of this power deficit can be quite large in practice [85, 99, 97], limiting its usefulness
as a test of model correctness.

We argue that both the discovery and rejection goals are relevant to the applied practice of
model checking, and that both goals can be integrated into a unified practice. To see how tests
of fitness and correctness may be employed together, we observe that pursuing the discovery goal

often entails constructing many models, each designed to improve fitness in response to a check
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of a previous model. However, this process of model multiplication must eventually terminate, at
least temporarily, due either to the diminishment of identifiable routes for further improvement or
the need to use the model for some downstream task. We therefore want to evaluate the risks of
stopping at any given time in the model building process. In particular, we may reasonably wish
to judge if our current model is acceptable for some task.

In many cases, the acceptability of a model will be directly related to the difficulty of the tests
which it has passed. A model which has been checked only superficially is often untrustworthy.
Thus, the evaluation of a potential stopping time is connected not just to outcome but also to the
power of a test.

Whereas rejection-oriented tools take power-maximization as a first concern, tools oriented
towards the discovery goal may be less helpful towards this end, particularly when we consider
stopping in response to such discovery-oriented tools becoming less informative. For instance,
while checking fitness to individual features of the data is more useful for diagnosing specific
sources of misfit, omnibus tests that aim to check the model more holistically can achieve higher
power for rejection purposes.

This chapter presents three contributions to the subject of model checking in high dimensions:

1. We present an argument that both traditional fitness and correctness tests tend to become

weaker (in their respective senses) as the model dimension grows.

2. We demonstrate that a simple process of disaggregating the posterior predictive p-value
(and other posterior predictive assessments) allows for tests to leverage posterior dependence
between parameters and fitness, which can reveal directions for model improvement that are

masked by corresponding aggregated assessments.

3. We introduce a joint posterior predictive p-value, which leverages the dependence between
multiple test statistics under the posterior predictive distribution to provide tests of model
correctness that can scale up in power as the dimension of the underlying model grows,

compensating for the reduced power of simpler tests in higher dimensions.
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3.1 The threat of high dimensionality to testing

To fix ideas, suppose we have selected a test statistic 7 which we may employ in either fitness

or correctness testing. Our main argument in this section proceeds as follows:

1. First, we argue that the reliability of a fitness test using 7 is threatened by a large posterior

variance of the conditional p-value p7(0) (defined in chapter 1).

2. Correspondingly, we argue that the power of a correctness test using 7" is threatened by low

. . e . t
prior predictive variance of pgos around 1/2.

post

3. We demonstrate that the posterior variance of pr(6) and the prior predictive variance of p;.

are inversely related to one another.
4. Finally, we argue that Var, gy pr () tends to increase with model expansion.

We conclude from these arguments that traditional means of model checking are likely to be-
come less useful under processes of iterative model building and expansion. This in turn motivates
the proposals for new fitness and correctness checking methods that we propose in the next sec-

tions.

3.1.1 Reliability and variance in fitness testing

When assessing the fitness of a model, we are typically in interested in whether the model in
question can reproduce some qualitative and quantitative feature of the data with sufficiently high
frequency. Qualitative assessments are most commonly performed with visual assessments such
as replication plots, in which many new data sets are sampled from the posterior predictive distri-
bution f(yrep | ¥) and then visualized along with the observed data in such a way which reveals or
emphasizes the feature in question (e.g. histograms to check distribution shape or residual plots to
check serial independence of errors).

Quantitative tests usually begin by selecting one or more test statistics 7 : Y/ — R which are

designed to capture a specific aspect of the data (e.g. a sample mean, quantile, or autocorrelation).
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The observed value, T(y), may then be compared to the distribution of T(yp) under sampling
of replicated data from the posterior predictive distribution g(yp | y). In order to make this
comparison quantitative, we need a measure of how rare 7(y) is relative to the distribution of
T (Yrep). Most commonly this comparison is made by computing a tail probability, which results in
the posterior predictive p-value pIT)OSt defined in (1.11). The posterior predictive distribution is the
modeled distribution of data sets generated from the same process that generated y, aggregating
over the modeled uncertainty about that process. Smaller values of ngSt indicate that 7'(y) is rarer
under its posterior predictive distribution, and thus that y is atypical among datasets generated from
(our model of) the same process. This discordance between y and our model of its data generating
process is the characteristic property of a poor fitting model.

Care must be taken in interpreting the posterior predictive p-value, in particular when its value
is not decisively small. While a value below 0.01, for example, may be seen as proof of poor fit, a
larger value like 0.2 cannot be regarded as unambiguous evidence of typicality of the data under the
posterior predictive for 7. The reason for this can be read off the definition pI;OSt = Ey 1y P1(0),
i.e. pP™is the posterior average of the separate conditional p-values p7(0). It can easily be
simultaneously true that the posterior mean of pr (@) is large (e.g. > 0.2) and that pr(0) < 0.01
with substantial probability. In particular, if 8 is the (unknown) true value of @, then larger values
of pI}OSt provide little insurance against pr(60™) being small, which we claim should be regarded as
a clear indication of poor model fitness.

This last point may be succinctly rephrased as the argument that model fitness is most appro-
priately assessed conditional on 6. Since there are typically infinitely many @ € ®, any single point
assessment (such as pP°) risks losing useful information about fitness. The degree of this risk in

any given circumstance is clearly related to the variability of p7(@). In the extreme case that p7(8)

post

p forall @ € O, and the concerns raised above

is constant over @, then we will have p7(6) = p

are a nonissue. On the other hand, when the posterior variance of the conditional p-values, i.e.

post

Var, gy)pr(0), is large, we may expect most values of pr(6) to be meaningfully far from p;,

We also stress that the fundamental problems outlined above are not unique to the posterior
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predictive p-value or to quantitative tests of fitness. No matter the means of testing fitness, if the
resulting check varies substantially depending on the value of 8 sampled from the posterior, then

the result of the check is necessarily more equivocal as to the overall fitness of the model.

3.1.2 Calibration and power in correctness testing

A very common technique for Bayesian model rejection is to compare the posterior predictive
p-value (pP°") to some threshold. The classic argument against using this procedure for model
rejection - that it is overly conservative - can be formalized using the concept of convex order. For
distributions p, g, we say that p is less than g in convex order (p < ¢) if, for X ~ p, Y ~ ¢, and

any convex function ¢, we have that
Ey(X) < Ey(Y). 3.1

[67] showed that pP°*! is dominated in convex order by a uniform random variable. To demonstrate

this, let pr(y, #) be the p-value computed with respect to f(y | ), i.e.

pr(¥.0) =Priyio) [T (Veep) = T(¥y)] - (3.2)

Then we have that

08 (a)
Bt (P 0)) = Br¥r (Bgtampr(y.0) < BgwBryiats (pr(y.0) € By (U),  (33)

where U is a uniform random variable. Here, (a) follows by Jensen’s inequality, and (b) follows
from the definition of p7(y, @) and the fact that any p-value has a uniform distribution under
its assumed sampling distribution (by the probability integral transform). Roughly, this convex
ordering means that pP°" will tend to have a distribution that is more peaked around 0.5, and thus

it will commonly be true that

Fr@) € P(pr(y) <a) <a (3.4)

92



for sufficiently small values of @. We can thus see that for a sufficiently small threshold p*, when
(3.4) holds, the test that rejects when pr(y) < p* is lower power than the test that rejects when
fr (pr(y)) < p*.

The Bayesian who does not want to be concerned with frequency calculations may reasonably
wonder at this point whether this claimed power deficit will be an issue in practice. Indeed, this

argument does not show that pP° is useless for model rejection. Meng also showed that

P(pr(y) < @) <2« (3.5)

for all @. Thus, when pr(y) is sufficiently small, we will still have sufficient information to reject
the model on frequentist grounds without the need to compute or approximate fr(pr(y)). Indeed,
many examples show that pP°! can work quite well for this purpose, and one can always choose a
more skeptical threshold if power is a substantial concern.

Of course, the viability of this strategy relies entirely on ~ow non-uniform pPo%

is in any given
case. If pP° becomes severely non-uniform and is sharply peaked around 0.5, then the only way to
achieve significance levels that aren’t extremely conservative may be to place the nominal threshold
at levels so large (e.g. > 0.4) that they would never be recommended absent direct evidence of this
degree of peakedness (since they would result in unreasonably large significance levels in other
cases). Consistent with this, it has been observed that large variation in the conservativity of pPo
across models and test quantities undermines its consistent interpretation [25]. In short, we can

expect pP*! to give reasonable rejection performance only when it is consistently not-too-severely

non-uniform.

3.1.3 Connecting fitness and correctness testing to model expansion

In light of the above arguments, it is clear that we need an understanding of how non-uniform
pP% may be in practice to adjudicate the relevant concerns. Examining (3.3), we can see that the

degree of non-uniformity is entirely controlled by the size of the gap in the inequality (a). It is
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well-known that the gap in Jensen’s inequality can be bounded above and below as

inf " supy”
oy 5 < Eqemy (pr(y.0)) — (Eqoy) pr(y. 0)) < oy p2 : (3.6)

where
oy = Var [pr(y,0) | y]. (3.7)

post

Thus, the non-uniformity of Pr

(y) is controlled by the average size of 0'y2. In particular, taking
¥ (x) = (x—1/2)%, (3.6) shows that larger values of oy imply sharper concentration of the distribu-
tion of pP*(y) around 1/2. In light of our argument in Section 3.1.1, this demonstrates that larger
values of (Tyz undermine both the reliability of fitness tests and the power of correctness tests.

We next claim that, for at least some 7', we should expect O'y2 to increase throughout a discovery-
driven modeling workflow. To formalize this claim, we begin with the following assumption.

Workflow Assumption. In a modeling workflow that emphasizes an open-ended process of
model criticism and model improvement, our models will tend to become more complex and require
higher-dimensional parameter spaces in order to accommodate those features of the data which
are observed empirically but are not accounted for in our existing models.

This assumption of model improvement as requiring model expansion may not always hold, for
instance if we move from a generic initial model to a more specialized model designed with par-
ticular domain knowledge. Nevertheless, we believe this assumption is valid in many settings, as
model improvement often requires accounting for unanticipated sources of variation (e.g. overdis-
persion, random effects, nonlinearity), which results in models that are higher-dimensional than
their predecessors.

Our workflow assumption can be formalized as the proposition that a discovery-driven model-

ing workflow will tend to produce models which are expansions of previous models in the sense of

Definition 1. Furthermore, when passing from a base model to an expanded model in this way, we
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can see by the law of total variance that

Varq [PT(y, (0’ /l)) | Y] =E {Varq [PT(Y’ (0’/1)) | y. /l] | y} +Varq {E [pT(y’ (0’/1)) | y. /l] | y}

= VarQbase [pT(y’ 0)] +A+ Varq {E [PT(Y’ (07 /1)) | y. /l] | Y} s

where we define

A=E {Varq [pT(y’ (0’/1)) | y. /l] | y} - Varq [PT(Ya (0’/1)) | ya/l = /10] .

We note that the second equality follows from the fact that gpase (€ | y) = g(0 | y,A = Ap) and
Joase(Y | @) = f(y | 8,4 = Ap). In any given model expansion, A may be positive or negative,
as Var, [pr(y, (0, 4)) | y, 4] may vary arbitrarily over the support of g(A | y). On the other hand,
we clearly always have Var, {E [pr(y, (6,4)) | y, 4] | y} > 0. Thus, this identity along with (3.6)

strongly suggests that 0'y2 - and thus the non-uniformity of pPost

- tends to increase through the
process of model expansion.

We also note that this problem is not exclusive to pP°, If the posterior predictive p-value is
highly non-uniform, then we should expect similar posterior predictive checks, such as replication
plots, to be problematic for purposes of fitness and correctness testing as well. For instance, a
check which produces replications that appear visually similar to the observed data 20% of the
time would usually be considered a positive result for the proposed model. From a correctness
perspective, it may just as easily be true that if the model were correct, such a visual check would
produce sampled data similar to the observed data in a much higher proportion of replications. In
short, visual checks can be conservative in the same way as numerical p-values. From a fitness
perspective, a test that inspects many simulations from the posterior predictive distribution (such
as a replication plot) can at least make us aware of greater variance in fitness. But such checks do
not typically allow us to distinguish between variance driven by the sampling distribution of the

statistic (conditional on @) versus variance driven by differential fitness across distinct values of

6. As we will see in the next section, disentangling these sources of variance can reveal particular
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directions for model improvement.
The above shows that when our tools for model discovery lead us to larger models, they also
tend to lead toward models that are harder to reject or improve using observable data. Specifically,

POst will tend to

these calculations show that existing and common model checking tools such as p
perform worse for both purposes of fitness and correctness testing as the model dimension grows
within an expansion-based workflow. We therefore believe there is a practical need for correctness

and fitness checking tools for which the difficulty and richness of the test can be scaled to match

the complexity of the model appropriately.

3.2 Extracting useful explanations of fitness variance from the posterior

As discussed in the previous section, when the variance of the conditional p-value pr(0) is
large, the posterior predictive p-value becomes a worse summary of the (posterior) distribution of
pr(0). In this case, accounting for the uncertainty the posterior places on the true data generating
process f(- | @), there is no unequivocal and unambiguous answer to the question “does the model
fit the data?”. This creates a challenge for efforts to improve the model insofar as the ambiguity
of our model test is inversely related to the ease with which we can identify avenues for model
improvement. As an example, consider a case where we model an error term as i.i.d. and wish
to test whether the model can explain the observed autocorrelation in the observed errors. If this
results in a vanishing posterior predictive p-value, then we can relatively easily conclude that the
true error process involves serial correlation which we could then model explicitly to improve
fitness.

To take a more complex and subtle case, consider modeling two-dimensional data of the form
X = {xl,-,xg,-};’zl. Suppose that we model these two-dimensional vectors as i.i.d. from a joint
distribution p (X7, X»), and suppose that we wish to test the sample variance of the sum xy; + xy;.
Note that the sample variance of the sum depends on both the marginal variances Var(X;) and

Var(X>) as well as the covariance Cov(Xi, X,). If the data were generated from a process with

smaller marginal variances for X and X, than are possible in our model, then we might expect the
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modeled variance of the sum X; + X3 to exceed the sample variance and to conclude that our model
does not fit the data. However, if there is sufficient posterior uncertainty about the correlation p
between X and X;, then more negative values of this correlation may be able to mask this problem
by compensating the too-large variance with a sufficiently negative covariance. In this case, we
might also expect to see greater variance in the conditional p-values pr (@), since the model’s fit
to the sum is highly associated with the modeled correlation between X; and X».

However, this example also points to a way out of this confusion. If we can discover that p7(8)

and p are negatively associated under the posterior distribution, then we both be able to

1. interpret the otherwise-ambiguous posterior predictive p-value by explaining the pattern of

poor fitness, and
2. identify possible directions for model improvement.

This latter point is worth elaborating on. If there was no identifiable relation between p7(6) and the
model parameters, then it may be unclear how changes to the model might improve fitness. With
the benefit of the observed negative association, we can conclude that we may either improve model
fitness by modifying the model to favor more negative correlations, or by increasing the variance
of the sum when the correlation is closer to O (i.e. by increasing the marginal variances). Which of
these directions is more reasonable will depend on our understanding of the specific domain, but
this conclusion still serves to organize our thinking and suggest directions for improvement. In this
simple example, this conclusion is obvious. We know that the variance of the sum is decomposed
into these marginal variances and covariance, and thus one of these terms must shrink in order
to shrink the modeled variance of the sum. But such constraints may not be obvious in more
complex examples, and, critically, we did not need prior knowledge of this decomposition for the
association between pr(6) and p to be interpretable in this way. In the rest of this section, we
will walk through a real-data example in which avenues for model improvement are less obvious,
and we will see how exploring the associations between conditional p-values and parameters can

substantially aid our search.
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Figure 3.1: The observed data is highlighted in red. Left: box plots of the last ten days of polls for
the observed data and fifty posterior predictive replications, ordered by range. Right: histogram of
standard deviations of the last ten days of polls for the observed data and 6000 posterior predictive
replications.

3.2.1 Discovering directions for model improvement in a model of presidential polls

We take as our base model the U.S. presidential election forecasting model of [43]. We pay
particular attention to herding, a hypothesized process whereby pollsters augment their raw data
in such a way that their published poll numbers are closer to the existing consensus of recent polls
than they would otherwise be. That the variance among presidential election polls has fallen well
below the minimal expected variance (assuming independence between polls) just before recent

elections has been presented as evidence for the existence of herding [75].

The base forecasting model and a model of herding

In this model, the result of state or national poll i with n; respondents is quantified by the
number of respondents y; who support the Democratic candidate. These y; are modeled as binomial
with parameters 6; = Iogit_1 (#;), where #; contains terms including the true level of support as well
as sources of polling bias. See the appendix for model specification details.

In any close race, we have y;/n; € (0.4,0.6) for all national polls, and the binomial model has
standard deviation at least ~ 0.49/+/n;. Sufficiently low poll variance over any interval will violate
this model. Indeed, The left panel of Figure 3.2 shows that the observed polling variance in the ten

days before the election is substantially smaller than in posterior model simulations.
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By allowing dependence among polls, adding a herding mechanism can resolve this misfit.
First let H?at be the binomial parameter for national poll j. This represents the expected average
support for the Democratic candidate in random samples drawn from the sampling frame of the

corresponding poll. We model the sampling process of national poll j as follows.

1. The pollster samples their sampling frame, observing unherded result:
yi* | 65" ~ binomial (9“alt r?at) :

herd

2. The pollster calculates a herding target M representing their quantification of the consen-

sus of polls to which they compare their ynat / nn&‘t

3. The pollster herds y;?at / n?at by some fraction /l}}erd € (0, 1) towards ,u?erd. They publish this

herded result:

nat

Y;
p?at — (1 /lherd) /lqatuherd_

nat J J
n.
J

To simplify implementation, we use the normal approximation to the binomial, getting

nat | Qnat, herd’/l?erd - normall (1 _ /l?erd) H?at + /lnatﬂ?erd’ (38)

(1 - A?erd) \/egat (1 - eyat) / n;at]. (3.9)

herd

/lherd

The herding model for the state pols uses analogous targets K, and percentages where

s; is the state in which poll j was conducted. Now let m", s“at, State and s3° be the sample
averages and standard deviations of the national polls and polls of state 1 < s < 51 respectively.
We set the following priors for these parameters.

2

—sState) . (3.10)

iid 2 iid
llherd normal ( t’ 5 Snat) , Iuherd normal ( %tjate’ 3 sj

SjsJ

These priors essentially constrain the targets to lie within +2 standard deviations of the overall
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Figure 3.2: (Observed data shown in red). Histogram of the s.d. of the last ten days of polls for
the observed data and six thousand posterior replications. Left: base model. Right: first expanded
model.

polling means, away from the extremes of our data. Next let N™, N3 be the number of national
and state polls, and let C = {1 <i < N™'|1; > T — 10} be the indices of national polls conducted
in the last ten days prior to the election. We set priors:

A, 254 ™ Beta (1,9), forall 1 < j < N and i € C°,

At ylast plast 2 oty (ulf“klf“, (1 - ulf“) k‘;‘“) , foralli € C, (3.11)

with hyperpriors ,u}la“ ~ uniform [0, 1] and ki{‘S‘ ~ normal (200, 120). We also constrain the A
explicitly to [0, 0.9] since values too close to 1 create adverse geometry that frustrates the sampler,
and since our prior beliefs rule out such large herding percentages. The hierarchical prior on the
last ten days of national herding parameters serves two purposes. Since the polls in this period are
our primary evidence for herding, inference for uff‘s‘ and klj‘“ is of substantive interest. Also, since
data is especially dense in this period, we can better estimate the herding parameters for these polls
(and can thus afford the weaker marginal priors implied by the hierarchical structure).

The right panel of Figure 3.2 displays the posterior predictive check of polling variation in the
last ten days for the expanded model. While the observed variation is still relatively small, it is no
longer implausible. We may now be tempted to stop and declare our model good enough, as it is

not obvious what further improvements to make. We can, however, extract more information than

is revealed by this (marginal) posterior predictive check.
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Figure 3.3: Cppp-Vs for the s.d. of the last ten days of national polls in the expanded model plotted
against the population average herding percentage over that time frame (left) and the standard
deviation of the herding targets over that time frame (right). Black lines indicate the marginal
ppp-Vv. Estimated marginal distributions are displayed on the margins.

A more informative conditional model check

Recall that the conditional posterior predictive p-values (cppp-Vs) are defined for test statistic
T as pr(0) = Ep(y,le)L {T(¥rep) = T(y)}. The left panel of Figure 3.3 plots the cppp-vs with

T equal to the standard deviation of the last ten days of national polls against posterior samples

last

of u;

, the average herding percentage in the last ten days of polling. The marginal distributions
displayed on the axes show that the distribution of cppp-Vvs has a heavy right tail with the pre-

ponderance of sampled p-values less than the average of 0.05. Furthermore, the fit of the model

last

appears much better for larger values of u;

, suggesting that model fitness may improve if the

posterior favored more herding. But it is unclear ~ow we should achieve this since using a more

last

informative prior to favor higher values of u;

would be inconsistent with our (lack of) prior
knowledge.

Another comparison tells us more. The right panel of Figure 3.3 plots the same cppp-Vs against

herd

the standard deviation of herding targets 1" in the last ten days of polls. Less variation in the

herd

targets is associated with better fit, indicating another avenue for improvement. The prior on y;

only enforces that ,u?erd not be extreme compared to all polls in the series. But clearly ,u?erd should
also be non-extreme compared to polls around the specific time that poll i was conducted. Including
this prior information should reduce the posterior standard deviation of herding targets and thus

hopefully improve the fit.

101



o =]
@ @

mean herding last two weeks
)
S

=]
Fa

0.010 0015 0.020
herding target sd

Figure 3.4: Posterior samples from the first expanded model of the average herding percentage for
national polls against the standard deviation of herding targets for national polls both over the last
ten days of polls. Estimated marginals are given on the margins.

Using the conditional check to improve the model

herd

To construct a new prior on the targets /", we calculate the trailing averages

o1 i
¢l = o > o (3.12)
til keci, "k

ford =2,...,7 days before each national poll i, where C/ = {1 < j < N™ |t —d <t; < t}.

We then define the average and spread of these:

AN =

7 7
. . . 1 : \2
mlc = dg_z (;ld’ and s’c = 6 diz (Cii — mlc) +0.0002. (313)

The addition of a small constant 2~* ensures the spread cannot shrink to O when data is sparse.

herd

We then define the improved prior ;" ~ normal (m’c, sé), with priors for the state herding targets

herd
i

constructed similarly from the state-level time series. This prior now encodes the idea that u
should look like a consensus of recent polls.

Figure 3.5 displays the same pair of conditional posterior predictive checks using this more
informative prior. The (marginal) ppp-V is nearly 0.3, and the unpleasant ‘spike and slab’ shape
of the cppp-Vs that appeared in Figure 3.3 has been attenuated. Furthermore, we no longer find

intervals of large posterior probability where the cppp-Vs are vanishingly small in either plot. Thus,

the marginal check looks good, and the conditional check no longer indicates obvious directions
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Figure 3.5: cppp-Vs for the standard deviation of national polls under the second expanded model,
plotted against the population average herding percentage (left) and the standard deviation of the
herding targets (right), all computed over the last ten days of polls. Black lines indicate marginal
ppp-Vvs. Estimated marginals are given on the margins.

for improvement.

The improvement in cppp-Vs versus the standard deviation of ,Lt?erd is expected, but the im-
provement in the comparison with the mean herding percentage (achieved by higher mean herding
in the posterior) may be somewhat surprising. The source of the improvement is revealed in Figure

3.4, which displays a strong negative association between the standard deviations of the u?erd and

last

the p)

in the last ten days for the first expanded model. Thus, solving the problem for the herding
targets also solved the herding percentage problem for free.

This example shows that marginalized model checks like the ppp-Vv can obscure information
useful for assessing model fitness in practice. More positively, it also clearly demonstrates how the

cppp-V can be a powerful tool for motivating specific model improvements, especially when the

marginal ppp-V is neither implausibly small nor reassuringly large.

3.3 Increasing power using the joint posterior predictive distribution of multiple statistics

We may try to increase the difficulty of correctness tests by modifying our choice of test quan-
tity. One way to achieve this is with ancillary statistics, which yield posterior predictive p-values
that are exactly uniform [36]. However, discovering ancillary (or approximately ancillary) statis-

tics is often difficult. And if our workflow assumption above holds, then we expect the discovery of
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ancillary statistics to become more difficult as our model size increases and our sampling distribu-
tions accommodate a greater variety of data behaviors. Since our primary concern is constructing
tests for model rejection which can scale with model complexity, this is particularly worrying.

Similarly, the use of pivotal discrepancy measures (which may depend on parameters 6 as well
as data y) has been proposed since calibrating the corresponding p-values is easier [37, 54, 98]. But
pivotal quantities may not exist when the observed data are not independent given the parameters,
and there are no guarantees that pivotal quantities exist which quantify any particular feature of
interest even when this assumption holds.

Another method for increasing the difficulty of model checks is to hold out some portion of
the data with which the test quantity is computed and then compare this quantity to the model fit
to the remainder of the data [91, 86]. Like the exactly calibrated p-value, this approach requires
repeated sampling from the posterior distribution for different sets of observed data, which is often
prohibitively computationally expensive. Faster approximate procedures have been proposed, but
none of these can be applied across all types of models reliably [61, 60, 66].

A more general and easily-applied approach for generating harder tests of our models is ob-
tained by using many test statistics at once. If 7 = {Ts}f=1 is a collection of test statistics, then the

corresponding joint posterior predictive p-value is

jOint_pT(Y) = IP)f(yreply) (Tl (Yrep) > Ti(y) and TZ(Yrep) >T>(y) and --- Td(Yrep) > Td(Y)) .
(3.14)

3.3.1 Extracting usable information from the joint p-value

The first obstacle to using a joint p-value in practice is that we expect its observed value to
shrink towards O as d increases even if the proposed model is correct. Furthermore, the joint p-
value no longer satisfies Meng’s bound (3.5). The first step towards making joint—p useful is thus

a simple generalization of Meng’s bound which applies to multiple test statistics.
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Theorem 3 (Frequency Bound for joint—p). For any level @ € [0, 1], we have that

P i i t i f ‘/63‘ (t) t 3 15
fy) (Joint-pr(y) < @) < sel[rcly,l] S 5 ( )

where F is the cumulative distribution function of the random variable

Pf(yrep|6?) [Tl (Yrep) > Ti(y) and TZ(yrep) > T>(y) and --- Td(Yrep) > Td(Y)] . (3.16)

Proof. See Appendix B.1 O

To directly estimate the cumulative distribution function of joint—p or pP requires repeated
simulation of the posterior predictive distribution f(yp | y) for each draw of y from the model.
In all but the simplest models, this requires sampling from ¢(6@ | y) for each such y, which will
often be prohibitively expensive. Theorem 3 shows that we can bound the cumulative distribution
function of joint—p by an optimum involving the cumulative distribution function of (3.16), which
can be simulated directly and efficiently with draws from f(yrp | €).

Thus, Theorem 3 establishes that joint—p can be interpreted for purposes of model rejection by
computing a bound on its frequency. But we have yet to establish that joint—p improves on pP°
for rejection purposes in general. Since we expect F to increase more sharply at O as d increases,
the bound (3.15) will generally get worse with increasing d for a fixed level of the joint p-value.
Nevertheless, this bound can still provide value over pP° for rejection purposes if the nominal
p-value (3.14) compensates by falling fast enough with d.

This can occur, for instance, when the values of @ for which f(y | ) best fits each Ty € 7 lie

in mostly distinct subsets of the parameter space. In particular, define

®s,a ={0 0| Pf(yrepla)(Ts(Yrep) > Ti(y)) > a}. (3.17)

Each @, , can be thought of as the subspace corresponding to data generating processes for which

the observed T is not atypical. If the @, each have sufficient posterior probability for moderate
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Figure 3.6: A schematic representation of how the marginal posterior predictive p-values can be
relatively large while the joint p-value is small. In the left panel, because the ®; > have posterior
probability 0.3, p%m is bounded below by 0.3 x 0.2 = 0.06. In the right panel, because the

intersection of the @ ;,0.01 has posterior probability less than 0.04, joint—p is bounded above by
0.01 x0.96 + 1 x0.04 < 0.05.

@, then the corresponding pP°

values will be too large to reject. Nevertheless, if the @, also
have small overlap, then the nominal value of joint—p can be vanishingly small. In such a case, the
bound (3.15) may still be sufficient to reveal the lack of fit. This situation is illustrated in Figure
3.6.

The second obstacle to using joint—p comes in computing the quantities (3.14) and (3.15). The
nominal value of joint—p can be estimated for any 7 in the same manner as pP°" is estimated
for a single statistic. Because joint—p will concentrate near 0 as d increases, the estimation of
joint—p may require a greater number of simulations from f(yp | ¥) in order to resolve the order
of magnitude to acceptable accuracy. However, in practice it often suffices to retain a fixed number
of posterior draws 6; and take multiple draws from f(y | ;) for each i. Thus, the increase in
computational overhead from this step is usually modest.

The estimation of the corresponding frequency bound (3.15) is more taxing, as we will usually
not know the cumulative distribution function F in closed form. However, this function can be
estimated with inexpensive Monte Carlo simulations of the joint model. Algorithm 6 describes
the procedure, repeatedly estimating the empirical CDF of the random variable (3.16) conditional

on 6 and then aggregating the results. In particular, we only sample from the prior and sampling

distributions, never from the posterior, significantly speeding up the Monte Carlo operations com-
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Algorithm 6 Joint p-value empirical CDF estimator

Require: Observed datay, test statistics {Ts}fz |» # of prior samples Npyior, # of sampling distribution sam-

ples Mgampling, # of samples at which to estimate CDF Legtimate-
1: forn < 1,..., Nyior do
Sample {§} ~ ¢ (0).

2

3 Sample {yr(gg)}Miamplmg iy f (Yrep | 6 (n))-
4: for/ —1,... LrZs_tilmate do
5

6

7

Compute pD) = — 1 yMumtine {Ts (yr(é;)) > T, (yr(él))) foralll <s < S}

sampling m=1

end for

Compute ﬁ(n) - q = Lestilmate ZlL:ei“mam 1 {ﬁ("’l) < q}
8: end for N
9: Compute F = g — Nplm el FM(q)

10: return F.

pared to exact calibration. Once we have our estimate F', we can estimate the bound (3.15) using
quadrature and a grid search for the optimum of fos F(t)dt/(s — ). Since F is a one-dimensional
function and [a, 1] is compact, this last step can generally be performed very quickly.

When the nominal observed value of joint—p is small, we will need a high resolution estimate
of F near O in order to accurately estimate the optimum, and this can require large values of

M ampling and Legtimate- Because the complexity of the algorithm scales as

N, prior X Msampling X Lestimates

the cost of estimating F* will almost always dominate the computation. In practice, this cost can
be substantially reduced by taking advantage of the fact that the computation can be carried out in
parallel over the samples {6"}.

The reader may also notice that the p»/ in Algorithm 6 are not independent across 1 < [ <
Legtimate- While this does introduce correlation in the errors, the estimator remains asymptotically
unbiased. In particular, [2] showed under weak regularity conditions that the VLegimate (F ) _F (”))
converge in distribution to centered Gaussian processes, where F is the CDF of (3.16) condi-

tional on 8,,.
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We briefly mention a simply extension of the joint p-value which slightly simplifies computa-
tion, and which can provide further gains to power. This is achieved by computing the joint p-value
with respect to a particular sampling distribution f(yp | 6), where @ ~ q(- | y), rather than the
posterior predictive distribution. This yields the sampled joint p-value joint—p(y, #) defined in

(3.18).

joint—pg(y,60) = Py(y,10) [T1 (¥rep) > T1(¥) and To(¥rep) > T2(y) and - Ty(Yrep) > Tu(y)]
(3.18)

We emphasize that the resulting p-value is random, since € must be sampled from the posterior
before (3.18) may be computed. When we test only a single statistic 7 this reduces to the sampled
posterior p-value [39], another alternative to pP° designed to remedy its conservativity, to which
we will compare the joint and sampled joint p-values in Section 3.3.3.

When y is drawn from the prior predictive distribution f(y), the cumulative distribution func-
tion of the sampled joint p-value is exactly the F(z) in the bound (3.15). Since estimating F
represents the majority of the computational burden in calculating this bound, the sampled joint
p-value is generally only slightly faster to compute than the bound on the ordinary joint p-value.
However, by exploiting the skew of the distribution of (3.16) and obviating the need to optimize
the integral in (3.15), the sampled joint p-value can have substantially higher power than the joint

p-value alone.

3.3.2  Validating joint—p with non-positively associated extremes

We now examine the behavior of joint—p under different assumptions about how the ex-
ceedance events {T(yrep) = T5(y)} are associated under the posterior predictive distribution
f(¥rep | y) and the sampling distributions f(yrp | €). We test the behavior of our bound (3.15)
under two conditions: an easier condition in which our test statistics are non-negatively associated

under the sampling distributions f(y | @), which we can study with exact computations, and a
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harder condition in which the test statistics can be non-positively associated, which we study with
simulation experiments using a parametric model for the copula of the statistics.

Our main purpose is to establish quantitative evidence under reasonable assumptions for the
intuition given after Theorem 3, viz., that our frequency bound (3.15) will in fact shrink to O as d —
oo when our extreme exceedances are not positively associated under the posterior predictive and
have corresponding marginal p-values which are not too large. First, we must establish precisely
what we mean by non-positively and non-negatively associated test statistics. To do this, we first
generalize our definition of F from Theorem 3 to arbitrary random variables. If (Yi,...,Yy) are
random variables with joint cumulative distribution function ®(y, ..., yy), then the cumulative
distribution function Fg (¢) of the random variable ® (Y1, ..., Y,) is the Kendall function associated
to the distribution ®.

If we denote the joint CDFs associated to (=71, ...,—T,) under f(y | ) by ®g, then F(t) =
Ey(9)Fa, (), and we can study the behavior of our frequency bound (3.15) by studying the Kendall
functions Fo, (7). (We negate the test statistics in constructing the Kendall function simply to keep
the inequality direction consistent with (3.15), but nothing of importance is changed since this
direction is arbitrary.) Furthermore, if Fg,, Fp, are two Kendall functions, then @, is larger than
®, in positive K-dependence order (®; <pkp P») if Fo, () > Fo,(t) forall t € [0, 1] [23].

To see that this ordering is related to the dependence structure of the distributions @, note that
if the corresponding random variables {Yi}lf’:1 have medians my, . .., mg and are strongly positively
associated, then there is a stronger probability of all the ¥; lying on the same side of their medians,
and ® (my,...,my) can be relatively large. By contrast, if the {Y,-}lfl=1 are strongly negatively
associated, then we would expect some Y; to be larger than their medians m; and some to be
smaller, resulting in much smaller ® (m,...,my). Combining these ideas, we expect Fg(?) to
increase more rapidly when the {Yl-}l.d=1 are negatively associated and more slowly when they are
positively associated.

This idea can be formalized somewhat by noting that ®; <pxp @, implies that 71 < 75, where

7; 1s the value of Kendall’s tau associated to ®;. In two dimensions, Kendall’s 7 is a form of rank
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correlation and is given by the formula

T=Esign[(Y1 -Y]) (Y2 -Y3)],
where (Y1, Y2), (Y7, Y2’) “d ®. This definition can be generalized to higher dimensions, where it
measures an overall level and direction of association between the random variables {Y,-}lfl: | [52].
We will say simply that (Y1, ...,Y;) ~ @ are positive K-dependent if Fp <pkp Fy, where ¥
is the joint CDF corresponding to independent random variables Uy, . . ., U;. Because the Kendall
function Fy is independent of the marginal distributions of the U;, we may take them to be uniform
on [0, 1]. This simplification allows for direct calculation of Fy, which is shown in [2] to be given

by the formula
d-1

log(1/t)f
1+Z%]. (3.19)

i=1

Fy(t) =t

With these facts established, we can now see that if our test statistics are positively associated
in the sense of being positive K-dependent under f(y | ) for each 6, then our frequency bound

(3.15) is further upper bounded by
N
Fy(t)dt
LIS
s€la,1] S —a

(3.20)

We study the behavior of this bound under the following assumptions on our posterior predictive

p-values:

1. The exceedances for our test statistics 7 are non-positively associated:

P (TS(Yrep) 2 TS(Y) | Ui (Yrep) =T (Y)a s Ts—l(Yrep) 2 Ts—l(Y))

<P (Ts(Yrep) = T5(y)) (3.21)

2. The posterior predictive p-values are upper bounded by some number p € (0, 1):

post

pr (y) <pforalll <s<d. (3.22)
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Figure 3.7: Upper bounds on the frequency of a nominal joint p-value p? for non-negatively
associated exceedances versus the bound on the posterior predictive p-values of the test statistics
separately for various numbers d of test statistics. These curves can be interpreted as lower bounds
on the level of a test that would always reject under our assumptions. This level decreases with the
number of test statistics and with the bound on the marginal p-values.

Under these conditions, we clearly have that joint—p(y) < p?. In order to assess the performance
of joint—p under these assumptions, we plot the relation between (3.20) and the marginal bound p
for dimensions d = 2, ..., 10 in Figure 3.7. For each value of the bound p, the level monotonically
decreases as the number of test statistics increases. This suggests that, in this setting, the joint
p-value is asymptotically successful in the sense that we will eventually reject the model if we
have enough test statistics with non-positively associated observed extremal exceedances.

It is also apparent that the efficiency of this procedure depends strongly on the marginal p-value
bound p. For smaller values of p, passing from two to three test statistics is sufficient to halve the
resulting level of the test, but for larger values, the drop is less than a fifth. This may be particularly
troubling since those cases where p is larger are exactly those in which pP®' is least capable of
model rejection. We note, however, that this represents a worst-case scenario in the sense that we
make no assumptions about the gap in the inequalities (3.21). In practice, when these exceedance
events are non-positively associated, we usually observe nominal values of joint—p smaller than

p?, and thus we can often obtain bounds that fall below the corresponding curve in Figure 3.7.

We also note that these conclusions continue to hold if we relax the assumption of positive
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K-dependence for all @ to the assumption that
Eq(g)Fq)o(l‘) < Fy(t) fort < e

for some € > 0.

The results of this experiment suggest that our proposed joint p-value works when our test
statistics are non-negatively associated under the model in the sense that, when our exceedance
events {T(yrep) > T5(y)} are non-positively associated, the resulting frequency bound for joint—p
shrinks to 0 as d grows. The situation for joint—p is harder, however, in situations when the
test statistics are non-positively associated under the proposed model. In this case, smaller joint
p-values are more common under the proposed model, so rejecting the model becomes harder.

Furthermore, investigating the behavior of joint—p in this setting is more challenging since
there is no general upper bound available for the average Kendall function F. Instead, we use
a parametric model of the test statistics {Ts}f=1 to investigate the performance of joint—p. In
particular, we use a copula model, which specifies only the dependence structure of the statistics
while leaving the marginal distributions arbitrary. As noted above, modeling only the dependence
structure is possible since the Kendall function is independent of the marginal distributions.

We need our copula model to be defined in arbitrarily many dimensions and to allow for model-
ing negative association between the test statistics, particularly in the tails of their distribution. The
Gaussian copula is a natural choice in this setting since it is definable in any dimension and can be
parametrized to represent negative association between each component variable. It is also critical
that the Gaussian copula has zero tail dependence - a measure of the positive association between
component variables when one takes an extreme value - since the behavior of the Kendall function
near 0 is particularly sensitive to these extremes. The ¢ copula, for instance, can be parametrized to
represent negative overall association, but the resulting copulas always exhibit positive dependence

in the tails [51]. As a result, the corresponding Kendall functions are dominated by Fy near zero.
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Figure 3.8: Upper bounds on frequency of joint p-value against dimension for negatively associ-
ated test statistics and for varying levels of negative dependence (columns) and varying bounds on
the marginal posterior predictive p-values (rows).

The Gaussian copula ® is parametrized by a correlation matrix R, which we define as

1, i=j
R = (3.23)
—V/(d—l), l?&],

where d is the number of test statistics. When v = 1, this is the minimum value that results in
a valid correlation matrix R when the off-diagonal entries are constant. In light of the above, we
view this as a reasonably hard case for joint—p, since we assume that every pair of test statistics is
negatively associated in the proposed model and we thus have that ®° <pgp P.

There is no known analytic expression for the Kendall function of the Gaussian copula, so we
estimate it using the empirical CDF of ®C (U l(i), e Uc(li)), where (U l(i), R Uc(li)) are Monte Carlo
samples from ®C. Plugging this estimate in for F in (3.15), we can compute frequency bounds
with @ = p? while varying the pP° bound p and the level of negative association v. Figure 3.8
plots the resulting bounds against dimension d = 2,3,4 for p =0.1,0.2,0.4 and v = 0.1,0.3,0.5.

The effectiveness of joint—p in this setting is now contingent on the combination of p and

v. In the first row, for p = 0.1, the joint p-value continues to work well in the sense that the
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frequency bound decreases with d fast enough to be significant at the 0.1 level for just three test
statistics and for all tested values of v. In the second row, for p = 0.2, our bound falls with d and
is below the corresponding bound for pP*' for v = 0.1 and v = 0.3, indicating that the joint p-
value is improving on our ability to reject the model. But for v = 0.5 the bound actually increases
with d, indicating that our proposed procedure is no longer able to use the negative association
in the observed extremal exceedances to reject the model. When p increases to 0.4, we find that
the frequency bound increases with d regardless of the value of v. We conclude that joint—p can
still provide value for model rejection when our test statistics are negatively associated under the

proposed model, but, for this to be possible and efficient, we need one of the following to hold:
1. The corresponding marginal p-values are not too large.
2. The test statistics are not too negatively associated on average under f(y | ).

3. The exceedance events {T(yep) > T;(y)} are sufficiently negatively associated under f (yrep |

y) (i.e. the gap in the inequalities (3.21) must be sufficiently large).

The broad conclusions from these copula-based experiments continue to hold when the joint
p-value is replaced by the sampled joint p-value. Since joint—p(y) is just the expected value of
the sampled joint p-value joint—p(y, @) under ¢(@ | y), the upper bound p? for joint—p can be
interpreted as an upper bound on the average of joint—p(y, #). We may still hope that, due to the
skewness of the distribution of joint—p(y,#) under & ~ ¢(€ | y), the median of joint—p(y, 0)
over ¢(6 | y) could tend to zero faster than the mean joint—p(y), and could thus achieve better
performance after calibration. However, this is only possible if the distribution of joint—p(y, 8) has
a sufficiently heavy right tail under g (6 | y), as measured by the coefficient of variation cvV = o /pu,
where ¢ and o are the mean and standard deviation of this distribution. If cv < C for some
fixed, finite C > O for all choices of test statistics, then the Paley-Zygmund inequality implies

a nonvanishing probability of obtaining sampled joint p-values at least a constant fraction of the
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mean. In particular, we have for § € (0, 1) that

- , 1-6
P,oly) [joint-p(y.0) = (1 -6)pP*(y)] = Tl s (3.24)

Thus, we do not generally expect typical sampled joint p-values to tend to zero at a faster ex-
ponential rate than the joint p-value. To analyze the calibrated sampled joint p-values, the bounds
(3.15) would be replaced by the evaluated cumulative distribution functions F(joint—p(y, €)) in
Figures 3.7 and 3.8. These are smaller than the corresponding bounds (since they avoid the op-
timization step in (3.15)), but generally only by a factor of about 2. Thus, while joint—p(y, 8)
is usually smaller than joint—p(y), the trends established in this section - particularly the rela-
tionship between p-value performance and dependence among test statistics - generally apply to

joint—p(y, 0) as well.

3.3.3 Comparison to other Bayesian p-values

[44] propose to overcome the conservativity of pP° by plugging it into (an estimate of) its
distribution function, which will result in a uniformly distributed quantity when the model is cor-
rectly specified. In particular, if H is the distribution function of pgom when y is drawn from
the prior predictive distribution, then we can estimate H by the empirical distribution function
H(p) = % Zle 1 { pI;OSt(yr(gl))) < p}, where {yﬁgr),}s iid p(y) is a sample from the prior predictive

s=1

distribution. The calibrated posterior predictive p-value is then

cal - py = A (pg"“(y)) . (3.25)

This calibration step fully resolves the conservativity problem when H is well-estimated by H.
However, the computation of A generally requires sampling from ¢ (6 | yﬁgl))) separately for each
s =1,...,S. This can quickly become computationally infeasible for moderate § if the model is
sufficiently complex.

The sampled posterior predictive p-value retains exact uniformity for continuously distributed
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test statistics 7', but it is almost universally easy to compute [39, 55, 53]. Unlike the other ap-
proaches we consider, this method generates a random p-value by first drawing a sample 6 from
the posterior distribution ¢(é | y) and then computing a p-value with respect to f(yrep | €). In

symbols:

sampled-pr(y, 0) = Psy,,10) (T (Vrep) 2 T(y)), 6 ~q(0|y). (3.26)

The posterior predictive p-value is just the expected value of sampled—pr over the posterior
distribution. Estimating (3.26) by a Monte Carlo average is generally extremely fast since sam-
pling f(yrep | ) is trivial for most models. The uniformity of sampled—pz is achieved by not
aggregating over the posterior distribution. However, this calibration comes at the cost of increased
variance due to the additional randomization of #. As a result, the sampled p-value can exhibit
lower power when this variance is large.

In particular, this property means that the sampled p-value, like the posterior predictive p-
value, generally scales poorly with model expansion. To see this quantitatively, recall that PP (y)

T

tends to become more concentrated around 1/2 with model expansion. Defining Q(p) = Py ( pI}OSt(y) < p),

post

we think of the calibrated p-value Q(p;

(y)) as representing the true level of fitness of the model
to T. The contraction of the distribution of pl}OSt(y) then implies that the nominal value ngSt(y)
must increase with model expansion in order to maintain a fixed true level of fitness Q (pP*(y)).

Then, for any § < pP*!(y), the Paley-Zygmund inequality implies that

P (sampled—pr(y, 8) > 6) > ¢ (4 [p;"“(y) - 5]) , (3.27)

2
1+x2°

where ¢ = Because ¢ is an increasing function, this implies that our lower bound (3.27) - and
thus the risk of observing large sampled p-values - will also tend to increase with model expansion
if the true level of fitness is nondecreasing.

The broad conclusions from these copula-based experiments continue to hold when the joint

p-value is replaced by the sampled joint p-value. Since joint—p(y) is just the expected value of

the sampled joint p-value joint—p(y, @) under ¢(@ | y), the upper bound p? for joint—p can be
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interpreted as an upper bound on the average of joint—p(y, #). We may still hope that, due to the
skewness of the distribution of joint—p(y, #) under @ ~ ¢(€ | y), the median of joint—p(y, 0)
over p(0 | y) could tend to zero faster than the mean joint—p(y), and could thus achieve better
performance after calibration. However, this is only possible if the distribution of joint—p(y, #) has
a sufficiently heavy right tail under g (6 | y), as measured by the coefficient of variation cvV = o /pu,
where y and o are the mean and standard deviation of this distribution. If cv < C for some
fixed, finite C > O for all choices of test statistics, then the Paley-Zygmund inequality implies
a nonvanishing probability of obtaining sampled joint p-values at least a constant fraction of the

mean. In particular, we have for § € (0, 1) that

. 1-5
Pyl [i0int=p(y,0) = (1-6)p™™(y)] > =5 (3.28)

Thus, we do not generally expect typical sampled joint p-values to tend to zero at a faster ex-
ponential rate than the joint p-value. To analyze the calibrated sampled joint p-values, the bounds
(3.15) would be replaced by the evaluated cumulative distribution functions F(joint—p(y, #)) in
Figures 3.7 and 3.8. These are smaller than the corresponding bounds (since they avoid the op-
timization step in (3.15)), but generally only by a factor of about 2. Thus, while joint—p(y, 8)
is usually smaller than joint—p(y), the trends established in this section - particularly the rela-
tionship between p-value performance and dependence among test statistics - generally apply to
joint—p(y, 0) as well.

Other methods have been proposed that trade exact calibration for approximate calibration
and improved computability (compared to cal — p) or power (compared to sampled—p). [6]
propose p-values which are Bayesian in the sense that they account for posterior uncertainty but
which enjoy reduced conservativity relative to pP° by having a uniform frequency distribution
in appropriate asymptotics. The key idea for achieving asymptotic uniformity comes from the

post

observation that pP°* involves a double use of the data whereby the posterior “sees” the statistic

T against which it will subsequently be tested. This artificially reduces the difficulty of the test,
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leading to conservativity.

This diagnosis is partly justified by considering tests with ancillary statistics 7. Since these
have distributions which are independent of 6, the posterior contains no information about 7', and
pPot becomes exactly uniform for such 7. The proposed p-values attempt to formalize the idea
of “removing” the information in 7 from the posterior before testing. The first of these is the

conditional predictive p-value, defined for a test statistic T as

cond=pr(y) =Py ;) (T(rep) 2 T(Y)) , (3.29)

where we define 87 = argmax f (y | 8,7 (y)) as the T-conditional maximum likelihood estimate

of 0, and
7 (v lor) = [ 5 (v 1 0.T@) 0 (01 0r) . (330

The key idea in this definition is that 87 should capture as much of the information about 8
contained in the data as possible while excluding the information in 7. When @7 is sufficient for
0, cond—pr is exactly uniform. However, forming and conditioning on the conditional MLE is
often computationally difficult. We can instead try to remove the information contained in 7" from
the posterior directly by conditioning 7" out of the likelihood. This results in Bayarri and Berger’s

partial predictive p-value:

part—pr (y) = Pf(yreply\T(y)) (T (Yrep) > T(¥)) (3.31)

where we define the partial posterior and posterior predictive distributions as

q(@ | y\T(y)) < f(y|6,T(y)q(0), f(yrepIy\T(y))=/f(yrep|0)q(0|y\T(y))d9-
(3.32)

Since T'(y) is determined exactly by y, the partial posterior differs from the posterior by a factor
proportional to f(T(y) | 6)~".

That these p-values approximately succeed in removing the conservativity problem is justified
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by Theorem 2 of [80], which implies that cond—p and part—p both have asymptotically uniform

frequency distributions under sampling models of the form

FOL10u) =] ]F 6.9, (3.33)
i=1

where i, € R is a one-dimensional nuisance parameter. Robins et al. also propose a number of
other methods for deriving approximately calibrated p-values which depend on either modifica-
tions of the test statistic 7' or on approximate recalibrations of simpler p-values such as pP°, We
do not treat these approaches in detail here since any generally available computational speedups
relative to part—p and cond—p are usually achieved by exploiting some aspect of the asymptotics
of (3.33), which we argue in the next section is an overly limiting model in many cases. The inter-
ested reader can consult [80] for details. Because part—p and cond—p have identical asymptotic
performance under (3.33) and part—p is generally easier to compute, we will focus all subsequent
comparisons on part—p.

We note that part—p can still suffer from substantial computational costs when f(T(y) | 6)~!
is not analytically available, which is usually the case when the model is sufficiently complex. We
are unaware of a scheme for estimating this quantity in general other than estimating f(7'(y) | 0)
with a kernel density estimator and inverting the result (which is the recommended strategy in
[5]). Such kernel density estimates can be highly inefficient in the tails of the density, leading to
explosive errors in the inverse.

We now turn to a comparison between joint—p, part—p, sampled-p, and cal — p in two
simple simulation examples. In the first example, we examine a case where the joint p-value is
more powerful than less computationally expensive alternatives while getting close to the power
of approaches which are much more computationally costly. In the second example, we present a
case that is challenging for the joint p-value and demonstrate that the sampled joint p-value can

consistently dominate both joint—p(y) and sampled—p(y, 0).
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Figure 3.9: Solid: the beta(l,1.5) distribution from which our observed data was generated.
Dashed: our assumed beta(é, 6) sampling distribution for 6 = 0.5, 1, 1.5, 3.

Testing the quantiles of a beta population

We take our observed data to be a random sample of size N = 100 from a beta (1, 1.5) distribu-
tion. We will assume a misspecified model with a beta (6, 6) sampling distribution and a uniform
prior over [0, 3]. While our assumed sampling distribution is symmetric for all values of 6, the
true data generating distribution is substantially skewed to the right, as shown in Figure 3.9. We
test our assumed model with statistics 77 and 7, taken to be the 0.05 and 0.95 sample quantiles
respectively.

Qualitatively, values of 6 closer to zero yield sampling distributions that better match the ob-
served lower quantile but overshoot the observed upper quantile. Similarly, larger values of 6
better match the observed upper quantile but now overshoot the observed lower quantile. If the
posterior splits the difference between these regions of parameter space, then we should expect
that both observed quantiles will be lower than what is typical in posterior predictive replications
from the assumed model. Indeed, this is precisely what we see when we compute the probabilities
of Ts(yrep) < Ti(y) for s = 1,2, yielding posterior predictive p-values of ~ 0.07 for both test
statistics.

Computing our bound for joint—p and cal — p requires estimating distribution functions of
certain exceedance probabilities, and computing part—p requires estimating the partial posteriors
(3.32) for T and T». Figure 3.10 displays the estimated distribution function F around the nominal

joint p-value @ = 0.0028 along with the optimization objective /a “F(s)/(s — ). This shows in
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Figure 3.10: Left: the estimated distribution function of joint extremal exceedances (3.16) with
vertical line indicating the nominal joint p-value. Right: the optimization objective on the right-
hand side of (3.15) for a range of s with horizontal line at the optimum.

P (bound) joint—p (bound) | part-pz, | median sampled—py, | cal - pr,

0.067 (0.135),0.027 (0.055) | 0.0006 (0.009) | 0.021,0.009 0.039,0.018 0.025,0.012

Table 3.1: Candidate p-values and corresponding bounds (in parentheses, where applicable) for
T1 and 7> equal to the 0.05 and 0.95 sample quantiles. The partial and calibrated p-value give
strongest evidence against the model, followed by the joint p-value, median sampled p-value, and
posterior predictive p-value.

particular that we have estimated the distribution F to sufficient resolution around « to trust our
estimated bound. Plots of estimated intermediate quantities for part—p and cal — p are given in
the appendix.

Table 3.1 displays estimates of the various candidate p-values for this problem. Because the
nominal joint p-value is two orders of magnitude smaller than either of the pP° values, we achieve
a frequency upper bound which matches the smaller of the two partial p-value and calibrated p-
values. Furthermore, while joint—p automatically controls for multiple testing by accounting for
dependence, the other results have somewhat artificially higher power due to a lack of multiple
testing adjustment.

Compared to the sampled p-value, our frequency bound is less than median sampled p-value
for either statistic. More importantly, the sampled p-value is a random quantity and is larger than
our frequency bound in more than 66% of samples for either statistic. Figure 3.11 displays the
survival function of the sampled p-values for 77 and 7, along with various other p-values, showing
that the sampled p-value is only less conservative on average compared to the posterior predictive

p-value. Thus, while the sampled p-value is much easier to compute than our bound, it is more
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Figure 3.11: Survival functions for the sampled p-value computed for test statistics 77 and 7> equal
to the 0.05 and 0.95 sample quantiles respectively. The solid, dashed and dotted lines represent
the corresponding posterior predictive, joint, and calibrated p-values respectively. The sampled p-
value is less conservative than pP°' on average in this problem, but more conservative than joint—p
and cal — p on average.

conservative in this problem.

Unsurprisingly, at about a sixth the magnitude, the joint p-value bound is a substantial improve-
ment over the corresponding frequency bounds for the individual posterior predictive p-values.
Overall, joint—p displays a useful balance of trade-offs in this problem. It is substantially less
conservative than the alternatives which are easier to compute, and it comes within a factor of

two of the more powerful alternatives while being easier to compute and offering preasymptotic

guarantees.

Testing for large effects in a linear regression model

We now consider a conjugate Bayesian linear regression model of the following form.

y | B ~ normal (Xﬂ, 0-21), B ~normal (0,X), (3.34)
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where 02 and £ € R%“ are taken to be fixed hyperparameters for simplicity, and X € R™ is

known matrix of covariates. We construct the prior covariance as

1, i=j

Xij=1p, {i,j}=1{1,2}- (3.35)

0, otherwise

In other words, X is the identity matrix except for the (1,2) and (2, 1) entries, which encode
a possibly nonzero prior correlation between B, and B,. We test the fit of this model to data
generated from the following process.

v | B* ~ normal (X,B*,o-zl), (X;;} ™ normal(0, 1), (3.36)
where [B*]; =4if j = 1,2 and [B"]; = 1if j > 3. The model (3.34) is misspecified for this data
generating process in the sense that values of B; as large as 4 are extremely rare under the prior
covariance (3.35).

In our experiment, we generate n = 200 observations from d = 100 covariates. To test the
fit of the model (3.34) to datasets generated from the process (3.36), we employ test statistics
Ti(y) = X"y and T»(y) = X]y, where X; is column ; of X. In particular, we compare the sampled
p-value with respect to Ty, the joint p-value with respect to {71, 7> }, and the sampled joint p-value
with respect to the same statistics. We are particularly interested in the relative performance of
these p-values as we vary the correlation hyperparameter p over the interval [0, —0.8].

The law of total covariance implies that

Cov (Tl (Yrep)a TZ(Yrep) | Y) =B [COV (Tl (Yrep)’ TZ(Yrep) | ﬁ) | Y]

+Cov (E [Ti(¥Yrep) | B| - E [T2(yrep) | B] 1Y) (3.37)

The first term on the right-hand side affects the slope of the distribution function F(z) in the
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bound (3.15) near O (for the reasons discussed in Section 3.3.2), whereas the second term affects
the magnitude of the ratio of joint—pr, 7} to the pIT’?St (since, e.g., we expect a negative covariance
between the conditional expectations to increase the gap in (3.21)). As the computations in Section
3.3.2 demonstrated, the joint p-value bound is most powerful when it can exploit a combination

of relatively slowly increasing F(z) and a very small value of joint—p, as is most likely to occur
when the first covariance on the right-hand side of (3.37) is positive and the second is negative.

With our model (3.34) and our chosen test statistics, these two covariances are given by o2 [X” X] 12

and

-1
2 [XTX (XTX + 2—1) X'X] s, (3.38)

respectively. When the influence of the prior is not too strong, the latter approaches the former.
And in our simulation experiments, these covariances always had the same sign when p = 0,
leading to either relatively large values of joint—p or relatively steep distribution functions F(¢).
This is thus a particularly challenging problem for joint—p. Decreasing p introduces additional
negative correlation between 8, and 8, in the posterior, which allows for cases in which [X”X] 1,

is positive but (3.38) is negative and creates more favorable conditions for joint—p.
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Figure 3.12: Box plots of the log ratio of candidate p-values to twice the posterior predictive p-
value under repeated sampling of the regression model (3.36).

Figure 3.12 displays box plots for the log ratio of the joint, sampled, and sampled joint p-
values to twice the posterior predictive p-value as a function of p € [0,—0.8]. Normalizing by

2pP° in this way adjusts for random variation in the fitness of the model (3.34) to test statistics
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sampled from (3.36), allowing for a direct comparison of relative performance. Values below the
dashed line at O indicate p-values smaller than 2pP°, For p near 0, joint—p(y) tends to perform
worse than sampled-p(y, B) while exhibiting substantially lower variance, reflecting the relative
lack of joint posterior information for joint—p(y) to exploit. However, as we expect from the
above discussion, the performance of joint—p is substantially more sensitive to decreasing p than
the performance of sampled—p. Consequently, for p < —0.6, the median joint—p is eventually
smaller than the median sampled—p.

On the other hand, we see that the sampled joint p-value joint—p(y, B8) is able to dominate
both joint—p(y) and sampled—p(y, B) across all values of p, with a median value at least half an
order of magnitude smaller than the median sampled or joint p-values in each case. This makes
sense, since combining these strategies can attenuate their individual weaknesses. Compared to
joint—p(y), the sampled joint p-value is not as sensitive to skewness in the distribution of (3.16)
and can be calibrated exactly rather than relying on bounds. Compared to sampled—p(y, B), the
sampled joint p-value can exploit negative posterior predictive dependence between test statistics
to obtain more consistently small p-values across all values of B, resulting in reduced variance

compared to sampled—p.
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Chapter 4: Challenges to inference

In the last section, we noted that the posterior variance of the conditional p-values p7(8) tends
to increase under the process of model expansion for any test statistic 7. This tendency arose from
a nonnegative term appearing in a decomposition of this variance which encoded variation in the
distribution of 7" driven by the new parameters A introduced in the expanded model. As we show
in Section 4.3, a similar tendency continues to hold not just for the conditional p-values pr(8),
but for the data distribution f(- | @) itself. While the former is a scalar quantity, the latter is a
distribution, and thus we cannot speak about the variance of f(- | ) under sampling @ ~ ¢(6 | y)
in the same way. Nevertheless, we will define an appropriate analog of the posterior variance for
these distributions and show a similar tendency towards greater complexity under conditions of

model expansion. In particular, if we think of the posterior predictive distribution

f(Yrep ly) = Eq(t9|y)f()'rep | 0) 4.1)

as the average of these data distributions, then our decomposition will show that, for @ randomly
sampled from the posterior, f(yrep | @) will tend to be further from its average f(yrep | y) after
model expansion.

Yet, as in the case of the conditional p-value, this tendency is not fate. This tendency is repre-

sented through the addition of a nonnegative term analogous to the variance term

Var, {E [pr(y, (6, 2) |y, 4] |y} 20 (4.2)

in the decomposition of the posterior p-value variance Var,gy) (p7r(6)) under model expansion

given in chapter 3. In any given case, the additional nonnegative term could be offset by a cor-

126



responding decrease in another term. This leaves open the question of whether there are generic
strategies for model expansion that take advantage of this possibility and attenuate the challenges
to model checking posed by an increasing parameter dimension.

Understanding whether such strategies are available is of substantial practical importance. As
we demonstrated in the last chapter, while it may be possible to overcome the challenges of high
dimensions to model checking with more sophisticated tools, these tools come with an increased
computational and interpretational burden, and thus the applied modeler should always prefer to
avoid, rather than compensate for, these potential challenges whenever possible. On the other
hand, if these challenges are not generally avoidable through a more careful choice of model, then
the impetus for developing, maintaining, and disseminating more sophisticated tools is that much
greater.

In order to make a first attempt at answering this question, we relate it to another challenge
long apparent in the high-dimensional context - that of parameter identification. In Section 4.4, we
formalize the notion of parameter identification for Bayesian models and present a decomposition
which shows a tendency for identification to weaken after model expansion. As in the decomposi-
tion of the conditional p-value variance, our decomposition also shows that this tendency towards
weakening identification can be offset in particular cases by other terms. Thus, a parallel question
arises: can weakening identification be generally avoided through careful choice of expansion?

In this chapter, we develop an argument to the effect that, absent the careful introduction of
addition constraints through the prior distribution, we should not expect to be able to avoid the
challenges of dimensionality to model checking through our choice of model without exacerbating
the challenges of dimensionality with respect to parameter identification. In cases where one or
the other of these problems is not a concern (e.g. in pure prediction problems where inference for
unobserved parameters is not of interest), this trade-off may be acceptable. In general, however,
we view this as a fundamental limit on the extent to which the challenges of high dimensional
modeling, taken as a whole, can be circumvented by the modeler.

In Section 4.1, we present a simplified regression model to develop intuition for the relevant
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trade-offs. Then in Section 4.2 we review related ideas from the existing literature. Sections 4.3
and 4.4 develop the necessary theoretical constructions to study model checking and parameter
identification formally. We then present our main result on the trade-off between these challenges

in Section 4.5 before presenting our main conclusions in Section 4.6.

4.1 A simple regression example

Suppose we have two observations (y1, y2) and known residual variance o> = 1. In our first
model, we have one predictor x; = (0, 1) with coefficient 3;. Assigning a normal prior, the model
18

y; | B1 ~ normal (B1x1;,1) for j =1,2, B; ~ normal (0, 0y), 4.3)

where the hyperparameter o, is taken large so that the prior is weakly informative. We expand this
model by adding a second predictor x; with ||x,|| = 1 and with coefficient 8,. Assuming f3; is a

priori independent of 81 and assigning an identical marginal prior, we get
. iid
y; | B1, B2 ~ normal (B1x1; + Boxa;, 1) for j = 1,2,  B1, B2 % normal (0, 0%) . (4.4)

We consider five levels of correlation between the predictors x; and x,, which are plotted in the
top row of Figure 4.1. To assess the effect of adding a predictor on identifiability, we compare
the marginal posterior and prior of S, plotted in the second row of Figure 4.1. As we expect, as
predictor correlation increases, the identification of the coefficient 3; decreases.

It is less obvious how we should assess the falsifiability of the model. We argue in Section 4.3
that falsifiability is connected to a measure of posterior confidence about the true data generating
process, expressed as a distribution over an independent draw or replication of the data, yp. In
particular, we will argue that falsifiability tends to decrease as the sampling distributions f (yrep |
p) and the posterior predictive distribution f(yrep | y) = / S (Yeep | B) g (B | ¥) d6 become more
dissimilar. The third row of Figure 4.1 visualizes this by plotting the sampling distributions for a

replicated first observation yrlep at the posterior mean B with the posterior predictive distributions.
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Figure 4.1: First row: x| and Xx», in order of increasing absolute correlation. Second row: the priors
q(B1) (blue) and the posteriors g(f8; | y) (red), both centered to allow for an easier comparison of
scales. Narrower posteriors relative to the prior indicate better identification. Third row: the poste-
rior predictive f(yrep | ¥) (red) and the sampling distributions f(y | B) (blue). More dissimilarity
is connected to worse falsifiability on average.

As the predictor correlation decreases, the distributions f (yrlep | B) and f (yrlep | y) become less
similar.

The highlighted panels also show the relationships between the corresponding distributions
that occur in the single-predictor model (4.3). These highlighted panels represent the best-case
behavior, showing that the expanded model can only perform worse than the base model on either
metric. Furthermore, these behaviors are inversely related among the expanded models, i.e. the

most precise marginal inference occurs when the sampling and posterior predictive distributions

are most dissimilar and vice versa.

4.2 Related work

Recently, statistical workflow has enjoyed increased attention as a discrete topic in statistics.
This literature has sought to provide a consistent framework and practical advice for each step of
a statistical analysis, including model expansion (see, e.g. [38, 89, 34]). We seek to complement

this perspective by studying model expansion as a distinct regime. To this end, our main result
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provides interpretable bounds on the mutual and conditional mutual information.

In [40], the authors study a formalization of model expansion which is similar to our definition
of model expansion (given in chapter 3) and considers the consequences of nonidentification of pa-
rameters in the expanded model. Whereas Greenland assumes that the expanded model is (strictly)
nonidentified, this work connects model expansion with nonidentification generally. We believe
our results thus give additional weight to Greenland’s conclusion that, when a model suffers from
weak identification, “any analysis should thus be viewed as a part of a sensitivity analysis which
depends on external plausibility considerations to reach conclusions.”

Outside of the context of model expansion, the problem of weak/non-identification has been
extensively studied. Gustafson considers the asymptotic properties of posterior distributions for
strictly nonidentified likelihood models, showing that the corresponding infinite-data posteriors
may still identify parameters substantially better than the prior [42, 41]. In particular, he shows this
can be achieved in special cases with priors that encode dependence between identified and non-
identified parameters. Our main result echoes this observation, but establishes it in a preasymptotic
setting and under a much more general class of models. Other methods for detecting and dealing
with identification problems have been studied in, e.g. [95, 57].

As we will argue in Section 4.3, problems of falsifiability are directly connected to debates
over the conservativity of the posterior predictive p-value. Various forms of this problem have
been described, and possible solutions have been proposed in [6, 5, 80, 97, 39, 53, 55, 44]. We
propose another possible solution - conditional p-values - which we argue are better suited to the
task of revealing specific deficiencies with a model and uncovering possible solutions compared to
these alternatives while also being computationally inexpensive.

Our approach to studying the problems of identifiability and falsifiability follows many previ-
ous successes in using information-theoretic tools to understand and quantify model behaviors in

substantial generality. We enumerate a few connections of particular note:

1. We study identifiability by thinking of information entropy as quantifying uncertainty. This

representation of uncertainty as entropy can be traced back to Jaynes, who used it to justify
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the application of maximum entropy prior distributions [50].

2. Many popular predictive performance metrics for models are based on information-theoretic
quantities [94]. In the Bayesian context, the expected log predictive density (ELPD) has
been used as a flexible objective for model evaluation and comparison [90]. When our data
consists of a scalar quantity y, and the model is correctly specified, the ELPD can be given

as

D(f(y16) Il f(y|y*P) +C,

where f(y | €%) is the true data generating process, C is a constant depending only on
this true distribution, and y™P ~ f(y | @) is an independent replication of the data. If we
substitute the true value 8* with an average over the posterior g(6 | y), then the first term

recovers the conditional mutual information I (6, yrep | y)-

3. The Rashomon effect, first described by Breiman in [15], occurs when many models which
achieve similar overall loss provide very different point predictions. Our concept of falsifi-
ability is also threatened by the multiplicity of predictive distributions. And our conditional
mutual information rests on a similar KL divergence as a recently proposed metric for quan-

tifying the Rashomon effect, the Rashomon capacity [46].

4. Mutual information-based quantities have also been deployed to bound measures of other

adverse model behaviors, including bias and generalization error [83, 96].

4.3 Weak falsifiability and model expansion

We now turn to the behavior of the posterior predictive distribution (ppd) f(yrep | ¥) under

model expansion. For joint model ¢(y, #), the ppd is

Feen | ¥) = / F(een | 6)a(8 | y)d0. 4.5)

Comparisons between posterior predictive samples and observed data are commonly used to
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check Bayesian models. It is often convenient to formalize these checks as posterior predictive

p-values (Ppp-Vs).

Definition 2 (Posterior Predictive p-Value). For observed data'y, joint model q(y, @), and real-

valued test statistic T, the right-tailed ppp-V for T is

Pr = / f(Yrep | Y)dYrep~ (4.6)
{T(yrep) 2T (¥)}

The left-tailed and two-tailed p-values are defined analogously.
It will be useful to set ppp-Vs in a general framework of model evaluations.

Definition 3 (Data Distribution Evaluation). Given q(y, ), let M be the (common) support of the
densities f(y | 0), P(Y) be the space of all densities on M, and & C R. Then for any data 'y, an

evaluation is a (measurable) map

ey P(Y) = &

For posterior sample {6 ) }f: , and evaluation ey, the modeler has data

{85 ey (a(¥eep 1 0}y 4.7)

with which to evaluate the model. Since (4.7) can be complex and high-dimensional, it may not
provide easy conclusions about overall model fitness. Posterior predictive checks solve this by
providing simple summaries of (4.7). For statistic 7, we define conditional ppp-vs pr(6) as the

evaluations ey (f (Yrep | )) for the map

ey: f(-) — f(x)dx 4.8)

{T(x)=T(y)}

The usual ppp-V is then just the average:

pPr = / €y (f()’rep | 0)) q(0 |y)de, (4.9)
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which is naturally estimated by § .0 ey (£ (- | 8(5)).

These conditional p-values are similar to the sampled p-value developed in [39, 53, 55]. These
sampled p-values similarly result from first drawing a parameter € from the posterior distribution
and evaluating a p-value for T with respect to the corresponding f(yrp | @). The difference
between our procedures is entirely in how they are used. The sampled p-value is meant to be
computed once and compared to a threshold for rejection. The benefit is that the resulting p-value
has an asymptotically uniform distribution under the assumed model.

Because we are primarily interested in model improvement over model rejection, and because
we are focused on retaining as much information for this purpose as possible, we instead construct
the conditional p-values as a distribution of model diagnostic information. Rather than compare to
any threshold, we exploit the joint structure between the random conditional p-values and the other
model quantities under the posterior to help us determine fruitful directions for model improvement
(as in the following example).

In this context, it becomes clear that the ppp-v may be limited if relevant information in (4.7)
is lost in the one-dimensional reduction (4.9). If f(y | 6(5)) = f(y | 6(;)) forallyand 1 < s, < S,
the ppd reduces to this single distribution, and no information is lost in (4.9). But in general the
ppd will not capture all the sampling distributions which are plausible under the posterior. We

quantify this loss of information with the Kullback-Leibler (KL) divergence.

Definition 4 (Posterior Sampling Divergence). For data'y and model q(0,y), the posterior sam-
pling divergence is

de (y) = Eq(lS’Iy)D (f(Yrep | O)Hf(Yrep | Y)) . (4.10)

Using the Donsker-Varadhan representation and Jensen’s inequality, we get

psd(y) < Eqoly) {T_S;PR [ ypte T (¥rep) = B (yrply)T (yrep)l}

The psd lower bounds the degree to which typical sampling distributions f(yrp | €) (under the

posterior) and the ppd can be distinguished by a statistic 7. A large psd thus indicates increased
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Figure 4.2: Left: The posterior of 6. Right: The posterior predictive distribution of (yi, y2).

risk of information loss when using a ppp-v compared to (4.7). An example shows how this
information loss can make falsification with a ppp-V difficult in practice.

Lety = (-10, 10), with model
v, y2 9 student-t (0,1,10), 6 ~ uniform (=15, 15), 4.11)

where student-t(u, o, d) is the t distribution with location u, scale o, and d degrees of freedom.
This results in a multimodal posterior, plotted in the left panel of Figure 4.2. The right panel plots
joint samples from the ppd, which is also bimodal.

Consider test statistics 71(y1, y2) = —y1 and T2(y1,y2) = y2, and let pr,(0) and pr,(6) be
the corresponding conditional ppp-vs for f(y1,y2 | 8). Figure 4.3 plots these against §. The
ppPp-Vs pr, and pr, are = 0.165, above usual thresholds for rejection. However, the cppp-vs
are vanishingly small over the bulk of the posterior support, suggesting that the model may be
improved by introducing a scale parameter, or allowing the means to differ for the two observations,
for example.

This example points towards a notion of power which does not make reference to the frequency
properties of the ppp-v. Specifically, we will consider a model assessment underpowered if there
is additional data (e.g. that contained in (4.7)) which would cause us to consider the relevant aspect
of model fitness deficient despite the particular model assessment passing (e.g. a ppp-V not falling
below a rejection threshold). Therefore, we view an increasing psd as increasing the risk of our

chosen model assessments suffering such power deficits. In these cases, we have to work harder to
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Figure 4.3: Conditional posterior predictive p-values for 77 (left panel) and 77 (right panel), eval-
uated at and plotted against posterior draws of 6.

find strong evidence for the falsity of the model (e.g. by examining the conditional p-value plots

in Figure 4.3), and in this sense the model exhibits weaker falsifiability.

4.3.1 Posterior sampling divergence and model expansion

Since y and y, are conditionally independent given 6, it follows that the average psd reduces
to the conditional mutual information (cmi): E sy psd (y) = L5(0.y.yp) (6, ¥rep | y). For base model

Gvase(0,y) and expansion g(0, A,y), we define

Apred = Eq(/l) [Iq(O,yrep,yM)(O, Yrep | y) - IQ(G»YrepayMO)(O’ Yrep | y)] .

Using the chain rule for cmi, we can then establish the following cmi decomposition:

L ((6,2), Yeep | ¥) = Tgy (6. ¥rep [ ¥) + A"+ 1 (A, ¥rep | ¥) (4.12)

As in our decomposition for the mi (4.15), the nonnegative term I, (A, yrep | ¥) creates an up-

ward bias for the cmi. In some simple examples, the cmi can be computed exactly:

1. For base model y | 6 ~ normal (6,1) and 6 ~ normal (0,1), we get I(6,yep | ¥) =

log (3/2) /2. Adding a redundant location parameter, we get

y | @ ~ normal ((01 + 02)/\5, 1) , 01,0, " hormal (0,1).
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After an invertible reparametrization (u, u2) = ¢(601,6>), this model is just y | 6 ~
normal (ug, 1) and uy, uo “d hormal (0, 1). By invariance of the cmi under invertible reparametriza-

tion, we have:
1(0, Yrep | y) = I(ﬂ, Yrep | Y) =h (/Jl | Y) - h (/Jl | y. yrep) = 10g (3/2) /2

. Now consider a normal location model with datay € R?" forn > 1:
yi “d hormal (6,1) for1 <i < 2n, 6 ~ normal (0, 1) .
Dividing y as y = (y!, y?) € R"™? and introducing separate means 6}, 6, we get:

y{ id jormal (6;,1) forl <i<nmandj=1,2, 01,6, iid 1 ormal (0,1).

4n+1
2n+1

Now the cmi of the base model is CMIyuee(n) = %log ( ), whereas the cmi of the ex-

n+l

panded model is CMIeyp (1) = log (@) We have CMlexp(n) > CMlpyse () for all n with

CMlexp(n) — 2CMlpgse(n) as n — oo.

The change in cmi can be separated into two pieces. First, by splitting y, we reduce the

data we have to estimate each of the means 6; and 6,. This is reflected in the inequality

log (‘Z‘Z:}) > log (%1”:11 ) But parametrizing with two independent means adds a degree of

freedom in the sampling distribution of the expanded model, doubling the constant factor,
which dominates the comparison. However, the latter effect will not always determine the

change in cmi between models, as the next example shows.

. We take the normal-normal base model from the last example with y € R” and expand it by

adding a precision parameter and using a normal-gamma prior:

yi id ormal (91, 9;1/2) forl <i <n, (01,6,) ~ NG (0, Hoss 2,;1(,;)
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Figure 4.4: Percentage change in cmi from the base model to the expanded model against data size
n for a range of noise levels r = Hgs /n.

Here, u 6,1 > 01is the prior mean of the variance 6, !. The marginal prior on #; is normal (0, 1),
matching the prior in the base model. Figure 4.4 shows estimated percentage changes in cmi

from base to expanded model against »n for a range of noise levels r = Hos! /n.

As before, increasing n makes it easier to distinguish sampling distributions, increasing the
cmi. Likewise, the added degree of freedom introduced by the precision parameter increases
the cmi. Hence, most points in Figure 4.4 lie above 0. However, unlike the last example, the
cmi can decrease in the expanded model if r is sufficiently large. This is because, for larger
r, the prior favors sampling distributions with larger scales that are harder to distinguish.
Nevertheless, the effect of the added degree of freedom usually dominates this comparison.
For example, for n = 2, the noise level in the base model is r = 0.5. Unless the prior mean
noise level in the expanded model is more than double that of the base model (i.e. r = 1),

the cmi will increase.

4.4 Formalizing weak identification

We now formalize our notion of identification using the information entropy. First we establish
some notation. For a joint model g(6,y), the (differential) entropy of ¢(@) is denoted h,g)(6),
and the conditional entropy of @ giveny is h,g,y) (0 | y). The mutual information (mi) is denoted

I, (6,y), which will at times be extended to a conditional mutual information (cmi), denoted by
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I, (6,y | x), when the joint model extends over an additional quantity x. When distributions are
clear from context, we may drop subscripts from entropies and mutual informations, writing e.g.
h(@) and I (0,y). The reader who is unfamiliar with information theory may consult the appendix
for definitions of these quantities and statements of the basic results that we use. With these
definitions, we can now give quantitative operational definitions of our notion of weak marginal

identification for arbitrary subsets of 6.

Definition 5 (e-Weak Identification). Let I C [d]. We say for any € > 0 that 0; = (0;);c; is

e-weakly identified for data y if

hyo,ly) (01) > hyee,) (01) — €. (4.13)

We also define weak identification for entire models (regardless of data y) by averaging over

the prior predictive distribution.

Definition 6 (e-Weakly Identifiable Model). Let I C [d]. We say 0; is e-weakly identifiable in

p(6,y) if
h(0;|y) > h(8)) —e, (4.14)

or, equivalently, if 1(6;,y) < €.

Henceforth, we will leave the e-dependence of this definition implicit and simply say that a
parameter is weakly identified if it is e-weakly identified for an appropriate value of € (which will
usually be given by domain understanding).

This operational definition of weak identifiability can only be interpreted relative to the prior.
Often, this is a natural quantity to focus on (e.g. when we are concerned with the contribution of a
research finding to existing prior knowledge). However, if we expand a model in such a way that
adds prior information about 6, then it is possible for both the posterior entropy of 6 and the mutual
information to decrease. In other words, identification relative to the prior may decrease while the

posterior becomes more concentrated relative to the base model. This divergence between absolute
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and relative notions of identification can be avoided if we exclude from consideration expansions
which decrease i(6). This will hold for most interesting cases of model expansion.

We can now show that certain model expansions tend to weaken identification in the above
sense. If ¢(6, A,y) is an expansion of gp,se (6, y), then we have the following decomposition of the

mutual information:

L.y (0,Y) =L, 0.y (0,y) + ATP + AP, (4.15)

where we define

AP =Ty0.09) (0,5 1 D) —Ty0.0y) (6, | o)

AIIJOSt = Iq(a,/l,y) (/l, 0) - Iq(O,/l,y) (/L 0 | Y)

The A} term is the difference in the amount of information y provides about 6 given A and
given Ay, averaging A over the expanded model. The A?OSt term is the difference in the amount
of information A provides about @ before and after observing the data y. We regard this as a
measure of the a priori informativeness of A about 8, which is justified by the fact that we have,
AII’OSt > —I (4,0 | y) with equality if and only if € and A are independent in the expanded prior
(ie. if (8,2) = (6)q(2)). When AP < 0, (4.15) shows the expanded model is biased towards

weaker identification of § compared to the base model.

4.5 Marginal entropy and sampling divergence

Let gpase(y, €) and g(y, 6, 1) be a base model and expansion. Consider the following two

extreme scenarios:

* Let foase(y | @) = f(y) for a density f. Then the likelihood is constant, and A, (6) =
hgpwe (0 | Y, Yrep) for all y and yep. It follows immediately that 1(6,y) = 1(0,yep | y) = 0,
and so any nontrivial expansion of gp,se With @ and A independent must decrease the marginal

posterior entropy of € and increase the cmi.
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* Let pgbase(y | #) = normal(y | 6, 1), and then take the expansion f(y | 6,4) = foase(y |

6+ ) with priors § ~ normal(0, o) and A ~ normal (0, o3). We then have for the expanded

model that
1 0'02 1 1+2(a'02+0'§
I1(0,y) = =log |1+ , 1((6,2), =—1lo .

Similarly, the cmi in the base model is

1 1 +20°2
I(O,Yrep|Y) zilog( 1+0_29)~
0

Both cmi expressions are bounded above by % log(2). Furthermore, by taking 0'92 large, we

can ensure that the cmi for the base model is arbitrarily close to this limit. Then the cmi can
increase only negligibly in the expanded model regardless of 0'%. However, fixing 0'3, the

mi in the expanded model tends to O as O'/% — 00,

In each case, one of the models has singular Fisher information, and either the mi or cmi
degrades (i.e. decreases or increases respectively) while the other changes at most negligibly. We
can show in certain cases that a similar phenomenon occurs in between these extremes (i.e. when
the Fisher information is nonsingular and the (conditional) mutual information is not (maximized)
minimized). In particular, the following result demonstrates a trade-off asymptotically between
worsening (i.e. decreasing) mi and worsening (i.e. increasing) cmi.

We can now state our main result which connects the patterns observed in the last two sec-
tions and demonstrates a trade-off between mitigating the downward bias on identifiability and

mitigating the upward bias on falsifiability in any particular instance of model expansion.

Theorem 4. Let g (0, 4,y) be an expansion of qpase(0,Yy), and let {Li}flzl and {Lfond}f:1 be the
eigenvalues of E1p,5e(0) and EZ(0 | A) respectively, where 1(0 | A) is the Fisher information of
the expanded model with respect to the components of 6 alone. Assume that:

1. the marginal priors quase(0) and q(0) are log concave, and their covariance matrices have
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unit spectral norm. (This norm assumption can always be satisfied as long as A contains a

hyperparameter governing the scale of 6; see appendix for details.)

2. the posteriors quase(0 | Yyr) and q(0, A | yar) are normal for all yy; for M large, where yy

is a vector of M i.i.d. draws from the models fuoqs.(y | -) and f(y | -) respectively,

3. the matrix norm moments E|| Tpase (0)]1%, Bl Tpase (6)~|% E||Z(0, )| E||1(8, )" are
bounded above by universal constants, and similarly for squared norms of the posterior

covariance/precision matrices,

4. and a few other regularity conditions on the smoothness of the relevant densities and tails of

the spectrum of the observed information. (See appendix for details.)

Additionally, assume the distributions of the Fisher information and posterior covariance spectra
are not too skewed in the sense of Lemma 9 in the appendix. This ensures that these (random)
matrices are sufficiently well-summarized by their means. Under these conditions, for increasing

functions ; and s, we have the following inequalities:

d d
Ibase (¥, 0) < i Z Li 1, Ipase (YIep’a | Y) 2 loéd Zl/’f (Lj) (4.16)
J=1 Jj=1
d
L(y.0) <wi| D [ - 1a1,] |,
=1
1 d
I (Yrep, (6, 2) | y) 2 og 4o Z;wf (zj‘md) +A'|, (4.17)
=

where A/ > 0. We also have [A'] j>0forj=1,...,d when 0 and A are independent under the
expanded prior and in general whenever 6 and A are sufficiently more dependent in the posterior

than the prior. Expressions for the A terms and  functions can be found in the appendix.
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Further, suppose that A tends to reduce the information gained about 0 in the sense that

Eqbase(ﬂ) Ibase (0) - Eq(O,/l)I(a | /l) > O’ (418)
then we have
d d
i D < Yy (4.19)
j=1 j=1

If on the other hand (4.18) is reversed, we get

Yr(y) - (4.20)

Zd: ur () =
=1

.
P~

This formalizes the trade-off between identifiability and falsifiability that we noted in the previous

sections.
Proof. See appendix. O

We remark that the A’ and A/ terms above are analogous to the bias terms in the identities (4.15)
and (4.12), pushing the bounds (4) in the adverse directions. These terms also tend to increase in
magnitude with the expanded model dimension. Along with the observed trade-off behavior, this
substantially generalizes the pattern we observed in our introductory regression example, where
predictor correlation structures that offered better identification created greater posterior uncer-
tainty about the sampling distribution and vice versa.

We can interpret this theorem in a positive and negative light. Negatively, when our prior
information is relatively unstructured, the process of model expansion may force us to confront
either weakly identified marginal inferences or a large posterior sampling divergence. Positively, a
prior with sufficient dependence between the parameters may allow us to avoid these difficulties,
even if this prior is weak in the sense of carrying relatively little marginal information about any
particular parameter. In the next sections, we explore examples where these two difficulties occur

and demonstrate how they can be partially overcome with sufficiently rich posterior summaries.
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4.5.1 Example: inference under poor identification

The next two sections explore methodological implications of the above results with concrete
examples. Here we consider an example in which we get ‘stuck’ between an implausibly simple
base model and an expanded model where the parameter of interest is too weakly identified to
allow strong conclusions. We then show how the expanded model can still support nontrivial
inferences which, in this case, inform how we should collect future data. In so doing, we hope to
demonstrate (i) how the concerns raised in Sections 4.4 and 4.5 motivate looking beyond standard
marginal posterior summaries, and (ii) that weak identification need not be an inferential dead end

for a statistical analysis.

Two models for grouped data

We first define three simulated data sets, each generated by drawing random samples of M
measurements from each of L subpopulations. We take M = 2 and L = 20 for all data sets, but
vary the ratio of within- and between-subpopulation variances between them. Section 2 of the
Supplementary Materials provides a complete description of the data generating process.

Figure 4.5 plots the data, with a row for each subpopulation, a column for each data set, and
dots for the individual measurements.

The unobserved grand (i.e. superpopulation-level) mean will be our quantity of interest. We
also assume that more positive values of the grand mean represent “better” outcomes (i.e. more
desirable from the researcher’s standpoint). We will think about identification of this mean in terms
of both the change in entropy from prior to posterior and the degree to which the posterior can rule
out “practically insignificant” values, which we define as those with magnitude less than 1.

In our base model, we assume the subpopulation-level distributions are identical. Letting y,,;
be the data with 1 < m < M indexing measurements and 1 < / < L indexing subpopulations,
the sampling distribution is y,,; “d hormal (u, o«). We assign the grand mean u a normal (0, |uo])

prior, with g the “true” value used in simulating the data sets. We treat o, as a hyperparameter

which we set to a prior guess.
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Figure 4.5: Columns: the three data sets. Rows: the 20 subpopulations. Cells: the two data points
drawn from each subpopulation, connected with a horizontal line to show their range.
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Figure 4.6: Histograms of samples from the posterior distributions of ¢ under the base model fit to
each data set. The red curve shows the density of the prior on p.

Figure 4.6 shows the histograms of draws from the posteriors with the prior density. For each
data set, the posterior standard deviation is ~ 1/4 the prior standard deviation, and the probabilities
of a practically insignificant effect are between 2% and 10%. Thus, we have improved on our prior
knowledge, but the posterior cannot rule out an insignificant effect.

Two features of the base model stand out for criticism:
1. We usually cannot confidently guess the scale o, with just prior information.

2. The subpopulation distributions could be distinct, so we should not assume otherwise.
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Figure 4.7: Histograms of samples from the marginal posteriors of u under the expanded model fit
to each data set. The red curve shows the density of the prior on .

Our expanded model makes the scale unknown and allows for different subpopulations:

Yor " normal (6;,07),  6; "¢ normal (1, 7),
4.21)

p ~ normal (0, |:u0|) > g ~ gamma (ac,by), T ~ gamima (ar,br) .

Now, ay, by, ar, b, are hyperparameters of the model. The a, and b, are taken so that the prior
mode for o equals our guess .. The prior p(u) and g are unchanged from the base model.
Setting o = 0 and 7 = 0 recovers the base model as a special case.

Figure 4.7 shows the posterior inferences for u in the expanded model. In the first and third
data sets, the posterior standard deviation is ~ 1/3 larger than in the base model. For the second
data set, it is more than twice as large as in the base model. In all cases, the standard deviation is at
least a third that of the prior. Similarly, the probabilities of a practically insignificant effect are all
at least three times larger than in the base model, ranging from =~ 6% in the best case to over 30%.

We might now return to the base model or focus on subpopulation means to improve identi-
fication. However, the former is inadvisable since the base model was implausible, and the latter
will likely fail since the subpopulation sample sizes are tiny. A less convenient but much safer
approach is to gather more data. In fact, inferences from the expanded model can yield relevant

information for future data collection despite the weak identification.
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A bootstrap comparison of two sampling schemes

It has been recognized that bootstrapping new data sets, fitting a Bayesian model to each, and
then aggregating the results can provide more information than the fit to the observed data alone
[17]. This idea has been used, e.g., for model criticism and selection tasks [48, 47]. Here, we
demonstrate that a similar procedure with a Bayesian parametric bootstrap of future data can help
us learn about how to sample future data despite the underwhelming marginal identification of the
posterior.

First, we must identify the candidate sampling schemes. We may sample the same subpopula-
tions that we sampled originally, or we may sample from new subpopulations, or some combina-
tion of these. If the within-subpopulation variance is low, then sampling the same subpopulations
may yield little improvement for identification. If instead the between-subpopulation variance is
low, sampling the same subpopulations may provide enough information about the individual 6; to
identify u well. The issue may be further complicated by cost differences. For our purposes, we
assume that a sample from a new subpopulation is four times the cost of a sample from an existing
subpopulation.

To simplify our comparison, we focus on whether it is more efficient to sample exclusively from
existing subpopulations or from new subpopulations. To answer this, we use the joint posterior over
parameters and replicated data to simulate sampling new data with these two schemes. We then
compare posteriors on y after refitting the model to these enlarged data sets. Replicating many
times then allows us to assess the relative risks and benefits of each approach. Figure 4.8 diagrams
these resampling schemes with full pseudocode in appendix. We take M"*" = 8 additional samples
from each of the L = 20 existing subpopulations in the first scheme and M = 2 samples from
L™ = 20 new subpopulations in the second scheme. These are performed at equivalent overall
cost, hence the difference in total sample size. We replicate each scheme R = 500 times. We also
repeat this process with the prior replacing the posterior at each step in order to demonstrate that
the posterior inferences differ in relevant aspects from prior inferences despite the marginal weak

identification.
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Figure 4.8: Schematic representation of our two resampling schemes. Dashed arrows represent
sampling the output variable conditional on the input. Solid arrows represent that the output vari-
able is formed by evaluating the circled function on the input variables.

For each of the r = 1,..., R replications and each method, define the ratio p, = 0'(’)/ Tobs»
where 0" is the posterior standard deviation of u for the r expanded data set simulated from
the given method, and where oy is the posterior standard deviation of u given just the observed
data set. Table 4.1 presents the averages of these ratios over all replications p = % Zle p, for each
method and each of our observed data sets.

Despite weak identification, the posterior and prior columns differ, indicating that our simu-
lated data reflects information learned from the observed data. Furthermore, the average improve-
ment to identification for each scheme depends substantially on the data set, with each scheme
winning in one data set and tying in the third. This clearly demonstrates that the posterior contains
useful information, and that the weak identification of our parameter of interest is not a dead end
for our statistical analysis using this model.

Figure 4.9 gives a finer-grained comparison, plotting histograms of the p, for the two schemes.
While the first data set yields a tie in the comparison of averages, the distribution of p, is wider
when sampling the same subpopulations than when sampling new subpopulations. This suggests
a risk-reward trade-off: the latter scheme gives a more predictable reduction in uncertainty while
the former carries the possibility of a greater reduction. Together this demonstrates that we can get
nontrivial inferences which depend strongly on the particular data observed despite weak identifi-

cation.
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Same sub- | New sub- | Same sub- | New sub-

pops pops pops (prior) | pops (prior)
Data set #1 0.74 0.74 1.18 1.04
Data set #2 0.69 0.8 0.74 0.77
Data set #3 0.94 0.71 1.16 1.03

Table 4.1: Values of p computed with 500 parametric bootstrap resamples separately for each (i)
data set, (ii) future data sampling scheme, and (iii) choice of posterior or prior.

Sampling scheme:
. Same subpops
. New subpops

1185 B1EQ

z18s BIEQ

€188 BEQ

0.4 08 08 1.0
simulated posterior sd with new data / posterior sd with observed data

Figure 4.9: Histograms of estimated posterior standard deviations of y for 500 simulations of
future data under each sampling scheme and each data set.

4.6 Conclusions

When constructing a model for a given data analysis, a statistician should balance various

desiderata, including:
* model predictions compatible with what is known about the world;
* inferences sufficiently well identified to support nontrivial conclusions;
* model checks powerful enough to reveal frictions between model and data.

When model checks reveal deficiencies, the first item is no longer satisfied, and a better model
should be sought. In practice, this is often an expansion of the previous model. If such expansions
are not accompanied by sufficiently strong prior information (in the form of prior dependence of

parameters, not the marginal scales), then our results demonstrate that a tension may easily arise
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within these three goals as the model dimension grows.

Insofar as the first desideratum is most essential, this motivates methods that can extract useful
information even when one of the latter two desiderata are not satisfied. One avenue is to pursue
richer inferential summaries. As demonstrated by the last two examples, the full posterior often
contains such rich inferential data. This data is both accessible (by looking beyond e.g. marginal
means, standard deviations, and p-values) and capable of supporting nontrivial conclusions (which

are concealed by the common marginal summaries).
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Appendix A: Appendices to chapter 2

A.1 Proof of lemma 5

To prove Lemma 5, we prove Lemma 6 below. Notice that part (a) and (b) of Lemma 5 are also

part (a) and (b) of Lemma 6, only now Lemma 6 also has parts (c)-(g) as well.

Lemma 6. Throughout the lemma, we use ¢ and C to denote constants that do not depend on the
iteration number, but which may vary in their exact value between usages. The values of C, C}, ¢k,

and ¢ for k > 0 are given in (2.74). Let X, = ¢ mean
P(|X,—c| >¢€) < Ck4C,'<_1 exp (—cc’k_lnez/k7) ,
and let X,, = ¢ mean

P(|X, —c| > €) < Ck*Cr_y exp (—cck_lnez/k7) .

(a)
1
P (N||Aq“k/°“t||2 > e) < CKC)_y exp (—cc}_ne/k?), (A.39)
1 in
P (NnApk/"“‘n2 > e) < CKCyor exp (—cer-ne/k?). (A.40)

(b) Let ¢ : R¥*? — R pseudo-Lipschitz, or satisfy the following bounded conditionally pseudo-
Lipschitz condition:
(a) ¢ is continuous in all inputs.
(b) ¢(-,w) is pseudo-Lipschitz for each w with PL constants continuous in w.
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(c) The domain of w is compact.

Then we have

1 N
Z ¢ ( qk+]]l’ [qgut]i,
l=1
N

NZ ( S [ 1951 -

where the Qm/ are Jointly Gaussian with Q,

in/out
[Ev,k+l

in/out
[Zuk

1ij, the Pm/ are jointly Gaussian with P,

out
s [

1o [Wh) 2B {6 (Ol ... 011 05, 051,

(A41)
[P, [w ],-) iR {¢ (Pg’, L P ot pout, W)} ,
(A.42)

in/out

N(O, T;I;/Om) and E{Qi.n/othi;l/out} —

in/out

N(O, Tli;;/out) and E{P;n/outpijp/out} _

lij, and w is any vector independent of the p and q iterates that concentrates expo-

nentially fast (see Definition 3) around some limiting variable W with finite second moment.

(c) Forall k > 0,

| i . 1 _; i .
N[ ;Cn-ﬁ)ut] Tu;)n/out 20, N[ ;{n/out]Twlqn/out 20, (A43)
1 in/outy7__in/out -
L A (A.44)
(d) Forall) < j <k,
1 u ut - 1 u
~ [q;n/o t]T in/out [Evn]/(ilt]jﬂ,kﬂa (A.45)
1. . ] .
N B = [ e (A46)
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(e) Foralll < j <k+1andforallO<i<k,

1 . 1 . . .
S = N ek, L g 2 0, (A4T)
1 : S
ST = R e (A48)
(f) For0 < j <k,
P ( aian/out Elan/om > e) < C'k*C_  exp (—nc’c}c_lez/lg) ,
2|y — oo | = €) < Ckicy exp (<ne'cy /K7, (A.49)
1 in/outy7__in/out 1 in/outq7__in/out -
N[ k ] W = 0 N[q] ] Ui =0.
For0<j <k,
P ( cx;nk/om - _i[?]fom > e) < Ck*Cy_y exp (—ncck_lez/k7) ,
P ( y;nk/out _ —i]nk/out > 6) < Ck4Ck_1 exp (_nch_162/k7) , (A.50)
%[pijp/out]TVikn/out _ 0, %[pikn/out]TVi]p/out _ 0.
(g) (i)
('—n o] 1|2 - pinl| 2 e) < CkOC)_, exp (—ncc;_l/k9) . (AS])
('—II ol B = o™ 2 e) < CK°Cpyexp (-ncc1 /K°) . (AS2)

(ii) For1<i,j<2(k+1),

P ([Clqnfs_):llt]TClnfs_):llt singular) < Ck6C,’{_1 exp (—ncc}c_l/k9) ,

1 .
in/outq7T (~in/out in/out
P [([quﬂ] qu+1) ]”_[Hvk ]ij Z €
ij

< Ck6C,’<_1 exp (—ncc}c_l/kg) .

(A.53)
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Forl <i,j<2k+1,

P ([Cgllgout]TCi;,fout singular) < Ck3Cy_y exp (—ncck_l/k“) ,

in/outy7 g~in/outy —1 _ in/out
P(“([Cl’k ]CPk ) ]ij [H”k ]

t

> 6) < CkSCk_l exp (—ncck_l/k“) .

(A.54)
(iii)

1 n T..in/out; 2 in/out
(| i <o

> e) < Ck3C)_, exp (—ncc;_lez/kll), (A.55)

1 1 T _in/out 2 in/out
P(‘N”[Bcjl/cout] Vk || _qu

> e) < CK3Cy_; exp (—ncck_lez/kn) . (A56)

(iv) For 1 <i,j <2k +3,

P ([Cin/out]TCin/Out singular) < CkSC,’C_1 exp (—ncc’k_l/k“) ,

u,k+1 u,k+1

in/outqy7 g~in/outy —1 in/out
P (H([Cu,k+l] Cu,k+1 ]ij - [Hu(k+1)]l~j

> e) < CkSC,'C_1 exp (—ncc’k_l/kn) )

(A.57)
For1 <i,j <2(k+1),

P ([Civnl/citit TCivnl/;ﬁt singular) < CkBCr_y exp (—ncck_l/k”) ,

in/outyT g~in/outy —1 in/out
P (“([Cv,k+l] Cv,k+1 ]ij - [Hvk ]ij

> e) < CkSCk_l exp (—ncck_l/k“) .

(A.58)

Remark 12. In the course of the Lemma 6 proof, it often happens that the concentrating value

of some quantity is a factor in the rate of concentration for another quantity (e.g. when we apply

Lemma A.3). In theory, we must therefore take care about the varying magnitudes of these concen-

trating values as the iteration number changes. However, in our case, we can ignore these issues

by bounding the relevant concentrating values independently of n and the concentration number.
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in/out in/out

In particular, it suffices to find upper and lower bounds on Tolk and p (pJ )k and upper bounds
—in/out . ., . in/out in/out
on Q@ for all k > 1. Our stopping criteria allows us to assume that the T/ and P i)k

are lower bounded independently of k in our concentration analysis. For an upper bound, observe

in/out in/out
ik < T U either of the 0,y

and o = T;I}( and Theorem 1 with ¢(x,y) = (x — y)?, the state evolution prediction of the mean

that p is a not bounded, then by the translation o = T ok

squared error of X1y or Xai will diverge as k — oo. Similarly, we can relate non-bounded behavior

out

(p/a)k
Finally, recall that by definition, ozj;/ ot = BY( fm/ outy/ (Pln P W m/ out yin  FOUNY Now, un-

fort to predicted divergence of iterates in the state evolution.

s pk’ pk
1n/0ut),

der the strong concavity assumption (Assumption 2), (f, is bounded independently of k, so

we trivially have an upper bound on the size of Ep X " tat is independent of k, and similarly for

—in/out
qk

The proof of Lemma 5 follows by induction on iteration k. We will refer to results (A.39),
(A.41), (A.43), (A45), (A4T7), (A.49), (A.51), (A.53), (A.55), and (A.57) as Qk+1.(a) - Qk+1-(g)
and results (A.40), (A.42), (A.44), (A.46), (A.48), (A.50), (A.52), (A.54), (A.56), and (A.58) as
Pi.(a) - Pk.(g). Then the proof proceeds as follows:

1. Prove Py.
2. Assuming Py, prove Q.
3. Assuming P,y and Q, for 1 < r < k, prove P.

4. Assuming P, and Q; for 1 < r < k, prove Qg+1.
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A.1.1 Showing Py holds

Py.(a) We prove the result for Aino and the result for A;‘(‘)t follows in the same way. From

in _ [ llvgl 1 1n :
Lemma 3, recall Ap() = (llZ'" TR /p ) B cn Z . Therefore, we write

1 i
[N 1Bz Zooll | jjuin . @  (IZ5 [ it —
P >e|=P — Pl = Vel =P — /P = Ve
( VN W1zl V' VN [z V'
® (]l : 1Z5 I
<P po—p‘“O_\/E+P pO 12£,
VN VR T VPR 2
(A.59)
where step (a) follows because [Bém ]TBé,n = I and step () from Lemma 9 using that
IZi 11 | huiy \/pT _ [yl B /p,,oll o < [LW e e 1z,
VN {IZgl N | VN P TIAN NN VN

Now, we bound the first term on the right side of (A.59) by C exp (—cNe¢) using Condition 0
and Lemma 12 along with the fact that ¢ depends on pino > € by the stopping criteria discussed in

Condition 5. Similarly, using Lemmas 15 and 12 and that €] < pin po < 00, we find

P( pl?o

Py.(b) We prove the statement using a general vector w, independent of p and q. When this

I1Zi5 I .
7 gl s Ve = < Cexp (—CNE/p;?O).

VN 2

||Z10|| P
— =12 ,
VN 4;011;0

result is applied in later steps in the induction, this value will be wg’/ U Letw = (w(’), w(d)),

where w(?) and w") are the deterministic and random components of w respectively.
Now for the proof, first we observe, using Lemma 3, that p |go0 0 Oglo pO + A , where
we recall that Zpo is a length-N vector with independent, standard Gaussian entries that are inde-

pendent of the conditioning sigma-algebra and Oi,?o € R¥*V is a deterministic orthogonal matrix
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(since we have Civ% = () as defined in (2.39)). Using the notation defined in Lemma 3,

};‘OZPO B, Z), Z0%, + Ben 20 = B Z), z 71, (A.60)

An analogous representation holds for pgut. Therefore, using Lemma 9, we find

( 2 6)
( ZN:‘ (\/T Zlﬂ] [Ai;o]l-,\/@[zout] [A;%t]“[ ]l)

- o (Ve oz )| = 5)

€
> —
2)

where to make the above well-defined, we continue our convention of letting [Z;L(‘)t]l- = [A‘V’gt]i =0

1 idb( (o315 (05" 1, [w1:) — B { (Pir, P, w) |

i=1

N

S (i ) <5 o)

i=1

(A.61)

for M < i < N. Label the terms on the right side of (A.61) as 77 and 7>. If ¢ is pseudo-
Lipschitz over all inputs jointly, we can bound 77 using the triangle inequality and Cauchy-Schwarz

as follows:

L
T <P(— [1+2 in
1 N;

[Zout]

(205,11 + 2o

+ 2 (Wil +| AT 1]+ A%

|

x| [1agmli| + |tagan| | = 5)
L R v A o ||Z‘O|| oo VB IR WA e
i} VN OVN CNPOTUN YN T YN YN | AL

o[ MRl AT - ||ZIO|| 50wl ARl A e

1/ + + —

VN ,/— pO M ,/_ VN M 8L
where the last inequality follows because M < N. Now we observe that \/_|| 0|| and \/_||A°‘“||

concentrate around 0 by Py.(a), \/_||Z1 ol and \/_||Z°‘“|| concentrate around 1 by Lemmas 12 and
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15, and |w|| is further bounded by \/L]_V lw) || + 28 max, Which concentrates around VEW2+258ax

-l
VN
by the assumption of the part (b) statement. The overall concentration of term 77 then follows from

application of Lemmas 11 and 9. We note that the rate of concentration will depend on the values

out

pglo, %t and EW? all of which are assumed to be finite, with pglo and o

20° not too small by the

stopping criteria discussed in Condition 5; so all are absorbed into the constants.

If on the other hand ¢ satisfies the bounded conditionally pseudo-Lipschitz property, then the
functions f; = ¢ (-,-, [W];) are each pseudo-Lipschitz with PL constants that satisfy a common
upper bound (since the PL constants are continuous in the [w];, which are themselves contained in
a compact set by defintion). In this case, we can apply the exact same strategy as above with the f;
in place of the ¢ and obtain an analogous bound where the ||w||/VN term is dropped and L is now
an upper bound for the PL constants of the f;.

For T3, note that for all i for which the expression is defined, we have by part 1 of Lemma 4

[I*)Bn/out]i — /pi;lgout[aj?ozi;({out]i 4 /p;lo/out [Z;lo/out]i’ (A.62)

where the final equality uses that 62‘0 = Oi;O, due to the initialization of Algorithm 5 (see the

that

discussion following the presentation of the algorithm) and (A.60); hence, 6;‘02214” 4 Z;‘O.

Moreover, by part 3 of Lemma 4,

[I*)g]/out]i i Pé)n/ou':‘ (A63)

Thus, if ¢ is jointly pseudo-Lipschitz in all inputs, then by Lemma 18, the f; = ¢ (-, R w(d)) are
again pseudo-Lipschitz with common constant (by the boundedness of w(?)). We can thus apply
Lemma 17 to these f; to get concentration for 772.

If instead ¢ satisfies the conditionally bounded pseudo-Lipschitz condition, then letting Ep
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denote the expectation with respect to (Pi", PJ"') and using Lemma 9, we get the further inequality

Tz—P(%irb(\/pTI})[Zj?o]i, oo 1Zouls wli) ~ E {o (P0.PE W) || > §)

= (A.64)

= o (o izl oz W) - B o (P, B3 ()

i=1
1 €
+P > —|,

N
J— Z EP {¢ (Pé)n, P(O)Uta [W]l)} -E {¢(Pin’ Pgut’ W)}
Let the first term on the right side of (A.64) be denoted 721 and the second term be denoted 722.

€
4

i=1

For T21, note that if f;(p1,p2) = ¢(p1, p2, [W];), then by the conditionally bounded pseudo-
Lipschitz condition, the f; are pseudo-Lipschitz with constant continuous in [w];. But since the
[w]; are bounded, so too are these constants. Thus, the f; are all pseudo-Lipschitz with some
common constant B, and Lemma 17 again gives concentration for T21.

For T22, the continuity of x — Ep {¢(Pi“, Pg‘“, x)} and the fact that the [w]; are bounded and
either i.i.d. or deterministic implies that the terms of 722 are bounded and independent. Thus, the
desired concentration rate is given by Hoeffding’s inequality.

Py.(c) The result follows using Py.(b) with the pseudo-Lipschitz functions ¢(p™, p°, w) =
p™w and ¢(p™, p®, w) = p°®w along with the facts that E{P'W'} = 0 and E{PJ"W3"} = 0,

. i t
since W/°u

» " and Pgl/ °““ are independent.

Py.(d) The result follows using Py.(b) with the pseudo-Lipschitz functions ¢(p™, p°t, w) =

in)2 out out)2.

(p™?and ¢(p™, p**, w) = (p

Py.(e) — (f) These are proved in exactly the same way as Px.(e) and Py.(f) in Section A.1.3

with j = k = 0 throughout and where references to Qk.(f) are replaced by our assumption that the

initial sequences y;no/ U converges to 7% U Thus, we omit the details here and refer to the proof

of the more general case of Py.(e) and Py.(f).

1
in
Cv()

Py.(g).(i) Because Civ% = ( is empty, B, is a deterministic orthogonal matrix; therefore,

| [Bém ]Tpg‘||2 = ||pg‘||2 = ||u2)“||2 where the second equality follows as pi)“ = VuioIl in Algorithm 3.
v0

The result then follows from the assumed concentration of ugl and the definition of pglo in (2.72).
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Py.(g).(ii) By (2.37), Cm/ out pm/ U Thus, the invertibility of [Cm/ Out]TCm/ U just requires
that [p:)n/ OUt]Tpgn/ U % 0, which is true with probability one. Moreover, by Py.(d), we know that

. 2
[pgl/ Om]Tpm/ °U'/N concentrates to E [P:)n/ Om] and since, by Py.(d) and (2.73),

. -1 . 2 . 2
[H;no/out] :E[U(l)n/out] _A}l_rgo_” m/out” _ hm _”pm/outllz :E[Pz)n/out] ,

m/ °"in the

the desired result follows by Lemma 13. Application of Lemma 13 will put a power of T,
numerator of the rate of concentration; this can be lower bounded by the stopping time assumption.

Py.(g).(iii) We prove the ‘in’ version of the result, while the ‘out’ version follows correspond-
ingly. Recall, Cin = pin by (2.37) and Blin € RVMN-1i5 an orthogonal matrix with columns that

form an orthonormal basis for range(C! O)l = [pi]*. Thus, the matrix [BJ'lrl py/lIpitll] € RVN

is orthogonal and

2
1 T T 2
THES Be vo| =B, 1"Vl M (A.65)
Ipin I~ [pir]” Ipg'l
Rearranging, this gives us
; ([vi pi)?
1By 17V = 11V ||2—”1—n”§. (A.66)
0

Finally, recalling that piqno = E{[V/"]*} from (2.72) and using Lemma 9, we have

)+P —([ ] p812>f )
Ipil? 2

(A.67)

t\)lm

N

1 . i
P (' 1B 151 = Pl

Ze) (’—n vll? = B{[V\"P =

The first term concentrates by Py.(e) since Ziv% = }E{[V(i)n]z} by definition. The second term
concentrates by Py.(d), Py.(f), Lemma 13, and Lemma 11.

Py.(g).(iv) To show that [C]7C™ is invertible with high probability, recall that C% =
[Pi)n Vgl] = [pz)n vg‘] by (2.37); therefore, det([Civnl]TCian) = ||p I ||Vm||2 ([p%)n]TVg‘). Not-
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ing that ||pm/ Y = lla, in/ ||, we have by Py.(e)(f), Condition 0, and Lemmas 9 and 10 that this

concentrates around (ZIO)( O) > (0. Then we have

1 [Vm T 0 [pbn T

T 1 _
([Cm] Cll) in 17 (vin in in in in
det([CITCR ) |<[piTVE (ol

(A.68)

By similar reasoning, namely via Py.(d)(e)(f) and Lemma 10, the entries of (A.68) have the

desired concentrate concentrating constant given below using the definition of Hiv% given in (2.73).

@™ 0
0 (zin)!

_ yyin
=1I0,.

A.1.2  Showing Qq holds

Q1.(a) First, recall that by Lemma 3,

1L JTyin
1n]T in ||[Bcin] Vo ”

P . . .
in _ 0 in _ L in in ) in
R I R

Labeling the above three terms 77 - T3, we have ||Al 1> = 1T +T+T3)1> < 3T 1> +3)|T- 112+ 3]| 751

by Lemma 16. Hence, it suffices to derive bounds for P( ITi|1> > §) fori € {1,2,3} by Lemma 9.

([pir]7vin)

For T;, we have ||T;||*> = I ‘"|I2 which concentrates by our Condition 0 on uy, Py.(f) and

Lemma 13.

For T», observe that || B, Zm olI* = [Z‘“] [BX. 1"B-. Zm = ||Z‘ |> using [BL "Bt =1
Cao 4 Co Cuo Co Cuo

and therefore

. 2 2
B, Vel I T
ITsIP = | ol 1B ZilP = | = ol 121
EEA EARK
2
= II[Bém] Vo ll = [P IZgoll|
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By Lemma 9 along with Py.(g).(iii), Lemma 15, and Lemma 12, we have the desired bound using

in
€ i i /00 in
(7||T2||>\[) r‘” 6 IV = Vol + \| 52 1zl = 1| = \[

Finally, notice that ||73|| = pi“O||BCm Zln oll- Observe that because rank (Cm ) = 1, the matrix
q

BC% is just a unit column vector. Furthermore, Zm has length 1 (by deﬁnition)' thus, is a standard
normal. Combined, these give us that ||BC.n Zln oll = |Z‘0|||BC.n | = |Zln | = |Z| with Z ~ N(0, 1).
So the above concentrates by Lemma 14.

Qq.(b) The first part of the proof of part (b) follows as in Py. Using Lemma (4) part 2, we

have [qgl/ i 4 [ﬁgl/ °U11;; hence, by Lemma 9 we have

N
1 20 ([af1i 0", [wi1:) — Eo (0f 05" W) > €

i=1

(

A

I
g
2I~

|
lN 1 N
25 (110 570 ) = 5 2 (1611570 071

i=1 i=

( i (1a815, (@51 [wir):) - B (03, 05, wir) | > )

=1
Now, using Lemma 17/Hoeffding’s inequality and Lemma 4 part 3, we can bound the second

ﬁ}b( 1is @515, (W) — B (0B, 08", Wir) | >
i=1

IA

<P

\Y
N M
S ——

ZIH

N m

term above using exactly the same strategy as in the proof of Py.(b). For the first term, if ¢ is

pseudo-Lipschitz in all inputs, we can apply the pseudo-Lipschitz property and Lemma 4 part 2 to
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1< . 1 <
N 2 (8 [0 T ) = >0 (1455 15" (i)

: -3
P i=1 2
1 N ~in —~out in out n €
<p N;‘qﬁ([q 1o LG5 T5 TWT) = & (16715 10515, IwE' )| = 5
N
<P %;[lmm]nw‘“}|][1+z|[ I+ 21151+ 20 (Wi L+ 1[AZ )i+ (AT | > §)
N | [Aout] | | [(*]in]il 1[qe ;| | [Win]tl [[A! O] | [Aout] | .
P 40 142 42— 41 2/
<er \/_[+«/N+x/ﬁ+\/_+\/_+‘/_2

where the last inequality follows from the fact that M < N. Now this term can be shown to con-
centrate in exactly the same way as in Py.(b), namely applying Cauchy-Schwarz to re-express the

above in terms of norms, then applying Qy.(a) to the ||Am/ out

|| terms, our concentration assump-
tion to ||[W2||/VN < 2Wax + [[[W]4]|/VN, and Lemmas 4 part 3, 12, and 15 to the ||qm/°m|| as
in (A.62)-(A.63).

If instead ¢ satisfies the conditionally bounded pseudo-Lipschitz condition, then we can apply
the analogous strategy to the functions f; = ¢ (-, : [wiq“]l_), which are themselves pseudo-Lipschitz
with respect to a common constant (since these constants are a continuous function of the bounded
[wiq“],-). The resulting bound drops the 2| [wiqn] i|/VN term, but is otherwise unchanged.

Combining these inequalities, this completes the proof of Qy.(b).

Q1.(c) — (f) For the inner product [uy ] qO, note that [ui)n]i = [wiqn]y forl <i < N, and
(qo qQ™, iq“) - [ug’]Tq}')n is pseudo-Lipschitz of order 2, so by Q;.(b), we have that this con-
centrates to E [QoUp| = E[Qo]E[Up] = 0 since Q¢ and Uy are independent by hypothesis and
EQp=0

For the inner product [uj in] Ty

ul", we expand the definition of ul"", obtaining

1 .
— [[ubn] (qO , qgut’ m’ qu, y;n]it) a,m [u 1n]Tq6n
qk

Showing that this quantity concentrates around EUyU| uses the definition of Uy and U; along with
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the previously established concentration of a;“k in Qq.(f), the previously established concentration

of [ul']"q{ (above), and the concentration of [u']” fI" (qg‘, q", w;“,y;“k,yg‘,f) , which follows

from Qq.(b) and the fact that the above is pseudo-Lipschitz in (qg’, qg‘“, Wiqn). The details of the
argument are entirely parallel to the details of proving Px.(e), which we present explicitly as that
is the more complicated case.

The rest of these follow by applications of Qj.(b) and concentration of oziqno/ °““in the same way
that Py.(c) — (f) were proved.

Q1.(g).(i) We will show that ||[B= ]Tq(i)nll2 concentrates around pi}“o. First, observe that

in
CuO

. ) . ([uin]Tqin 2
T .in[2 inT 0 0
||[Béa;0] Q= lay] qg - W-

(A.69)

Because [q']7 g = [vi"]7v{", using Py.(e), Q1.(e), and Qy.(f), along with Lemmas 9 and 10, the
above concentrates around E[Vé“]2 = piqno as desired.

Q1.(g).(ii) First observe that [Ciq"l]TCiI“1 is invertible if and only if
det([cilnl]TCi;l) = ([ug1 ) ([qg'1" ag) - ([ug'1"qg) # 0.

Using the fact that ||qi)n/ o = ||Vgl/ °“||, we have by Conditon 0, Py.(e), Q;.(c) and Lemmas 9

and 10 that the above concentrates around ZE‘OZ% > (. Now, by Lemma 10, we have that

( [Cin ]TCin )—1 _ 1 [qbn] qul - [qbn] Tu%)n
1 1 - in in . . . . >
a4 4 det([CqI]Tqu) _[qbn]Tubn [ubn]Tubn

will concentrate around the desired constants
in \—1
o
in -1
0 (%)
Qq.(g).(iii) Recall that C;“l = [ug11 qg‘] by (2.37) and that Bém € RY*N=2 i5 an orthogonal
ql
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matrix with columns that form an orthonormal basis for range(Cl )t = ug' q0 M+, Thus, the

matrix [B,

o Bean ] € RM*N is orthogonal and
q

2
1 7T
. Cin .
lu"|? = @@ |y II[BémO]T u'|® + /B 1"u . (A.70)
[BC?I]T

Rearranging, and noticing that || [Bcino]Tuif‘H2 = [uiln]TCiq“l([Clrl 17 1) [Ciqnl]Tuiln, this gives us

II[Bém] u'|? = o]l - [u] " Cl ([Ch T ey T C ] (A1)
Now ||uiln||2 concentrates around (Z‘ 11)22 by Q1.(e), and we have

[ ]TCI 1([Cm ]Tcl 1) [C;nl]Tuiln —

in7,,iny\2 [qO] qO in7T iny\2 [uO]Tubn _ in17 .. in T . in [ugl]Tan
(o) omram (9 rarra ~ 20w (s "1 g)— T

Label these terms 77 — T3. We first notice that
det ([C17C) = g 1P 1wl - ([af 17w’

By Q.(d)(e)(f), with Condition 0 and Lemmas 9 and 10, this concentrates to (Z‘ )22()21 i > 0.
Then T} concentrates around E):%Zl) by the above, Q1.(e), Q;.(d), and Lemma 10. Next notice
that by the above, Qq.(f), and Lemma 10, we have that 7> concentrates around zero. And similarly

by the above, Qj.(e), Q1.(f), and Lemma 10, 73 concentrates around zero. So we ultimately get

that || [Bém ] ui1“||2 concentrates around (Zl D1l EZZ‘)‘“ = pp |» where the equality follows using
(2.70), (2.71), and (2.72) and which say
: : . o . (E[UMUM])? . [Zi“]
P = E{[UP')} - (b [E8] "Bl = B{[UP]?} - ——=—— = [Z ] - —
) (X, 100
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0 0

Qi.(g).(iv) Notice that by (2.73) for k > 1, we have [T ]! = ‘ , SO in
0 Xl
xin 0
particular, [l'[iun]]_1 = ul |, where these matrices are defined in (2.71). Next, define
0 X

F := [e; e; e3] € R¥3, where e, is the i canonical vector, namely the vector of zeros with a
one in the i position, so that for a matrix A, the transformation AF swaps the second and first

column of A. Then, using that bLnl = E[U(i)“U%n] by (2.70),

E[(UP)’] b 0]
FIAI'F = | |bi N
[

0

Then, using F = FT = F~!, 5o that (FT[l'IL“O]‘lF)‘1 = FH%FT, the block matrix inversion formula

gives
- 1 -8, 0]
, 1 .
FII'F' = |+ = in in | . (A.72)
0 H;no Pp1 |- g P [ gll 0]
0 0

In the above, we have used that ', = E[(U}")*]-(b}})*/E[(Ug)*] = EL(U})*] - [} OTLj, [} 0]
and B, = bif /E[(U")*] by (2.72).

Similarly, using that Cg‘l = [ui)n uiln qi)n] and Ciq“l = [u})n qg‘], we get

[Ciqn1 ] Tuiln [Ciqn1 ] TCiqn1

Letting v = ([Ciqnl]TCiqnl)‘1 [Ciqnl]Tuiln, again by block matrix inversion, formula gives us

. . 0 0 1 [
FT([CLHI]TCLHI)_IF — s (A.73)

—_—
: : L 1TIn12
0 ([C‘q“l]TC‘qr’l)‘1 ”[Bcgnl] upll® oy T
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whereweusethatll[Bém]Tu I = ||u ||2—||chu > = ||u 1> ]TC‘I( Cln TCII) [Ciqnl]Tuiln,
ql

using an argument similar to that in (A.70)-(A.71).

Now our goal is to show that, elementwise, (A.73) concentrates on (A.72). By Lemmas 9
and 10, it suffices to show three results. Namely, that ([Cln 17 Ct 1) I concentrates on Hiv%, that
||Bém u "||=2 concentrates on [pgll]‘l, and that v concentrates on [ﬁ‘“ 0]7. Elementwise concen-
tration for ([Ciqn ]TCm) ! follows from Qy.(g).(i), and concentration for || [Bém ] uilnll‘2 follows
from Qq.(g).(ii) along with Lemma 13. Note that the p terms are bounded above by our require-
ment that the state evolution not diverge in Condition 5.

Finally, let (Afiqnl = ([Cln ]TCln )~ and observe that

o (g1 a | ICR T ([ug 1 e + [C Ti2([gf 1wl
y=Crn | 0 = e r (A.74)
[q'] u [Cl 121 ([ug ] ul) + [C‘qnl]zz([qt,“] Tul?
Now we show concentration for the first element of (A.74). By Qy.(e), [u”]7ul" concentrates
y ol

around E[U(i)“Ui“] and by Qq.(g).(ii), we have that [éin ]11 concentrates around l/]E[(U(i)“)2], SO
BlURUR _

E[(UN?]
concentrates around 0 by Qy.(f).

by Lemma 10, we have that [Eiq“l] 11 ( [u’ 1Tu ) concentrates around lqnl by (2.72). Sim-

ilarly, we have that [Eiq“]]lz concentrates around 0 and [qg‘] ulln
Therefore, using so again by Lemmas 9, we get that [éiq“l] 11( [ug‘]Tuil“) + [éiq“l] 12( [qg‘]Tuil“) con-
centrates around B;“l.

Noting that [6;“1]21 and [qg‘]Tu]ln concentrate around O and proceeding similarly gives that
[Eiqnl]gl ( [uin]Tui“) + [Ei“ 22 ( [qin]Tui“) concentrates around 0. This completes the proof that the

entries of ([Cln ]TCln )~! concentrate around the entries of Hm

A.1.3 Showing Py holds

First we prove the following lemma.
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Lemma 7. Forall 1 <i <2k and fork > 1,

in
p||[(tcmar ey cinu| - Poe| | 5 < CkCy_; exp (—ncck_lez/kz).
i 1o

i

Proof. Let CI" = ([C™"]7C" )~! and recall by (2.37) that Cln = [U" QI |]. Then, for 1 <i <
2k,

1n k k
([CLnk]TCIk) [Cm ]T in| _ Z Cm l] 1Jn] T m) _ Z Cm l]+k( qj_l]T m)
(A.75)
Now by Px_1.(g).(iv), we know that the entries of E}(“ concentrate on finite values. In particular,
~. , -1
we know that if 1 < i, j, < k, then [C}'];; concentrates on [Hlv‘jk_l]l- [(Eg’(k 1)) ] where
ij
the equality follows by (2.73). Moreover, by Qg.(e) and Q.(f), we have that [u" l]T u}' and

T

[q] ! uk concentrate on [Z k] okl = E[Um_ Um] = [bm] and 0, respectively.

Therefore, using Lemmas 9 and 10, Z [Cm],j([ o 1] ulkn) concentrates on Zle [(ZL“(k_]))‘l]ij (bg‘k)j =
(xi (k 1)) (buk) = i;‘k],- and Zf':l [C}{“]i,ﬂk([qj_l] uik“) concentrates on 0. The rate of con-
centration depends 1nversely on the magnitudes of the components of (Z;n( k_l))‘1 and bL“k, but
these are bounded above independent of N as discussed in Section 2.3.5.
Now if k + 1 < i < 2k, then we can apply the same analysis, but now for 1 < j < k, we
get [Eik“] ;,j concentrating on 0, so ([Cln 17c ) [Cln 1Tu m concentrates on 0, again with the

desired rate exponential in N, as needed. m]
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Pk.(a) Letting ﬂi =(] Cln rci ) 1[Cln uk , recall by Lemma 3, that we have

ﬁlnk ||[Bé1n] ulknll

in _ ¢~in in _ p _ L in in _rgin

ALk =C} Mok . + 1z ppk BCan 1hopkBClvnkZpk
pk

k 2k
= > (1an e = 1B €y + D THSIICH

i=1 i=k+1
1B, 1wl

qk _ L in in L7
A\ VP By Bk PR Be 2
p

where we have used the notation [Civnk] (i) to indicate the i’ " column of the matrix C‘VI}C

Therefore, by the triangle inequality, we find

2k
[ChTeall+ Y |t ncii ol

i=k+1

k
A5 < Y s = 1B
i=1

B, 17w

+ W—\/ phn ||Z1k||+/0 ||Z1k||
Dk

where we have used that [B%._ "B,

cn 1" B [Bcink]TBcink = I. Then, using Lemma 9, we find

451 L It Ienll _ ve| & IChIcall | Ve
P( ) ZP(\ i pk]ika ﬂ}(;lp (7! —r i
(A.76)
NG, Ml _Lyzing e . ||Z1k|| Ve

— /P 2 — |+
Iz | PHOYN T4k 4k/

In what follows, we show upper bound for each of the terms on the right side of (A.76).

First term of (A.76). Observe that by the definition of Civ“k in (2.37), for 1 < i < k, that
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ICh ol = I}, Il Then for 0 < j < k-1,

1 . Cln .
g ()[ﬂi?klm ~ [y MCHIcienll «E)

VN = 4k
' ~ ol |
=P (‘[I‘l}?k]jﬂ - [ﬂ;]k]jﬂ ﬁ —_ (E;nk)jj + (Z;nk)jj S X_}f)
(a) ||pijn|| n .
S P( W = > \/_) +P(‘ ”pk]jﬂ - [ﬁpk]“l 8k max{1, (Z");;})

(A7)

The first term concentrates by Pj.(d) (0 < j < k — 1) and the fact that
. . , T . . T . . .
in/out pin/out | _ . in/out infout _ . in/out in/out __ in/out ;in/out
B |Pionpptee = Jim (o] = im [l ]l < giewe).

where the first and last equalities follow from Px_;.(d) and Qk-1.(e), and the middle equality
follows from the fact that pm/ o= v m/ out
Then the second term concentrates by Lemma 7. We note that the above also implies that

(Ziunk) i = T[i;}, which is upper bounded independently of N and j by Condition 5.

Second term of (A.76). For k + 1 < i < 2k, we have [|[[C ]Il = [vi (kepyll- Letting
i=i-(k+1),
ICIcall Ve : Ivir| . Ve
P()[upk]]T o) <l | - o s @l 2 37 @)
@ ([IviRl Ve
< Pll—= - ()| > +1P>‘ ’ :
( VN (®) ve ﬂpk] 8k max{1, (Z‘n )irir}

Again, the first term concentrates by Py.(e) where 0 < i’ < k—1, and the second term by Lemma 7.

As before, Tp , 1s bounded above independently of N, as needed.
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Third term of (A.76). By Lemma 11, we find

L in
1B, 1wl o 125 e
—_— — p —_— —_—
1z | PN T 4k

I[BL, 17ul"]| (A7)
u in
cin 1" W . |z |
<P ——,/pmsz +P| |2 -1 > Ve
VN P 8k VN 8k max{l, \/p™™ }
b pk

The second term concentrates by Lemmas 15 and 12, and the first term by Qg.(g).(iii). The
quantity pjj‘k is bounded above independently of N per the discussion in Section 2.3.5.

Fourth term of (A.76). Finally, recall from Lemma 3 that Zglk is a length-2k vector. Thus,

Izl e ) & 2% Ne
N Za =P NZ[zg‘k]l > 16k2 < ZP([Zglk]l > 32k3) (A.80)
i=1 i=1

Now the last expression concentrates by Lemma 14.
Py.(b) In what follows, the notation x, means (xo, x1, . . ., X¢) (e.g., Pm/ out — (Pm/ ot ,P;cn/ outy

and [Bin/om] = ([pg‘/ o, [p;(n/ °U1,)). Using Lemma 4 result (2.59) and the triangle inequal-

ity,

1], ] ) stz )

1Y

TN R
(A.81)

IA

% i ¢ ([p;cn]z ’ [ﬁim]i ’ [w]i) - B {d)(En’Ezm’ W)}'
Z o (B2, [ 110 - o (]2 [£"] - 0w

We label the two terms on the right side of (A.81) as T1 and T2. First, we establish concentration

for T1. We modify our usual convention and take [f)zut],- for i > M to be i.i.d. copies of Bi“t. We

can do this since ¢(-, -, [w];) does not depend on its second argument for i > M. This modifi-
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cation implies that {([pg‘]l s [p}cn] [pg‘“]i , [po‘“]i)}izl are independent samples from a
common multivariate normal distribution by part 3 of Lemma 4. If ¢ is jointly pseudo-Lipschitz
in all inputs, then the f; : (p™, p°'t, w™)) s= ¢(p™, poUt, w), wl(d)) are pseudo-Lipschitz with
common constant (independent of N) by Lemma 18 and the fact that the w(?) components are
bounded by Wpx. Thus, in this case, concentration for T1 already follows directly by Lemma 17.
(Note, in particular, that the variances of the p components which appear in the denominator of the

. . in/out
exponential rate of convergence are just the T,,./

iterates of the general state evolution defined in
Section 2.3.4, and that they are thus bounded above independently of N per the discussion in that
section).

If instead ¢ satisfies the conditionally bounded pseudo-Lipschitz property, we further decom-

pose T1 as

%%([QZ‘L’[é‘;‘“];[wh)—E{M"Bzm’w”'

i=1

[ffk“]l (] . twls) — B {02 P, [w],-)}‘

2|~
‘S~
—_——

1 & . .
+ Z Ep {(P, PO, [w])} — E {¢(P, P, W)}' ,

i=1

where Ep is the expectation with respect to the random variables (Ekn, P"). We label these terms
Tlaand T1b.

Now, taking f; = ¢(-, -, [w];), Lemma 17 will give the desired concentration for the first term
so long as the f; are pseudo-Lipschitz with a common constant. But by the bounded conditionally
pseudo-Lipschitz condition, the PL constant of f; is continuous in [w];. Since these are themselves
bounded, the PL constants must also be bounded by some B, which we can take as our common
constant. As in the last case, all relevant quantities are thus bounded independently of N, giving
the desired rate of convergence.

To get concentration for T1b, we note that x — Ep {(/)(En, P, x)} is continuous in x (since ¢

is continuous in all inputs), and is thus bounded over the domain of w since this domain is compact
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by definition. Thus, the terms in T1b can be written as g;([w"”];) with g; = Epgb(Ek“, P, [w],, [wD],).
Since these are bounded and independent random variables, with common bound independent of
N, concentration follows with desired rate by a direct application of Hoeffding’s inequality.

Now we bound T2 of (A.81). First, the pseudo-Lipschitz property of ¢ gives the bound

o [, 2] tvh) - o L] [57], 1o)
SR o R U R T A S R g A B
A T o I o A [ R | s o W R | s o W A R T s W I

where the final inequality uses that |[(a, b)|| < ||a]| + ||2|| and that
I(a, b, w)Il = l(a, b,w) = (@, b, w) + (@, b, w)|l < |l(a—ab-Db)ll+I(ab,wll.

Next, applying the above bound, Cauchy-Schwarz, and Lemma 16, we get

N . 2
o[ S ] [, 1) - [, [, o)
[%i(uznq”n] (5] - [WI 1B} = B, 1l + 1B — Bl

i=1

(N - BT+ N 52 |
N

Z(n " B - B 1P
1+—Z||<[ vl >||+—Z||[ ;]i||2+%§]n[§‘;“ l ||]

Next, using the state evolution in (2.67) and the discussion around (2.69), if i < M, then

EII([f)i“] [g("“] (WP = S (cn+70 +E[ || [w ]||2],andifM<iSN,thenE||([§ikn]l_ [ﬁ"‘“] [w])I? =

Skt + B[I[WhIP] < S5o(e™ +79%) + E[ )| [w];]12], using our convention that [f)‘k’“‘] — 0 for

8L?
<
N

i > M. Note that E[||[w];[*] < 2EW?+2Wpyy, and define By := 35 (710 +794) + 2EW? +2Winas.
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Using these facts,

2

€2

> —
4

%i ‘(ﬁ ([E?]z ’ [Ezut]i ’ [w],-) —¢ ([Ekn]l ’ [ﬁiut]i ’ [W]i)

N . . , ,
O O (oA S R T W B ALC L /4))

P, 2+ 8E,

e [E S fo], e - 25 )

(A.82)

Observe that the second term of (A.82) can be bounded above by

( ZN](M[ o] 8] o -y - [5]. []>||)2Ek). (A.83)

Concentration for this follows directly by Lemma 17 since the functions f; : (pi, p2, w)) —

(d ))||2 are pseudo-Lipschitz with a common constant by Lemma 18 and the fact

(1. p2. w, w;
that the components of w(9) are bounded. We note in particular that E; appears in the numerator of
the exponential rate of convergence, but this is bounded below independently of N by the stopping
criterion for the T;r}/ out

To bound the first term of (A.82), observe that by Lemma 4 part 2,
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second equality follows from part 3 of Lemma 4 as ([p! ] )2 = (Z 0 ppr [ ) [Oln _' orli )2 4
(Zfzo ,/pglr [C;]k]’ [Zi .1:)? with [Z )i being i.i.d. standard Gaussian; therefore,
k in in
Z[cin 12 < Tpk Tpk
pkldr = . iny — g%’
oy mino<i<k(Py) €
using the stopping criterion. Now using this bound in (A.84), we find
N . k J J i k k . J i
I A A GED N DN A DN E N WA DL
i=1 j=0 Lr=0 r=0 j=0 Lr= r=0
T]i;}c ko J )
A DIPI L
1 j=0 r=0
Now, combining the above, we get that
L [=in =in] 2 min{1,1/(8L%)} (¢*/4)
F N Z I [Bk B Bk] "= k in out (A.85)
P i 2+8%; O(T +7) )+8E[|W|]
kK J 2
1 —i e min(1, =5) (€2/4)
<P —ZZHA > — L . (A.86)
NFOr ;1}6(2+82j:1(7'11;}+T[())1})+8E[|W| 1)
S IAIP e\ @
pr Sl 4 217
<kY P P2 5| < Cktexp (—ce Ik ) (A.87)

where ¢, C are constants, and the inequality (a) follows from Pj.(a) for 0 < i < k. Note in particu-
lar that ¢ 1s independent of N since the terms appearing in the denominator of the exponential rate,
specifically the T[i:}/ °““ and E[W?] are all bounded above independently of N (see Section 2.3.4 for

details). Next, consider

] -] oy 2 - [

where 6 = M /N and the equality follows from the convention for i > N. Concentration for this

term follows exactly the same as above, with the only difference coming from the appearance of a
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6~! factor in the exponential rate. Combining these with lemma 9 gives concentration for the first
term above, which completes the proof of Py.(b).

Pk.(c) Observe that, by Lemma 8,

S(PMis -, [P0 DS - -+, [DS™Ts, [WR]) = [P} 1 [W"]; € PL(2).

Thus, by Py.(b), we have that - [plkn/ Out]Twli;1 = ]E[PL"/ OutWIi,“] = 0 (as WP is assumed independent
of (P(i)n/ o, Pm/ °uy), as needed.

Pi.(d) Again by Lemma 8, forall 0 < j < k,

s([p7i- - - [P [P s - - (D™ [ 10) = [P/ s [P/ ); € PL(2).

By Py.(b), we find + [pm/ Om]Tp;n/ out = E[P;n/ OutPikn/ 'Y as needed.

Pi.(f) We note here that we prove Py.(f) and then prove Py.(e) afterwards, as the proof of
Py.(f) relies on the result of Py.(f).

Concentration for o terms. First, we show o™ ok = a .- To this end, recall that

out out

pk i» pk ]l’[ ]l’ypk’ypk

||Mz

pk

where 7 is the truncation operator defined as 7 x = min(#;, max(¢1,x)). Recall that the upper
truncation is only necessary if log p(x) or log p(y | z) is not strongly concave. Now, adopting the

notation [px]; = ([pk I [pi“‘] ) and y,r = (ypk, Out) observe that by Lemma 9,

? (fo

in
pk pk

N 1 & €
> €) < P(‘T S ((Redis [ vk ) = T DL ([0ais W17 ) | = 5)

i=1 l:1

N
‘7'% Z[ in)/ ([Pk]i, [wgl]i,ypk) —an,

€
> 2) (A.88)

Label the two terms of (A.88) as T'1 and 72.
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For term 72 of (A.88), because Ej;k € [*min, fmax] (by Condition 6),

) =<[v -3

in]” js assumed either uniformly Lipschitz or bounded conditionally

N

Z ( pk is n]i’ypk) am

i=

N
T DA (el W15 7,) ~ | 2

i=1

4

By the assumption that [f}

Lipschitz in Condition 3, we have concentration for the right side by Px.(b).

For term T'1 of (A.88), observe that for any x,y € R, |[Tx — 7 y| < |x — y|; therefore,

P(\‘r%i[ iy (1pde [0 vp) = T LAY (Dol 1901, 7,0) | = 5)

i=1

(1 ZN:) ( pilis (Wl vpr ) = [ ,i“]’([pk]i, [Wg‘]i,?pk)‘ > g) (A.89)

i=1

I/\

Now, by Condition 3, the functions [ [i,“]’ are uniformly Lipschitz around ¥ ;. This guarantees

— Y| < dand |y % = ¥pi| < 0, then
LAY (2des w37 ) = LAY (94D T, 7, )|
<L (1+||([pk],,[ Wil ) |y, = 7+ o - 7|
—Vpi| < 0 and [yor! =¥ < 6, and if
in —in out _ —out LP N 1n €
[[vin, = 7|+ o - y,,k]W;(Hn( pilis WP I < 5,

then

N m

%i\[ 1 (Ipidis (Wi, vpk) = LY (IDidis (W30, 70 ) | <
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It then follows from (A.89) that 7'1 can be upper bounded by

. . L, Y €
in —Iin t —out P m

P([ ~ 7|+ o - 7o | 5 > (1+11(pedi, ]i)ll)zi) (A.90)
+P( -, zmin{l,(S})+}1>>(y;;‘,1t Fou >min{1,§}).

The second and third terms of (A.90) concentrate by Qg.(f), and the first term concentrates
using Lemma 11 along with Qy.(f) and Pk.(b), because 1 + ||([pk 1is [pi‘“]l, [wil?]l-)ll is pseudo-
Lipschitz of order 2 and since the E|| (P, P;’“‘, W;,“, w}d)) || are upper bounded by a universal con-
stant independent of N (in particular, since the w(?) components are bounded above).

Concentration for y terms. We now show concentration of yiq‘}( around 7ian. We can assume
that the clipping of the y iterates is absorbed by the I' functions, because clipping a Lipschitz
function to bound its range within a compact interval gives another Lipschitz function with the

same constant L. Observe that by (7) in Algorithm 3,

P (i =7 = ) =B

—in

’}/qk

1n
pk

—in

. (a)
£ (o) -1 (7o) 2 e) : P( 7

(b) €
<P > +P
2L

where (a) follows from the assumption that Fiqn is Lipschitz continuous on its domain along with

_ —in

’yI)k - G“/

€
> 2L ) (A91)

the fact that ||(yi 7g‘k, pk - (ka)” < |y;“k —7},k| + o ot —Emkl and (b) by Lemma 9. The final

terms in the above can be upper bounded by the work just above in (A.88)-(A.90) and Qy.(f).
Concentration for inner product terms. We show concentration for [v} in| T pm where 0 < j <

k. Recall that by (5) in Algorithm 3, [v' li=(1- a ) gp([pk],, [wW! ],-,ypk,apk), where we

have defined functions

gp( pk]la ]l’ )/pk, pk) _fm( p ]l, Om]l’ [Wi ]l’ ’)/pk”ygl]it) _a;]k[pikn]i’ (A92)
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where to simplify notation, we write [px]; = ([p wlis [pi‘“] ) and ypr = (7}“,{, °“t) Observe that
[P 1igp ([palis [Wh i vpks aliy) = (1= )™ [[pi;‘]i S ([pali [Wy 1 vpr) — @iy [P [pi;’]l-] :
Now by Lemma 11 it suffices to show concentration separately for (1 — osznk)‘1 and
[P 1if, ([Pr)is [WiTis ¥ k) — @ [P [P

For (1 — a;nk)‘l, we have,

—oz

P(‘(l—aj;‘k)—l—(l——m) ‘ e) sP(a‘

€
pk > L_z)’ (A.93)

where the inequality follows from the fact that ﬁ is Lipschitz on [#1, t;] with Lipschitz constant
L> := (1 — )72 and the fact that the a;“k and Eg]k lie in [t, 2] by Assumption 4. The right hand

side then concentrates by the work for @ concentration above (Px.(f); the first part).

- |

Next, we observe that

N
Z [ (D16 £3 Ui, (W36 ) = @ DR

N
(a) , _ 1 . €
<P ( a;lk - (Yglk N Z[p}?]l[p}n]i > E)
i=1
1 N . . . . €
+ P( N ;[P_l,n]' ( o ([Pedis [Wylis vpi) — @y [P}cn]i) > 5) : (A.94)

where (a) follows by adding and subtracting @ a/p k[pk] [pij“] ; from each term and applying the
triangle inequality. Now the first term in (A.94) concentrates by Lemma 11, Py.(f) (the first part),
and Pg.(b) since [pm] [pk]- € PL(2). We note that while the rate of concentration depends
inversely on EPijnP}cn, this quantity is bounded above independent of N (see Section 2.3.5 for

details).

Adding and subtracting [pij“] ; ( (ki W0 7 o) — Eg’k [pi"] ,-), we bound the second term
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in (A.94) by

N

( = B (£ CIpedie W1 70 ~ @ 0| 2 g) 95)
i=1
1 & - | | )
N; ([pwlis (w5 16 ¥ i) = S [0k i [Wg‘]i,ypk)| > -]

The second of these terms can be bounded in exactly the same way as 715 in Py.(e) below.

For the first term in (A.95), note that if f[i,n( (Pl [wg’]i, ¥ pi) is Lipschitz (in all inputs), then
¢([py i - [P [P 1is - - [P - [Wir'])) = [p'] ( (ol (Wl Vi) — @y [ DY ,-) :

is in PL(2) by Lemma 8. If instead f;}‘([pk] i [wi;] i» ¥ pi) satisfies the bounded conditionally
Lipschitz condition, then ¢ is bounded conditionally pseudo-Lipschitz. In either case, Pk.(b) tells

us that this will concentrate around
E {pijn ( in(pin, PO, Wi, Fou) - aglkp};’)} . (A.96)

Therefore, to complete the proof, we just need to show that the expression in (A.96) is equal to
zero. To do this, recall that E[P;.“] =0, so (A.96) is equal to
Cov (P, fin(PI, P, Wi, 70, 7o8) — @ PY)
=E {P}“Pikn} xE {[ " (PR, P, W‘n, ypk y;L,‘(t) a/pk} 0,
where the first equality follows from Stein’s lemma, and the second equality follows from the
definition of @'y in the GVAMP state evolution (2.67).

Concentration for [pikn]TVil.Il is proved in the same way as the above.
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Px.(e) By (5) in Algorithm 3 and the definition of the function g, in (A.92),
(A.97)

>

[P .
i (‘N[Vlfn] Vi = (20 G
> 6) .

_ in 1. in. ot
s ypk’apk)gp([pj]l’ [Wp]l’ypf’apf) _E[V]l(nvjm]

(1- a;‘k)(l - afg‘j)

1 & gp([pelis (Wi
N 2

i=1

Using Lemma 10, we can separately show concentration for (1 — cy})“k)‘1 (1- a;’j)‘l and

1 . . _
N gp([pk]i, [ng]i’ ')’pk,a;lk)gp([pj]i, [ng]i’ ')’pj, agl] .

1M

First observe that the function f(a) = ﬁ is Lipschitz over the interval [¢1, #;] within which the «

iterates must lie given our truncation assumption (Assumption 4) and we can take L, = ﬁ to

be the Lipschitz constant. Therefore,
i) . (A.98)

1 1

_ in __ —in
1 @ 1 @y

i

L_ concentrates in the same way using
rj
—in/out
@ <1,

l-a

The right side of (A.98) concentrates by Pk.(f). Now
P;.(f), and concentration for (1 — a'glk)_l(l - a;“j)‘l follows by Lemma 10. Since the

they do not affect the exponential rate of concentration.

Next, using Lemma 9, we have that
> 6)

ai;k) (1 - aglj) E[VIPVn]

) |

N
1 . . . .
P( N ;gp([pk]i, [ng]is Vpk,a’;,nk)gp([pj]i, [ng]is ypj’aglk) - (l -
N
< B(| 3 ep(pele WL vk i) ([ Wi . )
= N - p 12 p it /7 pk> pk P Jdi pit> /’'pj> pk
| & ~ - ~ - €
- N ;gp([pk]i’ [ng]h 7Pk9aglk)gp([pj][’ [wgl]i’ ’ypj’aglk)‘ 2 E)
N
(|1 o (peli. I vk B0 8 (01 [y ) — |1~y | |1~y | BIvievin | 2 &
N L p 1y p s /' pK>» pk )4 JAis p s /'pj» pk pk pJ k j = 2
(A.99)
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We label these latter two terms 7'1 and 72 and analyze them separately.
Concentration for T1 of (A.99). Observe that repeated application of the triangle inequality

the definition of the function g, in (A.92) gives us

N
1 | | | | B | _
‘N Z [ pk is n]i’ ypk’aglk)gp([pj]i» [ng]h ’ijaa;nk) - g[?([pk]i’ [ng]h ’ypk,a/;lk)gp([pj]i’ [ng]h Ypj- @
i=1
1. N 1 N .
< — ooy, - @, Z +y @ Z[P}?]i o (el (W, 1is vp))
=1 i=1
N .
+— Z ([Pl [WpTis vpi)| -
i=1

By Lemmas 9 and 11, to establish concentration for these terms, it suffices to show concentration

for each of the following:

glk aglk a;nj a}?] aglkam - a/glkam
1 & . 1Y . 1 &
N [p;'1:[P}']:s I [Py 1ify ([P lis [Whlis ¥p))s ¥ [0 fy ([pelis [Wilis vpi)-
i=1 i=1 i=1

We note that the rates of concentration will depend inversely on the limiting values of the last
three quantities. However, each of these is a continuous function of the limiting quantities defined
in Section 2.3.5 (which follows from the recursive definition (2.60)). Thus, since these limiting
quantities are contained in an N-independent compact set, these limiting quantities are themselves
bounded above independently of N and thus do not affect the exponential rate of concentration.

Concentration for the first two follows by Py.(f) and P;.(f) above, and concentration for the

third follows from that and Lemma 10. Concentration for fourth term follows from Py.(b) as
¢([pg' 1 - [P 1 (DG Tis - - [P is [wiy10) = [P Li L,

is pseudo-Lipschitz of order 2 by Lemma 8.

Thus, it remains to show concentration for the last two terms above. For simplicity, we show

190



this only for the first of these, with the other following in the same way. First, defining u :=

E {Pi]?’fp (P}cn, sz, Wm, 721,{, )’;L}:)} and writing y ,;, = ('y;‘k 7;3‘:)

> o] <2

N
= DB (el Wi 7000 = 7Ll W15 7,00 2

i=1

ZIH

N
1 : T
2\l 2P ([oeli [w31is ) = PP Ikl [WEe Fpr) — | 2
i=1
+P( )

Let the terms on the right hand side of (A.100) be T'1a and T'1b, respectively. First we ana-

N m
~———

N m

(A.100)

lyze Tla. By assumption, fi“(pi“, PO w, ™, %) is either uniformly Lipschitz or uniformly
bounded conditionally Lipschitz (UBCL) at (y™™, y°') = (y;‘kj;’)‘}:) By definition, this implies
that f[i,“( P, pow, )/p . y;‘,?) is either Lipschitz in (p™", p°®, w) or bounded conditionally Lips-

chitz in (p™, p°) for each w”. Thus, the function

S([pgLis - - 1T IS Tis - - IBY" Lis W 1) = [P f ([P ] [P Tis (W 1, ¥ s V)

is either pseudo-Lipschitz of order 2 or bounded conditionally pseudo-Lipschitz by Lemma 8.
Therefore, concentration for 7'1a follows from Py.(b).

Now for T'1b, we have by the definition of uniform Lipschitz continuity and UBCL that there

is some ¢ > 0 such that y;“k - 721/{ < ¢ and yo‘“ 7;‘,‘: < ¢ implies that
", P W Yo Yol = F (P, P W Vs Yok
<1, (1 +1™, P wll) [ =7+ o - o]
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Following the work in (A.90)- (A.89), we have the upper bound

out —out

Tib < P( Yok ~ Ypk

> min{l,d}) +IP(

> mm{1,5}) (A.101)

7[)](

N m

*P(LP[ b = o] + ot - 7| 1%[ il (1 + 1R (050 w3101 | = )
i=1

The first two terms above concentrates by Q. (f), and the third concentrates (at a rate independent

of N) using Lemma 11 combined with Qy.(f) and Py.(b) since

AP Tis - [P 13" Tis - [P 1 [Wir10) = 11Dl (14 1B, (51, (Wil

is pseudo-Lipschitz of order 2 by Lemma 8, and since the w'“) components are bounded indepen-
dent of N. This establishes concentration for 7°15.
Concentration for T2 of (A.99). We have to show concentration for

€
T2 =P =1.
| 2

1 < . . .
= > &p (Bl WSl vk @) (101 (Wi v i) = [1 = | [1- —‘“]E[vmvm]‘
= (A.102)

Addlng and SUbtraCtlng N val gp([pk]z, [ ]l’ )/pk’ pk)gp( p]]la ]l’ )/pja pk) we ﬁnd that

from Lemma 9,

=

|

N
1 in] = —i in] = — —] —] inysin
Nzgp([pk]i, [Wp]h’)/pk’a/glk)gp([pj]i’ [wp]l'”)/pj’ 1n) [ glk:l [1_ IH]E[Vk V ]
i=1

N m

1 : » : »
N Z [gp([pk]i’ [ng]i’ ')’pk,a’glk)gp([pj]i, [ng]l'a ij,aglk)

.

- gp([pk]i’ [Wi;]i’?pk’aglk)gp([pj]i’ [Wi;]i’ypj7_m )” )
(A.103)

By the same reasoning used above, g,(p™™, p°*, w, yglk,ﬁ‘}:, ) k) is Lipschitz in (p™, p°'*, w) or

UBCL in (p™, p°t) for each w. Therefore, using Lemma 8 and Py.(b), the function in the first term

on the right side of (A.103) is either pseudo-Lipschitz or bounded conditionally pseudo-Lipschitz,
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and thus the first term in (A.103) concentrates because

(1 _ ) (1 _ —1n ) E{V;(nvln} E {gp (P}(H’ Pout W‘;}n’—glk’ﬁlll{t’ glk) gp (Pm Pout Wm’ ;1],721;t, —glj)}

Thus, we just need to show that the second term on the right side of (A.103) concentrates.

Applying the definition of the function g, in (A.92) and expanding terms, we see that

N Z [gp([pk]i’ [wgl]i’ ’ypk9al;k)gp([pj]i’ [Wll;]]l'a ’)/pj’aglk) - gp([pk]i’ [Wll;]]l" 7pk’aglk)gp([pj]i’ [Wll;]]l" 71)]"2
i=1
Z| "([pjis (W1 vp) = Fo([Rs1is [W 10, ,))]
_gle Z | pk]l’ [ gl]i’ ypk) - fp([pk]i, [wi;]i’ypk”
N

M (pidis (Wi T Ypi) S ([P 1is (W1 vpi) = fo (ki (Wi Vo) £ ([R1s [Wi 162 7,) |-

N =1

(A.104)

Notice that the first two terms on the right side of (A.104) concentrate in the same way as term
T1b of (A.100). Namely, using the uniformly Lipschitz or UBCL property of fi", we can bound
the sums by sums of (bounded conditionally) pseudo-Lipschitz functions. Considering the third
term on the right side of (A.104), we apply Lemma 9 and then to complete the proof, we obtain

concentration for the following three quantities:

7
7
7

Let these probabilities be labeled as 72a — T2c.

N
DA e w1 7,0l s W8T 70) = £ W15 7,)] > €,
v |

| [;n([p]]la [W};l]l,?p/
i=1

Z[=

~

(Pl W51 700) = £ ((PLis W51 | = €).

Z|=

T DT vpk) = £ CIDLis [WE15 70| £ (Ui W5 70 = £ (0315 (W1 7,)] ).

M-

~
1l
—_

Z| =
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Following the work in (A.90)- (A.89) and using the uniformly (bounded conditionally) Lips-

chitz property of f,,, we have the upper bound

Tya < P( —yn > min{l,(s}) +P ( y;‘;; 7oul > min{1,6}) (A.105)
P n _ —in out _ —out ny. = 1 . iny. >
+ j 7pj )/P] yP] Z| p] i ]19ka)| +||([pk]lv [wp]l)” Z €].

The first two terms can be bounded using Qg.(f). The last term, in turn, can be upper bounded

using Lemma 11 along with Q. (f) and P.(b) since by Lemma 8

B Tis- - [P, [0 Tis - (B3], [W710) = | £ (IR 1is (WL 7] (14 1 pes, [Wi 1)1

is (bounded conditionally) pseudo-Lipschitz of order 2.

Term T2b can be bounded in exactly the same way as T2a. We note that these rates of con-
centration are again independent of N since E fli, (P W n,7pk) (1 + || (Pk, Wli)“, w(d)) ||) can be
bounded independently of N. In particular, this expectation depends (continuously) only on the
deterministic w() and the limiting quantities defined in Section 2.3.5, and these are all contained
in N-independent compact sets.

For T,c, we again use the strategy as in (A.90)- (A.89) to provide the following upper bound

for term T»c. We have

T < P( S min{l,é}) +P ( yout — you > min{l,a})
+IP( —721]‘ > min{l,é}) +P(y;‘;t 7;‘;‘ > min{l,é})
+B( [ =7 Pt - [ =7+ ot - 73

12
_1

ZN](HII( [pele w101 (1+ (IR DWpDI) = 5] (AL106)

We know from Q. (f) and Qj.(f) that the first four terms concentrate as needed. Then the last

term in (A.106) can be upper bounded with repeated application of Lemmas 11 and 9 along with
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Qx.(f), Q;j.(f), Px.(b), and the fact that

BPTis- - [P, [0 Tis - [BF™1s, (WD) = (1 + (IRl W) (1+ (TR 15, w510 1)

is pseudo-Lipschitz of order 2 by Lemma 8. The limiting terms which are inversely related to the

rate of concentration can be bounded independently of N by the same argument given for the last

two terms.
Py.(g).(i)
We want to show that + il [Bém ] pi,fll2 concentrates around p;lk. To this end, observe

1B, 107IP = (9710} — [p}1 Bes [Bes 1P
= [ 1"w = [P G ([C T Cl) ™ [Py (A.107)
where the second equality follows because pikn = Vuikn along with the fact that chk [chk]T and

CiV“k ( [C‘n 17Ci ) [Civnk]T are both the orthogonal projection onto range (Civnk).

We know that - [uik“]Tuikn concentrates around (Zi“ )k - by Qx.(e). Next observe that with

Eik“ = ([Cln ]TCln )~!, from the definition of Cln in (2.37), we have

(17 Cin (17 €l (€1}

_Z( 7R (o) P (€] ,+1,+1+Z( TV PV IC ik 1k

i,j=0 i,j=0

+ZZ( P17 (P 1V [CPlistsk o - (A.108)
i,j=0

Let these terms be labeled T; — 75. For T}, observe that because pikn = Vuik“,

(e e (P17 pf) = (w1 w") ([uy] ul), (A.109)
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which concentrates around [Z k],+1 k+1 [Zitnk]jﬂ,k” =E [U}nU,ic“] E [U}HU}{“] = [biunk]m [biunk]jH
by Qk.(e) and Lemma 10, where the equality follows from (2.70) and (2.71). Furthermore, the
entries of Zg‘k are bounded above independently of N, yielding the desired rate of concentration.
Furthermore, by Px_1.(g).(iv), [Eikn] ij = [([Cln 17 o) ; ,j concentrates around [Hlvn(k 1)] =
[(Zi“(k_l))‘l],-, ; (by (2.73)). Thus, again using Lemma 10 and Lemma 9, we get that 7 concen-

trates around
k . .
Z lunk z+1 uk ]+1[(Zlun(k_1))_l]i+l,j+1 = [b ] [E;n(k 1)] lblunk,

and the components in each of the factors on the right-hand side are again bounded above indepen-
dently of N.

For T;, we proceed similarly, noting that ( [pik“]TV}“)( [pik“]TVij?‘) concentrates around 0 by Py.(f)
and Lemma 10. Because [Ei,{“]l-+1+k,j+1+k concentrates around [(Zivn(k_l))‘l]l-,j by Pk_1.(g).(iv),
by Lemma 11 and 9 we find that 7> concentrates around 0. By analogous reasoning, 73 also
concentrates around 0.

Thus, combining the above with Lemma 9 and using (2.72), we find ||Bﬁnkpikn||2 concentrates

on

[Em]kﬂ k+1 [bink] [Elun(k 1)] [b;nk] Pglk

Pi.(g).(ii) First we establish that [C;’k] TCifk is invertible with high probability. Before we can
do this, we make a minor technical adjustment to simplify notation. First recall from (2.37) that
CE‘k = [P VI* 1. Next, define the (2k—1)x(2k—1) matrix F = [e €] € -+ €x_j k41 -+ €x—1] .
Observe that multiplying a matrix on the right by F has the effect of making the k™ column the
first column. Also observe that F has an inverse, we call this G and note that FG = GF = 1. Now
with this notation, let Ej:k = CE‘kF = [pik“ Civ“k] where Civ“k = [Pik“_l Vik“_l]. Furthermore, we see

e (A.110)

G ([Cpl"Cpi) G = G ([CiLFITCILF) G = [Ci 1 Cl
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which implies that if [Em ]TEmk is invertible, then so is [C;‘k]TC?k. Symmetrically, we see that
[C;‘ ]TC‘“k is invertible if and only if [Cp il E; ¢ 1s invertible. Moreover, we have from (A.110)

that when [Cglk]TC;‘k is invertible,
(IC817 €)™ = (67 ([l Cpe) 617 = F(ICy ] 'Cp) ' F.

Now, the right hand side of the above differs from ([Egk]TCZIk)‘l by rearranging the columns and
rows. In particular, the right hand side has the same entries as ([C [_lrl ]T_Elk)_1 up to rearrangement.
Therefore it suffices to show that the entries of ([ ]TC k)~ ! concentrate.
To this end, we observe that
—in p=in | [PFTRF [pF17CY

[Cl Cpr=| . N (A.111)
AL

Now, by (A.107) in Py.(g).(i), we have that

1B, 7RI = () u? = (B Cl (1C 17 €)™ [C 1B}

Define v = ([Cln 1¥Ci ) [Cln 1"p - Using (A.111), the block matrix inversion formula gives us

that, if [Civr}(]TCln is invertible and || [Bém ] pikn|| # 0, then

o1 0 0 1
“‘) = (A.112)

([C 7€ T UBL [Ton 2
0 ([cnyreinyt B PP |y 7

Now, by Py.(g).(i), we know that ||[BX, ] piknll2 concentrates around pjfk > € > 0 (where the

Cly 1
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first inequality is due to the stopping criterion). Then, we have

([Cm 17cin ok smgular) =P ([éj?k]TE;’k singular)

<P ([Civnk]TC‘k smgular ('—H BLm PP - p;lk

=5,
2

(A.113)

The first term concentrates by Px_1.(g).(iv), and the second concentrates by P.(g).(i).

. (R 0
Next, we show entrywise concentration of ([C[} ]TCln )~ around I, = uk ,
U b P

where the definition is originally given in (2.73). First, define two events 7:]{1 = { [Cj;k]TCglk s1ngu1ar}

and 7:](2_ = { Cln TCm smgular}. Then, notice that

> o

‘[([Cm e, -,

(H([Cm 17Ch)” ]U - [,

<P(F) +P(FE,) +P > e | (FH N (FE)°

(A.114)

where (ﬂl)c and (7-;(2_1)“ denote the complimentary events. We mention that the first two terms
on the right side of (A.114) concentrate by (A.113) and Py_;.(g).(iv). Moving forward, we focus
on the third term on the right side of (A.114).

As noted above, we can reorder the columns, so it suffices to replace [Cm ]TCm by [C ]TC

and Hg‘k by F Hg‘kFT. Notice that FAT'FT = (FAF”)~!. Then, by the block matrix inversion
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2 . 2
formula and the fact that E [ pin/ Om] =E [U;{n/ Out] we find

gin . -1 |E{[PIM?} bin 0
FinF7 = |p| “ Fl|l = in \T in
uk - = (b k) ZM k-1 0
0 xin P (k=1)
V= 0 0o xin
v(k-1)
[ 1 -[ glk 0]
0 0 1 .
— + — mk 1n
0 Im" Poe |- 7 [,Bln 0]
| v(k-1) 0 0

(A.115)
. . -1 .

In the above, we have used that pglk = E{[U}cn]z} (bln ) [Zm(k 1)] bln and pk = [Z‘u“(k 1)] bl"
by (2.72). Considering (A.114) and using Lemmas 9 and 10, it suffices to show that ([Cm ]TCm )~ !
0]7.

concentrates on H“} K-ty | [Bém 1"p} 17> concentrates on [Pglk]_

But Px_1.(g).(iv) gives us concentration for ([Cln 1¥cin ) ! and Py.(g).(i) along with Lemma 13

and ¥ concentrates on [ 8! » i

gives concentration for ||BZ, p "||=2. Finally, observe that if 0 < i < k — 1, we have

Cln

k-1

[v]i - [[B

J=0

By Px_1.(g).(iv), we get concentration for the values of Ei“ .
then we have [Eivr}{],; ;j concentrates around |

that [p m7 pk concentrates around [bln ]; and [v;

le’l

1n 1n T
" Z Cvk ll )

u(k—=1)

k—

Z s (V7Y

Jj=0

. (A.116)

In particular, if 0 < i,j < k-1,
I Iy . Moreover, by Px.(d) and Py.(f), we have

in 7 pin ¢ concentrates around 0. Thus by Lemmas

10 and 9, we get that the right hand term above concentrates around O and the left hand term

concentrates around

T
L

~.
Il
o

The same analysis applies if k&

=015 ), = |2

199

[ "ia -

< i < 2(k — 1) except that now for 0 < i < k — 1, we have
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[Eivr}c]i ; concentrates around 0 (again by Py_1.(g).(iv)), which gives us that v; concentrates around
0, as desired. Thus, we get that the entries of ([CE1 ]TCm )~! concentrate around those of H;’k, as
needed. Furthermore, all of the limiting quantities that affect the rate of concentration are bounded
independently of N. We also need in this case that pglk is bounded away from O (independently of
N), but this is guaranteed by our stopping criterion.

Py..(g).(iii) We will show that + ~ [Bém ] vikn||2 concentrates to pi]“k. To this end, observe that

1B, 17V = V) V= [V B B 17} = (v ¥ = [v1 7 Cln ([ 1 CE) T [C TV,

Cln Pk
where the second equality follows because Bcink [ch 17T and C! k( [Cln 17Ci k) [Cj;‘k]T are both
p pk

the orthogonal projection onto range (Cglk).
]T

First observe that l[Vikn Vikn concentrates around [Zivnk]kﬂ,kﬂ by Pk.(e). Next observe that

defining Eglk = ([Cln ]TCln )~! and using from the definition of Cln in (2.37), we have

[ ]TCI k([Cm ]TCI k) [Cln ]T in

k-1
S T T+ 3 (VT V) [ et oo
i,j=0 i,j=0

>~

-1

+2 (VTP VT VO Cl Lok -

I =~
I{\g|
1l

[«

1

J
Let the three terms of (A.117) be labeled T; — T5. For Tj, observe that ([V}C“]Tpi.“)([vik“]Tpij“)
concentrates around O for 0 < i, j < k by Pk.(f). Because [E;“k],-, ;j concentrates around [Hiunk] i =
[(Z k) ],J- when 0 < i,j < k by Px.(g).(ii) and (2.73), we get by Lemma 10 and 9 that T;
concentrates around 0.

For T,, observe that ([Vikn]TVi.n)([V. 17 ln) concentrates around [ka]m K+l [Eiv“k]j+1,k+1 =E [V}“V}{n] E [V}HV;:
[bivnk]i [bin 1; by Pi.(e) and Lemma 10, where the equality follows from (2.70) and (2.71). Further-

more, [C k],+1+k j+1+k concentrates around [TI k],+1+k k= [(Z‘Vn(k_l))‘l]l-,j when0 <i,j <k

by Px.(g).(ii) and (2.73). Thus, again by Lemma 11 and Lemma 9, we get that 7> concentrates
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around Zk 1O[bl ]i [blk]J (zin . 1)) 1]” = [b1 17 [Zv(k 1)] 1biV“k.Using analogous reasoning, 73

also concentrates around 0.

Combining the above with Lemma 9 and using (2.72), we get that + 1B cn, ] vikn ||> concentrates

around the desired constant: [ZL‘}(]kH il [bin] [Z‘v“(k ])] 1bln =

Py.(g).(iv) We want to show that [Cm( )

qk

1* Cv“( k1) is invertible with high probability and that,

when invertible, the entries of the inverse concentrate around

[Zink]—l 0
in _ u

M= in 1-1
0 (X ]

This can be proved in much the same way as Py.(g).(ii). In particular, note that C'" bkel) = [Cglk % in]

TCm

b(ks1)» W€ see that it is invertible if

Then applying the block inversion formula to [C“‘(km]

[C;‘k]TCifk is invertible and || [Bém ] Vikn||2 # 0. But the probabilities of both of these events

concentrate by Pk.(g).(ii) and Pk.(g).(iii) respectively.

Now, analogously to Pk.(g).(ii), to get concentration for the entries of [Clv“(kﬂ)]TC‘v“(kH),
suffices to get concentration for the entries of ([ Cln ]TC ) LA Cln ]TC1 k) 'c » k]TVk , and of

| [Bé,n ] Vik“||‘2. For these, we can use Pk.(g).(ii) and Py.(g).(iii) and apply the same arguments

]TCm

b(ks1) around those of HL‘}{

as above. This gives concentration for the entries of [Cm( kel)

A.1.4 Showing Qg+1 holds

The arguments for this case are analogous to those in P, so we omit them here.

A.2 Useful lemmas

Many of the lemmas used in this section were originally given in [81]. We do not include the

proofs of these lemmas here, and instead refer the reader to [81] for the proofs.

Lemma 8 (Products of Lipschitz Functions). If f,g : R? — R are Lipschitz continuous, then

h(x) = f(x)g(x) : R? — R is pseudo-Lipschitz of order 2.
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Lemma 9 (Concentration of Sums). If random variables X1, . . ., Xy satisfy P(|X;| > €) < e™" ¢

for1 <i < M, then
M M . | .
P(lZ:Xllz E) S g P(lel 2 M) S Me—n(mmikl-)e /M .
=

i=1

Lemma 10 (Concentration of Products). For random variables X,Y and non-zero constants cx, cy,
ifP(|X-cx| =€) < Ke ™€ and P(|Y—=cy| = €) < Ke™ "€ then the probability P(|XY —cxcy| >
€) is bounded by

Knéz

P(lX — ch > min (\/E, i)) +P(|Y — ch > min (\/E’ i)) < 2K6_9maX(l,<r§(,c12,) .
3 3CY 3 3CX

Lemma 11 (Concentration of Products). For random variables X,Y , and constant cy, if
P(IX —cx| > €) < Ke™™ and P(|Y| > €) < Ke ™€,

then if cx # 0, we have

€2 min{ry, rx} }

P(IXY| = Ve) < P(IX — cx| = Ve) +P( 4max{1,c%}

€
Y| > —) < 2K {—
o 2max{l, |cx|} P

andifcxy =0and € < 1, we have P(|XY| > €) < 2Kexp{ — €2 min{ry,rx}}.

Lemma 12 (Concentration of Square Roots). Let ¢ # 0. If P(|X? — c*|> €) < e"‘”fz, then

P(||X,] = cl|= €) < e7*nlePe,

Lemma 13 (Concentration of Scalar Inverses). Assume ¢ # 0and 0 < e < 1. If
P(IX, —c|> €) < e then P(IX;" = ¢7'|> €) < 2¢7<e* min{c®1}/4

Lemma 14. For a random variable Z ~ N (0, 1) and € > 0, P(|Z| > E) < 2e72€,
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Lemma 15 ()(Z—concentration). For Z;,i € [n] that are i.i.d. ~ N(0,1), and0 < e < 1,

n
P(‘lzzf - 1‘ > 6) < 2e‘”€2/8.
n
i=1

Lemma 16. For any scalars ay, ...,a, and positive integer m, we have (lai| + ...+ |a;])" <

1 Yi_lail™. Consequently, for any vectorsuy, ..., u, € RY, (= w|?<t Yot |lug||>

Lemma 17. Let Z;,...,Z, € RN be random vectors such that (Zyjy- .., 2Zys;) are ii.d. across
i € [n], with (Zy,,...,Z:;) being jointly Gaussian with zero mean, unit variance and covariance
matrix K € R, Let G € RN be a random vector with entries G1,...,Gy iid. ~ pg, where
pc is sub-Gaussian with variance factor v. Then for any sequence of pseudo-Lipschitz functions
{fi : R — R}fi | with common pseudo-Lipschitz constant, non-negative constants o, .. ., 0y,

and 0 < € < 1, we have

N N
1 1
P()N i:EI f(O']Z],i, RN O-IZZ,Z" Gl) - N izE] E[fi(zl,l, Ce ,Zt,la G)]‘ > 6)

—-Né?
< 2exp{ 2 2 2 t 2 4 }’
128L4(t+ )*(v+4ve+ 3, (o +40,))

where L > 0 is an absolute constant. (L can be bounded above by three times the common pseudo-

Lipschitz constant of the f;.)

Proof. The statement of Lemma 17 is slightly more general than Lemma B.4 in [81] in that Lemma
B.4 requires the functions f; to all be equal. However, the proof of that lemma proves the above

result exactly if we simply substitute the specific functions f; for f throughout. m|
Lemma 18. Let ¢ : R? x [a,b] — R be pseudo-Lipschitz of order 2 with constant L, and for
a<2zi,...,2 < blet functions ; RY — R be given by

lﬁ() = ¢ (" Zj) s
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for'1 < j < k. Then the ¢ are pseudo-Lipschitz of order 2 with pseudo-Lipschitz constant

L (1 +2max(|al,|b])).

Proof. Forx,y € R4, we have that

[ (x) —u; ()| = |¢(x,2) — B(3. 2))]
< L|(x’ zj) = (y»Zj)| [1 + |(x’ Zj)| + |(y,z,-)|]

< L=yl [T+ ]x]+ 1yl +2lz]

el + 1yl
=L(1+2|z; -y |1+ —
(1422, b y|[ T+ 2l |

< L(1+2max(|al, [b]) [x = y| [1+|x| +|yl],
which completes the proof. O

A.3 Concentration is preserved by Haar matrices

Lemma 19. Suppose that vy € RY is a (possibly random) vector-valued sequence such that
1< 1 &
P(‘N ; ¢i([vnli) = N ; E¢i(V)‘ > 6) < Cexp (—CNGZ)

for any sequence {q’),-}f.i | € PL(2) with a common pseudo-Lipschitz constant and some random
variable V with finite second moment. If Ay is an N X N Haar-distributed orthogonal matrix

independent of vy for each N, using Z ~ N(0, 07?) for 0 = limy_. ||VN||?, then
1w 1<
i N ) ’ 7 2
P(—N) iél oi([Anvn];) N iél Egb,(Z)) > 6) <C exp( ¢'Ne ) .

In particular, the above statement holds if vy is a deterministic sequence.

Proof. As Ay is independent of vy and Ay is Haar distributed, BAyvy 4 Apyvy for any orthog-

onal matrix B. Thus, the distribution of Ayvy is rotationally invariant and depends only on the
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distribution of the norm ||[Ayvy|| = ||vy|| Therefore, if Zy ~ N (0, ly) independent of vy,

d vl
ANVN =
1Zn |l

Then we find

n N
% Z ¢i([Anvn]i) — % ; Egi(Z)| £

N
vyl
2 (uZZu ) ZE"”(Z)
Z¢(||VN|| )—liwaz
Izl N 2%zl

i=1

Z¢z (o [Zn]i) - —ZE%(Z)

Now by Lemma 9, it suffices to show concentration for these two terms separately. For the first we

use the triangle inequality, the pseudo-Lipschitz property of the ¢;, and Cauchy-Schwarz to get

Jo (”VN” (Zo]; ) 4, <a[zN]i>‘

I1Zn||
lvall ) lvall ‘
1+ + 0| [Zy] |[Z
(”ZN” 1Znll
Z Zy|)?
|l _U‘(u N||+(||vN|| w) IZy | )
I1Zn|| VN 1Zn|] N

Now we know that ||| |||| concentrates around o using our assumptions on vy, Lemma 15, and

Lemma 10. Then using this fact along with Lemmas 12, 10, and 15, we get that (”\Z/%” + (H;N |||| + 0-) ||Zﬁ||2)

concentrates around a finite value (specifically 1 + 207). Combining these with Lemma 10, we get

that the the above concentrates with the desired rates (since each of our intermediate lemmas pre-

serve this Ne? rate). Finally concentration for

1 < RN
|N;¢i (o[Zn]i) - N;E@

follows directly from Lemma 17 (again with the desired rate) since we assume that the ¢; share a

common pseudo-Lipschitz constant. This completes the proof of the lemma. O
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A.4 Concentration analysis for the matrix general recursion

In this appendix, we outline the adjustments that need to made to the main concentration ar-
guments in order to get the analogous concentration result for the general recursion in Algorithm

3 with d > 1 (i.e. with matrix rather than vector iterates). The main differences lie in account-

in/out in/out
/out and 0 /

. PR which are now zero-mean

ing for the distributions of the asymptotic variables P
Gaussian vectors rather than simply Gaussian random variables. As we will see, this adjustment
follows directly from a straightforward extension of Lemma 3, which in turn relies on the following

characterization of orthogonally invariant random matrices.

Lemma 20. Suppose that x = Uy € R"™ for U € R™" a Haar distributed orthogonal matrix and
y € R"™ an independent random matrix which has full rank with probability 1. Furthermore, let
Gy = X'x € R4 pe the Gram matrix of X, and let z € R"™¢ be a random matrix with independent

standard Gaussian entries which is independent of U and X. Then we have that
x £ 1G,'Gy? (A.117)

Proof. (Informal). The following proof is only informal because its claims rest on statements
about probabilities of measure zero events. The difficulty of making these informal arguments
more formal arises from the fact that the relevant random quantities take values in the space of
n X d matrices with orthonormal columns. As this space is non-Euclidean, probability densities on
this space do not satisfy the usual change of variables formula (since the normal definition of the
Jacobian does not make sense). I believe this may be fixable using a change of variables formula
from geometric measure theory that employs a suitable generalization of the Jacobian.

Let ®(¢) = cG, 172 for any matrix ¢. Then note that following facts:

1. ®(x) € R"™ has orthonormal columns.
2. Gy = G, for any orthogonal matrix V.

3. Vx £ x for any fixed orthogonal matrix V since VU 4 Uand y and U are independent.
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Now let 7 : R™" — R™ be the map which simply drops the last n — d columns of its input.
Then let V/ € R™“ be any matrix with orthonormal columns and let V be an orthogonal matrix

such that 7(V) = V’. Then by the above facts, we have
’ y) -1/2 / -1/2
P(d(x) = V') =P (®(Vx) = V') = P (VXGX -V ) -P (XGX ﬂ(I)) = P(®(x) = p(1)) .

As this is true for any V', @(x) is uniform over d X n matrices with orthonormal columns.

Now since z has independent standard Gaussian entries, we have that Vz 4 z; thus,
P (zG;”2 - V’) - P (\fz(;;;/2 - V') -P (zG;”2 - p(I)) .

This implies that zG, 12 = ®(x). Finally, we note that the entirety of the above argument still goes
through with y fixed, which implies that ®(x) is uniformly distributed conditional of any particular

of y and is thus independent of y. Therefore, as claimed,

x = xG;'*GY* = d(0)GL* £ 1G,; G

Using this, we obtain a matrix version of Lemma 3. To state this lemma, first note the necessary

in/out Cin/out Cin/out

adjustments to our notation. The matrices C , ,
qk pk uk

, and Civnk/ " are defined in exactly
the same way as before, where now we understand the iterates (e.g. pijn/ 'Y as (N /M) x d matrices,
so that, e.g., C;‘k isnow a N xd(2k+1) matrix. Likewise, the sigma algebras #; and Q; retain their

definitions in terms of these matrix iterates. With C equal to any of these matrices, the definitions

of the corresponding matrices B¢ and B¢ are unchanged. The Gaussian quantities Zgllgom, Zgl,gout,

—in/out .. . .
and Z » k/ have i.i.d. standard Gaussian entries before, but are expanded to have d columns so that,

e.g. zj:/zom e RWV/M)xd_ Fipally, the scalar/vector parameters p"/°", and g/

(pla)k (p/q)k

matrix parameters Pi(r;)//o;tk e R4 and Bi(l;/;’;tk € Rkdxd respectively. We introduce an additional

indexing notation: for each 1 < i < k letting [Bi(r;)//o;)tk](,-) € R be the d x d submatrix with

are replaced by
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in/out
(p/a)k

d X d matrix entries, then this is just accessing the index i component of this vector.

top-left entry [Bi(l;//();tk] d(i-1)+1,1- In other words, if we view B as a k-dimensional vector with

With this notation, we can now state our generalized lemma. To save space, we state this only

for the p iterates, but the extension to the q iterates is completely symmetric.

Lemma 21. If [C‘J}(]TC‘J}( has full rank for 0 < k < K, then we have for all such k that

k-1
- d i o—in - - d - - —in -
Py lm = O Zyo [Pl 244N, and  BYlpS ) BY (Bl +Opy Zyy [P ]2 +AT,
£=0
(A.118)
where O™ is defined in (2.39), and AR g given in Condition 0, with
pk PO
in
. . . o . ; . 121/ .
An = cin [ (Ci ey e ul - | | |, 70 |66 - (P
0k xd ' Pk Cak ,

- By, Z,, [Py

Furthermore, we have that pikn and pzm are conditionally independent given Py for all k > 0.

Proof. The proof of this statement is essentially identical to that of Lemma 3, merely replacing

in/out dxd
pigk € RY

in/out kdxd in/out in/out
and B, € R*CHorp ), and B,y D

applications of Lemma 1 with Lemma 20 and substituting our matrix parameters P

Next we state an analog of Lemma 4 that depends on a matrix version of the Gaussian equiv-
alent recursion in Algorithm 5. We omit the explicit statement here, as it is defined exactly to
make statement (2) in the following lemma true (hence, is entirely characterized by the lemma

statement).
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Lemma 22. First define

I*)i)n — pO ZpO [Pln ]1/2’ and ﬁ}(n _ Z *in Bm (r+l) + O Z [Pi;k]l/Z’

(A.119)
*out Oout zout [P;l(l)t] 1/2’ and *Out Z * out Bout (r+1) " O;l]l{t Z;l;: [Pglllct] 1/2.
Similarly define q}(n and (*12‘“. With these definitions, we have

1.

[*)}(n _ Z O _' Pm 1/2 [ci;k]r, *out Z Oout zout Pm]l{t] 12 [C;lllct]r (A.120)
where for k > 1 and 0 < r < k -1, [c,i;lk]r e R™ gnd [c O”t]r e R™ gre defined
recursively as [Cglk],- = k I[Bm ](l+l)[ ]I‘a and [c;l]l:]r = k l[B;l;{t] (i+1 )[ ]V? with
[cglk]k =[]k =1¢€ R for all k > 0.

2. Letx, = (ro,...,Tx) where r; = (pln O.“t, (1”‘ q°‘“) are defined as above for the ideal
variables p and q. Then we have that T T, — Ek = (do, ...,dy), where fk is defined in (2.53)
with

k in k out k in k out
~i ; ~ou ~i ; ~ou
d; = (Z Ay €01 > A (€8 > Ay [, Y A, [cg‘;‘]r) . (A2
r=0 r=0 r=0 r=0
Furthermore, for all k > 0, we have that T, d r,.
3. Foralli > 1, we have ([pg‘]i, .. [pk 1i [D™ i - - [pz‘”]l) = (Pgl, oL PP, L PZ‘“)

where (P, ..., P}(n) e RAK+D) gnd (P, .. ., Pz‘“) e RN are independent, zero-mean,

Jjointly Gaussian vectors (and hence the right hand side is itself jointly Gaussian).
Analogous statements for (1.)-(3.) hold for the q variables.

Proof. The proof of this statement is again essentially identical to that of Lemma 4 once all vector

quantities are replaced by their matrix analogs. O
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Finally, we define limiting quantities for the matrix form of the general recursion. Specifically,

P = (e ey T)

0 k

. . . . T
_ in/out in/out in/out in/out dx(k+1)
= ([ogr] e g e e o] ) e mn,

so we can define

Zi;liout _E {Uikn/out [Eikn/out]T} c Rd(k+l)xd(k+l), b =E {ﬁikn_/(l)Ut[Uj{n/out]T} c dexd. (A.122)

In terms of these, we can then define

Bin/out _ [Zin/out ]_1 b, Pin/out _ [Zin/out
= ks =

. . -1 .
_ rpin/outqT in/out in/out
pk p(k=1) pk pk ](k,k) [b ] [Z ] b

uk p(k=1) e o (A123)

where the (7, j) indexing notation is used to extract the d X d submatrix with top left index ((i —
Dd+1,(j—1)d+1).

With these results, it is easy to see how the proof of Lemma 6 extend to the matrix case.
For parts (g) and (a), which are concerned with the broad components of the A terms, the only
differences arise from the presence of matrix operations replacing scalar operations (in particular
due to the introduction of the Gram matrices). Concentration for matrix multiplications can be
established as we have done for other matrix products in the proof of Lemma 6 (specifically using
our concentration results for scalar products and sums). Concentration for matrix square roots is
more complicated, but for d < 4, explicit formulas in terms of radicals are possible, to which are
existing suite of concentration tools can be applied. In each case, the matrix operations which
replace scalar operations are all of dimension d, which is fixed and independent of N and k.
Hence, whatever penalty is incurred in the concentration rate we expect to be proportional to d?.
In particular, we can view this as being absorbed into the universal constants ¢ and C.

Part (b) of the proof is almost entirely analogous as the same arguments now simply need to be

applied to pseudo-Lipschitz functions with 2kd rather than 2k inputs. The remaining parts of the
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proof are essentially just applications of (/) to establish concentration for various inner products,

which can also be established in exactly the same way.

A.5 Notation and assumptions for GAMP case

Algorithm 7 presents the GAMP iteration. It is shown in [76] that, under appropriate assump-

tions, GAMP satisfies a state evolution given in (A.124).

Algorithm 7 GAMP

Require: Number of iterations K, design matrix A €
out
and g". .
1: Initialize X, T,f >0, and §y = 0.

2: fork < 1,...,Kdo

RM*N observed y € R¥, and denoisers gi"

. 4 1 2
3: 7. — yllAllG x T
4: k <—A)?k—Tlf§k_1
5: Z; = AXy
6:

. & t 4 p
7 S e gt (pk,y, Tk)

out

o n e v [g (Bey. )|
9:

10: T — ”A”]%’XT;

11: T <—)’Zk+T]:AT§k

12:

13: Xisl — g}cn (f'k,T;;) .

14 1 e X adiv g (8, 77) |
15: end for

211



M

M
P _
K =3k

—r 9 out [ H =P -
7= |5 (g (o))
&= [ [ (P 7))

5 (A.124)
Zoout | p =P
5280 (P h(z, W),rk)]

_ _ 0 A _
Tie1 = T4E [%g}cn (Rk’ 72)]
K;,, = Cov (X, Xxs1)

Xk+1 = gin (Ra ?k)

Here, ?’(‘) is initialized as Cov (X , Xo) , where the random variables X and Xo are empirical limits of

the true signal x and initial estimates Xo. The random variable Ry, is defined as
Ry=a X +Z,

where Z" ~ N(0,£}) is independent of all other quantities. The random variables W and Z are
likewise empirical limits of the true z and wv vectors (where w is as in Assumption 0, i.e. y =
h(z,w)). The random variable Y is defined as h(Z, W), and Z and Py are jointly distributed as
N(0,K7}).

In terms of these GAMP iterates and state evolution quantities, we make the following as-
sumptions for our concentration result Theorem 2. We note that these assumptions also ensure the
existence of all relevant empirical limits that arise in the definition of the state evolution.

Assumption 0. The initial estimate X is taken i.i.d. with subgaussian entries and is independent
of the matrix A. This condition implies that there exist random variable X, such that the initial

estimates %o jointly concentrates on Xy by Lemma 19.
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The output vector y can be expressed as 'y = & (z, w) where zy = AXy is the transformed input,
w is an independent “disturbance” vector, and 4 is a measurable function. Next, the truth xg is
also independent of these other quantities. The components of w and xo must also be either (1)
sampled i.1.d. from a subgaussian distribution or (2) non-random sequences which are bounded in-
dependently of N and which converge empirically to a limiting random variable with finite second
moment.

The initial precision estimates 7; is positive for all N and converges to some 7*. Finally, we

M

assume that the sparsity level 6 =

is bounded away from 0 independent of N.
Assumption 1. The design matrix A € RM*V has i.i.d. entries distributed as N (0, M)
Assumption 2. The log prior log g(x) and the log likelihood log f(y | z) (as a function of z)
are log concave and S-smooth. The latter condition requires that, for some g > 0,
2 2

0
——5logq(x) <pB,

Ox2 5208/ (v 12) <B. (A.125)

Assumption 3. The estimating functions gi, (k, -, 7") and gou(k, -, h (-, w), TP) are separable,
Lipschitz, and have Lipschitz derivatives for all £ > 0, with Lipschitz constants independent of k.

Assumption 4. The 7} and 7} are truncated to lie in some interval [#min, tmax] € (0, 1). The
T]f and 7, are also clipped so that they lie in some interval [Timin, Tmax] With 0 < Tiin < Tmax < ©0
respectively.

Assumption 5. We terminate the algorithm according to the following stopping criteria. First,
we stop the iteration if 1/7}, < €; or T} < e. To define our second stopping criterion, we consider
the iterates t; and pi. Let 7, be the magnitude of the projection of £; onto the space spanned by
the previous residual iterates {F; }j:&.

Let 7, be defined similarly as the magnitude of the projection of p; on all previous p iterates.
Our analysis will imply that these projection magnitudes will converge to certain limits as N — co.
We stop the iteration if any of the iterates are nearly spanned the previous iterates in this limit, i.e.

. N . 2
when limy e [|B¢]|* = [714]% < €] or imy—eo [IP& 1> = [7pk]” < €.
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Appendix B: Appendices to chapter 3

B.1 Proof of theorem 3

Proof. Replacing pP°! by joint—p, the inequality in (3.3) shows that joint—p is dominated in con-

vex order by

E £ (yrep0) L {T1 (¥rep) > T1(y) and T2 (Yrep) > T2(y) and - -+ Ty(yrep) > Tu(y)} (B.1)

under p(y, 6). However, unlike the case of pP°*', (B.1) is no longer uniformly distributed. Never-
theless, the argument of Lemma 1 in [67] extends directly. Let G and F be the cumulative distribu-
tion functions of joint—p and (B.1) respectively. Then the established dominance in convex order

is equivalent to the inequality
1 1
/ [1-G(1)]dt s/ [1-F(t)] dt (B.2)
N N
for all s € [0, 1]. Next note that

1
/O [1=G(0)] dt = By y AT (Vep) > T1(¥) and Ta(rep) > Ta(y) and -+ Ti(¥rep) > Tu(y)}

1
:/ [1-F(t)] dt. (B.3)
0

Combining (B.2) and (B.3), we get that

/OG(t)dts/O F(t)dt (B.4)
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for all s € [0, a]. Next, since G is nondecreasing, we can get for any a € [0, 1] the further bound

/OSG(t)dt:/OQG(t)dH/aSG(t)dt > /OQG(Z)dt+G(a/)(s—a/). (B.5)

For « € [0, 5], rearranging and combining with (B.4) gives

JSF(ndt - [[* G(n)dt 3 J F()dt

S —a S—a

(B.6)

G(a) <

Optimizing over s € [a, 1] on the right then gives the desired bound. O

B.2 Details of sample quantile simulation example

For the calibrated p-values, the empirical CDF of pP° is estimated using 2000 prior predictive
samples Yrep, and each pP(yyep) is estimated using 1000 samples from the posterior p(6 | Yrep)-
The estimated CDF is plotted in a neighborhood of the observed posterior predictive p-values in

Figure B.1.
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Figure B.1: Empirical CDF of pg(’St(yrep) for 2000 prior predictive draws of ye, and for T' equal to

the 0.05 (left) and 0.95 (right) sample quantile statistics, respectively.

For the partial p-values, we calculate the partial posteriors on a grid of 6 values between 0.5
an 4 (the support of the prior), estimating the likelihoods of the corresponding test statistics with
kernel density estimators. These partial posteriors are displayed in Figure B.2. The kernel density
estimates of the likelihoods for a given value of 6 are computed from 2000000 samples of the

0.95 sample quantile and 800000 samples of the 0.05 sample quantile. These large sample sizes
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reflect the need to have low estimation error in the tails of our kernel density estimates to prevent
explosive errors when inverting them to form the partial posteriors. As B.2 shows, the estimation

accuracy could still be improved further with greater sample sizes.

05 10 15
Theta Theta

Figure B.2: Partial posteriors (in blue) computed for the 0.05 sample quantile (left) and 0.95
sample quantile (right), plotted against the full-data posterior (in gray).

The sampled p-values are estimated using 1000 draws from the sampling distribution beta(6, )
for each 6 sampled from the posterior. The joint p-value bound is computed using Npior = 250
samples 6, from the prior distribution and Mgampling = 50000 samples from each corresponding
sampling distribution beta(thetay, 6,), out of which Legimaie = 10000 are randomly chosen for
evaluation of the corresponding joint CDF (conditional on 6,). By taking Mgampling larger than
Legiimate, We are able to estimate all probabilities at higher resolution without needlessly multiply-

ing the number of estimated probabilities for calculating the empirical CDF.
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Appendix C: Appendices to chapter 4

C.1 Basic quantities and relations from information theory

In this section, we provide statements of the basic results from information theory that we make
use of throughout this paper. Proofs of these results can be found in any introductory course on
information theory. We state all results in terms of conditional entropies and mutual informations
when appropriate since these contain the non-conditional statements as special cases. First we

review relevant definitions.

Definition 7 (Basic Quantities of Information Theory). Let g(6,y) be some joint model. Then the

entropy of 0 is defined as

hq(6)(0) = —Eq(6) log q(6). (C.1)

The conditional entropy of 0 giveny is just the average entropy of the conditional distributions:

hyoy) (01Y) =Eryhgoly (0) = —Eqa.y) logq(8 ] y). (C.2)

The mutual information between 0 and'y is the amount by which entropy is expected to decrease
after conditioning y:

I, (6.y) = hqo) (0) = hyeay) (0 | y) - (C.3)

Finally, if we extend our joint model to q(0,y,X) where X is any additional quantity, then the
conditional mutual information given X is just the difference of the corresponding conditional

entropies:

Iq 0,y [ x) = hq(O,x) (0 |x) - hq(a,y,x) 0]y, x). (C4)
The first important result allows us to break up an entropy or mutual information expression
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additive over the components of vector arguments.

Lemma 1 (Chain Rule for Entropy and Mutual Information). Let ¢(X,y,z) be a joint model and

suppose that X can be partitioned into sub-vectors (X, ...,Xy) for some m > 1. Then we have

that

hy (x1y) = Y h(x | X<i)
i=1

where X<; = (X1, ...,X;j_1) fori > 2, and X.| = {}. Furthermore, we have that

m
L (y.x12) =) 1yx | 2x) .
i=1

Next, it can be useful to express the (conditional) mutual information in terms of the KL di-
vergence, which quantifies discrepancy between two probability distributions p(y) and ¢(y). In

particular, the KL divergence is given as

D (p(Y)llg(y)) = Epy) log [%} '

The mutual information can be related to the KL divergence in two different ways.

Lemma 2 (Mutual Information as KL Divergence). Let ¢(X,Y, z) be a joint model. Then we have

I(y.x | 2) = B4 D (q(x.y | 2)|lg(x | 2)q(y | 2)) = Egy.)D (q(x | ¥.2)|lg(x | 2)) .

It is of fundamental importance that the KL divergence is always nonnegative, which follows

by an application of Jensen’s inequality.

Lemma 3 (Nonnegativity of the KL Divergence). For any densities p(y) and q(y), we have

D (p(llq(y)) =z 0

with equality if and only if p(y) = q(y) p-almost surely.

218



This immediately implies nonnegativity of the mutual information, and in turn the fact that

hgxy) (¥ | X) < hygy) (¥)

for any joint distribution g(x,y).
It is often useful to know how these metrics operate under certain transformations of the random

quantities in terms of which they are defined. This is characterized by the following result.

Lemma 4 (Entropy and Mutual Information Under Transformation). Let A € R be any invert-

ible matrix and lety’ = Ay. Then we have

hqy) () = hgey) (y) +log |det A .

Furthermore, if y =y + ¢ for any ¢ € R, then h(y) = h(y’). Thus, the entropy is invariant
under translations and orthogonal transformations. The mutual information satisfies the stronger
property of invariance under arbitrary smooth reparametrizations of the individual arguments.
Specifically, let ¢,y be smooth, invertible maps, and define 'y’ = ¢(y) and X' = Y (x). Then we

have that

Iy, x" | z) =1(y, x| 2).

The general behavior of the mutual information under potentially noninvertible transformations

is characterized by the data processing inequality.
Lemma 5 (Data Processing Inquality). Let g(X,Y, z) be any distribution, and suppose that x and
z are conditionally independent given'y. Then we have that

I(x,y) > I(x,2z).

In particular, the above inequality holds if z = Y (y) for any function .

Finally, certain distributions maximize the entropy under certain conditions. For our purposes,
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it suffices to note that normal distributions on R¢ maximize the entropy among all distributions

with fixed covariance matrix and support equal to R%.

Lemma 6 (Maximum Entropy of Normal). Let g(y) be any probability distribution supported

on R%, and let p(y) be a normal distribution with any mean and covariance matrix equal to the

covariance Xy of q(y). Then we have

1
hq(y) (y) < hp(y) (y) = 3 log (det (27T€Eq)) .

C.2 Weak identification simulation details

Algorithm 8 Posterior Bootstrap for Sam- Algorithm 9 Posterior Bootstrap for Sam-
pling Existing Subpopulations pling New Subpopulations
Require: Observed data y, # of replications R, # Require: Observed data y, # of replications R,

of new samples per subpopulation M"V, # of
posterior samples S.

1: forr < 1,...,Rdo 1:
2: Sample (61,...01,0) ~q(8,0 |y). 2:
3: for! — 1,...Ldo 3:
4: Sample yi7%, ..., ¥) ey, itd f&y | 4
91,0’). 5:

5: end for
6: Y — [ynyew]. 6:
70 Sample pyy,. o pes) g (i | yP) 7
8: 0, «—sd (,u(l),...,,u(s)) 8:
9: end for 9:
10: return {&y,...,0R}. 10:
11

# of new subpopulations L™V, # of posterior
samples S.

forr < 1,...,Rdo
Sample (,Lt,T,O') ~ Q(,U,T,O' | y)
Sample (01, ...00ew) ~ g(0 | u, 7).
for/ —1,...L"™V do
Sample y}7%, ...y}, itd f& |
0;,0).
end for
yrep — [yynew].
Sample p(1y, .. ies) L g (u | y°P)
o —sd (), - Hes)
end for
: return {0,...,0R}.

We simulated our three data sets in Section 5 from the following model.

Vour | @ 4 normal (6;, o) , 0, " normal (., 7.) , (C.5)

The o, u., and 7, are all hyperparameters. We fixed u. and 7. for all data sets, but we varied o

from 7, /2 to 27,. For our purposes, the key differentiator of the data sets is the ratio of the variance
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of the subpopulation-level (sample) means to the overall (sample) variance. When this statistic
is closer to 1, the between-subpopulation variation swamps the within-population variation, and
the reverse is true when this statistic is close to 0. For the three resulting data sets, this statis-
tic was approximately 0.45, 0.6, and 0.95 respectively. The complete data sets along with the R
and Stan code used to generate and analyze them are available on the companion GitHub repository
https://github.com/collin-cademartori/BayesianModelExpansionPaper/.
Algorithms 8 and 9 give detailed pseudo-code for the two resampling procedures we used to
simulate the process of sampling data from (a) the same subpopulations from which the original
data were sampled and (b) new subpopulations within the larger superpopulation. Each of these
algorithms was run with R = 500 replications of the resampling scheme, S = 2000 samples drawn

from each of the resulting posterior distributions, and with M"*" = 8 and L"" = 20 respectively.

C.3 Details of the election forecasting model

The primary purpose of the forecasting model is to infer the level of support for the Democratic
candidate over time and across states. This level of support is represented by a matrix parameter

RST with rows representing the S = 51 states (including Washington DC) and columns

u €
representing the 7 days from the start of measurement until election day. This parameter is assigned

a time series prior:
M, | fpyq ~ normal (p,,,, X*) for1 <t <T -1, and py ~ normal (mf, Sf) : (C.6)

Here £# € RS is a hyperparameter encoding correlation between states and variation over
time, constructed using demographic data, polling from previous elections, and domain knowl-
edge. Likewise, m/ € RS and S/ € RS are hyperparameters set using a ‘fundamentals forecast’
derived from variables known in political science to be good predictors of U.S. election outcomes.

Results of state and national polls are modeled with a binomial distribution that combines u

with terms representing sources of polling bias. Letting i = 1,..., Ngae index state polls and y;
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denote the number of respondents supporting the Democratic candidate out of n; respondents in

poll i, we have

yi ~ binomial (Iogit‘l (15, + i) ,ni) , (C.7)

where s;, #; denote the state and day for poll i, and 5; models various sources of bias. National
polls are modeled similarly, except that state-level terms including u,, are averaged with weights
accounting for each state’s share of the national vote in the previous election.

The bias terms S; in (C.7) are decomposed into several further terms which are designed to

capture the following sources of polling bias:

* Pollster-level “house” effects, i.e. the observed phenomenon that most pollsters exhibit a

nonzero, temporally stable bias toward one party or the other.

* Poll mode effects reflecting the observed phenomenon that the averages of phone- and

internet-based polls tend to differ.

* Poll population effects reflecting the observed phenomenon that the averages of “registered

voter” and “likely voter” polls tend to differ.

* Partisanship nonresponse effects that account for the fact that differential rates of response
between members of the two parties can alter poll results. This term is only included for
polls that do not attempt to adjust their results for the partisan composition of their sample.
Unlike the previous terms, this term varies through time (and is assigned a time-series prior)
in order to account for the fact that differential partisan nonresponse has been observed to

vary over the course of an election cycle.

* State-level measurement error effects reflecting the observation that polls of some states have

historically been more accurate than others.

* Poll-level random measurement error, i.e. a catch-all term representing any additional vari-
ance in the average support for the Democrat among the polls’ sampling frames unaccounted

for by the above terms.
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A complete description of the polling model specification can be found in [43], and the code
and data for the original model can be accessed at https://github.com/TheEconomist/
us—potus-model. The code for our expanded models and our conditional posterior checks can

be foundathttps://github.com/collin-cademartori/BayesianModelExpansionPaper.

C.4 Proof of theorem 4

In this section we prove our main result, Theorem 4. We build up the proof from many in-
termediate results, starting with a result that upper bounds the marginal Fisher information of an

expanded model in terms of the (unmarginalized) Fisher information and the prior.

C.4.1 Bounding the marginal fisher information

For model ¢(y, #), the observed and Fisher information matrices are defined as

2
06,00,

[T, (v, 0]y = - log f(y | 8) forall 1 <i,j < d,

1,(0) =Efyi0) T4(y,0). (C.8)

We drop the subscript when the model is clear from context. We now state a bound on the mutual

information in terms of the Fisher information, which follows directly from Theorem 2 of [1].

Theorem 5 (Mutual Information Upper Bound). Let g(y, @) be a model such that the prior q(0)

is log-concave with covariance matrix X, then

1(, )<dl//( tr( q<9)>:1/21(0)>:1/2)) (C.9)

where Y (x) is the concave increasing function given by

Y (x) =
1+ 3log(x), x>1
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Now let vy, be the maximum eigenvalue of X (the covariance matrix over just the 6 parameters).

Then we also clearly have

1(6,y) < dy (%Eq(g) tr(I(G))) . (C.10)

If v, differs between a base model and expanded model, then we can rescale the prior over 6 in
the expanded model so that they are equal. The only possible difficulty is that we may no longer
have a Ay for which gpase () = ¢ (0 | Ag). Such situations can always be resolved however by
passing to a larger model which includes a prior scale hyperparameter for 6 in 4. With such a
hyperparameter, we always have the ability to set both the marginal prior scale and Ap-conditional
prior scale for @ independently, allowing equality of v, and preservation of the model expansion
property.

We also note that rescaling 6 leaves I(8, y) unchanged since the mutual information is invariant
to all invertible transformations of @ and y separately. Thus, with loss of little generality, we hence-
forth assume that v,, = 1 for all models. The weaker bound (C.10) will be useful for comparisons
to other quantities in the next sections, and for deriving the following further upper bound, which
applies more directly to model expansions, is easier to compute, and mirrors the decomposition of

mutual information we obtained in Section 2.

Theorem 6. Define the partial Hessian with respect to A as [H (4;0,y)];; = _M?—;Ak logq(y, 6, 1)

for1 <1i,j < k. Then under the regularity conditions in Appendix C.4,

d

Etr 1(6) <

J=1

, (C.11)

82
E{—ﬁlogf(y | 9,/1)} — A

J

where we define

2
£ B o loga(y.0.) |

E|H (4;80,y) Hop

a =gl 2 (116) +[
J agjz gq

The A; terms compare prior- and posterior-based measures of dependence between 6 and A.

We have A; > 0 when 6 and A are independent under the prior. In particular, when ¢(6, A,y) is an

224



expansion of some base model and when Zli] A; > 0, (C.11) again exhibits a downward bias on
the Fisher information of the expanded model compared to the base model. We illustrate with two

simple examples before turning to the proof.

1. Take a linear regression model gp,se With response y € R”, predictors X € R, coefficients

B € R™ intercept a, and log noise variance 7:

(2mexp (T))_”/2 exp [— (y-XB-al)l (y-XB-al) /2 exp(T)] .

We consider an expansion p with additional predictor z € R” and coefficient A. Suppose the

coefficients are assigned independent priors, and let @ = (o, By, . . ., B, @).

We assume without loss of generality that all predictors are centered as this does not affect

the posterior entropy. We then find forall 1 < j < m,

RSP (Gl ') | S (y|0),
qaﬁf ng y ) - q(T) eXp(T) Jbase 8,32 Og GbaseY
i n 92
-EBy 957 log f(y | 4,0) = B = _EQbaseﬁ log gbase(y | €), and
02 n B 92
-E, ) log f(y|4,0) =E4) xp(0) | = _E%mﬁ log gpase(y | 1, 6)

These computations show that the first term in (C.11) is just tr (EZ,,, .. (0)). Assuming z is

also centered, computing the second term in (C.11) gives that

m 2
) ) cov (X,
EqbaseTr (IQbase) EqTr (Iq) = n El](‘f) {CXP(T)} JZ |: var (Z) ] ’

which reflects the familiar fact that the identifiability of regression models is reduced by

significant correlation between predictors.

2. Next consider an exchangeable Poisson base model with likelihood

exp (un§ = nexp() [ (311X yal - Xyl
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This can be expanded to a negative binomial model with likelihood

[]C 0+ ex)
i=1 F(

( exp(s) )Z( exp(d) )"e"p(”
yi+ DT (exp(2) |

exp(u) + exp(4) exp(u) + exp(4)

This converges to the Poisson density as 4 — oo, so this model is in fact an expansion of the

Poisson model. Next observe that the second derivatives with respect to u are given by

7 T | £

g o8 ()= mexp () |1 = o | | exp () + exp ()

which has expected value nexp (u) [1 - %] under f(y | u, ). With this we can

show using (C.11) that the Fisher information trace must fall in passing from the base to the

expanded model:

exp(4)
exp(u) +exp(a)

ETr(Z,) <E {n exp (u)

} <E{nexp(u)} = ETr (Z,,..).

We now turn to the proof of Theorem 6. The key idea in this proof is to rearrange the logarithm,

derivative, and expectation operations to obtain a more tractable expression for the marginal score.

First, we need a version of the Cramer-Rao bound that relates the resulting expression to the desired

derivatives.

Lemma 7 (Cramer-Rao Lower Bound). Let ¢ = —log p(X) be a differentiable potential function

with x € R, and let f(X) be a differentiable function. Furthermore, assume that for any 0 € R?
ﬁxed, lim||x||_m f(X)p(X - 0) =0.

Then we have the following inequality:

Var (f(x)) 2 [EV£(®)]” [EHy(x)] " [EVF(x)].

Proof. Assume without loss of generality that p(x) has mean 0. Let pg(x) = p(x—8), and consider

the (biased) estimator of (£(8),0,...,0) € R? given by T(x) = (f(x),0,...,0). We note that,
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under our assumptions, we have for 1 <i < d that

(%I_Eaf(X) - Ea%f(X),

and that

1(6) = EHy(x - 0),

where the Hessian is respect to the components of x. Now the Cramer-Rao lower bound for 7'(x)
is just

Covg (T(x)) > [JEgT(X)(a)] 70! [JEoT(X)(a)]T'

Multiplying on the left and right by e{ and e; respectively preserves the inequality (by definition

of Loewner order), and so evaluating this multiplication and taking 6 = 0 yields

Var (f(x) = [EVf(0)]” [EH,(x)] ' [BVF(0)],

as claimed. |
For Theorem 6, we need the following regularity conditions:
Lo [aq(x.A160)dA= [ F5q(x,A|6)dAforall 1 <i<d.
2. Varyapo) (7 log f (x16,4)) < o forall 1 <i < d.

3. For any fixed A" € R¥, almost every (x,60),andall 1 <i <d,

lim q(/l—/l*lo,x)[ 0 log f(x]|0,4)| =0.

|2l —e0 00,

We can now proceed with the proof.
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Proof. The i™ term of ETr () is just

0 2
Eq(x0) {(ﬁlogf(x | 0)) } (C.12)
‘We can then rewrite
il (x]6)= / (x,1 | 6)daA
a0 100 = e [ s
1|6
qj(:z ||0))ae logg(x,4|6)dA (C.13)

/q(/l | x, 0) logq(x A]6)da

0
=Eq(ax0) {66 logq(x, 4| 9)}

where (C.13) follows by exchanging the integral and derivative and using the expression for the
logarithmic derivative. Plugging this into the above and using the definition of the variance, we

obtain the identity

5 2
Ey(x0) {(Equ|x,a> {6_4% logg(x, A | 0)}) }
0 2 0
=E;x0) 1 Eqax.0) 30, logg(x,A|80)| ¢ — Varyaxe) 29, logg(x,118)

0 2 0
= Ey(x.0.0) {(%bg q(x, 4] 0)) } Eq(x.0) {Varq(/llx 0) {ﬁlog q(x,a | 9)}} (C.14)

Now the usual Fisher information identity gives us that

i

9 2 52
Eq(x.6.0) {(%bg q(x,a | 9)) } Eq(x.6.0) {—ﬁlog q(x, 1] 6’)}

62

=Ey(x,0.0) {—— logg(x | @, /l)}

06?
82

+Eg(x.6.) Y logg(1180),.

i
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On the other hand, using the Cramer-Rao inequality above, we get that

2
0 ( /”0)} [ECI(/lIX,H) Zfﬂ%a%logq(x,é’,/l) c1s)
— o X, > .
ag; =1 Iy e H (4: 6.%) [lop

Vargjx,0) {

Plugging this in, the right-hand term in (C.14) can be bounded by

9
BEy(x.0) {Vafqu|x,e) {6_91- logg(x,A | 0)}}
2
Ey(io.x) Xi—y %% logg(x,6,4)
IEq(a10.0H(A; 6, %)110)

2
aﬂ 69 log ¢(x,6, 1)

Z Eq(x0.0) 1/2

= IEq(a16.0H(A; 6, %)|[op

> By(x0)

where the second inequality follows from Jensen’s inequality applied to the outer expectation and
the square. Combining this with the above and summing completes the proof of the stronger
inequality.

To prove the weaker bound, we apply the reverse Holder’s inequality to the expectation of

(C.15) under ¢(x, @) with p = 2 to get the lower bound

[Eq(/llx,e) > %a% log g(x, 6, /l)]z
IEq(ax.0)H (4; 0,%) [lop
[ 4(x.6) )Eqwxo) Y1 a1 39 log (%, 6, A)H
Eq(x.6)[[Bq(aix.6)H (1;6,%) [lop
[Zle Eq(xﬂl)m 36, 1ogq(x, 0, /1)]
ST Banen MO0 Ty

Eq(x0)

completing the proof. O
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C.4.2 Conditional mutual information bounds

In this section we state and prove a theorem which lower bounds the conditional mutual infor-
mation in terms of the Fisher information. To establish the lower bound, we will need to use the
following key fact on the monotonicity of the conditional mutual information under conditioning

on successive replications.

Lemma 8 (Decreasing Conditional Mutual Information). Let g(6,y) be a joint model of parame-

ters and data. For any M,R > 1, let
Yy MY f(y 1 6).
Then we have that 1(0,y™) |y, yV, ..., yM=V) s decreasing in M. Furthermore, we have that
10,y ) = 210, (50, y ™) [y, y e

forall M > 1.

Proof. Lettingy,, = (y('), e, y(M)) and yg = (y(M”), e, y(M+R)), we have that

L(0.Yy | Yr) = h Yy | YR) = 1 (Yu | YR-0)

= h (T | 50) = (T | 6) (C.16)
< B (T [yYD) = h Gar 1 6) (€17
= (¥ar | YD) = (Far 1 0,50 (C.18)

=1 (eayM | y(M+1)) ’

where (C.16) follows from the conditional independence of the y given @, (C.17) follows from
the fact that conditioning decreases entropy, and (C.18) again follows in the same way as (C.16).

Now, by the chain rule for mutual information and the same argument as above, we can bound
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this latter conditional mutual information as

M=

1(0, 3y 1Y) = D 1 (0.59 |y¥*0.5,.))

1

~.
1l

Il
—_

I (0, v | y<M+1))
J

=MI (G,y(l) | y) ,

where y, = {}, and where the last inequality follows from the fact that the distributions of
(H,y(j),y(M“)) are all equal to the distribution of (0, y, y). Now dividing both sides by M

completes the proof. O

Before stating our main lemma, we first give a definition that extends the notion of a subexpo-

nential distribution to random symmetric matrices.

Definition 8 (Subexponential Random Matrix). A random symmetric matrix M is said to be (a, B)-

subexponential if, for all k > 2, we have

k!

EMF < a?ﬁk_zl,

where the inequality denotes the Loewner order.

We will also say that a random matrix is y-subexponential if it is («, 8)-subexponential for

some a,  such that y = a + 8.
Theorem 7 (Fisher Information Lower Bound). For M,R > 1, define the (M + R)-replicated

model:
M+R

q (y(l)’“. (M+R) 0) q(8) l_[ ( 0) | 0) .

Suppose for R sufficiently large, we have that

* the posterior distributions q (0 |y, ..., y(R)) are normal,
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* the observed information matrix of q(y, @) is («, B)-subexponential for some a, 8 > 0 (i.e.

the observed information does not have heavy tails),

. E/lfl():), ]E/ll_z():), E/lfl (Z2(0)), and E/11_2(I(0))) are bounded by some B > 0 where ¥ =
Cov (0 |y, ..., y(M)) (i.e. the posterior covariance and Fisher information are neither

too small nor too large on average).

Then for C a constant depending on vy = a + 8 and B, we have for M sufficiently large that

tr (Bgoy 2 1(O)ZL). (C.19)

1 — -
Ml(a’ Yu | yR) 2 Ve Ve

C
logd
We give the proof in the case R = 1 and write y for y™* for simplicity, but the proof for

R > 1 follows in the exact same way with (y(M Do yWM +R>) replacing y throughout.
Proof. By the invariance of the mutual information under invertible transformations, if we define
0 = 2;1/20, we get

~ 1 <1
10, (v, ) 1) =18, ..y |y) = 5Elog [detEy gy |, (€20)

.....

where the last equality follows by expressing the conditional mutual information as the en-
tropy difference h (5 | y) —h (5 ly,y\, ..., yM )), plugging in the expressions for the entropy of
multivariate normal distributions, and simplifying.

Now for 1 <i < d, let /lf(-) : H; — R be the map from d x d Hermitian matrices to their i
eigenvalue under increasing order. We will usually write A; for /ll‘.l when the matrix dimension is

-1

. | = .
clear from context. We will henceforth write X, for Ey y(O . yOD) for convenience.

Furthermore, define Lo (¥, 8) = & > H ¢(5|y(,.))('é) where ¢(8 | y?V) = —log f(y"? | ), and

ol

T 5
Tops (7, 0) — I(G)HOP < 5} . (C.21)

232



Finally, define the event

G ={4 (1(0)) 2 6}.
The proof will now proceed by analyzing the decomposition
d

2 [og (40 (2r)) x| + 2 foe (4 (2 1o

i=1

Elog [det ij_wl] =

g
I

d

+ > E [log (/L- (i‘MI)) ]1gc] : (C.22)

i=1

where, on the right hand side, we now take the expectations over (y(o), y(l), e y(M ), 5) Label
these terms T1 - T3.
Lower bound for T3.

First we note that

B [log (4 (£ )} 1g¢| = B [10g (41 (E4/)) 1 |
= -8 [tog (44 (En1) ) Lt 20001y
~JElog (14 (£4)) B (151 (7000 2 57

=
2—61/2\/E10g (14 (Zw)) B2 (20))
(

Z_(51/2\/(15)%, ZM)+]E/1 ( ))EAII(I(O))

> —V26'/2B.

So T3 is lower bounded by —V2d¢§'/?B.
Lower Bound for T2.
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‘We now lower bound T2. First observe that

5 [l (1 (£3)) 1esn] = 2 1og (11 (E51)) 1]

ol )
> —\/]E [log (/ld (EM))Z] p (8.(3 N g)

Now we observe that we can upper bound the probability factor as

?(8:nG) = EByoyP (€50 G 18.y) <EyoP (E518.y).

Since we assume that the observed information matrices H ¢('§|y<i))(6) are sub-exponential in the
sense of (8), we can apply the matrix Bernstein inequality conditional on (5, y) with rank of the

Fisher information 7' (5) to see that, if 0 < 1,

2 2
~ o)

P (82 0) <2dexp|-M—2—) < 2dexp|-M-), C.23

g eXp( 4a/+2,86) eXp( 47) (€.23)
where a, 8 are the sub-exponential parameters controlling the tails of the observed information,
v = a + . Since the right hand side is free of (6, y), we obtain the same upper bound for the
marginal probability P(Sg N G). This gives an overall bound for T2 of —V2Bd exp (—M %).

Lower Bound for T1.

Now, for any Gaussian distribution, the Hessian of the potential function is exactly the precision

matrix. Combining this with the fact that derivatives of the log normalizing constant vanish and
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the fact that Cov (5 | y) = |, we have that, for all § € R?,

~-1

Zyor,.yon =H_y 0 G0 yony (0)

.....

M
=H 10531y () + ) Hy o (0)

i=1

M

Now note that
M B M B
A (' + D Hyaiy0) (9)) =l+d (Z H, @iy (9))
i=1 i=1
Combining the observations of (C.25) and (C.24), we obtain
d . 1 ¢ M _
SE [log (/1,- (zM )) ﬂa,éﬁg] =B ) log (1 nyy (Z H, g0, (0))) Ie.ng
i=1 i=1 i=1

d
1 o~
=5 > Elog (1 +MA; (Iobs(y, 0))) Le;ng-
i=1

Now Weyl’s inequalities imply that

Iobs (y’ 6) - [(5)

1t (los(5.8)) ~ 4 (1®))| < o

Using this, we have for all 1 <i < M that

E i) [log (1 +MA; (I(,bs 3. 'é))) 1 ngg]

> log (1 + %ﬂi ([(5))) 16(6) (1 B Pf(ila»y)(ag))

where the expectations are over 'y = (y(l), yWM )) conditional on (5, y).

(C.24)

(C.25)

(C.26)

(C.27)

(C.28)

Now combining (C.28), (C.26), (C.20), and our lower bounds for T2 and T3, and letting

M= 81% log (2d),
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we obtain an overall lower bound for the conditional mutual information

10,y",...,y™ |y
1 & 4ky ~ ~
> 2 ZE . [log (1 A (_r(a))) ﬂg(e)] —cd [51/2 + 2—k] . (C.29)
If we now define the function
o"(x) =min (x, 1) (C.30)

to be the 7-truncation of x, then we have for 6! and 7 sufficiently large that the first term above is

lower bounded by

Ey@y Z log |1
Ei@y Z log |1

log 1+4/’cyr/62 d

Z @) (1(0)) (6<0,(Z(8)<Aa(1(8)) <7}
=1

(Iw))] 15(9)

(I (9))] {6<1(1(8)<A4(Z(B)) <7}

d
1
_ZEq(9y) (I(H)) (6<(1(8))<Ay(Z(0))<7)’ (C.31)

log(1+c)

where we have used the fact that log(1 + x) > x over the interval [0, ¢] for any ¢ > 0.

Now we note that

Ey@yti (I(G)) Lsan, (2@)2aa(1@)) <7y 2 By (I(G))

~E @yt ([(9)) Lot (z@<sy ~ By@p (I(e)) (@)=}

Now by applying Holder’s inequality and Markov’s inequality, the second to last expectation can

be upper bounded by

\/E"@’”ﬂz’ (I(E))\/ a@yh (1(0))51/2<B51/2
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-1/2

Similarly, the last expectation is upper bounded by Br~'/. Thus, the terms of our lower bound

(C.31) can be further lower bounded as

1 r “3/2 , _~141/2 , o=k

“E, gy (I(e)) —C (r 124171612 4 o ) :

where we can take C = max(c, B). By Jensen’s inequality, we also have a lower bound E q (Ey)’l" >
B~!. Taking 7, 67!, and k sufficiently large, we can ensure that the second term above is bounded

by B~!'/2t, which yields an overall lower bound of

d
ﬁ > B, @ (I(E))
i=1

Putting this all together, we get that

%I(E,y“), ¥ ) 2 6Bkm210g ot [E19)], (C.32)
which concludes the proof upon noting that
(0) = £, 1(0)%y.
m]

C.4.3 Proof of theorem 4

Using the results of the last two sections, we can now proceed with the proof of Theorem 4.
We first prove a pair of lemmas that give conditions under which we can further lower bound the
cmi in terms of just the Fisher information. The key idea here is to exploit the Cramer-Rao bound
to relate the posterior covariance matrix that appears in Theorem 7 to the Fisher information. The
first step is to determine conditions under which we can get a lower bound on the cmi with the

matrix product and expectation operations interchanged. To illustrate the idea, observe that for
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d = 1, we have that

Etr (X52(0)) = E[Var(0 | y) Z(6)]

= Cov (Var(6 | y), Z(6)) + EVar(0 | y)EZ(0)

> EVar(0 | y)EZ(6) — \/Var [Var(6 | y)] Var [ Z1(0)].

Thus, in the one-dimensional case, if \/Var [Var(6 | y)] < O0E[Var(6 |y)] and /Var [Z(0)] <

OE [Z(6)] for some 6 € (0, 1), then we have that
Etr (Z3Z(0)) > (1 - 6*)EVar(8 | Y)EZ(0) = (1 - 6%) tr (EZ,EZ(0)),

For a positive random variable X, the requirement that \/W(X) < 0EX is not a restriction on
the variance X in an absolute sense, since the condition can be satisfied for distributions with
arbitrarily large variances so long as the mean is correspondingly large. Rather, we argue that this
is naturally seen as a condition on the skewness of X. Indeed, for positive random variables X with

finite second moment, we have in general that

| 1
P(X > (k + 1)\/]EX2) < and P(X>KEX) < .

The above variance-mean inequality implies that

62
P(X > (k+DEX) < 5.

Since P(X > kEX) is large when the distribution of X is skewed to the right, this variance-mean
inequality primarily functions to limit the skew of the distribution of X. This skewness condition

can be naturally generalized to the matrix case with d > 1, yielding the following lemma.

Lemma 9. Under the conditions of Theorem 7 and Lemma 10, with relevant definitions taken from
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the same, we have that if

VVar(Z(0)) < 6Amin (EZ(0)) and [Var(Xy) < 6Amin (EZy),
for some § € [O, 2‘1/2), then we have that
tr (BX52(0)) > (1 -6%) tr (EX5EZ(H))

Proof. Our proof is given in terms of general positive-definite matrices A, B € R¥?. First observe
that

Etr (A — EA)(B — EB)) = tr (EAB) — tr (EAEB)..

Therefore, it follows directly from von Neumann’s trace inequalities that

|tr (EAB) — tr (EAEB)| = |[Etr (A — EA)(B - EB))|
< Eltr (A - EA)(B —EB))|
< d [E||A - EA||op||B — EB||op ]
_ d[COV (/1A - EAllop. ||B — EB||op)

+E||A — EAlopEI[B — EB] op|

< d[\/Var (IIA — EAllop) / Var (IIB ~ EB[lop)

+E||A — BA]|opE||B — EB]|op|

< 2d,[E||A ~ EA|[2,E||B ~ EB| 3.
It also follows from von Neumann’s trace inequalities that

tr (EAEB) > dApin (EA) Apin (EB) .
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Letting Var (A) = E||A — EA| |gp, it follows that if there is a 6% € (0, 1) such that

Var(A)YVar(B) < 2 duin (EA) A (5B)

then we have that tr (EAB) > (1 — 6%) tr (EAEB). Of course, it further suffices that there is some

L
0 € (O, \/z) such that

vVar(A) < 6Amin (EA) and +/Var(B) < Amin (EB),

which is guaranteed by our skewness conditions. O

Relative to the one-dimensional case, we note two clear defects of this result. Specifically, the

requirement that 6 < 27!/2

rather than 6 < 1 and the fact that the variance is given in terms of
the maximum singular value whereas the corresponding mean matrix is measured in terms of its
minimal singular value make this bound more stringent than in the scalar case. Nevertheless, the
qualitative requirement is essentially the same - that the distributions of the spectra of the posterior
covariance and Fisher information are not too skewed.

Now we can use this lemma along with the Cramer-Rao bound to get a lower bound in terms

of (only) the expected Fisher information.

Lemma 10. IfE, ) Z(0) has spectrum {Ll-}l.d=1 and p(6) = normal(0|u, ), then

Li
1+RL1"

d
tr ([EE;R]I/Z[EI(G)][EZ;R]”Z) > (C.33)
i=1

Proof. We give the proof for general R > 1. Let Jgy be the observed information matrix. Then

we note that, by the Cramer-Rao bound, Jensen’s inequality, and our assumptions on the prior, we
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have that

-1

R
EXy, > E¢y) |Eqeom {Z Jo.y; + I}

j=1

R
> |Eq(0.3) {Z Joy, + 1}

J=1

-1

= [RE, 6 Z(0) +1] ",

where the inequalities represent the Loewner partial ordering of PSD matrices whereby A > B iff
A — B is PSD. Using the fact that the trace is symmetric and Loewner order is preserved under

conjugation by any other positive definite matrix, we have that

e ([BXg] 2 [BT(0)] [EX5]'2) =t ([E2(0)] [EXg] [E1(6)] ')
> tr ([EI(@)]U2 [REZ(6) +1]"! [EI(H)]W)

— tr ([EI(H)] [REZ(6) + I]-l) .

Now, writing the spectral decomposition of EZ(0) as U’ AU, where A = diag (¢1,...,tq), and

substituting this into the above, we get that

tr([EI(t‘)) [REZ(0) + 1]~ ) t (UTA [RA + 1]~ U)

tr

(
(A [RA +1]° )

d
Z 1+RL,

i=1

which completes the proof. O

We make a few observations about this result:

* Since the trace in (C.33) is invariant under orthogonal transformations of @, the unit covari-

ance assumption only imposes that the parameters have unit prior scale, which can always
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be achieved by rescaling.

* The normality assumption may be relaxed by replacing the identity matrix by the Hessian H

of —log p(@) in the proof. If E,g)H < cI, then we get

([EZ]l/z[EI(O) 1[EX, 1/2)zi

C+L
i=1 !

e If R > 1, we get a similar lower bound with terms ¢;/(1 + R;).

We also note that this lower bound shares many features with the cmi: (i) a dimension de-
pendence through the sum of d terms, (ii) dependence on the likelihood curvature through the
eigenvalues ¢;, and (iii) a self-limiting behavior since increasing ¢; are offset by the decreasing
curvature of 3.

Finally we can prove Theorem 4.

Proof. The bound on I (@, y) follows directly from Theorem 5 taking 1 = dy(d~'-) (noting
that d is a constant here as it is the dimension of the shared parameters ). Likewise, the bound on
1(6,y) follows from Theorem 5 and Theorem 6 with the same ¢ and letting A’ = (Aq,...,Ay).

Taking ¢, (x) = (1 = 6%)C 2 k> the bound on Ipase (Yrep, @ | y) follows from Theorem 7 along with

exp }

Lemmas 9 and 10. Letting {¢, " be the eigenvalues of EJ (6, 1), the same argument gives the

lower bound
dexp

1 (Yeeps (8,0) |y) = D 92 ().

i=1

To get the bound in terms of the LCO“d we observe that

d d4exp dexp

cond exp exp
Dua(d™)s X () un
i=1 i=1+d®pP— d

where the first inequality follows from the eigenvalue interlacing theorem and the fact that y; is
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increasing. Thus, the bound on I(ycp, @ | y) follows with

4%P

A = Z s (Ll?xp) _ i W (ngond) _
i=1 i=1

The final inequalities of Theorem 4 follow immediately from the above and the fact that the as-

sumed inequality in Loewner order implies the same inequality with respect to the eigenvalues. O
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