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Abstract
Newton-Raphson Approximate Re-optimization in High Dimensions: Theory, Corrections, and
Applications to Risk Estimation, Unlearning, and Influence Analysis

Haolin Zou

This dissertation develops a unified framework for approximate re-optimization in
high-dimensional statistical models using a few Newton—Raphson iterations. Motivated by
settings where the objective function is slightly perturbed, such as machine unlearning,
cross-validation, and data attribution, we study how to update model parameters efficiently
without retraining, while maintaining rigorous guarantees. Working under the proportional
high-dimensional regime, we establish finite sample error bounds for Newton-based
approximations and characterize the number of iterations required for statistical accuracy. We
apply this framework to three problems: (i) certified machine unlearning for smooth objectives
via Newton updates with calibrated noise, (ii) approximate leave-one-out cross-validation for
non-smooth regularizers, and (iii) bias correction of influence functions, leading to a consistent
estimator termed Newfluence.

Overall, the dissertation demonstrates that combining second-order approximations with
high-dimensional analysis yields a principled and efficient approach to re-optimization in modern

learning systems.
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Big omega notation b,, = Q(a;)
Small omega notation b, = w(a,)
Big Theta notation b,, = ©(a,)
0,0,,0,,Qp,w,,0,

A

Wedge and vee a A b,a vV b

Scalar or scalar valued functions
Sets, events or function families
The set of real, positive real, integer and positive integers
{1,2,--+ ,n}
p-dimensional Euclidean space
Vectors (both deterministic and random)
Matrices (both deterministic and random)
Matrix operator norm and Frobenius norm
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Minimal and maximal singular value
Trace of a matrix
Matrix norm induced by vector £, £, norms
Sub-vector and sub-matrix with row indices in set M
First, second and third order derivatives.
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Diagonal matrices with diagonal elements @ = (ay,--- , a,)
Polynomials of log(n)
Vn, b, < Ca,, for some constant C > 0
Vn, b, < Cappolylog(n) for some constant C > 0
limb,/a, =0
n—0
The negation of b, = o(a,)
Asymptotic dominance: lim b, /a, = oo
n—co
Same order: b, = O(a,) and a,, = O(b,)
The in-probability version of O, 0,0,Q,w,0 respectively.
Probabilistic independency

The smaller / larger between the two elements compared




Chapter 1: Introduction and Background

1.1 Regularized Empirical Risk Minimization

Parameter estimation has long been one of the two pivots of statistics, together with statistical
inference ([1, 2]). Given a dataset D := {z1,---,2,} € R™P, suppose z; are drawn from a

parameterized distribution family:

Zj~ P(Z;ﬁ*), B* € ®’ (11)

where O is the set of parameters of interest. To estimate the unknown true parameter 8, a widely

adopted method is the regularized empirical risk minimization (R-ERM) ([3]):

A

B :=argminL, (B) := argminz (zi, B) + Ar(B). (1.2)
® 0

B<® Be

Here €(z, B) is a loss function measuring how well B fits the data z, a common choice of which
is the negative log-likelihood —log p(z, B8). r(B) is called the regularizer aiming at reducing the
variance of the estimate by penalizing large B, usually towards 0 ([4, 5]). It is usually a convex
function minimized at 8 = 0. The scalar 4 > O controls the strength of regularization, and larger A
penalizes 8 more towards 0. R-ERM is used in many classical and modern learning tasks, ranging
from simple tasks like estimating the mean of Gaussian sample, to more complicated ones such
as linear regression, Poisson and multinomial regressions ([6]), matrix completion ([7]) and neural

networks ([8]).

Example 1 (Gaussian Mean estimation). Suppose D = {Xi,--- , X,,} is a sample of i.i.d. Gaussian

variables with known variance o> = 1 and unknown mean p: X; ~ N(u, 1). The parameter u can



be estimated using maximum likelihood estimator:

n

1 2
A :=argmin= » (X;—pu)”.
HER 2 ; l

The solution is naturally the sample average: i = X = % iy Xi.

Example 2 (Neural Networks). Suppose D = {(y;,x;)}!_,| € R™(P*+D) where y; € R is the label
and x; € RP? is the feature vector of observation i. A neural network is a parameterized function
class formed by compositions of layers, f(x; ) := Ty oTp o --- o Tx(x), where each of the layers
Ty (x) := o (Wix + by) consists of a nonlinear activation function oy : RPx — RPk and a linear
transformation inside it. The parameter B then consists of all the weight-bias pairs (Wi, by). In

principle, B is estimated via R-ERM" :

B= arg;ninZ E(is £ (xi, B)) + Ar(B).
i=1

Iterative optimization methods, such as the stochastic gradient descent and back-propagation, are

usually used to find the solution.

As mentioned earlier, the regularizer r(-) aims at stabilizing the solution by pushing the solution
towards its own minimizer 8 = (0. Common choices include the £; norm (LASSO) ([5]): r(B) =
1Bl = 11?:1 |Bx| and the squared ¢, norm (ridge,[4]): r(B) = ||B||% = Z:lﬂi, as well as their
variants and combinations, such as the grouped-LASSO ([9]) and the elastic net ([10]). Also note
that, in some models such as neural networks, regularizers can be applied separately to each layer,
e.g. r(B) = Zfz | nklkaH% where scalars r7; > 0 control the regularization strength of each layer

separately ([11]).

'In reality, however, due to the non-convex nature of neural networks, we almost never find the global minimum
of the R-ERM problem, but rather stop at "good" local minima using more complicated methods. But this is beyond
the scope of this dissertation.



In this dissertation, I will focus on the generalized linear models (GLM):

B = argmin »" £(y;, x] B) + Ar(B). (1.3)

ﬂe@ i=1

1.2 Newton-based Re-optimization

In many situations, after training a model (1.3), we are then interested in a new problems with

a slightly different objective function:

Bpert = arggﬁ(})inLn (B) + AL(B), (1.4)

where AL(f) denotes a small change to the objective function. For example, in online learning
([12, 13]), a new training point may be added: AL(B) = {(yn+1,X,, B). Or the reverse might
happen, which is called machine unlearning ([14, 15]), where we seek to remove the influence of
one or several data points: AL(B) = X jem ¢ (yj,x]Tﬁ), where M C [n] denotes the deletion set.
Chapter 2 will discuss about machine unlearning in more details.

Solving the new problem (1.4) from scratch can be computationally demanding and also un-
wise. However, if AL(f) is small compared to L,(), we can hope the new solution ﬁApert should
not be far away from B, which becomes a good initialization for solving for [;’pert. This will be the
central idea of this dissertation.

The Newton method, also called Newton-Raphson method [16, 17], is essentially an iterative

root-finding algorithm:

Definition 1.2.1 (Newton Method). Suppose f : R? — R” has an invertible Jacobian matrix G
anywhere in an open set ® C R?, and f has a root f(B*) = 0 in ©. Starting from an initial point

x(© € @, the Newton method is the following iterative procedure: for step t > 1,



For more information about Newton method, please check Section 9.5 of [18].

If both L, () and AL(B) are smooth, then solving ﬁpert in (1.4) is essentially finding the root
of the gradient of the perturbed objective gper (B) := V(L,(B) + AL(B)). When AL(p) is small
enough, and hopefully B is close to ﬁpert, and B would be a good initialization for the Newton

iterations. We can then iteratively solve B¢ via Newton iterations:

Bpert - ﬁ’
3 511 “1 -1 (-1
Blow = Brrt’ = Gpon B ) €per B ) (1.5)

Here, G;,e]rt (B) = V2(L,(B) + AL(B)) is the Hessian of the perturbed objective.

The main computational demand comes from the storage and computation of the Hessian in-
verse. Generally, inverting a p by p matrix has computation complexity O(p?), so it is desirable
to run as few iterations as possible. We note that the number of Newton iterations depends on the
loss landscape. For generalized linear models, where the objective is convex, a finite number of
Newton iterations is sufficient to reach the unique global optimum. For example, for our numerical
experiments in Section 2.5 using logistic regression and ridge penalty, naive leave-data-out retrain-
ing with Newton’s method required a constant number of iterations, typically between 4 and 20,
depending on the initialization and the curvature of the loss. According to our theoretical results
in Chapter 2, two Newton iterations would yield a reliable and accurate unlearned model. Thus,
replacing full retraining with two Newton updates reduces computational cost by approximately
50%-90%.

One example of solving the perturbed objective (1.4) is machine unlearning, where we aim to

solve

B = argminl(y;, x] B) + Ar(B).
ieM

The Newton method have been used for approximately solving ,B\ m in the literature of machine
unlearning, for example [14, 19].

Another line of work related to this chapter focuses on efficient approximations of the leave-



one-out cross-validation (LO) estimate of the risk. LO is widely known to provide an accurate
estimate of out-of-sample prediction error ([20]). However, a major limitation of LO is its high
computational cost. As a result, recent studies have explored methods for approximating LO more
efficiently ([20-28]).

Among this body of work, the contributions of [20, 23] are most closely related to our own.
Specifically, [23] demonstrated that approximating the LO solution using a single Newton step

yields an estimate that falls within the statistical error of the true LO estimate.

1.3 High Dimensionality

Classical theoretical studies of machine learning methods are usually based on low-dimensional
statistical asymptotics, in which we assume the parameter space, especially its dimension p,
is fixed, and the number of observations is sufficiently large. For example, consider the lin-
ear regression y; = x/B" + ¢ with x; ~ N(0,1,), ~ N(0,1). Consider the OLS estimator

B=(XTX)"'XTy. It can be shown that

B-B1X~N©O,(X"X)™h,

1B =B I ~ w(XTX)™".
When p is fixed and n is large, the empirical covariance matrix converges:
| .
X' X - }Ex]xl = ]Ip,
n

so we have |8 — B*||> ~ p/n. This is the classical O(1/ y/n) convergence of OLS. However,
this approximation is only accurate when 7 is sufficiently large compared to p. If, for example,
p = 5000,n = 10000, then ||8 — B*||» is no longer small. In fact, as both n, p are large in this
example, it is more desirable to study the following regime: n, p — co,n/p = yo = 2. It can be

shown that, under this asymptotic regime, X " X follows Wishart distribution and (see Section 6.2



of [29])

r(XTX)' - =1,

Yo — 1
so || - B*|| — 1. Neither is the low-dimensional asymptotics 0(#) informative, nor is the OLS
,é consistent in this case.

This motivates the proportional high dimensional asymptotic setting:

Definition 1.3.1 (Proportional High-dimensional Asymptotic Setting (PHAS)). Assume that both

n and p grow to infinity, and that n/p — o € (0, 00).

The proportional high-dimensional asymptotic setting (PHAS) has provided valuable insights
into the optimality and practical effectiveness of various estimators over the past decade [29-53].

We aim to study R-ERM (1.3) under high-dimensional settings in which both n and p are
large. Towards this goal, we use one of the most widely-adopted high-dimensional asymptotic
frameworks, proportional high-dimensional asymptotic setting (PHAS).

While our theoretical goal is to derive finite-sample results applicable to any values of n and p,
PHAS (Definition 1.3.1) will serve as a basis for simplifying and interpreting these results in high-
dimensional settings. By default, all the following “O, 0,0 P 0] p notations should be interpreted
under the directional limit of PHAS, i.e. n, p — co,n/p — 7y € (0, ). In contrast, in classical, or

low dimensional settings, the direction of limit is usually n — oo, p = py, in which case n/p — oo.

1.4 Main Assumptions

Throughout my dissertation, I will adopt the following assumptions for the theoretical analysis.

They are predominantly used in high dimensional learning theory.

Assumption A1 (Separability). The regularizer is separable:
r(B) = (B
kelp]

Assumption A2 (Smoothness). The loss function £ : RXR — R, and is three times differentiable.

8



Assumption A3 (Convexity). Both £ and r are proper convex, non-negative, and r is v-strongly

convex in B for some constant v > Q.

Assumption A4 (Gaussianity). The feature vectors x; YN (0,X). Furthermore, we assume that

Amax (X) < %, for some constant Cx > Q.

Assumption A5 (Polynomial Growth). 3C > 0, s > 0 such that >

max{¢(y, 2), [€(y, DI, 1€, D 1y, D} < C(1+ [yl + [2]°).

Assumption A6 (Stochastically Bounded Labels). The label variables y; satisfy P(|y;| > Cy(n)) <
qf,y)for some Cy(n) = O(polylog(n)) and q,(ly) = o(n~"), and Bly;|" exists, Vt < 2s for the constant

s in Assumption A5. We will denote E|y;|** by Cys.

Assumption Al can be generalized to include a linear transform: r(8) = X ;¢ 7 (aJT. B), but
we make the simplified assumption that a; = e; where e; is the jth canonical basis of R to avoid
cumbersome notations. Generalizing the current proof to arbitrary a; is trivial. Examples include
the ridge, LASSO, group LASSO ([54]) and SLOPE ([5]). Assumption A2 and A3 are common
assumptions in machine learning theory too ([55]). Assumption A3 ensure that the R-ERM esti-
mators ﬁ and [?\ m are unique. Note that so far the assumptions do not include the smoothness
of r, which is needed for Hessian computation. In Chapter 2, I will study the perturbed estimator
,BApert with twice differentiable r, so that the Hessian is well defined. However, a large proportion
of popular regularizers is not smooth, such as the LASSO or elastic net. Chapter 3 will remove
the differentiability assumption on r and generalize the Newton method using a Hessian proxy for
non-smooth r, such as the elastic net penalty (a convex combination of ridge and LASSO). We
also assumed ¢ and r to be non-negative without loss of generality. This can always be achieved
by subtracting their minimum (which are finite since ¢, r are proper convex) from the function

themselves.

ZFor notational simplicity we assume the same constant C and degree s for the four quantities, and extending our
result to different C and s for the quantities is straightforward.



The polynomial growth in assumption AS is also a standard assumption in machine learning
theory ([29, 56]) and is satisfied by many frequently used loss functions such as the square loss,
Huber loss ([57]), cross entropy loss and negative log-likelihood of common distributions. It also
encompasses commonly used regularizers such as the ridge and LASSO. The purpose of this as-
sumption is to ensure that the partial derivatives %é’ (y,2) are O »(1) when y and z = x7 8 are
0 »(1). Otherwise consider a counterexample: suppose £(y, z) = exp (y + 2).

The Gaussianity assumption A4 is prevalent in theoretical papers dealing with high-dimensional
problems, for example [23, 45, 58, 59]. This assumption is made to make the proofs more straight-
forward. The proofs can be generalized to sub-Gaussianity without much effort.

Heuristically, the scaling for X is to guarantee a bounded signal to noise ratio as n, p grow
under PHAS. When x; ~ N(0,X), we have var(x %) = E(xl.Tﬂ*)2 < %llﬂ*”%. When the “true
parameter” 8* has O(1) elements, we have |||, = O(+4/p), and hence E(x#*)*> = O(1). On
the other hand, it is reasonable to assume that y;|x 8 has ©(1) variance. Therefore, under the

settings of this chapter we can see that the signal-to-noise ratio (SNR) of each data point, defined as

var(x ")
var(ylx[ B*)”

¢ and the response y. These are typically used in the analysis of high dimensional regression

remains bounded. We now introduce two more assumptions on the likelihood function

problems and are satisfied for a host of natural examples including linear and logistic regression.
See, e.g., [60].

In addition to the aforementioned rationale, there is another compelling justification that we
explain below.

Let A*(n, p) denote the value of A that minimizes the prediction error of B. Suppose that we
are interested in the asymptotic setting n, p — oo, such that n/p = o remains fixed. Then, if
Assumption A1 holds, for many problems it has been shown that 1*(n, p) — A, in probability,
where A is a fixed number in the range (0, o). See for instance [36, 46, 47]. Intuitively speaking,
if under another scaling 1*(n, p) goes to zero as n, p — oo, the estimation problem is becoming
easier as p grows and hence a regularizer is not required. Similarly, if under a scaling where

A*(n,p) — oo as n,p — oo, the estimation problem is becoming so difficult that we end up
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choosing zero estimator as the best one. Hence, the scaling we have chosen here seems to be one
of the most useful scalings for practice.

Assumption A6 essentially requires all |y;| = O p(1) as n, p increases. This is a reasonable
assumption for machine learning as well, since the label, such as class labels (e.g. cat vs dogs) or
continuous variables to be predicted (e.g. GDP per capita), usually do not scale with the dimensions
n,p.

The main purpose of the polynomial growth assumption A5 is to ensure the partial derivatives

such as £(8), £(B) remain locally O »(1) as n and p grow, as shown in the following lemma:

Lemma 1.4.1. Under Assumption Group A, with probability at least 1 — nq,(qy) —4p' ¢ —pe~P/2 -
e’ :=1- g, we have the following hold simultaneously: VM C [n], M| < m,¥B1, B2 in a

convex neighborhood containing ﬁA and ﬁ\ M-

X2 <C,
max {;(B1) < polylog(n),
i€[n]

I,n[m](f}(ﬁl) < polylog(n),
16 m(B1) —Em(BIl

< polylog(n),

1B =Bl
IVr(B) - Vr(By)
1Bl ool

The proof is postponed to Section 2.7.2 where Lemma 2.7.4 is a more rigorous statement of
Lemma 1.4.1 above.

Below are some examples where Assumptions A5 and A6 are satisfied. For simplicity we
assume x; ~ N (0, 11—,]11,).

Example 3 (Linear regression). Suppose y;|x; ~ N (xS, o?), then we have y; ~ N(0,1?) with

2i=0%+ 1%||/3*||2 Its negative log-likelihood is the { loss:

f(y,Z)=%(y—Z)2, ty.2)=z-y, ty,2=1 £¥yz=0.
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And by Lemma 1.6.15 we have the following concentration for y;:

P(lyi| = 6ty/log(n)) < \/%n—;

Example 4 (Logistic regression). Suppose y; ~ Bernoulli(p;) where p; = (1 + e‘xiTﬂ*)‘l. The

negative log-likelihood is then

{(y,z) =ylog(l+e %)+ (1 —y)log(l +e€), ye{0,1}<2log(2)+2z,

Z
{(y,z)| = -y <1+l
Dl = |12 y‘ [yl
w e’
(y,2)| = |—=| <
1£(y, 2)| EYEE
1 3 2
t(y,2)| = |- + - <6,
€02 L+er (146392 (1+e%)?

and obviously |y;| < 1 so that Assumption A6 is also satisfied.

Example 5 (Poisson Regression). Suppose y; ~ Poisson(1) where A = log(1 + ¢*i F"), then we

have, by Chernoff bound (see, e.g., Exercise 2.3.3 of [61]):
P(y; >1) < e (%)t . (1.6)
Since x| * ~ N (0, %llﬂ*”z), we have
P(lx] B’| > 2vylog(n)) <n”?
where v* = %Hﬂ*llz. So we have, with probability at least 1 — n™2, that

A =log(1+ €5 ) <log(2) + |x] B’

<log(2) + 2n /2| B*||\log(n).

Setting t = log(n) in (1.6), since 1 > 0, we have

12



log(n)

log(n)
= _1 .
: (m) o)

It can be checked that the negative log-likelihood loss is

e(log(2) + 2v+/log(n)) )"’g(’”

P(y; > log(n)) < (

[£(y, 2)| = |log(y!) +log(1 + %) — yloglog(1 + ¢%)]

<CHY?+22+1)

where C = 1 +loglog(2) + (21log(2))~.

The derivatives of the loss function w.r.t. 7 satisfy

1£0y1)] =|— Y <14yl
= = (1+e%)log(l+e%) ~ h
. e~ 2
7 _
1) ‘y((1+e1)log(1 +eZ))
yet et

- +
(1+e%)2log(l+e?) (1 +e%)?

<1+2|y|,

1l(yl2)] <3+ 14]y].

We use the fact that ((1 + e=%)log(1 + ?))~! < 1 for all z € R. We omit the exact expression for

£(y|z) for brevity.

1.4.1 Bounded signal-to-noise ratio

We briefly explain the point of ‘bounded signal to noise ratio (SNR)’ mentioned in the intro-
duction. Although our method and the conclusion of this chapter do not rely explicitly on the SNR,

the notion of keeping a delicate balance between the signal and noise is one of the most important
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foundations of our theory. We define the signal to noise ratio as

Var (x| B*)

SNR = ————.
Var(yilx] B*)

It can be shown that the SNR is O, (1) in the three GLM examples in the previous section. In fact,

under Assumption Al
T px* *\ T * CX %112
Var(x; B7) = (B") EB" < Fllﬂ 2 =0(1)

and for the three generalized linear models (linear, logistic, and Poisson regression) in the previous

subsection, we have

o2 for linear

1 X x/ B*
e

2
= 7 +e 2 for logistic
Var(yilx] B) ) 8

(log(1+xp*)~"  for Poisson

all of which are O, (1) using the fact that

x[ B~ N, CxlIBl13/p) = 0,(1),

2<e B 45 P 12 <2 11 =0,(1).
Moreover if we fix l%llﬁ*ll% = ¢, then SNR™! is also 0, (1).

1.5 Organization of the Following Chapters

This dissertation is organized around the use of Newton-Raphson approximations for efficient
re-optimization in high-dimensional statistical models, with applications to machine unlearning,
risk estimation, and data attribution.

Chapter 2 develops the theoretical foundations of approximate machine unlearning for smooth
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regularized empirical risk minimization problems. We introduce a general framework for Newton-
based unlearning and establish finite sample error bounds under the proportional high-dimensional
asymptotic setting (PHAS). A key finding is that, in contrast to low-dimensional settings, a single
Newton step is generally insufficient, and multiple steps are required to achieve accurate approx-
imation. We also compare our approach with existing certified unlearning methods and provide
supporting numerical experiments.

Chapter 3 extends the analysis to non-smooth problems, with a focus on approximate leave-
one-out cross-validation. We develop theoretical guarantees for approximate cross-validation esti-
mators under non-differentiable regularizers, addressing challenges arising from changes in active
sets. The results provide a rigorous justification for approximate risk estimation methods in high-
dimensional settings, and are illustrated through the example of linear models with elastic net
penalties.

Chapter 4 studies data attribution and influence analysis, highlighting fundamental differences
between low- and high-dimensional regimes. We propose a corrected influence measure, termed
Newfluence, which accounts for high-dimensional effects neglected by classical influence func-
tions. Theoretical results and numerical experiments demonstrate that this correction significantly
improves approximation accuracy in modern high-dimensional models.

Finally, we conclude with a discussion of future research directions, including extensions be-
yond smooth and convex settings, computational considerations for large-scale problems and on-

line unlearning.

1.6 Preliminary Lemmas

In this section we provide some auxiliary lemmas to be used in the proofs of our lemmas and

theorems.
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1.6.1 Basic algebraic results
Lemma 1.6.1 (Weyl’s Theorem). [Theorem 4.3.1 in [62]] Let A, B € R™" be symmetric, and let

the singular values of A, B and A+B be {ci(A)}!_,, {0v(B)}_, and {ci(A+B)}" |, in increasing

i=1’ i=1’
order. Then
loi(A + B) — 0i(A)| < o1(B)

fori=1,...,n

Lemma 1.6.2 (Woodbury Inversion Formula). Suppose A € R™" is nonsingular, and M = A +
UBYV, then
M'=A""-ATUB'+vAU) VAT

provided that all relevant inverse matrices exist.

Lemma 1.6.3. Let M € R™" be non-singular, and partitioned as a 2-by-2 block matrix

A B
M =

BT C
where A € R C € R™*™ with ny + n, = n. Then

e A"+ A'BDBTA™' -A"'BD
-DBTA™! D

where D = (C — BTAB)™!, provided that all relevant inverse matrices exist.

Lemma 1.6.4. Suppose that A € RP*P is an invertible matrix. Furthermore, assume that C € R™"

is a diagonal matrix. Finally, B € RP*". [f A + BCB' is invertible, then its inverse is:

(A+BCB")'=A"1-A"'B"CBA™!

+A'BCB" (A +BCB")'BCB™A™!
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Proof. First assume C is invertible. Applying Woodbury formula twice yields

(A+BCB")™!
=A'-A'B(CT'+B"A7'B)"'BTA™!
=A"' - A7'BCBTA™!

+A"'BCB" (A + BCB") 'BCB™A™!

If C is not invertible, WLOG assume it has non-zero diagonal elements, i.e. by rearranging its

rows and columns there is a diagonal matrix C; € R¥*¥ such that

C = diag[C},0,..,0]

Split B in the same way:

B = (B, B,)

where B; € RP** and B, € RP*("=%) and we have

A+BCB" =A+B\C\B/

so we can still use the above formula by replacing B, C by By, C; respectively. O

Lemma 1.6.5. Suppose that A,T' € R"™" and that A and T are invertible. Then for any v € R" we

have

pT(A+D) vy —vT(4) 1y

N T,
O-r%lin(A) O-Iiin(A)lo'min(A) — Omax ()| '
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Proof. Using Woodbury formula (Lemma 1.6.2) twice we obtain

A+D) =414 ' +4aH) 147!

=A'-AT'T-T(A+D)'D)A™!

So we have

T (A+D) v —vT(A) v

<pTAT'TA |+ pTATIT(A +T)7'TA™ Y|
Timax (D) v Tmax (D) v
o2, (A) o2 (A)|omin(A) = T (D)

In the last inequality, we have used Weyl’s theorem for bounding the maximum singular value of

(A+T) . O

Lemma 1.6.6 (Lemma 14 of [59]). For 1 < s < N and N > 2, we have

2. Form < (n+1)/3,

Proof. We prove each part separately:
* The first part is exactly Lemma 14 of [59].

¢ Notice that for s < m < n,

(Vsl) _ #lS)' _ m(m—l)--~(s+1) <( m )m—s
(Zl)_Wﬁmﬁ_(n—s)(n—s—l)---(n—m+1)_ n—m+1 ’
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SO

Zs(i?(s)s“__( m )m_SSZ( m )f_n—m+1

) n—m+1 n-m+1) n-2m+1
m s=0 =0
<1+ n <
n—-2m+1

IA
S
X

O

: m
pr0V1ded TomEl <lem

1.6.2 Probability inequalities

Lemma 1.6.7 (Lemma 4.10 of [63], slightly modified). Let Z; be N dependent N (0, 0'1.2) random

variables with 0y < Omax < 00, then

E max Z; < omax V2 1og(N).

i€e[N]

Proof. The proof is essentially the same as Lemma 4.10 of [63], except for the absolute value. Let

Z .= max;c[n] Z;- By Jensen’s inequality, V¢ > 0:

etEZ < EetZ — Eetmaxie[N] Z; < Z EetZi — Z e%tzo-iz < Ne%tza'r%mx’

i€[N] i€[N]
which implies
1 1
EZSﬂbﬁM+§ﬂ%M.
The right hand side minimizes at > = 21#(1\]), and hence we have EZ < opax/2 10g(N). ]

max

Lemma 1.6.8 (Borel-TIS inequality, Theorem 2.1.1 of [64]). Let Z; be N dependent N (0, 0'1.2)

random variables with o; < Oax < 00, and Z := max;e|n| Zi, then Vt > 0,

2

P(Z-EZ>1)<e *na.

Lemma 1.6.9 (Lemma 4.10 of [63]). Let Vi,Va,...,V, denote dependent zero mean Gaussian
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2 2
1°9

random variables with mean zero and variances o s -

- 0'1%. We then have
E(max V;) < 42log2p (max 0',-) .
Lemma 1.6.10 (Lemma 6 of [65]). Let x ~ N(0,1,), then

P(xTx > p + pt) < e~ 2(log(1+1),

2

Lemma 1.6.11. Let Z; be N dependent N (0, O'iz) random variables. Suppose O'i2 < Ofax < .
ThenVt > 1,¢ > 0:
P(m[?v)i 1 Z:i]| > 207max V10g(N) + clog(r)) < 217°.
1€
Proof. Let Z := max;c[,) Z;. By Lemma 1.6.8,
— 52
P(Z —EZ > S) <e 20'%13)('
By Lemma 1.6.7, EZ < oaxy/2log(n). Setting s = omaxy/2¢ log(?) yields
P(Z > omax (V2 10g(n) + v2clog(t))) < 7.
Finally notice that
max |Z;| = max {max Zi, max(—Zi)} ,
i€[n] i€[n] i€[n]
s0 by a union bound and the fact that va + Vb < /2(a + b) we have
P(m[m]( 1Zi| > 20 maxVlog(n) + clog(1)) < 2.
1€ln
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Lemma 1.6.12. Suppose b € R? is a random vector with density

py(b) o e=IP1,

then ||b|| ~ T'(p, C) with density

p
1 and B (||b|| > 2—”) < e~ (I7loe)p,
T'(p) ¢

pip(r) =
Proof. Note that the pdf of b depends only on its £, norm ||b||. Thus, b has a spherically symmetric

distribution. By Theorem 4.2 of [66] the pdf of ||b]|| is given by:

2nP/?

p—1,.-Cr
r(p/2)"

Py (r) o

and thus ||b|| ~ T'(p, C). This finishes the proof of the first part. For the second part we use the

moment generating function of the Gamma distribution to write:

2 t t\P t
P(Ib] > 22y < inf B("l)e=F = inf (1 - —) e & = e,
C 0<1<C 0<1<C C
The last equality follows since the infimum in the previous line is achieved by ¢ = % O
Lemma 1.6.13. Let X™ = £'2Z be a p x m matrix, where Z € RP*™ has elements Zij d N(0,1)

and X is positive semi-definite with omax (X) := pPmax. Then, for any ¢ > 1

P (IX oo = Vimpmas (1 + 4cTog(m) ) < exp (~cmlog(n)
Proof of Lemma 1.6.13. We know that the 2 — oo matrix norm can be written as

IX ll2.0 = max [lef X"|l2 = max [le;E'2Z]},.
1<k<p 1<k<p
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Note that eZZl/ZZ ~ N(0, opily) for 1 < k < p, where oy is the (k, k) element of X and thus,

P(|X 112,00 = Vmpmax (1 + 4clog(n))) < exp(—cmlog(n))

by concentration inequalities for )(2 distributed random variables (see, e.g. [67]). ]

Lemma 1.6.14 (Lemma 19 in [59]). Suppose the rows of X satisfy Assumption A4, then

P(IXTX|| = (Vo +3)°Cx) <e™”.

Lemma 1.6.15. Letxq,...,x, iud N(0,X) € R? and suppose pmax(X) < p~'Cx for some constant
Cx > 0, then

P(max ||x;]| > 24/Cx) < ne™?/2.
1<i<n

Proof. Letz = Z_%x, thenz ~ N(0,1,) and

P(Jlx| = 2v/Cx) = P(z" Xz > 4Cx)
<P(z'z > 4p)

< e‘%(3_10g(4)) < e_l’/z

The last line uses Lemma 1.6.10. A union bound over all 1 <i < n finishes the proof. O

Lemma 1.6.16. Theorem 1.1 in [68] Let x € RP be a random vector with independent sub-

Gaussian entries that satisfy Ex; = 0 and ||x;||y, < K. Let A € RP*P. Then for every t > 0,

2y
K2|A|” K4A)2
A" K* Al g ,

—c min{
P(Jx"Ax —Ex"Ax| > 1) < 2e

where ||A||, and ||A||gs denote, respectively, the spectral norm and the Hilbert-Schmidt norm of

matrix A.
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Chapter 2: Machine Unlearning: A Theory for Smooth Problems

2.1 Introduction

Many real-world machine learning systems, including healthcare diagnostic tools and models
like ChatGPT and DALL-E, rely on diverse user and entity data during training. If a user requests
their data to be removed, it is reasonable to expect the responsible companies or entities to not
only delete the data from their datasets but also eliminate its trace from the trained models. This
process requires frequent and costly retraining of models. To address this challenge, the field of
machine unlearning has emerged, focusing on efficient and less computationally intensive methods
to remove dataset traces from models.

This field has made significant progress over the past few years [69-75]. Substantial empirical
research, coupled with rigorous theoretical results, have established a strong foundation for this
area.

As we mentioned in Chapter 1 and will clarify further in Section 2.4.2, existing theoretical
results in the field of machine unlearning usually have an implicit focus on low-dimensional set-
tings. However, in many real-world applications, the number of parameters is comparable to or
even exceeds the number of observations.

The goal of this chapter is to re-examine the existing Newton-based machine unlearning al-
gorithms under the high dimensional regime. More specifically, this chapter makes the following

contributions:

1. We study the performance of machine unlearning algorithms under proportional high-dimensional

asymptotic settings (PHAS).

2. We refine some of these existing notions and propose new metrics tailored to evaluating the
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certifiability and accuracy of machine unlearning algorithms in high-dimensional regimes.
As I will clarify later, some of the notions introduced for evaluating the certifiability and
accuracy of machine unlearning algorithms, such as e-certifiability from [14] and the excess

risk considered in [19], are not well-suited to high-dimensional settings.

3. We analyze the performance of Newton-based machine unlearning algorithms under PHAS.

As a result, we show that:

(a) Unlike the low-dimensional settings, machine unlearning algorithms based on a single
Newton step (similar to those introduced in [14] and [19]) are not reliable, even when

removing only one data point from the dataset.

(b) In contrast, a machine unlearning algorithm yields a reliable estimate with two New-
ton iterations when a number m = O(1) data points are unlearned. Furthermore, we

quantify the minimum number of steps needed when m grows with n.

A comprehensive summary and comparison with existing theoretical results in machine un-
learning will be postponed to Section 2.4, after the framework is formulated, and main results are
stated. The reason is that in this way we could have a detailed comparison with the existing theories

within a concrete mathematical framework in order to avoid the ambiguity of natural language.

2.2 The Framework of Machine Unlearning

2.2.1 General framework of approximate machine unlearning

This section provides a general framework for machine unlearning beyond the R-ERM frame-
work and supervised learning.

Given a model such as generalized linear model or neural networks, an estimator ﬁ of the
"ground truth" B* € @, is obtained from a learning algorithm A : R™P*D — @. An example
would be the R-ERM estimator introduced in (1.3) in Chapter 1, Section 1.1.

To formalize the idea of machine unlearning problem, let M c {1,2,...,n} be the subset of

data indices to be removed, let Dy := {(y;,x;) : i € M} be the corresponding subset of 9, and
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let Dy\pq := D\ Dy be the retained dataset. In order to remove Dy and all traces of it from the
model, ideally we need to obtain ﬁ\ M =A(Dm) ! which is also called ‘exact machine unlearn-
ing’. However, in many applications, it is considered impractical to exactly compute A(D\ p(), S0
approximate unlearning methods are more desirable. Such methods calculate an efficient approx-
imation ﬁ\M of A(D\m).

To evaluate /;’\ M, inspired by [14, 76], we consider the following two principles that a *good’

machine unlearning algorithm should satisfy:

P1. [Certifiability] E\ m should be random and statistically indistinguishable from ,5’\ m (or its
randomized version). This guarantees that no information about the deletion set D\ 54 should
be inferred from the outcome of the unlearning algorithm, for example by comparing the

output before and after unlearning.

P2. [Accuracy] [?\ m should have similar performance with ,é\ M 1n terms of down stream tasks

such as out-of-sample prediction.

The aforementioned principles serve as a conceptual framework for machine unlearning al-
gorithms. However, to enable systematic evaluation and facilitate objective comparisons, it is
essential that these principles be formalized into explicit, quantitative criteria and metrics.

Let us begin with the certifiability principle. Since /§\ M 1s only an approximation of ﬂA\ M, 1t 1S
likely to inherently retain some information about D . To hide such residual information, random
noise must be introduced into the estimate.> For example, independent and confidential noise can
be directly added to ﬁ\ m.- Consequently, in studying the machine unlearning problem, I will focus
on randomized approximations. We use the notation b for a random perturbation used to obtain

such randomized approximation. In addition, inspired by [19], we also allow the system to store

I Technically, A refers to a sequence of functions {A, , : R®™*P*D) — @] n,p € Ny} so A(D) = A, ,(D)
and A(D\pm) = A, p(D\m) where m := | M|, as the two learning mappings are defined on different spaces thus
cannot be identical. But it is usually trivial to say they are the “same” learning model, for example using the same
architecture and optimization methods despite the difference in dimensions, and for this reason we drop the subscripts
for notational brevity.

2For more information about this claim, the reader can refer to the literature of differential privacy [76].
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and use a summary statistic 7(9) for the unlearning algorithm, so it can be formalized as:

where the supersript R in [?fM stands for ‘randomized’. Inspired by differential privacy ([76])
and the existing literature of machine unlearning, including [14, 19], we propose the following
criterion for the certifiability principle, by comparing the distribution of the unlearned model with

a randomized baseline of exact unlearning.

Definition 2.2.1 ( (¢, €)- Probabilistically certified approximate unlearning (PAU)). For ¢,€ >
0, a randomized unlearning algorithm A is called a (¢, €)-probablistically certified approximate
machine unlearning (PAU) algorithm, if and only if 3X c R™P*D with P(D € X) > 1 — ¢, such

that VD € X and VM C [n] with |M| < m, Y measurable T~ C ©, we have

P (A(Dpm, A(D),T(D),b) € T| D) o o
P(A(0, A(D\M), T(D\m), b) € T|D) ~ '

—€

where b encodes external randomness introduced in the randomized unlearning algorithm A, such

as noise injection.

Our criterion 2.2.1 differs slightly from similar definitions in the literature, such as the “e-
certified removal” in [14], and the “(e, §)-unlearning” in [19]. Although a detailed comparison is
postponed to Section 2.3.2 and Section 2.4.2, here we briefly outline the main differences and their

motivations in the following remarks.

Remark 2.2.2. The probabilities in (2.1) are conditional on D. This is stronger than previous
definitions based on marginal probabilities ([ 14, 19]), which can be regarded as an average effect
over all possible datasets through the tower rule P(-) = E[P(-|D)], whereas our definition aims
at guaranteeing the ratio in (2.1) close to 1 for almost all realizations of D. This requires an
additional source of randomness encoded by b, resulting in randomized unlearning algorithms.

Accordingly, the baseline estimator A(0, A(D\M), T(D\m), b) in the denominator refers to the
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hypothetical outcome of the unlearning algorithm given the exact unlearning result A(D\p() and
a null unlearning request. It should be interpreted as a perturbed version of the exact unlearned

model A(D\M).3

Remark 2.2.3. The parameter ¢ characterizes the chance of a ’bad dataset’ to break the inequality
(2.1). Within our framework, ¢ will depend on (m,n, p) and we expect it to be small for large
enough n, p and small enough m (compared to n), which will be made more clear later in Theorem
2.3.1. The key motivation of such change is that the existing € or (€, 0)-certifiability require worst-
case bounds of certain quantities over all possible realization of D, which can be prohibitively
large or even unbounded, such as the “gradient residual norm” in Theorem 1 of [14], and the
global Lipschitzness constant of € in Assumption 1 of [19]. To overcome this, we obtain high-
probability bounds for corresponding quantities in high dimensions, for example Lemma 2.3.3,

following which there is a more detailed discussion about this claim.

Intuitively, injecting a large amount of noise b into the estimates can conceal all residual in-
formation in /;’\ m thus in favor of the certifiability principle and criterion 2.2.1, but it will harm
the accuracy of it when used in downstream tasks such as prediction. To address this, we need a

measure of accuracy:

Definition 2.2.4 (Generalization Error Gap (GEG)). Let £(y,x " B) be a measure of error between
y and xT B, and let (yg, xo) independent with D. Then the Generalization Error Gap (GEG) of

the learning and unlearning algorithms A, A is defined as:
GED(4, 4) := E (|£(y0, X§ A(D\m)) = £(y0, X3 A(Dpm, A(D), T(D), b))||D) (2.2)

where the superscript € in GED(A, A) emphasizes on the fact that A is (¢, €)-PAU.

3Technically we can make this more clear by defining a perturbation function R(f,b) that returns a ran-
domized version of B using a random perturbation b, and define the non-randomized unlearning algorithm
to be A(Dp, A(D), T(D)), and define A := A o R. If we assume A(0,8,7) = pB, then we have
A(@,A(D\M),T(D\M),b) = R(A(D\m)), a randomized version of A(D\ (). But for notational brevity, we do
not introduce the notations above.
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This metric measures the difference between the generalization error of the approximate un-
learning algorithm A and the exact unlearning A(D\pm), which naturally arises when we want
to compare the prediction performance of A on a new data point compared to exact unlearning
A(D\m). Note that other notions have been introduced in the literature for measuring the accu-
racy of machine unlearning algorithms. For instance, [19] used the excess risk of A against that
of the true minimizer of population risk, but I will show in Section 2.4.2 that such notions are not

useful in the high dimensional settings.

2.2.2 Newton unlearning for R-ERM

In this chapter we consider machine unlearning for the GLM model (1.3). Again, the objective
is to find an unlearning algorithm A(Dy, A(D),T (D), b) that is (¢, €)-PAU (Definition 2.2.1)
and has small GED (Definition 2.2.4). In the following, we denote B\ M to be the R-ERM estimator

using only the retained dataset D\p = D \ D\ p:

Bim = A(Dyy) 2 argmin " £(y;[x]B) + Ar(B). (2.3)
BERP jam

Multiple Newton-based unlearning algorithms have been proposed for machine unlearning,
with theoretical guarantees only in low dimensional settings ([14, 19]). Note that, although some
existing results do not explicitly state p < n, their assumptions are essentially tailored for the low
dimensional settings and become invalid in high dimensions. A detailed discussion is postponed
to Section 2.4.2.

Our method is based on a few Newton iterations (1.5) initialized at 3, and then applying a
direct perturbation to construct a (¢, €)-PAU algorithm with guaranteed prediction accuracy in
terms of GED.

Recall that the original objective function for Bis

Lu(B) = D yi,x[ B) + Ar(B)
i=1
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and that ofB\M as L\pm(B):

Li(B) = D Lyjlk]B) + ar(B).

JEM

We then apply T Newton iterations to L 4, initialized at ,3:

g _ p-1) -1 (p-1) ~(t-1)
Bia = Byt =G By OVLMm(Byy ), 1 <1<T,

where G\ ((B) is the Hessian of Ly, and VL\ 5 is its gradient.
In order to obscure residual information of Dy, we introduce direct perturbation, resulting

in the unlearning method we consider in this chapter, Perturbed Newton estimator*:
0 1 a p(T
BL = A(Dpm, A(D), T(D), b) = B +b.

Throughout this chapter we consider Isotropic Laplacian distribution for b, which has the density

Crr(%)

_5) bl o oclel
2721 (p)

py(b) =
for some inverse scale parameter C > (. Drawing a sample from pj(b) is equivalent to drawing
|b|| from a Gamma(p, C™") distribution, then sampling b uniformly on the sphere with radius
||b|| (see Lemma 1.6.12). The reason to consider this distribution is that its log density is Lipschitz
in ||b]|, thus naturally connected with the (¢, €)-PAU criteria. This will be shown later in more
details in Lemma 2.3.3.
It remains a question when to stop the Newton iteration. To find an ‘exact’ solution, it is usually
run until certain convergence criterion is met. In contrast, it has been proposed in the literature that
one Newton step suffices in the low dimensions, for example in [14, 19]. However, as will be

clarified later, under PHAS, even to remove a single data point (m = 1), we need at least two

“Note that even though we do not distinguish the perturbations b, it should be independently drawn each time it is
used.
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Newton steps to guarantee good prediction accuracy (i.e. GED — 0). This will be discussed later

in Section 2.3.1.

2.3 Main Results

In this section, we present the main theoretical results on the certifiability and accuracy of the
Newton unlearning method under the proportional asymptotic regime. Before stating the results,

we first provide a detailed overview of the assumptions underlying our analysis.

2.3.1 Main theorem and its implications

The main objective of this chapter is to answer the following two questions:

(®)
wme

is (¢, €)-PAU, for some ¢ — 0 under PHAS?

Q:: Given a r-step Newton estimator B,") ,, can we find a large enough perturbation b so that EC\[A

Q;: Given the perturbation level in @, can we find a sufficient number of Newton steps 7" such

that , GED(B\ m, ﬁfﬁ) — 0 under PHAS?

In addition to Assumption group A, we make the following additional assumption on the

smoothness of the regularizer r:

Assumption B1. The regularizer r is twice differentiable and that Vr(B) = diag[i(B¢)] ke[p] IS

C,,(n)-Lipschitz (in Frobenius norm) in B for some C,.(n) = O(polylog(n)).

The two theorems below are the two main theoretical results of this chapter. They guarantee
the certifiability and accuracy of the perturbed Newton-based estimators and answer Q; and @,
respectively.

Theorem 2.3.1 (Certifiability). Under Assumption group A (Al - A6) and B1, suppose that m =

ol

o(n%) and that b has density pp(b) e 1Pl ypish

Cr(n)m? )zt_z

i = [C1 ()] ( o
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for some Ci(n),Cy(n) = O(polylog(n)) and € > 0. Then ﬁf/\t/[ = Bi% + b achieves (¢,, €)-PAU

with

On = nqgly) +8n' 4+ ne P 4277 0.

The proof, including the explicit expressions for C;(n), C>(n), can be found in Section 2.7.3.
Theorem 2.3.1 shows that, with a perturbation b with a certain scale r, ,, we can obtain a (¢, €)-
PAU algorithm from any steps of Newton iterations. However, it does not provide information on

the accuracy of the approximations. Recall the metric of accuracy we defined:

GED (B, Bu) = B (|60, x¢ (Buw)) = €0, x5 (B )|ID)

Our next theorem calculates the accuracy of the estimates that are obtained from the Newton
method.
Theorem 2.3.2 (Accuracy). Under Assumptions Al-A3 and BI1-B3, with probability at least 1 —

qn — 1,

U 2P 1
GED(gR! | < | == + — | r,,,V2m + 25 - polyl . Vix>1.
max GED(By . Bim) ( - \/l_j)rt, m + 25 - polylog(n)

where s is the constant in Assumption A6, and

gn = (n+1)g) = 14n'~¢ — ne P12 — 2670 — o~ (17102@)p = (1)

Moreover, let @ :=log(m + 1)/log(n). Ift > T =1 + log, (1a—+31y)’ then under PHAS, we have

GED(By, Bun) = 0p(1).

The proof of Theorem 2.3.2 can be found in Section 2.7.3.
Theorems 2.3.1 and 2.3.2 answer the Questions Q; and Q, we raised at the beginning of this

section:
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Ay : For any t > 1, if the perturbation scale r;, is Q ((m3 /n)ztfzpolylog(n)), then ¢ steps of

Newton is (¢, €)-PAU with ¢ — 0 under PHAS".

A, : If the number of iterations ¢ satisfies

l+a
t>T=1+1 2.4
0g, (1 — 3&) (2.4)
where a = log(m + 1)/log(n), then GED(ﬂC’\’A,ﬁ\M) — 0 in probability under PHAS.

Before discussing the sharpness of the upper bound obtained in Theorem 2.3.1 and Theorem
2.3.2, we first provide their implication on the number of Newton steps required for effective
unlearning. For now, suppose that the results of the theorems are sharp, in the sense that all O, (-)
cannot be reduced to 0, (-). Then, @ = log(m + 1)/log(n) > 0 for m > 1, and hence by (2.4) we
need at least # > 1 + log,(1) = 1 Newton steps. This is consistent with our claim at the end of
Section 2.2.2 that one Newton step is not enough, even with m = 1. In other words, one Newton
step will always make GED — oo provided the bound in Theorem 2.3.2 is sharp.

On the other hand, two Newton steps suffice when m = O (1), because in this case @ = log(m +
1)/log(n) can be arbitrarily small when 7 is large, in which case 1 + 10g2(11_+—3‘fl) < 2. Furthermore,
if m = n? with some y < %, then @ = vy and the minimal number of step also increases according
to (2.4). If m grows even faster than n'/3, it essentially makes ,é, as the initial point of Newton
iteration, out of the quadratic-converging area around the exact solution /§\ m (see Theorem 2.3.6
and 2.3.7 in Section 2.3.2).

Table ... summarizes different scenarios of deletion size m.

Figure 2.1 provides an illustrative evidence for removing a single data point ( M = {i}),
plotting f,-(,éf{’j}) against £;(B\(;y) for t = 1(left), t = 2(middle) and plotting é’,-(,B\G{‘;(}’) (based

on Algorithm 1 in [14]) against ¢; (ﬁA\{,-}) (right).® Ideally, the points should lie on the y = x

i 2r—2
3The polylog(n) term here should match the form in Theorem 2.3.1, i.e. [C;(n)]? : (CZZT(;’)) . To reduce such

cumbersomeness in practice, the polylog(n) term in can be replaced by n€” for arbitrary €’ > 0, since n€ > polylog(n)
for large enough n.
5We remark that Algorithm 1 in [14] appears to omit the AI term in the Hessian. See line 12 of Algorithm I:
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Deletion size m Iterations T

2
1+ log, (11_+—30;)]

No theoretical guarantees

1
m<n7

m:n,a<%

1
m > n3

Table 2.1: Deletion size m and number of iterations 7'

n=250, p=500, dflp=0.14, A=1

Exact vs (1-Step + Noise) Loss

Exact vs (2-Step + Noise) Loss

Exact vs [Guo et al. 2009] Loss

- ®

® (1-Step + Noise) Approximation

(1-Step + Noise) Loss
o
@

0 o K Dee
. 258 Sa%
[ g{;ﬁ%o ode” o°
Voo e
- ®
®

(2-Step + Noise) Loss

e
N

[
o

°
®

o
o

o
ks

e
N

(2-Step + Noise) Approximation o
———y=x

[Guo et al. 2009] Approximation Loss

® [Guo et al. 2009] Approximation °
y=x ®

0.6 0.8 1.0

Exact Leave-One-Out Loss

0.2 04

0.6 0.8 1.0

Exact Leave-One-Out Loss

0.6 0.8 1.0

Exact Leave-One-Out Loss

Figure 2.1: Comparison between t = 1 Newton step (left), t = 2 steps (right) and the Guo et al.

(2019) for ridge logistic model. The quantities ¢; (ﬁf/’\;), 4 (ﬁ\ m) and ¢; (ﬁ\c’/‘\l/?) are plotted on the

y and x axis for each M = {i} respectively, i.e. by leaving each observation out separately. The
true unknown parameter vector is sampled as B* ~ N(0,1,), feature vectors as x ~ N(0,L,/n),
and responses as y; ~ Bernoulli (o-(x] 8)) where o-(.) is the sigmoid function.

line (dashed black) suggesting &(ﬁf{’lf}) ~ K,-(,é\{i}). This is true for two steps (middle), where
the required noise is significantly smaller, enabling removal of the intended information while
preserving the rest of the model. However, in the left and the right panel the points scatter away
from y = x line, which suggests that the amount of noise required for certified unlearning with a
single Newton step is too large-it not only erases the targeted information but also corrupts parts

of the model that should remain intact. ’

H < Y;i¢B, By.... B; V2£(wTx;, y;). This point should be checked for accuracy. The figures in this chapter use the
corrected Hessian that includes the AI term.

"In Figure 2.1, the apparently smaller noise magnitude in required in [14] compared to our one-step procedure may
be attributable to two factors. First, the notions of certifiability are not directly comparable. In particular, [14] adopts
an (eguo, 0guo)-CR framework; in our comparison we use egyo = 0.1 and dguo = 10~4, whereas our simulations
are based on a different definition with € = 0.1. Since the underlying certifiability criteria differ, a direct quantitative
comparison of the required noise levels is inherently difficult.

Second, [14] injects noise at the level of the empirical risk rather than directly perturbing the estimator. This
distinction may be advantageous, as it can induce an effectively directional noise distribution at the estimator level,

potentially reducing the apparent noise magnitude required to achieve certifiability.
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2.3.2 Why a single Newton step is insufficient

In this section, we provide more theoretical discussions and results on why one Newton step
is not sufficient in high dimensions. This section could also serve as a proof sketch for our main
theorems (Theorem 2.3.1 and 2.3.2). Briefly speaking, for any approximate solution of [;’\ m de-
noted by ,3\ M, if we want to achieve certifiability through adding noise b, then both certifiability

(Definition 2.2.1) and accuracy (Definition 2.2.4) are connected to the key quantity: the ¢, error

1B = Bl

Roughly speaking, if we have an accurate estimate ﬁ\ m for ,é\ M, then we only need a small noise
b to obscure the difference ﬁ\ M — ﬁ\ M, and a small noise means that the perturbed estimator
,3\ m + b is more accurate. This relation will be discussed in more details in Section 2.3.2. Upper

bounds for the ¢, error of t-step Newton estimators are then provided in 2.3.2.

{, error: a key for both certifiability and accuracy

Recall that we quantified certifiability by (¢, €)-PAU (Definition 2.2.1) and prediction accuracy
by GEG (Definition 2.2.4). The next lemma connects (¢, €)-PAU with || ﬁ\ M— ﬁ\ M2, and its proof

can be found in Section 2.7.1.
Lemma 2.3.3. Let [A%\ Mo ﬁ\ M € R? be any two estimators calculated from training data D. Sup-

pose b € R? is a random vector independent of D and has a density pp(b) o e~ 7Pl Define

X, = {D : max BA - B <r},
r = Joie lB\Mm will2 <7}
then N measurable set T~ C RP, YMs.t /M| < m,

€

P(E\M'*'b ETlD) <
P(Bm+beT|D)

e—é
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if and only if D € X,.

This lemma essentially states that we can make any estimator ﬁ\ m certifiable, as long as we
find a high-probability bound r for its £, error || ﬁ\ M — B\ mll and use r as the scale parameter
for the Laplace perturbation b. Moreover, it provides a necessary and sufficient condition for
(2.1) in the definition of PAU to hold: the set X, precisely characterizes the collection of dataset
D for which B(QM 1= ﬁ\ m + b satisfies (2.1). So the failure probablity in PAU is exactly ¢, =
PCmax 1B~ Bimlla > r).

Remark 2.3.4. Note that requiring ¢, to be exactly zero—as was done, for instance in [14], means
r is the worst-case bound for || ﬁ~\ M- ﬁ\ Ml over all possible realization of D, which would neces-
sitate letting r — oo under the PHAS condition, rendering the outcome of the machine unlearning

procedure useless. This is one of the reasons we proposed the notion of (¢, €)-PAU in this chapter.

Lemma 2.3.3 establishes the connection between (¢, €)-PAU and the ¢, error || ,ﬁ\ M= ,3\ Mmll2.

Next we connect GED( ﬂ\ Mo ﬁ{eM) with || ﬂ\ M— ,E\ |2 by heuristically showing that®
GED = %(@II,B\M = Bumll).
Recall Definition 2.2.4:
GED(B\ai BR,0) = E (16(r0lxg Bia0) = €voled (B + B)I| D).
By mean-value theorem,
[€(yvolxg i) = €(volxg (Bum + b)) = 1o(€)xg (Bim = Bum = ).

for some £. In many cases, it can be shown that |£y(&)| = ©,(1) and for now we omit this term.

Denote ﬁ\M - ﬁ\M — b by v for brevity, and it suffices to show that |%ax lxjv| = G)p(g ”B\M _
<m

8Technically Theorem 2.3.2 is stronger by bounding ‘ /rwnlax GED, but the maximum doesn not affect the order of
<m
quantities concerned in the discussion here, so we omit it for now.
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B\ mll2). Assume the covariance matrix X of xo has eigenvalues of the order ®,,( 771) (see As-
sumption B1 and the discussions thereafter for justification on this scaling). Observe that xg is
independent from v, so E[|x]v||D, b] = # Iv||2, and by triangular inequality we can bound ||v||,
by

1812 = 1B = Bumll2 < vl < 1B — Bumllz + 118112

Actually both the upper and lower bounds are dominated by ||b||,. This is because we choose
p(b) « e~ 7lIPll and set r to be a high-probability bound for || ,1;'\ M= B\ mll2, according to Lemma
2.3.3. It can be shown that (Lemma 1.6.12) ||b]|> ~ I'(p, £), and it concentrates around its mean:
l]l> =~ £ So both the upper and lower bounds are ©,(Z +r) = ©,(£). So we get the rate we

claimed:

1 ~ A
GED = G)p(ﬁ”v”Z) = %(@llﬂ\m = Bwmll2).

Therefore we need to ensure that |/r\1/[1|as)’(n||ﬁ'\\M - B\M”Z = op(#) = op(%) for a machine
unlearning algorithm to be both certifiable and accurate under PHAS. However, this can only be

achieved by more than one Newton steps, as will be discussed in the next subsection.

Understanding the ¢, error || ,384 — ,B\ mll

84 i1s the outcome of the Newton

algorithm after ¢ steps, we can obtain a (¢,, €)-PAU, and accurate (meaning IHlax GED(ﬁ{% -
<m

The discussion of the previous section implied that, if 8

ﬁ\ m) — 0) machine unlearning algorithm by adding Laplace noise, if and only if || ﬁi% - [%\ Ml =

0 p(#). Hence, in this section we aim to address the following two questions:
~ l A .
e Does ”ﬁ{/\)/( — B\mll2 satisty op(%)?
* Does [|B\), = Bumlla satisfy 0p () for t > 22

Recall that the Newton iterations have good performance only if ,é, its initial point, is close

enough to the exact solution /§\ M- We have the next Lemma to characterize their difference:
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Lemma 2.3.5. Under Assumptions Al, A2, and A3,

Am-B=G" Z E(Bm)x

ieM

_ -1
_G\M

Z éi(ﬁ)xi)

ieM

where

p— l A A
G Z:/ G(tﬂ+(1—t)ﬂ\M)dt
0
p— 1 A A
G\M :=[) G\M(tﬂ+(1—t)ﬂ\M)dt

G (B) := X "diag[{;(B)]ic(n X + Adiag[i (B)]ke(p]

G\m(B) = X\ diag[l;(B)]igm X\ + Adiag (it (B)]ke(p)

Proof. Consider the optimality conditions of ﬁ and B\ M:

D GBwxi + AV (Bip) =0

igM
> G(B)xi+ AVr(B) =0
i€[n]
Subtracting one from another and applying the mean value theorem, we get
G-(Bm-B = Z G(Bm)xi. (2.5)

ieM

Multiplying G~

ﬁM—ﬁ=64

Z éi(B\M)xi) .

ieM

For the other version, rearranging the terms in we get (2.5):

Gm(Bm - B) = Z &(B)xi,

ieM
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therefore

,é\M -pB= G\_}w

Z éi(ﬁA)xi) .

ieM

Using Lemma 2.3.5, one can bound the initialization error || B- B\ mll:

1B = Bl = IG LI D GBxill

ieM

By strong convexity we have ”G\_/]v( || < (Av)~!. It can be shown that the m terms in the sum are

nearly independent and each being O p(1), 80 || Xiem G(B)xi|| = y/m. This means that

18 = Bumll = O, (Vm).

This will be proven rigorously in (2.15) as part of Section 2.7.2. Intuitively, as long as m remains
small compared to n, the initialization should not be too bad.
Next we will study the convergence of Newton iterations. I will start from ¢ = 1 case. Define

the set Xr([) in the same way as in Lemma 2.3.3:

) ._ . O

Our first result obtains an upper bound for max || ﬁ(}\)/( — B\ mllz.
IMl<m "\

Theorem 2.3.6. Under Assumptions A1-A3 and B1-B3, if we setr = 4/ m73polylog(n), then we have

P(DeXV)>1- nq,gy) —8n!=¢ —ne P2 —2¢7P,

where qﬁy ) was defined in Assumption B3.

The proof of this Theorem is prsented in Section 2.7.2. The exact form of r, including the

constant and polylog(n) terms, can be found in Lemma 2.7.2.
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According to this theorem, max (< ||ﬂ~$\)4 - ﬁ\MHz =0, (J”%polylog(n)), but in the last

subsection we concluded that we need maxpq <y, || BS\),‘ - B\M o =0 p(#) for accurate certified

unlearning. Even for the case m = 1, mjﬁg(") > % If this bound is indeed unimprovable, then

it indicates that one Newton step is not enough. We should note that Theorem 2.3.6 does not show
such sharpness of the bound, but numerical results support our findings. Figure 2.2 left panel plots
| ﬂNS\)A — B\ mll2 against p for single deletion (m = 1) case, and it indeed suggests a relationship of

~1 A
1B = Bumllz = I

nfp = 1.0, df/p = 0.45, A = 0.1

exact leave-A-out perturbation
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Figure 2.2: The approximation and exact unlearning error for ridge logistic regression as function
of p for n/p = 1. Top: dense X. Bottom: sparse X. Left: The one Newton step approximation

error || 58\)4 - ﬁ\ Mll2. Middle: The two Newton step approximation error || B{ A)/( - B\ mll2- Right:
The exact unlearning error || ﬁ\ M — Bll». Details of this simulation are described in Section 2.5.

Next we study multiple Newton steps:

Theorem 2.3.7. Under Assumptions AI-A3, BI-B3, if m = o(n'/?), then

PO en2X,,) =1~ nq,gy) —8n!=¢ —ne P2 —2e7P
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2t72
for some ry,; = (’”%) polylog(n).

The proof can be found in Section 2.7.2, where we also provide the exact form of the polylog(n)

term as well as constants. According to this theorem,

3

2[—2
30 _ p _ m-
ﬁf‘s’;”ﬂw Bwmll2 =0, (( - ) polylog(n))-

This for instance implies that as long as m = o(n'/%),

3

=2 5 m>polylog(n) 1

— = () —_— ) = —.
ﬂ“s’;”ﬁw Bmll2 p( p o\ G

This confirms that certifiable and accurate machine unlearning can be done with more than one
Newton-Step.

Figure 2.2 displays the accuracy of one-step and two-step Newton approximations (without
noise added) to the exact leave- M-out estimator in logistic ridge regression. The empirical results
(see the slopes) are consistent with the scalings predicted by Theorem 2.3.7: || BS\)A - ﬁ\ mll2 =
o p(wjﬁg(’l)) and || ﬁ{i)/( — ﬁ\ Ml =0 p(%og(n)). Moreover, the right pannel shows empirically

that the exact unlearning error || ,BA - ﬁ\ ml2 has a constant scale regardless of problem dimensions.

Simulation details are given in Section 2.5.

2.4 Related Work

2.4.1 Summary of the existing results

As we discussed earlier, the machine unlearning problem has received significant attention in
recent years, both from theoretical and empirical perspectives [71], [77]. Among the existing work,
[14, 19, 78, 79] are most closely related to our contributions, as they focus on theoretical aspects
of the machine unlearning algorithms. Therefore, we provide a more detailed comparison between

their contributions and ours.

40



In [14], the authors introduced the concepts of e-certified and (e, d)-certified machine unlearn-
ing. Our notion of (¢, €)-probabilistically certified approximate machine unlearning, introduced
in Definition 2.2.1, is inspired by the e-certified machine unlearning notion of [14]. However, our
definition is more flexible, allowing the unlearning algorithm to be non-private on datasets that
occur with low probability. Furthermore, [14] analyzed the level of Laplacian noise that must be
added to the objective function to ensure that the output of a single-step Newton method satisfies
either e-certifiability or (e, d)-certifiability. In these studies, the authors assumed that n is large,
while p is fixed.

The work of [19] builds upon and improves the results of [14] in several directions: (1) they
incorporate the dependence on the number of parameters or features p in their analysis, and (2)
they introduce a notion of excess risk to evaluate the accuracy of the approximations produced
by machine unlearning algorithms. Their main conclusion is that a single Newton step suffices
to yield an accurate machine unlearning algorithm— a conclusion that stands in contrast to the
message of this chapter. We argue that the analysis presented in [19] lacks sharpness, and as a
result, the bounds they derive are not useful in many high-dimensional settings. In fact, under the
high-dimensional regime considered in our work, many of the bounds in [19] diverge as n, p — oo.
Since a thorough clarification of this point requires several pages, we defer the detailed discussion
to Section 2.4.2.

The authors of [78] have studied gradient-based methods initialized with the pre-trained models
for machine unlearning, and established their theoretical performance—particularly in terms of the
number of gradient descent iterations required. The discussions we present in Section 2.4.2 can be
used for interpreting the results of [78] in high-dimensional settings as well.

The authors of [79] proposed a projection-based update method called projective residual up-
date (PRU), applicable to linear and logistic regression. It reduces the general O (mp?) time com-
plexity of one Newton step to O (m?p), as it considers only the projection onto the 7m—dimensional
subspace spanned by X (. However, it lacks performance guarantee even in the low dimensional

settings.
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In parallel with the theoretical advances in machine unlearning, many empirical methods have
also been studied, particularly for deep neural network models. A standard approach is to perform
the gradient ascent algorithm on a forget set or the gradient descent algorithm on a remaining set
(180, 81]).

We note that in unlearning complex learning paradigms including large language models, sec-
ond order methods or their approximations are popularly used. In particular, SOUL in [82] uses
gradient momentum as well as Hessian diagonals in the second order unlearning step, while re-
quiring multiple second order updates. In that work the authors show that SOUL has superior
performance over first order methods on several real data experiments, including LLMs.

In contrast, in the current work we show that two Netwon iterations suffice when using the full
Hessian matrix on strongly convex regression problems. Our work thus distinguishes from SOUL

in a number of ways:

1. We use the full Hessian matrix while SOUL uses diagonal elements for faster computation.

2. We show certifiability of unlearning in strongly convex regression problems, while SOUL

focuses on empirical validation on large language models.

3. We show that two full Hessian Newton iterations suffice while SOUL uses multiple updates

with partial Hessian.

4. We do not focus on the decrease of accuracy on the forget set as a measure of unlearning.
Instead our measure of accuracy is generalization error gap (GEG) which compares the ac-

curacy on new test data when using the unlearned and the retrained estimator.

While standard methods typically rely on either a forget set or a remaining set, [83] proposed
a novel loss function that leverages both datasets. Specifically, they proposed a new loss function
that encourages an unlearned model to remain similar to the original on the remaining data, while
diverging on the forget set. As an alternative approach, [84] proposed a training-free machine

unlearning algorithm, demonstrating solid performance at limited computational cost. Compared
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to our work, all these aforementioned approaches have shown promising empirical results, but they
rely on heuristics and lack theoretical guarantees on machine unlearning. Along these lines, [85]
demonstrated that many available machine unlearning algorithms are not effective in removing the
effect of poisoned data points across various settings, which calls for many principled research
works in this field. The readers may refer to [86, 87] for a comprehensive survey of machine
unlearning.

2.4.2 Detailed comparison with Sekhari et al. (2018)

To clarify some of the subtleties that influence the analysis in [19], we revisit the assumptions
and results of that work within the context of the setting and assumptions outlined in Section 1.4

of this chapter. To make our problem similar to the one studied in [19], define:

F(Bix.y) = €T B) + - r(B).

We further define
. 1 &
F(B) =+ 3 F(Bixi ).
i=1

and

F(B) =El(y.x"p),

where the expected value is with respect to a new sample (y, x). Assumption (1) of [19] states that:

Assumption 1 of [19]. For any (y,x), f(B;x,y) as a function of B, is v-strongly convex, L-

Lipschitz, and M-Hessian Lipschitz, meaning: VB, B2 € R?,

* v strongly convex:

F(B2x.3) = f(Brix.y) + Y (Brix,y) (B2 = B1) + 5181 = Bl
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* Lipschitzness:

|f(B2sx,y) = f(Bi;x, )| < L|IB1 = Bzl

* M-Hessian Lipschitzness:
IV £ (Bi:x,y) = V2 f (Basx, )l < M| B1 = Ballo-

Also, [19] considered a slightly relaxed version of certifiability that they call (e, §)-certifiability

which is defined in the following way. Again as before, we present their definition in our notations:

Definition 2 of [19] For all delete requests M of size at most m, and any 7~ C O, the learning

algorithm A and unlearning algorithm A satisfy (e, §)-unlearning property if and only if:
P (A(Dpm, A(D),T(D),b) € T) <eP (A0, A(DM), T(D\m), b) € T) + 0,
and
P (A(0, A(D\p), T(D\m),b) € T) < eP(A(Dp, A(D), T(D),b) € T) +6.
Based on the assumptions above, [19] has proved the following theorem.

Theorem 2.4.1. [19] Consider a machine unlearning estimate obtained by adding i.i.d. Gaussian
noise (with variance specified in Algorithm 1 of that paper) to the estimate ﬂs\)/[ produced by a
single step of the Newton method. Under Assumption 1 of [19] mentioned above, and assuming

that the elements of the dataset are i.i.d., we have

1. Approximation accuracy of a single Newton method:

2M L m?

A0 _ oo

2. The unlearning algorithm satisfies (€, 0)-unlearning.
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3. For any subset M of size less than or equal to m:

€

< . VPMm*L? 1\ 4mL?
BIF(Bly) —min F(B)] = 0| ~—55—[log (= | + —~

If one assumes that L = O(1), M = O(1), and v = O(1), as is implicitly assumed in most of
the conclusions in [19] it seems that a single step of the Newton method is sufficient for ensuring
that:

EIF(B) - min F(B)| = 0,
as p,n — oo, as long as m = 0(#). This conclusion is in fact mentioned in the abstract of [19].
Our claim is that

* One cannot assume that L, M and v are O(1) in high-dimensional settings. These quanti-
ties are, in fact, expected to depend on n, p. It is therefore important to account for such

dependencies in the theoretical analysis.

* Once we obtain the correct order of these three parameters, we will notice that the bounds of

[19] are not sharp for high-dimensional settings.

In the remainder of this section, we aim to incorporate these considerations into a refined
analysis. Below we provide a detailed description of Assumption 1 of [19] mentioned above. To

make our discussion clear, similar to [14] we focus on the ridge regularizer,

r(B) = Bl

1. Strong convexity assumption: The authors of [19] assume f to be v-strongly convex in S,

which means the empirical loss function £,() is v-strongly convex. Note that

V2F(Bix.y) = (T BxxT + %1.

Furthermore, £(y|xT8)xx" is a rank-one matrix. Hence, it is straightforward to see that
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y = O(%)

2. Lipschitzness of the loss function: Below we perform some heuristic calculations to suggest
what the order of the Lipschitz constant can be as a function of n, p. By using the mean

value theorem

(v, x"B1) = Ly, x"B2)| = [{(yIxTE)xT (B1 — Bo)
< [CGIxTOIxIIB1 = Ball,

where £ is a point on the line that connects 1 and £;.

Hence, in order to understand the order of the Lipschitz constant we should understand the
orders of |x;]| and |¢ (yi,x€)|. Since we want the Lipschitz property to hold for every
(x,y), using Cauchy-Schwartz inequality doesn’t compromise the sharpness as equality can

be attained for 1 = B + tx for some r € R.

Note that according to Assumption A4 we conclude that ||x;|| = O,(1). Moreover, it can be
shown that |£ (yilx[€)] = 0, (1) (details can be found in Section 1.4.1). Hence, assuming
that the Lipschitz constant does not grow is an acceptable assumption. So far, we have

ignored the regularizer. Note that

A A A
;”ﬂl”z - ;Hﬁz”z < ;Hﬂl + Bl B1 — B2l

: A _ (NP
If we assume that each elements of 8 is bounded by a constant, then 2|81 + B2l = O(=-).
Hense even under PHAS, we can assume that the Lipschitz constant of f(8;y,x) remains

O (1) for all values of (y, x, B) of interest.

3. Hessian-Lipschitzness of the loss function: By straightforward calculations we obtain that

V2 £y, %) = Eol x4 4.
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Then, we have

IV £ (Bisy, %) = V2 f(Ba; v, 0)ll = I1€(ylx T Br)xx = E(ylx™ Bo)xx ||

= [ZGIONIxIDIBL = Ball,

so it is acceptable to assume f is O(1)-Hessian-Lipschitz.

Putting all the scalings above together, we have:
1
v =0 (—) ;M =0(1); L=0(1).
n
Therefore the bound in Theorem 2.4.1 becomes
2ML*m*n

~1 A
181w = Bumlla < =5— = 0(m’n).

In contrast, our Theorem 2.3.6 shows that

m3)
I B
n

which goes to zero even when m growns with n slowly enough.

~1 A
1By~ Bmlla =0

Similarly, the excess risk of Theorem 2.4.1 becomes:

2
(P ~min () = 0| Y2 o

2 even when we set m = 1, hence it

Note that the bounds on the excess risk is proportional to n3/
does not provide useful information about the accuracy of the approximations. We should mention
that in this chapter we did not work with the excess risk, and instead we worked with the GEG

(Definition 2.2.4), since the excess risk does not converge to zero in high dimensional R-ERM

even for exact unlearning ,é\ m without perturbation. To see this, consider a simple model of linear
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regression with £, loss, and y;|x; ~ N'(x; %, o), x; ~ N (0, %]Ip). Then

fOlTB) =(y-x"p)°
F(B) =EfGT) =0+ If~ B

min F(B) = o’

. 1 .
E|F(B\m) —H}}HF(I?N = r_z”'B\M - BII%.

It is known that in high dimensions, for most R-ERM estimators including the MLE, %ll ﬂA\ M~
B> = a. > 0 (e.g. [34, 47, 88]), so in general the excess risk does not converge to zero under
PHAS. In contrast, the Generalization Error Gap (GEG) we defined still converges to 0 under

PHAS by Theorem 2.3.2.

2.5 Numerical Experiments

We present numerical experiments to test our theoretical findings regarding the perturbation
scale r; ,, as well as the accuracy of the one-step and two-step Newton approximations, as functions
of n, p, and m.

In all numerical experiments in this chapter, we set € = 0.1, which guarantees that the certifia-
bility condition in Lemma 2.3.3 is satisfied.

We emphasize that our notion of certifiability is a composite condition: in addition to the
likelihood-based requirement, it also demands that the GEG vanish, ensuring that the perturbed
estimator remains accurate after noise injection. A central objective of our simulations is to assess
whether the noise level can be chosen sufficiently small so that the GEG remains negligible. This
is precisely what our numerical results demonstrate.

In Section 2.5.1 we numerically study the scaling behavior of the errors of the one-step Newton
||,B~ﬁ\)/( —,B/Mllz, two-step Newton ||,[§ﬁ\)4 — ﬁ/M||2, and || 8 — ,é/MHZ with respect to p (and n) for a
fixedm = 1.

In Section 2.5.2, we numerically examine how the errors ||ﬁﬁ\)/[ - ﬁ/M |2, ||ﬁ§i)4 - ﬁ/M |2, and
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8- B /mll2 scale with m for fixed (p, n). Both synthetic and real datasets are considered.
In Section 2.5.3, we evaluate our certified unlearning procedure by adding the required noise

to obscure the contribution of D\ y( in the estimate B,

2.5.1 Scaling of /5 errors of Newton estimators

As for the synthetic data, we randomly generate the true unknown parameter vector % ~

N(0,1,).
* Dense design matrix. Each row x ~ N(0,1,/n).

* Sparse design matrix. Each row has pp nonzero entries (with p = 0.1). The nonzero
coordinates are chosen uniformly at random, and each selected entry is drawn independently

from a zero-mean Gaussian distribution with variance 1/(pn).

Both constructions satisfy

Var(x" %) = %

and are consistent with the finite-signal-to-noise, high-dimensional regime considered in this chap-

ter. We sample the responses as
yi ~ Bernoulli (o (x" %)),

where o (z) = (1 + ¢7%)~! is the sigmoid function.

We used 100 MCMC samples to compute means and standard errors. The normalized degrees

of freedom
df/p = twr(H)/p (2.6)
where the generalized hat matrix is defined as

H := XG(B) ' X diag[£(B)].
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In all the figures in this section, the plots are on a log-log scale, the error bars denote standard
errors across 100 trials, and dashed lines represent least squares fits in log-log scale, with the
slope, 95% confidence interval, and R? displayed in each legend. The code for reproducing our
experimental results is available at [project repository link].

In Figures 2.2, 2.3, and 2.4 we empirically examine the scaling behavior of the errors of one-
step Newton ||[§2\)4 - B/M”z, two-step Newton ||Bﬁ\)4 - B/Mllg, and ||B — B/M”z with respect to
p € {904, 1433,2271, 3600, 5705}° for m = 1 and n/p € {0.5,1,2}. These figures present a com-
prehensive three-panel log-log plot analyzing the scaling behavior (in terms of p and equivalently
n) of different unlearning approximation methods in logistic ridge regression with 4 = 0.1. The
first row uses dense design matrices, and the second row uses sparse design matrices. Each panel
displays error measurements versus dimension p, and fitted regression lines showing the power-
law relationships. The left panel examines the 1-step Newton approximation error || ﬁ&)/( - ﬁ\ M2,
measuring the difference between the single Newton step unlearned model and the exact unlearned
model. The middle panel shows the 2-step Newton approximation error || ﬁ&)/[ — B\ mll2, quantify-
ing how well the two-step approximation recovers the true unlearned parameters. The right panel
presents the baseline perturbation magnitude || B- ﬁ\ mll2, measuring the difference between the
original full-data model and the exact leave- M-out model, which represents the fundamental scale
of parameter changes when removing data points. Each panel includes a least squares regression
line, with the slope coefficients, confidence intervals, and R? values displayed in the legends to
characterize the power-law scaling relationships. Based on these slopes, we can conjecture the

following scalings (for fixed m):

||l§$\),[ ~Bmlla = 0O (n—o.s) , (2.7)
||ﬂ~8\),[ Bl = 0 (n_l's) : (2.8)

We should emphasize that (2.7) is consistent with the conclusion of Theorem 2.3.6, which suggests

This is an equispace grid in the logscale.
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the sharpness of Theorem 2.3.6 in term of n. However, (2.8) conjectures rate n~ ! for || ﬁ{i)/( -
ﬁA\ mll2, while Theorem 2.3.7 has proved n~! for this quantity.

The nature of this gap is very interesting yet not fully understood currently. One conjecture
is that the extra factor of O(n~%) observed from numerical experiments might be applicable to
broader model class beyond logistic. Taking a single removal datapoint as an example, recall
that by Theorem 3.5, the first Newton step does reduce the [, error from || B - B\,-ll = 0,(1) to

0, (n™%9). This O(n™°) actually comes from event Fs, which essentially states that

_ 1A m
I\ MG p (Bur) X pmillz,o = 0p(y7,):

The key to this O(n™%°) factor here is the independence between X\ MG(/L( (B\m) and X 4, since
they are functions of D\ ¢ and D\ ( respectively.

For t+ > 2 Newton steps, however, we didn’t use the inf norm method, but an /; norm bound,
resulting in the quadratic convergence in Lemma B.6 without an extra O (n~%3) factor. However,

if we could establish the following results:

~ 1 A ] 1 ) 1 Q 1 3
1BVn = Bl = 1X By = Bulles < —=IB3 = Bimle,

\/_

then we could use the same /., norm trick used in the first Newton step for all subsequent steps
and the extra n~*- factors would appear. But establishing the result above might need additional
assumptions (e.g. ruling out very sparse signals), and we would like to explore this in future
research.

In addition, there is no clear trend of |8 — /mll2 against n in the right panels, which is also

consistent with our theory (Equation (2.15), where the bound depends only on m but not on n, p).

2.5.2 Impact of m = | M| on the perturbation

Our next set of synthetic and real data experiment aims to fix n, p and explore the dependence

of || B{t/)w - BA\ Mmll2 on m, the number of samples that are removed.
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Figure 2.3: The approximation and exact unlearning error for ridge logistic regression as function
of p for n/p = 0.5. Top: dense X. Bottom: sparse X. Left: The one Newton step approximation

error || BS\)/t — ﬁA\ Mmll2. Middle: The two Newton step approximation error || ,38\)/( — [A%\ mll2. Right:

The exact unlearning error || ﬁ\ M- ﬁ||2.

As for the synthetic data, we study the performance of the ridge-regularized logistic regression,
under the setting n = 1800, p = 2000, and A = 1, leading to de =0.16.

As for the real data experiment, we used the IMDB movie-review dataset for binary classifica-
tion and evaluated ridge-regularized logistic regression under the setting n = 25,000, p = 12,610,
and A = 100, yielding df /p = 0.12. The reviews were converted into features via a bag-of-words
representation, producing an extremely sparse design matrix. This example highlights that our the-
oretical predictions appear to extend beyond the original assumptions, since the method continues
to perform well even in this highly sparse real-data regime.

In Figures 2.5 and 2.6, we consider m € {1,3,7,14,27,54, 105,205,400}, and calculate the
following quantities: || BS\)A - ﬁ\ mll2 (left panel), || BS\)A - ﬁ\ Mmll2 (middle panel), || B\ Mm—=Bl2 (right

panel). As is clear from the three graphs, the estimates of log( ”BS\)/l —ﬂ\M II2), log( ||ﬂ~8\)4 —ﬁA\M II2)
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Figure 2.4: The approximation and exact unlearning error for ridge logistic regression as function
of p for n/p = 2. Top: dense X. Bottom: sparse X. Left: The one Newton step approximation
2

error || ﬁ~§ /\)A - ﬁ\ Mll2. Middle: The two Newton step approximation error || B{ A)/( - ,l;’\ mll2- Right:

The exact unlearning error || ﬁ\ M= ,éll 2.

and log(|| ﬁ\ M — Bll2) show linear behavior in terms of m. Based on these slopes (as presented in

the legends of Figures 2.5 and 2.6) we can conjecture the following scalings (for fixed p):

1B~ Bumll = 0 (m)
1B =Bl = 0 (m?)
IB-Bmll = 0 (Vm).

2.9)
(2.10)

(2.11)

Note that among the conjectures above, (2.11) is consistent with our theory (Lemma 2.3.5 in

conjunction with Equation (2.15)).

However, we obtained in Theorem 2.3.6 that || BS\),( - B\M l. = O(m'?), in contrast with the

O(m) rate in (2.9). Similarly, Theorem 2.3.7 suggests ||,B~8\)4 — ﬁA\MHz = O(m>) whereas (2.10)
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n=1800, p=2000, df/p=0.16, A=1
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Figure 2.5: The approximation and exact unlearning error for ridge logistic regression as function
of m = |M]|. Left: The one Newton step approximation error || BS\)A - ,l;’\ Mmll2. Middle: The two

Newton step approximation error || ﬁg\),t — ,B\ mll2. Right: The exact unlearning error || ﬁ\ M= ,é|| 2.
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Figure 2.6: The approximation and exact unlearning error for ridge logistic regression as function
of m = | M| for the IMDB dataset. The design matrix is constructed using a bag-of-words repre-
sentation, resulting in an extremely sparse matrix. Left: The one Newton step approximation error

IIﬂNS\)A - B\ mll2. Middle: The two Newton step approximation error || ﬁ@t - ﬁ\ mll2. Right: The

exact unlearning error || B\ M= Blla.

suggests O (m?) rate for the same quantity. Again, this discrepancy is left for future study.

2.5.3 Performance of the certified Newton approximation plus noise

As previously discussed, in certified machine unlearning, noise is injected to obscure the re-

(1)

mainder of D\ »( in the estimate B\ M- In the algorithms we have studied in this chapter, noise is

added via a random vector b, ~ Gamma(p, €/r;,), where € = 0.1 and r;,, is an upper bound for

|2'

max
IM|<m

3 (1)
‘ﬂ\/\/( - ﬁ\M
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Figure 2.7: Comparison of the loss of the exactly unlearned model with its first-order (noiseless
and noisy) and second-order Newton-step approximations in ridge logistic regression, plotted as
a function of p under the setting n = 2p. The top panel corresponds to the dense design matrix
X, and the bottom panel corresponds to the sparse design matrix X. Within each panel: Left
shows the loss of the absolute error between the exact unlearned model and the one-step Newton
approximation; middle shows the absolute error between the exact unlearned model and the one-
step Newton approximation plus noise; right shows the absolute error between the exact unlearned
model and the two-step Newton approximation plus noise.

However, the implicit constants in Theorem 2.3.6 and 2.3.7 can sometimes be intractable or un-
favorably large. On the other hand, computing r;, requires evaluating all (| /(l/(l) possible subsets,
which is computationally infeasible even for moderate n. Hence, instead of exhaustively enu-
merating all (| /(’,”) configurations, we select a random subset of size my = 100 and compute the
maximum || ﬁ\ M — ﬁ{%”z over this subset. To approximate the global maximum, we rescale the
result by a factor of log (I/’C(I) /log my.

In Figures 2.8, 2.9, and 2.7, we empirically investigate the scaling behavior of three quantities:

the absolute difference between the exact loss and the single-step Newton approximation (first col-
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dense feature matrix X, n/p=1.0, df/p=0.45, A=0.1

out-sample loss diff (1-step vs exact) out-sample loss diff (1-step+noise vs exact) out-sample loss diff (2-step+noise vs exact)
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sparse feature matrix X, n/p=1.0, df/p=0.44, A=0.1

out-sample loss diff (1-step vs exact) out-sample loss diff (1-step+noise vs exact) out-sample loss diff (2-step-+noise vs exact)

—— Slope=0.03, CI=[-0.24,0.30], R?=0.00. R —— Slope=-0.72, CI=[-0.91,-0.53], R*=0.10

Difference

. | == slope=-0.95, ci=-1.19.-0.70), R=0.10

Figure 2.8: Comparison of the loss of the exactly unlearned model with its first-order (noiseless
and noisy) and second-order Newton-step approximations in ridge logistic regression, plotted as
a function of p under the setting n = p. The top panel corresponds to the dense design matrix
X, and the bottom panel corresponds to the sparse design matrix X. Within each panel: Left
shows the loss of the absolute error between the exact unlearned model and the one-step Newton
approximation; middle shows the absolute error between the exact unlearned model and the one-
step Newton approximation plus noise; right shows the absolute error between the exact unlearned
model and the two-step Newton approximation plus noise.

umn), the absolute difference between the exact loss and the single-step Newton approximation
plus noise (second column), and the absolute difference between the exact loss and the two-step
Newton approximation plus noise (third column), with respectto p € {904, 1433,2271, 3600, 5705}
for /M| =m = landn/p € {0.5,1,2}. The first row of each figure shows in-sample results, while
the second row presents out-of-sample behavior. Together, these figures provide a comprehen-
sive set of three-panel log-log plots that illustrate how different unlearning approximation methods

scale (with respect to p, and equivalently ») in logistic ridge regression with 4 = 0.1. As in all the

figures in this section, the plots are on a log-log scale, the scattered points are 100 distinct datapoint
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dense feature matrix X, n/p=0.5, df/p=0.29, A=0.1

out-sample loss diff (1-step vs exact) out-sample loss diff (1-step+noise vs exact) out-sample loss diff (2-step+noise vs exact)
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sparse feature matrix X, n/p=0.5, df/p=0.29, A=0.1

out-sample loss diff (1-step vs exact) out-sample loss diff (1-step+noise vs exact) out-sample loss diff (2-step-+noise vs exact)

—— slope=-1.04, CI=[-1.26,0.80], R*=0.13 2| == slope=0.19, CI=[-0.08,0.47], R*=0.00 == slope=-0.78, CI=[-0.98,-0.58], R*=0.11

Difference

Figure 2.9: Comparison of the loss of the exactly unlearned model with its first-order (noiseless
and noisy) and second-order Newton-step approximations in ridge logistic regression, plotted as a
function of p under the setting n = 0.5p. The top panel corresponds to the dense design matrix
X, and the bottom panel corresponds to the sparse design matrix X. Within each panel: Left
shows the loss of the absolute error between the exact unlearned model and the one-step Newton
approximation; middle shows the absolute error between the exact unlearned model and the one-
step Newton approximation plus noise; right shows the absolute error between the exact unlearned
model and the two-step Newton approximation plus noise.

to be unlearned, and dashed lines represent least-squares fits in log-log scale, with the slope, 95%
confidence interval, and R? displayed in each legend.

The out-sample error is defined as

* the absolute error between the loss of the exact unlearned model and the one-step Newton ap-

; the first column of Figures

proximation (uncertified) ‘f (yo | xg ﬁ{%) —¢ (yo | xg (ﬁ\M))
2.8,2.9,and 2.7

* the absolute error between the loss of the exact unlearned model and the one-step Newton

; the second column

approximation plus noise )5 (yo | xg (b1 + ES\),{)) —¢ (yo | xg(ﬁ\M))
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of Figures 2.8, 2.9, and 2.7,

* the absolute error between the loss of the exact unlearned model and the two-step Newton
approximation plus noise ‘[ (yo | xg (b2 + B&)/()) - (yo | xg (ﬂA\M))); the third column of
Figures 2.8, 2.9, and 2.7,

for i € M, where x is a dense or sparse Gaussian vector (as described at the beginning of this
section) and yo ~ Binomial (0'(x0T ﬁ*)) is a new unseen data point.

Figures 2.8, 2.9, and 2.7 demonstrate that the amount of noise required for certified unlearning
in the single-step Newton model is so large that it not only removes the targeted information but
also adversely affects parts of the model that should be preserved.

In contrast, the third column shows that the error in the loss introduced by the two-step Newton
model decreases “approximately” as a power law with the model dimension p (and equivalently
n). The two-step Newton model requires significantly less noise, enabling it to effectively remove

only the targeted information while preserving the rest of the model’s learned patterns.

2.6 Conclusion

In this chapter, we introduced a framework for analyzing the performance of machine unlearn-
ing algorithms in high-dimensional settings. Focusing on algorithms that are based on a small
number of Newton updates, we demonstrated that the behavior of certifiability and accuracy in
high dimensions is significantly more nuanced than in low-dimensional regimes. For example, our
theoretical and empirical results show that one-step Newton-based unlearning may fail to provide
sufficient accuracy for certified unlearning. However, performing just one additional Newton step
can lead to successful unlearning—provided the unlearning set is not too large. Exploring alterna-
tive certifiability conditions and other machine unlearning algorithms under the high-dimensional
settings is an important direction for future research, aimed at developing a more comprehensive

understanding of the complexities inherent in high-dimensional settings.
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2.7 Proofs

2.7.1 Proof of Lemma 2.3.3

Proof. We first prove sufficiency. Conditional on the data D, ﬁ\ m + b is nothing but a translation

of b, so its conditional density is

P b1 (B) = Po(B = B,

and it is similar for /§'\ m + b. Notice that log(pp(b)) = —%||b]| is £-Lipschitz in b, therefore

VDelX,

[og(p, .5 (B)) ~1og(pj s (B)]
= [log(ps (B — Bim)) —1og(ps (B — Bim))
< =B~ Bl

<e€

which is equivalent to

€

o B
Pﬁ\Mer(ﬂ)

—€

The result then follows by integrating the densities over the set 7.
For the necessity part, for Dy ¢ X,, by definition IM C [n], 36 > 0, ||/§\M - E\M||2 >r+0.

The proof is then straightforward since —£||b|| is not -=s-Lipschitz. To be more specific, define

To o= (B € RPIIB - Bl = 18 - Bl = r + 5},

T = B < RP B~ Bl ~ 1B~ Bwil = r+ 5},
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By basic geometry this is the areas within two pieces of a hyperboloid. Then VT C 75,

pﬁ\M"'b (ﬂ)

= ot IB=-Bul=IB-Biml) > ge(1+5)
pﬁ\M"'b (ﬁ)

and similarly VT C 7_,
pB\M +b (ﬂ) <

Pﬁ\M+b B

e—e(l+% )

2.7.2 £ error of t-step Newton estimators

In this section, we prove Theorem 2.3.6 and Theorem 2.3.7. In fact we prove some statements
slightly stonger than what we discussed in the beginning of the Section: not only can we bound
the £, errors of t-step Newton estimators, but also we can bound them simutaneously. To be more

specific, we define a “failure event” F' for the dataset D, such that:

\/Epolylog(n))
n

1. Onevent F,

1By = Bl = 0

(Lemma 2.7.2),
2. P(F) = ¢, = 0 (Lemma 2.7.3), and

3. On event F, the Hessian G\ 5, is polylog(n)-Lipschitz in B, so that the Newton estimators

satisfy quadratic convergence (Lemma 2.7.6) and we get

-2
~ A m3 2
||ﬂ(f) —ﬁ\M”z =0|[|— polylog(n) |, Vi>1
\M n

(Theorem 2.3.7).
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In the rest of the section, we adopt the following notations for brevity:

£(B) = [E:(B)ictn)» L(B) = diag[¢(B)]
Em(B) = [G(B)]igms Ly = diag[# p(B)]
#(B) = [# (B lkerp), R(B) = diag[i#(B)]

G(B) = X"L(P)X +AR(B)

G\m(B) = Xy L(B)X\m + AR (B).

{> error of one Newton step

We first provide a finer characterization of Xr(l) = {|| B(l) - ﬁ\ mll

M < r} in terms of some

smaller “failure events” F;,i = 1,2, ..., 5 that are easier to verify:

Fi = {|IX|l > Ci},

F := {max 16:(B)| > Ce(n)},

F3 := {aM c D with IM| < m, B € By m»
18pM(B) = Ep(BaDIl > Cee(m)|B = Bumll

or [|V2r(B) = VEr(Buw) Il > Crr (W18 — Bimll}
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where £(1) := tB + (1 =) Bim, Em(B) = [G(B)ligm
Bim:={B:B=1tB+(1-1)Bm.1€[0,1]}.
Fy := {IM c D with /M| <m, By, B € Bopm,
1Epm(B1) = Epm (Bl > Coe(m)||B1 = Ball,
or [Vr(B) = V2r(Buoll > Crr(m)IIB = Bimll}
where 8, p1 := B(Bim. 1)

— v -1 (p T m
Fs = {IEIaS)I(n X\ MG A (BA) X pll2,00 > Cox(n) 4 " b

X\m

Ip

where X\ p = s Xy = (x)iem

F:=U_F (2.12)

Remark 2.7.1. Technically, F4 will not be used in this section, but will be used in the proof of
Theorem 2.3.7 in Section 2.7.2. However, we enlist it among other events as it is similar to F3 and

the proof is similar too.

Note that the undetermined constants, namely Cy, C¢(n), Cer(n), Crr(n) and Cyy(n), will be
decided later when we analyze their probabilities. Roughly speaking, these constants will be at
most O(polylog(n)) under Assumptions B1-B3. The next lemma shows that (X,(I)) c F :=

U>_, F; for a specific r:

c
Lemma 2.7.2. under Assumptions AI-A3, Let F = UleF,- be the failure event, then (X,(I)) cF

with
2V3 2 m/? m?
r =53 Cun) + ACH(m]Ci(Cr + DG <n>Cxx<">] e
i.e., under F¢,
3/2
~(1) A m
a - <C —_—.

The proof of this Lemma is postponed to Section 2.7.2.
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Now that we have (X,(I)) CF= Ul.Slei, we can bound ¢ = P(D ¢ Xr(l)) by bounding P(F)

instead:

Lemma 2.7.3. Under Assumptions AI1-A3 and B1-B3,
P(F) < anly) +8n' "+ ne P24 2e7P

where the constants Cp(n), Cee(n), Crr(n) and Cy(n) in (2.12) are all O (polylog(n)).

The proof is in Section 2.7.2 and the exact form of the constants can be found in the proof of
Lemma 2.7.4 and 2.7.5. Theorem 2.3.6 is then a direct application of Lemma 2.7.2 and Lemma

2.7.3:

3
Proof of Theorem 2.3.6. By Lemma 2.7.2, (X\V)¢ ¢ F with r = C (n)%=. By Lemma 2.7.3,

P(F) < ngt” +8n'=¢ + neP/2 + 2¢=P. Combining the two lemmas we immediately have
P(D e Xr(l)) < anly) + 8117 + ne™P/? 4277,

3
where r = C; (n)% and C(n) = O(polylog(n)) by Lemma 2.7.3, which concludes the proof of

Theorem 2.3.6. O

Proof of Lemma 2.7.2

Proof. Recall that we denote G (B) and G\ () to be the Hessian of the loss functions of the full

model and the unlearned model respectively, and

-— 1 A A
G::/ Gp+(1-1)p\m)dt
0

- 1 A A
G\M = /0 G\M(l‘ﬂ+ (l — t)ﬂ\/\/()dt
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By Lemma 2.3.5, we have, using the notations above and in (2.12),

Bi-B=60 | 6B = GA X bn
ieM
and by Definition 1.2.1 we have
B - B =Gl ( S G| = 6L BN
ieM

If we define v p( := XL{} ‘M, then by subtracting the two equations above, we have

Bm —B{j& = [GQ{A - G\_/{,((.é)] VM
= |GTh -~ Gin B |+ [GTLBir0 - GiA(B) | v a

= M]VM + MzVM,
thus we have
5 5(1
1B = Byl < 1My pll + 1M v pl.

Since M and M possess similar properties, I will bound ||Mv .|| in the following, while || M,y p4||

can be bounded using the same method.

My = [G_\_/{,( - G{/IV((,BA\M)] VM

= G{,{A [GMm(Bm) — G| G\_/1\4(/§\M)VM

Notice that we can write G\ p(( B\ M) — G\ M in a more compact form:

Gm(Bi) — G = XUy [E(Biw) — L1X\ v+ ALR(B\y) - R]

= X{MFX\M’
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where in the last step we define

X\M = X\M >
IP
. diag[/o1 G(E®@) = LB w)dtligm, 0
0, diag[ [} #(£c(0) = F(Bami) kepp)
E(1) == t1B+ (1 -1)Buum. (2.13)

We then have

M1y pmll

= sup [w Myl
Iwli=1

= sup wTG_\_}wX\TMFX\MG\_/{A(ﬁ\M)VM|
Sﬁp IIFIIFrIIX\MG{,{AWIlzHX\MG{MB\M)VMH
w|=1 «

=T £ - ”Slﬁp ||X\MG\_/]\/(W||2 . HX\MG\_/]\A(B\M)VMH , (2.14)
wl|=1 3]

where in the penultimate line we use Cauchy Schwarz inequality: for two vectors u,v € R?” and

diagonal matrix D = diag|di]ie[p,

2

1
3
u'Dy = Z drugvy < Z d,% Z uivi < Z di
ke[p]

ke[p] ke[p] ke[p] ke[p]

2
ui max |vi|
1<k<p

= ID|[clleell2l¥ llco-

Now we bound the three terms in (2.14) separately.
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1. Define

Em(B) = [G:(B)]igm
—_— [ l A A
by = / Z’}(f(r))dt} where £(7) =t + (1 — 1) B\m
/0 ieM

F(B) := [F(Br)lkelp]

[ 1
e | /O r<f(r>>dr]kem,

Then

T e < 18— B (B2 + AUIF = F(Bu) o

where

1Ep = B (Bu)ll2
1-. .. A 2 1 .. . A
- Z[ [ tétew -t sJ [t -G
igm LY0 0 igm

l . o A 1 A
s\/ /0 III’(f(t))—l’(ﬂ\M)Ilzdts\/ /0 CLMIIE) - PulPdi

1
- cmn)\/ /O 218 - PliRdr

= Leumlp- Al

By Lemma 2.3.5, under event F:

A _ o 1 o
1B = Bmll = ||G\/{/(X;([M(ﬁ)” < EllXLfM(ﬁ)ll
1 . A 1 . A
< —IIXII - lEp (BNl € — I X [|Vm max |£:(B)]
Av Av ie[n]

< @QC{(n), (2.15)
Av

where the first line uses Lemma 2.3.5, the second uses strong convexity of the risk function,
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and the last line uses the definition of events F, F,>. Therefore we have

= . A V3m
1O — Em (B2 < WCICK(”)CM(”)-

Similarly we have

= . A 3m
IFost — A Bl < Sy Com) o),

so we have
V3m

”F”Fr < ST[C%(”) + ACrr(n)]Clcf(n)'
\4

sup 1K MG ihwlla < sup IR dllIGTL IIwl
lIwll=1 lIwll=1

< IZplIGT Ll

Notice that || X\pm|| < [ X\mll + 1 < [ X]| + 1 < C; + 1, so we have

C1+1

sup [ X\mG A wlla <
llwll=1

X MGy (ﬂA\M)VM‘ N
= X\MG{/I\,{(,BA\M)XLfM(ﬁA)Hw

lea)

IA

X\MG(}M B X, 5>
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where in the last line we use the definition of the (2, c0) norm of a matrix A:

[All2.00 := sup [[AW]|co.

lIwll2<1

We know ||fM (BA)”2 < Vmmax;em |€;(B)| < VmCe(n), so by the definition of event Fs,

< cf<n>cxx<n>%.

X mGy(Bum) (Z Gi(B)x;

ieM

(o]

Combining all the results above we have

3/2
[Cre(n) + AC,, (m)]C1 (Cy + 1>c§<n>cxx(n>%.

My mll <

3
312y2

Similar arguments lead to the same bound for || M,v 5(||. So we finally have, under event F€,

3 m3/2
1B v~ Bl < ﬂz = [Cee(n) + A (W] C1(Cy + 1)CF (1) Cu () 7
m3/2
=Ci(n)——.
1(n) N7
Proof of Lemma 2.7.3

Lemma 2.7.4 (Formal Statement of Lemma 1.4.1). Under Assumption Group A, if we set

C1 = (v7o +3)VCx,
C¢(n) = polylog;(n)

Ce¢c(n) = max{polylog,,(n), polylog,,(n)},
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in the definition of F», F3 and Fy in (2.12), then we have
P(FiUF,UF3UFy) < nqﬁly) +4n'"C 4 ne P 4 7P,

The proof can be found in Section 2.7.2, and the definition of the polylog(n) terms are summa-

rized in (2.20).

Lemma 2.7.5. Under Assumption A4, for any ¢ > 0 we have P(Fs) < 4n™° + e¢™? with

Cxx(n) =

(VYo +3)Cx V1 |[m(1+4(c+1)log(n))
Av p

The proof of Lemma 2.7.5 can be found in Section 2.7.2. By combining the above two lemmata

we have

Proof of Lemma 2.7.3. By Lemma 1.6.14,
P(IX] > (vyo +3)VCx) < e7”.
By Lemma 2.7.4, P(F, U F3) < 20"~ + 2ng\”) + ¢ + ne ?/2 with

4C
C¢(n) = polylogs(n) = polylog, (n) + Tf [1 + Cy(n) + polylog;(n)]

Cre(n) = max{polylog,,(n), polylog,(n)}.

Finally by Lemma 2.7.5, P(Fs5) < 4n™¢ + ¢ with

Cxx(n) =

(V70 +3)Cx V1 [m(1 +4(c + 1)log(n))
Ay p ’

Using a union bound over the events above we have

P(F) < nq,gy) +8n'C 4 ne P2 4277,
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Proof of Lemma 2.7.4

Proof. The proof can be divided into 4 steps. In the following we denote ﬁ\. to be the model
trained by excluding the observations indicated in -, which can be the indices like ,BA\,-, j» Or a subset
B\ M, or both, e.g. ﬁ\ M.i- We allow the content in - to overlap, in which case we simply take a
union, for example B\,-,l- = B\,-. By slight abuse of notation, we use the index “0" as a placeholder
to denote no observations being excluded, so that maxo<;<;, ,B\i means the maximum among all ,B\,-
and also 8. These additional definitions help us to keep the notations unified and simple.

Step 1

Define event E; := {max; |y;| < C,(n)} with probability at least 1 — an,y ) by Assumption B3

and a union bound. Under E1, VM C D (including M = @ case where ﬁ,w = B). ‘We have

A (a) A A (b)
WIBMIE S S 6B + B <Y 6(0)

igM i€[n]

(0
< Y L+l <n(1+C3(n)),

i€[n]

where (a) uses the v-strong convexity of r (Assumption A2), (b) uses 7(0) = 0 and () > O,
(c) uses Asumption B2, and the last inequality uses the definition of event E|. By rearranging the

terms we have under E; that, VM

1Bl < /()11 + Ci(m)n. (2.16)

Step 2

Define event £ := {max; je[n] |xl.T/§’\,-,j| < polylog, (n)} with B\i,i = BA\,- and

polylog, () := 2,/(A)~'yoCx (1+ G () (1 +¢) log(n)
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for any arbitrary ¢ > 0 that will appear in the tail probability.

P(ES U ES)

= P(ES) + P(ES N E))

: A Cx .
< ngy +P| max ] B, > 24 /= NB s IN (1 + c) log(n), E)
i,j€[n] p

~ Cxy «
<ngy” + > EP|max|x] By | > 24 [ l1By;IV(1 + c) log(n)| Dy,
Jéeln] | P '

i€[n]

»)

< ng, I-c

+2n "¢,

where the second line used ||,BA\,-J~|| < \/(/lv)‘1 (1 + Cy(n))n under E1, the third line uses a union
bound over i and the tower rule, and the last line uses Lemma 1.6.11 by observing that conditional
on Dy;, Max e[y |xl.TﬁA\,-,j| is the maximum of n Gaussians with o> = BQ;.]-ZB\[,_/‘ < %”B\i,j”z.

Step 3

Define E3 := {max;e[,) [|X:|| < 2VCx, [ X]| < (1fyo + 3)VCx} then P(ES) < ne P2 4 ¢7P by
Lemma 1.6.14 and Lemma 1.6.15.

Under ﬂleEi, we have the following results: V1 <i <n,0<j <n,

1G(Bu )l <1+ yil* + 1x] By jl*
< 1 + C§(n) + polylog| (n) := polylog, (n)

2

VX ol
=, Polylog, (n)

/Byl < 1x] Bl + 1xT (B = Buiy)l

A A 1 .. 4
1B\ = Brijll < G B pllixill <

4C
< polylog,(n) + Txpolylogz(n)
v
:= polylog;(n) (2.17)

|€[(ﬂA\j)| <1+ C;(n) + polylogs(n) := polylog,(n).

Step 4
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Under ﬂf’:lEi, VM c D, IM| <m,Vj ¢ M: by Lemma 2.3.5,

. 5 1 A
1B\ = Byl = IXmém (B

m A m
< £IIXII max |£;(B\ ;)] < £(\/%+ 3)W/Cxpolylog,(n). (2.18)
Av ieM Av
Define
E—maxmaxx B\ )| < polylog<(n
4 {]e[n] IM&I; | (B\M] B\j)l poly gS( )}
J

where polylogs(n) := 2(\/_+3)CX mQ2m + ¢)p~! log(n)polylog,(n). Note that it is indeed O (polylog(n))
when m = o(4/p). Then

P(UL ES) < P(UL,ES) + P(ES N (N2, Ey)),

and now we work on the second term since the first is already known. Let N := ’S";Ol (’S’j ) <
n—1\ _ 2m(n
2(m—1) - Tm(m)’ then

log(N) < log(2) + log(m) —log(n) + mlog(em/n) < 2mlog(n)

for n > 8, so that we have

V@2m + ¢) log(n) = \/log(N) + clog(n).
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Therefore we have

P(ES N (N, E)))

<P(max max ¥/ (B = B\j)l > 2VCx/pllBim = ByjlIVIog(N) + clog(n), N E:)

Jjeln] IM|<m
JEM
< ), BR(max 5] (B = B\l > 2VCx/plIBi = ByIVIog(V) + clog(n) |Dy)
J€ln] jemM

b
(S)an_c,

where in (a) we used (2.18) under ﬂf’:]Ei, and in (b) we used Lemma 1.6.11 again.
We therefore have

P(Uf’zlEf) < an,y) +4n' ¢ + ne P2 4 7P,

Under event O?ZIEZ-, Vi € [n],VIM| <m,i ¢ M:

|xl-T,é\M,i| < |xl~TﬁA\i| + |x,-T(.3A\M,i _B\i)l
< polylog, (n) + polylogs(n)
:= polylogg(n)

|fi([§\M,i)| <1+ C;(n) + polylogg(n) := polylog, (n)

VCx
v

A A 1 A 2
1B\ = Bumall < lixill - 16 (Buma)l < polylog; (n)
e Bl < ] Bl + 1] (Buv = B

4C
< polylogg(n) + TXpolylog7 (n)
v
:= polylogg(n)

|{3,-(ﬁA\M)| < 1+ Cy(n) + polylogg(n) := polylogy(n).

Step 5

Now we are ready to bound events F; and F3 as stated in this lemma. For the convenience of
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the readers we re-state the definitions of these two events:

Fy = {g[% 16:(B)| > Ce(n)},
Fy={3t € [0,1], M c D with IM| < m, |E(&(1)) = EB Il > Cee(m)IE(t) = Bimll},

where £(1) = 1B+ (1 =) B, €(B) = [G:(B)]ieqny-

Event F, was actually bounded in (2.17) with C¢(n) = polylog;(n). Note that we allow j = 0 in

(2.17), which indicates
P(F,) < P(U?zlEic) < nq,(ly) +2n' " 4 ne P 4P,

This proves part (a) of the lemma. For part (b), if 8 € B, y4, then it is a convex combination of ﬁ

and .B\M, SO
Ix Bl < maX{|xiTﬁA|, |xiT,[§\M|} < max{polylog;(n), polylogg(n)} := polylogy(n).
Therefore
16(B) <1+ Cy(n) + polylogy(n) := polylog,,(n). (2.19)

In addition, notice that VB € B a(, Vs € [0, 1], p(s) := s,B+(1—s)[§'\M € B m as well. Therefore
under Ule, YIM| < m,VB € B m,

1 pm(B) = Em (B3 = Z[fi(ﬂ) ~ LB M) = Z [6x] (B - A%
igM ieM
where £, := fol Li(sp+(1- s)ﬁ\M)ds, SO

coe l coe A
7)< /0 7 (sB+ (1 = $)Ba0lds < polylog,o(n),
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SO

1Em(B) = Em B < > 18T (B = Ba)]?

ieM
< polylogi, (n) (B = Bum) "X\ Xm(B = Bim)

< polylog?,(n) (vyo + 3)*Cx I8 - Bmll®

Also, notice that ||#(8) — f(ﬁ\M) | <Cr(n)||B - ﬁ\M || is trivially satisfied by Assumption B2.
Simialrly, for Fy, under Ut ES, VM| < m,Vi ¢ M,V € B(B\m. 1),

Bl < x] Bl + 1x] (B = Bm)| < polylogg (n) +2+/Cx

|[6:(B)| < 1+ C}(n) + |polylogg(n) +2y/Cx|* := polylog, ()

It then follows that

1M (B1) = Em (B3 < > Gilx] (B1 = B2))* < polylog}, (n) (v + 3)*Cx 181 - Ball*
igM

Finally, if we define C;(n) := polylog;(n), C¢r(n) = max{polylog,,(n), polylog,,(n)}, we have

P(FIUF,UF3UFy) < P(U?ZIE,.C) < nq,(ly) +4n'C + ne PP 4 7P,
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To make the polylog, (n) terms explicit, we repeat them here:

polylog, (n) = 2,/(Av) 1 yoCx (1 + C3(m)(1 + ¢) log(n)
polylog,(n) = 1 + Cj(n) + polylog; (1)

C
polylogy(n) = polylog, (n) + — polylog, (n)

polylog,(n) =1 + C; (n) + polylog3(n)
2(yfy0 +3)Cx
A

polylogs(n) = Vm(2m + ) p~"log(n)polylog, (n)
polylogg(n) = polylog, (n) + polylogs(n)

polylog; (n) = 1 + C(n) + polylogy(n)

polylogg(n) = polylogg(n) + %polylogﬂn)

polylogg(n) = 1 + Cj(n) + polylogg (1)

polylog,o(n) = 1 + Cj(n) + polylogy(n)

polylog;;(n) = 1+ Cy(n) + |polylogg(n) + 2y Cx/[*. (2.20)

Proof of Lemma 2.7.5

Proof. Recall that the goal is to bound

(V70 +3)Cx V 1\/m(1 +4(c+1) log(n)))

P(F5) =P X G_1 N xT s
(Fs) (ﬁg,” WG (B) X L2, - :

Notice that

X mG L (B0 X T 200
|%agnll WG A((B)X L2,

-1 S T
mflsxm IIX\MG\M(ﬁ\M)XM”z,oo}’

=max{ max ||G"L (B )X l.co.
{IMISm” \M(ﬁ\/\/() M”Z, M
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and I will bound the two terms separately.
Let us fix a subset Mg C [n] of size [ Mp| = s < m. Then X, is independent of G</1\/(O (,B\Mo)-

That is,

1A 1/2
Gip, B Xy, = 22725,
where X, = G(/{/lo ([;’\MO)EG\‘}WO (ﬁA\Mo) satisfies

C
p(av)?

O-max(z*) < ”G\_/l\/(o(lé\/\/lo)”2 X ”Z” <

almost surely, due to the v-strong convexity of the penalty function. Thus by Lemma 1.6.13, since

|IMo| = s, we have for any ¢ > 0 that

P

1G A, (Bumo) X g, 20 > — .

1 [s(1+4(c+1)log(n))
Ay

) <exp(—(c + 1)slog(n)).

Now taking a union bound over all possible choices of My such that | My| < s, we have

A 1
P G} X7 2o = —
(|ﬂ|as7’(n I \M(ﬂ\/\/[) M”Z 2 /lv\/

m(1 +4(c + 1)10g(n)))
P

m

<y (';) exp(~(c + Ds(log(n)))

s=1

< iexp(—(c + 1)slog(n)) <2n™°.

s=1

The proof technique for the second assertion is almost identical to the first part, with the fol-

lowing differences. We fix Mg with |[My| = s < m, and just as in part i), we obtain:

P { 11X\, G pg, (Bumto) Xy, ll2.00 =

ClIXpmoll [s(1+4(c+ 1)10g(n))|X
Av D Mo

< exp(—(c + 1)slog(n)).

Now by the independence of X, and X\ y(, for any fixed My, we can remove the conditioning on
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X\ M, to write:

P

11X\ Mo G pg, (Buvty) X 3y 2.0 =

XAl [s(1+4(c+1)log(n))
Av p

=E(P(...|Xpm,)) < exp(—(c + 1)slog(n)).

Then taking the union bound over all possible M as before, we have:

P { 11X\ MG pt, Bumto) Xy, ll2.00 =

IXI| [m(+ 4+ Dlogt) _, .
Av p B '

Now by Lemma 1.6.14, the final bound becomes

(vv0 +3)Cx |m(1+4(c +1)log(n))
Ay p

P (llX\MoG(/l\/[O(ﬁ\MO)X/—\r/(O”2,00 > ) <2n~ ¢ +e”.

Finally, by taking the maximum of the bounds obtained in the two parts above and a union

bound, we have

(VY0 +3)Cx V1 |m(1+4(c+1)log(n))
Av p

P X MG (BA)XT 200 >
(lﬂgnll WG A (B Xy ll2,

<4nC +e7P.

{> error of multiple Newton steps

To study multiple Newton steps, we first prove quadratic convergence for the Newton method

in a general setting:

Lemma 2.7.6. Suppose f(B) : RP — RP has Jacobian G () with Anin(G(B)) > v for all B, and

suppose f(B) = 0 has a unique solution B*. Suppose {B},s1 is the path of Newton method in
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searching for B*, i.e. Vt > 2,

B =BV =GB F(BUY).

Let r;, = ||BY) = B*|| be the I error of the t™ step. If Vx,x2 € B(x*,r1), ||G(x1) — G(x2)]|| <
Cllx1 — x2||, then

c 2
Fin S 571 g

2t—2
C 21‘71
rt’n S Z 1"1 .

Proof. By the definition of Newton steps,

Consequently,

'B(r) - B = ,B("” - B - G—l(ﬂ(z—l))f(ﬁ(z—l)).

Notice that we can add G~ (BY~V) £(B*) to the right hand side because f(B*) = 0, so we have

BV - =B - -G (B (B + G BV F(BY)
=BV B -G BB - £ (8]
=gV -p -G (BTGB - B
=G (BNIGB")-Gl(B"" - B,

where in the penultimate step we used Taylor expansion with

1
G = / G aB" ™V + (1 -a)B*)da,
0
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and the last step uses the trick that B/~1 = G~1(B~D)G (B7~1) B~V Notice that

1
IG(B™) -Gl = /O [G(B™D) = G(ap"™ + (1 -a)p)]dal

1

< / 1G(B™) ~ G(aB'™ + (1 - a)B")||da
0
1 (=1 — B")||da
1— _
< /0 Cll(1 - a) (B
1

= CIB -1 [ (1= a)da
= S - |

Therefore we have

IA

IG=' (B IG(B") -Gl - 18"V - Bl

1C, . C
S IBY =B = o

ron = 18 = Bl

IA

We then immediately have
2172
C 2[—1
rt’n = (5) rl,n .
where r1, = C1(n)4/ mf is the bound we obtained in Lemma 2.7.2. O
It is then a direct application of Lemma 2.7.6 to prove Theorem 2.3.7:

Proof of Theorem 2.3.7. It is a direct application of Lemma 2.7.6 together with several previous
results.

First, under event F¢, by Lemma 2.3.5, ry := ||[§S\)4 - BA\MH < C; (n)m%n‘% = o(1) since
m = o(n'/3). Then for the Lipschiz condition of G\ m(p), notice that under event F;, for large

enough n, V81, B2 € B(B\wm,r1) € B(Bims 1),

G\m(B1) = G\m(B2) = X\ p[L\m(B1) = Lum(B2)] Xy + Ar[R(B1) — R(B2)]

= X7, DX
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where the last line is similar to (2.13). Under F¢, we have ||T||2 < |IT||7r < (Cee(n)+AC,-(n))||B1—

PB2ll, so

IG\M(B1) = G (Bl < IR\ ml*(Cee(n) + AC,, () |B1 = Ball
< (1 + (V70 + 3)VCx)*(Cre(n) + AC.. ()| B1 - B2l
= Ca(n)||B1 = B2l

We then apply Lemma 2.7.6 with the Lipschitz constant C = C,(n) = O(polylog(n)) and the

strong convexity constant to be Av. O

2.7.3 Proof of Theorem 2.3.1 and Theorem 2.3.2

Proof of Theorem 2.3.1. Recall that we defined

(0 ._ . 50 A
X”z,n T {Z) . |ﬂ|a§);(n”ﬁ\M ﬁ\M”Z < rt,n}-

By Lemma 2.3.3, B{7, = ,3{24 +b is (¢n, €)-PAUIf P(X.") = 1~ .
C

By Lemma 2.7.2, (X,(fl) CF= UleFl- defined in (2.12).

By Lemma 2.7.3,

P(F) < g + 801~ + ne P + 277 1= ¢,

as long as we set the constants Cy, C¢(n), Cee(n), Cyr(n) in the definion of F' (2.12) as in Lemma

2.7.3, so that

-2
Co(mym3\’
2Avn

rin = [C1(m)]*" (

Cy (l’l) = 32/1—\2/32[(;(5(”) + /lCrr(n)]Cl(Cl + 1)C§(n)cxx(n)a

Ca(n) = (1 + (V70 + 3)VCx)*(Cre(n) + AC,,(n)).
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(¢

Therefore we conclude that BC\; = B\ /14 + b achieves (¢, €)-PAU with

On = nq,gy) +8n' "¢ + ne P2 277,

if b has density p(b) o e 7 Il

Proof of Theorem 2.3.2. First notice that by Taylor expansion,

[6o(Br +B) = bo(Bun)l < [6ollx] (B3 = B + B)l.

Let F be the failure event defined in (2.12). Recall that by Equation (2.16) and (2.18), under F¢,

18Il < ()1 (1+ C3(n))n

A A \/m
max || - B\mll < =—(vy0 + 3)VCxpolylog,(n).
IM|<m Av

Define events

Es = {lxgm < \/(/h/)‘leyo(l +C(n)2c log(n))}

A A 2C 2
Eq = {m@ e (BBl < 22 (v + 3>\/ L 1og<n>polylog4<n>} .

Then for any D € F¢, we have

P(E|D) <P

A C ~
xg Bl < \/?XII,BII\/% 1og<n>|z>) <o

¥

P(E¢|D) <P (3|M| <m, lxg (B-Bm)l > \/%Ilﬁ = Bumll - 24/log(N) + ¢ log(n)

<2n ¢,
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where N = 3" (") <2("), so

log(N) <log(2) + mlog(en/m) < 2mlog(n).

Under E5 N Eg,

g Bl < 1xg Bl + 1xg (B — Bum)| < polylogy, (1)

if m = o(y/n).
Define
~ A 2
E; = {VIMI <m, |x0T(,B{’/L( -Bm+b)| < 2\/C_X (g + %) Fen - N(Q2m +c) log(n)},

2p
Es = {lIbll < ——=r1n: Iyol < Cy(m)}-
Under F¢, ||ﬁ84 —ﬁA\Mll < ryn. Then for any D € F¢

P(ES 0 Es|D) < PAIM| <m: x] (B~ B +b)] >

Cx . &
w/fnﬁ{ " = B + bl - 24/log(N) + clog(n)|D)

<2n .
Under (ﬂl.gsti), Va € [0, 1],

g [a(Bly + ) + (1= a)Bipll

< xg Bl + alxd By — Bim +b)|
(? + %) Tin \/(2m + ¢) log(n)

< polylog,,(n) + 24/Cx

< polylog;3(n),
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rovided r, ,, = 0 | ———=5-—— so that the second term is O (polylog(n)). Thus, for any D € F¢,

[ / g [a(By +b) + (1 - ) Bl |*dal D

< (polylog;3(n))™

+ Co(Ellxoll*) 2B mII™ + II,B(I) = Bmll® +BIB[*) PP((NLEN|D)

2 28 _
< (polylog;3(m))™ + C,Cx (?”ﬂ) s - (N@m + 25) log(m)> - ™

< polylog,4(n) (2.21)

using events ﬂ?ZSE,- for some ¢ > 2s. Similarly we obtain

2
E |l [(B\3 — Bum) + b]1*dalD e F] < 2Cy (@ + %) r2, - (2m +2)(log(n)) (2.22)

€
using events ﬂ?sti for some ¢ > 2. Finally we have that,

GED(BLy Bir) =B (160(By + B) — &o(BaollD)

- 1/2 A /
< (B0&P1D)) " (B(lxgb +x5 (BY, - BoliD))

Now using the previous inequalities, I will bound each of the quantities on the right hand side of

the latest display. First notice that by (2.21), for any O € F¢

E(|6*1D)
:E(| / (B3 +b) + (1 - @) B\y)dal’| D
0

<3C? (1 +E|yo|* +E

/ xg [a(B}, +b>+<1—a)/§\M1|ZSda|D])

<3C%(1 + Cy s + polylog,(n))

where we use Assumption A6 for the last two inequalities. Similarly using (2.22) we have for any
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D € F° that

GED(B\'y: Bim)

=E (16o(B%) + b) - fo(Ba|ID)

<3C(1 +Cyy + polylog,, () Cr (@ + %) ron - \[@m + ) (log(n).

This proves the first part of the theorem.
To prove the second part, notice that for any D € F¢, GED([?@’\’A, ﬁ\ m) = 0Q)ifr, =

0 (é) To find the smallest 7 such that this holds true, define @ = log(m + 1)/log(n),

/mppolylog(n)

then we have

Co(n)(m + 1)°

(Ba-1)2t2
21vn )

20
rin = [C1(m)]*" ( ) = polylog(n)n

We need

Fin =0 ¢ = o(n_%(“”)),
ymppolylog(n)

which is satisfied when

+1
t>T:1+10g2(1a 3 )
- 3a
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Chapter 3: Approximate Cross Validation: A Theory for Non-Smooth

Problems

3.1 Introduction

The Newton approximation can also be used for risk evaluation. Consider the problem of

estimating the out-of-sample prediction error (OO):

00 := E[¢(yo,x, B)|D]

where ¢(y, z) is another loss function (possibly but not necessarily the same as €(y, z)), (yo,Xo) is
a new and independent data point from the same joint distribution g(y|x " 8*)p(x) generating the
training dataset 9. As demonstrated through empirical and theoretical studies, in high-dimensional

settings, the leave-one-out cross validation (LO) estimator

1 © ~
LO := Z;Myi;xfﬂ\f) G.1)
where
B\i = argmingeg, {Z f(yj,xJTﬂ) + /lr(ﬁ)} , (3.2)
i

provides an accurate estimate of the risk: [20, 27, 60].

A significant limitation of LO is its necessity to fit the model repeatedly n times, making it
computationally impractical for many high-dimensional problems. As a result, recently several
researches have considered the problem of approximating LO ([20-28]).

[23] proposed the approximate leave-one-out cross validation (ALO) as a computationally ef-
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ficient approximation for LO. It uses one Newton step initialized at B to approximate B\,-:
By = B+G (B(B)xi, (33)

and ALO is obtained by replacing ﬁ\i with B\iin LO (3.1). In [20, 23] it was theoretically and
empirically shown that, for generalized linear models (1.3) with smooth regularizer r(-), approxi-
mate leave-one-out cross validation (ALO) is a statistically reliable and computationally efficient
approach to estimating LO and OO. Regarding non-differentiable regularizers, while the extensive
simulations in ([23, 26]) provided empirical evidence, the theoretical understanding of ALO’s error
remains unknown. More specifically, the theoretical analysis of the smooth case relies heavily on
the well-conditionedness of the Hessian G (8) = V2L, (f), meaning that its maximal and minimal
eigenvalues remain O, (1) as n, p grows under PHAS. For non-smooth regularizers like LASSO,
however, the Hessian do not exist in the first place. Even if we think heuristically, the gradient has
a jump at B = 0, and Hessian is a Dirac (pulse) function that has infinite value but finite integral at
0. This essentially makes the corresponding elements in the Hessian infinite too, causing the Hes-
sian to be extremely ill-conditioned. So the real difficulty is not to think of a smooth surrogate that
can approximate the LASSO penalty to arbitrary accuracy, but to theoretically study the Newton
approximation, despite of the ill-conditioned Hessian of such smooth surrogates.

In this chapter, we present a novel theory for non-differentiable regularizers applied to a wide
class of problems in the generalized linear model family, e.g., Poisson and logistic regression.
Using intuitive metrics such as the size of leave-i-out perturbations in active sets, we bound the
error |[ALO — LOJ| in terms of fundamental quantities such as sample size n, number of features p,
and the regularization parameters. For elastic net problems we place bounds on the size of leave-
i-out perturbations in active sets, and as a consequence, show that |ALO — LO| P77, 0 when n /p
and SNR remain bounded.

The remainder of this chapter is organized as follows. In Section 3.2 we briefly present and

review the key idea of ALO and the challenge of using it for non-differentiable regularizers. We
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review related work in section 3.2.2. In section 3.2.3 we briefly describe the main theoretical con-
tributions of this chapter. Section 3.3 formally introduces our theoretical framework and presents
Theorem 3.3.1 which allows us to bound the error |ALO —LO| in terms of intuitive metrics such as
the size of leave-i-out perturbations in active sets for wide array of models models such as linear
Gaussian, logistic and Poisson. In Section 3.4 we present Theorem 3.4.1 which bounds metrics
related to the size of leave-i-out perturbations in active sets for ¢; regularized problems. Next
we explain how Theorem 3.3.1 and Theorem 3.4.1 together prove that for £; regularized prob-
lems, when n and p grow, as n/p and SNR remain bounded, ALO is a consistent estimate of LO.

Detailed proofs are given in Section 3.6. Concluding remarks are given in section 3.5.

3.2 Approximate Leave-one-out Cross Validation

In this section, we briefly review the main idea of ALO and then describe the challenges of
using it for non-differentiable regularizers.

As described in the last section, the key idea behind ALO is approximating each [;’\i using one
single Newton step (3.3) initialized at ,BA in the LO formula. Since the Hessian inverse computation
(with time complexity O(p?) in general) has to be calculated n times, it might seem that ALO is
computationally (nearly) as demanding as refitting the model, but this can actually be bypassed by
using the Woodbury lemma (see Lemma 1.6.2), which reduces the calculation of each G\‘l.1 (,l§) to

only matrix-vector multiplications on the full Hessian inverse G~'( B):

G(B) =GP - t:(B)xix]
G_l(l?)xixiTG_l(l?)&(B)
1- xl.TG‘l(B\)xi&(B) '

G/ (B =GB+
If we define the generalized "hat matrix’ H as

H := XG!(B) X" diag[(;(B)]1-,, (3.4)
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then its diagonal elements are

Hy = x] G™Y(B)x:6(B).

It then follows that the linear term x; ﬁ\,- has the following simplified expression:

~ 2. A A
(xT61Bx) GBGB)
1 - Hijj

x By =x]B+x] G (B)xil:(B) +

A &(B) Hy
_xiﬁ+%l_Hii.

We then have the ALO formula:
1 < <
ALO := = > ¢(vi:x] B) (3.5)
nia
1 © s [C(ilx]B) H;;
- —Z¢(yi;xfﬂ+(.. — (1 H)
ni (yilx;' B) — Hij

Since we only need to compute the inverse once for the full Hessian G(,LA%), ALO effectively

reduces the matrix-inversion induced time complexity for LO from O(np?) to O(p?). Note that
we do not need to compute H, but only its diagonal elements H;;.

The application of Newton method necessarily depends on the existence of Hessian, and thus
requires twice-differentiable objective function, including both the loss ¢ and regularizer r. Most
of the theoretical work about the consistency of ALO in estimating LO (and OO) has hence focused
on differentiable regularizers, such as ridge, smoothed LASSO and Huber loss when n/p and SNR
remain bounded [20, 23, 28, 89]. For example, [23] proved the following accuracy result under

PHAS:

Theorem 3.2.1 (Rad et al. (2018)). For twice differentiable loss and regularizers, under PHAS

with certain regularity conditions,

< 1
ALO -LO| = 0,(—).
| | p(\/ﬁ)
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The regularity conditions in [23] are quite similar as our Assumption Group A (Section 1.4) and
Assumption B1 (smooth r), modulus minor technical differences, and here we provide a heuristic

proof:

1 <& ~ n
ALO ~LO| < = > |#:(By) ~ #i(By)|
i=1
1 &= < A
(Taylor expansion) = p Z ‘(l)ix,-T (B\i — /3\1')|
i=1
< max il By — Bull.

By Lemma 1.4.1 (since ¢ satisfies the same assumptions with ¢, all results on ¢ can be applied to

¢ as well), 1.6.15 and 2.3.6, we have

max || = 0, (1),
i€[n]
max |lx;|| = 0, (1),
i€[n]

- A |
max || B\; — B\ill = Op(—),
i€[n] n

<|

so that

-1
ALO -LO| = 0,(—).
| | ”(\/z)

However, the same logic can not be simply applied to non-differentiable objectives. In fact, the
differentiability is only a minor issue in this case, as for many commonly used loss or regularizers
we can easily find a sequence of smooth functions that can uniformly approximate them up to ar-
bitrary precision. The real big problem lies in the ill-conditionedness of the Hessian. For example,
consider the LASSO penalty r(B) = ||B]|. Heuristically, its Hessian is a diagonal matrix with each
of its diagonal elements being a Dirac function, which takes +oo as its value at § = 0. This is
problematic, as the proof for the smooth case depends heavily on the assumption that V?7(8) is
Lipschitz in B, for example to get V2r () — Vzr(ﬁ\i) ~ |8 - ﬁ\illl[p =~ ],,. But this is substantially

wrong for LASSO. We know that the LASSO penalty forces some coefficients of B to be zero,
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and that the zero elements of B are not necessarily exactly the same as BA\,-, so it must happen with
positive possibility that for some coefficient k, we have 3, = 0, fé\i,k # 0. This immediately causes
the corresponding element in V2r(B) — Vzr(ﬁ\i) to be infinite and all subsequent bounds invalid.

To solve this issue, we must use a different approach.

3.2.1 ALO for non-differentiable regularizers

As discussed in the last section, the ALO formula (3.5) and the corresponding theory (Theorem
3.2.1) supporting it require twice differentiability but some of the most important regularizers, such
as elastic net, nuclear norm, or hinge loss are not twice-differentiable.

Consider the elastic-net penalty as an example: r(8) := (1 —n)||B]l1 +nl|B ||%. Due to the regu-
larizer’s non-differentiability at B = 0, we cannot directly use the one step Newton approximation
as proposed in the previous section. However, the following heuristic argument motivates our new

method. Let S denote the active set of ﬁ, i.e.,
S = {] : ,éj * O}

Suppose that the active set of ﬂA\,- remains the same as S for all i. Then, we can solve (3.2) on the
set S only. The validity of this heuristic assumption, and our remedies when it is mildly violated,
are discussed in later sections. For now, since the regularizer is twice differentiable on S, we can

use the ALO formula (3.5) with the Hessian evaluated only on S, the active set of ,é:

H = XsG3' (P)XSdiag[#(B)], where

Gs(B) = X diag[f(B)] Xs + 227l (3.6)

Here X is the submatrix of X containing the columns of X that are in S.
Unfortunately, the heuristic assumption that the active set does not change when a data point is
removed, is not correct. While it is true that some of leave-i-out estimated coefficients retain the

active set, most estimated active sets do change. Figure 3.1 confirms this claim.
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Figure 3.1: The histogram above shows the size of the difference in active sets when performing linear re-
gression with the elastic net penalty on the entire dataset, vs leave-i-out (i.e., leaving out the i-th observation
fori = 1,...,n). The parameters are n = 500, p = 1000 with 20% of the true coefficients being non-zero
and i.i.d. N(0,1). The design matrix X has iid N (0, 1/n) rows. The penalty strengths are 1 = 2, = 0.5.
We use the ElasticNet function from the Python library scikit-learn.

Despite the observation in Figure 3.1, extensive empirical results presented in [21-23, 26]
confirm that (3.5) offer an accurate estimation of LO (and OO).

To understand these two contradictory observations, we ran another simulation that appears in
Figure 3.2, which plots the logarithm of the size of change in active set due to leave-i-out,denoted
as log(A,), against log(p) in a box plot. In this figure we find that, while the active set does
change, A, scales at a sub-linear rate with respect to p (and hence n) as p, n increases. Indeed,
the comparable points in the boxplots (e.g., the median, maximum) of the logarithms, lie on a line
that has slope smaller than one. A linear regression of the medians of log(A,) on log(p) showed a
slope of 0.43 when p = n and 0.52 when p = 2n.

This potentially suggests that A, = C+/p, so A,/p — 0 as p,n increases. As will be clarified

later, this sub-linearity that will be proved in Theorem 3.4.1, is the main reason why the ALO

calculated on the active set S is still accurate.

3.2.2 Related work

Various approaches to estimating the out-of-sample error have been proposed. Examples in-

clude (but are not limited to) cross validation ([90]), predicted residual error sum of squares ([91]),
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(a) p=n (b)p=2n

Figure 3.2: The figure shows boxplots of the change in sizes of leave-i-out active sets (denoted by A),),
plotted against the dimension, (on a logarithmic scale) when performing linear regression with the elastic
net penalty. The upper and lower edges of the box in each boxplot represent the 1st and the 3rd quartiles
respectively, and the black line represents the median. The whiskers extend up to the most extreme value in
1.5 times the interquartile range. The parameters are taken as p = n (left) and p = 2n (right), and in either
figure p is then varied from 1000 to 10000 with six equal increments on the log scale. We take 20% of the
true coefficients to be non-zero. The design matrix X has iid N (0, 1/n) rows, and the nonzero coefficients
are iid N (0, 1). The penalty strengths are 1 = 2,7 = 0.5. We use the ElasticNet function from the
Python library scikit-learn.
and generalized cross validation ([92, 93]), just to name a few.

Until recently the use of n-fold cross validation (also known as LO) had been limited due to
the high computational cost of repeatedly refitting the model n times, and due to concerns about

the high variance, especially when n and p grow unboundedly. Recently, these concerns have been

(mostly) alleviated by a large body of work that showed:

1. The variance of LO in estimating OO goes to zero as n grows ([94, 95]). These results have
been extended to high-dimensional settings. In particular, ([20]) has obtained an upper bound
for the estimation error of leave-one-out for the class of regularized empirical risk minimiza-
tion techniques under the asymptotic setting used in this chapter. In a similar setting, [28]

has obtained a uniform convergence for the ridge estimator under the linear model.

2. Computationally efficient and statistically reliable approximations to the leave-one-out cross
validation can be obtained ([21-23, 26, 36, 47, 89, 96—105]). These approximations are de-
rived from a variety of methods and assumptions, incorporating concepts from e.g. statistical
physics and optimization techniques. A few papers have also obtained approximations/fast

computations of the leave-one-out in the Bayesian setting ([106, 107]) as well.
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In high-dimensional regime, most theoretical work about the consistency of ALO in estimating LO
has focused on differentiable regularizers, such as ridge, smoothed LASSO and Huber loss ([23,
28]). Assuming that the SNR grows unboundedly, as n grows, [22] considered ¢ regularizers. In
this regime the optimal value of the regularization parameter A goes to zero, and tuning becomes
(nearly) unimportant because of the unbounded SNR.

Despite significant empirical evidence, to the best of our knowledge, there is no theoretical
study of the consistency of ALO for non-differentiable regularizers in a regime where n and p
grow to infinity while n/p and SNR remain bounded, a framework typical in high dimensional
risk estimation problems ([20, 23, 28, 34, 36, 38, 46, 47, 89, 108, 109]). Given the importance of
risk estimation for non-differertiable estimation problems, this chapter addresses the problem in the
finite-SNR regime where tuning significantly impacts the selected model and estimated coefficients
(as we discuss in Section 3.3.1).

Finally, we should mention another line of work that provides new estimates for the out-of-
sample prediction error, which are accurate under the asymptotic setting considered in this chap-
ter. In this research, [36, 47, 89, 103] utilized the approximate message passing framework to
obtain estimates of the out-of-sample prediction error. These formulas assume that all features are
independent and identically distributed. Recent extensions of these formulas have been made for
cases where x; ~ N(0,X) [104, 105], assuming the true model is linear. Notably, our approxi-
mate leave-one-out formula does not require the linearity assumption. Additionally, a fundamental
assumption in [104, 105] is that all data points are identically distributed. Extensive simulation re-
sults have shown that both the leave-one-out estimate and the approximate leave-one-out are robust

to violations of this assumption [20, 26].

3.2.3 Our technical contributions

The non-smooth ALO formula, obtained by discarding the features in X that are not in the
active set S, is a bold move if without theoretical guarantees, yet not completely surprising. The

primary focus of this chapter is not just to theoretically validate this practice, but to also propose
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a methodological framework dealing with non-smooth problems, and more broadly, extremely ill-
conditioned Hessians, which could open up a whole new gate for the theorists. Proving the error
bound |ALO — LO| for the non-smooth case is just one of the applications of such methodology.

To demonstrate this methodology, in this section we outline some of the key theoretical innova-
tions that have enabled us to undertake a comprehensive analysis of |ALO — LO| with the example
of the elastic net penalty 7(B8) = (1—-n)||BIl1 +7||Bl|3, and extensions to other non-smooth penalties
are analogous.

Just as a practitioner would suggest, the initial step would be using a smooth approximation
ro(B) for the ¢;-norm ||B]|;, where « is an indexing parameter such that, as @ approaches infinity,
this approximation becomes increasingly accurate. However, while smoothing techniques have
been extensively employed for deriving approximate minimizers, their theoretical perspectives are
unexplored in high dimensions. Existing theoretical results for the smooth case do not carry along
by simply letting @ — oo. The primary challenge arises from the fact that as @ — oo, the function
becomes more and more singular at = 0. The constant C in Theorem 3.2.1 in [23] actually
increases with the inverse of the curvature (minimum eigenvalue of the Hessian), and it explodes
as @ — oo. New theoretical methods must be applied to deal with this issue.

This is where our non-changing-active-set heuristic becomes valuable. In fact, the key is to
show that Hessian inverse G~! has most of its information in the subspace of S, meaning that
G- Ggl is negligible, and so are the leave-i-out Hessians, G(l.l - G\‘I}S\[. Here S\; is the active

set of ﬁ\i. Since we do not want to compute ﬁ\,- directly, Sy; is unknown to us too. In the non-

-1

smooth version of H (3.6), we are essentially replacing G\‘l.1 by G7!. , and further G_!, by G\l. S

\i,S\:” \i,S\i

The second replacement requires additional attention: it is valid if S is close to Sy; too. This is the
second bottleneck of the theory.

Hence, the second main contribution of this chapter is to develop new techniques linking

|ALO — LO| with § — 8\; (proof of Theorem 3.4.1). We anticipate that this technique will prove

valuable for other problems that involve non-smooth objectives or ill-conditioned Hessians, where

the subspace causing trouble is nearly non-informative (to the specific problem of interest) as well.
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3.3 Main Theoretical Result

We begin by introducing some additional assumptions in Section 3.3.1. Then we present our

main theorem in Section 3.3.2.

3.3.1 Assumption group C

In addition to the main assumption group A, we make the following assumptions:

Assumption C1 (O »(1) partial derivatives). There exists &> 0, and Gy, 4n, Gn, Gn € [0, 1), such

that
P| sup & (v) < polylog(n) | > 1 = ¢y, (3.7)
25
P| sup ¢(v) < polylog(n) [ > 1 -G, (3.9)
e
P| sup &(v) < polylog(n) | > 1 = ¢y, (3.9)
e
i) - i
P( sup M < polylog(n)| >1- g, (3.10)
vv'eD v —v'll2
where
PN A *
D = U U BB+ (1-1)By,e),
1<i<n t€[0,1] (1B +( JByi-€)
Bw,r) = {z:llz—wl2<r}.

Note that this assumption is a slightly stronger version of the result in Lemma 1.4.1. In fact, by
Lemma 1.4.1, if we also assume polynomial growth of ¢, then Assumption group A implies As-

sumption C1 with ¢, = §, = g, = g, = qn Where g, is the failure probability in Lemma 1.4.1.Here
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the only difference is that we allow them to differ in order to get a tighter failure probability.

Assumption C2 (Bounded tuning parameters). n € (0,1), and 2 € (0, Admax| for an arbitrary

constant Apax > 0.

The assumption 1 > 0, in our analysis, makes the elastic net penalty strongly convex and eases
some of the computation in our theoretical analysis. We focus on the case > 0 and not cover the
pure LASSO case for easier illustrative purposes.

Our proofs do allow n — 0 sufficiently slowly. For large p and n, this would allow a prac-
titioner to effectively use pure LASSO while still using the strength of our results. This follows
from the bounds in Theorem 1.

We should also mention that removing the elastic-net penalty for every n and p (and not asymp-
totically, as we described above) is possible without significant additional work when p/n < 1,

since then the problem automatically becomes strongly convex.

3.3.2 Main theorem

Our main theorem uses two important sets related to the active set of B and ,l?\l-. In their

definitions, we require the notion of the subgradient vector g(f) that we introduce below. Define

g(B) as
B =N bl p - g G.11)
A1 —n) = ‘ 1-n

It can be directly verified that g( B) € 3||Bll1. In fact, the first order derivative of the elastic net

penalty gives:

0e > E(yilx] B)+ 21 = mall Bl +2anB
i=1

where || 8]|1 denotes the subgradient of || 8]|; evaluated at 3. We then obtain (3.11) by rearranging

the terms. Hence we hereafter refer to g( B) as ‘the’ subgradient of || Bll;. Based on the subgradient,
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define the following subsets of [p] = {1,2,3,...,p}:

S = {k e [pl: 1Bl > ki(m)},

SO = {k e [p]:lgBl <1 -xo(n)}, (3.12)

where «;(n) and ko(n) both are o(1) as n — co.! We will clarify our choice of these parameters
later. Likewise, we can define S\(l.l), S\(?) for the leave-i-out problems.

Note that SV is a subset of the active set of B by only including active elements that are not
too close to zero. On the one hand, the condition «;(n) — 0 implies that S (1) is close to the active
set. On the other hand, when the gap «;(n) is selected to be sufficiently large (the choice will
be clarified later), it is intuitively expected that only a very small fraction of the indices in SV
will move out of the active set (i.e. the corresponding coefficient becomes zero) in the leave-i-out
problem. These two points makes S!) a good substitution of the active set discussed in Section
3.2.1.

To understand S©, consider the non-active set of [?, i.e. the indices of zero coefficients of ﬁ
S is actually a subset of the non-active set, which only includes elements with sub-gradients
bounded away from 1, as indicated by its definition {k € [p] : |g(B)x| < 1 — ko(n)}. Again
ko(n) — 0 makes S© close to the non-active set, and by setting the right rate of the convergence of
ko(n), it should be expected that only a very small number of regression coefficients corresponding
to indices in S'© will become nonzero in the leave-i-out problem.

To sum up, our choice of S and S(© serve as proxies of the active and non-active set of 3 that
are more resilient to the leave-i-out procedure. In other words, we expect the size of (S(V) US(®)¢
to be small compared to p. As is clear from the above discussion, the speed at which «;(n) and
ko(n) go to zero must be carefully selected to satisfy the two contrasting objectives. On the one
hand, we want them both to go to zero as slowly as possible so that S and S(? only include

elements from which we have strong evidence to be active and non-active, respectively. On the

-1/12

leg. ko(n) = (log p)"/®p=% where 6 € (0, %) and k;(n) = p as we will see in later sections.
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other hand, we want «; (n) and xo(n) to go to zero as fast as possible, so that (S U S()¢ is as
small as possible. The details are presented in Theorem 3.4.1.

To describe our first theoretical result, consider the following sets:

B;:=8"ns,
2 8O0 8O
80,, =8 ﬂS\l. ,

Biis = Brin{k: B+ Bk > 0}. (3.13)

Heuristically, 8 ; contains the indices of large coefficients that remain large after leaving the i
observation out, and By ; contains the indices of zero coefficients with small subderivative (of
LASSO component) that remain so after leaving the i™ observation out. Note that B, and By,
are mutually exclusive, and B ; . is the subset of $B;; that rules out the coefficients with flipped
signs. Ideally we wish leaving-i-out would not change the fact of each coefficient being zero or
non-zero, i.e., 81; U By,; = [p]. This is clearly not true according to Figure 3.1, but the violation
is actually controllable. Indeed, Figure 3.2 shows that the size of the leave-i-out perturbations, i.e.,
|(Bo; U By,+)¢]| scale at a rate which is slower than p. Our main theoretical result proves that the
difference between LO and the ALO formula of (3.5) is proportional to |(By; U By,+)¢|/n and

thus disappears for large p, n.

Theorem 3.3.1. Under Assumptions AI1-AS5 and assume that An = w(p~'1?), for a sufficiently large

constant C > 0, let 1 < d,, < p/C be such that

max [(Bo,; U B, +)| <d,

1<i<n
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with probability at least §,. Then we have
|ALO — LO|
o _bolylog(n) | du  dupolylog(n) = [polylog(n)
T 31 A an)3 \ nan nA%n? nan

with probability at least 1 — (n+ 1)e™” — (n +2)p~% = 24, — 24n — 2Gn — 2Gn.

Let us now clarify the statement of the theorem. First note that while the bound we have
obtained for the difference between ALO and LO is a finite sample bound, one way to interpret
and understand the result is through the PHAS, i.e. n,p — oo while n/p = 7. Under this
asymptotic regime, as argued in [23] for twice differentiable losses and regularizers, LOOCV
offers a consistent estimate of out-of-sample risk estimate, while any K-fold cross validation for K
fixed does not. Theorem 3.3.1 shows that ALO, while being computationally much more tractable,
is a valid approximation to LOOCYV in the regime we have considered. Indeed, according to
Theorem 3.3.1, suppose A, 7 remain fixed and d,, = o(p¢) with some ¢ < 1, then the upper bound
of Theorem 3.3.1 is o(p%(»‘v‘l)polylog(n)), which goes to zero as n, p — oo. Thus, ALO provides

a computationally efficient, consistent estimate of the out-of-sample risk.

Proof of Theorem 3.3.1. As we mentioned in the introduction, one of ingredients of the proof is

the smoothing idea that we would like to describe first. Define

h(B) := {Z i x/ B) + (1 =)l + Aﬂllﬁll%} : (3.14)
i=1

If h(B) were a differentiable function we could use one step of the Newton method to obtain an
approximate leave-one-out estimate. However, the main issue here is the non-differentiability of

|| - ||1. For that reason we start with approximating the || - ||; with a smooth function. Let

riV(z) = é (log(1 + ) + log(1 + ¢™%%)) (3.15)
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denote the a-smoothed ¢; regularizer. The following lemma proved in [23] shows the accuracy of

this approximation:

Lemma 3.3.2 (Lemma 13 in [23]). If rél) (z) denotes the a-smoothed ) regularizer. Then we have
ré () 2 Iz,

and

2log 2
suplri" (2) - |2]] £ =22,
z a

This lemma suggests that for large values of a, rél)(z) can be a good approximation of |z|.

Hence, based on this approximation we now introduce the smoothed cost function

ha(B) = ) E(yisx] B) + 1ra(B), (3.16)
j=1
where
p
ra(B) = (1=n) > & (B) +nB"B (3.17)
i=1

denotes the smoothed regularizer. If we define

B = arg mﬁin ha(B), (3.18)

and B\i’l as its leave-i-out estimate, then we can use Theorem 3 of [23] to prove that

e -1 - (L82) ()

1<i<n gl([}w) 1- Hl(f
Co(a)polylog(n)
, 3.19
Nz G-19)
where H? is defined as
~ . -1 v A
X (/ldiag[i‘a(ﬁ“)] + XT[diag[{’(B“)]]X) X Tdiag[£(B8Y)]. (3.20)
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The main issue in the approximation of (3.19) is that Co(@) — o0 as @ — oo. This creates
a dilemma. On one hand we would like a to be large to make |rél) (z) — |z|| small. But on the
other hand, the upper bound in Theorem 3 of [23] goes to infinity as @ — oo. In addition to these
two problems, as will be discussed later, some of the elements of diag[#, (8] go to infinity as
a — oo that may cause inaccuracies and instabilities if this procedure is used in practice. Despite
the fact that smoothing idea is not useful for approximating the leave-one-out risk of the elastic
net, as will be shown in this proof, it still serves as a good theoretical tool for proving the accuracy

of (3.5). Hence, we pursue two goals here:

* Use a different strategy to find an upper bound of max |x.TﬁA“. - x.Tﬁ" — (é.}." (ea)) (f—,’za) |.
l<i<n 0TV ! Gi(BY) ii

Our new bounds will not go off to infinity as @ — 0.
* We will then prove that for large values of @, HY is close to H;; used in (3.5).

To understand the challenge for achieving the above two goals, let us start with the following

lemma:
Lemma 3.3.3 (Lemma 14 in [23]). rél)(z) is infinitely many times differentiable, and

a az

e — e~

(DY =
Fo (2) = e + e 42’
2a

=Dy
Fo () = (% + =2 4 2)2

Suppose that z, = O(é). Then, as @ — oo, fél)(z) — oo. It may seem to the reader that
Zq = 0(%) is a condition that may not happen and hence it won’t cause any issues. However, this
is not the case. In fact, as will be shown in the next lemma, many of the regression coefficients

satify the condition | Bi’

.| = O(5 log p). For these elements as @ — oo, f(ﬁi’i,k) — 0.

Lemma 3.3.4. Suppose Assumptions Al-AS hold. Let S and S be as defined in (3.12). Then

we have:

A A 4log(2)p
1. max ||By - fo) < | ==,
1<i<n an
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A A ¢ Ao ;
B - iyl” < | (ﬂz/LI?llx I

A N £(B :
1B = Byl < A

. max||g(B) - g(ﬁ\i)ll < p(;Log(”) with probability at least 1 — §, — ¢, — e P — ne™P/2.
1<i<n An(1-m)

. Suppose a = w (L) then for large enough p,

2
K177

min min |3% | > il
0<i<n pegh KT 2
\i

npolylog(n)

Kf,/lZ(l—n)n)’ then for large enough p, with probability at least 1 — g, — e™?:

. Suppose a = w (

o 1 (4
max max |V, | < —log|—|.
: 0 \i,k

0i<n s « Ko

The proof of this lemma is presented in Section 3.6.1.

Part (1) of this lemma confirms what we expected. In fact the difference || ﬁ\,- - ﬂAiyl.ll shrinks as

a — oo. We will use this bound later in our proof.

Part (6) of Lemma 3.3.4 confirms the claim we made before the proof. If k € S/(?) then | Bi‘l (18

proportional to @~ !. Hence, combined with 3.3.3 we expect the second derivative of the smoothed

regularizer at | BA% .| to go to infinity as @ — co fast enough. Note that this issue does not happen

for k € S/(il) as confirmed by part (5) of this lemma; In fact, for k € S/(l.l) since | ,éi“l kl is bounded

away from zero, we can use Lemma 3.3.3 to show that as @ — oo, ¥ (,BA(\’I ,) gOes to zero.

Another source of difficulty in handling the smoothed regularizer is that we do not have much

control over the curvature, i"((ll)(ﬁA%. ) When k € (S/(l.l) U S/(?))C. Keeping this issue in mind, let

us first simplify the error between the leave-one-out cross validation risk and the ALO for the

smoothed problem. To simplify the calculations we introduce the following notations. Let 7, (@)

denote the vector [7o(61),Fa(62),...,7a(0,)] . Similarly,

£0) :=[((y1;x]0),((y2;x,0),..., EynxT ],
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and ¢ /i(@) is the same vector as £(0) except that its /™ element is removed. Furthermore, define

S\i(0) as the gradient of A, (-) at 6, i.e.,
£(0) = A7, (0) + X@f\i(a). (3.21)

Notice that f; (ﬁ%) = 0, where ﬁAiyl is the true LO estimate. Similarly, define the Hessian of 4, ()

and its leave-one-out coounter part as
G (0) = Adiag[#,(0)] + X "diag[£(0)] X, (3.22)

and

G\i(0) = Adiag[#,(0)] + X\ diag[#\;(0)] X\;. (3.23)

By using the first order optimality conditions, we have

f(BY
Fi(BY)

I
L

|
e

(3.24)

Define Ai’i = ,BAf\tl - ﬁa, and the whole point of ALO is providing a easy-to-compute estimate of

Ai’i via one step Newton. Using integration over a line segment we have

0= fi(B2)
= (B +AY)
A ] A
= (B G\;(BY +tAY)dt | AY.. 3.25
f\</3>+(/0 (B + 1A% dr ) A (3.25)
Moreover,
0= f(B%) = fu(B) + &(B)x;. (3.26)
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Combining (3.25) and (3.26) we have

-1

1
Ay = LGB ( / G(tB” + (1~ t)ﬁiﬂ)dt) X;. (3.27)
0
As is clear from (3.3), the ALO approximation of Ai‘i is given by
~ A s\l
At = 6B (Gu(B)  xi (3.28)

So it is straightforward to see that

|IALO” — LO?|

—Z(my,, T(B +A0) - ¢ (yix] BY))

IA

[ . T pa TAQ _ TA«
max| ¢ (y;,x] 07)] - ~ Z|x A? - x[ AL, (329)

where 07 = t,-ﬂk’l. + (1 — ;) B* for some 1; € [0,1] according to the Mean Value Theorem. By
Assumption A4, maxi<i<,|¢ (v, x,6%)| = O, (polylog(n)).

Hence, it is enough to obtain an upper bound for |xAY — x,-TAiﬂ- From equations (3.27) and
(3.28), we have

|xTA“ - xTA‘\’ll

A 1 ~ ~ _1
<GB x] ( /0 (B + (1 - r>/3§’,->dr)

-1

- (G\i(ﬁw)) X (3.30)

We again emphasize that we cannot let @ — oo in these expressions directly, since some of the
elements of G\; go to infinity. Hence we have to find proper ways for obtaining an upper bound
for (3.30) for large values of «, especially taking care of 7, (,BA%Z ,)- The next lemma provides some

information about these quantities:
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Lemma 3.3.5. Suppose the assumptions of Lemma 3.3.4 hold, and assume @ = w (%{)g&)} \% %7)
KO - Kl
Let By; and By ; + be defined as in (3.13). Then the following statements hold with probability at

least 1 — g, —e™P:

1. Vi,Vk € By,

1
N 1
/ i"(l(ﬂ‘\’.k - tAi’. dt > 2n + —a(l —n)ko
0 i, i, 8

2. Vi,Vk € By;:
v Ban e s A 1
ra(:Bk)’ r(l(ﬁ\i’k) >2n+ ga(l — 17)Ko-

3. Vi,Vk € By,

1
|/ if'a(,BAiyl. .= tA‘\"l. dt —2n| < Dae 11
0 , ,

4. Vi,Vk € By

o (BY) - 21| < 20672741,

|if'a(ﬁA<‘l. W) —2n] < Dae 1K1

Note that the rate assumption on a ensures that both rates hold in both Part 5 and Part 6 of
Lemma 3.3.4. The proof of Lemma 3.3.5 is presented in Section 3.6.2. This lemma confirms that
we have some control over the curvature of the regularizer on sets By, and 8B ;.. The following
lemma enables us to obtain an upper bound for the error between the leave-one-out estimate and
ALO by finding an upper bound on the error over the set 8j. In other words, the next lemma
enables us to remove the indices k for which we are certain #, (,BAg ) converge to infinity from our
analysis.

4plog(2
Theorem 3.3.6. Suppose Assumptions Al-A5 hold, @ = w (%Og(”) Y %) and a > Lg()'
stz ©2n(1-n)
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Then we have

1 -1
x,.T(/O G\ (tB* + (1 - Z)B%)dl) X

sa\i 7

. . a\i -1
—xl.T’B&i (/ldlag[rggﬁi] + XG,B&idlag[l’ \]X\,-,B&i) Xi 55,
16|12 (polylog(n)llXTX” N 1)2 (3.31)
~ Ada(l -n)ko 24n , .
and similarly

a -1 . za\i 3 pa\i h
] (GuOB) i = gy (AdinglFg 1+ X7,y diaglEV1 X)) i,

12 T 2
< 16]|x]| (polylog(n)llX Xl N 1) (3.32)

Aa(1 = n)ko 24n

Here 7\ 1= [ (Fa (B2, + 102 )edt, BV o= [ (B(BY, + 1AZ))edt, ¥V 2= io(B7) and £V =
£i(BY).

The complete proof of this theorem is presented in Section 3.6.3. Again, the rate assumptions
of a ensures the bounds in Theorem 3.3.6 goes to zero as n, p — oo.

Applying (3.30) and Theorem 3.3.6, we have reduced the problem to the quadratic forms on
the subset 5. The main remaining difficulty is that for the indices outside B, \ Bi,+ we do not
have much control over #, (ﬁg). So the question is whether those terms can cause any issue in our
approximations. Our next theorem will show that these elements will not cause any issue if there
are not too many of them. More specifically, if the size of the set |8y, \ B, +| is sublinear in n,

then the difference between ALO and LO converges to zero.

Theorem 3.3.7. Suppose the assumptions of Lemma 3.3.4 hold, and assume a = w (M).

KZk3A(1-n)n

Moreover, for a sufficiently large constant C > 0, let 1 < d,, < p/C be such that

max |B(§,i \ B+l <dy

1<i<n
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with probability at least 1 — Gy. Let F denote a set such that By ; . C F C B . Then we have

x [ (Adiag[F] + XT, diag[F*V] Xr)\x; 7

- x/ 7 (Adiag[F a\’] + X\TI #diag[ [67V] X )™ xlg:‘

< polylog(n) dn Clogp
A373(1 A An)3 \ ndn /12 2

with probability at least 1 — (n + 1)6_% —(n4+2)p~ % =2, — 24 n — 2Gn — 24, for sufficiently large

D.
The proof of this claim is long and will be presented in Section 3.6.4. We will now use this
theorem to complete the proof of Theorem 3.3.1.
According to (3.30), Theorem 3.3.6, and Theorem 3.3.7 we have that with probability at least

1—(n+1)e 2 = (n+2)p % = 2Gy — 2G4y — 2dn — 2Gin:

-1
n -1
el AT - xT A% < |6(B7)] < x] ( /0 G\i(1B” + (1= 1) B W) -(6uB) |
< 1B x el | (ciaglFy! 1+ X, dinglFV1 X ;)
- (Adlag[~a\l] + X dlag[i’“\"]X\i,BC-)_1 XiB5,
32|f(ﬂ”)llllelz(polylog(n)llXTXH )
Aa(1 = n)ko
. A olylog(n) d,lo Clo
< 16,(fm) R g Rt o
31 A an) " iy nA
321¢; (ﬂ“)llllelz(polylog(n)llXTXll ) (3.33)
Aa(1 =n)ko 24n . .

As is clear from this equation, as @ — oo, and for large values of n, p, if d,/n — 0, the bound will
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be negligible. Inserting (3.33) back into (3.29) we have
|ALO” — LOY|
| . T a TAQ _ TAQ
< max|é(y;. x[ 07)] - le A7 —xT &Y
< max|@(y;, x; 05)6(FY)]
1<i<n

polylog(n) d, log P, Clogp
A3(1 A An)3 n/l2 na

32]|xi1? (POlylog(n)llXTXll
Aa (1 =n)ko 2An

+1

(3.34)

Note that the leave-one-out cross validation risks of elastic net and smoothed elastic-net are
1 n
LO(1) = - Z ¢(vi,x] Bi).

i=1

1 n
LO() =~ > ¢ (vinx] Bf). (3.35)
i=1
Hence the difference of the two is

ILO(A) = LO"()] < max|(yr,x; 07)|x] (B)i - )]

IA

max | (y:., x] 07 lx:1118): — B3I
1<i<n

. 41oe(2
max (v, 67 60 1l e P (3.36)
1<i<n an

where the last line uses part 1 of Lemma 3.3.4.

IA

The last step of the proof is to show that |ALO — ALO?| is also negligible. Note that S is the

active set, i.e. indices of non-zero elements of BA, and our ALO formula in (3.5) can be rewritten as

l & n .
ALO = Zl 6 (vixsBs +x] A, (3.37)
1=
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where

Ay = G(B)anl + X, gdiag[8;(B)] X\i5)'x:s.

Hence, we have

IALO — ALO?|
1 n A~ A A A
T Z 16 (yi. x s (Bs + Av) = ¢(vi, x| (B” + AY))]
i=1
< max |¢(yi, X7 09)] - 1x] B — x]Bs]
1<i<n ’

il

o
+ max| ¢y, x] 67)] - IxTgA — xT Af

. N 4log2p
< max |y, x7 67 lllly |
1<i<n arn

+ max |6 (yi, x/ 07)] - [x[gAji - xT A, (3.38)

where to obtain the last inequality we have used the first part of Lemma 3.3.4.

Similar to the proof of Theorem 3.3.7 we can prove that

Ix,-TSA\,- - ¢ (,BA)xl-T g, (CAnl+ X@,B,,Hdiag[i’}(ﬁ')]X\i,sl,i,+)‘1x,-,fs,,,»,+|
olylog(n d, log? cd, Clo
< 31>3y g()3 gp dny gp (3.39)
(1 A An) nin ni*n nan

with probability at least 1 — (n + l)e‘g —(n+2)p~9 =24, — 24, — 24, — 24y, for sufficiently large

p. Similarly,

X[ A2 — G(B)xTg,  (Adiag[#* (B")] + X], 5, diag[E(B")1X,i5,,.) X1,
< polylog(n) d,log? p N Cd, N Clogp
T 3731 A an)? nin niA’n? nan

with probability at least 1 — (n + e % —(n+ 2)p~ % =24, — 24 n — 2Gn — 2y, for sufficiently large

p. In the rest of the proof, for the notational simplicity, we use the notation B, instead of B ..
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Ay —x] A% < 16(B) x x] g, [(2anI + X[, 5 diag[£(B)] X,;.8,)”"

— (Adiag[#*(B*)] + X 5 diag[é(B)] X\i5,) " |xi5,]

2polylog(n)  |d,log? p N Cd, N Clogp
An3(1 A an)3 nan niA*n? nan

<16(B)| x |x]p, [An1 + X, 5 diag[£(B)] X 5,)”"
— (Adiag[F*(B")] + X 5 diag[£(B")] X\i8,) "' |xi 5,

+1G(B) — 6B x xT5, (Adiag[#*(B")] + X[, 4 diag[¢(B")]X\i5,) x5,

2polylog(n)  |d,log? p N Cd, N Clogp
A373(1 A An)3 nan nA%n? nin

(3.40)

Since the minimum eigenvalue of (Adiag[#*(B8%)] + X ) diag[f (BN] X\ 8,) is larger than 247,

we can conclude that

1:(B) - 6B x xT (Adiag[#(B)] + X[, diag[é(B")]X\.5,) x5,

Il i iy
- 2y !
@ Ix ’”2|f O) (T (B - )
|| ,||3 .
Oy

@ ,3 41og(2
5 || [ IK(O)I / og( )D
(c) polylog(n) / (3.41)

with probability larger than 1 —ne™ — g, — ¢,. To obtain Equality (a) we have used the mean value
theorem and 6 = tﬁ +(1-1) ﬁ“ for some ¢ € [0, 1]. To obtain inequality (b) we have used Part 1

of Lemma 3.3.4. Inequality (c) is based on Assumption A.4 along with Lemma 1.6.15.
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Also, using Lemma 1.6.5 we have that

lx /1, (271 + X@,&diag[i(ﬁ)]X\i,&)_lxi,&

— x5, (Adiag[#* (B)] + X\, 5 diag[£(B")]X\i.8,) ' xi8,|
]| Tmax (T) %11 (1)
(2/177)2 (277/1)2(2/177 - O-max(r)) ’

(3.42)
where

I = Adiag[#* (B")] + X\, z diag[£(B")] X\ 5,

- QL+ X, 5 diag[¢(B)] X\ 5,). (3.43)
Therefore, by using Weyl’s theorem

Tmax(T) < omax (Adiag[Fg (B%)] - 2471)
+ Omax (diag[£(B)] — diag[£(B)]I X" X ||

< 2dae™3™ 4 || % - BII|I X X [|polylog(n)

4log?2
< 2dae 1% 4 \ /MHXTXHpolylog(n)
an

<—, 3.44
NG (3.44)

for large enough p with probability larger than 1 — e ™ — ¢, — §,,. To obtain the two penultimate

two inqualities we have used Lemma 3.3.5 and (3.7). The last inequality uses

_(p*polylog(n) _ polylog(n)
=W Vv
n K1

, where we use Lemma 1.6.14 to conclude that || X" X|| < (4/y0 + 3)2Cx with probability at least

1—-eP.
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Plugging in these bounds into (3.40) we obtain

|xISA\i TA(\H

o e P Iyl
< 1Bl ( L ) +E Og(n)\/i
VPQ2an?2 " (2nA)2p(An) @1
polylog(n) d, log p C lOg p
73(1 A An)3 "/12 nd
_ polylog(n)  polylog(n) | d, Clog p (3.45)
VP2 T B3 A3\ iy MZ

2
where we use @ = w (p p(’lﬁog(n) \Y pdy}gg(”)) and An = w(P_l/z).

Returning to (3.38) we thus write

Iyl d,  dypolyl Iyl
IALO — ALO?| < PO og(n) . dnpolylog(n) [poly Og(n)’ (3.46)
AB3(1 A )3 nA%n? nan

Combining (3.34), (3.36) and (3.46), we have

|ALO — LO| < |[ALO — ALO?| + |ALO” — LO“| + [LO* — LO|
polylog(n) dy N dypolylog(n) N polylog(n)
AB33(1 A An)3 \ nin nA?n? nan

n*polylog(n) polylog(n)
KkgkiA(1=m))n K

24n — 24 — 24y — 24, — 24, This finishes the proof of Theorem 3.3.1.

provided @ = w ( ), with probability at least I — (n + 1)e™ — (n + 2)p ™% —

3.4 Example: Linear Regression with Elastic Net Penalty

Theorem 3.3.1 shows that if d,, grows slowly enough (e.g. d, = p® for @ < 1), then the dif-
ference between ALO and LO will go to zero in probaility. To see what the growth rate of d, in

terms of p is, in this section we focus on the concrete example of linear regression and obtain an
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upper bound for d,, = |B&,~ \ Bi,+|. Even though the result of this section is given for the linear
models, it is expected that a similar conclusion holds for more general models and under more
general assumptions. However, given the length of the current chapter, the complete investigation
of the size of |Bg’i \ B1.;.+| under the generalized linear model is left for a future research. Let us

start with our modelling assumptions:

Assumption group D

D1 y = XB* +w, where w ~ N(O, 0'3,1) is the noise in the observations.
D2 The loss function /(y|x"B) = 3(y —x 7 B)*

D3 The true coefficients B* satisfy:
[P
~IB I3 <¢
p
for some constant & > 0.
D4 X has iid entries X;; ~ N(0, 1).
D5 A2(1-9)* = w(p™T)

Note that Assumptions B1-B3 are standard in the literature of linear regression. Assumption
B4 is also frequently encountered in the high-dimensional asymptotic analysis of estimators [31,
35, 45, 47, 48, 52, 58, 110-113]. However, it is expected that this assumption can be relaxed as
well given the more recent results in the literature [105]. Finally, Assumption B5 is a technical
assumption on the rate of A and 7. We note here that it shows that for large values of p, one
can choose A to be quite small. The following theorem uses Assumptions B1-B5 to find an upper

bound for d,,.

Theorem 3.4.1. Under Assumptions AI-A5 and B1-BS5, in (3.12) set kg = (81;)%)1/6 and k1 =
p~ "2 (log p)'/* where ¢ is the constant ¢, in Lemma 3.4.6. Then there exist constants C,C’ > 0
such that

max |(B1,+ U Bo,)°| < Cp'/12(log p)'/*

1<i<n
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v

with probability at least 1 — C'p~ — §, —e™°P.
Before outlining the proof, we would like to hilight an important remark.

Remark 3.4.2. Roughly speaking, by combining Theorems 3.4.1 and 3.3.1, we find that | ALO —
LO| =0, (%ﬂg(")). This rate is significantly slower than the error rate suggested by the example
n4

in Figure 3.2, which indicated an error close to O, (n=93). Consequently, determining whether our

bounds are sharp remains an open question for future research.

Sketch of the proof. One of the main components of this proof uses concentration results on the
empirical distribution of B, the subgradient of ¢{;-regularizer (see below for precise definition), and

the sparsity of B, where f is the minimizer of

1
Sy - XBliz + Bz + A1 =Bl

In order to state the results, we first introduce the following terms:

Let i denotes the empirical distribution of ﬂA

Let ® be a random variable with its value uniformly distributed among the elements of 8*,

and let Z ~ N(0, 1) and independent of ®.

Let soft(x, r) denote the soft thresholding function

soft(x,r) = (|x| — r)4+sign(x).

For a couple (7, b), define

Wf(‘r, b) = M) - 0.

SOft(TZ + 0,
T b

b
b +24n
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* Let the couple (7., b..) be the unique solution of the following equations:?

. iE[Wf(ﬁ, ]2, (3.47)
Yo
B=1- iEz Wl (B, 7). (3.48)
Yo

* Let u* denote the law of the random variable W/ (t, b.) + ©.

e Let 5. be defined as

AT
S*:P(|@+T*Z|Z bT )

*

Lemma 3.4.3 (Theorem A.2 of [114]). Under Assumptions A1-AS5 and B1-B5, there exist constants
C, ¢ > 0 such that for all € € (0,0.5]:

P (Wz(lj,,u*)2 > 6) < CE—Ze—cpe3(loge)‘2’

where Wy denotes the Wasserstein 2-distance.

We can now start the proof of the theorem. By the definition of By ; and 8;; we have, for each

2The uniqueness of the solution is proved in Lemma A.1 of [114].
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fixed 7 that:

(B1, U By, = {k t (1Bkl < k1 or |Byikl < x1) and (Ig(Bi)l > 1= ko or [g(Bix)] > 1 - KO)}
c {k:0<|Bxl <K1}
U{k:0<|Byxl <xi}
Ufk:1-xo<Ig(Bo)l <1}
U{k:1=ko <lg(Byn)l <1}
U {k < 1Bl > k15 1g(Bvi)| < 1= ko}
U {k 2 1Byxl > ki3 18(B)l < 1 - ko}

=K UK UK UK, UTG UK. (3.49)

We can now bound the sizes of each of the above sets. Since the full model and the leave-one-out
models are the same in nature, we only bound the sets (K, K>, KG3) related to the full model, since

the same proofs apply also to the leave-one-out models (K7, K, K3).
1. Bounding |K|: The following lemma helps us bound the size of this set:

Lemma 3.4.4. Suppose k1 = o( p_% (log p)i) Then, then there exists constants C,C’ such

that for all 0 < k < n,

[{k : 0 < 1Byl < K1} < Cpt (log p)

with probability at least 1 — C'p~". It then follows from a union bound over i that
max|{k : 0 < Byl < 1} < Cp(log p)
<i<n
with probability at least 1 — C'p5.
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Note that the size of the set |{k : 0 < |Bx| < k}| can be calculated from the empirical dis-
tribution fi. Also, Lemma 3.4.3 connects g with u*. Hence, it is expected that we should be
able to find a concentration result for |[{k : 0 < |B«| < «1}|. However, there are several tech-
nical issues that need to be addressed in order to prove Lemma 3.4.4. Hence, the complete

proof of this lemma will appear in Section 3.6.6.

Using Lemma 3.4.4, it is straightforward to confirm that
%1 < Cp'!/(log p)'*

with probability at least 1 — C’p~7 for some C, C’ > 0.

. Bounding K5: To find an upper bound for the size of the set K>, consider the following two
sets:

Ti = {k : Br # 0}

and

T3 (ko) = {k : |g(B)il € [1 = ko, 11}

First note that

71 C T2 and Kz = T2/ 71.

Our first goal is to show that l%l‘iﬂ and l%|7§| are close to each other. The following two

lemmas enable us to compare the two sets.

Lemma 3.4.5 (Theorem A.4 in [114]). Under Assumptions AI-AS5 and BI-B5, there exist

constants C,C’, ¢ > 0 such that for all € € (0, 1],
6

: 3 1 _—3 —cne
Pl kZ ool 2 8+ + Ce| < C'e e,
1

Lemma 3.4.6 (Theorem A.5 in [114]). Under the same assumptions as the above theorem,
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there exist constants C, ¢ > 0 such that for all € € (0, 1] we have

1, A
P (|_||ﬂ||0 i e) < Cebene .
p

We should mention that the above two lemmas were originally proved in [45] for the LASSO
problem. Theorems A.4 and A.5 of [114] are the extensions of the results of [45] and their

proof strategies are the same.

From Lemma 3.4.6 and Lemma 3.4.5, it follows that, for some constant C, cy, ¢,

1 1
|—|77] = s.] < Ko and —|T3(x0)| = 5. < Cko
p P

2
with probability at least 1 — % exp(—ca pKS). Here s, € [0, 1] is the constant in Lemma
K

3.4.5. Setting «o = (82%)1/ 6 using the above concentration, we obtain

7G| < |77\ Ta| < Cp/(log p)'/®

with probability at least 1 — C’p~7.

. To obtain an upper bound for |%G;], let g(B), g(ﬁ\i) denote the sub-gradients of the LASSO
penalty defined in (3.11). Note that |g(8)x] = 1 and |g(/§\i,k)| < 1 - ko for k € K3, and

hence

lg(B) — g(Bu)il = ko for k € K.
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Thus

VRIFsI < [ 12 - (Bl

keI

<ls(B) - 5BV

226Gl

- A=)

- Cpolylog(p)
A1 =n)

with probability at least 1 — g, — e™“”. The penultimate line follows from Part 4 of Lemma

3.3.4, and the last line uses Assumption A4 and Lemma 1.6.15. Therefore

96| < CPolog(p) _ Cpolylog(p) v 4
3= K2A2(1 = )2 - 22(1 = n)2 p-=tp
0 n n

with probability at least 1 — ¢, — e~7, provided A2(1 — )% = w(p~ %)

Note that the same arguments hold for all 1 < i < n. By cases 1-3 above, along with (3.49), we

have proved that

max | (B1; U By,)°| < Cp'!/1* (log p) (3.50)
<i<n

with probability at least 1 — Cp~6 — g, — 7, for sufficiently large p.

The last step of the proof is to bound |81 ;/B1,.+| := |B1.i-|. The proof follows the arguments

made for K3 above. More precisely, note that

lg(B) — g(B\)x| =2 fork € By, .
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Thus

I<i<n I<i<n

max yA]B1; ] = max \/ S 18 - (Bl
kE.(Bl’i’_

IA

max [lg(B) - (Bl
1<i<n

_ 2lillé ()]

- Al =n)

. Cpolylog(p)

A(1 =n)

with probability at least 1 — ¢, — e “P, for sufficiently large p. The last inequality again follows
from Part 4 of Lemma 3.3.4. Hence with probability at least 1 — ¢, —e™“? we have

Cpolylog(p) 1
- < ————>5< 2 polyl
l<isn 2(1-n)2 Cp2polylog(p)

provided A2(1 —5)? = a)(p_%). Since By, + = B1,i \ B1,.-, we therefore have from (3.50) that

max |(B1,.+ U Bo,)°| < Cp'/12(log p)'/*

1<i<n

“

with probability at least 1 — Cp~® — §,, — e =P, for sufficiently large p. This finishes the proof. O

3.5 Conclusion

In this chapter, we have introduced a novel theoretical framework that offers error bounds for
the disparity between the computationally intensive leave-one-out risk estimate (LO) and its more
computationally efficient approximation (ALO). We focus in a regime where n/p and SNR remain
fixed and bounded regardless of how large n and p growth. For problems in the generalized linear
model family such as linear Gaussian, Poisson and logistic, we bound the error between ALO
and LO in terms of intuitive metrics such as perturbation size of leave-i-out active sets. Next, for
least squares problems with elastic-net regularization, we show that these purturbations scales sub-

linearly with n and p, and consequently, the difference | ALO — LO| approaches zero as n, p — oo.
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3.6 Detailed Proofs

3.6.1 Proof of Lemma 3.3.4

The elastic net objective function is
n P
h(B) = D Eix] B) +A(1=n) > |Bil + BB
j=1 i=1
and its surrogate smoothed objective function is
n P N
ha(B) = D €Oix] B+ A1 =m) Y (By) + BT B.
j=1 i=1

where " is defined in (3.15).
1. According to Lemma 3.3.2,

2A(1 —n)p(log2)

SI;p |h(B) — ho(B)] <

Hence,

0< ha(ﬁ’\) - ha(ﬁa)
= ha(B) = h(B*) + h(B") — ho(B®)
<ha(B) - h( + HUZTPLE)

_4pa(d —n)(log2)
< " .

(3.51)

In the first and second inequalities above, we have used the facts that ,l§ and ﬁ“ are the

optimizers of /(B) and h,(B) respectively. By the Taylor series expansion at z = B,, we
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obtain

ha(ﬁ) - ha(ﬁ’\a)
= Vo (BT (B - ) + (B~ B Vho (OB - )
= (B-B")Vha(£)(B - B2

> anlB - BII%. (3.52)
Here £ = t3% + (1—1) 3 for some 7 € [0, 1]. Note that to obtain the second equality, we have

used the fact that Vi, (%) = 0 due to the optimality of 2. The last line of (3.52) is due to

the existence of the ridge penalty term 17| 8]|? in h,. Comparing (3.52) and (3.51), one has

||B—B“|Is\/4p(l_n)(log2) S\/M (3.53)
an an

that

Using a similar approach we can also prove that

A A 4p(log2)
1By — Byl < |82
an

This finishes the proof of Part 1.

2. Consider the first-order optimality equations of B and ﬁA%

D xi (B + A=) (BT) + BT =0
J

D xGi(BE) + A0 =i (BY) + By = 0.

J#
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By subtracting one from the other we have

0= ij [fj(ﬂ’\a) - f](ﬂ’\iy,)] +xi£i(l§a)

J#i

+ 2= (B = i B + 24 (B - B

It is straightforward to simplify this expression by using the mean value theorem for £ i( B -

£(BY) and 75 (B) - 7! (BY):
X\ diag[(£")1 X, + A(1 - )diag[i\)] + 2471, | (87 - By) = xiGi(B).  (3.54)

In this equation, X\; is identical to X, except for the removal of the i™ row. As expected

from the mean value theorem, in each diagonal element of the two terms diag[(fu\i)] and

(1)

diag[7,;

] the second derivative of ¢ and r are calculated at a point & = t8% + (1 — 1) ﬁA‘\”l

for some ¢ € [0, 1]. The choice of ¢ can be different for different diagonal elements and is

(1)

dictated by the mean value theorem. Defining diag[#*] := (1 — n)diag [Ka\i

| + 271, it is

straightforward to use (3.54) and obtain

IB* = Bl < lxill16:(B)]

< 1£:(B) |l
B 2an

sar\i . .. -1
| X diag[(£")] X + Adiag[i"] |

where the last inequality is because of the existence of 257[,, in diag[#].

. According to Part 1, limg,—c ﬁ(\’l = ﬁ\,-, VO < i < n. The result then follows by letting

a — oo in Part 2, and using the fact that ¢ is continuous.
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4. By Part 3,

5 g < KB

1B — Bl A (3.55)

Note that the first order optimaility equations of B and ﬁA\i are:

D xi6i(B) + A(1 = mg(B) + 2B =0
4

D % (By) + A1 =m)g(By) + 2mB; = 0.

J#

By subtracting one from another and applying the mean value theorem we have

A(1=m)[g(B) —g(By)]
== "% (GB) - E(B)) - xidi(B) - 2B - )
J#I

= - | X\ diagl1X,; + 2411, | (B - B\) - xidi(B).
Here, we have defined { as it was in the proof of Part 2. Under the event that

{supsup sup Z(1f+ (1-1)p\) < polylog(n),
i j#ite[0,1]

IXTX|| < (Vyo +3)*Cx,

sup [|lx;]| < 2vCx,
i

sup |£;(B)| < polylog(n)}

with probability at least 1 — ¢, — e™? — §, — ne”P/? according to Assumption A4, Lemma
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1.6.15 and Lemma 1.6.14, we have

A1 -n)llgB) - Bl

< (polylog(m)[| X X || + 2an)lIB = Byl + Ix:ll1:(B)]

- [+ 3)2Cxpolylog(n)

2| il (B
< 2 + 2 lx|[|1€:(B)]

< polylog(n)
< e

where in the second inequality we also used (3.55). Combining the above results we have

A A polylog(n)

— || « 22— 2
max [g(B) — g(B)ll < 2o —n)
with probability at least 1 — §, —e™? — ¢, — ne P/%.

5. (k € S) We only provide a proof for B and B, since the arguments are exactly the same

for the leave-one-out estimators B\; and ,B(\’l..

For k € S, we have || > ki so

Ay A A A 4p(1 —n)log2  «
|,3k|2|,3k|_||ﬂ_ﬂ”2/<1—\/ =2
an 2

provided that CZ?]K% > 16(1 — n)(log2)p. The second inequality uses (3.53) to bound
1B - BII.

6. (k € S©) From the first order optimality conditions on ﬁA\i and B"l, we have

D xili(By) + A1 =g (By) + 2anPy = 0

J#

D xi (B + a1 =) Vi) (B) + 2anB, = 0.

J#

126



By subtracting the two equalities we obtain

vr(B) - g(By)

== (;x,-wj(ﬁ\,-) —((B)) + 2 (B - Ai’i))

IR (X\Tl.diag[{’j (&) X\ + 2/177119) (B\i — BY; (3.56)
The last line follows from the mean value theorem applied to £(-), and & = tﬁ\i +(1—-1) ﬁA‘\”l
for some t € [0, 1], where ¢ can be different for different i, j. By Parts 1-3, we have Vi, &;
lies in set O in Assumption A4 for large enough p. To see this, let & := tﬁ\i +(1- I)B\i.
By definition of D, & € D. Now since

4p(log?2)

17~ &lla = (1= DIAG — Bulla < |2,
an

the difference can be arbitrarily small for large p, when we assume an = w(p). So there

exists po such that Vp > po, [|€F - &2 <€, i.e. £7 € D,

v

So maxo<i<p, j#i é’j (&) < polylog(n) with probabilty at least 1 — §,,.> Then we have

1 A A
max [|Vrg” (B2) - g (B
0<i<n

1 . T R Aa
ST loman I ENXTXI + 240 1By~ B

Ml;_m(POIYIOg(H) X (\/% + 3)2CX + 2/117)\/4]?(1 —CZ; (log?2)

polylog(n) |p(1-n)
3.57
0=\ an G:7)

with probability at least 1 — g, — e””. The second inequality uses Lemma 1.6.14 to bound

| X X|| and Part 1 to bound || —B3%]|. The last line uses boundedness of A and n (Assumption

3Please note that for notational simplicity we use the same notation for all the terms that are polynomial functions
of log(n), and have dropped the subscript 2 of the term polylog(n) that appeared in Assumption A4.
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AS5) to absorb 247 into the constant C.

Without loss of generality we assume that 0 < g(ﬁ)k < 1 — ko (negative subgradients can be

handled similarly). We first obtain

ape —ap?
1 A e \i.k — ¢ \i,k
Vi (B =1 = =1
e "\ik e PNk 4D
2

a,é{’i’k ’

1+e

It follows from (3.57) that, with probability at least 1 — §, —e™,Vi >0, k € [p]:

polylog(n) |p(1-n) A 2
- <1- - ——
Al-n \ oy =1- 8By 1 + Pl
polylog(n) |p(1-n)
< 3.58
SA-m \ (5:38)

By rearranging the terms in the second inequality of (3.58) and using the fact that 1 — g( ﬁ'\,-) k>

‘o polylog(n) [(1—n) < 2 <00
A(1-n) an -y ik
. 1 polylog(n) [p(1—n)
¢ < —|log2 -1 -
Bk = (Og 08 [KO A(1-17) an

npolylog(n)
kA2 (1-n)n

polylog(n) [p(1-m) _ 1
Ko — > =Ko,
A(l -n) an 2

Ko, We obtain

Therefore

By our assumption that @ = w ( ), we have
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therefore with probability at least 1 — g, —e™”,Vi >0, k € S\(?):

A 1 1 1 4
ﬁ‘\yl.k < — (10g2 —log (—K())) = —log (—) :
’ a 2 a Ko

Using a symmetric argument on the case of negative subgradients, we conclude that

Ay 1 4
max max |8, ,| < —log|—
: 0 \i,k

0<i<n kES\(i) @ Ko

with probability at least 1 — g, —e™”.

3.6.2 Proof of Lemma 3.3.5

Recall that the penalty function is
2 1-7n az —az
re(z) =nz°+ —— - (log(1 + €%%) + log(1 + e7%%)),
«

It can be verified that
2a

Fo(d) =20+ (1 =) - ——— .

We have A R
Fa (:8;:) - ’;a/(ﬁiyi’k)

Aa _ pa
'Bk \i,k

(3.59)

Note that 7, (z) = 2nz+ (1 -1n) (1 - IL) is an increasing odd function, concave on [0, +o0) and

+e@2

convex on (—oo,0]. Furthermore, using the fact that }‘e‘x < ¢ __ < e forx > 0, we have, for

S e =

z>0:

1
Po(z) 2 2n + E“(l —n)e %%,
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and

Fo(2) <20+ 2a(1 —n)e . (3.61)

With this background, we can now state the proof of each part.

1. (k € Byp,;): By Part 6 of Lemma 3.3.4, for large enough p, with probability at least 1 -g,—e™”
we have Vi, Vk € By ;:
Aut 1 Ag 1 4
max {157, 1841} < ~log (=)

Ko

With the same probability we then have

/1" B =A% )t S (S 1og(2)
a ST : = — 10g(—
0 r \i,k \i,k Fa a g P

(b) 1 Ko
> 2+ —a(l —n)—
> 2n 201( n)4

1
=2n+ ga/(l — 17)Ko.-

Inequality (a) is because #,(z) is decreasing in |z|. Inequality (b) uses (3.61).

2. (k € Bp,;): An argument similar to the one presented for part (1) proves
o A 1
Fo(By) =21 + ga(l — 17)Ko-

with probability at least 1 — ¢, — e™?.

3. (k€ By

1
2n s/o Fa(lgiyi,k_tAgi,k)dt

<y (%) <2n+ Dae 1K1
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4. (k € B1,;+): Similarly we have

2 < i (BY) < 2n + Dae 1%,

5. (k € B1,.4): The proof is identical to 4) by substituting 8 with Biﬁ

3.6.3 Proof of Theorem 3.3.6

We begin with the proof of (3.31). To simplify notation we will use the compact notation
L\; and R\; to denote the diagonal matrices diag| /01 £,;(6(1))dt] and diag[ /01 #,(6(t))dt] respec-
tively, where 6(¢) = B+ (1-1) ﬁi’l We also fix an index i and write B 1 and By to denote B ; .
and By ; respectively.

Plugging in 8 = 1B + (1 —1) ﬁA"l, with a possible permutation of the rows and columns of

G\;(6), by (3.22), we have that

|
/ G\ (0(1))dt =:
0 BT C
_ /lR\i,Bg + XC;,BSL\’.X\’.’BS XiE,B(‘;L\iX\"’BO
X\ g, LviXi 5 AR\ 5, + X\, 5 L\iX\i.5,

By the block matrix inversion lemma, i.e. Lemma 1.6.3, we have

1
(/0 G\i(G(t))dt)

A"+ A 'BDB"A' —A-'BD

-1

-DBTA"! D

where D := (C — BTA™'B)~!. We will now estimate the norms of each of these terms separately,

using Lemma 3.3.5.
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Bounding ||A~"||: Note that for 8() = t5% + (1 — 1) B%, we have

Omin(A) = Tmin (ﬂk\i,Bg + XG,BSi\iX\i,Bg)

(@) ..
2 Omin (/lR\i,Bg) 2 2/177’

where for inequality (a) we have used the fact that the matrix X \Tl 8cl"4\iX\i,Bg is positive semidefi-
20
nite because of the convexity of the loss function. Hence,
-1 1 -1
AT = ——= < 2an) ™. (3.62)

Omin (A) B
Bounding || B||: If S”~! denotes the unit sphere in R”, then we can write the cross term

I|B|| = sup u' By

BC
uESI OI,vES‘Z;O|

< sup uT (XG,Bgi\iX\i,Bo) 14

RC
ues'®! yesiBol

IA

sup @' (XC;il\iX\i) v
a,veSr

1
ma_X/zfj(e(;))dangX\ill
J#i

0

IA

< polylog(n)|| X" X|| (3.63)

In the third line above we define & and ¥ based on u and v as follows. Let B = {j1, ..., B }.
Then we define @, = uy for k € [|B(|], and ; = 0 for all j € By. ¥ is defined similarly. Note
that &, ¥ € SP~! so that the supremum in the next line is justified. In the last line we use the second

part of (3.7), in conjunction with part 1) of Lemma 3.3.4.4

“Please note that as mentioned before, for notational simplicity, we have dropped the subscript of the term
polylog(n) that appeared in the second part of (3.7), use the same notation for all the terms that are polynomial
functions of log(n).
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Bounding ||D||: By the repeated usage of Weyl’s theorem, i.e., Lemma 1.6.1, we have

Tmin(C — BTA™'B)
1
> /lmin{/ Fo(0(2))idt - k € Bo} —IB|I|1A7Y|
0

1
> Amin {/ Po(0(1))rdt - k € Bo}
0

_ (polylog(n) | X X]|)
21n ’

(3.64)

where in the last line we use the upper bounds on ||B|| and ||A~!|| we obtained above. From

Lemma 3.3.5 we have

1
1
min/ Fo(0(1))rdt = 2n+ —a(1 —n)ko, (3.65)
keBy Jo 8

By combining (3.64) and (3.65) we obtain

A
omin(C = BTA™'B) > %(1 ~ n)xo. (3.66)

provided

. (polylog(m)[| X" X|)>
B 24n

27+ 55 (1= ko

Note that according to Lemma 1.6.14, || X" X|| is bounded by a constant with probability at least

1 —e™?. By the assumptions of this theorem, we know that @ grows fast enough, and thus the above
event holds with probability at least 1 —e™”.

Hence, under the event || X T X|| < (W)ZC x := C, which occurs with probability at least

1 —e™”, we expect ||D|| to go to zero as @ — oo. Therefore,

ID|| = I(C -~ BTA™'B)"|
16

= min C - BTA_IB -1 < —
(Omin ) Ta(l—)xo

(3.67)
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By the block matrix inversion lemma,

-1

l A A
|x,T(/O G\ (1B + (1 =npfde| x

—x, Bc(/ldlag[ ”\’]) + X Bcdlag[fa\i]X\i,gé)_'xi,gg

A"+ A 'BDBTA™' —-A"'BD

= |xi

X;— chA Xi B¢
-DBTA7! D

<x] 86.A—1131)13U1—13c,-$3 +2[x;. BSA‘IBDxi,BO|xI 5, D5,

< llx; ge IPIIA~ 2B ID]| + 2|lx; g ||||A" ' BDx; e )

< lxigeIFIATNIBIID + 2]l sl xi 8|l + llxis, 17| D]l

<l PNAYIPUBIRID || + 2lx; e LA™ HIBIID || ||x; 11%1D

< e IFIATIPNBITIDN + 2l se AT IBIHID (I8, + [lx: 171D ]
2 112 2 -1

< lx;[IFIIDNCNAT B + 2[|A[IB]] + 1)

= xR AT B + 1)

16]lxi[> _ (polylog(mIXTX|l \°
~ Ada(l = n)ko 2An

In the last step we use the previously derived bounds on the operator norms of A~!, B and D, along
with the Cauchy-Schwarz inequality. As discussed before, this error will be small for large values
of a.

To show (3.32), we replace 6 by ﬁa. The bounds then follow by the same steps with very minor

modifications.

3.6.4 Proof of Theorem 3.3.7

‘We will use the notation

ws = | XTX|| sup max &(tB% + (1 —t)ﬂ ) ;
re[0,1] 1<i<n
a(l —TI)KO)

3 (3.68)

pla):=2 (217 +

By the assumptions of the Theorem we define the following two events:
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1. Ar := {Assumption A4 holds}
2. A; = {maxi gz |B&i \ Bii+| < dn}

which hold with probabilities at least 1 — ¢, and 1 — §,, respectively. We will prove the theorem
assuming that the two events above both hold, which by the union bound, happens with probability
atleast 1 — ¢, — gp.
Our strategy will be to bound the following quadratic forms:
T-(Adiag[FO] + X diag[#"V] X\ ) xir - x[p

(Adiag[F a\’i 1+X\g, diag[£"V] X\ 5, ) X0z,

< f(dn), (3.69)
and similarly

x/ - (Adiag[F a\l] + X, pdiag[£*V] X\ 5) " x5 ~Xig,,.
(Adiag[F a\li I+ Xig, diag[z’a\i]X\i,ﬂl,i,+)_1xi$1,n+

< f(dy) (3.70)

for a suitable function f(-) of d,,, i.e., the cardinality of set differences.
In the rest of the proof, we fix an index i and write B, and B, to denote B, and By;

respectively. Consider the following decomposition

sa\i pa\i Al Bl
H) := Adiag[Fy] + X, diag[£*V] Xy 7 = (3.71)

BT ¢

that is obtained by a permutation of rows and columns such that the rows and columns of A belong

to B, +, and rows and columns of C; belong to 7 \ B ;. Define §(¢) = tﬁ“ +(1- t)[?i”l.. Then, we

135



have

1 1

A; = diag /l{ / 'r'a(e(t))dr} + X, dlag[ / f\i(O(f))df] X\i.1.4

0 B+ 0

1

Bi = X, diag /0 l’\i(a(l))df] X\i 7 \8, .

| !
C, = diag /l/ Fo(0(1)7\8,,)dt | + X; 1\, ,diag /0 [\"(e(t))dt] X\iF\By 1

0

Similarly, we define A;, B>, C, in the following way:

a/\l 2oy A2 Bz
H, := Adiag[F'] + X, diag[£*V] X 7 = (3.72)
B] G
where
A = diag|A {7 (B}, | + X], 5, ding [6:(B7)] Xy,
B, = Xg diag [6:(B)] X\,
C; = diag| 1 {Fa(B)} g, | + X7, ding [(BT)] Xy
We then obtain

x [ (Adiag[F\] + X\ - diag[F7V] X\ ) "\x;

—x, ¢(/ld1ag[~a\l] + XT dlag[t’“\’]X\, 7)) xi s

-1 -1
A B Ay B>
=X - XiF.
Bir C B;— C
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By matrix inversion of block diagonal matrices, Lemma 1.6.3, we have

-1 -1 -1 -1
Ak +Ak BkDBZAk —Ak B.D;

H'= o (3.73)
~DB]A; Dy
where for k = 1,2 we define
Dk = (Ck - BZA;lBk)_l.
From (3.73) we have
xiTT(/ldiag[i_‘;\i] + X\Ti’(lrdiag['f“\"]X\,-g,r)_lx,-,gc
— x] - (Adiag[77"] + X, - diag[£°V] X\ 7) " \x; 7
-1 -1
- |4 By Ay B
=Y - Xi 5
BT C Bl C,
< o1t — ol + Wi — vzl + Y21 — Y22l + 2|31 — Y32, (3.74)

where

ey T -1

ka D xi,B|’+Ak xi,BL_,.’
e T -1 T 4-1

l/’lk .= xi’Bl"‘_Ak BkaBkAk xi,81’+,
IO

bk =5, Dixirs

T -1
Y3k =X g A BiDixip\g, .-

The last inequality of (3.74) is the result of the triangle inequality. Our goal is to prove that all the
terms in (3.74) are small with high probability for large values of n, p. Towards this goal, we will

first prove that ¥11, ¥ 12, Y21, Y22, Y31, and Y3 are all individually small. Then, we finally show
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that the difference y; — ¥ is small too.

* Finding upper bounds for ¢, and ,:

Note that
1

_. 3.75
O-min(Hk) ( )

Omax (D) < O'max(lel) =

It is then straightforward to see that since H; and H, are summations of /ldiag[i_‘%\f] and
0
/ldiag[?%\f] with a pair of positive semidefinite matrices, and that r has a ridge component
0
in it, we have

Omin(H) 2 27).

Using this fact and (3.75) we obtain
D]l < 2an)7! for k = 1,2. (3.76)

It then follows that
Yok < IDEll X llxi g, . 117

(i) max; SuPy-. (=4, ||xi,T||2
= 211 '

(3.77)

Note that the reason we have used the maximum on the set 7 in bounding [|x; ~\g, , % is
that 7 /8B, depends on x; and hence we cannot use standard concentration results for )(2
random variables (e.g., Lemma 1.6.10). Furthermore, when taking the supremum over sets
9, we have to consider all the sets 7~ whose sizes are smaller than d,,. But as is clear,

in (3.77) we have only considered 7~ with sizes equal to d,. This is because the norm of
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||x,~,¢/||2 < ||x,~’¢||2 if 77 c 7. We have

P(max sup |[x;7|* > dupmax (1 +1))
LT |=d,

Z Z P(||x,-;r||2 > dypmax (1 +1))

i T:|T|=dy
I’l( p )e—dT"(l—log(lH))

IA

IA

n

nedn log (%)e_‘%”(t—log(lﬂ))’ (3.78)

where to obtain the last two inequalities we have used Lemma 1.6.10 and Lemma 1.6.6.

Setting t = 8 log p in this equation, we conclude that

P(max sup ”xi,‘T”2 > dppmax(1 + 8log p))
LT T |=d,

ned" log (%)e—dT"(Slogp—log(l+8logp)). (3.79)

Combining (3.77) and (3.79) we conclude that

P (l//Zk S Pmaxdn (1 + 810gp))

2nAa

ep
ned” log (E) e—dT”(S log p—log(1+81og p))

elog(n)+d,, log (%) —%”(8 log p—log(1+8log p))

—dn (3.80)

IA
S
=

provided d,, > e4/1 + 8log p.

* Finding upper bounds for /1| and i1,: For better readability, we defer the proof of this

bound to Lemma 3.6.1:
Lemma 3.6.1. For k = 1,2 we have a sufficienty large constant C > O depending only on
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vo and Cx such that
w]k = xIBI,+AEIBkB;A;1xl’BI’+
- polylog(n) dy N Cd, N d,log? p N C
TP Aag)3\\ndn  nA?n? p-d, pAn

with probability at least 1 — (n + 1)e_% —e dlogr _ g — G, — Gn — Gn, for sufficiently large

p-

* Finding upper bounds for y/3; and 3,:
We have

T -1 TA-L
Y3 < \/lﬁzk X% g A BiDiB A X8, ,

SVudik < Wk +¥2x) /2. (3.81)

* Finding an upper bound for |/, — ¥;|:

T 4l
xi,B]ﬂ_ (Al - A2 )xi’31’+.

The proof of this part is similar to our proof technique for bounding || and ¥, with a few
important differences. As before, there are two sources of dependency between A1, A, and x;: (i)
The dependency of the input arguments of £ and 7 on x;. (ii) the dependency between the set B
and x;. The goal is to remove these dependencies. We start with removing the dependency of the

input argument of r on x;. Define

Ay = diag

b {fa (/?;3)}8 + X7 5 diag [£,(87)] X5, (3.82)
1,+ ’
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Define

* 1

* -1
Al = A] _Al s
* x 1 »
A = A, —A2 . (3.83)

* *
The goal is to obtain a bound on ||A;|| and ||Az||. Since the proofs are similar and for nota-
* * * * 1 *
tional simplicity we show our claim for A,. Since A;= Ag 1(Az— A2) A, , and Ay— Ar=

diag [/l {r(ﬁ‘/’l }81,+] — diag [/l {f('éa)}&#], we have

I —Laxk
o) < — A2z Al 2dall - et
2= * R
O-min(AZ)O-min(AZ)
1
a(l —n)e 24
- 2;7)72 . (3.84)

To obtain (3.84), we used Part (4) and (5) of Lemma 3.3.5 to find a bound on 7#, (ﬁA‘/Il W)~ Fa (,BAg).
*
Furthermore, given the ridge part of the regularizer, the minimum eigenvalues of A, and A, are

24n. It is straight forward to see that

1 *
xlj,rBl,Jr(Ag _A2 )xi,Bl,+
lxl3a(1 - p)esex

21n?

5 *
< [lxill7ll A2l

(3.85)

-
Itis clear that as @ — oo, the upper bound in (3.85) goes to zero. By replacing Agl , AIl - A, with

x Lyl
A, ,A; we have removed the dependency between the input argument of # and x;. As before to
remove the dependency of the set B, , we lift the problem to a higher dimensional space. Towards

this goal, we define

Az = diag [/1 {r(l(ﬁ%)}3+:| + XC;,Bdeiag [f\l(ﬁa)] X\i,B+’
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where 8% := B . U By. We write A, as

*
_ A> B
Ay =

BT C

where

B=X" ﬁmﬁﬁ&ww

\i781,+

C = Adiag [{F(8"")}5,]| + X|;

\i.5,d1ag [fa\l] X\ 8,

Using the block matrix inversion lemma, i.e. Lemma 1.6.3, we have

I | 1 1

_ Y- Y-
-, |A2 +A, BHB" A, - A, BH
2 = x -1

-HB™ A H

L1
where H = (C - BT A, B)~'. Then we have

-1

*

T T F-1
|xi,81,+ A Xi B+ xi,z;+Az xi,B+|

*_1 *_1 *_1

< |x;[_81,+ A, BHB™ A, x|+ 2|xl.T’BL+ A, BHx;g|+ |xiTBoni$o|
*_1 *_1

< |lxilIPl Ay IPIBIPIH] + 2011211 A, NIBIIHI + llx: 11 H]|

*_1 2
< |lx*1HIl (||A2 1B + 1)

To bound the matrix norms in the above equation, we have

w1
* 1Az II:

* * 1 1
Omin(A) =24 and hence ||A, || < —.
2An
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* ||B]|: It follows by definition of w*® in (3.68) that

IB|| < w’.

* ||H||: Using a derivation similar to (3.66), we have

1

* Aa
Tmin(C — BT A, B)> 1_6(1 — 1)Ko.

Inserting the above bounds for matrix norms, we have

-1
T T -1
|xi,81,+ Ay X, —X; g5 A, X8|

2 * ?
< x| HI | LA, NIIB]| + 1

6leid” (,, @)
~ Aa(l-n) 2an ]

(3.86)

with probability larger than 1 — §,,. Again it is straightforward to check that as @ — oo, the upper
bound in (3.86) goes to zero. Hence, we can now focus on the term x[TB+J£ 1x5,3+. Note that in
matrix fig ! there are ¢ ( ﬁ“). In the next step, we would like to show that the difference between
this term and ¢ (,BA(\"I.) is negligible for large values of n, p and any @. Note that once ¢ (,BAi’l.) the

dependence between A~£ !"and x; reduces to only the dependence of the two terms on B . Define
A = diag [/l {fa(,ég.)}] + X[ . diag [i\,-(,ég.)] X5+, (3.87)

The goal is to show that

is small. Towards this goal, define

A := diag [¢,,()] - diag |£,:(8) |
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We have
Ay =Ar + X\l g Ae X\ 5+
According to Lemma 1.6.4
A = A - ADXT g A X e AT+ AT X g AKX e A X ALK g AT
Hence, if we define

V-1
X\ig+A; x; g+

<<
|

S
|

it = xi’B+A51XC;,B+AgX\i’g+A£1X\-E’BH (3.88)
then we have

x5 (A5 = AT x| < [PTAP| + [ A¥]

< (ST L, 2

(>\/E(Z iif)i (Z 4)4+\/E(ZV4)2
\/E(Zﬁ?)%(mgxml)%(zilﬁ?)i

' \/E(mfalx QD (3.89)

By our assumptions (see (3.130) for a more detailed calculation), we have

f polylog(n)llxl-llz
E A2 , 3.90
ftl 2/177 ( 9 )
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with probability larger than 1 — §,, — ¢,,. Furthermore,

y 1
V]2 = | X\ig+A™ x5+l
< X112 - X112

< — < (3.91)
Omin(A) 221
and
I XN IAAl polylog(m)|lx: |31 X I
jay < LA IAAL polylos(be I X (3.92)
Oﬁlin(A) 84 n
with probability larger than 1 — ¢,,. Finally,
ep _ n/l77t2
P(maxﬁi >)/5(n)+t) < 2dnlogq, |o=P 4 2e (iredvp Zomax | | (3.93)
1

For the definition of ys(n) and the detailed derivation of (3.93), please check (3.141) and
(3.146). Hence, if we set ¢ = w/%, and define

d, log?
ya(n) = ys(m) + | =2 E
nn

by combining (3.89), (3.90), (3.91), (3.92), (3.93), we obtain

P(lxiTB+(Agl - A Nxige| > y1(n))
dnlog? p

< e2dnlog &ler + 2e_(W+3\/17)2Pmax) + G+ dn

<8P 4 G, 1 g, (3.94)

provided d,, < % for a sufficiently large constant C > 0, where we use the fact that pax = O(p~!).
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Note that we were originally interested in bounding |x1T’Bl’+ (AI1 - A5 l)xlyggl& |. We have

g, (AT = A Dx1 g, |
%1
|"‘1T,Bl,+(A1_1 — Ay )x1.8,,]
x 1
+|x1T,31,+(A51 — Ay )x1.8, .|

IA

-1
*
T T -1
+|x1$1’+A1 X1,8,, X g A7 X1.8, |
-1
T A T -l
|x1,31!+A2 X1,8, — X1 g+29 X183, |

+|xir’,3+ (fi;l - Agl)x1$+|

+xl g (A7 = A7) %150 (3.95)

Hence, by combining (3.85), (3.86), (3.94) we obtain that if

1
llxil5a(1 = p)e 2%
21n?

12 s\ 2
polxdl” (@) (3.96)
(@) 2An

ys(n, @) :=2y7(n) +2

then

P(lx[ g (AT = A)x18,,| > ¥3(n,@))

dpn 10g2 p

2d,log 22 | —p N Y y v ~
<e an 7P + 2 VP emax | + G, + gy + Gy

<e el 4 G+ Gy + G, (3.97)

provided d,, < % for a sufficiently large constant C > 0, where we use the fact that ppmax = O(p~1).

Equipped with the bounds on |01 — Yo2|, Y1k, Y2r and ¥3x, we now return to equation (3.74)
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to obtain

x [ (Adiag[F] + XT diag[F*V] X\, 7) 'x; 7

— x](Adiag[F2] + X, diag[f"V] X\ 7) 'x: 7
~1 ~1
A B Ay B
=X. F - XiF
Bir C, B;— 8]

< |Wo1 — Yool + Y11 — Y2l + W21 — Yol + 2|¥31 — Y32

2Pmaxdn(1 +38 lOg p)
na

2 d,(1+8lo
< Pmax (n/l gp) +2(1 + )

s \/(\/ﬁ+3\/17)2pmax

nan

+2(Y1 +Y12)

<vyg(n,a) +

log2n

+2

dplog?p  16|x? (| o’ 2 geiom
nin Aa(l —1n) 21n An?

- polylog(n) d, N Cd,log® p
~ (1A An)d \ ndn pAy

cd
L Cdn . |C log p
nA’n? pAn

with probability at least 1 — (n + l)e‘g —(n+2)p~% =24, — 24, — 2§,. This finishes the proof

of Theorem 3.3.7. O

3.6.5 Proof of Lemma 3.6.1
First note that by using (3.76) we obtain
xl.TB]ﬁA;lBkaBZA;lx,-,BH

< ) 'x[y A;'BiB[A{'xi5,..
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‘We will use the notation

ws = |IXTX|| sup max (B + (1 - DB
re[0,1] 1si=n

a(l - I])Ko) .

: (3.98)

pla) =2 (27] +

In the rest of the proof, we focus on k£ = 2 and find an upper bound for |7 |. The proof for k = 1
is similar and will hence be skipped. Furthermore, for notational simplicity, we drop the subscripts
of k from matrices Ay and By.

Intuitively speaking, the matrix G = A"'BBTA~! has rank d,,. Hence, if G were independent
of x;, we could have used concentration of /\/2 random variables to show that Y1y = O, (dyPmax)-
However, there are multiple sources of dependency between x; and G: (1) The input arguments of
7, (2) the input arguments of ¢, and (3) The dependence of B, and ¥ on x;. In the rest of the
proof, we aim to handle these three dependencies and show that ¢/ is still small. We remind the

reader that

A = diag [/l {f“(ﬁa)}81,+] + XQBHdiag [f\l(ﬁa)] X\,

B = X&Budiag [£:(8Y)] X\ 7\8, -

We start by defining

* " A
A= diag [/l {i’},(ﬁ;’i)}g + XQBI +dlag [{’\i(ﬁw)] X\ ,-
1+ ’

*
Note that in A we have removed one source of dependence, i.e., the dependence of the input
argument of 7 on x;. As the first step we would like to show that the difference

%1

x—1
x[TBl+(A‘lBBTA_1—A BB" A )xi,:gl,+
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is negligible for large values of . Define

* * * * 1
A= (A)'—(A)'=414-4) A (3.99)

Since

A -A = diag |70 (B3)s,. | - diag [472 (B)s, ]

*
according to Lemma 3.3.5, ||[A —A|| < 4Aa(1 - n)e_%“’“. We conclude that

*
lA- Al _ a(l—peion
An?

*
IA]l <

b

O-min(A)O-min(IZ) )

*
where we have used the lower bound 247 for oyin(A2) and opin(A). This lower bound is obtained

from the ridge part of the regularizer. Define

a(l - n)e_%"’“
An? '

Yola) = (3.100)
*
As we will discuss later, we will ensure that y)(a) — 0 as @ — oco. Hence, || A || will be small

too. Using this result and the triangle inequality we have

x—1

x—1
|xIB]’+(A‘lBBTA_1—A BB A )xi,s],J
1

* * *
< |x/g ABB'A7'x;g |+|x]y ABBTA xig|
* 1
< =P IBIPNA] o (A) + "
i O-min(A)
* 1 1
< el IBIPNA] o (A) + "
i O-min(A)
| 1
< |l lPIBIPYy (@) (7) (3.101)
n
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Similar to the proof of (3.63), it is not hard to see that
B2l < w;

under event Ay. Furthermore, given the scaling we have considered in this chapter, as will be
clarified later, | X7 X|| = O,(1). Hence, the term ||x,-||2||B||2y(s)(a)(ﬁ) will go to zero with high
probability as @ — oo.

In the rest of our proof, we will work with xiTBl,+ 2_1 BB™ A_l x; g, . Still there are two
sources of dependency between the middle matrix and x; g, , : (1) the input argument of £, and (2)
The dependence of B; + and F on x;. In order to remove the dependence of ¥ and B ., we lift
the problem to a higher dimensional problem for the reasons that will become clearer later. Define
the two sets:

B* B+ U By,

%
Il

F\ By (3.102)

Use these two sets to define

A = diag [/1 {f"a(ﬁ%)}BJ + X\, . diag [6:(B9)] X5+
B = X g.diag [£,(6")] X\i5-.
As will be clarified later, working with 8+ and 8~ will be helpful when we would like to remove

the dependence that are caused by 8% and 8~. Hence, as the first step our aim is to obtain an upper

bound on the difference

-1 -1
*. .
T.T 4 -1 BB™ 1
|*i;%lg+ A xi?@:ér,+
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We write A as

- E F
A= , (3.103)
F' G
where
E = diag [/l fra B }BH + X[, diag [£,(89)] X5,
F = Xz diag [6:(BY)] X\i.5,
G = diag|l {fa(,ég.)}go + X7, diag [£,(8)] X\,
Similar to the proof of (3.63) it can be checked that
IFll2 < o’ (3.104)

with probability at least 1 — ¢,. Using the matrix inversion of block matrices (Lemma 1.6.3) we
have
E'+E'FHF'E™' -E"'FH

Al = , (3.105)
~H'FTE! H

where

H=(G-FE'F)~".

Furthermore, similar to the derivation in (3.66) we have

|H|| = (0min(G — FTE™'F))™!

! (3.106)

ws)Z ?

< NS
p(a') - 247

with probability 1 — §,. Both p(@) and w* are defined at the beginning of the proof. It follows
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from the definition of p(«) that goes to zero for large values of @ and hence the norm

N S
_ (ws‘)Z
24n

of H should be considered as a small number. If we define

-

_ A 0

Al = ol (3.107)

0150x8:1|  0150x5|
and
A=A"-A",
then it is straightforward to show that
xzb o xl
e p Al BEA g,
< Il PIBIPIAN (111 + 21 A7) (3.108)

To find an upper bound for (3.108) we have to bound ||A||, ||B]|| and ||AT||. Similar to our previous

calculations, we have under event A; that

w®,

_ 1 1
|ATI = <—. (3.109)

* T 21
O_min(A2) 1

1B2]|

IA
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Finally, by using Weyl’s theorem (Lemma 1.6.1), we have

E-'FHFTE™' 0gxg,

IA]l <
0|30><31| 0|80><30|)
013, x| 018,x8|
+
0|Bo><2131| H
N 05x5| E'FH
H'FTE™! 0|’30><Bo|)
HI|||F|* F||||H
< I 2|||| [ +”H”+2|| ||||E||
O-min(E) Omin(E)
1 s $\2
< — (1+2‘Z + (2“’ )2), (3.110)
p(a/) ~ Sar n  (24n)

under event Ay . To obtain the last inequality we have used (3.104), and (3.106). Define

1 w° (ws)Z
V(@) = : (1 + 2 ) . 3.111)
! o(a) — (Lzu 7)72 2An  (2an)?
By combining (3.108), (3.109) and (3.110) we conclude that
xolo o xl
|xI§g$A4_1BBTA_1x{33|,+
= IlPUBIPIAL (AT + 201 A7)
1
< lxP (@) ANIAL + /1—),
n
20 8S\2.8 s 1
< nlP@)i(@) (yl(a) ; E) G.112)

under event A;. As discussed before, we eventually show that as @ — oo, yi (@) — 0 and hence
the upper bound in (3.112) will go to zero. Hence, in the rest of the proof, we aim to show that
x?wﬁ_ll;’ETfi_lxi,y is small.

In the next step we would like to remove the dependence of the input argument of £ on x;.
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Define

A = diag [A {7} | + X[ . ding [ 6,(BY) | Xy,

B = X$$+diag [i\i(,éiy,')] X\ig-.

Define
A = diag [£,(8")] - diag | £, (8 |

We have

A=A+X] g A Xz

According to Lemma 1.6.4,

v

AT = A7 - ATX g A Xy AT+ ATXT g ACX e AT X g AKX e AT (3113)

Also, we have

B-B-= X\ g AcX\i 5 (3.114)
Define 63 = B — B and 04-1 = A1 A1 Then, we have

xiTB+A_11§l§Tfi_1xi,B+
= x;’—BJrA_]EBT(SA—lxi,B*
+x/ g AT BS g A x; 5
+x] 5 A7 0BT A7 x; 5+
+ xIB+§A-1EB;A_1xi,B+

v

+x/ g AT'BBTA ' x; 5. (3.115)
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Our goal is to show that each of the terms in (3.115) are small for large values of n, p.
The two terms x ;A" BB]6,-1x; g+ and xiT’B+6A_1I;’I;'TA‘1x,-,3+ can be bounded in very sim-
ilar ways and will have similar upper bounds. Also, the two terms xIB+A‘1l§6;A‘1x,-,B+ and
xZB+A_16 BﬁTA_lxi,B+ can be handled in similar fashion and will have similar upper bounds.

Hence, we only study the following three terms:

1. Finding an upper bound for xiT’B+A‘1l§l§TA‘1xi,g+:
Note that if it were not for the dependance of 8* on x; we could claim that x; g+ is indepen-
dent of A”'BBTA!, and we could use the Hanson-Wright inequality (Lemma 1.6.16). So,
in order to remove the dependence to be able to use the Hanson-Wright inequality, we will
use union bound on sets B* and B~ in the following way. First note that |B*| > p — d,, and
|B7| <d,. Let 7 and 7~ denote two fixed sets of size larger than p — d,,, and smaller than

d, (not dependent on x;) respectively. We define

v
M

A := diag [/l {if‘a([;’;’i)}] + X\, s+ diag [f\i(ﬁ%)] X7+

B:XQTJMgVﬂﬁw]XVT- (3.116)

For fixed 7 and 7 ~, x; ¢ is independent of A and B. Therefore if

v

G=A"

v

BTZ—I

Ty«

then from the Hanson-Wright inequality, Lemma 1.6.16, we have:

P(|x/ 7 Gxig+ —E(xX] 7 Gxig+| Xyiny /)| >t | X)iy /i)

(p=dn)*® | (P—dn)f)

< Ze_c( 617 1Ol (3.117)

To use this bound we have to calculate the three terms: ||G||2, |G| gs, and
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E(xiTT+Gxi,¢+| Xinyi):

@ [IG]l2:

It is straightforward to see that (see e.g. the derivation of (3.63))

1B | o

IGll2 < — < ; (3.118)
o2 (A) 4/7.2772
min
under event Aj .
() IGFs:
The rank of matrix G is at most d,, (the maximum size of 7 ). Hence,
GIE,, < dy|GI2 = &) 3.119
1G5 < dallGI5 = T (3.119)

(©) E(x;:7'+Gxi,T+):

Let X4 the covariance matrix of x; 7. We have

|Ex] . Gxi | = [Tr(E2GEY?)
(@)
< 412762l
< dulZ7 NG|

< dppmax |G|

dnpmast
4122

b

with probability 1 — ¢,. Here, to obtain Inequality (a), we used the fact that the rank

of Z!/2GX!/? is less than or equal to the rank of G which is less than or equal to d,,.

Furthermore, from Lemma 1.6.14 we have

P(max(XTX) = (V1 + 3yP)*pmax) < €77, (3.120)

156



where pmax = 0max (Z). Let the event & denote the event o (X X) < (vVn + 3+/p) 2 Prmax-
We know that

P(E)>1-¢e?.

We remind the reader that

@' = | X"X|| sup max {;(tB* + (1 - 1),

te[0,1] Isi=n

Combining (3.117), (3.118), (3.119), (3.120) and using the following definitions:

(‘/ﬁ + 3\/1_7)2pmax
4772/12

V3 (3.121)

we have

P(xiTTGxi,¢+ >1+ EXIT+Gxi’7'+)

< P(XZTJ,Gxi,f]w >1+ Ex;|:7-+Gxi’7'+, 8) + P(Sc)

(p=dn))?% | (p=dn)t

sze_c( dny3 7 )+e—1’. (3.122)

Hence, we have

P(xiT¢+Gxi,¢+ >1+ dn)/_?,)

(p=dn)*t® \ (p=dn)t

SZC_C( dny3 73 )+e—P. (3.123)
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If we define the event & as the event that (3.7) holds, then we have

P( max  max X/ Gxigr > 1+ dyys)
|TH|zp—dn |7~ |<dn

< P( max  max xiT¢+Gxi,¢+ >t +dyy3]8,8) +P(E) + P(E)

[T+ |=2p—dn | T~ |<dn

< YD PO Gxire > 1+ dyyslE,E) + P(E) +P(E)

| T+ |>p—dn | T~ |<dn

)2 _C(MAM)
<2d, (d ) 2e 73 i +e P+ dn

n

(p=dn)?i2 , (p=dn)t
(a) ep “7(_ 7 A ) -
S e4dn log dn Ze dn73 3 +e 14 + qn, (3124)

where to obtain inequality (a) we used Stirling approximation together with the assumption

d,log? d,

=—" we can obtain
P—dn

d, < ednlogler/dn) By setting t =

L _ +>dnlog2p

+dn3
p_dn 7)

4 2
dp 10o; dn log” p
ep —c n § P/\ n 108~ [

< ednlog [ 0g v 3 ) + g, +e?. (3.125)

The probability in (3.125) is small for large values of d, and p.

2. Finding an upper bound for xl.TBJi'll;l}TéA_lxi,Bﬁ

Define
Vo= X\g A X g, (3.126)
and
— i-1ppT (-1
uT - —XIB+A BBTA XC;’B_+,
i’o= xl.T’BJi_lEBTA_IX$’B+A5X\,-,3+A_1X\TLB+ (3.127)
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Using Lemma 1.6.4 we have

|xl—r.(B+A~_IEET6A—1xlB+|
(
Z |x B+ _IBBTA_lX\ 8+A[X\z B*A xl.3+|
+|x/g A""BBTA" 1X\T B+A5X\,~,3+A‘1X\Tl.’B+AgX\,~,B+fi‘lx,-’gy|

= |uTAglj| + |ﬁTAglj|

?\/ZAM\/Zu v +\/ZAM\/Z a2v?
\’ZAK”(Z 4) (Z V4)4+\/ZA£’U(Zﬁ?)%(Z‘5?)%
/Z%(Z u?)? (max [#])? <Z )T+ /ZA[,,(Za%)ﬂmiax|ﬁi|)%<2ﬁ?>%.

(3.128)
Note that since O'mm(A) > 50 and O'mm(A) > 3 we have
IBII*NX|
ull> < x|l ———.
lul < il
5 IBIPIX 7] A
il < ||x; . 3.129
llall2 < llx:ll2 () ( )
Furthermore,

1A = /Z A2, (3.130)

((l A A
< polylog(m)[|B* — BY;l2

Y olylog(n )w (3.131)

_ polylog(n)||x]|
B 2nAd

(3.132)

under the event Ay N A;. Here Inequality (a) is a result of (3.7) in Assumption A4. Note

159



that we are using the same notation for all the terms that are polynomial functions of log(n).

To obtain Inequality (b) we have used Part 2 of Lemma 3.3.4. Finally,

%112 = 11 X\i g+ A x; 5+ |
Xl _ Xl
O'min(A) 24n

(3.133)
To finish our bound for (3.128) we have to bound ||¥||.. Note that
v = X\[,B+fi_1xi7g+.

The main difficulty in bounding this term is that due to the dependence of 8* on x; it is hard
to characterize the distribution of the elements of ¥. To remove this dependency we again
want to use the union bound on the different choices of 8*. Towards this goal, suppose that

for a fixed set 7~ of size larger than p — d,, we define:
V= XA X,
where

A= diag [/l {r(ﬁ%)}] + X&Tdiag [f\,-([;"\yi)] X\i7-

(3.134)

Note that the distribution of % given X\;,y\; is N (0, %X\i,q-lf\‘zXE 7.). Furthermore, we

have
v 1 XXl
12yT \i
[ X\ 7 AT X, oIl < e
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Hence, using Lemma 1.6.11 we have

. i
P maX i:'i > Tlog 2]’1 +t | X\i9y\i
1

nAn
_4n/12r72t2
<2e MuNil (3.135)
It is straightforward to check that
max [ X\ Xl < [XX .
Furthermore, according to Lemma 1.6.14 with probability larger than e™” we have
P(1XTX|| = (Vi +3vP) *pmax) < €77 (3.136)
Define
1+ 3v/D)? Pmax
ya(n) = \/(\/_ ;@ Pmax |0 2n, (3.137)
nAn

and let the event & denote the event that [| X7 X|| < (v + 34/P)?*omax- Then, from (3.136)
and (3.135) we obtain

P (max % > ya(n) + t)
1

<P (max % > ya(n) +1, s) +P(E°)
1

_ 4n/12n2t2
<e P 42 (Vr+3yP)%pmax X (3138)

Note that we expect Pmax = 0(1%). Hence, y4(n) is expected to be O (wllo%) So far, we
have only considered a bound for ¥ in which a fixed set 7 is only considered, despite the

fact that the quantity we are interested in is ||¥]|e in which 7 is replaced with set 8*. To
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resolve the issue we use the union bound. We have

P max max¥; > ys(n)+1¢
T\T |>p—-d, i

< Z P (ml_axf)i > y4(n) + t)

T\ |>p—dy
p _ n/1277212
p—dy
ep _ 4n/1277212
< eZdn log @ e P + 2e (Va+3vP) 2 pmax A (3139)

Hence, we conclude that

P (max Vi > vya(n) + t)
l

ep _ n/12772t2
< 2dnlog gn [ o=p 4 De” (Naravp) Zomas | | (3.140)

Setting ¢ = ﬁ\/@ and combining this equation with (3.128), (3.129), (3.130), and

(3.133), we conclude that if we define

polylog(n) ||x;l» 1 [dylog’p
ys(n) = ya(n) + —\|———
24An An n

oo NXli N1 BN X

21 422
| X|le3(n)ca(n)
1 XIER0) (3.141)
then
P(lxIB+A_1EBT5A—1xi,B+| > ys(n))
ep _ dn logzp
< qun + C\]/n + eZdn loga e P +2e (Vi+3P)2pmax A (3142)
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3.

As discussed before, we have y4(n) = O( 10%). Also, all the norms || X/, ||x;|[, || B are

Op(1), hence we expect ys(n) to go to zero at the rate v/d,polylog(n)/n. This heuristic

argument will be be made rigorous later.

xZB+A_IE6;A_1xi,B+Z

Using a similar argument as the one presented in (3.128) we obtain:

xiT,BH‘i_ll}‘s;A_]xi»B*
T £-14 A1
=X, g+A" BX)ig-ArX)i g+ A" x; g+

=xg AT BX ) g- AV = UAY

- TN STV |
< /ZAz,ﬁnun(mgx|vl~|)2||v||z. (3.143)

In the above equations we have used
iiT = XIB+A~_1BX/,,B—,

and

ﬁ = X\i’B+A_1x,',53+.

According to (3.130) and (3.140) we have

Iyl :
{Z Aﬁ,l.,. _ poly oigf;)llxlllz’ (3.144)
J

with probability larger than 1 — g, — ¢,, and

[ Xl l2

V]2 < ,
¥l < =5

(3.145)
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and

P (max V; > vys(n) + t)
l

ep _ 4n/12772t2
< e2dnlog g [ o=P 4 D™ Vat3vp) 2omar | . (3.146)

Hence, the only remaining term to bound is ||z||. It is straightforward to see that

e llIBIIX _ [l llIBIIX

lli]|2 < — <
O-min(A) 24n

(3.147)

Hence, combining (3.143), (3.144), (3.145), (3.146), and (3.147) we will have that if we set

dy log?
t = %\/M, and define
n n

olylog(m [l lx: I BIIIX]
yoln) = EE T

24An 24An

[ X[l l 1 [|dylog’ p
x ——— + —\[— |, 3.148
24n 7s(n) An n ( )

then

P(|x]g A" BS LA™ x; 84| > y6(n))

ool ep _ 4dn10g§p
< qun + qvn +e s log =~ e—p + 26 (Vn+3+/P)*pmax . (3149)

Plugging in the bounds from equations (3.125),(3.149) and similarly bounding the remaining
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terms in (3.115), we obtain

XIB+A_1EE;A_1.X?,"3+

d, log?
<2ys(n) +2y5(n) + 222 L 4 4y
P — dn
< dn 10g2 D + (\/ﬁ + 3\/1_7)2dnp12nax
- p-d, 4n?a?
N polylog(n)|lx;||*|| X || w*
423n3
S S
Y || X ||polylog(n)
2An 833

1+ 34/P)? Prmax 1 log?
% (\/_ \/1_7) Pma log 21 + — w .
nin An n

with probability at least

dn log4 P A dn log2 p)

ep _C( 2
1 —e®loga |2e | P = G = dn

ep _ dn 10g2 p
—e P —0e2dnl0g g, [ oP 4 4o (Vi+3vP)Zomax

> 1—e @8 = g, — gy

provided e < d, < £ for a sufficiently large constant C > 0, where we use the definition of y3, y4,
¥s, ¥6 along with the fact that ppe = O(p~1).

We now return to equations (3.101) and (3.112), along with the bound derived immediately
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above, to obtain

T “1ppT 4-1
xi,Bl,+A BB A 'x;g .,

vi(a)
<P (8 + @) + i)
L dulog?p (Wit 3\D) dnp o , Polylog(m)|lxil1*[| X |[*e*
p—d, 4n222 43n3
wl1e @, w*|| X ||polylog(n)
24n 8313

+34/p)? 1 log?
o B LS i VR S NP /A3 (3.150)
nan An n

with probability at least 1 — p~% — 7, — ¢,. We now simplify the above bound by plugging in high

probability bounds on the respective parameters. To this end, we first state:
* By Assumption Al, pmax = Omax(Z) < Cx/p.

* By Lemmas 1.6.15 and 1.6.14,

max x| < 24/Cx and | X" X|| < (\/y0 + 3)*Cx
<i<n

with probability at least 1 — (n + 1)e™?/2.

¢ Next,

ws = [|IX"X|| sup max £(18" + (1 -1)BY)
1‘6[0,]] 1<i<n

< (Vi + 34/p)? pmaxpolylog(n)

< Cx (V70 + 3)*polylog(n)

with probability at least 1 —e™”, by Lemma 1.6.14 and Assumption A4.
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* By equation (3.100), we have

Yola) <

< | =

provided @ > Cp/A%n(1 — n)ko for sufficiently large p and a sufficiently large constant

C>0.

* By equation (3.111) and the above inequalities, we obtain

yi(a@)
< 16 1+ 1(c )2 (V70 + 3)*polylog(n)
S ———— - n
A (1l =)o pr X Y0 polylog
1
S —
p

provided a > Cppolylog(n)/A*1(1 — n)ko for sufficiently large p and a sufficiently large

constant C > 0.

Plugging in all these bounds into (3.150) we conclude that there is a sufficiently large numerical

constant C > 0, depending only on g, Cx and such that
xl.TBHA‘lBBTA_lx,-,gH
< polylog(n) d, N Cd, N d,log? p N C
Bp(LAan)? \ndn  nA’n*>  p-d,  pan

with probability at least 1 — (n + De 2 — p~dn — G, — g

3.6.6 Proof of Lemma 3.4.4

We prove the lemma only for ,é, because the same proof and constants apply to the leave-one-
out estimators ﬁ\i.

Recall that in Lemmas 3.4.3, 3.4.5 and 3.4.6, /i is the empirical distribution of ﬁ, u* is the
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p
distribution of —2—soft(r.Z + ©, 2= ”)T*) with (0, Z) ~ Z 6p: ®N(0,1), and (b, 7.) is the

b.+21n7, +21nT
k=1

unique solution of the equations (3.47) and (3.48). Note that by Lemma A.2 in [114], there exists

0 < bmin < bmax and o < Tpax depending only on model parameters such that o < 7, < Tax and

bmin < by < bmax.

Let us first define a smoothed indicator function as follows:

0 x| =k + ¢
he(x) =141- |X|;K1 Sk S x| < k1 + < (3.151)
1 el <k

Note that h; is %—Lipschitz, and 1[_, «,] < hy < g —z.x+¢1- We then have

%#{k 10 < 1Bkl < x} = ([—x1,k11) = A({0})
_ / Uiy ) () (x) ~ A({0})
< / he (x)dfi(x) - A({0))
< / e () djta (x) + | / e (x)dpe. (x) - / he(x)dp. ()] = A({0})
< pu([=k1 = okt + 1) = ({0}) + | / he (x)dps (x) = / he ()d . ()]

+ 1. ({0}) — a({0})]. (3.152)

We now aim to obtain upper bounds for the final three terms in (3.152). First note that O is the

unique discontinuity of u., therefore

pall=k1 = £ k1 + £1) = 1 ({0}) < 2(k1 + §) max £ (x)

where f. is the density of the absolutely continuous part of w, w.r.t. the Lebesgue measure. It can
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be verified directly via definition that

L2 E -n) B
e T
k=1 %k k
where ¢(-) is the standard Gaussian density, and therefore
1 24
f@) < (V)™ (— b—”)
—_ Z/lmax
S(‘/E) 1(;+ bmin):: Cf
So we have
ps([—x1 = k1 +{]) — u({0}) <2Cr (k1 + ). (3.153)

To bound the term | / hy(x)ps(x) = f hy(x)f.(x)| in (3.152) we use the following approach. First,
note that h; is 1/{-Lipschitz. Thus,

[ e = [ hetoa )

< Lsupl [ g)du(o) - / ¢ ()i ()]
g€l

= Wi, p) /& < Wa (i, ) /<. (3.154)

In these equations, W, denotes the Wasserstein-q distance between two measures for ¢ = 1,2. The

last inequality uses monotonicity of W, in g: for 0 < p < g:

W,(u,v) .= inf || X-Y
p(/J V) XNIJ?YNV” ||£1)
< inf X-Ylg,

X~p,Y~v

= Wy (. v)
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Furthermore, by Lemma 3.4.3, forany 0 < € < % we have

Wa(f, na) /& < Vel¢ (3.155)

with probability at least 1 — C; e~2e—c1pe’(log ‘)72, for some constants Cy, c;. Combining (3.154)

and (3.156) we conclude that

| / e () (x) — / he ()i (0)] < VE/Z (3.156)

with probability at least 1 — Cje 2 1P€ (loge) >,

For the last term of (3.152) we use Lemma 3.4.6 to get:

14(0) = 1£.(0)] = [[|Bllo — s:| < € (3.157)

with probability at least 1 — Cze"6e“2p6/6.

Using (3.152), (3.153), (3.156), and (3.157) together we have

1 N
I;Hk 10 < Bkl <k} £2Cr(k1 +0) +Ve/L + €

with probability at least 1 — Cle‘ze‘c“”f3 (loge)™ _ Cze"66‘02p6'6. We observe first that the bound
is minimized at { = (2C f)_%ezlt without changing the probability.

Next, we set € = 2(clp)‘% logp and € = 3%(czp)‘%(logp)% to get:

1{k : 0 < |Bx| < K1}
1 1 5 1
<2Cypk1 + C3p(logp)* + Cype(log p)e
11 1
<Cpk; +Cpi(logp)?

< Cp%(logp)‘l‘
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with probability at least 1 — C’p~’, for sufficiently large p and some constants C, C’, provided
k1 =o( p‘ﬁ (log p)}t) By an identical argument, an analogous statement holds for ,BA\,-,k. The proof

is completed by a union bound over 1 <i < n.
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Chapter 4: Data Attribution: Difference Between Low and High Dimensions

4.1 Introduction

4.1.1 Background and literature review

The growing complexity and black-box nature of machine learning (ML) and artificial intel-
ligence (AI) models have made their assessment and interpretation critical challenges, especially
when it comes to informed decision-making. Attribution-based techniques, such as influence func-
tions (IF) [115-120] and Shapley values [121-126], have emerged as widely used tools for under-
standing model behavior.

One of the most widely used attribution-based techniques relies on the IF, a concept originally
developed in the field of robust statistics [127] and widely adopted in other fields such as differen-
tial privacy ([128]). IFs quantify the effect of small perturbations to individual data points on the
predictions of an ML or Al model. IFs have demonstrated promising results in a variety of down-
stream tasks, including interpreting model predictions ([129—-131]), improving model alignment
([132, 133]), and analyzing training dynamics ([134, 135]).

To understand some of the challenges faced by IFs, consider again the R-ERM estimator B
(1.3). The prediction error of 3 is then £y(B) := f(yo,xgﬁ) for a test point zg := (yg,Xp). To
measure how one training point z; := (y;, x;) € D affect the prediction, we define the influence to

be the difference in the prediction error between using Band B Jit

T (7, 20) = Lo(B\) — to(B) 4.1)

We call this quantity the true influence of z;.

Calculating 7 ™(z;, zo) requires retraining the model for calculating B Ji- Since this is com-
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putationally demanding [115] proposed the following approximations. First, using the first-order

Taylor approximation, we have

T (2, 20) = Vl(B,20)" (B)i - B) (4.2)

The second step of approximation is used to calculate ( ﬁ Ji— B) efficiently. Defining:
n

Ble) = ) €(B.z)) - et(B.z)

Jj=1

Note that E(l) =B Ji- Since n is a large number, we have:

s s dB(e)
Bji—-B=- e (4.3)
e=0
The derivative %(:) i can be calculated using the Hessian of the empirical risk, i.e. G =
i1 V(B 20):
dp Iy
— =-G 'Vgl(B,zi). 4.4
=l st(B.z:) (44

Combining (4.2) and (4.4), [115] proposed the following approximation for 7 T™¢(z;, zo):

T%(zi,20) = Valo(B) TG 'V t(B). (4.5)

Inspired by the analysis offered in [127] for low dimensional settings, i.e. the setting, where
the number of parameters p is much smaller than the number of observations n (p < n), it is
widely believed that the approximations we mentioned in (4.2) and (4.3) are accurate. However,
many modern Al and ML models have many parameters, that challenges the assumption p < n.
Throughout the paper, we call the models in which p is not much smaller than n, high-dimensional
models. Inspired by such models we would like to answer the following question:

Q,: Are the two approximations that led to (4.5) accurate under the high-dimensional settings?

Q,: If the answer to Q; is negative, can the formula presented in (4.5) be improved to yield an
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Figure 4.1: Comparison of NEWFLUENCE and 7' (z;,z0). We use logistic ridge regression with
n =500, p = 1000, and A2 = 0.01. The other details of the simulation are presented in Section 4.3
The figure shows results for all the influence of all the n = 500 training points on the prediction loss
of m = 100 unseen new test points generated from the true logistic model. Left: NEWFLUENCE
vs. true influence. Right: 7' (z;,z¢) vs. true influence. The NEWFLUENCE offers a significantly
better approximation.

accurate approximation for 7 T (z;, z¢)?

A few empirical papers have reported the inaccuracies in the conclusions of the IF; [115] and
[136] empirically showed that IFs are often inaccurate in estimating leave-one-out scores, particu-
larly when applied to deep neural network models. [137] studied how IFs change across different
model parameterizations and regularization techniques, showing they can be erroneous in some
circumstances. [138] examined the five major sources of inaccuracy and highlighted the potential
pitfalls of the Taylor expansion that is commonly used in IFs.

Our goal is to develop a theoretical framework for analyzing the accuracy of IFs. We argue that
the high dimensionality of modern Al and ML models undermines the approximations on which
IFs are based. To support this claim, we adopt a high-dimensional asymptotic regime where n, p —
oo with n/p — v, for some fixed y [34, 37, 38, 48, 139, 140]. That is, both n and p are large,
but their ratio remains bounded. Our theoretical results show that the answer to @Q; is negative,
i.e. IFs can be inaccurate in high-dimensional settings. In response, we propose an alternative
approximation of 7 M¢(z;, zo), called NEWFLUENCE, that retains the computational simplicity of
classical IFs but remain accurate under high-dimensional conditions. Empirical results further
support our theoretical findings. Figure 4.1 compares the performance of NEWFLUENCE with that
of IIF(zl-, 20).

As motivated in [115], evaluating the exact impact of each training data point on a model’s pre-
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diction is computationally demanding. Influence functions offer an efficient approximation of this

impact. However, this approximation raises a critical question that warrants careful investigation:

Q: How accurately do influence functions approximate the impact of individual data points on the
predictions of an AI model? Can we develop more precise and theoretically grounded alternatives

to influence function-based approximations?

The main objective of this paper is to address the two questions above through both theoretical
analysis and simulations. Motivated by modern Al and ML models with large numbers of pa-
rameters and data points, we study an asymptotic high-dimensional regime where n, p — oo with
n/p — ¢ for fixed 6. This contrasts with classical low-dimensional settings where p is fixed and n
Srows.

As we show in this paper, both theoretical and empirical results indicate that influence func-
tions are unreliable in high-dimensional settings. However, a slight modification—at comparable

computational cost—yields significantly more accurate approximations.

4.2 Theoretical results

4.2.1 NEWFLUENCE for High dimensional R-ERM

In this section, we formalize our ideas using the generalized linear model and propose our new
measure of influence, called NEWFLUENCE.

In response to Q in Section 4.1.1, we study the error |7 (z;, z9) — 7T™°(z;,z0)| under PHAS
n,p — oo,n/p = vo.

The classical expectation was for the IF approximation 7'F(z;,zo) to closely match the true
influence 7 True (zi,20), making the difference negligible. However, our theoretical results in the
next section show that, contrary to this expectation,

T%(zi,20) = (1 = Hy) T ™ (21,20) + O,

b

polylog(n)
[
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where H;; = (xl.TG_lxi)fi(ﬁ) is the diagonal element of the generalized hat matrix (3.4). As will
be clarified later, it follows from the definition of G and our high-dimensional framework that
H;; =0p(1)and 0 < H; < 1.

This implies that the commonly used 7' formula underestimates the true influence by a
datapoint-dependent factor (1 — H;;). Since 1 — H;; varies with the datapoint z;, it is conceivable
that for points with large true influence 7 '™¢(z;, z¢), the value of 1 — H;; may be small—causing
I (z;, z0) to be markedly lower and incorrectly suggesting that z; is non-influential in the predic-
tion.This underestimation phenomenon is also illustrated in Figure 4.1.

This motivates @, in Section 4.1.1: can we find a more accurate alternative? In response,
we propose a modified influence function framework that addresses this limitation while retaining

computational efficiency. First, note that the above calculation suggests the corrected estimator:
FIF._

which is in fact consistent for 7™, However, both 7'F and 7'F require computing the gradient
Vpl( B, 7o) for each new test point zg. We avoid this in our proposal called NEWFLUENCE, which
is given by

o
Gz = o B+ U5 ) o () “6)

Evaluating the loss function at any B and zo should have similar computational demand as eval-
uating the gradient, so this method generally does not increase computational complexity. As we
shall show in the next section, this estimator is consistent for the true influence 7 e,

This alternative approach retains the interpretability advantages of IFs while eliminating un-
necessary approximations and improving computational accuracy. This formula is inspired by the
recent work on the literature of risk estimation in high-dimensional settings [20, 23, 26, 59]. We

present the derivation of the formula in Section 4.4.
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4.2.2 Our main theoretical contributions: Smooth case

In this section, we formally state our main theoretical results. We adopt the same assumptions

as in Chapter 2.

Theorem 4.2.1. Under Assumption Group A and B, we have
1INV — 11| = op(Lpolylog(n))
2. 177 = 0p(Lpolylog(n)).
3. I = (1 - Hy)IT™< + op(1polylog(n)).

We present the proof in Section 4.5. We now present a few remarks on the above theorem.

Remark 4.2.2. For many common choices of loss functions and regularization parameters, £;( ﬁ) =
Op(1), and max; i; (B ;) = O,(1). Then it follows from the definition of H;; and our assumptions
that H; = Op(1/(1 + A)). Thus the classical estimator I'Y incurs considerable bias in such
situations, when A is not very large. This is reflected in our simulation experiments in the next

section.

Remark 4.2.3. Comparing T and T'%, we find that the approximation error in I'V is H; - 17,
which, for moderate regularization strength A, is of the same order as the true influence itself. As
a result, a highly influential data point may appear non-influential due to approximation errors
involved in obtaining |I'Y|, potentially leading to misleading conclusions—an issue also noted in

prior empirical studies ([136, 137]).

Remark 4.2.4. In contrast to T, the error | TN — 71| is much smaller than | I ™|, indicating

that TN provides a reliable approximation of I '™ when n and p are large.

4.3 Numerical Experiments

We evaluate the accuracy of NEWFLUENCE and classical influence function in ¢>-regularized
logistic regression. We generate synthetic binary classification datasets with feature dimensions

p € {500, 1000, 2000} and set the sample size to maintain a fixed ratio n/p = 0.5. The true model
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coefficients f* ~ N(0,1,) are drawn from a standard normal distribution, and input features are
sampled as x ~ N'(0,1,/n). Labels y € {0, 1}" are generated according to a Bernoulli model with
success probabilities given by o (x T 8*), where o~ denotes the sigmoid function. The code used to
produce the numerical results is available online!.

We fit a logistic ridge model using Newton’s method, with regularization parameter A €
{0.01, 10}. For each model, we compute the true influence function 71¢ for m = 100 unseen
test examples. These true influence values are compared against two first-order approximations:
(i) NEWFLUENCE, and (ii) the classical influence function, 7'F. For each test point, we evaluate the

rank correlation between true and approximated influence across training points using Kendall’s 7.

Remark 4.3.1. Kendall’s 7 is defined as T = (C — D)/ (g), where C is the number of concordant
pairs and D is the number of discordant pairs. A pair (i, j) is concordant if the two ranking

methods agree on the ordering of i and j, and discordant otherwise.

The value of 7 lies in the interval [—1, 1], with 7 = 1 indicating perfect agreement between
rankings, T = —1 indicating perfect disagreement (reversed order), and 7 = 0 indicating no corre-
lation in pairwise orderings.

Results are summarized in Tables 4.1 and 4.2. When A = 0.01, corresponding to an effective
degrees of freedom ratio df/p =~ 0.344 (where df:= Zl’.‘zl H;;), NEWFLUENCE estimates exhibit
nearly perfect rank agreement with the true influence ranking (7 ~ 1.00), while classical IFs are
notably less accurate (r = 0.88). In contrast, when 4 = 10, the regularization is strong and the
effective degrees of freedom is substantially smaller (df/p =~ 0.023), placing the model in a low-
dimensional regime. In this setting, both Newfluence and the classical influence estimates achieve
perfect agreement with the true influence ranking.

These results illustrate that classical IFs can be accurate in the low-dimensional regime—i.e.,
when df/p < 1—but fail to match the fidelity of NEWFLUENCE in high-dimensional settings

where the model complexity (as measured by df/p) is non-negligible.

'https://anonymous.4open.science/r/corrected-influence-functions—-2F7E/
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Table 4.1: Kendall’s 7 (std in parentheses) for NEWFLUENCE and classical influence-based esti-

mates across different training set sizes computed over m = 100 unseen test data points for logistic
ridge when A = 0.01, leading to df/p = 0.344.

n p T (NEWFLUENCE) 7 (IF)
250 500 0.99 (0.00) 0.88 (0.01)
500 1000 1.00 (0.00) 0.88 (0.01)

1000 2000 1.00 (0.00) 0.88 (0.00)

Table 4.2: Kendall’s 7 (std in parentheses) for NEWFLUENCE and classical influence-based esti-

mates across different training set sizes computed over m = 100 unseen test data points for logistic
ridge when 4 = 10.00, leading to df/p = 0.023.

n p T (NEWFLUENCE) 7 (IF)
250 500 1.00 (0.00) 1.00 (0.00)
500 1000 1.00 (0.00) 1.00 (0.00)

1000 2000 1.00 (0.00) 1.00 (0.00)

4.4 Derivation of NEWFLUENCE for smooth problems

Here we provide the detailed derivation of ﬁl\iewm. The key is to use one step of Newton
method to get an approximation of ,BA\i, and using Woodbury formula to reduce computational
complexity of the leave-one-out Hessian.

Note that when the objective function L, ;;(B) is smooth, ﬁ\[ is the root of its gradient:

0=VL,;i(Bv) =) {;(B)x;+aVr(By).

J#i

If we replace f in Definition 1.2.1, then its Jacobian is just the Hessian of L,, /;:

Gi(B) = ) x;x]E;(B) + AVr (). 4.7)
J#i

Moreover, since L, /; = L, — {; and VL, (ﬁ) = 0, we have

VL, i(B) = VL.(B) - V&(B) = —t;(B)x:.
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Inspired by the corresponding literature (e.g. [20, 23, 59]), we initiate the Newton iteration at

the full model parameter ﬁ and apply a single update, and call the result ﬁl\ie‘”“’“:

B = B~ G i(B)VLyi(B)
=B+ 6(B)G i(B)x:. (4.8)

Furthermore, we use Lemma 1.6.2 to simplify the calculation of G/ without repeatedly taking

inverse for each i. For now we write G, G ;; and drop their dependence on B:

G, =(G-V6PB)"
= (G —xix] (;(B)™!
, G ¥ xGTGB)
1 —xl.TG‘lx,-f,-(ﬁ) .

( Woodbury Formula) = G™!

Inserting this back into (4.8):

BN = B+ G(B)G i (B)xi
G 'xx;G7'E(B)

=B+6(B) |G + | Xi
1 —xl.TG‘lxi&(ﬂ)

=B+6(B)G 'x; (4.9)

1 - Hj;

where H;; is the (i, i) element of
H = XG™'X"diag[:(B)]}

=1

and diag|[{; (,l?)]?:1 is the diagonal matrix with diagonal elements being {&(B),i = 1,2, ...,n}.
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Replacing ﬁ\i by ,[?I\iewm in the definition of the true influence 7 T yields our definition of 7NeW:

INew — 50( ~l\iewton) A (B‘)

A s A D 1 3
=l |B+ fi(ﬁ)G/i('B)xl’l_—Hﬁ) ~ b ('B)

4.4.1 A Heuristic Lower Bound on Hj;

We show that H;; is bounded below by a constant with non-vanishing probability in the case of

linear regression, i.e., an ERM with squared loss.

H;=x]G " (B)x;
> |lxi|2omin (G (B))

> |lxill* (omax (G (B) "

By standard concentration results for y? distribution (Lemma 1.6.10), we know that P(||x;||> >

1
%) > 1 - e 167, Also, we have

Tmax(G(B)) = |1 XTX + AV r(B)|

<IXI1* + 2V (B)|-

By Lemma 1.6.14, || X|| = Op(1). We claim without proof that, for most commonly used regu-
larizers we have ||V?r(B)|| = Op(1). For example, for the ridge penalty r(B8) = ||8]|> we have
IV2r(B)|| = 2. Therefore H;; > C w.p — 1.
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4.5 Proof of Theorem 4.2.1

4.5.1 Proof of Part 1

It follows from Lemma 3.3 of [15] (with m =t = 1) that ||,B\, ﬁN"W“’“H = OP(%polylog(n)).
Thus

]-New _ ITrue o ( BNewton 50( ﬂA\i)
= C(y0. % B = €(yo. x5 B)

1
— (/0 Vﬂf(yo’ (ﬂNewton + t(ﬂNewton ﬁ"\i)))dt) (ﬂNewton ﬂ i)

— (/0 f (ﬁNeWton + t(ﬂNewton ﬁ\,))dt) xg (ﬁNewton _ B\i)
<C (1 + |y0|s + |x0 Newtonls + |x(—)rﬁA\1| )x()( Newton _B\i)

<4CVCx (1+ (€, ()" + GUIBINCx Tog(m) /p)*) 1B - BillNlog(m)]p

=0, (%Og(”))

(4.10)

with high probability. Here the first inequality follows from Assumption AS. The second inequality
holds with high probability by Assumption A6 and by Lemma 1.6.10, since xo ~ N (0,X) with
Amax(X) < Cx/p, and x is independent of {(y;,x;) : 1 <i < n}, and hence of ﬂA\,-,BI\\?W“’n. In the
last step we use the fact that || B\ill = Op(4/p), and finally the above quoted bound on the error of

the Newton step, i.e., ||,é\l ﬂNeWtonll = OP(#polylog(n)).
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4.5.2 Proof of Part 2

Next, note that by definition of 7NV, we have by a Taylor series expansion that

s (D (BTG x 5 (V4. 5 (B (BTG x.
]-New _ go(ﬂ)gll(f);()(—; Xi s (B'i' fl(lﬂiGPI”)h) _fo(ﬁ) _ ZO(B)&I([_});IOG Xi
~ 6(B)x ]G 'x; o

(4.11)

= 0, (polylog(n)) - (xgG™'x))* = Op (%"g(”))

Here ¢ = 18 + (1 - t)ﬂl\\jl.ewmn for some t € [0,1]. To get the second last equality we use
Lemma 1.6.15 to conclude that |G~ 'x;]| = Op(1), Assumptions A5 and A6 to arrive at (1 —
H;)™' = 0p(1), é(B), 6:(B), t:(¢) = Op(polylog(n)). To get the last equality we again use the
conclusion that |G~ 'x;|| = Op(1) , and finally that xo ~ N (0, £) with 1. () = Cx/p, indepen-
dent of {(y;,x;) : 1 <i <n}. Note also thatn/p — 7.

From (4.10) and (4.11) we then have

]-True _

b(B)(B)xg G 'xi 0 (polylog(n)) _ (4.12)

I—Hil‘ n

By arguments identical to (4.11) we have (1-H;;) ™! = 0p(1), 8y(B), t:(B), Ei(&) = O p(polylog(n)),
and ||G~'x;|| = Op(1), and thus

b(BYE(B)x;G'xi 0., (PoWlog(n)
1 - Hj - Vn .

This completes the proof of part 2. In fact, for many choices of loss functions, such as squared

polylog(n) )

loss, logistic loss, or Poisson negative log likelihood the above quantity is in fact ®p ( T

We omit a more detailed analysis here.
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4.5.3 Proof of Part 3

Since we are in the setup of generalized linear models,
Vpt(B.z0) = xolo(B),  Vpl(B.z:) = xili(P).

Thus, definition of 7' and (4.12) together imply that

IF polylog(n)
Z-True _ =0 )
1- H,'l' P ( n )

from where the conclusion of Part 2 follows immediately since 0 < 1 — H;; < 1.

4.6 Concluding Remarks

Interpreting today’s black-box systems—ranging from foundation models to the latent “world
models” that power model-based reinforcement learning—requires attribution tools whose guar-
antees scale with model dimensionality. In this work we have shown that the classical influence-
function approximation of [115] incurs a systematic, datapoint-specific bias in high dimensions:
it underestimates the true leave-one-out effect by a factor 1 — H;;. To remedy this, we proposed
NEWFLUENCE, a single-Newton-step correction that preserves the computational economy of in-
fluence functions while eliminating their high-dimensional bias. Our theory establishes consis-
tency under the proportional asymptotics p = n, and experiments with high-dimensional logistic
ridge regression confirm near-perfect rank agreement between NEWFLUENCE and ground truth,
whereas the classical estimator degrades markedly.

Although our theoretical analysis presently targets generalized linear models with strongly
convex, twice-differentiable objectives, the Newton-step correction is model-agnostic. We there-
fore view NEWFLUENCE as a first step toward principled influence estimation in the non-convex,
non-smooth, and sequential settings that characterize modern Al models.

We hope that recognizing and correcting the high-dimensional bias documented here will en-
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courage the community to reassess existing interpretability tools and to design influence-aware
debugging, data-valuation, and alignment pipelines that scale with the complexity of contempo-

rary Al systems.
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Future Research Directions

This dissertation develops a unified framework for Newton-based approximate re-optimization
with finite-sample guarantees under the proportional high-dimensional asymptotic regime. The
framework is instantiated in three settings: certified machine unlearning for smooth objectives,
approximate cross-validation for non-smooth problems, and bias-corrected influence-based
methods for data attribution.

One important research direction is the storage and computation of the Hessian-inverse operation
(O(p?) in space, O(p?) in time). As we demonstrated in Chapter 2 and 3, the approximate
solution Bpert for the re-optimization problem is useful if it reaches an accuracy of 0, (n‘%) for
machine unlearning (O, (n_%) for ALO), measured by the ¢, error norm of the estimated
coefficients. To achieve such accuracy, one might not need to calculate the Hessian inverse
exactly. For example, in the scenario called online unlearning where unlearning requests arrive in
a sequential manner, the Hessian inverse could also be approximately calculated, for example
using a few steps of the Newton-Schulz algorithm. In fact, the Newton updates (and the ALO and

Newfluence formulae) can be calculated if we can efficiently obtain the matrix-vector product

-1
pert

G—l

pert? for arbitrary vector v, where G

is the Hessian inverse for the re-optimization problem.
Developing such algorithms could avoid the Hessian-inverse calculation and storage altogether.
Another research direction is the certifiability framework itself for machine unlearning. Just like

the literature of differential privacy where various notions of “privacy” have been proposed for

different settings, so is “certifiability” and the right notion of it may also depend on real-world
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constraints, such as potential privacy leakage channels, adversarial attack methods, policies and
regulations. A comprehensive study and comparison of various definitions of certifiability and
accuracy (sometimes referred to as “utility”’) would benefit the development of machine
unlearning algorithms as well as regulations.

Finally, since modern ML and Al models are essentially high-dimensional non-convex, it would
be a major breakthrough if the Newton-based re-optimization method could be generalized to
non-convex problems in scale. Existing methods, such as linearization ([120]), damping (adding
an identity matrix to the Hessian) and cubic-Newton [141] could be helpful in this direction.
This dissertation develops a unified framework for Newton-based approximate re-optimization
with finite-sample guarantees under the proportional high-dimensional asymptotic regime. The
framework is instantiated in three settings: certified machine unlearning for smooth objectives,
approximate cross-validation for non-smooth problems, and bias-corrected influence-based
methods for data attribution.

A primary direction for future research concerns the computational and storage complexity
associated with the Hessian inverse, which requires O (p?) memory and O(p?) time in general.
As demonstrated in Chapters 2 and 3, the approximate re-optimization solution ﬁpert is practically
useful once it achieves an ¢, error on the order of o p(n_l/ 2) for machine unlearning (and

o p(n‘l/ 2) for approximate leave-one-out). Achieving this level of accuracy may not require
computing the Hessian inverse exactly. For instance, in online unlearning scenarios, where data
deletion requests arrive sequentially, the inverse Hessian can be updated approximately using
iterative schemes such as the Newton-Schulz method. More generally, the Newton updates (as

well as the ALO and Newfluence approximations) can be implemented as long as one can

-1

pert V> Where G-, denotes the inverse

efficiently compute matrix-vector products of the form G pert

Hessian associated with the perturbed problem. Developing scalable algorithms that approximate
such operations without explicitly forming or storing the inverse Hessian is therefore a promising
direction.

A second important direction concerns the notion of certifiability itself in machine unlearning.
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Analogous to the multiple formalizations of privacy in the differential privacy literature, the
appropriate definition of certifiability may vary depending on the application context. Factors
such as adversarial capabilities, potential information leakage channels, and regulatory
requirements all influence what constitutes a meaningful guarantee. A systematic investigation of
different notions of certifiability, along with their associated accuracy (or “utility”) trade-offs,
would provide valuable guidance for both algorithm design and policy development.

Finally, extending the proposed Newton-based re-optimization framework to high-dimensional
non-convex models remains a significant open challenge. Since modern machine learning
systems are typically characterized by large-scale, non-convex objectives, such an extension
would substantially broaden the applicability of the methodology. Potential directions include
incorporating linearization techniques (e.g., [120]), damping strategies (such as adding a multiple
of the identity to the Hessian), and non-convex optimization methods like cubic-regularized
Newton schemes [141]. Establishing theoretical guarantees and scalable implementations in these

settings would represent a major advancement.
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Appendix A: Additional Contributions in Applied Probability

In addition to the theoretical analysis of Newton re-optimization in high dimensions, I have
also collaborated with my co-advisor Victor de la Pefia in expectation and moment estimation in
applied probability.

First, in a recent work [142], we studied the Gini coefficient, a widely adopted inequality
measure in numerous fields, such as economics ([143]) and demography ([144]). Given a dataset

{zi}., € Ry, the Gini coefficient is defined as

A lei;thn |zi — z;]
~ 2n(n-1z

where 7 := % 2.y Zi is the sample mean. We established the unbiasedness of the Gini coefficient

under Gamma population with density p.(x) = %x”‘le‘ﬁxlxzo, where @ > 1,8 > 0 are the

parameters of the Gamma distribution and I'(«@) := /Ooo x@ e Axdx.

Theorem A.0.1 (Unbiasedness of Gini coefficient). Suppose z; are independently drawn from
Gamma(a, B) distribution, then the Gini coefficient G is an unbiased estimator of the popula-

; o ; ._ Elzi-2]
tion Gini coefficient G := 5

In a more recent work ([145]), we further proposed an exact formula for the bias and higher or-
der moments of a broader class of mean-power-normalized statistics that takes the Gini coefficient

as a special case:

T(X)
o X0
V(X) := (A.1)
r , X=0
Here T'(X) is the pre-normalization statistics of interest with 7(0) = 0, S,, := 3", X; is the sample
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sum, & > 0 is a finite power, and > 0 is introduced to avoid division by zero. Common choices
are r = 0 or 1 and is interpreted as the inequality level when all observations are zero, e.g. in a
hypothetical country where everyone earns zero income. The value of r may be decided by domain
knowledge or statistical insight. If we use Er to refer to taking expectation over distribution F', and
define L(Q) := /R e~™dF (x) to be the Laplace transform of F, then we have the moment formula

in the following theorem (Theorem 2.1 of [145]).

Theorem A.0.2. Let X = (X1,...,X,) be a random sample consisting of independent random
variables X; ~ Fi(x), where {F;(x)}"_, are CDFs on [0, o) with Laplace transforms L;(1). Let
V(X) have the form of (A.1), Then, with FW := [T, Fl.u) the joint CDF of the exponentially

tilted distributions, we have:

ﬁ L;(2)
i=1

_ L * a-1 s o
EV(X) = X /O A Epo (T(X))dd +r DP(X, =0),

provided all integrals involved are finite.

As a special case, this theorem provides an alternative proof of the unbiasedness of Gini coef-
ficient under Gamma population in [142]. Details can be found in Corollary 2.3.1 of [145].

Also as special cases we have moment formulae for the Gini coefficient and the generalized
entropy index.

Although the large sample behavior of G is well known, exact evaluation of its bias and higher
moments for finite samples is largely unexplored. [146] suggests the presence of a downward bias
of G for heavy-tailed distributions, especially for small samples. We now provide an exact formula

for Er(G), the ratio Ry = @ and the second moment Ex(G?2), for general sample distribution.

Theorem A.0.3. For a non-negative i.i.d sample X = (Xi,...,X,) ~ F with n > 2, we have

(assuming all expectations involved are finite):

ErG = _/ GMD(FW)L"(A) dA + rP"(X; = 0). (A.2)
0
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where FW is the exponential tilting of F, L(A) is the Laplace transform of F, and GM D(-)

is the Gini Mean Difference: GMD(F) := /RZ |x1 — x2| dF (x1) dF (x2) = Bp|X| — X3

2. Let g(A) := GMD(FW)/GMD(F) and ur := fooo xdF (x), then we have

Ry = EFGG - nuF/OOg(ﬂ) L") dd + rB X =0) (A.3)
0
3 .
BrG?= — L / A12n(n - 1) &(FD) + 4n(n - 1)(n - 2) & (FD)
4(71 - 1)2 0

+n(n-1)(n=2)(n-3)&F)] L"(1) d1 + r?P'(X; = 0),

where we let £ (F) := Ep|X| - Xa||X3 - X4| = [GMD(F)]%, &1(F) := Bp| X - X2||X; - X3],

and & (F) = Ep|X) — Xo|| X1 — X2| = 2Var(X)).

The generalized entropy index was proposed by [147] as a decomposable entropy measure and

a generalization of the traditional Theil indices. It can be expressed as

(0 = oe( ) o0 =13 3 o[

i=1

1.(X) = # Z [(%) - 1] c¢{0,1). (A.4)

Ip(X) and I;(X) are known as the Theil-L. and Theil-T index, respectively. We now provide a

formula for the generalized entropy index for a Gamma sample.

Theorem A.0.4 (Expectation of Generalized Entropy Index). For an i.i.d. sample X from Gamma(a, 3)

distribution with density f(x) = %x“'le_% , X > 0, we have the following mean formulae for the

generalized entropy index:

1. For positive integer ¢ # 0,1, Bl (X) = C(cl_l) ["le((oi“‘zsc) - 1] )

2. (Theil-L) Ely(X) = ¢(na) — log(n) — ¢y (a), where y(z) := d%log I'(z) is the digamma

function.
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3. (Theil-T) EL(X) = =Sy (a+1) - Ll)z — Y (na) + log(n).

a (na—

As a direct application of the exact bias formula, we can use it for debiasing the Gini coefficient
G. Specifically, we construct a new estimator, G924 by subtracting an estimate of the bias
from G, utilizing the expectation formula provided in Theorem A.0.2. This method can be readily
extended to other statistics of the form (A.1), provided that the underlying distribution is partially
known. To be specific, suppose we have i.i.d. Fy-distributed samples X = (X1, ..., X;;) with known

parameter 6. We can debiase G by subtracting the estimated bias bias,(6) as follows:
Gl .= G — bias,(h), (A.5)

where § := §(X) is an estimate of 6 and bias,(6) := ]EFQGA — G (6). Here, we can explicitly calcu-
late the value Epgé. We conducted several numerical experiments on Pareto distributed samples,

and obverved that using MLE as the plug-in estimator 6 yields lowest bias.
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