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Abstract

Ginzburg–Landau Functionals and Reaction–Diffusion Equations in the Large-Graph Limit

Edith Jin Zhang

Graphons are a notion of infinite graphs that are spatially continuous rather than discrete (as are the

nodes of a graph). They have emerged as a mathematical formalism that attempts to preserve the

essential properties of graphs as their sizes approach infinity. In this dissertation, we consider two

problems on graphs, and we let the size of the graphs approach infinity. We define graphon limits

of these two graph problems, and we show that the limiting problems on graphons are consistent

with their graph counterparts in the sense that the solutions of the graph problems converge to the

solutions of the limiting graphon problems.

In Chapters 3–6, we consider the problem of minimizing graph Ginzburg–Landau (GL) func-

tionals. Graph GL functionals are relaxations of graph-cut functionals on graphs, and they have

yielded a variety of insights in image segmentation and graph clustering. For sequences of graphs

𝑊𝑛 that converge to a limiting graphon 𝑊 , we show that the graph GL functional Γ-converges to

a continuous and nonlocal functional that we call the graphon GL functional. We also show that

graphon GL functionals Γ-converge, in a sharp-interface limit, to a graphon total variation (TV)

functional. Using the Γ-convergence results, we conclude that the minimizers of the Γ-converging

sequences of functionals converge to the minimizers of their limiting functionals. To obtain our

convergence results, we require an extension of the underlying function spaces; we discuss the need

for a probabilistic interpretation (via Young measures) of the variational problems in the graphon

limit.



In Chapters 7–8, we study graph RD equations, which are certain systems of differential equa-

tions that are defined on the nodes of a graph. Consider a sequence of graphs that converges to a

limiting graphon. We show that the solutions of the sequence of graph RD equations converge to

the solution of a limiting graphon RD equation, which we define to be a continuous RD equation

that has a nonlocal diffusion term. Furthermore, we show that a sequence of stochastic particle

processes (that consist of a random walk and a birth-death process) on the sequence of graphs

converges to the solution of the graphon RD equation.

The graphon limits of graph problems can be viewed as continuous and nonlocal counterparts

of discrete graph problems, which tend to be large systems of coupled equations. Our results

establish precedent and intuition for future work on graphon limits of graph problems, and they

build the connection between graphon theory and nonlocal analysis.
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Chapter 1: Introduction

1.1 Motivation and background

The field of applied graph theory is rich and increasingly-studied [1]. Graphs describe systems

of individuals that have heterogeneous interactions; examples of real-world graphs include social

networks, gene-regulatory networks, and the internet [2, 3, 4, 5, 6, 7]. These graphs can have bil-

lions of nodes. Such large graphs are difficult to visualize and understand, and they are intractable

when using traditional computational techniques.

In this dissertation, we study two graph-theoretic problems using graphons, which are a type

of infinite graph. A graphon is a symmetric and measurable function 𝑊 : [0, 1]2 → R that is a

continuum limit of adjacency matrices for increasingly-large graphs [8]. Graphons have become

popular in both applications [2, 3, 4, 5, 6, 7] and theoretical studies [9, 10, 11, 12, 8].

There are several reasons to consider graphon limits of graph problems. Graph-based models

and computations ought to be robust under small changes in a graph’s structure (e.g. the addition

or removal of a vertex or edge), and they should work for graphs of different sizes that have similar

underlying structure [13]. Furthermore, solving problems on large graphs is often computationally

intractable. Graphons provide a way to compare different networks that have different sizes and

densities; one consequence is that a large graph may be approximated by a smaller one that has

similar structure [7].

Furthermore, because graphons are a familiar object in nonlocal analysis (see Section 2.3), one

can use computational techniques from nonlocal analysis (e.g., see [14]) for applications that in-

volve large graphs. Graphons have also been employed in mean-field approximations of dynamical

systems on graphs [15, 2]. Mean-field systems are a method that is commonly used in statistical

physics to model continuum limits of a large number of agents that each interact with the rest of
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the population as a whole. Used in this way, graphons can describe the (possibly heterogeneous)

interactions between a large number of interacting agents [16].

In this dissertation, we investigate two related problems that graphons are well-suited to due to

their continuous nature. In both cases, we show that the problem on large graphs can be approxi-

mated by a limiting problem on graphons. First is a class of optimization problems on graphs, and

second is a class of partial differential equations (PDEs) on graphs.

Optimization problems on graphs involve minimizing an energy functional that is defined on

functions on graphs (i.e., functions that assign a value to each node of a graph). Because graph

optimization problems are discrete, they are combinatorial in nature. In general, combinatorial

problems are harder to solve than continuous problems. Approximating optimization problems

on graphs by their limiting problems on graphons opens new avenues for approximating the min-

imizers of the graph problems. Graphons are well-suited to optimization problems because it is

possible to continuously deform a graphon and thereby calculate variations of graphon function-

als [8, Section 16.2].

One well-known optimization problem on graphs is the minimum-cut problem [17]; it involves

minimizing the graph-cut functional. The graph-cut functional is used in applications such as com-

munity detection [18, 19], image segmentation [20, 21, 22, 23, 24], among other applications. It

is also closely related to the maximum-flow (max-flow) problem on networks [25, 26, 27] and to

the total-variation (TV) functional [28]. We study the graph Ginzburg–Landau (GL) functional,

which is an approximation to the min-cut functional, and we develop the theory behind a graphon

GL functional and a related graphon TV functional. Graphons connect graph functionals to nonlo-

cal functionals [29, 30]. For instance, one can view a graphon TV functional (which we will define

in Chapter 3) as a nonlocal perimeter functional [31, 32, 33].

The second set of problems that we consider in the graphon limit relates to reaction–diffusion

(RD) equations on graphs and graphons. RD equations are partial differential equations that de-

scribe the concentration of a substance in which particles diffuse (i.e., travel) and react (i.e., appear

and disappear). They have been used in fields such as biology, ecology, chemistry, and physics [34,
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35, 36, 37]. RD equations are gradient flows of energy functionals of which the GL functional is a

special case. (The gradient flow of the GL functional is called the Allen–Cahn equation, which is

an RD equation.) In other words, solving RD equations is a time-dependent (i.e., dynamical) prob-

lem that is related to the time-independent (i.e., steady-state) GL-minimization problem discussed

above.

1.2 Contributions

Our main contributions consist of two results relating to graphon GL functionals, and three

results relating to graphon RD equations. For all our results, suppose that a sequence of graphs

{𝑊𝑛} converges with respect to cut norm (which is defined in Chapter 2) to a limiting graphon𝑊 .

Our contributions that relate to graphon GL functionals are as follows. Corollary 3 establishes

that the sequence of graph GL functionals corresponding to the graphs 𝑊𝑛 Γ-converges to the

graphon GL functional corresponding to the graphon 𝑊 . Theorem 5.2.1 establishes that, for a

fixed graphon 𝑊 , the graphon GL functional Γ-converges to a graphon TV functional. We prove

accompanying compactness properties of the domains of the functionals, which guarantees that the

minimizers of the graph GL functionals converge to the minimizers of the graphon GL functionals,

which in turn converge to the minimizers of the graphon TV functionals.

Our contributions that relate to graphon RD equations are as follows. Theorem 7.2.1 shows

that the solutions of the sequence of graph diffusion equations corresponding to the sequence {𝑊𝑛}

converges to the solution of the graphon diffusion equation corresponding to the limiting graphon.

The convergence occurs with a linear rate of convergence in 𝐿𝑝 norm for 𝑝 ≥ 1. Theorem 7.3.1

shows that the solutions of the sequence of graph RD equations corresponding to the sequence

{𝑊𝑛} converge to the solution of the limiting graphon RD equation corresponding to the graphon

𝑊 . The convergence occurs in 𝐿𝑝 norm for 𝑝 ≥ 1 and is linear. Lastly, Theorem 8.0.1 is a

(weak) law of large numbers (LLN) result that shows that birth-death processes on the sequence

of graphs {𝑊𝑛} converge in probability to the solution of a graphon RD equation corresponding to

the graphon𝑊 .

3



In extending these two related graph problems to their graphon limits, we help develop the the-

oretical groundwork for graph-to-graphon limits that can be used for other optimization problems

and PDEs, among other problems, on graphs.

1.3 Organization

Chapter 2 defines graphons, including the set of graphons that are associated to graphs; the

relevant norm of convergence, called cut norm, and its properties; and different function spaces

that graphons may reside in. Chapter 2 also discusses how graphons fit into a functional-analytic

framework; they are kernels corresponding to nonlocal operators.

In Chapter 3, we introduce and set up the problem of Γ-convergence of graphon GL func-

tionals. We define the relevant functions and functionals on graphs and graphons, the concept

of Γ-convergence, and Young measures. We discuss the role of Young measures in our graphon

functionals and their importance for compactness results.

In Chapters 4 and 5, we state our Γ-convergence results for the graph GL functional. Chapter

4 is brief, while Chapter 5 is more involved and deals with issues of boundedness and scaling.

Chapter 7 centers on the convergence of the solutions of sequences of graph RD equations to

the solution of a limiting graphon RD equation. We define RD equations and the graphon diffusion

operator, and state the graph-to-graphon convergence results for the graph diffusion equation and

the graph RD equation.

In Chapter 8, we define a stochastic process on graphs and prove a law of large numbers

(LLN) result that guarantees that the stochastic process converges in probability to the solution

of a limiting graphon RD equation.

4



Chapter 2: Graphons

2.1 Graphons

A graphon, which is a portmanteau of “graph" and “function", is a bounded, measurable, and

symmetric function 𝑊 : Ω2 → R, where Ω ⊂ R𝑑 is a connected and bounded domain. The set of

graphons is W = {𝑊 : Ω2 → R}. Throughout this paper, we take Ω = (0, 1). The closed interval

[0, 1] is typically used in the graphon literature, whereas the open interval (0, 1) is typically used in

functional analysis in order to avoid complications relating to isolated points. In the present paper,

it makes no difference because 𝑊 is always integrated. We use the open interval to be consistent

with the conventions of functional analysis, which provides the main technical machinery in our

paper. More generally, one can choose Ω to be any domain in R𝑑 .

We consider graphs that are weighted, undirected, and simple (i.e., there are no self-edges or

multi-edges). Let 𝑊𝑛 denote a graph with the node set [𝑛] = {1, . . . , 𝑛}. It has an associated

adjacency matrix 𝐴(𝑛) with entries 𝐴(𝑛)
𝑖 𝑗

. We associate the graph 𝑊𝑛 with a function 𝑊𝑛 that takes

the constant value 𝐴(𝑛)
𝑖 𝑗

on the product interval 𝐼𝑖× 𝐼 𝑗 , where 𝐼𝑖 = [(𝑖−1)/𝑛, 𝑖/𝑛) for 𝑖 = 1, . . . , 𝑛−1

and 𝐼0 = (0, 1/𝑛). The relationship between the adjacency matrix and the graphon is thus

𝑊𝑛 (𝑥, 𝑦) =
{
𝐴
(𝑛)
𝑖 𝑗

for (𝑥, 𝑦) ∈ 𝐼𝑖 × 𝐼 𝑗 , 𝑖, 𝑗 ∈ {1, . . . , 𝑛}
}
. (2.1)

We have thereby associated a graph with a step function by associating the 𝑖th node with the interval

𝐼𝑖 and associating each edge (𝑖, 𝑗) with the product interval 𝐼𝑖 × 𝐼 𝑗 . In this way, one can identify

each finite graph 𝑊𝑛 with a graphon, which we will also denote by 𝑊𝑛 (see Remark 2.2.1). We

refer to a graphon that corresponds to a finite graph as a step graphon.

In Figure 2.1, we show an example graph and its corresponding adjacency matrix and step

5



graphon. By convention, the axes of the graphon begin at the upper left.

1 2

34

The 4-cycle graph.

©­­­­­­­­«

0 1 0 1

1 0 1 0

0 1 0 1

1 0 1 0

ª®®®®®®®®¬
Its adjacency matrix.

1

1

2

2

3

3

4

4

Its corresponding step graphon.

Figure 2.1: An example of a graph, its associated adjacency matrix, and its corresponding step
graphon.

One can view any graphon 𝑊 : (0, 1)2 → R as a large-graph limit by thinking of (0, 1) as

a set with infinitely many nodes and taking 𝑊 (𝑥, 𝑦) to be the weight of the edge between nodes

𝑥 ∈ (0, 1) and 𝑦 ∈ (0, 1). One can use graphons to represent both (1) families of graphs, where a

finite graph is a randomly-drawn sample from a graphon, and (2) limits of sequences of growing

graphs. We employ the latter interpretation of graphons.

2.1.1 𝐿𝑝 graphons

Lovasz’s original formulation of graphons [8] are known as “𝐿∞ graphons" because they are

functions in the space

𝐿∞((0, 1)2) = {𝑊 : ∥𝑊 ∥∞ := ess sup𝑥,𝑦∈(0,1)2 |𝑊 (𝑥, 𝑦) | < ∞} . (2.2)

This set of 𝐿∞ graphons [8] arise as limits of dense sequences of graphs1, which are sequences

of graphs whose number of edges increase as Θ(𝑛2) in the number 𝑛 of nodes, which means that

the number of edges is bounded above by 𝑐1𝑛
2 and below by 𝑐2𝑛

2 for some constants 𝑐1, 𝑐2 > 0.

It is common to denote the set of 𝐿∞ graphons by W and to use W0 ⊂ W to denote the set of

graphons that take values in [0, 1]. However, one can identify any 𝑊 ∈ W with its normalized

1Density is a property of sequences of graphs, rather then a property of graphs themselves, because the definition
of density is based on the rate at which the number of edges increases in comparison to the number of nodes.
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version𝑊/∥𝑊 ∥∞ ∈ W0.

Sequences of growing graphs in many applications and real-world situations are sparse [18], but

applications of these 𝐿∞ graphons typically involve only mean-field models [16, 38]. To combat

this issue, researchers have defined so-called 𝐿𝑝 graphons, which arise as limits of sequences of

sparse graphs. 𝐿𝑝 graphons are obtained by normalizing graphs by their edge density, and they

are associated with operators on 𝐿𝑞 ((0, 1)2).

Sequences of graphs whose number of edges increase as 𝑜(𝑛2) (i.e., grows at a rate strictly less

than 𝑐𝑛2 for some constant 𝑐) converges to the zero graphon𝑊 ≡ 0 because the edge set is a set of

measure 0 in the 𝑛→ ∞ limit. One can see this because the Riemann sum

∫ 1

0

∫ 1

0
𝑊𝑛 (𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 =

1
𝑛2

𝑛∑︁
𝑖, 𝑗=1

𝐴
(𝑛)
𝑖 𝑗

is nonzero yet bounded in the 𝑛 → ∞ limit only if the number of nonzero terms in the adjacency

matrix 𝐴(𝑛) = {𝐴(𝑛)
𝑖 𝑗

}𝑛
𝑖, 𝑗=1 is Θ(𝑛2).

To extend the theory of graphons to sparse sequences of graphs, researchers introduced 𝐿𝑝

graphons [39, 40], which allow graphon theory to encompass a much wider variety of sparse-graph

sequences. The set of 𝐿𝑝 graphons extends the set of 𝐿∞ graphons to the space

𝐿𝑝 ((0, 1)2) =
𝑊 : ∥𝑊 ∥𝑝 :=

(∫ 1

0

∫ 1

0
|𝑊 (𝑥, 𝑦) |𝑝 𝑑𝑥 𝑑𝑦

) 1
𝑝

< ∞
 (2.3)

for 𝑝 ≥ 1.

𝐿𝑝 graphons are defined in [41, Definition 2.7], and sequences of graphons that converge to an

𝐿𝑝 graphon are characterized in [41, Theorem 2.8]. For the purposes of the present paper, we view

graphons as functions in 𝐿𝑝 ((0, 1)2) for 𝑝 ∈ [1,∞], meaning that we assume whatever necessary

properties on the underlying graphs that allow them to be 𝐿𝑝 functions.

When Ω is a bounded domain, 𝐿𝑝 (Ω) ⊂ 𝐿𝑞 (Ω) for 𝑝 > 𝑞 ≥ 1. Therefore, the set of 𝐿∞

graphons, which includes all dense graphs and all bounded-degree graphs, is contained in the set
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of 𝐿𝑝 graphons. Similarly, every 𝐿𝑝 graphon is also an 𝐿1 graphon. In the proofs of limits (2) and

(3) (see Sections 4.2 and 5.1), we assume that 𝑊𝑛 and 𝑊 are in 𝐿1. In the proof of limit (4) (see

Section 5.2, we assume that𝑊𝑛 and𝑊 are 𝐿∞.

Researchers have also begun to use the traditional 𝐿∞ graphons as limit objects of sequences

of so-called “very sparse" graphs (i.e., sequences of graphs with bounded degree or bounded mean

degree as 𝑛→ ∞ [39, 42]).

In this dissertation, we think of graphons simply as 𝐿𝑝 functions, for 𝑝 ∈ {1, 2, . . . ,∞}, rather

than as limits of dense or sparse sequences of graphs.

2.2 Cut norm and convergence

The graphon cut norm (which is also known as the “cut norm" and is closely related to the

graph-cut functional) is the choice of topology for the space of graphons. Namely, both graphs and

graphons converge to graphons with respect to cut norm. We introduce the graph-cut functional

(which is sometimes called simply a “cut functional") before introducing the cut norm.

Definition 2.2.1 (graph-cut). For a partition {𝑆, 𝑆𝑐} of the nodes [𝑛] of a graph with adjacency

matrix 𝐴(𝑛) , the graph-cut is the functional

Cut(𝑆, 𝑆𝑐) =
∑︁

𝑖∈𝑆, 𝑗∈𝑆𝑐
𝐴
(𝑛)
𝑖 𝑗
. (2.4)

Equivalently, we express the graph-cut functional in terms of a graph function 𝑢 that takes values

in the set {−1, 1} using the expression

Cut(𝑢) = 1
8

𝑛∑︁
𝑖, 𝑗=1

𝐴
(𝑛)
𝑖 𝑗

|𝑢𝑖 − 𝑢 𝑗 |2 with 𝑢 : [𝑛] → {−1, 1} . (2.5)

We define the cut norm ∥ · ∥□ on the space of graphons. The cut norm is closely related to

the graph-cut functional, and it induces a metric such that W is a compact metric space [43].

Therefore, any bounded sequence {𝑊𝑛}𝑛∈N of graphons has a subsequence 𝑊𝑛′ such that ∥𝑊𝑛′ −
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𝑊 ∥□ → 0.

Definition 2.2.2. The cut norm of a graphon𝑊 is

∥𝑊 ∥□ = sup
𝑆⊆(0,1)

∫
𝑆×𝑆𝑐

𝑊 (𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 . (2.6)

Definition 2.6 highlights the similarity between the cut norm and the graph-cut functional.

When a graphon is a step graphon 𝑊𝑛 (see equation (2.1)), the cut norm (2.6) becomes the finite

sum

∥𝑊𝑛∥□ =
1
𝑛2 sup

𝑆⊆[𝑛]

∑︁
𝑖∈𝑆, 𝑗∈𝑆𝑐

𝐴
(𝑛)
𝑖 𝑗
,

which is the maximum graph-cut, normalized by 1/𝑛2, over all partitions {𝑆, 𝑆𝑐} of the nodes of

𝑊𝑛. There are other equivalent definitions of the cut norm (2.6) [44]. A particularly useful one for

the present paper is

∥𝑊 ∥□ = sup
𝜙,𝜓∈𝐿∞ ((0,1);[−1,1])

∫ 1

0

∫ 1

0
𝑊 (𝑥, 𝑦)𝜙(𝑥)𝜓(𝑦) 𝑑𝑥 𝑑𝑦 , (2.7)

where

𝐿∞((0, 1); [−1, 1]) = { 𝑓 : (0, 1) → [−1, 1]} . (2.8)

By normalizing 𝜙 ∈ 𝐿∞((0, 1)) to 𝜙/∥𝜙∥∞ ∈ 𝐿∞((0, 1); [−1, 1]), we obtain the equivalent defini-

tion

∥𝑊 ∥□ = sup
𝜙,𝜓∈𝐿∞ ((0,1))

1
∥𝜙∥∞

1
∥𝜓∥∞

∫ 1

0

∫ 1

0
𝜙(𝑥)𝜓(𝑦)𝑊 (𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 . (2.9)

Remark 2.2.1. Any finite weighted graph 𝑊𝑛 : [𝑛] → R is at cut-norm distance 0 from its cor-

responding step graphon 𝑊𝑛. Therefore, we use the notation 𝑊𝑛 for both objects. Similarly, each

finite symmetric step function on (0, 1)2 → R corresponds to a graph. In concert with the fact that

step functions are dense in 𝐿𝑝, one can approximate any graphon arbitrarily closely in cut norm

by a finite graph. See [45, Section 3.3], [44, Remark 4.6], and [43].

Remark 2.2.2. We use the notation “
□→" to denote convergence in cut norm. Accordingly, 𝑊𝑛

□→
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𝑊 means that ∥𝑊𝑛 −𝑊 ∥□ → 0.

Remark 2.2.3. The cut norm is equivalent to the operator norm of the kernel operator that is in-

duced by the graphon 𝑇𝑊 ( 𝑓 ) =
∫
Ω
𝑊 (𝑥, 𝑦) 𝑓 (𝑦) 𝑑𝑦, which is a linear operator 𝑇𝑊 : 𝐿∞((0, 1)) →

𝐿1(0, 1). Here, equivalence of norms ∥ · ∥𝐴 and ∥ · ∥𝐵 is defined by the property 𝑐1∥ · ∥𝐴 ≤ ∥ · ∥𝐵 ≤

𝑐2∥ · ∥𝐴 for some constants 𝑐1, 𝑐2. In fact, the terms “graphon" and “kernel" are sometimes used

interchangeably [44].

Remark 2.2.4. It is known that ∥𝑊 ∥□ ≤ ∥𝑊 ∥1 for any graphon 𝑊 [44], where ∥ · ∥1 is the

𝐿1(Ω2,R) norm. Additionally, for any step graphon with 𝑛 steps, ∥𝑊𝑛∥1 ≤
√

2𝑛∥𝑊𝑛∥□ [8, Equa-

tion 8.15]. Consequently, for each step graphon, the 𝐿1 norm and cut norm are equivalent for

finite 𝑛. However, this is not true when 𝑛→ ∞.

2.3 Graphons as nonlocal operators

Graphons are well-suited to the study of PDEs on graphs because they are spatially-continuous

objects: they allow us to frame graph problems as functional-analytic problems, which opens up

the possibility for more sophisticated problem-solving techniques than those that are available

for discrete problems. For example, graphons have been used as kernels that induce nonlocal

operators [46, 47, 48, 49]. The class of nonlocal operators that we are interested in are operators

of the form

L𝑊 (𝑢) (𝑥) =
∫
Ω

𝑊 (𝑥, 𝑦)
(
𝑢(𝑦) − 𝑢(𝑥)

)
𝑑𝑦 , (2.10)

where Ω is a bounded and connected domain in R𝑛 and 𝑊 (𝑥, 𝑦) : Ω2 → R is a kernel function

that encodes the nontrivial connectivity structure. The operator L𝑊 is called nonlocal because it

depends on the difference 𝑢(𝑦) − 𝑢(𝑥) for values of 𝑥 and 𝑦 that are not necessarily close to each

other. In contrast, a local operator is an operator whose value at a single point depends only on the

value (or derivatives) of a function at a single point.

If 𝑊 ∈ 𝐿𝑝 ((0, 1)2), then 𝑊 is associated with an integral operator on 𝐿𝑞 ((0, 1)2) for 𝑞 =
𝑝

𝑝−1 .

(Similarly, if𝑊 ∈ 𝐿∞((0, 1)2, then it is associated with an integral operator on 𝐿1((0, 1)2).)
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Chapter 3: Ginzburg–Landau and Total-variation Functionals on Graphons

3.1 Introduction

The classical min-cut problem entails partitioning the set of nodes of a graph into two subsets,

𝑆 and 𝑆𝑐, while minimizing the number of edges that one “cuts" to separate 𝑆 and 𝑆𝑐. The min-cut

problem involves minimizing a graph-cut functional, which is equivalent to a graph TV func-

tional [28] (see Remark 3.2.1). As the size of available data increases, increasingly large graphs

(with millions of nodes or more) occur in applications. Analyzing large graphs is computationally

expensive. For an 𝑛-node graph (i.e., a graph of “size" 𝑛), the min-cut problem involves optimizing

over 2𝑛 possible indicator functions, which each correspond to a possible partition {𝑆, 𝑆𝑐}. This

computational cost is a major obstacle in many applications.

One attempt to simplify computations in the min-cut problem is to use the graph Ginzburg–

Landau (GL) functional. The GL functional is a relaxation of a graph-cut functional that is defined

on [−1, 1]-valued functions instead of on {−1, 1}-valued functions. The Γ-convergence of the

graph GL functional to the graph TV functional (equivalently, to the graph-cut functional), which

was proved in [50], justifies the use of the graph GL functional as a relaxation of the graph TV

(i.e., graph-cut) functional. However, although the graph GL functional is easier to minimize than

the graph-cut functional, the minimization process still relies on approximate algorithms [51, 52,

53, 54].

In the present paper, we further relax the graph-GL minimization problem to the continuum

using a large-graph limit. That is, we evaluate the limiting minimization problem on functions

(0, 1) → [−1, 1] rather than on functions {1, . . . , 𝑛} → [−1, 1]. We use the idea of a graphon [8],

which generalizes a graph’s adjacency matrix (which is a linear operator that acts on vectors in R𝑛)

to a linear operator that acts on functions in 𝐿𝑞 (0, 1). This viewpoint allows us to treat problems
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that involve large graphs as functional-analytic problems.

To consider the convergence of graph GL functionals in the graphon limit, we use a central

tool in variational calculus that is known as Γ-convergence. Provided the domain of the under-

lying function space is compact, the Γ-convergence of a sequence of functionals 𝐹𝑛 to a limiting

functional 𝐹 guarantees that the minimizers of 𝐹𝑛 converge to the minimizer of 𝐹 [55].

The original GL theory is a physical model for phase transitions in superconductors [56, 57].

The GL functional, which is sometimes called the Allen–Cahn functional or the Modica–Mortola

functional in some applications [58, 59, 60], is

GL𝜖 (𝑢) = 𝜖
∫
Ω

��∇𝑢2�� 𝑑𝑥 + 1
𝜖

∫
Ω

Φ(𝑢(𝑥)) 𝑑𝑥 , 𝑢 ∈ 𝐻1(Ω) , (3.1)

where Ω ∈ R𝑑 is a bounded and connected set, Φ is a double-well potential, and 𝐻1(Ω) =

𝑊1,2(Ω) = { 𝑓 ∈ 𝐿𝑝 (Ω) :
(
∥ 𝑓 ∥2

2 + ∥ 𝑓 ′∥2
2
)1/2

< ∞} is a Sobolev space [61]. As 𝜖 → 0, the

functional GL𝜖 Γ-converges to the TV functional (i.e., perimeter function) [62]

TV(𝑢) =
∫
Ω

|∇𝑢 | 𝑑𝑥 . (3.2)

We take inspiration from van Gennip and Bertozzi [50], who defined the graph GL functional,

which is a discrete version of GL𝜖 for functions 𝑢 on graphs. See Section 3.2 for the definitions of

the graph GL and other graph functionals. Van Gennip and Bertozzi proved Γ-convergence of the

graph GL functional for a square-lattice graph. They derived both a large-graph (i.e., 𝑛→ ∞) limit

and a sharp-interface (i.e., 𝜖 → 0) limit of this functional. As 𝑛 → ∞, the square-lattice graph of

grid size 1/𝑛 converges to the region (0, 1)2 ⊂ R2.

The growing square-lattice graph is a specific case of a growing graph sequence. One can view

it as a mesh approximation of the unit square. In the present paper, we generalize van Gennip and

Bertozzi’s results to general growing graph sequences, each of which converges to some graphon

as 𝑛→ ∞. We refer to the limit of sequences of graph GL functionals as a graphon GL functional.

We show that the graphon GL functional Γ-converges to a nonlocal TV functional as 𝜖 → 0.
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Figure 3.1 illustrates two different sequential Γ-limits of the graph GL functional (3.8). The

arrows indicate Γ-convergence. For definitions of the functionals, see Section 3.5. One of the

sequential limits is an 𝑛 → ∞ and then 𝜖 → 0 limit; the other is an 𝜖 → 0 and then 𝑛 → ∞ limit.

In Sections 3.2 and 3.5, we define the associated limiting functionals. Limit (1) was proven in [50,

Theorem 3.1], and limit (2) follows from [11, Theorem 12]. To prove limit (3), we use an approach

that is similar to the proof of [11, Theorem 12]. We significantly generalize [50, Theorem 5.2] in

the sense that our graph limits are for general sequences of growing graphs, rather than only for a

growing square-lattice graph. Limit (4) resembles the classical Modica-Mortola limit [60] (which

states that GL𝜖
Γ→ 𝑇𝑉), but concerns the graphon versions of those functionals. We prove limit (4)

for𝑊 ∈ 𝐿∞((0, 1)2) (i.e., graphons that correspond to dense sequences of graphs). Limit (4) is not

defined for more general 𝐿𝑝 graphons.

GL𝑊𝑛𝜖 (3.8)

TV𝑊𝑛 (3.10)

TV𝑊 (3.21)

GL𝑊𝜖 (3.19)

𝜖→ 0
limit (1)

𝑛→∞
limit (2)

𝜖→ 0
limit (4)

𝑛→∞
limit (3)

Figure 3.1: Four different Γ-convergences of the graph GL functional.

Our results extend the study of graph GL and TV functionals to graphon limits. We refer to

these limiting functionals as the graphon GL and TV functionals, respectively. We show that the

graph GL-minimization and TV-minimization problems are consistent with the limiting graphon

GL-minimization and TV-minimization problems in the sense of Γ-convergence. That is, the min-

imizers of the functionals converge to the minimizers of the limiting functionals. We also show

that the classical limit GL𝜖
Γ→ 𝑇𝑉 holds for graphons (i.e., GL𝑊𝜖

Γ→ 𝑇𝑉𝑊 ).
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3.1.1 Related work

Our work is inspired by van Gennip and Bertozzi [50], who examined the same four limits as

in Figure 3.1 and also the simultaneous limit 𝜖 → 0, 𝑛 → ∞. Their 𝑛 → ∞ limits hold only in the

case of the square-lattice graph. We restate their version of limit (1), which holds for all graphs, and

we extend their versions of limits (2)–(4) to a nonlocal case of graph limits in which the limiting

GL and TV functionals are the graphon GL and TV functionals (3.19) and (3.21), respectively.

Limits (2)–(4) hold for general sequences of graphs, which is why the limiting functionals are

nonlocal.

We follow ideas from Braides et al [11], who used Young measures to show that the graph-cut

functional (which we define later in (2.5)) Γ-converges to the graphon-cut functional. Our methods

and results are related more closely to the results of [11] than to those of [50], but they still differ

fundamentally because the domain of the cut functional consists of finite-range functions, whereas

the domains of the graph and graphon GL functionals are continuous-range functions.

Trillos and Slepcev [63] also studied a local limit and, analogously to limit (2), obtained Γ-

convergence of the perimeter functional for the 𝑛 → ∞ limit of point clouds. In [64], the same

authors obtain a similar Γ-limit in a metric space characterized by optimal transportation maps

known as the 𝑇𝐿𝑝 metric. A key difference between their paper and ours is that we do not require

the limiting functional to be a local quantity, such as Euclidean perimeter or a Dirichlet-type en-

ergy. Instead, our limiting functionals are given by nonlocal limits with interaction potential given

by graphons. These functionals are a generalized “relaxation,” in that local functionals are recov-

ered from them for special cases of singular graphons.

The original theory of graphons [8] considers dense sequences of graphs, and Braides et al. [11]

also required the graphs in such sequences to be dense. However, most real-world graphs are

sparse [18, 39], so this density requirement is a major limitation of much research on graphons.

Thankfully, the theory of graphons has been extended to sparse sequences of graphs [41, 40], and

our analysis allows sequences of sparse graphs that converge to 𝐿𝑝 graphons. See Section 2.1.1

for more detail.
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One recovers different types of TV functionals when taking the 𝜖 → 0 limit of the classical

GL, graph GL, and graphon GL functionals. In particular, we obtain a nonlocal, continuous TV

functional in the 𝜖 → 0 limit of the graphon GL. Nonlocal TV functionals have been useful in a

variety of applications, especially in image processing [32, 31, 33, 65, 29, 66, 67, 68, 69]. They

are also of theoretical interest because they generalize the notion of perimeter from objects with

geometric regularity like R2, on which one can compute gradients of functions, to less regular

objects such as metric spaces[70]. The fractional GL functional is a well-studied example of a

nonlocal GL functional [71, 72, 73], but thus far it has not been connected to graph theory. A

graphon GL is a fractional GL when a graphon is of the form𝑊 (𝑥, 𝑦) = 1
|𝑥−𝑦 |1+2𝑠 , with 𝑠 ∈ (0, 1).

3.2 Graph functions and functionals

Because graphons are functions, it is natural to study them using ideas from functional analysis.

Relevant notions include convergence, compactness, functionals on graphs and graphons, and Γ-

convergence of those functionals. It is also relevant to analyze the function spaces on which the

functionals act.

We consider GL functionals and TV functionals, which are two basic types of functionals,

which act on “graph functions" (i.e., functions on graphs) and “graphon functions" (i.e., functions

on graphons), respectively. Both the GL and TV functionals have classical, graph, and graphon

versions. We defined the classical GL functional in (3.1) and the classical TV functional in (3.2).

The graph GL and TV functions are discrete and were defined in [74] and [24], respectively. We

discuss them in this section. In Section 3.5, we define graph GL and TV functionals, which are

continuous and involve Young measures.

We consider two types of function spaces: (1) function spaces of graphons and (2) function

spaces of functions on those graphons. As we discussed in Section 2.1, graphons are always 𝐿𝑝

functions for 𝑝 ∈ [1,∞]. The functions on graphons that we consider are always functions in

𝐿∞((0, 1)).
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The space of functions on 𝑛-node graphs is

V𝑛 = {𝑢̂ : [𝑛] → R} . (3.3)

Each function 𝑢̂ ∈ V𝑛 has an associated step function 𝑢 : (0, 1) → R. Let 𝑢(𝑥) = 𝑢̂(𝑖) for

𝑥 ∈ 𝐼𝑖 = [(𝑖 − 1)/𝑛, 𝑖/𝑛). This identification embeds V𝑛 into the space 𝐿∞((0, 1)) of bounded

functions. Henceforth, we identify both 𝑢̂ and 𝑢 as 𝑢. We also consider the subset

V𝑛
𝑏 = {𝑢 : [𝑛] → R , 𝑢𝑖 ∈ {±1} for all 𝑖} (3.4)

of V𝑛 that consists of binary graph functions.

Recall the classical GL functional (3.1), which is defined on functions 𝑢 : (0, 1) → R by

GL𝜖 (𝑢) = 𝜖
∫ 1

0
|∇𝑢 |2 𝑑𝑥 + 1

𝜖

∫ 1

0
Φ(𝑢(𝑥)) 𝑑𝑥 , (3.5)

where Φ is a double-well potential that has zeros at 𝑠 = ±1. The double-well potential Φ can take

a general form (see [50, assumptions W1–W4]), but we use the standard choice

Φ(𝑠) = (𝑠2 − 1)2 . (3.6)

Note that the classical GL functional 3.1 is defined on functions in𝑊1,2((0, 1)) (that is, the Sobolev

space of functions on (0, 1) that are 𝐿2 and whose first derivative is also 𝐿2). The classical TV

functionals 3.2 is defined on 𝑊1,1(0, 1). We extend the domain of both functionals to 𝐿∞((0, 1))

by letting them evaluate to +∞ when undefined.

The graph version GL𝑊𝑛𝜖 of the GL functional is analogous to GL𝜖 . It acts on 𝑢 ∈ V𝑛, instead of

on 𝑢 ∈ 𝐿∞((0, 1)). We replace the gradient term |∇𝑢 |2 by a finite-difference term that is weighted

by the adjacency matrix, and we replace the double-well integral by a finite sum. (See Section

2.2 of [50] for further discussion of graph analogues of calculus operators.) For 𝑢 ∈ V𝑛, we thus
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obtain

GL𝑊𝑛𝜖 (𝑢) = 1
𝑛2

𝑛∑︁
𝑖, 𝑗=1

𝐴
(𝑛)
𝑖 𝑗

|𝑢𝑖 − 𝑢 𝑗 |2 +
1
𝜖𝑛

𝑛∑︁
𝑖=1

Φ(𝑢𝑖) (3.7)

=

∫ 1

0

∫ 1

0
𝑊𝑛 (𝑥, 𝑦) |𝑢(𝑥) − 𝑢(𝑦) |2𝑑𝑥𝑑𝑦 +

1
𝜖

∫ 1

0
Φ(𝑢(𝑥)) 𝑑𝑥 , (3.8)

where (3.7) uses the adjacency matrix and (3.8) uses the definition (2.1) of the step graphon 𝑊𝑛.

Similarly, the graph TV functional replaces the term |∇𝑢 | in (3.2) with a finite difference. It is

finite only for binary functions. This functional is

TV𝑊𝑛 (𝑢) =


∑𝑛
𝑖, 𝑗=1 𝐴

(𝑛)
𝑖 𝑗

|𝑢𝑖 − 𝑢 𝑗 | if 𝑢 ∈ V𝑛
𝑏

+∞ if 𝑢 ∈ V𝑛 \ V𝑛
𝑏

(3.9)

=


∫ 1

0

∫ 1
0 𝑊𝑛 (𝑥, 𝑦) |𝑢(𝑥) − 𝑢(𝑦) | 𝑑𝑥 𝑑𝑦 if 𝑢 ∈ V𝑛

𝑏

+∞ if 𝑢 ∈ V𝑛 \ V𝑛
𝑏
.

(3.10)

The Dirichlet energy

𝐷 (𝑢) =
∫ 1

0
|∇𝑢(𝑥) |2 𝑑𝑥 (3.11)

has a similar form to the graph-cut functional, but it acts on 𝑊1,2(0, 1) functions. The Sobolev

embedding of 𝑊1,2(0, 1) into 𝐿∞(0, 1) allows us to define the Dirichlet energy 𝐷 on all 𝐿∞(0, 1)

functions by defining 𝐷 (𝑢) = +∞ for 𝑢 ∈ 𝐿∞(0, 1) \𝑊1,2(0, 1). The graph Dirichlet energy

𝐷𝑊𝑛 (𝑢) =


∫ 1

0

∫ 1
0 𝑊𝑛 (𝑥, 𝑦) |𝑢(𝑥) − 𝑢(𝑦) |2 𝑑𝑥 𝑑𝑦 if 𝑢 ∈ V𝑛

+∞ if 𝑢 ∈ 𝐿∞((0, 1)) \ V𝑛

(3.12)

acts on graph functions and replaces the gradient term in (3.11) with a finite difference. The

graph Dirichlet energy is a generalization of the graph-cut functional (2.5). If we restrict the graph

functions to the range {−1, 1}, then the graph Dirichlet energy is equal to the graph-cut functional;

see (3.7) and (3.8).
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Remark 3.2.1 (Equivalence of graph-cut, Dirichlet energy, and TV functionals). The graph-cut

functional, which is defined in Equation (2.5), is equal to the graph Dirichlet energy (3.12) of the

graph function 𝑢. The graph-cut is also equal to the graph TV functional (3.9) when 𝑢 has the

range {−1, 1}.

We define the graphon GL functional

GL𝑊𝜖 (𝜈) =
∫ 1

0

∫ 1

0
𝑊 (𝑥, 𝑦)

∫
R2

|𝜆−𝜇 |2 𝑑𝜈𝑥 (𝜆) 𝑑𝜈𝑦 (𝜇) 𝑑𝑥 𝑑𝑦+
1
𝜖

∫ 1

0

∫
R
Φ(𝜆) 𝑑𝜈𝑥 (𝜆) 𝑑𝑥 . (3.13)

The first term of (3.19) is the graphon Dirichlet energy

𝐷𝑊 (𝜈) =
∫ 1

0

∫ 1

0
𝑊 (𝑥, 𝑦)

∫
R2

|𝜆 − 𝜇 |2 𝑑𝜈𝑥 (𝜆) 𝑑𝜈𝑦 (𝜇) 𝑑𝑥 𝑑𝑦 , (3.14)

which is the graphon analogue of the graph Dirichlet energy (3.12). For finite graphs 𝑊𝑛, we

use this definition, which is more general than the graph Dirichlet energy (3.12). Equation (3.20)

reduces to (3.12) when 𝜈 is a Young measure that corresponds to a measurable function 𝑢.

The inner integral
∫
R2 |𝜆 − 𝜇 |2 𝑑𝜈𝑥 (𝜆) 𝑑𝜈𝑦 (𝜇) is an expectation of |𝜆 − 𝜇 |2 with respect to the

probability measures 𝜈𝑥 and 𝜈𝑦. This is a probabilistic analogue of the term |𝑢(𝑥) − 𝑢(𝑦) |2 in

the graph GL functional. When the Young measures are 𝜈𝑥 = 𝛿𝑢(𝑥) and 𝜈𝑦 = 𝛿𝑢(𝑦) , we recover

|𝑢(𝑥) − 𝑢(𝑦) |2.

The graphon TV functional, which also acts on 𝜈 ∈ Y((0, 1),R), is analogous to the graph

TV functional, just as the graphon GL functional is analogous to the graph GL functional. The

graphon TV functional is

TV𝑊 (𝜈) =


2
∫ 1

0

∫ 1
0 𝑊 (𝑥, 𝑦)

∫
R2 |𝜆 − 𝜇 | 𝑑𝜈𝑥 (𝜆) 𝑑𝜈𝑦 (𝜇) 𝑑𝑥 𝑑𝑦 if 𝜈 ∈ Y𝑏

+∞ if 𝜈 ∈ Y((0, 1),R) \ Y𝑏 ,

(3.15)

where Y𝑏 denotes the set of Young measures 𝜈 with support on {−1, 1}, which means that the

union of the supports of {𝜈𝑥}𝑥∈(0,1) is {−1, 1}.
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To interpret the Young-measure functionals, we think of the “slice" 𝜈𝑥 as analogous to 𝑢𝑛 (𝑥),

which is the “slice" of the graph function at 𝑥. The graphon functionals GL𝑊𝜖 and TV𝑊 give

energies of the state 𝜈, just as the graph functionals GL𝑊𝑛𝜖 and TV𝑊𝑛 give energies of the state 𝑢𝑛

of a graph.

3.3 Γ-convergence

The notion of Γ-convergence of functionals is useful in optimization and the calculus of varia-

tions [55, 50]. In concert with a certain compactness property, the Γ-convergence of a sequence of

functionals guarantees the convergence of corresponding minimizers of the sequence of function-

als.

Definition 3.3.1. Let 𝑋 be a metric space, and let 𝐹𝑛 : 𝑋 → R∪{±∞} be a sequence of functionals.

We say that 𝐹𝑛 Γ-converges to 𝐹 : 𝑋 → R ∪ {±∞}, which we denote by 𝐹𝑛
Γ→ 𝐹, with respect to

𝑢𝑛 → 𝑢 if

1. for every sequence {𝑢𝑛} such that 𝑢𝑛 → 𝑢, we have lim inf𝑛→∞ 𝐹𝑛 (𝑢𝑛) ≥ 𝐹 (𝑢);

2. there exists a sequence {𝑢𝑛}𝑛∈N such that lim sup𝑛→∞ 𝐹𝑛 (𝑢𝑛) ≤ 𝐹 (𝑢).

If it is also true that any sequence {𝑢𝑛}∞𝑛=1 for which {𝐹𝑛 (𝑢𝑛)}∞𝑛=1 is uniformly bounded has

a convergent subsequence 𝑢𝑛𝑘 , then the corresponding minimizers of 𝐹𝑛 converge to the mini-

mizer(s) of 𝐹. This criterion, which we call the “compactness property", is sometimes called the

“equicoerciveness property" [50].

It is useful to be purposeful when choosing the metric under which 𝑢𝑛 converges to 𝑢. If the

convergence metric is stronger, then it is easier to prove the lim inf–inequality for Γ-convergence

but harder to construct a recovery sequence for the lim sup–inequality and for compactness. Con-

versely, if the convergence metric is weaker, then it is harder to prove the lim inf–inequality but

easier to construct a recovery sequence. In the present paper, our Γ-convergence results are with

respect to narrow convergence of Young measures (see Definition 3.4.4).
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3.4 Young measures and weak convergence of functions

In our study of Γ-convergence, we need to use Young measures [75], which extend the feasible

set of the GL-minimization and TV-minimization problems to a space of measures. In general,

the study of functionals such as
∫ 1

0 𝑓 (𝑣(𝑥))𝑑𝑥 – for given continuous bounded 𝑓 – that act on

𝑣 ∈ 𝐿∞((0, 1)) present the following challenge: a sequence {𝑣 𝑗 } may converge to a function 𝑣 in

the weak-* topology on 𝐿∞((0, 1)), but it is not necessarily the case that 𝑓 (𝑣 𝑗 )
★
⇀ 𝑓 (𝑣). Our func-

tionals (GL𝑊𝜖 , GL𝑊𝑛𝜖 , and so on) act on 𝐿∞((0, 1)), and exhibit this kind of structure. To overcome

this challenge, we extend these functionals to act on the set of Young measures. Intuitively, the

use of Young measures in the present context accommodates the rapidly oscillating minima of the

graphon GL functionals. The minima can oscillate arbitrarily rapidly, and Young measures repre-

sent an effective limit of those oscillations when composed with continuous bounded functions in

the integrals. We discuss this further in Chapter 6.

It is useful to review some definitions and properties that were presented in [11].

Definition 3.4.1 (Young measure). A Young measure 𝜈 on (0, 1) × R is a family {𝜈𝑥}𝑥∈(0,1) of

probability measures, which is parametrized by 𝑥 ∈ (0, 1), such that the map

𝑥 ↦→
∫
R
𝑓 (𝜆) 𝑑𝜈𝑥 (𝜆) (3.16)

is a Lebesgue-measurable function for every continuous and bounded 𝑓 ∈ 𝐶𝑏 (R).

Intuitively, 𝜈𝑥 is a “slice" of the Young measure 𝜈 at the value 𝑥. Let Y((0, 1),R) denote the

set of all Young measures on (0, 1) ×R. With the next definition, we see how Y((0, 1),R) extends

the set of 𝐿∞((0, 1)) functions.

Definition 3.4.2 (Young measure corresponding to a measurable function). A Young measure cor-

responding to a Lebesgue-measurable function 𝑢 : (0, 1) → R is the family of delta measures

{𝜈𝑥}𝑥∈(0,1) = {𝛿𝑢(𝑥)}𝑥∈(0,1) . (3.17)
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We refer to such measures as 𝛿-Young measures. With the definition of 𝜈 in equation (3.17),

the map (3.16) is the evaluation map 𝑥 ↦→ 𝑓 (𝑢(𝑥)).This evaluation map is indeed Lebesgue-

measurable as required in Definition 3.4.1 because of the Lebesgue-measurability of 𝑢 and the

continuity of 𝑓 .

We now define the weak-* (which is also known as “weak-star" and “ultraweak") topology on

the space 𝐿∞.

Definition 3.4.3 (Weak-* topology in 𝐿∞((0, 1)) space). A sequence 𝑓𝑛 ∈ 𝐿∞((0, 1)) converges

in the weak-* topology to 𝑓 ∈ 𝐿∞((0, 1)) if

lim
𝑛→∞

∫ 1

0
𝑓𝑛 (𝑥)𝑔(𝑥) 𝑑𝑥 =

∫ 1

0
𝑓 (𝑥)𝑔(𝑥) 𝑑𝑥

for any 𝑔 ∈ 𝐿1((0, 1)). We then say that 𝑓𝑛
★
⇀ 𝑓 in 𝐿∞.

Definition 3.4.4 (Narrow convergence of Young measures). A sequence 𝜈𝑛 ∈ Y((0, 1),R) con-

verges narrowly to 𝜈 ∈ Y((0, 1),R) if the map (3.16) converges in the weak-* topology in 𝐿∞((0, 1))

for all continuous and bounded functions 𝑓 ∈ 𝐶𝑏 (R). That is,

∫
R
𝑓 (𝜆) 𝑑𝜈𝑛𝑥 (𝜆)

★
⇀

∫
R
𝑓 (𝜆) 𝑑𝜈𝑥 (𝜆) . (3.18)

Lemma 3.4.1 (Narrow convergence of product Young measures [11, Lemma 8]). Let 𝜈𝑛 be a

sequence of Young measures that converges narrowly to 𝜈 ∈ Y((0, 1),R). Then the sequence of

product measures 𝜈𝑛 ⊗ 𝜈𝑛 on (0, 1)2 × R2 converges narrowly to 𝜈 ⊗ 𝜈 ∈ Y((0, 1)2,R2); that is,

𝑑 (𝜈𝑛 ⊗ 𝜈𝑛)(𝑥,𝑦) (𝜆, 𝜇) = 𝑑𝜈𝑛𝑥 (𝜆)𝑑𝜈𝑛𝑦 (𝜇) and

∬
R2
𝑓 (𝜆, 𝜇)𝑑 (𝜈𝑛 ⊗ 𝜈𝑛)(𝑥,𝑦) (𝜆, 𝜇)

★
⇀

∬
R2
𝑓 (𝜆, 𝜇)𝑑 (𝜈𝑛 ⊗ 𝜈𝑛)(𝑥,𝑦) (𝜆, 𝜇)

for all 𝑓 ∈ 𝐶𝑏 (R2), where 𝑑 (𝜈 ⊗ 𝜈)(𝑥,𝑦) (𝜆, 𝜇) = 𝑑𝜈𝑥 (𝜆)𝑑𝜈𝑦 (𝜇).

The next lemma is the key compactness property of Y((0, 1),R) that justifies the use of Young
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measures in our Γ-convergence result.

Lemma 3.4.2 (Prohorov’s Theorem, [11, Theorem 9]). Let {𝑢𝑛}𝑛∈N be a bounded sequence in

𝐿1((0, 1)), and let {𝜈𝑛}𝑛∈N denote the sequence of corresponding Young measures (see equa-

tion (3.17)). There then exists a subsequence {𝑢𝑛𝑘 }𝑘∈N and a Young measure 𝜈 such that 𝜈𝑛𝑘

converges narrowly to 𝜈 as 𝑘 → ∞.

3.5 Graphon functions and functionals

We define the graphon GL functional

GL𝑊𝜖 (𝜈) =
∫ 1

0

∫ 1

0
𝑊 (𝑥, 𝑦)

∫
R2

|𝜆−𝜇 |2 𝑑𝜈𝑥 (𝜆) 𝑑𝜈𝑦 (𝜇) 𝑑𝑥 𝑑𝑦+
1
𝜖

∫ 1

0

∫
R
Φ(𝜆) 𝑑𝜈𝑥 (𝜆) 𝑑𝑥 . (3.19)

The first term of (3.19) is the graphon Dirichlet energy

𝐷𝑊 (𝜈) =
∫ 1

0

∫ 1

0
𝑊 (𝑥, 𝑦)

∫
R2

|𝜆 − 𝜇 |2 𝑑𝜈𝑥 (𝜆) 𝑑𝜈𝑦 (𝜇) 𝑑𝑥 𝑑𝑦 , (3.20)

which is the graphon analogue of the graph Dirichlet energy (3.12). For finite graphs 𝑊𝑛, we

use this definition, which is more general than the graph Dirichlet energy (3.12). Equation (3.20)

reduces to (3.12) when 𝜈 is a Young measure that corresponds to a measurable function 𝑢.

The inner integral
∫
R2 |𝜆 − 𝜇 |2 𝑑𝜈𝑥 (𝜆) 𝑑𝜈𝑦 (𝜇) is an expectation of |𝜆 − 𝜇 |2 with respect to the

probability measures 𝜈𝑥 and 𝜈𝑦. This is a probabilistic analogue of the term |𝑢(𝑥) − 𝑢(𝑦) |2 in

the graph GL functional. When the Young measures are 𝜈𝑥 = 𝛿𝑢(𝑥) and 𝜈𝑦 = 𝛿𝑢(𝑦) , we recover

|𝑢(𝑥) − 𝑢(𝑦) |2.

The graphon TV functional, which also acts on 𝜈 ∈ Y((0, 1),R), is analogous to the graph

TV functional, just as the graphon GL functional is analogous to the graph GL functional. The
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graphon TV functional is

TV𝑊 (𝜈) =


2
∫ 1

0

∫ 1
0 𝑊 (𝑥, 𝑦)

∫
R2 |𝜆 − 𝜇 | 𝑑𝜈𝑥 (𝜆) 𝑑𝜈𝑦 (𝜇) 𝑑𝑥 𝑑𝑦 if 𝜈 ∈ Y𝑏

+∞ if 𝜈 ∈ Y((0, 1),R) \ Y𝑏 ,

(3.21)

where Y𝑏 denotes the set of Young measures 𝜈 with support on {−1, 1}, which means that the

union of the supports of {𝜈𝑥}𝑥∈(0,1) is {−1, 1}.

To interpret the Young-measure functionals, we think of the “slice" 𝜈𝑥 as analogous to 𝑢𝑛 (𝑥),

which is the “slice" of the graph function at 𝑥. The graphon functionals GL𝑊𝜖 and TV𝑊 give

energies of the state 𝜈, just as the graph functionals GL𝑊𝑛𝜖 and TV𝑊𝑛 give energies of the state 𝑢𝑛

of a graph.
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Chapter 4: Sequential Limit: 𝜖 then 𝑛 (i.e., GL𝑊𝑛𝜖
Γ→ TV𝑊𝑛

Γ→ TV𝑊)

In this section, we prove the limits (1) and (2) from Figure 3.1. Limit (1) was already proven by

van Gennip and Bertozzi [50, Theorem 3.1], and we state their result for completeness. Limit (2)

was proven on square-lattice graphs in [50, Theorem 4.3] and for point clouds in [64]; we extend

this result to general sequences of (weighted, undirected, and simple) graphs. Our proof closely

follows the proof of the main theorem of [11].

4.1 Limit (1): GL𝑊𝑛𝜖
Γ→ TV𝑊𝑛

We state key relevant results from [50], which constitute our limit (1). Propositions 4.1.1 and

4.1.2 hold for all finite, undirected, and weighted graphs𝑊𝑛.

Proposition 4.1.1 (Γ-convergence, [50, Theorem 3.1] ). The graph GL functional (3.8) Γ-converges

to the graph TV functional (3.10) as 𝜖 → 0 with respect to 𝑢𝑛 → 𝑢 in V𝑛. That is,

GL𝑊𝑛𝜖
Γ→ TV𝑊𝑛 . (4.1)

In concert with Proposition 4.1.1, the following compactness property of the set V of functions

guarantees that the minimizers of the Γ-converging functionals also converge.

Proposition 4.1.2 (Compactness, [50, Theorem 3.2]). Let {𝜖𝑛}∞𝑛=1 ∈ R+ be a sequence such that

𝜖𝑛 → 0 as 𝑛 → ∞, and let {𝑢𝑛}∞𝑛=1 ⊂ V be a sequence for which there exists a constant 𝐶 > 0

such that GL𝑊𝑛𝜖𝑛 < 𝐶 for all 𝑛 ∈ N. There then exists a subsequence {𝑢𝑛′}∞𝑛′=1 ⊆ {𝑢𝑛}∞𝑛=1 and

𝑢∞ ∈ V𝑛
𝑏

such that 𝑢𝑛′ → 𝑢∞ as 𝑛→ ∞.
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4.2 Limit (2): TV𝑊𝑛
Γ→ TV𝑊

We prove limit (2) using [11, Theorem 12], which states that 𝐼𝑛
Γ→ 𝐼 as𝑊𝑛

□→ 𝑊 where

𝐼𝑛 (𝜈) =
∫ 1

0

∫ 1

0
𝑊𝑛 (𝑥, 𝑦)

∫
R2
𝑓 (𝜆, 𝜇) 𝑑𝜈𝑥 (𝜆) 𝑑𝜈𝑦 (𝜇) 𝑑𝑥 𝑑𝑦 , (4.2)

𝐼 (𝜈) =
∫ 1

0

∫ 1

0
𝑊 (𝑥, 𝑦)

∫
R2
𝑓 (𝜆, 𝜇) 𝑑𝜈𝑥 (𝜆) 𝑑𝜈𝑦 (𝜇) 𝑑𝑥 𝑑𝑦 . (4.3)

Limit (2) follows directly by using the integrand 𝑓 (𝑠, 𝑡) = |𝑠− 𝑡 | instead of 𝑓 (𝑠, 𝑡) = |𝑠− 𝑡 |2, which

is the integrand that is used in [11, Theorem 12].

Theorem 4.2.1. [11, Theorem 12] Let the functions 𝑓 ∈ 𝐶𝑏 ((0, 1)2) be bounded and continuous,

and let 𝑢 ∈ 𝐿∞((0, 1)) and 𝜈 ∈ Y((0, 1),R). Finally, let {𝑊𝑛}∞𝑛=1 be a sequence of dense graphs,

with𝑊𝑛

□→ 𝑊 ∈ W0. We then have that

𝐼𝑛
Γ→ 𝐼 as 𝑛→ ∞ (4.4)

with respect to the narrow convergence of measures in Y((0, 1),R).

Corollary 1. With the choice 𝑓 (𝑠, 𝑡) = |𝑠 − 𝑡 |, we have

TV𝑊𝑛
Γ→ TV𝑊 as 𝑛→ ∞ (4.5)

with respect to narrow convergence of 𝜈𝑛 to 𝜈 in Y((0, 1),R).

Proposition 4.2.1 (Compactness). Let𝑊𝑛

□→ 𝑊 , and let 𝑢𝑛 ∈ V𝑛 be a sequence of graph functions

such that TV𝑊𝑛 (𝑢𝑛) < 𝑀 for all 𝑛 and some 𝑀 > 0. Then, there exists a convergence subsequence

𝑢𝑛𝑘 that the sequence of corresponding 𝛿-Young measures {𝛿𝑢𝑛𝑘 (𝑥)}𝑥∈(0,1) converges to a limiting

Young measure 𝜈.

Proof. Because {𝑢𝑛} consists of graph functions, it bounded in 𝐿1((0, 1)). Then we apply Lemma

3.4.2 (Prohorov’s Theorem) to obtain the result. □
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Chapter 5: Sequential Limit: 𝑛 then 𝜖 (i.e., GL𝑊𝑛𝜖
Γ→ GL𝑊𝜖

Γ→ TV𝑊)

In this section, we prove two novel limits. Our main result is limit (3), which extends [11,

Theorem 12]. We prove limit (4) only for 𝐿∞ graphons, and we discuss a scaling issue for 𝐿𝑝

graphons.

5.1 Limit (3): GL𝑊𝑛𝜖
Γ→ GL𝑊𝜖

To prove limit (3), we first show that the GL-minimization problem is well-posed in the space

𝐿∞((0, 1); [−1, 1]). That is, we show that arg min𝐿∞ ((0,1)) GL𝑊𝜖 ⊂ 𝐿∞((0, 1); [−1, 1]), so that it

suffices to consider 𝑢, 𝑢𝑛 ∈ 𝐿∞((0, 1); [−1, 1]).

We then show that the graph Dirichlet energy Γ-converges to the graphon Dirichlet energy.

Our proof includes ideas from the proof of [11, Lemma 11], which shows the Γ-convergence of

graph-cut functionals, which are similar to Dirichlet energies, except that their domains consist of

only functions whose codomain has finite cardinality. Finally, we show that adding a double-well

potential does not affect the Γ-convergence. Because each GL functional is a sum of a Dirichlet

energy and a double-well potential, this fact yields Γ-convergence of the GL functionals.

5.1.1 Well-posedness of GL𝑊𝜖 in 𝐿∞((0, 1); [−1, 1])

We show by contradiction that 𝑢 is bounded by 𝑀 = 1. So let 𝑀 > 1, and let 𝑢𝑀 be the

truncation of 𝑢 at ±𝑀 . That is,

𝑢𝑀 (𝑥) =



𝑀 if 𝑢(𝑥) > 𝑀

𝑢(𝑥) if |𝑢(𝑥) | ≤ 𝑀

−𝑀 if 𝑢(𝑥) < −𝑀 .

(5.1)
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We show that GL𝑊𝜖 (𝑢) ≥ GL𝑊𝜖 (𝑢𝑀) when 𝑊 is any graphon. This implies that the minimizer of

GL𝑊𝜖 is in 𝐿∞((0, 1); [−1, 1]).

We separately show the well-posedness in 𝐿∞((0, 1); [−1, 1]) of the Dirichlet energy and the

double-well potential. Because the double-well potential Φ(𝑠) = (𝑠2 − 1)2 increases as 𝑠 > 1

increases and decreases as 𝑠 < −1 decreases, we know that

∫ 1

0
Φ(𝑢) ≥

∫ 1

0
Φ(𝑢𝑀) . (5.2)

For the Dirichlet energy, let

𝑆𝑀 = {𝑥 : 𝑢(𝑥) ≥ 𝑀} (5.3)

be the set of points 𝑥 ∈ (0, 1) where 𝑢𝑀 and 𝑢 differ. To simplify our notation in this discussion,

let

𝑔(𝑥, 𝑦) = |𝑢(𝑥) − 𝑢(𝑦) |2 ,

𝑔𝑀 (𝑥, 𝑦) = |𝑢𝑀 (𝑥) − 𝑢𝑀 (𝑦) |2 .

We want to show that

𝐷𝑊 (𝑢) − 𝐷𝑊 (𝑢𝑀) =
∫ 1

0

∫ 1

0
𝑊 (𝑥, 𝑦)

(
𝑔(𝑥, 𝑦) − 𝑔𝑀 (𝑥, 𝑦)

)
𝑑𝑥 𝑑𝑦

=

( ∫
𝑆𝑀

∫
𝑆𝑐
𝑀

+
∫
𝑆𝑐
𝑀

∫
𝑆𝑀

+
∫
𝑆𝑀

∫
𝑆𝑀

)
𝑊 (𝑥, 𝑦)

(
𝑔(𝑥, 𝑦) − 𝑔𝑀 (𝑥, 𝑦)

)
𝑑𝑥 𝑑𝑦

is nonnegative. The integrals over 𝑆𝑀 × 𝑆𝑐
𝑀

and 𝑆𝑐
𝑀

× 𝑆𝑀 are equal because the integrand is

symmetric. Both of these integrals are equal to

∫
𝑆𝑀

∫
𝑆𝑐
𝑀

𝑊 (𝑥, 𝑦)
(
|𝑢(𝑥) − 𝑢(𝑦) |2 − |𝑀 − 𝑢(𝑦) |2

)
𝑑𝑥 𝑑𝑦 .

Note that |𝑢(𝑥) − 𝑢(𝑦) |2 − |𝑀 − 𝑢(𝑦) |2 ≥ 0 because the function 𝑓 (𝑠) = |𝑠 − 𝑐 |2 increases as 𝑠
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increases when 𝑠 > 𝑐. Consequently, the integral over 𝑆𝑀 × 𝑆𝑐
𝑀

(and hence also the integral over

𝑆𝑐
𝑀
× 𝑆𝑀) is nonnegative. The integral over 𝑆𝑀 × 𝑆𝑀 is

∫
𝑆𝑀

∫
𝑆𝑀

𝑊 (𝑥, 𝑦) (𝑔(𝑥, 𝑦) − 𝑔𝑀 (𝑥, 𝑦)) 𝑑𝑥 𝑑𝑦

=

∫
𝑆𝑀

∫
𝑆𝑀

𝑊 (𝑥, 𝑦)
(
|𝑢(𝑥) − 𝑢(𝑦) |2 − |𝑀 − 𝑀 |2

)
𝑑𝑥 𝑑𝑦

=

∫
𝑆𝑀

∫
𝑆𝑀

𝑊 (𝑥, 𝑦) |𝑢(𝑥) − 𝑢(𝑦) |2 𝑑𝑥 𝑑𝑦 ≥ 0 ,

where we use the nonnegativity of the integrand in the last step to obtain nonnegativity of the

integral.

We conclude that
∫ 1

0 Φ(𝑢(𝑥)) 𝑑𝑥 ≥
∫ 1

0 Φ(𝑢𝑀 (𝑥)) 𝑑𝑥 and 𝐷𝑊 (𝑢(𝑥)) ≥ 𝐷𝑊 (𝑢𝑊 (𝑥)). Conse-

quently, GL𝑊𝜖 (𝑢(𝑥)) ≥ GL𝑊𝜖 (𝑢𝑀 (𝑥)). Because 𝑀 > 1 is arbitrary, it follows that the GL minimizer

takes values in [−1, 1].

5.1.2 The proof of limit (3)

The following lemma appears similar to the result [11, Theorem 12], but it is different in two

ways. First, it extends the domain from 𝑢𝑛 with finite codomain to 𝑢𝑛 ∈ 𝐿∞((0, 1)), and it extends

graphons from 𝑊 ∈ 𝐿∞((0, 1)2) to 𝑊 ∈ 𝐿𝑝 ((0, 1)2). Furthermore, Lemma 5.1.1 establishes

pointwise convergence rather than Γ-convergence. It provides the foundation for proving the Γ-

convergence of the graph Dirichlet energy to the graphon Dirichlet energy, which is stated in

Theorem 5.1.1, which in turn is used to prove limit (3) which is stated in Corollary 3.

Lemma 5.1.1. Let 𝑊𝑛 ∈ 𝐿𝑝 ((0, 1)2) for 𝑝 ≥ 1, and suppose that 𝑊𝑛

□→ 𝑊 . Let 𝑓 ∈ 𝐶𝑏 (R2) be a

continuous and bounded function, and define the functional 𝐼𝑛 : Y((0, 1),R) → [0,∞) as

𝐼𝑛 (𝜈𝑛) =
∫ 1

0

∫ 1

0
𝑊𝑛 (𝑥, 𝑦)

∫
R2
𝑓 (𝜆, 𝜇) 𝑑𝜈𝑛𝑥 (𝜆) 𝑑𝜈𝑛𝑦 (𝜇) 𝑑𝑥 𝑑𝑦 .

Let 𝑢𝑛 ∈ V𝑛 be a sequence of graph functions such that sup𝑛 ∥𝑢𝑛∥∞ < ∞. We then have that the

sequence of corresponding Young measures {𝜈𝑛𝑥 = 𝛿𝑢𝑛 (𝑥)}𝑥∈(0,1) ⊂ Y((0, 1),R) is precompact (i.e.,
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its closure is compact) in the narrow topology. Moreover, any subsequence {𝜈𝑛𝑘𝑥 } of {𝜈𝑛𝑥 } with a

corresponding limit point 𝜈 satisfies

𝐼𝑛 (𝜈𝑛𝑘 ) → 𝐼 (𝜈) (5.4)

pointwise, where the functional 𝐼 : Y((0, 1),R) → [0,∞) is

𝐼 (𝜈) =
∫
(0,1)2

𝑊 (𝑥, 𝑦)
∫
R2
𝑓 (𝜆, 𝜇) 𝑑𝜈𝑥 (𝜆) 𝑑𝜈𝑦 (𝜇) 𝑑𝑥 𝑑𝑦 .

Proof. To prove this result, we use the triangle inequality to break |𝐼𝑛 (𝜈𝑛) − 𝐼 (𝜈) | into two parts.

One of the parts converges to 0 due to weak convergence of 𝑔𝑛 to 𝑔, and the other part converges

to 0 due to the cut convergence𝑊𝑛

□→ 𝑊 .

By Lemma 3.4.2, when {𝑢𝑛}∞𝑛=1 is a bounded sequence in 𝐿∞((0, 1),R), we know that a sub-

sequence 𝜈𝑛𝑘 of 𝜈𝑛 = {𝜈𝑛𝑥 = 𝛿𝑢𝑛 (𝑥)} converges narrowly to a limit point 𝜈. Henceforth, we simplify

our notation by using {𝜈𝑛} to denote the subsequence {𝜈𝑛𝑘 }. We denote the innermost integrals of

the functionals by

𝑔𝑛 (𝑥, 𝑦) =
∫
R2
𝑓 (𝜆, 𝜇) 𝑑𝜈𝑛𝑥 (𝜆) 𝑑𝜈𝑛𝑦 (𝜇) = 𝑓 (𝑢𝑛 (𝑥), 𝑢𝑛 (𝑦)) ,

𝑔(𝑥, 𝑦) =
∫
R2
𝑓 (𝜆, 𝜇) 𝑑𝜈𝑥 (𝜆) 𝑑𝜈𝑦 (𝜇) ,

and we can then write 𝐼𝑛 (𝜈𝑛) =
∫
(0,1)2 𝑊𝑛 (𝑥, 𝑦)𝑔𝑛 (𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 and 𝐼 (𝜈) =

∫
(0,1)2 𝑊 (𝑥, 𝑦)𝑔(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦.

The triangle inequality gives

|𝐼𝑛 (𝜈𝑛) − 𝐼 (𝜈) | =
����∫ 1

0

∫ 1

0
𝑊𝑛𝑔𝑛 −𝑊𝑔 𝑑𝑥 𝑑𝑦

����
≤

����∫ 1

0

∫ 1

0
(𝑊𝑛 −𝑊)𝑔𝑛 𝑑𝑥 𝑑𝑦

���� + ����∫ 1

0

∫ 1

0
𝑊 (𝑔𝑛 − 𝑔) 𝑑𝑥 𝑑𝑦

����
≡ (𝐼) + (𝐼 𝐼) .

We show that (𝐼 𝐼) → 0 using weak convergence of 𝑔𝑛 to 𝑔. The narrow convergence 𝜈𝑛
★
⇀ 𝜈
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implies that 𝑔𝑛 ⇀∗ 𝑔 in 𝐿∞((0, 1)2) by 3.4.1. That is,

∫
R2
𝑓 (𝜇, 𝜆) 𝑑𝜈𝑛𝑥 (𝜇) 𝑑𝜈𝑛𝑦 (𝜆)

★
⇀

∫
R2
𝑓 (𝜇, 𝜆) 𝑑𝜈𝑥 (𝜇) 𝑑𝜈𝑦 (𝜆) in 𝐿∞((0, 1)2,R) .

Furthermore, 𝑊 ∈ 𝐿𝑝 ((0, 1)2) ⊂ 𝐿1((0, 1)2), so the definition of weak-𝐿∞ convergence implies

that (𝐼 𝐼) → 0.

We now show that (𝐼) → 0 because 𝑊𝑛

□→ 𝑊 . To do this, we approximate 𝑔𝑛 by polynomials

to obtain a sum of terms that resembles the definition of cut convergence. This yields an expression

that has the same form as the right-hand side of equation (2.9).

Let 𝑃𝑘 : R2 → R be a sequence of polynomial functions such that

| 𝑓 (𝑎, 𝑏) − 𝑃𝑘 (𝑎, 𝑏) | → 0 as 𝑘 → ∞ uniformly on [−1, 1]2 .

Such a polynomial exists because the set of polynomials is dense in 𝐿∞ [−1, 1]. Using the triangle

inequality, we obtain

(𝐼) ≤
����∫

(0,1)2
(𝑊𝑛 −𝑊)

(
𝑓 (𝑢𝑛 (𝑥), 𝑢𝑛 (𝑦)) − 𝑃𝑘 (𝑢𝑛 (𝑥), 𝑢𝑛 (𝑦))

)
𝑑𝑦 𝑑𝑥

����
+

����∫
(0,1)2

(𝑊𝑛 −𝑊)𝑃𝑘 (𝑢𝑛 (𝑥), 𝑢𝑛 (𝑦)) 𝑑𝑦 𝑑𝑥
����

≤ sup
(𝑎,𝑏)∈[−1,1]2

| 𝑓 (𝑎, 𝑏) − 𝑃𝑘 (𝑎, 𝑏) |
(
∥𝑊𝑛∥𝐿1 ((0,1)2) + ∥𝑊 ∥𝐿1 ((0,1)2)

)
+

����∫
(0,1)2

(𝑊𝑛 −𝑊)𝑃𝑘 (𝑢𝑛 (𝑥), 𝑢𝑛 (𝑦)) 𝑑𝑦 𝑑𝑥
����

≤ 𝐶 sup
(𝑎,𝑏)∈[−1,1]2

| 𝑓 (𝑎, 𝑏) − 𝑃𝑘 (𝑎, 𝑏) |

+
����∫

(0,1)2
(𝑊𝑛 −𝑊)𝑃𝑘 (𝑢𝑛 (𝑥), 𝑢𝑛 (𝑦)) 𝑑𝑦 𝑑𝑥

����
because both the graphon𝑊 and the sequence {𝑊𝑛} are bounded in 𝐿1((0, 1)2).

For any polynomial 𝑃𝑘 (𝑎, 𝑏) =
∑𝑘
𝑖, 𝑗=1 𝛼𝑖 𝑗𝑎

𝑖𝑏 𝑗 , we use the bound ∥𝑢𝑛∥∞ ≤ 1 (which we guar-
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anteed in Section 5.1.1) to obtain

����∫ 1

0

∫ 1

0
(𝑊𝑛 −𝑊)𝑃𝑘 (𝑢𝑛 (𝑥), 𝑢𝑛 (𝑦)) 𝑑𝑥 𝑑𝑦

���� =
������
∫ 1

0

∫ 1

0
(𝑊𝑛 −𝑊)

𝑘∑︁
𝑖, 𝑗=1

𝛼𝑖 𝑗𝑢
𝑖
𝑛 (𝑥)𝑢

𝑗
𝑛 (𝑦) 𝑑𝑥 𝑑𝑦

������
=

������ 𝑘∑︁
𝑖, 𝑗=1

𝛼𝑖 𝑗

∫ 1

0

∫ 1

0
(𝑊𝑛 −𝑊)𝑢𝑖𝑛 (𝑥)𝑢

𝑗
𝑛 (𝑦) 𝑑𝑥 𝑑𝑦

������
≤ 𝑘 max

𝑖, 𝑗
(𝛼𝑖 𝑗 )

����∫ 1

0

∫ 1

0
(𝑊𝑛 −𝑊)𝑢𝑖𝑛 (𝑥)𝑢

𝑗
𝑛 (𝑦) 𝑑𝑥 𝑑𝑦

����
≤ 𝐶 (𝑃𝑘 )∥𝑊𝑛 −𝑊 ∥□ .

In summary,

(𝐼) ≤ 𝐶
(

sup
(𝑎,𝑏)∈[−1,1]2

| 𝑓 (𝑎, 𝑏) − 𝑃𝑘 (𝑎, 𝑏) | + ∥𝑊𝑛 −𝑊 ∥□

)
,

where the constant 𝐶 is independent of 𝑛. Choosing 𝑘 sufficiently large and then letting 𝑛 → ∞

implies that (𝐼) → 0. □

Corollary 2. Let𝑊𝑛

□→ 𝑊 , and let 𝑢𝑛 ∈ V𝑛 be a sequence of graph functions such that sup𝑛 ∥𝑢𝑛∥∞ <

∞. We then have that the sequence of corresponding Young measures {𝜈𝑛𝑥 } ⊂ Y((0, 1),R) is pre-

compact in the narrow topology. Moreover, any subsequence {𝜈𝑛𝑥 } and any limit point 𝜈 satisfies

𝐷𝑊𝑛 (𝜈𝑛) → 𝐷𝑊 (𝜈) (5.5)

pointwise, where 𝐷𝑊𝑛 and 𝐷𝑊 are defined in (3.12) and (3.20), respectively.

Proof. Choose 𝑓 (𝑠, 𝑡) = |𝑠 − 𝑡 |2 in Theorem 5.1.1. □

Corollary 2 extends [11, Lemma 11] by allowing 𝜈 to be any Young measure and allowing 𝜈𝑛 =

{𝛿𝑢𝑛 (𝑥)}𝑥∈(0,1) to be any 𝛿-Young measure corresponding to some 𝑢𝑛 ∈ 𝐿∞((0, 1)). In [11, Lemma

11], 𝜈𝑛 must have support on a finite set of values, with the number of values being independent of

𝑛; the closure of the set of such Young measures is a strict subset of Y((0, 1),R). On the contrary,
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we allow 𝜈𝑛 to be any 𝛿-Young measure. We will see that the closure of the set of 𝛿-Young

measures in Y((0, 1),R) is the set Y((0, 1),R).

Theorem 5.1.1. Under the same assumptions as in Corollary 2, we have

𝐷𝑊𝑛
Γ→ 𝐷𝑊 , (5.6)

where we take Γ-convergence with respect to narrow convergence of Young measures and cut-norm

convergence of graphons.

Proof. To prove Γ-convergence, it suffices to prove the following two statements.

[(i)]For every {𝜈𝑛}𝑛∈N such that 𝜈𝑛 → 𝜈 narrowly, we have 𝐷 (𝜈) ≤ lim inf𝑛 𝐷𝑊𝑛 (𝜈𝑛). There

exists a sequence {𝜈𝑛}𝑛∈N that converges narrowly to 𝜈 with

𝐷 (𝜈) ≥ lim sup𝑛 𝐷𝑊𝑛 (𝜈𝑛).

Statement (i) follows from Corollary 2 because pointwise convergence holds for all 𝜈𝑛 →

𝜈 narrowly. To prove statement (ii), it suffices to show that there exists a sequence 𝜈𝑛 ∈ X𝑛

converging narrowly to some 𝜈 for any 𝜈 ∈ Y((0, 1)). Once we obtain this sequence, Corollary

2 yields inequality (ii). The existence of such a sequence follows by the denseness of Young

measures corresponding to measurable functions in the set of all Young measures [76, Proposition

8]. This proof of statement (ii) is more direct than the analogous proof of [11, Theorem 12], in

which 𝜈𝑛 is constructed carefully from a sequence of finite-valued functions 𝑢𝑛. □

Proposition 5.1.1 shows that the sequence of double-well potentials on graph functions con-

verges to the double-well potential on a Young measure. In Corollary 3, we use this result in

concert with Theorem 5.1.1 to show that GL𝑊𝑛𝜖
Γ→ GL𝑊𝜖 .

Proposition 5.1.1. Let 𝑢𝑛 ∈ 𝐿∞((0, 1)) be a sequence of functions that are constant on the inter-

vals 𝐼𝑖 =
(
(𝑖 − 1)/𝑛, 𝑖/𝑛

]
, and let Φ : R → R be continuous and bounded. We have that

∫ 1

0
Φ(𝑢𝑛 (𝑥)) 𝑑𝑥 →

∫ 1

0

∫
R
Φ(𝜆) 𝑑𝜈(𝜆) 𝑑𝑥 (5.7)

32



pointwise, where 𝜈 is the Young measure that is the narrow limit of the sequence of Young measures

𝜈𝑛, which have the form 𝜈𝑛𝑥 = 𝛿𝑢𝑛 (𝑥) .

1.2. Proof. The limit 𝜈 exists by Lemma 3.4.2 (Prohorov’s Theorem). By the definition of narrow

convergence, the fact that 𝜈𝑛
★
⇀ 𝜈 implies that

Φ(𝑢𝑛 (𝑥)) =
∫
R
Φ(𝜆) 𝑑𝜈𝑛𝑥 (𝜆)

★
⇀

∫
R
Φ(𝜆) 𝑑𝜈𝑥 (𝜆) in 𝐿∞((0, 1)) . (5.8)

The definition of weak-∗ convergence implies that, for any test function 𝜓(𝑥) ∈ 𝐿1((0, 1)), the

sequence of integrals
∫ 1

0 Φ(𝑢𝑛 (𝑥))𝜓(𝑥) 𝑑𝑥 =
∫ 1

0

∫
RΦ(𝜆) 𝑑𝜈𝑛𝑥 (𝜆)𝜓(𝑥) 𝑑𝑥 converges to∫ 1

0

∫
RΦ(𝜆)𝑑𝜈𝑥 (𝜆)𝜓(𝑥) 𝑑𝑥 as 𝑛→ ∞. Using the test function 𝜓 ≡ 1 yields the desired result.

□

The Γ-convergence of the graph GL functional (3.8) to the graphon limit as 𝑛 → ∞ follows

from the Γ-convergence of the graph Dirichlet energy (3.12) (see Corollary 2) and the pointwise

convergence of the double-well potential (see Proposition 5.1.1). We state this convergence result

formally in the next corollary.

Corollary 3. Under the same assumptions as in Corollary 2, we have

GL𝑊𝑛𝜖
Γ→ GL𝑊𝜖 (5.9)

as 𝑛→ ∞ with respect to narrow convergence of the Young measures.

Proof. Let GL𝑊𝑛𝜖 = 𝐹𝑛 + 𝐺𝑛 and GL𝑊𝜖 = 𝐹 + 𝐺, where 𝐹𝑛 and 𝐹 denote the graph and graphon

Dirichlet energies, respectively, and 𝐺𝑛 and 𝐺 correspond to the graph and graphon double-well

energies, respectively. Given the Γ-convergence (see Corollary 2) of the graph Dirichlet en-

ergy (3.12) (that is, 𝐹𝑛
Γ→ 𝐹) and the fact that 𝐺𝑛 → 𝐺 (i.e., the pointwise convergence of the

double-well potential that we proved in Proposition 5.1.1), we invoke the fact that Γ-convergence

still holds under a continuous perturbation (see [55, Remark 2.2]) in the topology of narrow con-

vergence of Young measures to obtain 𝐹𝑛 + 𝐺𝑛

Γ→ 𝐹 + 𝐺 . □
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5.2 Limit (4): GL𝑊𝜖
Γ→ 𝑇𝑉𝑊 as 𝜖 → 0 for𝑊 ∈ 𝐿∞.

5.2.1 The issue of 𝜖-scaling

A key property of the classical GL functional (3.1) is its Γ-convergence to the TV functional in

the 𝜖 → 0 limit [60]. Consider

GL𝜖 (𝑢) = 𝜖
∫ 1

0
|∇𝑢 |2 𝑑𝑥 + 1

𝜖

∫ 1

0
Φ(𝑢(𝑥)) 𝑑𝑥 , (5.10)

which is equation (3.1) (but we show it again for convenience). As 𝜖 shrinks, the double-well term

becomes larger due to its prefactor 1/𝜖 . This larger contribution from the double-well term encour-

ages narrower regions for 𝑢 to jump between −1 and 1. However, steeper jumps of 𝑢 contribute

more to the Dirichlet energy
∫ 1

0 |∇𝑢 |2 𝑑𝑥; as the interface size 𝜖 shrinks to zero, the contribution

from each jump grows to ∞. The prefactors that ensure that both the Dirichlet energy and double-

well potential remain 𝑂 (1) as 𝜖 → 0 are 𝜖 and 1/𝜖 , respectively. One can see this by substituting

𝑥 ↦→ 𝑥/𝜖 into the classical GL functional (3.1). Compare (5.10) to the graph GL functional

GL𝑊𝑛𝜖 =

∫ 1

0

∫ 1

0
𝑊𝑛 (𝑥, 𝑦) |𝑢(𝑥) − 𝑢(𝑦) |2 𝑑𝑥 𝑑𝑦 +

1
𝜖

∫ 1

0
Φ(𝑢(𝑥)) 𝑑𝑥 , (5.11)

which is equation (3.8). The graph GL functional (5.11) does not require the prefactor 𝜖 in the

graph Dirichlet energy because a graph inherently has no infinitesimal spatial limit: each jump of

𝑢 from −1 to 1 (and vice versa) contributes a finite amount to the graph Dirichlet energy, so both

terms of the graph GL functional remain 𝑂 (1) even when 𝜖 → 0. As in the case of the classical

GL functional, the double-well potential is a penalty term that enforces 𝑢 to be binary.

It is natural to ask how one should scale the graphon GL functional GL𝑊𝜖 , which is similar

to (5.11) in the sense that one computes differences of 𝑢 (rather than derivatives of 𝑢). Note that

𝑊 (𝑥, 𝑦) |𝑢(𝑥)−𝑢(𝑦) |2 = 4𝑊 (𝑥, 𝑦) when 𝑢(𝑥) = 1 and 𝑢(𝑦) = −1 (or vice versa). Because 4𝑊 (𝑥, 𝑦)

is finite when𝑊 ∈ 𝐿∞((0, 1)2), one does not need an 𝜖 prefactor in 𝐿∞ graphons.

If the graphon Dirichlet energy (3.20) is unbounded, as is the case for 𝐿𝑝 graphons, the scaling
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in 𝜖 depends on the choice of 𝑊 . The reason for this is that it is necessary to scale down the

unbounded graphon Dirichlet energy 𝐷𝑊 at an appropriate rate to ensure that both the Dirichlet

energy and the double-well potential remain 𝑂 (1). The more singular𝑊 is, the faster the Dirichlet

energy needs to decay, and vice versa. Formalizing the relationship between the singularity of 𝑊

and the 𝜖-scaling rate is out of the scope of this work.

We prove a version of the classical limit GL𝜖
Γ→ TV for graphon GL and graphon TV func-

tionals. We consider only 𝐿∞ graphons because it is difficult to determine the correct 𝜖-scaling for

general 𝐿𝑝 graphons.

Theorem 5.2.1. Suppose that𝑊 ∈ 𝐿∞((0, 1)2). Then, as 𝜖 → ∞, we have that

GL𝑊𝜖
Γ→ TV𝑊 (5.12)

with respect to narrow convergence of Young measures.

To prove Theorem 5.2.1, we follow a strategy that resembles the proof of [50, Theorem 3.1].

Suppose that a sequence of Young measures 𝜈𝑛 ∈ Y((0, 1),R) converges narrowly to 𝜈 ∈ Y((0, 1),R).

Lemma 5.2.1 shows that the double-well potential Γ-converges either to 0 or to ∞ as 𝜈𝑛 → 𝜈 nar-

rowly.

Lemma 5.2.1. Let Φ : R → R be a continuous and bounded potential function. Consider the

functionals 𝐸𝜖 and 𝐸0 on Y([0, 1],R) defined as

𝐸𝜖 (𝜈) =


1
𝜖

∫ 1

0

∫
R
Φ(𝜆) 𝑑𝜈𝑥 (𝜆) 𝑑𝑥 if 𝜈 ∈ Y([0, 1], {−1, 1}) ,

+∞ otherwise ,

(5.13)

and

𝐸0(𝜈) =


0 if 𝜈 ∈ Y([0, 1], {−1, 1}) ,

+∞ otherwise ,
(5.14)
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where Y([0, 1], {−1, 1}) ⊂ Y([0, 1],R) is the set of Young measures with support on {−1, 1}. As

𝜖 → 0, we have

𝐸𝜖
Γ→ 𝐸0 (5.15)

with respect to narrow convergence of Young measures.

Proof of Lemma 5.2.1. Consider sequences {𝜖𝑛}𝑛∈N and {𝜈𝑛}𝑛∈N such that 𝜖𝑛 → 0 and 𝜈𝑛 → 𝜈

narrowly for some 𝜈 ∈ Y([0, 1],∞). We verify the liminf inequality (i) and the limsup inequality

(ii) of Definition 3.3.1.

When 𝜈 ∈ Y([0, 1], {−1, 1}), it follows that 𝐸0(𝜈) = 0. The liminf inequality 𝐸0(𝜈) ≤

lim inf
𝑛→∞

𝐸𝜖𝑛 (𝜈𝑛) holds because 𝐸𝜖𝑛 is nonnegative. When 𝜈 ∈ Y([0, 1],R) \ Y([0, 1], {−1, 1}), it

follows that 𝜈𝑛 ∉ Y([0, 1], {−1, 1}) for sufficiently large 𝑛. Therefore, the slice 𝜈𝑛𝑥 has support

in R \ {−1, 1} for some 𝑥, so
∫
RΦ(𝜆) 𝑑𝜈𝑛𝑥 (𝜆) > 0 for that 𝑥. Consequently, the liminf inequality

holds:

lim inf
𝑛→∞

𝐸𝜖𝑛 (𝜈𝑛) ≥
∫ 1

0
lim inf
𝑛→∞

1
𝜖𝑛

∫
R
Φ(𝜆) 𝑑𝜈𝑛𝑥 (𝜆)𝑑𝑥 = ∞ = 𝐸0(𝜈) . (5.16)

The first inequality holds because of Fatou’s lemma. The first equality holds because 𝜖𝑛 → 0

and the integrand is uniformly bounded away from zero. The second equality holds because 𝜈𝑛 ∉

Y([0, 1], {−1, 1}). We now show the limsup inequality lim sup𝑛→∞ 𝐸𝜖𝑛 (𝜈𝑛) ≤ 𝐸0(𝜈). Suppose

that 𝜈 ∈ Y([0, 1], {−1, 1}). We choose 𝜈𝑛 = 𝜈 for all 𝑛, so 𝐸0(𝜈) = 0 = lim sup𝑛→∞ 𝐸𝜖𝑛 (𝜈𝑛).

If 𝜈 ∈ Y([0, 1],R) \ Y([0, 1], {−1, 1}), then 𝐸0(𝜈) = ∞ and the limsup inequality holds for any

sequence 𝜈𝑛 that converges narrowly to 𝜈. □

We now prove Theorem 5.2.1.

Proof of Theorem 5.2.1. To prove the desired result, we use the fact that Γ-convergence is main-

tained under a continuous perturbation. Note that GL𝑊𝜖 (𝜈) = 𝐷𝑊 (𝜈) + 𝐸𝜖 (𝜈), where 𝐷𝑊 is the

graphon Dirichlet energy (3.20) and 𝐸𝜖 is the double-well potential (5.13). The key ingredients

in our proof are the facts that the double-well potential Γ-converges (see Lemma 5.2.1) and that

the Dirichlet energy (3.20) is continuous in 𝜈. This energy is continuous because 𝜈𝑛 converges
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narrowly to 𝜈, which implies (by Definition (3.4.4)) for𝑊 ∈ 𝐿1 that

∫ 1

0

∫ 1

0
𝑊 (𝑥, 𝑦)

∫
R2

|𝜆 − 𝜇 |2 𝑑𝜈𝑛𝑥 (𝜆) 𝑑𝜈𝑛𝑦 (𝜇) 𝑑𝑥 𝑑𝑦

→
∫ 1

0

∫ 1

0
𝑊 (𝑥, 𝑦)

∫
R2

|𝜆 − 𝜇 |2 𝑑𝜈𝑥 (𝜆) 𝑑𝜈𝑦 (𝜇) 𝑑𝑥 𝑑𝑦 .

Therefore,

GL𝑊𝜖 = 𝐷𝑊 + 1
𝜖

∫ 1

0

∫
R
Φ(𝜆) 𝑑𝜈𝑥 (𝜆) 𝑑𝑥

is a continuous perturbation of the double-well potential. Because Γ-convergence is stable under

continuous perturbations, equation (5.15) implies that

GL𝑊𝜖
Γ→ 𝐷𝑊 +


0 if 𝜈 ∈ Y𝑏

+∞ otherwise
(5.17)

as 𝜖 → 0.

The Γ-limit in (5.17) is equal to TV𝑊 (𝜈). This is true for the following reason. If 𝜈 ∈ Y \ Y𝑏,

then both the Γ-limit in (5.17) and TV𝑊 (𝜈) are ∞. If 𝜈 ∈ Y𝑏, then 𝜆 and 𝜇 can only take the values

±1. Therefore, 𝜆 and 𝜇 can only have support in {±1}, so |𝜆 − 𝜇 |2 equals either 2|𝜆 − 𝜇 | or 0. □
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Chapter 6: The GL minimizer for several examples

It is informative to compute the GL minimizers for some families of graphons. We characterize

the minimizers of several graph GL functionals, and we illustrate the resulting Young measure in

the graphon limit. Taking the 𝜖 → 0 limit of a GL minimizer then allows us to infer the associated

TV minimizer.

For more general situations than our simple examples, it is difficult to obtain analytical char-

acterizations of graph and graphon GL minimizers. One can seek more general Young-measure

minimizers using numerical approximations; see [77, 78] for possible approaches. We leave such

endeavors to future work.

The Young measure 𝜈𝑥 = 𝛿1 for all 𝑥 (i.e., the constant function 𝑢(𝑥) = 1) is a trivial minimizer

of the graphon GL functional (3.19) for all graphons 𝑊 . Similarly, 𝜈𝑥 = 𝛿−1 is also a minimizer

for all 𝑊 . These are minimizers because the double-well potential Φ(𝑠) is 0 for 𝑠 = ±1 and the

Dirichlet energy term is 0 for constant functions. The constant function 𝑢 ≡ 1 (which corresponds

to the Young measure 𝜈𝑥 ≡ 𝛿1) is also a trivial minimizer of the graph functional (3.8).

The trivial minimizer is the only minimizer of the GL functional because the GL functional

is nonnegative and equals 0 only for the trivial minimizer. To make the minimization problem

nontrivial, we use a volume constraint, where “volume" refers to the sum of values of a function

(or a Young measure) on a graph. For the graphon GL-minimization problem, we thus impose the

volume constraint ∫ 1

0

∫
R
𝜆 𝑑𝜈𝑥 (𝜆) 𝑑𝑥 = 𝑐 (6.1)

for a given constant 𝑐 ∈ (−1, 1). The analogous volume constraint for the graph GL-minimization

problem is
1
𝑛

𝑛∑︁
𝑖=1

𝑢𝑖 = 𝑐 . (6.2)
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This constraint entails that the Young measure 𝜈 (or the graph function 𝑢) has a mean value of 𝑐,

so 𝜈 cannot have all of its mass on either −1 or +1 alone. This yields phase separation, with the

values −1 and 1 corresponding to two different phases [59]. We assume that 𝑐 ∈ (−1, 1) in Section

6.1 and that 𝑐 = 0 in Section 6.2.

6.1 The constant graphon

The constant graphon is the large-graph limit of the complete graph (for which𝑊 ≡ 1), Erdős–

Rényi (ER) graphs (for which 𝑊 ≡ 𝑝 ∈ (0, 1))[8, Section 10.1], and some growing preferential-

attachment graphs (including Barabási–Albert (BA) graphs, for which 𝑊 ≡ 𝑝 ∈ (0, 1)) [8, Exam-

ple 11.44 and Proposition 11.45].

Consider the graph GL functional on the 𝑛-node complete graph. Let 𝐴(𝑛)
𝑖 𝑗

= 𝑝 for all 𝑖 and 𝑗

in (3.8). This leads to

GL𝑊𝑛𝜖 (𝑢) = 1
𝑛2

𝑛∑︁
𝑖, 𝑗=1

𝑝(𝑢𝑖 − 𝑢 𝑗 )2 + 1
𝜖𝑛

𝑛∑︁
𝑖=1

Φ(𝑢𝑖)

=
𝑝

𝑛2
©­«2𝑛

𝑛∑︁
𝑖=1

𝑢2
𝑖 − 2

𝑛∑︁
𝑖, 𝑗=1

𝑢𝑖𝑢 𝑗
ª®¬ + 1

𝜖𝑛

𝑛∑︁
𝑖=1

(𝑢4
𝑖 − 2𝑢2

𝑖 + 1)

=
1
𝜖𝑛

𝑛∑︁
𝑖=1

(
𝑢4
𝑖 − (2 − 2𝜖 𝑝)𝑢2

𝑖

)
− 2𝑝
𝑛2

(
𝑛∑︁
𝑖=1

𝑢𝑖

)2

+ 1
𝜖

=
1
𝜖𝑛

𝑛∑︁
𝑖=1

(𝑢2
𝑖 − (1 − 𝜖 𝑝))2 − 2

𝑛2

(
𝑛∑︁
𝑖=1

𝑢𝑖

)2

− 1
𝜖
(1 − 𝜖 𝑝)2 + 1

𝜖
. (6.3)

Fix 𝜖 < 1. Minimizing (6.3) subject to the volume constraint (6.2) is equivalent to minimizing

the energy

𝐸𝑛 (𝑣) :=
𝑛∑︁
𝑖=1

(
𝑣2
𝑖 − 1

)2
, (6.4)

where

𝑣𝑖 =
𝑢𝑖√︁

1 − 𝜖 𝑝
. (6.5)
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With the change of variables (6.5), the volume constraint (6.2) becomes

1
𝑛

𝑛∑︁
𝑖=1

𝑣𝑖 =
𝑐√︁

1 − 𝜖 𝑝
. (6.6)

Minimizing (6.4) subject to the volume constraint (6.6) leads to the Euler–Lagrange (EL) equations

𝑣3
𝑖 − 𝑣𝑖 = 𝜏 and

1
𝑛

𝑛∑︁
𝑖=1

𝑣𝑖 =
𝑐√︁

1 − 𝜖 𝑝
, (6.7)

where 𝜏 is the Lagrange multiplier associated with the volume constraint.

The derivation of the EL equations(6.7) is as follows. For all suitable perturbations 𝜙, we have

𝑑

𝑑𝑡

[
𝐸𝑛 (𝑣 + 𝑡𝜙) +

𝜏

𝑛

𝑛∑︁
𝑖=1

(𝑣𝑖 + 𝑡𝜙)
]
𝑡=0

=
𝑑

𝑑𝑡

[
𝑛∑︁
𝑖=1

((𝑣𝑖 + 𝑡𝜙𝑖)2 − 1)2 + 𝑑

𝑑𝑡

𝜏

𝑛

𝑛∑︁
𝑖=1

(𝑣𝑖 + 𝑡𝜙)
]
𝑡=0

=

𝑛∑︁
𝑖=1

2((𝑣𝑖 + 𝑡𝜙𝑖)2 − 1) (2𝑣𝑖 + 𝑡𝜙𝑖)𝜙𝑖 |𝑡=0 +
𝜏

𝑛

𝑛∑︁
𝑖=1

𝜙𝑖

=

𝑛∑︁
𝑖=1

[
4(𝑣3

𝑖 − 𝑣𝑖)𝜙𝑖 +
𝜏

𝑛
𝜙𝑖

]
= 0

for all 𝜙𝑖 implies that for some 𝜏′, we have

𝑣3
𝑖 − 𝑣𝑖 = 𝜏′ .

Proposition 6.1.1 (Characterization of GL minimizers for the finite complete graph with constant

edge weight). Let 𝑊𝑛 ≡ 𝑝, and 𝜖 small enough, let |𝑐 | <
√︁

1 − 𝜖 𝑝. The minimizers of GL𝑊𝑛𝜖

under the volume constraint (6.6) are functions 𝑢 whose range is contained in {𝑧±,𝑛}, where 𝑧±,𝑛 =

±
√︁

1 − 𝜖 𝑝 +𝑂 (1/
√
𝑛), except for at most one node on which 𝑢 takes a value that is 𝑂 (1/

√
𝑛).

Remark 6.1.1. In the 𝑛→ ∞ limit, the sequence of minimizers approaches ±1 almost everywhere.

Remark 6.1.2. The minimizers are not unique, since the energy and the constraints are invariant
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under permutations of the subscripts.

Proof. With the change of variables (6.5), it suffices to describes minimizers 𝑣 of the equivalent

minimization problem (6.4).

First, we show that the energy functional (6.4) for a minimizer 𝑣 is bounded above by 1. Con-

sider a candidate minimizer 𝑣̃ with 𝑣̃𝑖 ∈ {±1} for all 𝑖 ∈ {1, . . . , 𝑛} that takes the value +1 on

𝑛
2 (1 + 𝑐√

1−𝜖 𝑝
) of the nodes and the value −1 on 𝑛

2 (1 − 𝑐√
1−𝜖 𝑝

) of the nodes. If these numbers of

positive and negative values are not integers, we round the numbers; because the two numbers sum

to 𝑛, one rounds up and one rounds down. (It does not matter which one rounds up and which one

rounds down.) There may then be one node 𝑗 that does not have an assigned value. On node 𝑗 , the

candidate minimizer 𝑣̃ takes whichever value allows it to satisfy the volume constraint. Namely,

𝑣̃ 𝑗 =
𝑛𝑐√
1−𝜖 𝑝

− round( 𝑛𝑐√
1−𝜖 𝑝

), where “round" maps a real number to the nearest integer and 0.5

rounds up. Because |𝑣̃ 𝑗 | < 1, the energy is 𝐸𝑛 (𝑣̃) ≤ 1 for this choice of 𝑣̃. For a minimizer 𝑣, we

have 𝐸𝑛 (𝑣) ≤ 𝐸𝑛 (𝑣̃) ≤ 1.

We now show that the candidate minimizer is an actual minimizer. Due to equation (6.4), the

energy bound 𝐸𝑛 (𝑣) ≤ 1 implies that there must be some 𝑗 such that |𝑣2
𝑗
− 1| ≤ 1/

√
𝑛. Because

|𝜏 | = |𝑣2
𝑗
− 1| |𝑣 𝑗 | ≤ (1/

√
𝑛) (1 + 1/

√
𝑛)1/2, we have that |𝜏 | = 𝑂 (1/

√
𝑛). Note that for large 𝑛,

the cubic polynomial 𝑔(𝑥) = 𝑥3 − 𝑥 is a monotone function around its three simple roots and the

derivatives at the roots are constants uniformly bounded away from 0, with respect to 𝑛. This

implies that, whenever |𝑔(𝑣𝑖) | = |𝑣2
𝑖
− 1| |𝑣𝑖 | = |𝜏 | ≤ (1/

√
𝑛) (1 + 1/

√
𝑛)1/2, we have from the

inverse function theorem that either |𝑣2
𝑖
− 1| = 𝑂 (1/

√
𝑛) or |𝑣𝑖 | = 𝑂 (1/

√
𝑛). The contribution to

𝐸𝑛 of any 𝑣𝑖 that satisfies |𝑣2
𝑖
− 1| = 𝑂 (1/

√
𝑛) is 𝑂 (1/

√
𝑛), whereas the contribution to 𝐸𝑛 of any

𝑣𝑖 that satisfies |𝑣𝑖 | = 𝑂 (
√︁

1/𝑛) is at least (1−𝑂 (1/𝑛))2. Therefore, with the bound 𝐸𝑛 (𝑣) ≤ 1, we

see that there is at most one node 𝑖 with |𝑣𝑖 | = 𝑂 (1/
√
𝑛), for sufficiently large 𝑛. Every other value

of 𝑣 must all be a root of 𝑔(𝑥) = 𝜏 and satisfies |𝑣2
𝑖
− 1| = 𝑂 (1/

√
𝑛). Thus, 𝑣𝑖 → ±1 as 𝑛→ ∞.

□

The minimizer 𝑣 of (6.4) that we constructed has a discontinuous profile; that is, it has jumps

between the values +
√︁

1 − 𝜖 𝑝 and −
√︁

1 − 𝜖 𝑝. See the related discussion in [79]. Furthermore,
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as 𝑛 → ∞, the limit of the sequence of minimizers 𝑣 takes the values ±1 almost everywhere as

𝑛→ ∞, so (by the change of variables (6.5)) 𝑢 takes values ±
√︁

1 − 𝜖 𝑝 almost everywhere.

We now examine where the optimal 𝑢 takes the values ±
√︁

1 − 𝜖 𝑝. In doing so, we illustrate

the properties of the GL minimizer in the graphon limit. Because GL𝑊𝑛𝜖
Γ→ GL𝑊𝜖 as 𝑊𝑛

□→ 𝑊 ,

we know (see Section 5.1) that characterizing the GL minimizers for the constant graph gives us

insight into GL minimizers for the constant graphon. We show that (arbitrarily many) oscillations

between the two values +
√︁

1 − 𝜖 𝑝 and −
√︁

1 − 𝜖 𝑝 do not affect the optimality of 𝑢. The following

discussion helps explain why graphon functionals act on Young measures.

The Young measure {𝜈𝑥}𝑥∈(0,1) that is defined by

𝜈𝑥 = 𝜃 𝛿√1−𝜖 𝑝 + (1 − 𝜃)𝛿−√1−𝜖 𝑝 , (6.8)

where 2𝜃 − 1 = 𝑐𝑛, gives a set of minimizers of the GL functional for the constant graphon with

the volume constraint (6.1). The quantities 𝜃 and 1 − 𝜃 are the proportions of the values +
√︁

1 − 𝜖 𝑝

and −
√︁

1 − 𝜖 𝑝, respectively.

The Young measure (6.8) is the limit, with respect to narrow convergence in the space of

Young measures of sequences of increasingly oscillatory functions 𝑢 that take the value
√︁

1 − 𝜖 𝑝

on a proportion 𝜃 of the points in [0, 1] and the value −
√︁

1 − 𝜖 𝑝 on a proportion 1− 𝜃 of the points.

We consider two different Young measures with the volume constraint (6.1) but different amounts

of oscillation.

We first consider the Young measure

𝜈
(1)
𝑥 = 𝛿𝑢(𝑥) , where 𝑢(𝑥) =


−
√︁

1 − 𝜖 𝑝 , 0 < 𝑥 < 1−𝑐
2√︁

1 − 𝜖 𝑝 , 1−𝑐
2 < 𝑥 < 1 ,

(6.9)

which represents a non-oscillatory limit. This function 𝑢(𝑥) has a single transition that satisfies the
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volume constraint (6.1). The graphon GL functional (3.19) evaluated on 𝜈(1) is

GL𝑊𝜖 (𝜈(1)) = 4(1 − 𝜖 𝑝)
∫ 1−𝑐

2

0

∫ 1

1−𝑐
2

𝑊 (𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 + 4(1 − 𝜖 𝑝)
∫ 1

1−𝑐
2

∫ 1−𝑐
2

0
𝑊 (𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 . (6.10)

We now consider a Young measure 𝜈(2)𝑥 that satisfies the volume constraint (6.1) but does not

correspond to a function 𝑢. This Young measure is

𝜈
(2)
𝑥 =

1 + 𝑐
2

𝛿√1−𝜖 𝑝 +
1 − 𝑐

2
𝛿−
√

1−𝜖 𝑝 . (6.11)

One can think of 𝜈(2)𝑥 as the limit of increasingly oscillatory functions that satisfies the constraint

(6.1). The graphon GL functional (3.19) evaluated on 𝜈(2) is

GL𝑊𝜖 (𝜈(2)) = 2
√︁

1 − 𝜖 𝑝(1 − 𝑐) (1 + 𝑐)
∫ 1

0

∫ 1

0
𝑊 (𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 . (6.12)

We compare the values of GL𝑊𝜖 (𝜈(1)) and GL𝑊𝜖 (𝜈(2)) to illustrate the effect of oscillations on

the functional value. Suppose that 𝑊 ≡ 1 ∈ (0, 1) and that the volume constraint (6.1) holds.

Equations (6.10) and (6.12) yield

GL𝑊𝜖 (𝜈(1)) = GL𝑊𝜖 (𝜈(2)) = 2
√︁

1 − 𝜖 𝑝(1 − 𝑐) (1 + 𝑐) ,

which illustrates that oscillations do not increase the value of the graphon GL for the constant

graphon. This contrasts with what occurs for classical GL functionals, which are concerned with

interfaces and smoothness [59].

The contribution to the constant-graphon GL functional GL𝑊𝜖 is the same whenever 𝜈𝑥 and 𝜈𝑦

differ from each other, regardless of how “far" 𝑥 and 𝑦 are from each other. This situation contrasts

sharply with classical GL functionals, where the contribution from variations in the value of 𝑢 is

|∇𝑢(𝑥) |2 (which penalizes local changes in the value of 𝑢 near 𝑥), rather than𝑊 (𝑥, 𝑦) |𝑢(𝑥)−𝑢(𝑦) |2

(which penalizes nonlocal variations in values).
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In the 𝜖 → 0 limit, the Young-measure minimizers (6.8) converge to the limiting Young mea-

sure 𝜈 = {𝜈𝑥}, which is defined by

𝜈𝑥 = 𝜃𝛿1 + (1 − 𝜃)𝛿−1 (6.13)

for all 𝑥 ∈ [0, 1]. From the Γ-convergence GL𝑊𝜖
Γ→ TV𝑊 (see Section 5.2), the Young-measure

limit (6.13) of the minimizers (6.8) of GL𝑊𝜖 is a minimizer of the limiting energy TV𝑊 for𝑊 ≡ 𝑝.

To help with later discussions, also study the (unrealistic) case of “oversaturation", which oc-

curs when the volume constraint imposes that the mean value of 𝑣 is larger than 1 or is smaller

than −1. Oversaturation occurs when |𝑐 | >
√︁

1 − 𝜖 𝑝. In the following lemma, we characterize

the minimizers when |𝑐 | ≥
√︁

1 − 𝜖 𝑝 and show that the optimal value of |𝑐 | is
√︁

1 − 𝜖 𝑝 under this

condition.

Lemma 6.1.1 (Non-oversaturation of GL minimizers). When |𝛾 | :=
���� 𝑐√

1−𝜖 𝑝

���� ≥ 1 in the volume

constraint (6.6), the minimizer of (6.4) is the constant function 𝑣∗, which satisfies 𝑣∗
𝑖
= 𝛾 for all

𝑖 ∈ [𝑛]; the minimum energy is 𝐸𝑛 (𝑣∗) = 𝑛(𝛾2 − 1)2. Equivalently, the minimizer of the constant-

graph GL functional GL𝑊𝑛𝜖 (𝑢) with the volume constraint (6.2) is 𝑢∗ (which satisfies 𝑢∗
𝑖
= 𝑐 for all

𝑖 ∈ [𝑛]), and the minimum energy is GL𝑊𝑛𝜖 (𝑢∗) = 1
𝜖
Φ(𝑐) = 1

𝜖
(𝑐2 − 1)2. Additionally, the energies

𝐸𝑛 (𝑣∗) and GL𝑊𝑛𝜖 (𝑢∗) have smaller minima when |𝑐 | =
√︁

1 − 𝜖 𝑝 than when |𝑐 | >
√︁

1 − 𝜖 𝑝.

Proof. Let 𝛾 = 𝑐√
1−𝜖 𝑝

, and rewrite the volume constraint (6.2) as

𝑛∑︁
𝑖=1

𝑣𝑖 = 𝛾𝑛 . (6.14)

First, we show that the 𝐸𝑛 minimizer is the constant function. Let ℎ be the convex hull of 𝑓 (𝑠) =

(𝑠2 − 1)2; therefore, ℎ = 0 on [−1, 1] and ℎ = 𝑓 everywhere else. Define

𝐻𝑛 (𝑣) :=
𝑛∑︁
𝑖=1

ℎ(𝑣𝑖) .

The function 𝐻𝑛 (𝑣) ≤ 𝐸𝑛 (𝑣) for any 𝑣. Furthermore, because ℎ is convex, it follows that
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(ℎ(𝑥) + ℎ(𝑦))/2 ≤ ℎ ((𝑥 + 𝑦)/2). Therefore, if 𝑣𝑖 ≠ 𝑣 𝑗 for any 𝑖 ≠ 𝑗 , the function 𝐻𝑛 decreases

if 𝑣𝑖 and 𝑣 𝑗 are both replaced by their mean. Consequently, with the volume constraint (6.14), the

minimizer of 𝐻𝑛 is the constant function 𝑣′ ≡ 𝛾 = 𝑐√
1−𝜖 𝑝

. Because 𝛾 ≥ 1, we have 𝐻𝑛 (𝑣′) =

𝐸𝑛 (𝑣′), so the minimizer of 𝐸𝑛 entails that 𝑣𝑖 = 𝛾, which yields

𝐸𝑛 (𝑣′) = 𝐻𝑛 (𝑣′) = 𝑛
(
𝛾2 − 1

)2
.

The conclusion about GL𝑊𝑛𝜖 (𝑢) then follows immediately. □

6.2 2 × 2 stochastic block models (SBMs)

Consider the 2 × 2 piecewise-constant graphon

𝑊 (𝑥, 𝑦) =



𝑎11 if (𝑥, 𝑦) ∈ (0, 1
2 ) × (0, 1

2 )

𝑎12 if (𝑥, 𝑦) ∈ (0, 1
2 ) × [ 1

2 , 1)

𝑎21 if (𝑥, 𝑦) ∈ [ 1
2 , 1) × (0, 1

2 )

𝑎22 if (𝑥, 𝑦) ∈ [ 1
2 , 1) × [ 1

2 , 1) ,

(6.15)

where 𝑎𝑖 𝑗 ∈ [0, 1]. This graphon is a stochastic block model (SBM) [18]. Researchers use SBMs

as generative models of graphs with various types of mesoscale network structures, such as assor-

tative or disassortative block structures [80]. SBMs constitute a relatively general class of graphs

and graphons. Indeed, the Szemeredi Lemma implies that one can approximate any 𝐿∞ graphon

arbitrarily closely in cut-norm by an SBM [43, Lemma 3.1].

Bipartite graph Community structure graph A 2 × 2 SBM

Figure 6.1: Three types of 2 × 2 piecewise-constant graphons.
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In this subsection, we discuss the 2×2 piecewise-constant graphons in Figure 6.1. If one views

the SBM as a generative model, the entries 𝑎𝑖 𝑗 encode the probability that there is an edge between

a node in community 𝑖 ∈ {1, 2} and a node in community 𝑗 ∈ {1, 2}. However, we view the entries

𝑎𝑖 𝑗 as fixed values that form a block-diagonal adjacency matrix in which adjacency-matrix entries

take values 𝑊 as described in (6.15).

In an assortative SBM, the intra-community edge probabilities 𝑎𝑖𝑖 and 𝑎 𝑗 𝑗 are larger than the

inter-community edge probabilities 𝑎𝑖 𝑗 and 𝑎 𝑗𝑖. Figure 6.1 shows examples of graphons where

black represents the value one, white represents the value zero, and grayscale represents values in

(0, 1). The origin is at the upper-left corner of each graphon. An SBM with planted community

structure (see Figure 6.1(b)) is an extreme case of assortative block structure [80]. In a disassorta-

tive SBM, the edge probabilities 𝑎𝑖 𝑗 and 𝑎 𝑗𝑖 are larger than 𝑎𝑖𝑖 and 𝑎 𝑗 𝑗 , so inter-community edges

are more likely than intra-community edges. An extreme example is a bipartite SBM (see Figure

6.1(a)). Finally, Figure 6.1(c) shows an example of a general 2× 2 SBM with different community

sizes.

When 𝑎21 = 𝑎12 = 1 and 𝑎11 = 𝑎22 = 0 in equation (6.15), the graphon𝑊 is a bipartite graphon.

When 𝑎21 = 𝑎12 = 0 and 𝑎11 = 𝑎22 = 1, the graphon𝑊 is a community-structure graphon with two

weakly-connected subgraphons.

Seeking a GL minimizer for SBMs is different from seeking a constant-graphon GL minimizer

because no volume constraint is needed in the bipartite case. For the constant graphon, the min-

imizer would be trivial (all 1 or all −1) without a volume constraint, but the bipartite graphon

has no such trivial minimizer. Instead, we will see that the community size 𝛼 acts like a volume

constraint.
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6.2.1 Complete bipartite graphon

In a bipartite graph (see Figure 6.1(b)), each node is in one of two sets, 𝑆 and 𝑆𝑐, with edges

only between nodes in different sets. Consider the complete bipartite graph

𝐴
(𝑛)
𝑖 𝑗

=



1 if 𝑖 ∈ 𝑆 , 𝑗 ∈ 𝑆𝑐

1 if 𝑖 ∈ 𝑆𝑐 , 𝑗 ∈ 𝑆

0 if 𝑖 ∈ 𝑆 , 𝑗 ∈ 𝑆

0 if 𝑖 ∈ 𝑆 , 𝑗 ∈ 𝑆𝑐 .

(6.16)

Suppose that the graph has 𝑛 nodes. Let 𝑎 =
|𝑆 |
𝑛

and 1 − 𝑎 =
|𝑆𝑐 |
𝑛

, so 𝑎 ∈ (0, 1) is the proportion of

nodes in set 𝑆. The corresponding complete bipartite graphon is

𝑊 (𝑥, 𝑦) =



0 if (𝑥, 𝑦) ∈ (0, 𝑎) × (0, 𝑎)

1 if (𝑥, 𝑦) ∈ (0, 𝑎) × [𝑎, 1)

1 if (𝑥, 𝑦) ∈ [𝑎, 1) × (0, 𝑎)

0 if (𝑥, 𝑦) ∈ [𝑎, 1) × [𝑎, 1) .

(6.17)

We rewrite the GL functional for the bipartite graph as

GL𝑊𝑛𝜖 (𝑢) = 1
𝑛2

∑︁
𝑖∈𝑆, 𝑗∈𝑆𝑐

(𝑢𝑖 − 𝑢 𝑗 )2 + 1
𝜖𝑛

𝑛∑︁
𝑖=1

Φ(𝑢𝑖) (6.18)

=
1
𝑛2

∑︁
𝑖∈𝑆, 𝑗∈𝑆𝑐

𝑢2
𝑖 +

1
𝑛2

∑︁
𝑖∈𝑆, 𝑗∈𝑆𝑐

𝑢2
𝑗 −

2
𝑛2

∑︁
𝑖∈𝑆, 𝑗∈𝑆𝑐

𝑢 𝑗 +
1
𝜖𝑛

𝑛∑︁
𝑖=1

Φ(𝑢𝑖)

=
1
𝑛2

∑︁
𝑖∈𝑆

|𝑆𝑐 |𝑢2
𝑖 +

1
𝑛2

∑︁
𝑗∈𝑆𝑐

|𝑆 |𝑢2
𝑗 −

2
𝑛2

∑︁
𝑖∈𝑆, 𝑗∈𝑆𝑐

𝑢𝑖𝑢 𝑗 +
1
𝜖𝑛

𝑛∑︁
𝑖=1

Φ(𝑢𝑖)

=
1
𝜖𝑛

∑︁
𝑖∈𝑆

(
𝑢4
𝑖 − (2 − 𝜖 (1 − 𝑎))𝑢2

𝑖 + 1
)
+ 1
𝜖𝑛

∑︁
𝑖∈𝑆𝑐

(
𝑢4
𝑖 − (2 − 𝜖𝑎)𝑢2

𝑖 + 1
)
− 2
𝑛2

∑︁
𝑖∈𝑆

𝑢𝑖

∑︁
𝑗∈𝑆𝑐

𝑢 𝑗 .
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By completing the square in the first two sums, we see that (6.18) is equal (up to a constant) to

1
𝜖𝑛

∑︁
𝑖∈𝑆

(
𝑢2
𝑖 −

(
1 − 𝜖 (1 − 𝑎)

2

))2
+ 1
𝜖𝑛

∑︁
𝑖∈𝑆𝑐

(
𝑢2
𝑖 −

(
1 − 𝜖𝑎

2

))2
− 2
𝑛2

∑︁
𝑖∈𝑆

𝑢𝑖

∑︁
𝑗∈𝑆𝑐

𝑢 𝑗 . (6.19)

Define the community size
∑
𝑖∈𝑆 𝑢𝑖 = 𝛼, which we combine with the volume constraint (6.2) to

obtain ∑︁
𝑖∈𝑆, 𝑗∈𝑆𝑐

𝑢𝑖𝑢 𝑗 = 𝛼(𝑐 − 𝛼) .

We introduce a rescaling of variables that is similar to (6.5). This rescaling is

𝑣𝑖 =


𝑢𝑖√

1−𝜖 (1−𝑎)/2
for 𝑖 ∈ 𝑆

𝑢𝑖√
1−𝜖𝑎/2

for 𝑖 ∈ 𝑆𝑐 .
(6.20)

To simplify the notation, we define

𝑐𝑆 :=
√︁

1 − 𝜖 (1 − 𝑎)/2 and 𝑐𝑆𝑐 :=
√︁

1 − 𝜖𝑎/2 . (6.21)

This yields the equivalent minimization problem

𝐸𝑛 (𝑣) :=
𝑐4
𝑆

𝜖

∑︁
𝑖∈𝑆

(𝑣2
𝑖 − 1)2 +

𝑐4
𝑆𝑐

𝜖

∑︁
𝑖∈𝑆𝑐

(𝑣2
𝑖 − 1)2 − 2

𝑛
𝑐𝑆𝑐𝑆𝑐𝛼(𝑐 − 𝛼) , (6.22)

where, with the change of variables (6.20), the community size 𝛼 =
∑
𝑖∈𝑆 𝑢𝑖 gives

𝛼 = 𝑐𝑆

∑︁
𝑖∈𝑆

𝑣𝑖 , 𝑐 − 𝛼 = 𝑐𝑆𝑐
∑︁
𝑖∈𝑆𝑐

𝑣𝑖 . (6.23)
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Treating 𝑣 and 𝛼 as unknowns, the resulting EL equations for minimizing 𝐸𝑛 are

4𝑐4
𝑆

𝜖
(𝑣3
𝑖 − 𝑣𝑖) − 𝜏𝑆𝑐𝑆 = 0 on 𝑆 ,

4𝑐4
𝑆𝑐

𝜖
(𝑣3
𝑖 − 𝑣𝑖) − 𝜏𝑆𝑐𝑐𝑆𝑐 = 0 on 𝑆𝑐 ,

−2
𝑛
𝑐𝑆𝑐𝑆𝑐 𝛼 + 𝜏𝑆 − 𝜏𝑆𝑐 = 0 . (6.24)

Proposition 6.2.1 (Characterization of the GL minimizers for the bipartite graphon). Let 𝑊𝑛 be

the complete bipartite graph with 𝑛 nodes (see (6.16)). The minimizers of GL𝑊𝑛𝜖 are functions 𝑢

that take the values {±
√︁

1 − 𝜖𝑎/2+𝑂 (1/
√
𝑛)} except for at most a finite number 𝑁 of nodes, where

𝑁 is independent of 𝑛.

Proof. We use a similar argument as we did for the constant graphon to show that the values 𝑣𝑖 of

the global minimizer are close to ±1 except for at most 𝑁 possible nodes, where 𝑁 is independent

of 𝑛.

First, we derive the uniform energy bound

𝐸𝑛 (𝑣̃) ≤
3
𝜖

(6.25)

for a feasible 𝑣̃. When both |𝑆 | and |𝑆𝑐 | are even, 𝐸𝑛 (𝑣̃) = 0 if we take an equal number of 1 and

−1 entries in the components of 𝑣̃ in 𝑆 and 𝑆𝑐. This also implies that 𝛼 = 0.

If 𝑛 is even but both |𝑆 | and |𝑆𝑐 | are odd, then we set 𝑣̃𝑖 = 0 for one node in 𝑆 and one node in

𝑆𝑐, and we also take an equal number of 1 and −1 entries in 𝑆 and likewise in 𝑆𝑐. This again yields

𝛼 = 0. For both of these choices of 𝑣̃, we have

𝐸𝑛 (𝑣̃) ≤
𝑐4
𝑆
+ 𝑐4

𝑆𝑐

𝜖
=

2
𝜖
− 1 + 𝜖

4
(1 − 2𝑎 + 2𝑎2) ≤ 3

𝜖
(6.26)

for 𝑎 ∈ (0, 1) and 𝜖 < 1. For the remaining case, in which 𝑛 is odd, one of |𝑆 | and |𝑆𝑐 | is even

and the other is odd. In this case, one node has 𝑣̃𝑖 = 0 and the remaining 𝑣̃𝑖 have an equal number
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of 1 and −1 entries in 𝑆 and an equal number of 1 and −1 entries in 𝑆𝑐. This again yields 𝛼 = 0,

and 𝐸𝑛 (𝑣̃) is either
𝑐4
𝑆

𝜖
(if |𝑆 | is odd) or

𝑐4
𝑆𝑐

𝜖
(if |𝑆𝑐 | is odd), which again satisfies the uniform energy

bound (6.25).

From the energy upper bound (6.25), a minimizer 𝑣 satisfies

𝑐4
𝑆

𝜖

∑︁
𝑖∈𝑆

(𝑣2
𝑖 − 1)2 +

𝑐4
𝑆𝑐

𝜖

∑︁
𝑖∈𝑆𝑐

(𝑣2
𝑖 − 1)2 ≤ 𝐸𝑛 (𝑣) ≤ 𝐸𝑛 (𝑣̃) ≤

3
𝜖
. (6.27)

Therefore, there exist nodes 𝑗 ∈ 𝑆 and 𝑗 ′ ∈ 𝑆𝑐 such that

(𝑣2
𝑗 − 1)2 ≤ 3

|𝑆 |𝑐4
𝑆

and (𝑣2
𝑗 ′ − 1)2 ≤ 3

|𝑆𝑐 |𝑐4
𝑆

. (6.28)

Because |𝑆 | = 𝑎𝑛 and |𝑆𝑐 | = (1 − 𝑎)𝑛, we have

|𝑣2
𝑗 − 1| ≤ 𝑚1√

𝑛
and |𝑣2

𝑗 ′ − 1| ≤ 𝑚2√
𝑛
,

where the constants 𝑚1 and 𝑚2 do not depend on 𝑛. Because the EL equations (6.24) hold for all

nodes, including 𝑗 and 𝑗 ′, we then obtain

|𝜏𝑆 | ≤
𝐶
√
𝑛

and |𝜏𝑆𝑐 | ≤
𝐶
√
𝑛

for some constant 𝐶 that does not depend on 𝑛. With these bounds on 𝜏𝑆 and 𝜏𝑆𝑐 , equations (6.24)

yield

𝑣3
𝑖 − 𝑣𝑖 = 𝑂 (1/

√
𝑛)

for all nodes in both 𝑆 and 𝑆𝑐. Similar to the proof of Proposition 6.1.1, for sufficiently large 𝑛, the

zeros 𝑣𝑖 lie within 𝑂 (𝑘/
√
𝑛) of ±1 and 0. Furthermore, due to the energy bound (6.27), we see that

𝑣 can be within 𝑂 (𝑘/
√
𝑛) of 0 at most at a finite number of nodes; that number does not exceed a

constant that is independent of 𝑛.
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From the change of variables (6.20), the GL minimizer 𝑢 takes the values 𝑢𝑖 = ±
√︁

1 − 𝜖𝑎/2 +

𝑂 (1/
√
𝑛) for 𝑖 ∈ 𝑆𝑐 and 𝑢𝑖 = ±

√︁
1 − 𝜖 (1 − 𝑎)/2 + 𝑂 (1/

√
𝑛) for 𝑖 ∈ 𝑆, except for at most a finite

number of nodes 𝑖. □

It follows from Proposition 6.2.1 that the limiting Young measures for the complete bipartite

graphon GL minimizer are

𝜈𝑥 = 111𝑈1 (𝑥) 𝛿√1−𝜖𝑎/2 + 111𝑆\𝑈1 (𝑥) 𝛿−√1−𝜖𝑎/2

+ 111𝑈2 (𝑥) 𝛿√1−𝜖 (1−𝑎)/2 + 111𝑆𝑐\𝑈2 (𝑥) 𝛿−√1−𝜖 (1−𝑎)/2 ,

where𝑈1 ⊂ 𝑆 and𝑈2 ⊂ 𝑆𝑐 are any sets with the property that |𝑈1 | = |𝑆 |
2 and |𝑈2 | = |𝑆𝑐 |

2 .

As 𝑛 → ∞, the energy bound (6.27) also yields a bound on the limiting graphon energy.

Furthermore, this bound shrinks as 𝑛 increases. Because one loses the discrete character of graphs

in the continuum limit, it no longer makes sense to discuss “even" or “odd" |𝑆 | and |𝑆𝑐 |, and one

can always choose measures that are binary, which do not contribute to the double-well energy.

6.2.2 Community-structure graphon

Community-structure graphs consist of densely-connected subgraphs (i.e., communities) that

are sparsely connected to each other. As in a 2 × 2 bipartite SBM, a 2 × 2 community-structure

graph involves a partition {𝑆, 𝑆𝑐} of the set of nodes of a graph into two communities. Edges occur

frequently between nodes in the same community (either 𝑆 or 𝑆𝑐), and they occur sparsely between

nodes in different communities. We suppose that the subgraphs are complete, and we refer to this

example as the “complete community-structure graph". The complete community-structure graph
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with communities 𝑆 and 𝑆𝑐 has adjacency-matrix elements

𝐴
(𝑛)
𝑖 𝑗

=



1 if 𝑖 , 𝑗 ∈ 𝑆

1 if 𝑖 , 𝑗 ∈ 𝑆𝑐

0 if 𝑖 ∈ 𝑆 , 𝑗 ∈ 𝑆𝑐

0 if 𝑖 ∈ 𝑆𝑐 , 𝑗 ∈ 𝑆 .

(6.29)

The corresponding complete community-structure graphon is

𝑊 (𝑥, 𝑦) =



1 if (𝑥, 𝑦) ∈ (0, 𝑎) × (0, 𝑎)

0 if (𝑥, 𝑦) ∈ (0, 𝑎) × [𝑎, 1)

0 if (𝑥, 𝑦) ∈ [𝑎, 1) × (0, 𝑎)

1 if (𝑥, 𝑦) ∈ [𝑎, 1) × [𝑎, 1) .

(6.30)

The GL functional for a complete community-structure graph is

GL𝑊𝑛𝜖 (𝑢) = 1
𝑛2

∑︁
𝑖∈𝑆, 𝑗∈𝑆

(𝑢𝑖 − 𝑢 𝑗 )2 + 1
𝑛2

∑︁
𝑖∈𝑆𝑐 , 𝑗∈𝑆𝑐

(𝑢𝑖 − 𝑢 𝑗 )2 + 1
𝜖𝑛

𝑛∑︁
𝑖=1

Φ(𝑢𝑖) ,

which, with a similar computation to that for a complete bipartite graph, is equivalent up to a

constant to the functional

𝐸𝑛 (𝑣) =
𝑐4
𝑆

𝜖

∑︁
𝑖∈𝑆

(𝑣2
𝑖 − 1)2 +

𝑐4
𝑆𝑐

𝜖

∑︁
𝑖∈𝑆𝑐

(𝑣2
𝑖 − 1)2 − 2

𝑛
𝑐𝑆𝑐𝑆𝑐𝛼

2 − 2
𝑛
𝑐𝑆𝑐𝑆𝑐 (𝑐 − 𝛼)2 , (6.31)

where 𝛼 and 𝑐 − 𝛼 satisfy the same volume constraints (6.23) as a complete bipartite graph, 𝑐𝑆𝑣𝑖 =

𝑢𝑖 for 𝑖 ∈ 𝑆 and 𝑐𝑆𝑐𝑣𝑖 = 𝑢𝑖 for 𝑖 ∈ 𝑆𝑐, and

𝑐𝑆 =
√

1 − 𝜖𝑎 , 𝑐𝑆𝑐 =
√︁

1 − 𝜖 (1 − 𝑎) . (6.32)
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Let 𝑐 = 0. Assuming the community size 𝛼 =
∑
𝑖∈𝑆 𝑢𝑖, we have

𝑐𝑆

∑︁
𝑖∈𝑆

𝑣𝑖 = 𝛼 , 𝑐𝑆𝑐
∑︁
𝑖∈𝑆𝑐

𝑣𝑖 = −𝛼 . (6.33)

When |𝑆 | = |𝑆𝑐 |, the energy functional (6.31) reduces to

𝐸𝑛 (𝑣) =
2𝑐4

𝑆

𝜖

𝑛∑︁
𝑖=1

(𝑣2
𝑖 − 1)2 − 4

𝑛
𝑐2
𝑆𝛼

2 . (6.34)

The first term of the energy (6.34) encourages the values of 𝑣 to be near ±1. The second term of

(6.34) encourages the |𝛼 | to be as large as possible. In other words, the second term encourages the

values of 𝑣𝑖 within a community to either all be very large or all be very small. Therefore, there is a

tradeoff between the first and the second terms. The volume constraint (6.33) ensures that the sum

of the values of 𝑣 in 𝑆 is the negative of the sum of the values of 𝑣 in 𝑆𝑐. We show in Proposition

6.2.2 that the optimal balance in this tradeoff has 𝑣 near ±1 and 𝛼 = |𝑆 |. This implies that 𝑣𝑖 = +1

for all 𝑖 ∈ 𝑆 and 𝑣𝑖 = −1 for all 𝑖 ∈ 𝑆𝑐.

In the following proposition, we characterize the GL minimizers of a complete community-

structure graph when |𝑆 | = |𝑆𝑐 |. Let |𝑆 | = |𝑆𝑐 | (which implies that 𝑐𝑆 = 𝑐𝑆𝑐 ), and let 𝛼 := 𝛾 |𝑆 |.

The volume constraint (6.33) then entails that 𝛾/𝑐𝑆 is the mean value of 𝑣 on 𝑆 and that −𝛾/𝑐𝑆 is

the mean value of 𝑣 on 𝑆𝑐. Therefore, we can rewrite (6.33) as

1
|𝑆 |

∑︁
𝑖∈𝑆

𝑣𝑖 =
𝛾

𝑐𝑆
, − 1

|𝑆 |
∑︁
𝑖∈𝑆𝑐

𝑣𝑖 = − 𝛾
𝑐𝑆
. (6.35)

Proposition 6.2.2 (Characterization of the GL minimizers for the complete community-structure

graph). Let𝑊𝑛 be the complete community-structure graph, which has adjacency-matrix elements

(6.29), and suppose that |𝑆 | = |𝑆𝑐 |. The minimizers of GL𝑊𝑛𝜖 are functions 𝑢 that, on 𝑆, take a

constant value that approaches +1 as 𝜖 ↓ 0 and, on 𝑆𝑐, take a constant value that approaches −1

as 𝜖 ↓ 0. Furthermore, the values of 𝛾 that minimize 𝐸𝑛 are equal to ±𝑐𝑆, which approach ±1 as

𝜖 → 0.
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Proof. We separately consider the two cases |𝛾/𝑐𝑆 | > 1 and |𝛾/𝑐𝑆 | ≤ 1.

First suppose that
��� 𝛾𝑐𝑆 ��� > 1. Let ℎ be the convex hull of the double-well potential 𝑓 (𝑠) =

(𝑠2 − 1)2. Therefore, ℎ = 0 on [−1, 1] and ℎ = 𝑓 everywhere else. Define

𝐻𝑛 (𝑣) :=
2𝑐4

𝑆

𝜖

𝑛∑︁
𝑖=1

ℎ(𝑣𝑖) −
4
𝑛
𝑐2
𝑆𝛼

2 ,

which is a lower bound of the energy 𝐸𝑛 for all 𝑣. Because ℎ is convex, (ℎ(𝑥) + ℎ(𝑦))/2 ≤

ℎ ((𝑥 + 𝑦)/2). Therefore, if 𝑣𝑖 ≠ 𝑣 𝑗 for any 𝑖 ≠ 𝑗 , the function 𝐻𝑛 decreases if 𝑣𝑖 and 𝑣 𝑗 are both

replaced by their means. Consequently, the minimizer 𝑣′ of 𝐻𝑛 is constant on 𝑆 and constant on 𝑆𝑐

but with different values on 𝑆 and 𝑆𝑐 because of the volume constraint (6.33). The minimizer that

satisfies the volume constraint (6.35) is the function 𝑣′ with

𝑣′𝑖 =


+ 𝛾

𝑐𝑆
if 𝑖 ∈ 𝑆

− 𝛾

𝑐𝑆
if 𝑖 ∈ 𝑆𝑐 .

(6.36)

Because |𝛾/𝑐𝑆 | > 1, we have that 𝐻𝑛 (𝑣′) = 𝐸𝑛 (𝑣′). Let 𝛾′ = 𝛾2 and consider the energy

𝐸𝑛 (𝑣′) =
𝑛𝑐4

𝑆

𝜖

(
𝛾′

𝑐2
𝑆

− 1

)2

− 4
𝑛
𝑐2
𝑆𝛾

′|𝑆 |2 (6.37)

as a function of 𝛾′. We denote this function by 𝑔1(𝛾′). Its derivative is

𝑑

𝑑𝛾′
𝑔1(𝛾′) =

2𝑐2
𝑆
𝑛

𝜖

(
𝛾′

𝑐2
𝑆

− 1

)
− 4
𝑛
𝑐2
𝑆 |𝑆 |

2 . (6.38)

Setting (6.38) to 0 yields the critical point

𝛾′ = 𝑐2
𝑆 (1 + 𝜖𝑎) .
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Therefore, when |𝑆 | = |𝑆𝑐 |, the critical values of 𝛾 are

𝛾 ∈
{
±𝑐𝑆

√︁
1 + 𝜖/2

}
=

{
±
√︁

1 − (𝜖/2)2
}
.

The second derivative 𝑑2

𝑑𝛾′2
𝑔1(𝛾′) =

4|𝑆 |
𝜖
> 0 everywhere, so the critical points are minima of 𝑔1.

The minimizer (6.36) of 𝐻𝑛 is thus

𝑣′𝑖 =


+
√︁

1 + 𝜖/2 if 𝑖 ∈ 𝑆

−
√︁

1 + 𝜖/2 if 𝑖 ∈ 𝑆𝑐 .
(6.39)

Using the change of variables (6.32), we obtain the GL minimizer 𝑢, which is defined by

𝑢𝑖 =


+
√︁

1 − (𝜖/2)2 if 𝑖 ∈ 𝑆

−
√︁

1 − (𝜖/2)2 if 𝑖 ∈ 𝑆𝑐 .
(6.40)

Because 𝜖 ↓ 0, we have that +
√︁

1 − (𝜖/2)2 ↓ 1 and −
√︁

1 − (𝜖/2)2 ↑ −1. Therefore, even when

the mean value of 𝑣 is forced by the volume constraint (6.35) to have an absolute value larger than

1, the optimal 𝑢 approaches ±1.

Now suppose that |𝛾/𝑐𝑆 | ≤ 1. We construct a candidate minimizer 𝑣̃ that satisfies 𝛾 = ±𝑐𝑆,

and we show that the energy is larger for |𝛾/𝑐𝑆 | < 1 than for |𝛾/𝑐𝑆 | = 1. Let 𝑣̃𝑖 = +1 for all nodes

𝑖 ∈ 𝑆, and let 𝑣̃𝑖 = −1 for all nodes 𝑖 ∈ 𝑆𝑐. This yields 𝛾 = 𝑐𝑆 and an energy of

𝐸𝑛 (𝑣̃) = −4
𝑛
𝑐2
𝑆 |𝑆 |

2 . (6.41)

Swapping the signs of 𝑣̃ for 𝑆 and 𝑆𝑐 yields 𝛾 = −𝑐𝑆 and the same energy bound.

Now consider 𝑣 with 𝛾 ∈ (0, 𝑐𝑆), which implies that |𝛾/𝑐𝑆 | < 1. Then, the energy is

𝐸𝑛 (𝑣) =
2𝑐4

𝑆

𝜖

𝑛∑︁
𝑖=1

(𝑣2
𝑖 − 1)2 − 4

𝑛
𝑐2
𝑆𝛾

2 |𝑆 |2 . (6.42)
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The second term of (6.42) is larger than 𝐸𝑛 (𝑣̃) and the first term of (6.42) is nonnegative, so

𝐸𝑛 (𝑣) ≥ 𝐸𝑛 (𝑣̃). We can use the same argument for the energy 𝐸𝑛 (𝑣) for 𝛾 ∈ (−𝑐𝑆, 0).

We conclude that 𝛾/𝑐𝑆 = ±1 is the optimal mean value of 𝑣 on 𝑆 and 𝑆𝑐 when |𝛾/𝑐𝑆 | ≤ 1.

Furthermore, the candidate minimizer 𝑣̃ is a minimizer for this value of 𝛾. The GL minimizer 𝑢

that corresponds to this candidate minimizer 𝑣̃ has components

𝑢𝑖 =


+ 1√

1−𝜖/2
if 𝑖 ∈ 𝑆

− 1√
1−𝜖/2

if 𝑖 ∈ 𝑆𝑐 .
(6.43)

As 𝜖 ↓ 0, the values of the minimizer 𝑢 approach ±1.

□
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Chapter 7: Graphon reaction–diffusion equations

7.1 Introduction

Classical reaction–diffusion (RD) equations originated to describe the evolution of a concen-

tration of a substance in chemical reactions in which particles diffuse (i.e., travel) and react (i.e.,

appear and disappear). They arise in fields such as biology, ecology, chemistry, and physics [34,

35, 36, 37]. RD equations are semi-linear parabolic partial differential equations (PDEs) of the

form

𝑢𝑡 (𝑥, 𝑡) = 𝐿𝑢(𝑥, 𝑡) +Φ(𝑢(𝑥, 𝑡)) , (7.1)

where 𝑢 is the density or concentration of a substance, 𝐿 is a diffusion operator, and Φ is a function

that incorporates the effect of local reactions.

RD equations that occur on graphs, which we call graph RD equations, are used for applica-

tions in which there is some heterogeneous connectivity between individuals. Such applications

include population ecology on population networks and disease spread on social networks [81, 82,

83, 84].

For a graph with adjacency matrix {𝐴𝑖 𝑗 }𝑛𝑖, 𝑗=1, a graph RD equation is a system of equations

𝑑

𝑑𝑡
𝑢𝑖 (𝑡) =

1
𝑛

𝑛∑︁
𝑗=1

𝐴𝑖 𝑗
(
𝑢 𝑗 (𝑡) − 𝑢𝑖 (𝑡)

)
+Φ

(
𝑢𝑖 (𝑡)

)
, 𝑖 ∈ {1, . . . , 𝑛} , (7.2)

where 𝑢𝑖 (𝑡) describes the time-varying concentration of a substance on node 𝑖 of the graph. Hence

a graph RD equation on a graph with 𝑛 nodes is a system of 𝑛 differential equations, and (7.2) is

an analogue of Equation (7.1) in which, in addition to being discrete, has a nonlocal diffusion term

that is weighted by the graph’s edge-weights {𝐴𝑖 𝑗 }.

We consider two types of limits relating to graph RD equations: first, the large-graph limit
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of graph RD equations for a sequence of growing graphs, and second, the hydrodynamic limit

of certain interacting particle systems on graphs. Large-graph limits concern graphons, which

are a notion of limits of sequences of graphs as the size of the graphs approaches infinity. The

hydrodynamic limit of interacting particle systems describes the density of each of the interacting

particles as the number of particles approaches infinity; we consider a class of continuous-time

interacting particle systems on graphs that involve both a random walk and a birth-death process.

The hydrodynamic limit of the random walk gives the diffusion part of the RD equation, whereas

the limit of the birth-death process gives the reaction part of the RD equation.

7.1.1 Relationship to GL equation

The EL equation of a variational minimization problem results from equating the first varia-

tion 𝑑
𝑑𝑡

[
GL𝑊𝜖 (𝑢 + 𝑡𝜑)

]
|𝑡=0 to 0. This amounts to finding stationary points of the GL functional;

solving the EL equation is a necessary, but not sufficient, condition that a value is in the range of 𝑢∗.

Simplifying 𝑑
𝑑𝑡

[
GL𝑊𝜖 (𝑢 + 𝑡𝜑)

]
|𝑡=0 = 0 yields

4
∫ 1

0
𝑊 (𝑥, 𝑦) (𝑢(𝑥) − 𝑢(𝑦))𝑑𝑦 + 1

𝜖
Φ′(𝑢(𝑥)) = 0 .

7.1.2 Related work

The graph diffusion equation is the system of differential equations (7.2) in the case where

𝑓 ≡ 0. The graphon diffusion equation is a PDE of the form (7.1) in the case where 𝑓 ≡ 0 and

𝐿 is a nonlocal operator weighted by a kernel 𝑊 (the graph and graphon diffusion equations will

be defined in greater detail in Section 7.2). In Figure 7.1, we denote the graph diffusion equation

corresponding to a graph 𝑊𝑛 as Diffusion𝑊𝑛 , and the graphon diffusion equation corresponding to

a graphon𝑊 as Diffusion𝑊 .

Medvedev [48] showed that if the sequence of graphs 𝑊𝑛 converges in 𝐿2 norm to 𝑊 , then

the sequence of solutions of Diffusion𝑊𝑛 converges in 𝐿2 norm to the solution of Diffusion𝑊 . We
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extend this result to include the case where 𝑊𝑛 converges in cut norm to 𝑊 . The cut norm is a

weaker form of convergence than is 𝐿2 convergence, and it is defined in greater detail in Section

2.1.

Angstmann et al [85] showed that Diffusion𝑊𝑛 is the master equation for a node-centric continuous-

time random walk (RW) on a graph𝑊𝑛, which we denote by RW𝑊𝑛 .

Diffusion𝑊𝑛 Diffusion𝑊

RW𝑊𝑛

𝑊𝑛

𝐿2

→ 𝑊 : Medvedev [48]

𝑊𝑛

□→ 𝑊 : Theorem 7.2.1

Master equation [85]

Theorem 8.0.1

Figure 7.1: Contributions relating to graph diffusion equations.

Figure 7.2 shows more general relations. The diffusion equations are generalized to RD equa-

tions, and the random walks are generalized to random walks that are superimposed with birth-

death processes (denote these by RWBD𝑊𝑛). We denote the RW with birth-death processes on

a graph 𝑊𝑛 by RWBD𝑊𝑛 . Angstmann [85] showed that a RD equation on a graph is the master

equation of RWBD𝑊𝑛 on that graph. The reaction function Φ of the limiting RD equation is the

birth rate minus the death rate of the stochastic process. Watanabe [86, Theorem 5.1] proves that

RWBD𝑊𝑛 → RD𝑊 in probability when 𝑊𝑛 is a sequence of “quotient graphs", which is a special

sequence of graphs that converge in 𝐿2 norm to a given graphon. We extend their result to the case

where𝑊𝑛 is any sequence of graphs such that𝑊𝑛

□→ 𝑊 .
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RD𝑊𝑛 RD𝑊

RWBD𝑊𝑛

Theorem 7.3.1

Master equation [85] Theorem 8.0.1

Quotient graph [86]

Figure 7.2: Contributions relating to reaction–diffusion equations.

Beyond what is depicted in Figures 7.1 and 7.2, a graphon random walk was introduced by

Petit et al [87], who prove that the sequence of graph random walks corresponding to𝑊𝑛 converge

(in 𝐿2 norm) to the graphon random walk when𝑊𝑛 is a sequence of quotient graphs that converge

to 𝑊 . Furthermore, [87] show that the graphon diffusion equation is the master equation of the

graphon random walk. The study of graphon stochastic processes is a topic for future study.

7.1.3 Contributions

In a previous paper [88], we proved that sequences of graph Ginzburg–Landau (GL) func-

tionals Γ-converge to a limiting graphon GL functional. [88] considers a time-independent (i.e.,

steady-state) problem, whereas this paper considers time-dependent (i.e., dynamical) problems that

correspond to gradient flows of energy functionals of which the GL functional is a special case.

The convergence proofs in [88] suggest that graphon GL functionals can serve as proxies for

graph GL functionals (as well as minimum-cut functionals), whereas the convergence proofs in this

paper suggest that graphon RD equations can serve as proxies for graph RD equations. Effectively,

our convergence results show that a large system of nonlocal ODEs on the nodes of a graph can be

approximated with a single nonlocal PDE.

Our main results consist of three theorems. For all three theorems, suppose that 𝑊𝑛

□→ 𝑊 for

some sequence of graphs𝑊𝑛 and a graphon𝑊 .

Theorem 7.2.1 shows that the solutions of the sequence of graph diffusion equations corre-

sponding to the sequence {𝑊𝑛} converges to the solution of the graphon diffusion equation cor-
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responding to the limiting graphon. The convergence occurs with a linear rate of convergence in

𝐿𝑝 norm for 𝑝 ≥ 1. Theorem 7.2.1 extends [48, Theorem 4.1] in two ways: first, we extend the

assumption that 𝑊𝑛

𝐿2

→ 𝑊 to the weaker (see Section 2.1) assumption that 𝑊𝑛

□→ 𝑊 , and second,

we extend convergence of solutions in 𝐿2 norm to convergence in 𝐿𝑝 norm for 𝑝 ≥ 1.

Theorem 7.3.1 shows that the solutions of the sequence of graph RD equations corresponding

to the sequence {𝑊𝑛} converge to the solution of the limiting graphon RD equation corresponding

to the graphon𝑊 . The convergence occurs in 𝐿𝑝 norm for 𝑝 ≥ 1 and is linear.

Theorem 8.0.1 is a law of large numbers (LLN) result that generalizes [86, Theorem 5.1]. We

define a stochastic process on a graph 𝑊𝑛 that consists of a continuous-time random walk and a

birth-death process. Theorem 8.0.1 is a weak law LLN that states that as 𝑛 → ∞, the sequence of

graph-based processes converges to the solution of the graphon RD equation corresponding to the

graphon𝑊 .

7.2 Graphon diffusion equation

Let 𝑊 ∈ 𝐿1((0, 1)2) be a graphon. The corresponding graphon diffusion operator (a.k.a. the

graphon Laplacian) is defined as

L𝑊𝑢(𝑥, 𝑡) =
∫ 1

0
𝑊 (𝑥, 𝑦)

(
𝑢(𝑦, 𝑡) − 𝑢(𝑥, 𝑡)

)
𝑑𝑦 , (7.3)

and it is defined for 𝑢 ∈ 𝐿1(0, 1). Consider a graph on the nodes [𝑛] that has adjacency matrix 𝐴(𝑛)
𝑖 𝑗

and let 𝑢𝑛 : [𝑛] → R be a function on the nodes of the graph. The corresponding graph diffusion

operator (a.k.a. the graph Laplacian) is defined as

L𝑊𝑛𝑢𝑛 (𝑡, 𝑖) =
1
𝑛

𝑛−1∑︁
𝑗=0

𝐴
(𝑛)
𝑖 𝑗

(
𝑢𝑛 ( 𝑗 , 𝑡) − 𝑢𝑛 (𝑖, 𝑡)

)
, (7.4)

where 𝑢𝑛 (·, 𝑡) ∈ R𝑛 is a 𝑛-vector [89]. The graph diffusion operator is a special case of the graphon

diffusion operator in the following sense. Define the graphon 𝑊𝑛 corresponding to the adjacency
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matrix 𝐴
(𝑛)
𝑖 𝑗

as defined in (??). Then, the graph diffusion operator (7.4) is equal to the integral

operator

L𝑊𝑛𝑢(𝑥, 𝑡) =
∫ 1

0
𝑊𝑛 (𝑥, 𝑦)

(
𝑢(𝑦, 𝑡) − 𝑢(𝑥, 𝑡)

)
𝑑𝑦 (7.5)

when 𝑢 is a step-function on (0, 1) that is constant on the intervals 𝐼𝑘 such that 𝑢 is equal to 𝑢𝑛 (𝑘, 𝑡)

on each 𝐼𝑘 for 𝑘 = 0, . . . , 𝑛 − 1. Furthermore, L𝑊𝑛 can act on any function in 𝐿1(0, 1). Hence,

(7.5) is a special case of (7.3).

Even though L𝑊𝑛 is defined on 𝑢 ∈ 𝐿1(0, 1), we sometimes treat L𝑊𝑛 as an operator on graph

functions (which are stepfunctions on (0, 1) that are constant on the intervals 𝐼𝑘 ). We denote these

graph functions by 𝑢𝑛 to contrast them from 𝐿1 functions, which are denoted by 𝑢.

The graph diffusion equation is defined as

𝜕𝑢

𝜕𝑡
(𝑥, 𝑡) = L𝑊𝑛𝑢(𝑥, 𝑡) , (7.6)

and the graphon diffusion equation is defined as

𝜕𝑢

𝜕𝑡
(𝑥, 𝑡) = L𝑊𝑢(𝑥, 𝑡) . (7.7)

Note that
∫ 1

0 L𝑊𝑢(𝑥, 𝑡)𝑑𝑥 = 0 due to the symmetry of 𝑊 . As a result,
∫ 1

0 𝑢𝑡 (𝑥, 𝑡)𝑑𝑥 = 0,

which means that the total mass is conserved. Thus, we assume zero-flux (Neumann) boundary

conditions.

7.2.1 Graphon diffusion equation

For 𝑊 ∈ 𝐿1((0, 1)2), let 𝑒L
𝑊 𝑡 be the semigroup associated with the linear operator L𝑊 . The

following lemma shows the stability property of the semigroup. This property is also called non-

expansiveness, and in the 𝑝 = ∞ case, it is also called the maximum property.

Lemma 7.2.1. Let 𝑝 ∈ N∪{+∞} and let𝑊 ∈ 𝐿1((0, 1)2). For every positive function 𝑔 ∈ 𝐿𝑝 (0, 1)
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and for all 𝑡 ≥ 0, it holds that 


𝑒L𝑊 𝑡𝑔



𝑝
≤ ∥𝑔∥𝑝 .

Proof. For 𝑝 ∈ N, we have

𝑑

𝑑𝑡
∥𝑒L𝑊 𝑡𝑔∥𝑝𝑝 = 𝑝

〈���𝑒L𝑊 𝑡𝑔���𝑝−2
𝑒L

𝑊 𝑡𝑔,
𝜕

𝜕𝑡
𝑒L

𝑊 𝑡𝑔

〉
≤ 𝑝

∫ 1

0

���𝑒L𝑊 𝑡𝑔(𝑥)���𝑝−1 ∫ 1

0
𝑊 (𝑥, 𝑦)

[
𝑒L

𝑊 𝑡𝑔(𝑦) − 𝑒L𝑊 𝑡𝑔(𝑥)
]
𝑑𝑦 𝑑𝑥

=
𝑝

2

∫ 1

0

∫ 1

0
𝑊 (𝑥, 𝑦)

[
𝑒L

𝑊 𝑡𝑔(𝑦) − 𝑒L𝑊 𝑡𝑔(𝑥)
] ���𝑒L𝑊 𝑡𝑔(𝑥)���𝑝−1

𝑑𝑦 𝑑𝑥

+ 𝑝

2

∫ 1

0

∫ 1

0
𝑊 (𝑥, 𝑦)

[
𝑒L

𝑊 𝑡𝑔(𝑥) − 𝑒L𝑊 𝑡𝑔(𝑦)
]
𝑒L

𝑊 𝑡
���𝑒L𝑊 𝑡𝑔(𝑦)���𝑝−1

𝑑𝑦 𝑑𝑥

=
𝑝

2

∫ 1

0

∫ 1

0
𝑊 (𝑥, 𝑦)

[
𝑒L

𝑊 𝑡𝑔(𝑦) − 𝑒L𝑊 𝑡𝑔(𝑥)
] [���𝑒L𝑊 𝑡𝑔(𝑥)���𝑝−1

−
���𝑒L𝑊 𝑡𝑔(𝑦)���𝑝−1

]
𝑑𝑦 𝑑𝑥

≤ 0 .

The last line is due to the fact that
���𝑒L𝑊 𝑡𝑔(·)���𝑝−1

is a monotonic function, hence the two terms in

brackets have opposite signs. Gronwall’s inequality gives




𝑒L𝑊 𝑡𝑔



𝑝
≤ ∥𝑔∥𝑝 . (7.8)

Taking the limit 𝑝 → ∞, we get the inequality (7.8) for 𝑝 = ∞. □

Theorem 7.2.1 extends [48, Theorem 4.1] to the case of cut norm convergence. Specifically,

[48, Theorem 4.1] proves the convergence of the solutions of the graph diffusion equations to the

solution of a limiting graphon diffusion equation in the case when the graphs converge in 𝐿2 norm

to the limiting graphon. We prove a similar result but assume that the graphs converge in cut norm

to the limiting graphon.

Theorem 7.2.1. Let 𝑛 ∈ N and let 𝑝 ∈ N ∪ {+∞}. Assume that 𝑊 and 𝑊𝑛 are symmetric and

measurable functions in 𝐿1((0, 1)2) and that𝑊𝑛

□→ 𝑊 as 𝑛→ ∞. For 𝑡 ≥ 0, let 𝑢𝑛 be the solution

to the graph diffusion equation (7.6) with initial value 𝑢𝑛 (·, 0) ∈ 𝐿∞(0, 1) and let 𝑢 be the solution
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to the graphon diffusion equation (7.7) with initial value 𝑢(·, 0) ∈ 𝐿∞(0, 1). WLOG, assume that

∥𝑢𝑛 (·, 0)∥∞ = ∥𝑢(·, 0)∥∞ = 1. Then,

∥𝑢(·, 𝑡) − 𝑢𝑛 (·, 𝑡)∥𝑝 ≤ ∥𝑢(·, 0) − 𝑢𝑛 (·, 0)∥𝑝 + 2𝑡∥𝑊𝑛 −𝑊 ∥□ . (7.9)

Proof. Define the error 𝑒𝑛 (𝑥, 𝑡) = 𝑢𝑛 (𝑥, 𝑡) − 𝑢(𝑥, 𝑡). We will show that the error decreases in time.

Due to the definitions (7.6) and (7.7), have

𝜕𝑒𝑛

𝜕𝑡
(𝑥, 𝑡) = 𝜕𝑢𝑛

𝜕𝑡
(𝑥, 𝑡) − 𝜕𝑢

𝜕𝑡
(𝑥, 𝑡)

=

∫ 1

0
𝑊𝑛 (𝑥, 𝑦)

(
𝑢𝑛 (𝑦, 𝑡) − 𝑢𝑛 (𝑥, 𝑡)

)
𝑑𝑦 −

∫ 1

0
𝑊 (𝑥, 𝑦)

(
𝑢(𝑦, 𝑡) − 𝑢(𝑥, 𝑡)

)
𝑑𝑦

=

∫ 1

0
𝑊𝑛 (𝑥, 𝑦)

(
𝑒𝑛 (𝑦, 𝑡) − 𝑒𝑛 (𝑥, 𝑡)

)
𝑑𝑦 +

∫ 1

0
(𝑊𝑛 −𝑊) (𝑥, 𝑦)

(
𝑢(𝑦, 𝑡) − 𝑢(𝑥, 𝑡)

)
𝑑𝑦 .

(7.10)

We can express (7.10) as
𝜕𝑒𝑛

𝜕𝑡
= L𝑒𝑛 + 𝑔𝑛 (𝑢)

where

L𝑊𝑛𝑒𝑛 =

∫ 1

0
𝑊𝑛 (𝑥, 𝑦)

(
𝑒𝑛 (𝑦, 𝑡) − 𝑒𝑛 (𝑥, 𝑡)

)
𝑑𝑦

and

𝑔𝑛 (𝑢) =
∫ 1

0
(𝑊𝑛 −𝑊) (𝑥, 𝑡) (𝑢(𝑦, 𝑡) − 𝑢(𝑥, 𝑡)) 𝑑𝑦 .

We compute the time-derivative of (7.10). Using the directional derivative of the 𝐿𝑝 norm

which is the linear functional that is defined, for ℎ ∈ 𝐿𝑝, as

(𝐷 𝑓 ∥ 𝑓 ∥𝑝 (ℎ) = ∥ 𝑓 ∥1−𝑝
𝑝

∫ 1

0
| 𝑓 (𝑥) |𝑝−2 𝑓 (𝑥)ℎ(𝑥) 𝑑𝑥
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and the chain rule, we get

1
𝑝

𝑑

𝑑𝑡
∥𝑒𝑛 (·, 𝑡)∥𝑝 = ∥𝑒𝑛∥1−𝑝

𝑝

(∫ 1

0
|𝑒𝑛 (𝑥, 𝑡) |𝑝−2𝑒𝑛 (𝑥, 𝑡)L𝑊𝑛𝑒𝑛 𝑑𝑥 +

∫ 1

0
|𝑒𝑛 (𝑥, 𝑡) |𝑝−2𝑒𝑛 (𝑥, 𝑡)𝑔𝑛 (𝑢) 𝑑𝑥

)
=: (𝐼) + (𝐼 𝐼) . (7.11)

Term (𝐼) is bounded as

(𝐼) = ∥𝑒𝑛∥1−𝑝
𝑝

∫ 1

0

∫ 1

0
|𝑒𝑛 (𝑥, 𝑡) |𝑝−2𝑒𝑛 (𝑥, 𝑡)𝑊𝑛 (𝑥, 𝑦)

(
𝑒𝑛 (𝑦, 𝑡) − 𝑒𝑛 (𝑥, 𝑡)

)
𝑑𝑦 𝑑𝑥

= ∥𝑒𝑛∥1−𝑝
𝑝

(
1
2

∫ 1

0

∫ 1

0
|𝑒𝑛 (𝑥, 𝑡) |𝑝−2𝑒𝑛 (𝑥, 𝑡)𝑊𝑛 (𝑥, 𝑦)

(
𝑒𝑛 (𝑦, 𝑡) − 𝑒𝑛 (𝑥, 𝑡)

)
𝑑𝑦 𝑑𝑥

+ 1
2

∫ 1

0

∫ 1

0
|𝑒𝑛 (𝑦, 𝑡) |𝑝−2𝑒𝑛 (𝑦, 𝑡)𝑊𝑛 (𝑥, 𝑦)

(
𝑒𝑛 (𝑥, 𝑡) − 𝑒𝑛 (𝑦, 𝑡)

)
𝑑𝑥 𝑑𝑦

)
= ∥𝑒𝑛∥1−𝑝

𝑝

(
1
2

∫ 1

0

∫ 1

0
|𝑒𝑛 (𝑥, 𝑡) |𝑝−2𝑒𝑛 (𝑥, 𝑡)𝑊𝑛 (𝑥, 𝑦)

(
𝑒𝑛 (𝑦, 𝑡) − 𝑒𝑛 (𝑥, 𝑡)

)
𝑑𝑦 𝑑𝑥

− 1
2

∫ 1

0

∫ 1

0
|𝑒𝑛 (𝑦, 𝑡) |𝑝−2𝑒𝑛 (𝑦, 𝑡)𝑊𝑛 (𝑥, 𝑦)

(
𝑒𝑛 (𝑦, 𝑡) − 𝑒𝑛 (𝑥, 𝑡)

)
𝑑𝑥 𝑑𝑦

)
= ∥𝑒𝑛∥1−𝑝

𝑝

1
2

∫ 1

0

∫ 1

0
𝑊𝑛 (𝑥, 𝑦)

(
𝑒𝑛 (𝑦, 𝑡) − 𝑒𝑛 (𝑥, 𝑡)

) (
|𝑒𝑛 (𝑥, 𝑡) |𝑝−2𝑒𝑛 (𝑥, 𝑡) − |𝑒𝑛 (𝑦, 𝑡) |𝑝−2𝑒𝑛 (𝑦, 𝑡)

)
𝑑𝑥 𝑑𝑦 .

(7.12)

The function |𝑒𝑛 (𝑥, 𝑡) |𝑝−2𝑒𝑛 (𝑥, 𝑡) = |𝑒𝑛 (𝑥, 𝑡) |𝑝−1sign(𝑒𝑛 (𝑥, 𝑡)) is monotonic, and so the quantities

𝑒𝑛 (𝑦, 𝑡) − 𝑒𝑛 (𝑥, 𝑡) and |𝑒𝑛 (𝑥, 𝑡) |𝑝−2𝑒𝑛 (𝑥, 𝑡) − |𝑒𝑛 (𝑦, 𝑡) |𝑝−2𝑒𝑛 (𝑦, 𝑡) have opposite signs. Hence, (𝐼) ≤

0.

Next, we bound (II). Let 𝑞 = 𝑝/(𝑝 − 1). Using Holder’s inequality, the definition of cut norm
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which is stated in Equation (2.9), we have

(𝐼 𝐼) = ∥𝑒𝑛∥1−𝑝
𝑝

∫ 1

0
|𝑒𝑛 (𝑥, 𝑡) |𝑝−2𝑒𝑛 (𝑥, 𝑡)𝑔𝑛 (𝑢)𝑑𝑥

≤ ∥𝑒𝑛∥1−𝑝
𝑝

∫ 1

0
|𝑒𝑛 (𝑥, 𝑡) |𝑝−1 |𝑔𝑛 (𝑢) |𝑑𝑥

= ∥𝑒𝑛∥1−𝑝
𝑝

(∫ 1

0
|𝑒𝑛 (𝑥, 𝑡) | (𝑝−1)𝑞𝑑𝑥

)1/𝑞
∥𝑔𝑛∥𝑝

= ∥𝑒𝑛∥1−𝑝
𝑝 ∥𝑒𝑛∥𝑝−1

𝑝





∫ 1

0
(𝑊𝑛 −𝑊) (𝑥, 𝑦) (𝑢(𝑦, 𝑡) − 𝑢(𝑥, 𝑡)) 𝑑𝑦






𝑝

≤
(∫ (∫

(𝑊𝑛 −𝑊) (𝑥, 𝑦) (𝑢(𝑦, 𝑡) − 𝑢(𝑥, 𝑡)) 𝑑𝑦
) 𝑝
𝑑𝑥

)1/𝑝

≤ 2∥𝑊𝑛 −𝑊 ∥□ . (7.13)

where the last line follows from the fact that ∥𝑢𝑛 (·, 0)∥∞ ≤ 1 and ∥𝑢(·, 0)∥∞ ≤ 1 implies that

∥𝑢𝑛 (·, 𝑡)∥∞ ≤ 1 and ∥𝑢(·, 𝑡)∥∞ ≤ 1 due to Lemma 7.2.1, and so ∥𝑒𝑛 (·, 𝑡)𝑝−1∥∞ ≤ 2𝑝−1.

𝑑

𝑑𝑡
∥𝑒𝑛 (·, 𝑡)∥𝑝 ≤ 2∥𝑊𝑛 −𝑊 ∥□ . (7.14)

Gronwall’s lemma applied to (7.14) implies that

∥𝑒𝑛 (𝑡, ·)∥𝑝 ≤ ∥𝑒𝑛 (0, ·)∥𝑝 + 2𝑡∥𝑊𝑛 −𝑊 ∥□ . (7.15)

□

Remark 7.2.1. One can generalize Theorem 7.2.1 to nonlinear diffusion, in which the term 𝑢(𝑦, 𝑡)−

𝑢(𝑥, 𝑡) in the diffusion operator is replaced by 𝐷 (𝑢(𝑦, 𝑡)−𝑢(𝑥, 𝑡)) where 𝐷 : R → R is a Lipschitz-

continuous function. [48, Theorem 4.1] holds for nonlinear diffusion.

Remark 7.2.2. One can generalize Theorem 7.2.1 to any convex function of 𝑢𝑛 − 𝑢 (in Theorem

7.2.1, the convex function is ∥ · ∥𝑝). A convex function is needed because, in order to bound term

(𝐼), a monotonic multiplying factor is needed.
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7.3 Graphon reaction–diffusion equation

7.3.1 Graphon reaction–diffusion equation

Consider the reaction–diffusion equation

𝑢𝑡 = L𝑢 +Φ(𝑢) (7.16)

where L is a diffusion operator and 𝑓 : R → R is a nonlinear function. Classically, L is the

Laplacian operator [34]. We define the graph and graphon RD equations by using the graph and

graphon diffusion operators in place of L. The graph RD equation, corresponding to a graph 𝑊𝑛,

is
𝜕𝑢𝑛

𝜕𝑡
(𝑥, 𝑡) = L𝑊𝑛𝑢𝑛 (𝑥, 𝑡) +Φ(𝑢𝑛 (𝑥, 𝑡)) (7.17)

and the graphon RD equation, corresponding to a graphon𝑊 , is

𝜕𝑢

𝜕𝑡
(𝑥, 𝑡) = L𝑊𝑢(𝑥, 𝑡) +Φ(𝑢(𝑥, 𝑡)) . (7.18)

We consider the initial value problems associated with the dynamics and we obtain convergence

of the solution of Equation (7.17) to the solution of Equation (7.18) as 𝑛 → ∞. First, we restate a

lemma from [90] that provides a maximum bound property for nonlocal RD equations.

Lemma 7.3.1 (Theorem 2.3 [90]). Assume that Φ is continuously differentiable on [−1, 1] and

that Φ(1) ≤ 0 ≤ Φ(−1). Let 𝑢 be the solution to the graphon RD equation (7.18) for some

𝑊 ∈ 𝐿1((0, 1)2). Let 𝑇 > 0. If

∥𝑢(·, 0)∥∞ ≤ 1 ,

then for all 𝑡 ∈ [0, 𝑇],

∥𝑢(·, 𝑡)∥∞ ≤ 1 .

Note that this lemma holds for both (7.17) and (7.18) because (7.17) is a special case of (7.18).
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Also note that Lemma 7.3.1 implies that Φ is globally Lipschitz continuous because we assume

that Φ is continuously differentiable on [−1, 1].

Theorem 7.3.1 (Convergence of solutions of graph RD to graphon RD equations). Let 𝑝 ≥ 1. Let

𝑊𝑛 be a sequence of graphs such that 𝑊𝑛

□→ 𝑊 for some limiting graphon 𝑊 . For each 𝑊𝑛, let

𝑢𝑛 be the solution to the graph RD Equation (7.17) with graph 𝑊𝑛 and let 𝑢 be the solution to the

graphon RD Equation (7.18) with graphon 𝑊 . Assume that ∥𝑢𝑛 (·, 0) − 𝑢(·, 0)∥𝑝 → 0 as 𝑛 → ∞.

Then,

∥𝑒𝑛 (·, 𝑡)∥𝑝 ≤ ∥𝑒𝑛 (·, 0)∥𝑝 𝑒2𝐾𝑡 + 2∥𝑊𝑛 −𝑊 ∥□
(
𝑒2𝐾𝑡 − 1

)
𝐾

.

Proof. Let 𝑒𝑛 (𝑥, 𝑡) = 𝑢𝑛 (𝑥, 𝑡) − 𝑢(𝑥, 𝑡).

𝜕𝑒𝑛

𝜕𝑡
(𝑥, 𝑡) = 𝜕𝑢𝑛

𝜕𝑡
(𝑥, 𝑡) − 𝜕𝑢

𝜕𝑡
(𝑥, 𝑡)

=

∫ 1

0
𝑊𝑛 (𝑥, 𝑦)

(
𝑢𝑛 (𝑦, 𝑡) − 𝑢𝑛 (𝑥, 𝑡)

)
𝑑𝑦 −

∫ 1

0
𝑊 (𝑥, 𝑦)

(
𝑢(𝑦, 𝑡) − 𝑢(𝑥, 𝑡)

)
𝑑𝑦

+Φ(𝑢𝑛 (𝑥, 𝑡)) −Φ(𝑢(𝑥, 𝑡))

=

∫ 1

0
𝑊𝑛 (𝑥, 𝑦)

(
𝑒𝑛 (𝑦, 𝑡) − 𝑒𝑛 (𝑥, 𝑡)

)
𝑑𝑦 +

∫ 1

0
(𝑊𝑛 −𝑊) (𝑥, 𝑦)

(
𝑢(𝑦, 𝑡) − 𝑢(𝑥, 𝑡)

)
𝑑𝑦

+Φ(𝑢𝑛 (𝑥, 𝑡)) −Φ(𝑢(𝑥, 𝑡)) . (7.19)

Then, 𝑒𝑛 satisfies the equation
𝜕𝑒𝑛

𝜕𝑡
(𝑥, 𝑡) = 𝐿𝑒𝑛 + 𝑔𝑛 (𝑢)

where

L𝑊𝑛𝑒𝑛 =

∫ 1

0
𝑊𝑛 (𝑥, 𝑦)

(
𝑒𝑛 (𝑦, 𝑡) − 𝑒𝑛 (𝑥, 𝑡)

)
𝑑𝑦 ,

𝑔𝑛 (𝑢) =
∫ 1

0
(𝑊𝑛 −𝑊) (𝑥, 𝑦)

(
𝑢(𝑦, 𝑡) − 𝑢(𝑥, 𝑡)

)
𝑑𝑦 +Φ(𝑢𝑛 (𝑥, 𝑡)) −Φ(𝑢(𝑥, 𝑡)) .
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Using the chain rule and the directional derivative (7.2.1), we have

𝑑

𝑑𝑡
∥𝑒𝑛 (·, 𝑡)∥𝑝𝑝 = ∥𝑒𝑛∥1−𝑝

𝑝

∫ 1

0
|𝑒𝑛 (𝑥, 𝑡) |𝑝−2𝑒𝑛 (𝑥, 𝑡)

(
L𝑊𝑛𝑒𝑛 + 𝑔𝑛 (𝑢)

)
𝑑𝑥

= ∥𝑒𝑛∥1−𝑝
𝑝

( ∫ 1

0
|𝑒𝑛 (𝑥, 𝑡) |𝑝−2𝑒𝑛 (𝑥, 𝑡)

∫ 1

0
𝑊𝑛 (𝑥, 𝑦)

(
𝑒𝑛 (𝑦, 𝑡) − 𝑒𝑛 (𝑥, 𝑡)

)
𝑑𝑦 𝑑𝑥

+
∫ 1

0

∫ 1

0
|𝑒𝑛 (𝑥, 𝑡) |𝑝−2𝑒𝑛 (𝑥, 𝑡) (𝑊𝑛 −𝑊) (𝑥, 𝑦)

(
𝑢(𝑦, 𝑡) − 𝑢(𝑥, 𝑡)

)
𝑑𝑦 𝑑𝑥

+
∫ 1

0
|𝑒𝑛 (𝑥, 𝑡) |𝑝−2𝑒𝑛 (𝑥, 𝑡)

(
Φ(𝑢𝑛 (𝑥, 𝑡)) −Φ(𝑢(𝑥, 𝑡))

)
𝑑𝑥

)
= ∥𝑒𝑛∥1−𝑝

𝑝 ((𝐼) + (𝐼 𝐼) + (𝐼 𝐼 𝐼)) .

The calculations in Section 7.2.1 (see Equations (7.12) and (7.13)) give

∥𝑒𝑛∥1−𝑝
𝑝 ((𝐼) + (𝐼 𝐼)) ≤ 2∥𝑊𝑛 −𝑊 ∥□ . (7.20)

To bound (𝐼 𝐼 𝐼), let 𝑞 = 𝑝/(𝑝 − 1). Hölder’s inequality and the fact that Φ is 𝐾-Lipschitz give

∥𝑒𝑛∥1−𝑝
𝑝 (𝐼 𝐼 𝐼) = ∥𝑒𝑛∥1−𝑝

𝑝

∫ 1

0
|𝑒𝑛 (𝑥, 𝑡) |𝑝−2𝑒𝑛 (𝑥, 𝑡)

(
Φ(𝑢𝑛 (𝑥, 𝑡)) −Φ(𝑢(𝑥, 𝑡))

)
𝑑𝑥

≤ ∥𝑒𝑛∥1−𝑝
𝑝 ∥𝑒𝑝−1

𝑛 ∥𝑞 ∥Φ(𝑢𝑛 (𝑥, 𝑡)) −Φ(𝑢(𝑥, 𝑡))∥𝑝

= ∥𝑒𝑛∥1−𝑝
𝑝 ∥𝑒𝑛∥𝑝−1

𝑝 ∥Φ(𝑢𝑛 (𝑥, 𝑡)) −Φ(𝑢(𝑥, 𝑡))∥𝑝

≤ 𝐾 ∥𝑒𝑛 (·, 𝑡)∥𝑝 . (7.21)

Combining the bounds (7.20) and (7.21), we have that

1
2
𝑑

𝑑𝑡
∥𝑒𝑛 (·, 𝑡)∥𝑝 ≤ 2∥𝑊𝑛 −𝑊 ∥□ + 𝐾 ∥𝑒𝑛 (·, 𝑡)∥𝑝 . (7.22)

Gronwall’s inequality applied to (7.22) gives

∥𝑒𝑛 (·, 𝑡)∥𝑝 ≤ ∥𝑒𝑛 (·, 0)∥𝑝 𝑒2𝐾𝑡 + 2∥𝑊𝑛 −𝑊 ∥□
(
𝑒2𝐾𝑡 − 1

)
𝐾

.
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□

Remark 7.3.1. Theorem 7.3.1 reduces to Theorem 7.2.1 in the case 𝐾 = 0 because (𝑒2𝐾𝑡−1)
𝐾

→ 𝑡

as 𝐾 → 0. Note that if Φ is a monotone function, so that the resulting energy is convex, then

the corresponding dynamic system has a long time asymptotic stability. In such a case, one may

eliminate the exponential factor 𝑒2𝐾𝑡 or even prove the conclusion with a negative exponent 𝐾 .

Remark 7.3.2. Just like in the diffusion equation case (see Remark 7.2.2), one can generalize

Theorem 7.3.1 to show that any convex function of 𝑢𝑛 − 𝑢 converges to zero as 𝑛→ ∞.
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Chapter 8: Law of large numbers

In this section, we describe an interacting particle process on graphs that consists of a continuous-

time random walk superimposed with a birth-death process. For a sequence of graphons 𝑊𝑛 con-

verging in cut norm to a graphon 𝑊 , we show that the sequence of particle processes on 𝑊𝑛

converges in probability to the solution of a nonlocal reaction–diffusion (RD) equation, where the

nonlocal diffusion is weighted by the graphon 𝑊 . In this section, we assume that 𝑊𝑛 and 𝑊 are

in 𝐿∞((0, 1)2). This assumption is used when proving that the stochastic part of the error goes to

zero (section 8.0.1).

Let 𝑇𝑛 (𝑡)𝑢 be the solution of the graph diffusion equation

𝑑

𝑑𝑡
𝑢(𝑥, 𝑡) = L𝑊𝑛𝑢(𝑥, 𝑡) (8.1)

where L𝑊𝑛 is the graphon diffusion operator defined in (7.3). By solving the linear differential

equation (8.1) with an integrating factor, one can express the corresponding semigroup operator

using the implicit equation

𝑇𝑛 (𝑡) (𝑢0(𝑥)) =
∫ 1

0
𝑊𝑛 (𝑥, 𝑦)𝑇𝑛 (𝑡) (𝑢0(𝑦)) 𝑑𝑦

(
1 − 𝑒−𝑡

)
+ 𝑢0(𝑥)𝑒−𝑡 . (8.2)

We now define a stochastic process 𝑋𝑛 whose hydrodynamic limit is the solution of (8.1).

Consider a graph 𝑊𝑛 with nodes [𝑛]. Suppose that at time 𝑡 = 0, there is some number of par-

ticles on each node. Let 𝑚𝑘 (𝑡) be the number of particles on node 𝑘 at time 𝑡, and let ®𝑚(𝑡) =

(𝑚1(𝑡), 𝑚2(𝑡), . . . , 𝑚𝑛 (𝑡)). Let 𝑒𝑖 ∈ R𝑛 be the 𝑖th unit vector, and let ®𝑚 undergo the stochastic
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transitions 
®𝑚 → ®𝑚 + 𝑒𝑖 − 𝑒𝑘 at rate 𝑚𝑘𝑊𝑛 (𝑘/𝑛, 𝑖/𝑛) 𝑛−1,

®𝑚 → ®𝑚 + 𝑒𝑘 at rate 𝑙𝑏 (𝑚𝑘/𝑙) ,

®𝑚 → ®𝑚 − 𝑒𝑘 at rate 𝑙𝑑 (𝑚𝑘/𝑙) .

(8.3)

Define the stochastic process

𝑋𝑛 (𝑥, 𝑡) = 𝑚𝑘 (𝑡)
𝑙

for 𝑥 ∈ 𝐼𝑘 , (8.4)

which is the density of particles if 𝑙 is a parameter that is proportional to the initial total number of

particles. We assume that 𝑙 → ∞, which is needed in order to keep 𝑋𝑛 bounded as 𝑛 → ∞. This

way, the reaction term that acts on 𝑋𝑛 will effectively be Lipschitz [91].

The quantity

𝑍𝑛 (𝑡) = 𝑋𝑛 (𝑡) − 𝑋𝑛 (0) −
∫ 𝑡

0
L𝑊𝑛 (𝑋𝑛 (𝑠)) 𝑑𝑠 −

∫ 𝑡

0
Φ(𝑋𝑛 (𝑠)) 𝑑𝑠 (8.5)

is a martingale due to [91, Lemma 2.2]. One can prove that (8.5) is a martingale by showing that

L𝑊𝑛 +Φ is the infinitesimal generator of 𝑋𝑛, and then using Dynkin’s semigroup formula. Hence,

we can also write 𝑋𝑛 as

𝑋𝑛 (𝑡) = 𝑋𝑛 (0) +
∫ 𝑡

0
L𝑊𝑛 (𝑋𝑛 (𝑠)) 𝑑𝑠 +

∫ 𝑡

0
Φ(𝑋𝑛 (𝑠))𝑑𝑠 + 𝑍𝑛 (𝑡) , (8.6)

where Φ(𝑥) = 𝑏(𝑥) − 𝑑 (𝑥) is a reaction function that describes the birth-death process. We assume

that 𝑏 and 𝑑 are Lipschitz continuous.

We apply the variation of constants method to (8.6)—that is, we multiply both sides by 𝑒−L
𝑊𝑛 𝑡 ,

integrate both sides, and rearrange—to get

𝑋𝑛 (𝑡) = 𝑒L𝑊𝑛 𝑡𝑋𝑛 (0) +
∫ 𝑡

0
𝑒L

𝑊𝑛 (𝑡−𝑠)Φ(𝑋𝑛 (𝑠)) 𝑑𝑠 +
∫ 𝑡

0
𝑒L

𝑊𝑛 (𝑡−𝑠) 𝑑𝑍𝑛 (𝑠) . (8.7)
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Similarly, the solution 𝑢𝑛 of the graph RD equation (7.17) is given by

𝑢𝑛 (𝑡) = 𝑒L
𝑊𝑛 (𝑡)𝑢𝑛 (0) +

∫ 𝑡

0
𝑒L

𝑊𝑛 (𝑡−𝑠)Φ(𝑢𝑛 (𝑠)) 𝑑𝑠 . (8.8)

Observe that (8.7) and (8.8) look similar, but (8.7) has an additional stochastic term. Our LLN

theorem is as follows.

Theorem 8.0.1. Let 𝑊𝑛 and 𝑊 be 𝐿∞ graphons, and assume that 𝑊𝑛

□→ 𝑊 . Assume that the

reaction term Φ is continuously differentiable on [−1, 1]. Let 𝑢 be the solution to the graphon RD

equation 7.18. Suppose that

[(i)]∥𝑋𝑛 (0) − 𝑢(0)∥𝑝 → 0 in probability as 𝑛→ ∞, and 𝑙 = 𝑙 (𝑛) → ∞ as 𝑛→ ∞.

Then, for 𝑇 > 0,

sup0≤𝑡≤𝑇 ∥𝑋𝑛 (𝑡) − 𝑢(𝑡)∥𝑝 → 0 in probability as 𝑛→ ∞ . (8.9)

In order to prove Theorem 8.0.1 we use the convergence of the diffusion and reaction terms

as shown in Sections 7.2.1 and 7.3.1. We use four lemmas: Lemma 7.2.1 states that 𝑒L
𝑊𝑛 𝑡 is

nonexpansive, Lemma 8.0.1 states that 𝑒L
𝑊𝑛 converges to 𝑒L

𝑊

, and Lemma 7.3.1 ensures that the

solution of the graphon RD equation is bounded in 𝐿∞. We also prove Lemma 8.0.6, which states

that a remaining stochastic term, which is the last term on the right-hand side of (8.7), converges

to zero as 𝑛→ ∞. The proof of Lemma 8.0.6 is more involved; it is in section 8.0.1.

Lemma 8.0.1. Let 𝑒L
𝑊𝑛 and 𝑒L

𝑊

be the semigroups generated by the operators L𝑊𝑛 and L𝑊 ,

respectively. Let 𝑔 ∈ 𝐿𝑝 (0, 1) and let 𝑔𝑛 ∈ 𝐿𝑝 (0, 1) be the piecewise-constant function that is

constant on the intervals 𝐼𝑘 that is obtained by averaging 𝑔 on each 𝐼𝑘 .

∥𝑒L𝑊𝑛 𝑡𝑔𝑛 − 𝑒L
𝑊 𝑡𝑔∥𝑝 → 0 for all 0 ≤ 𝑡 ≤ 𝑇 .

73



In particular, as 𝑛→ ∞,

∥𝑒L𝑊𝑛 𝑡𝑔𝑛 − 𝑒L
𝑊 𝑡𝑔∥𝑝 ≤ ∥𝑔𝑛 − 𝑔∥𝑝 + 2𝑝 𝑡∥𝑊𝑛 −𝑊 ∥□ .

1.2. Proof. The result follows from Theorem 7.2.1. □

Proof. Proof of Theorem 8.0.1 Let 𝑢𝑛 be the solution to the graph RD equation (7.17). By the

triangle inequality,

∥𝑋𝑛 (𝑡) − 𝑢(𝑡)∥𝑝 ≤ ∥𝑋𝑛 (𝑡) − 𝑢𝑛 (𝑡)∥𝑝 + ∥𝑢𝑛 (𝑡) − 𝑢(𝑡)∥𝑝 .

Theorem 7.3.1 implies that for sufficiently large 𝑛 and 𝑝 ≥ 1, we have

∥𝑢𝑛 (𝑡) − 𝑢(𝑡)∥𝑝 ≤ ∥𝑢𝑛 (0) − 𝑢(0)∥𝑝𝑒2𝐾𝑡 + 2∥𝑊𝑛 −𝑊 ∥□
𝑒2𝐾𝑡−1

𝐾
.

Define the stopping time

𝜏 = sup
{
𝑡 : ∥𝑋𝑛 (𝑡) − 𝑢𝑛 (𝑡)∥𝑝 ≤ 𝜖

}
for some 𝜖 > 0. [90, Theorem 2.3] implies that for all 𝑡 ∈ [0, 𝑇] and for all 𝑥 ∈ [0, 1], we have

∥𝑢𝑛∥ ≤ 𝜌 for some 𝜌 > 0. As a result, for 𝑡 < 𝜏, we have

∥𝑋𝑛 (𝑡)∥𝑝 < 𝜌 + 𝜖 . (8.10)

Furthermore, because the jump size is 1, we have that ∥𝑋𝑛 (𝑡 ∧ 𝜏)∥∞ < 𝜌 + 𝜖 + 1.

Let

𝑋
𝑛 (𝑡) = 𝑋𝑛 (𝑡 ∧ 𝜏) +

∫ 𝑡

𝑡∧𝜏
L𝑊𝑛𝑋

𝑛 (𝑠)𝑑𝑠 +
∫ 𝑡

𝑡∧𝜏
Φ

(
𝑋
𝑛 (𝑠)

)
𝑑𝑠 (8.11)

be the stochastic process that is equal to 𝑋 (𝑡) up until the stopping time 𝜏, at which time 𝑋 begins

to move according to the same integral equation as 𝑢𝑛.
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Note that

𝑃

(
sup
𝑡∈[0,𝑇]

∥𝑋𝑛 (𝑡) − 𝑢(𝑡)∥∞ ≥ 𝜖
)
≤ 𝑃

(
sup
𝑡∈[0,𝑇]




𝑋𝑛 (𝑡) − 𝑢(𝑡)



∞
≥ 𝜖

)
. (8.12)

Consequently, in order to prove Theorem 8.0.1 it suffices to bound the right-hand side of (8.12).

We proceed using the fact that 𝑋
𝑛

and 𝑢𝑛 satisfy the same equation starting at time 𝜏 and that at

time 𝜏 they differ by 𝜖 .

We can also write 𝑋
𝑛 (𝑡) as

𝑋
𝑛 (𝑡) = 𝑋𝑛 (0) +

∫ 𝑡

0
L𝑊𝑛𝑋

𝑛 (𝑠)𝑑𝑠 +
∫ 𝑡

0
Φ(𝑋𝑛 (𝑠))𝑑𝑠 + 𝑍𝑛 (𝑡 ∧ 𝜏) . (8.13)

Using the variation of constants method, we get

𝑋
𝑛 (𝑡) = 𝑒L𝑊𝑛 𝑡𝑋𝑛 (0) +

∫ 𝑡

0
𝑒L

𝑊𝑛 (𝑡−𝑠)Φ(𝑋𝑛 (𝑠))𝑑𝑠 +
∫ 𝑡

0
𝑒L

𝑊𝑛 (𝑡−𝑠)𝑑𝑍𝑛 (𝑠 ∧ 𝜏) . (8.14)

Due to equations (8.8) and (8.14), we have

∥𝑋𝑛 (𝑡) − 𝑢𝑛 (𝑡)∥𝑝 ≤



𝑒L𝑊𝑛 𝑡 (𝑋𝑛 (0) − 𝑢𝑛 (0))




𝑝
+





∫ 𝑡

0
𝑒L

𝑊𝑛 (𝑠−𝑧) (Φ(𝑋𝑛 (𝑧)) −Φ(𝑢(𝑧))
)
𝑑𝑧






𝑝

+




∫ 𝑡

0
𝑒L

𝑊𝑛 (𝑠−𝑧) 𝑑𝑍𝑛 (𝑠 ∧ 𝜏)





𝑝

≤ (𝐼) + (𝐼 𝐼) + (𝐼 𝐼 𝐼)

Lemma 7.2.1 implies that

(𝐼) ≤ ∥𝑋𝑛 (0) − 𝑢𝑛 (0)∥𝑝 . (8.15)
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Lemmas 7.2.1 and 8.0.1 imply that

(𝐼 𝐼) ≤
∫ 𝑡

0




𝑒L𝑊𝑛 (𝑠−𝑧) (Φ(𝑋𝑛 (𝑧)) −Φ(𝑢𝑛 (𝑧))
)



𝑝
𝑑𝑧

≤
∫ 𝑡

0




(Φ(𝑋𝑛 (𝑧)) −Φ(𝑢𝑛 (𝑧))
)



𝑝
𝑑𝑧

≤
∫ 𝑡

0
𝐾 ∥𝑋𝑛 (𝑧) − 𝑢𝑛 (𝑧)∥𝑝 𝑑𝑧 . (8.16)

Due to equations (8.15) and (8.16), we have

∥𝑋𝑛 (𝑡) − 𝑢𝑛 (𝑡)∥𝑝 ≤ ∥𝑋𝑛 (0) − 𝑢𝑛 (0)∥𝑝 + 𝐾
∫ 𝑡

0
∥𝑋𝑛 (𝑧) − 𝑢𝑛 (𝑧)∥𝑝 𝑑𝑧 + (𝐼 𝐼 𝐼) .

Gronwall’s inequality for integral inequalities implies that

∥𝑋𝑛 (𝑡) − 𝑢𝑛 (𝑡)∥𝑝 ≤ ∥𝑋𝑛 (0) − 𝑢(0)∥𝑝 + 𝐾𝑒𝐾𝑡
∫ 𝑡

0
𝑐𝑛 (𝑧)𝑒−𝐾𝑧 𝑑𝑧 + (𝐼 𝐼 𝐼) . (8.17)

In Subsection 8.0.1, we prove that the stochastic term (𝐼 𝐼 𝐼) converges to zero as 𝑛→ ∞. □

8.0.1 Stochastic term

We emulate the proof of [92, Theorem 4.1] while citing lemmas from [86]. We rewrite the

stochastic term as

𝑌 𝑛 (𝑡) =
∫ 𝑡

0
𝑇𝑛 (𝑡 − 𝑠) 𝑑𝑍𝑛 (𝑠 ∧ 𝜏) (8.18)

where

𝑇𝑛 (𝑡) = 𝑒L
𝑊𝑛 𝑡 (8.19)

is the semigroup generated by the graphon diffusion operator L𝑊𝑛 . After stating several lemmas,

we prove the main result (Lemma 8.0.6) which states that the 𝐿𝑝 norm of (8.18) converges to zero

in probability as 𝑛→ ∞ and for 𝑝 ≥ 1.

Let Λ𝑋𝑛 (𝑡) = 𝑋𝑛 (𝑡) − 𝑋𝑛 (𝑡−) be the jump of a process 𝑋𝑛 at time 𝑡.
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Lemma 8.0.2. [86, Lemma 4.2] Let 𝜉 be a step-function that is constant on the intervals 𝐼𝑘 , for

𝑘 = 0, 2, . . . , 𝑛 − 1. Then,

∑︁
𝑠≤𝑡

(Λ ⟨𝑍𝑛 (𝑠 ∧ 𝜏), 𝜉⟩)2

− 1
𝑛𝑙

∫ 𝑡∧𝜏

0

{〈
𝑋𝑛 (𝑠, ·),

∫ 1

0
𝑊𝑛

(
·, 𝑦) (𝜉 (𝑦) − 𝜉 (𝑥)

)2
𝑑𝑦

〉
+

〈
|Φ| (𝑋𝑛 (𝑠, ·)), 𝜉2(·)

〉}
𝑑𝑠 (8.20)

is a mean-zero martingale.

The following lemma is similar to [93, Lemma 4.2]), except that [93, Lemma 4.2]) holds for

the Laplacian operator corresponding to fully-connected graphs 𝑊𝑛 ≡ 1, whereas we generalize it

to all graphons.

Lemma 8.0.3. Let𝑊𝑛 be a graph and let 𝑓𝑘 = 𝑛111𝐼𝑘 . We have that

〈
(𝑇𝑛 (𝑡) 𝑓 )2 − 𝑇𝑛 (𝑡) 𝑓𝑘L𝑊𝑛 (𝑇𝑛 (𝑡) 𝑓𝑘 ) , 1

〉
≤ 2𝑛𝑒−2𝑡 + 1 . (8.21)

Proof. The proof is similar to the proof of [93, Lemma 4.2]. We separately bound the first term

(𝐼) := ⟨
(
𝑇𝑛 (𝑡) 𝑓𝑘

)2
, 1⟩ and the second term (𝐼 𝐼) := −⟨𝑇𝑛 (𝑡) 𝑓𝑘L𝑊 (𝑇𝑛 (𝑡) 𝑓𝑘 ) , 1⟩. Because 𝑇𝑛 is

self-adjoint, we have

⟨(𝑇𝑛 (𝑡) 𝑓𝑘 )2, 1⟩ = ⟨𝑇𝑛 (2𝑡) 𝑓𝑘 , 𝑓𝑘⟩ .

Using the definition of 𝑇𝑛 (Equation (8.2)) and Lemma 7.2.1 (which implies that ∥𝑇𝑛 (𝑡) 𝑓 ∥∞ ≤

∥ 𝑓 ∥∞ for any 𝑓 ∈ 𝐿∞(0, 1)) we have

𝑇𝑛 (2𝑡) 𝑓𝑘 (𝑥) =
∫ 1

0
𝑊𝑛 (𝑥, 𝑦)𝑇𝑛 (2𝑡) ( 𝑓𝑘 (𝑦)) 𝑑𝑦 (1 − 𝑒−2𝑡) + 𝑓𝑘 (𝑥)𝑒−2𝑡

≤ ∥𝑊𝑛∥∞
(
1 − 𝑒−2𝑡 ) + 𝑓𝑘 (𝑥)𝑒−2𝑡 . (8.22)
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Assuming that ∥𝑊𝑛∥∞ = 1, we have that (I) satisfies

⟨
(
𝑇𝑛 (𝑡) 𝑓𝑘

)2
, 1⟩ ≤

〈(
1 − 𝑒−2𝑡 ) + 𝑓𝑘𝑒

−2𝑡 , 𝑓𝑘
〉
≤ 𝑛𝑒−2𝑡 + 1 . (8.23)

(II) satisfies

−⟨𝑇𝑛 (𝑡) 𝑓𝑘L𝑊 (𝑇𝑛 (𝑡) 𝑓𝑘 ) , 1⟩ = −
∫
𝑇𝑛 (𝑡) 𝑓𝑘 (𝑥)

∫
𝑊 (𝑥, 𝑦)

(
𝑇𝑛 (𝑡) 𝑓𝑘 (𝑦) − 𝑇𝑛 (𝑡) 𝑓𝑘 (𝑥)

)
𝑑𝑥

= −
∫ ∫

𝑊 (𝑥, 𝑦)
(
𝑇𝑛 (2𝑡) 𝑓𝑘 (𝑥) 𝑓𝑘 (𝑦) − 𝑇𝑛 (2𝑡) 𝑓𝑘 (𝑥)

)
𝑑𝑥

= −
∫

𝑓𝑘 (𝑥)𝑇𝑛 (2𝑡)
∫
𝑊 (𝑥, 𝑦)

(
𝑓𝑘 (𝑦) − 𝑓𝑘 (𝑥)

)
𝑑𝑥

= −⟨𝑇𝑛 (2𝑡)L𝑊 𝑓𝑘 , 𝑓𝑘⟩ . (8.24)

Next, using (8.2) and the fact that 𝑓𝑘 = 𝑛111𝐼𝑘 , we have

𝑇𝑛 (2𝑡)L𝑊 𝑓𝑘 (𝑥) =
∫ 1

0
𝑊 (𝑥, 𝑦)𝑇𝑛 (2𝑡) (L𝑊 𝑓𝑘 (𝑦)) 𝑑𝑦

(
1 − 𝑒−2𝑡

)
+ L𝑊 𝑓𝑘 (𝑥)𝑒−2𝑡

≤
(∫ 1

0
𝑊 (𝑥, 𝑦)

∫ (𝑘+1)/𝑛

𝑘/𝑛
𝑛𝑊 (𝑦, 𝑧) 𝑑𝑧 − 𝑓𝑘 (𝑦) 𝑑𝑦

)
(1 − 𝑒−2𝑡)

+
(∫ (𝑘+1)/𝑛

𝑘/𝑛
𝑛𝑊 (𝑥, 𝑦) − 𝑓𝑘 (𝑥) 𝑑𝑦

)
𝑒−2𝑡

=

(
𝑑𝑘 −

∫ 1

0
𝑊 (𝑥, 𝑦) 𝑓𝑘 (𝑦) 𝑑𝑦

)
(1 − 𝑒−2𝑡) + (𝑑𝑘 − 𝑓𝑘 (𝑥)) 𝑒−2𝑡

= (𝑑𝑘 − 𝑓𝑘 (𝑥))𝑒−2𝑡

where 𝑑𝑘 =
∫
𝐼𝑘
𝑊 (𝑥, 𝑦)𝑑𝑥 ≤

∫ 1
0 𝑊 (𝑥, 𝑦)𝑑𝑥 ≤ ∥𝑊 ∥∞ is the degree of the 𝑘th node. Hence, due to
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Equation (8.24), we have that (II) satisfies

−
〈
𝑇𝑛 (𝑡) 𝑓𝑘L𝑊 (𝑇𝑛 (𝑡) 𝑓𝑘 ) , 1

〉
= −⟨(𝑑𝑘 − 𝑓𝑘 )𝑒−2𝑡 , 𝑓𝑘⟩

= −𝑒−2𝑡
∫ (𝑘+1)/𝑛

𝑘/𝑛
(𝑑𝑘 − 𝑛)𝑛 𝑑𝑥

= 𝑒−2𝑡 (𝑛 − 𝑑𝑘 )

≤ 𝑛𝑒−2𝑡 . (8.25)

Combining (8.23) and (8.25), we conclude that (I) + (II) ≤ 2𝑛𝑒−2𝑡 + 1. □

The following lemma states that the integrand in (8.20) is bounded by an integrable function.

Lemma 8.0.4. Denote 𝜉 = 𝑇𝑛 (𝑡 − 𝑠) 𝑓𝑘 where 𝑓𝑘 = 111𝐼𝑘 .〈
𝑋𝑛 (𝑠),

∫ 1

0
𝑊𝑛 (·, 𝑦)

(
𝜉 (·) − 𝜉 (𝑦)

)2
𝑑𝑦

〉
+

〈
|Φ| (𝑋𝑛 (𝑠)), 𝜉2〉 ≤ 𝑐(𝜌) (𝑛𝑒−2𝑡 + 1) . (8.26)

where 𝑐(𝜌) is a constant that depends linearly on 𝜌. Recall that 𝜌 is the upper bound as seen in

(8.10). Note that the integral of this bound is
∫ 𝑡

0 𝑐(𝜌) (𝑛𝑒
−2𝑠 + 1)𝑑𝑠 ≤ 𝑐(𝜌) (𝑛 + 𝑡).
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Proof. We bound the two terms on the left-hand side of Equation (8.26) separately.

〈
𝑋𝑛 (𝑠),

∫ 1

0
𝑊𝑛 (·, 𝑦)

(
𝜉 (·) − 𝜉 (𝑦)

)2
〉

=

∫ ∫
𝑊𝑛 (𝑥, 𝑦)𝑋𝑛 (𝑠, 𝑥) (𝜉 (𝑥) − 𝜉 (𝑦))2 𝑑𝑥

≤ ∥𝑋𝑛 (𝑠)∥∞
∫ ∫

𝑊𝑛 (𝑥, 𝑦) (𝜉 (𝑥) − 𝜉 (𝑦))2 𝑑𝑥

= ∥𝑋𝑛 (𝑠)∥∞
[ ∫ ∫

𝑊𝑛 (𝑥, 𝑦) (𝜉 (𝑥) − 𝜉 (𝑦))𝜉 (𝑥) 𝑑𝑥

−
∫ ∫

𝑊𝑛 (𝑥, 𝑦) (𝜉 (𝑥) − 𝜉 (𝑦))𝜉 (𝑦) 𝑑𝑥
]

= ∥𝑋𝑛 (𝑠)∥∞
[ ∫ ∫

𝑊𝑛 (𝑥, 𝑦) (𝜉 (𝑥) − 𝜉 (𝑦))𝜉 (𝑥) 𝑑𝑥

+
∫ ∫

𝑊𝑛 (𝑥, 𝑦) (𝜉 (𝑥) − 𝜉 (𝑦))𝜉 (𝑥) 𝑑𝑥 𝑑𝑦
]

= 2∥𝑋𝑛 (𝑠)∥∞
∫ ∫

𝑊𝑛 (𝑥, 𝑦) (𝜉 (𝑥) − 𝜉 (𝑦))𝜉 (𝑥) 𝑑𝑥 𝑑𝑦

= 2∥𝑋𝑛 (𝑠)∥∞⟨−𝜉L𝑊𝑛𝜉, 1⟩

≤ 2(𝜌 + 1)⟨−𝜉L𝑊𝑛𝜉, 1⟩ , (8.27)

where the last line follows from the fact that for times up to the stopping time 𝜏, 𝑋𝑛 is bounded as

in (8.10). Furthermore,

⟨|Φ| (𝑋𝑛 (𝑠)), 𝜉2⟩ =
∫ 1

0
|Φ| (𝑋𝑛 (𝑠, 𝑥))𝜉2(𝑥) 𝑑𝑥

≤


|Φ| (𝑋𝑛)




∞⟨𝜉

2, 1⟩

≤ 𝑐(𝜌) ⟨𝜉2, 1⟩ ,

where 𝑐 is a linear function of 𝜌. The last inequality holds because ∥𝑋𝑛 (𝑡)∥∞ < 𝜌 + 2 for 𝑡 ≤ 𝜏

and because the reaction function Φ is Lipschitz. Thus, the left-hand side of Equation (8.26) is

bounded above by 𝑐(𝜌)⟨𝜉2 − 𝜉L𝑊𝑛𝜉, 1⟩ where 𝑐 is a linear function of 𝜌. For 𝜉 = 𝑇𝑛 (𝑡 − 𝑠) 𝑓𝑘 ,

Lemma 8.0.3 gives the bound ⟨𝜉2 − 𝜉L𝑊𝑛𝜉, 1⟩ ≤ 2𝑛𝑒−2𝑡 + 1. Thus, the proof is finished. □
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The following lemma is restated from [92, Lemma 4.4] (but with minor changes in notation).

Lemma 8.0.5. ([92, Lemma 4.4]) : Let 𝐹𝑛,𝑙𝑡 be the completion of the 𝜎-algebra 𝜎(𝑛(𝑠) : 𝑠 ≤ 𝑡).

Let 𝑚(𝑡) be a bounded martingale of finite variation defined on [0, 𝑇] with 𝑚(0) = 0 and satisfying

[(i)]𝑚 is right-continuous with left limits. |Λ𝑚(𝑡) | ≤ 1 for 0 ≤ 𝑡 ≤ 𝑇 .
∑

0≤𝑠≤𝑡 (Λ𝑚(𝑠))2 −∫ 𝑡

0 𝑔(𝑠) 𝑑𝑠 is a mean-zero martingale with 0 ≤ 𝑔(𝑠) ≤ ℎ(𝑠), where ℎ(𝑠) is a bounded deter-

ministic function and 𝑔(𝑠) is 𝐹𝑛,𝑙𝑡 adapted.

Then, E[exp(𝑚(𝑇))] ≤ exp
(

3
2

∫ 𝑇
0 ℎ(𝑠) 𝑑𝑠

)
.

Lemma 8.0.6. Let 𝑌 𝑛 be defined as in (8.18). Assume the corresponding graphon𝑊𝑛 is 𝐿∞. Then,

sup[0,𝑇] ∥𝑌 𝑛 (𝑡)∥𝑝 → 0 in probability as 𝑛→ ∞.

1.2.3. Proof. The proof first bounds 𝑌 𝑛 restricted to a spatial interval 𝐼𝑘 and a temporal interval [0, 𝑡];

this “slice" of 𝑌 𝑛 is called 𝑚̄. Then, we estimate the variance of the jumps of 𝑚̄ and show that

that estimate is bounded; with this information, Lemma 8.0.5 gives a bound on 𝑚̄. We obtain a

bound on the whole spatial domain by adding up the bounds on all sub-intervals 𝐼𝑘 . To obtain a

bound on the whole time interval, we divide the time interval [0, 𝑇] into 𝑛 intervals. Note that 𝑌 𝑛

is only nonzero up to time 𝜏, so it would suffice to prove that sup[0,𝜏] ∥𝑌 𝑛 (𝑡)∥𝑝 → 0 in probability.

However, we show the convergence for the whole interval to avoid confusion.

Fix 𝑡 ∈ (0, 𝑇] and 𝑘 ∈ {0, 1, . . . , 𝑛 − 1}. Let 𝑓𝑘 = 𝑛111𝐼𝑘 . For 𝑠 ∈ [0, 𝑡], let

𝑚̄(𝑠) =
〈∫ 𝑠

0
𝑇𝑛 (𝑡 − 𝑠′) 𝑑𝑍𝑛 (𝑠′ ∧ 𝜏), 𝑓𝑘

〉
. (8.28)

Note that 𝑚̄ is a mean-zero martingale for 𝑠 ∈ [0, 𝑡] because 𝑍𝑛 is a martingale. Also note that

𝑚̄(𝑡) = 𝑌 𝑛 (𝑡, 𝑘/𝑛) and that 𝑚̄(𝑠) = ⟨𝑍𝑛 (𝑠 ∧ 𝜏), 𝜉⟩ for 𝜉 (𝑥) =
∫ 𝑠

0 𝑇𝑛 (𝑡 − 𝑠
′) 𝑑𝑠′ 𝑓𝑘 (𝑥).

For 𝑡 ∈ [0, 𝑇], Lemma 8.0.2 implies that

∑︁
𝑠≤𝑡

(Λ𝑚̄(𝑠))2 − 1
𝑛𝑙

∫ 𝑡∧𝜏

0

{∫ 1

0
𝑋𝑛 (𝑠, 𝑥)

∫ 1

0
𝑊𝑛 (𝑥, 𝑦) (𝜉 (𝑥) − 𝜉 (𝑦))2𝑑𝑥 +

〈
|Φ| (𝑋𝑛 (𝑠)), 𝜉2〉} 𝑑𝑠

(8.29)
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is a mean-zero martingale. Let 𝑚(𝑠) = 𝜃𝑙𝑚̄(𝑠). Equation (8.30) multiplied by (𝜃𝑙)2, i.e.

∑︁
𝑠≤𝑡

(Λ𝑚(𝑠))2 − 𝜃2𝑙

𝑛

∫ 𝑡∧𝜏

0

{∫ 1

0
𝑋𝑛 (𝑠, 𝑥)

∫ 1

0
𝑊𝑛 (𝑥, 𝑦) (𝜉 (𝑥) − 𝜉 (𝑦))2𝑑𝑥 +

〈
|Φ| (𝑋𝑛 (𝑠)), 𝜉2〉} 𝑑𝑠 ,

(8.30)

is also a mean-zero martingale. Requirements (i) and (ii) of Lemma 8.0.5 hold for 𝑚. Lemma 8.0.4

implies that requirement (iii) also holds, in which ℎ(𝑠) = 𝑐(𝜌) (𝑛𝑒−2𝑡 + 1). Hence, Lemma 8.0.5

implies that

E[exp(𝜃𝑙𝑚(𝑡)] ≤ exp
(
𝜃2𝑙𝑐(𝜌) (1 + 𝑡/𝑛)

)
≤ exp(𝜃2𝑙𝑐(𝜌)) , (8.31)

where the second inequality follows from the fact that 𝑡/𝑛 ≤ 1. Hence, we have that

𝑃(𝑌 𝑛 (𝑡, 𝑘/𝑛) > 𝜖) = 𝑃(exp(𝜃𝑙𝑌 𝑛 (𝑡, 𝑘/𝑛)) > exp(𝜃𝑙𝜖))

≤ E[exp(𝜃𝑙𝑌 𝑛 (𝑡, 𝑘/𝑛))]exp(−𝜃𝑙𝜖)

= E[exp(𝑚(𝑡))]exp(−𝜃𝑙𝜖)

≤ exp(𝜃𝑙 (𝑐(𝜌)𝜃 − 𝜖))

where the second line is due to Markov’s inequality and the last line follows from (8.31). We

choose 𝜃 ∈ [0, 1] that depends only on 𝜌 such that 𝜃𝑙 (𝑐(𝜌)𝜃 − 𝜖) = −𝑎𝜖2𝑙 for some 𝑎 = 𝑎(𝜌) > 0.

This gives

𝑃(𝑌 𝑛 (𝑡, 𝑘/𝑛) > 𝜖) ≤ exp(−𝑎𝜖2𝑙) . (8.32)
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We obtain a bound on 𝑌 𝑛 (𝑡) in 𝐿2(0, 1) by using Equation (8.32) for all 𝑘; that is,

𝑃

(
∥𝑌 𝑛 (𝑡)∥𝑝 > 𝜖

)
= 𝑃

(
𝑛∑︁
𝑘=1

(𝑌 𝑛 (𝑡, 𝑘/𝑛))𝑝 > 𝜖 𝑝
)

≤
𝑛∑︁
𝑘=1

𝑃
(
|𝑌 𝑛 (𝑡, 𝑘/𝑛) |𝑝 > 𝜖 𝑝

)
≤ 2

𝑛∑︁
𝑘=1

𝑃 (𝑌 𝑛 (𝑡, 𝑘/𝑛) > 𝜖)

≤ 2𝑛 exp(−𝑎𝜖2𝑙) . (8.33)

Next, we show a bound for the whole interval [0, 𝑇]. We split the time interval [0, 𝑇] into 𝑛

intervals 𝐼0, 𝐼1, . . . , 𝐼𝑛−1. We use the same interval-size and notation as for the spatial intervals.

Differentiating and integrating (8.18) gives

𝑌 𝑛 (𝑡) =
∫ 𝑡

0
L𝑊𝑛𝑌 𝑛 (𝑠) 𝑑𝑠 + 𝑍𝑛 (𝑡 ∧ 𝜏) (8.34)

Hence, for 𝑡 ∈ 𝐼𝑚,

𝑌 𝑛 (𝑡) = 𝑌 𝑛 (𝑚𝑇/𝑛) +
∫ 𝑡

𝑚𝑇/𝑛
L𝑊𝑛𝑌 𝑛 (𝑠) 𝑑𝑠 + 𝜔̃(𝑡) , (8.35)

where

𝜔̃(𝑡) = 𝑍𝑛 (𝑡 ∧ 𝜏) − 𝑍𝑛 (𝑚𝑇/𝑛 ∧ 𝜏) . (8.36)

Taking the 𝐿𝑝 norm of (8.35) gives

∥𝑌 𝑛 (𝑡)∥𝑝 ≤ ∥𝑌 𝑛 (𝑚𝑇/𝑛)∥𝑝 +
∫ 𝑡

𝑚𝑇/𝑛
∥L𝑊𝑛𝑌 𝑛 (𝑠)∥𝑝 𝑑𝑠 + ∥𝜔̃(𝑡)∥𝑝

≤ ∥𝑌 𝑛 (𝑚𝑇/𝑛)∥𝑝 + 2∥𝑊𝑛∥∞
∫ 𝑡

𝑚𝑇/𝑛
∥𝑌 𝑛 (𝑠)∥𝑝 𝑑𝑠 + ∥𝜔̃(𝑡)∥𝑝 , (8.37)
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where (8.37) holds because

∥L𝑊𝑛𝑌 𝑛 (𝑠)∥𝑝𝑝 =
∫ 1

0

(∫ 1

0
𝑊𝑛 (𝑥, 𝑦) (𝑌 𝑛 (𝑠, 𝑦) − 𝑌 𝑛 (𝑠, 𝑥)𝑑𝑦

) 𝑝
𝑑𝑥

≤ ∥𝑊𝑛∥𝑝∞
∫ 1

0

∫ 1

0
(𝑌 𝑛 (𝑠, 𝑦) − 𝑌 𝑛 (𝑠, 𝑥))𝑝𝑑𝑦 𝑑𝑥

≤ ∥𝑊𝑛∥𝑝∞
𝑝∑︁
𝑖=0

(
𝑝

𝑘

) ∫ 1

0

∫ 1

0
𝑌 𝑛 (𝑠, 𝑦)𝑝−𝑘 (−𝑌 𝑛 (𝑠, 𝑥))𝑘 𝑑𝑦 𝑑𝑥

≤ ∥𝑊𝑛∥𝑝∞2𝑝 ∥𝑌 𝑛 (𝑠)∥𝑝𝑝 ,

where the second line holds because of Jensen’s inequality.

We assume WLOG that ∥𝑊𝑛∥∞ = 1. Then, Gronwall’s inequality applied to (8.37) gives

∥𝑌 𝑛 (𝑡)∥𝑝 ≤
{
∥𝑌 𝑛 (𝑚𝑇/𝑛)∥𝑝 + ∥𝜔̃(𝑡)∥𝑝

}
exp(2(𝑡 − 𝑚𝑇/𝑛)) . (8.38)

Taking the supremum of (8.38) over the time interval [𝑚𝑇/𝑛, (𝑚 + 1)𝑇/𝑛] gives

sup
𝑡∈[𝑚𝑇/𝑛,(𝑚+1)𝑇/𝑛]

∥𝑌 𝑛 (𝑡)∥𝑝 ≤
{
∥𝑌 𝑛 (𝑚𝑇/𝑛)∥𝑝 + sup

𝑡∈[𝑚𝑇/𝑛,(𝑚+1)𝑇/]
∥𝜔̃(𝑡)∥𝑝

}
𝑒2𝑇/𝑛 . (8.39)

We then fix 𝑘 ∈ {0, 1, . . . , 𝑛−1} and 𝜃 ∈ [0, 1], and let 𝜔(𝑡) = 𝜃𝑙𝜔̃(𝑡). Then, |Λ𝜔(𝑡) | ≤ 1 because

|Λ𝑋𝑛 (𝑡) | ≤ 1. [86, Lemma 4.1b] implies that

∑︁
𝑚𝑇/𝑛≤𝑠≤𝑡

(Λ𝜔(𝑠))2 − 𝜃2𝑙

∫ 𝑡∧𝜏

𝑚𝑇/𝑛∧𝜏

1
𝑛

𝑛−1∑︁
𝑖=0
𝑖≠𝑘

𝑊𝑛 (𝑖/𝑛, 𝑘/𝑛) (𝑋𝑛 (𝑠, 𝑖/𝑛) + 𝑋𝑛 (𝑠, 𝑘/𝑛)) 𝑑𝑠

− 𝜃2𝑙

∫ 𝑡∧𝜏

𝑚𝑇/𝑛∧𝜏
|Φ| (𝑋𝑛 (𝑠, 𝑘/𝑛)) 𝑑𝑠 (8.40)

is a mean-zero martingale for 𝑡 ∈ 𝐼𝑚. The integrand of (8.40) is bounded by a constant function

𝑐(𝜌) of 𝜌 because ∥𝑋𝑛 (𝑠, ·)∥∞ ≤ 𝜌 + 2 for 𝑠 ∈ [0, 𝜏] and the fact that |Φ| is 𝐾-Lipschitz. Thus,
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applying Lemma 8.0.5, we obtain

E[exp(𝜔((𝑚 + 1)𝑇/𝑛)] ≤ exp
(∫ (𝑚+1)𝑇/𝑛

𝑚𝑇/𝑛
𝑐(𝜌)𝜃2𝑙 𝑑𝑠

)
≤ exp(𝑐(𝜌)𝜃2𝑙𝑇/𝑛) . (8.41)

Using Doob’s submartingale inequality and a similar argument as in (8.32), we can choose

𝜃 ∈ [0, 1] and 𝑎 = 𝑎(𝜌) > 0 so that

𝑃

(
sup

𝑡∈[𝑚𝑇/𝑛,(𝑚+1)𝑇/𝑛]
𝜔̃ (𝑡, 𝑘/𝑛) ≥ 𝜖

)
≤ exp(𝜃𝑙 (𝑐(𝜌)𝜃𝑇/𝑛 − 𝜖))

≤ exp
(
−𝑎𝜖2𝑙

)
.

We abbreviate sup𝑡∈[𝑚𝑇/𝑛,(𝑚+1)𝑇/𝑛] as sup𝑡∈𝐼𝑚 . The bound of the 𝐿𝑝 norm is

𝑃

(
sup
𝑡∈𝐼𝑚

∥𝜔(𝑡)∥𝑝 ≥ 𝜖
)
= 𝑃

(
sup
𝑡∈𝐼𝑚

𝑛∑︁
𝑘=1

(𝜔̃(𝑡, 𝑘/𝑛))𝑝 ≥ 𝜖 𝑝
)

≤
𝑛∑︁
𝑘=1

𝑃

(
sup
𝑡∈𝐼𝑚

(𝜔̃(𝑡, 𝑘/𝑛))2 ≥ 𝜖2
)

≤ 2
𝑛∑︁
𝑘=1

𝑃

(
sup
𝑡∈𝐼𝑚

𝜔̃(𝑡, 𝑘/𝑛) ≥ 𝜖
)

≤ 2𝑛 exp(−𝑎𝜖2𝑙) . (8.42)

Combining the bounds (8.33), (8.39), and (8.42), we obtain

𝑃

(
𝑒−2𝑇/𝑛 sup

𝑡∈𝐼𝑚
∥𝑌 𝑛 (𝑡)∥𝑝 > 𝜖

)
= 𝑃

(
∥𝑌 𝑛 (𝑚𝑇/𝑛)∥𝑝 + sup

𝑡∈[𝑚𝑇/𝑛,(𝑚+1)𝑇/]
∥𝜔̃(𝑡)∥𝑝 > 𝜖

)
≤ 𝑃

(
∥𝑌 𝑛 (𝑚𝑇/𝑛)∥𝑝 > 𝜖

)
+ 𝑃

(
sup

𝑡∈[𝑚𝑇/𝑛,(𝑚+1)𝑇/]
∥𝜔̃(𝑡)∥𝑝 > 𝜖

)
≤ 4𝑛 exp(−𝑎𝜖2𝑙) .
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We obtain a bound on the full time interval [0, 𝑇] as follows:

𝑃

(
𝑒−2𝑇 sup

𝑡∈[0,𝑇]
∥𝑌 𝑛 (𝑡)∥𝑝 > 𝜖

)
≤

𝑛−1∑︁
𝑚=0

𝑃

(
𝑒−2𝑇 sup

𝑡∈𝐼𝑚
∥𝑌 𝑛 (𝑡)∥𝑝 > 𝜖

)
≤ 4𝑛2exp(−𝑎𝜖2𝑙) . (8.43)

Due to assumption (ii) of Theorem 8.0.1, the quantity (8.43) converges to zero as 𝑛→ ∞.

□
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Conclusion

Graphon limits of graph-theoretic problems offer new analytical tools and mathematical insight

into those problems [13, 4, 44]. In this dissertation, we consider the graphon limits of graph GL

functionals and graph RD equations. In both cases, we show that the solutions of the graph-based

problems converge to the solutions of the limiting graphon-based problems.

In Chapters 3 through 5 of this dissertation, we defined graphon GL and TV functionals, and we

showed that their minimizers are consistent with minimizers of the graph GL and TV functionals in

the following sense. Given a sequence of graphs𝑊𝑛 that converge in cut norm to a limiting graphon

𝑊 , the sequence of graph GL functionals (3.8) Γ-converges to the graphon GL functional (3.19).

The sequence of graph TV functionals (3.10) also Γ-converges to the graphon TV functional (3.21)

as 𝑊𝑛

□→ 𝑊 . Additionally, we showed that GL𝑊𝜖
Γ→ TV𝑊 as 𝜖 → 0, which resembles the known

Γ-limits 𝐺𝐿𝜖
Γ→ 𝑇𝑉 in the classical case and 𝐺𝐿𝑊𝑛𝜖

Γ→ 𝑇𝑉𝑊𝑛 in the graph case. All of these

Γ-convergence results (see our summary in Figure 3.1), in concert with compactness properties

of Young measures, which we obtain via Prohorov’s Theorem, imply that the minimizers of the

Γ-converging functionals also converge.

The limiting functionals highlight several fundamental differences between the graphon GL

functional and both the graph GL functional and the classical GL functional. One difference is that

the graphon functionals are formulated using Young measures, rather than using functions. This

difference highlights that the limiting minimizers are Young measures, which constitute families of

functions that can have arbitrary amounts of oscillation, while taking the same values in the same

proportions. Chapter 6 contains the derivation of these Young measure minimizers for several
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examples of graphons.

Another difference between the graph GL and graphon GL functionals, which is highlighted

by our limit (4) (see Section 5.2 for the proof of this limit), is that the 𝜖-scaling of the graphon GL

functional is somewhere between the 𝜖-scalings of the classical GL functional and the graph GL

functional. The classical GL functional has scalings 𝜖 and 1/𝜖 for the Dirichlet energy and double-

well potential, respectively. By contrast, the graph GL functional has the scalings 1 and 1/𝜖 ,

respectively. The graphon GL functional has the same 𝜖-scalings as the graph GL functional when

the graphon𝑊 is bounded. We did not determine a scaling for the more general𝑊 ∈ 𝐿𝑝 ((0, 1)2).

Our limit (3), which we proved in Section 5.1, extends results of Braides et al. [11, Lemma

11, Theorem 12] in two key ways. First, Braides et al. proved Γ-convergence of the graph-cut

functional (which acts on finite-range functions) as 𝑛 → ∞, whereas we proved Γ-convergence of

the graph Dirichlet energy, which extends the graph-cut functional to act on 𝐿∞ functions. Second,

Braides et al worked with dense sequences of graphs that converge to 𝐿∞ graphons, whereas we

proved Γ-convergence for more general sequences of graphs that converge to 𝐿𝑝 graphons.

In Chapter 7, we defined graphon RD equations as nonlocal RD equations, where the diffusion

term is a nonlocal integral operator whose kernel is the accompanying graphon. Suppose that a

sequence of graphs (or graphons) 𝑊𝑛 converges in cut norm to a limiting graphon 𝑊 . Our first

convergence result states that the solutions to the sequence of graph RD equations corresponding

to the graphs 𝑊𝑛 converge to the solution of the graphon RD equation corresponding to 𝑊 . In

other words, graph RD equations, which, for a given graph with 𝑛 nodes, are a coupled system of 𝑛

ordinary differential equations, converge in the large-𝑛 limit to a single nonlocal partial differential

equation that is parameterized by a graphon.

Our second main convergence result that relates to graphon RD equations is discussed in Chap-

ter 8. There, we define a stochastic random-walk birth-death particle system on graphs and show

that it converges in probability to the solution of a limiting graphon RD equation. This result is a

graph-to-graphon hydrodynamic limit that suggests that certain agent-based models on graphs can

be approximated by a single nonlocal PDE.
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Our results focused on theory, but one can examine applications of graphon GL functionals and

graphon RD equations. For example, graph GL and TV functionals have been employed in image

processing [32, 31, 33, 65, 29, 66, 67, 68, 69], and it is worthwhile to pursue analogous applications

of graphon GL and TV functionals. Our convergence result on graph RD equations suggests that

graphon RD equations can be used to approximate RD equations on large graphs, which include

models of population ecology, disease spread, and chemical reactions [35, 82, 34]. Our LLN

result in Chapter 8 suggests that microscopic (a.k.a. agent-based) models can be approximated by

the macroscopic RD equation. Such agent-based models include models of ecology, information

spread, disease, and other social dynamics [94, 95, 96, 97]. We can also extend the convergence

results of RD equations to systems of RD equations. For example, SIR-type models with diffusion

consist of a system of three RD equations [35].

Another direction for future work is to investigate stochastic particle systems on graphons:

that is, one could find a graphon limit of the random-walk birth-death process on graphs. [87]

defines a random walk on graphons and shows formally that it is a limit of random walks on

an approximating sequence of graphs. They show that the graph random walk converges to the

graphon diffusion equation (in a special case of so-called quotient graphs). One could extend their

results to include a birth-death process on graphons.

Another question for future research is how to apply our results in practical computations.

While the convergence results in Chapters 7 and 8 include convergence rates, the Γ-convergence

results do not. For approximately what graph sizes 𝑛 are the minimizers of a graphon GL functional

close enough to the minimizers of an associated graph GL functional? Furthermore, minimizing a

graph GL functional requires approximation algorithms [51, 52, 54], and similar algorithms may be

useful for minimizing a graphon GL functional. Seeking graphon GL minimizers will also involve

seeking Young-measure minimizers, and this in turn will require numerical approximations (see

[77, 78]).

The mathematics of graphon-based problems are somewhat different from the mathematics

of graph-based problems. Because graphons are nonlocal kernels and induce nonlocal operators,
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they introduce numerous theoretical connections between graph theory and nonlocal analysis. In

this dissertation, we have developed connections between graphs, graphons, and nonlocal analysis.

Connecting these rich mathematical fields to each other suggests many possibilities for future

directions in the theory of infinite graphs.
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