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Abstract

Methods for modeling the dynamics of microbial communities

Tyler A. Joseph

Advances in DNA sequencing of microbial communities have revealed a complex

relationship between the human microbiome and our health. Community dynamics, host-microbe

interactions, and changing environmental pressures create a dynamic ecosystem that is just

beginning to be understood. In this work, we develop methods for investigating the dynamics of

the microbiome. First, we develop a model for describing community dynamics. We show that the

proposed approaches accurately describes community trajectories over time. Next, we develop a

method for modeling and eliminating technical noise from longitudinal data. We demonstrate that

the method can accurately reconstruct microbial trajectories from noisy data. Finally, we develop

a method for estimating bacterial growth rates from metagenomic sequencing. Using a

case-control cohort of individuals with irritable bowel disease, we show how growth rates can be

associated with disease status, community states, and metabolites. Altogether, these models can

be used to help uncover the relationship between microbial dynamics, human health, and disease.
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Chapter 1: Introduction and Background

The inception of the Human Microbiome Project (HMP) in 2007 [1] marked a new era in

genomics. At the time, it had long been recognized that microbial cells in the human body out-

number human ones [2, 3, 4], and that microbial communities play a role in disease [1]. Yet,

further characterization of microbial communities had remained dif�cult because most microbes

cannot be cultivated in laboratory settings [5]. Rapid advances in DNA sequencing technolo-

gies provided a way around this limitation. Two studies in 2004 [6, 7] applied shotgun sequenc-

ing techniques—typically used to reconstruct the genomes of single organisms—to environmental

samples to generate random fragments from the genomes of all microbes in a community. This

new technique, termed whole-metagenome shotgun sequencing, created an opportunity to pro�le

microbial genomes and gene content. In parallel, study designs based on targeted amplicon se-

quencing enabled quanti�cation of a community's constituents [8, 9, 10], allowing researchers to

characterize microbial communities quickly and cheaply.

Since then, microbiome studies have expanded our knowledge of the structure and function of

microbial taxa and their communities. The �rst phases of the HMP [11, 12] collectively generated

more than 2000 reference genomes from human body sites, and the complementary MetaHIT

project [13] identi�ed over 9.75 million nonredundant microbial genes in the human gut [14].

From these and related efforts, we now know that community assembly across bodies sites is

nonrandom—suggesting that these communities are functionally important [15]—and associated

with several diseases and disorders [16]. For instance, chronic diseases such as obesity [17] and

irritable bowel disease [18] have been associated with differences in community composition of

the gut microbiome, and changes in the vaginal microbiome during pregnancy are predictive of

risk for pre-term birth [19]. The human microbiome also plays a role in treatment outcomes. In

hospital patients, for example, depletion of the gut microbiome in response to antibiotics increases
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susceptibility to infection [20, 21]. Taken altogether, these and related studies suggest that the

human microbiome plays a fundamental role in human health and disease. Recent efforts now aim

to elucidate this role.

The focus of this dissertation is on methods for investigating microbiome dynamics. The hu-

man microbiome is a dynamic system that changes in response to host-microbiome interactions,

microbe-microbe interactions, and external perturbations. Understanding these changes can help

uncover mechanisms of disease. Yet, investigating microbiome dynamics is a challenging problem.

The microbiome is a relatively new study system, and there is no consensus on the right way to

model community dynamics. Measurement models can suffer from substantial technical noise, ob-

scuring biological signals. The sampling process is itself presents challenges—physiological and

logistical constraints place limitations on the frequency of sample collection, and thus place limits

on the time scales that can be explored. In this work we address some of these issues. Chapter 2

explores models for describing microbiome dynamics [22]. We take a �rst principles approach to

de�ne a dynamical system that describes community trajectories. Chapter 3 develops a computa-

tional method for modeling and eliminating technical noise in longitudinal amplicon experiments

[23]. Finally, Chapter 4 focuses on inferring instantaneous growth rates from metagenomic sam-

ples [24].

The remainder of this chapter is dedicated to reviewing the three major aims of many micro-

biome studies [25]: community pro�ling, metagenomic assembly, and functional pro�ling. Com-

munity pro�ling describes how DNA sequencing is used to quantify the constituents of the micro-

biome. Metagenomic assembly is focused generating reference genomes from whole-metagenome

shotgun sequencing. Functional pro�ling quanti�es the functional genomic capabilities of the mi-

crobiome by looking at its gene content. Each of these provide a view into different aspects of the

microbiome. Community pro�ling is the main way we measure the microbiome. The pro�les are

the input to the models in Chapter 2 and Chapter 3. Genome and metagenome assemblies are the

foundation of the methods in Chapter 4. Functional pro�ling combined with dynamic modeling

can help point to mechanistic changes in microbial communities over time.
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1.1 Community Pro�ling

The goal of community pro�ling is to identify the taxa in a community and their abundances.

Community pro�ling serves as a large component of many microbiome studies. Indeed, a major

aim of the �rst phase of the HMP was understand the range of diversity and distribution of mi-

crobial taxa in healthy individuals, and several notable discoveries have been based on examining

the pro�les of microbial communities. A common study design speci�cally looks for differences

in community abundance pro�les between healthy and disease states—among the most commonly

cited are a shift from Bacteriodetes to Firmicutes in the gut microbiome compositions of peo-

ple with obesity [17], and a decrease in community diversity in gut microbiomes of people with

Crohn's disease [26].

1.1.1 Amplicon Sequencing

The predominant technique for community pro�ling uses targeted sequencing of the 16S rRNA

gene. The 16S rRNA gene is a popular sequencing target because it is present among all prokary-

otes, and contains conserved regions to serve as target for PCR primers that �ank variable regions

useful for phylogenetic classi�cation [27]. Typically, PCR primers are used to amplify one or more

variable subregions of the 16S rRNA gene that are then sequenced. However, sequencing the full

16S rRNA gene is also possible [28]. Nonetheless, the 16S rRNA gene does not measure viruses

and eukaryotes in a community. For these, other regions need to be targeted for ampli�cation (e.g.

the internal transcribed spacer, or 18S rRNA gene).

The major challenge in amplicon sequencing is to distinguish sequencing error from biolog-

ical variation. One approach is to cluster sequences using a �xed similarity threshold [29, 30].

Sequences are commonly clustered by 95% or 97% average nucleotide identity—approximately

clustering by genera or species respectively [31]. The clusters are treated as operational taxonomic

units (OTUs) for downstream analysis. However, this likely underestimates the phylogenetic di-

versity in a sample because it assumes that variation within each cluster is due to sequencing error.
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Therefore, later approaches speci�cally model and correct sequencing errors to identify exact se-

quence variants in a sample. DADA2 iteratively partitions sequencing reads into clusters until all

reads are consistent with an error model. These clusters putatively represent the species or strains

in a sample. Deblur [32] takes a similar approach, calling these clusters sub-operational taxo-

nomic units (sOTUs). The resulting clusters have been shown to more accurately re�ect sequence

variation in a sample.

After clustering sequences into operational units, units are assigned labels using a taxonomy

database [33] that matches 16S rRNA sequences to a taxonomic annotation. (e.g. the Green-

genes [34], SILVA [35], NCBI taxonomy [36], or RDP databases [37]). Because most microbes

are uncharacterized, they lack taxonomic classi�cation. Therefore, each database attempts to infer

taxonomic labels of uncharacterized taxa based on their phylogenetic relationships to characterized

ones. For instance, the Greengenes database project constructed a phylogenetic tree from 408,135

reference 16S sequences. Reference sequences with taxonomic annotations are used to label refer-

ence sequences without annotations based on the inferred phylogeny. Other databases use similar

automated approaches to assign taxonomic labels. After a 16S rRNA sequencing experiment is

performed, clusters from a 16S sequencing experiment are assigned taxonomic labels using a ma-

chine learning classi�er (e.g. Naive Bayes). The classi�er is trained on a taxonomy database using

sequence features from the target region of the 16S rRNA gene.

Regardless of the clustering scheme, the output from amplicon sequencing is a count matrix

denoting the number of sequencing reads assigned to each OTU in each sample. Importantly,

the total number of sequencing reads does not represent population size. Therefore, amplicon

sequencing only provides information about the proportion of each OTU in a sample. Data that

only provides information on proportions are called compositional. An important consequence

is that an observed increase in the proportion of an OTU does not necessarily correspondence to

an increase in a abundance. These presents challenges to modeling the dynamics of microbial

communities that we explore in Chapter 2.

4



1.1.2 Metagenomic Sequencing

In contrast to amplicon sequencing, metagenomic sequencing generates sequencing reads from

random fragments of all the DNA in a sample. A useful mental model (though we show this is an

oversimpli�cation in Chapter 4) is to conceptualize the sampling process as selecting random seg-

ments of the genomes of each microbe in a sample uniformly at random: the number of sequencing

reads from the genome of one species is proportional to the length of its genome and the fraction

of that species in the community [6].

Early approaches to community pro�ling from metagenomic sequencing focused only on de-

tection of the taxa in a community by directly aligning reads to a database of reference genomes

such as NCBI RefSeq [38]. Reads are assigned a taxonomic classi�cation based on the lowest

common ancestor of the genomes matching a read. However, accurately assigning reads to species

relies on the breadth of genomes in the reference. Novel species without a reference genome can

only be resolved at a higher phylogenetic classi�cation, such as genus or family, and the resolution

of this assignment depends on the phylogenetic similarity to species in the reference database. A

2012 study comparing alignment methods for taxonomic classi�cation found that only 67 % of

reads mapped to the correct strain, and 21 % of the remaining reads mapped to the correct genus

[39]. Obviously, completeness of databases is a moving target. Read length also signi�cantly im-

pacts taxonomic assignment [38], with shorter read lengths (Ÿ 200 bp) resulting fewer matches

against a reference database with more ambiguity [40]. This is particularly problematic because

shorter reads are more cost effective. Finally, alignment methods are computationally expensive

and will only become more cumbersome as the throughput of metagenomic sequencing increases

(see Woodet el. [41] for an exception).

An alternate approach forgoes alignment and instead tries to classify reads based on sequence

features such as frequencies of sequence patterns [42],: -mer pro�les [43], or signatures from

interpolated Markov models [44]. In each case, a classi�er is trained on a training set of refer-

ence genomes from a database, which is then applied to assign taxonomic classi�cations on new

sequencing datasets. Hence, alignment-free approaches are more computationally attractive, and
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potentially mitigate issues with incomplete reference sets. However, they all suffer from loss of

�delity with shorter sequence lengths, and do not (accurately) classify reads below the genus level.

A potentially more severe problem, shared by alignment methods, is the transformation from tax-

onomically classi�ed reads to taxa relative abundances (the percentage of each taxa in a sample).

This requires normalization by genome size — which is unknown for novel species — as well as

mappability scores re�ecting conservation of some sequencing regions among species [45].

A third class of methods mitigates these problems by building curated reference sets of phy-

logenetically informative marker genes, synthesizing alignment-based approaches and approaches

from 16S rDNA sequencing. Genes are selected based on their ability to discriminate between

species. Removing uninformative regions of the genome drastically reduces the search space for

aligning sequencing reads at the expense of throwing away useful data. These approaches have

been shown to accurately classify reads from short read technologies. Furthermore, the normaliz-

ing constant needed to transform read counts to relative abundance depends only on the database

itself, not unknown genomes. For example, Mendeet al. [46] used 3,496 prokaryotic reference

genomes to identify a set of 40 universal single-copy phylogentic marker genes. They demon-

strated that a 97 % sequence similarity threshold could accurately delineate species with high

precision (¡ 98 %) and high recall (¡ 99 %). A major bene�t of universal marker genes is the abil-

ity to identify novel species because single-copy genes among the reference genomes are likely

conserved. A method based on universal marker genes [47] found that 58 % of species in a dataset

of gut communities from HMP and MetaHit did not have available reference genomes. These

species represented an average of� 43 % observed species abundances in a sample. Yet, by limit-

ing the search space to a set of 40 marker genes, the majority of sequencing reads are thrown away.

In practice, this means that rare species are less likely to be detected, and estimates of relative

abundances for rare species are more error prone.

Another approach based on marker genes builds a reference set of clade-speci�c markers —

genes that uniquely identify a clade in a taxonomy — enabling a larger reference database retaining

more sequencing reads. Segataet al. [45] built a catalog of 400,141 clade-speci�c marker genes
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resulting in an average of 231 markers across 1,221 species, and more than 115,000 markers iden-

tifying higher taxnonomic levels. Novel species without references are assigned to a higher taxo-

nomic level based on their proximity to the reference. The authors demonstrated that clade-speci�c

marker genes led to faster and more accurate estimates of species abundances than classi�cation-

based approaches that compare reads against reference genomes. Moreover, clade-speci�c marker

genes provide a larger reference set than universal marker genes, meaning they provide more in-

formation given the same sequencing depth.

1.2 Metagenomic Assembly

Characterizing the complete genetic landscape of microbial communities requires the genomes

of its constituents. Thus genome assembly — genome reconstruction from DNA sequencing data

— is a major area of research in metagenomics. Databases of reference genomes are the crux of

many downstream studies. For instance, reference genomes are required to accurately assign short

reads from DNA sequencers to species and genes [1]. Yet, assembling genomes from metage-

nomic samples is challenging (Figure 1.1). In single-organism assemblies, sequencing reads orig-

inate from the same genome; the assembly problem is a matter of placing sequencing reads in the

right order. In metagenomic samples, however, sequencing reads originate from many different

genomes. Metagenomic assemblers need to disambiguate reads from multiple species or related

strains.

Assembly has been intensively studied, originally motivated by single genomes sequenced de-

liberately to create a reference. The dominant paradigm for assembly revolves around the use

of short-read sequencing technologies and de Bruijn graphs [48, 49, 50]. In de Bruin graph ap-

proaches, sequencing reads are broken down into overlapping subsequences of: nucleotides called

: -mers. Then, overlapping: -mers are stitched together to reconstruct a genome. Formally, the: -

mers serve as the vertices in a graph. An edge connects one: -mer to another if the: � 1-suf�x of

the former is the pre�x of the latter. The connected nodes thus correspond to a sequence of: ¸ 1

bases in the genome. If each: -mer corresponds to a unique position in the fully-covered genome
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Figure 1.1:Single-organism and metagenomic assembly.A) Construction of a de Bruijn graph
for single-organism assembly. Sequencing reads are broken down into subsequences of: -mers
(8-mers) which form the nodes of the graph. Two: -mers are connected by an edge of they share
a subsequence of7 nucleotides. Traversing the graph reconstructions the genome. B) Illustration
of one of the challenges in metagenome assmebly. Two or more genomes share a subsequence
(red) that is longer than the: -mer length (perhaps by horizontal gene transfer) that leads to an
ambiguous de Bruijn graph.
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with no errors, a path through the graph that traverses each edge once corresponds exactly to the

genome of interest. In practice, assembly is more complicated due to repeated regions, structural

variants, polymorphisms, and sequencing errors that create ambiguities along the path that need to

be resolved. Furthermore, incomplete sequence coverage results in a disconnected de Bruijn graph,

with respective paths through each connected component, that when traversed produce short con-

tiguous sequences of bases calledcontigs. Contigs can further be grouped and ordered into larger

regions calledscaffolds—for instance by using additional information provided by paired reads in

single organism assemblies [51]. An assembly can either consist of the scaffolds themselves, or

the scaffolds after an additionally processing step that attempts to order scaffolds and �ll in the

gaps between them.

Genome assembly from metagenomic sequencing adds an additional level of complexity be-

cause sequencing reads not only have to be placed in the correct order but assigned to the correct

species, sub-species, or strain. Moreover, single-organism assemblers use heuristics to eliminate

errors and improve contig quality by removing erroneous: -mers or graph paths based on the

assumption that sequencing depth is approximately uniform along the genome [52]. However,

this assumption is false for metagenomic samples, because the species in a community are not

uniformly represented and thus coverage across: -mers is nonuniform. Furthermore, problems

with repeated regions are exacerbated because repeats can both occur within a genome and across

genomes [49]. For instance the presence of closely related species, evolutionary conserved genes,

or genes from horizontal gene transfer are challenging to detect during assembly, and can lead

to chimeric assemblies consisting of multiple species. To mitigate this issue, several assemblers

use an additional step of binning contigs into putative species based related sequencing coverage,

sequence composition, or using information from paired reads, then scaffolding the contigs within

a bin [53, 50]. More recent work [54] strings: -mers into paths whenever possible, then aligns

them all-against-all to inform aRepeatGraph structure that disambiguates orthologous versus par-

alogous repeating segments. Still, none of these heuristics are perfect, and disambiguating closely

related species or strains — that may only differ in a handful of genes — is incredibly challenging.
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Further complicating matters is a lack of a gold standard for evaluatingde novoassemblies

where pre-existing reference genomes do not exist. One classical metric is N50, the contig length

of the median assembled bases [50]. Intuitively, a larger N50 means longer contigs and is indicative

of reference quality. Still, N50 does not indicate whether the order of bases in a contig is correct,

and thus a larger N50 does not always mean a better assembly (imagine arbitrarily concatenating

all contigs together). The proportion of mapped reads is sometimes used as a metric, reasoning

that a higher fraction of mapped reads means the assembly explains more of the data. Other quality

metrics include estimated completeness and contamination, computed using by counting universal

single copy marker genes [55].

The Critical Assessment of Metagenome Interpretation [56] (CAMI) challenge sought to bench-

mark metagenomic assembly methods on high quality reference data and using the same standards

of evaluation. The challenge highlighted many of the dif�culties in metagenomic assembly. While

the benchmarked assemblers all performed well on low complexity samples where the genomes

among species were mostly distinct, all had dif�culty in assembling high complexity datasets with

closely related species and substrains. Moreover, differences in the parameters provided to each

assembler lead to substantially different quality of assembly. Thus, metagenomic assembly is still

very much an open area of research. Nonetheless, assemblies from metagenomic samples are

valuable resources for downstream studies.

1.3 Functional Pro�ling

Community pro�ling tells us which taxa are in a community, but gives little information about

what they are doing. Functional pro�ling of the genes in community provides knowledge about its

biological role — the potential proteins encoded and their molecular function. In general, func-

tional pro�ling studies fall into two categories: upstream studies focused on resource generation

for the broader community, and downstream studies which uses these resources on particular sys-

tems of interest. Upstream studies focus on annotating genes in a genome by identifying open

reading frames, which are combined with a knowledge base of functional annotations that charac-
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terize biological processes. Downstream studies use such resources to obtain counts of functional

units (e.g. genes). For example, downstream studies can look for molecular targets for drug design,

or characterize differential gene content between healthy and disease states. Genome annotation

and functional annotation are not new problems, and earlier metagenomic studies relied on tooling

developed with single-organism samples in mind. However, new developments in these areas have

been driven by the challenges of metagenomic data.

For example, the MetaHIT Consortium's goal was to develop a catalog of nonredundant genes

across all human gut-associated microbiota [13, 14]. To achieve this, they generated metagenomic

sequences across a large cohort, assembled them into contigs, and used standard algorithms for

gene prediction to identify open reading frames. These open reading frames were further clustered

by sequence similarity to create a nonredundant gene set. The most recent iteration of the MetaHIT

project combined metagenomic sequences from three globally distributed cohorts with previous

characterized genomes of gut microbes, and covered an estimated 94.5% of the gene content (¡

9.5 million genes) in the gut microbiome [14]. Nonetheless, accurately predicting open reading

frames in a metagenomic sample is challenging because single sequencing reads likely do not span

an entire gene, and generating contigs required for more accurate gene prediction is dif�cult for

problems discussed in the section on Assembly.

Assigning genes to biological functions relies on carefully curated reference databases that

draw from the scienti�c literature. For instance, the UniProt [57] database contains speci�c protein

sequences and functional annotations from the published literature. However, such annotation

requires speci�c functional characterization of a protein from a published study. For the vast

majority of the¡ 9.5 million genes in the gut microbiome, such detailed annotation is unfeasible.

Instead, function for uncharacterized proteins is inferred from homology to characterized ones.

An early and general example of that involves the Pfam [58] database that focuses on groups of

closely related protein families. These databases provide search functionality either based on a

variation of BLAST or a specialized hidden-Markov model [59]. More speci�cally, orthologous

genes [60], homologs that descended from the same gene through a speciation event, are likely
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to retain their function; hence knowledge of the function of one ortholog informs the others [61].

The COG [61], eggNOG [60], and KEGG Orthology [62] databases are commonly used orthology

databases for metagenomic studies. Each use a heuristic to cluster groups of genes into putative or-

thologs, and assign functions to each cluster. The MetaHIT project used both the KEGG Orthology

and eggNOG databases to annotate genes.

The COG (Clusters of Orthologous Groups) database is a hand-curated database of functionally

annotated orthologous gene clusters. The most recent update [63] was speci�cally tailored to

microbial sequencing studies. It contains 4631 functionally annotated COGs from 46 bacterial, 13

archaeal, and 3 eukaryotic genomes. One bene�t of the COG database is that COGs are organized

by 26 broader function categories providing a high level overview of the major biological processes

within a community. Similarly, the eggNOG (evolutionary genealogy of genes: Non-supervised

Orthologous Groups) database uses the same principles as COG, but relies on automated annotation

instead of manual curation. It therefore contains a larger repertoire of orthologous groups.

The KEGG (Kyoto Encyclopedia of Genes and Genomes) Orthology database also provides

automatically generated clusters of orthologous genes [62]. Orthologous genes are given unique

identi�ers called KO numbers, collections of which can used to identify hand curated molecu-

lar pathways (KEGG Pathways) representing networks of functional signi�cance (e.g. protein-

protein interactions). Moreover, records in KEGG are organized hierarchically, allowing different

granularity of annotations. KEGG provides speci�c tools to automatically annotate metagenomic

sequences [64].

The use of functional annotation databases has several caveats. For instance, factors such as

read length can affect the quality and number of annotations in a sample [59]. For this reason, there

has been interest in developing specialized pipelines for functional annotation from metagenomic

samples [65, 66]. These pipelines leverage additional, metagenomic speci�c information, such as

the species [65] present and their annotated pan genomes [66], and can impute gaps in functional

pathways. Still, annotation databases are limited by the breadth of functional annotations, and data

from less well-studied systems are likely to have fewer functional predictions [59]. In practice,
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this means that common housekeeping functions, functions shared by many taxa, and functions of

human-associated communities, are more likely to be annotated.

In principle many of these databases present the same information in different ways, and many

rely on each other for their annotation schemes. The output of all these analyses are all matrices of

samples by a speci�c, database dependent, functional unit (e.g. genes, proteins, protein families,

COG categories, KO numbers, KEGG pathways).
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Chapter 2: Compositional Lotka-Volterra Describes Microbial Dynamics in

the Simplex

2.1 Summary

Dynamic changes in microbial communities play an important role in human health and dis-

ease. Speci�cally, deciphering how microbial species in a community interact with each other

and their environment can elucidate mechanisms of disease, a problem typically investigated using

tools from community ecology. Yet, such methods require measurements of absolute densities,

whereas typical datasets only provide estimates of relative abundances. Here, we systematically

investigate models of microbial dynamics in the simplex of relative abundances. We derive a

new nonlinear dynamical system for microbial dynamics, termed “compositional” Lotka-Volterra

(cLV), unifying approaches using generalized Lotka-Volterra (gLV) equations from community

ecology and compositional data analysis. On three real datasets, we demonstrate that cLV recapit-

ulates interactions between relative abundances implied by gLV. Moreover, we show that cLV is as

accurate as gLV in forecasting microbial trajectories in terms of relative abundances. We further

compare cLV to two other models of relative abundance dynamics motivated by common assump-

tions in the literature—a linear model in a log-ratio transformed space, and a linear model in the

space of relative abundances—and provide evidence that cLV more accurately describes commu-

nity trajectories over time. Finally, we investigate when information about direct effects can be

recovered from relative data that naively provide information about only indirect effects. Our re-

sults suggest that strong effects may be recoverable from relative data, but more subtle effects are

challenging to identify.
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2.2 Introduction

The completion of the second phase of the Human Microbiome Project has highlighted the

relationship between dynamic changes in the microbiome and disease [67]. Temporal changes

in the vaginal microbiome during pregnancy, for example, are associated with increased risk for

preterm birth [68], and the intestinal microbiome of individuals with in�ammatory bowel disease

undergoes large-scale changes during active and inactive periods of the disease [69]. Changes to

the intestinal microbiome are also predictive of treatment outcomes. In hospitalized patients the

intestinal microbiome provides resistance to pathogenic bacteria, and depletion of the community

in response to antibiotics increases risk of infection [20, 70]. Moreover, some treatments for

disease are mediated through the intestinal microbiome itself [71]. Consequently, recent research

has focused on temporal modeling of the microbiome with the aim of understanding the etiology

of disease, predicting patient outcomes for personalized medicine, and elucidation of microbe-

microbe or host-microbiome interactions [72, 70, 73]. Yet, the gut microbiome is a complex

ecosystem, making realization of these goals a challenging task.

Approaches to modeling microbial dynamics originate across different domains with differ-

ent goals (e.g. community ecology, applied statistics, and compositional data analysis), and the

�eld has yet to converge on a standard methodology for time-series modeling. For instance, tra-

ditional approaches based in community ecology describe temporal dynamics using generalized

Lotka-Volterra (gLV) differential equations (e.g. [72, 74, 75, 73]): a system of nonlinear differ-

ential equations modeling competitive and cooperative interactions, extended to include external

perturbations by Steinet al. [72]. Such models have been shown to accurately predict community

dynamics [72, 75]. However, gLV-based models describe dynamics in terms of absolute densi-

ties of taxa. Estimating model parameters requires measurements of community size—either from

quantitative PCR, spiked-in samples of known concentrations, �uorescence-activated cell sorting,

or other cell counting methods—in addition to sequencing counts of constituent taxa [76]. While

measurements of community size are often required to infer direct interactions and effects, they
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are often unavailable.

In parallel, there has been an increasing appreciation for the compositional nature of many

microbial datasets [77, 78, 79, 80], motivating research that explores the boundaries of inference

from sequencing counts alone (e.g. [81, 82, 83]). Sequencing counts only contain noisy infor-

mation about the relative abundances of community members: the total number of sequencing

reads is independent of the size of the community. Approaches to time-series modeling from

relative abundances generally fall in to two categories: linear models using relative abundances,

and linear models using a compositional data transformation. For the former, McGeachieet al.

[84] and Gibbonset al. [85] model relative abundance trajectories as linear combinations of pre-

vious time points and external effects. However, these methods implicitly ignore the constraint

that relative abundances must sum to one and are therefore negatively correlated, making parame-

ter estimates dif�cult to interpret. Liet al. [86] suggest addressing this by inference of the latent

overall biomass. Alternatively, Shenhavet al. [87] suggested a linear mixed model with variance

components, while representing the previous state microbial community using its quantiles instead

of relative abundances. Yet, binning taxa into quantiles may lose �ne-grained information about

interactions. Indeed, correctly modeling relative abundance data is challenging because the data is

in a constrained space (the simplex, where relative abundances must sum to one), which can lead

to spurious associations if standard statistical tools are applied directly [79].

A promising alternative uses methods from compositional data analysis [88, 89], a branch of

statistics devoted to the analysis of simplex-valued data. Techniques from compositional data anal-

ysis alleviate problems of working in the simplex by transforming data from a constrained space

to an unconstrained one with orthogonal coordinates and statistically independent components.

Speci�cally, relative abundances are transformed to log-ratios using a compositional data trans-

formation, such as the isometric log-ratio transformation [90] or additive log-ratio transformation

[88]. For example, Silvermanet al. [91] combine a phylogenetically motivated log-ratio transfor-

mation (PhyILR, [83]) with dynamic linear models to describe microbial dynamics. Äijöetal. [92]

similarly provide a correction for sequencing noise by using a Gaussian process model to parame-
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terize a multinomial distribution on sequencing counts, thereby providing a statistical correction for

zero-in�ation and over-dispersion common to microbial datasets. Their model implicitly describes

dynamics in an additive log-ratio transformed space. Alternatively, Jarauta Bragulat, Egozcue,et

al. [93] investigate predator-prey interactions using simplical linear differential equations coupled

with separate equations for community size. Their approach, however, is restricted to oscillatory

behavior of competitive interactions between two-species. Nonetheless, much remains unknown

about the compositional dynamics of the microbiome, and few studies compare these diverse ap-

proaches on equal footing.

In this chapter, we investigate models of microbial dynamics in the simplex. As a guiding

principle, we derive a new dynamical system for simplex-valued data from the generalized Lotka-

Volterra equations, which we term “compositional” Lotka-Volterra (cLV), synthesizing approaches

from community ecology and compositional data analysis. On three real datasets, we show that

the parameters of cLV recapitulate interactions in the simplex implied by gLV. Moreover, we show

that cLV is as accurate as gLV in forecasting microbial trajectories in terms of relative abundances,

suggesting that estimated concentrations are unnecessary for predicting community trajectories in

terms of relative abundances. We further compare cLV to two other models of relative abundance

dynamics: a linear models under the additive log-ratio transformation, and a linear on relative abun-

dances. We provide evidence that cLV better describes community dynamics than linear models,

suggesting that nonlinear models are important for accurately describing community dynamics in

the simplex. Finally, we investigate when direct effects can be recovered from relative data. We

provide a proof-of-concept demonstration where we recapitulate a proposed interaction network

with Clostridium dif�cile inferred using absolute densities.

2.3 Results

2.3.1 Motivation

Our motivation for this work is three-fold. First, gLV has a strong theoretical foundation in

community ecology and dynamical systems theory, and has been shown to accurately describe
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community dynamics of the microbiome. However, gLV models absolute abundances, and we

would like to extend the model to relative abundances. Second, approaches from compositional

data analysis have highlighted the bene�ts—both statistical and practical—of transforming con-

strained relative abundances to an unconstrained space using a log-ratio transformation. Thus, we

would like to express microbial dynamics under such a transformation. Third, several models for

the dynamics of relative abundances exist in the literature, most of which are linear models using

relative abundances or linear models in a transformed space. Yet if we believe gLV, a nonlinear

model, then linear models will fail to accurately describe community dynamics and predict com-

munity changes. Hence, we want to compare linear and nonlinear models. We emphasize that

directly applying gLV to relative abundances lacks mathematical justi�cation. Speci�cally, gLV

models the change in the absolute abundance of each taxon over time, whereas the appropriate

model for relative abundances derived from gLV results in equations that depend on total commu-

nity size. This means an approximation is required. In the following sections we develop such an

approximate model, devise a method to infer its parameters, and explain its correspondence with

gLV.

2.3.2 Compositional Lotka-Volterra

The gLV equations describe the dynamics of microbial taxa in terms of their concentration or

density, i.e., number of cells per unit of volume. We standardly denote byG8¹Cº the concentration

of taxon8at timeCfor the chosen scale for8 = 1– •••– �, and letD?¹Cº be an indicator variable

describing presence or absence of external perturbation? at timeCfor ? = 1– •••– %. These equations

thus state that the change in concentration ofG8¹Cº is determined by a taxon speci�c growth rate68,

interactions between taxa� 8 9, and the effect of each external perturbation? on each taxon8, � 8?.

Speci�cally, gLV-based models use the following set of nonlinear (Riccati) differential equations:

88= 1– • • • – �:
3
3C

G8¹Cº = G8¹Cº
©
­
«

68¸
�Õ

9=1

� 8 9G9¹Cº ¸
%Õ

?=1

� 8?D?¹Cºª®
¬

• (2.1)
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AssumingG8¹Cº ¡ 0, equivalent equations describe compositional dynamics under the additive

log-ratio transformation:

88= 1– • • • – �:
3
3C

logG8¹Cº = 68¸
�Õ

9=1

� 8 9G9¹Cº ¸
%Õ

?=1

� 8?D?¹Cº (2.2)

De�ne # ¹Cº =
Í �

9=1 G9¹Cº andc8¹Cº = G8¹Cº
# ¹Cº . Then, using the additive log ratio (alr) transformation

3
3C

log
�

c8¹Cº
c � ¹Cº

�
=

68
z     }|      {
¹68 � 6� º ¸

�Õ

9=1

� 8 9
z         }|          {
¹ � 8 9� � � 9 º G9¹Cº ¸

%Õ

?=1

� 8 ?
z         }|          {
¹� 8?� � � ? º D?¹Cº (2.3)

= 68¸
�Õ

9=1

# ¹Cº� 8 9c 9¹Cº ¸
%Õ

?=1

� 8?D?¹Cº (2.4)

The volume scale ofG8¹Cº is arbitrary (it is de�ned when a measurement is taken and can be

rescaled), so without loss of generality we pick a scale such that the mean community size is 1 (i.e.

E»# ¹Cº¼= 1). Hence

3
3C

log
�

c8¹Cº
c � ¹Cº

�
� 68¸

�Õ

9=1

� 8 9c 9¹Cº ¸
%Õ

?=1

� 8?D?¹Cº =: 58¹Cº (2.5)

The terms68, � 8 9, and� 8; now describe relative (to the denominator) growth rates, relative inter-

actions, and relative external effects respectively.

The additive log-ratio transformation makes explicit that model parameters describe changes

ratios of taxa, the only information provided by relative abundances. Growth rates, interactions,

and external perturbations can all be reasoned about through their effect on the log ratio between

pairs of taxa. While the choice of denominator in the additive log-ratio transform was arbitrary,

knowledge of the parameters for one choice of denominator provides information about how the

ratios of all pairs of taxa change (see Appendix A.1). This means that if we are interested in

the ratio of two particular taxa, we only need to learn model parameters once, then transform the

system to the appropriate parameters.
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We refer to equation 2.5 as “compositional” Lotka-Volterra (cLV). Notably, solving for3
3Cc8

(see Appendx A.2) gives

88= 1– • • • – �� 1 :
3
3C

c8¹Cº = c8¹Cº
�
58¹Cº � �5¹Cº

�
(2.6)

where

�5¹Cº :=
� � 1Õ

: =1

c : ¹Cº 5: ¹Cº (2.7)

The �rst set of terms of equation 2.6,c8¹Cº 58¹Cº, correspond to gLV on relative abundances, while

the second set of terms� c8¹Cº �5¹Cº serve as a “compositional correction:” a correction to the dy-

namics ofc8¹Cº due to constraint that thec8¹Cº must sum to one. Fig 2.1 depicts examples of the

phase space for compositional Lotka-Volterra.

There are several remarks to make about this derivation in light of our motivation:

• cLV is an approximation to gLV when the variance in community size, Var¹# ¹Cºº = E»¹# ¹Cº�

1º2¼, is low. Then, the parameters of cLV approximately correspond to differences in param-

eters of gLV. For example, the interaction term� 8 9= � 8 9� � � 9 is the absolute interaction

between taxon8and taxon9minus the effect of the denominator� on taxon9. We suggest

that a useful metric for determining when the parameters correspond is a type of “signal-to-

noise” ratio for community size. Speci�cally,

SNR=
E»# ¹Cº¼

p
Var¹# ¹Cºº

=
1

p
Var¹# ¹Cºº

Thus, “noise” will dominate the “signal” when Var¹# ¹Cºº ¡ 1 and parameter estimates will

diverge. We provide empirical evidence for this claim in the sectionCorrespondence with

the Parameters of gLV.

• While cLV is an approximation to gLV, the two models are distinct. Mathematically, equa-

tion 2.5 de�nes its own stand-alone dynamical system. It is therefore interesting to inves-
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Figure 2.1: Example phase spaces and trajectories for compositional Lotka-Volterra.The
top row displays examples using the additive log-ratio transformation for three taxa. The bottom
row displays examples in relative-abundance space corresponding to the examples in the top row.
Arrows display the direction of the gradient, while the colors display its magnitude (lighter is
smaller). A) Phase space where dynamics depend on relative growth rates alone. B) Phase space
where dynamics depend on growth rates and interactions. The black dot denotes a �xed point.
The solid line depicts a simulated trajectory, where an external perturbation (red line) moves the
system away from the �xed point. C) Alternate view of the example in B. The red arrow denotes
an external perturbation causing the system to move away from the �xed point. D) Phase space
in the simplex corresponding to A. Black dots denote �xed points and only occur on the corners.
E) Phase space in the simplex corresponding to B. Black dots denote six possible �xed points.
The line displays the same simulated trajectory as B. F) Simulation example corresponding to B
depicted as relative abundances. An external perturbation at time point 50 causes the system to
move away from the �xed point in the interior of the simplex toward one at the boundary.
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tigate which of these models more accurately describes relative abundance dynamics, and

whether other models of relative abundance dynamics are potentially better. We focus on

this question in the sectionModel Comparison.

• The correspondence between the parameters of cLV and gLV gives mathematical criteria

for which absolute terms are recoverable from relative data. For interactions speci�cally,

if the magnitude of the interaction� 8 9is larger than the magnitude of the interaction� � 9 ,

then cLV will recapitulate the sign of the absolute interaction. This also suggests that the

appropriate choice of denominator for the alr is one where the taxonc � is approximately

log constant over time. We investigate this in the sectionInterpreting Model Parameters.

We note that our derivation using the alr transformation is easily extended to other composi-

tional data transformations, since the alr can be expressed as a linear transformation of the cen-

tered log-ratio transformation and of the isometric log-ratio transformation [90]. We derive the this

transformation in Appendix A.3. This opens the door for other domain-speci�c data transforma-

tions, such as the phylogenetic isometric log-ratio transformation [83]. Additionally, taking the alr

(or other) transformation has the bene�t of expressing the system as an af�ne function of relative

abundances, making it amenable to fast parameter inference procedures using least squares.

2.3.3 Parameter Inference

To examine each remark of our derivation we need to infer model parameters on real data. Thus,

we �rst investigated methods for parameter inference. The challenge in inferring model parameters

is that the number of parameters often greatly outnumbers the sample size. Therefore some form

of regularization is required to avoid over�tting. Previous work on inferring parameters of gLV

used ridge regression [72] for regularization, and pseudo-counts to address sequencing noise and

zeros. Later work by Bucciet al. [75] included more sophisticated methodologies for modeling

sequencing noise, however the form of our model (equation 2.6) does not allow us to readily apply

these methods. We therefore chose to focus on two standard approaches to regularization: ridge

regression [94] and elastic net [95].
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Figure 2.2:Comparison of performance between ridge regression and elastic net.Performance
was evaluated on simulated ground truth using three metrics: root-mean-square error (RMSE)
between true and estimated interactions, RMSE between true and estimated growth rates, and
RMSE between true and estimated hold out trajectories for5 samples per simulation replicate. Box
plots describe the distribution in RMSE over 50 simulation replications. Signi�cance is computed
using the Wilcoxon signed-rank test (****:? Ÿ 10� 4; ***: ? Ÿ 10� 3; **: ? Ÿ 10� 2; *: ? Ÿ 0•05;
ns: not signi�cant)

We evaluated each method by simulating data under cLV, varying sample size, sequencing

depth, and frequency of longitudinal samples (see Methods). Performance was measured using

three metrics: root-mean-square-error (RMSE) between estimated and ground truth interactions,

RMSE between estimated and ground truth growth rates, and prediction of unseen held out tra-

jectories from initial conditions. As a baseline, we evaluated both models using simulations with

and without sequencing noise. Importantly, the choice of denominator for our simulations was

arbitrary.

In our simulations without sequencing noise, elastic net regularization outperformed ridge re-

gression, particularly at low sample sizes (Figure 2.2). With the introduction of sequencing noise

the performance difference between models was negligible (Supplementary Figure A.1). Since

elastic net regularization outperformed ridge regression on the simulations without sequencing

noise, and because elastic net regularization includes ridge regression as a special case, we choose

to focus on elastic net regularization for the remaining simulations.

Simulations investigating sequencing depth demonstrated no noticeable gain in estimation ac-

curacy beyond a depth of10000sequencing reads (Supplementary Figure Performance of parame-
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ter estimation with elastic net regularization with respect to sequencing depth). Nonetheless, accu-

racy was poorer than the simulations without sequencing noise. Simulations investigating temporal

density revealed that sample size was more important than density in time. At smaller sample sizes

(5 and 10 samples), predictive performance on hold out trajectories started decline when the time

between samples was approximately 4 days apart (Supplementary Figure A.3). At larger sample

sizes, we observed little difference in ability to estimate model parameters or predictive accuracy.

We also performed simulations to evaluate how choice of denominator affected parameter in-

ference. In particular, we wanted to ensure that different choices of denominator do not affect

quality of inference. To do this, we simulated data under one choice of denominator, performed

inference with each taxon in the denominator, and computed the RMSE between inferred param-

eters and simulation parameters transformed to the appropriate denominator (see Appendix A).

Quality of inference was assessed by computing the variance in RMSE of parameter estimates.

A low variance suggests that inference is robust to choice of denominator. Supplementary Figure

A.4 displays box plots of the variance in RMSE across 20 simulation replicates. Notably, in all

cases the variance in estimates was low, particularly when assessing predictive performance. We

note that in our simulations we enforced constraints that each taxon existed at each time point,

and that its mean abundance across observations was greater than 0.001. Thus, our results suggest

so long as these criteria hold parameter estimates and prediction ability are robust to choice of

denominator.

2.3.4 Correspondence with the Parameters of gLV

We remarked that the parameters of cLV approximate differences between parameters of gLV,

and that the strength of this approximation depends on variability of community size. Therefore,

we next empirically investigated how well the approximation holds on three real datasets. Close

correspondence between parameters suggests that relative interactions learned by cLV are repre-

sentative of the true underlying relative interactions between taxa (if we treat gLV as the ground

truth). Moreover, if this correspondence holds, it is suggestive of when absolute interactions are
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Name Sample Size Description
Antibiotic 9 mice (77 total obs) Antibiotic treated mice [21, 72].

Data collected using 16S rDNA
sequencing and qPCR for biomass
quanti�cation.

Diet 7 mice (330 total obs) High-�ber to low-�ber diet and
back [75]. Data collected using
qPCR with taxon speci�c primers.

C. diff 5 mice (130 total obs) C. dif�cle challenge after 28 days
[75]. Data collected using 16S
rDNA sequencing and qPCR for
biomass quanti�cation.

Table 2.1:Description of the three real datasets investigated.Sample sizes are listed along with
the total number of observations across samples.

recoverable from relative data, which we examine in the sectionInterpreting Model Parameters.

We used three real datasets of mouse models (Table 2.1) that measured community density of

the gut microbiome, giving estimates of both relative abundances and bacterial concentrations. The

“Antibiotic” dataset consisted of 3 populations of mice (9 mice total) used to study susceptibility

to C. dif�cle infection following administration of antibiotics. The “Diet” dataset included 7 mice:

5 mice were fed from a high-�ber diet, switched to a low-�ber diet, then returned to the high-

�ber diet. The remaining mice were fed the high-�ber diet. In the “C. diff” dataset, 5 gnobiotic

mice were orally gavaged with a bacterial mixture and subjected to aC. dif�cle challenge after 28

days. Administration of antibiotics, change in diet, and introduction ofC. dif�cle were treated as

external perturbations (in addition to includingC. dif�cle as a taxon in theC. diff dataset). The

C. diff dataset and Antibiotic dataset combined 16S sequencing with qPCR to estimate relative

abundances and community size separately, while the Diet dataset used qPCR for individual taxa

to measure concentrations. Thus, the Antibiotic, Diet, andC. diff datasets display a wide range of

dynamics, from strong community shifts due to antibiotics, to relatively stable dynamics.

We trained cLV on relative abundances, and gLV on rescaled concentrations. We rescaled ob-

served concentrations such that the average community size,# ¹Cº, was 1 across observed samples.

We note that this only rescales parameter estimates, and results in no loss of generality. Variance
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in # ¹Cº across samples is an estimator for variance in community size. For this particular task, we

chose to use ridge regression since elastic net may choose to zero out different parameters for each

model, making direct comparison challenging.

We observed a strong correspondence between the relative parameters estimated using cLV

and parameters from gLV (Fig 2.3). As expected, the strength of the correlation between pa-

rameter estimates corresponded with the observed variability in community size (Var(# ¹Cº)). The

strongest correlation was observed on the Diet dataset (PearsonA= 0•96for interactions,A= 0•993

for external effects,A = 0•909 for growth rates), where the size of the community remained sta-

ble (estimated Var¹# ¹Cºº = 0•055), while the weakest correlation was observed on the Antibi-

otic dataset (PearsonA = 0•808 for interactions,A = 0•995 for external effects,A = � 0•141 for

growh rates), where community size �uctuated rapidly after antibiotic administration (estimated

Var¹# ¹Cºº = 1•10). Nonetheless, correspondence between interactions and external effects was

strong among the three datasets we explored.

2.3.5 Model Comparison

cLV and gLV describe dynamics over time with respect to difference spaces. cLV describes

relative abundances, while gLV describes absolute abundances. Additionally, there have been

several other models of relative abundance dynamics proposed in the literature. A natural question

is therefore: which model better describes trajectories ofrelativeabundances? We thus compared

cLV to gLV, and to two other models similar to others proposed in the literature:

ALR
3
3C

[ 8¹Cº = 68¸
� � 1Õ

9=1

� 8 9[ 9¹Cº ¸
%Õ

?=1

� 8?D¹Cº (2.8)

linear
3
3C

c8¹Cº = 68¸
�Õ
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� 8 9c 9¹Cº ¸
%Õ

?=1

� 8?D¹Cº (2.9)

where[ 8¹Cº = log ¹c8¹Cº•c � ¹Cºº, the additive log-ratio transformation. The �rst model (ALR) is

a linear model under the additive log-ratio transformation. The second model (linear) is a linear

model in relative abundances. We further compared cLV to gLV in two ways: inferring parameters
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Figure 2.3:Correspondence between relative parameters estimated using gLV and cLV on
three datasets.Each box plot displays the distribution of observed community size (i.e.# ¹Cº)
across all samples, rescaled such thatE»# ¹Cº¼= 1. Scatter plots display the relative parameters
estimated by cLV (H-axis), and the corresponding difference in parameters of gLV (G-axis). cLV
better approximates interactions inferred using gLV when the variability in concentrations is low,
matching theoretical expectations. A strong correspondence is observed between external pertur-
bations across all datasets.
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Model # interactions # growth # perturbations
gLV � � � � � � %
cLV ¹� � 1º � � � � 1 ¹� � 1º � %
ALR ¹� � 1º � ¹ � � 1º � � 1 ¹� � 1º � %
linear � � � � � � %

Table 2.2: Number of parameters of each model.Number of interaction parameters, growth
parameters, and external perturbation parameters for� taxa and%effects.

on estimated concentrations (gLV01B), and inferring parameters on estimated relative abundances

(gLVA4;). The latter is equivalent to assuming constant community size. Table 2.2 displays the

number of parameters of each model.

We evaluated models based on a measure of generalization performance, or the ability to predict

unseen data. Generalization performance metrics inherently penalize models that over�t, or use

parameters to �t noise in data rather than model actual signal. These metrics allow for principled

comparison of models with different structures or numbers of parameters. In our case, we used a

metric that evaluated predicted trajectories on held out test data via leave-one-out cross validation.

That is, for each dataset we held out one time-series in turn, and trained models on the remaining

data.

We further �t each model using elastic net to avoid differences in performance due to different

inference procedures. Speci�cally, we wanted to avoid a scenario where one model outperformed

the others because it used a better inference procedure. Performance was evaluated by comput-

ing the RMSE between the held-out ground truth and predicted trajectories. As a baseline, we

compared all models to a constant trajectory that predicted no change from initial conditions. A

lower RMSE than the constant trajectory indicates that a model is predicting the right direction of

a trajectory, as it moves away from initial conditions.

Notably, across all three datasets cLV outperformed both gLV01Band gLVA4;(Fig 2.4). On the

Diet andC. diff datasets, the difference can be attributed to better predictions on the �rst several

time points as the community moves from initial conditions toward a steady state (Supplemen-

tary Figure A.5 and Supplementary Figure A.6). This suggests that cLV better describes relative

abundances than gLV. All three models appeared to describe stable communities well. On the An-
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Figure 2.4:Comparing predicted trajectories from initial conditions across models. RMSE
(H-axis) between true and estimated trajectories per sample across three datasets (panels) and six
models. RMSE is computed on held out data using leave-one-out cross-validation: one sample is
held out at time and the models are trained on the remaining data. Trajectories are predicted on
the held out sample from initial conditions. Signi�cance is computed relative using the one-sided
Wilcoxon signed rank test (**:? Ÿ 0•01; *: ? Ÿ 0•05; ns: not signi�cant).

tibiotic dataset, both gLV models were slower to predict recovery of the community in response to

antibiotics (Supplementary Figure A.7).

Our results comparing cLV to ALR and the linear model were less clear (Fig 2.4). On the

Diet dataset, cLV better predicted community trajectories than both models (? = 0•008for ALR,

? = 0•039 for linear, one-sided Wilcoxon signed-rank test). As before, much of the difference

in performance is from how well each model predicted movement from initial conditions toward

a stable state (Supplementary Figure A.5). All models performed similarly on theC. diff dataset

(Supplementary Figure A.6). This is likely for two reasons. First, the community converged to a

stable state after few time points, which all models predicted well. Second, none of the models

captured a �uctuation in community composition, where the community brie�y moved away from

stability, in the 5 time points immediately after introduction ofC. dif�cle (Supplementary Figure

A.6).

On the Antibiotic dataset, we observed a slight improvement of cLV when compared to the

ALR and linear models. However the result did not achieve signi�cance. All models were slow

to predict community recovery after antibiotics. However, cLV appeared to better describe the

community after recovery than the ALR model: it more accurately predicted the �nal time point,
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empirically closest to the new stable state (Supplementary Figure A.8). We did not observe a

signi�cant difference when compared to the linear model.

2.3.6 Interpreting Model Parameters

Our derivation of cLV suggested criteria for when absolute growth rates, interactions terms,

and external perturbation terms, can be recovered from relative data. Recall that the parameters for

cLV are given by

68 � 68 � 6�

� 8 9� � 8 9� � � 9

� 8? � � 8?� � � ? •

The terms on the left are for cLV, and the terms on the right are the absolute growth rates, interac-

tions, and external perturbations from gLV. In the sectionCorrespondence with the Parameters

of gLV we showed that the correspondence between all but the growth rates are strong. This means

we can derive criteria for when cLV will recapitulate the sign of an interaction or perturbation. We

can use the former to identify cooperative or competitive interactions, and the later to identify ben-

e�cial or harmful external perturbations. For example, consider the interactions� 8 9� � 8 9� � � 9 .

We want to know when the sign of� 8 9will be the same as the sign of� 8 9. If � 8 9and � � 9 have

opposite signs, then� 8 9will always have the same sign as� 8 9. If � 8 9and� � 9 have the same sign,

then� 8 9will have the same sign if and only ifj � 8 9j ¡ j � � 9 j. If we assume that� : ; is drawn from

a distribution symmetric around zero, then the �rst and second cases are equally likely to occur—

each with 0.5 probability. The �rst case always recapitulates the sign, while the second does so

with Pr¹j � 8 9j ¡ j � � 9 jº. Thus, the probability cLV recapitulates the sign is greater than 0.5—better

than random chance.

We can take this argument one step further, by suggesting a particular choice of denominator

where� � 9 is small. Speci�cally, for interactions one wants a denominator where� � 9 � 0, hence
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So we should choose a denominator wherelogc � � 2>=BCacross all observations. For perturba-

tions, one wants a denominatorlogc � � 2>=BCwhen the perturbation occurs. Notably, these do

not need to be the same denominator: we previously showed parameters one denominator gives

the parameters for all other choices.

We tested this by attempting to recapitulate an interaction network withC. dif�cile proposed

by Steinet al. [72] on the Antibiotic dataset. By investigating learned model parameters of gLV,

the authors proposed a schematic for which infection byC. dif�cile may occur. We thus wanted to

see if we could suggest the same mechanism from the interaction network inferred using relative

abundances and cLV. To do this, we �rst trained cLV using the denominator with the lowest log

variance (i.e. wherelogc � is approximately constant within a sample), and inspected interactions

with respect to this denominator. We then transformed the parameters with respect to a denomi-

nator with the lowest log variance after antibiotics, and obtained parameters for perturbations. We

then inspected these parameters to see if they matched the mechanism proposed by Steinet al.

[72].

Fig 2.5 displays the interaction network proposed to Steinet al. [72], as well as the param-

eters of cLV with “uncl. Lachnospiraceae” in the denominator for interactions, and “und. uncl.

Mollicutes” for external perturbations. Notably, cLV recapitulates all but two of the interactions

originally proposed: the effect of clindamycin on Coprobacillus andC. dif�cle. When training gLV

using our inference procedure, the effect of clindamycin on Coprobacillus had the smallest magni-

tude of all observed effects — precisely the case where cLV will have dif�culty recapitulating an
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Figure 2.5:cLV recapitulates absolute interactions.Estimated effect of external perturbations
(A) and interactions (B) inferred by cLV. Parameters are computed with respect to uncl. Lach-
nospiraceae in the denominator for interactions, and und. uncl. Mollicutes for perturbations.
Estimated parameters recapitulate the interaction network withC. dif�cle (C) proposed by Steinet
al. [72].

effect (Supplementary Figure A.9). In addition, we estimate a positive effect of clindamycin onC.

dif�cle using gLV, matching the estimate by cLV. Taken together, this suggests that cLV has some

utility for recapitulating absolute interactions from relative data.

2.4 Discussion

Accurately describing microbial dynamics is crucial to understanding, modeling, and forecast-

ing microbial communities. Here, we investigated microbial dynamics in the space of relative

abundances. We introduced a new dynamical system, called compositional Lotka-Volterra (cLV),
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and demonstrated that cLV accurately captured relative abundance dynamics. By comparing cLV

to gLV, we demonstrated a correspondence between the parameters of cLV and gLV. We leveraged

this correspondence to show that cLV can sometimes recapitulate absolute interactions using rel-

ative data alone. We further evaluated how well cLV described relative abundance dynamics by

comparing cLV to gLV and two other models inspired by the literature. We demonstrated that cLV

more accurately predicted relative abundance trajectories than gLV, and was as good or better than

the other models explored.

We derived cLV as an approximation to gLV for relative abundances, and showed that there

was an approximate correspondence between the parameters of both models. The approximation

depends on the variance in community size over time. Importantly, the parameters of cLV are

not the same as gLV: cLV describes changes with respect to ratios between taxa, the only infor-

mation provided by relative abundances. Furthermore, cLV speci�cally models dynamics in the

constrained space of relative abundances, while gLV does not. When the variance in community

size was low, we demonstrated the correspondence between the parameters of each model was

strong. As the variance increased, the correspondence between interaction terms and external per-

turbations remained somewhat strong, but the correspondence between growth rates did not. This

matched our formulation of a “signal-to-noise” ratio to measure parameter correspondence. Thus,

we expect the interaction and perturbation parameters of the two models to correspond well when

the variance in community size, after rescaling, is smaller than 1.

Notably, cLV more accurately forecast relative abundances than gLV across all three datasets

we explored. One possible explanation is that, without a statistical model, gLV is penalized twice

for sequencing noise: once for biomass estimation (e.g. qPCR) and once for relative abundance

estimation (e.g. 16S sequencing). However, the effect persisted even when gLV was trained on

relative abundances that eliminated one source of noise. This suggests that — if a researcher is

interested in predicting relative abundances alone — no usable information is gained by access

to community size data. Moreover, unless biomass is constant, our results suggest gLV is wrong

model for relative abundances.
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We further compared cLV to two models inspired by common assumptions in the literature: a

linear model on relative abundances, and linear model under the additive log-ratio transformation.

While cLV outperformed the other two models on one dataset, results were less clear on the other

two. Importantly, cLV did no worse than the other models we compared, and appeared to better

predict trajectories in at least some cases. Both our derivation of cLV and the results here provide

some evidence that nonlinear models are required to accurately describe community dynamics.

Nonetheless, our investigation is limited by lack of availability of high quality benchmark datasets.

As longitudinal sampling becomes more commonplace, availability of larger high quality datasets

will allow for more robust comparisons between competing methods.

Finally, we showed that in some cases cLV can recapitulate absolute interactions from relative

data. We did this by recapitulating a microbe-microbe interaction network withC. dif�cile pro-

posed by Steinet al. [72]. This demonstrated that similar conclusions can sometimes be drawn

from relative and absolute data. While Bucciet al. [75] noted some ability to recapitulate the

parameters of gLV when training on relative abundances, our contribution is a mathematical for-

mulation of criteria for when absolute parameters can be recovered from relative abundance in-

formation. Given such a formulation, it may be possible to devise a statistical test for when an

absolute interaction can be recovered, and our work is a �rst step toward this goal.

There are several limitations to our study. In particular, our inference procedure did not in-

corporate technical noise due to data generation. In practice, relative abundances are estimated

from sequencing counts, which can contain a considerable amount of technical noise. Indeed, our

simulations showed at least some loss of accuracy in the presence of sequencing noise. While we

applied a denoising step to theC. diff dataset, we were unable to do so on the remaining two due to

differences in data collection methods and data reported. This is most likely to impact parameter

estimates for rare taxa, because zero values needed to be transformed using pseudo-counts, and

small differences in sequencing counts of rare taxa can cause large changes in estimated log-ratios.

Nonetheless, we �t all models to data preprocessed with the same pseudo-count transformation—

they all suffer from this limitation. Thus, this uniform pre-processing allowed us to compare
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models on equal footing.

It should also be noted that the gLV equations are not without criticism. While useful for

quantifying dynamics, it is clear that they only describe an idealized system in which few real

world systems abide. Additionally, in�uential work by Arditi and Ginzburg [96] strongly criticizes

the Lotka-Volterra predator-prey model, of which gLV is a more general example. They suggest

that predation (negative interactions on the A matrix) depends on ratios between taxa. Our results

suggest that gLV, and cLV, described microbial trajectories well. However, an accurate model does

not say anything about the physical dynamics governing the system.

Finally, a fundamental limitation of all models based on log-ratios is the inability to describe

extinction and colonization. Indeed, while the compositional data analysis �eld has techniques for

dealing with count zeros where a species falls below the detection threshold, there is no uniformly

accepted technique for essential zeros (i.e. extinction; [97]). Hence, each taxon is assumed to exist

at each time point. This suggests that the appropriate choice for denominator is one which does

not go extinct among any time points. It may not always be possible to select a taxon uniformly

present among all samples, necessitating alternate approaches to parameter inference.

Current blind spots of cLV highlight several areas for future research. One is to couple this

methodology with a statistical model that includes technical and biological variation. This would

allow us quantify variation not captured by the model. Another attractive extension of cLV would

include extinction and recolonization, allowing more accurate forecasting of long-term trajecto-

ries where the set of taxa in a community varies. Finally, future work should focus on develop-

ing statistical methodology to recapitulate direct interactions and direct effects from relative data.

By providing a theoretical understanding of microbial dynamics in the simplex, cLV represents a

promising �rst step toward these goals.
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2.5 Methods

2.5.1 Simulation Evaluation

We simulated data under cLV to evaluate how well our inference procedure learned model

parameters using a similar framework to Bucciet al. [75]. We used MDSINE [75] to obtain de-

noised concentrations of taxa in theC. diff, then rescaled estimated concentrations such that the

mean community size,# ¹Cº, was1 across all samples. We then �t the parameters gLV using ridge

regression with a small regularization parameter (_ � = _6 = _� = 0•001, see below). We used

estimated parameters to calculate the mean and scale of growth rates (6<40= ¡ 0, f 2
6), mean and

scale of self interactions (� 88Ÿ 0, f 2
B4; 5), the scale of between taxa interactions,f 2

8=C4A02C, and the

mean and scale of initial concentrations (Ĝ0, f 2
8=8C).

For each simulation, we drew growth rates, self-interactions, and initial conditions from

68 � N ¸ ¹6<40=– f 2
6º

� 88� N � ¹ � B4; 5– f 2
B4; 5º

G8¹0º � N ¹ Ĝ0– f 2
8=8Cº

We simulated sparse interactions by �rst drawing the probability of an interaction between

taxon8and taxon9, then drawing the interaction itself

I 8 9� Bernoulli¹0•2º

� 8 9�

8>>>><

>>>>
:

0 if I 8 9= 0

N
�
0– f 2

8=C4A02C•
� Í

9 I 8 9

� 2
�

if I 8 9= 1

This follows estimates by Buccietal. [75], who found a20%probability of an interaction matched

their real data. We further required that the resulting matrix be “stably dissapative,” which guaran-

tees existence of a steady state with all taxa present [98]. We therefore drew interaction matrix�
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repeatedly for each simulation until we found one that satis�ed our criteria.

Given the parameters of gLV, we transformed them to the relative parameters of cLV using

equation 2.3. We then simulated noisy sequencing counts using a Dirichlet-Multinomial model

with dispersion parameter 286, estimated by Bucciet al. [75] on theC. diff dataset. We evaluated

model performance by computing the root-mean-square-error (RMSE) between true and estimated

relative growth rates, relative interactions, and predicted trajectories from initial conditions on 5

hold out samples per simulation replicate.

We performed simulations over 30 time points, varying the sequencing depth from1000, 2000,

5000, 10000, 25000, and noise-free. We also varied the sample size from5, 10, 25, 50, and the time

between observations from1 day (consecutive),2 days,4 days, and6 days. For each simulation

replicate we required that the mean relative abundance of each taxon was greater than0•001and

that no taxon took over the community (had abundance greater than0•8). For each combination

of parameters we performed 50 simulation replicates obtain con�dence intervals and calculate

signi�cance.

2.5.2 Antibiotic Dataset

We downloaded and analyzed the dataset originally published by Buf�eet al. [21] from the

supplementary material of Steinet al. [72], who used it to investigate susceptibility toC. dif�-

cile infection following antibiotics. The data include bacterial concentrations from three mice

populations (= = 9 mice, 3 from each population), along with recorded antibiotic administration,

averaging 8.55 observed time points per population over 20 to 30 days. The �rst population served

as a control and did not receive the antibiotic, the second population received a single dose of

the antibiotic, and the third population received a single dose of the antibiotic followed by aC.

dif�cile challenge. At each time point, a mouse from each population was euthanized, the con-

tents of the intestine collected and, the V1-V3 16S rRNA gene was ampli�ed and sequenced using

454 pyrosequencing. Microbial densities were calculated by quantifying 16S rRNA gene copies

using quantitative PCR (qPCR). To reduce the number of missing entries (zeros), Steinet al. [72]
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modeled the top 10 most abundant genera only, and aggregated the remaining taxa into a single

component marked “Other.” The resulting data matrix (taxon by time-point) had fewer than 9%

entries with zeros. We treated antibiotic administration as an external perturbation, encoding the

variableD8¹Cº = 1 for C= 1 for populations that received the antibiotic, andD8¹Cº = 0 elsewhere.

2.5.3 Diet Dataset

We downloaded and analyzed the Diet dataset from the supplementary material of Bucciet

al. [75]. The data consist of bacterial concentrations for 13 Clostridia strains collected from fecal

samples of 7 mice. Of these mice, 5 were fed a high-�ber for 2 weeks, switched to a low-�ber diet

for 2 weeks, then returned to the high-�ber diet; the remaining mice were fed the high-�ber diet

exclusively. The concentration for each strain was quanti�ed separately using qPCR with taxon

speci�c primers. Samples for diet-switched mice were collected either daily or on alternating days

for 65 days, for a total of 56 observed time points. The remaining 2 mice were kept on the high-

�ber diet for 5 weeks, and data collected over 29 days for a total of 25 observed time points. We

treated change in diet as an external perturbation, encoding the variableD8¹Cº = 1 during all time

points when mice were switched the the low-�ber diet, withD8¹Cº = 0 elsewhere. Fewer than 0.005

% of the remaining data matrix had zeros.

2.5.4 C. diff Dataset

We downloaded and analyzed theC. diff dataset, which was also from Buccietal. [75]. In this

dataset, 5 gnotobiotic mice were orally gavaged with a bacterial mixture consisting of 22 different

species. DNA sequencing data from the V4 region of the 16S rRNA gene was collected along with

biomass from qPCR over the course of 56 days; there were 26 observed time points per mouse.

At day 28, mice were orally gavaged withC. dif�cile . For our analysis, we used MDSINE [75] to

produce denoised estimates of taxon concentrations. We setD8¹Cº = 1 for the time point whenC.

dif�cile was introduced, treating it both as an external perturbation and observed taxon.
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2.5.5 Pseudocounts

Fitting each model requires taking a logarithm of either an observed concentration or a ratio of

concentrations, with the exception of the linear model on relative abundances. We used additive

smoothing (i.e. pseudocounts) on each dataset to avoid taking a logarithm of zero. To treat pseudo-

counts for models on relative abundances and concentrations equally, we �rst added pseudocounts

to observed relative abundances, then transformed relative abundances to concentrations using the

total concentration of a sample. Speci�cally, the smoothed relative abundance of a sample was

ĉ8¹Cº =
c8¹Cº ¸ n
1 ¸ n �

(2.10)

The smoothed concentration was

Ĝ8¹Cº = # ¹Cºĉ8¹Cº (2.11)

We used pseudocounts ofn = 10� 3 for each dataset. We found that models that took a log of a

quantity (gLV, ALR, cLV) were sensitive to smaller pseudocounts when making predicting from

initial conditions.

2.5.6 Choice of Denominator for cLV

We argued in the Results that the appropriate taxon for the denominator for cLV is one that

is approximately log constant and common to all samples. We therefore selected a taxon for the

denominator by �rst computing �nite-difference estimates of

3
3C

logc8¹Cº �
1
� C

¹logc8¹Cº � logc8¹C� 1ºº

for all taxon8 = 1– •••� and time pointsC. We then computed the variance Var
�

3
3Clogc8¹Cº

�
for

each taxon, and selected for the denominator the taxon with the lowest observed variance.
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2.5.7 Correspondence with the Parameters of gLV

We compared parameter estimates from gLV to that of cLV on the three real datasets that

included community density estimates: the Diet dataset, theC. diff dataset, and the Antibiotic

dataset. We transformed the concentrations of each of these datasets so that the were all on the

same scale, which also ensured the scale of parameters learned by cLV was approximately the

same as gLV. Speci�cally, letG8¹Cº be the observed concentration of taxon8and time pointC, and

let ~G8¹Cº be the transformed concentration. Then, if` = 1
 

Í  
: =1 G8¹C: º is the mean concentration

across all observed time points, the transformed concentration is

~G8¹C: º =
G8¹C: º

`
(2.12)

Hence1
 

Í  
: =1 ~G8¹C: º = 1. This is equivalent to changing the units for concentration. For example,

if the original units are in1011 rRNA copies per cm3 (as in [72]), then the new units are1011

` rRNA

copies per cm3. After adjusting concentrations, we then �t the parameters for both models using

ridge regression. Speci�cally, the objective function was

arg min
� � –6� –� �

 Õ

: =1




 6model¹ � � – 6� – � � – :º




 2

2 ¸
Õ

G2f � � –6� –� � g

Penalty¹G– U– _Gº (2.13)

with

Penalty¹Gº = _GkGk2
2 G2 f � � – 6� – � � g (2.14)

6cLV ¹ �– 6–�– : º =
� [ 1:� � 1¹C: º

� C:
�

�
6 ¸ �c 1:� ¹C: � 1º ¸ �D ¹C: � 1º

�
(2.15)

6gLV ¹ �– 6– �– :º =
� logG1:� ¹C: º

� C:
� ¹6 ¸ �G1:� ¹C: � 1º ¸ �D ¹C: � 1ºº (2.16)

where[ 8¹Cº = log ¹c8¹Cº•c � ¹Cºº.

40



2.5.8 Model Comparison

We compared cLV to gLV and two additional models with linear interactions in additive log-

ratio space and relative abundance space respectively. We �t all models using the same inference

procedure, least squares with an elastic net penalty, to ensure that differences in model performance

we not due to different parameter inference methods. Speci�cally, the objective function is given

by equation 2.13, with the function6modelfor the two additional models:

6ALR ¹ �– 6–�– : º =
� [ 1:� � 1¹C: º

� C:
�

�
6 ¸ �[ 1:� � 1¹C: � 1º ¸ �D ¹C: � 1º

�
(2.17)

6linear¹ �– 6– �– :º =
� c1:� ¹C: º

� C:
� ¹6 ¸ �c 1:� ¹C: � 1º ¸ �D ¹C: � 1ºº (2.18)

where[ 8¹Cº = log ¹c8¹Cº•c � ¹Cºº. The penalty term was

Penalty¹Gº = U_GkGk2
1 ¸ U¹1 � _GºkGk2

2º G2 f � � – 6� – � � g (2.19)

We evaluated model performance by comparing forecasted trajectories from each model starting

from the same initial conditions using leave-one-out cross validation in the Antibiotic dataset, Diet

dataset, andC. diff dataset. For each cross-validation replicate on the Antibiotic, Diet, andC. diff

datasets, we selected regularization parameters by again performing leave-one-out cross validation

on the remaining data, and selected regularization parameters that minimized the total squared error

across held-out data. The regularization parameters we explore were¹U– _� – _6– _� º 2 & � ' � ' � '

with ' = f 0•1–0•5–0•7–0•9gand& = f 0•1–0•5–1–10g. Microbial trajectories were predicted using

theRK45 numerical interaction scheme fromSciPy .
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Chapter 3: Ef�cient and Accurate Inference of Mixed Microbial Population

Trajectories from Longitudinal Count Data

3.1 Summary

The recently completed second phase of the Human Microbiome Project has highlighted the re-

lationship between dynamic changes in the microbiome and disease, motivating new microbiome

study designs based on longitudinal sampling. Yet, analysis of such data is hindered by pres-

ence of technical noise, high dimensionality, and data sparsity. Here, we introduce LUMINATE

(LongitUdinal Microbiome INference And zero deTEction), a fast and accurate method for in-

ferring relative abundances from noisy read count data. We demonstrate on synthetic data that

LUMINATE is orders of magnitude faster than current approaches, with better or similar accu-

racy. We further show that LUMINATE can accurately distinguish biological zeros, when a taxon

is absent from the community, from technical zeros, when a taxon is below the detection thresh-

old. We conclude by demonstrating the utility of LUMINATE on a real dataset, showing that

LUMINATE smooths trajectories observed from noisy data. LUMINATE is freely available from

https://github.com/tyjo/luminate .

3.2 Introduction

The human body is home to trillions of microbial cells that play an essential role in health

and disease [18]. The gut microbiome, for instance, encodes over 3 million genes [13] respon-

sible for a variety of normal physiological processes such as the regulation of immune response

and breakdown of xenobiotics [16]. Disturbances in gut communities have been associated with

several diseases, notably obesity [99] and colitis [26]. Changes to the vaginal microbiome during

pregnancy is associated with risk of preterm birth [19]. Consequently, investigating the human
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microbiome can provide insight into biological processes and the etiology of disease.

A major paradigm for microbiome studies uses targeted amplicon sequencing of the 16S rRNA

gene to produce read counts of each bacterial taxon in a sample [27]. Due to its low cost (com-

pared to shotgun metagenomics), 16S rDNA sequencing is a valuable tool for generating coarse-

grained pro�les of microbial communities. Nonetheless, analysis of 16S datasets faces multiple

domain-speci�c challenges. First, 16S datasets are inherently compositional [80]: they only con-

tain information about the relative proportions of taxa in a sample. In addition, technical noise,

such as uneven ampli�cation during PCR, can produce read counts that differ substantially from

the underlying community structure [27]. In particular, taxa near the detection threshold may fail

to appear in a sample, necessitating a distinction between a biological zero — where a taxon is

absent in the community — from a technical zero where it drops below the detection threshold

[92]. Finally, the number of taxa and time points in a sample may be large, requiring methods that

scale to high dimensional data.

Increasingly, study designs based on 16S rDNA sequencing have incorporated longitudinal

sampling. This is exempli�ed by a major aim of the second phase of the Human Microbiome

Project [67] being quanti�cation of dynamic changes in the microbiome across disease-speci�c

cohorts. Longitudinal sampling holds promise in elucidating causality between temporal changes

in the microbiome and disease. It further provides a unique opportunity to address the statistical

challenges of 16S sequencing by pooling information across longitudinal samples.

To this end, two recent methods have been proposed for analyzing noisy longitudinal count

data: TGP-CODA [92] and MALLARDs [91]. TGP-CODA �ts a Gaussian process model to lon-

gitudinal count data, providing estimates of denoised (latent) relative abundances and statistical

correction for technical zeros. MALLARDs, dynamic linear models with multinomial observa-

tions, �t a state space model to count data to partition observed variation into biological and tech-

nical components. Both models highlight the importance of temporal modeling, and its utility in

providing insight into microbial systems. However, ef�cient inference from time-series data is a

challenging problem, and both methods have dif�culty scaling with sample size and taxa.
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Figure 3.1:Illustration of LUMINATE. LUMINATE is a method for estimating relative abun-
dance trajectories from noisy sequencing count data. Observed trajectories for each taxon (points)
are “smoothed” (lines) based on the full series of longitudinal observations. LUMINATE outputs
denoised relative abundance. For zeros observed in the sequencing count matrix, LUMINATE
additionally estimates the posterior probability of a “biological” zero versus a “technical” zero to
distinguish taxa absent from the community from taxa present but below the detection threshold.

We propose LUMINATE (LongitUdinal Microbiome INference And zero deTEction), an accu-

rate and ef�cient method to infer relative abundances from microbial count data (Figure 3.1). Our

contribution is two-fold. First, using variational inference we reformulate the problem of posterior

inference in a state-space model as an optimization problem with special structure. Second, we

propose a novel approach to differentiate between biological zeros and technical zeros.

We demonstrate on synthetic data that LUMINATE accurately reconstructs community trajec-

tories orders of magnitude faster than current approaches. We further demonstrate LUMINATE's

ability to accurately distinguish biological zeros from technical zeros. Finally, we demonstrate the

utility of LUMINATE by using estimated relative abundances to infer the parameters of a dynami-

cal system, leading to more accurate predictions of community trajectories.
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3.3 Results

3.3.1 Design of Simulations to Evaluate Model Performance

Ground truth relative abundances are required for evaluating model performance. However, rel-

ative abundances in microbiome datasets are estimated from 16S sequencing, or alternative tech-

nologies, which inevitably suffer from technical noise. Therefore simulations where the ground

truth is known ground truth are required.

We designed simulation experiments to mimic dynamics and technical noise found in two real

longitudinal datasets [75]: i) a dataset of 5 gnotobiotic mice colonized with a bacterial mixture of

16 species (theC. diff dataset), and ii) a dataset of 7 germ-free mice colonized with a mixture of

17 Clostridia strains (theDiet dataset). Notably, both datasets include estimates of community size

using quantitative PCR, facilitating simulation of absolute abundance trajectories, not only relative

abundances. We used these datasets to learn the parameters of a generalized Lotka-Volterra (gLV)

model describing absolute abundance trajectories, shown previously to accurately describe the

dynamics of these datasets [75].

We �rst evaluated the quality of simulated trajectories (Figure 3.2A, Figures B.1 & B.2). We

did this by simulating trajectories from observed initial conditions, and compared simulated trajec-

tories to observed. Simulated trajectories showed close correspondence between observed ground

truth (Figure 3.2B). Additionally, simulated trajectories were smoother than trajectories estimated

from sequencing counts, as would be expected from ground truth data (Figure 3.2B).

To model sequencing noise, we simulated noisy relative abundances from ground truth trajec-

tories, and sequencing counts from noisy relative abundances. We controlled the deviation of noisy

relative abundances to the ground truth by varying a type of signal-to-noise ratio (SNR) relating the

variance of longitudinal dynamics to the amount of technical noise (see STAR Methods). Impor-

tantly, the range of SNRs we explored captured observed levels of sequencing noise found in real

data, while a multinomial model for sequencing counts simulated from ground truth trajectories

underestimated noise (Figure 3.2C).
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Figure 3.2:Benchmarking of simulation framework used to evaluate LUMINATE. Ground
truth dynamics were simulated using the parameters of a generalized Lotka-Volterra model learned
from two real datasets—theC. diff dataset and theDiet dataset. Quality of simulations were as-
sessed by comparing simulated ground truth trajectories and noisy trajectories to those observed.
(A) Example of an observed trajectory and a simulated trajectory from the same initial conditions
on theDiet dataset.(B) Evaluation of the quality of simulated ground truth trajectories. Perfor-
mance was evaluated by computing the root-mean-square-error (RMSE) between observed and
simulated community trajectories from the same initial conditions, and the smoothness of each
taxon's trajectory (smaller values indicate smoother trajectories, while larger values indicate nois-
ier trajectories). Smoothness for each taxon3's relative abundance trajectory?3

1:) = ¹?3
1– •••– ?3

) º

was evaluated by computing Smoothness-Parameter¹?3
1:) º = 1

k?3
1:) k2

maxC=2•••)
¹ 50

3 ¹Cº� 50
3 ¹C� 1ºº

� C ,

where 53¹Cº = ?3
C. 50

3¹Cº was estimated using �nite differences. This approach was motivated by
the de�nition of an L-smooth function. Simulated trajectories closely match observed trajectories
but are smoother, as would be expected from ground truth data.(C) Evaluation of the sequenc-
ing noise model. Smoothness of observed trajectories were compared to smoothness of simulated
trajectories under varying levels of sequencing noise measured by the signal-to-noise ratio (SNR).
The range simulation parameters explored spanned observed levels of noise — versus smoothness
— while a multinomial model simulated from ground truth trajectories underestimated observed
noise.

3.3.2 Simulations to Assess the Accuracy of LUMINATE

We next evaluated how well LUMINATE reconstructed (latent) community trajectories under

varying amounts of sequencing noise. Using our simulation framework, we simulated dense (daily)

longitudinal trajectories from observed initial conditions on both real datasets. Sparser datasets,

with observations occurring every 2, 4, and 6 days were simulated by holding our samples from

the dense simulations.
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Figure 3.3:LUMINATE ef�ciently and accurately recapitulates relative abundance trajecto-
ries. (A-B) Simulation evaluation on reconstructing community trajectories from noisy sequence
count data. MeanA2 (y-axis) between ground truth and estimated relative abundance trajectories
for per taxon averaged over samples. Signi�cance is computed using the Wilcoxon signed-rank
test (ns: not signi�cant;� : ? Ÿ 0•05; �� : ? Ÿ 0•01; ��� : ? Ÿ 0•001). (A) Equally spaced
time points were simulated under generalized Lotka-Volterra with parameters learned from two
real datasets (C. diff andDiet) with varying signal-to-noise ratio (SNR;G-axis). (B) Time between
observations was varied by holding out data from theC. diff simulations with SNR=4.(C) Run
time (measured as user time) in minutes (H-axis) for each model on a single longitudinal sample
varying the number of time points (G-axis). Break denotes estimated run times for LUMINATE
on 365 time points.(D) Simulations to evaluate LUMINATE's ability to accurately distinguish
biological from technical zeros. Receiver operating characteristic curve (ROC) using the posterior
probability of a biological zero as a predictor for biological zeros on 10 simulated datasets. (AUC:
area under the receiver operating characteristic curve; TP: True Positives; TN: True Negatives)
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We evaluated LUMINATE in comparison to three other models: i) a Dirichlet-Multinomial

model (i.e a pseudocount model with a psuedocount of 1), ii) TGP-CODA [92], and iii) the speci�c

MALLARD model from Silvermanetal. [91]. Performance was compared by computing the mean

A2 across samples between true and estimated trajectories per taxon. This bene�cially treats rare

and common taxa on an equal scale.

Encouraging, LUMINATE had a signi�cantly higherA2 (? Ÿ 0•05; Wilcoxon signed-rank

test) than the Dirichlet-Multinomial model across all 8 of our simulations with evenly spaced

time points (Figure 3.3A). We further observed signi�cantly higherA2 in 6 of 8 simulations when

compared with the MALLARD model, and on 8 out of 8 simulations when compared with TGP-

CODA. Importantly, LUMINATE performed no worse than the competing models across any of the

simulations we investigated. Taken altogether, this suggests that LUMINATE is better recreating

the latent community dynamics.

All models use a similar or more general noise model to our simulations. Nonetheless, we

wanted to assess the sensitivity of our results to the parameterization of sequencing noise. There-

fore, we also simulated sequencing noise under a Dirichlet-Multinomial model of sequencing noise

with dispersion parameter estimated from theC. diff dataset. Importantly, LUMINATE performed

well under this alternate noise model (Figure B.3).

Real microbiome datasets tend to be sparse in time. We therefore performed simulations to

investigate sensitivity to temporal frequency. We simulated data under learned parameters from

C. diff data, and removed time points so that there was an observation every 2, 3, and 4 days on

average. Notably, LUMINATE was robust to the sparser simulations (Figure 3.3B), outperforming

TGP-CODA and the MALLARD model at 3 and 4 days between observations.

3.3.3 Simulations to Assess the Ef�ciency of LUMINATE

Both TGP-CODA and MALLARD models rely on Markov Chain Monte Carlo (MCMC) al-

gorithms to compute posterior estimates of model variables. As MCMC can be computationally

expensive, we wanted to evaluate how each model scales with increasing number of observed time
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points and taxa. We thus simulated a single longitudinal sample varying the number of time points

and taxa.

Across all datasets, LUMINATE was faster then the other methods we investigated (Figure

3.3C), sometimes by more than 2 orders of magnitude. LUMINATE ran inŸ 1•5 minutes on all

datasets. In contrast, it to the MALLARD model8•3 hours to run 50 taxa at 10 time points. On

this same dataset it took TGP-CODA18•28 minutes to run, but1•7 hours to run on 50 taxa at 30

time points. In practice, this means that LUMINATE is the only method that can scale to datasets

with multiple longitudinal samples and many observed taxa.

3.3.4 LUMINATE Distinguishes Biological Zeros from Technical Zeros

We designed simulations to test LUMINATE's ability to distinguish biological zeros — where

a taxon is not presenting the community — from technical zeros, where it is below the detection

threshold. Speci�cally, we simulated data where one taxon goes extinct over the course of the sim-

ulation, while another hovers near the detection threshold. For all zeros in the observed data, we

computed the posterior probability of a biological zero, and evaluated performance by computing

the area under the receiver operating characteristic (AUC-ROC). This measures the probability of

the event that a biological zero receives a higher posterior probability than a technical zero, an in-

dicator that the model differentiates the two. We performed 10 replicates with 10 samples each to

estimate con�dence intervals for the AUC-ROC. Notably, the mean AUC was high across all repli-

cates (Figure 3.3D; mean= 0.91, std= 0.04), suggesting that our model accurately discriminates

biological from technical zeros.

3.3.5 Application to Real Data

To demonstrate the utility of LUMINATE on real data, we applied it to theC. diff dataset

used to generate the simulation parameters described in section 3.3.1. Figure 3.4A displays an

example of the observed and estimated trajectories for one sample (trajectories for all samples

are in Figures B.1-B.2). Across all samples, estimated trajectories per taxon are smoother than
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observed trajectories (Figure 3.4B), suggesting that LUMINATE is correcting some of the technical

noise from this dataset.

Figure 3.4:Application of LUMINATE to real data. We applied LUMINATE to the original
C. diff dataset used to generate simulation parameters.(A) Relative abundances computed from
sequencing counts (left), example data points and estimated trajectories by LUMINATE (mid-
dle), and full denoised output by LUMINATE (right) on one sample.(B) Measure of smoothness
between observed trajectories and denoised estimates from all samples on theC. diff dataset. LU-
MINATE smooths trajectories from observed data.

3.4 Discussion

Recent focus on dynamic changes in microbial communities has highlighted the importance

of longitudinal modeling and data collection. Thus, there is an increasing need for methods for

analyzing longitudinal data that are capable of scaling to large datasets spanning many taxa. With

these goals in mind, we have proposed LUMINATE: a method for estimating relative abundances

and differentiating biological from technical zeros in longitudinal datasets. We demonstrated that

LUMINATE runs orders of magnitude faster than the current state of the art without loss of accu-

racy, and can accurately detect biological zeros.

Though we emphasized variational inference as a tool to speed up computation, we note that

this is not the only approach. In particular, Silvermanet al. [100] propose an ef�cient algorithm

for posterior inference in models they call marginally latent matrix-t processes, of which MAL-

LARDs are a special case. However, there is currently no public implementation of MALLARDs

50



in their framework. Still, MALLARDs do not distinguish biological from technical zeros, a major

advantage of the present work.

There are several promising areas for future work. The biological zero detection framework

can be extended to include external perturbations, such as antibiotics, to assess how external factors

affect risk of colonization by pathogenic bacteria. We can further expand our downstream analysis

to learn biological interaction networks among taxa.

3.5 Methods

3.5.1 Probabilistic Model of Latent Variables

Methods for inference from time-series data are often formulated using state-space models.

State-space models describe latent dynamics as a sequence of time-indexed random vectors,xC,

wherexC is dependent on time points in the past. Information about the hidden state of the sys-

tem is obtained through noisy observation of each time pointyC. Such models are well suited for

describing microbial dynamics:xCcontain information about the true — hidden — relative abun-

dances, whileyCare noisy sequencing reads. Furthermore, state-space models provide a �exible

framework for more sophisticated modeling that better captures the data generating process. We

include two additional variables important for modeling microbial count data:wCwhich describes

extinction and recolonization of taxa, andzCwhich incorporates an additional layer of sequencing

noise (Figure 3.5).

Speci�cally, our model is as follows. Suppose we have a sample with) observed time points.

Let yC 2 N�
0 be the sequencing reads among� taxa at timeC, and letxC 2 R� � 1 be the additive

log ratio of the relative abundances of those taxa (the natural parameters of the multinomial dis-

tribution). The time between observationsC� 1 andCis denoted� C. Further, letzC 2 R� � 1 be

variables that represent noisy realizations ofxC, and letwC= ¹F1
C– F2

C– •••– F�C º 2 f0–1g� be indica-

tor variables denoting which taxa are alive at time pointC(i.e. F3
C = 1 if taxa 3 is alive at timeC, 0
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Figure 3.5:LUMINATE's probabilistic model for three time points. LUMINATE models latent
community compositions (GC) as a states in state-space model. Observed sequencing counts (HC)
depend on noisy realizations of community states (I C) and taxon presence-absence (FC). Observed
sequencing counts are used in an approximate inference procedure to estimate latent community
states and posterior probabilities of biological versus technical zeros.

otherwise). Our model is given by:

?¹F3
1 = 1º = c3 3 = 1•••�

?¹F3
C = 9jF3

C� 1 = 8º = � 3
8 9 3 = 1•••� , C= 1•••)

?¹x1º = N ¹ x1j0– &0º

?¹xCº = N ¹ xCjxC� 1–� C&º C= 1•••)

?¹I 3
CjG3

C– F3
Cº =

�
N ¹ I 3

CjG3
C– A3º

� F 3
C

C= 1•••)

pC�
1

F �
C ¸

Í � � 1
3=1 F3

C4I 3
C

�
F1

C4I 1
C– •••– F� � 1

C 4I � � 1
C – F�

C

�
C= 1•••)

?¹yCjzC–wCº = Multinomial¹yCj# C–pCº C= 1•••)
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The zC describe additional sequencing noise not captured by the multinomial distribution. The

multinomial distribution makes a strong assumption that the technical variance is purely due to

otherwise uniform statistical sampling. Thew3
1:) constitute a hidden Markov model with transition

probabilitiesf � 3
8 9g8– 92f0–1g describing the extinction and reintroduction of certain taxa, distinguish-

ing biological from technical zeros. SettingF3
C = 0 removes the contribution ofI 3

C from the

likelihood, and zeros out the relevant proportions in the multinomial counts. Conceptually the

w1:) approximate extinction and recolonization events by making them orthogonal to the state of

the system. Finally, thexCserve as a prior over the space of dynamics. The change in the system

between time points depends on the covariance between ratios of taxa&, and the time between

observations� C. By learning the posteriorx1:) jy1:) , we can estimate relative abundances from

sequencing counts throughx1:) .

The covariance& implicitly makes the assumptions that trajectories are smooth in time. How-

ever external perturbations such as antibiotics can rapidly induce changes in the community. We

model these changes by introducing a perturbation covariance& ? that replaces& for time points

with known (i.e. provided as input) perturbations.

Our model is conceptually similar to TGP-CODA [92] and MALLARDs [91]. Both models in-

troduce variables analogous tozCfor technical noise, but take different approaches to modeling dy-

namics that come with increased computational cost. MALLARDs use a similar state-space model

(that describes dynamics under a phylogenetically motivated log-ratio transformation). However,

MALLARDs require evenly spaced time points — each time point occurs after a �xed interval of

time. After specifying a unit of time, time points without observations are integrated out compu-

tationally using a Kalman �ltering/smoothing approach. Additionally, MALLARDs do not incor-

porate terms for biological zeros as we do here. TGP-CODA, in contrast, incorporates additional

variables for technical zeros similar towC, but not true zeros which we claim thewC represent.

Furthermore, TGP-CODA learns a state-space covariance matrix using a Gaussian process model.

This increased �exibility comes at a considerable computational burden.
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3.5.2 Inference

Our main contribution is the demonstration that inference under such state-space models can

be performed quickly using variational inference without loss of accuracy. By inference, we mean

two things: posterior inference where the goal is to compute the posterior?¹x1:) –z1:) –w1:) jy1:) º,

and parameter inference for the model parameters� 1:� , &, andA1:� � 1. Variational inference trans-

forms both inference problems to an optimization problem by approximating the true posterior

?\ ¹�jyº with model parameters\ by a variational posterior@a¹�jyº with variational parameters

a. The parameters¹\– aº are optimized to minimize the Kullback-Leibler divergence, or equiv-

alently maximize the “evidence lower-bound”, between the true and approximate posterior. The

variational objective function is

L¹ y1:) – \– aº = E@»log ?¹w1:) –x1:) –z1:) –y1:) º¼ �E@»log@¹w1:) –x1:) –z1:) º¼

The main challenge in designing an inference algorithm for variational inference is choosing a

form for @that is capable of closely approximating the true posterior while maintaining the ability

to compute the expectations inL (while black-box approaches exist where the expectations inL

are not explicitly computed, a closed form inference procedure is more desirable). Assuming a

particular factorization of@and optimizing parameters using coordinate ascent, it is sometimes

possible to compute an optimal parametric form for@for that also gives the optimala (see Blei

Blei et al. [101] for a derivation).

A common choice of factorization is to partition model variables into independent subsets

@¹w1:) –x1:) –z1:) º =

"
�Ö

3=1

@¹w3
1:) º

#

@¹x1:) º@¹z1:) º•

For this choice of factorization, the optimal@¹w3
1:) º and@¹x1:) º can be computed in closed form

using block coordinate ascent (which we will show), while we need to make a choice for the

parametric form of@¹z1:) º. A sensible choice for@¹I 3
Cº = N ¹ I C

3 j[ 3
C– W3º. The [ 3

C and W3 are
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variational parameters that are optimized with respect toL . The joint distribution acrossz1:) is

@¹z1:) º = N ¹ z1:) j( 1:) –� º

where� is a diagonal covariance matrix with entries inf W1– •••– W� � 1g. Given this choice of@¹z1:) º

the optimal choice of@'s for @¹x1:) º and@¹w3
1:) º are given by Bleietal. [101].

@¹x1:) º / exp
�
E� x1:) »log ?¹w1:) –x1:) –z1:) –y1:) º¼

	

/ exp
�
E� x1:) »log ?¹x1:) –z1:) º¼

	

@¹w3
1:) º / exp

n
E� F8

1:)
»log ?¹w1:) –x1:) –z1:) –y1:) º¼

o

/ ?¹F8
1:) º exp

n
E� F8

1:)
»log ?¹x1:) –z1:) –y1:) jw1:) º¼

o

where the expectations are computed with respect to all@except for the variable of interest. We

devote the remainder of this section to demonstrating that these can be computed ef�ciently in

closed form.

First, the joint distribution of?¹x1:) º = N ¹ 0–� � 1º is Gaussian with precision matrix� that is

block tridiagional. The simplest way to see this is to note that a Gaussian density is equivalent to

its Laplace approximation. Hence,� is given by

� =

2
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 1–1 � 1–2

� )
1–2 � 2–2 � 2–C

••• ••• •••

� )
) � 2–)� 1 � ) � 1–)� 1 � ) � 1–)

� )
) � 1–) � )–)

3
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

� � C–C=
m2

mx2
C

»log ?¹xÇ 1jxCº ¸ log ?¹xCjxC� 1º¼

� � C–C¸ 1 =
m2

mxÇ 1xC
»log ?¹xÇ 1jxCº ¸ log ?¹xCjxC� 1º¼
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Simplifying @¹x1:) º / exp
�
E� x1:) »log ?¹x1:) –z1:) –w1:) º¼

	
leaves us with@¹x1:) º = N ¹ x1:) j - 1:) –� º

where� and- 1:) are given by

� = ¹� � 1 ¸ � � 1
F º� 1 (3.1)

� � 1
F ( 1:) = � � 1- 1:) (3.2)

� � 1
F = � � 1diag¹w1:�

1:) º

Notably, if we're only interested the posterior means- 1:) , we never need to explicitly compute the

entire posterior covariance� . � � 1 is block tridiagonal, which means its inverse can be computed

in O¹) � 3º time instead ofO¹) 3� 3º time [102]. Furthermore, the solution for- 1:) only relies on

the diagonal blocks of� � 1 and an intermediate computation from the inverse. Consequentially,

- 1:) can be computed inO¹) � 2º after the inverse is computed, instead ofO¹) 2� 2º.

Simplifying the expression for@¹w3
1:) º, reveals that the optimal@¹w3

1:) º is given by

@¹F8
1:) º / ?¹F8

1:) º exp
n
E� F8

1:)
»log ?¹x1:) –z1:) –y1:) jw1:) º¼

o

This is precisely the posterior under a hidden Markov model with (now �xed) observations given by

the exponential term. Moreover, the only terms we need to computeL are@¹F8
Cº and@¹F8

C– F8
C� 1º,

which can be computed inO¹4) º time using the standard forward-backward equations for hidden

Markov models (HMMs) [103].

Finally, the update for the parameters of@¹z1:) º cannot be computed in closed form due to the

structure of the problem. We instead rely on a conjugate gradient algorithm to optimize( 1:) (since

( 1:) does not rely on the variance termsW3 we choose not to optimizeW3).
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The only remaining dif�culty is computing

E@»log ?¹HCjI C– FCº¼=
� � 1Õ

3=1

H3
CE@»F3

C¼E@»I 3
C¼ �E@

"

# Clog

 

F �
C ¸

� � 1Õ

3=1

F3
C4I 3

C

!#

¸ const

�
� � 1Õ

3=1

H3
CE@»F3

C¼E@»I 3
C¼ � # Clog

 

E@»F �
C¼ ¸

� � 1Õ

3=1

E@»F3
C¼E@»4I 3

C¼

!

¸ const

in L • This lower bound onE@»log ?¹HCjI C– FCº¼bounds the objectiveL by below, which we note

maintains a valid variational inference algorithm.

Once@has been formulated, optimizing model parameters� 1:� – &– A1:� � 1 are straightforward.

The expectations inL can all be computed (using the lower bound above), and taking the gradient

with respect to each parameter and setting equal to zero obtain a closed form for each.

In summary, we have derived an inference algorithm for the model parameters and variational

parameters of our model, where we can compute closed form block coordinate ascent updates for

all but one set of parameters. Moreover, we can compute such updates ef�ciently by exploiting

the special structure of the covariance of the state-space. Thus, we are left with the following

algorithm.

Data: Sequencing countsy1:)

while � 1:� – A1:� � 1– &–- 1:) –( 1:) have not convergeddo

Update@¹x1:) º using equations 3.1 & 3.2;

Update@¹F3
Cº and@¹F3

C– F3
C� 1º using the forward-backward equations for HMMs;

Update( 1:) using a conjugate gradient algorithm;

Update model parameters� 1:� – &– A1:� � 1 (all in closed form);

end

Algorithm 1: LUMINATE's inference algorithm

3.5.3 Design of Simulations to Evaluate Model Performance

We designed simulations to evaluate our model's ability to infer relative abundances from noisy

sequencing data. To this end, we downloaded two dense longitudinal datasets of bacterial concen-
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trations from Buccietal. [75]: i) a dataset of 5 gnotobiotic mice colonized with a bacterial mixture

of 16 species (theC. diff dataset), and ii) a dataset of 7 germ-free mice colonized with a mixture

of 17 Clostridia strains (theDiet dataset). TheC. diff dataset mice were subject to aC. dif�cile

challenge after 28 days (average 26 observed time points observed over 56 days). TheDiet dataset

mice were fed a high-�ber diet for 5 weeks, switched to a low �ber diet for 2 weeks, then returned

to the high-�ber diet for 2 weeks (average 47.14 observed time points across 65 days). We used

these datasets to learn the parameters of a generalized Lotka-Volterra model (gLV) [72]. We chose

to simulate trajectories using gLV because gLV has been shown to accurately describe microbial

dynamics in some cases, in particular on the datasets we used to generate model parameters (see

Steinetal. [72] or Buccietal. [75]). Speci�cally, we simulated data under the model:

3
3C

logG8¹Cº = 68¸
�Õ

9=1

� 8 9G9¹Cº ¸
%Õ

?=1

� 8?D?¹Cº (3.3)

The G8¹Cº denote the concentration of bacteria8at timeC, and theD?¹Cº denote external pertur-

bations (such as introduction ofC. dif�cle and change in diet). The parameters68– �8 9, and � 8?

describe growth rates, interactions, and external effects respectively. We �t equation (3.3) by dis-

cretizing it and performing least squares with elastic net regularization, similar to Steinetal. [72].

Once we learned the model parameters for each dataset, we then forward simulated trajectories

for each dataset given initial conditions of each mouse using the Runge-Kutta 5(4) method of

numerical integration as implemented inRK45 from SciPy [104]. This generated evenly spaced

time points whose number corresponded to the number of observed time points of each mouse. We

qualitatively inspected the simulated trajectories to ensure they matched the ground truth dynamics

in the original data. Thus, we generated a dataset of 5 simulated trajectories for theC. dif�cle

dataset and 7 simulated trajectories for the Diet dataset.

We simulated sequencing counts on top of each ground truth trajectory under varying levels

of sequencing noise, following the framework of Silvermanet al. [91]. Brie�y, given temporal

covariance& and noise covariance' , they de�ned a signal-to-noise ratio as the total variance of
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& over the total variance of'

SNR=
Tr¹&º
Tr¹' º

We computed the SNR under the additive log-ratio transformation: alr¹G8¹Cºº = log ¹G8¹Cº•G� ¹Cºº,

using alr¹x¹Cºº = ¹alr¹G1¹Cºº– •••–alr¹G� � 1¹Cºº to compute the a diagonal covariance matrix& of the

state-space give by alr¹x¹Cºº. The diagonal entries of& measure how quickly each taxon alr¹G8¹Cºº

changes over time. For �xed& and �xed SNR, we set' = diagf A1– •••– A� � 1g whereA8 = @8

SNR.

Thus, the sequencing noise was proportional to the variability of each taxa.

Finally, we simulated sequencing reads for each time point from the following model

zC� N ¹ alr¹xCº– ' º

log " C� N ¹ log 10000–0•5º

log # C� Poisson¹" Cº

pC=
1

1 ¸
Í � � 1

3=1 4I 3
C

�
4I 1

C– •••– 4I � � 1
C –1

�

yC� Multinomial¹# C–pCº

Intuitively, this means the average sequencing depth is approximately 10000 reads. The log-normal

Poisson distribution on the number of sequencing reads# Cincreases the variance in depth across

samples, to better match the high variance of sequencing depth found in real data.

Importantly, all models we evaluated make the same or more general assumptions about tech-

nical noise, and none assume gLV dynamics. Äijöet al. [92] assume a model equivalent to noise

under the additive log-ratio transformation with additional noise from technical zeros, prior to ob-

served sequencing counts. Silvermanetal. [91] assume noisy realizations occur under the isometric

log-ratio transformation (ilr). The ilr is a linear combination of the alr, and therefore simulating

under the alr is equivalent to the ilr under a transformed the covariance matrix.

To ensure a robust comparison between methods, we also performed simulations under an al-
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ternative noise model: a Dirichlet-Multinomial model. Speci�cally, we simulated noise as follows

pC=
1

1 ¸
Í � � 1

3=1 4G3
C

�
4G1

C– •••– 4G� � 1
C –1

�

p̂C� Dirichlet
�
?1

CU– •••– ?�
C U

�

yC� Multinomial¹#– p̂Cº

The termsp̂Care noisy relative abundances simulated from the ground truthpC. The parameterU,

sometimes referred to as the dispersion parameter, controls the variance ofp̂CaroundtC. LargerU

corresponds we less variability around the mean. We estimatedU = 251•2809using the MGLM

package [105] on theC. diff dataset, following Bucciet al. [75]. Because the MGLM package

assumes i.i.d. observations we only used observations after the system converged to a stable state.

We varied sequencing counts from# = 5000–10000–20000to explore sensitivity to sequencing

depth.

3.5.4 Benchmarking the Simulation Framework

We benchmarked our simulation framework by investigating the quality of simulated dynamics

and quality of the of noise model. For the former, we wanted to ensure simulated trajectories are

representative of real microbial dynamics. For the later, we wanted to ensure that our noise model

adequately capture variation observed in real data.

We used two metrics to evaluate simulation parameters informed by the following intuition.

Sequencing noise is putatively independent of the underlying dynamics. Thus, since observed

relative abundances can �uctuate above or below observed trajectories, sequencing noise should

appear less “smooth” than the latent ground truth.

To evaluate quality of simulated dynamics, we learned gLV parameters on each dataset and

simulated trajectories from the same initial conditions of each sample. We used two metrics to

benchmark quality of simulated dynamics: i) root-mean-square-error (RMSE) between observed

and simulated trajectories, and ii) “smoothness” of observed and simulated trajectories. Intuitively,
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simulated trajectories from the same initial conditions as an observed sample should correspond,

while the simulated trajectory should be smoother than the observed since observed data has addi-

tional technical noise.

Speci�cally, let ?3¹: º = ¹?3
1 ¹: º– •••– ?3

) ¹: ºº and ?̂3¹: º = ¹ ?̂3
1 ¹: º– •••–̂?3

) ¹: ºº be the ground

truth and simulated relative abundances of taxon3 2 f1– •••– �g respectively in sample: 2

f 1– •••–  g. We compute RMSE per sample as follows

RMSE: =

vut
1

¹) � 1º�

�Õ

3=1

)Õ

C=2

�
?3

C¹: º � ?̂3
C¹: º

� 2

To compute “smoothness” we adapted the de�nition of an L-smooth function [106]. A function

5 is L-smooth with smoothness parameter! if

k50¹Gº � 50¹Hºk2 � ! kG� Hk2

The constant! bounds changes in the derivative of5, thus limiting how quickly5and change over

an interval»G– H¼. The smaller the constant! , the “smoother” a function must be.

De�ne 53¹Cº = ?3¹Cº to be the trajectory of taxon3. We computed smoothness of taxon3's

trajectory by �rst estimating50
3¹Cº using �nite differences in NumPy [107], then computing

Smoothness-Parameter¹?3
1:) º =

1

k?3
1:) k2

maxC= 2•••)
�

50
3¹Cº � 50

3¹C� 1º

� C

�

The second term uses consecutive samples to estimate! on the interval»1– )¼, while the �rst

term puts estimates on an equivalent scale. As Smoothness-Parameter¹?3
1:) º increases trajectories

become less smooth (i.e. less smooth).

3.5.5 Model Comparison

We downloaded the code for TGP-CODA from GitHub [108]. As TGP-CODA only runs on

a single sample at once, we ran it on each sample in each dataset individually using the default
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parameters, then combined the results. We estimated latent relative abundances by taking the

mean of the posterior samples of variables� � computing using the No-U-Turn Sampler (NUTS)

in PyStan [109].

We downloaded the code for the MALLARD model from GitHub [110] , and extracted the code

that performed posterior inference under their model inRStan [111]. Because the MALLARD

implementation is not a complete software package, we needed to perform two modi�cations to

the code to run on our simulated data. First, we used the canonical basis instead of the phyloge-

netic basis for the isometric log-ratio transformation. This results in no loss of generality because

it only affects the interpretation of the coordinates of the state-space. Second, we changed how

samples for MCMC were initialized. The original implementation usedRStan 's black box vari-

ational inference algorithm to compute initial samples before running the NUTS sampler. How-

ever,RStan 's black box variational inference can fail unexpectedly, so we resorted to initializing

samples usingRStan 's default initialization. We estimated relative abundances by transforming

posterior samples of\ to relative abundances, then taking the mean.

To evaluate model performance, we computed the meanA2, per taxon across samples be-

tween the ground truth and estimated trajectories. Speci�cally, let?3¹: º = ¹?3
1 ¹: º– •••– ?3

) ¹: ºº

and ?̂3¹: º = ¹ ?̂3
1 ¹: º– •••–̂?3

) ¹: ºº be the ground truth and estimated relative abundances of taxon

3 2 f1– •••– �g respectively in sample: 2 f1– •••–  g. For each taxon we computed

�A2
3 =

1
 

 Õ

: =1

�
Corr¹?3¹: º–?̂3¹: º

� 2
•

per model. The legend of Figure 3.3 describes the statistical details of the model comparison.

3.5.6 Simulations for Detection of Biological Zeros

To determine the ability of our model to detect biological zeros from technical zeros, we sim-

ulated4 taxa across30 days under gLV with carefully chosen parameters. We picked parameters

such that one taxon would go extinct during the simulation, while forcing another taxon to re-
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main near the detection threshold. The remaining2 taxa were abundant throughout the simulation.

This resulted in an approximately2-to-1 ratio of true zeros versus technical zeros. We trained our

model across 10 datasets of 10 longitudinal samples each, and for each observed zero computed

the posterior probability that it was a biological zero:@¹F3
C = 0º.

3.5.7 Application to Real Data

We applied LUMINATE to the C. diff dataset used initially to generate simulation parameters.

TheC. diff dataset contains both sequencing counts using 16S sequencing, and biomass estimation

using quantitative PCR. We applied LUMINATE to the 16S sequencing counts only, and estimated

relative abundances across 5 samples. We treated introduction ofC. diff as an external perturbation

provided to LUMINATE, in addition to including it as an taxon in the time-series model.
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Chapter 4: Accurate and Robust Inference of Microbial Growth Dynamics

from Metagenomic Sequencing

4.1 Summary

Patterns of sequencing coverage along a bacterial genome—summarized by a peak-to-trough

ratio (PTR)—have been shown to accurately re�ect microbial growth rates, revealing a new facet of

microbial dynamics and host-microbe interactions. Here, we introduce CoPTR (Compute PTR): a

tool for computing PTRs from complete reference genomes and assemblies. We show that CoPTR

is more accurate than the current state-of-the-art, while also providing more PTR estimates overall.

We further develop theory formalizing a biological interpretation for PTRs. Using a reference

database of 2935 species, we applied CoPTR to a case-control study of 1304 metagenomic samples

from 106 individuals with irritable bowel disease. We show that PTRs have high inter-individual

variation, are only loosely correlated with relative abundances, and are associated with disease

status. We conclude by demonstrating how PTRs can be combined with relative abundances and

metabolomics to investigate their effect on the microbiome.

Availability: CoPTR is available fromhttps://github.com/tyjo/coptr , with docu-

mentation onhttps://coptr.readthedocs.io .

4.2 Introduction

Dynamic changes in the human microbiome play a fundamental role in our health. Understand-

ing how and why these changes occur can help uncover mechanisms of disease. In line with this

goal, the Integrative Human Microbiome Project and others have generated longitudinal datasets

from disease cohorts where the microbiome has been observed to play a role [70, 19, 69, 112,
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113]. Yet, investigating microbiome dynamics is challenging. On one hand, a promising line of

investigation uses time-series or dynamical systems based models to investigate community dy-

namics [72, 75, 114, 73, 87, 22]. On the other hand, the resolution of such methods is limited

by sampling frequency, which often has physiological constraints on sample collection for DNA

sequencing. Furthermore, while such methods accurately infer changes in abundance, they do not

assess changes in growth rates.

Koremetal. [115] introduced a complementary approach to investigate microbiome dynamics.

They demonstrated that sequencing coverage of a given species in a metagenomic sample re�ects

its growth rate. They summarized growth rates by a metric called the peak-to-trough ratio (PTR):

the ratio of sequencing coverage near the replication origin to the replication terminus. Thus, PTRs

provide a snapshot of population growth at the time of sampling, and their resolution is not limited

by sampling frequency.

Their original method—PTRC—estimates PTRs using reads mapped to complete reference

genomes. It has been used as a gold standard to evaluate other methods [116, 117, 118]. How-

ever, most species lack complete reference genomes, reducing its utility to researchers in the �eld.

Therefore, follow-up work has focused on estimating PTRs from draft assemblies: short sections

of contiguous sequences (contigs), where the order of contigs along the genome is unknown. Each

approach relies on reordering binned read counts or contigs by estimating their distance to the

replication origin. Although less accurate than PTRC, these methods allow PTRs to be estimated

for a larger number of species. iRep [116] sorts binned read counts along a 5Kb sliding window,

then �ts a log-linear model to the sorted bins to estimate a PTR. GRiD [117] sorts the contigs

themselves by sequencing coverage. It �ts a curve to the log sequencing coverage of the sorted

contigs using Tukey's biweight function. DEMIC [118] also sorts contigs. However, it uses se-

quencing coverage across multiple samples to infer a contig's distance from the replication origin.

Speci�cally, DEMIC performs a principal component analysis on the contig by log2 coverage ma-

trix across samples. The authors demonstrate that the scores along the �rst principal component

correlate with distance from the replication origin. Maet al. [119] provide theoretical criteria for
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when such an approach is optimal. Finally, other estimators have focused on PTR estimation for

speci�c strains [120], or estimation using circular statistics [121].

Nonetheless, using PTRs has several limitations. From a theoretical perspective, it is not clear

what PTRs estimate and how they should be interpreted. Bremer and Churchward [122] demon-

strated that under exponential growth PTRs measure chromosome replication time and genera-

tion time, but this must be checked under arbitrary models of dynamics. From a practical per-

spective, estimating PTRs at scale requires running multiple tools across multiple computational

environments—a cumbersome task.

In the present work we seek to address these issues. Our contributions are threefold. First, we

provide theory that shows PTRs measure the rate of DNA synthesis and generation rate, regardless

of the underlying dynamic model. Second, we derive two estimators for PTRs—one for complete

reference genomes and one for draft assemblies. Third, we combined our estimators in a easy-to-

use tool called CoPTR (Compute PTR). CoPTR provides extensive documentation, a tutorial, and

a precomputed reference databases for its users. We demonstrate that CoPTR is more accurate than

KoremPTR—a reimplementation of PTRC—on complete reference genomes, and more accurate

than the current state-of-the-art on metagenome-assembled genomes (MAGs). We conclude with

a large scale application to a dataset of 1304 metagenomic samples from a case-control cohort of

individuals with irritable bowel disease [69].

4.3 Results

4.3.1 CoPTR Overview

The method we developed models the density of reads along the genome in a sample by adapt-

ing an argument proposed by Bremer and Churchward [122]. Under an assumption of exponential

growth, they showed that the copy number ratio of replication origins to replication termini in a

population,' , is given by

log2 ¹ ' º =
�
g

(4.1)
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where� is the time it takes to replicate a bacterial chromosome, andg is the (�xed) generation

time. We generalize this (see Supplementary Note C.1) for dynamic quantities:

log2 ¹ ' ¹Cºº =
�

g¹Cº
• (4.2)

The variableg now depends on collection timeC. When a complete reference genome is available

the PTR is an estimator for' ¹Cº. However, the PTR is only correlated with' ¹Cº on draft assemblies

because the assembly may not include the replication origin or terminus.

The derivation also suggests that copy number along the chromosome decays log-linearly away

from the replication origin (Supplementary Note C.2). We used this fact to develop CoPTR (Com-

pute PTR): a maximum likelihood method for estimating PTRs from complete genomes and draft

assemblies (Figure 4.1). CoPTR takes sequencing reads from multiple metagenomic samples and a

reference database of complete and draft genomes as input. It outputs a genome by sample matrix

where each entry is the estimatedlog2(PTR) for each species in that sample. It has two modules:

CoPTR-Ref that estimates PTRs from complete genomes, and CoPTR-Contig that estimates PTRs

from draft assemblies. As such, it combines the improved accuracy enabled by complete genomes

with the �exibility afforded by being able to work against draft and metagenomic assemblies. For

both methods, sequencing reads are �rst mapped to the reference database. CoPTR-Ref estimates

PTRs by applying an adaptive �lter to remove regions of ultra-high or ultra-low coverage. Then

it �ts a probabilistic model to estimate the PTR and replication origin. CoPTR-Contig estimates

PTRs by �rst binning reads into approximately 500 non-overlapping windows. It �lters out win-

dows with excess or poor numbers of reads. Coverage patterns across multiple samples are used

to reorder bins using Poisson PCA. The reordered bins serve as approximate genomic coordinates

which are used to obtain maximum likelihood estimates of PTRs.
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Figure 4.1:CoPTR Work�ow. Sequencing reads from multiple metagenomic samples are mapped
to a reference database containing representative strains from complete reference genomes and
high-quality assemblies (¡ 90% completeness,Ÿ 5% contamination). Multi-mapped reads are
reassigned to a single genome using a probabilistic model. Then, PTRs are computed for each
genome in each sample. For species with complete reference genomes, PTRs are estimated by
maximizing the likelihood of a model describing the density of reads along the genome (CoPTR-
Ref). For species with high-quality assemblies, reads are binned across the assembly, bins are
reordered based on sequencing coverage across multiple samples using Poisson PCA, and the
slope along this order is estimated by maximum likelihood (CoPTR-Contig). CoPTR outputs a
table of thelog2(PTR) per genome in each sample.
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4.3.2 CoPTR-Ref Accurately Estimates PTRs using Complete Reference Genomes

We evaluated CoPTR-Ref on simulated data. Brie�y, we simulated read counts based on read

density maps generated from high coverage genomic samples ofEscherichia coli, Lactobacillus

gasseri, andEnterococcus faecalisfrom Korem et al. [115] (Supplementary Figure C.1). The

density maps re�ect differences in coverage along a genome due to GC content and mappability.

To facilitate comparison with CoPTR-Ref, we also reimplemented PTRC using code provided by

the authors. The new implementation, called KoremPTR, was designed to work with simulated

read counts and reads mapped with Bowtie2. KoremPTR showed a good correspondence with the

original method (PearsonA ¡ 0•99; Supplementary Figure C.2).

Notably, our simulations demonstrated that CoPTR-Ref more accurately estimates PTRs than

KoremPTR (Figure 4.2, Supplementary Figure C.3), requiring as few as 5000 reads to achieve

greater than0•95Pearson correlation across density maps (Supplementary Figure C.3). KoremPTR

appeared to underestimate the simulated PTR, causing the difference in accuracy (Figure 4.2B,

Supplementary Figure C.3). Nonetheless, PTR estimates by KoremPTR were highly correlated

with the ground truth (PearsonA ¡ 0•88º. We saw the same pattern across6 genomic (bacteria

grown in monoculture) and metagenomic datasets (Figure 4.2C). Both methods were correlated,

but CoPTR-Ref estimated larger PTRs than KoremPTR on the same samples.

To evaluate whether variation among representative genomes per 95 % ANI clusters—an oper-

ational threshold for de�ning species [123]—affects the accuracy of CoPTR, we mapped the same

samples to different strains. We found that PTR estimates were robust to strain variation when the

MASH distance [124] between strains was less than 0.05—corresponding to� 95%ANI (Figure

4.2D). These results indicate that one reference genome per95%ANI cluster can be included in a

reference database without loss of information.

We also comparedlog2(PTR) estimates to changes in population size ofE. coli grown in cul-

ture. If # ¹Cº is the size of the population at timeC, our theory suggests that in this restricted setting

log2¹PTRº � 3
3Clog2¹# ¹Cºº. We found a strong correlation (A ¡ 0•96) betweenlog2¹PTRº and a �-

nite difference estimate oflog2¹# ¹Cºº computed from optical density measurements of the culture
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(Supplementary Figure C.4).

4.3.3 CoPTR-Contig Accurately Estimates PTRs using MAGs

Because CoPTR-Contig reorders bins, not contigs, we could directly compare CoPTR-Ref to

CoPTR-Contig using the same simulation framework (Figure 4.3A, Supplementary Figure C.5).

Estimates by CoPTR-Contig were highly correlated (PearsonA ¡ 0•9) with the simulated ground

truth with as a few as 5000 reads, but were overall less accurate than CoPTR-Ref. Our results

highlight the bene�t of using the additional information provided by complete reference genomes.

To assess the applicability of our method to metagenomic assemblies, which are of variable

quality and contamination levels, we performed simulations investigating the impact on the ac-

curacy of CoPTR-Contig. We found that CoPTR-Contig is robust to the level of genome com-

pleteness, providing comparable accuracy with completeness as low as 50%. We further found

that CoPTR-Contig's estimates are robust to moderate amounts of up to 5% contamination in the

assembly from other species (Supplementary Figure C.6).

We then compared CoPTR-Contig to GRiD, DEMIC, and iRep across 5 real genomic and

metagenomic datasets ofE. coli and L. gasseriwhere both complete reference genomes and

metagenomic assembled genomes (MAGs) were available (Figure 4.3B). We considered 10 high-

quality MAGs (¡ 90% completenessŸ 5% contamination) from the IGGdb [125] and com-

puted the correlation between thelog2¹PTRº estimate from each method and thelog2¹PTRº from

CoPTR-Ref. For CoPTR-Ref, reads were mapped to a single complete genome (see Methods). All

10 of theE. coli MAGs were assigned to the same95%ANI species cluster, while 8 of the 10L.

gasseriMAGs were from one cluster, and the remaining 2 from another. To allow for a fair compar-

ison, we changed the default parameters of each method to allow estimates on each sample—with

the exception of DEMIC which provides no command line options to change �ltering criteria. We

note that almost all the samples we explored were below the minimum recommended coverage for

iRep (Figure 4.3C, Supplementary Figure C.7).

We found that CoPTR-Contig signi�cantly outperformed (?-valueŸ 0•05 using a two-sided
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Figure 4.2:CoPTR-Ref is accurate on simulated and real data. (A)Accuracy of CoPTR-Ref
and KoremPTR on simulated data based on anE. coli genome. Performance was compared by
computing the root-mean-square-error (RMSE) of thelog2¹PTRº (H-axis) across 100 replicates
while varying the number of reads (G-axis), varying the position of the replication origin, and
varying the PTR.(B) Ground truth (G-axis) and estimated (H-axis) log2¹PTRº across 100 simula-
tion replicates with 20000 reads. KoremPTR appears to underestimate the truelog2¹PTRº. (C)
Comparison of KoremPTRlog2¹PTRº (G-axis) and CoPTRlog2¹PTRº on 6 real genomic and
metagenomic datasets.(D) Evaluation of CoPTR-Ref'slog2¹PTRº estimates using representative
genomes from different strains (5E. coli strains, 4L. gasseristrains, and 5E. faecalisstrains).
Each dataset in panel C was mapped to strains from the same species, and the Pearson correlation
(H-axis) was computed for each pair of strains. When the distance between strains (G-axis) is small,
log2¹PTRº's are highly correlated.
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Figure 4.3:CoPTR-Contig is accurate on simulated and real data. (A)Comparison of CoPTR-
Ref and CoPTR-Contig on simulated data using theE. coli density map. Performance was eval-
uated by computing the correlation (H-axis) between simulated and estimatelog2¹PTRº's across
read counts (G-axis), randomly chosen replication origins, and PTRs. CoPTR-Contig shows high
accuracy above 5000 reads.(B) Comparison of CoPTR-Contig to GRiD, DEMIC, and iRep across
5 genomic (monoculture) and metagenomic datasets (G-axis). For each dataset, reads were mapped
to a single reference genome for each species (see Methods). Performance was evaluated by com-
paringlog2¹PTRº estimates from CoPTR-Ref to thelog2¹PTRº estimate from each method across
10 high-quality metagenome assembled genomes (MAGs; points on the �gure). Signi�cance was
computed using a two-tailedC-test (*: ? Ÿ 0•05; **: ? Ÿ 10� 2; ***: ? Ÿ 10� 3; ****: ? Ÿ 10� 4).
(C) Number of PTR estimates from species passing the �ltering criteria for each model. The mean
and standard deviation are reported for theE. coli metagenomic gut and genomic datasets across
MAGs from (B). Error bars depict one standard deviation. Each model was also applied to 10
samples from the IBD dataset (Section C.1) using 1,009 high-quality MAGs from the IGGdb. The
total number of PTRs passing �ltering criteria for each model is reported.
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pairedC-test; the 2L. gasseriMAGs from a different species cluster were excluded) GRiD, DEMIC,

and iRep on 3, 2, and 5 of the datasets respectively. All models performed poorly on the 2L. gasseri

MAGs that were from a different95%ANI cluster (outliers on Figure 4.3B), recapitulating results

from the strain comparison experiment using CoPTR-Ref (Figure 4.2D). Many of the comparisons

between CoPTR-Contig and DEMIC failed to reach signi�cance because DEMIC estimated fewer

PTRs overall (Figure 4.3C, Supplementary Figure C.7), resulting in fewer MAGs for comparison

(points in Figure 4.3C).

An important aspect affecting the utility of PTR inference methods is the number of PTR esti-

mates they are able to provide for a given sample. We therefore compared the number of estimated

PTRs that passed the �ltering criteria of each method (Figure 4.3C, Supplementary Figure C.7).

We mapped 10 samples from the IBD dataset (Section 4.3.5) to 1,009 high-quality MAGs from

the IGGdb, and counted the number of PTR estimates. The reported estimates for GRiD are based

on GRiD's published minimum coverage requirement: species with¡ 0•2x sequencing cover-

age. We were unable to run GRiD's high-throughput model on two systems (Ubuntu 18.04.4 LTS

and macOS 10.15) to produce estimates on this dataset. We found that CoPTR-Contig produced

more PTR estimates overall than the other models we evaluated. Importantly, this number does

not include the additional estimates from complete genomes using CoPTR-Ref. Taken together

with the improved accuracy of CoPTR (Figure 4.3B), these results show that CoPTR outcompetes

previous PTR estimation methods in both the number of estimates produced and their accuracy,

demonstrating its utility for microbiome analysis.

4.3.4 PTRs Recapitulate a Signal of Antibiotic Resistance

We next evaluated if we could use CoPTR to detect a signal of antibiotic resistance inCitrobac-

ter rodentium. Koremetal. [115] generated 86 samples from 3 populations ofin vitro culture ofC.

rodentium. One population was treated with Erythromycin, a growth inhibiting antibiotic; another

was treated with Nalidixic acid to whichC. rodentiumis resistant. The �nal population was a

control and received no treatment.
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We wanted to see if we could recapitulate this signal using CoPTR. Similar to the original

study, we observed a difference in PTRs between the populations exposed to Erythromycin and

Nalidixic acid (Supplementary Table C.1). In addition, our results add to the original study by

assigning an effect size to each condition. We found that Erythomycin has a strong negative effect

size on thelog2¹PTRº, while Nalidixic acid has a strong positive effect size.

4.3.5 PTRs Are Highly Personalized

We next sought to demonstrate how PTR measurements can be used in a large-scale study.

To this end, we considered 1304 metagenomic samples from 106 individuals in a case-control

study of irritable bowel disease (IBD) [69]. Individuals in the study had two different subtypes of

IBD: Crohn's disease and Ulcerative colitis. We mapped the metagenomic samples to a database

from IGGdb [125] consisting of 2935 complete genomes, assemblies, and MAGs, selected as

representative genomes from 95 % ANI clusters.

A large dataset with multiple samples per individual allowed us to investigate questions about

sources of variation for PTRs. Thus, we estimated the fraction of variation explained by differ-

ences between individuals, disease-statuses, ages, and sex. Inter-individual differences in PTRs

accounted for the largest fraction of variance largest among variables explored (Figure 4.4A),

consistent with the original study that found inter-individual variation was the largest source of

variation among the other multi-omic measure types collected [69]. Notably, PTRs were mostly

uncorrelated with relative abundances, suggesting that PTRs tag a signal of biological variation

complementary to relative abundances (Figure 4.4B).

4.3.6 PTRs Are Associated with IBD

We then asked if we could associate species to disease status through their PTRs. We found

1 species that was signi�cantly associated (FDR@= 0•025, effect size= � 0•1574) with Crohn's

disease (Supplementary Table C.2),Subdoligranulum sp., and three species with Ulcerative colitis

(Supplementary Table C.3):Roseburia intestinalis(@= 1•07� 10� 3, effect size= 0•094), Rumini-
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clostridium sp(@= 2•5 � 10� 2, effect size= � 0•138), andSubdoligranum sp.(@= 2•69 � 10� 2,

effect size= � 0•168). (Figure 4.5A). Notably, Vilaet al. [126] also report an increased PTR in

R. intestinalisin individuals with Crohn's disease and Ulcerative colitis in a separate cohort, us-

ing PTRC. We did not not observe a signi�cant association between the relative abundance ofR.

intestinalisand disease status, nor did Vilaet al. [126]. Altogether, our results provide additional

evidence thatR. intestinalismay play a role in Ulcerative colitis, observable only through analysis

of growth dynamics.

For the remaining investigation we focused onR. intestinalis. We asked if we could assess

the impact of various species onR. intestinalisby associating relative abundances across species

estimated with MetaPhlAn2 [127] with itslog2¹PTRº (Supplementary Table C.4). We found two

species with a positive association withR. intestinalis, and one with a strong negative associ-

ation (Figure 4.5B). Finally, we investigated if we could relate metabolomic measurements to

log2¹PTRºs (Supplementary Table C.5). We found two metabolites with a positive association

with the log2¹PTRº of R. intestinalis. Notably, one of them—2-hydroxyglutarate—is part of the

butanoate metabolic pathway, andR. intestinalisis a known butyrate producing bacteria.
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Figure 4.4: PTRs are highly personalized and uncorrelated with relative abundances. (A)
Fraction of variance oflog2¹PTRº explained per species by variation between individuals,
disease-statuses, age, and sex. Inter-individual variation accounts for most variation in among
log2¹PTRºs of the variables explored.(B) Correlation between standardizedlog2¹PTRº and
log2¹relative abundanceº on species matched to relative abundances from MetaPhlAn2 (left) and
directly estimated from read counts from reads mapped to the IGGdb reference database (right).
(C) Boxplots of thelog 2¹PTRº (H-axis) ofParabacteroides distasonisacross individuals (G-axis).
P. distasoniswas the most signi�cant species when testing for individual differences using the
Kruskal-Wallis test on controls only. Individuals are labeled by disease status (C: control; R:
Crohn's disease; U: Ulcerative colitis), and theH-axis are thelog2¹PTRº per individual. Sam-
ple sizes are displayed in red. In most individuals the PTR ofP. distasonisexhibits only small
variations among samples, but large variation across individuals.
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Figure 4.5: Association of log2¹PTRºs with disease status (A), relative abundances (B), and
metabolomics (C). (A)log2¹PTRºBcan be used to associate species with disease status. Signi�-
cance was assessed by a �tting a linear model tolog2¹PTRº per species and correcting for false-
discoveries (@-values denote false-discovery rate). PTRs can be combined with relative abundances
to assess species interactions(B) or the impact of metabolites(C).
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4.4 Discussion

Peak-to-trough ratios (PTRs) have the potential to be a valuable tool for investigating micro-

biome dynamics. Here, we provided theory giving PTRs a biological interpretation. We introduced

CoPTR, a software system combining two methods for estimating PTRs: CoPTR-Ref estimates

PTRs with the assistance of a complete reference genome, and CoPTR-Contig estimates PTRs

from draft assemblies. We showed that CoPTR-Ref is more accurate than KoremPTR, the cur-

rent gold standard for PTR estimation from complete reference genomes. We also showed that

CoPTR-Contig was more accurate than the current state-of-the-art for PTR estimation using draft

assemblies, while providing more PTR estimates overall. Importantly, CoPTR is easy to use, has

extensive documentation, and provides a precomputed reference database for its users.

When building CoPTR we focused on estimating PTRs per species, rather than per strain. Our

goal was to allow CoPTR to be applied to recent database efforts that combined representative

genomes from MAGs, assemblies, and complete genomes clustered at approximately 95% aver-

age nucleotide identity [128, 129, 130, 125, 131, 132]. There are bene�ts and drawbacks to this

approach. The major bene�t is reduction in database size, and therefore in computational time re-

quired for read mapping. The larger IGGdb database of all high-quality gut MAGs from Nayfach

et al. [125] contains 24,345 genomes which is considerable larger than the 2935 genomes used

here. Our results showed that PTR estimates from the same samples mapped to different closely

related strains were highly concordant. Thus, there is not much to be gained from including all

strains in the reference database. Nonetheless, the drawback is that CoPTR may not distinguish

differences in PTRs across samples due to differences in strains.

We also focused on estimating PTRs from high-quality MAGs (¡ 90% completeness,Ÿ5%

contamination). Inference from MAGs is more challenging than other assembly types, due to

differences in assembly completeness and contamination from other species. Many things can go

wrong during the assembly processes. These, in turn, can affect PTR inference. In our opinion, it

is better to have fewer high-quality estimates than more poor-quality ones, and for this reason we
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have chosen strict inclusion criteria for MAGs.

Our results on the IBD dataset showed that PTRs were highly personalized, mirroring results

from other measurements in the original study. The largest fraction of variance observed was

attributable to inter-individual variation. Additionally, PTRs were uncorrelated with relative abun-

dances. These facts combined suggest that PTRs are tagging some source of biological variation

not captured by other measurement types, and can complement other approaches for interrogating

the microbiome.

There are other bene�ts to using PTRs as well. Compared to relative abundances, PTRs have

a clearer biological interpretation, because an increase in relative abundance does not necessarily

correspond to an increase in population size. In contrast, we showed that an increase in PTR in

a species corresponds to an increase in the rate of DNA synthesis, and that an increase in the log

PTR corresponds to a decrease in generation time. Either of these facts can be used to generate

hypotheses about the drivers of differences across conditions. Furthermore, because PTRs provide

a snapshot of growth at the time of sampling, they potentially alleviate the need to perform dense-

in-time sampling typically needed to detect dynamic changes. This suggests that it may be more

cost-effective to sequence more individuals, rather than more samples per individual. Finally, we

showed that relative abundances and metabolomic pro�les can be used to associate species or

metabolites with PTRs. Altogether, our study demonstrates that PTRs can provide new approaches

for investigating community interactions, relating multiomic measurements to the microbiome,

and for investigating the relationship between microbiome dynamics and disease.

4.5 Methods

4.5.1 CoPTR Implementation

Read mapping. Reads are mapped using Bowtie2 [133] using the parameter-k 10 to allow up

to 10 mappings per read. We chose this parameter after observing that 99% of reads mapped to

10 or fewer locations on the IGGdb using a subset of 10 samples from the IBD dataset. Reads

with fewer than 10 mapping were assigned using a variational inference algorithm described in
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Supplementary Note C.3. In present work, reads with 10 (or more) mappings were discarded from

downstream analysis. However, CoPTR has a command line argument to adjust this setting.

Before reassigning multiply mapped reads, reads are �ltered by alignment score. Alignment

score is more sensitive than mapping quality, since different alignment scores can result in the same

mapping quality. Bowtie2 assigns penalties to mismatched bases weighted on their quality score.

Bases with a perfect quality score receive a -6 penalty for a mismatch, decreasing as the quality

score decreases. For a read of length! , we �ltered out reads with a score less than� 6� ! �¹ 1� 0•95º.

Given a read with perfect quality scores, this corresponding to removing reads with less than 95%

identity to the reference sequence. Of course reads do not have perfect quality scores, so this

threshold is less strict than 95% identity.

CoPTR-Ref. PTRs from species with complete reference genomes are estimated with CoPTR-

Ref. Regions of the genome with excess or poor coverage per sample are �rst �ltered out in two

steps. In the �rst step we apply a coarse-grained �lter by binning reads into 500 bins. Let< be the

medianlog2 read count across nonzero bins, andBthe larger of1 or the standard deviation oflog2

read counts in nonzero bins. Bins are �ltered out if they fall outside the interval¹< � U0•025– <¸

U0•025º, whereU0•025 is the two-sided¹1� 0•025º critical region from an# ¹<– Bº distribution. After

the coarse-grained �lter, we apply a �ne-grained �lter by computing read counts across a rolling

window encompassing12•5%of the genome. We apply the same �ltering criteria around the center

of each window.

After �ltering, the remaining bins are concatenated, and read positions normalized so that they

fall in the unit interval»0–1¼. Let G 2 »0–1¼be the coordinate of a read,G8 be the coordinate

of the replication origin, andGC = ¹G8 ¸ 0•5º mod 1be the replication terminus. We estimate the
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log2¹PTRº and replication origin across all samples by maximizing the likelihood of the model

U =
log2 A
G8 � GC

=
log2 ?¹G8º � log2 ?¹GCº

G8 � GC

G1 = minf G8– GCg

G2 = maxf G8– GCg

2¹Gº =

8>>>><

>>>>
:

log2 ?¹G8º if G= G8

log2 ?¹GCº if G= GC

log2 ?¹Gº =

8>>>>>>>><

>>>>>>>>
:

� U¹G� G1º ¸ 2¹G1º if G� G1

U¹G� G1º ¸ 2¹G1º if G1 Ÿ G Ÿ G2

� U¹G� G2º ¸ 2¹G2º if G� G2

(4.3)

We describe how to computelog2 ?¹G8º, log2 ?¹GCº, and the normalizing constant in Supple-

mentary Note C.2. We maximize the likelihood using theSLSQPoptimizer inSciPy [104]. We

�rst maximize with respect to each sample separately to get initial estimates of thelog2¹PTRº

per sample, then jointly estimate the replication origin given these estimates. Finally, given the

estimated replication origin from all samples, each individuallog2¹PTRº is updated once more.

CoPTR-Contig. PTRs from species with draft assemblies are estimated with CoPTR-Contig.

Reads across contigs are binned into approximately 500 bins (adjusted such that the average length

of each bin is divisible by 100bp). We choose 500 bins, rather than �xed bin size, so that the model

would behave similarly across genomes of different lengths. We then apply a similar coarse-

grained �lter to thelog2 read counts binned into 500 bins. Bins that are �ltered are marked as

missing for the Poisson PCA step.

The remaining bins are reordered by applying a Poisson PCA to read counts across samples.

Let � be the number of bins, and# the number samples. LetG18be the read count in bin1 from

sample8, and let
 = f G18 : bin 1 is not missing from sample8g. In Poisson PCA, we model the
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read count in each bin using a matrix� = +, 2 R� � : � R: � # with low-rank structure. Speci�cally,

we assume rank 1 structure where, 2 R� � 1 and+ 2 R1� # . The read countG18 is modeled by

G18 � Poisson¹expf F1E8gº (4.4)

The parameters, and+ are estimated by iteratively maximizing the likelihood

! ¹,–+ º =
Õ

¹1–8º2


log ?¹G18; ,–+ º (4.5)

with respect to, then+ until convergence.

The scores for each binF1 are used to rank bins from low to high, representing approximate

distance from the replication origin. Bins are reordered by their rank, then for each sample the top

and bottom5%of bins removed. Thelog2¹PTRº is estimated by maximizing a discretized version

of equation4•3 using theSLSQPoptimizing inSciPy , �xing the replication origin at one end and

terminus at the other.

4.5.2 Simulations

To generate realistic simulations we computed read density maps by mapping reads from ge-

nomic (monoculture) samples to reference genomes where the strain was known. For each density

map, we computed the read count in 100bp bins, then divided by the total number of reads to obtain

empirical probabilities that a read originates from a location in the genome. These probabilities

are conditioned on the PTR in the sample. We therefore used KoremPTR to estimate the PTR for

each sample using the replication origin from the DoriC database [134], and reweighted the prob-

abilities by the estimated PTR. Speci�cally, let?1– •••– ?# be the unadjusted probabilities that a

read originates from a bin, let~?1– •••–~?# be the probabilities under the model given the replication

origin and PTR, and let̂?1– •••–̂?# be the adjusted probabilities. The adjusted probabilities are

log2 ?̂8 = log2 ?8 � log2 ~?8¸ # (4.6)
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where# is the normalizing constant.

We generated density maps forE. coli from a genomic sample with 894,685 reads (14x cov-

erage), aL. gasserisample with 2,645,206 reads (104x coverage), andE. faecaliswith 581,836

reads (14.75x coverage) from Koremet al. [115]. Supplementary Figure C.1 displays the adjusted

density maps. When simulating data, we performed the reversed adjustment by the simulated

replication origin and PTR. Given̂?1– •••–̂?# , and theoretical probabilities for the simulated PTR

and replication origin�?1– •••–�?# , we computed the probability that a read is derived from bin8by

computing

log2 ?8 = log2 ?̂8¸ log2 �?8¸ # (4.7)

To compare CoPTR-Ref and KoremPTR, we performed 100 simulations each for read counts

of 1000, 2500, 5000, 10000, and 20000. For each simulation, a random replication origin and PTR

is chosen. Reads counts in 100 bp bins are simulated based on the adjusted probabilities described

above, then converted to genomics coordinates. The coordinates are provided to CoPTR-Ref and

KoremPTR to estimate PTRs.

To evaluate CoPTR-Contig, we performed 20 simulation replicates consisting of 100 samples

each, while varying the number of simulated reads. Because PTR estimates can be sparse, we

processed samples in batches of5 to explore how well CoPTR-Contig reordered bins at small

sample sizes.

Completeness and contamination experiments.We extended our simulation framework to in-

vestigate genome completeness and contamination using theE. coli density map to perform our

simulations. To simulate genome completeness, we held our random fragments of the reference

genome in 1% increments selected uniformly at random. The remaining sections of the genome

were treated as contigs, and reads were simulated from the contigs. To simulate genome con-

tamination, we simulated reads from two separate genomes:E. coli andL. gasseri. For a given

contamination percentage2, reads were simulated from theE. coli genome, setting the complete-

ness percentage to100� 2. Then, simulated read counts from contigs inL. gasserigenome were

83



added until the percentage of contamination byL. gasseriwas2.

4.5.3 Datasets and Reference Genomes

We downloaded genomic samples from Koremetal. [115], and metagenomic samples from the

Human Microbiome Project [12] and the IBD dataset [69]. Vaginal and gut metagenomic samples

from the Human Microbiome Project were selected by mapping reads to reference genomes ofE.

coli andL. gasseri, and retaining samples with more than 2500 mapped reads. Gut samples of

L gasserifrom the IBD dataset were selected based on whether CoPTR had an estimated PTR.

Complete accession numbers per experiment are listed in Supplementary Table C.6.

To compare estimates across reference genomes, we downloaded reference genomes from

NCBI. Accession numbers for genomes and MAGs are listed in Supplementary Table C.6. We

selected genomes from each ofE. coli, L. gasseri, andE. faecalismatching the strains reported by

Koremet al. [115], and performed comparison on genomic samples using these strains. Distances

between reference genomes were computed using MASH [124]. The genomes NC_007779.1,

NC_008530.1, and NZ_CP008816.1 corresponds to the strains used by Koremetal. [115].

To compare estimates across MAGs, we downloaded high-quality assemblies from Nayfachet

al. [125]. On both complete references and MAGs, we noted forL. gasserithat genomes were

from two different 95% ANI species clusters. For the MAGs, 8 were from one cluster and 2 from

another. To compare PTR estimates fromL. gasseriMAGs to CoPTR-Ref estimates, we selected a

reference genome corresponding to the species cluster with 8 MAGs. We did this by downloading

a complete genome in the same species cluster identi�ed by Nayfachet al. [125], and computing

the MASH distance with genomes above. We found one genome with0 MASH distance to the

species cluster which we used for analysis.

When performing the model comparison and theC. rodentiumexperiments, we mapped reads

to one genome at a time using Bowtie2's default parameters.
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4.5.4 Antibiotic Resistance Experiment

We applied CoPTR to a dataset of 86 longitudinal samples from three populations ofC. ro-

dentium. Samples were taken from three periods of the experiment: a treatment period where the

antibiotic was applied, a recovery period when the antibiotic was removed, and a stationary period.

The structure of the experiment requires variables to account for the sampling time under each

period. LetP = f Treatment–Recovery–Stationaryg, and for each? 2 P denote) ? as the number

of time points. We �t the following model:

log2¹PTRº = 0�AH1�AH ¸ 0#0; 1#0; ¸
Õ

?2P

) ? � 1Õ

C=0

1?
�
1? ¸ 0?C

�
¸ n (4.8)

The parameters1? say that the meanlog2¹PTRº differs under each period, and0? model direc-

tional changes within the period over time. The variables0�AH and 0#0; measure the effect of

each antibiotic on thelog2¹PTRº. While the model is somewhat complex, it is a re�ection of the

sampling process and dynamics ofin vitro populations in culture.

4.5.5 IBD Dataset Experiments

We downloaded a dataset of 1304 metagenomic samples from 106 individuals as part of a case-

control study investigating irritable bowel disease [69]. We generatedlog2¹PTRº estimates using

CoPTR. Sequencing reads were mapped to the IGGdb [125] database of representative genomes

from high-quality MAGs, assemblies, and complete reference genomes selected from 95% ANI

clusters using CoPTR's wrapper around Bowtie2.

Computing the fraction of variance explained.Let A8 9be the9-th PTR of a species observed in

categorical variable8(i.e. an individual, age group, sex, or disease status). To compute the fraction

85



of variance explained we �t the random effects model

log2 A8 9= ` ¸ * 8¸ n8 9 (4.9)

* 8 � # ¹0– f 2
Dº (4.10)

n8 9� # ¹0– f 2
4º (4.11)

and reported f 2
D

f 2
D¸ f 2

4
per species. Because individuals accounted for a large fraction of variation,

we selected one PTR at random from each individual to estimate variance components for disease

status, age, and sex. For age, we divided individuals into a younger and older group using 18 years

as a cutoff.

Correlation with relative abundances.We computed correlation with relative abundances in two

ways. We matched species names from PTRs to estimates from MetaPhlAn2 [127], and computed

relative abundances from the read counts mapped using CoPTR. For each species with more than

25 PTRs, we computed standardizedlog2¹PTRº and standardizedlog2¹Rel Abunº by subtracting

the mean and dividing by the standard deviation, then concatenated the resulting estimates from

all species together.

Associating PTRs with disease status.Because individuals have multiple samples, PTR estimates

from the same individual are not independent. Therefore, we tested for a difference in means

between cases in controls by taking the mean per individual and adjusting by sample size. We

chose this strategy over a linear mixed model because it has higher statistical power. LetA8 9be the

9-th estimate of a PTR in a species for individual8, let =8be the total number of PTRs in individual

8for that species, and�A8 = 1
=8

Í =8
9=1 A8 9. We �t the model

p
=8log2 �A8 =

p
=8̀ ¸ n8 9

` = intercepţ V
�
1is a case

�
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We computed?-values separately for each species and disease status, and adjusted for the false

discoveries using the Benjamini-Hochberg procedure [135]. We limited our investigation to species

with at least 10 PTR estimates in both cases and controls.

Associating PTRs with relative abundances and metabolomics.Because relative abundances

and metabolite quantities change per sample, we could not use the same association procedure. We

therefore used the linear mixed model

logA8 9= ` ¸ * 8¸ VG: ¸ n8 9

where` is a �xed mean,* 8 is a random effect for each individual,G: is the measurement of in-

terest (a relative abundance or metabolite quantity). For metabolites, we used a log transformation

with pseudo count 1 for zeros following the original study [69]. For metabolites, we limited our

associations to named metabolites in the Human Metabolome Database.?-values were adjusted

for false-discoveries using the Benjamini-Hochberg procedure [135].
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Conclusion

The human microbiome is a dynamic ecosystem with many factors that in�uence how it changes

over time. Understanding these factors can help elucidate its role in human health and disease. This

dissertation focused on several challenges to modeling microbial dynamics. Chapter 2 focused on

modeling community dynamics using relative abundances. The predominant techniques for pro-

�ling the microbiome using amplicon sequencing only provide information on the proportions of

taxa in a community, which has important statistical consequences. For instance, increases or

decrease in the relative abundance of a taxa over time may not re�ect population size changes.

Thus,a priori relative abundance data only provides indirect information about the microbiome.

Chapter 2 focused on addressing these issues. In it, we introduced a compositional Lotka-Volterra

model for describing community dynamics from relative abundances. We showed the model accu-

rately described community trajectories over time. We then compared several common modeling

assumptions, and provided a proof-of-concept for when direct effects and direct interactions be-

tween community members are recoverable from relative abundance data. Chapter 3 focused on

modeling technical noise in longitudinal experiments. The relative abundances estimated from

DNA sequencing are only a noisy representation of a latent community state. Technical noise can

obscure biological signals. Eliminating technical noise by inferring latent community states may

help provide new insight into biological signals.

Advances in amplicon sequencing techniques, and other sequencing methods, may lead to al-

ternate approaches that avoid compositional data and its associated challenges. Amplicon sequenc-

ing can combined with quantitative PCR could provide density measurements of the microbiome.

However, quantitative PCR requires two separate sequencing processes. One to count the microbes

in a community, and another to estimate biomass. Alternatively, a promising approach introduces

“spiked-in” bacteria of a known concentration, avoiding the need for two separate sequencing pro-

cesses. The spiked-in bacteria is chosen so that it is likely not present in the community of interest.

The known concentration of the spiked-in bacteria can be used to infer the concentrations of the

other species in a sample. Approaches based on spiked-in sampling may alleviate the need for
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compositional modeling of dynamics. Nonetheless, it does not resolve compositional data chal-

lenges in data that have already been collected. Furthermore, “spiked-in” sampling still suffer from

limitations of technical noise, and the work of Chapter 3 could be adapted to this setting.

Advances in DNA sequencing technology will not solve problems posed by physiological and

logistical constraints on sample collection. The resolution of any method using longitudinal sam-

pling is limited on the collect time between samples. Pro�ling the gut microbiome, for example,

requires the available of fecal material for DNA extraction. The frequency of sample collection is

limited by the frequency of bowel movements. In addition, costs may prohibit dense longitudinal

sequencing, particularly in exploratory studies or studies with large cohorts. Consequently, in hu-

mans, samples are often several days, weeks, or even months apart. It is not clear how relevant

dynamic models are these time scales, nor if the microbiome operates on a sub-daily scale. The

work of Chapter 4 provided a way around this limitation.

Bacterial growth rates are re�ected in sequencing coverage along the genome of each species in

a sample. The work of Chapter 4 provided a method for estimating growth across a large number

of species. Because the growth rate is calculated from a single sample, the method developed

provides information about dynamics at the time the sample was collected. Chapter 4 provides a

complementary approach to the time-series modeling in Chapter 2 because it investigates growth

rate directly. In contrast, the work in Chapter 2 mostly focused on community interactions and the

effect of external perturbations.

Because the method in Chapter 4 provides an estimate of growth rates at the sampling time,

it facilitates alternate study designs that are not necessarily based on longitudinal sampling. In

particular, sample collection can be coordinated with speci�c interventions to help uncover causal

effects. A study design based on longitudinal sampling would need to collect samples from imme-

diately before and after the intervention. With growth rate estimates, individuals can be assigned

to either receive the intervention, or to a control group, and a single sample collected from each in-

dividual. Growth rates could be compared among both groups. Consequently, the work of Chapter

4 also suggests that a more effective study design may generate samples from more individuals,
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rather than more samples within an individual. If longitudinal measurements from the same indi-

vidual are not required to uncover something about community dynamics, it may not be bene�cial

to generate multiple samples from the same individual. Instead sequencing efforts should focus on

generating data from a larger cohort.

This dissertation leaves several interesting avenues for follow-up work. The modeling in Chap-

ter 2 uses a rudimentary correction for sequencing noise based on elastic net regularization, while

Chapter 3 develops more sophisticated methodology that models the data generation process. The

ideal approach would combine the model of community dynamics in Chapter 2 with the method

for modeling technical noise of Chapter 3. Combining these methods is not trivial. The computa-

tional approach of Chapter 3 does not apply if the model of dynamics is non-linear, as is the model

of Chapter 2. Additional methods development in parameter inference for non-linear dynamical

systems are likely required, which is beyond the scope of this work.

Chapter 4 showed that estimated growth rates corresponded to the number of genomes added

to a community, expressed in a time-scale related to the time it takes a species to replicate its chro-

mosome. If this could be combined with the number of genomes removed from a community, full

models of community dynamics could be �t with single samples from each individual—provided

the dynamics across individuals or in a cohort are the same. The main dif�culty is the time-scale.

For most bacteria, the time for chromosome replication is unknown and must be measured experi-

mentally. Since most bacteria cannot be cultured, this is not an easy task. Thus, for this approach

to be feasible two problems needed to be solved. First, a method needs to be developed to esti-

mate chromosome replication time from metagenomic sequencing. Second, a method is required

to estimate genome removal over this interval, or another interval where the time scale is known.

Solving these problems could be a major advance in the �eld. The work of Chapter 4 is a small

step in this direction.
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Appendix A: Supplementary Material for Compositional Lotka-Volterra

Describes Microbial Dynamics in the Simplex

A.1 Changing the Denominator of the Additive Log-Ratio Transformation

Given parameters with respect to one choice of denominator of the additive log-ratio, sayc � ¹Cº,

we can obtain parameters for any other choice of denominator. For instance, if we are interested in

the relationship between species8and 9, we can express how their log ratio changes over time as

follows:
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A.2 Solving For 3
3Cc8¹Cº

We can also express cLV as a dynamical system in terms of derivatives with respect to relative

abundances33Cc8 for 8= 1– •••�. First, note
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where thec8are implicit functions ofC. Next, using3
3Clogc8 =
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This allows us to write the derivatives33Cc8as the solution to the following system of equations.
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This system has the following solution
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where we have written the two matrices of the previous equation with a more suggestive form.

Applying the Sherman-Morrison formula allows us to write the inverse in closed form.
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Plugging in the terms for33Clog
�

c8
c �
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leaves us with the following form for33Cc8
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A.3 Compositional Lotka-Volterra under the Isometric Log-Ratio Transformation

We noted in the main text that we could de�ne a compositional version of gLV under other

compositional data transformations. Here, we demonstrate a dynamical system based on the iso-

metric log-ratio transformation (ilr). First, we de�ne column vector

alr¹c¹Cºº =
h

c8¹Cº
c � ¹Cº � � � c � � 1¹Cº

c � ¹Cº

i )
(A.15)

[90] show that the additive log-ratio transformation can be expressed as a linear transformation of

the ilr transformation.

alr¹c¹Cºº = � ) * ) ilr ¹c¹Cºº (A.16)
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Here we use� ) and* ) since [90] use row vectors instead of column vectors—the transpose en-

sures consistency between the different notations. The vectorsD8 arise from a choice of basis,

48 2 S � , in the simplex under the Aitchison geometry that de�nes the isometric log-ratio transfor-

mation. If we substitute the alr for an equivalent representation of the ilr, we get a new system
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Note that� ) * ) 2 R¹� � 1º�¹ � � 1º is invertible. Again following [90], de�ne the Moore-Penrose

generalized inverse of F

� =
1
�

2
6
6
6
6
6
6
6
6
6
6
6
4

� � 1 � 1 � 1 � � � � 1 � 1

� 1 � � 1 � 1 � � � � 1 � 1
•••

•••
•••

•••
•••

•••

� 1 � 1 � � 1 � � � � � 1 � 1

3
7
7
7
7
7
7
7
7
7
7
7
5

2 R¹� � 1º� � (A.20)

Then�� = � � � 1, and¹*� º¹�* ) º = *� � � 1* ) = ** ) = � � � 1, which implies¹*� º� 1 = �* ) .
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Given 6ilr , � ilr , and � ilr , we can directly solve for the relative parameters6, � , and � which

correspond to the relative parameters of gLV.

6 = � ) * ) 6ilr (A.23)

� = � ) * ) � ilr (A.24)

� = � ) * ) � ilr • (A.25)

A.4 Supplementary Figures

Figure A.1: Comparison between elastic net and ridge regression on simulations with se-
quencing noise. Root-mean-square-error (RMSE; y-axis) between ground truth and estimated
interactions, ground truth and estimated growth rates, and predicted trajectories from initial con-
ditions on held out data across 50 simulation replicates. Community trajectories were simulated
under cLV, then noisy sequencing counts to with depth of 25000 reads per sample.
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Figure A.2:Performance of parameter estimation with elastic net regularization with respect
to sequencing depth. Root-mean-square-error (RMSE; y-axis) between ground truth and esti-
mated interactions, ground truth and estimated growth rates, and predicted trajectories from initial
conditions on held out data across 50 simulation replicates. Community trajectories were simulated
under cLV, then noisy sequencing counts with increasing sequencing depth.
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Figure A.3:Performance of parameter estimation with elastic net regularization with respect
to time between observations.Root-mean-square-error (RMSE; y-axis) between ground truth
and estimated interactions, ground truth and estimated growth rates, and predicted trajectories
from initial conditions on held out data across 50 simulation replicates. Community trajectories
were simulated under cLV. Observations were selected from simulated sequenced space 1, 2, 4, or
6 days apart. Noisy sequencing counts were simulated with a depth of 25000 reads.
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Figure A.4: Robustness to choice of denominator.Simulated parameters were estimated once
for each taxon in the denominator per simulation replicate. The variance in RMSE (H-axis) across
denominators per replicate was computed to assess how choice of denominator impacted parameter
estimates.
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Figure A.5: Ground truth and predicted trajectories on the Diet dataset. Ground truth relative abundances (top), and predicted
trajectories under each model. Each column is one sample. Scatter plots give the difference in square error per time point between each
model evaluated and cLV (seeH-label). Values above 0 (dashed line) indicate cLV is making a better prediction, while values below zero
denote the opposite.

111



Figure A.6: Ground truth and predicted trajectories on the C. diff dataset. Ground truth relative abundances (top), and predicted
trajectories under each model. Each column is one sample. Scatter plots give the difference in square error per time point between each
model evaluated and cLV (seeH-label). Values above 0 (dashed line) indicate cLV is making a better prediction, while values below zero
denote the opposite.
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Figure A.7:Ground truth and predicted trajectories on the Antibiotic dataset. Ground truth relative abundances (top), and predicted
trajectories under each model. Each column is one sample. Scatter plots give the difference in square error per time point between each
model evaluated and cLV (seeH-label). Values above 0 (dashed line) indicate cLV is making a better prediction, while values below zero
denote the opposite.
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Figure A.8:Model performance when predicting the �nal time point on the Antibiotic dataset.
RMSE (H-axis) between ground truth and predicted �nal time point for each sample across models
(G-axis).

Figure A.9: Estimated model parameters using gLV on the Antibiotic dataset. Estimated
external perturbations (A) and interactions (B) using gLV with elastic net on the Antibiotic dataset.
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Appendix B: Supplementary Material for Ef�cient and Accurate Inference

of Mixed Microbial Population Trajectories from Longitudinal Count Data

B.1 Supplementary Figures
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Figure B.1:Observed and simulated trajectories under theC. diff dataset. Stacked bar plots
give the relative abundances from observed sequencing counts (left) and simulated trajectories
(right). Each row corresponds to one sample. Simulated trajectories closely recapitulate observed
ones.
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Figure B.2:Observed and simulated trajectories under theDiet dataset. Stacked bar plots give
the relative abundances from observed sequencing counts (left) and simulated trajectories (right).
Each row corresponds to one sample. Simulated trajectories closely recapitulate observed ones.
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Figure B.3: LUMINATE is robust to choice of noise model. Simulation evaluation on recon-
structing latent community trajectories using a Dirichlet-Multinomial model of sequencing noise.
MeanA2 (y-axis) between ground truth and estimated relative abundance trajectories per taxon av-
eraged over samples, evaluated at varying sequencing depth and datasets (x-axis). Signi�cance is
computed using the Wilcoxon signed-rank test (ns: not signi�cant; * :? Ÿ 0•05; ** : ? Ÿ 0•01;
***: ? Ÿ 0•001).
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Figure B.4:Reconstructed trajectories by LUMINATE on real data. Observed relative abun-
dances (left) and estimated relative abundances (right) by LUMINATE on the realC. diff dataset
used to estimate simulation parameters from prior experiments.
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Appendix C: Supplementary Material for Accurate and Robust Inference of

Microbial Growth Dynamics from Metagenomic Sequencing

C.1 PTRs Measure DNA Replication and Generation Time

Here we adapt an argument from Bremer and Churchward [122] to show that PTRs provide

information about DNA replication and generation time. We need two parameters

1. � : The time required to replicate the bacterial chromosome after replication begins.

2. g: The generation time.

In microbiology, the generation time is de�ned to be the population doubling time under expo-

nential growth. If the population size at timeCis given by

# ¹Cº = # 02C•g–

the generation time is equivalent to the cell doubling time, and is inversely proportional to the log

population growth rateln 2
g .

Most bacteria have a single circular chromosome. Replication begins at a single replication

origin, and two replication forks move in either direction along the chromosome until the replica-

tion terminus. Under the above model Bremer and Churchward [122] showed that that the ratio of

average number of replication origins in a cell�� to average replication terimini�)

�� • �) = 2� •g•

Therefore

log2
� �� • �)

�
=

�
g

•
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We want to show this hold in general—regardless of the form of# ¹Cº. The argument has three

steps. First, we will compute the average rate of DNA synthesis. Second, we will �x the rate

of DNA synthesis to compute how many genomes will be added over an interval of time. Third,

given the number of genomes added over an interval we can solve for the generation time using its

de�nition.

Let � ¹Cº be the number of replication origins at timeC, and let) ¹Cº be the number of replication

termini. Once DNA replication begins, the two strands of the chromosome separate, and replication

forks proceed along both sides of the chromosome. This means) ¹Cº gives the number of complete

genomes in the population, since once replication �nishes a new completed genome, and therefore

terminus, has been added. It follows that the number of replication forks at timeCis given by

2¹� ¹Cº � ) ¹Cºº•

The rate of chromosome replication is essentially constant [136], so each fork produces DNA at a

rate of� 1
2� . Therefore, the rate of DNA synthesis in the population is

1
�

¹� ¹Cº � ) ¹Cºº •

Since) ¹Cº gives the number of complete genomes, dividing by) ¹Cº gives the rate of DNA synthe-

sis per genome

1
� ¹� ¹Cº � ) ¹Cºº

) ¹Cº
=

1
�

¹' ¹Cº � 1º

' ¹Cº : =
� ¹Cº
) ¹Cº

=
�� ¹Cº
�) ¹Cº

•

' ¹Cº corresponds to the PTR. This demonstrates that' ¹Cº is correlated with the average rate of

DNA synthesis.

Given a particular timeC0 we want to compute how many genomes will be added over an

interval. For convenience, let) 0 = ) ¹C0º and ' 0 = ' ¹C0º. The term 1
� ¹ ' 0 � 1º says that each
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genome atC0 adds' 0 � 1 genomes over� time. Hence, the number of genomes added over

»C0– C0 ¸ � ¼is equal to the current number of genomes,) 0, plus then number of genomes added,

) 0¹ ' 0 � 1º. Therefore

# genomes added over»C0– C0 ¸ � ¼= ) 0 ¸ ) 0¹ ' 0 � 1º = ) 0' 0

Note that the equation says nothing about genomes removed during this period.

Now we want to apply the de�nition of generation time. The de�nition states that generation

time is equivalent to population doubling under exponential growth. Thus, we want to know how

long it would take for the number of genomes to double,g0, given a �xed ' 0. Treating the number

of genomes as continuous, we can write

)
�
C0 ¸

C
�

�
= ) 0' C•�

0 (C.1)

So we need to solve

2) 0 = ) 0' g0• �
0 =) log2 ' 0 =

�
g0

which is what we wanted to show.

A consequence is that under exponential growth

) ¹Cº = ) 0' C•�
0 •

Taking the derivative oflog2 ) we get

3
3C

log2 ) ¹Cº =
1
�

log2 ' 0•

In this speci�c case,' ¹Cº corresponds to changes in population size.

There are key conceptual differences between our argument and Bremer and Churchward [122].
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Bremer and Churchward [122] start with an assumption of the form# ¹Cº, and derive expressions

for � ¹Cº and) ¹Cº using the parametersg, � , and an additional parameter� that measures the time

between genome replication and cell division. Speci�cally, they assume

# ¹Cº = # 02C•g

� ¹Cº = �02C•g

) ¹Cº = ) 02C•g

Under exponential growth each of these quantities count the same thing but shifted in time, so

�0 = # 02¹� ¸ � º•g

) 0 = # 02� •g

In contrast, here we do not want to assume a speci�c form for# ¹Cº, � ¹Cº and) ¹Cº. In general,

we want� ¹Cº and) ¹Cº to arbitrary, and re�ect some underlying model of dynamics. We derive an

expression for DNA synthesis under arbitrary� ¹Cº and) ¹Cº. We solve forg¹Cº by applying the

de�nition of generation time.

C.2 Modeling the Density of Reads Along the Genome

The results of the previous section demonstrated thatlog2¹ �� • �) º = �
g , where �� is the average

number of copies of the replication origin in a population, and�) is the average number of copies of

the replication terminus (we have dropped the explicit dependence onCfor notation). Suppose we

are interested in the ratio of the average copies of an arbitrary position� along the chromosome

to the replication terminus. Let�� be the average copies of� , and let� � be the time it takes the

replication fork to move from� to the replication terminus. Note that before the replication fork

crosses� there is only one copy, and after the fork crosses� there are two copies. Thus, replacing
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� with � and� with � � in the previous argument shows that

1
� �

¹ � � ) º

also gives the rate of DNA synthesis. Therefore

log2¹ �� • �) º =
� �

g

If we assume that chromosome replication happens at a constant rate along the genome, then� �

depends on the distance from� to the replication terminus. Let1 be the shortest number of bases

between the origin and� , such that if we move from origin to the� we do not need to cross the

terminus. Let3 be the number of bases from the origin to the terminus, and de�ne5 = 1•3. Then

� � = � ¹1 � 5º. Rearranging terms from above, we have

log2¹ �) º = log2¹ �� º �
�
g

log2¹ �) º = log2¹ �� º �
� �

g
= log2¹ �� º �

� ¹1 � 5º
g

Subtracting the �rst equation from the second, and rearranging terms

=) log2¹ �� º = log2¹ �� º �
� 5
g

Consequentially, the average copies of position� decays log-linearly with distance from the repli-

cation origin.

This also means that any probabilistic model of reads along the genome, coverage should decay

log-linearly away from the replication origin. Therefore, we propose the following model. Let

»0–1¼represent coordinates along a continuous approximation of a reference genome. Thus0 is

the beginning of the reference, and1 is the end. The model parameters are the origin positionG8,
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terminus positionGC= ¹G8¸ 0•5º mod 1, and PTRA. We want a probability density given by

U =
log2 A
G8 � GC

=
log2 ?¹G8º � log2 ?¹GCº

G8 � GC

G1 = minf G8– GCg

G2 = maxf G8– GCg

2¹Gº =

8>>>><

>>>>
:

log2 ?¹G8º if G= G8

log2 ?¹GCº if G= GC

log2 ?¹Gº =

8>>>>>>>><

>>>>>>>>
:

� U¹G� G1º ¸ 2¹G1º if G� G1

U¹G� G1º ¸ 2¹G1º if G1 Ÿ G Ÿ G2

� U¹G� G2º ¸ 2¹G2º if G� G2

We need to computelog ?¹G8º andlog ?¹GCº such that

¹ 1

0
2log2 ?¹Gº = 1•

We can use the integral, and the constraint thatlog2 ?¹G8º � log2 ?¹GCº = log2 Ato solve for each.

There are two cases. IfG8 � GC, then

log2 ?¹G8º = log2 ln 2 � log2

�
1
U

h
2UG1 ¸ 2U¹G2� G1º � 21 � 2� U¹1� G2º� log2 A ¸ 2� log2 A

i �

log2 ?¹GCº = log2 ?¹G8º � log2 A

If GCŸ G8, then

log2 ?¹GCº = log2 ln 2 � log2

�
1
U

h
2UG1 ¸ 2U¹G2� G1º � 21 � 2� U¹1� G2º¸ log2 A ¸ 2¸ log2 A

i �

log ?2¹G8º = log2 ?¹GCº ¸ log2 A
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C.3 Variational Inference for Multi-Mapped Reads

Suppose we have the following model for drawing the assignment of sequencing reads from a

set of6 reference genomes indexed from1•••6.

1. Draw probabilities that a read originates from a reference genome:

c � Dirichlet¹U1– ••••– U� º•

2. For each read8= 1•••=, pick a reference genome:

I 8jc � Categorical¹cº

For notation, letI 8 be an indicator vector, whereI 8 9= 1 if I 8 is assigned to genome9. Let G8 =

¹G81– G82– •••– G86º 2 f0–1g6 whereG8 9 = 1 if the read maps to a position in genome9, and is 0

otherwise. If read8maps to only one genome, thenI 8 = G8. If read8maps to multiple genomes,

thenI 8 places a restriction onG8: if I 8 9= 1 then it must be true thatG8 9= 1—assuming that one of

the given mappings is always correct. Thus, we can modelG8 9as

?¹G8 9= 1jI 8 9º =

8>>>><

>>>>
:

1 if I 8 9= 1

d8 9 otherwise.

Now consider that once a sequencing read is observed, all valid mappings are determined. Hence

d8 9= 1 if read8has a valid mapping to genome9and0 otherwise. Therefore

?¹G8jI 8º =
6Ö

9=1

G
I 8 9

8 9

if we de�ne 00 = 1.
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If we could compute

?¹I 1:=– cjG1:=º

then we could assign reads to genomes based on the posterior. However, the normalizing constant

is

?¹G1:=º =
¹

c

Õ

I 1:=

?¹G1:=– I1:=– cº 3c

which requires summing over an exponential number of combinations ofI 1:=. Nonetheless, we can

compute

?¹I 8jc– G8º =

Î
9:G8 9=1 c

I 8 9

9
Í

9:G8 9=1 c 9

Additionally, since the Dirichlet distribution is a conjugate prior for the multinomial distribution

?¹cjI 1:=– G1:=º = ?¹cjI 1:=º = Dirichlet

 

c; U¸
=Õ

8=1

I 8

!

Therefore we can compute all of the complete conditionals. This means we can approximate

?¹I 1:=– cjG1:=º either using Gibbs sampling or mean �eld variational inference [101]. We chose

variational inference.

Variational inference approximates an intractable posterior one by a tractable one@whose

parameters are optimized to minimize the a lower bound on the log-likelihood. Equivalently, vari-

ational inference minimizes Kullback-Leibler divergence between the true posterior and the ap-

proximation. For the mean �eld approximation,@¹I 1:=– cº = @¹cº
Î =

8=1 @¹I 8º. The optimal choice
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for an approximation@¹I 8º is given by (see Bleietal. [101])

@¹I 8º / exp
�
E� I 8 »log ?¹I 8jc– G8º¼

	

/ exp

8>><

>>
:

Õ

9:G8 9=1

I 8 9E� I 8»logc 9¼

9>>=

>>
;

This set of equations give the natural parameters of a multinomial distribution, so@¹I 8º = Multinomal¹I 8; 1– q8º

wherelogq8 9= E� I 8»logc 9¼ ¸2>=BCif G8 9= 1, andq8 9= 0 otherwise. The optimal choice for

@¹cº is given by

@¹cº / expf E� c »log ?¹cjI 1:=º¼g

/ exp

(

E� c

"
=Õ

8=1

log ?¹I 8jcº

#

¸ log ?¹cº

)

/ exp

8>><

>>
:

=Õ

8=1

Õ

9:G8 9=1

q9 logc 9 ¸
6Õ

9=1

¹U9 � 1º logc 9

9>>=

>>
;

/ exp
8><

>
:

=Õ

8=1

6Õ

9=1

q9 logc 9 ¸
6Õ

9=1

¹U9 � 1º logc 9

9>=

>
;

= Dirichlet

 

c; U¸
=Õ

8=1

q8

!

The second set of equations gives the natural parameters of a Dirichlet distribution, so@¹cº =

Dirichlet¹c; [ º. Now we can compute for the �nal expectation:

E� I 8»logc 9¼= 	 ¹[ 9º � 	 ©
­
«

6Õ

90=1

[ 90
ª
®
¬

•

The �nal component is computing the variational objective function. This is given by

! ¹I 1:=– G1:=– c; q8:=– [º = E@»log ?¹I 1:=– G1:=– cº¼ �
=Õ

8=1

E@»log@¹I 8; q8º¼ �E@»log@¹c; [ º¼

The second two terms are the entropy of a multinomial and Dirichlet distribution respectively. The

128



joint model likelihood is

?¹I 1:=– G1:=– cº = ?¹cº
=Ö

8=1

6Ö

9=1

G
I 8 9

8 9c
I 8 9

9

Hence

E@»log ?¹I 1:=– G1:=– cº¼= E@»log ?¹cº¼ ¸
=Õ

8=1

6Õ

9=1

E@»I 8 9¼G8 9̧ E@»I 8 9¼E@»logc 9¼

We now can de�ne an inference procedure for computing the approximate posterior.

1. Initialize variational parametersq1:= and[ .

2. While ! ¹I 1:=– G1:=– c; q8:=– [º has not converged:

(a) Set@¹I 8º / exp
nÍ

9:G8 9=1 I 8 9E� I 8»logc 9¼
o

for 8= 1•••=

(b) Set@¹cº = Dirichlet
�
c; U¸

Í =
8=1 q8

�

The@¹I 8º de�ne an approximate posterior overI 8.

C.4 Supplementary Figures
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Figure C.1:Adjusted coverage maps used for simulated data.Coverage maps in 100bp win-
dows for three species:(A) E. coli,(B) L. gasseri, and(C) E. faecalis. Reported PTRs are computed
after adjustment for the estimated PTR on each dataset. Dashed red lines denote the replication
origin from DoriC database.
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Figure C.2:Comparison between PTRC and KoremPTR on two datasets.Left: 55 genomic
samples ofE. coli. Right: 25 genomic samples ofL. gasseri.

C.5 Supplementary Tables

Parameter Effect Size ?-value
Erythromycin � 0•3412 1•40� 10� 04

Nalidixic acid 0•2819 3•99� 10� 04

0CA40C<4=C � 0•0629 1•67� 10� 03

1CA40C<4=C 1•5183 8•08� 10� 34

0A42>E4AH � 0•1939 9•38� 10� 02

1A42>E4AH 1•1945 2•51� 10� 24

0BC0C8>=0AH � 0•0902 1•46� 10� 01

1BC0C8>=0AH 0•6591 1•78� 10� 13

Table C.1:Effect sizes and p-values from the antibiotic resistance experiment.
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