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Abstract

Multiple Causal Inference with Bayesian Factor Models

YixinWang

Causal inference from observational data is a vital problem, but it comes with strong assumptions.

Most methods assume that we observe all confounders, variables that affect both the cause variables and

the outcome variables. But whether we have observed all confounders is a famously untestable assump-

tion. In this dissertation, we develop algorithms for causal inference from observational data, allowing

for unobserved confounding. These algorithms focus onproblems ofmultiple causal inference: scientific

studies that involve many causes or many outcomes that are simultaneously of interest.

Begin with multiple causal inference with many causes. We develop the deconfounder, an algorithm

that accommodates unobserved confounding by leveraging the multiplicity of the causes. How does the

deconfounder work? The deconfounder uses the correlation among the multiple causes as evidence for

unobserved confounders, combining Bayesian factor models and predictive model checking to perform

causal inference.

We study the theoretical requirements for the deconfounder to provide unbiased causal estimates,

along with its limitations and trade-offs. We also show how the deconfounder connects to the proxy-

variable strategy for causal identification (Miao et al., 2018) by treating subsets of causes as proxies of the

unobserved confounder. We demonstrate the deconfounder in simulation studies and real-world data.

As an application, we develop the deconfounded recommender, a variant of the deconfounder tailored to

causal inference on recommender systems.



Finally, we consider multiple causal inference with many outcomes. We develop the control-outcome

deconfounder, an algorithm that corrects for unobserved confounders usingmultiple negative control out-

comes. Negative control outcomes are outcome variables for which the cause is a priori known to have

no effect. The control-outcome deconfounder uses the correlation among these outcomes as evidence for

unobserved confounders. We discuss the theoretical and empirical properties of the control-outcome de-

confounder. We also show how the control-outcome deconfounder generalizes the method of synthetic

controls (Abadie et al., 2010, 2015; Abadie and Gardeazabal, 2003), expanding its scope to nonlinear set-

tings and non-panel data.
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1
Introduction

Here is a frivolous, but perhaps lucrative problem. Table 1.1 contains data aboutmovies. For eachmovie,

the table shows its cast of actors and how much money the movie made. Consider a movie producer

deciding which actors to hire to maximize the revenue of her new movie. Making this decision requires

her to contemplate “what if” questions: what would the movie revenue be if she hires Oprah Winfrey?

What would the revenue be if she does not hire OprahWinfrey?

These “what if” questions are key subjects of interest in causal inference. They characterize potential

outcomes (“what would ... be”), also known as counterfactual outcomes. Differences between the poten-

tial outcomes quantify the causal effects; for example, how much would the movie revenue increase (or

decrease) if she hires Oprah Winfrey the movie? To solve the producer’s problem, we need to perform

causal inference with the observational data from Table 1.1.

1



Title Cast Revenue

Avatar fSamWorthington, Zoe Saldana, SigourneyWeaver, Stephen Lang, : : : g $2788M
Titanic fKate Winslet, Leonardo DiCaprio, Frances Fisher, Billy Zane, : : : g $1845M
The Avengers fRobert Downey Jr., Chris Evans, Mark Ruffalo, Chris Hemsworth, : : : g $1520M
JurassicWorld fChris Pratt, Bryce Dallas Howard, Irrfan Khan, Vincent D’Onofrio, : : : g $1514M
Furious 7 fVin Diesel, Paul Walker, Dwayne Johnson, Michelle Rodriguez, : : : g $1506M

:
:
:

:
:
:

:
:
:

Table 1.1: Top earningmovies in the TMDB dataset

Traditionally, causal inference from observational data is a difficult enterprise and requires strong

assumptions. The challenge is that the observational dataset is limited; it contains the revenue of each

movie, but only at its assigned cast. However, the producer’s problem is not a traditional causal inference.

While causal inference usually considers a single possible cause, such as whether a subject receives a drug

or a placebo, our producer is considering a multiple causal inference, where each actor might causally

contribute to the revenue.

In this dissertation, we study multiple causal inference, i.e. causal inference problems with many

causes or many outcomes. We show how a multiple causal inference can be easier than traditional causal

inference. Thanks to the multiplicity structure of the problem, the producer can make causal inferences

under weaker untestable assumptions than traditional ones.

The contribution of the dissertation is a family of causal inference algorithms that exploit the mul-

tiplicity of the causes (or the outcomes) using Bayesian factor models. We study the theoretical require-

ments for these algorithms to provide unbiased causal estimates, along with their limitations and trade-

offs. Wefinally examine their empirical properties through simulation studies and real applications.

Outline of the dissertation

• Chapter 2 reviews (multiple) causal inference with the potential outcomes notation. We introduce the

task of causal identification and discuss a common identification strategy via a so-called unconfound-

edness assumption. We finally describe the basic machinery of causal directed acyclic graphs (dags)

and illustrate how it can help assess the unconfoundedness assumption.

2



• Chapter 3 develops the deconfounder, an algorithm that addresses unobserved confounding—a key

challenge of causal inference from observational data—by leveraging the multiplicity of the causes.

This algorithm is central to this dissertation, illustrating how Bayesian factor models and predictive

model checking can help with multiple causal inference.

• Chapter 4 discusses the theoretical requirements of the deconfounder. We further develop theory

around the deconfounder and establish causal identification. Specifically, we show that the decon-

founder can provide unbiased estimates of three different causal quantities under suitable assumptions.

• Chapter 5 presents a causal graphical view of the deconfounder, delineating a different set of assump-

tions under which the deconfounder can correctly identify causal effects. Specifically, we treat subsets

of causes as proxies of the unobserved confounder. This result also illustrates how the deconfounder

can help put into practice the proxy-variable strategy for identification (Miao et al., 2018).

• Chapter 6 studies the deconfounder in three empirical studies. Two studies involve simulations of real-

istic scenarios; these help assess howwell the deconfounder performs relative to the ground truth. The

third study is a real-world analysis for the movie producer above. The studies demonstrate the benefits

of the deconfounder, showing how the deconfounder can provide closer-to-truth causal estimates.

• Chapter 7 adapts the deconfounder to perform causal inference on recommender systems. The goal

of recommendation is to show users items that they will like. Though usually framed as a prediction,

the spirit of recommendation is to answer a causal question—for each user andmovie, what would the

rating be if we “forced” the user to watch the movie? To this end, we develop the deconfounded recom-

mender, a causal inference approach to recommendation, one where watching amovie is a “treatment”

and a user’s rating is an “outcome.”

• Chapter 8 extends the deconfounder to multiple causal inference with many outcomes. We develop

the control-outcome deconfounder, an algorithm that corrects for unobserved confounding using multi-

ple negative control outcomes. Negative control outcomes are outcome variables for which the cause

is a priori known to have no effect. We show that the negative control outcomes can serve as evi-

3



dence for some unobserved confounders if they are affected by the same confounders as the outcome

of interest. We also show that the control-outcome deconfounder generalizes the synthetic control

method (Abadie et al., 2010, 2015; Abadie and Gardeazabal, 2003), expanding its scope to nonlinear

settings and non-panel data.

• Chapter 9 discusses the debate around the deconfounder (D’Amour, 2018, 2019a,b,c; Ogburn et al.,

2020, 2019a,b) and how it informs the theory and practice of the deconfounder.

• Chapter 10 summarizes the dissertation and discusses directions of future work in multiple causal in-

ference.

4



2
(Multiple) causal inference

In this chapter, we set up (multiple) causal inference with the potential outcome notation, discuss a com-

mon causal inference strategy via a so-called unconfoundedness assumption, and illustrate how causal

directed acyclic graphs (dags) can help assess this assumption.*

2.1 The potential outcome notation for (multiple) causal inference

Let’s first return to the question of the movie producer: What would the movie revenue be if she hires

OprahWinfrey? This is a question about the potentialmovie revenue, a potential outcome. So, to answer

this question, theproducer canuse thepotential outcomes approach to causal inference (Imbens and Rubin,

2015a; Rubin, 1974, 2005).

*This chapter is in part based onWang and Blei (2019a).

5



Begin with the potential outcomes notation. In the data, there are m possible causes, encoded in a

vector a D .a1; : : : ; am/ 2 Am. We can consider a variety of types: real-valued causes, binary causes,

integer causes, and so on. In the example of movie revenue, the causes are binary: aj encodes whether

actor j is in the movie.

For each individual i (movie) there is a potential outcome function that maps configurations of causes

to the outcome(s). The outcome can be a scalar (e.g. the total movie revenue) or a vector (e.g. the movie

revenue in l different countries). For the i th movie, the potential outcome function maps each possible

cast to the movie’s revenue had it had that cast, y i.a/ W A
m ! Yl . The potential outcome function en-

codes, for example, howmuchmoney StarWarswould have made if Robert Redford replacedHarrison

Ford as Han Solo.

When doing causal inference, the producer’s goal is to estimate something about the population dis-

tribution of Y i.a/. For example, she might consider a particular cast a and characterize the sampling

distribution of the potential outcomes Y i.a/ for each configuration of the causes a. This distribution

provides causal inferences, such as the expected outcome for a particular array of causes (a particular cast

of actors)�.a/ D E ŒY i.a/� or the average effect of individual causes (howmuch a particular actor con-

tributes to revenue). Such a causal inference is amultiple causal inference if it involves amulti-dimensional

cause vector (m > 1) and/or a multi-dimensional outcome (l > 1).

2.2 Observational data and causal identification

To make causal inferences, we draw data from the sampling distribution of assigned causes ai (the cast

of movie i ) and realized outcomes y i.ai/ (its revenue).† The data is D D f.ai ;y i.ai/g
n
iD1. Note we

only observe the outcome for the assigned causes y i.ai/, which is just one of the values of the potential

outcome function. But we want to use such data to characterize the full distribution of Y i.a/ for any a;

this is the “fundamental problem of causal inference” (Holland, 1986).
†We use the term assigned causes for the vector of what somemight call the “assigned treatments.” Because some variables

may not exhibit a causal effect, a more precise term would be “assigned potential causes” (but it is too cumbersome).

6



This disconnect between the observed data D and the potential outcome function Y i.a/ leads to

a core question in causal inference: Is it even possible to estimate the expected potential movie revenue

from the observed movie casts and revenues? Or more generally, are causal quantities like P.Y i.a// and

E ŒY i.a/� estimable from theobserveddata? Underwhat conditions are they estimable? These questions

constitute the task of causal identification, whose goal is to find suitable conditions under which a causal

quantity of interest is estimable, a.k.a. identifiable, from observational data.

More precisely, a causal quantity is identifiable if it can be written as a deterministic function of

the observed data distribution. For example, suppose we can calculate the expected potential revenue

of a new cast by fitting a linear regression to the observed data and predicting for the new cast. Then

the mapping from the observed data to the prediction is the deterministic function that identifies the

potential revenue, which is also known as the identification strategy. It tells us how to calculate the causal

quantity of interest if we are given an infinite amount of data and hence can perfectly recover the observed

data distribution.

If a causal quantity is non-identifiable, then no estimators or algorithms can estimate this quantity

accurately, even with infinite observational data. However, this is not the end of the world. This causal

quantity may still be partially identifiable, namely, the causal quantity must reside in an interval, whose

endpoints are deterministic functions of the observed data distribution. For example, the observedmovie

revenues may imply that the expected potential revenue must be between $3M and $1300M for a cast of

Brad Pitt and Oprah Winfrey. In such cases, we seek interval estimates of the causal quantity that cover

the true value with high probability. These estimates are sometimes called partial identification inter-

vals (Manski, 2003, 2010). These intervals are generally different from confidence intervals; confidence

intervals often shrink to zero with infinite data but partial identification intervals do not.

2.3 Confounders and the unconfoundedness assumption

Howcan the producer calculate (or, more technically, identify) the expected potential revenueE ŒY i.a/�

from the observed data? Is it possible? What assumptions are required? We discuss these questions in

this section.

7



Naively, the producer subsets the data in Table 1.1 to those with cast equal to a and then computes a

MonteCarlo estimate of the revenue. This procedure is unbiasedwhenE ŒY i.a/� D E ŒY i.a/ jAi D a�.

But there is a problem. The data in Table 1.1 hide confounders, variables that affect both the causes and

the effect. For example, every movie has a genre, such as comedy, action, or romance. This genre has

an effect on both who is in the cast and the revenue. (E.g., action movies cast a certain set of actors and

tend to make more money than comedies.) When left unadjusted, the genre of the movie produces a sta-

tistical dependence between whether an actor is cast and the revenue; this dependence biases the causal

estimates, E ŒY i jAi D a� ¤ E ŒY i.a/�.

Thus the main activities of traditional causal inference are to identify, measure, and control for con-

founders. Suppose the producer measures confounders for each movieWi . Then the inference is simple:

Use the data (nowwith confounders) to takeMonteCarlo estimates ofE ŒE ŒY i.a/ jWi ;Ai D a��; this

iterated expectation “controls” for the confounders. But the problem is that whether the estimate is equal

to E ŒY i.a/� rests on an uncheckable assumption: There are no other confounders. For many applied

causal inference problems, this assumption is a leap of faith.

More precisely, suppose we measure covariates X i and append them to each data point, D D

f.ai ;xi ;y i.ai/g
n
iD1. If these covariates contain all confounders then

E ŒE ŒY i.Ai/ jX i ;Ai D a�� D E ŒY i.a/� : (2.1)

With augmented data, estimate the left side with Monte Carlo; thus estimate E ŒY i.a/�. Equation (2.1)

presents a deterministic mapping from the observed data distribution P.Ai ;Y i.Ai/;X i/ to the causal

quantity of interestE ŒY i.a/�. In other words, Equation (2.1) identifies the expected potential outcome

E ŒY i.a/�.

Equation (2.1) is only true when X i capture all confounders. More precisely, it is true under the

assumption of unconfoundedness‡ (Imai and Van Dyk, 2004; Rosenbaum and Rubin, 1983).

‡Here we describe the weak version of the unconfoundedness assumption, which requires individual potential outcomes
Y i .a/ be marginally independent of the causes Ai , i.e. Ai ?? Y i .a/ jX i for all a. Imbens (2000) and Hirano and Imbens
(2004) call this assumption weak unconfoundedness. In contrast, the strong version of unconfoundedness says Ai ??

.Y i .a//a2A jX i , which requires all possible potential outcomes .Y i .a//a2A be jointly independent of the causes Ai .

8



Assumption 2.3.1: Unconfoundedness. The potential outcomes Y i.a/ are unconfounded if, condi-

tional on observed covariates X i , the assigned causes are independent of the potential outcomes,

Ai ?? Y i.a/ jX i 8a: (2.2)

The nuance is that Equation (2.2) needs to hold for all possible a’s, not only for the value of Y i.a/

at the assigned causes. Unconfoundedness implies no unobserved confounders.

Beyond unconfoundedness, the identification of the potential outcome function further requires

two other assumptions: stable unit treatment value assumption (sutva) (Rubin, 1980, 1990) and over-

lap (Imai and Van Dyk, 2004).

Assumption 2.3.2: Stable unit treatment value assumption (sutva) (Rubin, 1980, 1990). The

potential outcomes satisfy the stable unit treatment value assumption (sutva) if

1. The treatment applied to one unit does not affect the outcome of another unit.

2. There is only one single version of each treatment level.

Loosely, sutva ensures that the potential outcome Y i.a/ is well-defined. In more details, the first

part of sutva requires that there is no interference among the units; the second part requires that the

same value of the assigned cause will always lead to the same distribution of potential outcomes. Both

requirements guarantee that the potential outcome Y i.a/ is indeed only a function of a, the assigned

causes of unit i .

Assumption 2.3.3: Overlap (Imai and Van Dyk, 2004). The causes Ai and the covariates X i satisfy

the overlap assumption if

P.Ai 2
NA jX i/ > 0 (2.3)

for all sets NA with positive measure.
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The overlap assumption roughly requires that for any values of the covariates, all values of the as-

signed causes must have positive probability. For example, suppose the cause is the presence of an actor

and the covariate is the genre. Then, for each genre, it must be possible for the actor to be present or

not present. The overlap assumption is violated if the actor can never appear in a particular genre, e.g.

action movies.

Assumptions 2.3.1 to 2.3.3 identify the distribution of the potential outcomes:

P.Y i.a// D EX ŒP.Y i.a/ jX i/� (2.4)

D EX ŒP.Y i.a/ jAi D a;X i/� (2.5)

D EX ŒP.Y i.Ai/ jAi D a;X i/� (2.6)

D EX ŒP.Y i jAi D a;X i/� (2.7)

Equation (2.4) is due to the tower property. Equation (2.5) is due to Assumption 2.3.1. Equa-

tion (2.6) is due to Y i.Ai/ D Y i.a/ when Ai D a. Equation (2.7) is due Y i.Ai/ D Y i . Finally,

Equation (2.7) is estimable from observational data because P.Ai D a jX i/ > 0 due to Assump-

tion 2.3.3.

Equation (2.7) underlies the commonpractice of causal inference: find andmeasure the confounders,

estimate conditional expectations, and average. (It is also known as the g-formula (Hernán and Robins,

2020) or the backdoor adjustment (Pearl, 1988).) For example, the genre of the movie is a confounder

of the causal inference of movie revenues. The genre affects both which cast is selected and the poten-

tial earnings of the film. But the assumption that there are no unobserved confounders is significant.

One of the central challenges around causal inference from observational data is that unconfoundedness

is untestable—it fundamentally depends on the entire potential outcome function, of which we only

observe one value (Holland, 1986).
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2.4 Assessing unconfoundedness with causal directed acyclic graphs

(dags)

To assess the unconfoundedness assumption (Assumption 2.3.1), we have to rely on domain experts:

Which measured covariates satisfy unconfoundedness? A useful tool for this question is causal directed

acyclic graphs (dags).

A causal dag is a directed acyclic graph that encodes the causal mechanisms between variables. Fig-

ure 2.1a is one example. Each node is a variable involved in the causal problem. Each arrow indicates a

possible causal relationship from one variable to the other; nevertheless, the causal effect can be zero. The

absence of an arrow indicates no causal relationship from one to the other. For example, an arrow exists

from movie genre to movie revenue. It indicates that the movie genre can affect movie revenue but not

the other way around.

Causal dags can involve both observed and unobserved (i.e. latent) variables. To distinguish the

two, only the shaded nodes in the graphs are observed. For example, the movie genre is an unobserved

variable in Figure 2.1a and all other variables are observed. Further, causaldags also encode confounding

relationships: The common causes of the two variables of interest are confounders. For example, the

movie genre confounds the effect of hiring OprahWinfrey on the movie revenue.

As another example of the causal dag, we consider Figure 2.1b for assessing how a person’s diet

affects her body fat percentage. Each type of food—broccoli, burgers, granola bars, pizza, and so on—is a

potential cause of body fat. One confounder in Figure 2.1b is lifestyle; it affects a person’s consumption

of multiple types of food; it also affects the outcome, body fat. People with a healthy lifestyle eat broccoli

and granola more than burgers and pizza; people with an unhealthy lifestyle eat pizza and burgers more

than they eat broccoli. Moreover, someone with a healthy lifestyle exercises frequently, which lowers her

body fat. The variable veganism also has a similar relationship with food and body fat. Burger shop is

yet another confounder that may affect both the consumption of burger and the level of body fat. In

Figure 2.1b, both lifestyle and veganism are unobserved.
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Burger BroccoliPizza

Lifestyle Veganism

Body fat Burger Shop

(b)

Figure 2.1: (a) A causal dag for movie actors and revenues. (b) A causal dag for food and body fat. (Only the shaded nodes are observed.)

Causaldags are useful for assessing the unconfoundedness assumption. Beginwith designating the

cause variable(s) and the outcome variable(s) of interest in the causal dag. We can apply the back-door

criterion to find out which variables will compose a covariate set that satisfies the unconfoundedness

assumption (Pearl, 2009).

Definition 2.4.1: Backdoor criterion. A set of variables X satisfy the backdoor criterion to identify

the effect of A on Y if

1. All directed paths between A and Y are unperturbed; there are no descendants of A in X ;

2. X blocks every backdoor paths from A to Y , where a backdoor path is a path that remains if we

were to remove any arrows pointing out of A. Backdoor paths are non-causal paths from A to Y .

Intuitively, the backdoor criterion ensures that all non-causal paths are blocked by the set of vari-

ablesX . Therefore, covariates that satisfy the backdoor criterion let us estimate the causal effects without

being confounded by non-causal relationships.

If a set of covariates X satisfy the backdoor criterion to identify the effect of A on Y , then it must

satisfy the unconfoundedness assumption: Ai ?? Y i.a/ jX i ;8a: In causal dag notations, it is

P.Y i j do.Ai D a/; Xi/ D P.Y i jAi D a; Xi/; (2.8)
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where P.Y i j do.Ai D a/; Xi/ is an the intervention distribution; it represents the distribution of Yi

conditional on Xi if we intervene on the variable Ai by setting it to be Ai D a. It is equivalent to

P.Y i.a/ jXi/ in the potential outcomes notation. (In general, we have the following notational equiva-

lence between the causaldags and the potential outcomes: P.Y i j do.Ai D a// D P.Y i.a//.)

This connection between the backdoor criterion and the unconfoundedness assumption suggests a

workflow for causal inference from observational data:

1. Set up the causal question. Designate the causes and outcomes of interest;

2. Consult a domain expert. Ask her to draw a causal dag that involves all the relevant variables;

3. Identify a set of covariates that satisfy the backdoor criterion, usually labeled as the sufficient set;

4. Collect a dataset that measures the causes, the outcomes, and the sufficient set of covariates;

5. Calculate the causal effect by conditioning on the sufficient set (Equation (2.7)).

2.5 Discussion

In this chapter, we reviewed the potential outcome notation for causal inference, discussed the task of

causal identification from observational data, presented a common set of identification assumptions that

involve unconfoundedness, and showed how the machinery of causal dags can help us assess uncon-

foundedness.

This classical approach to causal identification relies on unconfoundedness, roughly requiring “no

unobserved confounders.” In practice, wemay not be able to observe ormeasure all confounders. For ex-

ample, applying the backdoor criterion reveals that lifestyle is a variable thatmust bemeasured in the food

and body fat example. But accuratemeasurements of lifestyle are difficult to obtain, e.g., requiring expen-

sive real-time tracking of activities. In such cases, lifestyle is necessarily an unmeasured confounder.

How can we identify causal quantities in the presence of unobserved confounders? Common ap-

proaches appeal to further domain knowledge. For example, the front door adjustment (Pearl, 2009)

requires a set of measured variables that intercepts all the causal paths between the causes and outcomes

of interest. The instrumental variable strategy (Angrist and Imbens, 1995; Angrist et al., 1996) uses the
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so-called instruments, variables that affect the outcomes only through the causes. The proxy variable strat-

egy (Kuroki and Pearl, 2014; Miao et al., 2018) leverages multiple proxies of unobserved confounders to

assist causal identification. Finally, we canperform sensitivity analysis (Robins et al., 2000b) to assess how

strong the unobserved confounding has to be to overturn causal conclusions. In the coming chapters, we

will focus on this setting of causal inference with unobserved confounding.
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3
Multiple causes and the deconfounder

In this chapter, we explore multiple causal inference with multiple causes and a single outcome.* We

develop the deconfounder algorithm, an algorithm for the movie producer who worries about miss-

ing a confounder. First, the producer finds and fits a good latent-variable model to capture the depen-

dence among actors. It should be a Bayesian factor model, one that contains a per-movie latent vari-

able that renders the assigned cast conditionally independent. (Probabilistic principal component anal-

ysis (Tipping and Bishop, 1999) is a simple example, but there are many others.) Given the model, she

then estimates the per-movie variable for each cast in the dataset; this estimated variable is a substitute

for unobserved confounders. Finally, she controls for the substitute confounder and obtains valid causal

inferences.

All methods for causal inference rely on assumptions. The deconfounder makes two major ones.

First, it assumes that the fitted latent-variable model is a goodmodel of the assigned causes. This assump-

tion is testable, and we will use predictive checks to assess how well the fitted model captures the data.

Second, it assumes that there are no unobserved single-cause confounders, variables that affect one cause

*This chapter is in part based onWang and Blei (2019a).
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(e.g., actor) and the potential outcome function (e.g., revenue). While this assumption is not testable, it

is weaker than the usual assumption of unconfoundedness, which requires no unobserved confounders.

Depending on the nature of the causal quantities of interest, the deconfounder requires further assump-

tions, which we will discuss in Chapter 4.

Subject to the assumptions, the deconfounder provides valid causal inferences because it capitalizes

on the dependency structure of the observed casts to uncover unobserved confounders. It uses patterns

of how actors tend to appear together in movies as indirect evidence for confounders in the data.

Beyond making movies, many causal inference problems, especially from observational data, also

classify as multiple causal inference problems. Such problems arise in many fields.

• Genome-wide association studies (gwas). In gwas, biologists want to know how genes causally

connect to traits (Stephens and Balding, 2009; Visscher et al., 2017). The assigned causes are alleles

on the genome, often encoded as either being common (“major”) or uncommon (“minor”), and the

effect is the trait under study. Confounders, such as shared ancestry among the population, bias naive

estimates of the effect of genes. We study gwas problems in Section 6.2.

• Computational neuroscience. Neuroscientists want to know how the electrical activity of neurons

produces observed behavior, such as limb movement (Churchland et al., 2012). The possible causes

are multiple measurements about the brain’s activity, e.g., one per neuron, and the effect is a measured

behavior. Confounders, particularly through dependencies among neural activity, bias the estimated

connections between brain activity and behavior.

• Social science. Sociologists and policy-makers want to know how social programs affect social out-

comes, such as poverty levels and upward mobility (Morgan andWinship, 2015). However, individ-

uals may enroll in several such programs, blurring information about their possible effects. In social

science, controlled experiments are difficult to engineer; using observational data for causal inference

is typically the only option.
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• Medicine. Doctors want to know how medical treatments affect the progression of the disease. The

multiple causes are medications and procedures; the outcome is a measurement of a disease (e.g., a lab

test). There are many confounders—such as when and where a patient is treated or the treatment pref-

erences of the attending doctor—and these variables bias the estimates of effects. While gold-standard

data from clinical trials are expensive to obtain, the abundance of electronic health records could in-

formmedical practices.

• Recommender systems. Technology companies want to know whether recommending different

items to a user will increase revenue. The multiple causes are the recommendation of each item; the

outcome is the total revenue of the company. However, the past purchase history of the users affects

both which items are recommended and which items they buy, i.e., the revenue. Users’ past purchase

history thus confounds the observed effect of recommendation.

All of these problems of causal inference can use the deconfounder. Fit a good factor model of the

assigned causes, infer substitute confounders, and use the substitutes in causal inference.

The rest of the chapter is organized as follows. Section 3.1 presents the deconfounder. Section 3.2

describes the identification strategy of the deconfounder and its main assumptions. Section 3.3 discusses

the practical details of the deconfounder and presents the full algorithm. Section 3.4 answers some ques-

tions a reader might have.

3.1 Multiple causal inference with the deconfounder

In this section, we discuss the problem ofmultiple causal inference and develop the deconfounder.

3.1.1 The deconfounder

We develop the deconfounder, an algorithm that uses the multiplicity of causes to infer unobserved con-

founders. There are three steps. First, find a good latent variablemodel of the assignmentmechanism. (A

goodmodel is one that accurately captures the joint distribution of the causes.) Second, use themodel to

infer the latent variable for each individual. Finally, use the inferred variable as a substitute for unobserved

confounders and form causal inferences.
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We explain the method and discuss why and when it provides unbiased causal inferences.

In the first step of the deconfounder, define and fit a Bayesian factor model (a.k.a. a probabilistic

factor model) to capture the joint distribution of causes p.a1; : : : ; am/. A Bayesian factor model posits

per-individual latent variablesZi , which we call local factors, and uses them tomodel the assigned causes.

The model is

Zi � p.� j˛/ i D 1; : : : ; n;

Aij jZi � p.� j zi ; �j / j D 1; : : : ; m;
(3.1)

where ˛ parameterizes the distribution of Zi and �j parameterizes the per-cause distribution

of Aij . Notice that Zi can be multi-dimensional. Factor models encompass many meth-

ods from Bayesian statistics and probabilistic machine learning. Examples include probabilistic

PCA (Tipping and Bishop, 1999), mixture models (McLachlan and Basford, 1988), mixed-membership

models (Airoldi et al., 2008; Blei et al., 2003; Erosheva, 2003; Pritchard et al., 2000b), and deep

generative models (Kingma andWelling, 2013; Mohamed and Lakshminarayanan, 2016; Neal, 1990;

Ranganath et al., 2015, 2016; Rezende andMohamed, 2015; Tran et al., 2017).

We can fit using any appropriate method, such as Bayesian inference. And exact fitting is not re-

quired; we can use approximate methods like the EM algorithm, Markov chain Monte Carlo, or varia-

tional inference. What the deconfounder requires is that the fitted factor model provides an accurate

approximation of the population distribution of p.a/.

In the next step, use the fitted factor model to calculate the conditional expectation of each individ-

ual’s local factor weights Ozi D EM ŒZi jAi D ai �. We emphasize that this expectation is from the fitted

modelM (not the population distribution). We can use approximate expectations.

In the final step, condition on Ozi as a substitute confounder and proceed with causal inference. For

example, estimate E ŒYi.a/� D E
h
E
h
Yi.a/ j OZi ;Ai D a

ii
.

18



Si
<latexit sha1_base64="mesrR47OfdGd+BPkb4r+mzLEs4c=">AAACLnicbVDLSgMxFE181vpqFVdugkVwVWZE0JUU3Lis1D6gLSWT3mlDk8yQZIQy9BPc6m/4NYILcetnmLazsI8DgcO5j3NzglhwYz3vC29sbm3v7Ob28vsHh0fHheJJw0SJZlBnkYh0K6AGBFdQt9wKaMUaqAwENIPRw7TefAFteKSe7TiGrqQDxUPOqHVSrdbjvULJK3szkFXiZ6SEMlR7RXzW6UcskaAsE9SYtu/FtptSbTkTMMl3EgMxZSM6gLajikow3XR264RcOqVPwki7pyyZqf8nUiqNGcvAdUpqh2a5NhXX1dqJDe+6KVdxYkGxuVGYCGIjMv046XMNzIqxI5Rp7m4lbEg1ZdbFs+ASunA5aLdkrfmyaIdykndwQfrLsa2SxnXZ98r+002pcp9FmkPn6AJdIR/dogp6RFVURwwN0Ct6Q+/4A3/ib/wzb93A2cwpWgD+/QM8p6gN</latexit><latexit sha1_base64="mesrR47OfdGd+BPkb4r+mzLEs4c=">AAACLnicbVDLSgMxFE181vpqFVdugkVwVWZE0JUU3Lis1D6gLSWT3mlDk8yQZIQy9BPc6m/4NYILcetnmLazsI8DgcO5j3NzglhwYz3vC29sbm3v7Ob28vsHh0fHheJJw0SJZlBnkYh0K6AGBFdQt9wKaMUaqAwENIPRw7TefAFteKSe7TiGrqQDxUPOqHVSrdbjvULJK3szkFXiZ6SEMlR7RXzW6UcskaAsE9SYtu/FtptSbTkTMMl3EgMxZSM6gLajikow3XR264RcOqVPwki7pyyZqf8nUiqNGcvAdUpqh2a5NhXX1dqJDe+6KVdxYkGxuVGYCGIjMv046XMNzIqxI5Rp7m4lbEg1ZdbFs+ASunA5aLdkrfmyaIdykndwQfrLsa2SxnXZ98r+002pcp9FmkPn6AJdIR/dogp6RFVURwwN0Ct6Q+/4A3/ib/wzb93A2cwpWgD+/QM8p6gN</latexit><latexit sha1_base64="mesrR47OfdGd+BPkb4r+mzLEs4c=">AAACLnicbVDLSgMxFE181vpqFVdugkVwVWZE0JUU3Lis1D6gLSWT3mlDk8yQZIQy9BPc6m/4NYILcetnmLazsI8DgcO5j3NzglhwYz3vC29sbm3v7Ob28vsHh0fHheJJw0SJZlBnkYh0K6AGBFdQt9wKaMUaqAwENIPRw7TefAFteKSe7TiGrqQDxUPOqHVSrdbjvULJK3szkFXiZ6SEMlR7RXzW6UcskaAsE9SYtu/FtptSbTkTMMl3EgMxZSM6gLajikow3XR264RcOqVPwki7pyyZqf8nUiqNGcvAdUpqh2a5NhXX1dqJDe+6KVdxYkGxuVGYCGIjMv046XMNzIqxI5Rp7m4lbEg1ZdbFs+ASunA5aLdkrfmyaIdykndwQfrLsa2SxnXZ98r+002pcp9FmkPn6AJdIR/dogp6RFVURwwN0Ct6Q+/4A3/ib/wzb93A2cwpWgD+/QM8p6gN</latexit><latexit sha1_base64="mesrR47OfdGd+BPkb4r+mzLEs4c=">AAACLnicbVDLSgMxFE181vpqFVdugkVwVWZE0JUU3Lis1D6gLSWT3mlDk8yQZIQy9BPc6m/4NYILcetnmLazsI8DgcO5j3NzglhwYz3vC29sbm3v7Ob28vsHh0fHheJJw0SJZlBnkYh0K6AGBFdQt9wKaMUaqAwENIPRw7TefAFteKSe7TiGrqQDxUPOqHVSrdbjvULJK3szkFXiZ6SEMlR7RXzW6UcskaAsE9SYtu/FtptSbTkTMMl3EgMxZSM6gLajikow3XR264RcOqVPwki7pyyZqf8nUiqNGcvAdUpqh2a5NhXX1dqJDe+6KVdxYkGxuVGYCGIjMv046XMNzIqxI5Rp7m4lbEg1ZdbFs+ASunA5aLdkrfmyaIdykndwQfrLsa2SxnXZ98r+002pcp9FmkPn6AJdIR/dogp6RFVURwwN0Ct6Q+/4A3/ib/wzb93A2cwpWgD+/QM8p6gN</latexit>

Ui
<latexit sha1_base64="H9GVGVVxxxNrt3ybvKhOLH+pvH4=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRacttEPJpJk2NJkZkjtCGfoJbvU3/BrBhbj1M0zbWdjHgcDh3Me5OUEihQHH+cKFjc2t7Z3ibmlv/+DwqFw5bpo41Yx7LJaxbgfUcCki7oEAyduJ5lQFkreC0f203nrh2og4eoZxwn1FB5EIBaNgpSevJ3rlqlNzZiCrxM1JFeVo9Cr4tNuPWap4BExSYzquk4CfUQ2CST4pdVPDE8pGdMA7lkZUceNns1sn5MIqfRLG2r4IyEz9P5FRZcxYBbZTURia5dpUXFfrpBDe+pmIkhR4xOZGYSoJxGT6cdIXmjOQY0so08LeStiQasrAxrPgEtpwBdd2yVrzZRGGalKysEG6y7GtkuZVzXVq7uN1tX6XR1pEZ+gcXSIX3aA6ekAN5CGGBugVvaF3/IE/8Tf+mbcWcD5zghaAf/8AQDuoDw==</latexit><latexit sha1_base64="H9GVGVVxxxNrt3ybvKhOLH+pvH4=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRacttEPJpJk2NJkZkjtCGfoJbvU3/BrBhbj1M0zbWdjHgcDh3Me5OUEihQHH+cKFjc2t7Z3ibmlv/+DwqFw5bpo41Yx7LJaxbgfUcCki7oEAyduJ5lQFkreC0f203nrh2og4eoZxwn1FB5EIBaNgpSevJ3rlqlNzZiCrxM1JFeVo9Cr4tNuPWap4BExSYzquk4CfUQ2CST4pdVPDE8pGdMA7lkZUceNns1sn5MIqfRLG2r4IyEz9P5FRZcxYBbZTURia5dpUXFfrpBDe+pmIkhR4xOZGYSoJxGT6cdIXmjOQY0so08LeStiQasrAxrPgEtpwBdd2yVrzZRGGalKysEG6y7GtkuZVzXVq7uN1tX6XR1pEZ+gcXSIX3aA6ekAN5CGGBugVvaF3/IE/8Tf+mbcWcD5zghaAf/8AQDuoDw==</latexit><latexit sha1_base64="H9GVGVVxxxNrt3ybvKhOLH+pvH4=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRacttEPJpJk2NJkZkjtCGfoJbvU3/BrBhbj1M0zbWdjHgcDh3Me5OUEihQHH+cKFjc2t7Z3ibmlv/+DwqFw5bpo41Yx7LJaxbgfUcCki7oEAyduJ5lQFkreC0f203nrh2og4eoZxwn1FB5EIBaNgpSevJ3rlqlNzZiCrxM1JFeVo9Cr4tNuPWap4BExSYzquk4CfUQ2CST4pdVPDE8pGdMA7lkZUceNns1sn5MIqfRLG2r4IyEz9P5FRZcxYBbZTURia5dpUXFfrpBDe+pmIkhR4xOZGYSoJxGT6cdIXmjOQY0so08LeStiQasrAxrPgEtpwBdd2yVrzZRGGalKysEG6y7GtkuZVzXVq7uN1tX6XR1pEZ+gcXSIX3aA6ekAN5CGGBugVvaF3/IE/8Tf+mbcWcD5zghaAf/8AQDuoDw==</latexit><latexit sha1_base64="H9GVGVVxxxNrt3ybvKhOLH+pvH4=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRacttEPJpJk2NJkZkjtCGfoJbvU3/BrBhbj1M0zbWdjHgcDh3Me5OUEihQHH+cKFjc2t7Z3ibmlv/+DwqFw5bpo41Yx7LJaxbgfUcCki7oEAyduJ5lQFkreC0f203nrh2og4eoZxwn1FB5EIBaNgpSevJ3rlqlNzZiCrxM1JFeVo9Cr4tNuPWap4BExSYzquk4CfUQ2CST4pdVPDE8pGdMA7lkZUceNns1sn5MIqfRLG2r4IyEz9P5FRZcxYBbZTURia5dpUXFfrpBDe+pmIkhR4xOZGYSoJxGT6cdIXmjOQY0so08LeStiQasrAxrPgEtpwBdd2yVrzZRGGalKysEG6y7GtkuZVzXVq7uN1tX6XR1pEZ+gcXSIX3aA6ekAN5CGGBugVvaF3/IE/8Tf+mbcWcD5zghaAf/8AQDuoDw==</latexit>

Zi
<latexit sha1_base64="zaeaauPq3qrxAjGxqyrXkZWflgM=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRVuLbSmZ9E4bmmSGJCOUoZ/gVn/DrxFciFs/w7SdhX0cCBzOfZybE8SCG+t5Xzi3tr6xuZXfLuzs7u0fFEuHDRMlmkGdRSLSzYAaEFxB3XIroBlroDIQ8BQMbyf1pxfQhkfq0Y5i6EjaVzzkjFonPTx3ebdY9ireFGSZ+Bkpowy1bgkft3sRSyQoywQ1puV7se2kVFvOBIwL7cRATNmQ9qHlqKISTCed3jomZ07pkTDS7ilLpur/iZRKY0YycJ2S2oFZrE3EVbVWYsPrTspVnFhQbGYUJoLYiEw+TnpcA7Ni5AhlmrtbCRtQTZl18cy5hC5cDtotWWm+KNqBHBccXJD+YmzLpHFR8b2Kf39Zrt5kkebRCTpF58hHV6iK7lAN1RFDffSK3tA7/sCf+Bv/zFpzOJs5QnPAv39JLagU</latexit><latexit sha1_base64="zaeaauPq3qrxAjGxqyrXkZWflgM=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRVuLbSmZ9E4bmmSGJCOUoZ/gVn/DrxFciFs/w7SdhX0cCBzOfZybE8SCG+t5Xzi3tr6xuZXfLuzs7u0fFEuHDRMlmkGdRSLSzYAaEFxB3XIroBlroDIQ8BQMbyf1pxfQhkfq0Y5i6EjaVzzkjFonPTx3ebdY9ireFGSZ+Bkpowy1bgkft3sRSyQoywQ1puV7se2kVFvOBIwL7cRATNmQ9qHlqKISTCed3jomZ07pkTDS7ilLpur/iZRKY0YycJ2S2oFZrE3EVbVWYsPrTspVnFhQbGYUJoLYiEw+TnpcA7Ni5AhlmrtbCRtQTZl18cy5hC5cDtotWWm+KNqBHBccXJD+YmzLpHFR8b2Kf39Zrt5kkebRCTpF58hHV6iK7lAN1RFDffSK3tA7/sCf+Bv/zFpzOJs5QnPAv39JLagU</latexit><latexit sha1_base64="zaeaauPq3qrxAjGxqyrXkZWflgM=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRVuLbSmZ9E4bmmSGJCOUoZ/gVn/DrxFciFs/w7SdhX0cCBzOfZybE8SCG+t5Xzi3tr6xuZXfLuzs7u0fFEuHDRMlmkGdRSLSzYAaEFxB3XIroBlroDIQ8BQMbyf1pxfQhkfq0Y5i6EjaVzzkjFonPTx3ebdY9ireFGSZ+Bkpowy1bgkft3sRSyQoywQ1puV7se2kVFvOBIwL7cRATNmQ9qHlqKISTCed3jomZ07pkTDS7ilLpur/iZRKY0YycJ2S2oFZrE3EVbVWYsPrTspVnFhQbGYUJoLYiEw+TnpcA7Ni5AhlmrtbCRtQTZl18cy5hC5cDtotWWm+KNqBHBccXJD+YmzLpHFR8b2Kf39Zrt5kkebRCTpF58hHV6iK7lAN1RFDffSK3tA7/sCf+Bv/zFpzOJs5QnPAv39JLagU</latexit><latexit sha1_base64="zaeaauPq3qrxAjGxqyrXkZWflgM=">AAACLnicbVDLSgMxFE3qq9ZXq7hyEyyCqzIjgq6k4MZlRVuLbSmZ9E4bmmSGJCOUoZ/gVn/DrxFciFs/w7SdhX0cCBzOfZybE8SCG+t5Xzi3tr6xuZXfLuzs7u0fFEuHDRMlmkGdRSLSzYAaEFxB3XIroBlroDIQ8BQMbyf1pxfQhkfq0Y5i6EjaVzzkjFonPTx3ebdY9ireFGSZ+Bkpowy1bgkft3sRSyQoywQ1puV7se2kVFvOBIwL7cRATNmQ9qHlqKISTCed3jomZ07pkTDS7ilLpur/iZRKY0YycJ2S2oFZrE3EVbVWYsPrTspVnFhQbGYUJoLYiEw+TnpcA7Ni5AhlmrtbCRtQTZl18cy5hC5cDtotWWm+KNqBHBccXJD+YmzLpHFR8b2Kf39Zrt5kkebRCTpF58hHV6iK7lAN1RFDffSK3tA7/sCf+Bv/zFpzOJs5QnPAv39JLagU</latexit>

Ai1
<latexit sha1_base64="V8s7XwVZZUAc9LP6Cpl9ZIicInA=">AAACMXicbVDLSgMxFL1TX7W+WsWVm2ARXJUZEXQlFTcuK9gHtEPJpJk2NskMSUYow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBDFn2rju1ClsbG5t7xR3S3v7B4dH5cpxS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1g/DCrt1+p0iySz2YSU1/goWQhI9hYqXXfT5mX9ctVt+bOgf4TLydVyNHoV5zT3iAiiaDSEI617npubPwUK8MIp1mpl2gaYzLGQ9q1VGJBtZ/Oz83QhVUGKIyUfdKgufp3IsVC64kIbKfAZqRXazNxXa2bmPDWT5mME0MlWRiFCUcmQrO/owFTlBg+sQQTxeytiIywwsTYhJZcQpsvo8ouWWu+KpqRyEoWNkhvNbb/pHVV89ya93Rdrd/lkRbhDM7hEjy4gTo8QgOaQOAF3uAdPpxPZ+p8Od+L1oKTz5zAEpyfX6F3qUI=</latexit><latexit sha1_base64="V8s7XwVZZUAc9LP6Cpl9ZIicInA=">AAACMXicbVDLSgMxFL1TX7W+WsWVm2ARXJUZEXQlFTcuK9gHtEPJpJk2NskMSUYow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBDFn2rju1ClsbG5t7xR3S3v7B4dH5cpxS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1g/DCrt1+p0iySz2YSU1/goWQhI9hYqXXfT5mX9ctVt+bOgf4TLydVyNHoV5zT3iAiiaDSEI617npubPwUK8MIp1mpl2gaYzLGQ9q1VGJBtZ/Oz83QhVUGKIyUfdKgufp3IsVC64kIbKfAZqRXazNxXa2bmPDWT5mME0MlWRiFCUcmQrO/owFTlBg+sQQTxeytiIywwsTYhJZcQpsvo8ouWWu+KpqRyEoWNkhvNbb/pHVV89ya93Rdrd/lkRbhDM7hEjy4gTo8QgOaQOAF3uAdPpxPZ+p8Od+L1oKTz5zAEpyfX6F3qUI=</latexit><latexit sha1_base64="V8s7XwVZZUAc9LP6Cpl9ZIicInA=">AAACMXicbVDLSgMxFL1TX7W+WsWVm2ARXJUZEXQlFTcuK9gHtEPJpJk2NskMSUYow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBDFn2rju1ClsbG5t7xR3S3v7B4dH5cpxS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1g/DCrt1+p0iySz2YSU1/goWQhI9hYqXXfT5mX9ctVt+bOgf4TLydVyNHoV5zT3iAiiaDSEI617npubPwUK8MIp1mpl2gaYzLGQ9q1VGJBtZ/Oz83QhVUGKIyUfdKgufp3IsVC64kIbKfAZqRXazNxXa2bmPDWT5mME0MlWRiFCUcmQrO/owFTlBg+sQQTxeytiIywwsTYhJZcQpsvo8ouWWu+KpqRyEoWNkhvNbb/pHVV89ya93Rdrd/lkRbhDM7hEjy4gTo8QgOaQOAF3uAdPpxPZ+p8Od+L1oKTz5zAEpyfX6F3qUI=</latexit><latexit sha1_base64="V8s7XwVZZUAc9LP6Cpl9ZIicInA=">AAACMXicbVDLSgMxFL1TX7W+WsWVm2ARXJUZEXQlFTcuK9gHtEPJpJk2NskMSUYow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBDFn2rju1ClsbG5t7xR3S3v7B4dH5cpxS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1g/DCrt1+p0iySz2YSU1/goWQhI9hYqXXfT5mX9ctVt+bOgf4TLydVyNHoV5zT3iAiiaDSEI617npubPwUK8MIp1mpl2gaYzLGQ9q1VGJBtZ/Oz83QhVUGKIyUfdKgufp3IsVC64kIbKfAZqRXazNxXa2bmPDWT5mME0MlWRiFCUcmQrO/owFTlBg+sQQTxeytiIywwsTYhJZcQpsvo8ouWWu+KpqRyEoWNkhvNbb/pHVV89ya93Rdrd/lkRbhDM7hEjy4gTo8QgOaQOAF3uAdPpxPZ+p8Od+L1oKTz5zAEpyfX6F3qUI=</latexit>

Ai2
<latexit sha1_base64="4pRGXK4lnmNMxMPcZ4I3p6pMjjo=">AAACMXicbVDLSgMxFE3qq9ZXq7hyEyyCqzJTBF1JxY3LCvYB7VAyaaaNzWSG5I5Qhv6DW/0Nv6Y7cetPmLazsI8DgcO5j3Nz/FgKA44zxbmt7Z3dvfx+4eDw6PikWDptmijRjDdYJCPd9qnhUijeAAGSt2PNaehL3vJHj7N6641rIyL1AuOYeyEdKBEIRsFKzYdeKqqTXrHsVJw5yDpxM1JGGeq9Ej7v9iOWhFwBk9SYjuvE4KVUg2CSTwrdxPCYshEd8I6liobceOn83Am5skqfBJG2TwGZq/8nUhoaMw592xlSGJrV2kzcVOskENx5qVBxAlyxhVGQSAIRmf2d9IXmDOTYEsq0sLcSNqSaMrAJLbkENl/BtV2y0XxVhGE4KVjYIN3V2NZJs1pxnYr7fFOu3WeR5tEFukTXyEW3qIaeUB01EEOv6B19oE/8haf4G/8sWnM4mzlDS8C/f6NAqUM=</latexit><latexit sha1_base64="4pRGXK4lnmNMxMPcZ4I3p6pMjjo=">AAACMXicbVDLSgMxFE3qq9ZXq7hyEyyCqzJTBF1JxY3LCvYB7VAyaaaNzWSG5I5Qhv6DW/0Nv6Y7cetPmLazsI8DgcO5j3Nz/FgKA44zxbmt7Z3dvfx+4eDw6PikWDptmijRjDdYJCPd9qnhUijeAAGSt2PNaehL3vJHj7N6641rIyL1AuOYeyEdKBEIRsFKzYdeKqqTXrHsVJw5yDpxM1JGGeq9Ej7v9iOWhFwBk9SYjuvE4KVUg2CSTwrdxPCYshEd8I6liobceOn83Am5skqfBJG2TwGZq/8nUhoaMw592xlSGJrV2kzcVOskENx5qVBxAlyxhVGQSAIRmf2d9IXmDOTYEsq0sLcSNqSaMrAJLbkENl/BtV2y0XxVhGE4KVjYIN3V2NZJs1pxnYr7fFOu3WeR5tEFukTXyEW3qIaeUB01EEOv6B19oE/8haf4G/8sWnM4mzlDS8C/f6NAqUM=</latexit><latexit sha1_base64="4pRGXK4lnmNMxMPcZ4I3p6pMjjo=">AAACMXicbVDLSgMxFE3qq9ZXq7hyEyyCqzJTBF1JxY3LCvYB7VAyaaaNzWSG5I5Qhv6DW/0Nv6Y7cetPmLazsI8DgcO5j3Nz/FgKA44zxbmt7Z3dvfx+4eDw6PikWDptmijRjDdYJCPd9qnhUijeAAGSt2PNaehL3vJHj7N6641rIyL1AuOYeyEdKBEIRsFKzYdeKqqTXrHsVJw5yDpxM1JGGeq9Ej7v9iOWhFwBk9SYjuvE4KVUg2CSTwrdxPCYshEd8I6liobceOn83Am5skqfBJG2TwGZq/8nUhoaMw592xlSGJrV2kzcVOskENx5qVBxAlyxhVGQSAIRmf2d9IXmDOTYEsq0sLcSNqSaMrAJLbkENl/BtV2y0XxVhGE4KVjYIN3V2NZJs1pxnYr7fFOu3WeR5tEFukTXyEW3qIaeUB01EEOv6B19oE/8haf4G/8sWnM4mzlDS8C/f6NAqUM=</latexit><latexit sha1_base64="4pRGXK4lnmNMxMPcZ4I3p6pMjjo=">AAACMXicbVDLSgMxFE3qq9ZXq7hyEyyCqzJTBF1JxY3LCvYB7VAyaaaNzWSG5I5Qhv6DW/0Nv6Y7cetPmLazsI8DgcO5j3Nz/FgKA44zxbmt7Z3dvfx+4eDw6PikWDptmijRjDdYJCPd9qnhUijeAAGSt2PNaehL3vJHj7N6641rIyL1AuOYeyEdKBEIRsFKzYdeKqqTXrHsVJw5yDpxM1JGGeq9Ej7v9iOWhFwBk9SYjuvE4KVUg2CSTwrdxPCYshEd8I6liobceOn83Am5skqfBJG2TwGZq/8nUhoaMw592xlSGJrV2kzcVOskENx5qVBxAlyxhVGQSAIRmf2d9IXmDOTYEsq0sLcSNqSaMrAJLbkENl/BtV2y0XxVhGE4KVjYIN3V2NZJs1pxnYr7fFOu3WeR5tEFukTXyEW3qIaeUB01EEOv6B19oE/8haf4G/8sWnM4mzlDS8C/f6NAqUM=</latexit>

Aim
<latexit sha1_base64="sUJdG0YY6d/VJYaY1CWpNr0RY3U=">AAACMXicbVDLSgMxFM3UV62vVnHlJlgEV2VGBF1JxY3LCvYB7VAyaaaNTTJDckcow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBLHgBlx36hQ2Nre2d4q7pb39g8OjcuW4ZaJEU9akkYh0JyCGCa5YEzgI1ok1IzIQrB2MH2b19ivThkfqGSYx8yUZKh5ySsBKrft+ymXWL1fdmjsH/k+8nFRRjka/4pz2BhFNJFNABTGm67kx+CnRwKlgWamXGBYTOiZD1rVUEcmMn87PzfCFVQY4jLR9CvBc/TuREmnMRAa2UxIYmdXaTFxX6yYQ3vopV3ECTNGFUZgIDBGe/R0PuGYUxMQSQjW3t2I6IppQsAktuYQ2X860XbLWfFWEkcxKFjZIbzW2/6R1VfPcmvd0Xa3f5ZEW0Rk6R5fIQzeojh5RAzURRS/oDb2jD+fTmTpfzveiteDkMydoCc7PLwyiqX4=</latexit><latexit sha1_base64="sUJdG0YY6d/VJYaY1CWpNr0RY3U=">AAACMXicbVDLSgMxFM3UV62vVnHlJlgEV2VGBF1JxY3LCvYB7VAyaaaNTTJDckcow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBLHgBlx36hQ2Nre2d4q7pb39g8OjcuW4ZaJEU9akkYh0JyCGCa5YEzgI1ok1IzIQrB2MH2b19ivThkfqGSYx8yUZKh5ySsBKrft+ymXWL1fdmjsH/k+8nFRRjka/4pz2BhFNJFNABTGm67kx+CnRwKlgWamXGBYTOiZD1rVUEcmMn87PzfCFVQY4jLR9CvBc/TuREmnMRAa2UxIYmdXaTFxX6yYQ3vopV3ECTNGFUZgIDBGe/R0PuGYUxMQSQjW3t2I6IppQsAktuYQ2X860XbLWfFWEkcxKFjZIbzW2/6R1VfPcmvd0Xa3f5ZEW0Rk6R5fIQzeojh5RAzURRS/oDb2jD+fTmTpfzveiteDkMydoCc7PLwyiqX4=</latexit><latexit sha1_base64="sUJdG0YY6d/VJYaY1CWpNr0RY3U=">AAACMXicbVDLSgMxFM3UV62vVnHlJlgEV2VGBF1JxY3LCvYB7VAyaaaNTTJDckcow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBLHgBlx36hQ2Nre2d4q7pb39g8OjcuW4ZaJEU9akkYh0JyCGCa5YEzgI1ok1IzIQrB2MH2b19ivThkfqGSYx8yUZKh5ySsBKrft+ymXWL1fdmjsH/k+8nFRRjka/4pz2BhFNJFNABTGm67kx+CnRwKlgWamXGBYTOiZD1rVUEcmMn87PzfCFVQY4jLR9CvBc/TuREmnMRAa2UxIYmdXaTFxX6yYQ3vopV3ECTNGFUZgIDBGe/R0PuGYUxMQSQjW3t2I6IppQsAktuYQ2X860XbLWfFWEkcxKFjZIbzW2/6R1VfPcmvd0Xa3f5ZEW0Rk6R5fIQzeojh5RAzURRS/oDb2jD+fTmTpfzveiteDkMydoCc7PLwyiqX4=</latexit><latexit sha1_base64="sUJdG0YY6d/VJYaY1CWpNr0RY3U=">AAACMXicbVDLSgMxFM3UV62vVnHlJlgEV2VGBF1JxY3LCvYB7VAyaaaNTTJDckcow/yDW/0Nv6Y7cetPmLazsLUHAodzH+fmBLHgBlx36hQ2Nre2d4q7pb39g8OjcuW4ZaJEU9akkYh0JyCGCa5YEzgI1ok1IzIQrB2MH2b19ivThkfqGSYx8yUZKh5ySsBKrft+ymXWL1fdmjsH/k+8nFRRjka/4pz2BhFNJFNABTGm67kx+CnRwKlgWamXGBYTOiZD1rVUEcmMn87PzfCFVQY4jLR9CvBc/TuREmnMRAa2UxIYmdXaTFxX6yYQ3vopV3ECTNGFUZgIDBGe/R0PuGYUxMQSQjW3t2I6IppQsAktuYQ2X860XbLWfFWEkcxKFjZIbzW2/6R1VfPcmvd0Xa3f5ZEW0Rk6R5fIQzeojh5RAzURRS/oDb2jD+fTmTpfzveiteDkMydoCc7PLwyiqX4=</latexit>

Yi(a)
<latexit sha1_base64="uJRbquy0RsOyuJxy6nBHHtYPE9w=">AAACPHicbVDLSgMxFE181vpoq7hyEyxC3ZQZEXQlBTcuK9iHtMOQSTNtaJIZkoxQhvkSt/ob/od7d+LWtWk7C/s4EDice2/O4QQxZ9o4zifc2Nza3tkt7BX3Dw6PSuXKcVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHw/nXdeqNIskk9mElNP4KFkISPYWMkvl559VusLbEZBmOLs0i9XnbozA1olbk6qIEfTr8DT/iAiiaDSEI617rlObLwUK8MIp1mxn2gaYzLGQ9qzVGJBtZfOkmfowioDFEbKPmnQTP1/kWKh9UQEdnOaUS/PpuK6WS8x4a2XMhknhkoyNwoTjkyEpjWgAVOUGD6xBBPFbFZERlhhYmxZCy6hrZpRZT9Za74smpHIiha2SHe5tlXSvqq7Tt19vK427vJKC+AMnIMacMENaIAH0AQtQEACXsEbeIcf8At+w5/56gbMb07AAuDvH6HFrTQ=</latexit><latexit sha1_base64="uJRbquy0RsOyuJxy6nBHHtYPE9w=">AAACPHicbVDLSgMxFE181vpoq7hyEyxC3ZQZEXQlBTcuK9iHtMOQSTNtaJIZkoxQhvkSt/ob/od7d+LWtWk7C/s4EDice2/O4QQxZ9o4zifc2Nza3tkt7BX3Dw6PSuXKcVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHw/nXdeqNIskk9mElNP4KFkISPYWMkvl559VusLbEZBmOLs0i9XnbozA1olbk6qIEfTr8DT/iAiiaDSEI617rlObLwUK8MIp1mxn2gaYzLGQ9qzVGJBtZfOkmfowioDFEbKPmnQTP1/kWKh9UQEdnOaUS/PpuK6WS8x4a2XMhknhkoyNwoTjkyEpjWgAVOUGD6xBBPFbFZERlhhYmxZCy6hrZpRZT9Za74smpHIiha2SHe5tlXSvqq7Tt19vK427vJKC+AMnIMacMENaIAH0AQtQEACXsEbeIcf8At+w5/56gbMb07AAuDvH6HFrTQ=</latexit><latexit sha1_base64="uJRbquy0RsOyuJxy6nBHHtYPE9w=">AAACPHicbVDLSgMxFE181vpoq7hyEyxC3ZQZEXQlBTcuK9iHtMOQSTNtaJIZkoxQhvkSt/ob/od7d+LWtWk7C/s4EDice2/O4QQxZ9o4zifc2Nza3tkt7BX3Dw6PSuXKcVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHw/nXdeqNIskk9mElNP4KFkISPYWMkvl559VusLbEZBmOLs0i9XnbozA1olbk6qIEfTr8DT/iAiiaDSEI617rlObLwUK8MIp1mxn2gaYzLGQ9qzVGJBtZfOkmfowioDFEbKPmnQTP1/kWKh9UQEdnOaUS/PpuK6WS8x4a2XMhknhkoyNwoTjkyEpjWgAVOUGD6xBBPFbFZERlhhYmxZCy6hrZpRZT9Za74smpHIiha2SHe5tlXSvqq7Tt19vK427vJKC+AMnIMacMENaIAH0AQtQEACXsEbeIcf8At+w5/56gbMb07AAuDvH6HFrTQ=</latexit><latexit sha1_base64="uJRbquy0RsOyuJxy6nBHHtYPE9w=">AAACPHicbVDLSgMxFE181vpoq7hyEyxC3ZQZEXQlBTcuK9iHtMOQSTNtaJIZkoxQhvkSt/ob/od7d+LWtWk7C/s4EDice2/O4QQxZ9o4zifc2Nza3tkt7BX3Dw6PSuXKcVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHw/nXdeqNIskk9mElNP4KFkISPYWMkvl559VusLbEZBmOLs0i9XnbozA1olbk6qIEfTr8DT/iAiiaDSEI617rlObLwUK8MIp1mxn2gaYzLGQ9qzVGJBtZfOkmfowioDFEbKPmnQTP1/kWKh9UQEdnOaUS/PpuK6WS8x4a2XMhknhkoyNwoTjkyEpjWgAVOUGD6xBBPFbFZERlhhYmxZCy6hrZpRZT9Za74smpHIiha2SHe5tlXSvqq7Tt19vK427vJKC+AMnIMacMENaIAH0AQtQEACXsEbeIcf8At+w5/56gbMb07AAuDvH6HFrTQ=</latexit>

. . .
<latexit sha1_base64="masm5z4qAzrb3+Rk0gZpKKLVCDs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gDWWz2bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzglQKg6777ZTW1jc2t8rblZ3dvf2D6uFR26hMM95iSirdDajhUiS8hQIl76aa0ziQvBOMb2d+54lrI1TygJOU+zEdJiISjKKV2n0ZKjSDas2tu3OQVeIVpAYFmoPqVz9ULIt5gkxSY3qem6KfU42CST6t9DPDU8rGdMh7liY05sbP59dOyZlVQhIpbStBMld/T+Q0NmYSB7Yzpjgyy95M/M/rZRhd+7lI0gx5whaLokwSVGT2OgmF5gzlxBLKtLC3EjaimjK0AVVsCN7yy6ukfVH33Lp3f1lr3BRxlOEETuEcPLiCBtxBE1rA4BGe4RXeHOW8OO/Ox6K15BQzx/AHzucPuuuPNA==</latexit><latexit sha1_base64="masm5z4qAzrb3+Rk0gZpKKLVCDs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gDWWz2bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzglQKg6777ZTW1jc2t8rblZ3dvf2D6uFR26hMM95iSirdDajhUiS8hQIl76aa0ziQvBOMb2d+54lrI1TygJOU+zEdJiISjKKV2n0ZKjSDas2tu3OQVeIVpAYFmoPqVz9ULIt5gkxSY3qem6KfU42CST6t9DPDU8rGdMh7liY05sbP59dOyZlVQhIpbStBMld/T+Q0NmYSB7Yzpjgyy95M/M/rZRhd+7lI0gx5whaLokwSVGT2OgmF5gzlxBLKtLC3EjaimjK0AVVsCN7yy6ukfVH33Lp3f1lr3BRxlOEETuEcPLiCBtxBE1rA4BGe4RXeHOW8OO/Ox6K15BQzx/AHzucPuuuPNA==</latexit><latexit sha1_base64="masm5z4qAzrb3+Rk0gZpKKLVCDs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gDWWz2bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzglQKg6777ZTW1jc2t8rblZ3dvf2D6uFR26hMM95iSirdDajhUiS8hQIl76aa0ziQvBOMb2d+54lrI1TygJOU+zEdJiISjKKV2n0ZKjSDas2tu3OQVeIVpAYFmoPqVz9ULIt5gkxSY3qem6KfU42CST6t9DPDU8rGdMh7liY05sbP59dOyZlVQhIpbStBMld/T+Q0NmYSB7Yzpjgyy95M/M/rZRhd+7lI0gx5whaLokwSVGT2OgmF5gzlxBLKtLC3EjaimjK0AVVsCN7yy6ukfVH33Lp3f1lr3BRxlOEETuEcPLiCBtxBE1rA4BGe4RXeHOW8OO/Ox6K15BQzx/AHzucPuuuPNA==</latexit><latexit sha1_base64="masm5z4qAzrb3+Rk0gZpKKLVCDs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvHisYD+gDWWz2bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzglQKg6777ZTW1jc2t8rblZ3dvf2D6uFR26hMM95iSirdDajhUiS8hQIl76aa0ziQvBOMb2d+54lrI1TygJOU+zEdJiISjKKV2n0ZKjSDas2tu3OQVeIVpAYFmoPqVz9ULIt5gkxSY3qem6KfU42CST6t9DPDU8rGdMh7liY05sbP59dOyZlVQhIpbStBMld/T+Q0NmYSB7Yzpjgyy95M/M/rZRhd+7lI0gx5whaLokwSVGT2OgmF5gzlxBLKtLC3EjaimjK0AVVsCN7yy6ukfVH33Lp3f1lr3BRxlOEETuEcPLiCBtxBE1rA4BGe4RXeHOW8OO/Ox6K15BQzx/AHzucPuuuPNA==</latexit>
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Figure 3.1: A graphical model argument for the deconfounder. The punchline is that ifZi renders theAij ’s conditionally inde-

pendent then there cannot be amulti-cause confounder. The proof is by contradiction. Assume conditional independence holds,

p.ai1; : : : ; aim j zi / D
Q

j p.aij j zi /; if there exists a multi-cause confounderUi (red) then, byd -separation, conditional inde-

pendence cannot hold (Pearl, 1988). Note we cannot rule out the single-cause confounderSi (blue).

Why is this strategy sensible? Assume the fitted factor model captures the (unconditional) distribu-

tion of assigned causes p.ai1; : : : ; aim/. This means that all causes are conditionally independent given

the local latent factors,

p.ai1; : : : ; aim j zi/ D

mY
j D1

p.aij j zi/: (3.2)

Nowmake an additional assumption: there are no single-cause confounders, variables that affect just oneof

the assigned causes and the potential outcome function. (More precisely, we need to have observed all the

single-cause confounders.) With this assumption, the independence statement of Equation (3.2) implies

unconfoundedness, Ai ?? Yi.a/ jZi , and unconfoundedness justifies causal inference. In summary, if

the Bayesian factor model captures the distribution of assigned causes—a testable proposition—then we

can use Ozi as a variable that contains the (multi-cause) confounders.
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The graphical model in Figure 3.1 justifies the deconfounder and reveals its assumptions.† Suppose

we observe aZi such that the conditional independence in Equation (3.2) holds. Further suppose there

exists an unobservedmulti-cause confounderUi (illustrated in red), which connects tomultiple assigned

causes and the outcome. If such a Ui exists then the causes would be dependent, even conditional on

Zi . (This fact comes from d -separation.) But such dependence leads to a contradiction, specifically that

Equation (3.2) does not hold. ThusUi cannot exist.

There is a nuance. The conditional independence in Equation (3.2) cannot rule out the existence

of an unobserved single-cause confounder, denoted Si in Figure 3.1. Even if such a confounder exists,

conditional independence still holds.

Here is the punchline. If we find a Bayesian factor model that accurately represents the distribution

of causes then that model can provide a variable that captures the unobserved multi-cause confounders.

The reason is that themulti-cause confounders inducedependence among the causes; a good factormodel

provides a variable that renders the causes conditionally independent; thus that variable captures the con-

founders. This is the blessing of multiple causes.

3.2 The identification strategy of the deconfounder

How does the deconfounder identify potential outcomes? The classical strategy for causal identi-

fication is that unconfoundedness, together with sutva and overlap, identifies the potential out-

comes (Hirano and Imbens, 2004; Imai and Van Dyk, 2004; Imbens, 2000). The deconfounder contin-

ues to assume sutva and overlap, but it weakens the unconfoundedness assumption.

Roughly, unconfoundedness requires that there are no unobserved confounders. To weaken this as-

sumption, the deconfounder constructs a substitute confounder that captures multi-cause confounders.

(The proof is in Section 4.1.) Uncovering multi-cause confounders from data weakens the unconfound-

edness assumption to one of no unobserved single-cause confounders.

Thus the deconfounder relies on three main assumptions: (1) sutva (Rubin, 1980, 1990); (2) no

unobserved single-cause confounders; (3) overlap (Imai and Van Dyk, 2004).
†Figure 3.1 uses a graphical model to represent and reason about conditional dependencies in the population distribution.

It is not a causal graphical model or a structural equation model.
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3.2.1 Stable unit treatment value assumption (sutva)

Thesutva requires that the potential outcomes of one individual are independent of the assigned causes

of another individual. It assumes that there is no interference between individuals and there is only a sin-

gle version of each assigned cause. SeeRubin (1980, 1990) and Imbens and Rubin (2015a) for discussion

of this assumption.

3.2.2 No unobserved single-cause confounders

“No unobserved single-cause confounders” requires that we observe any confounders that affect only

one of the causes; see Figure 3.1. (The precise technical definition is in Assumption 4.1.1 of Sec-

tion 4.1.)

This assumption is weaker than the classical assumption of unconfoundedness, which requires “no

unobserved confounders.” That said, whether the assumption is plausible depends on the particulars

of the problem. Note that “no unobserved single-cause confounders” reduces to the “no unobserved

confounders” when there is only one cause; all confounders are single-cause in this case.

When might “no unobserved single-cause confounders” be plausible? Consider the movie-actor ex-

ample. One possible confounder is the reputation of the director. Famous directors have access to a

circle of capable actors; they also tend to make good movies with large revenues. If the dataset contains

many actors, several are likely in the circle of capable actors; the director’s reputation is a multi-cause

confounder. (If only one actor in the dataset is capable then the director’s reputation is a single-cause

confounder.)

Or consider thegwas problem. If a confounder affects single-nucleotide polymorphisms (snps)—

and we observe 100,000 snps per individual—then the confounder may be unlikely to affect only one.

The same reasoning can apply to other settings—medications in medical informatics data, neurons in

neuroscience recordings, and vocabulary terms in text data.

21



By the same token, “no unobserved single-cause confounders” may not be satisfied when there are

very few assigned causes. Consider the neuroscience problem of inferring the relationship between brain

activity and animal behavior, but where the scientist only records the activity of a small number of neu-

rons. While unlikely that a confounder affects only one neuron in the brain, it may bemore possible that

a confounder affects only one of the observed neurons. This would violate “no unobserved single-cause

confounders.”

In domains where “no unobserved single-cause confounders” is likely not satisfied, we sug-

gest performing sensitivity analysis (Cinelli et al., 2019; Franks et al., 2019; Gilbert et al., 2003;

Imai and Van Dyk, 2004; Robins et al., 2000b) on the deconfounder estimates. It assesses the robust-

ness of the estimate against unobserved single-cause confounding. In the context of gwas, Section 6.2

will illustrate the effect of violating “no unobserved single-cause confounders.”

3.2.3 Overlap

The final main assumption of the deconfounder is that the substitute confounderZi satisfies the overlap

condition,

p.Aij 2 A jZi/ > 0 for all sets A with positive measure, i.e. p.A/ > 0: (3.3)

Overlap asserts that, given the substitute confounder, the conditional probability of any vector of

assigned causes is positive. This assumption is sometimes stated as the second half of ignorability

(Imai and Van Dyk, 2004).‡

The potential outcomeYi.a/ is not identifiable if the substitute confounder does not satisfy overlap.

When the overlap is limited, i.e. p.Aij 2 A jZi/ is small for all values of Zi , then the deconfounder

estimates of the potential outcome Yi.a/will have a high variance.
‡We also require the observed covariatesXi satisfy the overlap condition if they are single-cause confounders, i.e. p.Aij 2

A jXi / > 0 for all sets A with positive measure, i.e. p.A/ > 0.
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For probabilistic factor models, the overlap condition is usually satisfied. For example, probabilistic

PCA assumes Aij jZi � N .Z>
i �j ; �

2/. The normal distribution has a support of the whole real line,

which ensures P.Aij 2 A jZi/ > 0 for all A with positive measure. That said, as the dimensionality

ofZi increases, overlap often becomes increasingly limited (D’Amour et al., 2017). For example, proba-

bilistic PCA returns increasingly small �2, which signalsP.Aij 2 A jZi/ is small.

We can enforce overlap by constraining the allowable family of factor models. With continuous

causes, we restrict tomodelswith continuous densities onR. (We assume the causes are full-rank, i.e., that

no two causes are measurable with each other; if such a pair exists, merge them into a single cause.) With

discrete causes, we restrict to factor models with support on the whole A and a Zi lower-dimensional

than the causes.

Alternatively, we can merge highly correlated causes as a preprocessing step. For example, consider

two causes that are always assigned the same value, e.g. two actors who either both appear in a movie or

both not. We canmerge them into one cause. This merging step prevents the deconfounder from extrap-

olating for the assigned causes which the data carries little evidence. We can also resort to classical strate-

gies of causal inference under limited overlap, for example subsampling the population (Crump et al.,

2009).

How can we assess the overlap with respect to the substitute confounder? With a fitted factor

model, we can analyze the conditional distribution of the assigned causes given the substitute confounder

P.Aij jZi/ for all individual i ’s. A conditional with low variance or low entropy signals limited overlap

and the possibility of high-variance causal estimates.
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3.2.4 Other assumptions

We have described the main assumptions of the deconfounder. Note that point identification of causal

quantities requires further assumptions; see Chapter 4 for a discussion of these additional assumptions.

One of the key additional assumptions is pinpointability (Assumption 4.1.2). It requires that we can

estimate the substitute confounderZi from the causesAi with full certainty. Notice that an unobserved

latent variable must affect an infinite number of causes to be pinpointable. It implies the unobserved

multi-cause confounder needs to non-trivially affect an infinite number of causes to be picked up intact

by the substitute confounder. We discuss this assumption further in Chapter 4.

3.2.5 The deconfounder is unbiased

With sutva, overlap, no unobserved single-cause confounders, and the additional technical assump-

tions, we use the deconfounder to estimate causal quantities.

The deconfounder (an informal version of Theorem 4.2.1). Assume sutva and no unobserved

single-cause confounders.Then the deconfounder provides an unbiased estimate of the average causal ef-

fect:

EY ŒYi.a1; : : : ; am/� � EY

�
Yi.a

0
1; : : : ; a

0
m/
�

D EX;Z ŒEY ŒYi jAi1 D a1; : : : ; Aim D am; Xi ; Zi ��

� EX;Z

�
EY

�
Yi jAi1 D a

0
1; : : : ; Aim D a

0
m; Xi ; Zi

��
;

(3.4)

whereZi denotes the substitute confounder constructed from the factor model.

The theorem relies on two properties of the substitute confounder: (1) it captures all multi-cause

confounders; (2) it does not capture mediators. By its construction from probabilistic factor models, the

substitute confounder captures all multi-cause confounders; again, see the graphical model argument in

Figure 3.1. Moreover, the substitute confounder is constructed with only the observed causes; no out-

come information is used, so it may not pick up any mediators. (We prove this fact in Lemma 9.2.1.)

Thus, along with no unobserved single-cause confounders, the substitute confounder provides uncon-
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foundedness. With unconfoundedness in hand, we treat the substitute confounder as if it were observed

covariates. While this theorem does not require overlap, identifying other causal quantities with the de-

confounder requires overlap. We discuss the identification of different causal quantities in Section 4.1

and lay out the assumptions required for each.

3.3 Practical details of the deconfounder

Wenext attend to some of the practical details of the deconfounder. The ingredients of the deconfounder

are (1) a factor model of assigned causes, (2) a way to check that the factor model captures their popu-

lation distribution, and (3) a way to estimate the conditional expectation E
h
Yi.a/ j OZi ;Ai D a

i
for

performing causal inference. We discuss each ingredient below (Section 3.3.1 and Section 3.3.2) and

then describe the full deconfounder algorithm (Section 3.3.3).

3.3.1 Using the assignment model to infer a substitute confounder

The first ingredient is a factor model of the assigned causes, as defined in Equation (3.1), which we call

the assignment model. Many models fall into this category, such as mixture models, mixed-membership

models, and deep generative models. Each of these models can be written as Equation (3.1); they each

involve a per-datapoint latent variable Zi and a per-cause parameter �j . Fitting the factor model gives

an estimate of the parameters �j ; j D 1; : : : ; m. When the fitted factor model captures the population

distribution of the assigned causes then inferences about Zi can be used as substitute confounders in a

downstream causal inference.

Example factor models The deconfounder requires that the investigator find an adequate factor

model of the assigned causes and then use the factor model to estimate the posterior p.zi j ai/. In the

simulations and studies of Chapter 6, we will explore several classes of factor models; we describe some

of them here.
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One of the most common factor models is principal component analysis (pca). pca is appropriate

when the assigned causes are real-valued. In its probabilistic form (Tipping and Bishop, 1999), both zi

and the per-cause parameters �j are real-valuedK-vectors. The model is

Zik � N .0; �2/; k D 1; : : : ; K; (3.5)

Aij jZi � N
�
z>

i �j ; �
2
�
; j D 1; : : : ; m: (3.6)

We can fit probabilistic pca with Bayesian methods and use standard conditional probability to cal-

culate p.zi j ai/. Exponential family extensions of pca are also factor models (Collins et al., 2002;

Mohamed et al., 2009) as are some deep generative models (Tran et al., 2017), which can be interpreted

as a nonlinear probabilistic PCA.

When the causes are counts, Poisson factorization (pf) is an appropriate factormodel (Cemgil, 2009;

Gopalan et al., 2015; Schmidt et al., 2009). pf is a probabilistic form of nonnegative matrix factoriza-

tion (Lee and Seung, 1999, 2001), where zi and �j are positiveK-vectors,

Zik � Gamma.˛0; ˛1/; k D 1; : : : ; K; (3.7)

Aij jZi � Poisson.z>
i �j /; j D 1; : : : ; m: (3.8)

pf can be fit to large datasets with variational methods (Gopalan et al., 2015).

A final example of a factor model is the deep exponential family (def) (Ranganath et al., 2015). A

def is a probabilistic deep neural network. It uses exponential families to generalize classical models like

the sigmoid belief network (Neal, 1990) and deep Gaussian models (Rezende et al., 2014). For example,

a two-layer defmodels each observation as

Z2;il � Exp-Fam
2
.˛/; l D 1; : : : ; L; (3.9)

Z1;ik jZ2;i � Exp-Fam
1
.g1.z

>
2;i�1;k//; k D 1; : : : ; K; (3.10)

Aij jZ1;i � Exp-Fam
0
.g0.z

>
1;i�0;j //; j D 1; : : : ; m: (3.11)
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Exp-Fam is an exponential family distribution, �� are parameters, and g�.�/ are link functions. Each

layer of the def has the same functional form as a generalized linear model (McCullagh, 2018;

McCullagh and Nelder, 1989). The def inherits the flexibility of deep neural networks, but uses expo-

nential families to capture different types of layered representations and data. For example, if the assigned

causes are counts then Expfam
0
can be Poisson; if they are reals then it can be Gaussian. Approximate

inference in def can be performed with variational methods (Ranganath et al., 2014).

Predictive checks for the assignment model The deconfounder requires that its factor model cap-

tures the population distribution of the assigned causes. To assess the fidelity of the chosen model, we

use predictive checks. A predictive check compares the observed assignments with assignments drawn

from the model’s predictive distribution. If the model is good, then there is little difference.

First hold out a subset of assigned causes for each individual ai`, where ` indexes some held-out

causes. The heldout assignments are written ai;held, and note we hold out randomly selected causes for

each individual. The observed assignments are written ai;obs.

Next fit the factor model to the remaining assignment data D D fai;obsg
n
iD1. This results in a

fitted assignment model p.z; � j a/. For each individual i , calculate the local posterior distribution of

p.zi j ai;obs/.

Here is the predictive check. First sample held-out causes from their predictive distribution,

p.a
rep
i;held j ai;obs/ D

Z
p.ai;held j zi/p.zi j ai;obs/ dzi : (3.12)

This distribution integrates out the local posteriorp.zi j ai;obs/. (An approximate posterior also suffices;

we discuss why in Section 3.4.)

Then compare replicated data to held-out data. We compare with expected log probability

t.ai;held/ D EZ

�
logp.ai;held jZ/ j ai;obs

�
; (3.13)

which relates to the marginal log likelihood. In the nomenclature of posterior predictive checks, this is

the “discrepancy function” that we use; one can use others.
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Figure 3.2: Predictive checks for the assignmentmodel. The vertical dashed line shows t .ai;held/. The blue curve shows the kernel den-

sity estimate (kde) of t .a
rep
i;held/. The predictive score is the area under the blue curve to the left of the vertical dashed line. The predictive

score of this assignmentmodel is larger than 0.1; we consider it satisfactory.

Finally calculate the predictive score,

predictive score D p
�
t.a

rep
i;held/ < t.ai;held/

�
: (3.14)

Here the randomness stems from a
rep
i;held coming from the predictive distribution in Equation (3.12), and

we approximate the predictive score withMonte Carlo.

How to interpret the predictive score? A goodmodel will produce values of the held-out causes that

give similar log-likelihoods to their real values—the predictive score will not be extreme. A mismatched

model will produce an extremely small predictive score, often where the replicated data has much higher

log-likelihood than the real data. An ideal predictive score is around 0.5. We consider predictive scores

with predictive scores larger than 0.1 to be satisfactory; we do not have enough evidence to conclude

a significant mismatch of the assignment model. Note that the threshold of 0.1 is a subjective design

choice. Wefind such assignmentmodels that pass this thresholdoften yield satisfactory causal estimates in

practice. Figure 3.2 illustrates a predictive check of a good assignmentmodel. Chapter 6 shows predictive

checks in action.
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These predictive checks blend ideas around posterior predictive checks (ppcs) (Rubin, 1984),

ppcs with realized discrepancies (Gelman et al., 1996), ppcs with held-out data (Gelfand et al., 1992;

Ranganath and Blei, 2019), and stage-wise checking of hierarchical models (Bayarri and Castellanos,

2007; Dey et al., 1998). They also relate to Bayesian causal model criticism (Tran et al., 2016b). More

broadly, the process of iterative model building—-cycling between finding, fitting, and checking amodel

of the assignments—relates to the applied practice of Bayesian data analysis (Blei, 2014; Gelman et al.,

2013).

3.3.2 The outcome model

Wedescribedhow tofit and check a factormodel ofmultiple assigned causes. Wenow fold in the observed

outcomes and use the fitted factor model to correct for unobserved confounders.

Suppose p.zi j ai ;D/ concentrates around a point Ozi . Then we can use Ozi as a confounder. Follow

Section 2.3 to calculate the iterated expectation on the left side of Equation (2.1). However, replace the

observed confounderswith the substitute confounder; the goal is to calculateE ŒE ŒYi.a/ jAi D a; Zi ��.

First, approximate the outside expectation withMonte Carlo,

E ŒE ŒYi.a/ jAi D a; Zi �� �
1

n

nX
iD1

EY ŒYi.Ai/ jAi D a; Zi D Ozi � : (3.15)

This approximation uses the substitute confounder Ozi , integrating over its population distribution. It

uses the model to infer the substitute confounder from each data point and then integrates the distribu-

tion of that inferred variable induced by the population distribution of data.

Turn now to the inner expectation of Equation (3.15). We fit a function to estimate this quan-

tity,

E ŒYi.Ai/ jAi D a; Zi D z� D f .a; z/: (3.16)
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The function f .a; z/ is called the outcome model and can be fit from the augmented observed data

fai ; Ozi ; yi.ai/g. For example, we can minimize their discrepancy via some loss function `:

Of D argmin
f

nX
iD1

`.yi.ai/ � f .ai ; Ozi//:

Like the factor model, we can check the outcome model—it is fit to observed data and should be predic-

tive of held-out observed data (Tran et al., 2016b).

One outcome model we consider is a simple linear function,

f .a; z/ D ˇ>aC 
>z C ˇ0: (3.17)

Another outcome model we consider is where f .�/ is linear in the assigned causes a and the “recon-

structed assigned causes” Oa.z/ D EM ŒA j z�, an expectation from the fitted factor model. This class

of functions is

f .a; z/ D ˇ>.a � Oa.z//C ˇ0: (3.18)

This model relates to the generalized propensity score (Hirano and Imbens, 2004; Imbens, 2000), where

it uses Oa.z/ as a proxy for the propensity score. Note this substitution is used in Bayesian statistics

(Geisser et al., 1990; Laird and Louis, 1982; Tierney and Kadane, 1986), and is justified when highermo-

ments of the assignment are similar across individuals. In both Equations (3.17) and (3.18), the coeffi-

cient ˇ represents the average causal effect of raising each cause by one unit.

If only a subset of the causes is of interest, then we fit the outcome model to the subset only. For

example, suppose we are only interested in the first k < m causes. Then we estimate

E ŒYi.Ai;1Wk/ jAi;1Wk D a1Wk; Zi D z� D f .a1Wk; z/; (3.19)

and consider outcome models like

f .a1Wk; z/ D ˇ
>
1Wka1Wk C 


>z C ˇ0; (3.20)

and

f .a1Wk; z/ D ˇ
>
1Wk.a1Wk � Oa.z/1Wk/C ˇ0: (3.21)
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Note we are not restricted to linear models. Other outcome models like random forests

(Wager and Athey, 2017) and Bayesian additive regression trees (Hill, 2011) all apply here. Moreover,

devising an outcome model is just one approach to approximating the inner expectation of Equa-

tion (3.15). Another approach is again to use Monte Carlo. There are several possibilities. In one,

group the confounder Ozi into bins and approximate the expectation within each bin. In another,

bin by the propensity score p.ai j Ozi/ and approximate the inner expectation within each propensity-

score bin (Lunceford and Davidian, 2004; Rosenbaum and Rubin, 1983). A third possibility—if the

assigned causes are discrete and the number of causes is small—is to use the propensity score with inverse

propensity weighting (Dehejia andWahba, 2002; Heckman et al., 1998; Horvitz and Thompson, 1952;

Rosenbaum and Rubin, 1983).

3.3.3 The full algorithm, and an example

We described each component of the deconfounder. Algorithm 8.1 gives the full algorithm, a procedure

for estimating Equation (3.15). The steps are: (1) find, fit, and check a factor model to the dataset of

assigned causes; (2) estimate Ozi for eachdata point; (3) find andfit anoutcomemodel; (4) use the outcome

model and estimated Ozi to do causal inference.

Example Consider a causal inference problem in genome-wide association studies (gwas)

(Stephens and Balding, 2009; Visscher et al., 2017): how do human genes causally affect height?

Here we give a brief account of how to use the deconfounder, omitting many of the details. We analyze

gwas problems extensively in Section 6.2. We discuss the connections of the deconfounder to existing

gwasmethods in Section 3.5.

Consider a dataset of n D 5; 000 individuals; for each individual, we measure height and genotype,

specifically the alleles at m D 100; 000 locations, called the single-nucleotide polymorphisms (snps).

Each snp is represented by a count of 0, 1, or 2; it encodes howmany of the individual’s two nucleotides

differ from the most common pair of nucleotides at the location. Table 3.1 illustrates a snippet of the

data (10 individuals).

31



Algorithm 3.1:The deconfounder

Input: a dataset of assigned causes and outcomes f.ai ; yi/g; i D 1; : : : ; n

Output: the average potential outcome E ŒY.a/� for any causes a

repeat
choose an assignment model from the class in Equation (3.1)
fit the model to the assigned causes faig; i D 1; : : : ; n

check the fitted model OM
until the assignment check is satisfactory
foreach datapoint i do

calculate Ozi D E OM
ŒZi j ai �.

end
repeat

choose an outcome model from Equation (3.16)
fit the outcome model to the augmented dataset f.ai ; yi ; Ozi/g; i D 1; : : : ; n

check the fitted outcome model
until the outcome check is satisfactory
estimate the average causal effect E ŒY.a/� � E ŒY.a0/� by Equation (3.15)

We simulate such a dataset of genotypes and height. We generate each individual’s genotypes by

simulating heterogeneous mixing of populations (Pritchard et al., 2000b). We then generate the height

from a linear model of the snps (i.e. the assigned causes) and some simulated confounders. (The con-

founders are only used to simulate data; when running the deconfounder, the confounders are unob-

served.) In this simulated data, the coefficients of the snps are the true causal effects; we denote them

ˇ� D .ˇ�
1 ; : : : ; ˇ

�
m/. See Section 6.2 for more details of the simulation.

ID .i/ SNP1
.ai;1/

SNP2
.ai;2/

SNP3
.ai;3/

SNP4
.ai;4/

SNP5
.ai;5/

SNP6
.ai;6/

SNP7
.ai;7/

SNP8
.ai;8/

SNP9
.ai;9/

� � � SNP100K
.ai;100K/

Height (feet)
.yi /

1 1 0 0 1 0 0 1 2 0 � � � 0 5.73
2 1 2 2 1 2 1 1 0 1 � � � 2 5.26
3 2 0 1 1 0 1 0 1 1 � � � 2 6.24
4 0 0 0 1 1 0 1 2 0 � � � 0 5.78
5 1 2 1 1 1 0 1 0 0 � � � 1 5.09
:
:
:

:
:
:

:
:
:

Table 3.1: How do SNPs causally affect height? This table shows a portion of a dataset: simulated SNPs as themultiple causes and height

as the outcome.
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The goal is to infer how the snps causally affect human height, even in the presence of unobserved

confounders. The m-dimensional snp vector ai D .ai1; ai2; :::; aim/ is the vector of assigned causes

for individual i ; the height yi is the outcome. We want to estimate the potential outcome: what would

the (average) height be if we set a person’s snp to be a D .a1; a2; :::; am/? Mathematically, this is

the average potential outcome function: EŒYi.a/�, where the vector of assigned causes a takes values in

f0; 1; 2gm.

We apply the deconfounder: model the assigned causes, infer a substitute confounder, and perform

causal inference. To infer a substitute confounder, we fit a factor model of the assigned causes. Here we

fit a 50-factor pfmodel, as in Equation (3.7). This fit results in estimates of non-negative factors O�j for

each assigned cause and non-negative weights Ozi for each individual (bothK-vectors).

If the predictive check greenlights this fit, then we take the posterior predictive mean of the assigned

causes as the reconstructed assignments, Oaj .zi/ D Oz
>
i
O�j . For brevity, we do not report the predictive

check here. (The model passes.) We demonstrate predictive checks forgwas in the empirical studies of

Section 6.2.

Using the reconstructed assigned causes, we estimate the average potential outcome function. Here

we fit a linear outcome model to the height yi against both of the assigned causes ai and reconstructed

assignment Oa.zi/,

yi � N
�
ˇ0 C ˇ

>.ai � Oa.zi//; �
2
�
: (3.22)

This regression is high dimensional .m > n/; for regularization, we use anL2-penalty onˇ (equivalently,

normal priors). Fitting the outcome model gives an estimate of regression coefficients f Ǒ0; Ǒg. Because

we use a linear outcome model, the regression coefficients Ǒ estimate the true causal effect ˇ�.

We evaluate the causal estimates obtainedwith andwithout the deconfounder. We focus on the root

mean squred error (rmse) of Ǒ to ˇ�. (“Causal estimation without the deconfounder” means fitting a

linear model of the height yi against the assigned causes ai .) TThe rmse is 49:6 � 10�2 without the

deconfounder and 41:6 � 10�2 with the deconfounder. The deconfounder produces closer-to-truth

causal estimates.
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3.4 A conversation with the reader

In this section, we answer some questions a reader might have.

Whydo I needmultiple causes? Thedeconfounderuses latent variables to capturedependence among

the assigned causes. The theory in Section 4.1 says that a latent variable that captures this dependence

will contain all valid multi-cause confounders. But estimating this latent variable requires evidence for

the dependence, and evidence for dependence cannot exist with just one assigned cause. Thus the decon-

founder requires multiple causes.

Is the deconfounder free lunch? The deconfounder is not free lunch—it trades confounding bias for

estimation variance. To see this, take an information point of view: the deconfounder uses a portion of

information in the data to estimate a substitute confounder; then it uses the rest to estimate causal effects.

By contrast, classical causal inference uses all the information to estimate causal effects, but itmust assume

unconfoundedness.

Suppose unconfoundedness is satisfied, i.e. no unobserved confounders. Then both classical causal

inference and the deconfounder provide unbiased causal estimates, though the deconfounder will be

less confident; it has higher variance. Now suppose only “no unobserved single-cause confounders” is

satisfied. The deconfounder still provides unbiased causal estimates, but the classical causal inference is

biased.

Why does the deconfounder have two stages? Algorithm 8.1 first fits a factor model to the assigned

causes and then fits the potential outcome function. This is a two-stage procedure. Why? Can we fit

these two models jointly?

One reason is convenience. Goodmodels of assigned causes may be known in the research literature,

such as for genetic studies. Moreover, separately fitting the assignment model allows the investigator

to fit models to any available data of assigned causes, including datasets where the outcome is not mea-

sured.
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Another reason for the two stages is to ensure that Zi does not contain mediators, variables along

the causal path between the assigned causes and the outcome. Intuitively, excluding the outcome en-

sures that the substitute confounders are “pre-treatment” variables; we cannot identify a mediator by

looking only at the assigned causes. More formally, excluding the outcome ensures that the model satis-

fies p.zi j ai ; yi.ai// D p.zi j ai/; this equality cannot hold ifZi contains a mediator.

How does the deconfounder relate to the generalized propensity score? What about instrumental

variables? The deconfounder relates to both. The deconfounder can be interpreted as a generalized

propensity score approach, except where the propensity score model involves latent variables. If we treat

the substitute confounder Zi as observed covariates, then the factor model P.Ai jZi/ is precisely the

propensity score of the causes Ai . With this view, the innovation of the deconfounder is in Zi being

latent. Moreover, it is the multiplicity of the causesAi1; : : : ; Aim that makes a latentZi feasible; we can

constructZi by finding a random variable that renders all the causes conditionally independent.

The deconfounder can also be interpreted as a way of constructing instruments using latent factor

models. Think of a factormodel of the causes with linearly separable noises: Aij
a:s:
D f .Zi/C�ij . Given

the substitute confounder, consider the residual of the causes �ij . For example, with probabilistic pca

the residual is �ij D Aij �Z
>
i �j � N .0; �2/.

Assumingnounobserved single-cause confounders, the variable �ij is an instrumental variable for the

j th causeAij : (1) The residual �ij correlates with the causeAij . (2) The residual �ij affects the outcome

only through the causeAij ; this fact is true because the substitute confounderZi is constructed without

using any outcome information. (3) The residual �ij cannot be correlated with a confounder; this is true

because Zi ? �ij by construction from the factor model, where P.Zi/ and P.Aij jZi/ are specified

separately.

However, the deconfounder differs from the classical instrumental variables approach because it uses

latent variablemodels to construct instruments, rather than requiring that instruments be observed. The

latent variable construction is feasible because themultiplicity of the causes allows us to constructZi and

�ij from the conditional independence requirement.
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Does the factor model of the assigned causes need to be the true assignment model? Which factor

model should I choose if multiple factor models return good predictive scores? Finding a good

factor model is not the same as finding the “true” model of the assigned causes. We do not assume the

inferred variableZi reflects a real-world unobserved variable.

Rather, the deconfounder requires the factor model to capture the population distribution of the

assigned causes and, more particularly, their dependence structure. This requirement is why predic-

tive checking is important. If the deconfounder captures the population distribution—if the predictive

check returns high predictive scores—then we can use the inferred local variables Zi as substitute con-

founders.

Moreover, the deconfounder can rely on approximate inference methods to infer the substitute con-

founder. The predictive check evaluateswhetherZi provides a goodpredictive distribution, regardless of

how it was inferred. Given the assumptions of the deconfounder, as long as themodel and (approximate)

inference method together give a good predictive distribution—one close to the population distribution

of the assigned causes—then the downstream causal inference is valid. We use approximate inference for

most of the factor models we study in Chapter 6.

Suppose multiple factor models give similarly good predictive scores in the predictive check. In this

case, we recommend choosing the factor model with the lowest capacity. Factor models with similar pre-

dictive scores often result in causal estimates with similarly little bias. But the variance of these estimates

can differ. Factormodels with high capacity can compromise overlap and lead to high-variance estimates;

factor models with low capacities tend to produce lower variance causal estimates. The empirical study

in Section 6.1 demonstrates this phenomenon.

Should I condition on known confounders and covariates? Suppose we also observe known con-

founders and other covariates Xi . The deconfounder maintains its theoretical properties when we

condition on observed covariates Xi as well as infer a substitute confounder Zi . In particular, if

Xi is “pre-treatment”—it does not include any mediators—then the causal estimate will be unbiased

(Imai and Van Dyk, 2004) (also see Theorem 4.2.1 below). Moreover, to satisfy no unobserved single-

cause confounders (Section 3.2.2), we must condition on single-cause confounders. In practice, if we

observe covariates that we are confident are confounders, we should condition on them.
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How can I assess the uncertainty of the deconfounder? The uncertainty in the deconfounder comes

from two sources, the factormodel and the outcomemodel. The deconfounder first fits (and checks) the

factor model; it gives a substitute confounderZi � p.zi j ai/. It then uses the mean of the substitute

confounder Ozi D E OM
ŒZi j ai � to fit an outcome model p.yi j ai ; Ozi/ and compute the potential out-

come estimate E ŒYi.a/�.

To assess the uncertainty of the deconfounder, we consider the uncertainty from both sources. We

first draw s samples fz.1/
i ; : : : ; z

.s/
i g of the substitute confounder: z

.`/
i

i id
� p.zi j ai/; ` D 1; : : : ; s. For

each sample z.`/
i , we fit an outcome model and compute a point estimate of the potential outcome. (If

the outcomemodel is probabilistic, we compute the posterior distribution of its parameters; this leads to

a posterior of the potential outcome.) We aggregate the estimates of the potential outcome (or its distri-

butions) from the s samples fz.1/
i ; : : : ; z

.s/
i g; the aggregated estimate is a collection of point estimates of

the potential outcome (or a mixture of its posterior distributions).

The variance of this aggregated estimate describes the uncertainty of the deconfounder; it reflects

how the finite data informs the estimation of the potential outcome. Section 2.6 of Gustafson (2015)

shows that this procedure produces credible intervals that achieve a frequentist coverage averaging out to

the nominal level; the averaging is over the prior distribution of the parameter space. This procedure is

applicable nomatter whether the causal quantities of interest are identifiable or only partially identifiable.

In a two-cause smoking study, Section 6.1 illustrates this strategy for calculating the uncertainty of the

deconfounder.

Can the causes be causally dependent among themselves? The short answer is no for the average

(total) causal effects of the causes. With additional assumptions, the deconfounder may still be able to

identify the direct causal effect of each cause. Finally, a valid substitute confounder may not exist in this

setting. For example, consider a cause A1 that causally affects A2 according to A1 � N .0; 1/; A2 D

A1 C �; � � N .0; 1/. In this case, a substitute confounder Z must satisfy Z a:s:
D A1 or Z a:s:

D A2,

because it needs to render the two causes conditionally independent. But such aZ does not satisfy over-

lap.
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3.5 Connections to genome-wide association studies (gwas)

Manymethods from the research literature, especially around genome-wide association studies (gwas),

can be reinterpreted as instances of the deconfounder algorithm. Each can be seen as positing a factor

model of assigned causes (Section 3.3.1) and a conditional outcome model (Section 3.3.2).

The deconfounder justifies each of these methods as forms of multiple causal inference and, though

predictive checks, points to how a researcher can usefully compare and assess them. Most of these meth-

ods were motivated by imagining true unobserved confounding structure. However, the theory around

the deconfounder shows that a well-fitted factor model will capture confounders independent of a re-

searcher imagining what they may be; see the question in Section 3.4.

Below we describe many methods from the gwas literature and show how they can be viewed as

deconfounder algorithms. The gwas problem is described in Section 3.3.3.

Linear mixed models The linear mixed model (lmm) is one the most popular classes of methods for

analyzinggwas (Darnell et al., 2017; Kang et al., 2008; Lippert et al., 2011; Loh et al., 2015; Yang et al.,

2014; Yu et al., 2006). Seen through the lens of the deconfounder, anlmmposits a linear outcomemodel

that depends on both the snps and a scalar latent factorZi .

In the lmm literature, Zi is not explicitly drawn from a factor model; rather, Z1Wn are from a mul-

tivariate Gaussian whose covariance matrix, called the “kinship matrix,” is calculated from the observed

snpsa1Wn. However, this ismathematically equivalent to posterior latent factors from a one-dimensional

pcamodel. Subject to its capturing the distribution of snps, the lmm is performing a multiple causal

inference with the deconfounder.

Principal component analysis A related approach is to first perform (multi-dimensional) pca on the

snpmatrix and then to estimate an outcomemodel from the corresponding residuals (Price et al., 2006).

This too is an instance of the deconfounder. As a factor model, pca is described in Equation (3.6). Fit-

ting an outcome model to its residuals is equivalent to conditioning on the reconstructed assignments,

Equation (3.18).
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Logistic factor analysis Closely related to pca is logistic factor analysis (lfa) (Hao et al., 2015;

Song et al., 2015). lfa can be seen as the following factor model,

Zi � N .0; I /

�ij jZi � N .z>
i �j ; �

2/; j D 1; : : : ; m;

Aij j�ij � Binomial.2; logit�1.�ij //; j D 1; : : : ; m:

If it captures the snpmatrix well, thenZi can be viewed as a substitute confounder.

With lfa in hand, Song et al. (2015) use inverse regression to perform association tests. Their ap-

proach is equivalent to assuming an outcomemodel conditional on the reconstructed assignments a. Ozi/,

again Equation (3.18), and subsequently testing for non-zero coefficients.

In a variant of lfa, Tran and Blei (2017) use a neural-network-based model of the unobserved

confounder, connecting this model to causal inference with a nonparametric structural equation

model (Pearl, 2009). They take an explicitly causal view of the testing problem.

Mixed-membership models Finally, many statistical geneticists use mixed-membership mod-

els (Airoldi et al., 2014) to capture the latent population structure of snps, and then condition on that

structure in downstream analyses (Falush et al., 2003, 2007; Pritchard et al., 2000a,b). In genetics, a

mixed-membership model is a factor model that captures latent ancestral populations. The latent vari-

ableZi is on theK � 1 simplex; it represents how much individual i reflects each ancestral population.

The observed snp Aij comes from a mixture of Binomials, where Zi determines its mixture propor-

tions.

Using thesemodels, researchers use a linear outcomemodel conditional on zi and devise tests for sig-

nificant associations (Pritchard et al., 2000b; Song et al., 2015; Tran and Blei, 2017). The deconfounder

justifies this practice from a causal perspective, and underlines the importance of finding a model of pop-

ulation structure that captures the per-individual distribution of snps.

3.6 Related work

The deconfounder relates to several threads of research in causal inference.
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Probabilistic modeling for causal inference. Several lines of work use probabilistic model-

ing to aid causal inference. Mooij et al. (2010) use Gaussian processes to depict causal mecha-

nisms; Zhang and Hyvärinen (2009) study post-nonlinear causal models and their identifiability;

Mckeigue et al. (2010) build on sparse methods to infer causal structures; Moghaddass et al. (2016) use

Bayesian factor models to generalize the self-controlled case series method to multiple causes and mul-

tiple outcomes. Louizos et al. (2017) use variational autoencoders to infer unobserved confounders

from proxy variables, Shah andMeinshausen (2018) develop projection-based techniques for high-

dimensional covariance estimation under latent confounding, Frot et al. (2019) use linear factor models

for robust causal structure learning with hidden variables, and Kaltenpoth and Vreeken (2019) leverage

information theory principles to differentiate causal and confounded connections.

With a related goal, Tran and Blei (2017) build implicit causal models. Like the gwas example in

Section 6.2, they take an explicit causal view of gwas, treating the snps as the multiple causes. They

connect implicit probabilistic models and nonparametric structural equation models for causal infer-

ence (Pearl, 2009), and develop inference algorithms for capturing shared confounding. Heckerman

(2018) studies the same scenario with linear regression, where observingmany causes makes it possible to

account for shared confounders. Multiple causal inference and latent confounding was also formalized

by Ranganath and Perotte (2018), who take an information-theoretic approach.

Most of these papers use Pearl’s framework (Pearl, 2009); they hypothesize a causal graph with con-

founders, causes, and outcomes. This chapter complements these works. We develop the deconfounder

in the potential outcomes framework (Imbens and Rubin, 2015a; Rubin, 1974, 2005).

Analyzing genome-wide association studies (gwas). In gwas, the latent population structure is an

important unobserved confounder. Pritchard et al. (2000b) propose a probabilistic admixturemodel for

unsupervised ancestry inference. Price et al. (2006) andAstle et al. (2009) estimate the unobserved popu-

lation structure using the principal components of the genotype matrix. Yu et al. (2006) and Kang et al.

(2010) estimate the population structure via the “kinship matrix” on the genotypes. Song et al. (2015)

and Hao et al. (2015) rely on factor analysis and admixture models to estimate the population structure.
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GTEx Consortium et al. (2017) adopt a similar idea to study the effect of genetic variations on gene ex-

pression levels. These methods can be seen as variants of the deconfounder (see Section 3.5). The de-

confounder gives them a rigorous causal justification, provides principled ways to compare them, and

suggests an array of new approaches. We study gwas data in Section 6.2.

Assessing the unconfoundedness assumption. Rosenbaum and Rubin (1983) demonstrate that uncon-

foundedness, together with a good propensity score model, is sufficient to perform causal inference with

observational data. Many subsequent efforts assess the plausibility of unconfoundedness. For example,

Gilbert et al. (2003); Imai and Van Dyk (2004); Robins et al. (2000b) develop sensitivity analysis in vari-

ous contexts, though focusing on data with a single cause. In contrast, this work uses predictive model

checks to assess unconfoundedness with multiple causes. More recently, Sharma et al. (2016) leverage

auxiliary outcome data to test for confounding; Janzing and Schölkopf (2018a,b); Liu and Chan (2018)

develop tests for non-confounding in multivariate linear regression; Cinelli et al. (2019) develop sensi-

tivity analysis for linear causal models; Franks et al. (2019) design flexible sensitivity analysis for causal

inference with one binary treatment. Here we work without auxiliary data, focus on causal estimation,

as opposed to testing, and move beyond linear models and one treatment.

The (generalized) propensity score. Lee et al. (2010); McCaffrey et al. (2004); Schneeweiss et al.

(2009) and many others develop and evaluate different models for assigned causes. In particular,

Chernozhukov et al. (2017a) introduce a semiparametric assignment model; they propose a principled

way of correcting for the bias that arises when regularizing or overfitting the assignmentmodel. Thework

in this chapter introduces latent variables into the assignment model. The multiplicity of causes enables

us to infer these latent variables and then use them as substitutes for unobserved confounders.

Traditional causal inference with multiple treatments. Feng et al. (2012); Lechner (2001);

Lopez et al. (2017); McCaffrey et al. (2013); Rassen et al. (2011); Zanutto et al. (2005) extend matching,

subclassification, and weighting to multiple treatments, always assuming no unobserved confounders.

This work relaxes that assumption to no unobserved single-cause confounders.
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4
Causal identification of the deconfounder

In this chapter, we develop theoretical results around the deconfounder.* We first justify the use of fac-

tor models by connecting them to the unconfoundedness assumption. We show that factor models, to-

gether with no unobserved single-cause confounders and a so-called pinpointability assumption, imply

unconfoundedness. We then discuss identification results around the deconfounder. Under sutva, no

unobserved single-cause confounders, and pinpointability, we prove that the deconfounder identifies the

average causal effects and the conditional potential outcomes under different conditions.

4.1 The unconfoundedness of the substitute confounder

Begin by defining a multi-cause separator, a type of random variable.

*This chapter is in part based onWang and Blei (2019a, 2020).
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Definition 4.1.1: Multi-cause separator. Consider all the causesAi D fAi1; : : : ; Aimg. Amulti-cause

separator Ui is a smallest � -algebra that renders all the causes conditionally independent,

P.Ai1; : : : ; Aim jUi/ D

mY
j D1

P.Aij jUi/; (4.1)

and where none of the conditionals P.Aj jUi/ is a point mass.

The concept of the smallest � -algebra defines the sense in which the variableUi is “multi-cause.” If

Ui contains information about a single cause then it is not the smallest separating � -algebra. We explain

the reasons below.

Suppose the variable Ui contains a single cause component and a multi-cause component, Ui D

.U s
i ; U

�
i /. Without loss of generality, suppose the single-cause component only depends on the first

causeA1. Then Equation (8.4) implies

P.Ai1; : : : ; Aim jUi/ D

mY
j D1

P.Aij jUi/ (4.2)

D P.Ai1 jU
s
i ; U

�
i / �

mY
j D2

P.Aij jU
�
i /: (4.3)

This implies that

P.Ai1; : : : ; Aim jU
�
i / D

Z
P.Ai1; : : : ; Aim jU/ � P.U s

i jU
�
i / dU

s
i (4.4)

D

mY
j D2

P.Aij jU
�
i / �

Z
P.Ai1 jU

�
i ; U

s
i / � P.U

s
i jU

�
i / dU

s
i (4.5)

D P.Ai1 jU
�
i / �

mY
j D2

P.Aij jU
�
i /; (4.6)

whichmeans thatU D .U s
i ; U

�
i / is not the smallest� -algebra that renders the causes independent.

Next, we state the “no unobserved single-cause confounders” assumption.

Assumption 4.1.1: No unobserved single-cause confounders. There exists a random variableUi that

satisfies the following two requirements:

1. It is a multi-cause separator.
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2. Together with the observed covariatesXi , it satisfies weak unconfoundedness,†

Ai1; : : : ; Aim ?? Yi.a/ jUi ; Xi 8a 2 A: (4.7)

The first part ensures thatUi only involvesmultiple causes. The second part ensures that the variable

Ui contains all multi-cause confounders. (It can contain other multi-cause variables as well.)

Why is Assumption 4.1.1 called “no unobserved single-cause confounders”? The variable Ui is a

multi-cause separator: it cannot capture single-cause variables; it must capture ancestors of multiple

causes, and it cannot capture descendants of multiple causes. For Ui and the observed covariates Xi to

satisfyweak unconfoundedness, the observed covariatesmust include all single-cause confounders.

The next assumption is that every multi-cause separator is pinpointed by a single function of the

observed causes. It is called a substitute confounder, though only after the theorem below will it deserve

this name.

Assumption 4.1.2: Pinpointability. All multi-cause separators Zi are pinpointed‡ by a single deter-

ministic function of the causes,

P.Z jAi1; : : : ; Aim/ D ıf .Ai1;:::;Aim/; (4.8)

where ıf .�/ denotes a point mass at f .�/.

Pinpointability requires that we can estimate the substitute confounderZi from the causesAi with

certainty; it is a deterministic function of the causes. Together with Proposition 4.1.1, pinpointability

implies that the true unobserved multi-cause confounders are also deterministic functions of the causes.

Nevertheless, the substitute confounder need not coincide with the true data-generating Zi ; nor does
†This assumption was suggested by Imai and Jiang at JSM 2019 (Wang and Blei, 2019c). HereXi is a set of observed co-

variates andYi .a/ are potential outcomes. Definition 4 ofWang and Blei (2019a) says there exists a smallest-� -algebra variable
that renders the causes independent (Equation (40) of Wang and Blei (2019a) ), and it satisfies weak unconfoundedness. For
weak unconfoundedness, fix Equation (39) of Wang and Blei (2019a) by addingAi;�j to its conditioning.

‡This assumption is the same as the “consistency of substitute confounder” assumption inWang and Blei (2019a).
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it need to coincide with the true unobserved confounder. We only need to estimate the substitute con-

founderZi up to some deterministic bijective transformations (e.g. scaling and linear transformations).

That said, we note that for the true unobserved multi-cause confounders to be pinpointability, it usually

has to non-trivially affect an infinite number of causes.

Many factor models satisfy pinpointability when the number of causes is large. For example, proba-

bilistic PCAandPoisson factorization lead to pinpointableZi as .nCm/�log.nm/=.nm/! 0, wheren

is the number of individuals andm is the number of causes (Chen et al., 2019). Many studies also involve

many causes, e.g. the gwas study in Section 6.2 and the movie-actor study in Section 6.3.

Proposition 4.1.1: Weak unconfoundedness of the substitute confounder. Suppose Assump-

tions 4.1.1 and 4.1.2 hold. Consider a multi-cause separatorZi . It satisfies weak unconfoundedness,

Ai1; : : : ; Aim ?? Yi.a/ jZi ; Xi 8a 2 A: (4.9)

Proof. Equation (4.8) implies the following conditional distribution of the substitute confounder given

all of the other variables (including the potential outcomes),

P.Zi jAi1; : : : ; Aim; fY.a/ga2A; Xi/ D ıf .Ai1;:::;Aim/: (4.10)

Assumption 4.1.2 only concerns the probability space of the observed causes A. But Equation (4.10)

holds because P.Zi jAi1; : : : ; Aim/ is a point mass ıf .Ai1;:::;Aim/, which satisfies ıf .Ai1;:::;Aim/ ??

fYi.a/ga2A; Xi .

Equation (4.10) implies that the substitute confounder Zi is unique. The reason is that if two

variables Zi1 and Zi2 satisfy Equation (4.10) then they must be equal in the whole probability space,

Zi1 D Zi2 D f .Ai1; : : : ; Aim/ on A �X � fY.a/ga2A.

The uniqueness ofZi , together with Assumption 4.1.1, implies that the substitute confounder sat-

isfies weak unconfoundedness,

Ai1; : : : ; Aim ?? Yi.a/ jZi ; Xi 8a 2 A: (4.11)
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Why? Assumption 4.1.1 asserts the existence of a random variable that is (1) the smallest � -algebra that

renders the causes conditionally independent and (2) satisfies weak unconfoundedness. The argument

above establishes the uniqueness of the random variable that satisfies (1). Thus the variable satisfying (1)

must also satisfy (2). This unique random variable is the substitute confounderZi . §

Assumption 4.1.1 posits the existence of amulti-cause separator that also satisfies unconfoundedness.

Assumption 4.1.2 implies there is only one multi-cause separatorZi , it is unique. (The next paragraph

discusses why.) These two assumptions together imply that the multi-cause separator Zi also satisfies

weak unconfoundedness.

Assumption 4.1.2 pinpoints the separator as a function of the causes. Why does this assumption

imply the uniqueness of the multi-cause separator, particularly across the probability space expanded

with all potential outcomes? Equation (4.8) implies

P.Zi jAi1; : : : ; Aim; fYi.a/ga2A; Xi/ D ıf .Ai1;:::;Aim/: (4.12)

If two variables Zi1 and Zi2 both satisfy Equation (4.12) then they must be equal. The reason is that

Zi1 D Zi2 D f .Ai/ in the full probability spaceA�X�fY.a/ga2A. Thus Assumption 4.1.2 implies

the uniqueness of the multi-cause separator.

The deconfounder algorithm operationalizes this theory. If the investigator finds a deterministic

function of the causes that renders them conditionally independent then the output of that function

can be used as a substitute confounder in a downstream causal inference. Assumption 4.1.1 is that the

observed covariatesXi and multi-cause separator Ui provide weak unconfoundedness: there are no un-

observed single-cause confounders. Assumption 4.1.2 is that there is a single f .Ai/ that provides the

substitute confounder.
§This proof simplifies the proof of Lemma 2 inWang and Blei (2019a).

46



The algorithm uses a probabilistic factor model and posterior predictive check to find f .Ai/. Sup-

pose a factor model describes well the distribution of the causes. Then its local latent variable renders

the causes conditionally independent. When the number of causes is large and the local latent variable

is low-dimensional, this inference approaches a deterministic function, satisfying Equation (4.8). The

deconfounder infers the local latent variables and calls them substitute confounders.

Why are the inferred confounders multi-cause separators? Why do they form the smallest � -algebra

that renders the causes conditionally independent? The reason has two parts. (1) The factor model im-

plies that its latent variable renders the causes conditionally independent. (2) The � -algebra of a pin-

pointed separator cannot pick up single-cause variables; Lemma 9.2.1 provides a proof.

Assumption 4.1.2 requires a single deterministic function that provides the separator; the algorithm

uses a factor model to find it. Kruskal (1989) and Allman et al. (2009) provide conditions that guarantee

the uniqueness of the factor model that captures the distribution of the causes. Bai and Li (2012) and

Chen et al. (2019) study conditions under which the latent variables of factor models are identifiable.

With many causes and a low-dimensional factor model, the inference of its local variable approaches a

deterministic function.

Finally, the deconfounder uses posterior predictive checks (Gelman et al., 1996; Guttman, 1967;

Rubin, 1984) to assess thefidelity of thedistributionof causes that is providedby the factormodel. Specif-

ically, the check evaluates the predictive distribution on sets of held-out causes. This strategy uses ideas

from Bayarri and Berger (2000); Ranganath and Blei (2019); Robins et al. (2000a) to provide a better-

calibrated check.

4.2 Causal identification of the deconfounder

Building on Proposition 4.1.1, we discuss a collection of causal identification results around the decon-

founder. Weprove that the deconfounder can identify three causal quantities under suitable conditions.¶

These causal quantities include the average causal effect of all the causes, the average causal effect of sub-

sets of the causes, and the conditional potential outcome.
¶Here “identify”means the causal quantity can bewritten as a function of the observed data. Moreover, the deconfounder

can unbiasedly estimate it.
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We first study the average causal effect of all the causes.

Theorem 4.2.1: Identification of the average causal effect of all the causes. Assume sutva, “no

unobserved single-cause confounders,” and pinpointability. Then, under conditions described below,

the deconfounder non-parametrically identifies the average causal effect of all the causes. The average

causal effect of changing the causes from a D .a1; : : : ; am/ to a0 D .a0
1; : : : ; a

0
m/ is

EY ŒYi.a/��EY

�
Yi.a

0/
�

DEZi ;Xi
ŒEY ŒYi jAi D a; Zi ; Xi �� � EZi ;Xi

�
EY

�
Yi jAi D a0; Zi ; Xi

��
: (4.13)

This holds with the following two conditions:‖ (1) The substitute confounder is a piece-wise constant

functionof the (continuous) causes: raf .a/ D 0up to a set ofLebesguemeasure zero; (2)Theoutcome

is separable,

E ŒYi.a/ jZi D z;Xi D x� D f1.a; x/C f2.z/; (4.14)

E ŒYi jAi D a; Zi D z;Xi D x� D f3.a; x/C f4.z/; (4.15)

for all .a; x; z/ 2 A �X �Z and some continuously differentiable** functions f1, f2, f3, and f4.††

Proof sketch. Theorem 4.2.1 relies on Proposition 4.1.1: “No unobserved single-cause confounders” and

pinpointability ensure unconfoundedness given the substitute confounder Zi and the observed covari-

atesXi . They greenlight us for causal inference.

Theorem 4.2.1 then leverages two additional conditions to identify average causal effects. It assumes

raf .a1; : : : ; am/ D 0 almost everywhere and a separable outcome model. These two assumptions let

us identify the average causal effect without assuming overlap.
‖We assume the two conditions—“piece-wise constant” and “separable”—for the substitute confounder. However, it

suffices to assume the same two conditions for the unobserved multi-cause confounders. The former is easier to check; it also
implies the latter because of Proposition 4.1.1.

**For binary causes, we can analogously assume that there exists anew and a0
new such that anew � a0

new D a � a0 and
they lead to the same substitute confounder estimate f .anew/ D f .a0

new/. Further, the outcome model is separable:
E ŒYi .a/ � Yi .a

0/ jZi D z;Xi D x� D f1.a � a0; x/C f2.z/:
††The expectation over Zi and Xi is taken over P.Zi ; Xi / in Equation (4.13): EZi ;Xi

ŒEY ŒYi jAi D a; Zi ; Xi �� DR
EY ŒYi jAi D a; Zi ; Xi � P.Zi ; Xi / dZi dXi .
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More specifically, raf .a1; : : : ; am/ D 0 roughly requires that the substitute confounder is a step

function of all causes. In other words, we can partition all possible values of .a1; : : : ; am/ into countably

many regions. In each region, the value of the substitute confounder must be a constant. But the sub-

stitute confounder can take different values in different regions. This condition ensures that the average

causal effect EY ŒYi.a/� � EY ŒYi.a
0/� is identifiable if a and a0 belong to the same region.

Further, we assume the outcome model be separable in the substitute confounder and the causes.

It roughly requires that there is no interaction between the substitute confounder and the causes. This

separability condition lets us identify the average causal effect for all values of a and a0. The full proof is

in Appendix A.1.

Theorem 4.2.1 shows that the deconfounder can unbiasedly estimate the average causal effect of all

the causes. It requires two conditions beyond “no unobserved single-cause confounders,” sutva, and

pinpointability. Thefirst condition requires that the substitute confounder be a piece-wise constant func-

tion of the causes; it is satisfied when the substitute confounder is discrete and the causes are continuous.

We remark that this piece-wise constant condition does not assume away all confounding. For example,

it is satisfied when the substitute confounder (and hence the unobserved confounder) is a discretization

of the causes. In this case, the substitute confounder still correlates with the causes while satisfying the

piece-wise constant condition.

The second condition of Theorem 4.2.1 requires that the potential outcome be separable in the

substitute confounder and the causes; the observed data also respects this separability. This condition

is satisfied when the substitute confounder does not interact with the causes. For example, this condi-

tion is often satisfied in gwas studies: the effect of snps on an individual’s height does not depend on

his/her ancestry (Veturi et al., 2019). A reader might ask: how can the outcome be separable in the sub-

stitute confounder Zi and the causes Ai when Zi D f .Ai/, which is required by the pinpointability

assumption? The reason is that f is a non-differentiable piece-wise constant function by condition (1),

while f1; f2; f3; f4 are differentiable required by condition (2). In this way, the conditional expectation

E ŒYi.a/ jZi D z;Xi D x� is can be separated into two components, one differentiable f1.a; x/ and

one non-differentiable f2.z/. A similar argument also holds for E ŒYi jAi D a; Zi D z;Xi D x�. It is

this incongruence betweenXi andZi in differentiability that leads to identification.
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When the separability condition of Theorem 4.2.1 does not hold, we can still use the deconfounder

to handle the unobserved multi-cause confounders that do not interact with the causes. As long as the

observed covariates include those that do interact with the causes, the deconfounder produces unbiased

estimates of the average causal effect.

We next discuss the identification of the average causal effect for subsets of the causes.

Theorem 4.2.2: . (Identification of the average causal effect of subsets of the causes) Assume sutva,

“no unobserved single-cause confounders,” and pinpointability. Then, under the condition described

below, the deconfounder non-parametrically identifies the average causal effect of subsets of causes. The

average causal effect of changing the first k .k < m/ causes from a1Wk D .a1; : : : ; ak/ to a0
1Wk
D

.a0
1; : : : ; a

0
k
/ is

EA.kC1/Wm

�
EY

�
Yi.a1Wk; Ai;.kC1/Wm/

��
� EA.kC1/Wm

�
EY

�
Yi.a

0
1Wk; Ai;.kC1/Wm/

��
D EZ;X ŒEY ŒYi jZi ; Xi ; Ai;1Wk D a1Wk�� � EZ;X

�
EY

�
Yi jZi ; Xi ; Ai;1Wk D a

0
1Wk

��
: (4.16)

This holds with the following condition: The first k causes Ai1; : : : ; Aik satisfy overlap,

P..Ai1; : : : ; Aik/ 2 A jZi ; Xi/ > 0 for any set A such thatP.A/ > 0.‡‡

Proof sketch. Similar to Theorem 4.2.1, Theorem 4.2.2 uses Proposition 4.1.1 to greenlight the use of a

substitute confounder. It then relies on overlap to identify the average causal effect; we follow the classical

argument that identifies the average treatment effect (Imbens and Rubin, 2015a). The full proof is in

Appendix A.2.

Theorem 4.2.2 shows that the deconfounder can unbiasedly estimate the average causal effect

of subsets of the causes. It lets us answer “how would the movie revenue change, on average,

if we place Meryl Streep and Sean Connery into a movie?” Beyond sutva, “no unobserved

single-cause confounders,” and pinpointability, Theorem 4.2.2 requires overlap. Overlap ensures

that EY ŒYi jZi ; Xi ; Ai;1Wk D a1Wk� is estimable from the observed data for all possible values of

.Zi ; Xi ; Ai;1Wk/. The overlap assumption about the causes in Theorem 4.2.2 replaces the separability

assumption about the outcome model required by Theorem 4.2.1.
‡‡In full notation, EA.kC1/Wm

�
EY

�
Yi .a1Wk ; Ai;.kC1/Wm/

��
D EA.kC1/Wm

ŒEY ŒYi .a1; : : : ; ak ; AikC1; : : : ; Aim/��.
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We note that the overlap condition and the pinpointability assumption are compatible. Though

pinpointability requiresP.Zi jAi/ D ıf .Ai /, it is still possible for subsets of the causes to satisfy overlap;

the pinpointability assumption only prevents the complete set ofm causes from satisfying overlap. For

example, consider a pinpointed substitute confounder that is one-dimensional,Zi D
Pm

j D1 j̨Aij . Any

k � m � 1 causes satisfy overlap, but the complete set ofm causes do not.

Finally, we discuss the identification of the conditional mean potential outcome.

Theorem 4.2.3: . (Identification of the conditional mean potential outcome) Assume sutva, “no

unobserved single-cause confounders,” and pinpointability. Then, under the condition described below,

the deconfounder non-parametrically identifies the mean potential outcome of an individual given its

current assigned causes. If an individual is assigned with a D .a1; : : : ; am/, then its potential outcome

under a different assignment a0 D .a0
1; : : : ; a

0
m/ is

EY

�
Yi.a

0/ jAi D a
�
D EZ;X

�
EY

�
Yi jZi ; Xi ;Ai D a0

��
:

This holds with the following condition: The cause assignment of interest a0 leads to the same substitute

confounder estimate as the observed assigned causes: P.Zi jAi D a/ D P.Zi jAi D a0/.

Proof sketch. AswithTheorem4.2.1 andTheorem4.2.2, Theorem4.2.3 relies on the unconfoundedness

given the substitute confoundersZi and the observed covariatesXi due toProposition4.1.1. It then iden-

tifies the potential outcome by focusing on the data points with the same substitute confounder estimate.

We note that this identification result does not require overlap. The full proof is in Appendix A.3.

Theorem 4.2.3 nonparametrically identifies the mean potential outcome of an individual Yi.a
0/

given its current assigned causes Ai D a. The only requirement is about the configurations of cause

assignments we can query, a0; these configurations should lead to the same substitute confounder esti-

mate as the current assigned causes.
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We illustrate this condition with actors causingmovie revenue. For simplicity, assume the substitute

confounder captures the genre of each movie. Start with one of the James Bond movies; it is a spy film.

We can ask what its revenue would be if we make its cast to be that of “The Bourne Trilogy” (also a spy

film). Alternatively, we can query what if we make its cast to include some actors from “The Bourne

Trilogy” and other actors from “North By Northwest”; both are spy films. However, we can not query

what if we make its cast to be that of “The Shawshank Redemption” (which is not a spy film).

Theorems 4.2.1 to 4.2.3 confirm the validity of the deconfounder by providing three sets of identifi-

cation results. When the assumptions in Theorems 4.2.1 to 4.2.3 do not hold, we recommend evaluating

the uncertainty of the deconfounder estimate. Section 3.4 discusses how; Section 6.1 gives an example.

The posterior distribution of the deconfounder estimate reflects how the (finite) observed data informs

causal quantities of interest (Gustafson, 2010, 2015). When the causal quantity is non-identifiable, the

posterior distribution of the deconfounder estimate will reflect this non-identifiability. For example, if

the causal quantity is non-identifiable over R, the posterior distribution of the deconfounder estimate

shall also be uniform over R (with non-informative priors).
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5
A causal graphical view of the deconfounder

In this chapter, we take a causal graphical view of the blessings of multiple causes and provide an

additional set of identification results via a connection to the proxy variable strategy (Miao et al.,

2018).*

Consider a multiple causal inference with shared confounding. This setting is in the causal graph

of Figure 5.1a, where an unobserved confounder U affects multiple causes fA1; : : : ; Amg and an out-

come Y . Further, consider a subset of causes C . We first prove that, under suitable conditions, the in-

tervention distribution p.y j do.aC// is identifiable. We then revisit the deconfounder algorithm and

show that it produces correct estimates ofp.y j do.aC//; this result justifies the deconfounder on causal

graphs.

*This chapter is in part based onWang and Blei (2019d).
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Figure 5.1: (a) Multiple causes with shared confounding. (b) Proxy variables for an unobserved confounder (Miao et al., 2018). (Only the

shaded nodes are observed.)

The key observation here is that, under shared confounding, some causes can serve as prox-

ies (Kuroki and Pearl, 2014; Miao et al., 2018) of unobserved confounders for causal identification of

others. This observation helps identify the intervention distributions of subsets of causes. Further, un-

like previous works in proxy variables, we do not need to find two external proxies for the unobserved

confounder; some causes themselves can serve as proxies for other causes.

These results also illustrate how the deconfounder can help put into practice the proxy-variable strat-

egy for identification (Miao et al., 2018). While existing identification formulas for proxy variables in-

volve solving integral equations, the results here show how to circumvent the need for such solutions by

directly modeling the data.

We finally generalize these results to the larger class of graphs in Figure 5.2a. This graph contains

shared confounding, measured single-cause confounders (that only affect one cause), selection on the

unobservables, and other structures. We prove identifiability in this larger class as well as the correctness

of the deconfounder.

5.1 Multiple causes with shared confounding

Consider the multiple causal inference problem in Figure 5.1a. There arem causes A1; : : : ; Am that all

affect the outcomeY ; and there is an unobserved confounderU that affectsY and the causes. This graph

exemplifies shared unobserved confounding, whereU affects multiple causes.
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In this chapter, the goal of multiple causal inference is to estimate the intervention distributions on

subsets of causes, P.Y j do.AC D aC//. It is the distribution of the outcomeY if we intervene onAC �

fA1; : : : ; Amg, which is a (strict) subset. (For example, wemight be interested in each cause individually;

then each subset contains oneof the causes.) Relating this goal toChapter 4, the interventiondistribution

on the first k causes P.Y j do.A1Wk D a1Wk// is equivalent to the distribution of the potential outcomes

P.Yi.a1Wk// in Theorem 4.2.2. Wewill establish causal identification in this setting and prove the validity

of causal estimation with the deconfounder algorithm. We extend these results to more general graphs

Section 5.2.

5.1.1 Causal identification

An intervention distribution is identifiable if it can be written as a function of the observed data distri-

bution (e.g., P.y; a1; : : : ; am/ in Figure 5.1a) (Pearl, 2009). Identifiability ensures that an intervention

distribution is estimable from the observed data. In Figure 5.1a, which intervention distributions can

be identified? In this section we prove that, under suitable conditions, the intervention distributions of

subsets of the causes P.y j do.aC// are identifiable.†

The starting point for causal identification with multiple causes is the proxy variable strategy, which

focuses on causal identification with a single cause (Kuroki and Pearl, 2014;Miao et al., 2018). Consider

the causal graph in Figure 5.1b: it has a single causeA1, an outcomeY , and an unobserved confounderU .

The goal is to estimate the intervention distribution P.y j do.a1//. There are some other variables in the

graph too. A proxyX is an observable child of the unobserved confounder; a null proxyN is a proxy that

does not affect the outcome. The theory around proxy variables says that the intervention distribution

P.y j do.a1// is identifiable if (1) we observe two proxies of the unobserved confounder U and (2) one

of the proxies is a null proxy (Miao et al., 2018). In particular, sinceN andX are observed, P.y j do.a1//

is identifiable.
†We use the abbreviation P.y j do.aC //

�
D P.y j do.AC D aC //:
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We leverage the idea of proxy variables to identify intervention distributions in Figure 5.1a, multiple

causes with shared unobserved confounding. The main idea is to use some causes as proxies to identify

the intervention distributions of other causes. The benefit is that, withmultiple causes, we do not need to

observe external proxy variables; rather the causes themselves serve as proxies. Nor do we need to observe

a null proxy, one that does not affect the outcome (likeN in Figure 5.1b); we only need to assume that

there is a function of the causes that does not affect the outcome. (We do not need to know this function

either, just that at least one such function exists.) In short, we can use the idea of the proxy but without

collecting external data; we can work solely with the data about the causes and the outcome. This is the

“blessing of multiple causes” from the causal graphical view.

We formally state the identification result. To repeat, assume the causal graph in Figure 5.1a withm

causesA1Wm, an outcomeY , and a shared unobserved confounderU . The goal is to identify the interven-

tion distribution of a strict subset of the causes P.y j do.aC//.

Partition them causes into three sets: AC is the set of causes on which we intervene;AX is the set of

causes we use as a proxy; AN is the set of causes such that there exists a function f .AN / that can serve

as a null proxy. (We discuss this assumption below.) The latter two sets mimic the proxyX and the null

proxyN in the proxy variable strategy. The setsAC ,AX andAN must be non-empty.

Assumption 5.1.1: . There exists some function f and a set ; ¤ N � f1; : : : ; mgnC such that

1. The outcome Y does not depend on f .AN /:

f .AN / ? Y jU;AC ; AX; (5.1)

where X D f1; : : : ; mgn.C [N / ¤ ;:

2. The conditional distribution P.u j aC ; f .aN // is complete‡ in f .aN / for almost all aC .

3. The conditional distribution P.f .aN / j aC ; aX/ is complete in aX for almost all aC .
‡Definition of “complete”: The conditional distribution P.u j aC ; f .aN // is complete inf .aN / for almost all aC means

for any square-integrable function g.�/ and almost all aC ,Z
g.u; aC /P.u j aC ; f .aN // du D 0 for almost all f .aN /

if and only if g.u; aC / D 0 for almost all u.
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Assumption 5.1.1.1 posits that a set of causes AN exists such that some function of them f .AN /

can serve as a null proxy (Equation (5.1)). Roughly, it requiresf .AN /does not affect the outcome. Note,

it does not require that we know f .AN /, just that it exists.

When might this assumption be satisfied? First, suppose some of the multiple causes do not af-

fect the outcome. Then Assumption 5.1.1.1 reduces to the null proxy assumption (D’Amour, 2019b;

Kuroki and Pearl, 2014; Miao et al., 2018). This might be plausible, e.g., in a genetic study or other set-

tings where there are many causes. Again, we do not need to know which causes are “null causes,” only

that they exist. Indeed, as long as two causes are null, the theory below implies that the intervention

distribution of each individual cause is identifiable.

But this assumption goes beyond a restatement of the null proxy assumption. Suppose two (ormore)

causes only affect the outcome as a bundle. Then the bundle can form the set N and the function is one

that is “orthogonal” to how they are combined. As a (silly) example, consider twoof the causes to be bread

and butter. Suppose they must be served together to induce the joyfulness of food, but not individually.

(If either is served alone, it does not affect joyfulness one way or the other.) Then the function f .AN /

is XOR of the bundle; the quantity (bread XOR butter) does not affect Y . Again, the function and set

must exist; we do not need to know them.

As a more serious example, consider that HDL cholesterol, LDL cholesterol, and triglycerides (TG)

affect the risk of a heart attack through the ratios HDL/LDL and TG/HDL (Millán et al., 2009). Then

HDL�LDL and TG�HDL are both examples of f .AN / that do not affect Y . The existence of one

of them suffices for Assumption 5.1.1.1. (We discuss this assumption in more technical detail in Ap-

pendix B.2.)

Assumption 5.1.1.2 and Assumption 5.1.1.3 are two completeness conditions on the true causal

model; they are required by the proxy variable strategy (e.g. Conditions 2 and 3 of Miao et al. (2018)).

Roughly, they require that thedistributions ofU corresponding todifferent values off .AN / are distinct;

the distributions of f .AN / relative to different AX values are also distinct. The two assumptions are

satisfied when we work with a causal model that satisfies the completeness condition.
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Many common models satisfy the completeness condition. Examples include exponential families

(Newey and Powell, 2003), location-scale families (Hu and Shiu, 2018), and nonparametric regression

models (Darolles et al., 2011). Completeness is a common assumption posited in nonparametric causal

identification (D’Haultfoeuille, 2011; Miao et al., 2018; Yang et al., 2017); it is often used to guarantee

the existence and the uniqueness of solutions to integral equations. See Chen et al. (2014) for a detailed

discussion of completeness.

Under Assumption 5.1.1, we identify the intervention distribution of the subset of the causes

AC .

Theorem 5.1.1: . (Causal identification under shared confounding) Assume the causal graph Fig-

ure 5.1a. (Note the data does not need to be “faithful” to the graph—some edges can bemissing.) Under

Assumption 5.1.1, the intervention distribution of the causesAC is identifiable:

P.y j do.aC// D

Z
h.y; aC ; aX/P.aX/ daX (5.2)

for any solution h to the integral equation

P.y j aC ; f .aN // D

Z
h.y; aC ; aX/P.aX j aC ; f .aN // daX : (5.3)

Moreover, the solution to Equation (5.3) always exists under weak regularity conditions inAppendix B.5.

Proof sketch. The proof relies on the partition of them causes: AC as the causes,AX as the proxies, and

AN such that f .AN / can be a null proxy. We then follow the proxy variable strategy to identify the

intervention distributions of AC using AX as a proxy and f .AN / as a null proxy. We no longer have a

null proxy likeN as in Figure 5.1b; all them causes can affect the outcome. However, Assumption 5.1.1.1

allows f .AN / to play the role of a null proxy. The full proof is in Appendix B.1.

Theorem 5.1.1 identifies the intervention distributions of subsets of the causes AC ; it writes

P.y j do.aC// as a function of the observed data distribution P.y; aC ; aX; aN /. In particular, it lets

us identify the intervention distributions of individual causes P.y j do.ai//; i D 1; : : : ; m. By using the

causes themselves as proxies, Theorem 5.1.1 exemplifies how the multiplicity of the causes enables causal

identification under shared unobserved confounding.
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5.1.2 Causal estimation with the deconfounder

Theorem 5.1.1 guarantees that the intervention distribution P.y j do.aC// is estimable from the ob-

served data. However, it involves solving an integral equation (Equation (5.3)). This integral equation

is hard to solve except in the simplest linear Gaussian case (Carrasco et al., 2007). How can we estimate

P.y j do.aC// in practice?

We then rewrite the deconfounder algorithm in the causal dag notation. We show that the decon-

founder correctly estimates the intervention distribution P.y j do.aC//; it implicitly solves the integral

equation in Equation (5.3) by modeling the data. This result justifies the deconfounder from a causal

graphical perspective.

The deconfounder algorithm We first re-state the algorithm in causal dag notations. Given the

causesA1; : : : ; Am and the outcome Y , the deconfounder proceeds in three steps:

1. Construct a substitute confounder. Based only on the (observed) causes A1; : : : ; Am, it first con-

structs a random variable OZ such that all the causes are conditionally independent:

OP.a1; : : : ; am; Oz/ D OP. Oz/
mY

j D1

OP.aj j Oz/; (5.4)

where OP.�/ is consistent with the observed data P.a1; : : : ; am/ D
R
OP.a1; : : : ; am; Oz/ d Oz: The ran-

dom variable OZ is called a substitute confounder; it does not necessarily coincide with the unobserved

confounder U . The substitute is constructed using probabilistic models with local and global vari-

ables (Tipping and Bishop, 1999) (e.g., mixture models, matrix factorization, topic models, and oth-

ers).

2. Fit an outcome model. The next step is to estimate how the outcome depends on the causes and

the substitute confounder OP.y j a1; : : : ; am; Oz/. This outcome model is fit to be consistent with the

observed data:

P.y; a1; : : : ; am/ D

Z
OP.y j a1; : : : ; am; Oz/ OP.a1; : : : ; am; Oz/ d Oz: (5.5)

Along with the first step, the deconfounder gives the joint distribution OP.y; a1; : : : ; am; Oz/.
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3. Estimate the intervention distribution. The final step estimates the intervention distribution

P.y j do.aC// by integrating out the non-intervened causes and the substitute confounder,

OP.y j do.aC//
�
D

Z
OP.y j a1; : : : ; am; Oz/ � OP.af1;:::;mgnC ; Oz/ d Oz daf1;:::;mgnC : (5.6)

This is the estimate of the deconfounder.

The correctness of the deconfounder. Note that many possible OP.�/’s satisfy the deconfounder re-

quirements (Equations (5.4) and (5.5)); the algorithm outputs one such OP. Under suitable conditions,

we show that any such OP provides the correct causal estimate P.y j do.aC//.

Assumption 5.1.2: . The deconfounder estimate OP.y; a1; : : : ; am; Oz/ satisfies two conditions:

1. It is consistent with Assumption 5.1.1.1,

OP.y j aC ; aX; f .aN /; Oz/ D OP.y j aC ; aX; Oz/: (5.7)

2. The conditional distribution OP. Oz j aC ; aX/ is complete in aX for almost all aC .

Assumption 5.1.2.1 roughly requires that there exists a function f and a subset of the causes AN

such that f .AN / does not affect the outcome in the deconfounder outcome model. (When the num-

ber of causes goes to infinity, Assumption 5.1.2.1 reduces to Assumption 5.1.1.1.) We emphasize that

f .AN / is not involved in calculating the deconfounder estimate (Equation (5.6)); it only appears in As-

sumption 5.1.2.1. Hence the correctness of the deconfounder does not require specifying f .�/ andAN ,

just that it exists.

Assumption 5.1.2.2 requires that the distributions of OZ corresponding to different values ofAX are

distinct. It is a similar completeness condition as in Assumption 5.1.1.

Now we state the correctness result of the deconfounder.
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Theorem 5.1.2: . (Correctness of the deconfounder under shared confounding) Assume the causal

graph Figure 5.1a. Under Assumption 5.1.1, Assumption 5.1.2 and weak regularity conditions, the de-

confounder provides correct estimates of the intervention distribution:

OP.y j do.aC// D P.y j do.aC//; (5.8)

where OP.y j do.aC// is computed from Equation (5.6).

Proof sketch. The proof of Theorem 5.1.2 relies on a key observation: the deconfounder implicitly solves

the integral equation (Equation (5.3)) bymodeling the observed datawith OP.y; a1; : : : ; am; Oz/. Assump-

tion 5.1.2.2 guarantees that the deconfounder estimate can be written as

OP.y j aC ; Oz/ D

Z
Oh.y; aC ; aX/ OP.aX j Oz/ daX (5.9)

under weak regularity conditions; this function Oh.y; aC ; aX/ also solves the integral equation (Equa-

tion (5.3)). The deconfounder uses this solution to form an estimate of P.y j do.aC//; this estimate is

correct because of Theorem 5.1.1. The full proof is in Appendix B.4.

Theorem 5.1.2 justifies the deconfounder for multiple causal inference under shared confounding

(Figure 5.1a). It proves that the deconfounder correctly estimates the intervention distributions when

they are identifiable. To illustrate Theorems 5.1.1 and 5.1.2, Appendix B.3 gives a linear example.

Theorem 5.1.2 complements Theorems 4.2.1 to 4.2.3; it establishes identification and correctness

by assuming there exists some function of the causes that does not affect the outcome. In contrast, Theo-

rems 4.2.1 to 4.2.3 assume pinpointability, namely the substitute confounder is a deterministic function

of the causes. The pinpointability assumption is stronger; conditional on the causes, Theorems 5.1.1

and 5.1.2 allow the substitute confounder to be random.

Theorem 5.1.2 also shows that we can leverage the deconfounder algorithm to put the proxy variable

strategy into practice. While existing identification formulas of proxy variables involves solving integral

equations (Miao et al., 2018), Theorem 5.1.2 shows how to circumvent this need by directly modeling

the data and applying the deconfounder; it implicitly solves the integral equations with the modeled

data.
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Finally, how do we assess Assumption 5.1.1.1 and Assumption 5.1.2.1 in practice? We operate in

two stages. In the first stage, we verify Assumption 5.1.2.1 (Equation (5.7)): we apply the deconfounder

algorithm and find which pairs of .f; AN / satisfy Equation (5.7) in the fitted outcome model. We can

often find many such pairs. In the second stage, we verify Assumption 5.1.1.1 (Equation (5.1)). That

is, we ask the domain experts, among the .f; AN / pairs from the first stage, if there exists one pair that

satisfies Equation (5.1). If so, both Assumption 5.1.1.1 and Assumption 5.1.2.1 are satisfied.

5.2 Multiple causes on general causal graphs

We discussed causal identification and estimation when multiple causes share the same unobserved con-

founder. Wenowextend these results tomore general causal graphs, thosewith several types of nodes and,

in particular, that include a selection variable (Bareinboim et al., 2014). Using the results in Section 5.1,

we establish causal identification and estimate intervention distributions on this class of general causal

graphs.

5.2.1 General causal graphs

We focus on the class of general causal graphs in Figure 5.2a.§ As above, it has m causes A1Wm and an

outcome Y . The goal is to estimate P.y j do.aC//, whereAC � fA1; : : : ; Amg is a subset of causes on

which we intervene. Apart from the causes and the outcome, the causal graph has a few other types of

variables. (Table 5.1 contains a glossary of terms.)

Confounders. Confounders are parents of both the causes and the outcome; they can be unobserved.

In Figure 5.2a, for example, U sng
i and U mlt

i are confounders; they have arrows into the outcome Y and

at least one of the causesAi . We differentiate between single-cause andmulti-cause confounders. Single-

cause confounders likeU sng
i affect only one cause; multi-cause confounders likeU mlt

i affect two or more

causes.
§There exist causal graphs that do not fall in this class; we leave them for future work.
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Figure 5.2: (a) The class of more general causal graphs. S is the selection operator. (b) The reduced causal graphwith shared confounding.

Covariates. There are two types of covariates—cause covariates and outcome covariates. Cause covari-

ates are parents of the causes, but not the outcome; they can be unobserved. As with confounders, we

differentiate between single-cause covariatesW sng
i andmulti-cause covariatesW mlt

i . Outcome covariates

like V are parents of the outcome but not the causes. They do not affect any of them causes; they can be

unobserved.

Selection operator. Following Bareinboim and Pearl (2012), we introduce a selection operator S 2

f0; 1g into the causal graph. The value S D 1 indicates an individual being selected; otherwise, S D

0. We only observe the outcome of those individuals with S D 1, but we may observe the causes on

unselected individuals. (E.g., consider a genome-wide association study where we collect an expensive-

to-measure trait on a subset of the population but have genome data on a much larger set.) Note that

Figure 5.2a allows selection to occur on the confounders.

These variables—confounders, covariates, and the selection operator—compose the more general

causal graphs with multiple causes. We study identification and estimation on these causal graphs.

Name Children Notation

Confounder � 1 cause & outcome U mlt,U sng

Cause covariate � 1 cause only W mlt,W sng

Outcome covariate outcome only V

Table 5.1: Types of nodes
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5.2.2 Causal identification

We extend the results around causal identification under shared confounding (Theorems 5.1.1 and 5.1.2)

to more general graphs. We first reduce the general graph (Figure 5.2a) to one close to the shared

confounding case; then we handle the complications of selection bias. These steps lead to causal

identification and the correctness of the deconfounder on general causal graphs.

Reduction to shared confounding. To reduce the general graph of Figure 5.2a, we bundle all the

unobserved multi-cause confounders and null confounders fU mlt;W mltg into a single unobserved con-

founder Z. This variable Z is shared by all the causes as in Figure 5.1a and renders all the causes con-

ditionally independent. Moreover, it is sufficient to adjust for Z and single-cause confounders U sng to

estimate P.y j do.aC// because fU mlt;W mlt; U sngg constitute an admissible set.

Following this discussion, we can equivalently identify the intervention distributions P.y j do.aC//

in the general causal graph (Figure 5.2a) using a reduced causal graph (Figure 5.2b); it involves only the

single-cause confounders U sng and a shared confounder Z. Below we formally state the validity of the

reduction from general causal graphs to ones with shared confounding.

Lemma 5.2.1: . (Validity of reduction) Assume the causal graph in Figure 5.2a. Adjusting for themulti-

cause confounders andnull confounders on the general causal graphFigure 5.2a is equivalent to adjusting

for the shared confounder in Figure 5.2b:

P.y jusng; umlt; wmlt; a1; : : : ; am; s D 1/ D P.y jusng; z; a1; : : : ; am; s D 1/: (5.10)

Proof sketch. The proof uses a measure-theoretic argument to characterize the information contained in

theZ variable in Figure 5.2b. Roughly, the information inZ is same as the information of allmulti-cause

confounders, all null confounders, and some independent error:

�.z/ D �.umlt; wmlt; �Z/; (5.11)

where �.�/ denotes the � -algebra of a random variable. The independent error �Z satisfies

�Z ? Y; S; U
sng; U mlt;W mlt; A1; : : : ; Am:
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Equation (5.11) implies that conditioning onZ is equivalent to conditioning onU mlt;W mlt; �Z ; it leads

to Equation (5.10). The full proof is in Appendix B.6.

Causal identification on the reduced causal graph (Figure 5.2b). Wehave just reduced general causal

graphs (Figure 5.2a) to one with shared confounding (Figure 5.2b). This reduction allows us to establish

causal identification on general causal graphs. We extend Theorem 5.1.1 from Figure 5.1a to Figure 5.2b.

With the reduction step (Lemma 5.2.1), it leads to causal identification on general causal graphs.

How can we identify the intervention distributions P.y j do.aC// on the reduced graph (Fig-

ure 5.2b)? Figure 5.2b has a confounder Z that is shared across all causes. This structure is similar to

the unobserved shared confounding Figure 5.1a. In addition to the shared confounder Z, the reduced

graph involves single-cause confounders U sng and the selection operator S . We posit two assumptions

on them to enable causal identification.

Assumption 5.2.1: . The causal graph Figure 5.2b satisfies the following conditions:

1. All single-cause confoundersU sng
i ’s are observed.

2. The selection operator S satisfies

S ? .A; Y / jZ;U sng: (5.12)

3. We observe the non-selection-biased distribution

P.a1; : : : ; am; u
sng/

and the selection-biased distribution

P.y; usng; a1; : : : ; am j s D 1/:
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Assumption 5.2.1.1 requires that the confounders that affect the outcome and only one of the causes

must be observed. It allows us to adjust for confounding due to these single-cause confounders. Assump-

tion 5.2.1.2 roughly requires that selection can only occur on the confounders. Assumption 5.2.1.3 re-

quires access to thenon-selection-biaseddistributionof the causes and single-cause-confounders. It aligns

with common conditions required by recovery under selection bias (e.g., Theorem 2 of Bareinboim et al.

(2014)).

We next establish causal identification on the reduced causal graph Figure 5.2b. We additionally

make Assumption 5.2.2; it is a variant of Assumption 5.1.1 but involves single-cause confounders and

the selection operator.

Assumption 5.2.2: . There exists some function f and a set ; ¤ N � f1; : : : ; mgnC such that

1. The outcome Y does not causally depend on f .AN /:

f .AN / ? Y jZ;AC ; AX; U
sng; S D 1 (5.13)

where X D f1; : : : ; mgn.C [N / ¤ ;:

2. The conditional P.z j aC ; f .aN /; u
sng
C
; s D 1/ is complete in f .aN / for almost all aC and usng

C
,

whereU sng
C

is the single-cause confounders affectingAC .

3. The conditional P.f .aN / j aC ; aX; u
sng
C
; s D 1/ is complete in aX for almost all aC and usng

C
.

Under Assumption 5.2.1 and Assumption 5.2.2, we can identify the intervention distributions

P.y j do.aC//.

Lemma 5.2.2: . Assume the causal graph Figure 5.2b. Under Assumption 5.2.1 and Assumption 5.2.2,

the intervention distribution of the causesAC is identifiable:

P.y j do.aC// D

Z Z
h.y; aC ; aX; u

sng
C
/P.aX/P.u

sng
C
/ daX dusng

C
(5.14)

for any solution h to the integral equation

P.y j aC ; f .aN /; u
sng
C
; s D 1/ D

Z
h.y; aC ; aX; u

sng
C
/ � P.aX j aC ; f .aN /; u

sng
C
; s D 1/ daX;

(5.15)
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where U sng
C

is the single-cause confounders affecting AC . Moreover, the solution to Equation (5.15) al-

ways exists under weak regularity conditions in Appendix B.5.

Proof sketch. The proof adopts a similar argument as in the proof of Theorem 5.1.1. We only need to

take care of the additional (observed) single-cause confounders and the selection operator. In particular,

Assumption 5.2.1.2 lets us shift from the selection biased distribution P.y j z; aC ; u
sng
C
; s D 1/ to the

non-selection-biased one P.y j z; aC ; u
sng
C
/.The full proof is in Appendix B.7.

Causal identification on general causal graphs (Figure 5.2a). Based on the previous analysis of the

reduced graph, we establish causal identification result on general causal graphs.

Theorem 5.2.1: . Assume the causal graph Figure 5.2a. Assume a variant of Assumption 5.2.1 and As-

sumption 5.2.2 (detailed in Appendix B.8), the intervention distribution of the causesAC is identifiable

using Equation (5.14) and Equation (5.15). (Proof in Appendix B.8.)

5.2.3 Causal estimation with the deconfounder

We finally extend the deconfounder to the more general causal graphs (Figure 5.2a) with selection bias

and prove its correctness. We build on the identification result on general causal graphs (Theorem 5.2.1).

We then show that the deconfounder provides correct causal estimates by implicitly solving the integral

equation (Equation (5.15)). This argument is similar to the argument of Theorem 5.1.2.

The deconfounder algorithm for general causal graphs with selection bias extends the version

described in Section 5.1.2. Specifically, Assumption 5.1.2 allows the deconfounder algorithm to

have access to both the non-selection-biased data P.a1; : : : ; am; u
sng/ and the selection-biased data

P.y; usng; a1; : : : ; am j s D 1/: In this case, the deconfounder algorithm outputs two estimates:

OP.a1; : : : ; am; u
sng; Oz/ D OP. Oz/ OP.usng

j a1; : : : ; am; Oz/

nY
iD1

OP.ai j Oz/; (5.16)

and

OP.y; a1; : : : ; am; u
sng; Oz j s D 1/:
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We note that the former is constructed using only the causesA1; : : : ; Am and single-cause confounders

U sng. Moreover, both deconfounder estimates must be consistent with the observed data:Z
OP.a1; : : : ; am; u

sng; Oz/ d Oz D P.a1; : : : ; am; u
sng/;

Z
OP.y; a1; : : : ; am; u

sng; Oz j s D 1/ d Oz D P.y; a1; : : : ; am; u
sng
j s D 1/:

We note that the substitute confounder OZ does not necessarily coincide with the true

confounders U mlt or the true null confounders W mlt. Nor do OP.a1; : : : ; am; u
sng; Oz/ and

OP.y; a1; : : : ; am; u
sng; Oz j s D 1/ need to be unique. We will show that any OZ and OP that the decon-

founder outputs will lead to a correct estimate of OP.y j do.aC//.

Finally the deconfounder estimates

OP.y j do.aC//
�
D

Z
OP.y j a1; : : : ; am; Oz; u

sng
C
; s D 1/ � OP.af1;:::;mgnC ; Oz/P.u

sng
C
/ dusng

C
d Oz daf1;:::;mgnC ;

(5.17)

whereU sng
C

are the single-cause confounders that affect the causesAC .

We now prove the correctness of the deconfounder on general causal graphs. We make a variant of

Assumption 5.1.2 and state the correctness result.

Assumption 5.2.3: . The deconfounder outputs the estimates OP.y; a1; : : : ; am; u
sng; Oz j s D 1/ and

OP.a1; : : : ; am; u
sng; Oz/ that satisfy the following conditions:

1. It is consistent with Assumption 5.2.1.1:

OP.a1; : : : ; am j Oz; u
sng; s D 1/ D OP.a1; : : : ; am j Oz; u

sng/: (5.18)

2. It is consistent with Assumption 5.2.2.1:

OP.y j aC ; aX; f .aN /; Oz; u
sng; s D 1/ (5.19)

D OP.y j aC ; aX; Oz; u
sng; s D 1/: (5.20)
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3. The conditional OP. Oz j aC ; aX; u
sng; s D 1/ is complete in aX for almost all aC .

The conditional OP. Oz j aC ; aX; u
sng; s D 1/, Equation (5.18), and Equation (5.19) can be computed

from the deconfounder estimate OP.a1; : : : ; am; u
sng; Oz/ and OP.y; a1; : : : ; am; u

sng; Oz j s D 1/.

Theorem 5.2.2: . (Correctness of the deconfounder on general causal graphs) Assume the causal graph

Figure 5.2a. Assume a variant of Assumption 5.2.1 and Assumption 5.2.2 (detailed in Appendix B.9).

Under Assumption 5.2.3 and weak regularity conditions, the deconfounder provides correct estimates

of the intervention distribution:

OP.y j do.aC// D P.y j do.aC//: (5.21)

Proof sketch. The proof of Theorem 5.2.2 follows a similar argument as in the proof of Theorem 5.1.2.

We only need to additionally take care of the single-cause confounders and the selection operator. The

full proof is in Appendix B.9.

Theorem5.2.2 establishes the correctness of the deconfounder on general causal graphsunder certain

types of selection bias. It justifies the deconfounder on general causal graphs.

5.3 Related work

This chapter uses and extends causal identification with proxy variables (Kuroki and Pearl, 2014;

Miao et al., 2018). While these works focus on a single cause and a single outcome, we leverage the mul-

tiplicity of the causes to establish causal identification.

A second body of related work is on causal structural learning with latent variables

(Anandkumar et al., 2014; Frot et al., 2019; Mckeigue et al., 2010; Silva et al., 2006). These works

focus on learning whether an arrow exists between two variables, and its direction. We also use latent

variables, but to a different end. We assume the direction of arrows is known and the set of causes of

are always ancestors of the outcome. Unlike the work on structure learning, this chapter focuses on

estimating the intervention distributions of the causes.

69



5.4 Discussion

We take a causal graphical view of the deconfounder algorithm. By treating some causes as proxies of

the shared confounder, we can identify the intervention distributions of the other causes. For a general

class of causal graphs, we prove that the intervention distribution of subsets of causes is identifiable. We

further show that the deconfounder algorithmmakes valid inferences of these intervention distributions,

a result that justifies the deconfounder on causal graphs. The results of this chapter generalize the theory

in Chapter 4 and extend the applicability of the deconfounder.
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6
Empirical studies of the deconfounder

In this chapter, we study the deconfounder in three empirical studies.* Two studies involve simulations

of realistic scenarios; these help assess how well the deconfounder performs relative to the ground truth.

The third study is a real-world analysis. All three studies demonstrate the benefits of the deconfounder.

They show how predictive checks reveal potential issues with downstream causal inference and how the

deconfounder can provide closer-to-truth causal estimates.

Inmore detail, in Section6.1we study semi-synthetic data about smoking; the causes are a real dataset

about smoking and the effect (medical expenses) is simulated. In Section 6.2 we study semi-synthetic

data about genetics. Finally, in Section 6.3 we study real data about actors andmovie revenue; there is no

simulation.
*This chapter is in part based onWang and Blei (2019a).
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Each stage of the deconfounder requires computation: to fit the factor model, to check the factor

model, to calculate the substitute deconfounder, and to fit the outcomemodel. In all these stages, we use

black box variational inference (bbvi) (Kucukelbir et al., 2017;Ranganath et al., 2014). Weuse itsRStan

implementation (Carpenter et al., 2017) in Section 6.1 and its Edward implementation (Tran et al., 2017,

2016a) in Section 6.2 and 6.3. (This was a choice; othermethods of computation can also be used.)

6.1 Two causes: How smoking affects medical expenses

We first study the deconfounder with semi-synthetic data about smoking. The 1987 Na-

tional Medical Expenditures Survey (NMES) collected data about smoking habits and med-

ical expenses in a representative sample of the U.S. population (Imai and Van Dyk, 2004;

US Department of Health and Human Services Public Health service, 1987). The dataset contains

9,708 people and 8 variables about each. For each person, we focus on the current marital status

(amar), the cumulative exposure to smoking (aexp), and the last age of smoking (aage). We standardize all

variables.

A true outcome model and causal inference problem We use the assigned causes from the survey to

simulate a dataset ofmedical expenses, whichwewill consider as the outcome variable. In this simulation,

the true model is linear,

yi D ˇmar amar;i C ˇexp aexp;i C ˇage aage;i C "i ; (6.1)

where "i � N .0; 1/. We generate the true causal coefficients from

ˇmar � N .0; 1/; ˇexp � N .0; 1/; ˇage � N .0; 1/: (6.2)

and from these coefficients we generate the outcome for each individual. The result is a dataset of 9,708

tuples .amar;i ; aexp;i ; aage;i ; yi/. It is semi-synthetic: the assigned causes are from the real world, but we

know the true outcome model. Note that the last smoking age is a multi-cause confounder—it affects

both marital status and exposure and is one of the causes of the expenses.
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Figure 6.1: Predictive checks for the substitute confounder z obtained from a linear factor model (a) and a quadratic factor model (b). The

blue line is the kernel density estimate (kde) of the test-statistic based on the predictive distribution. The dashed vertical line shows the

value of the test-statistic on the observed dataset. The figure shows that the linear model mismatches the data—the observed statistic

falls in a low probability region of the kde. The quadratic factor model is a better fit to the data.

We are interested in estimating the causal effects of marital status and smoking exposure on medical

expenses. But suppose we do not observe age; it is an unobserved confounder. We can use the decon-

founder to solve the problem.

Modeling the assigned causes We begin by finding a good factor model of the assigned causes

.amar;i ; aexp;i/. Because there are two observed assigned causes, we consider models with a single scalar

latent variable for overlap considerations. (See Section 3.2.) We consider two factor models.

The first is a linear factor model,

zline;i � N .0; �2/ (6.3)

amar;i D �
.1/
mar zline;i C �

.0/
mar C �i;mar (6.4)

aexp;i D �
.1/
exp zline;i C �

.0/
exp C "i;exp; (6.5)

where all errors are standard normal. We use variational inference to approximate posterior estimates of

the substitute confounders zline;i . Thenweuse the predictive check to evaluate it: following Section 3.3.1,

we hold out a subset of the assigned causes and using the expected log probability as the test statistic. The

resulting predictive score is 0.03, which signals a model mismatch. See Figure 6.1 (a).
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We next consider a quadratic factor model,

zquad;i � N .0; �2/ (6.6)

amar;i D �
.1/
mar zquad;i C �

.2/
mar z

2
quad;i C �

.0/
mar C "i;mar (6.7)

aexp;i D �
.1/
exp zquad;i C �

.2/
exp z

2
quad;i C �

.0/
exp C "i;exp; (6.8)

where all errors are standard normal. (In Appendix C.1, we prove that the average causal effect is iden-

tifiable with this quadratic factor model and a linear outcome model. In Appendix C.3, We revisit the

causal non-identifiability of a linear factor model and a linear outcome model. We also show that the

causal effects become identifiable in this linear-linear setting if we have multiple independent outcomes.)

We again use variational inference and a predictive check. The resulting predictive score is 0.12, Figure 6.1

(b). This value gives the green light. We use the model’s posterior estimates Ozi � pquad.z j ai/ to form a

substitute confounder in a causal inference.

Deconfounded causal inference Using a factormodel to estimate substitute confounders, we proceed

with causal inference. We set the outcomemodel ofE
�
Y.Amar; Aexp/ jA;Z

�
to be linear inamar andaexp.

In one form, the linear model conditions on Oz directly. In another it conditions on the reconstructed

causes, e.g. for the quadratic model and for age,

amar;i. Ozi/ D Equad ŒAmar jZ D Ozi � : (6.9)

See Equation (3.18).

We use predictive checks to evaluate the outcomemodels. Conditioning on Oz gives a predictive score

of 0.05; conditioning on a. Oz/ gives a predictive score of 0.18. The model with reconstructed causes is

better.

If the outcome model is good and if the substitute confounder captures the true confounders then

the estimated coefficients for age and exposure will be close to the true ˇmar and ˇexp of Equation (6.1).

We emphasize that Equation (6.1) is the truemechanismof the simulatedworld, which the deconfounder

does not have access to. The linear model we posit for E
�
Y.Amar; Aexp/ jA;Z

�
is a functional form for

the expectation we are trying to estimate.
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Performance We compare all combinations of factor model (linear, quadratic) and outcome-

expectation model (conditional on Ozi or a. Ozi/). Table 6.1 gives the results, reporting the total bias and

variance of the estimated causal coefficientsˇmar andˇexp. We compute the variance by drawing posterior

samples of the substitute confounder and the resulting posterior samples of the causal coefficients.

Table 6.1 also reports the estimates if we had observed the age confounder (oracle), and the estimates

if we neglect causal inference altogether and fit a regression to the confounded data. Neglecting causal

inference gives biased causal estimates; observing the confounder corrects the problem.

How does the deconfounder fare? Using the deconfounder with a linear factor model yields bi-

ased causal estimates, but we predicted this peril with a predictive check. Using the deconfounder

with the quadratic assignment model, which passed its predictive check, produces less biased causal es-

timates. (The estimate with one-dimensional zquad was still biased, but the outcome check revealed this

issue.)

We also use this simulation study to illustrate a few questions discussed in Section 3.4:

• What if multiple factormodels pass the check? Wefit one-dimensional, two-dimensional, and three-

dimensional quadratic factor models to the causes. All three models pass the check. Table 6.1 shows

that they yield estimates with similar bias. However, factor models with higher capacity in general lead

to higher variance. The one-dimensional factormodel is the smallest factormodel that passes the check,

and it achieves the best mean squared error.

• Should we additionally condition on the observed covariates? Table 6.1 shows that using the de-

confounder, along with covariates, preserves the unbiasedness of the causal estimates but inflates the

variance. (The covariates include gender, race, seat belt usage, education level, and the age of starting

to smoke.) This inflation of variance is likely because the covariates are not confounders and are there-

fore irrelevant for the causal inference here (Grimmer et al., 2020). This demonstrates how including

non-confounding covariates can affect the efficiency of causal estimation.

This study provides two takeawaymessages: (1) It is crucial to check both the assignmentmodel and

the outcomemodel; (2) Unless a single-cause confounder believably exists, we do not need to accompany

the deconfounder with other observed covariates; (3) Use the deconfounder.
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Check Bias2 � 10�2 Variance�10�2 MSE�10�2

No control – 24.19 0.28 24.48
Control for age (oracle) – 5.06 0.07 5.14

Deconfounder

Control for 1-dim zline 7 21.51 4.48 25.99
Control for 1-dim a.zline/ 7 20.02 4.77 24.80
Control for 1-dim zquad 3 17.77 5.59 23.36
Control for 1-dim a.zquad/ 3 15.29 5.26 20.51
Control for 2-dim zquad 3 15.08 7.49 22.58
Control for 2-dim a.zquad/ 3 15.45 6.26 21.71
Control for 3-dim zquad 3 16.24 7.74 23.99
Control for 3-dim a.zquad/ 3 15.62 9.15 24.77

Deconfounder with covariates

Control for 1-dim zquad; x 3 16.15 6.22 22.38
Control for 1-dim a.zquad/; x 3 15.17 7.13 22.30

Table 6.1: Total bias and variance of the estimated causal coefficientsˇexp andˇmar. The bias and variance are posterior bias and poste-

rior variance as defined in Chapter 2.5 of Gustafson (2010). (“Control for xxx” means we include xxx as a covariate in the linear outcome

model. The3 symbol indicates the factor model gives a predictive score larger than 0.1; the7 symbol indicates otherwise.) Both not

controlling for confounders and using the deconfounder with a poorZ-model that fails the predictive check bias the causal estimates.

The deconfounder with a goodZ-model and a good outcomemodel significantly reduces the bias in causal estimates; controlling for the

“reconstructed causes” Oa in general yields less biased estimates than the substitute confounderZ in this study. Finally, the variance of

causal estimates can increase if we increase the capacity of factor models or include additional covariates.

6.2 Many causes: Genome-wide association studies

Analyzing genome-wide association studies (gwas) is an important problem in modern genetics

(Stephens and Balding, 2009; Visscher et al., 2017). The gwas problem involves large datasets of hu-

man genotypes and a trait of interest; the goal is to determine how genetic variation is causally connected

to the trait. gwas is a problem of multiple causal inference: for each individual, the data contains a

trait and hundreds of thousands of single-nucleotide polymorphisms (snps), measurements on various

locations on the genome.
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One benefit of gwas is that biology guarantees that genes are (typically) cast in advance; they are

potential causes of the trait and not the other way around. However, there are many confounders. In

particular, any correlation between the snps could induce confounding. Suppose the value of snp i is

correlated with the value of snp j , and snp j is causal for the outcome. Then a naive analysis will find

a connection between gene i and the outcome.

There can be many sources of correlation; common sources include population structure, i.e., how

the genetic codes of individuals exhibit their ancestral populations, and lifestyle variables. We study how

to use the deconfounder to analyze gwas data. (Many existing methods to analyze gwas data can be

seen as versions of the deconfounder; see Section 3.5.)

Simulated gwas data and the causal inference problem We put thegwas problem into our nota-

tion. The data are tuples .ai ; yi/, where yi is a real-valued trait and aij 2 f0; 1; 2g is the value of snp

j in individual i . (The coding denotes “unphased data,” where aij codes the number of minor alleles—

deviations from the norm—at location j of the genome.) As usual, our goal is to estimate aspects of the

distribution of yi.a/, the trait of interest as a function of a specific genotype.

We generate synthetic gwas data. Following Song et al. (2015), we simulate genotypes a1Wn from

an array of realistic models. These include models generated from real-world fits, models that simulate

heterogeneous mixing of populations, and models that simulate a smooth spatial mixing of populations.

For each model, we produce multiple datasets of genotypes.

With the individuals in hand, we next generate their traits. Still following Song et al. (2015), we

generate the outcome (i.e., the trait) from a linear model,

yi D
X

j

ǰaij C �ci
C "i : (6.10)

To introduce further confounding effects, we group the individuals by their snps; the i th individual is

in group ci . (Appendix C.6 describes how individuals are grouped.) Each group is associated with a per-

group intercept term�c and a per-group error variance �c , where the noise "i � N .0; �2
c /. In this study,

the group indicator of each individual is an unobserved confounder.
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In Equation (6.11), snp j is associated with a true causal coefficient ǰ . We draw this coefficient

from N .0; 0:52/ and truncate so that majority of the coefficients are set to zero (i.e., no causal effect).

Such truncationmimics the sparse causal effects that are found in the real world. Further, we study both

low and high SNR settings. In low SNR settings, the snps contribute only a small portion (e.g. 10%) of

the variance, and vice versa. Appendix C.6 details the full configurations of the simulation.

In a separate set of studies, we generate binary outcomes. They come from a generalized linear

model,

yi � Bernoulli

 
1

1C exp.
P

j ǰaij C �ci
C "i/

!
: (6.11)

We will study the deconfounder for both binary or real-valued outcomes.

For each true assignmentmodel ofai , we simulate 100datasets of genotypesai , causal coefficients ǰ ,

and outcomesyi (real andbinary). For each, the causal inference problem is to infer the causal coefficients

ǰ from tuples .ai ; yi/. The unobserved confounding lies in the correlation structure of the snps and

the unobserved groups. We correct it with the deconfounder.

Deconfounding gwas We apply the deconfounder with five assignment models discussed in Sec-

tion 3.1.1: probabilistic principal component analysis (ppca), Poisson factorization (pf), Gaussian mix-

ture models (gmms), the three-layer deep exponential family (def), and logistic factor analysis (lfa);

none of these models is the true assignment model. (We use 50 latent dimensions so that most pass the

predictive check; for thedefwe use the structure Œ100; 30; 15�.) We fit eachmodel to the observed snps

and check them with the per-individual predictive checks from Section 3.3.1.

With the fitted assignment model, we estimate the causal effects of the snps. For real-valued traits,

we use a linear model conditional on the snps and the reconstructed causes a. Oz/; see Equation (3.18).

Each assignment model gives a different form of a. Oz/. For the binary traits, we use logistic regression,

again conditional on the snps and reconstructed causes.
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Performance We study the deconfounder forgwas. Tables C.1 to C.10 present the full results across

the 11 different configurations and both high and low signal-to-noise ratio (snr) settings. Each table is

attached to a true assignment model and reports results across different factor models of the snps. For

each factor model, the tables report the results of the predictive check and the root mean squred error

(rmse) of the estimated causal coefficients (for real-valued and binary-valued outcomes). Tables C.1

to C.10 also report the error if we had observed the confounder and if we neglect causal inference by

fitting a regression to the confounded data.

On both real and binary outcomes, the deconfounder gives good causal estimates with ppca, pf,

lfa, linear mixedmodels (lmms), anddefs: they produce lowerrmses than blindly fitting regressions

to the confounded data. (The linear mixed model does not explicitly posit an assignment model so we

omit the predictive check. It can be interpreted as the deconfounder though; see Section 3.5.) Notably,

the deconfounder often outperforms the regression where we include the (unobserved) confounder as a

covariate under the low snr setting; see Tables C.6 to C.9.

In general, predictive checks of the factor models reveal downstream issues with causal inference:

better factor models of the assigned causes, as checked with the predictive checks, give closer-to-truth

causal estimates. For example, the gmm does not perform well as a factor model of the assignments;

it struggles with fitting high-dimensional data and can amplify the causal effects (see e.g. Table C.10).

But checking thegmm signals this issue beforehand; thegmm constantly yields close-to-zero predictive

scores in predictive checks.

Among the assignmentmodels, the three-layerdef almost always produces the best causal estimates.

Inspired by deep neural networks, thedef has layered latent variables; see Section 3.3.1. Thedefmodel

of snps uses Gamma distributions on the latent variables (to induce sparsity) and a bank of Poisson

distributions to model the observations.

The deconfounder is most challenged when the assigned snps are generated from a spatial model;

see Tables C.5 and C.10. The spatial model produces spatially-correlated individuals; its parameter �

controls the spatial dispersion. (Consider each individual to sit in a unit square; as � ! 0, the individuals

are placed closer to the corners of the unit square while when � D 1 they are distributed uniformly.) The
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Figure 6.2: The rmse ratio between the deconfounder with def and “No control” across simulations when only a subset of causes are

unobserved. (Lower ratios meansmore correction.) As the percentage of observed causes decreases, the “no unobserved single-cause

confounders” assumption is compromised; the deconfounder can no longer correct for all latent confounders.

five factor models—ppca, pf, lfa,gmm, lmm, anddef—all produce closer-to-truth causal estimates

than when ignoring confounding effects. But they are farther from the truth than the estimates that use

the (unobserved) confounder. Again, the predictive check hints at this issue. When the true distribution

of snps is a spatial model, the predictive scores are generally more extreme (i.e., closer to zero).

Partially observed causes Finally, we study the situation where some assigned causes are unobserved,

that is, where some of the snps are not measured. Recall that the deconfounder assumes that all single-

cause confounders are observed. This assumption may be plausible when we measure all assigned causes

but it may well be compromised when we only observe a subset—if a confounder affects multiple causes

but only one of those causes is observed then the confounder becomes a single-cause confounder.

Using the simulated gwas data, we randomly mask a percentage of the causes. We then use the

deconfounder to estimate the causal effects of the remaining causes. To simplify the presentation, we

focus on the DEF factor model. Figure 6.2 shows the ratio of the rmse between the deconfounder and

“no control”; a ratio closer to one indicates a more biased causal estimate. Across simulations, the rmse

ratio increases toward one as the percentage of observed causes decreases. With fewer observed causes, it

becomes more likely for “no unobserved single-cause confounders” to be compromised.

Summary These studies provide three takeaway messages: (1) The deconfounder can produce closer-

to-truth causal estimates, especially when we observe many assigned causes; (2) Predictive checks reveal

downstream issues with causal inference, and better factor models give better causal estimates; (3) defs

can be a handy class of factor models in the deconfounder.
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6.3 Case study: How do actors boost movie earnings?

We now return to the example fromChapters 1 to 3: Howmuch does an actor boost (or hurt) a movie’s

revenue? We study the deconfounderwith theTMDB5000MovieDataset.† It contains 901 actors (who

appeared in at least five movies) and the revenue for the 2,828movies they appeared in. The movies span

18 genres and 58 languages. (More than 60% of the movies are in English.) We focus on the cast and the

log of the revenue. Note that this is a real-world observational data set. We no longer have ground truth

of causal estimates.

The idea here is that actors are potential causes of movie earnings: some actors result in greater rev-

enue. But confounders abound. Consider the genre of a movie; it will affect both who is in the cast and

its revenue. For example, an actionmovie tends to cast action actors, and actionmovies tend to earnmore

than family movies. And the genre is just one possible confounder: movies in a series, directors, writers,

language, and release season are all possible confounders.

We are interested in estimating the causal effects of individual actors on the revenue. The data are

tuples of .ai ; yi/, where aij 2 f0; 1g is an indicator of whether actor j in movie i , and yi is the rev-

enue. Table 1.1 shows a snippet of the highest-earning movies in this dataset. The goal is to estimate the

distribution of Yi.a/, the (potential) revenue as a function of a movie cast.

Deconfounded causal inference We apply the deconfounder. We explore four assignment models:

probabilistic principal component analysis (ppca), Poisson factorization (pf), Gaussianmixturemodels

(gmms), and deep exponential familys (defs). (Each has 50 latent dimensions; the def has structure

Œ50; 20; 5�.) We fit each model to the observed movie casts and check the models with a predictive check

on held-out data; see Section 3.3.1.

The gmm fails its check, yielding a predictive score < 0.01. The other models adequately capture

patterns of actors: the checks return predictive scores of 0.12 (ppca), 0.14 (pf), and 0.15 (def). These

numbers give a green light to estimate how each actor affects movie earnings.
†https://www.kaggle.com/tmdb
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With a fitted and checked assignment model, we estimate the causal effects of individual ac-

tors with a log-normal regression, conditional on the observed casts and “reconstructed casts,” Equa-

tion (3.18).

Results: Predicting the revenue of uncommon movies We consider test sets of uncommon movies,

where we simulate an “intervention” on the types of movies that are made. This changes the distribution

of casts to be different from those in the training set.

For such data, a good causal model will provide better predictions than a purely predictive model.

The reason is that predictions from a causal model will work equally well under interventions as for ob-

servational data. In contrast, a non-causalmodel can produce incorrect predictions if we intervene on the

causes (Peters et al., 2016). This idea of invariance has also been discussed in Aldrich (1989); Dawid et al.

(2010); Haavelmo (1944); Lanes (1988); Pearl (2009); Schölkopf et al. (2012) under the terms “auton-

omy,” “modularity,” and “stability.”

In one test set, we hold out 10% of non-English-language movies. (Most of the movies are in En-

glish.) TableC.12 compares differentmodels in terms of the average predictive log-likelihood. The decon-

founder predicts better than both the purely predictive approach (no control) and a classical approach,

where we condition on the observed (pre-treatment) covariates.

In another test set, we hold out 10% ofmovies from uncommon genres, i.e., those that are not come-

dies, action, or dramas. Table C.13 shows similar patterns of performance. The deconfounder predicts

better than purely predictive models and than those that control for available confounders.

For comparison, we finally analyze a typical test set, one drawn randomly from the data. Here we ex-

pect a purely predictivemethod toperformwell; this is the type of prediction it is designed for. TableC.11

shows the average predictive log-likelihood of the deconfounder and the purely predictive method. The

deconfounder predicts slightly worse than the purely predictive method.
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Exploratory analysis of actors andmovies We showhow to use the deconfounder to explore the data,

understanding the causal value of actors and movies.‡

First, we examine how the coefficients of individual actors differ between a non-causal model and

a deconfounded model. (In this section, we study the deconfounder with pf as the assignment model.)

We explore actors with nj ǰ , their estimated coefficients scaled by the number of movies they appeared

in. This quantity represents howmuch of the total log revenue is “explained” by actor j .

Consider the top 25 actors in both the corrected and uncorrectedmodels. In the uncorrectedmodel,

the top actors aremovie stars such as TomCruise, TomHanks, andWill Smith. Some actors, like Arnold

Schwartzenegger, RobertDeNiro, andBradPitt, appear in the top-25 uncorrected coefficients but not in

the top-25 corrected coefficients. In their place, the top 25 causal actors include actors that do not appear

in asmanyblockbusters, such asOwenWilson,NickCage, Cate Blanchett, andAntonioBanderes.

Also, consider the actors whose estimated contribution improves the most from the non-causal to

the causalmodel. The top five “most improved” actors are StanleyTucci,WillemDafoe, Susan Sarandon,

Ben Affleck, and Christopher Walken. These (excellent) actors often appear in smaller movies.

Next, we look at how the deconfounder changes the causal estimates ofmovie casts. We can calculate

themovie casts whose causal estimates are decreasedmost by the deconfounder. The “causal estimate of a

cast” is the predicted revenuewithout including the term that involves the confounder; this is the portion

of the predicted log revenue that is attributed to the cast.

At the top of this list are blockbuster series. Among the top 25 include all of theX-Menmovies, all of

theAvengersmovies, and all of theOcean’smovies. Though unmeasured in the data, being part of a series

is a confounder. It affects both the casting and the revenue of the movie: sequels must contain recurring

characters and they are only made when the producers expect to profit. In capturing the correlations

among casts, the deconfounder corrects for this phenomenon.

‡This section illustrates how to use the deconfounder to explore data. It is about these methods and the particular dataset
that we studied, not a comment about the ground-truth quality of the actors involved. The author of this dissertation is a
statistician, not a film critic.
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7
The deconfounder on recommender systems

In this chapter, we adapt the deconfounder algorithm to perform causal inference on recommender sys-

tems.* We formulate recommendation as a multiple causal inference and develop the deconfounded rec-

ommender.

The goal of a recommender is to show its users items that they will like. Given a dataset of users’

ratings, a recommender system learns the preferences of the users, predicts the users’ ratings on those

items they did not rate, and finally makes suggestions based on those predictions. In this chapter, we

develop a causal inference approach to recommendation.

Why is recommendation a causal inference? Concretely, suppose the items are movies and the users

rate movies they have seen. In prediction, the recommender system is trying to answer “How would

the user rate this movie if she saw it?” However, recommending all the movies that users will like may

not be the most cost-efficient strategy. Many recommendations, though costing money, will not make

a difference in user behaviors. For example, users like certain movies so much that they will go see them

no matter whether there is a recommendation. Therefore, we only want to recommend the movies that

*This chapter is in part based onWang et al. (2020).
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(1) if made exposed, the user will go see them and (2) if not, the user will not go see them. But this is a

question about an intervention: whatwould the rating be if wemake the user exposed (or not exposed) to

the movie? One tenet of causal inference is that predictions under intervention are different from usual

predictions.

Framing recommendation as a causal problem differs from the traditional approach. The traditional

approachbuilds amodel fromobserved rating data, often amatrix factorization, and thenuses thatmodel

to predict unseen ratings. But this strategy only provides valid causal inferences—in the intervention

sense above—if users randomly watched movies. (This is akin to a randomized clinical trial, where the

treatment is exposure to a movie and the response is a rating.)

Users do not (usually) watch movies at random and, consequently, answering the causal question

from observed rating data is challenging. The issue is that there may be confounders, variables that af-

fect both the treatment assignments (which movies the users watch) and the outcomes (how they rate

them). For example, because a user watches many movies by a particular director, they may often be

recommendedmovies by this director and also tend to watch and like thosemovies. The director is a con-

founder that biases our inferences; it affects both which movies the user was recommended and whether

they watch and like them. Compounding this issue, the confounders might be difficult (or impossible)

to measure in recommender systems. Further, the theory around causal inferences says that these infer-

ences are valid only if we have accounted for all confounders (Rosenbaum and Rubin, 1983). And, alas,

whether we have indeed measured all confounders is uncheckable (Holland et al., 1985).

How can we overcome these obstacles? In this chapter, we develop the deconfounded recommender,

extending the deconfounder to recommender systems. The deconfounded recommender builds on the

two sources of information in recommendation data: which movies each user decided to watch and the

user’s rating for each of those movies. It posits that the two types of information come from different

models—the exposure data comes from amodel bywhich users discovermovies to watch; the ratings data

comes from amodel by which users decide whichmovies they like. The ratings data entangles both types

of information—users only rate movies that they see—and so classical matrix factorization is biased by

the exposure model, i.e., that users are not randomly exposed to movies.
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The deconfounded recommender tries to correct this bias. It first uses the exposure data to estimate

a model of which movies each user is likely to consider. (In recommender systems, the exposure data is

a form of “implicit” data.) It then uses this exposure model to estimate a substitute for the unobserved

confounders. Second, it fits a rating model (e.g., matrix factorization) that accounts for the substitute

confounders. The justification for this approach comes from Chapters 4 and 5; correlations among the

considered movies provide indirect evidence for confounders. The deconfounded recommender focuses

on how the exposure of eachmovie (i.e. one of themany causes) causally affects its observed rating (Equa-

tion (7.6)); we rely on Theorem 4.2.2 for the identification of causal parameters.

Consider a film enthusiast who mostly watches western action movies but who has also enjoyed

two Korean dramas, even though non-English movies are not easily accessible in her area. A traditional

recommender will infer preferences that center around westerns; the dramas carry comparatively little

weight. The deconfounded recommender will also detect the preference for westerns, but it will further

up-weight the preference for Korean dramas. The reason is that the history of the user indicates that she

is unlikely to have been exposed to many non-English movies, and she liked the two Korean dramas that

she did see. Compared to westerns, Korean dramas are likely movies that if recommended she might like,

and if not recommended shemight see. Consequently, when recommending fromamong the unwatched

movies, the deconfounded recommender promotes other Korean dramas along with westerns.

Belowwe develop the deconfounded recommender. We empirically study it on both simulated data,

where we control the amount of confounding, and real data, about shopping and movies. Compared to

existing approaches, its performance is more robust to unobserved confounding; it predicts the ratings

better and consistently improves recommendation.

7.1 The deconfounded recommender

We frame recommendation as a causal inference and develop the deconfounded recommender.
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Matrix factorization and potential outcomes We first set up notation. Denote aui as the indicator

of whether user u rated movie i . Let yui.1/ be the rating that user u would give movie i if she watches

it. This rating is only observed if the user u watched and rated the movie i ; otherwise it is unobserved.

Similarly define yui.0/ to be the rating of user u on movie i if she does not see the movie. (We of-

ten “observe” yui.0/ D 0 in recommendation data; unrated movie entries are filled with zeros.) The

pair .yui.0/; yui.1// is the potential outcomes notation in the Rubin causal model (Imbens and Rubin,

2015b; Rubin, 1974, 2005), where watching a movie is a “treatment” and a user’s rating of the movie is

an “outcome.”

A recommender system observes users’ ratings of movies. We can think of these observations as

two datasets. One dataset contains (binary) exposures, faui ; u D 1; : : : ; U; i D 1; : : : ; I g. It

indicates who watched what. The other dataset contains the ratings for movies that users watched,

fyui.aui/ for .u; i/ such that aui D 1g.

The goal of the recommender is to suggest movies its users will like. It first estimates yui.1/ for user-

movie pairs with aui D 0; that is, it predicts each user’s ratings for their unseenmovies. It then uses these

estimates to suggest movies to users. Note yui.1/ is a prediction under intervention: “What would the

rating be if user uwas made to watch movie i?”

To form the prediction of yui.1/, we recast matrix factorization in potential outcomes. First set up

an outcome model,

yui.a/ D �
>
u ˇi � aC �ui ; �ui � N .0; �2/: (7.1)

When a D 1 (i.e., user u watches movie i ), this model says that the rating comes from a Gaussian distri-

bution whose mean combines user preferences �u and item attributes ˇi . When a D 0, the “rating” is a

zero-mean Gaussian.

Fitting Equation (7.1) to the observed data recovers classical probabilistic matrix factorization

(Mnih and Salakhutdinov, 2008). Its log-likelihood only involves observed ratings; it ignores the unex-

posed items. The fitted model can then predict E Œyui.1/� D �>
u ˇi for every (unwatched) user-movie

pair. These predictions suggest movies that users would like.
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Classical causal inference and adjusting for confounders in recommendation Butmatrix factoriza-

tion does not provide an unbiased causal inference ofyui.1/. The theory aroundpotential outcomes says

we can only estimate yui.1/ if we assume unconfoundedness. For all users u, unconfoundedness requires

fyu.0/;yu.1/g ?? au, whereyu.a/ D .yu1.a/; : : : ; yuI .a// and au D .au1; : : : ; auI /. In words, the

vector of movies a user watches au is independent of how she would rate them if she watched them all

yu.1/ (and if she watched none yu.0/).

Unconfoundedness does not hold for yu.1/—the process by which users find movies is not inde-

pendent of how they rate them. Practically, this violation biases the estimates of user preferences �u:

movies that u is not likely to see are down-weighted and vice versa. Again consider the American user

who enjoyed twoKorean dramas and rated them highly. Because she has only two high ratings of Korean

dramas in the data, her preference for Korean dramas carries less weight than her other ratings; it is biased

downward. Biased estimates of preferences lead to biased predictions of ratings.

When unconfoundedness does not hold, classical causal inference asks us to measure and control

for confounders (Pearl, 2009; Rubin, 2005). These are variables that affect both the exposure and the

ratings. Consider the location of a user as an example. It affects both which movies they are exposed to

and (perhaps) what kinds of movies they tend to like.

Suppose wemeasured these per-user confounderswu; they satisfy fyu.0/;yu.1/g ?? au jwu. Clas-

sical causal inference controls for them in the outcomemodel, yui.a/ D �
>
u ˇi �aC�

>wuC �ui ; �ui �

N .0; �2/: However, this solution requires we measure all confounders. This assumption is known as

weak unconfoundedness, as is defined by Assumption 2.3.1 in Chapter 2. In causal graphical models, this

requirement is equivalent to “no open backdoor paths” (Pearl, 2009). Unfortunately, it is untestable

(Holland et al., 1985).

The deconfounded recommender Wenow develop the deconfounded recommender. It leverages the

dependencies among the exposure (“whichmovies the users watch”) as indirect evidence for unobserved

confounders. It uses a model of the exposure to construct a substitute confounder; it then conditions on

the substitute when modeling the ratings.
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The key idea is that causal inference for recommendation systems is amultiple causal inference prob-

lem: there are multiple treatments. Each user’s binary exposure to each movie aui is a treatment; thus

there are I treatments for each user. The vector of ratings yu.1/ is the outcome; this is an I -vector,

which is partially observed. Themultiplicity of treatments enables causal inference with unobserved con-

founders (Wang and Blei, 2019a).

The first step is to fit a model to the exposure data. We use Poisson factorization (pf) model

(Gopalan et al., 2015). pf assumes the data come from the following process,

aui j�u; �i � Poisson.�>
u �i/; 8u; i; (7.2)

where both �u
iid
� Gamma.c1; c2/ and �i

i id
� Gamma.c3; c4/ are nonnegative K-vectors. The user

factor �u captures user preferences (in picking what movies to watch) and the item vector �i captures

item attributes. pf is a scalable variant of nonnegative factorization and is especially suited to binary data

(Gopalan et al., 2015). It is fit with coordinate ascent variational inference.†

With a fitted pfmodel, the deconfounded recommender computes a substitute for unobserved con-

founders. It reconstructs the exposure matrix Oa from the pf fit,

Oaui D EpfŒ�
>
u �i j a�; (7.3)

where a is the observed exposure for all users, and the expectation is taken over the posteriors computed

from the pf model. This is the posterior predictive mean of �>
u �i , which serves as a substitute con-

founder (Wang and Blei, 2019a).

Finally, the deconfounded recommender posits an outcome model conditional on the substitute

confounders Oa,

yui.a/ D �
>
u ˇi � aC 
u � Oaui C �ui ; �ui � N .0; �2/; (7.4)

†TheBernoulli distribution ismore natural tomodel binary exposure, butpf ismore computationally efficient and several
precedents use a Poisson to model binary data (Gopalan et al., 2015, 2014). pf scales linearly with the number of nonzero en-
tries in the exposure matrix fauigU �I while Bernoulli scales with the number of all entries. Further, the Poisson distribution
closely approximates the Bernoulli when the exposure matrix fauigU �I is sparse (DeGroot and Schervish, 2012). Finally, pf
can also model non-binary count exposures: e.g., pf can model exposures that count howmany times a user has been exposed
to an item.
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where 
u is a user-specific coefficient that describes how much the substitute confounder Oa contributes

to the ratings. The deconfounded recommender fits this outcome model to the observed data; it infers

�u; ˇi ; 
u, via MAP estimation. The coefficients �u; ˇi in Equation (7.4) are fit only with the observed

user ratings (i.e., aui = 1) because aui D 0 zeroes out the term that involves them; in contrast, the coeffi-

cient 
u is fit to all movies (aui = 0 and aui = 1) since Oaui is always non-zero.

To form recommendations, the deconfounded recommender calculates all the potential ratings

yui.1/ with the fitted O�u; Ǒi ; O
u. It then orders the potential ratings of the unseen movies. These are

causal recommendations. Algorithm 8.1 provides the algorithm for forming recommendations with the

deconfounded recommender.

Why does it work? Poisson factorization (pf) learns a per-user latent variable �u from the exposure

matrix aui , and we take �u as a substitute confounder. What justifies this approach is that pf admits

a special conditional independence structure: conditional on �u, the treatments aui are independent

(Equation (7.2)). If the exposuremodel pf fits the data well, then the per-user latent variable�u (or func-

tions of it, like Oaui ) captures multi-treatment confounders, i.e., variables that correlate with multiple ex-

posures and the ratings vector (Lemma 3 of (Wang and Blei, 2019a)). We note that the true confounding

mechanism does not need to coincide with pf and nor does the real confounder need to coincide with

�u. Rather, pf produces a substitute confounder that is sufficient to debias confounding.

Beyond probabilistic matrix factorization The deconfounder involves twomodels, one for exposure

andone for outcome. Wehave introducedpf as the exposuremodel andprobabilisticmatrix factorization

(Mnih and Salakhutdinov, 2008) as the outcomemodel.Focusing onpf as the exposuremodel, we extend

the deconfounded recommender to general outcome models.

We start with a general form of matrix factorization,

yui.a/ � p.� jm.�
>
u ˇi ; a/; v.�

>
u ˇi ; a//; (7.5)
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wherem.�>
u ˇi ; a/ characterizes the mean and v.�>

u ˇi ; a/ the variance of the ratings yui.a/. This form

encompasses many factorization models. Probabilistic matrix factorization (Mnih and Salakhutdinov,

2008) is

m.�>
u ˇi ; a/ D a � �

>
u ˇi ; v.�>

u ˇi ; a/ D �
2;

and p.�/ is the Gaussian distribution. Weighted matrix factorization (Hu et al., 2008) also involves a

Gaussian p, but its variance changes based on whether a user has seen the movie:

m.�>
u ˇi ; a/ D �

>
u ˇi ; v.�>

u ˇi ; a/ D �
2
a ;

where �2
0 D ˛�2

1 . This model leads us to downweight the zeros; we are less confident about the zero

ratings. Poisson matrix factorization as an outcome model (Gopalan et al., 2015) only takes in a mean

parameter

m.�>
u ˇi ; a/ D �

>
u ˇi

and set p.�/ to be the Poisson distribution.

With the general matrix factorization of Equation (7.5), the deconfounded recommender fits an aug-

mented outcome modelMY . This outcome modelMY includes the substitute confounder as a covari-

ate,

yui.a/ � p.� jm.�
>
u ˇi ; a/C 
u Oaui C ˇ0; v.�

>
u ˇi ; a//: (7.6)

Notice the parameter 
u is a user-specific coefficient; for each user, it characterizes how much the sub-

stitute confounder Oa contributes to the ratings. Note the deconfounded recommender also includes an

interceptˇ0. These deconfounded outcomemodel can be fit bymaximuma posteriori estimation.
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Algorithm 7.1:The Deconfounded Recommender

Input: a dataset of exposures and ratings f.aui ; yui.aui//gu;i ; i D 1; : : : ; I; u D 1; : : : ; U

Output: the potential outcome given treatment Oyui.1/

1. Fit pf to the exposures fauigu;i from Equation (7.2)
2. Compute substitute confounders f Oauigu;i from Equation (7.3)
3. Fit the outcome model f.aui ; yui.aui//gu;i from Equation (7.6)
4. Estimate all potential ratings yui.1/with the fitted outcome model (Equation (7.6))

It solves

O�u; Ǒi ; O
u; Ǒ0

D argmax
UX

uD1

IX
iD1

logp.yui Im.�
>
u ˇi ; aui/C 
u Oaui C ˇ0;

v.�>
u ˇi ; aui//C

PU
uD1 logp.�u/C

PI
iD1 logp.ˇi/

C

UX
uD1

logp.
u/C logp.ˇ0/;

where p.�u/, p.ˇi/, p.
u/, and p.ˇ0/ are priors of the latent variables.

To form recommendations, the deconfounded recommender predicts all of the potential ratings,

yui.1/. For an existing user u, it computes the potential ratings from the fitted outcome model,

Oyui.1/ D m. O�
>
u
Ǒ
i ; 1/C O
u � Oaui C

Ǒ
0: (7.7)

For a new user u0 with only a few ratings, it fixes the item vectors �i and ˇi , and compute user vectors

for the new user: it fits �u0 , �u0 , and 
u0 from the exposure and the ratings of this new user u0. It finally

computes the prediction,

Oyu0i.1/ D m. O�
>
u0
Ǒ
i ; 1/C O
u0 � O�>

u0�i C
Ǒ
0: (7.8)

The deconfounded recommender ranks all the items for each user based on Oyui.1/; i D 1; : : : ; I , and

recommends highly ranked items.
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7.2 Empirical Studies

We study the deconfounded recommender on simulated and real datasets. We examine its recommen-

dation performance and compare it with existing recommendation algorithms. We find that the decon-

founded recommender is more robust to unobserved confounding than existing approaches; it predicts

the ratings better and consistently improves recommendation.

7.2.1 Evaluation of causal recommendation models

We first describe how we evaluate the recommender. Recommender systems are trained on a set of user

ratings and tested on heldout ratings (or exposures). The goal is to evaluate the recommender with the

test sets. Traditionally, we evaluate the accuracy (e.g. mean squared error) of the predicted ratings. Or we

compute ranking metrics: were the items with high ratings also ranked high in our predictions?

However, causal recommendationmodels pose unique challenges for evaluation. In causal inference,

we need to evaluate how a model performs across all potential outcomes,

errcau D 1
U

PU
uD1 `.f Oyuigi2f1;:::;I g; fyui.1/gi2f1;:::;I g/; (7.9)

where ` is a loss function, such as mean squared error (mse) or normalized discounted cumulative gain

(ndcg). The challenge is that we don’t observe all potential outcomes yui.1/.

Which test sets can we use for evaluating causal recommendationmodels? One option is to generate

a test set by randomly splitting the data; we call this a “regular test set.” However, evaluation on the

regular test set gives a biased estimate of errcau; it emphasizes popular items and active users.

An (expensive) solution is to measure a randomized test set. Randomly select a subset Iu from all

items and ask the users to interact and rate all of them. Then compute the average loss across users,

errrand D 1
U

PU
uD1 `.f Oyuigi2Iu

; fyui.1//gi2Iu
/: (7.10)
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Equation (7.10) is an unbiased estimate of the average across all items in Equation (7.9); it tests the rec-

ommender’s ability to answer the causal question. Two available datasets that include such random test

sets are the Yahoo! R3 dataset (Marlin and Zemel, 2009) and the coat shopping dataset (Schnabel et al.,

2016). We also create random test sets in simulation studies.

However, a randomized test set is often difficult to obtain. In this case, our solution is to evaluate the

average per-item predictive accuracy on a “regular test set.” For each item, we compute theMSE of all the

ratings on this movie; we then average the MSEs of all items. While popular items receive more ratings,

this average per-itempredictive accuracy treats all items equally, popular or unpopular. Weuse thismetric

to evaluate the deconfounded recommender onMovielens 100k andMovielens 1M datasets.

7.2.2 Simulation studies
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Figure 7.1: Varying confounder correlation 
� from 0.0 to 1.0 (
y D 3:0). The rating predictions of the deconfounded recom-

mender (green) is more robust to unobserved confounding than its classical counterpart (blue) and the existing causal approach, IPW

MF (Schnabel et al., 2016) (orange). (Lower is better.)

We study the deconfounded recommender on simulated datasets. We simulate movie ratings for

U D 5; 000 users and I D 5; 000 items, where effect of preferences on the rating is confounded.

Simulation setup We simulate aK-vector confounder for each user cu � GammaK.0:3; 0:3/ and a

K-vector of attributes for each item ˇi � GammaK.0:3; 0:3/. We then simulate the user preference

K-vectors �u conditional on the confounders,

�u � 
� � cu C .1 � 
�/ � GammaK.0:3; 0:3/:
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The constant 
� 2 Œ0; 1� controls the exposure-confounder correlation; higher values imply stronger

confounding.

We next simulate the binary exposures aui 2 f0; 1g, the ratings for all users watching all movies

yui.1/ 2 f1; 2; 3; 4; 5g, and calculate the observed ratings yui . The exposures and ratings are both

simulated from truncated Poisson distributions, and the observed ratings mask the ratings by the

exposure,

aui � min.Poisson.c>
u ˇi/; 1/;

yui.1/ � min.1C Poisson..�u C 
y � cu/
>ˇi/; 5/;

yui D aui � yui.1/:

The constant 
y � 0 controls how much the confounder cu affects the outcome; higher values imply

stronger confounding.

Competing methods We compare the deconfounded recommender to baseline methods. One set of

baselines are the classical counterparts of the deconfounded recommender. We explore probabilistic ma-

trix factorization (Mnih and Salakhutdinov, 2008), Poisson matrix factorization (Gopalan et al., 2015),

and weighted matrix factorization (Hu et al., 2008); see Section 7.1 for details of these baseline mod-

els. We additionally compare to inverse propensity weighting (ipw) matrix factorization (Schnabel et al.,

2016), which also handles selection bias in observational recommendation data.

Results Figure 7.1 shows how an unobserved confounder high correlated with exposures can affect

rating predictions. (Its effects on ranking quality is in Appendix D.1.) Although the performances

of all algorithms degrade as the unobserved confounding increases, the deconfounded recommender

is more robust. It leads to smaller MSEs in rating prediction and higher NDCGs in recommenda-

tion than its classical counterparts (Probabilistic/Poisson/Weighted Matrix Factorization) and the ex-

isting causal approach (Inverse Propensity Weighted Probabilistic/Poisson/Weighted Matrix Factoriza-

tion) (Schnabel et al., 2016).
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7.2.3 Case studies I: The deconfounded recommender on random test sets

We next study the deconfounded recommender on two real datasets: Yahoo! R3 (Marlin and Zemel,

2009) and coat shopping (Schnabel et al., 2016). Both datasets are comprised of an observational training

set and a random test set. The training set comes fromusers rating user-selected items; the random test set

comes from the recommender system asking its users to rate randomly selected items. The latter enables

us to evaluate how different recommendation models predict potential outcomes: what would the rating

be if wemake a user watch and rate a movie?

Datasets Yahoo! R3 (Marlin and Zemel, 2009) contains user-song ratings. The training set contains

over 300K user-selected ratings from 15400 users on 1000 items. Its random test set contains 5400 users

who were asked to rate 10 randomly chosen songs. The coat shopping dataset (Schnabel et al., 2016)

contains user-coat ratings. The training set contains 290 users. Each user supplies 24 user-selected ratings

among 300 items. Its random test contains ratings for 16 randomly selected coats per user.

Evaluation metrics We use the recommenders for two types of prediction: weak generalization and

strong generalization (Marlin, 2004). Weak generalization predicts the preferences of existing users in the

training set on their unseen movies. Strong generalization predicts preferences of new users—users not

in the training set—on their unseen movies. Based on the predictions, we rank the items with nonzero

ratings. To evaluate recommendation performance, we report three standard measures: ndcg, recall,

andMSE. See Appendix D.2 for formal definitions.

Experimental setup For each dataset, we randomly split 80/20 the training set into training/validation

sets. We leave the random test set intact. Across all experiments, we use the validation set to select the

best hyperparameters for the recommendation models. We choose the hyperparameters that yield the

best validation log NDCG. The latent dimension is chosen from f1; 2; 5; 10; 20; 50; 100g.

The deconfounded recommender has two components: the treatment assignment model and the

outcome model. We always use pf as the treatment assignment model. The hyperparameters of both

models are chosen together based on the same validation set as above. The best hyperparameters are

those that yield the best validation NDCG.
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Yahoo! R3 Coat
NDCG Recall@5 MSE NDCG Recall@5 MSE

Probabilistic MF [192] 0.772 0.540 1.963 0.728 0.552 1.422
IPW Probabilistic MF [241] 0.791 0.603 1.893 0.732 0.547 1.358
Deconfounded Probabilistic MF 0.819 0.640 1.768 0.743 0.569 1.341

PoissonMF [103] 0.789 0.564 1.539 0.713 0.451 1.657
IPW PoissonMF [241] 0.792 0.564 1.513 0.693 0.458 1.631
Deconfounded PoissonMF 0.802 0.610 1.447 0.743 0.521 1.657

WeightedMF [129] 0.820 0.639 2.047 0.738 0.560 1.658
IPWWeightedMF [241] 0.804 0.592 1.845 0.681 0.554 1.612
DeconfoundedWeightedMF 0.823 0.645 1.658 0.744 0.581 1.569

Table 7.1: Recommendation on random test sets for existing users (weak generalization). The deconfounded recommender improves

recommendation over classical approaches and the existing causal approach (Schnabel et al., 2016). (Higher is better for NDCG and

Recall@5; lower is better forMSE.)

Yahoo! R3 Coat
NDCG Recall@5 MSE NDCG Recall@5 MSE

Probabilistic MF [192] 0.802 0.792 2.307 0.833 0.737 1.490
IPW Probabilistic MF [241] 0.818 0.827 2.625 0.811 0.724 1.587
Deconfounded Probabilistic MF 0.824 0.829 2.244 0.847 0.808 1.540

PoissonMF [103] 0.765 0.752 1.913 0.764 0.671 1.889
IPW PoissonMF [241] 0.769 0.761 1.876 0.769 0.678 1.817
Deconfounded PoissonMF 0.774 0.769 1.881 0.772 0.678 1.811

WeightedMF [129] 0.809 0.793 1.904 0.850 0.814 2.859
IPWWeightedMF [241] 0.786 0.788 1.883 0.837 0.800 2.477
DeconfoundedWeightedMF 0.820 0.818 1.644 0.854 0.829 2.421

Table 7.2: Recommendation on random test sets for new users (strong generalization). The deconfounded recommender improves recom-

mendation over classical approaches and the existing causal approach (Schnabel et al., 2016). (Higher is better for NDCG and Recall@5;

lower is better forMSE.)

Results Tables 7.1 and 7.2 show the recommendation performance of the deconfounded recom-

mender and its competitors. Across the three metrics and the two datasets, the deconfounded recom-

mender outperforms its classical counterpart for both weak and strong generalization: it produces better

item rankings and improves retrieval quality; its predicted ratings are also more accurate. The decon-

founded recommender also outperforms the ipw matrix factorization (Schnabel et al., 2016), which is

the main existing approach that targets selection bias in recommendation systems. These results show

that the deconfounded recommender produces more accurate predictions of user preferences by accom-

modating unobserved confounders in item exposures.‡

‡The MSEs of ipw MF in Table 7.1 differ from those reported in Schnabel et al. (2016), because Schnabel et al. (2016)
relies on a random validation set in training, which is not available here.
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Movielens 100K Movielens 1M
MSE MAE MSE MAE

Probabilistic MF [192] 2.926 1.425 2.774 1.321
IPW Probabilistic MF [241] 2.609 1.275 2.714 1.303
Deconfounded Probabilistic MF 2.554 1.260 2.699 1.299

PoissonMF [103] 3.374 1.475 2.357 1.305
IPW PoissonMF [241] 3.439 1.480 2.196 1.220
Deconfounded PoissonMF 3.268 1.454 2.325 1.295

WeightedMF [129] 2.359 1.219 3.558 1.516
IPWWeightedMF [241] 2.344 1.198 2.872 1.363
DeconfoundedWeightedMF 2.101 1.138 2.864 1.360

Table 7.3: Average per-item predictive accuracy on heldout ratings. The deconfounded recommender leads to lowerMSEs andMAEs on

predictions over all items; it outperforms classical approaches and the existing causal approach (Schnabel et al., 2016). (Lower is better.)

7.2.4 Case studies II: The deconfounded recommender on regular test sets

We study the deconfounded recommender on two MovieLens datasets: ML100k and ML1M.§ These

datasets only involve observational data; they do not contain randomized test sets. We focus on howwell

we predict on all items, popular or unpopular.

Datasets TheMovielens 100k dataset contains 100,000 ratings from1,000 users on 1,700movies. The

Movielens 1M dataset contains 1 million ratings from 6,000 users on 4,000 movies.

Experimental setup and performance measures We employ the same experimental protocols for hy-

perparameter selection as before. For each dataset, we randomly split the training set into training/valida-

tion/test sets with 60/20/20 proportions. Wemeasure the recommendation performance by the average

per-item predictive accuracy, which equally treats popular and unpopular items; see Section 7.2.1 for

details.
§http://grouplens.org/datasets/movielens/
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Results Table 7.3 presents the recommendation performance of the deconfounded recommender and

their classical counterpart on average per-itemMSEs andMAEs. Across the twometrics and two datasets,

the deconfounded recommender leads to lower MSEs andMAEs on predictions over all items than clas-

sical approaches and the existing causal approach, IPW MF (Schnabel et al., 2016). Instead of focusing

on popular items, the deconfounded recommender targets accurate predictions on all items. Hence it

improves the prediction quality across all items.

7.3 Related work

This chapter draws on several threads of previous research in recommendation algorithms.

The first is on evaluating recommendation algorithms via biased data. It is mostly explored in the

multi-armed bandit literature (Li et al., 2015, 2010; Vanchinathan et al., 2014; Zhao et al., 2013). These

works focus on online learning and rely on importance sampling. Here we consider an orthogonal prob-

lem. We reason about user preferences, rather than recommendation algorithms, andwe use offline learn-

ing and parametric models.

The second thread is around the missing-not-completely-at-random assumption in recommenda-

tion algorithms. Marlin and Zemel (2009) studied the effect of violating this assumption in ratings. Sim-

ilar to our exposuremodel, they posit an explicitmissingnessmodel that leads to improvements in predict-

ing ratings. Later, other researchers proposed different rating models to accommodate this violated as-

sumption (Bonner and Vasile, 2018; Hernández-Lobato et al., 2014; Liang et al., 2016; Ling et al., 2012;

Smith and Elkan, 2004; Srebro and Salakhutdinov, 2010). In this chapter, we take an explicitly causal

view of the problem. While violating the missing-not-completely-at-random assumption is one form of

confounding bias (Ding et al., 2018), the explicit causal view opens up the door to other recent debiasing

tools, such as the deconfounder. It also articulates the rationale of such adjustments: Bymodeling which

movies users tend to watch, we avoid recommending the movies that users will watch anyway even with-

out a recommendation. Rather, we only want to recommend movies that if recommender the user will

watch and otherwise not.
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Finally, the recent work of Schnabel et al. (2016) also adapted causal inference—ipw, in particular—

to address missingness. Their propensity models rely on either observed ratings of a randomized trial or

externally observed user and item covariates. In contrast, our work relies solely on the observed ratings:

we do not require ratings from a gold-standard randomized exposure nor do we use external covariates.

In Section 7.2, we show that the deconfounded recommender provides better recommendations than

Schnabel et al. (2016).

7.4 Discussion

We develop the deconfounded recommender, a strategy to use classical recommendationmodels for causal

predictions: how would a user rate a recommended movie? The deconfounded recommender uses Pois-

son factorization to infer confounders in treatment assignments; it then augments common recommen-

dation models to correct for confounding bias. The deconfounded recommender improves recommen-

dation performance and rating predictions; it is also more robust to unobserved confounding in user

exposures.
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8
Multiple control outcomes and

the control-outcome deconfounder

In this chapter, we consider multiple causal inference with a single cause and multiple outcomes. In

particular, many of the outcomes are negative control outcomes that cannot be affected by the cause. We

then develop the control-outcome deconfounder, an algorithm that corrects for unobserved confounders

using multiple negative control outcomes. We describe the causal identification assumptions required

for this algorithm to produce unbiased causal estimates. We illustrate how it generalizes the method

of synthetic controls (Abadie et al., 2010, 2015; Abadie and Gardeazabal, 2003), expanding its scope to

nonlinear settings and non-panel data.

Suppose we want to evaluate the effectiveness of a movie recommendation system. How does the

recommendation of a movie affect how long a user spends watching it? To answer this question, we

collect data about n users. For each one, the data contains whether the user was recommended themovie

Frozen,Ai 2 f0; 1g, and how long she spent watching it, Yi .
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One metric of the system’s quality is how much more time do users spend watching Frozen if the

system decides to recommend it to them. But estimating this metric is a causal inference. Using poten-

tial outcomes notation (Imbens and Rubin, 2015a; Rubin, 1974, 2005), let Yi.1/ be user i ’s time with

Frozen if she is recommended it and Yi.0/ be her time with Frozen if she is not recommended it. The

metric is E ŒYi.1/ � Yi.0/ jAi D 1�, the difference a recommendation makes given that the system de-

cided to make a recommendation. This quantity is called the average treatment effect on the treated

(ATT). (A full picture of the recommendation system estimates the ATT for each movie and averages

the results.)

The ATT decomposes as E ŒYi.1/ jAi D 1��E ŒYi.0/ jAi D 1�. The first term is easy to estimate

from the data, as we always observe Yi.1/ when Ai D 1. But the second term is a counterfactual: it is

the expected time a user would have (counterfactually) watched Frozen even if she was not recommended

it, given that the user was (in fact) recommended it. A naive estimate of E ŒYi.0/ jAi D 1� is the aver-

age time spent on Frozen for users who did not receive the recommendation. But this estimate is only

unbiased if the treatment is randomized, which is usually not the case. (And especially not for recom-

mendation systems—we don’t want a randomized recommendation system.)

How can we estimate the counterfactual? A classical solution estimates it by correcting for con-

founders, variables that affect the treatment and the outcome. One confounder is the user’s preferences

for movie genres, such as drama, children’s movies, and action movies. Each user’s preferences Ui af-

fects both the output of the recommendation system and also whether the user likes Frozen. (If the

recommendation system is good, then it will be designed to capture the users’ preferences.) Suppose

the preferences Ui suffice to estimate causal effects, as when there are no other confounders. Then

E ŒYi.0/ jAi D 1� D EUi j Ai D1 ŒE ŒYi.0/ jUi ; Ai D 0��, and everything on the right-hand side is es-

timable if the preferences Ui are also observed. But this estimate relies on observing sufficient con-

founders. When some are unobserved, the estimate is biased.

This chapter shows how to use external data to control for some of the unobserved confounders.

Suppose we also observe how much time users spend watching other movies, such as StarWars, Brazil,

andHigh School Musical; and assume these variables are not affected by receiving a recommendation for

Frozen. These are negative control outcomes, variables for which the treatment is known to have no effect
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(Lipsitch et al., 2010; Rosenbaum, 1989). The method in this chapter uses negative control outcomes—

more briefly, control outcomes—to form a substitute for unobserved confounders. The intuition is that

the control outcomes contain indirect evidence for some of the unobserved confounders. Intuitively,

information about user behavior on other movies can provide evidence for a user’s preferences.

The algorithm is called the control-outcome deconfounder. It constructs a substitute confounder by

fitting a Bayesian factor model (e.g. probabilistic principal component analysis (Tipping and Bishop,

1999) or a mixture model (McLachlan and Basford, 1988)) to all the outcomes—both control and

non-control—and then uses these substitute confounders in a downstream causal inference. We prove

that the substitute confounder can correct for multi-outcome confounders, those that affect the treat-

ment, the study outcome, and the control outcomes. The control-outcome deconfounder mirrors the

deconfounder but operates in a setting with a single treatment, a study outcome, and many control

outcomes. And we show how the seminal method of synthetic controls (Abadie et al., 2010, 2015;

Abadie and Gardeazabal, 2003) can be viewed as a control-outcome deconfounder, expanding the set-

tings where synthetic controls can be used.

The control-outcomedeconfounder requires several assumptions to provide unbiased estimates, and

these are discussed at length below. The main requirement is a causal inference problem with many con-

trol outcomes. Each problem involves units of study, a treatment of interest, an outcome of interest,

many control outcomes, and the possibility of an unobservedmulti-outcome confounder. Here are some

examples.

• Recommendation systems. This is the example we discussed. The units are users of a recommenda-

tion system; the treatment is whether a user is recommended a movie; the outcome is how much time

she spent watching that movie. The goal is to estimate E ŒYi.1/ � Yi.0/ jAi D 1�. It measures how

effective is the recommendation system.

The control outcomes are users’ time watching other movies; they are not affected by the recommen-

dation of the movie under study. These control outcomes can help correct for multi-outcome con-

founders such as user preferences. User preferences are multi-outcome because they affect whether the

movie was recommended, howmuch time the user spent on it, and howmuch time the user spent on

other movies.
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• Panel data for evaluating social policy. This problem is inspired by the original synthetic con-

trols literature (Abadie et al., 2015). The units are states; the treatment is whether a state bans smok-

ing in 2020; the outcome is the state’s increase in the popularity of vaping. The goal is to estimate

E ŒYi.1/ � Yi.0/ jAi D 1�: for states that ban smoking, does it increase the popularity of vaping?

Control outcomes are each state’s change in vaping popularity for other years, from 2019 and back;

these changes are not affected by the 2020 policy to ban vaping. The control outcomes can help cor-

rect for confounders such as each state’s budget for anti-smoking education. This budget affects the

decision to ban smoking (through state-wide public sentiment), the 2020 change in vaping popularity,

and the previous changes in vaping popularity.

Using previous time points as control outcomes, we need to assume that there is no “anticipatory ef-

fect” (Malani and Reif, 2010, 2015), that the coming ban in 2020 does not affect vaping popularity in

2019. It also assumes that the changes in popularity from year to year are conditionally independent,

given the unobserved confounders.

• Supermarket promotions. The units are shoppers on shopping trips; the treatment is whether a shop-

per is given a coupon for gift wrap; the outcome is how much gift wrap he purchased. The goal is to

estimate E ŒYi.1/ � Yi.0/ jAi D 1�: how effective is the coupon delivery program?

Control outcomes are the shopper’s purchases for other items; these purchases are not affected by the

coupon for gift wrap. The control outcomes can help correct for confounders such as the season. The

winter holiday season affects the decision to give a coupon, the amount of gift wrap purchases, and the

number of other items purchased.

One nuance is that the control outcomes must be items that are not complements (Mankiw, 2020) to

gift wrap (such as gift cards). Complementary items do not meet the criterion for a control outcome

because, through the purchase of giftwrap, they are affectedby the delivery of the coupon. The control-

outcome deconfounder requires there are no causal connections among the outcomes.

In the coming sections, we characterize the class of unobserved confounders that canbe handledwith

the control-outcome deconfounder and describe the theoretical assumptions required for it to produce

unbiased causal estimates. We discuss how the control-outcome deconfounder and its surrounding the-

ory generalizes the method of synthetic controls, focusing on settings withmany treated units and a long
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Figure 8.1:Multiple control outcomes with shared unobserved confounding. (Shaded nodes are observed; unshaded ones are latent.)

pre-treatment period. Specifically, the control-outcome deconfounder can produce synthetic controls if

it is coupled with inverse probability weighting in the downstream causal inference; thus the results here

justify synthetic controls beyond the current theory, to nonlinear settings and non-panel data. Finally,

we present a semi-synthetic simulation study of the control-outcome deconfounder on recommendation

systems. We show that both the control-outcome deconfounder and the synthetic control method can

produce accurate causal estimates in the presence of unobserved confounding.

The rest of the chapter is organized as follows. Section 8.1 sets up the causal inference problemwith

many control outcomes and develops the control-outcome deconfounder algorithm for causal identifica-

tion. Section 8.2 discusses the connection between the control-outcome deconfounder and the synthetic

control method. Section 8.3 presents an empirical study of the control-outcome deconfounder. Sec-

tion 8.5 concludes the chapter with a brief discussion.

8.1 Causal inference with multiple control outcomes

8.1.1 Unobserved confounders and a valid substitute confounder

Consider a dataset of n independent and identical units. Each unit i receives a treatment Ai 2 A and

elicits an outcome Yi 2 Y; the treatment and outcome are both scalars. Each unit is also accompanied

with a potential outcome function fYi.a/ga2A, where Yi.a/ is the potential outcome of unit i if it were

treated with value a. As a consequence of this notation, Yi D Yi.Ai/.
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One goal of causal inference in this setting is to estimate the population expectation of a potential

outcome at treatment a, E ŒYi.a/�. Another is to estimate a conditional expectation of a potential out-

come at treatment a given the assigned treatment a0, E ŒYi.a/ jAi D a
0�. For now consider the simpler

one, the expected potential outcome. As with previous chapters, we worry that some confounders may

be unobserved.

Suppose, alongwith covariates, the data include control outcomes—outcome variables that area priori

known to be unaffected by the treatment. We will show that observing many control outcomes can help

alleviate some of the unobserved confounding.

For each unit i , we observe m control outcomes Y ;
i1; : : : ; Y

;
im. Denote the j th potential control

outcome as Y ;
ij .a/; it is the value of the j th control outcome if unit i were treated with value a. By the

definition of the control outcome, the potential control outcome does not depend on the value of the

treatment,

.Y ;
i1; : : : ; Y

;
im/

d
D .Y ;

i1.a/; : : : ; Y
;

im.a// 8a 2 A: (8.1)

Observing many control outcomes can help with some types of unobserved confounding. Consider

amulti-outcome confounder, one where the same unobserved confounderUi affects the treatment assign-

ment, the control outcomes, and the study outcome. Then the observed control outcomes can serve as

evidence of the unobserved confounderUi .

How? Define a valid substitute confounder as having two properties. First, it is a random variable

Zi that renders all the outcomes, both the study outcome and control outcomes, conditionally indepen-

dent. This implies that there is a model � that describes the population distribution of the outcomes as

a marginal overZi ,

P.Yi ; Y
;

i1; : : : ; Y
;

im/ D

Z
P�.Yi jZi/ �

0@ mY
j D1

P�.Y
;

ij jZi/

1A P.Zi/ dZi : (8.2)

This representation of the joint is seen in Figure 8.2a. Second, we can pinpoint Zi from the observed

outcomes,

P�.Zi jYi ; Y
;

i1; : : : ; Y
;

im/ D ıf .Yi ;Y ;
i1

;:::;Y ;
im

/; (8.3)
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where ıf .Yi ;Y ;
i1

;:::;Y ;
im

/ represents a pointmass located atf .Yi ; Y
;

i1; : : : ; Y
;

im/ andf is somedeterministic

function. For many models, this property holds when there are infinitely many control outcomes,m!

1.

We claim that a valid substitute confounder, as defined above, must capture* all multi-outcome con-

founders. This is true by proof of contradiction. By construction, Zi satisfies the conditional indepen-

dence structure in the likelihood in Equation (8.2), also seen in Figure 8.2a. But suppose it misses† some

multi-outcome confounders W multi
i . Then conditional independence can not hold because W multi

i in-

duces dependence between two or more outcomes (see Figure 8.2b) and soZi cannot have rendered all

the outcomes conditionally independent.

How about single-outcome confounders? The same argument cannot rule out single-outcome con-

foundersW sing
i . Missing out a single-outcome confounder (Figure 8.2b) does not preventZi from satis-

fying the conditional independence (Figure 8.2a). Note this reasoning follows a similar argument as the

one in Chapter 3, though they use multiple treatments rather than multiple outcomes.

In fact, the substitute confounderZi cannot pick up‡ any single-outcome variables, because a substi-

tute confounder cannot be both single-outcome and pinpointed. (We prove this fact in Appendix E.1.)

This means thatZi also cannot pick up any post-treatment variables. Post-treatment variables must be

single-outcome because there is only one outcome Yi that can be affected by the treatment.

In summary, observing many control outcomes provides the possibility of constructing a valid sub-

stitute confounder. It is a variable that renders the outcomes conditionally independent and can be pin-

pointed from the observations. A valid substitute confounder captures the information about multi-

outcome confounders but does not capture information about single-outcome confounders.

*Technically, “capture” means all multi-outcome confounders are measurable with respect to the substitute confounder.
†“miss” means some multi-outcome confounders are not measurable with respect to the substitute confounder.
‡“not pick up” means no single-outcome variables are measurable with respect to the substitute confounder.

107



Zi

Yi1 Yi2 Yim Yi
…

(a) Factor models for multiple control outcomes. The defining

feature of factor models is conditional independence:Zi

renders all outcomesYi ; Y
;

i1; : : : ; Y
;

im conditionally

independent.

Zi

W multi
i Ai W

sing
i

Yi1 Yi2 Yim Yi
…

(b) Substitute confounders must pick up all multi-outcome

confounders but no single-outcome confounders.

Figure 8.2: Factor models and substitute confounders.

Assuming no unobserved single-outcome confounders, this means we can correct for unobserved

multi-outcome confounding by using the substituteZi in place of the unobserved confounderUi . The

next sectionmakes this statementmore precise, articulating the assumptions needed to identify causal ef-

fects in the presence of unobservedmulti-outcome confounding. We then operationalize these ideas into

the control-outcome deconfounder, an algorithm that uses the identification results to estimate causal

effects.

8.1.2 Causal identification with multiple control outcomes

Why do multiple control outcomes help identify causal effects, even in the face of unobserved multi-

outcome confounders?

The key idea is to use the observed control outcomes to pinpoint substitute multi-outcome con-

founders. This strategy requires several assumptions: (1) the stable unit treatment value assumption

(SUTVA); (2) a valid substitute confounder, as described above; (3) no unobserved single-outcome con-

founders; (4) overlap, also known as positivity.
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This approach inherits from the classical strategy of measuring sufficient confounders, but with

the difference that some confounders—the multi-outcome confounders—may not be observed. To ad-

dress this, we use the observations of multiple control outcomes to pinpoint a substitute multi-outcome

confounder. In this way, we assume “no unobserved single-outcome confounders” instead of the classi-

cally assumed “no unobserved confounders.” But note we additionally assume (3)—(4) to handle multi-

outcome confounders.

We discuss each assumption in detail and then state the theorem.

Assumption 8.1.1: Stable unit treatment value assumption (SUTVA). There is no interference be-

tween the units; there is only one version of the treatment for each value a 2 A:

SUTVA is the classical assumption we make to perform causal inference on independent units

(Rubin, 1980, 1990). It ensures that the potential outcome for each unit Yi.a/ is well-defined.

Assumption 8.1.2: Valid substitute confounder. There exists a valid substitute confounderZi . It has

the following two properties.

1. It renders the outcomes conditionally independent,

P.Yi ; Y
;

i1; : : : ; Y
;

im/ D

Z
P�.Yi jZi/ �

0@ mY
j D1

P�.Y
;

ij jZi/

1A P.Zi/ dZi : (8.4)

2. It can be pinpointed from the outcomes,

P�.Zi jYi ; Y
;

i1; : : : ; Y
;

im/ D ıf .Yi ;Y ;
i1

;:::;Y ;
im

/; (8.5)

for some deterministic function f .

Assumption 8.1.2 describes the two requirements of a valid substitute confounderZi . The first part

ensures that Zi renders all the outcomes conditionally independent. This conditional independence

ensures that it picks up all multi-outcome confounders. (See the discussion in Section 8.1.1.) The

second part implies that we can infer the substitute confounder from the data with full certainty. It
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is satisfied when (1) the distribution of all outcomes can be described by a factor model and (2) the

number of control outcomes increases to infinity, i.e. m ! 1: For example, if the distribution of all

outcomes can be described by structured latent factor models, e.g. probabilistic principal component

analysis (Tipping and Bishop, 1999) or Poisson factorization (Gopalan et al., 2013, 2015, 2014), then

the substitute confounder can be pinpointed when .nCm/ � log.nm/=.nm/! 0 (Chen et al., 2019).

Assumption 8.1.3: Nounobserved single-outcome confounders. DenoteUi as the smallest� -algebra

that renders all the outcomes conditionally independent. Moreover, neither P.Y ;
ij jUi/; j D 1; : : : ; m

nor P.Yi jUi/ is a point mass. Then “no unobserved single-outcome confounders” requires that Ui ,

together with the observed covariatesXi , satisfy weak unconfoundedness,

Y ;
i1.a/; : : : ; Y

;
im.a/; Yi.a/ ? Ai jZi ; Xi ; 8a 2 A: (8.6)

Assumption 8.1.3 roughly requires that we observe any confounders that affect only one of the

outcomes, whether control outcome or study outcome. This assumption is expressed mathemati-

cally by assuming the pinpointed substitute confounder Zi , along with the observed covariates Xi ,

satisfies weak unconfoundedness (Equation (8.6)) (Hirano and Imbens, 2004; Imbens, 2000). We

note that this assumption differs from a common identification assumption used in synthetic control

(Angrist and Pischke, 2008; Kinn, 2018; O’Neill et al., 2016),

Yi.a/ ? Ai jXi ; Y
;

i1; : : : ; Y
;

im; 8a 2 A: (8.7)

Assumption 8.1.3 posits that the substitute confounder Zi and the covariates Xi satisfy weak uncon-

foundedness, while Equation (8.7) assumes that all control outcomes Y ;
i1; : : : ; Y

;
im and the covariatesXi

satisfy weak unconfoundedness.

Assumption 8.1.4: Overlap, also known as positivity. For all sets AS with positive measure, P.Ai 2

AS jXi D x;Zi D z/ > 0 for all values of .x; z/, whereZi
a:s:
D f .Yi ; Y

;
i1; : : : ; Y

;
im/ as is required by

Assumption 8.1.2.
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Overlap is a classical assumption required in causal inference, which often requires that all pairs of

treatment and confounder value can occur with positive probability. The overlap assumption here is

similar but concerns both the substitute confounderZi and the covariatesXi . We emphasize that while

the substitute confounder is a deterministic function of the outcomes, this does not prevent the overlap

assumption from being satisfied.

Under these assumptions, controlling for a valid substitute confounder leads to unbiased estimates.

Theorem 8.1.1: The control-outcome deconfounder. Under Assumptions 8.1.1 to 8.1.4, controlling

for a valid substitute confounder yields unbiased causal estimates,

E ŒYi.a/� D EZi ;Xi
ŒE ŒYi jAi D a;Zi ; Xi �� (8.8)

E
�
Yi.a/ jAi D a

0
�
D EZi ;Xi j Ai Da0 ŒE ŒYi jAi D a;Zi ; Xi �� : (8.9)

A sketch of the proof is as follows. The substitute confounder Zi and the covariate Xi together

satisfy weak unconfoundedness. Hence adjusting for them with g-formula leads to unbiased estimates

of the potential outcomes. The full proof of Theorem 8.1.1 is in Appendix E.2.

At a higher level, Assumptions 8.1.1 to 8.1.4 delineates a setting where the class of multi-outcome

confounders are factually unobserved, but effectively observed—they can be pinpointed by observing

many control outcomes. This fact is why the control-outcome deconfounder can identify causal quan-

tities from observational data. We note that Assumptions 8.1.2 and 8.1.3 of the control-outcome de-

confounder mirror Assumptions 4.1.1 and 4.1.2 of the deconfounder. Moreover, Theorem 8.1.1 mirros

Theorem 4.2.2.
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8.1.3 The control-outcome deconfounder

We now develop the control-outcome deconfounder, an algorithm that infers valid substitute con-

founders from multiple control outcomes. We first construct the valid substitute confounder that ren-

ders all outcomes conditionally independent. Then we use that substitute in a downstream causal infer-

ence.

Constructing a substitute confounderZi The key requirement of the substitute confounder is that

it renders all the outcomes .Yi ; Y
;

i1; : : : ; Y
;

im/ conditionally independent,

P.Yi ; Y
;

i1; : : : ; Y
;

im jZi/ D P.Yi jZi/ �

mY
j D1

P.Y ;
ij jZi/: (8.10)

We enforce this conditional independence by finding factor models that captures the distribution of the

outcomes P.Yi ; Y
;

i1; : : : ; Y
;

im/. A factor model posits latent variablesZi such that

Zi � P.Zi/; i D 1; : : : ; n; (8.11)

Yi jZi � P.Yi jZi ; �/ (8.12)

Y ;
ij jZi � P.Y ;

ij jZi ; �
;
j /; j D 1; : : : ; m; (8.13)

where �; �;
1 ; : : : ; �

;
m are parameters of the factor model. In particular, the latent variableZi renders the

outcomes conditionally independent.

We fit the factor model by optimizing the likelihood of the factor model over the parameters

O�;
1 ; : : : ;

O�;
m;
O� D argmax

�;
1 ;:::;�;

m;�

Z
P.Yi jZi ; �/ �

mY
j D1

P.Y ;
ij jZi ; �

;
j /P.Zi/ dZi : (8.14)

Finally, we obtain a point estimate of the substitute confoundersZi :

Ozi D E
h
Zi jYi ; Y

;
i1; : : : ; Y

;
im;
O�;
1 ; : : : ;

O�;
m;
O�
i
: (8.15)

Whenm!1, i.e. the number of control outcomes grows to infinity, the conditional distribution

P.Zi jYi ; Y
;

i1; : : : ; Y
;

im/
d
! ıf� .Yi ;Y ;

i1
;:::;Y ;

im
/ for some function f�.�/: In this case, the point estimate

also converge to the same point, i.e. Ozi

a:s:
! f�.Yi ; Y

;
i1; : : : ; Y

;
im/:
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Merely fitting a factor model to the outcomes does not guarantee that its latent variableZi satisfies

the conditional independence requirement (Equation (8.10)). We need to further check that the fitted

factor model does capture the distribution of the outcomes well. Many existing algorithms can perform

this check. Here we employ a predictive check (Ranganath and Blei, 2019). We randomly hold out some

outcomes for each user and fit the factor model. Then we generate the heldout entries using the fitted

factor model. If the generated heldout entries are indistinguishable (in terms of log-likelihood values)

from the observed values in these heldout entries, we claim the factor model passes the predictive check

and can capture the distribution of the outcomes.

Notewe infer the substitute confounder by only looking at the outcomes, both the control outcomes

and the study outcome. It does not involve the treatments.

Deconfounding with the substitute confounder After obtaining a substitute confounder fOzig
n
iD1,

we use them in a downstream causal inference, as though they were observed confounders. For example,

we can compute the conditional expected potential outcome E ŒYi.a/ jAi D a
0� by fitting an outcome

model

E ŒYi jAi D a;Zi ; Xi � D ˇ0 C ˇA � aC ˇZ �Zi C ˇX �Xi (8.16)

and apply the adjustment

EZi ;Xi j Ai Da0 ŒE ŒYi jAi D a;Zi ; Xi ��

� ˇ0 C ˇA � aC ˇZ �

P
Ai Da0 ZiPn

iD1 1fAi D a0g
C ˇX �

P
Ai Da0 XiPn

iD1 1fAi D a0g
: (8.17)

Alternatively, we may use the inverse propensity score weighting to calculate E ŒYi.a/ jAi D a
0�X

Ai Da

Yi �
1Pn

iD1 1fAi D a0g
�
P.Ai D a

0 jZi ; Xi/

P.Ai D a jZi ; Xi/
: (8.18)

Both the adjustment formula and inverse propensity score weighting are standard confounder adjust-

ment methods; we may use other adjustment methods and estimate other quantities too. The only twist

is that we join the covariates Xi with the substitute confounder Zi , treating both as confounders we

adjust for.
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Algorithm 8.1:The control-outcome deconfounder

Input: a dataset of treatment, study outcome, many outcomes, and covariates
f.ai ; yi ; y

;
i1; : : : ; y

;
im; xi/g; i D 1; : : : ; n

Output: the conditional average potential outcome E ŒYi.a/ jAi D a
0� 8a 2 A

repeat
choose a factor model from the class in Equation (8.2)
fit the model to the outcomes f.yi ; y

;
i1; : : : ; y

;
im/g; i D 1; : : : ; n

check the fitted model OM
until the factor model check is satisfactory
foreach datapoint i do

calculate Ozi D E OM

�
Zi jYi ; Y

;
i1; : : : ; Y

;
im

�
.

end
repeat

choose an outcome model, e.g. Equation (8.16)
fit the outcome model to the augmented dataset f.ai ; yi ; Ozi ; xi/g; i D 1; : : : ; n

check the fitted outcome model
until the outcome check is satisfactory
estimate the conditional average potential outcome E ŒYi.a/ jAi D a

0� by Equation (8.17),
Equation (8.18), or other adjustment methods

Algorithm 8.1 presents the full algorithm. In summary, this strategy helps deconfound unobserved

multi-outcome confounders Ui , those shared between both the study outcome Yi and the control out-

comes Yi ; Y
;

i1; : : : ; Y
;

im. Thanks to the identification theorem of the Theorem 8.1.1, and subject to the

assumptions, this algorithm provides unbiased causal inferences.

8.2 Synthetic control as the control-outcome deconfounder

8.2.1 Panel data and the synthetic control method

The control-outcome deconfounder can be applied to many settings where there exist many control out-

comes. One such setting is panel data, where we observe many units and measure their outcomes form

time steps. We are interested in how a policy executed on a subset of units at time m C 1 can causally

affect their outcome at timemC 1.
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A popular approach to panel data is the synthetic control method (Abadie et al., 2010, 2015;

Abadie and Gardeazabal, 2003), where the researcher weighs the control units so that the treated and the

(weighted) control match in the pre-treatment outcomes. In this section, we will establish a connection

between the synthetic control method and the control-outcome deconfounder. That is, the synthetic

control method can be seen as one instance of the control outcome deconfounder coupled with inverse

propensity score weighting. This connection will weaken the linearity assumption that commonly justi-

fies synthetic control. It allows us to apply the synthetic control method to nonlinear settings with many

treated units and long pre-treatment periods.

To think concretely about the panel data setting, we consider a dataset of stocks. For each stock i ,

we measure its covariates Xi and its prices from time 1 to time m, denoted as .Y ;
i1; : : : ; Y

;
im/: At time

mC 1, we execute a treatment for some stocks, i.e. the trading commission is doubled. We useAi D 1

to indicate that the commission of stock i is doubled and Ai D 0 otherwise. In particular, a stock is

treated if its trading volumeUi is high, though the trading volume is unobserved. Finally wemeasure the

stock prices of all stocks at timemC1; stock i has price Yi . The goal is to estimate the causal effect of the

treatment (i.e. the commission raise) on the treated units, i.e. E ŒYi.1/ � Yi.0/ jAi D 1� :We observe

E ŒYi.1/ jAi D 1� D E ŒYi jAi D 1� I the key challenge is to estimate E ŒYi.0/ jAi D 1� :

Relating this stock example to the control outcomes setting (Figure 8.1), we can view the pre-

treatment stock prices .Y ;
i1; : : : ; Y

;
im/ as the control outcomes; they are not affected by the commission

raise. The variable pair .Ai ; Yi/ is the treatment and the outcome of interest; they are confounded by

the unobserved trading volume Ui . Finally, the trading volume Ui also affects the pre-treatment out-

comes.

To apply the synthetic control method, we need to assume a linear structural model of the panel

data:

Y ;
ij D ıj C �jUi C �jXi C �ij ; i D 1; : : : ; n; j D 1; : : : ; m; (8.19)

Yi D ımC1 C �mC1Ui C �mC1Xi C ˛Ai C �i.mC1/; (8.20)
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where fıj ; �j ; �j g
mC1
j D1 are parameters of the structural model, Zi denotes some unobserved covari-

ates, and f�ij g
mC1
j D1 are independent and identically distributed zero-mean random variables that sat-

isfy Ai ; Ui ; Xi ? f�ij g
mC1
j D1 . Moreover, the linear structural model allows .Ui ; Xi ; Ai/ to be depen-

dent.

The synthetic control method finds weights for each control unit such that their weighted pre-

treatment outcomesmatch that of the average pre-treatment outcomes treated units; theweighted covari-

ates also match the average of treated units. In mathematical notation, synthetic control finds weights

fwSC
i g

m
iD1 that satisfyX

Ai D0

wi
SCY ;

ij D
1Pn

iD1 1fAi D 1g

X
Ai D1

Y ;
ij ; j D 1; : : : ; m; (8.21)

X
Ai D0

wi
SCXi D

1Pn
iD1 1fAi D 1g

X
Ai D1

Xi ; (8.22)

X
Ai D0

wSC
i D 1; andw

SC
i � 0; i D 1; : : : ; n: (8.23)

Finally we estimate the expected potential outcome E ŒYi.0/ jAi D 1�withX
Ai D0

wSC
i � Yi : (8.24)

8.2.2 The synthetic control method and the control-outcome deconfounder

In this section, we show that the synthetic control method can be viewed as an instance of the control-

outcome deconfounder. More precisely, the inverse probability weights implied by the substitute con-

founder will satisfy the synthetic control constraints (Equations (8.21) and (8.22)) in expectation, given

both the number of units and the number of pre-treatment periods go to infinity. In other words, these

weights can balance all the pre-treatment outcomes. Under additional assumptions, the synthetic control

will be equivalent to the inverse probability weights.

Why might the control-outcome deconfounder relate to synthetic control? Suppose the dataset

fAi ; Yi ; Y
;

i1; : : : ; Y
;

img
n
iD1 is generated by the linear structuralmodel (Equations (8.19) and (8.20)). This

connection relies on a few observations:
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1. The linear structural model implies that Ui ; Xi are the multi-outcome confounders. They affect

all outcomes, control outcomes or the study outcome; theymay also affect the treatmentAi . More-

over,Ui ; Xi render the outcomes weakly unconfounded:

Yi.a/; Y
;

i1.a/; : : : ; Y
;

im.a/ ? Ai jXi ; Ui ; 8a 2 A:

2. Applying the control-outcome deconfounder to the dataset, we obtain a substitute confounder

Zi
a:s
D .Ui ; Xi/ if the number of units and the number of pre-treatment outcomes both go to

infinity. The reason is that Zi can render all the outcomes Yi ; Y
;

i1; : : : ; Y
;

im conditionally inde-

pendent in Equations (8.19) and (8.20). (See also Section 8.1.) Hence, Assumption 8.1.2 and

Assumption 8.1.3 hold for the control-outcome deconfounder.

3. To estimate E ŒYi.0/ jAi D 1�, we calculate the inverse probability weighting estimator

(Horvitz and Thompson, 1952) X
Ai D0

Yi � w
IPW
i ; (8.25)

where the weights are

wIPW
i D

1

nP.Ai D 1/
�
P.Ai D 1 jZi ; Xi/

P.Ai D 0 jZi ; Xi/
: (8.26)

These weights can balance the pre-treatment outcomes because of Assumption 8.1.3, i.e. these

outcomes are weakly unconfounded givenZi ; Xi (Rosenbaum and Rubin, 1983), i.e.

E

24X
Ai D0

wIPW
i Y ;

ij

35 D E

24 1Pn
Ai D1 1fAi D 1g

X
Ai D1

Y ;
ij

35 ; j D 1; : : : ; m: (8.27)

Roughly, these observations imply that the control-outcome deconfounder finds the unobserved

confounderUi by fitting Bayesian factor models. The resulting inverse probability weights hence satisfy

the synthetic control constraints becauseUi ; Xi render the outcomes weakly unconfounded.

The following theorem summarizes the connection between the control outcome deconfounder

and the synthetic control method in general settings.
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Theorem 8.2.1: Synthetic control as the control-outcome deconfounder. Suppose Assump-

tions 8.1.1 to 8.1.4 hold.

1. (Control-outcome deconfounder! Synthetic control) The inverse probability weights implied by

the control outcome deconfounder satisfy

E

24X
Ai D0

wIPW
i fy.f .Y

;
ij //

35 D E

24 1Pn
Ai D1 1fAi D 1g

X
Ai D1

fy.f .Y
;

ij //

35 (8.28)

E

24X
Ai D0

wIPW
i fx.Xi/

35 D E

24 1Pn
Ai D1 1fAi D 1g

X
Ai D1

fx.Xi/

35 ; (8.29)

E

24X
Ai D0

wIPW
i fz.Zi/

35 D E

24 1Pn
Ai D1 1fAi D 1g

X
Ai D1

fz.Zi/

35 ; (8.30)

E

24X
Ai D0

wIPW
i fy0

.Yi.0//

35 D E

24 1Pn
Ai D1 1fAi D 1g

X
Ai D1

fy0
.Yi.0//

35 ; (8.31)

for any functions fy; fx; fz; fy0
. Hence they satisfy the synthetic control constraints (Equa-

tions (8.21) to (8.23)) in expectation.

2. (Synthetic control! Control-outcome deconfounder) Suppose the substitute confounder is linear

in the outcomes, i.e. P.Zi jYi ; Y
;

i1; : : : ; Y
;

im/ D ıf .Yi ;Y ;
i1

;:::;Y ;
im

/, where f .�/ is linear. Further as-

sume that the propensity score function is logistic-linear in Zi ; Xi . The synthetic control weights

with the maximum entropy is equivalent to inverse probability weighting with the control-outcome
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deconfounder. That is, if

fwSC
i g

n
iD1 D argmax

fwi gn
iD1

E

"
nX

iD1

wi logwi

#
(8.32)

s.t. E

24X
Ai D0

wIPW
i Y ;

ij

35 D E

"
1Pn

Ai D1 1fi D 1g

X
iD1

Y ;
ij

#
(8.33)

E

24X
Ai D0

wIPW
i Xi

35 D E

24 1Pn
iD1 1fAi D 1g

X
Ai D1

Xi

35 ; (8.34)

E

24X
Ai D0

wIPW
i

35 D 1 andwIPW
i � 0; i D 1; : : : ; n: (8.35)

then

wSC
i D w

IPW
i : (8.36)

Theorem 8.2.1 describes the general connection between the control-outcome deconfounder and

the synthetic control method. The proof of Theorem 8.2.1 is in Appendix E.3.

The first part of Theorem 8.2.1 shows that the inverse probability weights implied by the control-

outcome deconfounder satisfies the weight constraints of the synthetic control method; they balance the

pre-treatment outcomes and the observed covariates. Additionally, they can balance any functions of the

pre-treatment outcomes, observed covariates, substitute confounders, and the potential study outcomes.

Loosely, the control-outcome deconfounder satisfies the synthetic control constraints and more.

The main intuition behind the first part of Theorem 8.2.1 is that inverse probability weights, in gen-

eral, can balance covariates and potential outcomes under weak unconfoundedness (Imbens and Rubin,

2015a). In this setting, the outcomes satisfy weak unconfoundedness given both the pinpointed substi-

tute confounder and the observed covariates. Hence the implied inverse probabilityweights balance them

both, along with all the outcomes, including both the control outcomes and the study outcomes.

The second part of Theorem 8.2.1 delineates a setting where the synthetic control weights are equiv-

alent to the control-outcome deconfounder. The equivalence holds with a linear substitute confounder

and a logistic-linear propensity score model. We note that requiring a linear substitute confounder is

weaker than requiring a linear structural model of Equations (8.19) and (8.20) with additive errors. A

119



substitute confounder can be linear when the outcomes come from nonlinear factor models. For exam-

ple, this linearity holds when the factor model is any generalized latent factor analysis with canonical

exponential family distributions (Chen et al., 2019; Skrondal and Rabe-Hesketh, 2004), including the

Poisson factorization model (Gopalan et al., 2013, 2014).

The second part of Theorem 8.2.1 is due to the following observation: exponential family distribu-

tions are themaximum entropy solution subject tomomentmatching constraints. Under first order mo-

ment constraints like Equation (8.27), themaximum entropy solution coincides with inverse probability

weights with a logistic-linear propensity score model of the covariates and the substitute confounder.

Similar results have been developed in the context of covariate-balancing methods (Athey et al., 2018b;

Ben-Michael et al., 2019; Chan et al., 2016; Deville and Särndal, 1992; Fan et al., 2016; Hainmueller,

2012; Hellerstein and Imbens, 1999; Hirshberg andWager, 2018; Imai and Ratkovic, 2014; Li et al.,

2018; Wang and Zubizarreta, 2019, 2020; Wong and Chan, 2018; Yiu and Su, 2018; Zhao, 2018;

Zhao and Percival, 2017; Zubizarreta, 2015). These results often operate under weak unconfounded-

ness (Hirano and Imbens, 2004; Imbens, 2000). In contrast, Theorem 8.2.1.2 works with a different set

of identifications assumptions, i.e. Assumptions 8.1.1 to 8.1.4.

TogetherwithTheorem8.1.1, Theorem8.2.1 also justifies the synthetic controls beyond linear struc-

turalmodels. Under assumptions ofTheorem8.2.1, the synthetic controlmethods canproduceunbiased

causal estimates, as with the control outcome deconfounder.

This connection between synthetic control and the control outcome deconfounder also generalizes

to other variants of synthetic control methods. For example, the same connection also holds with robust

synthetic controls and itsmulti-dimensional variant (Amjad et al., 2019, 2018). The exact same argument

applies if we consider all outcomes Yi ; Y
;

i1; : : : ; Y
;

im beingL–dimensional vectors .L > 1/.

Finally, we remark that the control-outcome deconfounder relates closely to Xu (2017) and

Gobillon andMagnac (2016) as two-stage algorithms for panel data. The difference lies in that the

control-outcome deconfounder explicitly uncover potential unobserved confounders by fitting Bayesian

factormodels, while the others optimize weights, which implicitly handle unobserved confounders. The

setting ofmany control outcome .m!1/ also closely relates to Ferman (2019), which studies the limit-

ing properties of the synthetic controlmethod but with infinitelymany pre-treatment periods. However,

their results focus on linear structural models while we study more general settings in this chapter.
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8.3 Empirical study: How effective are recommendations?

We study the control-outcome deconfounder in a semi-synthetic study about recommendation systems.

We simulate movie recommendations and the resulting user behaviors, where the causal effect of recom-

mendations is confounded by the (unobserved) user preferences. The goal is to estimate this causal effect

of recommendation.

Across different strengths of unobserved confounding, we demonstrate that the control-outcome

deconfounder can correct for confounding bias in causal estimates. Moreover, the control-outcome

deconfounder produces causal estimates with smaller mean squared error than the synthetic control

method.

Simulation setup Start with theMovieLens dataset ML1M, § which contains one million ratings (0-5

stars) from 6; 000 users on 4; 000movies; denote the rating of user i on movie j as Rij . For each user

i; .i D 1; : : : ; 6000/, we generate the confounderUi by calibrating user preferences on drama, i.e. what

percentage of movies to which user i gave a nonzero rating is drama. Next randomly choose a movie, e.g.

“Othello”; for notation convenience,we relabel themovies so that “Othello” is the lastmovie .j D 4000/.

“Othello” will be the movie whose recommendation and its resulting user behaviors are of interest. We

simulate the treatmentAi , i.e. whether user i was recommended with the movie “Othello”:

Ai � Bernoulli.sigmoid.
0 C 
UUi//; (8.37)

where 
U is the correlation between confounder and the log-odds of the treatment. Finally we generate

the outcomes, i.e. how many 20-minute blocks user i spent on each movie. The time spent on movies

other than “Othello” are the control outcomesY N
i1 ; : : : ; Y

N
i;3999; they aremade equal to the ratingswhich

take values in f0; 1; 2; 3; 4; 5g:

Y N
ij D Rij ; i D 1; : : : ; 6000; j D 1; : : : ; 3999: (8.38)

§http://grouplens.org/datasets/movielens/
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Finally, the timeuser i spent on “Othello” is the outcomeof interestYi ; it is affectedbyboth the treatment

Ai and the confounderUi :

Yi � Poisson.Ri;4000 C ˇAAi C ˇUUi/; (8.39)

where the coefficientsˇU > 0 is the confounder strength andˇA > 0 is the causal effect of the treatment.

The goal is to estimate average treatment effect on the treated (att), whose true value is ˇU .

Competing methods We apply the control-outcome deconfounder to the semi-synthetic dataset. We

use Poisson factorization (Gopalan et al., 2013, 2014) as the factor model and decide its dimensionality

by choosing the smallest dimension that passes the predictive check. (The chosen latent dimensionality is

35.) Further, we choose the outcomemodel as Poisson regression of the outcomeYi against the treatment

Ai and the substitute confounderZi . We use the g-formula for confounder correction.

We compare the control-outcome deconfounder with two baseline methods: One is a naive att

estimator E ŒYi jAi D 1��E ŒYi jAi D 0�, where the expectations are computed using Poisson regres-

sion; the other is a variant of synthetic control estimator, implemented as in Doudchenko and Imbens

(2016).

Results Figure 8.3a demonstrates how the confounder correlation 
U affects the att estimates ob-

tained from the naive estimator, the synthetic control method, and the control-outcome deconfounder.

Figure 8.3b illustrates the effect of the confounder strengthˇU . The naiveatt estimator is susceptible to

confounding bias. However, both the synthetic control method and the control-outcome deconfounder

are robust to unobserved confounding; they are both able to correct for the bias due toUi .

These results corroborate Theorem 8.1.1, which establishes the validity of the control-outcome de-

confounder in the presence of unobserved multi-outcome confounding. They also echo Theorem 8.2.1,

which describes the close connection between the synthetic control method and the control-outcome

deconfounder with logistic treatment model and linear substitute confounder. Finally, we observe that
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Figure 8.3:Mse of att estimates under varying strengths of confounding. Each dot is the averageMSE of 30 replications. The naive att

estimate suffers from unobserved confounding. In contrast, both the control-outcome deconfounder and the synthetic control method

are able to correct for unobserved confounding. The control-outcome deconfounder produces att estimates with slightly smallerMSEs.

the control-outcome deconfounder produces att estimates with slightly smaller MSEs. This difference

in MSEs is likely due to the difference in efficiency between the two estimators; the synthetic control

estimate is a weighting estimate, which may bear a higher variance than the correction with parametric

outcome models.

8.4 Related work

This chapter relates to multiple threads of research in causal inference.

Causal inference on panel data. Causal inference on panel data has been studied from many per-

spectives. Brodersen et al. (2015) approach it with Bayesian structural time-series models. Bertrand et al.

(2004); Card (1990) study it with differences-in-difference estimates, along with more recent works of

Abadie (2005); Abraham and Sun (2018); Athey and Imbens (2006); Bonhomme and Sauder (2011);

Botosaru and Gutierrez (2018); Callaway et al. (2018); Callaway and Sant’Anna (2019); Cengiz et al.

(2019); De Chaisemartin and D’HaultfŒuille (2017); Goodman-Bacon (2018); Heckman et al. (1998,

1997); Imai and Kim (2019); Qin et al. (2008).
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Abadie et al. (2010, 2015); Abadie and Gardeazabal (2003) approach causal estimation

on panel data with the synthetic control method, along with many variants, extensions, and

discussions (Abadie and L’Hour, 2017; Amjad et al., 2019, 2018; Ben-Michael et al., 2019;

Chernozhukov et al., 2017b, 2018; Doudchenko and Imbens, 2016; Dube and Zipperer, 2015;

Dusetzina et al., 2015; Ferman, 2019; Gobillon andMagnac, 2016; Hsiao et al., 2012; Kinn, 2018; Li,

2019; O’Neill et al., 2016; Robbins et al., 2017; Samartsidis et al., 2019; Viviano and Bradic, 2019; Xu,

2017). Taking the matrix completion perspective, Athey et al. (2018a) unify the synthetic control ap-

proaches with the unconfoundedness approaches (Imbens and Rubin, 2015a; Rosenbaum and Rubin,

1983). Arkhangelsky et al. (2019) develop synthetic difference-in-differences, which generalizes the

synthetic control method and the difference-in-difference estimator.

This chapter differs from all theseworks in that we study themore general setting ofmultiple control

outcomes than the setting of panel data. The identification strategywe develop do not rely on linearity of

the structuralmodels as inAbadie et al. (2010);Xu (2017); it also differs fromother existing identification

conditions like Kinn (2018); O’Neill et al. (2016) in relying on the asymptotics of latent variable models

(Chen et al., 2019).

Negative controls. Negative controls, also known as proxy variables, are often used to detect the pres-

ence of unobserved confounding (Lipsitch et al., 2010; Rosenbaum, 1989). More recently, researchers

have developed strategies that use negative controls to identify causal effects under unobserved con-

founding; they posit different assumptions under which certain observed or counterfactual variables suf-

fice to account for unobserved confounding (Arnold et al., 2016; Dusetzina et al., 2015; Egami, 2018;

Flanders et al., 2017; Kasza et al., 2017; Miao and Tchetgen, 2018; Miao and Tchetgen Tchetgen, 2017;

Richardson et al., 2015; Sanderson et al., 2017; Shi et al., 2018; Sofer et al., 2016; Tchetgen Tchetgen,

2013). More recently, Kuroki and Pearl (2014); Miao et al. (2018) leverage completeness conditions on

the distributions of variables to identify causal effects with negative controls. Madigan et al. (2014);

Schuemie et al. (2016, 2018) use negative controls to calibrate p-values of average treatment effects in

observational studies. This chapter differs from them in that causal identification is achieved via the con-

sistent estimability of latent factor models and letting the number of outcomes increase to infinity.
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Unconfoundedness and sensitivity analysis. Hirano and Imbens (2004); Imbens (2000);

Rosenbaum and Rubin (1983) show that weak unconfoundedness is a key assumption that helps

identify causal effects. Many works attempt to assess the plausibility of these assumptions with

sensitivity analysis, including Franks et al. (2019); Gilbert et al. (2003); Imai and Van Dyk (2004);

Imbens (2003); Robins et al. (2000b). More recently, researchers have developed a test for confounding

leveraging external data (Janzing and Schölkopf, 2018a,b; Liu and Chan, 2018; Sharma et al., 2016).

This chapter differs from them in that we leverage external data of multiple control outcomes to adjust

for unobserved confounding.

8.5 Discussion

In this chapter, we study how the external data of many negative control outcomes can help control for

unobserved confounding in causal inference. We develop the control-outcome deconfounder, an algo-

rithm that handles unobserved multi-outcome confounders with Bayesian factor models. We describe

the theoretical assumptions required for the algorithm to produce unbiased causal estimates. We also

showhow the control-outcome deconfounder generalizes the synthetic controlmethod in settings where

the number of units and the number of pre-treatment periods go to infinity. This connection justifies

the synthetic control method beyond the current theory, to non-linear settings and non-panel data. We

demonstrate in a semi-synthetic study that both the control-outcome deconfounder and the synthetic

control method are robust to certain unobserved confounding.
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9
The debate around the deconfounder

In this chapter, we summarize the debate around the deconfounder (D’Amour, 2018, 2019a,b,c;

Ogburn et al., 2020, 2019a,b) and discuss how they inform the theory and practice of the decon-

founder.*

9.1 D’Amour (2018, 2019a,b,c)

D’Amour (2018, 2019b,c) explore nonparametric non-identification of the potential outcome distribu-

tion P.Yi.a// in multiple causal inference with many causes. He shows that P.Yi.a// cannot be non-

parametrically identifiable without any assumptions on the causal relationship involved.

The causal identification results of the deconfounder in Chapters 4 and 5 (Theorems 4.2.1 to 4.2.3,

5.1.2 and 5.2.2) do not contradict these negative results from D’Amour (2018, 2019b,c). These re-

sults establish causal identification for different causal quantities and make different assumptions than

D’Amour (2018, 2019b,c). More specifically, under pinpointability and other suitable conditions, The-

*This chapter is in part based onWang and Blei (2019a,b,c, 2020).
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Causal quantity Result Condition Source

P .Y.a// Non-ID No conditions D’Amour (2018,
2019b,c)

E ŒY.a/� � E ŒY.a0/� ID Pinpointed substitute confounder;
Categorical substitute confounder;
No confounder/cause interaction;
Differentiable relationships

Theorem 4.2.1

EA

�
EY

�
Y.a1Wk; A.kC1/Wm/

��
ID Pinpointed substitute confounder;

A1Wk satisfy overlap
Theorem 4.2.2

E ŒY.a0/ jA D a� ID Pinpointed substitute confounder;
a0 and a map to same substitute

Theorem 4.2.3

E ŒY.a/� ID E ŒU jA� nonlinear;
E ŒY jA; U � linear

Sec 2.1 (IJ)

E ŒY.a/� ID Measure instrumentW ;
InstrumentW satisfies overlap

Sec 2.2 (IJ)

R
Y.a/q1.a/ da

�
R
Y.a/q2.a/ da

ID p.a j z/ > 0when q1.a/; q2.a/ > 0 Sec 2.3 (IJ)

Table 9.1: Identification inmultiple causal inference

orem 4.2.1 shows that the average causal effect of all the causes E ŒYi.a/� � E ŒYi.a
0/� is nonpara-

metrically identifiable; Theorem 4.2.2 shows that the average causal effect of subsets of the causes

EA.kC1/Wm

�
EY

�
Yi.a1Wk; Ai;.kC1/Wm/

��
� EA.kC1/Wm

�
EY

�
Yi.a

0
1Wk
; Ai;.kC1/Wm/

��
is nonparametrically

identifiable; Theorem 4.2.3 shows that the conditional mean potential outcome E ŒYi.a
0/ jAi D a� is

nonparametrically identifiable. Table 9.1 summarizes these results, together with those from D’Amour

(2018, 2019b,c); Imai and Jiang (2019), and describes the current identification landscape of multiple

causal inference with many causes.

When a causal quantity of interest is not known to be identified, wemust evaluate the uncertainty of

the deconfounder estimate. The posterior distribution of the deconfounder estimatewill reflect this non-

identifiability. It calibrates how the (finite) observed data informs causal quantities of interest (Gustafson,

2010, 2015).
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D’Amour (2019a,c) also articulates the fundamental tension between using the causes to infer un-

observed confounding and using them to estimate causal effects. In other words, the deconfounder does

not provide free lunch: themore information is baked into estimating the substitute confounder, the less

information is available for estimating causal quantities. Moreover, the assumption that we can pinpoint

the substitute confounder is at odds with “all-cause” overlap, i.e., that P.A jZ/ > 0. Both cannot be

simultaneously satisfied.

Theorems 4.2.1 to 4.2.3 live at one extreme of this tension. They assume a pinpointed substitute

confounder and forgo overlap on all the causes. (Note it is still possible for subsets of the causes to satisfy

overlap, as in Theorem 4.2.2.) To achieve identification without overlap, Theorem 4.2.1 extrapolates

the observed data by appealing to a non-differentiable substitute confounder and differentiable causal

relationships. Moreover, the pinpointed substitute confounder is achievable thanks to the multiplicity

of the causes and the consistent estimability of factor models.

9.2 Ogburn et al. (2020, 2019a,b)

Ogburn et al. (2019a,b) provide a technical meditation on some of the theoretical aspects of the decon-

founder. Among their remarks, they claim that there are “foundational errors” with the work and that

the “premise is incorrect.” These claims are not substantiated. There are no foundational errors; the

premise is correct. Further, in a continuation of their commentary, Ogburn et al. (2020) propose coun-

terexamples to the theory of the deconfounder, claiming that the substitute confounder cannot satisfy

weak unconfoundedness. Using Proposition 4.1.1, we show how the proposed counterexamples do not

satisfy the required assumptions. Ogburn et al. (2020) also claim that, even if weak unconfoundedness

holds, Theorems 4.2.1 and 4.2.2 do not hold because their causal estimands are not well-defined under

pinpointability. We show how the other assumptions of Theorems 4.2.1 and 4.2.2 enable the causal

estimands in question to be well-defined.
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9.2.1 Ogburn et al. (2019a,b)

The identification results in Theorems 4.2.1 to 4.2.3 capitalize on two requirements: (1) the distribution

of the causes p.a/ can be described by a Bayesian factor model and (2) the factor model pinpoints the

substitute confounder Z, i.e. Z a:s:
D f�.A/ for some f� . The first requirement relies on the successful

execution of the deconfounder, i.e., finding a factor model that captures p.a/. The conditional inde-

pendence structure of factormodels guarantees that the substitute confounderZ pick up all multi-cause

confounders and no multi-cause mediators or colliders. The second requirement is pinpointability. It is

satisfied when the number of causes goes to infinity andZ remains finite-dimensional. From Lemma 4,

it guarantees thatZ cannot pick up single-cause confounders, mediators, or colliders.

Ogburn et al. (2019a,b)’s main concern revolves around mediators; they worry that the substitute

confounder picks up mediators and bias the causal estimate. Below we show that the substitute con-

founder can not pick up any information about multi-cause mediators, single-cause mediators, or any of

the other graphs that Ogburn et al. (2019a,b) put forward.†

Lemma 9.2.1: Substitute confounders can not pick up mediators. No post-treatment variable can

be measurable with respect to a pinpointed substitute confounder.

Proof. First, the substitute cannot pick up anymulti-cause post-treatment variables. Otherwise, the sub-

stitute can not render all the causes conditionally independent.

The substitute also cannot pick up any single-cause variables. These variables include pre-treatment

variables, such as single-cause confounders, and single-cause post-treatment variables, such as single-cause

mediators or colliders.

The key idea behind the proof is the following. We assume the causes pinpoint the substitute con-

founder z D f .a I �/, as is the case where there are many causes. The deconfounder further requires

that the converse is not true, i.e., that the substitute does not pinpoint the causes. This fact holds in a

probabilistic model of the causes, such as when the dimension of the substitute stays fixed as the number
†This result is stated as Lemma 4 inWang and Blei (2019a). This lemma is correct, as is the proof in the paper. But Lemma

4 might also seem surprising. Here we present an alternative proof.
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of causes increases. Further, the deconfounder requires that the factor model can not have one compo-

nent of the substitute a priori be a deterministic function of another component; this fact also holds in

probabilistic factor models. The proof then follows by contradiction: if the substitute picks up single-

cause variables then the factor model must be “degenerate,” i.e., non-probabilistic.

Here are the details. Suppose the substituteZ does pick up a single-cause variable. Then separateZ

into a single-cause component and amulti-cause one,Z D .Zs; Zm/:Without loss of generality, assume

the single-cause component only depends on the first cause. The assumption of a pinpointed substitute

confounder says

p.z j a; �/ D p.zs; zm j a; �/ D ı.fs.a I �/;fm.a I �//; (9.1)

where a D .a1; : : : ; am/ are them causes and f .�/ are the deterministic functions that map causes to

substitute confounders.

Now calculate the conditional distribution of the single-cause component given the causes,

p.zs j a/

D p.zs j a; zm D fm.a I �/// (9.2)

D p.zs j a1; zm D fm.a I �/// (9.3)

D
p.zs j zm D fm.a I �// � p.a1 j zs; zm D fm.a I �//

p.a1 j zm D fm.a I �//
: (9.4)

Equation (E.2) is due to the pinpointability of substitute confounder. Equation (E.3) is due to Zs ?

A2; : : : ; Am jA1; Zm. Equation (9.4) is due to the definition of conditional probability.

Equation (9.4) and Equation (9.1) imply that at least one of p.zs j zm D fm.a I �// and

p.a1 j zs; zm D fm.a I �// is a point mass. But this is a contradiction: either term being a point mass

implies that the factor model is degenerate. The former is a point mass when one componentZs of the

substitute is a deterministic function of another componentZm. The latter is a pointmass when the first

cause is a deterministic function of the latentZ.
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Note the same argument would not reach a contradiction for multi-cause variablesZm. The reason

is that

p.zm j a/

D p.zm j a; zs D fs.a I �/// (9.5)

D
p.a1; zm j zs D fs.a I �/// �

Qm
j D2 p.aj j zm/

p.a/
; (9.6)

where
Qm

j D2 p.aj j zm/ can converge to a point mass with non-degenerate factor models andm ! 1.

9.2.2 Ogburn et al. (2020)

Ogburn et al. (2020)’s proposed counterexamples violate the assumptions Ogburn et al. (2020)

propose counterexamples to the theory of the deconfounder. Using Proposition 4.1.1, the proposed

counterexamples do not satisfy the required assumptions.

Example 1 There are two independent causes A1 and A2 and a substitute confounder Z �

Bernoulli.0:5/ that is independent of all other variables .A1; A2; Y.a//. Here the substitute confounder

Z does not satisfy Assumption 4.1.2; its conditional distribution P.Z jA1; A2/ D Bernoulli.0:5/ is not

a point mass.

Example 2 There are two causes A1 and A2, and another variable U . Assume that Aj ??

Y.a/ jU; j D 1; 2 and U is the smallest � -algebra that renders A1 and A2 conditionally independent.

Set the substitute confounder Z D U . Again P.Z jA1; A2/ is not a point mass, violating Assump-

tion 4.1.2. Further,U does not satisfy weak unconfoundedness because .A1; A2/ 6?? Y.a/ jU , violating

Assumption 4.1.1.‡

‡This example does satisfy the “no unobserved single-cause confounder” assumption as stated in Definition 4 of
Wang and Blei (2019a). But it violates the refined assumption in Assumption 4.1.1, due to Imai and Jiang at JSM and also
published inWang and Blei (2019c).

131



Example 3 Avariant of the second example involves a third causeA3 and sets the substitute confounder

Z D A3. This example violates Assumption 4.1.2. A pinpointed substitute cannot be a function of only

one cause (Wang and Blei, 2019c); see also Lemma 9.2.1.

The importance of conditional independence Ogburn et al. (2020) claim that the conditional inde-

pendence requirement of factor models does not “drive the success” of deconfounder-like methods. But

the conditional independence requirement, along with pinpointability, plays an important role in con-

firming the assumptions required by the algorithm.

1. Requiring conditional independence outlines the class of confounders that the deconfounder targets;

they must be multi-cause confounders. This requirement is why, with the assumption of no unob-

served single-cause confounder, the deconfounder handles all confounders.

2. Requiring conditional independence prevents the substitute confounder from capturingmulti-cause

colliders or mediators; capturing such variables violates the conditional independence requirement.

3. As for single-cause post-treatment variables, Wang and Blei (2019c) shows that substitute con-

founders that satisfy Assumption 4.1.2 cannot capture any single-cause variables. Thus, along with

point #2 above, the substitute confounder does not capture any post-treatment variables.

The causal estimand is well-defined Ogburn et al. (2020) also claim that Theorems 4.2.1 and 4.2.2

do not hold even if the substitute confounder satisfies weak unconfoundedness. They write that the

conditional distribution P.Y jA1 D a1; : : : ; Am D am; Z D z;X D x/ appears in Theo-

rems 4.2.1 and 4.2.2, but this conditional probability is not always well defined under the pinpointabil-

ity assumption (Assumption 4.1.2) which requires P.Z jA1; : : : ; Am/ D ıf .A1;:::;Am/. In partic-

ular, the conditioning event fA1 D a1; : : : ; Am D am; Z D zg is an impossible event when

z ¤ f .a1; : : : ; am/:

However, Theorems 4.2.1 and 4.2.2 do hold.
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Theorem 4.2.2 does not involve the conditional P.Y jA1 D a1; : : : ; Am D am; Z D z;X D

x/ that Ogburn et al. (2020) question. It identifies the expected potential outcome when interven-

ing on subsets of the causes, so it only involves the conditional given the first k .k < m/ causes,

i.e. E ŒY jZ;X;A1 D a1; : : : ; Ak D ak�; see Equation (4.16) in Theorem 4.2.2 and Equations (A.28)

to (A.29) in Appendix A.2.

Further, this conditional expectation E ŒY jZ;X;A1 D a1; : : : ; Ak D ak� is well-defined because

the conditioning event fZ;X;A1 D a1; : : : ; Ak D akg is assumed to be possible. The reason is that

Theorem 4.2.2 requires the overlap condition, i.e. P..A1; : : : ; Ak/ 2 A jZ;X/ > 0 for any set A

with P.A/ > 0, which implies that the conditioning event fZ;X;A1 D a1; : : : ; Ak D akg must

be possible. Further, assuming overlap is not at odds with pinpointability (Assumption 4.1.2); the two

assumptions can hold simultaneously. It is because the conditioning event only involve the first k .k <

m/ causes. In contrast, pinpointability is a constraint betweenZ and all them causes.

To understand the two assumptions intuitively, consider Z as the genre of the movie and

A1; : : : ; Am as the m actors. Pinpointablity roughly means that each cast .a1; : : : ; am/ deterministi-

cally maps to a genre z. For example, an all-action-movie-cast can only map to the genre action movie.

However, this deterministic mapping does not exclude the possibility that a subset of the actors (e.g. two

of the actionmovie actors, Jason Statham and Sylvester Stallone) appear in both actionmovies and drama

movies.

Theorem 4.2.1 does involve the full conditional E ŒY jA1 D a1; : : : ; Am D am; Z D z;X D x�

in question. However, it iswell-defineddue to the structural assumptionon thepotential outcome (Equa-

tion (4.14)):

E ŒY.a/ jZ D z;X D x� D f1.a; x/C f2.z/ 8.a; z; x/ 2 A �Z �X: (9.7)

This structural assumption implies the form of the full conditional

E ŒY jZ D z;X D x;A D a� D f1.a; x/C f2.z/ 8.a; z; x/ 2 A �Z �X: (9.8)
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This step is due to the weak unconfoundedness of the substitute confounder (Proposition 4.1.1), which

implies

E ŒY.a/ jZ D z;X D x� D E ŒY.a/ jZ D z;X D x;A D a� (9.9)

D E ŒY jZ D z;X D x;A D a� : (9.10)

Equation (9.8) holds for all .a; z; x/ 2 A�Z�X. They include the tuples where z ¤ f .a/ does not

satisfy the deterministic constraint in the pinpointability assumption. At a higher level, it is this struc-

tural assumption on the potential outcome (Equation (9.7)) that makes the full conditional in question

E ŒY jA1 D a1; : : : ; Am D am; Z D z;X D x� well-defined; it allows Equation (9.8) to extrapolate

to these .a; z; x/ tuples.

One might ask: how does it make sense to ask about the expected outcome Y conditional on an

impossible event fZ D z;X D x;A D ag where z ¤ f .a/? The reason is that this event

is only deemed impossible in the current observational dataset: the pinpointability assumption only

applies to the current observational dataset. Yet, the same causal relationship (Equation (9.7)) per-

sists across many datasets with different relationships between A and Z, i.e. P.A jZ;X/. Hence

the pinpointability assumption does not preclude the existence of another observational dataset vi-

olating this constraint while obeying the causal relationship (Equation (9.7)). The full conditional

E ŒY jA1 D a1; : : : ; Am D am; Z D z;X D x� is thus a valid conditional in these datasets.

To understand this argument intuitively, we return to the movie actor example. Suppose Z repre-

sents the movie genre and A is the vector of actors. Suppose, in the dataset at hand, all directors are

rational and an all-action-movie-cast can only appear in an action movie. That said, another dataset can

exist where an all-action-movie-cast appears in a drama movie made by an inexperienced director. The

full conditional, i.e. the expected revenue Y of such a movie, is a valid quantity to compute.

As another example, consider Z as one’s birthplace and A as his or her genetic markers. It is pos-

sible to have one dataset where one configuration of the genetic markers maps deterministically to be-

ing born in Europe. However, it doesn’t preclude the possibility of another dataset with this same

configuration probabilistically mapping to both Europe or America. The query about the expected

height Y given this configuration and being born in America is legitimate; hence the full conditional

E ŒY jA D a;Z D z;X D x� is well-defined.

134



9.2.3 Discussion

To reiterate Wang and Blei (2019b,c, 2020), the deconfounder is not a turnkey solution to causal infer-

ence. It does not relieve the researcher from trying to measure confounders. As for all causal inference

with observational data, it comes with uncheckable assumptions. In particular, Assumption 4.1.1 is that

there are no unobserved single-cause confounders.

BothOgburn et al. (2019a,b) andOgburn et al. (2020) question the correctness of the theory behind

the deconfounder. The objections are incorrect, discussed above and also in Wang and Blei (2019b,c,

2020). But more broadly, Ogburn et al.’s resistance to the idea stems from an important misunderstand-

ing. Both commentaries reiterate the fact that no information about unobserved confounders can be

inferred from observational data. The deconfounder does not challenge this fact. Rather, the theory

finds confounders that are effectively observed, even if not explicitly so, and embedded in the multiplicity

of the causes. The deconfounder extracts this information for causal inference.
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10
Conclusions

Classical causal inference studies how a univariate cause affects a univariate outcome. In this dissertation,

we studiedmultiple causal inference, where multiple causes or multiple outcomes are simultaneously of

interest. Multiple causes or multiple outcomesmight at first appear to be a complication, but we showed

that it can help reveal unobserved confounding.

We developed the family of deconfounder algorithms: first, fit a good factor model of the multiple

causes (or multiple outcomes); then, use the factor model to infer a substitute confounder; finally, per-

form causal inference. We showed how a substitute confounder from a good factor model must capture

all multi-cause (or multi-outcome) confounders in theory. We also demonstrated that the deconfounder

improve causal estimates in empirical studies.

136



Directions of future work

Identification landscape ofmultiple causal inference Weprovided three identification results for the

deconfounder when the causal question involves an infinite number of causes (or outcomes). (Table 9.1

summarizes all the known results.) However, the general identification landscape of multiple causal in-

ference is unknown. Which causal quantities are identifiable and under what conditions? Painting the

full identification landscape will help draw the boundaries for the causal problems to which the decon-

founder may be applied.

On the parametric identification front, one strategy to develop identification results is to use the in-

congruence between the factor model and the outcome model. For example, Appendices C.1 and C.2

employ moment generating functions of the observed data to establish identification for a quadratic fac-

tor model and a linear outcome model. Imai and Jiang (2019) show that causal parameters are identified

with nonlinear factor models and linear outcome models. Kong et al. (2019) establish causal identifica-

tion for Gaussian causes and a binary outcome.

This incongruence approach to causal identification relates toTheorem4.2.1, whichdwells on the in-

congruence between the non-differentiability of the unobserved confounder and the differentiability of

all other relationships. It has also beenused to learn causal graphs and to see the arrowof time (Bauer et al.,

2016; Moneta et al., 2013; Peters et al., 2009, 2013, 2017; Shimizu, 2014), which relies on the incongru-

ence between the non-Gaussian variables and the Gaussian noise.

On the non-parametric identification front, any causal identification results that allow for flexible

outcome models will be valuable. Known identification results of the deconfounder can only apply

to causal problems with infinite causes (Theorems 4.2.1 to 4.2.3). Moreover, these results do not ap-

ply to important causal quantities like the expected potential outcome E ŒY i.a/�. To prove identifica-

tion for flexible outcome models, we can achieve identification by assuming additive errors (Hoyer et al.,

2009), composing invertible nonlinear mappings with additive errors (Zhang and Hyvärinen, 2010;

Zhang et al., 2016), appealing to the mutual independence of the factor model error terms and the out-
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come model error terms (Carroll et al., 2010; Hu, 2008; Hu and Ridder, 2012; Hu and Sasaki, 2015;

Hu and Schennach, 2008; Hu and Shum, 2012; Schennach, 2004; Schennach and Hu, 2013), or relying

on the incongruence between smooth causal relationships and non-smooth observed variable distribu-

tions (Delaigle et al., 2016).

Understanding the practical implications of the deconfounder assumptions Most theoretical re-

sults around the deconfounder relies on the pinpointability assumption (Assumption 4.1.2), which

roughly requires that the unobserved confounder non-trivially affect an infinite number of causes (or

outcomes). This assumption can be too strong to be satisfied in practice. More generally, all of the de-

confounder assumptions may be violated in real applications (Grimmer et al., 2020). Studying the im-

plications of these assumptions across applications will be a worthwhile exercise. Developing sensitivity

analysis for these assumptions will also be a crucial addition to the deconfounder workflow. Moreover,

we shall seek to weaken these assumptions for particular settings: What assumptions can we remove if

we a priori know the causal effects are sparse? What if we only need to test whether the causal effects are

nonzero as opposed to estimating them?

Partial identificationwith the deconfounder Inmultiple causal inferenceswith only a fewcauses, the

pinpointability assumption of the deconfounder cannot be satisfied. In such cases, the deconfounderwill

not be able to identify the causal quantities of interest in general. Instead, it can only partially identify

them, namely, the causal quantities cannot be accurately estimated but only bounded with an interval.

Section 3.4 suggests that the deconfounder should handle this setting by properly assessing the uncer-

tainty of the deconfounder estimates. Specifically, it should propagate the uncertainty in estimating the

substitute confounder and compute posterior credible intervals of the causal quantities. This procedure

for uncertainty quantification is justified by Gustafson (2010, 2015), but theoretical guarantees for its

coverage probability remain absent.
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More broadly, the behavior of the deconfounder transitioning from infinite causes (identified)

to finite causes (partially identified) is barely explored. Unlike the usual dichotomy between non-

identification and identification, the deconfounder smoothly transition from the non-identified setting

to the identified. Loosely, as the number of causes increases, the identification uncertainty of the sub-

stitute confounder decreases in the deconfounder, and the causal quantities of interest become “more

identified.” A rigorous study of this transition can help bridge existing causal identification strategies to

partially-identified settings.

Causal estimation with the deconfounder The theory of the deconfounder has focused on causal

identification, characterizing the behavior of the deconfounder given an infinite amount of data. How-

ever, its asymptotic properties and finite-sample properties have not been studied in general. Along this

line, Grimmer et al. (2020) establish the consistency of the deconfounder with linear factor models and

linear outcomes models. Moreover, they show that naive regression also achieves consistency under the

same assumptions. General asymptotic results of the deconfounder will add to our understanding of the

similarities and differences between the deconfounder and traditional methods.

Another interesting direction is to improve the estimation efficiency of the deconfounder. The de-

confounder operates in a two-stage fashion and completely ignores the outcome in the first stage. While

this practice is designed to promote the objectivity of the study, the deconfounder will suffer in its estima-

tion efficiency. The reason is that the substitute confounder may capture multi-cause variables that do

not affect the outcome; conditioning on these variables in the second stage inflates the estimation variance.

Therefore, techniques like sufficient dimensionality reduction (Adragni and Cook, 2009; Cook, 2018;

Globerson and Tishby, 2003) shall be used in the second stage to improve estimation efficiency.

Finally, the deconfounder can be viewed as a blend of Bayesian hierarchical modeling with causal

inference. It considers multiple parallel causal inference problems simultaneously, allowing them to

share strength with each other. Following this thinking, classical empirical Bayes ideas like Stein’s esti-

mation (Efron, 2012) may also help improve estimation efficiency.
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Extensions of the deconfounder to new settings The deconfounder algorithm cannot handle

causally-dependent causes or outcomes, because the deconfounder requires that no causal connections

exist among the multiple causes (or outcomes). However, many applied causal inference problems vio-

late this requirement. For example, causally dependent causes, longitudinal settings, sequential decision

making, and networked data all have causal connections between its causes. Extending the deconfounder

to these settings would broaden the applications of the deconfounder. Along this line, Bica et al. (2019)

develop the time series deconfounder for longitudinal settings, andGuo et al. (2020) develop the network

deconfounder for networked observational data.

Empirical applications of the deconfounder Though targeting multiple causal inference in gen-

eral, deconfounder-type algorithms have mostly been used only in genome-wide association stud-

ies (gwas) (Astle et al., 2009; GTEx Consortium et al., 2017; Hao et al., 2015; Kang et al., 2010;

Price et al., 2006; Pritchard et al., 2000b; Song et al., 2015; Tran and Blei, 2017; Yu et al., 2006), econo-

metrics (Bai and Ng, 2006; Cheng and Hansen, 2015; Gonçalves and Perron, 2014; Stock andWatson,

2016), and multiple testing (Fan et al., 2019; Friguet et al., 2009). Some researchers have recently ex-

plored the suitability of the deconfounder in other applications. For example, Athey et al. (2019) con-

sider the deconfounder in the context of supply and demand models. Zhang et al. (2019) explore the de-

confounder in medical applications. Saini et al. (2019) adapt the deconfounder to evaluate the next best

set of marketing actions in digital marketing. Pölsterl andWachinger (2020) apply the deconfounder to

control for unknown confounders in neuro-imaging data. Verma et al. (2020a,b) use the deconfounder

to estimate how stylistic attributes of a textual piece can causally affect reader consumption.

Structured causal inference The core idea of the deconfounder is to use the shared confounding struc-

ture of the observational data to deconfound; we fit Bayesian factor models to extract information about

the confounders shared among multiple causes. At a higher level, the deconfounder capitalizes on the

structure of the problem to help with causal inference. The same idea can be applied to causal inference

problems with other structures, including hierarchical confounding structures, multiple independent

decision makers, and networked structures. Along this line, Witty et al. (2020) develop a hierarchical

Bayesian model for latent confounders shared across observations.
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A
Proofs for Chapter 4

A.1 Proof of Theorem 4.2.1

Proof. For notational simplicity, denote a D .a1; : : : ; am/; a0 D .a0
1; : : : ; a

0
m/; Ai D .Ai1; : : : ; Aim/.

We also write f�.�/ D f .�/:

We start with rewriting EY ŒYi.a/��EY ŒYi.a
0/� using the unconfoundedness assumption and the

separability assumption.

First notice that

EY ŒYi.a/� DEZ;X ŒEY ŒYi.a/ jXi ; Zi �� (A.1)

DEX Œf1.a; Xi/�C EZ Œf2.Zi/� : (A.2)

The first equality is due to the tower property. The second equality is due to the separability assump-

tion. The third equality is due to the linearity of expectations.
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Hence we have

EY ŒYi.a/� � EY

�
Yi.a

0/
�
DEX Œf1.a; Xi/� � EX

�
f1.a

0; Xi/
�

(A.3)

D

Z
C.a;a0/

raEX Œf1.a; Xi/� da; (A.4)

whereC.a; a0/ is a line where a and a0 are the end points. The second equality is due to the fundamental

theorem of calculus.

Next, we see how the gradient of the potential outcome function raEX Œf1.a; Xi/� relates to the

gradient of the outcome model we fit. The key idea here is that the two gradients are equal in regions

fa W f .a/ D cg for each c.

We will rely on the pinpointability assumption. Notice that, for almost all a, we have

raEX Œf1.a/� D raEX Œf3.a/� (A.5)

It is due to two observations. The first observation is that

raEX ŒEY ŒYi jZi D f .a/; Ai D a; Xi �� (A.6)

DraEX ŒEY ŒYi.a/ jZi D f .a/; Ai D a; Xi �� (A.7)

DraEX ŒEY ŒYi.a/ jZi D f .a/; Xi �� (A.8)

DraEX Œf1.a; Xi/�Craf2.f .a// (A.9)

DraEX Œf1.a; Xi/�Crf .a/f2 � raf .a/ (A.10)

DraEX Œf1.a; Xi/� (A.11)

The first equality is due to stable unit treatment value assumption (sutva). The second equality

is due to is due to Proposition 4.1.1: Yi.a/ ? Ai jXi ; Zi . The third equality is due to the separability

condition. The fourth equality is due to the chain rule. The fifth equality is due toraf .a/ D 0 up to a

set of Lebesgue measure zero.
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The second observation is that

raEX ŒEY ŒYi jZi D f .a/;Ai D a; Xi �� (A.12)

DraEX Œf3.a; Xi/�Craf4.f .a// (A.13)

DraEX Œf3.a; Xi/� (A.14)

Hence Equation (A.5) is true because f1 and f3 are continuously differentiable.

Therefore, we have

EY ŒYi.a/� � EY

�
Yi.a

0/
�

(A.15)

D

Z
C.a;a0/

raEX Œf1.a; Xi/� da (A.16)

D

Z
C.a;a0/

raEX Œf3.a; Xi/� da (A.17)

DEX Œf3.a; Xi/� � EX

�
f3.a

0; Xi/
�

(A.18)

D.EX Œf3.a; Xi/�C E Œf4.Zi/�/ � .EX

�
f3.a

0; Xi/
�
C E Œf4.Zi/�// (A.19)

D

Z
EY

�
Yi jAi D a0; Xi ; Zi

�
P.Zi ; Xi/ dZi dXi

�

Z
EY ŒYi jAi D a; Xi ; Zi � P.Zi ; Xi/ dZi dXi (A.20)

DEZ;X ŒEY ŒYi jAi D a; Zi ; Xi �� � EZ;X

�
EY

�
Yi jAi D a0; Zi ; Xi

��
: (A.21)

The first equality is due to Equation (A.4). The second equality is due to Equation (A.5). The third

equality is due to the fundamental theoremof calculus. The fourth equality is due to simple algebra. The

fifth equality is due to the separability condition.
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A.2 Proof of Theorem 4.2.2

Proof. Proposition 4.1.1 ensures that the substitute confounderZi and the observed covariateXi satis-

fies

.Ai1; : : : ; Aim/ ?? Yi.ai1; : : : ; aim/ jZi ; Xi : (A.22)

Therefore, we have

EA.kC1/Wm

�
EY

�
Yi.a1Wk; Ai;.kC1/Wm/

��
(A.23)

DEA.kC1/Wm
ŒEY ŒYi.a1; : : : ; ak; Ai;kC1; : : : ; Aim/�� (A.24)

DEZ;X

�
EA.kC1/Wm

ŒEY ŒYi.a1; : : : ; ak; Ai;kC1; : : : ; Aim/ jZi ; Xi ��
�

(A.25)

DEZ;X

�
EA.kC1/Wm

ŒEY ŒYi.a1; : : : ; ak; Ai;kC1; : : : ; Aim/ jZi ; Xi ; Ai1 D a1; : : : ; Aik D ak��
�

(A.26)

DEZ;X

�
EA.kC1/Wm

ŒEY ŒYi.Ai1; : : : ; Aik; Ai;kC1; : : : ; Aim/ jZi ; Xi ; Ai1 D a1; : : : ; Aik D ak��
�

(A.27)

DEZ;X

�
EA.kC1/Wm

ŒEY ŒYi jZi ; Xi ; Ai1 D a1; : : : ; Aik D ak��
�

(A.28)

DEZ;X ŒEY ŒYi jZi ; Xi ; Ai1 D a1; : : : ; Aik D ak�� (A.29)

DEZ;X ŒEY ŒYi jZi ; Xi ; Ai;1Wk D a1Wk�� (A.30)

The first equality is an expansion of the notations. The second equality is due to the tower property. The

third equality is due to Equation (A.22). The fourth equality is due to Ai1 D a1; : : : ; Aik D ak . The

fifth equality is due to sutva. The sixth equality is because the inner expectation does not depend on

A.kC1/Wm.

Therefore, we have

EA.kC1/Wm

�
EY

�
Yi.a1Wk; Ai;.kC1/Wm/

��
� EA.kC1/Wm

�
EY

�
Yi.a

0
1Wk; Ai;.kC1/Wm/

��
DEZ;X ŒEY ŒYi jZi ; Xi ; Ai;1Wk D a1Wk�� � EZ;X

�
EY

�
Yi jZi ; Xi ; Ai;1Wk D a

0
1Wk

��
by the linearity of expectation.
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Finally, EZ;X ŒEY ŒYi jZi ; Xi ; Ai;1Wk D a1Wk�� can be estimated from the observed data because (1)

Ai;1Wk satisfy overlap with respect to .Zi ; Xi/ and (2) the substitute confounder Z can be pinpointed.

A.3 Proof of Theorem 4.2.3

Proof. AswithTheorem 4.2.1 andTheorem 4.2.2, Theorem 4.2.3 relies on the unconfoundedness given

the substitute confoundersZi and the observed covariatesXi due to Proposition 4.1.1.

Given this unconfoundedness, Theorem 4.2.3 identifies the mean potential outcome of an indi-

vidual given its current cause assignment Ai D .a1; : : : ; am/; it only requires that the new cause as-

signment of interest .a0
1; : : : ; a

0
m/ lead to the same substitute confounder estimate: f .a1; : : : ; am/ D

f .a0
1; : : : ; a

0
m/.

To prove identification, we rewrite this conditional mean potential outcome

EY

�
Yi.a

0
1; : : : ; a

0
m/ jAi1 D a1; : : : ; Aim D am

�
(A.31)

DEZ;X

�
EY

�
Yi.a

0
1; : : : ; a

0
m/ jAi1 D a1; : : : ; Aim D am; Zi ; Xi

��
(A.32)

DEX

�
EY

�
Yi.a

0
1; : : : ; a

0
m/ jAi1 D a1; : : : ; Aim D am; Zi D f .a1; : : : ; am/; Xi

��
(A.33)

DEX

�
EY

�
Yi.a

0
1; : : : ; a

0
m/ jAi1 D a

0
1; : : : ; Aim D a

0
m; Zi D f .a1; : : : ; am/; Xi

��
(A.34)

DEZ;X

�
EY

�
Yi jAi1 D a

0
1; : : : ; Aim D a

0
m; Zi ; Xi

��
(A.35)

The first equality is due to the tower property. The second equality is due to the pinpointability

of the substitute confounder P.Zi jAi/ D ıf .Ai /. The third equality is due to unconfoundedness

givenZi ; Xi . The fourth equality is estimable from the data because f .a1; : : : ; am/ D f .a
0
1; : : : ; a

0
m/.

Hence the identification of EY

�
Yi.a

0
1; : : : ; a

0
m/ jAi1 D a1; : : : ; Aim D am

�
is established. We note

that this identification result does not require overlap.
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B
Proofs for Chapter 5

B.1 Proof of Theorem 5.1.1

Proof. The proof of Theorem 5.1.1 relies on two observations. The first observation starts with the

integral equation we solve:

P.y j aC ; f .aN // D

Z
h.y; aC ; aX/P.aX j aC ; f .aN // daX (B.1)

D

Z Z
h.y; aC ; aX/P.aX ju/P.u j aC ; f .aN // daX du: (B.2)

The first equality is due to Equation (5.3). The second equality is due to the conditional indepen-

dence implied by Figure 5.1a: AX ? AC ; f .aN / jU:

The second observation relies on the null proxy:

P.y j aC ; f .aN // D

Z
P.y ju; aC ; f .aN //P.u j aC ; f .aN // du (B.3)

D

Z
P.y ju; aC/P.u j aC ; f .aN // du: (B.4)
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The first equality is due to the definition of conditional probability. The second equality is due to the

second part of Assumption 5.1.1, which implies Y ? f .aN / jU;AC :The reason is that

P.y ju; aC ; f .aN // D

Z
P.y ju; aC ; aX; f .aN //P.aX ju; aC ; f .aN // daX (B.5)

D

Z
P.y ju; aC ; aX/P.aX ju; aC/ daX (B.6)

DP.y ju; aC/: (B.7)

In fact, it is sufficient to assume Y ? f .aN / jU;AC instead of Y ? f .aN / jU;AC ; AX in Theo-

rem 5.1.1. However, the latter is easier to check and interpret.

Comparing Equation (B.2) and Equation (B.4) givesZ �
P.y ju; aC/ �

Z
h.y; aC ; aX/P.aX ju/ daX

�
� P.u j aC ; f .aN // du D 0; (B.8)

which, by the completeness condition in Assumption 5.1.1.2, implies

P.y ju; aC/ D

Z
h.y; aC ; aX/P.aX ju/ daX : (B.9)

Equation (B.9) leads to identification:

P.y j do.aC// D

Z Z
h.y; aC ; aX/P.aX ju/ daXP.u/ du (B.10)

D

Z
h.y; aC ; aX/P.aX/ daX : (B.11)

Consider the special case of a single cause as in Figure 5.1b. Let aC D fA1g, aX D fXg, aN D N ,

and f .aN / D N . The above proof reduces to the identification proof for proxy variables (Theorem 1

of Miao et al. (2018)).

B.2 Examples of Assumption 5.1.1

As an example, if the structural equation writes

Y D g.A1 C A2; A3; : : : ; Am; U; �/;
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where � ? U;A1; : : : ; Am, then Assumption 5.1.1.1 is satisfied if A1 and A2 are identically Gaussian:

AN D .A1; A2/ and f .AN / D A1 � A2 satisfies

A1 � A2 ? Y jU;A3; : : : ; Am:

If A1 and A2 are both Gaussian but not identically distributed, then f .AN / D ˛1A1 � ˛2A2

would satisfy

˛1A1 � ˛2A2 ? Y jU;A3; : : : ; Am;

for some constant ˛1 and ˛2.

Similarly, if the structural equation writes

Y D g.A1 � A2; A3; : : : ; Am; U; �/;

where � ? U;A1; : : : ; Am, then Assumption 5.1.1.1 is satisfied ifA1 andA2 are identically log-normal:

AN D .A1; A2/ and f .AN / D A1=A2 satisfies

A1=A2 ? Y jU;A3; : : : ; Am:

As a final example, if the structural equation writes

Y D g.A1&&A2; A3; : : : ; Am; U; �/;

where � ? U;A1; : : : ; Am and A1; A2 are both binary, then Assumption 5.1.1.1 is satisfied: AN D

.A1; A2/ and f .AN / D A1 XORA2 satisfies

A1 XORA2 ? Y jU;A3; : : : ; Am:

B.3 Example: A linear causal model

We illustrate Theorems 5.2.1 and 5.2.2 in a linear causal model.

Consider the meal/body-fat example. The causes are ten types of foodA1; : : : ; A10; the outcome is

a person’s body fat Y . How does food consumption affect body fat?
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In this example, the individual’s lifestyleU mlt is amulti-cause confounder. Whether a person is vegan

W mlt is a multi-cause null confounder. BothU mlt andW mlt are unobserved. Whether one has easy access

to good burger shopsU sng is a single-cause confounder; it affects both burger consumptionA1 and body

fat percentageY ;U sng is observed. Finally, the observational data comes from a surveywith selection bias

S ; people with a healthy lifestyle are more likely to complete the survey.

Every variable is associated with a disturbance term �, which comes from a standard normal. Given

these variables, suppose the real world is linear,

U mlt
D �U mlt; U sng

D �U sng;W mlt
D �W mlt;

A1 D ˛A1UU
mlt
C ˛A1WW

mlt
C ˛A1U 0U sng

C �A1
;

Ai D ˛Ai UU
mlt
C ˛Ai WW

mlt
C �Ai

; i D 2; : : : ; 10;

Y D

10X
iD1

˛YAi
Ai C ˛Y UU

mlt
C ˛Y U 0U sng

C �Y :

These equations describe the true causal model of the world. The confounders and null confounders

fU mlt;W mltg are unobserved.

We are interested in the intervention distribution of the first two food categories, burger .A1/ and

broccoli .A2/: P.y j do.a1; a2//. (We emphasize that we might be interested in any subsets of the

causes.) This world satisfies the assumptions of Theorem 5.2.1. Even though the confounders U mlt are

unobserved, the intervention distributionP.y j do.a1; a2// is identifiable.

Now consider a simple deconfounder. Fit a 2-D ppca to the data about food consumption A1W10;

we do not model the outcome Y . Wang and Blei (2019a) also checks the model to ensure it fits the distri-

bution of the assigned causes. (Let’s assume that 2-D ppca passes this check.)

ppca leads to a linear estimate of the substitute confounder,

OZ D

 
10X

iD1


1iAi C �1 OZ
;

10X
iD1


2iAi C �2 OZ

!
; (B.12)

for parameters 
1i and 
2i , and Gaussian noise �
i; OZ

.
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This substitute confounder OZ satisfies Assumption 5.2.3. Plausibly, the real world satisfies the vari-

ant of Assumption 5.2.1 and Assumption 5.2.2. These assumptions greenlight us to calculate the inter-

vention distribution. Wefit an outcomemodel using the substitute confounder OZ and calculate the inter-

vention distribution using Equation (5.17). Theorem 5.2.2 guarantees that this estimate is correct.

B.4 Proof of Theorem 5.1.2

Proof. Assumption 5.1.2.2 guarantees the existence of some function Oh such that

OP .y j aC ; Oz/ D

Z
Oh.y; aC ; aX/ OP .aX j Oz/ daX (B.13)

under weak regularity conditions. (We will discuss the reason in Appendix B.5.)

We first claim that Oh.y; aC ; aX/ solves

P.y j aC ; f .aN // D

Z
Oh.y; aC ; aX/P.aX j aC ; f .aN // daX : (B.14)

Given this claim (Equation (B.57)), we have

OP .y j do.aC//

D

Z
OP .y j Oz; aC/ OP . Oz/ d Oz

D

Z
Oh.y; aC ; aX/ OP .aX j Oz/ daX

OP . Oz/ d Oz

D

Z
Oh.y; aC ; aX/P.aX/ daX

DP.y j do.aC//;

whichproves the theorem. Thefirst equality is due toEquation (5.6); the second is due toEquation (B.57);

the third is due to the deconfounder estimate being consistentwith the observed data distribution by con-

struction; the fourth is due to the above claim (Equation (B.57)) and Theorem 5.1.1.
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We next prove the claim (Equation (B.57)). Start with the right side of the equality.Z
Oh.y; aC ; aX/P.aX j aC ; f .aN // daX

D

Z Z
Oh.y; aC ; aX/ OP .aX j Oz/ OP . Oz j aC ; f .aN // daX d Oz

D

Z
OP .y j aC ; Oz/ OP . Oz j aC ; f .aN // d Oz

DP.y j aC ; f .aN //;

which establishes the claim. The first equality is due to Equation (5.4) and the deconfounder esti-

mate being consistent with the observed data; the second is due to Equation (B.13); the third is due to

Assumption 5.1.2.1, which implies

OP .y j aC ; f .aN /; Oz/ D OP .y j aC ; Oz/: (B.15)

Similar toAssumption 5.1.1.1, it is sufficient to assume Equation (B.15) directly. However, Assump-

tion 5.1.2.1 is easier to check and more interpretable; it directly relates to the deconfounder outcome

model.

B.5 Existence of solutions to the integral equations

Theorem 5.1.1 involves solving the integral equation

P.y j aC ; f .aN // D

Z
h.y; aC ; aX/P.aX j aC ; f .aN // daX : (B.16)

Whendoes a solution exist forEquation (B.16)? Weappeal toProposition1ofMiao et al. (2018).

Proposition B.5.1: . (Proposition 1 of Miao et al. (2018)) DenoteL2fF.t/g as the space of all square-

integrable function of t with respect to a c.d.f. F.t/. A solution to integral equation

P.y j z; x/ D

Z
h.w; x; y/P.w j z; x/ dw (B.17)
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exists if

1. the conditional distributionP.z jw; x/ is complete inw for all x,

2.
R R

P.w j z; x/P.z jw; x/ dw dz < C1,

3.
R
ŒP.y j z; x/�2P.z j x/ dz < C1;

4.
PC1

nD1 j < P.y j z; x/;  x;n > j
2 < C1;

where the inner product is< g; h >D
R
g.t/h.t/ dF.t/, and .�x;n; �x;n;  x;n/

1
nD1 is a singular value

decompositionof the conditional expectationoperatorKx W L
2fF.w j x/g ! L2fF.z j x/g; Kx.h/ D

E Œh.w/ j z; x� for h 2 L2fF.w j x/g:

Leveraging Proposition B.5.1, we can establish sufficient conditions for existence of a solution to

Equation (B.16).

Corollary B.5.1: . A solution exist for the integral equation Equation (B.16) if

1. the conditional distributionP.f .aN / j aX; aC/ is complete in aX for all aC ,

2.
R R

P.aX jf .aN /; aC/P.f .aN / j aX; aC/ daX df .aN / < C1,

3.
R
ŒP.y jf .aN /; aC/�

2P.f .aN / j aC/ df .aN / < C1;

4.
PC1

nD1 j < P.y jf .aN /; aC/;  aC ;n > j
2 < C1;

where aC ;n is similarly defined as a component of the singular value decomposition.

We remark that the first condition is precisely Theorem 5.1.1.3; others are weak regularity condi-

tions.

By the same token, we can establish sufficient conditions for solution existence of Equation (5.9),

Equation (5.15). The same argument also applies to the integral equation involved inTheorem5.2.2:

OP .y j aC ; Oz; u
sng
C
; s D 1/ D

Z
Oh.y; aC ; aX; u

sng
C
/ OP .aX j Oz; u

sng
C
; s D 1/ daX : (B.18)

It is easy to show that the conditions described in the main text are sufficient to guarantee the existence

of solutions under weak regularity conditions. We omit the details here.
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B.6 Proof of Lemma 5.2.1

The idea of the proof is to startwith the structural equations of the general causal graphFigure 5.2a. Then

posit the existence of a latent variableZ that renders all the causes conditionally independent; Figure 5.2b

features this conditional independence structure. Wewill quantify the information (i.e. the� -algebra) of

this latent variableZ;Z contains the information of the union of multi-cause confoundersU mlt, multi-

cause null confoundersW mlt, and some independent error. This result lets us establish

P.y jusng; umlt; wmlt; a1; : : : ; am; s D 1/ D P.y ju
sng; z; a1; : : : ; am; s D 1/: (B.19)

We start with a generic structural equation model for multiple causes.

Wk D fWk
.�Wk

/; k D 1; : : : ; K;K � 0; (B.20)

Uj D fUj
.�Uj

/; j D 1; : : : ; J; J � 0; (B.21)

Vl D fVl
.�Vl

/; l D 1; : : : ; L;L � 0; (B.22)

Ai D fAi
.WSW

Ai

; USU
Ai

; �Ai
/; i D 1; : : : ; m;m � 2; (B.23)

Y D fy.A1; : : : ; Am; U1; : : : ; UK ; V1; : : : VL; �Y /; (B.24)

where all the errors �Wk
; �Uj

; �Vl
; �Ai

; �Y are independent. Notationwise,wenote thatSW
Ai
� f1; : : : ; Kg

is an index set; if SW
A1
D f1; 3; 4g, then WSW

Ai

D .W1;W3;W4/: The same notion applies to SU
Ai
�

f1; : : : ; J g.

The notation in this structural equation model is consistent with the set up in Figure 5.2a. Wk ’s

are null confounders; Uj ’s are confounders; Vl ’s are covariates. Moreover, USU
Ai

indicates the set of con-

founders that have an arrow to bothAi and Y . WSW
Ai

indicates the set of null confounders that have an

arrow toAi ; they do not have arrows to Y .

Relating to the single-cause andmulti-cause notion, we have single-cause null confounders as

W sng �
D fW1; : : : ; WKg=

[
i;j 2f1;:::;mgWi¤j

.WSW
Ai

\WSW
Aj

/: (B.25)
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To parse the notation above, recall that WSW
Ai

is the set of null confounders that affects Ai . The set of

variables
S

i;j 2f1;:::;mgWi¤j .WSW
Ai

\WSW
Aj

/ describes the set of null confounders that affect at least two of

the Ai ’s. Hence,W sng denotes the set of null confounders that affect only one of the Ai ’s, a.k.a. single-

cause null confounders.

Before proving Lemma 5.2.1, we first prove the following lemma that quantifies the information in

Z (in Figure 5.2b).

LemmaB.6.1: . The randomvariableZ in Figure 5.2b “captures” allmulti-cause confounders, allmulti-

cause null confounders and some independent error:

�.Z/ D �
�
f�Zg

[
.[i;j 2f1;:::;mgWi¤j .WSW

Ai

\WSW
Aj

/ [ .USU
Ai

\ USU
Aj

//
�
; (B.26)

D �
�
f�Zg

[
W mlt

[
U mlt

�
: (B.27)

where �Z ? .�Y ; V1; : : : ; VL;[i;j 2f1;:::;mgWi¤j .WSW
Ai

\WSW
Aj

/ [ .USU
Ai

\ USU
Aj

/; S/.

We can parse the notation inLemmaB.6.1 in the sameway as in Equation (B.25): The set of variables

[i;j 2f1;:::;mgWi¤j .WSW
Ai

\WSW
Aj

/ denotes the set of allmulti-cause confounders;[i;j 2f1;:::;mgWi¤j .USU
Ai

\

USU
Aj

/ denotes the set of all multi-cause null confounders.

Proof. Without the loss of generality, we assume the compactness of representation in Equations (B.23)

and (C.58). For any subset S of the random variables S � fA1; : : : ; Am; Y g; we assume the � -algebra

�.
T

�.S
W
S�
; SU

S�
; SV

S�
// is the smallest � -algebra that makes all the random variables in S jointly inde-

pendent. The assumption is made for technical convenience. We simply ensure the arrows from the

W;U; V ’s to the Ai ’s do exist. In other words, all the W;U; V ’s “whole-heartedly” contribute to the

Ai ’s when they appear in Equation (B.23). This assumption does not limit the class of causal graphs we

study.

First we show that all multi-cause confounders and all multi-cause null confounders are measurable

with respect to the substitute confounderZ:

�

0@ [
i;j 2f1;:::;mgWi¤j

.WSW
Ai

\WSW
Aj

/ [ .USU
Ai

\ USU
Aj

/

1A � �.Z/: (B.28)
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Consider any pair ofAi andAj . Figure 5.2b implies that

Ai ? Aj jZ; (B.29)

for i ¤ j and i; j 2 f1; : : : ;M g:On the other hand, we have

Ai ? Aj j �
�
.WSW

Ai

\WSW
Aj

/; .USU
Ai

\ USU
Aj

/
�
; (B.30)

by the independence of errors assumption. Therefore, by the compactness of representation assumption,

�..WSW
Ai

\WSW
Aj

/; .USU
Ai

\ USU
Aj

// is the smallest � -algebra that renders Ai independent of Aj . This

implies

�
�
.WSW

Ai

\WSW
Aj

/; .USU
Ai

\ USU
Aj

/
�
� �.Z/: (B.31)

The argument can be applied to any pair of i ¤ j; i; j 2 f1; : : : ;M g, so we have

�

0@ [
i;j 2f1;:::;mgWi¤j

.WSW
Ai

\WSW
Aj

/ [ .USU
Ai

\ USU
Aj

/

1A � �.Z/: (B.32)

Next Figure 5.2b implies �.A1; : : : ; AM / 6� �.Z/ and �.Y / 6� �.Z/:

Therefore, we have

�.Z/ � �
�
f�Zg

[
.[i;j 2f1;:::;mgWi¤j .WSW

Ai

\WSW
Aj

/ [ .USU
Ai

\ USU
Aj

//
�
; (B.33)

where �Z is independent of all the other errors in the structural model, including those ofA and Y .

The error �Z can have an empty � -algebra: for example, �Z is a constant. Therefore, the left side of

Equation (B.32) can be made equal to the right side of Equation (B.33). We have

�.Z/ D �
�
f�Zg

[
.[i;j 2f1;:::;mgWi¤j .WSW

Ai

\WSW
Aj

/ [ .USU
Ai

\ USU
Aj

//
�

(B.34)

D �
�
f�Zg

[
W mlt

[
U mlt

�
: (B.35)

for some random variable �Z that is independent of all other random errors �’s.
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As a direct consequence of Lemma B.6.1, we have

P.y jusng; umlt; wmlt; a1; : : : ; am; s D 1/ D P.y ju
sng; z; a1; : : : ; am; s D 1/; (B.36)

due to the definition of conditional probabilities and �Z ? Y jS;U
sng; U mlt;W mlt; A1; : : : ; Am. The

latter is because �Z is independent of all other errors.

B.7 Proof of Lemma 5.2.2

Proof. DenoteU sng
C

as the set of single-cause confounders that affectsAC :

The proof of Lemma 5.2.2 relies on two observations.

The first observation starts with the integral equation we solve:

P.y j aC ; f .aN /; u
sng
C
; s D 1/ (B.37)

D

Z
h.y; aC ; aX; u

sng
C
/P.aX j aC ; f .aN /; u

sng
C
; s D 1/ daX (B.38)

D

Z Z
h.y; aC ; aX; u

sng
C
/P.aX j z/P.z j aC ; f .aN /; u

sng
C
; s D 1/ daX dz (B.39)

The first equality is due to Equation (5.15). The second equality is due to Assumption 5.2.1.2.

The second observation relies on the null proxy:

P.y j aC ; f .aN /; u
sng
C
; s D 1/ (B.40)

D

Z
P.y j z; aC ; f .aN /; u

sng
C
; s D 1/P.z j aC ; f .aN /; u

sng
C
; s D 1/ dz (B.41)

D

Z
P.y j z; aC ; u

sng
C
; s D 1/P.z j aC ; f .aN /; u

sng
C
; s D 1/ dz (B.42)

174



The first equality is due to the definition of conditional probability. The second equality is due to the

second part of Assumption 5.2.2; it implies Y ? f .aN / jZ;U
sng
C
; AC ; S D 1:The reason is that

P.y j z; aC ; f .aN /; u
sng
C
; s D 1/ (B.43)

D

Z
P.y j z; aC ; aX; f .aN /; u

sng
C
; s D 1/P.aX j z; aC ; f .aN /; u

sng
C
; s D 1/ daX (B.44)

D

Z
P.y j z; aC ; aX; u

sng
C
; s D 1/P.aX j z; aC ; u

sng
C
; s D 1/ daX (B.45)

DP.y j z; aC ; u
sng
C
; s D 1/: (B.46)

The second equality is again due to Assumption 5.2.1.2.

Comparing Equation (B.39) and Equation (B.42) givesZ �
P.y j z; aC ; u

sng
C
; s D 1/ �

Z
h.y; aC ; aX; u

sng
C
/P.aX j z/ daX

�
� P.z j aC ; f .aN /; u

sng
C
; s D 1/ dz D 0; (B.47)

which implies

P.y j z; aC ; u
sng
C
; s D 1/ D

Z
h.y; aC ; aX; u

sng
C
/P.aX j z/ daX : (B.48)

This step is due to the completeness condition in Assumption 5.2.2.2.

Equation (B.48) leads to identification:

P.y j do.aC// (B.49)

DP.y j z; aC ; u
sng
C
/P.z/P.u

sng
C
/ dz dusng

C
(B.50)

DP.y j z; aC ; u
sng
C
; s D 1/P.z/P.u

sng
C
/ dz dusng

C
(B.51)

D

Z Z Z
h.y; aC ; aX; u

sng
C
/P.aX j z/ daXP.z/P.u

sng
C
/ dz dusng

C
(B.52)

D

Z Z
h.y; aC ; aX; u

sng
C
/P.aX/P.u

sng
C
/ daX dusng

C
: (B.53)

In particular, the second equality is due to Assumption 5.2.1.2.
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B.8 Proof of Theorem 5.2.1

We first state the variant of Assumption 5.2.1 and Assumption 5.2.2 required by Theorem 5.2.1. We

essentially replaceZ with .U mlt;W mlt/ in these assumptions.

Assumption B.8.1: . (Assumption 5.2.1’) The causal graph Figure 5.2a satisfies the following condi-

tions:

1. All single-cause confoundersU sng
i ’s are observed.

2. The selection operator S satisfies

S ? .A; Y / jU mlt;W mlt; U sng: (B.54)

3. We observe the non-selection-biased distribution

P.a1; : : : ; am; u
sng/

and the selection-biased distribution

P.y; usng; a1; : : : ; am j s D 1/:

Assumption B.8.2: . (Assumption 5.2.2’) There exists some function f and an nonempty set N �

f1; : : : ; mgnC such that

1. The outcome Y does not causally depend on f .aN /:

f .aN / ? Y jAC ; AX; U
mlt;W mlt; U sng; S D 1; (B.55)

where X D f1; : : : ; mgn.C [N / ¤ ;:

2. The conditional P.umlt; wmlt j aC ; f .aN /; u
sng
C
; s D 1/ is complete in f .aN / for almost all aC

and usng
C

, whereU sng
C

is the single-cause confounders affectingAC .

3. The conditionalP.f .aN / j aC ; aX; u
sng
C
; s D 1/ is complete in aX for almost all aC and usng

C
.
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Under these assumptions, Theorem 5.2.1 is a direct consequence of Lemma 5.2.1 and Lemma 5.2.2.

The reason is thatU mlt;W mlt; U sng constitutes an admissible set to identify the interventiondistributions

P.y j do.aC//.

B.9 Proof of Theorem 5.2.2

We assume Assumption B.8.1 and Assumption B.8.2 as described in Appendix B.8.

Proof. Assumption 5.2.3.2 guarantees the existence of some function Oh such that

OP .y j aC ; Oz; u
sng
C
; s D 1/ D

Z
Oh.y; aC ; aX; u

sng
C
/ OP .aX j Oz; u

sng
C
; s D 1/ daX (B.56)

under weak regularity conditions. (We discuss the reason in Appendix B.5.)

We first claim that Oh.y; aC ; aX; u
sng
C
/ solves

P.y j aC ; f .aN /; u
sng
C
; s D 1/ D

Z
Oh.y; aC ; aX; u

sng
C
/P.aX j aC ; f .aN /; u

sng
C
; s D 1/ daX :

(B.57)

Given this claim (Equation (B.57)), we have

OP .y j do.aC//

D

Z Z
OP .y j Oz; u

sng
C
; aC ; s D 1/ OP . Oz/P.u

sng
C
/ d Oz dusng

C

D

Z Z Z
Oh.y; aC ; aX; u

sng
C
/ OP .aX j Oz; u

sng
C
; s D 1/ daX

OP . Oz/P.u
sng
C
/ d Oz dusng

C

D

Z Z Z
Oh.y; aC ; aX; u

sng
C
/ OP .aX j Oz/ daX

OP . Oz/P.u
sng
C
/ d Oz dusng

C

D

Z Z
Oh.y; aC ; aX; u

sng
C
/P.aX/ daXP.u

sng
C
/ dusng

C

DP.y j do.aC//;
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which proves the theorem. The first equality is due to Equation (5.17); the second is due to Equa-

tion (B.56); the third is due to Assumption 5.2.3 and U sng
C

being the single-cause confounders for AC ;

the fourth is due to marginalizing out OZ; the fifth is due to the above claim (Equation (B.57)) and Theo-

rem 5.2.1.

We next prove the claim (Equation (B.57)). Start with the right side of the equality.Z
Oh.y; aC ; aX; u

sng
C
/P.aX j aC ; f .aN /; u

sng
C
; s D 1/ daX

D

Z Z
Oh.y; aC ; aX; u

sng
C
/ OP .aX j Oz; u

sng
C
; aC ; s D 1/ OP . Oz j aC ; f .aN /; u

sng
C
; s D 1/ daX d Oz

D

Z
OP .y j aC ; Oz; u

sng
C
; s D 1/ OP . Oz j aC ; f .aN /; u

sng
C
; s D 1/ d Oz

D

Z
OP .y j aC ; f .aN /; Oz; u

sng
C
; s D 1/ OP . Oz j aC ; f .aN /; u

sng
C
; s D 1/ d Oz

DP.y j aC ; f .aN /; u
sng
C
; s D 1/;

which establishes the claim. The first equality is due to Equation (5.16); the second is due to Equa-

tion (B.56); the third equality is due to Assumption 5.2.3.2, which implies

OP .y j aC ; f .aN /; Oz; u
sng
C
; s D 1/ D OP .y j aC ; Oz; u

sng
C
; s D 1/: (B.58)

The fourth equality is due to marginalizing out Oz.

B.10 Constructing candidatef .aN /’s from the deconfounder outcomemodel

We illustrate how to construct candidate f .aN /’s in the deconfounder outcome model.

Consider a fitted linear outcome model

Y D

10X
iD1

˛YAi
Ai C ˛YZ

OZ C ˛Y U 0U sng
C �Y : (B.59)

where all the random variables are Gaussian.

It implies that there exists f1.A9; A10/ D A9 C ˛9;10A10 that satisfies

f1.A9; A10/ ? Y j OZ;U
sng; A1; : : : ; A8;
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where

˛9;10 D �
˛9Var.A9/C ˛10Cov.A9; A10/

˛9Cov.A9; A10/C ˛10Var.A10/
:

The reason is thatf .A9; A10/ ? .˛9A9C˛10A10/. Hencef .aN / D A9C˛9;10A10 satisfies Assump-

tion 5.2.3.2.
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C
Additional results for Chapter 6

C.1 Causal identificationwith a quadratic factormodel and a linear outcome

model

We establish causal identification when the true causal model is composed of a quadratic factor model

and a linear outcome model.

We first write down the causal model:

Z D �Z; (C.1)

A1 D ˛10 C ˛11Z C ˛12Z
2
C �A1; (C.2)

A2 D ˛20 C ˛21Z C ˛22Z
2
C �A2; (C.3)

Y D ˇ0 C ˇ1A1 C ˇ2A2 C 
Z C �Y ; (C.4)

where all the errors �Z; �A1; �A2; �Y are independent zero-meanGaussian with a fixed but unknown vari-

ance.
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We note that all variablesZ;A1; A2; Y are scalars in this example; onlyA1; A2; Y are observable;Z

is unobserved.

To prove identification, we show that the causal parameters ˇ1 and ˇ2 are both functions of the

moment generating function of .A1; A2; Y /.

We first rewrite Y :

Y D.ˇ0 C ˇ1˛10 C ˇ2˛20/C .ˇ1˛11 C ˇ2˛21 C 
/ �Z C .ˇ1˛12 C ˇ2˛22/ �Z
2
C ˇ1�A1

C ˇ2�A2 C �Y ;

D.ˇ1˛12 C ˇ2˛22/ �

�
Z C

ˇ1˛11 C ˇ2˛21 C 


2 � .ˇ1˛12 C ˇ2˛22/

�2

C ˇ1�A1 C ˇ2�A2 C �Y

C

 
ˇ0 C ˇ1˛10 C ˇ2˛20 �

�
ˇ1˛11 C ˇ2˛21 C 


2 � .ˇ1˛12 C ˇ2˛22/

�2
!

In other words, the observed random variable Y is a sum of a constant, a non-central�2 random variable

and a zero mean Gaussian random variable ˇ1�A1 C ˇ2�A2 C �Y .

For notation simplicity, we denote the constants with separate symbols:

B0 ≜ ˇ0 C ˇ1˛10 C ˇ2˛20; (C.5)

B1 ≜ ˇ1˛11 C ˇ2˛21 C 
; (C.6)

B2 ≜ ˇ1˛12 C ˇ2˛22: (C.7)

Therefore, we have

Y D B0 C B1 �Z C B2 �Z
2
C �Y ; (C.8)

where . Z
�Z
C

B1

2B2�Z
/2 is a non-central �2 random variable with the non-centrality parameter � D�

B1

2B2�Z

�2

and degree of freedom k D 1. (�2
Z is the variance ofZ.)

We leverage this property to identify the distribution �Y . Notice the moment generating function

ofA1; A2; Y is
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MA1;A2;Y .t1; t2; t3/ (C.9)

DE
�
exp.t1A1 C t2A2 C t3Y /

�
(C.10)

D exp.B0t3 C ˛10t1 C ˛20t2/ (C.11)

� E
�
exp

�
.˛11t1 C ˛21t2 C B1t3/ �Z C .˛12t1 C ˛22t2 C B2t3/ �Z

2
��

(C.12)

� E Œt1�A1 C t2�A2 C t3.ˇ1�A1 C ˇ2�A2 C �Y /� (C.13)

D exp

 
B0t3 C ˛10t1 C ˛20t2 � .˛12t1 C ˛22t2 C B2t3/ �

�
˛11t1 C ˛21t2 C B1t3/

2.˛12t1 C ˛22t2 C B2t3/

�2
!
(C.14)

� E

"
exp

 
.˛12t1 C ˛22t2 C B2t3/�

2
Z �

�
˛11t1 C ˛21t2 C B1t3

2.˛12t1 C ˛22t2 C B2t3/�Z

C
Z

�Z

�2
!#

(C.15)

� E Œt1�A1 C t2�A2 C t3.ˇ1�A1 C ˇ2�A2 C �Y /� (C.16)

D exp

 
B0t3 C ˛10t1 C ˛20t2 � .˛12t1 C ˛22t2 C B2t3/ �

�
˛11t1 C ˛21t2 C B1t3

2.˛12t1 C ˛22t2 C B2t3/

�2
!
(C.17)

�
exp. �t

1�2t
/

.1 � 2t/1=2
(C.18)

� exp.
1

2
.t1 C t3ˇ1/

2�2
A1
/ exp.

1

2
.t2 C t3ˇ2/

2�2
A2
/ exp.

1

2
t3�

2
Y / (C.19)

D exp

 
B0t3 C ˛10t1 C ˛20t2 � .˛12t1 C ˛22t2 C B2t3/ �

�
˛11t1 C ˛21t2 C B1t3

2.˛12t1 C ˛22t2 C B2t3/

�2
!
(C.20)

�
exp. �t

1�2t
/

.1 � 2t/1=2
(C.21)

� exp.
1

2
.t1�

2
A1
C ˇ2

1�
2
A1
t23 C 2ˇ1�

2
A1
t1t3 C t2�

2
A2
C ˇ2

2�
2
A2
t23 C 2ˇ2�

2
A2
t2t3 C �

2
Y t3/; (C.22)

where t D .˛12t1 C ˛22t2 C B2t3/�
2
Z and � D

�
˛11t1C˛21t2CB1t3

2.˛12t1C˛22t2CB2t3/�Z

�2

.
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Notice that the ratio of the coefficients in front of t23 and t1t3 is ˇ1. Hence we can identify ˇ1 from

the moment generating function of the unobserved random variables A1; A2; Y . The reason is the in-

congruence between exponential functions, polynomial functions, and square root functions, i.e. expo-

nential functions can not be written as polynomials and others. The other components of the moment

generating functions Equations (C.20) and (C.21) do not contain the terms t23 and t1t3.

The high-level intuition behind the above calculation is the incongruence between the nonlinear

(quadratic) factor model and the linear outcome model. More specifically, the variance due to �Y in

the linear outcome model cannot be attributed wrongfully to the causes and the confounder ˇ1A1 C

ˇ2A2C
Z; the former is Gaussian while the latter is non-Gaussian except when ˛12 D ˛22 D 0. (This

incongruence does not hold for the linear factor model and the linear outcome model.)

For the same reason, we can identify the other causal parameter ˇ2.

This result can be extended to other nonlinear factor models and linear outcome models.

C.2 Causal identification with a Bernoulli factor model and a linear outcome

model

Consider the model

Zi � Bernoulli.p/; (C.23)

Ai � Bernoulli.aC bZi/; (C.24)

Yi D ˇAi C 
Zi C �; (C.25)

� � N .0; �2/: (C.26)

We show that givenP.Ai ; Yi/, the parameter ˇ is identifiable in this model.

Toprove identifiability ofˇ, wewill showthatˇ canbewritten as deterministic functionofP.Ai ; Yi/.

We establish this argument through showing howˇ can be written as a deterministic function of themo-

ment generating functions ofP.Ai ; Yi/.

We first try to understand how ˇ relates to the moment generating functions ofP.Ai ; Yi/.
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First considerYi . Notice that the conditional distributionYi jZi is Bernoulli-Gaussian composition

P.Yi jZi D 0/ D N .ˇ � Benroulli.a/; �2/; (C.27)

P.Yi jZi D 1/ D N .ˇ � Bernoulli.aC b/C 
; �2/: (C.28)

Hence, the distribution of Yi is a mixture of the two,

P.Yi/ D p �N .ˇ � Bernoulli.aC b/C 
; �2/C .1 � p/N .ˇ � Benroulli.a/; �2/ (C.29)

It implies that the moment generating function of Yi must be

E
�
etYi

�
Dp � e

1
2

t2�2

E
h
.eˇ �Bernoulli.aCb/C
/�t

i
C .1 � p/ � e

1
2

t2�2

E
h
eˇ �Benroulli.a/�t

i
Dp � e

1
2

t2�2

..1 � a � b/e
t
C .aC b/e.ˇC
/t/C .1 � p/ � e

1
2

t2�2

..1 � a/C aeˇ t/

Dp � .1 � a � b/e
tC 1
2

t2�2

C p � .aC b/e.ˇC
/tC 1
2

t2�2

C .1 � p/aeˇtC 1
2

t2�2

C .1 � p/ � .1 � a/e
1
2

t2�2

Assume the coefficients in themoment generating functions are nonzero. That is,p ¤ 0,aCb ¤ 1,

aC b ¤ 0, p ¤ 1, and a ¤ 1.

This calculation implies that we can recover the parameter �2 from P.Yi/. In more detail, suppose

the moment generating function of theP.Yi/ is

E
�
etYi

�
D Qc1e

1
2

t2c0 C Qc2e
1
2

t2c0Cc2t
C Qc3e

1
2

t2c0Cc3t
C Qc4e

1
2

t2c0Cc4t ; (C.30)

where the constants Qc1; Qc2; Qc3; Qc4; c0; c2; c3; c5 are deterministic function of P.Yi/, which itself is a de-

terministic function ofP.Yi ; Ai/.

Supposeˇ�
 ¤ 0. Thenwecanwrite theparameter�2 as a deterministic functions ofP.Yi ; Ai/:

�2
D c0: (C.31)
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Next, to find the other parametersˇ; 
; ˇC
 , weneed tomatch c2; c3; c5 with the valuesˇ; 
; ˇC
 . We

findwhich two of fc2; c3; c4g add up to the third. For example, if (without loss of generality) c2C c3 D

c4, then we know

ˇ C 
 D c4 (C.32)

p.aC b/ D Qc4: (C.33)

The reason is that only .ˇ/C .
/ D .ˇ C 
/will satisfy the constraint of two of fˇ; 
; ˇ C 
g adding

up being equal to the third. If .ˇ/C .ˇ C 
/ D .
/ or .
/C .ˇ C 
/ D .ˇ/, then 
 D 0 or ˇ D 0,

which contradicts with the assumption that ˇ � 
 ¤ 0.

Next, consider Ai . The conditional distribution ofAi jZi is

P.Ai jZi D 0/ D Benroulli.a/; (C.34)

P.Ai jZi D 1/ D Bernoulli.aC b/C 
: (C.35)

Hence the distribution ofAi is

P.Ai/ D pBernoulli.aC b/C .1 � p/Benroulli.a/: (C.36)

Again compute the moment generating function ofAi :

E
�
etAi

�
D p.1 � a � b C .aC b/et/C .1 � p/.1 � aC aet/ (C.37)

D Œp.1 � a � b/C .1 � p/.1 � a/�C Œp.aC b/C .1 � p/a�et : (C.38)

If the moment generating function of theP.Ai/ is

E
�
etAi

�
D Qd1 C

Qd2e
d2t ; (C.39)

where Qd1; Qd2; d2 are deterministic functions of the P.Ai/, which itself is a deterministic function of

P.Ai ; Yi/. Then, we can have

p.aC b/C .1 � p/a D Qd2: (C.40)
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Equations (C.33) and (C.40) imply that

.1 � p/a D Qd2 � Qc4: (C.41)

Return to Equation (C.30), we notice that the coefficient in front of eˇtC 1
2

t2�2 is .1� p/a. There-

fore, we match .1� p/a D Qd2 � Qc4 with the coefficients in front of the exponential terms Qc2e
1
2

t2c0Cc2t

and Qc3e
1
2

t2c0Cc3t ; the one that matches is the term .1 � p/aeˇtC 1
2

t2�2 .

ˇ D

8̂<̂
:c2 if Qc2 D

Qd2 � Qc4

c3 if Qc3 D
Qd2 � Qc4:

(C.42)

We have written ˇ as a deterministic function of the observed data distribution P.Ai ; Yi/. There-

fore, it is an identifiable parameter as long as ˇ � 
 ¤ 0.

Finally, consider the edge casesˇ �
 D 0. First, whenE
�
etYi

�
D Qc1e

1
2

t2c0 , we concludeˇ D 
 D 0;

ˇ is identifiable. Next, suppose only one of 
 and ˇ is zero. Then we have

E
�
etYi

�
D Qc1e

1
2

t2c0 C Qc2e
1
2

t2c0Cc2t (C.43)

We conclude 
 D 0 and ˇ D c2 if Qc2 D
Qd2 D p.aC b/C .1�p/a and ˇ D 0 if otherwise. Again, ˇ

is identifiable when only only one of 
 and ˇ is zero.

We thus have proved that ˇ is identifiable given P.Yi ; Ai/, i.e. ˇ can be written as a deterministic

function ofP.Yi ; Ai/ (if p ¤ 0, aC b ¤ 1, aC b ¤ 0, p ¤ 1, and a ¤ 1).

C.3 Causal identification with a linear factor model and a linear outcome

model

We revisit the non-identification of the deconfounder in linear Gaussian factor models (D’Amour, 2018,

2019a,b). Without pinpointed substitute confounder Zi , the joint causal effect of all m causes might

not be identifiable. We also show how this non-identification can be resolved by considering multiple

independent outcomes, hence “the blessings of multiple outcomes.”

186



Importantly, this discussion of non-identification does not contradict the identification result in

Theorem 4.2.1; it does not make the same assumptions.

We start with restating the linear Gaussian non-identification example fromD’Amour (2018).

Denote the confounder asZ, the causesA, and the (observed) outcome Y :

Zn�k D �Z; (C.44)

An�m D Zn�k˛k�m C �A; (C.45)

Yn�1 D An�mˇm�1 CZn�k
k�1 C �Y ; (C.46)

where all random variables are zero mean Gaussian. In particular, the errors �A; �Y ; �Z have diagonal

covariance matrices. The above equations describe the true data generating process.

We observe the causes and the outcome; the confounder is unobserved. The goal is to estimate the

coefficient ˇ; it describes the causal effect ofA on Y .

We observe the following covariance matrices:

†AA D ˛
>†ZZ˛ C �

2
A � I; (C.47)

†AY D †AAˇ C ˛
>†ZZ
; (C.48)

†Y Y D ˇ
>†AAˇ C ˇ

>˛>†ZZ
 C 

>†ZZ
 C �

2
Y � I: (C.49)

We can obtain two equally good solutions of .˛; ˇ; 
;Z; �A; �Y ; �Z/ by fixing 
 and rescaling the

latent variableZ (D’Amour, 2018).

The crux of this non-identifiability issue lies in Equation (C.48), where the p � 1 matrix †AY is

mapped to a rank p matrix†AA and a rank k matrix†ZZ . This mapping is non-identifiable.

We can resolve this non-identifiability issue by assuming �Y is known. That is, we assume the mea-

surement error in the outcome is N .0; �2
Y /. This requires external information about the measurement

error of the outcome. Such information could be obtained from running independent experiments on

the outcome. We emphasize that this is an assumption on the data generating process.
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We now prove causal identification assuming under this additional assumption on measurement

error. We will write the causal parameter ˇ in terms of observed quantities†AA; †AY ; †Y Y :

We first write the reconstructed causes Oa.z/ as W D Z˛. Then we re-write the model Equa-

tion (C.46) as

Zn�k D �Z; (C.50)

Wn�m D Zn�k˛k�m (C.51)

An�m D Wn�m C �A; (C.52)

Yn�1 D An�mˇm�1 CWn�mım�1 C �Y ; (C.53)

where ˛ı D 
:

It leads to the following covariances:

†AA D †W W C �
2
A � I (C.54)

†WA D †W W ; (C.55)

†W Y D †WAˇ C†W W ı; (C.56)

†AY D †AAˇ C†AW ı: (C.57)

†Y Y D ˇ
>†AY C ı

>†W W ı C �
2
Y � I: (C.58)

In particular, we observe†AY ; †AA; †Y Y . First of all, we canwrite†W W and�2
A in terms of†AA:

�2
A D †AA;11 �†AA;21 �

†AA;13

†AA;23

; (C.59)

†W W D †AA � �
2
A � I: (C.60)

Second, we re-arrange Equation (C.57):

ı D †�1
AW .†AY �†AAˇ/ (C.61)
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Finally, we substitute Equation (C.61) into Equation (C.58)

†Y Y Dˇ
>†AY C .†

�1
AW .†AY �†AAˇ//

>†W W†
�1
AW .†AY �†AAˇ/C �

2
Y � I (C.62)

Dˇ>†AY C .†AY �†AAˇ/
>†�1

W W .†AY �†AAˇ/C �
2
Y � I (C.63)

Dˇ>†AY C .†AY �†AAˇ/
>.†AA �†AA;11 �†AA;21 �

†AA;13

†AA;23

� I /�1.†AY �†AAˇ/

C �2
Y � I: (C.64)

When �2
Y is assumed known, then we can solve for the causal parameter ˇ.

This calculation shows that we can identify the causal effect if the variance of themeasurement error

�2
Y is known. Concretely, using outcome models like linear regression with a knownmeasurement error

or logistic regression will not result in the non-identification pathology. This aligns with our practices in

the empirical studies in Chapter 6.

In the same vein of this calculation, the causal effect will be identifiable if we observe two or more

independent outcomes for each unit. We can use the off-diagonal terms of the covariancematrix†Y Y to

estimate ˇ with a similar equation to Equation (C.64).

More generally, if (1) the distribution of measurement error is known, that is

P.Y jA; OA/ D p�.Y jf .A; OA//

with p� known and (2) f can be identifiable from P.f .A; OA// and P.A; OA/, then the mean potential

outcome function can be identifiable.

C.4 Detailed results of the gwas Study

In this section, we present tables of results from the gwas study in Section 6.2.

Tables C.1 to C.5 contain the result under the high snr setting.

Tables C.6 to C.10 contain the result under the low snr setting.
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Real-valued outcome Binary outcome
Pred. check rmse�10�2 rmse�10�2

No control — 49.66 39.39
Control for confounders� — 40.27 31.09

(G)LMM — 46.22 37.81
PPCA 0.13 46.05 36.01
PF 0.15 44.58 36.30
LFA 0.14 43.02 36.65
GMM 0.01 47.33 40.24
DEF 0.18 41.05 33.88

Table C.1: GWAS high-snr simulation I: Balding-NicholsModel. (“Control for all confounders” means including the unobserved con-

founders as covariates.) The deconfounder outperforms (G)LMM;DEF performs the best among the five factor models. Predictive check-

ing offers a good indication of when the deconfounder fails.

Real-valued outcome Binary outcome
Pred. check rmse�10�2 rmse�10�2

No control — 68.78 38.16
Control for confounders� — 60.29 32.76

(G)LMM — 65.25 35.41
PPCA 0.15 65.98 36.11
PF 0.17 64.25 34.79
LFA 0.17 64.00 37.08
GMM 0.02 67.23 35.40
DEF 0.20 63.73 33.71

Table C.2: GWAS high-snr simulation II: 1000Genomes Project (TGP). (“Control for all confounders” means including the unobserved

confounders as covariates.) The deconfounder outperforms (G)LMM;DEF performs the best among the five factor models. Predictive

checking offers a good indication of when the deconfounder fails.

C.5 Detailed results of the Movie Study

In this section, we present tables of results from the movies study in Section 6.3.

C.6 Details of Section 6.2

We follow Song et al. (2015) in simulating the allele frequencies. We present the full details here.
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Real-valued outcome Binary outcome
Pred. check rmse�10�2 rmse�10�2

No control — 77.35 45.93
Control for confounders� — 67.53 39.43

(G)LMM — 74.38 42.79
PPCA 0.14 74.45 43.27
PF 0.14 71.40 42.75
LFA 0.13 72.11 42.34
GMM 0.03 76.27 46.88
DEF 0.16 69.86 41.61

Table C.3: GWAS high-snr simulation III: HumanGenomeDiversity Project (HGDP). (“Control for confounders” means including the

unobserved confounders as covariates.) The deconfounder outperforms (G)LMM;DEF performs the best among the five factor models.

Predictive checking offers a good indication of when the deconfounder fails.

We simulate the n�mmatrix of genotypesA fromAij � Binomial.2; Fij /;whereF is the n�m

matrix of allele frequencies. LetF D �S;where� isn�d andS isd�mwithd � m. Thed�mmatrix

S encodes the genetic population structure. Then�d matrix� maps how the structure affects the allele

frequencies of each SNP. Table C.14 details how we generate � and S for each simulation setup.

With low SNR, we simulate datasets of n D 5000 individuals and m D 100; 000 SNPs where

the SNPs
P

j ǰaij contributes 10% of the variance, the per-group intercept �ci
contributes 20%, and

the error "i contributes 70%. With high SNR, we simulate datasets of n D 100; 000 individuals and

m D 5; 000 SNPs where the SNPs signal contributes 40%, the per-group intercept contributes 40% and

the error contributes 20%.

For each simulation scenario, we generate 100 independent studies. We then simulate a trait; we

consider two types: one continuous and one binary. For each trait, three components contributing to

the trait: causal signals
Pm

j D1 ǰaij , confounder �i , and random effects �i .

First, without loss of generality, we set the first 1% of them SNPs to be the true causal SNPs . ǰ ¤

0; ǰ
i id
� N .0; 0:52/. We set ǰ D 0 for the rest of the SNPs.

Notice that the SNPs are affected by some latent population structure. We simulate the confounder

�i and the random effects �i so that they depend on the latent population structure as well.
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For the confounder �i , we first perform K-means clustering on the columns of S with K D 3

using Euclidean distance. This assigns each individual i to one of three mutually exclusive cluster sets

S1;S2;S3, where Sk � f1; 2; : : : ; ng: Set �j D k if j 2 Sk; k D 1; 2; 3:

We then simulate the random effects �i . Let �2
1 ; �

2
2 ; �

2
3

i id
� InvGamma(3,1), and set �2

i D �2
k
for all

j 2 Si ; k D 1; 2; 3:Draw �i � N .0; �2
i /:

We control the snr tomimic the highly noisy nature of gwas data sets: in the low snr setting, we

let the causal signals
Pm

j D1 ǰaij contribute to �gene D 0:1 of the variance, the confounder�i contribute

�conf D 0:2, and the random effects �i contribute �noise D 0:7. In the high snr setting, we have �gene D

0:4, �conf D 0:4, and �noise D 0:2.

We set

�i  

"
s:d:f

Pm
j D1 ǰaij g

n
iD1

p
�gene

#� p
�conf

s:d:f�ig
n
iD1

�
�i ; (C.65)

�i  

"
s:d:f

Pm
j D1 ǰaij g

n
iD1

p
�gene

#� p
�noise

s:d:f�ig
n
iD1

�
�i : (C.66)

We finally generate a real-valued outcome from a linear model and a binary outcome from a logistic

model:

yi;real D

mX
j D1

ǰaij C �i C �i ; (C.67)

yi;binary � Bernoulli

 
1

1C exp.
Pm

j D1 ǰaij C �i C �i/

!
: (C.68)
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Real-valued outcome Binary outcome
Pred. check rmse�10�2 rmse�10�2

˛ D 0:01 No control — 40.68 30.37
Control for confounders� — 34.35 28.21

(G)LMM — 39.09 28.36
PPCA 0.15 38.14 28.97
PF 0.16 34.77 28.67
LFA 0.16 35.87 28.33
GMM 0.02 38.15 29.69
DEF 0.18 34.84 28.04

˛ D 0:1 No control — 43.87 36.77
Control for confounders� — 37.62 33.89

(G)LMM — 39.97 35.76
PPCA 0.21 39.60 35.61
PF 0.19 38.95 34.28
LFA 0.18 39.28 34.73
GMM 0.00 44.38 36.44
DEF 0.20 38.75 34.85

˛ D 0:5 No control — 47.38 41.84
Control for confounders� — 43.63 39.86

(G)LMM — 47.28 42.91
PPCA 0.14 46.90 41.41
PF 0.16 43.29 40.69
LFA 0.17 43.60 40.77
GMM 0.02 46.95 42.47
DEF 0.18 43.09 40.03

˛ D 1:0 No control — 53.94 49.32
Control for confounders� — 47.12 45.96

(G)LMM — 49.21 48.96
PPCA 0.21 50.57 47.58
PF 0.19 48.07 46.16
LFA 0.17 49.27 46.16
GMM 0.02 52.28 50.31
DEF 0.23 47.82 45.62

Table C.4: GWAS high-snr simulation IV: Pritchard-Stephens-Donnelly (PSD). (“Control for confounders” means including the unobserved

confounders as covariates.) The deconfounder outperforms (G)LMM;DEF often performs the best among the five factor models. Predic-

tive checking offers a good indication of when the deconfounder fails.
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Real-valued outcome Binary outcome
Pred. check rmse�10�2 rmse�10�2

� D 0:1 No control — 47.47 45.16
Control for confounders� — 44.22 43.85

(G)LMM — 47.35 44.15
PPCA 0.08 47.61 44.36
PF 0.09 47.13 43.69
LFA 0.09 47.16 43.87
GMM 0.01 47.55 45.95
DEF 0.10 46.95 43.62

� D 0:25 No control — 44.68 41.10
Control for confounders� — 41.23 39.65

(G)LMM — 43.42 40.67
PPCA 0.11 43.26 41.28
PF 0.12 43.30 41.10
LFA 0.13 43.62 41.65
GMM 0.01 44.81 41.02
DEF 0.13 43.35 40.97

� D 0:5 No control — 45.18 40.92
Control for confounders� — 41.33 37.35

(G)LMM — 44.83 40.59
PPCA 0.10 43.78 39.99
PF 0.09 43.65 40.23
LFA 0.10 43.88 40.04
GMM 0.01 46.08 40.76
DEF 0.12 43.57 40.02

� D 1:0 No control — 56.57 57.70
Control for confounders� — 52.98 55.46

(G)LMM — 56.44 56.33
PPCA 0.14 55.18 57.36
PF 0.12 55.29 56.31
LFA 0.13 54.75 56.66
GMM 0.01 57.15 57.55
DEF 0.12 55.07 56.22

Table C.5: GWAS high-snr simulation V: Spatial model. (“Control for confounders” means including the unobserved confounders as co-

variates.) The deconfounder often outperforms (G)LMM. Predictive checking offers a good indication of when the deconfounder fails:

GMMpoorly captures the SNPs; it can amplify the error in causal estimates.
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Real-valued outcome Binary outcome
Pred. check rmse�10�2 rmse�10�2

No control — 6.55 5.75
Control for confounders� — 6.54 5.75

(G)LMM — 6.54 5.74
PPCA 0.14 6.52 5.74
PF 0.16 6.53 5.74
LFA 0.14 6.54 5.74
GMM 0.01 6.54 5.74
DEF 0.19 6.47 5.74

Table C.6: GWAS low-snr simulation I: Balding-NicholsModel. (“Control for all confounders” means including the unobserved con-

founders as covariates.) The deconfounder outperforms LMM;DEF performs the best among the five factor models; it also outperforms

using the (unobserved) confounder information. Predictive checking offers a good indication of when the deconfounder fails.

Real-valued outcome Binary outcome
Pred. check rmse�10�2 rmse�10�2

No control — 8.31 4.85
Control for confounders� — 8.28 4.85

(G)LMM — 8.29 4.85
PPCA 0.14 8.29 4.85
PF 0.15 8.29 4.85
LFA 0.17 8.26 4.85
GMM 0.02 8.30 4.85
DEF 0.20 8.11 4.84

Table C.7: GWAS low-snr simulation II: 1000Genomes Project (TGP). (“Control for all confounders” means including the unobserved con-

founders as covariates.) The deconfounder outperforms LMM;DEF performs the best among the five factor models; it also outperforms

using the (unobserved) confounder information. Predictive checking offers a good indication of when the deconfounder fails.
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Real-valued outcome Binary outcome
Pred. check rmse�10�2 rmse�10�2

No control — 9.59 5.84
Control for confounders� — 9.52 5.84

(G)LMM — 9.57 5.84
PPCA 0.14 9.55 5.84
PF 0.13 9.56 5.84
LFA 0.14 9.54 5.84
GMM 0.03 9.59 5.84
DEF 0.16 9.47 5.83

Table C.8: GWAS low-snr simulation III: HumanGenomeDiversity Project (HGDP). (“Control for confounders” means including the

unobserved confounders as covariates.) The deconfounder outperforms LMM;DEF performs the best among the five factor models; it

also outperforms using the (unobserved) confounder information. Predictive checking offers a good indication of when the deconfounder

fails.

196



Real-valued outcome Binary outcome
Pred. check rmse�10�2 rmse�10�2

˛ D 0:01 No control — 3.73 3.23
Control for confounders� — 3.71 3.23

(G)LMM — 3.71 3.23
PPCA 0.13 3.64 3.23
PF 0.16 3.67 3.23
LFA 0.16 3.66 3.23
GMM 0.02 3.72 3.23
DEF 0.18 3.59 3.22

˛ D 0:1 No control — 4.09 3.84
Control for confounders� — 4.09 3.84

(G)LMM — 4.09 3.84
PPCA 0.20 4.08 3.84
PF 0.18 4.08 3.84
LFA 0.18 4.07 3.84
GMM 0.00 4.09 3.84
DEF 0.20 4.05 3.83

˛ D 0:5 No control — 4.82 4.14
Control for confounders� — 4.81 4.14

(G)LMM — 4.82 4.14
PPCA 0.14 4.81 4.13
PF 0.17 4.80 4.13
LFA 0.16 4.81 4.14
GMM 0.03 4.82 4.14
DEF 0.19 4.80 4.13

˛ D 1:0 No control — 5.43 4.58
Control for confounders� — 5.38 4.57

(G)LMM — 5.40 4.58
PPCA 0.21 5.38 4.57
PF 0.16 5.41 4.57
LFA 0.19 5.40 4.57
GMM 0.02 5.43 4.58
DEF 0.24 5.37 4.57

Table C.9: GWAS low-snr simulation IV: Pritchard-Stephens-Donnelly (PSD). (“Control for confounders” means including the unobserved

confounders as covariates.) The deconfounder outperforms LMM;DEF performs the best among the five factor models; it also outper-

forms using the (unobserved) confounder information. Predictive checking offers a good indication of when the deconfounder fails.
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Real-valued outcome Binary outcome
Pred. check rmse�10�2 rmse�10�2

� D 0:1 No control — 4.66 4.74
Control for confounders� — 4.63 4.73

(G)LMM — 4.57 4.73
PPCA 0.09 4.62 4.74
PF 0.08 4.58 4.74
LFA 0.09 4.54 4.73
GMM 0.02 4.70 4.74
DEF 0.10 4.53 4.73

� D 0:25 No control — 4.30 3.81
Control for confounders� — 3.81 3.79

(G)LMM — 4.28 3.80
PPCA 0.10 4.26 3.80
PF 0.12 4.26 3.80
LFA 0.12 4.27 3.80
GMM 0.01 4.30 3.81
DEF 0.13 4.25 3.80

� D 0:5 No control — 4.30 3.85
Control for confounders� — 3.82 3.83

(G)LMM — 4.28 3.83
PPCA 0.11 4.27 3.83
PF 0.09 4.28 3.84
LFA 0.11 4.27 3.84
GMM 0.01 4.29 3.84
DEF 0.13 4.25 3.84

� D 1:0 No control — 6.71 5.52
Control for confounders� — 5.43 5.51

(G)LMM — 6.70 5.52
PPCA 0.14 6.70 5.52
PF 0.12 6.70 5.52
LFA 0.12 6.69 5.52
GMM 0.01 6.72 5.53
DEF 0.13 6.62 5.51

Table C.10: GWAS low-snr simulation V: Spatial model. (“Control for confounders” means including the unobserved confounders as co-

variates.) The deconfounder often outperforms LMM;DEF often performs the best among the five factor models. Yet, the deconfounder

does not outperform using the (unobserved) confounder information. Spatially-induced SNPs challengemany latent variable models to

capture its patterns and fully deconfound causal inference. Predictive checking offers a good indication of when the deconfounder fails:

GMMpoorly captures the SNPs; it can amplify the error in causal estimates.
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Control Average predictive log-likelihood

No Control -1.1
Control forX -1.1
Control for Oappca -1.2
Control for Oapf -1.2
Control for Oadef -1.2
Control for . Oappca; X/ -1.3
Control for . Oapf; X/ -1.2
Control for . Oadef; X/ -1.2

Table C.11: Average predictive log-likelihood on a holdout set of all movies. (X represents the observed covariates.) Causal models (the

deconfounder) predicts slightly worse than predictionmodels.

Control Average predictive log-likelihood

No Control -2.5
Control forX -2.1
Control for Oappca -1.6
Control for Oapf -1.5
Control for Oadef -1.5
Control for . Oappca; X/ -1.7
Control for . Oapf; X/ -1.5
Control for . Oadef; X/ -1.6

Table C.12: Average predictive log-likelihood on the holdout set of non-Englishmovies. (X represents the observed covariates.) On a test

set of uncommonmovies, causal models with the deconfounder predict better than predictionmodels.

Control Average predictive log-likelihood

No Control -2.1
Control forX -1.9
Control for Oappca -1.4
Control for Oapf -1.2
Control for Oadef -1.3
Control for . Oappca; X/ -1.4
Control for . Oapf; X/ -1.3
Control for . Oadef; X/ -1.2

Table C.13: Average predictive log-likelihood on the holdout set of non-drama/comedy/actionmovies. (X represents the observed covari-

ates.) On a test set of uncommonmovies, causal models with the deconfounder predict better than predictionmodels.
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Model Simulation details

Balding-Nichols
Model (Balding-
Nichols)

Each row i of � has i.i.d. three independent and identically distributed
draws from the Balding- Nichols model: 
ik

i id
� BN.pi ; Fi/; where

k 2 f1; 2; 3g. The pairs .pi ; Fi/ are computed by randomly se-
lecting a SNP in the HapMap data set, calculating its observed al-
lele frequency and estimating its FST value using the Weir & Cocker-
ham estimator (Weir and Cockerham, 1984). The columns of S were
Multinomial.60=210; 60=210; 90=210/, which reflect the subpopulation
proportions in the HapMap data set.

1000 Genomes
Project (TGP)

The matrix � was generated by sampling 
ik
i id
� 0:9�Uniform.0; 0:5/; for

k D 1; 2 and setting 
i3 D 0:05. To generate S , we compute the first
twoprincipal components of theTGPgenotypematrix aftermean centering
each SNP. We then transformed each principal component to be between
.0; 1/ and set the first two rows ofS to be the transformed principal compo-
nents. The third row of S was set to 1, i.e. an intercept.

Human Genome
Diversity Project
(HGDP)

Same as TGP but generating S with the HGDP genotype matrix.

Pritchard-
Stephens-
Donnelly (PSD)

Each row i of � has i.i.d. three independent and identically distributed
draws from the Balding- Nichols model: 
ik

i id
� BN.pi ; Fi/; where k 2

f1; 2; 3g. The pairs .pi ; Fi/ are computed by randomly selecting a SNP in
the HGPD data set, calculating its observed allele frequency and estimating
itsFST value using theWeir&Cockerham estimator (Weir and Cockerham,
1984). The estimator requires each individual to be assigned to a sub-
population, which were made according to the K D 5 subpopulations
from the analysis in Rosenberg et al. (2002). The columns of S were
sampled .s1j ; s2j ; s3j

i id
�Dirichlet.˛; ˛; ˛/ for j D 1; : : : ; m; ˛ D

0:01; 0:1; 0:5; 1:

Spatial The matrix � was generated by sampling 
ik
i id
� 0:9�Uniform.0; 0:5/;

for k D 1; 2 and setting 
i3 D 0:05. The first two rows of S corre-
spond to coordinates for each individual on the unit square and were set
to be independent and identically distributed samples from Beta.�; �/; � D
0:1; 0:25; 0:5; 1, while the third row of S was set to be 1, i.e. an intercept.
As � ! 0, the individuals are placed closer to the corners of the unit square,
while when � D 1, the individuals are distributed uniformly.

Table C.14: Simulating allele frequencies.
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D
Additional results for Chapter 7

D.1 Detailed simulation results

Figures 7.1 andD.1 explore how an unobserved confounder high correlatedwith exposures can affect the

rating predictions and ranking quality of recommendation algorithms.

FiguresD.2 andD.3 explore howanunobserved confounder high correlatedwith the rating outcome

can affect the rating predictions and ranking quality of recommendation algorithms.

In both simulations, we find that the deconfounded recommender is more robust to unobserved

confounding; it leads to smallerMSEs in rating prediction and higher NDCGs in recommendation than

its classical counterparts (Probabilistic/Poisson/Weighted MF) and the existing causal approach (ipw

MF (Schnabel et al., 2016)).
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Figure D.1: Varying confounding correlation 
� from 0.0 to 1.0 (
y D 3:0). The ranking quality of the deconfounded recommender

(green) is more robust to unobserved confounding than its classical counterpart (blue) and the existing causal approach (orange)

(Schnabel et al., 2016). Higher is better. (Results averaged over 10 runs.)
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Figure D.2: Varying confounding strength 
y from 0.0 to 5.0 (
� D 0:6). The rating predictions of the deconfounded recommender

(green) is more robust to unobserved confounding than its classical counterpart (blue) and the existing causal approach (orange)

(Schnabel et al., 2016). Lower is better. (Results averaged over 10 runs.)

D.2 Performance measures

Denote rank.u; i/ as the rank of item i in user u’s predicted list; let ytest
u as the set of relevant items in

the test set of user u.*

• ndcgmeasures ranking quality:

DCG D
1

U

UX
uD1

LX
iD1

2relui �1

log
2
.i C 1/

; NDCG D
DCG

IDCG
;

where L is the number of items in the test set of user u, the relevance relui is set as the rating of

user u on item i , and IDCG is a normalizer that ensuresNDCG sits between 0 and 1.
*We consider items with a rating greater than or equal to three as relevant.
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Figure D.3: Varying confounding strength 
y from 0.0 to 5.0 (
� D 0:6). The ranking quality of the deconfounded recommender (green)

is more robust to unobserved confounding than its classical counterpart (blue) and the existing causal approach (orange) (Schnabel et al.,

2016). Higher is better. (Results averaged over 10 runs.)

• Recall@k. Recall@k evaluates howmany relevant items are selected:

Recall@k D
1

U

UX
uD1

X
i2ytest

u

1frank.u; i/ � kg

min.k; jytest
u j/

:

• MSE. MSE evaluates how far the predicted ratings are away from the true rating:

MSE D
1

j.u; i/ 2 ytestj

X
.u;i/2ytest

. Oyui � yui/
2:

D.3 Experimental Details

For weighted matrix factorization, we set weights of the observation by cui D 1C ˛yui where ˛ D 40

following (Hu et al., 2008).

ForGaussian latent variables inprobabilisticmatrix factorization,weusepriorsN .0; 1/orN .0; 0:12/.

For Gamma latent variables in pf, we use prior Gamma.0:3; 0:3/:

For inverse propensity weighting (ipw) matrix factorization (Schnabel et al., 2016), we following

Section 6.2 of Schnabel et al. (2016). We set the propensity pui to be pui D k for ratings yui � 4 and

pui D k˛
4�yui for ratings yui < 4, where ˛ D 0:25 and k is set so that 1

U �I

PU
uD1

PI
iD1 pui D 0:05.

We then perform inverse propensity weighting (ipw) matrix factorization with the estimated propensi-

ties.
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E
Proofs for Chapter 8

E.1 Substitute confounder and single-outcome variables

In this section,we showthat a substitute confounder cannotbeboth single-outcomeandpinpointed.

Lemma E.1.1: . No single-outcome variable can be measurable with respect to a valid substitute con-

founder.

Proof. This proof repeats the proof of Proposition 4.1.1 (or equivalently Lemma 4 in Wang and Blei

(2019a)).

The key idea behind the proof is the following. We assume the outcomes pinpoint the substitute

confounder (Assumption 8.1.2). Moreover, we require that the converse is not true, i.e., that the substi-

tute does not pinpoint the outcomes, or equivalently, the outcomes are not deterministic functions of

the substitute confounder. Further, we require that the factormodel can not have one component of the

substitute a priori be a deterministic function of another component. Probabilistic factor models also

satisfy all these requirements.
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The proof then follows by contradiction: if the substitute picks up single-outcome variables then

the factor model must be “degenerate,” i.e., non-probabilistic.

Suppose the substitute confounderZ does pickup a single-outcomevariable. Then separateZ into a

single-outcomecomponent and amulti-outcomeone,Z D .Zs; Zm/:Without loss of generality, assume

the single-outcome component only depends on the study outcome. A valid substitute confoundermust

satisfy

p.z jy; y;
1 ; : : : ; y

;
m; �/ D p.zs; zm jy; y

;
1 ; : : : ; y

;
m I �/ D ı.fs.y;y;

1 ;:::;y;
m I �/;fm.y;y;

1 ;:::;y;
m I �//; (E.1)

where f .�/ are the deterministic functions that map outcomes to substitute confounders.

Now calculate the conditional distribution of the single-outcome component given the outcomes,

p.zs jy; y
;
1 ; : : : ; y

;
m/

D p.zs jy; y
;
1 ; : : : ; y

;
m; zm D fm.y; y

;
1 ; : : : ; y

;
m I �/// (E.2)

D p.zs jy; zm D fm.y; y
;
1 ; : : : ; y

;
m I �/// (E.3)

D
p.zs j zm D fm.y; y

;
1 ; : : : ; y

;
m I �// � p.y j zs; zm D fm.y; y

;
1 ; : : : ; y

;
m I �//

p.y j zm D fm.y; y
;
1 ; : : : ; y

;
m I �//

: (E.4)

Equation (E.2) is due to the pinpointability assumption. Equation (E.3) is due to Zs ? Y ;
1Wm jY;Zm.

Equation (E.4) is due to the definition of conditional probability.

Equations (E.1) and (E.4) imply that at least one of p.zs j zm D fm.a I �// and p.y j zs; zm D

fm.y; y
;
1 ; : : : ; y

;
m; I �// is a point mass. But this is a contradiction: either term being a point mass

implies that the factor model is degenerate. The former is a point mass when one componentZs of the

substitute is a deterministic function of another component Zm. The latter is a point mass when the

study outcome is a deterministic function of the latentZ.
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E.2 Proof of Theorem 8.1.1

Proof. Assumptions 8.1.2 and 8.1.3 guarantee that the substitute confounderZi and the covariatesXi

satisfy weak unconfoundedness. Moreover, Zi can be pinpointed from the observed data. Further, As-

sumption 8.1.4 ensures that overlap holds with Zi ; Xi . Hence, we can treat Zi as if it were observed

confounders asXi and proceed with causal inference:

E ŒYi.a/� D EZi ;Xi
ŒE ŒYi.a/ jZi ; Xi �� (E.5)

D EZi ;Xi
ŒE ŒYi.a/ jAi D a;Zi ; Xi �� (E.6)

D EZi ;Xi
ŒE ŒYi jAi D a;Zi ; Xi �� ; (E.7)

where the first equality is due to the tower property, the second equality is due to Assumption 8.1.3, and

the third equality is due to SUTVA.

Similarly, we have

E
�
Yi.a/ jAi D a

0
�
D EZi ;Xi j Ai Da0

�
E
�
Yi.a/ jAi D a

0; Zi ; Xi

��
(E.8)

D EZi ;Xi j Ai Da0 ŒE ŒYi.a/ jAi D a;Zi ; Xi �� (E.9)

D EZi ;Xi j Ai Da0 ŒE ŒYi jAi D a;Zi ; Xi �� : (E.10)

E.3 Proof of Theorem 8.2.1

We first prove the first part.
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X

Ai D0

wIPW
i fy.Y

;
ij /� (E.11)

DE

"
1

nP.Ai D 1/

nX
iD1

�1fAi D 0g
P.Ai D 1 jZi ; Xi/

P.Ai D 0 jZi ; Xi/
fy.Y

;
ij /

#
(E.12)

D
1

nP.Ai D 1/
E

"
nX

iD1

P.Ai D 1 jZi ; Xi/
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E
�
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;
ij / jZi ; Xi
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D
1

nP.Ai D 1/
E

"
nX

iD1

P.Ai D 1 jZi ; Xi/
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�
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1
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E

"
nX

iD1
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The first equality is due to the definition of the inverse probability weights. The second equality is

due to the tower property. The third equality is due to fy.Y
;

ij / ? Ai jZi ; Xi : The fourth equality is

due to canceling out P.Ai D 0 jZi ; Xi/. The fifth equality is again due to fy.Y
;

ij / ? Ai jZi ; Xi :.

The sixth equality is due to the tower property.

We can prove the other equalities of the first part with the exact same argument.

Next, prove the second part.

First, whenm!1 (due to Assumption 8.1.2),

P.Zi jYi ; Y
;

i1; : : : ; Y
;

im/ D ıf .Yi ;Y ;
i1

;:::;Y ;
im

/ D ıf1.Y ;
i1

;:::;Y ;
im

/; (E.19)
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for some function f1. The reason is that whenm ! 1, any infinite subset of Yi ; Y
;

i1; : : : ; Y
;

im would

pinpoint Zi (Chen et al., 2019). Hence Y ;
i1; : : : ; Y

;
im would be sufficient to pinpoint Zi , i.e. Zi ?

Yi jY
;

i1; : : : ; Y
;

im. Therefore, Equation (E.19) holds and f1 must be linear as is f , which implies

E

24X
Ai D0

wIPW
i Zi

35 D E

24 1Pn
Ai D1 1fAi D 1g

X
Ai D1

Zi

35 (E.20)

Next, using the Lagrangianmultipliers, one can show the solution to the optimization problemwith

constraints Equation (8.35), Equation (E.20) and Equation (8.34) is

wSC
i D exp.˛ C �ZZi C �X �Xi//; (E.21)

where ˛ D log P.Ai D1/

P.Ai D0/
(Cover and Thomas, 2012; Zhao and Percival, 2017). This solution of wSC

i

coincides with wIPW
i when the propensity score model is log-linear in Zi ; Xi . Moreover, wSC

i satisfies

Equation (8.33) because Y ;
ij is weak unconfounded givenZi ; Xi (Assumption 8.1.3).
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F
Other research work during Ph.D. studies

This chapter summarizes my other research work during Ph.D. studies.

Theory of variational inference The empirical success of many machine learning algorithms is excit-

ing. However, a fundamental theoretical understanding of why theyworkwell is necessary for practition-

ers to apply themwith trust. One such algorithm is variational Bayes (vb), which is a modern alternative

to the classicalMarkov chainMonteCarlo for latent variable inference. Despite its wide empirical success

in massive datasets, it has been a long-standing open problem to develop general theoretical guarantees

for variational Bayes.

Along this line, Wang and Blei (2019b) establish frequentist consistency and asymptotic normality

of VB methods. Specifically, we connect VB methods to point estimates based on variational approxi-

mations, called frequentist variational approximations, and we use the connection to prove a variational

Bernstein–von Mises theorem. The theorem leverages the theoretical characterizations of frequentist

variational approximations to understand asymptotic properties of vb. In summary, we prove that (1)

the vb posterior converges to the Kullback-Leibler (kl) minimizer of a normal distribution, centered
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at the truth and (2) the corresponding variational expectation of the parameter is consistent and asymp-

totically normal. As applications of the theorem, we derive asymptotic properties of vb posteriors in

Bayesian mixture models, Bayesian generalized linear mixed models, and Bayesian stochastic block mod-

els. We conduct a simulation study to illustrate these theoretical results.

Further, Wang and Blei (2019c) study vb under model misspecification. We prove the vb poste-

rior is asymptotically normal and centers at the value that minimizes the kl divergence to the true data-

generating distribution. Moreover, the vb posterior mean centers at the same value and is also asymp-

totically normal. These results generalize the variational Bernstein–von Mises theorem (Wang and Blei,

2019b) to misspecified models. As a consequence of these results, we find that the model misspecifi-

cation error dominates the variational approximation error in vb posterior predictive distributions. It

explains thewidely observed phenomenon thatvb achieves comparable predictive accuracywithMarkov

chain Monte Carlo (mcmc) even though vb uses an approximating family. As illustrations, we study

vb under three forms of model misspecification, ranging from model over-/under-dispersion to latent

dimensionality misspecification. We conduct two simulation studies that demonstrate the theoretical

results.

Finally, Wang et al. (2019a) establish a connection between variational autoencoder (vae) and em-

pirical Bayes. We show that a vae approximates one form of empirical Bayes inference: in Efron’s lan-

guage (Efron et al., 2019), it performs g-modeling with a particular parametric form of g.

Model misspecification and robust machine learning Many machine learning algorithms require

positing a correct model of the data generating process. However, in practice, all models are wrong; they

only approximate the reality. The challenge of model misspecification calls for new ways of thinking in

designing robust machine learning algorithms.
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In this direction,Wang et al. (2017) propose a way to systematically detect andmitigatemismatch of

a large class of probabilisticmodels. The idea is to raise the likelihood of each observation to a weight and

then to infer both the latent variables and the weights from data. Inferring the weights allows a model to

identify observations that match its assumptions and down-weight others. This enables robust inference

and improves predictive accuracy. We study four different forms of mismatch with reality, ranging from

missing latent groups to structuremisspecification. APoisson factorization analysis of theMovielens 1M

dataset shows the benefits of this approach in a practical scenario.

Wang and Zubizarreta (2019) study causal inference algorithms that are robust to model misspecifi-

cation. We focus onminimal dispersion approximately balancing weights, an algorithm that can consis-

tently estimate average treatment effects without positing a treatment assignment model. This model-

free approach liberates us from biases due to model misspecification. In more detail, we observe a con-

nection between approximate covariate balance and shrinkage estimation of the propensity score. This

connection leads to both theoretical and practical developments. From a theoretical standpoint, we char-

acterize the asymptotic properties of minimal weights and show that, under standard smoothness con-

ditions on the propensity score function, minimal weights are consistent estimates of the true inverse

probability weights. Also, we show that the resulting weighting estimator is consistent, asymptotically

normal, and semiparametrically efficient. From a practical standpoint, we present a finite sample ora-

cle inequality that bounds the loss incurred by balancing more functions of the covariates than strictly

needed. This inequality shows that minimal weights implicitly bound the number of active covariate bal-

ance constraints. We finally provide a tuning algorithm for choosing the degree of approximate balance

in minimal weights. We conclude with four empirical studies that suggest approximate balance is prefer-

able to exact balance, especially when there is limited overlap in covariate distributions. In these studies,

we show that the root mean squared error of the weighting estimator can be reduced by as much as a half

with approximate balance.

Fair machine learning In additional to theoretical correctness, machine learning algorithms are of-

ten required to be fair in order to be deployed in practice. To this end, Wang et al. (2019b) design algo-

rithms that automate decision-making while reliably repairing historical discriminations. In more detail,

we propose two algorithms that adjust fitted machine learning (ml) predictors to make them fair. We

focus on two legal notions of fairness: (a) providing equal opportunities (eo) to individuals regardless
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of sensitive attributes and (b) repairing historical disadvantages through affirmative action (aa). More

technically, we produce fair eo andaa predictors by positing a causal model and considering counterfac-

tual decisions. We prove that the resulting predictors are theoretically optimal in predictive performance

while satisfying fairness. We evaluate the algorithms, and the trade-offs between accuracy and fairness, on

datasets about admissions, income, credit and recidivism.

212



Bibliography

Chen, Y., Li, X., and Zhang, S. (2019). Structured latent factor analysis for large-scale data: Identifia-
bility, estimability, and their implications. Journal of the American Statistical Association.

Cover, T. M. and Thomas, J. A. (2012). Elements of information theory. JohnWiley & Sons.

D’Amour, A. (2018). (Non-)identification in latent confounder models. http://www.alexdamour.
com/blog/public/2018/05/18/non-identification-in-latent-confounder-models/.
Accessed: 2018-05-29.

D’Amour, A. (2019a). On multi-cause approaches to causal inference with unobserved counfounding:
Two cautionary failure cases and a promising alternative. In The 22nd International Conference on
Artificial Intelligence and Statistics, pages 3478–3486.

D’Amour, A. (2019b). On multi-cause causal inference with unobserved confounding: Counterexam-
ples, impossibility, and alternatives. arXiv preprint arXiv:1902.10286.

Efron, B. et al. (2019). Bayes, oracle Bayes and empirical Bayes. Statistical Science, 34(2):177–201.

Hu, Y., Koren, Y., and Volinsky, C. (2008). Collaborative filtering for implicit feedback datasets. In
DataMining, 2008. ICDM’08. Eighth IEEE International Conference on, pages 263–272. IEEE.

Miao,W., Geng, Z., and Tchetgen Tchetgen, E. J. (2018). Identifying causal effects with proxy variables
of an unmeasured confounder. Biometrika, 105(4):987–993.

Rosenberg, N. A., Pritchard, J. K., Weber, J. L., Cann, H. M., Kidd, K. K., Zhivotovsky, L. A., and
Feldman, M.W. (2002). Genetic structure of human populations. Science, 298(5602):2381–2385.

Schnabel, T., Swaminathan, A., Singh, A., Chandak, N., and Joachims, T. (2016). Recommendations
as treatments: Debiasing learning and evaluation. arXiv preprint arXiv:1602.05352.

Song, M., Hao, W., and Storey, J. D. (2015). Testing for genetic associations in arbitrarily structured
populations. Nature Genetics, 47(5):550–554.

Wang, Y. and Blei, D. M. (2019a). The blessings of multiple causes. Journal of the American Statistical
Association, 114(528):1574–1596.

Wang, Y. and Blei, D.M. (2019b). Frequentist consistency of variational Bayes. Journal of the American
Statistical Association, 114(527):1147–1161.

Wang, Y. and Blei, D. M. (2019c). Variational Bayes under model misspecification. In Advances in
Neural Information Processing Systems, pages 13357–13367.

Wang, Y., Kucukelbir, A., and Blei, D. M. (2017). Robust probabilistic modeling with Bayesian data
reweighting. In International Conference onMachine Learning, pages 3646–3655.

213

http://www.alexdamour.com/blog/public/2018/05/18/non-identification-in-latent-confounder-models/
http://www.alexdamour.com/blog/public/2018/05/18/non-identification-in-latent-confounder-models/


Wang, Y., Miller, A. C., Blei, D. M., et al. (2019a). Comment: Variational autoencoders as empirical
Bayes. Statistical Science, 34(2):229–233.

Wang, Y., Sridhar, D., and Blei, D. M. (2019b). Equal opportunity and affirmative action via counter-
factual predictions. arXiv preprint arXiv:1905.10870.

Wang, Y. and Zubizarreta, J. R. (2019). Minimal dispersion approximately balancing weights: asymp-
totic properties and practical considerations. Biometrika. asz050.

Weir, B. S. andCockerham,C.C. (1984). Estimating f-statistics for the analysis of population structure.
Evolution, 38(6):1358–1370.

Zhao, Q. and Percival, D. (2017). Entropy balancing is doubly robust. Journal of Causal Inference, 5(1).

214


	Title Page
	Table of Contents
	Acknowledgments
	Dedication
	Introduction
	(Multiple) causal inference
	The potential outcome notation for (multiple) causal inference
	Observational data and causal identification
	Confounders and the unconfoundedness assumption
	Assessing unconfoundedness with causal DAG
	Discussion

	Multiple causes and the deconfounder
	Multiple causal inference with the deconfounder
	The identification strategy of the deconfounder
	Practical details of the deconfounder
	A conversation with the reader
	Connections to GWAS
	Related work

	Causal identification of the deconfounder
	The unconfoundedness of the substitute confounder
	Causal identification of the deconfounder

	A causal graphical view of the deconfounder
	Multiple causes with shared confounding
	Multiple causes on general causal graphs
	Related work
	Discussion

	Empirical studies of the deconfounder
	Two causes: How smoking affects medical expenses
	Many causes: Genome-wide association studies
	Case study: How do actors boost movie earnings?

	The deconfounder on recommender systems
	The deconfounded recommender
	Empirical Studies
	Related work
	Discussion

	Multiple control outcomes and the control-outcome deconfounder
	Causal inference with multiple control outcomes
	Synthetic control as the control-outcome deconfounder
	Empirical study: How effective are recommendations?
	Related work
	Discussion

	The debate around the deconfounder
	alex2018blog,DAmour:2019b,d2019multi,damourcomment
	ogburncomment,ogburn2019comment,Ogburn:2020

	Conclusions
	Bibliography
	Proofs for ch:dcf_theory
	Proof of thm:deconfounderfactor
	Proof of thm:atesubsetidentify
	Proof of thm:conditionalpoidentify

	Proofs for ch:dcf_SEM
	Proof of thm:idsharedZ
	Examples of assumption:null-proxy-sharedZ
	Example: A linear causal model
	Proof of thm:dcfcorrect-sharedZ
	Existence of solutions to the integral equations 
	Proof of lemma:reduce
	Proof of lemma:idgeneralredZ
	Proof of thm:idgeneral
	Proof of thm:dcfcorrect-general
	Constructing candidate f(a_==========N)'s from the deconfounder outcome model

	Additional results for ch:dcf_expm
	Causal identification with a quadratic factor model and a linear outcome model
	Causal identification with a Bernoulli factor model and a linear outcome model
	Causal identification with a linear factor model and a linear outcome model
	Detailed results of the GWAS Study
	Detailed results of the Movie Study
	Details of subsec:gwasstudy

	Additional results for ch:dcf_recsys
	Detailed simulation results
	Performance measures
	Experimental Details

	Proofs for ch:dcf_outcomes
	Substitute confounder and single-outcome variables
	Proof of thm:control-outcome-dcf
	Proof of thm:connection

	Other research work during Ph.D. studies
	Bibliography

