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Abstract
On the Kéhler Ricci flow, positive curvature in Hermitian geometry and non-compact Calabi-Yau
metrics

Cheng Yu Tong

In this thesis, we study three problems in complex geometry. In the first part, we study the
behaviour of the Kihler-Ricci flow on complete non-compact manifolds with negative
holomorphic curvature. We show that Kéhler-Ricci flow converges to a Kéhler-Einstein metric
when the initial manifold admits a suitable exhaustion function, thus improving upon a result of
D. Wu and S.T. Yau [1]. These results are partially obtained in [2] and partly obtained in joint
work with S. Huang, M.-C. Lee and L.-F. Tam in [3].

In the second part of this thesis, we introduce a new Kodaira-Bochner type formula for closed
(1, 1)-form in non-Kahler geometry. Based on this new formula, We propose a new curvature
positivity condition in non-Kahler manifolds and proved a strong rigidity type theorem for
manifolds satisfying this curvature positivity condition. We also find interesting examples
non-Kahler manifolds satisfying the curvature positivity condition in a class of manifolds called
Vaisman manifolds. These results are obtained in [4].

In the third part of this thesis, we study the degenerations of asymptotically conical Calabi-Yau
manifolds as the Kahler class degenerates to a non-Kahler class. Under suitable hypothesis, we
prove the convergence of asymptotically conical Calabi-Yau metrics to a singular asymptotically
conical Calabi-Yau current with compactly supported singularities. Using this, we construct

singular asymptotically conical Calabi-Yau metrics on non-compact singular varieties and



identify the topology of these singular metrics with the singular variety. We also give some
interpretations of these asymptotically conical Calabi-Yau metrics from the point of view of

physics. These results are obtained in joint work with T. Collins and B. Guo in [5].
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Chapter 1: Introduction and Background

1.1 Overview

This thesis is concerned with metrics with special curvature properties in complex geometry.
It is a longstanding theme in differential and complex geometry that existence of special metrics
with special curvature properties reveal a lot about the topology and algebraic geometry of the
underlying space. The existence and analysis of these special metrics can be often reduced to
studying the behaviour of certain nonlinear elliptic and parabolic PDEs, an important example
is the complex Monge-Ampere equation, which is the primary tool in the solution of the Calabi
conjecture due to Yau [6]. We will also explore some variations of this theme in this thesis, in
particular, the elliptic and parabolic complex Monge-Ampere equation will play a big role in this
thesis.

More specifically, this thesis is concerned with the study of three problems in complex geom-
etry. In Chapter 2, we will study the behaviour of the Kihler-Ricci flow on complete manifolds
with negative holomorphic sectional curvature. In [7], Wu and Yau proved the existence of Kéhler-
Einstein metrics on complete Kihler manifolds of negative holomorphic sectional curvature as-
suming the curvature is bounded, it is natural to ask whether the Kéhler-Ricci flow converges to
this Kéhler-Einstein metric on such manifolds and whether one can recover their results using the

Kihler-Ricci flow. In the fist part of this Chapter, we prove the following theorem

Theorem 1.1.1 (Tong [2]). Let (M, wq) be a complete Kdhler manifold with bounded curvature
and satisfying

Heyo(n) < —klnl* (1.1)

for some O < k. Then the normalized Kdhler-Ricci flow starting at any metric which is uniformly



equivalent to wq exists for all time and converges smoothly to a complete Kdhler-Einstein metric

with negative scalar curvature.

This also gives a simplified proof of the theorem of Wu and Yau using Kdhler-Ricci flow. In
the second half of the Chapter, we will replace the bounded curvature assumption by a weaker

assumption of the existence of an exhaustion function.

Theorem 1.1.2 (Huang-Lee-Tam-Tong, [3]). If we replace the bounded curvature assumption in

Theorem 1.1.1 with the following assumption.

» There exists a smooth exhaustion function p > 1 such that

10ple, , V=189ple
p p

lim sup =0.

p—00

Then the same conclusion as Theorem 1.1.1 holds.

This allows us to improve upon the theorem of Wu and Yau by allowing for the possibility of
unbounded curvature. In order to prove this theorem, we will also develop some techniques for
starting the K#hler-Ricci flow on complete Kihler manifolds with unbounded curvature.

In Chapter 3, we introduce a new Kodaira-Bochner type formula for closed (1, 1)-form for non-
Kihler manifolds. Based on this new formula, We propose a new curvature positivity condition in
non-Kahler manifolds, which we call Q-nonnegativity (see Chapter 2 for precise definition) and
proved a rigidity theorem for such manifolds.

Theorem 1.1.3 (Tong). Suppose (X, J, g) is a compact Hermitian manifold which is Q-nonnegative,
then any class in the (1, 1) Bott-Chern cohomology H}g’é(X ) contains a unique representative which

is parallel respect to the Bismut connection.

We also find interesting examples non-Kahler manifolds satisfying the Q-nonegativity condi-
tion in a class of manifolds called Vaisman manifolds.
In Chapter 4, we study the degenerations of asymptotically conical Calabi-Yau manifolds as

the Kahler class degenerates to a non-Kahler class. The main application of this work is that we
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are able to construct many examples of singular Calabi-Yau metric on quasi-projective algebraic
varieties which are asymptotic to a cone on a complete end. These singular metrics are constructed
by first resolving the singularities of the quasi-projective variety, solving a degenerate complex
Monge-Ampere equation on the resolution, which gives the singular Calabi-Yau metric at the level
of a Kahler current. We then go on to show that the metric geometry of this Calabi-Yau current is

homeomorphic to the quasi-projective variety itself.

1.2 Background and Convention

Before we move on to the next 3 chapters, we will fix some conventions that we will use
throughout this thesis.

Let (X, J, g) be a compact Hermitian manifold, then in local holomorphic coordinates, we can
write w = 3; g,-j\/—_ldzi Ad7.

On the holomorphic tangent bundle, there is a natural connection called the Chern connection,

which in holomorphic coordinate is

ViX/ = 9;X/ + T X! (1.2)

V:X/ = 9:X/ (1.3)
where the connection coefficients are given by
Fii = g]makgn_u

The Torsion tensor of the Chern connection is T(X,Y) = VxY — VyX — [X,Y] and it satisfies
T(JX,Y)=T(X,JY). Hence the torsion has no (1, 1)-component, and it is entirely determined by

its (2, 0)-component. In local holomorphic coordinates, this is given by

k _ vk k
Ty =Ty -1



If the torsion is zero, then we say the metrics is Kihler, this is if and only if the Kéhler form w is
closed.

The curvature of the Chern connection satisfies the symmetry
RX,Y,W,Z)=R(UX,JY,W,Z)=R(X,Y,JW,JZ)

this implies the curvature has no (2,0) or (0,2) components and the entire curvature tensor is
determined by the (1, 1)-part, which in holomorphic coordinates is given by

I _  aril
Rijk - _ajrik'

The Chern connection can be characterized as the unique connection such that is Hermitian i.e
Vg = 0 and satisfy V%! = 0710, where V%! is the (0, 1) part of the connection and d;1.,, is the

d-bar operator on holomorphic vector bundles.



Chapter 2: Kihler-Ricci flow and negative holomorphic sectional curvature

Suppose X is a complex manifold and w a Hermitian metric on X. Then the holomorphic

sectional curvature of w is defined to be

Hw(ﬂ) = R(n’ n,1, ﬁ) (21)

and we say that the holomorphic sectional curvature is bounded above (or below) by « if

H,() < )«nl*

for all 7 € T'°Xand for convenience, sometime we will just write H,, < (>)«.

The holomorphic sectional curvature is an important quantity in complex geometry, it occurs
very naturally in a Schwartz lemma [8] which plays an important role in the theory of hyperbolicity,
in fact the Schwarz lemma implies that manifolds with negative holomorphic sectional curvature
are hyperbolic. A longstanding conjecture by Kobayashi states that hyperbolic manifolds have
an ample canonical bundle. Motivated by this conjecture, Yau conjectured that manifolds with
negative holomorphic sectional curvature have ample canonical bundle.

In 2015, Wu and Yau [1, 9, 7] proved this conjecture by showing the existence of Kihler-
Einstein metrics with negative scalar curvature on Kihler manifold (X, w) with negative holomor-
phic sectional curvature, and they also established the same result in the non-compact case. Their
result sheds light on the deep relationship between holomorphic sectional curvature and Ricci cur-
vature. The key input in their approach is to solve a complex Monge-Ampere equation by method
of continuity, and the key input is a crucial use of a Schwartz lemma, which they use to establish

apriori estimates along the method of continuity. A different approach to study the existence of



Kihler-Einstein metrics is using the Kéhler-Ricci flow. In this situation, the Kéhler-Ricci flow
apparoach has been explored by Nomura in [10], where he reproves the results in [1, 9] using the
Kihler-Ricci flow.

In Section 2.1, we will study the behaviour of the Kéhler-Ricci flow on manifold of negative
holomorphic sectional curvature. As a by-product, we recover the results of [7] by showing the
convergence of the normalized Kihler-Ricci flow to a complete Kéhler-Einstein metric. One ad-
vantage of this approach is that it relies only on elementary maximum principle and we are able
avoid some of the more sophisticated arguments used in [7]. This approach is also interesting from
the point of view of parabolic PDEs because the equation obtained (2.9), is a complex monge am-
pere equation with a background metric which is time dependent, hence the nonlinear parabolic
theory on manifolds developed in [11] does not apply. In Section 2.2, we extend the result to allow
for the possibility that the curvature of the initial metric is unbounded, along the way, we establish
some methods for starting the Kihler-Ricci flow from complete Kihler metrics with unbounded
curvature, which may be of independent interest. The content of this section is obtained in joint

work in [3].

2.1 The case of bounded curvature

In this section, we show that the Kihler-Ricci flow on a complete manifold with negative
holomorphic sectional curvature and bounded curvature always exists for all time and converges
to a Kéhler-Einstein metric of negative holomorphic curvature, thereby recovering the result of

Wu-Yau [7]. The main theorem of this section is the following

Theorem 2.1.1. Let (M, wy), is a complete Kdhler manifold with bounded curvature, that is
sup|Rm(wo)|< B
M

for some constant B > 0, and suppose that the holomorphic sectional curvature of wq is bounded



above by a negative constant,

Hw()(rl) = Rw()(r], 77’ 77’ ﬁ) < _K|77|4

for some k > 0. Then the normalized Kdihler-Ricci flow starting at wq exists for all time and
converges smoothly to a complete Kdihler-Einstein metric wigg of negative scalar curvature on M

which satisfies
1. Ric(wKE) = —WKE
2. C'wy < wikr < Cwy

3. |VL Rm(wkE)|wir< Ci

WKE

for constants C and Cy, for 1 =0, 1, ... depending only on B and «.

From the rest of Section 2.1, let us assume wy is a complete Kihler metric of bounded curvature

and whose holomorphic sectional curvature is bounded above by a negative constant «.

2.1.1 Lower bound on the evolving metric

In this section, we prove a key estimate on the lower bound of the evolving metrics along the
Kihler-Ricci flow.

We note that the short time existence of the Ricci flow when (M, wg) is complete and has
bounded curvature was established by Shi in [12]. In this case, one can obtain a Ricci flow solu-
tion for short time which also has bounded curvature and satisfied his derivative estimates. The
uniqueness of this solution is proved by Chen and Zhu in [13].

From now on, let (M, w(t)) denote the solution of the normalized K&hler-Ricci flow with initial

metric wq obtained from Shi’s estimates. That is, w(?) satisfies

%w(t) = —Ric(w(t)) - w(t) (2.2)

w(0) = wg (2.3)



and the metrics w(?) are all complete with bounded curvature, are uniformly equivalent to the initial
metric wq and satisfies Shi’s derivative estimates.

Before we proceed to the main content of this section, we need a version of the maximum
principle on non-compact manifolds along the Ricci flow. This can be found for instance in [14],

but we will prove a version that we need here.

Proposition 2.1.1. Suppose (M, g(t)):cj0.1] is a complete solution of the Kdhler-Ricci flow with

bounded curvature. Then for any C? function f which is bounded above on M x [0, T], either

L. supyyiory S (X, 1) = supy, f(x,0)

2. There exist a sequence of points (xi, ty), such that

lim f(xx, )= sup f lim [V f|(xk, tx) =0
k—oo MXx[0,T] k—eo

0
(E = A) f(xk, k) 2 —&k
for some sequence g — 0.

Proof. From [15, p. 26] we know that there exist a proper smooth function p : M — R and a
constant C such that |Vp|,,< C, p(x) = Cry,(x) and |V2p|w0< C where r,,(x) is the distance
function from some point.

Then, if sup ;0.7 f (%, ) = sup,, f(x, 0), we are done, S0 suppose sup .07 f (X, ) > sup,, f(x, 0).
Pick points (xg, #x) to achieve the maximum of the function f(x, ) — % po(x), which has a maximum
since f is bounded above and p(x) > Cr(x) goes to infinity at infinity. Then it is easy to see that

tr # 0 for k large, so we have

. 1
lim f(xg, k)= sup f IVFICeks 1) = =V Pplgn(r)
k—co MX[0.T] k

P 10 1
(57 = Dk 1) 2 252 = Dp0) = =7 Agp (k)



since the metrics are uniformly equivalent along the Ricci flow, then |V pl,, < C implies |Vp|gp) <

C. We only need to show that [Agp|< C

t
IVaiP = VaoPl = 1Tey = Te))0kp)I< Cllg0) — Ty0)|< € Lm(s) ds
t
CJ |VRic(g(s))| ds < J l—ds
0 /2
and since JURS , we conclude that Pl 1S always bounded, wnich means NPIX
d si |V§(O) < C lude th |v§m |I< Cisal bounded, which |Agrypl<
C. O

Now we are ready to prove the key estimate on the lower bound of the evolving metrics w(?).
This is an adaptation of the Schwarz lemma calculation of Wu and Yau in [1]. The original cal-
culation is based on Yau’s generalized Schwarz lemma [16] and Royden’s improvement [8] to the

setting of holomorphic sectional curvature.

Proposition 2.1.2. Along the flow, we have

wo < max(n,

2n
it 1)K)w(t) (2.4)

for all time t, as long as the flow exists.

Proof. We compute the evolution of the quantity § = tr,) wo, adopting the notation that wy =
V=185 dz' A d7/ and w(t) = V-1g;; dz' A dz’, and we put a hat over all quantities and objects

associated to the metric wy



9 9 ;
(E - Aw(t)) §=5 tg Tgis — gMokai(g g;5)
= —glgh (—gk;)g, 7+ 88 Rz — 878" Rl — 8" gmindi Vg " Vig"

= &"8" g118i7 + 88" Rugij — 8" gmidi Vg Vg™

=S+ g Ry — " gmadi; Vg " Vig™

By Royden’s lemma. [8, pg. 552] we have

kKl ijp _ 2
8 8" Ryjis < — o kS
SO
8 n+1 f= A o
(E - Aw(f)) S < S - M KS - g gmngzjvk nv " (25)
and it follows
9 _A,nlS
0 A N loss ai ~ Do) VS,
- w — +
(az 0] 8 S 52
Cyontl o VSl g gmndirVig" Vg
= 2n 52 S

we need the following algebraic identity, which was one of the steps in Yau’s proof of the Calabi

conjecture. The proof can be found in [6, p.349]

VSl " gmagijVig"Vig™

<0
52 S

10



we obtain the following differential inequality for S.

1
nr s (2.6)
n

0
(E - Aw(r)) logS < 1-

Since S is bounded above by our assumption, we can apply the maximum principle to this inequal-

ity and get a uniform estimate for S up to any time,

2n
< )
S < max(n 1t DK
and this implies
2
wo < max(n, & Jw(t)
(n+ 1)k
giving the desired lower bound for the metrics w(?). m|

2.1.2 Upper bound for the metric

In this section we will provide an upper bound for the metric. To do this, we need to define a

potential ¢ and write the Kihler-Ricci flow equation as an equation of the potential ¢. Define

t n
o(x, 1) = ¢! I ¢* log “’(Sn) ds 2.7)
0 W
differentiating this equation gives
0 w()"
—p=1 - 2.8
5 = 108 o @ (2.8)

Then if we let @(1) = e (wo — i00 log w}) +id0 log W + 0, by (2.8), & satisfies the ODE,

o 5
Ew(t) = —Ric(w(?)) — &(1)

11



and since @(0) = wg, we can conclude from uniquess of solutions to ODE that @(f) = w(¢). Hence

the potential ¢ satisfies the equation

e H(wo —i0d1og W") +idd log W' +idA )"
£¢=10g( (wo g o)n gw ®) _y (2.9)
ot wj

Proposition 2.1.3. There exist a constant C > 0 depending only on B and « in theorem 2.1.1, such
that

lpl< C and lg|< Cte™
for any t.

Proof. We compute the evolution of ¢,

9529 (102D _ ) 5795

orf "o 08 Twn T TE 58T
0 - _ _

= () la(e_’(a)o — 100 log wy) +i00 log wy +i00¢) | — ¢

= Awiny — €ty (wo — id log wf) — ¢

we can rewrite this as

d : .
(E - Aw(t)) (e'9) = — try((wo + Ric(wp)) (2.10)
by the previous section we know that tr,,;) wo 1s bounded. Also by our assumptions, we know that
the curvature tensor at the initial time is bounded so |Ric(wg)|w, and tr, ;) wo are both bounded,

which gives a bound

|tre Ric(wo)|< C
so the right hand side of (2.10) is bounded

0

‘(E - Aw(r)) (€’¢)' <C (2.11)

12



we can apply the maximum principle to this and get
le'p|< Ct = |¢|< Cte™

then integrating this gives the bound on the potential ¢. O

Corollary 2.1.1. There exist a constant C > 0, depending only on the constants B and k in theorem
2.1.1, such that

C'wy < (1) < Cwy
for any t, as long as the flow exists.

Proof. From the equation (2.8), we know that
w®)" = e‘“‘/’wg
and by our proposition, we know that ¢ + ¢ is bounded for all time, hence we have
w(®)" < Cwy
and from the previous section, we also have
wo < Cow(?)

If we choose an orthonormal frame on the tangent space such that (go); 7=0i; and g; =20, then

the inequalities can be written as

n
[Ju<cC
i=1
and
|
—<cC
A

13



so combining them we get

noA
/1] = i=1 < Cn
[Tz Ai
this gives the upper bound for A;, which gives an upper bound for w(z). O

From this, the long time existence and convergence can be obtained from standard estimates
of the Kéhler-Ricci flow. For example, we can apply local estimates in [17] applied to the holo-
morphic coordinate systems constructed in [7] to obtain the result. For the sake of completeness,

we will provide an argument here, the argument is elementary in that it uses only the maximum
principle.
2.1.3 Long Time Existence

In this section, we show the flow exists for all time and the curvature and its covariant deriva-

tives are all bounded. The estimates are purely local and uses only the maximum principle.
Proposition 2.1.4. The flow (M, g(t)) exists for all time, and there exist constants C; depending

only on the constants B and « from theorem 2.1.1 such that

s;plvg(t)Rm<g<t>>|g<t>< C,

foranyt € [1,00).

Proof. Suppose the flow exists on a maximal time interval [0, Tiy,x), it suffices for us to bound the
curvature of w(?) are bounded up to the final time T},,x. Then by Shi’s theorem, we can then extend
the flow past time Tpox and we get our desired bounds on the covariant derivatives of curvature.

First we need an estimate on the derivative of the metric, such estimates were used by Yau in
his solution of the Calabi conjecture [6].

Consider the following quantity
S =Vgl3=g"¢" ¢""Vig5 Vigin = ITI;

14



where V is the connection with respect to some fixed reference metric g, and Tllk = Ff. .= ff . 1s the
difference of the connections. § satisfy the following identity
(2 — A)S = —|VTP=|VT|*+S — 2Re({g"*V,R'. . T!})
o1 = & Valipp Lik
= VTP~ T, *+S ~VR*T = R T % T

= —|VT|*—|Rm(g(#)) - Rm(8)|>+S —VR*xT —R*xT x T (2.12)
and
d kI pif nim kI Ai J & &
(E —Atrgg=—trgg—g R gi;—8"8 8/ ViginVignj (2.13)

see [18] or [19] for the calculations. By Shi’s theorem, we know the flow must exist for at least
some definite amount of time ¢ € [0, &) where £ depends only on the constant B in theorem 2.1.1.
So we can now fix ¢ = g(g/2) for instance, then by Shi’s theorem, the curvature of g and its
covariant derivatives are all bounded by constants depending only on the initial curvature bound
B.

Then the identity (2.12) gives
0 A A A
(E_A)S <S-VR*xT-R*xT*xT <C(S+1)

and from (2.13),

d
(5 ~AMtrg < M-M'S

so we have

(% —~ANS+Atrgg) <(C-AM S+ MA+C

Letting A = 2CM and applying the maximum principle, we obtain that S < C for some uniform
constant C.

Now we bound the curvature, the norm of the curvature tensor satisfies an inequality, [19,

15



Lemma 2.12]
0 2
(E — A)IRm|< C(|[Rm|+1) (2.14)
for C depending only on dimension. And from (2.12),
9 2
(5; A<D - IRm(g(#))]
so we have

(% — A)(|[Rm[+NS) < C(JRm|*+1) + N(D — [Rm(g)|?) (2.15)

= (C — N)|IRm(g)|>*+C + ND (2.16)
picking N = 2C. and applying the maximum principle gives the desired bound on cuvature. Then
the bounds on covariant derivatives of curvature follow by Shi’s estimates. O

2.1.4 Convergence

Proposition 2.1.5. There exist constants C; > 0 depending only on B and k from theorem 2.1.1

such that

18Ol cim gy < C
forallt € [1, ).

Proof. The proof follows a similar method as the one used to bound the derivative of the metric
under the Kéhler-Ricci flow in [18]. We will denote ¢ = g(1) and put a hat on all quantities

associated to ¢. Consider the quantities

k _ 1k k
Tij _Fij _Fij
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and define
( l)zl'cl...il_lij = Vlgl_ul-l.l—l’]—;.];
and
S =M}

we would like to obtain bounds for all the S;, this is the content of the following lemma.

Lemma 2.1.1. For every | > 0, there exist constants D; so that the quantities S; satisfies the
following inequality
0
(E = MN)S; < =S+ D(S; + 1) (2.17)

the constant D; > 0 depend only on C; from proposition 2.1.4 and C in corollary 2.1.1. Then there

exist constant B; > 0 depending only on D such that
S; < By.

forallt € [1, )

Proof. We prove this by induction on [/, for / = 0, this is true by the calculation in [18]. Suppose

the lemma is true for any / < k, then we compute
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6 k_l P P . 3 - - -
(5, =~ DSk = D8R gl It gP e g s (MU e (M
=1

" gilj_l o gik—lfk—lRqurigmﬁ(Mk)?lzmik_lpr(Mk);%

1---Jk-195

+ g g PR g (M), (ML,

1---Jk=19S
— gilfl . gik—l]Tk—lgpngERmﬁ(Mk);’rllmik_lpr(Mk);{I“.jkilqs
0 0 —
+kSi + <EM"’ M) + (M, EM/J — VM >~ VM
— (AMy., My) — (M, AM}) (2.18)

(2.19)
where A = g“EV,;Va and A = g“EVaV,; is its conjugate. Then we have

AM; = MM + g% [V, V1M (2.20)

k-1
— A _ c m
= AMk lzll Ril(Mk)il..,il_lci1+1...ik_1pr

FRSMOT o or + REOY e = REL, 4 (221)
and in particular we have
k=1 _ )
(Mi, AM) = (My, AMy) + ;} gt LR gl it gPA g g (M) (MO
+ gilel N gik_lfk_lqu'grggmﬁ(Mk)?:mikilprm
g g gPTR s (MY L (MY
_ gilﬁ - 'gik—lfk—lgpqgrngﬁ(Mk);’f.‘.ikilprm (2.22)
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so combining the computations above, we have

0 — o —
(57 = DSk = = VM= | VM P=2Re((5 = MMy, M) + kS (2.23)
r
0 _
< =Ske1 — 2Re<(6_ — MMy, M) + kSy (2.24)
r
next we compute,
0 — 0 = k-1
— — MMy = (— - NV¥IT 2.25
(at YMj ((% ) (2.25)
0 _ k-1 ) )
=V (= = AT+ R*xVE!IT+ > VR x VAT (2.26)
ot =
k=1, abg pl PR = k=1—j
= -V (g VaR; )+ R* V T+Z;V1R*V T (2.27)
J:
R . k—1 ] ]
= —Vk—‘(val?],p +VEUT % R+ R* VIT + > VIR % VAT (2.28)
j=1

=RxVKIT+ RxV¥IT+O(T,... V2T, R, ..., VFIR,R, ... ,VkR) (2.29)

where Q is some expression involving only the quantities in the bracket, in particular this term is

bounded by the induction hypothesis. So by the induction hypothesis, we have

0
(5, = DMl< C(VFIT|+1) = C(|My|+1) (2.30)
then from (2.24), we get
0
(5, = DSk < =Ster + Cu(Si + N 2.31)
< =Spe1 + Cr(S + 1) (2.32)

this proves the first part of the lemma. Next, from this we have
0
(E —AN)( Sk +AS—1) < (Cr = A)Sk +Cr + ACk1(Sk—1 + 1D

19



and by choosing A = Cy + 1 and using the induction hypothesis that S;_; is bounded, we get
0
(E —AN)( Sk +ASk—1) < =Sk + Cr + ACy_1(Bg-1 + 1)

applying the maximum principle, we get the bounds S; < B;, where we can set B; to be Cy +

ACk_l(Bk_l + 1). O

So we have uniform bounds on S, which means bounds on all derivatives of T in the holomor-
phic directions. But we claim that actually all derivatives of T are bounded. To see this, note that
the identity V;T} P = Iélfj P lej ' allows us to get rid of a derivative in the antiholomorphic direction
and replace it by curvature terms, which we know are bounded and have bounded derivatives. So
to bound the mixed derivatives, we can first commute the derivatives to move the antiholomorphic
ones in front and then use this identity and the fact that the curvature and all its derivatives are
bounded. From this we can conclude that |T|ck g¢y)< Ck it follows that [T'|cky 5< C, 50 We
get uniform bounds on the C¥ norms of T with respect to the fixed background metric. Then from

the following identity

X .
T &mk = Vigmj
we can get uniform bounds on the C* norm of g. O
Now we can prove the main theorem of this section.

Proof of theorem 2.1.1. By (2.1.3), we know that ¢(r) convergences in C° to some limit ¢, which

is continuous, and ¢ converges to 0 uniformly. Now from our definition of ¢, we have

t n
o(x, 1) = e_tJ e’ log w(sn) ds
0 W

and since w(s) is bounded in C* norm by our previous lemma, so the right hand side is bounded in

C* norm and we get uniform bounds of || Ck(M.go) for all k. Hence the convergence of ¢ t0 ¢ 18
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actually in C*. So we can take a limit of the following equation

[e™!(wo — 100 log W) +i0d log W} + iddp]"

¢ = log - -
)

and we get ) .
({00 1og wiy +i00¢pc)" _

0 =log Yoo

n
@
hence we, = id0 log wy+1i 00 ¢ is Kihler-Einstein and the bounds on the curvature and its covari-

ant derivatives follows from the C*™ convergence of the metrics. O

2.2 The case of unbounded curvature

In this section, we will extend the results of the last section to the case of possibly unbounded
curvature assuming the existence of an exhaustion function. This is based on joint work with S.
Huang, M.C. Lee and L.F. Tam [3]. We first give a rather general condition for a normalized

Kihler-Ricciflow to converge to a Kidhler-Einstein metric.

Theorem 2.2.1. Suppose there is a complete noncompact Hermitian metric h on a complex man-
ifold M compatible with the complex structure J such that the torsion T and the holomorphic

sectional curvature Hy, satisfies
n —~ o~
Hyp+ ——|V5T|p< —k (2.33)
n+1

for some k > 0. Then any long-time solution of normalized Kdihler-Ricciflow g(t) will converge
in C> 1o the unique Kdihler-Einsteinmetric g = —Ric(gw). In particular, there is no Ricci flat

Kdihlermetric on M compatible with the same complex structure J.

Here V is the derivative with respect to the Chern connection of 4. See [20] for more details
on the Chern connection, its torsion and curvature. See also [21] for a related assumption on the

Hermitian metric.
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By the theorem, to obtain a K#hler-Einstein metric, in some cases it is sufficient to obtain a

longtime solution to the Kéhler-Ricciflow. In this respect, we will prove the following:

Theorem 2.2.2. Let (M", go) be a complete noncompact Kdihlermanifold and h be a fixed complete

Hermitian metric on M such that the following hold.

(i) There exists a smooth exhaustion function p > 1 such that

(1+1|Vgoln) +

V=19dplu | _
p 9

(ii) the holomorphic sectional curvature of h and torsion of h satisfy

n

Hy, + |§(§f|h< -k

n+1

for some constant k > 0;
(iii) there exists @ > 1 such that on M, o 'go < h < ago, |f|h< a;

Then there is B(n,a) > 0 such that the Kdhler-Ricciflow has a complete solution g(t) on M X
[0, +00) with g(0) = go and satisfies

Bh < g(1)
on M x [0, +c0).

Remark 2.2.1. It is known that if M has bounded curvature, then it will support an exhaustion
function p with bounded gradient and Hessian [12, 22]. Hence if 4 is uniformly equivalent to a
complete Hermitian metric with bounded Riemannian curvature and bounded torsion, then condi-
tion (i) in the theorem will be satisfied. See also a recent result in [23]. Hence condition (i) is more

general than the condition that the curvature is bounded for Kihler metrics.

Putting the two theorems together we get the following generalization of the theorem of Wu

and Yau.
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Corollary 2.2.1. Let (M, wo) be a complete Kdihler manifold satisfying H,,, < —« for some k > 0

and the following condition

* There exists a smooth exhaustion function p > 1 such that

10p]w + | V_165p|w
P P

=0.

lim sup

pP—00

Then the normalized Kdhler-Ricci flow exists for all time and converges smoothly to a unique

complete Kdhler-Einstein metric with negative scalar curvature.

The main difficulty in this setting is with starting the flow, since the short-time existence theory
of Shi does not apply when the initial curvature is unbounded. In order to start the Kihler-Ricci
flow, we will use the techniques developed in [24] where we run the Chern-Ricci flow on a con-
formally changed manifold constructed from a large open set of the original manifold, and then
take a limit to obtain a complete Ricci flow. The complete flow will then be obtained as a limit
when we perform the conformal change on larger and larger open sets. The key estimate will be an
estimate on the uniform existence time for Chern-Ricci flow with holomorphic sectional curvature
bounded above, which we establish in Section 2.2.3. The estimate follows from a generalization

of the Schwartz lemma to the Hermitian case, which we will present in Section 2.2.2.

2.2.1 A short time existence lemma

In this section, we review the short-time existence for the complete Chern-Ricci flow for Her-
mitian manifolds with bounded geometry. We consider Hermitian metrics because as we shall see,
we will need to work with Hermitian metrics later on, since a conformally changed Kihler met-
ric may no longer be Kéhler. Let (M", gg) be a complete noncompact Hermitian manifold with
complex dimension n. In the following, connection and curvature will be referred to the Chern
connection and curvature with respect to the Chern connection. When the torsion vanishes, the
Chern connection coincides with the Levi-Civita connection. For basic facts on the Chern connec-

tion and curvature of Hermitian manifolds, we refer readers to [20] for example. The Chern-Ricci
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flow is the following

d ., _ -
aisi = ~Hip (2.34)
g0) = go.
where R;; = —0;0;5 log det(g(7)) is the Chern-Ricci curvature of g(7). This equation is equivalent to

the following parabolic complex Monge-Ampere equation:

PN C tRic(wo) + V=109y)"
o wg ’ (2.35)
Yy(0)= 0.
More precisely, if g(¢) is a solution to (2.34), let
! w'(x,s)
v(x,t) = JO log ( ') ) ds (2.36)
0

where w(?) and wq are the associated (1,1) forms of g(¢), go respectively. Then  satisfies (2.35).
One can see that w(f) = wg — tRic(wg) + V=1 851&. Conversely, if ¢ is a smooth solution to (2.35)
so that wg — tRic(wq) + \/—_1(9('_)1// > 0, then w(¢) defined by the above relation satisfies (2.34). We
will say that i is the solution of (2.35) corresponding to the solution g(#) of (2.34).

Let us recall the following definition of bounded geometry:

Definition 2.2.1. Let (M", g) be a complete Hermitian manifold. Let k& > 1 be an integer and
0 < a < 1. g is said to have bounded geometry of order k + « if there are positive numbers 7, k1, k2
such that at every p € M there is a neighbourhood U, of p, and local biholomorphism &, from

D(r) onto U, with £,(0) = p satisfying the following properties:

(i) the pull back metric f;‘; (g) satisfies:

Ki18e < &p(8) < K28e

where g, is the standard metric on C”;

(i1) the components g;; of £,(g) in the natural coordinate of D(r) ¢ C" are uniformly bounded
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in the standard C¥*® norm in D(r) independent of p.

(M, g) is said to have bounded geometry of infinity order if instead of (ii) we have for any k, the k-
th derivatives of g; in D(r) are bounded by a constant independent of p. g is said to have bounded

geometry of infinite order on a compact set €2 if (1) and (i1) are true for all k for all p € Q.

In [24], it has been shown that when (M, go) has bounded geometry of infinite order, the
Monge-Ampere equation (2.35) and hence the Chern-Ricci flow equation (2.34) has a short time

solution on M.

Lemma 2.2.1 (see [25, 24]). Let (M", go) be a complete noncompact Hermitian metric. Suppose
g0 has bounded geometry of infinite order, then (2.34) has a solution g(t) on M X [0, S] for some

S > 0 and there is a constant C > 0 such that C"'go < g(t) < Cgo.

2.2.2 A Schwartz lemma for Chern-Ricci flow

Now we will prove a Schwartz lemma for the Chern-Ricci flow. The calculations are analogous
to the ones in Proposition 2.1.2, except now we only assume the metrics are Hermitian and hence
we have to take care of the torsion terms.

Let (M", go) be a Hermitian manifold, and let g(#) be a solution of the Chern-Ricci flow with
initial metric g(0) = go and 4 is another Hermitian metric on M. Now we wish to obtain some a-
priori estimates for g(z). First we list some evolution equations which are related to the Chern-Ricci
flow. Let

Au =g u;;.

The following lemma concerns the evolution equation for the lower bound on evolving metric
g with respect to fixed metric 2 while in [20, Proposition 3.1], Tosatti-Weinkove considered the

upper bound of g.

Lemma 2.2.2. Let A =try h = g’j h;;. Then the evolution equation of A is given by

(% -~ A) A = (I) + (IT) + (III). (2.37)
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where

(1) =~/ g7 gPTWE WL+ 2Re [g"" g ey fqllgq(TO)piE] ;
(D) = g™ g/ "g " h ;7 (To) i [Tyish™ = (To)gise”]
+8"g" g hy ; [@p(To)qzi + @i(To)pfq] ;
(L) = g g" IR ,5:7.
Here Ty and T' are the torsion of metric gy and h respectively and

k ._ Pk _pk
wh o= 1 - Tk

where I, T are the Chern connections of h and g respectively.

In particular,

(D) < hprhegh*g g g gP(Ty) ia(To) 35

Moreover, evolution equation of log A is given by:

9 _ -1
(E _ A) log A = (IV) + A [ (D) + (11D |

with

(V) < A hprhegh* g g¢dgT gPT(To)sia(To) g5,

+2ARe hpfgafgil_gpq-(TO)ial_aq_A :
Proof.

Oitrgh = giqufhiprq.
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Atrg h =g gPiVV b5
= gijgpévq (qu)ihkf)
ij pg k sk kol
= g'/ g1 [(szii - qui) /’Lk]? + ‘Ppilpq-fhkl_ .
Using the fact that the torsion 7" of g(¢) satisfies 7; k= (To), k> We have
R

Riys = VpTgi — Vilpig

pgil = Rilpg
= Rijpg = VpT0)gi; = ViTo)pig-
Hence,
ioPdpy -RK = olighlopdp R
88 ki pgi 88 8 ki pqil

= 8" " iRy = 788" hy7 | Vp(To) g + ViTo)piz ] '
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Therefore,

34

= —hyg" "IN+ g g IR i + 87 8N gy ; [VP(TO)qu + VZ(TO)piq']

= —hygg TR+ g gM g ; [‘P;,-(To)qzr + ‘I’;fq_(To)pl-g]
+ g gMgrin, ; [%(To)q-z,- + %(To)piq] + 87 gPIR s

= —hyg g TP W+ 2Re [gif g g h; j‘P}fq-(TO)piE]
+ g% gl g1t (To) iy [Ttsh”™ — (T0)gisg” |

+g"g"gPh; [@p(To)qz‘i + @Z(TO)pici] +8gPIR g7

From this, the first part of the lemma follows. Thus,

9 _ A-l 9 -2, 9 A A-
(az A)logA—A (az A)A+A 270N 0;A
| T I

- [(I) + trg—h|aA| o [(II) + (III)]

—(IV) + %[(II) + (III)].

In case that gq is Kéhler, it was shown by Yau [6] that the first bracket term is nonpositive. In the

Hermitian case, we follow a generalization of this argument in [20]. For any tensor C, we consider
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the following nonnegative quantity:

o 5k _ st _
K = hyg" gl (W, - trg—’hapA +Cp| [0 - trg—’haq/\ +Cp
) o ] I
= I’lkl_gijgpqq}f,ilplq—f - trg—hla trg h|2+hkl‘gijgpchi T;J— - trg—]haql\
R ok - "
+ hkl_gugpqcéj \an' - ”,glhapA + hkl'gl]gpqcﬁicéj-

Hence,

D+ %mm2 = K+ 2Re [ 7gHgP T, 5 ()5
+2Re [hkl-gifg”qc;fl-‘l’gi]
+ g 7gh1Ck,Cl — 2N Re [hk,-g”'gl”?c;iaq/\]
= —K + I8 7g1ChCl ~ 20" 'Re [hkl—g”'gpécl’;iaq/\]

+2Re [‘Pﬁ] 8718 (Chihyr + gkr_hpf(TO)ikl_)] :
Therefore, if we choose the tensor C to be
Cl = =g" h hyr(To)yyg
then the last term vanished. Hence,

Iv) < A_l]’lpf/’lcq—hkdgs':gcdgifgpq(TO)siﬁ(TO)Jfk

+ 207 Re|hprg g g (T 105 .
The estimate (I) follows the same line by considering a simpler quantity

— B ol oPaopk _ okl _ ol
K = hygg g"i(¥) — Co)(¥L- — CLo).
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O

In [1], Wu-Yau made use of the Royden’s Lemma [8] which relates the holomorphic sectional
curvature with a bisectional curvature quantity. We follows their idea and generalize the Royden’s

Lemma for Hermitian metrics. In the following, |§ gjlh(x) at a point x is defined as:
VT = max|V;T ] (2.39)

where the maximum is taken over all unitary frames e; of 4 at x. Define |§5To|h similarly.

Lemma 2.2.3. Let (M, h) be a Hermitian manifold and g be another Hermitian metric on M.
Suppose that the holomorphic sectional curvature of h at x is bounded above by k(x). Suppose

k(x) < ko. Then we have

S n+l 1= = 1 1 i ok
878 Rijy < | —x+ §|V5T|h) (trg h)* + Ko l_Z(trg h* + 88" s -

Proof. Following the proof in [8] without appealing the symmetry of R, we can deduce that at x,

T K(trgh)2 + Kgijgklhkfhil-.

OQN
<
oQ
<
~
=
T
+
oQ
<
oQ
T
>
=

1
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By the "Kdihler" identity for the Chern curvature, e.g. see [20]. We have

8ij8kl]éijki = 8ij8kl(Riikf - @iTjik)
1 ij klcpp_ T v
=588 (Riig; + Rijar = Vi)

.7 7 1
< S(irghy? +gUg" (5

> hijhir = Q@ifﬁk)
1 N 1 -
< 5 k0) = ko) |tr 1) + 7@ g | + SCarg 7 VT
1 P T
+ 5Ko [(trg Y + g gk, jh,.,-]
1 IR PR
< S K0) = x0)(1 + =)(trg W) + S (ury WY VT

1 .
+ 5Ko [(trg Y + g ghp, J-hﬂ—]

nel 1s 7 2, | 1 2, if kI
=( o K+§|V(§T|h) (trg h) +§K0 [—;(trg h) +ng hkjhl-[

O

Combining this with Lemma 2.2.2, we have the following corollary. This is the key estimate

will allow us to start the Chern-Ricci flow even when the curvature is not bounded.

Corollary 2.2.2. With the same assumptions and notation as in Lemma 2.2.2. Suppose the holo-
morphic sectional curvature of h is bounded above by k(x) at x and suppose %K(x) + % ﬁgﬂ x) <

Ko for some ko = 0 for all x. Then

0 ~ =
(5 - A) A < ) (AT RN ATl T F5Tol) + A% )

for some constant c(n) > 0 depending only on n.

To get a C? estimate, it is useful to consider the Chern scalar curvature of g(z) which gives us

information on the derivatives of the volume form.

Lemma 2.2.4. Under Chern-Ricci flow

0,g = —Ric
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the Chern scalar curvature R = g/ R, 7 satisfies

d 1
(— - A) R = |Ric|*> -R%.
ot n

Proof.

R = at(gifRif)
= RVR,; - g 8,0-(9; log det g)

= |Ric|>+AR.

The inequality can be observed by taking a coordinate chart at p such that g;; = 6;; and R;; = 2;6;;.

Then it follows immediately by Cauchy inequality. O

We now need a version of the maximum principle that applies without the bounded curvature

assumption. .

Lemma 2.2.5. Let (M", h) be a complete noncompact Hermitian manifold satisfying condition:
(al)There exists a smooth positive real exhaustion function p such that |(9p|%l+|\/—_1 d0p|n< Cy.
Suppose go is another Hermitian metric uniformly equivalent to h and g(t) is a solution to the
Chern-Ricci flow with initial metric g(0) = gog on M X [0, S). Assume for any 0 < S| < S, there is
C, > 0 such that

Cy'h < g(0)

for 0 <t < 81. Let f be a smooth function on M X [0, S) which is bounded from above such that

0
——-Alf <0
2
on {f > 0}. Suppose f < 0att =0, then f <0on M x|0,S).

Proof. For any & > 0, if sup . 0(f — €0 — 26C1Cat) > 0, then there is (xo, fo) with 79 > 0 such

that f —ep — 2eC1Ct < 0on M X [0,19] and f — gp — 2eC1Cat = 0 at (xo,p). In particular,
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f(x0,t0) > 0. Hence at (xo, t9), we have

0
0K (a—A)(f—sp—Za‘ClCzt) <0,

which is impossible. Since ¢ is arbitrary, this completes the proof. O

Next we give a local estimate on the Chern scalar curvature’s lower bound. Note that here we
do not need global bounds on the Hessian and gradient of the exhaustion function p. The estimate

only depends on those bounds on a compact set.

Lemma 2.2.6. Suppose h is a fixed Hermitian metric with a smooth positive real exhaustion func-
tion p and g(t) is a solution to the Chern-Ricci flow on M x [0, S1with g(t) > a~'h for some a > 1.
Then for any O < ry < ry, there exists C > 0 depending only on n, a and supUr2(|0p|+|V—185p|)

such that for any x € U,, and t € [0, S], we have

R(x,t) > —max {C[(ry —r1) >+ 1], sup R_(y,0)¢.
p(y)<ry

Here R_ is the negative part of R and U, = {x € M : p(x) <r}.

Proof. Let ¢ be a cutoff function on R such that ¢ = 1 on (—oo, 1], vanishes outside (—co, 2] and

satisfies ¢~ !|¢’|>< 100 and ¢” > —100¢. Define

O(x) = 9D(p(x)+r2 —2r1)'

r—ri

When the function ®R achieves its local minimum at (xo, f9) in which we may assume R(xo, ty) < 0
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and 7o > 0, it satisfies the following.

o (2o

(——A)R RA® - 2Re (70,0 9;R)

1 ” / "2

> “OR? - R[ Y lopl+—2 Ap—2(¢—)2|6p|2
n (ro—ry)  —r (ro —rpe

1

> Z®R?>+ CR[(rp —r1) 2+ 1].

S

Hence, at its minimum point (x, #o),
®R > —C[(r —r) 2 +1].

The conclusion follows by the minimum principle. m|

2.2.3 Existence of the Chern-Ricci flow

In this section, we will discuss the existence of the Chern-Ricci flow starting from a Hermitian
metric with holomorphic sectional curvature bounded from above. We will give an estimate on the
existence time. More generally, we will consider initial metric which is uniformly equivalent to a

Hermitian metric with holomorphic sectional curvature bounded from above.

Lemma 2.2.7. Let (M", go) be a Hermitian metric with bounded geometry of infinite order. Sup-
pose go is uniformly equivalent to a Hermitian metric h with holomorphic sectional curvature and
torsion satisfying: Hp(x) bounded above by k(x) and ”T”K(x) + ﬁgﬂ n(x) < ko for some kg = 0
for all x, so that

a”'h < go < ah,

for some a > 1. Then the Chern-Ricci flow has a solution g(t) with g(0) = go on M X [0, S] with

the following properties:
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(i) There is a constant ¢ = c(n) > 0 so that

1

Zz ———— =18
3c(na + 1)3s

where
$ = sup (|T0|;21+|T0|h|f|h+|§5To|h+K0)
M

where Ty is the torsion of go, T is the torsion of h and V is the derivative of h with respect to

the Chern connection; and

(ii) g(t) is uniformly equivalent to h with

W=

1
(na + 1)73 = 3cst

try h <

on M x[0,S1].

Proof. If s = oo, then there is nothing to be proved. Suppose s < oo, then by Lemma 2.2.1, there
is a maximal § > O such that the Chern-Ricci flow has a solution g(¢) with g(0) = go on M X [0, S)
so that g(¢) is uniformly equivalent to go on [0, "] for all §" < S. Let A = trg() h. By Corollary
2.2.2,

0 ~ -
(57 8] & <er (AT Tl Tl 57000 + A%

<ci (A+1)*s

on M x [0, S]. Here and below c¢; will denote positive constants depending only on n. Let

v(t) = ( ! 3

(na + 1)73 = 3¢yt
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Then v(7) is defined on [0, S1) with S1 = 1/[3ca2(na + 1)*s], with

dv o
— = C2%V
dt

and v(0) > (A + 1)|;=0. Suppose S < §. Since A and v are bounded on [0, §'] forall 0 < §" < S,

by Lemma 2.2.5 as in the proof of [24, Theorem 4.2], one can conclude that
A<v() -1

on M x [0, S). In particular,

h < e3(v(n) — Dg() (2.40)

If § < 81, then v(¢) < C; < o on [0, S] for some C;. Hence A < Ci on M x [0, 5).
On the other hand, since gop has bounded geometry of infinite order, by Lemma 2.2.6, we
conclude that R(x,7) > —C, on M X [0, S) for some C,. Since

5( det(g(1))
log ————

g - -R< G,
ar \ ¢ "det(h) ) 2

we conclude that det(g(#)) < Cs det(h). Together with (2.40), we conclude that

C;'g0 < g(t) < Cago

on M X [0, S) for some C3 > 0. Here we have used the fact that g¢ is uniformly equivalent to A.
Using the fact that go has bounded geometry of infinite order and by the local estimates of [17],
g(t) can be extended to be a solution of the Chern-Ricci flow which is uniformly equivalent to gg
beyond S. Hence we have S > ;. This proves (1).

(i1) Follows from (2.40).

O
Let (M", h) be a complete noncompact Hermitian manifold. From now on, we work with the
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following assumptions:

(a) There exists smooth exhaustion p > 1, and constant 8 > 0 such that

|0p|h+IN=189p|4< Bp

if p is large enough.

(b) The holomorphic sectional curvature at x is bounded from above by «(x), and the torsion of

h is such that
n+1

K+ V3T < Ko
for some ¢ > 0.

Theorem 2.2.3. Let (M", h) be a complete Hermitian metric as above. Let go be another Hermitian

metric. Suppose the following are true:
(i) @ 'go < h < agoand |T|h< a for some a > 1;
(ii) |Tol2+IT 14| Tol5+|V5(To) < B: and
(iii) |0p|aVgoln< Bp for p large enough.

There exist constants cy depending only on n and c, depending only on n, « such that there is

a solution g(t) for the Chern-Ricci flow on M X [0, S) with g(0) = go, where

1
" 3cy(na + 1)3s

and s = ko + c28(1 + B). Moreover,

trg h < v(1) -1

where

W=

1
(na +1)73 =3¢y st

v(t) =
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on M x[0,5).

We want to apply Lemma 2.2.7. However, in general it is not true that go has bounded geometry
of all order, we cannot apply Lemma 2.2.7 directly to obtain a solution of the Chern-Ricci flow.
We now proceed as in [24, 26] to construct a Hermitian approximation.

Let 7 € (0, §), f : [0, 1) — [0, o) be the function:

0, se[0,1-1];
f(s)= - 2 (2.41)
—1og[1—(¥) ] se(l—1,1).

Let ¢ > 0 be a smooth function on R such that ¢(s) = 0if s < 1-7+72, p(s)=1fors > 1-7+272

0, se[0,1-1+72];
@(s) = (2.42)
I, se(l—-1+27%1).

2
such that — > ¢’ > 0. Define
T

&(s) := JO e(r)f'(t)dr.
From [26], we have:

Lemma 2.2.8. Suppose 0 < 7 < %. Then the function § > 0 defined above is smooth and satisfies

the following:
(i) F(s)=0for0<s< 1 —1+72%
(ii) § > 0 and for any k > 1, exp(—=kF)FX is uniformly bounded.

(iii) Forany 1 — 2t < s < 1, thereist > 0withO <s—7 < s+ 1 < 1 such that

1 <exp(F(s+1)— F(s — 1) < (1+c21); Texp(F(so — 7)) = c37°

for some absolute constants ¢, > 0, c3 > 0.
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Fix0 <7< %. For any po > 0, let U, be the component of {x| p(x) < po} which contains a
fixed point and p is the positive exhaustion function mentioned above. Hence U, will exhaust M
as pp — oo.

2F go- In the

Let p; > 1 be a sequence increasing to +oo, let FO(x) = &(p(x)/pi). Let go; = e
following, F will be denoted simply by F if there is no confusion.
Then (U,,, g0.;) is a complete Hermitian metric, (e.g. see [27]) and g0 = go on {p(x) <

1-7+ Tz)p()}. Moreover, the new manifold has a very nice structure.

Lemma 2.2.9 ([24]). For each p; > 1 sufficiently large, (U,,, 0,;) has bounded geometry of infinite

order.

In the following, we will estimate the torsion and the holomorphic sectional curvature after

performing conformal change.

Lemma 2.2.10. Let go and h be as in Theorem 2.2.3. Fori — oo, let go; be as in Lemma 2.2.9 and
h; = e*f'h for the corresponding F. Let Ty; be the torsion of go ;. Then there is a constant c¢(n, @)

depending only on n and « so that asi — oo, there
(i) 1Toil2, < cB(L+B);
(1) |To.iln | T, < cBCL+ B);
(iii) ﬁg)TO,Ahig cB(1 + B), where VD is derivative with respect to the Chern connection of h;;

(v)

n+1

() + VT4, () < ko + ¢B(1+B)

where k;(x) is the upper bound of holomorphic sectional curvature of h; at x and T; is the

torsion of h;.

Proof. In the following, ¢; will denote a positive constant depending only on 7, a.
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@)

(To.)prg = Op(e* (20)ig) — Ok (e*F (80)p7)
= 2¢*F(F,(g0)kg — Fr(80)pg) + € (T0) piz (2.43)

= 2" 0 & (pp(80)kg — Pr(80)pg) + €* (To)pig-

Hence

|To.[7, < c1B(1 + B).

This proves (i). The proof of (ii) is similar using the assumption |f|h< a.

(111)

VOTopkg = V126 o5 § (0p(200ka = Pr(80)pg) + €*F (To) pig]
=2¢* pg ' & (p,1(80)kg — Px1(80)pq)
+ 22 g2 F" + 4e* p (F ) oppigi — PrPI&T) (2.44)
+2e*F py! (pp§§—i)(go)kq - Pkﬁg-i)(gO)pci)
+2¢* ' F pi(To)pig + €TV To)pi

Using the fact that

(f(i) - f)éq = 2Fp51q = Zpalglppélq

and hence

ﬁg-i)(go)kq = (65‘0 - 6z‘)(go)kq' + 6i(go)kq-
(2.45)

= 200" & p1(g0)kg + Vi(80)kg

We may further infer that (iii) is true using the assumption |dp |, |§g0|h< Bp and equivalence of
go and h.
Now we examine the holomorphic sectional curvature after conformal change. Lete; € TO0UR

be such that |ej|,= 1, |ei|n= e F. Let k(x) be the upper bound of the holomorphic sectional
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curvature of & at x
Riiyi = =0101(e* hyp) + e 2 1P 01(e* hyp) - B7(e hyp)

= —31(€2F61h11 + 2€2FhlIFi)

+ e—2thl_ (€2F@1hll‘ + Z}Alll‘Fl) (ezF(()ihpi + 2I:lpiFi)

2F5 _ o
e Ry1y1 —2hyiFyq

/N

-2F _

<e i+ (B +/32).

Estimate ﬁg)Til », in a similar way as above, we may conclude that

n+1

k() + V2T, < e ko + e3B(1 + B).

From this (iv) is true.

Now we are able to construct a solution of the Chern-Ricci flow on M.

(2.46)

Proof of Theorem 2.2.3. For each sufficiently large p;, (Up,, 80,;) has bounded geometry by Lemma

2.2.9. By Lemma 2.2.10, using the notation in the lemma, we have:

n+1

k(0 + VDT, < ko + c(B+ ) = ko

Let

si 1= sup (T2 +1T0 1, T+ T To 40,
M

Then by Lemma 2.2.10,

s < ko+cB(1+p)=:s.
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By Lemma 2.2.7, there is a solution g;(¢) on Uj, X [0, S) with initial metric go; where

1
" 3ci(na + 1)3s

for some constant ¢ = ¢1(n). Moreover, g; is uniformly equivalent to go; and
tro, by < v() -1 (2.47)

on U, x [0, S) where
1 3
(n+ 1)_3 - 3C15t) .

v(t) = (

Fix any compact subset K ¢ M and any S’ € (0, S). Then for sufficiently large i, g;(¢) is a
solution of the Chern-Ricci flow defined on U, > Uy, O U, D K for some large r > 0. By Lemma

2.2.6, for any (x, 1) € K x [0, §"],

Ry = —max{C(n,a,B,5,r), sup R_(y,0)
p<2r

where we have used the fact that #; = h on U,, for sufficiently large p;. In particular, it is bounded

from below uniformly. Since

9 (log det g(?)

o deth ) = ~Rgw) < C0. K. @ 5. 80. 5", h),

soon K x [0, 5],

Cn,a,B,8Yh < g(t) < C(n,K,a, B, g0,S’, hh.

By the local estimate of the Chern-Ricci flow [17], for any k € N, there is C(n, k, go, h, 8, @, K, S")

such that for any (x,¢) € K x [0, 5],

IV gi(D)|n< Cn, k, go, h, B, @, K, S").
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By taking diagonal subsequence and using Arzela-Ascoli theorem, we may obtain a limiting solu-
tion of g(7) defined on M x [0, S). The conclusion on tr, & follows from (2.47). This completes the

proof of the theorem. O

Next we want to apply Theorem 2.2.3 to obtain long-time solution for Kéhler-Ricciflow.

Theorem 2.2.4. Let (M, go) be a complete Kihlermanifold and h is a fixed complete Hermitian

metric on M such that the following hold:

(i) There exists smooth exhaustion p > 1 such that

V=184
P

(ii) the holomorphic sectional curvature of h and torsion of h satisfy

n

Hjy + |§5T|11< —k

n+1

for some constant k > 0.
(iii) 3a > 1 such that on M, & 'gy < h < ago, |f|h< a;

Then there is B(n,a) > 0 such that the Kdhler-Ricciflow has a complete solution g(t) on M X
[0, +00) with g(0) = go and satisfies

Bh < g(1)
on M X [0, +c0).

Proof. By Theorem 2.2.3 and the assumptions, one can apply the theorem with S arbitrarily small.
Hence one can find solution g;(#) to the Chern-Ricci flow with g;(0) = go on M x [0, T;] with
T; — oo. Moreover, trg h < c(n, ). Using the local estimate of scalar curvature in Lemma 2.2.6

as in the proof of Theorem 2.2.3, the results follow. O
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2.2.4 Existence of the Kdhler-Einstein metric

In this section, we discuss the existence of the Kihler-Einsteinmetric on M via the Kihler-

Ricciflow. We have the following:

Theorem 2.2.5. Suppose there is a complete Hermitian metric h on M compatible with the complex

structure J such that
n o~ —~
Hy, + —|V5T|h< —k (2.48)
n+1

for some k > 0. Then any longtime solution of normalized Kdhler-Ricciflow g(t) will converge
locally uniformly in C* to a KdhlerEinstein metric g = —Ric(go). In particular, there is no Ricci

flat Kdihlermetric on M compatible with the same complex structure J.

Combining with Theorem 2.2.4, we have the following results which generalize the result by

Wu-Yau [7]:

Corollary 2.2.3. Let (M", go) be a complete noncompact Kdhlermanifold with holomorphic sec-
tional curvature bounded above by a negative constant. Suppose M supports an exhaustion func-
tion with uniformly bounded gradient and uniformly bounded complex Hessian, which is the case if
M has bounded curvature. Then M" support a unique Kdihler Einstein metric with negative scalar

curvature.

We also want to discuss metrics which are uniformly equivalent to g as in the previous corol-

laries. The following is an immediate consequence of Theorem 2.2.4 and Theorem 2.2.5.

Corollary 2.2.4. Let (M", go) be a complete Kihlermanifold and h is a fixed complete Hermitian
metric on M such that gg, h satisfy the assumptions in Theorem 2.2.4 with k > 0. Then M supports

a unique Kdhler-Einstein metric with negative scalar curvature.

Let us prove Theorem 2.2.5. Here we do not have a good exhaustion function for 4. However,
the distance function d(x,?) in a Ricci flow behaves well. First using the idea by Chen [28], we

have the following:
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Lemma 2.2.11. Let (M™, g(t)) be a complete noncompact solution to the Ricci flow on M X [0, T]

with 0 < T < oo, where m > 2 is the real dimension of M. Let Q be a smooth function so that

(%—A)Q <—aQ®+p

for some a, B > 0 at the point where Q > 0. Then

++/1 + 4aBT?

2a

001 < -

on M x(0,T].

Proof. Letxg € M, and let rop > 0 be small enough so that:

Ric(x, 1) < (m — l)ra2
for x € B;(xp,rp),t € [0,T]. By [29] (see also [28]), we then have

Sm—1)

0 (2.49)

0
(E - A) dy(x,x0) > —

whenever d;(x,xg) > ro in the sense of barrier, where d;(x, xq) is the distance function from xg
with respect to g(¢). In the following, argue as in [30], we may assume that d;(x, xo) to be smooth

when applying maximum principle. We consider the function

1 S(m - 1)t
u(x, 1) =t | —— |di(x,x0) + m =1 Q(x,1)
Ar 0 3r 0
A is sufficiently large so that Arg >> % and ¢ is a fixed smooth nonnegative non-increasing

"2
function such that ¢ = 1 on (—oo, %], vanishes outside [0, 1] and satisfies |2%|+|¢”|< ¢ for

some absolute constant. Note that u also depends on A. However,

u(xo, 1) = tQ(xo, ).
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if Arg > “4=1L,
If u < 0, then we are done. Suppose the function u > 0 somewhere, then there exists (xy, #1)
with 0 < #; < T so that u attains its maximum at (x1, #;). We have at (x, 71) we have

v
0< (Q—A)u; vo = -20.
ot @

Suppose d;, (x1,x0) < ro, then u(x, t) = tQ(x, t) near (xi, ;) provided Arg is large enough. Then

we have at (x, 1)

Og(%—A)u
0
=l (E—A)Q*‘Q

<—at1Q*+ B +Q

and so

0 < —au®+u+ BT?

which implies

1 ++/1+4apT?

u(xo, 1) < ulxy, 1) < o

(2.50)

fort € [0,T].

Suppose d;, (x1,x0) = ro, then at (x1, 1),
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0
< | — -
0\(6t A)u

d 9
= Q1 (E —A) Pty (E - A) Q1) - 21{Ve,VQ)

1 0 5
< Qtsa’A—rO [(— - A) di(x, p) + 3 (m — 1)r5‘]

ot
+]¢”| arop 1Q + ¢ (—atQ2 + Bt + Q) + 2tQ(Ar0)2 . ("09;)2
< —atchZ + Q0 + Bty + let@.
Multiply both the inequality by ¢ = t;¢, we have
0< —au® + (1 + ;;;) u +BT2.
0

Hence we have

1+4l 4 (1+ ClT)2+4aﬁT2
A2p2 Azr(z)

0
u(xop, 1) < ulxy, 1) < o

(2.51)

forO <t <T.Let A — oo together with (2.51) and the fact that x¢ is any point in M, we conclude

the lemma is true. m]

As an application of the lemma, we can prove the following uniqueness of complete Kihler-
Einsteinmetric. Here we do not assume the curvature is bounded, see also [7]. Note that the result

can be also obtained by using elliptic theory.

Proposition 2.2.1. Suppose w; and wy are complete noncompact KdhlerEinstein metrics on M

with Ric(w;) = —w; fori =1,2. Then w = w2 on M.

Proof. Let Let w(t) = (t + 1)w; and w,(t) = (¢t + 1)w;. Then both w;, w, are solutions to the

Kihler-Ricciflow on M X [0, +00). Define F(x, t) = F(x) to be the function

1 nal
n w n
W
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which is independent of z. The function F' is independent of # > 0 but we treat it as a function over

the Kihler-Ricciflow. Let A be the Laplacian of w;. Then it satisfies

0 1
— —A|F=—|1-=1,
(6t ) t+1( rlwz)
1 F
<o)
t+1
)
< -=F
4

whenever F > 0 on M x [0, 1].
Apply Lemma 2.2.11 on M x [0, 1], tF < 4. In particular, F(x) is bounded from above
uniformly on M. By interchanging w; and w,, we conclude that F' is a bounded function on M.

Let Ay be the Laplacian of w, we have as above
~AF<1-¢F,

By the generalized maximum principle [31], we conclude that ' < 0. Interchanging the roles of
w1 and w,, we can prove similarly that F > 0. Hence F = 0. So AAF = 0 and w; = w, because

they are Kihler-Einstein. m|
Now we are ready to prove Theorem 2.2.5.

Proof of Theorem 2.2.5. Let g(t) and h as in the Theorem. Let A = try . By Corollary 2.2.2, we

have

d 2
— —A| A < —c1kA,
i)

for some ¢ depending only on n. By Lemma 2.2.11 with 8 = 0, we conclude that
1
Alx, 1) < o (2.52)

CiKt

on M x (0, c0).
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On the other hand, let R(x, ¢) be the scalar curvature of g(¢) at x and let R_(x, ¢) be its negative
part. Forany & > 0, let f = 1 ((R2 +e)r - R). Note that if & — 0, then f — R_. Using the fact
that

0 1

— —A|R > =R?,
((% ) n

direct computations show that

(2 - A) f< —lf(f —2cje) < —l(f —c18)* + ¢z
ot n n

for some absolute constant ¢c; > 0 and ¢, > 0 depending only on n. By Lemma 2.2.11, we

(1+ 1+4628).
n

conclude that

t(f —cie) <

NS

on M X (0, o). Let £ — 0, we conclude that

tR(x,t) = —n. (2.53)

Since

9, (detg(t)) _r<

o n
ot det h t

we conclude for any bounded open set €2, there is a constant C; depending only on €, g(1), h,n

such that
det g(¢)

< Cit"
det h !

on Q X [1, co). Combining this with (2.52), we conclude that

Cy'th < g < Cath

on Q X [1, co) for some constant C, > 0 depending only on Q, g(1), A, k, n.
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Consider the normalized metric

glx,s)=e"g(x,e%).

Then we have

0 _ . ~
5.8 = "Ric®) -2
S

on M X [0, 00), and

C;'h < 3(s) < Cah

on Q X [0, 00).

(2.54)

(2.55)

In the following, let w(?), w(s) be the Kdhlerforms of g(z), g(s) respectively. By [19, Theorem

2.17], we conclude that for any bounded open set in M and £ > 0, there is a constant C3 depending

only on Q, g(1), h, k, n and ¢ such that

lw()lce @z < Cs-

On the other hand, let

)= [ o
Then
B(s) = e @(0) — (1 — e~*)Ric(@(0)) + V-1955(s).
Moreover,
25= log (@?T») ~ 3 in M x [0, c0);
#(0)= 0 on M.
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Denote d;¢ by ¢’ etc., and let R be the scalar curvature of g, then

7'+ =—R-n
=— ¢*R(g(e")) - n
(2.59)
=—¢' (R(g(e*)) +e°n)

<0

by (2.53). Hence ¢’ + ¢ is non-increasing and ¢’ + ¢ < 0 because ¢’ + ¢ = 0 at s = 0. On the other
hand, by (2.56) and (2.58), we conclude that for any bounded open set €2, there exists s; — oo such

that

(@ +@)(si)

converge uniformly in C*® norm in Q. By the monotonicity of ¢’ + ¢, we conclude that ¢’ + ¢
converges in C* norm in £ to some function.

By (2.59), we have

and so ¢’ < 0 because ¢’ = 0 at s = 0. Combine this with (2.56) and (2.57), we conclude that
¢ also converges in C*° norm to some function ¢.,. Hence ¢’ also converge in C* norm to some
function. However, by (2.55) we conclude that ¢ is bounded from below. This implies that ¢’ — 0

as s — oo, Moreover, w(s) = W in C* norm in Q as s — co with
oo = —Ric(@(0)) + V=100

Note that w., is a Kidhlerform of a Kdhlermetric by (2.55). Moreover,

_ ( & )
wo = @Oy )
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Taking 90 to both sides, we conclude that

Ric(Weo) = ~Wco-

Suppose w is a Ricci flat metric compatible with the same complex structure of 4. Then w(t) =
@ is a steady solution of the Kéhler-Ricciflow. By the convergence of normalized Kihler-Ricciflow,
t~lw(t) converges to a Kihler Einstein metric on M which is impossible since t'w(t) = '@

converges to a zero tensor on M. This completes the proof. O
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Chapter 3: Positivity conditions in non-Kihler geometry

3.1 Preliminaries

A general principle in Kihler geometry has been that positive curvature conditions impose
important geometric and topological constraints on the manifold. A manifestation of this is the
solution of the Frankel conjecture by Siu-Yau and Mori [32, 33], and its generalization by Mok
[34], which can be viewed as a uniformization theorem for Kidhler manifolds with nonnegative
bisectional curvature. In recent years, the study of non-Kéhler Hermitian geometry has received a
lot of attention, partly due to its connection with heterotic string theory [35, 36, 37, 38, 39, 40]. It
is then natural to look for curvature positivity conditions in non-Kihler geometry which can lead
to significant geometric and topological consequences. In one such direction, Ustinovskiy [41]
proposes to study the uniformization of Hermitian manifolds with nonnegative Griffiths curvature
by using a geometric flow which preserves the positivity of the Griffiths curvature. As shown by Fei
and Phong [42], the Hermitian curvature flow which he identified as positive curvature preserving
is precisely the same as the flows motivated by string theory introduced in [40].

In this chapter, we introduce a new type of curvature positivity condition for a Hermitian man-
ifold involving a tensor Q, which is different from the Chern curvature. This tensor Q is less
positive than the Chern curvature, hence the corresponding positivity conditions formulated using
Q are generally stronger than the corresponding positivity of the Chern curvature. We prove a gen-
eral Bochner-Kodaira type formula, in which this tensor appears naturally and we show that under
a certain Q-nonnegativity condition, every class in « € H llg’é(X ) can be represented by a closed
(1, I)-form which is parallel with respect to the Bismut connection. This can be seen as a general-
ization of a theorem by Howard-Smyth-Wu [43] to the non-Kihler setting. Perhaps surprisingly, O

also arises in several different contexts in non-Kihler geometry: on one hand, it can be interpreted
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as a combination of the form ddw with the (1, 1)-part of the curvature of the Bismut connection.
On the other hand, it acquires an additional symmetry on Vaisman manifolds. We discuss some
corresponding applications, which suggest that Q may be very useful for future investigations in

non-Kihler geometry.

3.1.1 Positivity condition

We are interested in a 4-tensor Q, which is defined by the following
Qi = Rijer — 8" T i Ty (3.1)
It turns out that this tensor naturally appears in a Bochner formula for closed (1, 1)-forms and has

a nice connection with the Bismut connection.

Remark 3.1.1. It is also worth noting that the contraction of Q in the first two coordinates coincides
with the evolution term in the pluriclosed flow defined by Streets and Tian in [44], the same term
also appears in the Anomaly flow in dimension three which is studied by Phong, Picard, Zhang in

[40].

We now state the positivity condition that we are interested in, this new positivity condition is

expressed in terms of the Q tensor.

Definition 3.1.1. We say (X, J, g) is Q-nonnegative if in any orthonormal frame (i.e where g;; =

0;;) and for any list of real numbers 44, ..., 4,, we have
> Qi Af = Adm) =0 (3.2)
k,m=1

Remark 3.1.2. If Q satisfies an additional symmetry Q; ;7 = Qyj;7, then this expression simplifies

2 Z Q ik (A = A dm) = Z O ik Ak = Am)* (3.3)
k,m=1 k,m=1
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This is the case when the metric is Kihler, in that case QO = R and the condition reduces to the

nonnegative quadratic orthogonal bisectional curvature condition. (see [45])

Remark 3.1.3. A simple observation is that if a product manifold M X N is Q-nonnegative, then

each of its components must be Q-nonnegative.

Example 3.1.1. All Bismut-flat manifold are Q-nonnegative. Indeed, In it is shown in [46] that
these manifold have to be pluriclosed, and from the discussion in section 3.2, it follows that on
these manifolds, Q is equal to the curvature of the Bismut connection which is 0, hence Bismut-flat
manifolds are all Q-nonnegative. These manifolds has been classified in [47], and their universal

covers must a product of a compact semisimple Lie group with a real vector space.

We will give several other examples where the positivity condition holds in Section 3.
We now state our main theorem regarding manifolds with Q-nonnegative Q tensors. Our theo-
rem implies that on a Q-nonnegative manifold, one can always solve the Poincare-Lelong equation

for a closed (1, 1)-form up to the addition of a Bismut parallel (1, 1)-form.

Theorem 3.1.2. Suppose (X, J, g) is a compact Hermitian manifold which is Q-nonnegative, then
any closed (1, 1)-form with constant trace is parallel with respect to the Bismut connection. In
particular, any class in the Bott-Chern cohomology H ll.j,’é(X) contains a representative which is

parallel respect to the Bismut connection.

Our theorem can be viewed as a non-Kihler generalization of a theorem of Howard-Smyth-Wu
[43], which says for a compact Kéhler manifold with non-negative quadratic orthogonal bisectional
curvature, any class in H'!(X) contains a parallel representative given by the unique harmonic
form in that class. This turned out to be a key ingredient of the resolution of the generalized
Frankel conjecture by Mok [34]. The key to the proof of the theorem is a Bochner-Kodaira type
identity for closed (1, 1)-form, which generalizes the identity in [43]. In the Kihler case, such
an identity was also used by Mok-Siu-Yau [48] to study the solution Poincare-Lelong equation in
relation to the uniformization conjecture for non-compact Kihler manifolds. We refer the readers

to [49, 50] and the references therein for subsequent developments in that direction.
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3.2 Q and the Bismut connection

On a Hermitian manifold, there is another canonical connection called the Bismut connection,
this is also sometimes called the Strominger connection or the Strominger-Bismut connection in
literature. This connection was first written down by physicists (see [51, 52]) and Bismut redis-
covered and used it in [53] to prove an index formula for non-K#hler manifolds. This connection
has received a lot of attention recently because of its relation to the study of non-Kéhler Calabi-
Yau manifolds, and the Hull-Strominger system arising from physics, see [36] and [54] where the
Bismut connection is used in an crucial way. It is also a natural connection to in the study of

pluriclosed metrics via the geometric flow as defined by Streets and Tian [44, 55].

Definition 3.2.1 (Bismut connection). The Bismut connection is the connection on 7'M which

in local holomorphic coordinates is given by

ViX/ =9 Xx/ + X! (3.4)

VIX) = 0:X7 + g/, (3.5)

where I, = g/ O gimi and T;,,.; = 0ig,,7 — Om&ii-

Remark 3.2.1. One can check that this connection respects both the metric and the complex struc-
ture (i.e Vg = V*J = 0) and the corresponding Torsion tensor 77(X,Y,Z) = g(V}Y — Vi X —

[X,Y], Z) is skew-symmetric. These properties uniquely characterizes the Bismut connection.

The curvature of the Bismut connection does not satisfy the same symmetries as the curvature
of the Chern connection. Thus in general, the curvature has a decomposition into (2, 0), (1, 1) and
(0, 2)-parts, and we compute the (1, 1)-part of the curvature of the Bismut connection in terms of

the curvature and torsion of the Chern connection.

Lemma 3.2.1. The (1, 1)-part of the curvature of the Bismut connection is given by

I o o o 7Y _ LYk
Bisii = Rijit = Rijri + Rify s Tkwsz gt

yiljck 3.6)
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where B is the curvature of the Bismut connection and R is the curvature of the Chern connection.

Proof. The connection coefficients of the Bismut connection is given by
ﬂl _ Fl

I g
Az =8 Tigr

and the (1, 1)-part of the curvature is given by

k k ! k ol
l]m =0 .7( - O; A, + ﬂllﬂ - ﬂvlﬂim (3.7)
= VT + R F - ThAL + AN (3.8)
kT k k _ ik, ki pl
=g Ril_mj_ - Rl]m Rm]_l -8 T;’l Tjnrh +g T T (39)
(3.10)
lowering the last index gives the result. O

Proposition 3.2.1. The following formula holds

Qijii = Biij + Ol — 07Tiyg (3.11)

where B,j;5 is the (1, 1) part of the curvature of the Bismut connection.

proof of Proposition 3.2.1. In local coordinates where g;; = 6;; and 9;g;; = T

;7> We compute

(91'Tkif — akail_ = a,—akg,-f — (9[(9igkf — akafgﬂ' + a;aigk,- (3.12)
= Rijkj + Ryjii = Riji — Rygij — ZTkw jly (3.13)

Bijki — Qi (3.14)

O
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Remark 3.2.2. The extra term 9;T;; ;— 07T} is the components of the tensor d0w, and the previous
lemma implies that if w is pluriclosed, then Q is simply the (1, 1) part of the curvature of the Bismut

connection.

3.3 Q and a Bochner-Kodaira identity

In this section, we prove Theorem 3.1.2. The key is a Bochner-Kodaira type formula for (1, 1)-
forms, from which the tensor Q naturally emerges.

In the Kihler case, this formula is well-known and is intimately related to the uniformization
of manifolds with nonnegative bisectional curvature. It first appeared in [56], and is used in [43]
to deduce a splitting theorem for manifolds with nonnegative bisectional curvature, which was one

of the key imput in the solution of the generalized Frankel conjecture by Mok [34].

Theorem 3.3.1. The following formula holds for p a real closed (1, 1)-form with gifpl-; = const,
878:0;1p17= 21" pI*+20,5,1(87 (0 — p'T pT) (3.15)

where Q;5i = Rijei — 87Ty piT147-

Proof. In local holomorphic coordinates, we have p = ip;+ dz* A dz/ where Prj = pji- By the
closedness of p, we have

Viorj = Vkpij + T} Pmj (3.16)

and

Vipir = Vipij + T)ipin (3.17)
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we compute

ViVipir = ViVipsj + VilT] ]

= ViViprj + Vi Vilowj + T}/ Vipwn + [R 3" = R "ok
= ViVipij + VilTiiowi) + Vi, Vilogs + T Vipra + [R i~ R Mok

= V[Vkpif + T,Z?V,—pmj + T;}?V,'pk,;l + [Ril_lin - Rkl—’l,n]pmj + [ijlm - Rlij’,"]pk,;l
- n _
=Ry P+ R ok

= ViVipis + T Vo + f’?vipkm - R ;"pmjt+ R, J—.';’,—Pkm
differentiating |p|? once, we get
03lol*= V(8”8 prgp,) = 878" (Viprapyi + Vi yirg) = 287785 Viprp,i
J J qppl 878 kaqppl Jpplpkq 878 kaqppl
taking the divergence and using our previous calculation for V;V;pi; gives
Alpl* = 2|Vp*+2g" 1" ¢V, V ;pip 1
= 2|Vp+2(3d tr p, p) + 28PN [V (T} V 3,7 + ToVipr) 1P

+ 28"ty (RY™ pimp 7 — 2R pip o7

(3.18)
(3.19)
(3.20)
(3.21)
(3.22)

(3.23)

(3.24)

(3.25)
(3.26)

(3.27)

We now specialize to a coordinate system where g;7 = 6,7 and p;;7 = 4;6;7, and use the assump-

ij»

tion gifpi; = const,

n
AlpPP=2|VipP+ D () +2 D Rz — Adm)
k,m=1
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where

DUC) =2 D) [T Vipmi + Tein Viekn Ak (3.29)
k,m,i=1
=2 > TeinVipmi + Teim Vipind ke 2 D TeinTkindmAr (3.30)
i,k,m=1 i,k,m=1

we can complete the square for the gradient term and we get

n n
Alpl? =2 D7 IVipim + Teamdi 42 D |Teiml* AmAr (3.31)
i,k,m=1 i,k,m=1
n n
=2 > 1 TkimlPA +2 D) (R (3 — Akdm)) (3.32)
k,im=1 k,m=1
n n n
=2 > Vepin + Teindel*=2 2 Rk = 2 Teim Teirn | Ak dm (3.33)
i,k,m=1 k,m=1 i=1
n n
+2 > (Roani = 2 TeimTkim | A5 (3.34)
k,m=1 i=1
n n n
=2 > 0ipkn — Timdm = TimdiP+2 D Ry = 2y Teim Teim | (A = Akdm) (3.35)
i,k,m=1 k,m=1 i=1
n
=2|V*'lP42 > Okt — Adm) (3.36)
k,m=1
where 0,717 = Ri77 — gqukprq;. O

Corollary 3.3.1. Suppose (X, J, g) is Q-nonnegative, then any closed real (1, 1)-form p with con-
stant trace is parallel with respect to the Bismut connection. Moreover, T(X,Y, Z)=0 ifX,Y, 7z

are in different eigenspaces of p corresponding to eigenvalues Ax, Ay, Az and Ax + Ay — Az # 0.

Proof. 1f (M, J, g) is Q-nonegative, then we have

Alp|*= 2|V p|*> 0

and by the maximum principle, we must have |p|*>= const which implies A|p|>= 0 so the right hand

side of equation 3.15 must be identically 0, hence we have V*p = 0. If we work in coordinates
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where g;; = 6;; and p;; = 4;6;;, then V*p = 0 and p being closed implies that
Tiim(Ax + A; = A1) =0 (3.37)

from which the second part of the proposition follows. O

Proof of Theorem 3.1.2. The first statement follows by Corollary 3.3.1, we will prove the second

statement that every class in H llg’é(X ) contains a Bismut parallel representative. Recall that

1 {a € QM |da = 0}
Hp(X) = ———= -
i00C>(X,C)

hence this statement amounts to showing that for any closed (1, 1)-form «, there exist a smooth
function u such that V*(a + iddu) = 0. Let a be a real closed (1, 1)-form. In [57], Gauduchon
proved that every Hermitian metric is conformally equivalent to a Gauduchon metric, so let © =
e/ w be a Gauduchon metric in the conformal class of w. By the Gauduchon property, we know

the equation id0u A @"~! = f&" has a solution iff fX fo" = 0. Let u solve the equation

=trya+ce (3.38)

V=108u A O™ !
n AN

where c is the constant given by
[ (tro )"

f cefon
Setting p = @ — \/—_laéu, then dp = 0 and tr,, p = tr, @« — Ay,u = ¢, hence by Corollary 3.3.1, we
have V*p = 0. If « is not real then we can write @ = u + iv where u, v are the real and imaginary
parts of a, then u, v are both real closed (1, 1) forms and we can apply the above argument to both

u and v. O

Corollary 3.3.2. If (X, J, g) is non-Kdhler, Q-nonnegative and Hllgé # 0. Then the holonomy of V*

is contained in a subspace U(m) x U(n —m) C U(n).
Proof. Since H }Bé # 0, by Theorem 3.1.2, there exist a class 0 # [p] € H gé containing a Bismut
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flat representative p, and furthermore, since X is non-Kihler, p is not a multiple of g. Hence if
A1, ...,4, are the eigenvalues of p with respect to g, then there exist at least two distinct eigen-
values, and since both g and p is flat with respect to the Bismut connection, it follows that the

eigenspaces of p are invariant under the holonomy V*, and we have our result. O

3.4 Q and Vaisman manifolds

In this section, we study this positivity condition on a class of Locally conformally Kihler
manifolds called Vaisman manifolds. These manifolds were first introduced by Vaisman [58] as
an important class of complex non-Kéhler manifold which he called generalized Hopf manifolds.
By [59, 60], a large class of these manifolds can be viewed as a Sasakian manifolds equipped with
a Sasakian automorphism. For more on these manifolds, we refer the reader to [59, 60] and the

references therein.

Definition 3.4.1. (1) A compact Hermitian manifold (M, J, g) is called locally conformally Kdih-

ler if there exist an closed form @ such that

do=0ANw (3.39)

The 1-form 6 is called the Lee form.

(2) Alocally conformally Kihler manifold is a Vaisman manifold if VE€0 = 0, where VZ€ is the

Levi-Civita connection of (M, J, g).

Remark 3.4.1. A locally conformally Kéhler metric can always locally be written as a Kéhler
metric times a conformal factor, and the coverse is clearly true as well. Indeed, since the Lee form
6 is closed, by the Poincare lemma, it is locally exact, hence locally, we can always write 8 = —df
for some locally defined functin £, then e/ w is a Kihler metric since d(e/ w) = e/ df Aw+efdw =
e/(0 + df) A w = 0. Globally, any LCK manifold admits a Kéhler covering. Indeed, on any cover
n: M — M such that H'(M,R) = 0, the Lee form on the cover 7*6 is globally exact, and the

same argument says that 7*w is globally conformal to a Kihler metric.

62



From this discussion, we see that a locally conformally Kéhler metric can locally be described
by two functions, a Kihler potential for the Kihler metric ¢ and a conformal factor ¢/. On a
Vaisman manifolds, if 6 is exact and 6 = —df, then in [61] Verbitsky showed that the metric w
can be expressed by e/idde/. Hence up to a cover, a Vaisman metric can be described by the
data of a single potential function ¢ and the metric is given by w = ¢~1idd¢p. Motivated by this,
Ornea and Verbitsky introduced a more general class of metrics called LCK metrics with potential

in [62].

Definition 3.4.2. A locally conformally Kihler manifold (M, J, g) has a potential if it has a Kihler
covering 7 : M — M with a global positive Kihler potential ¢ € CX(M) such that ¢~'idd¢ =

cm*w for some constant c.

It turns out that on this class of manifolds, the Q-tensor enjoys an extra symmetry that the

Chern curvature does not have.

Proposition 3.4.1. Suppose a Hermitian manifold (M, J, g) is an LCK manifold with potential,

then Q has the additional symmetry Q,;z1 = Qyji;-
To prove this, first we need to compute the change of the Q tensor under a conformal change

Lemma 3.4.1. If g is a Kdhler metric and § = e’ g, then we have

Qi = e | Rz — guifij — fifigis — 10f P 8ujgir + fefi8ii + fifigaj (3.40)
Proof. By straightforward computation, we have

Th =3%0:8;1= ¢/ g" o g;0) = T}, + fi6}

since we assumed g is Kihler, we have Fl’.‘j = Ffl., SO

Tl’; = fiéf - fiof = T,-J-;; = ef(figj/E — Ji&it)
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and
Ruk = —0;17 = —0:(I'%, + fi6]) = R:" = fiioF
loweing indices gives
Risii = ef(Rifki — [i78kD)
substituting into the formula Q, Tkl = R, K~ griT, » ]T?qu the result. m|
proof of Proposition 3.4.1. Suppose g satisfies g = co~'dd¢, then by Lemma 3.4.1 with g =

iddp and f = —log ¢ + log c, we get that Q is given by

L giede | eui%i; aei®; i ,<pk901 CIPkP]  PkjPIPT
Qijkl =cp Rifkl_ + ¢ - ()02 - SO |a lOg Qollaa‘pgpkjsozl QOZ + QOZ
(3.41)
from which we can read off the symmetry Q, 57 = Qyj;7- O

All Vaiman manifolds are LCK with potential, and the Vaisman manifolds are charaterized by

the following condition.

Theorem 3.4.1 ([63]). A compact LCK manifold with potential (M, J, g) is Vaisman if and only if

|6|= const.

Remark 3.4.2. Let (M, J, g) be LCK with potential, then if we pull-back the metric g to its Kéhler

cover and write 7*w = ¢2%¢ " £ for some potential ¢, then the condition |f|= const is equivalent to

|610g"0|¢—1,aa¢ 1.

Theorem 3.4.2. A Vaisman manifold (M, J, g) is Q-nonnegative if the corresponding Kdhler metric

@ on its Kdhler cyclic cover has nonnegative quadratic orthogonal bisectional curvature.

Proof. Suppose M is a Vaisman manifold and M — M be a Kihler cyclic cover with nonnegative
quadratic orthogonal bisectional curvature. Since Vaiman manifolds are LCK with potential, by
Proposition 3.4.1, we know that on a Vaisman manifiold Q satisfy the symmetry Q;57 = Q-

Moreover, in normal coordinates for idd¢, i.e where ¢;s 7 = 0;7, and for m # k, equation 3.41

lj’
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reduces to

-1 | givde 1 QKPR F Pmpin

Qmiﬁklz =Cy minkk @ ()02 (342)
. 1-|0loge|* ..
> eyl |RO 4 ¢ 190y (3.43)
mm "0

and by the Vaisman condition, we have |d log goli = 1. So in the those coordinates, for any

~1i9d¢p
A1, ..., Ay, we get

- i60
Zk] Q ikt = ) = cg™ Z; RO (A = 44 > 0
m m,

O

Example 3.4.3. A diagonal Hopf surface is one which can be written as My, g = C?\ (0,0)/~
where (21, z2) ~ (az1, Bz2) for |a|= |B|< 1. These manifold are diffeomorphic to S® x S! and are
non-Kihler as by = 1. They also admit a Vaisman metric given explicitly by

_ 4V=180z

Q)M(r,ﬁ - |Z|2 (344)

this metric is Q-nonegative by Proposition 3.4.2. In fact this metric is pluriclosed and Q is iden-
tically Q. One can check that hllg’é = 1. Thus Theorem 3.1.2 implies there exist a Bismut parallel
(1, 1)-form p, the two eigenspaces of this form are then Bismut parallel subspaces of T, hence
this gives a splitting of the holomorphic tangent bundle with respect to the Bismut connection. We
remark that that Gauduchon and Ornea constructed Vaisman metrics on all class 1 Hopf surfaces
in [64], however the Vaiman metrics on the non-diagonal Hopf surfaces are not Q-nonnegative.
It would be interesting to know if the non-diagonal Hopf surfaces admit other metrics that are

(Q-nonnegative.

Example 3.4.4. A above construction of a diagonal Hopf surface can be generalized to higher

dimensions. Define M, = C"*\ (0,...,0)/~ where @ = (a1, ...,a,) satisty |aq|= -+ = |a,|< 1
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and (z1,...,2,) ~ (@121, ..., @n2y), then

_4V=180|z]

e (3.45)

(UM(,

is still O-nonnegative by Proposition 3.4.2. In the higher dimensional case, the metrics are no

longer pluriclosed and Q does not vanish identically.
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Chapter 4: Degenerations of non-compact Calabi-Yau metrics

4.1 Motivation and introduction

In this chapter we study the degenerations of non-compact Calabi-Yau manifolds, and obtain
the existence of Calabi-Yau metrics on certain non-compact, singular varieties.

Recall a Calabi-Yau manifold is a Kihler manifold which is also Ricci flat. Following Yau’s
solution of the Calabi conjecture, it’s known that on a compact Kéhler manifold with trivial canon-
ical bundle, there exists a unique Calabi-Yau metric in every Kéhler class. The degenerations of
compact Calabi-Yau metrics are a widely studied subject and have been studied quiet extensively
in recent years. [65, 66, 67, 68, 69].

In this chapter, we will study the degenerations of Calabi-Yau metrics on complete non-compact
Calabi-Yau manifolds which are asymptotic to cones. Complete, non-compact Calabi-Yau mani-
folds were first constructed by Tian-Yau in [70, 71], and a plethora of examples are now known
to exist. A particular subset of these are Calabi-Yau manifolds which are asymptotic to a cone at
infinity, these are sometimes called asymptotically conical Calabi-Yau manifolds. Asymptotically
conical Calabi-Yau manifolds are of fundamental importance, since they arise as blow-up limits at
the singular points in the limit of a non-collapsing family of Kéhler-Einstein manifolds (or more
generally Kéhler manifolds with bounded Ricci curvature). The conical asymptotics should be
regarded here as akin to the non-collapsing condition in the setting of compact Calabi-Yau mani-
folds.

The first analytic construction of asymptotically conical Calabi-Yau manifolds was given in
[71] and [72, 73], and the construction has been further refined by the work of many authors,
see [74, 75, 76, 717, 78, 79, 80, 81, 82] and the references therein. One nice improvement given

by these refinements is that, in analogy with Yau’s theorem in the compact case [6], one is able
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to produce an asymptotically conical Ricci-flat Kédhler metric in every suitable Kihler class on
an asymptotically conical Kéhler manifold X. In particular, this yields families of degenerating
asymptotically conical Ricci-flat Kdher metrics as the classes approach a non-Kihler class, and
one can then ask what properties limits of these spaces possess.

Let us describe the set-up under consideration and state our main theorems. The terminologies
used in this section will be explained in the next section. Let (X,J, w, ) be an open Kihler
manifold with trivial canonical bundle, with only one end which is asymptotic to a Calabi-Yau
cone (C, Jc, wc, Qc¢) with rate v > 0. Consider a linear family of v-almost compactly supported
Kihler classes [a;] = (1 — D][ao] + tay] € Hi’l(X) for t € (0,1]. Suppose [ap] satisfies the

following assumption.

Assumption 1. [«ag] contains a semi-positive form «g, and there exists €9 > Oanday € PSH(X, ag)
such that ay + 10y > eow for some Kihler form w on X. Furthermore, assume that  is smooth

away from a compact analytic subvariety V C X, and V = {y = —co},
Remark 4.1.1. We expect that Assumption 1 essentially always applies, possibly after weakening

the semi-positivity assumption. In fact, in analogy with the main result of [69], we expect that

v J Y
YcX:f, afim¥=0

where the union is taken over compact, irreducible analytic subvarieties. We will prove this in a

large class of examples; see the discussion in Section 4.3.1.

In [78], it is proved that for ¢ € (0, 1] there exists a unique asymptotically conical Ricci-flat

Kihler metric w; cy € [a;] satisfying the complex Monge-Ampere equation
2 —
n N
Wiy =1 QAQ

The first main theorem of this Chapter is the following,
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Theorem 4.1.1. Let O < v < 2n and consider a linear family of v-almost compactly supported
Kdahler classes [w;] = (1 — t)]ag] + tw] € H&’I(X, R) for t € (0,1]. Suppose [ag] satisfies
Assumption 1. Let w; cy be the asymptotically conical Calabi-Yau metrics in [w;]). Then, ast — 0,
the Ricci-flat Kdhler metrics w,cy converge in C;° (X \ V) to an incomplete Ricci-flat Kéhler
metric wo.cy on X \'V satisfying

W oy =i"QAQ (4.1)
Moreover, we have

1. wo cy extends across V as a positive current with locally bounded potentials and (4.1) holds

globally in the sense of Bedford-Taylor [83].

2. wo,cy is asymptotically conical at infinity and, outside of a compact set K C X, wocy
satisfies |Vk(a)(),cy — W) we= O@(r™"7%), where r(x) = dist(xg, x) is the distance to a fixed

point with respect to the conical Kihler metric wc.

3. wocy is unique in the sense that, if w is any closed positive current in the class [wo cy]
with locally bounded potentials, which is smooth on X\V, asymptotically conical at any rate

0 > 0, and satisfying (4.1) on X in the sense of Bedford-Taylor, then w = wo cy.

The reader may wish to compare this result with the analogous result in the compact case [69,
Theorem 1.6].

A natural way to construct examples where Theorem 4.1.1 applies is to consider resolutions
of singular varieties. We consider a set-up as follows: let (X, ) be a normal, log-terminal,
Gorenstein variety with Ky, trivial, and suppose that Xy has compactly supported singularities
and admits a crepant resolution of singularities 7 : (X, Q) — (Xp, ). Suppose that L — Xj is
an ample line bundle on X, (see Section 4.5 for the definition of ampleness in this context). Let
[ao] = 7*c1(L) € HA(X,R) and suppose that (X, J, w, Q) and [w;] = (1-)[eo]+t{w] € HY'' (X, R)
is a family of Kéhler classes satisfying the same hypothesis as in Theorem 4.1.1. (In particular [«ag]

satisfies Assumption 1)
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Theorem 4.1.2. In the situation above the singular Ricci-flat current wo cy descends to a Ricci-flat

Kdihler current on Xy and satisfies
1. wo cy is a smooth Ricci-flat Kéhler metric on H_I(X(;eg ).
2. wo,cy is a Kéihler current on Xo, (i.e. wo,cy = w for some smooth Kdhler form w on Xo)
3. (Xseg , Wo.cy) is homeomorphic to Xp.
4. (X, wy cy) Gromov-Hausdorff converges to Xo with the distance function induced by wy cy.

A couple of remarks are in order concerning the assumptions of Theorem 4.1.2

Remark 4.1.2. 1. Theorem 4.1.2 requires that Assumption 1 to hold for the class [@g]. As
pointed out in Remark 4.1.1, we expect that in this situation that we can always take V =
ol (X(‘;i"g ), and we will prove this is a large number of cases in Lemma 4.3.1. Although we

don’t actually need to assume this for the proof of Theorem 4.1.2.

2. In many cases where Theorem 4.1.2 applies, we will take L = Oy,. This can be done
when X)) is affine, which is a natural setting for studying Calabi-Yau varieties with isolated

singularities.
We apply these results to study several classes of examples. Let us briefly describe one partic-
ular class. Consider the quasi-homogeneous affine variety

Ypqoi={xy+2/ =w?=0} C c,

where without loss of generality we can assume p < ¢q. Y,, is normal, Gorenstein and log-
terminal, and by [84] ¥, , admits a conical Calabi-Yau metric if and only if ¢ < 2p. A result of
Katz [85] says that the Y, , admits p inequivalent small (and hence crepant) resolutions resolutions

wi Yo — Y, (and if p # g then no small resolution exists). We therefore have the following
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picture

yl Y2 e ypr-1 Y?
H1 M2 #W
Ypp

with each pair Y, Y/ related by a flop. When p = 2, this is the well-known example of the Atiyah

flop [86]. In Section 4.6 we apply our results to this setting.

Corollary 4.1.1. Let Y' be a small resolution of the Y ».p Singularity, and let wq denote the Calabi-
Yau metric on Yy, ;. Let [w;] := (1 — D)[ao] + t{w] be any linear family of Kiihler classes on Y,
where [ag] € HY'(Y!,Q) is not Kdhler. Then for all t > 0 there is an asymptotically conical
Calabi-Yau metric w;cy € |w;). Furthermore, there is a partial resolution [i; : Y - Y, and a

map v : Y' — Y such that the following diagram commutes

Y? % Y
N
YP»P

Ast — 0, w; cy converge in Cf;’c(Yi \Exc(v)) to an incomplete, asymptotically conical Calabi-Yau
metric w on ?,eg and (Y', w,) Gromov-Hausdor{f converges to (?,eg,w) which is homeomorphic
to Y. Furthermore, if [ag] = O then Y = Y, p, fi is the identity, and w = wqo the Calabi-Yau
metric on Y, p. In particular, when [ao] = 0, for any i, j the flop from Y' to Y/ is continuous in the

Gromov-Hausdorff topology in the sense that
; GH GH ;
(Yl, 'wl,CY) ? (Yp,p7w0) — (YJ’ 'wl,CY)

A second general class of examples we consider gives rise to the following specific example.
Let X be a del Pezzo surface of degree d > 2, and let X = Bl1,X be the blow-up at a point p € X.

Assume that X is Fano (and if d = 8 assume that X is toric). Then the canonical cone

C :=Spec (P H'(X, ~K2™)

m=0

71



admits a conical Calabi-Yau metric [87, 88, 89, 90, 84]. Then we prove

Corollary 4.1.2. In the above setting, there is an asymptotically conical Calabi-Yau metric on the
relative spectrum Z := Spec (Kx ® m,) which is asymptotic at infinity to the conical Calabi-Yau

metric on C.

The metric on Z is constructed as a limit of asymptotically conical Calabi-Yau metrics on a
small resolution, and we again obtain a Gromov-Hausdorff covergence statement; see Section 4.6
for a complete discussion.

We will explain a speculative picture in which that space Z can be viewed as a cobordism
between Sasakian manifolds; in this case, the link of the A; singularity (topologically §? x $3) and
the link of the cone C (topologically #(9—d+1)S? x S%). The Calabi-Yau metric on Z upgrades this
to a cobordism of Sasaki-Einstein manifolds. In this picture the volume of the geodesic spheres
can be viewed as a sort of Morse function.

The examples above all come from (partial-)resolutions of Calabi-Yau cones. Our theorem can
also yield examples where the complex structure at oo is not biholomorphic to the asymptotic cone.

One class of examples come from the following. Let X be an asymptotically conical Calabi-Yau
manifold, then by [91], there exist a normal Stein space Y with finitely many isolated singularities
and there is a holomorphic map m : X — Y with connected fibers, is an biholomorphim outside
the singularities of ¥ and 7*Oy = Ox. The map 7 contracts the maximal compact analytic subset
of X and Y is called the Remmert reduction of X. Since Y is a stein space, it properly embeds
into CN for some N sufficiently large. The singularities of Y are rational [78, Theorem A.2], and
hence Cohen-Macaulay, and since Ky is trivial and Y is normal, it follows that Ky is trivial and Y

is Gorenstein. Hence 7 1s a crepant resolution of Y.

Corollary 4.1.3. Assuming Assumption 1 holds for [ag] = 0, applying our theorem with [ag] = 0 €
H*(X,R), wo.cy descends to a singular CY current on 'Y and the AC Calabi-Yau metrics w; cy in
the classes t{w] € H*(X,R) Gromov-Haussdorff coverge to the Remmert reduction Y.

The outline of this chapter is as follows. In Section 4.2 we discuss some basic properties
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of asymptotically conical Kéhler manifolds, and state two main propositions (Propositions 4.2.3,
and 4.2.4). We give the proof of Theorem 4.1.1 assuming these two propositions. In Section 4.3 we
discuss the construction of good background metrics, and prove Proposition 4.2.3. In Section 4.4
we prove some a priori estimates and deduce Proposition 4.2.4, completing the proof of Theo-
rem 4.1.1. In Section 4.5 we use L? estimates to prove Theorem 4.1.2. Finally, in Section 4.6 we
explain examples where Theorems 4.1.1 and 4.1.2 are applicable, and discuss a speculative Morse

theoretic picture.

4.2 Preliminaries

In this section, we discuss some preliminary background material we will need about asymp-
totically conical Calabi-Yau manifolds and we will reduce the Proof of Theorem 4.1.1 to two

propositions which we will prove in the next two sections. Our main reference is [78].

4.2.1 Asymptotically conical Kdhler manifolds

We review here some basic definitions and an existence theorem for asymptotically conical

Calabi Yau metrics from [78].

Definition 4.2.1. (A) An open Kdhler cone (C,Jc,wc, gc) is a Riemannian cone (C, g¢) with
smooth link L that is additionally equipped with a complex structure J¢ such that the Kéhler

form is w¢e = iaa_r% where r¢ 1s the distance function from the tip of the cone.

(B) A Calabi-Yau cone (C,Jc,wc, gc,c) is a Kéhler cone with an additional holomorphic

volume form ¢ such that w’é = i"ZQC AQc.

Definition 4.2.2. (A) A Kihler manifold (X, J, g, w) is called asymptotically conical if there
exist a Kéhler cone (C, J¢, gc, wc) and a diffeomorphism @ : C \ Bg(0o) — X \ K for some

K cc X and o is the vertex of the cone C, and v > 0 such that the following hold

[VE(@*T = JO) oo+ V(@ 0 — we)lge= OGrZ %), VkeN
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where the covariant derivatives are taken with respect to gc. We say that X asymptotic to C

with rate v.

(B) We say that an open Calabi-Yau manifold (X, J, w, Q) is asymptotic to the Calabi-Yau cone
(C,Jc,wc, Qc) with rate v if (X, J, g, w) is asymptotic to the Kéhler cone (C, J¢, gc, wc)

with rate v, and, in addition
IVK(@"Q = QC)ge= 02 ™)

Remark 4.2.1. 1. Onany asymptotically conical Kédhler manifold, we can always find a smooth
function r : X — R satisfying r = r¢ - ®~! away from some compact set K where rc is
the radial distance on the cone C, and furthermore, r satisfies: |Vr|+r|V2r|< C. We will call

such an r a radius function.

2. In fact, it is shown in [78, Lemma 2.14] that ®*J — Jc always decays at the same rate as
O*Q—-Qc, so it suffices just to assume |Vk(<I>*Q—QC)|gC= O(r~"7%), and |Vk(¢>*.l—]c)|gc=

O(r™"%) follows automatically.

3. We will often say (X, J, g, w) is an asymptotically conical Kdhler manifold if it is asymptotic
to some Kihler cone (C, J¢, gc, wc) at some rate v > 0 by some map ®. We will therefore
often suppress the map @, with the understanding that all asymptotics are measured with
respect to the diffeomorphism ®. Furthermore, when @ is implicit, we will often abuse

notation and write wc, Jc, ¢ 1n place of @ Ywe, (@ H e, (@ H Q.

4. On an asymptotically conical Kédhler manifold with rate v we will often refer to a (1, 1) form
a being asymptotically conical. By this we mean that there is a compact set K such that, on

X\K the form « defines an asymptotically conical Kihler metric with rate v.

We now quote two versions of the dd-lemma which hold on asymptotically conical Calabi-Yau

manifolds, see [78] for a proof.
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Proposition 4.2.1 (90-lemma, [78], Corollary A.3). Suppose X is an asymptotically conical Kih-

ler manifold with trivial canonical bundle, then

1. If ais an exact real (1, 1)-form on X, then « = id0u for some smooth function u.

2. If dim¢c X > 2, then if « is an exact real (1, 1)-form on X \ K for some compact subset K,

then there exist a compact set K’ containing K such that @ = id0u on X \ K'.

Proposition 4.2.2 (Quantitative d-lemma, [78], Theorem 3.11). Suppose X is an asymptotically
conical Kdhler manifold with Ric > 0, then there exist &g > 0, such that for any n an exact

(1, 1)-form with n € C=(X) for 0 < & < &, then n = id0u for u € C5° .

4.2.2 Kihler classes on AC Kihler manifolds

We recall the definition of a v-almost compactly supported class, this is defined in [78], but our

definition is slightly different.

Definition 4.2.3. Let X be an asymptotically conical Kédhler manifold, then for any class [a] €

H?*(X,R), we say that
1. [a] is a Kihler class if it contains a positive real (1, 1)-form a > 0
2. [a] is a v-almost compactly supported class if it contains a real (1, 1)-form ¢ satisfying
V€= 0G5
and we will denote the set of all v-almost compactly supported classes by H i’l(X ).

Remark 4.2.2. Definition 4.2.3 is slightly more restrictive than the definition given in [78] where
it is only required that the form & be defined away from a compact set. But by the second part of
Lemma 4.2.1, the condition in [78] implies our condition in the case when X has trivial canonical

bundle and dim¢ X > 2.

In [78], it is shown that if [«] is a v-almost compactly supported and Kihler, then one can
always construct an asymptotically conical Kihler form w € [a] with VA (w — we)|= 0™ 75).

We will recall this construction below in Section 4.3.
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4.2.3 Weighted Holder spaces and solvability of Poisson’s equation

Let us recall some useful Holder spaces defined on asymptotically conical manifolds and some
basic theorems regarding the solvability of Poisson equations, which will be useful for us later on.
For a detailed treatment of these material, see [92, 93].

Definition 4.2.4. Let X be a AC Kihler manifold as above.

1. We define the C*%(X ) norm of a function as follows

Y

k
_ Y+igJj k
lullesgr= 35 supl?™ Viubs{ V¥,

where r is a radius function and

. IVEu(x) — Vu(y)|
[Viulce = sup  |min(r(x), r(y))"
Tyk-a x#£y,d(x,y)<6 |d(x’ y)|a

where ¢ > 0 is the convexity radius of X, and |V¥u(x) — VXu(y)| is defined by parallel

transporting V¥u(x) along the minimal geodesic from x to y.
2. We define Cf’y(X ) to be the intersection of Cl_"y"(X )over all k > 0.

3. We will also often use the following space CZ(X \ V), which we define to be the space of
functions u € C;Y (X \ V) such that (1 — y)u € Ci"y(X ), where y is a cutoff function with
compact support that is equal to 1 in a neighborhood of V. Where V is the compact analytic

subset coming from Assumption 1.

,a

The space Cl_‘;y“(X ) consisting of all functions with finite C’_‘y (X) norm is then a Banach space,
and it follows that the Laplace operator A : Cl_(;i; X)) — Cf;’ (X) 1s a bounded map between the
two Banach spaces. There is a well-developed Fredholm theory for the Laplace operator on these

Banach spaces on an asymptotically conical manifold (see, e.g. [93]), which we summarize below.
Definition 4.2.5. Let (C, g¢) be a Riemannian cone of real dimension n over a smooth compact
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manifold L"~!, then we denote the set of exceptional weights of the cone C,

) [(h — 2)2
P={—n2 + (n 7] ) +A:A11s aneigenvalueofALn_l}.

These correspond to the growth rates of homogenous harmonic functions on the cone (C, g¢).

The following theorem summarizes Fredholm theory on an asymptotically conical manifold

Theorem 4.2.1 ([93], Theorem 6.10). Suppose (X, g) is an asymptotically conical Kihler manifold

of dimension 2n. Consider the mapping
. k42, k.«
A CIHP(X) — C_y_z(X) 4.2)

and let P be the set of exceptional weights of the asymptotic cone (C, gc). Then:

1. The operator (4.2) Fredholm if —y ¢ P.
2. The operator (4.2) is surjective if —y € (2 —2n, ) \ P
3. The operator (4.2) is injective if —y € (—0,0) \ P

Remark 4.2.3. We note that P N (2 — 2n,0) = 0, hence (4.2) is an isomorphism for all —y €
(2 -2n,0).

Now we state a general theorem regarding the solvability of the complex Monge-Ampere equa-

tion on an asymptotically conical Kihler manifold, which is proved in [78].

Theorem 4.2.2 ([78], Theorem 2.4). Let (X,J,w) be a open Kdihler manifold asymptotic to a
Kdhler cone (C,Jc,wc) with rate v > 0, and suppose [ € Cf"y_z(X), then following Complex

Monge-Ampere equation then admits a solution
(W +i0dp)" = e/ W"

with w, = w + idd¢ > 0 and
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L. If y +2 > 2n, then we can take ¢ € C5°, and ¢ is the unique solution in C3_, .
2. If y +2 € (2,2n) then we can take ¢ € CZ, and ¢ is the unique solution in CZ,.

3. If y +2 € (0,2) and —y is not an exceptional weight, we can take ¢ € CZ,.

4.2.4 Proof of Theorem 4.1.1

We breakdown the proof of Theorem 4.1.1 in the following two propositions, and we will give
the proof of Theorem 4.1.1 assuming these results. We will prove Proposition 4.2.3 in Section 4.3

and Proposition 4.2.4 in Section 4.4. Theorem 4.1.2 will be proved in section 4.5.

Proposition 4.2.3 (Constructing background metrics). Suppose v > 0, and let (X, J, w, Q) be an
asymptotic to a Calabi-Yau cone (C,Jc,wc,Q¢) with rate v. Suppose that —v € (—2n,0) and
—v + 2 is not an exceptional weight. Suppose [a;] = (1 — t)[ap] + t[a1] € H&’l(X) is a linear
family of Kdhler classes in H&’l fort € (0, 1], and suppose that [ag] € H,f’l has a semi-positive
representative . Then there exists € > 0, a compact set K C X and a smooth family of real

(1, 1)-forms @, € [a;] for t € [0, g] satisfying the following:
1. @, >0 forallt € (0, &].

2. wo = 0and &y = ag on a compact set K CcC X. (In fact, we can choose this compact set K

to be as large as we like)

3. On X\K there holds |V*(&, —we)|ge< Cr™ K forallt € [0, €] for a constant C independent
of t.

i J
4. There existy > 0 such that, on X\K the Ricci potentials f; = log ™2 satisfy the asymp-

AN
Wy

totics V¥ £,|1< Cr="=27% uniformly in t.

Proposition 4.2.4 (A priori estimates). Let (X, J, w, Q) be asymptotic to a Calabi-Yau cone (C, Jc, wc, Qc)

with rate v > 0, and H&’I(X) 3 [a;] = (1 = H[ag] + tla1] is a linear family of Kdhler classes for
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t € (0, 1] satisfying Assumption 1, and let &; € [a;] be the forms constructed in Proposition 4.2.3.

Let ¢, be the solution of the complex Monge-Ampeére equations
(O +103¢,)" = 1= " Q A Q) 4.3)

obtained from Theorem 4.2.2. Then the following estimates hold uniformly in t

L |g< C.
2. ¢ is uniformly bounded in C;° (X \ V).

3. There exist a compact subset K C X containing V such that the following estimate hold
outside of K

V¥ < Crrt
for C independent of t.
Now we prove Theorem 4.1.1 given the above two propositions
Proof of Theorem 4.1.1. Let [a;] = (1 —t)[a] + t[ew], then by Proposition 4.2.3, we can construct
a sequence of background metrics @; € [a;] satisfying the properties stated in the Proposition.
Then using these as background metrics, we can write down a family of complex Monge-Ampere

equations

(@ +i03p)" = el &= i QA Q)

then by the Theorem 4.2.2, the equations are solvable for ¢ > 0, and Proposition 4.2.4 applies
to the family of solutions ¢;. Once we have the a priori estimate, it’s then clear that by taking a

subsequence, we can take a limit ¢,, — ¢o in C;> (X \ V), which satisfies the equation
(@0 +i0dpp)' =" QAL (4.4)

smoothly away from the analytic set V. Moreover, ¢ is a bounded by the uniform C° estimate

of ¢;, hence &g + i0d ¢, extends as a non-negative current on X by [94], and it does not charge
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any analytic subsets, so the equation (4.4) holds globally. From Proposition 4.2.3 (2), and Propo-
sition 4.2.4 (3), we see that w,,, is asymptotically conical. It only remains to establish the incom-
pleteness and uniqueness statements of w,, in Theorem 4.1.1. The incompleteness of w,, follows

from the diameter bound in Lemma 4.4.2, while the uniqueness is established in Theorem 4.4.1 0O

4.3 Background metrics

The goal of this section is to prove Proposition 4.2.3, which constructs a family of “good"
background metrics @; € [a@;] whose Ricci potentials decay faster than quadratically. Indeed, it is
easy to construct w; € [a;] satisfying only the first two conditions of Proposition 4.2.3. However,
the proof of the a priori estimates of Proposition 4.2.4 depends crucially on the additional decay of
the Ricci potentials. This idea is used in [78] (see also [95, Prop. 4.2.6]).

From now on we fix an open Calabi-Yau manifold (X, J, Q) asymptotic to some Calabi-Yau
cone (C, Jc,Qc,wc, gc) atrate v > 0. In the following proposition, we summarize a construction
of asymptotically conical Kihler (semipositive) forms in almost compactly support classes, which

is based on [78].

Proposition 4.3.1. Suppose [a] € H&’I(X) contains a (semi-)positive form a, then there exist a
(semi-)positive form w € [a] which agrees with a in a compact set K and satisfies the asymptotics

VX (w — we)|= O™ 75) forr > 1.

Proof. This follows from construction in [78, Theorem 2.4].

O

Proposition 4.3.2. Suppose that (X, J, Q, w;, 8:)ie[0.1] are a smooth family of data which is asymp-
totic to the cone (C,Jc,Qc, we, gc) at the rate —v € (=2,0). Suppose that for t € (0, 1], w, are
asymptotically conical Kdihler metrics and wq is asymptotically conical and semi-positive (1, 1)
form. Let f;, t € [0, 1] be the Ricci potentials of w;, defined by el = %%Q, and suppose there is

a compact set K C X so that on X\K, f; satisfy the following asymptotics:

1 |fil<Cr?
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2. |VEfilge< Crpk

where C is independent of t and v < 8 < 2n — 2 and —8 + 2 is not an exceptional weight.
Then there exist € > 0 and a family of functions u; for t € [0, €] such that the following are

satisfied
1. There exist a compact subset K C X such that supp(u;) C X \ K
2. w;+iddu, > 0on supp(uy;)
3. | VRu g < CrPr2k
4. |VKOL|, < Crpeak

5. Away from a compact set K, we have
(w; +i00u,)" = /=i wy = QA D

where |V ft'|< Cr=*P~% outside a compact set K.

where the constant C is independent of t. In particular, this means if we set w; = w; + idduy, then

w} converges to wc at the same rate as wy, but the Ricci potentials f! of w; decays a rate of =2p.

Proof. We can essentially follow the same procedure as in [78, Lemma 2.12]. First we want to
solve the equation

Aw ﬁt = 2ft

t

for t > 0, away from a compact set while controlling of the growth of the solutions.

We now fix a standard cutoff function y : R — R with

0 forx <1
x(x) =
1 forx > 2
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and satisfy O < y < 1, [Y/|< 2, |[¥”|< 5. Then we define g : X — R by setting {r(x) = X(%),

and let ¢ be any metric on X. Then set

& =U-4p)8g+g

Since wy is semi-positive and asymptotically conical we can choose R sufficiently large so that gg
is an asymptotically conical Riemannian metric. Then for all ¢ € [0, 1], g; defines a background
metric and for # € (0, 1], this metric is equal to the w; away from a compact set.

If —p + 2 is not an exceptional weight, then Az, : C*

p2 Cf"ﬁ is surjective by Theorem 4.2.1,

so we can always solve the equation

Agtﬁt = 2§th

for i1; € Cf"ﬁ .- In fact, by the Implicit Function Theorem [96, Proposition 4.2.19], we can find a
family of smoothly varying solutions for ¢ € [0, £), and such that following bounds hold uniformly

for small ¢.
1. |Vki,|< Cr Pk
2. |VKOL | Pk
If we set u; = {sii; then u, is supported on supp({s), and then we have
i00u,| < L5110+ 100514215 || Ouy |
< Csr™P + Crif|9dgs|+Cr v gs|

< CrP(gs +r|VEs|+r20idd¢s))

< CrP(gs + SIVLs|+8%1i0Ls|)
but since {s(x) = X(%), we see that

IVZsl= S~y Vri< CS™
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and

i00Ls|1< ST ||Vr 2+ xS |iddr|< €S2

where we used that 7[iddr|< C. So we have
i0du,|< CrP(¢s +C)

and i00u;, is supported on the support of /5. Hence for S sufficiently large, we can ensure that
w; +100u; > 0 on the supp(u;).
Away from the compact set K, we have

((,U[ + laéut)n

n
t

=1+ f, +0(|iddu;|»)

=1+ f,+00 %)

so setting f/ = f; — log (“"J'ZM, we have
t

(w; +i00u,)" = ef’_f'/w’;

and f/ = f; —log(1 + f; + O(r~?#)) has the desired asymptotics. O

Remark 4.3.1. If -3 +2 is an exceptional weight, we can apply the proposition with 8+ £ in place
of g for ¢ arbitrarily small (since the exceptional weights are discrete). We can then repeatedly
apply Proposition 4.3.2 to improve the decay of Ricci potential for a family of metrics until we

obtain the decays we need.

The two previous propositions combined proves Proposition 4.2.3.

Proof of Proposition 4.2.3. By Proposition 3.1, we can find a semi-positive form wg € [ap] sat-
isfying the asymptotics VA (we — wo)|l= OG™7%) and a metric w; € [a] satisfying the same
asymptotics, then if we write w,; by linearly interpolating between wg and w;, then clearly w,

are positive for ¢+ > 0 and satisfy the desired asymptotics, and the Ricci potentials f; satisfy
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|ka,|< C(1 +r)™%, If v > 2, then we can take v = v and we are done, otherwise, we can
apply Proposition 4.3.2 repeatedly to improve the asymptotics of the Ricci potentials until they

decay faster than quadratically. O

4.3.1 Kéhler currents and Null loci in the asymptotically conical case

Before proceeding we would like to briefly discuss Assumption 1. Recall that if (X, w) is
compact Kéhler and [a] € K is a nef class with f ¥ a" > 0, then, by results of Demailly-Paun [97]

there is a function ¢ : X — R U {—oo} such that
a+ v-1aé¢ > ew

for some £ > 0, ¢ is smooth on the complement of an analytic subset Z, and {¢y = —oo} = Z.
Furthermore, by results of Collins and Tosatti [69] ¢ can be chosen so that the analytic subvariety
Z is given by

Nulll@):= ) V

IV QdimV =)
where the union is taken over irreducible analyitic subvarieties V C X. We expect that a similar

result holds in the asymptotically conical setting. We make the following conjecture

Conjecture 4.3.1. Suppose [a] € Hi’l(X ,R) is a limit of v-almost compactly support Kdhler
classes. Then there is a function ¢ : X — R U {—co} such that & + V-100¢ > ew for some

asymptotically conical Kdihler form w. Define

Nulllw):= | ) V (4.5)

JV adimV —(

where the union is taken over all compact, irreducible, analytic subvarieties V C X. Then Null(a)

is an analytic subvariety, and ¥ can be chosen so that ¥ is smooth on X\Null(a) and

{¢ = —c0} = Null(a).
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At a purely moral level, the reason that non-compact analytic subvarieties should not enter into
the definition of Null(@) in the asymptotically conical setting is that, at least when [«@] admits a
semi-positive representative, Proposition 4.3.1 yields the existence of a form & € [a] which is
asymptotically conical. Thus, if V is a non-compact subvariety, then IV @4imV = 100, Of course,
GdimV

this is purely moral reasoning, since the integral IV is not independent of the representative

of [«].

Lemma 4.3.1. Conjecture 4.3.1 holds when, [a] is semi-positive and the cone at infinity is quasi-

regular.

Recall that the cone (C, J¢, Qc¢, wc, gc) 1s quasi-regular if the holomorphic vector field rC% -

V-1J¢ (rc%) integrates to define a C* action.

Proof. By aresult of Conlon-Hein [80], building on work of Li [81], if (X, J, Q, w, g) is asymptot-
ically conical Calabi-Yau with quasi-regular Calabi-Yau cone at infinity, then there is a complex,
projective orbifold M without codimension 1 singularities, and a orbidivisor D with positive nor-
mal orbibundle such that M = X U D, and —Kj; = g[D] for some g > 1. Furthermore, every
Kihler form on X is cohomologous to the restriction of a Kéhler form on M, and the restriction
map H"Y(M) - H*(X) is surjective. Let [w;] = (1 — )[aog] + t[wo] € H"(X) be a family of
v-almost compactly supported Kihler classes for ¢ € (0, 1] such that [a(] is semi-positive. In fact,
according to [78, Proposition 2.5] all Kéhler classes on X are 2-almost compactly supported, so the
assumption of almost compact support can be dropped. Let [@], [&g] € H L1(M) be such that [0]
is Kéhler, and [@]|y = [wo], [@0]|x = [ao]. Since g is semi-positive, and D has positive normal
bundle, the argument in the proof of [80, Theorem A] shows that we can find a constant C > 0 so
that [@g] + C[D] is semi-positive, and positive in a neighborhood of D. Furthermore, since D|p is

positive, after possibly increasing C we can assume that

J ([&o] + C[D])" >0
M

Let 7 : M — M be a resolution of singularities, obtained by blowing up smooth centers. Since X
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is smooth, and M has only codimension 2 singularities, we can assume that 7|y is an isomorphism,
and that 7 is an isomorphism at the generic point of D. Let E denote the exceptional divisor of 7,

and let D = 7~ 1(D) be the total transform of D. Now we have
n*[&o] + C[D]

is nef, and big by Demailly-Pdun [97]. By the results of [97] and the Collins and Tosatti [69] there
is a Kihler current in 7*[&g] + C[D] which is smooth on the complement of Null(7*[&¢] + C[D]).
Let Y c M be an irreducible analytic subvariety of dimension p > 0. If Y N 7~!1(D) = 0, then

| wtencmy = | o
Y

nY)

and so Y ¢ Null(z*[&o] + C[D]) if and only if 7(Y) c Null([a]). Now suppose that Y N 7~1(D) N
a1 (X)#0. Let &g+ CBp + V —180u be the smooth semi-positive representative of [&g] + C[D]
which is positive in a neighborhood of D. Then, since 7 is an isomorphism at the generic point of

Y we have

I (7*[&o] + C[D]) = J [7*(&o + CBp + N=18du)]” +J (&o + CBp + V=180u)? > 0,
Y

Y\(ENY) 7(Y)

where the last inequality follows from the fact that &y + C8p + V=180u > 0 and there is a

neighborhood of 7(Y) N D where &y + CBp + V=180u > 0. Thus we have
Null(z*[@] + C[D]) N (x~1(D))¢ = #~! (Null([ay])) .

Since 7 : M\n~'(D) — X is an isomorphism, the result follows.
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4.4 A priori estimates

In this section, we prove Proposition 4.2.4. Let us first recall the general setup of the propo-
sition. Let (X, J, w, Q) be an asymptotically conical Calabi-Yau manifold which is asymptotic to
the Calabi-Yau cone (C, Jc, wc, 2c¢) with rate v > 0, and [a;] = (1 — H]ag] + tlaq] € H&’l for
t € [0, 1] is a family of v-almost compactly supported classes such that [«,] is Kidhler for ¢t > 0.
Suppose [a@g] satisfies Assumption 1. Then let @, € [a;] for ¢ € (0, 1] be a family of asymptotically
conical Kihler metrics satisfying the conclusion of Proposition 4.2.3. Then by Theorem 4.2.2, we
can solve the equation

(@ +109¢,)" =" Q A Q(= el &)

for ¢, € CZ,(X), the our goal in this section is to prove a priori estimates on the potentials ¢, that

are uniforminr as ¢t — 0.

4.4.1 Uniform estimates

In this section, we prove a uniform bound for ¢, that is independent of z. In the compact
case, such an estimate can be proved using pluripotential theory following the seminal work of
Kolodziej [98], see [66]. Pluripotential methods allow one to obtain an estimate with a sharper
dependence on the data of the right hand side. However, such methods are hard to adapt to the
non-compact setting and no proper analogue of such estimates are known. It would be of interest
to try to find extensions of the pluripotential estimates to the non-compact setting, as it would
give a sharper estimates which would apply more generally to singular Calabi-Yau manifolds not
admitting crepant resolutions.

Instead, we will use an idea based on the original argument of Yau [6] using the Moser iteration.
However, following an idea of Tosatti [65] we perform the Moser iteration using the Calabi-Yau
metrics wy, = O + idd¢, as background metrics. The advantage of this trick is that since the
metrics w,, are Ricci flat and asymptotically conical, they have a uniform Sobolev inequality by

results of Croke [99] and Yau [100].
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Proposition 4.4.1. The metrics w,, satisfy a uniform Sobolev inequality of the form

n—1

(J |u|%i"2gz/\s‘2) ' gcj dul2, i"QAQ (4.6)
X X (23

Proof. Tt suffices to prove the result for compact supported smooth functions. Results of Croke [99]
and Yau [100] show that for a compactly supported function u, with supp(u) C € for an arbitrary
relatively compact set  C X, (4.6) holds for a constant C, depending on an upper bound for the
diameter of Q, a lower bound for the volume of €, and a lower bound for the Ricci curvature. We
only need to exploit the scale invariance of these quantities for asymptotically conical Calabi-Yau

metrics. Fix a point xo € X. Since w,, are asymptotically conical, for R sufficiently large we have

Vol (Br(xq)) ~ R*"Vol,.(L)

Wey

where L is the link of the cone, identified with {r¢ = 1} c C, and the volume is computed using
the conical Calabi-Yau metric wc. Therefore, if wy = R‘2w¢t, then with respect to the rescaled
metric the diameter is 1, and the volume is Vol,,.(L). Since (4.6) is scale invariant, the result

follows. o

Proposition 4.4.2. Given solutions ¢; to (4.3), with |Vk¢|= O(r~77%) we have the following uni-

form estimate for the potential

lo: | < C“‘Pt”Lp(ian/\Q)

2n—2 >

T2 1 and C depending on n, p, and a uniform bound on ||l — 1||14 for

for any p >

q € [p, ]
Proof. If wesetT; = ZZ;(I) a)f;, A c?)?_l_k, then we can rewrite the equation as
—iddp, AT, = (™ = D)iI" QA D

multiplying both sides by |¢,|”2¢, and integrating, we get
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9z 2 ~
—‘[ [ |? 2991135901 ANT; = J le [P~ 2‘Pt(€ —DI"QAQ
M

we will integrate by parts on the first term

—J li|P201idd¢; AT, = lim (-J
M R—

0|72, i0 s A Tz)
Bgr

= lim ((p - 1)J l@:i|P 200 A Dy AT, — J lo:iP2iidg AT,

0BR
4(p 1) o .z
lﬁlsot Y AB|g| % AT, - Jim ) lo:iP 20 AT,
Bgr

— 2n-2
=0 for p> ==

Combined with the Sobolev inequality, we have

n

n 2 .
(J |¢,|P%i"29/\g‘z) s CLJ i ? e = 11" Q A Q
M dp-1Ju

for any p > 2’;—‘2 By Holder’s inequality, we have (below é + % =1)

P np’ p-1 ~fi np’ ~fi
lpell ) < lell%l llzalle™ = 1| zqr= CWII%IIM,’ plle™ =1l 47
picking g such that ¢ = -— > 1, we get

Csnp?
ledl? < P
LPa1 " A(p -
Canp

4(p

17!

II% p e =1l

|| eIy

a standard Moser iteration argument gives the result.

Proposition 4.4.3. For any p > 27” we have a uniform L? estimate of the form

ledlr< C
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for C depending on n, p and ||e™/1 — 1||L%.
Proof. In equation (4.7), if we pick ¢ > 1, such that g(k — 1) = k-2, we get

l’lp2

L C————
luloo < Cqo s

n+k-1

le™ =101 _u

taking p = n”T"l gives us our result. ]

Corollary 4.4.1. The potentials ¢; are bounded in LP uniformly in t for any p € (27”, oo],

l:llr< Cp

In particular, th potentials ¢; are uniformly bounded in C°.

Proof. This follows by combining Proposition 4.4.2 and Proposition 4.4.3. Note that since | f;|<
Cr~"7% outside a fixed compact set, we have an estimate ||e™/* — 1||L LTES C for a constant C

independent of p, ¢ for any p > % O

4.4.2 Convergence of the metric away from the degeneracy locus

In this section, we prove an estimate for dd¢, away from V, the subvariety coming from As-
sumption 1. Recall that by Assumption 1, there exist € PSH(X, ap) which is smooth outside of
V and goes to —co near V, the idea is to use this function as a barrier function in the C? estimate,
and this is first used by Tsuji in in [101] to study Kéhler-Ricci flow. We remark that this is the only
part of the Theorem that uses the current in Assumption 1.

Before we prove the estimate, we first construct a slightly more better behaved barrier function
Ve € PSH(X, @o) which is compactly supported. Recall that from the construction of @g, @q is

equal to ag on a large compact set. (which from the construction can be as large as one want)

Lemma 4.4.1. There exist . € PSH(X, ®g) which is compactly supported and satisfy g +

100y, > sw, and is smooth outside V and goes to —co near V.
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Proof. Recall by [78, Lemma 2.15], we know that r2 for k € (0,1) is strictly plurisubharmonic

for r sufficiently large, and satisfies

|Vr2€|= 0™y 1iddr*|= 0(r*?)

Pick ¥ : R* — R* smooth satisfy ¥, ¥ > 0 and

T+2 forx <T+1
Yx) =

X forx >T+3

then as in [78, Lemma 2.15], for T > 1, LI’(rz") is plurisubharmonic and equal to r2¢ for r suffi-
ciently large.

We set

We = (1= L)y + C(1 = LR)P(r™)

where S, C, R are chosen as follows. First we pick S > 1 large enough such that @0y = @ on
{r < 8} and i00P(r*) > 0 on {S < r < 28}, which implies that &g + i0dY, = g +i00Y > gow
on {r < S}. Then pick C > 1 large enough so that Cidd¥(r**) > idd((1-s))on {S < r < 2S}.
Finally, we pick R > § such that ©¢ + iaéng > 0 on {R < r < 2R}, which is possible since for R

large, we have

i0(1 — R IV LRI HIVPRENIL = Lrl+V LRIV < CRATD < 1

Then @wq + iaé% > 0and @ +1 65¢8 > gow on the compact set K containing V, hence there exist
an & > 0 such that &g + 00y, > ew holds. O

Now we prove the main estimate of this section.

Proposition 4.4.4. There are uniform constants B, C > 0, independent of t such that the following

91



estimate holds:

|00, |< Ce™BY=.

Proof. By the well-known computation of Aubin and Yau, we have
Ay, logtry, wy, > —Atr, w

where A is a lower bound for the bisectional curvatures of w. Then if we pick N > B sufficiently

large, we have

Ay, (logtry, wy, + Bys — Ng;) > (Be — A)try, w — Btry, &g + N try, & — Nn

n 2
—_—tr, W - Bn
nitQAQ “ "

since . goes to —oo near V and the function log tr, wy,, + By — N, goes to 0 at infinity, either
log tr, wy, + By s — N ¢, 1s always non-positive, in which case we are done, or maximum is achieved

in the interior, and applying the maximum principle gives
tr,, W, < CeB(SuP Ve—Ve)

from which the estimate follows. O

Remark 4.4.1. This argument is the only place where we used the Kéhler current in Assumption 1.
In the situation where [ag] = 7*c;(L) where 7 : X — Xj is a crepant resolution of a singular
Calabi-Yau variety with compactly supported singularities and L — Xy is an ample line bundle on
Xo, the above C? estimate can be replaced by the argument in Lemma 4.5.1, and the convergence
holds away from n_l(XSing ). In that case we do not need the Kihler current in Assumption 1 to

prove Theorem 4.1.1.

The higher order estimates follow from the standard methods of Yau [6, 18, 17].
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Proposition 4.4.5 (Higher order estimates). We have a uniform estimate

||"0t||CIkQ(K)< C(K, k7 CY)

forany K cc X \ 'V and C independent of t.
Proof. This follows from the local estimates in [17]. O

Corollary 4.4.2. The metrics w,, converge after passing to a subsequence in C,> (X \'V) to a

possibly incomplete metric wy, on X \ 'V, which is uniformly equivalent to wc at infinity.

So far, we’ve shown the first two parts of Proposition 4.2.4, in the next section we prove decay
estimates for ¢;.
4.4.3 Decay estimates

In this section, we prove uniform decay estimates for ¢;. We use the method of Moser iteration
with a weight, similar to the technique used in [74, Chap 8]. However, as in Section 4.4.1, we use
the Ricci flat metrics w,,, exploiting the uniform control of the Sobolev constants.

Recall that  : X — R, is a radius function such that |Vr|+r|iddr|< C, and it’s not hard to

see that we can also assume that r = const on a compact set K containing the singular set V.

Definition 4.4.1. We define the following weighted L? norms,

S1p . —2n:n 517
il p 2 gp= (f urPr 2 Q A &
5 X

Remark 4.4.2. Notice if we let p — oo, then the Lg norms converge to the Lg norm given by

lull = supylur]

Proposition 4.4.6. For any 6 <y, we have a uniform bound of the form

ArAe
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for any p € (0,22, and constant depending on p, 6.

Proof. If p = %”, then this is simply the L3 norm, which is bounded if 6 < vy by Proposition 4.4.3.

Ifp < %", then

1 q-1
§\p -2 ! 4 (5p-2 "
[ ey, < ( [ |<,ot|f’q) (J raer ’“w’;,)
X X X
the first term is bounded if g > % by Proposition 4.4.3, and the second term is finite if ¢ < g—”, SO

we just need to pick g € (5—7), g—;) with ¢ > 1, which is possible since p < %”. o

Proposition 4.4.7. Forany 6 <y, p > 1, we have
Cp?
5”17 <

sp-1 5P
s I L2 Al TSP LTl /P

llgsr

for C depending on the Sobolev constant of w,, 6 and the dimension n.

Proof. We use the same method as in [74, Proposition 8.6.7], but using the Calabi-Yau metrics w,,

as the background metrics. The reason is because the metrics w,, are Ricci-flat and hence have a

uniform Sobolev inequality. First we set

n—1
T, = Zwﬁt N
k=0
If ¢ — py < —2n + 2, then Stoke’s theorem gives the following two identities

0= I i0 (rq|¢t|p‘2<,0t5<pz A Tz)
X
=(p- I)J 9@, |P2id¢; N Dy ATy + qJ ri o, [P gidr A dg; AT, +I ) |P2,idd ¢, AT,
X X X

and

0= —J id (rq—l o |Pidr A T,)
X

=pJ\ rq_1|¢llp—2$0tlarA590t /\]}+(q_ 1)J rq_2|(,0t|plar/\5r/\]-‘[+‘[ rq_ll‘ptlplaa_r/\j}
X ¥ i
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using these identities, we can obtain through integration by parts

[ 1wttt o, =n [ iodaltrt addeirt np!
X X

< nj 0o 5rH A3l B rH AT,
X

2
. P=2r9i9d ¢, N T,
4(p — 1)J @il P r4i00 ¢, t

4(p J l@: |Prd™ 2[(p +q —2)ior A or — (p - Driddr] AT,

-7 1)J eilg7 (e — D,

+— J lo|Pri72[(p + g — 2)idr A dr — (p = 2)riddr] AT,
4(P -1 Jx

where in the last equality, we used the equation idd¢; A T, = (efi — Dwy,. Now we claim there

also exist a uniform constant C independent of ¢ and r such that

[(p+q—2)idr Adr —(p = 2)riddr] AT,
i"QAQ

< C(p+lql)

recall that we chose r so that r = const on a compact set K containing V, so the left hand side of
the expression is 0 on K. By Corollary 4.4.2 we know that |7;|< C on X \ K and because r is a
radius function, we also |Vr|+r|0dr|< C, putting them together, we get that the expression also
holds on X \ K, hence this whole expression is bounded by the right hand side.

This then combined with the Sobolev inequality, we conclude that

n—

o gn " Cnp _ 6](19 6])
(JX|¢l|p"—1rqn—lw’;t) é 4(p 1)‘[ | Jr - 1”‘;0 |p quw<p, |‘10t|p a2 n

for any 8 < y we can set ¢ = 2(1 — n) + pé and use the fact that |e/r — 1|< Cr~"~2 to obtain,

ety [rc)

=C ( _1) (J |90r6|p 1..60— Yy 2n Z J |¢tr6|pr —2n nz)
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and since ¢ < 7y, which means for any p > 1, we have

sz

6”19—1
n ~X
n-1 (r’znw’;t) p— 1

o P
Lp-1(r-znw7pt)+||‘;0tr ”LP(”_Z"LUTL,))

s||P
eI, (llgrr

Corollary 4.4.3. For any 6 <y, we have a uniform bound of the form
lp:|< Cr -

for C depending on 6.

Proof. By Proposition 4.4.6, we have a weighed L? bound for any p < %”, combined with the

previous proposition, we can use the standard Moser iteration argument starting from p = %" =

Lo> 1. O
n—1

Proposition 4.4.8. For any 6 < vy, the derivative of the solutions ¢, satisfy uniform decay estimates
on X\ K,

V@< Croh
where C = C(n, 9, k) which doesn’t depend on t.

Proof. This follows from the methods of [74, Theorem 8.6.11] verbatim. The point to note here is
that the metrics w,, are uniformly equivalent to wc on the region X \ K, with bounded derivatives

as well, hence the Schauder constants are uniformly controlled on far away balls. O

Proposition 4.4.9. If y € (0,2n — 2), then in fact we have
IVEgil< Crrt

on X \ K, and C = C(n, k) independent of t.

Proof. This follows from the same argument as in [74, Chap 8.7, Theorem A2]. |
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We can now prove Proposition 4.2.4, thereby completing the proof of Theorem 4.1.1.

Proof of Proposition 4.2.4. Combine Corollary 4.4.1, Proposition 4.4.5, Proposition 4.4.3 and Propo-
sition 4.4.9.

O

We now prove the local diameter bound, which will play an important role throughout the

remainder of the chapter.

Lemma 4.4.2. In the setting of Theorem 4.1.1, let K C X be a compact subset containing V. Then
the diameter of K with respect to the Calabi-Yau metrics w; cy is uniformly bounded from above
ast — 0.

Diam,, , K < C

Proof. 1t suffices to show that the sets Kz = {r(x) < R} have bounded diameters for R sufficiently
large. Recall that the metrics w,, are uniformly asymptotic to wcp for r large and ¢ close to 0 by
Proposition 4.4.8. Fix any two points x, y € Kz, and joint them by a length minimizing geodesic
v : [0,L] — X. We claim that y must lie inside Kz2 for R sufficiently large. Note for R large,
on the region {r(x) > R} the metric w,, is C* close to a cone metric uniformly in ¢, and hence
for R sufficiently large, the boundary of K has diameter bounded by 27 R. However, the distance
between the boundary of K and Kg> on the order of R?, so it’s clear that any minimizing geodesic
between two points in Kz cannot leave Kz>. Now consider x; = y(2i + 1) and disjoint balls B (x;).
Note that these balls have a fixed lower bound on the volume, since by Bishop-Gromov volume

comparison and the asymptotically conical geometry we have

Vol(Bs(x)

Vol(B1(x;)) = Sh_)rrgo Son =Vol,.(L)=:¢c >0

where L is the link of the cone at infinity, identified with {r¢c = 1} and g¢ is the conical Calabi-Yau

metric. Thus, we have

Z Vol(Bj (x;)) > c%
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where c is the non-collapsing constant. On the other hand, these balls must all lie in K>, and since

the volume form of the Calabi-Yau metrics are fixed, we must have that

which gives us a bound for L, which is d,, o (x, ). O

4.4.4 Uniqueness

In this section, we discuss the uniqueness of the Calabi-Yau currents constructed in the previous

sections.

Theorem 4.4.1. The current that we constructed w,, above is unique in the sense that if w is
another positive current with locally bounded potentials in the same cohomology class as wy,
which is smooth on X \ V, asymptotically conical at infinity with any rate § > 0 and satisfies the

complex Monge-Ampere equation

in the Bedford-Taylor sense, then w = w,,.

The proof is modelled after the idea introduced in [78], which relies on the following crucial

Lemma proved in [78].

Lemma 4.4.3. [78, Corollary 3.9] Suppose (X, w) is an asymptotically conical Kdhler manifold

with Ric 2> 0, then for any &€ > 0, any harmonic function u € C3° _(X) is pluriharmonic.

The idea is to write w = wy, + i00y and use this lemma to improve the asymptotics of the
potential function i by subtracting off pluriharmonic functions from it, until we are left in the
case where the potential function is decaying in which case uniqueness follows from a standard

integration by parts argument.
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Proposition 4.4.10. Suppose ¢ € PSH(X, wy,) N L*(X) N CE.(X \ V) is a function such that the

current Wy, + 100 satisfies
. A . 2
(Wg, +i00¢)" = wi, =i" QA Q

in the Bedford Taylor sense, then ¢ = 0.

Proof.

n-1

0= —J 10172 (w gy + 108" — ) = —J lolP20iddp A (Z WL, A (@, +i08p)" 1
BRr Br k=0

4 -1 _ n—1 B
- J i0(1el%) A 3(lel®) A (Z Wy N (g, +i8(’)¢)”_l_k)
Br k=0

n—1
- J lo|P20ide A (Z a)l;o AN Wy, + iﬁ(?go)"_l_k)
OBR k=0

picking p > 22 and letting R — oo, we get

n—1
j i9(¢1?) A (gl ?) A (Z Wiy N (g, + iaaso)"—l—k) =0
X k=0

which shows that ¢ = 0. m|

Lemma 4.4.4. Suppose (X, J, g) is an asymptotically conical Calabi-Yau manifold with rate v > 0,
and n = n;; is a asymptotically conical hermitian metric with rate v > 0 and let u € C3° 5 such that

n”u e C%

—K?

then there exist ii € C‘z"iﬂ_y such that iddii = id0u.

Proof. We have

gu;z = (¢ = n'yu; + iy € C

—min(x,8+v)

hence we can solve the equation g”u : = g”u with i@ € C3° . in(k f+) and by Lemma 4.4.3 we

have iddii = iddu. O

Proof of Theorem 4.4.1. By the d9-Lemma (Proposition 4.2.1), we can write = w, +iddy, for

Y € PSH(X, wy)) N Ly (X)NCpP (X \ V), then choose a cutoff y such that y has compact support

loc
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and y = 1 on a compact set K containing V, then since id0y = w — wy, € C=,(X \ V) for some
& > 0, hence by Proposition 4.2.2, we can solve idd f = idd[(1 — x)y] for f € C3°, y =2 —&.
Setting ¢ = x¢ + f, we have that ¢ € L (X) N Cy’(X \ V) and

(W, + iddp)" = Wy = "OAND

If v < 0, then we are done by Proposition 4.4.10. If y > 0, then we proceed by the following: note

that the equation above can be rewritten as

" (n (iﬁa_(p)k_z/\w”_k -
( ) e Gy (X \ V)

0a 2
Aw,, ¢ =—((00¢p) /\(Z I

k=2

n
wsﬂo

if y is the cutoff function as before, then we have Aww0 [(1 - )] € Cz‘f"y 4X) if we let p =
XWyp, + (1 = x)wy,, then 17 is an asymptotically conical hermitian metric which is equal to wy,
outside of a compact set, hence nif [(1=x)el;; € C;‘; _4(X), hence we can apply Lemma 4.4.4 with

k=22 —-7y)and 8 =2 -y, so we can solve iddv = idd[(1 — y)¢] with v € C;"

 min(2—y.y) NOW We

cansetg =v+ yp € ny’"_ )(X \ C) and we can keep repeating this process with ¢ in place

min(2—-y,v

of ¢ and y — min(2 — 7y, v) in place of y until are in the case where y < 0, then we are done by

Proposition 4.4.10.

4.5 Metric geometry of the singular Calabi-Yau

The goal of this section is to prove Theorem 4.1.2. Let us first begin with some definitions and

the general setup.

Definition 4.5.1. We say that a complex analytic space Xy is a singular Calabi-Yau variety with

compactly supported, crepant singularities, if
* Xy is normal singularities, Gorenstein and log-terminal,

* there is a compact set K so that Xo\K is smooth,
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* there exists a resolution 7 : X — Xj such that X also has trivial canonical bundle and 7*Q
extends as a non-vanishing global holomorphic (n, 0)-form on X. (By abuse of notation, we

will also denote this holomorphic (n, 0)-form by €)

Let Xy be a singular Calabi-Yau variety with compactly supported, crepant singularities. Sup-
pose that the resolution (X, J, ) is Kéhler and it has a Kihler metric w such that (X, J, w, Q) is

asymptotic to a Calabi-Yau cone (C, J¢, wc, ¢) at rate v.

Definition 4.5.2. A line bundle L on Xj is ample if for some k£ > 0, there exist sections s, ..., Sy €
H%(Xy, L*) such that [so, ..., sy] gives an embedding of Xy into a finite dimensional projective

space CP", and denote this embedding map by ¢, then we have %[L*a) rs] =ci(L).

Let us now fix L an ample line bundle on Xj. If set [@g] = 7*c{(L), then suppose (X, J, w, Q)
and [ag] satisfy the hypothesis of Theorem 4.1.2. Then from the previous sections, we have on X,
a sequence of Calabi-Yau metrics w,, = @ + i@étpt with [wy, | = (1 — t)[ao] + t[a], which satisfy
the equation

(&; +109¢,)" = el (=" Q A Q)

and f, = log ""233@ € €= _,(X), and ¢, € C=,(X).

If we fix a point p € 77'(X;®), then by Gromov compactness, after passing to a subse-
quence, the pointed spaces (X, wy, ,p) for t; — 0 pointed Gromov-Haussdorff converge to a
limiting pointed metric space (Xe, doo, Poo) @S i — oo0. By the definition of pointed Gromov-

Haussdorff convergence, the convergence can be interpreted in the following sense: If we set

Z = (Xeo» doos Poo) U L1 (X, W, » p), then there exist a metric dz on Z such that
1. dz|x,= dng,»

2.d72( p ,px)—0
——
eX;

3. Bg, (p,r) € X; = By (P, 1) C Xo in the Haussdorff sense with respect to dz.
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The asymptotically conical property of w,, implies that the tangent cone at co is independent of z,
and by Bishop-Gromov, this a uniform lower bound on volume, and we have Vola,w B(p,r) > cr?h
where ¢ is the volume ratio of the asymptotic cone C. Hence the regularity theory of Cheeger,
Colding and also Tian [102, 103, 104, 105, 106] applies, and the limiting space admits the follow-

ing structure
1. All tangent cones of X are metric cones.
2. X =R US, where R consists of all the points where all tangent cones are isometric to R*".

3. R is an open dense set in X, with a smooth metric g, and complex structure Jo, which
makes it Ricci-flat Kdhler manifold and (X, dw) = m. Moreover, the convergence of
(X,J,wg,, p) = (X0, Joo, &0, P) is smooth on R in the sense that for every K CC R, there
exist smooth maps 7; : K — X such that (177g;,, 177"J) converges t0 (gco, Joo) smoothly on K.

(In fact, we can arrange n; such that dz(n;(z), z) — 0 uniformly in K)

4. S is a closed subset of X, with real Hausdorff codimension greater or equal to 4.

4.5.1 Properties of the Gromov-Hausdorff limit

In this section, we prove several preliminary propositions about the relationship between X,

and the Kihler current constructed from Theorem 4.1.1. In particular, we show the following:

1. wy, is in fact well-defined and smooth on 7~ (X; )

2. There exist a locally isometric embedding of te : (771 (X*®), wgy) = (R, goo)-

3. X is isometric to the metric completion (7~1(X;*), wy,)
4. 1 1s a bijective local isometry between X(r)eg and R.

One of the key ingredients is the local diameter bound Lemma 4.4.2, which we apply with

V=a7lxy").
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Proposition 4.5.1. The family of metrics w,, has a uniform lower bound
o (4.8)
Proof. By the standard Schwartz lemma calculation, we have
A, logtr,, m*wps > —4tr,, T wrs
and for any other Kéhler metric @, one also has
Aw,, log e, o= -C e, 0]
with C depending only on the upper bound for the holomorphic bisectional curvature of @. Recall

from the construction of @o in Propositions 4.3.1 and 4.3.2 that ®( can be taken to be equal to

1m*wps on a compact set K containing 7~'(X;"), and is a genuine non-degenerate, asymptot-

ically conical Kéhler metric outside of K, so we can apply the first inequality inside K and the

second outside K to get a uniform estimate
Aw,, logtry,, ¢ = —Ctr,, @p. 4.9)
Since wy,,, = O + iaa_gol, taking trace gives
n=try, Or+Ap ¢,

and we also know that for 7 reasonably small @; > c®¢ holds for some small constant ¢ uniformly

in ¢ as t — 0, which means we have

nzctry, 0o+ Ay ;.
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Combining this with (4.9), we have
. Ac .
Aww (log tre, ©0 — Ago,) > (7 -0) try,, Oo — An

since log tr,,,, @o—A¢, converges to the constant log n at spacial infinity, if the maximum is attained
at infinity, then we automatically have a uniform bound that we wanted. So we can assume the
maximum is achieved in the interior, and applying the maximum principle to the equation above,
and we obtain

trww d‘)o g CeA(‘Pt_(‘PI)min)
which gives a uniform upper bound for tr,,, @o. O
Corollary 4.5.1. On X \ JT_I(XSing ), we have

C %y < w,, < CePidy

2 e .
fo = MQAQ - . —1,vSing . .. .
where e/0 = o 1S bounded uniformly away from =" (X, ). In particular, this implies that

Wy, IS smooth on ﬂ_l(X(;eg ), and on X it is a Kdhler current since it dominates @.

Proof. The lower bound on w,, is the content of the previous lemma, and from that and the fact

that w’;[ —i"QAQ = efo(f)g, the corollary follows immediately. m]

Corollary 4.5.2. The maps n; : (X, Wy, » p) — (Xo, @, p) are has bounded derivative, hence it is
uniformly lipschitz and we can pass to a continuous surjective map from the Gromov-Haussdorff
limit o (Xoo, dx., Poo) — Xo. Furthermore, for any q € Xgeg, the preimage ) (q) consists of a

single point.

Proof. The fact that the maps have bounded derivative follows from the estimate (4.8), and from
this it follows from an Arzela-Ascoli type argument that after passing to a subsequence, the projec-
tion maps 7r; limit to a continuous surjective map 7o : Xoo — Xo. The map 7 can be characterized
in the following way: if we fix A; : (X, “’w:i) — X an g;-isometry for &; — 0, then for any se-

quence of points g; € X with n(q;) — q € Xo, and h;i(g;) = ¢o € Xoo, W€ have 1o (q) = ¢co.
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To see that the preimage of n7!(q) for ¢ € X(;eg consists of a single point, suppose for con-
tradiction that it consisted of two points q1,q2 € X« with dx_(g1,92) = d > 0 and n.(q1) =
To(q2) = g € X%, then from the construction of 7, there exist a sequences of points ¢', g5 € X
such that 7r,-(qi1) — ¢ and ﬂi(q;) — ¢q and h,-(q"l) = ¢1 and hi(qg) = ¢. Then from the fact that
mi(q') — g and mi(gh) — g and g € X;**, we know that ¢ — 7n7(¢g) and g5, — 77'(¢) in X since
7 1s a resolution of singularities of Xy, and g;, — g« smoothly in a neighborhood of ¢, it follows

that dg, (q"l, qiz) — (0 asi — oo. But we also have
dx. (hi(q}) hi(gh)) — € < dg, (4}, )

since h; is an g;-isometry. This is a contradiction, because dxoo(hi(q"l), hi(qé)) -& — d > 0by

our assumption. O

Proposition 4.5.2. There is an embedding iw : (X, wyy, p) = (R, 8eo, p), which is a locally

isometric embedding, and n © Lo = id.

Proof. We can simply take to, = 73| X7 which is well-defined by the previous proposition. It’s
clear that the image of i, is contained in the regular set R C X and that it is continuous, so
it suffices to show that this map is a local isometry. To see this, we note that if ¢ € X;°*, then
there exist an & > 0 such that By, (¢,&) ¢ X for all i > 1. Tt follows from the diameter
estimate (c.f. Lemma 4.4.2) that the points h,-(n_l(q)) are uniformly bounded in X, hence after
passing to a subsequence, it converge to some point go € Xo, it’s clear that g, = t(g) since
mi(g) = g. Since the points ﬂ_l(q) € X; have a uniform harmonic radius lower bound, hence
(Bgti (= (q), &), g%i) 2 (Bg..(gos €), &) and by the smooth convergence of g,, — g¢,, we also

have (Bgzi (7 (q), &), g%i) — (Bg% (g, &), wyy), it is then clear from the construction of 7., that

it maps (B, (g, £), £o) 1s0metrically onto (ngo (q, €), Wyy). O

The following Proposition follows from the same arguments as in [107]. We include a proof

here for the convenience of the reader.
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Proposition 4.5.3. The subset E = R \ LC,O(XSE‘g ) C R is an analytic subset, hence of real codimen-

sion bigger than or equal to 2, and moreover (X%, ge0) = Xco.

Proof. It suffices to show that the holomorphic maps 7 : (X, w,,, p) — Xo C (CPY, wrs, p) limits
to a holomorphic map 7s|g: (R, Joo, &) — Xo C CPN, Assuming for now that this is the case,
then R \ 100(X,™) = noo|7_z1(Xgi”g ). Since Xging C X is an analytic set, if 7|g is holomorphic,
then 7o' (Xgi"g ) = E C R is an analytic subset, and since analytic subsets have real codimension
2, it follows that X \ X** C X has Haussdorff codimension at least 2, and by [104, Theorem
3.7], we have m = Xo.

Now we show that 7|z is holomorphic. Consider the holomorphic maps 7 : (X, wy,, p) —
Xo € (CPN,wrs, p), since (X, wy,, p) Gromov-Haussdorff converge to X, by Cheeger-Colding
theory [103], for any K cC R containing p, there exist maps ¢, : K — (X, wy, ) such that
18 — 8 and (fJ — Jo in the smooth topology, and we also get a sequence of holomorphic
maps m; = oy, : (K, L; 8t LZJ ) — Xy ¢ CPV. Furthermore, if we regard these maps as harmonic
maps, then we have

2 _ *
|dﬂ-i|‘”<ﬁr,wps_ trw‘pt T WEs < C

hence by the regularity theory of harmonic maps ([108]), we have uniform C* estimates on the
maps ||7rll. ||cr.e (K) < Ck, for some constant Ck independent of 7, which allows us to extract a limit
of the maps 7; : K — CPY to a map 7. : K — CP" and since the convergence of the maps are
smooth, and the convergence of the metrics LZ 81, — 8o and the complex structures L;J — Jo are
all smooth, it follows that the holomorphicity of the maps 7; passes to the limit, and hence the map

Mo 18 holomorphic. O
Proposition 4.5.4. In fact we have R = Lm(X(;eg ).

Proof. The proof is the same as in [107, Lemma 2.2]. m|
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4.5.2 Identification of X, with the geometry of singular Calabi-Yau

In this section, we identify the geometry of the singular Calabi-Yau current X, = m
with the variety Xj itself. This result is the analogue of the result in [67], where the similar thing
was shown in the compact case, our proof follows the approach in [67], adapted to the non-compact
case. The idea is based on ideas developed in [109] together with a new gradient estimate for the
potential ¢, with respect to the Calabi-Yau metrics w., .

A gradient bound for ¢

The goal of this section is to prove the following estimate

Proposition 4.5.5. The following bound hold

sup |Vw¢( 900|< C

)
(X %)

Proposition 4.5.6. If we set let v, = ¢; — tQ;, then we have a uniform estimate
sup|v|< C
X
Proof. Recall from the construction of @, (Proposition 4.3.2) that

(l,)[ = w; + l@@u,

= (1 - Hwo + tw] +iddu,
where w( = T*wy, and wy, is a Kihler metric on Xj. So we have

A% @r =n—try, O

=n—(1-1)try, wo —ttry, wy — Ay, u;.
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Recall that by the construction of @, Proposition 4.3.1, we have

0"
og GO0 _ o
w

t

for some 0 < v < 2n — 2. Differentiating the equation, we have
. 0 . 0 . o
Acp;()ol = ﬁ - tI‘(pt EU)I + tr@t E(L)[ € C_,y_z(X) (4.10)

so we have ¢ € C2 (X)fort > 0.
If we differentiate the equation (&, + i00¢,)" = i Q A Q with respect to ¢, we obtain another
expression for Ay, ¢;

Ay, fr = =Dy, tiy + try, (Wo — w1) 4.11)

The equations (4.10) and (4.11) imply that v, satisfy the two equations
Ay, vi =n —try, wo — Ay, (uy — tiiy) 4.12)

and

R . 0 o0
Ay, vi =n —try, @ — 1(f; — try, Ew, + try, Ew,) 4.13)

From the first equation and Proposition 4.5.1, we see that |A,, ¢;|< C uniformly in ¢. From the

second equation we see that |A¢,v,|< Cr~7=2 away from a compact set K, so we have a uniform

bound |Ay, v;|r» < C for p > 3 . Since v, € CZ),, we can do integrate by parts to get
2. :a3 -1 . 2. 5 -1
- Jxlv,lp Vi00v, A cuf;r = ngrgo(p -1 . [ve|P~4i0v; A v, A a)’;,t
R

— lim (I v |P~2v,idv, szt_l
0BR

R—
_4p-1
(p )J i0]v,| 5 Ad|v, | At
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since |VFv;|= O@(~77%). Hence we get

the boundary term goes away when p > 2 y n=2

2
P np _
[ ot T S [ g,
X - X

combined with the Sobolev inequality, one gets

n—1

(J |v,|P#i"29AQ) " <c
X

applying Holder, we get

Ay v QAQ

np 2
el pomy < C P Al

Ln+p+l
hence for p > 2, we have
Y
vellLr < Cp
where C,, depends on ||A¢tvt|| . and also for p > =2 S =2
||vt||£LI || vell 72 1A, vl o
=

we can then apply Moser iteration to this to get the estimate

Vell=< Bpllvillr < BpCp

where C), is the constant from (4.14) and B, depends only on the L” norm of ||Ag, v/ z».

Corollary 4.5.3. For any compact set K CC n_l(Xgeg ), we have an estimate
|thck (K C(K k a)

uniformly int ast — 0.

4.14)

Proof. This follows from the equation (4.12) and the fact that w,, and the right hand side of the
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equation is uniformly bounded in C}? (n_l(Xgeg )). o

Proposition 4.5.7. We also have the following local uniform gradient estimate for v;.
sup|V,v,|< Ck
K

forany K cc X.

Proof. By the Bochner formula, we have

Ay, |Vvt|§,w = |VVv,|é2,w+|86_v,|§w—2Re(Vv, - Vir,, wo) — 2Re(Vv, - VA, (u; — tiiy))

2 2 AN
2 _2|Vvl|gw_|Vtrww w0|g%_|VA(,Dt(ul - tut)|g¢t

we also have from (4.9),

2
Aww trww wy = —-C+ c0|VtrwW wo

If we set H; = |Vv,|§w +Atr,,, wo, then H, > 0 and satisfies
Ay H; > -H, - C

We can apply Moser iteration to this, since w,, has uniform Ricci bounds and volume lower bound,

this then gives the estimate

IHell LBy rpS CIHi N 28, 2r(p)) (4.15)

for R sufficiently large. Note that for R sufficiently large w,, converge uniformly in C* t0 geo
on the region Bg_2r(p) \ Bg. r(p), hence we can also choose cutoff functions with uniformly

controlled gradients and standard Moser iteration gives the inequality. Now it suffices to show that
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| Hell 28, ,z) 18 bounded.

2
j \H,| <||Ht||Lm<BZR>f \H,|
Bor Bor

< CllHil 2y 1 Hell L1 (B

< CUIH N 2oy I 2B\ B I H W L1 (B

if R is sufficiently large, then B4k \ Bag doesn’t contain any of n‘l(XSi”g ), hence [|H; | 123, z\Bog)

is uniformly bounded in 7 on B4g \ Bar by the Corollary above. So we have

2
||Ht||L2(BzR)< C(||H1||L2(BZR)+C)”HI||LI(BQR)

hence either ||H,||;2(g,,) is bounded by 1 and we are done, or we get the bound

WH N L2, < CIH L1 (Byg) (4.16)

so it suffices to prove an L! bound for H, on compact sets.

Choose cutoff function n such that n = 1 on Byg for all ¢, then

H; < J 772Ht
X

Bar

< JX nlev,lsz,[ +C

<—j n2vt<A¢,vt>+2j nIVl15, 11V, +C
X X

and so we have

H, < cj 2 + Va2 < C
X

Bor

which gives us the L' bound, combined with (4.16) and (4.15), we get
|Hl|L=Bp< C
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as desired.

Proposition 4.5.8. For any x € LOO(XSeg ), we have a bound

l6:(0)|< C
for some constant C potentially depending on the point x.

Proof. Fix x € 1o(X,°®), then fix a ball By, o(x) C te(X;"®) on which the metrics g, converge

smoothly to g.., also fix a set K cc X containing all of 77! (Xging ) and also B,_ -(x). Then by the

Green’s formula representation formula, we have

@i(x) = — JX Ay, 61 ()G 1(x, )wig, (v)

= — J A%gb,(y)Gt(X, y)wgt()’) - I
Bgoo,s(x)

Ay, g1 (0G(x, y)wig, ()
K\Bgo, ()

- J Ag, ¢1(0)G1(x, y)wi, (¥)
X\K

where G,(x, y) is the positive decaying Green’s function on (X, wy,). By the estimates for Green’s

function [48, p.190], [110, 111], the Greens functions G,(x, y) satisfy the uniform estimates
C7ldi(x,y)’ " < Gy(x,y) < Cdy(x, y)* ™"

where d; is the distance function induced by g,,. And since Ay, ¢; = —Ay, s + try, (wo — w1), this

implies |Ay, ;< |Ay, tis|+ try, (wo + w1) < C +try, w1 and we have

[l < f [Ag, @l el (5, )" g, () +J A, @1 ()dly(x, 7)o ()
Byeo.2(¥) K\Bgeo,s(x)

Pt
S LTI CE S SRt .17)
X\K

and we analyze the three terms in the above formula seperately. For the first term, we note that
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Ay, ¢; 1s uniformly bounded on By .(x), so

ng,g ! Bgoo,s(x)

For the second term, observe that on K \ B, .(x), d;(x, y)2‘2” is bounded by C 2721 5o

J Ay, @il (), (x, )Wl (v) < C |1 +I try, W)
K\Bgeo,(x K\Bgo.s(x)

hence it suffices to bound the integral of tr,, w1, to do this, we integrate by parts

J w1 A w;’)[_l = J wi A (O + ia&pt)"-l = J w1 A c?);’_l
K K

K
S A UVEN
+ 0 AN wy A Z O, N ([{00¢y)
oK 1=0 !

N
aQ

because ¢; and its derivatives are all bounded on the boundary of K.

The last term in (4.17) is bounded because |A,, ¢;|< Cd,(x, )2 P on X \ K, so we have

J Ay, @1l ()dy, (x, )W}, (v) < C J di(x,y) 2" P < C
X\K X\K

and we get our result. O

proof of Proposition 4.5.5. Note that we already know |V,_ ¢l is bounded and decaying at infinity,
so it suffices to prove that it’s bounded near 77! (Xgmg ). Fix a compact set K containing 7! (Xging ),
then by Proposition 4.5.7, [Vv;|< C, but on X;°®, v; converges to ¢y smoothly on compact sets,

hence we get our result. O

The main goal of this gradient bound is to show the following.
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Proposition 4.5.9. For any holomorphic section s € H’(Xo, L*) satisfies
sup|s|x < C
K (&)

and
sup| V|« <C
K (o8]

~X
,kw%

Proof. Locally we can write hs = e“pofzo where —id0 log flo = Wy, since Og = t*wrs on K, we
have simply Ao = e ¥ hrsg, and by the C° bound for ¢y, it follows that |sje < C|S|h§5< C. To see

the bound for the gradient, we note

2
|Vh’§oslh’;o,kw¢0= |Vh’;SS + k(3¢0)s|h{;,kw%< |Vh’;sslh’;s,kw¢o+k|v‘100|kw¢0|S|h’§o

and by the gradient estimate (4.5.5) |V900|kw¢0< C, so the second term is bounded, and by the
estimate (4.8), we have |Vh§SS|hI;_S,kw‘p0< Cth/;Sslh/;S,kasg C and we get the bound that we

wanted. O

We will need the boundedness of |s|,x and |Vs], . to make the Moser iteration argument

ko,

work with cutoff functions in the next section.

L? estimates on X

The argument of this section follows in the same way as in [67], with minor modifications.

We first quote a proposition stating the existence of good cutoff functions on X, from [109].
Lemma 4.5.1. [ 109, Proposition 3.5] There exist cutoff functions p. on X« satisfying the following

1. 0<ps <1

2. supp(pg) CC R = X(;eg

3. For any compact set K CC R, there exist g > 0 such that for all € < gk, we have p; = 1

on K.
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4. IX|Vpg|2—> Oase — 0.
We recall the following version of Hormander’s L? estimates for the 0 equation.

Theorem 4.5.1. [112, Cor 5.3] Let (M, w) be a Kdhler manifold. Assume M is weakly pseudo-
convex. Let (L, h) be a Hermitian line bundle with curvature with (possibly) singular Hermitian
metric h, and suppose

—idd log h + Ric(w) = y(x)w

then for any B € N ®L, with 08 = 0, there exist a section s € L satisfying ds = B with

1

2 2

| hor< | g0
M MY

provided the integral on the RHS is finite.

Now we will prove a version of the above theorem on X equipped with a singular metric w,,
that we constructed. First we fix a Hermitian metric 4o on L such that —idd log hg = @¢, which is

possibly by the d3-Lemma.

Theorem 4.5.2. Let ho, = e #0hg, so —idd10g he = Wy, and K CC X a compact subset with
pseudoconvex boundary. Then for any 8 € N\ ® LK, with compact support and supp(8) C Xgeg N

K and B = 0, there exist a section u € H°(L*) satisfying Ou = 8 with

2 n 2 n
L{|M|h&w¢o S JKlﬁlhfo’k%ow‘pO

Proof. By Assumption 1, we know that @ + i09y, > ew, which implies ®g + tiddy. > (1 —

1)g + tew. By the discussion in the previous sections, we can solve

Wl = (1= 1do + tew +i08G)" =i QA QD

with @, is bounded on any compact set K cC X, uniformly as 7 — 0 and ¢; — ¢ in L;; (X) and

in Cl‘x"
ocC

(X;°®). We pick a metric hg on L such that —i00 log hg = (o, then if we set i, = e V=% hy,
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it satisfies

~idd log h¥ = k(do + tiddye +i00G;) > kaw,,

By the previous lemma, we can always solve du; = 3, satisfying the estimate

—tky e—kPr ) 212 n
[ kon, < [ 1, o= | g o,

reg

Since B is compactly supported on X;"°, wy, — wy, on the support of B, and e ~tk¥e 5 1in L!

loc’

so we have
: _ —keo
tim [ 185, o= | B, ol

and since e "*¥+k¢ is bounded from below on any compact set K, it follows that

<C

— ~ 2 —
2" QAQ < C | etk ke 2 "o A Q= C |ut|
k M K ho Ve

K

hence there exist a weakly convergent subsequence u; — u in L*(K, h’é) and the equation du; = 8
carries through the limit in the weak convergence, so we have ou = B. Since the sections u; — u
are holomorphic and weakly converge to 0, it follows that the convergence is smooth it happens

strongly, hence we have

— 2 —
J k“"°|u|hkl Q/\ng e OB, I"QAQ
K K 0°%%0

Proposition 4.5.10. The following Sobolev inequality hold for f € L* N H' (X(;eg , Weo)

n-1

2.5 n < v 2 n
(ngegﬂ wm) \CLOMJ 1 ol

Proof. Without loss of generality, we can assume f > 0. If f is supported in X, this follows

from [99]. For f € L*, we can define f. = fp., fe is supported in Xgeg , then we clearly have
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Il fellz2— 1l fl;2, and we also have

fX|Vfg|2= jx P2V P+ L 2V ps+2 jx e, Vo)

the second and third term goes to 0 as € — 0 because IX|Vp8|2—> 0, and this gives what we

wanted. O

Lemma 4.5.2. Suppose u > 0 is a bounded function on X(;eg that satisfy
Ay u = —Au
then for R > 1 sufficiently large (so that Xging C Bgr(p)), we have the estimate
lluel| o (Br(p)< C(A + CR72)2 Null L2Bor ()

Proof. Using the Sobolev inequality above and the cutoff function, we can do Moser iteration on

(X5, 8o)

AJ 7ol Wl > J *pauP (—Au)w?,
X X

4 +1
b I Pp2Vu'z Pwl, + 2J pan(Vn - Vi wl,
X X

T (1)
4 prl  prl
X
4]7 2 2 rlo g 2 p,.\n
= (p+—1)2 X?] p8|Vu 2 | (,UOO+2 ngn(VT] : VM)M W,
1
4 J 2 21w, 22 )E(J 2 2. p+l 2
- Vu 7 [l Vel u?™ wl,
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when u is bounded, we can take a limit as € goes to 0 and the last term will disappear, so we have

4 +1 4 +
AJ uPlot > P J 172|VupT|2a)Z0 + I n(Vn - VupT)uTwZo
X X p X

(p+1)>2 +1
3 o+ 16
> P | IV Pt - = | e,
2
(p+1)=Jx P Jx

which implies

1)? 17
[ 1o o < EEE [ i+ onuror

then by the Sobolev inquality from Proposition 4.5.10, we have for any p > 0,

n—

([ v
X

by carefully choosing cutoff functions 0 < 7 < 1 such that supp(nx) C B(j4o-kg> Tk = 1 on

C 1)2 17
p X P

B(14p-+-1)g and |V |< CR™12K, and set py = 2(:25)F, then for k =0, 1,2, ... we have

21k
”u' LPK (B |y k1)) S < C(Apr+CR 4 )||u| LPK(B ) 5k )

iterating gives
supu < C2, CRA + CR™)% ||ull 12,0
Br
We now prove L? estimates for holomorphic sections of L.

Proposition 4.5.11. If s is a holomorphic section of (L*, hX)), then the following estimates hold on

stng

(Xreg kgw) for R large enough so that Br(p) contains all of X,

suplslhk C||s||Lz B
Br(p) k kg (B2r(P))

sup |Vs|pk 4o < Cllsll 2 B
poy ! Sl e e BoR(PD
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Proof. For a holomorphic section s, we have Vzs = 0, so gif V;Vis = —ns. It follows then from
standard calculations that

Als|= —nls|

and

AlVs|Z> —(n +2)|Vs|

so now we can apply Lemma 4.5.2 with u = |s| and u = |Vs] to get

sl 2Br)< ClIsll L2(8op)

and

IVsllLoBr)< CIVsIl 28,0 (4.18)

and it suffices to show that [|Vs|| 2.5, .)< Clls|l12(g,,)- We use integration by parts

J n>p2|Vs|? =I nnghgi{;VistEwZo
X X
_ 2 21 T . e, 2 2N i s
__J n pghgoovjvlsswoo_Z‘[ V](U ps)hgoovlsswoo
X X
< an o252 fx npe(pel V4|V s sl Vs
<cj <n2+|Vn|2>p§|s|2+sj n2p§|Vs|2+cj P 1VpePIsP
X X X
taking € to O gives
j PIVsP< cj i + |V P)lsP?
X X

by choosing 0 < 7 < 1 so that supp(n) C Bsg and i = 1 on Bag, this gives || Vs|| 12p,.< |15l 28,p)

Combined with estimate (4.18), this gives the desired estimates. O

Corollary 4.5.4. For any holomorphic sections sq, s1 € HY(L*|x) on K, the function |s| nk extends
as a lipshitz function on K and this function vanishes precisely on the set 1Z}({s; = 0}). Also, i—(l’

extends as a locally Lipshitz function defined on the set {|si],x > 0}.
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Proof. This follows immediately from Kato’s inequality

IVIs|px g < |Vslh’(;,kgoo< ¢

S0 |Sl|h’go|V50|h§o,kgm+|50|h’;o|V51|h’go,kgm C
V| < 2 = 2
STlge |Sl|hk |s1|hk
and the fact that K = (K N X(r)eg, 8oo)- O

In this section we prove that the map 7 : Xoo — X is injective, hence it is an isomorphism.

Proposition 4.5.12. For any p,q € X« with p # q there exist an k = k(p,q) > 0 and sp,s, €

HO(LX) such that
2
|sp(p)|h’go’ |sq(Q)|h§O> g
and
1
|Sp(61)|hlgo, |Sq(p)|h1;o< g

Proof. This follows from the same argument as Proposition 3.9 in [67].

Proposition 4.5.13. The map nns : Xoo — Xo is an homeomorphism.

Proof. It’s clear that the map is surjective and restricts to a homeomorphism on X(;eg C Xoo, it
suffices to show that is seperates points near Xgi"g. Given p,q € K, suppose for a contradiction
that 7 (p) = 7m«(q), then for any k > 0, and any two sections sg, 5| € HY(K N Xgeg,Lk), by
the normality of X(, we know that these two sections extend over the singular set to two sections

of 53,5 € H (oo (K), L), hence we must have i‘:gﬁ; = i?g‘q]g But if dx_(p,q) > 0, then by the

previous lemma, there exist k > 0 and we can construct sections s, s, € HO(K N Xgeg LK ) such

sp(p) _ sp(q)
sq(p) - sq(q)”

that [sp|, (p), |54l x (q) > % > % 2 [splpx (@), Isqlyx (p) which contradicts
Observe that the singular set S C X, is closed and of finite diameter, from which we can see
that 7, : Xoo — Xp is a proper map, hence closed, and this implies Jr;,' is also continuous. Thus

Ts 1s @ homeomorphism. O
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proof of Theorem 4.1.2. This is just a combination of Proposition 4.5.1, Proposition 4.5.3 and

Proposition 4.5.13. O

4.6 Examples and Applications

In this section we apply Theorems 4.1.1 and Theorem 4.1.2 to study certain explicit examples

of crepant resolutions.

4.6.1 Small Resolutions of Brieskorn-Pham cones

Consider the quasi-homogeneous affine varieties
Ypq={xy+z —wi=0}C c?,

where we assume that p < g. These singularities, which are compound du Val of type cA, are
Gorenstein and log-terminal and by the main result of [84], Y}, , admits a conical Calabi-Yau metric
if and only if ¢ < 2p. Let r denote the radial function of the Calabi-Yau cone metric. The Euler
vector field r(% associated with the cone structure is given by the real part of the holomorphic

vector Reeb field & acting on the coordinates (x, y, z, w) with weights

( 9 ’2 ’2 );
2p +q) P LD 20 2P

in particular, the Y, , are quasi-regular Calabi-Yau cones. A result of Katz [85] says that the ¥, 4
admits a small (and hence crepant) resolution u : ¥ — Y, , if and only if p = q. In fact, ¥, ,

admits p inequivalent small resolutions

yl Y2 e ypr-1 V44
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with each pair Y/, Y/ related by a flop; the w flops are in correspondence with the reflections
in the Weyl group of the A,_; Dynkin diagram [113]. When p = 2, this recovers the Atiyah flop
[86]. The exceptional locus of each contraction u; is a chain of p — 1 rational curves with normal

VI
bundle (-1, —1) intersecting transversally. Explicitly, let = 62 - , and write

p-l )
2 —wl=[]@-w).
j=0
Fix 1 < ¢ < p — 1 and consider the rational map v, : ¥, , — P! defined by
5 .
vee,y,z,w) = (Ix : | J(z = /w)D) e PL. (4.19)
=0

Then a small resolution u : ¥ — Y, , (say Y! for concreteness) is obtained by taking the closure
of the graph of

. 1 1
ViX e Xvpoy i Y = Py X XP, .

There are also corresponding partial resolutions ¥ by projecting out some collection of the v ;. Fix
1 <i < p,and let Y be any partial resolution whose contraction 7 : ¥ — Y »,p factors through v;.
Clearly these resolutions are obtained by repeatedly blowing-up along the lines x = z — ¢/w = 0.
There is a divisor E; defined by —F; = vi‘l( p) for a generic point p € P!, and these divisors satisfy
Oy (=Ei)|gxe(v;y = Opi(1), and Oy(E;) is trivial on any other component of Exc(7). Furthermore,
if Y is obtained from Vi, X -+ X v; then ®§=1 O?(—El-j)@’gf is ample for any {; € Z.o. These
statements follows straightforwardly from the corresponding statements for the blow-ups of the
ambient C*.

Let us fix a small resolution  : ¥ — Y, ,. By Hartog’s theorem the holomorphic Reeb vector

field extends over Exc(u) and generates a holomorphic retraction onto Exc(u). Thus we have

p—1 p—1
HY'(Y,R) =P H"(®.R) = PR [E]
i=1

i=1
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By the above discussion, the classes Zf-:ll(—li)[Ei] are Kihler on Y, provided #; > O for all i, and
semi-positive for #; > 0. Each of these cohomology classes is 2-almost compactly supported. Fix
a class [ag] = Zfz_ll(—t,-)[Ei] where #; > 0, and at least one 7; = 0 and let [w] € H"'(Y,R) be any
Kihler class. Let [w;] = (1 — f)[ap] + t[w] be a linear family of Kéhler classes. Then by [77] (see
also [78]) there is an asymptotically conical Calabi-Yau metric w; cy in [w,] for all # > 0.

Since the cone at infinity is quasi-regular we can apply Lemma 4.3.1 to conclude that there is

a Kihler current in [@g] which is smooth on the complement of

V:={P}cY:J a/0=0}
Pl

(0]

Let Y be the partial resolution obtained by contracting V, and let # : ¥ — ¥ be the contraction
map. If [ag] € H"!(Y,Q) then, by the preceding discussion, after rescaling we can assume that
[ag] = n*c1(L) for some ample line bundle L — Y. Applying Theorem 4.1.1 and Theorem 4.1.2

we obtain

Proposition 4.6.1. In the above situation we have

1. Yoo admits a smooth Ricci-flat metric @, asymptotic to the Calabi-Yau metric on'Y, , at

infinity, and with (Yreg, @) homeomorphic to Y.
2. Ast — 0 (Y, w; cy) converges in the Gromov-Hausdorff sense to (?reg, ).

3. In particular, if we take [ag] = O, the flops of the Y, , are continuous in the Gromov-

Hausdorff sense.

Proof. The only point which is not an immediate consequence of Theorems 4.1.1 and 4.1.2 is the
third point. However, by the uniqueness part of Theorem 4.1.1, the limiting limiting Calabi-Yau
metric @ on Y, , is isometric to the conical Calabi-Yau metric from [84]. Alternatively, this can
be seen as follows. Let w. denote the Calabi-Yau metric on Y, ,. Clearly tw1 cy is a Calabi-Yau

metric in #[w] asymptotic to fw.. Let & denote the extension of the holomorphic Reeb vector field
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onY, and, ford € Clet ¢, : Y — Y denote the A-flow of é Then

*
1 tw
(‘P$) 1,cY

is Calabi-Yau, asymptotic to w., and lies in the cohomology class #[w] and hence is equal to
w; cy by the uniqueness results of [78]. From this description, and the convergence result of

Theorem 4.1.1 it follows that w, cy converges to ufw. on compact sets of Y'\Exc(u;). O

It’s not hard to check that if a partial resolution Y is obtained by blowing up 0 < k < p — 1
lines x = 7 — /w = 0, then Y has an isolated singularity biholomorphic to a neighborhood of the
singular point in Y, _ ,_«. More precisely, suppose for simplicity that Y is obtained by blowing-up
the lines x = z—¢/w =0for0 < j < k < p—1. Then Y has an isolated singularity biholomorphic

to

p-1 )
Yp—k,p—k ={xy = I_I(Z - (jw)} - C4
J=k

which is deformation equivalent to Y, ,—x and admits a conical Calabi-Yau metric by argument
of [84]. The link of this singularity is topologically (p —k — 1)#(S*>x S>) and it comes equipped with
a Sasaki-Einstein metric. It was shown in [84] that the volume of these Sasaki-Einstein metrics is

given by
22(p k) 16
27(p —k)* ~ 27(p - k)

Thus Y yields a cobordism between (p — k — D#(S? x S%) and #(p — 1)(S? x $?). It is natural
to expect that that the metric @ on Y, close to the singular point, is close to the conical Calabi-Yau

metric on Yp_k, p—k- At the very least, we expect

Conjecture 4.6.1. Let (Y, d) denote the metric space obtained as the completion of (Yreg, @). Then
the tangent cone to (Y, d) at the singular point is isometric to ?p_k,p_k equipped with its conical

Calabi-Yau metric.
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Let y € Y denote the singular point, and consider the function

Vol (Bs(y, 1))

Regdr—>v(r):=
70

Since (Y, w) is Calabi-Yau, v(r) is monotone decreasing by the Bishop-Gromov comparison the-
orem. Furthermore, assuming Conjecture 4.6.1, since @ is asymptotic to the conical Calabi-Yau

metric on Y, , we have

Note that the equality case of Bishop-Gromov already shows that if & = 0, then the metric is
conical.

While deducing £ > 0 in this way is not particularly interesting, this discussion holds for any
asymptotically conical Calabi-Yau variety with or without singularities (indeed, a smooth, asymp-
totically conical Calabi-Yau variety is naturally a cobordism between the standard Sasaki-Einstein
structure on the sphere and the link of the cone at infinity). Suppose (Y, ®) is a asymptotically
conical Calabi-Yau variety with asymptotic cone Cs, and with a singular point y. Assume that a
neighborhood of y is biholomorphic to a neighborhood of an isolated singular point in some quasi-
homogeneous affine variety Cy admitting a conical Calabi-Yau metric. Assuming that @ is close to
the Calabi-Yau metric on Cy near the singularity at y, the volume ratio of geodesic balls centered
at y will decrease (by Bishop-Gromov) from the volume ratio of the cone v(Cy) to the volume
of ratio of the cone at infinity, v(Cs). Since these volume ratios are algebraic invariants of the
singularities Co, Cw, this situation is obstructed in general; for example one cannot take Cy =Y, ,
and Coo =Yk p—k-

It is tempting to speculate that the volume function on Sasaki-Einstein structures could give
rise to a sort of Morse function on the space of Sasaki-Einstein manifolds. For two Sasaki-Einstein
manifolds So, S With corresponding cones Cp, Co, a Calabi-Yau space (Y, @) with an isolated

singularity Cy and cone C. at infinity could be regarded as a kind of flow line of the Morse
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function between Sy and S.,. We will give further examples of this discussion below.

4.6.2 Examples from Fano manifolds

Let us next indicate how to construct examples starting from Fano manifolds with a different
singular structure than the previous examples. Suppose X is a Fano manifold of dimension n. Let
X = Bl,X be the blow up of X at a point and let £ c X be the exceptional divisor. Assume
in addition that that X is Fano and —K is base-point free. Assume that X has a Kihler-Einstein
metric, or more generally that the affine cone over X, Spec D=0 H 0X, —K;‘?’"), admits a conical
Calabi-Yau metric. This holds, for example, whenever X is toric, by [90]. It is not difficult to

generate examples satisfying these assumptions. For example

 Let X = P, with p a torus invariant point. Then X = BI,P" is Fano and —Ky is base
point free. These manifolds do not admit Kihler-Einstein metrics, as can be seen from Mat-
sushima’s obstruction. However, they are toric, and so the theorem of Futaki-Ono-Wang im-
plies the existence of a Calabi-Yau cone metric on the affine cone C := Spec @,,>0 H 0(X, —K;’?”" ).
Note that the conical Calabi-Yau structure on C need not be quasi-regular, as happens for

example when n = 2 [114, 90, 87].

* Let X be a del Pezzo surface with K}z{ > 3, and p chosen sufficiently generic so that
X = Bl,X is Fano. The global generation of —Ky follows from Reider’s Theorem [115].
Furthermore, a theorems of Tian-Yau [89] and Tian [88] say that X admits a Kidhler-Einstein
metric if K}z{ < 8. If, however, K)2( = 8,9 then X does not admit a Kihler-Einstein metric by
Matsushima’s obstruction [116]. On the other hand, in these latter examples, if p is chosen
so that X is toric, then the affine cone Spec D=0 HO(X, —K;?m) admits a conical Calabi-
Yau metric thanks to results of Futaki-Ono-Wang [90] (See also [84]). In these examples the

Calabi-Yau cone structure is not quasi-regular [87, 90].

Let Y = Ky be the total space of the canonical bundle, and let p : ¥ — X be the projection. The

pull-back p* identifies H''(Y,R) = H"!(X,R), and Y admits an asymptotically conical Calabi-
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Yau metric in any Kihler class in H Lty R) [78]. Suppose [a] € H L1(X,R) is a Kihler class, so
that p*[n*a] € HY1(Y, R) is a nef class on Y admitting a semi-positive representative. By regarding
the exceptional divisor of the blow-up 7 : X — X as a subvariety of the zero section in Y, we get
a natural codimension 2 subvariety, E C ¥ (explicitly E = p~'(E) N { zero section }). Our goal is
to show that if [w,] = (1 — t)[p*n*a] + t{w] € H1(Y,R) and w, cy are conical Calabi-Yau metrics
in [wy] then, as t — 0, (Y, w;cy) Gromov-Hausdorff converges to a variety Z with an isolated,
Gorenstein, log-terminal singularity which is obtained from Y by contracting E to a point. As a
first step, we need to verify that Assumption 1 holds, since the failure of the cone at infinity to be

quasi-regular means that Lemma 4.3.1 does not apply in general.

Lemma 4.6.1. The cohomology class p*[n*a] contains a Kdhler current which is smooth outside

of E.

Proof. Itis a standard fact that we can choose a hermitian metric 4z on Og(E) such that
@ +eV-189log hz > wg (4.20)

for some & > 0 and wy a Kéhler form on X. Let sz denote the defining section of £ ¢ X. After
scaling we may assume that |SE|%ZE< 1. The current 7 := 7*a + 8V—18510g|s,;|%é is a Kihler
current on X which is singular along £ C X. Let hy be a negatively curved metric on Ky, and let

s denote a coordinate on the fibers of K. We claim that
T = pn*a + V=108(Is[;+&log(p*Is I _+Isl;. ) (4.21)

is a Kihler current. This can be verified by a straightforward calculation, which we leave to the
reader.

O

The next step is to show that there is a space Z, and amap @ : ¥ — Z which is an isomorphism

outside E and contracts E to a point, which is an isolated, Gorenstein log-terminal singularity in
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Z. Let us begin with a local description of this map and the resulting singularity. Note that the

normal bundle of E C Y is given by
Ny = Opn-1(=1) @ Opn-1(=(n - 1))
which follows from Ky = n*Kx + (n — 1)E. There is a contraction map
Vi Opn-1(=1) ® Opn-1(=(n = 1)) > C
contracting the zero section of Ng,y to a point. Explicitly, this map is given by [117, Page 314]

Ngyy = Spec € Sym™ (Opn-1(1) ® Opn-1((n — 1))

m=0
— Spec @) H (B"™!, Sym” (Opr-t(1) @ Ozt (2 = 1) | = Co

m=0

Since

HO (", Sym™ (Opu-1(1) @ Opur (1= 1)) = HO@(Ne v, Opav ()

we see that Cy is the affine cone over P(Ng,y) obtained by blowing down the zero section of
Op(Ny v (=1). We claim that P(Ng/y) is Fano. In general, the canonical bundle of a projective

bundle 7 : P(V) — X, where V has rank r is given by
Kpy = Opey(—r — 1) ® n*(det V*) ® n*Kx.
Applying this formula in the current scenario yields
Kpgyy) = OpNg ) (=3)-

Since Ny is a direct sum of negative line bundles, Op(v, ,(3) is ample. It follows from this that

Co has an isolated Gorenstein, log-terminal singularity and K¢, ~ Oc, is trivial. Finally, since
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Ngy — P! is a direct sum of line bundles, P(Ng sv) 1s toric. Therefore the result of Futaki-Ono-
Wang [90] (see also [84]) says that Cy admits a conical Calabi-Yau metric for some choice of Reeb
vector field.

Next we will globalize this construction using the input of an ample line bundle L on X. First
note that a section f € H(X, —K;‘?m) naturally induces a holomorphic function f € HO(Y, Oy)
vanishing to order m on X = { zero section } C Y. Let f ..., fy be generators of the coordinate
ring @,-0 H(X, —K;?m). Since —K 3 is ample and globally generated, the holomorphic functions
fi ..., fu separate points and tangent vectors on Y\ X, and generate the normal bundle to X in
Y. Let L be a very ample line bundle on X, and let {sg,...,sy} be a basis of HO(X, L). Fix
coordinates (z1, . .., Zz,) on X centered at p. Up to making a linear change of coordinates we can

assume that so(p) # 0, and near p we have

. S.
5i(2) _ z+0(E) 1<i<n (@)

50(2) ’ so(p)

=0 n<j<N

By inspection the sections {p*7*s;}o<i<ny separate points and tangents in X\E and generate the

normal bundle to £ in X. Now consider the map ® : Y — PV x PM defined by

D(z) := ([p*n*so(x) -+ pa*sy@L L : fi() s+ 0 fu()]) € PN x PM (4.22)

By the preceeding discussion this map is an isomorphism on Y\E, and ®(E) = [1 : 0 : --- :
0] x[1:0:---:0]. Since the differential d® is an isomorphism on Ngy, the germ of ® agrees
with the contraction v on Ngy. Note also that ®|; = 7 (composed with the imbedding X into
projective space by sections of L). Let Z = ®(Y). From the local description above Z has an
isolated Gorenstein, log-terminal singularity, and Kz = Oz. The map ® : Y — Z is therefore a
small, and hence crepant, resolution of Z. It follows from the construction that we can describe Z
has the relative spectrum

Z =Spec (Kxy ®m,) —> X
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where m,, is the ideal sheaf of p € X. In order to apply Theorems 4.1.1 and 4.1.2 it suffices to

show

Lemma 4.6.2. In the above setting, there is an ample line bundle L’ on Z such that p*c|(n*L) =

®*ci(L).

Proof. Since Z is normal and @ is projective with connected fibers we have ®.Oy = Oz, and
f1, .., fu extend over the singular point to global sections of Oz. Furthermore, there is a natural
projection

p:Z—-X

obtained by projecting from Z onto the PV factor in (4.22) and we have o p = ® o p = p o ®.

Thus

[(p*rtsg:---:p* syl =[p so: - : p syl

Combining this observation with the Segre embedding PV x PM «s PNV+DM+D=1 it fo]lows that
L’ := p*L is ample on Z. Since

prei(n*L) = ®*c1(p*L)
the lemma follows. O
We can now conclude

Corollary 4.6.1. With notation as above, consider the family of Kdihler classes [w;] = (1 —
Hp*ci(n*L) + tlw] € HY'(Y,R) fort > 0. Let w; cy be the asymptotically conical Kéihler metrics
in [w;]. Then there is a incomplete, asymptotically conical Calabi-Yau metric w on Z,.q such that
(ZTg,(I)) =(Z,d) and

(Y7 wl,CY) _>GH (Z’ d)
Proof. Combine Lemmas 4.6.1 4.6.2 with Theorems 4.1.1 and 4.1.2. O

It is again natural to conjecture
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Conjecture 4.6.2. Let (Z, d) be the metric space structure on Z induced fromY by Theorem 4.1.2.
Then the tangent cone to (Z,d) at the singular point z € Z is isometric to the blow down of the

zero section in Opey\(—1) where

V= Opn—l(—l) ) Opn—l(—(l’l - 1))

equipped with its conical Calabi-Yau metric.

Assuming this conjecture, the space Z can be viewed as a kind of cobordism between Sasaki-
Einstein manifolds, and the speculative discussion from Section 4.6.1 can be applied in the same

way.
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