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ABSTRACT
The Operations and Design of Markets with Spatial and Incentive Considerations

Francisco Castro

Technology has greatly impacted how economic agents interact in various mar-
kets, including transportation and online display advertising. This calls for a better
understanding of some of the key features of these marketplaces and the develop-
ment of fundamental insights for this class of problems. In this thesis, we study
markets for which spatial and incentive considerations are crucial factors for their
operational and economic success. In particular, we study pricing and staffing deci-
sions for ride-hailing platforms. We also consider the contract design problem faced
by Ad Exchanges when buyers’ strategic behavior and inherent business constraints
limit these platforms’ decisions. Firstly, we investigate the pricing challenges of ride-
hailing platforms and propose a general measure-theoretical framework in which a
platform selects prices for different locations, and drivers respond by choosing where
to relocate based on prices, travel costs, and market congestion levels. Our results
identify the revenue-maximizing pricing policy and showcase the importance of ac-
counting for global network effects. Secondly, we develop a queuing approach to study
the link between capacity and performance for a service firm with spatial operations.
In a classical M /M /n queueing model, the square root safety (SRS) staffing rule bal-
ances server utilization and customer wait times. By contrast, we find that the SRS
rule does not lead to such a balance in spatial systems. In these settings, a service
firm should use a higher safety factor, proportional to the offered load to the power of
2/3. Lastly, motivated by the online display advertising market where publishers fre-
quently use transaction-contingent fees instead of up-front fees, we study the classic
sequential screening problem and isolate the impact of buyers? ex-post participation
constraints. We characterize the optimal selling mechanism and provide an intuitive

necessary and sufficient condition under which screening is better than pooling.
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Introduction

Marketplaces are a fundamental part of how agents in society interact. Before the
internet, most of these interactions occurred in a physical fashion. In search for ba-
sic goods consumers would go to a nearby store; for transportation they would take
the bus, subway or a cab; for information they would look in newspapers or maga-
zines. However, technological developments have fostered exciting changes in almost
all marketplaces which, in turn, have forever changed the way economic agents inter-
face with each other. Now people can shop online and have their goods delivered to
their homes within two days. Instead of hailing a cab on the street, consumers can
now “Uber” to anywhere they need to go right from their front door. The search for
information is now at the palm of our hand, easier than ever. These innovations have
impacted virtually every industry, from retail, to transportation, to advertising, and
beyond. There is a great deal of excitement and interest in the academic community
for understanding the new practical challenges these industries face; in turn, there
is equal excitement for designing policies and selling mechanisms to address those
challenges. In this thesis we explore practical economic and operational considera-
tions for a select group of online marketplaces that have recently revolutionized their
industries. In particular, we study ride-hailing systems and aim to understand how to
better design pricing and staffing policies while keeping in mind the spatial nature of
this market. We also explore online advertising through the lens of mechanism design,
considering buyers with rational behavior particular to this market that constrains

the way sellers can sell impressions.



Ride-hailing services such as Uber, Lyft, and DiDi have changed the way people
move in cities. For example, from 2013 to 2017 the number of average weekday
taxi trips in New York has declined by approximately 100,000, and it has nearly been
matched by on-demand transportation platforms.!? On these platforms, riders can now
seamlessly request rides from their smartphones, while drivers possess information
about the system that helps them make real-time strategic decisions about when
and where to work. This has created an environment of unprecedented complexity
that prompts exciting practical and academic questions. This complexity stems from
both their spatial operational nature and the presence of strategic self-interested
agents. For instance, managing supply-demand imbalances in space entails solving
high-dimensional optimization problems in which complicated network effects have to
be taken into account. Strategic interactions between agents add yet another layer of
complexity, as the right incentives must be in place. In Chapter 1 and 2, we consider
these challenges and bring a new understanding to classical questions in operations
and revenue management.

In Chapter 1 we study how a revenue-maximizing ride-hailing platform should
select prices across city locations while taking into account drivers’ strategic repo-
sitioning behavior. We use a general game-theoretical framework that accounts for
spatial frictions that arise due to congestion and driving costs to elucidate the in-
terplay between local and global price effects. Local changes in price might have a
local effect on demand but, since supply is strategic and can reposition, they might
induce a non-trivial global supply response. To tackle this challenge we first establish
that the platform’s optimization problem can be decoupled into local subproblems
associated with smaller regions of the city, each of which can be solved via a coupled,
bounded knapsack relaxation. Then, by pasting these local solutions together we

obtain the global optimal solution. Our solution showcases a surprising insight that

'Fix, N.Y.C. “Advisory Panel Report” (2018).



highlights how space impacts the design of optimal prices and drivers’ strategic be-
havior: in order to incentivize the repositioning of drivers to high-demand areas, the
platform can damage regions where drivers are not needed and, by doing so, boost
revenues. These damaged regions are characterized by low prices and high conges-
tion, the combination of which creates enough incentive to steer drivers to locations
that are more profitable for the platform. The framework we develop has applications
in other settings, e.g., where strategic workers must plan their working schedules or
spatial equilibrium models of labor mobility.

Another central matter in operations management is capacity planning. For a tra-
ditional multi-server queueing system it is well known that in heavy traffic a square-
root staffing (SRS) rule can maintain the balance between customers’ waiting time
and servers’ efficiency (QED regime). In systems where customers arrive to ran-
dom locations in space, such as ride-hailing platforms or automated warehouses, and
servers have to spend time not only servicing customers but also reaching them before
service starts, this balance may no longer hold. How should “capacity thinking” be
adapted in such settings? In Chapter 2, we analyze this question. We consider a
Markovian stochastic system that captures the key aspects of a spatial multi-server
system. We establish that, in stark contrast with a standard multi-server system, the
SRS rule brings the spatial multi-server system to the ED (efficiency driven) regime.
The reason is that, because customers have to be reached before service starts, the
time a server spends on them is larger than in a standard queuing setting and, there-
fore, more servers are required to achieve QED performance. In addition, we fully
characterize the system’s performance under a range of scalings, thereby showing how
it shifts from the ED to QD (quality driven) regimes by passing through the QED
regime. Interestingly, reaching the QED regime in our model is more subtle. It can
only happen when the buffer term in the classic SRS staffing formula is raised to

the power of 2/3 instead of 1/2, and for a specific value of the SRS parameter. Our



results suggest that in a spatial setting, operating in the QED regime depends not
only on the rate at which we scale the system but also on how we approach such a
rate. The results in this paper imply that common rules of thumb such as the SRS
rule will no longer be valid for firms that operate in space and, therefore, new staffing
rules of thumb are necessary. This has implications for fleets of self-driving cars and
for how to think about trade-offs for this fast-approaching technology.

A market that has drawn a great deal of attention in the Revenue Management
community is online display advertising. The wide adoption of auctions as the pre-
dominant selling mechanism in this market showcases the existence of a type of “busi-
ness constraint”: buyers never pay more than they are willing to pay for impressions.
In addition, it is common that for the same impression multiple auctions are used to
provide different service levels to buyers and, by doing so, to price-discriminate them.
An important practical example are the so-called “waterfall auctions,” in which bid-
ders can decide to participate in one of two auctions: (1) an auction with “first-look”
priority but a high reserve price, or (2) another with access only to the leftover inven-
tory that was not cleared in the first auction, but a low reserve price. The purpose
of this mechanism is screening; high valuation buyers should select the first auction
and low valuation buyers should select the second one. A natural practical question
is whether this is an effective price discrimination device. This brings to the forefront
the question of how to design an optimal screening selling contract assuming that
buyers satisfy ex-post individual rationality; that is, like in typical auctions, buy-
ers are always willing to participate even after learning their valuation. In Chapter
3 we isolate the essential parts of this problem and address it using a mechanism
design formulation. We study the problem faced by a monopolist selling a single
item to a two-type buyer who privately, and sequentially, learns her valuation in two
stages. The distinctive feature of our problem is that after the buyer completely

learns her valuation she is still willing to buy the item. Leveraging a connection with



marginal revenues, we obtain a full characterization of the optimal selling mechanism
and establish that its structure depends on an intrinsic economic quantity that we
call profit-to-rent ratio. It measures the change in the seller’s revenue per unit of
information rents given to the buyer. We show that, depending on how this economic
quantity behaves around the optimal posted price, the optimal contract can be either
a simple posted price that pools types or a more elaborate randomized mechanism
that separates types. The latter contract randomizes the low-type buyer and offers
her a low price, while it allocates with certainty the item to the high-type buyer and
offers her a high price. Importantly, despite the fact that we are in a setting with one
buyer and a single item, the presence of ex-post participation constraints makes our
optimal solution different from the classic bang-bang solution in mechanism design.
Moreover, we establish that the randomized contract can outperform the posted price
contract by up to 25%. Finally, we also provide extensions to the setting with an

arbitrary number of types.



Chapter 1

Surge Pricing and Its Spatial Supply Response

1.1 Motivation and Overview of Results

Pricing and revenue management have seen significant developments over the years
in both practice and the literature. At a high level, the main focus has been to
investigate tactical pricing decisions given the dynamic evolution of inventories, with
prototypical examples coming from the airline, hospitality and retail industries ([64]).
With the emergence and multiplication of two-sided marketplaces, a new question has
emerged: how to price when capacity /supply units are strategic and can decide when
and where to participate. This is particularly relevant for ride-hailing platforms such
as Uber and Lyft. In these platforms, drivers are independent contractors who have
the ability to relocate strategically within their cities to boost their own profits. On
the one hand, this leads to a more flexible supply. On the other hand, one is not
able to simply reallocate supply across locations when needed, but rather a platform
needs to ensure that incentives are in place for a “good” reallocation to take place.
Consider the spatial pricing problem within a city faced by a platform that shares
its revenues with drivers. Suppose there are different demand and supply conditions
across the city. The platform may want to increase prices at locations with high
demand and low supply. Such an increase would have two effects. The first effect
is a local demand response, which pushes the riders who are not willing to pay a
higher price away from the system. The second effect is global in nature, as drivers

throughout the city may find the locations with high prices more attractive than the



ones where they are currently located and may decide to relocate. In turn, this may
create a deficit of drivers at some locations. In other words, prices set in one region
of a city impact demand and supply at this region, but also potentially impact supply
in other regions. This brings to the foreground the question of how to price in space
when supply units are strategic.

The central focus of this chapter is to understand the interplay between spatial
pricing and supply response. In particular, we aim to understand how to optimally set
prices across locations in a city, and what the impact of those prices is on the strategic
repositioning of drivers. To that end, we consider a short-term model over a given
timeframe where overall supply is constant. That is, drivers respond to pricing and
congestion by moving to other locations, but not by entering or exiting the system.
In our short-term framework, the platform’s only tool for increasing the supply of
drivers at a given location is to encourage drivers to relocate from other places. In
turn, this time scale permits us to isolate the spatial implications on the different
agents’ strategic behavior. In this sense, our model can be thought of as a building
block to better understand richer temporal-dynamic environments.

In more detail, we consider a revenue-maximizing platform that sets prices to
match price-sensitive riders (demand) to strategic drivers (supply) who receive a
fixed commission. In making their decisions, drivers take into account prices, supply
levels across the city, and transportation costs. More formally, we consider a measure-
theoretical Stackelberg game with three groups of players: a platform, drivers and
potential customers. Supply and demand are non-atomic agents, who are initially
arbitrarily positioned. We use non-negative measures to model how these agents are
distributed in the city. All the players interact with each other in two dimensional
city. Every location can admit different levels of supply and demand. The platform
moves first, selecting prices for the different locations around the city. Once prices

are set, the mass of customers willing to pay such levels is determined. Then, drivers



move in equilibrium in a simultaneous move game, choosing where to reposition based
on prices, supply levels and driving costs. In fact, besides prices and transportation
costs, supply levels across the city are a key element for drivers to optimize their
repositioning. If too many other drivers are at a given location, a driver relocating
there will be less likely to be matched to a rider, negatively affecting that driver’s
utility. The platform’s optimization problem consists of finding prices for all locations
given that drivers move in equilibrium.

Main contributions. Our first set of contributions is methodological. We pro-
pose a general framework that encompasses a wide range of environments. Our
measure-theoretical setup can be used to study spatial interactions in both discrete
and continuous location settings. In this general framework, our main result provides
a structural characterization of the optimal prices, and resulting equilibrium driver
movement in regions of the city where drivers relocate. In particular, we first establish
that the platform’s objective can be reformulated as a function of only the equilib-
rium utilities of drivers and their equilibrium post-relocation distribution. In turn, we
develop structural properties on these two objects. We first characterize properties
of the drivers’ equilibrium utilities and prove that the city admits a form of spatial
decomposition into regions where movement may emerge in equilibrium, “attraction
regions,” and the rest of the city. Furthermore, we establish that the equilibrium
utility of drivers and the local equilibrium post-relocation supply are linked through
a congestion bound. The former admits a fundamental upper bound parametrized by
the latter. Driven by these properties and our objective reformulation, we derive a re-
laxation to the platform’s problem that takes the form of coupled continuous bounded
knapsack problems. Notably, we establish that this relaxation is tight and in turn,
leveraging the knapsack structure, we obtain a crisp structural characterization of an
optimal pricing solution and its supply response.

In our second set of contributions, we shed light on the scope of prices as an



incentive mechanism for drivers and provide insights into the structure of an optimal
policy. To that end, we study a special family of cases in a linear city environment
in which a central location in the city, the origin, experiences a shock of demand.
To put the optimal policy in perspective, we first characterize an optimal local price
response policy, a pricing policy that only optimizes the price at the demand shock
location. Such a policy increases prices at the demand shock location leading to an
attraction region around the shock in which drivers move toward the origin.
Leveraging our earlier methodological results in conjunction with the derivation
of new results, we characterize in quasi-closed form the optimal pricing policy and its
corresponding supply response. The optimal policy admits a much richer structure.
Quite strikingly, the optimal pricing policy induces movement toward the demand
shock but potentially also away from the demand shock. The platform may create
damaged regions through both prices and congestion to steer the flow of drivers toward
more profitable regions. Compared to the local price response policy, the optimal

solution or global price response incentivizes more drivers to travel toward the demand

shock.
No movementSupply travels Supply travels Supply travelsNo movement
away from shock to shock away from shock
damaged region damaged region

- S~ ~y
Outer Inner Quter Inner Inner Quter Inner Outer
periphery periphery center center center center periphery periphery

Figure 1.1: The optimal solution creates six regions.

The optimal pricing policy splits the city into six regions around the origin (Figure
1.1). The mass of customers needing rides at the location of the shock is serviced by
three subregions around it: the origin, the inner center and the outer center. The

origin is the most profitable location and so the platform surges its price, encouraging



the movement of a mass of drivers to meet its high levels of demand. These drivers
come from both the inner and outer center. In the former, locations are positively
affected by the shock, and some drivers choose to stay in them while others travel
toward the origin. In the latter, drivers are too far from the demand shock and
so the platform has to deliberately damage this region through prices (e.g., to shut
down demand) to create incentives for drivers to relocate toward the origin. However,
drivers in this region have an option: instead of driving toward the demand shock
at the origin, they could drive away from it. This gives rise to the next region,
the inner periphery. Consider the marginal driver, i.e., the furthest driver willing to
travel to the origin. To incentivize the marginal driver to move to the origin, the
platform is obligated to also damage conditions in the inner periphery. The optimal
solution creates two subregions within the inner periphery. In the first, conditions are
degraded through prices that make it unattractive for drivers. Drivers in this region
leave toward the second region. That is, they drive in the direction opposite to the
demand shock. The action of the platform in the second region is more subtle. Here,
the platform does not need to play with prices. The mere fact that drivers from the
first region run away to this area creates congestion, and this is sufficient degradation
to make the region unattractive for the marginal driver. The final region is the outer
periphery, which is too far from the origin to be affected by its demand shock.

We complement our analysis with a set of numerics that highlights that the op-
timal policy can generate significantly more revenues than a local price response. In
other words, anticipating the global supply response and taking advantage of the full

flexibility of spatial pricing plays a key role in revenue optimization.

1.2 Related Literature

Several recent papers examine the operations of ride-hailing platforms from diverse

perspectives. We first review works that do not take spatial considerations into
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account. There is a recent but significant body of work on the impact of incentive
schemes on agents’ participation decisions. [35] study the cost of self-scheduling
capacity in a newsvendor-like model in which the firm chooses the number of agents
it recruits and, in each period, selects a compensation level as well as a cap on
the number of available workers. [22] analyze various compensation schemes in a
setting in which the platform takes into account drivers’ long-term and short-term
incentives. They establish that in high-demand periods all stakeholders can benefit
from dynamic pricing, and that fixed commission contracts can be nearly optimal.
The performance of such contracts in two-sided markets is analyzed by [40] who
derive performance guarantees. [65] considers how uncertainty affects the price and
wage decisions of on-demand platforms when facing delay-sensitive customers and
autonomous capacity. [53] focuses on the effect of market thickness and competition
on wages, prices and welfare and shows that, in some circumstances, more supply
could lead to higher wages, and that competition across platforms could lead to high
prices and low consumer welfare.

In the context of matching in ride-hailing without pricing, [31] compare the waiting
time performance, in a circular city, of on-demand matching versus traditional street-
hailing matching. [39] analyze a dynamic matching problem as well as the structure
of optimal policies. Relatedly, [54] develop a heuristic based on a continuous linear
program to maximize the number of matches in a network. [1] study demand admis-
sion controls and drivers’ repositioning in a two-location network, without pricing,
and show that the value of the controls is large when both capacity is moderate and
demand is imbalanced.

Most closely related to our work are papers that study pricing with spatial con-
siderations. [23] take space into account, but only in reduced form through the shape
of the supply curve. This chapter points out that surge pricing can help to avoid

an inefficient situation termed the “wild goose chase” in which drivers’ earnings are
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low due to long pick-up times. [12] consider a queueing network where drivers do
not make decisions in the short-term (no repositioning decisions) but they do care
about their long-term earning. They prove that a localized static policy is optimal
as long as the system parameters are constant, but that a dynamic pricing policy is
more robust to changes in these parameters. [10] find approximation methods to find
source-destination prices in a network to maximize various long-run average metrics.
Customers have a destination and react to prices, but supply units do not behave
strategically. [17] focus on pricing for steady-state conditions in a network in which
drivers behave in equilibrium and decide wether and when to provide service as well
as where to reposition. They are able to isolate an interesting “balance” property
of the network and establish its implications for prices, profits and consumer sur-
plus. [20] structurally estimates a spatial model to understand the welfare costs of
taxi fare regulations. These papers investigate long-term implications of spatial pric-
ing. In contrast, our work examines how the platform should respond to short-term
supply-demand imbalances given that the supply units are strategic.

From a methodological point of view, our work borrows tools from the literature
on non-atomic congestion games. Our equilibrium concept is similar to the one used
by [58] and [26] to analyze selfish routing under congestion in discrete settings: in
equilibrium, drivers only depart for locations that yield the largest earnings. We
consider a more general measure-theoretical environment that can be traced back to
[61] and [48]. Our work is also related to the literature on optimal transport (see
[18]). Once the platform sets prices, drivers must decide where to relocate. This

b

creates a “flow” or a “transport plan” in the city from initial supply (initial measure)
to post-relocation supply (final measure). However, in our problem, the final measure
is endogenous.

Finally, some of our insights relate back to the damaged goods literature. [29]

explain that a firm can strategically degrade a good in order to price discriminate. In
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our setting the platform can damage some regions in the city through prices and con-
gestion to steer drivers toward more profitable locations and thus increase revenues.

Our linear city framework relates to the class of Hotelling models [38], which are
typically used to study horizontal differentiation of competing firms. In contrast to
this classical stream of work, we consider a monopolist who can set prices across all
locations. Furthermore, these prices affect the capacity at each location and supply

units can choose among all regions of the city to provide service.

1.3 Problem Formulation

Preliminaries. Throughout the chapter, we will use measure-theoretic objects to
represent supply, demand and related concepts. This level of generality will enable
us to capture the rich interactions that arise in the system through a continuous
spatial model. The continuous nature of space simplifies our solution, enabling us to
express the solution to special cases of interest in quasi-closed form. To that end,
we introduce some basic notation. For an arbitrary metric set X equipped with a
norm || - || and the Borel o—algebra, we let M(X) denote the set of non-negative
finite measures on X'. For any measure 7, we denote its restriction to a set B by 7|z.
The notation 7 < 7’ represents measure 7 being absolutely continuous with respect
to measure 7. The notation esssupy corresponds to the essential supremum, which
is the measure-theoretical version of a supremum that does not take into account
sets of measure zero. To denote the support of any measure 7 we use supp(7). The
notation 7 — a.e. represents almost everywhere with respect to measure 7. For any
measure 7 in a product space B x B, 7 and 75 will denote, respectively, the first and
second marginals of 7. We use 1, to denote the indicator function, and S°, 95, S, s¢
to represent the interior, boundary, closure and complement of a set S respectively.
We denote the close and open line segment between two points by [z,y] and (z,y),

respectively. When z,y are in the same line segment we write x < y or x < y to
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denote the order in the line segment. If F'(-) is a cumulative distribution function,
then F(q) = 1 — F(q). For consistency, we use masculine pronouns to refer to drivers

and feminine ones to refer to customers.

1.3.1 Model elements

Our model contains four fundamental elements: a city, a platform, drivers and po-
tential customers. We represent the city by a convex, compact subset C of R?, and
a measure I" in M(C). We refer to this measure as the city measure and it charac-
terizes the “size” of every location of the city. For example, if I' has a point mass at
some location then that location is large enough to admit a point mass of supply and
demand.

Demand (potential customers) and supply (drivers) are assumed to be infinitesi-
mal and initially distributed on C. We denote the initial demand measure by A(-) and
the supply measure by p(-), with both measures belonging to M(C). For example,
if p is the Lebesgue measure on C, then drivers are uniformly distributed over the
city. Both the demand and supply measures are assumed to be absolutely continuous
with respect to the city measure, i.e., A, u < I". Customers at location y € C have
their willingness to pay drawn from a distribution Fj(-). For all y € C, we assume
the revenue function ¢ — ¢ - Fy (q) is continuous and unimodular in ¢ and that F} is
strictly increasing over its support [0, V}, for some finite positive V.

We model the interactions between platform, customers and supply as a game.
The first player to act in this game is the platform. The platform selects fares across
locations and facilitates the matching of drivers and customers. Specifically, the
platform chooses a measurable price mapping p : C — [0, V] so as to maximize its
citywide revenues.

After prices are chosen, drivers select whether to relocate and where to do so.
The relocation of drivers generates a flow/transportation of mass from the initial

measure of drivers u to some final endogenous measure of drivers. This final measure
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corresponds to the supply of drivers in the city after they have traveled to their
chosen destination. The movement of drivers across the city is modeled as a measure
on C x C, which we denote by 7. Any feasible flow has to preserve the initial mass of
drivers in C. That is, the first marginal of 7 should equal ;. Moreover, 7 generates
a new (after relocation) distribution of drivers in the city, which corresponds to the

second marginal of 7, 7. Formally, the set of feasible flows is defined as follows
F(u)={r e MCxC):m=p m<T}

The first condition ensures consistency with the initial positioning of drivers, the
second condition ensures that there is no mass of relocated supply at locations where
the city itself has measure zero. In particular, given the latter, the Radon-Nikodym
derivatives of 75 and A with respect to I', dm3(y)/dl" and dA(y)/dl, are well defined

and for ease of notation we let, for any y in C,

T dr

5 dA

s"(y) = d—r(y)-

(y), and A(y)

Physically, s™(y) represents the post-relocation supply at location y normalized by the
size of location y, and A(y) corresponds to the potential demand at location y also
normalized by the size of such location. Here and in what follows, we will refer to s™(y)
and A(y) as the post-relocation supply and potential demand at y, respectively. We
use the notation C, to represent the set of locations with positive potential demand
in the city, i.e., Cy ={y € C: A(y) > 0}.

Given the prices in place, the effective demand at a location y is given by A(y) -
F,(p(y)), as at location y, only the fraction F,(p(y)) is willing to purchase at price
p(y). At the same time, the supply at y is given by s7(y). Therefore, the ratio of

effective (as opposed to potential) demand to supply at y is given by

Ay) - Fy(p(y))
s7(y)

assuming s"(y) > 0. Since a driver can pick up at most one customer within

)

the time frame of our game, a driver relocating to y will face a utilization rate of
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min {1, A(y) - Fy(p(y))/s"(y) }, assuming s7(y) > 0. The effective utilization can be
interpreted as the probability that a driver who relocated to y will be matched to a
customer within the time frame of our game. In particular, if s7(y) > A(y) - F,(p(y)),
there is driver congestion at location gy, and not all drivers will be matched to a
customer. If s7(y) = 0 at location y, we say the utilization rate is one if the effec-
tive demand at y is positive and zero if the effective demand is zero. Formally, the

utilization rate at location y is given by
(

min{l,%(yg(y))} if s7(y) > 0;

Ry o). 5" () 241 if 57(y) = 0, A(y) - Ty (p(y)) > O;

0 if A(y) - Fy(p(y)) = 0.

\

When deciding whether to relocate, drivers take three effects into account: prices,
travel distance and congestion. The driver congestion effect (or utilization rate) is
the one described in the paragraph above. We assume that the platform uses a
commission model and transfers a fraction a in (0,1) of the fare to the driver. As
a result, a driver who starts in location y and chooses to remain there earns utility

equal to
U(y,p(y), ST(y)> = a-py) - R(y,p(y), ST(y)>- (1.1)

That is, the utility is given by the compensation per ride times the probability of a
match. We model the cost for drivers of repositioning from location = to location y
through the distance between the locations, ||y — z||. Therefore, a driver originating

in x who repositions to y earns utility

(2. y.0().50)) 2 U (.p(0). 5 0)) = lly = ]l (1:2)

When clear from context, and with some abuse of notation, we omit the dependence
on price and the supply-demand ratio, writing U(y) and II(x,y). We are now ready

to define the notion of a supply equilibrium.
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Definition 1.1 (Supply Equilibrium) A flow 7 € F(u) is an equilibrium if it

satisfies

T<{<x,y> € Cx C:Ti(z,y.ply). 5" (v)) = esssup (.- p(). 57()) }) = u(0),
where the essential supremum is taken with respect to the city measure I'.

That is, an equilibrium flow of supply is a feasible flow such that essentially no driver
wishes to unilaterally change his destination. As a result, the mass of drivers selecting
the best location for themselves has to equal the original mass of drivers in the system.

The platform’s objective is to maximize the revenues it garners across all locations
in C. From a given location y, it earns (1 — «) - p(y) - min{s"(y), A(y) - F,(p(y))}.
The term (1 — «) - p(y) corresponds to the platform’s share of each fare at location
y, and the term min{s"(y), \(y) - F,(p(y))} denotes the quantity of matches of po-
tential customers to drivers at location y. If location y is demand constrained, then
min{s™(y), \(y) - F,(p(y))} equals A(y) - F,(p(y)), while if location y is supply con-
strained, then min{s™(y), \(y) - F,(p(y))} amounts to s™(y). The platform’s price

optimization problem can in turn be written as

swp (1-a) / py) - min{s™(y), A(y) - Ty (p(y))} dL(y) (Py)
p(-), TEF (1) C
s.t. 7 is a supply equilibrium,
r_ dn
S = dF .

Remark. Our model may be interpreted as a basic model to understand the
short-term operations of a ride-hailing company. In particular, each driver completes
at most one customer pickup within the time frame of our game and there is not
enough time for the entry of new drivers into the system. In the present model,
we do not account explicitly for the destinations of the rides. We do so in order to

isolate the interplay of supply incentives and pricing. In that regard, one could view
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our model as capturing origin-based pricing, a common practice in the ride-hailing

industry.

1.4 Structural Properties and Spatial
Decomposition

A key challenge in solving the optimization problem presented in (P;) is that the
decision variables, the flow 7 and the price function p(-), are complicated objects.
The flow 7, being a measure over a two-dimensional space, is obviously a complex
object to manipulate. The price function will turn out to be a difficult object to
manipulate as well in that the optimal price function will often be discontinuous.
In order to analyze our problem, we will need to introduce a better-behaved object.
This object, which will be central to our analysis, is the (after movement) driver
equilibrium utility.

Drivers’ utilities. For a given price function p and flow 7, we denote by
Vi(z| p,7) the essential maximum utility that a driver departing from location z
can garner by going anywhere within a measurable region B C C. In particular, the

mapping Vz(+| p,7) : C = R is defined as
Vs(z| p,7) £ eSSBSUPH(% “p(),s7()). (1.3)

When B = C, we use V instead of V. By the definition of a supply equilibrium,
essentially all drivers departing from location x earn V(x| p, 7) utility in equilibrium.

We now show that the equilibrium utility Vz(+| p, 7) must be 1-Lipschitz continu-
ous. Intuitively, drivers from two different locations x and y that consider relocating
to B see exactly the same potential destinations. Hence, the largest utility drivers
departing from z can garner must be greater or equal to that of the drivers de-

parting from y minus the disutility stemming from relocating from x to y, that is,
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Vi(z) > Vi(y)— ||z —y]|. Since this argument is symmetric, we deduce the 1-Lipschitz

property.

Lemma 1.1 (Lipschitz) Consider a measurable set B C C such that I'(B) > 0. Let p
be a measurable mappingp : B — Ry, and let T € F(u). Then, the function Va(-|p, T)

1s 1-Lipschitz continuous.

We now introduce a reformulation of (P;) that focuses on the equilibrium utility
V and the post-relocation supply s” as the central elements. We then establish
important structural properties of V' and establish a spatial decomposition result

that is based on the equilibrium behavior of drivers.

1.4.1 Reformulating the Platform’s problem

In what follows, we define ¥ £ (1 — a)/a. In the next result, we establish that the
platform’s objective can be rewritten in terms of the utility function V(-] p,7) and

the post-relocation supply s7, yielding an alternative optimization problem.

Proposition 1.1 (Problem Reformulation) The following problem

sup - [ Vialpr) @) dr() (P2
p(), T€F (1) Cx
s.t. T s an equilibrium flow,
dTQ
Vv — 11 (). s7(- T_ 22
(o p.7) = esssup I (2,-,p(). 7). &7 = T2,

admits the same value as the platform’s optimization problem (P1), and a pair (p,T)

that solves (Ps) also solves (Py).

The first step in the proof of the proposition above is to rewrite the platform’s
objective in terms of the post-relocation supply s7(x) and the pre-movement utility
function U (x,p(x),s"(z)) (see Eq. (1.1)). This transformation is not particularly

useful per se, since the function U (x,p(z),s™(z)) is not necessarily well-behaved.
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The next step consists of establishing that U (x, p(z), s™(z)) coincides with V' (z|p, 7)
whenever a location has positive post-movement equilibrium supply (see Lemma A.2
in the Appendix). Indeed, whenever the equilibrium outcome is such that a location
has positive supply, the utility generated by staying at that location has to be equal to
the best utility one could obtain by traveling to any other location. This is intuitive
in that if it were not the case, no driver would be willing to stay at or travel to
that location. In turn, one can effectively replace U (z,p(z), s"(x)) with V(z| p,7)
in the objective, which yields the alternative problem. The main advantage of this
new formulation is that the equilibrium utility V(x| p, 7) connects our problem to the
theory of optimal problem and it admits significant structure, as we show in the next

two subsections.

1.4.2 Connection to Optimal Transport

Our equilibrium concept is closely related to the notion of optimal transport plan
in the theory of optimal transport. In any equilibrium 7 the total mass of drivers
repositions in the most efficient way as to minimize the total transportation cost.

Let 7 be an equilibrium flow with second marginal 7 then

T €arg min x —yl||ldvy(x,
s min [ le=ylarey
St m=u, Yo=m

Indeed, let «y be a feasible transport plan and let us use W(v) to denote the optimal
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transport objective under the plan -y then
W) == [ (0t 5w) = lw=al)ar+ [ V(o))
—= [ (vt w) =y =al)r+ [U(pt0).
>~ [ Vel p.ndu@) + [ U(5.00).570))an)
_ —/CXCV(:L‘|p,T)dT—f-/CU(y,p(y),sT(y))dTg(y)
—= [ (0(nr0.5) =l =l )ar + [ U(5.00).570))anty)

= W(7)

T(y)> dra(y)

)

This establishes that given the final supply of drivers 75 then an equilibrium flow with
second marginal 75 minimizes the total transportation cost. In our problem, 7, is an

endogenous object that we need to find via optimization.

1.4.3 Indifference and Attraction Regions

A key feature of the problem at hand is that, in equilibrium, conditions at different
locations are inherently linked as drivers select their destination among all locations.
An important object that will help capture the link across various locations is the
indifference region of a driver departing location x. The indifference region of z rep-
resents all the destinations to which drivers from x are willing to travel to. Formally,
the indifference region for a driver departing from x € C under prices p and flow 7 is
given by
IR(x|p,7) 2 {y € C : lim Vi (alp. 7) = Valp. 7) }.

where B(y, d) is the open ball in C of center y and radius §. Intuitively, the definition
above says that if y € ZR(x| p,7), then drivers departing from x maximize their
utility by relocating to y.

Indifference regions describe the set of best possible destination for a given loca-

tion. The converse concept which will turn out to be fundamental in our analysis is
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the attraction region of a location z. The attraction region of z represents the set of
all possible sources for which location z is their best option. In addition, location z
is called a sink if it is not willing to travel to any other location. These regions are
rich in the sense that they enjoy several appealing properties and, as we will see in
Section 1.5, we can solve for the platform’s optimal solution within them. Below we
provide a formal definition for an attraction region and a sink location.

In line with the literature on optimal transport, see e.g [5], it will be useful in our
analysis to study the behavior of drivers along rays around a particular location z.
We use R, to denote the set of all rays originating from z (excluding z) and index
the elements of R, by a. The advantage of this is that now we can disintegrate the
city measure into a family of measures concentrated along the rays, {I',}, which we
can integrate with respect to another measure I'P? in R, to obtain I'; that is,

() = F({z})Ler + [ TulB)d*(a) (1.4

z

In what follows we will use interchangeable I" and Eq. (1.4).

Definition 1.2 (Attraction Region) Let (p,7) be a feasible solution of (Ps). For
any location z € C, its attraction region A(z|p,7) is the set of locations from which

drivers are willing to relocate to z, i.e.,
Az|p,7) 2 {r €C: 2 € IR(x|p,7)}.

We call a location z € C a sink if its attraction region A(z| p,T) is non-empty and
z ¢ A(Z|p,7) for all 2 # z. When z is a sink, we represent the endpoints of its

attraction region along a ray a € R, by
Xa(z]p,7) £ sup{z € Au(z|p,7)},

where A,(z| p,T) is the restriction of A(z| p,T) in the direction of ray a.
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Definition 1.3 (In-demand location) We say a location z is in-demand whenever

V@ C R, such that T?(Q) >0
F{zH) 10 +/ / Li@>0ydla(z)dl*(a) >0, V6 > 0.
Q J (z,z+6]

The next result characterizes the shape of attraction regions.

Lemma 1.2 (Attraction Region) Let (p,7) be a feasible solution of (Ps). For any

sink z € C, its attraction region A(z| p,T) is a closed set containing z, A.(z|p,T) =
[z, Xa(2| p, )] and

(zlp,7) = | Azl 7)

CLGRZ

The lemma above establishes an intuitive but important transitivity result. Let
x <y < z be such that z is in the attraction region of z. Then, y must also be in the
attraction region of z.

The structure of the utility function V' at a supply equilibrium will play a central
role in our analysis. The following lemma establishes the shape of V' within attraction

regions.

Lemma 1.3 (Utility Within an Attraction Region) Let (p,7) be a feasible so-

lution of (Py), then for any z € C the equilibrium utility satisfies

V(z|p,7)=V(z|p,7) =z —zll, forall z¢€A(z|p,T).

This result is closely related to the Envelope Theorem, which is widely used in
mechanism design (see [49]). If a driver originating from z is indifferent to relocating
to z, then V(2| p,7) — V(2| p, 7) must be equal to the relocation cost ||z — x||.

Importantly, attraction regions emerge as soon as drivers move in the city, as

formalized in the next proposition.

Proposition 1.2 (Existence of attraction regions) Let (p,7) be a feasible solu-
tion of (Py) and suppose that y € TR(x| p,T) for some x # y. Then, there exists a

sink location z € C such that x,y € A(z| p,7) and x,y, z are collinear points.
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In other words, as soon as there is potential for movement, in the sense that drivers
at some location weakly prefer to travel to another location, necessarily an attraction

region exists.

1.4.4 Spatial Decomposition
Next, we show that attraction regions lead to a natural decoupling of the platform’s
problem, as they provide a natural way of segmenting the city. The next result

establishes a flow separation property induced by attraction regions.

Proposition 1.3 (Flow Separation) Let (p,7) be a feasible solution of (Ps), and
let z € C be a sink. Then, there is no flow crossing the endpoints of the attraction
region, and there is no flow crossing the sink, z. Formally, with some abuse of

notation, let L(z| p,T) denote J,cp {Xa(2|p,7)} then
(i) T(A(z| p,7)¢ x A(z| p,7)) =0 and
™(Uaen. [z Xa (21 2,7) % (A(| p, 1) ULz p,7)\ {2})) = 0.

(ii) Let Ry, Ry C R, with Ry N Ry = () then

(U G Xalelp ) x U (2 Xalel 7)) =0,

a€R; aERs

The first part of this result characterizes attraction regions as flow-isolated sets.
There is no flow of drivers traveling to an attraction region from outside of it. And
drivers in the interior of an attraction region do not travel outside the region.! In
this sense, attraction regions are flow-separated subsets of C. This will enable us to
“decouple” the platform’s problem in an attraction region from the rest of the city
in Section 1.5.2. The second part of the proposition establishes that in an attraction

region, no flow crosses between rays. However, there could be flow stemming from

"'We clarify here that Proposition 1.3 does not impose anything on the direction of low emerging
from the end points X,(z| p,7) for a € R,. That is, if there is a mass of drivers starting from one
of these boundary points, these drivers could move either into or out of the attraction region.
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any ray that travels to the sink. That is, the segments {(z, X,(z| p, 7] }acr. of the
attraction region are flow-separated regions coupled by the sink location. Figure 1.2

illustrates this proposition.

X No flow crossing

.....
""""
.

Figure 1.2: Flow separation. Illustration of the result in Proposition 1.3. No flow
crosses the boundaries of A(z| p, 7).

This flow separation result will enable us to geographically decompose the plat-
form’s problem into multiple weakly coupled local problems. To that end, we intro-
duce some additional notation that will allow us to “localize the analysis”. Formally,
for any measurable B C C and measure i € M(B), we define the set of feasible flows

restricted to B to be
Fe(p) ={r e MBxB):1n =0, m<<Tllg}.
In addition, we define local equilibria as follows.

Definition 1.4 (Local Equilibrium) For any B C C such that I'(B) > 0 and fi €

M(B), a flow T € Fg(fi) is a local equilibrium in B if it satisfies

r ({u, ) € Bx B 1z, y.p(y). (1)) = esssup T (.. p(). () }) ~ ji(B).

That is, a local equilibrium in B is a feasible flow such that no driver wishes to
unilaterally change his destination when restricting attention to the set B. With this

definition in hand, we may now state our next result. Informally, this result states the
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following “pasting” property. Suppose we start from a price-equilibrium pair (p, 7)
and a sink z and its attraction region A(z|p, 7). Then, we can replace the flow that
occurs within A(z|p, 7) with any other local equilibrium within that attraction region

as long as we maintain the same conditions at the boundary 0A(z| p, 7).

Proposition 1.4 (Pasting) Let (p, ) be a feasible solution of (Py), and let z € C
be a sink. Denote A = A(z|p,7) and L = U,cp AXa(2| 0, 7))} Let i € M(A) be
the measure representing drivers that stay within A according to flow T, i.c., i(B) =
T(B x A) for any measurable set B C A. Suppose there exists a measurable price
mapping p: A — [0,V] and a flow ¥ € Fa(ft) such that 7 is a local equilibrium in A
under pricing p. Furthermore, suppose Va(-| p,T) equals V (:| p,T) in OA. Define the

pasted pricing function p : C — [0, V],

| p) ifre A

p()
p(x) ifre A

and the pasted flow 7 € F(u), where for any measurable B C C x C
F(B) = 1(BN((A°UL) x A)) +7(BN (A x A)).
Then, the pasted solution (p,T) is a feasible solution of problem (Ps) such that

A sT(z) ifx €A, Valz|p,7) if v € A;
s = and V(z|p,7) =

s™(z) ifxe A°, V(z|p,7) ifxe A
Propositions 1.3 and 1.4 suggest a natural structure for the induced flows by any
pricing policy. For a given sink z, Proposition 1.3 establishes that the attraction
region of z and its complement are flow separated. Now Proposition 1.4 applies
this flow separation result and shows how to make local deviations to a feasible
solution while maintaining feasibility. More precisely, an equilibrium in C can be

locally modified in the attraction region of z, without losing feasibility, as long the
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equilibrium utilities of drivers in the boundaries of the attraction region are not
modified. The new solution (p,7) in C merges the old solution (p,7) in A(z|p, )¢

with the modified solution (p,7) in the attraction region A(z|p, 7).

1.5 Congestion Bound and Optimal Flows

In the prior section, we showed that the platform’s optimization problem can be re-
formulated as a problem over equilibrium utilities V' and post-relocation supply s7.
We also showed that V' is a well-behaved function: it is 1-Lipschitz continuous and
it has derivative equal to 41 or -1 over attraction regions. Furthermore, we demon-
strated how to use attraction regions to decompose the platform’s global problem
into localized problems. In this section, we focus on the optimal relocation of drivers
within attraction regions. That is, we will prove that, without loss of optimality, we
can restrict attention to flows within attraction regions that take a very specific form.
In order to do so, we first need to formalize the notion of congestion level of a given

location.

1.5.1 Congestion Bound
We first introduce some quantities that will be useful throughout our analysis. These
quantities emerge from a classical capacitated monopoly pricing problem. Let us
consider any location x € C and ignore all other locations in the city. The problem
that a monopolist faces when supply at x is s and demand is A\, can be cast as
Ry“(s) & max ¢ -min{s,\, - F.(q)}, (1.5)
q€[0,V]

loc

2¢(s) being defined as the argument that maximizes the equation

with the price p
above. Since q - F,(q) is assumed to be unimodular in ¢, the optimal price p'°°(s) is

x

uniquely determined and is characterized as follows

loc

pi(s) = max{pi®(s), pli}y,  where s = A\, Fl,(p2"(s)), pi € arg ren[g%{p-ﬁx(p)}-
P )
(1.6)
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That is, the optimal local price either balances supply and demand or maximizes the
unconstrained local revenue.

For a given local supply s, the maximum revenue that can be generated at location
x is RI(s), with a fraction a of that revenue being paid to the drivers. Therefore,
a - R¢(s)/s is the maximum revenue a driver staying at this location can earn. To

capture this notion, we introduce for every location x the supply congestion function

Y, : Ry — [0, - V], which is defined as:

a- Rl¢(s)/s if s > 0;

(1>

Va(s) a-V if s =0, A(z) > 0;

0 if s =0, M\(x)=0.

\

The congestion function 1, must be decreasing since more drivers (in a single location

problem) imply lower revenues per driver.

Lemma 1.4 For any © € Cy the congestion function 1, () is a strictly decreasing

function.

More importantly, the congestion function 1, yields an upper bound for the utility

of drivers at almost any location with respect to the city measure.

Proposition 1.5 (Congestion Bound) Let (p,7) be a feasible solution of (Ps).

Then the equilibrium driver utility function is bounded as follows:
V($| b, 7_) < ¢:c (37(33)) I'—ae z in C)\.

When there is a single location, the inequality above is an equality by the definition of
.. For multiple locations, drivers may travel to any location and there is no a priori
connection between the utility that drivers originating from = can garner, V (z| p, 1),
and ¢, (s7(x)). The result above establishes that the latter upper bounds the former.

The bound captures the structural property that as equilibrium supply increases at
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a location, and hence driver congestion increases, the drivers originating from that

location will earn less utility.

1.5.2 Optimal Supply Reallocation in Attraction Regions
We now consider the problem of how to optimize flows within an attraction region.
The key idea is to use the structural properties about the equilibrium utility function
as well as the pasting result developed in Section 1.4, in conjunction with a relaxation
to the platform’s problem within an attraction region that leverages the congestion
bound established in Proposition 1.5.

Consider a feasible solution (p,7) of (Pa). Let z € C be a sink and A(z| p, 7) its
corresponding attraction region. We will now show how to construct a second feasible
solution of (Py) for which the revenue is weakly larger and we can fully characterize
its prices and flows within the attraction region A(z|p,7) as defined by the original

solution (p, 7).

Theorem 1.1 (Optimal Supply Within an Attraction Region) Consider a feasible
solution (p,7) of (P2), and let z € C be an in-demand sink. Then, there exists
another feasible solution (p,7) that weakly revenue dominates (p,T), and is such that
V(:| p,7) coincides with V (-| p,7) in A(z|p,T) and its supply s* in A(z|p,T) is given
(
b (VI p, ) = o = 2l) - Lpwsop i © € Ugep. [2:7a);

87:(1’) s ift =7, a € R;

0 otherwise,
(

for a set of values {r,} such thatr, € [z, Xo(2|p,T)] and s, > 0,a € R,. Furthermore,

5(z) = pe(s™(x))  if € A2 py T) \ Uer. A7al;
Di ifr=re a € R,,

where pq is such that U(7q, Pa; Sa) = V(re| 0, 7) - Linga)s0y for a € R..
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The theorem above characterizes an optimal solution, including both prices and
flows, within an attraction region. In particular, the optimality of a pricing policy
implies that it is sufficient to focus on solutions that have post-movement equilibrium
supply around the sink 2 in (J,cp_[2,74] while potentially creating regions with zero
equilibrium supply away from the sink, in the segments { (74, X4]}acr.. These regions
“feed” the region around the sink z with drivers. Furthermore, the optimal prices are
fully characterized in any attraction region through the post-relocation supply. We
will highlight the main implications of Theorem 1.1 through a prototypical family of
instances in Section 1.6, where we will characterize the optimal solution across the
city in quasi-closed form.

Key ideas for Theorem 1.1. The key idea underlying the proof of the result is
based on optimizing the contribution of the attraction region A(z|p, 7) to the overall
objective by reallocating the supply around the sink, and then showing that this
reallocation of supply constitutes an equilibrium flow in the original problem.

In order to optimize the supply around the sink we consider the following opti-

mization problem which, as explained below, is a relaxation of (Ps) within A(z|p, 7):

max /A L Vealpr) 5 ) (Prcr(2))

5()>0
st 3(x) <y '(V(z)) T —ae z in Cy, (Congestion Bound)

/ §(x)dl(z) = 7o, (Flow Conservation)
Az pi7)

/ S$(x)dly(x) <71, TP —ae. a€ R,. (No Flow Crossing Rays)
(2,Xa]

where 7, corresponds to the total flow that 7 transports from A(z|p, ) to A(z|p, 1),
and 7, correspond to the total flow in A(z|p, 7) that is transported to ray a, excluding

z. Recall that given the post-relocation supply, s, the quantity

/B 3(2) dD(x),
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represents the post-relocation supply induced by s in B. Thus, the last three con-
straints in (Pxp(z)) stand for consistency of the total post-relocation supply in each
one the relevant subregions of A(z| p, 7). The key is to observe that this is a relax-
ation of the original problem in the attraction region. In particular, the equilibrium
constraint implies the conservation constraint (see Proposition 1.3(i)), and the no-
flow-crossing constraints (see Proposition 1.3(ii)). The congestion bound is also a
consequence of the equilibrium constraint (see Proposition 1.5). In words, in this
formulation, we relax the equilibrium constraint but impose implications of it. We
constrain the amount of mass that we can allocate on each direction around z but we
fix the total amount of mass in A(z| p, 7).

In (Pxp(z)), we fix the driver utilities and ask what should be the optimal al-
location of drivers while satisfying flow balance in the regions {[z, X,]}.cr. and im-
posing the congestion bound. Clearly selecting § = s is feasible for the problem
above and hence the optimal value upper bounds the value generated by the initial
price-equilibrium pair (p, 7) in the region A(z| p, 7). In the proof, we show that this
relaxation is tight. Namely, it is possible to construct prices and equilibrium flows
achieving the value of Problem (Pgp(z)). The proof consists of two main steps: 1)
solving problem (Pgp(2)) and 2) showing that the post-relocation supply that solves
the relaxation can actually be obtained from appropriate prices and flows. For step
1), the main idea relies on recognizing that Problem (Pkp(2)) is a measure-theoretical
instance of a coupled collection of Continuous Bounded Knapsack Problems. In par-
ticular, the congestion constraint corresponds to the availability constraint in the
classical knapsack problem. The solution to (Pxp(2)) is obtained by allocating as
much as possible at locations where we can make the most revenue per unit of vol-
ume, i.e., we would like to make §(x) as large as possible at locations where V(x| p, 7)
is the largest. Hence the solution starts by allocating as much supply as possible

at location z. The challenge here is that flow-crossing conditions need also to be
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satisfied and hence whether flow is sent to z from one ray or another is key and needs
to be tracked. For step 2), we explicitly construct prices, and the flow correspond to
the integration of the solution of a collection of optimal transport problems. Along
each segment (z, X,| we solve an optimal transport problem with cost function equal
to the distance between any two points, initial measure equal to the reminder mass
that was not sent to z, and final measure equal to the restriction of the solution of
Problem (Pgp(z)) in (z, X,]. Finally, we apply the pasting result (Proposition 1.4)

to obtain a feasible price-equilibrium in the whole city C.
1.6 Response to Demand Shock: Optimal

Solution and Insights

The results derived in the previous sections characterize the structure of an optimal
pricing policy and the corresponding supply response in attraction regions for general
demand and supply conditions in a two dimensional region. In this section, to crisply
isolate the interplay of spatial supply incentives and spatial pricing, we focus on a
special family of instances that will be rich enough to capture spatial supply-demand
imbalances while isolating the interplay above.

In particular, to simplify exposition we focus on a one dimensional city and a fam-
ily of models that captures a potential local surge in demand. Namely, we specialize
the model to the case where the city measure is supported on the interval [—H, H]|

and is given by
I'(B) = 1pepy + / dr, for any measurable set B C [—H, H|?
B

that is, the origin may admit point masses of supply and demand while the rest of
the locations in [—H, H] only admit infinitesimal amounts of supply and demand. In

what follows, without loss of generality we will use C to denote [—H, H|, that is, the

2Observe that thanks to the generality of our measure theoretical framework, all the theoretical
results develop thus far apply to this one dimensional setting.
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city now corresponds to the one dimensional interval over which the city measure is
supported. We fix the city measure throughout, but we parametrize the supply and
demand measures.

Supply is initially evenly distributed throughout the city, with a density of drivers
equal to p; everywhere. Potential demand will be also assumed to have a uniform
density on the line interval, except potentially at the origin.

We analyze what happens when a potential demand shock at the origin (the
potential high demand location) materializes and, in particular, we investigate the
optimal pricing policy in response to such a shock. We represent the demand shock
by a Dirac delta at this location. Therefore, for any measurable set B C C, the

potential demand measure (after the shock) is given by

A(B) = )\0 : 1{063} + / )\ldQZ,
B

where A\g > 0 and A; > 0. In particular, we refer to the case \g = 0 as the pre-demand
shock environment and the case \qg > 0 as the demand shock environment.

For this family of models, we assume that customer willingness to pay is drawn
from the same distribution F(-) for all locations in the city (and this function is
assumed to satisfy the regularity conditions of Section 3.3). Figure 1.3 provides a
visual representation of this family of cases.

This special structure will enable us to elucidate the spatial supply response in-
duced by surge pricing and the structural insights on the optimal policies that emerge.

Throughout this section we will use short-hand notation to present the optimal
solution in a streamlined fashion. Let (p, 7) be a price equilibrium pair we use A(0), X;
and X, to denote A(0| p,7), and the end points of the left and right rays around z,

respectively. Moreover, when clear from context, we write V(+) instead of V'(-| p, 7).
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Demand Shock
0

A
| P , M1
- H H

Figure 1.3: Prototypical family of models with demand surge. The supply
is initially uniformly distributed in the city with density u;, and potential demand
is uniformly distributed in the city with density A\, with a sudden demand surge at
location 0.

1.6.1 The Pre-demand Shock Environment

We start by analyzing the pre-shock environment. In this environment, there is no
demand shock, Ay = 0, and both demand and supply are uniformly distributed along
the city, with respective densities \; and ;. If one were to look at each location in
isolation, the optimal local price at a location z with demand density A\; and supply

density p is pl¢(u1), as defined in Eq. (1.6). Note that in the current environment

T

plo¢(1y) is not location dependent and we denote it by p; throughout, we do the same

with 1, (u1) which we denote by ;.

Proposition 1.6 (Pre-demand Shock Environment) Suppose A\g = 0. Then,
the optimal policy and corresponding supply equilibrium and flows can be characterized

as follows.
(i) (Prices) The optimal pricing policy is given by p(x) = py, for all x in C.
(ii) (Flow) All supply units stay at their original locations.

Furthermore, the optimal revenue equals 7y - 1y - 1 - 2H.

This result simply says that if the initial demand-supply conditions are identical across

the city, then the optimal price policy does not induce any movement for supply, and
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the optimal price at each location is simply that of a single location capacitated
pricing problem. In such a solution, the expected utilization of all drivers is equal
to 1if uy < A\ - F(p%), and otherwise is strictly below 1. In the latter case, there
is oversupply and driver congestion at all locations. The optimal revenue, recalling
the reformulation in Proposition 1.1, is given by the equilibrium utility of drivers
11, times the density of equilibrium supply, integrated across all locations (times a

scaling factor).

1.6.2 Benchmark: Local Price Response to a Demand

Shock

We next start our analysis of the demand shock environment. Before turning our
attention to an optimal policy in Section 1.6.3, we first focus on a simple type of
pricing heuristic which responds to changes in demand conditions through changes in
prices only where these changes occur. In particular, in the context of the demand
shock model, this corresponds to responding to a shock in demand at the origin by
only adjusting the price at the origin; we call this policy the local price response.
This provides a benchmark to better understand the structure and performance of
an optimal policy. We next characterize an optimal local price response, when prices
are fixed everywhere at the pre-demand shock environment solution, except at the

origin.

Proposition 1.7 (Local Price Response to a Demand Shock) Fiz\g > 0. Sup-
pose that p(x) = py for all x in C\ {0} and that the firm optimizes for the price p(0).
Then,

(i) (Prices) The optimal price at the origin is given by p(0) = pk(s7(0)), and

p(0) > p1.

(ii) (Movement) There exists two thresholds X, > X? >0, such that X, > 0 and:
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o for all x in [—X?, X°], all of the supply units move to the origin,
o forallz in[—X,,—X?] and all x in [X?, X,], a fraction of the supply units
move to the origin and the other fraction does not mouve,

e forallz inC\ [—X,, X,], no supply unit moves.

Furthermore, the platform’s revenue is strictly larger than in the pre-demand shock

environment.
[ ST
\ S N O S .
—H —Xr—X X X, H
S~ AN~

Center

Figure 1.4: Optimal local price response: induced supply response for a
case with 1 > \; - F(p%).

The result above characterizes the structure of an optimal local price response
as well as the structure of the supply movement it induces. Figure 1.4 depicts the
structure of the supply response. In particular, the optimal local price response leads
to a higher price at the origin to respond to the surge of demand at that location.
In turn, this higher price attracts drivers from a symmetric region around the origin.
In that region, for locations close to the origin, all supply units move to the origin.
After a given threshold X?, only a fraction of the drivers will move to the origin.
Intuitively, as one gets further from the origin, traveling to the origin becomes a less
attractive option, compared to staying put or traveling elsewhere. As that becomes
the case, a smaller and smaller fraction of units travels to the origin. Furthermore, we
establish that supply units have no incentive to travel anywhere else in the city and,

as a result, units that do not travel to the origin stay put and serve local demand.
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Beyond the threshold X,, no supply units move in the equilibrium induced by the
optimal local price response.

The threshold X, corresponds to the location of the last drivers willing to travel
to the origin. In the current environment, prices are not flexible and, therefore, X.
must equals V(0) — 1 since drivers who are further than that will prefer to earn 1,
by staying put compared to driving to the origin to earn V' (0) minus driving costs.
If we are in a supply constrained regime, u; < A - F(p*), then all drivers within
[—X,, X,| drive to the origin, i.e., X° = X,. However, in a supply unconstrained
regime, j; > A - F(p"), the two thresholds are different, X? < X, as depicted in
Figure 1.4. This occurs because in locations further from the origin but still within
[— X, X,], as underutilized drivers drive toward the origin, conditions at the departing

point improve and in equilibrium, staying put becomes competitive with driving to

the origin.

1.6.3 Optimal Solution

The previous subsection provided an optimal local price response to a demand shock
and the supply movement it induces. In this subsection, we focus on the optimal
global price response across all locations in the city. To that end, we will leverage the
results developed for the general model to obtain a quasi-closed form solution to the
platform’s problem in this specialized setting.

We begin by showing that the origin is an in-demand sink location and, therefore,
the results from Sections 1.4 and 1.5 apply to the attraction region of the origin.

By leveraging structural properties of the equilibrium utility function, the con-
gestion bound, and a novel flow-mimicking technique, we next fully characterize in
Theorem 1.2 the optimal equilibrium utility of supply units V(-), not only in the
attraction region of the origin, but across the entire city. In particular, this char-
acterization yields a spatial separation of the city into three attractions regions and

regions of no-movement. Leveraging Theorem 1.1 and a symmetry argument, we solve
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for the optimal s™ and the corresponding prices in each attraction region. The solu-
tion for the no-movement regions reduces to the pre-shock environment. Leveraging
the pasting result (cf. Proposition 1.4) yields the optimal solution to the platform’s
problem as presented in Theorem 1.3.

Our first result in this section demonstrates that we can focus on price-equilibrium
pairs such that the high demand location is a sink that has drivers coming towards

it from left and right.

Lemma 1.5 (Origin is in-demand sink) Without loss of optimality, one can re-
strict attention to price-equilibrium pairs (p,T) such that the origin is an in-demand

sink such that X; < 0 < X,.

The intuition behind this proposition harks back to the fact that the performance of
the pre-shock environment is dominated by that of the local price response solution.
Solutions for which the origin is not an in-demand sink have revenues capped by that
of the pre-demand shock environment. At a high-level, in those solutions, there is
no positive mass of drivers willing to travel to the demand shock location and, thus,
the city resembles a city without a demand shock. However, the local price response
solution incentivizes drivers from both sides to travel to the demand shock and has a
strictly larger revenue. This implies that at optimality we must have drivers coming

from both sides to the origin, that is, X; < 0 < X.

Ao

A
: + * : H1
- T
Left periphery X Center X, Right periphery

Figure 1.5: Three region-decomposition.
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In what follows we solve for the key objects of the platform’s optimization problem
(P2). To make our exposition clear and highlight the solution’s spatial aspects, we
call the interval [X;, X, | the center region, and the region outside of it will be referred

to as the periphery (see Figure 1.5).

1.6.3.1 Equilibrium Utilities
In this subsection we characterize V() throughout C. We begin by stating the main
result of this subsection. We then we discuss some of the implications and associated

intuition.

Theorem 1.2 (Equilibrium utilities) Under an optimal price-equilibrium pair (p, T),
the equilibrium utility function V (-) is fully parametrized by the three values V(0) and
X, X, as follows:

V(0) — |x| if x € [ X, X,
V(@) = { min{V(0) — 2X, + z,¢}  ifz > X,,

HllIl{V(O) — 2|Xl| + |.T’,w1} Zf&? < Xj.

Moreover, V(0) > 11 and V (X)), V(X,) < 1.

.......... NG (]

V(‘X?” :

_H Yy, Xz W, o W X Y H

Figure 1.6: Drivers’ equilibrium utility under an optimal pricing policy. The
equilibrium utility is fully characterized up to V(0), X; and X,.
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The first main implication of this result is that we know exactly how much utility
each supply unit garners under optimal prices throughout the entire city. Quite
strikingly, the characterization of V'(+) is “independent” of the flows. That is, in order
to characterize the equilibrium utility we did not need to pin down the distribution
of after-movement supply.

The second implication is that the city has at most three types of regions. Figure
1.6 depicts the equilibrium utility function. The center [X, X,] is by definition an
attraction region. Let W, and Y, be defined as the points to the left and to the
right of X, where the driver’s equilibrium utility function equals the pre-shock utility
level ¢;. To the right of the origin (and similarly to the left), we can observe three
main regions. We first have the interval [0, W,], where drivers’ utilities are above
the pre-shock utility level. Drivers in this region are positively impacted by the
shock of demand at the origin (and the global optimal prices). The second region
[W,.,Y,] is notable. Here, drivers garner strictly less utility compared to the pre-shock
environment. In [W,, X,] drivers are “too far” from the origin so their utilities are
negatively affected by the cost of driving to the origin. Drivers in [X,.,Y;] are outside
the origin’s attraction region and, thus, do not relocate to the origin. Interestingly,
drivers in [X,, Y;] suffer because the platform has to make sure that drivers in [0, X, ]
stay within the attraction region of the origin. For the marginal drivers at X, to be
willing to travel to the origin, the conditions to the right of X, should not be too
attractive. The final region corresponds to [Y;., H]; this region is not affected by the
shock of demand as it is effectively too far from the origin.

Key ideas for the proof of Theorem 1.2. We now present the main arguments
that enable us to establish Theorem 1.2. At a high level, we focus on each region
separately, center and periphery, and solve for V(-) in each of these regions.

We start by considering the center region, which is easy to analyze. Lemma

1.5 establishes that we can focus on solutions such that A(0) = [X;, X,] is a non-
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empty interval that strictly contains the origin. Our envelope result (Lemma 1.3)
characterizes the equilibrium utility function in any attraction region. In turn, this
implies that

V(z) =V(0) = |z|, forall z € [X;,X,].

Importantly, the characterization of V(-) in this region only depends on three pa-
rameters, namely, V' (0), X; and X,. In Section 1.7, we will leverage this fact to
numerically compute the optimal value for these parameters.

We now switch our attention to the periphery. Consider the right periphery
(X, H]. We first argue that, in this region, the drivers’ equilibrium utility has a
non-trivial upper bound, and then establish that this upper bound is achieved. The

treatment for the left periphery is analogous.
Lemma 1.6 (Upper bound) An optimal price-equilibrium pair (p,T) satisfies
V(z) <min{V(X,)+ 2z — X, Y1}, foralze (X, H]. (1.7)

The upper bound above follows from two bounds. A first upper bound can be derived
using the 1-Lipschitz property of V' (Lemma 1.1), which ensures that V' can grow at
a rate of at most 1. Thus, V() is bounded by V(X,)+x — X,. A second bound may
be obtained by leveraging the congestion bound (Proposition 1.5). One may show
that that drivers from almost any location that do not have an incentive to travel
to the origin have their utilities capped by the pre-demand shock utility level ;.
Locations different than the origin that receive supply increase their driver congestion
with respect to the initial congestion level which, in turn, reduces the driver utility
at that location. In addition, drivers traveling to these locations have to incur a
transportation cost further decreasing their utilities. Thus V'(-) has to be bounded
by ¢ in (X, H].

The core of the argument toward characterizing the equilibrium utilities in the

periphery resides in establishing that the upper bound in Eq. (1.7) is always binding
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for any x in (X,, H], a result we will present in Proposition 1.9. We show this result
in two steps: we first establish that the value function has to be non-decreasing in
[X,, H] and then leverage this to establish that the upper bound is achieved under
an optimal pricing policy.

By our characterization of a driver’s utility in an attraction region (see Lemma
1.3), the upper bound would not be binding if there were drivers willing to move left in
(X, H]. That would imply the existence of an attraction region (see Proposition 1.2)
inside of which V'(-) is decreasing. Our first proposition proves this cannot happen
by establishing that, in an optimal solution, V'(-) is a non-decreasing function in the

right periphery.

Proposition 1.8 (Monotonicity in the periphery) Without loss of optimality, we can
focus on price-equilibrium pairs (p,T) such that V(-) is non-decreasing in (X, HJ.

Furthermore, if V(X,) = 11, then V(x) = 1y for all x > X,.

We first observe that the attraction region around the origin of the demand shock
location is always wider under the optimal solution than under the local best response.
That is, AT(0) C A°P*(0). In particular, this means that more locations are affected
by a demand shock in the optimal solution than under the local price response. Hence,
the largest interval in which both solutions differ corresponds to [—Y,°P* Y,°P*]. We
denote this interval by Cg;g.

The key argument behind the proof of Proposition 1.8 is to construct a (strictly)
profitable deviation whenever V(-) is decreasing in some region. We illustrate the
main idea of the argument in Figure 1.7. Suppose the value function is decreasing
in some interval as illustrated in Figure 1.7(a). We will construct a deviation over
a superset of that interval, denoted by [yo,y:1] in the figure. The construction of a

deviation contains three main ideas.
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7

Figure 1.7: Hlustration of the main argument in the proof of Proposition 1.8.

First, the interval [yo,y1] is constructed in such a way that it is flow separated.
That is, there is no flow of drivers leaving this interval and no drivers coming in
(1 — a.e). This separation permits us to analyze this region as an individual sub-
problem, where the behavior of drivers is relatively “controlled”. In particular, we
construct the interval [yo, y1] in such a way there is at most one maximal subinterval
where V'(-) decreases at rate -1, and at most one maximal subinterval where where V
increases at rate 1. Where V(-) decreases at rate -1 drivers can only move left, and
where V'(-) increases at rate 1 drivers can only move right.

Second, the best incentive compatible deviation that ensures a non-decreasing
value function coincides with the dashed blue line. Because V' can increase at most
at a rate of 1, after yo the best deviation equals V' (yo) + (z — yo) (recall Eq. (1.7)).
Moreover, since the interval ends at y; and we want the deviation to be a non-
decreasing function, it has to be bounded by V ().

The final idea is a subtle, but critical one. We know from Proposition 1.1 that
the platform earns revenues from a location = proportionally to V(z) - s"(z). As a
result, one needs to focus on both V(-) and the post-movement supply s” to establish
a profitable deviation. We need to argue that overall the platform will earn higher
revenues after the drivers move. Our argument, which relies on judicious price setting

as well as a proper mapping of revenue contributions in different space regions between
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the old and new flows, is illustrated in Figure 1.7(b). We set prices in such a way that
it is incentive compatible for drivers not to move within the interval [yo,y1], except
for the region we denote by I near yq. In this region, we set prices to incentivize the
drivers to behave as they did in region I’ in the old (non-monotone) solution. This
enables us not only to achieve the upper bound constructed, but also to obtain a
strict revenue improvement for the platform.

In brief, at the optimal solution, V(-) must be a non-decreasing function in
(X,, H]. This implies that drivers only move right (or do not move) in the right

peripheral region. Our next result shows that Eq. (1.7) is indeed binding.

Proposition 1.9 (Tight upper bound) Without loss of optimality, we can focus on

price-equilibrium pairs (p, ) such that the upper bound in Eq. (1.7) is tight.

The proof of Proposition 1.9 relies on the monotonicity in the periphery of V(-)
to construct a strict improvement whenever we have a solution (p,7) for which the
upper bound in Eq. (1.7) is not tight. We start by separating intervals that form
maximal attraction regions, that is, attraction regions with a sink at an end point.
In these regions, V/(+) is differentiable and has slope equal to 1. Such intervals can be
mapped onto the interval where the upper bound in Eq. (1.7) also has slope 1. This
mapping in represented by dashed lines and arrows in Figure 1.8.

We can then use a flow mimicking argument similar to the one used in Figure
1.7(b). The solutions in the initial intervals in the mapping can be replicated in the
new intervals, which we illustrate in Figure 1.8. Thus, this mapping preserves the
platform’s revenue in the intervals being mapped. The regions that are left after
the mapping (thick black lines in the figure) are given prices such that drivers in
them prefer not to relocate, and V' coincides with the upper bound. By pasting the
solutions in the intervals we obtain then a solution for which the upper bound is tight

and whose revenue is strictly larger than that of (p, 7).
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Figure 1.8: Mlustration of the main idea underlying the proof of Proposition 1.9. The
dashed lines in V(z) correspond with interval where dV (x)/dxz = 1. These intervals
are mapped onto the intervals in [X,, H] where the upper bound in Eq. (1.7) has
slope 1. The thick black lines correspond to both the intervals and parts of the upper
bound that are left after the mapping.

1.6.3.2 From Equilibrium Utilities to Supply Distribution and Optimal
Prices

Given that we pinned down the equilibrium utility function across the city, the natural

next step as prescribed by the problem reformulation in Proposition 1.1 is to solve

for prices and supply.

Theorem 1.3 (Optimal prices and flows) An optimal price-equilibrium pair (p,T) is
such that V (-) is as in Theorem 1.2, X, = — X, and prices and flows are characterized

as follows.

loc

1. (Prices) The optimal prices are given by p(x) = pi2°(s"(x)), where s™(x) is as

below.

2. (Post-relocation supply) There exists unique f. € [0, W,] and B, € [X,,Y,] such
that
/BC YT‘
vp (V(@)dD(z) = m-2- X, and / Uy (V(@)dl (2) = - (Y, = X3),

P

-8
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and the optimal post-relocation supply is given by

0 if.’l? S (Bca Bp) U <_Bp7 5@)7

1 (V(z)) otherwise.

T

s'(z) =

3. (Movement)

e for all x in [—f., B, drivers move in the direction of the origin,
o forall z in [—X,, =) U (B, X,], all drivers move to [—p., B,
o for all x in [X,, B,), all drivers move to [3,,Y;].

o for all x in (—p,, —X,], all drivers move to [—Y,, —fBp].

o for all x in [By,Y,], drivers move in the direction of Y.,

o for all x in [=Y,, —PB,], drivers move in the direction of =Y.,

e forallx in [—H,-Y,)U(Y,, H], drivers do not relocate.

The key idea underlying Theorem 1.3 is to recognize the structure of the regions.
The center [X;, X,] is by definition an attraction region. The other two attraction
regions correspond to the intervals [V}, Xj] and [X,,Y,] (to recall the definitions of
these terms, please revisit Figure 1.6). Consider the last of these intervals. In it,
V(-) increases at a rate of 1 and drivers only move towards Y, but not beyond it.
The shape of V(-) then ensures that all drivers in this region are willing to travel to
Y, and, therefore, this location has to be a sink with its associated attraction region
being [X,,Y,]. We can thus leverage Theorem 1.1 to characterize the flow structure
within attraction regions and then paste solutions appropriately. Finally, we show
that the optimal solution has to be symmetric around the origin. In particular, now
all the relevant quantities that characterize the optimal solution depend only on two
values: V(0) and X,.

Discussion. We depict in Figure 1.9 the structure of the solution obtained in

Theorem 1.3. The main feature of the optimal solution is that it separates each side
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Figure 1.9: Supply response (solid-blue line) induced by optimal prices
(dashed-red line).

of the city, with respect to the origin, into six regions. Without loss of generality, we
focus our discussion on the right side of the city.

The origin receives a mass of supply equal to ;' (V(0)). This mass of drivers
comes from two regions, the inner and the outer center, which we now define. The
first corresponds to the interval (0, 5.]. Some drivers in this region choose to stay put
while others, attracted by the favorable conditions at the center of the city, choose to
drive to the origin. In equilibrium, drivers staying or traveling to the origin garner the
same utility. The outer center is the interval (/3., X,]. Here, the platform sets prices
to V (or 0) and therefore supply is equal to zero. That is, the platform chooses prices
to shut down demand, giving no incentive for drivers to stay there (or alternatively
sets prices at zero to again give no incentive for drivers to stay there). In turn, this
incentivizes all drivers in this region to move somewhere else. In order to incentivize
these drivers to move towards the origin, the platform creates one more region: the
inner periphery.

The inner periphery corresponds to the interval (X,,Y;]. The platforms “arti-
ficially” degrades the conditions for drivers in this interval in two different ways,
leading to the two sub regions, (i) and (4i) in Figure 1.9. In region (), the platform
sets prices equal to V (or 0) in (X, 3,], shutting down demand, so no drivers want

to either travel to or stay in this region. As a result the interval (5,,Y;] receives all
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drivers from (X, 8,]. This creates driver congestion and, thus, endogenously worsens
driver conditions in the interval (5,,Y;]. The reason the platform selects these inner
periphery prices is to discourage drivers in the outer center from driving towards the
periphery. Quite strikingly, the optimal global price response to a demand shock
at the origin induces supply movement away from the origin in the inner periphery.
The final region is the outer periphery. All drivers in this region stay put, leading to
s7(x) = p1. Here, drivers collect the same utility they would make if there was no
demand shock at the origin.

In sum, the optimal global price response to a demand shock, while correcting the
supply-demand imbalance at the origin, also creates significant imbalances across the
city. This is driven by the self-interested nature of capacity units and the need to
incentivize them through spatial pricing. In particular, we observe that the structure
of the optimal pricing policy is very different from that of the local price response

(cf. Proposition 1.7).
1.7 Local Price Response versus Optimal

(Global) Prices

In this section, we will use the optimal local price response solution as a benchmark
for comparison to put the optimal solution in perspective. The objective is to illus-
trate through several metrics the different features of the optimal solution as well
as its performance in terms of revenue maximization and welfare. Throughout this
section, we use superscripts [r and opt to label relevant quantities associated with
the local price response and optimal solution, respectively (except when obvious from
the context).

We first observe that the attraction region around the origin of the demand shock
location is always wider under the optimal solution than under the local best response.

That is, AT(0) C A°*(0). In particular, this means that more locations are affected
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by a demand shock in the optimal solution than under the local price response. Hence,
the largest interval in which both solutions differ corresponds to [—Y,°P*, Y,°P*]. We
denote this interval by Cg;g.

Next, we illustrate and discuss through a set of numerics the differences between
the two policies. We consider a range of instances that includes various levels of
supply availability. We fix the city to be characterized by H = 1 and assume that the
demand is uniformly distributed across locations with A\; = 4. The origin experiences
a shock of demand ranging from low to high: Ay € {3,6,9}. We vary the initial
supply 1 € {1,1.5,2,...,4.5,5} so that when low, the city (excluding the origin)
is supply constrained, and when high, the city is supply unconstrained. Consumer
valuation is uniformly distributed in the unit interval. Note that the city (excluding
the origin) is supply constrained whenever pu; < A; - F(p*) = 2. To eliminate any
strong dependence on the choice of H, for each instance, we compare the local price
response performance and optimal solution performances within the sub-region of the
city corresponding to the largest interval in which both solutions differ, Cgig. Given
the symmetry of the solutions, in all that follows we focus on the right side of the
city [0, H].

Policy structure. Figure 1.10 depicts the core spatial thresholds characterizing
the optimal pricing policy and the local price response as the supply conditions
changes (on the y-axis). In particular, we track the changes in X,, 3,, 8. and Y, for
the optimal solution (cf. Theorem 1.3) and the changes in X, and X? for the local
price response (cf. Proposition 1.7).

The first thing to note is that the structure of supply in the attraction region
of 0 differs significantly between the local price response and the optimal policy. In
the local price response, there are no drivers who stay put around the origin; and
post-relocation, drivers are either at the origin or in [X%", XI]. In contrast for the

the optimal policy, there are no drivers in a region separated from the origin [3., X ']
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Figure 1.10: Policy structure. Spatial thresholds characterizing the optimal pricing
policy and the local price response as the the supply conditions change. The shaded
regions have no supply in equilibrium. The figure assumes \g = 9 and \; = 4.

but there are drivers in [0, 8.]. This contrast can be better understood through the
reformulation of the objective in Proposition 1.1, in conjunction with the shape of
the equilibrium utility function in the attraction region of 0 (cf. Lemma 1.3). Given
the objective, the platform would ideally like to have supply as close to the origin
as possible (subject to the congestion bound constraint) as it maximizes the integral
of V(x) - s7(x). With a local price response, as a result of the lack of flexibility in
setting prices throughout the city, the platform is unable to “optimize” the supply in
the attraction region and ends up with drivers at locations with low V in [X2I X ]
while locations with higher V’s have no drivers in (0, X]. Meanwhile, the optimal
policy is able to set prices so as to induces the best possible distribution of supply in
the attraction region.

In the periphery of the optimal solution, which is outside the origin’s attrac-
tion region under pricing policy, the local price response behaves exactly as in the

pre-demand shock environment. In stark contrast, the optimal solution incentivizes
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movement of drivers from the periphery away from the demand shock. In particular,
the region [X,,Y,], which has a non-trivial size, is artificially damaged. This region
is needed for the optimal solution to steer more drivers towards the origin, an issue
we address in more detail in the revenue improvement discussion below.

Revenue Improvement. The revenue performance of the optimal solution with

respect to our benchmark in Cg;g is shown in Table 1.1.

Table 1.1: Revenue improvement (in %) of optimal solution over optimal local prices
response solution in Cyig.

p |1 15 2 25 3 3.5 4 45 5
Ao =3]205 464 959 13.02 13.87 1292 11.00 8.60 5.91
A =61[217 311 499 873 9.96 10.01 956 8.92 821
Ao =9]269 351 469 875 1016 10.30 9.81 9.10 8.29

For any level of demand shock, we observe that the revenue improvement reaches
its maximum value for medium to high levels of supply, and can be significant, above
10%.

In order to appreciate where the revenue gains stem from, consider Figure 1.10
and Table 1.2 below, which summarizes some key quantities for the case pu; = 3,

Ao = 9 (so that ¢; equals 0.27). Let us analyze the various contributions to revenues

V) _s7(0)_pP0) X VP [V0) o) p0) X X
0.62 1.97 0.78 0.46 0.57 H 0.65 1.66 0.81 0.38 0.25

Table 1.2: Metrics for the local response and optimal solution for the case p; = 3,
/\0 = 9

under both policies. We start by noticing that the drivers’ equilibrium utility at the
shock location is lower under the optimal solution than under the local price response,
VoPt(0) = 0.62 and V(0) = 0.65. However, since X' = 0.46 and X' = (.38, the
optimal solution is able to incentivize the movement of a larger mass of drivers towards
the demand shock, leading to a mass s°P(0) = 1.97 and s"(0) = 1.66. Focusing on

the objective reformulation in Proposition 1.1, this extra mass of drivers delivers
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0.14 units (0.62 x 1.97 — 0.65 x 1.66) of extra revenue to the platform. The revenue
difference is further increased by the fact that the remainder 0.79 units of drivers
in the attraction region of zero (2 x 3 x 0.46 — 1.97) in the optimal solution travel
to locations nearby the demand shock, where V(+) is close to 0.62. In contrast, the
benchmark solution has the remainder 0.62 drivers (2 x 3 x 0.38 —1.66) staying within
(X0 XTI where V(+) is below 0.37 (V(0) — X%!'). Through these two mechanisms,
the optimal policy garners more revenue than the benchmark solution in the region
[—Xer, Xov],

However, the benefits come at a cost. In particular, to induce the “right” in-
centives in the shock’s attraction region, the platform has to alter conditions to the
right of the attraction region. In order to incentivize the movement of drivers in
[—XoPt XOPY towards the demand shock, the region [X¢P') Y °P'] is damaged by hav-
ing the 0.22 units of drivers in it (2 x (0.57 — 0.46)) contributing values strictly below
Y1 = 0.27 to the platform’s objective. The same units of drivers in the benchmark
solution contribute exactly 0.27 per unit to the platform’s revenue. This cost is offset
by the proceeds that incentivizing the movement of a larger amount of drivers toward
the demand shock generates.

Welfare Implications. The revenue improvement of the optimal solutions relies
on creating a special region in which drivers’ utilities are below of what they could
earn if the platform responded only locally to the demand shock. This raises the
question of whether revenue-optimal pricing leads to lower or higher surpluses for
drivers and consumers compared to the benchmark solution.

The social welfare (STV) equals the sum of the platform’s revenue, and the driver

(DS) and consumer surpluses (C'S), as given by

DS = /C V(@)du(z), €S = / E[(v—p(z))lv > p(z)]-min {ST(IW:v'F(p(‘”))}dF(:”)'

Cais

Driver surplus corresponds to nothing more than the integral of driver equilibrium

utilities across all locations in Cg;g. Similarly, consumer surplus corresponds to the
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gains enjoyed across Cgg by all those consumers who are willing to pay and are
matched to some driver.

In Table 1.3 we display the percentage differences of driver and consumer sur-
pluses, as well as social welfare between the optimal and benchmark solutions. We
note that there are instances where the optimal solution is a Pareto improvement
over the local price response, in the sense that it is better for the platform, drivers
and consumers. There are also instances where the platform’s revenue gain is at the

expense of both drivers and consumers.

Table 1.3: Driver surplus, consumer surplus and social welfare difference (in %) of
optimal solution over optimal local prices response solution in Cgig.

[0 1 L5 2 25 3 35 4 45 5

X =3 | -0.67 3.09 11.3  13.64 146 1244 10.00 7.53 4.92
DS MN=6] -415 -399 -162 -201 -082 0.74 3.00 5.35 7.80
M=9| -622 -735 -748 -945 -9.72 -9.02 -8.14 -6.36 -4.32

Ao =3|-10.96 -14.1 -1848 -7.24 -3.15 -044 1.01 1.57 1.58
cS M=6|-12.03 -10.58 -17.15 -6.32 1.18 4.18 424 285 0.69
Ao =9 | -14.33 -11.94 -22.43 -12.58 -1.39 577 9.73 10.98 10.44

=3 -1.04 0.81 4.26 828 970 883 744 58 396
SW  XN=6] -3.60 -356 -3.49 -1.06 150 3.16 443 529 587
=91 -524 -595 -816 -6.84 -440 -232 -086 051 1.58

For a given level of supply, the driver surplus degrades with respect to the bench-
mark as the demand shock becomes more intense. We also find that, independently
of the size of the demand shock, the optimal solution performs better than the bench-
mark in terms of consumer surplus when the supply level is high. More drivers in the

city imply more matches and lower prices and, thus, higher consumer surplus.
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Chapter 2

Spatial Capacity Planning

2.1 Motivation and Overview of Results

Many traditional service systems are characterized by static servers and customers
that arrive stochastically and line up in a queue before receiving service. These include
call centers, health-care facilities, and amusement parks, among others. In designing
such systems, one faces a tradeoff between the cost of servers and the quality of service
as measured through the characteristics of wait time. The prevalence of such systems
has led to an extensive literature on capacity sizing that has provided important
practical guidelines about how to set capacity levels in service systems. Typically,
there is a fine balance between the two objectives. A central rule, the so-called
square root safety (SRS) staffing rule, emerges naturally from different performance
considerations. In the SRS rule, the capacity is set at the nominal offered load plus
a safety factor proportional to the square root of the offered load. If one considers
a social planner’s problem attempting to minimize the system’s total cost measured
by the aggregate of capacity and waiting costs, the SRS rule is optimal in large
systems. Another central metric in the literature and in practice is the probability
that a customer waits before being attended by a server, which has led to the coining
of various terms to describe the regimes of interest. Quality driven (QD) is the
regime where customer quality is paramount and, thus, the probability of waiting is
vanishingly small. Efficiency driven (ED) refers to the regime where cost concerns

prevail. In ED, a customer’s probability of having to wait approaches one. Quality
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and Efficiency driven (QED) is the intermediate regime, where the probability that a
customer waits is separated from both zero and one, leading to a fine balance between
utilization and quality of service. The latter is achieved through the SRS staffing rule.
The latter capacity is sufficient to ensure that a positive fraction of customers do not
wait at all before receiving service.

However, there are other service systems in which customers arrive to random
locations in space and servers have to spend time not only servicing customers, but
also reaching them before service starts. This includes, for example, ride-hailing
systems such as Uber, Lyft, Via and DiDi. On these platforms, a customer requests a
ride from a given location and a driver is then dispatched by the platform to pick him
up and take him to his desired destination.! Automated warehouses powered by Kiva
robots (Amazon robotics) or the Ocado smart platform provide another example. In
these warehouses, products are arranged in a grid. As orders for different products
arrive, robots are dispatched to collect the products and transport them to picking
stations. In these spatial multi-server systems, workload is larger than in traditional
systems because servers must reach customers before starting to service them, making
it unclear whether the SRS rule of thumb is still valid. The central question of this
chapter is the following: How should “capacity thinking” be adapted to spatial settings,
where servers need to reach customers before service can start?

We anchor our analysis around a spatial multi-server system in which arrivals to
a two-dimensional region follow a Poisson process. A customer draws an origin and
a destination uniformly and independently in the region. From a pool of n servers, a
central platform dispatches a server that must reposition to the origin of her assigned
customer and then take him to his desired destination. This spatial multi-server

system is different from a traditional queueing M /M /n service system in at least

'For consistency, we refer to customers as males and servers/drivers as females throughout the
chapter.
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two dimensions. First, servers must “pick up” customers by repositioning to a cus-
tomer location before starting service. This translates into extra workload added to
the system compared to a traditional system. Second, as the imbalance of servers
and customers increases, spatial economies of scale can make the system operate at
a faster pace. For example, the larger the spatial density of idle servers, the more
opportunities for better matches and the shorter the time it takes a server to pick up
an arriving customer. Similarly, the larger the spatial density of waiting customers,
the more opportunities for better matches and the shorter the time it takes an idling
server to reach a customer. That is, in a spatial multi-server system, service rate is
state-dependent and might improve with large supply-demand imbalances. This is
illustrated in Figure 2.1. In order to shed light on the capacity sizing question of in-

average service
time
factor of _|
En-Route
time ]
high supply low supply|:]low demand high demand
density density |:| density density

Y Y

potential for potential for
efficient matches efficient matches

En-Route
time [

L4
customers

1
number - ilibrium (ED) system

0 equilibrium (QD) ¢ carvers

Figure 2.1: Illustration of the potential for matches and the impact on pickup times.

terest, we take a macro view of the spatial system by focusing on the key features that
dictate its dynamics. More concretely, we consider a Markovian stochastic model that
captures the key characteristics of input and output rates in the spatial multi-server
system. Our Markovian model is a standard queueing system with n servers, but
with a state-dependent service rate that adequately reproduces the spatial economies

of scale of spatial systems. We analyze this queueing model in heavy traffic. On the

56



one hand, the queueing setting provides guidelines for how the spatial system will
behave. On the other hand, the spatial setting provides a physical interpretation of
the queueing model results.

Main contributions. Our first contribution lies in the modeling domain. We
develop a Markovian model that captures fundamental aspects of capacity planning in
dynamic spatial environments. The system we analyze features both service speedups
and service slowdowns that emerge due to the presence of spatial economies of scale.
In addition, we ground our analysis on near-optimal dispatch rules derived from the
vehicle routing literature.

Our second contribution lies in the set of insights and fundamental results we
obtain for this class of problems. We first analyze a fluid model that highlights some
of the key properties of such systems. We characterize in closed form the two possible
stable equilibria of this deterministic model. These equilibria correspond to two types
of potential operating regimes: the first one with a high density of waiting customers
and the second one with a high density of idle servers. These equilibria are depicted in
Figure 2.1. In both of these operating points, the system is able to match customers
to servers efficiently since supply and demand are fairly imbalanced.

We then analyze the stochastic system in heavy traffic. In this setting we first
establish that, in stark contrast with a standard multi-server system, the SRS rule will
always bring the spatial multi-server system to the efficiency-driven (ED) regime, in
which customers will wait for a server to be dispatched with probability approaching
one. In other words, the added workload due to pickups is substantial enough and
cannot be compensated by simply increasing capacity levels on the order of the square
root of the offered load.

In turn, we fully characterize the asymptotic system’s performance under a range
of scalings. If the capacity buffer is of lower order than the offered load to the power

of 2/3, then the system is in the efficiency-driven (ED) regime. The system operates
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around the ED equilibrium depicted in Figure 2.1. If the capacity buffer is of higher
order than the offered load to the power of 2/3, then the system is in the quality-
driven (QD) regime. The system operates around the QD equilibrium depicted in
Figure 2.1. Hence, in a spatial environment, the QED regime may only emerge if
the safety capacity is of order the offered load to the power of 2/3. We furthermore
establish that the QED regime can indeed be achieved. The QED regime does not
correspond to a new stable operating point of the system, but to a system that
oscillates stochastically between the ED and QD equilibrium points. Reaching the
QED regime is more subtle in a spatial environment, as now it does not only depend
on the order of the safety capacity but also on second order terms. Furthermore, as
a by-product of this analysis, we can approximate the system cost and establish that
the power of 2/3 scaling is optimal in the sense that it minimizes a sum of server
costs and waiting costs, which is a natural social planner’s objective.

We show that the approximation method used, which greatly simplifies the anal-
ysis of an otherwise highly non-tractable system, captures the fundamental features
of the true system. We validate our approach via a series of numerical simulations
that show that the heavy-traffic behavior of our Markovian system closely captures
that of a simulated spatial multi-server system.

In sum, our model and results imply that common rules of thumb such as the
SRS rule will no longer be valid for spatial operations and, therefore, new staffing
rules of thumb are necessary. This has implications for how to think about such trade
offs in automated warehouses and, with the advent of fleets of self-driving cars, in
ride-hailing platforms. Our results derive new rules of thumb for the implications of

capacity levels on the type of service regime they induce.
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2.2 Related Literature

This chapter relates to several streams of literature.

Staffing. Our goal is to analyze the performance of a system with customers
arriving and being served in a spatial setting as measured by the steady-state prob-
ability of waiting in heavy traffic. The seminal work of [36] introduces the so-called
Halfin-Whitt regime in which the system is taken to heavy traffic by scaling the num-
ber of servers as R + [ - V'R where R is the offered load. This is also known as
the square root staffing (SRS) rule. Under this regime, the authors show that in an
M/M/n or GI/M /n, the system the probability of delay is strictly between zero and
one-the QED regime. [34] and [68] study the Erlang-A case. For more on the QED
regime with applications to call centers, we refer the reader to the survey papers by
[33] and [3]. We also refer the reader to [69] for related work, and [56] for the more
general case of the G/GI /n system. [13] study the capacity sizing problem in an envi-
ronment in which there is also parameter uncertainty for mean arrival rate, deriving
new prescriptions for such settings and articulating how to operate depending on
whether one is in an uncertainty-dominated or a variability-dominated regime. Our
work is complementary to this literature in the sense that we also analyze the perfor-
mance of the system as measured by the probability of delay. In our model, however,
the presence of spatial frictions affects dynamics and introduces state-dependencies,
leading to fundamental changes in how capacity should be scaled to achieve QED
performance. For an in depth discussion about limiting regimes (ranging from the
conventional heavy traffic regime to the Halfin-Whitt regime and passing through the
slowdown regime) and their implications for diffusion approximations in non-spatial
environments we refer the reader to [67] and [8].

State-dependent service rate. The general spatial system we aim to under-
stand is complex and generally intractable. To gain insight we consider a simpler

Markovian version of it that can be regarded as an M/Mg/n system. Our work is
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thus related to the broad literature on Markovian system and birth and death pro-
cesses, and in particular to the works that study service systems with state-dependent
processing rates; for some examples we refer the reader to [45], [46] and [55]. [25]
study an Erlang-R service system in which the service rate can be sped up whenever
congestion is above a certain threshold . Using a fluid analysis they show that, de-
pending on system parameters, speeding up service can lead to both desirable and
undesirable system congestion levels. In related work, [30] study a service system
in which agents are sensitive to individual future work load and reduce their service
rate as the system’s workload increases. They show that depending on load sensitiv-
ity, the system’s slowdowns can take it from moderate to substantial deterioration.
Our work can be considered as a combination of both speedups and slowdowns, and
the exact form of these in our context is driven by spatial economies of scale. As
the number customers in our system increases beyond n, the density of waiting cus-
tomers increases and, therefore, the next idling servers can spend less time picking
up customers, i.e., service rate speeds up. Similarly, when the number of customer
is increasing but below n, the density of idle cars decreases and, therefore, arriving
customers may experience larger pickup times, i.e., service rate is slowed down. These
effects are a result of the physical nature of our system. Related to the above papers,
and in particular [30], our system features some form of bi-stability in an underlying
tightly related deterministic model. In contrast, however, the equilibria emerge on
different scales in our setting and asymptotically in the stochastic system, these can
survive jointly.

Stochastic vehicle routing. Another related stream of related work is that
of dynamic routing problems. Routing is a highly complex class of problems and
measuring the performance of routing algorithms is challenging. [14, 15] show that
the scaling of queues in space is fundamentally different to the one when space is

ignored. In particular, [14, 15] obtain a lower bound for the minimum expected total
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time in the system under any dispatching policy given by © (A/(n?(1 — p)?)) + ©(1)
in heavy traffic, as the offered load converges to 1. This is a remarkable result that
provides a lower bound for all dispatching policies and in turn sets a target for the
optimal expected time in the system which can be used as a guideline to measure the
performance of policies. Interestingly, the size of the system scales with 1/(1 — p)?
and not with 1/(1 — p) as happens in the standard M /M /n system. Thus the fact
that we are taking into account space fundamentally changes how the system scales
with traffic intensity.

Ride-hailing. In the young but quickly growing literature on ride-hailing sys-
tems, customers arrive in a spatial region and a platform matches them to drivers
who, in turn, take the customers to their desired destinations. For the important
problem of spatial incentives in ride-hailing system we refer the reader to [12], [17],
[23], [1] and [16].

Closer to this work are the studies that investigate the problem of matching to
optimize certain performance metrics. Using a fluid approach in a closed queueing
network, [19] study how to route empty cars in order to maximize network utility. In
related work, [54] use a fluid approach to derive policies that maximize the number
of matches. [11] study matching in a closed queueing network, and show that for a
Scaled MaxWeight policy, the proportion of dropped demand in steady state decays
exponentially fast as the number of servers in the system grows large. In a circular
city framework, [31] analyze the waiting time performance of different matching mech-
anisms. The focus of this chapter, in contrast, is to understand how to think about
capacity planning in spatial environments. Rather than optimizing over the space of
dispatching policies, we anchor the analysis around a near-optimal dispatching policy.

Closest to the present setting is [23]. There, the authors also analyze inefficiencies
stemming from additional workload in a spatial system, and study the possible use

of surge pricing to alleviate these. This study focuses on a different question, that of

61



capacity planning. The two papers utilize different dispatch policies. The framework
in this chapter can be used to analyze the type of dispatching considered there, in
which the additional capacity needed would be of order the offered load. In contrast,
in this chapter, we focus on a class of provably near-optimal dispatch rules based on
the vehicle routing literature mentioned above, which, as we establish, enables one to

only need a safety capacity of the order the offered load to the power of 2/3.

2.3 Spatial Queueing Model

We introduce a stochastic model for spatial capacity planning within a bounded
region of a plane. Our model is an M/Mg/n queueing system (in Kendall’s notation
Mg stands for state-dependent service time) that captures the fundamental aspects
of a spatial system that experiences arrivals and dispatches servers to attend to those

arrivals.

2.3.1 Model

Motivation. We consider two models in this chapter. The first is what we call the
general system, where spatial elements such as origin-destination pairs of customers
are explicitly modeled. The second is a Markovian system, which is a queueing
system that approximates the general system. In the Markovian system, the spatial
frictions are captured in reduced form via a state-dependent service time. All of
the mathematical results in the chapter establish properties of the Markovian system
that can be regarded as qualitative prescriptions for the general system. Indeed, in
Section 6, we use simulation to demonstrate that the Markovian system approximates
the behavior of the general system quite well.

We are interested in gaining insights on the following general system. There is a

central platform, customers and servers that interact in a bounded connected subset
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C of R? (the city). Customers arrive according to a Poisson process in the city at
uniformly distributed locations in the city. Each customer wishes to travel from the
point they arrive to some other point also drawn uniformly at random among all
locations in C. Customers are patient and will remain in the system until served.

There is a fixed number of servers in the system, and each one can serve one
customer at a time at a constant velocity. A server first repositions to the arrival
location of a customer, and then she transports that customer to his destination.
Upon arrival to his final destination, the customer leaves the system and the server
becomes idle and waits until the platform relocates her. The repositioning of servers
occurs according to some state-dependent dispatching algorithm and is controlled by
the platform.

Any given customer experiences a total time in the system that is composed of

three components: waiting time, pickup time and en-route time:
Time in the system = Waiting + Pickup + En-route. (2.1)

The waiting time corresponds to the time a customer spends in the system before he
is assigned a server to pick him up. The pickup time represents the time it takes for
the server to relocate from where she currently is to the customer’s origin location.
The en-route time is the time it takes to transport a customer from his origin to his
destination.

The system described at a high level above is complex and intractable to analyze
in its full generality, given the stochasticity of the system, the high-dimensional state-
space, and the complexity of the space of possible dispatching policies.

Queueing model. In this chapter we study what we call the Markovian system,
which is a simpler queueing model that still captures the spatial features of the general
system. In setting up our model, we deliberately forego the complex interactions

among agents that make the general system intractable, and focus on the overall
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physical dynamics that dictate the processing performance of the system. We further
discuss our modeling assumptions in Section 2.3.2.

We focus on a model in which customers arrive to the system according to a
Poisson process with rate A, and stay until served. There is a total of n identical
servers that provide service to one customer at a time in a first come, first serve
fashion. We assume that the time between the assignment of a server to a customer
and the end of the service is exponentially distributed with state-dependent rate pu(-).
Upon arrival, if a customer finds a server idle, he is immediately assigned a server;
otherwise, he waits in line. This leads to an M/Mg/n queueing system. We use Q(?)
to denote the total number of customers in the system at time ¢, which includes both
customers waiting and in service.

The distinctive feature of the system we analyze and what makes it depart from a
traditional multi-server queue is that servers must be repositioned to serve customers.
As a result, the total time a server spends on a single customer corresponds to pickup
time plus en-route time as opposed to just en-route time—the analogue to service time
in a traditional queueing system. In turn, in order to capture the overall processing
performance of the general system, the key is to select an appropriate function pu(-)
that isolates spatial frictions through the combination of both pickup and en-route
times as highlighted in Eq. (2.1).

Any sensible choice of the service rate must be such that its inverse, 1/u(-), has
two components: one reflecting pickup times and the other en-route times. En-route
times are simple. They correspond to the distance between two random locations in C
(properly scaled by the velocity) and do not depend on the state of the system. If we
let 5; to denote the expected time to move between two random points in C (for some
nominal velocity), then it follows that one of the components of 1/u(-) will be equal to
5¢. The remaining component has to relate to pickup times. These are more involved

as they depend on how, based on the state of the system, the platform decides to do
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the assignment of servers to customers—the dispatching algorithm. To overcome this
difficulty it is convenient to look at the physics of the spatial system under a particular
dispatching algorithm. In the present study, we anchor the analysis around the
asymptotic behavior of one notable dispatching algorithm: nearest-neighbors dispatch
(NN). This algorithm is simple, intuitively appealing, and it is also near-optimal.? If
there are more servers than customers, NN assigns the next arriving customer to its
closest available servers. If there are less servers than customers, NN assigns the next
idling server to its closest waiting customer.

The asymptotic behavior of NN, which we discuss in Section 2.3.2, leads to a
particular form of the expected service time which, in turn, motivates the following

expression for the state-depend rate of our queueing system when its state is ¢

[N Sp
@) lg—nlVv1

for two given positive constants 5, and 5, where 5, represents the average pickup

+ 5, q¢=>0, (2.2)

time when there is one server available and one passenger request. The form in Eq.
(2.2) captures spatial frictions in the following way. Consider the queueing system.
If Q(t) < n, then |Q(t) — n| is large and many servers are available, and thus,
1/u(Q(t)) is close to 5;, the expected en-route time. The pickup time should be
negligible given the high density of free servers in space. Similarly, if Q(t) > n, then
many customers are waiting and a match with a low pickup time could be found
given the high density of customers in space. Indeed, we also have that 1/u(Q(t)) is
close to §; in this scenario. The important point is that whenever there is a critical
idle/waiting mass at either side of the market, the physical nature of the system allows
it to process customers efficiently. When Q(t) ~ n, we expect the match between
server and customer to lead to a significantly higher pickup time. In our model, a

customer’s total expected service time will be close to 5, + 5, when Q(t) =~ n. For

2Among the policies that minimize customers’ expected total system time, NN achieves near
optimal performance (see e.g., [14]) .
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notational simplicity, we assume 5; = 5, throughout the next few sections, and denote
this quantity simply by 5. When we simulate the system in Section 2.6, we allow s;
and 5, to take distinct values.

Performance Metrics. The main objective of this chapter is to understand
the implications of spatial frictions on performance metrics of the service system. In
particular, we analyze these in an asymptotic regime in which the number of servers
and the arrival rate grow large. We analyze the system in heavy traffic and consider

a sequence of M/Mg/n queues indexed by n, with arrival rate A, such that

pn<1l, lim A\, =00, lim(1—p,)n*=p, forsomepeR,, ac(0,1), (2.3)

where p, equals 5- \,/n. Thus, p, approaches 1 from below at rate 1/n® Under
these different scalings (as « varies), our goal is to study key performance metrics
associated with the system. We let {Q,,(¢) }+>0 denote the number of customers in the
n-system. The dynamics of Q,(¢) can be written as follows. Let A = {A(t) : t > 0}
and S = {S(t) : t > 0} be two independent unit rate Poisson processes. The path-

wise construction of @), is

Qult) = Qu(0) + AN) S ( | @) minn @nw))du), 0u(0) = Qo (2.4)

The term @y corresponds to the initial state of the system, the second term captures
the cumulative arrivals up to time ¢, and the third term refers to the cumulative
departures up to t. In the latter, pu,(Q,(t)) - min(n, @,(t)) corresponds to the service
rate of the system, with p,(Q,(t)) representing the service rate per server at time ¢
and min(n, Q,(t)) the number of non-idle servers at time t¢.

We use Q),,(c0) to denote a random variable representing the number of customers
in the system in steady-state. One key central metric we are interested in quantifying

is the steady-state limiting delay probability

Po(W) £ lim P[Q,(c0) > n],

n—oo
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in order to assess the system performance. As in classical multi-server queues (see,
e.g., [36]), if Po(W) = 1, the system is said to be operating in the efficiency-driven
(ED) regime, if P,,(W) = 0 the system is said to be operating in the quality-driven
(QD) regime, and if P (W) € (0,1), the system is said to be in the quality- and
efficiency-driven (QED) regime. In the coming sections, we characterize how P, (W)
changes as the values of a and 8 change. In turn, we will also analyze implications

on various other metrics such as, e.g., total system cost.

2.3.2 Discussion of the Modeling Assumptions

We now provide an asymptotic grounding for Eq. (2.2), based on the NN dispatching
algorithm that is studied in the vehicle routing literature ([14]). Recall that for this
policy, when there are more servers than customers, the closest idle server is assigned
to a new arrival (see Figure 2.2 (a)). In the case when there are more customers than
servers, as soon as a server becomes idle, we assign her to the closest customer (see

Figure 2.2 (b)).
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Figure 2.2: Nearest neighbor policy (NN). In (a) we have Q(t) < n, in (b) we have
Q(t) > n.

The connection between p(-) and NN comes from the following argument. Consider
a general system operating under NN. Suppose that at time ¢ there is a total of Q(t)
customers, and that server 7 was matched to customer 7. Depending on the state of

the system, the assignment could have happened in two different ways. If Q(t) < n,

67



server j must be the closest idle server to customer i among n — Q(t) idle servers
(see Figure 2.2 (a)). If Q(t) > n, customer ¢ must be the closest waiting customer
to server j among Q(t) — n waiting customers (see Figure 2.2 (b)). In either case
customer i’s pickup time can be computed by comparing the distance of the closest
of |Q(t) — n| V 1 random variables uniformly distributed in C to a single point. We
can then use the following standard result from probability to obtain an asymptotic

approximation for a customer’s expected pickup time under NN.

Lemma 2.1 Let X1, X5,... be a sequence of independent uniformly distributed ran-
dom points in C . Then, the expected minimum distance to any xq in the interior of

C satisfies

. 1
E L_mlnk | X — 370”} =0 (ﬁ) , as kT oo.

Conditioning on ((t) and ignoring any dependencies among the involved random
variables, Lemma 2.1 suggests the following approximation for a customer’s expected

pickup time
gp

[Q(t) —n| V1

for some positive 5,. The first term in Eq. (2.2) incorporates this approximation.

E[Pickup|Q(t)] ~

We note that the particular approximation we use in p(-) discussed above is not
the only simplifying assumption we use in the Markovian system. We also assume
that server travel times, including both pickup and en-route times, are exponentially
distributed. We argue in Section 2.6 using simulation that our approximations are
reasonable, in the sense that the Markovian system approximates well the behavior
of the general system.

First-dispatch. Another dispatching protocol that has received attention in the
literature is first-dispatch (FD). Under FD, an arriving customer is assigned as soon as
possible to the closest idle server. Consider again Figure 2.2. In the situation depicted

on the left panel (a), NN and FD operate according to the same rules. However, in
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the situation represented by the right panel (b) of Figure 2.2, the two dispatch rules
operate quite differently. In this case, the FD dispatching algorithm assigns the next
idling server to the longest waiting customer. As pointed out by [23], the FD dispatch
rule can lead the system to a bad equilibrium they call the Wild Goose Chase in
which servers spend long times picking up customers. Our framework can be used to
analyze the systems’ performance under the FD dispatch policy. Using Lemma 2.1 we

can derive the following expression for an approximate service rate under FD:

! il + 5 >0
= St, q -~ U.
ten(q) (n—q)t Vvl !

Unlike the NN policy, the FD policy does not make use of spatial economies of scale
when the system is heavily loaded with customers (¢ > n); instead, it serves customers
on a first come first serve basis. This gives rise to the Wild Goose Chase phenomenon.
Under this inefficient dispatching protocol, the number of servers required to escape
ED performance equals the offered load plus a buffer term that is of the same order
of the offered load, as opposed to a buffer of the order of the offered load to the power
of 2/3 under NN. The NN dispatching protocol avoids this bad equilibrium outcome
by exploiting spatial economies of scale even when the system is heavily loaded with

customers.

2.4 Dynamics of a Related Deterministic System

Before we study the stochastic limiting properties of the Markovian system in Section
2.5, we analyze the properties of a deterministic version of it that will provide natural
candidate focal points for the former system and initial insights on its behavior. In
particular, we focus on a natural deterministic counterpart of Eq. (2.4).

Deterministic dynamics. Consider the dynamics of Q,(-) described by
~ ~ t ~ ~ ~ ~
Q) = Qu0) + Mt = [ o (Qulu)) - iin (1, Qo)) s, Qu(0) = Qo
0
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where Qy is a non-negative constant. This dynamical system has a simple interpreta-
tion. A fluid of customers joins the system at rate A, and departs at state-dependent
rate i, (Qn(t)) - min(n, Q,(t)). This dynamical system is a deterministic version of
the one presented in Eq. (2.4). From the equation above, we can write Q, as the

solution of the ordinary differential equation

DD (@), Gul0) = o (2.5)

where

fal@) & Xy — pin(q) - min{n, q}.

Since p,(+) is a Lipschitz continuous function, so is f,,(+). Therefore, by the Picard-
Lindelof theorem, the ODE in Eq. (2.5) has a unique solution, which we denote by
®(qo, t) for a given Q,(0) = go. In what follows, we study the equilibrium points of

this solution.

Definition 2.1 (Equilibria) We say that a point ¢* is an equilibrium point of the

dynamic system presented in Eq. (2.5) if
O(q*,t)=¢q", forallt>0.

An equilibrium point ¢* is such that if the systems starts at ¢*, then the systems
remains at ¢* for all ¢ > 0. Observe that we can compute an equilibrium by solving
fa(q®) = 0. In general, a dynamical system can have multiple equilibria but these
may have different properties. We classify the equilibria according to the following

definition.

Definition 2.2 (Stability of Equilibria) An equilibrium ¢* of Eq. (2.5) is said
to be stable if for any € > 0, there exists § > 0 such that if |¢ — ¢*| < 0, then
|®(q,t) — ¢*| < € for all t > 0. Otherwise, ¢* is unstable. If q* is stable and there

exists 6 > 0 such that if |q — ¢*| < 0, then lim; o ®(q,t) = ¢*, we say that ¢* is
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locally asymptotically stable. If limy_,o, ®(q,t) = ¢* for any ¢ > 0, we say that ¢* is

globally asymptotically stable.

Informally, an equilibrium ¢* is stable if whenever the system is slightly perturbed
from ¢*, it remains near ¢*. An equilibrium ¢* is unstable if small perturbations of
the system around ¢* take the system away from ¢*. If for any starting point ¢, the
dynamic ®(q,t) converges to ¢* then ¢* is globally asymptotically stable. If the latter
is true but only in a neighborhood of ¢* then ¢* is locally asymptotically stable. Next
we study the equilibria of the dynamical system from Eq. (2.5).

Equilibria characterization. Recall that the equilibrium points of Eq. (2.5)
can be found by solving f,,(¢*) = 0. The next theorem provides a complete description

of the solutions to this equation for n large.

Theorem 2.1 (Equilibrium Points) Suppose lim,,_,.(1 — p,)n® = 8 and p, T 1,
and let B} = 3/(41/3).

(i) Then, there exists ng such that for all n > ng, the system from Eq. (2.5) admits

an equilibrium given by

2
_Pn
(1 —pn)?

Furthermore, this equilibrium is unique and globally asymptotically stable if o >

Gn =1+

1/3 orifa=1/3 and 5 < B5.

(11) Suppose o < 1/3 or a = 1/3 and > 5. Then, there exists ng such that for

all n > ng, the system from Eq. (2.5) admits three equilibria given by

Y

R (e (2.
g = n—n- (1 _pn) 'TO,n(pn)a (27)
(jn = n—-n- (1 - pn) ) Tl,n(pn)a (28)
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where

2
4 1 27p2 2mi
Tim(pn) = 3 " cos <§ arccos (— Wp—npn)?’) — g) . 1€{0,1}.

Furthermore, G, and q are locally asymptotically stable and G, is an unstable

equilibrium.

The result establishes that there are two fundamentally different regimes where
the system from Eq. (2.5) can operate. When the system is heavily loaded, in the
sense that & > 1/3 or @ = 1/3 and < ff, then the queue length converges to a
point g, > n as t grows to oo, independently of the initial condition. Furthermore

the exact characterization of g, provides additional insights. We have

2
1
7, = n+ pn 204.

~ N+ -—n

(1= pn)? 2
Hence, in such a system, asymptotically, there are always order n?® customers waiting
in the system to be served.

As the load decreases (« decreases) and when the system is such that o < 1/3 or
a =1/3 and > [, then the behavior of the system is more subtle. There are two
locally stable equilibria and one unstable equilibrium. Now the same equilibrium g,,
still exists and is locally stable, but a new locally stable equilibrium emerges, ¢. It is

possible to show that this new equilibrium is such that?

for an appropriate constant ¢. In other words, in such an equilibrium, there are always

@ such idle servers. Hence, there are two locally

idle servers, and there is order n'~
stable equilibria, one with all servers busy and customers waiting (g,,) and one with

idle servers and no customers waiting (q).

3This can be seeing by analyzing the Taylor expansion of the term 7o ,(pn).
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Proof sketch and intuition. The proof of Theorem 2.1 relies on analyzing
both equilibrium points and their stability properties. To establish the equilibria, we

determine the zero crossings of f,(-). With some slight rewriting,

= — -min{n = — ; h . —min{n, g}
(@) = A= palq) {n, q} An |1 (\/m + 1) A5
An/{l-— an(Q)}’

gl,n(q)

1 ~ min(n, q)
Vin—qlv1’ 92n(0) = AnS

The function g, ,(¢) is proportional to the amount of work a system with n servers

with Gin(q) =1+

needs to do per customer when there are ¢ customers in the system. Analogously,
g2.n(q) is proportional to the amount of work the system with n servers is capable of
doing per customer when there are ¢ customers in the system. Hence, determining
the sign of f,(¢) amounts to comparing the sizes of ¢1,(¢) and g2,,(q). When the
former is larger than the latter, we have f,(¢) > 0 and the queue size grows. When
the inverse is true, f,,(q) < 0, the queue size shrinks. When they are equal, we obtain
an equilibrium point by solving for ¢q. Figure 2.3 depicts the two functions for the

two different regimes.
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Figure 2.3: Equilibria points for system from Eq. (2.5). Plots (a) and (b) correspond
to regimes (i) and (ii) from Theorem 2.1, respectively. The points where the functions
91..(q) and g2,,(q) cross correspond to equilibria points.

v

Q- -
2

n q

As for stability, the queue length tends to grow when g;,(q) > g2.,(q) since the

amount of work the system needs to perform per customer is greater than its ability to

73



do work per customer. Similarly, g1,(¢) < g2,,(¢) implies the system can handle the
current workload and that the queue size is decreasing. Therefore, the two equilibrium
points in regime (ii) where g1,(q) > g2.,(¢) to their left and g1 ,(¢) < g2.,(q) to their
right, ¢ and g,,, are stable, while g, is not.

An important observation is about what drives the differences between the regimes.
From the heavy traffic scaling (see Eq. (2.3)) we have that g,,(q) ~ ¢/(n — 8 -n'~®)
for all ¢ < n. It follows that for ¢ < n the slope of g2,(q) is determined by both «
and . The theorem establishes that when « is large enough the slope of ¢2,(q) is
not steep enough to cross g;,(q) and, therefore, the only possible equilibrium is g,
(See Figure 2.3 (a)). Similarly, if « is small enough then g,,(q) is steep enough to
cross g1,,(q); thus, the two extra equilibria ¢ and ¢, emerge (See Figure 2.3 (b)). The
transition point occurs when « equals 1/3. In this case, depending on the choice of
B, the two extra equilibria may or may not exist. As f increases, the slope of gs,,(q)
increases until it reaches a point from which on gs,(¢q) is steep enough so that the
two equilibria to the left of n materialize.

Interpretation in terms of the queueing system. In terms of the queuing
model, when the number of customers is much larger than n, service times become
shorter. In turn, the system processes customers more efficiently, which brings the
total number of customers down. In addition, when the number of customers is
close to n, service times are not as short as in the previous situation. This implies
that the system is not as effective in processing customer, bringing the total num-
ber of customers up. That is, the queueing system (and also the general system)
has a self-regulating property that is captured by the deterministic system through
the equilibrium g,. When the number of customers is low (when ¢ < ¢), despite
the fact that each customer experiences a “short” pickup time, there are just not
enough customers in the system so that the arrival rate dominates departure rate,

which increases the number of customers in the system. For a medium number of
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customers (when ¢ € (g, G,)), there are enough idle servers so that we are processing
customer efficiently, but also there are enough customers in the system so that ar-
rivals can be dominated by departures. This brings the number of customers in the
system down. For a large number of customers (¢ € (g,,n)), there are not enough
idle servers. Therefore, the service time of customers becomes large and, as a con-
sequence, so does the number of customers in the system. That is, for states below
n, the queueing system also has a self-regulating property that is captured by the
deterministic dynamics through the equilibrium g. Therefore, one might expect ¢
and g, to play focal roles in the queueing system, which they indeed do when we

analyze the stochastic version of the system in Section 2.5.

2.5 Limiting Regimes

In this section, we first investigate the properties of the Markovian system in steady
state, where the equilibria derived in the previous section for the deterministic system
from Eq. (2.5) will play a central role. We then analyze the system in the asymptotic
regime from Eq. (2.3), parametrized by « and S. In turn, our results lead to a
parametrization of the system’s regimes: QD, ED and QED. We also discuss some

managerial implications of the results.

2.5.1 Steady-State Analysis

Before we provide our main results, observe that for a given scale n, the process
Qn(t) is a birth and death process with birth rate \,, and state-dependent death rate
tn (Qr(u)) - min(n, @Q,(u)). Letting m,(k) be the steady-state probability that the
n-system is in state k, the detailed balance equations yield

Fulk)

(k) - N (k) —m(k—1), k>1. (2.9)
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We first characterize the shape of the steady-state distribution m,(-) for systems

with large scale.

Proposition 2.1 (Steady-state Probability Distribution) Suppose thatlim,, . (1—
pn)n® =B, pp T 1, and let B; = 3/(4'/3). Then the following holds.

(i) If a > 1/3 orif « = 1/3 and § < Bi, then for n sufficiently large, the steady

distribution m,(-) is unimodular with a mode at |q,|.

(i) If « < 1/3 orif a = 1/3 and 5 > B, then for n sufficiently large, the steady

distribution m,(-) admits two modes, one at |q| and one at |q,,].

This result leverages Eq. (2.9) and the intuition obtained from Figure 2.3 to link
the equilibria of the deterministic system from Eq. (2.5) with the modes of 7, (k).
From Eq. (2.9), we note that the monotonicity of 7,(-) can be determined by looking
at the sign of f,(-). In turn, Proposition 2.1 establishes that m,(-) has at most two
modes and that those modes are close to the equilibrium points. There is always one
at |g, |, and, depending on the scaling parameters, there may or may not be another

one at [g]. We represent the two possibilities in Figure 2.4.

7771(')4 7rn(')‘

0 anJ Q” 0 I_QJ Ldnj L@zJ Q”
(a) (b)

Figure 2.4: Steady-state probability m,(-). In (a), which corresponds to regime (i)

in Proposition 2.1, the state distribution is unimodal with a peak at |g,|. In (b),

which corresponds to regime (ii) in Proposition 2.1, the state distribution is bimodal
with peaks at
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Whenever o« > 1/3, m,(+) is unimodal and it peaks once to the right of n, see
Figure 2.4(a). If o < 1/3, m,(-) is bimodal and it also peaks to the left of n, see
Figure 2.4(b). If a = 1/3 these two cases are possible depending on the parameter
(. This is in line with the intuition we obtained from the deterministic analysis in
Section 2.4.

In steady-state, one expects that the system spends most of the time around the
modes of the distribution. However, when assessing the performance of the system in
terms of probability of having to wait for a server to be assigned, one needs to analyze
the steady-state distribution beyond its modes to evaluate how mass is distributed.

We do so next.

2.5.2 Service Regimes

We start our analysis of service regimes by analyzing the quality-driven (QD) and
effiency-driven (ED) regimes.

2.5.2.1 QD and ED regimes.

We first establish sufficient conditions for the ED and QD regimes to emerge.

Theorem 2.2 (Limiting Regimes) Fiza € (0,1) and 5 > 0. Suppose that lim,,_,., n®(1—

pn) = B. Then, there exists 55 > 7 such that

(i) (ED Regime) if a € (1/3,1) or if a« =1/3 and § < 55, then

(i) (QD Regime) if o € (0,1/3) orif a« =1/3 and B > B3, then

Py (W) = 0.

Theorem 2.2 provides a crisp characterization of the domains in which the ED

and QD regimes emerge. If a € (1/3,1) or if @« = 1/3 and § < f5, then recall
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from Proposition 2.1 that the steady-state probability of the number of customers
in the system admits only one mode at |q, |, which is higher than n, the number
of servers. Part (i) of Theorem 2.2 establishes that the mass is concentrated to
the right of n and hence servers are almost always either en route to customers or
transporting customers and almost never idle. In turn, customers, will have to wait
with probability close to 1 before being assigned a server.

If « € (0,1/3) or if @« = 1/3 and § > (5, then the the steady-state probability
of the number of customers in the system admits two modes (cf. Proposition 2.1
part (ii)), one at |g,] which is higher than n and one at |¢| which is lower than n.
Part (i) of Theorem 2.2 establishes that the mass is concentrated to the left of n
and hence there is almost always a fraction of servers that idle and customers almost
never wait before being assigned a server. In other words, the mode to the right of n
plays little role in this parameter regime.

Discussion of Capacity Planning. To further appreciate the result, recall that
since n*(1 — p,) — 5 we have

n—A\,S

S — B, thatis, n=M\5 + B-(\5)'" (2.10)
The term \,5 corresponds to the standard offered load of the system as defined for
standard M /M /n multi-server systems. In heavy traffic, this quantity determines
how the capacity of the system should be scaled with the arrival rate of customers.
First, there is a nominal term, which is simply \,s, that accounts for the expected
amount of work requested by customers. The second term 3-(\,5)! ™% is a buffer term
that accounts for stochastic variations of the system. In a classical M /M /n setting,
when o < 1/2, the system is in the QD regime, when « > 1/2, the system is in the
ED regime, and when o = 1/2 the system is in the QED regime. In contrast, in our
setting when the buffer term is 3 - (\,5)"/2, the system is in the ED regime no matter

the choice of 8. Since our model captures spatial frictions, this result highlights that

in a setting where servers need to reach customers before the start of effective service,
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the capacity needed to achieve QED performance is fundamentally different than in
a standard setting. Moreover, spatial frictions create the need for more servers than
in a standard setting for the system to operate in the QD regime. Indeed, in our
model the buffer term must be - (\,5)" with m > 2/3. The transition between ED
and QD occurs when the buffer term is 3- (\,5)%?, that is, the QED regime can only
happen with a scaling of 2/3 which is orders of magnitude larger than the traditional
SRS rule of thumb.

Proof sketch of Theorem 2.2. The proof of Theorem 2.2 consists on bounding
above the terms P[Q,(c0) < n] and P[Q,(c0) > n|, respectively, and then using
asymptotic relations between the mode probabilities as established in the following

result.

Proposition 2.2 Fiz o € (0,1) and § > 0. Suppose that lim, .o n*(1 — p,) = 5

then

(i)

(11) if « < 1/3 then

lim
n—oo pl—2e

Tn( 9y ) 52
o rrn(hquJ) )=—%

(111) if o = 1/3 then there exists a function g(-) such that

N
- ay) =9

And there exists 55 > 07 such that g(55) = 0 and if B; < f < B3 then g(B) > 0,

1
lim log <

n—soo n1/3

whereas if 5> B3 then g(B) < 0.

Proposition 2.2 shows how the peak of the modes of m,(-) compare to each other
as n grows large. When o > 1/3, for large n, there is only one peak given by |7, |.

From part (i), its steady-state probability satisfies
(@) = ma(n) - /%,
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that is, m,(|g,]) is exponentially larger than m,(n). Since m,(-) is increasing to the
left of |G, | (see Proposition 2.1), this suggests that, in the limit, the number of
customers in the system will be above n with high probabilty. In other words, the
system will be in the ED regime.

For the case when o < 1/3, Proposition 2.1 states that 7,(-) is bimodal and, there-
fore, there could be mass around both peaks. However, part (ii) of the proposition

establishes that m,(|¢q]) is exponentially larger than m,(|g,]),

Ta(lg)) = m((7a]) - €2

This suggests that when o > 1/3, the tail of 7,(-) to the right of n vanishes as n
becomes large. In turn, the number of customers in the system should be below n
with high probability. In other words, while the distribution 7,(-), has two modes,
only one mode “matters” and we expect the system to be in the QD regime.

The threshold case is o = 1/3. In this case whether 7, (|g,]) dominates m,(|q])
(or vice-versa) is governed by 8. When 5 < 7, from Proposition 2.1, we know that
|,,] is the only mode and, therefore, m,(|7,]) dominates. If 8 € (87, 5;) then |q]
is also a mode; however, part (iii) of the proposition establishes that m,(|q,]) is
exponentially larger than m,(|¢]). That is, in this case |g] transitions into becoming
a mode, but the mass it contributes is not large enough and it vanishes as n increases.
Therefore, for 8 < B3, the system will be in the ED regime. In contrast, when 5 > (35,

the roles of m,(|g,]) and m,(|¢]) reverse. This indicates that for § > 3, the system

will be in the QD regime.

2.5.2.2 QED regime

Theorem 2.2 implies that the QED regime, in which the asymptotic probability that
customers have to wait for a server to be assigned is such that P, (W) € (0,1), may
only occur if &« = 1/3 and 8 = (3 as for all other values, the system is either in the

ED or QD regimes. It is already apparent that the QED regime is much more subtle
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in our Markovian system than in classical M /M /n systems as both the buffer order of
magnitude (determined by «) and the constant in front of the buffer size (determined
by /) need to be pinned down. The transition from QD to ED regimes does not occur
through the constants in front of the buffer order of magnitude, leaving the question
open of whether the QED regime exists at all in our Markovian system and, if so,
how may it be reached. The next result establishes that there exists a QED regime

and provides a characterization of it.

Theorem 2.3 (QED Regime) Let py € (0,1). There exists a sequence {y, : n >
1} with v, — 0 as n 1 0o and a function pr(pg) € (0,1), such that if n'/3(1 — p,) =

B35 + v then

p(pa) < lminfP[Q,(00) > n] < limsup P[Q,(00) = n] < pu,

n—0o0

with pr(+) strictly increasing in py and such that
lim pr(pg) =1 and lim pr(pg) = 0.
pg—1 pa—0

This result establishes a regime such that for n large enough the probability of
waiting to be assigned a server is in (0,1). In turn, the probability of not waiting
also belongs to (0,1). That is, the system is in the QED regime. We have not pinned
down an exact expression for these probabilities but, instead, we have provided a
range. As one varies py € (0,1), one can achieve the extreme regimes. If py ~ 1
then from the theorem we can deduce that P[Q,(c0) > n] ~ 1; if py ~ 0 then we

can deduce that P[Q,(c0) > n] ~ 0.

Capacity Planning for the QED Regime. From a practical perspective,
Theorem 2.3 provides two important insights. First, it shows that QED performance
is achieved at a different scaling than in traditional multi-server systems. Typically, in
those system a SRS rule can balance the trade-off between waiting times and service

efficiency. In a spatial setting this is no longer enough because servers must reach
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their customers before starting service. Our results suggest that the right scaling is

2/3 instead of 1/2. Second, notice that since n'/3(1 — p,) — v, — B4 we have
n— A5 _ . . o = ¥ \2/3 -\2/3
ST Yo — B3, thatis, nxA5 + B5-(AS)7"+ - (A\5)7°. (2.11)

From this equation we observe that, in addition to the traditional buffer term of the

form G- (A\,8)™, our result establishes that an extra lower order term is needed for

QED performance. In particular, in our Markovian system, it is necessary to add the

term -y, - ()\n§)2/ 3. Because 7, — 0 this term is of lower order than the second term

in Eq. (2.11). Hence, the QED regime requires a very fine balance involving second

order terms compared to the buffer size in this spatial setting, in stark contrast with

the classical M /M /n setting.

Proof sketch of Theorem 2.3. A necessary condition to achieve the QED
regime is that the peaks of m,(:) be in a constant proportion; otherwise, one would
dominate the other and the system would be in the QD or ED regime. According to
Proposition 2.2 part (i), this can only happen when a = 1/3 and § = /5. In this

case

lim ! log (Wn(tqnj)) =0,

n=oo nt/? m(lg))

that this, the log(:) term is o(n'/?). In turn, the ratio m,(|q,])/mn(lq]) does not
necessarily converge to a constant. To have it so, one would have to look at lower
order terms for log(m,(|q,])/m(|¢q])) and try to disentangle the exact rate at which
n'/3(1 — p,) has to approach 3; so that the log(-) converges to a constant. Instead
of pursuing this, in the next result we show the existence of a sequence converging to

zero, {7¢ : n > 1}, such that if n'/3(1 — p,) approaches 3 as 33 + ¢, the peaks of

mn(+) will be in a constant proportion.

Proposition 2.3 Fizc € R. Then, there exists a sequence {5 :n > 1} with 75 — 0
such that if n'/3(1 — p,) = B3 + 75, then

(7,
(mqu )=

lim log
n—o0
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In the proof of the proposition we provide a detailed explanation of how to construct
the sequence {7¢ : n > 1}. In turn, the proposition is not just an existence result,
but it also provides the exact sequence that enables us to maintain the peaks in a
constant proportion. It also establishes that, for any constant ¢ € R, if n'/3(1 — p,,)

approaches /35 at an appropriate rate then

mu([7,)) ~ mallg)) - "

In particular, as we vary ¢ we can achieve any desired proportion. For example, if
¢ < 0 then 7,(-) might look as depicted in Figure 2.4(b).

Even though there is a way to scale the system such that that the peaks are in
constant proportion, this does not guarantee that the probability of being around
each of them will be positive at the same time. It is possible, for example, that the
dispersion of 7, (+) around |, | diminishes to zero while the proportion with the other
peak remains constant. Therefore, we need to assess how the peaks compare to the

mass around them. The next lemma provides a characterization of this.
Lemma 2.2 Fiz a € (0,1) and 5 > 0. Suppose that lim,,_,o, n*(1 — p,) = 3, then

(i)
P[Qn(oo) > n]
T ([7])

(i1) if a € (0,1/3), or a« =1/3 and > 5, then

= O(n2%).

PQu() <n] _ -
) oW

This result establishes that the ratio of the mass to the right of n, to the peak in
that region is ©(n2%). That is, with respect to m,(|7,]) the mass to the right of n is
not negligible and, in fact, is approximately nse larger than 7, (|g,|). Similarly, with

respect to m,(|¢]), the mass to the left of n is non-trivial and, in fact, is approximately

v/n larger than m,([q]).

83



Observe that in part (i) of the lemma, the order of the ratio depends on a. When
o < 1/3 then this ratio is not as big as the one for m,(|¢|) (which is ©(y/n)). This
coincides with Theorem 2.2 in that for these values of o the mass to the left of n

dominates the mass to the its right. Similarly, when a > 1/3, the mass to the right

of n dominates. For v = 1/3, both ratios are of the same order. In turn, we have

P[Qu(c0) > 1] (mal((7,))
P(Quioc) <n] ( (L)) ) |

Therefore, if the ratio of the peaks is constant, then the total mass to the left and

to the right of n can be both (asymptotically) positive and separated away from
zero. That is, both sides can be “balanced” whenever the peaks are in constant
proportion. We can thus combine the results in Proposition 2.3 and Lemma 2.2 to
find lower and upper bounds for P[@,(c0) > n]. In the proof of Lemma 2.2 we find
exact expressions to control for the ratios as n increases, which we then leverage to
provide explicit bounds for P[Q,,(c0) > n| that can be mapped to probability values,

pr and pr(py), which satisfy the properties of Theorem 2.3.

2.5.3 Orders of Magnitudes of Queues and Wait Times

The results so far provide an understanding of the different regimes the system can
operate in as a function of its load. Next, we quantify queue sizes and waiting
times in our system as a function the scaling parameter a. The discussion in this
section underlines the differences of a spatial server system with a traditional queueing
system.

Let L® and W* denote respectively the steady-state expected queue length (ex-
cluding customers in service) and expected wait time. Similarly, let L¢ and W denote
the corresponding quantities in the classical M /M /n system. From standard queueing
theory, we have that

Pn _
L= —"——-C(n,\,/5),
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where C'(n, \,/5;) satisfies the Erlang’s C' formula, and represents the probability of

waiting (see, e.g., [4]). Assuming that n®(1 — p,) —  we have that

(

1 if o > 1/2,

C(n, An/St) = < constant  if v = 1/2,

0 if o < 1/2.

\

In turn, using standard arguments, one can show that for a < 1/2, we have that L¢
is 0(1). Meanwhile, for a > 1/2, L¢ is ©(n®). This implies that for a < 1/2, W€ is
o(1), while for o > 1/2, W¢ is ©(n®"!). In particular, in the Halfin-Whitt regime
(. = 1/2), we have that L¢is ©(y/n) and W€ is ©(1/y/n). Next, we compare these
classic results with the results obtained from our Markovian system.

We first provide a rigorous statement about the order of magnitude of the size of
our Markovian system around the equilibria, in the sense of deriving the subset of
the real line where the queue lengths fluctuations are constrained to, assuming n is

sufficiently large. We use this result to provide approximate expressions for L® and

Wws.
Proposition 2.4 Suppose lim,, .. n*(1 — p,) = B. Then,

(1) If o € (1/3,1) orif a« = 1/3 and B < B then there exists C' > 0 such that

. Quie) -~ 3,] _ o] _
L e ot ek

(i1) If € (0,1/3) orif a = 1/3 and B > B then there exists C' > 0 such that

. @n(0) — g/ B
RV

Let’s consider first part (i) of the proposition. In this case we can use Eq. (2.6)

to deduce that
Lar2—n 4 ¢opie Vlog(n) = ©(n*),
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Little’s law delivers

Ws ~ 2 p2 j: C %Oc 1 _@ 2a—1

There are several interesting observations. First, for « = 1/2, the queue size is
approximately ©(n) and the wait time is approximately ©(1). Note the contrast to
a classical M /M /n system, where L¢ = ©(y/n) and W¢ = ©(1/y/n). This makes
precise how much more work we are adding to the system by including pickups. It
also highlights that for a« = 1/2, the Markovian system is in the ED regime, with
its long queues. Second, note that o = 1/2 is the largest value for which W* does
not explode. In contrast, in the M /M /n system, for any o € (1/2,1), the expected
waiting time approaches zero.

If we focus on pickup times, we can gain further intuition about how the QED
regime works in our system. Let P° denote the expected pickup time. Then, from
part (i) of the proposition,

P~ > ~ O(1/n%).
V1Qn(00) —n[ V1 )

For o = 1/3, pickup times are of order 1/n® and W* is of order n?*~1. This showcases

the interplay between wait times and pickup times. When the load of the system
increases (as measured by «), wait times increase because of the greater number of
customers in the system, while pickup times decrease due to the increased spatial
density of customers. If one attempts to minimize expected customer system times,
we therefore need to balance W* and P*. For the regime where o > 1/3, this occurs
at « =1/3.

For the regime from part (ii) of the proposition, we have that L* &~ 0 and W* ~ 0.
Moreover, we can use the fact that ¢ ~ n — O(n'~®) to deduce that the expected
number of idle server is O(n'~*) and P* ~ O(1/(n"2")). As we increase the load in
the system (as measured by «), we reduce the number of idle servers. However, at

the same time, pickup times increase due to the decreased spatial density of servers.
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2.5.4 A Social Planner’s Perspective

An alternative approach to determining the proper safety staffing level is to start
from a social planner’s objective, and then find the staffing level that optimizes it.
A natural social planner’s objective is one that incurs a cost per server of building
capacity plus a waiting (and pick-up time) cost per customer. We now show that this
objective function also leads us to the conclusion that a safety staffing that is equal
to the offered load to the power of 2/3 is optimal.

Let us consider a service provider that pays ¢, per unit of capacity and customers
that incur a waiting cost of ¢, per unit of waiting. That is, a social planner would

like to select the level of capacity n that solves the following optimization problem
min  ¢s-n+ ¢y, - E[P, + W,]. (2.12)

The first term in Eq. (2.12) corresponds to the cost of having n servers in the system.
The second, to the cost experienced by customers while they wait to be assigned a
server, W,,, and to be picked up, P,.

Notice that from Eq. (2.3) we can write n as A -5+ B() - 5)!7*. Now, depending
on our choice of & we can have one of two cases. When av > 1/3, the average pick up
2a-1),

times are of order O((A-5)~“) while average waiting times are of order O((\- 3)

Replacing this in Eq. (2.12) delivers the following expression for the objective
cs A5+ BN +ew (A3 + (A 35)%).
Among all values a > 1/3 the term that dominates in the expression above is the
total waiting times, that is, (X - 5)?*. This is increasing in a. Hence, a = 1/3 leads
to lower (asymptotic) costs compared to all values of aw > 1/3.
For the case a < 1/3, let m, be the steady state probability the number of cus-

tomers being below n and let ) be 1 — m,. Similar to the case when a > 1/3, we

can rewrite the objective in Eq. (2.12) to obtain

Cor A5+ 808 ) e (1m0 5) 3 470 (A5 4+ {0+ (A- 5.

87



When o < 1/3 the term that dominates is of order (A-5)'~®. This term is decreasing
in a. In this case, @ = 1/3 leads to lower (asymptotic) costs compared to all values
of a <1/3.

In conclusion, in a large system, the system total social cost measured by capacity

cost and waiting cost will be minimized by selecting the number of servers n according

to A -5+ B(\-5)%3, where 3 should be tuned.

2.6 Numerical Experiments and General

Simulation

In this section, we aim at (i) illustrating the results in the Markovian system (§2.6.1),
and also to (ii) compare the behavior obtained in the Markovian system to that of
the actual physical system that motivated the Markovian system (§2.6.2).
Simulation setup. We consider a square city C = [0, 2] x [0, 2] and assume v = 1,
implying that 5, - v &= 1.0428. The time horizon will be T" = 4,000. We simulate the
general system introduced in Section 3.3 and the Markovian system under several
different conditions, starting from @Q,(0) = 0, in order to capture the ED, QD and

QED regimes. We scale the number of servers in the system according to
n=[A5 + B-(\5)'"]. (2.13)

For a € {1/4,1/2}, we consider § = 2.1. For a = 1/3, we vary € {2.1,2.4,2.7}.

2.6.1 Markovian System

We begin by numerically illustrating our theoretical results for the Markovian system.

We consider the rate




with 5, = 5; = 1.0428, that is, the coefficient in front of the pickup times coincides
with the expected travel time between two points. Recall from §2.3.1 that these two
parameters need not to be the same because 5, comes from an asymptotic approxi-
mation. In the next section we consider more realistic values for 5, that we estimate
from simulation.

In Figures 2.5-2.6, we depict sample paths of the the number of customers in
the system minus the number of servers for the various parameters and superimpose
a corresponding histogram (taken from the path between periods 500 and 4,000).
Furthermore, the two modes |, | and [¢] (when they exist) minus n are depicted.

In Figure 2.5(a), @ = 0.25 and we depict the system for three different scales.
In line with Theorem 2.2, one observes that the system spends almost all its time
around LgJ and as the scale increases, the probability of wait approaches zero. The
system is in the QD regime.

In Figure 2.5(b), @ = 0.5 and we depict the system for three different scales. Note
that in this case, there is only one mode, |G, |. In line with Theorem 2.2, one observes
that the system spends almost all its time around |g,, | and as the scale increases, the
probability of wait approaches 1. The system is in the ED regime.

In Figure 2.6, « = 1/3 and we depict the system for three values of 5. This is
the only setting where, asymptotically and depending on 3, the system can oscillate
between the two equilibria and asymptotically, a positive fraction of the customers
(separated from 0 and 1) will wait before being assigned a server. Indeed, we observe
that for small values of 3, the system operates most often with ) > n, as in the ED
regime. As 3 increases (center plot), the fraction of time the system spends in states
such that () < n increases, in which case, the system is in the QED regime. When f3

increases further, the system enters the QD regime.
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Figure 2.5: Simulation of the Markovian system. We consider § = 2.1 and from left
to right A € {100, 400,800}. The bottom x—axis corresponds to the simulation time,
while the top z—axis corresponds to probabilities. In the figure we observe both a
sample path and m,(-). The dashed lines correspond to the modes |¢| and [g,] as
given by Theorem 2.1. -
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Figure 2.6: Simulation of the Markovian system. We consider o = 1/3 and A\ = 800
and from left to right § € {2.1,2.4,2.7}. The bottom z—axis corresponds to the
simulation time, while the top x—axis corresponds to probabilities. In the figure we
observe both a sample path and 7,(-). The dashed lines correspond to the modes |¢|
and |q,] as given by Theorem 2.1. -

2.6.2 Comparing the General and Markovian Systems

Next we simulate the general system and compare it the Markovian system. Our

purpose in this section is two-fold. First, we illustrate the system’s behavior under
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the different scalings. In particular, we test whether for o < 1/3 and a > 1/3 the
general system oscillates around the equilibria to the left and right of n, respectively.
For o = 1/3, we also test how by varying § the general system can, as predicted by
the Markovian system, oscillate around both equilibria.

Second, we provide numerical evidence for the quality of the Markovian system
as an approximation to the general system. To ensure an appropriate comparison,

we proceed as follows:
e We fix A\, @ and 3, and use Eq. (2.13) to obtain the number of servers.
e We simulate the general system for the computed value of n.

e We estimate 5,, see Eq. (2.14). Then we simulate the Markovian system with

rate given by Eq. (2.14), and compute the theoretical modes/equilibria.
e We compare the system behavior for both the Markovian and general systems.

In Figures 2.7-2.8, we depict sample paths of the queue lengths in the general
system (right column) and compare it to the Markovian system (left column). For
the sake of exposition we fix A\ = 800 throughout, but all the simulations are consistent
for large values of .

We observe that for low a (a = 0.25, Figure 2.7(a)), the general system queue
admits a behavior very similar to the proposed Markovian approximation. In par-
ticular, the general system also admits a mode exactly around |g| (as predicted by
the theory for the Markovian system) and this behavior is consistent across different
scales.

For high o (v = 0.5, Figure 2.7(b)), the general system queue admits again a
behavior very similar to the proposed Markovian approximation. Again, the general
system also admits a mode exactly around |g,, | (as predicted by the theory for the

Markovian system).
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Figure 2.7: Simulation for Markovian (left) and General (right) systems. We consider
£ = 2.1. The bottom x—axis corresponds to the simulation time, while the top x—axis
corresponds to probabilities. In the figure we observe both a sample path and 7, (+).
The dashed lines correspond to the modes |¢| and [, | as given by Theorem 2.1.

For the critical value of o (v = 1/3, Figures 2.7(a) and 2.8(b)), the general system
queue admits again a behavior very similar to the proposed Markovian approximation.
For low values of 5 (Figure 2.8(a)), both systems operate in the ED regime. As
increases (Figure 2.8(b)), both systems move into the QED regime, as the queue
oscillates between the two equilibria.

Across values of a and  and across scales, this simulation highlights the usefulness
of the Markovian system in capturing some of the key features and predicting some

of the behavior of the general system.
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Figure 2.8: Simulation for Markovian (left) and General (right) systems. We consider
«a = 1/3. The bottom x—axis corresponds to the simulation time, while the top
xr—axis corresponds to probabilities. In the figure we observe both a sample path and
Tn(-). The dashed lines correspond to the modes |¢] and |q,] as given by Theorem
2.1.

93



2.7 Conclusion

In the present chapter, we have proposed a framework for studying how spatial fric-
tions affect capacity planning. In particular, we propose a reduced-form Markovian
system that captures spatial economies of scale, leading to a crisp characterization of
the trade-offs at play in such environments.

We have established a mapping from load to types of regimes in heavy traffic. In
particular, recalling Eq.(2.3), we have focused on regimes parametrized by a and £,
where

lim (1 — p,)n® =03, forsome g €R,, ac(0,1).

n—oo

Figure 2.9 summarizes some of the main findings. The ED regime emerges whenever

ﬁ4~
1 e{va
2-- | ]
QD | ED
EED
i —
0 1/3 1«

Figure 2.9: Regimes for different values of a and £.

a > 1/3 and the QD regime emerges whenever o < 1/3. When o = 1/3, the three
regimes QD, ED and QED can emerge and the latter can only emerge for one critical
value of 3, which we label 8. We have further demonstrated through simulations
that the Markovian approximation provides a reliable guideline for the behavior of a
general system.

This chapter opens up various avenues of potential research, from both method-
ological and modeling perspectives. Analyzing the case when customers are impatient
and might abandon the system if not served after some time is a natural extension. On

the one hand, abandonment decreases the workload of the system as fewer customer
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have to be processed; on the other hand, it increases the system’s workload as having
fewer customers implies that spatial economies of scale become less advantageous.
The important question in this case is whether, in order to achieve QED perfor-
mance, abandonment necessitates just a change in # or more fundamental change in
a. Another interesting extension is to study how the results in this study can be
generalized to cases where origin-destination demand patterns generate imbalances
in the system. In this case, the additional workload stemming from pickups might
be even larger. How would this impact capacity sizing? An additional important
practical question is to consider time-varying demand patterns that might require
alternatives to steady-state analysis.

From a methodological perspective, an interesting extension would be to establish
some of form of convergence of the processes in the general system to those in the
Markovian approximation. More generally, there is potential to generalize the main
result of this chapter to any near optimal dispatching protocol by directly studying
the spatial system. A simple back-of-the-envelope calculation serves to enlighten the
latter claim. From [15] we can deduce that the expected number of customers in the
system in steady state is bound below by

2
n P
——n'<1—pn)+0'm-

2
The second term in this expression represents the number of idle server in the system,
n—npy,; while the third term maps to the number of customers waiting or being picked
up. These two terms are opposing forces that push the system to have less and more
customers, respectively. Using the heavy traffic scaling from Eq. (2.3), we can deduce
that the second term scales as ©(n'~®), while the third term as ©(n?*). Observe that
these scalings relate to those of the equilibria in Theorem 2.1. Intuitively, quality
and efficiency should balance when the two opposing forces balance each other. This
occurs when 1 — « equals 2« or, equivalently, when « equals 1/3, as our results

prescribe. Note that this derivation does not rely on a specific dispatching protocol,
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but only on one that is optimal or “near optimal” compared to the lower bound.
Deriving the 2/3-scaling result at a full level of generality is an exciting direction for

future work.
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Chapter 3

The Scope of Sequential Screening With Ex-Post

Participation Constraints

3.1 Motivation and Overview of Results

Sequential screening models have been used extensively in economics and revenue
management to study optimal contract design when buyers learn their valuations over
time. In the classic formulation of sequential screening pioneered by [27], a profit-
maximizing seller faces buyers that have initial partial-private information about
their valuation, for example the mean, and privately learn their full valuation after
some time. In the classic setting, buyers are required to participate from an interim
perspective: their expected gains at the time of contracting have to offset their outside
option. A salient example discussed by [27] is the airline industry in which, for
example, travelers purchase tickets in advance, but may only realize their actual
valuation once the date of the trip approaches.

Even though the optimal contracts that arise may offer partial refunds, the initial
advanced price is large enough such that some travelers experience negative ex-post
utility while still being willing to participate interim. This situation arises in other
industries as well, such as hotels, theaters or even railroads where advanced pric-
ing /refunds type contracts are also offered.

In many new markets, however, sellers are constrained to sell products in such
a way that buyers obtain a non-negative net utility once they have realized their

valuation, that is from an ex-post perspective. For example, in online shopping buyers
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may have the chance to return a purchased item after delivery, usually at no or low
cost ([42]). In the online display advertising market typical business constraints
impose that publishers cannot use up-front fees ([9]) and instead run auctions, for
example second-price. Thus, the seller needs to guarantee participation not only
initially — at the interim level — but also after the buyers have completely learned
their valuation — at the ex-post level.

Motivated by these new markets, we study the sequential screening problem as
described by [27] and in order to match our previous narrative we incorporate ez-
post participation constraints. Ex-post participation constraints rule out the optimal
contracts derived by [27] with up-front fees. As pointed out by [42] because different
up-front fees cannot be used to price discriminate the different buyers, it may be
that a static contract, one that does not screen the buyers interim, becomes optimal
under ex-post participation constraints. Building on the work by [42], our objective
is to understand when in fact the optimal selling mechanism is static (buyers are
not screened interim) or sequential (buyers are screened interim) and obtain a full
characterization of such contracts. Our work highlights the significant revenue im-
provements that can be attained by using a sequential contract relative to a static
one, even in the presence of ex-post participation constraints.

Our model considers a seller who is selling one unit of an object at zero marginal
cost to a buyer who has an outside option of zero. The sequence of events unfolds in
two periods. In the first, the buyer privately learns her interim type, for example the
mean of her valuation distribution, and the parties contract—important parts of our
analysis are done for binary interim types of buyers, low and high. The high type
has a distribution of ex-post values that dominates the distribution of the low type
in some stochastic order. The contract specifies allocation and payment functions.
In the second period, the buyer privately learns her valuation, and allocations and

transfers are realized. At this point, the buyer only accepts the contracting terms if
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her realized net utility is weakly larger than her outside option. This model aligns
with our aforementioned examples. In online shopping, the first period corresponds
to the purchasing time. At this time the buyer possesses private information about
her valuation but can only know her valuation with certainty after inspecting the
purchased item. In the second period, the buyer is delivered the item and has the
option to return it, at low or no cost. In the case of display advertising, some
publishers use a sequence of auctions known as “waterfall auctions” that implicitly
impose different priorities over participants.! Commonly, higher-priority auctions
have higher reserve prices. The first period can be thought of as the time at which
the buyer decides in which auction (priority/reserve) to participate in. The second
period is when the auctions are actually run.

Main contributions. One of our main contributions is to characterize when
a static contract—that is, a contract that does not sequentially screen buyers—is
optimal. We provide a necessary and sufficient condition for the optimality of the
aforementioned contract, we refer to it as the average profit-to-rent condition. The
characterization we provide is intuitive. At the static contract the seller offers a
single price to both low and high type buyers. This price is too large for low types
and too low for high types relative to what the seller would set if he were to know
the types. To increase his revenue with respect to the static contract, the seller could
try to increase the price for high type buyers, however, this would incentivize them
to imitate the low types. Another option the seller has is to decrease the price for
low type buyers, but this would again incentivize the high types to mimic the low
types. In order to increase revenue and to deter high type buyers from imitating
the low types, the seller can reduce the price for a portion of low types thus serving

more of them and, at the same time, randomize their allocation so that high types

1See, for example, https://adexchanger.com/the-sell-sider /the-programmatic-waterfall-mystery.
A similar dynamic occurs when sellers offer “preferred deals” to advertisers (see, for example, [50]).
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do not take the low types’ contract. The profit-to-rent condition establishes that
this deviation is not profitable for the seller; hence, the profit-to-rent condition is
necessary for the optimality of the static contract. Notably, we also show that it is
sufficient. Our characterization is a weighted average monotonicity condition of the
virtual valuations around the optimal static threshold that in some settings encodes
information about the similarity of the interim types. For example, in the case of
exponential valuations, the static contract is optimal if and only if the means of the
distributions of the low and high type are appropriately close.

Our second main contribution characterizes the optimal mechanism when the
condition mentioned above does not hold and a static contract is no longer optimal.
We prove that the optimal sequential contract randomizes the low type and gives
a deterministic allocation to the high type. Randomization occurs to prevent the
high type buyer from taking the low type’s contract. More specifically, the optimal
contract is characterized by an allocation probability x € (0, 1), and three thresholds
01, 05, and 0y with 6; < 6y < 5. In this contract, the seller allocates the object to a
low type buyer with probability x whenever her valuation is between #; and 65, and
asks for a payment of 6; - x. When the valuation of this type is above 6, the object
is always allocated to her and the seller demands a payment of 65 — (s — 6;) - .
The high type buyer gets the object with certainty and only when her valuation is
above 0y, at which point the payment she has to make to the seller is #y. These
parameters are set in such a way that the interim incentive compatibility constraints
are satisfied.

A salient feature of this type of contract is that it discriminates the low type in two
dimensions. First, we establish that ¢; is above the optimal threshold a seller would
set if she was selling exclusively to low type buyers. That is, the low type buyer is
being allocated the object less often in the presence of high type buyers. The opposite

holds for high type buyers, they are being allocated the object more often than if they
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were alone. Second, there is a range of values for which the object is sold to the low
type with some probability strictly below one, which further reduces the chances of
a low type to receive the object compared to a case in which there are no high type
buyers. We illustrate these results with the example of the exponential distribution
for which we have explicit solutions. We find that for exponential valuations the
sequential contract can exhibit revenue improvements of up to 16-27% with respect
to the static contract.

Towards the end of the chapter, we consider the case of many interim types. We
generalize the profit-to-rent condition to a setting with an arbitrary number of interim
types. We also discuss directions on how to expand our analysis and results to this

setting, as well as the challenges that arise.

3.2 Related Literature

Our model builds on the sequential screening literature as pioneered by [27], with an
interim participation constraint.? In contrast, in this chapter we impose an ex-post
participation constraint. The closest paper to ours that studies sequential screening
with ex-post participation constraints is [42]. They establish that the static contract
is optimal under a monotonicity condition regarding the cross-hazard rate functions.
This condition rules out some common distributions for values such as the exponen-
tial distribution. Furthermore, the condition is only sufficient, and therefore, does
not provide a complete characterization of the space of primitives for which the static
contract is optimal. We close this gap by providing a necessary and sufficient condi-
tion under which the static contract is optimal. Our condition leverages the economic
intuition that lies behind a potential profitable deviation from the optimal static con-

tract. Further and importantly, when the condition fails we characterize the optimal

2See [2] for a recent adaptation of the [27] formulation to study advanced purchase contracts in
revenue management settings.
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sequential mechanism and show that randomization of one of the interim types is
required for optimality.?

In terms of approaches, [42] relax both the low to high incentive constraint and
monotonicity constraint and then show that, under their condition, the contract that
maximizes the Lagrangian is deterministic and that as a result the static contract is
optimal. In contrast, we also relax the incentive constraint but maintain the mono-
tonicity constraint. For the relaxed problem, we perform a first-principle analysis, in
the style of [59] and [32] that leads us to identify the right structure of the optimal
contract. In turn, this permits us to characterize the optimal sequential contract
when our condition breaks. In related recent work, [37] considers a setting in which
a seller can design the screening mechanism as well as the information disclosure
mechanism with ex-post participation constraints.

The sequential nature of our model and the presence of ex-post participation con-
straints is related to the work of [7] and [9]. These authors consider a model in which
a seller, constrained by ex-post participation (also motivated by the display adver-
tising market), repeatedly sells objects to a buyer whose valuations are independent
across periods. Both papers provide characterizations for a nearly optimal mecha-
nism. They are different from ours because we consider a single sale and construct
the exactly optimal mechanism in a sequential screening model.

Our optimal mechanism is related to the BIN-TAC auction derived in the context
of online display advertising by [24]. This is a static auction that offers two options to
advertisers: a buy-it-now (BIN) option in which buyers can purchase the impression
at a posted high price, and a take-a-chance (TAC) option in which the highest bidders

are randomly allocated the impression (if no bidder went for the BIN). This auction

3See also [47] and [28] for examples of multi-good environments in which stochastic allocations
can improve over deterministic ones. In a related note, [43] establish that with multiple, as opposed
to a single good, generically, the static contract is not optimal for the sequential screening problem
with ex-post participation constraints.
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is tailored to approximate ironing in the classic static Myerson setting for non-regular
distributions that commonly arise in display advertising settings. This mechanism is
similar in spirit to ours as it randomizes low valuation buyers to separate them from
high valuations ones. However, with one bidder the BIN-TAC auction reduces to a
posted price which corresponds to the static contract in our setting. In contrast to
their static setting, we study a two-period model in which the buyer is sequentially

screened and randomization occurs even with one bidder.

3.3 Model

3.3.1 Payoffs and Private Information

We consider a seller (he) who is selling one unit of an object at zero cost to a buyer
(she) with an outside option of zero value. Both parties are risk-neutral and have
quasilinear utility functions. The sequence of events unfolds in two periods.

In the first period, the buyer privately learns her type and then the parties con-
tract. The type provides information about the distribution of the ex-post values of
the buyer, her true willingness-to-pay for the object. The contract specifies allocation
and payment functions.

In the second period, the buyer privately learns her valuation, and allocations and
transfers are realized. We refer to the type realized in period 1 as the interim type
and the valuation realized in period 2 as the ez-post type.

There are finitely many types, denoted k € {1,..., K}, and the prior probability
of type k is given by ay with o > 0 and Zle ar = 1. In the second period, a buyer
of type k privately learns her valuation # which we assume to have a continuously
differentiable c.d.f. Fi(-) and pdf fi(-), with full support in © C [0, cc]. We assume

that © is a connected interval of the form [0, 0,,4,]. It will be convenient to denote
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the upper c.d.f. by
Fr() =1 - FL().

All the distributions are common knowledge. We denote the virtual valuation p(-)

of interim type k by

1— F(0
uk(H)éG——k()7 VEe{l,...,K}, V0ecoO.
()
For the rest of the chapter we make the standard assumption that:
1—-F(8) . . .
W, is non-increasing in 0,Vk € {1,..., K}. (DHR)
k

This assumption facilitates our discussions. However, for our formal results we will
need a weaker assumption that we introduce later.

The terms of trade are specified in the first period by the seller. For a payment
t € R and a probability of receiving the object x € [0, 1], a buyer with valuation 6
receives a utility of 6 - x — ¢, while the seller gets paid t¢.

We assume that the buyer agrees to purchase the object only if she is guaranteed a
non-negative net utility for any possible valuation of the object she might have. That
is, we require 0 - x — t to be non-negative for all §. The seller’s problem is to design
a contract that maximizes his expected payment, satisfying the ex-post participation

constraint together with incentive compatibility.

3.3.2 Mechanism Design Formulation

By means of the revelation principle (see, e.g., [51]) we can focus on incentive com-
patible direct revelation mechanisms, with allocations zy, : © — [0,1] and transfers
tr : © — R, that depend on the types (k, ) reported to the mechanism. Then, for
a buyer reporting an interim type k&’ and an ex-post type 6’ the mechanism allocates

the object with probability 4 (0) and charges the buyer ¢ (¢').
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We define the ex-post utility of a buyer who reported & in the first period and '

in the second period while her true valuation is 0 as
up(6;0) 2 0 - 2 (0") — t(6'),

with the understanding that wuy(0) equals ug(6;0) . Similarly, we define the interim
expected utility of a buyer whose true interim type is k£ but reported to the mechanism
k' as

Ui 2 / max{up(2:0)} - fil2)idz,

where the maximum is included because double deviations are in principle allowed.
Note, however, that with distributions with common support and under ex-post in-
centive compatibility, the maximum will always be achieved at 6’ equal to z, and we
can restrict attention to single deviations.

There are two kinds of incentive compatibility constraints that must be satisfied
by our mechanism. The first one is the ex-post incentive compatibility or (/C*P)
constraint which requires that for any report in the first period, truth-telling is optimal

in the second period, that is,
up(0) > up(0;0") Vke{l,...,K},V0 e 0. (1C*P)

The second one is the interim incentive compatibility or (IC?) constraint which re-

quires that truth-telling is optimal in the first period, that is,
Uk > Uppr Vkﬁ,k’é{l,...,K}. (]Cl)

Also, we require the mechanism to satisfy an ex-post individual rationality constraint
or (IR")
up(0) >0, Veke{l,...,K}, VOec®o. (IR™)
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Then, the seller’s problem is

mac Y- [ 62)- ) (P)

st (ICY), (IC™), (IR™)

0<x<1,

where we use boldfaces to denote vectors. Observe that (/R*) implies interim in-
dividual rationality. In fact, if we were to relax (P) by considering only interim
individual rationality we would be in the setting of [27] for discrete interim types.

In general, two types of contract can arise as a solution to the seller’s problem
(P) : static and sequential. A static solution to problem (P) corresponds to the case
when the allocations and transfers (xy,%;) do not depend on the interim type k. In
this case we have a unique menu (x,t) that is offered to the buyer and the contract
does not screen among interim types. We use (P*) to denote the constrained version
of (P) to static contracts, which we refer to as the static program. In contrast, a
sequential solution allows for different menus that depend on the interim type k, and
each type of buyer self-selects into one of the menus. The problem (P), referred as
the sequential program, allows for such solutions.

The main focus of this chapter is two-fold. First, to study when the optimal
solutions to the static and sequential programs, (P*) and (P), coincide. Second,

when they do not coincide, we aim to characterize the optimal solution to (P).

3.4 A Classic Example of Sequential Screening

We use the motivating example of [27] to illustrate the power of sequential screening
in the presence of an ex-post participation constraint. We show that a sequential

contract outperforms the static contract.
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There are two types of potential buyers, low type and high type. One-third of
potential buyers are low type whose valuation is uniformly distributed in [1, 2], two-
thirds are high type buyers with valuation uniformly distributed in [0, 1] U [2, 3]. [27]
think of the low type as a leisure traveler and of the high type as a business traveler
with the same mean but larger variability in her valuation. The seller has a production
cost equal to 1.

The optimal static contract sets the optimal monopoly price, p, equal to 2, which
yields a profit of 1/3. The static contract only serves the high types with high realized
valuations. [27] in their setting with an interim participation constraint show that
the seller can significantly increase its profits with sequential screening by offering
a menu of advanced payments/partial refund contracts. They establish that the
optimal contract for their setting offers an advanced payment of 1.5 and no refund to
the leisure traveler, and an advanced payment of 1.75 and 1 of refund to the business
traveler. In this contract a buyer can have a negative realized net utility. For example,
the leisure traveler initially pays 1.5 but her actual valuation can be any value within
[1,2] and, therefore, half of the time she will obtain negative net utility after learning
her valuation.

Because of the advanced payments these contracts typically will not satisfy an
ex-post participation constraint, which we study next.

Let us consider the following sequential contract as a simple deviation from the
optimal static contract. The seller offers a menu of two quantities and prices, (zr, pr)
and (zy,py). The second contract is set equal to the optimal static contract, that
is, (zg,pr) = (1,2). Hence, the selling price for the high type is 2 and high types
that buy receive the full quantity.

Now, we find the optimal quantity and price for the low type buyer. Given the

contract for the high type, the seller’s profit is given by:

1 2 1
gXxLX<pL_]—)X(2_pL>+§X§X(2_1)7
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where z;, € [0,1] and p, € [1,2]. We need to ensure that the menus are interim
incentive compatible. The low to high incentive constraint is always satisfied (pgy

equals 2), and the high to low incentive constraint is given by:

! X <5 2) > L X X (5 )
= = — — X - — .
2 "\ %) =t g T e
Profit maximization implies that this constraint must be binding, and therefore, the

seller’s profit becomes:

1 _ —
Lo pe=x@=p) 1
3 5—2p; 3

The first order condition yields an optimal price equal to (5 — \/5) /2 which, in turn,
delivers a profit of 2/3—1/(2+/3). The improvement of the sequential contract versus
the optimal static contract is then 1 — 1/3/2 ~ 13%.

From this simple exercise we learn an important lesson: even in a simple setting
a sequential contract can have substantial benefits over a static contract. In this
chapter we study more generally when a sequential contract outperforms a static

contract and what drives this revenue improvement.

3.5 Optimality of Static Contract

First, we start by characterizing conditions under which it is optimal not to screen
the interim types. In the main theorem of this section we provide a necessary and
sufficient condition for the static contract to be optimal. We begin with a reformula-
tion of the problem based on standard techniques that use the envelope theorem, and
enables us to solve for the allocation and utilities of the lowest ex-post types instead
of both allocations and transfers. Using the reformulation we characterize the optimal
static contract. In Section 3.5.2, we use the optimal static contract together with a
simple deviation analysis to obtain an intuitive necessary condition for its optimality.

In Section 3.5.3, we show that this condition is both necessary and sufficient.
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3.5.1 Problem Reformulation and Static Solution

We obtain a more amenable characterization of the constraints by eliminating the

transfers from the them as in the classical Myersonian analysis.

Lemma 3.1 (Necessary and Sufficient Conditions for Implementation)

The mechanism (x,t) satisfies (IC*),(IC*) and (IR*) if and only if
1. zx(+) is a non-decreasing function for all k in {1,..., K} and

uk(0) = ug(0) + /06 zi(2)dz, Vke{l,...,K},V0 € 0O. (3.1)

2. ug(0) >0 for all k in {1,..., K}.
3. up(0) + [ 2 (2) Fi(2)dz = ww (0) + [z (2) Fr(2)dz for all k, K in {1,... K}

All proofs are provided in the Appendix. The first condition in the lemma is the
standard envelope condition and it comes from the ex-post incentive compatibility
constraint. The second condition is derived from the ex-post individual rationality
constraint and the fact that wug(f) is non-decreasing. The third condition is the
envelope formula inserted into the interim incentive compatibility constraint.

Lemma 3.1 enables us to obtain a more compact formulation for the seller’s prob-
lem. Specifically, we can use equation (3.1) and integration by parts to write down the
objective of (P) in terms of the allocation rule x and the indirect utilities {u(0)}£_,
of the lowest ex-post types. To this end, we denote each uy(0) as a new variable by

uy. The new formulation is then:

0<x<1

max = o+ S on [ aGn() ) (P)

st x(0) non-decreasing, Vke{l,...,K}
ug > 0, VkE{l,,K}

Uy + / T (2)Fr(2)dz > up + / zp (2)Fr(2)dz, VK €{1,... K},
o o
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Note that in (P) the variables are the allocation rule x and the vector of the indirect
utilities of the lowest ex-post types uw. Once we solve for these variables the transfers
are determined by equation (3.1).

As we mentioned before, a solution to (P) that screens the interim types is a
sequential contract. In contrast, a static solution to (P) pools the interim types.
Formally, we say that a solution to (P) or contract is static when zx(-) = x(-) and
up = wu for all kin {1,..., K}.

We earlier defined the virtual valuation py(-) of interim type k. Given (DHR)
the virtual valuation for each type k has exactly one zero which we denote by §k
Without loss of generality we assume for the remainder of the chapter that we can
order the interim types:

~

b < - <O

It turns out that solving (P) over the space of static contracts is a simpler problem.
The (IC®) constraints disappear from the problem because in this case there is
effectively only one interim type. Also, it is clear that any optimal solution sets
up = 0 for all £ in {1,..., K'}. So, the static version of the seller’s problem is given

by

0<z<1

max /@x(z) : (iakﬂk(z)fk(z))dz (P?)
s.t z(f#) non-decreasing,

where a simple calculation shows that the term in parenthesis is equal to the virtual
value function of the mixture distribution times the density function of the mixture.
Hence, this problem corresponds to the classic optimal mechanism design problem
applied to the mixture distribution over types.

From this formulation we see that the relevant quantity that shapes the alloca-
tion z(-) is i(0) £ S0, () fr(0). In general, because there is only one buyer,

independent of any regularity assumptions imposed over ji(f), one can show that an
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optimal way to choose a non-decreasing allocation z(-) that maximizes

/@x(z)ﬁ(z)dz, (3.2)

is a threshold allocation, that is, a single posted price (see, e.g., [52] or [57]). We

summarize this in the following lemma.

Lemma 3.2 (Threshold Allocation)
A solution to (P®) is a threshold allocation characterized by 0 in [(/9\1,5[(] that mazi-

mizes (3.2).

3.5.2 A Necessary Condition

In the rest of this Section and the next Section 3.6 we provide our results for the
setting with binary interim types. We denote the low type by L and the high type by
H. In Section 3.7 we return to the general setting with finitely many interim types.

The static optimal solution is characterized by a threshold allocation 0. In this
section, we leverage this characterization, and perform an analysis in the style of [21],
to deduce an intuitive necessary condition for the optimality of the static contract.
As we will show later in Section 3.5.3 this condition turns out to be not only necessary
but also sufficient.

For ease of exposition, we assume that the high type dominates the low type in
the hazard rate order sense:

1— Fy(0) S 1= FL(0)
fu(0)  —  fL(0)

We note that we do not need this assumption for the formal arguments.

, voeo. (3.3)

Suppose now that a static contract is optimal, that is, setting a single posted price
equal to 9 for both types solves (P). Consider Figure 3.1, where we have plotted the

virtual value function weighted by the density function for each type.* If the types

4We needly represent the virtual valuation weighted by f(-). This does not change the signs in
the figure but gives a convenient geometric representation.
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7.
valuation

Figure 3.1: Weighted virtual valuations for low type (dotted line) and high type
(dashed line) buyer around f. The shaded areas correspond to the virtual revenue
that the seller leaves on the table when using a static contract with respect to the
case in which the interim types are public information.

were public, the seller would optimally set posted prices equal to §L and 0, u for types
L and H, respectively. In this way, the seller would serve buyers if and only if they
have positive virtual values. In contrast, when selecting a single posted price @\, there
is surplus that the seller is not extracting; the shaded area shows the regions of the
virtual valuations for each type that the static contract is not capturing. For the high
type, the static contract serves too many buyers, some of them with negative virtual
values; hence, the seller would be better off by offering a higher price. For the low
type, the static contract serves too few buyers, leaving positive virtual value buyers
unserved; hence, the seller would prefer to choose a lower price. A challenge, though,
is that the seller faces incentive compatibility constraints that restrict this type of

possible deviations/improvements:

1. Selling to fewer high types implies increasing the price for high types; but then
the high types have an incentive to accept the low type contract and such a

deviation is not feasible.

2. Selling to more low types amounts to reducing the price from 0 to some value 0.
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Figure 3.2: Weighted virtual valuations for low type (dotted line) and high type
(dashed line) buyer around f. The shaded areas correspond to the virtual revenue
that the seller leaves on the table when using a static contract with respect to the
case in which the interim types are public information. We show deviation from the
static contract for the low type (solid line). If A — B > 0 the deviation is profitable.

However, to prevent the high types from taking the low type contract the seller

must decrease the quantity offered to the low types (or equivalently, randomize

their allocation).

This second improvement is feasible by choosing a quantity (probability) 0 < zj <
1 to all low types inside an interval [0y, 0] with 6; < 53 05, see Figure 3.2.

Formally these allocations correspond to the following menu:

;

0 iff<é, ~
0 iffd<8o,
rp(0) =<z, if0,<0<6, zuld)= ~ (3.4)
1 iff<o;
1 if 6, <0;

\

with u;, = ug = 0. We refer to this deviation as an interior variation or improvement.
The interior improvement is feasible only if it satisfies both incentive compatibility
constraints. Inserting the menu (3.4) into the incentive constraints in (P) we obtain

for the low type:
emaz

xL/92(1—FL(Q))dGJr/HMM(l—FL(H))dGZ/A (1— Fy(0))d0,

01 02 0
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and for the high type:

/A()m%(l — Fu(0))do > . /02(1 — Fu(0))do + /W(1 - FON.

01 02

and/or in a more compact form as a bracketing inequality:
2 (1= Fu(0))do

Z
f912<1 — F(0))do

which contains both incentive compatibility constraints. The monotone hazard rate

%2(1 — Fy(6))dd
) (1= Fir(6))d

<z <

(3.5)

condition (3.3) guarantees that z; as in given by (3.5) always exists. The interior
variation is thus feasible and we can select x;, so as to maximize the seller’s revenue.

Indeed, evaluating the interior variation in the seller’s objective yields:

voe [ @000+ [ us()ful0)as

01 62
and since pr(6) > 0 in [0y, 05] (c.f Figure 3.2) the right hand side inequality in (3.5)
must be tight.

With the interior variation, the seller serves more low-value buyers in [6;, @\] at the
level of z;,. This comes at the expense of offering a lower quantity, a loss of 1 —z, to
buyers with values in [5, 6;]. In Figure 3.2 the area A corresponds to the additional
revenue the seller can make due to the variation because he is serving more low type
buyers, and region B is the efficiency loss due to the incentive constraints.

If the static contract is optimal then this variation cannot be profitable. In terms

of Figure 3.2 this means the areas must satisfy A < B. Hence, if the static contract

is optimal then

0 02
61 b
In turn, since the optimal choice of z always equals the right hand side of (3.5), we

can insert xy, in terms of the ratio, and after some re-arranging we get

S b OO0 [ 1 (0)£,.0)d0
Sl - Fu@)ds (L= Fu(®)dd

(3.6)
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To better understand this inequality consider a monopolist who faces a consumer with
valuation distributed according to Fj(-). Observe that at some price 6, the expected
profit I1;(6,) the monopolist makes and the expected consumer’s informational rents
I1.(6y) are given by
Omaz Omax

I1.(0,) £ 0,-(1 — Fr(6y)) = /9 pe(0) fr(0)d0 and I,(6,) = /9 (1 — F.(0))db.
If the monopolist considers lowering the price from 6, to 6, then the change in profit
is g (6,) — k(6y). The lower price positively impacts the information rents which
increase by Ii(6,) — Ix(6y). The ratio (Ix(6,) — x(6s))/(Ix(6a) — Ir(6y)) then is
a measure of the average impact in profits per unit of consumer rents the seller
experiences due to the price variation. In condition (3.6) we have a cross version of

this ratio. In the numerator we take k£ = L and in the denominator £ = H. In light

of this observation condition (3.6) suggests the following definition.

Definition 3.1 (Average Profit-to-Rent Ratio)

The average profit-to-rent ratio is defined by:

I1;(0.) — I1;(6h)
I (6,) — I(6p)

R™*(0,,6,) & Vike {L,H}, 0<0,<0y<0nuw.

The average profit-to-rent ratios measure changes in the seller’s profit normalized
by the information rents he gives away to the consumer due to a price deviation. The
ratio R’* compares the impact on profit for type j with the increase in the information
rent for type k. This cross ratio arises as the incentive compatibility constraint for
type k implies that a modification in the contract for type j affects type k as well.
This was clear from our discussion regarding the internal variation above. There, a
price 0; (smaller than /9\) for the type L creates a profit improvement for the seller
measured by the numerator of R. Since the seller has to make sure that type H does
not take the type L contract (by reducing quantity), this price decrease generates a

loss to the seller quantified by the denominator of R.
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Back to (3.6) we notice that the numerator in either ratio refers to the revenue
that the seller is making from the low type over some interval, and the denominator
refers to the information rent of the high type over the same interval. Now, since the
choice of 0,60y was arbitrary, we obtain the following necessary condition by taking
minimum and maximum at both sides of the inequality in (3.6). If the static contract

is optimal then

max R“(6,,6) < min R*(8,6,), (3.7)
01<0 0<02

The above condition establishes that if the static contract is optimal then any
extra revenue the seller can garner from low type buyers is offset by the efficiency
loss due to the incentive compatibility constraints: A — B < 0 for any possible choice

of 6; and 6s.

3.5.3 A Necessary and Sufficient Condition

We now establish that condition (3.7) is in fact a necessary and sufficient condition
for the optimal static solution to coincide with the optimal solution to (P). Before we
provide the main theorem, we introduce some notation for the quantities of interest
that will help us to further refine our intuition. While we maintain the binary type
framework here; we note that all definitions naturally extend to finitely many types
as we will see in Section 6.

The local version of the average profit-to-rent ratio, when 6, < 0 < 0, are close

to 5, gives raise to the profit-to-rent ratio.

Definition 3.2 (Profit-to-Rent Ratio)

The profit-to-rent ratio between type j and k is defined by:

Pk () & % Vi, ke {L, H},Y0 € ©.
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The ratio r7%(6,) is obtained by limg,+g, R7*(6,,6,). Observe that condition (DHR)
is stronger than and implies that 7%*(0) is non-decreasing for each k € {L, H}. The
latter is the condition we use for our formal results.

Now, we are ready to state and discuss the main result of this section.

Theorem 3.1 (Optimality of Static Contract)
Suppose r**(0) is non-decreasing for each k € {L, H}. The static contract is optimal
iof and only of

max R* (6, 5) <
6<8

=)

in R“(9,6). (APR)
0

I%>

This results completes the necessity condition given in Section 3.5.2 by showing
that it is also sufficient. We showed in Section 3.5.2 that condition (APR) established
that the specific deviation that increases the sales to the lower type with a lower
quantity is not profitable relative to the static contract.

Theorem 3.1 now establishes that in fact this is not only a necessary but in
fact a sufficient condition. The sufficiency condition is noteworthy as it arises from
“simple” deviations, namely, those that assign the low type an interior allocation in
a small interval around the static optimal price. In particular, we do not need to
be concerned either with more elaborate deviations which offers the low type several
options in his menu, nor do we need to trace simultaneous changes to the offers to
the high type. The present theorem confirms that this type of interior improvement
for the low type is sufficient to study changes in the seller’s revenue. In fact, we
will establish in Section 3.6 that the family of allocations suggested by the interior
variation completely describes the optimal sequential mechanism as well.

To prove the sufficiency in Theorem 3.1 we rely a on dualization-type of argument.
For the necessity, we assume that condition (APR) is not satisfied and show that in

that case there is a profitable deviation as given by the following proposition.

117



Proposition 3.1 (Revenue Improvement)
Suppose L (0) is non-decreasing. Assume condition (APR) does not hold. Then
there exists 01,0y such that 0, < 0 < 05 and RLH(Ql,é\) > RLH(é\, 0s), for which the

allocation in (3.4) with

. f;2 Fy(2)dz

L= "Gg————,
0912 Fy(z)dz

yields a strict improvement in (P) over the static contract.

In the proof of Proposition 3.1 we can see that as soon as condition (APR) breaks
two things happen. First, a non-static contract becomes feasible as it does not violate
the incentive compatibility constraints. Note that the proposition is similar to the
discussion in Section 3.5.2; however, it is more general because it does not assume
hazard rate order to guarantee feasibility. The mere fact that (APR) breaks implies
the feasibility of the new allocation. Second, the same contract obtains a larger
expected revenue than the static one. So, from this we see that (APR) is preventing

both the feasibility and optimality of a sequential contract.

3.5.4 The Exponential Example

Before we move to the study of the optimal sequential contract it might be helpful to
build some more intuition for the results. We shall consider the case of exponentially
distributed values. The main result of this section establishes that the static contract
is optimal if and only if the mean of the interim types are sufficiently close.

We consider the exponential density functions
fe(0) = e k={L,H} 0>0.

We assume \;, > Ay, so L and H stand for low and high type respectively. Note that
H has a higher mean (1/Ay) than L (1/Ar) and that H dominates L in the sense of
the hazard rate stochastic order and in first order stochastic dominance. In addition,

for the interim probabilities we have oy + ay = 1 with ap,ag > 0.
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We begin by studying the optimal solution to the static formulation. The optimal
static contract is given by a threshold allocation. Thus, in the exponential case the

seller’s expected revenue for any given threshold 6 is

[Istatic () & /9 (apur(2)fo(2) + ampn(2) fr(2))dz = agfe ™ + ayhe 1.

In order to find the optimal threshold we just need to maximize the expression above.
The first order condition yields

1 1
OéL(H - —))\Le_AL(9 + aH(9 — —))\HG_AHQ = 0, (38)
)\L )\H

that is, the optimal threshold is a zero of the mixture virtual valuation. Notice that
equation (3.8) cannot be explicitly solved; however, we can (as we do in the forth-
coming results) provide comparative statics. Interestingly, in Proposition 3.3 below,
we show that we can obtain explicit expressions for the thresholds characterizing the
optimal sequential contract. The following lemma provides some initial properties of

the optimal static contract.

Lemma 3.3

The optimal solution to (P*) is a threshold allocation characterized by 8 in [ﬁ, ﬁ],
solving (3.8). Also, 0 is a non-increasing function of oy, with 5(0) = ﬁ and @\(1) =
1
Y

Next, we state a necessary and sufficient condition for the static contract to be

optimal.

Proposition 3.2 (Necessity and Sufficiency for the Exponential Model)

The static contract is optimal if and only if

1
AL —An < 7 (3.9)
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The result follows from Theorem 3.1, but it requires some effort to determine the
max and min in (APR) in closed form. We note that in the right hand side, 9, is
a solution to equation (3.8) and, therefore, it also depends on the parameters Ap
and A\g. Subsequent corollaries provide sharper characterizations that only depend
on model primitives. We highlight that (3.9) corresponds to a particular case of
condition (APR).

Proposition 3.2 provides an intuitive characterization for when the seller is better-
off screening the interim types than not. In terms of equation (3.9), when A, and
Ap are sufficiently close, then equation (3.9) should hold, in which case the static
contract is optimal. Conversely, when A\;, and Ay are sufficiently apart from each
other, the static contract may not be optimal.

Intuitively, when the interim types are similar any contract that screens the types
would be close in terms of expected revenue to the static contract because for each
type it could get at most what it would get by setting thresholds 1/A; and 1/\y
respectively, but 0 c [ﬁ, ﬁ] However, when screening, the seller has to pay an
extra cost to prevent the types from mimicking each other and, since the contracts’
revenue will be similar, it is likely that this cost offsets the earnings from screening.
On the other hand, when interim types are sufficiently apart in their mean valuation

then the seller can tailor the contract to each type and in this way extract more from

them than in the static contract.

Corollary 3.1 Assume A, € (Ag,2\y|, then for any ay € [0,1] the static contract

s optimal.

This result establishes that when the distributions of the low and high type buyers
are sufficiently close to each other then no matter in which proportion the types are,

the static contract is always optimal.
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Corollary 3.2 Assume A\, > 2\g, then there exists & € (0,1) such that for all
ay, € (0, &) the sequential contract is strictly optimal and for all oy, € |, 1] the static

contract is optimal.

Corollary 3.2 asserts that when the mean of the low and high type buyers are
sufficiently different then both contracts can be optimal. If the proportion of low
type is low enough (but not zero) then the seller is better-off screening the types.
On the other hand, if there is a very large proportion of low type buyers then the
static contract is optimal. This follows because as o, increases, one can show that )
decreases, and at some point condition (3.9) holds. This discussion suggests our final

corollary.

Corollary 3.3 For Ay and ay fived, there exists \;, larger than 2\y such that for

all A\, € [\, 00) the sequential contract is strictly optimal.

3.5.5 Discussion

We introduced earlier the condition (DHR) which establishes that the hazard rates

WO =)

are non-increasing when j equals k. A related condition is about the cross-hazard

rate functions,
h'*(#) are non-increasing in 0, Vj,k € {L, H}. (R)

To the best of our knowledge condition (R) was first introduced in the context of
sequential screening by [42]. In that paper the authors show that under condition
(R) the optimal solution to (P) and to (P®) coincide, that is, the static contract
is optimal. In fact, they show this result for multiple interim types. We discuss

our generalization of condition (APR) to multiple types in Section 3.7. However,
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Figure 3.3: Optimality of the static contract for (DHR) distributions, with K = 2
and a single buyer.

condition (R) is rather restrictive and is not satisfied by some common distributions.
For example, the condition is not satisfied by any pair of exponential distributions,
because in this case the cross-hazard rate is given by:

e~ (Ar=2;)0

Jk -

j.k=1L,H.

If, without loss of generality, we consider A\, > Ay then hH(f) is an increasing
function and, therefore, it violates conditions (R). However, notice (DHR) is satisfied
because the simple hazard rate functions are constant and equal to 1/A.

We can also compare Theorem 3.1 with Lemma 12 in [41]. In that Lemma they
assume hHH(0) > hLE(9), which implies 0, < gH, and establish that a necessary
condition for the static contract to be optimal is to have the profit- to-rent ratio
rLH (9) being increasing at 6. Our result also contains this lemma, because if r2H (-

was decreasing at 8 we can always find 6, < 6 and 0y > 9 such that
RY(6,,0) > R (8, 6,),

so (APR) does not hold and, therefore, the static contract would not be optimal.
Figure 3.3 illustrates how our condition (APR) closes the gap between the ones by
Kréhmer and Strausz.

We can compare condition (R) and (APR). Note that condition (R) implies the
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monotonicity of the profit-to-rent ratios, and therefore condition (APR) holds as

0+ LH
RH(9,9) = & Fg(_Z>T O )
Jy Fu(z)dz
and
9_
~ 2 F LH()d ~ ~
Re(g,g) = RO EE g g5
J5 Fu(z)dz

Hence, the result by [42] that if condition (R) holds then the static contract is optimal
follows as a corollary of Theorem 3.1. We highlight that while condition (R) implies
the profit- to-rent ratios are increasing, our condition (APR) only implies a type
of monotonicity over an appropriate weighted average of the profit-to-rent ratios.
This is sensible as we are dealing with interim expected seller’s revenues and interim
incentive compatibility constraints.

In terms of methodology, our approach differs from that of [42]. Their approach
consists of relaxing the low to high interim IC constraint and then — by using their
condition (R) — they relax the monotonicity constraint and prove that the solution
must be a threshold schedule for each type. From there, they show that the threshold
for both types must be equal and, therefore, the static contract is optimal.

In our approach we do not use a relaxation of the general formulation nor do we
impose conditions on the primitives besides that r**() are non-decreasing. For the
sufficiency we construct a Lagrangian relaxation with multipliers for the incentive
compatibility constraints, but we do not relax the monotonicity constraints. The
multipliers relate to the profit-to-rent ratios at the static threshold é\; they measure
the change in the objective per unit of change in the constraints. Then by leveraging
a result from [57] that the optimal contract must involve a threshold allocation we

prove that under (APR) the solution to the relaxation is the static contract.
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3.6 Sequential Contract

We now proceed to provide the complete characterization of the optimal sequential
contract when the necessary and sufficient condition associated with the static con-
tract fails. As hinted in Section 3.5.2 and by Proposition 3.1 the optimal sequential
contract gives a deterministic allocation to the high type and, for mid-range values,

it randomizes the low type buyer (or equivalently reduces the quantity allocated).

3.6.1 The Structure of the Sequential Contract

Our analysis consists in studying the following relaxation to (P)
mix — Y ot Y o / 2h(2)in () fu () (Pr)
T ke{L,H} ke{L,H}
s.t x,(0) non-decreasing, Vk e {L,H}

we > 0,Vk € {L,H}

uyg + /@:L’H(z)FH(z)dz > ur, + /@xL(z)FH(z)dz.

The difference between (Pg) and the original problem (P) is the omission of the
incentive constraint for the low type to report truthfully. Importantly, we do not relax
the monotonicity constraint. We obtain a characterization of the optimal solution to

(Pgr) as stated by the following theorem.

Theorem 3.2 (Relaxed Solution)
Suppose r**(0) is non-decreasing for each k € {L, H}. Consider problem (Pg), the

optimal solution has allocations

)
0 iff <o,
0 Zf9<9H,
i (0) =Qar if6h <O0<6, Ty0)=
1 if 0y <0.
1 ify,<0;

\
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The threshold values 01,0y, 0y satisfy (/9\,; <60, <0y <by, 0 < éH and

6 J—
0, Fr(2)dz
L= —g,— . -

o, F'r(z)dz

Note that if ; = 0y we recover the static contract. Importantly, the optimal
contract of (Pg) has the same structure as the profitable deviation to the static
contract presented in Proposition 3.1. The only difference is that in the former the
threshold for the high type may not necessarily equal to 0 as in the latter. With this

generalization one can show that the proposed profitable deviation is indeed optimal

for (Pgr). The associated transfers are given by:

p

0 if(9<(91,
0 iff<0y,
10) =496, 2 if0, <0<0, tul®)=
Oy if O < 0.
02_(92_91)':[/74 1f(92<(9,
\

Our optimality proof adapts arguments by [32] to our setting. We use an im-
provement argument to show that the optimal contract of (Pr) only requires a simple
threshold allocation without randomization for the high type. Finally, we use another
improvement argument to show that the low type allocation only requires a single
interval of randomization.

More specifically, consider a low type allocation that randomizes between an in-
terval [0,,60,]. Recall the argument in Section 3.5.3 where we found a revenue im-
provement while keeping feasibility, in particular, while maintaining the high to low
IC constraint. Using a similar reasoning, we can show that feasibly improving upon

the random allocation requires the following condition to hold for some 6:

oy EFHOR P
Sy Fr(2)dz i Fu(z)dz

= R (6,60,).  (3.10)

In general this condition is not satisfied, because the profit-to-rent ratio r“#(-) does

not need to be a non-decreasing function. Therefore, we cannot find a feasible im-
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provement over the random allocation contract, and hence, we cannot restrict at-
tention to deterministic contracts for the low type. In contrast, a similar argument
for the high type yields the expression R7H(6,,0) < R"H(0,6,), which always holds
when rf(.) is non-decreasing. Hence, we can restrict attention to a deterministic
threshold contract for the high type.

In addition, the low type allocation only requires a single interval of randomiza-
tion. To see this, suppose for example that 27 (9) equals z, in (64,0) and , in (6, 6;)
with 0 < z, < 2, < 1, and also assume (3.10) does not hold. Then, it is possible to
show that we can increase x, and decrease x;, (maintaining feasibility) and obtain an
improvement to the objective function. We can do this until z, and x; collapse into
a single value.

The discussion above highlights again the importance of the average profit-to-
rent ratios in our analysis, as they quantify revenue improvements while maintaining

incentive compatibility. Now, the next result characterizes the optimal sequential

contract and it also provides conditions that allow to compute the optimal thresholds.

Theorem 3.3 (Optimal Sequential Contract)
Suppose r**(0) is non-decreasing for each k € {L, H}. The optimal sequential contract

coincides with the optimal solution of (Pr) as given by Theorem 3.2.

In Theorem 3.2 we provided the characterization of the optimal solution to (Pg).
In the proof of Theorem 3.3 we argue that the optimal solution to (Pg) is feasible
for (P) and thus optimal. In turn, we obtain a full characterization of the optimal
sequential contract up to three parameters.

In terms of solving for the optimal sequential contract, Theorems 3.2 and 3.3
imply that we can ignore the IC constraints and do a search over three parameters

to maximize seller’s revenues over the proposed contract structure, 61,6, and 0g. In
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the proof of Theorem of 3.3 we show that the optimality conditions for the thresholds

0, < 0y < 6y are:
1. REH(0,,05) < ming,<y REH (0,,0);
2. maxgp<g, R¥(0,05) < R (01, 65);
3. ap - RF(0,,0,) + agrf2(0y) = 0.

Conditions (1) and (2) put together are similar to (APR) where 6, plays the role
of 0. Similarly to the case of the static contract, one can show that any allocation
that randomizes beyond 6, is never profitable. In turn, randomization should only
occur for valuations below #5. Condition (2) by itself also implies that among all the
intervals that can be randomized, the interval (6, 65) is the most profitable. To see
this let us compare the seller’s revenue when it randomizes the low type buyer over
some interval (0, 60,) and (0, 6,) (and it gives a deterministic allocation to the high
type). Using Theorem 3.2 the allocation x; that satisfies incentive compatibility in

each case is:

92_ 92_
Fr(z)dz Fr(z)dz
$L(9): QQIZ_H( ) and wal): eé;_H( ) '
fo Fu(z)dz o, F'u(2)dz

Hence, doing a revenue comparison, we conclude that randomizing the low type buyer

over (01, 0,) is better than over (6, 65) if and only if

02 2 Fu(z)dz [
[ s < I

9912 Fy(2)dz Je,

J 99; Fy(2)dz
/. 092 Fy(2)dz
equivalently, REH(6,0,) < RF(6,,0,) for arbitrary 6 < 6, which is exactly condition
(2). Finally, condition (3) is simple a first order optimality condition on 6.

It is interesting to note that in the optimal solution the low type buyers are
allocated the object over a larger interval (6; < 6y) but they are randomized. This

is done as a way to prevent the buyers from mimicking each other. Specifically, we

must have 0, < 0p; otherwise, the low type buyers would have an incentive to pretend
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being the high type since that would get them allocated the object more often and
at a lower price. Similarly, 65 < 65 otherwise high type buyers would choose the low
type contract for a better allocation and a lower price.

It is worth noting that the sequential contract makes the low type worse-off and
the high type better-off with respect to the contract the seller would offer if he could
perfectly screen each type. For the low type, that contract would set a threshold equal
to é\L and would always allocate the object when her value is above the threshold.
However, the sequential contract allocates the object to the low type whenever her
valuation is above 6; > §L with positive probability. So the low type is worse-off in
two dimensions, it is allocated the object less often and with less probability. On
the other hand, the high type buyer gets allocated the object more often and with

certainty since g < §H

3.6.2 The Exponential Example Continued

In Section 3.5.4 we studied the properties and structure of the optimal static contract
for exponential valuations. In particular, we applied our necessary and sufficient

condition to this family of distributions and obtained an intuitive characterization.

Proposition 3.3

Assume condition (3.9) does not hold, then the optimal allocation is

0 if 0 <by, 0 if6 <6y,
x7(0) = and x3;(0) =

x ifb, <0; 1 if 0y <06,

The thresholds are given by:

1 —1
and O = ar_ ¢

6, = - =
! AL — Am | OCH)\L_)\H’

with 01 < 0g. The probability of receiving the object for the low type is:

L_a ! ). (3.11)

- — [___ _
v exp( a )\H (0524 >\L_)\H )\L_/\H
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This result follows from Theorem 3.3 and the characterization of the three free
parameters that follow. We note that in the exponential case we only have two
intervals for the low type’s allocation as we can show that 6, = oc.

We now illustrate our findings with numerical results where we vary the difference
in the mean between the low and the high type. Specifically, we fix a;, to be 0.7 and
A to be 0.5, that is, the high type has mean 2. Since we are assuming Ay > Ay, we
consider A\, = Ay + ¢ with 6 > 0. Figure 3.4 shows how the different thresholds vary
as 0 increases or, equivalently, as the mean of the low type decreases to zero. As we
can see, there is a value of 0 (6 =0.93) to the left of which the static contract is optimal
and to its right the sequential contract is optimal. This aligns with Proposition 3.2
because as 0 increases, (A, — A\y) increases, and therefore, we expect it to be larger
than 1/8 (see Corollary 3.2 and Corollary 3.3). At a more intuitive level as § increases
both distribution become more and more different from each other with one of them
having a larger average value than the other. Thus, there is gain in screening the
types.

Static optimal Dynamic optimal

0.2+

Figure 3.4: Optimal thresholds for static and sequential contracts when setting A\, =
Ay + 0, with oy, = 0.7 and Ay = 0.5.

In terms of thresholds, for the static contract we observe that 0 is decreasing

at the beginning and then it increases getting closer to 1/A\y = 2. This happens
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because as we increase 0 we are making 1/\; smaller; however, at some point this
value is too small and, therefore, the probability of allocating the object to a low type,

~

P(value low type > 0) = e=Aif

, is going to be so low that the seller will be better
off by choosing a threshold tailored for the high type, that is, close to 1/A\y = 2.
For the sequential thresholds, the one for the low type is decreasing while the one
for the high type is increasing. This makes sense because in the sequential case the
seller can adjust the threshold for each type; hence, as  increases the distributions
become more and more different and, therefore, is optimal to set thresholds closer
and closer to the threshold a seller would set if he knew the types in advance, that is,
1/A; and 1/Ag. Also, note that from equation (3.11) we see that x is a decreasing
function of § because as the mean of the low type goes to zero we are less and less
constrained to offer a high probability of allocation; however, in the limit z(§) ~ e},
hence even though the low type buyers will have values concentrated at zero we still
need to reduce their quantity so that high types do not take their low price contract.

We can also compare the different mechanism in terms of revenue. Note that with

the contracts from Proposition 3.3, the optimal revenue for the sequential contract

[1°°9 can be shown to be equal to:
9 =y -2-0;-e M 4y -0y e 0%,

Then, we can plot the different revenues as we vary §. Figure 3.5 (left panel and thick
line in right panel) depicts the results. For values of § above 0.93 the sequential con-
tract dominates the static. Further the sequential contract can achieve a significant
improvement over the static contract, getting as high as 16.5%. Note that when o
grows large the improvement of the sequential over the static decreases because both
contracts set the thresholds to maximize what they can extract from the high type
buyer. Actually, with some abuse of notation, we have that

671

lim I1°9(6) = lim TI*(5) = ayy o

d—00 d—00 )\H ’
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which equals the optimal revenue a seller could make if he was only selling to the high
type buyer. The right panel in Figure 3.5 shows the revenue improvement for different
instances as we vary «y,. Consistent with Corollary 3.3, given ag and Ay, there exists
Az large enough such that the sequential contract is strictly better than the static
one. The figure also shows that the larger o the larger has to be the difference
between the types for the sequential and static contracts to differ. When «y, is large
0 is tailored for low types and so (3.9) holds for more values of A\;. However, screening
occurs when the mean of the low type is sufficiently small (§ large) in which case,
due to the low values and high fraction of the low type, the revenue improvement can

achieve better percentage performance (e.g., 27% for ay, = 0.9).

Revenue ‘ %
— Static (IItAte) 27 —100x
--- Sequential (Hseq)

(Hseq_HstatiC)
[static L=

0.58+

16.5+

7291

317+

0.22+

.
0.93 25§

Figure 3.5: Left: Optimal expected revenue for static and sequential. Right: Per-
centage improvement of the sequential over the static contract. In both figures we
set set A\, = Ay + 0 with Ag = 0.5. In the [left figure we set ay = 0.7 while in the
right figure a, takes values in {0.3,0.5,0.7,0.9}.

3.6.3 Menu Implementation

Next, we discuss how the optimal sequential contract can be implemented in practice.
By means of the taxation principle we can verify that the following menu of contracts

is an indirect implementation of our optimal mechanism:

e contract H: there is a single posted price of py = 0g;
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e contract L: the buyer can choose between two items:

(a) buy at a price of p;, = 6; - x;, and be allocated with probability z.

(b) buy at a price of p;, = 05 — (6 — 0;) - 1, and be allocated with probability
1.

The prices in the above menu of contracts are set using the values in Theorems
3.2 and 3.3. This implementation offers a posted price to the high type buyer, and
gives to the low type buyer two options. In option (a) the low type buyer can pay
a low price but it can potentially not acquire the item or equivalently, get a reduced
quantity; in (b), the low type buyer pays a high price and always gets the object.

An appealing feature of the implementation is that if we think of allocations as
quantities, then we can order the per unit prices. In contract L, the per unit prices
are ¢ and 0y -z + 05 - (1 — z) for (a) and (b), respectively. Hence, the per unit
price in (a) is less than or equal to the one in (b). That is, the low type in (a)
receives less of the good but at a discounted price compare to the low type in (b).
For contract H, the per unit price is 8y and, since 6 is less than or equal to 0y,
the low type in (a) receives less of the good at a discounted price compared to the
high type buyer. Comparing the per unit prices of the low type in (b) and the high
type is less straightforward. Even-though 6y is between 6, and 6, we are not able
to compare it to 6y - xf + 09 - (1 — z1). However, intuitively, even if the high type
puts a large mass in values larger than 6y we expect the per unit price of the high
type to be below the one of the low type in (b) because, otherwise, the high type
buyer would have an incentive to take contract L. KEquivalently, the high type or
the low type in (b) have to pay a premium for the additional quantity. We can also
refer back to the exponential case of Section 3.5. From Proposition 3.3, the premium
the high type has to pay is given by 0y — 0; = log(1/xy)/A\y and, therefore, the

larger the quantity the lower is the premium. Finally, note that this implementation
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accommodates the case in which the static contract is optimal. In that case, we have

zr, = 1 and 6; = 0y = 65 thus both contracts are the same.

3.7 Multiple Types

Until now, we have studied the optimality of the static contract and the optimal
sequential mechanism for two types of interim buyers. In this section, we consider an
arbitrary number of interim types {1,..., K'} and investigate some properties of the
solution to (P). In particular, we provide a generalized version of condition (APR).
Then, we provide numerical evidence and highlight the challenges associated with the

characterization of the optimal sequential mechanism when K > 2.

3.7.1 A Necessary and Sufficient Condition

Our generalized necessary and sufficient condition relies on a characterization of the
changes in the objective around the static solution when considering allocation devi-
ations. With this purpose, consider the following set:
A= {()\ij)i,je{L---,K}? >0 IZ Ak - F5(0) = ag - i (0) - fi(0) + Fr(0) - Z Akj
i#k i#k

OszZ)\kj—Z/\jk, \V/k?E{l,,K}}

Jj#k J#k
The set A contains the multipliers associated with the IC constraints that encode the
change in the objective as we deviate from the static allocation. Roughly speaking,
when the static contract is optimal, allocation perturbations in the contract of each
type should equal the dualized costs associated to such perturbations in the IC con-
straints. In other words, the derivative of the Lagrangian with respect to allocations
around the static solution equals zero. This is captured by the set of equalities in the
definition of A. In addition, the set of inequalities ensures that the optimal ex-post

utilities of the lowest valuation buyers are zero. Note that multipliers being in the set

133



A are necessary for optimality. The next result provides a necessary and sufficient

condition.

Theorem 3.4 (Necessary and Sufficient Conditions for Finitely Many Types)

The set A is non-empty. Furthermore, if there ezists a feasible solution to (P) which
strictly satisfies all the IC constraints then the static contract is optimal if and only

if there exist (\ij)i jeq,.. k12 € A such that

5 —
Fj(z)dz )d
max{oszkaQ Z)\jk f%_—(z)}<m1n{oszkk90 Z)\ M}
9=9 izk [y, Fi(2)d 6<6 £k f Fi(z)dz
(APRM)

forallke{l,...,K}.

The strict feasibility to (P) corresponds to a standard Slater condition. Condition
(APRM) is obtained by studying the Lagrangian when the static contract is optimal
and disentangling the key conditions it must satisfy. To obtain a better understanding
of this condition it is helpful to see how it generalizes the necessary and sufficient
condition provided in Theorem 3.1 for two types. The general condition of Theorem

3.4 in the binary case becomes

- b —
~ F d . F d
max q ajq - R“(@, 9) _ )\21 . M S Ipin aq - RH(Q’ Q) /\21 fg 2(2) z
= F o< fe (2)d
(3.12)

for the low type, and

F(z)d ~ Fy(2)dz
max {a2 . Rzz(@7 0) Ao - W} < Ipin {a2 . R22(9, 6) A - fe 1 z }7
0<6 f Fg(z)dz <6 fe Z

(3.13)
for the high type, where A3 and Ag; belong to A. We next argue that condition
(APR) holds if and only if there exist A2, Aoy € A such that conditions (3.12) and

(3.13) hold. Suppose (APR) holds. Since we expect the low to high IC constraint not
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to be binding we take A5 equal to zero. Because A must belong to A this necessarily
implies that Ao; is equal to 0417“12(5). For this choice of multipliers inequality (3.13)
follows directly from 7** being increasing. At the same time, the choice of multipliers
together with (APR) imply that both the max and the min in (3.12) are equal to
zero. To see this consider the maximum in (3.12) and take 6 = 5, since Ag; equal to

a17%(#) the expression inside the brackets is zero. Hence, the maximum in (3.12) is

bounded below by zero. It is also bounded above by zero,

[V Fy(2)d

a1 - RU(0,0) — Ay - -2 <0 6 R2(0,0) < r2(B), VO <.
[, F1(z)dz

0
When (APR) holds the right hand side inequality above always holds. A similar ar-
gument applies to the min. Therefore, the condition provided in Theorem 3.1 implies
APRM for the binary case. The converse implication follows from a contradiction
argument which for the sake of brevity we omit.

The two type case is amenable to this simplification because one can readily
solve for the multipliers: Ay equal to zero is a natural choice (the low to high IC
constraints can be relaxed c.f Section 3.6), and Ao equal to 0417"12(5) then follows
from the definition of A. Unfortunately, when K > 2 the space of deviations is richer
and so is the possible selection of multipliers; in turn this precludes such a clear
characterization as in the two type case.

We stress that by judiciously choosing the multipliers it is straightforward to verify
that as in the two type case, condition (R) of [42] implies our condition (APRM) also
in the case of multiple types, and thus the optimality of the static contract.

By contrast, a complete characterization of the sequential contract seems substan-
tially more complex with finitely many types. Next, in the context of exponentially

distributed ex-post types, we briefly describe partial results and highlight the chal-

lenges associated with multiple types that already appear in the numerical analysis.
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3.7.2 The Exponential Example Continued

Despite the challenges that we discuss below, we are able to provide the following

characterization

Proposition 3.4 For exponential valuations the optimal allocations have at most

one randomized interval.

Proposition 3.4 establishes that for exponentially distributed valuation the opti-
mal contract is simple in the sense that each interim type’s allocation is randomized
at most in one interval. The proof consists on noticing that the monotonicity con-
straints form a cone, and then using duality and complementary slackness. It is worth
mentioning that the proof method applies more generally but the structure of the con-
tract in general depends on the values of the dual variables values corresponding to
the IC constraints. In the exponential case, the argument can be simplified to show
that the simple structure in the result arises independent of these variables’ values.

The characterization in Proposition 3.4 only establishes the structure of the opti-
mal allocations but it does not provide information on the number of contracts that
the optimal solutions will ultimately feature. For example, if K = 4 Proposition 3.4
does not say whether the optimal solution will pool the interim types creating either
one, two, three or four different contracts. In general, the full range of contracts from
static to fully sequential (K different contracts ) is possible.

To further explore the structure of optimal contracts we provide numerical results.
In Figure 3.6 we show the optimal allocations when K = 4 and all interim types
have exponentially distributed valuations. A first observation is that for different
proportions «;, of interim types the optimal contract can feature different levels of
separation. Panel (a) in the figure corresponds to an optimal static contract (no
separation), and panel (d) in the figure corresponds to an optimal sequential contract

that features a different contract for each interim type (full separation). As a second
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Figure 3.6: Optimal allocations for K = 4, types have exponential distribution with
means (2.2,5.0,12,50) respectively (for numerical simplicity, we use truncated ver-
sions of these distributions in the interval [0,60]). In each panel the vertical axis corre-
sponds to buyers’ valuations and the horizontal axis corresponds to the interim type.
Each bar represents the allocation for each type, lighter grey indicates lower proba-
bility of allocation while darker grey indicates higher probability of allocation. White
represents no allocation and black full allocation. From panel (a) to (d) the fractions,
ay, for each type are: (0.7,0.2,0.05,0.05), (0.4,0.1,0.4,0.1), (0.3,0.2,0.4,0.1) and
(0.25,0.25,0.1,0.4), respectively.

observation note that out of the four instances depicted in Figure 3.6 only one, (d),
has four contracts in the optimal solution. Finding the minimal number of contracts
that give a good approximation to the optimal multiple type sequential contract is a
question outside the scope of this chapter but that may be of interest to study in the
future.

Observe that across the instances in Figure 3.6 each optimal contract has at most
one interval of valuation for which randomization occurs (c.f Proposition 3.4). This
simple structure of the optimal contract appears however not to be robust to other
specifications of the value distributions. When we consider the case of normally dis-
tributed valuations (using truncated normal random variables), the optimal contract
might exhibit several different intervals of randomization for a given type. In general,
richer contract features may arise when we combine exponential, normal, uniform or

other distributions. As a consequence, generally speaking, it is challenging to analyt-
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ically characterize the optimal solution. The challenge here is that classic relaxation
approaches used in the mechanism design literature do not apply in our setting.
For example, relaxing all the upward incentive constraints and leaving only the local
downward incentive constraints does not work because in general global downward in-
centive constraints bind. Moreover, binding constraints are highly sensitive to model
primitives. Improving our understanding of this setting may be an interesting avenue

for future research.

3.8 Conclusion

We considered the scope of sequential screening in the presence of ex-post participa-
tion constraints. The ex-post participation constraints limit the ability of the seller
to extract surplus. As the buyer has to be willing to participate in the contractual ar-
rangement following every realization of his valuation, the surplus has to be extracted
ex-post rather than at the interim level.

Despite these restrictions sequential screening generally allows the seller to in-
crease his revenue beyond the statically optimal revenue. The gains from sequential
screening become more pronounced to the extent that the interim types differ in their
willingness to pay. A natural implementation of the optimal mechanism simply offers
the buyer the choice among different menus in the first stage. The choice of menu in
the first period merely restricts the possible choices in the second period. In partic-
ular, it is not necessary to ask the buyer for any transfer before the final transaction
occurs. Moreover, the buyer only has to make a transfer if she receives the object.

In contrast to the static solution where the optimal policy is always to sell the
largest possible quantity, the sequential screening policy offers intermediate quanti-
ties. This departure from the bang-bang policy in a linear utility setting arises due to

the presence of the ex-post participation constraint in conjunction with the incentive
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compatibility constraints.

There are several natural directions to extend the present work. Our stronger
results were for the case of binary interim types while allowing for a continuum of
valuations for each type. We also presented an extension of Theorem 3.1 to multiple
types as well as a characterization and numerical results for exponential valuations.
We would like to further explore the characterization of the optimal sequential con-
tract to multiple types and general valuation distributions. An interesting question
here concerns the number of randomization intervals per type and whether the num-
ber of intermediate allocations increases with the number of interim types. Also, is
there a fixed number of intermediate allocations that yield a good approximation to
the optimal solution for an arbitrary number of interim types? Similarly, is there a
fixed number of contracts that yield a good approximation to the optimal solution
for an arbitrary number of interim types?

We might also be interested in analyzing how the number of competing buyers
may affect the nature of the optimal mechanism. This has important practical con-
sequences particularly in industries that use market mechanisms like auctions, such
as display advertising alluded at the beginning of the chapter. We note that this ex-
tension is not direct, because with multiple buyers we lose the threshold structure of
the optimal static allocation when the mixture distribution is not regular and ironing
may be required. However, we conjecture that in this case an approximately optimal
market design would consist of running a series of “waterfall auctions” with different

priorities across participants.
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Appendix A

Surge Pricing and Its Spatial Supply Response

A.1 Proofs for Section 1.4

Proof of Lemma 1.1. Consider any z,y € C. Then, for essentially any w € B,

we have
Vs(y) 2 U(w) = [lw =yl = U(w) — ||z —w| + ||z —w| = [[w -yl

> Uw) = ||z —wll = ]z =y,

where the second inequality follows from the triangular inequality. This implies, by

the definition of the essential supremum, that

Vi(y) + 1z =yl = Va(2).

Next, we would like to subtract Vz(y) from both sides of the previous inequality. This
operation can be done only if Vz(y) is finite for any y in C, but this is guaranteed
by Lemma A.1 (stated and proved right after this proof). Hence, we obtain Vz(z) —
Vi(y) < ||z — y||. Since we can interchange the roles of z and y, we have proved that
\Vs(z) = Vi(y)| < ||z — 9|, for all z,y € C.
O

Lemma A.1 Consider a measurable set B C C such that I'(B) > 0, let p be a
measurable mapping p : B — R, and let 7 € F(u). Then, Vg(z|p,7) € [—H, a- W
for all x € C, where H = max, yec || — y||. Furthermore, V(x| p,7) > 0 for all

x € supp(l).
Proof of Lemma A.1. Fix z € C, we show that Vg(z| p,7) € [—H,a-V].

For the lower bound, note that for any y € B, we have U(y) — |ly — z|| > —H.

147



Since I'(B) > 0, the definition of essential supremum implies that Vz(z|p,7) > —H.
Similarly, for the upper bound, note that for any y € B, a-V > U(y) — |ly — z|| and
hence the definition of essential supremum yields Va(z|p,7) < a - V.

Finally, we show that V(z|p,7) > 0 for all x € supp(I'). Since = € supp(I') we
have that I'(B(z,d)) > 0 for all § > 0, where B(z, ) is an open ball of radius . For
any y € B(z,0) we have U(y)—||ly—=z| > —¢, and since I'( B(z, §)) > 0 we deduce that
VB(@s) (x| p,7) > —6 for all § > 0. In turn, we have V(x| p,7) > V(s (| p,7) > =0
for all 6 > 0 and, therefore, V(x| p,7) > 0.

O

Proof of Proposition 1.1. We show how to reformulate the platform’s objec-

tive as in the statement of the proposition. The key step is to establish that
Ulz,p(z),s"(x)) = V(z|p,7) T —a.e. x €C, (A.1)

namely, whenever there is post-relocation supply at a given location in equilibrium,
the drivers originating at such a location can achieve maximum utility by staying
at that location. We state and prove this result in Lemma A.2 (stated and proved
following this proof). Note that this result holds 7, — a.e so if we want to inter-
change U (x,p(x), s™(z)) with V(x| p, 7) we have to do it under the measure 7. We
next analyze the main term in the platform’s objective function which we denote by

Rev(p, 1)

Rev(p,7) 2 | ply) - min{s" (), Fy(pu)AW) } Lo =0T ()

i £ Fu@)AW)
a p(y) {1’ s (y)

Uy, p(y): s"(Y) s =01 8™ (y)dT (y)

IS
9\;

}1{s7<y>>0}87(y)df(y)

O|l—= QO |—= L= Q|

—

—
=
=

U(y, p(y), 5™()) L )>0yd72(y)

—
3}
~
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where (a) holds because whenever A(y) = 0 or s7(y) = 0, the minimum term in the
integral becomes zero; (b) follows from the fact that U(y,p(y),s™(y))1{s@)>0y is a
measurable function with values in [0, - V] and from recalling that s™ = d7,/dl"; and
(c) is a consequence of Eq. (A.1) since we are integrating over the measure 75. In

turn, focusing on the platform’s objective function, this yields

(1-a)-Rev(p,7) =~ /C V)L ior-0yd7a(y)
A

(a) ’
= 7/ V(y) L @y>0ys” (y)dl (y)
Cx

- / V()" (y)dT (),

Ca

where (a) holds because V (y)1(s(y)=0} is measurable with values in [0, - V] and we
recall again that s™ = dry/dI". This completes the proof.

OJ
Lemma A.2 (Equilibrium Utilities) For any price mapping p and corresponding
equilibrium 7, let B C C such that I'(B) > 0, then

Uly,p(y),s"(y) = Vslylp,7)=V(ylp,7) T —ae yeB.

Furthermore,

Uly,p(y),s"(y)) < Vslylp,7) T —ae yeB.

Proof of Lemma A.2. We prove that

U(y,p(y),s"(y)) = Vs(y|p,7) 1 —ae yeB.

The proof for V(y| p,7) instead of Vz(y| p,7) follows the same steps and is, thus,

omitted. Let A C B be a set defined by
A2 {yeB:Uly) =Vsy)} (A.2)

We want to prove 13(A°) = 0, where the complement is taken with respect to B.

Consider the sets

A" 2{yeB:U(y) <Vsly)}, A*={yeB:Uly)>Vsy)}.
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We will establish that 75(A~) = 0 and 75(A") = 0. We begin with A~ and note that

(A7) =7(C x A7)
D r({(z.y) €Cx A Uy) — |ly — x| = V(2))

2 T{(z,y) €Cx A U(y) > V(y))
c)

INS

T({(z,y) €Cx A” : U(y) > Vs(y))

2 r({(2,y) € C x B: Vily) > Uly) > Vs(y))

—~
=

=0,

where (a) follows from the equilibrium definition, and (b) from the fact that V(x) +
|l =yl > V(y) (see Lemma 1.1). In (¢) we have used V(y) > Vi(y), while (d) follows
fromy € A~ and A~ C B.

To show that 7(A™) = 0, it suffices to show that show I'(A*) = 0 (this will also
show the last statement of the lemma). For any n € N define the set AY = {y €
B :U(y) > V(y) + 1}, and note that A = J, .y A, . It is enough to show that
['(AF) =0 for all n € N. We proceed by contradiction. Suppose there exists n € N
such that I'(4,) > 0. Let € > 0 be such that € < 5-, and consider a finite partition
{If}fi(f) of C, where for any z,y € If we have ||z — y|| < e. Observe that

K(e) K(e)
0<T(af) =Tt |10 = S rasn ),
i=1

i=1
therefore, there exists i € {1,..., K(€)} such that I'(A} NIf) > 0. Take = € I{ , then

for any y € At N If
1 1
Uly) 2 Vs(y) + — 2 Vs(z) = [ly —all + > V(@) = lly — 2| +2€ = Vs(2) + [ly — =],

where the second inequality comes from the Lipschitz property (see Lemma 1.1). The

last two inequalities hold because of our choice of € and z,y € If. We conclude that
AL NI C{y € BiNl(a,y) > Va(a)}.
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This would therefore imply that I'({y € B : II(z,y) > Va(z)}) > 0. However, this
contradicts the definition of Vz(x). Hence we must have I'(Af) = 0 for all n € N,
and in turn T'(A") = 0.

U

Proof of Lemma 1.2. For ease of notation let us use z, to denote X,(z| p, 7).

We also denote A(z|p,7) by A(z).
Closure: Let the sequence {z"},en C A(z) be such that ™ — z. We show that
x € A(z), that is,

lim V(. 5)(2) = V(). (A.3)
Since 2" € A(z), z € ZR(z") for all n € N, i.e.,
lgi(r)l Vi) (@") =V (2"), VnelN (A.4)

Note that Eq. (A.4) implies that I'(B(z,d)) > 0 for all 6 > 0; otherwise, Vp(.4)(:)
would be —oo and so the limit would not be well defined. We next establish Eq.
(A.3) from first principles. Fix € > 0. Since z" converges to z we can find ng € N
such that for all n > ng we have ||2" —z|| < £. In particular, from Eq. (A.4) applied

to ng we deduce that
399 > 0, such that Vo < iy, g + V(o) (2") > V(™). (A.5)

Using the Lipchitz property of Vp(. ) (-) and V(-) (see Lemma 1.1), and that ||z™ —
r|| < £ yields
€ €
Vie(a™) = Vaies (@) < o™ —all < & and V(™) = V(z) > ~[la™ — ol > ~5.
In turn, using Eq. (A.5), we have that for all 6 < dy,
2¢

Vig) —e < V(™) = 5 < Veg(2) < V().

Since € was arbitrary, we deduce that Eq. (A.3) holds, and therefore, x € A(2).
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Interval: We show that A,(z) = [z, z,]. The definition of z, immediately implies
that A,(z) C [2,x,], so we only need to prove the reverse inclusion. First, since we
can always construct a sequence {z"},eny C A(2), with 2 — x,, the closure property
implies that z, € A(z). Second, we make use of Lemma A.3 (stated and proved right
after this proof). Consider = € [z, z,] then Lemma A.3 implies that z € ZR(z| p, 7)
or, equivalently, z € A,(z).

Union: Since for every a € R, we have A,(z) C A(z), the same is true for the
union. In the opposite direction, if we take x € A(z) then there exists a € R, such
that © € [z, 29] = Au(2).

U
Lemma A.3 For any price mapping p and corresponding equilibrium 1, if y €
IR(x|p,T) theny € TR(z| p,T) for all z € [x Ny, z V y].

Proof of Lemma A.3. Lety e IR(x|p, 7). If z =y there is nothing to prove.

Without loss of generality, suppose x < y. Since y € ZR(x| p,7) we have that
limso Vigy,s) () = V(x). Observe that this implies that I'(B(y,d)) > 0 for all 6 > 0;
if this is not true, Vp(ys)(2) = —oo and the limit would not be well defined. Next,
fix z € [z,y], we want to prove that y € ITR(z| p,7), i.e., limso V(s (2) = V(2) or

equivalently we need to show that
Ve > 0, 309 > O such that Vo < &y, Ve (2) +€> V(). (A.6)

Consider € > 0 and ¢; > 0 such that « ¢ B(y,01) (z < y), and note that since
y € IR (x| p,7) we can find §y > 0 such that
V(2) < Vages(z) + % V8 < 6.
Consider § < min{éy, do, §}, then the previous inequality implies
U(w) = ||lw—z| < Vpys(x) + g, I'—ae win C. (A.7)

Note that since z € [z,y], for any ¢ € B(y,d) we have

Iy —zll = lly" = zll =2 =26 + |2 — =,
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and, therefore,

min Tl =l = 2|} > =260 + ||z — z]|.
min (I’ —all ~ I =l = ~25-+ 1= ]

This and Lemma A.4 (which we state and prove after the present proof) deliver

€
Vi)(2) 2 Vi () = 5 =20 + [z — 2.

This inequality together with Eq. (A.7) yield:

Vi (2) + % +26— ||z — 2| > Ulw) — |jw — 2| — % [ —ae w in C.

Then, I' — a.e. w in C we have

2
Vi) (2) + 36420 2 U(w) = flw —f| + ||z — 2]

=U(w) = [w = z[| + lw = 2]| = Jw = z[| + ||z — =]
> Uw) = [Jw = z[| = [lz = 2] + [|z — «|
= U(w) —[Jw -z,

implying that Vg5 (2) + 3€428 > V(2). Since 26 < § we conclude that Vg, 5 (2) +
e >V(z).

U
Lemma A.4 Lete, 0 >0 and x,y,z € C. If I'(B(y,d)) > 0 then

VBwo)(2) = Veya(z) —e+ min {|ly —z| — [y — 2|},
y' €B(y,0)

Proof of Lemma A.j. Define the following set

R2{y € B(y,0) : (w,y') = Vi) — ¢}

Note that I'(R) > 0. If not, we could find a lower essential upper bound in B(y,d).
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Let v € R

M(z,y)=U) —ly =2l = Iy =zl + Iy —
=z, y") = |y — 2| + |y — ]
> Vpa(x) —e— Iy — 2| + |y — ||
>V, r)— e+ min x|l = Il — 2|}
(@)~ e min ('~ ~ Iy~ =1}

Since I'(R) > 0 we must have that
Viw.e)(2) > T1(2,y') I' - aey €R.

Putting the last two inequalities together yields the desired result.
O

Proof of Lemma 1.3. Consider x € A(z), that is, z € ZR(z| p, 7). We next

establish that V(z) = V(z) — ||z — z||. First, by the Lipschitz property of V' we have
V(z) < V(x)+ |z — z||. So we only need to prove the opposite inequality. Fix e > 0.
Since z € ZR(x) we can find d;(¢) > 0 such that

€

5+ Veea(@) 2 V(a), V6 < 6(e), (A.8)

and Vp(.5) () takes finite values. Define the set
R™ 2 {y' € B(2,0) : U(y) — |y’ — x| > V(z) — ¢}

Suppose there exists § < d;(e) such that T'(R®%€) = 0. This would imply that
V(x) — € > Vg 5)(x), which together with Eq. (A.8) yields a contradiction. Hence
for all § < d1(¢), T(R®%€) > 0.

Fix § < d1(¢). Next we verify that Vgese(z) > V(z) — € + ||z — z|| — 2J. For any

y/ c Rx,é,e

Uy) =1y =2l =U0W) =1y =zl + Iy —=|| = Iy — =||
>V(z)—e+ Iy —z|| — |y — =

>Vi(x) —e+ ||z — x| — 26,
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were the last inequality follows from the triangular inequality. From the definition
of the essential supremum we deduce that Vpese(z) > V(z) — € + ||z — z| — 20.
Because V(z) > Viese(2) we must have V(z) > V(x) + ||z — || — e — 25. We selected
d < d1(€), and e arbitrarily. So we can let § | 0 and then ¢ | 0 to obtain that
V(z) > V() + ||z — z||. This concludes the proof.

U

Proof of Proposition 1.2. Consider the segment [z, y] and define the set

LE{y €C:3t>0suchthaty =x+t-(y—2)},

that is L is the set of point along the ray that starts at  and contains the segment

[z,y]. Since y € L and y € ZR(x| p, 7) the following quantity is well defined
z=sup{y € L:y € IR(z|p,7)}.

We prove that z is a sink location such that z,y € A(z| p, 7). First, we show that
z € IR(x|p, 7). Consider a sequence {z,} C L such that z, € ZR(x|p, 7) and z, — z.
Fix € > 0, 6 > 0 and choose n such that ||z, — z|| < §/2. Since z, € ZR(z|p, ) then
there exists do(n, €) > 0 such that for all § < d(n, €) we have Vi, 5 () > V(z)—e. In

particular, for any d < min{d(n, €),/2} we have B(z,,8) C B(z,4) and, therefore,
VB(Z,S) () > VB(2.6) () > V(x) —e.

Since the choice of € and 0 was arbitrary we conclude that limg 10 Vs (@) = V().
That is, z € ZR(x| p, 7) which also shows that A(z) # 0.

Next, to show that z is a sink location we argue that we cannot have z € A(z')
for some 2’ # z. If we did then 2’ € ZR(z| p, 7) for some z’ # z. First suppose that
2zl e L. If 2/ > z this would contradict the definition of z as being maximal. If 2’ < z
then by Lemma 1.3 the function V (-) would be decreasing in (2, z), and by the same

lemma it would be increasing in (x, z). This is a contradiction.
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Second, suppose that 2’ ¢ L. That is the vectors 2’ —z and z —x are not collinear.
Fix € > 0, since 2’ € ZR(z| p, ) we can find §(€) > 0 such that Vs 5(2) > V(2) — €
for all § < §(e). Moreover, from 2z’ # z and the no collinearity property we have that
|z —2'|| +7v < ||z — z]| + ||z — /|| for some v > 0 sufficiently small. Hence, if we take

0 < min{d(e),v/3} we deduce that

VB(z’,(S)(x> > U(w) — Hw — J]H

=U(w) —[Jw = z[| + lw — 2] = [Jw — x|

a

> Uw) = [Jw = 2] + [[w = z|| = lw = 2| = || — «|

¢ gl :

2 Uw) = llw =zl +llw =2l = g = lle = 2ll = [l = 2"l +
(e) Y /
ZU(w)—||w—zH—||x—z||+§ I'— a.e we B(Z,0),

where in (a) we use the triangular inequality, in (b) we use that |jw — 2’| < /3 and
that ||z — 2| +v < ||z — z|| + ||z — /||, and in (¢) we use that [[w — 2/|| < /3 and
the triangular inequality. Therefore, Vg 5)(z) + ||# — 2| — 3 > VB 5)(2). In turn,
this yields Vg g)(2) + ||z — 2] = 3 > V(2) —e. Since V(2) > Vp(. 5 (x) and because
x € A(z) this implies that V(z) = V(2) — ||z — z|| (see Lemma 1.3) we deduce that
V(z) + |z — 2| =3 > V(2) + ||z — 2[| — e. Taking ¢ > 0 small enough yields a
contradiction. We conclude that z is a sink location. Moreover, because z € A(2)
(z € IR(z| p, 7)) and = < y < z (recall these three points are collinear) Lemma A.3
guarantees that y € A(z).
O

Proof of Proposition 1.3. With some abuse of notation let

A°(z|p, 1) = U (2, Xao(2] p, 7).

a€ER,

This result is based on the following properties:

a) For all (z,y) € A(z|p,7)¢ x A(z| p,7), vy € TR (x| p, 7).
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b) Forall (z,y) € (A°(zIp, 7)U{z})x (A(:Ip, 7)°UL(2lp, D\ {2}) y ¢ TR(alp, 7).

Before we provide a formal proof of these properties, we use them to show the state-
ment of the proposition. We will also make use of Lemma A.5 which we prove and
state after the present proof.

We begin with the first part of (i), that is, we show that 7(A(z|p, 7)* X A(z|p, 7)) =
0. If this is not true then by Lemma A.5 we can find (z,y) € A(z|p, 7)°x A(z|p, T) such
that y € ZR(x| p, 7). We obtain a contradiction with property a) above. Therefore
it must be the case that 7(A(z| p,7)° x A(z| p, 7)) = 0.

Next, we show the second part of (i), namely, 7((A°(z|p, 7)U{z}) x <A(z|p, T)°U
L(z|p,7)\ {z})) = 0. If this is not true then by Lemma A.5 we can find (z,y) €
(A°(z|p,7) U {2}) x (A(z\ p, ) UL(z|p, )\ {z}) such that y € ZR(z|p, ) but this
contradicts property b) above. Therefore it must be the case that 7((A°(z| p,7) U
{21 x (AGIp. 7 U LG\ {2})) = 0.

Now we provide a proof for (ii). Let Ry, Ry C R, with Ry N Ry = () we show that

T( U (2, Xa(z| p, 7)] X U (2, Xa(z| p, T)]) —0.

a€ER a€ER2

Suppose by contradiction that this is not true then by Lemma A.5 we can find (z,y) €
UaeRl(z,Xa(z| p,T)] X UGGRQ(Z,XQ(Z| p,T)] such that y € ZR(z| p, 7). This implies
that © € A(y| p, 7). Moreover, since z is a sink location we have x € A(z| p,7) and

y € A(z| p,7). We use Lemma 1.3 to infer that
Vig) =V(y) —lly—zl, V() =V(z)=lz—=l, and V(y)=V(z)—]z—-yl.

In turn, we can use the first to equalities to obtain V(y) = V(2) + |ly — z|| — ||z — =||-
Plugging this into the last equality yields ||z—z|| = ||y—z||+||z—y||; however, because
Ry N Ry = () we have that = € (2, X,, (2| p,7)] and y € (2, X, (2| p, 7)] with a; # as.
In other words, x and y belong to different rays around z. In turn, the latter equality
cannot hold and we must have that 7'(Ua€R1 (2, Xa(2]p, )] X User, (2, Xa(z|p, 7')]) =

0.
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Next we verify properties a) and b). We start with a). We argue by contradiction.
Suppose there exists © € A(z| p,7)¢ and y € A(z| p,7) such that y € ZR(z| p, 7).
Let a index the ray that contains the vector (z — z). Recall that by Lemma 1.2
we have that A,(z| p,7) = [z, Xu(2| p,7)]. Since x € A(z| p,7)¢ we must have that
x & [z, Xa(2| p,7)]. In particular ||z — z|| > | X.(z| p,7) — 2z|. Hence if we show that
z € TR (x| p, 7) we would contradict the maximality of X,(z| p,7). Fix € > 0, then

from z € ZTR(y| p, 7) we can always find dy > 0 such that for all 6 < ¢
€+ Vaes(y) > V(y). (A.9)

By the Lipschitz property Va5 (x) + ||y — x| > Va5 (y). Hence, from Eq. (A.9)
we can deduce that Va5 (x) + ||y — 2] > V(y) — €. Also, because y € ZR (x| p,T)
or, equivalently, = € A(y| p,7) Lemma 1.3 yields V(z) = V(y) — |ly — z||. Hence,
Vi) (x) > V(x) — €, that is, z € TR (x| p, 7).

Now we show b). Let x € (A°(z|p, 7)U{z}) and y € (A(Z|p, T)°UL(z|p, T)\{Z}>
We look into two cases: z # z and x = 2. In both cases we proceed by contradiction
assuming that y € ZR(z| p,7). Let us start with « # z. Let a index the ray that
contains the vector (z — z). Recall that by Lemma 1.2 we have that A,(z| p,7) =
[z, Xo(z|p, T)]. Since, x € A°(z|p, T) and = # 2z we must have that = € (z, X,(z|p, 7)).

Lemma 1.3 delivers

Vi(e) =V(y) = lly — 2| and V(Xa(z]p, 7)) = V(2) = |[z = Xa(z] p, 7],

V(y) = V(Xalzl p, 7)) = lly — zll + [z = Xa(z[ p, ]| (A.10)

If y = X.(z] p,7) the previous equality implies * = X,(z| p,7), but since = €
(z, Xo(z| p, 7)) this is not possible. If y # X, (z| p, ) then since y € (A(z| p,T)¢U
L(z| p,7) \ {z}) we must have that y ¢ (z, X,(z| p,7)). Also, y cannot be equal to

some point x + t(z — x) for some ¢ > 1 because that would contradict the fact that
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z is a sink location. Therefore, Eq. (A.10) together with the triangular inequality
deliver V(y) — V(Xu(z| p,7)) > |y — Xu(2| p,7)|, but this contradicts the Lipschitz
property of V(+).

To conclude, consider the case x = z. In this case we would have z € A(y| p, 7)
but this contradicts the fact that z is a sink location.

U

Lemma A.5 Let L1,Ly C C. If T(Ly X Ly) > 0 then there ezists (z,y) € L1 X Lo
such that y € TR(z|p, 7).

Proof of Lemma A.5. Suppose 7(L; X L9) > 0. We first argue that there

exists a pair (z,y) € L1 x Ly such that for all § > 0
7(B(z,d) x B(y,0)) > 0. (A.11)

If this is not true then for any (z,y) € £y x Lo we can find §,, > 0 such that Eq.
(A.11) does not hold when we replace § with d,,, that is, 7(B(x, 0,,,) X B(y,05,)) =0
for all (z,y) € L1 x Ly. The collection Z defined by

= {B(ZE, 53:,1;) x B(y, 5w7y)}(x,y)eﬁlxﬁz

is an open cover of £; x L5. Moreover the set £; x L4 is separable because C x C is
separable. This implies that we can find a countable sub-cover of £ x L5 in Z, that

is, there exists {B(xn, 0z, 4.) X B(Yn; 0z, 4, ) }nen such that

El X £2 C U B<xn75$n7yn) X B(yﬂdéwn:yn)'

neN

The existence of the sub-cover is guaranteed by the Lindelof property of separable
metric spaces, see e.g., [63] Theorem 69, p. 116. Since 7 is a measure we have

(L1 % £2) < 7( | B@n, dungn) X By 82,0, )

neN

< ZT(B(mna(sxn,yn) X B(yn7§mmyn>>

neN

=0,
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a contradiction. Therefore, for some (z,y) € £4 X Lo, Eq. (A.11) holds for any § > 0.

We next show that y € ZR(z), that is,
Ve > 0,30 > 0 such that Vé <8y €+ Vi (z) > V(x).

Let € > 0 and let 6y = 5. Consider 0 < dy, from Eq. (A.11) and the equilibrium

definition we have
0 < 7(B(x,6) x B(y,9))

=r({@".y) € B,0) x By,0) :y) = V() })

7—2( {y € B(y,d) : 32’ € B(x,§) such that TI(z/,y) = V(xl)} );

~

A Rz,
since 75 < I this implies that T'(R*¥°) > 0. Now we argue that R*™¥° C {y €
B(y,8) : U(z,y") > V(x) — €}. Indeed, let 3 € R®¥? then there exists 2’ € B(x, )

for which

U(y) = V() +lly =
> V(x) = llo" ==l + Iy’ — 2

= V(@) =" ==l + Iy = 2" = Iy’ — =l + [ly" — =

> V(z) = [lo" = zf| = |2 = x| + [ly" = =,

where in the first inequality we used the Lipchitz property of V (see Lemma 1.1),
and in the second we use triangular inequality. Since ||z’ — z|| < §y = § we have that
Uy') > V(z) — e+ ||y — x|, that is, R*¥° C {y' € B(y,9) : H(x,y’) > V(z) — €}
Therefore, I'({y' € B(y,0) : II(z,y") > V(x)—€}) > 0, which implies that V() (x) >
V(z) —e.

U

Proof of Proposition 1.4. For ease of notation we use X, to denote X,(z|p, 7).

We show that 7 belongs to Fe(u) and that it is an equilibrium in C. First we argue

that 7 € Fe(p). Since 7 is the sum of two non-negative measures we have that
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7€ M(C xC). In order see why 71 coincides with pu, let B be a measurable subset of

C then
71(B) =7(B x ()

=7((BN(A°UL)) x A°) +7((BNA) x A)

—

a

D A(BN(AUL)) x A% + i(BNA)

=

=7((BN(A°UL)) x A)+7((BNA) x A)

D (B NAY) X A) +7((BNL) x A +7((BNA) x A)

Y r(BNA) xC) + (BN A) % C)
= p(B),
where (a) comes from the fact that 7 belongs to F4(f). In (b) we use the fact that A

is a closed set. Equality (¢) comes from Proposition 1.3 part (4). That is, 71 coincides

with . Now, we show that 7, < I". Let B be as before and suppose I'(B) = 0 then
72(B) =7(Cx B) =71((A°UL) x (BNA%))+7(Ax (BN.A))
<1(BNA) +7(BNA)
p— O,

where the last equality holds because 75 < I' and 7, < I'| 4. Now we show that 7 is

an equilibrium. We need to verify that 7(£) equals x(C), where

€2 {(.) €CxC: (r.y.(v).5"(y) = esssupIl(z.-.5(). 5°()) }

In order to verify this we compute first s* and V(x| p, 7). First we show that I'—a.e

we have

) s"(x) ifxzeA°
s'(x) =

sT(z) ifxe A
Let B be a measurable subset of A° then

#(B) = 7((C x B) N (A°U L) x A9)) = 7((A°U £) x B) 2 7(C x B) = m(B),
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where (a) comes from Proposition 1.3 part (7). Therefore, s™(z) equals s™(x) T —

a.e. x in A°. Similarly, for B a measurable subset of A we have
72(B) = 7(A x B) = T»(B),

where the second equality holds because from Proposition 1.3 we have 7(A°x A) = 0,
and also because 7 is an equilibrium in A.

Second, we show that V(x| p,7) equals V(x| p,T) for all x € A. Let z € A, by
definition

V(I| ]37 7A-) 2 H(%%ﬁ(y)ﬁ%(y)), I'—a.e. Yy in C.

In particular, from our choice of p and s” in A we have

V(x| p,7) > U(z,y,5(y), s (y)), TI'—ae y in A,

implying that V(z| p,7) > Va(z| p, 7). Therefore, we only need to show V(x| p,7) <
Va(z| p, 7). To prove this we have to verify that V4(z|p,7) is a I' — a.e upper bound
of H(z,y, p(y), s’ (y)) for y € C. From the definition of V4 (z| p,7) this upper bound

is true in A, so we just need to check
Va(z|p,7) > (x,y,p(y),s"(y)), T —ae y in A" (A.12)
For the sake of contradiction suppose this is not true. Then,
Py € A°: 12,9, p(y), s"(y)) > Valz]p, 7)) > 0

For any y € A® consider the segment [z,y]. Since x € A there must exists z, €
[z,y] N OA. From the Lipschitz property (see Lemma 1.1) we have that Vy(z|p,7) >

Va(zy| D, 7) — ||zy — ||, and since V4(+| p,7) coincides with V(-| p,7) in 0.A we can
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infer that Va(z|p,7) > V(x| p,7) — ||z, — z||. Then,

0<T(ye A : Il(z,y,p(y),s"(y)) > Valz|p, 7))
<T(y € A TU(z,y,p(y), 57 (4)) > V(| p,7) — Il — )
=Ty e A : Uy p(y),s"(v) — lz —yll > V(zy|p,7) — [l — 2]))
DIy e A Uy, p(y). ") > Vi, p.7) + la, — yl)

2Ty € A°: Uly,p(y), ") > Viy| p. 7))

a contradiction. In (a) we use that x,y and xz, are collinear points. In (b) we use the
the Lipschitz property, and (c) follows from Lemma A.2. Thus Eq. (A.12) holds. In
conclusion, V' (z| p, 7) equals V4 (z| p, 7) for all z € A.

We next show that V' (z| p,7) equals V(z| p,7) for all z € A°. We proceed by
contradiction. Let x € A° and suppose that V(z| p,7) # V(x| p, 7). If V(2| p,7) >

V(x| p,7) then we must have that

0<T(yeC:(z,p(y),s (y),y) > V(z|p,7))
=T(y € A: T(z,5(y), 5" (y),y) > V(z|p, 7))

+T(y € A°: U(x,p(y), s"(y),y) > V(z|p, 7))

Wy e A:UGy), s ),y) — o -yl > Vx| p,7))

() )
<T(yeA:U®W),s v),y) =l —yll > Valzy| p,7) — ||z, — )

DTy e A:UGy), s (1), y) > Valayl 5,7) + oy — yl)

Iy e A: UGy, 5 W).y) > Valyl 5.7))

where (a) follows from that the definition of V(x| p, 7) implies that the second term
in the previous line is zero. Similarly to what we did before, in (b) we take z, €

[z,y] N OA and then apply the Lipschitz property together with the assumption that
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Va(zy| p,7) = V(zy| p, 7). In (¢) we made use of the collinearity of z,y and z,, and
in (d) we applied once again the Lipschitz property. The last line (e) follows from
Lemma A.2.

Now suppose that V(x| p,7) < V(z| p, ) then

0<I(y €C: 1z, py),s"(y),y) > V(x| p, 7))
=T(y € A:(z,p(y),s"(y),y) > V(z|p,7))
+T(y € A (x, p(y), s"(y),y) > V(x| p, 7))

Iy e A Up(y). s 4).y) — |z —yll > Vx| p.7)

®)
<T(yeA:Upy),s (y),y) —llz—yll > Valzy| p,7) — ||z, — )

9Ty e A: Upy), s (y),y) > Viwy| p,7) + oy — yl)

Ty e A Ulply) s (9)) > VYl p.7)

where (a) follows from that the definition of V' (z| p, 7) implies that the second term
in the previous line is zero. Similarly to what we did before, in (b) we take z, €
[z,y] N OA and then apply the Lipschitz property together with what we proved
before, V(x| p,7) = V(x| p,7) (z, € A because this set is closed). In (¢) we made
use of the collinearity of x,y and z,, and that Va(x,| p,7) = V(zy| p,7). In (d) we
applied once again the Lipschitz property. The last line (e) follows from Lemma A.2.
Therefore, V (z| p, 7) equals V (z| p,7) in A°.

Lastly, we verify that f'(f:' ) equals p(C). Define the sets

& 2 {(x.y) € (AUL) x A°: (w9, 5(y). 5*(v) = V(2] 5,7) |

&2 {(x.y) € Ax A: e,y (). 5' (1) = V2l 5,7) |

then 7(£) = 7(&1) + 7(&). We can replace the definition of p and what we have
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proved about s” and V(x| p,7) in the expressions above to obtain

r(&) = 7({(@.9) € (AU L) x A (w9, (). 5" (W) = Val 7 }).

#&2) = 7({(@.) € Ax A M@, . 5(y), 5" (9) = Valal 5.7) } ) = (A),

where the second line comes from the fact that 7 is an equilibrium in A. Let £ be

defined analogously to € but with (p, 7) replaced by (p,7), then

#E) = 7(&) + fu(A)
W (&) + (A x A)

b)

= r(EN((AUL) x A)) +7(EN(Ax A))

—

where in (a) we use the definition of . In (b) and (d) we use the fact that 7 only
puts mass in &, and in (¢) we use Proposition 1.3 part (7).

g

A.2 Proofs for Section 1.5

Proof of Lemma 1.4. Suppose A(z) > 0 and recall that the price achieving

the maximum in the definition of RY¢(s) is pl?(s) = max{p’®(s),p"}. Let s* be

equal to A(z) - Fo(pY), that is, pt®(s*) = p* (here we are using that ¢ — ¢ - F,(q)
bal

is continuous and unimodular in ¢). Then, since p

(+) is decreasing we have that

ploc(s) = phal(s) for all 0 < s < s* and, therefore,

R?C(S) bal(s) — Ffl(l _ S

=0 A(x))’ for all 0 < s < s".

Since F is strictly increasing, the quotient above is strictly decreasing for s € (0, s].

Moreover, since F~1(1) = V/, the point just made also includes s = 0. Now, for s > 5"
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REs) o Alx) Pl

which is strictly decreasing. In any case, we conclude that 1), (-) is strictly decreasing
when A\(x) > 0.
O
Proof of Proposition 1.5. Define the set B = {x € O, : V(2) > 9,(s7(2))}.

We want to show that I'(B) = 0. First we argue that B C {x € C : U(z) # V(x)},

indeed, let x € B then

V(@) > ls"() = U2, pla). s"(2))

that is, V(z) > U(x) as desired. By Lemma A.2 we know that nn({z € C : U(z) #
V(z)}) = 0 and, therefore, 75(B) = 0. This yields,

0=mn(B) = /BST(x) dl'(x). (A.13)

If '(B) = 0 then we are done. Suppose I'(B) > 0, from equation (A.13) we can
conclude that s"(z) =0, I' — a.e. x € B. Since in B we have A\(x) > 0 this implies
that I' — a.e in B we have that 1, (s7(2)) equals a- V. Because a -V is the maximum

value that V() can attain (see Lemma A.1), we conclude that
a-V>V(r)>y,(s7(z)=a-V T —ae z€B.

But since we are assuming that I'(B) > 0, this yields a contradiction. [

Proof of Theorem 1.1. The proof of this theorem consists of several parts. In

the first part we specialize the upper bound derived in Proposition 1.5 to account for
the case when A\(x) = 0. Next, we pose an optimization problem which is a relaxation
of platform’s optimization problem restricted to the attraction region A(z). Then
we introduce some notation. Given this, the relaxation has a similar structure to

a continuous bounded knapsack problem, and we characterize the structure of the
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optimal solution as stated in the statement of the theorem. Next we construct a
local price-equilibrium pair (p,7) in A(z) that implements the relaxation’s solution.
We conclude by applying the pasting result of Proposition 1.4 to globally extend our
price-equilibrium pair (p, 7) in C as in the statement of the theorem. In summary the
parts of the proof are: Upper bound specialization, Relaxation, Notation, Knapsack,
Implementation and Conclusion. We enumerate all these parts from 1 to 6, and
present them in boldface to make the presentation clearer.

Part 1: Upper bound specialization. For ease of notation we use X, and
A(z) to denote X, (z|p, T), and A(z|p, ), respectively. Recall z € C is a sink location,

so the following is well defined
XEwP 2 infly € [z, X,] N supp(D)}.
We use A*'PP(z) to denote Uyerg, [z, X5"PP], and (with abuse of notation)

Lor(z) = [J XY, and AMPP()° = [ [z X5PP).
a€ER, wER.
We define the function

v (V)i M) > 0;
0 if M(z) =0, x € APP(2)°;

2 (A.14)
%(37) if \(z) =0, x € L*PP(2);

0 if v € A(z) \ AP (2)°.

\

In this part of the proof we will show that
s"(z) < Hy(V(z|p,7)), I'—ae z in A(z). (A.15)
In order to prove Eq. (A.15) first note that from Proposition 1.5 we have
s"(x) < H,(V(z|p,7)), T'—ae. x in A(z)NCy,
so we only need to show that the set

B2 {zxec Az): Az) =0, s"() > H,(V (2| p, 7))},

167



satisfies I'(B) = 0. From the definition of X3"P? we have that I'(A(2)\ A%"PP(2)) equals
zero (beyond these X5"PP the city measure does not put mass). Hence, showing that

['(B) equals zero is equivalent to showing that I'(B; U Bs) equals zero, where

By & {x € A™PP(2)°: \(z) =0, s"(x) > 0},

By & {x € I*™P(2) : AM2) =0, s7(z) > j—?(az)}

For the sake of contradiction assume that ['(B;) > 0 then 75(B;) = fBl sTdl’ > 0.
This, together with Lemma A.2; yields that 7o(B; N {x : U(x) = V(x)}) > 0, which
in turn implies the existence of x € By N {x : U(x) = V(x)}. Such an x satisfies
that x € A®PP(2)° and V(z) = 0 and, therefore, V(z') < 0 for some 2/ € L¥"PP(z)
(recall that by Lemma 1.3, V(-) is linear on any ray [z, X,] around z). However, any
x’ in L¥"PP(z) belongs to supp(I') and, hence, Lemma A.1 guarantees that V(z’) > 0,
yielding a contradiction. Thus, I'(B;) = 0.

If I'(Bg) > 0 then by the definition of By we must have that 75(Bs) > p(Bz). We

will also argue that p(By) > 7o(B2) to obtain a contradiction. Indeed,

((B2) > 7(By x By)
— 75(By) — 7(C\ By x By)
= 73(By) — 7(A(2) \ By x By)
W 75(B,) — 7(A™"P(2) \ By x By)
© (By) — 7(L¥"P(2) \ By x Ba)

= T2(82)7

where (a) comes from 7(A%"PP(2)° x LS"PP(z)) = 0 (recall that by Lemma 1.3, V/(-) is
linear and decrease on any ray [z, X,] around z). And (b) holds because 7 does not
send mass across rays, so the mass can only me sent to from in the pairs (X;"PP, X5PP);
but this pairs do not belong to L¥"PP(z) \ By X Bs. In conclusion, I'(B) = 0 and Eq.

(A.15) is proven.
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Part 2: Relaxation. We consider the attraction region A(z). In it, the upper
bound we just proved in Eq. (A.15) must be satisfied. Moreover, due to our flow
separation result in Proposition 1.3 part (i) we have m(A(z)) = 7(A(z) x A(2)).
Also, since flow is not transported across rays (see Proposition 1.3 part (i7)), the
total supply in the ray (z, X,] cannot be larger than its initial supply. Therefore, in

A(z) the platform’s problem is bounded above by

max /A V) 5@ (Prcr(2))
st s(x) < H,(V(z|p, 7)), ['—ae x in A(z) (CB)

/ s(z) dT(z) = T(A(2) x A(=)) (FC)
A(z)

/ s(x) dly(z) < / s"(z) dly(z), TP —a.e. a € R,. (FR,)
(2,Xa] (2,Xa]

Observe that s7 (which defines 73) is a feasible solution for (Pxp(z)). The supply
density s”(as in the statement of the present theorem) will be shown to be an optimal
solution for this relaxation.

Part 3: Notation.

1. Next we rename the quantities on the RHS of equations (FC) and (FR,).

Ttotal — T(A<Z) X A(Z))v
Ta = / ST(x) dra(x)a
(2,Xa]

7. = T(A(z) x {z}).
2. For any measurable set B C Az we define the measure

S"(B) & / H,(V(x)) dT'(z),

SH(.) is the measure with density H,(V(z)) (see Eq. (A.14)) with respect to

the I' measure. Moving forward we will use s () to denote its density.
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Part 4: Knapsack. We show that any optimal solution to (Pxp(z)) is as s7 in
the statement of the theorem. There are two cases.
Case 1. First suppose that 0 < T < ST ({2}) (so that there is an atom at z).

Then, we define r, = z for all @ € R,, and let the solution to (Pxp(z)) be

S* (1’) — Ttotal

M=p e

which is feasible, and optimal because for any feasible s we have
/ V(x)-s(x)dl'(z) < V(z)- / s(x) dl(z) =V (2) * Tiotals
A(z) A(z)
which is equal to the objective function at s*. So in this case the optimal solution
coincides with the description of s as in the statement of the theorem.

Case 2. Now let us assume that T > SH({z}). We start by showing that
in this case we have s*(z) = sf(z). If z is not a point with positive I'- mass then
setting s*(z) in this way is without loss of generality. If the point z has positive mass
then we argue by contradiction that s*(z) must be choose in this way. Let s* be an
optimal solution to (Pxp(z)) such that s*(z) < s¥(z). Then,

- / sl + $*(2) - T({2)) < / sdl+s7(z) - T({z}).  (A.16)
A(2)\{=} A(2)\{z}

K
Let € € (0,1) be such that (Tiepa — €+ K)/T({2}) = s(2), this is well defined because

we are assuming Tioral > S ({2}). Next define a new solution 5 by
st (2) if v = z,
€-s*(x) ifx#z.

Note that s is feasible: it satisfies (FR,) for all @ € R, and (CB), and for (FC) we

have

/ AT = e K + s7(2) - T({2}) = Tiotar.
A(z)
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Furthermore, 5 yields an strictly larger objective than s*,

/A( | V(z)-s*(z)dl(x) = / V(z)-s*(z)dl'(z) + V(z) - s*(2) - T'({=})

A(2)\{=}
=e€- / V(z) - s*(z)dl(x)
A()\{=}
1—¢€)- Viz)- s (z)dl'(x
F(1-¢ /A(z)\{z} () - 8*(2) dT(x)
+V(z)-s"(2) - T({z})
© / V(z) - 5(x) dl@)+ (1 —€) - V() - K
Ap(2)\{=}
+V(z)-s*(2) - T'({#})

- / V() - 5(z) dD(@) + V(2) - (Tiotal — € - K)
A(2)\{z}

—~
=

= /A( )V(m) - §(x) dl'(z),

where (a) comes from Eq. (A.16), and (b) holds because (7o —¢-K)/T({2}) = s7(2).
Hence, whenever Tioa > SH({2}), we can assume that s*(z) = s%(2). We assume
this for the reminder of the proof.

Let s*(z) be an optimal solution. We show how to build § with the properties

described in the theorem’s statement. Next we construct r,. First, note that

/ 5 (2)dl = / 5 (2)1 e cyiry T = / / 5*(2)1(grcyirydTa(z) TP (a)
A(2)\{z} A(2)\{=} = J (2,Xa]

J

g

qa

define r, by

ro = inf {r € (0, X,] : / s (2)Lgecgmydly(z) > qa}.

(O,7]
Observe that for r = X, the integral in the definition of r, is larger or equal than g,.

Therefore, r, is well defined. Let us define (with some abuse of notation)

A(2) 2 e, and Li(2) & (| {ra}.

aERz GERZ
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Let’s define a new solution s by

s*(z) = sH(z) ifx =z

V2N
&
~

(>
»

T
&

~

if v € A.(2) \ (Lr(2) U{z}),

Qa_f(oim sH(y)l{s*SsH}dFa(y) '
kl{ra({z})>0} eEy if z € L,(2),

and §(z) = 0 otherwise. We show that § weakly revenue dominates s* and that

is feasible. Let us do first the revenue dominance. Note that the objective in {z}

of both solutions coincide; thus, we only need to compare the objective in the set

Q = A(z)\ {z}. Note that A.(z)\ {z} C @, then

/ V(z)-s*(z)dl(x) = / V(z)-s*(z) dl'(x) + / V(z) - s*(z) dl'(x)
Q Ar(2)\{2} Q\(Ar(2)\{=})

= / V(z) - $(x)dl(x) + / V(z)- (s* = 8)(z) dl'(z)
Ar(2)\{2} Ar(2)\{2}

+ / V(z) - s (2)Ligceny dl (),
A\(Ar(2)\{z})

N J/
-~

1

for the last term above we have
I< / Vir) | / ()L cary dD4(2) | T (a)
z - (Ta7-XLl]
- / V(ra)|ge — / (1)1 e o) dra(x)}dma)
z - (Zﬂ"a]

= /R V(ra) /( )(SH — 8") (@) L cgrry dUo () + (5 — 8" Lgecsry)(1a)La(ra) | dIP(a)
< Vi(x) (s — s")(2) 1 geegm dly(z
< [ 1] Ve =)@ dre)
FV(ra)(5 = 5 e <o) (ra)Talra) | dT® (a)
[ V@G- @)
Ar(2)\{2z}

hence

/ V(z)-s*(z)dl(x) < / V(z) - 5(z) dl'(x).
Q Ar(2)\{z}

Since the right hand side above equals the objective under $ in A,(z) we conclude

that s is an optimal solution.
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For the feasibility of §, by construction and the definition of r, we have that §

satisfies (CB). Furthermore, because s* satisfies (FR,) and since § only redistributes
the mass of s* across rays but no between rays that originate in z, § also satisfies
(FR,). In order to verify (FC) note that
/ §(x)dl(x) = 5(2) - T({z}) + / $(x) dl'(x)
A(z) Ar(2)\{z}

zﬂwﬂwﬂf () d(z)

Ar(2)\{z}
=s"(2)-T({z})
/z [/(z’ra) s(2) 1<y dUq () + §(ra)Fa({ra})] dI®(a)

_|_

=§@Tmm+éhwmw
— s*(2) - TP({2)) + / [ /(ZXG] s*(x)1{s*§SH}dra<x>}drp(a)

z

quwm+ﬁmfwww

= Ttotal-

In conclusion, the solution § constructed is as defined in the statement of the theorem.
Next, we use this solution to define prices and flows. We use S to denote the measure
induced by 3. Observe that S has support in A,(2).

Part 5: Implementation. We construct a price-equilibrium pair (p,7) in A(z)

with 7 € .7:,4(;;)(/]) and

i(B) 2 7((BNA(2)) x A(z)), B C C measurable.

e Prices. Define p: A(z) — [0,V] by

(

pe(3(x)) iz € An(2) \ Li(2);
plr) = Da ifx=r, a€ R,

v otherwise,

\
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where p, is such that U(re,pe,5(ra)) = V(ra| p,7) - Liaga)>0y for a € R.. By the
way we constructed 5(r,), it is bounded by H,. (V (r,)) and, therefore, the value p,

is always well defined (I'-a.e).

Flows: We define 7 as a transport plan between i and S. We start by defining

the flow that 7 sends to z and then the flow along rays.

Flow to the center. Next we define the flow that 7 sends to {z}. We define

N A dji - A ds
ia(B) £ / o ) and S,(8) & / o W)
Then,
A(B) = T({z} x {e])1 ey + /R Fia (B)dT® (a),
and

S(B) = S({z})1zeny + /R S, (B)dI®(a).
We define the quantities
Ao 2 fia((2, Xa]) = Sal(2, Xa)),
note that because of (FR,), A, > 0, [’ —a.e a in R,. Further define
he = 2z +inf{6 > 0: fi,((2, 2 +0]) > A,}.

For any set B C A(z) we define the mass going to the center from ray a € R, by

the measures

po(B) =S fla(BN (2, ha)) + Lin,enn(zxa)1 - (A = fia(2, ha)),

observe that by the definition h,, the atoms above have non-negative mass, ['? —a.e
ain R, . Let Q. = {2} x{z}. For any measurable set R C A(z)x A(2), the measure
that sends flow to the origin is defined by

™(R) 2 1(RNQ.) +/ o (m (RN A(2) x {z}))dI®(a),

z
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where 7 is the mapping that to each pair (z,y) assigns the first component z.
Using Lemma A.6 (which we state and prove after the present proof) we can verify
that 7¢ € M(A(z) x A(z)).

Flow along rays. For any ray a € R, define the flow 7, along that ray to be the

solution to the following optimal transport problem:

mm/ Iz — yll dva(z, )
(2,Xa] X% (2,Xa]

~

s.t 70 € H([I/Z,Sa),

where
ﬂZ(B) = ﬁa(B N (haa Xa]) + 1{ha€Bm(27Xa]} : ([La('z7 ha] - Aa)a

where TI(fE, S’a) is the set of transport plans between zf and S, Any solution to

this problem satisfies:
%({(gg, Y) € (2, X % (2, Xa] 1y > $}> —0, TP—ae ac€R. (A7)

We provide a proof Eq. (A.17) after Part 6.

We will argue that 7 defined by

#(R) = 7(R) + / 50 (R)dI®(a)

z

yields an equilibrium, that is, for the set

&2 {(r,y) € A() x A(2) : ULy, bly). s (1)) — |y — 3l = Vi (@] 5.7) .

we have that 7(€) equals fi(A(z)). Note that with this definition of 7 there is
not flow being transported across rays but only within rays. Before verifying the
equilibrium condition we check that 7 € Fu(,)(ji). Clearly 7 is a non-negative

measure in A(z) X A(z) because is the sum of non-negative measures. Now we
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check that 71 = fi. Consider a measurable set B C A(z) then
71(B) = 7(B x A(2))
‘(B x A(z +/ Fa(B x A(z))dI®(a)
R

B)dr*(a / 2B N (2, X.))dIP(a)

J z
J. I

=7(Q.)1pen +
7(Q.)1peny + (BN (2,ha)) + Linoennee xa)y - (Da — fia(2, ha))

(B0 (hay Xal) + Lty (a2 h] = A0)|dT (a)

Q)1 poes) + / B)dI*(a
— i(B)

and from the definition of /i we also have 77 < I'. For the second marginal of 7 we
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have
#(B) = 7#(A(z) x B)
= 7(Q:)1 ey + / 115 (A(2)1 zepydI™® (a) + / S,(B)dI®(a)

z z

- T(Qz>]-{z68}

+ 1{zezs}/R [ﬂa((z, ha)) + Lnee(exa)y - (A — fla(z, ha))] dI'®(a)
+ / $.(B)dr®(a)

=7(Q:)1zep + Lizen / ALdTP(a / S.(B)dI™®(a)

z

= T(Qz)l{zeg} + 1ie5 ga(('zv Xa])]dI®(a)

+

z

— Sa(A(2))]dI®(a) + [ Su(B)dI®(a)

R

= T(Qz)l{zEB} + 1{266

JAZ
/ S, (B)dI™®(a)
JAZ

(Qo)1 sty + Leers [ﬂ(A(Z)) —7(Q:) - S(A(2)) + $({=})]

_
/5* )dI™®(a

SN Lieem + Leem [A(AG) = S(AG)] + [ SuB)arv(a)

J/ z

-~

=0

S(B).

Since S is such that S < I, we conclude that 7 € F A=) (). Also, s™ coincides with
s I almost everywhere. Before we move to verify that 7 is an equilibrium, we next
compute Vi) (2| p,7) and U(y, B(y), 5" (y))-

Equilibrium utilities: We show that Vi) (z| p,7) equals V(2| p,7) — |z — x| for
all x € A(z). First, from the definition of p and the value of s™ we have that
I'—a.e. y in A(z)

V(z| p, z— 1 soy ify € A(z),
Uly,p(y), s"(y)) = VG =l =yD) - Lowso ity (2)

0 ifye A(z) \ Ar(2).

177



Second, for any = € A(z) we argue that V(x| p,7) = V(2| p,7) — |z — x| >

Va (x| p, 7). It is enough to show that

P(y € A(2) : Uly,p(y),s"(y)) = ly — x| > V(x| p, 7)) = 0.

Suppose this is not true. Lemma A.1 implies that V (y|p, 7) is non-negative I' — a.e.
Also V(y| p, ) equals V(z| p,7) — |z — y| for any y € A(z). Hence it must be true
that V (y|p, 7) is larger or equal than U(y, p(y), s (y)) ' — a.e (see the value of this

expression above). Thus our current assumption implies
Iy € Az) : V(ylp.7) —ly — x| > V(x| p, 7)) >0,

but this contradicts the Lipschitz property of V(:| p, 7).

Third, we show that the upper bound we just proved is tight, that is, for all ¢ > 0

Ty € A(z) : Uy, p(y),s"(y) — ly — x| > V(x| p,7) —€) > 0. (A.18)

Recall that z is an in-demand sink if V@) C R, such that I'?(Q)) > 0 then

F({Z})l{)\(z)>0} —l—/ / 1{A(x)>0}dFa(x)dFP(a) >0, VYVo>0. (A.lg)
Q J(z,2+6]

Next, define 7 as the essential supremum of {||r, — z||} with respect to the measure
P

F2inf{ceR: Fp<a ER,:|ro— 2| > c) = 0}.
Let us analyze two cases. First, assume that 7 > 0. In this case there exists dg > 0

such that 7 > &y and the set Q5, = {a € R, : [|ra — 2|| > 0o} has I'® positive

measure. Choose 0 < § < min{e/2,dy} then from Eq. (A.19) we have

F({Z})l{,\(z)>o} —I—/ / 1{A(x)>0}dl‘a(x)d1“1°(a) > 0, (A.QO)
Q50 (Z»Z+5]
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but this implies that

0<T'(y € B(z,0) NA(2) : AMy) > 0)
=Ty e B(z,0)NA(2) : AMy) >0, 26 + ||z — | = |ly — z[| + [ly — 2[])
<T(y € B(z,0) NA(2) : A(y) > 0, e+ [z —zf| > |ly — z[| + [ly — 2[])
I(y € An(z) : My) > 0, e+ |lz —zf| > |ly — =[] + [ly — 2[])
=T(y € A(2) : My) > 0, Uy, p(y). 5" () — ly — ]| > V(2) —¢)

<T(ye Alz) : Uy, p(y), s () — lly — zl| > V(z) —e),

this shows that Eq. (A.18) holds. For the other case suppose that assume that

7 = 0. This implies that r, = z for I'? almost all a € R,. Then, we must have

0 < 7(A(2) x A(2)) = / 5 (@) dT ()

= () - T({2})

Thus both s7(z) and T'({z}) are strictly positive. If A(z) > 0 then the same
series of inequalities that we used for the previous case applies to this case, and
so the desired Eq. (A.18) holds. If A(z) = 0 then since by feasibility we have
0<s"(z) < H,(V(z|p,7)), it must be the case that z belongs to Ls"PP(z). WLOG
suppose that z = X "PP for some a € R, then by the previous inequality we have
that 0 < s7(XSWP) < 2(XWwP) In turn, this implies that y({X35"P}) > 0. This
means that z has and initial mass of supply. Since z is a sink location, it does not
belong to the indifference region of any other location and, therefore, by Lemma
A.5 it does not send flow to any other location. Hence, 75({z}) > 0 and by Lemma

A.2 we deduce that U(z,p(2),s™(z)) = V(z|p, 7). Since, A(z) = 0 this implies that
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V(2| p, 7) = 0. To conclude, note

L(y € A(z) : U(z,y,p(y),s" (y) > V(x| p,7) —€) > T(y € {2z} : —|y — 2|

> —|z— x| —¢€)

=TI'({z})

>0,
hence Eq. (A.18) holds.

e Equilibrium condition: Consider the equilibrium set

&2 {(n,y) € A) X AR) : Uly, 5(y), s () — ly — ] = Vaey 2l 5,7) .

we need to verify that 7(£) equals ji(A(z)). First, for 7(€) we have

#8) 2 #({@y) € AE) x A=) 1 Ay) > 0, |z =yl + |y — | = |2 — al} )

+%<{(w,y) € A(z) x Ar(2) : My) = 0, —ly — x| = V(x|p’7>}>

In (a) we use what we have just proved about Vi, (z|p, 7), that U(y, p(y), s” (y)) =

0 when Ay) = 0 and that 7 only puts mass in A,(z). Denote by Z the second
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term above, then

2 =#({(z.0) € AG) x A\ {2} 1 A(w) = 0, ~ly — ] = V(a| p.7) })
##({m9) € A x (126 =0, 1z~ ol = VI ) - 2~}

(@ /R %({(:c,y) € (2, Xa] X (2,714] : A(y) =0, —|y — z| = V(2| p, T)}>drp(a)

S]

+R({2}) - Lye)=ore)=0)
= ~a({<x,y> € [ra Xa] X {ra} : A(9) = 0, —ly = 2l = V(2| p,7) } ) 1r, AT ()

R,

- / %({(az,y) € [ra, Xa] X {ra} : My) = 0, V(ra| p,7) = o})l{rm}dpp(a)

= 5((0A, U{z}) N{y : Aly) = 0,V (y| p,7) = 0})
where (a) comes from the fact that 4, only puts mass in (z, X,] x (z, X,]. The
equality in (b) follows from the congestion bound in Eq. (A.15) which makes 5(y)
equal to zero when \(y) = 0 and y € (z,7,), and also the fact that 4, only sends
flows towards z and not in the opposite direction, that is, 5,((z,74) X {r.}) =

(see Eq. (A.17)). The last equality, (c), uses the latter fact once again.

Consider the sets
Ec 2 A(z) x {y € {z} : My) > 0},

and

o {(x y) € (2, X4 X (z,74) : AMy) >0, y < x}

Then,

%(5):%(5})+/ o(E)dI™(a) + Z.

For the first term we have
#(&) =%y € {2z} : Ay) > 0}) = 2({2}) - Liney»oy-
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For the second term we have that for any ray a, 3,(&,) equals S,((z,74) N {y
A(y) > 0}). This is true because the plan 4, only sends mass to (z,r,](this is the
support of S’Q) and it does not send mass in the opposite direction of z, see Eq.

(A.17). Therefore,

7A—(g) = 7A_2({Z}) ’ 1{)\(z)>0} + / Sa((’zara] N {y : )‘(y) > 0})drp(a) +Z

=5({y € A(2) : A(y) > 0}) + S((Lo(2) U {z}) N {y : A(y) = 0,V (y| p,7) = 0})

Now, recall that i(A(z)) = S(A4,(z)) and

DSy € Az) : My) > 01 + SN 1=y

+ [ Sa(A(2) N {y : Ay) = 0})dI™(a)

{y € 4,(2) : Ay) > 0}) + S({z})1pao)=0)

+ Sa({ra})1{/\(ra)=0}1{ra¢z}d1—‘p(a)

=S5{y € A(2) 1 Ay) > 0}) + S((0A, U {z}) N {y : A(y) = 0})

For the second term in (a) we use the disintegration of S, and in (b) we use the

congestion bound in Eq. (A.15). Hence, if we show that

S((Le(2)u{zH)N{y : A(y) = 0, V(ylp,7) = 0}) = S((L(z)U{z})N{y : My) = 0}),

the proof will be complete. Let @ = (04, U{z}) N{y : A(y) = 0,V (y| p,7) > 0}

then

S(Q)

$((04, ULz} N {y: M) = 0.V (ylp.7) > 0})

- S(gaAr ULz} N {y € L% (2) : \(y) = 0, V(y| p, 7) > 0}:).

-~

Q2
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Assume that S(Q;) > 0 then

To(Uxzrreq, (2, X5PP)) < S(Uxmrreq, (2, X))
< g<ngupng2(Z,X2“pp)) + SV(QQ)

S(Uxgmeeqy (2, X371

S T2 (UXZUPPEQQ (Z, X;UPPD

where the first inequality comes from the congestion bound in Eq. (A.15) and
the definition of Q,, the second from S (Q2) > 0 and the last from the feasibility
of §. Hence 75(Q2) > 0 and, therefore, Lemma A.2 implies that in Q)2 we have
Uly,p(y),s™(y)) = V(y| p, 7). Since, A(y) = 0 for y € Q2 we conclude that in this

case we cannot have S(Q,) > 0. This completes the proof.

Part 6: Conclusion. We conclude by applying Proposition 1.4. The price-
equilibrium pair (p, 7) satisfies the hypothesis in Proposition 1.4, so we can create a
global price-equilibrium pair which we still denote by (p,7) in C. This new solution
has the same objective that (p,7) in A(2)¢, but it dominates the platform revenue in
A(z). Therefore, (p,7) revenue dominates (p, 7).

Proof of Eq. (A.17): We show that
Ya ({(:c,y) € (2, Xo] X (2, X4 1y > x}) =0, IP—ae a€R,.
First we show that both measures fiZ and S, satisfy:
GE((2,0a]) < Sal(2,¢a]) VbayCa € (2, X4, ba < oy TP —ae. a€ R, (A.21)

where b, and ¢, lie in the ray indexed by @ € R,. To see why this is true let us proceed
by contradiction. Let us denote by @ de set where Eq. (A.21) is not satisfied, we
have that I'?(Q)) > 0. Note that for any a € Q we can find b, and ¢, for which the
inequality in Eq. (A.21) is not satisfied, so let us thus fix such collection of b, and c¢,.

Moreover, from the definition of [} we deduce that for any a € @ we have h, < b,
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(otherwise fi%((z,b,]) = 0 and, as a consequence, a could not belong to Q). Then,

/ ﬂZ((Zv ba])drp<a) = / /]a((2> ba] N (haaXaD + 1{ha€(z,ba}} ) (/]a(za ha] - Aa>drp(a)

Q Q

(_<) / ﬂa((Z, ba] N (haa XaD + 1{ha§ba} ’ (ﬂa(z7 ha] - Aa>drp(a>
Q

_ /Q (ia((har b)) + fia((2, ha]) — A)dTP(a)
:/Q(ﬂa((z,ba]) — Ay)dI®(a)

_ / (jia((2, ba]) — Aa)dT(a)
Qn{a:ra<ba}

[ J/
-~

(%)
+f (Fa((2:5a]) — D) (a),
QN{a:ra>ba}

(. J/
-~

(%)

where (a) follows from fi,(z, h,] > A,. For (x) we have

(%) = / (fa((2: ba]) = (2, Xa]) + Sal(2, Xa]))dI™(a)
QN{a:ra<bg}

/ (—it(bas Xa]) + Sal(2 Xu]))dI®(a)
QN{a:ra<ba}

~

Sa((z, X4])dI™®(a)
QN{ara<by,}

/ $u((2 cal )T (a),
QN{a:ra<bs}

the last inequality holds because

IN

Now we analyze (x*). Denote by " the set of rays a € R, such that r, > b, and
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<S( U Gbd) +6

acQ”

:/ S((z ca))dTP(a) + £,
o

the first equality comes from the definition of fi, and then integrating this disinte-
gration of measures. The second and fourth equality come from Proposition 1.3 part

(7). The last inequality comes from the congestion bound. For A, we have

/@ A dlP(a) = ﬂ( UT(Z’X“D — S( U (z,XaD

ac@ acqQr

— 7—( U (2, X4 x U (z,Xa]) —{—7’( U (z, Xa| X {Z})
acqQr aeqQr aceqQ"

-s( U G xal)
aceQ"

> 7'< (z, X4] x U (Z,Xa]> + 4, — S( U (Z,Xa]>
acQ acQ" acqQ"

=n( U Exd)+6-5( U X))
acqQ” ac

>,
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where the last inequality comes from Eq. (FR,). As a consequence we deduce that

~

(#4) = /Q o (b)) = Bo)dre(a) < / 8u((z. ba])dT® (a)

QN{ara>by }

Putting together the bounds for (x) and (x*) we deduce that

/ (2. ba])dT®(a) < / Su((z, ca])dT? (a),
Q

Q
since T'?(Q)) > 0 the previous inequality yields a contradiction. We conclude that Eq.

(A.21) holds.

To finalize the proof of Eq. (A.17). Consider the set where Eq. (A.21) holds (the
complement of this set has I'P measure equal to zero). for any ray a in this suppose
that

aa(ux,y)e(z,x;]x(z,x;]:y:>x}):>o.
From the proof of Lemma A.5 we deduce that there exists (z,y) € (z, X,] x (2, X,]
such that y > z and v,((z,x + 0] X (y — 0, X)) > 0, where 6 > 0 can be taken small

enough such that © + 9 <y — . Then,

A

Sul(zy+8)) = (2, + )

Fa((z, 2 4+ 0] X (2, X4])

(. + 6] X (2,2 4+ 6]) + Fu((z,2 + 0] X (z+ 0, X))

I
N

> Fa((2,2 4+ 6] X (2,24 6])

Sa((z,2 4 0]) = Ful(x + 6, X4] X (2,2 4 4]),

Thus,
Fa((z + 8, Xo] X (2,2 4+ 6]) > 0, and we also have 7,((z,2 + 0] x (y — 0, X,)) > 0,

but this is not possible because 7, is an optimal transport and, therefore, it is concen-
trated on a c-cyclically monotone set where ¢(z,y) = ||z —yl||, see [66]. This concludes
the proof of Eq. (A.17).

U
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Lemma A.6 Let v be a non-negative measure in C, and m; a mapping be such that
m(z,y) = x. Consider any measurable subset K of C and some z € C then the
mappings v(m (- ND)NK) and v(m (- N (K x {z}))), defined on the Borel sets of

C x C, belong to M(C x C).
Proof of Lemma A.6. For any Borel set £L C C x C define

(L) 2 v(m(LND)NK) and 7,(L) 2 v(m (LN (K x {z}))).

We show that 7,, 7, € M(C x C). Note that because v € M(C) for i € {a,b} we have
that 7;(0) = 0, and for any Borel set £ C C x C that 7;(£) € [0,00). To verify o—
additivity consider a countable partition {L,},en € C X C, we need to show that

TZ<U ,Cn> = Zn(ﬁn).

neN neN
Note that from the definition of D and the fact the set K x {z} has second component
equal to 0, both collections {7 (L, N D)}nen and {m (L, N (K X {z})) }nen form a
partition. Given this we can verify o— additivity, we do it for both 7, and 7, at the

same time

(U £0) +7(U £0) = v(mUJ £00D) 0 K) + w(mi(|J £ 0 K x {2})

= (| m(L, D) NEK) + (| m(L, N K x {2}))
=Y v(m(L,ND)NK)+ Y v(m(L, N K x {z}))
= ZTQ(,Cn) +Z7'b(£n)>

where the third line comes from the o—additivity of the v measure. Thus 7 €
M(C x C).
O
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A.3 Proofs for Section 1.6
A.3.1 Preliminars

We use m € M(C) denotes the Lebesgue measure in C. We use D to denote the subset
of C x C with equal first and second components, that is, D = {(x,y) € CxC : x = y}.
For any measurable set B C C and a price-equilibrium pair (p,7) we denote the
platform’s revenue in B under (p,7) by Revg(p, 7). In case that B is C we simply
use Rev(p, 7).

Proof of Proposition 1.6. Let (p,7) be any feasible price-equilibrium pair by

Lemma A.7 (which state and prove after this proof) we have V(x|p, 7) < 1y, I" almost
everywhere in Cy = C \ {0}. This yields the following upper bound for the platform’s

objective

[ velpn) s@de <o [ @< nem©),

C)\ C)\

The maximum revenue the platform can achieve in this case is bounded above by
v -1+ g -m(C). Next, we show that the solution given in the statement of the lemma
is feasible and achieves the upper bound.

Flow feasibility. = We show that 7 € F(u). A complete definition of the
measure 7 is 7(£) = p(m (LN D). From the definition of 7 it is clear that 7 € M(C).
Furthermore, 7, coincides with p and so does 75. Since p is the Lebesgue measure
times a constant and I' is the Lebesgue measure plus an atom, we have 7, 75 < I
From this we can deduce that m— a.e in Cy, s™(z) equals ;.

Equilibrium utilities. We show that V(x| p, 7) equals ;. Note that

Uy, p(y),s"(y)) =¢1, T —ae. y in Cy.

Fix x € C, we have that

FT{yeC:U(y,p(y),s"(y) — [y — x| > ¥1}) = Lo j0—a|>y1}

+T({y € C\{0}: =[y — [ > 0}) = 0.
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Moreover, for any € > 0

My eC:Uy,py),s" W) = ly—z[ > —€}) 2T({y € Cx: —ly —a| > €}) > 0,

where the last inequality comes from the fact that I' corresponds to the Lebesgue
measure (plus an atom). That is, V(z| p, 7) equals ;.

Equilibrium condition. Consider the equilibrium set

&2 {(z.y) €CxC:UW,p(y) 5 () ~ Iy — 2l = Vialp,7) }.

Then,

(&) = T({(x,y) eCx{0): —|y—z| = ¢1}>+T<{($,y) €CxC: —ly—z| = o}) — u(C).

We have proven that the solution is the statement is feasible, and because of the

values of V'(+|p, 7) and s7(-) we conclude that this solution achieves the upper bound.
OJ

Lemma A.7 Let p be any price mapping and 7 a corresponding equilibrium flow.

Then for any measurable set B C Cy such that 0 ¢ B and 7(B x B°) = 0 we have
V(zlp,7) < ¢, TI'—ae. x in B.

Furthermore, in the pre-shock environment we can replace B with Cy in the inequality
above.

Proof of Lemma A.7. Define the set

LE2{reB:V(zlp,7) < 1}

We would like to show that I'(£¢) = 0 where the complement is taken with respect

to B. Suppose this is not the case, and note that

1 - m(L) = (L) = T(LE % C) = 7(LE x B) + 7(LE x B,
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since £ C B and 7(B x B°) = 0, the second term in the expression above is zero.

This yields,

py - m(L) =7(L° x B)
=7(LXBNL)+7(LxBNL)

=7(L°%x L) +T1(L % L)

There are two cases. First, if 7(£¢ x £) > 0 then by Lemma A.5 there exists a pair

(xz,y) € L x L such that y € ZR(x|p, 7). Therefore, by Lemma 1.3 we have
Viylp,7) = V(zlp,7) + |z = y|.
However, since (x,y) € L x L
V(ylp,7) < 41 and V(z|p,7) > 1.

Using the previous equation we can deduce that 1y > 1, which is not possible. The

second case is 7(L x L) = 0. Note that
72(L6) = 7(C % L) > 7(LE X L°) = iy - m(LE).
We also have that
n(e) = [ s@ir) < [ w Vil pr)ine) < m-Te),

where the first inequality comes from Proposition 1.5, and the second from the fact
that 1,(-) is a strictly decreasing function, the definition of £¢ and I'(£¢) > 0. Note
that this inequality holds in both of the cases in the statement of the lemma. In both

cases we have 0 ¢ B so I'(L°) equals m(L°), yielding

pa - m(L) < 7o(L°) < pa - T(LY) = pa - m(L).
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A.3.2 Proofs for Section 1.6.2

Proof of Proposition 1.7. The proof of this proposition consists of several

steps. In the first step we establish that the origin is an attraction region, characterize
some properties of it and compute the value of the equilibrium utility function outside
the attraction region. After this step, the drivers utility function will be pinned down
in the entire city as a function of its value in the origin, V(0| p, 7). The second step
supplies us with a full characterization, up to V(0| p, 7), of the post-relocation supply
Ty in the entire city. Finally, in step three we show how to solve for the optimal value
of V(0| p, 7) and, therefore, we pin down both V(+| p, 7) and 7. We further show how
to find the optimal p(0) and the corresponding optimal flow 7.

Step 1: We show that we can restrict attention to solutions (p,7) such that
X, <0< X, X, =V(0) — ¢y and X; = —X,. Furthermore, such solutions have
V(z|p,7) =1, forall z € C\ [ X, X,].

Proof of Step 1: Let (p,7) be a feasible solution. First, we show that at any
optimal solution we must have X; < 0 < X,. By Lemma A.8 (which we state and
prove after the proof of the present proposition) we have that if either of the sets
{r € (0,H] : 0 € IR(x|p,7)} or {x € [-H,0) : 0 € ZR(x|p,7)} is empty then the

revenue the platform makes satisfies
1
—Rev(p,7) <ty -p1-2- H.
Y

Now we construct a new feasible solution (p,7) for which both sets are non-empty
and such that

1
= Rev(p,7) > by -y - 2+ H, (A.22)

where p equals p; in C\ {0} and p(0) is appropriately chosen. This will imply that any
optimal solution must satisfy {x € (0,H] : 0 € ZR(x|p,7)} # 0 and {x € [-H,0) :
0 € IR(x|p,7)} # 0 and, therefore, X; < 0 < X,.. This also implies that the optimal

revenue in this case is strictly larger than the one in the pre-shock environment.
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Our solution will send flow in [—h, h] to the origin, where h > 0 is to be deter-
mined. Inside this interval, all the flow in the subinterval [—h(h), h(h)] goes to the
origin where 0 < h(h) < h. The rest of the flow in [—h, h] partially stays at its

original position and partially goes to the origin. We now show how to determine

h(h) and h. For any given h > 0 we define

h(h) = (Y1 +h—a-p)*,

note that when v, equals « - p; we have that h(h) equals h, and we will send all the
flow in [—h, h] to the origin. However, when 1; < a - p; not all the flow will be sent

to the origin. Define

m(z) 2 a-p C_ME(py)
1 1 77Z)l_i_h_|x|7

then
)\1F<P1)
pa ()

The idea is that for every location x € K (h) = [—h, k] \ [=h(h), h(h)] we will leave

<1, x€[-h,h]\[-h(h),h(R).

a density pi(x) of flow there and send py — py(z) (note that this difference is non-
negative) to the origin. In order to make this possible, we need to chose h appropri-

ately. Observe that the total supply we will send to the origin is

_ h

Sr(h) = 2h(h)jus +2 / 1= ) dm(z)

where limy,_,o S7(h) = 0. Hence, since ¢; < @-V, we can always find b > 0 such that

Sr(h)
Ao

owV—hZowF’l(l— )—hz¢1. (A.23)

This yields

F(% + h) > ST<h).
« B )\0
Now we construct the solution (p, 7). Fix any h satisfying Eq. (A.23) and consider

prices defined by

Yth if =0
(63

p ifzec)\{ol,
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and flows for any measurable set £ C C x C defined by

7(£) = p(m (LN D) O [=h, b)) + p(mi (L O [=h(h), h(h)] x {0}))
+ Go(m (LN K(h) x {0})) + G1(m (£ N D) N K (h)),
where Gy, G are measures defined for any measurable set B C K (h) by
Go®) 2 [ (1 = (@) dm(a). G1(B) 2 [ () am)

We argue that (p,7) is a feasible solution that complies with Eq. (A.22). From
Lemma A.6 we have that 7 € M(C x C), also note that for any measurable set B C C

the first marginal of 7 satisfies
71(B) = p(BN[=h, h]*)+p(BO[=h(h), h(h)]) + Go(BNK (h)) + G (BN K (h)) = u(B).
The post-relocation supply measure is

To(B) = u(BN [—=h,h]¢) + Sr(h) - Lgesy + Gi1(BN K(h)),

clearly 75 <« I'. Therefore, 7 € F(u). Next, we need to show that 7 is a supply

equilibrium. The Radon-Nikodym derivative of 75 with respect the city measure is

(T-a.c) (
Sr(h) if z =0
o 0 if 2 € [—h(h), h(h)] \ {0}
p(z) it € K(h)
o ifx e [—h b
Indeed, \

/Ls(x) dl'(z) = Sr(h)ljoecy + /

LA[—h,h]e

i dmiz) + / i (z) dm(z) = 7(L).

LOK (h)
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that is, 22(-) equals s(-) I-a.e. From this we can compute V (-, 7). Note that (I-a.e)

(

Y1+ h if y =0;
i e a-p if y € [=h(h),h(h)]\ {0};
Uly) = U(y,ﬁ(y), d—?(y)) = 1 B

a-p - Aﬁgﬁ if y € K(h);

U if y € [—h, h]°.

Let a(x) be defined by
b+ h—|z| ifxe[—hh,
" it z € [~h, A"
We argue that V' (-|p,7) = a(-). Fix x € C, it is not hard to verify that
Ly eC:U(y) — |y — x| > alz)) =0,
and, thus, a(z) > V(x| p,7). Suppose that € [—h,h] and a(z) > V(x| p,7) then,
because I'({0}) > 0, we have that
1+ h—z] =a(z) > V(e[ p,7) =2 (2,0) = 1 + h — |0 - z],

a contradiction. Thus, for « € [—h, h] we have a(x) = V(x|p, 7). For any other x we
can use a similar argument to conclude that a(z) = V(z|p, 7).

Now we are ready to verify the equilibrium condition. Observe that
£ = {(:c,y) eCxC:Ux,y)= V(ﬂﬁﬁ))}
= ([=h,h] x{0}) U ([=h,h]® x [=h,h|°ND) U (K (h) x K(h) ND),
then
7(€) = p(m (€ ND) N [=h, h]%) + u(mi(E N [=h(h), h(R)] x {0}))
+Gi(m(END)NK(h)) + Go(m (ENK(h) x {0}))
= p[=h, h]%) + p([=h(h), h(h)]) + G1(K (h)) + Go(K (h))

= p(C).
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This proves that 7 is an equilibrium. Next we need to show (p, 7) satisfies Eq. (A.22).
From Proposition 1.1 we have

. dry
TRev(p,7) = | V(z) - —=(x)dl(z)

c
h

= (1 +h)-Sp(h)+2 /h(h)wl +h —x)pi(x) dm(z) + 1y - pg - 2(H — h)

> - Sp(k) + v (Sr(h) + 2/

,ul(x)d:v) + -y - 2(H —h)
h(h)

h h

uﬂx)dm)

h(h)

= h - Sp(h) + <2?L(h)u1 + 2[

h(h)

(1 — pn(2))dz + 2 /

+ b1 p - 2(H — h)
=h-Sr(h)+y - -2 H.
Since h-Sr(h) > 0, Eq. (A.22) obtains. This proves that X; < 0 < X, in any optimal
solution.
The next step of the proof of Step 1 consists on arguing that given V(0), X, =
V(0) — ¢y and X; = —(V(0) — ¢1). Consider a feasible solution (p,7) where p(-)

equals p; everywhere but at the origin, and X; < 0 < X,. From Proposition 1.3 and

the fact that u({X,}) = 0 we have that
T([Xe, H] x [X,, HIP) < p({X0}) + 7((X;, H] % [X, H]) = 0.

Then by Lemma A.7 we have that V(z) <y, I' —a.e. x in [X,, H|. This, together
with the continuity of V'(-) imply that V(z) <4y for all z € [X,, H].

Suppose first that X, < V(0) — ¢ then
V(X p,17)=V(0) = X, > 1y,

but this violates the continuity of V' to the right of X,. Thus X, > V(0) —;. On the
other hand, suppose X, > V(0)—1; then we must have that ¢»; > V(z|p,7) = V(0)—=x
for all z € (V(0) — 91, X,]. Observe that

HVO) = XD 2 VO v X)) = [ e (ao)
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Define the set
K2 {ye[V(0)— v, X,]:s"(y) <},

it must be that I'(K') = 0; otherwise, from the definition of V(X,| p,7) we have

V(0) =X, =V(X;) 2U(y,p1,5"(y) = ly = X[, T'—ae yin K
> U(yvphljjl) - |y - XT|7 ['—a.e. Y in K

=i — (X, —y), T'—ae yin K,

and I'(K) > 0 implies that V(0) —y > 4, for some y € (V(0) — 91, X,|. However,
we know that ¢; > V(0) —y for y € (V(0) — 41, X,] and, therefore, we must have
I'(K) = 0. Using this in Eq. (A.24) yields

M([V(O) - ¢1;Xr]) > - F([V(O) - ¢1,Xr]) - u([V(O) - 77Z)17Xr]>7

which is not possible. Hence, X, = V(0) — v; and the same arguments applies to X,
yielding X; = —(V(0) — ).

In order to conclude the proof for Step 1 we show that we can restrict attention
to solutions (p, 7) such that V(x| p,7) equals ¢; for all x € [X;, X,]|° In turn, this
will show that s7(x) equals py, I' — a.e. = in [X}, X,]°>. We base the proof of the
latter statements in Lemma A.9 (which we state and prove after the proof of the
present result), this lemma enables us to separate the city into two regions [X;, X,]
and [X;, X,|¢. For each region we can modify the prices and equilibria, and then paste
them together to obtain a new solution that is an equilibrium for the entire city.

Consider a feasible solution (p,7) such that X; < 0 < X,., X, = V(0) — ¢ and
X; = —X,. Since 7([X;, X;] X [X}, X,]°) =0 and 0 ¢ [X;, X,]°, Lemma A.7 delivers

1
- Rev(p,7) < — - Revix, x, )0, 7) + 2 pi1 -1 - (H — X,). (A.25)

=2 |+

We show that we can always modify (p, 7) so that the previous upper bound is achieve.

Let B = [X}, X,], since 7(B x B¢) = 0 and 7(B¢ x B) = 0, Lemma A.9 ensures that
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(p, 7)|p is a price equilibrium pair in B. Such equilibrium satisfies Vz(x) = 1 for
x € 0B.
Now, we choose prices p®‘(x) equal to p; for all z € B¢ and a flow 75" defines by

for any measurable set £ x Ly C B¢ x B¢
TBC(,Cl X £2) = ,u(ﬁl N ﬁg)

Then, it is easy to verify (as we did in the pre-shock environment, see Proposition
1.6) that (p®°,75°) forms a price-equilibrium pair in B¢. This solution satisfy that
Vge(x) = 1y for o € B¢, and that s (x) equals py, I' — a.e. x in B

Lemma A.9 enables us to paste the solutions (p, 7)|s and (p®°,75°), and generate
a new solution in the entire city. Such solution preserve the prices and flows in both
B and B¢ and, therefore, the upper bound in Eq. (A.25) is achieved. In conclusion,
we can restrict attention to solutions (p,7) such that V(x| p,7) equals ¢ for all
z € [X;, X,]¢ and that s7(x) equals u1, I' — a.e. = in [ X, X, ]

Step 2: We characterize s7(-) (this completely characterizes 7). Let
X =(V(0)—a-p))" and X'=-X]

and

)\1 - (,01) 0 / "
2 AP =2 .- X242 — .
V(0) = [yl St - X, + (1 — pa(z))dx

X7

pi(y) = a-pr-

In this step we show that (I" — a.e)

(

0 if y € [X7, X7]\ {0}

Nl(y) if y e [leXT] \ [XloaXB]

ity e X, X0)
Proof of Step 2: Note that at the end of the previous step we showed the result

for y € [X;, X,]¢. So first we show

s"(y) =0, T—ae z in [X}7,X]]\ {0}.
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Define the set K; = {y € [X?, X%\ {0} : s"(y) > 0}. We argue that ['(K;) = 0. If
this is not the case then I'(K;) > 0 and, therefore,
(K1) = /K s"(x) dl'(x) > 0.

Then Lemma A.2 ensures that

U(x, 01, ST(:L')> = V(z|p,7) Ty —a.e. x € Kj, (A.26)
but for z € K; C [X?, X?] \ {0} we have V(z|p,7) = V(0) — |z|] and V(0) — |z| >
« - p. Then Eq. (A.26) implies the existence of x € (X7, X?) \ {0} such that
a-pp < U(x, 01, ST(LL’)) < « - py, yielding a contradiction. Next we show that

sT(y) = m(y), T—ae yin[X, X,]\[X), X]].
By Lemma A.2 we have that

U(a:,pl,sT(x)) —V(z)=V(0) - |z|, T—ae z in [X,X]\[X°,X", (A.27)
but for any z € [X;, X,]\[X?, X?] the definition of X} and X? imply that V(0) —|z| <
a - p1. Thus Eq. (A.27) and the definition of U(x, P15 sT(x)) deliver
M-F(p)/s™(z) <1, T —ae z in [X;, X, ]\ [X), X7

Using the again Eq. (A.27) and the definition of U (x, 01, ST(:B)> we conclude that

. E(p1)
PUV0) = o]

as needed. Next we compute s7(0),

s™(z) = a- [ —ae z in [ X, X,]\[X], XY],

fw»mmnzéefwmrznwm

=7(C x{0})

= 7([X), X,] x {0})

= (X0, X% x {0})
(1)

+T([X17Xr] \ [X7, X x {0}27
(2
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for (1) we have

(X7, X7 x {0}) = w([ X, X7]) — 7([X7, X7 x €\ {0})
= 2p1 - X, — (X7, X7] < [X7, X\ {0})

(é) 2N1 ’ Xga
in (a) we use s7(z) =0, I' —a.e. x in [X?, X?]\ {0}. For (2) we have

T([X0, X\ (X7, X7] < {0}) = p([X0, X\ [X7, X))
— 7([X, X\ [X7, X7] < [ X, X\ {0})
= 2m - (X, — X))
= 7([X, X\ (X7, X7) < (X7, XP1\ {0})
— 7([X, X\ (X7, X7 < (X0, X\ (X7, X7))
=2 - (X, = X)) = 0 — (X0, X, )\ [X7, X))

2 (X, - XD - [ () T’
(X, XA\ [XD,X0]

from this we conclude that
Xr
SO =2 X0+ [ o= (o) de
Step 3: Now we can provide a full solution for the optimization problem. Recall
that we are only optimizing over p(0) or, equivalently, over V' (0). By our congestion
bound (see Proposition 1.5), any solution has to satisfy V(0| p, 7) < ¢y(s7(0)). More-
over, Step 2 characterizes the supply-demand ratio at every location as a function

of V(0). Thus, the following formulation is a natural relaxation for the platform’s

problem

r‘r}%))( V(O) . ST + 2 wl Uy (H - X,E)) (Plocfreac)

st X0=WV(0)—a-p))", X,.=V(0)—1v

S = 2X0%, + 2 / (11— m(@))dz, b < V(0) < ¢o(Sr).

X7
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We show that the optimal V*(0) in (Pjoc—reac) is the unique solution to
V*(0) = o (Sr(V*(0))).

The optimal solution to the platform’s problem set price at the origin p*(0) =
pee(Sp(V*(0))) such that p*(0) > p;, and flows for any measurable set B C C x C

given by

7(B) = p(m (BN D) N[X, X,]°) + p(m (BN [X], X]] x {0}))

+Gi(m(BND)N[X;, X ]\ [X7, X)) + Go(mi (BN [X, X\ [X7, X7 < {0})),
where Gg, G are measures defined for any measurable set £ C [X;, X,] \ [X?, X?] by

Go(L) 2 / (1 — () dm(z), G(C) 2 / i1 (z) dm(z).

Proof of Step 3: The proof consists of two parts. First, we show that V*(0) as
stated above is an optimal solution for (Piye_reqc). To do this we prove that S (V(0))
is increasing for V(0) > vy, with Sr(¢1) = 0. This implies that 1y(Sr(V(0))) is
decreasing and, therefore, it crosses with V(0) at only one point. Then, we show
the objective function increases with V' (0). These two facts imply the optimality of
V*(0). Second, we show that (p,7) with p(0) = p*(0) (and equal to p; for = # 0)
and and 7 as stated above, are a feasible price-equilibrium pair that achieve the same
revenue than the optimal solution of (Pie_reac). Since this problem is a relaxation
to our original optimization problem we have optimality.

We begin with the first part. Note that

Sr(V(0)) = 25+ (V(0) = ) + 260 g (57— <vﬂ<)5> o)

From this it follows that Sp(¢y) = 0. If V/(0) > ap; then Sp(V(0)) is clearly in-
creasing. If V(0) € (¢4, ap;) then the derivative of S7(V(0)) with respect to V(0)

equals
V() 1

b VR TR gy

201 — 241 -y -
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which is nonnegative if and only if V' (0) > 1);. Since this is in our domain, we conclude
that Sp(-) is increasing in (¢4, ap;) and, therefore, is increasing for all V' (0) > .

Next, we show the objective is increasing in V' (0), the objective function is
V(0) - Sr(V(0)) + 2 - pur - (H — (V(0) — ap1) ™),

when V' (0) > a - p1, the objective becomes

21 - V(0) - (V(0) = #h1) + 241 - g - V/(0) - log <;D_1> + 2 - (H=V(0) + apy).

P1

Its derivative is non-negative if and only if 2% > 2+log <%ﬁ) , but from V(0) > a-py
and that the logarithm is a concave function the latter inequality is always true.
Similarly, for V(0) € (11, « - p1) the objective’s derivative is non-negative if and only
if 2% > 2+ log (%), which, since V(0) > 4, is always true. Observe that in
both cases the inequalities for the sign of the objective’s derivative is strict except
when V' (0) = 1. Thus, the objective is strictly increasing in the domain.

For the second part we need to show that (p, 7) with p(0) = p*(0) (and equal to p;
for  # 0) and and 7, implement the solution of (Pjoec—reac). To do this we first need
to argue that this solution is feasible. It can be easily seen that this flow yields the
exact same flows as in Step 2, only this time we replace V*(0) in all the quantities
that depend on V(0). Given the value of s™ and the fact that under p*(0) we have
U(0,p(0),s7(0)) = V(0] p,7) = V*(0), we can do the same as we did in Step 1(to
show that 7 is an equilibrium) and show that 7 is an equilibrium. Since we have
pinned the value of V(0| p,7) (and thus the value of V(| p,7) in the entire city) and
the value of s7(+), it is easy to see (using Proposition 1.1) that % -Rev(p, ) coincides
with the optimal value of (Pjoe_reac). Therefore, (p,7) is the optimal solution.

To conclude we argue that p*(0) > p;. There are two cases. If 3 < Ay - F(p1)
then 1, equals - py. Since V*(0) > ¢ and V*(0) = ¢o(S7(V*(0))) we have have that

a-pr =11 < V*0) = 4o(Sr(V*(0))) < a - pg(Sr(V*(0))) = o~ p*(0),
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that is, p1 < p*(0). The second case is 3 > A1 - F/(p1). Here p; equals p* and, since
pe(Sr(V*(0))) equals max{pi®, p*}, we have that p; < p*(0).

O
Lemma A.8 Let (p,7) be a feasible price-equilibrium pair for either the local price
response environment (Section 1.6.2) or the global price response environment (Sec-
tion 1.6.3). If either {x € (0,H] : 0 € ZR(z|p,7)} = 0 or {z € [-H,0) : 0 €

IR(z|p,7)} =0, then the platform’s objective satisfies
v-Rev(p,7) <y -p-2- H.

Proof of Lemma A.8. WLOG let us just assume that {x € (0,H] : 0 €

IR(x|p,7)} = 0. That is, for all € (0,H] we have 0 ¢ ZR(x|p,7). In turn,
this implies that 7((0, H] x [—=H,0]) = 0 and, therefore, by Lemma A.7 we conclude
that

V(zlp,7) < 1 ['—a.e. in (0,H],

which, from the continuity of V (-|p, 7), implies that V (x|p,7) < 4y for all x € [0, H].
Now, we show that the same bound holds for = € [-H,0). If 7([-H,0) x B) = 0 for
any B C [0, H], we can use Lemma A.7 to obtain the upper bound. On the other
hand, if there exists B C [0, H] such that 7([—H,0) x B) > 0 then by Lemma A.5 we
know there exists a pair (z,y) € [—H,0) x B for which y € ZR(x|p, 7). Thus, we can
define

z=inf{z € [-H,0):y € IR(z| p,7)},

and by Proposition 1.3, y € ZR(z| p, 7). Also, from Lemma 1.3 we have
V(zlp,7) =V(zlp,7) +2 -z, V2ze€lzyl

This implies V(z|p,7) < V(y|p, ) for all z € [z,y], and because y € B C [0, H] we
have V(y|p,7) < 11, yielding V(z|p,7) < ¢y for all z € [z,y]. Furthermore, from

Lemma A.5 and the definition of z we can conclude that 7([—H,z| x (z, H]) = 0
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which together with Lemma A.7 and the continuity of V' imply that V(x|p,7) < ¢y
for all x € [—H, z]. Completing the argument for the upper bound.

In order to bound the revenue, simply note that

1 T T J—
= Rev(p.7) - /CV(az)s (z) dT'(z) < wl./cs () d0(x) = b1 - -2+ H,
Ul

Lemma A.9 (Equilibria Separation and Pasting) Consider a set B C C such that

both B and B¢ are intervals or union of intervals with I'(0B) = 0.

1. (Separation) Let (p, ) be a price-equilibrium in C, if T(BxB) = 0 and 7(B°xB) =

0 then (p|s, T|pxs) and (p|pe, T|gexpe) are price-equilibrium pairs in B and B, re-

spectively. Moreover, V (-|pls, T|5xs) equals V (:|p|se, T|gexpe) in OB, V(-|p|s, T|sxs)

coincides with V (-| p, 7)|g and the same holds for B°.

2. (Pasting) Suppose we have two price-equilibrium pairs (p®,75) and (p*°,75°) in B

and B¢ such that 75 € Fp(u|g) and 75 € Fge(u|p:), respectively. If V(-] pP, 75)

equals V (-| pB°, 75°) in OB then the flow T defined by for any measurable set L C
CxC
(L) =8(LN B x B) + 75 (LN B x BY),

belongs to F(u) and is an equilibrium in C for a price p equal to p® in B and equal to
PP in B¢. Moreover, V (z|p,7) = V(x| p®,7%) in B and V (x|p,7) = V(x| p*", 75°)

in BE°.

Proof of Lemma A.9. Separation. Suppose that 7(B x B¢) = 0 and 7(B° x

B) = 0. Let 78 = 7|sx5 and p® = p|s, we show that (p®, 7%) is a price-equilibrium

Be, T

pair. The proof for (p Bexpe) 1s analogous and, thus, omitted. We need to prove

that 78 € Fp(u®), where B coincides with p|s, and that the set

dTQB
"dl|5

(y)) = ess%up (-, p°() dry ()) },

£l 2 {(m,y) € Bx B:1(z,y,p°(y) T 5
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satisfies 75(€|p) = p|s(B).
First we verify that 78 € Fg(uf). Since 77 is the restriction of 7 to B x B it
clearly belongs to M(B x B). Also, for any £; measurable subset of B we have that

5(L,) equals
(L xB)=7((Ly x BYN (B x B)) =7(L£y x B) = 7(£, xC) = 11(L1) = pu(L1).

Thus, 77 = plg. Now we need to prove that 72 < I'|z. Observe that for any Lo
1 H 2

measurable subset of B we have that 75(L,) equals
TB(B X £2) = T((B X £2) N (B X B)) = T(B X Eg) = T(C X EQ) = TQ(EQ),

that is, 75 = 75|3. Therefore, since 75 < I, we have that 78 < I'|z. In turn, 75 € Fp.
Now we show 75(€|p) = u|s(B). It suffices to prove that 75(€]%) = 0 where the
complement is taken with respect to B x B, we do this by contradiction. Assume
that 75(€|%) > 0, this implies that 0 < 75(€|%) = 7(€|§), and we must have that
T2(B) > 0, indeed
0<7(€lp) <7(C x B) =m(B).

Next, observe that for any £, measurable subset of B

TQB(EQ) =1(Ly) = / s"(z)dl(x) = / s"(x) dl|g(z),

EQ L:Q
therefore,
drp . .
——(z) = s"(x), I'—ae x in B. (A.28)
dl|s
This implies that
V(z|p®,7°) = esssup (x, -, p°(+), —()) = esssup I(z, -, p(-), —()) = Vis(z|p, 7).
B dl|s B dr

(A.29)
Consider the set G = {y € B: ﬁ(y) = s"(y)}. Then, by Eq. (A.28) we have

dl'|3

(€5 N (B x G%)) <7(C x G°) = 72(9°) =0,
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where the complement is take with respect to B. Therefore, 0 < 7(€|%) = 7(£|g N

(B x G)) and we can conclude that

<{(I y) € Bx B:1l(z,y,p(y), CollF( )) # Vi(x |p,7’)}> <~ 0.

(. J/
-~

AR

Define the sets R~ and R™ by

dry
R~ ={(z,y) € Bx B:1(z,y.p(y), = () > Vi(xlp.7)}
dry
R ={(x,y) € Bx B:1(z,y,p(y), dF( y)) < Vs(zlp,7)},
and note that R = R-UR™. To obtain a contradiction we argue that 7(R-UR") = 0.

Consider first the set R, and note that 7(R") = 7(R* N E). However, any (z,y) €

RT N & satisfies

dry
dl’

dTQ

(z,y, (p(y), 7= (v)) < Vs(z|p,7) and II(z,y, (p(y),ﬁ(y)) = V(z|p, 7),

but V(z) > Vi(x) implies that RT N E = () and, therefore, 7(R™) = 0.

Consider R~. Define A £ {y € B: U(y) = Vi(y|p,7)}, then by Lemma A.2 we
have 7(R™) = 7(R~ N (B x A)). Take any (z,y) € R~ N (B x A) then Vz(y|p,7) —
ly — x| > Vs(z|p, 7), which, because of the Lipchitz property (see Lemma 1.1), is not
possible. Thus, B~ N (B x A)) = 0 and we have that 7(R~) = 0. This proves that 75
is an equilibrium in B.

Now we show that V(z[pP,75) = V(z|p®,7F°) for all z € B. From equation
(A.29) we have

V(alp®, m8) = V(alp,7) and  V(zp®, %) = Ve (alp, 7),

so we just need to show Vz(z|p, T) equals Vze(z|p, ) for all z € 0B. We first show

that Va(x|p, 7) = V(z|p, 7) for all x € B. Let x € B, since B is an interval or a union
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of intervals we must have p(B(z,+) N B) > 0 for all n € N. In turn, this implies

0< T(B(x,%) B x B)
= 7(B(z, %) N B x B°) + 7(B(x, %) N B x dB)
= 7(B(r, )N B x BY),

where the third line comes from 7 < I' and I'(0B) = 0. Thus, from Lemma A.5

there exists (z,,yn) € B(x, =) N B x B° such that y,, € TR(z,| p,7). Then,
1
Vn € N, 30(n) > 0 such that V§ < d(n) - + VB(yn,s) (2n) = V(2n). (A.30)

Note that since y,, € B° we can always find §y such that B(y,,d) C B for all § < d.
So we can consider § < min{dy,d(n)} in Eq. (A.30). Using that z, € B(z, <) and
the Lipschitz property (see Lemma 1.1) we have

and V(z,) —V(z) > —l,

VB(yn.8)(2n) = VBya.6) (1) < > —

S|

plugging this into Eq. (A.30) yields

Vn € N, 30(n) > 0 such that V§ < min{dp, d(n)} % + VByn,0)(2) > V().

Since B(yn,6) € B we have Vg(x) > Vi, s)(x) thus the former expression implies
that Vg(z) > V(z). But we always have that V(z) > Vz(z) and, therefore, V(x) =
Vg(z). The same argument shows that V(z) = Vie(z) for all x € B°.

To conclude we need to prove that Va(z|p, 7) equals Vge(z|p, 7) for all x € 0B.
Consider z € 90B. Let {z,}neny C B be a sequence converging to x. Then the
continuity of Vi implies Vi(x,) — Va(z). At the same time, since x, € B we have
Vi(z,) = V(x,) and by continuity V(x,) — V(x). Then Vi(x) = V() and the same

is true for B¢, which implies Vz(z|p, 7) = Vi(z|p, 7) for all = € IB.
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Pasting. First we check that 7 € F(u). Let £; be any measurable subset of C

we have that

(L)) = 7(Ly X C)
— 7B((L1 x C) N (B x B)) + 75 ((Ly x C) N (B x B%))
= 7B((LyNB) x B) + 75 ((L, N B°) x B
= uls(LrNB) + p

= u(L1).

se(L1 N B9

Also, if T'(£;) = 0 then T'|5(L;) = ['|e(£1) = 0. Therefore, 75(L,) = 75°(L;) = 0,

which in turn implies 7» < I'. Hence 7 € F(pu).

Now we show the set

€2 {(a.y) € C x C:TM(w,y.p(y), (1)) = esssup (-, p(),57()) },
c

satisfies 7(€) = u(C). Note that

5m5x8:ﬁ%wesxszm%%m%y@nzvgmﬂ}

It is enough to prove that 75(£ N B x B) = u(B). As we did in the first part of the

proof (see Eq. (A.28)) we can show that

drb - .
m(z) = s"(x), ['—a.e. z in B,

so if we prove that V(:|p,7)|s = V(-|p®,7%) we will be done (the proof for B¢ is

analogous). Fix x € B, as in Eq. (A.29) we have

dTQB
"dl|5

dTQ

()) = esssupTi(a, - (). ZT2()) = Vis(alp, 7).

V(x|p®, 78) = esssup I(z, -, p°(-)
B

So we just need to verify that V(x|p,7) = Vi(z|p, 7). We show that V(z|p,7) <
Vi(x|p, T), the other inequality always holds. Let I(x) be the interval in B to which

x belongs to. Let y;, = inf I(z) and yy = supI(x), note that y, and yy do not
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necessarily belong to B but they do belong to 9B. By assumption V (y| p?, 75) =
V(y| pB°, 75°%) for y € {yr,yr}, in turn this implies that Va(y|p, 7) equals Vae(y|p, 7)
for y € {yr,yu}. Consider the sets B = [H,yr] N B¢ and Bf; = [yy, H] N B¢ then

Vitaln,7) 2 Vi(wolp, 1)~z — ol
= Vi(yulp, 7) = (yv — x)
g U(w,s™(w)) — lyg —w| — (yv —z), T'—ae w in B
> U(w,s"(w)) — (w—yy) — (yy —x), I'—ae w in B

> U(w,s"(w)) —|lw—=x|, T —ae w in By,

where (a) follows from the Lipschitz property (see Lemma 1.1), and (b) from the
definition of Vz(yu|p,7) and I'(Bf;) > 0; (¢), (d) hold because for w € By, we have

r <yy < w. Similarly,

V(z|p,7) = Vs(yclp, 7) — |2 — yi|
= Vs(yclp, 7) — (x — yr)
> Uw,s"(w)) = lyr —w| = (x—yr), T'—ae win B}
=U(w,s"(w)) = (yr —w) = (x—yr), I'—ae win B]

=U(w,s"(w)) — |lw—2z|, T—ae win Bj.

Since B U Bf, = B¢ this implies that Vg(z|p,7) > V(z|p,7). This concludes the
proof.

g

A.3.3 Proofs for Section 1.6.3

Proof of Lemma 1.5. Let (p,7) be a feasible solution. We show that at any

optimal solution we must have X; < 0 < X, in turn this implies that 0 is a sink loca-

tion. By Lemma A.8 we have that if either of the sets {z € (0, H] : 0 € ZR(x|p,T)}
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or {x € [-H,0) : 0 € ZR(z|p,7)} is empty then the revenue the platform makes
satisfies % -Rev(p,7) <y - py -2 - H. However, the solution (p,7) given in Proposi-
tion 1.7 has both sets non-empty because 0 € ZR(X,| p,7) and 0 € ZR(—X,| p, T)
with X, > 0. Furthermore, Rev(p,7) is strictly large than the revenue of the pre-
demand shock environment or, equivalently, strictly larger than v -y - 2 - H. This
implies that any optimal solution must satisfy {x € (0, H] : 0 € ZR(z|p,7)} # 0 and
{x € [-H,0):0€ IR (z|p,7)} # 0 and, therefore, X; < 0 < X,..
U

Proof of Lemma 1.6. If X, = H there is nothing to prove, so let’s assume

X, < H. Fix z € [X,, H]. From the Lipschitz property (see Lemma 1.1) we have
that V(z| p,7) < V(X,|p,7) + (z — X,.). Moreover, Proposition 1.3 ensures that
7([X,, H] x [X,, H]®) = 0 and, hence, because 0 ¢ [X,, H| we can apply Lemma A.7
to deduce that

V(zlp,7) < ¢y, T —ae. x in [X,, H|. (A.31)

To show that the previous inequality holds everywhere, notice that if V(x| p,7) > ¢y
the from the Lipschitz continuity property of V(| p,7) we could find a subset of of
[X,, H] with positive I" measure (in this set I" coincides with the Lebesgue measure)
in which V(-] p, 7) is strictly larger than ¢. This is not possible because it would
contradict Eq. (A.31). Putting together both upper bounds yields the desire result.

g

Proof of Proposition 1.8. Let (p,7) be optimal for problem (Ps) as in Lemma

1.5 so we have 0 < X,.. Note that is X, = H then the result trivially holds, so let’s
assume X, < H. Before we begin note that for any « > X,, by Lemma 1.6 and the
Lipschitz continuity property of V(+|p, 7) (see Lemma 1.1), we must have V(z) < ;.

We first prove the second statement of the proposition. Suppose V(X,) = i»
and define the set R = {z € [X,, H] : V(z) = ¢1}. We show by contradiction that

we cannot have m(R¢) > 0 (the complement is taken with respect to [X,, H]). If
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To(R°) > 0, because 1 is an upper bound from Proposition 1.1 we have the following

1
L Reviym(p.7) = / V() dro(a)
Y (X, H]

_ /R V(z) dra(z) + / V(@) dna(a)
</RV($) dTQ([E)"— ¢1 dTQ(.CE)

Re

S ¢1 : 7—2([X7’7 HD

=1 (H = X5),

where the last line comes Proposition 1.3. Thus, the quantity Revi_g x,(p,7) +
vy - (H — X)), strictly upper bounds the platform’s objective. So if we are
able to construct a solution such that attains the upper bound, we will contradict
the optimality of (p,7). Observe that Lemma A.9 enables us to separate the solu-
tion (p,7) in [~H, X,] and (X,, H]. The separated solution (pl=#:Xrl 7[=H:X:l) (see
Lemma A.9 for notation) in [-H, X,] has revenue equal to Rev_py x,j(p,7), and
V(X,|pHXd 7 =HX0) coincides with V (X,| p, 7) which equals 1. For (X, H] con-
sider prices p(z) = py for all z € (X,, H|¢, and flows 7(L) = u(m (L N D)) for any
measurable set £ C (X, H] x (X, H|]. The pair (p,7) is the same solution as in
Proposition 1.6 with the sole difference that we have changed the city to be (X, H]
instead of C. Therefore, (p,7) is a feasible price-equilibrium in (X,, H] with revenue
equal to vy -y - (H — X,.), and such that V' (z|p, 7) equal to ¢y for all z € (X, H].
Thus we can use Lemma A.9 to paste both solution and obtain an equilibrium in the
entire city. This new equilibrium achieves the upper bound.

Suppose that 72(R¢) = 0 and define the sets

Ly 2{z:m>s"(2)}, Lo2{z:m=s(x)}, L_=2{z:u<s(z)}

Then by Lemma 1.5 it holds that '(R N L_) = 0. Moreover, if '(RN L;) > 0 we
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have

WX, H]) = 1o([X,. H)) & my(R) = /R S dra) + / 5 (z) dT'(z)

RNLg

< ml(R) < p((X,, H]),

not possible, where (a) comes from Proposition 1.3. Thus I'(RN L) = 0. This
implies that I'(R N Ly) = I'(R) and
I (X H) = (X H]) = [ 57 () D) = I (R),
RNLo
that is, I'(R) = I'([X,, H]) or I'(R°) = 0. In turn, I' — a.e. x € [X,, H] we have that
V(x) equals 9;. Since, V(-) is continuous and I'|(x, z has full support in [X,, H]

which has non-empty interior we conclude that V' (z) = 1, for all z € [X,, H].

For the reminder of the proof we assume V(X,) < ;. We show that if V'(-) is not
non-decreasing in [X,., H] then there is an strict objective improvement. In the proof
we define several critical points in the interval [X,, H] which will help us to create a
flow separated region (no flow leaves this region). Then we show the objective strict
improvement in this region. In Figure A.1 we provide a graphical representation of
the points just mentioned.

So assume that V() is not non-decreasing in [X,., H], then there exists & > § > X,

such that V(z) < V(7). Let,

note that since for z = g, V(z) = V(y) thus the set over which we take the supremum
above is both bounded and non-empty. Hence, 7 is well defined and it corresponds
to the last point z in [g, 2] such that V(z) equals V(7). Moreover, because V(-) is

continuous y < Z, and for all z € (y, 2] we have V(z) < V(§) = V(y). Let

yo £ inf{z € [X,,y] : Iz € (y, H] such that 2z € IR(x)},
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if for all z € [X,., y] and for all x € (g, H] we have z ¢ TR (x), we let yo = §. That is,
Yo is the smallest z in [X,, y] to which some location in (y, H]| is indifferent to travel
to. Note that for all z € (yo, 2] we have V(z) < V(yo). Also, the definition of yy and

Lemma A.5 imply that 7([—H, yo| X (yo, H]) = 0 and 7((yo, H] X [—H, y]) = 0. Let
y1 = inf{z € [, H]: V(2) > V(w)},

that is, y; is the first value after & for which V'(-) hits V(yo). Note that when well
defined y; satisfies that 7([y1, H] X [—H,y1]) = 0. If this is not the case then since
atoms do not have measure we would have 7((y1, H] x [—H,y;)) > 0 and, therefore,
by Lemma A.5 we can find (x,y) € (y1, H] x [—=H,y;) such that y € ZR(z). Then

Lemma 1.3 would contradict the minimality of y;.

---------------------------------------------------------------------------------- V(yo)
-------------------------------------------------------------------------------------------------- V()
No flow crossing this point ey V(z)
No flow crossing this point
towards X,
0 X, Wy 2 y H

Figure A.1: Graphical representation of ¢, Z, ¥, yo and y;.

There are two cases:

1. y; is not well defined: In this case we have that for all z € [z, H], V(z) < V(yo).
Recall that from our previous discussion we have that V(z) < V(yp) for all z €
(yo, z]. Also, Property 1 (which we prove at the end of the present proof) establishes
that 72((y0,2]) > 0. Using this observations we create a new solution (p,7) with

revenue strictly larger than that of (p, 7).

Let B = [—H,yo] and note that we have both 7(B x B°) = 0 and 7(B° x B) = 0, so

we can use the separation result in Lemma A.9. Hence (p®, 75) (see Lemma A.9 for
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notation) is a price-equilibrium pair in B. Its revenue equals the revenue of (p, 7)

in B, and V(yo| p°, 7%) = V(o).

For B¢ we choose flows 75°(L) = u(m (L N D)) for all L C B° x B°. That is all
drivers stay at their initial location. It is not hard to see that s (x) equals p,

['—a.e. z in B°. We choose prices p?°(z) = py for all z € B¢, where py is such that

AT ), (A.32)

a - po - min{1,

note that since V(o) < 1, po is well defined. That is, the solution (p®°,75°) is
the same solution as in pre-demand shock environment but in smaller city, B¢ and
with a larger price across all locations. Using Proposition 1.1 it is not hard to see

that the revenue associated with this solution is v - V' (yo) - p1 - (H — o).

By Lemma A.9, we can paste the two previous solutions to create a new solu-
tion (p,7) in entire city. This new solution yields a strict objective improvement.
Indeed,

Reviyn(p.7) = [ Via)dn(o)

[yo,H]

— /(yom V(x) dry(z) + / V(z) dra(x)

(2,H]

2V i)+ [ V) in

< V(o) - 72((y0, 2]) + V(wo) - m( (&, H))
DV (o) - (o, H))
=V(yo) - 1 - (H — o)

= R‘ev[ymH] (157 7:)7

where (a) comes from 7 ((yo, 2]) > 0, (b) comes from the fact that under 7 no flow
leaves or enters [y, H], and the last two lines from the definition of (p, 7) restricted

to [yo, H].
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2. y is well defined: In this case there exists z € [z, H] such that V(z) > V(y,). Also,

we must have y; > 2, and we already argued that 7([y;, H| x [-H,y1]) = 0. There

are two more cases.

a)

Yy € (Yo, 1], Yo > y1, * ¢ ZR(y): This together with Lemma A.5 imply that
7([yo, 1] X ([—H,yo0] U [11, H])) = 0, and we also have 7(([—H, yo] U [v1, H]) X
[Y0,¥1]) = 0. From this we can construct a new feasible solution (p,7) with
revenue strictly larger than that of (p, 7).

Let B = [—H,yo) U (y1, H] and note that we have both 7(B x B°) = 0 and
7(B° x B) = 0, so we can use the separation result in Lemma A.9. Thus (p®, 75)
(see Lemma A.9 for notation) is a price-equilibrium pair in B. Its revenue equals
the revenue of (p,7) in B, and V (yo| %, 7%) = V(o) and V(31| p®, 75) = V(3).
For B¢ we choose flows 75° (L) = p(m (L ND)) for all L C B x B°. We choose
prices pP°(z) = po for all x € B¢, where pg is as in Eq. (A.32). As we argued
before this solution forms an price-equilibrium pair with revenue equal to V' (yq) -
1 (Y1 — Yo)-

We can then paste both solutions (see Lemma A.9) to obtain a solution (p,7) in

the entire city. As before, it yields a strict revenue improvement.

Jy € (yo,y1], 32 > y1 such that z € ZR(y): Then the following points are well
defined

Yy, =sup{z € [y1, H] : Fy € [yo, y1] such that z € TR(y)},

Y, 2 inf{y € [yo, 1] : 3 € [y1, H] such that z € TR(y)}.

That is, 7, is largest point after y; for which some location in [yg, y1] has drivers
indifferent to travel to it. As for y ,» 1t corresponds to the smallest point in
[Yo, y1] that has drivers willing to travel to some location in [y;, H]. Note that
from the definition of 7, and Lemma A.5 we can deduce that there is no flow

crossing ¥, in any direction, that is, 7([—H,7y,] % [y;, H]) = 0. Also, from
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Property 2 (which we prove at the end of the present proof) for any z € [y 1,@1],
7, € IR(z). This together with Lemma 1.3 imply that for any z € [y,, 7],
V(zlp,7)=V(y) — v, — 2l

The idea is to again construct an strict objective improvement. First, define y°
to be such that V(yo) + (y° — vo) = V(7y), that is, y¢ = V(yy) — V(vo) + o
Next we argue that y. € (y0,7;). In fact, by the definition of 7, we must have

V(y,) > V(yo) thus y. > yo. Also, if y. > 7, then

V(yo) + (¥ — o) = V(o) + (W1 — %) © V(#H1) = V(vo) + 71 — vo),

and since V(g;) = V(y1) + (g, — y1) we would have

V() + @ —y1) = Vo) + @1 —wo) < V() — V(ye) > 1 — vo,

which, since y; > yo, implies that V(y;) > V (yo), contradicting the definition of

y;. From this we can also infer that y° — yo =y, — v1.

Second, let h = 7, — 3 and for any set £ C C x C define the set
Ly 2{(x+hy+h)eCxC: (v,y)c L}

We now construct a new solution (p,7). Let B = [—H,yo) U (¥, H], so that
B¢ = [yo,7,]. Following our previous scheme of proof we construct two price-
equilibrium pairs one in B and another in B¢, and then we paste them to create
(p, 7). As we did before we can use the separation result (see Lemma A.9) to
obtain a solution (p®, 78) in B such that V (yo|p®, 78) = V (y) and V (7, |p?, 78) =
V)

For B¢ define the flow 75° for any £ C B¢ x B¢ by

() = (£ (o, y) % w0, ) ) (e (L0, ) X[y, T2)) VD)), (A.33)

We next show that this flow belongs to Fpe(u|ge) and that it is an equilibrium

for some prices p®° yet to be defined. Indeed, for any measurable subset K of
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B¢ we have

P (8) = ((CK x B 0 (fyos ) [y, T

+ pu(m (K x B) N ([y%, 3] x [y, 71]) N D))

7( (K N yo,y [y();yl])h) + u(K N[y 7))

=T

K+h)0 ymwy+wnxm+m@+m)+MKngm

a

T

(
(
= (G + ) OV 7)o 71+ 1) + (K O 73]
( (K + 1) O, ) > €) + (K Oy 7))

p((K + 1) Oy, 7)) + w0 [y, 7))

= (K N [yo,y"]) +h) + u(K N[y, 7))

D (K N [yo, wel) + (K 0 [y, 7))

= pu(K),

where (a) holds because by construction in [y;,7,] the flow there can be trans-
ported only inside the same set and, therefore, 7([y1,7;] X [y1,7; + h|°) equals

zero. Equality (b) comes from the fact that p is invariant under translation

(it is a multiple of the Lebesgue measure). Therefore, 7°° coincides with j|ge.

Also, it is clear from the definition of 75° that 7%° < I'. Hence, 75° belongs to

ch(M

pe). Furthermore, Property 3 (which we prove at the end of the present

proof) ensures that

dro dTBC ot —
() < ﬁ(erh)F a.e.x in[yo,y], and W( r)=ml—aexinfy 7]

d7'2
dl’

(A.34)
We choose the prices p® as follows. In [y¢,7,] we set constant prices equal to p;

such that
A F (p1)

a - pp - min{1, .
1

} = V(?71)7

this price is well defined because V(7;) < vy. For locations in [y, y¢] consider
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the set

dr5 dr:
K2 {zelpy): @) < T+ b)), (A.35)

note from Eq. A.34 we have I'(K°) = 0. We set prices for z € K to be such that

BC
dry”

U (0™ (@), 2

(x)) - U(a: +hyp(z+ h), s7(z + h)), (A.36)

such prices are well defined because the new Radon-Nikodym is smaller than the
old one (shifted by h) in K. For x € K¢ we set the prices equal to zero. Now we
need to verify that this selection of prices and flows yields an equilibrium. That

is, we need show that the set

C
dry”

Es = {(v,y) € B x B : 1w, y.0” (1), 22 (v)

= essBsCup H(x, PP (), d;—;BC ()> },

has 75° measure equal to p(B¢). First, from Property 3 we have

dr5°
Bc Be _ H . Be . 2 X
Vil g7 = esssup (29" (). ()

V() + (x —yo) if z € [yo,y°]
- (A.37)
V(%) if [yca@J

For the first term in Eq. (A.33) observe that 7((Ese N [0, ¥] X [yo, ¥1])n) equals

BC
dry

2 (y—h)) = V(y)+(—p) } ).

r({@.v) € . mlx 7] Tle—h,y—h,p (y=h),

using that ['(K°) = 0 and Eq. (A.47) one can verify that this expression equals

T({(%y) € [y1, 7] X [y, 7] - Wz, y, p(y), s () = V(| p, T)}>'

In turn, from the definition of y . and 7,, and the fact that 7 is an equilibrium
flow this last expression equals u([y1,7,]). For the second term in Eq. (A.33) we

have

BC
dry

Ese NIy, 1] % [0, HIND = {(2,9) € ", )% [y, 7] < a0 (9), () = V() }D.
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Thus the second term in Eq. (A.33) equals

TBC
w({e € ) U r™ (@), T @) = V@) }) = i 51) = wllo, )

where the first equality comes from Eq. (A.34) and the discussion that it follows
it. The second equality comes from g being invariant under translation and

y¢ — yo = y; — y1. Putting all these together yields

7 (Ese) = u([F1,91)) + 1llyo, 1)) = 1lyo, 1)) = w(B°).

In order to create the new solution (p, 7) we just use Lemma A.9 to paste the two

solutions we constructed in B and B¢. Note that the pasting is allowed because
Vol p7,7%) = V(yo) and V(7| p7, 77) = V(7).
We now finally show the objective improvement. It is sufficient to prove that

Rev[yO:gl] (ﬁ? 7-) > ReV[yO’gl] (p7 7-)7

Reviy, 5,1, 7) = / V(z) dry() (a) / V(yo) dra(x)

[yo,1]

= Rev[yoﬂl](ﬁ? 7->’

where in (a) use Property 1. In (b) we use that under 7 no flow leaves or enters

B¢ and, thus,
Ty (BY) = 75 (B x BY) = u(B°) = 7(B° x C) = 7(B* x B°) = 7(C x B°) = 15(B°).
In (¢) we simply use Eq. (A.37).

In what follows we provide a complete proof of the three properties that we use
to obtain the result.

Property 1. m2((yo,%]) > 0.
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Proof of Property 1. First we show that 3 € (0,2 — yo) such that 7((yo, yo +
h)x[Z,y1]) = 0. Suppose this is not true then for all n € N large enough we have that
7((4o,yo + =) x [&,31]) > 0, which thanks to Lemma A.5 implies that for all n € N
large enough there exists (z,,yn) € (Yo,Yo + =) X [, y1] such that y, € TR(z,).
Our envelope result (see Lemma 1.3) ensures that V(z,) = V(y,) — |yn — z,|. Since
Yn € [Z,11] we must have V(y,) < V(yo) for all n € N large (when y; is not well
defined we replaced by H and the argument still goes through). Furthermore, x,

converges to yo so the continuity of V(-) yields

Viyo) = lim V(z,) = lim V(yn) = [yn — 20| < V(o) = lim (g — 20) < V(y0),

n—o0

not possible. We conclude that 3h € (0,2 — o) such that 7((yo, yo+h) x [Z,11]) = 0.
Note that the same must be true for some h € (0, (Z — yo) A (y%yo)) We fix h in this
interval with the property we just proved.

Next, note we also have that 7((yo,yo + h) X (y1, H]) = 0; otherwise, by Lemma
A5 we can find (z,y) € (yo,yo + h) X (y1, H] such that y € ZR(x), which implies
that y € ZR(y1). Using the envelope result delivers V(y;) = V(y) — |y — v1| and
V(z) = V(y) — |y — x|. Since V(y1) = V(yo) we have (y1 — ) = V(yo) — V(z), but

our choice of h implies that y; — x > h thus
h<(y1—x)=V(y) —V(z) <|yo—z[ < h,

again a contradiction. The last inequality comes from the Lipschitz property (see

Lemma 1.1). In summary, we have that there exists h € (0,(Z — yo) A (3"12;”))) such
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that 7((yo,yo + h) x [&, H]) = 0. To conclude the proof note the following

0 il(yo,yo + 1)
= (0,40 + 1) % C)
2 7 (o, yo + 1) % [yo, H])
= 7((Y0: yo + 1) X [y0,2)) + 7((v0, Yo + 1) x [2, H])
= 7((Y0, Y0 + ) X [y0,2))

< 7([v0, 2])

9 (o, 2)),

where (a) comes from the fact that the measure p has full support in C. The equality
(b) holds because by construction no flow leaves [yy, H], and (c) is true because 7 < I'
and T" does not have atoms in [y, #]. This concludes the proof of Property 1.

Property 2. Both y; and y  are achieved in the set where they are defined.
Furthermore, for any z € [y, 7], 7, € IR(2).

Proof of Property 2. First we show both

Jyq € [yo, y1] such that §; € IR(y,) and IJz, € [y1, H] such that z, € TR(y, ).
(A.38)
Let us begin with the first statement. Let 2™ be a sequence in A converging to ¥,
where

A={x €[y, H]:3y € [yo,y1] such that x € TR(y)}.

Then there exists a sequence {y"} C [yo,y1] such that 2 € TR(y"). Note that since
{y"} C [yo,y1] and 2" € [y, H], Lemma A.3 implies that 2" € ZR(y;). Fix € > 0 and
d > 0 then we can find ng(d) such that for all n > ng(0) we have B(z,,d/2) C B(y,,0).
This implies that Vg, s5/2)(y1) < Vag,.6)(y1) for alln > ng(6). Fixn > ne(d), because

™ € TR(y,) we know that
3 0o(e, n) such that V6 < dy(e,n) Vi@ns)(y1) = V(y) — €.
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Let ro = do(€,n) A % then for all & < ry we have

Vi,6) Y1) = Vb2 (W) = Vi, 51) = Vin) — e

This shows that for any €, > 0 we have V@, 5)(y1) > V(y1)—€. Thatis, 7, € TR(y1).

Now we prove that y € A where
A={y € [yo,y1] : Jx € [y1, H] such that x € TR(y)}.

By the definition of y |, We can always construct a sequence {y"} C A converging to
y,- From the definition of A there exists another sequence {z"} C [y1, H] such that

™ € IR(y") for all n. Fix € > 0 then we can always find ng(e) such that for all

n > no(€) we have [y" —y | < €/3. Fix n > ng(e) then since 2" € IR(y") we have

J0o(€,n) such that Vo < do(e,n) Via,.0)(y") > V(y") — (A.39)

€
3 Y
but from the Lipchitz property we can deduce that

€
Vi@, (y") < Vb@.o(y,) +3 and V(") = Viy,) -

Wl ™

Replacing this in Eq. (A.39) yields
3d0(€e,n) such that V§ < dy(e, n) VB(%:‘”(%) > V(gl) — €,

that is, 2™ € ZR(y,). This concludes the proof for Eq. (A.38).

Next, we show that for all z € [gl,yl], U, € IR(z). First, from our previos
argument we know there exists y, and z, as in Eq. (A.38). Then Lemma A.3 implies
U, € IR(z) for all z € [y,,7;]. Observe that this yields y; € ZTR(z,) because x, €
[g, 1] Take z € [y, ,y,] then since z; € TR(y,) from Lemma A.3 we conclude that
zq € TR(2). Using envelope result, Lemma 1.3, we have that V(z,) = V(2)+(z,—2).

Furthermore, fix € > 0 then since 3, € ZR(z,) we have
J0o(e) such that V& < 0g(€) Vg, o (xq) +€> V(g =V(2)+ (4 —2). (A.40)
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Thus for any 0 < dg(€), the Lipchitz property and Eq. (A.40) yield
Vb@,.)(2) 2 Vi@,.0) () = (14— 2) 2 V(2) + (1 — 2) — (14— 2) —e =V (2) — ¢,

which implies that 7, € ZR(z). This concludes the proof of Property 2.
Property 3. Both Eq. (A.34) and Eq. (A.37) hold.
Proof of Property 3. Let us star with Eq. (A.34). In order to prove the first

part in Eq. (A.34) consider the following set

drB° dr
K = {x € [yo,vy°] : d—%(m) < d—;(x+h)}

We want to show that I'(K¢) = 0 (the complement is taken with respect to [yo, y°]).

If this is not true then I'(K¢) > 0 and we have

TQB"’(KC):/ d;; (z) dl'(x) >/KC%(x+h) dl(z) = 7(K° + h). (A.41)

This together with Eq. A.41 yield a contradiction. To prove the second part of Eq.

(A.34) consider any R C [y, ¥,], and observe that

(R = (I 7] X (R +1)) + 4(R) = (R) = [ mdr (o)

where the second equality comes from R+h C [y, 7, +h] and 7([y1, 71| X [1, 71 +h]) =
0.

222



Finally, we provide a proof for Eq. (A.37). Let Z(z) £ min{V(yo) + (z —
Yo), V(7,)}. We verify that for all z € B¢

BC
dry

Z(w) 2 U(w,p™ (w), 2

(w)) —|w—2z|, T—ae win B (A.42)

and that Z(x) is the smallest with such property. First, fix z € [y°,7,] so Z(x) =

V(7). Note that from our choice of prices in [y¢,7,] we have

dTQB ‘
dl’

Z(@) = V() = V() —lw—r| = U(w,p (w), () ) ~ju=s|, T—a.cwinfy’,5)

So we only need to show the same inequality but this time for [yg,y¢]. From the
definition of y and ¥;, Lemma A.3 and Lemma 1.3 we have that V(y,) — 7, — v1|

equals V(y1| p, 7) and, therefore,

V(H) 2 Ulw, p(w),s"(w)) = lw =y + [g1 —wnl, T —ae w in y,7,]

> U(w,p(w),s"(w)), T'—ae w in [y,7,].

We can use this together with the fact that [yo, y°] + h = [y1,7;] to obtain

(a)
Z(x)=V(yy) > U(w + h,p(w + h), s™(w + h)), I'—a.e. w in [yo,y"]

> U(w—i—h,p(w—l—h),sT(w—i—h)) —|w—2z|, T—ae w in [y,y ]

BC
dry”

® ( B
Ulw,p” (w), T

(w)) —|w—2z|, T —ae w in [yo,y ],

Inequality (a) comes from the fact that I' in the interval under consideration is in-
variant under a shift; (b) comes from Eq. (A.47). That is, for = € [y, 7,] Eq. (A.42)
is satisfied. It is left to verify that Z(x) is the smallest value satisfying Eq. (A.42).

For any € > 0, since z € [y°, 7| we have

0 < T(B(x,€) N[y, 7))

P(we 7] : VE) — v —al > V(m) —)

C
dry

D(we [y, 7] U (w,p™ (), () = w = 2| > V() — e,
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hence V (7, ) is the smallest value satisfying Eq. (A.42).
Now we show Eq. (A.42) for z € [yo,y“]. Fixx € [yo,y‘] so Z(x) = V(yo)+(z—0).
Note that V (yo) equals V(y;), and from the definition of 7, and the envelope result

we have that V(y1) equals V(7;) — (7, — y1). Therefore,

Z(x) =V(yy) — (U — 1) + (z — vo)

> V(@) —(w—=2), ['—ae win 7]

deC
dl’

) C
© U<w7pB (w),

(w)> —lw—zf, I'—ae win [y°7],

where (a) follows from w > y. and y© — yo = 7, — y1. Line (b) holds from our choice
of prices in [y¢,7,]. Hence, Z(x) upper bounds (almost surely) the desire quantity
in [y°,7,], so we just need to prove the same bound for [y, °]. Note that from the

definition of y and y; we have that
Vie+h)=V(y)+(@+h—y)=V(p)+ (@ —w)=Z(),
and thus

Z(x)=V(x+h|p,T)

2 Ulw, p(w), s"(w)) = |w = (z +h)[, T'—ae win [y,7]

O U(w + hyp(w + h),s"(w+h) — lw+h—(@+h)|, T—ae w in [yo,y]

dr’° .
d; (’LU)) - "LU—.T)‘, ['—ae w in [y07yc]7

—

—
)
~

= U(w,p" (w),

where (a) comes from the definition of V' (x + h| p,7), (b) from the invariance under
translation of I'. Line (c¢) follows from Eq. (A.47). Therefore, Z(x) satisfies Eq.

(A.42). To see why Z(z) is the smallest value satisfying this equation observe that

0 <T(B(ye)Ny,7])

DT (w e ' 5] V@)~ (w—2) > V)~ G~ w) + (@ —w0) ~ )

= 0w e B30 U (w0 (), o) — o — o] > Z() ).
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where in (a) we use that y© — yo = ¥, — y1. This implies that Z(z) is the smallest
value satisfying Eq. (A.42), completing the proof.
U

Proof of Proposition 1.9. If X, = H there is nothing to prove, so assume

X, < H. Let (p,7) be a feasible solution such that V'(-|p, 7) is non-decreasing. Due
to Proposition 1.8 we can always restrict attention to this type of solution. We

proceed by contradiction. Assume that there exists Z € (X, H] such that
V(%) < min{V(X,) + (& — X,), 1 } £ Z(7). (A.43)

First, we construct an interval I such that 7(1) > 0 and V(z) < Z(x) for all z € I.
Then, we show that Z(x) can be achieved in a feasible manner by appropriately
creating a price-equilibrium pair (p, 7) that mimics the flow generated by 7 in (X, H].
The final step of the proof is to use the interval I and the flow 7 to show an strict
objective improvement.

Interval construction. From Eq. (A.43) and the continuity of V() we can
deduce the existence of an interval [@,b] C (X,, H] such V() < Z(x) for all z € [a, b].
Furthermore, the Lipchitz property (see Lemma 1.1) and Lemma 1.6 imply that
V(z) < Z(z) for all © € [a,¢] where ¢ is the minimum between H and the value ¢
such that V(a) + (¢ — a) = . Also, Proposition 1.8 and Lemma A.5 together with
Lemma 1.3 imply that 7([a, ¢| x C) = 7([a, ¢] x [a, ¢]). Putting all of this together we
conclude that there exists an interval I = (&, ¢) such that 7(1) > 0 and V(z) < Z(z)
for all z € I.

Flow mimicking. Define the collection of intervals
IT2{Ic (X, H:I=]abl,a<bbecIR(a),aisminimal and b is maximal}.
There are two cases: Z = () and Z # (). We only do the latter because its treatment

contains the former.
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Suppose Z # (), then there exists X, < a < b such that b € ZR(a), where a and
b are minimal and maximal with this property, respectively. We first look at some
properties of the equilibrium in each element of Z and then we look at its complement.

Note that from the minimality of a we have that for any =z < a, a ¢ ZR(x).
Similarly, for any x > b we have x ¢ ZR(b). This, together with Proposition 1.8
and Lemma A.5 imply that [a,b] is a flow-separated region, that is, there is no flow
coming in nor flow going out of [a, ], 7([a,b] X [a,b]¢) = 0 and 7([a, b]® X [a,b]) = 0.
Observe that our flow separation result in Lemma A.9 implies that in each interval

I € 7 we have an equilibrium. Furthermore, from Lemma 1.3 we must have
V(z)=V(a)+ (x —a), Yz € |a,b].

From the previous discussion we infer that the elements in the collection Z are disjoint
intervals and, since V' is non-decreasing, the collection is at most countable.

For any a, b such that [a,b] € Z we define
t(a) = V(a) = V(X,)+X,, and t(b) =2V (b) - V(X,)+ X,.

Note that since V' is non-decreasing we have V(a) > V(X,) and, therefore, t(b) >

U A h

Figure A.2: Graphical representation of t(a) and ¢(b).

t(a) > X,. Also, for any such b we have ¢(b) < Y;. The points t(a),t(b) are the
corresponding points to a,b in the interval [X,,Y;] (see Figure A.2). Furthermore,
t(-) is a non-decreasing mapping.

We denote by Z¢ the collection of intervals whose elements are the intervals that

do not belong to Z. Observe that the elements in Z and Z¢ alternate in a consecutive
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manner. That is, if we have an interval (¢,d) € Z°¢ then it can only be followed by
and interval [a,b] € Z with a = d. In the case that I = (¢,d) € Z¢ is not followed by
an interval in Z then I equals (¢, H]. Define the sets
K&|Jrand ko2 (1
IeT IeTe
Note that (X,, H] = KUK up to a set of I' measure zero. Also, for each interval
I € 7¢ we must have that for all measurable sets A C I, 7(A x A) = pu(A) = 1(A);

otherwise, by Lemma A.5 we would get a contradiction with the definition of Z. In

dry

2(@)=p, I'—ae z in K°.

turn, this implies that

We denote by Z; the collection of intervals {[t(a), ()]} (apjez, and Zf is defined in
analogous manner. Also, K; and Kf are defined similarly to X and K¢ replacing Z
with 7, and Z¢ with Zj, respectively.

The idea now is to construct a solution (p,7) in (X,, H| and then paste it with
the old solution (p, 7) restricted to [—H, X,). To construct (p,7) we will make use
of the collections Z; and Zy. For each element in these collections we will create a
price-equilibrium. For intervals [t(a), t(b)] € Z, the idea is that the solution (p,7) has
the same equilibrium than (p, 7) in [a, b]. For the interval in Z7 we choose prices such
that no drivers will have an incentive to move. Finally, using Lemma A.9 we will
paste the equilibria generated in all the intervals.

First, we show how to construct prices and an equilibrium in some [t(a), ¢(b)]. Fix
[a,b] = I € T and denote the mimicking set [t(a),t(b)] by I;. Choose prices p't(z)
equal to p(z+ (a—t(a))) for all x € I;. For the flows, we define 7!t for any £ C I x I,
by

L) = T(ﬁ + (a—t(a),a — t(a))),

that is, 7* mimics 7 in I x I. It can be shown that (see Property 1 at the end of this

proof) (p't,7!*) forms a price-equilibrium pair in I; such that 7 € Fp,(p|s,). Also,
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V(x| p™, 71t) equals V(x + a — t(a)| p,7) for all z € I;, and

Iy
dr,

ar

(x) = %(m +a—t(a)), I'—ae. z in . (A.44)

Furthermore, because I € Z we have
V(zlp", ") = V(zt+a—t(a)|p, 7) = V(a)+(z—t(a)) = V(X,)+(2—X,) = Z(x), V€ I,

that is, for all intervals I; the associated solution (p’t, 7%) achieves the upper bound
Z(x).

Second, we show how to set the prices and construct an equilibrium everywhere
else. Consider any two consecutive sets in Z, I} = [ay,b1] and I = [ag,by]. The
corresponding mimicking sets are [t(ay),t(b1)] and [t(az),t(b2)]. We need to set prices
and define the flow in the interval J; = (t(b1),t(a2)). We choose the prices p” to be

such that

U(x,p‘]t(:z:),m) =Z(x), Vze€J.

Since Z(x) < 1), these prices are guaranteed to exist. We define the measure 77/t for

any measurable set £ C J; x J; by
(L) = p(mi (£.0D)).

This measure has dr3"/dl' = j;, T' — a.e in J;. It can be shown that (see Property
2 at the end of this proof) (p’t,77t) forms a price-equilibrium pair in J; such that
€ Fy,(uls,) and V(z| p’t, 77) equals Z(x) for all z € J;.

Third, the solutions {(p"t, 7")}1,ez, and {(p”*, 77)} s,ezs cover the whole interval
(X, H]. Moreover they are defined in disjoint interval, and are such that the respec-
tive V'(-) functions coincide at the boundaries of the interval (these functions coincide
with Z(-)). Thus, we can apply Lemma A.9 to paste all these solutions and obtain a
new solution (p,7) in (X,, H|. As mentioned before we can use the same lemma to
paste this solution with the old solution restricted to [—H, X,]|. This would yield a

solution in the entire city.
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Objective improvement. Consider the revenue under (p,7) in (X,, H], it easy

to observe that

Revx, s (p.7) = / Vialp,7) - 57 () dT(x)
(Xr,H]

:/v(;cyp,T).sT(;c) dF(m)+/ Vi(zlp,7) - s7(z) dI'(z)

c

K
= /IV(x|p, 7) - s (x) dT(x) +/ V(zlp,7)-s"(x)dl(x) .

IeT ©
N

:}2) =(b)

Let us develop the integral of the term (a). Let I be equal to [a,b] and I; equal to
[t(a),t(b)] then

V(zlp,7)-s"(x)dl(z) = 4( o V(z+a—tla)p,1) s (x+a—t(a))dl(z)

- / V(xlp",7") - 57 () dT (),
t(a).40)]

[a,b]

where in the first line we use the invariance under translation of I', and in the second
line we use that V (z|p™, 7!t) equals V(x +a—t(a)|p,7) for all z € I; and Eq. (A.44).
Thus,

Revix, m(p.7) = 3 / Vialp", ) - 7 () dT() + (b)

_ / Z(x) - 5 (x) T (z) + (b).
Kt

Thus, to conclude the proof we only need to show that
(b) = V(z|p,7)-s"(z)dl'(z) < / Z(x)- s (z) dl'(z). (A.45)
Ke K¢

Define the following functions

(

V(zlp,7) ifz e K,
Ve(z) =
V(alp,7) if z € [a,b], some [a,b] € Z,
Z(x) if z € K¢,
Ze(x) =
Z(t(a)) if x € [t(a),t(b)], some [t(a),t(b)] € I,.

\
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We verify that V.(z) < Z.(z) for all z € (X,, H|, and the we use this inequality to
prove the objective improvement. Let x € K¢ then there exists an interval (¢,d) €
Z¢ with z € (¢,d). If x € K¢ then the upper bound is trivial. If x ¢ K¢ then
x € [t(a),t(b)] for some [t(a),t(b)] € Z,. We must have that a > d; otherwise, since
(¢,d) € Z, it must be the case that b < c¢. In turn, this implies that [t(a), t(b)]|N (¢, d) =

() which contradiction our current assumption. Therefore,
Ve(x) = V(zlp,7) < V(dlp.7) < V(alp,7) = Z(t(a)) = Zc(2).

Let = € [a,b] for some [a,b] € Z. If x € K¥, t(b) < x otherwise we would have that
t(a) < a < a<t(b), that is, x € [t(a),t(b)] € Z;. Under our current assumption this

is not possible. Then,

Ve(z) = V(alp,7) < V(blp,7) = Z(t(b)) < Z(x) = Z.(x), (A.46)

~

that is, when z € K N K{ we have V.(z) < Z.(z). If = € [t(a),t(b)] for some
[t(a),t(b)] € Z,. Using similar arguments as before we can show that ¢ > a and,
therefore,

Ve(x) = V(alp,7) = Z(t(a)) < Z(t(a)) = Ze(x).

Now, recall that in the Interval construction part of the proof we defined an
interval I = [a,¢] in which the function V(-|p,7) is uniformly strictly bounded by
Z(-). Now we relate this interval to ICf by showing that there exists € > 0 such that
(& —€,&) C If with I¢ € Z¢. The idea is to use that (¢ —€,é) C I and (¢ —€,&) C K¢

together with Eq. (A.46) to show an strict objective improvement.
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Note that if ¢ = H then

where (1) comes from the fact that ¢(-) is non-decreasing and ¢ = H, line (2) follows

from the V(a) < Z(a) and V(X,) = Z(X,). Inequality, (3) holds because both V" and

Also, we always have that ¢(b) <Y, where Y, is such that V(X,) + (Y, — X,.) = .
From this we deduce that Y, < ¢ and, therefore, we have that supy,) yp)ez, t(b) < &
Either way we can always find € € (0,¢ — a) such that the interval (¢ — ¢, ¢) does not
intersect with any interval in Z,. Hence, since Zy are all the intervals that do not
belong to Z; we must have that (¢ —¢,¢) C If for some I} € Z7.

Because (¢ — €,¢) is a subset of both Kf and (a,¢), for x € (¢ —€,¢) N K we

have V,(z) < Z.(z). Also, for z € (¢ —¢,¢) N K from equation Eq. (A.46) we have
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Ve(z) < Zo(x). That is, V.(x) < Z.(z) for all x € (¢ — ¢, ¢) and, therefore,

/ Valp,) () AT () = /( Vel 7) @)

- Z Vialp,7) - pdl'(z)

[a,bleT [a.b]
1dF ’pa 1dF(x)
<[, Z/
/ ,UldF Z V a‘p7 ])
[a,bleT
/ Jomdl(@)— S Z(a@)u([ta), 1))

[t(a),t(b)] €T

-/ 2(e): pall (@),

which proves Eq. (A.45). To conclude, we provide a proof for both Property 1 and
Property 2.
Property 1. (p',7") forms a price-equilibrium pair in I, such that 7t €

Fr,(plz,). Also, V(x| p', 7%) equals V(z + a — t(a)| p, 7) for all x € I;, and

Iy
dr,

(@) =

dTQ

dF(

r+a—t(a), T'—ae z in I,

Proof of Property 1. We first show that 7/t € Fj,(u|;,). It is clear that 71t €
M(I; x 1), and that 73t < I'. To see why 7{* coincides with s, consider a set K C I,

then 7{*(K) equals

(K x I,) = 7((K 4+ a —t(a)) x (I; + a — t(a))) = 7((K + a — t(a)) x [a,b])
=7((K +a—t(a)) xC)
= (K +a—t(a))

= uK),

where the fourth line holds because the set K +a —t(a) is contained in [a, b], and we

know there is no flow leaving this interval. Next, using a similar argument we show
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the property for dri*/dl, let K be a measurable subset of I, then

dTQIt _ I
/K " () dP(a) = 70, x K)

=7([a,b] x (K +a—t(a)))

dTQ
:/(K+a Ha)) dF( @) dl()
—/ ‘;Tr(xm—t( ) T (z).

Using this last property and the prices definition is easy to see that

Iy
dr,

“L )~ Iy —al > u) = 0}

dry
=inf{fu e R:T(y e L, : U(y,p(y + a — t(a)), T

V(x| p™, ") =inf{lu e R:T(y € I, : Uy, p"(y),
—2(y+a—t(a)))

—ly—z[>wu) =0}

=influeR:T(yel:U(y,ply), CZE( )

—ly = (z+a—ta))| >u) =0}

= Vi(z +a—t(a)|p,7),

but from out flow separation result (see Lemma A.9) we have that Vi(zx + a —
t(a)| p,7) = V(z + a — t(a)| p,7). Using this same approach, the definition of 7
and the fact that 7 is an equilibrium in [a,b] it is easy to verify the equilibrium
condition.

Property 2. The pair (p’*,77t) forms a price-equilibrium pair in J; such that
€ Fy,(uls,) and V(z| p’t, 77) equals Z(x) for all z € J;.

Proof of Property 2. From the definition of 77 it is clear that 77t € F,(ul,,).
Also, dry* /dU = puy, T' —a.e in J,. To see why V (z|p”t, 77*) equals Z(z) for all = € .J,,
note that for fixed x € J;

Ji
drs

T(y € J,: Uy, p"(y), e

() —ly—z| > Z(x)) =T(y € J; : Z(y)—|z—y| > Z(z)) =0,

where in the first equality we use the definition of p’® together with dr;* /dl’ = puy,

[' — a.e in J;. In the second equality we use the Lipschitz property of the function
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Z(-). That is, Z(x) > V(x| p’t, 77t). This upper bound (I'—a.e) is tight. Let ¢ > 0
then

0 < T(B(z,¢/2) N.J,)

<T(y € B(x,e/2) N ) s e > |v =yl + (Z(x) = Z(y)))

=Dy e Blx,e/2)NJy) : Z(y) — |y —x[ > Z(z) — )

=T(y € B(z,¢/2)N 1) - Uly.p™(y), — &

thus Z(x) is the smallest upper bound (I'—a.e) and we have Z(z) = V (z|p’, 77t). Tt

is not hard to verify that the equilibrium condition reduces to
T ((w,y) € Jo x Ji: Z(y) — ly — 2| = Z(x)) = p( ),

and by the definition of 77t this is immediately satisfied.
O

Proof of Theorem 1.2. The result follows directly from Proposition 1.9, and

the fact that [X;, X,] is an attraction region where V(-) is pinned down.
O

Proof of Theorem 1.3. We separate the proof in several steps. First, we argue

that there are at most three attraction regions in the any optimal solution. Then we
show that any optimal solution does not have drivers moving to the interval [W,, X, ]
and [X;, W]; otherwise, the platform can incentivize the movement of a positive
fraction of drivers outside of the center and make strictly larger revenue. After this
we put into practice Theorem 1.1 which prescribes what are the optimal prices and
post-relocation supply in each attraction region. In the final main step of the proof
we argue that the optimal solution has to be symmetric. We present the proof of two
properties that we will use during the main arguments, Property 1 and Property 2,
after the main proof.

Attraction regions identification: Lemma 1.5 establishes that at an optimal
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solution the attraction region of the origin is well defined with X; < 0 < X,.. So Our
first attraction region is the interval [X;, X,].

The second and third attraction regions correspond to the intervals [V}, X;] and
[X,,Y,] with Y} and Y, being sink locations. WLOG consider only the right interval,
if Y, = X, we do not identify any attraction region to the right of X,.. Assume that
X, <Y,, we will show that A(Y,) = [X,,Y,] and Y, ¢ A(z) for any z # Y,.. In order,
to show this we first show that Y, € ZR(X,|p, 7). From Theorem 1.2 we know that
V(z) equals V(X,) + (x — X,) for all x € [X,,Y,]. Fix e > 0 and 0y € (0,Y, — X,)

then for any 0 < Jy define the set
K’ = {y e B(Y,,8) N[X,,Y;] : U(y) = V(y)}.

Since u((Y,—6,Y;]) > 0and 7((Y; —6,Y,] x (C\ (Y, —46,Y.])) = 0 (otherwise we would
obtain a contradiction with Theorem 1.2), we must have that 7((Y, — 6,Y,]) > 0.

This together with Lemma A.2 and 7, < I' imply that I'(K?) > 0. Hence,

0 < I(K°)
=T(ye K°:e>0)
=T(ye K :V(X,) > V(X,) —¢)
=Ty e K :V(y) —ly = X,| > V(X,) —¢)
=Ty e K :U(y) —ly— X:| > V(X,) —¢)

<T(y e B(Y,,0): Uly) — |y = Xo| > V(X;) —€)

This implies that Vpy, 6 (X;) > V(X,) — €. By the choice of ¢ and § we conclude
that limsyo Vi(y, 6 (X:) is V(X,). In other words, Y, € ZR(X,|p, 7). Now, Y, cannot
belong to any other attraction region; otherwise, by the Lemma 1.3 the value function
would not be as in Theorem 1.2. Therefore, Y; is a sink location and [X,, Y;] C A(Y,).
If there existed z € A(Y,) but x ¢ [X,,Y,], the value function would not be as in

Theorem 1.2. In conclusion, A(Y,) = [X,,Y;] and Y, ¢ A(z) for any z # Y,.
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No supply in [W,, X,]: Next we argue that at an optimal solution (p, 7) we must
have that o([IW,., X,.]) = 0, the same is true for the left side. Suppose by contradiction
that 7 ([W,, X,]) > 0 and denote this amount of supply by ¢,, we construct a new

solution (p,7) that yields an strict objective improvement. Observe that,
0<q =7(Cx[W,,X,]) =7(Wp, X;] x W, X;]) < p((W;, Xp]) = pur - (Xi — W,).

That is, from the total amount of initial supply in [W,, X,| we have that ¢, units
stay within [W,, X,] and a total of p; - (X, — W,) — g, units travel to [0, W,]. Note
that for this ¢, units of mass their V is bounded by ), and, therefore, what the
platform can make from them is strictly bounded by 1 - ¢, (times a scaling factor).
Let X, € [W,, X,) be such that ¢. = uy - (X, — Xr) In the new solution, we will
modify the attraction region [X;, X,] to be [X}, X,]. We will maintain the same prices
and post-relocation supply in the origin’s attraction region. However, to the right

side of X, we will set new prices that will be consistent with a new value function

and flows that upper bound those of the old solution, see Figure A.3.

V(0)

0w X X, Y, H
e e
w([Xr, X)) = qr

Figure A.3: No supply in [, X;]. The new solution moves the right end of the
attraction region from X, to X,, so now a mass ¢, of drivers can travel towards
the periphery. From this mass the platform now makes 1; instead of V(z) with

V(z) < 1.

We begin our construction of (p,7) with the interval I'! = [X,,Y;], where Y, is

such that ¢, = V(X,) + (Y, — X,). Let h £ 2. (X, — X,), we define flows for any
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LCI!xI!by
(L) :T(u(h, h)).

1

IT
Consider the set K = {x € I': d:fr (z) < %2 (x4 h)}. We set prices to be such that

Il
dry”

ar

U(x,pI}‘(x), (m)) = U(x +h,p(x+h),s (x+ h)), Vo e K, (A.47)

and zero otherwise. We prove, in Property 1 (see end of present proof), that (plr1 Tl )
is a price-equilibrium pair in I! such that V(z| p'*,77") = V(X,) + (z — X,) and
['(K¢) =0.

In the interval I? = (Y;, H] we can achieve the optimal solution when there is no
demand shock. As in the optimal solution in the pre-demand shock environment (see
Proposition 1.6) we set prices equal to p; and the flows are such that drl? /dl equals
p1, ' —a.ein T2,

The interval I = [X;, X,] is more involved. Observe that all the initial flow to
the right of the origin that we have to allocate in [0, X,] equals p1 - X, — g,. This is
exactly the same amount of drivers in [0, X, ] that travels to [0, W,] according to 7.
Our new solution will generate the same post-relocation supply than 7 in [0, W,.] but
this time only using drivers from [0, X,].

We use the same prices, that is p’* (z) = p(z) for all z € [X, X,]. For the flows
we define them through two measures: the flow that goes from [X;, 0] to [X;,0] and
the flow that goes from [0, X,] to [0, X,]. For the first flow we use 7¢ = 7|[x, g, for the
second measure 7" we will use a monotone coupling (see e.g, [60] for details). Define
the initial supply to the right measure p" to be equal to ,u\[Q %,)» and the final supply
S” to be

S™(B) = 7([0, X,] x B),  for any measurable set B C [0, X,].
Note that S7([0, W,]) equals " ([0, X,]). Given this we define 7" by

(L) & (FIEZH, Fé:l])#m(ﬁ), for any measurable set £ C [0, X,] x [0, X, ],
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where # correspond to the push-forward operator. For any measure v defined in

[0, X,] we define its cumulative function and pseudo-inverse by
Fy) 2 v(0,9), Yy=0 and FI@) 2infly > 0: ) > 1},

vt € [0, 17([0, X,])]. Effectively, 7" transports the initial mass in [0, X,] to the final
supply distribution (considering only drivers that come from the right) in [0, W,] as

I

prescribed by 7. The final flow measure 7 » correspond to 74+ TT|[0’ %,)- In Property 2

below we show that (p™*, 717 ) is a price-equilibrium pair such that Revy, w, (pl?g, 7)) =
Revix, w,(p, 7).

The solution (p, 7) is constructed by pasting (see Lemma A.9) the old solution is
[—H, X;) with the new solution in I° I and I?. The pasting is possible because the
equilibrium utility function coincide in the boundaries of these intervals. This new

solution preserves the platform’s revenue in [—H, W,.]U[Y;., H] but it strictly improves

it in [W,.,Y;]. Indeed, note that

q = / s"(x) dx — / s™(z) dx
[XWY?"] [XWY/T]

= / (s"(x +h) —s"(x)) dx + / s"(x) dx, (A.48)
(X0, Y] -~ g (X, X (X — X))
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thus

V(z|p,7) - s"(x) dv + / V(z|p,7) - s"(x) d

Sl

S

1 .
5 Revyw, v,)(p, 7) =

[ ]

Ty

—~

a

~

S S S

| V(z|p,7) - s"(x) dz

V(z|p,7T) - s%(q:) dr + 1 -2-q,

) T]

l

A
=
E
~

l

—~
O
~

i
l

V(alp, 7) - 5 (z) do + by - o + / V(z)- 5 () d

[WTvXT]

T r}

—
Vs

V(z|p,7) s (x+h)dz

T ’r]

+ / V(z)-s"(x)dx
[WT7X7‘+(XT‘_XT')]

(© . 1
© / V(@) s (x) de = - Revy, vy (p, 7).
(Wi, Yy Y

1

where (a) follows because 7 does not put mass in [W,, X,], (b) because Y, — Y, equals
2- (X, — X,). Using the fact that 7([W,, X,]) = ¢, we obtain (c), while (d) follows
from Eq. (A.48) and (e) from V (z| p, 7) being equal to V (z + h) for all z € [X,,Y,].

In conclusion, any optimal solution both 7 ([W,, X,|) and 7 ([X;, W;]) must equal
zZero.

Using Theorem 1.1: All the conditions in Theorem 1.1 are met. So, for any of
the three attraction regions if (p, 7) is not already as in the statement of the theorem
we can find at least a weak improvement. That is, we can restrict to solution as in
Theorem 1.1. Therefore, the prices are as stated in the present theorem, and there
exists 8L € [W,0], L € [0,W,], B € [V}, X)] and ) € [X,,Y;] such that

0 if xe (8, 0;)U (BB,
s"(z) =

Y1 (V(z|p,7)) otherwise,

T

with

r

/Bl c ¢;1(V(x| b, T)) dF(ZL‘) = M1 (XT - Xl)

c
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and
Y, By
BTWWVMRﬂMH@ZMMK—K% yﬁ%ﬂVMnﬂMWMZMM&—H)
j
Note that the fact that 8. € [W;,0] and 37 € [0, W,], does not come directly from
Theorem 1.1 but rather is a consequence of that any optimal solution must satisfy
both ([W,, X;]) = 0 and ([X;,W;]) = 0. Also, observe that Theorem 1.1 only
gives us a solution in each attraction but above we have stated the solution for the
entire city. The only missing interval are [—H, Y]] and [Y,, H]. In this intervals, as
in the pre-shock environment, the solution set prices equal to p; and the supply at
every location is pi, in turn, the V' equals v; in this region. This gives a complete
solution to the platform’s problem up to three values: V(0), X;, X,.

Symmetry: In the last main step of the proof we argue that the solution is
symmetric. After proving this, the solution will take the exact form in the statement
of the present theorem.

Note that given a value for V(0) and an central attraction region characterize by X;
and X, we can characterize the optimal solution as we did in Using Theorem 1.1. So
fix these three values and the optimal solution associated to them. We now proceed to
construct a new solution that yields a strict objective improvement when the solution
is not symmetric. WLOG assume that | X;| > X, and let § = (|X;| — X,)/2. Consider

the solution (p, 7) associated to the values
V(0)=V(0), X=X 46, X,=X,+0.

Note that with this values we have |X'l], W,>W,andY; =Y, +2-§ fori € {l,r}. We
next show that this new solution yields a weak objective improvement in the center,
and a strict objective improvement in the periphery.

Note that given V(0), X; and X, Theorem 1.2 characterizes V (:| p, 7). It has the
same shape than V(:| p,7) except that now the dip in [Y;, W] is smaller, while the

dip in [W,,Y,] is larger. See Figure A.4 for a graphical representation. Consider
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Xr Y, H
—~

J 2.0

Figure A.4: Symmetry argument.

first the solution in the center, [Xl,f(r]. This interval contains the same amount
of drivers that the old attraction region. The difference is that it lost a mass of
p1 - 0 drivers to the left and gain the same mass to the right. As in the discussion
that follows Theorem 1.1 the optimal solution in [X;, X,] can be obtained using a
knapsack argument. This new attraction region is symmetric, ]Xl| = X,, with equal
mass of drivers at both sides of the origin. Therefore the knapsack solution must be

symmetric, with 3, € [0, W,] such that

sT(x) = (V2] 5, 7)) =, (V(z| p.7), Vo € [=5., B,

and equals zero otherwise, and

V57 ) = (= ) = (X = X0

Note that §, € [0,WW,] is a consequence of the having BL e [W;,0] and 87 € [0, W, ]
in the old solution. Theorem 1.1 prescribes how to formally implement this solution
through prices and flows. We omit the details of how to construct the flows, but we
note that the optimal prices are given p(z) = pl°(s™(z)). In the case that 3 = 0 then
s7(0) = py - (X, — X;) and p(0) is such that U(0, p(0),s™(0)) = V(0). The platform’s
revenue in the new center is then

1 X, i Be

S Revig g (57 = [Vl 57 @ de= [ V()0 (Vi) do

Y X —Be
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This expression is an upper bound for the platform’s revenue under (p, 7) in [X;, X,].

In fact, WLOG assume 37 > |8!| which implies that §. € [|5L], 37] and we must have

1 -Rev (p,7) = /BZ Vi(z) v ' (V(z)) do
~y (X1, X7 b, - 5 T

l
c

|BL] pe
:/ﬂ Vi), (V@) de + | V(@) -0 (V) da

L |BL|
1
= ; : Rev[f(l,f(r](ﬁ’ 7~')
Be Br
9 / V(x) o (V(2)) do + / V(z) - o7 (V(x)) da
|BL] |BL|

1
< 5 Revg, x,(0:7)
_ Be BT
V@) ([ et det [0 (V) do)
18 4
1

= — ReV[Xth] (ﬁ, 7:)
Y
That is, the new solution in the center is a weakly improvement over the old solution.
Now let us consider the periphery. Since |Xl] = X, both right and left periphery
are symmetric. Thus the optimal solution as given by Theorem 1.1 is the symmetric

at both sides. The post-relocation supply is characterize by Bp € [X,,Y,] such that
sT(x) =0, V(2] §,7) =, (V(X,) + (2 — X,) = 2-6), Vo €[B, Y],

and equals zero otherwise, and
Y, ~ ~
o (V] g, 7) dl(x) = pa - (Ve = Xp) = pa - (Ve — X0) + g - 6.
Bp
The optimal prices are p(x) = pl°“(s7(z)). As before we omit the characterization of
the equilibrium flow as their existence is guaranteed by Theorem 1.1. The platforms
revenue in the periphery is

1 5 B }77' ~ ~ _ ~ B ~
RV gt (2 F) = 2 | Valp. R0 Vel D)ot 20 (=Y,
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where we have dropped the subindex x from 1! to stress the fact that in this part of
the city this subindex does not change the congestion function. We need to compare
this revenue with the revenue of the old solution in the periphery. Not that since

| Xi| > X, we must have

Y, - B <Y, — B, < B - Y.

Thus,
Ir ( >—/6’l’v<>-¢—1<v< ) d +/Y7'v<>-w—1<v< ) d
~ ev[,H,Xl]U[XhH] p,T) = . xZ Xz T , T T Xz
+ - (H =Y + Y, + H)
8L Yy
— [ Ve eyder 2 [ V) (V) de
Yi+(Yr—65) By
+ - (H=Y, + Y+ H)
8L Y,
- / Vi) o (V(x) dr+2- / Ve 5.7) - o~ (Vi(z| p, 7)) de
Yi(Y,—B1) Br+2:6

+2- - (H=Y,)

B, Br+2-6
— [ V@ W)= [ Vil p R e (VG 5.9) do
Vit (Yr—B5) )

N J/
-

(a)

+ ; ) ReV[—H,X,}u[XT,H} (B, 7),

So if we show that the term (a) is strictly negative we will be done. Not that

Yi+(Ye—Bp)

By
(a) = / Vie) o (V(x) dr—2- / Viz) ¢\ (V(z)) da

Y +(Yr»—B5) Yi+(Yr—B5)

Bl Yi+(Yr—Bp)

— 7 V@ vy [ Ve e () ds
Yit(Yr—Bp) Yit+(Yr—fp)

8. Yit+(Ye—fp)

<V T-A))- ([

Yi+(Yr—Bp)

V@) de -

Yi+(Yr—5p)

v V(@) do)

=0.

243



In conclusion, we have constructed a new symmetric solution that yields an strict
revenue improvement over the old solution. Therefore, any optimal solution ought to
be symmetric.

Property 1. (p'*, 7!7) forms a price-equilibrium pair in I! such that V (z|p™, 777)
equals V(X,) + (z — X,) and T'(K°¢) = 0.

Proof of Property 1. We first show that 7/ & Fr(pln). It is clear that
71t € M(I! x IY), and that 72" < T. To see why 71" coincides with prn consider a

set I C I} then T{TI(K) equals

(K % I = 7((I+ h) x (I} +h))
=7((I+h) x[X, + 1Y)
=7((I+h)xC)
= pl+h)
= p(),
where the fourth line holds because the set I + h is contain in [X, 4 h,Y;], and we

know there is no flow leaving this interval. Next, using a similar argument we show

the property for dTZI% /dT, let I be a measurable subset of I! then

/Id;;r (x) dU(z) = 7" (I} x I) = 7([X, + h, ;] x (I + h))

< 7([X,.Y,] % (I +h))

/
l')

/d72 +h) dD(2),
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that is, ['(K¢) = 0. As for the equilibrium utility function let = € [X,,Y,) we have

71

Vel 14) = ik € R Ty € 12 U (), S2-0) — o o] > ) = 0)
=inf{u e R:T(y € I, : Uy, ply + h), 2P(y+h))—|y—w!>U)=0}
=influe R:I'(y € [X}—l—h,Yr]:U(y p(y), CZE( )

—ly=(@+h)]>u) =0}

<V(x+h|pT).

Actually this upper bound is tight. Indeed, Fix any ¢ > 0 and consider § > 0 small
enough such that (z + h) ¢ B(Y,,8). We have n({y € B(y,0) N[X, 4+ h,Y,] : U(y) =
V(y)}) > 0 which implies that T({y € B(Y,,8) N [X, + h,Y,] : U(y) = V(y)}) > 0

and, therefore,

0<T({y € B(Y,,8)N[X, +h,Y,]: Uly) = V(y),e+y— (x+h) > |y — (z+h)[})
=T({y € BY:0) N[X, + 1, Y] : Uly) = V(y),U(y) = ly — (x + h)
> V(r+h)—¢€})

P({y € [X, + 0, Y] : U(y) = ly — (& + h)| > V(2 +h) —¢})

1
d72

=T({y € I} : U(y,p" (v). T

W) = ly — 2| > V(z +h) —€}),

therefore V(x| p', 7*) equals V(x + k) for all z € [X,,Y,), and by continuity for all
x € I!. Since V(x + h) equals V(X,) + (v — X,) we obtain the desired result.
Now we need to verify that this selection of prices and flows yields an equilibrium.

That is, we need show that the set

1
d72

& = {(ay) € I x 1} My ™ (), Z5() = Vel 7).

has 7+ measure equal to u(I'). Observe that 7(& 1) equals

Il

r({(0) € Rt ¥)x (Kb, ¥ ey, (=), T (1) = V) }),
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using that I'(K¢) = 0 and the way we chose the prices one can verify that this

expression equals

r({@w) € K+ b Y] x [ + b Y] 1w,y p(). 57 (9) = Vel p.7) ).

There is no 7 flow of drivers leaving [X, + h,Y,] so the fact that 7 is an equilibrium
flow implies that this last expression equals u([X, + h, Y,]), which equals p(I}).

Property 2. (p™*,777) is a price-equilibrium pair such that Revix, w,] (p7, ") =
Revix, w,(p, 7).

Proof of Property 2. First a couple of observations, note that for any y € [0, X,]

and the set [0, y] then

(0. 41) = 7 ([0, [0, X,]) = m(t € [0, ([0, X)) : B (1) € [0,])
—m(te 0,470, X)) 0 <t < F(y))

= FN«T (y>7

and the same argument holds for 75 and S", this characterizes the first and second

marginals of 7". Furthermore, it’s not difficult to see that for y;, s € [0, X,] we have

(10,311 %[0, 5]) = m (¢ € [0, 17 ([0, K, 1))+ £ < Fyr(n), £ < Fr(2)) = For (y0)AFis (1)
(A.49)
Next, we show that 777 € Fro(plp) is an equilibrium in I?. In order to do so we
first show thatr’? € Fro(plro). Second, we compute the supply density of TQIB and
corroborate they coincide with s™. Third, we compute Vjo(:| plr 71 ) and verify is
coincides with V(-] p,7) in I?. Finally, we check the equilibrium condition.

0 . . . . .
Clearly 7! is a non-negative measure in I? x I? because is the sum of non-negative
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0
measures. Now we check that 71" = plro. Consider a measurable set B C I? then

7 (B) = 7((BN[X,0]) x [X,,0]) + 7" (BN [0, X,]) x [0, X,])
— 7((BN[X,,0]) x C) + " (BN [0, X,])
= M(Bﬂ [XhoD + M(B N [OaXr])

= M|19(B)

and thus we also have 7'1[ * < T. For the second marginal of 77 we have

0

7' (B) = 7([X1, 0] x (BN[X,,00) +77([0, X,] x (BN [0, X,]))
= 7([X3,0] x (BN[X;,0]) + S"(BN[0, X,])

= 7([X, 0] x (BN [X,0)) +7([0, X;] x (BN [0, X,]))
= 7(BN[X,0) + (BN (0, X,]) + (BN {0})

= 7-2|[9 (B)v

and thus 7_219 < I'. We conclude that 777 € F o(s4]r0). From this we can also conclude

thal
70
d QT

ar

(r) =s"(z), T —ae. z in I

Next we compute the equilibrium utilities. We show that V(x]pfg, T ) equals V' (z|p, 7)
for all z € I°. Observe that I' — a.e. y in I? we have U(y,plg(y),sTlg () =
Uy, p(y), s"(y)), and, therefore, V(z| p,7) > V(x| p™,7""). Using the same argu-
ment that we used for the proof of Property 1 we can argue that this upper bound is
tight, that is, V(z| p,7) = V(x| p, 7).

Now the equilibrium condition. Consider the equilibrium set

0
e 2 {(.y) € 10X 12Uy p™ ()5 (1) — Iy — 2l = Vx| p¥, ) |,
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we need to verify that 777 (Em0) equals p(I?). First, for 7/(£p0) we have

() = 7({ (@) € [X0,01 % [X,,0: Uy, p(y), 5" W) = ly — x| = V(| p.7) })
= 7([X, 0] x [X,0])
= 7([X;,0] x C)
= pu([X3,0])
where we have used our choice of prices, the relation between dTQI’9 /dl' and s7, and

the fact that 7 is an equilibrium flow that does not setnd flow out of [X;,0]. For

TT|[07 %,)» hote that its second marginal is S” and, therefore, Lemma A.2 implies that

o) (€)= 7 ({(@.) € 0,5] x 0.%): Vil p.7) = ly —al = Vel p.7) ),

and because V' (z| p, ) equals V(0) — z for any z € [0, X,] we have

oz Em) =7 ({(@.9) € 0,%] x 0, %) - —y — ly — 2| =~ })

TT<{(JI,Q) €0, X,]x[0,X]:2> y})

{

p(0.%]) == ({(.0) € 0.5 x 0. %) s <y} ),

/N
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but
TT({(x,y) €0, X,] x[0,X,]: 2 < y}) < Z (0, ¢] x (¢, X,])
qeﬂ[O,XT]

= 2 {T’"([O,q] x [0, X,])

q€QN[0,X,]
—7"(0.4) x [0,))}
= Y {w@aaso.x)

q€QN[0,X]

— ([0, q)) /\Sr([(),q])}

= {u’“([O, q)) A S™([0, X))

q€QN[0,X,]
— w([0,4)) A S7([0,]) }

=0,

where in the last line we used that p"([0,q]) < S7([0,¢]). Adding up 7'(&p) with
7" 10,%,1(€10), yields that I (Er0) equals (1)), and the equilibrium condition is satis-
fied. Finally, the revenue condition in the statement of the Property is immediately
satisfied as dTQIE /dI" coincide with s™ in Ij, and the same is true for the equilibrium
utilities.

U
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Appendix B

Spatial Capacity Planning

B.1 Proofs for Section 2.3.2

Proof of Lemma 2.1. Let x4 be in the interior of C, a bounded subset of R?

with area denoted by |C|. It is enough to prove that the following limit exists

-----

Let 7, = minj—1 ;|| X; — xo||. First, note that since zy is in the interior of the

bounded region we can always find a ball B(zg, €) that is contain in C (below we take
¢ small enough). From this and the fact that the points X; are drawn uniformly at

random in C, we have the following lower and upper bounds for any ¢ = 1,... .,k

(2 A €)? 2
T~ Pl —aoll < 2 nd < PYIX;— ol < 5] < T

Second, from these bounds and the fact that the points X; are IID we deduce

(1 - ”"6‘22)k VO<P[Z > 2] < (1 - %’A&)k V0.

This yields the following bound for E[Zj]

Viel/= T 22 € T2 Re T-e2\k
/0 (1— e )dz<E[Zk,] /0<1— 7 >dz+/€ <1_W> dz,

where Re = max, yec ||z — y|| and we are assuming that € < Re. Note that

lim Vk - /RC 2 = lim Vk - ( 2>k (Re —€) =0,

where we are using that € is small enough such that 7-€?/|C| < 1. Therefore, we have

that
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\/_/ W z<\/_EZk<\/_/ |C| dz+\/_/ !CI)dZ

where the last term on the RHS above converges to zero. To complete the proof note

that

e/l
lim\/_/ d 1 im VE. (1—z>dz~0886 \/|C|
k— 00 |C| T  k—oo T

where in the last step we use that for any 0 < § < 1 the limit as k 1 co of Vk f06(1

2?)kdz is approximately 0.886. [

B.2 Proofs for Section 2.4

Proof of Theorem 2.1. We make use of Proposition B.1 which we state and

prove after the proof of this theorem. We prove each statements in the theorem.

(i) First we show that g, as given in the statement is always an stable equilibrium.
We have that g, = n + 22 with z, = p,/(1 — p,). Any equilibrium solves
fn(q) = 0, thus we just need to verify that

1+1_ no 1
Zn M8 pPn

which is clearly satisfied. To verify stability we proceed using the Lyapunov
method. Let V(q) = |¢ — G,|, then V(q) = sgn(q — ,) - fu(q). We need to
verify that V(q) < 0 for ¢ # g, (for n large enough). By Proposition B.1
part (i), if ¢ € (g,,q, + 0] we have that V(q) = f.(¢q) <0, and if € [§,, — 6,7,,)
V(q) = —fn(q) < 0for é > 0 small enough. Hence, g, is a locally asymptotically

stable equilibrium.

Ifa>1/3orifa=1/3 and # < ] by Proposition B.1 we have that f,(¢) >0
for all ¢ € [0,7,,). Therefore the same Lyapunov analysis as before leads to the

conclusion that g, is a globally asymptotically stable equilibrium.
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(ii) Both equilibria ¢ and g, can be found by equating g1,(¢q) and g2 ,(g). This turns

out to be equivalent to solving the equation

n - Pn

(n =)+ G = (1= )

For the current values of o and (3, Proposition B.1 part (%ii), we know the latter

(B.1)

equation has two solutions: ¢, and gq. Let’s start with g,. From Proposition B.1 we
know that in a vicinity to the left of ¢, we have f,(¢) < 0, that is, in a vicinity to
the left of ¢, we have d@n(t) /dt < 0 and, therefore, the systems moves away from g,.
Similarly, in a vicinity to the right of g, we have f,,(¢) > 0 and, therefore, the system
moves away from ¢,. This shows that this equilibrium is unstable.

For g we can use the same Lyapunov analysis as before, together with Proposition
B.1, to show that it is a locally asymptotically stable equilibrium.

To conclude we need to provide a closed form characterization the two equilibria.
We transform the equation that defines them, Eq. (B.1), in to a cubic equation.

Consider the change of variables w = y/n — ¢, then the equation becomes

w —n-(1—p,)-w+n-p,=0. (B.2)

The solution to this equation can be found in [62]. When the term —4n? - (1 — p,)3 +

27n% - p? is non-positive the three possible solutions to (B.2) are real and given by

w; = 2 M-cos <1arccos<— %> —%» 1=20,1,2.
3 3 n - (1 —p,)3 3

In order to verify that —4n® - (1 — p,)% + 27n% - p? < 0, note that this is equivalent

to 27p2 < 4n'=3* . (n*(1 — p,))3. For large n, this last inequality holds for o < 1/3.

The same is true for « = 1/3 and 8 > Bf. Therefore, the solutions wy, are all real.

Furthermore, it is possible to verify that they are ordered, wy > w; > ws, and that

wq satisfies

(1= p, 1 272
Wy = —2 % - COS <§ arccos < W%)) <0,
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and w; > 0 for large n. Since we are using the change of variables w = \/n — ¢, we
can disregard wo as a solution and take wy and w; to compute the solutions of our
original equation. Because ¢ < g, we obtain that ¢ =n — w? and G, = n — w?.

0
Proposition B.1 Suppose lim, (1 — p,)n® = B and that p, 1 1. Let Bf = 3/4'/3

then

(i) there exists ng such that for all n > ng there exists g, > n for which

;

=0 ifq=7,

@S <0 ifg>7q,

>0 ifqen,g,).

(i) if a« > 1/3, orif a« = 1/3 and B < Bf, there exists ng such that for all n > ny

we have f,(q) >0 for all q € [0,7,,).

(111) if « < 1/3, or if « = 1/3 and 5 > B then there exists ng such that for all
n > ng there exist ¢ and G, with 0 < g <n — (%ﬂ)?/?’ < gn <n — 1 such that

.

@)y <0 ifq€(g,q)

Proof of Proposition B.1. First note that from the definition of f,, we have

ful@) = A — ————— - min(n, ). (B.3)

v/ lg—n|V1 t 8

Next prove each part of the statement separately.

(i) Consider ¢ > n + 1 then f,(¢) = 0 if and only if




(i)

The left hand side is a decreasing function of ¢ with maximum value equal to 2
for ¢ > n+ 1. Also, since p, < 1 we have that 1/p, > 1. If n is large enough
so that 1/p, < 2, we can always find a solution g, > n such that f,(g,) = 0.

Moreover, f,(g,) <0 for ¢ > §,, and f,(g,) > 0 for ¢ € [0,7,,).

First suppose that ¢ € [n,q,), from what we did in the proof of (i) we can
conclude that f,(¢q) > 0 for n large enough. For g € [n —1,n), f.(¢) > 0 if and
only if 2 > ¢/(np,). Since p, 1 1 and ¢ is at most n this last inequality holds

for all n large enough.

Next, suppose that ¢ < n — 1. Note that f,(q) > 0 if and only if

> q

1
(1 + \/n__q) m—

We can rewrite the previous equation in the following equivalent form

n - Ppn
Ty + p

Vn
—_———

gn(Tn)

>n-(1—pp),

where x, = n — ¢q. Hence, f,(¢) > 0 if and only if g,(z,) > n- (1 — p). Note

that
dgy, . d*g, 3n -
g(w)zl_n‘p’ and Lonl@) _3n-p
dx 203/2 da? 4a:5/2
Hence, g,(z) is a convex function with minimum at z} = (®£2)%3. Thus,

whenever g,(xf) > n- (1 — p,) we have that f,(¢) > 0. Observe that

* 1
gn(w3) > - (1= pn) & (0 pn)* (o5 +27%) > - (1= pu),
5*

which is equivalent to pg/gﬁi‘ > /3. (1 — p,)n®. If @ > 1/3 then, because
(1 — p,) -n'/3 — B, the last inequality above holds for all n sufficiently large.
If o = 1/3 the last inequality above becomes pil . Bt > (1—p,)-n'3 and if

B < Bf, since (1—p,)-n'? — B and p, 1 1, we would have g, (%) > n-(1—p,)
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for all n sufficiently large. Therefore in both cases we have that f,(q) > 0 for

all g <n—1.

(#i) Similarly, we can argue that if o« < 1/3, or if @ = 1/3 and 5 > [} then
gn(z) < n- (1 — p,) for n sufficiently large. When g,(z}) < n - (1 — py)
the function g, (x) (recall this is a convex function) crosses n - (1 — p,) at two
points: z, ,, and Ty, with 1 <z, , <) <Tp, <n. Defining qg=n—71T, and

¢n =n — x,,, we conclude the result.

B.3 Proofs for Section 2.5

Proof of Proposition 2.1. We make use of Eq. (2.9) and Proposition B.1.

(i) Note that from Proposition B.1 part (i) we have that f,(k) > 0 for all k €
[n,q,], since |G, | <7, from Eq. (2.9) we deduce that 7, (k) is increasing for all
k € [n,|g,]] " N. Moreover, because f,(k) < 0 for k > g, and g, < |g,,] + 1
from Eq. (2.9) we have that 7, (k) decreases for all k € (|g,],00) N N. Finally,
using a similar argument and Proposition B.1 part (i), we deduce that 7, (k)

is increasing for all k € [0,n] N N.

(i) Note that from Proposition B.1 part (i) we have that f,(k) > 0 for all k €
0,q], fu(k) < 0 for all k& € (q,Gn), and fu(k) > 0 for all k& € [G,,q,). Eq.
(2.9) then implies that m,(k) increases for k € [0, [¢|] NN, it decreases for

ke (lql, [@.]] NN, and it increases for k € (|¢n], [g,]) NN.

g

Proof of Theorem 2.2. This result relies on Proposition 2.2 which is stated in

the main text in the Proof sketch of Theorem 2.2 discussion. We provide a proof for

Proposition 2.2 after the present proof.
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We prove each statement in the theorem separately.

(i) We analyze different cases. First we consider o € (1/3,1). In this case from
Proposition 2.1 part (i) we now that m,(k) < m,(n) for all k, for all n large
enough. Moreover, from Proposition 2.2 part (i) we have that for € € (0,1//)

for all n large enough the following inequality holds

M exp | —n” 1 €
milg.p <P (- -9)
Therefore,
P[Q,(c0) <n| = iwn(k:) <n-my(n)
k=0
S r- EA(LA)

ma([T,])
1

< n-exp(—no‘(g —e)) ma(|,]) = 0.

Next, consider v = 1/3 and 8 < f35. Let m,(k|8) be the steady-state probability

1/3 = B. For notational clarity we use \,(3),q,,(3)

when )\, is such that (1—p,)n
and ¢(f) instead of \,,q, and ¢. It is possible to show that for § < 3" and n
large enough we must have that

ma(HB)  _ malkl®)

@G = @@ s rsnh (B4)

Before we show Eq. (B.4), we will use to conclude this part of the proof. Fix
[ < B3 then we can find 5 € (max{f7, 8}, 53) for which Eq. (B.4) holds and,

therefore, from Proposition 2.2 we can take € € (0, g(8')) such that for n large
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enough we have

S
—

PlQn(o0) <n] = ) ma(kl|B)

T I
|
- O

T ([2.(8')](8)
T (k|B)
 m([3.()11F)
. ma(Lg(8")]18)
- m([@.(8)]18)

=n-exp ( —n!3(g(p) — e)) — 0,

(]

T
- O

IN
o

as n — oco. Next, we verify Eq. (B.4). Note that for & < |g,,(5')]

mll@.())18) T AB)s 1
kB 11 min{m, n} (H\/m>

m=k+1

and

m([3.(8))18) T 85 S S
(K3 11 (1 N 1)'

el min{m, n}
Hence, Eq. (B.4) is satisfied if and only if

An() I <X (B) 1 EITE 5 2 (B) < An(B)

which is equivalent to

n1/3<1 3 Mﬁ’)ﬁ) < n1/3<1 3 M)

n B n
since both expression in the last inequality above converge to 3" and /3 (respec-

tively) and 5 > 3, we can always find n large enough so that the inequality is

true. This shows Eq. (B.4).

(11) Consider first a € (0,1/3). Write

17, 0o
PIQu(oc) 2] =Y m(k) + Y wlh) (B.5)
k=n k=|g,]+1
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We next bound both terms and then show they converge to zero. The first term
in Eq. (B.5) is bounded above

1]

D malk) <m(17,)) - (@) —n+1)

k=n

= (%)) - ([90) =T + @ =1+ 1)

< mu(17,)) - <(1_”#)2+1>,

where in the last inequality we used that |g,] < g,,, and Theorem 2.1 part (i)
to obtain an expression for g,. In order to bound the second term in Eq. (B.5),

first note that

k

7 (k) B 1 _
miny ~ AL o (0 =) e )
Let
Qp = P - (1 + ! >7

V0g,) +1—n

which satisfies a,, < 1 for all n. Indeed,

2
Phr —
2<anJ+1—n

(1—pn)

pn-<1+ ><1<:>

1
VV0g,] +1—n

which is equivalent to

m<1—(§n— [@,]) + 4, —n,

from Theorem 2.1 part (i), the last inequality becomes (g,, — |g,,]) < 1, which

n
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is always true. then

00 00 k
> omm-mwh Y I e (14 —)
k=la,)+1 k=1g,)+1 ¢=[g,)+1 -

(a)

00 k
< m([n]) Z H Qn
k=g, |+1¢=|g,]+1

=m(l@,))- Y, alt
b=, +1
7,41

_ = 1. o—l@.) . O
((4,]) - a, o
1

1—a,’

< T (1@n])

where (a) holds because the term 1+ 1/4/¢ — n is decreasing in ¢. Putting the

upper bounds for Eq. (B.5) together yields

2

P[Qu(00) > n] < mu([7,)) - (<1—p—m2 +1+ 1_1%)-

Observe that the term in brackets is O(n?) for some v > 0. Also, we can always
consider € > 0 such that 3%/2 > ¢ and then we can use Theorem 2.2 to find ng

such that for all n > ng
2

mal13a) < mallal) e~ (5 =) -n ).

Since 7,(|¢]) <1 and 1 — 2a > 0 we conclude that

2

P[Q,(0c0) > n] < exp ( - (% —€)- nl’m) -0(nY) — 0, asn — oo.

Note that for @« = 1/3 and § > (5 the same argument holds, we only need
to chose € > 0 such that |g(8)| > e. This is always possible since for g > /5

Theorem 2.2 establishes that g(8) < 0. This concludes the proof.

g

Proof of Proposition 2.2. We prove each part separately. First, note that

(@) _ Lﬁ A _ Lﬁ A\ (4 1 )
Tn(m) (k) - min{k, n} min{k,n} Vin—kv1/’

k=m+1 k=m+1
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for any m < |g,,|. Then

_ 17, ]
o (2L = Gl et + 3 sy (14 )

o (B.6)
(i) For m = n: Let x, = |g,] — n, then equation (B.6) becomes
log (Z(L—(%)J)) =z, log(pn) % log [1 + \/1_}
" k=n-+1
=z, - log(pn) + /lxn log [1 + %}dm +O(1)
= - log(pn) + [V +log(1 +—) —log(1+ vE)] [+ O()

=z, —log(1l+ \/z,) + z, - <log(pn) + log <1 + \/1$_n)) + O(1).

In the expression above we can use that z,, — oo, z, = |q,] — q,, + (—1% and

Taylor expansions to conclude that

and that

Ty - <log(,0n) + log (1 + )) = — 5,0)2 +x, +O(1) = O(1).

1
VZn
Since (1 — p,)n® — [ we have

noon® (1 —p,) B

1 q 1 1
lim — log <M) = lim Pn
n—oo N

(i1) We assume that o« < 1/3 and we take m = |g|. Note that since a < 1/3 we

have
27p;,
dn-(1—pa)?

Then, we can use Theorem 2.1 and do a Taylor expansion to deduce that

—0, as n— oo.

2 2 )
nlpn) =1——= - - 3/2 @) 2
To, (,O ) 3\/— 27 81\/31. + (l‘ ) o 2703

4"‘(1*Pn)3
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Hence, since o < 1/3 we deduce that
n—g=mn-(1-pa)+ 0?2 (B.7)

In order to prove the result for this part of the proposition we need to analyze

the term
o (Ceqlapy) = () = L) oston) + %ZHlog i (0 =)
+ Lqﬂi:n log [1 + %} +log(2)
= L lox(on) + 3 tog [+ (14 —2—)]
7 e g ’
[@nl—n ’ 1
+(13,] — n)log(p,) Z log {1 + ﬁ} +log(2).

(. S

4

Let’s look at each one of the terms A, B and C. For A, using Eq. (B.8), we

have that
(n—|g))log(pn) = n-(1=p,) log(pn) +O(n'~"%) = —n-(1—p,)*+0(n' 7>*)+0(n1'=*7?),

and because o < 1/3, we have that A/n'=2* — —3%. So we only need to case

analyze B and C. From the proof of part (i) we have

Pn 1-2a
C = 0= p) + log(1 — p,) + O(1) = o(n"~*%),
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where the last equality comes from « < 1/3. For B,

-1

B = /Lj log E : (1 + \/%)]dx + o(n'2%)

q

= [xlog(g) +2—+vn—x—(n—x)log(l+

) + log(1 + M)]

1 n—
vVn—=I lal
+ o(n*=2%)

=n— 1= [laJtoa({2) + a) = /= La] — (n — o)) (1 + ———)

q n—|q]

+log(1+ \/n — [a])] +o(n %)

—n—|g] 1og<%> — g] +o(n'™>*)

=n—|lql —lg]- ((n IqJLQJ) - <n2_LqLJgJ) ) + o(n'7%)
_ (n — LQJ)Z o(nl—2 )
- 2LQJ + ( )7

using that o < 1/3 it follows that this last expression, when scaled by 1/n'~2,

converges to 32/2 . Therefore,

62
_?7

+0= as n — oo,

1o (20

g
(T 2

) -
as required.

(i4i) We assume that o = 1/3 and we take m = |¢q]. Note that

Ton(pn) — % - COS (é arccos < - <%)3>>2 2r(B), as n—oo. (B.8)

Observe that since we are considering § > (7 the arccos(+) term is well defined

and, therefore, so is (). We need to analyze the following expression

log <%) = \(n - nglog(pn)J%—k%H log [% . <1 + ﬁ)]
+(1g,) —n)log(p,) + anzjfn log [1 + %] +1og(2).
~- ,

262

1



Let’s look at each one of the terms A, B and C. For A, using Theorem 2.1 we

have that

A= (n— LQJ) log(pn) = n'(l_pn)'r07n<pn> log(pn)+o(1) = —n(1—,0”)27“07”(,0”)%—0(711/3).
Similarly to part (ii) above, for C' we deduce

S og(l — S—C o(n'/?).
C=a= g Tleell =) +0(1) = = +oln™)

Finally, for B (similarly to part (i) above)

and, therefore, using that n'/3(1 — p,) = 8, n — [¢] = n(1 — pa)ro.(p.) and

Eq. (B.8) we can compute the limit

| 1 (-l Vol ey
Ji s = gy =y VA

where 7() is defined in Eq. (B.8). From this we can deduce that

o (UYL g

—F B2r(B3)? _;_2\/57“(5)-1—% 2 4(B), as n— oo.

2
(B.9)
It is possible to verify that g(3) satisfies g(8;) > 0 and it is strictly decreasing
for > B, with limg_,o g(8) = —o0, see Figure B.1. Therefore, there exists
B3 > 1 such that g(55) = 0. Thus we have verified that ¢g(f) is such that if
B < B < B3 then g() > 0, whereas if § > 5 then g(53) < 0.

g
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9(B) 4

51

2457

¥

Figure B.1: Function g(f) as defined in Eq. (B.9), g(8) is strictly decreasing and it
crosses zero at f3;.

Proof of Theorem 2.3. We make use of the lemmata B.1 and B.2 which we

first state and then prove after the proof of this theorem. We also make use of
Proposition 2.3 which is stated in the main text and proven in this appendix.

In order to simplify notation let pf = P[Q,(c0) > n]. Let 8 = 5 and o = 1/3
then from Lemma B.1 and Lemma B.2 there exists n; such that
o283

oo (2 (gge)) ™D T o)

1+
c? 11
2( 2<5~r<ﬁ))3/2>
AC)
1 1 exp _ 2433
+ _
. (7))

Y S (R, 7T

o2 l1———1
( 2<ﬂ-7-(5))3/2>

B(C)

Vn > ny. Next, fix € > 0 then by Proposition 2.3 we have that there exists n, such

that

(7))

exp(—e+c¢) < <exp(e+c¢), Vn>na.
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Therefore, for all n > max{ny,ny}

A(C) -exp(—e+c) < ﬁ < B(C) - exp(e + ¢),

or, alternatively, (letting ¢ — 0)

A(C) . _ B(C)
2 < liminfpf <1 MR
ect A(C) = mose Dn = HIEPP = ST B(O)

Now we want to find the tightest upper and lower bound. To do this it is enough
to maximize the LHS and minimize the RHS above as a function of C'. Since all the
parameters are known (35 ~ 2.6030 and r(35) ~ 0.7192) we can obtain numerical

values,

0.0524 { B(C) }N 1.3173

a { A©) } and

max ~ nd min ~ .
c>0 le—c+ A(C) e=¢+0.0524’ c>0 Le—c+ B(C) e~°+1.3173
So if we fix py € (0,1) then there exists ¢* € R such that

1.3173

e + 13173
and c¢* increases with py. Therefore if we let

0.0524
e~ +0.0524’

pL(pH) =
we have that pr(py) € (0,1) increases with py. In particular, lim,, 1 pr(pr) = 1
and limy,,, o pr(py) = 0, as desired.
]
Lemma B.1 Fiz o € (0,1/3) and > 0, or a = 1/3 and 5 > B}. Suppose that
lim,, 0o (1 — p,) = 5 and let C > 0 be a constant then
_ 0?1 & Me=ysy

A eXp( ¢ (1 2(ﬁ~r(ﬁ))3/2)) e 1 PlQu(co) <

o (1) ROV mlld)

2(8-7(8))3/2 -

2

and

Cc? lia=1/3}
lim sup [Q (OO) < n] <2 + 2. 2 2B rB))

1
O T mld) ] (T

- 2" 208r(8)3

where r(f) = limy, 00 701 (pn)-
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Lemma B.2 Fiza € (0,1) and 5 > 0. Suppose that lim,,_,.o n*(1 — p,,) = [ and let

C > 0 be a constant then

and

) 1 P[Q,.(x) > n]
lim su — < . _
el Cnde T m(@)) 5

Proof of Lemma B.1. We start we the lower bound. Let b, = C'y/n and note

that

1 (k)
> )
bn, k=1a)—bn Wn('._J)
lg] lg] lg]+bn k

i " k=[q)+1t=|q|+1

1 < - 1/ 1 1 n 1
=5, 2 1l (e ) > i+ 7=

@ 1 < <1LgJ—bn 1 >Lqu
b"k=LJfbn Pn T <1+ . >

\/n—la]+bn

Sin

11—t N 1 59, — s t? (B.10)
B bn 1— Sin bn 1— Son ’ .

where (a) comes from the fact that the function

(@) = =+ (14 —

T n—=x

is decreasing in [0, ¢ + b,] for n large, we show this at the end of the proof. Next we
show that both terms in Eq. (B.10) above converge to a constant. First note that

from Theorem 2.1 we have that ¢ = n — 22 where 27 is given by n- (1 — py) - 70,4 (pn)-
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Note that 1 — rg,(p,) is of order O(n=(1=39)/2) if ¢ < 1/3 and 7, (p,) converges to

a function of g3, r(5), for « =1/3

#(8) = & -cos (& avccos ( - \/@))2-

For the rest of the proof we will use b,, to denote bn+(q—|q]). Note that |[(¢—[q])] < 1.

Let £, = (n — 22 — b,)/n, for s1,, we have that

1 1
Sin = _‘en 1
Pn
<1 + \/z%—i-gn)
1 1 1
—- 4, (1 - L O(—— ))
Pn 2 +6n z, +bn
1 11 1
= —t(1-= — 1 0(——))
Pn Zn, 14 b_g 27% + by,
1 1 b b2 1
=4 (1-—+24+0(2)+0 _
Pn ( zn+222+ <zg)+ (Z%‘l'bn))
0, 0, 0,b, 0, b2 ln
= L O( )+ Of ),

the last two terms above times b,, converge to zero. Hence,

buln bl Cnbnby,
Pn PnZn 207

b - (1 — $10) = by — +o(1).

The expression above converges to C?- <1 — 2&;??%) . Indeed, the fourth term above
is O(n)/O(n20=) which is o(1) when o < 1/3 and converges to —C?2/(283/2.r(3)3/2)
when o = 1/3. The first three terms converge to C?. Indeed, recall that ¢ solves the

equation

=n(l—pp), orequivalently, 22+ BPn n(l—p,). (B.11)
= n—gq Zn
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Hence

bl N buln 0,,bnb +o(1)
Pn PnZn 2pn%
2 poN by 2 pN b, L.b,b
:bn—<1—@——)~—+(1—z—”——)- - +o(1)
n n/ pp n n/  puZn  2pn23
2\ b, b, bub,  L,bnb
—b - (1-2) 2y +o(1)

1-2n
n

bn(l—Sln):bn—

Pn | PnZn pant 2pnzd

2 2 7 7

Eq.(B.11) z b, b, z b,b,  £,b,b
i bn—<1——”)-— —(1—n——"> - 1
n) o " P2 A=p)=20) ¥ pant 2Pz +oll)

b,b,  l,b,b
= +o(1)

PnTl N 2pn2}
02
C? = 1jamrjs) - =
e AT O

Given this, we have

11— st 1 —exp ((bn +1) log(sln)>

b, 1—s1, by (1 — s15,)
1 —exp ( —by(1 = s10) + 0(1))
B bu(1 — 510)
1—exp(—02'<1—2(15{j(:%>>

2 (1 _ Ya=1/3) ’
¢ (1 2(5'7“(/3))3/2>

—

note that the function (fr(3))%/? is strictly increasing and equal to 1/2 at 3 = .
Because we are considering § > (7, the last expression above is positive. Finally,
since this limit is a lower bound we obtain the desired lower bound for the lim inf.

A similar argument shows that

_ _?. (1 - Me=ysy
1 s — sttt 1 eXP( ¢ <1 2(6-r(ﬂ))3/2>>

n

—_ —

_ lio=1y:
bn L= s c?- (1 - Q(B{-r(ﬁl)/)53}/2)

Next we move to the upper bound. We first note that

> mn(k) <ma(lg)) - (20 bn + 1)

k=|g]—bn
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Now we bound the terms in [0, [¢] — b, — 1] and [|g| + b, + 1,n — 1] separately.

| lg]—bn—1 lgJ-bn—1 g/ 1/ 1
- - . Z ma(k) = — - Z H_._.—
bn : 7TTL( LQJ) k=0 bn k=0 f=k+1 Pn N (1 + 7’1—@)
—bp—1 —1
@ 1 lg] La] 0 1
S b_ . - ..
k=0 sk (1 + \/ﬁ)

® 1 lg)—bn—1 1 lg]-1 1 1 lg—k—1
< . -, Z S
b, lg] —k—1 1 )

1 g Pm (1—1—

n—~{

—bn—1 -1 lg|—k—1
© 1 4 { 1 L%: 1 ¢ 1 }q
= b, b, o=ia ) (1 X 1_€>

N J/

— ln 1in
bn . (1 — Sln)’
where in (a) we use that
IV S
N
n—|q/

in (b) the inequality of arithmetic and geometric means, and in (¢) the fact that h,(x)

is decreasing for x < g + b,. In order to simplify notation let 22 = n — [q]. Let us
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analyze si,,

-1
oy 1
Sln:b_. _E.—l
el (14 7
lal
Si./ e 1 .
bn Jigjb, Pn 1 <1+¢nlfz)

1 1
= : [6(—3n2—|—n(8\/n—az—|—6)+4x\/n—x—12\/n—a:+3:1:2—61:>

LaJ
—2(n—1)log(v/n —z+1)

la)—bn

e 4 b?

1 12n—423—12<
n banpn 6

Zn+ 1 )
V22 +b,+1

If we denote this last expression §y,, then for b,(1 — §;,,) we have that

—2(n— 1)log(

Y

i 1 [12n—422 — 12 by 2 n
b1 = ) = by = - . a(1- 1+ 2) (0= 2o — 2| +o()

1 [12n—422 12, b, B2 2

= b, — n <__" _N> — 2, — 2 1
o 6 2, Tga) T A 5 el
Bo.(B11) (1_5_§>b_n+((1—0n) - )b_n.z_n_ bi~ n b
n/ pn Pn npn/ pu Zn ApnZy o 2pan
+ o(1)
(1= pn)? by b

= b, 1 — 1g,) — —2 n 1

2 ( on) 4p, 23 2pyn +ol(l)

b2 b2

T 4p 22 2pun

where in the last equality we used that when a < 1/3 then (1—17y,,) = O(n~(1739/2),

This last expression converges to %(C2 — Lia—1/3) - W), which is a positive
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quantity. Therefore, for n large enough we have sy, <1 and, thus

1 lg) —bn—1 g _ Glal Sbn
. T, k S 1n 1n S 1n _
) 2 WS Sk

1 e
exp ( _ 5(02 — 1{a=1/3} ) W>>
% b

1 &
3 <O2 — Lia=1/3} - W)

where is the second inequality we used that for n large enough sy, < 1.

Next we move to the range [|q| + b, + 1,n — 1]. First observe that

S T () NP
k%m(k)ém(n) (n = 1)) < s - (= L)) =

where the limit follows from Proposition 2.2 part 7). Thus,

n—1 I_QnJ k

1 1 n 1
L =g Hpn.z.(Hm)ﬂu)

k=|q]|+bn+1 " k=|g)+bat1l=|g]+1

D M e R o (FEs]

bn k=|gq)+bn+1 kgl t=|q)+1 ¢ n—{
LGn] lg)+bn k—ld]

1 1 n 1

L 1 e )

ST IR LI SRR

k=|q)+bn+1 t=g]+1
san
< ST
_bn'(]_—SQn)

Let us analyze s,

lg]+bn

La]

Il
ke
3
3
o
o
—
B
_|._
:‘H
N———

<log( n—+/n—1x)—log(v/n —z+ vn)

n by 1 " = 3
= B2 [ tog(1+ ) + —=(log | - | ~10a[—2)]
n 4] n 1+ 2. 1_2_% 1+ 2
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Denoting this last expression by S, we have that

bn
bn-(1—§2n):bn—pn.n.log(u—)—pn.\/ﬁ-(1og[

LQJ 1_|_\5/_%. %
_log[1 {l]
T
=b, — n <b—"—i>— vn ( b + b, )+0(1)
b2 b2 Pn =M Pn
= pPn-N- L _n_?—’—bn' 1_ - = +0]-
Eq.(B.11) b2 b2 )
o s e gy (1 g (1) o)
b2 b?
— n.n.—n_ n_il_l_ol
p Pk A (1)

where from the first to second equality we we did a Taylor expansion around zero
of the functions log(1 + z),log((1 — z)/(1 + z)) and /1 — x, and collected the o(1)
terms. In the last equality we used that when o < 1/3 then (1 —r,) = O(n~(173%/2),

As before we can argue that s, < 1 for n large. From this we have

1 n! SS"H 53"
S S (k) < —2 < n_
) 2= S e Ty S h

1 2 C?
exp < — —(C — Ya=1/3} * 53557572 3/2>>
2 2(8-r(8)) ‘

1 c?

2 (CQ — La=1/3} 2(5-r(,5))3/2>
Finally, since this limit is an upper bound we obtain the desired upper bound for the
lim sup.

Remaining proofs. Let

1
o) =5 U+ =2

we show is decreasing in (0, ¢ + by,] for n large. First,

dh, 1 1 1 o
() = - (1+ )+ o(n—2)

12



$0 hy, () is decreasing if and only if z < 2((n — 2)*? +n — ). Note that the LHS in
the previous inequality is strictly increasing and the RHS is strictly decreasing. Also,
at x = 0 the LHS is below the RHS, and for x = n the converse is true. Therefore,

there if for some y,

Vo (14 ) 12

then the same is true for all x <y. Consider y = ¢ + b, and let £, =1 — an"q

1 1 1
g —b. )32, =) = (n—=q)¥%3/2.
(=g (14 o) = =00 (14 =)
Eq.(:.ll) N\3/243/2 1 ) (Q - npn)
(n—q)"°C, (”m o )
npn(m—1)+ﬂ>

npn

=(n— g)?)/?gn . (

note that for n large enough np,(v/4, —1) + ¢ > 0. Then Eq. (B.12) is satisfied if

and only if
£ g+ b (n = q)3/2 (1-3a)/2 3/2
2 N < . - “ ‘(11— n n\Fn 5 B.13
2 [ﬁn(npn(ﬂ— 1) +q)] = n n (n*(1 = pn)ron(pn))™*, (B.13)

(. 4

-~
Hy

where we used that n — ¢ = n(1 — pp)ron(pn). Since £, — 1, H, — 1. If a < 1/3
then for n large enough the previous inequality hold. If o = 1/3 and 8 > [, the
LHS in Eq (B.13) converges to 1/2 and the RHS to (3r(3))*2. This last function is
strictly increasing and equal to 1/2 at § = 8;. This implies that for n large enough
Eq. (B.13) is satisfied, completing the proof.

O

Proof of Lemma B.2. We start we the lower bound, let b, = Cns and note
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that

PQu(o0) >n] _ 1 &5 mu(k)
= by 2 ml(0,]

bnﬂn(tqn” n an
5 1 Lqibn (k)
= by k=(q, ] —bn Tn([n))
7, (7] [@n ) +0n

17,
1 1 1 1
> I+ ST ()
" k=g, |—bn t=k+1 " <1+ H) " k=[g,)+1 =g, ]+1
\_an \_an_k
D S P e———

. V @nl=bn—n )
e
13, ] +bn 1 k—1q,] .
+b”k:§3+1 [f)n(l"' VE”J—H)"_n)] (A
S2n
R 31{7;“1 1 s9, — sg*;fl
bn 1-— S1n bn 1-— Son

Next we compute limits for b,(1 — s1,,) and b, (1 — so,). Before we begin note that

7, = n+ 22 where 22 = p2/(1 — p,)? and let b, = b, + (g, — |q,]) then

= z_: b = by p%(l - Z;_ Bn) +o(1)]
R N (R Rt
Lo

Thus,
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For b, (1 — s2,) we have

o 1
b - 22 + b,
bn [+ 7 1 ~n
=7 [bn b pn<1+2{1—@}>+0(1)}
by [ b2
=[5 (0= o) +o(1)]
8«26371
5
Thus,
1 5o, ngﬂ 1—exp(—022’33>
R

Finally, since this limit is a lower bound we obtain the desired lower bound for the
lim inf.

For the upper bound note that

1 (k) 1 = (k)
S X TN T 2 @)

n k=n ﬂ-n(l‘anJ) bn k=|q,,]+bn+1
(B.15)

so we just need to upper bound both summation on the right hand side of Eq. (B.15)
and take the limit. For the first summation we have

Lanjfb’"« ﬂ'n(k) anJ bn anJ 1

%Z m(17,])) b 2. 1l <1+

k=n " k=n (¢=k+1 Pn"

1
\/Z7n>

(@) 1 1 1
<5 2 [b—' 2 1 ]
" k=n " (=[] —bn+1 Pr (1 T f*n)
st
1 sl{?I
> b n7

where in (a) we used the inequality of arithmetic and geometric means, and the fact
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that the function inside the summation is increasing. For s, we have

Sin = : E

st (14 7=

1 n 1
< [
pn . bn qn*bn (1 + 1_ )
1 [
= 2 -[—2\/az—n—|—2log(\/x—n+1)—l—x—n}q
Pn * On G, —bn

1
= : [—22n+210g(zn+1) +2+/22 — by, —210g(\/zﬁ—bn+1)+bn],

then denoting the last expression above by §1,, we have

1
b (1 — F1n) = by — — - [—22n+210g(zn+1)—1—2\/,23—6”

Pn
—210g(\/zg—bn+1)+bn]
b b? b
= b, = = 1
- PnZn * 4pnzy  pn ol
C2ﬁ3
-

Hence, since (for n large) 51, < 1 we have

qnibn n aOn -
7Tn(k) < i Sll)n < 1 Sl{n oXP ( 4 ) ‘
T (Q,) ~ bnl

_Sln_bnl_gln

Now let us consider the second summation in Eq. (B.15),

1 > (k) 1 > F ( 1
1 L [T »(1 )
2wl b |
1 1 1
< . (1 )
D O o S (]

k=(Za) +bn (=[g,)+1

N J/

TV

S2n

bn

1 s
)
bn 1-— Son,

where we used the inequality of arithmetic and geometric means, the fact that the

function inside the summation is decreasing, and that for app ¢ > |g,, | + 1 the terms
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in the summation are strictly bounded above by 1. For sg,, if we let z2 = |g,,| — n,

we have

Soy, < Pn. / (1 + )dx
i

bn Jig,) Ve —n
= Do [2\/a:—n+x]
.y

a [ £3L+bn—22n+bn},

denoting this last term by Ss,, we have

bu(1 = pn) [b” bi]+ (1)
=0\l =Pn) = Pn |7 T =3 o
P P Zn 47z
0253
— .
4
Thus, since 3, < 1 (for n large) we have
0253
> bn b exp(— )
b o T S BT T
" k=[G, ) +bn 1 ([@n]) = bn1 =520 = b 1= San 1

Finally, since this limit is an upper bound we obtain the desired upper bound for the
limsup. U

Proof of Lemma 2.2. This result is a direct consequence of Lemmata B.1 and

B.2 which were stated and proved right before the present proof. [

Proof of Proposition 2.3. Consider the following

puly) = 1= o Yoy e (<85 8. (8~ B7)) = D.

Note that n'/3(1 — p,(y)) = B85 +y > B; and p,(y) 1 1, hence we can always find
ny such that for all n > n; the leftmost equilibrium g is well defined. Note that for

pn(y) we have

og (220 = (17,] = Lab) st + S o B (14 —=)]

k=|q]+1
anJ_n
1
+ Z log |14+ —| + log(2). (B.16)
p [ \/E}
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Furthermore, observe that both ¢ and g, are continuous functions of y,

q(y) =n —=n(l = pu(y)) - ron(paly)) and 7,(y) =n+ %'

Define,

R (1@, (y)))
i) 2 o (ST )

since we are using the floor function, f,(-) might not be continuos. In the first step
of this proof we show that the potential jumps of f,(-) in D converge to zero (Step
1). Then we show that there exists a sequence ¢ such that f,,(75) — ¢ (Step 2) and
v¢ — 0 (Step 3).

Step 1. Fix € > 0. First, we prove that there exists n such that for all n > n we

have that
Vy € D, 36 > 0 such that Vg : [ —y| <d=|fu(9) — fuly)| <€ (B.17)

We choose n such that for all n > n:

o sup,..p 2|log(p,(2))| < €/9. This is possible because p,(z) — 1 uniformly in D.

n € 1 €
jog [ ]| <<, and sup]og 1 <
sup s [l <5 endt s s +\/n—Lq(z)J—1> ~ 6

This is possible because for any z € D, n/([q(2)] +1) — 1.

sup | log [1 +
zeD

1 €
TR <5

This is possible because for any z € D, (|q,(2)] —n) 1 oc.

Let n > ny and fix y € D, we consider the first three terms in f,(-), see Eq.

(B.16). Let Qu(3) = [7,(5)] — La(3)] and R.(§) = ,(5) — 4(7). and note that
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|Qn(7) — Ru(9)| < 2 for any g. Also, R, (9)log(pn(7)) is continuous; therefore, there

exists d; such that

| R (9) log(pn (7)) — Ru(y)log(pn(y))| < €/9, V7 : |7 —y| < 01,

Using this, for the first term in Eq. (B.16), we have

Qn(g) log(pn@)) - Qn(y) log(pn(y))‘ - ‘(Qn(g) - Rn(g)) log(pn(gj)) + Rn(g) log(pn(g))
— (Qn(y) — Ru(y)) log(pn(y)) — Rn(y)log(pn(y))
< 2|log(pn(9))] + 2[log(pn(y))]

+ [ (9) og(pn(9)) — Bn(y) log(pn(y))]

IA
wln

for all g such that |g —y| < 0;. For the second term in Eq. (B.16), observe that since

q(+) is continuous there always exists d2 > 0 such that for all § with |§ — y| < Jy we

have [|q(7)] — |¢(y)]| < 1. Therefore,

| > wfp (14 =)

Finally, for the third term in Eq. (B.16), since @,,(+) is continuous there always exists
d3 > 0 such that for all § with |§—y| < d3 we have ||q,,(9)| — @, (v)]| < 1. Therefore,

3 1og[1+%]— ; log[l—l—%”ﬁ’log[l—kmﬂgg

k=1
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Putting the three inequalities jus proved together, for § < min{dy,ds,d3}, delivers
Eq. (B.17). Next define

An £ sup |fn<y+) - fn(y_>|a

yeD

then Eq. (B.17) ensures that A,, — 0.

Step 2. We construct v¢ and show that f,(75) — ¢. Fix y3 € (—(85 —57),0) and
y2 € (0, 85 — B7), we next argue that there exists ny such that for all n > ny it holds
that f,(v1) > ¢ > fu(y2). Indeed, consider first y; and note that 55+, € (85, 5;). For
g(+) as in Proposition 2.2 part iii), one has g(f5 + y1) > 0. So, again by Proposition
2.2 part 1) we have that for any ¢; € (0, g(55 + y1)) there exists n; such that for

all n > ny 9 we have
c<n'?(g(B1) —e1) < falun)-

A similar argument that leverages the fact that g(55 +y2) < 0 shows that there exists
ng2 such that for all n > nyy we have f,(y2) < c¢. We take ny = max{n o, nos} to
conclude that for all n > ny it holds that f,(y1) > ¢ > f,.(y2). To conclude consider

n > max{ny,ny} then, by Step 1 we can always find v¢ € (y1,y2) such that

A, A,
_ 0" < AW -_n

Taking limit at both sides and using that A,, — 0, we conclude that f,(75) — c.

Step 3. To conclude the proof we need to argue that 75 — 0. Note from the
argument above {7.} is a bounded sequence. For the sake of contradiction fix € > 0
and suppose that

limsup v, > e.
n—oo

This implies that there exists a subsequence {vg(n)} that convergences to a point

A¢ > €. Let

s B3 n
Pn /3 /3
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then k(n)Y3(1 — prm)) — B3 +4°. Because g(B5 +4°) < 0 from Proposition 2.2, for

¢ > 0 such that g(85 +4°) + € < 0, we can deduce that for all n large enough

Feon Vi) < n3(9(B5 +4°) +€) <c—¢.

However, from Step 1 we know that fj) (fyg(n)) — ¢. This, together with the previous
inequality yields a contradiction. The case when liminf, ,. 75 < € can be treated

similarly and is thus omitted. Therefore, for any ¢ > 0

e <liminf~, <limsup~y, <e,

n—oo n—00

since € is arbitrary we have that 7% — 0, which concludes the proof.
O

Proof of Proposition 2.4. We prove both statement separately.

(i) We show that

lim P[Q,(c0) < |G,] — C - /log(n) - n'**] =0,

n—oo

the other case in analogous. To reduce notation let b, = C - /log(n) - n'** for

some C' > (0 that we will choose later in the proof then

P[Qn(20) < [@,] = bn] < P[Qn(00) <n] +Pln < @n(o0) < |g,] — bn]
(@] —bn

=P[Qu(00) <n]+ Y mu(k)

k=n

by Theorem 2.2 part (i) the first term converges to zero. For the second term we
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have the following upper bound

\_gnJ —bn |.Qn —bn \_qn

> s > I ——
k=n =n {=k+1 Pn " (1 + m)
_n _n 3, |-k
< T —k Z
k=n \‘an o l=k+1 Pn (1 + Zl—n>

1 1
< —
) [bn 2 (1+ 72 )]

0=|G,, | —bn+1 Pn -

~~
Sn

<

where in (a) we used the inequality of arithmetic and geometric means. We next
show the last term above converges to zero.

Recall that g, = n + 22 where 2, = ( . We have

LQnJ_]' 1

(=17,)~bat1 (1 + \/e—%)

1 n 1
S . /qn_bn —( . dx
|
|

IN

1+m>
—2\/:U—n—|—210g(\/x—n—|—1)—i—x—n]

— 2z, +2log(z, + 1) +24/22 — by, — 2log(\/22 — b, + 1) +bn],

qn

T —bn

~ 1 —2a b” b72’b bi

_2<’/1_%+i_1+0(i)>+b4

_ 1 .[an<_b_”_i>_2< 2b2>+b} O(n~?*log(n))

n

. 222 822
1= p2)?  bu(l— po)?
_ [1+< p:,f’) - (4p4p ) ] +O(n 2 log(n)).
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Hence, s,, — 1 and
(1- pn>3 b%
Py 4pn
——— ~~
O(n=32)  O(n3>log(n))

by - (1 —5,) = +0(n~*?1og(n)*?) = O(log(n)).  (B.18)

From this we can deduce that b, - (1 — §,,) — +oo (which implies that 3, < 1) and
bn-(1—5,)% = O(log(n))-(1—3,) = O(log(n))-O(n=2*/*y/log(n)) — 0 as n — oo.

Putting all this together yields, for n large enough,

<
k=n
gbn
< _n_
—1-5,
exp (= by (1= 50) + O(ba(1 = 5,)2))
- 1=,
Eq.(B.18) exp( a zf;n - +0(n /2 10g(n)3/2)>
B 1-3,

_n3e(1pp)3c?

n 40 exp <O(n*a/2 log(n)3/2)>

1—3,

)

observe that the exponential term above converges to 1. Also, the denominator

is O(n=3%/2,/log(n)) while R Aopu)’Ct B33C? /4. So if we choose C' such that

4p2

(3C? /4 > 3a/2 then we have that

\_anfb’ﬂ
Tim kz_: (k) =0,

as desired.

(i) We show that

lim P[Q,(00) < [¢] — C - /log(n

n—oo
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the other case is analogous. To reduce notation let b, = C' - y/log(n) - n for some
C > 0 that we identify later then

lg]—bn—1
P[Qn(o0) < Lﬂj —bn] = Z (k)
k=0
lg]—=bn—1 4]

k=0 (=k+1 Pn

g " (14 7

where in (a) we use that

in (b) the inequality of arithmetic and geometric means, and in (c¢) the fact that

the term we are summing in the second summation is decreasing in ¢ is decreasing
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for £ < g+ b,. In order to simplify notation let z2 =n — |q]. Let us analyze sy,

lg]-1
1 S 1 7 1
Sln:b_. E —_ e — .

" emlg b (1_+ ¢%ii>

1 lal 1 o 1
bu Jig)—b, Pn T <1+ 1 )

- n—x

1 1
=7 : [6(—3n2+n(8\/n—x+6) +4av/n — x — 124/n — x + 322 —63:)
W TPn

La]
—2(n—1)log(vn —x +1)

lg]—bn

4
Zn— 22+ bn> + ébn 22+ b, + (n— Z2)by,

1 12n—4§:g—12<
N banpp 6

—@—Q(n—l)log< ot 1 )

2 Vb, 1

Y
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If we denote this last expression §y,, then for (1 — §,,) we have that

(1_§1n):1_

1 [1%—423— 12

b2
(1= 1 ) _ 2y, — o
e 5 zZ ( + +(n—z) ]

32
Z’I’L

1 [12n—422 —12 b b2 b2
=1- [n “n (——”+—”>+(n—22)bn—5”]

by, . b, . ( 1 )
= — 0
ApnZy 2pnn nlog(n)/’
~—— S~
O/ 285h)  o(y/ ey

hence, 5, — 1 and

bn-(l—én):bn-< bo_ 4 On +o<

 4p,2 " 2p.m ))ZO(log(n)). (B.19)

nlog(n)

From this we can deduce that b, - (1 — §,,) — +o00 (which implies that 5, < 1) and

by - (1 — 5,)% = O(log(n)) - (1 — 3,) = O(log(n)) - O( logrf”)) —0 asn— oo
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Putting all this together yields, for n large enough

lg]—bn—1

bn
> st
1—s,
k=0
gbr
< n —
—1-35,
exp (= bu - (1= 52) + O(bu(1 - 5,)?))
B 1-3,
b2 b2 log(n)3
Eq.(B.19) exXp ( o ( T 4pnz 2pnn> +0( Ogn )>
N 1—s,
C2n CQn
n_ _4Pn2n 2pnn eXp (O( log(n)B )>
B 1-3, ’

observe that the exponential term above converges to 1. Also, the denominator is

O( @) while

C?n N C?n . 02(1 1 1 )
4p2 " 2pm 2 =3 261 (8))32 )

where r(f) = lim, 00 700 (pn), and the term in brackets in the expression above is

strictly positive when o =1/3 and g > 7. So if we choose C' such that

C? L .
7(1 — 1ia=1/3) - W) - 2

then we have that

lg]—bn—1
Tim g (k) =0,

as desired. [
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Appendix C

The Scope of Sequential Screening With Ex-Post

Participation Constraints

C.1 Proofs for Section 3.5

Proof of Lemma 3.1. The proof of this result is standard and thus omitted.

O

Proof of Lemma 3.2. The fact that the optimal solution is a threshold allo-

cation is explained in the main text. Thus, we only need to provide a proof for )
being in the interval [51, (/9\;(] Note that for all 6 below 0, pr(0) is negative for all
k€ {1,...,K}. Therefore, () is negative for all 6 below 0,. Similarly, for all 6
above é\K, f(0) is positive. Since the allocation is of the threshold type, it is optimal
to set z(0) equal to 0 for 6 below 6, and to set x(0) equal to 1 for 6 above 0. This
necessarily implies that 8 is in [51, é\K] O

Proof of Theorem 3.1. We first show the sufficiency of our condition and then

its necessity. We denote by €2 the space of non-decreasing allocations, that is,

Q=2 {z:[0,1] —[0,1] : 2(-) is non-decreasing}.

Sufficiency. We assume condition (APR) holds, we want to verify the static contract
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is optimal. In order to do so we dualize the IC constraints. The Lagrangian is
L(u,x, A\, w) =up(wy, — Ay —ar) +ug(Agr — ag + wpy)
+ /Oemaw xr(z) - [OZLML(Z)fL(Z) - AHLFH<Z)}(ZZ
+ /Oemaz ry(z) - [OéHMH(Z)fH(Z) + AHLFH(Z)] dz,

where wy, wy correspond to the multipliers for the ex-post IR constraints, and A €
{AwrL, A\rg} to the multipliers for IC constraints. In the Lagrangian above we have

chosen the multipliers as follows
wi, = oy, — OéHTHH(/H\), wyg = oy + OéHTHH(a), >\HL == oerLH(é\), /\LH == O, (Cl)

these multipliers are non-negative because r7(6) < 0, rL#(§) > 0 and

wit = am -+ anr™ (@) > 0 M@ > 1o - 22@) > -L16) e >0

Ju ~ fm
Hence, maximizing the Lagrangian over non-decreasing allocation x; and x g yields an
upper bound for the relaxed problem. Note that this choice of multipliers eliminates
the uy, and uy terms in the Lagrangian. We next show that under (APR) the solution

to the Lagrangian relaxation is the static solution. We first claim that

max /OGmaz rr(2) [aLuL(z)fL(z)—)\HLFH(z)}dz = /;mm [aLuL(z)fL(z)—)\HLFH(z) dz.
(C.2)

To prove this first note that the optimal solution x; on the left hand side of (C.2)

must be of the threshold type, that is, x1(0) = 1{s>¢+}, because x(-) is non-decreasing

(see, e.g., [52] or [57]). Hence (C.2) is equivalent to

/:max [QLML(Z>fL(Z)_)\HLFH(z)]dZ < /;mw [aLML(z)fL(z)—AHLFH(z) dz, V6" €0,1].

Replacing the value of Ay, this equation can be cast over values 07 < 0 and 03 > )
as
Jor () fo(2)de
| 9@; Fy(2)dz

f;g appr(2)fr(z)dz

<a rLH(é\) < T
- f;Q Fy(2)dz

. VOr<0<0;  (C3)
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Condition (APR) ensures the equation above always hold. Indeed, condition (APR)

implies that for any 67 < 0 and € > 0

Jip s G [ oy () o)z
JoFu(x)dz [T Fu(z)dz

Taking € | 0 yields the left hand side inequality in (C.3). The right hand side
inequality in (C.3) can be verified using an analogous argument. This shows (C.2),
that is, the static contract maximizes the part of the Lagrangian that corresponds to
interim type L. We now prove the same for type H. Note first that the optimality

of the static contract implies
A= aLrLH(@\) = —ayr ().
Then

Omax
max/o rg(2) - [aHuH(z)fH(z) + /\HLFH(Z)}CZZ

THEN -
= max [ () an - () — 0Pl
< e [ ) [940) — r0) | P

—~

:) /(;)ma;c - [rHH(z) . rHH(QS)}FH(Z)dZ

where in (a) we have used the definition of 7#(-) and in (b) our assumption that
rfH (.} is increasing. Thus, we have proved that for this choice of Lagrange multipliers
the static contract maximizes the Lagrangian. Since the value of the Lagrangian
coincides with the primal objective at the static solution, and this solution is always
primal feasible. We conclude that the static contract is optimal.

Necessity. We differ this proof to the proof of Proposition 3.1. In it we show that

whenever condition (APR) is not satisfied, there is a contract different from the static

one with a strictly larger revenue. [
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Proof of Proposition 3.1. Assume (APR) does not hold, then by Lemma C.1

(which we state and prove after the current proof) there exist 0; < b < 0y such that

fefﬁf@)rm(z)dz - 3 Fry(2)rt (z)dz

Jy, Fr(2)dz i Fu(z)dz

: (C.4)

Consider a solution in which we set u;, = uy = 0, and

(

0 ifo <6,
r(0) =<2 if0,<0<0, vull)=

1 if 6y <0,

\

where z = 502 Fy(z)dz/ f;f Fp(z)dz. We next show that this solution is feasible
and that yields an strict revenue improvement over the static contract.

Feasibility. The ex-post participation constraints are clearly satisfied. Also,
since ) < 6 < 6, we have z, € (0,1), and both x.(-) and zy(-) are non-decreasing

allocations. We verify the IC constraints

ema:c _ ernaac
0 0

Gmm . emaz
0 0

By replacing the allocations and ex-post utilities we obtain that the IC constraints

are equivalent to
f;Q Fy(2)dz - f;z Fr(2)dz

— > . C.5
f;f Fy(z)dz 9912 Fpr(2)dz (©5)
To see why this is true, rewrite equation (C.4) as
02 = 02 = LH
~Fy(2)d ~F d
5 u(2)dz . Ja u(2)r " (z) z’ (C6)

P Fu(zde [ Fu()rth(2)ds

note that we are using here that by Lemma C.1 the denominator on the right hand
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side is strictly positive. Also, note that
f;z Fy(2)rtf(2)dz f;g Fr(2)r(z)dz
f;Q Fr(z)dz B fe FL Ydz
z)dz

L0 5 L( )
=) 02_ Fr(2)dz

_ TLL(9>—f91 L)z
fel Fr(z)dz
§
. Jo, Fr(z)rtt(z)dz
fel Fr(z)dz
_ f;l Fif(z)rLH(z)dz
f;l Fr(z)dz

where the inequalities come from the fact that r%(-) is an increasing function and

Y

LL(§) > 0. This gives
;2 Fu(2)rtH(2)d fe Fr(z)dz
foel Fy(z)rtH(z)dz fg Fr(z dZ

note that we are using here that by Lemma C.1 the denominator on the left hand side

is strictly positive. This inequality together with (C.6) yields (C.5) and, therefore,
the proposed solution is feasible.

Revenue improvement. We need to prove that

Omax 02 Omax
/A larfo(2)pn(2) + o fu(2)pn(2)]dz < x - / ar fr(z)p(z)dz + / ar fr(z)pe(z)dz
o

91 02
emaft
—i—/A agfu(z)up(z)dz,
9

this is equivalent to

2dz [
FH( )d / ap fr(z)pr(2)dz

02
/{3 ap fr(z)pr(z)dz < _f912 Fu(z)dz Jo

which is the same as
[ Fu(z)rtt fe Fy(z)rt (z)dz
FH( )d f Fu(z)dz
which is exactly the property satisfied by 6,6, in (C.4). O
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Lemma C.1 Suppose

max R“(0,6) > min R"(8,0).

0<6<6 0<0<0maz
Then, there ezist 0,0, € [0, Opaz] with 6, < 0 < 0, such that RLH(Q,, é\) > RLH(¢/9\, ).
Moreover, 0 < ffa Fy(2)rt (2)dz = fgi Fr(2)rt*(2)dz, and 0 < f;b Fy(2)rt (2)dz =
f;b Fr(2)rt(2)dz.

Proof of Lemma C.1. Note that both 7“7 (-,8) and r“#(@,-) are continuous

functions. Thus the maximum and the minimum in the statement are achieved by

some 6, € [O,é\] and 6, € [é\, |, respectively. Therefore, by assumption, we have that
R"(8,,6) > R"(8.6,).

Using the continuity of both function we can find 6, < 0 and Oy > 0 such that the
inequality above is satisfied.

To finalize, we argue why 0 < ffa Fo(2)rt(2)dz. Note that since 6, > ) > é\a
(see Lemma 3.2) we have R (8, 6,) > 0. Therefore, RX(6,,0) > 0 which imply the
desired inequalities. [

Proof of Lemma 3.3. From Lemma 3.2 we have that §L < 0 < 51; For ex-

ponential distributions, 0, = 1/A; and 6y = 1/Ay. Therefore, 6 € [1/Ar,1/A].
Moreover, 0 must satisfy (3.8), if not we could increase it or decrease and obtain an
strict revenue improvement.

We provide a proof for the rest of the properties for general distributions satisfying
(DHR). Note first that 0 can be seen as a function of a 1, and ag but since ay equals
1 — ay, we can effectively consider ) just a function of a,. Then, when «y, equals 0
is as we only had type H buyers and, therefore, the optimal threshold is @\H While
when «j equals 1 is as we only had type L buyers so the optimal threshold is é\L.
Hence, 5(0) equals 0 and 5(1) equals 0.

Now we prove that é\(aL) is non-increasing. Consider a4 < o} and suppose that
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/9\(0&) < @\(a%) Define

Omax
(6, 0p) 2 / o fo(2)z(z) + (1 — o) fr(2)pun(2)dz,

-~

note that this is a linear function of «y, and, for fixed oy, it is maximized at 0(«y).

Hence,
((6(af),a}) < 0(6(a}), a})
= U(Ba}), o — ag) + ((B(a}), o)
< U(Bah), o — ag) + ((0(af), af)
therefore
/5( ) ob fr(2)pp(2)+(1—=ab) fu(2)pu(2)dz < /@\( ) a2 fr(2)pn(2)+(1—a®) frr(2)

~ ~

Recall that 6 is in [0, 0] and, therefore, 8, < 6(a2) < 6(ab) < Op. This in turn
implies that

~

pr(2) >0 and py(z) <0, Vze (0(ab),0(ah)),

~ ~

so for z in (0(a4),0(a%)) we have

of fr(2)pe(z) + (1= af) fu(2)pn(2) < ol fr(2)us(z) + (1 — o) fu(2)un(2),

which contradicts (C.7). O
Proof of Proposition 3.2. We make use of Theorem 3.1. Condition (APR)

for the exponential distribution is

fe 0 — he—ALl C(fe b — ge—Ar?
max — < min — 5.

Before we begin the proof we need some definitions and observations. Define the

(C.8)

following functions

ae—AL§ _ Pe—rib 4 56 N Qe—>b _ ge—ALé
and ¢g(f) =

g(0) =

=Ml _ o—Au0 e—Au0 _ o—Aub
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Note the following

lim g(#) = lim g(0) = Ad=1), eig(AL*AH), (C.9)
6—6+ 00— An
and
lim gG(6) =6 - e POL=m), (C.10)
0— 00
Finally note that
()‘La_ 1) —00AL-AE) —~ 7 O(AL—X 0 1
L ) <§ e tPrAn) f< —. C.11
" e < — 0 < N ( )
Now, suppose condition (APR) holds and
i1 (C.12)
AL — g '
From equations (C.9),(C.10) and (C.11) we see that
9(6) = 9(8) > lim g(6),
—00 T
which implies
N=AL0 _ n,—AL0 A0 D-ALB
max{ee — be } > min{ee be — } (C.13)
0<g \ e ul — e Aub o<o \ el — e Aub

contradicting the fact that condition (APR) holds.
For the other direction, assume equation (3.9) holds. We first prove that for 6 < 0
we have g(0) < g(é\), indeed

96’)‘“1 — Qe b < (Arf —1) e 00 =2m)
el —e=An0 T Ap

g(0) < g(a) —
< A\ - (é\e_ALg— «96_)"39) > (e_AHg— 6_>‘H6) (,\ 9 _ 1) —0(Ar—Amr)

- 9 " - -
— gl (1 - 5\6_)‘1‘(9_0)) — (1 —e 0=y (X6 —1) >0,
so we just need to see that this last inequality holds for 6 < 0. For doing so define

HO) 2 gb-(1- %e—w’—g)) (1= e O=0) (N0 —1),
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o~

and note that H(¢) = 0 and

H(0) = Ay + (% — 1) - (A8 — 1) > Ay + AyO(A0 — 1) = Ay - A > 0,

where the inequality comes from convexity of the exponential function and the fact
that 6 > 1 /Ar. Furthermore the derivative of H is given by

dH

% == )\H()\LQ - 1)€_>\L(9_§) - /\H(/\Lé\_ ].)6_>\I'I(0_‘/9\)7

and it can be easily verified that for § < 0 we have dH/df < 0. This together to the
facts that H(0) > 0 and H(f) = 0 imply that g(8) < g(f) for all @ < §. Which in

turn implies

{@\e"\ﬁ - 96"\L9} _ (A —1) =80 )
A

max
0<0

e b _ o—Aub
Now we prove that for 6 > 8 we have g(0) > §(§) Note that if we prove this we are
done because this and what we have just proven imply condition (APR). As before

we do

96—)\[,6' o ee—ALG S <)\L9 - 1) . €_§(>\L_>\H)

e A0 _ o=Aub i

= A(Be ™0 — g0 > (A8 — 1) - (e 0 — eM?) . 0 —Am)

= Ay (0 — 0 0D) — (A0 — 1) (1 — e 200y >,

note that the LHS of this last inequality is again the function H(-) but this time
defined for 6 > 0. We have H(a) = 0. It is easy to prove that for 0 <09<40
the function H(f) is increasing, and then for # >  is decreasing, where 6 > § and
dH(0)/df = 0. Also,

lim H(6) = Agf — (AL —1) >0,

6—o00

hence for 6 > 8 we have H(0) > 0 and, therefore, g(0) > 5(5) for all 6 > é\, as desired.
O

Proof of Corollary 3.1. Recall that for any A\, > Ay from Lemma 3.3 we have

1 ~ 1
AL T (aL)_/\H’
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and

1 1
A < 2\ <
b= H<:>/\H_)\L_/\H7

therefore, for any ay, € [0, 1] equation (3.9) is satisfied. Then by Proposition 3.2 we
conclude that the static contract is optimal for any oy € [0,1]. O

Proof of Corollary 3.2. First we show 5() is continuous from the right at

zero. Let {a} € [0, 1] be any sequence such that

. no_
lim af =0,
n—oo

o~ o~

and suppose 0(a}) does not converge to 6(0) = 1/A\gy. That is,

~

1
Jde > 0, Vng, In > ny, \)\— —0(al)] > ¢,
H

~

since f(a}) < <&

5o we have
H

This in turn means that we can create a subsequence {a/*} C {a#} such that

1 -
Vn, — —e>0(at). (C.14)
Am

But since §(a’") is a maximizer of TI*%2%¢(.) we must have

-~ Y n -~ Y n 1 — —_ 1 — —_
ozi"Q(aeL")e_’\Le(alL )+(1—ai")0(ozi")e_AH0(aé ) > O/L")\—e s +(1—0/L")/\—e A )‘IH’
H H
because A\;, > Ay we can bound the LHS above to obtain
D0 L\ ,—AuB(alm) 0, 1 a AN Sy
O(a)e M) > qn—e "+ (1 —af)—e "M, (C.15)
)\H /\H

Note that the function fe=*#% has a unique maximum at # = 1/Ay and since g(ai")

satisfies equation (C.14), we can always find 6(e) > 0 such that

1 — 1 € -~ Y n
(55 + ())& 55 s Gafp)e e, i,
H
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plugging this in equation (C.15) yields

1 (< §(e 1 o 1 5, L
<_+5(€)>€ Mty £ > alr—e i +(1—a)—e M3y n,
)\H )\H )\H

so taking the limit over n gives a contradiction. In conclusion we have proved that

~

6(-) is continuous from the right at zero. Now, to finalize the proof recall that we are

~

L However, since 6(0) = 1/\y and

assuming Ay, > 2y or equivalently ﬁ > o

~

6(-) is continuous from the right we can always find &y, € (0, 1] such that

so thanks to Proposition 3.2, the sequential contract is optimal when we set oy, > a;,.

-~

Note that the same arguments is valid for 1/\;. That is, we can show that 6(«y) is

continuos from the left at 1 and then using the fact that

1 - 1
AL — Ay AL
we can find ag € [@r, 1) such that
1 ~ 1
— >0(ag) > —
AL — Al (@) 2 A

hence in [@y, 1] the static contract is optimal. All of this implies that since 8(-) is a
non-increasing function we can always find & € (0, 1) with the desired property. O

Proof of Corollary 3.3. Fix Ay and ap. Suppose the result is not true, that

is,
- - ~ 1
VAL > 2 g, 3L > A, 0(Ap) < ———.
AL — Ay

From this we can construct a sequence A} > 2y such that

~

lim A7 =00 and 6(A\}) <

N
e e — Ay vneN,

~

therefore 6(\}) converges to 0, and we have

o~ o~ -~

Hstatic( ()‘Tfi)) _ 9(}\2>6—>\H0(>\2) (aLe—(AE—AH)g(Az) + OéH> < é\()\sz)e—)\Hé\()\z) n:>>oo 0.
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However, since (/9\()\2) maximizes I152%¢(.) it must be the case that ITs%4c(1/\y) <

~

152t (9(\7)), that is,

1 . 1 .o~
@LEQ m "‘OZHE@ )\H)\IH SHStam( (/\7]{))

Taking limit over n at both sides of the previous equation yields

a contradiction. [

C.2 Proofs for Section 3.6

Proof of Theorem 3.2. For ease of exposition we restate the problem’s formu-

lation,

u, > 0,Vk € {L,H}

Omaz o Omax
ug + / g (2)Fy(z)dz > up +/ xp(2)Fg(2)dz.
0 0

We separate this proof into two parts. In part 1 we show that the optimal solution
has the structure in the statement of the theorem. Note that it is enough to provide
a proof for the structure of the allocation, the transfers can be readily derived from
Lemma 3.1. In part 2 we derive the properties about the thresholds, x; and ug and
ur,.

Part 1. For any optimal solution to (Pg) two possible situations may arise:

1. The allocation has at least one interval in which is continuously strictly increas-

ing.

299



2. The allocation does not have an interval in which is continuously strictly in-

creasing, but is a piecewise constant non-decreasing function.

For each interim type, we prove that if we are in case (1), we can modify the
allocation in that interval to be constant and obtain at least a weak improvement in
the objective. This implies that for any optimal allocation, we can construct another
optimal allocation that is a piecewise constant non-decreasing function. Therefore,
we can always assume we are in case (2). In this case, we show that for interim type
L there is only one intermediate step, and for interim type H there is no intermediate
step.

We split the proof in interim type L and H. Let 27 (f) and z7,(0) denote the

optimal allocations. We begin with interim type L.

e interim type L case (1): Suppose there is an interval (0, 62) in which 27 (0) is
continuously strictly increasing. Before we start with the main argument, note
that if 6 > 6, then we can set x75(0) to be equal to 7% (6,) for all # in (6, §L)
This strictly increases the objective function while maintaining feasibility. So
we can assume ;, < 6y, which in turn implies that ju,(-) is non-negative in the

interval (601, 65).

Now we give the main argument. Note that by Theorem 1 in [44, p. 217], a7} (6)

must maximize the Lagrangian:
L(u,x, A\, w) =ur(wy, — A —ar) +ug(A—ag +wn)
emaz _
+/ xr(2) - [OJL,ML(Z)fL(Z) - )\FH(z)}dz
0
Omaz -
+/ zrp(z) - [aH,uH(z)fH(z) + )\FH(Z)] dz,
0
with A\, wp, wy > 0. Define Ly (-) by

L(0) = arpr(0)fL(0) — AFu(0),

ITo use this theorem we need to verify that there is a feasible solution that strictly satisfies all
inequalities. We can take ur, = upy >0, x1(0) = 1p>¢,} and xy(0) = 1{g>¢,1 with Oy < 0r.
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then it must be the case that L(0) = 0 for all § € (61,6,). Suppose this is
not true, then we could have § € (61,02) such that LL(a) > 0, since Lp(+)
is a continuous function this must also be true for all § € (é\ — 6,0+ €) for
e > 0 small enough. But then we can obtain a strict improvement by setting
x1(0) = xi(@—l— €) for all 0 € (5— €,0 + ¢). A similar argument holds when
LL(é\) < 0. Therefore, we have just proved that L. (0) = 0 for all § € (64, 05).
In other words,

OO S e (1,0, (C.16)

Fp(0)
Also, by the second mean value theorem for integrals there exists 6 € (61,02)

such that , o
[P an(z)Fa(2)dz

25 (0) = 01 a

Going back to (Pgr), we have that the part of objective associated to 7 in

(C.17)

(91, 6‘2) is

02

/ 2 apry (2)pp(2) fr(z)dz = X - / v} (2)F p(2)dz, (C.18)

91 91

where in the equality we have used (C.16). Now, consider modifying x} to be
5 equal to xZ(é\) in (01,603). Then from (C.16), (C.17) and (C.18) we get

b2

/92 w% (2)appn(2) fr(2)dz = X - x5 (0) - / Fu(2)dz

01 01

~

— 23(0) - / Cappn(2) fu(z)dz

01

_ / F(awpn(2) ful2)dz,

01

therefore, the modified 27 has the same objective value than the old one. Also,

301



note that we have preserved feasibility because

ur + /0 e (F(2)de =y + / " B () F )z + / 7 (2)F(2)dz

01 (61,02)¢
A 62 — —
=ur + 27(0) - / Fy(2)dz + / 2y (2)Fy(2)dz
01 (61,02)°

62 o o
@+ / ot () Fy(2)dz + / s (2)Fy(2)dz
01 (61,62)°

Omaz
—ut [ a (T
0
where in (a) we used equation (C.17).

interim type L case (2): Suppose for z7(-) there exists #; < #y < 65 and
0 < 27 < z9 < 1 such that a7 (0) = x; in (01, 605) and 275 () = x5 in (6, 03).
Since type’s L allocation is piecewise constant we must have 27 (0;) < x; and
Ty < 25(607).

Then, the part of objective associated to interim type L in these intervals is

03

ap T / 2 pr(2)fr(2)dz + ap - xg - / pr(z) fo(z)dz. (C.19)
01 02

~

If pr(9) < 0 for some 0 € (01,03) then because of (DHR), ur(0) < 0 for all
0 < ) and, therefore, we can always find a better solution by setting 27 (6) =0
for all < 6 (note that this does not affect feasibility in (Pg)). So assume

pr(0) > 0 for all 6 € (0y,603), then it must be the case that

Omaz o Omax
ug + / vy (2)Fy(z)dz = ug, + / xr(2)Fp(2)dz, (C.20)
0 0

otherwise we could increase x; and obtain an strict improvement in the objec-

tive. There are two cases:

Jo? () fr(2)dz o Jog @1 ()dz

— — : In this case consider decreasing s by €
) f9912 FQ(Z)dZ - f9623 FQ(Z)dZ g 2 y 2 >

0 and increasing x; by €; > 0, in such a way that equation (C.20) remains

with equality, that is,

02 93
€1 - / Fy(2)dz — e / Fy(2)dz = 0. (C.21)
0 0

1 2
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The change in equation (C.19) is

ay,

€2 - s FH z2)dz 02 03
' IG{Q% ( <)d) '/9 NL(Z)fL(Z)dZ—CYL'GQ'/G pr(2) fr(z)dz, (C.22)
0, glz2)az 1 R

which under our current assumption is non-negative. So we can weakly

improve our objective, indeed we can do it so until x; + ¢; and x5 — €5 are

equal,
9 —
923 Fy(z)dz (29 — 1)
T1+H€ =Tag— €S T1+€—F————=A2— € €= —,;—",
62 93 F 1 (2)d
0, Fu(z)dz 1+ Joy Fu(z)dz

Jy2 Fu(=)de
since x9 > x; we have €5 > 0 and, therefore, we have shown that it is
possible to increase x; and to decrease x5 in such a way the objective is

weakly improved and the solution is constant in (6y,03).
Jo2 nL()fL(2)dz [o2 pr(2)fr(2)do
f0012 Fr(z)dz f0923 Fp(z)dz

and decreasing x; by €; > 0 in such a way that equation (C.20) remains

. In this case consider increasing x5 by €5 > 0

with equality. By doing this the change in the objective is strictly positive,

and we do it until either z; = z% (0] or w9 = 2% (65 ).
This proves the result for interim type L and case (2).

In conclusion, putting together what we have proved for type L in cases (1) and
(2), we can always consider z} to be a step function with at most one intermediate
step as in the statement of the proposition.

Now we proceed with interim type 2.

e interim type H case (1): Suppose there is an arbitrary interval (y,6s) in
which x%,(6) is continuously strictly increasing. Before we start with the main
argument, note that if 8, < 6, then we can set 2% () to be equal to 7% (6;) for
all 0 in (é\H, 65). This strictly increases the objective function and maintains
feasibility. So we can assume §H > 03, which in turn implies that pg(-) is

non-positive in the interval (0, 6,).
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Now we give the main argument. Note that by Theorem 1 in [44, p. 217], z73,(0)

must maximize the Lagrangian

L(u,x,\,w) =up(wy, — A —ar) +ug(A—ag +wgy)
N /Oemaz (2 - [QLML(z)fL(z) — )\FH(Z)}dZ
. /O.emaz ou(z) - [Q’H,UH(Z>fH(Z) + )\FH(Z)] dz,

with A\, wr,wy > 0. Define Ly(-) by

Lu(0) = anpm(0) fu(0) + A\Fu(9),

then it must be the case that Ly(f) = 0 for all 6 € (61,6,). Suppose this is
not true, then we could have 6 € (6;,06,) such that Ly(8) > 0, since Ly (-)
is a continuous function this must also be true for all § € (5 — e,é\—l— €) for
e > 0 small enough. But then we can obtain an strict improvement by setting

x9(0) = m}{(@\—l— €) for all 6 € 0 —e0+ €). A similar argument holds when

-~

Ly (0) < 0. Therefore, we have just proved that Ly (0) = 0 for all § € (6;,05).

In other words,
1 (0)fu(0)

YD =)\, VO€(0,,0,) (C.23)

aq

Also note that by the second mean value theorem for integrals, there exists

0 c (01, 63) such that
. f992 2% (2)F gdz
x;{<9) == 0y — :
f(h Fy(z)dz

Going back to (Pgr), we have that the part of objective associated to x}; in

(C.24)

(017 02) 18
02 -

/ 2 agry(2)pg(2) fu(z)dz = =X - / vy (2)Fu(z)dz, (C.25)

91 6'1
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where in the equality we have used (C.23). Now, consider modifying x}; to be

% equal to :c}l(g) in (61,05). Then from (C.23), (C.24) and (C.25) we get

/ "y (asn (2) frr()dz = —X - 2% (6) - / “Fule)d
01 01
— 23,(0) - / cuun(2) i (2

_ / T (2)anpn (=) fu(2)dz,

01

therefore, the modified 73, has the same objective value than the old one. Also,

note that we have preserved feasibility because

Omax _ 62 _ —
ug + / Ty (2)Fu(2)dz = ug + / Ty (2)Fy(z)dz + / Ty (2)Fy(z)dz
0 01 (01,02)°

02 o
— g + 2% (0) - / Fu(2)ds + / 2y () Fu(2)d
01 (01392)6

D iy + / ® () Pz + / 73(2)Fa(2)dz

01 (61,02)°
Gmaz _
—unt [ e Fu(e)dz,
0
where in (a) we used equation (C.24).

e interim type H case (2): Suppose x7(-) is an optimal solution to (Pg) for
which there exists 1 < # and 0 < = < 1 such that 2%,(0) = z in (6, 62).

Similar to the proof of type L assume x%; (0] ) < z < 25(65).

Then the part of the objective for the interim type 2 in this interval is

N REE / 2 pr(z) fu(z)dz. (C.26)

01

If uH(@\) > 0 for some 0 € (01,05) then because of (DHR), pugy(0) > 0 for all
6 > 6 and, therefore, we can always find a better solution by setting x5, (6) = 1
for all 0 > 6 (note that this does not affect feasibility in (Pg)). So assume

pp(0) <0 for all 0 € (64,0-), then it must be the case that

emaa: _ emaz
Ug + / r(2)Fg(z)dz = ug + / xr(2)Fg(2)dz, (C.27)
0 0
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otherwise we could decrease x and obtain an strict improvement in the objective.
Now, consider splitting the interval in half, that is, take § = (6; + 65)/2 and

note that because of (DHR) we always have

Jo 1z _ [ () ()

f;l Fu(z)dz 592 Fr(2)dz

(C.28)

We can modify z73,(0) in (61,6:) as follows and obtain an, at least weakly,
objective improvement. For 6 € (91,5) set 2%,(0) = x — ¢ and for 6 € (5, 6)
set 2%;(0) = x + €2 with €1, €2 > 0, and such that equation (C.27) remains with

equality. That is,

0 02
—€q - / FH(z)dz + €y - /A FH(Z)dZ =0.

01 0
With this modification the change in the objective is

& [PFu(z)d  [? b2
oy - éf"_FH( )d ~ / pr(2) fu(2)dz + o - € - /A pm(2)fu(2)dz,
fel Fr(z)dz o ’

which by equation (C.28) is non-negative. Then we can keep increasing e, until
either © — ¢, = a%(07) or @ + €5 = x%(05). This proofs we can, at least
weakly, improve the objective. It also proves that we can modify the solution
in such a way that for one of the two halves of the intervals the step reaches
the boundary bound given by either x%(0;) or x%(65). For the half that did
not reach the boundary, we can do the same procedure described above and
then repeat this procedure until we completely get rid of the intermediate step
between (x%(07),2%(05)). Note that this process can be potentially infinite,

in which case a more rigorous argument is required.

Suppose the process described above goes for infinitely many steps. In this case,
an allocation sequence {z%(0)},en defined in [0, 05] is generated. To prove that

the argument works, we need to show that there exists 6, € [01,02] such that

02 02

tim [ () )z = 00) [ ) () (B) [ (2 ()
(C.29)
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To prove this, let {6, 0,, é\n}neN be the sequence generated in the infinite process

where:

— 0, and f,, correspond to the lower and upper bound of the interval. For
example, at the beginning 0, = 6, and 0, = 5. At the next iteration we
will have either 6, = 6; and 0, = 0 or 0, = 0 and 0y = 6. Note that for

alln €N: 0,0, € [01,0,].
— 8, is defined to be the half of the interval. So 8; = 6, and 6y = (6, + ) /2.
From these definitions we have that 8, and 6,, are bounded monotonic sequences

(the first non-decreasing and the second non-increasing), thus both converge to

a limit. Also,

then all three quantities, 6, ,6, and é\n, converge to the same limit which we
denote by 0 € [0y, 0] (if the limit was not the same we could continue iterating
the process).From this we can conclude that the following limit holds almost

surely

ay(07) if 0 <
lim 2% (@) =4 0 € [0, 0s).
n—oo

25 (0F) i 6> 0.,

Finally, we can use the almost surely version of the dominated convergence

theorem to obtain (C.29). This completes the proof for interim type 2 and case
(2).

In conclusion, putting together what we have proved for type H in cases (1) and
(2), we can always consider 2%, to be a threshold allocation as in the statement of

the proposition.
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Part 2. From what we have just proved we can write down (Pg) as follows

02 Omax
max — Z akuk—irozlx/ ul(z)fl(z)dz—iral/ p1(2) fi1(2)dz

ke{L,H} 01 02
emaz
+ 062/ pr(z) fu(z)dz
O

s.t X € [0, 1], 91 < (92

up, >0, ke {L, H}
emaz _ 02 _ emaz _
uH—i-/ Fy(z)dz ZUL+X/ FH(z)dz+/ Fy(z)d=.
GH 91 92
e u;, = 0: From the formulation above it is clear that is always optimal to set

ULZO.

° §L < 6;1: Suppose the opposite, that is, §L > 6. This implies that between 6,
and 79\1, pr(+) is negative. Then, we can increase 01 while keeping feasibility and,
at the same time, increasing the objective function. Note this argument is also
valid when 6; = 65. Also, note that we can obtain a strict improvement only
when = > 0; however, when x = 0 we can only obtain a weak improvement. In

either case, we can always consider 67, < 6.

o 0y < Oy Suppose the opposite, Oy > 0. Since pr(0) > 0 for all 0 > gH, we
can can decrease 6y and obtain an objective improvement while maintaining

feasibility.

e uy = 0: Suppose uy > 0, then we must have

Omaz 6 Omaz
ug + / Fp(z)dz = x/ Fy(z)dz + / Fy(2)dz, (C.30)
9]—1 91 92

otherwise, we could decrease ug and, by doing so, improve the objective. Since

ug > 0, equation (C.30) yields

92 emaz emaa:
0<uy= :v/ Fy(z)dz +/ Fu(2)dz — / Fu(2)dz, (C.31)

6'1 6'2 eH
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then it must be true that 6; < 0p; otherwise, from equation (C.31) we would

have (91 S 92)
0 02 Omaz 02 Omaz
/ FH(z)dz+/ FH(z)dz+/ Fy(2)dz < ZB/ FH(z)dz+/ Fy(z)dz,
O 01 62 01 02

which implies

01
/ Fy(2)dz <0,

O
a contradiction. Thus, 6; < 0y.
Now consider, a new contract for type H which consists on decreasing the cut-off
Oy by € > 0 sufficiently small, but at the same time maintaining the equality in
equation (C.30). Specifically, let 0y (€) = 6y — e > 0 (which we can do because
as we just saw 0y > 6; > 0) and let uy(€) be

02 Omazx Omax
unle) = z / Fr(2)d + / Fr()d — / Fr(2)dz,
0 0

1 02 H(e)

note that by taking e small we still have ug(e) > 0. We claim that this new
contract, characterized by 61,0, z,05(e) and uy(€), yields a larger objective
that the old contract, characterized by 6,0, x,0y and uy. The old contract
objective’s is

02 Omax Omazx
—ozHuH—Foch/ ,uL(z)fL(z)dz—i-ozL/ uL(z)fL(z)dz+aH/ pp (2) fu(2)dz,

01 02 O
and using equation (C.30) it becomes

emax

62 o o
o [Naumn @) - anFa)ds + [ @unf) - anFu:)ds

91 92

emax
+aH/ z2fu(2)dz.

O

We obtain a similar expression for the new contract’s objective. Specifically,
the first two terms in the expression above are the same and the third term
differs in #y. Hence, the new contract yields an improvement over the old one

if and only if

Omag Omaz
/ 2fu(2)dz < / z2fu(2)dz.

Oy Om(e)
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Since 0y (€) < Oy this last inequality is true. Thus, if ugy > 0 we can always
construct a new contract yielding a larger objective value and, therefore, at any

optimal contract we must have ug = 0.

Oy < 65: Since at any optimal solution uy = 0, the IC constraint is

emaz 92 emal'
/ Fy(2)dz > x/ Fy(2)dz +/ Fy(z)dz.
9H [% 92

1

Hence, if 0y > 6, from the expression above we would have

Qmaz 02 0]-[ Gmaz
/ Fr(2)dz > o / Tr()d + / Fr()ds + / Fo(2)dz,
0n 0 0 0n

1 2

which implies 0y = 65, a contradiction.

0, < Og: First we show that 8; < /Q\H. Suppose the opposite, that is, 6; > é\H

Then, since §H > 0y we must have 0, > 0y and, therefore,

emaz 01 emaz
/ Fr(2)ds — / Fr()ds + / Fr(2)da
Ox

9H 91

emaz
> / Fy(2)dz

01

62 Omaz
:/ FH(z)dz+/ Fy(2)dz
o

1 02

02 Omaz
> )(/ FH(z)dqu/ Fy(2)dz.
6

1 02

That is, the IC constraint is not binding. Therefore, since 6, > gH > §L we can
slightly decrease ¢; and, in this way, obtain an objective improvement whenever
x > 0. When z = 0, because 0, > 6, we can decrease 5 and obtain an objective

improvement as well. Hence, at any optimal solution we must have 0; < @\H

In order to complete the proof, suppose #; > 0y then, as before, we have

Omaz 02 Omax
/ Frl2)ds > / Faul2)dz + / Frl2)dz.

O 0, 0o

Using that 6, < é\H implies 0y < @\H, we can slightly increase 6y (maintaining
feasibility) and thus obtain an objective improvement. In conclusion, at any

optimal solution we must have 6; < 0.
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o = 06; Fy(2)dz/ f:f Fy(2)dz: since 0, < 0, the part of the objective that
involves x is always non-negative and, therefore, it is optimal to make x as

large as possible. The IC constraints gives an upper bound for x which is

precisely f;}j Fy(2)dz/ f:f Fy(2)dz, thus the result.

4

Proof of Theorem 3.3. We divide the proof into two part. In part 1 we show

that the solution to the relaxed problem and the original problem coincide. In part
2 we prove that the three conditions that we state after the theorem are sufficient to
characterize the optimality of the static contract.

Part 1. It is enough to show that the solution of (Pg) is feasible in (P). From

Theorem 3.2 we know that we can formulate (Pg) as

emaz

(PY) max agx / Cpn(2) fu(2)dz + ay / ui(2) f(2)dz

01 92

Omax
+aH/ pr(2) fu(z)dz

O

éL§91§0H§9279H§éH

Gmam 92 e'maz'
/ Fy(2)dz > X/ FH(z)dz+/ Fy(2)dz.

O 01 02

Let 01,0y, 6, and x be the optimal solution to (Pg). If this solution corresponds to
the optimal static contract or yields the same objective than it, we are done because
this contract is always feasible in (P). If this solution is different from the optimal

static contract and yields a strictly larger objective than it, it must be the case that

/ " i)z < o / * i ()

" efrlma: Omax
—l—aL/ uL(z)fL(z)dz+aH/ i (2) fa(2)dz. (C.32)

02 On

This is true because the contract (ui,ug, z1,22) = (0,0, Lip>0,1, 1{o>0,}) is a feasible

static contract and, therefore, its associated revenue is bounded by that of the optimal

311



static contract. From the formulation of (Pg) we know that (/9\,; < 61 <0y < B, this

and equation (C.32) deliver
92 92
0< [Cm@hedE <o [ e
191.1 01
Hence, 6; < 0y, 0y < 05 (otherwise x = 0) and
90; ML<Z)fL(Z)dz
o2 pr(2) f(z)dz

Also, since x < 1 we must have #; < 0. Note that since ¢/9\L < #; < 605 the denomi-

< x. (C.33)

nator above is strictly positive.

Now we argue that the contract optimizing (Pg) characterized by 61,0y, 6, and
x is feasible for (P). Since the high to low IC constraint is satisfied, we only need
to verify the low to high IC constraint. That is, we need to verify the following

inequality

. / (et / B (e > / " (e, (C.30)

0, 0 0
or, equivalently, x > f:}j Fp(2)dz/ fe Fr(2)dz. In order to see why (C.34) holds,

observe that from Lemma C.2 (which we state and prove after the present proof) we

have
fgl ML z) fr(z)d fg pr(z) fr(z)d SR f@ pr(2) fr(z)d fg pr(2) fr(z)dz
S FL()dz [ Fu(z)d Sl Fuzde T [ FL(2)dz
(C.35)
The right hand side in (C.35) always holds thanks to (DHR), indeed,
f;lH pr(2) fr(z)dz _ f:lH Frril(z)dz < P (0) < f:; Frril(2)dz
DT (2)dz WE(d:  [PF(2)de
fe pe(2)fr(z)dz
fGH Fr(z)dz
Thus the left hand side in (C.35) holds. Equivalently,
:; Fr(z)dz fHH pr(2) fr(z)dz
;IZFL(Z fel pr(2) fr(z)dz
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Using this, together with equation (C.33), delivers equation (C.34). This concludes
the proof for Part 1.
Part 2. In this part we prove the following optimality conditions for the thresh-

olds 61 < 0y < 8,:
1. RM(0y,0,) < ming,<g R (6y,0);
2. maxg<g, RF(0,05) < RU(0,,0,);
3. ap - RF(0,,0,) + agr®(0y) = 0.

It is enough to prove that under the conditions the optimal contract characterized
by (61,0, 02) is optimal for (Pg). To prove this we use a Lagrangian relaxation (we
do not relax the monotonicity constraints) and show that this relaxation is optimized
by the contract characterized by (01, 0y, 65).

First, we establish some properties that can be derived from conditions (1) to (3).
Condition (3) implies that 6, > 6;; otherwise, 6;,6> < 8, which would imply that
REH(6y,0,) < 0. In turn, condition (3) would give R7#(fy) > 0 which would imply
that é\H < 0. Since 0 < 0y we would have é\H <Oy <6, < é\L, that is, EH < (/9\L
which is not possible. Moreover, condition (2) together with the fact that 6y > 0,
imply that 6; > ;. This yields REH(6,,605) > 0, and thus we can use condition (3)
again to deduce that 6y < §H In summary, gL < @, and 0y < éH

Now we provide the main argument. If #; = 65, then we also have 6, = 0, =
Oy. Condition (3) implies that the contract characterize by (61, 0y, 0s) is the static
contract. Conditions (1) and (2) together yield (APR) and, therefore, from Theorem
3.1 we deduce that the static contract is optimal. Next suppose that 6; < 6y, and
define

Q2 {z:[0,1] = [0,1] : 2(-) is non-decreasing}.
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We use x* to denote the solution characterize by (6q,0y,62). The Lagrangian for

(PR) iS
L(u,x,\,w) =ur(wy, — A —ar) +ug(A— ag +wy)
[ ) - [oum)sa2) = W) )]s

+ /O " en(z) (s (2) fu(2) + NFu(2)] d
consider the following multipliers
A=ag - RM0,,0,), wp=\+ap,wyg =—\+ag,
note that A and wy, are non-negative, and for wy we have
wyg > 0& ay + ozHrHH(GH) >0 < THH(GH) > 1
if and only if
[0 — hTH(0)] > —R"H (0y) < 05 > 0,

where in the first if and only if we used condition (3) in our hypothesis. Thus when

we optimize the Lagrangian we obtain:

max L(xX,u,\,w) = max /:mm [al,ul(z)fl(z) — )\Fg(z)}dz

(u,x)EQ Ogegemaz

+ max /:W [&HMH(Z)fH(Z) + )\FH(Z)}CZZ ) (C.36)

0<0<Ormaz

where we can reduce attention to threshold strategies because x(-), xg(:) are non-
decreasing (see, e.g., [52] or [57]). If we are able to show that £(x,u, A, w) evaluated
at our candidate solution is an upper bound for the RHS above we are done. Let’s

begin with the second term, take any 0 < 6 < 0,,,, then

/:W [ozHuH(z)fH(Z) . )\FH(Z)] o /99"”” [aHuH< 2) fu(z) — aHrHH(QH)FH(z)] dz
Omaz
:/9 aHFH(Z) [T‘HH <

(2) = 1 (0|
< /Qmaz anFu(z) [THH(Z) — T'HH((QH)} dz

O

dz

Omax
_ / 732(2) [pn () fu(2) + Xy (2)] 2,
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where in the first equality we used condition (3) and the inequality comes from the
fact that r## () is non-decreasing. Now we look into the first term in equation (C.36),

consider first 8 > 6,

[ foun) = 5Fu i = [ [oums(1) ~ 5F )]

where we have used that

if and only if

faf Fr(2)rt(2)dz A< f02 Fy(2)rt (2)dz

ar - — =A<ar- —
g f;f Fy(z)dz - f;; Fy(z)dz

I

which thanks to condition (1) in our hypothesis is true. A similar argument holds for
0 < 605, but using condition (2). Since L(x*,0, A, w) equals
02 _ Omaz _
z / [al,ul(z) f(z) = )\FH(Z)] dz + / [ozlul(z) fiz) — )\FH(z)] dz
91 92

+/9maz [OéHMH(Z)fH(Z) + )‘FH(Z)}dZa

O
which by the definition of A simplifies to
Omas - Oman -
/92 [alul(z)fl(z) — )\FH(Z)] dz + /OH [ozHuH(z)fH(z) + )\FH(Z)} dz,
we conclude that max(y xyeo £(u, x, A, w) < L(0,x*, X\, w), as required. [
Lemma C.2 Let 0; € [0,1] fori = 1,2,3 be such that 61 < 05 < 03. Also, consider

functions f, g : [6h,05] — I, with f;f g(2)dz, feej g(z)dz > 0. Then,

03 0 62 0
901 f(2)dz - 992 f(2)dz if and only if 091 f(2)dz - 092 f(z)dz.
Bo(ads 2 g(e)de [ g)dz [ g(a)dz
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Proof of Lemma C.2.

v fEdz_ [ i) oo o g g
}g(z)dz < f};g o ( / o) ([ o) < / o(2)dz) / f(2)dz)

& (/9203 g(z)dz>< 9192 f(z)dz> < (/:2 g(z)dz) (/9203 f(z)dz)
9912 f(z)dz _ 9923 f(z)dz

2 g(z)dz [ g(2)dz

g

Proof of Proposition 3.3. We use the sufficient condition in Theorem 3.3.

First note that since the support of the exponential distribution is unbounded from
above, we can take #5 = oo which eliminates condition (1). Conditions (2) and (3)

can be cast as

916_91()‘L_)‘H) > e O =2m) e >0 and aL-)\Hele_el(AL_)‘H) =—ay-Agbfp—1),
(C.37)

By optimizing the first term in (C.37) we obtain

1

“ N

01

and then solving for 6y yields

0. — 1 a; et
H_>\H O[H/\L_AH.

What we need to check (and it is not obvious at a first glance) is that 6; < 0. First,

we show

1 1
aL(91 — )\—L))\Lei)\Lal + C(H<(91 - E))\Hei)\Hel < 0. (038)

To prove this inequality notice that since 0 is the optimal static cutoff we have

&Lge”\La + ozyae’”’a > apf1e MO 4 ap e 0 (C.39)
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then

+&H(9i — —>/\Hei/\H€i = Oé[ﬁi()\L — >\H) /\LGL + aLﬁl )\He )‘Lgi

_ 1 _ 1 _ 1
+ OzHGi)\He A0 e ML — e 0L

_ 1 _ 1 _ 1
= ape ML 4 Ag(apfre 0 + agfle o)

_ 1 _ 1
—ape MO — qe il

(a) Y ~ Y ~
< AH(aLﬁe”\Le + ozHHe”\Ha) — OzHe”\Hei

0 ~ 5 A 7
< Mg(aghe™2 + ayhe %) — qpyeru?

1
= Apgarfe” MO | \page AHG(Q —)
Al
(i) 0, _/\Lé\ —)\Lé\ ) 1
= )\H(ILQG - )\LOéLe (0 - —)
AL
_ -2l _ P
= e <—9()\L—)\H)+1>
(d)
< 0,
where (a) comes from equation (C.39), (b) is true because the function —e *#? in-

creasing and 6, < 0, (c) comes from equation (3.8). And (d) comes from 60; < 6.

With this we have proven (C.38) and thus

Avag - (0 = =) = —Ara - fLeOLOLAn)
H
= —ALar - <9i - i)eei(’\LAH) —A\ay - iefek(AL—,\H)
AL .
b 1
(>) OZH(ei — )y —ap-e —01,(AL—Am)
An

( 1 1 CY 1

a0y Ay (0 — —

where in (a) and (c) we used the definition of 6y, and in (b) we used equation (C.38).

From this we have that

1 H 1
(91{ — E) ()\LaH — 0—1> > OéH(91 — E))\H7
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but replacing ¢; with 1/(A;, — Ag) in this last expression we get 0y > 6.
Finally, x is given by
1

G Y W S W
9613 Fy(z)dz e " "D amd—dr A —Agl)

C.3 Proofs for Section 3.7

Proof of Theorem 3.4. In Lemma C.3 (which we state and prove after this

proof) we show that A is non-empty. Next we prove the necessary and sufficient
condition.

We prove both directions separately. First we show that if there exists A € A
satisfying the properties then the static contract is optimal. Then we show that if the
static contract is optimal then we can always solve for A satisfying the properties.

Define

Q2 {x:[0,1] — [0,1] : 2(-) is non-decreasing}, and Q¥ 2 Qx---x Q.
————

K times

For the first part we use a Lagrangian relaxation approach. That is, we dualize the IC
constraints for a specific set of multipliers. This gives an upper bound to the seller’s
problem. Then we show that for our choice of multipliers the relaxation is maximized

at the static allocation. The Lagrangian is

Mw

Lz, u, A, w) U<_ak+wk+2)\kj_2)\jk>
k=1 J:i#k J:i#k
K max
Z/ .’L’k(Z) (Ozk,uk(z)fk + Fk Z >\k‘j Z )\jkfj(Z))dZ
k=1 Jii#k Ji#k

where A correspond to the multipliers associated with the ICs, and w to the multi-

pliers associated with the ex-post IR constraints. Let us define A to be equal to the
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(Nij)ijeq1, k}2 We are assuming to exist, that is A € A, and let
wp=ap+ Y Ap— > A, Vke{l,... K} (C.40)
J:i#k J:i#k
Note that by our choice of A (A € A), wy is non-negative for all k. With this choice
of w the first summation in the Lagrangian becomes zero. Now, we need to show
that for this choice of multipliers the Lagrangian is maximized at the static contract.

In order to show this observe that

K emaw
s Ll o) = 3 ma / ei(2) (g (2) fu(2) + Fi(2) 2#3 M
= > AF(2) ) dz, (C.41)
Jii#k

thus we just need to verify that the RHS of (C.41) is bounded above by

K

Z/;maz (akﬂk(z)fk + Fi(z Z Akj — Z )\jkfj(z)>dz' (C.42)

k=1 jii#k jii#k

Note that the RHS of (C.41), for each k, is maximized at some threshold contract
0, € [0,1]. So to prove that (C.42) is an upper bound of (C.41) is enough to show

that for all k£ and for any 6 € [0, 1]

Omas
/ (Oékuk( )fi(2) + Fi(z) - Y My

O Jij#k
Omaxz
- Y RFE) < [ () + Fale) - 3 M
jiith ’ Jii#k
-y Ajkﬁj(z))dz. (C.43)
J:y#k

Consider 6), > § in (C.43), then (C.43) becomes

0< /;k (anm () () + Fa(2) - 32 g = S AwFi(2))

J:i#k Jii#k

this is equivalent to

—( Z )\kj> /A Fi(2)dz < /;k (akpk Z N Fj(z ) 2, VO, >0,

itk o j:j#k



which can be rewritten as

( Z )\k3> < mln{ fe pr(2 ( )dz Z Ajk - M}. (C.44)

itk =<0 fA itk J; Fr(2)dz

Similarly, if 6, < 6 then (C.43) is equivalent to

9 ~
0 Z / <Oék,uk(2)fk + Fk Z )\k] Z )\jkfj(Z))dZ, V@k S 9,

Ok jii#k jiiFk

which is equivalent to

fo Gt g~ |y Ty } \
max § Jjk — j (C.45)
{ - EOE L (5

60 f ( )dz Jgk Ik Jgk

In summary, proving that (C.43) holds is equivalent to showing that both (C.44) and

(C.45) hold. To see why this is true, note that

i LI oy Ty ane0l0) JO) = Sy e FoO)
- & p ik T —= = =
0—0+ fg Fk<2)d2 ik fg Fk(2>d2 Fk(0>
_ _( 3 Ak]), (C.46)
J:g#k

where the last equality comes from the choice of the multipliers. Since the limit is
taken for values above é\, this implies that

mm{%fe 1 (2) fiu(2)dz Y M ;E(z)dz}

J:gF#k

is bounded above by

lim o fa M:_ )fr(2)dz Z Ak fe () _ _( Z )\kj)‘

0—0+ f@ Fi(2)dz itk fe (2)d jiitk

A similar argument(taken the limit for values below 0 this time) can be used to show

that

( Z )\k]) < max{a f9 e (2) (2 Z Ajk )dz}

Ji#k o<6 f F k(2 )dz Jig#k f Fk( )dz

Since we are assuming that the minimum is an upper bound to the maximum above,
we can conclude that both (C.44) and (C.45) hold (with equality). This concludes

the proof for the first direction.
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For the second direction we need to show that if the static contract is optimal then
we can find X satisfying condition (APRM). Theorem 1 in Luenberger (1969, p. 217)
gives then the existence of Lagrange multipliers such that the static contract maxi-
mizes the Lagrangian(here we use the interior point condition in the assumptions).

In other words, A\, w > 0 such that
L(x5,0,A,w) > L(x,u, A\, w), Yu,x€RE x Q. (C.47)

Note that (C.47) holds for any u,x € RY x Q. Thus we can first consider x equal
to x® in (C.47), this yields

K

OZZuk<—ak+wk+Z)\kj—Z)\jk>, VUERf.

k=1 Gtk Gtk

Which implies that
—Oék—i-wk—i-Z)\kj— Z)\jk:O, Vk,
Jig#k Jig#k
and since wy > 0 we can conclude that
oy > Z Akj — Z Njk,  VE,
Jy#k Jy#k

as required. Now, fix k£ and consider a solution x € QF such that z; = 2 for all
J # k and xy, is 1(p>4,; for some 6, € [0,1]. Then equation (C.47) delivers equation
(C.43). And we already saw that (C.43) is equivalent to both equations (C.44) and

(C.45). Putting these two equations together yields

max{akfg Mf@)fk(z)dz — Z Ajk - M} < —< Z )\kj)

o<t f: Fr(z)dz Jujtk f: Fi(2)dz J:i#k

which is bounded above by

321



that is, condition (APRM) holds for any k. We only need to check that A € A.
Observe that both the maximum and the minimum are bounded from below and

above (respectively) by

Q- sz(@ : fk:(é\) - Zj;j;&k Ajk - F](é\)
0 |

To see this we can take the limit as before. For the maximum we take the limit of 0

(C.48)

approaching to § from below. This limit converges to the expression in (C.48) and is
bounded above by the maximum. The same argument applies to the minimum but

this time taking the limit from above 0. In turn implies that

a - 106(0) - f1(0) = X Ao - F5(0)
— =< = - E A 7 |
Fu(0) (j:jsék '

and we can conclude that A € A. O
Lemma C.3 The set A is non-empty.

Proof of Lemma C.3. We want to show that A # ), which amount to proving

that the linear system

K K
Jj=L,j#k j=1,j#k

K K
o = Wi + Z >\lcj_ Z )\jlm Vk’e{l,...,K},
J=1j#k J=1,5#k

with (A, w) > 0 has a solution. We begin by writing down the system with matrices
and then we apply Farkas’ lemma.

First, the vector A\ is given by

(>\127)\13a”' 7>\1K7>\217)\23a”' 7>\2K7"' 7)\K17)\K27"' a)\KK—l)v
J 7 N >

TV TV vV
Typel Type2 TypeK

note that the terms Ay for any k& € {1,..., K} do not form part of the vector. Now,

consider matrix A with K (K — 1) + K columns and 2K rows given by

Y F' F?2 ... FK Opux

B' B? ... BE Ix.x
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where Qg i is the zero matrix of dimension K x K and [k« is the identity matrix

of dimension K x K. Also, F¥ is a matrix of dimension K x (K — 1) defined by
“Fu) ifi=k
. Fr) ifi<kj=i
FZ] - R 5
Fo@) ifiskj=i—1

0 if o.w

\

and B* is a matrix of dimension K x (K — 1) defined by
(

1 ifi=k
1 ifi<kj=1i
iy

1 ifi>kj=i—1

0 if o.w

\

Finally, let b be a vector defined by

~ ~ ~ ~ ~ ~

b= (app(0)f1(0), aopa(0) f2(0), - -+ axpr (0) fx(0), ar, -+, ak).
Then, the linear system can be rewritten as

A
A- =b, A\w2>0.

w

Now we use Farkas’ lemma, if this system does not have a solution then it must be

the case that the following system has a solution
AT >0, b < 0. (C.49)

Explicitly, we have (y¥, %) solve

Fe0) - yF —yl) — P —yP) >0, VEVj#k

y}gB >0, Vk

K K
> arn(0)f1(0) -y + Y aw - yf <0
k=1

k=1
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Let y& be equal to ming{y’} (m is the index that achieves the minimum) then

Z%Mk ) f1(0) - +Zak ur izakﬂk( ) £e(0) - (uh — k) +Zak e

=

k=1
(7. Twld)
p— 9 —
;O"“< fk<9)>fk() Yin) *ZO"“ v
K
= > o (05:0) - Fu®) - (oF — wh) + Zak Yy
k=1 k=1
(®) K . K
> = aFu(0) - (g —ym) + > an-yp
Kk:1_ A Kk‘:l
= > aFR(0) - (Y = yl) + ) an -y
k=1 k=1

K K
> o (uh =y + Dy
k=1 k=1

a contradiction. Where in (a) we use the fact that Z,I::l akuk(é\)fk(g) =0, in (b) we
use the definition of y% | in (c) we use the first set of equations in (C.49) and in (d)
we use the fact that Zszl ap=1land y? >0. O

Proof of Proposition 3.4. We make use of Lemma C.4 which we state and

prove after the present proof. In that lemma we need to define the function

Z)\ ZAkF‘

04k G4k

Li(2|X) £ onpun(=

for any A > 0. For exponential distributions L(z|\) becomes:

=)
Li(2|A) = o - Z+— ( E )\ke—Oék> E )\Ek E )\ek
L:l#£k 00>k Z <k
~ TV - v Vv -
linear increasing and convex decreasing and convex

Hence, Li(-|A) is concave, which means that it crosses zero at most two times. Using
Lemma C.4 we conclude that in the exponential case allocations have at most one

step in which randomization occurs. [
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Lemma C.4 For any dual-feasible variable A associated to the IC constraints define

Li(2|A) £ appn(2) + ?:(Z) : Z Akt — Z )\ékﬁ;f(j)' (F)

If Li(z|\) crosses zero at most p times then the optimal allocation xy has at most
|p/2] intervals where randomization occurs.

Proof of Lemma C.4. We divide the proof into two parts. In the first part

we construct a new dual problem and state the complementary slackness conditions.
This part of the proof follows the general theory of linear programming in infinite
dimensional space developed by [6]. In the second part we exploit the complementary
slackness conditions to show that the optimal allocation xj has at most |p/2] intervals
where randomization occurs.

Part 1. Define the cone of non-negative non-decreasing functions

K 2 {2 :[0,0m4) — R|z is non-negative and non-decreasing function}.
(Primal Cone)

The general formulation of the seller’s problem is

K K Omas
(P) max — Z gy + Z ay, / o(2) pn(2) fr(2)dz
k=1 k=1 0

st xp(r) e K, Vked{l,... K}
rp(0) <1, VO €0,0hma.] ,VE€{l,...,K}

up > 0, VkE{l,,K}

emaz 9777,[1.’1)
(7 —|—/ 1 (2) F(2)dz > up + / e (2)Fp(2)dz, Yk K €{1,...,K}.
0 0
Note that the dual cone of K is

Omax
Kr={p: /0 B(z)dz >0, VO € 0,04} (Dual Cone)

325



The Lagrangian is

K
L(x,u,)\,ﬁ,w):Zuk- (—ak+wk+ Z)\kf_ Z)\ek>

Cl£k 002k

max

+Z/ akﬂk(z)fk )+ Fi(z Z Akt

Cl£k

— Z )\ngg(Z) + 6k<2) — T]k<Z))dZ

+Z/

where [ are the dual variables associated with the monotonicity constraints, n; are

max

dual variables associated with the constraints z;(6) < 1. While A, w correspond to
the dual variables associated with the IC an non-negativity constraints respectively.

This yields the following Dual program (D):

K 9771(1(13
min Z/ ne(z)dz
k=170
s.t—ay +wy + Z)\M— ZM}::O,

04k C:0Ak
arptn(2) fe(2) + Fr(2) - D A= > AFi(2)
G2k G2k

=nk(2) — Br(2), VEk, Vz€|0,0n4]

)\,W,ﬂk('> >0, pBrpe€ K*, Vk.
And we must have complementary slackness:

e For the monotonicity constraints (the cone constraints) this means that if z(+)

changes at some 6 then fe " B(2)dz = 0. Also z(0) - foema’” B(z)dz = 0. All of

this for all k.

e For the upper bound constraints: (1 —xx(0)) - nx(0) = 0 for all 6 € [0, 0,4, and
for all k.
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Part 2. Consider an optimal primal-dual pair. Let x; be the primal solution for
interim type k, and B, n, and A\, w the corresponding dual solutions. Observe that

from dual feasibility we must have
fr(2) - Li(2|N) = me(2) — Br(2), Vz €0,z (C.50)

Let us denote by 2; < --- < Z, the points where Lg(-|X) crosses zero, and we let
Zo = 0 and 2,11 = Opeq. Note that Ly(0pmex|A) = @ - Oe > 0, and by the feasibility
of A we have L;(0|A) = —wy/fx(0) < 0.

Let zF £ inf{z € [0, Opnas] : 21(2) = 1} (if 24(2) never equals 1 we take 2 = 0,02).
We can assume that 27 > 0, otherwise zx(z) would be equal to 1 everywhere in
[0, 01naz) and the result would follow. In turn, there has to be a change on x; around
2} and, therefore, complementary slackness implies that fj{"” Br(z)dz = 0. Moreover,
since xx(2z) < 1 for all z < 27 complementary slackness implies that 7, (z) = 0 for all

z < z7. Therefore, Eq. (C.50) becomes

Let ¢ be the largest index in {0,1,...,p} such that 2, < 2. Note that 27 € [2,, Z,41].
We show the following claim:

Claim 1. Lj(-|A) is positive in (24, 2,41) and 27 = Z,.

Proof of Claim 1. First suppose that Ly(-|\) is positive in (Z,, Z,4+1) we show
that 27 = Z,. If not then for any z € (2,, 27) we have Lg(z|A) > 0 which thanks to
Eq. (C.51) yields fx(z) < 0 for any z € (Z,, 2{) and, therefore,

Omaz 2 Omaz 2
/Z Br(z)dz = /Z Br(2)dz + /Z* Br(z)dz = /Z Br(z)dz < 0, (C.52)

N—————
=0

but this contradicts the fact that 8, € K*. That is, 2§ < 2, but since Z, < 2 we
conclude that 2z, = z7. To complete the argument suppose Lj(-|\) is negative in

(245 Z4+1) then, in particular, Li(-|X) is negative in (27, Z,41) and from Eq. (C.50) we
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deduce that §;(z') > 0 for all 21", 2,41). Hence, for any 21", Z,41)

Omaz 2! maz
0= / Br(z)dz = / Bk(z)dz—i—/ Br(z)dz > 0, (C.53)
25 2y 2!
>0 >0

a contradiction. In the second bracket we use the fact that g, € K*. This concludes
the proof of Claim 1.

This shows that zj(-) equals 1 in (2,04 and that it changes value at Z,.
Now, from Claim 1 we now that Lj(-|A) is negative in (2,-1,2,) and, therefore,
from Eq. (C.51) we deduce that Si() is positive in (Z,-1,2,). This together with
f:{”“” Br(2)dz = 0 imply that xj(-) is constant in (Z,_1, 2,) (by means of complemen-
tary slackness any change would yield a contradiction). Let’s denote the value of
zk(+) in (2,-1, 2,) by x4 Note that of x, = 0 we are done. Similarly to what we did
before we define 23 £ inf{z € 0,2, 1] : 7(2) = x,}. Note that 25 < 2, 1. If 25 =0
then we x4 (-) equals x, for all values below z, and, therefore, there is nothing more
to prove. So assume 23 > 0. If 25 = 2,4 then x,(-) changes value at Z,_; and, there-
fore, by complementary slackness fiﬂjz Br(z)dz = 0. However, Li(-|\) is positive in
(24-2, 24—1) which by Eq. (C.51) implies that [y is negative in (2,2, 2,—1) but this
would contradict the dual feasibility of 3;. Hence, we can assume that 23 < Z,_;.

Let g2 be the largest index in {0,1,...,¢ — 1} such that Z,, < 25. Note that
25 € 249y Zgo+1)- As before we can show that Lg(-|\) is positive in (Z,,, Z4,+1) and
25 = Z4,. Note that this implies that the value x, of z4(-) extends for at least two
intervals, namely, (2,-2,2,-1) and (2,-1, Z,).

The previous argument can be applied iteratively over all intervals defined by
Z1 < --+ < Zp. Since in each step of the argument we cover two interval we deduce
that there can be at most |p/2] different value of x, where ¢’ is defined in every
step as we did before. Moreover, if L;(0|A) < 0 then in the interval (0, z;) the dual
variable fx(-) is positive. Because f:lm‘”” Br(z)dz = 0 (this follows from the steps of

the argument) and x(0) - ;™" f(z)dz = 0 we must have z(0) = 0 and so in the last
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interval xy equals 0. O
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