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Abstract

Virtual Experiments and Designs of Composites with the Inclusion-Based Boundary Element

Method (iBEM)

Chunlin Wu

This dissertation develops and implements an effective numerical scheme, the inclusion-based

boundary element method (iBEM), to investigate the mechanical and multi-physical properties of

the composites containing arbitrarily shaped particles. Besides the linear elasticity and transient

heat conduction problems shown in the dissertation, it can be extended to other problems, such

as potential flows and Stokes flows. Through the combination of conventional boundary element

method (BEM) and the Eshelby’s equivalent inclusion method (EIM), the local field is obtained

through superposition of the domain integral of eigen-fields and boundary integral equations.

Firstly, the boundary value problems of a composite containing various fully bonding phases

of subdomains is introduced. Due to the continuity of displacement (potential) and traction (flux)

at the interfaces between different material phases, the interfacial continuity equations are estab-

lished, which can be solved with the multi-region BEM conventionally. Thanks to Eshelby’s cel-

ebrated contribution, the material difference in inhomogeneity problems is simulated by an eigen-

strain on the inclusion domain but with the same material properties as the matrix. Therefore, the

boundary value problems with inhomogeneities can be transformed as domain integral of Green’s

function with the eigenstrain over the inclusion, where can be determined by the equivalent stress

conditions in EIM. Hence, the algorithm of iBEM is formulated and established on the basis of



boundary conditions and equivalent stress equations instead of various continuity constraint equa-

tions, which saves efforts in computational resources and pre/post-process.

The domain integral of Green’s function is the key to the algorithm of iBEM, as it bridges

the inhomogeneities and the boundary. The closed-form expression of domain integrals for el-

lipsoidal / elliptical inclusions with polynomial eigenstrain, polygonal and polyhedral inclusions

with constant eigenstrain have already existed in the literature. However, it is not applicable to arbi-

trary particles with varying eigenstrain. This dissertation derives the closed-form domain integrals

for polygon and polyhedral inclusions with polynomial eigenstrain source terms, which creates

feasibility to solve the local field and effective material properties for composites with arbitrary

particles.

Although the EIM with polynomial-form eigenstrain has been applied to simulate the material

mismatch for ellipsoidal / elliptical inhomogeneities by using the Taylor’s of eigenstrain field at

the particle center, when it is extended to angular particles, the inaccuracy is significantly reduced

due to the rapid and complicated eigenstrain variation in the neighborhood of vertices with the

strong singular effects. Therefore, the domain discretization of an angular particle is proposed

to tackle the complicated distribution of elastic fields, which keeps the features of exactness (no

approximation of interior field) and C0 continuity of eigenstrain. Hereby, the iBEM is proposed

to serve as an effective and powerful tool, which takes the advantages of both BEM and EIM. The

interaction of inhomogeneities is considered in the process of constructing EIM equations, and

boundary effects are taken into account as the contribution to displacement of the eigen-field over

inhomogeneities, hence, a complete linear equation system can be established.

For the inclusion problems with a prescribed eigenstrain, no domain discretization is required

because the exact elastic solution is obtained given the specific dimension of the geometry. Re-

garding to inhomogeneity problems, 1) the ellipsoidal / elliptical shape is versatile, which could be

switched to various of shapes by adjusting the aspect ratio and orientations; 2) though the angular

subdomain requires discretization, this method is rapidly convergent and no mesh is needed for the

matrix. Therefore, this method enables the simulation of thousands 3� and 2� arbitrary shaped



particles in a desk-top computer and the effective moduli can be obtained through virtual experi-

ments (i.e, uni-axial loading) or periodic boundary conditions. This method can be easily extended

to multi-physical problems, such as transient hear transfer, steady state heat, through changing the

fundamental solutions accordingly. Three major packages have been added to the iBEM software,

as transient heat transfer, closed-form 2D/3D domain integrals, and domain discretization method.

Some case studies demonstrate the capability and applications of this method and software. This

main contributions of the PhD studies are as follows:

1) The closed-form domain integrals for polygonal and polyhedral inhomogeneities have been

derived based on the gravitational potential theory and transformed coordinates. The solutions are

verified with the classic solution of circular and spherical potentials with polynomial source terms

(i.e, linear and quadratic) by using many triangular and tetrahedral elements. It enables to solve

the inhomogeneity problems with arbitrary particles.

2) Due to the discontinuity on the surfaces and edges of the subdomains and strong singular

effects on the vertices, the variation of eigenstrain field is complicated in the neighborhood of

edges and vertices. The domain discretization approach is proposed to provide a rapid convergent

and effective solution in the infinite space. Different from the Taylor’s expansion, the eigenstrain

is assigned exactly at the nodes with shape functions instead of at the centroid of the elements,

therefore, a C0 continuity is enforced. Here 3-node, 6-node triangular elements and 4-node, 10-

node tetrahedral elements are implemented in the code of iBEM, which agree well with FEM but

with much fewer of elements. Other types of element are also implementable in the same fashion.

3) The discretization method is applied to investigate the stress singularities of a vertex on

an isosceles triangle embedded in an unbounded matrix. Two types of stress singularities are

investigated: when the load is applied to the triangular inclusion with the same stiffness as the

matrix, the singularity is caused by the irregular load distribution, namely load singularity, and can

be exactly evaluated by integral of the potentials on the source with Eshelby’s tensor. The second

singularity, namely material singularity, is caused by the stiffness mismatch between the triangular

inhomogeneity and the matrix under a uniform far field stress, in which the material mismatch is



simulated by an eigenstrain. The relationship between the load singularity and material singularity

is investigated, and the linkages of these singularities with line distributed force, cracking, and

point force are discussed.

4) A parametric study of accuracy on stress field for uniform, linear and quadratic eigenstrain

fields was performed and case studies have been presented to demonstrate the capability of iBEM

for virtual experiments of ellipsoidal / elliptical inhomogeneities. Subsequently, combining the do-

main discretization method, iBEM is also applied to study the local elastic fields of the angular in-

homogeneities. The effective material behavior is obtained with either large number of particles or

periodic boundary condition (PBC) and some interesting discoveries of microstructure-dependent

material behavior are reported with the aid of virtual experiments.

5) The iBEM is extended to multiphysical problems. The temperature and hear flux fields

of composite materials containing phase change materials (PCM) for energy efficient buildings

is demonstrated. Different from the static EIM, the thermal property mismatch between PCM

particle and matrix phase is simulated with a uniformly distributed eigen-temperature gradient

field and a fictitious heat source on the particle. With the equivalent heat flux conditions and the

specific heat-temperature relationship, the eigen-temperature gradient and fictitious heat source

can be solved and temperature field of the bounded domain can be calculated. Verified with FEM

and laboratory measurements of the transient heat transfer within a building block containing a

PCM capsule. Parametric studies have also been conducted to study the influences of the PCM

location and volume fraction on the temperature fields of composites with multiple particles. The

virtual experiments demonstrate the energy saving and phase delay by using the PCM-concrete

wall panel.

In summary, the proposed iBEM algorithm bridges the gap between conventional EIM and

BEM for virtual experiments of composites samples. The combination of shape functions and

domain integrals of polygonal / polyhedral subdomain enables its application to arbitrary shaped

particles. It serves as a powerful tool to conduct virtual experiments for composite materials with

various geometry and investigate the effective moduli under uni-axial load of samples with large



number of particles or under the periodic boundary condition. In the future, the iBEM will be im-

plemented for time independent and dependent nonlinear behavior of composites, such as elasto-

plastic, viscoelastic, and dynamic elastic problems. In addition to the current parallel computing

scheme, GPU can be employed to speed up particle - particle interactions.
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Chapter 1: Introduction

1.1 Modeling and simulation of composites

Composite materials have been widely used in industry and research. Various micromechanics-

based methods have been developed in the literature to design, to predict and optimize the effective

mechanical, thermal and other physical properties of the composites. Due to the uncertainty and

complexity of the microstructure, analytical models that provide a deterministic prediction based

on material proportion may not accurately predict the effective material behavior of the composites.

Numerical models enable the virtual experiments of the composites with computers that predict the

effective material behavior based on the microstructure and test loads. The scale and ef�ciency of

virtual experiments, however, rely on the computational resource and the algorithm. Hence, it

is critical to develop an ef�cient, accurate, and rapid numerical method to predict the effective

material behavior under various loading conditions.

1.1.1 Micromechanical models

Several micro-mechanical models were developed using Eshelby's solution, namely the Mori-

Tanaka method, the self-consistent scheme, the generalized self-consistent model, and the differ-

ential scheme, etc [1, 2, 3]. Although different homogenization assumptions were used in those

models, Eshelby's solution for one particle in the in�nite domain is not realistic in a composite

sample that includes a number of particles with a �nite domain[4]. In general, when the number

of particles reaches a certain level, the effective material properties of the composite samples are

convergent to constant values statistically. However, the effective material behavior does change

with the particle size gradation, particle distribution pattern, among other microstructure features.

Moreover, the micromechanical models could solve the elastic �eld of a domain containing
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multiple inhomogeneities with abundant accuracy and ef�ciency. However, those models are quite

constrained to in�nite [5], semi-in�nite [6, 4] boundary conditions. As for a domain with pre-

scribed geometry and boundary conditions, only adopting EIM or micromechanical models could

not solve the elastic �elds as it requires the speci�c Green's function for the corresponding bound-

ary condition. In addition, it is very challenging or impossible to derive Green's functions for some

irregular geometry of material specimen. Due to the above limitations, the numerical simulations

have been proposed.

1.1.2 Numerical methods

For the numerical methods, a concept, representative volume element (RVE) or a unit cell with

speci�c microstructural features have been introduced to compensate the drawbacks in microme-

chanical models. Given a composite sample, an RVE is selected to be large enough to suf�ciently

describe the microstructure features of particles [1]. The RVE usually contains the statistically de-

tails such as particle's shape, size, distribution, and volume fraction. When the particle distribution

is nearly periodic, a unit cell can signi�cantly simplify the simulation with the periodic boundary

conditions (PBCs). An RVE could be considered to be an isolated specimen for material testing[7].

In order to obtain the effective modulus, a test load can be applied by boundary conditions, and

the local �elds can be calculated over the RVE. The volume average of the stress and strain �elds

can provide the overall material properties. Two dimensional models can be constructed in the

same fashion as the 3D cases for reduced computational costs or for speci�c applications, such

transverse material behavior of aligned �ber-reinforced composites[8].

Sab [9] pointed out that the response of RVE should be independent of the type of boundary

conditions, as it is a statistical representation of the speci�c composites. However, when the RVE

size is small, the boundary effect will make difference for the effective material properties. In

contrast to the previous RVE de�nition, Drughan [10] considered the size of the RVE can be as

small as twice of the reinforcement diameter. An error of5% of the "overall" elastic modulus

was observed with the size change. The author suggested the use of half-space Green's function
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instead of the in�nite one, considering the boundary effect [10]. Mathematical homogenization

approaches may directly provide the effective material properties by internal asymptotics , but

they fails to describe response on the vicinity of outer boundary [11, 12].

When a composites body subjected to the external loading, i.e, some loading such as exten-

sion, �exure loading stress may not propagate very far into the interior, however, shear load may

greatly in�uence the interior �eld [13]. Although the boundary-layer effect decays rapidly with

the distance to the boundary, it has to be considered to solve the correct global �eld [12]. To in-

vestigate the effective modulus of the composites, several numerical methods has been proposed

to conduct the stress analysis of RVE with distributed inhomogeneities. Thanks to the algorithm of

Monte Carlo, Gusev [14] generated a statistically independent realization of a periodic composite

embedded with8–27,and64 nonoverlapping identical spheres, and the stress �eld under PBC was

solved by �nite element method (FEM). Xu [15] adopted the generalized stochastic principles and

involved randomly distributed multi-type of inhomogeneities with size effect of RVE. Sakata [16,

17] combined EIM with perturbation method to consider both microscopic uncertainties in geom-

etry and material properties of a micorstructure. Chen [18] employed the �nite volume method

(FVM) for both elastic and viscoelastic periodic composites.

The boundary element method (BEM) and its extensions have been used in modeling of com-

posites as well. Hiroshi [19], Huang [20], Gaul [21] and Beer [22] applied the multi-region

BEM, considering the continuity equations on the interface of inhomogeneities and matrix. Dong

[23] proposed a regularized domain integral formulation, which combines the eigenstrain with the

boundary integral equation (BIE). However, this work was limited in the in�nite domain (without

boundary, particles interactions) and requires the surface mesh of the inhomogeneities for appli-

cation of the BIE. Ma et. al. [24, 25] and Tang et. al. [26] further developed the BIE as an

ef�cient iterative algorithm for multiple-particle, boundary interactions, given the discretization of

the surface mesh of inhomogeneities. Brisard [27] proposed a variational form of the EIM, which

converges to the exact solution under mixed boundary conditions and rigorous bounds of the sta-

tistical volume element. In the previous work, the effective properties of the RVE (given the same
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material properties for different phases) are dependent on the following: (i) the spatial distribution

and volume fraction of inhomogeneities, (ii) the loading case and boundary layer effect, (iii) the

inhomogeneity gradation including directions and size.

1.1.3 Virtual experiments

Composite material are formed by combining two or more materials having quite different

properties. Due to the �exibility of fabrications, improvement in manufacturing, the material ef-

fective properties can be controlled through adding various phases of materials or changing the

microstructure. To design a composite with desired purpose, several processes of material charac-

terization and testing are required to obtain meaningful results, such as the trial and error iterations,

which makes the above process time consuming and expensive. Besides the testing and prepara-

tions, another annoying issue is how to interpret, understand the testing results, because many

factors introduced by testing errors, manual mistakes may greatly in�uence the reliability. How-

ever, the application of virtual experiment, which is conducted by the computer could avoid lots of

the above issues.

The virtual experiments, namely, refer to the simulation and reproduction of physical / labo-

ratory measurements through the computer and they are established upon the reliable algorithms.

Therefore, the benchmark of the algorithms is straightforward as comparing the results with a

physical experiment or a theoretical solution. One of the advantages for the virtual experiment is

the cross-scale modeling. Taking the conventional multi-scale modeling as instance, the concept

of representative volume element (RVE) de�nes the scale of modeling. However, the scale is not

clearly de�ned and the effective properties are sensitive to it. If the scale of material sampling is

too large, it is easy to lose the focus, otherwise it may not represent the material well. In a com-

mon sense, a material sample containing hundreds of particles with various shapes, dimension and

distribution can be used to represent the material. Therefore, the cross-scale modeling becomes

increasingly important as it provides insights into relating the material properties of each phases to

the overall effective behavior of the composite.
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This dissertation has been mainly motivated by the design and development of various compos-

ites in the Carleton Strength of Materials Laboratory. An effective numerical method, iBEM, with

high-�delity algorithm could save much efforts in conducting physical experiments to characterize

the properties of the composites. This dissertation systematically documents the development of

iBEM from the classic micromechanical method, EIM, domain integral of Green's function, to the

combination of BEM for a �nite space.

1.2 Equivalent inclusion method

Considering an in�nite domain embedded with one elliptical inhomogeneity under a far �eld

stress, Eshelby [5] introduced the approach that replaces the inhomogeneity by an inclusion with

the same material properties as the matrix but using a non-mechanical strain, namely eigenstrain

(Y� ), to simulate the material mismatch, which can be determined by the stress equivalent condi-

tion. Through the superposition of the original and eigenstrain perturbed part, the entire elastic

�eld could be obtained, which is called the Eshelby's equivalent inclusion method (EIM).

In this section, a brief review is provided to introduce the background to formulate the inclu-

sion problem for the in�nite or �nite domain. The local strain �eld at a certain pointx for the

inhomogeneity embedded in an in�nite matrix under the far �eld strainY0 is decomposed into a

far �eld and a disturbed strain as,

Y¹xº = Y0¹xº ¸ Y0¹xº (1.1)

where, the disturbed strainn0¹xº represents the elastic material mismatch between the inhomo-

Figure 1.1: Illustration of equivalent condition in EIM
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geneity and the matrix, which could be calculated through the integral of Green's function over the

inhomogeneity domain
 ,

Y0¹xº = �
¹



� ¹x � x0º � 0 Y� ¹x0º 3x0 (1.2)

where,� 0 is the stiffness tensor of the matrix material. It is noticed that in Eq.(1.2), the disturbed

strain is only related to matrix material and the eigenstrain in the inhomogeneity domain. Let� 1

denote the stiffness tensor of the inhomogeneity, one could use the stress equivalent condition in

the inhomogeneity to determine the eigenstrainY� as Eq.(1.3),

� 0 : ¹Y0 ¸ Y0º = � 1 : ¹Y0 ¸ Y0 � Y� º (1.3)

where, the eigenstrainn� could be solved by multiplying the inverse matrix mathematically. Notice

that in the above formulation, the eigenstrain should be a function related to the pointx0. Since the

EIM is based on the concept of Green's function, it has been applied to other �elds such as, thermal

conductivity analysis [28, 29], magneto-electro-elastic problem [30], and stokes �ow of drops [31].

In micromechanical modeling, EIM is a powerful tool [32] to predict the effective modulus of the

composite material by spatially averaging the local �eld [33, 34], which bridges the micro- and

macro-mechanical behavior of the composite [35, 36, 37]. Besides its extension to multi-physical

problems by switching the fundamental solutions, based on the continuous feature of eigenstrain,

Moschovidis [38] and Mura [33] proposed to express eigenstrain in polynomial series through

the Taylor expansion at the centroid of the inhomogeneity so that the particle interactions can be

simulated. Moreover, Mura [33] has made signi�cant contributions in the ellipsoidal particles that

one can adjust the geometric parameters, i.e, the aspect ratio of three axis to analyze versatile

problems, such as penny-shape, �ber, etc. As an analytical method, EIM requires the domain

integral of Green's function over the source subdomain, which could be ellipsoidal / elliptical,

polygonal and polyhedral. The EIM has been applied to the in�nite [5] and semi-�nite space [4,

6]. For composites with certain boundary conditions, the boundary element method can be applied.

6



1.3 Boundary element method

Nearly all physical phenomena occurring in nature can be described by differential equations

and boundary conditions. In the solution of those boundary value problems, we aim to determine a

response to given boundary conditions [22]. Previously named as the Boundary integral equation

(BIE) method, BEM is an analytical approach to calculate the boundary integrals and solve the

linear partial differential equations under the speci�c boundary conditions. Using the well-known

reciprocal theorem of Betti [39] and the Green's theorem, the volume (3D) and surface (2D) inte-

grals can be reduced to one-dimension lower boundary (surface) integrals. However, at the initial

stage of the BEM, the dif�culty to evaluate of boundary integrals prevented matching the success

of the �nite element method (FEM). After the introduction of isoparametric element to the BEM

by Lachat and Watson [40], the BIEs could be solved numerically through the Gauss integration

method and became much less forgiving when it comes to the accuracy of the integrals. Hence,

BEM is an ideal choice to save both computational / storage resources since it reduces the problem

to lower dimensions, which only requires the boundary mesh.

In Section 1.1.2, several numerical methods and their extensions have been listed as solution to

the heterogeneous composites. Except BEM, the others can be classi�ed as the domain discretiza-

tion method, which use small elements to describe the �elds. Because the establishment of BEM

is based on the Green's theorem, thus, the subdomains are meshed in their boundary and the conti-

nuity equations (displacement, traction as unknowns) serve as the auxiliary equations. Therefore,

the boundary value problem of interfaces between phases is reformulated as a system of linear

equations. Although, such discretization strategy avoids the mesh problems in the matrix phase,

there exists problems for the cross-scale modeling. When the dimension of particles vary over a

large range, i.e,10 times smaller. Moreover, even the particles may share the similar shapes or

size, the simulation of angular subdomains, i.e, vertices of polyhedrons, requires careful handling

and an improper mesh may fail to describe the singular effects. In general, it is challenging to �nd

an appropriate element size for the boundary discretization and integration. Combining EIM and

7



BEM provides a feasible way to avoid such problems by using the concept of equivalent inclu-

sions, which shares the material properties as the matrix but with a eigenstrain to be determined by

equivalent stress conditions.

1.4 Inclusion-based boundary element method

In Section 1.2 and Section 1.3, EIM and BEM are introduced in their previous applications

and limitations to investigate the composites. The EIM is particularly successful in description of

local �elds around the inhomogeneities in the in�nite and semi-in�nite domain, where the bound-

ary effects are neglected; whereas the advantages of BEM are 1) reducing the problem with one

dimension lower; 2) requiring less computation storage, resources; 3) analytical expressions for all

internal �elds; but the assumption that material is homogeneous constrains its further applications.

The algorithm of iBEM aims to tackle the dilemma of two classic approaches by combining them

together, hence, it could be applied to simulate the composite with prescribed boundary condi-

tions. With the various types of domain integrals on elliptical / ellipsoidal particles and domain

discretization method of arbitrary shaped particles, the effects by the inhomogeneities are fully

introduced by the technique of Green's function. This method is very attractive due to its high

computational ef�ciency for a large particle system and high accuracy for characterizing particle-

particle interactions and boundary effects comprehensively.

Currently, the iBEM software package is developed as the solver and post-processor and the

detail implementation is illustrated as follows. In the preprocess, the input �le requires: 1) infor-

mation of boundary mesh, ellipsoidal / elliptical particles (orientation, length) and domain mesh

of angular particles; 2) material properties for subdomains; 3) loading informations, such as body

force, thermal strains (prescribed eigenstrain). Notice that no mesh is needed for the matrix. With

the mesh information, the global boundary element matrix can be established and the boundary

effects is considered by the domain integral of subdomains. Subsequently, the particle-particle in-

teractions are introduced by setting the equivalence conditions of each unknown eigen �eld (cen-

troid for ellipsoidal / elliptical partcles, Gauss point for angular particles). In the solving process,
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various boundary conditions are considered by manipulating the global matrix and Gauss elimina-

tion method with pivot is developed to solve the system of linear equations. Notice that to speed

up the solving process, an alternative multi-thread solver is provided by compromising certain ac-

curacy, which could save much time for effective moduli test for a large particle system. In the

postprocess, the iBEM maintains the advantage of BEM that all the internal �elds are calculated

analytically without any approximation. Similar to the input �le, the output �le lists coordinates of

the observing points and the elastic solution is obtained through the superposition of the boundary

integral equations and domain integrals of the subdomains.

Considering most numerical methods, which require the discretization of both volume and sur-

face areas of the particles, problems may arise for such discretization methods. When the number

of inhomogeneities increases, particularly with different sizes, the generation of a well-conditioned

computational model could require high computational costs already not to mention the high de-

mand for the actual simulation. In such case, it is challenging to simulate a large particle system

with ¡ 1000particles. Alternatively, iBEM exhibits the unique advantages, 1) For ellipsoidal or el-

liptical inhomogeneities, no internal mesh is required either for the matrix nor for the subdomains,

and a polynomial eigenstrain can provide tailorable accuracy to the exact solution. 2) For arbitrary

polygonal / polyhedral inhomogeneities, a piece-wise eigenstrain on a discretized inhomogeneity

ensures the high accuracy with theC0 continuity of the eigenstrain �eld. Re�ning particle dis-

cretization can approach the exact solution for the inhomogeneity problems. 3) Because no mesh

is required in the matrix, and Eshelby tensors on inhomogeneities are size independent, the ill-

conditioned mesh is avoided, and the size gradation of inhomogeneities could be simulated given

the dimensions and locations. Notice that although the ellipsoidal or elliptical inhomogeneities

have been simulated with traditional Eshelby's tensors [41], it can also be reproduced by a num-

ber of polyhedrons or polygons numerically [42] or represented by the integral of in�nitesimal

polygonal / polyhedral elements analytically.

With the above advantages, the iBEM is particularly suitable for modeling the effective mate-

rial behavior containing a large variety of inhomogeneities in size, shape, and material properties.
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It can be used for particle interaction crossing size-scales and virtual experiments of a physical

composite specimen. It can predict both the local �eld and non-local behavior of a composite

specimen. We compare the iBEM with the existing methods in the literature as follows:

1) The EIM has been applied to simulate the elastic �elds of ellipsoidal or elliptical inhomo-

geneities, which served as the foundation for several micromechanics models, i.e, Mori-Tanaka

method, the self-consistent scheme, and the dilute model [43, 1, 2] using various homogenization

assumptions without directly considering the boundary effect and the effect of particle-particle in-

teractions. The iBEM easily addressed the boundary effect by the boundary integral, moreover,

it extended the particle shape to arbitrary shapes of inhomogeneities. Hence, iBEM is not only

applicable to micromechanics, but also serves a versatile computational method for materials or

structures with heterogeneous microstructure.

2) Due to the limitations of micromechanics models, several numerical methods were developed

to conduct the virtual experiments of composite under various boundary conditions (BC). In the

previous work, the traditional BEM adopts the multi-region [22, 29, 20], which meshes the bound-

ary of subdomains and collocate the boundary nodes with continuity conditions of tractions and

displacements. Proposed by Beer [44], the major disadvantage of the multi-region method is the

introduction of additional equations and unknowns to the linear system of equations. Therefore, it

is expensive and uncertain to obtain the stable and convergent solution for angular shape of par-

ticles, particularly for a large number of particles. The present iBEM uses the same fundamental

solution for the whole domain with stress equivalence and avoids the interface continuity equa-

tions.

3) Helsing [45] proposed an adaptive algorithm based on the Fredholm's integral equation for mul-

tiple cracks and investigated the effective elastic properties under10–000cracks in 2D problem. Fu

et al. [46], Fu and Rodin [47] and Lai and Rodin [48] developed the fast Galerkin BEM for domain

containing many particles. Liu [49] and Liu and Shen [50] applied the fast multipole algorithm.

Wu et al. [51] extended it for two-dimensional nonlinear interface debonding problem. Although

the fast multipole method (FMM) can signi�cantly save the computational cost, it still relies on
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the interface continuity equations for the multi-region domain. On the contrary, the iBEM can use

very few or even merely one element for each particle with analytical integral of particle domain

to achieve high accuracy. The concept of FMM has also been used in iBEM to de�ne an in�uence

zone or particle interaction cutoff given a certain error limit, so that iBEM can theoretically achieve

the same level of computational ef�ciency.

4) To avoid the multi-region issue, the revised boundary-domain [23], eigen-�eld based boundary

integral equations [52, 53, 25] are proposed. The dual reciprocity BEM (DRBEM), introduced by

Nardini and Brebbia [54], avoids the volume / area integral of non-homogeneous terms (i.e, body

force) through approximation with basis functions [55, 56]. Although DRBEM could solve the

problem with BEM in original form, its numerical accuracy is highly determined by selections of

basis functions, locations of the domain points [44, 57]. Ingber et al. [58] conducted a comparison

of domain integral with the DRBEM and particular solution method, and proved better accuracy

for method with domain integral. However, all those methods rely on the numerical integrals over

the particle, which bring dif�culties for different shapes of particles. For example, a spherical

particle needs a lot of linear elements to match the geometry. The iBEM integrates the analytical

domain integral for ellipsoidal/ellipitical and polyhedral/polygonal particles into the computation

and represents the highest accuracy for the domain integral.

5) Another extension of the FEM / BEM is the combination of isogeometric analysis (IGA) [59],

namely IGAFEM [60, 61, 62] and IGABEM [44, 63, 64, 65, 66], whose advantage is the seamless

integration with CAD. Beer et al. [44, 67] proposed an iterative scheme to simulate the inclusion

problem, which converts the mismatch initial stress to body force and traction increments. And

such body force increments in a general inclusion could only be treated by numerical domain inte-

gral of the Green's function. Compared with FEM or FVM, iBEM exhibits advantages in a much

lower degree of freedom (DOF); different from IGABEM [67], the iBEM is based on the closed-

form area (2D) or volume (3D) integrals of the Green's function and avoids the numerical stability

and convergence in iterations.

6) Moreover, besides the BEM, most numerical methods require the discretization of the entire do-
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main, such as �nite element method (FEM) and �nite volume method (FVM). Sukumar et al. [68]

and Du et al. [69] proposed the extended �nite element method (xFEM) to solve the inhomogene-

ity problems, in which the FEM approximation is enriched by additional discontinuous functions.

Benowitz and Waisman [70] later used the numerical spline-based enrichment function with inclu-

sion internal boundary discretization. The iBEM contains the singularity in the Eshelby's tensor as

well, but only the integral over the particle is required. Therefore, much fewer degrees of freedom

is needed to solve the problem.

Particularly, the iBEM is suitable for cross-scale modeling and simulation because the Es-

helby's tensor is size independent and dimensionless. It can predict the effective material per-

formance with a given microstructure conveniently because the traction and displacement on the

boundary are the principal variables to solve [41]. As the effective material behaviors do change

with the shapes (i.e, aspect ratio, orientations), size gradation (i.e, dimension) and distribution of

the inhomogneities, the iBEM can capture the difference caused by these microstructural features.

The iBEM's using analytical integrals on inhomogeneities can avoid the numerical integral issues

and provide higher accuracy in comparison with the above BEM methods.

1.5 Scope

The primary objective of the dissertation is to introduce and verify iBEM and apply it to virtual

experiments to study the effective material behavior of various composites. The structure of this

work is listed as follows:

Chapter 2 revisits the Eshelby's celebrated work of EIM in the in�nite space, which requires

the integral of fundamental solution over the source subdomain. Based on the Hardmard's regular-

ization, the Eshelby's tensor for plane strain problem could be derived from the 3D fundamental

solution. As illustration, the Eshelby's tensor of circular cylindrical �ber is presented. For polyg-

onal subdomain, using the Green's theorem, the domain integral is converted to line (contour)

integrals over the polygonal cross section and evaluated by the direct integral scheme. Following

Mura's work, the chapter also formulates the method to derive linear, quadratic and higher order
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of the Eshelby's tensor in the polynomial form for arbitrary, convex polygonal shape of inclusions.

Extending the solution to 3D problem with the Gauss' theorem, the volume integrals are converted

to area integrals and evaluated with polynomial form eigenstrain. Numerical case studies were

performed to verify the analytic results with the original Eshelby's solution for a uniform, linear

and quadratic strain in an ellipsoidal domain.

Chapter 3 utilizes the closed-form domain integral for 2D and 3D space to solve the triangular /

tetrahedral inhomogeneity problem with continuously distributed eigenstrain. The eigenstrain �eld

is approximated by Taylor series of polynomials, which is expanded at the centroid of the inclu-

sion with uniform, linear and quadratic order terms. Although such approximation could provide

tailorable accuracy of the elastic solutions with the EIM, for both 2D and 3D cases, the stress dis-

tribution in the inhomogeneity exhibits a certain discrepancy from the �nite element results at the

neighborhood of the vertices due to the singularity effect due to the singularity of Eshelby's ten-

sors, which makes it inaccurate to use the Taylor series of polynomials at the centroid to catch the

eigenstrain at the vertices. This chapter formulates the domain discretization with triangular / tetra-

hedral elements to accurately solve for eigenstrain distribution and predict the stress �eld. With

the eigenstrain determined at each node, the elastic �eld can be predicted with the closed-form

domain integral of Green's function. The parametric analysis shows the performance difference

between the polynomial eigenstrain by the Taylor expansion at the centroid and theC0 continuous

eigenstrain by particle discretization. Because the stress singularity is evaluated by the analytical

form of the Eshelby's tensor, the elastic analysis is robust, stable and ef�cient.

Chapter 4 applies the exact solution for an in�nite domain containing a polygonal inclusion

with a polynomial eigenstrain to investigate the stress singularities at the neighborhood of a vertex

of a triangular inhomogeneity with Eshelby's equivalent inclusion method (EIM). Under a dis-

tributed mis�t strain and body force on the inhomogeneity and a far �eld stress in the matrix, the

material mismatch is simulated by an eigenstrain on the equivalent inclusion. Because the Es-

helby's tensor exhibit aln Asingularity on the vertex, the eigenstrain components approach 0 or

1 in the rate 1
ln A andln A, respectively. The distributed eigenstrain can be represented by particle
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discretization with theC0 continuity, which provides a tailorable accuracy to the exact solution

by re�ning the mesh. Because the in�uence zone of the singularity is small, very few mesh can

provide high accuracy. Two types of stress singularities are investigated: when the load is applied

to the triangular inclusion with the same stiffness as the matrix, the singularity is caused by the

irregular load distribution, namely load singularity, and can be exactly evaluated by integral of the

potentials on the source with Eshelby's tensor. The second singularity, namely material singularity,

is caused by the stiffness mismatch between the triangular inhomogeneity and the matrix under a

uniform far �eld stress, in which the material mismatch is simulated by an eigenstrain. The rela-

tionship between the load singularity and material singularity is investigated, and the linkages of

these singularities with line distributed force, cracking, and point force are discussed.

Chapter 5 develops and implements the inclusion-based boundary element method to simulate

the mechanical behavior of particulate composites with ellipsoidal / elliptical particles dispersed

in a continuous matrix. Numerical simulation with different order of accuracy (uniform, linear,

quadratic expansion) results are compared with FEM for both 2D and 3D problem. Some para-

metric studies are presented on the effective modulus of the RVE about the inhomogeneity volume

fraction, number of inhomogeneities under the same volume fraction, size gradation, etc.. Using

the iBEM virtual experiments, some size-dependent and microstructure-dependent material behav-

iors are discovered.

Chapter 6 extends the iBEM algorithm to arbitrary shaped inhomogeneities. The iBEM is ver-

i�ed with the FEM results for the convergence performance and accuracy. Thanks to the closed-

form domain integral, only1 element for the inclusion can provide the exact solution for the un-

bounded domain and high �delity solution for bounded domain with iBEM. For inhomogeneity

problems, the iBEM exhibits a high convergent rate as well. Then, the inhomogeneity problems

with the case studies of close interactions of multiple particles and boundary is illustrated and the

singularity of eigenstrain and its in�uence zone on the stress distribution is discussed as well. Ef-

fective moduli is investigated for periodic boundary conditions and large number tests under the

uni-axial load.
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Chapter 7 uses iBEM to study the variation of heat �elds in�uenced by the embedded PCM

particles. The results have been veri�ed with both �nite element analysis and laboratory measure-

ments for48 hour period. Some parametric studies have been conducted to investigate the effects

of the PCM locations and volume fraction on the temperature �eld of the composites with multiple

particles, which demonstrate the energy saving and phase delay by using the PCM-concrete wall

panel.

Some lengthy and complex derivations or formulations are provided in Appendixes for the ease

of reading. Some conclusive remarks and exciting future research directions are also discussed at

the end.
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Chapter 2: Domain integrals of the Green's function and their derivatives

This chapter studies the Eshelby's �rst problem, inclusion problem, in the in�nite space. Fol-

lowing Mura's work [33], the continuous eigenstrain �eld is approximated by the Taylor series

of polynomials expanded at the centroid of the subdomain, which requires the domain integral of

Green's function. To complete the analysis of elliptical, polygonal and polyhedral problems, the

closed-form expressions for the domain integral are presented.

2.1 Overview

Considering an ellipsoidal inhomogeneity embedded in the in�nite elastic medium, Eshelby

[5, 71] provided the solution through substituting the inhomogeneity by the matrix with continu-

ous eigenstrain �eld to simulate the material mismatch, which is named as the equivalent inclusion

method (EIM). The generic name, "eigenstrain", refers to nonelastic strains, such as phase transfor-

mation [72], plastic deformation [73] and thermal expansion [74], etc. Thanks to the EIM, several

homogeneization theories and models are proposed such as the Mori-tanaka, self-consistent and

their extensions [75, 76, 77, 25, 78, 79, 80]. In Eshelby's celebrated paper [5], the eigenstrain

is uniform over the ellipsoidal domain because the Eshelby's tensor for a uniform eigenstrain is

a constant. However, when particle shape is angular, the Eshelby's tensor that is composed of

fourth-derivative of the biharmonic potential	 and second-derivative of the harmonic potential�

becomes non-uniform, which was documented in Rodin's original work ([81]) and our recent work

[41, 42]. The non-uniform features of eigenstrain can be caused by particle shapes, loading condi-

tions, boundary effects, and interactions between inhomogeneities [33]. Therefore, it is meaning-

ful to derive the Eshelby's tensor of arbitrary shaped polyhedral inclusions with polynomial-form

eigenstrain.
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In the literature, Eshelby's tensors for polynomial eigenstrains have been well studied for the

ellipsoidal / elliptical inclusions [82, 33]. Special shaped inclusions have been explored but limited

to uniform eigenstrain, such as cuboid [83, 84, 85], Jewish star [86], non-convex or polynomial

order surface [87] and weakly non-circular [88]. Regarding the arbitrary shaped inclusions, on the

basis of the Newtonian potential by Waldvogel [89], Rodin [81] derived the closed-form solution

to the Eshelby's tensor over arbitrary polygonal / polyhedral inclusions. Taking the advantages

of geometric construction, the domain (volume / area) integrals are evaluated directly whereas

the effort to obtain their derivatives is reduced by divergence theorem. Subsequently, based on

Mura's notation of ellipsoidal integral [33], Nozaki and Taya [90, 91] creates a unit auxiliary circle

with rays connecting observing points and vertices on the polygon. Ru [92] provided analytical

solution for Eshelby's problem for full plane and half-plane cases. Recently, Trotta and colleagues

[93, 94, 95] improved the expressions by directly adopting coordinates of vertices. Subsequently,

the special properties of polygonal inclusions and its associated average Eshelby's tensor were

investigated by Xu and Wang [96], among others [97, 98]. With the above works, the effective

mechanical properties of the reinforced composite can be evaluated based on the assumption of

uniform eigenstrain over the inhomogeneity.

Among the solutions of the higher order Eshelby's tensor, Liu and Gao [99], Gao and Ma [100]

combined it with the strain gradient theory [101] and compared the strain gradient based Eshelby's

tensor with the classic one inside the polygon / polyhedral. Their motivation is to involve the

one of the microstructural effects, the size effect, in the tensors. Li et al. [102] focused on the

displacement �eld caused by a linear distributed eigenstrain in a polygonal inclusion. In [42] and

[103], Wu and Yin derived the closed-form expressions of linear, quadratic along with the integral

scheme to obtain higher order Eshelby's tensors.

2.2 Inclusion problem

Following Eshelby's procedure, shown as Fig.(2.1), consider an inclusion problem that the

subdomain
 exhibits the same stiffness as the matrix of� 0
8 9 :;but is subjected to a body force18
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Figure 2.1: Schematic plot of the an inclusion
 subjected to body force18 and prescribed eigen-
strainY�

8 9embedded in the in�nite spaceD

and a eigenstrainY�
8 9. Demonstrated in Section 2.1, the eigenstrain refers to inelastic strains, i.e,

thermal strain. Now, the governing equation can be rewritten as Eq.(2.1),

¹_0 ¸ ` 0ºD8–8 9̧ ` 0D9–88� � 0
8 9 :;Y

�
: ;–8¸ 19 = 0 (2.1)

where, the prescribed eigenstrainY�
8 9is continuous over the inclusion
 only and is zero on the

matrix D . Since Eq. (2.1) is uniform over the whole domainD with the sources of eigenstrain

and body force on the inclusion
 . Because the material is uniform, the far �eld stress will create

a uniform stress over the whole domain, which can be superposed to the elastic �eld caused by the

source on the inclusion. The displacement caused by body force and prescribed eigenstrain can be

written as

D8¹xº =
¹

�
� 8 9¹x–x0º»19¹x0º � � 0

< 9 :;Y
�
: ;–<0¹x

0º¼3x0 (2.2)

where,� 8 9¹x–x0º is the Green's function or fundamental solution to describe the �eld atx caused

by a point source load atx0as Eq.(2.3),

� 8 9¹x–x0º =
X8 9q
4c`

�
k –8 9

16c` ¹1 � aº
(2.3)

where,k = jx � x0j andq = 1
jx� x0j ;_– `are two lame constants anda = _

2¹_¸ ` º is the Poisson's ratio.

Therefore, the displacement atx can be simpli�ed by applying the Gauss' theorem to Eq.(2.2) [43],
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given only a source of eigenstrain,

D8¹xº = �
¹

D
� 8 9¹x–x0º� < 9 :;

mn�: ; ¹x0º

mG0<
3x0

= �
¹

m
 8

� 8 9� < 9 :;n�
: ; =0

< 3x0¸
¹


 8

m� 8 9

mG0<
� < 9 :;n�

: ; 3x0

=
¹


 8

� 8 9

mG0<
� < 9 :;n�

: ; 3x0

(2.4)

In Eq.(2.4), the eigenstrain only exists in the inclusion
 and the contour integral is at outer surface

with zero eigenstrain. Based on the reciprocity of the Green's function, the partial derivative could

be applied with respect to� G< . To pave the way for the inhomogeneity problem, let us consider the

approximation of the continuous eigenstrain �eld by the Taylor series of polynomials expanded at

the centroid,Y�
8 9= Y� 0

8 9¸ G0
: Y� 1

8 9 :̧ G0
: G0

;Y
� 2
8 9 : ;̧ O¹ G2º, where theY� 0

8 9– n� 1
8 9 :andY� 2

8 9 :;represent the0C�–1BC

and2=3 orders of the eigenstrain. Thus, the displacement �eldD8could be rewritten as Eq.(2.5),

D8¹xº = �
¹




� 8 9

mG<
� < 9 :; 3x0n� 0

:; �
¹




� 8 9

mG<
� < 9 :;G0

?3x0n� 1
:; ? �

¹




� 8 9

mG<
� < 9 :;G0

?G0
@3x0n� 2

:; ?@¸ ••• (2.5)

where, the integrals of multiplication ofm� 8 9

mG<
and stiffness tensor� < 9 :; are de�ned as Eshelby's ten-

sor for displacement. Following Mura's notation,0C�–1BCand2=3 Eshelby's tensor for displacement

are68:; = �
¯



� 8 9

mG<
� < 9 :; 3x0, 68:;? = �

¯



� 8 9

mG<
� < 9 :;G0

? 3x0 and68:;?@= �
¯



� 8 9

mG<
� < 9 :;G0

?G0
@3x0,

respectively. Thus, the displacement �eld disturbed by the eigenstrain in the in�nite domain

is obtained. The explicit form of Eshelby's tensor for spherical inclusions has been derived by

Moschovidis and Mura [38]. Through Hadamard's regularization, Dyson's 3D potential integral

formula [82] and Mura's work in ellipsoidal potential integral [33], the potential integral of a

plane strain problem could be considered as a cylindrical inclusion with in�nite long third axis

G3. Two types of potential integral, i.e. harmonic and biharmonic potentials, are de�ned as, (1)

� ?@<•••=
¯

 qG0

?G0
@G0

< • • • 3x0, (2) 	 ?@<•••=
¯

 kG0

?G0
@G0

< • • • 3x0. Hence, the displacement �eld

19



caused by a polynomial eigenstrain in the inclusion
 can be expressed by,

D8¹xº = 68:;Y� 0
:; ¸ 68:;?Y� 1

:; ? ¸ 68 9 :;?@Y� 2
:; ?@¸ • • • (2.6)

where68:;<?@•••and( 8 9 :;<?@are the polynomial form Eshelby's tensor for the displacement and

strain, respectively [42, 103],

68:;<?@•••=
1

8c¹1 � aº
f 	 <?@•••–8:;� 2aX: ; � <?@•••–8� 2¹1 � aº¹X8;� <?@•••–:̧ X8:� <?@•••–;ºg (2.7a)

( 8 9 :;<?@•••=
1

8c¹1 � aº
f 	 <?@•••–:;8 9� 2aX: ; � <?@•••–8 9� ¹ 1 � aº¹X8;� <?@•••– 9 :¸ X8:� <?@•••– 9;

¸ X9;� <?@•••–8:¸ X9 :� <?@•••–8;ºg

(2.7b)

The explicit form of the harmonic and biharmonic potentials for the elliptical particles (up to2

order) for displacement are presented in Appendices A for both 2D (circular) and 3D (spherical)

cases. And the Eshelby's tensor for polygonal and polyhedral particles are derived in Section 2.2

and Section 2.3, respectively.

2.3 Eshelby's tensor for the polygonal inclusion

2.3.1 Uniform Eshelby's tensor for polygonal inclusion

For the 2D problem, based on the assumption of the third axisG3, it can be classi�ed as ei-

ther plane stress or plane strain. The above two problems can be converted to the other by simply

changing the elastic moduli, therefore, without the loss of any generality, the chapter assumes the

plane strain problem, where the
 could be considered as the cross section of an in�nite long arbi-

trary cylindrical inclusion. Using the Hadmard's regularization [52, 99, 43], the two components
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(a) Observing point and the5C� triangle of the
polygon

(b) Transformed coordinates at the5C� edge

Figure 2.2: Schematic plot of the geometry construction of the transformed coordinates

of domain integrals are rewritten as Eq.(2.8) (integrated along the third axisG3 2 »�1 –1¼),

	 =
¹


 �

�j x � x0j2
;=jx � x0j2 � 1

2
¸ � 3� ¹x0º (2.8a)

� =
¹


 �

� ;=jx � x0j2 3� ¹x0º (2.8b)

where� is an integral constant and it could be eliminated by partial differentiation in the process

to obtain the Eshelby's tensor.

In the following, the integrals over polygonal inclusions will be derived. Without the loss of

any generality, consider a# � -sided cross section of the cylindrical inclusion in theG1 � G2 plane.

Let x andx0 denote the observing and source points respectively. Following Rodin's [81] work,

transformed coordinates (TC) are constructed on each of the edge in Fig.(2.2). The base vectors

of the 5C� TC, namely the unit tangent, outward normal vectors of the5C� edge in the right-hand

basis, are written as� 0
5 and� 0

5, respectively. And the variables of the TC at the5C� edge are given

as function of observing pointx and two verticesv�
5, v¸

5 [81, 99],

15 = ¹¹Ȩ5º: � G: º¹_0
5º: – ;�5 = ¹¹E�

5º: � G: º¹[ 0
5º: (2.9)
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where15 is the perpendicular distance between the observing point to the edge. The vector be-

tween observing pointx and the source pointx0 is written asx � x0 = � 15� 0
5 � [ � 0

5, where

[ = � 0
5¹x0 � xº is the position of the source point on the edge. To derive the Eshelby's tensor,

partial derivatives of the potentials are required, therefore, Green's theorem could be utilized to

simplify potentials as contour integrals. However, this work uses an alternative scheme to solve

the potentials through direct integral over the source domain. Shown in Fig.(2.2b), the integral of

any arbitrary piece-wise smooth functionF ¹jx � x0jº could be performed as below,

� =
¹


 2

F ¹jx � x0jº3� ¹x0º =
# �Õ

5=1

¹ C0=� 1¹
;¸5
1 5

º

C0=� 1¹
; �5
1 5

º

¹ 1 5

p
1¸ C0=2»\ ¼

0
F ¹ dºd 3d3\ (2.10)

Let F� = ;=jx� x0j2 andF	 = F	 = �j x� x0j2 ;=jx� x0j2� 1
2 the analytical solution of the integral of the

harmonic potential and biharmonic potentials are obtained as Eq.(B.3) and Eq.(B.4), respectively

in Appendix B.

2.3.2 Higher order Eshelby's tensor for polygonal inclusion

Following the de�nition in [33], the two components for the domain integral are,� <?@•••=
¯

 � ;=jx � x0j2G0

< G0
?G0

@••• 3�¹x0º; 	 <?@•••=
¯

 �j x � x0j2 ;=jx� x0j2� 1

2 G0
< G0

?G0
@••• 3�¹x0º for the 2D prob-

lem. Since only the partial derivatives of the above potentials are of interest, the area integral can

be transferred to the boundary by using the Green's theorem. Shown in Fig.(2.2b), the integral

variablex0 moves along each edge, thus the distance between observing and source points,jx � x0j

is written as
q

12
5 ¸ [ 2 when the source point is on the5C� edge. The detailed differentiation pro-

cess and analytical solution to the uniform Eshelby's tensor can be found in the previous work [99,

94], which will be used in the following derivation.
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2.3.3 Linear Eshelby's Tensor for the Polygonal Inclusion

Similarly to Eqs.(B.3) and (B.4), the components of the linear Eshelby's tensor can be written

as below,

	 ? =
¹



¹�j x � x0j2

;=jx � x0j2 � 1
2

º»G? ¸ G0
? � G?¼3� ¹x0º = G?	

¸
¹



¹�j x � x0j2

;=jx � x0j2 � 1
2

º»G0
? � G?¼3� ¹x0º

(2.11a)

� ? =
¹



¹� ;=jx � x0j2º»G? ¸ G0

? � G?¼3� ¹x0º = G?� ¸
¹



¹� ;=jx � x0j2º»G0

? � G?¼3� ¹x0º

(2.11b)

where	 –� are de�ned in Eq.(B.3).The integral limits are determined as;¸
5 = � 0

5•¹v
¸
5� xº and; �

5 =

� 0
5•¹v

�
5 � xº. Following the chain rule of derivatives, the piece-wise smooth functionP¹15– ;̧5– ;�5º

could be differentiated as below,

P–8= �¹ _0
5º8

mP
m15

� ¹ [ 0
5º8»

mP
m;̧5

¸
mP
m;�5

¼ (2.12)

and the higher order differentiation formulas are presented in (Appendix A – polygonal inclusion)

similarly. Notice that, in Fig.(2.2b) the source pointx0 exists in the area, and to apply the Green's

theorem, the distance vector at the5C� edgex0� x is simpli�ed as15� 0
5¸ [ � 0

5. Thus, the derivatives

of the two above linear potentials, which will be used in the fourth-rank linear Eshelby's tensor,

are written as:

	 ?–8 9 :;= X?8	 – 9 :;¸ X? 9	 –8:;¸ X?: 	 –8 9;̧ X?;	 –8 9 :̧

# �Õ

5=1

¹_0
5º8¹_0

5º?»�¹ _0
5º9¹	

5
0º–:; � ¹ _0

5º: ¹	 5
0º– 9;

� ¹ _0
5º; ¹	

5
0º– 9 :¼ ¸ ¹_0

5º8¹[ 0
5º?¹	 5

� º– 9 :;

(2.13a)
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� ?–8 9= X?8� – 9̧ X? 9� –8̧ G?� –8 9̧

# �Õ

5=1

¹_0
5º8¹_0

5º?»�¹ _0
5º9�

5
0 ¸ 15¹� 5

0º– 9¼ ¸ ¹_0
5º8¹[ 0

5º?¹� 5
� º– 9

(2.13b)

where	 5
0–	 5

1 , � 5
0 and� 5

1 denote the contour integrals are available in Eq.(B.6) and Eq.(B.7),

respectively. The derivatives of the potentials	 and� (Appendix B) could be derived through

Eq.(B.3), i.e	 –8 9 :;=
Í # �

5=1¹_0
5º8¹	

5
0º– 9 :;by the Green's theorem. Notice that the linear Eshelby's

tensor for the displacement �eld containsX?8� , which requires the analytical solution to the har-

monic potential in Eq.(B.3). Finally, the substitution of� ? and	 ? potentials into Eq.(2.7) yields

the linear Eshelby's tensor.

2.3.4 Quadratic Eshelby's Tensor for the Polygonal Inclusion

As previously shown in Section. 3.1, the derivation of linear Eshelby's tensor uses the observ-

ing points and the distance vector,G? ¸ ¹ G0
? � G?º, to express the �rst order source termG0

? in the

contour integrals. Similarly, the second order termG0
?G0

@can be expressed as¹G0
? � G?º¹G0

@� G@º �

G?G@¸ G0
?G@¸ G0

@G?, thus the potential components are written as:

	 ?@=
¹


 2

¹�j x � x0j2
;=jx � x0j2 � 1

2
º»¹G0

? � G?º¹G0
@� G@º � G?G@¸ G?G0

@¸ G@G0
?¼3� ¹x0º

= � G?G@	 ¸ G?	 @¸ G@	 ? ¸
¹


 2

¹�j x � x0j2
;=jx � x0j2 � 1

2
º¹G0

? � G?º¹G0
@� G@º 3� ¹x0º

(2.14a)

� ?@=
¹


 2

¹� ;=jx � x0j2º»¹G0
? � G?º¹G0

@� G@º � G?G@¸ G?G0
@¸ G@G0

?¼3� ¹x0º

= � G?G@� ¸ G?� @¸ G@� ? ¸
¹


 2

¹� ;=jx � x0j2º¹G0
? � G?º¹G0

@� G@º 3� ¹x0º
(2.14b)

where the termsG?G0
@and G@G0

? with the integrals are simpli�ed toG?¹� • 	 º@and G@¹� • 	 º?

respectively. Since the uniform/linear potentials have been derived in the previous sections, the an-

alytical solution to the last term in Eq.(2.14) lead to the closed-form expression of the quadratic Es-
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helby's tensor. The derivatives of the two quadratic potentials, which will be used for the quadratic

Eshelby's tensor, are presented as Eq.(B.5) in Appendix B. The same procedure can be extended

to derive Eshelby's tensor for higher-order eigenstrains.

2.4 Eshelby's tensor for polyhedral inclusion

2.4.1 Uniform Eshelby's tensor for polyhedral inclusion

Following the previous work [81, 89], the potentials will be derived in a 3D transformed coor-

dinate (3DTC). Without the loss of any generality, let# � and# � � denote the number of surfaces

and number of edges on the� C� surface ;x andx0denote the observing and source points. Shown in

Fig.(2.3), the 3DTC is built upon the� C� edge (de�ned by two verticesE�
� � ) in the � C� surface. The

geometric parameters are introduced as follows, (1)� 0
� is the unit outward normal vector of the� C�

surface; (2)0� = ¹¹Ȩ� � º< � G< º¹b0
� º< is the perpendicular "distance" between the observing point

x and the� C� surface, where the "distance"0� can be negative when observing points are inside the

polyhedron; (3)� 0
� � and� 0

� � are the unit outward normal and directional vector, respectively; (4)

1� � = ¹¹Ȩ� � º< � G< º¹_0
� � º< is the perpendicular "distance" between the projection (of observing

points)x? and� C� in the � C� surface; (5); �
� � = ¹¹E�

� � º< � G< º¹[ 0
� � º< is the "distance" along the� C�

edge in the� C� surface. It is noted that Rodin [81] has provided a scheme to obtain volume integral

over a tetrahedron, however, in this dissertation, we offer an alternative approach with clear de�ni-

tions of the integral limits. Indicated in Fig.(2.4), for any arbitrary piece-wise functionG¹jx � x0jº,

its domain integral over the entire polyhedron is expressed as Eq.(2.15),

¹



G¹jx � x0jº 3x0 =

¹ tan� 1»;¸
� � •1� � ¼

tan� 1»; �
� � •1� � ¼

¹ 0�

0

¹ �1 � �
0�

p
1¸ tan»\ ¼2

0
G¹

q
� 2 ¸ d2º d3d 3� 3\ (2.15)

where,d is the triangular ray starting at the projectionx?; \ is the angle between the ray and� � � ;

� is the height coordinate starting at the observing pointx. Let G� = jx � x0j� 1 andG	 = jx � x0j,

the harmonic and biharmonic potentials are obtained as Eq.(C.5) and Eq.(C.6) in Appendix C,

respectively.
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Figure 2.3: Schematic plot of the 3D transformed coordinates for an arbitrary polyhedral on the
� C� edge on the� C� surface

Figure 2.4: Schematic plot of the alternative approach with integral limits of a tetrahedron by
observing points, its projection and the� C� edge of the� C� surface
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Since the Eshelby's tensor is combination of partial derivatives of the above two potentials, the

application of Stoke's theorem [100] or Gauss' theorem [81] could save the effort taking derivatives

of order1. The original form of	 and� , however, are needed to construct quadratic Eshelby's

tensor, thus the explicit expressions are provided here.

2.4.2 Higher order Eshelby's tensor for polyhedral inclusion

Following our recent work [42], separate the source termG0
? as the combination of observing

termG< and components of distance vectorG0
? � G?. Starting from the linear Eshelby's tensor, the

two potentials are expressed as Eqs.(2.16a, 2.16b),

	 ? =
¹



jx � x0j ¹G? ¸ G0

? � G?º3x0 = G?	 ¸
¹



¹G0

? � G?º jx � x0j3x0 (2.16a)

� ? =
¹




G? ¸ G0
? � G?

jx � x0j
3x0 = G?� ¸

¹




G0
? � G?

jx � x0j
3x0 (2.16b)

Using the Gauss' theorem, the �rst order derivatives of	 ? and� ? are simpli�ed as summation of

the surface integrals,

	 ?–8= X8?	 ¸ G?	 –8�
# �Õ

� =1

# � �Õ

� =1

¹b0
� º8

¹

� �

jx � x0j ¹G0
? � G?º3x0 (2.17a)

� ?–8= X8?� ¸ G?� –8�
# �Õ

� =1

# � �Õ

� =1

¹b0
� º8

¹

� �

G0
? � G?

jx � x0j
3x0 (2.17b)

where, in the 3DTC, the components of the distance vector is expressed asG0
? � G? = 0� ¹b0

� º? ¸

d cos\ ¹_0
� � º? ¸ d sin\ ¹[ 0

� � º?. Hered and\ are de�ned as Fig.(2.4) when the source pointx0 is in

the � C� surface. Rewrite the second term in Eqs.(2.17a, 2.17b),

� –8=
# �Õ

� =1

# � �Õ

� =1

¹� b0
� º8H 1¹0� – 1� � – ;̧� � – ;�� � º– 	 –8=

# �Õ

� =1

# � �Õ

� =1

¹� b0
� º8H 4¹0� – 1� � – ;̧� � – ;�� � º (2.18)

27



where

H =¹0� – 1� � – ;̧� � – ;�� � º = F=¹0� – 1� � – ;̧� � º � F =¹0� – 1� � – ;�� � º– == 1–2–3– • • • –12 (2.19)

The original integral expressions ofFGfunctions are listed as Tab.(2.1) and the explicit form ofF1

to F12 are available in Appendix C.3. Rewrite the integral of the third term in Eq.(2.17a, 2.17b),

¹

� �

G0
? � G?

jx � x0j
3x0 =

¹

� �

0� ¹b0
� º? ¸ d cos\ ¹_0

� � º? ¸ d sin\ ¹[ 0
� � º?

q
02

� ¸ d2
d 3d3\

= 0� ¹b0
� º?H 1¹0� – 1� � – ;̧� � – ;�� � º ¸ ¹ _0

� � º?H 2¹0� – 1� � – ;̧� � – ;�� � º ¸ ¹ [ 0
� � º?H 3¹0� – 1� � – ;̧� � – ;�� � º

(2.20a)

¹

� �

¹G0
? � G?º jx � x0j3x0 =

¹

� �

¹0� ¹b0
� º? ¸ d cos\ ¹_0

� � º? ¸ d sin\ ¹[ 0
� � º?º¹

q
02

� ¸ d2º 3d3\

= 0� ¹b0
� º?H 4¹0� – 1� � – ;̧� � – ;�� � º ¸ ¹ _0

� � º?H 5¹0� – 1� � – ;̧� � – ;�� � º ¸ ¹ [ 0
� � º?H 6¹0� – 1� � – ;̧� � – ;�� � º

(2.20b)

With the Gauss' theorem, the source terms move on the surfaces,thus the integral limits are adjusted

as, (1)d 2 »0– 1� �
p

1 ¸ tan2»\ ¼¼, (2) \ 2 »tan� 1»
; �
� �

1� �
¼–tan� 1»

;¸
� �

1� �
¼¼. The partial differentiation chain

Table 2.1: Table of the integrand functions listing fromF1 to F12

Integrand functions Order of
q

02
� ¸ d2 Terms from the distance vector

F1 -1 d
F2 -1 d2 cos\
F3 -1 d2 sin\
F4 1 d
F5 1 d2 cos\
F6 1 d2 sin\
F7 -1 d3 cos2 \
F8 -1 d3 cos\ sin\
F9 -1 d3 sin2 \
F10 1 d3 cos2 \
F11 1 d3 cos\ sin\
F12 1 d3 sin2 \

rule is proposed in [81], therefore, only the fourth-derivatives of	 ? and second-derivatives of� ?
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are listed as follows; whereas the components of other derivatives are provided in (Appendix B –

polyhedral inclusion). To simplify the notations, the reduction functionsH =¹0� – 1� � – ;̧� � – ;�� � º are

written in concise formH =.

	 ?–8 9 :;= X8?	 – 9 :;¸ X9 ?	 –8:;¸ X: ? 	 –8 9;̧ X; ?	 –8 9 :�
# �Õ

� =1

# � �Õ

� =1

¹b0
� º8¹b0

� º?

h
� ¹ b0

� º9H 4–:; � ¹ b0
� º: H 4– 9;

� ¹ b0
� º;H 4– 9 :¸ 0� H 4– 9 :;

i
¸ ¹ b0

� º8¹_0
� � º?H 5– 9 :;¸ ¹ b0

� º8¹[ 0
� � º?H 6– 9 :;

(2.21a)

� ?–8 9= X8?� – 9̧ X9 ?� –8̧ G?� –8 9�
# �Õ

� =1

# � �Õ

� =1

¹b0
� º8¹b0

� º?

h
� ¹ b0

� º9H 1 ¸ 0� H 1– 9

i
¸ ¹ b0

� º8¹_0
� � º?H 2– 9

¸ ¹ b0
� º8¹[ 0

� � º?H 3– 9

(2.21b)

Notice that for the Eshelby's tensor of displacement (third-rank tensor), it involves the original

form of � in Eq.(C.5). Following the same fashion, the quadratic term is derived by splitting the

source terms into observing terms and components of distance vector asG0
?G0

@= ¹G0
? � G?º¹G0

@�

G@º � G?G@¸ G0
?G@¸ G0

@G?. By substituting into the quadratic domain integrals, the two potentials

can be written as,

	 ?@=
¹



jx � x0j

�
¹G0

? � G?º¹G0
@� G@º � G?G@¸ G0

?G@¸ G?G0
@
�
3x0

= � G?G@	 ¸ G?	 @¸ G@	 ? ¸
¹



jx � x0j ¹G0

? � G?º¹G0
@� G@º3x0

(2.22a)

� ?@=
¹




¹G0
? � G?º¹G0

@� G@º � G?G@¸ G0
?G@¸ G?G0

@

jx � x0j
3x0

= � G?G@� ¸ G?� @¸ G@� ? ¸
¹




¹G0
? � G?º¹G0

@� G@º

jx � x0j
3x0

(2.22b)

where the product of source terms such asG0
?G@can be written asG@	 ?. With the closed-form

expressions of uniform and linear potentials, the quadratic potentials are obtained once the last

integral terms in Eq.(2.22) are solved. In Tab.(2.1), the integrand functions (F7 - F12) are named
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according to the source terms as Eq.(2.23). Since the derivation for the two quadratic potentials

are similar, only the harmonic potentials are exhibited for illustration,

¹

� �

¹G0
? � G?º¹G0

@� G@º

jx � x0j
= 02

� ¹b0
� º?¹b0

� º@H 1 ¸ 0�
�
¹b0

� º?¹_0
� � º@¸ ¹ b0

� º@¹_0
� � º?

�
H 2

¸ 0�
�
¹b0

� º?¹[ 0
� � º@¸ ¹ b0

� º@¹[ 0
� � º?

�
H 3 ¸ ¹ _0

� � º?¹_0
� � º@H 7

¸
�
¹_0

� � º?¹[ 0
� � º@¸ ¹ _0

� � º@¹[ 0
� � º?

�
H 8 ¸ ¹ [ 0

� � º?¹[ 0
� � º@H 9

(2.23)

In the following, the fourth-derivative of	 ?@and second-derivative of� ?@are provided as Eq.(C.4)

in Appendix C.2. Following the same procedure, this method can be extended to higher order

Eshelby's tensor. Notice that for inhomogeneity problems, although higher order eigenstrain dis-

tribution can provide better accuracy, it is impossible to approach the exact solution by increase

the order of the polynomial eigenstrain [104, 105] because the eigenstrain changes at the neighbor-

hood of each vertex which makes it ineffective to use a single polynomial eigenstrain to describe

the whole particle with multiple vertices. However, particle discretization with piecewise contin-

uous polynomial eigenstrain can achieve the goal, which is shown in the next chapter. Therefore,

for simplicity, the higher order terms than quadratic polynomial eigenstrain are not considered in

this chapter.

2.5 Veri�cation of polynomial-form Eshelby's tensors

2.5.1 Polygonal inclusion problem

A # � -side polygon with an equal side length is considered in this subsection. When# � in-

creases, the polygon can converge to a circular (radius0 = 1< ) domain which recovers Eshelby's

classic solution. Consider a homogeneous in�nite domain with the Young's modulus� 0 = 70�%0

and Poisson's ratioE0 = 0•3 subjected to a local temperature change� ) in the polygonal inclusion

only, which can be represented by an eigenstrain or thermal strainn�
8 9= U� )X8 9, whereU denotes

the thermal expansion coef�cient. Shown in Fig.(2.5a), let# � equal3–4–6–9–18–720and centers

of the polygonal inclusions locate at the origin point$ . Fix one of the vertex at¹0–1º and the other
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vertices are evenly distributed on the circle with the radius0 = 1m. Beginning at the fourth-rank

uniform Eshelby's tensor, the strain �eld at the neighborhood of the vertices have logarithm sin-

gularity issues [90], the comparison at the vertex (¹0–1º and ¹0–� 1º) are not exactly showed for

# � = 4–6–18–720. In Eqs.(2.13) and (B.5), the linear and quadratic Eshelby's tensors have the

components of the uniform tensor, thus the singularity issue also exists in linear, quadratic strain

�eld too. Let � = U� ) = 10� 4, and assign uniform (�X 8 9), linear (�G2X8 9), and quadratic (�G2
2X8 9)

thermal strain to the polygonal inclusion, respectively. Figs.(2.5-2.7) show the variation of stresses

along theG2 axis. The following features of stress distributions can be observed:

1) When# � increases, the results for polygonal inclusions approach the classic solution for the

circular inclusion, which veri�es the consistency and accuracy of the present formulation of polyg-

onal inclusions.

2) The stress variation is concentrated in the neighborhood of the inclusion with singularity on the

vertices, and the far �eld stress approaches zero quickly.

3) Except the case of the triangle (# � = 3), the stress variations on the inner zone of the inclusions

follow the similar trend of the temperature distributions, namely uniform, linear, and quadratic

distributions, but exhibit bigger differences close to the boundary of the inclusion.

By the Combination the polynomial terms of eigenstrain distribution, the present formulation can

be used to predict the elastic �eld caused by continuous eigenstrain on polygonal inclusions with

the Taylor expansion of the eigenstrain.
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(a)
sigma

(b)

Figure 2.5: Variation of stresses (a)f 11 and (b)f 22 alongG2 for different # � -side polygonal and
circular inclusions subjected to a uniform thermal strain10� 4

(a) (b)

Figure 2.6: Variation of stresses (a)f 11 and (b)f 22 alongG2 for different # � -side polygonal and
circular inclusions subjected to a linear thermal strain10� 4G2

(a) (b)

Figure 2.7: Variation of stresses (a)f 11 and (b)f 22 alongG2 for different # � -side polygonal and
circular inclusions subjected to a quadratic thermal strain10� 4G2

2
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2.5.2 Polyhedral inclusion problem

The following considers a centrally symmetric polyhedral subdomain with the center at the ori-

gin $ containing# � triangular surfaces with# � � = 3 embedded in the in�nite elastic medium. For

an inclusion problem, the subdomain contains the exact same material as the matrix but exhibits an

eigenstrain. With the increase of# � , the polyhedron gradually approaches a spherical subdomain

(radius= 1m), which should reproduce the Eshelby's classic solution. It is noted that the original

analytical solution of the potentials is based on Dyson's [82] formula for ellipsoidal with various

densities and this section serves as both veri�cation and tribute.

To illustrate the inclusion problem, consider an in�nite homogeneous domain of aluminum

alloy, whose mechanical properties are as follows: (1) Young's modulus� 0 = 70GPa; (2) Pois-

son's ratioa0 = 0•33; (3) Thermal expansion coef�cientU0 = 1•2 � 10� 5� � 1. In the polyhe-

dral subdomain, an arti�cial temperature of 20 degree is introduced to induce an eigenstrain of

� � U0� C= 2•4 � 10� 4. For the purpose of the comparison, the uniform�X 8 9, linear �X 8 9G3 and

quadratic�X 8 9G2
3 thermal strain are prescribed to the polyhedral inclusion, respectively. Instead of

directly setting the number of surfaces, we assign the global element size as0•4–0•3–0•2–0•1 and

0•07 (m), which leads to# � equal to136–284–622–2562and5328, accordingly. In Eq.(2.16) and

Eq.(2.22), the linear and quadratic potentials contain the components of uniform potentials. There-

fore, the singularity issues exist in both linear and quadratic Eshelby's tensor as well. Notice that,

unlike the polygonal problem, the singularity on the vertices (0� = 1� � = 0, ;4 ! 0) is the com-

bination ofln AandA� 1, which can be justi�ed in Eq.(25b); whereas for the edges (0� = 1� � = 0,

;4 < 0), the order isln A, which is similar to the vertices of the polygons. Shown in Figs.(3-5), the

variation of normal stressesf 11 andf 33 are predicted along theG3 axis in the range of»� 3–3¼(m).

The following features of stress distributions can be observed: 1) As the# � gradually increases

from 136to 5328, the predicted results approaches the analytical solution for the spherical inclu-

sion with uniform, linear and quadratic eigenstrains, which indirectly shows the accuracy of the

proposed formulation for polyhedral inclusions.

2) The disturbed stress �eld, introduced by the thermal strain in the inclusion, exhibits concentra-
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(a) (b)

Figure 2.8: Variation of stresses (a)f 11 and (b)f 33 alongG3 for different # � -surface polyhedron
and spherical inclusions subjected to a uniform thermal strain2•4 � 10� 4

tion within the subdomain and rapid �uctuation in the neighborhood of vertices. With the distance

from the inclusion increases, the stress �eld approaches0 quickly, which agrees with the features

of the Green's function.

3) The interior stress distribution is similar to the thermal strains applied. Comparing the cases of

# � = 136and the analytical solution, it is observed that the stress is highly concentrated around the

vertices in only33 direction, though the singularity issue is expected in11 direction as well. This

phenomenon can be interpreted that because the horizontal components for the surfaces around

vertex¹0–0–1º and¹0–0–� 1º is symmetric, thus the singularities are cancelled out.

Based on the numerical veri�cation, the proposed closed-form provides the exact solution of the

elastic disturbed �eld caused by a continuous eigenstrain with polynomial distributions over a

polyhedral subdomain. In the following section, the solution will be extended to a tetrahedral

inhomogeneity problem solved by the EIM using uniform, linear and quadratic eigenstrains.
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(a) (b)

Figure 2.9: Variation of stresses (a)f 11 and (b)f 33 alongG3 for different # � -surface polyhedron
and spherical inclusions subjected to a linear distributed thermal strain2•4 � 10� 4G3

(a) (b)

Figure 2.10: Variation of stresses (a)f 11 and (b)f 33 alongG3 for different# � -surface polyhedron
and spherical inclusions subjected to a quadratic distributed thermal strain2•4 � 10� 4G2

3
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2.6 Conclusions

In this section, the integral schemes for the linear, quadratic and higher order terms of eigen-

strain for the isotropic elastic arbitrary-shaped polygonal / polyhedral inclusion has been presented.

Therefore, an inclusion problem with a polynomial eigenstrain can be analytically solved. The

closed-form formulation of the linear and quadratic potentials on a polygonal / polyhedral are

derived as an extension of the existing result for the uniform potential, which paves the way for

the equivalent inclusion method with polynomial eigenstrain for arbitrary inhomogeneities in the

following section.
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Chapter 3: The equivalent inclusion method and domain discretization

method

In Chapter 3, the domain integral of Green's function is derived for ellipsoidal / elliptical,

polygonal and polyhedral inclusions, which paves the way for the equivalent inclusion method.

This chapter extends the polynomial-form EIM to the polygonal and polyhedral inhomogeneities

in the in�nite space. Although the polynomial-form EIM provides high �delity prediction for the

ellipsoidal / elliptical inhomogeneities, only approximation with compromised accuracy can be

obtained for polygon and polyhedrons. Alternatively, the particle domain discretization method is

introduced to provide higher accuracy.

3.1 Overview

Eshelby's equivalent inclusion method (EIM) simulates the material mismatch by an inclusion

with an eigesntrain but the same elasticity as the matrix. For an ellipsoidal inhomogeneity, because

the Eshelby's tensor is a constant inside the particle, the EIM provides the exact solution with the

Eshelby's tensor. However, for a polygonal inhomogeneity, this feature does not exist due to the

non-uniform Eshelby's tensor. Therefore, the EIM with a uniform eigenstrain is not suf�cient for

an accurate solution. Similar problems also exist in the size effects caused by either microstructure

[99] or surface energies of the nano-inclusions [72].

On the basis of the pioneer works, to capture the microstructural effects, one typical strategy

is to increase the order of continuous eigenstrain �eld, such as the combination of strain gradient

theory [101, 52, 99], approximation by the Taylor series expansion [38, 33]. Alternatively, like

other numerical methods, the domain discretization helps to capture the eigenstrain variation. In

the literature, the domain discretization approaches includes two categories: (1) Discretize the en-
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tire inhomogeneity domain with basic cubic [106, 107] / rectangular [108] elements. The authors

simply assumed the uniform eigenstrain distribution over such small elements, thus the equiva-

lent stress conditions are set up at the centers. As demonstrated, merely the singularity effects

has signi�cant impact on the neighborhood of vertices, such as the tetrahedron, which may leads

to large number of elements. On the other hand, such discretization approach disobeys the fun-

damental features of continuity, since numerical jumps are allowed between basic elements. (2)

Discretize the entire domain in the same fashion as FEM, where the eigenstrain �eld (FEM using

displacement �eld) is distributed based on the shape functions of the element, which ensures the

C0 continuity of eigenstrain over the inhomogeneity. Nakasone et al. [109] provides the imple-

mentation scheme of numerical EIM, and Wu et al. [103] extended it as a semi-analytical approach

by deriving the closed-form solution of shape function interpolated domain integrals (of Green's

function). In the same fashion, this chapter will propose the similar shape function based domain

integrals for10 - node tetrahedron (quadratic shape function) as illustration. This method can be

extended to other order shape functions, i.e linear4 - node elements, with the Eshelby's tensor at

various order of polynomial eigenstrains.

In this chapter, the polynomial-form EIM is applied for triangular and tetrahedral inhomogene-

ity and the results have been compared with �nite element analysis. Subsequently, the particle

domain discretization method is proposed and illustrated by6-node triangular element and10-

node tetrahedral element, respectively. In addition, the convergence of the discretization method

and the eigenstrain �elds are compared.
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3.2 Equivalent inclusion method for inhomogeneity

Following Mura and Moschovidis [38], the equivalent stress conditions for the polynomial-

form eigenstrain expanded at the centroid can be expressed as Eq.(3.1),

¹� 1
8 9 :;� � 0

8 9 :;º¹( : ;01Y0�
01 ¸ ( : ;01?Y1�

01? ¸ ( : ;01?@Y2�
01?@º ¸ � 0

8 9 :;Y
0�
:; = 0

¹� 1
8 9 :;� � 0

8 9 :;º¹( : ;01AY0�
01 ¸ ( : ;01?AY1�

01? ¸ ( : ;01?@AY2�
01?@º ¸ � 0

8 9 :;Y
1�
:;A = 0

1
2!

¹� 1
8 9 :;� � 0

8 9 :;º¹( : ;01AFY0�
01 ¸ ( : ;01?AFY1�

01? ¸ ( : ;01?@AFY2�
01?@º ¸ � 0

8 9 :;Y
2�
:;AF = 0

(3.1)

where,Y0
8 9is the far-�eld stress. In the Section. 2.4.1 and Section 2.4.2, a veri�cation of uni-

form, linear and quadratic Eshelby's tensor is provided by the comparison with circular cylindrical

and spherical inclusion, respectively. Although the Eshelby's tensors are not uniform as the clas-

sic case for circular and spherical inclusions, because polynomial polynomial eigenstrains can be

considered, Eshelby's equivalent inclusion method can still be applied to solve the polygonal and

polyhedral inhomogeneity problem. In the following, the isosceles triangular cylindrical inhomo-

geneity and tetrahedral inhomogeneity will be used to demonstrate the accuracy and feasibility of

the polynomial-form eigenstrain.

3.2.1 A triangular cylindrical inhomogeneity problem

Consider one isosceles triangular cylindrical inhomogeneity embedded in an in�nite domain

with a uniform far �eld stress. The stress in the neighborhood of the inhomogeneity will be dis-

turbed by its material mismatch with the matrix. In the following, an air void (Young's modulus

taken as� 1 = 0) / stiffer �ber (Young's modulus� 2 = 210�?0 and Poisson's ratioa2 = 0•3) is

embedded in a homogeneous in�nite matrix (Young's modulus� 0 = 70�%0 and Poisson's ratio

a0 = 0•3). The height of the triangle is1< and the width of it varies from0•5–1 and2< . Consider

two cases of the far-�eld uniform stress load, (i)f 0
22 = � 1"%0 ; (ii) f 0

11 = � 1"%0 . If the Es-

helby's tensor is uniform over the inhomogeneity, which is the case of circles, uniform eigenstrain

and stress on the inhomogeneity can be obtained and the linear or higher order eigenstrain terms
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Figure 3.1: FEM mesh example for a small triangle embedded in a large domain

will be zero. However, unlike the circular case, the stress �eld in the triangular inhomogeneity is

not uniform. Using only the constant term will cause the loss of accuracy. When higher orders

of eigenstrain are applied, it could better describe the actual solution. The �nite element method

(FEM) is used to evaluate the accuracy of the stress variation along theG2 axis under the aforemen-

tioned two cases of load with different shapes of isosceles triangular inhomogeneities. To address

the singularity, very �ne mesh has been used in the neighborhood of the triangle's vertices. Fig.

(3.1) shows one example of widthF = 0•5< . The total domain dimension is20 times as the trian-

gle to mimic an in�nite domain. Notice that in the following case studies, the EIM is applied at the

centroid of the triangular inhomogeneity, which means the local Taylor expansion is based on the

centroid. The accuracy will reduce with the distance from the centroid in general. Although other

points on the inhomogeneity can be used to conduct the stress equivalent conditions, overall the

centroid can be the most representative, so that this dissertation focuses on this case. To illustrate

the stress distribution, the observing points are evenly distributed along theG2 axis in the range of

3< higher / lower to the centroid of the triangle. To avoid the singularity issue at the top vertex

¹0– G?2º, two close neighbor points¹0– G?2 � 10� 3º are used for demonstration.

Figs. (3.2) and (3.3) show the stress variations alongG2 under two far-�eld stresses, respec-
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(a) (b)

Figure 3.2: Variation of stresses (a)f 11 and (b)f 22 alongG2 for triangular void with the width and
height at 1 underf 0

11 = � 1"%0

(a) (b)

Figure 3.3: Variation of stresses (a)f 11 and (b)f 22 alongG2 for triangular void with the width and
height at 1 underf 0

22 = � 1"%0

41



tively. The following features of stress distributions can be observed:

1) The stress variation is concentrated in the neighborhood of the inclusion, and the far �eld stress

approaches the applied load quickly.

2) Stress singularity occurs at the top vertex but not at the mid-point of the bottom edge.

3) Overall, the uniform, linear, and quadratic cases asymptotically approach the �nite element re-

sults although the trend is not 100% consistent. It con�rms the present formulation can provide

tailorable accuracy by using higher-order terms of eigenstrain.

4) When a horizontal compressive stress is applied in Fig. (3.2), bothf 11 andf 22 are in the com-

pressive range; whereas the vertical compressive stress produces tensile horizontal stress at the

bottom of the triangular void in Fig. (3.3), which may lead to open-mode cracking by compres-

sion.

5) Although the stress vector around the air void surface is relaxed, the internal stress in the neigh-

borhood of the void can be higher with the disturbed stress �ow. However, no stress concentration

factor can be de�ned due to the singularity.

When the inhomogeneity becomes stiffer, the stress on the inhomogeneity can be higher. Fig.

(3.4) shows the comparison of the stress distribution for an air void and a stiffer inhomogeneity

(�ber). As Figs(3.2) and (3.3) con�rm the accuracy of the uniform, linear and quadratic cases,

and the quadratic order performs the best among them, in the following, only the quadratic case is

shown.The following features can be observed:

1) Unlike the void case with zero stress, the stress on the stiffer inhomogeneity exhibits the same

sign as the far-�eld load, i.e, compressive stress caused by compressive load for bothf 0
11 andf 0

BB.

Moreover, the stress value on the inhomogeneity is higher than the far-�eld load.

2) Although stress singularity still exists at the top vertex, the EIM uses two points to approximate

the stress �eld and the results are close to that of FEM. The agreement between EIM and FEM is

better for the case of a stiffer inhomogeneity because the deformation of the inhomogeneity can be

approximated better with a quadratic eignestrain.

3) In both cases of the uniform horizontal and vertical far-�eld load conditions, the stress distribu-
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(a) (b)

Figure 3.4: Variation of stresses (a)f 11 underf 0
11 = � 1"%0 and (b)f 22 underf 0

22 = � 1"%0
alongG2 for triangular void / stiffer �ber with the width and height at 1

tion alongG2 reverses the trend of the void case, which could be well explained with the Eq.(3.1).

Changing the material properties of the inhomogeneity affect the sign of� 1
8 9 :;� � 0

8 9 :;, which pro-

duces series of eigenstrains with opposite signs. When the aspect ratio (AR) (AR=width/height) of

triangle changes, the stress distribution could also be signi�cantly different. Figs. (3.5a) and 3.5b)

show the variation of the stress comparison along theG2 with different width0•5–1 and2< of a

triangular void; whereas Figs. (3.5a) and (3.5d) show the case for stiffer inhomogeneity (�ber).

The following features can be observed:

1) Under a horizontal compressive far-�eld stress,f 11 at the mid of the bottom edge increases with

a shorter width, which could be caused by the higher in�uence by two bottom vertices.

2) For the air void case, when a vertical compressive far-�eld stress is applied, the stressf 22 around

the top vertex increases signi�cantly with the aspect ratio. It even causes a tensile stress for AR

=2.

3) When AR is far from 1, the difference between the FEM and EIM results becomes larger. Be-

cause the selection of equivalent stress point is the centroid of the triangle, the irregularity of the

triangle may lead to the loss of the accuracy of eigenstrain approximated by the Taylor expansion.

Higher order terms of eigenstrain may provide better results.

4) The stiffer inhomogeneity cases still exhibit reverse trend of the void cases.
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