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ABSTRACT

Non-compact geometric flows: long time existence and
type II singularities

Beomjun Choi

In this work, we study how solutions of certain non-compact geometric flows of fast-diffusion type
interact with their asymptotic geometries at infinity. In the first part, we show the long time
existence theorem to the inverse mean curvature flow for complete convex non-compact initial
hypersurfaces. The existence and behavior of a solution is tied with the evolution of its tangent
cone at infinity. In particular, the maximal time of existence can be written in terms of the area
ratio between the initial tangent cone at infinity and the flat hyperplane. In the second part, we
study the formation of type II singularity for non-compact Yamabe flow. Assuming the initial
metric is conformally flat and asymptotic to a cylinder, we show the higher order asymptotics of
the metric determines the curvature blow-up rates at the tip in its first singular time. We also show

the singularities of such solutions are modeled on rotationally symmetric steady gradient solitons.
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Introduction

A geometric flow is an evolution of a metric of a Riemannian manifold or a submanifold in an
ambient manifold by means of a curvature. While the theory of compact flow has been well
developed for various flows including the two flows we are interested, there are still numerous
open questions for non-compact cases. A huge difference which makes non-compact problems both
difficult and interesting is the fact that the information from the infinite region can permeate
inside and affect the behavior of solutions. The two geometric flows we study in this thesis is the
inverse mean curvature flow(IMCF) and the Yamabe flow. They are examples of fast-diffusion
type equations and this implies we can expect a strong communication between distanced regions.
This thesis is mostly based on some of the author’s previous joint work |[CD2| for the inverse mean
curvature flow and |[CDK] for the Yamabe flow, which reveal these kinds of phenomena. The paper
[CH] is a joint work of the author and P.-K. Hung which is a close subsequent work of [CD2| and
the paper [CD1| is a preliminary work of |[CD2|. Thus those results will also be presented if they
are needed.

Chapter 1, which is based on [CD2|, investigates the complete non-compact inverse mean cur-
vature flow under the convexity assumption. We show the existence of solution up to the maximal
time, which could be either finite or infinite defending on the asymptotic geometry of initial hy-
persurface. We will show that the asymptotic geometry of the flow evolves independently by itself
under the IMCF in the same time scale: let 3; be a convex non-compact solution. Then the tangent
cone at infinity of the solution at each time, say C;, can be considered and we show C; is a solution
of IMCF. It is equivalent to say that the link of the cone I'y := C; N'S™ is a solution of the IMCF
in the sphere. The maximal time of existence easily follows from the maximal time of existence of

I'; in S™, which can be written in terms of the area of I'y. Under the IMCF, the I'; converges to



an equator of the sphere as time approaches the maximal time. In other words, C; and ¥; open
up and become flat at this time. In the proof of this theorem, our main a priori estimate will be
attained by taking into account of these expectations into an auxiliary test function to which the
maximum principle is applied.

Chapter 2, which is based on [CDK]|, investigates the formation of type II singularity for com-
plete non-compact conformally flat Yamabe flow. The Yamabe flow refers to the conformal defor-
mation of a metric by —Rg where R is the scalar curvature. i.e. d;g;; = —Rg;;. In this equation,
the conformal factor of the metric follows a fast-diffusion equation and it was shown that the com-
pact flow only creates a type I singularity in its first singular time and it converges to a metric of
constant scalar curvature at this time. Here the type I singularity at time ¢ = T refers the case
when the curvature blow-up rate is less than that of the sphere, i.e.

limsup (7' —t) sup |Rm| < 400

t—T- M,
and we say the singularity is type II if if it is not type I. Under non-compact asymptotically
cylindrical metric assumption, in our previous work |[CD1] we showed the flow may develop a type
II singularity if it satisfies a higher order asymptotic condition to the cylinder. In [CDK], we show

the higher order asymptotics determine the specific type II blow-up rate of the curvature. Roughly

4

speaking, for some small 7' > 0 if a globally conformally flat initial metric go = u}**d;; has positive

Ricei and

W) = == <T— (el +o(<1n\x|>-i-1)), as [o] = oo,

then the solution of Yamabe flow (2.1)) will develop a type II singularity at time ¢t = T" with specified

2vA
n(n—1)
a conformally flat rotationally symmetric steady soliton if the solution is rescaled around its tip

blow up rate given by limsup, ;- (T — t)'*7 sup,,, |Rm| = Moreover, it converges to

region.



CHAPTER 1. INVERSE MEAN CURVATURE FLOW

Chapter 1

Inverse Mean Curvature Flow

1.1 Introduction

A one-parameter family of imersions F' : M™ x [0, 7] — R"*! is a smooth complete solution to the
inverse mean curvature flow (IMCF) in R"*1 if each M; := F(-,t)(M") is a smooth strictly mean

convex complete hypersurface satisfying

O Flot) = H (0. 0)vip,1) (1.1)

where H(p,t) > 0 and v(p,t) denote the mean curvature and exterior unit normal of M;.

This flow for compact case is well known under certain assumptions. Gerhardt [Gel| and Urbas
[Ur] showed that for smooth star-shaped compact initial hypersurface of strictly positive mean
curvature, there is a unique smooth solution for all times t > 0. Moreover, the solution approaches
to a homothetically expanding sphere as t — oco. For non-starshaped initial data it is well known
that singularities may develop (See examples in [HI1| [Sm|.) This happens when the mean curvature
vanishes in some regions which makes the classical low undefined.

However, in [HI1} [HI2] Huisken and Ilmanen developed a level set approach to weak variational
solutions of the flow which allows the solutions to jump outwards in possible regions where H =
0. Using the weak formulation, they gave the first proof of the Riemannian Penrose inequality
in General Relativity. One key observation in [HI2] was the fact the Hawking mass of a 2d-
surface in a 3-manifold of nonnegative scalar curvature is monotone under the weak flow, which

was first discovered for classical solutions by Geroch [Ger|. Note that the Riemannian Penrose
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inequality was shown in more general settings by Bray [Bray] and Bray-Lee [BL| by different
methods. Using similar techniques, the IMCF and other expanding flows have also been used to
show geometric inequalities in various settings. For instance, see |GL; BHW; LN; MS: DF; GWW:
BN].

In [HI4] Huisken and Ilmanen studied the higher regularity of solutions to the IMCF, for compact
star-shaped weakly mean convex initial data of class C'. Using star-shapedness and the ultra-fast
diffusion character of the flow, they derive a bound from above on H~! for t > 0 which is independent
of the initial curvature assumption. This follows by a Stampacchia iteration argument and utilizes
the Michael-Simon Sobolev inequality. The C regularity of solutions for ¢ > 0 easily follows
from the bound on H~!. The estimate in [HI4] is local in time, but necessarily global in space
as it depends on the area of the initial hypersurface My and uses global integration on M;. As a
consequence of the techniques in [HI4] cannot be applied directly to the non-compact setting. Let
us also note that the works [LW] and |Z] provide similar estimates on H ! for compact star-shaped

solutions of the IMCF in some negatively curved ambient spaces.

The main result of [CD2| addresses the long time existence of non-compact smooth convex
solutions M; to the IMCF embedded in Euclidean space R™!. The important works by K. Ecker
and G. Huisken [EH1; EH2| address the evolution of entire graphs by mean curvature flow and
establish a surprising result: existence for all 0 < t < 400 with the only assumption that the initial
data My is a locally Lipschitz entire graph and no assumption of the growth at infinity of My. This
result is based on priori estimates which are localized in space and time. By local in time, it means
the main local bound on the second fundamental form |A|? of M; is achieved without any bound
assumption on |A|? on My. An open question between experts in the field has been whether the
techniques of Ecker and Huisken in [EH1; [EH2| can be extended to the fully-nonlinear setting, in
particular on entire convex graphs evolving by the powers of the Gaussian curvature flow and the
inverse mean curvature flow. Note that Gauss curvature flow is an example of degenerate diffusion
while the inverse mean curvature flow is the opposite, an example of ultra-fast diffusion. Also note
the problem of the long time existence for the powers Gauss curvature flow has been established in
|CDKLJ.

In [CDKL| they showed that similar estimates as in [EH1; [EH2| which are localized in space

can be obtained for this flow, however the methods are more involved due to the degenerate and
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fully-nonlinear character of the Monge-Amperé type of equation involved. However, such localized
results are not expected to hold for the inverse mean curvature flow where the ultra-fast diffusion
tends to cause instant propagation from spatial infinity. In fact, one sees certain similarities between

the latter two flows and the well known quasilinear models of diffusion on R"
up = div(u"™ ! Vu). (1.2)

Exponents m > 1 correspond to degenerate diffusion while exponents m < 0 to ultra-fast diffusion.
We will see in the sequel that under the IMCF the mean curvature H satisfies an equation which
is similar to (1.2)) with m = —1. Our goal in this work is to study this phenomenon and establish
the long time existence of complete non-compact convex hypersurfaces, the analogue of the results
in [EH1; [EH2] and |[CDKL)J.

We will next state our main result in this work. The following observation motivates the

formulation of our theorem.

Ezample 1.1 (Conical solutions of IMCF). For a solution of the IMCF T'y in S™, the family of cones
generated by I'y

Cly = {r:L‘ER”+1 cr >0,z eIy}

is a solution of the IMCF in R™*! which is smooth except from the origin. When ngl C S™is
a smooth strictly convex hypersurface., the results of Gerhardt [Ge3] and Makowski-Scheuer [MS]
show there exists a unique solution I'y C S™ of the IMCF in S™ with initial data Fg_l, which exists
for time t € [0,T) with T' < oo and converges to an equator, as t — T'. Moreover one can explicitly

compute using the exponential growth of area with respect to time that 7' = In [S?~!| — In |T|.

From Example and the ultra-fast diffusive character of the equation, it is reasonable to guess
that for a general convex non-compact solution with initial data My, its existence time is governed
by the asymptotics at infinity. For a non-compact convex set My and the associated hypersurface

My = OMjy, we recall the definition of the blow-down, so called the tangent cone at infinity.

Definition 1.1 (Tangent cone at infinity). Let My C R™ be a non-compact closed convex set.

For a point p € My, we denote the tangent cone of My at infinity by

Co := M=o A(Mo — p).
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Figure 1.1: Tangent cone at infinity

We also define Cy := 86’0, Io:=Con S”, 'y := Cy N'S™. The definition is independent of p € M.
We say Cy, Co the tangent cone of My and My = M, at infinity, respectively. We say I'g and Iy

the link of Cy and Cp, but we will also often call them as the tangent cone at infinity.

Our main result establishes the long time existence and characterize its maximum time of

existence T' of the solution in terms of the size of the tangent cone at infinity I'g.

Theorem 1.2. Forn > 2, let M = OMy be a convex non-compact embedded Cllo’i hypersurface in
R Then, there is a smooth convex solution of the IMCF, say {Mi}ie0,1), which converges to
My locally uniformly as t — 0. The time of existence is given in terms of the link of tangent cone

of My at nfinity, say Iy C S™, by
T =In|S" ! —InP(T') € [0, ] (1.3)

Here, | - | :== H" () and P(T) := the perimeter of a convex set I' in S™. The solution is strictly

conver when g € S is compactly included in an open hemisphere.

Remark 1.2. Under our assumption of M, f‘o can be an arbitrary convex set in S”. For a convex
set Tp € S™ and Ty = afo, note that
) |To| if 'y has non-empty interior in S™

P(Tg) = X
2|Tg| if T'p has empty interior in S".
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Moreover if M; evolves by IMCF then its tangent cone at infinity [y, evolves by IMCF on S™ in
some generalized sense and becomes flat as t — T'. See Remark for this.
Finally, formula (T.3)) says 7' = 0 when P(I'g) = [S*~!|. In [CH], the author and P.-K. Hung showed

that for a convex set g € S™ if P(I'g) = |S"!| then Iy is either a hemisphere or a wedge
Wa, =S" N ({(rsin®,rcos) : 6 € [0,6], and r > 0} x R*1)

for some 6y € [0,7), up to an isometry of S*. According to the formula, T = co when P(I'g) = 0,

which happens when the cone degenerates and it is lower dimensional.

Remark 1.3. Let us emphasize that Theorem allow H = 0 on a possibly non-compact region
of My and in that case H > 0 instantly for ¢ > 0 provided T' = T'(Mj) > 0. This is possible due
to our main apriori estimate Theorem Note that the similar phenomenon was observed for
solutions to the Cauchy problem on R” of the ultra-fast diffusion equation with m < 0 in [DP1;
DP2|.

Next, we show T = T'(My) in Theorem is the maximal time of existence. The following

theorem holds not only for the solutions of our constructions, but applies to arbitrary solutions.

Theorem 1.3. Let My = 8M0 satisfy the same assumptions as in Theorem and T =T (M) €
[0, 0] be given by the formula (1.3). If T' < oo, then no smooth solution My, which locally uniformly
converges to My as t — 04, can be defined beyond t > T(My). In particular, this implies non-

existence of a smooth solution when T (My) = 0.

Non-compact solutions of the IMCF in R™*! were first considered by P. Daskalopoulos and G.
Huisken in [DH], where they established the existence and uniqueness of a smooth solution to the
IMCF, under the assumption that the initial hypersurface My is an entire C? graph, z,,+1 = ug(z')

with H > 0, in the following two cases:

(i) Mo has super linear growth at infinity and it is strictly star-shaped, that is H(F —zq,v) > 6 > 0

holds, for some zo € R*t!;

(i) My a convex graph satisfying 0 < cg < H (F — 29, en11) < Cg < +00, for some zg € R"*! and

lies between two round cones of the same aperture, that is

aplr’| < up(z’) < apl2’| + k, ap >0, k> 0. (1.4)
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In the first case, a unique smooth solution exists up to time 7' = 400, while in the second case
a unique smooth convex solution M; exists for ¢ € [0,7] where T' = T'(ap) > 0 is the exact time
when an evolving cone solution of the IMCF {z,11 = «(t)|2’|}, with a(0) = ap becomes flat (i.e.
a(t) — 0). In the latter case, the solution M; lies between two evolving round cones and becomes
flat as ¢t — 1. To derive a local lower bound of H up to t < T, a parabolic Moser’s iteration
argument was used in [DH| along with a variant of Hardy’s inequality, which plays a similar role

as the Micheal-Simon Sobolev inequality in [HI4].

Theorem and the results in [DH| show that convex surfaces with linear growth at infinity
have critical behavior in the sense that in this case the mazimal time of existence is finite and
it depends on the behavior at infinity of the initial data. However, while the techniques in [DH]
only treat this critical linear case under the condition , Theorem allows any behavior at
infinity. Moreover, the techniques in [DH| require to assume that H is globally controlled from
below a initial time, namely that H(F — zg,v) > 6 > 0 in the case of super-linear growth and
H (F — x0,ep+1) > ¢ > 0 in the case of linear growth.

In this work we depart from the techniques in [DH| and [HI4] and establish an priori L> bound
on H~! which is local in time. In this attempt, we develop a new method based on the maximum
principle rather than the integration methods used in [DH] and [HI4]. Our key estimate in the long
time existence is the following bound on H~! which roughly says that one has a global bound on

(H|F|)~! as long as a nontrivial convex cone is supporting our surface from outside.

Theorem 1.4. Let F': M"™ x [0,T] — R"*!, n > 2, T > 0, be a smooth convez closed solution of

the IMCF and suppose there is 61 € (0,7/2) for which

(Fyept1) >sinfy |F|  on M"™ x [0,T]. (1.5)

Then
1 <C|1 1 M" 0,T 1.6
HIF| = +t1ﬁ on x [0,T] (1.6)

for a constant C = C(6;) > 0.

Let us note that the assumption that M; is a closed hypersurface will only be used to apply
mazximum principle and will not affect the application of the estimate in proving of our main non-

compact result, Theorem as we will approximate non-compact solutions by closed ones. Also,
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let us emphasize that our bound is independent on an initial upper bound on (H|F|)~!. This will
allow non-compact initial data to have flat regions where H = 0. In addition to the non-compact
results stated above, our new methods lead to an equivalent estimate of the result by Ilmanen and

Huisken, Theorem 1.1 in [HI4], for compact, star-shaped (not necessarily convex) solutions.

Theorem 1.5 (Theorem 1.1 in [HI4]). Let F: M" x [0, T] — R""! be a smooth closed star-shaped
solution of (1.1)) such that My := Fo(M™) satisfies

0< Ry < (F,v) < Ry. (1.7)

Then, there is a constant C,, > 0 depending only on n such that
1 Ry 1 t
— << J— —_— n
H_C" <R1> (1+t1/2>R26 (1.8)

holds everywhere on M™ x [0,T.

In fact, one expects that similar estimates as in Theorem can be possibly derived for the
IMCF in other ambient spaces, including some positively curved spaces or asymptotically flat
spaces, using this new method and this generalize the results of [HI4; [LW: Z]. See in [HI3| for a

consequence of such an estimate when this is shown in asymptotically flat ambient spaces.

Remark 1.4. Recently, the auther and P.-K. Hung in [CH| addressed the IMCF of arbitrary convex
hypersurface which allows singularities on My. Using the main estimate Theorem [1.4] as a key
ingredient, [CH] shows the limiting tangent cone after blowing-up at a singularity also evolves by
the IMCF. As a corollary, we could generalize Theorem and obtain the following necessary and
sufficient condition for existence of a smooth solution: for an arbitrary non-compact convexr My
with T(My) > 0, there is a smooth solution if and only if My has density one everywhere. i.e.

©o(p) = lim, 9 [Br(p)OMo| _ 4 for all p € M. See |[CH] for more details.

wnr™

A brief outline is as follows: In Section[1.2], we introduce basic notation, evolution equations of
basic geometric quantities, and prove some identities which will be useful in the upcoming sections.
Section [1.3.1]is devoted to the proof of our main a priori estimate Theorem Only assuming that
the solution stays above a round cone, the estimate shows a uniform bound of (H|F|)~!, for t > 0,
which is independent of the initial bound. We also an alternative proof of a priori H~! estimate

shown in [HI4] using our maximum principle argument. This is to show how star-shapedness
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condition can also be incorporated in our method, but will not be used in the rest of the chapter.
In Section [1.5] we prove the long time existence theorem of non-compact convex solution via an
approximation argument that uses a priori estimates in Section In Section[1.4] we prove the
convexity of solution is preserved and show the solution become strictly convex immediately for
t > 0 unless the lowest principle curvature A; is zero everywhere initially. This will be shown for
the solutions of the IMCF in a space of constant sectional curvature as this adds no difficulty in

the proof but could be useful in other application.

1.2 Preliminaries and Notation

Let V := V9®) and A = Aty denote the connection and Laplacian on M™ with respect to the

induced metric g;;(t) = <g§-, %>. Recall that on a local system of coordinates {x'} on M",
0*F OF OF Ov
= _pv4+ T d — == ) =hy 1.9
Ozt v ok o <<9:BJ 8:1:’> ’ (19)

where v denotes the exterior unit normal. We also define the operator

.= <8t - ;A)

and use it frequently as this is the linearized operator of the IMCF.
Note that the IMCF or generally curvature flows of homogeneous degree —1, have the following

scaling property which can be directly checked and will be frequently used:

Lemma 1.6 (Scaling of IMCF). If M* C R"! is a solution of the IMCF, then M = XM} is

again a solution for X > 0.

Lemma 1.7 (Huisken, Ilmanen [HI4]). Any smooth solution of the IMCF in R*1 satisfies
(1) Oigij = & hij

(2) Oydp = dp, where dp is the volume form induced from g;;

(3) w=-VH '= 1 VH

(@) (8 — S A)hij = —ZViHV,H + A2 hy;

2 2
(5) Ol = Vil Vill) — Y = o AH - IV HP - 4

10



CHAPTER 1. INVERSE MEAN CURVATURE FLOW
(6) (9 — =) H ' = b B!

(7) (8 — 7= A)(F — wo,v) = YA (F — g, 1),

Remark 1.5. If the ambient space is not R™*!, then the evolution equations of 9ij, dt, and v remain
the same as in R®™!, but the evolution of curvature hi; is different and complicated. On a space

form of sectional curvature K, the formula hugely simplifies becoming

1 ’A‘Z 2 nKhij
ﬁAhij + Fhij — ﬁvszjH — 72

Ohij = (1.10)

(See Chapter 2 in [Ge2|.) In this paper we will mostly focus on the flow in Euclidean space and we
will only use ([1.10)) in Appendix

Using Lemma one can easily deduce the following formulas.
Lemma 1.8. For a fized vector w in R"*1, the smooth solutions of the IMCF (1.1]) in R™*! satisfy
(1) (8 — = A)|F — 0| = -2 + £(F — z0,v)
(2) (B — 7= A) (w,v) = 2w, )
(3) (3,5 - #A) (w, FF— x0) = %(w,w.
Proof. By we have
AF = g9(05F —TEF,) = g7 (—hyjy + T Fy —THFy) = —Hw.
which combined with 9,F = H~'v implies (3). Next,
A|F — 20*> = 2(AF, F — x0) + 2(VF,VF) = 2H(v, F — x0) + 2n

implies (1). Finally,

Av = ¢ (0%v — TK.opv) = ¢ (0; (W Fy) — TERLF)
= g9 ((0;hE)Fy, — Wb + rgkhfﬂ - rﬁ?jhﬁfﬂ)
= —|APv + ¢"V,hi Fp = —|APPv + VH

where we used the Codazzi identity in the last equation. This implies (2). O

11
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The following simple lemma, which commonly appears in Pogorelov type computations, will be

useful in the sequel when we compute the evolution of products.

Lemma 1.9. For any C? functions f;(p,t), i = 1,...,m, denote

w = fOfer | fam,

Then on the region where w # 0, we have

(0 -

(0 —H?A)w 1 |[Vw|? _ia'((at—H—QA)fi 1|V
H? H2 w2

1
—A)In|w| = ” + = i T ITE ) (1.11)

i=1
Proof. The lemma simply follows from

0, — H2N)f 1 |[Vf]?
f H2 f2°

(0 - %A) In|f| = (1.12)

Next two lemmas are straightforward computations and we leave their proofs for readers.

Lemma 1.10. For any two C? functions f, g defined on M™ x (0,T) and any C? function 1) :

R — R,
O(7g) = (O + f(O9) ~ 5(V1, )
and
u(f) = v (o) — L v

where O := (0; — H2A).

Lemma 1.11. If a C? function f is defined on a solution M; of the IMCF and satisfies

0 1 A2
(81& H?A> f="g=!

then for any fixed 5 € R we have

0 1\ s AP s BB VP
<8t_H2A>f =0l T T g

For instance, H=1, {w,v) and (F — xq,v) are examples of such a function f.
We finish with the following local estimate which is an easy consequence of Proposition 2.11 in

[DH]. Here B, denotes an extrinsic ball of radius r > 0 in R?*1.

12



CHAPTER 1. INVERSE MEAN CURVATURE FLOW

Proposition 1.12 (Proposition 2.11 [DH|). For a solution My, t € [0,T] of the IMCF, there is a
constant C,, > 0 such that
sup H < Cpmax( sup H,r1).

M:NB, MoNBa,

1.3 Speed estimate

1.3.1 Bound of (H|F|)~! for convex solutions

In this section, we give the proof of Theorem [I.4] which gives the main a priori estimate on which our
main existence result Theorem is based upon. Lets us first introduce some standard notation.

We consider spherical coordinates with respect to the origin in R"*!, namely
z=(x1,...,Tps1) = (rw sinh,rcosh) withr >0, we S" !, and 0 € [0, 7]

which are smoothly well-defined except from the origin or x,,1-axis. We will also denote by V and
V metric-induced connections on (R"*!, gouc) and (M™, F*geye), respectively. Before the proof, we

need the evolution equation of the important quantity 6, defined in the ambient space as follows:
Definition 1.13. We define

6 :R"\ {0} = [0,7] by O(x) := arccos <<x,‘e;’+1>> (1.13)

and

r: R 5 [0,00) by r(x) = |x.

Moreover, we define smooth unit orthogonal vector fields

10 <x’ cos 9

eo(z) = eg(2/, wpi1) i= 296 = —sin 9) on R\ {1 — axis}

|| sin6’

and

o 2 _ i n+1
er(z) == o~ Tl on R"™\ {0}.

Though 0 is not smooth at the points on the T, 1-axis, note that 62, cosf, and sec® are all smooth

on {41 > 0}.

Lemma 1.14. On the region {0 # 0,7} N {|z| # 0},

1 1 <n—]Vr\2> L VeP 2 Vr 2

(at_ﬁA)ez_H%? tan 6 H? tanf H2(7,V0>+ﬁ<y,V9>.

13
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Proof. Consider a spherical coordinate chart
(r,0, (W) am1..n-1) withr >0, 8 € (0,7), (w*) €S !

around a point {§ # 0,7} N {|z| # 0} in R"*! where w® is a coordinate chart of S*~!. On this

chart,
Goue = dr? + 12 d6? + r? sin? 0oap dw®dw?. (1.14)
Also note that
10 1 0
grad § = 295 = ¢ and gradr = o =& on (R™ geue). (1.15)

At a given p € M™ with {6 # 0,7} N {|z| # 0}, let us choose a geodesic normal coordinate of
M™, say {y*}"_;. In this coordinate at this point,

) ) 8 (1,8 8
B0 =000 =510 <<9y > oy (?”2<(%” 8y">>

2,0 0 1 o 0 0 0
_r2<8y’“ 0><ay,7€r>+§<V8¢%7@>+<@a—hm/>-

n
Since (( 8-) O 1/) constitutes an orthonormal basis of Tp(p)R"+1,

oy ) i—
() (1) + (v, 1) e9) = (e, g) = O (1.16)
8yi769 8yi>€T y Cr ,€9) = (Er,€9) = U. .
Therefore,
Af = H 2
9——7<V7€9>+772<V,€r v.eq) QZV@% 8 =) (1.17)
Claim 1.1.
“._ 9 9 _ cosf 9 9
Z<v 180 8y > - sin 6 (n—(1—<y,er> )_(1_<V769> )) (118)

i=1

Proof of Claim . By computing the Christoffel symbols from the metric ((1.14)), we get:

_ 0 0 _ 0 10 _ 0 cosf O
Veae ™ Tor Veae rog Vowdd  smfown

Suppose 0; = 0,i = agdp + a;0r + ), aaOpe. Then Vai% = —rag0y + =0 + ), Ga 0505 o and

(1.19)

sin 6
hence 9 9 0
o0 9, _ 9 . 9 ,COS af
(Va, 20’ 8yi> raga, + raga, + r-sin esinﬂaaaﬁa
_cosO ]9 S NP /0 T
~ sinf ||0y? oyt " ayi’ '
The claim follows by summing this over 7. O

14
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Now 040 = dO(O.F) = %(u, grad §) = v eg)’ and (1.18)) imply

rH
(0~ )0 = 2<:}§9> B <rflf>2 O (1= rer)?) — (1~ v e0))] + 2{m, e, ee>] .

n
Hence, the lemma follows by using ((1.15)) and the orthonormality of (( a‘}-) - ,1/) in the equation
1=

above. O

Proof of Theorem [I.4 Using the definition (1.13)), our condition (1.5) can be written as 6(p,t) <

u _2991 > 1, we have c0 < § — %1 < 5 and sec(cf) < 2sect for 0 = 0(p,t)
™ — 4aby

w/2 — 0;. Setting ¢ :=
ontel0,T].

By lemma [1.10

1
Osec(ch) = esec(ch) tan(cd)6 — ﬁc2 [sec(ch) tan?(ch) + sec®(c0)]| VO[]

2
= sec(cl) [ctan(cQ)DG - %(2 tan?(ch) + 1)|VO[?| .

After defining ¢ := sec(cfl), Lemma and % = ctan(cf)VE imply

O ¢ tan(c) R T 2 ,Vr Vo 2, Vo
— =— —|Vr|® —r%|Vo —(—, — )+ (v, —
® H?r?2 tan# (n = |Vrf =7 ‘)+H2<r’cp>+H<V’g0>
2 |Vgp|? L o 2
oz eIVl
t 0
(since n — |Vr|> =r?|V0)> =n—2>0 and an(cf) >c)
tan ¢
2 2 N
c 9 2 |Vl 2 ,Vr Vo 2, Vep
< - - S — —{(—, =)+ =y, D).
= H2r2(n V) H2 2 +H2<r’ ¢>+H<V’ <p>
. ) ) . sec(ch)t 1
Note that this inequality holds on {z,+1 > 0}, where our solution M, is located. Let w := 0. pYr—t

15
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where 1 := H~!. Then by Lemma and the previous inequality

Ow, 1 |Vop

w H? w?

Oy 1 |Ve|? |A|? 1 |Vy|? 1,02 1 |Vr??
= tm )Tt ) Gt )

O 1 |Ve|? |A|? 1 |Vy|? n 2 Vr 2 |Vr|?
(cp HZ 2 ) (H2 +ﬁ 02 )+(H2r2 E<V’T> 2 2 )+t

, (1.20)
4 2 ) - 20 T
“|H? Ot H T
1 n |Vr|2 n—|Vr? |Ve|? Vr Ve
H2[ R e 2 +2<7,7>
=: (1) +(2).

Suppose a nonzero maximum of w(p,t) on M™ x [0,t;] is achieved at (po,to) with to € (0,¢1]. At

this point,
o Yw _V¢ Ve Vr
w P %) T
and therefore ,
2 2 2
VY[R |Vr Vel” V7 4 IVl gV Ve
02 r 0 2 e

At the maximum point, by plugging this into (2) in (T.20)), (2) = —(¢* — 1)

the maximum point,

r
. Therefore at

n— |Vr|?

0<(1)—=(c2—1) 7,3

Let us estimate terms in (1). Note that by our choice of ¢ > 1,

v Y 1 2 2 1 C
Vel _ |ctan(ch)VO| < Etan(ce) = — sin(ch) sec(ch) < < _¢
14 r r rcos — rsinf; r
for some C = C(6;). Next, ‘H‘Q <1 from convexity and |Vr| < 1 imply at (po, to),
1 C 1
0 ~(n— V) o + 14 7
c—1 C 1 ) )
_—W—Fﬁ—l—l—k% (since |Vr|* <1,n > 2)
c—1 4 C N 1
2H?r2  2(c—1) )

Note that 0 < tg < t; and 1 < ¢ < C on M x [0,t1]. Multiplication of (¢(po,to)to)? implies

2
t
w?(po, o) = <Z£> <C(ti +1).

16
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On any other point p € M at t = tq,

1 w(p,t1) )2 w?(po, to) 1
p,tl—( < TP o142,
722 7o) tip(p,t1) 102 (p,t1) t1
We used ¢ > 1 in the last inequality. This finishes the proof of Theorem [I.4] O

Remark 1.6. If we define @ := @1r~! and follow the rest similarly, we get an estimate which

includes the initial bound
L _¢ ( ! 1>
—_— max | sup ——,1 | .
HIF| = v HIF]
1.3.2 Bound of H! for compact star-shaped solutions

The goal is this section is to give an alternative proof of Theorem 1.1 in [HI4] which will be based
on the maximum principle. This is an interesting result, but will not be used in the proof of the

main existence theorem. The theorem holds in any dimension n > 1.
Proof of Theorem[1.3. Since M satisfies (1.7), by Proposition 1.3 in |[HI4], we have
t t
Ry < Ryen < (F,v) <|F| < Ryen (1.21)

for all 0 < t < +o00. Let us denote w := (F,v)~! and we will consider a function

pl=<(w) P

Q=1

for some function ¢ := p(w), constants v > 0 and € € (0,1) which will be chosen shortly.

Direct computation shows that

1 2 1 , 2 4
Moreover, by (7) in Lemma 1.7 and Lemma with g = —1,
1 AP 2 >
(O = gad)w === Vel

and hence, on {¢ # 0},

O —HA)p 1 Vo2 AP gw _ |[Vu]? <290’ ¥” s0’2>

+ JRJE . A—
H?2 g02 H?2 © H?2 we © (102

1
(0 — ﬁA) Inp =

17
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Inspired by the choice of ¢ in the well known interior curvature estimate by Ecker and Huisken in

[EH2| (see also |[CNS|), we define
s
§) = ——]. 1.22
o = (375) (122
For this ¢ := ¢(w), under the notation ¢’ = ¢/(w) and ¢"” = ¢"(w), a direct computation yields
/ 9 / /" 2 2
¢'w _< ) g 2 L e

- (—= oFf 4 X ¥ _ ¥
© 2—wRy w¢+<,0 02 PP

Lemma [I.9] and the computations above imply

AP 1 [VH'P Ay [AP w1 [Vl
H2 " HZ H-2 1 g2 o H2 2

"N Hw ~ H?
__(wR1—2e) |AJ2 ( 4 _72n—4e_17|F|2‘V|F|]2>

(ék— %A) IHQ = |:

2wk, ) 72 \"Huw 2
o1 (1- )|V‘P|2 B [VH—'? g o | Vel
2 € o2 H-2 € el P2
. (1.23)
—1.2 2
Note that we have added and subtracted the term % in the last equality. At a nonzero
critical point of @, ,
0= Y2 _ (1- 02 ver L VHF
- Q o e|F|2 H_2 ’
and thus
2 2
v 11— vert =(1-¢ E2+2(1— e ver v
H1 ¢ (PP R REANPRESTE BE
2
Vi 2 1—ce¢ Veltl?
< Y _ Ve 2
- rei-0) |2 4 92|V

Vol? | 1 | Vel TP
= 1 —_—
( 6) 902 +e e

For a given T' > 0, note that RIT < wR; < 1. It remains to choose ¢ and . The choice

Roen

€:= RR1 + makes the first term on RHS of the second equality in ((1.23]) nonpositive. Next, choose
2Roemn

v o= ﬁ( 1T)2 > 0 so that 4e 'y|F|> < n on M, for t € [0,7]. Combining the choices and
Roen
estimates, at a nonzero spatial critical point of Q),

o, — H2A 2
= %A) InQ = (9 122 )@, WQ%' <7 <—£2+ H4w> (1.24)

We will now apply the maximum principle on Q := tQ). Suppose that nonzero maximum of Q

on M™ x [0,T] occurs at the point (pg,to), which necessarily implies ¢y > 0. At this point, (1.24])
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implies
1 A n 4 1 n 8 T 1
<O —-=A)Q<y (- +—— |+ =<7 (-5 +-R2*" |+ — 1.2
0< (0 7e )nQ_’y( H2+Hw>+t0_’y< 2H2+nR26 >+t0 (1.25)
where the second inequality comes from
4 8 n 8 9 o n
< < — i R
Hw_nw2+2H2 _nR2€ +2H2

The rest is a standard argument shown in the proof of Theorem 3.1 [EH2]. By the choices of €, 7,

bounds (1.21)) and

i
2R2€T/n

we proceed and obtain, for every (p,t) € M™ x (0,7,

< (o™ ™) < p(w) < p(RyY) =1,

Lot <o, (B.x 276(}2 (14l (1.26)
H2p7 >~ Up Re 2€ 7 ) .

1
Now for time ¢ > 1, we can alway apply this estimate starting at time ¢ — 1. Inequality (1.21))
implies that the ratio between star-shapedness bounds from above and below remains unchanged
over time. This way we can replace (Rge%/Rl)%6 in the above estimate by (Ry/R1)*~¢ after

possibly enlarging the constant C,. Since (Rz/R1)?>~¢ < (Ra/R1)?, the theorem follows. O

1.4 Strict convexity of solutions in space form

Throughout this section, we assume that F : M™ x (0,T) — (N"! g) is a complete smooth convex
solution of the IMCF, where (N1 g) is a space form of sectional curvature K € R, in particular
which includes Euclidean space, the sphere, or hyperbolic space. As before, v denotes the unit
outward normal, H the mean curvature and h;; the second fundamental form.

Suppose we have an (incomplete) smooth convex solution of the IMCF with H > 0 on an open
set Q@ C M for t € (0,7). Our aim is to prove Theorem a strong minimum principle on A;.
However by looking at the evolution of the second fundamental form h;; given in , it is not
clear that the convexity is preserved. To do so we need to use a viscosity solution argument and

we need the following lemma shown from [BCD].

Lemma 1.15 (Lemma 5 in Section 4 [BCD]). Suppose that ¢ is a smooth function such that Ay > ¢

everywhere and A\ = ¢ at x = p € ). Let us choose an orthonormal frame so that

hij:)\iéij at p € w’ith/\l:)\2:...:)\“<)\u+1§...§)\n.
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We denote u > 1 by the multiplicity of \1. Then at p, Vihi = 01 Vi@ for 1 < k, 1 < p. Moreover,
ViVip < ViVihar =2 (A — M)~ (Vihay)?.
J>p
Proposition 1.16. Forn > 1, let F : Q x (0,T) — (N"*!,g) be a smooth convex solution of the
IMCF where (N, g) is a space form. Let A1 denote the lowest eigenvalue of h; Then u = A\ /H is
a viscosity supersolution of the equation

0

w
8tu——Au+ (V Vu) + <H4>u>0 (1.27)

where V' is a vector field, and W is a scalar function such that
[W|,|[V| < C(IVH|,n) at each point.

Proof. Using equation (1.10)) in Remark we can easily compute the evolution equation of h;» /H:

1 hé’ |A|2 h; hlkhka 2 myi i
(O —538) 5y =255 — 2 gz + a(VmH V" hj = V' HV;H). (1.28)

We will use this equation and the Lemma above to the proposition. Suppose a smooth function of
space time, namely ¢/H, touches A\1/H from below at (p,t). At time ¢ around p, let us fix a time
independent frame {e;} using the metric g(¢) as in Lemma [1.15]

Since ¢ < A\; < hl and they coincide at (p,t), drp > d:hl at (p,f). At this point (p,f) with the
frame {e;}, we use Lemma equation , and the Codazzi identity V;h;, = Vh;; to obtain

Q¢ 9l 1 4 2
Lo - A H3ZZ)\_)\1 Vit

1>
hi 2 -1 2
DH iiel Z (Aj = A1) [ Vihag|
i>1,7>u
1.29)
25702 =201 300 A 2 [V1his|? (
Jj j I AL 2 1 V1|~
= 72 Tt g | VmHVmhi = [VAHP +H Y I,
i>1,5>p
2 |V1hz |
> = HVp¢ — |ViH|?> + H —
> g1 |V Vo = [VHP +H 5,
1>1,7>1
In the last line, we used A1 D> _;A; <>, )\? = |A|? which is true for H > 0.
Next, note that
V1HV1H = Z V1hiivlh]’j = 2MV1HV1¢) - H2‘V1¢|2 + Z vlh“’vlhjj. (1'30)

%,J >, >
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Since H V% =Vo¢— %VH , we have the following for each fixed unit direction e,

Vi HV o = vavaf + fyvmm?. (1.31)
H H
We first plug (1.31)) with m = 1 into (2.5) and then plug that into the last line of ((1.29)) to obtain

¢ o 2 2 ¢ 2(1—2p) 2 ¢
s 2 Rk Sl hd
O g Vi H| 17 + |\V1H| I

H =~ H* H*
¢ 20—p ¢ 247 |Vigl
mHV =+ 22y H
T m ;V mg T s VIt s Ty (1.32)
2
+ H Z (N — M) YV b — Z V1hiiVihj;
i>1,5>u 1>, >0

We now use the convexity, Ay > 0, in the proof of the following claim.
Claim 1.2. [H S = A Va2 S vlhwlhjj] >0 on {\ >0}

2u2 |V19)?
Assuming that the claim is true, then by taking away the good term ]_53’ II-I¢| in (1.32)), we

easily conclude that ((1.27)) holds by choosing a vector filed V' and a scalar function W as a function

of VH accordingly. Thus it remains to show the claim.
Proof of Claim[1.2 Since Ay >0, H =375, A\ > 1>, A, the claim follows by:

H > (=M VbGP =) N A Vikial> = >0 AT Vbl

i>1,7>p > i>p > p,j>p
N V1R 2 4 A Vahy;)?

= Yy = 5 (1.33)

I>p,g>p
> VihiVihy;.
>p >
OJ
O

Now, let M; C N™! be a smooth complete convex solution for ¢t > 0, which could be either
compact or non-compact. One expects M; to be strictly convex, that is to have Ay > 0 for ¢ > 0.
Indeed, this follows easily by Proposition and the strong minimum principle for nonnegative
supersolutions which is a consequence of the weak Harnack inequality for viscosity solutions of

(locally) uniformly parabolic equations.
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Theorem 1.17. Suppose F : M™ x (0,T) — (N"1,g) is a smooth convex solution of the IMCF
with H > 0 where (N"*1,g) is a space form. If \i(po,to) = 0 at some (po,to) with 0 < to < T,
then Ay =0 on M™ x (0, ).

Proof. Since solution is smooth, |H|, |[VH|, and |H~!| = |0;F| are locally bounded. Therefore, \;
is a nonnegative supersolution of equation ({1.27)) which is locally uniformly parabolic with bounded
coefficients. We can apply strong minimum principle on a sequence {Qx} of expanding domains

containing (po,tp) such that M™ = UpQ and conclude that the theorem holds. ]

Corollary 1.18. Let F : M™ x (0,T) — R"™! be a smooth convex complete solution of the IMCF.
If H™(v[My,]) > 0 at to € (0,T), then the solution is strictly convez for (0,to].

Proof. If it is not, Ay = 0 for all M™ x (0,o]. In particular, H"(v[M,,]) = [,; K(-,to)dpu = 0. This

contradicts and proves the assertion. O

Remark 1.7 (Strict convexity of solutions). The theorem and corollary above do not exactly explain
why convexity is preserved along the IMCF since they both assume the convexity of the solution.
First of all, assume M}* C N™*! is a smooth compact solution for ¢ € [0, T], where My is smooth and
strictly convex. Then by considering the first time when A\; becomes zero, Theorem implies
that M, is strictly convex for all time. i.e. the strict convexity is preserved for compact solutions.
We observe next that all solutions, including non-compact ones, which will be constructed later
section are obtained as a locally smooth limit of strictly convex solutions. In particular, they are
at least weakly convex. Therefore one can apply Theorem [[.17] and Corollary [I.1§ and conclude

that they are strictly convex.

1.5 Long time existence of non-compact solutions

In this section we will give the proof of our main results in this work concerning the long time
existence of non-compact solutions of the IMCF, Theorem and Theorem stated in the
introduction. The proof of Theorem is based on our main a priori estimate, Theorem which
provides an estimate of (H |F|)~! from above, in terms of the angle § of a supporting cone from
outside. Since, this estimate holds for compact surfaces, we will first construct a family of compact

conver approximating solutions M;; = 8Mi,t which is monotone in 3. The results in [Gel] and [Utr]
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guarantee the existence of each compact expanding solution M;,, for all ¢ € (0,400). However,
we will see that the limit M; := lim; , 4~ M;; is non-trivial only up to time 7' = T'(My). In fact,
the proof of Theorem in this section shows that the limit M; must a hyperplane in R"*! for
t>T,ie. UiMi’t = R™*!. Here is where the connection between our non-compact solution M;
in Euclidean space and solutions on the sphere is revealed. Recall the notation I'g := Cy N'S™ of
the link of the tangent cone Cy of My at infinity. For each time 7' — § < T'(My), we are going
to find smooth strictly convex I') ¢ S" such that Ty cC T and Ts := In|S"| — In|TY| > T — 4.
In view of the results in [MS] and [Ge3], also described in Example for each such Fg there is
a smooth IMCF solution 'Y C S™ which exists up to time T’ and we can make use of CT') as an
outer barrier for M; ;. Indeed, moving its vertex far away from M initially, we can make CT'¢ (after
an initial translation) to contain M;; up to time Tj, implying that each M;, satisfies condition
(1.5) in Theorem up to time T — ¢ for a uniform 6; > 0. Theorem then leads to an upper
bound on (|F| H)™! implying that the IMCF on M, is locally uniformly parabolic and the rest is
straightforward. We begin with Theorem

Proof of Theorem[I.3. Let My = 8M0 satisfy the assumptions of our theorem and let Cj, C’o be
the tangent cones at infinity of M, MO respectively and Ty = Cy N S"1, C’O = C’o N S* ! their
links. Assume that T given by satisfies T' > 0, as there is nothing to prove for the case T' = 0.
Note that, if M, contains an infinite straight line, then M, splits off in the direction of the line by
an elementary convexity argument. By repeating this, My = Ny x R¥ for some k > 0 and we can

assume Ny does not contain any infinite lines. Also,
T(My) = In|S"| — In P(To.az,) = In|S"*| — In P(Tg. ) = T(No).

Moreover, 0 < k <n — 2 since k =n — 1 or n imply T'(Ny) = T(Mp) = 0. In conclusion, it suffices
to show the existence of solution for N[;l*k = 9Ny C R" ¥ 1 Hence, we may assume, without
loss of generality, that My does not contain any straight lines. In this case, the link of the tangent
cone at infinity f‘o does not contain any antipodal points and is compactly contained in an open

hemisphere
H(vo) :={p€S" : (p,vg) > 0}

for some vy € S™ (see Lemma 3.8 [MS)]).

23



CHAPTER 1. INVERSE MEAN CURVATURE FLOW

Figure 1.2: Approximation of M

Next, we create a sequence of strictly monotone convex compact hypersurfaces M; o which
approximate My from inside as follows: let 3; o be the compact hypersurface ¥; o := 9[B;(0) N Mo]
where B;(0) denotes a all of radius i in R"*1. To smoothen out each X, at the intersection of
0B;(0) and My we let ¥; 5, s > 0, be the mean curvature flow (MCF) running from ;. For a
positive decreasing sequence s; — 0, let M; o := X; 5,. Then, {M; o} satisfies the desired properties
and M; o — My locally uniformly on compact sets. Moreover, My € Cﬁ)’i implies the mean curvature
H of M; ¢ is i-uniformly bounded on every extrinsic ball of finite radius. By the results in [Ur] and
[Ge3|, for each M; o there exists a unique smooth solution of the IMCF, M;; = 8Mi,t for ¢t € [0, 00).
M, are strictly convex (see Remark and strictly monotone increasing in ¢ by the comparison
principle. By Proposition the mean curvature H is locally uniformly bounded for M;,, i.e.
given R > 0, there is M > 0 such that

0O<H<M on Bgr(0)nM;; foralliandt>0. (1.34)
We define our solution by
Mt = 8Mt with Mt = U?ilMiﬂf for t € [0, OO)

This is convex by definition and it remains to prove that M, is (nontrivial) strictly convex smooth
solution of the flow for t € (0,T(My)) and converges to My locally uniformly as t — 0+. We will

need the following simple observation.

Claim 1.3. Let 'y C S™ be a convez set which is compactly contained in an open hemisphere H(uvg).

Then there is a family of smooth, strictly convex hypersurfaces {I'§}eso in S™ with 8f‘6 = I'G which
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are also contained in H(vy), strictly monotone decreasing in the sense that
It cc e for 0 < e < e
and Nesol§ = Tg. For such a sequence, |T§| = P(T5) — P(T).

Proof of Claim[I.3 If I is a single point, we may choose I'j to be concentric geodesic spheres in
S™. Thus we may assume that I is a closed convex set in an open hemisphere which is not a point.

Define the dual of T'y by
I :={veS"|(v,w) <0 for all w e Ty}

Then, it can be easily checked that f6 is contained in a closed hemisphere. The fact that Iy lies in
intH (vp) implies f‘6 has non-empty interior. i.e. 8f6 is a convex hypersurface. We may run mean
curvature flow Ty ¢ starting at Ty = ATy for a short time s € (0,5'). {Th s} are smooth, strictly
convex and monotone decreasing unless f6 is a hemisphere (which isn’t the case as Iy is not a
point). We define I'§ = (A(’),e)’. Then, it is known (see Chapters 9, 10 of [Ge2| and also in |Ge3|)
that I'y = OI'f; is the image of F6,e under the Gauss map and {I'j} are smooth, strictly convex, and
strictly monotone decreasing in €. Since F()’e converges to I'{) as € — 0 from inside, I'§ converges to

Ty from outside. It follows that |T§| = P(I') \, P(To). O

Now fix ¢ty € (0,7T) an arbitrary time. By the claim, we may find a small ¢y > 0 such that
T := In|S" ' —In|T| > to. Since Iy is contained in the interior of T, we may find a vector
vy € R™! such that Mi,O C M, C Cf‘go + vh. Theorem 1.4 |MS| guarantees the existence of a
smooth strictly convex IMCF solution I';” in S” with initial data I'y’, for t € [0, 7). Then by the
comparison principle M;; C CI + o)) for t € [0, 7). Since I'?" is a strictly convex solution which

converges to an equator, we may find a direction wg € S™ and small §y > 0 such that
(F —vjy,wo) > (sindp) |F — vp) for t € [0,tp] on M; ;.

By Theorem |1.4] we have uniform bounds of (H|F|)~! for M;; on t € [tg/2,to]. The conical barrier
CI$ + o)) also shows M; is nonempty for t € [0, ).
Let us choose an arbitrary point g € My,. By the previous argument, we have uniform bounds

of H and H™! on M;: N Bi(zg) for t € [to/2,tp]. Since My, is convex, there is a supporting
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hyperplane at zp and after an isometry, we may assume zp = 0 and the hyperplane is {z,4+1 = 0}

and M;,; are located in {z,41 > 0} for ¢ <.

Claim 1.4. Let D,, = {a’ € R" : |2/| < ro}. Then there is small 1o > 0 and 79 > 0 such that for
large i > iy, M; N (Dry(0) X [—70,70]) can be written as graphs x,+1 = u(® (@', t) on Dy, X [to—T0, to]

with uniformly bounded C* norm.

Proof of Claim [T} Assume H, H=' < M on By(0) N M, for t € [to/2,to]. By the bound of H~!
and xg = 0 € My, for every r € (0,1/2), there is 7 > 0 such that M;; N (D, x [—r,r]) # ¢ for
large i > 4o and t € [tg — 7, o] (for instance, we can choose 7 = min(%, 557)). Meanwhile, H < M
implies that every point on M;; has a inscribed ball of radius M 1. Since M, lies in {241 > 0},
by choosing r small enough compared to M, those points in M;; N (D, x [—r,7]) should have
uniformly bounded gradient in terms of » and M. Now, we can choose smaller ry (if needed) to

make M;; N (D, x [—r,r]) a one sheeted graph over D,. We also choose 19 = 7(r9).

O]

Since M;; are solutions to IMCF, the graphs u(z’,t) = u(?(2/,t) evolve by the fully nonlinear
parabolic equation
2\1/2 -1
dyu = —W;I“')/ = —(1+ |Dul?)/? [div (Wﬂ
and the equation is uniformly parabolic if |Du|, H, H~! are bounded. Therefore, our estimates
above show that u(® are solutions of a uniformly parabolic equation on D,, x [to — 70,t0] and
moreover they are uniformly bounded, since \u(i)\ < 719. Standard parabolic regularity theory
implies the smooth subsequential convergence u* — u on D,y /2 % [to — 70/2,t0]. Since M, are
monotone in ¢, this proves that z,.1 = u(a’,t) is a smooth graphical parametrization of M;. i.e.
M, is a smooth solution of the IMCF for ¢ € (0,7). In addition, the locally uniform convergence
of My to My, as t — 0, follows from the bound in Theorem as t~1/2 is integrable around t = 0.
It remains to check the strict convexity of My, for any to € (0,7). Note that

/ Mocdndp = | Kdp=Hw[My]) = H(F1)).
Mto Mt()

Here (T'y,) is the dual of the tangent cone of My, at infinity. On the other hand, I';, C f;g implies

(fgg)’ C (T, fgg is compactly contained in an open hemisphere and hence (f;g)’ has nonempty
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interior. This shows that #"((I'y,)’) > ’H”((f‘;g)’ ) > 0. By Corollary in our Appendix, M; is

strictly convex for ¢ € (0,%p) and this finishes the proof. O

The following simple observation says that our constructed solution in Theorem is the

smallest of all solutions with initial data M.

Lemma 1.19. Let N; = ON; be a smooth solution of the IMCF and M; = OM, be a convex solution
obtained from Theorem . If My C No, then M; C Ny as long as both solutions exist.

Proof. Note that the approximating sequence of convex closed hypersurfaces M; o in Theorem
was strictly monotone. i.e Mi,o CcC Mj,o if j > 4. This implies M@o cc No. By classical comparison

principle between compact and non-compact solutions, Mi,t C N; and hence Mt C Nt. ]

We next show that the comparison principle also holds between a non-compact solution and a

conical solution which is inserted inside.

Lemma 1.20. Let Ty = 0Ty C S" be a smooth strictly convex hypersurface in S® and T'y be the
unique solution of the IMCF by Theorem 1.4 in [MS]. Suppose that Ny := ON, is a smooth complete
non-compact solution of the IMCF which converges to Ny locally uniformly ast — 0. If Cl'y € No,

then Cft C ]\7,5 as long as the solution exists.

Proof. Since CT'y is singular at the origin, we first smoothen it inside the ball By /5(0), creating a
smooth hypersurface My = OMy C CTg such that My = CI'y outside of By /2(0). Theorem shows
the existence of the smallest smooth solution My, for ¢ € (0,1n [S*~!| —In |[g|) with initial data Mo.
For every € € (0,1), My C CTg C e 1Ny implies M; C e 1N, by Lemma i.e. eM; C N,. We
want to argue that eM; converges to CI'y, as € — 0, and conclude that cry c N,.

From our construction we have H(|F|+ 1) < C for some C > 0 on My. By Proposition
H|F| < C on M, for some larger C' > 0. Next, since CI'; works as a conical barrier outside, Theorem
(Remark can be applied to the approximating compact solutions of M; to conclude that
H|F| < Cs on M, for t € [0,T(My) — d). This implies M; \ B;1(0) satisfies ¢5 < H|F| < C for
t € [0,7 — ¢] and hence the same bound holds for eM; with € < 1. Using these bounds (following a
similar argument of the proof of Theorem it is easy to pass a smooth blow-down limit € — 0

outside of B;(0) and get a solution of IMCF. On the other hand, convexity implies e M; converges to
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t=20 t>0
Figure 1.3: Barrier in Lemma [T.2]]

a cone as € — 0 at each t and in particular e My converges to CI'y. Since I'y is the unique solution of
the IMCF from I'g, the previous observation implies eM; converges to CI';. This proves Cft C Ng.
O

We shall show Theorem which shows the solution obtained from Theorem has the
maximal time of existence. We the next barrier lemma which shows that if Mo contains a round
cylinder Dg, = B%(0) x (—¢€,€) of radius R > 0 and small height ¢ < R/10, then M, contains a

whole (n + 1)-ball Bgn}lt(O) of radius ¢,tR, for some ¢, depending only on dimension n.

Lemma 1.21. Let D, = BR(0) x (—€,€) C R™™ be a round cylinder of radius R > 0 and small
height € € (0,R/10). If Dgr. C Moy, then there is small ¢, > 0 such that Bgnﬁt(O) c M, for

t €0, cp).

Proof. By smoothing the edges of Dg . (outside the ball B?J; (0)) we get a smooth pancake like
convex hypersurface ¥ . which coincides with Dg . on Bg/gl (0). We can further assume that Xp
has the same symmetry of Dg, i.e. it has O(n) rotational symmetry and reflection symmetry with
respect to {x,+1 = 0}. Then, the IMCF solution X i ((t) starting at X . has two points (0, e+¢(t))
and (0, —e —c(t)) for each ¢ > 0 and their normal vectors are e, 1 and —e, 1, respectively. In view

of Lemma d(t) > cR as long as € + ¢(t) < R/2. Since Y (t) contains these two points and
the disk B}, R {0}, the convexity implies that M, includes the desired ball. O

Proof of Theorem[I.3. Suppose there is a smooth solution on ¢t € (0,7 + 7] for some 7 > 0. We
will show MTJrT contains Br(0) for all R > 0, which is a contradiction. The same notations in

Theorem will be used. After a translation, we assume 0 € Mo.
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Figure 1.4: Fattening of Iy when it has empty interior

Case 1. Suppose o has nonempty interior in S™.

Using an approximation by the mean curvature flow, we may find a smooth strictly convex
hypersurface Ty CC T with T/ = In [S"~!| — In|T)| € (T, T 4 7/2). Let {T¢}erejo,r) be the unique
smooth solution of the IMCF in S which converges to an equator as t — T"’. By Lemma M,
contains CI'} for ¢t € [0,7") and thus M; contains a half space at t = T". WLOG let’s assume the
half space is {z,+1 > 0}. For each r > 0, OB, i/n(7€n+1) is a solution of the IMCF and is contained
in My, by avoidance principle. Note B, (¢t/n_1)(0) C B,gt/n(rent1). By choosing r > 0 arbitrary

large, we get MT+T contains arbitrary large ball centered at the origin.
Case 2. Suppose 'y has empty interior in S™.

After splitting out R factors, we may also assume o is compactly contained in an open hemi-
sphere. Let’s define f‘t for small ¢ > 0 to be the tangent cone of Mt at infinity. Since Mt is
monotone, f‘t is monotone increasing convex set in S™. Since convex set in a hemisphere is outer
area(perimeter) minimizing, P(I;) = |Iy| > 2|To| = P(I'¢) and it is increasing. If we show I
has non-empty interior for ¢ > 0 and |Iy| = P(I')) — 2|To| = P(I'¢) as t — 0. Then Case 1
applied to M, and I'; for sufficiently small 7 > 0 and the fact P(I';) is monotone increasing imply
a contradiction.

Note P(fo) > 0 since T' < oo. When Iy has empty interior, it can be checked that I'o =TIy and
is a n — 1 dimensional convex set in some (totally geodesic) equator "' C S" with non-empty

interior in S”~!. Let’s say ept1 € fg c S" ! and BS" (e,,41), n-dim geodesic ball of radius 2r in
Y €n+ 2r \*n+ &)
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Sn—1, is contained in f‘o. For Mg, this implies that there is a small eg > 0 such that at each point
(0, hent1) € My for h > hg > 0, a thick disk B?, x (—¢,¢) centered at (0, heny1) could be inserted
in M() after a rotation. This implies Mt has Bfnt}lt(o, hep41) for small ¢ > 0. This proves ft has a

ball centered at e, 1 for ¢ > 0 and hence has non-empty interior.

O

Remark 1.8. Theorems and indicate that it is likely true that the tangent cone I'y C S™
of our solution M, at infinity also evolves by the IMCF in S™. Indeed, if one inserts cones which
approximate CI'g from inside and outside and use the solutions with initial data those cones as
barriers, it is not hard to see that the assertion is true when I'g produces a unique classical solution
of IMCF on S™ for t > 0. However, for general Lipschitz 'y, there might be no classical solution of
the IMCF and we can only conclude that I'; satisfies the IMCF in some generalized limit sense. In
fact, this is how a weak solution is defined in the upcoming work of the author with P.K. Hung in

[CH] and it turns out that I'; will then be a weak solution of IMCF on S™ in the sense of |[CH].
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Chapter 2

Yamabe Flow

2.1 Introduction and preliminaries

In 1989 R. Hamilton introduced the Yamabe flow

9y
—=-R 2.1
5 g (2.1)
as an approach to solve the Yamabe problem on manifolds of positive conformal Yamabe invariant.
Here, R(t) is the scalar curvature of the metric g(¢). Let (M, go) be a Riemannian manifold without

4
boundary of dimension n > 3. When a metric g = un+2 gg is conformal to gg, the scalar curvature

R of g is given in terms of the scalar curvature Ry of gy by

R=u"'(—cuAguri? + Ryuni?)
where Ay, denotes the Laplace Beltrami operator with respect to go and ¢, = 4(n —1)/(n — 2).
Therefore, the Yamabe flow can be expressed as a nonlinear diffusion equation of a scalar function
u on a fixed manifold (M, go).

In the case where M is compact the long time existence and convergence of Yamabe flow is well
understood. Hamilton |[Hal] himself showed the existence of the normalized Yamabe flow (which is
the re-parametrization of to keep the volume fixed) for all time; moreover, in the case when
the scalar curvature of the initial metric is negative, he showed the exponential convergence of the
flow to a metric of constant scalar curvature. Chow [Ch] showed the convergence of the flow, under
the conditions that the initial metric is locally conformally flat and of positive Ricci curvature. The

convergence of the flow for any locally conformally flat initially metric was shown by Ye [Ye].
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Schwetlick and Struwe [SS| obtained the convergence of the Yamabe flow on a general compact
manifold when its Yamabe energy is less than certain threshold assuming a suitable Kazdan-Warner
type of condition that rules out the formation of bubbles and that is verified (via the positive mass
Theorem) in dimensions 3 < n < 5. The convergence result, in its full generality, was established by
Brendle [B1] and [B2| (up to a technical assumption, in dimensions n > 6, on the rate of vanishing
of Weyl tensor at the points at which it vanishes): starting with any smooth metric on a compact
manifold, the normalized Yamabe flow converges to a metric of constant scalar curvature.

Although the Yamabe flow on compact manifolds is well understood, the complete non-compact
case is unsettled. In this case one expects to have more types of singularities which could be either

of type I or type II according to the definition below.

Definition 2.1. Assume that a solution g(t) of the Yamabe flow (2.1) on a Riemannian manifold
has a singularity at time T. This singularity is called type I if

limsup (7' — ¢) sup |Rm|(-,t) < 4o0.

t—T— M

A singularity which is not of type I, is called type II.

The results mentioned above show that in the generic compact case the only singularities of
the Yamabe flow are type I. Moreover the works [DS1; DKS| address the singularity formation of
complete non-compact solutions to the conformally flat Yamabe flow whose conformal factors have
cylindrical behavior at infinity. These singularities are all of type I.

A natural question to ask is whether the Yamabe flow admits any singularities which are of type
II in the non-compact case. The author with P. Daskalopoulos in [CD1| presented, for the first time
in the Yamabe flow, examples of complete solutions which develop a type II singularity, either at
finite time T < 400 or at infinite time 7' = +o00. Such solutions are conformally equivalent to R"
and their initial data has cylindrical behavior at infinity if T' < co. What distinguishes our type 11
solutions from the type I solutions which are modeled on shrinkers, is that their initial metric has
slower second order decay rate to the cylindrical metric than that of any other Yamabe shrinkers.
In this work we study complete non-compact and conformally flat solutions of the Yamabe flow
on R™ which develop type II singularity and provide their detailed asymptotic behavior near

the singularity.
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Let us briefly discuss next the known results on the singularity formation of non-compact
Yamabe flow. Even though the analogue of Perelman’s monotonicity formula is still lacking for the
Yamabe flow, one expects that Yamabe soliton solutions model finite and infinite time singularities.
These are special solutions of the Yamabe flow (2.1)) which is characterized by a metric g = g;; and

a potential function P so that
(R—p)gij :ViVjP, p e {1,—1,0}.

Depending on the sign of the constant p, a Yamabe soliton is called a Yamabe shrinker, a Yamabe
expander or a Yamabe steady soliton if p =1, —1 or 0 respectively.

The classification of locally conformally flat Yamabe solitons with positive sectional curvature
was established in [DS2] (c.f. also [CSZ] and |[CMM]). It is shown in [DS2] that such solitons are
globally conformally equivalent to R™ and correspond to radially symmetric self-similar solutions
of the fast-diffusion equation

n—1 n-2
Awuntz, onR" x [0,T) (2.2)

Ut =
m

satisfied by the conformal factor defined by g;; = u%ﬁ 0i;. Here and in the sequel ¢;; denotes the
standard metric on R™ and we set m := (n — 2)/(n + 2). A complete description of those solutions
is given in [DS2]. In |[CSZ| the assumption of positive sectional curvature was relaxed to that of
nonnegative Ricci curvature.

As mentioned above, in [DS1;|DKS]| the singularity formation of complete non-compact solutions
to the conformally flat Yamabe flow with cylindrical behavior at infinity was studied. The singularity
profiles are Yamabe shrinking solitons which are determined by the second order asymptotics at
infinity of the initial data, which is matched with that of the corresponding soliton. The solutions
may become extinct at the extinction time 1" of the cylindrical tail or may live longer than 7. In
the first case, the singularity profile is described by a Yamabe shrinker that becomes extinct at
time T'. This result can be seen as a stability result around the Yamabe shrinkers with cylindrical
behavior at infinity. In the second case, the flow develops a singularity at time 7" which is described
by a singular Yamabe shrinker slightly before T" and by a matching Yamabe expander slightly after
T.

Recently the author with P. Daskalopoulos [CD1| studied long time behavior of the complete

non-compact conformally flat Yamabe flow and in particular showed the stability around the steady
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solitons. Such solitons are conformally equivalent to R™ and rotationally symmetric. They are the
analogue to the bowl translating soliton of MCF or the Bryant soliton of the Ricci flow.

In this work we study the asymptotic behavior of type II singularities in the conformally flat
non-compact case. More precisely, for a sufficiently small T' < +o0, we provide a condition, in terms
of the second order decay rate of the initial metric g, (-,0) at spatial infinity, which guarantees
that the Yamabe flow g, .. (-, t) develops a type II singularity at time 7" with specified blow up rate

limsup (T — )™ sup |[Rm| (-, t) = . (2.3)
t—T- M
Moreover, we prove that after rescaling the solution g, (-,t) around highest curvature point by
(T —t)~(*7) | it converges to a radial steady gradient soliton.

Our main result states as follows:

Theorem 2.2. Let gy = ué_m(az) 0i; be a conformally flat metric with positive Ricci curvature. For

any given v > 0 and A > 0, there is T1 > 0 with the following property: for any T < Ty, if

i) ug ™(x) < (=D=2) 7 vy € R, and

ER
1
ii) u(lfm(a:) = % (T — (hl—fl) T4 O((ln|$])_i_1)> , as |z| — 400

then the solution of Yamabe flow (2.1)) with initial data go will develop a type II singularity at time
t =T with specified blow up rate given by

27 A
limsup (T — )7 sup R (-, t) = — ot . (2.4)
t—T= M n(n —1)

Moreover, after rescaling the metric around the highest curvature point by (T—t)*(H'Y), it converges

to the unique radial steady gradient soliton of mazimum scalar curvature 2yA.

Theorem shows for the first time that the conformally flat radial steady soliton appears as
a finite time singularity model for the Yamabe flow. In the Mean curvature flow and the Ricci
flow, examples of type II singularities and their asymptotic behavior were shown in both compact
and non-compact settings under rotational symmetry (c.f. [AV], [IW] for Mean curvature flow and
[ATK?2],|ATK1],[Wu] for Ricci flow). Let us remark that unlike in the cases mentioned above our

result also includes non-radial initial data.
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To achieve our result we first construct sharp barriers (super and sub-solutions) for given fixed
~v and A. The barriers are chosen sufficiently close to each other so that they give a model solution
whose blow up limit at the tip is a radial steady soliton with the curvature blow up rate . In
other words this already proves the result of Theorem if the initial metric is in between sharp
barriers. When the initial metric satisfies the condition of Theorem the solution can be located
between two model solutions which are differ by a translation in cylindrical direction. Then we do
further analysis to show the solution also has the same asymptotic behavior and curvature blow up
rate.

The barriers will be constructed to be radially symmetric though we don’t assume it for initial
metrics. Note that for a radially symmetric solution g := s (r,t) (dr? +7r2dggn—1) of the Yamabe
flow , it is often convenient to work in cylindrical coordinates where the metric is expressed as
g = w(s,t)(ds® + dg., 1), with s = Inr. The conformal factor in cylindrical coordinates is given

by

w(s,t) = r? u%ﬂ(r,t), s=lInr (2.5)
and satisfies the equation
n n— —I2\N2 ._
) (), (5 mEsar e
-2
with m := n .
n—+ 2

The outline of our paper is as follows: In the Section we will begin by giving the formal
matched asymptotics of the type II singularity at time ¢t = 7. Based on this analysis, we will
introduce in Section the two different regions outer and inner and the scalings in each region.
Also some notation. We will refer to the notation of this section throughout the paper. Section
deals with the barrier construction in the outer region (c.f. Propositons and and Section
deals with the barrier construction in the inner region (c.f. Proposition . Combining
the results from Sections and in Section [2.6] we will glue the barriers in the inner and
outer region to construct suitable super and sub-solutions. In Section [2.7] we will show one of our
main results, Theorem [2.13] which shows the type II convergence of any given conformally flat
Yamabe flow to the steady soliton, assuming that its initial data is trapped between our super
and sub-solutions. Finally, our last section [2.8 will be devoted to the proof of Theorem 2.2 In

this section, along with the barriers constructed in previous sections, we will make use of the
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differential Harnack inequality in |Ch] and the classification result of Yamabe solitons (c.f. [DS2;

CMM: [CSZ)).

2.2 Formal matched asymptotics

Here we present the formal constructions of model solutions which is based on matched asymptotic
analysis. This will give our reader an intuition for our later rigorous construction.
For any given parameters v > 0 and A > 0 we will construct below a family of formal rotationally

symmetric solutions where the curvature blows up in the type II rate

27A
lim (T — )" sup |[Rm| = i

t=T- M, Vn(n—1)

Note that our main results Theorem and are not restricted on rotationally symmetric

(2.7)

solutions, however the barriers which will be constructed in next sections are obtained from per-
turbations of this formal solutions which are radial.
Motivated by condition (2.7) and in order to capture at the end a stationary solution, we

perform the change of variables on our solution w(s,t) of setting
w(n,7) = (T —t) tw(s,t), n=(T—t)7s, 7=—In(T —1). (2.8)
A direct calculation shows that w(n, 7) satisfies the evolution
Blw] =0 (2.9)

where

h ~2
Bla] = 0y — (n — 1)o7 (L4 2200

W 4 w? (2.10)
— (g + o — (n—1)(n —2)).
Thus, if we assume that
o and e 27 (% + Mw’%) (2.11)
T % 4 w? '
are negligible as 7 — oo, the above equation is reduced to the following ODE in 7 variable
yn iy + W — (n—1)(n—2) = 0. (2.12)
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Solving this equation on 1 > 0 gives the solution wg(n) given by
wo(n) == (n—1)(n—2)(1—rny /) (2.13)

for a parameter k € R. We will assume from now on, without loss of generality, that « > 0, although
Kk < 0 also gives a solution. Moreover, there is a family of solutions to on 77 < 0, but this case
is exactly symmetric to the n > 0 case which we will handle below. Indeed, the solutions given by
describe non-compact surfaces moving in positive 1 (hence positive s) direction, while the
corresponding solutions defined on 77 < 0 describe a symmetric surface just moving on the opposite

direction. This ansatz, namely setting
. _1
w(n,7)i=mn—-1)(n—-2)(1—ky 7) on n>r’ (2.14)

approximates a solution of the equation (2.9)). In fact, plugging w(n, 7) given by (2.14) into (2.9)),

we see that the error term becomes

n—biyy.

w
Bl = — -1 —2yT < m

(2.15)

Writing B[w] = (n — 1)(de?™) ™2 (i, + 11)727), we see that it becomes arbitrarily small in the

space-time region

(™)t = o(1), as T — +00

which we call the outer region (see Figure below). This is the region where the diffusion doesn’t
play an important role and the remaining advection and reaction terms are dominant.

The inner-region is given by
e’ w(n, ) =0(1), as T — 400 (2.16)
(see Figure . In this region we perform another scaling, setting
w(&, 1) =e"Tw(n,T), n=A+e ¢ (2.17)
for some choice of A > 0, which combined with gives

w(&,7) =T W(A+eVET) =N w(AT + €T — 7). (2.18)
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The evolution equation for w(&, 7)is given by

_ w2
I[@] :=e " (u‘;T —(1+ v)u‘)) —(n— 1)<% + nT_G Eg) (2.19)
+(n—1)(n - 2) - yAwe = 0

Thus assuming that in this region the first term having e™?" becomes negligible as 7 — oo, the
equation is reduced to

(n—l)(W—FMﬁ%) — (n—1)(n — 2) + yAwe = 0- (2:20)

In 4 w2 ¢

This can be seen as the equation satisfied by a traveling wave solution of with speed ~vA.
For each A > 0, this equation admits a 7 independent entire solution w(£) which is unique up to
translation in €. For such profile w, the function w(s — yAt) becomes a traveling wave solution of
equation . From the geometric point of view, w(s) corresponds to a radially symmetric non-
compact metric on R" via and solutions with different A’s are the only radially symmetric
steady gradient solitons on locally conformally flat manifolds (c.f. [CSZ; DS2]). For such a solution

w, the highest curvature point is at the origin (i.e. s = —o0) and one may formally compute that

| Rm | max (t) = \/%

Remark 2.1. Note that a solution w(&, ) of (2.20]) which also depends on 7, can be written as

, hence leading to ([2.7)).

w(&,7) = wo(§ + C(7)) (2.21)

for a function C(7), where wy is one 7—independent solution of (2.20)). By plugging this into (2.19)
again, we get an error term

e ((1 )@ — C'(7) wg) ~ 0. (2.22)

We may choose C(7) so that C” is small and thus the error term above vanishes appropriately as
T — oo. Later, we will use this C(7) to glue barriers from the two different regions, inner and

outer.

Next, we will carry out a matching asymptotic analysis between the inner and outer regions
and obtain a relation between £ > 0 in (2.13)) and A > 0 in (2.19)). It is known that a solution
W (&) of (2.20)) satisfies the asymptotic behavior

W) ~ W& O(1),  as £
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(n—1)(n —2)

A= rY n=(T—-1)7s

Inner Region >< Outer Region

Figure 2.1: two regions and matched asymptotics

Therefore, recalling that n = A +e~77 £, our solution w (&, 7) which is approximately W () satisfies

(n—1)(n—2)

(e ) ~

m—A)+o0(1), (n—A)e">1 7> 1.

On the other hand, from the outer region ansatz (2.13|), by the first order Taylor approximation
near n = k7 we have

1_

W(n,7) ~ (n—1)(n—2) ; (K1) "7 — &) + o(1)

~ (n—1)(n—2)

> (n—r") +0(1), for 1 near k7, 7> 1.
VK

Thus, we can see that these two asymptotics are matched exactly if
A=k".

To see this in another way, we can argue that if A < k7 the two asymptotics are inconsistent as
n — (k)4 and if K7 < A the linearization of ([2.13) near n = A is inconsistent with the asymptotic

behavior from the inner region.

2.3 Notation and different scalings

In this section we will summarize the coordinates and different scalings of our solutions, as intro-

duced in the previous section. We will refer to the notation introduced below throughout the paper.

Coordinate systems
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Since our metric g(t) is conformally equivalent to the standard euclidean metric on R"™ denoted
briefly by d;;, we represent
g(t) = u' " (1) ;5

where the scalar function u(x,t) evolves by equation ([2.2) under Yamabe flow.
In case when the metric is radial, it is often convenient to work in the cylindrical coordinates,
that is
g(t) = u' " ) (dr® + 12 ggn-1) = w(s, t)(ds® + ggn1), = ||

and

w(s,t) = r2ut " (r, ), s=1Inr=In|x|.

Under this coordinate change, w(s,t) evolves by equation ({2.6]).

Scalings

We use the following different scaling in different regions:

e In the outer region, the conformal factor is represented by w(n, 7) and is scaled from w(s,t)
as follows

w(n,7)=€e"w(e™n, T —e 7).
The function @w(n, T) evolves by the equation (2.9)).

e In the inner region, the conformal factor is represented by w(, 7) and is scaled from previous

factors as follows
W(E,7) = TW(A+ e, 1) = eMHNTW(AT + £, T —e7T).
The function w(&, 7) evolves by the equation ([2.19)).

e The above scaling change from w(s,t) to w(§, 7) corresponds to the following scaling change

in euclidean coordinates from u!="(z,t) to a'~™(y,1):
o u! T (@, t) = (T =) 7 [y @' ™ (y, 1) (2.23)
where [ is a new time variable [ = (T'—¢)™7/~ and

z =y =yeAT-D77, (2.24)
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This scaling is used only in Section u(y, 1) evolves by equation ([2.65)).

Relations
Let us summarize relations between different variables and functions appearing in the scalings

introduced above.

e We use three time scales:

,_(@—t e

tel0,T), 7=-—In(T-1), = —. 2.25
[0,7) (T'—1) 5 5 (2.25)
The last one will only be used in the last section.
e The three space scales in cylindrical coordinates are:
seR, n=e"s, (=s—AeT =(n—-A)e". (2.26)

e The corresponding three conformal factors in cylindrical coordinates at the different scales

are:

w(s, t) = e T w(n, ) = e TN (e, 7). (2.27)

In the radial case, w(¢,7) and ' =™ (y,1) given by ([2.23)) are related by

e’

w(E,7)=yuly,l), &=yl b=—- (2.28)

Functions

We introduce below the functions g, @y, U, which play important roles in the paper.

e For every A > 0, we define wy(n) to be the outer region ansatz

wo(n) == (n—1)(n — 2) [1 - (Z)_ﬂ onn > A, (2.29)

which is a solution of (2.12).
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e For the same A > 0 as above, we denote by wg (&) the inner region approximation which the

solution of equation

Wee , n—6UE

(n—1)( )—(n—l)(n—2)—|—fyAw§:0. (2.30)

w 4 w?
having asymptotic behavior

wo(€)=W§+O+WE+O( ;) (2.31)

This solution represents a steady gradient soliton of the flow and it is unique up to translation
in &.

e Finally U denotes the representation of wg on R™ by the following change of coordinate

|z|2 U™ () = wo(In |z)). (2.32)

2.4 Barrier construction in the outer region

Let us fix parameters v > 0 and A > 0 as they appear in the curvature blow up rate of our
singularity (2.7]). In this section we will construct appropriate super and sub solutions in the outer

region (7" w(n,7))"! = o(1), as 7 — 400, which will be given by
{(n7)In=A+&e™, 7270}

for some &y > 0.

Recall that for a rotationally symmetric solution u(r,t), r = |z| of the conformally flat Yamabe
flow , we perform the cylindrical change of coordinates leading to a solution w(s,t) of
. As already seen in section to capture the behavior in the outer region we perform a
further change of variables leading to a solution w(n, ) of (2.9). Assuming that near our
singularity holds, we find that the zero order behavior of w near the singularity in the outer
region is given by a solution of the ODE ([2.12). The general solution of is given by
for a parameter £ > 0. Thus, setting A := /7 > 0 we define the zero order approximation of @ in

the outer region to be
. —1/y
wo(n) = (n—1)(n — 2) [1 — <%> } onn > A. (2.33)

42



CHAPTER 2. YAMABE FLOW

In this section, we are going to construct sub and super solutions of equation ({2.9)) in the form

w(n,7) = 1o(n) + e 277 (i (n) + O1da(n)) (2.34)

for a parameter # € R. To this end, we will choose w;(n) and w2(n) to be solutions of a first order

linear ODE with different inhomogeneous terms. By setting

— (o) g — (wo)%
fin) == =1)—""= and fo(n) :=—-(n—1)—5, (2.35)
we will choose w1, ws to be solutions of the equations
(W) + (1 +29) 1 = fi(n)  onn>A
(2.36)
n (W2)y + (1 +279) w2 = fa(n)  onn> A
Plugging w(n, 7) given by (2.34)) into the equation gives that
29T ~ o 2 ~ -6 12}2
& B[] = ((“’9)’7’7 ol 2’7) -(Em+ 22 (2.37)
n—1 wo W w 4 w2

where B[] is given by Thus, from the proposed choice of w1, w9 to satisfy , one expects
that w is a subsolution of equation if0 < ”776 and a supersolution if § > ”776, for all parameters
~ > 0. The rest of this section is devoted to the justification of this idea which requires a rather
delicate calculation. The case of parameters v > 1/2 is shown in Proposition below. As we
will see in the proof Proposition below, in the case of parameters 7 < 1/2 one needs to add

correction term to w.

Recalling the definition of wg in (2.33) and fi, fo in (2.35)) we have

+1 v
Al =+mn-nT = T 59
VAT -
2 (2.38)
—2_9
1 n
f2(77):—(”—1)ﬁ 1 1 <0
(AT = )2
hence the explicit solutions w;,i = 1,2 of ([2.36]) are given by
2+1
Yoy, 1 n . 1
2+ 2+ v
nov nov 7

We will now fix the functions @, and w9 by fixing their values at a given point 79 > A. While doing

1
so, we will choose w3 to be a positive function on n > A. Indeed, since fa(n) 171+? is integrable
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near 7 = oo, we may choose

1 Heo 1
wa(n) i= —— / M(I}1+V dx >0
772+; n Y
. . 1 —(2+1) oo 1+1 . . «
that is we choose wa(ng) :=—y""1n, " fo(x)z""vdx in (2.39). For the function w; we
70
may choose any value as wj (), since we do not need to choose it to be positive. Note that by
choosing ws to be positive, the family of functions w; + 6 w2 is monotone in § € R. To simplify the

notation we will simply set from now on

~

h = w1 + 0 ws. (2.40)

We will investigate the behavior of the family h(n) := (w1 + 6ws)(n), 0 € R, as p — AT and

n — +oo. We will first see that the behavior near n = AT is governed by 5.

Lemma 2.3. For any linear combination h := Wy + 0ws of the solutions wi,ws chosen above we

have, we have

- 20 n—1 1
h/l — Il
W=+t ap LG ap)
asn — AT,
Proof. By (12.39) we have
245
. + 6w +0 1
h(n) = 10 (& 1w2 — / 5 f2 ) 143 g, (2.41)
2+2 1
’)7 Y 'Y 0

Now, by Taylor’s theorem, (2.38|) and derivatives of these equations imply the following behavior

asn — AT
(408 =~ 5+ Ol = A)7)
and
p O(n—1 _
(4052 () = 20" =50+ O((n = 4))
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In particular we see from the above that s dominates as n — AT and by L’Hopital’s rule on

(n—A4) n nt(f1+6f2) (x) 43 dz we obtain

- (n—1)6

nli%(” A)h(n) = Ny

Similarly, taking derivatives in (2.41)) and using the asymptotics for (f1 + 6f2) and (f1 + 6f2)’, we
obtain

(n—1)0

/ _ " _ 2(n_1)0
(= AR () = A (0 = AR (n) = A

O]

Remark 2.2. Lemma ﬂ shows that 12)(17,7') defined by (2.34)), which is the ansatz for super and
sub solutions, for 8 > 26 and § < =6 respectively, predicts the correct lower order asymptotic
behavior in the outer region which is then matched with the inner region where a steady soliton

comes in. Indeed, in our previous work [CD1] we showed that a steady soliton of (2.2)) satisfies the

asymptotics
L (=D(m-2) (h—)n—-61 (1
w(€) = o R R g+o(£). (2.42)
On the other hand, Lemma [2.3] yields
A o (n B 1)(” B 2) —2~7 \'t — 1)V ( _ ]‘)9 1 2
w(n,7) = v (n—A)+e A n_A—i-O((n A)?).
Hence, if we match the inner-outer variables by setting n = A + £e777, we obtain
) (n—1)(n—2) (n—1)0 1 9 _
T — - T
eTw(n, T) A £+ A 54—0((5 + 1)e )

Also, this suggests that in the inner region w should be wg, the translating soliton which satisfies
asymptotics (2.42)) with k = 0.

We will next see that behavior of (w1 + 0i2)(n) as n — oo is governed by ;.

Lemma 2.4. For any linear combination h = w1 + O of the solutions w1, Wy chosen above we

have, we have

_(n=1)(+9)

h(n) = o Asp 3 g+ o(n 7 )
B (n) = _(n=1)(1 :4’7)(1 + 27)14%7]7%73111774- o(n~ 3 3 1nn)
W) = (n—-1)(1 +'Y)’(;5+ 27)(1+3’Y)A U+ o(y 5 Iny)

as n — 0.
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Proof. The proof is similar as in Lemma [2.3] if we check the asymptotics

fi(n) = W (A%rf%* _,_A%xf%fz) n O(x,%,Q)
faln) = _(nfy_ 2 (A777 T 24 2A%LL‘_%_2) + 0(77_%_2)

and corresponding asymptotics for f and f} as n — oc.

O]

In the next lemma we give more precise asymptotics which will be used later when we have

1
to add higher order terms to barrier in the case 0 < v < % Notice that n_?_Q is a solution of
the homogenous equation of (2.36)) and we have constants C' in the lemma below since we haven’t

chosen a specific w;.

Lemma 2.5. For any linear combination h := w1 + 0we of the solutions wi,ws chosen above, we

have
ﬁ(n)=+w%n I+ Cp
_(n_l)(n—l)(i2+9+'7)z47§ 2 4 o3
iy = - (=D :47)(1 T2 4,
+ O (Y
i) = =00 +7)’(y15+2v)( 37 4, g,

2
+C 7 o)

as 1 — +oo. Here, C, C', and C" are constants depending on the choice of ;.

Proof. Can be shown in the same manner as in Lemma [2.4]

O]

We will now show that w(n, 7) given by (12.34) is a sub or super - solution of equation (2.9) in
the appropriate regions. We will first deal with the case of parameters v > 1/2. The case v < 1/2

is more delicate and will be considered later.
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Proposition 2.6. For any v > 1/2 and given 0 # ”T_(j, there exist 1o € R and &y > 0 depending

onn, A, v and 6 such that the function
w(n,7) = 1wo(n) + 7 (w1 (n) + Ouz(n))

is a subsolution of equation (2.9) if 0 < "T_G or a supersolution if 0 > "T_G, respectively, in the
r€gION

{n,7)In>A+&e 7, 7> 10}

Proof of Proposition[2.6. As before, let us denote by

h = 1y + 0o
We need to show that
R . n—6 R . n—=6
Blw] < 0, 1f¢9<T or Blw] >0, 1f9>T (2.43)

holds in the region

Proposition follows from the the two claims below

Claim 2.1. For any v > 0 and given 0 # ”Tfﬁ, there exist & > 0 and 0 > 0 such that w(n,T) is a

subsolution of equation if 0 < ”T_ﬁ or a supersolution if 6 > "T_ﬁ, respectively, in the region
{(n,7)|A+&e " <n< A+, TR}
Proof of Claim[2.1. By Lemma we may find kK = k(n, A,7) > 0 such that
|Bl(n = A), |W|(n— A, |I"|(n—A)® < x|0] (2.44)

holds on the region A < n < A+ 1. Moreover, by Taylor’s theorem we may choose the constant

so that
o) - P02 - )| < - a7
and
() — W <r(n-A) and [aj(n)] <»
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hold. Using these, we get
(n—1)(n—2)

w_v—A(”_A)‘ = wO_W(U—A)—Fe—?Wﬁ
o1
<= AP+ w0l
K0
= (5= )+ =) -
4
S“<5+§3) (n — A).

Hence by restricting to 0 < § < 1 small and &y > 0 large, we may assume that

w>W(n—A)>O.

Using the above we find that in the considered region we have

By | _ |G|+ e 1 2yA 0]
s e e A
K 2vA 6]
< 0+ =
(n — A)? (n—l)(n—2)< §3>
and
| g1+ e 2R i |
w2l w2
1 wE |0k 2
< 1
T (n—A)? ’wQ (n—A)—2 ( e A)2€2’”w6) ‘
< 1 (nil’}?x(fi?) + Ko )2 (1 n |0|I€ >2
— _ 2\ (n—1)(n—2 0 n—1)(n—2 ’
e\ ) U g )
Similarly, we estimate from below
A n—1)(n—2
s L ( D - o )(1- e )
e R T VNGO B 7 )P ey (=i e

Thus, for a fixed € > 0 to be determined later, we may find small 6 > 0 and large £, > 0 so that all

wﬂl)W_l‘iw @y e
w2 (p— A2V w2 (n—=A)2" T @ I lagl = (n—A)*

Recalling the formula for Bw] in (2.37) and using the triangle inequality successively we obtain

27 Bl " 0] + | 28| + 2
‘(;?[1)]_(_ 46)(17—1A)2‘§6 (n—4A)‘2
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Finally, by choosing € := — 6 (10 + ‘HT_G‘ + 2)_1 we conclude that (2.1)) holds, finishing

the proof of the claim.

We will next proceed in our next claim which holds for v > 1/2.

Claim 2.2. For~y > 1/2 and given 6 # ”T_6 and § > 0, there is 1o = 19(0,0,7) such that such that
w(n, ) is a subsolution of equation (2.9)) if 6 < ”T_(j or a supersolution if 6 > "T_f’ on the set

{(n,7)|n>A+46, > 10}

Proof of Claim[2.3. For a given dp > 0, Lemma [2.4] and the asymptotic behavior of wy, w(, and W
can be used to find a constant x > 0 such that
}AL//

Wy

In(1+n) <5
n? A+ do

h/
’ ‘ on n>A+d.

)
Thus, we may start with some large 79 such that
w, Wy, Wy, have same the sign as 1y, w0y, Wy respectively

onn > A+ and 7 > 79. In particular, they are nonzero. Using the formula for Bw] in (2.37)), we

write
e B[w]_<%_%>+n 6<w62 w%)+(9_n—6)w62
(n—1) Wy W 4 \w?2 w2 4 g’

We will show that the first two terms become arbitrarily small in comparison with the last term,

for 79 > 1 (and hence 7 >> 1). Indeed, we have

’% - wé” _ o (1" i) (ﬁ/wo)‘

o 1+e 277(}1/1@0)
and
Wy g W2 [2(( ) — (o)) + e 27 (I Jioh)? — (/)|
w2 0 w% (1+ e=297 (h/aip))> '

Thus, the asymptotics in Lemma [2.5] imply that by choosing 79 > 1 we have

‘wnn _ ﬁ)g —2’y’r AO/ ln(l + 77)
A~ A~ 2
wWo Wo n
. - (2.45)
) <10€—2wﬁ< 0) n( +77)
W2 (2) — 2 772
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for all 7 > 7p. In the case v > %, by 12—2", e~ 27" terms in the previous estimate and asymptotics

(2.4), we can make 1y large and conclude

Al ~ ~12 N2 ~12
%_%) n—6<w0_wn>’<19_n—6 wg 9.4
‘(’ijo W + 4 w2 W2 —2‘ 4 ’Lf)(z) (6)

on the considered region. This proves that for 7 > 79 > 1, (2.43) holds, finishing the proof of the

claim. 0

To finish the proof of the proposition, for any given v > 1/2 and 6 # ”776, Claimimplies that
there exists § > 0 such that such that holds in the region A+&ye ™" < n < A+4. In addition,
by Claim there exists 79 = 79(0,d,~) such that holds in the region n > A+ 4§, 7 > 7.
We conclude that holds in the whole outer region n > A + £y e 7" for 7 > 79 finishing the
proof of the proposition.

O]

In the case 0 < 7 < 1/2, we need to add a higher order correction term in our barrier. For

integers k > 2 and 0 <[ < k, we define the functions
_9ok—1 1
vea(n):==n """ 7 (Inn),  n>1 (2.47)
They satisfy the following relation

Ylvg -1 ifl >0
(1 + 2k7) vgg +m v = (2.48)
0 ifl=0

and to simplify the notation we also set vy _1(n) = 0 and vg,_2(n) = 0. We will show the following.

Proposition 2.7. For any 0 < v < 1/2 and given 6 # ”T_6, there exist 19 € R, & > 0, integer

N > 2 and coefficients {c}o<k<n,o<i<k such that the function
w(n,) = o(n) + e~ 7w (1) + Oiba(n)) + Zpige” F T ger v (n)
is a subsolution of equation if 0 < ”T_G or a supersolution if 6 > ”T_G, in the region
{(n,7)In=A+&e ™, 7>}

Proof of Proposition[2.7. For the given 0 < v < 1/2, let N denote the smallest integer making
v > 1/(2N), namely N :=[1/(27)] + 1. The next claim corresponds to Claim [2.2| for this case.
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Claim 2.3. For any 0 < v < 1/2 and any given choice of {cko}to<k<n, there are coefficients

{ck,e<k<no0<i<k so that for any given § > 0 and 0 # ">, the function
b, ) = 1o (n) + €7 (1 (n) + O 2(n)) + Sploe TS g vk ()
is a subsolution of equation if 0 < ”T_G or a supersolution if 6 > ”T_G on the set
{(n,7) | n>A+6 7>1}
where 79 = 19(7,0,9) > 1.

Proof of Claim[2.3 Let us assume 6 < "Tfﬁ because the other case follows similarly. Suppose w is
of the form of (2.3). We will choose the coeflicients c;,; later.

We split the operator BJ-| given by (2.10)) into linear and nonlinear parts, that is we write

Bl = L[d] + (n — 1)(n — 2) — D). (2.49)
where )
~ _ 6 A,
L[] = Ortd — iy — b, Dot = (n— 1)(“;2” + ”ng)e—w

Then, using ([2.35)), (2.36]) and (2.48]) we find

N[b] =T fio] + Ihe 7] + S5 ok T vk e 257)

- ~ N2
- (0= 1) -2+ 0= 1) (4 )

—ok
— Sile TRyl ek vkt

Meanwhile, using the asymptotics of wg, 1wy + 02, vg; and their derivatives

~ ’LD n — 6 (1@0)2 52 _ _
12[11}]:(77‘_1)( £W+T w%n 0(17 2 'y)e 277—)6 2yT
(TL — 1)(11177,,7 + L_G (@0)127 + 0(77_2_%)6_277-)6_277
W 4 A2
=(n—1) ( (wo)m ) —2v7
wWo 3
o) hpe 17 + EN e 2T Sk ek (k) o Hyemtr
=(n— 1)((12’0)7171 Lo 6 (o); )6_277
W 4 Ag
A 3 No1
hnne 4y -+ Ek:2le 2(k+1)yT Efzockl(vk:l)ﬂﬂ n 0(77727;) 67477_
=2
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2 2
In the last line we used that 2N > 1/v. Also, g(1,7) = o(n~ >~ %) means that SUDy sy 757/ " tag(n, ) —
0, as ' — oo for any fixed 7.

Combining the above computations yields

A n—6 (12)0)"27 —2vT1 N —2kyT vk
B[] =(n — 1)(9 - )7@ e — o€ Yl ek vgg—1
Wy
hnne_MT + Eé\[:—; e 2k 1m Efzock,l (Vk,1)nn —2-2\ _4yr
- oln = )e ™
(n—2)
n—=06 (12)0)727 —2vT1 h7777 2 —4~T
:(n — 1) (0 — 4 )12)(2)6 - (m + El:lfyl 02711)2’171>€

1
N k k ok
- Zkzg(mzl:1ck—l,l—l(Uk—l,l—l)nn + Xl Ck,lvk,l—1> e T

2
+o(n 2T V)e T,

Let us remark that (vg—1;—1)n, can be written as a linear combination of {vk;_1, vk i—2, vk 1—3}

Hence for any given {co}o<r<n, there is a unique choice {cy j}a<k<n, 1<i<k such that

n— 6) (wO)r%

Bla] = (n—1)(6— ") ey oy Ry

~2
)

Here we also used the asymptotic expansion of h,,, as n — oo, namely

1+7)(1+29)(1 +37)
,-}/5
which has been shown in Lemma Finally, we may find a large 79 = 79(4, 7, 8) such that B[w] < 0

1 2
hyy = (n —1) A~ ( v2,1 + C"vo + 0(77727?)

on the region n > A + § for 7 > 7. This finishes the proof of our claim.

O]

As we fixed w7 and w9 in the proof of Proposition from now on let us fix ¢ ; so that Claim
holds, by choosing c¢j o = 0. Next, we give the analogue of Claim [2.1]in this case.

Claim 2.4. For given 0 <y <1/2, 0 # ”776, there exist & > 0 and § > 0 such that
@(n,m) = do(n) + 7 (1 (n) + Oz (n)) + ERoe T S gex g v (n)
1$ 18 a subsolution of equation if 0 < "745 and a supersolution if 0 > an6 on the region
{(n,7) | A+ &e 7T << A+6, >0}

Proof of Claim[24 By rewriting w(n,7) = wo(n) + €27 h(n, ), we have the same estimate of
Proposition 2.3] and the proof is actually the same as of Claim O
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The proof of the Proposition now readily follows by combining claims and Let
us fix 0 < v < 1/2 and 0 # ”Tfﬁ. Let ci; be coefficients with ¢ o = 0 be so that Claim
holds. For that choice of ¢, Claim gives the existence of £, > 0 and § > 0 so that w is a
subsolution (supersolution) in the region A + e ™ < n < A+ 46, 7 > 0. By Claim there
exists 79 = 79(7, 0, d) such that @ is a subsolution (supersolution) in the region n > A+ 4, 7 > 7.
We conclude that w is a subsolution (supersolution) in the region n > A + {e 7", 7 > 79. Since

d = 0(v,0) we also have that 79 = 79(7,0).

2.5 Barrier construction in the inner region

We will now construct the appropriate barrier in the inner region which is the region where
e’ w(n, ) =0(1), as T — 400.

In this region we define w(&,7) as in , that is we set w(&,7) = " w(n,7), £ = (n — A) .
We have seen in section that w(&, 7) satisfies the equation I[w]| = 0 with I[-] given by (2.19).
Let us assume that in this region the first term in (2.19)) having e™7” becomes negligible as 7 — oc.

Then, we expect that the solution wg(§) of equation
2

(@o)ee , n—6(W0)g (n—1)(n —2) +vA (wo)e = 0

w 4 w2

is the leading order term for w(&, 7) in this region. We are going to find super and sub solutions

w™t and W™, respectively in the following form

0 (67) = (€ + Ci(r)
@ (6,7) = T Bo(€ + Ca(r))

Here, € > 0 is a small constant and C(7) and Cy(7) are smooth functions of 7. Both will be chosen
later and will depend on & which appears in the construction of our barriers in the outer region.
As we will see below, the construction is rather straightforward.

If we plug these into I[-], we get
I[w*] = +ew! + e 77 (C(r)wi — (1 +7)w™)

-+
We
Iw™] = —ewg +e 7 (Co(r) W — (1+7)w").
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We will next show the following.

Proposition 2.8. Let 0 < e <1 and 19 € R. If |C{(7)],|C5(T)| < M on 1 > 709, then & there exist
11 = 71(€6, M, &1) > 70 such that W or w™ are super or sub solutions of equation ([2.15)) respectively,

in the region ({,7) € (—00,&1) X (71,00).

Proof. For any two functions f(s), g(s) we use the notation

f(s) ~g(s), as s » o0 iff c<‘&‘<0, for s > 1

9(s)
for some fixed constants ¢ > 0, C' < 4o0.
In this proof we will use the asymptotics for wp(s) and wj(s), as s — oo, which were shown in
Proposition 2.1 in [CD1] or [DS2; Hsu. Since wo(s) = e U™ (e*) and U~ (|z[) §;; is a smooth

radial metric on R™, we have
wow(ﬂ)g)swe%, as s — 00.
Moreover since wgy ~ s, (wg)s ~ 1, as s — 00, it is clear that there is some 75 and ¢ so that

e 1T (1+7y)wo(s) < =(wg)s(s), (s,7) € (—o0,ce’) x (12,00).

Now given & and C(7) and Co(7) satisfying the conditions in our proposition, we can find some

71 > max(7p, 72) such that

&+ Ci(1) <ce’ and e 7TCHT)| < %, for 7 > 1. (2.50)
The last two formulas and the fact that wg > 0, (wg)s > 0, imply that I[w"] > 0 and I[w~] < 0
on (&,7) € (—00,&1) X (11,00), as claimed. O
2.6 Construction of super and sub-solutions

In this section we will combine the results from Sections 2.4 and [2.5] to construct a family of super-
solutions w; and sub-solutions w_ of equation (2.6)) which is equivalent to the conformally flat
Yamabe flow (2.2)) under rotational symmetry and after the cylindrical change of variables ([2.5)).

This will give a family of rotationally symmetric super and sub solutions of equation (2.2]) which
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we will then be used in the next section to analyze the type II blow up behavior of any solution
u(x,t) of (2.2) which satisfies the assumptions of Theorem
We begin by fixing

n—=~6 n—=06
0~ < .
4 )

v >0, A>0, 0t >

For these choices of parameters and following the results in Section [2.4] we define the super and
sub-solutions W+ and W™ corresponding to 0T and 0~ respectively in the outer regionn > A+& e 7

separately for different ranges of v: for v > 1/2 we set
W (n, 1) = o(n) + €27 (w1 (n) + 6= ia(n))
while for 0 < v < 1/2, we add the extra correction term setting
W (n,7) = 1o(n) + e 217 (1 (n) + 0Fwa(n)) + SRl XioCkie T T vga(n).

Propositions and show that there exist 79 and & > 0, such that @™ and @~ are super and
sub solutions, respectively on the region (n,7) € (A + e 7", 00) X [19,00). Also, following the
results in the previous section we define the prospective super and sub-solutions @) and w_

in the inner region by setting

(2.51)
w, (§,7) = 1—< wo (€ + Ca(7)).

The small constant € € [0,1) will be chosen later. Also, for some fixed &; to be determined later,
let C1(7), Ca2(7) be smooth functions defined on 7 > 7y such that

T WE(A+E e, T) =0 (&1, 7). (2.52)

Note that the functions C;(7) uniquely exist and are smooth because wy(-) is strictly increasing
smooth function onto (0,00) and W*(A + £e777,7) are positive smooth functions on 7 > 7.
Moreover, since 1wy > 0 and 67 > 67, we have "Wt (A + &1e777,7) > 7w (A + &e 7, 7).
Therefore and the definition of w¥ imply that wo(& + C1(7)) > wo(&1 + Ca(7)). Using again

that wp(-) is a strictly increasing we conclude that

Ci(1) > Ca(1), T > (2.53)
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Tt (At €T, T)

VTt (A4 eV, T)

&1 3
Figure 2.2: super and sub solutions

which will be used later.
It follows from the above discussion that for 7 > 7y, we can glue the functions e’ wi(A +
€e77,7) and wE (&, 7) at € = & to form a continuous and piecewise smooth function, namely we

define

7+ .
wj(§,7') — We (5’7—) ) lff < 51
Tt (A+ e ) ifE>&
(2.54)
w;(§,7') — We (5’7—) 1f€ < 51

T (A+&e T ) ifE>&
(see Figure [2.2})

We will show next that the functions w (¢, 7) and w_ (£, 7) have the following properties:

Proposition 2.9. There exist & > 0 and €; > 0 such that for any 0 < € < €1 there is a 71 = 71(€)
for which the functions wr and w given by (2.54) with 0 < € < €1, have following properties:

(i) wh(& ) >w - (&,7) >0 on (—00,00) X [11,00);

(i) wr(&,7) and wo (€, 7) are continuous on (—o0o,00) X [11,00) and smooth for & # &;;
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(iii) for all (&,7) with & # & and T > 71, they satisfy I[wF] > 0 and I[w.] < 0, i.e. they are super
and sub-solutions, respectively;

(iv) at the non-smooth points (£&1,7), T > 71, they satisfy

o o
lim — lim —
Jm gt ST )>@Hg11+ oE e S(&)

0 0
lim — lm — .
Jm Hewe (&7 )<€;g+ o e (&)

For the proof of the proposition we will need the next two lemmas.

Lemma 2.10. For any fized & > &, we have

+

YT AE A —yT (’I’L—l)(?’L—Q) (n—1)¢9 i 92

ETwT(A+&e T T) = i &+ P (2.55)
and

R N ~1(n—-2) (n-10*F1
Oc | WT(A+ 7, — (n — — 2.56

as T — 00.
Proof. We have that lim; 4o € W(A + &1e777) = %f from Taylor’s theorem on wg at

¢ = A and, for v > %, lim; 400 e*WTiL(A +&e 7)) = ("Avl)e 11 from Lemma This proves the
first statement of the lemma for v > % Similarly, Taylor’s Theorem on w, and Lemma imply
the second statement for v > % In the case where 0 < v < 1/2 a statement similar to Lemma

clearly holds for the modified iL(?], 7) and the result follows in the same way.
O

Although we haven’t chosen & yet, we will next check that w™ stays above w™, for all small

e > 0.

Lemma 2.11. For any fizred & and 19 € R, there exists ¢g = €o(&1,70) > 0 such that for all
0 < €< e,

wl (&, 7) > w(&,71), for (&,7) € (—o00,00) X [19, +00).
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Proof. Since s is a positive function, we have w™ > %~ and hence by the definition (2.51) we
have

wl >w. on £>¢ and T > 7.

On the other hand, it is obvious from the definition of wZX that

1 1
J d
14eo e 977

wl > wy > w, (2.57)

in the remaining region £ < & and 7 > 79. Here, wj , Wy are w, w_ with e = 0. Thus, it suffices
to find small ¢y > 0, depending on &1, such that

g (§7) _ W (§7)
1+ € 1—¢g

on £<& and 7> 7. (2.58)

To this end, we will first show that if C, 2 are defined by (2.52) when € = 0, then C 9 > Ca

and, as 7 — 400,
C()J(T) — C071,Oo, C()VQ(T) — C(),gpo with CO,Loo > C()’Q,oo. (2.59)

Indeed, this readily follows from the definition (2.52]), &% > @~ and the fact that as 7 — +o0,

(n—1)(n— 2)51 n (n— I)Gii’

Avy Ay &

T (A+ e T) =

with 6+ > ~. This in particular implies wg > ;.
To conclude ([2.57)), we will now use (2.59)) and the fact that under the coordinate change (2.5

where ¢ = Inr the functions @ (¢, 7) are mapped into the functions U™ (r,7) > U~ (r,7) given by

@) " (r,7) 2= r~ g (Inr, 7) = 2C0aFL=m (peCo1(7)
(Uf)lfm(r7 T) = rfzuf)g (Inr,7) = 6200’2(7)(7177”(7"600’2(7))
where under this transformation the region & < & corresponds to the compact region {z €
R™ |7 = |z| < €1} of R™. Here, recall that U~ (r) = r~2wo(Inr). We then conclude, using
that there exists small €p(&1, 70) such that

1
1+60

showing ([2.58]). O

_ 1
(UhHt=m > 17(U_)1_m onr<etand > 7

We are now ready to proceed to the proof of Proposition [2.9
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Proof of Proposition[2.9. We have to find &, ¢ and 71(e) for each 0 < € < €;. Notice that &y
and 79 come from Proposition [2.6] and 2.7 and they are fixed throughout the proof. As long as
T>1and 0 < e < 1, wS and w, are well defined and part (ii) follows from their construction.
For & > & > 0 to be determined later, we have €y(§1) > 0 from Lemma so that part (i) is
true for 0 < € < ¢y and 7 > 79. In summary, we may choose €; < €p(§1) and any 7(€) > 79 for
undetermined & > & > 0 so that part (i) and (ii) are always true. Before going to show (iv), let

us recall asymptotic properties of wy shown in [CD1]. As £ — oo, we have

ey m=Ym-2),  (n-1)rm-6)1
o (5) _ (n — 1)(” — 2) o (n — 1)(” — 6) i + 0(5—2)
0 Ay 4 A~ £ '

Let us just check that limg_,e, — (w})e(§, 7) > limge, 4+ (w])e(€,7), as a similar argument holds

for the other inequality. By the gluing condition and Lemma [2.10} we have that for & > &g,

(n—1)(n—2)
Ay

(n—1)6* 1
ot Ay &

wt(&,7) = (146 wo(& + Ci(r)) =

as T — 00. Let’s assume € < 1. Invoking (2.60)), we may choose a large £ > £y so that the following

holds independently from e

e limsup,_, . |Ci(7) —€&1]| <1

.. 1 - n—1)(n— n— 2710 +255)
o liminf, o (14 ¢)tw) (& + Ci(7)) > ( (1-125()@2) — (1(+6)27 ((1+e)51)42

Continuing with this choice of &1, we may find small €; > 0 so that €; < min(ep(&1),1) and, for all

e < €1,
(n-D(m=-2) (n-1) 20" +2%5°) (m-1@n-2) (n-1)6"
1+0d7  (1+9Ay (1+e0&)? Ay Ay &g
Since
Jim el (6r) = (L4 0 (6 + Cu(r)
and
)

wl(&,7) = O¢ Tt (A + 56777—,7)]

lim — ,
g—61+ 08 £=&1

the second part of Lemma and above observation proves (iv) for a large 7.
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In showing (iii), we only need to check this in the inner region as we assume & > &y and 71 > 79.

By Proposition 2.8 it suffices to show for each fixed & and 0 < € < ¢; there exists 73 > 1 such
that

IC1(T)| <M and |Ci(7)|< M, forT > (2.61)

for some constant M. We will actually show that lim,_, . C/(7) =0, ¢ = 1,2 which yields (2.61).
Lets prove this for C'1, as the proof for C5 is identical. Recall that

1
0< et (A+&e 7, 7)) =0/ (&4,7) = T co(&1+ C1(7))

For v > 1/2, differentiating in 7 the LHS using that 7" @ = 7" g + e 77 h, we obtain
LHS = (e o — & w)) (A + &1e777) — v (e’”ﬂ + 51672’”3/) (A+&e ).

Both terms converge to zero, as T — 0o, by Taylor’s theorem for 1wy, W) and the asymptotics in
Lemma The same convergence could be proven similarly for 0 < v < 1/2 as additional terms
multiplied by 7" are very small and their 7-derivatives converges to zero at the point (A+&e~ 77, 7).

At the same time, for any v > 0, if we take derivative of RHS we obtain

1

RHS =
1+e¢

wp(&1 + C1(7)) (7).
Since the smooth function C(7) converges as 7 — oo and hence
wo(&1 + C1(7)) = wo(§1 + lim C1(7)) >0

this concludes that C{(7) — 0 as 7 — oo and hence bounded for 7 > 1. The same argument also

applies to Cy(7). Thus (2.61) holds.
Finally, by the arguments above and Propositions [2.6] 2.7 and 2.8 we can find 74 > 79 which

makes all the statements in our proposition true.

O]

We will finish this section with the following result which is an immediate consequence of the

comparison principle and Proposition [2.9]

Theorem 2.12. Let &, €1 and 11 = 11(€) are such Proposition holds. Assume that a given

conformally flat initial metric go = u(l)_m(w) d;j is bounded above and below by wr({,—InT) and
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w; (&, —InT), for some 0 < e <e€ and 0 <T < e~ ™, via the coordinate change

w(,T) = |x|2u(az,t), E=In|z| - A", 7=—-In(T —1) (2.62)
att=0. That is
_ zPug () _
w6~ T) < 8 < wk (e, ~ ) (2.63)

holds, with & = In|x| — AT™7. Then, the solution of the Yamabe flow (2.2) exists on the time

interval (0,T) and it is bounded between wr (&, 7) and w_ (€, 7), that is

- |z w2, 1)
we (§—In(T —1)) < ST < wl (& —In(T — 1)) (2.64)
with & =1In|z| — A(T —t)77.
Proof. Immediate by Proposition [2.9] and the comparison principle. O

2.7 Asymptotic shape of the singularity in the inner region and

geometric properties

Throughout this section we will fix £&; > 0 and € > 0 so that w} (¢, 7) and w. (£, 7) given by
are barriers in view of Proposition 2.9 and Theorem [2.12] To simplify the notation we will denote
them by w™ (&, 7) and w™ (&, 7) respectively. They are super and sub-solutions of equation on
R x [11,00), respectively.

We will first prove that if our initial conformally flat metric of the Yamabe flow uo(+)
is bounded from above and below by w'(-,—InT) and w~(-,—InT), for some —InT > 7 (c.f.
(2.63])), then the rescaled solution converges to a steady gradient soliton wg (), which is the unique
entire solution of the equation with asymptotic behavior (2.31]) as £ — oo.

Since we are not assuming that our solution u(x,t) of is radially symmetric, it is more
convenient to work in euclidean coordinates on R"”, rather than cylindrical coordinates. We have
seen that in order to see the steady state wg in the inner region one needs to perform the coordinate
change on radially symmetric solutions in cylindrical coordinates. Under the transformation
which brings us back to the plane, this change of variables corresponds the coordinate change

(2.23)-(2.24)) which transforms a solution u(z,t) of (2.2)) to a solution u(y,!) of equation

B 14y @ n—-1, _ _ 2vA
. & A g™ Al - T a. 2.
ot A—mn 1 AL +vA(y - Vya) + T (2.65)
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We denote U(y) the steady soliton wg in euclidean coordinates, namely

Uy)'™™ = |y|wo(In |y]).

This is the unique radial solution of

n—1 2vA

Au™ +~A(y - Vu) + T U= 0 (2.66)
with asymptotic behavior
_ 1 /(n—1)(n—2)
1-m _
W) = (—M InJy| +o(1)). (2.67)

We will next prove the following result.

Theorem 2.13. Under the assumptions of Theorem the rescaled solution u(y,l) converges,

as | — +00, smoothly on compact sets of R™ to the radial steady soliton U~ (y).

Proof. Let lg := v~ 'T~7 be the initial rescaled time, corresponding to ¢t = 0. By Theorem for
[ > 1y > 0 we have
e

y| 2w (Inlyl, 7) < @ (y,1) < [y Pw(Iny|,7), 1= - (2.68)

These two bounds give upper and lower bounds away from zero for @(-,1) on every compact set in
R™ which are uniform in time [ > [y > 1. Hence, by standard higher order regularity estimates
for uniformly parabolic equations and a compactness argument, we conclude that for any sequence
l; — o0, the solutions u;(y, 1) := u(y,l; + 1) converge, passing to a subsequence, to a limit @ (y, ).
The convergence is smooth on compact subsets of R” x R. Therefore, in view of and the

uniform local upper bound of our sequence, the limit %, is a smooth eternal solution of

~ n—-1, _ 29A
ou = - Ayu™ +yA(y - Vyu) + T (2.69)

To finish the proof we need to show that

oo (y,1) = U(y)
which would also imply that our limit is unique, thus concluding that u(-,1) — U, as [ — oo. To
this end, we first observe that by our barrier construction (2.54]), we have

Ay In [y|

~1)(n—2)

walyl,r) - P D
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as T — +oo, uniformly on e < |y| < K, for any fixed K > 1. In particular, this implies that
our limit @.>™ has these bounds and thus

alom( ) = @(W]m ly| + 0(1)) (2.70)

as |y| — oo uniformly in I € R. For A > 0, if we denote Uy (y) := AT U(\y), this is again a radial
solution of (2.66) with

This is just a time translation of the radial steady soliton U and they are isometric. Since on the
soliton the scalar curvature R > 0 everywhere, the solution pointwise decreases as time increases

and hence Uy, > Uy, for \; > Ay. Thus we may define

Ay i=1inf {A > 0 | Ur(+) > @oo(+,1) for all I}

A =sup{\ > 0 |Ux(-) < @oo(+,1) for all I}.

Our proof will finish if we show that A = A_ = 1. Let us prove that A, = 1. Since infB(egl’O) Uy, —
00 as A — 00 (see the observation in Corollary 3.3 in [CD1|), the construction of w™ in the inner
region and (2.71) imply that we can find large A > 1 such that Uy(-) > ino(+,1) for all I. By
and , Ux(+) # tiso(-,1) for XA < 1. Therefore, A is a well defined number with Ay > 1.
Assume that >\+ > 1. For each Uy, -, there is a point (z,,1,) with UA+_2—n($n) < Uso(p, 1)
Moreover, the sequence of points {z,} such that A —27" > 1 is bounded due to and (2.71] -
By standard regularity estimates on the equation , we can find a subsequence of (xn, ly,) such
that
Up, (2,1) 1= Uoo (2, In; + 1) = g (2, 1)

smoothly on compact sets and z,, — x*.

Note that Uy, (z) > @}, (x, 1) for all I. On the other hand we have Uy, (z*) = oo (z*,0). Hence,
by the strong maximum principle, we must have Uy () = ui. (-, 1), for all I. But this can’t happen
since , holds and we have assumed that Ay > 1. By contradiction, this proves that

Ay =1 and A_ =1 can be shown similarly. This concludes the proof of our theorem. O

Let us remark the following.
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Remark 2.3 (Scalar curvature blow up rate near the origin). u(z,t) of (2.2) represents conformally
flat solution of the Yamabe flow g(t) = u!~™(z,t) §;; on R™. The metric of rescaled solution @(y, l)

can be written as

@' "o = (T — 1)~ gig(t)
where ¢; is a one parameter family of diffeomorphisms ¢;(x) = eA(T=9"" . Therefore, Theorem
[2.13] can be rephrased as convergence of the pointed manifold

g9(t)

R", —————
( 7(T_t)1+,-y7

O) — (Rn, Ul_méij, 0)
in Cheeger-Gromov sense. This, in particular, implies that

IRy )0 [(€2T 777 y) = [Rmgioms, ()

concluding that
(T — )7 Ry | (2T y) = [Rmga-us, |(y)

and also

(T = )" Ry (e y) = Rpioms, (1).

In particular the above implies the following blow up rate of the Riemmannian and Scalar curvature

at the origin
2vA

lim (T — )[R 0) = Rmgi-ms; |(0) = ——==
i (7 = )7 [Rimy )| (0) = [Rmgn-ms, [(0) = —=2 s

t—T—
and

lim (T — )7 Ryy(0) = Rgi-mj,, (0) = 2yA.

t—=T—
We will next show that the global supremum of the curvature occurs asymptotically at the

origin as t — T—.

Proposition 2.14. Under the assumptions of Theorem [2.19 we have

. 2vA
— )it = -
tl_l}rjg_ [(T t) msglgl |ng(t)|} nn D) (2.72)
and if {(z;,t;)} are points such that t; — T and
. 2vA
1
A [(T —ti) ”‘ngan’(ﬂfﬁ] T Valn-1) 27
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then

— —+. ) .
Yi =€ A(T—t:) x; — 0, asi— oo.

In other words, (T — t)_lJrT7 distg(s,)(z:,0) — 0 due to the convergence of the metric.

The result of this proposition follows from the following curvature estimate lemma in the outer
region. This lemma is useful in the sense that it also gives the curvature blow up rate in other
regions. For example, it shows that the curvature blows up in a type I manner near the infinite

cylindrical region.
Lemma 2.15. There exist C >0, 7o > 1 and 0 < tg < T such that the following holds

(T — ) (A + (T — 1) I |y]) [Ranygey (X707 )| < © (2.74)
only| >ro and to <t <T.

Let us first show that Lemma [2.15|implies the proposition and then finish this section by proving

the lemma.

Proof of Proposition 2.1 Assuming that the Lemma holds, then since g is increasing func-

tion, for each fixed r1 > rg we have

- C(T — 1)
T — )7 sup |Rm AT < —
=1 o Ramgn N R Y P

and, by the Taylor expansion of wg(-) at A, taking the limit ¢t — T'—, yields

. - C~vA
limsup [(T — t)™7 sup |[Rm, ) (eA 707" < i 2.75
msup| (T =)' sup. Ry | S Do mn (2.75)

Choose 11 > 1 sufficiently large so that
C~vA - 2vA
(n=1)(n—-2)Inry ~ /n(n—1)

Now on the remaining region |z| < r1, due to the smooth convergence of @!~™ to U'~™ on compact

sets and the fact that the steady soliton U!'~™ attains its maximum curvature at the origin we have

} _ 2vA

li T — ¢t 14 R A(T—-t)~"
i |(7 =07 sup Ry (el =~y

=T lyl<r

and also the second statement of the proposition holds, concluding the proof.
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Proof of Lemma[2.15. For ry and t( to be chosen later, we pick and fix a point (y1, 1) with |y1| > ro

and tg < t; <1 and consider the following scaling of the solution

(eA(T—t1)7V| ‘)2 'U,lfm(eA(Tftl)_’Y‘yl’ Z,t)

1-m
v z,0) = -
(=) (T~ 0(A + (T~ )7 [
with
T—t 1
t):=1 . 2.76
o(t) n(T—t)uvo(A+(T—t1)v1nyy1\) (276)
Since u satisfies (2.2)), it follows that v(z, o) evolves by
d -1
=" A (A4 (T — 1) In|y1]) v. (2.77)
oo m

Claim 2.5. There are ro > 1 and ty > 0 so that if |y1| > 1o and t; > to, then there exist positive

constants ¢ and C which are independent of (y1,t1) such that
c<vlmTM(z,0) < C, for (z,0) € A x[-1,0]

where A is the annulus A= {z ¢ R" | 1/2 <|z| < 3/2}.

Lets us assume that the claim holds and finish the proof of the lemma. Since || < (n—1)(n—2),
the equation (2.77)) is uniformly parabolic on A x [—1,0], independently from choice of the point
(y1,t1), and therefore by standard parabolic regularity estimates, we have uniform bounds for |Vu|

and |V2v| on any strictly smaller parabolic cylinder. In particular, we have

IVo(yr/[yil,0)] and  [V2u(y1/|y1],0)| < C.
Since v17™(-,0)d;; and u'~"(,¢1)d;; are isometric, we conclude that

(T — t1) wo(A + (T — 1) n [y1]) [Rmgqe, ) (AT 7))

Yy
= |Rm,1-m(g)s,, (@)} <C.

The constant C' is independent from (yi,¢1). This finishes the proof of the lemma.

Proof of the Claim[2.5. Although the computations below might look intimidating, the idea is sim-

A
ple. Since u is trapped between the two barriers in the outer region where |z| > e™=97 &1 namely

@~ (T — )7 In|z|, — In(T — t)) < <ot (T — ) In|z|, — In(T — t)) (2.78)
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and since w™T and W™ are close to Wy, we expect that different values of v are similar in the whole
annulus.

Indeed, suppose 19 > 1 and ¢y € (0,7) are first chosen to satisfy
ln%O >¢& and —In(T —tp) > —-InT+ (n—1)(n—2).

With this choice of ¢ty and 0 < wy < (n — 1)(n — 2), we see for that

~ In(T —t1) — In(T - 0) In(T —ty)) —InT _ (n—-1)(n-2)
T = A Tty ) = D=2 = - Dm-2

where o (t) is defined by (2.76)). Since u(z,t) is defined for ¢ > 0, this shows that the rescaled function
v(z,0) is well defined on A x [~1,0]. By choosing ro > 265 sufficiently large and ty € (0,7 closer

to T', we may assume that
1
SE0(A+Ee77) S (A+ e, 7) (2.79)

and
W (A+&e 77, 7) < 2Wo(A+ &e ) (2.80)

+

on & > In(ro/2) and o > —1. This is possible because w¥ = 1y 4 e~2h, where h is bounded away

from A and satisfies near A, when v > 1/2. The other range v € (0,1/2] is similar (see Claim
2.4). Using (2.78) we can then estimate

A A A _ A
(eT=07 [yy )2 w! =™ (eT=07 |y | e T—07 " TT=07 2, )

v (z0) Tt oA+ (T —t) lnlm))
1 it (A (T = 1)V (Jya |2l 07 "7, 7)
E wo(A+ (T —t1)7 Iny1])
<2wO(A+(T—t)v(1nyy1\+1n|zy)+A((<TT_;?)1—1)>
I wo(A+ (T —t1)YIn|y1])

A A
Since t < t; and |y1| > 7o, we have |y1||z[e ™7 T-07 > rq.(1/2) -1 > €, thus we could bound
above v!~™(z, ) using our barrier " of the outer region in the second line and use (2.80) in the

last line. Similarly we get a lower bound

. wo(A+ (T — )7 (In |ys] +1In|2]) + A (F=25 - 1))
— 2|2|? Wo(A+ (T — t1)7 In|y1])
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If we could find constants 0 < ¢ < 1 < C such that

Tt (a4 Infel) £ A (= - 1)
- (T = )7 In[yi]

holds on (v,0) € A x [—1,0], then since w(A + z) is an increasing function on z > 0, concave and
wo(A + 0) = 0, we would deduce that

(2.81)

o (A + (T =) (In|y1| +In|z]) + A (g:;g; - 1))
c< ~ <C

wo(A+ (T'—t)7 In|y1])
which combined with the above would finish the proof of our claim.

Now let us now find the bounds (2.81)). First, it is clear that

Ini
14 2

1 1 In3
< Iyl +nfef ) Ing (2.82)
Inrg In |y Inrg
. ln% In %0 . . . 7o .
and notice that 1 + —= = is positive since In — > &; > 0. Thus, it suffices to prove
Inrg Innrg 2
A (=D 1)
(T—tl)'Y
0< <C 2.83
Tt ] = (2:59)
by some constant C < oo. If we introduce 6 := (T' — ¢1)” In|y;| > 0, then by the definition of ¢ in
(12.76))
(T—t) _
(T —t1)Y

e~V Wo(A+In|y (T —11)7) _ ,—oywo(A +0)
Now 0 < —g < 1 and e~ ?7%0(A+0) > imply

>0,
Aty 1)

4 e~ oo (A+6) _
(T = 1) In [y, |

0<

e'yﬁ]O (A+9) — 6771)0 (A+O)
- <A
@ e—ovio (A+0)  —
By the mean value theorem, there exists 0 < 6y < 6 such that

eV Wo(A+0) _ oyo(A+0)

0—-0

N ) (n_l)(n_Q) n—1)(n—

9_0 :'yw()(A_i_eO) e'Y O(A+90) S 0l ,YA e'Y( 1)( 2)'

Here, we used the facts that w(A + x) is a nonnegative concave function on the set x > 0 with
—1)(n—-2

wo(A) = n=Dn-2) ,Y)XL ) and

wo(A+2z) < (n—1)(n—2)
Combining the last two inequalities implies that (2.83)) holds with

Cy = (n—1)(n—2) D=2
This finished the proof of the claim and also the proof of the lemma.

O
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2.8 Proof of Theorem [2.2]

In this final section, we will give the proof of Theorem [2.2] as stated in the introduction. We will

need the following rigidity result for eternal solutions of conformally flat Yamabe flow.

Proposition 2.16. Let g(t) = u!™™(z,t) d;; be a smooth eternal solution to the conformally flat
Yamabe flow (2.2)) on R™ x (—o0, 00), with positive Ricci and uniformly bounded sectional curvature.
We further assume that u is bounded from below by a radial steady gradient soliton centered at the

origin with mazimum scalar curvature 2yA > 0, that is
2y A(t+€1) -
u(z,t) > e B U(|z|e”AEE)Y  for some & € R. (2.84)
Then, u(xz,t) must be a radial gradient steady soliton, that is
_ 27A(t+£0) —

u(z,t)=e Tm U(|z|e A0 for some & < &. (2.85)

Proof. By the Harnack inequality for the Yamabe flow (c.f. Theorem 3.7 in |Ch]), for any 1-form
X
1 o
(n—nAR+4v&x3+——TRWWXV+R2za (2.86)
n —

Note that since our solution exists from ¢ = —oo we could drop R/t term from the original Harnack

expression in |[ChJ. This inequality, in particular implies that
(n —1)AR+ R* = 9;R > 0.
Claim 2.6. R4(0,0) = 2vA and 2vA = sup Ry(z, ).
Proof of Claim[2.6. The proof is simple and uses that ;R > 0 and
Oput~™ (2, t) = —Ry(z,t) u' "™ (2, 1). (2.87)
Suppose there is a point (xo, tg) with Ry(zo,t0) > 27A. Since O;R > 0, a ODE comparison implies
u(zo,t) = C(xg) eiﬁRg(m’to)t, as t — oo.
On the other hand, this contradicts to
_2vAGR+E) _ 27A(t+€)

u(wo,t) > & T d(|zole ) > e inf io(y)
ly|<|zole= A0 +E1)
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which holds for ¢ > t;. Similarly as before, if Ry(0,0) < 2vA, then
u(0,t) = Cp e_ﬁRg(O’o)t, as t — —o0
which again contradicts to ([2.84]). O

According to the classification of conformally flat radial solitons (c.f. Propositions 1.4 and 1.5

in [DS2]) the one parameter family of solutions
Oc(a,t) = e~ Tom U(jle 7 AGHO), ¢ eR

are all possible conformally flat radial steady gradient solitons whose maximum scalar curvature
is 2vA at the origin. It also is known that these solutions attain a strict curvature maximum
at the origin. Meanwhile, due to the Claim g(x,t) attains its maximum scalar curvature at
an interior space-time point (0,0). Furthermore, since g(x,t) has positive Ricci curvature and
bounded sectional curvature, Corollary 5.1 in [DS2] implies that g(x,t) must be a steady gradient
soliton. Also, under the nonnegative Ricci condition, such steady gradient solitons are (globally)
conformally flat and radially symmetric (c.f. Theorem 3.2 and Corollary 3.3 in [CMM]| or Corollary
1.6 and Remark 1.2 in |CSZ]). Since g(w,t) has its maximum scalar curvature at the origin, it
must be symmetric with respect to this point. In view of Liouville’s rigidity theorem on conformal
mappings on R"™ with n > 3, u(x,t) must be a radially symmetric function which represents a

steady gradient soliton. Hence u(z,t) = Ug,(z,t) by the classification theorem in [DS2]. O

We are now in position to finally give the proof of our main result, Theorem [2.2]

Proof of Theorem[2.4. We begin by fixing &1, € < €; and 71, as they appear in Proposition 2.9 and
Theorem Set T} :=e ™ and fix T with 0 < T < Tj.

Claim 2.7. There exist &, > &, so that

[Pup " (z)

w:(& — VAL, — lnT) < Tty

< wi (€ = 7AG, —InT) (2.88)
holds, under the coordinate change & = In|x| — AT 7.
Proof of Claim[2.7. For our fixed T, it is not hard to check that

T wE(E, —InT) = (n— 1)(n — 2) (T —(€/A) T + 0(5*%*1)) . as £ oo
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and

T wE(E, —InT) ~ €%, as & - —c.

We can also check that if In x| = £+ AT 7, |z|?u "™ (2) also satisfies these asymptotics. Indeed,

Condition ii) in Theorem 1.2 implies that

lz[2uy " (z) = (n — 1)(n — 2) (T - <§+iT_7>v Lo(e+ AT‘V)_i_1)>

= (-1 -2) (T (€/A) 7 +0( ") as¢— o0

and also

2, 1—-m
U T — _
im P = i ) =T 0 >0

Using these asymptotic behaviors, we can first find &, o > &, ¢ such that holds asymptotically
(outside of compact interval in ). Next, we may use condition i) of Theorem 1.2 to find possibly
smaller & < &0 so that the second inequality of holds everywhere. Finally, by a similar
argument which uses the fact |x|?ug(z) is uniformly bounded away from zero on |z| > rq for all
ro > 0, we may find larger £, > £, so that the first inequality of holds everywhere. This

argument is very similar to the proof of Claim 4.4 in |CD1]. O

Let @(y, 1) be the rescaled solution obtained from u(z,t) under (2.23)-(2.24). By Theorem [2.12]
and the claim, we have local uniform upper and lower bounds on @, namely @, < @ < u; where

2vAEq —

Ta(y,1) =+ e 1 Ulye %) = Ug, (,0)

and
2yAg,

ab(ya l) —e I-m U(ye_’YAéb) = Ufb (ya 0)

locally uniformly in y as | — oo.
In order to show the blow up rate ([2.4)), we first need the following claim which asserts that
Lemma, holds for our given solution.

Claim 2.8. For our metric g(x,t) = u' =™ (z,t) §;j, there exist C >0, ro > 1 and 0 < to < T such

that the following holds
(T — )t (A+ (T = ) InJy]) [Rmy (270" y)| < © (2.89)

on |yl >ro and tog <t <T.
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Proof of Claim[2.8 The proof is the same as that of Lemma[2.15] except a few modifications which
we point out next. Instead of (2.78]), now we have

i (B, —In(T — 1)) < ZLUED iz, ner — 1)

with Z, := (T — t)"(In|z| — vA&), Zp := (T — t)7(In|z| — vA&,) and for those points (x,t) with
‘l‘|ei’yA£a Z eﬁegl.
The proof of Lemma [2.15| now applies after if choose possibly larger ro and ¢y now depending

on &, and &,. To be specific, we can choose them 7y and ¢ so that In 3 > & + yA¢, and we have

following inequalities instead of (2.79)) and ([2.80))

So(A+E67T) < (A + (€~ 1AL, 7)

and

W (A+ (€ —vAG)e 7T, 7) < 2p(A+ EeT)

on & >1In(rp/2) and o > —1. The rest of the proof follows as before. O

We now continue with the proof of the theorem. Due to the claim, we have for r; > ry (c.f.

@2-75))

sup \ngw(m < lim sup [(T — t)lJrW sup ]ng(t)(eA(T—t)ﬂy)’
R”\ B, (0) t—T— ly|>r1 (2 90)
C~vA :
< .
“(n=1)(n—2)Inr

Let us consider a given sequence l; — oco. Using the two bounds u, and u;, we may pass to

a subsequence u(y,! + l;) and obtain a C7X(R™ x R) limit @, which is an eternal solution of the

equation (2.69)). After taking limit our two bounds imply

Ue, (y,0) < tis(y,1) < Ug, (y,0). (2.91)

Now our limit goo(y,!) = ;™ (y,1)d;; has nonnegative Ricci since this is preserved along the flow

and the limit under the locally conformally flat condition (c.f. [Ch]).

Our final step will be to show that . (y,!) must be one of the steady gradient solitons

2vAEy —

Ug, (y,0) = e~ 1-m U(|y|e 74%).
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Note that the time dilation parameter & might be different for different limits along sequences
l; — oo, but metrics with different &, represent the same soliton and thus this proves Cheeger-
Gromov convergence of the metric 4'~™(y,)d;; to the same limit soliton as [ — oo. Also this
convergence and proves (c.f. Proposition .

Let us consider us(y, 1) := e_%laoo (ye=7AL ). Then turns into the inequality between
eternal solutions of conformally flat Yamabe flow

Ue, (4, 1) < uco(y,1) < Ug, (y,1). (2.92)

goo(l) = uls™(y,1)d;; is an eternal solution of the flow which has nonnegative Ricci curvature.

To apply Proposition t0 Uxo(y, 1), we need to show it has actually strictly positive Ricci
curvature and uniformly bounded |Rm|. We first show uniform boundedness of curvature. By
(2-90), goo(l) has bounded curvature on R™ \ B, (0), for some large 7;. We also have a uniform
curvature bound of g (!) on By, (0) by two bounds (2.91]) and interior uniformly parabolic regularity
estimate of the equation . Since goo (1) and g are isometric, this gives uniform bound of |Rm]|.
Next, the proof for positive Ricci uses Theorem the classification of locally conformally flat
nonnegative Ricci Yamabe flow having a nontrivial null eigenvector. It solely an interesting result,
so we prove it in a separate theorem. (R™, (1)) can not be flat by bounds . Also an eternal
solution can not be isometric to a cylinder solution which exists up to a finite time. Hence Ricci of
Joo(l) is positive definite everywhere by Theorem

Finally, by Proposition we conclude uq (y,1) = Ug,(y,1) for some &y < &,.

O

We will finish with proving of the following result which was used above in the proof of Theorem

Theorem 2.17. Forn > 3, let (M, g(t)) fort € (0,T) be a complete locally conformally flat solution
of the Yamabe flow which has nonnegative Ricci and uniformly bounded Riemann curvature. If the
Ricci tensor has a null eigenvector at some point (po,to), then (M, g(t)) is either locally isometric
to flat Buclidean space or a cylinder solution (R x S™= 1, f(t)(dr? X gean)) where gean s the Tound

metric on St and f(t) = (n — 1)(n — 2)(T" —t) for some T' > T.

Proof. The uniform boundedness of the Riemann curvature tensor will only be used to apply

the (strong) maximum principle. For a locally conformally flat solution of the Yamabe flow, the
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evolution of Ricci tensor R;; is shown in Lemma 2.4 [Ch] as
1
8tRZ'j = (n — 1)AR¢j + 771 — 2Bij

where B;; is a quadratic expression of R;j. It was shown in (2.11) and (2.12) of |Ch] that, with
respect to an orthonormal basis which diagonalize Ricci tensor by R;; = \;d;;, we have B;; = p;0;;

where

pi= > k=A)+n=2)> (A= M) (2.93)

ki, k>l ki

Let A1 < A2 < ... < Ay, be the eigenvalues of R;; in an increasing order. Note that for any

1 <k <n, we have
my = A + Ao+ + A = inf{Try(R;;(V,V)) |V C T,M is a subspace of dim k}

is a concave function of R;;. Since the solution has nonnegative Ricci, m; = 0 implies A\; = 0 for all
1 < j. From equation , it is easy to check that the ODE 0;R;; = B;; preserves my, > 0 under
the nonnegative Ricci condition. Therefore, we can apply the strong maximum principle (Lemma
8.1 in [Ha2|) on my > 0. The lemma and the continuity of my, imply that either m; = 0 or my > 0
everywhere at each time ¢t = ¢/. Furthermore, if my > 0 at t = t', m > 0 for all t > t/. As a
consequence, there is a well defined decreasing function k(t) € {0, ..., n} such that my(p,t) = 0 if
k < k(t) and mg(p,t) > 0 if k > k(t). Since my, = 0 iff dim(Null(R;;)) > k, we conclude that the
rank of R;; is constant in space and it is equal to n — l%(t), which is increasing with respect to time.

Under the assumption that there is a point (po, tp) where Ricci curvature has a null eigenvector,
we will show that the rank of Ricci curvature is either 0 or n — 1 for all time. By the previous
argument, the Ricci tensor can’t have full rank for ¢ < ¢y3. Also since it is increasing, there is an
interval of time (t1, t2) with to < tg such that dim(Null(R;;)) = k, for some fixed k € {1,...,n—1,n}
on this time interval. If k = 0, then it is clear that the solution must be stationary for all time and
the solution must be Ricci flat. Since on a locally conformally flat manifold the Riemann curvature
tensor is determined by the Ricci tensor, this implies that the solution is locally euclidean. Next,
in case where 1 < k < n — 1 we can exactly follow the argument of Lemma 8.2 [Ha2| on the
time interval (¢1,t2) to conclude that the null space of the Ricci tensor is invariant under parallel
translation and also it is invariant in time. Moreover, it lies in the null space of B;;. By this last

property and (2.93]), we see that k£ has to be 1 and other \;s except A; should be the same positive
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number (possibly different at each point). In this case, the manifold locally splits off along this
parallel 1-dimensional null eigenvector distribution (see the lemma which follows after Theorem 8.3
[Ha2]) i.e. (M, g(t)) is locally splits (R x N*~1 dr? x g™ (t)) where (N, g™ (t)) is a solution of n — 1
dimension the Yamabe flow.

Actually, it is locally isometric to a cylinder (R x S, dr? x gean(t)) where gean(t) is a round
metric on the sphere. Let us fix a time ¢t. From the previous observation that the other As are the
same, we know that (N"~! ¢M(¢)) is an Einstein manifold. i.e. Ric"(z) = \(z)g". If n — 1 > 3,

A = constant could be seen by the contracted second Bianchi identity. Vij = %VZ-R implies

1 _
"l or 0=""1v.

Vid =" 2

depending on the direction . When (M",g(t)) is locally conformally flat and (N"~1 gV (¢)) is
Einstein, we directly check from the Weyl tensor of (M, g) that (N, g") is also locally conformally
flat and a space form of positive sectional curvature. When n = 3, the Cotton tensor of (M, g)

vanishes.

1
C3:= Cijk = ViRjk — VjRik — Z (Vijok — VjRgik) =0.
This implies
Vidgjx — VjiAgi, =0  and hence gik(Vl-/\gjk — V,Agix) = 2V;A = 0.
Now again A is a positive constant and this proves the theorem. O

Remark 2.4. In addition to this, if the manifold is simply connected, the solution is globally
(R™, gean) or (R x S™1 f(#)(dr? X gean)) with f(t) = (n — 1)(n — 2)(T" — t) for some T > T.
The only simply connected complete locally euclidean manifold is (R", gcan). When it locally splits
off, let us consider a smooth unit null eigenvector field of Ricci. Its dual 1-form is closed since
the vector field is parallel. Since the manifold is simply connected, it is (globally) exact and the

potential function will give a global splitting.
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