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Abstract

Comparison between motivic periods with Shalika periods

Yang An

Let F /F + be a quadratic imaginary field extension of a totally real field F +, and

π ≅ π̃ ⊗ ξ be a cuspidal automorphic representation of GLn(AF ) obtained from π̃ by

twisting a Hecke character ξ. In the case of F + = Q, Michael Harris defined arithmetic

automorphic periods for certain π̃ in his Crelle paper 1997, and showed that critical

values of automorphic L-functions for π can be interpreted in terms of these arithmetic

automorphic periods. Lin Jie generalized his construction and results to the general

totally real field F + in her thesis. On the other hand, for certain cuspidal representation

Π of GL2n(F +), which admits a Shalika model, Grobner and Raghuram related their

critical values of L-functions to a non-zero complex number (called Shalika periods).

We noticed that the automorphic induction AI(π) of π, considered by Harris and Lin,

will automatically have a Shalika model, and by comparing common critical values

of their identical L-functions, we relate the Shalika periods of AI(π) with arithmetic

automorphic periods of π̃. In the case F + = Q, this comparison will express each

arithmetic automorphic period in terms of the corresponding Shalika periods.
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Chapter 1

Introduction

1.1 Statement of the Main Result

Let F /F + be a quadratic imaginary field extension of totally real field F +, and π be a cuspidal

automorphic representation of GL(n,AF ). Attached to this data, there is an automorphic L-function

L(s, π), the critical values of such L-functions play an important role in Langlands Program, and has

been believed to encode many arithmetic properties of π.

A lot of work has been done to relate the critical values of these L-functions to a non-zero complex

number, called period, which essentially captures the transcendental nature of these critical values.

Roughly speaking, to define a period, one needs an underlying vector space V over C, which admits two

rational structure from different considerations VE,1 and VE,2, where E is a number field. Moreover,

there is a canonically defined automorphism of V (sometimes to be identity), which preserves the

E-rational structure, and hence f(VE,1) and VE,2 are both E-rational structure on V , so they are

differed by a non-zero complex number, which, by definition, is the period. It is only defined up to a

multiplication by an invertible element in E.

When F + = Q, in the case that π = π̃⊗ ξ, where π̃ is conjugate self-dual, and very regular cuspidal

representation and ξ is an algebraic Hecke character, Harris constructed arithmetic automorphic

periods in [Har1997], and showed that the special values of π can be interpreted in terms of these

periods. This program has been generalized in Lin’s thesis [Lin2015] to the general totally real field

F +. Indeed, she also interpret the special values of GLn ×GLn′ in terms of these periods, but we only

need the result when n′ = 1. See Conjecture 6.5.1(it is a Theorem when n′ = 1).

On the other hand, for cohomological, cuspidal representation Π of GL(2n,F +), which admits a
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Shalika model, Grobner, and Ragurham showed the critical values of L(s,Π) can be interpreted in

terms of Shalika periods (because one of the rational structure comes from Shalika model). In [JS1990],

Jacquet and Shalika proved that Π admits a (φ, η)-Shalika model, if and only if, the partial exterior

square L-function LS(s,Π,∧2 ⊗ η−1) has a pole at s = 1 (see Theorem 5.1.1). We aim to compare

Shalika periods and arithmetic automorphic periods by studying L-function L(s, π) = L(s,AI(π)) of

automorphic induction AI(π) from F + to F of π, considered by Harris and Lin. It has been proved

in [Clo1990] that if π is cohomological, then its automorphic induction AI(π) is cohomological too,

and in [AC2016], it has been showed that AI(π) will be cuspidal, as long as π is cuspidal, and not

conjugate dual. Hence the key step is to show that AI(π) will admit a Shalika model.

To this end, together with Jacquet’s result, we are led to study the partial L-function of automor-

phic induction AI(π). We get in Proposition 5.6.4 the following equality:

LSF (s, π,∧2 ⊗ η−1)2LSF (π ⊗ η−1 × πc, s) = LS(s,Π,∧2 ⊗ χ−1)LS(s,Π,∧2 ⊗ τ ⊗ χ−1).

Shalika proved that none of the L-functions above vanish at s = 1, hence it is not hard to see that for

π ≅ π̃ ⊗ ξ, obtained from a conjugate self-dual cuspidal representation π̃ by twisting Hecke character

ξ, will always admit a Shalika model(see Proposition 5.6.11, and Proposition 5.6.12).

Therefore, the comparison is made possible. Let π ≅ π̃⊗ξ be a cuspidal representation of GLn(AF ),

where ξ is an algebraic Hecke character, and π̃ is regular, conjugate self-dual, cohomological, and

descends to UI(AF+) for any I. We obtain our main comparison theorem (cite for Theorem 7.0.5):

Theorem 1.1.1. For m ∈ Z + 1
2

critical for both π and Π, we have:

ω(−1)[m]ε+(Π)ω(Π∞, [m]) ∼E(π̃)E(ξ);K (2πi)nmd∏
σ∈Σ

(P (rσ)(π̃, σ)P (0)(ξ, σ)n−rσP (1)(ξ, σ)rσ).

In the case that F + = Q, we can simplify the expression in Theorem 1.1.1. To get the r-th

arithmetic automorphic period P (r)(π̃), we choose a specific Hecke character ξr, so that we get the

expression of P (r)(π̃) in terms of corresponding Shalika periods. See Theorem 7.0.8 for the detailed

definition of ξr.

ω(−1)[mr]ε+(Πr)ω(Πr,∞, [mr]) ∼E(π̃)E(ξr);K (2πi)nmr ⋅ P (r)(π̃)P (0)(ξr)
n−rP (1)(ξr)

r.
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1.2 Notation

Let F = F +K be a CM field, where F + is the maximal totally real field of degree d over Q, and K is

a quadratic imaginary extension of Q. Let JF be the set of complex embeddings of F , and fix a CM

type Σ = {σ1, σ2 . . . σd}, which represents JF modulo the complex conjugation. We fix an algebraic

closure Q̄↪ C, and write z̄ for the conjugate of z ∈ C.

We denote a general number field by L (unless otherwise specified in the main text.), mainly to

introduce some general conceptions. Then AL is the adele ring of L, and AL,f be the finite adele ring.

GL = Gal(L̄/L) is its absolute Galois group.

Let E be a number field, and A,B be two elements in E ⊗Q C, we say A ∼E;L B, if either A = 0,

or B = 0, or there exists C ∈ (E ⊗Q L)
× ↪ (E ⊗Q C)×, such that AC = B, and B ∈ (E ⊗Q C)×.

Whenever we write ⊗ without subscript, we mean ⊗Q.
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Chapter 2

Automorphic Representation

2.1 Aut(C)-action, and rational structure

Let G∞ be the (real) Lie group GL(n,R⊗F ). For σ ∈ Aut(C), and ν a representation of GL(n,AF,f)

(resp. GL(n,Fv), v ∉ S∞) on a complex vector space W . We define the σ-twisted representation σν

by:

σν ∶= t′ ○ ν ○ t′−1,

where t′ ∶W →W ′ is a σ-linear isomorphism. It is independent of the choice of t′ up to isomorphism.

In another word, the representation space of σν is W ′ =W ⊗σ C, and the action of σν is the extended

action of ν on W to W ′ by linearity.

If ν = ⊗v∈S∞νv is a representation of G∞, we let

σν∞ ∶= ⊗
v∈S∞

νσ−1v,

interpreting v ∈ S∞ as an embedding of fields v ∶ F ↪ C.

Together, it defines a σ-twist on the global representation ν = ν∞ ⊗ νf by:

σν ∶= σν∞ ⊗ σνf .

Then we can define the rationality field of ν by:

Q(ν) = {z ∈ C∣σ(z) = z, for all σ, such that σν ≅ ν}.
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Let L be an arbitrary subfield of C, a closely related notion is L-rational structure WL of

ν, by which we mean an L-vector space WL ⊂ W , stable under ν, and that WL ⊗L C → W is an

isomorphism. We also say ν, is defined over L. It is clear that if ν is defined over L, then σν ∼ ν for

all σ ∈ Aut(C/L), i.e. L ⊂ Q(ν).

2.2 Infinity Type

Let π be a cuspidal representation of GLn(AL), and let S be the set of places of L, and S∞ ⊂

S be the infinite places. Then by tensor product theorem, we know that π ≅ ⊗v∈S πv, where πv

is an irreducible admissible representation of GLn(Lv). If v ∈ S∞, then Lv ≅ R or C, by Local

Langlands Correspondence for archemedian places, irreducible admissible representation of GLn(R)

(resp. GLn(C)) is in natural 1-1 bijection to semisimple n-dimensional representation of the Weil

group WR (resp. WC).

We then define the infinite type of π to be the set of representations {φv}v∈S∞ , where φv is the

representation of WLv , that corresponds to πv.

More precisely, if v is complex, then the Weyl group WC = C×, hence n-dimensional representation

of WC is a direct sum of n characters, we write it as (zai,v z̄bi,v)1≤i≤n, if the i-th component is the

character sending z to zai,v z̄bi,v .

If v is real, then the Wel group WR = C× ⊔C×j, where j2 = −1, and jcj = c̄, for c ∈ C. By [Kna], we

have

Proposition 2.2.1. The irreducible admissible representations of WR are classified as follows:

• (+, t) ∶ φ(z) = ∣z∣tR, φ(j) = 1 for some complex number t;

• (−, t) ∶ φ(z) = ∣z∣tR, φ(j) = −1 for some complex number t;

• (l, t) ∶

φ(reiθ)u = r2teilθu, φ(j)u = u′,

φ(reiθ)u′ = r2te−ilθu′, φ(j)u′ = (−1)lu.

for some complex number t, and positive integer l.
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Hence we know that φv is a direct sum of the irreducible representations as above, however, if we

restrict φv to the connected component C× of WR, then we also get a representation of C×, which can be

written as (zai,v z̄bi,v)1≤i≤n. Some authors define the infinity type of π as the tuple (ai,v, bi,v)1≤i≤n,v∈S∞ ,

rather than the full representation of WR. We will occasionally do that too.

We say that the cuspidal representation π is algebraic, if ai,v, bi,v ∈
n−1

2
+ Z for all 1 ≤ i ≤ n, and

v ∈ S∞. We say π is regular, if (ai,v, bi,v) ≠ (aj,v, bj,v), for all v ∈ S∞, and 1 ≤ i < j ≤ n. Moreover, if

we assume that a1,v ≥ a2,v ≥ . . . an,v for all v ∈ S∞, we say π is N-regular, if ai,v − ai+1,v ≥ N , for all

v ∈ S∞, and i = 1,2, . . . n − 1.

It has been shown in [Clo1990] that a cuspidal representation is algebraic and regular, if and only

if it is cohomological, in the sense of Definition 2.3.1.

2.3 Cohomological Representation, and rational structure for

cohomology

Let Z be the center of GL(n,L), and Sreal be the set of real places, and Scomplex be the set of complex

places, then S∞ = Sreal ∪ Scomplex.

We define the group K∞ = ∏v∈S∞Kv ⊂ G∞, where

Kv =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Z(R)On(R), if v ∈ Sreal

Z(C)Un, if v ∈ Scomplex.

Let K○
∞ be the connected component of K∞, and g∞ be the Lie algebra of G∞. We fix T ⊂ B,

the maximal torus to be the set of diagonal matrices, and B the Borel subgroup, consisting of upper-

triangular matrices. Let µ = (µv)v∈S∞ to be the highest weight, more precisely, µv = (µ1,v, . . . , µn,v) ∈

Zn, such that µ1,v ≥ µ2,v ≥ . . . ≥ µn,v for each v ∈ S∞, and Eµ = ⊗v∈S∞Eµv be the corresponding

irreducible representation, whose contragradient is denoted as E∨
µ.

Definition 2.3.1. A cuspidal representation Π of GL(n,AF ) is cohomological, if there exists a high-

est weight µ, such that the relative Lie algebra cohomology (c.f. [BW2013]) of Π∞ ⊗E∨
µ nonvanishes,

i.e.

H∗(g∞,K
0
∞,Π⊗E∨

µ) =H
∗(g∞,K

0
∞,Π∞ ⊗E∨

µ) ⊗Πf ≠ 0.

More details on cohomological representation will be provided in paragraph 3.3.
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2.4 Langlands functoriality

Let F be a local(resp. global) field, and G be a connected reductive group defined over F . Then we

define the Langlands dual group(or L-group) of G to be LG = Ĝ⋊GF , and Ĝ is the complex dual

group of G. We will also denote Ĝ by LG0, to indicate that it is the identity component of LG.

Let H, and G be two connected reductive groups defined over a local(resp. global) field F , a

group homomorphism u ∶ LH → LG is called a L-homomorphism if u is a homomorphism over

GF , continuous, and the restriction to LH0 is a complex analytic homomorphism to LG0. If G is

moreover quasi-split, then the Principle of Functoriality predicts that: For any L-homomorphism

u ∶ LH → LG, we have a lifting (or transfer) of admissible (resp. automorphic) representation of H

to admissible (resp. automorphic) representations of G.

We need the following important example of functoriality. Let H be a split connected reductive

group defined over Q, and put G = ResKQHK . We consider the L-homomorphism:

u ∶ LH = Ĥ → (Ĥ × Ĥ) ⋊Gal(K/Q) = LG,

by embedding LH diagonally into LG0. The transfer from automorphic representations of G(AQ) to

those of G(AK) is called the Base change. On the Galois side, this corresponds to the restriction of

Galois representations.

Locally, we can specify this transfer by Satake Isomorphism. Let p be a finite place of Q, and

assume G is unramified at p, and fix Γp is a maximal hyperspecial subgroup of G(Qp). The irreducible

admissible representation πp of G(Qp) is unramified, if and only if π
Γp
p is nontrivial (dimension 1). Let

H(G(Qp),Γp) = C∞
c (G(Qp)//Γp) be the unramified Hecke algebra, then H(G(Qp),Γp) acts on πp,

and preserves π
Γp
p , on which the action is given by a character of H(G(Qp),Γp). Hence, we get a map

from unramified representation of G(Qp) to a character of H(G(Qp),Γp), this is indeed a bijection.

Satake isomorphism identifies H(G(Qp),Γp) with C[X∗(Tp)]
Wp as groups. Here Tp is a maximal

torus in G(Qp), and Wp is the Weyl group of G(Qp) with respect to Tp, and X∗(Tp) is the ring

of cocharacters of Tp defined over Qp. By definition of Langlands dual group, X∗(T̂p) ≅ X∗(Tp),

where T̂p is the complex dual of Tp. Hence the character of H(G(Qp),Γp) is identified with character

of C[X∗(Tp)]
Wp ≅ C[X∗(T̂p)]

Ŵp , that is a closed point of Spec(C[T̂p]
Ŵp). By Chavelley restriction

theorem, the inclusion of T̂p into Ĝ induces an isomorphism Spec(C[T̂p]
Ŵp) ≅ Spec(C[Ĝ]Ĝ) ≅ Ĝ//conj,

whose closed point is the semisimple conjugacy class of Ĝ.

Now suppose we have an L-morphism LH → LG, it naturally induces the map between semisimple
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conjugace classes of Ĥ and Ĝ, which then further induces the map from unramified representation on

H to those on G.

Let π be an admisisble irreducible representation of H(AQ), then we say Π, a representation of

H(AK), is a (weak) base change of π if for almost all p, where πp is unramified, and all w∣p, places

of K over v, Πw is the unramified base change of πp through Satake Isomorphism. We also say Π

descends to π by base change.

Remark 2.4.1. The group Gal(K/Q) acts on G(AK), which induces action on the representations of

G(AK). For σ ∈ Gal(K/Q), and Π an automorphic representation of G(AK), write Πσ to be the

image of applying σ on Π. If Π is a base change of π, then so is Πσ, in particular, for almost all places

w of K, we have Πw ≅ Πσ
w. When G = GLn, by multiplicity one theorem, that would imply Πσ ≅ Π,

that is the automorphic representation of G(AK) that comes from base change is Gal(K/Q)-stable.

2.5 Base change and automorphic induction for GL(n)

We are particularly interested in the following special cases of Langlands Functoriality. Let K/F be

a cyclic extension of local or global fields of prime degree d. Take H = ResKF (GL(n)/K) to be the

Weil restriction of GL(n) over K to F , then Ĥ = ΠGal(K/F )GL(n,C), and the Galois group GF action

on Ĥ factors through Gal(K/F ), since H splits over K. Hence, we have LH = ΠGal(K/F )GL(n,C) ⋊

Gal(K/F ), where Gal(K/F ) acts as permutation on the factors. More precisely, fix an order on

the elements of Gal(K/F ) = {x1, x2, . . . xd}, for x ∈ Gal(K/F ), we define a permutation τx, such

that x ⋅ xi ∈ xτx(i). Then, if g = (g1, g2, . . . , gd) ∈ ΠGal(K/F )GL(n,C) = Πd
i=1GL(n,C), where i-

th factor is indexed by xi. We define the action by xg = (gτ−1
x (1), gτ−1

x (2), . . . , gτ−1
x (d)). Moreover,

LGL(n) = GL(n,C), since GL(n)/F is split and the Galois action is trivial.

Let the L-homomorphism to be:

uBC ∶ LGL(n) = GL(n,C) → ΠGal(K/F )GL(n,C) ⋊Gal(K/F ) = LH,

by sending GL(n,C) diagonally to LH0. The functoriality corresponds to this L-homomorphism is

called Base Change or Automorphic Restriction.

As another example, we take the L-homomorphism:

uAI ∶
LH = ΠGal(K/F )GL(n,C) ⋊Gal(K/F ) → GL(dn,C) = LGL(dn),

by sending LH0 = ΠGal(K/F )GL(n,C) into block diagonal of LG, and x ∈ Gal(K/F ) to the permutation
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matrix Pτx = [eτx(1), eτx(2), . . . , eτx(l)] of LG, where ei is the i-th standard column vector. The transfer

corresponds to the above L-homomorphism is called Automorphic Induction, on the side of Galois

representation, it is the induction.

The name of the above two functorialities already suggests their relations with restriction and

induction on the Galois side. We will explain in details how the relation goes. Firstly, let’s denote

that H(F ) = GL(n,K) (respectively, H(AF ) = GL(n,AK)), hence the irreducible admissible rep-

resentations of H(F ) (respectively, automorphic representations of H(AF )) is the same as those of

GL(n,K)(respectively, GL(n,AK)). Thanks to the Local Langlands Correspondence, we can view

this in terms of representations of Weil-Deligne group. (If we assume the Global Langlands Corre-

spondence, we can get the same result with only notational change.)

Let

ρ ∶W ′
F → ΠGal(K/F )GL(n,C) ⋊Gal(K/F ) = LH,

be a semisimple Weil-Deligne representation, let r be the composition of ρ with the projection onto

LH0, since ρ composed with the projection onto the second factor is the obvious quotient map, r

contains the same information as ρ does.

Since ρ(xy) = ρ(x)ρ(y), we have

(r(xy), xy) = (r(x), x)(r(y), y) = (r(x) ⋅ xr(y), xy),

i.e., if we think of ΠGal(K/F )GL(n,C) as a (non-abelian) module of W ′
F , r is a 1-cocycle. Suppose

ρ′ is another semisimple Weil-Delinge representation equivalent to ρ, then ρ′(x) = b−1ρ(x)b, for some

b ∈ LH0, that is,

(r′(x), x) = (b−1,1)(r(x), x)(b,1) = (b−1r(x) ⋅ xb, x),

i.e., r′ is cohomologous to r. Hence, the equivalence class of semisimple Weil-Deligne representation

of W ′
F is classified by H1(W ′

F ,ΠGal(K/F )GL(n,C)).

Let GL(n,C) be the trivial W ′
K-module, then ΠGal(K/F )GL(n,C) ≅ Ind

W ′
F

W ′
K
GL(n,C) as W ′

F -

module. By Shapiro Lemma,

H1(W ′
F ,ΠGal(K/F )GL(n,C)) ≅H1(W ′

K ,GL(n,C)) ≅ Hom(W ′
K ,GL(n,C)).

It is clear that if two cocycles in Hom(W ′
K ,GL(n,C)) are cohomologous, then the two corresponding

representation of W ′
K are equivalent. After chasing the isomorphism in Shapiro’s Lemma, we see that
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the equivalence class of the irreducible admissible representations of H(F ) attached to ρ, is the same

as the equivalence class of those attached to p1 ○ ρ∣W ′
K

, where p1 is the projection from LH onto the

first factor in ΠGal(K/F )GL(n,C).

Now, let π be a irreducible admissible representation of GL(n,F ), attached to a representation

ρ of W ′
F , then BC(π) is a representation of H(F ) attached to uBC ○ ρ, which is the same as a

representation of GL(n,K), attached to p1 ○uBC ○ρ∣W ′
K
= ρ∣W ′

K
, since p1 ○uBC is the identity. Hence,

we conclude that base change corresponds to the restriction on the Galois side, similar arguments

show that automorphic induction corresponds to induction on the Galois side. (If we assume all the

relevant automorphic representations are of Galois type, then a similar global description applies.)

Globally, we need to formulate base change and automorphic induction in terms of the collection

of local Weil-Deligne representations. Let K/F be a cyclic extension of number fields, and π be an

automorphic representation of GL(n,F ), parameterized by the collection of Weil-Deligne representa-

tions {ρv}v∉S of W ′
Fv

, where S contains the place where K/F is ramified or π is ramified. Because of

the commutative diagram

WKw ΓK

WFv ΓF

,

and the (hypothetical) description of base change as restriction from ΓF to ΓK , we should have BC(π)

to be the automorphic representation of GL(n,K), attached to the collection {ρw = ρv ∣WKw
}w∣v,v∉S ,

for any v lying over w.

Similar arguments show that if π is an automorphic representation of GL(n,K), parameterized

by the collection {ρw}w∉S , then AI(π) is an automorphic representation of GL(dn,F ), parameterized

by {ρv}w∣v,v∉S , where ρv = Ind
WFv

WKw
ρw, if v is inert, and ρv = ⊕w∣v ρw = ⊕x∈Gal(K/F ) ρ

x
wo .

Theorem 2.5.1 (Theorem 6.2 of [AC2016]). Let K/F be cyclic extension of number fields of prime

degree, then base change and automorphic induction described as above exists.

Let F /F + be a CM field, where F + is a totally real field, and F /F + is an imaginary quadratic

extension. If we let π be a cuspidal representation of GLn(F ), and we assume πc ≇ π, then its

automorphic induction Π of GL2n(F
+) is also cuspidal, by the same theorem in [AC2016]. We

summarize the following lemma, which will be useful in Section 7.

Lemma 2.5.2. Let Π be the automorphic induction of π as above, then we have L(s, π) = L(s,Π).

Moreover, suppose φ is the infinity type of π, then the infinity type of Π is IndWR
WC
φ.
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Chapter 3

Cohomology of Arithmetic

subgroup

3.1 The arithmetic groups and locally symmetric space

3.1.1 The groups

In this section, we introduce the background on the cohomology of arithmetic subgroup of GL(n), and

its relation to the relative Lie algebra cohomology, hence motivates the definition of cohomological

(cuspidal) automorphic representation. Most of the section follows [HR2011].

Recall that F + is a totally real number field of degree d, let OF be its ring of integer, and

S∞ =Hom(F +,R), the set of infinite places.

Let G0 = GL(n)/F +, and we put G = ResF+/Q(G0) be its Weil restriction of scalars from F + to

Q. Let B0 be the standard Borel subgroup of G0, consisting of upper-triangular matrices, and T0 be

the standard torus of diagonal elements, and U0 be the unipotent of B0, and Z0 be the center of G0.

Similarly, a group with subscript 0 will indicate the group defined over F +, and the corresponding

Weil restriction to Q will be denoted without 0. Let S be the maximal Q split torus in Z, then

S ≅ Gm/Q. Let G
(1)
0 be the derived group of G0, i.e. SL(n)/F , and the superscript (1), will mean

the intersection with SL(n).

For any topological group G, we denote its connected component containing the identity to be

G0. By definition, for any Q-algebra A, G(A) = G0(A ⊗Q F
+), in particular, we define G∞ =

G(R) = GL(n,R ⊗Q F
+) = Πτ ∶F+↪RGL(n,R) = Πv∈S∞GL(n,R). Note that Z(R) ≅ Πv∈S∞R× ⊂
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G(R) = Πv∈S∞GL(n,R), where each copy of R× embeds as the diagonal elements in the corre-

sponding copy of GL(n,R). Let C∞ = Πv∈S∞O(n) be the maximal compact subgroup of G(R),

and K∞ = C∞S(R) = C∞S(R)0, and K0
∞ =K

(1)
∞ × S(R)0.

3.1.2 Arithmetic subgroup

Let G be a reductive algebraic group over Q, choose an embedding G ↪ GLl, and define for every

natural number N ,

Γ(N) = G(Q) ∩ {g ∈ GLn(Z)∣g ≡ Ilmod N}.

For example, Γ(1) = G(Q)∩GL(n,Z), and when G = SL2, Γ(N) is our normal principal congruence

group.

A congruence subgroup of G(Q) is any subgroup containing some Γ(N) as a subgroup of finite

index, although the definition of Γ(N) does depend on the embedding one chooses, but the definition

of congruence subgroup doesn’t. We say that two subgroups S1, S2 of H are commensurable, if their

intersection S1 ∩ S2 has finite index in both S1 and S2. A subgroup of G(Q) is called arithmetic if

it is commensurable with Γ(1).

Let V = Spec(A) be an affine scheme over Q (applies to our case, where V = ResF+/QGL(N)/F +

).We next explain how to define V (Af). Suppose

A = Q[X1,X2, . . .Xl]/a = Q[x1, x2, . . . xl],

let Z[x1, x2, . . . xl] be the Z-subalgebra of A, generated by xi’s, and set

V (Zp) =HomZ(Z[x1, x2, . . . xl],Zp) = V (Qp) ∩Zlp.

This set V (Zp) clearly depends on the choice of generators xi, however, if A = Q[y1, y2, . . . ys],

then yi’s can be expressed as polynomials of xi with coefficients in Q, and vice versa. Choose d to be

the least common multiple of all the coefficients in the aforementioned polynomials, we see that

Z[
1

d
][x1, x2, . . . xl] = Z[

1

d
][y1, y2, . . . ys],

and hence, for p ∤ d, two definitions of V (Zp) using different generators coincide. Therefore,

V (Af) = ⊗′pV (Qp),
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where ⊗′ means the restricted product with respect to V (Zp) is well-defined. It is easy to see that

such definition of V (Af) coincide with that, when V is a pull-back from a ZZ-scheme.

One can also check that, all congruence subgroups of G(Q) are of the form K ∩G(Q), where K is

a compact open subgroup of G(Af).

3.1.3 The adelic locally symmetric space

Let A = R × Af be the adele of Q, and so G(A) = G(R) ×G(Af), element g ∈ G(A) will be written

as g = g∞ × g
f
. Let Kf = Πp<∞Kp ⊂ G(Af) be an open compact subgroup. The adelic symmetric

space is:

G(A)/K0
∞Kf = G(R)/K0

∞ × (G(Af)/Kf).

It is a product of normal symetric space X = G(R)/K0
∞, and a discrete space (G(Af)/Kf).

Moreover, G(Q) acts on this space properly discontinuous, and we get a quotient

π ∶ G(R)/K0
∞ × (G(Af)/Kf) → G(Q)/(G(R)/K0

∞ × (G(Af)/Kf)). (3.1.1)

G(Q) acts simultaneously on two factors of the target space, which is called adelic locally sym-

metric space of G with level Kf , it is denoted as

SGKf ∶= G(Q)/G(A)/K0
∞Kf .

It is well-known(see, for example, [Bor1963]) thatG(Q)/G(Af)/Kf is a finite set, and let {g(i)
f

}i=1...m

to be a set of representatives. The stabilizer of each coset g(i)
f
Kf /Kf in G(Q) is equal to

Γi ∶= Γ
g(i)
f ∶= G(Q) ∩ g(i)

f
Kf(g

(i)
f

)−1, (3.1.2)

which is an arithmetic (in fact, congruence) subgroup of G(Q) that acts properly discontinuously on

X (see Chapter 2 of [Har2006]). Shrinking Kf if necessary, we can assume that each Γi is torsion-free.

Then we have the following decomposition of SGKf :

SGKf =
m

∐
i=1

Γi/G(R)/K0
∞.
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3.2 Highest weight representation and associated sheaves

3.2.1 The characters

Let E/Q be a Galois extension, that contains F , denote the set of embeddings of F into E by

{τ ∶ F ↪ E}, on which Gal(E/Q) acts. Hence, T ×Q E = Πτ ∶F→ET0 ×τ,F E = Πτ ∶F→ET0. We consider

the character module of T ×Q E, we have:

X⋆(T ×Q E) = ⊕
τ ∶F→E

X⋆(T0 ×τ E) = ⊕
τ ∶F→E

X⋆(T0). (3.2.1)

We will denote any element λ ∈ X⋆(T ×Q E) by λ = (λτ)τ ∶F→E , with λτ ∈ X⋆(T0 ×τ E) a character of

the split torus T0 ×τ E, which can be identified with an n-tuple of integers.

Let N(T ) be the normalizer of T in G/Q, and C(T ) = T be the centralizer of T in G/Q, their

quotient W = N(T )/T is a finite algebraic group scheme over Q. Moreover, W(E) =W = Πτ ∶F→EW
τ
0 ,

where W τ
0 is the normal Weyl group of G0/F with respect to T0/F , in our case, it is isomorphic to

symmetric group of n letters. By averaging over finite group W , we get an invariant positive definite

symmetric pairing

<,>∶X⋆(T (1)) ×X⋆(T (1)) → R,

and the decomposition 3.2.1 is orthogonal with respect to this pairing, and it is unique up to scalar

on each summand.

On the other hand, since we have an isogeny T
(1)
0 ×Z0 → T0, we know that X⋆(T0) is a subgroup

of finite index in X⋆(T
(1)
0 ) ⊕ X⋆(Z0), both are free abelian group. We hence have X⋆(T × E)Q =

X⋆(T × E) ⊗Z Q = X⋆(T
(1)
0 )Q ⊕X

⋆(Z0)Q. We can thus extend the pairing <,> to X⋆(T × E)Q by

linearity, and trivially by zero on X⋆(Z0)Q.

Recall that the character module X⋆(T0) is a free abelian group on {e1, . . . en}, where for any

t = diag(t1, . . . tn) ∈ A, where A is an F -algebra, we have ei(t) = ti. We will identify each character by

an n-tuple of integers: λ = (b1, . . . bn) = b1e1+. . . bnen. Denote the determinant by δn = (1,1 . . .1). The

simple roots for SL(n) is denoted as α1, . . . αn−1, where αi = ei+1 − ei. We call the basis {e1, . . . en},

the standard basis.

The fundamental weights {γ1, . . . γn−1} in X⋆(T0)Q are defined by:

2 < γi, αj >

< αj , αj >
= δij ,
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and the restriction of each γi to Z0 is zero. Note that
2αj

<αj ,αj> is the coroot of αj identified via the

pairing <,>, and the definition of γi only makes sense in X⋆
Q(T0). More explicitly,

γi = (e1 + e2 + . . . ei) −
i

n
δn.

We call the basis {γ1, . . . γn−1, δn} for X⋆
Q(T0), the fundamental basis, it respects the decomposition

X⋆
Q(T0) = X

⋆
Q(T

(1)
0 ) ⊕X⋆

Q(Z0). We will denote λ(1) = γ1e1 + . . . + γn−1en−1 as the semisimple part of

λ, and λab = dδn as the abelian part of λ.

Denote half the sum of positive roots for G0 by ρn:

ρn =
n

∑
i=1

γi = (
n − 1

2
,
n − 3

2
,
1 − n

2
).

Given λ = (b1, . . . , bn) ∈X
⋆
Q(T0), we will also write λ+ρn = ∑

n−1
i=1 aiγi+dδn, i.e. λ = ∑

n−1
i=1 (ai−1)γi+

dδn.

Comparing the coefficients of standard basis, we see that:

ai − 1 = bi − bi+1, for 1 ≤ i ≤ n − 1,

d =
b1 + . . . + bn

n
.

Recall that a weight λ = (b1, . . . bn) ∈ X
⋆(T0) is dominant integral (hence, whose highest weight

representation is finite dimensional) if and only if bi ∈ Z for all i, and bi+1 ≥ bi for i = 1, . . . n − 1. In

terms of fundamental basis, this is the same as saying

ai ∈ Z, ai ≥ 1 for i = 1, . . . n − 1

nd ∈ Z, nd ≡
n−1

∑
i=1

i(ai − 1), (mod n).

We say a weight λ = (λτ)τ ∶F→E ∈ X⋆
Q(T × E) is dominant integral, if each component λτ is a

dominant integral for in X⋆
Q(T0), denote the set of dominant integral weights for T (resp. T0) by

X+(T ×E) (resp. X+(T0)).
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3.2.2 Associated sheaves

Let λ ∈ X+(T ×E) be a dominant integral weight,and (ρλ,Mλ) be the absolutely irreducible finite-

dimensional representation of G/Q × E(λ) of highest weight λ, we can understand it by first base

change to a larger Galois extension E (containing a copy of F ), clearly we have,

Mλ,E =Mλ ⊗E(λ) E = ⊗
τ ∶F→E

Mλτ ,

where Mλτ /E is the absolutely irreducible finite-dimensional representation of G0 ×τ E = GL(n)/E

with highest weight λτ . The group G(Q) = GL(n,F ) acts on Mλ,E diagonally on each factor.

Associate to the representation Mλ,E of G/E, there is a sheaf M̃λ,E of E-vector spaces on SGKf :

the sections over an open subset V ⊂ SGKf are given by:

M̃λ,E = {s ∶ π−1(V ) →M∣slocally constant and s(γv) = ρλ(γ)s(v), γ ∈ G(Q)},

where π is the quotient map as in 3.1.1.

The stalks of the sheaves are:

M̃λ,E,x = {s ∶ π−1(x) →M∣s(γv) = ρλ(γ)s(v), γ ∈ G(Q)}.

We will see that the sheaf M̃ could vanish even for a nontrivialM. A necessary nonvanishing condition

is provided by the following lemme:

Lemma 3.2.2. Let λ = (λτ)τ ∶F→E ∈ X+(T × E), with λτ = ∑
n−1
i=1 (aτi − 1)γi + d

τδ. If M̃ ≠ 0, then

dτ1 = dτ2 for any τ1, τ2 ∶ F → E.

Proof. Suppose M̃λ,E,x ≠ 0 for some x, such that π−1(x) ∩Γi ≠ ∅, where Γi is a congruence subgroup

of G(Q) as in 3.1.2.

By the description of the stalks, we see that ρλ(γ) = 1 for all γ ∈ Γi, restricting ρλ to the center,

we will see that ρλ will be trivial on a congruence subgroup of O×
F ⊂ GL(n,F ) = G(Q), embedded

diagonally into Πτ ∶F→EGL(n,F ) ×F,τ E. That is the character Πτ ∶F→Eτ
dτ is trivial on a congruence

subgroup of O×
F . This forces dτ1 = dτ2 for any τ1, τ2 ∶ F → E.

Define X+
alg(T ×E) to be th esubset of those dominant-integral weights which satisfy the condition

dτ1 = dτ2 for arbitrary two τ1, τ2 ∶ F → E, i.e.

X+
alg(T ×E) ∶= {λ ∈X+(T ×E) ∶ λτ1ab = λ

τ2
ab,∀τ1, τ2 ∶ F → E}.
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In another word, the central character ωλ of algebraic dominant-integral weights factor through

the norm character NF /Q, i.e.

ωλ(x) = NF /Q(x)
nd.

If we further assume that Kf is neat, then every stalk of sM is isomorphic o M̃λ, and hence it is

a local system.

3.2.3 Functorial property of cohomology

The fundamental problem to understand the arithmetic subgroup, is to compute the sheaf cohomology

groups H●(SGKf ,M̃λ,E).

An inclusion K1,f ⊂K2,f of open compact subgroups of G(Af) naturally induces a canonical map

H●(SGKf,2 ,M̃λ,E) → H●(SGKf,1 ,M̃λ,E). Pass to the direct limit of all open compact subgroups, we

define:

H●(SG,M̃λ,E) ∶= lim
Ð→
Kf

H●(SGKf ,M̃λ,E).

We can describe the action of π0(G(R))×G(Af), where π0 is the group of connected components,

and an element x∞ ∈ π0(G(R)) = π0(K∞) is represented by an element of T [2] and so normalizeds

K∞. Let xf ∈ G(Af), and x = x∞ × xf . Right multiplication by x, i.e. g ↦ gx induces a map

mx ∶ S
G
Kf
→ SG

x−1
f
Kfxf

, this gives a canonical map in cohomology:

m●
x ∶H

●(SGx−1
f
Kfxf

,mx,⋆M̃λ,E) →H●(SGKf ,M̃λ,E).

But we have mx,⋆M̃λ,E ≅ M̃λ,E as sheaves on SG
x−1
f
Kfxf

, hence the map is:

m●
x ∶H

●(SGx−1
f
Kfxf

,M̃λ,E) →H●(SGKf ,M̃λ,E).

Passing to the limit over all Kf gives the action of x on H●(SG,M̃λ,E). The cohomology for the

spaces with level structure can be retrieved by taking invariants:

H●(SGKf ,M̃λ,E) ≅H●(SG,M̃λ,E)Kf . (3.2.3)
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3.3 Automorphic forms and Lie algebra cohomology

3.3.1 Relative Lie algebra cohomology

Let g,g(1),b, t, z, s denote the Lie-algebras of G/Q,G(1)/Q,B/Q, T /Q, Z/Q, S/Q respectively. Let g∞

be the Lie algebra of G(R), and k∞ that of K0
∞.

A (g,K)-module is a real or complex vector space V , which is g-module, K-finite, and semisimple

K module, such that the actions (both are denoted as ρ) of g and K satisfy:

• ρ(k) ⋅ (ρ(X)) ⋅ v = ρ(Adk(X)) ⋅ π(k) ⋅ v, where v ∈ V, k ∈K,X ∈ g.

• Suppose F ⊂ V is a K-stable finite dimensional vector space, then ρ∣k is its differential.

The action of g extends to the action of universal enveloping algebra U(g). Suppose V is an

irreducible (no proper sub (g,K)-module), and admissible (each irreducible K-module has finite mul-

tiplicity in the semisimple decomposition of V as K-module), then there exists a homomorphism

χ ∶ Z(g) → C, such that ρ(z) = χ(z) ⋅ Id for all z ∈ Z(g), where Z(g) ⊂ U(g) is the center of universal

enveloping algebra. Such χ is called the infinitesimal character of V .

All representations of G(R) in this paper will induce a (g∞,K
0
∞) by taking K0

∞-finite vectors.

For a (g∞,K
0
∞)-module (ρ, V ), the relative Lie algebra cohomology is defined as the cohomology

of the complex C● =HomK0∞(⋀●(g∞/k∞), V ), where the boundary map d ∶ Cq → Cq+1 is defined by:

df(x0, . . . xq) = Σi(−1)ixi ⋅ f(x0, . . . , x̂i, . . . , xq) (3.3.1)

+Σi<j(−1)i+jf([xi, xj], x0, . . . , x̂i, . . . , x̂j , . . . , xq),

(3.3.2)

where ˆ means omitting the argument. Note that this definition of boundary map generalizes the

exterior differential of the differential forms, i.e. the same formula holds, when d denotes exterior

differential, and f denotes a q-differential form, and xi’s are vector fields.

A necessary condition for the cohomology to be nontrivial is given by the following lemma:

Lemma 3.3.3 (Wigner’s lemma). Let U,V be two (g,K)-modules, let χU , χV be their infinitesimal

characters. Then Hq(g,K,U ⊗ V ∨) = 0 for all q’s, unless χU = χV .

Suppose Π∞ = ⊗τ∈S∞ is a factorizable representation ofG(R), similarly if λ = (λτ)τ∈S∞ ∈X+(T×E),

and then the highest weight representation Mλ = ⊗τ∈S∞Mλτ . It is well-known that the relative Lie

algebra cohomology satisfies the Kunneth-rule, i.e.
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Hq(g∞,K
0
∞,Π∞ ⊗M∨

λ ) ≅ ⊕
Στqτ=q

⊗
τ∈S∞

Hqτ (gτ ,K
0
∞,Πτ ⊗M

∨
λτ ).

Combining the Kenneth-rule, and Wigner’s Lemma, we get the following purity lemma.

Lemma 3.3.4 (Lemme De Purete [Clo1990] ). Let λ = (λτ)τ∈S∞ ∈X⋆(T ×E) be an algebraic weight,

suppose that λτ = Σn−1
i=1 (aτi −1)γi+d⋅δ. Suppose there is an irreducible essentially unitary representation

V of G(R) such that H●(g,K0
∞, V ⊗Mλ) ≠ 0, Then λ is essentially self-dual, i.e. for each τ , we have

aτi = a
τ
n−1.

An algebraic dominant-integral essentailly self-dual weight λ will be called a pure weight. Denote

by X⋆
0 (T × E) the set of pure weights. If we write λ ∈ X⋆

0 (T × E) by λ = λ(1) + d ⋅ δ, hten the duall

weight of λ is given by λ∨ = λ(1) − d ⋅ δ = λ(1) − 2d ⋅ δ. Hence, M∨
λ ≅Mλ ⊗ (det)−2d. We call the integer

2d the purity weight of λ.

3.3.2 Motivic weight

Let λ ∈X⋆
0 (T ×E) be as above. The motivic weight of λ is defined to be the integer:

wλ ∶= max{wλτ ∣τ ∶ F → E}, where wλτ = Σn−1
i=1 a

τ
i .

Then, a direct computation yield that

wλτ ≡ 2d + n − 1 (mod)2,∀τ.

3.3.3 cuspidal parameters and representations at infinity

Let λ ∈ X⋆
0 (T × C) with λ = (λτ)τ∈S∞ . By Wigner’s Lemma 3.3.3, the infinitesimal character of an

irreducible admissible (g,K0
∞)-module π∞ such that H●(g,K0

∞;π∞ ⊗Mλ) ≠ 0 is uniquely determined

by λ. Hence, there are only finitely many π∞ up to isomorphism, denote this finite set by Coh∞(G,λ).

We will mainly concern about π∞ that comes as an infinity part of a global cuspidal representation,

and hence genric i.e. admits a Whittaker model. It turns out that among Coh∞(G,λ), there is a

unique one, up to twisting that is generic.

Suppose λτ = Σn−1
i=1 (ai − 1)γi + d ⋅ δn. The cuspidal parameter of λ is defined as l = (lτ)τ∈S∞ , where

lτi ∶= −Σi−1
j=1(a

τ
j ) +Σn−1

j=i (a
τ
j ). (3.3.5)
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We have:

• l depends only on λ(1), and not on λab, i.e., only depends on aτi ’s, but not on d.

• By purity of λ, we have: lτ1 > lτ2 . . . > l
τ
[n/2] > 0, and lτi = −l

τ
n+1−i.

• A direct calculation shows that lτi ≡ wλ (mod2).

For any integer l ≥ 1, let Dl be the discrete series representation of GL2(R) of lowest non-negative

K-type corresponding to l + 1 and with central character sgnl+1. The langlands parameter of Dl

is IndWR
C× (χl), and χl is the character of C× sending z to (z/z̄)l/2. Let Rn stand for the standard

parabolic subgroup of GLn of type (2,2, . . . ,2), and then define:

Dλτ ∶= Ind
GLn(R)
Rn(R) ((Dlτ1

⊗ ∣ ⋅ ∣−dR ) ⊗⋯⊗ (Dlτ
n/2

⊗ ∣ ⋅ ∣−dR )),

where Ind
GLn(R)
Rn(R) denotes normalized parabolic induction. And define:

Dλ = ⊗
τ∈S∞

Dλτ .

Identify the sign-character sgn ∶ R× → {±1} with −1, and the trivial character of R× with +1. Let

ε = (ετ)τ∈S∞ , then ε gives a character of Πτ∈S∞R×, and via the determinant map, gives a character of

G(R)/G(R)0 = π0(G(R)). When n is even, as in our case, it can be verified that Dλ⊗ ε ≅ Dλ for every

ε.

Proposition 3.3.6. Let λ ∈X⋆
0 (T ×C), and Dλ be as above. Then:

• Dλ is irreducible essentailly tempered representation.

• Dλ admits a Whittaker model.

• H●(g,K0
∞;Dλ ⊗Mλ) ≠ 0.

More preceise version can be given by Delorme’s Lemma, see [BW2013] H●(g,K0
∞;Dλ ⊗Mλ) ≠ 0

if and only if bFn ≤ ● ≤ tFn , where

bFn ∶= r ⋅ bQn ; tFn = r ⋅ (
n2

4
+
n

2
) − 1.

As a module over π0(Gn(R)), when q = bFn or tFn , we have:

H●(g,K0
∞;Dλ ⊗Mλ) = ⊕

ε∈ ̂π0(Gn(R))
ε.
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In particular, the τ -isotypical part of top degree cohomology is 1-dimensional, this will be used in

the theorem 5.5.5.

3.4 Cohomological Representation

3.4.1 de Rham complex

Now, we seek to relate the sheaf cohomology H●(SGKf ,M̃λ,E) with the relative Lie algebra cohomology.

For a level structure Kf ⊂ G(Af), we can always shrink it to assume it is neat, and hence M̃λ,E

will be a lcoal system of C-vector spaces. The cohomology H●(SGKf ,M̃λ,E) can be computed using

the de Rham complex. We have the isomorphism between the de Rham complex and the relative Lie

algebra complex:

Ω●(SGKf ,M̃λ,E) =HomK0∞(
●
⋀(g/k),C∞(G(Q)/G(A)/Kf , ω

−1
λ ∣S(R)0) ⊗Mλ), (3.4.1)

where C∞(G(Q)/G(A)/Kf , ω
−1
λ ∣S(R)0) consists of all smooth functions φ ∶ G(A) → C such that

φ(γgkfa∞) = ω−1
λ (a∞)φ(g), for all g ∈ G(A), γ ∈ G(Q), kf ∈ Kf , a∞ ∈ S(R)0. (See Proposition

4.1 of [Har2006]). We will abbreviate ω−1
λ ∣S(R)0 = ω−1

∞ .

Note that C∞(G(Q)/G(A)/Kf , ω
−1
λ ∣S(R)0) is a (g∞,K

0
∞)-module, since it is smooth in the variable

g∞, it has an action of g∞. If we pass to the limit over level groups Kf , we get an action of G(Af)

from right translation. If we fix the level Kf , then there is an action from HKf by convolution,

and C∞(G(Q)/G(A)/Kf , ω
−1
λ ∣S(R)0) is hence a (g∞,K

0
∞) × HKf -module. It can be verified that the

isomorphism 3.4.1 respects the action of Hecke algebra.

We are interested in a series submodules insideH●(SGKf ,M̃λ,E), by considering a series of subspaces

of C∞(G(Q)/G(A)/Kf , ω
−1
λ ∣S(R)0). Define C∞2 (G(Q)/G(A)/Kf , ω

−1
λ ∣S(R)0), the set of smooth square-

integrable functions, to be φ ∈ C∞(G(Q)/G(A)/Kf , ω
−1
λ ∣S(R)0), such that

∫
G(Q)S(R)0/G(A)

∣φ(g)∣2∣det(g)∣2ddg < ∞.

Define H●
(2)(S

G
Kf
,M̃λ,E) as the submodule of H●(SGKf ,M̃λ,E), consisting of the classes that can

be represented by teh closed forms in HomK0∞(⋀●(g/k),C∞2 (G(Q)/G(A)/Kf , ω
−1
λ ∣S(R)0) ⊗Mλ).
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3.4.2 Borel Garland Theorem

Since C∞2 (G(Q)/G(A)/Kf , ω
−1
λ ∣S(R)0) is the set of smooth vectors of L2(G(Q)/G(A)/Kf , ω

−1
∞ ), we are

led to study this latter space. By [Lan2006], we know that it has a decomposition into essentially

unitary G(R)-modules:

L2(G(Q)/G(A)/Kf , ω
−1
∞ ) = L2

disc(G(Q)/G(A)/Kf , ω
−1
∞ ) ⊕L2

cont(G(Q)/G(A)/Kf , ω
−1
∞ ),

where the first summand is the closure of the direct sum of irreducible subspaces. Hence, ω ∈

HomK0∞(⋀●(g/k),C∞2 (G(Q)/G(A)/Kf , ω
−1
λ ∣S(R)0) ⊗Mλ) can be written as ω = ωdisc + ωcont, Borel

and Garland ([BG1983]) shows that ωcont goes to zero in cohomology. Hence, the square-integrable

cohomology comes from the discrete spectrum.

Define Coh
(2)
∞ (G < λ) to be the finite set of isomorphism classes of essentially unitary G(R)-

modules having nontrivial cohomology with Mλ-coeffcients. For each π∞ ∈ Coh
(2)
∞ (G,λ) choose a

representative Vπ∞ , and Vπ∞ be the resulting (g∞,K
0
∞)-module of K∞-finite vectors. Then, we put:

W (2)
π∞ =HomG(R)(Vπ∞ , L

2(G(Q)/G(A)/Kf , ω
−1
∞ )) =HomG(R)(Vπ∞ , L

2
disc(G(Q)/G(A)/Kf , ω

−1
∞ )).

Then the theorem of Borel-Garland says that the induced map

⊕
π∞∈Coh(2)

∞

W (2)
π∞ ⊗H●(g,K0

∞;Vπ∞ ⊗Mλ) →H●
(2)(S

G
Kf
,M̃λ,E)

is surjective. We can also take the action of the Hecke algebra into account; For each isomorphism

class π∞ ∈ Coh
(2)
∞ (G,λ), take Vπ∞ as above, and similarly, for each isomophism class πf of absolutely

irreducible HGKf -module, choose a representative Vf for πf , and define:

W
(2)
π∞⊗πf = HomG(R)×HG

Kf

(Vπ∞ ⊗ Vπf , L
2
disc(G(Q)/G(A)/Kf), ω

−1
∞ ).

Define Coh(2)(G,λ,Kf) to be the set of those πf for which there exists a π∞ such that @
(2)
π∞⊗πf ≠ 0.

Then we get the refined decomposition:
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⊕
π∞×πf

W
(2)
π∞⊗πf ⊗H

●(g,K0
∞;Vπ∞ ⊗Mλ) ⊗ Vπf → ⊕

πf ∈Coh(2)(G,λ,Kf )
H●

(2)(S
G
Kf
,M̃λ,E)(πf),

which is surjective map onto H●
(2)(S

G
Kf
,M̃λ,E), and the summand on right hand side indexed by πf

is the πf -isotypic component. In particular, square-integrable cohomology is a semi-simple module

under the action of Hecke algebra.

3.4.3 Cuspidal cohomology

We can find a further smaller space of functions:

C∞cusp(G(Q)/G(A)/Kf , ω
−1
∞ ) ⊂ C∞2 (G(Q)/G(A)/Kf , ω

−1
λ ∣S(R)0).

This inclusion, induces an inclusion in cohomology, and we hence define cuspidal cohomology by:

H●
cusp(S

G
Kf
,M̃λ,E) ∶=H●(g,K0

∞;C∞cusp(G(Q)/G(A)/Kf , ω
−1
∞ ) ⊗Mλ)

Similar to the square-integrable cohomology case, for π∞ ∈ Coh∞(G,λ) and πf ∈ Coh(G,λ,Kf),

we can define W cusp
π∞⊗πf , and Cohcusp(G,λ,Kf), and a surjective map:

⊕
π∞×πf

W cusp
π∞⊗πf ⊗H

●(g,K0
∞;Vπ∞ ⊗Mλ) ⊗ Vπf →H●

cusp(S
G
Kf
,M̃λ,E) (3.4.2)

= ⊕
πf ∈Cohcusp(G,λ,Kf )

H●
cusp(S

G
Kf
,M̃λ,E)(πf), (3.4.3)

which is in fact an isomorphism by a theorem of Borel [B+1983]. This motivates the definition of

cohomological cuspidal representation.

Note that the well-known multiplicity one theorem implies, if W cusp
π∞⊗πf (resp. W

(2)
π∞⊗πf ) is nonzero,

then it is of dimension 1.

3.4.4 Rational structure on cohomology space

To define a period, it is necessary to consider the rational structure of cohomology space under twisting,

as shown in the following lemma:
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Proposition 3.4.4 (Theorem 3.13 of [Clo1990]). Let Π be a cuspidal automorphism representation,

cohomological with respect to a highest weight representation M∨
µ , then the σ-twisted representation

σΠ is also cuspidal, and cohomological with respect to σM∨
µ . Moreover, for every ε ∈ (K∞/K0

∞)∗, the

G(Af)-module Hq0(g∞,K
0
∞,Π⊗M∨

µ)[ε] is defined over any field containing Q(Π).

The fact that σΠ is cuspidal, is obvious by applying σ to each single cusp form in the representa-

tion space of Π. σΠ is cohomological with respect to σM∨
µ follows from Kunneth-rule in computing

cohomology. We explain how the rational structure is obtained.

Let E be the rational field of Mµ, note that Mµ is indeed defined over E. In fact, Mµ is a highest

weight representation given by µ = (µτ)τ∈S∞ , and µτ = (µτ1 , . . . µ
τ
n), such that µτ1 > . . . > µτn. The

rational field E is defined by the fixed subfield of all σ ∈ Gal(Q̄/Q), such that µστ = µτ . In particular,

µστi =mi
τ is a character of Gm defined by x ↦ Πτ(xτ)

mτi , which is defined over E. At the same time

it is also the character of the maximal torus T . Since the character has multiplicity 1 in Mµ, by

Lemma1.1 of [Wal1985], we know that Mµ is defined over E.

As a consequence, the Betti cohomology H●
B(SKf ,M), and their direct limit over Kf , H●

B(S,M)

are defined over E. More precisely,

H●(S,M) =H●(S,ME) ⊗E C.

Note that the action of G(Af) preserves this E-structure. We need the following proposition:

Proposition 3.4.5 (Drinfeld-Manin). Let W be an irreducible sub-quotient of H●(S,M), as a G(Af)-

module, then there exists a finite extension E′ of E, such that W is defined over E′.

In Proposition 3.3.6, for a cohomological cuspidal representation Π, whose infinity part Π∞ will be

some Dµ, we have constructed Mµ, such that H●(g,K0
∞;Dµ ⊗Mµ) ≠ 0. From the isomorphism 3.4.2,

we see that Πf ⊗ ε shows up as a sub-quotient of H●(S,M), for any character ε of π0(G(R)). As an

immediate corollary, this completes the proof that the cohomology space has a rational structure.
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Chapter 4

Motives and Deligne Conjecture

Deligne conjecture predicts that the transcendental part of critical values of motivic L-functions are

captured by its Deligne periods. We will explain the terms in details.

4.1 Motives over Q and Deligne Conjecture

A motive over Q with coefficient in a number field E is given by three realizations.

• Betti realization MB is a finite dimensional E-vector space. Moreover, it admits a Hodge

decomposition: MB ⊗C = ⊕p,q∈ZM
p,q as free E ⊗C-modules, and there is a E-linear involution

F∞ on MB , called infinite Frobenius. We can extend F∞ by linearity to a E ⊗ C linear

involution on MB ⊗C, which we still denote by F∞, it sends Mp,q to Mq,p.

For ω(M) an integer, we say that M is pure of weight ω(M) if Mp,q = 0 unless p+ q = ω(M).

We define the Hodge numbers of M by hp,q = rankE⊗CM
p,q, because of the existence of

infinite Frobenius F∞, we know that hp,q = hq,p. We also define the Hodge type of M by the

set T (M) = {(p, q) ∈ Z2∣hp,q ≠ 0}. We say that M is regular if hp,q ≤ 1 for all p, q ∈ Z.

• DeRham realization MDR is (also) a finite dimensional vector space over E, which admits an

E-rational Hodge filtration on MDR ∶ ⋯ ⊃M i ⊃M i+1 ⊃ ⋯.

We have a comparison isomorphism:

I∞ ∶MB ⊗C ∼
Ð→MDR ⊗C

as free E ⊗C-module, which is compatible with the Hodge decomposition and filtration, in the
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sense that I∞(⊕p≥iM
p,q) =M i.

• l-adic realization Ml for each prime number l, Ml is a free finite rank El = E ⊗Ql-module. We

have comparison isomorphisms

Il ∶MB ⊗Ql
∼
Ð→Ml

as free E ⊗Ql-module. In particular, we see that dimEMB = dimEMDR = rankE⊗QlMl, we call

this integer the rank of M .

There is a Galois action of GQ on each Ml, such that the family {Ml}l form a compatible system

of l-adic representations ρl ∶ GQ → GL(Ml). For each prime number p, let Ip ⊂ GQp be the inertia

subgroup, and Fp ∈ GQp a geometric Frobenius element. Fix any embedding ι ∶ E → C, we can

then define the local L-function Lp(s,M, ι) = det(1 − p−sFp∣(Ml)Ip )
−1, it is independent of the

choice of l ≠ p. We then define L(s,M, ι) = ∏pLp(s,M, ι), it converges for Re(s) sufficiently

large, and we will denote L(s,M) = (L(s,M, ι))ι ∈ E ⊗C.

One necessary condition that M admits critical values (which hasn’t been defined yet) is that F∞

acts as a scalar on Mp,p, it suffices for us to make the following hypothesis,

Hypothesis 4.1.1. The motive M has Hodge number hp,p = 0 for any p ∈ Z.

We will make this hypothesis through out the paper.

The infinite part of motivic L-functions can be defined as follows:

L∞(s,M) = ∏
(p,q)∈T (M),p<q

ΓC(s − p)
hp,q ,

where ΓC(s) = 2(2π)−sΓ(s) is the complex Gamma function.

Definition 4.1.2. m ∈ Z is critical for a motive M if both L∞(s,M), and L∞(1−s, M̌) are holomor-

phic at m, where M̌ is the dual motive of M . Then we call m a critical point of M , and L(m,M)

a critical value for M .

Remark 4.1.3. Since Γ(s) only has poles at non-positive integers, we conclude, by inspecting the

Gamma factors, that an integer m is critical if and only if, for any (p, q) ∈ T (M), such that p < q, we

have p < m < q + 1, note that we always assume (p, p) ∉ T (M) in Hypothesis 4.1.1. In particular, M

always has a critical point.

Definition 4.1.4. Fix any E-rational basis of MB (resp. MDR), and extend it to E⊗C-basis of MB⊗

C(resp. MDR). We define the determinant period δ(M) to be the determinant of the comparison

isomorphism I∞ under this pair of basis. It is a well-defined element in (E ⊗C)×/E×.
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Moreover, we let M+(resp. M−) to be MF∞
B (resp. M−F∞

B ), the fixed subset of F∞ (resp. −F∞).

Since F∞ is E-linear, we know that M+(resp. M−) is a E-vector subspace. We define F +(M) =

F −(M) =M [ω+1
2 ] ⊂MDR, where [⋅] is the floor function. Then the comparison isomorphism induces

the following isomorphism:

I±∞ ∶M± ⊗C↪MB ⊗C ⋍MDR ⊗C→ (MDR/F
±M) ⊗C.

Definition 4.1.5. We fix an E-rational basis for M± (resp. MDR/F
±M), and extends it to an E⊗C

basis of M± ⊗C (resp. (MDR/F
±M) ⊗C). We define the Deligne period c± to be the determinant

of I±∞ under this pair of fixed basis. It is a well-defined element in (E ⊗C)×/E×.

Now we are ready to introduce the Deligne Conjecture:

Conjecture 4.1.6 (Deligne). Let m be a critical point for M , we write ε for the sign of (−1)m. We

then have:

L(m,M) ∼E (2πi)mn
ε

cε(M),

where nε = dimEM
ε.

4.2 Motives over quadratic imaginary field

Let K be a quadratic imaginary field, with fixed embedding K ↪ C. Let E be a number field,

consider a motive M , defined over K with coefficients in E. For each embedding K ↪ C, M has a

realization as in the over Q case, i.e. Betti realization MB and De Rham realization MDR, both are

finite dimensional E-vector space. We use M to indicate the realizations with the fixed embedding,

and M c to indicate the realization with respect to the complex conjugate of the fixed embedding. The

infinite Frobenius gives an E-linear isomorphism F∞ ∶MB
∼Ð→M c

B .

We assume that M is regular, and of pure weight ω(M), with rank n. Its Hodge type is denoted

as {(pi, qi)1≤i≤n, ∣p1 > p2 > . . . pn, qi = ω(M) − pi,1 ≤ i ≤ n}. Hence the Betti realization has a Hodge

decomposition MB ⊗C = ⊕n
i=1M

pi,qi as E ⊗C-module.

The Hodge type of M c then equals {(pci , q
c
i )1≤i≤n, q

c
i = ω(M)−pci , p

c
i = qn+1−i,1 ≤ i ≤ n}, the indexing

is to guarantee that pc1 > p
c
2 > . . . p

c
n, and the Hodge decomposition is M c

B⊗C = ⊕n
i=1(M

c)pi,qi as E⊗C-

module, and F∞ induces E-linear ismorphisms: Mpi,qi ≅ (M c)p
c
n+1−i,q

c
n+1−i = (M c)qi,pi .

The De Rham realization MDR still has the E-rational, finite dimensional Hodge filtration MDR =

Mpn ⊃Mpn−1 ⊃ ⋯ ⊃Mp1 . The comparison isomorphism I∞ ∶MB ⊗C ≅MDR ⊗C is compatible with
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Hodge filtration on MDR and Hodge decomposition on MB , i.e. for each 1 ≤ i ≤ n, I∞ induces an

ismorphism:

I∞ ∶ ⊕
pj≥pi

Mpj ,qj =⊕
j≤i
Mpj ,qj ≅Mpi ⊗Q C. (4.2.1)

Let (ei)1≤i≤n be an E-basis of MB , since F∞ is E-isomorphism, we may take (eci = F∞(ei))1≤i≤n

to be an E-basis of M c
B .

From Equation (4.2.1), we see that I∞ induces an isomorphism Mpi,qi ≅ (Mpi) ⊗C/(Mpi−1 ⊗C)

for any 1 ≤ i ≤ n. Here we set Mp0 = {0}. Let fi be a non-zero element in Mpi,qi , such that the image

of fi by the above isomorphism is in Mpi (mod (Mpi−1)⊗C). In other words, I∞(fi) is equivalent to

an (E-rational) element in Mpi modulo (Mpi−1) ⊗C. (as opposed to Mpi ⊗C modulo (Mpi−1) ⊗C )

Since (fi)1≤i≤n forms an E ⊗C-basis of MB ⊗C, we know (I∞(fi))1≤i≤n forms an E ⊗C-basis of

MDR ⊗ C. This basis is not necessarily E-rational, i.e. not contained in MDR. But by the above

construction, we know that the change of basis matrix between (I∞(fi))1≤i≤n and an E-rational basis

is unipotent (upper-triangular, with 1’s on the diagonal), since the determinant of a unipotent matrix

is always 1, we can use (I∞(fi))1≤i≤n in the computations of relevant periods. Similarly, we define

f ci ∈ (M c)p
c
i ,q

c
i , and we can(will) use (I∞(f ci ))1≤i≤n as an E⊗C-basis of M c

DR⊗C to calculate relevant

periods henceforth.

Since M is regular, Mpcn+1−i,q
c
n+1−i is a rank one free E ⊗C module, hence, F∞(fi) = Qi(M)f cn+1−i

for some Qi(M) ∈ (E ⊗ C)× for all 1 ≤ i ≤ n. We call these Qi(M) for 1 ≤ i ≤ n, motivic periods,

and they are well defined in (E ⊗C)×/E×.

4.3 Deligne period for tensor product motive

The aim of this subsection is to express Deligne period for the (restriction of) tensor product motive,

in terms of motivic periods.

Let E(resp. E′) be a number field. Let M(resp. M ′) be a regular motive over K (with respect to

the fixed embedding) with coefficients in E (resp. E′) pure of weight ω(M)(resp. ω(M ′)), and the

rank n(resp. n′). Suppose the Hodge type of M is {pi, ω(M) − pi∣1 ≤ i ≤ n}, with p1 > p2 > ⋯ > pn,

and the Hodge type of M ′ is {ri, ω(M
′) − ri∣1 ≤ i ≤ n′}, with r1 > r2 > ⋯ > rn′ . As before, we define

pci = ω(M) − pn+1−i for 1 ≤ i ≤ n, and rcj = ω(M
′) − rn′+1−j for 1 ≤ j ≤ n′. They are indices for Hodge

type of M c and M
′c respectively.

Denote R(M ⊗M ′) as the restriction from K to Q of the motive M ⊗M ′, its weight is equal to
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ω = ω(M) + ω(M ′), and its Betti realization is MB ⊗M ′
B ⊕M c

B ⊗M
′c
B , and DeRham realization is

MDR ⊗M
′
DR ⊕M

c
DR ⊗M

′c
DR.

We assume that R(M ⊗M ′) satisfies Hypothesis 4.1.1, i.e. there is no (ω/2, ω/2) class. In other

words, pa + rb ≠
ω
2

, and pct + r
c
u ≠

ω
2

for all 1 ≤ a, t ≤ n,1 ≤ b, u ≤ n′.

Remark 4.3.1. Recall that a necessary condition for a motive N to have critical points is that for

any integer p, the infinite Frobenius F∞ acts as scalar on Np,p. We observe that R(M ⊗M ′)p,p =

(M ⊗M ′)p,p⊕(M c⊗M
′c)p,p, and F∞ interchanges the two summands, so it will never acts as scalar,

unless R(M ⊗M ′)p,p = 0. Therefore, R(M ⊗M ′) has a critical value, if and only if it satisfies the

Hypothesis 4.1.1.

As in the above subsection, we take (ei)1≤i≤n to be an E-basis of MB , and (eci = F∞(ei))1≤i≤n is

an E-basis of M c
B . Similarly we take (e′j)1≤j≤n′ to be an E′-basis for M ′

B , and (e
′c
i = F∞(e

′c
i ))1≤i≤n

is an E′-basis of M
′c
B . Moreover, fi ∈ M

pi,ω(M)−pi , f ci ∈ (M c)p
c
i ,ω(M)−pci for 1 ≤ i ≤ n, and f ′j ∈

(M ′)rj ,ω(M
′)−rj , f

′c
j ∈ (M

′c)r
c
j ,ω(M

′)−rcj for 1 ≤ j ≤ n′.

Recall that the motivic periods are defined by comparing these basis, more precisely,

F∞fi = Qi(M)f cn+1−i, F∞f
′
j = Qj(M

′)f
′c
n′+1−j ,

for 1 ≤ i ≤ n, and 1 ≤ j ≤ n′.

We need one more ingredient before we can state the main proposition of this subsection:

Definition 4.3.2. The sequence −rn′ > −rn′−1 > ⋯ > −r1 is split into n + 1 parts by the numbers

p1−
ω
2
> p2−

ω
2
> ⋯ > pn−

ω
2

. We denote the length (the number of −rj’s) of each parts by sp(i,M ;M ′),

for 0 ≤ i ≤ n, and call them the split index for the motivic pair.

Remark 4.3.3. Note that we assume R(M ⊗M ′) satisfies our hypothesis 4.1.1, hence there is no −rj ’s

lie on the boundary of some part, so the length is well defined.

In this paper, we are mainly interested in the case when M ′ is associated to a character, in

particular, its rank is equal to 1. In this case, sp(i,M ;M ′) = 1 if −r1 lies in the i-th part, i.e.

pi−
ω
2
> −r1 > pi+1−

ω
2

, and sp(i,M ;M ′) = 0 otherwise, and sp(0,M ′;M) = i, and sp(1,M ′;M) = n− i.

Hence the split indices are captured by a single integer.

We denote by det(M) the determinant motive of M , then I∞(∧ni=1ωi) is an E-basis of det(M)DR

and ∧ni=1ei is an E-basis of det(M)B . It is easy to deduce by the definition of motivic periods that

F∞(∧ni=1) = Π1≤i≤nQi(M) ∧ni=1 ω
c
i .
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We conclude that

δ(M) ∼E δ(det(M)),

and

Q1(det(M)) ∼E Πn
i=1Qi(M).

For the purpose of compatibility with automorphic setting, we introduce the following normaliza-

tions:

Q(i)(M) ∶= Q1(M)Q2(M)⋯Qi(M), for 1 ≤ i ≤ n,

and Q(0)(M) = 1 by convention. We define the normalized determinant period by:

∆(M) ∶= (2πi)
n(n−1)

2 δ(M),

and set:

Q(i)(M) ∶= Q(i)(M)∆(M)for 0 ≤ i ≤ n.

The same notations can be introduced to M ′, just replace all the relevant quantities for M by those

of M ′.

In particular, let’s note that Q(0) = ∆(M) only depends on the 1-dimensional determinant motive

of M .

We can also conclude the following proposition, by computing with these basis(see, for example,

Proposition 1.2 of [Lin2016]).

Proposition 4.3.4.

c+(R(M ⊗M ′)) ∼EE′;K (2πi)
−nn′(n+n′−2)

2

n

∏
j=0

Q(j)(M)sp(j,M ;M ′)
n′

∏
k=0

Q(k)(M ′)sp(k,M
′;M).

4.4 Motives over CM field

Let M be a motive defined over a CM field F , with coefficients in E(M) of rank n, and weight ω(M).

For each σ, we may define the motivic period Qi(M,σ) as in Section 4.2, and write (pi(σ), qi(σ))1≤i≤n

to be the Hodge type of M at σ.

Let ω = ω(M) + ω(M ′), and assume that pi(σ) + qi(σ) ≠
ω
2

for all σ, i, j. Define A(M,M ′)(σ) =
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{(a, b)∣pa(σ) + rb(σ) >
ω
2
}, where Σ is a CM type of F , and the Betti realization of ResF /Q(M⊗M ′)

is (⊕σ∈ΣM
σ
B⊕M ′σ

B )⊕(⊕σ∈ΣM
σc

B ⊕M ′σc
B ).

Then we can generalize the formula for Deligne period 4.3.4 to the CM case:

Proposition 4.4.1.

c+(R(M ⊗M ′)) ∼EE′;K (2πi)
−nn′d(n+n′−2)

2 ∏
σ∈Σ

n

∏
j=0

Q(j)(M,σ)sp(j,M ;M ′,σ)
n′

∏
k=0

Q(k)(M ′, σ)sp(k,M
′;M,σ).

4.5 Motives associated to automorphic representations

Conjecture 4.5.1 (Conjecture 4.5, and paragraph 4.3.3 of [Clo1990]). Let Π be a regular algebraic

(cohomological) cuspidal representation of GLn(AF ), and Q(Π) its rationality field. There exists E a

finite extension of Q(Π) and M a regular motive of rank n over F with coefficients in E such that

L(s,M,σ) = L(s +
1 − n

2
,Πσ),

for all σ ∶ E ↪ C.

Moreover, if the infinity type of Π is (zai , z̄−ω(Π)−ai)1≤i≤n, then the Hodge type ofM is (pi, qi)1≤i≤n =

(−ai +
n−1

2
, ω(Π) + ai +

n−1
2

)1≤i≤n. In particular, this motive is pure of weight ω(M) = ω(Π) + n − 1.

Hence, the Deligne conjecture can be restated as follows:

Conjecture 4.5.2. Let Π and Π′ be two regular cohomological, conjugate self-dual, cuspidal repre-

sentations of GL(n,AF ), and GL(n′,AF ), such that Π⊗Π′ is regular. Assume that there are motives

M(Π), and M(Π′) associated to Π and Π′ respectively. If m ∈ Z + n+n′
2

is a critical value for Π⊗Π′,

then we have:

L(m,Π⊗Π′) = L(m +
n + n′ − 2

2
,M(Π) ⊗M(Π′))

∼EE′;K (2πi)
−nn′d(n+n′−2)

2 ∏
σ∈Σ

n

∏
j=0

Q(j)(Π, σ)sp(j,Π;Π′,σ)
n′

∏
k=0

Q(k)(Π′, σ)sp(k,Π
′;Π,σ).
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Chapter 5

Shalika model and functoriality

F /F + is the quadratic imaginary field extension, and F +/Q is the totally real field extension of degree

d. We will focus on the latter extension, and review the expression of critical values of a cohomological

cuspidal representation Π of GL(2n,F +) in terms of Shalika periods, as in [GRG2014].

5.1 Shalika model

Let

S ∶= {s =

⎛
⎜
⎜
⎝

h 0

0 h

⎞
⎟
⎟
⎠

⎛
⎜
⎜
⎝

1 X

0 1

⎞
⎟
⎟
⎠

∣X ∈Mn, h ∈ GLn} ⊂ GL(2n),

be the Shalika subgroup of GL(2n), and let η be an Hecke character on A×
F+/F +,×, and ψ be the non-

trivial additive character of AF+ considered in Tate’s Thesis. Then these characters can be extended

to a character of S(AF+):

s =

⎛
⎜
⎜
⎝

h 0

0 h

⎞
⎟
⎟
⎠

⎛
⎜
⎜
⎝

1 X

0 1

⎞
⎟
⎟
⎠

↦ η(s) ⋅ ψ(s),

where η(s) ∶= η(det(h)), and ψ(s) ∶= ψ(Tr(X))).

Suppose Π is a cuspidal representation of GL(2n,AF+), we can define a intertwining operator

Sηψ ∶ Π↪ Ind
GL2n(AF+)
S(F+)(AF+)

[η ⊗ φ] of GL2n(AF+)-modules by:

φ↦ Sηψ(φ)(g) ∶= ∫
ZG(AF+)S(F+)/S(AF+)

(Π(g) ⋅ ψ)(s)η−1(s)φ−1(s)ds,

where Z ⊂ GL(2n) is the center. Sηψ is well-defined by cuspidality of Π, see [JS1990], and by irre-
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ducibility of Π, we know that Sηψ is either injective or trivial, the following theorem of Jacquet-Shalika

gives the criterion to distinguish these cases:

Theorem 5.1.1 (Theorem.1,p.213 [JS1990]). Suppose Π is a cuspidal automorphic representation on

GL(r,AF+). Let S be a finite set of places of F +, such that all of Π, ψ and η are unramified outside

of S, and set partial exterior square L-function to be:

LS(s,Π,∧2 ⊗ η) = ∏
v∉S

Lv(s,Πv,∧
2 ⊗ ηv).

Then LS(s,Π,∧2⊗ η) extends to a meromorphic function on the half plane Re(s) > 1−a, where a > 0.

Then, if r is odd, LS(s,Π,∧2⊗η−1) is holomorphic at s = 1. If r is even, say r = 2n, then the following

are equivalent:

(1) LS(s,Π,∧2 ⊗ η−1) has a pole at s = 1.

(2) ωΠ = ηn, and Sηψ is nonzero, where ωΠ is the central character of Π.

In this case, we write Sηψ(Π) to be the isomorphic image of Π.

Remark 5.1.2. The original theorem is for all number fields, but we will only use the case of totally

real fields. And the original theorem only proves it for all unitary cuspidal representations, however,

the extension to all cuspidal representation is straightforward.

Definition 5.1.3. A cuspidal representation Π has an (η,ψ)-Shalika model, if one of the equivalent

conditions in Theorem 5.1.1 holds, and we will denote the Shalika model of Π by Sηψ(Π).

Note that the Shalika model makes sense locally, for any finite place v, we say that Πv admits an

(ηv, φv)-Shalika model, if the map

Πv → Ind
GL(2n,F+

v )
S(F+

v )
[ηv ⊗ ψv],

is non-trivial, hence injective. If Π has global Shalika model, then the map Sηψ induces Sηvψv at all the

local finite places, and the global model has a local factorization Sηψ(Π) = ⊗′vS
ηv
ψv

(Πv).

5.2 Rational structure on Shalika models

Similar to the case in Whittaker model, we can define an action of Aut(C) on the Shalika model, if Π

has one, and then define a rational structure Sηψ(Πf)Q(Π,η) on the finite Shalika model of Πf , where

Q(Π, η) = Q(Π)Q(η) is the rationality field of both Π and η, see Section 2.1.
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Consider the cyclotomic character:

Aut(C) → Gal(Q(µ∞)/Q) → Ẑ ≅∏
p

Z×p ↪∏
p
∏
v∣p
O×
v ,

σ ↦ σ∣Q(µ∞) ↦ tσ ↦ tσ

where the last inclusion is the diagonal embedding. The element tσ at the end may hence be thought

of as an element of A×
F+,f .

For σ ∈ Aut(C) and ξ ∈ S
ηf
ψf

(Πf), we define the function σξ by:

σξ(gf) = σ(ξ(t
−1
σ ⋅ gf)),

gf ∈ GL(2n,AF,f), and t−1
σ ∶= diag(t−1

σ In, In). We see that ξ ↦ σξ is a σ-linear GL(2n,Af)-equivariant

isomorphism σ̃ ∶ Ind
GL(2n,AF+,f )
S(AF+,f )

[ηf ⊗ ψf ] → Ind
GL(2n,AF+,f )
S(AF+,f )

[σηf ⊗ ψf ]. Note that this action makes

sense locally, just replace t−1
σ by t−1

σ,v at every place v.

Similar to the case of Whittaker model, one need the fact that admitting Shalika model is an

arithmetic property, this is indeed the work of Gan in the appendix of [GRG2014].

Proposition 5.2.1 (Appendix in [GRG2014]). Let Π be a cohomological cuspidal automorphic rep-

resentation of GL(2n,AF+), which admits an (η,ψ)-Shalika model. Then σΠ has a (ση,ψ)-Shalika

model for all σ ∈ Aut(C).

Proof. The idea to prove Proposition 5.2.1 is again by use of Theorem 5.1.1. Note that Π is cohomo-

logical and cuspidal, and hence essentially self-dual, that is Π∨ ≅ Π⊗ η−1. Hence the L-function:

LS(s, σΠ⊗ σΠ⊗ ση−1) = LS(s, σΠ, Sym2 ⊗ ση−1) ⋅LS(s, σΠ,∧2 ⊗ ση−1),

has a pole at s = 1.

One uses contradiction to rule out the possibility that this pole comes from LS(s, σΠ, Sym2 ⊗

ση−1). Together with the fact that LS(s,Π,∧2 ⊗ η−1) has a pole at s = 1, and σΠ and ση are

just permutation of local factors of those of Π and η. One uses the result of Asgari and Shahidi

([AS+2006],[AS2011]), to show that the Langlands parameter of each local component Πv preserves

both a nondegenerate symmetric bilinear form, and a nondegenerate skew-symmetric bilinear form,

which yields a contradiction.

Then, we can define the rational structure of Shalika models:
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Corollary 5.2.2 (Lemma 3.8.2 of [GRG2014]). Let Π be a cohomological cuspidal automorphic repre-

sentations of GL(2n,AF ) whcih has an (η,ψ)-Shalika model Sηψ(Π). Then, σ̃(S
ηf
ψf

(Πf)) = S
σηf
ψf

(σΠf).

For any finite extension E/Q(Π, η), we have an E-structure on S
ηf
ψf

(Πf) by:

S
ηf
ψf

(Πf)E ∶= S
ηf
ψf

(Πf)
Aut(C/E).

Proof. The first assertion is a consequence of direct calculation. As for the remaining assertions,

consider the vector ξΠf = ⊗v∉S∞ξΠv , where ξΠv is called a new vector in [GRG2014], or the essential

vector in [JPSS1981]. This means that ξΠv is right invariant by a suitable open compact subgroup

of G(F +
v ), which gives a one dimensional space of invariant vectors. One can fix a unique choice by

normalizing ξΠv(Idv) = 1. Using definition, it can be checked that

σξΠv = ξσΠv .

In particular, any σ ∈ Aut(C/Q(Π, η)) fixes ξΠv , and hence fix the global new vector ξΠf .

Now define S
ηf
ψf

(Πf)Q(Π,η) to be the Q(Π, η)-span of the G(Af)-orbit of ξΠf , then the canonical

map:

S
ηf
ψf

(Πf)Q(Π,η) ⊗Q(Π,η) C→ S
ηf
ψf

(Πf),

is an isomorphism. The surjectivity follows from irreducibility, and the injectivity follows exactly as

in the proof for the Whittaker model. Now the action of Aut(C/Q(Π, η)) on S
ηf
ψf

(Πf) is identified

with the canonical action of Aut(C/Q(Π, η)) on the second factor of S
ηf
ψf

(Πf)Q(Π,η)⊗Q(Π,η)C. Hence,

one can deduce that

S
ηf
ψf

(Πf)Q(Π,η) = S
ηf
ψf

(Πf)
Aut(C/Q(Π,η)),

and the second assertion follows.

5.3 Zeta Integral and Period integral

An important notion used in the connection of L-value and cohomology is the following Shalika-zeta

integral. Let Π have an (η,ψ)-Shalika model, for a cusp form ψ ∈ Π, we construct the Shalika integral:

ζ(s, φ) = ∫
GLn(AF+)

Sηψ(φ)(

⎛
⎜
⎜
⎝

g1 0

0 1

⎞
⎟
⎟
⎠

)∣det(g1)∣
s− 1

2 dg1.
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Then this zeta integral is absolutely convergent for Re(s) ≫ 0.

Since the Shalika model has a local factorization, Sηψ(Π) = ⊗′vS
ηv
ψv

, we can choose the cusp form φ,

so that Sηψ(φ) = ξφ ∈ S
η
ψ(Π) is factorizable as

ξφ = ⊗
′
vξφv ,

where

ξφv ∈ S
ηv
ψv

(Πv) ⊂ Ind
GL2n(Fv)
S(Fv) [ηv ⊗ ψv].

Hence, the Shalika-zeta integral also has the local factorization:

ζf(s, ξφf ) = Πv∉S∞ζv(s, ξφv),

where each local zeta integral is given by:

ζv(s, ξφv) = ∫
GLn(Fv)

Sηψ(φ)(

⎛
⎜
⎜
⎝

g1,v 0

0 1v

⎞
⎟
⎟
⎠

)∣det(g1,v)∣
s− 1

2 dg1,v,

and they are also absolutely convergent when Re(s) ≫ 0.

The following result of Friedberg-Jacquet, [FJ1993] gives the holomorphic continuation of the zeta

integral:

Proposition 5.3.1. Let Π have an (η,ψ)-Shalika model. For a cusp form φ ∈ Π, consider the integral

Ψ(s, φ) = ∫
ZG(AF+)H(F )/H(AF+)

φ(

⎛
⎜
⎜
⎝

h1 0

0 h2

⎞
⎟
⎟
⎠

)∣
det(h1)

det(h2)
∣

s− 1
2

η−1(det(h2))d(h1, h2).

Then Ψ(s, φ) converges absolutely for all s ∈ C. Further, for Re(s) ≫ 0, we have

ζ(s, φ) = Ψ(s, φ).

More importantly, Proposition 5.3.1 relates Shalika integral with a period integral along H ⊂

GL(2n), and the latter has a cohomological interpretation when Π is cohomological. In that cohomo-

logical interpretation, the Shalika period will naturally bump out, so Proposition 5.3.1 can really be

thought of as the connection between Shalika integral and Shalika period.

In [FJ1993], they also provide the other link, i.e. the connection between Shalika period and

L-function:
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Proposition 5.3.2. Assume that Π has an (η,ψ)-Shalika model. Then for each place v, and ξv ∈

Sηvψv(Πv), there is a holomorphic function P (s, ξφs) such that

ζv(s, ξφv) = L(s,Πv)P (s,Πv).

One may hence analytically continue ζv(s, ξφv) by redefine it to be L(s,Πv)P (s,Πv). Moreover, for

every s ∈ C, there exits a vector ξφv ∈ S
ηv
ψv

(Πv), such that P (s,Πφv) = 1. If v ∉ SΠ, then this vector

can be taken to be spherical vector ξπv ∈ S
ηv
ψv

(Πv), normalized by the condition

ξπv(idv) = 1.

In particular, in the computation of Shalika integral, one can choose a particular vector:

ξ○Πf = ⊗
′
v∉S∞ξ

○
Πv ∈ S

ηf
ψf

(Πf)Q(Π,η),

which has the following property:

• ζv(
1
2
, ξ○Πv) = L(

1
2
,Πv) for all v ∉ SΠf .

• ζv(
1
2
, ξ○Πv) = 1 for all v ∈ SΠf .

The first condition follows immediately from the Proposition 5.3.2, by choosing ξ○Πv to be the

spherical vector for v ∉ SΠf . For ramified places see Section 3.9 of [GRG2014]. Hence, we have our

link between L-function, and Shalika zeta integral, hence the Shalika period.

Recall that F + is a totally real field of degree d over Q, and Σ is the set of all real embeddings

of F + (we abuse the notation here, Σ is also denoted as the CM type of F , but this should be clear

from the context). Let Π be a cuspidal representation of GL2n(F
+), which is cohomological with

respect to a highest weight representation E∨
µ of G∞ ≅ GL2n(F

+ ⊗R) ≅ GL2n(R)d, and which admits

an (η,ψ)-Shalika model. We write the weight µ = (µ1,σ, µ2,σ,⋯µ2n,σ)σ∈Σ, with µ1,σ ≥ µ2,σ ≥ ⋯µ2n,σ,

and w ∈ Z, such that µi,σ + µ2n+1−i,σ = w for all 1 ≤ i ≤ n and σ ∈ Σ, to be the pure weight of µ.

5.4 Shalika periods

Let Π be a cuspidal cohomological automorphic representation ofG(A), which admits an (η, φ)-Shalika

model. Recall the Proposition 3.3.6 shows that, in the top degree q0 = d(n2 + n − 1), the ε-isotypic

part of cohomology space is 1-dimensional:
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Hq0(g∞,K
○
∞,Π∞ ⊗E∨

µ)[τ] ≅ C,

where ε = (ε1, ε2, . . . εd) ∈ (Z/2Z)d ≅ (K∞/K○
∞)⋆. Since Π admits a Shalika model, we can replace Π∞

by its realization Sη∞ψ∞(Π∞), and by II.3.4 of [BW2013], we have:

Hq0(g∞,K
○
∞,S

η∞
ψ∞(Π∞) ⊗E∨

µ)[τ] ⊂ (
q0

⋀(g∞/k∞)⋆ ⊗ Sη∞ψ∞(Π∞) ⊗E∨
µ)
K○
∞ ,

hence we can choose the regenerator of Hq0(g∞,K
○
∞,S

η∞
ψ∞(Π∞) ⊗E∨

µ)[τ] in the form of

[Π∞]ε ∶= ∑
i=(i1,...iq0)

dimEµ

∑
α=1

X⋆
i ⊗ ξ∞,i,α ⊗ e

∨
α,

where we fix the following choice:

• A basis {Xj} of g∞/k∞, which in turn fixes the dual basis {X⋆
j } for (g∞/k∞)⋆, where Xi =

X⋆
i1
∧ . . . ∧X⋆

iq0
∈ ∧q0(g∞/k∞)⋆.

• A Q(E∨
µ)-basis {e∨1 , . . . e

∨
dimEµ

} of E∨
µ.

• ξ∞,i,α ∈ Sη∞ψ∞(Π∞), for all i and α.

We also similarly define the action of σ ∈ Aut(C) on ε by σε = (εσ−1v)v∈S∞ , which then induces the

action of Aut(C) on the cohomology class at infinity:

σ̃([Π∞]ε) ∶= [σΠ∞]σε .

The choice of the generator [Π∞]ε of Hq0(g∞,K
○
∞,S

η∞
ψ∞(Π∞)⊗E∨

µ)[τ] induces an isomorphism Θε

as following:

S
ηf
ψf

(Πf) S
ηf
ψf

(Πf) ⊗H
q0(g∞,K

○
∞,S

η∞
ψ∞(Π∞) ⊗E∨

µ)[ε]

Hq0(g∞,K
○
∞,S

η
ψ(Π) ⊗E∨

µ)[τ]

Hq0(g∞,K
○
∞,Π⊗E∨

µ)[τ].

∼

∼

∼

More precisely, if we write ξφf ∈ S
ηf
ψf

(Πf), ξi,α = ξφf ⊗ ξ∞,i,α, and φi,α = (Sηψ)
−1(ξi,α), then

Θε(ξφf ) = ∑
i=(i1,...iq0)

dimEµ

∑
α=1

X⋆
i ⊗ φi,α ⊗ e

∨
α,
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Since both Sη∞ψ∞(Π∞) and Hq0(g∞,K
○
∞,Π⊗E∨

µ)[τ] have a certain Q(Π, η)-rational structure, and

they are irreducible as G(Af)-module, these structures are unique up to homotheties, we can thus

define the Shalika period as the discrepancy between these two structures.

Definition/Proposition 5.4.1 (The Shalika periods). Let Π be a cuspidal automorphic repre-

sentation of GL(2n,AF+) which is cohomological with respect to a highest weight representation

E∨
µ. Assume furthermore that Π which admits an (η,ψ)-Shalika mode. Let τ be a chracter of

K∞/K○
∞ and let [Π∞]τ be a generator of the one-dimensional vector space (see Proposition 3.3.6.)

Hq0(g∞,K
○
∞,S

η∞
ψ∞(Π∞) ⊗ E∨

µ)[τ]. Then there is a non-zero complex number wτ(Πf), such that the

normalized map

Θτ
0 ∶= w

τ(Πf)
−1 ⋅Θτ

is Aut(C)-equivariant, i.e. the following diagram commutes:

S
ηf
ψf

(Πf) Hq0(g∞,K
○
∞,Πf ⊗E

∨
µ)[ε]

S
σηf
ψf

(σΠf) Hq0(g∞,K
○
∞,

σΠf ⊗
σE∨

µ)[ε]

Θε0

σ̃ σ̃

Θσε0

In particular, Θε
0 maps the Q(Π, η)-structure S

ηf
ψf

(Πf)Q(Π,η), defined in Lemma 5.2.2, onto the

Q(Π, η)-structure of Hq0(g∞,K
○
∞,Πf ⊗E

∨
µ)[ε] as defined in Proposition 3.4.4. The complex number

wε(Πf) is well defined up to multiplication of Q(Π, η)×.

Proof. Having fixed a Q(Π, η)-structure on S
σηf
ψf

(σΠf)Q(Π,η) and Hq0(g∞,K
○
∞,Πf ⊗E

∨
µ)[ε], both of

which are unique up to homotheties, hence, there is a non-zero complex number ωε(Πf) such that

Θε
0 = ω

ε(Πf)
−1 ⋅Θε, that maps one rational structure, onto the other. Moreover, for any σ ∈ Aut(C),

we know that both σ̃(Θε
0(ξΠf )) and Θσε

0 (σ̃(ξΠf )) are new vectors in the same Q(σΠ, ση)-structure of

Hq0(g∞,K
○
∞,

σΠf ⊗
σE∨

µ)[
σε], hence these two vectors are differ by an element in Q(σΠ, ση)× and we

may get

σ̃(Θε
0(ξΠf )) = Θσε

0 (σ̃(ξΠf )),

by adjusting ωσε(σΠf). Since ξΠf generates S
ηf
ψf

(Πf) as a G(Af)-representation over C, thus, the

assertion.
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5.5 Rationality of critical values of Π over GL2n,F +, following

Grobner-Ragurham

This section briefly review the main results of [GRG2014], which relates the L-function, with the

Shalika period. The idea is to chase on the following diagram of rational maps:

Hq0(SGKf ,E
∨
µ) Hq0

c (S̃HKf ,E
∨
µ) Hq0

c (S̃HKf ,E(0,−w))

Hq0(g∞,K
○
∞;π ⊗E∨

µ)[ε+]
Kf

S
ηf
ψf

(Πf)
Kf C

ι⋆ T ⋆

∫S̃H
Kf

Θε+o

We will briefly explain all the ingredients show up in the above diagram, and notice that we start

with a rational vector ξφf ∈ S
ηf
ψf

(Πf)
Kf and chase it through the above diagram, and we will see that

it essentially captures the required L-value. Hence obtained the rationality of the critical L-values.

By shrinking Kf , we assume that ηf is trivial on det(KH
2,f), and that ξ○Πf ∈ S

ηf
φf

(Πf)
Kf (see the

choice of ξ○Πf after the Proposition 5.3.2). We also fix the choice of the chracter ε+ = (1,1, . . .1) ∈

(K∞/K○
∞)⋆ ≅ (Z/2Z)d.

5.5.1 Critical values and the map T ⋆.

Recall that a point s0 being critical for Π, if s0 ∈ Z+ 1
2

(in the case n is even), such that both L(s,Π∞),

and L(1 − s,Π∨
∞) are regular at s0. Using stardard calculation, we see that:

Proposition 5.5.1. Let Π be a cuspidal represntation of GL2n(A), that is cohomological with respect

to the highest weight representation E∨
µ. Then the set of critical points for L(s,Π) is given by

Crit(Π) = {
1

2
+m ∈

1

2
+Z∣ − µv,n ≤m ≤ −µv,n+1, ∀v ∈ S∞}.

In particular, s = 1
2

is critical if and only if µv,n ≥ 0 ≥ µv,n+1 for all v ∈ S∞.

Since we will explain the result of Grobner and Ragurham in the case with s0 = 1
2

is critical. In

their original paper, they developed the general theory by twisting a character.

Now we explain the map T ∗. Let Π be a cuspidal representation ofGL2n(A) which is cohomological

with respect to a highest weight representation E∨
µ of G∞ with purity weight w ∈ Z. Assume that s0 =

1
2

is a critical point for Π, i.e. µv,n ≥ 0 ≥ µv,n+1 for all v ∈ S∞, then notice that λ = (µv,1, µv,2, . . . µv,n),

and λ∨ = (µv,n+1, µv,n+2, . . . µv,2n) = λ
∨+w. Let E(0,−w) ∶= 1⊗det−w be the H(C)-representation, wehre
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the first block of H(C) = GL(n,C)×GL(n,C) acts trivially, and the second factor acts as det−w. Then

by a classical branching law(see Thm 2.1 of [Kna2001]), we have EH2
µ ≅ Eλ ⊗Eλ′ ≅ Eλ ⊗E

∨
λ ⊗ detw.

Since Eλ is irreducible, the trivial representation occurs with multiplicity 1 in Eλ ⊗ E
∨
λ , and hence

detw occurs with multiplicity 1 in EH2
µ , i.e. dim HomH(C)(E(w,0),Eµv) = 1. After dualizing and

conjugating with the antidiagonal identity matrix J . We see that:

dim HomH(C)(E
∨
µv ,E(0,−w)) = 1, ∀v ∈ S∞.

We will henceforth fix a non-zero homomorphism

T = ⊗v∈S∞Tv ∈ ⊗
v∈S∞

HomH(C)(E
∨
µv ,E(0,−w)),

which will induce a map on the level of sheaf cohomology with compact support:

T ⋆ ∶Hq0
c (S̃HKf ,E

∨
µ) →Hq0

c (S̃HKf ,E(0,−w)).

For σ ∈ Aut(C) we define T ⋆ = ⊗v∈S∞T
⋆
σ−1v, since the obvious diagram on the level of representations

commutes, it induces the following commutative diagram on the level of cohomology:

Hq0
c (S̃HKf ,E

∨
µ) Hq0

c (S̃HKf ,E(0,−w))

Hq0
c (S̃HKf ,

σE∨µ) Hq0
c (S̃HKf ,

σE(0,−w))

T ⋆

σ⋆H σ⋆H
T ⋆
σ

In particular, the map T ⋆ is a Q(Π, η)-rational map. Note that the Q(Π, η)-rational structure is

inherited from the Q(Eµ)-structure, where Q(Eµ) is the rational field of Eµ, which is contained in

Q(Π, η). See Subsection 3.4.4.

5.5.2 Spaces SG
Kf

and S̃H
Kf

and the map ι⋆.

As in paragraph 3.1.3, we define:

SGKf ∶= G(F )/G(A)/K○
∞Kf ,

where Kf is an open compact subgroup. We define similar locally symmetric space for the subgroup

ι ∶H ↪ G:

S̃HKf ∶=H(F )/H(A)/(K○
∞ ∩H∞)○ι−1(Kf).
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This is a real orbifold of dimension dimRS̃
H
Kf

= d(n2 + n − 1) = q0, the top non-vanishing degree for

cuspidal cohomology for GL2n(A).

By [A+1980] Lemma 2.7, we know that ι ∶ S̃HKf ↪ SGKf is a proper map. Hence induces a map on

the cohomology with compact support:

ι⋆ ∶Hq
c (S

G
Kf
,E∨µ) →Hq

c (S̃
H
Kf
,E∨µ).

For all σ ∈ Aut(C), we let σE∨µ be the sheaf associated with σE∨µ , there are σ-linear map σ⋆G and

σ⋆H , and the map ι⋆σ, obtained from ι⋆ twisting by σ. Then we have the following lemma of Clozel,

[Clo1990].(p122-123,128):

Lemma 5.5.2. Let Eµ be a highest weight representation of G∞ such that there is a cuspidal rep-

resentation Π of GL(2n,A), which is cohomological with respect to E∨
µ. Then the HGKf -modules

Hq
c (S

G
Kf
,E∨µ), and Hq

c (S̃
H
Kf
,E∨µ) are defined over Q(Π−η). Moreover, for any σ ∈ Aut(C), the following

diagram commutes:

Hq
c (S

G
Kf
,E∨µ) Hq

c (S̃
H
Kf
,E∨µ)

Hq
c (S

G
Kf
, σE∨µ) Hq

c (S̃
H
Kf
, σE∨µ)

ι⋆

σ⋆G σ⋆H
T ⋆
σ

In particular, ι⋆ is a Q(Π, η)-rational map.

5.5.3 Poincare duality for S̃H
Kf

.

Let Π be cuspidal representation of G(A), cohomological with respect to E∨
µ, and assume that s0 =

1
2

is critical for L(s,Π). We ma choose Kf ⊂ G(Af) to be such that the pull-back ι−1(Kf) ⊂H(Af) is a

direct product ι−1(Kf) =K
H
1,f ×K

H
2,f , with each factor contained in each block of G(Af). We assume

that Kf is so small, that ηf is trivial on det(KH
2,f), then 1× η−1 of H(A) determines a cohomological

class [η] ∈H0(S̃HKf ,E0,w).

By a result of Borel ([Bor1963], Thm5.1), we know that the set X of connected components of

S̃HKf is finite, for x ∈ X , denote S̃HKf ,x the connected component corresponding to x. By the discussion

in paragraph 3.1.3, we know that each connected component looks like a quotient of H○
∞/(Kc

∞irc ∩

H∞)○ by a discrete subgroup of H(F ). Fix an ordered basis of h∞/(k∞ ∩ h∞), whose dual basis of

(h∞/(k∞∩h∞))⋆ then determines an orientation, and a volume form of each component of S̃HKf , hence

a measure on S̃HKf . Then the Poincare duality reads:
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Hq0
c (S̃GKf ,E(0,−w)) ⊕x∈X C C

θ ( ∫S̃H
Kf ,x

∧[η]) Σx∈X ∫S̃H
Kf ,x

∧[η] = ∫S̃H
Kf

∧[η],

≅

moreover, the map θ ↦ ∫S̃H
Kf

θ ∧ [η] given by Poincare duality is rational, i.e. for all σ ∈ Aut(C), we

have:

∫
S̃H
Kf

θ ∧ [η] = ∫
S̃H
Kf

σ⋆H(θ) ∧ [ση].

5.5.4 Non-vanishing of archemedian factor

In the cohomological interpretation of L-values of Π, we usually don’t have an expression of L-values

in terms of integral, but rather we have the integral expression of the product L-values with an

archemedian factor, it is hence important to know the non-vanishing of these archemedian factors.

Thanks to the result of [S+2018], we can show the relevant archemedian factor is nonvanishing in our

case.

Let Y ⋆
1 , . . . Y

⋆
q0 be the basis of (h∞/(k∞ ∩ h∞))⋆ chosen as in paragraph 5.5.3, then htere is a

well-defined complex number s(i) ∈ C for each i = (i1, . . . , iq0), such that

ι⋆(X⋆
i ) = s(i)(Y

⋆
1 ∧ . . . Y ⋆

q0).

Assume 1
2

is a critical value for Π. Then we define

c(Π∞) ∶= ∑
i=(i1,...iq0)

dimEµ

∑
α=1

s(i)T (e∨α)ξ∞(
1

2
, ξ∞,i,α).

In the general case if 1
2
+m is critical for Π, we twist Π by the character detm, see paragraph ??,

and consider T (m) ∈ ⊗v∈S∞ HomH(C)(E
∨
µv+m,E(0,−w−2m)). Then we define:

c(Π∞,m) ∶= ∑
i=(i1,...iq0)

dimEµ

∑
α=1

s(i)T (m)(e∨α)ξ∞(
1

2
+m,ξ∞,i,α).

There is the theorem of [S+2018]:

Theorem 5.5.3. For all 1
2
+m ∈ Crit(Π), c(Π∞,m) ≠ 0, we denote its inverse by ω(Π∞,m).
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5.5.5 The main rationality result

Start with the specific choice ξ○Πf , and chase it through the diagram in paragraph 5.5, using Proposition

5.3.1, Proposition 5.3.2, and the choice of ξ○Πf , we get the following result:

Theorem 5.5.4 (Proposition 6.1.1 in [GRG2014]). Let Π be a cohomological cuspidal automorphic

representation of G(A), such that s = 1
2

is critical for L(s,Π), and Π admits an (η, φ)-Shalika model,

let ε+, and Kf be chosen as in paragraph 5.5. Then:

∫
S̃H
Kf

T ⋆ι⋆Θε+
0 (ξ○Πf ) ∧ [η] =

L( 1
2
,Πf)

ωε+(Πf)ω(Π∞)
⋅

val(F ×/A×/Rd+)
vol(ι−1(Kf))∏v∈SΠf

L( 1
2
,Πv)

.

Since most of the maps involved are rational, we get the following theorem (the original theorem

holds for the twisted cuspidal cohomological representation Π ⊗ χ, but we only need the case χ is

trivial).

Theorem 5.5.5 (Theorem 7.1.2 in [GRG2014]). Let Π be as above, i.e. cuspidal, cohomological,

admits an (η,ψ)-Shalika model. Then the critical values of Π are given by 1
2
+m ∈ 1

2
+ Z, such that

−µn,σ ≤m ≤ −µn+1,σ, for all σ ∈ Σ. Moreover, for the critical values m ∈ 1
2
+Z, we have

σ(
L( 1

2
+m,Πf)

ω(−1)mε+(Πf)ω(Π∞,m)
) =

L( 1
2
+m, σΠf)

ω(−1)mε+(σΠf)ω(Π∞,m)

and hence,

L(
1

2
+m,Πf) ∼Q(Π,η);Q ω

(−1)mε+(Πf)ω(Π∞,m),

where ε+ = (1,1, . . . ,1) is the trivial sign character.

5.6 Shalika model is preserved under automorphic induction

Let π be a cuspidal automorphic representation of GL(n,AF ), let Π = AI(π) be the automophic

representation on GL(2n,AF+) automorphically induced from π as in Subsection 2.4. Suppose π ≇ πc,

so that Π is also cuspidal. Let S be a finite set of places of F +, and SF be the finite set of places of F

lying above S, such that π (resp. Π), and the extension F /F + are unramified outside of SF (resp. S).

Let χ be a Hecke character of AF+ , and η be the base change of χ to AF , i.e., η = χ ○Nm is a

Hecke character of AF . We will further assume that they are all of finite orders, hence we can think

about them as characters of the corresponding Galois groups via global class field theory.
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Lemma 5.6.1. With the above notations, suppose the central character of π (resp. Π) is ωπ (resp.

ωΠ), then we have:

ωΠ = τn ⋅ ωπ ∣A×
F+ /F

+,× ,

where τ is the nontrivial character of Gal(F /F +) ≅ Z/2Z, identified as a character of order 2, on

A×
F+/F +,× via class field theory.

This follows from the following general lemma for the abstract groups, with the functorial fact

that inclusion commutes with transfer map. It is easy to check that κ = det ○ Ind
GF+
GF

1 is nothing but

τ .

Lemma 5.6.2. Let G be a group, and H ⊂ G is of finite index, and ρ is a finite dimensional repre-

sentation of H. Set σ = IndGHρ. Then

det σ = κdimρ ⊗ (detρ ○ verG/H),

where κ = IndGH1H , and 1H is the trivial character.

proof of Lemma 5.6.1. It suffices to prove they are equal at an arbitrary unramified finite place w of

F +. Firstly let’s note, by compatibility of global and local Artin maps, that τ ∣F+
w

corresponds to the

(trivial or quadratic) character of local Galois extension Fv/F
+
w, where v is a place of F lying over w,

since

Gal(F +,ab
w /F +

w) ∩Gal(F +,ab/F ) = Gal(F +,ab
w /Fv).

We then prove Lemma5.6.1 in two cases, depending on whether w is split or inert. If w is splits into

v1 and v2, then Fv ≅ F
+
w, and τ ∣F+,×

w
is trivial. Moreover, suppose πv1 corresponds to the semisimple

Weil-Deligne representation rv, then πv2 ≅ πcv1
corresponds to rcv, and Πw corresponds to rv ⊕ r

c
v by

Theorem 2.5.1. After taking the determinant on Weil representations, we then see that

ωΠw = (ωπv1ωπcv1
) = 1n ⋅ ωπ ∣F+,×

w
,

where the restriction is taken as in the inclusion F +,× ↪ I×F+ ↪ I×F .

When w is inert in F (denoted as v in F ). Let rv be the Weil representation attached to πv of

WFv , then Πw is the induced representation Ind
WF+w
WFv

rv. By Lemma 5.6.2, we see that

ωΠw = τ ∣n
F+,×
w

⋅ ωπv ∣F+,×
w
.



46

Thus, Lemma 5.6.1 is true for almost all places, and is true globally by multiplicity one theorem.

Remark 5.6.3. In Theorem 5.1.1, we see that a necessary condition for the partial L-function LSF (s, π,∧2⊗

η−1) to have a pole, is n = 2m is even, and ηm = ωπ. Under this situation, the necessary condition for

LS(s,Π,∧2 ⊗ χ−1) to have a pole is also met:

χn = χ2m = ηm∣A×
F+ /F

+,× = ωπ ∣A×
F+ /F

+,× = ωΠ,

where the last equality follows from Lemma 5.6.1 (κ disappears, because it is of order 2).

Remark 5.6.3 suggests that if π has an (η, φ)-Shalika model, then Π = AI(π) also admits a (χ,φ′)-

Shalika model, for appropriate additive characters φ and φ′. This is indeed the case by studying their

partial L-functions:

Proposition 5.6.4. With all the notations as above, then we have the following:

LSF (s, π,∧2 ⊗ η−1)2LSF (π ⊗ η−1 × πc, s) = LS(s,Π,∧2 ⊗ χ−1)LS(s,Π,∧2 ⊗ τ ⊗ χ−1), (5.6.5)

where τ is the nontrivial character of Gal(F /F +) ≅ Z/2Z, and πc is the complex conjugate of π.

Remark 5.6.6. More symmetrically, since LSF (s, π,∧2 ⊗ η−1) = LSF (s, πc,∧2 ⊗ η−1), one can write

Equation 5.6.5 as

LSF (s, π,∧2 ⊗ η−1)LSF (s, πc,∧2 ⊗ η−1)LSF (π ⊗ η−1 × πc, s) = LS(s,Π,∧2 ⊗χ−1)LS(s,Π,∧2 ⊗ τ ⊗χ−1).

Proof. We will use v to denote a place in F , and w a place in F +. Let {rv} ∶WFv → GL(V ) = GL(n,C)

be the collection of semisimple Weil-Delinge representations attached to the automorphic cuspidal

representation π. Since Π = AI(π), by Theorem 2.5.1, it corresponds to the collection {rw}, where

rw ≅ rv ⊕ r
c
v ∶WFw → GL(2n,C), if w splits in F , and rw ≅ Ind

WFw

WFv
rv ∶WFw → GL(2n,C), if w is inert

in F . For any v ∉ SF (resp. w ∉ S), we denote Frobv(resp. Frobw) to be the Frobenius element in

the Weil group WFv (resp. WF+
w

) corresponding to v(resp. w), and denote $w ∈ F +
w as the uniformizer

at both F +
w and Fv. Then, our proposition will follow if we can prove the following equality at every

place w ∉ S, i.e.

∏
v∣w

Lv(s, π,∧
2 ⊗ η−1

v )2Lv(π ⊗ η
−1
v × πc, s) = Lw(s,Π,∧

2 ⊗ χ−1
w )Lw(s,Π,∧

2 ⊗ τ ⊗ χ−1
w ),
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or,

∏
v∣w

det(I − ∧2 ○ rv(Frobv)η
−1
v ($w)q

−fws)−2 ⋅ det(I − rv(Frobv) ⊗ rv(Frobv)η
−1
v ($w)q

−fws)−1 =

(5.6.7)

det(I − ∧2 ○ Ind
GF+
GF

rw(Frobw)χ
−1
w ($w)q

−s)−1 ⋅ det(I − ∧2 ○ Ind
GF+
GF

rw(Frobw) ⋅ τw($w)χ
−1
w ($w)q

−s)−1,

(5.6.8)

where fw is the (common) residue degree attached with the extension(s) v∣w, and q is the size of

residue field of F + at w, because F /F + is unramified outside of S. We will prove this in two cases, w

is split in F , and w is inert in F .

Firstly, suppose w splits into v1 and v2 in F , then fw = 1, and Frobv1 , F robv2 ∈ GF+ are conjugate

in GF+(which is conjugate to Frobw), but are not conjugate in GF . We assume that rv1(Frobv1) =

A = diag(a1, a2 . . . an), then rv2(Frobv2) = Ā = diag(ā1, ā2 . . . ān) and χw($w)
−1 = b. Moreover, by

local and global compatibility of Artin map, we have

ηv($w) = η(ι($w)) = χ(Nm(ι($w))) = χ(ι($w)) = χw($w) = χ(Frobw),

and

τw($w) = τ(ι($w)) = τ(Frobw) = 1,

where ι is the embedding of F into AF at v, or F + into AF+ at w, sending w to (1,1, . . . ,$w, . . . ,1).

So the two factors corresponds to v1 and v2 in (5.6.7) are identical, and the product turns into a

square. To be more precise, (5.6.7) is equal to

∏
1≤i<j≤n

(1 − aiajbq
−s)−2

∏
1≤i<j≤n

(1 − āiājbq
−s)−2

∏
1≤i,j≤n

(1 − aiājbq
−s)−2

=[ ∏
1≤i<j≤n

(1 − aiajbq
−s)−1(1 − āiājbq

−s)−1
∏

1≤i,j≤n
(1 − aiājbq

−s)]
2

On the other hand, rw(Frobw) is conjugate to diag(A, Ā) = diag(a1, a2 . . . an, ā1, ā2 . . . ān), so

∧2rw(Frobw) is the diagonal matrix, diag(∧2A,∧2Ā,A⊗ Ā). Since τ(Frobw) = 1, (5.6.8) is a square

too:

[ ∏
1≤i<j≤n

(1 − aiajbq
−s)−1(1 − āiājbq

−s)−1
∏

1≤i,j≤n
(1 − aiājbq

−s)]
2

,

so we prove the equality in this case.

Otherwise, w remains inert in F , denote as v in F . Then fw = 2, and Frobw ∉ GF . We assume
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that r(Frobv) = A = Ā = diag(a1, a2 . . . an), and χw($w)
−1 = b, then we have:

ηv($w) = η(ι($w)) = χ(Nm(ι($w))) = χ(ι($w)
2) = χw($

2
w) = χ(Frobw)

2 = b−2,

and,

τw($w) = τ(ι($w)) = τ(Frobw) = −1.

Hence (5.6.7) is :

∏
1≤i<j≤n

(1 − aiajb
2q−2s)−2

∏
1≤i,j≤n

(1 − aiajb
2q−2s)−1 = ∏

1≤i<j≤n
(1 − aiajb

2q−2s)−4
n

∏
i=1

(1 − a2
i b

2q−2s)−1.

In this case Ind
WF+w
WFv

rv(Frobw) is conjugate to the blocked anti-diagonal matrix

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0 I

A 0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

,

and ∧2Ind
WF+w
WFv

rv(Frobw)χw($w)
−1 is given by the following 5-by-5 blocked matrix,

B =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 In(n−1)
2

⋅ b 0 0 0

(aiaj)1≤i<j≤n ⋅ b 0 0 0 0

0 0 0 (ai)1≤i<j≤n ⋅ b 0

0 0 (aj)1≤i<j≤n ⋅ b 0 0

0 0 0 0 (−ai)1≤i≤n ⋅ b

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

so the first factor in (5.6.8) is given by

∏
1≤i<j≤n

(1 − aiajb
2q−2s)−2

n

∏
i=1

(1 + aibq
−s)−1.

Note that τ(Frobv) = −1 in this case, this would change B to −B in the computation of the second

factor in (5.6.8), and this only changes the last factor of above from (1 + aibq
−s)−1 to (1 − aibq

−s)−1.

So all together, (5.6.8) is equal to:

∏
1≤i<j≤n

(1 − aiajb
2q−2s)−4

n

∏
i=1

(1 − a2
i b

2q−2s)−1,
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which is desired.

Combining Proposition 5.6.4 and Theorem 5.1.1, we can quickly arrive at the following corollary.

Corollary 5.6.9. With notations as above, if π has an (η,ψ)-Shalika model on AF , then its auto-

morphic induction Π admits a (χ,ψ)-Shalika model on AF+ .

Proof. If π admits (η,ψ)-Shalika model, then by Theorem 5.1.1, we know that LSF (s, π,∧2⊗η−1) has

a pole at s = 1, and hence LSF (s, π × π ⊗ η−1) has a pole at s = 1. It is well-known that this happens

only if π∨ ≅ π ⊗ η−1. Since we assume πc ≇ π to guarantee the cuspidality of Π = AI(π), we know

that (πc)∨ ≇ π ⊗ η−1, hence LSF (s, πc × π ⊗ η−1) doesn’t have a pole. Moreover, by Theorem 1.1 of

[Sha1997], none of the factors in Equation 5.6.5 will vanish at s = 1.

Then, there will be a pole of order 2, on the LHS of Equation 5.6.5, which forces both of the two

factors on the RHS of Equation 5.6.5 to have a simple pole at s = 1. Combining with the Remark

5.6.3 (compatibility with central character), we see that χn = ωΠ, and LS(s,Π,∧2 ⊗ χ−1) has a pole

at s = 1, this concludes the Corollary by Theorem 5.1.1.

Remark 5.6.10. Actually we showed a little more. Since n is even, if π admits a Shalika model, then

(χτ)n = χn = ωΠ (τ is of order 2). Since both LS(s,Π,∧2 ⊗ χ−1) and LS(s,Π,∧2 ⊗ τχ−1) have a

simple pole at s = 1, we conclude that Π admits both a (χ,ψ′)- Shalika model, and a (χτ,ψ′′)-Shalika

model, for some additive characters ψ and ψ′. (This will yield Π∨ ≅ Π ⊗ χ ≅ Π ⊗ χτ , but there is no

contradiction, since Π ⊗ τ ≅ Π, as one can check they have the same set of Frobenius eigenvalues for

all unramified places.)

We will mainly be interested in the cuspidal representation π that has “definable arithmetic au-

tomorphic period”, they will be essentially conjugate self-dual, with this assumption, we can also

conclude that its automorphic induction has a Shalika model.

Corollary 5.6.11. With notations as above, if we further assume π ≅ π̃ ⊗ ξ, where ξ is an algebraic

Hecke character, and π̃ is algebraic conjugate self-dual, i.e. π̃c ≅ π̃∨. Then Π will have a Shalika

model, with multiplicative character to be either ξ∣A×
F+ /F

+,× or τξ∣A×
F+ /F

+,× .

Proof. Let η = ξcξ, and χ = ξ∣A×
F+ /F

+,× , it is easy to see that η is the base change of χ. Moreover, the

LHS of Equation 5.6.5 has a simple pole coming from LSF (π ⊗ η−1 × πc, s), since

πc ≅ π̃c ⊗ ξc ≅ π̃∨ ⊗ ξ−1η ≅ (π̃ ⊗ ξη−1)∨ ≅ (π ⊗ η−1)∨.
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Then, by Lemma 5.6.1, we know that

ωΠ = ωπ ∣A×
F+ /F

+,× = (ωπ̃ξ
n)∣A×

F+ /F
+,× = ωπ̃ ∣A×

F+ /F
+,×χn,

since π̃ is conjugate self-dual, so does its central character, and its restriction to A×
F+/F +,× is trivial

on Nm(A×
F /F ×), and by class field theory, it will be either 1 or τ . Moreover, since π̃ is algebraic, so is

its central character, we can choose t ∈ A×
F+/F +,× −Nm(A×

F /F ×), which is −1 at all infinite places, and

1 at all finite places. Then ωΠ̃(t) = 1 as well, hence ωπ̃ ∣A×
F+ /F

+,× = 1, and ωΠ = χn = (τχ)n. Thus, both

factors on the RHS of Equation 5.6.5 satisfies the compatibility with central character, and exactly

one of them would have a pole at s = 1.

Although we will assume that n is even, in our comparison formula, for the completeness, let’s

write out some details on what happens if n is odd.

Let n = 2m+1 in the above, then LSF (s, π,∧2⊗η−1) on the LHS of Equation 5.6.5 is holomorphic at

s = 1 by Theorem 5.1.1, in order for Π to have a Shalika model, we have to require LSF (π⊗η−1×πc, s)

has a pole at s = 1. Under this circumstance, exactly one of the factors on the RHS of Equation 5.6.5

will have a simple pole, let’s try to determine which one.

Since LSF (π ⊗ η−1 × πc, s) have a pole at s = 1, we know that

πc ≅ (π ⊗ η−1)∨ ≅ π∨ ⊗ η,

that is, π is essentially self-dual. Similar to the Corollary 5.6.11, we may assume that π = π̃ ⊗ ξ, and

take η = ξcξ, and χ = ξ∣A×
F+ /F

+,× . Exactly the same arguments as in Corollary 5.6.11 would show that

ωπ ∣A×
F+ /F

+,× = (χn or τχn), and that ωΠ = τ ⋅ωπ ∣A×
F+ /F

+,× = (τχn or χn) = ((τχ)n or χn), but not both.

By Theorem 5.1.1, if ωΠ = χn, then LS(s,Π,∧2 ⊗χ−1) will have a simple pole; otherwise if ωΠ = τχn,

then LS(s,Π,∧2 ⊗ τ ⊗ χ−1) has a simple pole.

We can conclude the following proposition from the discussion above.

Proposition 5.6.12. Corollary 5.6.11 still holds if n is odd.



51

Chapter 6

Automorphic Periods

Although Deligne conjecture for special values of L-functions of tensor product cuspidal represen-

tations 4.5.2 remains unproved, Lin proved, what she calls, “an automorphic variant” in [Lin2015],

where the motivic periods Q’s in Conjectuer 4.5.2 are replaced by automorphic periods P ’s. We will

review the construction here.

6.1 CM periods

Let (T,h) be a Shimura datum where T is a torus defined over Q and h ∶ ResC/RGm,C → GR is

a homomorphism satisfying the axioms defining a Shimura variety. Such pair is called a special

Shimura datum. Let Sh(T,h) be the associated Shimura variety and E(T,h) be its reflex field.

Let (γ, Vγ) be a one-dimensional algebraic representation of T . We denote by E(γ) a definition

field for γ. We may assume that E(γ) contains (γ, Vγ). Suppose that γ is motivic, i.e. if T 0, defined

over Q, is an anisotropic subtorus of T , and split over R, then γ is trivial on T 0. We know that

γ gives an automorphic line bundle [Vγ] over Sh(T,h), defined over E(γ). Therefore, the complex

vector space H0(Sh(T,h), [Vγ]) has an E(γ)-rational structure, denoted by MDR(γ) and called the

De Rham rational structure.

On the other hand, the canonical local system V ▽
γ gives another E(γ) rational structure MB(γ)

on H0(Sh(T,h), [Vγ]), called the Betti rational structure.

We now consider χ an aglebraic Hecke character of T (AQ) with infinity type γ−1. Let E(χ) be

the number field generated by the values of χ on T (AQ,f) over E(γ). We know χ generates a one-

dimensional complex subspace of H0(Sh(T,h), [Vγ]) which inherits two E(χ)-rational structures,

namely, that from MDR(γ), and MB(γ). Put p(χ, (T,h)) the ratio of these two rational structures
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which is well defined modulo E(χ)×.

Suppose that we have two tori T and T ′ both endowed with a Shimura datum (T,h), and (T ′, h′).

Let u ∶ (T ′, h′) → (T,h) be a map between the Shimura data. Let χ be an algebraic Hecke character

of T (AQ), and χ′ = χ ○ u be the pull-back Hecke character on T ′(AQ), since both Betti and DeRham

structure commute with the pullback map on cohomology, we have the following:

Proposition 6.1.1. Let χ, (T,h), and χ′, (T ′, h′) be as above. We have:

p(χ, (T,h)) ∼E(χ) p(χ
′, (T ′, h′)).

For F CM field, with Φ ⊂ JF , we can define a Shimura datum (TF , hΣ), where TF ∶= ResF /QGm,F

is a torus, and hΦ ∶ ResC/RGm → TF,R is a homomorphism such that over σ ∈ JF , the Hodge structure

induced on F by hΦ is of type (−1,0), if σ ∈ Φ, of type (0,−1) if σ ∈ Φc, and of type (0,0) otherwise.

Let χ be a motivic critical character of F . By definition pF (χ,Φ) = p(χ, (TF , hΦ)) and we call it

a CM Period.

6.2 Base change for unitary groups

Let F = F +K, and I ∶ Σ→ {0,1, . . . n}. Let q be a finite place of Q, inert in F +, and split in F . Then

there extis a hermitian space VI of dimension n over F , with respect to F /F +, such that the unitary

group U = U(VI) over F +, associated to VI satisfies(see Theorem 2.1.2 in [Lin2015]):

• At each σ ∈ Σ, U is of sign (n− I(σ), I(σ)). We will refer to I as the signature of this Hermitian

space VI .

• For v ≠ q, a fnite place of F +, Uv is unramified.

• If n is even, and Σσ∈Σ
n−2I(σ)

2
≠ 0(mod 2), then Uq is a division algebra, otherwise Uq is also

unramified.

We let UI be the restriction of scalars from F + to Q of the unitary group U , and we let GUI be

the associated similitude unitary group with rational similitude factors. To be more precise, UI and

GUI are reductive algebraic groups over Q, such that for any Q-algebra A, the A-points are given as

UI(A) = {g ∈ AutF+⊗A(VI ⊗A), ∣(gv, gw) = (v,w)},

and
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GUI(A) = {g ∈ AutF+⊗A(VI ⊗A), ∣(gv, gw) = ν(g)(v,w), ν(g) ∈ A×},

In particular, UI(AK) ≅ GLn(AF ), hence, the cuspidal representation π of GLn(AF ), can be

thought as of UI(AK), the following result on base change comes from Theorem 1.7 of [KMSW2014].

Proposition 6.2.1. Let π be a cuspidal conjugate self-dual and cohomological representation of

GLn(AK), if n is odd, then π descends to a cohomological representation of UI(AQ) uncondition-

ally, if n is even, then it descends if πq descends locally.

Remark 6.2.2. We will see in Section 7, that we are mostly interested in the case that n is even.

Since GUI,K ≅ UI,K ×Gm,K , so that the exact sequence

1→ UI → GUI → Gm → 1,

splits over K. By Galois descent, it suffice to find a Galois automorphism θI , such that GUI is the

fixed subgroup of UI,K ×Gm. We define θI as follows:

For a Q-algebra R, we have UI,K ×Gm,K(R) ≅ GLn(V ⊗R) × (K ⊗R)×, hence we define

θI ∶ GLn(V ⊗R) × (K ⊗R)× → GLn(V ⊗R) × (K ⊗R)×,

by sending (g, z) to ((g∗)−1z̄, z̄), where g∗ is the adjoint with respect to the Hermitian form, and

this θI has the required property.

Recall that GUI,K ≅ UI,K ×Gm,K , and UI(AK) ≅ GLn(AF ), we have GUI(AK) ≅ GLn(AF )⊗A×
K .

By tensor product theorem, cuspidal representations of GUI(AK) is isomorphic to π ⊗ ξ, where π

is a cuspidal automorphic representation of GLn(AF ), and ξ is the Hecke character of AK . The

following Lemma is cited from VI. 2.10 of [HT2001], which says that certain cuspidal representation

π of GLn(AQ) comes from that of GU(AQ), up to a twist.

Lemma 6.2.3. If π is algebraic and conjugate self-dual cuspidal representation of GLn(AQ), then

there exists ξ. an algebraic Hecke character of AK , such that π × ξ is θI-stable.

Proof. It is easy to verify that π⊗ ξ is θI stable, if and only if ξ(z̄)
ξ(z) = ωπ(z) for all z ∈ A×

K , where ωπ s

the central character of π.

We define U the torus over Q such that U(Q) = kerNorm ∶K× → Q×. We then have U(Q) = { z̄
z
∣z ∈
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K×}, and U(AQ) = { z̄
z
∣z ∈ A×

K} by Hilbert’s 90. Hence we have an exact sequence:

1→ A×
Q/Q

× → A×
K/K× → U(AQ)/U(Q) → 1,

where the alst map sends z to z̄
z
.

Hence, it suffices to prove that ξπ is trivial on A×
Q. Since π is conjugate self-dual, we know ωπ is

trivial on NormAK/AQ(A
×
K). By class field theory, Q×NormAK/AQ(A

×
K) has index 2 in A×

Q, it remains

to show that ωπ(t) = 1, for some t ∉ Q×NormAK/AQ(A
×
K).

Let t ∈ A×
Q, such that t = 1 at all finite places, and t = −1 at the infinite place. It is not in

NormAK/AQ(A
×
K), however, π is algebraic, so ωπ has infinite type zaz̄−a with a ∈ Z. In particular, we

have ωπ(t) = 1. This concludes the proof.

The following proposition follows from Proposition 6.2.1.

Proposition 6.2.4. Let π be an algebraic automorphic representation of GLn(AF ) ≅ UI(AK) which

descends to UI(AQ). If ξ is an aglebraic Hecke character of AK as in Lemma 6.2.3, then π⊗ξ descends

to an automorphic representation of GUI(AQ). Moreover, if π is cohomological, so is its descending.

In particular, let π be a cuspidal conjugate self-dual and cohomologcial representation of GLn(AF )

We assume moreover that πq descends locally if n is even. Then there always exists ξ such that π ⊗ ξ

descends to an irreducible cohomological automorphic representatino of GUI(AQ).

6.3 Base change for the unitary group

We first consider the base change for unitary groups, and similitude unitary groups with respect to

K/Q. Then we can attach a geometric period for the cuspidal representation, and thus define the

automorphic period.

For each integer 0 ≤ s ≤ n, there exists a Hermitian space of dimension n over K, with signature

(s, n − s). Let Us be the unitary group defined over Q attached to this Hermitian space. We can

assume that Us is quasi-split at all finite places except for at most one finite space split in K.

Suppose π is cohomological representation on GLn(AK), since GLn(AK) ≅ Us(AK), we can regard

π as a representation on Us(AK), suppose that π descends to Us(AQ), then we know that π is conjugate

self-dual, i.e. πc ≅ π∨, where π∨ is the dual(contragradient) representation of π.

If n is odd, then π is conjugate self-dual is also sufficient for π descends to Us(AK). But when n

is even(the case we are interested in), we need some more assumption.
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Proposition 6.3.1. Suppose π is cohomological cuspidal representation on GLn(AK), if n is even,

we assume that π is a discrete series representation at a finite place of Q that is split in K. Then π

is conjugate self-dual, if and only if π descends to Us for one (and any) 0 ≤ s ≤ n.

Denote GUs to be the rational similitude unitary group associated to Us. We have GUs(AK) ≅

GLn(AK) ⊗ A×
K . Let ωπ be the central character of π, it is conjugate self-dual, since π is. One can

show that there is an algebraic Hecke character of AK , such that

ξ(z̄)

ξ(z)
= ωπ(z)

−1.

Hence, we can deduce that π∨ ⊗ ξ descends to a cuspidal representation of GUs(AQ), denoted by

πs, it is cohomological since π is. We denote W (πs,∞) for the finite dimensional representation of

G∞ = ResK/QGLn(R) associated to πs by the cohomological property.

6.4 Automorphic period

This subsection reviews the construction of automorphic periods as in [Har1997]. Let I ∶ Σ →

{0,1, . . . n} be the signature. Write s(σ) = I(σ), and r(σ) = n − I(σ), for all σ ∈ Σ. Let Π be a

cuspidal automorphic representation of GLn(AF ) which is regular, conjugate self-dual, cohomologi-

cal. We assume moreover that Πq descends locally if n is even. There exists an Hecke character ξ of

K, such that Π∨ ⊗ ξ descends to πI an automorphic cohomological representation of GUI(AQ) which

is tempered and discrete series at the infinity place. In particular, the arithmetic automorphic period

of πI can be defined as follows:

We denote XI to be GUI(R) conjugate class of

hs ∶ S(C) = C× ×C× → GUs(σ)(C) ≅ GLn(C) ×C× (6.4.1)

(z, z̄) ↦ (

⎡
⎢
⎢
⎢
⎢
⎢
⎣

zIr(σ) 0

0 z̄Is(σ)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, zz̄)σ∈Σ. (6.4.2)

Hence (GUI ,XI) is a Shimura datum and we denote by Sh(GUI) the associated Shimura variety.

The finite dimensional representation W (πI,∞) defines a complex local system W(πI,∞) and l-adic

local system W(πI,∞) on Sh(GUI).

As shown in [Har1997], the cohomology group H̄rs(Sh(GUI),W(πI,∞)) defined in Section 2.2 of

[Har1997] is naturally endowed with a De Rham rational structure and a Betti raional structure over
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K. The cohomology group H̄rs(Sh(GUI),W(πs,∞)l) is endowed with an l-adic structure. Moreover,

πI,f contributes non-trivially to these cohomolgoty groups, i.e. H̄rs(Sh(GUI),W(πI,∞))[πI,f ] =

HomGLn(AK,f )(πf , H̄
rs(Sh(GUI),W(πI,∞))) ≠ 0, and similarly for W(πI,∞) replaced by W(πI,∞)l.

One direct consequence is that the rationality field of πI,f is a number field(see Section2.6 of

[Har1997]). One can then realize πI,f over E(πI), a finite extension of its rationality field. which is

still a number field. We take E(π) a number field, which contains E(πI) for all I, and F .

One can show that H̄rs(Sh(GUI),W(πI,∞))[πI,f ], and H̄rs(Sh(GUI),W(πI,∞)l)[πI,f ] form a

motive with coefficients in E(π). We denote it by MI(π, ξ). Since π is conjugate self-dual, there

exists <,> a non degenerate bilinear form on H̄rs(Sh(GUI),W(πI,∞))[πI,f ] normalized as in Section

2.6.8 of [Har1997].

The Hodge decomposition of H̄rs(Sh(GUI),W(πI,∞))[πI,f ] is given by the coherent cohomology.

More precisely, let Sh(GUI) ↪ S̃h(GUI) be a smooth toroidal compactification. Let π′∞ be any

discrete series representation of GUI(R) with base change π∞. It is then cohomological and we denote

Ẽ(π′∞) the coherent automorphic vector bundle attached to the finite dimensional representation

associated to π′∞. We have

H̄rs(Sh(GUI),W(πI,∞))[πI,f ] =⊕
π′∞

H̃q(π′∞)(S̃h(GUI), Ẽ(π
′
∞))[πI,f ],

where H̃ indicates the coherent cohomology and q(π′∞) is an integer depends on π′∞.

Among these π′∞, there exists a holomorphic representation π′∞ such that q(π′∞) = 0. We fix this

π′∞ adn choose a K-rational element

0 ≠ βI ∈ H̃
q(π′∞)=0(S̃h(GUI), Ẽ(π

′
∞))[πI,f ].

At last, we take the integer C such that ξ∞(t) = tC for t ∈ R+. We define the

P (I)(π, ξ) ∶= (2π)−C < βI , βI > .

It is a non-zero complex number, we will see that P (I)(π, ξ) does not depend on the choice of βI

modulo E(π)× and thus well defined modulo E(π)×.

Proposition 6.4.3 ((Proposition 3.19 in [Har2012])). Let β′s ∈ H̃
q(π′∞)=0(S̃h(GUs), Ẽ(π

′
∞))[πI,f ] be
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another K-rational element. We have

< β′I , β
′
I >

< βI , βI >
∈ E(π)×.

Consequently, < βI , βI >∼E(π)< β
′
I , β

′
I >.

Remark 6.4.4. We may furthermore choose βs such that < βs, βs > is equivariant under action of GK .

By the corollary of Theorem 3.5.13 of [Har1997], we know that P (I)(π, ξ) is independent of ξ, we

will henceforth denote it as P (I)(π), and we define the I-th automorphic period to be P (I)(π).

Under a regularity condition, Lin proved that the automorphic period has a factorization over

local places, this is Theorem 7.6.1 in [Lin2015].

Theorem 6.4.5. Let Π be a 6-regular, conjugate self-dual, cohomological, cuspidal automorphic rep-

resentation of GLn(AF ), which descends to U(AQ). Let (zai,σ , z̄bi,σ)1≤i≤n be its infinity type, with

ai,σ > ai+1,σ for all σ ∈ Σ, and i = 1,2, . . . n − 1. Assume that Π is 6-regular, i.e. ai,σ − ai+1,σ ≥ 6

for all σ ∈ Σ, and i = 1,2, . . . n − 1, then, there exists some complex numbers P (s)(Π, σ) unique up to

multiplication by elements in (E(Π))× such that the following two conditions are satisfied:

• P (I) ∼E(Π);K ∏σ∈Σ P
(I(σ))(Π, σ), for all I ∶ Σ→ {0,1, . . . n}.

• P (0) ∼E(Π);K p(ξ̌Π, σ̄), where ξΠ is the central character of Π.

Moreover, we know P (n)(Π, σ) ∼E(Π);K p(ξ̌Π, σ), or equivalently, P (0)(Π, σ)P (n)(Π, σ) ∼E(Π);K 1.

6.5 Automorphic variant of Deligne’s Conjecture

The following conjecture is known as “automorphic variant of Deligne Conjecture”:

Conjecture 6.5.1. Let n and n′ be two positive integers, and Π, Π′ are two cuspidal representations

of GLn(AF ) and GLn′(AF ) respectively, which are regular, conjugate self-dual, cohomological, and

descends to UI(AQ) for any I. (This implies they have ”definable arithmetic automorphic periods” in

[Lin2015]). Let m ∈ Z + n+n′
2

be critical for Π⊗Π′. Then:

L(m,Π ×Π′) ∼E(Π)E(Π′);K (2πi)nn
′md

∏
σ∈Σ

(
n

∏
j=0

P (j)(Π, σ)sp(j,Π;Π′,σ)
n′

∏
k=0

P (k)(Π′, σ)sp(k,Π
′;Π,σ)).

This conjecture has been proved in many special cases, see Example 9.1.1 of [Lin2015]. The

important case for us, is when n′ = 1, and n is even, in particular, Π′ = ξ is a Hecke character.
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In this case, let Π̃ be a cohomological cuspidal, conjugate self-dual representation of GLn(AF ),

which descends to UI(AQ) for any I. We assume that Π ≅ Π̃⊗ξ, where ξ is a Hecke character. Suppose

the infinity type of Π̃ is (zai,σ z̄−ω(Π̃)−ai,σ)1≤i≤n,σ∈Σ, with a1,σ > a2,σ > ⋯ > an,σ, and the infinity type

of ξ is (zb1,σ z̄−ω(ξ)−b1,σ)σ∈Σ. Hence, the infinite type of π is (zai,σ+b1,σ z̄−ω(Π̃)−ω(ξ)−ai,σ−b1,σ)1≤i≤n,σ∈Σ.

We suppose that Π ≅ Π̃ ⊗ ξ is critical, i.e. ai,σ + b1,σ ≠ −ω(π̃)+ω(ξ)
2

, otherwise, Π doesn’t have critical

values. It is easy to verify that there is a single integer rσ for all σ ∈ Σ, such that sp(1, ξ; Π̃, σ) =

rσ, sp(0, ξ; Π̃, σ) = n−rσ, and sp(i, Π̃; ξ, σ) = 0 unless i = rσ, when sp(rσ, Π̃; ξ, σ) = 1. Then the formula

for critical values become:

L(m, Π̃ × ξ) ∼E(Π̃)E(ξ);K (2πi)nmd∏
σ∈Σ

(P (rσ)(Π̃, σ)P (0)(ξ, σ)n−rσP (1)(ξ, σ)rσ).



59

Chapter 7

Comparison

We will compare the arithmetic automorphic periods of Section 6 and Shalika periods in Section 5.5

via critical values of L-functions.

Let π ≅ π̃ ⊗ ξ be a cuspidal representation of GLn(AF ), where ξ is an algebraic Hecke character,

and π̃ is regular, conjugate self-dual, cohomological, and descends to UI(AF+) for any I (this implies

they have “definable arithmetic automorphic periods” in [Lin2015]), as in Section 6.

Moreover, we suppose that π̃ is not essentially conjugate-dual, hence πc ≇ π regardless of the

character ξ, and its automorphic induction Π = AI(π) will be cohomological, cuspidal, and admits a

(ξ∣AF+ /F+,× , ψ)-Shalika model or (τξ∣AF+ /F+,× , ψ)-Shalika model, by Corollary 5.6.11, thus it satisfies

the assumption in Section 5.5.

We know that L(s, πf) = L(s,Πf), and we intend to show they have the same set of critical values.

In the first place, let’s notice that the critical values of π belongs to n−1
2

+ Z, whereas, the critical

values of Π lies in 1
2
+Z. Hence we need to take a standing assumption that:

Assumption 7.0.1. n is even.

Denote the infinite type of π̃ by (zai,v z̄−ω(π̃)−ai,v)1≤i≤n,v∈SF,∞ , and also define the infinite type of

ξ by (zb1,v z̄−ω(ξ)−b1,v)v∈SF,∞ , where ai,v ∈ Z + n−1
2

= Z + 1
2
, and b1,v ∈ Z for all v ∈ SF,∞,1 ≤ i ≤ n. We

determine the critical values for Π = AI(π) first:

Lemma 7.0.2. The infinity type of Π at w (as a representation of WR) is ⊕(li,w, ti,w), in the notation

of Section 2.2, where li,w = ∣2(ai,v + b1,v) + ω(π) + ω(ξ)∣, and ti,w = −ω(π)−ω(ξ)
2

, of the corresponding

v ∈ SF,∞.

Proof. By Lemma 2.5.2, the infinite type of Π at a certain place w ∈ SF+,∞ is
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IndWR
WC

(zai,v+b1,v z̄−ω(π̃)−ω(ξ)−ai,v−b1,v)1≤i≤n,v,

for some v ∈ SF,∞, and the direct computation gives us the result.

Hence, we know that:

Lemma 7.0.3. Let m ∈ Z + 2n−1
2

= Z + 1
2

, then it is critical for Π, if and only if

ω(π) + ω(ξ)

2
− ∣ai,w + b1,w +

ω(π) + ω(ξ)

2
∣ <m <

ω(π) + ω(ξ)

2
+ ∣ai,w + b1,w +

ω(π) + ω(ξ)

2
+ 1∣,

for all 1 ≤ i ≤ n, and all w ∈ SF,∞. In particular, since we assume that li,σ ≠ 0 for all i, σ, we know

that Π always has a critical value.

Proof. By LLC (see [Kna]), up to the exponential function (which is regular everywhere, hence has

no effect on the critical values), the L-function attached to (li,w, ti,w) is given by:

L(s, (li,w, ti,w)) ∼ Γ(s +
li,w

2
+ ti,w),

and,

L(1 − s, (li,w, ti,w)
∨) ∼ Γ(1 − s +

li,w

2
− ti,w).

Since the poles of Γ function are on the non-positive integers, we have the desired formula for critical

values.

Now we come to the critical values for π = π̃ ⊗ ξ. By Conjecture 4.5.1, we see that there are

conjecturally two motives M(π̃) and M(ξ) attached to the representations, and the tensor product

motive R(M(π̃)⊗M(ξ)) has the Hodge type: (−an+1−i,v − bn+1−i,v +
n−1

2
, an+1−i,v + b1,v +ω(π̃)+ω(ξ)+

n−1
2

)v∈SF,∞,1≤i≤n. And m ∈ Z + n−1
2

is a critical value for π, if and only if m + n−1
2

is critical for

R(M(π̃) ⊗M(ξ)). A direct calculation, or using the Remark 4.1.3, we have:

Lemma 7.0.4. Let m ∈ Z + n−1
2

= Z + 1
2

. It is critical for π, if and only if, for all 1 ≤ i ≤ n, v ∈

SF,∞, if ai,v + b1,v > −ω(π̃)+ω(ξ)
2

, then −ai,v − b1,v < m < ai,v + b1,v + ω(π̃) + ω(ξ) + 1; otherwise,

ai,v + b1,v + ω(π̃) + ω(ξ) < m < −ai,v − b1,v + 1. In particular, the critical values for π and those for Π

coincide with each other.

Now we come to the main comparison result of Shalika periods, and automorphic periods, via the

critical values for L(s, π) = L(s,Π).
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Theorem 7.0.5. For m ∈ Z + 1
2

critical for both π and Π, we have:

ω(−1)[m]ε+(Π)ω(Π∞, [m]) ∼E(π̃)E(ξ);K (2πi)nmd∏
σ∈Σ

(P (rσ)(π̃, σ)P (0)(ξ, σ)n−rσP (1)(ξ, σ)rσ).

Proof. By the known case of Conjecture 6.5.1, if m is critical for π, then we have:

L(m,π) = L(m, π̃ × ξ) ∼E(π̃)E(ξ);K (2πi)nmd∏
σ∈Σ

(P (rσ)(π̃, σ)P (0)(ξ, σ)n−rσP (1)(ξ, σ)rσ). (7.0.6)

On the other hand, by Theorem 5.5.5, we have

L(m,Πf) ∼Q(Π,ξ∣AF+ /F+,×);Q ω
(−1)[m]ε+(Π)ω(Π∞, [m]), (7.0.7)

where [m] = m − 1
2

is the largest integer not greater than m, and ω(−1)[m]ε+(Π) is the Shalika period

corresponding to ε+ = (1,1, . . . ,1), the trivial sign character.

Combining Equation 7.0.7 and Equation 7.0.6, together with the fact that L(s, π) = L(s,Π), we

see immediately that

ω(−1)[m]ε+(Π)ω(Π∞, [m]) ∼E(π̃)E(ξ);K (2πi)nmd∏
σ∈Σ

(P (rσ)(π̃, σ)P (0)(ξ, σ)n−rσP (1)(ξ, σ)rσ).

We notice that in the Theorem 7.0.5, there is only one automorphic period shows up, except for

the 0-th and the n-th. Let’s focus on the quadratic imaginary extension F = K/Q in the rest of this

section, then SF,∞ is the singleton, consisting of the fixed embedding of K into C.

Let’s take ξ to be a Hecke character, whose infinity component is ξ∞ = z2t, for some integer t to

be determined. Then the infinity type of ξ is z2tz̄−(−2t)−2t, and ω(ξ) = −2t. Since we assume that π̃ is

3-regular, for any r ∈ {0,1, . . . n}, we can easily choose t, so that t lies in the r-th interval divided by

−an−
ω(π̃)

2
< −an−1−

ω(π̃)
2

< . . . < −a1−
ω(π̃)

2
. Moreover, b = 2t, and −ai−

ω(π̃)+ω(ξ)
2

= −ai−
ω(π̃)

2
+t, we know

that b will lie in the r-th interval divided by −an −
ω(π̃)+ω(ξ)

2
< −an−1 −

ω(π̃)+ω(ξ)
2

< . . . < −a1 −
ω(π̃)+ω(ξ)

2

too. Hence, in this case, rσ in the Theorem 7.0.5 is just r. Let’s denote such ξ by ξr, and πr = π̃⊗ ξr,

because of our assumption that π̃ is conjugate self-dual, but not essentially self conjugate, i.e. π̃ ⊗ ξr

is not self-conjugate. Then, we have Πr = AI(πr) is cuspidal, and by Corollary 5.6.11, it always has

some Shalika model, and we can apply Theorem 7.0.5 in this case, but possibly with different critical
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points mr. We summarize the above discussion:

Theorem 7.0.8. Let K/Q be a quadratic imaginary field extension, and π̃ be 3-regular, cohomological,

conjugate self-dual, but not essentially self-conjugate, cuspidal representation of GL(n,K). Then, for

any r = 0,1, . . . n, one can choose Πr = AI(πr), where πr = π̃ ⊗ ξr, where the infinity type of ξr is z2t,

such that sp(r, π̃, ξr) = 1. Moreover, we have:

ω(−1)[mr]ε+(Πr)ω(Πr,∞, [mr]) ∼E(π̃)E(ξr);K (2πi)nmr ⋅ P (r)(π̃)P (0)(ξr)
n−rP (1)(ξr)

r,

for some mr ∈ Z + 1
2

that is critical for both πr and Πr.
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