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ABSTRACT

Transport Measurements of Correlated States in Graphene Flat Bands

Shaowen Chen

In electronic flat bands the electron kinetic energy is quenched and dominated by

interaction and correlated states can emerge. These many-body collective modes are not

only interesting enigmas to solve, but may also lead to real-life applications. This thesis

studies correlated states in graphene, a tunable system that can be programmed by ex-

ternal parameters such as electric field. Two types of graphene flat bands are examined.

One, highly degenerate and discreet Landau levels created by external magnetic field. Two,

moirè flat bands created by relative crystalline twist between graphene layers. Correlated

states are studied with transport measurements. The results were measured in dual-gated

graphite/Boron nitride encapsulated graphene heterostructures with very low disorder. The

high quality of the heterostructure is showcased by ballistic electron optics including nega-

tive refraction across a gate-defined pn junction. In the first type of flat band — a partially

filled Landau level — the competition of electrons solid states and fractional quantum Hall

liquid manifests as reentrant quantum Hall effect, with a valley and spin hierarchy unique to

graphene. Alternatively, in the flat bands arising from moiré superlattices, we explore two

tuning knobs of correlated states. In twisted bilayer graphene, the band width are tuned by

changing interlayer hybridization via pressure. The resulting superconducting and correlated

insulator states can be restored outside of a narrow range of twist angles near 1.1◦. New

fermi surfaces also form at commensurate fillings of the flat band with reduced degeneracy.

In twisted monolayer-bilayer graphene, we find extraordinary level of control and tunability

because of the low symmetry. With perpendicular electric field, the system can alternate

among correlated metallic and insulating states, as well as topological magnetic states. The

magnetization direction can be switched purely with electrostatic doping at zero magnetic

field.
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Chapter 1

Introduction

1.1 Motivation and outline

Condensed matter physics is about the properties of matter � not so much about the

individual constituents of the matter, but rather their collectivebehaviour when the number

of constituents is extremely large. In many cases, the ensemble can be treated as non-

correlated, i.e. interaction between particles can be neglected, and the property of many is

similar to one. The theory that ignored interaction between electrons � free electron gas

� is remarkably successful at describing semiconductor physics, which is the bedrock of the

information age that we live in today. In some other cases, interestingly, �more is di�erent�

[1]. For example, in superconductors the electron coalition through Coulomb repulsion can

lead to a new ground state with dissipationless �ow of electric current. Thesecorrelated

stateshave properties that cannot be explained from free electron gas.

Theoretically, the many-body nature of the correlation makes accurate �rst principle

modelling an outstanding problem in the �eld. In general, correlated states emerge when

the density of states is high. This can be achieved in a�at band where the kinetic energy

is quenched, and bandwidthW is exceeded by Coulomb potentialU. In two-dimensional

electron gas (2DEG), �at bands can be generated by a magnetic �eld perpendicular to the

plane [2]. Electrons, localized by Lorentz force, can form highly degenerate Landau levels.

Isolated �at bands can be realized as long as magnetic �eld is high and carrier density is

low. Alternatively, �at band can also be found in materials with strong orbital con�nement

1



Chapter 1: Introduction 2

without magnetic �eld. This type of �at band is much sought after not only for its interesting

physics, but also potential revolutionary applications. For example, localized electrons in

transition metal oxides can lead to exotic quantum phenomena such as high-temperature

superconductivity [3]. The surprisingly high transition temperature may be a direct result

of electron-electron interaction, rather than electron-ion interactions found in conventional

superconductors.

In this thesis I will present transport studies of correlated states in both types of the

�at bands in graphene, the �rst exfoliated two dimensional van der Waals (vdW) material

[4]. Di�erent from conventional 3D materials, vdW materials are highly tunable with elec-

tric �eld e�ect. However, because of the large surface-to-volume ratio, vdW materials �

such as graphene � are susceptible to disorder in the substrate. Experimentally measuring

correlated states in �at bands requires a clean system with low disorder. When I started

my graduate research, the quality of graphene samples was undergoing dramatic revolution

by encapsulating with hexagonal Boron Nitride (hBN) [5, 6], which can be achieved with a

dry-transfer process in a home-made table-top setup. In Chapter 2 I will discuss one of the

�rst results of high-mobility graphene samples. In these samples the mean free path`mfp is

larger than the sample size, and ballistic electrons travel like light beams. Electrons undergo

refraction when transmitted across a junction separating regions of di�erent carrier densities,

analogous to light rays across an optical boundary, where
p

n acts as refraction index. A

pn junction thus theoretically provides the equivalent of a negative index medium, enabling

novel electron optics such as negative refraction and perfect lensing known as �Veselago fo-

cusing� [7]. By employing transverse magnetic focusing [8], we �nd perfect agreement with

the predicted Snell's law for electrons, including observation of both positive and negative

refraction. The massless nature of Dirac fermion in graphene results in the paradoxical Klein

tunneling [9], where the transmission across a barrier at normal incidence can be unity. Pre-

vious experiments have shown the lack of backscattering with a narrow strip [10]. In our

experiment, resonant transmission across thepn junction goes a step further and provides
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a direct measurement of the angle dependent transmission coe�cient as well as e�ective

junction width [11].

Around the time of the pn junction work, we and others realized using a piece of exfoliated

graphite as gate results in improved transport response with reduced disorder, than using

metal or Si/SiO2. As an insulator with dielectric constant of � 3, hBN cannot perfectly

screen the disorder on its surface. Evaporated metal surface may have many facets with

di�erent work function [12, 13], and doped Si wafer is made with randomly distributed

ions. So to access the fragile correlated states with transport measurements, we improved

the quality of graphene even more with top and bottom graphite gates [14, 15]. This is

the foundation to Chapter 3 where I discuss competing correlated states in a graphene

Landau level � electron solid states and fractional quantum Hall liquid [16]. I will show the

experimental observation of the reentrant integer quantum Hall e�ect in graphene, which

is a consequence of competition between incompressible fractional quantum Hall states and

electron solid phases. The long term goal of accessing fractional quantum Hall states is to

study fractional and non-Abelian statistics with quantum Hall interferometers [17]. Our

work shows these fragile states can still be accessed with gate-de�ned devices [18] with the

help of the insulating� = 0 state [19]. Electrostatic control over narrow constrictions called

quantum point contacts (QPC) is necessary to build the interferometer. I will summarize

e�orts toward QPC and interferometer in Chapter 6.

The possibility of having a zero �eld �at band in graphene seems to be shadowed by

the small e�ective mass of electrons � it is massless for monolayer graphene. But that is

only the low energy dispersion. At� 3 eV above and below the Dirac cone, a van Hove

singularity (vHs) exists at the M point of the Brillouin zone. This is long sought after in

the community (e.g. [20, 21]), but hard to realize because the Fermi energy is too far away

from equilibrium. Lower energy vHs can be created by a moirésuperlatticewhich arises from

crystalline twist between layers [22, 23]. At speci�c twist angle of about 1.1� (dubbed �magic

angle�), the bandwidth of twisted bilayer graphene (tBLG) low energy band vanishes [24]. As
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a result, correlated insulators [25], superconductivity [26], ferromagnetism with an associated

quantum anomalous Hall e�ect [27, 28, 29] were observed in the �at band. In Chapters 4 and

5 I will discuss tunable correlation e�ects in tBLG and twisted monolayer-bilayer graphene

(tMBG). Chapter 4 shows in addition to the twist angle, the interlayer coupling can also

be modi�ed by hydrostatic pressure, to tune bandwidth. We have the capability to induce

superconductivity at a twist angle larger than 1.1� , where the correlation e�ect is expected

to be stronger [30]. Chapter 5 focuses on tMBG, which has low symmetry and as a result,

band width can be tuned over a wide range, leading to the emergence of correlated and

topological electronic states which can be controlled by external tuning parameters such as

perpendicular electric �eld [31, 32]. Looking beyond these two systems, �at bands in other

twisted vdW material are being actively explored, including twisted double bilayer graphene

(tDBG) [33, 34, 35, 36, 37], rhombohedrally stacked graphene [38, 39, 40] and transition

metal dichalcogenides [41, 42, 43].

1.2 Band structure of graphene at zero �eld

Monolayer graphene (MLG) is a single sheet of Carbon atoms in a hexagonal lattice. Fig.

1.1a shows schematics of MLG. There are two sublattices A,B in each unit cell, with a lattice

constant of a = 2:46 Å. At neutral doping (charge neutrality point, or CNP), each Carbon

atom contains a single electron in thepz orbital. At this doping, momentum is limited to the

vicinity of degenerate points at the boundary of the Brillouin zone, named K (K')-points:

K =
� 4�

3a
; 0

�

; K 0 =
�

�
4�
3a

; 0
�

(1.1)

The Fermi energy is at theseK ; K 0 points at neutral doping so we setE(K ) = E(K 0) = 0 .

De�ne momentum relative these K-pointsp = k � K and the tight binding approximation

considering nearest-neighbour hopping can be written as:
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Figure 1.1: Tight binding model for grahpene. Schematic image of (a) monolayer
graphene and (b) Bernal stacked bilayer graphene. The red and blue circles represent the
AB sublattices for each layer. 
 0 � 3 eV is the in-plane nearest neighbour hopping term.

 1 � 0:4 eV is the hopping energy between overlapping sites (A1 to B2). 
 3 � 0:3 eV connects
B1 to A2. 
 4 � 0:04 eV connectsA1(B1) to A2(B2). The nearest Carbon-Carbon distance is
� 1:42 Å. [44]

Ĥ = vF

0

B
B
@

�̂ � p 0

0 � �̂ � p

1

C
C
A (1.2)

where vF =
p

3
 0a
2 is the Fermi velocity. �̂ is the vector of Pauli matrices. The basis

vector ( K;A ;  K;B ;  K 0;B ;  K 0;A ) re�ects the degenerate valleys. within each valley the energy

dispersion is linear:

E(p) = ~vF jpj (1.3)

The total degeneracy in MLG is four-fold � two-fold from valley pseudospin and two-fold

from real electron spin. It is also worth pointing out that the electron-hole symmetry around

CNP is actually an artifact of nearest-neighbour hopping. However the valley degeneracy is

a fundamental property protected by theC2T symmetry, whereT is time reversal symmetry.

Bernal-stacked bilayer graphene (BLG) consists of two sheet of MLG with 3.35 Å sep-

aration, with A sublattice of the top layer sitting directly above theB sublattice of the
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bottom layer. 
 1 � 0:4 eV is the interlayer hopping betweenA1 and B2. Experimentally an

out-of-plane electric �eld can be applied, inducing energy di�erence of� between the two

layers. At � = 0 , direct hopping 
 1 pushes the bonding and anti-bonding states of theA1-B2

dimer away from Fermi energy, leaving a parabolic low energy band atK and K 0 points. The

remaining A2-B1 remains degenerate, similar to MLG. Atj� j > 0, this degeneracy can be

broken, opening up a band gap of� at CNP. The low energy dispersion of bilayer graphene,

when E; � < 
 1,

E(p)2 = ( vF � p)2 +

 2

1

2
+

� 2

4
�

s

(vF � p)2(
 2
1 + � 2) +


 4
1

4
(1.4)

At low energy this can be simpli�ed to E� = �
r �

p2

2m �

� 2
+

�
�
2

� 2
, where e�ective mass

m� = 
 1
2v2

f
� me

30 , me is the bare electron mass. Higher order hopping parameters can also

modify dispersion. 
 3 � 0:3 eV can lead to trigonal warping � three extra Dirac cones next

to the K (K 0) points with 120� angle between each other. As a result, strictly speaking

C2 rotation symmetry is broken even for� = 0 in BLG. However in experiments this e�ect

becomes relevant for carrier density below� 1011 cm� 2, and in the case of small angle twisted

graphene samples, as we will see in Chapter 5.
 4 leads to small asymmetry for electrons

and holes.

1.3 Quantum Hall �at band in graphene

1.3.1 Quantum Hall e�ect

When a perpendicular magnetic �eld magnetic �eldB is applied on a 2DEG, the canon-

ical momentum operator takes transformationp ! p + eA , whereA is the magnetic vector

potential. Solving the Schrodinger equation gives the Landau levels (LL), which are highly

degenerate energy levels with quenched kinetic energy. The quantum Hall e�ect is character-

ized, most notably, by a quantized transverse resistanceRxy = n e2

h and vanishing longitudinal
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resistanceRxy = 0 when the Fermi energy is between two LLs. Heren is an integer which

corresponds to the number of �lled LLs.

For MLG, because of the linear dispersion, the LLs are unevenly spaced in energy,

EN = � vF

p
2e~BN (1.5)

hereN 2 Z. Due to the spin-valley degeneracy, each LL is four-fold degenerate and quantum

Hall plateaus happen at �ling factor � = � 4(N + 1=2). The valley degenerate wavefunc-

tions can have di�erent orbital structure � for the lowest LL valley K (K 0) wavefunction

is physically localized onA (B) sublattice. For N > 0 LLs the orbital wavefunction is

	 N = (  N ;  N � 1), where  N is the N th LL in 2DEG with parabolic dispersion, such as

GaAs. For BLG, LL energy is,

EN = ~! c

q
N (N � 1) (1.6)

where ! c = eB
m � is the cyclotron frequency and quantum Hall plateaus appear at� =

� 4(N + 1) .

So far I have only considered the single-particle picture in LL, neglecting the Coulomb

interaction between electrons. Under high magnetic �eld, electron interaction strength is

scaled by the magnetic lengthlB =
q

~=eB � 26 nm=
q

B [Tesla], and the Coulomb energy

is given by Ec = e2=4��l B . Quantum Hall ferromagnetism and valley anisotropy usually

develop at a lower magnetic �eld compared with the fractional quantum Hall (FQH) e�ect.

Quantum Hall ferromagnetism refers to in systems with two degenerate LLs, the spin-valley

symmetry can be spontaneously broken by exchange interactions [45]. It is basically a result

of the Pauli exclusion principle as electron form anti-symmetric wavefunction avoid each

other in real space. Experimentally this leads to quantized plateau at all integer levels

� xy = n e2

h . The valley anisotropy arises from short-range electron interactions [46, 47] on

the lattice scale. The energy scale ise2a=l2B , wherea is the lattice constant.
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One notable demonstration of both of these e�ects is at CNP, or the� = 0 state in

MLG. The Coulomb energy is minimized by anti-symmetric spatial wavefunction and leaves

behind an approximately spin-valley symmetric isospin space. In this manifold, there is a

competition between the spin-Zeeman e�ectEZ = g� B B (� B is the Bohr magneton) which

favors a spin-polarized ground state, and the valley anisotropy which favors some lattice-scale

order that is spin-unpolarized. Because Carbon atom only hass and p orbitals, the Zeeman

term couples to total magnetic �eld � both perpendicular and in-plane, while the valley

anisotropy couples only to perpendicular magnetic �eld. When only a perpendicular �eld is

applied, the valley anisotropy donimates and� = 0 is insulating � both in bulk and on the

edge. When enough in-plane �eld is added, the� = 0 can be driven into a quantum spin

Hall state with counter-propagating spin-polarized edge states [19, 48]. In chapter 3 I will

use the fully insulating � = 0 under perpendicular magnetic �eld to construct gate-de�ned

graphene structures.

1.3.2 Fractional quantum Hall liquid

The quantization can also happen at select fractional �llings of a LL, known as the

fractional quantum Hall (FQH) e�ect[49, 50, 51, 52]. The strongest states appear at the

�lling factors of

� =
p

2mp � 1
(1.7)

where m; p 2 Z. One intuitive way to understand this sequence is thecomposite fermion

(CF) model �rst proposed by Jain [52, 53]. Instead of thinking of the strongly correlated

electrons in the system, we can construct weakly correlated quasi-particles � CFs, by at-

taching 2m number of magnetic �ux quanta to each electron. As a result, at �lling factors

� = 1=2m there is e�ectively zero magnetic �eld for2m-�ux CFs. The �rst sequence is for

m = 1 which is � = 1
3 ; 1

5 ; 1
7 ::: which appears in the Laughlin model[50, 54]. When� is detuned

from 1=2m, there is an e�ective magnetic �eld given byB � = B � 2mn� 0, where n is the

carrier density. Similar to real electrons under real magnetic �eld, CFs underB � can form
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so-called� levels (� L) separated by energy gaps. As a result the FQH e�ect for electrons

is analogous to quantum Hall e�ect for CFs, with integer numbers of� Ls are occupied at

fractional �llings shown in Equation. 1.3.2.

The CF model and Jain sequence has been demonstrated to great �delity in conventional

2DEG systems such as GaAs quantum wells [55]. Experimentally, a combination of high-

mobility sample, high magnetic �eld and low temperature is required to observe these fragile

quantum states. The e�ect of disorder broadening can be summarized in an energy scale� .

FQH states can only be observed when the energy gap� > � , and temperatureT � � � � .

In GaAs systems this typically require tens of mK temperature and a few Tesla. I will show

in Chapter 3 for graphene heterostruture with high quality, FQH states can be observed at

hundreds of mK.

1.3.3 Electron solid phases

Theoretical considerations

The incompressible FQH liquids are not the only correlated phases that can emerge within

partially �lled LLs and generically compete with the formation of interaction-driven electron

solids, such as the Wigner crystal [56, 57, 58, 59], and the bubble [60, 61, 62, 63, 64, 65, 66,

67, 68, 69] and stripe charge density wave states[60, 70, 68, 62, 63, 67]. Fig. 1.2 summarizes

some of the possible scenarios. First is when electrons do not form correlated states, and

stay as trivial liquid because there is still interaction. Second is the incompressible FQH

liquid I discussed in the previous section. Third is the electron solid, essentially charge

density wave phases which was �rst predicted by a Hartree-Fock study [71]. In this case

interacting electrons can locally coalesce and globally form long range order. These phases

are favored at partial �lling factor � � = � � [� ], where[� ] is the nearest integer value smaller

than � . I consider0 < � � < 0:5 because the other half can be connected with1 � � � by the

electron-hole transformation. For small� � � 1=N (N is the LL index), electrons can form

�bubble phases" � an electron lattice with m electrons localized on each site. Whenm = 1,
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Figure 1.2: Electron liquid and solid phases in the quantum Hall regime. Schematic
image of (a) interacting electrons that are not correlated, (b) incompressible fractional quan-
tum Hall liquid, ( c), electron solid phases. Depending on the partial �lling factor, electron
solid can take the form of bubble or stripe phases. (d), liquid crystal phases.

it is a Wigner crystal. For � � � 0:5, the high density of electrons leads to more overlap, so

�lled and emptied stripes phases of electron can form. Under some special circumstances,

such as under hydrostatic pressure, more exotic liquid crystal phases can occur � nematic,

smectic and so on � often with interesting chiral properties.

One intuitive way to understand the formation of electron solid phases is to look at the

e�ective interactions between cyclotrons. Fig. 1.3 a-b shows cyclotron interaction in two

limits. The cyclotron radius is RC = ~kF =eB, wherekF is the Fermi wave vector of 2DEG.

kF scales with carrier density as
p

n and thus with total �lling factor or LL index as
p

N .

When r > 2RC , i.e., in the lower LLs, the interaction between cyclotrons is Coulomb-like

1=r (without screening, I will discuss the case with screening in Chapter 3). Whenr < 2RC ,

i.e., in the higher LLs, cyclotrons overlap and the interaction energy is dominated by the

overlap area which stays mostly unchanged asr decreases. The resulting e�ective interaction

potential as a function ofr is plotted in Fig. 1.3c. It is energetically favorable for electrons

to form local clusters, especially in higher LLs. The ground state is usually a competition

between FQH liquid and electron solid phases. A summary of theoretical calculation within

the Hartree-Fock framework can be found in Refs. [62, 63, 72].

Experimental observations in GaAs quantum wells

In GaAs/AlGaAs heterostructures, the competition between these di�erent phases, par-

ticularly developed in the N = 1 and 2 LL, gives rise to a reentrant integer quantum Hall
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Figure 1.3: E�ective interaction between cyclotrons. Cyclotrons at (a) low partial
�lling and center-to-center distance r > 2RC , and (b) increased partial �lling r < 2RC

and there is overlap between cyclotron wavefunctions.RC is the cyclotron radius. c When
r > 2RC the e�ective interaction between cyclotrons is similar to two electrons, e.g. Coulomb
� 1=r. When r < 2RC the e�ective interaction is reduced because the overlapped region is
mostly insensitive tor .

e�ect (RIQHE) [73, 74, 75, 76, 65]. Fig. 1.4 showcases RIQHE observed inN = 1 LL

of GaAs quantum wells. It is characterized by the emergence of vanishing longitudinal re-

sistance at partial �lling, but with Hall conductivity restored to the nearest integer value.

At the same time usual FQH sequence still shows up at� � = 1=5; 1=3 etc. The result is

Rxy switching between integer quantum Hall and FQH levels and RIQHE. The insulating be-

haviour at non-FQH partial �llings can be explained by the electron bubble (Wigner crystal)

being pinned down by disorder in the system, and does not contribute to global transport.

The collective nature of the RIQHE states was conjectured for a long time. Early work using

surface acoustic waves show resonances possibly linked to the de-pinning of electron solid

phases and �rst-order transition between Wigner crystal and 2-electron bubble phases [61,

77, 78]. The de-pinning e�ect was also explored with magneto-transport[79]. More recently

Deng et al. compared the energy scale of RIQHE phases with temperature dependence[65,

80] in the second LL. The authors observed a non-monotonic temperature dependence for

Rxx and used it to de�ne a onset temperatureTc, which was further found to scale with

Coulomb energy in each of the spin branches of the LL. I will discuss RIQHE states found

in graphene in Chapter 3.
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Figure 1.4: RIQHE and stripe phases in GaAs quantum wells. a Data taken from
[74] shows competition between FQH liquid (blue shades) and electron solid (red shades)
in N = 1 LL. b Data taken from [67] shows anisotropic transport at� = 9=2 and 11=2 in
N = 2 LL.

At near half �llings of higher LL, Rxx can reach high maximum for one direction but

vanishes in another direction perpendicular to the �rst one, as shown in Fig. 1.4b. This

can be explained by the presence of stripe phases as electrons can conduct easily along

stripe directions but hardly perpendicular to the stripe. The direction of the stripe in GaAs

quantum wells usually favor certain crystalline direction, but can be realigned by external

parameters such as in-plane magnetic �eld [81, 82, 83] and strain [84].

1.4 Moiré �at band in graphene

1.4.1 Moiré superlattice in vdW materials

Through di�erent lattice symmetry and atomic orbitals, the atomic structure of a ma-

terial determines the environment electrons live in. Conventionally the atomic structure is

achieved through sophisticated chemical synthesizing process such as molecular beam epi-

taxy (MBE) growth. One degree of freedom unique to vdW heterostructure is the crystalline

misorientation via rotational twist between layers, as illustrated in Fig. 1.5a. The twisting
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Figure 1.5: Moiré pattern in twisted vdW materials. a , 3D-view of two layers of vdW
materials rotated at angle� from each other. b, top-view of the moiré pattern in twisted
bilayer graphene.� is the moiré wavelength� = a=[2 sin�=2].

creates a moiré pattern � a large scale interference pattern often seen in fabrics like silk

� which acts as a super-lattice (SL) potential on the material, with nanoscale periodicity.

Fig. 1.5 shows the moiré SL in twisted bilayer graphene at a small angle. The SL scale is

determined by the composite material lattice constanta and twist angle � , � = a=[2 sin�=2].

In the �gure the brighter area corresponds to the hexagons stacking on top of each other, or

�AA stacking�, and the areas in between can be represented by Bernal stacking, leading to

a simpli�ed e�ective model in Fig. 1.5c.

Because the heterostructure is assembled in a mechanical layer-by-layer approach, meth-

ods have been developed to acquire rotational twist at speci�c angles. The �rst is to pre-

identify crystalline orientation before stacking them uncontrollably at desired angle. Com-

mon ways to determine the lattice orientation include (i) using straight edges in exfoliated

�akes which are likely along the zig-zag or armchair directions, (ii) for vdW material without

inversion symmetry, such as transition metal dichalcogenides, second-harmonic signal hasC3

symmetry (same as the crystal) that can be used to determine lattice direction. The second

method is �tear-and-stack� or �cut-and-stack�, which is used to fabricate twisted graphene

structures. In this case one can use a sticky layer � usually another piece of vdW material

� to pick up half of the graphene, then rotate the remaining half to desired angle before

picking up the second half [85].
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1.4.2 �Magic angle� twisted bilayer graphene

The coupling between twisted graphene layers is susceptible to the twist angle. At large

twist angle, the coupling is generally weak because of momentum mismatch. The system

behaves as two isolated layers of MLG with their original Fermi velocity, and energy o�set

between the layers is tunable with a perpendicular electric �eld. At small angle� < 10� , the

layers become hybridized and the Fermi velocity is renormalized. The low energy e�ective

Hamiltonian can be constructed as three terms: two single-layer graphene Dirac-Hamiltonian

terms with twist angle � , and hopping term between them. The Hamiltonian for MLG rotated

by � in one valley is

hk (� ) = � vF k

2

6
6
4

0 ei ( � k � � )

e� i (� k � � ) 0

3

7
7
5 (1.8)

here vF is the Fermi velocity, k is wave vector relative to Dirac point, the basis is the

A; B sublattices [24]. The coordinates of the Carbon atoms in two layersR and R 0 can be

related by the transformation R 0 = M (� )(R � � ) + d, whereM is the 2D rotation matrix,

� is the sublattice coordinates� A = 0; � B = � . So the matrix element in the inter-layer

site-to-site tunneling Hamiltonian HT is

hR + � � jHT jR 0+ � 0
� i = t(R + � � � R 0 � � 0

� ) (1.9)

Consider in the momentum space,tq is the Fourier transform of t(r ). Although the

precise form oftq is not known, it should decrease quickly to zero. Because the site-to-site

hopping is varied by the 3D distance given byR =
q

r 2 + d2
? whered? is the layer separation,

t(r ) changes withr on the scale ofd? . So tq declines rapidly forqd? > 1 and a cut-o� for

tq is set at q = kD . The precise choice oftq does not a�ect the band structure dependence

on � qualitatively.

One of the main results from Ref. [24] is that up to a scale factor the twisted bilayer
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Figure 1.6: magic angle twisted bilayer graphene. a , First Brillouin zone of two layers
of MLG twisted at angle � . b, schematic �at band formation in magic angle twisted bilayer
graphene. c, local stacking order in twisted bilayer graphene around1� . Electronic states
are more localized on �AA� sites.

graphene band structure is determined by a universal factor� = w=vk� . Here 3w is the

hopping energy
 1 from Bernal bilayer graphene. Because the system hasC3 symmetry, a

Dirac point from one layer can be connected to three equivalent Dirac point on the other

layer (red dots in Fig. 1.6a), if momentum is truncated with the �rst Brillouin zone. The

interlayer hopping Hamiltonian can thus be written as

H k =

2

6
6
6
6
6
6
6
6
6
6
4

hk (�=2) T1 T2 T3

Ty
1 hk 1 (� �=2) 0 0

Ty
2 0 hk 2 (� �=2) 0

Ty
3 0 0 hk 3 (� �=2)

3

7
7
7
7
7
7
7
7
7
7
5

(1.10)

wherek j = k + q + G(j ) , G(j ) is the reciprocal lattice vector that connects the equivalent

Dirac points. Here four points used as basis	 = (  0;  1;  2;  3).  0 is near the Dirac point

in one layer,  1;2;3 are nearq + G(j ) of the other layer. Solving the Hamiltonian to leading

order of k, reveals

h	 (i ) jH (1)
k j	 (j ) i = � v�  (i )y

0 � � k  (j )
0 (1.11)
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where the renormalized Fermi velocityv� is

v�

vF
=

1 � 3� 2

1 + 6� 2
(1.12)

So the low energy Hamiltonian is identical to MLG with a strongly modi�ed Fermi

velocity. When � 2 = 1=3, v� is expected to be zero leading to a �at band with quenched

kinetic energy. This corresponds to� � 1:1� , which is referred to as the �rst �magic angle�

for twisted bilayer graphene.

Another intuitive way to understand the formation of �at band near the �magic angle�

is shown in Fig. 1.6b. The Dirac cone from the two layers, represented by the blue and red

color, crosses atE� = � ~vf k�

2 . The hybridization between layers opens a gap on the order

of 2w at the crossing, e�ectively pushing some of the electronic states towards zero energy.

When the two terms match2w = ~vf k�

2 the �at band can be reached. This simple picture

also o�ers insight about how the �magic angle� can be tuned. For example, increasingw

can lead to e�ectively larger magic angle. Although strictly speaking this toy model only

works in the so-called �perturbative regime�, whereE� > 2w, it o�ers intuition for how the

bandwidth can be tuned by interlayer pressure, which I will discuss in Chapter 4.

One addendum to the Bistritzer-Mcdonald (B-M) model is atomic lattice relaxation.

Experimental observation of the superlattice gap � which corresponds to carrier density

�lling up four electrons (holes) per unit cell � is not accounted properly in the original

model. One correction is to consider the intra-valley scattering matrix

t =

0

B
B
@

uAA uAB

uBA uBB

1

C
C
A (1.13)

whereuij is the tunneling betweeni; j sublattices. Because A,B sublattices in graphene

are equivalent, we haveu1 = uAA = uBB and u2 = uAB = uBA [86, 87, 88]. In the original

B-M model no relaxation was considered sou1 = u2. In real twisted bilayer graphene

because AB stacking order is thermodynamically more favorable, the area of AB regions is
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Figure 1.7: symmetry and band structure of twisted bilayer graphene. a-f , sym-
metries in tBLG and their constraints on the band structure of tBLG [89].g, energy band
and density of states calculated for� = 1:05� calculated with continuum model. � are valley
indexes.h, energy contours for conduction and valance bands.g-h are from [86].

larger than AA. The graphene sheet is also believed to buckle slightly, increasing the distance

between AA sites, leading tou1 < u 2. Indeedu1=u2 can be used as a parameter to match the

results of experiment whenu1=u2 � 0.7 - 0.8. The resulting continuum model band structure

calculation can be found seen in Fig. 1.7g [86]. Near zero energy, the Fermi surface is around

K, K' points; near the edge of full (empty) �lling, the Fermi surface is at � point. A vHs

� spike in density of states � is seen on the right panel. Fig. 1.7 shows the Fermi surface

contour that corresponds to two electrons (holes) per unit cell, at slightly largerjE j than

the vHs.

1.4.3 Symmetry and Wannier orbitals

To better model electron interactions, one could examine the symmetry in twisted bilayer

graphene and build Wannier orbitals. As mentioned earlier, because the moiré pattern is

insensitive to relative shifting d, so symmetry can be inferred by considering a twisted AA

stacked region (Fig. 1.7a). The system has rotational symmetryC6z, mirror symmetry M y
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which swaps the two layers, as well as valleyUv(1) and time reversalT . The �at bands

have Dirac crossings atK points in the mini-Brillouin zone, which is protected by theC2T

symmetry of individual layers of graphene (Fig. 1.7c). I will discuss the results of broken

C2T symmetry in the next subsection.

Although the local charge density are peaked at the triangular AA moiré sites, the Wan-

nier orbitals are not localized there. Instead, the Wannier orbitals are centered at dual

honeycomb AB/BA sites, as shown by various groups [87, 90, 89, 86]. Yuan et al. [87] �nd

that the band symmetries at high symmetry points (� ; K; M ) can only be reproduced when

the centers of Wannier orbitals with (px ; py) on-site symmetry are located on (AB,BA) sites.

Speci�cally, the symmetry at � and K is D3, and at M it is C2. The Wannier orbitals

can be constructed purely from the low energy �at band, because it is well separated from

other bands [86]. So two orbitals per spin and valley � total of eight bands � are considered.

By employing the so-called the maximally localized algorithm, which minimizes the total

spread of Wannier function in real space [91], the Wannier orbital can be constructed as the

three-peak shape centering on AB/BA site, forming a ��dget-spinner� shape.

There are a couple caveats when continuing the path of projecting Coulomb interaction

onto these Wannier states and write down the e�ective model. First, as pointed out in [92,

93] non-trivial topology of the band prevents the creation of exponentially localized Wannier

states. As I will show in the next section, topological bands represented by non-zero Chern

number is common in twisted graphene systems. Second, it is worth cautioning that the

relatively complicated shape of the Wannier states as constructed above means the tBLG

needs to be described by a multi-band Hubbard model. Instead, when the composite material

does not haveC2 symmetry, such as twisted transition metal dichalcogenides (WSe2, WS2,

etc.), a one-band Hubbard model with similarity to those used to describe cuprates, can be

possible [94].



Chapter 1: Introduction 19

1.4.4 Chern insulator

Quantum materials can be categorized by the topology of their electronic structure,

which leads to global characteristics that is insensitive to local disorder. Thouless, Kohmoto,

Nightingale, and den Nijs (TKNN) showed that such topology leads to quantized electrical

conductivity[95]. The concept was �rst used to explain the quantum Hall e�ect in Landau

levels under magnetic �eld as I discussed above, and more recently evolved into broader un-

derstanding of quantum materials that are characterized by a symmetry-protected quantum

number. In this section I will discuss how topology comes into play in graphene moiré �at

bands and leads to orbital magnetism.

Berry phase and Chern number

When the Hamiltonian of a system undergoes a cyclic and adiabatic evolution in the

parameter spaceR , the wavefunction of the eigenstates gain a gauge-independent phase,

which is called �Berry phase�. In solid state systems, the Hamiltonian is periodic in space

and eigenstates can be written as Bloch wave nk = eik r unk (r ). Taking k as the parameter

R , the �Berry connection� � which is analogous to the magnetic vector potential � can be

written in the reciprocal space as

A n (k) = ihunk (r )jr k junk (r )i (1.14)

and Berry curvature, 
 k = r k � A n (k), is analogous to magnetic �eld. As Chern

and Simons established [96], the integrated Berry curvature over a closed surface should be

quantized. In the case of 2D electrons, the integrated Berry curvature over the Brillouin

zone (BZ) de�nes the Chern number

C =
1

2�

Z

BZ

 k dk (1.15)
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Figure 1.8: Chern insulator in twisted graphene. a , each isolated �at bands may have
non-zero Chern number that is opposite for di�erent valleys. As a result at� = 4 (full �lling
of all �at bands), total Chern number is zero. When the conduction and valence bands are
separated Chern number should be zero at� = 0 too. b, at odd �lling factors such as� = 1,
valley polarization can lead to orbital ferromagnetism with non-zero total Chern number.

When C = 0, the band is topologically trivial.

Orbital magnetism

A non-zero Chern number can be achieved in graphene by adding a mass term to the

Dirac cone, for example, by breakingC2 symmetry when the lattice is aligned with hBN

substrate [97]. Previous experimentl works have found alignment with hBN can cause 15-

30 meV energy di�erence between A and B sublattices [98, 99], and the gap at CNP can

persist even when graphene is slightly misaligned with hBN [100]. However, time-reversal

symmetry T requires the Berry curvature in di�erent valleys have opposite sign, so while

valley degeneracy is preserved, the total Chern number in the BZ is cancelledCK + CK 0 = 0.

In the case of tBLG aligned with hBN, theC2 symmetry is also broken and gap opens

at CNP. So the eight total bands can be divided as nearly degenerate conduction (� > 0)

and valence (� < 0) bands. Here and in Chapter 4�5 when I discuss twisted graphene,�

is used to denote the �lling factor of the �at band ensemble, where� = 4 means all bands

�lled and � = � 4 means all bands empty. In monolayer graphene, each Dirac cone of either

valley K or K 0 has Berry phase of� � , so in tBLG the Chern number associated with each

valley is jCj = 1. One perspective [101] thus treats the tBLG �at band similar to a four-fold
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degenerate �Landau level� � with valley � = + ; � and spin s = " ; #. As in quantum Hall

ferromagnetism, integer �llings of the entire �Landau level� can open a gap by spontaneous

symmetry breaking. Thej� + ; "#i bands haveC = +1 and the other valley haveC = � 1.

As a result, at full �lling of all the bands ( � = 4), the total Chern number is zero. Similar

argument can be made for the CNP When theC2 symmetry is broken, the Dirac crossing at

� = 0 is no longer protected and conduction and valence �at bands are separated by a gap

(Fig. 1.8a). On the other hand, at odd �lling factors, if the system is fully polarized and

thus has a non-zero net Chern number, or orbital ferromagnetism (Fig. 1.8b). Compared

with conventional Landau levels, the lack of orbital con�nement generated by magnetic �eld

means the accessible phase space is greatly increased.

Some theory papers have argued for the stability of such a ferromagnetic state at integer

�llings. In [102], the authors take the strong interaction limit (U � W). When the �at band

is topologically trivial (e.g., ABC trilayer graphene aligned with hBN under one direction

of displacement �eld), the Coulomb interaction projection onto Wannier leads to an on-site

U and also inter-site ferromagnetic Hund's interactiongsU. As band width W increases,

the inter-site anti-ferromagnetic superexchange�W
2

U arises. As a result, in the narrow-band

limit W <
q

gs
� U, the ferromagnetic term dominates. In the case of topologically non-trivial

bands, the Wannier function is more de-localized and Hund's interaction is more favored,

which makes spin-valley ferromagnetic states more likely. More theoretical work exploring

the precise polarization of the ground states is under way at the time of writing of this thesis.

A consequence of orbital magnetism is the quantum anomalous Hall e�ect (QAHE),

which was observed in several graphene systems aligned with hBN [38, 27, 29]. In chapter 5

I will show ferromagnetism in a new system [31, 32]. Instead of spin moments, the ferromag-

netism in these systems arise from from orbital moments, which can be easier to manipulate

with electric �eld [103]. When the chemical potential is in the bulk energy gap, change in

magnetization comes from the edge current [103]
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dM
d�

=
1
c

dI
d�

=
Ce

2� ~c
(1.16)

So the change in magnetization over an energy gap is� M = Ce� gap=2� ~c.In mag-

netic topological insulators (spin Chern insulators), magnetic dopants break time-reversal

symmetry and spin-orbit coupling leads to quantized Hall conductance. The total spin mag-

netization is � � B =Au:c:, where � B is Bohr magneton andAu:c: is the atomic unit cell size.

In moiré systems, the total orbital magnetization is still� � B =Au:c:. Because the moiré unit

cell is much larger, total magnetization is much smaller, making it possible to switch the

type of magnetization when chemical potential moves across a band gap.
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High mobility encapsulated graphene heterostructure

Ballistic electrons in a uniform 2D electron gas (2DEG) behave in close analogy to

light[104, 105]: electrons follow straight-line trajectories and their wave nature can man-

ifest in a variety of interference and di�raction e�ects. When transmitted across a boundary

separating regions of di�erent density, electrons undergo refraction[106, 107], much like light

rays crossing a boundary between materials with di�erent optical index. This makes it pos-

sible to manipulate electrons like photons, using optics-inspired components such as mirrors,

lenses, prisms and splitters[107, 106, 7, 108]. A particularly striking feature of electronic

optics is the prediction of negative refraction[109], which is di�cult to achieve in photonic

systems but conceptually straightforward for electrons, arising when carriers cross apn junc-

tion separating electron and hole bands. In optical metamaterials[110, 111, 112], negative

refraction is enabling exotic new device technologies such as superlenses[113], which can

focus beyond the di�raction limit, and optical cloaks[114], which make objects invisible by

bending light around them.

Graphene has been considered an ideal platform for demonstrating electron optics in

the solid state [7, 115, 116, 117]. The high intrinsic mobility allows ballistic transport over

micrometer length scales at ambient temperatures [5], while the lack of a bandgap makes

graphenepn junctions highly transparent[7, 118, 119, 120, 10, 121, 122, 123, 116, 124] com-

pared with conventional semiconductors. However, experimental demonstration of electron

lensing in graphene junctions, has remained conspicuously di�cult to realize: separating

the junction response from mesoscopic e�ects (such as contacts and boundary scattering)

23
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Figure 2.1: Schematic of electron refraction across junction. (A ) Transverse magnetic
�eld is used to focus electrons onto a split gate junction at variable incident angles. The
cyclotron radius, determined by the magnetic �eld and Fermi momentum (or related carrier
density), determines the incidence angle. The density di�erence across the boundary, induced
by the two gate voltages, determines the refraction angle (see text). (B ) A resonant path
is shown for three example scenarios corresponding topp (equal hole density),pp0 (unequal
hole density) andpn0 (unequal hole-electron densities). In our measurement scheme, density
n1 is �xed, while varying B and n2.
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in transport experiments has proven di�cult, while direct probe techniques [125, 126, 127]

have not provided real-space mapping of transmission across a junction. Here we demon-

strate that by utilizing a transverse magnetic focusing (TMF) measurement scheme in a

split gate device, we are able to isolate and measure directly the relationship between the

incident and refracted electron trajectories. We con�rm an electronic Snell's law relation

and �nd unambiguous evidence of negative refraction across apn junction. Our technique

additionally provides a direct quantitative measure of the transmission coe�cient with inci-

dence angle, which we �nd to be in excellent agreement with theory[118, 122]. Together with

semi-classical simulations, our results reveal the crucial role played by the junction pro�le

for electron optics, and provide a road map for new device technologies based on graphene

pn junctions.

2.1 Ballistic electron refraction across junction

2.1.1 Snell's law and negative refraction

For electrons, conservation of the transverse component of the momentum vector,k,

across the junction leads to the Snell's law relationk1 sin� 1 = k2 sin� 2, where � 1 and � 2

are the incident and refracted angle with respect the boundary normal, and the Fermi wave

vector, ki =
p

�n i replaces the optical index of refraction. Since the group velocity is

de�ned by the energy band dispersionv = dE=d(~k), the sign changes between the valence

and conduction bands, making it parallel to the Fermi momentum forn� type carriers, but

anti-parallel for p� type. In the case of apn junction, the transverse component of the

group velocity must change sign in order to conserve momentum (Fig. 2.1a) and a negative

refraction angle results.

2.1.2 Geometric model

Fig. 2.1a-b illustrates the device structure used to test this relation. A sample with

a junction separating areas of di�erent carrier density is contacted by multiple electrodes
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Figure 2.2: Optical image of the device. Optical image (left) and cartoon schematic
(right) of split gate device. A naturally cleaved graphite edge is utilized to de�ne an atomi-
cally smooth electrostatic boundary. Scale bar is 5� m.

in both regions. Under a transverse magnetic �eld, injected electrons undergo cyclotron

motion with radius determined by the Lorentz force. In the absence of a junction, a resonant

conduction path (measured as a voltage peak) is realized when the cyclotron radius is half

the distance between the current and voltage electrodes, corresponding the conditionB =

j �2~
p

�n=eL , where,j is the resonant mode number (physically corresponding to the number

of half circles that �t between the electrodes),e is the electron charge,B is the magnetic

�eld, L is the distance between the electron emitter and voltage detector, andn is the charge

carrier density[8]. In a split-gate geometry, the resonant path depends on the carrier density

in each region, and can be considered separately for the three distinct scenarios, shown in

Fig. 2.1b. i) Equal density (nn or pp): the junction is fully transparent and there is no

refraction, recovering the same resonance condition given above. ii) Same carrier type but

unequal density (pp0 or nn0): positive refraction across the boundary, resulting in a deviation

of the resonance condition, but with carriers still focused to the voltage probe on the same

side of the sample. iii)pn0 (unequal electron-hole densities): negative refraction occurs and

there is a change in the sign of the Lorentz force, causing the charge carriers to be focused to

the voltage probe on the opposite side of the sample. The sample geometry fully determines

the relation between the magnetic �eld,B , and charge densities,n1 and n2, of the two gated

regions. For all three cases, varying the magnetic �eld changes the angle of incidence (� 1)

at the boundary, while varying the carrier density on the right side changes both the angle
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Figure 2.3: Analytical model for TMF across junction. A , TMF across pp0 junction.
B , TMF acrosspn junction.

of refraction (� 2) and the cyclotron radius on the right side. Thus, by mapping out the

resonance condition for transmission between the injection and collection electrodes, we can

e�ectively measure� 2 as a function of� 1 to directly verify Snell's law for both positive and

negative refraction.

Analytic relations de�ning each of the lowest resonant modes are given by the following

equations. For thenn0 or pp0 junction case, as in Figure 2.3a,

vu
u
t 1 �

n1

n2

� R1 � a
R1

� 2q
2R1a � a2 +

s
n1

n2
�

R1 � a
R1

� a � a
s

n1

n2
= 0 (2.1)

For the pn case, as in Figure 2.3b,

vu
u
t 1 �

n1

n2

� R1 � a
R1

� 2 �

W �
q

2R1a � a2
�

+
s

n1

n2
�
R1 � a

R1
�a�

s
n1

n2
�

�
W �

p
2R1a � a2

� 2
+ a2

2R1
= 0

(2.2)

whereW is the width of the graphene channel,2a is the distance between source/drain

and voltage leads.
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2.1.3 Magnetic focusing across junction: simulation and experiment

An optical image and schematic cross section of a typical device measured in this study

are shown in Figure 2.2c. Monolayer graphene was encapsulated in Boron Nitride (h-BN)

and placed half across a few-layer graphite bottom gate that was previously exfoliated onto

an oxidized, heavily doped Si wafer. The heterostructure was then plasma etched into a rect-

angular shape and side-contacted using previously described techniques [6]. Independently

voltage-biasing the bottom layer graphite and doped-silicon gates allows us to realize a split

gate pn junction. (Fig. 2.1b). Since a naturally cleaved graphite edge is used, the junction

is expected to be atomically smooth.

In the TMF measurement, electrons are injected at one side of the graphite gated region

and collected at an electrode on the opposing side, while the voltage is measured across

parallel electrodes in the Si gated region (Fig 1a). Fig. 2.4a shows a typical result, in

which the four-terminal resistance is acquired at constant hole density in the injection re-

gion (Vgraphite = � 1 V corresponding to a density of 6.76� 1011 cm� 2) as a function of

detection side gate voltage (VSi ) and magnetic �eld. For the pp0 con�guration, both the

fundamental resonance and multiple higher order resonant peaks appear. The resonance

paths can not be �t to a simple B �
p

n dependence (see Fig. A.2), with the most notable

deviation a pronounced kink in the second order resonance. For positive Si gate values (pn0

con�guration) only the lowest order resonance mode is observed, with all higher orders ap-

parently suppressed. The resonance peak is opposite in sign compared to thepp0 case. This

is a direct signature of carrier focusing to the upper voltage terminal.

A detailed simulation of electron trajectories using semi-classical Billiard model[128, 129]

were performed and compared to experiment. In this model, electrons are injected from

the source at randomly distributed angles, weighted by a normal distribution of standard

deviation � inj = � /15. By following their cyclotron trajectories across the junction (junction

roughness is not included in the model) the probabilities of reaching the voltage probes are

calculated. Transmission across the junction is modeled assuming the electronic Snell's law
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Figure 2.4: Snell's law for electrons. (A ) Resistance parallel to the junction (correspond-
ing to the measurement con�guration shown in Fig. 2.1b) versus magnetic �eld and Silicon
gate, VSi . The graphite gate region is �xed to constantp-type carrier density (VG = � 1 V).
(B ) Simulation of the experimental data in (A), from ray tracing paths. Representative
resonant electron trajectories are shown in (C) for a pp0 (top) and pn0 (bottom) junction.
(D ) Position of the points plotted asB versusn2 from the lowest order resonance modes.pp0

and pn0 data points are taken from (A).pp and nn data points are determined from a similar
map in which the gates are synchronized to maintain a matched density (see Fig. A.3).
Dashed line represents the theoretical resonance condition for graphene with matched den-
sity (i.e. no junction). Solid red line and blue lines are the theoretical curves deduced from
our geometric model, including refraction, forpp0 and pn0 junctions, respectively (see text).
(E) Snell's law parameters calculated from the peak points (see text). (F) Transmission
intensity versus incident angle. Blue circles correspond to the normalized peak resistance
values extracted from (A). Red line is the normalized intensity from simulation for a device
with a graded junction of width 70 nm. Black line is the theoretical angle dependence for
an abrupt (d = 0 nm) junction.
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and momentum �ltering[118, 122]. Fig. 2.4b shows the di�erence in probability between the

two voltage leads from our simulation using identical conditions as the experiment data in

Fig. 2.4a. The simulation matches well with the general features of our experimental data

for both pp0 and pn0 cases, reproducing the trajectory of all higher order resonances in the

pp0 condition, as well as the existence of only a single mode, with opposite sign for thepn0

case. Simulation reveals that the kink inpp0 case results from electron hitting the edge of

device at the junction (see [11] Figs. S9-11). Forpn0 only lowest order is observed as the

number of electrons reaching the upper electrode reduces exponentially due to �ltering e�ect

every time electrons crosspn junction[124, 117].

2.1.4 Extracting incident and refraction angle

In both the experimental and simulated data sets, the trajectory of the lowest order

resonance is well captured by our geometric model (dashed lines in Fig. 2.4a and 2.4b). Fig.

2.4d shows this in more detail. The peak position is shown as a function ofB and n2 for

both pp0 (red circles) andpn0 (blue circles). Also plotted are similar data points acquired

by synchronizing the gates to maintain matched carrier density, giving the trajectory of the

pp (green circles) andnn (yellow circles) response (see A.3 for the magnetic focusing in

the matched density regime). The theoretical resonant peak positions calculated from the

geometric model are shown as solid and dashed lines. Excellent agreement is found between

the peak positions and the theoretical curves for all four cases. We note that in generating

the theoretical curves we use as inputs only the sample geometry (lengthL = 3:9 � m, and

width W = 3:9 � m), and the gate e�ciencies as extracted from Hall e�ect measurements, so

that e�ectively there are no free parameters. We have repeated this measurement with three

devices of varying sizes and with various gate con�gurations, all giving similar results. We

note that for any combination ofB , n1, and n2, the device geometry dictates the intersection

of the electron trajectory with the junction. For each point along the �rst order resonant

peak in Fig. 2.4a, we can therefore deduce the angle between the charge carrier trajectory
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Figure 2.5: Reducing junction width. (A ) Schematic drawing for device with local
graphite gates and thin hBN dielectric. (B ) Transmission for electrons focused acrosspn
junctions with di�erent widths. The dots are extracted from experiments similar to Figure
2.4f, the lines are calculated from equation 2.3.

and the boundary normal in each region. In Fig. 2.4e, the corresponding values ofki sin(� i )

for each region are plotted. The data shows a linear relation with unity slope, con�rming the

expected Snell's law relation for electrons. For the case of opposite carrier type, the relation

shows a negative unity slope, unambiguously con�rming negative refraction.

2.2 Veselago lensing

2.2.1 Junction width

Since the points along the resonance mode can be correlated with the incidence angle,

comparing the peak intensity at each point provides a measure of the angular dependent

transmission coe�cient across the junction. The transmission probability across apn junc-

tion is theoretically determined by a chiral tunneling process between the bands, and depends

strongly on both the incidence angle and e�ective junction width[118, 122]. For a symmet-

rically biased junction the transmission probability is given by[118]

T � e� �k F d sin2 � (2.3)

where � is the incident and refracted angle,kF is the graphene Fermi wavevector on two

sides, andd is the junction width. In Fig. 2.4f the normalized peak intensity for thepn0
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Figure 2.6: Veselago lensing in graphene pn junction. Transmission coe�cient for
electrons focused across apn junction. Main panel shows the variation in transmission
probability versus junction width d, determined from simulation. Diverging electrons across
a pn junction theoretically converge to an equidistant point owing to negative refraction.
For a graded junction the majority of the electrons are re�ected, explaining why Veselago
focusing is not observed. Inset shows representative simulated electron trajectories for an
abrupt (left) and graded (right) junction.

resonance curve is plotted versus incident angle, with the blue circles and solid red line

deduced from the experimental and simulated data sets, respectively. In our simulation, the

transmission probability for each electron trajectory at the boundary was calculated using

a more generalized form of equation 2.3 that allows for asymmetric bias[122] (see Appendix

A). We compared experimental results with simulated response for varying junction widths

(see Fig. A.4), �nding excellent agreement ford = 70 nm (Fig. 2.4f). This is consistent

with our device geometry where we anticipate a junction width on the order of60 nm by

electrostatic modelling (see Fig. A.5). Various� inj were also tested in our simulation but

no dependence was found (see Fig. A.4d). Our results provide strong experimental support

for angle dependent transmission coe�cient given by equation 2.3, which can be viewed

as the electron equivalent of the Fresnel equations in optics, relating the transmitted and

re�ected probability intensities. Our �ndings further demonstrate that wide junctions result

in selective collimation[118, 10, 116, 123] of the electron beam compared to abrupt junctions

with zero width (solid black line in Fig. 2.4f).
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The junction width can be varied with the thickness of dielectric constant. With elec-

trostatic simulation we �nd thinning down the dielectric layers can help reduce the junction

width. Figure 2.5 compares a new device, with thin hBN (10-20 nm) as dielectric layers

and using graphite as both gates. Extracting the transmission coe�cient in the same way,

we �nd the junction to be more transparent at larger incident angles (red line and dots),

con�rming reduced junction width.

A striking consequence of negative refraction in graphene is Veselago lensing, in which a

planar pn0 junction focuses diverging electrons [7]. Recent transport measurement suggests

evidence of this e�ect [130], but the response is remarkably weak appearing in the signal

derivative. Good agreement between our simulation and measurement for magnetic focusing,

allows us to use the same model to revisit zero-�eld focusing acrosspn0 junctions. In Fig. 2.6,

the transmission coe�cient for our device is calculated from simulation for varying junction

widths d. We �nd that, owing to the strong re�ection of non-normally incident electrons,

the transmission decays rapidly with increasingd, and indeed, to realize transmission of 50%

compared to abrupt junction requires thed to be less than 5 nm. This experimental con-

straint provides one explanation for why Veselago-type lensing has been di�cult to achieve

in previous devices and suggests scaling thepn0 junction width to the few nm limit to be an

important criteria for realizing electron optics based on negative refraction in graphene.

2.2.2 Temperature dependence

Finally, owing to the interest in electron focusing for technological applications, we con-

sider temperature dependent e�ects. Fig. 2.7a and 2.7b show the height of the resonant

peaks as a function of magnetic �eld at various temperatures forpp0 and pn0 cases, respec-

tively. It is observed that the peak signal vanishes at around 70 K, coinciding with the

temperature at which graphene mean free path becomes comparable to the resonant path

length (� 7 � m) in our devices[6]. Scaling to room temperature where the graphene mean

free path remains in excess of 1� m is therefore readily feasible.
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Figure 2.7: Temperature dependence of magnetic focusing . (A ) and (B ) are temper-
ature dependence ofpp0 and pn0 resonance peaks. Data corresponds to a cut through Fig.
2.4a along a �xed value ofVSi .

2.3 Specular re�ection on edges

As seen in Fig. 2.7, as the resonance order increases the amplitude decreases, suggesting

fewer electrons reach the voltage lead.N th order resonance corresponds to the case that

electron bounce o� the edgeN � 1 times. When the edge is not microscopically smooth, i.e.

not specular, the apparent re�ection angle can become randomized. Figure 2.8a schematically

shows the �rst- and second- order resonance when the edge is not specular � only a portion

of the second-order electrons can reach the voltage probe. The graphene edges in this case

are de�ned by reactive ion etching (CHF3 and O2 mixture) [6]. This process leaves behind

charge disorder on the edge such as unpaired chemical bonds [131, 132], which acts as random

scatterers.

This type of edge disorder may be passivated by using di�erent chemicals in the etching

process such SF6, as shown recently by Jessen et al. [133]. Here we show evidence of

specularity improvement with electrostatically de�ned edges. Figure 2.8b shows side-view



Chapter 2: High mobility encapsulated graphene heterostructure 35

Figure 2.8: Specular re�ection on gate-de�ned edge. (A ) Schematic drawing of the
measurement setup. When electrons hit a rough edge, the re�ections are random (not
specular), leading to loss in signal measured by voltage probe. Comparing the resonances
of di�erent order reveals the specularity of the edge. The source-to-voltage probe distance
is L = 4� m. (B ) Schematic drawing of the side-view of the device. With proper opposite
voltage on the top and back gates, the region under the red arrows is put in the insulating
CNP gap. TMF signals re�ected from gate-de�ned and etch-de�ned edges can be compared.
(C) TMF resonances measured atn = 2:5 � 1012 cm� 2. The B < 0 corresponds to etched
edge,B > 0 the gate-de�ned edge. (D ) Extracted TMF resonance signals as a function of
temperature. Inset, resonant signal ratio as a function of temperature.
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of a device with gate-de�ned edge. The device has a graphite local back gate, and a smaller

metal or graphite partial top gate. We use Bernal bilayer graphene because a band gap

at CNP can be induced with perpendicular displacement �eld (red arrows). With proper

opposite voltage on the top and bottom gates, the dual-gated region is put in the CNP gap,

leading to gate-de�ned edge aligned with the boundary of top gate. As comparison, we also

include edges de�ned with etching in the same device (right side in the drawing).

The measurement setup is similar to previous results described in this chapter, shown in

Fig. 2.8a. In our device, the bottom edge is etch-de�ned, and the top edge is gate de�ned.

Contact 2 is grounded and an ac excitation~Vin is applied on contact 1 (frequency� 17.7 Hz).

When ~Vin < 0, electrons are injected from the source lead 1, and a magnetic �eld pointing

into the plane B < 0 focuses the electrons to voltage probe 3. When~Vin > 0, electrons

are injected from the drain lead 2, and a magnetic �eld pointing out of the planeB > 0

focuses the electrons to voltage probe 4. As a result, with this setup we can �x the channel

density at n = 2:5 � 1012 cm� 2, sweep the magnetic �eld and see resonance from two type

of edges, as shown in Fig. 2.8c. For the etch-de�ned edge (B < 0), the amplitudes decrease

with resonance order, while for the �rst two orders of the gate-de�ned edge (B > 0), the

amplitudes remain unchanged. The third order resonance only has about half the signal as

the �rst two, which is not fully understood. We extract the amplitude for resonance o� the

two types of edges as a function of temperature in Fig. 2.8d. The trend is mostly insensitive

to temperature up to 40K where the mean free path is still larger than the cyclotron path

length.



Chapter 3

Competing correlated phases in graphene under high

magnetic �eld

Realizing graphene's promise as an atomically thin and tunable platform for fundamental

studies and future applications in quantum transport requires the ability to electrostatically

de�ne the geometry of the structure and control the carrier concentration, without com-

promising the quality of the system. In this chapter we demonstrate the working principle

of a new generation of high quality gate de�ned graphene samples, where the challenge of

doing so in a gapless semiconductor is overcome by using the� = 0 insulating state, which

emerges at modest applied magnetic �elds. In order to verify that the quality of our devices

is not compromised by the presence of multiple gates we compare the electronic transport

response of di�erent sample geometries, paying close attention to fragile quantum states,

such as the fractional quantum Hall (FQH) states, that are highly susceptible to disorder.

The ability to de�ne local depletion regions without compromising device quality establishes

a new approach towards structuring graphene-based quantum transport devices.

We will also show experimental observation of the reentrant integer quantum Hall e�ect

(RIQHE) in graphene, appearing in theN = 2 Landau level. Similar to high-mobility

GaAs/AlGaAs heterostructures, the e�ect is due to a competition between incompressible

fractional quantum Hall states, and electron solid phases. The tunability of graphene allows

us to measure theB-T phase diagram of the electron solid phase. The hierarchy of reentrant

states suggests spin and valley degrees of freedom play a role in determining the ground state

37
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energy. We �nd that the melting temperature scales with magnetic �eld, and construct a

phase diagram of the electron liquid-solid transition.

3.1 Electro-statically de�ned grpahene Hall bar

An important feature of two-dimensional (2D) electron systems is the ability to vary the

charge carrier density by electrostatic gating. In semiconductor heterostructures this allows

the geometry of the conducting region to be dynamically modi�ed by using patterned gates

to de�ne local depletion regions. As a result, a variety of tunable device structures can be

realized that allow the study and manipulation of 2D quantum transport phenomenon, rang-

ing for example from single quantum point contacts[134] to complex multi-terminal devices

such as edge state interferometers[135, 136]. The recently developed graphene-based devices

provide in principle a versatile new platform for the development of a new generation of

quantum transport devices. The high quality of these samples is re�ected by a carrier mo-

bility which compares to the theoretical limit imposed by acoustic phonon scattering and a

mean free path that can exceed the sample size [6], while the linear dispersion and expanded

degrees of freedom o�er new capabilities beyond conventional systems[44]. However, because

monolayer graphene is gapless, it cannot be rendered insulating simply by depleting the re-

gion under the electrostatic gates. While device structures can be shaped by lithographic

patterning and etching, the resulting geometries are not tunable, and their response is typ-

ically dominated by the resulting edge disorder[131]. Previous attempts to electrostatically

de�ne a channel in monolayer graphene, in the quantum Hall regime, lacked of an insulating

state, complicating the control on edge states and understanding of the system [137, 138,

139, 140].

We demonstrate the working principle of a new generation of high-quality gate-de�ned

monolayer graphene devices where an insulating state underneath the gate is achieved using

the properties of graphene under magnetic �eld [18]. To con�rm the high quality of our

samples we compare the electronic transport response of fragile quantum states, such as the
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FQH states, in di�erent sample geometries. These states are used as sensitive indicators of

quality. In a conventional 2D electron gas (2DEG) the use of electrostatic gates to change the

carrier density and/or to de�ne electrostatically is generally found to compromise the quality

of the 2DEG [141, 142]. We observe a similar result in graphene when using evaporated metal

gates but �nd that exfoliated graphite gates allows us to maintain high mobility.

Fig. 3.1a-c illustrates the working principle in our devices. In a su�ciently large per-

pendicular magnetic �eld the N=0 Landau level (LL) in graphene splits into sub-levels with

an antiferromagnetic state appearing at� = 0 that is characterized by being gapped both

in the bulk and at the edges[19, 48, 143, 144]. Using the bottom gate we tune the entire

device into this � = 0 state. We then apply a �nite bias to a patterned top gate, de�ning

the active region. Both the top and bottom gate are separated from the graphene channel

by multi-layer hexagonal boron nitride (BN) (not shown in Fig. 3.1 a). To fabricate these

devices we assemble the heterostructure using vdW assembly technique[6]. We then use two

successive etching steps �rst to shape the entire structure into a multi-terminal Hall bar,

then a second etch to further shape the top gate to a smaller Hall bar. An optical image

of the �nal device is shown in Fig. 3.1 c. A portion of the graphene leads extends past the

bottom graphite gate before making contact with the evaporated edge-contact[6]. In all of

the measurements presented here the carrier density of this extended lead region is tuned

to high density (using the Si bottom gate) to ensure good electrical contact in the quantum

Hall regime[145] (see Section 3.4).

In order to con�rm the insulating behaviour in the single-gated depletion regions, the

devices also incorporate extra leads (thinner electrodes seen in Fig. 3.1c) that are used to

measure any leakage currentI L (Fig. 3.1d) through the insulating region. As a benchmark

we consider the device to be in thegate de�ned regimewhenever the leakage current measures

less than 1% of the total current �owing through the device. The combination of magnetic

�eld and gate voltage required to achieve this state is shown by the white area in Fig. 3.1d.

An almost exponential increase of the resistance of the insulating stateRins as a function of
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Figure 3.1: Electrostatically de�ned Hall bar in monolayer graphene. a , Cartoon
schematic of the gate-de�ned device geometry. Dielectric BN layers, which separate each
of the conducting layers, are omitted for clarity.b Schematic of the principle of operation.
The graphite bottom-gate is used to set the Fermi energy of the external (uncovered) part
of the device into the� = 0 energy gap while the top-gate is use to vary the Fermi energy
of the active device region.c, Optical image of an example device, scale bar 3� m. Insert,
schematic of the two types of contacts: i) regular source/drain/voltage contacts where the
top gate area (blue) covers up to the highly doped graphene (gray) and ii) leak current leads
used to probe if the external part of the device is in an insulating state.d, Leak current as
a function of magnetic �eld and top gate voltage (T = 0:3 K). Blue shading indicates where
the leak current is I L < 1% of the applied current. Insert: Two-terminal resistance of the
insulating region versus magnetic �eld.
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the magnetic �eld can be observed in the insert of Fig. 3.1d.

3.2 Fractional quantum Hall states

3.2.1 Fractional quantum Hall states observed in gate de�ned devices

Fig. 3.2a shows the longitudinal (� xx ) and Hall (� xy ) conductivity at B = 15 T as a

function of the top-gate voltage for a device operated in thegate de�ned regime. The result

shows very high quality transport response with a large number of FQH states observable

in the �rst two LLs (N=0 and N=1). In addition, onset of multiples of 1=5 states can

be observed in the longitudinal conductivity for the N=2 LL. Similarly to the fractional

states previously reported in the third LL of ultra-high mobility GaAs/AlGaAs samples [64].

Figure 3.2b shows the longitudinal and Hall resistance for the N=0 LL versus magnetic �eld

measured up toB = 30 T. In addition to the sequence of two-�ux composite fermion (CF)

states[55] around� = 1=2, we observe the presence of four-�ux CF states around� = 3=4.

These 4CF states have previously only been observed in local electronic compressibility

measurements in suspended graphene [146, 147].

Fig. 3.2c shows evolution of theN = 0 FQH states with magnetic �eld. The strongestn=3

states persist to less than 6 T. This is among the lowest �elds at which transport signatures

of the FQH have been observed in graphene Hall bars, further con�rming the high quality

of our device[148].

3.2.2 Comparison of di�erent device geometries

In our device structure the active region is fully encapsulated in graphite gates, which is a

geometry that previously has been shown to signi�cantly improve transport response. In an

e�ort to understand what role this plays in our device response we compare measurements

from three device geometries, where in all cases we maintain a global bottom graphite gate,

and vary details of the top gate. The structures we considered (illustrated in Fig. 3a-c)

include (i) a patterned graphite top gate (as described above) operated in the gate-de�ned



Chapter 3: Competing correlated phases in graphene under high magnetic �eld 42

Figure 3.2: Odd-denominator FQH states in graphene. . a, Longitudinal (left axis)
and Hall conductivity (right axis) in the gate de�ned regimen atB=15 T. Only multiples of
� = 1=3 states have been labeled for clarity.b, Magnetic �eld sweep of the N=0 LL in the
gate de�ned regime.c, Longitudinal conductivity in the N=0 LL as a function of magnetic
�eld and �lling factor in the gate de�ned regime for a second sample (T = 0:3 K). In all
�gures green arrows show four-�ux CF states.
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regime, (ii) a global graphite top gate in which the device edges are de�ned by lithographic

etching and (iii) a similar gate-de�ned device as in (i), but with an evaporated metal forming

the top gate.

We �rst observe that, compared to the metal-gated structure, both of the graphite-

gated devices show a larger number of well developed FQH states. This suggests that

the use of a graphite gate is playing a role in improving the quality of the device and

that, as in the case of conventional 2DEGs, the use of metal gates adversely a�ects device

quality. A more quantitative comparison among the devices of Fig. 3.3a-c is provided by

measuring the magnetic �eld dependence of the energy gaps of the FQH states,� � (Fig.

3.3d). These energy gaps are extracted by thermal activation measurements,Rxx (T) /

exp(� � � =2kT), where k is Boltzmann's constant. We assume that the 1/3 and 2/3 FQH

gaps, which follow approximately linear in B dependence, correspond to the CF Zeeman

energy� � = 1
2 � BgB + � � , where� B is the Bohr magneton andg is the Landé g-factor [149,

150, 151]. The intercept of this linear �t, gives the broadening of the CF Landau levels (or

� -levels), � � , providing a quantitative comparison of sample disorder. The value of� for

the graphite gate de�ned and dual graphite gated devices is almost identical� � � 12 K, and

also in excellent agreement with recent corbino measurements [150]. We note that the two

graphite gated devices fabricated from the same heterostructure and a similar response was

found in another similarly constructed sample. In contrast, the metal gate-de�ned device

clearly shows a larger� � than the two graphite-gated devices. This suggests that the use of

two graphite gates results in a lower bulk disorder compared with evaporated metal gates,

consistent with other recent studies [14]. The origin of the increased disorder in devices with

metal gates remains to be explored.

High quality FQH in graphene at lower magnetic �elds is an important achievement

by itself since it enables the study of CF in a more tunable material. For example, using

the same analysis we also extracted a Landé g-factor ranging between 6.9 and 4.9, which

suggests strong electronic interaction and possible spin textures, already proposed to exist
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Figure 3.3: Comparison of devices with di�erent gates . Longitudinal conductivity,
� xx , as a function of �lling factor at B = 15 T and T = 0:3 K for: a, graphite gate de�ned,
b, graphite dual gated andc, evaporated metal gate (see text) de�ned structures.d, Energy
gaps for� = 1=3 and 2=3 FQH states for a graphite gate de�ned (red), graphite dual gated
(black) and evaporated-metal gate (blue) as a function of magnetic �eld. Gap values for the
2/3 state have been plotted against negative �eld for clarity. Solid lines represent linear �ts
to the data.

in graphene[150, 152]. Additionally, these enhanced electronic interactions in our sample

are observed by the presence of a reentrant integer quantum Hall e�ect (RIQHE) at higher

magnetic �elds which we will discuss in Section 3.3.

Finally we consider the nature of the QHE edge state in these gate de�ned Hall bars.

Due to the close proximity and sharp termination of the patterned graphite gate, the con-

�nement potential may be substantially di�erent from bottom-gated devices with etched

boundaries[153]. In the gate de�ned and dual gated cases we expect the new electrostatic

pro�le to be soft (varying over 60 nm for our devices). A broader con�nement will be

re�ected in a larger spacial separation between edge states which could have a signi�cant

impact on details of the FQH edge transport[154]. While detailed consideration of these ef-

fects is beyond the present work, the ability to modify the electrostatic pro�les by choice of

BN dielectric thickness provides an opportunity explore these e�ects in future experiments.

To summarize, we demonstrate that electrostatic gating can be used to de�ne the geom-

etry of graphene devices by utilizing the� = 0 gap of the quantum Hall e�ect to maintain
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an insulating state. Whereas metal gates introduce disorder, graphite gates are compatible

with ultrahigh-quality devices, as assessed by measurement of FQH response and observation

of electron solid states through observation of RIQHE. The ability to de�ne local depletion

regions without compromising device quality establishes a new approach towards structuring

graphene-based quantum transport devices. In particular our results establish the capability

to combine robust FQH states with complex structures in graphene such as quantum point

contacts and edge state interferometers. These are the essential pieces for the possible study

of fractional and non-Abelian statistics.

3.3 Electron solid states

Previous experiments performed in GaAs quantum wells favor a collective origin for the

RIQHE where the emergent electron solid, formed by electrons in the last partially �lled LL,

is pinned by the underlying impurity potential and thus has the same insulating response

as individually localized electrons in the integer quantum Hall e�ect. However, many of the

experimentally reported details, such as the relative energy scales between di�erent RIQHE

states and apparent particle-hole asymmetry within a LL[80, 65] remain poorly understood.

The universality of the integer and fractional quantum Hall e�ects found in a wide variety

of high mobility 2D electron systems suggests that the formation of the electron solid should

be equally ubiquitous. However, observation of the RIQHE has so far remained conspicuously

limited to GaAs heterostructures. In this section, we report experimental observation of

a RIQHE in monolayer graphene, appearing near 0.33 partial �lling of theN = 2 LL,

together with weakly formed FQH states at1=5 in this same LL. Our results are in excellent

agreement with recent theoretical calculations which suggest that the solid phase is stabilized

and dominates over the FQH liquid in graphene at these �lling fractions[155, 156, 157]. The

wide tunability of the carrier density in graphene allows us to map the evolution in both

magnetic �eld and temperature of four distinct RIQHE states appearing within the lower

spin branch of the N = 2 LL. Comparing their melting temperatures reveals an unexpected
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Figure 3.4: RIQHE in the N = 2 LL of graphene. a , Schematics of the gate de�ned
Hall bar device used in this experiment.b, Longitudinal (left axis) and Hall (right axis)
conductivity as a function of the �lling factor measured atB = 23 T and T = 0:3 K. Greyed
regions highlight the four RIQHE and dashed vertical lines mark the four FQH states.
Additionally, dashed horizontal lines mark the nearest integer value where the RIQHE is
expected to quantized.

hierarchy that is consistent with a residual spin and/or valley symmetry, indicating that

the expanded degrees of freedom in graphene play a role. For a single RIQHE we use the

melting transition to construct the �rst B -T phase diagram of the bubble phase at �xed

�lling fraction.

3.3.1 Competing states of electron solid and liquid phases

Figure 3.4 shows the longitudinal (� xx ) and Hall (� xy ) conductivity for the lower spin

branch of the N = 2 LL (6 < � < 8), measured atB = 23 T and T = 0:3 K. Four examples

of the reentrant behaviour can be identi�ed, which we labelR6a and R6b for the �rst valley

branch and R7a and R7b for the other valley branch. We note that only theR6a state is

fully developed, with � xy showing a quantized plateau at6e2=h, simultaneous with a well

developed minimum in� xx , wheree is the electron charge andh is Planck's constant. For the

remaining RIQHE states, where the Hall conductivity is not fully quantized, the longitudinal
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conductivity shows a large local maximum, consistent with previous observations in GaAs

when the RIQHE states are not fully developed [73, 74, 65, 78]. In addition to the RIQHE

states, we observe signatures of weakly developed FQH states at� = 6+1 =5, 6+4=5, 7+1=5,

and 7 + 4=5 in the form of � xx minima simultaneous with kinks in the Hall conductivity

(though not showing clear plateaus). Similar FQH states have been previously reported in

the third LL of ultra-high mobility GaAs/AlGaAs samples [64]. Finally, we note that there

is a clear absence of the1=3 FQH states, which are the dominant FQH states appearing in

both N=0 and N=1 orbital branches of monolayer graphene[152, 148]. Taken together these

observations are in agreement with theoretical calculations indicating that charge density

order is favoured over a Laughlin FQH state at 1/3 �lling in the N=2 LL, but the FQH is

favoured at 1/5 �lling (Fig. 3.5a as well as Ref. [156]).

Fig. 3.5a shows the theoretically calculated energy of the electron solid and FQH states,

for magnetic �elds up toB = 27 T. The energies of the crystalline phases have been calculated

within the Hartree-Fock approximation, while those of the liquid FQH states have been

obtained with the help of the plasma sum rules [63, 156]. In addition, we take into account

explicitly the present experimental setup with metallic gates at a distance of 27 nm below

and above the graphene sheet. They screen the e�ective Coulomb interaction as a function

of d=lB (see Section 3.4 for further details), whered is the distance between the gates,

lB =
q

~=eB is the magnetic length.

At all magnetic �elds considered we �nd that the electron solid is theoretically favourable

over a FQH at 1/3 �lling, but the situation remains reversed at 1/5 �lling with the FQH

state expected to be the ground state. In Fig. 3.5b, we plot the evolution of the measured

longitudinal and Hall conductivity in the �lling factor range � = 6 to 7, for magnetic �eld

ranging from 11 T to 27 T. At B = 27 T we observe a well developedR6a but only weakly

developedR6bstate, in addition to weakly formed FQH states at 1/5 and 4/5 �llings, consis-

tent with expectation. As we decrease the magnetic �eld theR6b state quickly disappears.

By contrast the more robustR6a varies in width but remains well quantized at least down
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Figure 3.5: Magnetic �eld dependence of the electron solid phase. a , Numerical
calculation of the energy as a function of �lling for Laughlin and electron solid states in the
N = 2 LL for di�erent d=lB ratio, whered is the distance to the metallic gates. The Laughlin
states are represented by crosses while the one-electron and two-electron bubble phases are
represented by solid and dashed lines, respectively.b, Longitudinal (right) and Hall (left)
conductivity as a function of �lling factor for selected magnetic �elds measured at 0.3 K.
Dashed lines mark the presence of FQH states and greyed regions highlight the two RIQHE.
Curves are vertically shifted for clarity.
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to 17 T. The observed electron-hole asymmetry between theR6a and R6b is not anticipated

by theoretical calculations, instead we expect these to be simple copies of each other [158,

159, 156, 157].

3.3.2 Broken valley symmetry for RIQHE in graphene

At lower magnetic �elds, B = 11 T, an unexpected behavior is observed nearR6a, where

the � = 6 integer QHE features,i.e. the Hall plateau and zero longitudinal conductivity,

become extended and merge withR6a features. This same behaviour is not observed near

the � = 7 plateau, where instead, at this same �eld signatures of the 6+4/5 FQH state

remain and theR6b features have simply disappeared, giving way to an electron liquid. We

interpret the extended � = 6 plateau to indicate that in this �eld range, an electron solid

state also exists near 1/5 �lling. This is not in agreement with the calculations shown in

Fig. 3.5a and so the origin of this behavior is uncertain. We note that a similar transition

of the electron solid as a function of magnetic �eld has been observed in the GaAs/AlGaAs

quantum well system for the lowest LL when measured at di�erent carrier densities [160].

In that study it was argued to be a quantum well width e�ect. However this is unlikely in

our case since electrons are con�ned to a single atomic layer. We conjecture that in the low

�eld limit an additional impurity potential may favor the electron solid phase over the FQH

near 1/5 �lling. Indeed, allowing for local deformations of the lattice, an electron solid can

pro�t more e�ciently from the impurity potential than the incompressible FQH states [63],

theoretically inverting the relative ground state energies. The onset of this behavior in the

low B limit could re�ect a competition between the Coulomb and impurity energy scales.

We note also that we generally observe the reentrant state to become better developed with

successive cool-downs (3.7). Assuming that disorder increases after a thermal cycle, this

observation would be consistent with disorder playing a role in stabilizing the RIQHE state.
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Figure 3.6: Broken valley symmetry for the RIQHE of graphene . Longitudinal
resistance as a function of �lling factor and temperature, measured at 23 T, for the lower
spin branch of the N = 2 LL.
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Figure 3.7: Thermal cycle e�ect on RIQHE. Longitudinal resistance of the same sample
and the same measurement con�guration for two di�erent cool downs. Notice that the base
temperature 0.3 K and magnetic �eld 15 T of both measurements are the same.

3.3.3 Phase diagram of electron solid phases

We consider the temperature dependence of the RIQHE states. The critical temperature

(Tc), where the electron solid undergoes a phase transition and melts into an electron liquid

[80, 65], provides a convenient estimate of the energy scale associated with the solid phase.

Fig. 3.6 shows the longitudinal resistance versus temperature for �lling fractions� = 6 to 8,

measured atB = 23 T. The four RIQHE states, R6a, R6b, R7a and R7b, identi�ed in this

plot by a resistive peak (red) appear to melt at di�erent critical temperatures. The qualita-

tive trend in the apparent melting temperatures shows a relative hierarchy withTR6a
c > T R6b

c ,

while TR7a
c < T R7b

c . This di�erence in the a and b instances of the RIQHE suggest that the

two states are not related by electron-hole symmetry within a single spin-valley branch. This

result is unexpected[80], since spin and valley degrees of freedom are not anticipated to play

a role and the two RIQHE states are instead expected to be merely two spin copies of the

same state, with identical melting temperatures. We note that due to the elevated magnetic
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�eld (23 T) it is not possible for us to access the upper spin branch using the top gate.

However, the hierarchy is suggestive, appearing symmetric at least across the entire spin

branch. This symmetry re�ects a similar hierarchy identi�ed in the FQH states of the N

= 1 LL of monolayer graphene[147, 150, 161], where it has been suggested that spin and

valley degeneracies are only partially lifted, and an approximate SU(2) or SU(4) symmetry is

preserved for the composite fermion ground states. Our observation of a similar hierarchy in

the RIQHE of the N = 2 LL suggests that similarly these degeneracies may be only partially

lifted, and moreover, this order plays a role in the ground state energy of the solid phase as

well.

Fig. 3.8a,b shows high resolution maps of the temperature evolution of longitudinal and

Hall resistance for theR6a and R6b, acquired at B = 27 T. The R6a state is su�ciently

well developed that we can quantitatively study its phase boundary. As the temperature is

reduced, the resistance peak associated withR6a state splits, while the reentrant Hall plateau

grows wider in � . The �lling fraction boundary of both features follows an approximate

parabolic shape, similar to what has been reported in GaAs[80].

Fig. 3.8b shows the temperature dependence ofRxx and Rxy acquired at � = 6:35, where

the melting temperature is a maximum. As the temperature is lowered,Rxx increases to

a maximum and then decreases, whileRxy increases from its classical Hall e�ect value to

quantized integer QHE level. Following Ref. [80], we take the temperature whereRxx is

maximal to de�ne the melting temperature Tc, of the solid phase. At 27 T, theR6a state

has a Tc of about 1 K. Extracting the melting temperature of R6a at di�erent magnetic

�elds, we construct a B-T phase diagram, shown in Fig. 3.8c. The melting temperature

decreases as the magnetic �eld decreases. The electron solid state is driven by Coulomb

interaction so a
p

B dependence is expected [80]. On the other hand, a linear trend can also

be expected due to screening from the top and back gates. This e�ect can be illustrated

in the case of a single gate at a distanced=2 from the graphene layer, where the mirror

charge creates a dipole and the interaction becomes dipolar at long distances (see Section
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