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Abstract
Arbitrage Theory Under Portfolio Constraints

Zhi Li

In this dissertation, we adopt the viability approach to mathematical finance developed in
the book of KARATZAS AND KARDARAS (2020) [1], and extend it to settings where portfolio
choice is constrained.

We introduce in Chapter 2 the notions of supermartingale numéraire, supermartingale
deflator, and viability. After that, we characterize all supermartingale deflators under conic
constraints on portfolio choice. Most importantly, we prove a fundamental theorem for equity
market structure and arbitrage theory under such conic constraints, to the effect that the existence
of the supermartingale numéraire is equivalent to market viability. Further, and always under the
assumption of viability, we establish some additional optimality properties of the supermartingale
numéraire. In the end of Chapter 2, we pose and solve a problem of robust maximization of
asymptotic growth, under some realistic assumptions.

In Chapter 3, we state and prove the Optional Decomposition Theorem under conic
constraints. Using this version of the Optional Decomposition Theorem, we deal with the
problem, of superhedging contingent claims.

In Chapter 4, we consider yet another portfolio optimization problem. Under simultaneous
conic constraints on portfolio choice, and drawdown constraints on their generated wealth, we try
to maximize the long-term growth rate from investment. Application of the AZEMA-YOR

transform allows us to show that the optimal portfolio for this optimization problem is a simple



path transformation of a supermartingale numéraire portfolio. Some asymptotic properties of this

portfolio are also discussed in Chapter 4.
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Chapter 1: The Market

1.1 Probabilistic Setup

1.1.1 Stochastic Structure

Throughout this dissertation, we shall work on a probability space (Q, 7, P). The symbol “EF[ f]"
will be used for the LEBESGUE integral, or expectation with respect to the probability measure P,
of an F-measurable function f : Q — R, provided that either f* := max(f,0), the postive part of
f,or f~ :=max(—f,0), the negative part of f, has finite P-expectation.

The filtration # will denote the flow of relevant information. To be specific, we shall write the
filtration 7 as ¥ () = (F (¢) ))er, , 1.€., a family of sub-o-algebras of ¥ which is nondecreasing in
the sense that 7 (s) € () € ¥ holds for 0 < s < r < co. We only impose the right-continuity

assumption on this filtration

F (1) = F(1+) == ﬂ F(s), V1 € R,.

s>t

To emphasize, we do not assume that this filtration is augmented by sets of measure zero. We set

F(e) = \/ F(1)

teRy

and, for concreteness only, take F(0) = {0, Q}, mod. P. Moreover, we use the notation 7 to
represent the collection of stopping times of F (-).

On such a filtered probability space we shall consider random variables, that is, (¥ /8B(S))-
measurable mappings 4 : Q — S with values in some metric space S equipped with the o-algebra

B(S) of its BOREL-measurable mappings X : QxR, — S. Unless otherwise explicitly mentioned,



identities, inequalities and comparisons involving random variables are interpreted as being valid

for P-almost every (a.e.) argument w € Q.

1.1.2  Predictability

Let us recall the definition of adapted processes.

Definition 1.1. The stochastic process X is adapted to the filtration ¥ (-) if, for each t > 0, X(¢)

is an ¥ (f)-measurable random variable.

In this paper, all stochastic processes X will be adapted to the underlying filtration ¥ (-). In fact,
processes which model investment decisions will be assumed to satisfy the even more stringent
requirement of predictability, that is, to be measurable with respect to the predictable o-algebra,

whose definition we now recall.

Definition 1.2. (Predictability). An R"—valued stochastic process of the form ;" & il
wherem € N,0 =19 < --- <ty,,and h; : Q — R"is F(¢;_1)-measurable for all j € {1,---,m},

will be called simple predictable.

We shall denote by P the smallest o--algebra on the product space Q xR, with respect to which
all simple predictable processes are measurable, and call it the predictable o-algebra. We shall
say that a given R"-valued process is predictable, if it is measurable with respect to this o-algebra
. Given any BOREL subset £ of R” for some integer n € N, we use £ (E) to denote the class of
all E-valued, predictable processes.

Intuitively, predictability means that all decisions should be based only on past and present

information.

1.1.3  Continuous Semimartingales

A real-valued process X is called continuous semimartingale, if it can be written as the sum X =
V + N of an adapted continuous process V whose paths have finite variation on compact time

intervals, and of a continuous local martingale N.
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We shall fix throughout an integer n € N and consider a continuous, R"-valued continuous

semimartingale R = (R;)ie(1,... n}» With R;(0) = 0 and component processes
Ri=A+M;, V iE{l,"',n}. (11)

Here, the real-valued component processes A; with A;(0) = 0 are adapted, continuous, and have
finite variation on compact time intervals; whereas the real-valued components M; are continuous
local martingales with M;(0) =0, foralli € {1,--- ,n}.

Next, we introduce the continuous, nondecreasing scalar process
n .
0:=>" ( / (A ()] + (M, My) |, (12)
i=1 \/0

with fOT |dA;(t)| denoting the total variation of A; on the interval [0, 7] for T € R,. This scalar
process O plays the role of an “operational clock" for the vector semimartingale R.
A straightforward application of the RADON-NIKODYM Theorem implies the existence of pre-

dictable processes

@ = (@)ie(1,-n) and ¢ = (¢cijh<ij<ns (1.3)

vector-valued and matrix-valued, respectively, such that

A:/O a(ndo(t),  and CE(M,M):/O c()do(1). (1.4)

We use the notation C = (C;;)1<;,j<n for the nonnegative-definite, matrix-valued process of covari-
ations

Cij = <Ml',Mj> = <Ri,Rj>, 1< i,j <n. (15)

The components of the vector-valued process @ = (@;)ie(1,... ) represent the local mean rates of
return of individual stocks in the financial market; whereas the entries of the matrix-valued process

¢ = (¢ij)i<i,j<n stand for the local covariation rates of these stocks. All these rates are measured



with respect to the operational clock O of (1.2).

1.1.4  Vector Stochastic Integration

For a given integer n € N, we consider a continuous vector-valued semimartinagle R = (R;)ic(1,.- n}

with R;(0) = 0 as in Subsection (1.3).

Definition 1.3. (Vector integrands) We denote by 7 (R) the class of predictable vector processes

= (7)ie(1, n}»

which are integrable with respect to the vector semimartingale R. Furthermore, for a given BOREL

set E C R”, we denote the collection of all E-valued processes in Z (R) by
I(R;E) =I(R)NP(E).

The collection 7 (R) has a very convenient operational characterization. A predictable process

7 = (7;)ie(1,.- n) belongs to 7 (R), if and only if
T
/ ( | 7’ (Ha(t) | + 7' (£)c(t)m(2) |dO(1) < oo, VT eR,. (1.6)
0

For instance, this condition is automatically satisfied by any predictable process m which is locally
bounded;, i.e., for which there exist a localizing sequence (7,,)nen Of stopping times that increase

P-a.e. to infinity, and a sequence of nonnegative real constants (k,;,)<n such that

max sup | mi(t) | < kp, YV meN.
ie{l,,n} 1€[0,7m]

In particular, 7 (R; E) = P (E) holds for a bounded set E € B(R").
Thanks to the discussion in KARATZAS AND KARDARAS (2020) [1], subsection 1.1.3., condi-

tion (1.6) ensures that every vector process 7 € 7 (R) is both:



* LEBESGUE-integrable with respect to the vector-valued process of finite variation A =
(A;)ie{1,,ny» and the resulting integral process has finite variation. In fact, the first varia-

tion process associated with the integral /0’ 7’ (t)dA(r) of m with respect to A, equals

/ | R ()dAG) | = / 2 (a) | dO(1);
0 0

and

* ITO-integrable with respect to the vector-valued local martingale M = (M, );eqi.... ny, and the
resulting integral is a continuous local martingale. In fact, the quadratic variation process

associated to the stochastic integral /0. 7' (t)dM (t) of m with respect to M, equals

/ 7' (t)dC(t)n (1) = / 7' (t)c(t)n(t)dO(t).
0 0
These considerations show that the condition (1.6) is necessary and sufficient for the R-integrability

of a given 7 € P(R"). We denote then by

/Olgnl:ﬂi(f)dRi(t) = /O.H’(t)dR(t) :/O.N’(t)dA(t)+/Olyr’(t)dM(t) (1.7)

the stochastic integral of the predictable, vector-valued process &, with respect to the vector-valued

semimartingale R.

Remark 1.4. The so-called vector stochastic integral in (1.7) is more general than its component-
wise version X, fol 7;(t)dR;(t), which would require 7; € 7 (R;) to hold for alli € {1,--- ,n}.
Consider for example the case n = 2 with Ry = —Ry; then, any predictable process (71, 12) with

m1 = my 1s R-integrable (with the corresponding integral being equal to zero), regardless of whether

7; € T(R;) holds for i € {1,2}. The next definition generalizes this example.

Definition 1.5. (Null integrands). Suppose that € P is R-null, by which we mean that {’a =0
and ¢/ = 0 hold in the (P ® O)-a.e. sense. Therefore, € 7 (R) and fo' ' (t)dR(t) = 0 hold. We



call such ¢ a null integrand.

1.1.5 Stochastic Exponential and Logarithm

Let Z be a continuous semimartingale with Z(0) = 0. We use &(Z) to denote the stochastic

exponential of Z. This process &(Z) is the unique solution of the linear stochastic integral equation

E(2)=1 +/‘8(Z)(t)dZ(t);
0

whereas straightforward calculation gives
1
E(Z) =exp (Z - §<Z’ Z)) i

Here (Z) := (Z, Z) is the quadratic variation process of Z.
The operator &(-) has an inverse, which we denote by £(-) and call the stochastic logarithm.

For any strictly positive continuous semimartingale ¥ with Y (0) = 1, its stochastic logarithm is

_[dY(»)
L) = /0 o

given by

and we have Y = E(L(Y)).

Remark 1.6. For a general scalar semimartingale Z with Z(0) = 0 and rcll paths (which are right-

continuous on [0, co) and possess finite left-limits on (0, c0)), and with the notation and assumption
AZ(t) :=Z(t) - Z(t—) > -1 fort € (0,00),
the stochastic exponential becomes

E(Z2) = exp(Z - %(ZC,ZC>) . l_[ (1+AZ(1))exp(—AZ(1))



and is the unique solution of the linear stochastic integral equation

E(2) = 1+/.8(Z)(t—)dZ(r).
0

For any two scalar semimartingales Z and Z with these properties, with the notation Z¢ for the

continuous part of Z, and with the notation

(Z,7) :={Z°,Z°) + Z AZ(DAZ(1),

1<

we have the YOR formula (e.g., JACOD AND SHIRYAEV (2003) [2]):
E(2)E(Z) = E(Z+Z+(Z,2Z)). (1.8)

For additional properties of stochastic exponentials and logarithms, the reader can refer to KARATZAS

AND KARDARAS (2020) [1], Exercise 1.8 and Exercise 1.9.

1.2 Assets and Investment

Now we are ready to introduce the model for a financial market based on the probabilistic setting
in Section 1.1. Throughout this work, we will study in its context investment strategies and their

properties.

1.2.1 Assets

We shall consider throughout this dissertation a vector of continuous semimartingales R = (R;)je(1,... n)
withn € Nand R;(0) =0 fori € {1,--- ,n}, whose component processes represent the cumulative

returns of n stocks. We write the semimartingale decomposition

Ri:Ai+Ml', iE{l,"',l’l} (19)



for R = (R;)ie{1,... n) as in Subsection 1.1.3. In this financial market the stock prices S = (S;)ie{1,.- )
are then S; = S;(0)E(R;), i € {1,---,n} in the notation of Subsection 1.1.5 for some given real

numbers S1(0) > 0,---,S5,(0) > 0, and their dynamics are given formally by

dS;(1)
Si(1)

=dRi(t), teR,, ie{l,--,n}. (1.10)

Together with the specified initial values S;(0) > 0,7 € {1,---,n}, the dynamics of (1.10)
completely determine the continuous, positive semimartingales S = (S;)ie(1,... »}. Depending on
the chosen initial value S;(0), the process S; may model the price per share of company i, or may
alternatively model the company’s total capitalization. This is understood as the product of the
actual share price, times the number of shares currently outstanding.

In any case, given S;(0) > 0, the dynamics of (1.10) are expressed equivalently in logarithmic
scale as

logS; =log S;(0) + i+ M;,  ie{l,--,n}. (1.11)

Here, with C;; = (R;, R;) = (log S;,1og S;) as in (1.5), we have set
1 .
I:=A; - ECﬁ, ie{l,---,n} (1.12)

for the stocks’cumulative growth processes.

In terms of the rate processes in (1.3), (1.4), we have now

' 1
I; =/ vi(t)dO(t), where vy;:=a;- 5 Ciis ie{l,---,n}.
0

The processes vy, - ,v, represent local growth rates for the various stocks; we have seen al-
ready, that the processes aq,- - , @, stand for the local rates of return of these stocks; whereas
the processes c11, - - - , cn, represent the stocks’ local quadratic variation rates. All these rates are

expressed with respect to the operational clock O of (1.2).



1.2.2  Investment by Shares versus Proportional Investment

In the market described above, we place now an investor with initial capital x € R,. For a given

predictable, vector-valued process
? = (F)ieq1, .y € L(S),

we shall think of the component ;(¢) of the random vector () = (9;(¢))ie(1,... n} as representing
the number of shares held by this investor in the asset i € {1,---,n} at time r € R,. With this
understanding, the integrand process ¢ € 7 (S) acquires the significance of investment strategy,

and its vector stochastic integral

X(;x,9) ::x+/0.19'(t)dS(t) Ex+/0.219,~(t)d5i(t) (1.13)
i=1

becomes the wealth process generated by ¥ = {9(¢),0 < t < oo}.

The wealth process X in (1.13) can be understood in the following way. The investor holds
() shares of stock i at time ¢ € R,. The quantity ¥;(z)S;(¢) is the dollar amount of cash invested
in stock i € {1,---,n}. In general, the total wealth invested in stocks, namely " | 9;()S; (1), is

different from the actual wealth level X (; x, ) at time ¢ € R,.. The discrepancy

X(t;x,9) — Z 9;(1)Si(1), teR, (1.14)
i=1

is invested in a money market account. When the quantity (1.14) is positive, the investor lends
this amount to the money-market; when the amount is negative, its absolute value represents the
amount of cash borrowed from the money market. We assume implicitly that the interest rate
involved in this situation is zero: the bank pays zero interest to depositors, and charges zero interest
to borrowers.

Even in cases where interest rates are insignificant with respect to rates of return of stocks, it

is really helpful to be able to account for a non-trivial money market in financial modelling. This



can be achieved at no cost to the theory developed here—as long as one thinks of stock returns as
being in excess of interest, and of stock processes as being discounted by the value of the money

market account.

1.2.3  Admissibility

In practice, credit constraints preclude the implementation of any investment strategy imaginable.

The notion introduced below reflect this reality.

Definition 1.7. For given initial capital x € R, and investment strategy © = (¢, --,9,) € 1(S),

the wealth X (-; x, ©) will be called admissible, if solvency X (-; x,) > 0 holds.

Restricting attention to nonnegative wealth processes automatically enforces a mechanism for
avoiding debt, a possibility that has to be taken seriously into consideration in economic theory
and in financial modelling. From a mathematical viewpoint, the credit constraints implicit in this
admissibility requirement ensure that so-called doubling strategies, as the ones in the following

example from Example 2.3, KARATZAS AND SHREVE (1998) [3], are not allowed.

Example 1.8. (Doubling Strategy). Let » = 1 and R = R; be a standard Brownian motion.
Restricting attention to the time interval [0, 1), we define a predictable process 77 and a continuous

martingale N via

" dR(?)
0 \/l—t'

n(t) = te[0,1); N::/O.n(t)dS(t):

1
S(r)V1 —t

Note that (N, N)(t) = —log(1 — ¢) holds for ¢t € [0, 1), and thus the process W defined via
W(u) := N(1 —exp(—u)),u € R, is standard scalar Brownian motion in its own filtration, by
P.LEVY’s charaterization (KARATZAS AND SHREVE (1991) [4], Theorem 3.3.16). It then follows

that the stopping times

" :=inf{t € [0,1] | N(t) > m}, m €N,

10



are well defined and [0, 1)-valued. For every m € N, consider the strategy 9" := nl ) € Z(S),
and note that X (1;1,9") = 1 + m holds for all m € N. In other words, starting with one currency
unit at time ¢ = 0, arbitrarily large levels of wealth can be reached at time ¢ = 1.

All wealth processes in this example are local martingales; and many of them, for instance the
local martingale X (-; 1,9") = 1 + N(- A ), are unbounded form below, signifying the existence
of an “infinitely deep credit line". For suppose the local martingale X (-; 1, 9") were bounded from
below by a real constant; then this local martingale would be a supermartingale, leading to the
absurd conclusion

1+m=E"[X(1;1,9™)] < X(0; 1,9™) = 1.

In other words, in the absence of credit constraints, the use of appropriate strategies allows one to
attain any target level of wealth imaginable, at any given, fixed time T € (0, o).

The situation is very different when credit constraints are imposed, in recognition of the hard
reality that “eventually one runs out of other people’s money". This is the case, for instance, with
the admissibility constraint of Definition 1.7, which requires solvency at all times. Then every
admissible wealth process X (-; x, ) is a nonnegative local martingale, thus a supermartingale; and
the Optional Sampling Theorem implies E¥[X(7;x,9)] < x for all P-a.e. finite stopping times

T € 7, drastically limiting the possibilities for gain.

1.2.4  Finaceability

In this section we consider one additional behavior of investors: the possibility of withdrawing
capital. Withdrawals of capital happen externally and internally. External reasons include a pay-
ment stream representing a liability that the investor faces. Internal reasons include consumption.

Both of these cases will be important in the sequel.

Definition 1.9. (Cumulative withdrawal of capital). Cumulative withdrawal of capital is mod-
elled through elements in H, defined as the set of all nondecreasing, adapted and right-continuous

processes H = (H(t)) with H(0) = 0. Here, H(t) stands for the cumulative (or aggregate)

0<t<oo

11



capital withdrawn up to and including time ¢ € R,; actual withdrawals in each infinitesimal interval

(t,t + dr] are represented as dH (7).

Definition 1.10. (Wealth processes with withdrawals). Consider an investor with initial capital
x € R,. For a given predictable, vector-valued investment strategy ¢ = (¢;,i € {1,---,n}) €

I(S), and a given cumulative withdrawal process H € H, we define

. n
X(3x,9,H) ::x+/ Zﬂ,-(t)dSi(t)—H (1.15)
0 %=1
as the wealth process generated by the investment strategy ¢ and the cumulative withdrawal stream
H.

Capital withdrawals are allowed for as long as the investor remains solvent. We state this

requirement below.

Definition 1.11. (Financeability). For x € R,,9 € 7(S) and F € H, the wealth process X =
X(-;x,9, F) is said to finance a given cumulative withdrawal stream H € H, if X > H holds. In

this case, the process H € H will be called financeable from the initial capital x € R;.

We denote by H (x) the subset of H consisting of cumulative capital withdrawal streams fi-

nanceable from initial capital x € R,; formally,
Hx)={HeH|F9eI(S),FeH,st X(;x,9,F) > H}. (1.16)

Some remarks are in order. Suppose that for some given x € Ry, & € 7(S) and F € H, the
wealth process X = X(-;x, 9, F) finances some H € H. Then X is admissible, as X > H > 0;

furthermore the process
X(x,9) =X(5x,9,0) > X(x,0,F) > H (1.17)

also finances H. It follows that a given process H € HH of cumulative withdrawals is financeable

12



from initial capital x € R,, if and only if there exists an investment strategy ¢ € I (S) with

X(+;x,79) > H; therefore,

H(x)={H eH|3O e I(S),st X(x,9,H) >0} (1.18)

The following observations are immediate from the Definition 1.11 of H (x) and from its char-

acterization (1.18), for x € R,:
* H=0€ H(0).
 For every x € R4, the set H (x) is convex.

* Forevery x € Ry, H € H(x), and H € H with H < H, we have H € H(x).

For every 0 < x1 < x; < oo, we have H (x1) € H(x3).

For every x € (0, o0), we have H (x) = xH (1).

Remark 1.12. We introduce now the collection of cumulative capital withdrawal streams in H

which can be financed starting from any (no matter how minuscule) positive initial capital:

H(0+) := ﬂ H(x) C H.

x>0

Clearly {0} € H(0) € H(0+) € H(x) hold, for all x € (0, ).

1.2.5 Proportional Investment

We discuss now investment decisions from the point a view of an investor who is not so much
interested in how many shares of any given asset he buys or sells at any given time. Rather, this
investor keeps track of the proportions of this wealth which get invested in the individual assets.

Such a point of view leads naturally to the notion of portfolio in Definition 1.15.

Definition 1.13. (Numéraires). A wealth process X = X(-;1,%) as in (1.13) will be called

numéraire, if it remains strictly positive at all times: X > 0. The collection of all numéraires
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will be denoted by X. Furthermore, for a given BOREL set E C R”, we define X(FE) as the

collection of all numéraires generated by all possible portfolios in 7 (R; E).

Numéraires are admissible wealth processes but satisfy a more stringent, strict positivity (as
opposed to mere non-negativity) constraint. There is a simple normalization here: we require that
the wealth process X start with 1 dollar at time r = 0. This requirement helps us compare the
performance of wealth processes at later times.

By definition, there exists for any given numéraire X € X a predictable, vector-valued process
¥ € I(S) with

. n
X:1+/ Zﬂi(t)ds,-(t) = X(1,9) > 0. (1.19)
0 =1

Remark 1.14. (From investment by amounts to proportional investment). Suppose that for a
given x € (0, 00) and ¥ € 7 (S), the process X = X(-; x, ) as in (1.13) is strictly positive: X > 0.

We define then a new predictable, vector-valued process 7 = (7y,--- ,7,) via
m=89/X, for ie{l,---, n}. (1.20)

Because (1) represents the units of investment (or numbers of shares) held in stock i at time ¢, the
quantity m;(¢) gives the fraction (or proportion) of current wealth invested in stock i, and 3", m;(¢)

the proportion invested in the entire stock market, at time ¢. The remaining proportion

n
M= 1- Zn,- (1.21)
i=1

of wealth is placed in the money market.

It is straightforward to check that the process 7 defined from ¢ as in (1.20), is R-integrable.

Thus, we may then cast the wealth process of (1.13) as

X:x+/0 X(t);n,-(t)dR,-(t):x+/0 X(t)n’(t)dR(t):xS(/O ;ni(t)de-(t)), (1.22)
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in terms of the resulting process 7 € 7 (R), on account of (1.10).

Definition 1.15. (Portfolios). We shall use the term portfolio to refer to any predictable, vector-
valued process 7 € 7 (R). Such a portfolio generates the corresponding continuous and strictly

positive semimartingale wealth process X, as in (1.22).

Definition 1.16. (Return and respective Rates). Given any two portfolios 7 € 7 (R) and p €

I (R), and using the notation of equation (1.4), we define

Ry = /O 7 ()dR(1) = /O ;ﬂi(t)dRi(t), (1.23)

Crp = m'cp = Z Zﬂ'icijﬂ'j, Crp = (Rp, Rp) = / Cﬂp(t)dO(l)- (1.24)
0

i=1 j=1
Remark 1.17. (From proportional investment to investment by amounts). Conversely, starting
with any predictable, vector-valued process 7 € 7 (R), one may define the vector stochastic integral

R, asin (1.23), and in terms of it the strictly positive continuous semimartingale

X =xE(Ry) = x8( /o. an JT,'(t)dRi(t)), m € I(R). (1.25)
i=1
This stochastic exponential process satisfies the dynamics
dXz(2) = Xz (1)dR,(1).
Then, with the predictable, vector-valued process ¢ = (;)ie(1,....ny € Z(S) defined via

X .
9, = g”’ for i€ {1,---,n},

i

it follows that the equation (1.13) holds with X replacing X.

The definition (1.25) for X; = &(R;) and the notation of (1.23) express the log-wealth process
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generated by a portfolio 7 € 7 (R) as

1

log Xy =Ry — =Crp = / 7' (t)dA(r) — lC,T,r + / 7' (t)dM (). (1.26)
2 0 2 0

The finite first variation part of the above decomposition is called the cumulative growth of the

portfolio 7 € 7 (R), and is denoted
1 .
I :=A; — ECM, where A, := / 7' (1)dA(z). (1.27)
0

The quantities in (1.27) have their “local versions" as below

1 1

A = 71',0’, Yr = ra— Eﬂ,Cﬂ' =0ar — Ecﬂ'ﬂ" (128)

Here a, is the rate of return of the portfolio 7 € 7 (R), and y, is the growth rate of this portfolio.

These rates are connected to their cumulative versions in (1.27) via

Ay = /0 0O, Ty= /0 Ya(DAO(1).

Example 1.18. (Constant-proportion portfolio). Fix a vector p = (p;)ie(1,.. »} € R", and let 7 =
p € I (R) be the portfolio that keeps a fixed proportion p; of wealth in each stocki € {1,--- ,n}

at all times. In this case, it is clear that R, = p'R = .\, piR;.

An important special case is when p = 0, meaning p; = 0 for all i € {1,---,n}. This
portfolio never touches the stock market, keeping all wealth in the money market. Since wealth is

denominated in terms of the money market, it is clear that Xo = 1.

When p coincides with one of the unit vectors e’, i € {1,---,n} of R”, whose coordinates are
all zero except for coordinate i which is 1, the entire wealth is invested in stock i at all times. In

this case, X,: = §;/S5;(0) holds.

Another special case is the equal-weighted portfolio that assigns constant and equal weights to
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all stocks at all times: p; = 1/n, for alli € {1,---,n}. This portfolio never touches the money

market.

1.2.6  Portfolio Constraints

The introduction of numéraires and proportional investment (i.e., portfolios) facilitates the de-
scription of certain common constraints on investment choice. We provide readers some examples
of contrained portfolios. For more detailed introduction, readers can refer to subsection 1.3.2 of
KARATZAS AND KARDARAS (2020) [1], or KARATZAS AND FERNHOLZ (2009) [5].

Recalling Definition 1.3, we see that prohibition of selling stocks short for a portfolio 7, re-
quires 7 € 7 (R;R%}). If borrowing from the money market is further prohibited for 7, the constraint
7o > 0 in the notation of (1.21) should also hold. The requirement then becomes m € 7 (R;A"),

where the n-dimensional simplex A’ is defined as

A? = {(xl,--- ,xn) € RY

Zx,- < 1}. (1.29)
i=1

Such portfolios, which never sell any stock short and never borrow from the money market, will
be called long-only portfolios. We note that A”}-valued predictable processes are bounded and, in
particular, R-integrable: 7 (R; A”}) = P(A%).

A portfolio that never touches (i.e., neither borrows from, nor lends to) the money market, will

be called stock portfolio. Clearly, r being a stock portfolio is equivalent to & € 7 (R; A" '), where

art = fe ) e

Zn:xi = l} (1.30)

i=1

is an (n — 1)-dimensional affine subspace of R", the lateral face of the unit simplex A’} in (1.29).
If, additionally, no short-selling of stocks is allowed, the portfolio 7 will be called long-only

stock portfolio. This requirement is cast as 7 € 7 (R; A"™1) = P(A"1), where

ix,-:l}. (1.31)

A= A (R = {( x) €
i=1
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Chapter 2: Numéraires and Market Viability

In this chapter, we introduce the notion of supermartingale numéraire portfolio v € I(R;K),
among portfolios constrained to take values in a closed, convex set K containing the origin. Such
a portfolio has the property that, when measured in terms of the wealth X, generated by it, the
performance X, of any other portfolio 7 € 7 (R;K) “can only lag" in the sense that the ratio
X/X, is a supermartingale.

We shall introduce the concept of market viability in the second half of this chapter. Further-
more, when K is a closed convex cone, we build up the fundamental Theorem 2.31. This theorem
says that a supermartingale numéraire portfolio v € I (R;K) exists if and only if the market is
viable, a concept we shall introduce in Definition 2.20 to formalize the absence of arbitrage oppor-
tunities.

We shall also provide some optimal properties for supermartingale numéraire portfolios in the

end of this chapter.

2.1 Supermartingale Numéraires

Let us first fix a nonempty closed convex set K of R", containing the origin. From now on we only
consider portfolios 7 taking values in this set K, namely, 7 € 7 (R; K).

In this Section, we first introduce the important notion of “supermartingale numéraire". In
Proposition 2.8, we give a characterization of a supermartingale numéraire under closed, convex
contraints on portfolio choice. Moreover, we point out significant results in Proposition 2.4 and

Theorem 2.10, as special cases of Proposition 2.8.

This chapter will focus heavily on market structure and investments. Let us recall the quantities

R, = A; + M; of (1.1) which represent the continuous semimartingales of asset returns, and the
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quantities C;; = (R;, R;) of (1.5) which represent their covariations.

Definition 2.1. For a given portfolio v € 7 (R; K), the wealth process X, will be called super-
martingale numéraire, if for every portfolio 7 € 7 (R; K) the ratio X)) = X, /X, is a supermartin-
gale.

In this case, the process v € I (R; K) will be called supermartingale numéraire portfolio.

The following result shows that, whenever supermartingale numéraires exist, they are unique.
This justifies using the definite article for them in the remainder of the text. The corresponding

portfolios can only be unique up to portfolios that are R-null, as in Definition 1.5.

Lemma 2.2. Let Z be a continuous, strictly positive semimartingale. If both Z and 1/Z are

supermartingales, then Z is constant.

Proof. Suppose that Z = Z(0) + M — A is a strictly positive, continuous supermartingale in its
DOOB-MEYER decomposition, with M a continuous local martingale and A a nondecreasing

adapted process and M (0) = A(0) = 0. Then the reciprocal

LAz | @ [dM() | [ d(A+ D) ()
z~! /oz2<t>+/o 2@ -/022(I)+/0 20

is a semimartingale. Requiring this semimartingale to be a supermartingale forces, on the strength

of the DOOB-MEYER decomposition theorem, the process A + (M) has to be non-increasing. But

this amounts to A = 0 = M, that is, Z = Z(0). O

Remark 2.3. Suppose there exist two supermartingale numéraire portfolios vi,v, € I (R;K).
Then X,, /X,, and X,,/X,, are both supermartingales by Definition 2.1. Lemma 2.2 indicates that

X,, /Xy, = c € R,. The fact that X, (0) = X,,(0) = 1 indicates that X, = X,,.

2.1.1 Special case: K = R"

When K = R", there is no constraint on portfolio choice. In this special case, the following result

from Proposition 2.4 in KARATZAS AND KARDARAS (2020) [1], provides a structural condition
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that characterizes the supermartingale numéraire property in terms of market characteristics. We

state it here without proof.
Proposition 2.4. For v € I (R), they following statements are equivalent:

(i) v is a supermartingale numéraire portfolio.

(ii) The equality
A; =Gy (2.1

holds foralli € {1,--- ,n}.

We shall present a similar result with a convex constraint in Proposition 2.8, and readers can

compare that result with Proposition 2.4.

A supermartingale numéraire need not exist. When K = R”, the following example illustrates

this failure in a very simple setting.

Example 2.5. (Non-existence of supermartingale numéraire) Consider a standard Brownian
motion W on the underlying filtered probability space, and a one-stock model (n = 1) with returns
process Ry =| W |.

We write this in its ITO-TANAKA decomposition R = A + M|, where A; is the local time
process of W at the origin, and the process M| = /0‘ sgn(W(r))dW (t) a standard Brownian motion.
Now A; is singular with respect to the LEBESGUE clock Ry > ¢ +— Cyi(¢) = (M, M)(t) = t,
so the requirement (ii) in Proposition 2.4, namely A; = Cj,, cannot hold for any v € 7 (R). No

supermartingale numéraire portfolio exists in this setting.

Remark 2.6. Later in the next subsection, we shall provide another example of a constrained
market, in which a supermartingale numéraire portfolio fails to exist.

2.1.2  Supermartingale Numéraires with Convex Constraints

Proposition 2.4 fails under general convex constraint set K on portfolio choice. In this subsec-

tion, we discuss conditions for supermartingale numéraires under convex constraints on portfolio
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choice. For emphasis, recall that we require the origin 0 to belong to the constraint set K, and K to
be closed and convex.
We consider a portfolio p € 7 (R; K), which we regard as some sort of “baseline”. We define

the relative wealth process

X
XP = X—” neI(R;K), pelI(R;K) (2.2)
P

and remind ourselves that 7o := 1 — 377", 7;. We have the following result.

Proposition 2.7. For any two portfolios n € I (R;K) and p € I (R; K), the relative wealth process

of (2.2) admits the representation
Xy =8E(RY), Ry:=Rpp—Crnpp= / Zni(t)de(t). (2.3)
0 =0

Proof. According to the definition of R%, we obtain

/0.;m(t)de(l) /O (;m(t))ng(t)+/O.;7rl-(t)d(Rl-(t) — Gy ()

/O (1= m0(1))dRE (1) + (Ry = Crp),

which gives

/O.gm(t)de(t) -/O.ﬂO(t)ng(t)+./()‘.§ﬂi(t)de(t)

= RO+ Rx—Crp=Rep—Crpp.

Thus, in order to prove (2.3), we only need to show XP = E(Rr—p — Cr_pp). Basic stochastic
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calculus completes the proof, by observing

1
logS(Rﬂ—p - Cﬂ—p,p) = Rﬂ'—p - Cﬂ—p,p - Ecﬂ'—p,ﬂ'—p
1 1
= (Rrr - Ecmr) - (Rp - ECpp)

= log X, —log X, = log X%.

]

Supermartingale numéraire under closed-convex-constraints on portfolio choice. We consider
now portfolio processes 7 € 7 (R; K) that take values in a given closed, convex subset K of R”

containing the origin. For any two such portfolios 7, v in this class, we have

Xn(t) _ Xn(l‘) L . ,
d(Xy(t)) B (Xy(t)) ';m(t)dRi (1) 2.4)

from Proposition 2.7, where
R/ =Ry+(R;-C;), i=1,---,n and Rj=C,, —R,.
Thus, the summation in (2.4) is

(1 - Z ﬂi(t))dR(V)(t) + Z (1) (dRY (7))
i=1 i=1

dR} (1) + Z (1) (dRY (1) — AR (1))
i=1

dCy, (1) — dA, (1) — dM, (1) + Z 7;(1) (dA: (1) + dM; (1) — dC (1))
i=1
My (1) + dAg—y () = dCry (1) 2.5)

It develops from (2.5) that, for the portfolio v to have the supermartingale numéraire property

among portfolios that take values in K, it is necessary and sufficient that the finite variation process
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Az—y — Cr_y, be nonincreasing for every m € 7 (R; K). (2.6)

In terms of rates, this condition can be expressed equivalently as
(m=v)(@—cv) <0, VmeI(R;K) (2.7)

where the inequality in (2.7) is to be understood as holding for (P ® 0)-a.e. (w,1) € Q X [0, ).

Consider now the local growth rate
g(m)y=n"a-(1/2)a’cr, neI(R;K)

corresponding to any such portfolio, and try to maximize it. If there exists a portfolio p € 7 (R; K)

that does this job, then the function
[0,1] 5 € — g(en + (1 —€)p)

attains its maximum at € = 0; and then we have the necessary (first-order) condition for optimality

0
ag(ar +(1-¢€)p) . <0. (2.8)

We are using here the convexity of the set K in a crucial manner. Now, elementary computation
gives

%g(6ﬂ+(1 —€e)p)=(n—-p)|a-cp-e(x-p)]

and thus, the condition (2.8) amounts to
(r—p)(a—cp) <0, Vmel(R;K). (2.9)

We note that this is precisely the condition (2.7), that characterizes the supermartingale numéraire
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property.

Conversely, suppose that for some portfolio p € 7 (R; K) the property (2.9) is satisfied. Then

g(m) —g(p) = (m—p)(a-cp)—(1/2)(x - p)c(n—p) <0

holds for every portfolio 7 € 7 (R; K).

We conclude from this discussion the following result.

Proposition 2.8. For a given closed, convex subset K of R" containing the origin, the following

conditions on a given portfolio v € I (R; K) are equivalent:

(i) v has the supermartingale numéraire property among portfolios

inI(R;K);
(i) v maximizes the local growth rate among portfolios in I (R; K);
(iii) (r—v) (a—cv) <0 holds for every m € I (R;K).

Example 2.9. Let us consider a standard Brownian motion W on the underlying filtered probability
space, and a two-stock model (n = 2) with returns process Ry = 2t + W(t) and Ry = 3t — W(¢).
Furthermore, we consider the market constraint K = {(x, y)|x>0,y> 0}.

We write down the local mean rates of return and local covariation rates as below:

a = 2,

a = 3,
cii=cpn = 1,
cip=cy = -1.

Therefore, we can express the local growth rate explicitly

ge.y) = (x4 3y) = 5 (- )2
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Suppose we have a supermartingale numéraire portfolio v = (vi,v2) € I (R;K). We construct

another portfolio p = (v| + v, v| + v2), and compute
1 2
g(p) =5vi+5v2 > 2vi +3v; - E(Vl -v2) =g(v).

The inequality holds as equality if and only if v; = v, = 0. However, v = 0 is apparently not a
supermartingale numéraire portfolio in 7 (R; K). Actually, we take another portfolio 7 = (1, 1) €
T (R;K), and compute

g(1,1) =5 > g(0,0).

Therefore, in this case, a supermartinale numéraire portfolio fails to exist.

2.1.3 The Conic Case

Suppose now that the closed, convex set K is a cone. Then for a given portfolio v € 7 (R; K) to
have the supermartingale numéraire property among all portfolios in 7 (R; K), the condition (2.7)
must hold for & = €v, for every ¢ € (0, o). This means (£ —1)v'(a —cv) < 0 forevery € € (0, o),
which implies

V(e —cv) =0, orequivalently A, =C,, . (2.10)

Thus, the condition (2.7) takes the more explicit form
"(a-cv) 0=V (e-cv), VmeI(R;K), (2.11)

or equivalently
A —Cry<0=A,-C,,, VYmel(R;K). (2.12)

The discussion above is important enough to be spelled out explicitly.

Theorem 2.10. Suppose that, for a given portfolio v € I (R; K), the generated wealth process X,

has the supermartingale numéraire property among all numéraires in X(K). Then the portfolio v
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must satisfy

A, = Cyy. (2.13)

Compared to the equality (2.1), the equality (2.13) cannot be used to characterize supermartin-
gale numéraire; it is only a necessary condition. Below is a simple example, illustrating its lack of

sufficiency.

Example 2.11. Let us consider a standard two-dimensional Brownian motion W = (W}, W;) on
the underlying filtered probability space, and a two-stock model (n = 2) with return processes
Ri(t) = 3t + Wi(¢t) and Ry(t) = —2t + W»(t). Furthermore, we consider market constraint K =
{(x,y) | x>0,y <0,y > -2x/3}.

According to Proposition 2.8 condition (i7), we can easily find out the supermartingale numéraire
portfolio v(¢) = (3,-2) for t € R,. However, the portfolio 7 = (0, 0) also satisfies the equality
(2.13) trivially. Thanks to the uniqueness of supermartingale numéraire from Lemma 2.2, Re-

mark 2.3 and the fact X, # X, we see that « is not a supermartingale numéraire portfolio.

2.2 Local finiteness of growth

Assumption 2.12. For the remainder of Chapter 2, we assume further that the closed convex set

K is a cone.
We first introduce the linear-subspace-valued process of null investments 9.

Definition 2.13. The linear-subspace-valued process of null investments J is the set if vectors

(depending on (w, t)) for which nothing happens if one invests in them, namely
N(w,t) ={eR? | ¢c(w,t) =0 and ¢a(w,t)=0}. (2.14)

We have X, = X, if and only if m(w, t) — m1(w, 1) € N(w, t) for (P ® O)-a.e; then portfolio

and 7, are considered identical.

26



From now on, we assume that $t(w,?) € K holds for all (w,?) € Q x R,. This requirement
says that we are giving investors at least the freedom to do nothing: if an investment is to lead to
absolutely no profit or loss, one should be free to do it. A special case is that K contains the origin

in R”.

Definition 2.14. (Arbitrage opportunities). Let us first define a set-valued process
J(w,1):={ eR" | Ec(w,1) =0, ¢'a(w,1) >0} (2.15)

for (w,t) € Q x [0, c0). Intuitively, the linear subspace J (w,t) denotes all possible “arbitrage

opportunities" for a local rate of return a(w, t) and a local rate of covariation c¢(w, t).

Let us define the [0, co]-valued process

1
g, 1) = sup (p'a(w, 1) - S, np) (2.16)
PEK

for (w,7) € Q X [0, ). We can take a countable dense subset K of the cone K, and gx = gz
Thus gk is predictable. Recalling the growth rate process of (1.28) in Chapter 1, it follows that this

process gk is the pointwise maximal growth rate achievable in the market.

Remark 2.15. Now we build a bridge between the set-valued process J and the [0, co]-valued
process gg. For any (w,t) € Q X [0, 00), according to the quadratic optimality of equation (2.16),
the condition

gx(w,t) =

is equivalent to

J(w,t)NK # 0.

In other words, the relation

{gk =0} ={T nK + 0} (2.17)
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holds. When gg(w, t) < oo, the quadratic optimization problem

1
sup (p’a(w, 1) —sp'clw, t)p)
peEKNNL 2

has a unique optimizer, so we set

visag max (p'a - %p’cp) L{gx <oo}-
Thanks to Proposition 2.8 (ii) and equality (2.9), we can use the fact that
via=vcy on the set {gg < oo}
to rewrite equation (2.16) as

1
8K = E(V/Cv)l{gK@O} + 00T g4 =oo}-

We define also the aggregate maximal growth

G = /0 ¢k (NdO(0).

(2.18)

(2.19)

(2.20)

an adapted and nondecreasing process. If {gx = oo} has zero (P ® O)-measure, then the local

integrability of v with respect to R, is equivalent to

T
/ V' () e(H)v(t)dO(t) =G(T) < 0, YT >0.
0

(2.21)

On the other hand, if G(T) < oo holds for every T € (0, ), then {gg = oo} has zero (P ® O)-

measure and the requirement (2.21) holds, namely, v € 7 (R; K).

The last requirement of (2.21) posits that the maximal aggregate growth achievable in the

market over any given finite time interval, is finite. The resulting concept is important enough to
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merit an appellation.

Definition 2.16. The market has locally finite growth, if the process G of (2.20) satisfies the con-
dition G(T) < oo for all T € R4, as in (2.21).

The following lemma is extremely useful. It appears as Exercise 2.16 in KARATZAS AND
KARDARAS (2020) [1], where the convex set K is assumed to be R”. In Lemma 2.17, we prove

the same result for a general closed convex cone K containing the origin.

Lemma 2.17. With X, the supermartingale numéraire, we have C,,, = 2G as well as the represen-
tations

1
+ =E(-M,), logX, =G+ V2W(G)

4
for a suitable standard Brownian motion W. In particular, X, (c0) = oo holds on the event {G (o0) =

oo}

Proof. From Theorem 2.10, if a supermartingale numéraire portfolio v exists, then v satisfies A, =
C,y. Thus 2G =2A, - C,, =C,,.

With the help of stochastic exponentials, we have

1 1 1
Z/ = exp(ECw - Rv) = exp(ECw —-A, - MV) =&(-M,).

Therefore, 1/X, is a local martingale. We deduce log X, = M, + (1/2){M,, M, ), and note
(M,,M,) =C,, = / V(t)e(t)v(1)dO(r) = 2G,
0

so the result follows from the DAMBIS-DUBINS-SCHWARZ theorem (KARATZAS AND SHREVE

(1991) [4], Theorem 3.4.6). This gives

\/EW(G(T))

log X, (T) = G(T)(l + 0

), 0<T < oo,
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thus also log X, (c0) = oo on the event {G(c0) = oo}, thanks to the Strong Law of Large Numbers

for the Brownian Motion W. O]

2.3 Market Viability

We explain in the present Section, how the existence of the supermartingale numéraire makes the
entire market viable by proscribing certain kinds of arbitrage. We develop these crucial notions,
and the equally important ones of superhedging and deflator. We then state and prove the funda-

mental Theorem 2.31, a cornerstone of the theory developed here.

2.3.1 Superhedging

We recall the collection H consisting of all nondecreasing, adapted and right-continuous processes
J with J(0) = 0; as well as the collection H (x) that consists of all processes in H which are
financeable starting from a given initial capital x € R,. Clearly H(0) € H(x) € H(y) holds for
0 <x <y <oo;and H(0+) = (Nye(0,.00) H(x) is the collection of processes in H that can be

financed starting with arbitrary small positive initial capital.
Definition 2.18. (Superhedging capital) For any given cumulative capital withdrawal stream J €

H, we introduce the quantity

x(J) = inf{x € R+|J e H(x)}
= inf{x € R+|37r eI (R;K),FeH,stX(;x,n, F) >J}

= inf{x € Ry|Fn € T(R;K),s.t.X(:;x, ) > J} (2.22)
and call it the superhedging capital associated with the stream J € H. The standard convention,
that the infimum of an empty set is equal to infinity, is in force here.

Corollary 2.19. The functional x : H — [0, o] of (2.22) has the following properties:
* Monotonicity: for Jy and J, in H, J| < J, — x(J1) < x(J)p).
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* Positive homogeneity: x(aJ) = ax(J), for a € (0,00) and J € K.

* Subadditivity: for J, nad J; in H, x(J1 + J2) < x(J1) +x(J2).

2.3.2  Viability

A minimal condition which ensures that a market is functioning efficiently, is the absence of so-
called arbitrage opportunities. Loosely speaking, an arbitrage is created by investing in a way that
completely offsets any downside risk, while ensuring that profit will be made, at least under certain

probable scenarios.

Finding the exact mathematical formulation for absence of arbitrage, in a way that permits a
coherent theory to be developed, is not a straightforward task; and there is no general agreement
on this issue. For our purposes, the next definition strikes the perfect balance between financial
intuition and practical implementation on the one hand, and mathematical clarity and efficiency on

the other.

Definition 2.20. (Viability). The market is called viable if, when x(J) = 0 holds for some cumu-

lative withdrawal stream J € H as in (2.22), we have J = 0.

Under notation established at the beginning of Subsection 2.3.1, we see that market viability is
equivalent to the requirement

H(0+) = {0}. (2.23)

When market viability fails, there exist non-zero cumulative withdrawal streams J € H and, for

every m € N, portfolios 7, € I (R; K) such that

m

1 1
X( —,nm,J) = X(~; —,nm) ~J>0. (2.24)
m

Thus, the non-zero stream J is then financed “essentially for free".

Definition 2.21. (Gratuities; Arbitrages). We call gratuity (or "free lunch"), a cumulative with-

1

drawal stream J € H for which a sequence of portfolios ® = {7, }men exists with X (+; -, 7,,)—J 2
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0. This sequence O is called arbitrage.

The next proposition was established in KARATZAS AND KARDARAS (2020) [1], Exercise
2.22, for K = R" (no constraints). We prove a new version here under the Assumption 2.12, which
offers an alternative characterization of market viability. This result, Proposition 2.22 below, states
that, if there exist gratuities, i.e., non-zero cumulative streams that can be financed essentially for

free, then these streams can be selected to be of the “contingent claim" form 217 o).

Proposition 2.22. The market fails to be viable if, and only if, there exist a T € R, and a nonneg-
ative ¥ (T)-measurable random variable h with P(h > 0) > 0 such that, for every m € N, there

exists a wealth process X™ € X(K) with X™(T) > mh.

2

Proof. ” <= ” : Suppose there exists a real number 7 > 0 and an ¥ (7T')-measurable random
variable i : Q — [0, c0) with P(h > 0) > 0 and the following property: for every integer m € N,
there exists an investment strategy m,, € 7 (R; K) with X(-; 1, 7,) > 0 and X(T; 1, ;) > mh.

We can define then the non-zero process J € H viaJ := hl|r ), and observe that the inequality

X(t;1/m,m,) > J(t) holds for 0 < ¢ < T. Then

Em =T - H[O,T]

generates wealth X (-; 1/m, m,,,J) > 0, and viability fails also in the sense of Definition 2.21.

2

= 7 : Suppose now that viability fails. Therefore there exists a non-zero cumulative withdrawal
stream J € H such that, for every integer m € N, we can find an investment strategy m,, with
X1 /m, 7y, J) = X(51/mymy) —J > 0, thus X(+; 1, 7,) = mJ. Without loss of generality, we
can select 7, so as to satisfy X (+; 1, 7,,) > 0 as well.

Itis clear that P(J(T) > 0) > 0 holds for some real number T > 0; for otherwise we would have
P(J(T) > 0) =0 forall T € (0, ), thus also P(J(c0) > 0) = 0, contradicting the assumption of
non-zero cumulative withdrawal stream J € H. For this real number 7' > 0 we consider the 7 (T)-

measurable random variable & := J(T); this takes values in [0, co) and satisfies P(2 > 0) > 0, as
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well as X(T; 1, 7m,,) > mh for every m € N. It follows that viability fails then also in the sense of

the present proposition. [

The result that follows gives a seemingly weaker formulation of market viability, which turns
out to be equivalent to Proposition 2.22. This new formulation is often very convenient to work
with. We adapt methods from Lemma A.12 in KARATZAS AND KARDARAS (2020) [1] combined

with assumption 2.12 in the proof of Proposition 2.23.

Proposition 2.23. (Boundedness in Probability). The market is viable, if and only if we have

lim sup P(X(T)>m)=0, VTeR,. (2.25)
M= xeX(K)

Proof. First we assume that the market is not viable. According to Proposition 2.22, we can find
a real number 7 > 0 and a nonnegative ¥ (T')-measurable random variable 2 with P(h > 0) > 0.
Moreover, for every m € N, there exists X”* € X(K) such that X"(T) > mh. Pick € > 0
sufficiently small, so that P(h > €) > € holds. Then {X,(T) | 7 € I (R; K)} fails to be bounded in

probability, because
liminf P(X"(T) > em) > liminf P(X"(T) > mh,h > €) > €.

Conversely, we assume for some 7 > 0, the set K := {X(T) | 7 € 7 (R; K)} is not bounded in
probability. This means that we can find a number € > 0 and a sequence (7,,)nen C 7 (R; K) that

satisfy P(X,, (T) > m2™) > € for all m € N. Consider the event

D := ﬁ O{Xnk(T) > k2K} € F(T),

m=1 k=m

and note that P(D) > €. For every m € N, we have the set inclusion D C (2, . { Xy, (T) > k2K},
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so there is a sufficiently large integer z,,, > m such that the set

Dy =D ﬂ ( O {Xr, (T) > k2}) € F(T)

k=m+1

satisfies P(D \ D,,) < P(D)/2™*!. Now, the countable intersection

E = ﬁ D,, € F(T)
m=1

is a subset of D, and we have

P(D)

P(D\E):P(O(D\Dm) ZP(D\Dm) < Z ol
m=1

m=1

thus also P(E) > P(D)/2, which implies P(E) > €/2 > 0. Let us define

Z k=g e N

k=m+1

_B(D)
2

b

(2.26)

and note that X, € K, because K is a convex cone. Furthermore, we have for every m € N the

set-inclusions E C D,, C {X,,,(T) > m}, from which X, (T) > m1 follows. Therefore we have

a nonnegative ¥ (T)-measurable random variable 1z with P(E) > 0 such that, for every m € N, we

have p,, € 7(R;K) and X,,, (T) > m1g. In the light of Proposition 2.22, we note that the market

is not viable.

]

Remark 2.24. From the construction of {p,, };nen in (2.26), we can obtain the same conclusion

when K is a general closed convex set containing the origin, not just a cone. Namely, Propo-

sition 2.23 remains valid when K is a closed convex set containing the origin, and in this case

condition (2.25) is again equivalent to market viability.
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2.4 Deflators

Associated with the numéraires of Definition 2.1, and in a strong sense dual to them, is the collec-

tion of strictly positive supermartingale deflators. We introduce them right below.

Definition 2.25. (Supermartingale Deflator). A strictly positive, adapted process Y with right
continuous, left-limited paths will be called supermartingale deflator, if it satisfies the require-
ments Y(0) = 1,Y > 0, and the product Y X, is a supermartingale for every portfolio 7 € 7 (R; K)
with values in the nonempty, closed, convex cone K. We denote by Y the collection of all super-

martingale deflators.

Since we can select 7 = 0 in 7 (R; K), thus X; = 1, every supermartingale deflator Y € Y is
in particular a supermartingale. If X, is the supermartingale numéraire, then clearly Yo = 1/X, is
a deflator since X, /X, is a supermartingale for every n € 7 (R; K). For future developments, we

consider also the subset

Hioe :={Y € Y | Yis alocal martingale} (2.27)

of Y. As we shall see in Theorem 2.31, this set in (2.27) is nonempty when the supermartingale
numéraire v exists.

We close this Section with a very important result, describing the exact structure of all elements
in the collection Y of Definition 2.25. This result, Theorem 2.27, characterizes the collection of
supermartingale deflators. The reader can compare our result with KARATZAS AND KARDARAS

(2020) [1], Exercise 2.29, which deals with the special case K = R".

Definition 2.26. We denote by M;. (M) the collection consisting of all scalar local martingales
L with rcll (right continuous with left limits) paths and L(0) = 0, which satisfy the orthogonality
property

(L,M;)=0, ie{l,---,n};

i.e., for which all products LMy, - - - , LM,, are local martingales.
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Theorem 2.27. (The structure of supermartingale deflators). We assume the existence of the

supermartingale numéraire X,.

(i) With the above notation, every process of the form

Y = XL E(L+M,) - exp (A) (2.28)

4

belongs to the collection M of supermartingale deflators, provided

A is adapted and of finite variation on compact intervals, (2.29)
LeM; (M) and AL > -1, (2.30)

p € I(R), m(a—c(v—p)) <0 forevery meI(R;K), (2.31)
A- C,p is nonincreasing. (2.32)

(ii) In fact, Y consists of exactly the processes Y which admit the above representation (2.28)

with the properties (2.29)—(2.32).

Proof. (1) Suppose that Y is a supermartingale deflator, according to Definition 2.25. Then

N =YX,

is a strictly positive supermartingale with N(0) = 1; we denote by

its stochastic logarithm, so that N = E(N). In particular, Nisa supermartingale with N(0) = 0,
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and we write its DOOB-MEYER decomposition as N = M + A; here M is a local martingale and A
a nonincreasing process with rcll paths and M(0) =0, A (0) =0.
We recall from Proposition 2.7 that for every portfolio 7 € 7 (R;K) we have the relative
performance computation
Xr

X_ =EMyp_y+ Az — CT(—V,V)' (2.33)
v

We also know A, = C,, from (2.10), so taking 7 = 0 in (2.33) leads to

1
+ =E(-M,). (2.34)

\4

The representation (2.28) above gives

X Xr ~ ~ —
YX, = ra N = ra +E(N)=EMp_y+Ar_y —Cryy) - EM + A),

as well as

YXr = E(Myy + M +Ary = Croyy + X"’ (My—y, M» (2.35)

on account of the YOR formula in equation (1.8).

We recall at this point the KUNITA-WATANABE decomposition (KARATZAS AND SHREVE

(1991) [4], Proposition 3.4.14),

M =M, +L, forsomep € I(R)and L € Mj; (M),

loc
and obtain

YX, EMp_y+ My + L+ Az = Cryy+ A+ (My_y, M)

EMp_yip+ L+ Agy+Crypy +A) (2.36)

EMp_yip+L+Ar+Crpy —Cpy + Z).
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We have used for the second equality the property (M,_,, M,) = C_, , as well as the fact, given
by equation (2.10), that any supermartingale numéraire portfolio v satisfies A, = C,,. Now, we
can rewrite (2.36) as

YXr = E(My_ysp + L+ V7) (2.37)

with the notation

V= Ag+ Crpy — Cpy + A. (2.38)

Since Y is a supermartingale deflator, the product in (2.37) has to be a supermartingale for every
portfolio 7 € 7 (R; K); and this amounts to the requirement that the process of finite variation V”

in (2.38) be nonincreasing, for every portfolio 7 € 7 (R; K).

Reading (2.38) with © = 0 leads to the requirement that A-C oy be nonincreasing. But the

process

VT = (Z—va) +/0.7r'(a/—c(v—p))d0

has to be nonincreasing for every portfolio 7 € 7 (R) that takes values in the set K, and this set K
is a cone (which means that v can be scaled by an arbitrarily large constant m > 0 without exiting

the set). We conclude that the inequality
"(@-c(v-p)) <0

must hold (P ® O)-a.e., for every portfolio 7 € 7 (R; K).
Finally, we read (2.37), (2.38) with 7 = v and deduce

YX, = &M, +L+A)=E(M,)E(L) - exp(A),

as claimed in (2.28).
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(i1) Suppose, conversely, that we have a process
1 —~
Y=—&E(L)E(M,) -exp(A)
Xy

as in (2.28), with the properties (2.29)—(2.32). Then for every 7 € I(R;K), the representa-

tion (2.33) and the YOR formula lead to

X —
YX, = X—” E(L) E(M,) - exp(A)
4
= &My + My + L) - exp(An_y = Croyrp + A)
= &My + M, +L)-exp(Ag = Cryp+(Cypy—A) +A-Cy))

= EMz_y+M,+L)-exp (/ (@ —c(v=-p))dO + A- Cyl-
0
We have used here again the identity A, = C,, from (2.10) in previous section. The conditions
m’(@—c(v-p)) <0 forevery me€I(R;K),

A-C,, 1isnonincreasing,

indicate that /0. m'(@—c(v=-p))do + A- C,, is noincreasing. Thus Y X is a supermartingale. As

7 € I (R;K) is chosen arbitrarily, it follows that Y is then a supermartingale deflator. 0

Remark 2.28. In the context of Theorem 2.27, the requirement that A - C,, be nonincreasing,
implies that Alis nonincreasing.

Indeed, suppose that A- C,, is nonincreasing. According to condition (2.31), which requires
that

7'(@—c(v—-p)) <0 should hold for every 7 € I (R;K),

taking 7 = v in the above inequality implies that

Vie—c(v-p))=v(a=-cv)+vep <0.
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Together with equation (2.10), according to which v'(a — ¢v) = 0, we deduce
v'ep <0, orequivalently that C,, is nonincreasing.

Therefore, the process A= (K - C,,) + C,, is nonincreasing.

Remark 2.29. Let us recall that Theorem 2.27 only holds for closed, convex cones containing the
origin. For a general closed, convex set K containing the origin, conditions (2.31) and (2.32) take

the form of the nonincrease of

A+ / (m =v) (@ —c(v-p))dO, forevery portfolio 7 € T (R;K).
0

We cannot simplify this condition further.

The next Lemma is a forerunner for two critical results in this work. It furnishes a crucial step,
as well as very important motivation, for the fundamental Theorem 2.31 of the present Chapter.
It gives also the “easy halves" for the central result in the next Chapter, namely, the Optional

Decomposition Theorem 3.5.

Lemma 2.30. Assume that the collection M, in (2.27), consisting of supermartingale deflators
which are local martingales themselves, is nonempty. Fix a cumulative capital withdrawal stream
J € H, and assume that it can be financed with initial capital x € R,; i.e., for some investment

strategy © € I (R; K) and cumulative consumption stream F € H, we have

. n

X
X = X(-x, 7, F) :x+/ Z MR (1)dSi(t) — F > J.
0o I Si

Then the superhedging capital of (2.22) satisfies

x(J) > sup EP[ / OoY(t)dJ(t)]. (2.39)
0

YeYioc
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Proof. With

X =X+F=X(x,n)>F+J

and

Z=X-J=X-(F+J) >0,
integration-by-parts gives

YZ=YX-Y(F+J)=YX - / Y(1)(dF(¢) +dJ (1)) — /'(F(z—) +J(t=)dY (1)
0 0

for every Y € Y, . Thus,

U = YZ+/.Y(t)(dF(t)+dJ(t)) :YY—/.(F(I—)+J(I—))dY(t).
0 0

Since Y € Y, , the process YX is a supermartingale. Also, the requirement ¥ € Y, ensures
that the integral fO'(F (t=) + J(t—))dY (¢) is a local martingale. Therefore, the process U is a local
supermartingale. Moreover, YZ > 0 and fO' Y(t)(dF(t)+dJ (1)) > Oindicate that U is non-negative.

In conclusion, U is a supermartingale. In a similar spirit, the non-negative process

Q:=YZ+ /O.Y(t)dj(t) =U- /0 Y (t)dF (1)

is also a local supermartingale, thus a true supermartingale, and

x=0(0) > E"Q(e)
P (o)
> Yil;ECE [/0 Y(t)dJ(t)].
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2.5 A Fundamental Theorem for Equity Market Structure and Arbitrage Theory

The next result is very important for equity market structure and arbitrage theory. As a reminder,
we shall work under Assumption 2.12. We recall the definition of J from (2.15) and equa-

tion (2.17).

Theorem 2.31. For the market with conic constraint K, the following statements are equivalent:
(1) The market is viable.
(2) The supermartingale numeraire X, exists.

(3) The market has locally finite growth; namely, the aggregate maximal growth process satisfies

G(T) < oo, forall T > 0.

(4) The set {J N K # 0} has zero (P ® O)-measure and

1
v = 1{gnk=0} - ATE ,rel}l(%(zl (ﬂ/a - EJT/CT() (2.40)

is integrable with respect to R.
(5) The Boundedness in Probability condition (2.25) holds.
(6) Yo # 0.

Proof. We first prove the equivalence relations among (1) to (5), and deal with (6) in the end. The
equivalence (1)&=(5) is dealt with in Proposition 2.23. The implication (3)=—=(2) follows from
the discussion in Remark 2.15. The equivalence between (3) and (4) is also given in Remark 2.15.
It remains to prove the implications (2)=—=(1) and (1)=(4).

For the implication (2)=(1), assume (2) holds, namely, that we have a portfolio v € 7 (R; K)
with the supermartingale numéraire property. According to Definition 2.25, the reciprocal of X,,

namely



is a strictly positive supermartingale deflator; in particular, Y, # 0 (i.e., (2) = (6)). Now we
pick a cumulative capital withdrawal stream J € H such that x(J) = 0. From Lemma 2.30 and the

inequality (2.39), we have

0=x(J) > sup EP[ / ooY(t)dJ(t)
0

YeYjoc

> 0,

which implies that EF ( fooo Y(r)dJ(¢)) = 0 holds P-a.e. for every Y € Y,.. Since such a Y is
strictly positive, it follows that J(co0) = 0 also holds P-a.e., and this leads to J = 0. The viability of

the market follows.

Next, we tackle the implication (1)==(4). Let us assume that the market fails to have locally

finite growth; in other words, we need to consider the following two cases:
(A) the set {J N K # 0} fails to be (P x O)-null; or
(B) the set {J N K # 0} is (P x O)-null, but v, defined in equation (2.40), is not R-integrable.

For the rest of the argument, we will show that, in each case, the market is not viable. This will

establish the implication (1)=—=(4).

e Case (A): From the argument in Subsection 2.5.1, the set { J N K # 0} is predictable. Moreover,

we can find a portfolio 7 € 7 (R; K), such that

J::/O 7r(t)dR(t):/0 7' (t)dA(t), (2.41)

where P[J(o0) > 0] > 0. We define ¢ = (¢;);=1.... , with components @; = «;/S; fori € {1,--- ,n},
and obtain

X(-;0,9) = /O.ﬂ’(t)dS(t) = ‘/O.n’(t)dR(t) =J. (2.42)

By definition, we have x(J) = 0, and this violates market viability.
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e Case (B): Here, we assume that the event E = {J N K # 0} is (P ® O)-null. That means,
1 /7T
G(T) = E/ V'(t)c(t)v(r)dO(r) holds for all T € R,. (2.43)
0
Furthermore, we assume
P(G(T) = c0) > 0 holds for some T € (0, ). (2.44)

In light of Proposition 2.23, it is sufficient to show that the set {X,(T) | 7 € 7 (R; K)} fails to be

bounded in probability. The proof is given in subsection 2.5.2.

For statement (6), we have already argued the implication (2) = (6). On the other hand, if
statement (6) holds, we can select an arbitrary supermartingale deflator Y € Y, and, following
the same argument as in the implication (2) = (1) and Lemma 2.30, deduce that J = 0 holds

whenever x(J) = 0. Therefore, the statement (1) holds. In conclusion, we complete the proof. []

2.5.1 Theset{J N K # O} is predictable

When constructing the portfolio v in (2.40), we need to make sure v is predictable by doing
appropriate “measurable selection" from the set {J N K # 0}. For this, we will show that
the set {J N K # 0} defined in (2.15) and (2.17), is predictable. We shall first prove that

J ={£€R"|&c=0and &a > 0} is a predictable set-valued process.

Definition 2.32. For a fixed a > 0, we define J to be the set-valued process such that
T (w,1) ={£eR" | ge(w, ) =0 and &a(w,1) > 1/a} (2.45)

for (w, ) € Q x [0, ).
The following lemma sets forth properties of these sets that we shall find useful.

Lemma 2.33. With the previous definition we have:
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(i) J¢ isincreasing in a > 0; we have J¢ C J and J = U -0 T ¢ In particular, T N K # 0
if and only if ¢ N K # 0 for all large enough a > 0.
(ii) Forall a > 0, J“ takes values in the collection of closed, convex subsets of R".

Proof. In the proof, we first fix (w,?). The fact that J¢ is increasing for a > 0 is trivial. For

ap > ay >0, € J implies that

1
Ec=0 and a > —. (2.46)
a
Therefore we have
1
&e=0 and Ea>—, (2.47)
ai

which implies that & € J9!.

On the other hand, for every & € J, we observe that
£c=0 and Fa=e> g >0 (2.48)

Therefore & € J Z. We can now conclude that T =Ugs0 9.

For part (ii), we first show that J¢ is closed. Since ¢ = {¢ € R” | &'c=0,and &a > 1/a}, the
continuity of maps & — &’c and € — &'« implies J¢ is closed.

For convexity of J¢, let us consider &£1,&, € J%and A € (0, 1). For & := A& + (1 — )&, we

have
Ee=2c+ (1 -)&c =0, (2.49)
4 / 7 1
a=aa+(1-D)&a > —, (2.50)
a
which imply that ¢ € J¢. Together with the construction of &, we get the convexity of 7. 0

Remark 2.34. In view of J = U,y J" and Lemma 2.53, in order to prove predictability of 7,

we only have to prove predictability of ™.
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Let z;(p) := p’c and z2(p) := p’a. By Definition 2.54 in the Appendix (Section 2.8) of this

Chapter, z; and z, are Carathéodory functions. Now we write down " explicitly:

z1(p) =0} M {p €R

Jn:{pERd

2(p) =0, 22(p) > 1} - {p e ! 2(p) 2 1}.
n n

According to Lemma 2.55, J" is the intersection of two closed and predictable set. Thus, with

help of Lemma 2.53, J" is also predictable.

We define K™ := {¢ € Rd|§ € K and ||&|| £ m}. Apparently K™ is compact. According to
Remark 2.52, {J NK"™ # 0} is predictable. Since {J"NK # 0} = U, _,{J"NK™}, Lemma 2.53

implies that { " N K # 0} is also predictable.

Furthermore { T NK # 0} = U,,a{I"NK # 0} = U,eny Upmen{ I"NK™ # 0} is also predictable.

Remark 2.35. Let us suppose that {J N K # 0} is not (P X O)-null. we define
U, :={p ERd|||p|| <nand peJ"}.

By definition, we have J = |, Un- There exists n € N such that the convex, closed and
predictable set-valued process

B":=U,NK (2.51)

satisfies (P x O) ({8" # 0}) > 0.

From Theorem 2.56, there exists a predictable process 7 such that 7(w, ) € 8"(w,t) when
B"(w,t) # 0, and m(w, 1) = 0 if B"(w, t) = 0. This « is bounded, so 7 € 7 (R; K).

We define J := /0. 7' (t)dR(t) = /04 7’ (t)dA(t). The fact that U, N K # 0 is not (P ® O)-null
implies that P[J(c0) > 0] > 0.

We define ¥ = (9;)i=(1,... ,,y With components J; = 7sr_i fori € {1,---,n}. We have

X(+;0,9) = ‘/O‘.ﬁ'(t)dS(t) :‘/O.ﬂ'(t)dR(t) =J.
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By definition, we have x(J) = 0, and this violates market viability.

2.5.2 Case (B) in Theorem 2.31

For Case (B) in Theorem 2.31, we will show that by closely following a numéraire portfolio which
is not R-integrable up to time 7', one can make arbitrarily large gains with fixed, positive probabil-
ity.

Since the set { T NK # 0} is (P®0O)-null, we consider the portfolio v defined in equation (2.40).

For each m € N, we set v" := vl | <m} € £ (R; K). Direct computation implies that

log Xy = Ayn = (1/2)Cymym + /0 MY (D) dM (1)

1

= 5/0 1{||v<r)||Sm}V’(t)C(t)V(t)d0(t)+/0 1 o<my v (DdM (1).

Next, we note that the process

2G™ = ‘/0 IL{HV(,)”Sm}V’(t)c(t)v(t)dO(t)

is the quadratic variation of the local martingale fol Lv(<myv' (£)dM (t). Therefore, the DAMBIS-
DUBINS-SCHWARZ representation, combined with the scaling property of Brownian motion, im-
ply that for every m € N there exists a Brownian motion W™, on a possibly enlarged filtered
probability space, such that

log X,m = G™ + \2W™(G™).

The sequence {G" (T) },nen is nondecreasing and converges to

T
% /0 v (1)e(0)v(1)dO(1) = G(T)
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so the strong law of large numbers for Brownian motion gives

lim P

nm—00

[wm(cma» S

G"(T) V2 Gm:“’]:o'

Since log X,m = G™ + V2W™(G™) holds for all m € N, we obtain

log X,m (T
lim Plog_ﬁ

1
Gm(T) < E, G(T) = OO] =0.

m—-00

Therefore, under the condition P[G (T) = oo] > 0, the collection of random variables { X, (T )| m e

N} Cc {X (T)| X € X} fails to be bounded in probability, once again violating market viability.

2.6 Optimality Properties of the Supermartingale Numéraire

Let us recall that Assumption 2.12 remains in force through in this section. The existence of a
supermartingale numéraire portfolio guarantees market viability. Moreover, such a portfolio has

some additional remarkable properties:
* Asymptotic growth-optimality;
* Relative log-optimality.

We will discuss these properties separately in this Section.

2.6.1 Asymptotic Growth Optimality

In this subsection, we will discuss asymptotic growth optimality. In a later section, we will use
Proposition 2.39 to prove the main Theorem 2.45 for robust maximization of asymptotic growth.

We develop an auxiliary result first.

Lemma 2.36. Suppose v is a supermartingale numéraire portfolio among portfolios in I (R; K),

and consider an arbitrary portfolio n € I (R; K). Then, according to notion (1.27), the difference
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of two cumulative growth processes, denoted by '], =1, — I'y, satisfies

. X?T(T) _ T
{im Ty € O = (T (o) < oo},
1. 1 1 XN(T) _ 1 Fﬂ —
7o T(T) Og(XV(T)) =—1 on Iy () =0},

where the limits are understood in the P-a.e. sense.

Remark 2.37. The quantity I'] is nondecreasing. The reader can refer to Proposition 2.8 in Chapter

2 or Proposition 2.41 in KARATZAS AND KARDARAS (2020) [1] for detailed argument.

Proof. Recall the representation for the logarithm of the relative wealth X = X,/X,, with the

familiar notation

Ip=A;—(1/2)Crr = /0. ('@ - (1/2)7’cr)dO = /O.g(zr)a’O

we obtain
Xr

Xv) = Mﬂ'—V - (Fv - Fﬂ')

log (

By use of inequality (2.11), the fact that X, is the supermartingale numéraire implies that
"la-cv) <0=v(x—-cv), YrnelI(R;K)
Therefore we have
Crya—y = (T =V)'c(m = V) < Can = 20z + Cyy = 2y, = 2¥1.
These considerations lead to

<10g X;r/, log X;r/) = <M7lr/a M;r/) = / crr—v,rr—vdo(t) = Cﬂ—v,n—v < ZF:/T
0
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With help of the DAMBIS-DUBINS-SCHWARZ representation and the scaling property of Brownian

motion, the logarithm of the relative wealth has a new representation
log X}/ = log(Xz/Xy) = =TI + V2W((1/2)Cry.x-)

Thanks to Strong Law of Large Numbers for Brownian motion, we get

W((1/2)Crypv)  W((1/2)Cryn=v) (1/2)Cryny
¥ 1/ Croyny ry

When I'] (c0) = oo, in either case Cy—, 5y < 00 or Cr_, 5, = 00, We have

W((1/2)Crey —v(T))

I =0
T o0 T7(T)

]

Remark 2.38. Readers can refer to KARATZAS AND KARDARAS (2020), Proposition 2.45, which

is a special case of Lemma 2.36 where K = R”.

Proposition 2.39. (Asymptotic growth-optimality). Suppose a supermartingale numéraire portfo-
lio v exists among I (R; K), and the aggregate maximal growth process satisfies G (c0) = co. Then

for any portfolio n € I (R;K), we have

lim sup
T—o0

log X, (T log X, (T
(og ( ))Sl:hm(og ( ))
G(T) T\ G(T)
Proof. We recall from Lemma 2.17 the representation log X, = G + V2W(G) for the supermartin-
gale numéraire, for a suitable Brownian motion W. The equality follows then from the Strong Law

of Large Numbers for Brownian motion, namely,

W(G(T
( ( )) =0; thus lim

. log X, (T)
im ————— — =
T—oo G(T) T—oo G(T)

=1.
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With help of Lemma 2.36 and the assumption G (c0) = co, we have

(Xn(T)) ~0

lim ——log X, (T)
v

T G(T)

on the event {I"] (c0) < co}. On the event {I"] (c0) = oo}, Lemma 2.36 indicates that

L (Xn(T))_Fﬁ(T). I (Xn(T))’

(0] = 0 7
G S\X,m) G TEm O\ X7
where l+(T) log i’; g)) tends to —1 as T — oo. Moreover, Fg((TT)) is nonnegative. Thus,

, 1 X (T) . log X, (T)
lim su lo <0 as well as lim su (—) <1
o G(T) dmm) Tl \TG(T)
hold on the event {I'] (c0) = co}. [

2.6.2 Relative Log-Optimality

In this Subsection, we first state the notion of relative log-optimality. Later, Proposition 2.43 will

show that supermartingale numéraire portfolios are also relative log-optimal; and vice-versa.

Definition 2.40. A process p € 7 (R; K) is called relatively log-optimal portfolio, if for all portfo-

lio 7 € T (R; K) and all stopping times 7 € 7 we have

|l

<o and Ep[log(fé—g:)] <0 (2.52)

Before showing that supermartingale numérarie portfolios are indeed relative log-optimal portfo-

lios, we state the following Lemma, which plays a key role in the Proposition 2.43.

Lemma 2.41. Let N be a continuous, strictly positive supermartingale with N(0) = 1 and N =

M — A, where M is a local martingale and A is an adapted, continuous non-dreasing process.
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Then for any stopping time T € T, we have EF [(log N(7))*] < 1, and

T dA(1)

1 _p
N () ] - =E [(10gN>(T)].

Ef[log N(7)] = —EP[ /O 3

Proof. 1TO’s Lemma implies that

1 “dN(t
logN =-B+L, where B := E(log N) and L := ; N((t))'
We can further decompose the process L into
“dM "dA
L=E-D where E := M) and D := d (t).
o N(@) o N(@)

(2.53)

Here, E is a continuous local martingale with quadratic variation (£) = 2B. For a fixed stopping

time 7 € 7, the inequality

E°[N(7)] < 1

holds by the Optional Sampling Theorem. Moreover, we have
EF[(logN(7))*] = / P(N (1) > e')dt < EF[N(1)],
0

which indicates that E* [ (log N(1))*] < 1.

We only need to show equation (2.53). We need, therefore, to consider two cases: either

(i) EF[B(1)] < co; or

(i) EF[B(1)] = oo.

(2.54)

* For case (i), the process E (- A 7) is actually a square-integrable martingale; in this case we

have EF[E(7)] = E(0) = 0, and obtain

i dA<r>] L

Ef[log N(7)] = -EF[D(7)] - E¥[B(7)] = _EP[/O N(1) 2
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* In case (ii), we will show that EF[B(7)] = co implies EF[log N(7)] = —co. We first construct

a nonincreasing sequence of functions ( fi )xen as below:

—(kx)?/2 +2kx — (logk +3/2), for x € (0, 1/k).
fi(x) =
log x, for x € [1/k, 00).

The special structure of fi(x) makes it increasing and twice continuously differentiable.

Furthermore, we have

log(x) < fi(x), fi(x) <1/x, f(x) = =(min{k,1/x})>, V¥x € (0,0).

We can also verify that each fj is concave. Thanks to JENSEN’s inequality and non-decreasing
property of fi, the process fx(N) is a bounded from below local supermartingale, thus a su-

permartingale.

Following ITO’s Lemma, we can rewrite each f;(N) as fx(N) = Ex — Dy — By, where

Ey

/ NOAM(). Dy = / FLN()AAQ),
0 0

By

/ NN () = / min({L, kN(1)})2dB(0).
0 0

The bound f](x) < 1/x indicates that (L) = /0. [f,:(N)]sz < /0. % = 2B. Next, we

define two sequences of stopping times

' =inf{t e Ry | B(t) > m}, 7 :=inf {t eR,

TdA(s)
o N(s) 2’"}

for m € N. We further define the stopping time 7" := min(7{", 7}"), m € N. The stopped
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local martingale Ey (- A7) is actually a square-integrable martingale and

EF[Bi(t™)] <o,  E7[Dp(x™)] < o0,

thusalso  EF[fi(N(t AT™))] = —EF [Di(t A T™)] — E°[Be(t A T™)].

Since the function f; is bounded from below, FATOU’s Lemma and the Monotone Conver-

gence Theorem give

E*[fe(N(0)] < liminfEF[fe(N(r A "))
= —limsup (E¥[Di (7t A T™)] +E°[Be(t A T™)]
< —limsupEF[Bi(r A T™)] = —EF[Bi(7)].

The fact that log(x) < fi(x) indicates that EF[log N(7)] < —EF[By(7)] for all k € N.
Moreover, the sequence (B (7))ken is nondecreasing and converges to B(7). Thanks to the

Monotone Convergence Theorem, we have
E"[log N(7)] < —E°[B(1)] = o0,

which complete the proof for case (ii).

]

Remark 2.42. From the DOOB-MEYER Decomposition of the supermartingale log N, we can see

that — 0' %((f)) - %(log N) is actually the adapted, continuous and non-increasing part of log N. Let

us write the dynamics

d(Xn(t)) _ (Xn(t)

X0

X, (1) ) [dMy (1) + dAz—y (1) = dCry (1) (2.55)

54



in the logarithmic form

dlog (X,r(t)

1
XV(I)) = dMyr—v(l) + dA;r—v(f) - (dcn—v,v(l) + Edcﬂ—V,ﬂ—v(I))- (2.56)

Now Cr—yy + %C,T_M_V = %C,m — %Cw, so with the familiar notation

1 ' 1 '
[ =A;— =Cpr = / (r'a — =n'cm)dO = / g(m)do (2.57)
2 0 2 0
we obtain
X
log (—) = My, — (T = Ty) (2.58)
Xy

According to Lemma 2.41 and Remark 2.37 for the nondecreasing property of I', — I';, we have

EP[log (XX”—(T))] = -E°[[, -T,] <0 (2.59)

yT

forallmr € 7 (R;K) and 7 € 7. Therefore, a supermartingale numéraire portfolio v is also relative-

optimal. Moreover, the following important Proposition holds.

Proposition 2.43. A portfolio is relatively log-optimal, if and only if it is a supermartingale

numéraire portfolio.

Proof. (i) Suppose that v € I (R; K) is a supermartingale numéraire portfolio. By Lemma 2.41

and Remark 2.42, v is relatively log-optimal.
(i1) For the converse implication, we shall assume throughout the rest of this proof that p € 7 (R; K)

is a relatively log-optimal portfolio. Without loss of generality, we take p € K N t-.

Remind the definition of J from (2.15) and equation (2.17), let us suppose that {7 N K # 0}
is not (P x O)-null. According to the proof of Theorem 2.31 for case (A) and Remark 2.35, let
¢ € T (R;K) be a portfolio such that ¢ € B" if B" # () and ¢ = 0 if B" = (), where B" is defined
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in (2.51). Straightforward computations based on equation (2.5) show

log X7, =log X4y — log X, = /0 ¢(1)dO(1).

P Xp+¢(T)
. [( X, (%) )] 5

for some stopping time 7 € 7, which contradicts the relatively log-optimality of p.

We have

Now, let is recall from Theorem 2.31 and set

1
yi=1 oy -are max |(7'a—-=n'cr|.
(gnK=0} * 478 reKNRL ( 2 )

At this time we don’t know whether v is R-integrable, so we define

P" = pLip=yy + PLipery Lvlsmy + VLper} Lvizm), m €N,

and notice that p™ € I (R; K) holds for all m € N. According to the representation (2.5), we obtain
that

Lo . .
—— is a local supermartingale,
pm

thanks to the fact that (p — p™)" (@ — cpn) < 0. Therefore, the ratio X, ho/X, is also a super-
martingale, as it is positive. Suppose that P(X,(T) # X,m(T)) > 0 holds for some T € R,, the

Optional Sampling Theorem and JENSEN’s inequality would imply

p Xp(T) o[ [ Xp(T)
. [log(xpmm) Dy [(Xpmm)] =0

contradicting the relative log-optimality of p.
The property X, = X,m follows from this discussion, and from the continuity of the paths of

X,/ X,m. The portfolio p — p™ is R-null by Definition 1.5. The fact that p — p” € R+ indicates
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that p = p™. In conclusion, we have the set
{p# v, vl < m}

has zero (P ® O)-measure and this is correct for all m € N. Therefore {p # v} is (P ® O) null. It

shows that v = p is R-integrable and p is a supermartingale numéraire portfolio as well. [

Remark 2.44. In Proposition 2.43, market viability is not assumed. Thus, we can reach another
important conclusion:
The existence of a relatively log-optimal portfolio can also be added to the list of equivalences

of Theorem 2.31.

2.7 Robust maximization of asymptotic growth

For some given n € N, we let Q be the space of continuous function w : R — R”, and denote by
W the coordinate mapping process W(w, 1) = w(t) for (w,t) € Q X R,. The filtration ¥ (-) is the
right-continuous augmentation of the one generated by W, and we set = ¥ (c0). We let Q denote

WIENER measure on (L, ¥).

Consider now the collection IT of all probability measures P on (€, ¥), which are absolutely
continuous with respect to WIENER measure Q on ¥ (T), for every T € R,. In particular, GIR-
SANOV’s theorem implies that, for each P € II, there exists a predictable, n-dimensional process

AF = (AF(¢) : t € R,), such that
T
/ |25 (1)]]?dt < 0, P —ae.,forevery T € R,; (2.60)
0

and that WF := W — fol AF(1)dt is standard, n-dimensional Brownian motion on (Q,F(),P).

We fix also a predictable process o = (o (¢) : t € R;) taking values in the space of (n X n)-
dimensional matrices, and assume that o is (Q x Leb)-a.e. nonsingular. Furthermore, for the

predictable process ¢ := oo’ taking values in (n X n)-dimensional, nonnegative-definite matrices,
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we assume that fOT l’.’:] ¢;i(t)dt < oo holds Q-a.e., for every T € R,.

2.7.1 Background Model, and Problem Statement

With these ingredients, we introduce a financial market whose stock price processes (S;;i €

{1,---,n}) are given via
.. n 1 . .
=500 exp ([ ;(’UWWJ'(”‘E/O caltydr), i€ (1o )

with $;(0) > Ofori € {1,---,n}. Note thateach S;,i € {1, ---,n} is a continuous semimartingale
under Q, and consequently also a semimartingale under each P € II. In fact, under any given

P € I1, we have

S; = 5:(0) 8(/ Za,-j(r)(mjl’.’(t)dt+de?(¢))), ie{l,---,n},
j=1
where &(+) denotes the stochastic exponential. Thus, A¥ can be interpreted as a “market price of

risk" under P € I1. Let now R = (R;;i € {1,--- ,n}) denote the vector of corresponding returns
. n . n
R; = / Z o () dW; (1) = / 0y (1) (A5 (1)d1 + dW (1))
0 “ 0 4
j=1 j=1

fori € {1,---,n}; these processes are well-defined under all probability measures P € I1. The

interpretation of thses processes “return” rests on the property

ds;(1)
Si(1)

= dR;(t) = an O-ij(t)(/llj?(t)dt + deb(r)), i=1,---,n.
=1

P

Under each P € TI, this market has mean return rate vector of = 0-AF and covariation rate matrix

c=o00".

We set 7 (R) to be the class of all predictable processes that are R-integrable under Q, which

also makes them R-integrable under every P € I1. Moreover, we consider a closed, convex cone

58



K < R”". For any portfolio 7 € 7 (R; K) and probability measure P € I1, we define the asymptotic

growth of 7 under P € IT as
o]
ag(m;P) := sup {g eR ‘ 11;n inf (T log X,,(T)) > g,P—a.e.}

Note that this quantity depends in general on the probability measure P € II, since probability

measures in I1 may be singular with respect to each other.

We fix now a nonempty, convex, closed and bounded set A € R”, and define II, as the class
of all probability measures P € II such that ¥ € A, (P x Leb)-a.e. Note that I, is certainly
non-empty; for example, any probability measure P € II under which W is a Brownian motion
with constant drift A € A belongs to IT15. The problem we wish to discuss, is the computation of

the robust maximization of the asymptotic growth rate

agy = sup _inf ag(m;P), (2.61)
nel (R;K) Pelly

and the identification of a portfolio 7, € I (R; K) that attains the supremum.

2.7.2 The Main Result

In the proof of Theorem 2.45, we shall need the notion of Carathéodory function from KARATZAS
AND KARDARAS (2007) [6]. We will discuss Carathéodory functions in the appendix in this
Chapter. The reader can find the Definition 2.54 for Carathéodory functions on measurable random
sets.

We define Q to be Q x [0, o) and define a mapping ¢ : Q xRYx RY - R such that
$(w,x,y) =x'c(@)y - (1/2)x' oc(@)o’ (@)x. (2.62)

Furthermore, we define

h(w,x) = ;rellf\(/)(a?,x,y). (2.63)
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With this notation we can state the main theorem and give its proof.

Theorem 2.45. If the function h(w, -) as in (2.62), (2.63) has a unique maximizer for each w € Q

then there exists a portfolio n, € I (R;K) that attains the supremum in (2.61).

Proof. Thanks to Lemma 2.47, it follows that h(w, x) = inf,cA ¢(w, x, y) is well-defined by (2.63)
and continuous, for every w € Q. Therefore, h is a Carathéodory function on K. Since h(w, x) is

assumed to have a unique maximizer for each w € Q, Theorem 2.48 implies that

sup h(w, x) = h(w, x.(w))
xekK

where x, is predictable. Moreover, for every pair (w, x.(w)), there exists an element y.(w) € A

such that

h(w, x(@)) = $(@), x: (W), y«(w))
where y, is also predictable.

Let nj‘\ = x, and AT = V«. SION’s Minimax Theorem from SION (1958) [7] implies that

sup inf ¢((I)',)C, y) = inf sup ¢(&j’x’ y) = ¢([’j’ x*(c’J), y*((;))9
xek YEA YEA xek

i.e., forevery w = (w, 1) € Q =Qx [0, ), the pair (x.(w), y«(w)) is a saddle point for ¢(w, -, -)
in (2.62). It follows that ¢(w, x. (W), y.(w)) > ¢(w, x, y.(w)), Vx € K. Namely, the portfolio 7
has the supermartingale numéraire property under P}, among portfolios in 7 (R; K). Therefore we

have the equation

It is important to note that 7, € I (R; K), namely, r} is R-integrable. In fact, the R-integrability
of Xy is equivalent to foT(ﬂj‘\)’O'O"Jr/*\dt < 00, YT € R,. Since the boundedness of the set A
implies that AFA is bounded, we also have that o"7rj‘\ is bounded, which completes the argument

that 7’} € I (R;K).
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Under any probability measure P € I1,, it holds a.e. that

log X7+ = / ((ﬂf\)'o'/l]P - (1/2) (7)) oo'n} dt+/ (m3) ocdWF.
0

Thanks to

h(w, x.(w)) = yirellf\¢(5,x*(a~)),y) = ¢(w, x.(w), y«(@)),

we obtain

1 1
7 log Xz (T) > T/ ((ﬂf\)'o'/lpf\ - (1/2)(7}) oo’ 7rA dt + —/ (m3) ocdWF.
0

The boundedness of (7}, )’ implies

T T «
' f (m)) oo’} dt / (%) ocdWFh

hm—/ (ﬂ'A)O'dWP = hm(0 AT )(g *A - )
fo (m}) oo'n,dt

T—ooo T T—o0

=0

thanks to the Strong Law of Large Number for the Brownian motion, the DAMBIS-DUBINS-

SCHWARZ representation, and the boundedness of U’ﬂj‘\. Therefore,
* . . 1 T *\/ P* *\/ /%
ag(ry:P) > liminf ((nA) T AEr = (1/2) (7)) oo nA)dt (2.64)
—00 0

holds for all P € II.

On the other hand, (2.61) gives

aghy < sup ag(mP)).
nel (R;K)

Under the measure P, the portfolio 7, has the supermartingale numéraire property. With the help
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of Lemma 2.39, straightforward computations give

1 .
sup ag(m;Py) < ag(ny,P}) =liminf —/ ((nj\)’o-/lPA - (1/2) (nj\)’O'o"ﬂj‘\)dt.
rel (R:K) T—eo T Jy

Together with the inequality (2.64), this shows that the portfolio 7} € 7 (R; K) attains the robust

maximal asymptotic growth rate in (2.61). [

2.7.3 Examples

Next we discuss some examples. We first define
£} = argmin lel>.
teA

If we have f}"\ € o’K for all ® € Q, then Theorem 2.45 can be further simplified as follows.

Theorem 2.46. With the above notation, it holds that
.1 2
agy = inf [|{]
Furthermore, the portfolio '\ := (0")'151*\ € I (R;K) is such that
ag(n,P) > agy, forall P ell,.

Proof. With compactness of the set A, the vector fl*\ € A is well defined. Let Pj\ € I, denote
the probability measure that makes W Brownian motion with drift £} . Under this measure P7, the

portfolio 7}, has the supermartingale numéraire property. By Proposition 2.39, we obtain

* % * k 1 * 1 .
agh < sup ag(m,Ph) < ag(xi;Py) = = ||6i]1F = = inf ||€]|%. (2.65)
rel (R:K) 2 2 teA
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On the other hand, under any P € I1,, it holds a.e. that
. k \/ 1 3k sk \/
log Xn: = /0 ((5A) A1) - E||£A||2)c1t + () WE.

Since ||£’j‘\||2 < (K;"\)’/IP holds (P X Leb)-a.e., in view of the definition of £} and the fact that A is
convex, we obtain

1 1 ® 112 1 = \/1x7P
T log Xy (T) 2 SIGIP+ Z(GYWH (D), T >0,

Therefore, it follows that
* 1 w112
ag(my;P) > §||€A|| , forall Pelly;
and combined with inequality (2.65), this completes the proof. [

2.8 Appendix: Measurable Random Subsets and Measurable Selection Results

We collect in this subsection powerful results about measurable selection, that we need throughout
the dissertation. The readers can refer to KARATZAS AND KARDARAS (2007) [6], Appendix A
for a detailed review. All the proofs are skipped, and we refer to Chapter 17 of ALIPRANTIS AND

BORDER [8] for proofs of more general cases.

2.8.1 Topological Results and Minimax Theorem

In this subsection, we provide every topological results needed for the proof of Theorem 2.45. We

also state a specific version of Minimax Theorem by SION (1958) [7].

Lemma 2.47. If X, Y are topological spaces andY is compact, then for any continuous f : XXY —

R, the function g(x) := infyey f(x,y) is well-defined and continuous.

Proof. The whole argument proceeds in three parts. That g(x) > —oo follows from the fact that for

any fixed x € X, f(x,:) : Y — R is a continuous function defined on a compact space, and hence
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bounded (in fact the infimum is attained). Then observing that the sets (—oco, a) and (b, co) form a

sub-base for the topology of R, it suffices to check that g7! ((—0, @)) and g~ ((b, o)) are open.

Let projy be the canonical projection projy : X XY — X, which we recall is continuous and
open. It is easy to see that g™!((—00,a)) = projy o f~!((—o0, @)), so the continuity of f implies
that this set is open. (Note that this part of the argument does not depend on the compactness of
Y. In fact, a minor modification of the present proof shows that for any given family of upper
semicontinuous functions { f. }¢, the pointwise infimum inf.c¢ f. is also upper semicontinuous, a

fact that is very useful in convex analysis.)

It is in this last part, showing that g~! ((b, 00)) is open, that compactness is crucially used.
Observe that

gx)>b= f(x,y)>b, VyeY.

In other words

g(x) > b= (x,y) € f1((b,)), Vyev.

The continuity of f implies that the set f~! ((b,0)) is open. This in particular implies that for

each fixed x € g~! ((b, )), and every y € Y, there exists a “box" neighborhood
Ury X Vyy

contained in f‘1 ((b, oo)). Now using the compactness of Y, a finite collection (x, y;),i=1,--- ,k

of all these boxes cover {x} x Y. In particular we have
k
({x} X Y) c (m Ux,yi) xY c f1((b,)),
i=1

and hence the set

k(x)
g_l((b,oo)) = U OUX%

xeg‘l((b,OO)) i=1

is open. The proof is complete. ]
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The next result is very useful as measurable selection argument in stochastic optimization prob-

lems. It can be found in KARATZAS AND KARDARAS (2007) [6], Theorem A.5.

Theorem 2.48. Suppose f : QxR? > RU {—o0} is a Carathéodory function (see Definition 2.54)
on a closed and convex set K C R". For the optimization problem f.(w) = sup,.x f(w,z), we

have:
(i) The value function f, is P-measurable.

(ii) Suppose that f.(w) is finite for all @, and that there exists a unique z.(®) € K satisfying

(@, 2:(@)) = fu(®). Then the mapping @ > z.(®) is P-measurable.

Remark 2.49. Theorem 2.48 is a special case of Theorem 2.56. In Theorem 2.56, we generalize
the optimization problem f (w) = sup,.x f(w, z) to Carathéodory functions on closed and convex,

measurable nonempty random sets.

In the proof of Theorem 2.45 in Section 2.7, we use the following version of the Minimax Theorem,

cf. SION (1958) [7], Theorem 3.4.

Theorem 2.50. (SION’s Minimax Theorem) Let X be a compact convex subset of a linear topolog-
ical space, and Y a convex subset of a linear topological space. If f is a real-valued function on

X XY with the properties
(i) f(x,-) upper semicontinuous and quasi-concave on Y, Vx € X,
(ii) f(-,y) lower semicontinuous and quasi-convex on X,Vy €Y,
then

inf sup f(x,y) = sup inf f(x,y).
xeX er er xeX
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2.8.2 Measurable Random Subsets

A random subset of R is just a random variable taking values in ZRd, the powerset (collection
of all subsets) of R4, Thus, a random subset of R is a function A : Q — 2R’ A random subset A
if R¢ will be called closed (or convex) if the set W (@) is closed (or convex) for every @ € Q.

Measurability requirements on random subsets are given by placing some measurable structure
on the space 2Rd, which we endow with the smallest o--algebra that makes the mapping 2R 5 A
dist(z, A) € R, U {+co} measurable for all z € R? (by definition, dist(z, @) = +co). The following

equivalent formulations are sometimes useful.

Proposition 2.51. The constructed o-algebra on 22 s also the smallest o -algebra that makes the

collection {ZRd € A = Liank=0)} measurable, for every compact set K C R? of functions.

Remark 2.52. A random subset A of R¢ is measurable if for any compact set K C R¢, the set

{(ANK£0} ={weQ | (D) N K # 0} is P-measurable.
We now deal with unions and intersections of random subsets of R¥.

Lemma 2.53. Suppose that (U, ),cn is a sequence of measurable random subset of RY. Then the
union J,en Wy is also measurable. Furthermore, if each random subset W, is closed, then the

intersection (e Wy is measurable.

Definition 2.54. (Carathéodory function). For a measurable closed random subset 2 of R?, a
mapping f of Q x R? into another topological space will be called Carathéodory function on U,
if it is measurable (w.r.t the product o--algebra on Q x R9), and if z — (&, z) is continuous on

A(&), for each & € Q.

Lemma 2.55. Let E be any topological space, F C E a closed subset, and W a closed and convex
random subset of R%. If f : Q x R? — E is a Carathéodory function on U, then C := {z €

QI|f(-, 7) € F}is a closed and measurable.

The last result focuses on the measurability of the “argument” process in stochastic optimiza-

tion problems.
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Theorem 2.56. Suppose that W is a closed and convex, measurable, non-empty random subset of

RY and f : Q@ x R? — R U {—oo} is a Carathéodory function on W. For the optimization problem

f+(@) = sup,q f(@,z), we have:
(i) The value function f, is P-measurable;

(ii) Suppose that f.(Q@) is finite for all @, and that there exists a unique z.(©®) € W(QD) satisfying

f(D, 2:(@)) = f(®). Then @ v 7.(D) is P-measurable.

In particular, if W is a closed and convex, measurable, non-empty random subset of R¢, we

can find a P-measurable h : Q — R with h(®) € W(D) for all & € Q.
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Chapter 3: Optional Decomposition Theorem

In this chapter, we discuss a very important result in stochastic analysis and mathematical finance,
the Optional Decomposition Theorem. We shall use this powerful result to establish the super-
hedging duality later in Section 3.2.

In one of its most “classical" forms, following KRAMKOV (1996) [9], the Optional Decompo-
sition Theorem can be stated as follows. On a filtered probability space (Q, 7, P, ;¢ > 0), let
X be an R"-valued locally bounded semimartingale. We denote by # the collection of probability
measures Q which are equivalent to P, and under which X is local martingale. If  # 0, then
a given nonnegative process V is a supermartingale under all probabilities in # if, and only if, it

admits the “optional" decomposition

V=V(0)+ / 9(1)dX (1) — H, 3.1)
0

where & € 7 (X) and H is a nondeacreasing right-continuous adapted (in particular, optional)
process with H(0) = 0.

In the following sections, we investigate the general structure of such optional decomposition
under conic constraints.

The Optional Decomposition Theorem is well studied in KRAMKOV (1996) [9], FOLLMER
AND KRAMKOV (1997) [10] and FOLLMER AND KABANOV (1997) [11]. However, all these

papers treat the Optional Decomposition Theorem with “high end" tools:
* (1) difficult functional-analytic results;
* (ii) deep knowledge of the general theory of processes.
We provide here an elementary proof for the Optional Decomposition Theorem with conic con-
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straints on the integrand V(¢) in (3.1). The content of this chapter is consistent with the previous
two chapters. Moreover, the proof for the Optional Decomposition Theorem 3.5 will benefit from
the characterization of supermartingale deflators in Chapter 2, Section 2.4. Also, we will deploy

convex duality results from CVITANIC AND KARATZAS (1992) [12].

3.1 Optional Decomposition Theorem

We recall now the closed, convex cone K, where portfolios are constrained to take values, and

introduce the support function

R"3x+> 6(x) =6(x | K) :=sup(—y’x) € RU {+co}
yekK

of the cone —K. This is a closed, positively homogeneous, proper convex function on R” (ROCKAFELLAR

(1970) [13], page 114). It is finite on its effective domain

K = {xeR":6(x]|K) <o}

= {xeR":3BeRst.—na'x<B,VreK},

a convex cone called the barrier cone of —K. As we assume K itself to be a convex cone containing

the origin, we can rewrite K as

K={xeR': -n'x<0,VYr eK}.

Straightforward calculation indicates that

S(x|K)=0 on K.

Thus, 6 (- | K) is an “indicator function"; it indicates with the value 0 on K , and with the value

+00 on (E )¢. The next Lemma characterizes the structure of Y, defined in (2.27).
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Lemma 3.1. Suppose a supermartingale numéraire portfolio v exists in I (R;K). The set Y,

of (2.27) consists of exactly the processes Y which admit the representation
Y=8EM,_, +L), (3.2)

where L € M+

loc

(M) and p € I (R) satisfies for every m € I (R; K) the condition
m(w,t)(@=c(v-p))(w,1) <0, P®O-ae. (3.3)

Proof. Thanks to Theorem 2.27, in particular equation (2.28), we can rewrite any element Y in Y
as

1 —
Y = X E(L)E(M,) - exp(A) (3.4
V4
as in (2.28), with L € MILOC(M) and AL > —1 and the conditions of (2.31), (2.32). From (2.34),

1/X, can be written as a stochastic exponential

1
— =&(-M,),
X &( )

4

which simplifies (3.4) as
Y=EM,_,+L+A~-Cy).

Further to request that Y be a local martingale, amounts to imposing A - Cyp = 0. Therefore

Y =&(M,_, + L), which completes the proof. [

Remark 3.2. Whenever the supermartingale numéraire X, exists, the set Y, is non-empty. In-

deed, by taking p = 0, the condition
mTla-—c(v—p))=n(a—cv)<0

automatically holds, thanks to the inequality (2.11) in Chapter 2. Moreover, we take L = 0 and
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(3.2) becomes

Y=6WM_,)=6(-M,) = Xi’

on account of (2.34). This argument shows 1/X, € Y,., which means that the supermartingale

deflator 1/X, is a local martingale.

Corollary 3.3. For every supermartingale deflator Y € Y, initial capital x € R, portfolio p €

I (R; K), right continuous nondecreasing and adapted process J, and resulting process

XE:xS(/PEZmUMRxn—J) (3.5)
0 =1

the product Y X is a supermartingale.

Proof. The notation X, = 8( /0' 2y pi(t)dRi(t)) leads to
X =xX, exp(-J), 3.6)
so the product Y X has the representation
YX =xYX,exp(-J). (3.7

From the defintion of Y in Definition 2.25, the fact that Y € Y implies that Y X, is a supermartin-

gale, with DOOB-MEYER decomposition
YX,=M-A (3.8)

for some local martingale M and nondecreasing process A. From (3.6)-(3.8) and some simple
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stochastic calculus, we get

YX x(M — A)exp(=J)

x(/.exp(—J(t—))dM(t)—/.exp(—J(t—))dA(t)
0 0

_/. (M (1) — A(t)) exp (- J(t—))d](t)).

0

The integral /0' (M(1) — A(r)) exp ( — J(t-))dJ(r) is nondecreasing on account of the fact that
M — A =YX, is strictly positive, and of the nondecrease of J. In addition, we note that the
integral fo. exp (—J(t—))dA(z) is nondecreasing, and the process /0' exp (—J(t—))dM (r) is a local
martingale.

In conclusion, Y X is a supermartingale. 0

Remark 3.4. The process X > 0 given in (3.5) satisfies the following dynamics

dX(1) _ < dSi(e) . _
) _;pl(t) S0 dJ(t), with X(0) = x.

We can further simplfy the above equation as

dX(r)

2, i(0dSi(1) = X()dJ (1)
i=1

n
X
Z %;(¢)dS; (1) — dH(t), where ¢; = ’OS
i=1 i

and H = /0‘ X(t)dJ(t) € H. Therefore, by Definition (1.10), we just verified that this X > 0 is

indeed a “wealth process with withdrawals", to wit, X = X(-; x, 9, H).

Theorem 3.5. Optional Decomposition. Fix a closed, convex cone K containing the origin, where
portfolios are constrained to take values; assume that the supermartingale numéraire X, exists,

and that the matrix-valued covariation process c of (1.3) is nonsingular.
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For a strictly positive, adapted process X with rcll paths and X (0) = x € Ry, the following

statements are then equivalent:
(a) The process Y X is a supermartingale, for every local martingale deflator Y € Y.

(b) There exist a portfolio n* = (n},- -+ ,n,) € I(R;K) and a right-continuous, nondecreasing

and adapted process J, such that

X:xa(/'znj(z)dRi(t)—J). (3.9)
0 =1

Remark 3.6. Exactly as in Remark 3.4, we can define the investment strategy 9* = 7* X /S € 7(S)

and the process H = /0' X (t)dJ(t) € H, so that X in (3.9) satisfies

dX(f) = Z 9 (1)dS; (1) — X(1)dJ (1) = Z 97 (1)dS; (1) — dH (1) (3.10)
i=1 i=1

and is indeed a wealth process of the form X = X (-; x, ¥, H). In the proof below, we will benefit

from the representation (3.10).

Proof. (First part of the proof for Theorem 3.5) For the first part of the proof, we assume that:
all local martingales on the filtered probability space (Q, F, F (-), P) have continuous paths.

In the second part of the proof, we will deal with general filtrations.

Thanks to Theorem 2.31, the existence of the supermartingale numéraire X, indicates that Y,
is not empty. The implication (b) = (a) is covered by Corollary 3.3, so we focus on the reverse
implication (a) = (b).

We assume that statement (a) holds. For the rest of the proof, we recall that v is a super-
martingale numéraire portfolio. In light of the representation (3.2) for supermartingale martingale
deflators which are local martingale themselves, given any L € M

(M) and p € I (R) satisfying

1
loc

the condition (3.3), the strictly positive process

E(L+M,_,)
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is an element of Yj,.. Let us define the process
p=a-c(v-p) (3.11)

for every p € I (R) which satisfies the condition (3.3). With the help of this p, we can restate the
condition (3.3) as

7 (w,t)p(w,1) <0, P®O-ae. (3.12)

for every 7 € 7 (R; K). According to the definition of K, this gives —p € 7 (R; K). Conversely, for
any —p € I (R; K), condition (3.12) holds, and

p=cl(p-a)+v (3.13)

satisfies the condition (3.3) and p € 7 (R).

A special case: We know that —p = 0 € 7 (R; K), thus the corresponding p = v —c¢ ‘e € T (R)
satisfies the condition (3.3).

Now we define

Y, £ E(M,_,). (3.14)

According to statement (a), we have that XY, is a supermartingale. A straightforward application
of the KUNITA-WATANABE decomposition (KARATZAS AND SHREVE (1991) [4], Proposition

3.4.14) leads to

XY, =x+My, +L,~J,, My, = / W, (M (7). (3.15)
0

Here ¢, € T (R), L, € M;; (M), and J, is a nondecreasing, right-continuous and adapted process
with J,(0) =0, i.e., J, € K.

We first claim that L, = 0 in equation (3.15). To see this, the crucial observation is that
E(Mpy-,+mL,) € Y, holds for every m € N. As a consequence, the product X - E(M,_, +mL,)

is a supermartingale for every m € N. Since (E(mL,), M;) = 0 holds fori = 1,--- ,n, it follows
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that (€(mL,), My,) = 0, meaning that E(mL,)My,, is a local martingale. These facts, combined

with equation (3.14) and (3.15), imply that the process

E(mLy)(Lyp—J,) = 8(mLy)[XY, — (x+My,)|

&E(mLy) - XE(M,y-y) — E(mLy)(x + My,)
is a supermartingale, for every m € N. Once again, integration-by-parts gives

EmLy)(Ly—J,) = /0'(Lp —Jp)(t=)dE(mL,) (1) +/0.8(mLp)(t—)de(t)

+/‘8(mLp)(f—)d(<mLp’Lp>_‘]P)(t)’
0

from which we deduce that m(L,) —J,, is nonincreasing for every m € N. But this is possible only

when (L,) = 0; since L,(0) = 0, we obtain L, = 0.

As a result of the above discussion, the decomposition (3.15) simplifies to
XY, :x+/ w;dM —Jp. (3.16)
0
Thanks to the notation (3.14) and It6’s rule, we can easily obtain

1
Y_ = S(Mv—p) : exp(Cp—v,p—v)-
0

In order to simplify the calculations that follow, we introduce the following processes

Qp:=x +/0 Yo dM —J, = XY,,  Z,:=EMy—p) - exp(Cpoy p-v) (3.17)

1
Yy
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for every portfolio p € I (R) satisfying condition (3.3). Straightforward calculation indicates that

do, = ¥, dM —dJ,,

dZ, Z,((v=p)dM +dC,_, ,-,), (3.18)

(dQ,,dZy) = Z,dCy—py,
and another application of the product rule to X = (XY,) (%) =Q,Z, gives

_ Yoy
dX = x((v —p+ Q—p) aM+dC,_, = 5" ) (3.19)

For any other portfolio u € 7 (R) satisfying condition (3.3), we have
Qu = XY,u =X- 8(M,u—v) = Qp : S(Mu—p) exp(cp—v,p—u)

on account of the definition of Y, in (3.14) and Q, in (3.17), and straightforward stochastic calculus
gives

_ Yoy Yo\ dJ,
dQlu—Qu((,u—p+Q—p) dM+(v—p+Q—p) c(,u—p)dO—Q—p . (3.20)

Comparing the decomposition (3.20) with

dg, = '»l’;/z dM -dJ, (3.21)
from (3.18), we conclude that
Y Yy
——-p=—-u, P®O0O-aec.
Qp Qu

and hence that this expression does not depend on u € 7 (R). Therefore, we can define a vector-

valued process

Ti=———-U (3.22)



which does not depend on the choice of u € 7 (R). Similarly, we conclude from equations (3.20), (3.21)

and (3.22), that

, dJ, , 1
(m+v)'cpdO+ — = (m+Vv)'cudO + —
Op o

and hence this expression does not depend on the choice of u € 7 (R) either. We add the term

(m +v) (a — ¢v)dO, which also does not depend on u, and define for every u € I (R) satisfying
condition (3.3) the process

’ d‘],u ’
(m+v)cudO+—+ (n+v) (a - cv)dO
u

dU

’ d‘]ﬂ
(r+v) (@=c(v-p)do + 0. (3.23)
u

for every u € I (R). Reading the equation (3.23) with u = u, 2 v — ¢"la € T(R), we obtain

_ [ (@)
- 0 Q/J*(t)’

and hence U is an increasing, adapted, rcll process with U(0) =0, i.e., U € H.

Next, we claim that
(r+v) (w,)p(w,t) <0, P®O-ae. (3.24)

holds for every —p € I (R; K ). With the help of the one-to-one correspondence between p and p

in (3.11) and (3.13), the above statement is equivalent to

(r+v) (w,t)(@—c(v-p))(w,1) <0 P O-ae. (3.25)

for every p € I (R) satisfying condition (3.3). Then the arguments of CVITANIC AND KARATZAS

(1992) [12], Theorem 9.1, lead to

(m+v)(w,t) e K, P®O-ae. (3.26)
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The result (3.26) provide us with a candidate portfolio 7 + v taking values in K, and later we will
verify this candidate portfolio is R-integrable as well.

In order to verify the claim (3.24), notice that from (3.23) we obtain
t d‘lp t ,
/ —~=U(1) —/ (r+v) (@ -c(v-p))dO.
0 Qp 0
We now fix p € 7 (R) satisfying condition (3.3) and define the set
Fy ={weQ; (n+v)(w,s)p(w,s) >0}
for every s € [0, ¢]. Here p is defined as (3.11). Moreover let us define a sequence of processes
~ ~ ~ ~ -1
Pu(s) := (()Lre +np()1) (L+1p(9)]) 7, neN
where 1 ¢ is the indicator function for set . We also define the corresponding process
Pn = C_I(En —a)+v

via equation (3.13). Then —p, € 7 (R; K), and the corresponding portfolio p, € 7 (R) satisfies the

condition (3.3). Assuming that (3.24) does not hold, we get for n large enough,
]E[ ! den(S)]
o @ On (s)

= E[U(]-E /0 (1+||5(S)||)_1(7T+V)'(S)ﬁ(8)-JlF;'dO(S)]

—nEl /O (1+ 1A )™ (r+ ) (5)5(s) - 17,dO(s)

<0,

a contradiction.
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Now we can put together equations (3.19) and (3.22) to deduce

dX = X((n +v)'dM - (in - dcv_pm)). (3.27)
o

If we take p = 0, then we have the corresponding p = v —c~'a by equation (3.13). Straightforward

calculation gives
dCo1g i = (v + n) ccladO = (v + ) adO = (v + ) dA.

Thus we can simplify the representation (3.27) as

dJ,_.-
dX = X((ﬂ +v)'dM - (Llck - dCcla,,y_,_n))
v—cla
dJ,_.-
= X((n +v)'dR - ;"’) (3.28)
Qv—c‘la

According to the equation (3.22), we have

=L _ (3.29)

where p € 7 (R) satisfying condition (3.3). Thanks to inequality (2.11) in Chapter 2, to the effect
that

a’(a—cv) <0 forevery m € I(R;K),

we have a special case of pg = 0 satisfying condition (3.3). By the definition of Y, in (3.14), we
obtain

Ypo = 8(]Wpo—v) = 8(1‘4—1/) = 8(_Mv) = 1/Xv

where pg = 0 and X, is the supermartingale numéraire, thus

Qpy = XYy = X/X,,.

79



We can rewrite then, always with pg = 0, the process  in equation (3.29) as

= %, where ¢ € I(R). (3.30)

With help of equation (3.30), we can rewrite equation (3.28) as
dX = (X,¥ + Xv)dR — (X/QV_C—la)dJV_C—Ia.

Therefore, we define the investment strategy ¢ = (9;)e.... » as

X, X
19,' ==Y+ =V;
s Vit

and 9 € 7(S). Since X > 0, we can define a new predictable, vector-valued process 7% =

(ﬂ*l‘, -+, 7Tr) Via
* Siﬁi

7Tl- =

=n+v, foriel,---,n. (3.31)

It is straightforward to check that the process n* defined from & as in (3.31), is R-integrable.
Moreover, by (3.26) we can see that the portfolio 7* takes values in the convex cone K. This

completes the proof.

(Second part of the proof for Theorem 3.5: arbitrary filtrations case). For arbitrary filtrations,
we still focus on the implication (a) = (b), as the reverse implication (b) = (a) is a direct
consequence of Corollary 3.3.

In the general case here, every local martingale L € M;> (M) can be decomposed uniquely as
the sum

L=L+L"%

where L¢ € M+

ioc(M) is a continuous local martingale, and L% is a purely discontinuous local

martingale with L¢(0) = 0, meaning that (L¢,V) = 0 holds for every local martingale V with

continuous paths.
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Thanks to Lemma 3.1, notation (3.14) and assumption (a) in Theorem 3.5,Y, = E(M,,_,) is an
element in Y, for p € 7 (R) satisfying condition (3.3). Thus, the product XY, is a supermartin-

gale, and a joint DOOB-MEYER and KUNITA-WATANABE decompostion gives
XYpy=x+My,+L,-Jp (3.32)

as in equation (3.15). Here ¢, € T(R), L, € M;; (M) has continuous paths, and the last term J,,
is a local submartingale with rcll paths with J,(0) = 0 and (J,,, V) = 0 for every local martingale

V with continuous paths.

For the rest of the proof, we will argue that J,, is indeed a nondecreasing process, like it was in

equation (3.15). To see this, we rewrite the decomposition of XY, in (3.32) as
Jop=x+Ly+ My, - XY).

The continuity of L, + My, and the nonnegativity of XY, indicate that J, is locally bounded from
above. We take an arbitrary purely discontinuous local martingale N with N(0) = 0and AN > —1.
Since N is purely discontinuous, the process (L, + My, )E(N) is a local martingale. Moreover,
the characterization of Yj,. from Lemma 3.1 indicates that the product Y,E(N) = &E(M,_, +
N) is an element in Yj,.. Thus, by assumption (1) in Theorem 3.5, the process XY,&E(N) is a

supermartingale. As a result,
E(N)Jp, =E(N)(x+ Ly + My, — XY,)

is a local submartingale. By simple calculation based on the product rule, we get that

B0 [

is also a local submartingale.
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Therefore, we obtain the following properties for the process J,:

* J, is a local submartingale with J,(0) = 0 and locally bounded from above;
* (Jp,V) =0 holds for every continuous local martingale V;

e the sum J, +(J,,, N) is a local martingale for every purely discontinuous local martingale N

with AN > —1.

In this situation, we can apply Lemma 2.1 in KARATZAS AND KARDARAS (2015) [14] to obtain
that L, is in fact a nondecreasing process. Therefore, we get exactly the same form for XY, as
in equation (3.16). The rest proof of the implication (a) = (&) in Theorem 3.5 for arbitrary

filtrations is exactly the same as that for continuous filtrations. [
The following result implies that the decomposition (3.9) is essentially unique.

Proposition 3.7. (Uniqueness of wealth process decompositions). Suppose that the supermartin-

gale numéraire X, exists, and let

X=X(; x,9, H) :x+/.Zﬂ,~(I)dS,~(t)—H
0 %=1

be a wealth process (not necessarily admissible) with x € R, ¢ € I (S) and H € H. If there exists

another decomposition of X as
X=X(; %0 H) =%+ / Z 9:(1)dS;(¢) - H,
0 %=1

withx € R, = I(S) and H € H, then necessarily x = X, H = H, from which we can also

ascertain that 9 = 9 has to hold (P®O)-a.e.

Remark 3.8. If X is strictly positive as it is given in Theorem 3.5, we can get more results for the

uniqueness of wealth process decomposition. By analogy with Remark 3.6 we can define portfolios

ﬂiSl' - ﬁiSi
bf ::7 and ;= X

forie{l,---,n}.
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Next we define two right continuous, nondecreasing and adapted processes

J::/O (1/X(¢))dH(r) and J::/0 (1/X(2))dH(1).

We have
XS(/O.;ﬂi(t)dRi(t)—J) :X:fa(/o.;f,-(t)d&-(t)—f),

According to Proposition 3.7, x = x, J = J and 7 = 7 holds (P ® 0)-a.e. Further by Theorem 3.5,

n=me€l(R;K).

Proof. Since X(0) = x, the claim x = x follows immediately. We introduce the difference D :=
H — H, which actually coincides with the stochastic integral of the process ¥ — 9 with respect to
S; in particular, D is continuous. Since the market is viable, the local martingale numéraire X,
exists. Set Y := 1/X,, and observe that Y € Y,. and that YD is a continuous supermartingale.
Using integration-by-parts, and noting that D has continuous paths of finite variation on compact

time intervals, we deduce that the process

/‘Y(t)le(t) =YD —/.Dl(l‘)dY(t)
0 0

is also a supermartingale. Therefore we can have the DOOB-MEYER decomposition of the left
hand side integral as

/.Y(t)le(t) =M+A (3.33)
0

where M is a local martingale and A a nonincreasing process with rcll paths and M(0) = O,
A(0) = 0. Since the left-hand side of equation (3.33) has finite variation on compact time intervals,
we deduce that M = 0 and /0' Y (t)dD(¢) is noninceasing. Furthermore, the fact that Y is strictly

positive implies that D is nonincreasing.

We define D, := H—H and by following the same logic, we conclude that D5 is nonincreasing.
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Together with the fact that

D] = —Dz and D](O) = DQ(O) = 0,

we conclude that D = D, = 0 holds, as claimed. OJ

Remark 3.9. Stochastic controllability results, similar to the Optional Decomposition Theorem
and obtained via martingale methods, can be traced as far back as DAVIS AND VARAIYA (1973)
[15]. Theorem 3.5 offers a rather elementary proof of the Optional Decomposition Theorem with
conic constraints. In FOLLMER AND KRAMKOV (1997) [10], it is assumed that the collection Q
of equivalent local martingale measures is nonempty. Instead of this assumption, we use the more
“localized" assumption that the class Y, defined in (2.27) in non-empty. This assumption Y}, #
0 is more general. Moreover, the proof of the Optional Decomposition Theorem in this Section
avoids a significant level of sophistication: no difficult functional-analytic results are required.

In a more general setting, e.g., merely with K non-empty and convex, the Optional Decomposi-
tion Theorem need not hold. FOLLMER AND KRAMKOV (1997) [10] consider general convex sets
with extra assumptions on semimartingale topology, which is very abstract. Instead of assumptions
on semimartingale topology, we construct our results upon nonsingular assumption for covariation
process c¢. Example 1 in CZICHOWSKY, WESTRAY AND ZHENG (2010) [16] shows that there
exist non-empty, convex sets K, for which the Optional Decomposition Theorem fails. Example 2
in CZICHOWSKY, WESTRAY AND ZHENG (2010) [16] shows that when K is a convex cone but

the covariation process c¢ is non-singular, the Optional Decomposition Theorem can fail as well.

3.2 Financeability

In this section, we pose and answer the following question: How much initial capital is re-
quired, in order to finance a given capital withdrawal stream J via trading in an equity market via
portfolios constrained to take values in the given closed, convex cone K C R" that contains the

origin?
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Actually we have encountered this question in Section 2. Recalling the definition of superhedg-
ing capital x(J) in Definition 2.18, we now try to compute this quantity x(J). From Lemma 2.30,
we know that a lower bound for x(J) is the supremum of the expected “deflated" total value
fooo Y (¢)dJ(¢) of J, taken over all deflators Y € Y, .

We will show in Theorem 3.14 that, under the assumption of market viability—which is equiv-

alent to the requirement Y, # 0 on account of Theorem 2.31—the following equation holds:

x(J) = sup EP[ / ooY(t)dJ(t)]. (3.34)
0

Ye%oc

3.2.1 Regularization results

The key tool used in the proof of Theorem 3.14 is the construction of supermartingales with nice
path properties, starting from processes defined in a dense subset of R,. For the rest of the dis-
cussion, let D be a dense, countable subset of R, containing the origin, and define the sequence of

random variables

Z(t) :=ess supEP[‘/OO Md](u) T(t)], t €D. (3.35)
YeYioe t Y(t)
Furthermore, we define
P “Y(u)
(1Y) =E [/ 70 dJ(u) ‘T(t)], teD, YeY,, (3.36)

so that the random variable of (3.35) can be cast more concisely in the form Z(z) = ess supy.y, {(t;Y)

fort € R,.

Lemma 3.10. (Regularization) Let D be a countable, dense subset of Ry, and (Z(t)),. a non-
negative D-indexed supermartingale. Then there exists a process X = (X (1)) rep With the following

properties:
* X is a supermartingale, with P-a.e. path rcll.
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* For any fixed s € Ry, X(s) = limps, s Z(t) holds P-a.e.
* X(t) < Z(t) holds P-a.e., for every t € D.

The Proof of this regularization result can be found in MEYER (1966) [17], Theorem T4 of
Chapter VI, or in KARATZAS AND SHREVE (1991) [4], Proposition 1.3.14.

Next, we state a concatenation property for elements in M, . It is a direct application of
supermartingale deflator properties of elements in Yj,. and KARATZAS AND KARDARAS (2020)

[1], Exercise 2.26.

Lemma 3.11. Let Yy, Y, and Y3 be elements of Y., T be a stopping time of ¥ (-), and B € F (7).

The process Y defined via the concatenation

Yi(w,t), for 0<t<1(w);

fx) = (Y1(w, () /Y2 (w, T(w)))Ya(w, 1), for t > 1(w),w € B;

(Y1(w, () /Y3(w, T(w)))Y3(w, 1), for t>7(w),weQ\B.

is a strictly positive supermartingale deflator and Y € Y, .

In order better to utilize the property of essential supremum in notation (3.35), we prove the

next auxilliary lemma.

Lemma 3.12. Fixt € D, as well as Y € Yj,.. There exists then a sequence of strictly positive

supermartingale deflators (Y, men in Yjoc, such that
(i) Y,,,(s) =Y (s) holds for s € [0,¢];
(ii) (£(t;Ym)), e IS @ nondecreasing sequence;
(iii) and

® Y (u)
Y (1)

Z(1) :n}i_r)lgo{(t;Ym) :’J%EP[/ dJ(u)'T(t)]. (3.37)
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Proof. By the properties of the essential supremum (Proposition VI.1.1 in NEVEU(1975) [18]), we

can find out a sequence (Y, )nen C Moe and

Z(t) = sup £(t;Y)) = sup EX

meN meN

(o) /(u)
/t Y'()d’()‘ﬂ”]

We further construct a sequence of processes (Y, )en defined as following
—— ¥ L(.00)- (3.38)

Simple observation indicates that Y, (s) = Y () holds for s € [0,¢] and Y, (u) /Y, (t) =Y, (u)/Y, (1)

holds for u € (¢, 00). As aresult, {(#;Y,)) = {(t;Y},)).

Upon the definition of ¥ and (Y}, )en, We now construct another sequence (Y,)nen of pro-

cesses inductively. We set ¥ :=Y{" and

Y(s), for s¢€]0,1],
Y1 (u) =
Yo () Vg eyy, <cto} + Yo D L@ <ceyy, )y, for u € (1,00).

m+1

The Lemma 3.11 implies that Y, € Y,.. Moreover, by definition of ¥,,,,1, we have

(5 Yme1) =Lt Y) V {(I,Y,;;H

for all m € N. Therefore, we can deduce

{(t:Y) = \/m Y.

The structure of ¢ (¢;Y,,) indicates that (£ (z; Ym))m < 18 nodecreasing and the equation (3.37) holds.

]

By applying Lemma 3.12, we can replace essential supremum in (3.35) by an increasing limit,

namely, the quantity on the right side of equation (3.37): a very significant reduction.
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Lemma 3.13. For the given cumulative withdrawal stream J € H, let the D-indexed process Z be
defined via (3.35). Then, for every strictly positive supermartingale deflator Y € Y., the product

Y(Z +J) is a supermartingale when indexed by times in D.

Proof. For any given Y € Y, , integration-by-parts shows that the process

YJ—/.Y(t)dJ(t) :/.J(t—)dY(t), (3.39)
0 0

indexed by times in D, is a local martingale. We first prove that the process

0:=YZ+ /O YT (1) =Y (Z+J) - /O J(=)dy (o),

is a supermartingale sampled at times in D. Upon this assertion, Y(Z +J) = Q + /0' J(t=)dY (1) is
seen to be a local supermartingale, thus a true supermartingale as it is non-negative (we note that

all three processes YZ, YJ and /0. Y (t)dJ(¢) are nonnegative).

In order to show that the process Q in the above is a supermartingale, we take arbitrary s and ¢
in D with s < ¢ and let (Y,,,),en be a sequence as in Lemma 3.12. Then it follows from (3.35) and
(3.36) that

Z(s) > EF

Y(u Y@, .
/(s T+

7:(5)], m € N,

Using the representation (3.37) and the monotone convergence theorem on the right-hand-side of

the above inequality, we obtain

Z(s) > EX

T(s)]. (3.40)

Y(w) Y@
/(s T Y@+ 20

Multiplying now by Y (s), then adding the term /(0 i Y (u)dJ(u) to both sides of the resulting

inequality, we obtain

Y(s)Z(s) + /0 sY(u)dJ(u) >E°|Y()Z(1) + /0 lY(u)dJ(u)

ﬂs)],
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which concludes the argument. O

Theorem 3.14. We fix a closed convex cone K in R" containing the origin, and consider only
portfolios taking value in K. Suppose that the resulting market is viable, and recall the collection

Yioe from (2.27). Then, the superhedging capital
x(J) =inf{x e Ry |J € H(x)}
of (2.22), for any given capital withdrawal stream J € H, is given as

x(J) = sup EP[/OOY(t)dJ(t)]. (3.41)
0

YeYioc

Proof. Thanks to Theorem 2.31, the assumption of viability indicates that a supermartingale numéraire
portfolio v € I (R; K) exists. Therefore, the set Y, in (2.27) is nonempty, as Lemma 2.17 indi-
cates 1/X, € Y,.. Thus, we fix some element Yy € Y, of this set. We fix also a cumulative
withdrawal stream J € H with z(J) < oo, and recall the D-indexed process Z defined in terms of
this J via equation (3.35).

From equation (3.39), we can find out that the process YjJ/ is a local submartingale; we note also
that this process is locally integrable, and that the random variable /000 Yo(2)dJ(z) is P-integrable,

because we are assuming z(J) < co. Furthermore, Lemma 3.13 implies that
YoZ = Yo(Z +J) -YoJ

is a nonnegative local supermartingale, thus a true supermartingale, indexed by times in the count-
able dense set D. Since Yj is strictly positive, we invoke the regularization Lemma 3.10 and obtain
a nonnegative process (Z (1)) teR, which has rcll paths, satisfies the second and third requirements
in the statement of Lemma 3.10, and is such that Yo Z is a supermartingale. In particular, it follows

that Z(0) < Z(0) = z(J).

By Lemma 3.13, the quantity Y(Z + J) is a D-indexed supermartingale for every give ¥ €
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Hioc . Moreover, Lemma 3.10 indicates that Y (Z + J) is a supermartingale indexed by ¢ € R, for
every Y € Y,.. For an arbitriry number € € R, , the Optional Decomposition Theorem 3.5 and
strict positivity of € + Z+J guarantee the existence of an investment strategy ; € 7 (S) and the
corresponding portfolio 7; € 7 (R; K) with a cumulative capital withdrawal stream F' € H, such

thate + Z +J = X(-; € + Z(0), 9, F), thus

e+z(J)+ /0 & (1)dS(r) > € + Z(0) + /0 & (1)dS(t) —~F=e+Z+J > J (3.42)
on account of Z(0) < Z(0) = z(J); in particular,

X(e+z(J),95,J) > e+ Z(0) + /0 9,()dS(t) ~J =€ +Z+F > F > 0. (3.43)

This leads to the inequalities x(J) < € + Z(0) < €+ Z(0) = € + z(J) for every € € R, . Therefore,

the inequality x(J) < z(J) holds for the quantity of (2.22), which further implies
x(J) = Z(0) = Z(0) = z(J), (3.44)

since the inequality z(J) < x(J) has already been established in Lemma 2.30. The proof of

Theorem 3.14 is complete. 0
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Chapter 4: Portfolios subject to conic and drawdown constraints

In this chapter, we will focus on topics related to portfolio optimization under both conic and
drawdown constrains.

In the rest of this chapter, we fix a closed convex cone K of R" containing the origin, and only
consider portfolios 7 taking values in this set K, namely, 7 € 7 (R; K). Moreover, we place draw-
down constraints on the corresponding numéraires X,, which simply prohibit X, from dropping
below a certain percentage of its running maximum.

Subject to these two constraints, we try to find portfolios which maximize the long-term growth
rate. In Proposition 2.39, we have pointed out that the supermartingale numéraire X, maximizes
the long-term growth rate among all numéraires X, with 7 € 7 (R; K). In Proposition 4.14, we
will show that a simple path transformation of a supermartingale numéraire portfolio v generates
a wealth process and maximizes the long-term growth rate, under the extra drawdown constraint.
We construct this portfolio in Section 4.2.

This is the first time constraints on portfolios and drawdown constraints on numéraires, are
considered simultaneously. We utilize a classical path-transformation due to AZEMA AND YOR
(1979) [19]. Actually, in the pioneering work of CVITANIC AND KARATZAS (1994) [20], a special
case of this transform was already used in the context of drawdown constraints. The “mutual
fund" idea of drawdown constrained portfolio was first given in KARDARAS, OBLOJ AND PLATEN

(2017) [21].

4.1 Drawdown constraint

We place limitations on the peak-to-through fluctuations of wealth, that investors can endure. This

is the so-called "drawdown constraint".
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Definition 4.1. X is a continuous semimartingale. We define the process of its running maximum

X" = sup X(1). 4.1)
te[0,-]

According to this definition, X™* is continuous and nondecreasing.

Definition 4.2. If X is a numéraire in the class X(K) of Definition 1.13, the process X* — X is

called the (absolute) drawdown of X. Whereas the [0, 1)—valued process

X*-X
X*

4.2)

is called the relative drawdown of X.

For a given number ¢ € (0, 1), we define the sub-collection of "drawdown-constrained numéraires"
as

X ={XeX|(X*-X)/X* <6} (4.3)

That is to say, °X consists of all the numéraires X € X whose relative drawdown (X* — X)/X*
never equals or exceeds the fixed fraction §. Easily we have !X = X. Moreover, if in addition we

impose constraints on portfolio choice, we can define

SX(K) ={X e X(K)| (X*-X)/X" <6} (4.4)

In order to understand numéraires in °X, we have to introduce an important tool—the AZEMA-
YOR transform. This transformation provides a one-to-one correspondence between numéraires
in X and numéraires in the class °X, for § € (0,1]. We adapt methods in KARATZAS AND

KARDARAS (2020) [1], Lemma 4.1 to show some useful properties of AZEMA-YOR transform.

Lemma 4.3. Let X be any strictly positive and continuous semimartingale with X (0) = 1, and

F : [1,00) — [1, o) a continuously differentiable and nondecreasing function with F(1) = 1.
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We define the AZEMA-YOR transform of X by F, as the process

4.5)

7= F(X) = F(X)(X' = X) = F(X*)[l - (F'(X*)X*)X* ‘ X].

F(X*) | x*

Then the integral representation

Z=1 +/.F’(X*(t))dX(t) (4.6)
0

holds, as does Z* = F(X™).

Proof. We assume first that F' is twice continuously differentiable. In this case, the process F’(X™)

is of finite variation on compact intervals, and we have

/.(X*(t)—X(t))dF'(X*(t)) :./0.(X*(t)—X(t))F”(X*(t))dX*(t) =0.

0

Here we use the consequence that /OOO Lix(n<x=(nydX*(t) = 0, P-a.e and the running maximum
process X* is flat off the set {X = X*}. Thanks to the previous observation and the product rule,

we can get

F/(X") (X" - X)

/O X)) d (X () - X(1)

F(X* -1 —/O.F’(X*(t))dX(t),

which proves (4.6) when F is twice continuously differentiable.

For the case where F is only once continuously differentiable, we find a sequence (F,,,; m € N)
of twice continuously differentiable, nondecreasing functions with F,,,(1) = 1, such that (F, ;m €
N) converges to F’ uniformly on compact intervals of [1, co0). Then, the validity of (4.6) follows
by approximation.

According to the fact that F” > 0 and X < X*, it is easy to see from (4.5) that Z < F(X™)

holds. Moreover by this fact, we can get Z* < F'(X*), since F(X*) is nondecreasing and X* is also
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nondecreasing. On the other hand, for any 7 € R,, let us define the [0, #]-valued random time

(1) :=sup{s € [0,7] | X(s) = X"(s)},

and note that X*(r) = X*(¢(¢)) = X (¥ (¢)) holds; it then follows that

70 > 2 (w(0) = Z(p(0) = F(X*(z//(t))) = F(X*(1)), for 1 € Rs.

Here the next-to-last equality follows from (4.5) and X*(y (7)) = X (¢ (¢)), while the last equality
is a consequence of X*() = X*(y(r)). We obtain therefore the comparison F(X*) < Z* which,

combined with the already-established inequality Z* < F(X™), gives the equality Z* = F(X*). [

Remark 4.4. Suppose now in addition, that the condition

xF’(x)
F(x)

<1 4.7)

holds, where F is a function as in Lemma 4.3. For a strictly positive and continuous semimartingale

X with X(0) = 1, it follows from the above conclusion that

Zr-Z F (X)X X' -X XX
zZ*  F(X*) X* X+

There is an important one-to-one correspondence between numéraires in X(K) and wealth
processes in the class ° X (K), for any § € (0, 1]. This bijection can be derived explicitly in terms
of the AZEMA-YOR transform of Lemma 4.3. We first show the bijection between X and °X. By
using the "mutual fund" idea related to drawdown constrains, we can further establish a bijection

between X (K) and °X (K).

(i) First, we show how processes in X generate processes in °X. For any given numéraire X € X
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(ii)

and number ¢ € (0, 1], we define a process oX via

(4.8)

°X = (1= 6)(X")° +6X (X" = <X*>‘5(1 B 5X*X_*X)'

Actually °X = (X*)% — 6(X*)1(X* — X) is the AZEMA-YOR transform of X by taking

F(x) = x% in Lemma 4.3. A straightforward application of Lemma 4.3 gives
X =1+ / 5(x* (1) ax (1), 4.9)
0

which implies that °X € X. Moreover we have

(5X>k _ 6X X*—X
OX* = (X*)° and =5 <6 (4.10)
6X>k X*

on account of (4.8). By definition, oY € 9X.

Conversely, for any process Z in the collection °X of (4.3), we will find a numéraire X € X
such that °X = Z. By the above discussion, it is necessary to find a X € X that
VARY/ °X X -X

Z* =(X*)° and =1- =6
( ) an VA (X*)d X*

hold. In other words, the process X must be

12 -7
A

o X /s s L (1=6) /5 e
X=X = =(Z) (1 )_(Z) ~(Z°) (Z'=2Z),  (@4.11)

the AZEMA-YOR transform of Z by the function [1, 00) 3 x — F(x) = x!/%. We define then

X as above in terms of Z, and note that Lemma 4.3 gives
1 _
x=1 +/ S22 0)" ™ az. Xt = (29" (4.12)
0

this implies that X € X. Finally, it is checked with the help of (4.8) that Z = °X holds.
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The above discussion can be concluded as follows.

Proposition 4.5. For any 6 € (0,1] and with the notation of (4.5), the class of drawdown-

constrained numéraires in (4.3) can be expressed as
X ={X|XeX}

4.1.1 Non-constant relative drawdown constraint

More elaborate drawdown constraints can be accommodated as well, allowing the constraint on
the relative drawdown to be a function of the running maximum. The following proposition gen-

eralizes Proposition 4.5 in this direction.

Proposition 4.6. Let d : [1,00) — (0, 1] be a continuous function, and define
X ={XeX| (X" -X)/X*<d(X")}.

Introduce the strictly increasing function F; : [1, 00) — [1, co0) implicitly, via its strictly increasing

inverse

©d
F;l(z):exp(/1 yd—(yy))’ 7 € [1, ).

(i) Forallx € [1, ), we have

xF (x)
Fa(x)

=d(Fs(x)), Fu(x) <x.

(ii) For X € X, define ‘X := Fq(X*) = F/(X*)(X* = X). We have that *X* = F4(X*) holds, as

does
d y* d %
X*-49X X=X
——— =d(‘x"
dx+ ( ) X*

Therefore, dy e dx.

(iii) Let Z € X (K), and set X = F;'(Z*) = (F;")(Z*)(Z* = Z). Thus we have X € X and
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X =7z
(iv) As a conclusion we have ‘X = {X | X € X}.
Proof. For part (1), direct computation indicates that

1

F’ =
) = T (Fa)

By definition of F;!(x), we get

(FY () = g Fa' )

Thus, we can obtain
X

=1y _
Fa) ) = o a )

which directly induce the equation

’

de
o) = d(Fd(x)). 4.13)

Part (2) is a straightforward application of Lemma 4.3. If we take F'(x) = F;(x) in Lemma 4.3, we

have that “X* = F;(X*) holds. Moreover, we have

ax*-9X  F(X)(X* - X)
dx= Fi(X*)

With help of part (1), we can further get

QQWW—m_ X=X L X -X
Fr (X = d(Fs(X")) < =d(“X") <

b

which finishes the proof for part (2).
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For part (3), thanks to Lemma 4.3, we can derive the integral form of X

e
Il

1+ /?(F;l)’((z*(t))dz

’ 1
1+ | F;Y(z) ————az,
./0 « ) a7

which indicates that X € X. In order to proof X = Z, we only need to show that ¢ X*

X=X _z-7
dx+ - 7

The fact that X* = Z* is directly from Lemma 4.3 by taking F = Fgl.

On the one hand, d);*;jx =d(“X *)% by part (2). On the other hand,

zr-7 (F;Y(Z)(Z'-2) X=X
* = ‘ -1 * = d(Z*) *
Z F\(Z) X
Thus we have
d y* d * * *
X" -X X" -X X'-X ZzZ'-Z
——— =d(x") =d(Z") =

which completes the proof.

4.2 Portfolio decomposition via mutual funds

= Z* and

Portfolio decomposition via mutual funds was introduced in KARDARAS, OBLOJ AND PLATEN

(2017) [21]. Subsection 4.1.3. in KARATZAS AND KARDARAS (2020) [1] also discusses this idea

in detail. In this section, we combine the idea of “mutual funds" with conic constraints on portfolio

choice.

Let us fix a number 6 € (0, 1], as well as a given portfolio 7 € 7 (R) with corresponding

numéraire X, € X. From Proposition 4.5, and with the notation of (4.3) and (4.8), we know that

%X, is a numéraire in the subclass °X of X. In particular, there exists a portfolio ° € 7 (R) that

finances this numéraire °X,, i.e., such that ° X, = X5, holds.

Now we show that the "financing" portfolio °x € I (R) can actually be described explicitly.

In particular, we show that the portfolio °r which finances the numéraire ° X, is in fact a convex
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combination of m, and of the “cash" portfolio p = 0 which invests only in the money market.
To verify the above claim, we introduce the ratio
X*

- X,
D, = ﬂX* , ne€I(R), (4.14)

the relative drawdown process of the numéraire X, € X associated with the given portfolio 7 €

I (R). For later use, we write the corresponding expression in (4.8) as

OX, = (X5)°(1 = 6Dy). (4.15)

Now, the equation (4.6) gives

/'déxn(r) _/'6(X,’;(t))6_1dX,r(t) _/-5()(;(;))‘5‘1)(”@) dX, (1)
o X (1) Jo O X (1) ~Jo O X (1) Xq(1)

and one sees immediately from this computation and (4.8), (4.14) that

5(X:)01x, 1-D,
671' = (%)T( = (m)ﬂ' (416)

The above expression carries a substantial message: the process ° X, of (4.8) is financed by invest-

ing at all times a proportion
1-D, _6—-Ds,
1/6 -D; 1-Ds,

e (0.9]

of current wealth in the fund represented by X, and the remaining proportion

1-6 1-96
= 6[1—5,1)
1-6D, 1-Ds,

in the money market. We have used here a consequence of (4.10), the identity

Dsy = 6Dy. (4.17)
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In other words: the drawdown-constrained numéraire Xs, = °X, can be thought of as a mutual
fund, created from X, and from the money market Xy = 1. The fraction of & that gets invested in
X, depends only on the constant 6 € (0, 1] and on the relative drawdown D, of X in (4.14); it is
in fact a decreasing function of D.

This observation is of considerable practical importance: the drawdown-constrained portfolio
o associated with 7 can be built using quantities readily observable in the market. In fact, because
of the special structure of this portfolio, investing according to °zr does not require access to the
entire market—only to the money market, and to the fund represented by X;.

Suppose now we have a numéraire X € X(K) such that X = X, with 7 € K. With the help of

the "mutual fund" idea related to drawdown constraints, especially the form (4.16), we can easily

show that
6 1 - Dﬂ-

=P reK
"=1/5-D,"

by the scalable property of cone K. Conversely, for a given numéraire Z € °X (K), part (ii) of
Remark 4.4 has shown that Z is the AZEMA-YOR transform of some X € X, namely, Z = oY =
X5, with o7 € I (R;K). From equation 4.16, we can show that X = X with 7 € K. The following

result summarizes the above discussion.

Proposition 4.7. For any 6 € (0,1] and with the notation of (4.8), the class of drawdown-

constrained numéraires in (4.4) can be expressed as
SX(K)={X| X € X(K)}.

4.3 Asymptotic behavior of porfolios subject to conic and drawdown constraints

The following requirement will be in force for the remaining part of this section.

Assumption 4.8. There exists a supermartingale numéraire X, in X(K), and G(c0) = oo holds

P-a.e. for the aggregate maximal growth process of (2.20).

Remark 4.9. According to Theorem 2.31, the existence of the supermartingale numfaire is equiv-
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alent to market viability.

According to Assumption 4.8, we have lim;,o X, (#) = oo, thus also X (c0) = co. This is a
consequence of Lemma 2.17.

In Chapter 2, we have many useful results related to the supermartingale numéraire X,. We
have seen that the supermartingale numéraire X, has several optimality properties in X (K). What
about the drawdown-constrained case? Moreover, we consider the AZEMA-YOR transform °X,
of this supermartingale numéraire. Does °X, inherit some of the optimality properties among
numéraires in ° X (K)? The answer is affirmative under some conditions, and negative under others.

We first consider a simple situation, where we only have the conic constraint K and impose
no drawdown constraint. For any stopping time 7" and portfolio 7 € 7 (R;K), X)) = X,/X, is a

supermartingale because X, is the supermartingale numéraire. Therefore we have

EP[%(T) <1. (4.18)

When T = oo, this inequality still holds. The supermartingale convergence theorem implies the

existence of the limit
X (1)
X, (1)’

X
—”(oo) = lim mel(R;K). 4.19)
XV t—o0

What about ° X, /%X, ? Do we also have EF [j% (T)] < 1? However, this analogue of inequality
(4.18) does not hold for ¢ € (0, 1) for some stopping times 7. The corresponding inequality remain
valid for stopping times T at which the process °X, attains its maximum. We will now discuss this
topic in this dissertation. A special case for this kind of stopping time is 7 = co. We refer readers
to KARDARAS, OBLOJ AND PLATEN (2017) [21], Theorem 3.8 for detailed discussion.

The next proposition shows that the supermartingale numéraire portfolio is risky as an invest-
ment strategy. Interestingly enough, since R” is a special case of close convex cone containing
the origin, Proposition 4.10 is true in the unconstrained case, which is also discussed in detail in
KARATZAS AND KARDARAS (2020) [1], Proposition 4.6. In this sense, even though we impose a

conic constraint K on portfolio selection, there is no way to avoid the oscillating phenomenon de-
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scribed in Proposition 4.10 from the supermartingale numéraire. In the proof of Proposition 4.10,
we will see that the oscillating phenomenon is derived from the optimality of the supermartingale

numéraire.

Proposition 4.10. Under Assumption 4.8, we have that

0= litminfDV(t) <limsup D, (t) =1, P-a.e. (4.20)

t—o0

Proof. First we define a sequence of stopping times
T = inf{t € R, | log X, (f) =m}, meN.

Thanks to Lemma 2.17, Assumption 4.8 implies that P [7,,, < co] = 1 holds for all m € N, as well
as P [lim,,_,« T, = oo] = 1. These facts give liminf,_,o, D, (¢) = 0, P-a.e., since D, (7,) = 0 holds
for all m € N.

Next we define another sequence of stopping times
o = inf{t € (1,-1,00) | D,(t) =1-1/m}, meN,
quite clearly nondecreasing. We assert that
Plom < 7w | F(tm-1)] = 1/m holds forall m € N. 4.21)
Under this assertion and the fact that {0, < 7,,} € F (1,,) for all m € N, as well as

D Plow < T | F ()] = o, (4.22)

meN

the LEVY extension of BOREL-CANTELLI lemma (D.WILLIAMS (1991) [22], Page 124) implies

P[tu-1 < 0 < Ty < 0o, for infinitely many m € N| = 1. (4.23)
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Since D,(0,) =1 —1/m holds on {0, < oo} for all m € N, we obtain

limsup D, (1) =1,

—00

which will complete the proof.
Now we go back to prove the assertion (4.21). Since fooo Lix, (n<x:)ydX; () = 0 holds P-a.e.,

It6 lemma gives

Xw X:(@)
Xv(u) =1+ [m 1 Xv(t)d(m) +10g m, m € N. (424)

With help of Lemma 2.17, we know that 1/X, is a local martingale. The definition of stopping
times 7, and o, indicates that both processes X /X, and log(X; /X, (7,-1) are bounded on the

stochastic interval [1,,—1, 0 A Tin]. These facts give the following localization argument

X;k(o-m A Tm)
X;/k(Tm—l)
> 1+P [Tm < 0Om | 7:(Tm—l)] .

1+EF

log

EP[X;k(O-m A Tm)
Xv(o'm A Tm)

T(Tm—l)] T(Tm—l)]

On the other hand, we have

P[Xj(o-m A Tm)
Xv(o'm A Tm)

T(Tm—l)] = Plty <om | F(tu-1)]

+mP [0, < Ty | T(Tm—l)] .

Combining the last two expressions, the assertion (4.21) is verified and the proof is complete. [J

With Proposition 4.10 and the relationship between Ds, and D,,, we have a similar oscillatory
behavior for the "drawdown-constrained supermartingale numéraire", as the following corollary

demonstrates.
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Corollary 4.11. Under Assumption 4.8, we have for every 6§ € (0, 1],

0= litrn inf Ds,(t) < limsup Ds,(t) =6, P-a.e. (4.25)

[—00

The next example from KARATZAS AND KARDARAS (2020) [1], Example 4.7, illustrates that
the ratio X/°X, need not be a supermartingale for an arbitrary drawdown-constrained numéraire

X € °X(K). In other word, °X, is not the supermartingale numéraire in °X (K).

Example 4.12. For a fixed § € (0, 1), we define the stopping time
. )

T :=inf {t € (0, ) ‘ D,(t) = 5}

According to Corollary 4.11, we have P(T < o) = 1. Moreover, we set 7 := vljor] € I (R;K).

Obviously we have D, < % < &, which implies X, € °X(K). According to the fact that X,, is the

supermartingale numéraire in X (K), we can get

EF rX”
X’?

0| <1
We also have P[°X,(T) = X,,(T)] < 1. According to JENSEN’s inequality, we have

> 1.

X

o e Xy, . . . .
This inequality just implies that the ratio 7%~ is not a supermartingale. Otherwise the optional

v

<1

sampling theorem will provide EF [JX% (T)

From Example 4.12, we can see that °X,, does not hold the supermartingale property in °X (K).
However, with the help of the AZEMA-YOR transform, we can still characterize the limiting be-
haviour of the ratio °X,/°X,. The next proposition provides both existence and value of the lim-
iting relative ratio. Moreover, Proposition 4.13 generalizes the result in KARATZAS AND KAR-

DARAS (2020) [1], Proposition 4.8, which covers the special case K = R".
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Proposition 4.13. Under Assumption 4.8, when t — oo, both ratios

o O yv*
X X
X, (t) and X (1)

converge P-a.e. Moreover, for any given number & € (0, 1] and portfolio n € I (R;K), we have

(X, (%X (X N
tlggo (5XV (Z)) - zlggo (%(I)) - (tll>nolo (Z(t))) ’ (4.26)

Proof. We start with simple case where ¢ = 1. In this case equation (4.26) becomes

tim () = Jim (329, (427)

For any 1 € R,, we define the [0, 7]-valued random time

¢y (1) = sup{s € [0,7] | X,(s) = X;(5)}.

We can observe an important fact that

X;k(t) = Xv(¢v(t)) = Xj(‘pv(t))

Furthermore, Assumption 4.8 implies that lim,_,, ¢, () = oo, P-a.e. Based on these fact, we have

Xy o XG() o (Xa(@ (D)) L (Xa(D)
lim ll'lf( p ) = lltrﬂ)glf (m) > llll'E)g;lf (m) = l]l)l’glo (XV([)) (428)

Next we define another [0, ¢]-valued random time

¢ (1) := sup{s € [0, ] | Xx(s) = X;(5)}.
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We can observe important facts that

X:;(t) = Xﬂ(¢ﬂ(t)) = X;((ﬁﬂ(t))

{tli_)rgoqb,r(t) < oo} C {sup X, (1) < oo} c { lim ();:8) = O}.

t€R+ [—o00
Based on these fact,
P S0 AN D. 61())| .
lim (Xj (t)) =0= lim (XV (t)) holds on { lim (1) < co}. (4.29)

In the event { lim,_,c ¢ () = co}, we have

* X* 7
imsup (25) “?litlp(—”;(z:a(f)))
: hfiiifp( fi"ﬁgi)
= t;oo( on { hm Or(t) = 00} (4.30)

The equation (4.27) now follows from (4.28), (4.29) and (4.30).
Now we deal with the general case of 6 € (0, 1). Thanks to (4.10), the second equality follows

readily from (4.27):

i i) ) () - (265

We only need to show the first equility in (4.26).

On the strength of (1.13), it follows that

‘5X,r_(X;T")51—5Dﬂ:(5X;‘;)1—6D,T @31)

5x, \Xx:) 1-¢6D, \ox:)1-6D,
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According to the fact that i:ng): < 1/(1 = 6), it follows that

. (X, (1)
s (6Xv(t)) =0

holds on the event { lim; 0o (ii—”((;))) = O} = {lim,_,<>O ()?i:_((tt))) = 0}; and on {limHC><> ();’Vrg))) > 0},

we have

. D?T(t) . X; - X7T X;/k

lim ( ) = lim - —

1= \ D, (1) t—o00 X; — X, Xz
X:-X X
= lim =Z " lim =2
t—0o XV — XV t—00 X;;

* ) X:;
= lim — lim — =1

on account of the already-established equation (4.27). Furthermore, we have

‘1—6D,r 1‘_ D,-D,
1-6D, ~l1-6D,

<2 ‘& - 1).
1-61D,
Together with (4.31), it follows that

lim ("X(0)/°X, (1)) = lim ("X;(1/°X}(1))

also holds on the event { lim; ())2: ((g) > O}. L]

Applying Proposition 4.13, for any § € (0, 1], 7 € I(R; K), it follows that

6X7T
5XV

(c0) := lim (%(z)) - ();—t(oo))é. (4.32)

Therefore, thanks to JENSEN’s inequality, we have that

Zf{:(oo)] :EP[(%(OO))(S] < (EP[%(W)])(S < 1.

“|
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Before we move towards more asymptotic results for °X,, we recall the asymptotic growth opti-
mality of the supermartingale numéraire in Proposition 2.39 in Chapter 2. According to Proposi-
tion 4.13, we have the following result, an analogue of Proposition 2.39. It states that ° X,, inherits
the long-run growth optimality from X,. The reader can compare Proposition 4.14 with Exercise

4.9 in KARATZAS AND KARDARAS (2020) [1], which covers the special case K = R".
Proposition 4.14. Under Assumption 4.8, and for any 6 € (0, 1] and & € I(R; K), we have

log °X,(T)

(M) < 52%2&(w)’

lim sup G

T—o0
where X, is the supermartingale numeraire.

Proof. We recall from Lemma 2.17 the representation log X, = G + V2W(G) for a suitable Brow-
nian motion W. The equality follows then from the strong law of large numbers for Brownian

motion; namely,

- W(G(T)) _
T-e G(T)
Thus
i (X, (DY L log °X, (T) log X, (T)
TLOO( G(T) ) T 150 log X, (T)  G(T)

log °X,(T) . log X, (T)
im lim
T—o0 lOgXV(T) T—oo G(T)
log X,(T) 5
Gar)

0

With help of Lemma 2.36 and the assumption G (o0) = co, we have

i 10 ) = Jim ot top (Se) LD
T—e0o G(T) < 9X,(T) T—o G(T)  ~\X,(T))  log (Xx(T)/X,(T))
= lim Llog(Xﬂ(T))

T—o0 G(T) XV(T)
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When I} (c0) < oo, Lemma 2.36 indicates that

(Xn(T)) ~0

lim ——log X, (T)
v

T G(T)

with the notation

[T=T,-T,=G-I,>0.
Thus, on the event {I"] (c0) < oo} we have

i "X (T)
m =
T— G(T)

On the other hand, on the event {I"] (c0) = oo} we write

6 XD _TED) 5 Xa(D)
G(T) 2X,(T) ~ G(T) TFT) S X,(T)

Lemma 2.36 indicates that % log );’Vr g; tends to —1 as T — oo. Moreover, % is nonnegative.
Thus,
: Xx(T) : X (T)
lim su lo ( T ) <0 aswellas limsu <9,
T’ G(T) 2 \X,(T) T’ G(T)
hold on the event {I'] (c0) = co}. O

Proposition 4.14 points out the trade-off involved, between trying to limit drawdowns on the
one hand, and sacrificing long-term growth on the other. Suppose we restrict the relative drawdown
by a fraction 6. Then the best we can achieve in terms of long-run growth rate, is the same fraction
0. The more protection we seek against drawdown, the bigger a sacrifice of long-term growth this

involves.
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