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Abstract

A Computational Perspective of Causal Inference and the Data Fusion Problem

Juan D. Correa

The ability to process and reason with causal information is fundamental in many

aspects of human cognition and is pervasive in the way we probe reality in many of the

empirical sciences. Given the centrality of causality through many aspects of human

experience, we expect that the next generation of AI systems will need to represent causal

knowledge, combine heterogeneous and biased datasets, and generalize across changing

conditions and disparate domains to attain human-like intelligence.

This dissertation investigates a problem in causal inference known as Data Fusion [1],

which is concerned with inferring causal and statistical relationships from a combination

of heterogeneous data collections from different domains, with various experimental

conditions, and with nonrandom sampling (sampling selection bias). Despite the general

conditions and algorithms developed so far for many aspects of the fusion problem, there

are still significant aspects that are not well-understood and have not been studied together,

as they appear in many challenging real-world applications.

Specifically, this work advances our understanding of several dimensions of data fusion

problems, which include the following capabilities and research questions:

Reasoning with Soft Interventions. How to identify the effect of conditional and stochas-

tic policies in a complex data fusion setting? Specifically, under what conditions can



the effect of a new stochastic policy be evaluated using data from disparate sources

and collected under different experimental conditions?

Deciding Statistical Transportability. Under what conditions can statistical relationships

(e.g., conditional distributions, classifiers) be extrapolated across disparate domains,

where the target is somewhat related but not the same as the source domain where

the data was initially collected? How to leverage additional data over a few variables

in the target domain to help with the generalization process?

Recovering from Selection Bias. How to determine whether a sample that was preferen-

tially selected can be recovered so as to make a claim about the general underlying

super-population? How can additional data over a subset of the variables, but

sampled randomly, be used to achieve this goal?

Instead of developing conditions and algorithms for each problem independently, this

thesis introduces a computational framework capable of solving those research problems

when appearing together. The approach decomposes the query and available hetero-

geneous distributions into factors with a canonical form. Then, the inference process

is reduced to mapping the required factors to those available from the data, and then

evaluating the query as a function of the input based on the mapping.

The problems and methods discussed have several applications in the empirical sci-

ences, statistics, machine learning, and artificial intelligence.
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Chapter 1: Introduction

The success of artificial intelligence and machine learning in several tasks involving

high-dimensional predictions had led to growing expectations regarding their autonomy

and capability of exhibiting human-level intelligence [2, 3]. These expectations met with

fundamental challenges, in particular, due to the absence of proper and explicit treatment

of causal inference capabilities [4, 5]. Understanding cause-and-effect relations is one of

the pillars of modern science and particularly critical for building AI systems capable of

supporting scientific discovery and decision-making under uncertainty.

Controlled experimentation [6] is one of the most pervasive methods to probe for such

relations, deemed the “gold standard” for scientific research in many empirical circles.

Direct experimentation, however, is oftentimes infeasible due to financial, technical, or

ethical considerations. Conditions under which a causal effect can be computed from

observational studies, which are generally easier to conduct, have been extensively studied

in the literature. Several conditions have been proposed to solve this problem [7, 8, 9], as

well as systematic approaches based on graphical models [10, 11, 12, 13, 14].

Even when experimentation can be performed in a specific environment (e.g., in

reinforcement learning), another major challenge arises regarding the generalizability of

such effects to new settings. AI systems are expected to generalize to new circumstances

that they have not been specifically programmed or trained for. For tasks involving

observational predictions, various efforts have been made on “transfer learning” [15],

“domain adaptation” [16, 17, 18], and “dataset shift” [19] problems. The challenge of

generalizing interventional effects to new domains is pervasive throughout the empirical

sciences. Even under ideal conditions where these effects can be established through direct

experimentation, most findings need to be generalized to a broader, or even different, target
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domain (e.g., population, setting, environment). In medicine, for example, many drugs are

developed and tested using rats in a laboratory, while the intent is almost invariably to

understand how humans would react to the treatment. If the conclusions obtained from a

study or training process can be extrapolated to the target domain, the process is said to

have external validity. Constructing studies with external validity is considered one of the

main research challenges by the current generation of data scientists [20].

These data fusion challenges are orthogonal and could appear together when the

task entails the generalization of causal relationships using data collected from different

domains and under different experimental and sampling conditions. For illustration, we

consider the following example in the context of medical evaluation.

Example 1 (Data Fusion Challenge). Greenhouse, Kaizar, Kelleher, Seltman, and Gardner

[21] discussed the challenges of generalizing studies on the risk of suicidality among pedi-

atric antidepressant users. On investigating the causal relationship between antidepressant

use and the risk of suicide attempts, the FDA performed several RCTs, finding that youths

receiving antidepressants (X) had approximately twice the number of suicidal thoughts

and behaviors (Y ) compared to the control groups. These results led to a new policy and

the addition of a strict warning on the drugs’ label.

Surprisingly, following the warning, reports suggested a decrease in the number of

prescriptions and increasing suicidal events in the corresponding age groups. Furthermore,

several observational studies found a decreased risk of suicide in patients treated with

the same antidepressants, even after adjusting for access to mental health care and other

confounding factors.

Some of the possible explanations for this discrepancy are:

• Different populations: There is a mismatch between the study population and the

general clinical population regarding ethnicity, race, and income (covariates named E).

• Non-random sampling: By excluding youths with elevated baseline risk for suicide (B)

2



from their cohorts, based on the inclusion-exclusion criteria, FDA’s studies sampled

from a distinct population.

�

The two issues in this example suggest that the internal validity that is achieved

following the proper randomization of the treatment assignment is not enough to ensure

the generalizability of its findings. The challenge of external validity stems from various

reasons, including the data being collected from different populations, under different

experimental conditions, and non-random sampling conditions.

In the context of causal inference, the problem of inferring observational and interven-

tional quantities from a combination of heterogeneous datasets is known as the Data fusion

problem [22]. Previous research on data fusion has focused on when the interventions

are atomic, as described by the do-operator [13, 23, 24, 25, 26, 27]. However, there is

still virtually no understanding of the conditions under which the effects of stochastic

interventions can be generalized across settings. Moreover, it is poorly understood how

to reason about interventions when multiple data fusion dimensions appear together,

including when confounding and selection biases are both present.

More specifically, our goal in this dissertation is to solve these problems and advance the

science of causal inference and data fusion, and answer the following research challenges:

I. Generalizability of the Effect of Soft Interventions. To predict the effect of a (condi-

tional or stochastic) policy in a domain of interest leveraging observational and

experimental studies from other domains (environments, settings, populations).

For instance, consider a rover trained in the Californian desert for digging rocks.

After exhaustive months of training, NASA wants to deploy the vehicle on Mars,

where the environment is somewhat similar, but not the same as on Earth. How to

program the rover to operate effectively on Mars with minimal “experimentation”

(i.e., trial-and-error) by leveraging the causal knowledge acquired on Earth?

3



II. Statistical Transportability. To determine whether a conditional probability distribu-

tion P ∗(y | x) in a target domain is estimable from observational data collected in a

training domain while using a minimal amount of data from the target domain.

For example, can we predict the likelihood of a customer buying a product in a

particular online store based on customers’ shopping behavior on another platform,

say, in a physical store?

III. Selection Bias. To decide whether a quantity computed from a subpopulation sample

can be recovered and used to make a claim about the entire population when it

is known that the selection process of the subpopulation is not random, and not

representative of the underlying population.

For instance, can we evaluate the impact of a training program on salary, given that

most of the surveyed participants work in the finance sector?

IV. Combined Data Fusion. How can the challenges of transportability, selection bias,

limited observability, and evaluating soft interventions be addressed together?

For instance, as discussed in example 1, how to predict the effect of a new protocol

for the assignment of antidepressants based on the combination of observational and

experimental studies collected in a selected part of the population?

1.1 Outline of the Dissertation

After all, the discussion about the different data fusion challenges tackled in this

dissertation will be organized as follows. In chapter 3, we define an algorithmic framework

to solve classic causal inference tasks in a systematic and unified fashion, including

identifiability of causal effects from observational data [10, 12, 11], identifiability from

surrogate experiments [13, 14], and transportability across changing conditions [28, 23, 29,

25, 30].
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Chapter 4 discusses the identification of the effect of conditional and stochastic policies

and introduces a calculus, akin to do-calculus [31], for reasoning about the effect of these

types of interventions (section 4.2). Moreover, section 4.3 extends the proposed algorithmic

framework to the task of generalizing the effect of policies across multiple domains with a

combination of observational and experimental data.

Chapter 5 considers the problem of generalizing observational distributions (i.e., P (y |

x) — also called statistical transportability, dataset shift or domain adaptation. Some

sufficient graphical conditions are introduced in section 5.1. Sections 5.2 and 5.3, extend

our framework to deal with input distributions where only a subset of the variables is

observed and the queries are conditional distributions, respectively. Section 5.4 provides a

sufficient and necessary algorithmic approach for this task.

Chapter 6 discusses the problem of identification from data with selection bias (non-

random sampling). Specifically, section 6.2 introduces a complete adjustment criterion

for recovering causal effects from a combination of selection biased data and unbiased

measurements of some covariates. It also introduces an adjustment criterion to generalize

selection-biased experimental findings (i.e., results from a randomized controlled experi-

ment) to a different domain (section 6.3). Then, section 6.4 develops a complete algorithm

for recovering from selection-biased data alone which is also sufficient for the case when

additional unbiased data is available.

Chapter 7 summarizes the tasks addressed in the previous chapters (section 7.1), the

operators developed to solve them (section 7.2), and the algorithmic framework developed

throughout the dissertation (section 7.3). Finally, section 7.4 discusses the solution of

general data fusion tasks combining the different dimensions studied along chapters 4 to 6

through the framework and gives final remarks. Section 7.5 discusses future work.
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1.2 Contributions

This dissertation makes contributions to several problems of causal inference and

data fusion that are often studied separately. The new results are presented within an

overarching algorithmic framework (definition 7, algorithm 1), which will also encompass

several canonical tasks such as identification of causal effects from observational data,

identification from an arbitrary combination of observational and experimental datasets,

and generalization of causal effects from multiple domains and experimental conditions.

In terms of the main technical contributions, this dissertation,

In Chapter 4,

• introduces a new set of inference rules to reason about the effect of soft interventions

(theorem 5), which is called σ-calculus, which appeared in

B J. D. Correa and E. Bareinboim, “A Calculus For Stochastic Interventions: Causal

Effect Identification and Surrogate Experiments,” in Proceedings of the 34th AAAI

Conference on Artificial Intelligence, 2020;

• derives a complete graphical and algorithmic characterization (necessary and suffi-

cient) for the transportability (generalization) of soft interventions from arbitrary experi-

mental distributions and multiple domains (theorem 6), which appeared in

B J. D. Correa and E. Bareinboim, “General Transportability of Soft Interventions:

Completeness Results,” in Advances in Neural Information Processing Systems, 2020;

In Chapter 5,

• develops graphical conditions and a complete algorithm for the generalization of

observational (conditional) distributions across domains with limited data in the target

domain (theorem 8), which appeared in

B J. D. Correa and E. Bareinboim, “From Statistical Transportability to Estimating

the Effects of Stochastic Interventions,” in Proceedings of the 27th International Joint

Conference on Artificial Intelligence, 2019;
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In Chapter 6,

• introduces a complete adjustment criterion for the recoverability of causal effects from

selection bias and partial unbiased data (definition 22, theorem 9), which appeared in

B J. D. Correa and E. Bareinboim, “Causal Effect Identification by Adjustment

under Confounding and Selection Biases,” in Proceedings of the Thirty-First Conference

on Artificial Intelligence, 2017 and

B J. D. Correa, J. Tian, and E. Bareinboim, “Generalized Adjustment Under Con-

founding and Selection Biases,” in Proceedings of the 32th Conference on Artificial

Intelligence, 2018;

• develops complete (necessary and sufficient) algorithmic and graphical conditions

for the recoverability of causal effects from selection biased data (theorem 18), which

appeared in

B J. D. Correa, J. Tian, and E. Bareinboim, “Identification of Causal Effects in the

Presence of Selection Bias,” in Proceedings of the 33rd AAAI Conference on Artificial

Intelligence, 2019;

• develops a sound algorithm for the recoverability of causal effects from a combination

of selection biased data and nonbiased partial data (theorem 20), which appeared in the

same paper as the previous contribution; and

• introduces a complete (necessary and sufficient) adjustment criterion for the general-

ization of selection-biased experimental studies across domains (definition 27, theorems 13

and 15), which appeared in

B J. D. Correa, J. Tian, and E. Bareinboim, “Adjustment Criteria for Generalizing

Experimental Findings,” in Proceedings of the 36th International Conference on Machine

Learning, 2019.

In Chapter 7,

• proves the soundness and completeness of the proposed algorithm for transportabil-

ity of conditional and stochastic policies (theorem 21).
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• proves the soundness of the algorithm for arbitrary data fusion tasks (theorem 22).
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Chapter 2: Notation and Logical Foundations

This chapter introduces the notation used throughout the dissertation, as well as the

Structural Causal Model (SCM) framework [31, sec. 7.1], [39], which serves as the logical

foundation for the analysis of the problems discussed in the following chapters.

2.1 Notation

Random variables are denoted by capital letters, X , and their values by small letters, x.

Bold upper case and lower case letters, such as X and x, represent sets of variables and

sets of values, respectively. The domain of a variable X is denoted by Val(X), while the

domain of a set of variables is defined as Val(X) = Val(X1) × Val(X2) × · · · , for Xi ∈ X.

Two sets of values x and z are said to be consistent if they assign the same value for every

X ∩ Z. Moreover, x(Z) denotes the subset of values in x corresponding to variables in Z.

Throughout this document, directed acyclic graphs (with bidirected arrows) are heavily

used to encode assumptions. They will be represented with calligraphic letters, such as G,

orH. Moreover, GWX denotes the subgraph resulting from removing edges coming into

vertices W and going out from vertices X. Also, G[C] denotes the subgraph of G made

only of nodes in C ⊂ V and the edges between them.

Common kinship relationships such as parents, descendants, and ancestors of a variable

(or a set of variables) are often used. For example, the set of parents of X in G is defined

as Pa(X)G := X ∪
⋃
X∈X Pa(X)G . The other relationships are denoted by De() and An()

are defined analogously. Note those sets always include X itself. The subscript G is often

omitted when the graph is clear from the context.
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2.2 Structural Causal Models and Interventions

The language of Structural Causal Models (SCMs) can be used to describe the collection

of mechanisms of a phenomenon of interest. SCMs provide a flexible formalism for data-

generating processes and can accommodate several approaches to causal inference in the

literature [40, 41, 42, 43].

Definition 1 (Structural Causal Model (SCM) [44, 39]). A structural causal modelM is a

4-tuple 〈U,V,F , P (U)〉, where

• U is a set of background variables, also called exogenous variables, that are deter-

mined by factors outside the model;

• V is a set {V1, V2, . . . , Vn} of variables, called endogenous, that are determined by

other variables in the model – that is, variables in U ∪V;

• F is a set of functions {f1, f2, . . . , fn} such that each fi is a mapping from (the

respective domains of) Ui ∪Pai to Vi, where Ui ⊆ U, Pai ⊆ V \ {Vi}, and the entire

set F maps U to V. That is, for i = 1, . . . , n, each fi ∈ F is such that

vi ← fi(pai,ui), (2.1)

that is, it assigns a value to Vi depending on (the values of) a select set of variables in

U ∪V; and

• P (U) is a probability function defined over the domain of U. �

Throughout this dissertation, it is assumed that there are no cyclic dependencies among

the functions in F ; as a result, F induces a unique solution for V given any value u ∈ U.1

Interventions are represented by changes in the mechanism of one or more variables in

an SCM. An intervention do(X = x) entails the replacement of the original mechanisms of

each X ∈ X for constant values x ∈ x. Such an intervention produces a new SCM, defined

as follows.
1Such models are called recursive SCMs.
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Definition 2 (Submodel – “Interventional SCM”). LetM = 〈U,V,F , P (U)〉 be a causal

model, X a set of variables in V, and x a particular realization of X. A submodelMx of

M is the causal model

Mx = 〈U,V,Fx, P (U)〉, (2.2)

where

Fx = {fi : Vi /∈ X} ∪ {X← x}. (2.3)

�

To reason about the behavior of the observable variables in the original modelM or a

submodelMx, we can look at each particular configuration u of the exogenous variables

and the responses they induce in the observable variables through the mapping F . Those

responses are formally defined as follows.

Definition 3 (Potential Response). Let X and Y be two sets of variables in V, and u be a

unit. The potential response Yx(u) is defined as the solution for Y of the set of equations

Fx with respect to SCMM (for short, YMx(u)). That is, Yx(u) = YMx(u). �

While potential responses are defined for a particular configuration u of the unobserved

variables, averaging over all u gives rise to qualitatively different types of distributions.

These distributions are classified in layers according to the Pearl Causal Hierarchy (PCH)

[4, 39].

Definition 4 (PCH Valuation [39, 31]). An SCMM = 〈U,V,F , P (U)〉 induces probability

distributions for each of the three layers (L1, L2 and L3) of the hierarchy. For Y,X,Z,W ⊆

V:
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L1 (associational) : PM(y) =
∑

{u |Y(u)=y}

P (u), (2.4)

L2 (interventional) : PM(yx) =
∑

{u|Yx(u)=y}

P (u), (2.5)

L3 (counterfactual) : PM(yx, . . . , zw) =
∑

{u | Yx(u)=y,
..., Zw(u)=z}

P (u). (2.6)

�

Several results in this dissertation pertain to the identification of interventional quanti-

ties (L2), usually called causal effects.

Definition 5 (Causal effect [31, Def. 3.2.1]). Let X,Y ⊆ V be two disjoint sets of observable

variables. The causal effect of X on Y, denoted P (yx) or P (y | do(x)) is a function from X

to the space of probability distributions on Y. For each x ∈ Val(X), P (y | do(x)) represents

the probability of Y = y in the submodelMx. �

Any approach to causal inference requires some sort of causal assumption about the

data generating process [39]. This is formally known as the Causal Hierarchy Theorem (CHT).

The CHT says that knowledge from L1 underdetermines L2, and L1, L2 underdetermine

L3. Causal diagrams encode partial knowledge about the SCM that allows for principled

and nonparametric causal inference [39, sec. 1.3], defined next.

Definition 6 (Causal Diagram [39]). Consider an SCMM = 〈U,V,F , P (U)〉. Then, G is

said to be a causal diagram (ofM) if constructed as follows:

(1) add a vertex for every endogenous variable in the set V,

(2) add an edge (Vj → Vi) for every Vi, Vj ∈ V if Vj appears as an argument of fi ∈ F .

(3) add a bidirected edge (Vj L9999K Vi) for every Vi, Vj ∈ V if the corresponding Ui,Uj ⊂

U are not jointly independent, or the corresponding functions fi, fj share some

U ∈ U as an argument. �
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The structural information captured by the causal diagram —the functional dependency

of each observable on other endogenous and exogenous variables— leads to a factorization

over observable families (instead of P (U) as in eq. (2.4)) for expressing P (V) as a product

with one factor per observable. To understand how this works, first notice

P (v) =
∑

{u|V(u)=v}

P (u) (2.7)

=
∑

u

P (V(u) = v)P (u), (2.8)

where P (V(u) = v) is either 0 or 1 since once u is fixed, the potential response V(u) is

deterministic and either equal to v, or not. Moreover, the probability P (V(u) = v) can be

decomposed as ∏
Vi∈V

P (Vi(u) = v(Vi)). (2.9)

Individually, for each Vi ∈ V, Vi(u) = fi(pai(u),ui), hence

(Vi(u) = v(Vi)) =⇒ (Vi = v(Vi) | pai,ui) (2.10)

Then,

P (V(u) = v) =
∏
Vi∈V

P (vi | pai,ui), (2.11)

where vi = v(Vi), pai = v(Pai) and ui = u(Ui). Indeed, {u | V(u) = v} in eq. (2.7) is

exactly the same set for which eq. (2.11) is 1 and not 0. Consequently,

P (v) =
∑

u

∏
Vi∈V

P (vi | pai,ui)P (u), (2.12)

as we are effectively summing P (u) for the same sets u. We call eq. (2.12) the latent

factorization of P (V).

A similar argument could be used to write P (vx) = P (v | do(x)) in terms of factors of
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the form P (vi | pai,ui). There is, however, another approach that leverages the already

derived eq. (2.12). Consider any modelM and an intervention do(x). LetM′ =Mx and

let P ′ denote the observational distribution ofM′. The causal diagram induced byM′ is

G ′ = GX. Then,

P ′(v) =
∑

u

∏
Vi∈V

P ′(vi | pai,ui)P (u). (2.13)

HereMx models a system where the variables in X are held constant with values x and

have no parents (i.e., Pa′x = ∅). Then, the observational distribution P ′ is the same as

the interventional distribution P (v | do(x)), forM. As argued before, P ′(vi | pai,ui) =

1[f ′i(pai,ui) = vi], where 1[A] is the indicator function for an event A. For any not inter-

vened variable, Vi /∈ X, the functions fi and f ′i are the same hence P ′(vi | pai,ui) = P (vi |

pai,ui). Since the variables in X are fixed to constant values x inM′, for every Vi ∈ X,

Pai = ∅, Ui = ∅ and P ′(vi) = 1[vi = x(Vi)]. This makes intuitive sense because any event

where an intervened variable takes a value other than the one fixed by intervention, has

probability 0. Putting this observations together leads to

P ′(v) = P (v | do(x)) (2.14)

=
∑

u

(∏
Vi∈X

1[v(Vi) = x(Vi)]

) ∏
Vi∈V\X

P (vi | pai,ui)P (u)

 , (2.15)

or, more succinctly to

P (v | do(x)) =


∑

u

∏
Vi∈V\X P (vi | pai,ui)P (u) if v(X) = x,

0 otherwise
. (2.16)

Equation (2.16) is not a function that can be computed from data since U, by definition,

is not observed. Nevertheless, it will serve as a logical anchor to connect observational and

interventional distributions. Hereon, eq. (2.16) will be referred to as the latent truncated

factorization.
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Chapter 3: A Computational View of Causal Inference

One prominent challenge shared throughout the sciences is to infer cause-and-effect

relationships. For instance, to determine how increasing the state’s educational budget will

bring about changes in the average income of the population, whether exposing subjects

to a new advertisement campaign would translate into additional sales revenue, or how

patients will react to the decrease of the drug’s dosage. Despite the disparate nature of

these questions, they evoke the same set of principles and formal machinery, which comes

under the rubric of causal inference [31, 43].

In general, it is impossible to answer such questions with data alone as further causal

knowledge (assumptions) about the underlying model is necessary (but sometimes not

sufficient) [39]. Some common assumptions are related to the functions (e.g., linear), their

properties (e.g., additive, monotonic), or their functional dependencies.

This chapter introduces a formal notion of causal inference tasks and a general framework

to solve them. Broadly speaking, a task consists of three main components: (1) a query of

interest, (2) a collection of available datasets, and (3) a set of assumptions about the under-

lying data generating process. Several problems in causal inference can be formulated in

those terms.

We will illustrate the proposed framework using three canonical tasks found in the

literature. Specifically, we will discuss in this chapter the tasks of: identification from ob-

servational data [31, 43] (section 3.3.1), identification from a combination of observational

and experimental data [45, 13] (section 3.3.2), and generalization across domains (also

known as transportability) [23] (section 3.3.3).

Each inferential task has a specific signature dictated by its components. Based on

this formalism, a general solution strategy is constructed incrementally as the tasks are
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introduced. Overall, our strategy decomposes the target query and determines whether

each of its components can be computed as a function of the given input data, based on the

available assumptions. To do this systematically, a new data structure called causal factor

tree will be defined. This approach provides a unified framework for several problems in

nonparametric causal inference and generalizability.

We note that even though the solutions for the tasks discussed in this introductory

chapter are already known, this general framework is new and will allow us to solve more

challenging inferential tasks in the remainder of the dissertation.

3.1 Causal Inference Tasks

We start by formalizing the signature of a causal inference task consisting of the three

components mentioned before.

Definition 7 (Signature, Causal Inference Task). The signature of a causal inference task I

is a tuple

I = 〈Q,P,A〉 , (3.1)

where

• Q is the query — the quantity to be inferred,

• P is the input data — a set of distributions available to the researcher, and

• A is a set of causal assumptions about the underlying SCM. �

In this thesis, the causal assumptions will be encoded through the language of causal

diagrams. They will facilitate the nonparametric characterization of several tasks. Causal

diagrams can be elicited from expert judgment [31] or constructed with the help of struc-

tural learning algorithms [46]. The example below illustrates the concept and the role that

causal diagrams play in solving causal inference tasks.

Example 2 (A simple causal inference task — Backdoor adjustment). Consider the causal

diagram G in figure fig. 3.1(a) and the query P (y | do(x)), to be identified from P (V).
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X

Z

Y

(a) “Back-door” graph

Mx
P (z, x, y | do(x′))

P (y | x, z)1[x = x′]P (z)

M
P (z, x, y)

P (y | x, z)P (x | z)P (z)

(b) Conditional probabilities ofMx matched with conditional probabili-
ties ofM

Figure 3.1: Conceptual view of the identification of causal effects in the Markovian case.
The factors composing the query P (z, x, y | do(x)) are derived from the factors composing
the observational distribution P (z, x, y).

Formally, the signature of this task is

I = 〈P (y | do(x)), P (V),G〉. (3.2)

To solve this instance, first consider the decomposition of the query following the latent

truncated factorization (eq. (2.16)):

P (z, x, y | do(x)) =
∑

u

P (z | uz)P (y | x, z,uy)P (u). (3.3)

Note that the right-hand side of eq. (3.3) cannot be evaluated immediately since it relies on

variables in U, which are not measured by definition (we also do not know their cardinality

or form). Still, due to the lack of bidirected edges, it must be the case that Uz,Ux, and Uy

are disjoint and jointly independent. Then, as Ux does not appear in any factor, it can be

summed out. Meanwhile, the sum over Uz and Uy can be distributed as

P (z, y | do(x)) =

(∑
uz

P (z | uz)P (uz)

)∑
uy

P (y | x, z,uy)P (uy)

 . (3.4)

17



Note each Ui is independent of Pai for Vi = Z, Y , then

∑
ui

P (vi | pai,ui)P (ui | pai) =
∑
ui

P (vi,ui | pai) (3.5)

= P (vi | pai), (3.6)

and so

P (y | do(x)) =
∑
z,x

P (y | x, z)P (z). (3.7)

Even though this is a well-known expression, called the backdoor adjustment [47], it is

instructive to go through its derivation for understanding the idea behind the proposed

framework.

Furthermore, from the latent factorization (eq. (2.12)) of P (Y,X,Z) and the indepen-

dence between each Ui and Pai, the observational distribution factorizes as:

P (y, x, z) = P (y | x, z)P (x | z)P (z). (3.8)

Naturally, each factor on the right-hand side is computable from P (y, x, z) as

P (y | x, z) = P (y, x, z)/
∑
y

P (y, x, z), (3.9)

P (x | z) =
∑
y

P (y, x, z)/
∑
y,x

P (y, x, z), and (3.10)

P (z) =
∑
y,x

P (y, x, z)/
∑
y,x,z

P (y, x, z). (3.11)

In summary, eq. (3.7) shows the query as a function of two factors: P (y | x, z) and

P (z). In turn, eqs. (3.9) to (3.11) re-express those factors as functions of the observational

distribution P (V), given as input. Figure 3.1(b) illustrates the overall strategy – to the left

we have the query and the factors required to compute it; the right side contains the factors
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computable from the data. If we can match every non-trivial factor (e.g., not 1[x = x′]) to

the left with one factor to the right, then there exists a mapping from the input to the query.

The causal diagram fig. 3.1(a) acts as a catalyst by licensing the decomposition of both

the observational and interventional distributions and making the matching approach

viable. �

The strategy presented in example 2 is straightforward and always successful for tasks

where the causal diagram G is Markovian (i.e., has no bidirected arrows). Unfortunately,

models representing real-world problems often involve unobserved variables affecting

more than one observable variable, a phenomenon that is also known as latent confounding.

In particular, the factorization of the query and input distributions are not always successful

and as simple as in example 2. To witness, consider the following example.

Example 3 (Non-markovian models). The presence of the edge X L9999K Y in the causal

diagram G in fig. 3.2(a) indicates Ux and Uy are correlated, or Ux ∩ Uy 6= ∅. For ob-

servational distributions induced by models described by G, a factorization such as

P (v) = P (x)P (z | x)P (y | z) does not hold because conditioning on Z does not make

Y independent of X ; they remain correlated due to the unobserved confounder(s). In

particular, the factorization provided by the latent factorization (eq. (2.12)) instantiates for

this model as

P (v) =
∑

u

P (x | ux)P (z | x,uz)P (y | z,uy)P (u), (3.12)

where Ux and Uy are not disjoint or they are correlated. �

There is a fundamental difference between eq. (3.12) and a factorization such as eq. (3.8).

The former includes unobserved variables and individual factors cannot be computed

from data, in contrast to the situation in example 2.

Tian and Pearl [48] generalized the idea used in example 2 to models with latent

confounding, expressing the target query in terms of factors computable from the available

data. To this end, they introduced the concepts of c-factor and c-component, leading to a
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X Z Y

(a) “Front-door graph” G

X Z Y

(b) GV

Figure 3.2: The front-door graph [31, p. 81] and the subgraph where each connected
component is a c-component.

crisp and convenient decomposition of the distributions induced by models in this class.

Definition 8 (C-factor). For any C ⊆ V, Q[C](v) is called the c-factor of C and denotes the

function

Q[C](pa(C)) =
∑
u(C)

∏
Vi∈C

P (vi | pai,ui)P (u(C)), (3.13)

where U(C) =
⋃
Vi∈C Ui and pa(C) is an assignment of the variables Pa(C).1 �

When C = V, Q[V](v) matches the right-hand-side of latent factorization equation

(eq. (2.12)), hence it is equal to Q[V](v) = P (v). For simplicity Q[C](pa(c)) will be denoted

just as Q[C]. For example, the following are some c-factors according to fig. 3.2(a):

Q[Y ] =
∑
uy

P (y | z,uy)P (uy), (3.14)

Q[X, Y ] =
∑
uy ,ux

P (x | ux)P (y | z,uy)P (uy,ux), and (3.15)

Q[Z] =
∑
uz

P (z | x,uz)P (uz). (3.16)

A c-factor Q[C] sometimes decomposes into smaller c-factors according to the latent

structure of the corresponding subgraph over C, G[C]. Specifically, the variables in a graph

(or subgraph) G can be partitioned into sets called c-components.

1Recall that Pa(C) 6= Pac. The former includes C itself while the latter refers only to the parents.
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Definition 9 (C-component). Two variables Vi, Vj ∈ V belong to the same confounded-

component (for short c-component) in a causal diagram G if there exists a path between Vi

and Vj made entirely of bidirected arrows. �

Equivalently, the c-components of a graph G are the connected components of the

subgraph GV, where all directed arrows have been removed. For instance, the causal graph

in fig. 3.2(a) has two c-components: {X, Y } and {Z}. These are precisely the connected

components of the subgraph in fig. 3.2(b). For the causal diagram in fig. 3.1(a), every

variable belongs to its own c-component, i.e., {Z}, {X}, and {Y }. The interesting aspect of

c-components is that a c-factor associated with a causal diagram G factorizes into smaller

c-factors corresponding to the c-components of G. For fig. 3.2(a), this implies that:

Q[X,Z, Y ] = Q[X, Y ]Q[Z], (3.17)

where the first factor in the right-hand side corresponds to the c-component {X, Y } and

the second to the c-component {Z}. This equality follows from the observation that the

distribution over U factorizes as P (u) = P (ux,uy)P (uz). Then Q[V], given by

∑
u

P (x | ux)P (z | x,uz)P (y | x, z,uy)P (u), (3.18)

factorizes as ∑
u(X,Y )

P (x | ux)P (y | x, z,uy)P (u(X, Y ))


︸ ︷︷ ︸

Q[X,Y ]

∑
u(Z)

P (z | x,uz)P (u(Z))


︸ ︷︷ ︸

Q[Z]

, (3.19)

where U(X, Y ) = UX ∪UY and U(Z) = UZ . The possibility of decomposing c-factors

such in eq. (3.19) will play an instrumental role in solving causal inference tasks.
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3.2 Causal Factor Trees

In this section, we introduce a data structure called causal factor tree that encodes

relationships between c-factors. Specifically, it represents whether one c-factor could be

computed as a function of other c-factors. Later in section 3.3, this will be instrumental for

the generalization of the strategy in example 2 to general latent confounding settings.

Definition 10 (Causal Factor Tree (cftree, for short)). A rooted polytree2 T is called a causal

factor tree if

(i) every node, including the root, represents a c-factor Q[C], and

(ii) every node Q[C] is computable as a function of the nodes at the tail of the edges

into it. In other words, there exists some function f such that Q[C] = f({Q[W] |

(Q[W] −→ Q[C]) ∈ T }). �

We will introduce two types of cftrees, one representing the query Q and the other for

each input dataset P ∈ P, which we will call, respectfully, q-trees and d-trees. A q-tree has

arrows into the root, which means that the root is computable as a function of a subset of

the leaves. In contrast, a d-tree has arrows going out from the root, which means that any

node Q[C] in the d-tree must be computable via a composition of the functions along the

path from the root to Q[C].

Cftrees will play a central role in our framework since they will serve as computational

devices to evaluate whether a query Q is computable from the set of input distributions P.

Figure 3.3 illustrates this process, where the q-tree is shown on the top and the d-trees on

the bottom. If sufficient factors Q[D1], Q[D2], . . ., Q[Dk] in the q-tree are found in any of

the d-trees, a connection (witnessed by the highlighted paths in the figure) is established

between P and the Q, where the latter is computable from the former.

To implement this strategy, the ability to expand nodes in a cftree will be required. This is

precisely the role of the causal diagram (and the causal assumptions it encodes), to license

2A directed acyclic graph whose underline structure is a tree.
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Q

Q[Dk]. . .Q[D2]Q[D1]

P1 ∈ P

Q[· · · ]

Q[D2]

Q[· · · ]Q[· · · ]Q[· · · ]

Q[· · · ]Q[D1]

Pk ∈ P

Q[· · · ];Q[· · · ]

Q[· · · ]Q[Dk]

Q[· · · ]· · ·

Figure 3.3: General view of the solution strategy for a causal inference task. The query
is represented with a q-tree whereas the input distributions are represented with d-trees.
If sufficient nodes in the query’s tree appear in the input trees, the paths (highlighted)
describe a way to compute the query as a function of the inputs.

the validity of the operators that will be defined for expanding cftrees. Each operator will

be denoted with a greek letter so that the edges in the cftrees can be annotated with them.

First, we introduce two basic operators based on two lemmas from [48]: marginalization

and independence among c-factors, as defined next.

Lemma 1 (Σ and δ operators). Let endogenous sets T,C be such that C ⊂ T and let C′ = T\C.

Then, for any cftree T with a node Q[T]:

Σ-operator (marginalization): If there is no directed arrow with tail in C′ and head in C in the

diagram G[T], Q[T]
Σ−→ Q[C] is a valid edge for T and it is associated with the function

Q[C] =
∑
c′

Q[T]. (3.20)

δ-operator (independence): If there is no bidirected arrow connecting C and C′ in the diagram

G[T], Q[T]
δ−→ Q[C] is a valid edge for T . The associated function is defined for any
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topological order T1 < T2 < · · · < Tk on G[T] as

Q[C] =
∏
Ti∈C

∑
ti+1,...,tk

Q[T]∑
ti,...,tk

Q[T]
. (3.21)

Furthermore, let C1, . . . ,Ck be the c-components of G[T], then the set of edges {Q[T]
δ←−

Q[Ci]}i=1,...,k are valid for T and correspond to the mapping

Q[T] =
k∏
i=1

Q[Ci]. (3.22)

�

Parting from some c-factor Q[T], the Σ-operator produces a c-factor Q[C] by summing

out variables in T that have no children in C. On the other hand, the δ-operator produces

c-factors Q[C] such that there are no bidirected arrows between C and other elements in T.

Those operators will be used and exemplified in the next section to construct d-trees for

input distributions and subsequently q-trees for target distributions.

3.2.1 Generating Cftrees for an Input Distribution

The purpose of d-trees is to determine what c-factors can be computed from the input

distributions in a given task. In a cftree, an arrow from one node to another represents

that one c-factor is computable from the other. Then, a path from the root of a d-tree to

any node implies that such a node can be computed as a function of the root (the input

distribution).

The following example discusses d-trees generated for a given observational distribu-

tion P (V).

Example 4 (Inducing d-trees for the back-door and front-door graphs). Consider the

generation of d-trees for the distribution P (V) = P (X,Z, Y ) in the context of the back-

door (fig. 3.1(a)) and the front-door (fig. 3.2(a)) graphs. Such d-trees are rooted at Q[V]

that is equal to P (V).
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Q[X,Z, Y ]

Q[Y ] Q[Z] Q[X]

δ
δ

δ

(a) Q[X,Z, Y ]

Q[Z] Q[X, Y ]

Q[Y ] Q[X]

ΣΣ

δδ

(b)

Figure 3.4: D-trees for P (X,Z, Y ) with respect to the back-door (a) and front-door (b)
graphs.

Since the back-door graph has no bidirected edges, three new nodes are produced by

the δ-operator from the root of the d-tree, as shown in fig. 3.4(a). Then, each leaf node is a

c-factor with a single variable in it.

For the front-door graph, we could first use the δ-operator to expand from the root to

the nodes Q[X, Y ] and Q[Z], given that there are no bidirected arrows between those sets.

Then, the Σ-operator licenses the edges Q[X, Y ] −→ Q[X] and Q[X, Y ] −→ Q[Y ], since

there are no directed arrows across X and Y in G[X, Y ]. The resulting d-tree is shown in

fig. 3.4(b). �

Let us study one more example that includes writing c-factors at the leaves as functions

of the root node.

Example 5 (Inducing a d-tree and writing out the c-factors at the leaves). Suppose the

distribution P (V) and the “napkin” causal diagram G in fig. 3.5(a) are given as input. The

d-tree in fig. 3.5(d) is rooted at P (V) = Q[V] and its expansion is licensed by G. The root

has two children obtained with δ-operators. Notice there are no bidirected arrows across

{W,X, Y } and {Z}, hence the condition for the δ-operator is satisfied.

Then, via the Σ-operator, the c-factors Q[X, Y ] and Q[W ] are computable from the

c-factor Q[W,X, Y ] because in G[{W,X, Y }] (fig. 3.5(b)) there is no arrow from W (the

variable being removed) to {X, Y }. However, Q[Y ], for instance, is not computable from

Q[X, Y ] using the Σ-operator because of the edge X → Y in G[{X, Y }].
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X

Z
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Y

(a) G
X

W

Y

(b) Subgraph G[W1, X, Y ]

X Y

(c) Subgraph G[X,Y ]

Q[V]

Q[Z] Q[W,X, Y ]

Q[W ] Q[X, Y ]

Q[X] Q[Y ]

δδ

ΣΣ

δδ

(d) A d-tree for P (V) induced by the napkin
graph

Q[V]

Q[Z] Q[W,X, Y ]

Q[W ] Q[X, Y ]

Q[X] Q[Y ]

δδ

ΣΣ
Q[W,Z,X]

Q[Z] Q[W,X]

Q[X] Q[W ]

ΣΣ
Q[W,Z]

Q[Z] Q[W ]

δ,Σδ
Q[W ]

Σ

Σδ

δ
Q[W,Z]

Q[W ] Q[Z]

δδ,Σ
Q[W ]

Σ

ΣΣδ

δ

(e) Another d-tree for P (V) and the napkin graph

Figure 3.5: The “napkin” graph, subgraphs associated with the c-factors Q[W1, X, Y ] and
Q[X, Y ], and two d-trees induced by the observational distribution P (V) and G.
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Instead, because there are no bidirected arrows between X and Y in the subgraph

G[{X, Y }] (fig. 3.5(c)), Q[Y ] is computable through the δ-operator.

Note that as a cftree expands, each directed path entails a series of function involving

the node at the tail of each edge and resulting in the node at the head of the edge. For

instance, consider the path Q[V]
δ−→ Q[W,X, Y ]

Σ−→ Q[X, Y ] in the d-tree of fig. 3.5(d). By

the function associated with the δ-operator, it follows

Q[W,X, Y ] =

∑
z,x,yQ[V]∑
w,z,x,yQ[V]

∑
yQ[V]∑
x,yQ[V]

Q[V]∑
yQ[V]

(3.23)

=

∑
z,x,y P (v)∑
w,z,x,y P (v)

∑
y P (v)∑
x,y P (v)

P (v)∑
y P (v)

(3.24)

= P (w)P (x | z, w)P (y | x, z, w). (3.25)

Then, by the Σ-operator:

Q[X, Y ] =
∑
w

Q[W,X, Y ] (3.26)

=
∑
w

P (w)P (x | z, w)P (y | x, z, w). (3.27)

Similarly, every node in a d-tree can be computed via the composition of the functions

associated with the operators along a path from the root to the node. While expanding a

tree, at each node, there could be more than one operator available or different ways to use

them. For instance, searching exhaustively through all valid applications of the operators

for P (V) and G results in the d-tree shown in fig. 3.5(e).

�

As the example shows, cftrees are not unique and they could be expanded in different

ways. Moreover, depending on the causal diagram, the size of a cftree could be exponential

in the number of variables in the diagram. This is why it is important to guide the

expansion of the tree based on the factors of interest. As target factors depend on the query,
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the following section discusses q-trees generated for queries.

3.2.2 Generating a Q-tree for a Query

While d-trees are used for input distributions, q-trees are employed to reason about the

c-factors required to compute the query of the task. Most of the tasks we will study here

have a causal effect as a query, then we will first discuss the translation of interventional

distributions into c-factors and their corresponding q-trees.

Consider a modelMx inducing a (mutilated) causal diagram GX, and interventional

distribution P (V | do(x)). Let Q[ · | do(x)] represent the c-factors defined in the context of

Mx. Then from the latent truncated factorization (eq. (2.16)),

P (v | do(x)) = Q[V | do(x)] (3.28)

This equality follows from the definition of c-factor inMx. Also by definition, for X ∈ X,

Q[X | do(x)](x) =
∑
u(X)

P (x | do(x),pax,u(X))P (u(X)). (3.29)

However, do(x) induces a model where fx is a constant, hence pax and u(X) are empty in

eq. (3.29) and

Q[X | do(x)](x) = P (x | do(x)). (3.30)

Since the value of X is fixed to x(X) by the intervention, P (x | do(x)) is equal to 1 if x is

consistent with x(X) and 0 otherwise, that is,

Q[X | do(x)](x) = 1[x = x(X)].3 (3.31)

3This can be seen as a consequence of a property called effectiveness [31, p. 229]. In other words, under an
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X Z Y

(a) Interventional causal dia-
gram GX for fig. 3.2(a)

Q[V | do(x)]

Q[Y | do(x)]Q[Z | do(x)]Q[X | do(x)]

δ
δ

δ

(b) A q-tree T induced by P (v | do(x)) and GX .

Figure 3.6: Example of a q-tree induced by an interventional distribution.

Let us see an example of the generation of q-tree for a query next.

Example 6 (Inducing a q-tree for an interventional query). Consider the front-door graph

from fig. 3.2(a) under an intervention do(X = x), as shown in fig. 3.6(a). First, we initialize

a q-tree T with root Q[V | do(x)] = Q[X,Z, Y | do(x)]. Then, using the δ-operator the root

is expanded to three c-factors: Q[X | do(x)], Q[Z | do(x)], and Q[Y | do(x)]. This operator is

licensed by the lack of bidirected arrows across X,Z, and Y in the interventional diagram

GX (fig. 3.6(a)). While Q[X | do(x)](x′) is trivially equal to 1[x = x′], the remaining two

factors need to be obtained from the input data in order to compute the query (root of the

q-tree) (as discussed in section 3.3). �

When the query consists of a marginal causal effect, that is, Q = P (y | do(x)), Y ⊂ V,

we will first map it to a single c-factor to use as the root of the q-tree. In general, any query

P (y | do(x)) can be rewritten in terms of c-factors as follows

P (y | do(x)) =
∑
v\y

P (v | do(x)) (Sum over V \Y) (3.32)

=
∑
v\y

Q[V | do(x)] (c-factor definition) (3.33)

=
∑
d\y

Q[D | do(x)], (Σ-operator) (3.34)

where D = An(Y)GX . The Σ-operator licenses eq. (3.34) because no variable A ∈ V \D has

arrows pointing to D in GX; otherwise, A would also be an ancestor of Y.

intervention do(x), the probability of observing X ∈ X taking a value other than x(X) is zero.
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Q[D | do(x)]

Q[D` | do(x)]· · ·Q[D2 | do(x)]Q[D1 | do(x)]Q[D ∩X | do(x)]

δ
δ δ

δ

Figure 3.7: Q-tree induced by a marginal causal effect query.

X

Z

W

Y

(a) Causal diagram in fig. 3.5(a)
under do(x).

Q[X, Y | do(x)]

Q[Y | do(x)]Q[X | do(x)]

δ δ

(b) Q-tree induced by the distribution P (y | do(x)) and GX .

Figure 3.8: Example of a q-tree induced by an interventional distribution.

Based on eq. (3.34), the q-tree is generated with Q[D | do(x)] at the root, as illustrated

in fig. 3.7. Then, using the δ-operator we can expand one node for each c-component of

the diagram GX[D] since there are no bidirected edges across them. For concreteness, let

us use this result in the context of an example.

Example 7 (Inducing a q-tree for a marginal interventional query). Consider once again the

napkin graph in fig. 3.5(a), this time under the intervention do(X = x). The corresponding

causal diagram GX is shown in fig. 3.8(a). Also, assume the query of interest is Q = P (y |

do(x)). Following eq. (3.34), we have

P (y | do(x)) =
∑
x′

Q[X, Y | do(x)], (3.35)

since An(Y )GX = {X, Y }.

Then, we construct a q-tree TP (y|do(x)) rooted at Q[X, Y | do(x)] (fig. 3.8(b)). Two new

nodes are added to the q-tree by applying the δ-operator, namely, Q[X, Y | do(x)]
δ←−

Q[X | do(x)] and Q[X, Y | do(x)]
δ←− Q[Y | do(x)]. �
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3.3 Solving Causal Identification Tasks with Causal Factor Trees

While every c-factor in a d-tree constructed for an input distribution P is equal to some

function of P , in a q-tree for a queryQ, the query must be equal to a function of a collection

of nodes in the tree. This suggests that solving a causal inference task can be related to

matching nodes in those two types of cftrees. The first step in this direction is to establish

an explicit connection between interventional and not interventional c-factors.

Consider an intervention do(x) and let C ⊂ V be such that C ∩X = ∅. The c-factor

associated with C in an interventional model is, by definition, given by

Q[C | do(x)](pa(C)) =
∑
u(C)

∏
Vi∈C

P (vi | do(x),pai,ui)P (u(C)). (3.36)

For every Vi that is not intervened, P (vi | do(x),pai,ui), which only depends on fi, must

be the same as P (vi | pai,ui). Therefore,

Q[C | do(x)](pa(C)) =
∑
u(C)

∏
Vi∈C

P (vi | pai,ui)P (u(C)) (3.37)

= Q[C]. (3.38)

In other words, the c-factor relative to C is invariant across pre- and post-interventional

distributions. To integrate this type of invariance into our framework, we define a new

cftree operator capturing the invariance behind eq. (3.38).

Lemma 2 (σ operator). Let T ⊆ V be an endogenous set of variables. Then, for any cftree T with

a node Q[T | do(x)]:

σ-operator (regime invariance): If T ∩X = ∅, Q[T | do(x)]
σ←− Q[T] and Q[T | do(x)]

σ−→

Q[T] are valid edges for T and correspond to the function

Q[T] = Q[T | do(x)]. (3.39)
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�

Building on these results, we discuss three canonical problems found in the causal

inference literature, formulate them as causal inference tasks (definition 7), and present a

general and unifying approach to solving all of them. Specifically, we will consider the

following tasks:

1. Identification from observational data (obs-ID) (section 3.3.1).

2. Identification from an arbitrary combination of observational and experimental

distributions (g-ID) (section 3.3.2).

3. Generalization across changing conditions, also called transportability (g-TR) (sec-

tion 3.3.3).

Our framework executes four steps to solve a causal inference task with signature

I = 〈Q,P,G∗〉. First, it generates a q-tree TQ for the query. Second, it generates a d-tree

TP for each distribution P ∈ P. Both the construction of TQ and each TP are licensed by

the assumptions encoded in one or more causal diagrams in G∗. The third step consists

of mapping nodes in TQ to nodes in some TP . Finally, if sufficient c-factors from TQ have

been mapped, it constructs an expression for Q as a function of P, as dictated by the paths

in the corresponding cftrees. The task fails if one or more required c-factors in TQ cannot

be mapped from the input. This strategy is named C-INFER and is formally described in

algorithm 1.

C-INFER is based on four subroutines: GENQUERYTREE, GENINPUTTREE, MAPFAC-

TORS, and COMPOSEQUERY, listed in algorithms 1 to 5. The first step (line 1) in C-INFER is

to generate a q-tree TQ using GENQUERYTREE (algorithm 2) according to the discussion

in section 3.2.2 and illustrated in fig. 3.7. Then, for each one of the distributions available

as input, a d-tree TP is generated using GENINPUTTREE (line 3), following the discussion

in section 3.2.1. Basically, GENINPUTTREE uses the available cftree operators to “expand”

a d-tree rooted at each P . A particular implementation will be discussed below, while

solving the first task.
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Algorithm 1 C-INFER(I = 〈Q,P,G∗〉)
Input: A causal inference task I consisting of a queryQ, a set of input distributions P, and
a set of causal diagrams G∗ over observable variables V.
Output: Q as a function of P or FAIL.

1: Let TQ ← GENQUERYTREE(I). .Generates a q-tree
2: for each P ∈ P do
3: Let TP ← GENINPUTTREE(P, I, TQ). .Generate d-trees for each input distribution
4: end for
5: µ← MAPFACTORS(TQ, {TP}P∈P). .Match c-factors in TQ to c-factors in some TP
6: if there is a leaf node Q[Dj] ∈ TQ such that µ(Q[Dj]) = ∅ then
7: return FAIL. . Some required c-factor was not found in any d-tree
8: else
9: return COMPOSEQUERY(TQ, µ). .Construct an expression for Q as a function of P

10: end if

Algorithm 2 GENQUERYTREE(I = 〈Q,P,G∗〉)
Input: A causal inference task I such thatQ = P (y | do(x)) and some G ∈ G∗ describes the
(pre-interventional) SCM associated with Q.
Output: TQ a q-tree for Q.

1: Let D← An(Y)GX .
2: Initialize TQ with root Q[D | do(x)].
3: Expand TQ with Q[D | do(x)]

δ−→ Q[Di | do(x)] for each c-component Di of GX.
4: return TQ.

Once the query and input cftrees are generated, MAPFACTORS (line 5) simply connects

leaf nodes in TQ with leaf nodes in some TP . Factors of the form Q[X | do(x′)] are directly

assigned 1[x = x′]. If any leaf node of TQ is not mapped, the procedure fails (line 7).

Otherwise, the subroutine COMPOSEQUERY (line 9) returns Q as a function of P using

eq. (3.34), and a composition of the functions entailed by the paths between the matched

leaves and their root nodes.

In the following, this strategy is instantiated for each of the aforementioned tasks.

3.3.1 Task 1: Identification of Causal Effects from an Observational Distribution

Identifying causal effects from observational data, denoted obs-ID, is one of the most

well-studied problems in the field and one of the main motivations for the initial develop-

ment of causal inference methods [31]. In the language developed here, the signature of
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Algorithm 3 MAPFACTORS(TQ, {TP}P∈P)

Input: a q-tree for a query Q and one or more d-trees for each input distribution.
Output: µ : Q[Di] → T , a mapping from a node Q[Di] ∈ TQ to a d-tree T such that
Q[Di] ∈ T .

1: for each Q[Z | do(x′)] ∈ TQ, Z ⊆ X do
2: Assign µ(Q[Z | do(x′)]) = (1[z(X) = x′]) −→ Q[Z | do(x′)]. .Trivially assign c-factors

of intervened variables
3: end for
4: for each Q[Dj | do(x)] ∈ TQ, Dj ∩X = ∅ do
5: if Q[Dj | do(x)] ∈ TP for some P ∈ P then
6: Assign µ(Q[Dj | do(x)]) = TP .
7: end if
8: end for
9: return µ.

Algorithm 4 COMPOSEQUERY(TQ, µ)

Input: a q-tree for a query Q = P (y | do(x)) and a mapping of nodes in TQ to nodes in
some T .
Output: A expression for Q.

1: for each leaf Q[Ci] ∈ TQ do
2: Compute Q[Ci] as a function of the root of µ(Q[Ci]) given by the composition of the

functions along the path from the root to Q[Ci] in that d-tree.
3: end for
4: Compute the root of TQ, Q[D | do(x)], from the leafs.
5: return

∑
d\y Q[D | do(x)].

this task is

Iobs-ID = 〈P (y | do(x)), {P (V)} , {G}〉 . (3.40)

In other words, the goal is to identify a causal effect from a single observational distribution

and the corresponding causal diagram.

Figure 3.9 illustrates the strategy described in algorithm 1 with respect to the classical

obs-ID task. Specifically, there is one q-tree TP (y|do(x)) for the query and one d-tree TP (V) for

the observational distribution. The task succeeds if every c-factor Q[Di | do(x)] in TP (y|do(x))

can be derived in TP (V), and fails otherwise. For concreteness, consider the following

examples.

Example 8 (The front-door graph). Let I = 〈P (y | do(x)), P (x, z, y),G〉where G is the front-
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〈 Q , G , P 〉

GX

TP (y|do(x) TP (V)

Q[D|do(x)]

Q[D`|do(x)]Q[D2|do(x)]Q[D1|do(x)]

Q[V]

Q[. . .]

Q[D`]Q[. . .]

Q[D2]Q[. . .]

Q[D1]

MMx

Figure 3.9: Mapping of the c-factors associated with the target query and the c-factors
computable from the input distribution.

door graph in fig. 3.2(a). First, GENQUERYTREE generates TP (y|do(x)) as shown in fig. 3.10.

The q-tree is rooted at Q[X,Z, Y | do(x)] since {X,Z, Y } is the set An(Y )GX . Moreover, the

root expands to Q[X | do(x)] (trivially equal to 1 for x consistent with the intervention),

Q[Z | do(x)] and Q[Y | do(x)].

The next step is to generate a d-tree TP for the only available distribution P (V) =

Q[X,Z, Y ]. This is the same d-tree derived in example 4 plus the edges Q[Z]
σ−→ Q[Z |

do(x)] and Q[Y ]
σ−→ Q[Y | do(x)] included by GENINPUTTREE (described below in algo-

rithm 5) with the aim of connecting TQ to TP . This TP is shown in the lower section of

fig. 3.10. The mapping is successful because all c-factors needed in TP (y|do(x)) appear in

TP (V).

Finally, the query can be composed according to the paths Q[X,Z, Y ]
δ−→ Q[Z] and
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Q[X,Z, Y | do(x)]

Q[Y | do(x)]Q[Z | do(x)]Q[X | do(x)]

δ
δ

δ

Q[X,Z, Y ]

Q[Z]

Q[Z | do(x)]

σ

Q[X, Y ]

Q[X] Q[Y ]

Q[Y | do(x)]

σ

ΣΣ

δδ

TQ

TP (V)

Figure 3.10: Mapping between the query and input cftrees constructed for solving the
obs-ID task in the context of the front-door graph.

Q[X,Z, Y ]
δ−→ Q[X, Y ]

Σ−→ Q[Y ], specifically,

Q[Z | do(x)]
σ
= Q[Z]

δ
=

∑
yQ[X,Z, Y ]∑
z,yQ[X,Z, Y ]

def.
= P (z | x), (3.41)

Q[Y | do(x)]
σ
= Q[Y ]

Σ
=
∑
x′′

Q[X, Y ]
δ
=
∑
x′′

∑
z,yQ[X,Z, Y ]∑
x,z,yQ[X,Z, Y ]

Q[X,Z, Y ]∑
yQ[X,Z, Y ]

def.
=
∑
x′′

P (x′′)P (y | x′′, z). (3.42)

Putting it all together, the target query is equal to

P (y | do(x)) =
∑
x′,z

Q[X,Z, Y | do(x)] (3.43)

=
∑
x′,z

1[x′ = x] (P (z | x′))

(∑
x′′

P (x′′)P (y | x′′, z)

)
(3.44)

=
∑
z

(P (z | x))

(∑
x′′

P (x′′)P (y | x′′, z)

)
, (3.45)
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Algorithm 5 GENINPUTTREE(P, I = 〈Q,P,G∗〉, TQ)

Input: A distribution P , a causal inference task I and a q-tree TQ.
Output: TP , a d-tree for P .

1: Initialize T with P at the root .P could be interventional or observational.
2: for each node Q[C | do(x)] ∈ TQ, starting from the root,

at every current node Q[T | do(z)] do
3: if C ∩ Z 6= ∅ then give up on Q[C | do(x)]. .Target variable intervened in tree
4: if T = C and x = z then move to next Q[C | do(x)] . Search is done
5: if T = C and C ∩ (X ∪ Z) = ∅ then derive Q[C | do(x)] by σ-operator. .Change

models
6: Let A← An(C)GZ[T].
7: if A 6= T then use Σ-operator to derive and move to Q[A | do(z)]. .Can sum-out

variables
8: if GZ[T] has more than one c-component then use δ-operator to derive Q[W | do(z)]

where W is the union of the c-components intersecting C. .Can factorize
9: Give up on Q[C | do(x)]. .No operator left

10: end for

which is a mapping from the input distribution P (V) to the query Q.4 This identification

result is known as “front-door” adjustment [31, p. 81]. �

When searching a d-tree for a target c-factor Q[C], a natural question that arises is how

to use the available operators to efficiently determine its computability while avoiding

backtracking and possibly exponential time. For instance, in the context of example 5, to

generate the d-tree shown in fig. 3.5(d) instead of the much larger one in fig. 3.5(e). To this

end, a particular implementation of GENINPUTTREE (algorithm 5), which is based on the

Identify algorithm [10], is used to address those concerns.

We give a brief description of the d-tree generation strategy. The algorithm expands

TP towards the direction of the c-factors needed by Q (according to TQ). Starting from

the root and at every node, GENINPUTTREE applies a valid cftree operator. Line 3 aborts

the search for the target c-factor if any of the target variables have been intervened in the

distribution corresponding to the tree. Line 4 determines if the current node is the target

c-factor, then the expansion is completed. Line 5 changes the model (determined by the

4The index x′ is used for the sum added when writing the query through eq. (3.34), and x′′ is the index of
the sum for the expression obtained for Q[Y | do(x)] which is different than x
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Q[V]

Q[Z] Q[W,X, Y ]

Q[X, Y ]

Q[Y ]

Q[Y | do(x)]

σ

δ

Σ

δδ

Q[X, Y | do(x)]

Q[Y | do(x)]Q[X | do(x)]

δ δTQ

TP (V)

Figure 3.11: cftrees induced for P (V) and the query P (y | do(x)), licensed by the causal
diagrams in figs. 3.5(a) and 3.8(a).

intervention) to match the target factor. Line 7 applies if the scope of the c-factor in the

current node can be reduced by marginalization. If the current factor contains variables

within different c-components than the target variables, line 8 generates a new c-factor

where every variable is in the same c-component as the target variables. If none of the

previous scenarios applies, the expansion for the current target node is aborted.

Although other strategies are possible, algorithm 5 will be shown to offer the property

of completeness and efficiency (theorem 1).

Example 9 (Solving a causal inference task in the napkin graph). Recall the task I =

〈P (y | do(x)), P (V),G〉, where G is the napkin graph in fig. 3.5(a). Following example 7,

GENQUERYTREE (algorithm 2) generates TP (y|do(x)), shown in the top part of fig. 3.11. The

c-factor Q[X | do(x)] can be mapped trivially while Q[Y | do(x)] needs to be matches to

some factor in a d-tree.

GENINPUTTREE (algorithm 5) constructs TP (V) aiming for Q[Y | do(x)] and resulting in

the d-tree on the lower half of fig. 3.11. This component is later mapped to its counterpart
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in TP (y|do(x)) by MAPFACTORS.

Finally, COMPOSEQUERY (algorithm 4) computes Q[Y | do(x)] following the path

Q[Y | do(x)]
σ←− Q[Y ]

δ←− Q[X, Y ]
Σ←− Q[W,X, Y ]

δ←− Q[V],

Q[Y | do(x)]
σ
= Q[Y ]

δ
=

Q[X, Y ]∑
yQ[X, Y ]

Σ
=

∑
wQ[W,X, Y ]∑

y

∑
wQ[W,X, Y ]

(3.46)

Q[W,X, Y ]
δ
=

∑
z,x,yQ[W,Z,X, Y ]∑
w,z,x,yQ[W,Z,X, Y ]

∑
yQ[W,Z,X, Y ]∑
x,yQ[W,Z,X, Y ]

Q[W,Z,X, Y ]∑
yQ[W,Z,X, Y ]

(3.47)

def.
= P (w)P (x | w, z)P (y | w, z, x), (3.48)

Then, following eq. (3.34), the query distribution can be written as

P (y | do(x)) =
∑
x′

1[x′ = x]

∑
w P (w)P (x | w, z)P (y | w, z, x)∑
y,w P (w)P (x | w, z)P (y | w, z, x)

(3.49)

=

∑
w P (w)P (x | w, z)P (y | w, z, x)∑

w P (w)P (x | w, z)
(3.50)

�

The next example provides an instance where a target c-factor cannot be derived from

the d-tree.

Example 10 (A non-identifiable instance). Consider the task with signature I = 〈P (y |

do(x)), P (V),G〉, where G is the causal diagram in fig. 3.12(b). For this task, GENQUERY-

TREE constructs the q-tree in fig. 3.12(c), where the c-factor Q[Y | do(x)] has to be identified

from the input distribution. However, it is impossible to derive this factor from the d-tree

associated with P (V) (fig. 3.12(d)). None of the Σ, σ, or δ-operators licence the expansion

of the root towards another c-factor containing Y . Naturally, GENINPUTTREE will give up

(line 9) on P (V) when looking for Q[Y | do(x)]. Then, C-INFER fails at line 7. �

The impossibility of deriving Q[Y | do(x)] from TP (V) leads to the question of whether

this also implies that the query is not identifiable or the strategy is incomplete. This is

indeed the case as we discuss next.
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X

Z

Y

(a) GX

X

Z

Y

(b) G

Q[X, Y | do(x)]

Q[Y | do(x)]Q[X | do(x)]

δ δ

(c) TQ

Q[Z,X, Y ]

Q[Z,X] Q[Z]

ΣΣ

(d) TP (V)

Figure 3.12: Causal diagrams (observational and interventional) and d-trees for a non-
identifiable instance.

The failure of C-INFER (algorithm 1) with GENINPUTTREE (algorithm 5) for this in-

stance is not a coincidence. The following result ascertains the necessity (and therefore

completeness) of the proposed approach for the identification of causal effects from obser-

vational data. In other words, whenever a target factor cannot be derived from the d-tree

of the input distribution, the query cannot be identified by any other method (without

further assumptions).

Theorem 1 (Σ-, σ-, and δ-operators soundness and completeness for obs-ID). Given a causal

inference task Iobs-ID = 〈P (y | do(x)), {P (V)}, {G}〉, the query is identifiable from P (V) and G if

and only if C-INFER finds a mapping using the Σ, σ and δ operators. Moreover, the task is decided

in O(n2(n+m)) time following GENINPUTTREE, where n = |V| and m is the number of edges

in G. �

When observational data is not sufficient for the identification of a causal effect of

interest, there are alternatives based on increasingly rich input datasets. The following

section discusses one such scenario where surrogate experiments could help identification.
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3.3.2 Identification from a Combination of Experimental and Observational Distributions

Bareinboim and Pearl [13] studied identification from a combination of observational

and experimental distributions. This task was called z-ID and in contrast to obs-ID, it

assumes the availability of distributions P (V | do(Z′)), for every Z′ ⊆ Z and some Z ⊂ V.

Later on, Lee, Correa, and Bareinboim [14] studied a relaxation of this setting where

surrogate experiments are given for arbitrary sets of intervened variables. This problem is

called g-ID (general identifiability) and the corresponding task signature can be written as

the tuple

Ig-ID = 〈P (y | do(x)),P, {G}}〉, (3.51)

where P = {P (V | do(z))}z∈Val(Z),Z∈Z and Z = {Z1, . . . ,Zm} with Zi ⊂ V. The z-ID and

g-ID tasks differ in two main aspects: experiments for Z′ ⊂ Zi ∈ Z are not assumed to be

known unless Z′ itself belongs to Z (i.e., P (V | do(z′)) is available), and the observational

distribution Z = ∅ (no interventions) is not assumed to be available unless ∅ ∈ Z.

Example 11 (Identifiability through surrogate experiments). In example 10, the effect P (y |

do(x)) was not identifiable due to the impossibility of deriving the required c-factor Q[Y |

do(x)] from P (V). If the task is instead I = 〈P (y | do(x)), {P (V), P (V | do(Z))},G〉, that is,

P (V | do(z)) is also given as input, there is an extra source of data and a corresponding

d-tree to explore, which could be useful to establish P (y | do(x)). Figure 3.13(a) and (b)

show the causal diagram and d-tree corresponding to the new experimental distribution.

The mechanics to compute the tree for P (V | do(z)) is exactly the same as for P (V) (as

discussed in section 3.2). Note the pathQ[Z,X, Y | do(z)]
δ−→ Q[Y | do(z)]

σ−→ Q[Y | do(x)]

entails the following mapping:

Q[Y | do(x)] = Q[Y | do(z)] =
Q[Z,X, Y | do(z)]∑
yQ[Z,X, Y | do(z)]

= P (y | x, do(z)). (3.52)

Hence the query P (y | do(x)) = P (y | x, do(z)) (for any z ∈ Val(Z)), based on the q-tree in

41



X

Z

Y

(a) GZ

Q[Z,X, Y | do(z)]

Q[Y | do(z)]

Q[Y ]

σ

Q[X | do(z)]

Q[X]

σ

Q[Z | do(z)]

δ
δ

δ

(b) TP (V|do(Z))

Figure 3.13: Causal diagram and d-trees induced by the surrogate experiment.

fig. 3.12(c). �

In general, the resulting mapping for Q is not necessarily a function of just one of the

input distributions, as illustrated in the next example.

Example 12 (g-Identification with a mix of distributions). Consider the causal inference

task with signature I = 〈P (y | do(x)),P = {P (V), P (V | do(Z))}, {G}〉, where G is the

diagram in fig. 3.14(b).

First, GENQUERYTREE produces the q-tree in fig. 3.14(d). The required c-factors for

the evaluation of Q are Q[Z | do(x)] and Q[Y | do(x)]. Next, GENINPUTTREE generates the

d-trees TP (V) (fig. 3.14(e)) and TP (V|do(z)) (fig. 3.14(f)). MAPFACTORS finds Q[Z | do(x)] in

TP (V) and Q[Y | do(x)] in TP (V|do(Z)), whereas Q[X | do(x)] is assigned the usual indicator

function. Finally, COMPOSEQUERY maps

Q[Z | do(x)] =
∑
w

P (w)P (z | x,w), (3.53)

Q[Y | do(x)] = P (y | do(z)), (3.54)

and the query can then be written as

P (y | do(x)) =
∑
z

(∑
w

P (w)P (z | x,w)

)
(P (y | do(z))) . (3.55)

�
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(a) GX
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X
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(c) GZ

Q[X,Z, Y |do(x)]

Q[Y |do(x)]Q[Z|do(x)]Q[X|do(x)]

δ
δ

δ

(d) TP (y|do(x))

Q[W,X,Z, Y ]

Q[W,X,Z]

Q[W,Z]

Q[Z]

Q[Z|do(x)]

σ

Σ

δ

Σ

(e) TP (V)

Q[W,X, Y |do(z)]

Q[W,X, Y |do(z)]

Q[Y |do(z)]

Q[Y |do(x)]

σ

Σ

δ

(f) TP (V|do(z))

Figure 3.14: Causal diagrams and factors trees used to solve a g-ID instance where the
query is identified as a function of more than one input distribution.
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Naturally, there are also instances where the query is not identifiable from the given

combination of distributions, as shown in the next example.

Example 13 (A non g-identifiable instance). Let Q = P (y | do(x)) be the query of interest,

P = {P (V), P (V | do(Z))} and G the causal diagram in fig. 3.15(c). From GENQUERYTREE,

we obtain the q-tree in fig. 3.15(b) based on the corresponding causal diagram (fig. 3.15(a)).

The c-factors to obtain from the input are Q[W | do(x)] and Q[Z, Y | do(x)]. While the

former appears in both TP (V) and TP (V|do(z)), the latter is not derivable in any of the d-trees

associated with the input distributions (figs. 3.15(d) and 3.15(f)). In turn, this situation

implies the non-g-identifiability of this task, as will be stated next. �

Theorem 2 (Σ-, σ-, and δ-operators soundness and completeness for g-ID). ] Given a causal

inference task with signature Ig-ID = 〈P (y | do(x)), {Pz(V)}z∈Val(Z),Z∈Z, {G}〉, for an arbitrary

collection of experiments Z, the query is identifiable from P and G if and only if C-INFER finds a

mapping using the Σ, σ, and δ operators. Moreover, the task is decided in O(n2(n + m)p) time,

where n = |V|, m is the number of edges in G and p = |P| = |Z|. �

When surrogate experiments fail, the next step in the path of identifiability is to borrow

data from related (possibly different) domains. The next section covers such a task.

3.3.3 Generalization of Causal Effects Across Environments

Pearl and Bareinboim introduced the problem of transportability [49] which refers to

the generalization of causal effects using data from heterogeneous domains. The idea

is to use observational and experimental distributions from one or more environments,

domains, or populations [23, 25]. Those domains are not the same as the target domain

where a query Q is to be estimated.

Formally, consider several domains Π = {π∗, π1, . . .}, each associated to SCMsM∗,M1,

. . ., where π∗ is the target domain.
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(a) GX

Q[Z,W,X, Y | do(x)]
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(b) TP (y|do(x))
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(c) G

Q[Z,W,X, Y ]

Q[Z,X, Y ] Q[W ]

Q[W | do(x)]

σ

δδ

(d) TP (V)

Z

X

W

Y

(e) GZ

Q[Z,W,X, Y | do(z)]

Q[W |do(z)]

Q[W |do(x)]

σ

δ

(f) TP (V|do(z))

Figure 3.15: Causal diagrams and d-trees associated with a non-g-ID instance.
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X Z Y

π1 π1

(a) G∆1

X Z Y

π2 π2

(b) G∆2

X Z Y

π1,2 π2 π1

(c) G∆

Figure 3.16: Selection diagrams involving three domains π, π1 and π2. (a) and (b) show the
differences between π∗ and π1, π2, respectively. (c) summarizes all differences in a single
selection diagram (denoted simply as G∆).

Lee, Correa, and Bareinboim [50] proposed a general transportability task that general-

izes the g-ID discussed earlier, called general transportability (g-TR). This task allows for

arbitrary experiments to be given as input in each domain. To formally study this task,

first, we need to encode the disparities and commonalities in the causal mechanisms of the

different domains involved in the analysis. To precisely specify these assumptions, the

following definitions are used.

Definition 11 (Domain Discrepancy). Let πa and πb be domains associated, respectively,

with SCMsMa andMb, conforming to causal diagrams Ga and Gb. Denote by ∆a,b ⊆ V

a set of variables such that, for every Vi ∈ ∆a,b, there is possibly a discrepancy between

domains, namely, fai 6= f bi or P a(Ui) 6= P b(Ui). �

For simplicity, the set of discrepancies between π∗ and πi, ∆∗,i, is written simply

written as ∆i with ∆∗ = ∅. Moreover, the discrepancies are encoded graphically with a

specialization of causal diagrams called selection diagrams.

Definition 12 (Selection Diagram [23]). Given a causal diagram Gi = 〈V,E〉 and domain

discrepancies ∆i, let T = {Tv | ∃ni=1V ∈ ∆i} be called selection variables. Then, a selection

diagram G∆i is defined as a graph 〈V ∪T,E ∪ {Tv → V }Tv∈T 〉. �

For example, suppose there are three domains π1, π2, and π∗. Figure 3.16 (a), (b)

[51, fig. 2] represents two selection diagrams comparing the target domain π∗ with π1

and π2, respectively. Moreover, G∆ in fig. 3.16(c) is a superimposition of the selection
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diagrams summarizing the differences between π∗ and each of the source domains where

the distributions in P come from.5

The signature of the task corresponding to g-TR is given by

Ig-TR =
〈
P ∗(y | do(x)),P,G∆

〉
, (3.56)

where P = {P i(V | do(zj)) | zj ∈ Val(Zj),Zj ∈ Zi}Zi∈Z, Z = {Zi | πi ∈ Π}, with each

Zi = {Z1,Z2, . . .}, Zj ⊆ V, specifying distributions available in domain πi.

In this scenario, the input could be much richer; there is not only data in the target

domain π∗, but also from other domains, which could be observational or interventional.

The number of d-trees increases accordingly. The query of interest can be written in

terms of c-factors in π∗ yet the goal is to determine the conditions under which c-factors

from other domains can be generalized to π∗. We define a new cftree operator to capture

this notion of invariance. Let Qa[C] represent a c-factor for the set C in an SCM Ma.

Accordingly, the following operator can be defined.

Lemma 3 (π operator). Let T ⊆ V be an endogenous set of variables. Then, for any cftree T with

a node Qa[T]:

π-operator (domain invariance): If T ∩∆a,b = ∅, Qa[T]
π←− Qb[T] and Qa[T]

π−→ Qb[T] are

valid edges for T and corresponds to the mapping

Qa[T] = Qb[T]. (3.57)

�

The π-operator simply captures the notion that whenever the mechanism for a set of

variables C are invariant across domains πa and πb, this implies that the corresponding

c-factors will be invariant as well. Let us consider an example to illustrate the use of this

operator.
5Although G∆ is a superimposition of selection diagrams, we will often refer to it just as “the selection

diagram”, for simplicity.
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Algorithm 6 GENINPUTTREE(P, I = 〈Q,P,G∗〉, TQ)

Input: A distribution P , a causal inference task I and a q-tree TQ.
Output: a d-tree T for P .

1: Initialize T with P = Qb[V | do(x)] at the root.
2: for each node Qa[C | do(x)] ∈ TQ, starting from the root, at every current node
Qb[T | do(z)] do

3: if C ∩ Z 6= ∅ or C ∩∆a,b 6= ∅ then give up on Q[C | do(x)]. .Target variable
intervened or different in tree

4: if T = C, x = z and a = b then move to next Qa[C | do(x)] . Search is done
5: if T = C and C ∩ (X ∪ Z) = ∅ then derive Qb[C | do(x)] by σ-operator. .Model is

different
6: if T = C and C ∩∆a,b = ∅ then derive Qa[C | do(x)] by π-operator. .Domain is

different
7: Let A← An(C)GZ[T].
8: if A 6= T then use Σ-operator to derive and move to Qb[A | do(z)]. .Can sum-out

variables
9: if GZ[T] has more than one c-component then use δ-operator to deriveQb[W | do(z)]

where W is the union of the c-components intersecting C. .Can factorize
10: Give up on Qa[C | do(x)]. .No operator left
11: end for

Example 14 (Transporting c-factors across domains). Recall the selection diagram G∆ in

fig. 3.16(c). The domain discrepancies are ∆1 = {X, Y } and ∆2 = {X,Z}. Then, the

π-operator licenses the edges Q1[Z]
π−→ Q∗[Z] and Q2[Y ]

π−→ Q∗[Y ] with corresponding

mappings

Q∗[Z] = Q1[Z], and (3.58)

Q∗[Y ] = Q2[Y ] (3.59)

for any cftree associated with G∆. �

With the addition of the π-operator, GENINPUTTREE needs to be refined to take into

account the domain of the distribution and the new operator (see line 6 in algorithm 6).6

Moreover, a search on a tree related to domain πb could be aborted if one or more target

variables could have differences (belong to ∆a,b) concerning a target domain πa.

6Changes appear underlined.
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π1,2 π2 π1

(a) G∆
X

π1

Q1[X,Z, Y | do(x)]

Q1[Y | do(x)] Q1[Z | do(x)]

Q∗[Z | do(x)]

π

δδ

π2

Q2[X,Z, Y | do(x)]

Q2[Y | do(x)]

Q∗[Y | do(x)]

π

Q2[Z | do(x)]

δδ

π∗

Q∗[X,Z, Y | do(x)]

Q∗[Y | do(x)]Q∗[Z | do(x)]Q∗[X | do(x)]

δ
δ

δ

TP ∗(y|do(x))

TP 1(V|do(X)) TP 2(V|do(X))

(b) Cftrees for the query and input distributions within the different domains.

Figure 3.17: Selection diagram under intervention do(x) and an overview of the matching
process of the c-factors across distributions and domains via the cftrees.

The following example illustrates the use of all cftree operators defined so far.

Example 15 (A simple transportability task). Consider the causal inference task I = 〈P ∗(y |

do(x), {P 1(V | do(x)), P 2(V | do(x))},G∆〉, where G∆ is the selection diagram in fig. 3.16(c).

GENQUERYTREE produces the q-tree TP ∗(y|do(x)) in fig. 3.17(b) where the c-factors

Q∗[Z | do(x)] and Q∗[Y | do(x)] need to be identified from available input distributions.

GENINPUTTREE generates the d-trees TP 1(V|do(X)) and TP 2(V|do(X)) in the same figure. Each

d-tree represents a distribution in a different domain, and the π-operator licenses the

connection between the c-factors Q1[Z | do(X)] and Q2[Y | do(X)] with their counterparts
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in π∗, as established by MAPFACTORS.

Finally, COMPOSEQUERY returns Q as

P ∗(y | do(x)) =
∑
x′,z

1[x = x′]P 1(z | do(x))P 2(y | do(x), z) (3.60)

=
∑
z

P 1(z | do(x))P 2(y | do(x), z). (3.61)

Note that the first factor in eq. (3.61) can be computed from the interventional distribution

in π1 while the second can be computed from the interventional distribution in π2. �

Below, there is one more example based on a causal diagram in [25].

Example 16 (A g-TR identification task). Consider a causal inference task I = 〈P ∗(y |

do(x)), P, G∆〉, where P = {P ∗(V), P 1(V | do(Z2)), P 2(V | do(Z1))} and G∆ is shown in

fig. 3.18(c) (from [25]).

First, we generate TQ (fig. 3.18(b)) where the c-factors to be obtained from the input

are Q∗[Z1], Q∗[Z3], Q∗[R] and Q∗[W,Y ]. The c-factors Q∗[W,Y ] and Q∗[Z1] appear in TP ∗(V)

(fig. 3.18(d)), whereas Q∗[Z3] and Q∗[R] do not belong to that d-tree. They may, however,

be found in the two d-trees given by the distributions in π1 and π2 (figs. 3.19(b) and 3.19(d)).

For c-factors of π∗ to be derived from those d-trees, the π-operator has to be used at some

point. This means Q∗[R] cannot be derived from P 2(V | do(Z1)) because R ∈ ∆2 (shown in

G∆ as a square node marked with π2 pointing to R), even if Q2[R] is a node in TP 2(V|do(Z1)).

It can, however, be derived in TP 1(V|do(Z1)) as shown in fig. 3.19(b). Similarly, the c-factor

Q∗[Z3] cannot appear in a tree for π1 because Z3 ∈ ∆1. Still, Q∗[Z3] can be mapped from

TP 2(V|do(Z1)) as in fig. 3.19(d). Finally, COMPOSEQUERY outputs the transported query as

P ∗(y | do(x)) =
∑

z1,z2,w,r

Q∗[Z1]Q∗[Z3]Q∗[R]Q∗[W,Y ], (3.62)
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δδ
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Figure 3.18: Selection diagrams before and after the intervention do(x), together with the
q-tree and the d-tree for P ∗(V).
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Figure 3.19: Selection diagrams and d-trees for experimental distributions in two different
domains.
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where

Q∗[Z1] = P ∗(z1) (3.63)

Q∗[Z3] =
∑
z2,r

P 2(z2 | do(z1))P 2(z3 | do(z1), z2, x)P 2(r | do(z1), z2, x, z3, w) (3.64)

Q∗[R] = P 1(r | do(z2), z1, x, z3, w) (3.65)

Q∗[W,Y ] = P ∗(w | z1, z2, x, z3)P ∗(y | z1, z2, x, z3, w, r). (3.66)

�

With the addition of the π-operator to the set of cftree operators, the approach from

algorithm 1 becomes complete for the g-TR task.

Theorem 3 (Σ-, σ-, δ-, and π-operators soundness and completeness for g-TR). Given a

causal inference task with signature Ig-TR, the query is transportable from P and G∆ if and only

if C-INFER finds a mapping using the Σ, σ, δ, and π operators. Moreover, the task is decided in

O(n2(n+m)p) time, where n = |V|, m is the number of edges in G, and p = |P|. �

3.4 Summary

In this section, we described increasingly complex causal inference tasks, each one

subsuming the previous one. Specifically, the set of input distributions P first included

only observational data, then experimental data, and finally data from several domains.

The causal diagram was also refined into a selection diagram (in some sense, overlapping

of multiple causal diagrams) to account for the multiple domains. Table 3.1 lists these tasks,

their signatures (Q,P and G∗), the cftree operators used to solve them and their sufficient

and necessary characterization (S&N).

The query Q, however, remained the same —a causal effect with a do intervention.

In the next chapter, we generalize this aspect by considering a more general class of

interventions, where the manipulated variables could follow a conditional or stochastic

policy, based on other observable variables.
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Name Q P G∗ Ops S&N

obs-ID
Identification
from observa-
tional data

P (y|do(x)) P (V) G Σ, δ,
σ

⇔

g-ID General Identifia-
bility

P (y|do(x)) {P (V|do(Z))}Z∈Z G
Σ, δ,
σ ⇔

g-TR General Trans-
portability

P ∗(y|do(x)) {P i(V|do(Zj))}Zj∈Zi∈Z G∆
Σ, δ,
σ, π ⇔

Table 3.1: Summary of the causal inference tasks discussed in sections 3.3.1 to 3.3.3.
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Chapter 4: Causal Inference with Soft Interventions1

The interventions induced by the do operator, also called hard or atomic interventions,

are considered primitives in causal analysis. However, interventions may consist of

complex policies where a variable X is set to follow a conditional or stochastic relationship

depending on other variables in the system. In the following, these interventions will be

referred to as soft interventions.

For instance, consider the causal diagram in fig. 4.1(a), and let X represent the choice of

smoking or not,W age, Z a set of risk factors leading to a tendency to smoke (e.g., peer pressure,

education, SES, exposure to advertisement, psychological age), and Y the development or

not of lung cancer. The interventional distribution P (Y | do(X = x)) describes the behavior

of Y when X is fixed to x (smoking or not) regardless of Z or any other confounding

factors. This is graphically illustrated in fig. 4.1(b). Furthermore, the difference between

two specific levels of the intervention, P (Y | do(X = 1))− P (Y | do(X = 0)), measures the

causal changes of Y that are due to the deliberate variations of X .

While the intervention do(X = 0) describes with mathematical precision a counterfac-

tual world where smoking is banned from society, it is unlikely, in practice, that a policy

could be implemented such that cigarettes would be completely wiped out from the streets.

In other words, we could eventually predict the effect of this new, idealized policy, even

though it may be hard to implement in reality. Some authors [52, 53, 54] have raised

concerns regarding the do operator. They suggest, for instance, that most practical policies

are nonatomic, hence a causal analysis based on do interventions is too idealistic because it

assumes a precise and surgical ability to replace the causal mechanisms of the intervened

variables, which is not achievable in practice. On the other hand, Pearl [31, p. 106] has

1This chapter is based on the papers [32] and [33].
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(d) Gσx=P ∗(x|z,w)

Figure 4.1: (a) original causal diagram G. (b), (c), and (d) show the causal diagrams after
an atomic, conditional, and stochastic intervention, respectively.

argued that these concerns emerge from conflating the mathematical definition of causal

effect with the feasibility of its implementation and that despite its ideal nature, the do

operator permits us to analyze more complex interventions.

For instance, policy-makers could contemplate a more strict regulation on underage

smoking and higher taxes on cigarettes sales that could be set in place. A sensible question

in this context could be “what is the effect of a policy that inhibits smoking in people

under 21 years of age, by 90%?” Contrary to an atomic intervention entailing that a 100%

decrease in smoking should be enforced for this group, this intervention suggests that the

underlying mechanism for X should be replaced with a “softer” mechanism.

Even though deciding the identifiability of complex interventions has been studied

and acknowledged in the literature (for a summary see [31, Ch. 4]), there is still work

to be done. For instance, [9] studied the effect of interventions in longitudinal settings

where the decision in each time step is dependant on the previous ones, which was called

conditional plans. Further, other works investigated the effect of stochastic interventions,

where the original causal mechanism of the treatment variable is replaced with a new

known function [42, 55, 56, 57].

Despite the high level of sophistication and generality achieved for reasoning with

atomic interventions, there are glaring differences with the nonatomic case. For instance,

there exist no counterpart for do-calculus [31, Sec. 3.4] in the nonatomic case nor general

results on identifiability from experimental distributions produced by soft interventions,

akin to the results discussed in section 3.3.3. In this chapter, we develop a general, symbolic,
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and algorithmic treatment for the identifiability of soft interventions from a combination

of observational and experimental distributions, based on the algorithmic framework

introduced in chapter 3. More specifically:

• Symbolic characterization. Section 4.2 introduces a set of inference rules to reason

about the effect of general types of intervention, called σ-calculus. Furthermore, we

provide a syntactical method for deriving and verifying claims about such interven-

tions, given a causal graph.

• Algorithmic solution. Section 4.3 generalizes the algorithmic framework introduced

in chapter 3 to solve tasks involving nonatomic interventions both in the query and

the input’s side of the analysis. For instance, by asking for the effect of a conditional

or stochastic policy and using data generated by soft interventions.

4.1 Soft Interventions and SCMs

Although several results and discussions exist for the identification of the effect of soft

interventions [9, 42, 58, 56, 59, 57], the classical definitions of submodel (definition 2) and

potential response (definition 3) cannot directly represent policy-like interventions within

the SCM semantics introduced in chapter 1. To formalize the notion of a model resulting

from a soft intervention the following definition is proposed.

Definition 13 (Interventional Model). LetM = 〈V,U,F , P (U)〉 be a causal model, X a

set of variables in V, and fX̂ = {fX̂}X∈X be a set of functions, where each fX̂ : Val(Zx)×

Val(Ûx)→ Val(X) is function from a set of random variables Ûx, with distribution P (Ûx),

and set of endogenous variables Zx ⊆ V \ De(X). An interventional modelMX̂ derived

fromM is the causal model

MX̂ = 〈U ∪ Û,V,FX̂, P (U, Û)〉, (4.1)
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where

FX̂ = {fi : Vi /∈ X} ∪ fX̂, (4.2)

Û =
⋃

X∈X
Ûx, (4.3)

P (U, Û) = P (U)P (Û). (4.4)

�

In contrast to a submodel (definition 2), the intervened variables in interventional

models are not generally fixed to constants and vary according to the specified functions

fX̂. The behavior of the variables in X could be constant, deterministic, or stochastic

depending on how the functions make use of other observables and the randomness

encoded in Û.

Hereon, only interventional SCMs without cyclic functional dependencies are consid-

ered. In other words, it is assumed that the causal diagram of any interventional model

must be acyclic.

The original modelM and an interventional modelMX̂ represent two different regimes.

The first corresponds to the natural generative process, without any modification. The

second represents the same system once the mechanisms associated with X have been

intervened [60, 42, 61]. In the following, regime indicators as defined in [62, 42] are used

to represent different types of interventions. The regime indicator σX = s corresponds to

a modelMσX , where the function fx is replaced following a strategy s. Such model has

its own (interventional) causal diagram, GσX , and induces a distribution P (V;σX). For

instance, with respect to the causal diagram G in fig. 4.1(a), the causal diagram in fig. 4.1(b)

is the usual GX corresponding to a do(x) intervention. Moreover, following the convention

in [42], GσX
is annotated with a node σXi and an edge (σXi → Xi) for every Xi ∈ X to

indicate the targets of intervention. Figure 4.1(c) is the diagram for a intervention on X

that depends on W (example 17), whereas fig. 4.1(d) is the causal diagram after some
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Type Strategy Function

Idle σX=∅ f̂x = fx
Atomic/do σX=x f̂x = do(x), for some x ∈ Val(X)

Conditional σX=g(P̂ax) f̂x = g(P̂ax)

Stochastic/Random σX=P̂ (X|P̂ax) f̂x s.t. P̂ (x|P̂ax)=
∑

ûx
P (f̂x(P̂ax, ûx)=x)P (ûx)

Table 4.1: Intervention strategies considered. Each row contains a type of intervention, its
representation using the regime indicator, and the corresponding f̂x.

intervention on X that depends on both W and Z (as discussed in example 18).

In particular, depending on the intervention strategy, the function f̂X could accept as

arguments the values of observable variables other than the original parents Pax. Moreover,

since the variables in Ux are not observed, it is also assumed that any new policy does

not depend on any unobservable in U. It is assumed then that for any X̂ , the set Ûx

is disjoint and independent of the set U of the original model (i.e., the natural regime).

Accordingly, the set of observable and unobservable parents of X inMX̂ are denoted P̂ax

and Ûx. Naturally, this also implies GσX may not be a subgraph of G, as it always occurs

with do-interventions. This is indeed the case in fig. 4.1(b) but not in fig. 4.1(c) or fig. 4.1(d).

4.1.1 Representing Different Interventional Strategies

Qualitatively different types of interventions can be modeled by assigning different

strategies to the regime indicator σX using the construct discussed above. We list in

table 4.1 the types of interventions that will be considered. Specifically, the idle intervention

represents the natural state of the system; atomic or do interventions replace the function

fX with a constant, while conditional ones replace it with a deterministic function of some

observables p̂ax. The stochastic type sets the new f̂x such that the variable X will follow

a pre-specified distribution P̂ (X | p̂ax). Whenever clear from the context, the strategy

assigned to σX will be omitted. Also, P (V;σX=∅) is simply written as P (V). For a set

X ⊂ V, let σX = {σX1 , . . .} represent an intervention affecting each fxi for every Xi ∈ X.
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Example 17 (Conditional Intervention). In the context of a tutoring program, consider

again the causal diagram in fig. 4.1(a). Let W represent the previous GPA of a student,

Z student’s motivation, taking X after-hours tutoring (or not), and Y the GPA at the

end of the term. Currently, students seek tutoring voluntarily, which depends on their

motivation. Given the limited amount of resources, the school is considering making

after-hours tutoring mandatory for students with low GPAs and offering this service only

to them. The proposed intervention can be encoded as σX = g(w), where g(w) = 1 if W

is low GPA, and 0 otherwise. Graphically, this policy is represented by the diagram in

fig. 4.1(c), where X now depends on W , not on Z, as it did in the observational regime and

dataset. �

Example 18 (Stochastic Intervention). Consider a different interpretation of fig. 4.1(a),

where X represents choosing to smoke, W age, Z a set of risk factors leading to tendency to

smoke (e.g., peer pressure, education, SES, psychological age), and Y the development or

not of lung cancer. The government is interested in the effect of a new policy that could

reduce by 90% smoking on people under 21 years old. This could be represented with a

stochastic intervention σx = P̂ (x | w, z) such that P̂ (X = 1 | W < 21, z) = (0.1)× P (X =

1 | z), for every z, which is show in fig. 4.1(d). �

There is an important difference between atomic and conditional/stochastic inter-

ventions due to the deterministic nature of the former. The difference has to do with

conditioning on the intervened variable, as discussed next.

Remark 1 (Conditioning on the intervened variable). In contrast to more general interven-

tions, do(x) interventions implicitly conditions on X = x, formally,

P (y | do(x)) = P (y;σX = do(X = x)) (4.5)

=
∑
x′

P (y | x′;σX = do(X = x))P (x′;σX = do(X = x)) (4.6)

= P (y | x;σX = do(X = x)). (4.7)
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Equation (4.5) follows by definition of do(x) strategy for σX, eq. (4.6) is obtained by

conditioning on X, and eq. (4.7) is immediate since under σX = do(X=x), the probability

P (x′;σX = do(X = x)) is nonzero only for x′ = x.2 In general, however, the distributions

P (y;σX) and P (y | x;σX) need not match. �

Interestingly, whereas atomic interventions always reduce the model structure (i.e., to

a subgraph), a policy-maker could envision new conditional/stochastic policies that take

into account a wide range of covariates, and that do not match the observational regime or

previous policies (as discussed in example 17, 18).

4.1.2 Relationship between Soft and Atomic Interventions

Considering that the identification of the effect of atomic interventions is a well-

understood problem, a natural question is if the problem of identifying soft interventions

can be solved leveraging the results for atomic interventions. In [31, Sec. 4.2], Pearl pro-

poses a reduction of the effect of interventions σ1
X = g(Z) and σ2

X = P̂ (X | Z) to the effect

of do(x) interventions, as follows:

P (y;σ1
X) =

∑
z

P (y | z;σ1
X)P (z;σ1

X) (4.8)

=
∑

z

P (y | x, z)|x=g(z)P (z) and (4.9)

P (y;σ2
X) =

∑
z,x

P (y | x, z;σ2
X)P (z;σ2

X) (4.10)

=
∑
z,x

P (y | x, z)P̂ (x | z)P (z). (4.11)

In both cases, the ability to write P (z;σ1
X) and P (z;σ2

X) as P (z) follows from the fact that Z

must contain no descendant of X , hence any intervention on X does not have an effect on

the distribution of P (z). Once Z is fixed, in the case of σ1
X , X follows the mapping x = g(z).

For σ2
X , X will take a particular value x according to the distribution P̂ (x | z).

2This can also be seen through the lens of the property of effectiveness [31, p. 229].
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Figure 4.2: Causal diagrams associated with example 19.

Although this reduction is intuitive and sound, it lacks a formal justification following

from the SCM semantics. In particular, this reduction cannot be derived using the rules

do-calculus [31].

Moreover, note we stated these conditions for a single treatment variable X . When

we consider joint interventions affecting a set of variables X, the soft intervention on one

variable could be a function of a descendant of another intervened variable. Therefore, it is

not so clear if the reasoning that led to eq. (4.9) and eq. (4.11) still holds in such a case. The

following example from the same reference illustrates how the lack of a formal statement

or rules specific to soft interventions could lead to confusion.

Example 19 (Do-calculus can be misleading for soft interventions). Consider the the

dynamic plan problem used in [31, Sec. 4.4] associated with the causal diagram in fig. 4.2(a).

The goal is to assess the distribution P (y;σX) in two hypothetical regimes:

Regime 1 the values of (X1, X2) have been fixed to (x1, x2), in standard do-form, i.e.,

σX = {σX1 = do(x1), σX2 = do(x2)}. The corresponding GσX
is shown in fig. 4.2(b).

Regime 2 the value of X1 is fixed to x1 and X2 is set conditionally on X1 and Z based on

a function g(x1, z). That is, σX1 is as before σX1 = do(x1), and σX2 = g(x1, z). The

corresponding GσX
is shown in fig. 4.2(c).

The first scenario (regime 1) is identifiable by the rules of do-calculus (see appendix A.2) as
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follows:3

P (y|do(x1), do(x2))

= P (y|x1, do(x2)) (Rule 2: (Y ⊥⊥X1 | X2) in GX2X1
) (4.12)

=
∑
z

P (y|x1, do(x2), z)P (z|x1, do(x2)) (Condition on Z) (4.13)

=
∑
z

P (y|x1, do(x2), z)P (z|x1) (Rule 3: (Z ⊥⊥X2 | X1) in GX2
) (4.14)

=
∑
z

P (y|x1, x2, z)P (z|x1). (Rule 2: (Y ⊥⊥X2 | X1, Z) in GX2) (4.15)

In other words, the effect of the atomic policy is identifiable from observational data.

We now consider regime 2 associated with the query P (y | do(x1), do(X2 = g(x1, z))).

First, we can apply the second rule of do-calculus to exchange do(X1 = x1) with X1 = x1,

exactly as in the first step of regime 1, licensed by (Y ⊥⊥X1 | X2) in GX2X1
.

Nevertheless, the extra edge Z → X2 in fig. 4.2(c) (regime 2) indicates that X1 and Y

may be dependent conditional on X2, hence the same derivation strategy would not work.

More concerning is the fact that the effect of σX (regime 2) is not identifiable at all from

P (V). We show this by constructing two SCMsM0 andM1 that induce the same P (V)

and G, yet the differ on P (y;σX).

LetMi = 〈V,U,F i = {fx1 , f iz, fx2 , fy}, P (U)〉, i = 0, 1, where V = {X1, Z,X2, Y }, the

3Refer to [31, p. 120] for a more detailed derivation and discussion about the example.
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set of unobservables is U = {Ux1z, Uz, Ux2 , Uy}with all U are binary and the functions

fx1 : X1 ← Ux1z, (4.16)

f 0
z : Z ←


X1 ⊕ Uz if X1 = Ux1z

0 otherwise
, f 1

z : Z ←


X1 ⊕ Uz if X1 = Ux1z

1 otherwise
, (4.17)

fx2 : X2 ← X1 ⊕ Z ⊕ Ux2 , (4.18)

fy : Y ← X1 ⊕X2 ⊕ Uy, (4.19)

where ⊕ is the xor operator. In terms of P (U), Ux1z, Uz, and Ux2 are fair coins, whereas

P (Uy = 1) = 3/4,

Clearly, both models induce the given causal diagram G. Moreover, without any

intervention, X1 is always equal to Ux1z in both models, so f 0
z and f 1

z coincide in the

observational regimes and the models induce the same P (V).

Let g(X1, Z) = X1 ⊕ Z and let the interventional models be denoted asM0
σX1

σX2
and

M1
σX1

σX2
. Those models are identical toM0 andM1 except for the replacement fx1 and

fx2 with

f̂x1 : X1 ← x1, (4.20)

f̂x2 : X2 ← X1 ⊕ Z. (4.21)

Under intervention {σX1 = do(x1), σX2 = g(X1, Z)}, these models induce P 0(Y =

1;σX1X2) = 5/8, P 1(Y = 1;σX1X2) = 3/8, proving the non-identifiability of the effect. (See

appendix E.1 for details on these calculations.) �

This example was deemed identifiable in [31, p. 120] since do-calculus was used to

infer P (y|do(x1), do(X2=g(x1, z))) = P (y|x1, do(X2=g(x1, z))), which is not true in general.

Since do-calculus only considers the removal of edges, this is taken as an indication that

the rules of do-calculus are not suitable to reason about interventions where the graphical
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structure of the intervened diagram is contingent on the type of intervention.

Alternatively to the do-calculus strategy, Tian [56] proposed a reduction of the effect

of a soft intervention on a singleton or a set of variables to the effect of a do intervention,

proved its soundness, and conjectured its completeness.

Next, we state a slightly more general result in terms of identifiability from arbitrary

experimental distributions, which is also necessary and implies also the necessity of Tian’s

reduction, and, therefore, its completeness.

Theorem 4. Let Y,X ⊆ V be any two sets of variables, and let σX be an atomic, conditional, or

stochastic intervention. Then, the distribution of Y under σX can be written as

P (y;σX=σX) =
∑

d\y
P (d \ x;σX=x)

∏
X∈X∩D

P (x | pax;σX=σX). (4.22)

Moreover, this effect is identifiable from 〈G,Z〉 if and only if P (d \ x;σX = x) is identifiable from

〈G,Z〉, where D = An(Y)GσX
. �

Although theorem 4 offers a reduction that can be further solved using do-calculus, this

first step remains unaccounted for in the context of this set of inference rules. Moreover,

while do-calculus allow us to read various constraints involving interventional distribu-

tions from the causal diagram, this reduction cannot be used for such a purpose in the

context of soft interventions. The next section introduces a new set of rules that will not

only allow us to read constraints involving soft interventions, but also derive the effect of

soft interventions using only the rules and probability axioms from beginning to end.

4.2 A Calculus for Soft Interventions4

In this section, we introduce σ-calculus, a set of inference rules in the spirit of do-calculus

[45] capable of handling both atomic and nonatomic interventions. After introducing the

4This section is based on the paper [32].
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rules, we compare the two calculi (section 4.2.1) and then provide a more elaborate example

(section 4.2.2).

Theorem 5. [Inference Rules — σ-calculus] Let G be a causal diagram compatible with an SCM

M, with endogenous variables V. For any disjoint subsets X,Y,Z ⊆ V, two disjoint subsets

T,W ⊆ V \ (Z∪Y) (i.e., possibly including X), the following rules are valid for any intervention

strategies σX, σZ, and σ′Z such that Gσxσz and Gσxσ′z have no cycles:

Rule 1 (Insertion/Deletion of observations):

P (y | w, t;σX) = P (y | w;σX) if (T⊥⊥Y |W) in GσX
. (4.23)

Rule 2 (Change of regimes under observation):

P (y | z,w;σx, σz) = P (y | z,w;σx, σ
′
z) if (Z⊥⊥Y |W) in GσXσZZ and GσXσ

′
ZZ. (4.24)

Rule 3 (Change of regimes without observation):

P (y | w;σx, σz) = P (y | w;σx, σ
′
z) if (Z⊥⊥Y |W) in GσXσZZ(W) and GσXσ

′
ZZ(W), (4.25)

where Z(W) ⊆ Z is the set of elements in Z that are not ancestors of W in GσX
. �

Rule 1 ascertains the validity of the d-separation criterion for reading conditional

independence constraints in the post-interventional distribution P (V;σX), using the inter-

ventional graph GσX
. Rule 2 establishes a condition that guarantees that the corresponding

probability distribution is the same under interventions σ′Z and σZ while Z = z is observed.

Rule 3 establishes a condition for changing the regime indicator from σ′Z to σZ without

affecting the probability, whenever Z is not observed.

In particular, these rules can be applied with σ′Z having σZ = ∅, for some Z ∈ Z, to

make one or more regime indicators idle. When all indicators are idle, the expression

corresponds to the observational regime. As noted before, differently than in the case of
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Figure 4.3: Graphs used to test the conditions required by rules 2 and 3 of σ-calculus in
the derivation of the query in example 18, where σX = P̂ (x | z, w). Arrows shown in gray
indicate they have been cut.

atomic interventions and do-calculus, causal diagrams induced by intervened models in

this context are not necessarily subgraphs of the original diagram. In practice, this means

that σ-calculus needs to verify separation conditions in two graphs corresponding to the

regimes in each side of the equality. For concreteness, we illustrate the application of the

rules with the example below.

Example 20 (Tutoring program continued). Let us consider again example 18 and try to

identify P (y;σX) with σX = P̂ (x | w, z). First, conditioning on the set {X,Z,W} results in

P (y;σX) =
∑
x,z,w

P (y | x, z, w;σX)P (x | z, w;σX)P (z, w;σX), (4.26)

Rule 2 can be applied to the first factor with σ′X = ∅ (X is playing the role of Z in the rule)

to infer P (y | x, z, w;σX) = P (y | x, z, w) following (Y ⊥⊥X | Z,W ) in GX and GσXX (see

fig. 4.3(a) and (c), respectively). Also, Rule 3 with (σ′X = ∅) leads to P (z, w;σX) = P (z, w),

licensed by the separation (Z,W⊥⊥X) in GX and GσXX (fig. 4.3(b), (d)). Then, P (x | z, w;σX)

is specified based on σX = P̂ (x | z, w), which together lead to

P (y;σX) =
∑

x,z,w
P (y | x, z, w)P̂ (x | z, w)P (z, w). (4.27)

All terms on the right-hand side of eq. (4.27) are either a function of P (V) or defined by

the new intervention, which means the target effect is identifiable. �
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4.2.1 Comparison between σ-calculus and do-calculus

In the sequel, we list each rule in both calculi and discuss how they relate. We also

underline the differences between the left and right sides of each one of the entailed

constraints.

Rule 1.

(do-calculus) P (y | w, t, do(x)) = P (y | w, , do(x))

if (Y ⊥⊥T |W,X) in GX. (4.28)

(σ-calculus) P (y | w, t;σX) = P (y | w, ;σX)

if (Y ⊥⊥T |W) in GσX
. (4.29)

Both rules are concerned with the validity of the d-separation criterion in an interventional

setting. There are two main differences. For one, and as discussed in remark 1, due to the

nature of the do(X) intervention, there is implicit conditioning on the event X = x hence

the presence of X in the separation statement of eq. (4.28). In contrast, eq. (4.29) may or

may not condition on X, which depends on the set W or T.

Consider the causal diagram in fig. 4.4(a) and the separation statement (W ⊥⊥ Z) under

do(x) and σX = P̂ (x | w). The rules in eqs. (4.28) and (4.29) evaluate, respectively, as

(W ⊥⊥ Z | X) in GX and (4.30)

(W ⊥⊥ Z) in GσX . (4.31)

While W and Z are separated in GX , this is not the case in GσX , unless X is explicitly

conditioned on.

Under a soft intervention σX , not conditioning on X as in P (y;σX) represents an
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Figure 4.4: Model used to exemplify the use of rule 3 (see text).

average over the different values of X under the intervention, specifically

P (y;σX) =
∑
x

P (y | x;σX)P (x;σX). (4.32)

We can see the intervention σX = do(x) represents an extreme event, because P (x;σX) is

non-zero only for X = x, and the average effectively disappears as it has only one element.

Another difference between these two versions of this rule, as well as rules 2 and 3,

is the causal diagram where d-separation is tested. The rule in σ-calculus looks at GσX

whereas do-calculus always considers GX which need not match.

Rule 2.

(do-calculus) P (y | do(x), do(z),w) = P (y | do(x), z,w)

if (Y ⊥⊥ Z | X,W) in GXZ. (4.33)

(σ-calculus) P (y | z
:
,w;σx, σz) = P (y | z

:
,w;σx, σ

′
z)

if (Y ⊥⊥ Z |W) in GσXσZZ and GσXσ
′
ZZ. (4.34)

Both rules are related to changes in the interventional regime and observation of the

intervened variables. Nevertheless, the do(.) operator makes the conditioning implicit in

the left-hand side of eq. (4.33). For instance, consider the causal diagram in fig. 4.4(a) and

the intervention σX = do(g(w)). The corresponding causal interventional causal diagram is
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GσX = G because X depends on the same variables in the observational and interventional

regimes. Rule 2 of σ-calculus guarantees that

P (y | x,w;σX) = P (y | x,w), (4.35)

as (X ⊥⊥ Y | W ) holds in both GX and GσXX (same graph in this case). However, this

rule cannot be used as its do-calculus counterpart, that is, exchanging σX with X = x.

Specifically,

P (y | w;σX) = P (y | x,w) (4.36)

is not entailed by the same separation statement. To witness, notice

P (y | w;σX) =
∑
x

P (y | x,w;σX)P (x | w;σX) (4.37)

=
∑
x

P (y | x,w)P (x | w;σX), (4.38)

where the last equality follows from eq. (4.35). In general, eq. (4.38) is not equal to

P (y | x,w).

Rule 3.

(do-calculus) P (y | do(x), do(z),w) = P (y | do(x), ,w)

if (Y ⊥⊥ Z | X,W) in GXZ(W), (4.39)

(σ-calculus) P (y | w;σx, σz) = P (y | w;σx, σ
′
z)

if (Y ⊥⊥ Z |W) in GσXσZZ(W) and GσXσ
′
ZZ(W), (4.40)

where Z(W) ⊆ Z is the set of elements in Z that are not ancestors of W in the corresponding

graph.

Similar to the previous rules, there are differences between the diagrams and implicit
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conditioning. For example, consider the causal diagram in fig. 4.4(a). Equation (4.39)

together with (Y ⊥⊥ T ) in GT (fig. 4.4(b)) leads to

P (y | do(t)) = P (y) (4.41)

P (y | t, σT = t) = P (y) (4.42)

In contrast, for some σT = P̂ (T | Y ), the intervention cannot simply be removed from

P (y | t;σt) using eq. (4.40) to obtain P (y). Specifically,

P (y | t;σT ) =
P (y;σT )P (t | y;σT )

P (t;σT )
(4.43)

= P (y)

(
P (t | y;σT )

P (t;σT )

)
. (4.44)

By the very definition of the intervention σT , this is almost always different than P (y).

Rule 3 of σ-calculus (eq. (4.40)) with (Y ⊥⊥ T ) in GσTT does entail

P (y;σT ) = P (y). (4.45)

If one aims to reproduce eq. (4.41) with σ-calculus when σT is a hard intervention, two

steps will be required. First, rule 1 with (Y ⊥⊥ T ) in GσT = GT (fig. 4.4(b)) and then rule 3

with (Y ⊥⊥ T ) in GT , that is

P (y | do(t)) = P (y | t;σT ) Def. of σT = do(t) and implicit conditioning (4.46)

= P (y;σT ) (Rule 1) (4.47)

= P (y). (Rule 3) (4.48)

For a more subtle example, in the context of fig. 4.4(a), let us compare the interventions

do(x), do(z) and σX = P̂ (x | w), σZ = P̂ (z | x). For the former, rule 3 eq. (4.39) and
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Figure 4.5: Pair of models associated with example 21.

(Y | X | Z, T ) in GZX(T ) = GZ

P (y | do(x), do(z), t) = P (y | do(z), t). (4.49)

However,

P (y | σX , σZ , t) = P (y | σZ , t) (4.50)

does not hold in general for σX and σZ as (Y ⊥6⊥X | T ) in GσXσZX(T ) = GσXσZ and GσZX(T ) =

GσZ .

4.2.2 A more elaborate example

We now examine a more involved setting that requires multiple applications of the

σ-calculus.

Example 21 (A derivation in σ-calculus). Consider the causal diagram in fig. 4.5(a) and

the target conditional interventional distribution P (y | x, z;σZ , σA) with σZ = P̂ (z|c) and

σA = P̂ (a|x). The rules of σ-calculus can be used to derive this effect by first conditioning

on D,A,

P (y|x, z;σZ , σA) =
∑
d,a

P (y|x, z, d, a;σZ , σA)P (d|a, x, z;σZ , σA)P (a|x, z;σZ , σA) (4.51)
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Let σD = do(d), then for the first factor in the sum:

P (y | x, z, d, a;σZ , σA) (4.52)

= P (y | x, d, a;σZ , σA) R1: (Y ⊥⊥ Z | X,D,A) in GσZσA (4.53)

= P (y | x, d, a;σZ) R2: (Y ⊥⊥ A | X,D) in GσZσAA, GσZA (4.54)

= P (y | x, d, a;σZ , σD) R2: (Y ⊥⊥D | X,A) in GσZD, GσZσDD (4.55)

= P (y | x, d, a;σD) R3: (Y ⊥⊥ Z | X,D,A) in GσZσDZ , GσDZ (4.56)

=
∑
z′

P (y|z′, x, d, a;σD)P (z′|x, d, a;σD) condition on Z (4.57)

=
∑
z′

P (y | z′, x, d, a;σD)P (z′;σD) R1: (Z ⊥⊥X,D,A) in GσD (4.58)

=
∑
z′

P (y | z′, x, d, a;σD)P (z′) R3: (Z ⊥⊥D) in GσDD, GD (4.59)

=
∑
z′

P (y | z′, x, d, a)P (z′) R2: (Y ⊥⊥D | Z,X,A) in GσDD, GD (4.60)

Next, for the second factor

P (d | a, x, z;σZ , σA) (4.61)

= P (d | z;σZ , σA) R1: (D ⊥⊥ A,X) in GσZσA (4.62)

= P (d | z;σZ) R3: (D ⊥⊥ A | Z) in GσZσAA, GσZA (4.63)

= P (d | z) R2: (D ⊥⊥ Z) in GσZZ , GZ . (4.64)
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Finally, for the third factor

P (a | x, z;σZ , σA) (4.65)

= P (a | x;σZ , σA) R1: (A⊥⊥ Z) in GσZσA (4.66)

= P (a | x;σA) R3: (A⊥⊥ Z) in GσZσAZ, GσAZ (4.67)

= P̂ (a | x) Def. of σA. (4.68)

Putting eqs. (4.60), (4.64) and (4.68) together leads to the following identifying expression

P (y | x, z;σZ , σA) =
∑
d,a

(∑
z′

P (y | z′, x, d, a)P (z′)

)
P (d | z)P̂ (a | x). (4.69)

Notice that since Z is observed in the query, the policy P̂ (z | c), by which the value is

picked, does not affect this probability. �

4.3 Transportability of Soft Intervention Effects from Multiple Environments with

Arbitrary Experiments from Soft Interventions5

This section discusses the problem of generalizing a policy σX using assumptions

encoded in a selection diagram (definition 12) from a combination of observational and

experimental distributions arising from different domains.

Generalizing causal knowledge across disparate domains (i.e., populations, settings,

environments) is at the heart of many inference problems across the empirical sciences,

as well as AI [31, 46, 4]. In economics, for example, the Nobel Prize of 2019 was awarded

to Duflo, Banerjee, and Kremer “for their experimental approach to alleviating global

poverty”. Their work is, in fact, about systematically performing experiments on the

effect of complex policies related to poverty, and then carefully trying to extrapolate

the gathered evidence to other populations [63, 64]. They acknowledge and discuss the

5This section is based on the paper [33].
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challenges of pursuing such a task [64]: “the number of possible variations on a given program is

potentially infinite, and a theoretical framework is definitely needed to understand which variations

are important to replicate and which are not.”

A typical question they try to answer could be: “If a program worked for poor rural

women in Africa, will it work for middle-income urban men in South Asia?”

The same need to generalize across disparate conditions is present in Reinforcement

Learning. For instance, consider a rover trained in the Californian desert for digging rocks.

After exhaustive months of training, NASA wants to deploy the vehicle on Mars, where

the environment is not the same, but somewhat similar to Earth. The expectation is that

the rover will need minimal “experimentation” (i.e., trial-and-error) on Mars by leveraging

the knowledge acquired here, operating more surgically and effectively there.

The solution to these apparently disparate tasks faced by Duflo, NASA, and so many

other scientists can be framed as a transportability task (section 3.3.3). Nevertheless,

instead of trying to establish the effect of a hard intervention, these problems call for the

evaluation of policies entailed by soft interventions. Moreover, surrogate experiments

could also be the product of soft interventions implemented in different domains.

To better understand this setting, let us consider a hypothetical study of government-

backed loan programs and successful payment of family house purchases (inspired by

studies such as [65, 66]).

Example 22 (Load study across cities). In city π∗, the percentage of the value of the property

that can be borrowed (X) depends, mainly, on credit history (W ) and current employment

conditions of the applicant. The amount borrowed (or principal), Z, depends on the

allowed percentage and the characteristics (R) of the property —mainly cost and location—

as well as the financial characteristics of the borrower. The policy intends to increase the

number of families purchasing their own homes and paying their mortgages. The outcome

Y represents whether the loan is being paid promptly after a certain number of years.

Figure 4.6(a) represents this situation in π∗. Let π1 be another city where the distribution of
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credit history W is different than in π∗, and π2 another city where the distribution of R is

the one that differs. In this example, the discrepancies are ∆1={W} and ∆2={R}, which

are summarized in the selection diagram G∆ shown in fig. 4.6(c).

Policymakers in city π∗ are planning to increase the percentage of the property’s value

(X) that can be borrowed. To do so, they offer extra additional insurance for buyers of

properties within certain locations (R) until the percentage left to pay falls below the usual

threshold. We denote this policy as σ∗X and represent the resulting regime in fig. 4.6(b).

Note that because of the new policy σ∗X , it is R that points to X instead of W .

To assess the impact of this new policy, data of current payment behavior has been

collected in π∗, together with data from the other two cities, π1 and π2. The administration

of π1 allocated loans such that the amount Z was determined as a function of the allowed

percentage (X) and the property (R). This policy is represented in fig. 4.6(d) where R

points to Z and the unobservable variable encoded by W L9999K Z no longer affects the

decision. In city π2, a study selected borrowers at random and had loaners process their

applications with a randomized credit history (W ), to observe the effect of W on Y . This

regime is represented in fig. 4.6(e), where W does not depend on any other variable.

The effect of the new policy σ∗X can be measured by comparing E[Y ;σ∗X ] with E[Y ].

While the latter is readily estimable via P ∗(Y ), included in the input; the challenge is to

assess P ∗(Y ;σ∗X), which we will transport later in this section (example 24). �

Data available in each domain is specified by Z = {Zi | πi ∈ Π}, where each Zi =

{σZ1 , σZ2 , . . .}, Zj ⊆ V, specifies the distributions from domain πi. This means that the dis-

tributions {P i(V;σZj) | Zj ∈ Zi}Zi∈Z are assumed to be available. Notice that P i(V;σ∅) =

P i(V) is a valid distribution and describes the observational (non-interventional) distribu-

tion in domain πi. In example 22, Z = {Z∗={σ∅},Z1={σZ},Z2={σW}}.

In general, the task to be solved in this context is

Iσ-TR =
〈
P ∗(y;σX),P,G∆

〉
, (4.70)
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Figure 4.6: Diagram (a) represents the natural regime in π∗ and (b) the regime after the
target intervention. The selection diagram (c) compares π∗ with π1 and π2, while (d) and
(e) are selection diagrams specific to domains π1 and π2 under interventions σ1

Z and σ2
W ,

respectively.

where P = {P i(V;σZj) | Zj ∈ Zi}Zi∈Z.

For example 22, the policy of interest can be identified from the available data us-

ing σ-calculus (theorem 5) and standard probability axioms. For simplicity let us write

σX=σ∗X , σZ=σ1
Z and σW=σ2

W as σX , σZ and σW . Then, the resulting expression is6

P ∗(y;σ∗X)=
∑
r,x,z

(∑
x′
P 1(y|z, x′, r;σ1

Z)P 1(x′|r;σ1
Z)
)

︸ ︷︷ ︸
computable from σ1

Z in π1

P 2(z|x, r;σ2
W )︸ ︷︷ ︸

from σ2
W in π2

P ∗(x|r;σ∗X)︸ ︷︷ ︸
def. σ∗X

P ∗(r)︸ ︷︷ ︸
from π∗

.

(4.71)

Next, we will build on top of the framework introduced in chapter 3 to solve this task.

4.3.1 Solving Soft-Transportability Systematically

The σ-TR task can be systematically solved following the general strategy described

in chapter 3. Specifically, C-INFER (algorithm 1) can solve Iσ-TR instances with a simple

generalization of c-factors (eq. (3.13)) and the σ-operator.

6See appendix E.2 for a step-by-step derivation.

77



Let Qa[ · ;σX] represent a c-factor defined in the context of an SCMMa
σX

. Then, the

σ-operator (lemma 2) is re-defined as follows.

Lemma 4 (σ operator). Let T ⊆ V be an endogenous set of variables. Then, for any cftree T with

a node Q[T;σX]:

σ-operator (regime invariance): If T ∩ X = ∅, Q[T;σX]
σ−→ Q[T;σ′X] and Q[T;σX]

σ←−

Q[T;σ′X] are valid edges for T and mapped as

Q[T;σ′X] = Q[T;σX]. (4.72)

�

It follows from lemma 4 that c-factors remain invariant under soft interventions not

affecting the variables in its scope. Similarly, the π-operator (lemma 3) discussed in

section 3.3.3 also holds when soft interventions are involved. On these considerations,

GENINPUTTREE (algorithm 6) is redefined in algorithm 7.7

The main difference between GENINPUTTREE in algorithm 6 and algorithm 7 is the use

of σZ instead of do(z). Consequently, other operators are defined over GσZ
instead of GZ.

The following example is a generalization of example 19, where there is data from three

domains: π∗, π1 and π2.

Example 23 (Generalizability of Sequential Plans). The signature of the task to solve is

I = 〈P ∗(y;σX1,X2 = σ∗),P,G∆〉, (4.73)

where

P = {P 1(V;σX1,X2 = {x1, x2}), P 2(V;σX2 = g(X1, Z)}, (4.74)

σ∗ is {σX1 = P̂ (X1), σX2 = P̂ (X2 | X1, Z)} and G∆ is shown in fig. 4.7(a). GENQUERYTREE

7Changes appear underlined.
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Figure 4.7: Causal diagrams and cftrees for identifying the effect of a sequential plan from
heterogeneous domains.
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Algorithm 7 GENINPUTTREE(P, I = 〈Q,P,G∗〉, TQ)

Input: A distribution P , a causal inference task I and a q-tree TQ.
Output: A d-tree T for P .

1: Initialize T with P = Qb[V;σX] at the root.
2: for each node Qa[C;σX] ∈ TQ, starting from the root, at every node Qb[T;σZ] do
3: if C ∩ Z 6= ∅ or C ∩∆a,b 6= ∅ then give up on Q[C;σX]. . Target variable intervened or

different
4: if T = C, σX = σZ and a = b then move to next Qa[C;σX] . Search is done
5: if T = C and C ∩ (X ∪ Z) = ∅ then derive Qb[C;σX] by σ-operator. .Model is

different
6: if T = C and C ∩∆a,b = ∅ then derive Qa[C;σX] by π-operator. .Domain is

different
7: Let A← An(C)GσZ

[T].
8: if A 6= T then use Σ-operator to derive and move to Qb[A;σZ]. .Can sum-out

variables
9: if GσZ

[T] has more than one c-component then use δ-operator to derive Qb[W;σZ]
where W is the union of the c-components intersecting C. .Can factorize

10: Give up on Qa[C;σX]. .No operator left
11: end for

generates TP ∗(y;σ∗) as shown in fig. 4.7(c). Notice there is no d-tree for the observational

regime since P ∗(V) /∈ P. According to TP ∗(y;σ∗), the factors needed for computing the query

are Q∗[X1;σ∗], Q∗[X2;σ∗], Q∗[Z;σ∗] and Q∗[Y ;σ∗]. The first two factors are defined by the

intervention σ∗, therefore can be immediately mapped by MAPFACTORS as

Q∗[X1;σ∗](x′1) = 1[x1 = x′1] (4.75)

Q∗[X2;σ∗](x2, x1, z) = P̂ (x2 | x1, z). (4.76)

The remaining factors need to be searched for in the d-trees generated from the input

distributions.

While generating TP 1(V;σX1,X2
={x1,x2}), GENINPUTTREE gives up (line 3) on Q∗[Y ;σ∗]

because Y ∈ ∆1 (according to the selection diagram in fig. 4.7(a)). So, it only expands

towards Q∗[Z;σ∗]. Similarly, when generating TP 2(V;σX2
=g(X1,Z)), the procedure gives up on

Q∗[Z;σ∗] because Z ∈ ∆2 (as evidenced in fig. 4.7(d)), and only expands towards Q∗[Y ;σ∗].

MAPFACTORS maps Q∗[Z;σ∗] to TP 1(V;σX1,X2
) and Q∗[Y ;σ∗] to TP 2(V;σX2

=g(X1,Z)) and
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COMPOSEQUERY derives expressions for these c-factors as

Q∗[Z;σ∗] = Q∗[Z;σX1,X2 ] = Q1[Z;σX1,X2 ] =

∑
x2,y

Q1[V;σX1,X2 ]∑
z,x2,y

Q1[V;σX1,X2 ]
= P 1(z | x1;σX1,X2),

(4.77)

Q∗[Y ;σ∗] = Q∗[Y ;σX2 ] = Q2[Y ;σX2 ] =
Q2[V;σX2 ]∑
yQ

2[V;σX2 ]
= P 2(y | x1, x2, z;σX2).

(4.78)

Finally, putting eqs. (4.75) to (4.78) together, the query is given as

P ∗(y;σ∗) =
∑
x′1,z,x2

1[x′1 = x1]P̂ (x2 | x′1, z)P 1(z | x′1;σX1,X2)P
2(y | x′1, x2, z;σX2) (4.79)

=
∑
z,x2

P̂ (x2 | x1, z)︸ ︷︷ ︸
def. σ∗

P 1(z | x1;σX1,X2)︸ ︷︷ ︸
from P 1(V;σX1,X2 ) in π1

P 2(y | x1, x2, z;σX2)︸ ︷︷ ︸
from P 2(V;σX2 ) in π2

. (4.80)

The resulting expression is a combination of probabilities estimated from domain π1, π2,

and the definition of the policies. �

Next, we continue example 22 solving the task proposed in that example.

Example 24 (Loan policy generalizability — solution). The signature of the task described

in example 22 is

I = 〈P ∗(y;σ∗X),P,G∆〉, (4.81)

where P = {P ∗(V), P 1(V;σ1
Z), P 2(V;σ2

W )}, σ∗X = P̂ (X | R) and G∆ is the diagram in

fig. 4.8(c). In terms of c-factors, as An(Y ) = {R,X,Z, Y } in GσX (fig. 4.8(a)), the query is

equal to

P ∗(y;σX) =
∑
r,x,z

Q∗[R,X,Z, Y ;σ∗X ]. (4.82)

GENINPUTTREE produces TP ∗(y;σ∗) as shown in fig. 4.8(b). There are three c-factors

to obtain: Q∗[X;σ∗X ], Q∗[R, Y ;σ∗X ] and Q∗[Z;σ∗X ]. The first is defined by σ∗X and will be
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(a) G in the domain π∗ under σX
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Q∗[Z;σ∗X ]Q∗[R, Y ;σ∗X ]Q∗[X;σ∗]

δ
δ

δ

(b) TP ∗(y;σ∗)

π∗

R

W

X Z
Y

π2

π1

(c) Selection diagram G∆

Q∗[V]

Q∗[R,W,X,Z]

Σ

(d) TP ∗(V)

π1

R

W

X Z
Y

σ1
Z

(e) G in domain π1 under σ1
Z

Q1[V;σ1
Z ]

Q1[R,W,X, Y ;σ1
Z ]

Q1[R, Y ;σ1
Z ]

Q∗[R, Y ;σ∗]

π, σ

Σ

δ

(f) TP 1(V;σ1
Z)

π2

R

W

X Z
Yσ2

W

(g) G in domain π2 under σ2
W

Q2[V;σ2
W ]

Q2[Z;σ2
W ]

Q∗[Z;σ∗X ]

π, σ

δ

(h) TP 2(V;σ2
W )

Figure 4.8: Causal diagrams and cftrees for transporting the effect of a soft intervention
from heterogeneous domains.
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mapped as

Q∗[X;σ∗X ] = P̂ (x | r). (4.83)

The factor Q∗[R, Y ;σ∗X ] cannot be derived in TP 2(V;σ2
W )=Q2[V;σ2

W ] (fig. 4.8(h)) because R ∈ ∆2.

It also cannot be derived in TP ∗(V) (fig. 4.8(d)), because any valid operator can only remove

Y . Still, it can be found in TP 1(V;σ1
Z) (fig. 4.8(f)). Next, Q∗[Z;σ∗X ] is not computable from

P 1(V;σ1
Z) since Z has been intervened in that model. It is also not derivable in TP ∗(V)

because after taking a step to marginalize Y , there are no more valid operators that retain

Z. It can be, however, found in TP 2(V;σ2
W ) (fig. 4.8(h)).

The COMPOSEQUERY routine obtains expressions for the c-factors as

Q∗[R, Y ;σ∗X ] = Q∗[R, Y ;σ1
Z ] = Q1[R, Y ;σ1

Z ] =
∑
w,x

Q1[R,W,X, Y ;σ1
Z ] (4.84)

=
∑
w,x

∑
w,x,z,yQ

1[V;σ1
Z ]∑

r,w,x,z,yQ
1[V;σ1

Z ]

∑
x,z,yQ

1[V;σ1
Z ]∑

w,x,z,yQ
1[V;σ1

Z ]

∑
z,yQ

1[V;σ1
Z ]∑

x,z,yQ
1[V;σ1

Z ]

Q1[V;σ1
Z ]∑

yQ
1[V;σ1

Z ]
(4.85)

=
∑
w,x

P 1(w | r;σ1
Z)P 1(r;σ1

Z)P 1(x | w, r;σ1
Z)P 1(y | w, r, x, z;σ1

Z), (4.86)

Q∗[Z;σ∗X ] = Q∗[Z;σ2
W ] = Q2[Z;σ2

W ] =

∑
yQ

2[V;σ2
W ]∑

z,yQ
2[V;σ2

W ]
= P 2(z | r, w, x;σ2

W ). (4.87)

Replacing these expression into eq. (4.82), the query P ∗(y;σ∗X) is equal to

∑
r,x,z

P̂ (x|r)

(∑
w,x′

P 1(r, w;σ1
Z)P 1(x′|w, r;σ1

Z)P 1(y|w, r, x′, z;σ1
Z)

)
P 2(z|r, w, x;σ2

W ). (4.88)

�

Similar to the tasks introduced in chapter 3, C-INFER together with the operators

defined is sufficient and necessary for solving σ-TR, as claimed next.

Theorem 6 (Soundness and Completeness for σ-TR). Given a causal inference task with

signature Iσ-TR, the query is transportable from P and G∆ if and only if C-INFER finds a mapping
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using the Σ, σ, δ and π operators. Moreover, the task is decided in O(n2(n + m)p) time, where

n = |V|, m is the number of edges in G and p = |P|. �

Moreover, the sequence of operators entailed by the paths of the cftrees generated by

C-INFER on a σ-TR task can be mapped to a derivation with σ-calculus and probability

axioms, like those given in section 4.2.2. Then, from theorem 6 we have the following:

Corollary 1 (σ-calculus Completeness for σ-TR). The σ-calculus together with standard proba-

bility axioms is complete for the task of σ-TR. �
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Chapter 5: Statistical Transportability

Generalizing causal and statistical findings across settings is central in scientific in-

ference as well as in many applications throughout artificial intelligence and machine

learning. The environment where the data is collected (source) is related to, but not often

the same as the one where the inferences are intended (target). No learning could occur

if the target environment is arbitrary or drastically different from the training (source)

environment. However, the fact that we learn and perform relatively well in new envi-

ronments suggests that certain characteristics are shared across environments and that,

owing to these commonalities, causal and statistical claims could be valid and robust even

in settings where no or very little data is available [31, 46, 22, 4].

Remarkably, the anchors of knowledge that allow extrapolations to take place are

eminently causal, following from the stability of the mechanisms shared across settings [67].

The systematic analysis of these mechanisms and the conditions under which extrapolation

could be formally justified fall under the umbrella of transportability theory.

Despite all the progress achieved so far, most of these results focused on the conditions

under which interventional distributions could be extrapolated, leaving a class of generaliza-

tion problems with no solution, namely, noninterventional distributions. In practice, on

the other hand, many problems in AI and ML today, including classification and clustering,

entail the learning of a (non-interventional) probability distribution of the form P (y | x),

where, for example, Y could represent a label and X a set of features.1 Depending on the

differences between environments, the distribution P (y | x) may or may not be a good

predictor in the target domain. The mismatch between source and target environments is

1Note that, in contrast to the challenges in the previous chapters, this inference problem is trivially solved
if P (V) is available.
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Figure 5.1: Selection diagrams representing three different generalization tasks.

due to the differences in the underlying causal mechanisms.

This generalization problem has been studied in machine learning as dataset shift [19],

transfer learning [15], and domain adaptation [16]. Moreover, it has been studied from a causal

inference perspective [17, 18], and called statistical transportability by Pearl and Bareinboim

[68]. The statistical transportability problem has been formalized but not solved in a

systematic and nonparametric version. For concreteness, consider the following example.

Example 25 (Extrapolating demographic information). An internet company records in

its database the type of advertisement displayed to its customers (X) and whether the

corresponding product was sold (Y ) on its website π. The user’s age (W ) affects both the

ad format (X) as well as her/his propensity for buying the product (Y ). The distribution

P (x,w, y) can be estimated with great accuracy from this large dataset.

The company plans to expand to a different country π∗ and call the data science team

to help predict Y given X , P ∗(y|x), in the new market. The populations π and π∗ could

differ in different ways. For instance, the following scenarios exemplify some differences

between source and target domains, which lead to different analyses and conclusions:

Scenario 1 (S1) the age distribution is significantly different (P ∗(W ) 6= P (W )) ,

Scenario 2 (S2) the website π∗ is run by another team and uses a different strategy for

selecting the ad format (P ∗(X | W ) 6= P (X | W )), and

Scenario 3 (S3) the buying behavior (Y ) differs, for instance, since users are less wealthy

in π∗ (P ∗(Y ) 6= P (Y )).

These differences can be explained by variations of the underlying mechanism across
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settings. In other words, each domain has a different SCM. As for the previous trans-

portability tasks, differences are encoded with selection diagrams and selection variables

(definition 12). The diagrams in fig. 5.1 correspond to the three scenarios described above.

For (S1), the causal analyst in the team suggests that they should use data from the

census of population π∗, and estimate the new age distribution, P ∗(w). The team goes on

to say that this will allow the target query P ∗(y | x) to be written in a convenient form:

P ∗(y | x) =

∑
w P (y | x,w)P (x | w)P ∗(w)∑

w P (x | w)P ∗(w)
. (5.1)

The right-hand side of the expression is estimable by combining data from the source

(P (V)) and the smaller dataset from the target (P ∗(W )).

For (S2), it suffices to just observe the strategy for selecting the ad format in π∗, P ∗(X |

W ), noting that the target query can be written as

P ∗(y | x) =
∑
w

P (y | x,w)
P ∗(x | w)P (w)∑
w P

∗(x | w)P (w)
. (5.2)

Finally, for (S3), P ∗(y | x) needs to be re-learned from scratch with data from π∗. �

It is worth noting that even if the target quantity is a conditional distribution of Y , it

could be estimated without measuring Y in the target domain. This is indeed the case in

example 25 for the first and second scenario as eqs. (5.1) and (5.2) only require P ∗(W ) and

P ∗(X | W ) to be measured in the target domain, respectively.

The main goal of this chapter is to explicate the rationale behind this analysis and, more

broadly, to provide a systematic way of deciding statistical transportability. Formally, the

signature of the task we aim to solve is

Is-TR = 〈P ∗(y | x),P,G∆〉, (5.3)

where P = {P (V), P ∗(W)}, W ⊂ V, and G∆ is a selection diagram.
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Whenever there exists a mapping P (V) and P ∗(W) to Q = P ∗(y | x) for set of models

inducing G∆, Qwill be called statistically transportable (or simply transportable).

Compared to the tasks discussed in chapters 3 and 4, the s-TR task presents two main

differences. First, the query is an observational distribution instead of a causal one. Second,

one of the distributions is marginal over a subset of the observable (endogenous) variables.

Notice that if W = V or (X∪Y) ⊆W, the problem would be trivial since P ∗(y | x) would

be immediately computable from P ∗(W).

The statistical transportability tasks has connections with machine learning research,

specifically with problems related to (observational) predictions. Many results in the field

are concerned with learning good representations of a probability distribution of the form

P (y | x), where Y is the label or category to be predicted and X is a set of features used for

prediction. On this front, neural networks have led to great advances due to their ability to

approximate virtually any function [69, 70, 71]. Other issues arise due to the complexity of

the model, as well as the number of samples required to learn it efficiently. Nevertheless,

even if those issues were solved and a perfect model for P (y | x) could be learned from the

available data, the model could perform poorly if the underlying data generating process

differs in some mechanism with the process in the target/test domain [17].

Pearl and Bareinboim [68] formally defined the task in a non-parametric setting as

a variation of transportability where the target is an observational quantity instead of

a causal effect. It is assumed that the causal diagram is known, P (V) is available in

the source domain, and P ∗(W) is available in the target domain for some W ⊂ V (W

could be empty). This task was named statistical transportability and [68] illustrated the

solution of some instances of the problem. In this chapter we consider the statistical

transportability task, introducing first some sufficient graphical conditions to solve special

instances (section 5.1). Later on, we introduce a generalization of c-factors (section 5.2)

and a canonical way to rewrite conditional queries (section 5.3), leading to a systematic

approach capable of solving any instance of this task (section 5.4).
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5.1 Sufficient Graphical Conditions

The assumptions encoded in the selection diagram play a critical role in understanding

what needs to be measured in the target domain. To witness, consider the different

diagrams in fig. 5.2 over three variables X,Z and Y . The figure is organized in a way such

that all models in the same row share the same graphical structure and those in the same

column share the same structural invariances. For instance, fig. 5.2(e) has a “common

cause” structure where Z ∈ ∆, that is, there could be differences in fz or P (Uz) between π

and π∗. The other two graphs in the same row share the same structure, but in fig. 5.2(g)

the differences are due to fx or P (Ux), whereas for fig. 5.2(i) they are due to fy or P (Uy).

Furthermore, selection diagrams in the same column share the same discrepancies between

the source and target domain where fig. 5.2(b) has a chain structure and fig. 5.2(h) has a

collider structure. By and large, each selection diagram entails different requirements for

the data needed from domain π∗, as described in the corresponding captions.

The variables that we need to measure in π∗ are not the same across rows or columns.

This aspect of the problem is not completely determined by the structure or the differences

between the domains. Instead, such analysis requires careful consideration of the interplay

between those aspects of the models. This suggests that the knowledge provided by the

selection diagram (or equivalent assumptions) is necessary for solving the s-TR task.

To determine if a (conditional) distribution is the same in the source and target domain

based on the selection diagram, the d-separation criterion2 can be used for selection

variables, denoted T.3 Specifically,

P (y | x) = P ∗(y | x) if (T⊥⊥Y | X). (5.4)

2The d-separation criterion allows one to read conditional independence statements in the distribution by
looking at paths in the graphical model. See appendix A.1 for a definition of the criterion.

3These variables were originally named S by Bareinboim and Pearl [23] but here we rename them as T ,
to avoid conflict with chapter 6 where S is used to represent the sampling mechanism.
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Figure 5.2: Variations of a causal diagram made of only a path with three variables, with
differences between source and target domain at different variables. For each causal
diagram the question is what variables need to be observed in the target domain for
transporting P ∗(y | x).
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In this sense, selection variables can be thought of as a switch between the domains π and

π∗. If T is d-separated from Y given X, then Y is not affected by the differences across

these domains and remains invariant to the changes in mechanism that took place across

domains.

The rest of this section discusses some conditions and examples for the statistical

transportability of the query P ∗(y | x) from the input in Is-TR, and the selection diagram

G∆.

Proposition 1 (No measurements collected in π∗). Assume no data is collected in the target

domain π∗, so W = ∅. Then P ∗(y | x) is transportable from P (V) if and only if (Y ⊥⊥T | X) in

which case it is equal to

P ∗(y | x) = P (y | x). (5.5)

�

This result characterizes situations where no data is available in the target domain. For

instance, models in fig. 5.2(a), (g), and (h) could be solved via proposition 1.

When some data is available in the target domain, a first case to consider is when the

measurements include the features in the query.

Proposition 2 (The set of features X is measured in π∗). Assume data from a set of covariates

used in the query, X, is measured in the target domain π∗, that is X ⊆ W. Then P ∗(y | x) is

transportable from P (V) and P ∗(W) if there exists a set Z ⊆W \X (possibly empty) such that

(T⊥⊥Y | X,Z) and, if so, the query distribution in π∗ is equal to

P ∗(y | x) =
∑

z

P (y | x, z)P ∗(z | x). (5.6)

�

The models (b) and (d) from fig. 5.2 can be solved if X and Z are measured in π∗.
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Instead of the set of features X, it could be the outcome Y that is measured in π∗, as

covered in the following condition.

Proposition 3 (The outcome Y is measured in π∗). Assume the outcome Y is measured in the

target domain π∗, that is, Y ⊆ W. Then P ∗(y | x) is transportable from P (V) and P ∗(W) if

there exists a set Z ⊆W \Y (possibly empty) such that (T,Y ⊥⊥X | Z) and given as

P ∗(y | x) =

∑
z P
∗(y | z)P (x | z)P ∗(z)∑
z P (x | z)P ∗(z)

. (5.7)

�

In this case, it is fig. 5.2(c), (f) and (i) that could be solved with proposition 3.

One may surmise, given these conditions, that either the set of features X or the

outcome Y need to be measured in the target domain π∗. The following result shows this

is not the case.

Proposition 4 (Neither X nor Y are measured in π∗). If there exists Z ⊆ W such that

(Y,X⊥⊥T | Z), then P ∗(y | x) is transportable from P (V) and P ∗(W) and given as

P ∗(y | x) =

∑
z P (y | x, z)P (x | z)P ∗(z)∑

z P (x | z)P ∗(z)
. (5.8)

�

The selection diagram in fig. 5.2(e) describes a model where proposition 4 applies with

Z = W = {Z}.

To illustrate how to use these graphical conditions and evaluate them, we consider

some additional examples.

Example 26 (Graphical conditions for statistical transportability). Let us consider each of

the selection diagrams in fig. 5.3 in the context of a task Is-TR with different sets W.
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First, for the selection diagram in fig. 5.3(a) and W = ∅, the query is transportable by

proposition 1. Specifically, the separation statement (T ⊥⊥ Y | X) holds in the diagram, so:

P ∗(y | x) = P (y | x). (5.9)

This means that even though the mechanism for X could differ between π and π∗, by

conditioning on X those disparities do not affect Y .

The same condition is not valid for the selection diagram in fig. 5.3(b) since the path

�→ X L9999K Z → Y is d-connected given X . Instead, if the set W = {X,Z} is measured,

proposition 2 can be used as (Y ⊥⊥ T | X,Z) holds. In this case,

P ∗(y | x) =
∑
z

P (y | x, z)P ∗(z | x). (5.10)

The situation in fig. 5.3(c) is particularly stringent as there is a selection variable pointing

directly to Y , which implies that without measuring Y itself in the target domain (i.e.,

Y ∈ W), generalization from source to the target domain is provable infeasible. Now,

suppose W = {Y, Z}, then, by proposition 3 and (X ⊥⊥ T, Y | Z) it follows that

P ∗(y | x) =

∑
z P
∗(y | z)P (x | z)P ∗(z)∑
z P (x | z)P ∗(z)

. (5.11)

Finally, suppose W = {Z} is measured in π∗ for fig. 5.3(d). In this case, proposition 4

is the only valid option since (X, Y ⊥⊥ T | Z), which means the target distribution can be

written as

P ∗(y | x) =

∑
z P
∗(y | x, z)P (x | z)P ∗(z)∑

z P (x | z)P ∗(z)
. (5.12)

In other words, neither the features X nor the outcome Y need to be measured in the
target domain, just the other features that changed (Z). �

Those conditions cover a wide range of instances of the problem, however, the interplay

between the graphical structure and the discrepancies between domains may require a
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Figure 5.3: Some examples of selection diagrams and s-TR tasks can be solved with simple
graphical conditions.

more surgical approach to the problem. The following sections build the tools for an

algorithmic analysis of the problem.

5.2 Marginalized c-factors and c-components

Despite the general (and somewhat intuitive) nature of the results in the previous sec-

tion, there are still cases in which the target distribution is transportable and propositions 1

to 4 are unable to say so. For instance, if we measure W = {Z,R} in settings following

fig. 5.4(a), the query could be transported as

P ∗(y | x) =
∑
z,w

P (y | r)P ∗(r | z)P (z | x), (5.13)

which is not obtainable from any of the previous conditions.

This section develops refined concepts for solving the s-TR task in generality, using the

algorithmic approach introduced in chapter 3. One of the main differences between this

task and the previous ones is that not all the variables in V are observed for some of the

input distributions. Namely, the set of variables W observed in the target domain π∗ is

a strict subset of V. If only the target domain was considered, treating the variables in

V \W as unobservables could be a valid choice, yet this approach loses information in the

causal diagram and the measures on V \W in other domains.

This new dimension requires several nontrivial changes in the underlying machinery,

including a generalization of the notion of c-factor (definition 8), which should take into
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(b) GXY Q∗[R,Z ‖X, Y ]

Q∗[R,Z ‖X]

Q∗[Z ‖X] Q∗[R]

δδ

Σ

(c) d-tree for P ∗(R,Z)

Figure 5.4: The marginalized c-components of the selection diagram in (a) summing {Z,R}
are the connected components in the subgraph in (b). The d-tree in fig. 5.4(c) is based on
the same selection diagram and has marginalized c-factor for nodes.

account marginalized variables.4

Definition 14 (Marginalized c-factor). For disjoint subsets C,H ⊆ V, Q[C ‖H] is the

marginalized c-factor of C where variables in H are marginalized out and denotes the

following function

Q[C ‖H](pa(c ∪ h) \ h) =
∑

h

Q[C,H]. (5.14)

�

Definition 15 (Marginalized c-components). Let G be a causal diagram over V and let

H ⊂ V. Two variables Vi, Vj ∈ V belong to the same c-component, summing H if there exists

a path (regardless of the directionality) between Vi and Vj in GV\H.5 �

Whenever H = ∅, GV\H = GV, which is the same as G with all directed edges removed.

Since GV has only the bidirected edges from G, the marginalized c-components summing ∅

are simply the c-components of G.

Example 27 (Marginalized c-factors and c-components). Consider again the graph in

4The very definition of SCM already assumes certain variables are not measured, called exogenous. The
subtlety is that in this setting certain variables are measured in one domain but not in another, so they cannot
be classified as exogenous.

5When a set H is marginalized, a c-factor over C and the c-components of some G are referred to as “the
c-factor of C summing H” and “the c-components of G summing H”.

95



fig. 5.4(a) and the query Q = P ∗(y | x). We first note that the query can be written as

P ∗(y | x) =
P ∗(y, x)∑
y P
∗(y, x)

. (5.15)

We further write P ∗(y, x) in terms of the joint distribution P ∗(V) by summing over V \

{X, Y } = {Z,R}. Then,

P ∗(y, x) =
∑
r,z

P ∗(x, z, r, y) (5.16)

=
∑
r,z

Q∗[X,Z,R, Y ] = Q∗[X, Y ‖Z,R]. (5.17)

Moreover, G has two c-components summing {Z,R}: {X} and {Z,R, Y }. This is easy to

verify visually by looking at the graph GXY in fig. 5.4(b). Interestingly, these marginalized

c-components advertise a way to factorize P ∗(x, y) as follows.

P ∗(x, z, r, y) = P ∗(x)P ∗(z | x)P ∗(r | z)P ∗(y | r) (5.18)∑
r,z

P ∗(x, z, r, y) =
∑
r,z

P ∗(x)P ∗(z | x)P ∗(r | z)P ∗(y | r) (5.19)

P ∗(x, y) = P ∗(x)︸ ︷︷ ︸
Q∗[X]

(∑
z,r

P ∗(z | x)P ∗(r | z)P ∗(y | r)

)
︸ ︷︷ ︸

Q∗[Y ‖Z,R]

. (5.20)

That is, an expression can be factorized according to its marginalized c-components when

sums are involved. This resembles the δ-operator that licenses factorization according to

the c-component structure. �

As a generalization of c-factors, marginalized c-factors can also serve as a basis for

generating causal factor trees. All cftree operators introduced so far naturally extend to

the marginalized case, shown next.

Theorem 7 (Σ, δ, σ and π operators — marginalized c-factors). Let T,L ⊆ V be disjoint sets

96



of endogenous variables, C ⊂ T, C′ = T \C, H ⊆ L and H′ = L \H. Then, for any cftree T

Σ-operator (marginalization): If there is no directed arrow with tail in C′ ∪ H′ and head in

C∪H in G[T,L], Q[T ‖L]
Σ−→ Q[C ‖H] is a valid edge for T associated with the mapping

Q[C ‖H] =
∑
c′

Q[T ‖L] (5.21)

δ-operator (independence): If there is no path between C ∪ H and C′ ∪ H′ in G[T,L]T,

Q[T ‖L]
δ−→ Q[C ‖H] is a valid edge for T . The associated function is defined for any

topological order T1 < T2 < · · · < Tk on G[T,L] as follows

Q[C ‖H] =
∏
Ti∈C

∑
ti+1,...,tk

Q[T ‖L]∑
ti,...,tk

Q[T ‖L]
. (5.22)

Furthermore, let (C1,H1), . . . , (Ck,Hk) be the marginalized c-components of G[T], sum-

ming L, then the set of edges {Q[T ‖L]
δ←− Q[Ci ‖Hi]}i=1,...,k are valid for T and the

corresponding functional mapping is

Q[T ‖L] =
k∏
i=1

Q[Ci ‖Hi]. (5.23)

σ-operator (regime invariance): If (T ∪ L) ∩ X = ∅, Q[T ‖L;σX]
σ−→ Q[T ‖L;σ′X] and

Q[T ‖L;σX]
σ←− Q[T ‖L;σ′X] are valid edges for T and they are mapped as

Q[T ‖L;σ′X] = Q[T ‖L;σX]. (5.24)

π-operator (domain invariance): If (T∪L)∩∆a,b = ∅, Qa[T ‖L]
π−→ Qb[T ‖L] and Qa[T ‖L]

π←− Qb[T ‖L] are valid edges for T and they are mapped as

Qb[T ‖L] = Qa[T ‖L]. (5.25)

�
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Example 28 (cftree operators on marginalized c-factors). Consider again the selection

diagram in fig. 5.4(a) and the distribution P ∗(Z,R) given as data in the target domain. This

distribution can be written as

P ∗(z, r) =
∑
x,y

P ∗(x, z, r, y) (5.26)

=
∑
x,y

Q∗[X,Z,R, Y ] = Q∗[Z,R ‖X, Y ]. (5.27)

The d-tree in fig. 5.4(c) is rooted at this c-factor and illustrates some of the operators that

can be used on top of it. First, the Σ-operator allows deriving Q∗[Z,R ‖X] as there is no

arrow from Y to any other node in G. Then, there are no paths (regardless of directionality)

between {R} and {Z,X} in G[X,Z,R]ZR, hence the δ-operator licenses the expansion of

Q∗[Z,R ‖X] to Q∗[R] and Q∗[Z ‖X].

Although there is no reason to move away from the observational regime in the

target domain for this task, the σ and π operators are also valid in this case. For instance,

Q∗[Z ‖X] = Q[Z ‖X] because {Z,X}∩∆ = ∅, that is, there is no selection variable pointing

to {Z,X}. �

Marginalized c-factors and c-components will enable the construction of d-trees in-

volving marginal distributions given as input. In the next section, they will be used to

characterize the c-factors needed to evaluate a conditional distribution.

5.3 Conditional Query Factorization

A target conditional query entails a ratio between two marginal distributions, by

definition. Interestingly, some cancellations may occur if those marginal distributions

decompose into more than one factor. For concreteness, let us see an example where the

factorization entailed by the δ-operator (eq. (5.23)) can help simplify the c-factors needed

for mapping a conditional query.
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Example 29 (Factor cancellation in a query). Recall the selection diagram in fig. 5.4(a)

and the query Q = P ∗(y | x) which is equal to the ratio P ∗(y, x)/P ∗(x). From eq. (5.17),

the joint distribution P ∗(y, x) = Q∗[X, Y ‖Z,R]. The goal is to determine if P ∗(y, x) and

P ∗(x) =
∑

y P
∗(y, x) have common c-factors that could cancel out. Based on the δ-operator:

P ∗(y, x) = Q∗[X, Y ‖Z,R] = Q∗[X]Q∗[Y ‖Z,R]. (5.28)

P ∗(x) =
∑
y

Q∗[X, Y ‖Z,R] = Q∗[X ‖Z,R, Y ] = Q∗[X]. (5.29)

Here Q∗[X ‖Z,R, Y ] = Q∗[X] follows from the Σ-operator and the fact that none of Z,R,

and Y have arrows pointing to X in G.

Suppose only Z and R are measured in π∗, that is, let the set of input distributions

be P = {P (X,Z,R, Y ), P ∗(Z,R)}. Then, the c-factor Q∗[Y ‖Z,R] =
∑

z,rQ
∗[Z]Q∗[R]Q∗[Y ]

can be evaluated from P since by the π-operator Q∗[Z] = Q[Z] and Q∗[Y ] = Q[Y ] which

are computable from P (V). In addition, Q∗[R] is computable from P ∗(Z,R) = Q[Z,R ‖X]

via δ-operator as shown in the d-tree in fig. 5.4(c).

Meanwhile, Q∗[X] = P ∗(x) cannot be transported from P. This is because it may be

different than P (x) due to the selection variable pointing to X in G∆ and because X is

not measured in P ∗(Z,R). Nevertheless, since the c-factor Q∗[X] appears both in the

numerator and denominator, it can be canceled out so that

P ∗(y | x) = Q∗[Y ‖Z,R]. (5.30)

In other words, although there are two factors related to P ∗(y, x), the conditional query

P ∗(y | x) depends only on Q∗[Y ‖Z,R]. This means that, even if Q∗[X] is not transportable,

the transportability of the query P ∗(y | x) is dictated by that of Q∗[Y ‖Z,R]. �

The strategy used in this example can be generalized by rewriting any conditional
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query as

P (y | x) =
P (y,x)

P (x)
(cond. probability def.) (5.31)

=

∑
v\(y∪x) Q[V]∑

v\xQ[V]
(P (v) = Q[V]) (5.32)

=

∑
d\(y∪x) Q[D]∑

d\xQ[D]
(by Σ-operator) (5.33)

=
Q[Y,X ‖D \ (Y ∪X)]∑
y Q[Y,X ‖D \ (Y ∪X)]

, (definition 14) (5.34)

where D = An(Y,X).

Once the query is written as eq. (5.34), the question is which (marginal) c-factors are

actually needed for transportability to succeed. To address this issue using q-trees, a

conditional notion of c-factor is provided below.

Definition 16 (Conditional c-factor). For disjoint subsets C1,C2 ⊆ V, Q[C1 | C2] is said to

be the conditional c-factor of C1 given C2 if

Q[C1 | C2](pa(c1 ∪ c2)) =
Q[C1,C2]∑
c1
Q[C1,C2]

. (5.35)

�

Following from eq. (5.34), any query P (y | x) can be written as

P (y | x) = Q[Y | X ‖D \ (Y ∪X)], where D = An(Y ∪X). (5.36)

For instance, for the selection diagram in fig. 5.5(a), the query P ∗(y | x) is equal to

P ∗(y | x) = Q∗[Y | X ‖Z,R]. (5.37)

The following tree operator allows for reducing the scope of a conditional c-factor

under some conditions.
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Lemma 5 (Γ-operator). Let T,L ⊆ V be disjoint sets, C ⊂ T, C′ = T \ C, H ⊆ L and

H′ = L \H. Then, for any cftree T :

Γ-operator (unconditioning): Let T1,T2 ⊆ T be disjoint sets such that T1 ∪ T2 = T. If

T1 ⊆ C ⊆ T and there is no path between C ∪ H and C′ ∪ H′ in G[T,L]T2 , Q[T1 |

T2 ‖L]
Γ←− Q[C ‖H] is a valid edge for T . The associated function is

Q[T1 | T2 ‖L] =
Q[C ‖H]∑
t1
Q[C ‖H]

(5.38)

�

The Γ-operator establishes a connection between conditional c-factors and marginalized

c-factors beyond eq. (5.35). While the definition of conditional c-factor gives

Q[T1 | T2 ‖L] =
Q[T1,T2 ‖L]∑
t1
Q[T1,T2 ‖L]

, (5.39)

the c-factor Q[C ‖H] on the right-hand-side of eq. (5.38) could have a smaller scope than

Q[T1,T2 ‖L], depending on the graphical structure.

In the following example, the Γ-operator is used to find the c-factors associated with

the query (those that do not cancel out).

Example 30 (Relevant query c-factors). Consider the selection diagram in fig. 5.5(a) and

the query P ∗(y | x). To use the Γ-operator, first notice that for D = An(X, Y ) = {R,Z,X,A,

Y }, then by eq. (5.36) it follows

P ∗(y | x) = Q∗[Y | X ‖R,Z,A]. (5.40)

Then, consider the graph G[D] in fig. 5.5(b) and its marginalized c-components summingX .

These c-components are precisely the connected components of the graph G[D]X , namely,

{X,R,Z} and {Y,A}. The only marginalized c-component intersecting Y is {Y,A}, hence

there is no path in G[D]X between {Y,A} and any other variables in D. Applying the
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Figure 5.5: A selection diagram and the subgraph are used to determine the relevant
(marginalized) c-factors for the target query.

Γ-operator with T1 = {Y }, T2 = {X}, and L = {R,Z,A} entails

P ∗(y | x) =
Q∗[Y ‖A]∑
yQ
∗[Y ‖A]

= Q∗[Y ‖A] =
∑
a

P ∗(y | x, a)P ∗(a), (5.41)

as there are no paths from {Y,A} = C ∪H to {X,R,Z} = C′ ∪H′ in G[{Y,X,R, Z,A}]X

(fig. 5.5(b)).

In other words, this means that the query is not affected by the differences in {Z,R}

between the target and source domains. �

5.4 Solving Statistical Transportability Algorithmically6

The algorithmic framework introduced in chapter 3 needs to be augmented to handle

input distributions where only a subset of the endogenous variables is measured.

Depending on what variables are observed for a certain input distribution, the factor-

ization of the query may change accordingly. Algorithm 8 generalizes GENQUERYTREE in

algorithm 2, used for the previous tasks.

Compared to algorithm 2, this version uses the Γ-operator to reduce the query fol-

lowing the discussion in section 5.3, expanding Q[A ‖H]. Moreover, this version ex-

pands alternative subtrees in TQ for distinct subsets W ⊆ V in the input distributions

(line 5). For each subtree, the variables in H not included in W remain marginalized as

Q[A∪(H∩W) ‖H\W]. Then, each (marginalized) c-component ofQ[A∪(H∩W) ‖H\W],
6This section is based on the paper [34].
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Algorithm 8 GENQUERYTREE(I = 〈Q,P,G∗〉)
Input: A causal inference task such that Q = P (y | x) (x could be empty) and there exists
G ∈ G∗ describing the SCM associated with Q. (Q could be interventional in which case G
represents an intervention graph.)
Output: TQ, an q-tree for Q.

1: Let G ∈ G∗ be the causal diagram associated with the query.
2: Let D← An(Y ∪X)G .
3: Initialize TQ with Q at the root.
4: Expand Q = Q[Y | X ‖D \ (Y ∪X)]

Γ←− Q[A ‖H] where (A,H) is the union of the
marginalized c-components of G[D], summing D \X, that intersects with Y.

5: for each distinct W ⊆ V such that some P ∈ P is over W do
6: Expand Q[A ‖H]

Σ←− Q[A ∪ (H ∩W) ‖H \W].
7: Expand Q[A∪ (H∩W) ‖H \W]

δ←− Q[Ai ‖Hi] for each marginalized c-component
of G[A ∪H]A∪(H∩W).

8: Expand each Q[Ai ‖Hi]
Σ←− Q[Ai,Hi]

9: Expand each Q[Ai,Hi]
δ←− Q[Ci] for each c-component of G[Ai ∪Hi].

10: end for
11: return TQ

denoted as Q[Ai ‖Hi], is expanded (line 7) as they could match c-factors of P ∗(W). Lines 8

and 9 further expand non-marginalized c-factors Q[Ai,Hi] and decompose them in smaller

Q[Ci], in case they are computable individually.

Notice that for q-trees supporting marginalized and conditional c-factors, the root of

TQ is the query itself (instead of Q[D]). Then, another small change needed for this task is

that the last line of COMPOSEQUERY (algorithm 4) just needs to return the expression for

the root of TQ, instead of computing a sum.

On the input side, any distribution P (W), W ⊂ V, can be written as

P (w) =
∑
v\w

P (v) (5.42)

=
∑
a\w

P (a), (5.43)

where A = An(W). Hence, as illustrated in example 31, the d-tree for such P (W) can be

generated by GENINPUTTREE (algorithm 7) with the root P (w) = Q[W ‖An(W) \W].
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Example 31 (Solving statistical transportability systematically). Consider the task I =

〈P ∗(y | x),P,G∆〉, where P = {P (V), P ∗(X,Z)} and G∆ is given in fig. 5.6(a).

First, GENQUERYTREE looks at the c-components of G[An(Y,X)] (fig. 5.6(b)) summing

X , and produces the tree TQ shown in the top portion of fig. 5.6(d). While the subtree rooted

at Q∗[R,Z,X,C,A, Y ] is generated for W = V, the one rooted at Q∗[Z,X, Y ‖R,C,A] is

generated for W = {Z,X} (lines 5-9).

Next, GENINPUTTREE (algorithm 7) generates a d-tree TP (V) for P (V) as shown in the

bottom-left section of fig. 5.6(d). Meanwhile, distribution P ∗(W) = P ∗(Z,X) corresponds

to the marginalized c-factor Q∗[Z,X ‖R]. To witness, first write it as a function of P ∗(V):

P ∗(z, x) =
∑

v\{z,x}

P ∗(v) =
∑
r

P ∗(r, z, x) = Q∗[Z,X ‖R]. (5.44)

Hence, TP ∗(Z,X) can also be generated by GENINPUTTREE with Q∗[Z,X ‖R] at the root
and using marginalized c-components with the corresponding operators.

The process succeeds as the query can be connected to the inputs via the c-factors

Q∗[Z,X ‖R], Q∗[A, Y ] and Q∗[C]. Finally, the corresponding mapping is obtained by

composing the functions associated with the edges in the tree. The mapping obtained is

P ∗(y | x) =

∑
z Q
∗[Z,X ‖R]

∑
a,cQ

∗[A, Y ]Q∗[C]∑
y,z Q

∗[Z,X ‖R]
∑

a,cQ
∗[A, Y ]Q∗[C]

(5.45)

=

∑
z P
∗(z, x)

∑
a,c P (a)P (y | r, z, x, c, a)P (c | r, z, x)∑

y,z P
∗(z, x)

∑
a,c P (a)P (y | r, z, x, c, a)P (c | r, z, x)

(5.46)

=
∑
z

P ∗(z | x)
∑
a,c

P (a)P (y | r, z, x, c, a)P (c | r, z, x). (5.47)

�As shown next, the C-INFER strategy is complete for Is-TR.

Theorem 8 (Σ, σ, δ and π-operators soundness and completeness for s-TR). Given a causal

inference task with signature Is-TR, the query Q is transportable from P and G∆ if and only if

C-INFER finds a mapping using the Σ, σ, δ and π-operators. Moreover, the task is decided in

O(n2(n+m)) time, where n = |V| and m is the number of edges in G. �
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(d) Representation of the matching process of the query and d-trees

Figure 5.6: Selection diagrams associated with the input distributions and query of an s-TR
task. For each one of the distributions a d-tree is generated.
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Chapter 6: Recovering from Selection Bias

Selection bias arises when there is preferential inclusion of the subjects in the data

sample [22]. For instance, in a typical study of the effect of grades on college admission,

subjects with higher achievement tend to report their scores more frequently than those

who scored lower. In this case, the data-gathering process will reflect a distortion in

the sample’s proportions and, since the data is no longer a faithful representation of the

underlying population, biased estimates will be produced regardless of the number of

samples collected (even if the treatment is controlled).

The problem of selection bias can also be modeled graphically through the explicit

articulation of the sampling mechanism, S. This mechanism can be seen as a binary

indicator of entry into the data pool, such that S = 1 if a unit is included in the sample and

S = 0 otherwise. When the sampling process is entirely random, S is independent of all

variables in the analysis. When samples are collected preferentially, the causal effects need

to be identified and recovered from the distribution P (V | S = 1) instead of P (V) [72].

Selection bias has challenged inferences throughout a wide range of disciplines, includ-

ing AI [73, 74, 75, 76], statistics [77, 78, 79, 80, 81], and the empirical sciences (e.g., genetics

[82, 83], economics [84, 85], and epidemiology [86, 87]).

Even though selection and confounding biases appear together in most of the non-

trivial, practical settings, they have been almost invariably treated independently in the

literature. There are non-trivial interactions between them, however, which just recently

have been investigated. [26, 1] provided sufficient conditions for the nonparametric

recoverability of the causal effects from selection bias and introduced a relaxation of this

setting so that external (unbiased) data could be leveraged. [81] developed an approach for

discrete models, where assumptions on the cardinality of the observable variables allow to
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estimate the distribution over the sampling mechanism; in turn, recovering the marginal

distribution.

While most tasks introduced so far are concerned with determining a causal effect from

observational, experimental, and multiple domain distributions, this chapter enriches the

algorithmic framework developed in this dissertation by allowing for selection biased

distributions to be taken as input.

Section 6.1 introduces the basic notions found in the literature including covariate

adjustment and related results. In section 6.2, we introduce a sufficient and necessary

graphical condition for recovering causal effects via adjustment [31, p. 78] from a selection-

biased observational distribution and a nonbiased distribution over a set of covariates.

Later on, section 6.3 presents another sufficient and necessary adjustment criterion, this

time for generalizing selection-biased experimental distributions to some target domain.

Finally, section 6.4 extends the algorithmic framework presented so far to include support

distributions of the form P (V | S = 1) as input.

6.1 Covariate Adjustment

Before discussing the results in sections 6.2 and 6.3, we present some concepts and

results related to covariate adjustment that will be necessary for later discussion. We begin

with the most simple version of an adjustment criterion — the Backdoor Criterion.

Definition 17 (Adjustment [31]). Given a causal diagram G containing a set of variables

V and pairwise disjoint sets X,Y,Z ⊆ V, the set Z is called covariate adjustment for

estimating the causal effect of X on Y (or usually just adjustment), if for every distribution

P (v) compatible with G it holds that

P (y | do(x)) =
∑

z
P (y | x, z)P (z). (6.1)

�
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Finding an adjustment set relative to X and Y enables the identification of the corre-

sponding causal effect. Several criteria have been developed to determine whether a set Z

is valid for adjustment. The most representative result for controlling for confounding bias

by adjustment is known as the Backdoor criterion [47, 31], which is defined as follows:

Definition 18 (Backdoor Criterion). A set of variables Z satisfies the Backdoor Criterion

relative to a pair of variables (X, Y ) in a directed acyclic graph G if:

(i) No node in Z is a descendant of X .

(ii) Z blocks every path between X and Y that contains an arrow into X . �

Intuitively, the backdoor criterion identifies the sets that block the non-causal paths

(paths with arrows incoming towards X) while leaving the causal paths undisturbed.

It was further noted that certain descendants of X could be included in the adjustment

set without sacrificing its validity [88]. Moreover, it can be shown that an adjustment is

valid if and only if there exists some Z that blocks all paths but for the proper causal ones

[89], as defined below.

Definition 19 (Proper Causal Path [89]). Let X and Y be sets of nodes in a causal diagram.

A causal path from a node in X to a node in Y is called proper if it does not intersect X

except at the starting point. �

Example 32 (Proper causal paths and proper back-door graph). Consider the causal dia-

gram in fig. 6.1(a) and let X1, X2 be the treatments and Y be the outcome. There are three

causal paths: X1 → W1 → X2 → W2 → Y , X1 → W3 → Y , and X2 → W2 → Y . However,

only the last two causal paths are proper since the first one is intersected by X2. �

The following definition describes the construction of a graph where only the non-

causal and non-proper causal paths remain, which will facilitate the search of a set of

covariates Z that block the appropriate paths.
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Figure 6.1: (a) A causal diagram with proper causal paths from X1, X2 to Y highlighted.
(b) A proper back-door graph relative to X1, X2 and Y .

Definition 20 (Proper Back-door Graph [90]). Let G be a causal diagram, and X,Y be

disjoint subsets of variables. The proper backdoor graph relative to X and Y, denoted as

GpbdXY, is obtained from G by removing the first edge of every proper causal path from X to

Y. �

The causal diagram in fig. 6.1(b) is the GpbdXY of fig. 6.1(a) relative to X1, X2 and Y .

Following the definition, the first edge of the proper causal paths X1 −→ W3 −→ Y , and

X2 −→ W2 −→ Y have been removed. All remaining paths between X = {X1, X2} and Y

are spurious and would need to be blocked to satisfy the conditions for adjustment.

6.2 Recovering Causal Effects by Adjustment1

Bareinboim, Tian, and Pearl [26] pointed out that adjustment can be used for controlling

for selection bias, in addition to confounding. They then proposed a sufficient graphical

condition called Selection-Backdoor criterion. For instance, for the model in fig. 6.2(a), the

criterion allows us to write the effect of X on Y as a function of the biased distribution

P (V | S = 1) and non-biased data P (Z), as follows:

P (y | do(x)) =
∑

z
P (y | x, z, S = 1)P (z). (6.2)

Although the selection backdoor is sufficient, it is not necessary and does not capture

1This section is based on the papers [35, 36].

109



Z

X YS

(a)

XZ YS

(b)

X Y

WZ

S

(c)

Figure 6.2: Causal diagrams with a selection bias node. For models (a) and (b) the causal
effect P (y | do(x)) can be recovered by adjustment from P (v | S = 1). For the model in (c)
the same effect can be recovered by a mapping other than adjustment.

other adjustment expressions. For instance, they further noted that for a model with the

diagram in fig. 6.2(b), the same causal effect can be expressed as a function of the biased

distribution, as:

P (y | do(x)) =
∑

z
P (y | x, z, S = 1)P (z | S = 1). (6.3)

There are also models for which a causal effect cannot be expressed in terms of an

adjustment expression but can be written as a different function of the biased distribution

P (V | S = 1). For instance, there is no adjustment functional for the effect of X on Y in

fig. 6.2(c), yet this effect is recoverable as

P (y | do(x)) =
∑

w
P (y | x,w, z, S = 1)P (w | z, S = 1). (6.4)

In this section, a sufficient and necessary adjustment criterion for recovering causal

effects from biased data together with unbiased data measured over a subset of the

observed variables. Formally, the signature of the task is

Isbt-ID = 〈P (y | do(x)),P,GS〉, (6.5)

where P = {P (V | S = 1), P (T)} and T ⊂ V.

For this particular section, the question is whether Q can be expressed as eq. (6.6)

(below) for some set Z ⊆ V \ (X∪Y) and ZT ⊆ Z∩T. The following definition formalizes
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the notion of a valid pair of such sets.

Definition 21 (Adjustment Pair). Given a causal diagram G augmented with selection

variable S, disjoint sets of variables X,Y,Z, and a set ZT ⊆ Z,
(
Z,ZT

)
is said to be an

adjustment pair for recovering the causal effect of X on Y if for every model compatible

with G it holds that:

P (y | do(x)) =
∑

z
P (y | x, z, S = 1)P (z \ zT | zT, S = 1)P (zT) (6.6)

�

To illustrate this definition, note that if the adjustment pair is (Z,Z), eq. (6.6) reduces to

eq. (6.2) and it is an adjustment pair for fig. 6.2(a). Similarly, if the pair is (Z, ∅), eq. (6.6)

reduces to eq. (6.3) and it is an adjustment pair for fig. 6.2(b). These are two extreme cases

where all variables in Z are measured without bias or where none has been measured

externally. Equation (6.6) allows for a more flexible combination. Example 34 (shown later)

is a case where a mix of covariates measured with and without selection bias is needed to

solve the problem by adjustment.

Building on the concept of proper causal path (definition 19) and proper backdoor graph

(definition 20) introduced in section 6.1, we develop a criterion that determines precisely

whether a pair (Z,ZT) provides a valid adjustment.

Definition 22 (Generalized Adjustment for Selection Bias). Given a causal diagram G

augmented with selection variable S, disjoint sets of variables X,Y,Z and a set ZT ⊆ Z;(
Z,ZT

)
is an admissible pair relative to X,Y in G if:

(i) No element in Z is a descendant in GX of any W /∈ X lying on a proper causal path

from X to Y.

(ii) All non-causal paths in G from X to Y are blocked by Z and S.

(iii) ZT d-separates Y from S in the proper backdoor graph, i.e.
(
Y ⊥⊥ S | ZT

)
GpbdXY

.
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In other words, (i) prevents causal paths to be compromised by conditioning on an

element in Z, (ii) requires all non-causal paths to be blocked by Z, and (iii) ensures that the

influence of the selection mechanism on the outcome is nullified by ZT.

The following theorem states that the pairs admissible by the graphical criterion in

definition 22 are exactly those that constitute adjustment pairs as in definition 21.

Theorem 9 (Admissible Pairs are Adjustment Pairs).
(
Z,ZT

)
is an adjustment pair for X,Y

in G if and only if it satisfy the generalized adjustment criterion (definition 22). �

The following are some examples of the use of the criterion.

Example 33 (Using the generalized adjustment criterion). Consider the causal diagram

in fig. 6.3(a), ({Z}, ∅) is an adjustment pair for the effect of X on Y . First, Z is not in

any causal path and it is not a descendant of any node in such a path. Second, the only

noncausal path X ← Z L9999K Y is blocked by Z. Third, Y is d-separated from S given Z.

As the three conditions in definition 22, it follows that

P (y | do(x)) =
∑
z

P (y | x, z, S = 1)P (z | S = 1). (6.7)

Next, for fig. 6.3(b), ({Z1, Z2}, {Z2}) is an adjustment pair. Both Z1 and Z2 are not in

any proper causal path, {Z1, Z2} block every path in the proper back-door graph, and {Z2}

d-separates S and Y in G. Then,

P (y | do(x)) =
∑
z1,z2

P (y | x, z1, z2, S = 1)P (z1 | z2, S = 1)P (z2). (6.8)

�

Having unbiased data on all candidate covariates is not necessarily helpful. It may be

the case that only valid adjustments require the use of biased measures for a covariate, as

in the following example.
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Figure 6.3: Some causal diagrams where the effect P (y | do(x)) can be recovered by
adjustment. The corresponding proper back-door graph can be obtained by removing the
edges in gray.

Example 34 (External measurements are not necessarily better). Consider the model in

fig. 6.3(c). There are only two admissible adjustment pairs: ({Z1, Z2, Z3}, {Z2, Z3}) or

({Z1, Z2, Z3}, {Z2}), but not one that includes Z1 in ZT. Using the latter pair, the query can

be identified as

P (y | do(x)) =
∑

z1,z2,z3

P (y | x, z1, z2, z3)P (z1, z3 | z2, S = 1)P (z2). (6.9)

�

Overall, theorem 9 completely solves the sbt-ID task when there exists an adjustment

functional mapping the input to the query. In other words, there is no adjustment equal

to the causal effect of X on Y or this is recoverable if and only if an admissible pair(
Z,ZT ⊆ T

)
exists.

6.2.1 Listing Admissible Pairs Efficiently

Once the admissibility of adjustment pairs has been characterized, it is natural to ask

how to find them systematically and efficiently. This task is especially relevant since factors

such as feasibility, cost, and statistical power may be relevant when choosing one of such

sets.

To illustrate the complexity of this task, suppose we want to list all possible adjustment
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Figure 6.4: Simple diagram where the number of different separators is exponential in the
size of the graph

sets for the causal diagram given in fig. 6.4. It contains ` non-causal paths from X to Y .

For any pair
(
Z,ZT

)
admissible in this model, Z and ZT must contain at least one variable

in every one of the ` paths. For a path i, either Vi1, Vi2, or both should be in those sets. In

total, there are 3` different Z, and for each one of them there are 3k sets ZT, where k is the

number of paths that contain both variables in Z. The possible admissible pairs are in the

Cartesian product of those sets, which amounts to O(32`) possibilities. Any algorithm that

aims to output all admissible sets will take exponential time. Hence, no efficient algorithm

exists for this task. To ameliorate this problem, we consider a special complexity class

called polynomial delay [91]. Algorithms belonging to this class have the special property

that the time required to output the first solution (or indicate failure), and the time between

the outputs of consecutive solutions, is polynomial in the size of the input.

The following is an alternative and equivalent definition of the criterion given in

definition 22. It will prove useful in finding a solution in the polynomial delay class.

Definition 23 (Generalized Adjustment — Procedural Criterion). Given a causal diagram

G augmented with selection variable S, disjoint sets of variables X,Y,Z and a set ZT ⊆ Z;(
Z,ZT

)
is an admissible pair relative to X,Y in G if:

(a) Z ∩ Dpcp(X,Y) = ∅

(b) (Y ⊥⊥X | Z, S)GpbdXY

(c) (Y ⊥⊥ S | ZT)GpbdXY
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where Dpcp(X,Y) = De
(
(De(X)GX

\X) ∩ An(Y)GX
)
. �

The set Dpcp(X,Y) was originally introduced in [90] to account for the set of descen-

dants of variables that lie in a proper causal path from X to Y.

Proposition 5. Definition 23 is equivalent to definition 22. �

In fact, definition 23 is appealing to the task since each of the conditions can be easily

verified algorithmically in a graph.

The following definition will be used to describe a collection of sets that separate

variables in a causal model, subject to subset and superset constraints:

Definition 24 (Family of Separators). Let X,Y,R be disjoint sets of variables in a causal

diagram G, and let I ⊆ R be another set. Define

ZG (X,Y) 〈I,R〉 := {Z | (X⊥⊥Y|Z)G and I ⊆ Z ⊆ R} (6.10)

to be the family of all sets Z that d-separate X and Y in G and contain all elements in I but

no element outside R. �

For convenience, let the set of viable candidates for adjustment be denoted and defined

as:

C = V \ (X ∪Y ∪Dpcp(X,Y)) (6.11)

Using this notation, the families that satisfy the conditions of our criterion can be specified.

For conditions (a) and (b):

Za,b =
{
Z
∣∣∣Z ∪ {S} ∈ ZGpbdXY

(X,Y) 〈{S},C ∪ {S}〉
}

(6.12)

The algorithm should take into account the availability of external data over a set of

covariates T. To obtain admissible pairs for which the adjustment is estimable, the set T is
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incorporated in the definition of the family for item (c):

Zc = ZGpbdXY
({S},Y) 〈∅,T〉 . (6.13)

Our task can be summarized as finding pairs in the set:

Za,b,c =
{(

Z,ZT
)
∈ Za,b ×Zc

∣∣ ZT ⊆ Z
}

(6.14)

Algorithm 9 presents the procedure LISTADJPAIRS that solves this problem, as well as the

auxiliary routines used by it. Specifically, it may be used to:

1. Given external data P (t), list all admissible pairs such that ZT ⊆ T.

2. List all admissible pairs (by setting T = V \ (X ∪Y)) such that scientists know what

external data to measure.

Functions LISTSEPAB and LISTSEPC are modifications of the enumeration algorithm

LISTSEP in [90]. The function FINDSEP is also described in that paper, and works as

follows: given a causal diagram G, sets of variables X,Y, I,R, where X,Y,R are disjoint

and I ⊆ R; FINDSEP is guaranteed to output a Z̃ ∈ ZG (X,Y) 〈I,R〉 whenever there exists

a separator C such that I ⊆ C ⊆ R; otherwise it returns ⊥ denoting failure.

Proposition 6 (Correctness of LISTSEPC). Given a graph G, a variable S, sets of variables

Y, I,R,Z, where {S},Y,Z are disjoint and I ⊆ R ⊆ Z; LISTSEPC outputs all pairs
(
Z,ZT

)
,

where ZT ∈ ZG ({S},Y) 〈I,R〉. �

Proposition 7 (Correctness of LISTSEPAB). Given a graph G, a variable S, sets of variables

X,Y, I,R,T, where X,Y, {S},R are disjoint, I ⊆ R and T ⊆ C; LISTSEPAB outputs all pairs

in
{(

Z,ZT
)
∈ ZG (X,Y) 〈I,R〉 ×ZG ({S},Y) 〈∅,T〉

∣∣ZT⊆Z
}

. �

The following theorem states that the algorithm LISTADJPAIRS can solve the task

proposed in this section.
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Algorithm 9 LISTADJPAIRS(G,X,Y, S,V,T)

1: GpbdXY ← Compute proper backdoor graph from G
2: R← (V ∪ {S}) \ (X ∪Y ∪ Dpcp(X,Y))
3: LISTSEPAB(GpbdXY,X,Y, S, {S},R,T)

Theorem 10 (Correctness of LISTADJPAIRS). Given a graph G, disjoint sets X,Y,T, and a

selection variable S, LISTADJPAIRS outputs all admissible pairs
(
Z,ZT

)
relative to X,Y in G

such that ZT ⊆ T. �

It is worth noting that a straightforward adaptation of the algorithm LISTSEP [90] may

be used to find sets in Z ∈ Za,b and ZT ∈ Zc. However, the condition ZT ⊆ Z has to be

verified to produce admissible pairs. One strategy could be to search for sets in Za,b first,

and then, while a second run outputs each set in Zc, validate if it is a subset of any output

from the first batch of sets. In the worst case, exponential time is required to output the

first admissible pair. A better idea would be to search for sets in
{
ZT ∈ Zc | ZT ⊆ Z

}
as

soon as some Z∈Za,b is found, and then output pairs made of Z and the outputs of the

secondary search. While improving over the original strategy, it may be the case that, for

some sets in Za,b, there is no set in Zc, which would lead to an exponential waiting time to

get the first output.

Proposition 8 and theorem 11 show that LISTADJPAIRS is, in fact, able to achieve

O(n(n + m)) delay by carefully combining the search for the components of the pairs,

where n,m are the number of variables and edges in G, respectively.

Proposition 8 (Complexity of LISTSEPAB). LISTSEPAB works with O(n(n+m)) delay. �

Theorem 11 (Complexity of LISTADJPAIRS). LISTADJPAIRS outputs all admissible pairs such

that ZT ⊆ T with O(n(n+m)) polynomial delay. �

Using covariates from An(X∪Y) is sufficient to block any biasing path when controlling

for confounding bias, which does not hold when selection bias comes into play. The

proposition below constitutes a natural extension of this result when searching for adjusting

pairs, in particular, considering the set An(X∪Y∪{S}).

117



Algorithm 10 LISTSEPAB(G,X,Y, S, I,R,T)

1: if FINDSEPG,X,Y, I,R 6=⊥ ∧ FINDSEPG, {S},Y, ∅,R ∩T 6=⊥ then
2: if I = R then
3: LISTSEPC(G, S,Y, ∅, I ∩T, I \ {S})
4: else
5: V ← arbitrary variable from R \ I
6: LISTSEPAB(G,X,Y, I ∪ {V },R,T)
7: LISTSEPAB(G,X,Y, I,R \ {V },T)
8: end if
9: end if

Algorithm 11 LISTSEPC(G,X,Y, S, I,R,T)

1: if FINDSEPG, {S},Y, I,R 6=⊥ then
2: if I = R then
3: output (Z, I)
4: else
5: V ← arbitrary variable from R \ I
6: LISTSEPC(G,X,Y, I ∪ {V },R,Z)
7: LISTSEPC(G,X,Y, I,R \ {V },Z)
8: end if
9: end if

Proposition 9. Suppose a pair
(
Z,ZT

)
is admissible relative to X,Y in G. Then, the pair(

ZA,Z
T
A

)
, where ZT

A = ZT ∩ An(X ∪Y ∪ {S}) and ZA = Z ∩ An(X ∪Y ∪ {S}), is also

admissible. �

If the data scientist is not interested in deciding among different adjustment pairs to

use, it is possible to explicitly construct a pair if one exists, namely:

Theorem 12 (Explicit admissible set construction). There exists an admissible pair in a causal

diagram G relative to disjoint sets of variables X,Y if and only if the pair
(
Z,ZT

)
is admissible,

where

Z = An(X ∪Y ∪ {S})GpbdXY
∩ C (6.15)

ZT = (An({S} ∪Y)GpbdXY
∩T) ∩ C (6.16)

�
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Moreover, theorem 12 also allows one to determine the existence of an admissible pair

and construct one in O(n+m) time.

6.3 Covariate Adjustment for Generalizing Experimental Findings2

The previous section described an adjustment criterion for recovering causal effects

from a combination of selection biased data and unbiased measurements. There are,

however, other generalization tasks that involve selection bias and can also be solved

by adjustment. In this section, we look at the problem of generalizing an interventional

distribution obtained by controlled experimentation. That is, instead of trying to assess a

causal effect from selection-biased data, the challenge is to generalize a causal effect from

a source domain to a target domain, while the sampling in the controlled experiment is

not random.

A properly carried-out experiment will effectively control for confounding bias, and

the effect of the treatment X on the outcome Y will be valid for the population represented

in the experiment, say, domain π. However, the goal is usually not to make statements

about the units involved in the experiment, but to generalize the findings to a (usually

much) larger and possibly different population (domain π∗). Invalid conclusions about

the target population will be reached if the generalization biases are left uncontrolled. In

other words, P (y | do(x)), obtained in π may differ significantly from P ∗(y | do(x)), the

corresponding causal quantity for the target population π∗.

Example 35 (Using covariate adjustment to generalize a causal effect). The selection

diagram in fig. 6.5 represents the situation described in example 1 (chapter 1), where the

FDA was trying to assess the effect of the use of antidepressants on the risk of suicide

attempts. Suppose the aim was to obtain the effect P ∗(y | do(x)) in domain π∗ (general

population) from the data P (y, b, e | do(x), S=1) coming from the domain π (controlled

group). In practice, experimental data from the source domain may be insufficient to

2This section is based on the paper [38]
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Figure 6.5: Selection diagrams with T and S nodes indicating differences between popula-
tions and the sampling selection mechanism.

identify the target effect. Still, it is not uncommon that nonexperimental, unbiased data

may be available in the target population, at least over some subset of the variables, W ⊂ V

(i.e., P ∗(W)) (e.g., data coming from the census). In these situations, covariate adjustment

provides a natural way of combining data from the two domains. For example, if P ∗(B,E)

is available in the target population, then the target effect can be obtained as

P ∗(y | do(x)) =
∑

b,e
P (y | x, b, e, S = 1)P ∗(b, e), (6.17)

which is a function of both the data obtained in the randomized experiment and the data

observed in the overall population. �

The signature of the task considered in this section is

Iexp-TR = 〈P ∗(y | do(x)),P,G∆〉, (6.18)

where P = {P (V | do(x), S = 1), P ∗(W)}. In other words, given qualitative causal

assumptions in the form of a selection diagram G∆, data P (V | do(x), S = 1) in domain

π, and P ∗(V) in domain π∗, we would like to determine if P ∗(y | do(x)) is estimable by

adjustment on a set Z ⊆W ⊂ V. We are looking for sufficient and necessary conditions to

determine if the adjustment-like expression

P ∗(y | do(x)) =
∑

z
P (y | do(x), z, S = 1)P ∗(z), (6.19)

120



holds based on the assumptions encoded in a selection diagram G∆. The right hand side

of Eq. (6.19) contains two terms corresponding to different distributions – the first is the

experimental one from the source (π) that may be affected by selection bias; the second is

the distribution over a set of covariates measured in the target domain (π∗).

For convenience, when considering a set Z and treatment X, let Znd = Z \ De(X)

denote the non-descendants of X in Z, and Zd = Z ∩ De(X) denote the descendants of X.

It turns out that conditioning on variables from Zd that are independent of the outcome Y

given Znd in the experimental distribution does not introduce spurious correlation into

the adjustment. On the other hand, we need to pay special attention to those variables in

Zd d-connected with Y in the interventional graph GX (given X), that we will denote as

Zp =
{
Z ∈ Zd

∣∣∣ (Z ⊥6⊥Y | Znd,X)GX

}
. (6.20)

We devised a graphical condition [38] to characterize the sets Z that yield valid adjustments

for P ∗(y | do(x)), where X is a single variable.

Definition 25 (Generalization Adjustment (st-adjustment) Criterion (singleton treatment)).

Given a selection diagram G∆ with transportability and selection bias variables, respec-

tively, T and S, relative to domains π and π∗, a treatment X , and disjoint sets Y,Z ⊂ V,

the set Z is said to satisfy the st-adjustment criterion relative to (X,Y) in G∆ if

(i) The variables in Zp are independent of the treatment given all other covariates, i.e.,

(Zp ⊥⊥X | Z \ Zp).

(ii) The outcome is independent of the transportability nodes and the selection bias

mechanism given the covariates and X , i.e., (Y ⊥⊥T, S | Z, X)G∆
X

. �

Since the variables in Zp are correlated with the outcome (by definition), the first

condition requires them to be independent of the treatment X , given the other covariates,

to prevent spurious correlation or the disturbance of causal paths when employing such

variables. The second condition accounts for the generalizability issues — it requires
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Figure 6.6: Models with multiple treatment variables X={X1, X2}.

the outcome to be independent of the transportability (T ) and selection bias nodes (S)

in the effect specific to the levels of the set Z; the criterion owes its name, st-adjustment,

to this condition. In contrast to similar criteria, no condition is required for controlling

confounding due to the experimental nature of the data. For fig. 6.5 let Z = {B,E}, then

Zp = ∅ since neither B nor E are descendants of X , and the first condition is satisfied. For

the second conditions, one can immediately verify that (Y ⊥⊥ T, S | B,E,X)G∆
X

holds.

Consider the diagram in fig. 6.6(a). For the set Z = {Z1}, condition (i) is trivially

satisfied because Zp = ∅. However, there is an active path S ← Z3 L9999K Y that violates

(ii). In fact, Z3 needs to be included in Z, but then (Z3 ⊥6⊥X | Z1) because of the directed

path X → Z2 → Z3. We have to include Z2 in Z to block this path, which leads to the same

Zp, but now there is still a path X L9999K Z3 that violates the first condition. It turns out,

there is no set Z satisfying the criterion for this case. The st-adjustment criterion is not only

sufficient but also necessary.

Theorem 13 (st-adjustment (singleton treatment)). Given a selection diagram G∆, a singleton

X , and disjoint sets Y and Z, the causal effect P ∗(y | do(x)) is given by

P ∗(y | do(x)) =
∑

z
P (y | do(x), z, S=1)P ∗(z) (6.21)

if and only if Z satisfies the st-adjustment criterion relative to (X,Y). �
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Even though controlling for one treatment variable at a time may be sufficient in

some applications, in practice, there are settings where multiple factors need to be tested

concurrently. In this section, we address more challenging settings involving causal effects

of multiple treatment variables. For example, in online marketing, experiments are used to

test the effectiveness of a combination of variables such as content position, media, and

audience, on user interaction, clicks, or conversion. Due to the cost and user participation

required to carry out these experiments, it is desirable to be able to generalize them to

alternative audiences and correct for sampling issues.

To handle multiple treatments, adjusting for the descendants of X may again induce a

spurious correlation between X and Y. More attention is needed to the variables in Zp

(defined in eq. (6.20)) and how they are related to the multiple treatments X.

Example 36 (Subtleties with adjusting for multiple treatments). Consider the models in

fig. 6.6(b) and fig. 6.6(b) and set Z = {Z1, Z2, Z3, Z4}3 leading to Zp = {Z2, Z4}. Note

that Zp is not independent of X = {X1, X2} given Z \ Zp = {Z1, Z3} in either one of the

diagrams, hence condition (i) of definition 25 fails in both cases. Even so, there is a subtle

difference between the two models: while adjusting for Z is not valid in fig. 6.6(b), it is

3The two selection diagrams do not have T nodes, meaning the populations are the same in source and
target domains with only selection bias issue occurring.
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guaranteed to yield P ∗(y | do(x)) in fig. 6.6(c). To witness, see the following derivation

P ∗(y | do(x)) = P ∗(y | do(x))
∑

z1
P ∗(z1) (6.22)

=
∑

z1
P ∗(y | do(x), z1)P ∗(z1) (6.23)

=
∑

z1,z2
P ∗(y | do(x), z1, z2)P ∗(z2 | do(x), z1)P ∗(z1) (6.24)

=
∑

z1,z2
P ∗(y | do(x), z1, z2)P ∗(z1, z2) (6.25)

=
∑

z1,z2,z3
P ∗(y | do(x), z1, z2, z3)P ∗(z1, z2, z3) (6.26)

=
∑

z
P ∗(y | do(x), z)P ∗(z4 | do(x), z1, z2, z3)P ∗(z1, z2, z3) (6.27)

=
∑

z
P ∗(y | do(x), z)P ∗(z) (6.28)

=
∑

z
P (y | do(x), z, S = 1)P ∗(z) (6.29)

We first introduce Z1 into the adjustment (eq. (6.22)) using the fact that is d-separated of

Y given X in G∆
X, hence it does not introduce any spurious correlation eq. (6.23). Next,

we added Z2 by conditioning eq. (6.24), and since X2 has no effect on {Z1, Z2}, P (z2 |

do(x), z1) = P (z2 | do(x1), z1). Also, given Z1, Z2 is independent of X1, so no spurious

correlation is added eq. (6.25). Similarly, Z1, Z3 is independent of Y given the already

introduced {Z1, Z2} eq. (6.26). Finally, Z4 is independent of {X1, X2} given {Z1, Z2, Z3}

eq. (6.28). After both Z2 and Z4 have been adjusted for, the outcome is independent of

the selection mechanism S, and the causal effect can be expressed in the form of the

st-adjustment eq. (6.29).

Remarkably, no other set Z is valid for adjustment in this model, and the steps described

can only be performed in the given order. As a matter of fact, the reason why Z will not

work for fig. 6.6(b) is that in the last step, we have a distribution P (z4 | do(x), z1, z2, z3) and

since X1 has a causal effect over {Z1, Z2}, this conditional probability is not guaranteed

to be equal to P (z4 | do(x2), z1, z2, z3), if it was, we could employ (Z4 ⊥⊥X2 | Z1, Z2, Z3) to

finish the derivation. A symmetric problem with Z2 arises If we change the order so that
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Z4 is added before {Z1, Z2}. �

To solve this general version of the problem, we first consider only the source domain,

that is, the conditions for P ∗(y | do(x)) to be computable in the form of eq. (6.28).

Definition 26 (Experimental Adjustment (e-adjustment) Criterion). Given a causal dia-

gram G and disjoint X,Y,Z ⊂ V, Z is said to satisfy the e-adjustment criterion relative

to (X,Y) in G if there exists an order over Z: Z1<Z2< · · · , such that Znd<Zd, and for each

Zi ∈ Zd we have

(
Zi ⊥⊥Y | Z≤i−1,X

)
GX
, or (6.30)(

Zi ⊥⊥X | Z≤i−1
)
G

X(Z≤i−1)
, (6.31)

where Z≤i denotes the set {Z1, . . . , Zi}. �

Note that although it may seem computationally expensive to determine the existence

of an ordering over Z satisfying e-adjustment, we showed in [38] that can be verified

efficiently. Also, if Zp is empty, definition 26 is trivially satisfied. The following theorem

ties the definition of e-adjustment with the adjustment expression.

Theorem 14. Given a causal diagram G and disjoint sets of variables X,Y,Z ⊂ V, the distribution

P (y | do(x)) is given by

P (y | do(x)) =
∑

z
P (y | do(x), z)P (z) (6.32)

if and only if Z satisfies the e-adjustment criterion relative to (X,Y). �

Leveraging e-adjustment, we characterized adjustment sets allowing for the generaliza-

tion of experiments across domains with multiple treatments.

Definition 27 (st-adjustment criterion (multiple treatments)). Given a selection diagram

G∆ with transportability and selection bias variables, respectively, T and S, relative
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to domains π and π∗, and disjoint sets X,Y,Z ⊂ V, the set Z is said to satisfy the st-

adjustment criterion relative to (X,Y) in G∆ if

(i) Z satisfies the e-adjustment criterion (definition 26), and

(ii) (Y ⊥⊥T, S | Z,X)G∆
X

. �

Theorem 15 (st-adjustment). Given a selection diagram G∆ and disjoint sets of variables X, Y,

Z, the causal effect P ∗(y | do(x)) is given by

P ∗(y | do(x)) =
∑

z
P (y | do(x), z, S=1)P ∗(z) (6.33)

if and only if Z satisfies the st-adjustment criterion relative to (X,Y). �

In fig. 6.6(c), the set Z = {Z1, Z2, Z3, Z4} satisfies the st-adjustment criterion with order

Z1 < Z2 < Z3 < Z4. Therefore P ∗(y | do(x1, x2)) can be computed by eq. (6.33) as explicitly

derived in eq. (6.22)–eq. (6.29).

Theorem 15 implies that the st-adjustment criterion is a complete characterization of

valid adjustment sets.

6.3.1 Verifying e-adjustment Efficiently

Evaluating condition (i) of the st-adjustment (definition 27), that is, the existence of an

ordering over Z satisfying e-adjustment (definition 26), may seem computationally hard.

However, we will show in this section that it can be verified efficiently by first establishing

some properties of e-adjustment.

Lemma 6. A set Z satisfies e-adjustment if and only if there exists Zi ∈ Z such that Zi satisfies

eq. (6.30) or eq. (6.31), and Z \ {Zi} satisfies e-adjustment. �

Lemma 6 provides a recursive characterization of the order condition. Based on this

result, we can verify the existence of an order by finding, at each step, any variable

satisfying eq. (6.30) or eq. (6.31) in the set and removing it, as described next:
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Algorithm 12 IsEAdmissible(G,X,Y,Z)

Require: causal diagram G, disjoint subsets X,Y,Z ⊆ V.
Ensure: true if Z satisfies e-adjustment, false otherwise.

1: if Z ∩De(X) = ∅ then
2: return true
3: end if
4: for each Z ∈ Z∩De(X) do
5: if (Z ⊥⊥Y | Z \ {Z},X)GX or

(Z ⊥⊥X | Z \ {Z})G
X(Z\{Z})

then
6: return IsEAdmissible(G,X,Y,Z \ {Z})
7: end if
8: end for
9: return false

Lemma 7. If Z satisfies e-adjustment, then for any Zi ∈ Z satisfying eq. (6.30) or eq. (6.31), the

set Z\{Zi} satisfies e-adjustment. �

Leveraging these results, we introduce an algorithm called IsEAdmissible (algorithm 12)

that efficiently checks if Z satisfies the e-adjustment criterion.

Theorem 16. Z satisfies e-adjustment (definition 26) w.r.t. (X,Y) in G if and only if IsEAdmissible

(algorithm 12) returns true. �

To illustrate how IsEAdmissible works, consider again the diagram in fig. 6.6(c) with

the set {Z1, Z2, Z3, Z4}. Line 5 will evaluate true only for Z4, then the process reduces

to verifying if {Z1, Z2, Z3} has an order. Next, the same condition will evaluate true for

Z3 reducing the problem to {Z1, Z2}. The process continues by removing Z2 and after

removing Z1 the condition on line 1 is satisfied, so line 2 executes and returns true. In the

case of fig. 6.6(b) also with {Z1, Z2, Z3, Z4}, none of the variables in the set will satisfy the

condition in line 5 and line 9 returns false.

Let n and m stand, respectively, for the number of variables and edges in the graph.

Then IsEAdmissible performs at most n2 − n conditional independence tests. Constructing

the graphs GX and GX(Z\{Z}), as well as determining the descendants of X is achievable

in O(n + m) time. Testing an independence in the graph can be done in O(n + m) [90].

Therefore, the overall time complexity of IsEAdmissible is O(n2(n+m)).
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6.3.2 Enumerating Valid Sets for st-adjustment

Armed with a graphical condition to test if a set Z is valid for adjustment, the natu-

ral question is how to find sets satisfying the st-adjustment criterion systematically, as

efficiently as possible. In practice, what variables are suitable for adjustment may be deter-

mined by factors such as feasibility, cost, and effort required to measure such variables

and the quality and quantity of obtainable samples. In this section, we assume the data is

available in the target domain over a set W of variables and our task here is to list all sets

Z ⊆W satisfying the st-adjustment.

The number of sets satisfying the st-adjustment is possibly exponential depending on

the topology of the diagram and the target effect. In this sense, it is impossible to construct

a procedure that runs in polynomial time since just outputting an exponential number of

answers takes exponential time.

Under these conditions, the best guarantee we can provide is that the time to output

the first valid set or indicate failure (if there is no satisfying set), and the time between

consecutive outputs, is polynomial. Algorithms with this property are said to run with

polynomial delay [91].

We have developed the algorithm ListGAdjSets (algorithm 13) which systematically

lists valid adjustment sets, using the recursive subroutine ListGAdjIR. ListGAdjIR outputs

all sets Z, I ⊆ Z ⊆ R, that satisfy the st-adjustment. At each step, it chooses a variable

A and splits the problem into two: listing sets containing A (line 10) and those with no

A (line 11), while pruning branches that yield no valid sets (lines 4,13). This strategy is

similar to those used in [91], [90], and [36] for listing separating sets in a graph. Here, it has

been augmented to recognize the conditions in definition 27 (See appendix. B for details).

Theorem 17. ListGAdjSets on input G∆,X,Y,W, lists all sets Z ⊆W satisfying st-adjustment

relative to X,Y in G∆, with O(n4(n+m)) delay. �
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Algorithm 13 ListGAdjSets(G∆,X,Y,W)

Require: selection diagram G∆ over variables V and indicators T, S; disjoint subsets of X,Y,W ⊆
V.

Ensure: list of subsets Z1,Z2, . . . ,Zk ⊆W satisfying definition 27
1: F← De

(
(De(X)G∆

X
\X) ∩An(Y)G∆

X

)
2: R←W \ (X ∪Y ∪ F)
3: ListGAdjIR

(
G∆,X,Y,T, S, ∅,R

)
function ListGAdjIR(G∆,X,Y, I,R)

4: if ExistsSep
(
G∆

X,T ∪ {S},Y, I,R
)

then
5: if I = R then
6: print I
7: else
8: A← variable from (R \ I) such that

A /∈ De(X), else
(A⊥⊥Y | I,X)G∆

X
, else

IsEAdmissible(G∆,X,Y, I ∪ {A})
9: if A exists then

10: ListGAdjIR
(
G∆,X,Y, I ∪ {A},R

)
11: ListGAdjIR

(
G∆,X,Y, I,R \ {A}

)
12: else
13: ListGAdjIR

(
G∆,X,Y, I, I

)
14: end if
15: end if
16: end if

6.4 Systematic Recoverability from Selection Biased Data4

In this section, we extend the algorithmic framework introduced in chapter 3 to support

tasks including selection biased distributions as inputs, and goes beyond adjustment. First,

we start from a task that only considers the availability of selection biased data [27] with

the following signature:

Isb-ID = 〈P (y | do(x)), {P (V | S = 1)},G〉. (6.34)

Solving the sb-ID task requires the ability to derive c-factors from a distribution of the

form P (V | S = 1). The following operators are defined for this purpose.

4This section is based on the paper [37].
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Lemma 8 (φ-, φ′-, and Σ-operator for selection-biased c-factors). Let T ⊆ V, C ⊂ T,

C′ = T \C. Let T1 < T2 < · · · < Tk be a topological order of G[T] where An(S) < T \ An(S).

Then, for any cftree T :

Σ-operator (marginalization): If there is no directed arrow with tail in C′ and head in C ∪ {S}

in G[T ∪ {S}], Q[T | S]
Σ−→ Q[C | S] is a valid edge for T with mapping

Q[C | S] =
∑
c′

Q[T | S]. (6.35)

φ-operator (recovery): If C∩An(S) = ∅ and there is no bidirected edge between C and C′∪{S}

in G[T ∪ {S}], Q[T | S]
φ−→ Q[C] is a valid edge for T and the corresponding mapping is

Q[C] =
∏
Ti∈C

∑
ti+1,...,tk

Q[T | S]∑
ti,...,tk

Q[T | S]
. (6.36)

φ′-operator (recovery residue): If C′∩An(S) = ∅ and there is no bidirected edge between C∪{S}

and C′ in G[T ∪ {S}], Q[T | S]
φ′−→ Q[C | S] is a valid edge for T the corresponding

mapping is

Q[C | S] = Q[T | S]
∏
Ti∈C′

∑
ti,...,tk

Q[T | S]∑
ti+1,...,tk

Q[T | S]
. (6.37)

�

The Σ-operator in lemma 8 is a natural generalization of the Σ-operator seen so far.

Specifically, if S is ignored, the operator reduces to the one in theorem 7. The φ- and

φ′-operators are specifically tailored for selection biased c-factors (those conditioned on S).

Moreover, they are similar to the δ-operator as they produce c-factors with complementary

scopes.

The φ-operator permits the derivation of an unconditional c-factor from a selection-

biased one, as long as the variables in the derived c-factor are not ancestors of S and they

are not in the same c-component as those ancestors. The φ′-operator is complementary to

the φ-operator as it yields a conditional c-factor that retains the variables that could not
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TP (V|S=1)

(d) TP (V|S=1)

Figure 6.7: A causal diagram and a d-tree for P (V | S = 1)

be recovered with the φ-operator. We give an example of the use of these operators in the

construction of a d-tree to recover a causal effect.

Example 37 (Recovering a causal effect from selection bias). Consider the causal diagram

in fig. 6.7(a) (previously shown in fig. 6.2(c)) and suppose we are generating a d-tree for

P (V | S = 1) where the root is the equivalent Q[V | S]. First, we can use the φ-operator to

obtain Q[X] as X is not an ancestor of S and there is no bidirected arrow between X and

any variable in {Z,W, Y, S}. Also from the root, φ′-operator gives Q[Z,W, Y | S]. From the

latter, the Σ-operator allows us to remove W as there is no arrow from W to any other node

in G[Z,W, Y, S] (fig. 6.7(b)). Similarly, one can also marginalize Y to obtainQ[Z | S]. Finally,

we can apply the φ-operator again to derive Q[Y ] as Y /∈ An(S) in G[Z, Y, S] (fig. 6.7(c)).

Now suppose the query is P (y | do(x)), then GENQUERYTREE produces the q-tree

TP (y|do(x)) in fig. 6.7(d). Then, the c-factor Q[Y | do(x)] is mapped from TP (V|S=1). Following
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the path from TP (V|S=1) to P (y | do(x)), we have

Q[Z,W, Y | S]
φ′
= Q[Z,W,X, Y | S]

∑
x′′,yQ[Z,W,X, Y | S]∑
yQ[Z,W,X, Y | S]

(6.38)

= P (v | S = 1)
P (z, w | S = 1)

P (z, w, x | S = 1)
(6.39)

= P (y | z, w, x, S = 1)P (z, w | S = 1) (6.40)

Q[Z, Y | S]
Σ
=
∑
w

Q[Z,W, Y | S] (6.41)

=
∑
w

P (y | z, w, x, S = 1)P (z, w | S = 1) (6.42)

Q[Y ]
φ
=

Q[Z, Y | S]∑
yQ[Z, Y | S]

(6.43)

=

∑
w P (y | z, w, x, S = 1)P (w, z | S = 1)∑
w,y P (y | z, w, x, S = 1)P (w, z | S = 1)

(6.44)

=
∑
w

P (y | z, w, x, S = 1)P (w | z, S = 1) (6.45)

Finally, the query is equal to

P (y | do(x))
Σ
=
∑
x′

Q[X, Y | do(x)] (6.46)

δ,σ
=
∑
x′

1[x = x′]Q[Y ] (6.47)

=
∑
w

P (y | z, w, x, S = 1)P (w | z, S = 1), (6.48)

which is the expression previously given in eq. (6.4). �

This extension to d-trees can be easily incorporated in the framework developed so far

in a natural way. When running GENINPUTTREE, if the current c-factor is conditioned on

S, we consider the Σ-operator in lemma 8 instead of the previous ones. Similarly, instead
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of considering the δ-operator, we apply the φ or φ′-operator depending on whether a set

C containing the variables in the target c-factor satisfies the condition of one or the other

operator.

Theorem 18 (Σ-, δ-, φ-, φ′-, and σ-operators soundness and completeness for sb-ID). Given

a causal inference task with signature Isb-ID = 〈Q = P (y | do(x)), {P (V | S = 1)}, {G}〉, the

query Q is recoverable from P (V | S = 1) and G if and only if C-INFER finds a mapping using

the Σ, σ, φ and φ′-operators. Moreover, the task is decided in O(n2(n+m)) time, where n = |V|

and m is the number of edges in G. �

While theorem 18 characterizes the solution to sb-ID tasks instances via C-INFER, there

is a simple graphical condition that is necessary for sb-ID, shown next.

Theorem 19 (Necessary Graphical Condition for sb-ID). A sb-ID task with signature I =

〈P (y | do(x), S = 1), {P (V | S = 1)},G〉 is solvable only if (Y ⊥6⊥ S)GpbdXY
. �

The graphical condition in theorem 19 provides a simple way to detect some instances

when the causal effect P (y | do(x)) is not recoverable from the selection biased distribution.

For instance, consider the causal diagram in fig. 6.8(a) and the corresponding GpbdXY in

fig. 6.8(b). The path Y ← Z → W → S witnesses the non-recoverability of P (y | do(x)) as

per theorem 19.

6.4.1 Combining biased data and partial unbiased data

In this section, we consider again the sbt-ID task that includes biased data and unbiased

data in the form of a distribution P (T), T ⊆ V, as input. When such external data is

available, c-factors of the query that are not recoverable from biased data alone could be

computable with the help of the extra dataset.

An additional input distribution could be helpful by providing required c-factors that

are not recoverable from the selection biased distribution. This situation is similar to the

133



sTR task (section 5.4), where we looked at different ways of decomposing the query. The

following example illustrates this point.

Example 38 (Mixing c-factors from distributions with and without selection bias). Consider

the task with signature I = 〈P (y | do(x)),P,G〉, where P = {P (V | S = 1), P (Z)} and G

is the causal diagram in fig. 6.8(a). Using GX (fig. 6.8(c)), the GENQUERYTREE algorithm

(algorithm 8) will generate a q-tree TQ with two branches corresponding to observing V

and {Z} among the input distributions.

Next, for each of the input distributions GENINPUTTREE produces TP (V|S=1) and TP (Z)

(bottom part of fig. 6.8(d)). Then, MAPFACTORS is able to map Q[X | do(x)] (trivially),

Q[Y | do(x)] and Q[Z | do(x) ‖R], as shown with dashed lines in fig. 6.8(d).

Finally, COMPOSEQUERY will use the edges marked in blue in fig. 6.8(d) to produce

P (y | do(x)) =
∑
z

P (y | x, z, S = 1)P (z). (6.49)

Remarkably, although neither Q[R | do(x)] nor Q[Z | do(x)] are recoverable individually,∑
RQ[R | do(x)]Q[Z | do(x)] is equal to the input P (z). �

Aside from providing particular c-factors in the q-tree, additional unbiased data can

be combined with biased data to compute c-factors that are not computable from any

individual source. To formalize this idea, we first introduce a new cftree operator.

Lemma 9 (ψ- and ψ′-operators for combining c-factors). Let endogenous sets T,C,C′,Z,L

be such that C ⊂ T, C′ = T \ C and L = An(Z)G[T∪{S}]. Also, let A = An(C, S) \ {S} in

G[T ∪ {S}] and R = An(S) \ {S} in G[T ∪ {S}]Z∩T, C1 < C2 < . . . be a topological order of

G[A \R,Z ∩A] and

Q′ =

∑
t\aQ[T | S]

∑
z\rQ[Z ‖L]∑

t\rQ[T | S]
. (6.50)

Then, for any pair Q[T | S] and Q[Z ‖L]:
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(d) Representation of the matching process of the query and input cftrees

Figure 6.8: Causal diagrams associated with the input distributions and query of an sbt-ID
task. For each one of the distributions a d-tree is generated.
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ψ-operator (unbiasing): If there is no path (regardless of the direction) between C and S in

G[A ∪ {S}]Z∩A and there is no bidirected edge between C and C′ ∪ {S} in G[T ∪ {S}]Z∩T,

then {Q[T | S], Q[Z ‖L]} ψ−→ Q[C] are valid edges for a cftree T and the corresponding

mapping is

Q[C] =
∏
Ci∈C

∑
ci+1,...,ck

Q′∑
ci,...,ck

Q′
. (6.51)

ψ′-operator (unbiasing residue): If C′ ∩ An(S) = ∅, there is no bidirected edge between C′ and

C∪{S}, and there is no bidirected edge between Z∩R and (R∪{S})\Z in G[T∪{S}]Z∩T,

then {Q[T | S], Q[Z ‖L]} ψ−→ Q[C | S] are valid edges for a cftree T and the corresponding

mapping is

Q[C | S] = Q[T | S]
∏
Ci∈C′

∑
ci,...,ck

Q′∑
ci+1,...,ck

Q′
. (6.52)

�

The ψ-operator allows for a c-factor Q[C] to be computed from a combination of two

c-factors coming from different inputs: a selection biased c-factor and a marginal c-factor

that is not selection biased. Complementarily, the ψ′-operator licenses the expansion to

a biased c-factor that retaining a set C not satisfying the ψ-operator. For concreteness,

consider the following example.

Example 39 (Combining selection biased distributions and unbiased distributions over

subsets of V). Consider a sbt-ID task with the casual diagram G shown in fig. 6.9(a),

P = {P (V | S = 1), P (Z)} and Q = P (y | do(x)). Because Y is its own only ancestor

in GX (fig. 6.9(b)), GENQUERYTREE generates a q-tree TP (y|do(x)) (above the dotted line in

fig. 6.8(d)) where the root and only c-factor is Q[Y | do(x)].

For the d-trees, if we consider TP (V|S=1) and TP (Z) individually, there are no operators

that could lead to Q[Y | do(x)]. We can, however, resort to the ψ-operator and combine the

two distributions as shown in the bottom portion of fig. 6.9(d). Specifically, the rule applies

by taking T = V, C = V, C′ = ∅, Z = {Z}, L = {W}, A = V and R = {Z}. The condition

is satisfied because no variable in V is an ancestor of S and there are no bidirected arrows
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(d) Matching between the query and input cftrees

Figure 6.9: Causal diagrams and cftrees for an instance where a selection-biased distribu-
tion is combined with an unbiased distribution to recover c-factors that are not computable
from any of the individual distributions.

between V and S in GZ (shown in fig. 6.9(c)). Then, it follows that Q[V] is computable

from P (V | S = 1) and P (Z) using the ψ-operator.

Q[V]
ψ
=
Q[V | S]Q[Z ‖W ]∑

w,x,yQ[V | S]
(6.53)

def.
=

P (v | S = 1)P (z)∑
w,x,y P (v | S = 1)

(6.54)

= P (w, x, y | z, S = 1)P (z). (6.55)

From this point, we can derive Q[Y ] from Q[V] = P (v) as with a classical obs-ID task.
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Example 40 (A more elaborate recoverability task). Consider a sbt-ID task with the casual

diagram G shown in fig. 6.10(a), P = {P (V | S = 1), P (V2, V3, V6)} and Q = P (y | do(x)).

Because the set of ancestors of Y in GX (fig. 6.10(b)) are {Y, V6, V5}, GENQUERYTREE

generates a q-tree TP (y|do(x)) (above the dotted line in fig. 6.8(d)) with Q[Y | do(x) ‖V6, V5]

as the root.

Individually, none of the input d-trees, TP (V|S=1) and TP (V2,V3,V5), allow for the derivation

of Q[Y | do(x)]. Similar to the previous example, we will combine them, this time using

the ψ′-operator, as shown in the bottom of fig. 6.10(d). Specifically, the rule applies by

taking T = V, C′ = {V2}, C = V \ {V2}, Z = {V2, V3, V6}, L = {V1, V4, V5}, A = {V1, V2, V7}

and R = {V2, V7}. The condition holds because no variable in C′ is an ancestor of S and

there are no bidirected arrows between C′ ∪ {S} and C in GV2,V3,V6 (shown in fig. 6.10(c)).

Then, it follows that Q[V \ {V2} | S] is computable from P (V | S = 1) and P (V2, V3, V6).

The corresponding mapping is

Q′ =

∑
v\{v1,v2,v7}Q[V | S]

∑
v3,v6

Q[V2, V3, V6 ‖V1, V4, V5]∑
v\{v2,v7}Q[V | S]

(6.56)

=
P (v1, v2, v7 | S = 1)P (v2)

P (v2, v7 | S = 1)
(6.57)

= P (v1 | v2, v7, S = 1)P (v2) (6.58)

Q[V \ {V2} | S]
φ′
= Q[V | S]

∑
v2
Q′

Q′
(6.59)

def.
= P (v | S = 1)

∑
v2
P (v1 | v2, v7, S = 1)P (v2)

P (v1 | v2, v7, S = 1)P (v2)
. (6.60)

Next, from Q[V \ {V2} | S] we can use the Σ-operator to marginalize V1 and obtain

Q[V \ {V1, V2} | S]. The φ′-operator allows the removal of X as X is not an ancestor

of S and there are no bidirected arrows between X and V \ {V1, V2}], then we obtain

Q[V \ {V1, V2, X} | S]. Once again, the Σ-operator is used to obtain Q[Y, V6, V5, V7 | S].

Following this, the φ-operator allows for the recovery of Q[Y, V6, V5] as the variables in this
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factor are not ancestors of S and there are no bidirected arrows between {Y, V6, V5} and

{V7, S}. Finally, the δ and σ-operator allows us to derive the target factors Q[V6, V5 | do(x)]

and Q[Y | do(x)].

After mapping the factors, COMPOSEQUERY returns the query in terms of Q[V \ {V2} |

S].

�

Theorem 20 (Σ-, δ-, φ-, φ′-, ψ-, ψ′-, and σ-operators soundness sbt-ID). Given a causal

inference task with signature Isbt-ID = 〈P (y | do(x)), {P (V | S = 1), P (T)}, {G}〉, the query is

recoverable from P (V | S = 1), P (T) and G if C-INFER finds a mapping using the Σ, σ, φ, φ′

and ψ-operators. Moreover, the process takes O(n2(n + m)) time, where n = |V| and m is the

number of edges in G. �
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Q[Y | do(x)]Q[V6, V5 | do(x)]Q[X | do(x)]

δ
δ

δ

Σ

Q[V \ {V2} | S]

Q[V \ {V1, V2} | S]

Q[V \ {V1, V2, X} | S]

Q[Y, V6, V5, V7 | S]
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Q[V2, V3, V6 ‖V1, V4, V5]Q[V | S]

ψ′ ψ′

TQ

TP (V2,V3,V6)TP (V|S=1)

(d) Matching between the query and input cftrees

Figure 6.10: Causal diagrams and cftrees for an instance where a selection-biased distribu-
tion is combined with an unbiased distribution to recover c-factors that are not computable
from any of the individual distributions.
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Chapter 7: Towards Causal Data Fusion

This chapter summarizes the results discussed in this dissertation, including the tasks

(section 7.1) and the cftree operators defined within the algorithmic framework (section 7.2).

We put these results together in section 7.3 and introduce the most general version of the

C-INFER algorithm. In section 7.4, we prove different properties of C-INFER algorithm and

exemplify how it can be used to solve tasks involving multiple data fusion dimensions,

which goes beyond the results previously discussed. Finally, in section 7.5, we provide a

short discussion on different data fusion challenges that are not yet fully accounted for in

our framework and deserve further investigation.

7.1 Summary of the Tasks

In chapter 3, we discussed three tasks previously solved in the literature in terms of

their cftrees and within the C-INFER framework. Moreover, we proved the soundness,

completeness, and efficiency of the framework to solve these tasks (theorems 1 to 3). This

was summarized in table 3.1.

Later on, we formalized and proved new soundness and completeness results for tasks

in chapters 4 to 6 (theorems 6, 8, 18 and 20). These tasks are summarized in table 7.1 where

we list each tasks’ name, signature — corresponding query Q, input distributions P, and

assumptions G∗ — the corresponding operators needed to evaluate the corresponding

cftrees, and whether the final results are sufficient and necessary.
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Name Q P G∗ Ops S&N

σ-TR
Transportability
of soft interven-
tions

P ∗(y;σX) {P i(V;σZj )|Zj∈Zi}Zi∈Z G∆ Σ, δ,
σ, π ⇔

s-TR Statistical trans-
portability

P ∗(y|x) P (V), P ∗(W) G∆
Σ, δ,
π, Γ ⇔

sb-ID Recovering from
Selection Bias

P (y|do(x)) P (V|S=1) G
Σ, δ, σ,
φ, φ′ ⇔

sbt-ID
Recovering from
Selection Bias
and external data

P (y|do(x)) P (V|S=1), P (T) G
Σ, δ, σ,
φ, φ′,
ψ, ψ′

⇒

exp-TR
Generalizing ex-
perimental find-
ings

P ∗(y|do(x)) P (V|do(x), S=1), P ∗(W) G∆
Σ, δ, σ,
π, φ, φ′,
ψ, ψ′

⇒

Table 7.1: Summary of the causal inference tasks discussed in the dissertation. Each row
describes a task with their name, queryQ, input distributions P, assumptions in the form of
causal diagrams G∗, the cftree operators used to solve it (Ops), and whether the framework
was proven sufficient (⇔) or sufficient and necessary (⇒) for the task.

7.2 Summary of the Cftree Operators

The framework developed throughout the dissertation relies on a set of operators for

expanding nodes in cftrees. Table 7.2 lists all the operators defined with their symbol,

name, conditions, and edges they license in a cftree. The conditions in the table assume a

c-factor with endogenous variables T ⊂ V is to be expanded and that the c-factor being

derived contains a set of variables C ⊆ T. Depending on the variations, the sets L and H

are used to represent variables being marginalized in the c-factors and S represents the

sampling-selection mechanism for c-factors conditioned on S.

As each operator licenses an edge connecting a pair of c-factors in a cftree, they are

associated with a mapping involving one or more factors. The mapping corresponding to

each operator is listed in table 7.3.
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Sym Name Condition Cftree edge(s)

Σ Marginalization
No directed arrow from
C′ to C in G[T]

Q[T]
Σ−→ Q[C]

δ Independence
No bidirected arrow between
C′ in C in G[T]

Q[T]
δ−→ Q[C]

{Q[T]
δ←− Q[Ci]}i=1,...,k

σ Regime Invariance T ∩X = ∅ Q[T | σx]
σ←− Q[T]

Q[T | σx]
σ−→ Q[T]

π Domain Invariance T ∩∆a,b = ∅ Qa[T]
π←− Qb[T]

Qa[T]
π−→ Qb[T]

Γ Unconditioning
T1 ⊆ C ⊆ T and there is no
path between C ∪H
and C′ ∪H′ in G[T,L]T2

Q[T1 | T2 ‖L]
Γ←− Q[C ‖H]

φ Recovery
C ∩An(S) = ∅ and no
bidirected arrow between
C and C′ ∪ {S} in G[T ∪ {S}]

Q[T | S]
φ−→ Q[C]

φ′ Recovery residue
C′ ∩An(S) = ∅ and no
bidirected arrow between
C ∪ {S} and C′ in G[T ∪ {S}]

Q[T | S]
φ′−→ Q[C | S]

ψ Unbiasing

C = An(C), C ∩An(S) = ∅
and no bidirected arrow
between C and C′ ∪ {S},
all in G[T ∪ {S}]Z∩T

{Q[T | S], Q[Z ‖L]} ψ−→ Q[C]

ψ′ Unbiasing residue

C′ = An(C′), C′ ∩An(S) = ∅
and no bidirected arrow
between C′ and C ∪ {S},
all in G[T ∪ {S}]Z∩T

{Q[T | S], Q[Z ‖L]} ψ′−→ Q[C | S]

Table 7.2: Summary of the cftree operators defined throughout the thesis.
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Sym Cftree edge(s) Mapping

Σ Q[T]
Σ−→ Q[C] Q[C] =

∑
c′ Q[T]

δ
Q[T]

δ−→ Q[C] Q[C] =
∏

Ti∈C

∑
ti+1,...,tk

Q[T]∑
ti,...,tk

Q[T]

{Q[T]
δ←− Q[Ci]}i=1,...,k Q[T] =

∏k
i=1Q[Ci]

σ
Q[T | σx]

σ←− Q[T]

Q[T | σx]
σ−→ Q[T]

Q[T] = Q[T | σX]

π
Qa[T]

π←− Qb[T]

Qa[T]
π−→ Qb[T]

Qa[T] = Qb[T]

Γ Q[T1 | T2 ‖L]
Γ←− Q[C ‖H] Q[T1 | T2 ‖L] = Q[C ‖H]∑

t1
Q[C ‖H]

φ Q[T | S]
φ−→ Q[C] Q[C] =

∏
Ti∈C

∑
ti+1,...,tk

Q[T|S]∑
ti,...,tk

Q[T|S]

φ′ Q[T | S]
φ′−→ Q[C | S] Q[C | S] = Q[T | S]

∏
Ti∈C′

∑
ti,...,tk

Q[T|S]∑
ti+1,...,tk

Q[T|S]

ψ {Q[T | S], Q[Z ‖L]} ψ′−→ Q[C | S] Q[C] =
∑

t\(c∪r)Q[T|S]
∑

z\cQ[Z ‖L]∑
t\((c∩z)∪r)Q[T|S]

ψ′ {Q[T | S], Q[Z ‖L]} ψ′−→ Q[C | S] Q[C | S] = Q[T | S]
∑

t\((c′∩z)∪r)Q[T|S]∑
t\(c′∪r)Q[T|S]

∑
z\c′ Q[Z ‖L]

Table 7.3: Summary of the mapping corresponding to each cftree edge as defined by the
cftree operators.
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7.3 Algorithm

The C-INFER algorithm has been extended and refined throughout this dissertation

to account for the idiosyncrasies of each of the tasks investigated. Combining the devel-

opments and operators discussed in chapters 3 to 6, we state its most general versions in

algorithms 14 to 18 . Notice that in GENINPUTTREE, Q[C] is used to represent a target

c-factor that could have a specific intervention, domain, or marginalized variables. For

simplicity, we write Q[C] instead of Qa[C ‖H;σX].

Algorithm 14 C-INFER(I = 〈Q,P,G∗〉)
Input: A causal inference task I consisting of a query Q, a set of input distributions P, and a set of
causal diagrams G∗ over observable variables V.
Output: Q as a function of P or FAIL.

1: Let TQ ← GENQUERYTREE(I).
2: for each P ∈ P do
3: Let TP ← GENINPUTTREE(P, I, TQ).
4: end for
5: µ← MAPFACTORS(TQ, {TP }P∈P).
6: if there are not enough Q[Dj ] ∈ TQ such that µ(Q[Dj ]) = ∅ then
7: return FAIL.
8: else
9: return COMPOSEQUERY(TQ, µ).

10: end if

7.4 Data Fusion Tasks

Although we characterized properties of the tasks listed in tables 3.1 and 7.1, C-INFER

and the operators in table 7.2 can be used for a variety of other tasks. For instance, most

of the tasks in the table have marginal distributions as queries except for s-TR for which

we used the Γ operator to rewrite the conditional query as a marginal one (i.e., the c-favor

analogous to the definition of conditional probability). Further building on the Γ operator,

we note that our framework is both sufficient and necessary for solving conditional queries

for the tasks of obs-ID, g-ID, g-TR, and σ-TR.
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Algorithm 15 GENINPUTTREE(P, I = 〈Q,P,G∗〉, TQ)

Input: A distribution P (could be interventional, from a particular domain, have selection
bias and be over a subset of V), a causal inference task I and a q-tree TQ.
Output: A d-tree T for P .

1: Let GP ∈ G∗ be the causal diagram corresponding to P .
2: Let W ⊆ V be the scope of P
3: Initialize T with root Q[W ‖An(W)GP ] (or Q[W | S ‖An(W)GP ] if P is selection bi-

ased).
4: for each target Q[C] ∈ TQ, starting from the root, at every Q[T] generated in T do
5: if If C is intervened or has discrepancies in Q[T] then give up on Q[C].
6: if T = C and model and domain match then move to next Q[C]
7: if T = C and the models does not match then expand Q[T]

σ−→ Q[C] with target
intervention.

8: if T = C then expand Q[T]
π−→ Q[C] with target domain.

9: Let A← An(C)G[T].
10: if A 6= T then expand Q[T]

Σ−→ Q[A].
11: if Q[T] is not selection biased then
12: if G[T] has more than one (marginalized) c-component then expand Q[T]

δ−→
Q[W], where W is the union of the c-components intersecting C.

13: else
14: if C is a subset of the union of c-components of G[T] with no An(S)G[T] then

expand Q[T]
φ−→ Q[W], where W is the union of the c-components intersecting

C.
15: if C is a subset of the union of c-components of G[T] intersecting some An(S)G[T]

then expand Q[T]
φ′−→ Q[W | S], where W is the union of the c-components

intersecting An(S)G[T].
16: end if
17: Give up on Q[C]. .No operator left
18: end for

Theorem 21 (C-INFER soundness and completeness w.r.t. solving conditional obs-ID, g-ID,

g-TR, and σ-TR.). Consider a causal inference task with one of the following signatures:

Iobs-IDC = 〈P (y | do(x), z), {P (V)} , {G}〉 , (7.1)

Ig-IDC = 〈P (y | do(x), z),P, {G}}〉, (7.2)

Ig-TRC =
〈
P ∗(y | do(x), z),P,G∆

〉
, or (7.3)

Iσ-TRC =
〈
P ∗(y | z;σX),P,G∆

〉
, (7.4)
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Algorithm 16 GENQUERYTREE(I = 〈Q,P,G∗〉)
Input: A causal inference task such that Q = P (y | z) (z could be empty) and there exists G ∈ G∗
describing the SCM associated with Q. (Q could be interventional in which case G represents an
intervention graph.)
Output: TQ, a q-tree for Q.

1: Let GQ ∈ G∗ be the causal diagram associated with the query.
2: Let D← An(Y ∪ Z)GQ .
3: Initialize TQ with Q at the root.
4: ExpandQ = Q[Y | Z ‖D\(Y∪Z)]

Γ←− Q[A ‖H] where (A,H) is the union of the marginalized
c-components of GQ[D], summing D \ Z, that intersects with Y.

5: for each distinct W ⊆ V such that some P ∈ P is over W do
6: Expand Q[A ‖H]

Σ←− Q[A ∪ (H ∩W) ‖H \W].

7: Expand Q[A ∪ (H ∩W) ‖H \W]
δ←− Q[Ai ‖Hi] for each marginalized c-component of

G[A ∪H]A∪(H∩W).

8: Expand each Q[Ai ‖Hi]
Σ←− Q[Ai,Hi]

9: Expand each Q[Ai,Hi]
δ←− Q[Ci] for each c-component of G[Ai ∪Hi].

10: end for
11: return TQ

where P matches the unconditional version of the tasks. Then, the query Q is identifiable /

transportable from P and G∆ if and only if C-INFER finds a mapping using the Γ, Σ, σ, δ, and π

operators. Moreover, the task is decided in O(n2(n+m)p) time, where n = |V|, m is the number

of edges in G and p = |P|. �

In general, the Γ operator can be used to handle a conditional query in the context of

any task, where the query can be written in terms of a conditional c-factor. Hence, the

soundness of C-INFER and the cftree operators entail a sound algorithm for the conditional

versions of the sb-ID, sbt-ID, and exp-TR tasks.

Moreover, C-INFER can be seen as an inference engine that accepts arbitrary causal

inference tasks beyond those specifically named in this thesis. The algorithm will use

all the available operators to search for a solution. Consider the following example to

illustrate this point.

Example 41 (Arbitrary Causal Fusion Task). Consider a causal inference task with the
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Algorithm 17 MAPFACTORS(TQ, {TP}P∈P)

Input: A q-tree for Q and one d-tree for each input distribution.
Output: µ : Q[Di]→ T , a mapping from a node Q[Di] ∈ TQ to a d-tree T such that Q[Di] ∈ T .

1: for each Q[Z;σX] ∈ TQ, Z ⊆ X do
2: Assign µ(Q[Z;σX]) according to σX.
3: end for
4: for each Q[Dj ;σX] ∈ TQ, Dj ∩X = ∅ do
5: if Q[Dj ;σX] ∈ TP for some P ∈ P then
6: Assign µ(Q[Dj ;σX]) = TP .
7: end if
8: end for
9: return µ.

Algorithm 18 COMPOSEQUERY(TQ, µ)

Input: A q-tree for Q and a mapping of nodes in TQ to nodes in some d-tree T .
Output: A expression for Q.

1: for each leaf Q[Ci] ∈ TQ do
2: ComputeQ[Ci] as a function of the root of µ(Q[Ci]) given by the composition of the functions

along the path from the root to Q[Ci] in that d-tree.
3: end for
4: return the root of TQ as a function of the leaves.

following signature:

I = 〈P ∗(y | z;σ∗X), {P ∗(M,Z,X;σX), P (W,Z,X,M, Y | S = 1;σW )}, G∆
S〉, (7.5)

where σ∗X = P̂ (X | Z), σX = g(W ), σW = P̂ (W ) and G∆
S is the selection diagram

shown in fig. 7.1(a). Note that this does not match the sbt-ID, s-TR or σ-TR tasks as the

input distributions P entails several dimensions such as observing only a subset of the

endogenous variables, selection bias, and soft experiments. Moreover, the query Q is the

conditional causal effect of a soft intervention.

Still, C-INFER can be used to solve a task with this signature. Specifically, we start

by running GENQUERYTREE to generate TP ∗(y|z;σ∗X) as shown in the top part of fig. 7.1(d).

Then, GENINPUTTREE generates the d-trees TP ∗(M,Z,X;σX) and TP (W,Z,X,Y |S=1;σW ) shown in

the bottom portion of fig. 7.1(d).

MAPFACTORS matches the c-factors in the query with c-factors in the d-trees, as indi-
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(d) Matching between the query and input cftrees

Figure 7.1: Causal diagrams and cftrees for an arbitrary causal inference task covering
several data fusion dimensions.
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cated by the dashed lines in fig. 7.1(d). Also, the c-factor Q∗[X;σ∗X ] is directly mapped,

according to σ∗X , as P̂ (x | z). COMPOSEQUERY uses the paths (in blue) going from the

root of the input d-trees TP (V|S=1;σW ) and TP (M,Z,X;σX) to the root of the q-tree TQ and the

mappings in table 7.3 to write an expression for Q. For simplicity let σ∗X = P̂ (X | Z),

σX = g(W ) and σW = P̂ (W ) be written simply as σ∗X , σX and σW , then we have

P ∗(y | z;σ∗X) = Q∗[Y | Z ‖M,X,W ;σ∗X ] (7.6)

Γ
=

Q∗[Y ‖M,X;σ∗X ]∑
y Q
∗[Y ‖M,X;σ∗X ]

(7.7)

= Q∗[Y ‖M,X;σ∗X ], (7.8)

Q∗[Y ‖M,X;σ∗X ]
Σ
=
∑
m,x

Q∗[Y,M,X;σ∗X ], (7.9)

Q∗[Y,M,X;σ∗X ]
δ
= Q∗[X;σ∗X ]Q∗[M ;σ∗X ]Q∗[Y ;σ∗X ], (7.10)

Q∗[X;σ∗X ]
def.
= P̂ (x | z), (7.11)

Q∗[M ;σ∗X ]
σ
= Q∗[M ;σX ] (7.12)

δ
=

Q∗[M,X,Z;σX ]∑
mQ

∗[M,X,Z;σX ]
(7.13)

=
P (m, z, x;σX)

P (z, x;σX)
(7.14)

= P (m | z, x;σX), (7.15)

Q∗[Y ;σ∗X ]
σ
= Q∗[Y ;σW ] (7.16)

π
= Q[Y ;σW ] (7.17)

φ
=

Q[W,Z,X,M, Y | S;σW ]∑
y Q[W,Z,X,M, Y | S;σW ]

(7.18)

=
P (w, z, x,m, y | S = 1;σW )∑
y P (w, z, x,m, y | S = 1;σW )

(7.19)

= P (y | w, z, x,m, S = 1;σW ). (7.20)

Finally, putting it all together leads to the fusion expression:

P ∗(y | z;σ∗X) =
∑
m,x

P̂ (x | z)P (m | z, x;σX)P (y | w, z, x,m, S = 1;σW ), (7.21)

150



which is a function of the input distributions given in the task. �

Overall, C-INFER and the cftree operators provide a well-contained —and relatively

simple— method to deal with a myriad of problems in causal inference and data fusion.

Thanks to a clear definition of the causal inference task, many problems in causal inference

and data fusion can be solved by constructing and connecting the cftrees grown with the

tree operators used in a clever order. In technical terms, we have shown the sufficiency

of this method as well as its completeness for several tasks. The characterizations and

algorithms corresponding to the tasks in table 7.1 are completely novel results but for the

soundness of sb-ID, first shown in [27].

Theorem 22 (C-INFER soundness). Given a causal inference task with signature I = 〈Q,P,G∗〉,

where the query is a conditional associational or interventional query, each input P ∈ P is an

observational/interventional and partially observed/selection biased distribution, and G∗ is one or

more causal diagrams or selection diagrams; thenQ can be evaluated as a function of P if C-INFER

finds a mapping using the cftree-operators and G∗. Moreover, the process takes O(n2(n + m)p)

time, where n = |V|, m is the number of edges in G and p = |P| if there is at most one partially

observed distribution in P. �

7.5 Future Work

There are several problems in causal inference and data fusion that were not studied in

this dissertation and could be incorporated into the framework. We provide a list with a

short discussion about some of them.

Partial Observability Some of the tasks studied in this dissertation considered a distri-

bution over a subset of the endogenous variables as input. Lee and Bareinboim

[92] studied the task of causal effect identifiability under partially-observed distributions

(gid-PO) consisting of identifying a marginal causal effect from an input consisting of

several experimental and observational distributions over different subsets of the en-
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dogenous variables. They developed a sound algorithm to solve gid-PO and further

conjectured that deciding this task is an NP-complete problem. As the paper suggests,

these developments have significant implications for the task of evaluating condi-

tional queries in transportability settings. While solving the s-TR and sbt-ID tasks in

this dissertation, we used our framework with the partially-observed distributions

included in the input of these. Nevertheless, the completeness and complexity of the

problem could be dealt with as the number of partially observed distributions was

limited to one. An interesting question is how to extend this framework to deal with

multiple partially-observed distributions as efficiently as possible.

Missing data Samples of the input distributions could be missing values for certain vari-

ables. The absence of these values could be completely at random or depend on

other variables under study. This problem has been studied with graphical models

to recover probabilistic quantities [93, 94, 95] and causal effects [96, 97]. Data with

entries that are missing is another source of information that a causal inference engine

could use to identify and generalize causal effects and probabilistic quantities.

Generalization of Counterfactual Queries The tasks studied in this dissertation consid-

ered queries that belong to the first and second layers of the Pearl Causal Hierarchy

[39, 4]: associational and interventional input distributions and queries. However,

there are many real world settings that evoke statements that are inherently coun-

terfactuals, which belongs to the third layer of the causal hierarchy. Although there

are some results on the identification of counterfactuals from observational and

experimental data (e.g., [98, 99]), there is virtually no work on the generalizability of

counterfactuals across domains, with arbitrary experimental conditions, and in the

presence of selection bias. This is a significant direction for future investigation as

human-like AI requires counterfactual reasoning capabilities [4].
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Appendix A: Background Results in Probability and Causality

A.1 The d-separation Criterion

A causal diagram G is a causal diagram for SCM inducing the observational distribution

P (V) [39]. Accordingly, G can be regarded as a set of conditional independences that P (V)

must satisfy. Graphically speaking, it is possible to read every such independence directly

from G by means of the d-separation criterion [100].

Definition 28 (d-Separation). A path p is blocked by a set of nodes Z if and only if

1. p contains a chain of nodes A→ B → C or a fork A← B → C such that the middle

node B is in Z (i.e., B is conditioned on), or

2. p contains a collider A→ B ← C such that the collision node B is not in Z, and no

descendant of B is in Z.

If Z blocks every path between two nodes X and Y , then X and Y are d-separated,

conditional on Z, and thus are independent conditional on Z, denoted as (X ⊥⊥ Y | Z). �

A.2 do-calculus

Theorem 23. [Do-Calculus] Let G be a causal diagram the set of all interventional distributions

satisfies the do-Calculus rules according to G. Namely, for any disjoint sets X,Y,Z,W ⊆ V the

following three rules hold:

Rule 1 P (y | do(x), z,w) = P (y | do(x),w) if (Y ⊥⊥ Z | X,W) in GX. (A.1)

Rule 2 P (y | do(x), do(z),w) = P (y | do(x), z,w) if (Y ⊥⊥ Z | X,W) in GXZ. (A.2)

Rule 3 P (y | do(x), do(z),w) = P (y | do(x),w) if (Y ⊥⊥ Z | X,W) in GXZ(W), (A.3)
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where a graph GXZ is obtained from G by removing the arrows incoming to X and outgoing from

Z, and Z(W) is the set of Z-nodes non-ancestors of W in the corresponding graph. �
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Appendix B: Cftree Operators

B.1 Relevant Results from the Literature

The following lemma from [48] shows variables with no descendants in the c-factor’s

subgraph can be summed out.

Lemma 10 (C-factor marginalization). Let W ⊆ C ⊆ V be an ancestral set in G[C], that is,

W = An(])G[CW, then:

Q[W] =
∑
c\w

Q[C]. (B.1)

�

Lemma 11 (C-component factorization). Let C = {C1, C2, . . .} ⊆ V and let C1, . . . ,Cl the

c-components of G[C]. Then

Q[C] =
∏

j
Q[Cj], (B.2)

and for any topological order C1 < C2 < Cn of the variables in C

Q[Cj] =
∏
{Ci∈Cj}

Q[C1, . . . , Ci]

Q[C1, . . . , Ci−1]
, where Q[C1, . . . , Ci] =

∑
ci+1,...,cn

Q[C]. (B.3)

�

While lemma 10 gives some notion of marginalization to c-factors, lemma 11 generalize

the natural factorization of Markovian models to the non-Markovian case.
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B.2 Σ and δ Operators

Lemma 1 (Σ and δ operators). Let endogenous sets T,C be such that C ⊂ T and let C′ = T\C.

Then, for any cftree T with a node Q[T]:

Σ-operator (marginalization): If there is no directed arrow with tail in C′ and head in C in the

diagram G[T], Q[T]
Σ−→ Q[C] is a valid edge for T and it is associated with the function

Q[C] =
∑
c′

Q[T]. (3.20)

δ-operator (independence): If there is no bidirected arrow connecting C and C′ in the diagram

G[T], Q[T]
δ−→ Q[C] is a valid edge for T . The associated function is defined for any

topological order T1 < T2 < · · · < Tk on G[T] as

Q[C] =
∏
Ti∈C

∑
ti+1,...,tk

Q[T]∑
ti,...,tk

Q[T]
. (3.21)

Furthermore, let C1, . . . ,Ck be the c-components of G[T], then the set of edges {Q[T]
δ←−

Q[Ci]}i=1,...,k are valid for T and correspond to the mapping

Q[T] =
k∏
i=1

Q[Ci]. (3.22)

�

Proof. First notice the condition for the Σ-operator implies C is an ancestral set in G[T].

To see why, assume for the sake of contradiction, there exists a path T0 → T1 → · · · → Tk

for T0, T1, · · · , Tk−1 ∈ An(Tk)G[T], k ≤ 1 for some Tk ∈ C and T0 ∈ C′. At least one edge

(Ai → Ai+1) with Ai ∈ C′ and Ai+1 ∈ C which witnesses a contradiction to this condition.

Since C is an ancestral set, eq. (3.20) follows from lemma 10.

For the δ-operator, the absence of bidirected arrows between C and C′ in G[T] implies

each c-component of G[T] either belongs in C or C′. Let T1, . . . ,Tk be all c-components in
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C, then

Q[C] = Q[T1] · · ·Q[Tk] =
k∏
j=1

∏
Ti∈Tj

∑
ti+1,...,tk

Q[T]∑
ti,...,tk

Q[T]
=
∏
Ti∈C

∑
ti+1,...,tk

Q[T]∑
ti,...,tk

Q[T]
. (B.4)

The first equality holds by lemma 11, eq. (B.2) as Tj , j = 1, . . . , k are also the c-components

of G[C]. The second equality follows lemma 11 and eq. (B.3) because each Tj is computable

from Q[T]. Equation (3.21) follows after writing the products together.

B.3 σ and π Operators

Lemma 4 (σ operator). Let T ⊆ V be an endogenous set of variables. Then, for any cftree T with

a node Q[T;σX]:

σ-operator (regime invariance): If T ∩ X = ∅, Q[T;σX]
σ−→ Q[T;σ′X] and Q[T;σX]

σ←−

Q[T;σ′X] are valid edges for T and mapped as

Q[T;σ′X] = Q[T;σX]. (4.72)

�

Proof. By definition of c-factor,

Q[T;σX](v) =
∑
u(T)

∏
{i|Vi∈T}

P (vi | pai,ui;σX)P (u(T);σX). (B.5)

Since no variable in T is also in X, every term P (vi | pai,ui;σX) = P (vi | pai,ui;σ′X) and

P (u(T);σX) = P (u(T);σ′X) = P (u(T)) as neither σX nor σ′X affect fi or the distribution of

variables in U. Replacing those terms, we obtain exactly the definition of Q[T;σ′X](v).

Lemma 3 (π operator). Let T ⊆ V be an endogenous set of variables. Then, for any cftree T with

a node Qa[T]:

π-operator (domain invariance): If T ∩∆a,b = ∅, Qa[T]
π←− Qb[T] and Qa[T]

π−→ Qb[T] are
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valid edges for T and corresponds to the mapping

Qa[T] = Qb[T]. (3.57)

�

Proof. From the definition of c-factor we have

Qj[T](v) =
∑
u(T)

∏
{i|Vi∈T}

P j(vi | pai,ui)P (j)(u(T)), j = a, b. (B.6)

Vi ∈ ∆a,b only if f (k)
i 6= f

(l)
i or if P (k)(Ui) 6= P (l)(Ui). Thus, T ∩ ∆a,b = ∅ implies P k(vi |

pai,ui) = P l(vi | pai,ui) and P k(Ui) = P l(Ui). Then, every term in eq. (B.6) is the same in

both domains and the claim follows.

B.4 Γ Operator

Lemma 5 (Γ-operator). Let T,L ⊆ V be disjoint sets, C ⊂ T, C′ = T \ C, H ⊆ L and

H′ = L \H. Then, for any cftree T :

Γ-operator (unconditioning): Let T1,T2 ⊆ T be disjoint sets such that T1 ∪ T2 = T. If

T1 ⊆ C ⊆ T and there is no path between C ∪ H and C′ ∪ H′ in G[T,L]T2 , Q[T1 |

T2 ‖L]
Γ←− Q[C ‖H] is a valid edge for T . The associated function is

Q[T1 | T2 ‖L] =
Q[C ‖H]∑
t1
Q[C ‖H]

(5.38)

�

Proof. By definition

Q[T1 | T2 ‖L] =
Q[T1,T2 ‖L]∑
t1
Q[T1,T2 ‖L]

. (B.7)

From the condition we have that the sets C ∪H and C′ ∪H′ are in different marginalized

167



c-components (when summing T1), then by the δ-operator we have

Q[T1 | T2 ‖L] = Q[C′ ‖H′]Q[C ‖H]. (B.8)

Moreover,

∑
t1

Q[T1 | T2 ‖L] = Q[C′ ‖H′]
∑
t1

Q[C ‖H], (B.9)

because no variable in C′ is also in T1 or has a parent in T1, otherwise C′ would not

be marginalized c-component independent of C. Then Q[C′ ‖H′] is not a function of T1.

Finally,

Q[T1 | T2 ‖L] =
Q[C′ ‖H′]Q[C ‖H]

Q[C′ ‖H′]
∑

t1
Q[C ‖H]

(B.10)

=
Q[C ‖H]∑
t1
Q[C ‖H]

, (B.11)

which proves the Γ-operator.

B.5 φ, φ′, ψ and ψ′ Operators

Lemma 8 (φ-, φ′-, and Σ-operator for selection-biased c-factors). Let T ⊆ V, C ⊂ T,

C′ = T \C. Let T1 < T2 < · · · < Tk be a topological order of G[T] where An(S) < T \ An(S).

Then, for any cftree T :

Σ-operator (marginalization): If there is no directed arrow with tail in C′ and head in C ∪ {S}

in G[T ∪ {S}], Q[T | S]
Σ−→ Q[C | S] is a valid edge for T with mapping

Q[C | S] =
∑
c′

Q[T | S]. (6.35)

φ-operator (recovery): If C∩An(S) = ∅ and there is no bidirected edge between C and C′∪{S}
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in G[T ∪ {S}], Q[T | S]
φ−→ Q[C] is a valid edge for T and the corresponding mapping is

Q[C] =
∏
Ti∈C

∑
ti+1,...,tk

Q[T | S]∑
ti,...,tk

Q[T | S]
. (6.36)

φ′-operator (recovery residue): If C′∩An(S) = ∅ and there is no bidirected edge between C∪{S}

and C′ in G[T ∪ {S}], Q[T | S]
φ′−→ Q[C | S] is a valid edge for T the corresponding

mapping is

Q[C | S] = Q[T | S]
∏
Ti∈C′

∑
ti,...,tk

Q[T | S]∑
ti+1,...,tk

Q[T | S]
. (6.37)

�

Proof. First, note that

Q[T | S] = Q[T, S]/P (S = 1). (B.12)

Σ-operator. The condition for the Σ-operator implies that C′ contains no ancestor of

C ∪ {S}, then by the usual Σ-operator we have

Q[C, S] =
∑
c′

Q[T, S], (B.13)

Q[C, S]

P (S = 1)
=
∑
c′

Q[T, S]

P (S = 1)
(B.14)

Q[C | S] =
∑
c′

Q[T | S], (B.15)

which proves the validity of the operator.

φ and φ′ operators. By the δ-operator (or lemma 11), Q[T, S] = Q[C]Q[C′, S] because

there are no bidirected arrows between C and C′ ∪ {S} in G[T ∪ {S}].

Moreover, as C∩An(S) = ∅ in G[T∪{S}], there exists a topological order T1 < T2 < · · ·

where An(S) < T \An(S). Then, for any Ti ∈ C every variable in C′ and S come before in
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the order. Then, each factor in eq. (6.36) is equal to

∑
ti+1,...,tk

Q[T | S]∑
ti,...,tk

Q[T | S]
(B.16)

=

∑
ti+1,...,tk

Q[C′, S]Q[C]/P (S = 1)∑
ti,...,tk

Q[C′, S]Q[C]/P (S = 1)
(def. of conditional c-factor) (B.17)

=
Q[C′, S]

∑
ti+1,...,tk

Q[C]/P (S = 1)

Q[C′, S]
∑

ti,...,tk
Q[C]/P (S = 1)

({Ti, Ti+1, . . .} ∩C′ ∪ {S}) = ∅ ) (B.18)

=

∑
ti+1,...,tk

Q[C]∑
ti,...,tk

Q[C]
(cancel out common factors) (B.19)

=
Q[C′]

∑
ti+1,...,tk

Q[C]

Q[C′]
∑

ti,...,tk
Q[C]

(multiply by Q[C′]/Q[C′]) (B.20)

=

∑
ti+1,...,tk

Q[T]∑
ti,...,tk

Q[T]
. (δ-operator) (B.21)

Then, the product over all Ti ∈ C corresponds exactly to the function of the δ-operator so

that

∏
Ti∈C

∑
ti+1,...,tk

Q[T]∑
ti,...,tk

Q[T]
δ
= Q[T], (B.22)

which proves the φ-operator.

For the φ′-operator, switch the notation for C and C′ and notice that from eq. (B.12)

Q[T | S] = Q[C, S]Q[C′]/P (S = 1). (B.23)

By multiplying both sides of this equation by the inverse of of eq. (6.36) with C = C′ we

get

Q[T | S]
∏
Ti∈C′

∑
ti,...,tk

Q[T]∑
ti+1,...,tk

Q[T]
=
Q[C, S]Q[C′]/P (S = 1)

Q[C′]
= Q[C, S]/P (S = 1) (B.24)

= Q[C | S], (B.25)
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which proves the φ′-operator.

Lemma 9 (ψ- and ψ′-operators for combining c-factors). Let endogenous sets T,C,C′,Z,L

be such that C ⊂ T, C′ = T \ C and L = An(Z)G[T∪{S}]. Also, let A = An(C, S) \ {S} in

G[T ∪ {S}] and R = An(S) \ {S} in G[T ∪ {S}]Z∩T, C1 < C2 < . . . be a topological order of

G[A \R,Z ∩A] and

Q′ =

∑
t\aQ[T | S]

∑
z\rQ[Z ‖L]∑

t\rQ[T | S]
. (6.50)

Then, for any pair Q[T | S] and Q[Z ‖L]:

ψ-operator (unbiasing): If there is no path (regardless of the direction) between C and S in

G[A ∪ {S}]Z∩A and there is no bidirected edge between C and C′ ∪ {S} in G[T ∪ {S}]Z∩T,

then {Q[T | S], Q[Z ‖L]} ψ−→ Q[C] are valid edges for a cftree T and the corresponding

mapping is

Q[C] =
∏
Ci∈C

∑
ci+1,...,ck

Q′∑
ci,...,ck

Q′
. (6.51)

ψ′-operator (unbiasing residue): If C′ ∩ An(S) = ∅, there is no bidirected edge between C′ and

C∪{S}, and there is no bidirected edge between Z∩R and (R∪{S})\Z in G[T∪{S}]Z∩T,

then {Q[T | S], Q[Z ‖L]} ψ−→ Q[C | S] are valid edges for a cftree T and the corresponding

mapping is

Q[C | S] = Q[T | S]
∏
Ci∈C′

∑
ci,...,ck

Q′∑
ci+1,...,ck

Q′
. (6.52)

�

Proof. First, let us consider the expression Q′. Since A is an ancestral set

∑
t\a

Q[T | S] = Q[A | S] (B.26)

= Q[A \ (R \ Z)]Q[R \ Z, S]/P (S = 1), (B.27)

where the last decomposition follows from the fact that there are no bidirected arrows
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between A\(R\Z) and (R\Z)∪{S}, otherwise there is a path from C to S in G[A∪{S}]Z∩A.

This is because every A \ (R \ Z) has a directed path to C or is in C in that graph, and

every R \ Z has a directed path to S in the same graph. Appending the directed paths

with any such bidirected witnesses a contradiction to the condition in the operator.

Moreover, using the Σ-operator, we can write

∑
z\r

Q[Z ‖L] = Q[Z ∩R ‖An(Z ∩R)] (B.28)

∑
t\r

Q[T | S] =
∑
a\r

Q[A | S] (B.29)

=
∑
a\r

Q[A, S]/P (S = 1) (B.30)

= Q[R, S ‖A \R]/P (S = 1) (B.31)

= Q[Z ∩R ‖An(Z ∩R)]Q[R \ Z, S]/P (S = 1), (B.32)

where the last equality holds by the δ-operator since there are no bidirected arrows between

Z and R \Z. The lack of these bidirected arrows is due to the fact that Z is a descendant of

some variable in C and every R is an ancestor of S. Using such bidirected arrow we can

form a path from C to S that contradicts the condition of the ψ-operator. Then

Q′ =
(Q[A \ (R \ Z)]Q[R \ Z, S]/P (S = 1))Q[Z ∩R ‖An(Z ∩R)]

Q[Z ∩R ‖An(Z ∩R)]Q[R \ Z, S]/P (S = 1)
= Q[A \ (R \ Z)].

(B.33)

Let A′ = A \ (R \ Z), then Q′ = Q[A′]. Notice that, A′ \ C ⊆ C′, and since there are no

bidirected arrows between C and C′, the δ-operator licenses eq. (6.51).
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For the ψ′-operator, switch the notation for C and C′ and notice that from eq. (B.12)

Q[T | S] = Q[C, S]Q[C′]/P (S = 1). (B.34)

By multiplying both sides of this equation by the inverse of of eq. (6.51) with C = C′ we

get

Q[T | S]
∏
Ci∈C′

∑
ci,...,ck

Q[T]∑
ci+1,...,ck

Q[T]
=
Q[C, S]Q[C′]/P (S = 1)

Q[C′]
= Q[C, S]/P (S = 1) (B.35)

= Q[C | S], (B.36)

which proves the ψ′-operator.
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Appendix C: Soundness and Completeness Results for the Tasks

C.1 Tasks of identification or transportability of causal effects

First, note that the σ-TR subsumes all of the obs-ID, g-ID, and g-TR tasks. Therefore,

in this section we will prove the soundness and completeness of C-Infer for σ-TR which

implies the others.

First, we prove a result that relates the transportability of a c-factor Q[A] and a sum

over it.

Lemma 12. Suppose Q[A;σX] is not identifiable from a set of available distributions in a causal

diagram G. Let A1, A2 ∈ A such that there exists an edge A1 → A2 in G. Then
∑

a1
Q[A] is not

identifiable from the same input either. �

Proof. LetM1 andM2 be the two models witnessing the non-identifiability of Q[A;σX].

They must agree on available distributions, but for some value-assignment v′, we have

Q1[A;σX](v′) = α, Q2[A;σX](v′) = β with α 6= β. Assume, without loss of generality that

α > β. We will extend a strategy used by [101] to construct two modelsM′
1 andM′

2 where

the domain of A2 is Val(A2) × {0, 1}, where Val(A2) is the domain of A2 inM1,M2. Let

F (A1) be a probability function from Val(A1) to {0, 1}, such that P (F (a1) = i) > 0, i = 0, 1

and P (F (a1) = 0) = 1− P (F (a1) = 1). InM′
i, i = 1, 2 we define:

P
M′i
i ((a2, k) | paa2 , ua2) = PMi(a2 | paa2 , ua2)P (F (a1)=k). (C.1)

And for Vj ∈ V \ {A2} let PM′i(vj|paj, uj) = PMi(vj|paj, uj). We can verify that for any
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σZj ∈ Z

PM
′
1(v \ a2, (a2, k);σZj)

= QM
′
1 [V \ {A2}, (A2, K);σZj ](v \ a2, (a2, k)) (C.2)

= QM1 [V \ {A2}, (A2, K);σZj ](v)P (F (a1) = k) (C.3)

= QM2 [V \ {A2}, (A2, K);σZj ](v)P (F (a1) = k) (C.4)

= QM ′2 [V \ {A2}, (A2, K);σZj ](v \ a2, (a2, k)) (C.5)

= PM ′2(v \ a2, (a2, k);σZj). (C.6)

Consider the assignment v′ \ {a2}, (a′2, 0), by construction we have

QM
′
i [A;σX](v′ \ {a2}, (a′2, 0))

= QMi [A;σX](v′)P (F (a′1) = 0). (C.7)

Let P (F (a′1) = 0) = 1/2 and P (F (a1) = 0) = (α− β)/4, for a1 6= a′1. It yields:

∑
a1

QM
′
i [A;σX](v′ \ {a1, a2}, (a′2, 0))

=
∑
a1

QMi [A;σX](v′ \ {a1, a2})P (F (a1) = 0) (C.8)

ForM′
1 this means

∑
a1

QM
′
1 [A;σX](v′ \ {a1, a2}, (a′2, 0))

= 1
2
α +

(
α−β

4

) ∑
a1 6=a′1

QMi [A;σX](v′ \ {a1, a2}) (C.9)

> 1
2
α (C.10)
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As forM′
2:

∑
a1

QM
′
1 [A;σX](v′ \ {a1, a2}, (a′2, 0))

= 1
2
b+

(
a−b

4

) ∑
a1 6=a′1

QMi [A;σX](v′ \ {a1, a2}) (C.11)

< 1
2
β + α−β

4
(C.12)

< 1
2
α. (C.13)

Then,M′
1 andM′

2 are compatible with G, match in the available distributions and yield

different
∑

a1
Q[A;σX].

Theorem 3 (Σ-, σ-, δ-, and π-operators soundness and completeness for g-TR). Given a

causal inference task with signature Ig-TR, the query is transportable from P and G∆ if and only

if C-INFER finds a mapping using the Σ, σ, δ, and π operators. Moreover, the task is decided in

O(n2(n+m)p) time, where n = |V|, m is the number of edges in G, and p = |P|. �

Proof. Soundness. The soundness follows from the validity of the Σ, δ, σ and π cftree

operators.

Completeness. C-Infers fails at a σ-TR task if there exists some c-factor Q∗[Ai;σX] in

the q-tree that could not be mapped from any of the d-trees. This is the case when Ai is

a c-component of GσX[D], D = An(Y)GσX
, and there exists a c-component Ci of G∆

[An(Ai)],

such that for every P (V;σZ), Z ∈ Zk ∈ Z at least one of the following three conditions

occur:

(i) Ai ∩∆k 6= ∅, that is, at least one variable in Ai has a different mechanism in πk, or

(ii) Ai ∩ Z 6= ∅, meaning at least one of the variables in Ai have been intervened by σZ in

πk, or

(iii) there exists some Ti s.t. Ai ⊂ Ti ⊆ Ci, GσZ[Ti] has a single c-component.

Notice that if Ai does not satisfy (i) and (ii) but (iii), GσZ
[Ai] has a single c-component

for every Z ∈ Zk ∈ Z. Since Q[A;σX] could not be derived in TP (V;σZ), the expansion must
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have ended in a c-factor Ti with a single c-component (so that the δ-operator cannot be

used) and where every variable in an ancestor of Ai (so that Σ-operator cannot be applied).

LetH be a minimal subgraph of G∆[Ci] such that every edge (directed or bidirected)

that can be removed without changing the fact that each Ti is a single c-component and

the ancestral relationships between the variables, have been removed. Then we can verify

thatH is an s-Thicket [50, Def. 4] for P ∗(ai | do(v \ ai)) = Q∗[Ai] = Q∗[Ai;σX=x]. relative

to G and Z′ where all non-atomic interventions in Z are replaced with atomic ones. To

witness, we argue each part of the definition for s-Thicket:

• H is a minimal subgraph of G made of a single c-component,

• by conditions (i) and (ii) we have ∆k ∩R 6= ∅ and Z ∩R 6= ∅ for every Z s.t. σZ=z in

Z′.

• Also for every Z, by condition (iii) there exists Ti such that 〈Ti,Ai〉 is a hedge [50].

• H’s root set R (the variables inH without any child) is exactly Ai, then

R ⊆ An(Ai)GV\(X∪An(A)\A)
⊆ An(A)GV\(X∪An(A)\A)

.

• Finally, for every hedgelet in those hedges, Ti \Ai has to intersect X ∪ An(A \A).

This implies the existence of two sets of modelsM(i) = {Mi,k}πk∈Π, i = 1, 2, such that

for every Z ∈ Zk ∈ Z the corresponding models agree on P k(v|do(z)), but disagree on

P ∗(ai | do(v \ ai)).

Using the latent factorization (eq. (2.12)) in the context ofMσZ
, for any conditional or

stochastic intervention σZ, the distribution P (v;σZ) is given by

P (v;σZ) =
∑
u∗

∏
{i|Vi∈Z}

P (vi|pai,ui;σZ)P (u∗\u;σZ)
∏

{i|Vi∈V\Z}

P (vi|pai,ui)P (u)

= P (v \ z|do(zj))
∑
u∗\u

∏
{i|Vi∈Z}

P (vi|pai,ui;σZ)P (u∗\u;σZ).
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GivenM(1) andM(2), we are free to specify any conditional or stochastic intervention σZ,

for any such Z, by setting P (Vi|Pai,Ui;σZ) for every Vi ∈ Z in the previous expression,

and P (v;σZ) will be the same as well.

We conclude that Q∗[Ai;σX] is not transportable from Z and G∆. Moreover, Q[A;σX] is

also not transportable from the same input; were it transportable, the δ-operator implies

that Q[Ai;σX] can be obtained from Q[A;σX], a contradiction.

Since every variable in D \Y has a children in D, we can apply lemma 12 in a topo-

logical order over D \ Y and conclude that Q∗[D;σX] is transportable if and only if∑
d\y Q

∗[D;σX] = P ∗(y;σX) is transportable.

Efficiency. In terms of single operations, C-INFER and its subroutines require compu-

tations such as getting the set of ancestors or c-components in a subgraph of G. These

operations can be done in O(n+m) time.

For the σ-TR task, each step in GENQUERYTREE is executed at most once, hence it runs

in time O(n+m).

The number of target factors is at most n, which is also the number of searches over any

particular d-tree, one for each of the c-factors of the query. For each search in each d-tree,

the π and σ-operators are applied at most once. Moreover, every time Σ or δ-operators are

used, the number of variables in the factor decreases at least in one element. It follows that

a search takes at most n steps. Then, the time GENINPUTTREE takes is O(n2(n+m)p).

Checking if a particular target c-factor is a leaf in a particular d-tree can be implemented

in constant time. Then, MAPFACTORS takes at most O(np) time.

Finally, COMPOSEQUERY has to process at most n paths (one for each target c-factor) of

at most 2n length each. Then, it finishes in time O(n2).

As the procedures are applied one after another, the overall running time is O(n2(n+

m)p), which is the maximum.

Notice that for obs-ID, p = 1 because there is only the observational distribution in P,

hence the running time for that task is O(n2(n+m)).
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C.2 Statistical Transportability

Theorem 8 (Σ, σ, δ and π-operators soundness and completeness for s-TR). Given a causal

inference task with signature Is-TR, the query Q is transportable from P and G∆ if and only if

C-INFER finds a mapping using the Σ, σ, δ and π-operators. Moreover, the task is decided in

O(n2(n+m)) time, where n = |V| and m is the number of edges in G. �

Proof. Soundness. The soundness follows from the validity of the Σ, δ, Γ and π cftree

operators.

Completeness. For s-TR the q-tree first uses the Γ-operator to define the query in

terms of an unconditional c-factor Q∗[A ‖H]. If Q∗[A ‖H] is not transportable, then Q is

not transportable by theorem 21 (considering an empty intervention). Then, Q∗[A ‖H] is

always branched into two subtrees. The task succeeds if any of the two sub-roots can be

computed from the corresponding subtree. In particular, C-INFER fails if there exists a c-

factorQ∗[Ai ‖Hi] corresponding to a marginalized c-component ofQ∗[A∪(W∩H) ‖H\W].

The non-transportability ofQ∗[Ai ‖Hi] implies the non-transportability ofQ∗[Ai∪(W∩

H) ‖H \W]. This is because if the latter were transportable, Q∗[Ai ‖Hi], that is always

computable from Q∗[A ∪ (W ∩H) ‖H \W] by δ-operator, would be transportable as well.

Moreover, the non-transportability of Q∗[A ∪ (W ∩ H) ‖H \W] implies the non-

transportability of Q∗[A ‖H] by lemma 12.

Then, we just need to prove the non-transportability of Q∗[Ai ‖Hi] in order to prove

the non-transportability of the query. This c-factor cannot be derived from TP ∗(W) only

if Ai is not observed in P (W), i.e., Ai \W 6= ∅. On the other hand, it is not derivable

from TP (V) only if (Ai ∪Hi) ∩∆ 6= ∅, that is, there are differences in a subset A′ ⊆ Ai ∪Hi.

Notice that

Q∗[Ai ‖Hi] =
∑
hi

Q∗[Ai,Hi] =
∑
hi

∑
u(Ai,Hi)

∏
Vi∈Ai∪Hi

P ∗(vi | pai,ui)P ∗(u(Ai,Hi)), (C.14)
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and the factors for each Vi ∈ A′ may differ between π and π∗. We can create two pairs

of models such that Q[Ai ‖Hi] match but Q∗[Ai ‖Hi] does not match. Then, Q∗[Ai ‖Hi]

would be non-transportable, which in turns implies the non-transportability of Q∗[Ai ‖Hi]

(by lemma 12).

Efficiency. Atomic operations in C-INFER and its subroutines (computing ancestors,

c-components, subgraphs) take O(n+m) time.

For the s-TR task, GENQUERYTREE generatesO(n) nodes, so it takes at mostO(n(n+m))

time.

Because of the number of target factors, the number of searches over any particular

d-tree is also O(n). For each search in each d-tree, the π-operator is applied at most once.

Moreover, every time Σ or δ-operators are used, the number of variables in the factor

decreases at least in one element. It follows that a search takes at most n steps. Then, the

time GENINPUTTREE takes is O(n2(n+m)).

Checking if a particular target c-factor is a leaf in a particular d-tree can be implemented

in constant time. Then, MAPFACTORS takes at most O(n) time.

Finally, COMPOSEQUERY has to process at most O(n) paths (one for each target c-factor)

of at most 2n length each. Then, it finishes in time O(n2).

As the procedures are applied one after another, the overall running time is O(n2(n+

m)), which is the maximum.

C.3 Recoverability from Selection Bias

C.3.1 Lemmas for Model Parametrization

In order to prove non-recoverability, we need to construct structural causal models

that serve as counter-examples to the recoverability of the causal effect. The following

lemmas are useful to construct such models. The first one, lemma 13 licenses the the

direct specification of the conditional distributions of any variable given its parents, in

accordance to the causal diagram G.
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Lemma 13 (Family Parametrization). Let G be a causal diagram over a set V of n variables.

Consider also, a set of conditional distributions P (vi | pai), 1 6 i 6 n such that Pai is the set of

nodes in G from which there are outgoing edges pointing into Vi. Then, there exists a modelM

compatible with G that induces P (v) =
∏n

i=1 P (vi | pai). �

Proof. (By construction) For every Vi define any ordering on the values of its domain, and

let v(j)
i refer to the jth value in that order. Also, define a continuous unobservable variable

Ui ∼ U [0, 1] (uniformly distributed in the interval [0, 1]) for every variable Vi ∈ V. Then,

construct a structural causal model M = 〈U,V,F , P (u)〉where:

• V is the same set of observables in G

• U =
⋃n
i=1 U

′
i

• F =
{
fi(pai,ui)= infj

{∑j
k=1 P (v

(j)
i |pai)>ui

}
, 1 6 i 6 n

}
• Ui ∼ U [0, 1], 1 6 i 6 n

For every variable, Vi, given a particular configuration of Pai,M simulates its value using

the distribution P (vi | pai). By the Markov property, the joint distribution will be equal to

the product of those distributions.

The following lemma permits the construction of a structural causal modelM compati-

ble with a causal diagram G, using another model compatible with a related, but different,

causal diagram G ′ where some arrows in a chain of variables have the reverse direction.

Lemma 14 (Chain Reversal). Consider a causal diagram G and a probability distribution P (v)

induced by any SCMM compatible with G. If G contains a chain of vertices R1 → R2, . . . , R`

where each node represents a binary random variable, for every 1 ≤ i ≤ ` the only incoming edge

into Ri comes from Ri−1. Then, there exists another modelM′ where the direction of the arrows

along the chain R1 → R2, . . . , R` is reversed compatible with the same distribution. �
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Proof. (By construction) GivenM and any probability distribution P (v) induced by it,

compute the joint distribution P (r1, . . . , r`, t). Construct a new modelM′ with the same

set of observable variables and identical functions for all variables but for R1, . . . , R`, T .

For those, assign the functions fRi(ri−1, URi), 1 6 i 6 ` − 1 as in lemma 13. Also, let

fR`(UR`) = UR` , P (UR`) = P (r`). By lemma 13 the sub-models composed of R1, . . . , R`, T

inM′ andM produce the exact same distribution and since the set of parents and function

for every other part of the model are the same, the overall distribution is identical.

Finally, the following lemma allows to simplify the parametrization of an arbitrarily

long chain of binary variables.

Lemma 15 (Collapsible Path Parametrization). Consider a causal diagram G and a probability

distribution P (v) induced by any SCM compatible with G. If G contains a chain W0 → W1 →

. . . → Wk, where each Wi represents a binary random variable, for every 1 6 i 6 k the only

incoming edge to Wi is from Wi−1, and every conditional distribution P (wi | wi−1) = p, P (wi |

wi−1) = q, for some 0 < p, q < 1. Then, the conditional distribution P (wk | w0) = q−(p−1)(p−q)k
q−p+1

,

P (wk | w0) = q−q(p−q)k
q−p+1

. �

Proof. Since W0, . . . ,Wk is a chain, the value of Wk is a function of W0 when all other

W1, . . . ,Wk−1 are marginalized. All Wi, 1 6 i 6 k are independent of any other variable

given W0. Therefore, the distribution P (wk | w0) is equal to
∑k−1

i=1

∏k
i=1 P (wi | wi−1), be-

cause any other variable can be removed from any product in this expression and summed

out. This distribution can be calculated as the product of 2x2 matrices corresponding to

the conditional distributions P (wi | wi−1) when encoded as

WM =

 p q

1− p 1− q

 . (C.15)

The product of k of such matrices is readily available if WM is decomposed using its

182



eigenvalues {1, p− q} and eigenvectors
{[

q
(1−p) ,−1

]
, [1, 1]

}
:

P (wk | w0) =
k−1∑
i=1

k∏
i=1

P (wi | wi−1) = (WM)k

=

 q−(p−1)(p−q)k
q−p+1

q−q(p−q)k
q−p+1

1− q−(p−1)(p−q)k
q−p+1

1− q−q(p−q)k
q−p+1

 (C.16)

The following lemma extends a result from [102], to the context of recoverability.

Lemma 16. Let X,Y ⊂ V be two disjoint sets of variables and T ⊂ V another set of variables. If

P (y | do(x)) is not recoverable in G from P (v | S=1), P (t), then P (y | do(x)) is not recoverable

in the graph resulted from adding a directed or bidirected edge to G. Equivalently, if P (y | do(x))

is recoverable in G from P (v | S=1), P (t), then P (y | do(x)) is still recoverable in the graph

resulted from removing a directed or bidirected edge from G. �

Proof. The proof is analogous to the proof of lemma 8 in [102] with the extra consideration

of selection bias. For any Vi ∈ V ∪ {S} let Pa+
i be defined as the set of observable and

unobservable parents of Vi in G.

If P (y | do(x)) is not recoverable in G, then there exist two models with the same causal

graph G,M1 andM2 such that

PM1(v | S=1) = PM2(v | S=1) > 0,

PM1(t) = PM2(t) > 0,

and PM1
x (y) 6= PM2

x (y) (C.17)
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where

PMk(v|S=1) =
∑
U

P (S=1|pa+
s )

P (S=1)

∏
Vi∈V

P (vi|pa+
i )P (u) , k = 1, 2 (C.18)

PMk(t) =
∑
U

∑
V\T

∏
Vi∈V

P (vi | pa+
i )P (u) , k = 1, 2 (C.19)

For a graph G ′ with extra edges added to G, we can always construct new models in such a

way that the added edges are ineffective.

(i) Let G ′ be the graph identical to G except with an extra edgeW → Vj . Then P (v | S=1)

and P (t) decompose as

P (v|S=1) =
∑
U

P (S=1|pa+
S )

P (S=1)
P (vj|pa+

vj
, w)

∏
Vi∈V,
Vi 6=Vj

P (vi|pa+
i )P (u) (C.20)

P (t) =
∑
U

∑
V\T

P (vj|pa+
vj
, w)

∏
Vi∈V,
Vi 6=Vj

P (vi|pa+
i )P (u) (C.21)

We construct two modelsM′
1 andM′

2 with causal graph G ′ as:

PM
′
k(vi|pa+

i )=PMk(vi|pa+
i ) , i6=j, k=1, 2 (C.22)

PM
′
k(S=1|pa+

S )=PMk(S=1|pa+
S ) , k=1, 2 (C.23)

PM
′
k(vj|pa+

vj
, w)=PMk(vj|pa+

vj
) , k=1, 2 (C.24)

PM
′
k(u) = PMk(u) , k=1, 2 (C.25)

Clearly if the pair (M1,M2) satisfies (C.17) so does (M′
1,M′

2). Hence P (y | do(x)) is

not recoverable in G ′.

(ii) Let G ′ be the graph identical to G except with an extra edge Vl ↔ Vj . Then P (v | S=1)
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and P (t) decompose as

P (v|S=1) =
∑
u′

P (u′)
∑
U

P (S=1|pa+
S )

P (S=1)
P (vj |pa+

vj , u
′)P (vl|pa+

vl
, u′)

∏
Vi∈V,Vi 6=Vj ,Vi 6=Vl

P (vi|pa+
i )P (u) (C.26)

P (t) =
∑
u′

P (u′)
∑
U

∑
V\T

P (vj |pa+
vj , u

′)P (vl|pa+
vl
, u′)

∏
Vi∈V,Vi 6=Vj ,Vi 6=Vl

P (vi|pa+
i )P (u) (C.27)

Where U ′ represents a new unobservable variable. We construct two modelsM′
1

andM′
2 with causal graph G ′ as:

PM
′
k(vi|pa+

i )=PMk(vi|pa+
i ) , i6=j, i6=l, k=1, 2 (C.28)

PM
′
k(S=1|pa+

S )=PMk(S=1|pa+
S ) , k = 1, 2 (C.29)

PM
′
k(vi|pa+

i , u
′)=PMk(vi|pa+

i ) , i=j, l, k=1, 2 (C.30)

PM
′
k(u)=PMk(u) , k=1, 2 (C.31)

Again, if the pair (M1,M2) satisfies (C.17), so does (M′
1,M′

2). Hence P (y | do(x)) is

not recoverable in G ′.

(iii) Let G ′ be the graph identical to G except with an extra edge W → S. Then P (t) is

exactly the same and P (v | S=1) decomposes as

P (v|S=1)=
∑
U

P (S=1|pa+
S , w)

P (S=1)

∏
Vi∈V

P (vi|pa+
i )P (u) (C.32)
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We construct two modelsM′
1 andM′

2 with causal graph G ′ as:

PM
′
k(vi|pa+

i )=PMk(vi|pa+
i ) , k = 1, 2 (C.33)

PM
′
k(S=1|pa+

S , w)=PMk(S=1|pa+
S ) , k = 1, 2 (C.34)

PM
′
k(u)=PMk(u) , k = 1, 2 (C.35)

Since P (S=1) =
∑

pa+
S
P (S=1 | pa+

S )P (pa+
S ), that distribution will remain the same.

Then, if pair (M1,M2) satisfies (C.17) so does (M′
1,M′

2). Hence P (y | do(x)) is not

recoverable in G ′.

(iv) Let G ′ be the graph identical to G except with an extra edge Vj ↔ S. Then P (v | S=1)

and P (t) decompose as

P (v|S=1) =
∑
u′

P (u′)
∑
U

P (S=1|pa+
S , u

′)

P (S=1)
P (vj|pa+

vj
, u′)

∏
Vi∈V,Vi 6=Vj

P (vi | pa+
i )P (u) (C.36)

P (t) =
∑
u′

P (u′)
∑
U

∑
V\T

P (vj|pa+
vj
, u′) (C.37)

∏
Vi∈V,Vi 6=Vj

P (vi|pa+
i )P (u) (C.38)

Where U ′ represents a new unobservable variable. We construct two modelsM′
1 and

M′
2 with causal graph G ′ as:

PM
′
k(vi|pa+

i )=PMk(vi|pa+
i ) , i 6= j, k = 1, 2 (C.39)

PM
′
k(S=1|pa+

S , u
′)=PMk(S=1|pa+

S ) , k = 1, 2 (C.40)

PM
′
k(vj|pa+

vj
, u′)=PMk(vj|pa+

vj
) , k = 1, 2 (C.41)

PM
′
k(u)=PMk(u) , k = 1, 2 (C.42)
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Again, if the pair (M1,M2) satisfies (C.17), so does (M′
1,M′

2). Hence P (y | do(x)) is

not recoverable in G ′.

Theorem 19 (Necessary Graphical Condition for sb-ID). A sb-ID task with signature I =

〈P (y | do(x), S = 1), {P (V | S = 1)},G〉 is solvable only if (Y ⊥6⊥ S)GpbdXY
. �

Proof. Suppose the stated condition is satisfied, there exists an active path p between some

Y ′ ∈ Y and S in GpbdXY.

Without loss of generality, let Y ′ be the element in Y connected to S with the shortest

active path p. Let X′ be the variables in X that lie in p. Let G ′ be the subgraph of G that

contains the same set of variables but only the edges in p. We will show that Px′(y
′) is not

recoverable from P (v | S=1) in G ′, when this is the case it’s easy to check that Px(y′)Px′(y
′)

is also not recoverable in G ′. Then by lemma 16 this will imply in turn that P (y | do(x)) is

not recoverable in G.

Let V represent all variables in the graph except for the selection mechanism S, and let

Q = P (y′ | do(x′)). We construct two SCMsM1 andM2 compatible with G ′, that induce

probability distributions PM1(v | S=1) and PM2(v | S=1), respectively, such that

PM1(v | S=1) = PM2(v | S=1) (C.43)

QM1 6= QM2 (C.44)

LetM1 be compatible with G ′ andM2 with G ′
S
, enforcing (V ⊥⊥ S)PM2 . Without loss of

generality, all variables are assumed to be binary. The construction parametrizes PM1

through its factors (as in lemma 13) and then parametrizes PM2 to enforce (C.43). As a

consequence, PM2(v) = PM2(v | S=1) = PM1(v | S=1).

In the sequel we consider every possible form in which p could manifest in G:

case 1 Y ′ ∈ PaS
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The causal effect inM2:

QM2 = PM2(y′) = PM1(y′ | S=1)

=
PM1(y′, S=1)∑
Y ′ P

M1(y′, S=1)

=
PM1(S=1|y′)PM1(y′)

PM1(S=1|y′)PM1(y′)+PM1(S=1|y′)PM1(y′)

Using lemma 13, let PM1(S=1 | y′) = α and PM1(S=1 | y′) = β with 0 < α, β < 1

and α 6= β and PM1(y′) = 1/2. We obtain:

QM2 =
α

α + β

By the same reasoning, QM1 is equal to 1/2 and it is never equal to QM2 given this

parametrization.

case 2 There is a directed path p from Y ′ to S.

Let R be the parent of S in such path and let W be the set of variables in the path

from Y ′ toR. Note that even if W∩X 6= ∅, QM2 = P (y′), then, similar to the previous

case:

QM2 = PM1(y′ | S=1) =
PM1(y′, S=1)

PM1(S=1)

The numerator can be rewritten as:

PM1(y′, S=1) =
∑
R

PM1(y′, r, S=1)

=
∑
R

PM1(y′)PM1(r | y′)PM1(S=1 | r)
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Factorizing the denominator analogously, QM2 becomes:

QM2 =
PM1(y′)

∑
R P

M1(r | y′)PM1(S=1 | r)∑
Y ′ P

M1(y′)
∑

R P
M1(r | y′)PM1(S=1 | r)

Use lemma 15 to set PM1(r | y′) = 1/2+ ε/2, PM1(r | y′) = 1/2− ε/2 where ε = (1/5)k

(using p = 3/5, q = 2/5). Also let PM1(S=1 | r) = 2/3 and PM1(S=1 | r) = 1/2 and

PM1(y′) = 1/2. This parametrization leads to QM2 = 1/2 + ε/14 and QM1 = 1/2

which are never equal.

case 3 The path p connecting Y ′ and S goes through an ancestor of both.

Let N be the common ancestor of Y ′ and S in p. Let R be the parent of S and Q the

parent of Y ′ in the mentioned path. Let W1 and W2 be the nodes in the paths from

N to Q and from N to R respectively. Consider an equivalent graph G ′′ where the

arrows in the subpath from N to Q are reversed. Any model constructed for G ′′ can

be translated to a model compatible with G ′ using 14. Again we have QM2 = PM2(y′)

Following the same derivation as in case 2 yields:

QM2 =
PM1(y′, S=1)∑
Y ′ P

M1(y′, S=1)

The numerator of the last expression can be rewritten as:

PM1(y′, S=1) =
∑
Q

PM1(y′, q, S=1)

=
∑
Q

PM1(y′ | q)PM1(q)PM1(S=1 | q)

By rewriting the denominator similarly, and following an analogous process for QM1 ,
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we have:

QM1 =
∑
Q

PM1(y′ | q)PM1(q)

QM2 =

∑
Q P

M1(y′ | q)PM1(q)PM1(S=1 | q)∑
Y ′,Q P

M1(y′ | q)PM1(q)PM1(S=1 | q)

Lemma 15 can be employed to set PM1(r | q) = 1/2 + ε/2, PM1(r | q) = 1/2 −

ε/2 where ε = (1/5)k (using p = 3/5, q = 2/5). Define PM1(S=1 | r) = 2/3 and

PM1(S=1 | r) = 1/2. Calculate PM1(S=1 | q) as
∑

R P
M1(r | q)PM1(S=1 | r). Also

let PM1(y′ | q) = 3/4, PM1(y′ | q) = 1/2, finally PM1(q) = 1/2. This parametrization

leads to:

QM1 = 5
8

QM2 = 5
8

+ ε
56

which are never equal.

case 4 p is a confounding path between Y ′ and S consisting of unobservable variables.

The models for this case can be constructed as in case 3, then moving the variables in

the in the pathQ−R (included) from the set of observables to the set of unobservables.

Theorem 18 (Σ-, δ-, φ-, φ′-, and σ-operators soundness and completeness for sb-ID). Given

a causal inference task with signature Isb-ID = 〈Q = P (y | do(x)), {P (V | S = 1)}, {G}〉, the

query Q is recoverable from P (V | S = 1) and G if and only if C-INFER finds a mapping using

the Σ, σ, φ and φ′-operators. Moreover, the task is decided in O(n2(n+m)) time, where n = |V|

and m is the number of edges in G. �

Proof. Soundness. The soundness follows from the validity of the Σ, δ, σ, φ and φ′ cftree

operators.
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Figure C.1: Graphical representation of the cases stated in theorem 19

Completeness. C-Infers fails at a sb-ID task if there exists some c-factor Q[Di | do(x)] in

the q-tree that could not be mapped from any of the available d-trees.

This means that the expansion of TP (V|S=1) towards Q[Di | do(x)] must have stopped

at some minimal c-factor Q[C] or Q[C | S], where Di ⊆ C. If it stopped at Q[C], notice

that Q[C] must be computable also from Q[V] hence the same query would fail even if the

input was P (V). By the completeness of C-INFER for obs-ID, we conclude that Q is also

not identifiable in this case.

If the expansion stopped at some c-factor Q[C | S] in TP (V|S=1), it must be the case

that the Σ, φ and φ′ operators cannot be used to obtain a smaller c-factor that contains

Di. Because the Σ-operator does not apply, it follows that C ⊂ An(Di ∪ {S}). Similarly,

for the φ and φ′ operators not to apply it must be the case that every c-component of

G[C ∪ {S}] contains an ancestor of S. We will show that the existence of Q[C | S = 1]

implies the existence of an active path p′ from S to some D′ ∈ Di in G[C ∪ {S}]. Let Ci be

the c-component of G[C ∪ {S}] such that Di ⊆ Ci:

• If Ci ∩ An(Di) ∩ An(S) 6= ∅, let C ′ be any element in that intersection. Then p′ is

the directed path from C ′ to S and from C ′ to some D′ ∈ Di (possibly of length 0 if
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C ′ ∈ Di). If the segment C ′ → . . . → S contains any variable in X ′ ∈ X, then the

outgoing edge of X ′ exists in GpbdXY unless there is some Y ′ ∈ Y that is a descendant

of X ′ through that edge.

• Else (Ci ∩ An(S)) \ An(Di) has to be non-empty, let C ′ be any element in that set

connected with some W ∈ Ci∩An(Di) with a bidirected arrow. Such C ′ and W must

exist for Ci to be a c-component in G[C∪{S}]. Then p′ is formed by the subpaths from

C ′ → · · · → S (possibly of length zero if C ′ = S), C ′ L9999K W and W → · · · → D′,

for some D′ ∈ Di.

Since Q[Di | do(x)] is a target c-factor in TQ, all its elements, including D′, has a directed

path from to some Y ′ ∈ Y (possibly of length zero if D′ ∈ Y), which is not intersected by

any X. As a consequence, we can construct an active path p in GpbdXY formed by p′ and the

directed path from D′ to Y ′. This implies (Y ⊥6⊥ S)GpbdXY
and by theorem 19 Q = P (y | do(x))

is not recoverable from P = {P (V | S=1)}.

Efficiency. In terms of single operations, C-INFER and its subroutines require compu-

tations such as getting the set of ancestors or c-components in a subgraph of G. These

operations can be done in O(n+m) time.

For the sb-ID task, each step in GENQUERYTREE is executed at most once, hence it runs

in time O(n+m).

The number of target factors is at most n, which is also the number of searches over

any particular d-tree, one for each of the c-factors of the query. As there is only d-tree,

the σ-operator is applied at most once per target factor. Moreover, every time Σ, δ, φ

and φ′-operators are used, the number of variables in the factor decreases at least in one

element. It follows that a search takes at most n steps. Then, the time GENINPUTTREE

takes is O(n2(n+m)).

Checking if a particular target c-factor is a leaf in a particular d-tree can be implemented

in constant time. Then, MAPFACTORS takes at most O(np) time.
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Finally, COMPOSEQUERY has to process at most n paths (one for each target c-factor) of

at most 2n length each. Then, it finishes in time O(n2).

As the procedures are applied one after another, the overall running time is O(n2(n+

m)), which is the maximum.

Finally, we refer to the soundness result for sbt-ID.

Theorem 20 (Σ-, δ-, φ-, φ′-, ψ-, ψ′-, and σ-operators soundness sbt-ID). Given a causal

inference task with signature Isbt-ID = 〈P (y | do(x)), {P (V | S = 1), P (T)}, {G}〉, the query is

recoverable from P (V | S = 1), P (T) and G if C-INFER finds a mapping using the Σ, σ, φ, φ′

and ψ-operators. Moreover, the process takes O(n2(n + m)) time, where n = |V| and m is the

number of edges in G. �

Proof. Soundness. The soundness follows from the validity of the Σ, δ, σ, φ, φ′, ψ and ψ′

cftree operators.

Efficiency. The analysis is the same as for the proof of theorem 18, except for the fact

that there are two d-trees in the input, hence GenInputTree takes time O(2n2(n + m)) =

O(n2(n+m)) and the overall running time is the same.

C.4 Conditional Queries

First, we introduce some auxiliary lemmata.

Lemma 17. Let A,B and C be binary random variables causally related as given by the chain

A → B → C. And suppose P (B = 1 | A = 1) = α and P (B = 1 | A = 0) = 1 − α, for some

α ∈ [0, 1]. Then, for any β such that |1/2− β| ≤ |1/2− α| there is always a function fC such that

P (C = 1 | A = 1) = β, P (C = 1 | A = 0) = 1−β and P (A,B,C) is a positive distribution. �
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Proof. Let P (C = 1 | B = 1) = x and P (C = 1 | B = 0) = 1− x, then

β = P (C = 1 | A = 1) =
∑
b

P (C = 1 | b)P (b | A = 1) = 1− α + x(2α− 1) (C.45)

x =
α + β − 1

2α− 1
. (C.46)

Since x must belong to the interval (0, 1), we can bound β ∈ (1 − α, α) if α ≤ 1/2 and

β ∈ (α, 1 − α) if α > 1/2. Both conditions are satisfied when |1/2 − β| ≤ |1/2 − α| as

assumed, so any solution x is a valid probability.

Then, we can define the function for C as

fC = B ⊕ Uc, (C.47)

where, Uc is a binary unobservable, P (Uc = 0) = x and ⊕ is the logical xor operator.

Lemma 18. Let A and B be two variables in a causal graph where A ← An ← An−1 ← · · · ←

A1 ← C → B1 → · · · → Bm−1 → Bm → B. The variables A1, . . . , An, B1, . . . , Bm are

observable, C could be observable or unobservable and m,n are non-negative integers. Then we can

define functions for all variables involved such that they are binary and

P (a, b) =


1
2
γ if a = b

1
2
(1− γ) otherwise

, (C.48)

for any γ ∈ (0, 1). �

Proof. First, if C is unobservable set P (C = 1) = 1/2, else define an unobservable Uc with

P (Uc = 1) = 1/2 and let fC = Uc. Let α, β ∈ (0, 1) be parameters to decide later.

If n = 0 define fA such that P (A = 1 | C = 1) = α, P (A = 1 | C = 0) = 1− α. Similarly,

if m = 0 define fB such that P (B = 1 | C = 1) = α, P (B = 1 | C = 0) = 1− α.

Suppose n > 0, then we will define the functions for A1, A2, . . . , An, A such that P (Ai =
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1 | C = 1) gets closer to α as i increases. If α < 1/2, set fA1 such that P (A1 = 1 | C = 1) =

α/(n+ 1), P (A1 = 1 | C = 0) = 1−α/(n+ 1). Then use lemma 17 to define fAi , i = 1, . . . , n

and fA such that P (Ai = 1 | C = 1) = iα/(n+ 1), P (Ai = 1 | C = 0) = 1− iα/(n+ 1) and

finally P (A = 1 | C = 1) = (n+ 1)α/(n+ 1) = α, P (A = 1 | C = 1) = 1− α.

If α > 1/2 use the same strategy but starting from P (A1 = 1 | C = 1) = 1−(1−α)/(n+1)

and decreasing as P (Ai = 1 | C = 1) = 1− i(1− α)/(n+ 1), to obtain P (A = 1 | C = 1) =

1− (n+ 1)(1− α)/(n+ 1) = α.

The same procedure is applied for B1, . . . , Bm, B to obtain P (B = 1 | C = 1) = β,

P (B = 1 | C = 0) = 1− β.

Finally,

P (A = 1, B = 1) =
∑
c

P (A = 1 | c)P (B = 1 | c)P (c) (C.49)

= 1
2
[αβ + (1− α)(1− β)] (C.50)

P (A = 0, B = 0) = 1
2
[(1− α)(1− β) + αβ] (C.51)

P (A = 0, B = 1) = 1
2
[(1− α)β + α(1− β)] (C.52)

P (A = 1, B = 0) = 1
2
[α(1− β) + (1− α)β]. (C.53)

If γ < 1/2 make β = 1− α and α = 1±
√

1−2γ
2

. If γ ≥ 1/2, let β = α and α = 1±
√

2γ−1
2

. It is

just a matter of algebra to verify that P (A,B) results in the intended distribution.

Theorem 21 (C-INFER soundness and completeness w.r.t. solving conditional obs-ID, g-ID,

g-TR, and σ-TR.). Consider a causal inference task with one of the following signatures:

Iobs-IDC = 〈P (y | do(x), z), {P (V)} , {G}〉 , (7.1)

Ig-IDC = 〈P (y | do(x), z),P, {G}}〉, (7.2)

Ig-TRC =
〈
P ∗(y | do(x), z),P,G∆

〉
, or (7.3)

Iσ-TRC =
〈
P ∗(y | z;σX),P,G∆

〉
, (7.4)
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where P matches the unconditional version of the tasks. Then, the query Q is identifiable /

transportable from P and G∆ if and only if C-INFER finds a mapping using the Γ, Σ, σ, δ, and π

operators. Moreover, the task is decided in O(n2(n+m)p) time, where n = |V|, m is the number

of edges in G and p = |P|. �

Proof. As σ-TR subsumes obs-ID, g-ID, and g-TR, it suffices to prove the result for the

former task.

Suppose the query has the form P (y | w;σX) and let Wy ⊆ W be the variables in

the same marginalized c-component as any Y summing An(Y ∪W)GσX
\W. Then, let

Wy = W \Wy.

First we argue that (Y ⊥⊥Wy | Wy) in GσXWy
and GσXWyWy

. The separation in the

latter graph is obvious since we are cutting both the incoming and outgoing edges to Wy.

For the first graph suppose the separation does not hold, then let q be the path between

Y ∈ Y and W ∈Wy that is active in GσXWy
given Wy. Path q must not have any edge

going out of Wy else it would be blocked by conditioning on that set. Then, q exists in

GσXW, but this would make W , by definition, part of Wy, a contradiction. Since the stated

separation holds we can use rule 2 of σ-calculus to infer

P (y | w;σX) = P (y | w;σX, σWy
=do(wy)). (C.54)

By definition of conditional probability:

P (y | w;σX) = P (y | wy,wy;σX, σWy
=do(wy)) (C.55)

=
P (y,wy | wy;σX, σWy

=do(wy))

P (wy | wy;σX, σWy
=do(wy))

(C.56)

=
P (y | wy;σX, σWy

=do(wy))P (wy | y,wy;σX, σWy
=do(wy))

P (wy | wy;σX, σWy
=do(wy))

(C.57)

= P (y | wy;σX, σWy
=do(wy)). (C.58)

The second factor in the numerator and the denominator in eq. (C.57) are equal to 1 because
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of the intervention σWy
=do(wy).

From [10] we have that for any disjoint sets S,T ⊆ V, P (s | do(t)) =
∑

d\sQ[D], where

D = An(S) in G[V \T]. It is easy to verify that the ancestors of Y ∪Wy in GσXW, A, are

the same as in GσX
[V \Wy], then keeping σX fixed we could write

P (y,wy;σX, σWy
=do(wy)) =

∑
a\(y∪wy)

Q[A;σX], (C.59)

and then

P (y | w;σX) =

∑
a\(y∪w) Q[A;σX]∑

a\w Q[A;σX]
. (C.60)

Let G∆′ be the same as G∆ after removing all edges out of Wy and any edge out of

Y that is not part of a directed from Y to Wy. G∆′ and G∆ have the same c-component

structure and all variables in A are still ancestors of Y ∪W; therefore and by the same

reasoning, Q[A;σX] is not transportable from 〈G∆′,Z〉 either. Without loss of generality

let M(i) = {Mi,k}πk∈Π, i = 1, 2, be sets of models witnessing the non-transportability

of Q[A;σX] from 〈G∆′,Z〉. Since every variable in A \ (Y ∪Wy) has a children in A,

we can apply lemma 12 in a topological order over A \ (Y ∪Wy) and conclude that

Q[A;σX] transportable if and only if P (y,wy;σX, σWy
=do(wy)) =

∑
a\(y∪wy) Q[A;σX] is

transportable.

For simplicity, let

ρ(y,w) = P (y,wy;σX, σWy
=do(wy)) =

∑
a\(y∪wy)

Q[A;σX], (C.61)

then

P (y | w;σX) =
ρ(y,w)∑
y ρ(y,w)

. (C.62)
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If ρ(w) =
∑

y ρ(y,w) is transportable then P (y | w;σX) must be non-transportable,

else

ρ(y,w) = P (y | w;σX)ρ(w), (C.63)

contradicting the assumption that the ρ(y,w) is not transportable. Therefore, we can

further assume ρ(w) is not transportable, for the rest of the argument.

Let (y′,w′) be an assignment such that ρ(y′,w′) differs amongM(1) andM(2), then let

W Y ρ(1)(W,Y) ρ(2)(W,Y)

w′ y′ a b

w′ 6= y′ c d

6= w′ y′ e f

6= w′ 6= y′ g h

Due to the non-transportability of ρ(y,w) we have a 6= b and without loss of generality we

can assume a > b. Similarly, due to the non-transportability of ρ(w) we have a+ c 6= b+ d.

ForM(1) andM(2):

ρ(1)(y′ | w′) =
a

a+ c
(C.64)

ρ(2)(y′ | w′) =
b

b+ d
. (C.65)

These probabilities are equal if and only if ad = bc. Hence, if they are not equal we are

done because ρ(1)(y′ | w′) 6= ρ(2)(y′ | w′). If they are equal, let W ∈Wy be such that there

exists a path p between it and Y ∈ Y in G∆′ that does not contain any W \ {W}. Such p

exists because by assumption every element in Wy is connected to some element of Y in

GσX
[D]W (which is a subgraph of G∆′), so W could be just the closest to some Y .

Add a bit to every variable in p and denote them with subscript p. Define independent

functions for the bits which we will parametrize later.
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We define two new modelsM(1)′ andM(2)′, based onM(1) andM(2). For every variable

in p except for W and Y , append the corresponding extra bit defined in p with the original

variables inM(1) andM(2). Rename W and Y as W̃ , Ỹ and make them unobservable, then

define W in the new models with the functions:

f ′w =


w′ if Wp = 1

W̃ otherwise,
(C.66)

where Wp is unobservable too and w′ is the assignment to W consistent with w′ for which

the query disagrees inM(1) andM(2).

Analogously, define

f ′y =


y′ if Yp = 1

Ỹ otherwise.
(C.67)

The path p must have a common ancestor to W and Y . Such ancestor could be observ-

able or unobservable. That is, either there exists Z ∈ p∩An(W )∩An(Y ) (possibly Y itself)

or there exists Z1, Z2 ∈ p with Z1 ∈ An(W ), Z2 ∈ An(Y ) and there is an edge Z1 L9999K Z2

in p. For the parametrization of the extra bits in p define a new unobservable U and let

Zp = U if the common ancestor is observable or let U be the unobservable parent of Z1p

and Z2p in the second. Notice that Z1 and Z2 may be equal to W and Y themselves.

Using lemma 18 we will parametrize p such that
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W0 Y0 P (W0, Y0)

1 1 1
2
γ

1 0 1
2
(1− γ)

0 1 1
2
(1− γ)

0 0 1
2
γ

for some γ ∈ (0, 1) that we will pick later.

Claim 1 (Disagreement on the query). M(1)′ andM(2)′ disagree on the query for any γ such

that c− d 6= [(a+ c+ 1)h− (b+ d+ 1)g](1− γ).

Proof. ForM(1)′ andM(2)′ we have

ρ′(w′,y′) =
∑

wp,yp,w̃,ỹ

ρ′(w′,y′, w̃, ỹ | wp, yp)P (wp, yp). (C.68)

Going over each possible combination of Wp and Yp first we get

ρ′(w′,y′) = ρ(W = w′,Y = y′)P (Wp = 0, Yp = 0) (C.69)

+ ρ(Y = y′)P (Wp = 1, Yp = 0) (C.70)

+ ρ(W = w′)P (Wp = 0, Yp = 1) (C.71)

+ P (Wp = 1, Yp = 1). (C.72)

Similarly,

ρ′(w′) = ρ(W = w′)P (Wp = 0) + P (Wp = 1). (C.73)
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ForM(1)′

ρ(1)′(y′ | w′) =
1
2
aγ + 1

2
(a+ e)(1− γ) + 1

2
(a+ c)(1− γ) + 1

2
γ

1
2
(a+ c) + 1

2

(C.74)

=
aγ + (2a+ c+ e)(1− γ) + γ

a+ c+ 1
(C.75)

=
a− (a+ c+ e)(γ − 1) + γ

a+ c+ 1
(C.76)

=
a+ (a+ c+ e)(1− γ)− (1− γ) + 1

a+ c+ 1
(C.77)

=
a− (1− (a+ c+ e))(1− γ) + 1

a+ c+ 1
(C.78)

=
a− g(1− γ) + 1

a+ c+ 1
(C.79)

Analogously forM(2)′:

ρ(2)′(y′ | w′) =
b− h(1− γ) + 1

b+ d+ 1
(C.80)

Those two are equal if and only if

ab− bg(1− γ) + b+ ad− dg(1− γ) + d+ a− g(1− γ) + 1

= ab− ah(1− γ) + a+ bc− ch(1− γ) + c+ b− h(1− γ) + 1 (C.81)

⇐⇒

−bg(1− γ) + ad− dg(1− γ) + d+−g(1− γ)

= −ah(1− γ) + bc− ch(1− γ) + c+−h(1− γ) (C.82)

Recall that we have ad = bc, which also implies that c 6= d, else a = b which is a contradic-

tion. Then, the condition for equality can be further simplified as

c− d = [(a+ c+ 1)h− (b+ d+ 1)g](1− γ). (C.83)

The left hand side is non-zero, all a, b, c, d, g and h are fixed, and γ is a free parameter.
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Therefore, as long as we pick a γ such that the equality doesn’t hold, we get that ρ(y′ |

w′) = P (y′ | w′;σX) does not match inM(1)′ andM(2)′.

Claim 2 (Agreement on any agreed distribution). Let Z ⊂ V be any subset of observable

variables and let σZ ∈ Zk ∈ Z. IfM(1) andM(2) agree on P k(V;σZ), thenM(1)′ andM(2)′ also

agree on P k(V;σZ).

Proof. For simplicity we omit the superscript k for the domain, which is fixed with σZ. The

superscript (1) and (2) indicate to which of the sets of models under consideration the

expression refers to.

Let C1,C2, . . . be the C-components of GσZ
. By assumption we have Q(1)[V;σZ] =

Q(2)[V;σZ], and since any Q[Cj;σZ] is identifiable from Q[V;σZ], we have Q(1)[Cj;σZ] =

Q(2)[Cj;σZ] for any Cj .

M(k)′ is identical toM(k), k = 1, 2, except for the functions of the observables in the

path p. For any variable T not in p, but with a parent on it, the function fT remains the

same and it simply ignores the extra bit that its parent has inM(k)′.

Let Cj be a C-component containing some set of variables R in p different to W and Y

(the endpoints of p). First, by definition

Q(k)′ [Cj;σZ](v) =
∑

u(Cj)

∏
Vi∈Cj

P (k)′(vi | pai,ui;σX)P (k)′(u(Cj)). (C.84)

For any S /∈ p, R ∈ R, W and Y that could be in Cj inMk ′, their corresponding factors in
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the previous expression can be re-written in terms of probabilities ofMk, as follows:

P (k)′(s | pas, us;σX) = P (k)(s | pas, us;σX), (C.85)

P (k)′(r | par, ur;σX) = P (k)(r | par, ur;σX)P (rp | (par)p), (C.86)

P (k)′(y | pay, uy;σX) = P (k)(y | pay, uy;σX)P (Yp = 0 | (pay)p)

+ 1[y = y′]P (Yp = 1 | (pay)p)), (C.87)

P (k)′(w | paw, uw;σX) = P (k)(w | paw, uw;σX)P (Wp = 0 | (paw)p)

+ 1[w = w′]P (Wp = 1 | (paw)p)). (C.88)

It follows that

Q(k)′ [Cj;σZ](v) =

(∏
R∈R

P (rp | (par)p)

)[
Q(k)[Cj;σZ](v)P (Yp = 0 | (pay)p)P (Wp = 0 | (paw)p)

+Q(k)[Cj \ {Y };σZ](v)P (Yp = 1 | (pay)p)P (Wp = 0 | (paw)p)1[y = y′] (C.89)

+Q(k)[Cj \ {W};σZ](v)P (Yp = 0 | (pay)p)P (Wp = 1 | (paw)p)1[w = w′]

+Q(k)[Cj \ {W,Y };σZ](v)P (Yp = 1 | (pay)p)P (Wp = 1 | (paw)p)1[w = w′, y = y′]]
.

Since W and Y have no descendants in G,

Q(k)[Cj \ {W,Y };σZ](v) =
∑
w,y

Q(k)[Cj;σZ](v) (C.90)

Q(k)[Cj \ {W};σZ](v) =
∑
w

Q(k)[Cj;σZ](v) (C.91)

Q(k)[Cj \ {Y };σZ](v) =
∑
y

Q(k)[Cj;σZ](v), (C.92)

all match betweenM(1) andM(2). Consequently, every C-factor in the right-hand side
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of (C.89) is the same in those models, and since every other term is also the same in both

M(1)′ andM(2)′, we conclude that Q(1)′ [Cj;σZ](v) = Q(2)′ [Cj;σZ](v), which in turn implies

our claim since

P (k)′(v;σZ) =
∏
j

Q(k)′ [Cj;σZ](v). (C.93)

In summary,M(1)′ andM(2)′ induce G∆ and matching Z, yet they differ on the value

for P (y′ | w′;σX), proving the non-transportability of the query.

C.5 General Causal Data Fusion Tasks

Theorem 22 (C-INFER soundness). Given a causal inference task with signature I = 〈Q,P,G∗〉,

where the query is a conditional associational or interventional query, each input P ∈ P is an

observational/interventional and partially observed/selection biased distribution, and G∗ is one or

more causal diagrams or selection diagrams; thenQ can be evaluated as a function of P if C-INFER

finds a mapping using the cftree-operators and G∗. Moreover, the process takes O(n2(n + m)p)

time, where n = |V|, m is the number of edges in G and p = |P| if there is at most one partially

observed distribution in P. �

Proof. Soundness. This part follows from the soundness of the individual cftree operators.

Efficiency. As long as there is at most one distribution measuring a subset of V, the

q − tree TQ generated by GENQUERYTREE will have O(n) target nodes, hence the overall

running time is the same as for other tasks, that is, O(n2(n + m)p) (see the proof for

theorem 6 for instance).
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Appendix D: Soft Interventions and Sigma Calculus

D.1 Relationship between Soft and Atomic Interventions

Proof. We can start by summing over the D \Y:

P (y;σX = σX) =
∑
d\y

P (d;σX = σX). (D.1)

Let V1 < V2 < . . . be a topological order of the variables in D in the graph GσX
and let V<i

be the set of variables in D that comes before Vi in the order. Then we can write

P (y;σX = σX) =
∑
d\y

∏
Vi∈D

P (vi | v<i;σX = σX). (D.2)

For every Vi /∈ X let X<i = X ∩ V<i and X>i = X \ V<i. First we will use rule 3 of

σ-calculus to exchange σX with an atomic intervention for the variables in X that go after

Vi. This is allowed by (Vi ⊥⊥X>i | V<i) in both GσXX>i and GσX<i (σX>i=x>i)X>i .

P (vi | v<i;σX = σX) = P (vi | v<i;σX<i=σX<i , σX>i=x>i), (D.3)

In other words, Vi is not affected by interventions on variables that come before as long as

we do not condition on their descendants.

Next, we will do the same for variables in X>i. The difference is that those are observed

because they belong to V<i. The separation statement (Vi ⊥⊥ X<i | V<i \ X) holds in

G(σX>i=x>i)σX<iX
<i and G(σX>i=x>i)(σX<i=x<i)X<i . To see why consider any X ∈ X<i that may

be connected to Vi by an active path in those graphs. The path must have arrows into X

and the arrow is not bidirected because under intervention σX no such edge appears in
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the graph. Then, the arrow must be direct and the observable variable at the tail is in V<i,

so the path is blocked. By those separations and rule 2 it follows:

P (vi | v<i;σX = σX) = P (vi | v<i;σX<i=x<i, σX>i=x>i) (D.4)

= P (vi | v<i;σX=x). (D.5)

At this point all interventions are atomic. Using the definition of conditional probability:

P (vi | v<i;σX=x) =
P (vi | v<i \ x<i;σX=x)P (x<i | vi,v<i \ x<i;σX=x)

P (x<i | v<i \ x<i;σX=x).
(D.6)

The second factor in the numerator and the denominator are equal to 1 because under

σX=x the intervened variables always take the specified values, in summary

P (vi | v<i;σX = σX) = P (vi | v<i \ x<i;σX=x). (D.7)

Then we can write the original effect as

P (y;σX = σX) =
∑
d\y

∏
Vi∈D\X

P (vi | v<i \ x<i;σX=x)
∏

Vi∈D∩X

P (vi | v<i;σX = σX). (D.8)

The first product can be simply written as P (d \ x;σX = x) by virtue of the product/chain

rule of probabilities. In the second product, for every Vi ∈ X we have (Vi⊥⊥V<i\Pai | Pai).

Finally we get

P (y;σX = σX) =
∑
d\y

P (d \ x;σX=x)
∏

X∈D∩X

P (x | pax;σX = σX), (D.9)

which corresponds to eq. (4.22).
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Since every variable in X has its own c-component in GσX
, by δ-operator we have

Q[D;σX] = Q[D \X;σX]Q[X ∩D;σX]. (D.10)

Then by σ-operator,

Q[D \X;σX] = Q[D \X] = Q[D \X;σX = x]. (D.11)

If Q[D \X;σX = x] is not identifiable, Q[D;σX] is also not identifiable, because whenever

the latter is identifiable the former can be computed via eq. (D.10). Moreover,Q[D\X;σX =

x] is the same as P (d \ x;σX = x).

Finally, the necessity of Q[D;σX] for P (y;σX) follows from applying lemma 12 in a

topological order over the elements of D \Y.

D.2 Soundness of σ-calculus

Theorem 5. [Inference Rules — σ-calculus] Let G be a causal diagram compatible with an SCM

M, with endogenous variables V. For any disjoint subsets X,Y,Z ⊆ V, two disjoint subsets

T,W ⊆ V \ (Z∪Y) (i.e., possibly including X), the following rules are valid for any intervention

strategies σX, σZ, and σ′Z such that Gσxσz and Gσxσ′z have no cycles:

Rule 1 (Insertion/Deletion of observations):

P (y | w, t;σX) = P (y | w;σX) if (T⊥⊥Y |W) in GσX
. (4.23)

Rule 2 (Change of regimes under observation):

P (y | z,w;σx, σz) = P (y | z,w;σx, σ
′
z) if (Z⊥⊥Y |W) in GσXσZZ and GσXσ

′
ZZ. (4.24)
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Rule 3 (Change of regimes without observation):

P (y | w;σx, σz) = P (y | w;σx, σ
′
z) if (Z⊥⊥Y |W) in GσXσZZ(W) and GσXσ

′
ZZ(W), (4.25)

where Z(W) ⊆ Z is the set of elements in Z that are not ancestors of W in GσX
. �

Proof. Rule 1 Both sides of the expression refer to the same model MσX and the corre-

sponding causal diagram GσX . So the condition licenses the equality by application of the

d-separation criterion in the context of this pair.

To prove the next two rules, we will consider a new SCM M∗ with observable variables

V∗ = V ∪ σZ, σZ = {σZ}Z∈Z, that is a new node for each variable affected by interventions

on variables in Z. M∗ has a set of unobservables U∗ ⊇ U, and the distribution P (u) is the

same. Further, M∗ has a set of functions F∗ such that f ∗vi = fvi for Vi ∈ V \ (X ∪ Z), for

X ∈ X let f ∗x = fσX (the function for X in the model MσX
). Finally, for f ∗z , Z ∈ Z let

f ∗z =


fσ′Z if σZ = 0

fσZ if σZ = 1

, (D.12)

where fσZ is the function of Z in the model MσZ
and fσ′Z the same function in Mσ′Z

.

The model M∗ induces a graph G∗ where pai for any Vi ∈ V \Z is the same in as in GσX
,

while pai, Vi ∈ Z is the union of the parents of Z in Gσ′Z and GσZ
.

Let P ∗ denote the probability distribution induced by M∗. We have that P ∗(v|σZ = 1)

is exactly the same as P (v;σX, σZ) while P ∗(v|σZ = 0) behaves as P (v;σX, σ
′
Z). It follows

that for any pair of disjoint sets A,B ⊂ V:

P ∗(a | b, σZ = 1) = P (a | b;σX, σZ), and (D.13)

P ∗(a | b, σZ = 0) = P (a | b;σX, σ
′
Z). (D.14)
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Rule 2 If (σZ ⊥⊥Y |W,Z) in G∗ it follows

P (y | z,w;σX, σZ) = P ∗(y | z,w, σZ = 1) (D.15)

= P ∗(y | z,w, σZ = 0) (D.16)

= P (y | z,w;σX, σ
′
Z). (D.17)

If this independence does not hold, there exists a path from σZ to some Y ∈ Y in G∗ that is

d-connected given W ∪ Z. Let p (without loss of generality) be such a path with no node

in Z other than Z in it. The path p must start with σZ → Z ← A, for some variable A, else

it is blocked by conditioning on Z. The edge (Z ← A) is either present in GσXσZ
Z or in

GσXσ
′
ZZ, which implies the portion of p from Z to Y is present in one of those graphs and

d-connected given W, which leads to a contradiction to the conditions in the rule.

Rule 3 If (σZ ⊥⊥Y |W) in G∗ it follows

P (y | w;σX, σZ) = P ∗(y | w, σZ = 1) (D.18)

= P ∗(y | w, σZ = 0) (D.19)

= P (y | w;σX, σ
′
Z). (D.20)

If this independence does not hold, there exists a path from σZ to some Y ∈ Y in G∗ that is

d-connected given W. Let p (without loss of generality) be such a path with no node in Z

other than Z in it. If p starts with σZ → Z ← A, Z must have a descendant in W which

implies Z /∈ Z(W). Hence the edge (Z ← A) is in GσXσZZ(W) or GσXσ
′
ZZ(W). If p starts with

σZ → Z → A, (Z → A) is also in one of those graphs.

Then, the portion of p from Z to Y exists either in GσXσZZ(W) or GσXσ
′
ZZ(W) and is d-

connected given W, a contradiction to at least one of the independences in the rule.
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D.3 Completeness of σ-calculus for σ-TR

To prove the completeness of σ-calculus we will show the relationship between causal

effects and c-factors and then how every cftree operator used for σ-TR follows from

σ-calculus.

First we will show that Lemma 11 follows from σ-calculus. For simplicity, for any

C,X ⊆ V and intervention σ∗X we will write

P (c;σX∩C=σ∗X∩C, σV\C=(v \ c)) (D.21)

simply as

P (c;σ∗X(C)), (D.22)

and Q[C;σX=σ∗X] as Q[C;σ∗X].

Lemma 19 (C-factor — Causal Effect).

Q[C;σ∗X] = P (c;σ∗X(C)) (D.23)

�

Proof. From the modelMσX(C)
we have

P (v;σX(C)) =
∑

u

∏
i

P (vi | pai,ui;σX(C))P (u). (D.24)

Summing both sides over V \C

P (c;σX(C)) =
∑

u

∑
an(c)\c

∏
{i|Vi∈An(C)}

P (vi | pai,ui;σX(C))P (u). (D.25)

With σ∗X(C) any variable in Vi ∈ An(C) \C has been fixed to a constant, so each such factor
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P (vi | pai,ui;σX(C)) is 1 when the index of the sum over An(∗C) \C is consistent with v

and 0 otherwise, then

P (c;σX(C)) =
∑

u

∏
{i|Vi∈C}

P (vi | pai,ui;σX(C))P (u). (D.26)

Moreover, any U that does not appear in U(C) can be summed out, leaving

P (c;σX(C)) =
∑
u(c)

∏
{i|Vi∈C}

P (vi | pai,ui;σX(C))P (u(c)). (D.27)

For any Vi ∈ C the factor P (vi | pai,ui;σX(C)) = 1 if and only if fi inMσ∗
X(C)

evaluates to

vi. The only such fi affected by σ∗X(C) = σX=σ∗X, σV\C=(v \ c) are those for Vi ∈ X∩C, and

only because of the σX=σ∗X portion, then

P (c;σX(C)) =
∑
u(c)

∏
{i|Vi∈C}

P (vi | pai,ui;σ∗X)P (u(c)), (D.28)

which is exactly Q[C;σ∗X(C)] by definition.

Lemma 20 (C-component decomposition — δ-operator). Let C1, . . . ,Cl be the C-components

of GσX[C], let C1 < C2 < Cn be any topological order of the variables in C. Then by σ-calculus and

probability axioms we have

P (c;σ∗X(C)) =
∏
j

P (cj;σ
∗
X(Cj)

), (D.29)

where each

P (cj;σ
∗
X(Cj)

) =
∏

{Ci∈Cj}

P (ci | c1, . . . , ci−1;σ∗X(C)). (D.30)

�
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Proof.

P (c;σ∗X(C)) =
∏
i

P (ci | c1, . . . , ci−1;σ∗X(C)) (D.31)

Let Bi = {C1, . . . , Ci−1} \Cj (those variables before Ci not in the same C-component as

Ci). Similarly, let Di = {Ci+1, . . . , Cl} \Cj .

We have (Ci ⊥⊥ Di | C1, . . . , Ci−1) in both GσX(C)Di
and GσX({C1,...,Ci}∪Cj)

Di
because any

relevant path would start going out of a variable in C ′ ∈ Di and is either blocked by a non-

observed collider or would entail that Ci goes after C ′ in the order, which is a contradiction.

Then by rule 3 we can exchange σX(C) with σX({C1,...,Ci}∪Cj).

Next, (Ci ⊥⊥Bi | {C1, . . . , Ci−1} \Bi) in both GσX({C1,...,Ci}∪Cj)
Bi

and GσX(Cj)
Bi

. Any path

violating these separations must have an into Ci and an arrow into some C ′ ∈ Bi. Since Ci

and C ′ are not in the same C-component, the path must have at least one directed arrow in

it; but the variable at the tail of such arrow is either observed (is in the same C-component

as Ci) or has the outgoing arrows removed (it is in Bi), in any case the path is blocked or

non-existent. Then, by rule 2 the intervention can be changed to σX(Cj) and we have

P (ci | c1, . . . , ci−1;σ∗X(C)) = P (ci | c1, . . . , ci−1;σ∗X(Cj)
). (D.32)

Under intervention σ∗X(Cj)
any variable in Bi has been fixed to a constant then

P (ci|c1, . . . , ci−1;σ∗X(Cj)
) =

P (ci|{c1, . . . , ci−1} \ bi;σ∗X(Cj)
)P (bi|{c1, . . . , ci} \ bi;σ∗X(Cj)

)

P (bi|{c1, . . . , ci−1} \ bi;σ∗X(Cj)
)

(D.33)

= P (ci|{c1, . . . , ci−1} \ bi;σ∗X(Cj)
), (D.34)

because the second factor of the denominator and the denominator are equal to 1. Reorga-
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nizing the factors by C-components we get

P (c;σ∗X(C)) =
∏
j

∏
{i|Ci∈Cj}

P (ci | {c1, . . . , ci−1} \ bi;σ∗X(Cj)
) (D.35)

=
∏
j

P (cj;σ
∗
X(Cj)

), (D.36)

which matches Eq. (D.30). Eq. (D.35) together with Eq. (D.34) imply Eq. (D.30).

Lemma 21 (Marginalization — Σ-operator). Each step of IDENTIFY follows from σ-calculus.

�

Proof. Suppose A = An(C)G[T]
= C, that is, every ancestor of C in G[T] is already in C. First

we argue that (C⊥⊥T \C) in Gσ
X(C)T\C

and Gσ
X(T)T\C

. In those graphs all arrows incoming

to variables not in C, including T \C, are cut. Then, any path between some T ∈ T \C

and some C ∈ C must start with an arrow going out from T . If the other end of the edge is

not in C then the path does not exists in the graphs mentioned before. If the edge goes to

some variable in C we have that T is an ancestor of C in G[T] which is assumed not to be

the case. Then by rule 3 of σ-calculus:

P (c;σX(C)) = P (c;σX(T)), (D.37)

and summing over T \C:

P (c;σX(C)) =
∑
t\c

P (t;σX(T)), (D.38)

as desired.

Corollary 1 (σ-calculus Completeness for σ-TR). The σ-calculus together with standard proba-

bility axioms is complete for the task of σ-TR. �

Proof. For the σ-operator, supposeQk[Ai;σZ] = P k(ai;σZ(A)) where Ai contains no element
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in Z ∪X is given, then

P k(ai;σZ(A)) = P k(ai;σZ∩Ai
, σV\Ai

=(v \ ai)) (D.39)

= P k(ai;σV\Ai
=(v \ ai)) (D.40)

= P k(ai;σX∩Ai
, σV\Ai

=(v \ ai)) (D.41)

= P k(ai;σX(A)). (D.42)

For the π-operator, suppose no variable in Ai is in ∆k, then in G∆
V\Ai

any path between

an T a variable in Ai is cut. Then

P k(ai;σX(A)) = P ∗(ai;σX(A)). (D.43)

Having shown that all of the Σ, δ, σ and π operations follow from σ-calculus and

standard probability axioms, it follows that any execution of C-INFER can be written as a

σ-calculus derivation. Consequently, the completeness of C-INFER for σ-TR (theorem 6)

implies the completeness of σ-calculus for the same task.
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Appendix E: Details on Examples of Soft-Transportability

E.1 Details on Example 19

First, recall the parametrization for the counterexample. Let

Mi = 〈V,U,F i = {fx1 , f iz, fx2 , fy}, P (U)〉, (E.1)

where V = {X1, Z,X2, Y }, U = {Ux1z, Uz, Ux2 , Uy} all U are binary, Ux1z, Uz and Ux2 are fair

coins, and P (Uy = 1) = 3/4, and

fx1 : X1 ← Ux1z,

f 0
z : Z ←


X1 ⊕ Uz if X1 = Ux1z

0 otherwise
,

f 1
z : Z ←


X1 ⊕ Uz if X1 = Ux1z

1 otherwise
,

fx2 : X2 ← X1 ⊕ Z ⊕ Ux2 ,

fy : Y ← X1 ⊕X2 ⊕ Uy,

and ⊕ is the binary xor operator.

The chosen conditional function for intervening X2 is g(X1, Z) = X1 ⊕ Z. The models

M0
σX1

σX2
andM1

σX1
σX2

. are identical toM0 andM1 except for the replacement fx1 and fx2
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as

f̂x1 : X1 ← x1,

f̂x2 : X2 ← X1 ⊕ Z.

Without any intervention, X1 is always equal to Ux1z so f 0
z and f 1

z coincide under

observation and the models induce the same P (V).

For simplicity denote P (.;σX1 , σX2) = Pσ(.) so that the target effect is P i
σ(y). Also, to

avoid confusion with summation indices, let x′1 be the constant fixed by σX1 = do(X1 = x′1).

Since all models share the same set of U with the same distribution P (U), eq. (2.16)

P i
σ(y) =

∑
x1,z,x2

P i
σ(v) (E.2)

=
∑

x1,z,x2,u

P i
σ(x1)P i

σ(z | x1, ux1z, uz)P
i
σ(x2 | x1, z)P

i
σ(y | x1, x2, uy)P (u). (E.3)

In bothMi
σX1

σX2
, i = 0, 1, X1 = x′1 and X2 = X1 ⊕ Z, hence any event not consistent

with these assignments has probability zero, and the corresponding terms can be removed

from the summation

P i
σ(y) =

∑
z,u

P i
σ(z | x′1, ux1z, uz)P i

σ(y | x′1, X2 = x′1 ⊕ z, uy)P (u). (E.4)

The probability P i
σ(y | x′1, X2 = x′1⊕z, uy) is 1 if y = x′1⊕x2⊕uy, equivalently y = z⊕uy.

Remove from the sum terms where Uy 6= Z ⊕ Y :

P i
σ(y) =

∑
z,ux1z ,uz

P i
σ(z | x′1, ux1z, uz)P (ux1z, uz)P (Uy = y ⊕ z). (E.5)

The probability P i
σ(z | x′1, ux1z, uz) is 1 if (x′1 = ux1z)∧ (z = x′1⊕uz), or (x′1 = ux1z)∧ (z =
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i); and it is zero otherwise. Accordingly

P i
σ(y) =

∑
z

(P (Ux1z = x′1)P (Uz = x′1 ⊕ z) + 1[z = i]P (Ux1z 6= x′1))P (Uy = y ⊕ z) (E.6)

=
∑
z

(1
4

+ 1[z = i]1
2
)P (Uy = y ⊕ z) (E.7)

=
∑
z

1
4
P (Uy = y ⊕ z) +

∑
z

1[z = i]1
2
P (Uy = y ⊕ z) (E.8)

= 1
4

+
∑
z

1[z = i]1
2
P (Uy = y ⊕ z) (E.9)

= 1
4

+ 1
2
P (Uy = y ⊕ i). (E.10)

Consequently P 1
σ (Y = 1) = 5/8 while P 2

σ (Y = 1) = 3/8.

E.2 Detailed Derivation of a σ-TR Instance

Here we provide a detail derivation of the causal effect P ∗(y;σX) for example 22 in

section 5.4. All graphs we refer to are shown in fig. E.1.

First by marginalization:

P ∗(y;σX) =
∑

r,x,z
P ∗(y|z, x, r;σX)P ∗(z|x, r;σX)P ∗(x|r;σX)P ∗(r;σX). (E.11)

We will transport factor by factor starting from the last.

By rule 3 and the separation (R⊥⊥X) in Gσ∗XX and GX , we have

P ∗(r;σX)=P ∗(r), (E.12)

which is estimable from the input distribution P ∗(V).

The factor P ∗(x|r;σX) is determined by σ∗X (and the policy’s specification).
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W
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Figure E.1: Graphs used in the derivation for example 22. Edges added by intervention are
shown in green, those removed by intervention in grey, and those cut due to the application
of the rule are shown in faded red.
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For the second factor,

P ∗(z|x, r;σX) = P ∗(z|x, r;σX , σW ) (E.13)

by rule 3 and (Z ⊥⊥W | X,R) in GσXσWW and GσXW . Then, by rule 2 and (Z ⊥⊥X | R) in

GσXσWX and GσWX , we obtain

P ∗(z|x, r;σX) = P ∗(z|x, r;σW ). (E.14)

From the graph G∆2
σW

, (Z ⊥⊥ Tr | R,X) hence

P ∗(z|x, r;σW ) = P 2(z|x, r;σW ) (E.15)

estimable from the given P 2(V;σW = σ2
W ).

For the first factor is equal to

P ∗(y|z, x, r;σX , σZ=z) (E.16)

by rule 2 and (Y ⊥⊥ Z | X,R) in GσXσZ=zZ and GσXZ . We remove the observed X by rule 1

and (Y ⊥⊥X | Z,R) in GσXσZ=z.

P ∗(y|z, r;σX , σZ=z). (E.17)

Then, by rule 3 and (Y ⊥⊥X | Z,R) in GσXσZ=zX and GσZ=zX this is equal to

P ∗(y|z, r;σZ=z). (E.18)
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At this point we can transport this factor from π1 due to (Y ⊥⊥ Tw | Z,R) in G∆1
σZ=z:

P 1(y|z, r;σZ). (E.19)

We sum over X

∑
x′

P 1(y|z, x′, r;σZ=z)P 1(x′ | z, r;σZ=z) (E.20)

and use rule 2 with (Y ⊥⊥ Z | X,R) in GσZ=zZ and GσZZ to exchange σZ=z with σZ=σ1
Z

∑
x′

P 1(y|z, x′, r;σZ)P 1(x′ | z, r;σZ=z). (E.21)

Due to (X ⊥⊥ Z) in GσZ=z the observation of Z can be removed in the second factor in the

sum:

∑
x′

P 1(y|z, x′, r;σZ)P 1(x′ | r;σZ=z). (E.22)

Note that (X ⊥⊥ Z) in GσZ=zZ and GσZZ , therefore by rule 3 we get

∑
x′

P 1(y|z, x′, r;σZ)P 1(x′ | r;σZ), (E.23)

resulting in a sum estimable from P 1(V;σZ).

Putting all together, we have:

P ∗(y;σX)=
∑
r,x,z

(∑
x′
P 1(y|z, x′, r;σZ)P 1(x′|r;σZ)

)
︸ ︷︷ ︸

from σ1
Z in π1

P 2(z|x, r;σW )︸ ︷︷ ︸
from σ2

W in π2

P ∗(x|r;σ∗X)︸ ︷︷ ︸
def. σ∗X

P ∗(r)︸ ︷︷ ︸
from π∗

.

(E.24)
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Appendix F: Adjustment Criteria

F.1 Proof of Generalized Adjustment Criterion (Selection bias)

In order to prove the theorem, we will magnify the causal diagram as described in

[89], that is, we will replace every bidirected arrow connecting variables A and B with an

observable variable CA,B that points to the pair previously connected by the bidirected

arrow. Also, we will introduce a new mediator in every arrow leaving from any variable

in Y, that is, every edge of the form Y → A is replaced with Y → CA → A, where Y ∈ Y

and A ∈ V. Let C be the set of all new variables introduced by the magnification process

and G[C]

Let any set with the subscript nd denote all the variables in such set that are not

descendants of any variable in X, that is, for any set A let And = {A ∈ A | A /∈ De(X)}.

Analogously, the subscript d will denote all the variables in that are descendants of any

variable in X.

We show that the causal effect can be derived from the available data. In order to

perform the steps we will define several subsets of Z such as:

• ZS = {Z ∈ ZM | (Z ⊥⊥ S | ZT)}.

• L1 to be all the variables in (V ∪C) \ (Z ∪X ∪Y) that:

1. Are d-connected to Y given ZT,ZS in G \X

2. Are not descendants of X

3. Are ancestors of some Z ∈ ZT ∪ ZS

• L2 be defined as all variables in (V ∪C) \ (Z ∪X ∪Y) that:
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1. Are d-connected to Y given Z in G \X

2. Are independent of X given ZS, ZT and S on G
X(ZS,ZT,S)

3. Are ancestors of some variable in Z.

• ZX =
{
Z ∈ Z \ (ZT ∪ ZS) | (Z ⊥⊥X | ZS,ZT, S)G

X(ZS,ZT,S)

}
• ZY = Z \ (ZT ∪ ZS ∪ ZX).

lemma 22 (which is after the claims below) proves independences that will be used in

the derivation. But before stating it, we will need the following claims:

Claim 3. If there exist a path r1 between some X ′ ∈ X and S where S is a descendant of X ′, such

that r1 does not contain any variable in ZT and the conditions from definition 22 are satisfied, then

r1 exists in GpbdXY.

Proof. Path r1 can be absent in GpbdXY only if the edge from X ′ towards S belongs to a proper

causal path. For the sake of contradiction suppose this is the case, and let R be the variable

at the other end of that edge. It follows that R is in a proper causal path that ends with

some Y ′′ ∈ Y, and does not contain any variable in Z for the satisfaction of condition (i).

Since the path between R and S is a subpath of r1 it does not contain any ZT and if it

contains any other variable in X ′′ ∈ X restart the argument with X ′ = X ′′. Then, the

path formed between S and Y ′ passing through R exists in GpbdXY and is active given ZT,

contradicting condition (iii). Since we reached a contradiction the edge must be in the

mentioned graph and r1 as well.

Claim 4. If there exists a path r1 between a variable W ′ /∈ Z and some Y ′ ∈ Y that does not

contain any variable in X and is active given ZT,ZS. And there exists also, a path r2 directed from

W ′ and S that does not contain any ZT,ZS. Then, condition (iii) is violated.

Proof. If r2 contains some X let X ′ be the closest to W ′, then X ′ ∈ An(S) and by Claim 3,

the path between X ′ and S exists in GpbdXY. Then, r2 is active in GpbdXY given ZT,ZS.
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Let r be the path between S and Y ′ composed with edges from r1 and r2. Path r exists

in GpbdXY and is active given ZT, then condition (iii) is not satisfied.

Claim 5. If there exists a non-causal path p between some X ′ ∈ X and some Y ′ ∈ Y which is

active in G
X(ZT,ZS,S)

given ZT,ZS, S. And, such path p does not contain any other variable in X

asides from X ′. Then the conditions in definition 22 are not satisfied.

Proof.

• Path p has to be active given ZT,ZS (without S). This is because if not observing S

closes p, it implies that S is the descendant of a collider W ′ in p, such that W ′ is active

given S but inactive otherwise. Let r1 be the path between W ′ and Y ′ and let r2 bet

the path between W ′ and S, then by virtue of Claim 4 condition (iii) is violated, a

contradiction.

• Since p is a non-causal path, condition (ii) requires it to be closed given Z ∪ {S}.

Then, there must exists some Z∗ ∈ Z \ (ZT ∪ ZS) that closes p (note that S cannot

block any path and particularly p). We will show that such Z∗ cannot exists under

the criterion’s conditions.

• Suppose there exists a Z∗ that blocks p. Since Z∗ /∈ ZS, there exist a path q1 between

S and Z∗ that is active given ZT. Let q be the path between S and Y ′ formed using

edges from q1 and p.

– The path q1 does not contain any variable in ZS. Since q1 is active given ZT, any

variable in it is not independent of S given ZT, hence none of them can be in ZS.

– According to condition (iii) q has to be blocked given ZT in GpbdXY. Since p does

not contain any X (other than X ′) and it is active given ZT,ZS the path q must

be closed in GpbdXY because (1) Z∗ is a collider in it, (2) there exists a collider in p

that belongs to ZS, or (3) there exists some X ′′ in q1 for which one or two edges

in q1 are present in G but not in GpbdXY:
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(1) If Z∗ is a collider in q, then Z∗ is active because it has a descendant in ZT in GpbdXY.

The portion of p that goes from X ′ to Z∗ has an edge coming out of Z∗ for it

to block p and be a collider in q at the same time. Regarding that portion:

* it does not contain any variable in ZS: Suppose it does, then there is a

path between S to that variable going through Z∗ that contradicts the

definition for ZS.

* if it has a collider in between, it must be active given ZT, and it is a

descendant of Z∗, implying that Z∗ is active as well.

* if it is directed fromZ∗ toX ′, then there exists aZ ′′ ∈ ZT which is a descendant

of Z∗. We know that the edge incoming to X ′ exists in G
X(ZT,ZS,S)

(by

assumption of p), then X ′ must have a descendant in ZT ∪ ZS ∪ {S}.

Any descendant of X ′ in ZS is d-connected to S given ZT with a path

passing through X ′ and Z∗ unless some variable in ZT is in between

that descendant and X ′, which means that X ′ has to have a descendant

Z ′′ ∈ ZT ∪ {S}.

If the descendant of X ′ is S without any ZT in between, let the path

between X ′ and S be called r1 which exists GpbdXY by Claim 3. Let p′ be

the path from S to Y ′ formed joining r1 and p. Path p′ exists in GpbdXY

and cannot contain any variable in ZS because such variable would not

satisfy the independence that defines ZS. Therefore, p′ is active given ZT

alone and witnesses a contradiction to condition (iii). As a consequence

Z ′′ ∈ ZT.

The edge outgoing from X ′ towards Z ′′ is not in a proper causal path.

Assume for the sake of contradiction that it is, then let R be the variable

at the other end of that edge (possibly Z ′′ itself). This means that R

is in a proper causal path and has Z ′′ as descendant, contradicting

condition (i).
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As a result, Z ′′ ∈ ZT is a descendant of Z∗ in GpbdXY, which make Z∗ an

active collider.

(2) If Z∗ is not an inactive collider in q (given ZT), then q does not contain any variable

in ZS. If this was the case, that variable would be d-connected to S given

ZT which contradicts the definition of ZS.

(3) If neither Z∗ nor some ZS block q, there must exists a X ′′ (as defined before), but

it is not possible under the criterion conditions: For X ′′ to disconnect q in GpbdXY,

the path q1 should have one of the following structures:

* Z∗ · · · ← X ′′ · · ·S or Z∗ · · ·X ′′ → · · ·S where the outgoing edge from X ′′

belongs to a proper causal path: Suppose the edge towards Z∗ is in a

proper causal path and let R be the variable at the other end of that edge

(possibly Z∗ itself). Then either Z∗ ∈ De(R) or there exists some variable

in ZT∪De(R) in the path between X ′′ and Z∗, in both cases condition (i)

is violated because there is a descendant of R that is observed while R

is in a proper causal path.

Now suppose the edge towards S is in a proper causal path and let R be

the variable in the other end of that edge. Then R has to be an ancestor

of S otherwise there is a collider in between (possibly R itself) that must

be active given ZT which implies that R is in ZT or has a descendant

on it, violating condition (i). Then X ′′ is an ancestor of S and the path

between them has no ZT. By Claim 3 the path between them, hence the

outgoing edge, exists in GpbdXY.

* Z∗ · · · → X ′′ ← · · ·S: In this case Z∗ would be independent of S given

ZT because of X ′′ not being active, contradicting our assumption that

Z∗ /∈ ZS because of path q1.
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Lemma 22. Suppose that in the causal diagram G there are sets of variables Z,X and Y, such

that Z is admissible by the criterion in definition 22 relative to X and Y. Then, the following

independences hold in the magnification of G:

(Y ⊥⊥ ZT
d ,Z

S
d | L1,Z

T
nd,Z

S
nd,X)GX

(F.1)

(Y ⊥⊥ S | ZT,X)GX
(F.2)

(Y ⊥⊥ S | ZT,ZS,X)GX
(F.3)

(L1 ⊥⊥X | ZT,ZS)G
X(ZT,ZS)

(F.4)

(Y ⊥⊥ ZY | ZT,ZS,L2,Z
X,X, S)GX

(F.5)

(L2 ⊥⊥X | Z, S)G
X(Z,S)

(F.6)

�

Proof. We will go over each independence and show that it holds:

1. (Y ⊥⊥ ZT
d ,Z

S
d | L1,Z

T
nd,Z

S
nd,X)GX

: Suppose it does not hold, then there exists a path

p between Z ′ ∈ ZS
d ∪ ZT

d and Y ′ ∈ Y. The path p cannot contain any variable in X

because in the graph GX when X is observed, any path containing it is closed. The

path p should have one of the following structures:

(a) Z ′ → · · · → Y ′: Since Z ′ is a descendant of X by definition, then it belongs to a

proper causal path and contradicts cond. (i)

(b) Z ′ ← · · · ← Y ′: Here Z ′ is a descendant of Y ′, so Y ′ is not a descendant of X

otherwise Z ′ contradicts cond. (i) because it is a descendant of Y ′ which is part

of a proper causal path. But if Y ′ is not a descendant of X, the child of Y ′ in p is

a node added in the magnification process and satisfies the definition of L1 (it is

always d-connected to Y ′, it is not a descendant of X and it is an ancestor of Z ′)

therefore p is blocked.
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(c) Z ′ · · · → W ← · · ·Y ′: There is a collider W in p that belongs or has a descendant

W ′ ∈ L1∪ZT
nd∪ZS

nd whereW could be equal toW ′, such that p is active. Without

loss of generality assume that W is the closest of such colliders to Y ′ in p. Let L′

be the parent of W in the section of p that goes from W to Y ′, we want to show

that L′ belongs to L1 and blocks p.

First, note that L′ cannot be Y ′ itself because the edge between Y ′ and W would

be replaced with a mediator during the magnification process, making the

mediator the parent of W in p. Second, we can assure that the path between

W ′ and Y ′ does not contain any variable Z∗ ∈ ZT
d ∪ ZS

d because if it does, Z∗

has to be an ancestor of Y ′ or W ′, in the first case violating condition (i) and

in the second W ′ would also be a descendant of X which is not possible given

its definition. Third, L′ is d-connected to Y ′ given ZT,ZS in G \X because the

path from W ′ to Y ′ is active given ZT
nd ∪ ZS

nd and does not contain any ZT
d ∪ ZS

d

and does not contain any X. L′ is also an ancestor of all the descendant of W

including W ′, if W ′ belongs to L1, it has, by definition, a descendant in ZT ∪ ZS

that are also descendants of L′. Finally L′ is not a descendant of X otherwise

W ′ is also descendant of X which is not possible by its definition. Therefore

W ′ ∈ L1.

(d) Z ′ ← · · · → Y ′: Here the path is not completely directed in any direction but

does not contain any collider. Let L′ be the common ancestor of Z ′ and Y ′ in

p. Note that L′ satisfy the definition of L1 and closes p as follows: L′ is always

an ancestor of Z ′, neither L′ nor any Z∗ ∈ Z in the path between L′ and Y ′ is a

descendant of X, otherwise condition (i) is violated because they would lie in

a proper causal path with descendants in Z. By assumption L′ is d-connected

to Y ′ given ZT
nd,Z

S
nd, and since no descendant of X (i.e. ZT

d ,Z
S
d) is on the path

between them, L′ and Y ′ are connected given ZT,ZS inG\X. Therefore, L′ ∈ L1

and p is closed.
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2. (Y ⊥⊥ S | ZT,X)GX
: From condition (iii) we have:

(Y ⊥⊥ S | ZT)GpbdXY
(F.7)

=⇒(Y ⊥⊥ S | ZT)Gpbd
XY X

(F.8)

=⇒(Y ⊥⊥ S | ZT,X)Gpbd
XY X

(F.9)

=⇒(Y ⊥⊥ S | ZT,X)GX
(F.10)

eq. (F.8) follows because removing incoming edges to X never introduces dependen-

cies. Provided that no variable in X has incoming edges, introducing X to the set of

observed variables may never compromise a previously established independence

hence (F.9) follows. Finally, comparing the graphs GX and Gpbd

XY X
we can see that

the former could possibly have edges that are not in the second. Those edges are

those that have tails in X and do not belong to a proper causal path. Since X is being

observed in the independence any new path including those edges is always block,

therefore independence (F.10) is implied.

3. (Y⊥⊥ S | ZT,ZS,X)GX
: From the previous independence and the definition of ZS we

have:

(Y ⊥⊥ S | ZT,X)GX
∧ (ZS ⊥⊥ S | ZT) (F.11)

=⇒(Y ⊥⊥ S | ZT,X)GX
∧ (ZS ⊥⊥ S | X,ZT)GX

(F.12)

=⇒(Y,ZS ⊥⊥ S | ZT,X)GX
(F.13)

=⇒(Y ⊥⊥ S | ZS,ZT,X)GX
(F.14)

Here statement (F.12) follows from the fact that conditioning on X while transforming

the graph from G to GX can only add more independences, but does not remove any

of the existent ones. Statement (F.13) follows from the composition axiom that holds

whenever d-separation holds. Finally, statement (F.14) follows by weak union.
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4. (L1 ⊥⊥X | ZT,ZS)G
X(ZT,ZS)

: Assume for the sake of contradiction that this does not

hold. Then, fix a path p1 from some L′ ∈ L1 to someX ′ ∈ X given ZT,ZS inG
X(ZT,ZS)

(X ′ · · · · · ·L′). Without loss of generality assume that X ′ is the closest variable in X to

L′ in p1, if it is not, restart the argument with that other X instead. By definition, L′

is d-connected to some Y ′ ∈ Y by some path p2 in G \X given ZT,ZS (L′ · · · · · ·Y ′).

Let p be the path between X ′ and Y ′ formed using edges in p1 and p2 in G, also let

W ′ be the closest node to L′ that belongs to p, possibly L′ itself.

• If W ′ is connected to L′ by a path that starts with an edge going out from W ′ (i.e.

W ′ → · · ·L′), then W ′ has a descendant Z ′ ∈ ZT ∪ ZS: Either W ′ is ancestor of L′

and, by extension, of some Z ′ ∈ ZT ∪ ZS by definition of L1 (i.e. W ′ → · · · →

L′ → · · · → Z ′) or there is an active collider connecting W ′ and L′ in the very

same set, such collider is a descendant of W ′ (W ′ → · · · → Z ′ ← · · ·L′).

• p does not contain any variable in X except at the endpoint: This is because p1 does

not include any other X, and p2 is active in G \X.

• p is not a proper causal path. Suppose it is a proper causal path, and consider the

relationship between L′ and W ′.

– If W ′ = L′ then L′ ∈ De(X) contradicting the definition of L1.

– If the path between W ′ and L′ has an edge pointing into W ′ then W ′ is a

collider in p1 implying that X ′ and L′ are disconnected unless W ′ has a

descendant in ZS ∪ ZT. Since W ′ is assumed to be in a proper causal path,

such descendant violates condition (i).

– If the path between L′ and W ′ has edges outgoing from W ′ then Z ′ is a

descendant of W ′, and since W ′ is in a proper causal path, Z ′ contradicts

condition (i).

• W ′ is not an inactive collider in p (given ZT,ZS): If W ′ is a collider, it is connected

to L′ with an incoming or outgoing edge. If the edge is incoming to W ′, then W ′
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has to be active for p1 to be active. If the edge is going out from W ′ or W ′ = L′,

it follows that W ′ is active in p because it is an ancestor of Z ′.

• By Claim 5 the criterion is not satisfied. Note that p is a non-causal path and it is

active in G
X(ZT,ZS)

given ZT,ZS and does not contain any variable in X except

for X ′. The path p also exists in G
X(ZT,ZS,S)

because it contains the same or more

edges than G
X(ZT,ZS)

. And p is active given ZT,ZS, S also because observing S

cannot close it. Therefore, Claim 5 applies to p.

5. (Y ⊥⊥ ZY | ZT,ZS,L2,Z
X,X, S)GX

: Assume the independence does not hold and fix

a path p1 that connects some Y ′ ∈ Y to Z ′ ∈ ZY given ZT,ZS,L2,Z
X,X, S in GX.

Without loss of generality assume that Z ′ is the closest of such variables to Y ′ in p1.

• p1 is active given ZT,ZS,L2,Z
X, S (without X) in GX. Path p1 does not contain

any variable in X except at the endpoint because p1 is active in GX given X,

which means that it would be blocked or missing an edge if it contains X.

• p1 is active given ZT,ZS,ZX, S (without L2) in GX. Path p1 does not contain any

variable in L2 or any collider activated exclusively by L2 and not by ZT, ZS, ZX,

S.

Suppose for the sake of contradiction that there is any variable L′ ∈ L2 activating

p1. Since the path is assumed to be active given L2, L′ may only be a collider in

p1 or it is the descendant of some Q which is a collider in p1 that is active given

L′ but not ZT,ZS,ZX, S. It must be the case that the path between Q and L′ does

not contain any variable in ZT,ZS,ZX, S. Furthermore, it cannot contain any

variable in ZY either because it would not be independent of X in G
X(ZT,ZS,S)

given ZT,ZS, S because its ancestor in ZY is not.

Let Q′ denote either L′ if it is in p1 or Q in the second case. Let R be the parent

of Q′ in the portion of p1 that goes towards Y ′. Note that R cannot be a collider

in this path and R 6= Y ′ because if Y ′ → Q′ was an edge in G, a new mediator
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was introduced during magnification. Furthermore, R ∈ L2: if L′ satisfies the

first part of the definition of L2, R which is an ancestor of L′ also satisfies it.

Even if L′ is d-connected to a variable in Y other than Y ′, and behaves as a

collider between R and that variable, L′ is active given Z. For the second part,

R has to be independent of X as stated in the definition of L2, otherwise L′

would not satisfy this either. For the third part, L′ ∈ An(Z) and R ∈ An(L′)

then R ∈ An(Z). As a consequence of R ∈ L2, p1 is blocked by it, which is a

contradiction to our assumption, and the conclusion follows.

• p1 is active given ZT,ZS, S (without ZX) in GX. Follows from the fact that p1 does

not contain any variable in ZX. Suppose this is not true, then let Z̃ ∈ ZX be

the closest of such variables to Y ′ in p1. Z̃ has to be an active collider for p1 to

be active. Let R be the parent of Z̃ in the portion of p1 that goes towards Y ′.

Note that R 6= Y ′ because if Y ′ → Z̃ was an edge in G, a new mediator was

introduced during magnification and R would be that mediator. Then, R ∈ L2

and blocks p1, because: first, R is d-connected to Y ′ through p1 given Z unless S

is a collider in between, but then independence (F.3) is violated (no variables in

ZX ∪ZY are in this portion because we assumed Z̃ and Z ′ were the closest to Y ′

in this path). Second R is independent of X given ZT,ZS, S on G
X(ZT,ZS,S)

else

Z̃ would not satisfy this independence either, which is not the case by definition.

Third, R is the ancestor of Z̃. Since R would block p1, Z̃ cannot exists in p1.

• p1 is active given ZT,ZS (without S) in GX. This is because p1 does not contain S.

Suppose it does, then the subpath between S and Y ′ violates independence (F.3).

• Since Z ′ does not belong to ZX, there exists a path p2 that connects Z ′ to some

X ′ ∈ X in G
X(ZT,ZS,S)

given ZT,ZS, S. Assume, without loss of generality, that

X ′ is the closest variable in X to Z ′ in the path p2. Let p the path between X ′ and

Y ′ that uses edges in p1 and p2 and let W ′ be the closest node to Z ′ in p, possibly

Z ′ itself.
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• p is not a causal path. For the sake of contradiction suppose p is a causal path,

since p1 exists in GX and p2 only contains X ′ from X, p is also a proper causal

path. Now, consider the path between W ′ and Z ′:

– if W ′ = Z ′ we have a contradiction to condition (i).

– if it starts with an incoming edge, then W ′ is an active collider in p2, with a

descendant in ZT∪ZS∪{S}. If the descendant is specifically in ZT∪ZS ⊆ Z

there is a violation to condition (i).

If W ′ is an ancestor of S, let r1 be the path between W ′ and Y ′, which cannot

contain any Z∪X by condition (i) and definition of proper causal path. Also

let r2 be the path between W ′ and S which does not contain any ZT,ZS.

Then, by Claim 4 condition (iii) is violated.

– if it starts with an outgoing edge, then W ′ is an ancestor of Z ′ or a collider

that is active in p2 (i.e. ZT,ZS, S). If it is ancestor of Z ′ condition (i) is not

satisfied. If ancestor of S the same argument as before applies again.

• p2 does not contain any variable in ZX ∪ L2: Both sets require the independence

(ZX,L2 ⊥⊥ X | ZT,ZS, S)G
X(ZT,ZS,S)

. Any variable in p2 does not satisfy that

independence by definition of p2.

• If W ′ does not block p given ZT,ZS, S, then by Claim 5 the conditions of the criterion

in definition 22 are violated. To see this observe that if W ′ does not block p then it

is active in the graph G
X(ZT,ZS,S)

given ZT,ZS, S and does not contain X except

for X ′, hence Claim 5 applies to it.

• If W ′ blocks p given ZT,ZS, S, then the criterion in definition 22 is violated: In this

case W ′ has to be an inactive collider in p. If the edge that has Y ′ as endpoint

in p is outgoing from Y ′, let Q be the variable introduced as a mediator during

magnification. If the edge is incoming to Y ′, let Q be farthest ancestor of Y ′ in p.

Note that Q cannot be W ′ itself because, even if Y ′ was the parent of W ′ in G, Q
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is a mediator. Here Q is d-connected to Y ′ given Z (no variable in ZX,ZY is in p

at all and any from ZT ∪ ZS would block p1). Also Q is an ancestor of some Z

(because the portion of p from Q to W ′ is either directed and W ′ is ancestor of

Z ′, or the subpath has a collider in ZT ∪ ZS). No incoming edge to Q is possible

in this section because its neighbor would be the farthest ancestor of Y ′ instead

of Q and if Q is the mediator the edge must be outgoing. Then Q will be in L2

unless it is not independent of X in G
X(ZT,ZS,S)

given ZT,ZS, S. If Q ∈ L2, p1 is

closed by Q. Hence, Q must not satisfy this independence. Yet the reason is not

because of the path p, where Q is independent of X ′ in this sense. It follows that

there exists a path p′1 between some X ′′ ∈ X and Q in G
X(ZT,ZS,S)

, active given

ZT,ZS, S. Without loss of generality assume X ′′ is the closest of such variables

to Q in p′1. Meanwhile, the path p′2 from Q to Y ′ is open in GX given ZT,ZS, S.

Let p′ be the path formed between X ′′ and Y ′ by joining edges from p′1 and p′2.

The path p′ has one of the following structures:

– X ′′ · · · ← Q← Y ′ (if Y ′ is a parent of Q then it is a mediator because of the

magnification).

– X ′′ · · ·Q→ · · · → Y ′

– Q← Y ′ · · ·X ′′ (here Y ′ lies in p′1)

– Q→ · · · → Y ′ · · ·X ′′ (here Y ′ lies in p′1)

In the four cases the path p′ is active in G
X(ZT,ZS,S)

given ZT,ZS, S and does

not contain any X asides from X ′′. Then, Claim 5 provides that the existence

of p′ contradicts our assumption that criterion in definition 22 was satisfied, a

contradiction.

6. (L2 ⊥⊥X | Z, S)G
X(Z,S)

: Suppose this does not hold. Then, there exists a path p1 from

X ′ ∈ X to L′ ∈ L2 active given Z, S in GX(Z,S). Assume without loss of generality

that X ′ is the variable in X closest to L′ in the path p1. By definition of L2 there is
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also a path p2 from L′ to some Y ′ ∈ Y that is active when Z is observed in G \X. Let

p be the path between X ′ and Y ′ formed using edges from p1 and p2 and let W ′ be

the closest variable to L′ that lies in p, possibly L′ itself.

• The only variable in X that p contains is X ′. This follows by the assumption that

X ′ is the closest to L′ in p1 and the fact that p2 cannot be active in G \ X if it

contains any variable in X.

• L′ has a descendant Z ′ ∈ Z by definition of L2

• If W ′ is connected to L′ by a path that starts with an edge going out from W ′ (i.e.

W ′ → · · ·L′), then W ′ has a descendant Z∗ ∈ Z ∪ {S}: Either W ′ is ancestor of L′

and, by extension, of Z ′ (i.e. W ′ → · · · → L′ → · · · → Z ′ = Z∗) or there is an

active collider in Z ∪ {S} connecting W ′ and L′, such collider is descendant of

W ′ (W ′ → · · · → Z ′ ← · · ·L′).

• the path p is not causal. Suppose it is causal, then by the previous argument it has

to be a proper one too. Consider the relationship between L′ and W ′.

– If W ′ = L′. By definition of L2, L′ has a descendant in Z which contradicts

condition (i) because W ′ is assumed to be in a proper causal path.

– If the path between W ′ and L′ has an edge pointing into W ′, then W ′ is

a collider in p1 implying that X ′ and L′ are disconnected unless W ′ has a

descendant in Z ∪ {S}. If the descendant is in Z it violates condition (i).

If W ′ is an ancestor of S, let r1 be the path between W ′ and Y ′, which cannot

contain any Z ∪ X by condition (i) and definition of proper causal path.

Also let r2 be the path between W ′ and S which does not contain any Z, and

in particular, any ZT,ZS. Then, by Claim 4 condition (iii) is violated.

– If the path between L′ and W ′ has edges outgoing from W ′, then Z∗ ∈ Z∪S

is a descendant of W ′. And as in the previous argument either condition (i)

or condition (iii) is violated.
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• p needs to be blocked to satisfy condition (ii), which is possible only if W ′ is an

inactive collider that blocks the path. However, this is not the case:

– If W ′ = L′, then W ′ is active because it is an ancestor of Z ′.

– If W ′ is a collider in p, consider if it is connected to L′ with an incoming or

outgoing edge:

* If the edge is incoming to W ′, it is also a collider in p1 and has to be

active by assumption.

* If the edge is going out from W ′, then W ′ is an ancestor of Z∗ and is

active.

Therefore, p is active and a contradiction is reached.

Proof. (of theorem 9). (If) Suppose the set Z = ZT ∪ ZM satisfies the conditions of the

criterion relative to the pair X and Y in a given causal diagram G.

Using the independences just proved in lemma 22 we proceed with a derivation of the

target causal effect ending with the proposed adjustment expression:

We start the derivation by conditioning on ZS
nd,Z

T
nd and L1

P (y | do(x)) (F.15)

=
∑

L1,ZT
nd,Z

S
nd

P (y | do(x), l1, z
T
nd, z

S
nd)P (l1, z

T
nd, z

S
nd | do(x)) (F.16)
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Since all the variables in the second term are non-descendants of X by definition, it holds

that (L1,Z
T
nd,Z

S
nd ⊥⊥X)GX

and the third rule of the do-calculus can be applied to drop the

do() operator

=
∑

L1,ZT
nd,Z

S
nd

P (y | do(x), l1, z
T
nd, z

S
nd)P (l1, z

T
nd, z

S
nd) (F.17)

We can employ independence (F.1) from lemma 22, (Y ⊥⊥ ZT
d ,Z

S
d | L1,Z

T
nd,Z

S
nd,X)GX

to

introduce the variables ZT
d ,Z

S
d in the first term, after summing over the same variables in

the second term

=
∑

L1,ZT,ZS

P (y | do(x), l1, z
T, zS)P (l1, z

T, zS) (F.18)

Applying the chain rule on the second term yields

=
∑

L1,ZT,ZS

P (y | do(x), l1, z
T, zS)P (l1 | zT, zS)P (zT | zS)P (zT) (F.19)

By definition of ZS, (ZS ⊥⊥ S | ZT), allowing us to introduce the S variable into the third

factor

=
∑

L1,ZT,ZS

P (y | do(x), l1, z
T, zS)P (l1 | zT, zS)P (zS | zT, S=1)P (zT) (F.20)

From lemma 22-(F.4), we use (L1 ⊥⊥X | ZT,ZS)G
X(ZT,ZS)

to introduce the do() operator into

the second factor

=
∑

L1,ZT,ZS

P (y | do(x), l1, z
T, zS)P (l1 | do(x), zT, zS)P (zS | zT, S=1)P (zT) (F.21)
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Using the chain rule to combine the first and second factors. Sum out L1

=
∑

ZT,ZS

P (y | do(x), zT, zS)P (zS | zT, S=1)P (zT) (F.22)

Using lemma 22-(F.3), (Y ⊥⊥ S | ZT,ZS,X)GX
, one can introduce the S variable into the

first term

=
∑

ZT,ZS

P (y | do(x), zT, zS, S=1)P (zS | zT, S=1)P (zT) (F.23)

Conditioning on L2,Z
X we get

=
∑

ZT,ZS,L2,ZX

P (y|do(x), zT, zS, l2, z
X, S=1)P (l2, z

X|do(x), zT, zS, S=1)P (zS|zT, S=1)P (zT)

(F.24)

Using the independence (L2 ⊥⊥ X | ZT,ZS, S)G
X(ZT,ZS,S)

from the definition of L2, and

(ZX ⊥⊥X | ZT,ZS, S)G
X(ZT,ZS,S)

from the definition of ZX, we can remove the do() operator

from the second factor by applying rule 3 of do-calculus

=
∑

ZT,ZS,L2,ZX

P (y | do(x), zT, zS, l2, z
X, S=1)P (l2, z

X | zT, zS, S=1)P (zS | zT, S=1)P (zT)

(F.25)

By independence (Y ⊥⊥ ZY | ZT,ZS,L2,Z
X,X, S)GX

from lemma 22-(F.5), we can sum

over ZY in the second term, move the new to the left and add ZY in the first term

=
∑
Z,L2

P (y | do(x), z, l2, S=1)P (l2, z
Y, zX | zS, zT, S=1)P (zS | zT, S=1)P (zT) (F.26)
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Rearranging using the chain rule

=
∑
Z,L2

P (y | do(x), z, l2, S=1)P (l2 | zY, zX, zT, zS, S=1)P (zY, zX, zS | zT, S=1)P (zT)

(F.27)

We can introduce do(x) in the second term using the independence (L2 ⊥⊥X | Z, S)G
X(Z,S)

from lemma 22-(F.6). Also considering that Z = ZY ∪ ZX ∪ ZT ∪ ZS, we can rewrite as

=
∑
Z,L2

P (y | do(x), z, l2, S=1)P (l2 | do(x), z, S=1)P (zY, zX, zS | zT, S=1)P (zT) (F.28)

The first and second term can be combined using the chain rule. Then summing out L2:

=
∑

Z

P (y | do(x), z, S=1)P (zY, zX, zS | zT, S=1)P (zT) (F.29)

Renaming the sets ZY ∪ ZX ∪ ZS as Z \ ZT

=
∑

Z

P (y | do(x), z, S=1)P (z \ zT | zT, S=1)P (zT) (F.30)

From condition (ii) we have that (Y ⊥⊥X | Z, S)GX
, then the do() operator can be removed

in the first term

=
∑

Z

P (y | x, z, S=1)P (z \ zT | zT, S=1)P (zT) (F.31)

Since the adjustment holds in the magnified graph using only variables present in G, the

same adjustment is admissible for the original model as well.

(Only if) For this direction of the proof we will establish that if the adjustment is valid

then the conditions must be satisfied. In order to do so, we prove the contrapositive
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X

W0

Z1

W1

· · ·

Wk

S

Wk+1

· · ·

Wn−1

Zn

Wn

Y ′

Figure F.1: Non-causal path between X and Y activated when S and Z is observed

statement, that is: failing to satisfy any of the conditions implies that the adjustment is not

valid. First, let condition (ii)’ be a part of condition (ii) that says that all non-causal paths

must be blocked given Z (without S). Then, (ii)’ will correspond to the second condition in

the adjustment criterion [89]. First, assume that conditions (i) or (ii)’ do not hold. Then,

the adjustment formula itself will not always identify the causal effect P (y | do(x)). For

instance, consider any model compatible with GS (which is also compatible with G). Then,

the adjustment formula (6.6) reduces to adjustment without selection bias:

∑
Z

P (y | x, z, S=1)P
(
z \ zT | zT, S=1

)
P
(
zT
)

=
∑

Z

P (y | x, z)P (z) 6= P (y | do(x))

(F.32)

The last inequality follows by the adjustment criterion [89], which implies that this expres-

sion will not always be equal to P (y | do(x)) whenever (i) or (ii)’ are not satisfied.

Now suppose conditions (i) and (ii)’ are satisfied but condition (ii) is not. Then, there

exists a non-causal path p that is blocked given Z but is opened when S is observed.

Path p must contain S as a collider and has the form X ′ · · · → S ← · · ·Y ′ where X ′ ∈ X

and Y ′ ∈ Y. We need to find a model M compatible with a graph G that contains a

path like p and show that the causal effect P (y | do(x)) is different from the adjustment

expression (6.6). Consider a model compatible with the causal diagram depicted in fig. F.1.

The diagram evidences a non-causal path that is active when Z = {Z1, . . . Zn} and S

are observed. The elements in Z may be assigned to ZT in any way. Since the variables in

W = {W0, . . . ,Wn} do not have any parents we can parametrize their distributions directly

when constructingM. If we let every variable in Z ∪ S behave as an xor of its parents,
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Figure F.2: Causal effect vs Adjustment expression for modelM

P (Wi=1) = 1
2
ε, i = {1, . . . , n}, where epsilon is a real constant, and P (x) = P (w0), P (y) =

P (wn) we obtain that:

P (Y=1 | do(X=1)) = P (Y=1) =
1

2
ε∑

Z

P (Y=1 | X=1, z, S=1)P (z \ zT | S=1)P (zT) =
1

2
(ε2 − 2ε+ 2)

For any ε ∈ (1, 2) we have that the two quantities above are different (fig. F.2).

Then this is anM where the effect is not identifiable by the adjustment expression,

because (ii)’ is not satisfied, impliying its necessity. If the path between any Wi and Zj for

any 0 6 i 6 n, 1 6 j 6 n, i 6= j has more variables in between we can make any variable

be equal to its parent. Similarly, if Zj is actually a descendant of a collider Qj in the path,

we can make every variable in the path to take the value of its parent, including Zj . With

those adjustments the model induces exactly the same distribution. If X or Y are parents

of W0 or Wn respectively the model is in the same equivalence class that the one presented

and the conclusion holds.

Continuing with the remaining condition, assume that (i) and (ii) are satisfied but

condition (iii) is not. Then, there exists a path p between S and some Y ′ ∈ Y that is

active in the graph GpbdXY given ZT. Consider the family of SCMs compatible with GpbdXY. By

condition (ii) the independence (X⊥⊥Y | Z, S)GpbdXY
holds because all paths between X and
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Y in GpbdXY are non-causal. Then, the adjustment expression for any model in that family

can be reduced as follows:

∑
Z

P (y | x, z, S=1)P (z \ zT | S=1)P (zT) (F.33)

=
∑

Z

P (y | z, S=1)P (z \ zT | S=1)P (zT) (F.34)

=
∑
ZT

P (y | zT, S=1)P (zT) (F.35)

Equation (F.34) follows because of the independence (X ⊥⊥ Y | Z, S)GpbdXY
. The final ex-

pression is reached by combining the first two factors and summing out the variables in

Z \ ZT.

Since GpbdXY has no causal paths between X and Y, the effect P (y | do(x)) = P (y). Also

consider the effect P (y | do(s)), which is always equals to P (y). Consider the adjustment

criterion relative to the pair (S,Y) in GpbdXY, note that ZT is not admissible since there is a

non-causal path p that goes from S to Y. Therefore, by the completeness of the adjustment

criterion [89], there exists a modelM compatible with GpbdXY where

P (y | do(s)) 6=
∑
ZT

P (y | s, zT)P (zT) (F.36)

The right hand side of eq. (F.36) includes eq. (F.35). We have then:

P (y | do(x)) = P (y) = P (y | do(s)) 6=
∑
ZT

P (y | s, zT)P (zT) (F.37)

Which proves that the adjustment expression does not rely the causal effect of interest in

the modelM, which is also compatible with G.

Lemma 23 (Ancestral Path Separator). Let G be a causal diagram, and let X,Y,Z and W
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be disjoint sets of variables in G. Let p be a path (not necessarily directed) with some X ′ ∈ X

and Y ′ ∈ Y as endpoints that is blocked (in the d-separation sense) when Z is observed. Let

ZA = Z ∩ An(X ∪Y ∪W) (i.e. the variables in Z that are ancestors any node in X ∪Y ∪W.

Then p is also blocked when ZA is observed. �

Proof. Assume for the sake of contradiction that p is active when ZA is observed. This

implies that there exists Z ′ ∈ Z \ ZA that is needed to block p. For a variable Z ′ to block a

path, at least one of the arrows in that path must be going out of Z ′ (i.e. Z ′ is not descendant

of a collider in p). If we follow p starting at Z ′ in the direction of one of the outgoing arrows,

there should be a collider before reaching X ′ (or Y ′ depending where the outgoing arrows

is heading to in p), otherwise Z ′ would be an ancestor of X ′ (Y) which is not the case by

the definition of Z ′. For p to be open, this collider must belong to ZA, but, since Z ′ is an

ancestor of the collider Z ′ is also an ancestor of X ∪Y ∪W, contradicting its definition.

Moreover, Z ′ cannot exists, neither p, and a contradiction is reached.

Corollary 2 (Ancestral Separator Set). Let G be a causal diagram, and let X,Y,Z and W be

disjoint sets of variables in G. Let ZA = Z ∩ An(X ∪Y ∪W). If (X ⊥⊥ Y | Z) in G, then

(X⊥⊥Y | ZA) in G. �

Proof. (X ⊥⊥ Y | Z) holds if and only if every path p with some X ′ ∈ X and Y ′ ∈ Y as

endpoints, is blocked by Z, by virtue of Theorem 23, all such paths are also blocked by ZA,

implying (X⊥⊥Y | ZA).

Proposition 9. Suppose a pair
(
Z,ZT

)
is admissible relative to X,Y in G. Then, the pair(

ZA,Z
T
A

)
, where ZT

A = ZT ∩ An(X ∪Y ∪ {S}) and ZA = Z ∩ An(X ∪Y ∪ {S}), is also

admissible. �

Proof. Lets verify that ZA satisfies each one of the four conditions of the criterion.

(a) Since ZA is a subset of Z all its elements must satisfy this condition too.
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(b) Any path between X and Y blocked by Z, and in particular the non-causal ones, are

also blocked by ZA by virtue of lemma 23. If S is a descendant of a collider in some

non-causal path p, it must be the case that Z blocks the subpath from between X and

S or between S and Y. Then again, by lemma 23, the set ZA block the same subpath.

Therefore, the overall path is blocked too.

(c) By corollary 2 (Y ⊥⊥ S | ZT)GpbdXY
=⇒ (Y ⊥⊥ S | ZT

A)GpbdXY
.

Since all conditions hold, the criterion holds overall.

Lemma 24 ([90]). Let X,Y, I,R be sets of nodes with I ⊆ R, R ∩ (X ∪Y) = ∅. If there exists

an separator Z0 for X,Y, with I ⊆ Z0 ⊆ R then Z = An(X ∪Y ∪ I) ∩ R is a separator for

X,Y. �

Theorem 12 (Explicit admissible set construction). There exists an admissible pair in a causal

diagram G relative to disjoint sets of variables X,Y if and only if the pair
(
Z,ZT

)
is admissible,

where

Z = An(X ∪Y ∪ {S})GpbdXY
∩ C (6.15)

ZT = (An({S} ∪Y)GpbdXY
∩T) ∩ C (6.16)

�

Proof. This is easy to show using lemma 24. Suppose there exists some admissible pair(
Z0,Z

T
0

)
. theorem 9 implies that the pair must satisfy the conditions in definition 23.

Furthermore, assume that ZT
0 ⊆ T so that the adjustment is estimable from the assumed

input. Then:

{S} ⊆ Z0 ⊆ C, (F.38)

∅ ⊆ ZT
0 ⊆ T ∩ Z0 ⊆ T ∩C (F.39)
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Z0 ∈ Za,b, and (F.40)

ZT
0 ∈ Zc (F.41)

Applying lemma 24 to Z0 with I = {S},R = C in graph GpbdXY we obtain the set (6.15).

Using the same lemma on ZT
0 with I = ∅,R = T ∩C in GpbdXY yields the set (6.16). And we

have that:

Z ∈ Za,b, and (F.42)

ZT ∈ Zc (F.43)

Therefore, the pair
(
Z,ZT

)
satisfied definition 23 which implies it is admissible.

F.2 st-Adjustment Criterion

Theorem 15 (st-adjustment). Given a selection diagram G∆ and disjoint sets of variables X, Y,

Z, the causal effect P ∗(y | do(x)) is given by

P ∗(y | do(x)) =
∑

z
P (y | do(x), z, S=1)P ∗(z) (6.33)

if and only if Z satisfies the st-adjustment criterion relative to (X,Y). �

Proof. (if) Since Z satisfies condition (i), by theorem 14 we have,

P ∗x(y) =
∑

z

P ∗x (y | z)P ∗ (z), (F.44)

and by condition (ii) we have that P ∗x (y | z) = Px (y | z, S=1) therefore:

P ∗x(y) =
∑

z

Px (y | z, S=1)P ∗ (z). (F.45)

(only if) To show the necessity of the criterion, we will prove that whenever its condi-
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tions fail, there exists two models inducing G∆ (i.e., 〈M,M∗〉) that generate distributions

distributions Px(y, z | S=1) and P ∗(z) where P ∗x(y) 6=
∑

z Px (y | z)P ∗ (z).

If condition (i) is not satisfied, consider any two models M,M ′ for which P ∗x (y | z) =

Px (y | z, S=1), then by the e-adjustment criterion we have that the causal distribution is

different that the g-adjustment.

Now, suppose condition (i) holds while condition (ii) does not. This is the case when

there exists a path p from some T -node or S-node to Y ′ ∈ Y that is active given Z in G∆
X.

First assume it is a T -node. Then, we will show that there exists a pair of models

compatible with G∆′, a graph where all edges but those in p have been removed, that is

also compatible with G∆.

Note that p does not contain any variable in X otherwise it would be blocked in G∆
X

given X. Without loss of generality assume that Y ′ is the only element in Y also in p, else

select the other element in Y closer to T as Y ′. Consequently, we have that

P ∗x(y) = P ∗(y) = P ∗(y \ {y′})P ∗(y′) (F.46)

Consider the possible structures of p:

(a) Suppose that the path between T and Y ′ is directed: Assume that S is pointing to a

node W at the beginning of the path (if T points directly to Y ′ we can use the same

argument and sum-out W from the obtained distributions while substituting W with

fW in the equations). From eq. (F.46) we can sum over W and obtain

P ∗x(y) = P ∗(y \ {y′})
∑
w

P ∗(y′ | w)P ∗(w) (F.47)

= P (y \ {y′})
∑
w

P (y′ | w)P ∗(w), (F.48)
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while the adjustment functional is equal to

∑
z

P (y | z)P ∗(z) (F.49)

=
∑

z

P (y)P ∗(z) (F.50)

= P (y) (F.51)

= P ∗(y \ {y′})P ∗(y′) (F.52)

= P ∗(y \ {y′})
∑
w

P (y′ | w)P (w). (F.53)

We can parametrize two models with all variables binary, such that W is not indepen-

dent of Y , and all conditional distributions are the same except for P ∗(w) 6= P (w).

In this case the mapping between W and Y is one-to-one, hence the adjustment is

different to the causal effect of interest.

(b) If the path p is not directed, suppose, as before, that T points to a variable W , which

also has a parent R with binary domain, and let M∗ be a model such that

P ∗R=1(y′) 6=
∑

z

P ∗(y′ | z, R = 1)P ∗(z), (F.54)

which must exists by the completeness of the adjustment criterion [89] since Z

does not satisfy it relative to (R, Y ′). Now let M be a model such that fW (uw) =

f ∗W (uw, R = 1). It is easy to see that P ∗R=1(y′) = P ∗(y′) = P ∗(y′ | x) and that P ∗(y′ |

z, R = 1) = P (y′ | z) = P (y′ | z,x), hence equation (F.54) becomes

P ∗x(y′) 6=
∑

z

P (y′ | z,x)P ∗(z), (F.55)

implying that M∗,M serve as counterexamples for this case.

Second, if the condition is violated because of an S-node, consider two identical sub-
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models compatible compatible with G∆′, a diagram where all edges but those witnessing

the violation of the condition have been disconnected. Note that in G∆′ no edges incoming

to X remain and the transportability nodes are disconnected, therefore we have

Px(y | z, S=1) = P ∗(y | x, z, S=1), (F.56)

because (Y ⊥⊥X | Z, S=1)G∆′
X

. Then, the adjustment functional becomes

∑
z

Px(y|z, S=1)P ∗(z) =
∑

z

P ∗(y|x, z, S=1)P ∗(z). (F.57)

Since (Y⊥6⊥S | X,Z)G∆′ , theorem 9 implies that (F.57) is not equal to P ∗x(y) for some model

compatible with G∆′, which serves as a counter example to our case.

F.2.1 Proof for Lemma 6

Lemma 6. A set Z satisfies e-adjustment if and only if there exists Zi ∈ Z such that Zi satisfies

eq. (6.30) or eq. (6.31), and Z \ {Zi} satisfies e-adjustment. �

Proof. (if) Suppose Z satisfies e-adjustment, then there exists an order such that each

element satisfies (6.30) or (6.31). Let Zi be the last element in that order and notice that

Z \ {Z1} is also E-Admissible by the same order minus Zi.

(only if) If Z satisfies e-adjustment and some Zi satisfies (6.30) or (6.31) with Z≤i−1 = Z,

then the order over Z with Zi appended at the end witnesses that Z ∪ {Zi} satisfies

e-adjustment.

F.2.2 Proof for Lemma 7

Lemma 7. If Z satisfies e-adjustment, then for any Zi ∈ Z satisfying eq. (6.30) or eq. (6.31), the

set Z\{Zi} satisfies e-adjustment. �

Proof. Define the predicates:
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E(Z) : Z satisfies e-adjustment,

A(Zi,Z) : Zi satisfies (6.30) with Z≤i−1 = Z \ {Z1}, and

B(Zi,Z) : Zi satisfies (6.31) with Z≤i−1 = Z \ {Z1}.

Then from lemma 6 we have that

E(Z) =⇒ (F.58)

∃Zi∈Z (A(Zi,Z) or B(Zi,Z)) and E(Z). (F.59)

Equivalently,

¬(∀Zi∈Z (¬A(Zi,Z) and ¬B(Zi,Z)) or ¬E(Z \ {Zi})). (F.60)

In particular, for any Zi satisfying (6.30) or (6.31) this is implies

E(Z) =⇒ ¬(false and ¬E(Z \ {Zi})) (F.61)

E(Z) =⇒ E(Z \ {Zi}) (F.62)

F.2.3 Proof for Theorem 16

Theorem 16. Z satisfies e-adjustment (definition 26) w.r.t. (X,Y) in G if and only if IsEAdmissible

(algorithm 12) returns true. �

Proof. (if) the procedure will return true only if it was able to remove all elements Z∩De(X)

one by one while they satisfied either independence (6.30) or (6.31), witnessing that there

exists an order satisfying the condition.

(only if) Suppose for the sake of contradiction that the algorithm returns false but Z

satisfies e-adjustment. The procedure returns false when there is Z′ ⊆ Z such that no
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element in Z′ satisfies (6.30) or (6.31) and all elements in Z \ Z′ removed in some order

Z ′` < . . . < Z ′1 did (Z` was the last removed before obtaining Z′). By lemma 7 we have that

Z′ ∪ {Z`} does not satisfy the criteria, and by repeatedly applying the same theorem we

conclude that Z is not admissible, a contradiction.
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