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Abstract

On the method of auxiliary Monge-Ampere equations in complex geometry

Chuwen Wang

A priori estimates, especially the L™ estimates, are the core to solving partial differential
equations (PDE) arising from complex geometry. It has been a longstanding question whether one
can find a PDE method to prove a L™ estimate of the complex Monge-Ampere equation with a
singular right-hand side. Recently, the method of auxiliary Monge-Ampere equations developed
by B. Guo, D. H. Phong, and F. Tong has emerged to be a major advance regarding this question,
with immense generality. We use this method to prove the L™ estimate for complex
Monge-Ampere and Hessian questions on a nef cohomology class, and for the (n — 1)-form
equations on Hermitian manifolds. We also prove a sharp uniform modulus of continuity estimate
for complex Monge-Ampere equations, together with its geometric application on diameter

bounds for Kihler metrics.
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Chapter 1: Introduction and Background

1.1 Overview

Solutions to geometric partial differential equations (PDE) yield canonical geometric struc-
tures, which is a central topic in differential geometry. The key to solving such equations lies in
deriving a priori estimates.

In the seminal work of Yau [46], he proved the Calabi conjecture, showing that any compact
Kihler manifold X with first Chern class ¢1(X) = 0 admits a Ricci-flat Kdhler metric by solving

the following Monge-Ampere equation

(w+iddp)" = eF' " (1.1)

The key to his proof was a priori estimates, especially L estimates. Yau used Moser iteration to
prove the L™ estimates, which work not only for a smooth right-hand side, but also for e/ € L?
when p > n. The next major advance was by Kotodziej [31], who established the L™ estimates
when the right-hand side e’ is in some Orlicz space, in particular, L¢ for ¢ > 1, which has
profound geometric implications [35, 14, 12, 38, 41]. His proof relied heavily on pluripotential
theory developed by Bedford and Taylor [1, 2]. Later on Demailly and Pali [12] and Eyssidieux,
Gued;, and Zeriahi [14] generalized Kolodziej’s result to degenerating background metrics, where
pluripotential theory continues to be essential. Boucksom, Eyssidieux, Guedj, and Zeriahi also
generalized the estimates to big cohomology classes using pluripotential theory [6].

It has been a longstanding question whether one can find partial differential equation methods
to prove the above estimates. PDE methods would be generally more flexible and broadly applica-

ble than pluripotential theory, which is tailored to Monge—Ampere equations. Blocki [5] obtained



the L™ estimates for L? right hand side with p > 2 using Alexandrov-Bakelman-Pucci (ABP)
maximum principle. However, his method cannot be extended to degenerating background metrics
or the full range of p. On the other hand, Wang, Wang, and Zhou [45] proved the L™ estimates for
domains in C", by deriving a Trudinger-type inequality, but their method cannot be adoptable to
compact manifolds.

In their work on constant scalar curvature Kéhler metrics, Chen and Cheng [8] used auxiliary
Monge-Ampere equations to obtain entropy estimates. Comparing solutions to solutions of aux-
iliary equations has been a powerful tool since De Giorgi [17], and was used notably in the proof
of Holder continuity of solutions to Monge-Ampere equations by Dinew and Kotodziej [11, 13].
Complex Monge-Ampere equations are in particular suitable as candidates for auxiliary equations,
since the existence and smoothness of the solution has been established by Yau [46] in the compact
case and by Caffarelli, Kohn, Nirenberg, and Spruck [7] in the case of the Dirichlet problem.

Recently, by combining ideas from [8, 45], Guo, Phong, and Tong [21] proposed a method
using auxiliary Monge-Ampere equations to derive L™ estimates, which has been proved to have
immense generality and applications [21, 22, 25, 24, 23, 20, 19]. In Chapter 2, we will give a basic
introduction to this method as in Guo, Phong, and Tong’s work [21]. In Chapters 3-5, we will
discuss the main results of this paper, the application of the auxiliary Monge-Ampere equation
method to the case of nef cohomology classes on Monge-Ampere and Hessian equations (joint
work with B. Guo, D.H. Phong, and F. Tong), to the case of modulus of continuity of Monge-
Ampere equations (joint work with B. Guo, D.H. Phong, and F. Tong), and to the case of (n — 1)-

form equations on Hermitian manifolds (joint work with N. Klemyatin and S. Liang).

1.2 Preliminaries

1.2.1 Equations on K#hler manifolds

Let (X, w) be a compact Kihler manifold of complex dimension n without boundary. If ¢ is

a real smooth function on X, we denote w, = w + id0¢, the classical complex Monge-Ampére



equation takes the form

(w+i0d)" = eF " (1.2)

where F is a smooth function on X satisfying the integrability condition /X efw" = fX w", and
the solution ¢ € PSH (X, w) can be normalized, say supy ¢ = 0. With this setup, Yau’s theorem
[46] tells us the equation admits a unique smooth solution ¢ € PSH(X,w) N C®(X) = {u €
C®(X)|w +iddu > 0}.

We can also consider a family of equations. Let y be a closed (1,1)-form on X, say semiposi-
tive. For ¢t € (0, 1], denote w; = y + tw as the degenerating family of background metrics. Then

we look for solutions of the following family of Monge-Ampere equations

(w; +i03¢)" = c;ef ", supyg; =0 (1.3)
X
where F is a smooth function on X with /X efo' = fX w", ¢ = k Z; is the volume normalizing

constant, and ¢, is plurisubharmonic for each .

The complex Monge-Ampere equations can be generalized to complex Hessian equations. Let
0 (A) denote the j-th elementary symmetric polynomial for 2 € R", for example, o (1) = 41 +
A+ .+ Ay, 02(A) = Xi<ja<n A, and 03, (1) = 4142 4.

Fix an integer k with 1 < k < n, the k-th Garding cone I'; is a convex cone in R" defined by

I'y ={1€eR"o1(1) >0,...00(2) >0} (1.4)

For example, I'] = {1 € R"|4; + ... + 4,, > 0} is a half-space, and

[,={1eR"o1(1) >0,..0,(1) >0} ={21€R"|2; >0,...4, > 0}

is the cone of the first octant.



A C? function ¢ on X is said to be k-subharmonic with respect to the metric w if
(w+i0dp) AW/
is positive for all j such that 1 < j < k. The o equation is of the form
(w+i0d@)* A " = ef ", s;pgo =0 (1.5)

where F is a smooth function on X satisfying the integrability condition /X " = /X ef'w", and
¢ € SH(X,w) is k-subharmonic with respect to w. Dinew and Kotodziej [13] proved the L™
estimate for complex Hessian equations. Note that when k = n, this is our usual Monge-Ampere
equation.

We can generalize the previous two cases to a broad class of equations. Let hy : TX — TX
be the endomorphism defined by w,, relative to w, i.e. in local coordinates, if we write w =
ig,;jdzf A de,a)w = w+i0dgp = ig,;jdzj A dz*, then (hy): = nggEi, where (gif) denotes
the inverse of gz;. We denote by A[h] the (unordered) vector of eigenvalues of h,. Note that
Alhy] € T, is equivalent to the condition that ¢ is w-plurisubharmonic, (w + i00p)" > 0, and
Alhy] € I'y is equivalent to the condition that ¢ is k-subharmonic.

Given a smooth function F on X, we can consider the fully nonlinear partial differential equa-
tion

fAlhg]) = e, (1.6)

with supy ¢ = 0 and A[h,] € I" on X. F is normalized so that /X e = /X w".
Naturally, we need assumptions on f for the equation to admit a solution, or even just the L™

estimates. Throughout the paper, we will make the following three assumptions on f,

« f: ' c R" = R4, where I' is a symmetric cone satisfying I, ¢ I' ¢ I';. We also require
f(A) to be symmetric in A = (41,...,4,) € I' and it is homogeneous of degree one, i.e.,

f(rd)=rf(d)forr >0and A €T.



* f is elliptic, in the sense that 667]; >(0foreachj=1,...,nand 1 €T.

* f satisfies the structure condition, i.e., there is a y > 0 such that

— >y, Vael. 1.7
irne Y € (L.7)

J
W l/l’l
Note that if we take f(A[hy]) = (w—ﬁ) = (]_[;f=1 /lj)%, I' = I, this becomes the complex

k n—k
wtp/\w

wn

1/k
Monge-Ampere equation, and if we take f(A[hy]) = ( ) = 0% (/l)%, I' = Iy, this is the
complex Hessian equation. There are also a broad class of equations satisfying these conditions,

for example the p-Monge-Ampere equation of Harvey and Lawson [26, 27], with

= (TTu)™
1

where I runs over all distinct multi-indices 1 <ij < -+ <i, <n, Ay =4; +--- + i, and I' is the
cone defined by A; > 0O for all p-indices 1.

The p-th Nash entropy of a function F is define to be

Enty(F) = e 11 (rog yr = /x FIFP, po

This is often referred to as the L'(log L)? norm of ef, although technically this is not a norm
but rather describes functions in some Orlicz space. Note that L!(logL)? < L'(logL)? for
p>qg=>1

In [21], Guo, Phong, and Tong proved the following L estimates: For solutions to equation
1.6 satisfying the three conditions 1.2.1, if we fix p > n, then for any solution ¢ € C?(X) there is
a constant C depends only on n, p, w, Ent,(F) and y, so that supy ¢ < C.

This result generalizes well to the degenerating family case. If we consider the family of
equations

F(A[h,]) = cief, supp, =0, Alh, ] el, te(0,1] (1.8)
X



where F; is normalized fx et = /X w", the volume V; = fX Wl = fx (x + tw)", then if we fix
p > n, there is a constant C such that supy ¢; < C for all ¢+ € (0, 1], and C depends only on
n,p, x,v,w, and the upper bounds for ‘C,—§, Ent,(F;) = VL, fX e"1|F,|Pw" and the energy E;(¢;) =
& fe(—gnefiar.

In Chapter 2 we will discuss the proof of the Monge-Ampere case as in Guo, Phong, and Tong
[21]. The case for the general class of equations will be discussed in Chapter 5 when we deal with

(n — 1)-form equations on Hermitian manifolds.

1.2.2 Nef and big cohomology classes

Let (X, w) be a compact Kéhler manifold of dimension n, y a closed (1, 1) form on X satisfying

the normalization /X w" = 1.

Definition 1.1 The class of x is called nef if the class {&; = x + tw} is Kdhler for any t > 0, i.e.,
if it lies in the closure of the Kdhler cone. Equivalently, | x| is nef if for all € > 0, there exists a
smooth closed form 6, € | x| such that 0, > —&ew.

If we can set € = 0 in the above definition, | x| is called semipositive, in which case it can be

represented by a semipositive form 6.

We remark that when X is projective and {D} is a divisor class, this agrees with the nefness in
algebraic geometry. In this section, we will assume the form y is nef. Let v € {0, 1, ...,n} be the

numerical dimension, i.e.,
v = max{k|[x]* # 0 e H**(X,C)} (1.9)

Definition 1.2 A cohomology class | x| is called big if it contains a strictly positive (1, 1)-current.

For a nef class | x| this is equivalent to the numerical dimension v = n.

1.3 Main results

We will now present the main results of this paper.

6



1.3.1 Equation on nef classes

In Chapter 3, we will discuss complex Monge-Ampere and Hessian equations, cf. [25]. For a
nef class [ y] on X, consider &; = y + tw for t € (0, 1], &, might not be positive, but its class is

Kihler . Therefore we consider the degenerate family of complex Monge-Ampere equations
(& +i00¢@,)" = cief w", supg; =0 (1.10)
X

where F is a smooth function satisfying fX eFwt = fxw” and ¢; = [@]" = O(t") a volume
normalizing constant. Define the upper envelope V; = sup{v | v € PSH(X, @), v < 0}, we have

the following L estimates.

Theorem 1.1 Consider equation (1.10). Fix p > n, there is a uniform constant C depending only

onn,p,w,y, and ||eF||L1(10gL)p, such that for all t € (0, 1], we have
0 < -+ ‘/l < C

This gives a PDE-based proof of an earlier result obtained by Boucksom, Eyssidieux, Guedj, and
Zeriahi [6] and Fu, Guo, and Song [16]. A major advantage of a PDE proof is that it can be readily
adjusted for a general class of equations. We can use this method to obtain the L™ estimates for
complex Hessian equations stated below, which is a new result.

Consider the o -equations
(0 + iaa_go,)k AW = cef Wt Sl;p ¢ =0. (1.11)
Define the corresponding envelope
Vix = sup{v| v € SHi(X,w,d;) N C?, v < 0}

where v € SHy(X,w,®;) N C? means that the eigenvalue vector of the linear transformation

7



w™' - (&; +100v) lies in the T';-cone.

Theorem 1.2 Let ¢, be the solution to 1.11, then there exists a constant depending on ||e %% || (log L)P>

= p > nand E, such that

[a")t]n;

0<—-¢+V <C.

where E; be an upper bound of E;(¢;) = fX(—gal + Vt’k)e”F/kw"

1.3.2  Uniform modulus of continuity for Monge-Ampere equations

In Chapter 4, we will discuss the modulus of continuity for Monge-Ampere equations and
its geometric application, cf. [24]. Let (X, w) be a compact Kidhler manifold and consider the

complex Monge-Ampere equation
(w+i00¢9)" = e ", w+i8d¢ > 0, info =1 (1.12)

where /X efw" = /x w" satisfies the compatibility condition. If the right-hand side is in some
Orlicz space, Kotodziej [31] showed that the solution must be in L and continuous. If we assume
further e’ is in L4 for some ¢ > 1, Kotodziej and Demailly et al. showed that the solution must
be Holder continuous [33, 11]. When it is not in L? for g > 1, there are examples that the solution
fails to be Holder continuous. However, we are still able to derive a uniform estimate and show

that the solution is continuous with order O(|log d|™®).

Theorem 1.3 Consider equation 1.12. Fix p > n. There exists a constant C > 0 depending on

n,p,w, ||eF||L1(10g Ly such that the following uniform estimate holds for any x,y € X

C
le(x) =W £ T (1.13)
|log d(x, y)|*
Here d(x, y) denotes the Riemannian geodesic distance and a = min{’%, ﬁ .

The same method can be applied to derive a PDE-based proof of Holder continuity when the



right-hand side is L? for p > 1, first obtained by Kotodziej and Demailly et al. [33, 11]. We can

obtain the same Holder exponent as in [11]

Theorem 1.4 Consider equation 1.12. If et € L? for some p > 1, and let g = 1% be its Holder

conjugate, then the solution ¢ is Holder continuous, i.e.,

lo(x) — ()| < Cd(x,y)™ (1.14)

forany x,y € X, where d(x,y) is the geodesic distance of the two points x, y in the Riemannian

manifold (X, w) and ap < 5 +2nq.

A trick of Li [34] linked Dini continuity to the diameter bounds for Kéhler metrics, where he
obtained a diameter bound for solutions with L? right-hand side, p > 1. Using this, we can get the

following improved diameter bound with only L!(log L)? right-hand side.

Theorem 1.5 Let w, be the solution to equation 1.12. Suppose p > 3n, in other words, a > 2,

then there exists a constant C > 0 depending only on n, p, w, ||eF||L1(1Og Lyp such that
diam(X, w,) < C.

1.3.3 The (n — 1)-form equations on Hermitian manifolds

In Chapter 5, we will discuss the (n — 1)-form equations on Hermitian manifolds, cf.[30].
So far we have focused on the Kidhler case. However, the method of auxiliary Monge-Ampere
equations also generalizes to Hermitian manifolds. Guo and Phong [23] derived a local version
of the comparison method to obtain L™ estimates on Hermitian manifolds, where we need our
auxiliary Monge-Ampere equation to be the solution to a Dirichlet problem on a ball. The existence
and smoothness in such cases are given by Caffarelli, Kohn, Nirenberg, and Spruck [7].

Let (X, w) be a compact Hermitian manifold without boundary, wj, be another Hermitian metric



on X. For any C? function ¢, we set

1 _
W= wh+n_ 1((Awgo)a)—i6(9g0). (1.15)
Here
‘99 A n—1
Ao = nl@@tp nw
w

is the complex Laplacian of ¢ with respect to w.

Let hy := w™'®,TX — TX be the relative endomorphism defined by & relative to w. Again
denote A[h,] as the eigenvalues vector of h.

Given a smooth function F on X, a (n—1)-form equation is a fully nonlinear partial differential

equation of the following type:
f(A[h,]) =", supp =0, and A[h,] €T. (1.16)
X

Theorem 1.6 Let ¢ be a C? solution on a compact Hermitian manifold (X, w) of the equation
1.2.1, where f satisfies the three conditions in 1.2.1.

Fix any p > n, we have

lell=x) < C (1.17)

where C is a constant depending only on w, wy,n, p,7y, and ||eF||L1(10g Lyp-

Note that our relative endomorphism 4, is different from 1.6 due to a different form of unknown
metric. Therefore the corresponding cone is different too. The condition 1 € T means A[w™"-@] €
I, instead of A[w™! - (w +i00¢)] € T'. For example, when I" = T, this requires ¢ being (n — 1)-
plurisubharmonic in the sense of [27, 28], instead of being plurisubharmonic.

Examples of such equations arose in [15, 37, 44], in particular, (n — 1)-form Monge-Ampere

~n

/n
equations arise in the solution to the Gauduchon conjecture. With f(A[h,]) = (‘”—) , =T, the

wn
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equation is the (n — 1)—form Monge-Ampere equation considered by Tosatti-Weinkove [42]. They
showed when w is Kéhler, the equation is solvable provided F is modified by a suitable additive
constant, in which the C estimates is an essential step in their proof. In the Hermitian case, the
L* estimates were first obtained by Tosatti-Weinkove [43] using Moser iteration. A second proof
was given by Székelyhidi [39] using the ABP maximum principle. The third proof by Guo and
Phong [23] using auxiliary Monge-Ampere equations gives a sharp dependence on the right-hand

side.
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Chapter 2: Method of auxilliary Monge-Ampere equations

In this chapter, we will demonstrate the method of auxiliary Monge-Ampere equations by a

basic example. Following Guo, Phong, and Tong [21], we will prove the L™ estimate below.

Theorem 2.1 Let (X, w) be a compact Kihler manifold, consider the complex Monge-Ampere
equation

(w+i0d¢)" = eF ", sgl(p =0 (2.1)

where F € C*(X) such that /X efo' = /X w". Let ¢ € C*(X) be a solution, fix p > n, then there

exists a constant C only depends on n, p, w, ||eF||L1(1Og Lyp» Such that
supp < C (2.2)
X

W remark that this result was first proved by Kolodziej [31] using pluripotential theory. We will
first prove a weaker version, allowing the constant C to depend on the energy £ = E(¢) =
/X(—go)eF w", and then show the energy term can be controlled by the entropy. Note that using
ABP method, Guo, Phong, and Tong [21] proved that the energy term E(¢) = fX(—gp)eF w" can
be controlled by the entropy ||| Li(logyr for the general class of equations satisfying the three
conditions in 1.2.1, therefore a uniform constant C will only depends on 7, p, w and |le”||; 1 (log L)+

The key to the proof is to derive a Trudinger-type inequality. For any s > 0, let
Q = {x € X[p(x) < —s}

be the sub-level set of ¢, we want to show that

12



Lemma 2.1 There are uniform constants C = C(n, w) > 0 and ag = ag(n, w) > 0 such that

n+l

/Q exp {ao(%) " }a)” < Cexp (CE), (2.3)

where Ay = /Q (—p—s)efw" and E = E(¢) = fX(—go)er”.

Proof of Lemma 2.1. Consider a sequence of smooth positive function 7, : R — R, such that
Ti (x) decrease pointwise to x - yg, (x) as k — oo, where yg, is the characteristic function on R,.
Consider the following auxiliary Monge-Ampere equation on X

(w+i0du)" = ZEPF) G =0, (2.4)
As,k X

where A = fX T (=@ + s)ef w". Note that lim;_,. Asx = Ay, and Ay < E(¢). The auxiliary
equation admits a smooth solution ¥ by Yau’s theorem.

Now let us consider a comparison function

® = —a(—yy + A" — (g +5)

n+l

1
_ (ntl\ B p ned _ _n n+l _ _n
where the two constants are chosen to be & = (%) w1 As’k and A = e = "7 As, k. Note

that —x + A > 0 by our normalization of the solution ;. Now ® is a smooth function on a
compact manifold X, therefore its maximum must be achieved at some point xy € X. Suppose xg

is not in the interior of Qf, i.e., —(¢(xo) +5) < 0, then
sup®@ = ®(x9) < —(p(xp) +5) <0
X

since the first term is negative. On the other hand if x¢ is in the interior €7, then we can apply

maximum principle by calculating the Laplacian A, ®(x() with respect to the metric w, = w +

13



0 > A¢(D(X())

_ﬁtrw(_iaég/,k) — tr,,, (i0d¢) +

" 1)2( Ui+ N) Wt 10 (i) A D)

a
Ty, (Wy, — ) +y,w —n

\%

1/n
> Ly )R “) # (1= (g + N ),
w¢ n+1
2 e 1 1/n e
> " n+1 (Tk(_‘p_s)As,k) A n+1)trw¢a)—n
2
> 12 T (—p - s) Al -

In the second inequality we drop a positive term as the trace of a positive (1,1)-form, while in

n

the third inequality we used arithmetic-geometric inequality, note that tr,, wy, and are sum

go

and product of the eigenvalues of the relative endomorphism, respectively. In the fourth one we
use the Monge-Ampere equation and in the last one we used our choice of the constant A, so that

1- mA‘m = (0. After rearranging, we have at xo € €y,

n+1 n_ n_
~(p+9) < (E) A+ AT = o + M),

i.e. ®(x9) < 0. Note that here we used our choice of constant . Combining the two cases we can

conclude that supy @ < 0, which means on Q¢,
(—9 =) < CoA (=g + Agi)

where C,, is a constant only depends on n. Now if we take a constant «, consider ap——7,— and

integrate the exponential over €, we have

/ exp (ao—(_‘p _1 5) " )" < eC"QOAS”‘/ e~ Cnaodi ) (2.5
Q, Aln Q
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We shall use the a-invariant estimate of Hérmander and Tian [29, 40]. Recall that for a Kihler
manifold (X, w) and a Kidhler class [ x|, there exists a constant @ = a(X, [x]) such that for any

ao < a and any y-plurisubharmonic function i, we have

/ e W' < Cla,n, y,w) (2.6)
X

If we take y = Cyw, ¥ = Cuy, then y +id0y > 0,  is y-plurisubharmonic. Choose

ap < a = a(n, w), we can then combine 2.5 and 2.6, we have
/ exp (aoﬂ)w” < oCAk / e-Craoti 1 < oChsk / o~ Cntobi gyt < CpChsk
Q A Q X

for some constant C = C(n,w). Now let k — oo, we have

n+l

/ exp (aow)w” < CeCEW) 2.7
Q, Al
Note that the constant @ and C only depend on n and w, hence the lemma is proved. O

From the lemma to the proof of Theorem 2.1, we shall use generalized Young’s inequality and
a De Giorgi iteration trick. Let n(x) := (log (1 + x))? be a function from R, to R, for some fixed

p > n. Note that 7 is a strictly increasing function with 7(0) = 0, so the inverse is well-defined,

1
P

and let 71 (y) = ¢¥” — 1 be its inverse. Set

L CY()( —¢Y—=S )(n+1)/n

= 2.8
2 A;/(n+l) (28)
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We use the generalized Young’s inequality with respect to 7, for any z € €,

exp (F(2)) @r
/0 n(x)dx + /0 n (y)dy

exp (F1(z))(log (1 + exp (F;(2))))” +v(z)” (exp (v(2)) — 1)
exp (F1(2))(1 +[Fi(2))? +v(2)" exp (v(2))

exp (F(2)) (1 +[F(2))? + C(p) exp (2v(2))

v(z)P el @

IA

IA

IA

IA

Here we are using a simple integral inequality, foa f(x)dx < af(a) for a positive increasing

function f. Now we can integrate both sides over z € €,

/ v(z)peF(Z)a)”
Q

IA

/ eF(1+|F(2))Pw” +C/ e D"
Q Q

—p—S 1
le" Nz 1og 1yr + C + C/ P (ao(Al/(nH) )M
S

S

IA

IA

le" Nl (1og £yr + C + CeE
for some constant C only depends on n, p, w. This means

(n+D)p 20 p
/Q (—p—s) 7 e”%”s?A;(lleFlan(logm+C+CeCE) (2.9)
s 0

Now recall the definition A; = /Q (—¢ — s)ef ", by Holder inequality,

/ (—p— s)eFw" < ( / (—p = 5) 7 F Oy ( / eF )i (2.10)
Qg Qg Qs
where ¢ is the Holder conjugate of Z2 1 — 2 = 1 Combining 2.9 and 2.10, we have

n (n+1)p q g

e
Ay < CAM (/ er”)é
Qg

16



where the constant C depends on n, w, p, |lef | Li(logLy» @nd E. Then

A, < C(/ eF oy an @.11)
Qg

Now recall the definition of Qg, for any r > 0 and s > 0, Qg = {x € X|r < —¢(x) — s}, hence

r/ efw" </ (—¢p—s)efw /(—go—s)er"SC(/ er”)’;_tt1 (2.12)
Qs Qs Q Qs

tn+1 (n+1)pn_1+pn

where in the first inequality we used Markov’s inequality. Note tha - ,
P pn

weE

require p > n therefore 1 < ’;—J;l = 1+ 6p. Now we are ready to apply De Giorgi’s trick (cf. [31,

211). Let ¢(s) = /QS efw", 2.12 tells us
ré(r+s) < Co(s)!*% (2.13)

for any r, s > 0. We need the following lemma.

Lemma 2.2 Let ¢ : Ry — Ry be a decreasing right-continuous function with limy_,o ¢(x) =
Assuming that r¢(r +s) < C(s)'*% forall s > 0 and r € [0, 1], then there exists a constant

Seo = Swo(9p, C, 6¢) that ¢(s) =0 forall s > Se.

Proof. Since lim,_,« ¢(x) = 0, there exists s € R such that ¢(s9)% < 5=. Now for j € {1,2,...},

we define inductively that

55 = sup(x € RIg(x) > 56(s;1)}

By right-continuity of ¢, we have ¢(s;) < %qﬁ(s j-1). Also, take r = 1, by our assumption,

B(s;+1) < Ch(s;)1*% = ¢(s5;)(Ch(s5,)%) < ¢(s5;)(CP(50)%) < 34(s5;), 80 1 +5; > 5;41. Now

for any s € (s, 5j+1), %q&(sj) < ¢(s) < p(sj),sotaker =5 —s;

(s = 57)p(s) < Ch(s))"* < 2CH(s5)¢p(s7)"
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which gives us

Sis1 —8; < 2C¢(sj)5° < 202779 (s50)% < 2779

Hence S = 50 + 2 (541 — 5) §s0+1_+60 O
Now back to our main theorem, note that by Markov inequality and definition of €,
1 E
¢(s) = / efow < —/ (—p)efw < = (2.14)
Q S Joy s

Therefore lim,_,., ¢(s) = 0 and we can take sg = (2C)5L0E = (2C)%E for the iteration, so our
constant S, only depends on n, p, w, ||eF||L1(10g y» and E. Note that Qo = {¢ < =S} is an open
set with Lebesgue measure 0, it must be empty, which gives a L™ estimate for ¢.

Now we have proved the L™ estimate for ¢ with dependence on n, p, w, ||e”|| Li(logLyr and E,
the only thing left is to remove the dependence on E(¢) = /X (—p)ef w". This comes from Jensen’s

inequality.

Lemma 2.3 There is a constant C depends only on n, p, w, ||le¥|| ;1 (log L)» that
E = /(—go)er” <C
X

Proof. Note that ¢ is w-plulrisubharmonic. By the a-invariant estimate, there exists ag = ag(n, w) >

0 that
/e‘“o‘/’w" <C (2.15)
X

‘/e—F_“WwZ, = / e Fae k) = / e )" < C
X X X

Apply Jensen’s inequality, we have

Hence

/(—F —app)w, < C
X

18



which gives

/(—aocp)w;’, < /Fer"+C
X X

Hence E = /X(—cp)eFa)” is controlled by the L!(log L)' norm of e’
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Chapter 3: Equations on nef classes

In this section we will prove Theorem 1.1 and 1.2, the L* estimate for Monge-Ampere and
Hessian equations on nef classes.

Let (X, w) be a compact Kihler manifold of dimension n, y a closed (1, 1) form on X satisfying
normalization fX w" = 1. Recall a nef class means it lies in the closure of the Kihler cone. In this

section we will assume the form y is nef.

3.1 Complex Monge-Ampere equations

We will first consider the case of Monge-Ampere equations on nef classes. Consider @; =
x +tow fort € (0, 1], ®; might not be positive but its class is Kéhler . Therefore we consider the

degenerate family of complex Monge-Ampere equations
(& +i0d)" = c;ef ", supyg; =0 (3.1
X

where F is a smooth function satisfying /X el = /X w" and ¢; = [O/]" = O(t"”) a volume
normalizing constant. By Yau’s theorem [46] it admits a unique smooth solution. As y is not
semipositive and the usual L estimate for ¢; does not hold Instead, the envelope V; of the class
(]

Vi =sup{v |v e PSH(X,®,;), v <0} (3.2)

must be addressed.
As in the last chapter, we will derive the L™ estimate by proving a Trudinger-type inequality.
For any s > 0, let Q; = {x € X|¢;(x) — V;(x) < —s} be the sub-level set of ¢, — V;, we need to

show that
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Lemma 3.1 There are constants C = C(n, w, x) > 0 and ay = ap(n, w, x) > 0 such that

n+l
n

—(or = Vi+s)
/Q exp {QO(W) }w” < Cexp (CE)) (3.3)

where A = /Q (—; +V, — s)ef " and E; = /X(—cpt + V) ef w" is the energy.

In the nef case, the key is to smoothly approximate the envelope V;, by the following lemma
of Berman [3], so that the auxiliary Monge-Ampere equations can be set up whose solution is

guaranteed by Yau’s theorem.

Lemma 3.2 Consider the Monge-Ampeére equation
(O +i0dug)" = eP"# 0" (3.4)

and its smooth solution ug. If § — oo, ug will converge uniformly to the envelope V;.

Remark. V; is actually a C L1 function by [9].

Now let us begin the proof of Lemma 3.1. Consider a sequence of smooth positive function
T (x) converging to x - xg, (x) as k — oco. For each ¢ we fix a smooth function ug, as in Lemma
3.2. For simplicity, we omit the subscript ¢ and consider the following auxiliary Monge-Ampere

equation on X
Ti (=@ +up +5)
Pr B eFa)n

As kB

(o + iagl/’z,k)n =t , Sl}lfp Uik = 0, (3.5)

where A g = fX Tk (@ +ug+s)el w". From definition of the envelope V;, we have y, x < V;. And
ug converges to V; uniformly thanks to Berman’s lemma 3.2. Therefore we can assume ¢, ; < ug+1
by taking 8 large enough.

Define a function
D =-s(-yYr+ug+1+ AV _ (g, — ug+s),

with the constants &*! = Asrpn"(n+1)", and A = n™*1(n + 1) 1", whose choice will be
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apparent later. Note that in the first term —¢, x + ug + 1+ A > 0 by our choice above. Now @ is a
smooth function on a compact manifold X, therefore its maximum must be achieved at some point

xo € X. Suppose xy is not in the interior of 7, then
sup® = D(xg) < —(¢; —ug+s) < -Vi+ug < €g
X

for some eg — 0 as f — oo. The second inequality follows from the definition of the sub-level set
Q;, so we will have ®(x) < 0 for all x € X. On the other hand if x is in the interior 7, then we

can calculate the Laplacian A,®(xq) with respect to the metric w, = @, + i0d¢;,

0 > A®(xp)
= —e— 1( ik +ug+A+1)" n+1trw (=00, i + iaa_uﬁ) — try, (i00¢, — i@guﬁ)
n
ne 2 =
+( e (=Y +ug+ 1+ A)"wTtry, i0 Wk —ug) AWk — up)
> n+1( lptk+M'3+A+ 1) n+1t1‘a, (wl‘l//,k (f);’uﬁ)+tl‘w,fut,uﬁ —-—n
e\
> ne ( Uik +ug+A+1)" n+1n( l// k) +(1- ne (=Y +ug+ A+ 1)‘ﬁ)trwtd),,uﬁ
n w! n+1
nzg 1 1/n ne . __i .
> P (—l/’r,k +ug+A+1)7m (Tk(—(pt +ug — s)Askﬁ) +(1- — 1A n+l)trwtw,,uﬂ -n
2
> nn (=Y +ug+A+1)" n+1( 90t+uﬁ—s)1/"A }{/g

In the second inequality we drop a positive term as the trace of a positive (1, 1)-form, while in
the third inequality we used arithmetic-geometric inequality. In the fourth one we use the Monge-
ne -

Ampere equation and in the last one we used our choice of the constant A, so that 1 —-"% w1 =0,

After rearranging, we have at xo € Q,
n+1 n n_ _n_
—(r—ug+s) < (— =) Askp(—tnk +up + A+ DT = (g +ug + A+ 1),

i.e. ®(x9) < 0. Note that here we used our choice of constant . Combining the two cases we can
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conclude that supy ® < g — 0 as f — oo, which means on QF,

ntl 1 1
(—pr+ug—s)n < CnAS,/kn,ﬁ(_l/lt’k +ug+1+Azrp) + eé“ )m

where C, is a constant only depends on n. Set A = fX T (=@ + Vi + 5)ef ", we would have

ntl
(—pr + Vi =9 < CuAN (~trs +Vi+ 1+ Agp),

if we let § — oo. By definition V; < 0, and from the a-invariant estimate [29, 40], there exists an

ao(n, w, x) such that

n+l

_ V. —s)5
/ exp (ao( i+ Vi—s) )a)” < / exp (CloCn(—lﬂt,k +1 +As,k))w” < Cek. (3.6)
Qs QS

1/n
As,k

Note that A; < E; for any s, thus Lemma 3.1 is proved by letting k — oo. O
Having established Lemma 3.1, we follow the same argument in Chapter 2 to prove Theorem
1.1.
Let n(x) := (log (1 + x))? be a function from R, to R, for some fixed p > n. Note that  is a
strictly increasing function with 77(0) = 0, so the inverse is well-defined, and let ! be its inverse.

Set

B Cl/o(—SDt +Vi— S)(n+1)/n

= — (3.7)
2 Ai/(n+l)

then by the generalized Young’s inequality with respect to n, for any z € Q,

exp (F(2)) r
/0 n(x)dx + /0 n (y)dy

exp (v(z))-1
exp (Fi(2)) (log (1 + exp (F(2)))” + /O w7 (x)dx
exp (Fi(2)) (1 + |E(2))? +v(2)? exp (v(2))

exp (F(2)) (1 +[F(2))? + C(p) exp (2v(2))

V(Z)peF(Z)

IA

IA

IA

IA
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Here we are only using a simple integral inequality, foa f(x)dx < af(a) for a positive increasing

function f. Now we integrate both sides over z € Qg,

/ V(Z)peF(z)wn
Qs

IA

/eF(1+|F(z)|)”w"+C/ "
Qs QS

F CE
le" Izt (logyr + C + Ce™ ™,

IA

where C is a constant only depends on p, n, y and w. Here we used Lemma 3.1. Now this means
(n+h)p —_p B
/ (i +Vi—s) 7 D < 2Pa P AL (1| 1110 yp + C + CeCEr). (3.8)
Q
from the definition of v. Recall the definition for Ay,

Ag

/ (—pr+V; — s)eFa)”
Qg

(n+1) TS 1/q
(/ (—pr+V,—s) pern)( " (/ ern)
Q, Q,

L _ inp 1/q
< AgH (2paop(”eF”L1(logL)p +C+C€CE’)) . (/Q ern)

IA

p(n+l)

St > 1. This means we have

Here we used the Holder inequality with g =

_ 1/p b

As < (2705 (e lngrog ye + €+ CeF1) ) - /Q eF') . (3.9)
Now we can apply the De Giorgi type iteration argument. Note that lqi,;’ = ol % = % =

1 + 6o > 1 in the exponent, with & := % > 0. Set

P F cen /P
By = (2 ag” (1" 1 (1og 1yr + C + Ce ,)) . (3.10)
inequality 3.9 becomes
1+6¢
A, < Bo(/ er”) G.11)
Q

'S
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Now define ¢(s) := fg efw", R, — R,. Forany r € [0,1] and s > 0, by definition of Q;, we

have —; +V; — (s +7) > 0 on Q,,, i.e., —¢, +V, —s > r, therefore A, = Az‘(_% +V,—s)efw" >

r /g, e w" = r¢p(s + r). Combining this with inequality 3.11 we have
rg(s+r) < Bop(s)'*% (3.12)

Then by the De Giorgi type lemma 2.2 in Chapter 2, we can conclude that there exists some Se
such that ¢(s) = 0 for any s > S. Similar to Chapter 2, by Markov inequality and definition of

QS9
F n 1 F n E;
o(s) = ew' < - (—pr+Vy)e" " < — (3.13)
Qs S JQy s

1 _
we can take so = (2¢) % E; to start the iteration, where E; is an upper bound of E;(¢;) = fX(—(p, +
V)ef' w". This implies our S, only depends on 7, p, w, ||eF||L1(10gL)p and E;. Here we need to

derive a bound of the energy in the family case.

Lemma 3.3 There is a constant C depends only on n, p, w, ||€F||L1(1og Lyp» X that

Ei (@) = /(_Sﬁt +Vt)ern <C
X

The proof is similar to 2.3 using Jensen’s inequality. Note that since all Kéhler metrics are
equivalent on a compact Kéhler manifold, without loss of generality we can assume y < w, so that
the &;-plurisubharmonic function ¢; is also 2w-plurisubharmonic, in order to apply the a-invariant
estimate.

This finished our proof of Theorem 1.1. O
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3.2 Complex Hessian equations

Now we consider the case for complex Hessian equations. With the same notation in the

Monge-Ampere case, for k € {0, 1, ...n}, consider the o -equations

F

(0 + iaégo,)k AW = cef Wt sup ¢; = 0. (3.14)
X

We need parallel concepts from the Monge-Ampere cases. Let o7;(1) denote the the j-th elemen-

tary symmetric polynomial for 4 € R", the I'y cone is a convex cone in R” defined by
't ={1eR" (1) >0,...04(2) > 0} (3.15)
Define the envelope corresponding to the [';-cone
Vi = sup{v| v € SHy(X,w,d;) N C?, v < 0}

where v € SHy (X, w, ®;) N C? means that the vector of eigenvalues of the linear transformation
w™' - (&; +100V) lies in the T';-cone.
Let

E:(¢;) = /(“Pt + Vt,k)enF/kwn
X

be the energy associated to the equation (3.14) as in [21] and let E; be an upper bound of E;(¢;).

Then recall the main statement Theorem 1.2:

Theorem 3.1 Let ¢, be the solution to 3.14, then there exists a constant depending on ||ex” | L (log L)P>

93
[@Dc]™

p > nand E, such that

0< —Qr +Vl‘,k <C.

where E; be an upper bound of E;(¢;) = /X(—(p, + Vt,k)e”F/kw"

Theorem 3.1 can be derived using a similar argument as in the previous section with suitable
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modifications for o, equations. One novel ingredient is the smooth approximation of V; 4, as in
Lemma 3.2. One can adapt the method in [3] to derive this required approximation. We present a

sketch of the proof here.

Lemma 3.4 Fix t € (0,1]. There exists a sequence of smooth functions ug € SH(X,w,d;)

converging uniformly to V,  as f — o.

Proof. Let ug € SHy (X, w, @) be the solution to the o -equations
(& + i@('_?u,g)k A" = cePBo", (3.16)
which admits a unique smooth solution by [13]. We claim that there is a constant C; > 0 such that

- C1
sup |ug — Vix| < = Og'g,
b% B

from which the lemma follows.

— ~k n—-k
By the maximum principle, at a maximum point of ug, i0dug < 0, so Bug < log w’fﬁn <,
that is ug — % < 0. By the definition of V, 4, it follows that
G -
4p =5 < Vi (3.17)

On the other hand, we fix a smooth u < 0 such that &, + iddu > 0. Such a u exists because
[&,] is a Kihler class by assumption. For any v € SHy (X, w, &;) N C? with v < 0, we consider the
barrier function

1

ﬁ:Bu+(1—é)v—

where C; > 0 is a large constant to be determined. By direct calculation, we have

C/log B
B

_ 1 _ _
(O +i00i)* A "k > ﬁ(@, +i00u)* A WK > P
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where the last inequality holds if we choose C; large enough so that

o 1. (O +iddu)* A Wk
e CrlogB < —mln( ) )
kx w"

Therefore we get
(& + 100" A W"F > P (o, + i00up)* A "

At the maximum point of i — ug, (&; + i0di)* A WK < (& + iﬁéuﬁ)k A w" % This shows that

ii —ug < 0on X. Taking supremum over all such v’s in i, it follows that

1. C 1
(1= =)W <ug+ 1logB
B B

The lemma follows from this and 3.17. O

Remark. If the right hand side ||e||z» < oo for some p > 7 then we can bound both the relative

volume [af# and the energy E; uniformly by |lef||z» < oo, as in [21]. Both follow from Holder

inequality, if we further assume the class [ y] to be big.
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Chapter 4: Modulus of continuity for Monge-Ampeére equations

In this section, we will discuss the modulus of continuity for Monge-Ampere equations and a

geometric application for diameter bounds.

4.1 Modulus of continuity estimate

Let (X, w) be a compact Kihler manifold of complex dimension n. We consider the complex
Monge-Ampere equation

(w+iddp)" = eF " 4.1)

Here we let wy, 1= w + id0¢ > 0 and normalize the solution ¢ so that infy ¢ = 1. Again F here is
a smooth function satisfying the compatibility condition fX el = /X w". Denote the L' (log L)?
norm as usual, |lef || Li(logLyp = /X eF'|FIPw". We will derive a uniform continuity estimate for the

solution ¢ when the right hand side e’ lies in some Orlicz space.

Theorem 4.1 Fix p > n. There exists a constant C > 0 depending on n, p, w, ||e'F||L1(]Og Lyp such

that the following uniform estimate holds:

C
lo(x) —(y)| < Togd(xr. ) 4.2)

for any x,y € X and here d(x,y) denotes the geodesic distance of the two points x,y in the

Riemannian manifold (X, w), and a = min{pn;”, n% .

By the example below on Riemann surfaces, the solution ¢ is not guaranteed to be (uniformly)
Holder continuous if ef ¢ LP for any p > 1. However, Theorem 4.1 tells us the solution is still

uniformly continuous with order O(|log d|™), and the exponent « is sharp.
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Also we remark that the estimate 4.2 continues to hold even when ef

is not smooth, as long
as |le”|| 11 (1og £y < . This can be seen by taking a smooth approximation of e’ along with the

stability estimates of complex Monge-Ampere equations [32, 22].

Example 4.1 Let D ¢ C c CP! be the disk with radius 1/2. Consider the function ¢(z) =
(—log |z|?)~¢ for some a > 0 defined on D where z is the standard coordinate on C. Then on we
have D\{0}

idz AN dzZ 2

i00p =a(a+1) 2R (= log [ )2 =e

Note that e/ € L! (log L)? (D) for any p < a + 1. The exponent & in Theorem 4.1 is p — 1 in this
case. This example shows that the exponent « is sharp. Moreover, ¢ is not Holder continuous for
any exponent.

Note that here ¢ is singular. In order to get a smooth example we can consider a regularization
of ¢, say ¢.(z) = (=log (e + |z]?)) ™ for e — 0. We can also glue ¢ or ¢, to the whole space

CP! to get an example on a compact Kihler manifold.

4.1.1 Demailly’s regularization

In order to set up the key proof, we need Demailly’s regularization lemma.
Let p : Ry — R, be a smoothing kernel which is supported in [0, 1] and normalized to satisfy
/R p(t)dt = 1 and p(t) = const for t € [0,3/4]. Given a function u € L'(X) and § € (0, 1), we

define its o-regularization to be

1
pou(d) = A (e ()P0 RV (0) 43)

where exp, : T,X — X is the exponential map of the Riemannian manifold (X, w). psu is a
suitable weighted average of u over the geodesic ball B,(z,96), so if 0 < u € PSH(X, w), by
mean value inequality psu(z) control the maximum of u over B, (z,6/2). The following lemma is

proved in [11, 4].
Lemma 4.1 Let u be an L' function in PSH(X, w). Then
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1. ([4]) There exists a constant K > 0 depending on the curvature of (X, w) such that t

p:u(z) + Kt* is monotone increasing for any 7 € X.

2. ([11]) There exists a constant C > 0 depending on only n, w such that

/ lpsut — ulw™ < C8%, V6 € (0,1] (4.4)
X

For a given small ¢ > 0, we define the Kiselman-Legendre transformation of u as
t
ues(z) = inf {pu(z) + K> — clog = — K&*} (4.5)
1€(0,6] 0

where K > 0 is the constant in Lemma 4.1. By applying Kiselman’s minimum principle it can be

shown that (see [10, 4]) foru € PSH(X, w)
w+i00uc5 > —(Ac + K6>)w (4.6)

where —A is a lower bound of the bisectional curvature of the fixed Kédhler metric w.

4.1.2 Proof of the main theorem

Let ¢ be the solution to the equation 4.1, note that we have normalized ¢ so that infy¢ = 1.
We call a constant uniform if it only depends on n, p > n, w and ||e|| (log L)r- The L estimates
2.1 tells us there is a uniform constant Cy such that 1 < ¢ < Cp on X.

We fix asmall 6 > 0. Let ¢ = for some a = min(=; ’n+l) > 0, and @5 = ¢, 5 be the

|10g5|“

Kiselman-Legendre transformation of ¢ at the level ¢ as in 4.5. From 4.6 we get
W +i00Ds > —(Ac + K6*)w > —A'cw

@; belongs to PSH(X, w), i.e.

for some A" = A’(n,w) > 0. Hence the function ¢s5 = lfrDA,

w +i00¢ps > 0. Note from 4.5 and our normalization of ¢ that ¢; is positive.
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For any s > 0 we denote the sub-level set
Qs ={p <-26+ (1 =r)ps — s}, 4.7)

where r = | log 6|_% > () is a small constant.

Lemma 4.2 There is a uniform constant Cy such that

/er”S i )
Q0 | log o|P

Proof. Note that

Q) ={20 < (1 =r)ps — ¢} C{20 < s — @} C {20 < D5 — @} C {20 < psp — p} = Q

The last inclusion comes from the definition of ®s = p.s¢ < pse. Thus it suffices to prove the

lemma for the domain Q.

We will utilize general Young’s inequality. Define v = log £ fsf/;‘p as a function on Q. We have

2

v > log =75

> 0 on Q. Again define our weight function n(x) := (log (1 +x))?,R; — R,, and we

apply the generalized Young’s inequality with this weight. At any point z € €,

F P

e v
vPel < / n(x)dx+/ 7 (y)dy < ef (1 +|F|)? +vPe".
0 0
Integrating the above over Q, we get

p F n pp(SQD_(,D n
/Qv e’ w §C+/QC|10g5| o wy < C,

where in the last inequality we used Demailly’s Lemma 4.1. Since on Q, v > log2 + %lé | >

%l log 6|, we conclude that

1
—|10g5|p/er”S/vper”SC.
2p Q Q
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Then the lemma follows. O
Again let 74 a sequence of smooth positive function 7 : R — R, such that 74 (x) converge
pointwise to x - yg, (x) as k — oo, we set up our auxiliary Monge-Ampere equation as

-+ (1 - - 206 —
Tk( @ ( r)()Dé S)ern

(w+ iaél//s,k)n = A

, sgl(p sk =0, (4.8)

where Ay == [, Te(—¢ + (1 = r)gs — 26 — s)eF w", whose limit as k — oo is

Ay ::/ (—o+ (1 =r)ps —26 — s)ef w"
Eg

The auxiliary equation admits a unique smooth solution by Yau’s theorem, and again we shall

compare the solutions using the maximum principle. Let

¥ = —e(—Wok + M)W+ (¢ + (1 =1)gs =26 = 5)

n As,k

iy e W archives its maxi-

.
where this time we choose the constants £ = (%)WA;’*IJ and A =
mum at xg € X. If xo € X\Q;, then supy ¥ < 0 by the definition of Q;. Otherwise xo € Q;, and

we can take the Laplacian with respect to w,, at xo,

ne __1
0 > A¢‘P > m(_lﬁs,k +A) nHAtpr,k + (1 - r)Ago<P6 - Atp‘P

> n”fl (=Ysx + A)_ﬁtrww%k + (1 =r)try, wys —n+(r - %(_%,k + /\)_#)trwww
S nnigl (<drop + A)_# (a)(:)’},’zk)l/n .,

B nnii (—hsi + A) 71 (Tk(_‘P +(1 ;‘3{% - 26 - S))l/" .

2 nnj_gl(—lﬁs,k +A)‘n%(_90+(1 _2’(,:5—26—5)1/"_”

where by convention w, = w + i0du for u € PSH(X,w). Again we use our choice of A in the
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third inequality. Similar as in previous chapters, we conclude supy ¥ < 0, which means on Q;,

(—p+ (1= r)ps =26 —5)\™1/n

1/n
As,k

A,
< C(n)(~Pyp + —.

rn+l

Integrating both sides, by a-invariant estimate, there exists @p > 0 depends on n and w so that

—u+ (1 = r)us — 26 — 5)+D/n Ag k
[ e (o= 220 i < [ exp (<Clmaops + Clnans )
£ As k X r
As,k
< Cexp (Crn+1 ). 4.9)
By letting k — oo, we obtain a Trudinger-type inequality
-~ 1- — 26 — 5)(m+D/n A
/ exp (ao( o+ ( r)%l ) )a)” < Cexp (C22) (4.10)
Q, As/n phtl

Lemma 4.3 There is a uniform constant C > 0, in particular independent of 6 and s, such that

Proof. Note that

C
As:/(—go+(1—r)905—26—s)er”SC/ er”SC/ e < = Cr™t!
Q, Q, o |logo|P

where the first inequality is the L™ estimate for ¢ (and ¢y), the last inequality is Lemma 4.2 and

the last equality comes from our choice of the constant r. m|

Combining both Lemma 4.3 and 4.10, we have

—0o+(1- —25 — (n+1)/n
/ exp (a/o( o+ -r)¢s 5) )w"sc, @.11)
Q,

Al

As in the previous chapters, we can apply the generalized Young’s inequality with weight n(x) =
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(log (1 +x))? to conclude that

/ [~ + (1= 1r)ps =26 — s] " DPIneF o < cAl™,

S

where C > 0 is independent of s and 6. By Holder inequality we have

P 1/q
Ay < (/ [—p+ (1 =r)ps —26 — s](””)p/”epcu”)'( . (/ er”)
Qg Qg
L 1/q
< CAM (/ er") : 4.12)
Q
where g = pfrfﬁ)lzn is the Holder conjugate of @. Thus

(1+n)/qn l+a
ASSC(/ er”) :C(/ er”) ’
Q, Q

where ag = % > 0. Now we are ready to apply the De Giorgi trick with some modifications.

Define ¢(s) = fQ efw™, similar as in previous chapters, we have for any » > 0 and s > 0
r¢(s+r) < Cap(s)' (4.13)

for some uniform constant C3 > 0 independent of § € (0, 1/2]. However, we need to be careful
here because of the comparison function we choose and the estimates for ¢(0). Fix a 6o > 0 small

which depends only on n, p, w, ||| L1(log yr Such that for all 6 € (0, 6o], we would have

a C;C°
C3¢(0)a0 = C3(/ eFa)") ’ < Sl
E

- 1
= |log§|pa0 27
) | log

from Lemma 4.2. Hence ¢(0)“° < C|logd|7P°. With this choice of d, by a iteration argument as

in Lemma 2.2, we get the set Qg = 0 for all s > S, where

2C3

S S 15w

0)9 < e,
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‘We thus conclude that

C
<p5—90325+rg05+|10gw, on X.

This means

Ds— @ <26+rps+A'co+ (4.14)

| log §|Pao”

At every point z € X, there is a ¢, € (0, ¢] realizing the infimum of ®5 = ¢, s in the definition 4.5

of ®s. From 4.14 it holds that

2 t_2_ 2 ’ e
P+ Kt; —¢ clog(S Ko §25+rg05+AC(p+|10g6|pao.

Also note that p,, ¢ + K12 — ¢ > 0 by Demailly’s Lemma 4.1. So

_ ¢
| log §|Paoc’

t, -K&*-25 r ,

log=>—————@ps—A'p—
1) c c

Note that we can still choose the small constant c. If we let ¢ = where @ = min(pay, %),

1
[logo|@>

we would have £ < C and < C for some uniform constant C. Therefore by the L™

1
[log6|P%0c

estimate of ¢ and ¢ there exists a uniform constant C > 0O such that log%Z > —C, which means

t, > 66 for some uniform 6 € (0, 1). At z € X, we have

pose + K66 —¢ < pLo+Kii—¢
C < C
|log 6|Pe0 ~ [log6]™

t
< K52+clog§+25+r¢5+A’c¢+

Note here the first inequality comes from the monotonicity of t — p,¢(z) + Kt* in Demailly’s
Lemma 4.1. This tells us for any z € X and ¢ € (0, do], pese(z) — ¢(2) < IlogLél"; or equivalently
for any 6 € (0,66¢]

C
psp(z) —¢(z) < TToa ol (4.15)

4
go]"’
for some uniform constant C4 > 0.

Finally, we need a comparison between the two modulus of continuity barriers. We follow the

36



ideas in [18]. For any ¢ > 0, we denote

@5(z) = max_¢(x),
x€B(z,6)

where B(z, ) denotes the geodesic ball with center z and radius ¢ in the Riemannian manifold
(X, w). We claim that there exists a uniform constant C > 0 such that ¢5(z) — ¢(z) < IlogLél” for
any z € X and 6 € (0, 66¢/B,] for some B, > 0 sufficiently large depending only on n and «. This
will suffice to prove the theorem. To be more general (but less precise) we can formulate it in the

following way.

Lemma 4.4 Fix a € (0, 1), the following two conditions are equivalent:
1. There exists 51, A > 0 such that at any point z € X and for any 6 € (0,0),

A
| log o]®

s —p <

2. There exists 62, B > 0 such that at any point z € X and for any 6 € (0, 62),

B
| log o]®

05— <

We will proceed to prove the more precise version. From now on we assume 6p > 0 is chosen to
be smaller than the injectivity radius of (X, w), so the exponential maps considered are diffeomor-
phisms on relevant domains.

We denote Q(6) = sup,.x(@s(z) — ¢(z)). Take a uniform constant A > 0 whose choice will

be given later 4.21, which depends only on n, p, w and C4 > 0, then we claim that Q(¢§) < “Og%v,

for any 6 € (0,6060/B,]. Suppose not, then there exists some 0 < &’ < 6dy/B, such that Q(6") >

A
W. We define

05 05
§:=1inf{0 <t < —2| Q(s) < for all s € [f, —]}. (4.16)
Bn |10g s|@ n
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The existence of ¢’ implies that 6 > ¢ > 0. Since ¢ is continuous and X is compact, there exists
Z0 € X such that Q(6) = @s(z0) — ¢(z0) = ¢(wo) — ¢(z0) for some wg € B(zo,). From the

definition of 6 in 4.16, it follows that

06
for all s € [4, 0

A
Q(6) = ——, and Q(s) <
| log 5] Bn

, : 4.17
Tog o7 ] (4.17)

We fix a constant » > 1 but close to 1. For any x € B(zg,3b0)\B(woq, bd), we have d(x, wg) > bo.
Hence by 4.16

A __|logsl”
@(wo) — p(x) < Q(d(x,wp)) < |log d(x,wo)|®  |log (6b5)|*

Q(6) < CQ(6), (4.18)

where ¢ > 0 is an upper bound of &Tigw for all 6 € (0,060/B,], which is uniform. By

taking 3, large enough (depending only on n and p), we can choose C arbitrarily close to 1, since

lims_,0 % = 1. Thus we can assume that C < 1 + v" for some small constant v < %.
Rewrite 4.18 as
@(x) = p(wo) — CQ(S), V x € B(zo,3b6)\B(wq, bd). (4.19)

By the definition of p3psu in 4.3, we have

1
(366)2"

1
(3b6)2n

[ etepa@nn 4L
(€T, X ’ (3b6)?

112
(3b6)?

P3bsP(20) )dV, ()

\%

/F o (exp 20 (NP2 )4y (£) + (1 - £0) (0(wo) — CQAS)).

where F C T, X is the inverse image of B(wg, b6) under exp,, : T, — X, and

1 1212
“0= (Bbo)2 /Fp (Gooy?

)dV,({) € [0, 1].

Note that we can choose £9 > 73;. By Gauss” Lemma, |£|2 < (b + 1)%6? for any { € F. By the
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1212,
(3b6)2

choice of the kernel function p, we have p( ) = const for such £. So

! IqH _ 1
G P O = s [ o

where du = (exp z,)«dV,,(z,) is the pushforward of the “Euclidean measure” in 7, X to X under
the exponential map exp,,. We observe that B(wg, bd) can be viewed as a domain in the normal
coordinates chart at z, and under this coordinates system, the measure u differs from the Euclidean
one by C¢ (for some uniform C = C(w)). Moreover, ¢ + ¢, is pluri-subharmonic for some local
potential ¢, of w which satisfies |¢,,| < Co (e.g. consider ¢,, — ¢, (wo) if necessary). Then by

the standard mean-value inequality for subharmonic functions in Euclidean space, we get

1

g)———— (2)du(z) = gop(wg) — Cs0,
CUBwo, 00)) Jaons O H AR

where Cs > 0 is a constant depending only on n, w. Combining the above we get

pavse(z0) = @(wg) — Cs6 — (1 — £9)CQ()

¢(20) = Cs6 + (1 — (1 — £9)C)Q(6)

\%

@(z0) — C56 +v"Q(0),

where in the last inequality, we use the choices of v > gy > 472" and C < 1 +v". Combined with

4.15, this yields that

Cy

—————— + (56 > V"'"Q(6) =" ) 4.20

|log 3b5|® > VI8 =¥ | log 6] ( )
Then we can derive a contradiction by letting the constant A > 0 at the beginning be

00¢ | 009 4

A=1+ ‘log Q%4 sup V' log 6|7 (—— 4+ Cs6) 4.21)

Bn Bn" 5€(0.050/B4] |log 3b6 |«

The proof of Theorem 4.1 is thus complete. O
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4.2 Holder continuity

The method of auxiliary Monge-Ampere equations also gives us a PDE approach to reestablish

Holder continuity of the Monge-Ampere equation with L? right-hand side for p > 1.

Theorem 4.2 Consider equation 4.1

(w+i0d)" = eF ", ir)1(f<p =1
If et € LP for some p > 1, and let g = ﬁ be its Holder conjugate, then the solution ¢ is Holder

continuous,

lo(x) — ()| < Cd(x,y)™ (4.22)

forany x,y € X, where d(x,y) is the geodesic distance of the two points x, y in the Riemannian

manifold (X, w) and agy < ﬁ.

Remark. Examples in [36, 18] shows the optimal Holder exponent cannot be better than %.
Similarly, we call a constant uniform if it only depends on p, n, w and || ||z».

We will explain how the proof follows closely from parallel arguments in the last section, by
changing m into 6%. Again we can assume F is smooth and derive the estimate 4.22. If

el is only L”, we take a smooth approximate and apply the stability estimate [32, 22].

2ag —_2 < 2
ap+q 1+%q l+ng "

Suppose e/ € L for some p > 1 and g = [%. Fix ag < 1, denote aq =
By our normalization and L* estimate, 1 < ¢ < C for some uniform constant C on X. Fix some
small 6 > 0, and let ¢ = 6%, let ®5 = ¢, s be the Kiselman-Legendre transformation of ¢ as in

4.5. Again by 4.6 we get
w+i00Ds > —(Ac+K6H)w > —A'cw

for some A’ = A’(n, w) > 0, and the positive function ¢s5 = % < @ lies in PSH(X, w).
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For s > 0 he sub-level sets €, in 4.7 is now defined to be
Q= {p < =26+ (1 —r)ps — s}

where we take r = §(>~20)/("*1)a_Now with these choices, a parallel version of Lemma 4.2 follows

from Holder inequality

Lemma 4.5 There is a uniform constant C such that

/ Ful < Co2a0la
Q

Proof. As in Lemma 4.1, there exists a constant C > 0 depending on only n, w such that
/ los¢ = ¢l < C&? (4.23)
X
Similar to Lemma 4.2, we have the inclusion
Qo ={26" < (1 =r)gs — ¢} € {20% < psp — ¢} = Q
Now by Markov’s inequality
1
/ w" < /w" < —/ lpse — plw" < €52
Q Q 0% Jx
Then by Holder inequality,

1 1
/ Fo' < (| ePFw)r (| w7 < Cnw, el ||pp)s 0/
Q Q Q
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Setting up our auxiliary Monge-Ampere equation as

ni(=g+ (1= r)gs =26 =) 1,

(w+i00y, )" = A

, supyYsir =0, (4.24)
X

where A i = fXTk(—(p+(1 —1) s —26% —s)ef w" and Ay := fE (—p+(1=7)ps—26% —s)ef w".

Choose our comparison function

W= ety + AFT + (= + (1= 1)y = 26° — )

1

. [l Ag . .. .

with the constants & = (Z)aT A™T A = 225k we can use maximum principle in the exact
n s,k n+l pn+

same way, and derive the Trudinger-type inequality

Ai) (4.25)

—o+(1- —26% — (n+1)/n
[ exp fapte =00 I < Cexpic
Q, r

Al

Now similar as in Lemma 4.3, we have

Lemma 4.6 There is a uniform constant C > 0 such that

Ay
<C

rn+l -

Proof. Again we have

2-ag

As:/ (—(,0+(1—r)(,05—25“°—s)er”SC/ er"SC/ efo'<Ccs e =crt!
Q Q; Q

by our choice of r. O

Now define ¢(s) = fg efw™, we can proceed exactly as before to conclude
ré(s+r) < Co(s)l+ao (4.26)

for a uniform constant C with any ag < %, because in this case we can take p as large as we like.
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The same iteration argument gives that
Qs — ¢ < €™
Recall that we take ¢ = §*°, which will impliy for some uniform &y € (0, 1] and uniform 6 € (0, 1),

pPosp — ¢ < Co™

for any ¢ € (0, dp]. Finally, the argument can be completed by invoking an equivalence between
the Holder continuity barriers, one can either apply the argument in the last section or directly

quote [18]. m]

4.3 Geometric application

It is natural to study the geometry of the Kéhler metric satisfying a Monge-Ampere equation.
In this section, we will show how the uniform modulus of continuity estimate can be used to obtain

a diameter bound on Kihler metrics w, = w + id0¢, by applying a trick from Li [34].

Theorem 4.3 Let w, be the solution to equation 4.1. Suppose p > 3n, in other words, a > 2, then

there exists a constant C > 0 depending only on n, p, w, ||eF||L1 (log )P such that
diam(X, w,) < C.

Remark. Li [34] showed a diameter bound can be obtained if the right-hand side e’ lies in LP for

p > 1. Here we generalize his result by only requiring a L' (log L) right-hand side.
Definition 4.1 A function f : R, — R, is called Dini continuous, if [ {2 dr < co.

As before, we denote (r) = supy, )<, [¢(x) — ¢(y)| to be the modulus of continuity of ¢, which

is the oscillation of u over geodesic balls of radius r.
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Lemma 4.7 On the Kihler manifold (X, w), let ¢ be a smooth and strictly w-plurisubharmonic

function. If VQ is Dini continuous, then the diameter of the Kéhler manifold (X, w,) is bounded

! 'S:(r) dr.

by a constant depending on w and /0

Proof. Since (X, w) is compact, we can take a finite open cover {Ua}gzl,

where each U, is a
bounded domain in C", and without loss of generality we assume each U, is biholomorphic to the
Euclidean ball Ben (0, 2) and {%Ua} also covers X. Itis clear that w|y, is equivalent to wcn |y, . For
notational convenience, in the proof of this lemma we write B, (z) = Bcn(z,7) and wg = wen.

We consider the function p(z) = d,,(z,0), which is a Lipschitz function. We fix a cut-off

function y : Ry — [0, 1] such that y(x) = 1 for x € [0, 1] and vanishes on [2, o). Following

[34], we look at the integral of |[Vp|?. For any fixed r < 1 and any p € %Ua =~ B1(0), we have

[oweten < [ 190k teel = [ @ dueor
B, (p) B,(p) B (p)

Crn s / B (EEP)) (o)~ p(p)):
By (p) r

< Cr"+ Cr2Q(2r),

IA

where in the second line we apply the integration by parts. By Poincare inequality, it follows that

2
f (p —pr,,,) W < rzf Vol Wl < Cr2 + CQ(r), 4.27)
By (p) B (p)

where ]%r ) f denotes the average of f over the ball B.(p), p,, = ]%r () pw', and in the last
inequality we have applied Q(2r) < 2Q(r) which follows from the triangle inequality.
We now follow closely the proof of the classical Morrey’s lemma in PDE theory. By Holder

inequality and 4.27

D1y = Pranl < f 1(2) = prplwlh < Cr + CQ). (428)
Br/2 p
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We apply 4.28 with r = 27/ for j = 1,2,3,---. Then
021, = P2-i-1 p| < €277+ CQ2T)'2, (4.29)

Under the assumption that 4/Q(r) is Dini continuous, we see that the series p = Zj’;l(pz—j,p -

p2-i-1,,) converges absolutely, and |9| is uniformly bounded, since 3’ ; 27/ converges and 3 j Q(2~H1/2 <

1 Vo)
2/0‘/_‘

t

dt < oo. By Lebesgue differentiation theorem it is clear that

dw,(p,0) =p(p) = jlijgo P2-ip = P1j2.p — P- (4.30)

To get the desired bound on d,,,, (p,0) it suffices to estimate py/s,,. To this end, we observe that
the inequalities above are uniform for any p € B;(0). In particular we can apply 4.28 and 4.29

with r =3 - 27/ for j=1,2,--- and p = 0 to conclude that
dw,(0,0) =0=p3/20—0(1)

where O(1) denotes a uniformly bounded constant. This gives the bound on p3/0 = ]%3/2 p.

Finally for any p € B1(0), we have B;/»(p) C B3;»(0) by triangle inequality, hence

Pi/2.p =j[ pw < C][ pwy = Cp3pp
By2(p) B32(0)

is uniformly bounded, as desired. Combined with 4.30, this gives the expected bound on d,,, (p, 0)
for any p € B1(0). Since finitely many of these balls cover (X, w), we get the diameter bound of
(X, wy). The proof of the lemma is complete. O

Proof of Theorem 4.3. Let ¢ be the solution to 4.1. Suppose p > 3n, then

.. p—n p
= min ,—1>1
¢ in{ n 1+n}

Theorem 4.1 implies that |¢(x) — ¢(y)| < m for any x, y € X and a uniform constant C.
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So we have for the modulus of continuity of u, Q(r) < . Then we have

_Cc
[log r[®

1/2 /Q
/ (r —dt < 00,
0 log2 12
Now the diameter bound will be implied by Lemma 4.7. O

Example 4.2 Let (X, w) be a compact Kdihler manifold and L — X be a holomorphic line bundle
over X. Suppose s € H(X,Ox(L)) is a nonzero holomorphic section of Ox(L). Consider the

following complex Monge-Ampére equations (for € € (0,1])

Ce v
(e +s17) (= log (e + s]}))*

(w + iéa_gof)" =

where h is a Hermitian metric on L such that |s|%l < 1, C¢ > 0 is a normalizing constant so that

the equation is solvable, and a > 0 is a constant.

Note that the function on the right-hand side belongs to L' (log L)? for any p < a + 1. So for
any fixed a > n — 1, Theorem 4.1 implies a uniform estimate on the modulus of continuity of ¢.
Note that this estimate still holds for € = 0, if we interpret the complex Monge-Ampere equation
in the sense of Bedford-Taylor.

Now if a > 3n — 1, Theorem 4.3 implies a uniform diameter bound of the Kéhler metrics

We =W+ i('ia_cpe, which is independent of € € (0, 1].
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Chapter 5: The (n — 1)-form equations on Hermitian manifolds

In this chapter, we will prove Theorem 1.6. Recall on a compact Hermitian manifold (X, w),
where wy be another Hermitian metric on X. Define © = wp + n]Tl((Awgo)w — i00¢) for any
¢ € C*(X), where A, = nmg"iu# is the complex Laplacian. Let h, := wle,TX - TX
be the relative endomorphism defined by & relative to w. Again denote A[h,] as the eigenvalues
vector of A,.

Given a smooth function F on X, a (n—1)-form equation is a fully nonlinear partial differential

equation of the following type
f(A[h,]) =", and A[h,] € T. (5.1)
with supy ¢ =0 and A[A,] € I" on X.

We will prove an L™ estimate for the solution while f satisfies the following three conditions.

e f:T' c R" — Ry, where I' is a symmetric cone satisfying I, ¢ I" ¢ I';. We also require
f(2) to be symmetric in A = (A4y,...,4,) € I' and it is homogeneous of degree one, i.e.,

f(rAd) =rf(d)forr >0and A €T.
* fis elliptic, in the sense that a% >0Oforeachj=1,...,nand 1 €T.

* f satisfies the structure condition, i.e., there is a y > 0 such that

n
P
]_[ of o y, VaeT. (5.2)
Lloa

Proof of Theorem 1.6. We denote by G/ = aloga’;ij[h]) = %af éﬁi[,ﬁ]) the coefficients of the lineariza-

tion of the operator log f(A[h]).
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It follows from the structure conditions of f that G is positive definite at i, and

det(G') = - gey( 2L ALAD)

Y
> . 5.3
) 2 T ©-3)

Fix any point zy € X, by simple linear algebra there is a smooth local frame {e’} for the
holomorphic cotangent bundle 7*'°X in a neighborhood of zo, such that w = V=1 3, j e/ A el and
@ =V-13;4;¢/ A e/. In particular, (hy); = 1;6;; and G/ = }(?Tfjd,-j in this frame. Therefore,

we have in the neighborhood of zg
10
trG@:ZGlfgfizz—iaj=1. (5.4)

The last equality follows from Euler’s relation and the assumption that f(A1) is homogeneous of
degree 1. As 79 is arbitrary, we know that trg® = 1 holds everywhere on X.

Define the following tensor © by

l.T 1 T l.T l.T
0" = m((leg[k)gJ -G j)~
Remark. This tensor is similar to the tensor ®/ defined in [42, p.17] and [23, p.20], except that

we put G' in place of ' in order to deal with more general fully nonlinear equations.

We summarize the key properties of ©'/ in the following lemma.

Lemma 5.1 The tensor O then satisfies the following: for A € T,
(2) 87 ¢;; = 1= G (g)j; and G (g1)j; = 0;

(b) @7 is positive definite, and det(®/) > 7 (Tl)"'
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Proof. We have

1 = tchD
= (g + —
]
;7 1 ] i ji
= i+ 7 ((6 e - 67

= GU(gn);+0Tp;

(&Y orgni— ¢ ﬁ))

where the first equality follows from the equation (5.4), the second equality follows from definition
of @ and the last equality follows from the definition of ®. Since G is positive definite, we know
Gif(gh)fi > 0. This proves (a).

We can choose holomorphic coordinates at a given point p € X such that g;;|, = ¢;; and

G;lp = pioi;. Note that y; > 0 foreachi = 1,--- , n since G is positive definite. Then we have
i -1
eV, = nTl(Z Mi)Oij
k#i
which is clearly positive definite. Moreover,
n n

det(gif”xo - ﬁ ﬁ(z Mi) = ]_[ ( l_l/lk)l/(n—l) _ 1—[”" = det(G'7) > f&)n,

i=1 k#i i=1  k#i i=1

where the middle inequality follows from the arithmetic-geometric (AG) inequality and the last
inequality follows from the equation (5.3). This proves (b). O

Now we consider a point xo where ¢ attains its minimum, i.e. ¢(xg) = infx ¢. We assume
—p(x9) = 2, otherwise Theorem 1.6 already holds. There exists a local holomorphic coordinate

system z centered at xo such that

1., - _

Eiaamz < w < 2idd|z|* in B(xo, 2ro) (5.5)
where B(xg,2rp) is the Euclidian ball of radius 2ry defined by this coordinate. Note that any
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dependence on ry can be absorbed into a dependence on X and w. For simplicity, denote Q :=
B(xo,2rp).

We fix a small constant €’ > 0 such that

/

wy > - 1(trwcuh)a) in Q. (5.6)
Let sg = 46’r§. For any s € (0, sg), we set
us(z) = 0(z) — e(xo) + €'lz]> =5, Vz € Q= B(x,2rg). (5.7
Define
Q; ={z € Q;uys(z) <0}. (5.8)

Note that when z € 9Q, uy(z) > 4e’r§ — s > 0. Therefore the sub-level set of u; Qg := {z| us(z) <
0} N Q is relatively compact in €, and by definition € is an open set.

Set

Ay = / (—ug)e™ w". (5.9)
Q;

To make the right-hand side of our auxiliary Monge-Ampere equation smooth, we choose the

following sequence of smooth positive functions 7 : R — R, such that

1
Te(x) =x+ %’ when x > 0, (5.10)
and
(x) ! h <
= —, enx < ——,
T (x T when x .

and 7y (x) lies between 1/2k and 1/k for x € [-1/k, 0]. Clearly 14 converge pointwise to T (x) =

50



X - xr,(x) as k — oo, where yg, denotes the characteristic function of R,.

The auxiliary Monge-Ampere equation we consider is the following

(1085 )" = weﬁ W"'inQ, Y =00ondQ (5.11)
s,k

with i0dy s, > 0, and Ay is defined by

A = / T (—ug)e™ W' (5.12)
Q

By Caffarelli-Kohn-Nirenberg-Spruck [7], this Dirichlet problem admits a unique solution ¥ x
which is of class C*®(Q), with ¢; ; < 0. By the definition of Ay, we have Ay — Ay as k — oo,

and

/(iaéws,k)" =1. (5.13)
Q

Now we are ready to establish the following key comparison lemma

Lemma 5.2 Let uy be a C? solution of the fully non-linear equation (5.1) and yr . be the solutions

of the complex Monge-Ampere equation (5.11) as defined above. Then we have

—ug < &(—y )™ on Q (5.14)

where & is the constant defined by e"' = A 1y~ (”:Ti)

Proof. We show that the function
D = —e(—Ys )™ — g (5.15)

is always < 0 on Q. Let xpax € Q be a maximum point of ®. If xpax € ﬁ\Qs, clearly @ (xpyax) < 0

by the definition of € and the fact that s x < 01n Q. If xpax € €5, then we have iaa_CD(xmax) <0
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by the maximum principle. Since O s positive definite, we calculate at xmpgx,

0 > 67
ne _1 7 gn 2
= T (—ysr) =10V (l,lfs,k)ij + m(_ws,k) @Y (‘//s,k)i(‘ﬁs,k)f
-1 +trqgwy, — € 1 (trgw - try,wen — trgwen)
n —
ne T €
> (=) ™10V (s p)ij — 1 +trg[wh = (trowp)w]
n+1 n—1
2 -
> O () (det®) M [det (w71 - 1
n+1
I’l28 _;71/n (_us)l/neF
2 (_lﬁs,k) n+l 1/n - 1
n+1 f As |
2 _ 1/n
n-& l/n _ —#( MS) _
= N+ 17 ( lﬁs,k) ]—Al/kn 1.
5,

Here the first equality follows from the definition of @'/ and part (a) of Lemma 5.1
@ifgal-] =1 -trgwy.

The third line follows from the choice of €’ in (5.6). In the fourth line, we applied the standard
arithmetic-geometric inequality. The fifth line follows from part (b) of Lemma 5.1 and the defi-
nition of Y x. The last line follows from the equation (4.2). By the choice of &, this implies that
W¥(x0) < 0. Hence supp ¥ < 0. O

Along the same spirit in previous chapters, as long as we establish the comparison between
and ¥ as in Lemma 5.2, we could derive the L™ estimate, without referring to the differential

equations satisfied by u; and ¢/ . We cite the lemma here without repeating the proof.

Lemma 5.3 Let0 <5 < 50 = 2r(2). Assume that we have functions us, ug > 0 on 0Q, and let €,
A, and Ay be the corresponding notions as defined by. Assume that the inequality (5.14) holds,

that is,

1

—uy < C(n,7) AFT (=¥x) ™1 on Q (5.16)
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for some constant C(n,7y), where . are plurisubharmonic functions on Q, s = 0 on 0Q, and

[Q(iaa‘(ps,k)" = 1. Then for any p > n, we have

_()D(XO) < C(n,w, Y D> ”(p”L'(Q,w”))' (5.17)

Now, Theorem 1.6 follows from Lemma 5.2 and Lemma 5.3, except that the a priori L* bound

of ¢ may rely on the L' norm of ¢. We can remove such dependence as in [23].

Lemma 5.4 For any ¢ € C*(X) such that A[w™" - (w +i0d¢)] € T'| and supy ¢ = 0, there exists

a uniform constant C > 0 depending only n, w such that

/x(—go)w” <C.

Remark. We stress again that our definition of relative endomorphism 4, := w!

@ is different
from those in [21, 23] due to a different form of unknown metric (1.15). So the condition 4 € I
means A[w™! - @] €T, instead of A[w™" - (w +i0d¢)] € T.

Since our assumption for ¢ is that A[w™! - @] liesin I" c I', i.e. tr,@ > 0. This implies that
Ay > —trowy = —C’ by (1.15), for some positive constant C’. Therefore tr,, (w + iaé(%)) > 0.
In other words, A[w™! - (w + i@g(%))] is in I";. Lemma 5.4 then yields the desired L' bound of ¢

given our normalization supy ¢ = 0. The proof of Theorem 1.6 is complete. O
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