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Abstract

On the method of auxiliary Monge-Ampère equations in complex geometry

Chuwen Wang

A priori estimates, especially the 𝐿∞ estimates, are the core to solving partial differential

equations (PDE) arising from complex geometry. It has been a longstanding question whether one

can find a PDE method to prove a 𝐿∞ estimate of the complex Monge-Ampère equation with a

singular right-hand side. Recently, the method of auxiliary Monge-Ampère equations developed

by B. Guo, D. H. Phong, and F. Tong has emerged to be a major advance regarding this question,

with immense generality. We use this method to prove the 𝐿∞ estimate for complex

Monge-Ampère and Hessian questions on a nef cohomology class, and for the (𝑛 − 1)-form

equations on Hermitian manifolds. We also prove a sharp uniform modulus of continuity estimate

for complex Monge-Ampère equations, together with its geometric application on diameter

bounds for Kähler metrics.
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Chapter 1: Introduction and Background

1.1 Overview

Solutions to geometric partial differential equations (PDE) yield canonical geometric struc-

tures, which is a central topic in differential geometry. The key to solving such equations lies in

deriving a priori estimates.

In the seminal work of Yau [46], he proved the Calabi conjecture, showing that any compact

Kähler manifold 𝑋 with first Chern class 𝑐1(𝑋) = 0 admits a Ricci-flat Kähler metric by solving

the following Monge-Ampère equation

(𝜔 + 𝑖𝜕𝜕𝜑)𝑛 = 𝑒𝐹𝜔𝑛 (1.1)

The key to his proof was a priori estimates, especially 𝐿∞ estimates. Yau used Moser iteration to

prove the 𝐿∞ estimates, which work not only for a smooth right-hand side, but also for 𝑒𝐹 ∈ 𝐿𝑝

when 𝑝 > 𝑛. The next major advance was by Kołodziej [31], who established the 𝐿∞ estimates

when the right-hand side 𝑒𝐹 is in some Orlicz space, in particular, 𝐿𝑞 for 𝑞 > 1, which has

profound geometric implications [35, 14, 12, 38, 41]. His proof relied heavily on pluripotential

theory developed by Bedford and Taylor [1, 2]. Later on Demailly and Pali [12] and Eyssidieux,

Guedj, and Zeriahi [14] generalized Kołodziej’s result to degenerating background metrics, where

pluripotential theory continues to be essential. Boucksom, Eyssidieux, Guedj, and Zeriahi also

generalized the estimates to big cohomology classes using pluripotential theory [6].

It has been a longstanding question whether one can find partial differential equation methods

to prove the above estimates. PDE methods would be generally more flexible and broadly applica-

ble than pluripotential theory, which is tailored to Monge–Ampère equations. Błocki [5] obtained

1



the 𝐿∞ estimates for 𝐿𝑝 right hand side with 𝑝 > 2 using Alexandrov-Bakelman-Pucci (ABP)

maximum principle. However, his method cannot be extended to degenerating background metrics

or the full range of 𝑝. On the other hand, Wang, Wang, and Zhou [45] proved the 𝐿∞ estimates for

domains in C𝑛, by deriving a Trudinger-type inequality, but their method cannot be adoptable to

compact manifolds.

In their work on constant scalar curvature Kähler metrics, Chen and Cheng [8] used auxiliary

Monge-Ampère equations to obtain entropy estimates. Comparing solutions to solutions of aux-

iliary equations has been a powerful tool since De Giorgi [17], and was used notably in the proof

of Hölder continuity of solutions to Monge-Ampère equations by Dinew and Kołodziej [11, 13].

Complex Monge-Ampère equations are in particular suitable as candidates for auxiliary equations,

since the existence and smoothness of the solution has been established by Yau [46] in the compact

case and by Caffarelli, Kohn, Nirenberg, and Spruck [7] in the case of the Dirichlet problem.

Recently, by combining ideas from [8, 45], Guo, Phong, and Tong [21] proposed a method

using auxiliary Monge-Ampère equations to derive 𝐿∞ estimates, which has been proved to have

immense generality and applications [21, 22, 25, 24, 23, 20, 19]. In Chapter 2, we will give a basic

introduction to this method as in Guo, Phong, and Tong’s work [21]. In Chapters 3-5, we will

discuss the main results of this paper, the application of the auxiliary Monge-Ampère equation

method to the case of nef cohomology classes on Monge-Ampère and Hessian equations (joint

work with B. Guo, D.H. Phong, and F. Tong), to the case of modulus of continuity of Monge-

Ampère equations (joint work with B. Guo, D.H. Phong, and F. Tong), and to the case of (𝑛 − 1)-

form equations on Hermitian manifolds (joint work with N. Klemyatin and S. Liang).

1.2 Preliminaries

1.2.1 Equations on Kähler manifolds

Let (𝑋, 𝜔) be a compact Kähler manifold of complex dimension 𝑛 without boundary. If 𝜑 is

a real smooth function on 𝑋 , we denote 𝜔𝜑 = 𝜔 + 𝑖𝜕𝜕𝜑, the classical complex Monge-Ampère
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equation takes the form

(𝜔 + 𝑖𝜕𝜕𝜑)𝑛 = 𝑒𝐹𝜔𝑛 (1.2)

where 𝐹 is a smooth function on 𝑋 satisfying the integrability condition
∫
𝑋
𝑒𝐹𝜔𝑛 =

∫
𝑋
𝜔𝑛, and

the solution 𝜑 ∈ 𝑃𝑆𝐻 (𝑋, 𝜔) can be normalized, say sup𝑋 𝜑 = 0. With this setup, Yau’s theorem

[46] tells us the equation admits a unique smooth solution 𝜑 ∈ 𝑃𝑆𝐻 (𝑋, 𝜔) ∩ 𝐶∞(𝑋) = {𝑢 ∈

𝐶∞(𝑋) |𝜔 + 𝑖𝜕𝜕𝑢 > 0}.

We can also consider a family of equations. Let 𝜒 be a closed (1,1)-form on 𝑋 , say semiposi-

tive. For 𝑡 ∈ (0, 1], denote 𝜔𝑡 = 𝜒 + 𝑡𝜔 as the degenerating family of background metrics. Then

we look for solutions of the following family of Monge-Ampère equations

(𝜔𝑡 + 𝑖𝜕𝜕𝜑𝑡)𝑛 = 𝑐𝑡𝑒𝐹𝜔𝑛, sup
𝑋

𝜑𝑡 = 0 (1.3)

where 𝐹 is a smooth function on 𝑋 with
∫
𝑋
𝑒𝐹𝜔𝑛 =

∫
𝑋
𝜔𝑛, 𝑐𝑡 =

∫
𝑋
𝜔𝑛
𝑡∫

𝑋
𝜔𝑛

is the volume normalizing

constant, and 𝜑𝑡 is plurisubharmonic for each 𝑡.

The complex Monge-Ampère equations can be generalized to complex Hessian equations. Let

𝜎𝑗 (𝜆) denote the 𝑗-th elementary symmetric polynomial for 𝜆 ∈ R𝑛, for example, 𝜎1(𝜆) = 𝜆1 +

𝜆2 + ... + 𝜆𝑛, 𝜎2(𝜆) =
∑

1≤ 𝑗<𝑙≤𝑛 𝜆 𝑗𝜆𝑙 , and 𝜎𝑛 (𝜆) = 𝜆1𝜆2...𝜆𝑛.

Fix an integer 𝑘 with 1 ≤ 𝑘 ≤ 𝑛, the k-th Garding cone Γ𝑘 is a convex cone in R𝑛 defined by

Γ𝑘 = {𝜆 ∈ R𝑛 |𝜎1(𝜆) > 0, ...𝜎𝑘 (𝜆) > 0} (1.4)

For example, Γ1 = {𝜆 ∈ R𝑛 |𝜆1 + ... + 𝜆𝑛 > 0} is a half-space, and

Γ𝑛 = {𝜆 ∈ R𝑛 |𝜎1(𝜆) > 0, ...𝜎𝑛 (𝜆) > 0} = {𝜆 ∈ R𝑛 |𝜆1 > 0, ...𝜆𝑛 > 0}

is the cone of the first octant.
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A 𝐶2 function 𝜑 on 𝑋 is said to be 𝑘-subharmonic with respect to the metric 𝜔 if

(𝜔 + 𝑖𝜕𝜕𝜑) 𝑗 ∧ 𝜔𝑛− 𝑗

is positive for all 𝑗 such that 1 ≤ 𝑗 ≤ 𝑘 . The 𝜎𝑘 equation is of the form

(𝜔 + 𝑖𝜕𝜕𝜑)𝑘 ∧ 𝜔𝑛−𝑘 = 𝑒𝐹𝜔𝑛, sup
𝑋

𝜑 = 0 (1.5)

where 𝐹 is a smooth function on 𝑋 satisfying the integrability condition
∫
𝑋
𝜔𝑛 =

∫
𝑋
𝑒𝐹𝜔𝑛, and

𝜑 ∈ 𝑆𝐻𝑘 (𝑋, 𝜔) is 𝑘-subharmonic with respect to 𝜔. Dinew and Kołodziej [13] proved the 𝐿∞

estimate for complex Hessian equations. Note that when 𝑘 = 𝑛, this is our usual Monge-Ampère

equation.

We can generalize the previous two cases to a broad class of equations. Let ℎ𝜑 : 𝑇𝑋 → 𝑇𝑋

be the endomorphism defined by 𝜔𝜑 relative to 𝜔, i.e. in local coordinates, if we write 𝜔 =

𝑖𝑔𝑘̄ 𝑗𝑑𝑧
𝑗 ∧ 𝑑𝑧𝑘 , 𝜔𝜑 = 𝜔 + 𝑖𝜕𝜕𝜑 = 𝑖𝑔̃𝑘̄ 𝑗𝑑𝑧

𝑗 ∧ 𝑑𝑧𝑘 , then (ℎ𝜑) 𝑗 𝑖 = 𝑔 𝑗 𝑘̄ 𝑔̃𝑘̄𝑖, where (𝑔𝑖 𝑗 ) denotes

the inverse of 𝑔𝑘̄ 𝑗 . We denote by 𝜆[ℎ𝜑] the (unordered) vector of eigenvalues of ℎ𝜑. Note that

𝜆[ℎ𝜑] ∈ Γ𝑛 is equivalent to the condition that 𝜑 is 𝜔-plurisubharmonic, (𝜔 + 𝑖𝜕𝜕𝜑)𝑛 ≥ 0, and

𝜆[ℎ𝜑] ∈ Γ𝑘 is equivalent to the condition that 𝜑 is 𝑘-subharmonic.

Given a smooth function 𝐹 on 𝑋 , we can consider the fully nonlinear partial differential equa-

tion

𝑓 (𝜆[ℎ𝜑]) = 𝑒𝐹 , (1.6)

with sup𝑋 𝜑 = 0 and 𝜆[ℎ𝜑] ∈ Γ on 𝑋 . 𝐹 is normalized so that
∫
𝑋
𝑒𝑛𝐹𝜔𝑛 =

∫
𝑋
𝜔𝑛.

Naturally, we need assumptions on 𝑓 for the equation to admit a solution, or even just the 𝐿∞

estimates. Throughout the paper, we will make the following three assumptions on 𝑓 ,

• 𝑓 : Γ ⊂ R𝑛 → R+, where Γ is a symmetric cone satisfying Γ𝑛 ⊂ Γ ⊂ Γ1. We also require

𝑓 (𝜆) to be symmetric in 𝜆 = (𝜆1, . . . , 𝜆𝑛) ∈ Γ and it is homogeneous of degree one, i.e.,

𝑓 (𝑟𝜆) = 𝑟 𝑓 (𝜆) for 𝑟 > 0 and 𝜆 ∈ Γ.
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• 𝑓 is elliptic, in the sense that 𝜕 𝑓

𝜕𝜆 𝑗
> 0 for each 𝑗 = 1, . . . , 𝑛 and 𝜆 ∈ Γ.

• 𝑓 satisfies the structure condition, i.e., there is a 𝛾 > 0 such that

𝑛∏
𝑗=1

𝜕 𝑓

𝜕𝜆 𝑗
≥ 𝛾, ∀𝜆 ∈ Γ. (1.7)

Note that if we take 𝑓 (𝜆[ℎ𝜑]) =

(
𝜔𝑛

𝜑

𝜔𝑛

)1/𝑛
= (∏𝑛

𝑗=1 𝜆 𝑗 )
1
𝑛 , Γ = Γ𝑛, this becomes the complex

Monge-Ampère equation, and if we take 𝑓 (𝜆[ℎ𝜑]) =
(
𝜔𝑘

𝜑∧𝜔𝑛−𝑘

𝜔𝑛

)1/𝑘
= 𝜎𝑘 (𝜆)

1
𝑘 , Γ = Γ𝑘 , this is the

complex Hessian equation. There are also a broad class of equations satisfying these conditions,

for example the 𝑝-Monge-Ampère equation of Harvey and Lawson [26, 27], with

𝑓 (𝜆) =
(∏

𝐼

𝜆𝐼

) 𝑛!
(𝑛−𝑝)!𝑝!

where 𝐼 runs over all distinct multi-indices 1 ≤ 𝑖1 < · · · < 𝑖𝑝 ≤ 𝑛, 𝜆𝐼 = 𝜆𝑖1 + · · · + 𝜆𝑖𝑝 , and Γ is the

cone defined by 𝜆𝐼 > 0 for all 𝑝-indices 𝐼.

The 𝑝-th Nash entropy of a function 𝐹 is define to be

𝐸𝑛𝑡𝑝 (𝐹) = ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 :=
∫
𝑋

𝑒𝐹 |𝐹 |𝑝𝜔𝑛, 𝑝 ≥ 1

This is often referred to as the 𝐿1( log 𝐿)𝑝 norm of 𝑒𝐹 , although technically this is not a norm

but rather describes functions in some Orlicz space. Note that 𝐿1( log 𝐿)𝑝 ⊂ 𝐿1( log 𝐿)𝑞 for

𝑝 ≥ 𝑞 ≥ 1.

In [21], Guo, Phong, and Tong proved the following 𝐿∞ estimates: For solutions to equation

1.6 satisfying the three conditions 1.2.1, if we fix 𝑝 > 𝑛, then for any solution 𝜑 ∈ 𝐶2(𝑋) there is

a constant 𝐶 depends only on 𝑛, 𝑝, 𝜔, 𝐸𝑛𝑡𝑝 (𝐹) and 𝛾, so that sup𝑋 𝜑 ≤ 𝐶.

This result generalizes well to the degenerating family case. If we consider the family of

equations

𝑓 (𝜆[ℎ𝑡,𝜑]) = 𝑐𝑡𝑒𝐹𝑡 , sup
𝑋

𝜑𝑡 = 0, 𝜆[ℎ𝑡,𝜑] ∈ Γ, 𝑡 ∈ (0, 1] (1.8)
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where 𝐹𝑡 is normalized
∫
𝑋
𝑒𝑛𝐹𝑡𝜔𝑛 =

∫
𝑋
𝜔𝑛, the volume 𝑉𝑡 =

∫
𝑋
𝜔𝑛𝑡 =

∫
𝑋
(𝜒 + 𝑡𝜔)𝑛, then if we fix

𝑝 > 𝑛, there is a constant 𝐶 such that sup𝑋 𝜑𝑡 ≤ 𝐶 for all 𝑡 ∈ (0, 1], and 𝐶 depends only on

𝑛, 𝑝, 𝜒, 𝛾, 𝜔, and the upper bounds for 𝑐𝑡
𝑉𝑡
, 𝐸𝑛𝑡𝑝 (𝐹𝑡) = 1

𝑉𝑡

∫
𝑋
𝑒𝑛𝐹𝑡 |𝐹𝑡 |𝑝𝜔𝑛 and the energy 𝐸𝑡 (𝜑𝑡) =

𝑐𝑛𝑡
𝑉𝑡

∫
𝑋
(−𝜑𝑡)𝑒𝐹𝑡𝜔𝑛.

In Chapter 2 we will discuss the proof of the Monge-Ampère case as in Guo, Phong, and Tong

[21]. The case for the general class of equations will be discussed in Chapter 5 when we deal with

(𝑛 − 1)-form equations on Hermitian manifolds.

1.2.2 Nef and big cohomology classes

Let (𝑋, 𝜔) be a compact Kähler manifold of dimension 𝑛, 𝜒 a closed (1, 1) form on 𝑋 satisfying

the normalization
∫
𝑋
𝜔𝑛 = 1.

Definition 1.1 The class of 𝜒 is called nef if the class {𝜔̂𝑡 = 𝜒 + 𝑡𝜔} is Kähler for any 𝑡 > 0, i.e.,

if it lies in the closure of the Kähler cone. Equivalently, [𝜒] is nef if for all 𝜀 > 0, there exists a

smooth closed form 𝜃𝜀 ∈ [𝜒] such that 𝜃𝜀 ≥ −𝜀𝜔.

If we can set 𝜀 = 0 in the above definition, [𝜒] is called semipositive, in which case it can be

represented by a semipositive form 𝜃.

We remark that when 𝑋 is projective and {𝐷} is a divisor class, this agrees with the nefness in

algebraic geometry. In this section, we will assume the form 𝜒 is nef. Let 𝜈 ∈ {0, 1, ..., 𝑛} be the

numerical dimension, i.e.,

𝜈 = 𝑚𝑎𝑥{𝑘 | [𝜒]𝑘 ≠ 0 ∈ 𝐻𝑘,𝑘 (𝑋,C)} (1.9)

Definition 1.2 A cohomology class [𝜒] is called big if it contains a strictly positive (1, 1)-current.

For a nef class [𝜒] this is equivalent to the numerical dimension 𝜈 = 𝑛.

1.3 Main results

We will now present the main results of this paper.
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1.3.1 Equation on nef classes

In Chapter 3, we will discuss complex Monge-Ampère and Hessian equations, cf. [25]. For a

nef class [𝜒] on 𝑋 , consider 𝜔̂𝑡 = 𝜒 + 𝑡𝜔 for 𝑡 ∈ (0, 1], 𝜔̂𝑡 might not be positive, but its class is

Kähler . Therefore we consider the degenerate family of complex Monge-Ampère equations

(𝜔̂𝑡 + 𝑖𝜕𝜕𝜑𝑡)𝑛 = 𝑐𝑡𝑒𝐹𝜔𝑛, sup
𝑋

𝜑𝑡 = 0 (1.10)

where 𝐹 is a smooth function satisfying
∫
𝑋
𝑒𝐹𝜔𝑛 =

∫
𝑋
𝜔𝑛 and 𝑐𝑡 = [𝜔̂𝑡]𝑛 = 𝑂 (𝑡𝑛−𝜈) a volume

normalizing constant. Define the upper envelope 𝑉𝑡 = sup{𝑣 | 𝑣 ∈ 𝑃𝑆𝐻 (𝑋, 𝜔̂𝑡), 𝑣 ≤ 0}, we have

the following 𝐿∞ estimates.

Theorem 1.1 Consider equation (1.10). Fix 𝑝 > 𝑛, there is a uniform constant 𝐶 depending only

on 𝑛, 𝑝, 𝜔, 𝜒, and ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 , such that for all 𝑡 ∈ (0, 1], we have

0 ≤ −𝜑𝑡 +𝑉𝑡 ≤ 𝐶

This gives a PDE-based proof of an earlier result obtained by Boucksom, Eyssidieux, Guedj, and

Zeriahi [6] and Fu, Guo, and Song [16]. A major advantage of a PDE proof is that it can be readily

adjusted for a general class of equations. We can use this method to obtain the 𝐿∞ estimates for

complex Hessian equations stated below, which is a new result.

Consider the 𝜎𝑘 -equations

(𝜔̂𝑡 + 𝑖𝜕𝜕𝜑𝑡)𝑘 ∧ 𝜔𝑛−𝑘 = 𝑐𝑡𝑒𝐹𝜔𝑛, sup
𝑋

𝜑𝑡 = 0. (1.11)

Define the corresponding envelope

𝑉̃𝑡,𝑘 = sup{𝑣 | 𝑣 ∈ 𝑆𝐻𝑘 (𝑋, 𝜔, 𝜔̂𝑡) ∩ 𝐶2, 𝑣 ≤ 0}

where 𝑣 ∈ 𝑆𝐻𝑘 (𝑋, 𝜔, 𝜔̂𝑡) ∩ 𝐶2 means that the eigenvalue vector of the linear transformation
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𝜔−1 · (𝜔̂𝑡 + 𝑖𝜕𝜕𝑣) lies in the Γ𝑘 -cone.

Theorem 1.2 Let 𝜑𝑡 be the solution to 1.11, then there exists a constant depending on ∥𝑒 𝑛
𝑘
𝐹 ∥𝐿1 ( log 𝐿)𝑝 ,

𝑐𝑡
[𝜔̂𝑡 ]𝑛 , 𝑝 > 𝑛 and 𝐸̄𝑡 such that

0 ≤ −𝜑𝑡 + 𝑉̃𝑡,𝑘 ≤ 𝐶.

where 𝐸̄𝑡 be an upper bound of 𝐸𝑡 (𝜑𝑡) =
∫
𝑋
(−𝜑𝑡 + 𝑉̃𝑡,𝑘 )𝑒𝑛𝐹/𝑘𝜔𝑛

1.3.2 Uniform modulus of continuity for Monge-Ampère equations

In Chapter 4, we will discuss the modulus of continuity for Monge-Ampère equations and

its geometric application, cf. [24]. Let (𝑋, 𝜔) be a compact Kähler manifold and consider the

complex Monge-Ampère equation

(𝜔 + 𝑖𝜕𝜕𝜑)𝑛 = 𝑒𝐹𝜔𝑛, 𝜔 + 𝑖𝜕𝜕𝜑 > 0, inf
𝑋
𝜑 = 1 (1.12)

where
∫
𝑋
𝑒𝐹𝜔𝑛 =

∫
𝑋
𝜔𝑛 satisfies the compatibility condition. If the right-hand side is in some

Orlicz space, Kołodziej [31] showed that the solution must be in 𝐿∞ and continuous. If we assume

further 𝑒𝐹 is in 𝐿𝑞 for some 𝑞 > 1, Kołodziej and Demailly et al. showed that the solution must

be Hölder continuous [33, 11]. When it is not in 𝐿𝑞 for 𝑞 > 1, there are examples that the solution

fails to be Hölder continuous. However, we are still able to derive a uniform estimate and show

that the solution is continuous with order 𝑂 ( | log 𝑑 |−𝛼).

Theorem 1.3 Consider equation 1.12. Fix 𝑝 > 𝑛. There exists a constant 𝐶 > 0 depending on

𝑛, 𝑝, 𝜔, ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 such that the following uniform estimate holds for any 𝑥, 𝑦 ∈ 𝑋

|𝜑(𝑥) − 𝜑(𝑦) | ≤ 𝐶

| log 𝑑 (𝑥, 𝑦) |𝛼 (1.13)

Here 𝑑 (𝑥, 𝑦) denotes the Riemannian geodesic distance and 𝛼 = min{ 𝑝−𝑛
𝑛
,
𝑝

𝑛+1 }.

The same method can be applied to derive a PDE-based proof of Hölder continuity when the

8



right-hand side is 𝐿𝑝 for 𝑝 > 1, first obtained by Kołodziej and Demailly et al. [33, 11]. We can

obtain the same Hölder exponent as in [11]

Theorem 1.4 Consider equation 1.12. If 𝑒𝐹 ∈ 𝐿𝑝 for some 𝑝 > 1, and let 𝑞 =
𝑝

𝑝−1 be its Hölder

conjugate, then the solution 𝜑 is Hölder continuous, i.e.,

|𝜑(𝑥) − 𝜑(𝑦) | ≤ 𝐶𝑑 (𝑥, 𝑦)𝛼0 (1.14)

for any 𝑥, 𝑦 ∈ 𝑋 , where 𝑑 (𝑥, 𝑦) is the geodesic distance of the two points 𝑥, 𝑦 in the Riemannian

manifold (𝑋, 𝜔) and 𝛼0 <
2

1+𝑛𝑞 .

A trick of Li [34] linked Dini continuity to the diameter bounds for Kähler metrics, where he

obtained a diameter bound for solutions with 𝐿𝑝 right-hand side, 𝑝 > 1. Using this, we can get the

following improved diameter bound with only 𝐿1( log 𝐿)𝑝 right-hand side.

Theorem 1.5 Let 𝜔𝜑 be the solution to equation 1.12. Suppose 𝑝 > 3𝑛, in other words, 𝛼 > 2,

then there exists a constant 𝐶 > 0 depending only on 𝑛, 𝑝, 𝜔, ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 such that

diam(𝑋, 𝜔𝜑) ≤ 𝐶.

1.3.3 The (𝑛 − 1)-form equations on Hermitian manifolds

In Chapter 5, we will discuss the (𝑛 − 1)-form equations on Hermitian manifolds, cf.[30].

So far we have focused on the Kähler case. However, the method of auxiliary Monge-Ampère

equations also generalizes to Hermitian manifolds. Guo and Phong [23] derived a local version

of the comparison method to obtain 𝐿∞ estimates on Hermitian manifolds, where we need our

auxiliary Monge-Ampère equation to be the solution to a Dirichlet problem on a ball. The existence

and smoothness in such cases are given by Caffarelli, Kohn, Nirenberg, and Spruck [7].

Let (𝑋, 𝜔) be a compact Hermitian manifold without boundary,𝜔ℎ be another Hermitian metric
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on 𝑋 . For any 𝐶2 function 𝜑, we set

𝜔̃ := 𝜔ℎ +
1

𝑛 − 1
((Δ𝜔𝜑)𝜔 − 𝑖𝜕𝜕𝜑). (1.15)

Here

Δ𝜔𝜑 = 𝑛
𝑖𝜕𝜕𝜑 ∧ 𝜔𝑛−1

𝜔𝑛

is the complex Laplacian of 𝜑 with respect to 𝜔.

Let ℎ𝜑 := 𝜔−1𝜔̃, 𝑇𝑋 → 𝑇𝑋 be the relative endomorphism defined by 𝜔̃ relative to 𝜔. Again

denote 𝜆[ℎ𝜑] as the eigenvalues vector of ℎ𝜑.

Given a smooth function 𝐹 on 𝑋 , a (𝑛−1)-form equation is a fully nonlinear partial differential

equation of the following type:

𝑓 (𝜆[ℎ𝜑]) = 𝑒𝐹 , sup
𝑋

𝜑 = 0, and 𝜆[ℎ𝜑] ∈ Γ. (1.16)

Theorem 1.6 Let 𝜑 be a 𝐶2 solution on a compact Hermitian manifold (𝑋, 𝜔) of the equation

1.2.1, where 𝑓 satisfies the three conditions in 1.2.1.

Fix any 𝑝 > 𝑛, we have

| |𝜑 | |𝐿∞ (𝑋) ≤ 𝐶 (1.17)

where 𝐶 is a constant depending only on 𝜔, 𝜔ℎ, 𝑛, 𝑝, 𝛾, and ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 .

Note that our relative endomorphism ℎ𝜑 is different from 1.6 due to a different form of unknown

metric. Therefore the corresponding cone is different too. The condition 𝜆 ∈ Γ means 𝜆[𝜔−1 · 𝜔̃] ∈

Γ, instead of 𝜆[𝜔−1 · (𝜔 + 𝑖𝜕𝜕𝜑)] ∈ Γ. For example, when Γ = Γ𝑛, this requires 𝜑 being (𝑛 − 1)-

plurisubharmonic in the sense of [27, 28], instead of being plurisubharmonic.

Examples of such equations arose in [15, 37, 44], in particular, (𝑛 − 1)-form Monge-Ampère

equations arise in the solution to the Gauduchon conjecture. With 𝑓 (𝜆[ℎ𝜑]) =
(
𝜔̃𝑛

𝜔𝑛

)1/𝑛
, Γ = Γ𝑛, the
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equation is the (𝑛−1)−form Monge-Ampère equation considered by Tosatti-Weinkove [42]. They

showed when 𝜔 is Kähler, the equation is solvable provided 𝐹 is modified by a suitable additive

constant, in which the 𝐶0 estimates is an essential step in their proof. In the Hermitian case, the

𝐿∞ estimates were first obtained by Tosatti-Weinkove [43] using Moser iteration. A second proof

was given by Székelyhidi [39] using the ABP maximum principle. The third proof by Guo and

Phong [23] using auxiliary Monge-Ampère equations gives a sharp dependence on the right-hand

side.
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Chapter 2: Method of auxilliary Monge-Ampère equations

In this chapter, we will demonstrate the method of auxiliary Monge-Ampère equations by a

basic example. Following Guo, Phong, and Tong [21], we will prove the 𝐿∞ estimate below.

Theorem 2.1 Let (𝑋, 𝜔) be a compact Kähler manifold, consider the complex Monge-Ampère

equation

(𝜔 + 𝑖𝜕𝜕𝜑)𝑛 = 𝑒𝐹𝜔𝑛, sup
𝑋

𝜑 = 0 (2.1)

where 𝐹 ∈ 𝐶∞(𝑋) such that
∫
𝑋
𝑒𝐹𝜔𝑛 =

∫
𝑋
𝜔𝑛. Let 𝜑 ∈ 𝐶2(𝑋) be a solution, fix 𝑝 > 𝑛, then there

exists a constant 𝐶 only depends on 𝑛, 𝑝, 𝜔, ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 , such that

sup
𝑋

𝜑 ≤ 𝐶 (2.2)

W remark that this result was first proved by Kolodziej [31] using pluripotential theory. We will

first prove a weaker version, allowing the constant 𝐶 to depend on the energy 𝐸 = 𝐸 (𝜑) =∫
𝑋
(−𝜑)𝑒𝐹𝜔𝑛, and then show the energy term can be controlled by the entropy. Note that using

ABP method, Guo, Phong, and Tong [21] proved that the energy term 𝐸 (𝜑) =
∫
𝑋
(−𝜑)𝑒𝐹𝜔𝑛 can

be controlled by the entropy ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 for the general class of equations satisfying the three

conditions in 1.2.1, therefore a uniform constant 𝐶 will only depends on 𝑛, 𝑝, 𝜔 and ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 .

The key to the proof is to derive a Trudinger-type inequality. For any 𝑠 > 0, let

Ω𝑠 = {𝑥 ∈ 𝑋 |𝜑(𝑥) ≤ −𝑠}

be the sub-level set of 𝜑, we want to show that
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Lemma 2.1 There are uniform constants 𝐶 = 𝐶 (𝑛, 𝜔) > 0 and 𝛼0 = 𝛼0(𝑛, 𝜔) > 0 such that

∫
Ω𝑠

exp
{
𝛼0

(−(𝜑 + 𝑠)
𝐴

1/(1+𝑛)
𝑠

) 𝑛+1
𝑛 }
𝜔𝑛 ≤ 𝐶 exp (𝐶𝐸), (2.3)

where 𝐴𝑠 =
∫
Ω𝑠
(−𝜑 − 𝑠)𝑒𝐹𝜔𝑛 and 𝐸 = 𝐸 (𝜑) =

∫
𝑋
(−𝜑)𝑒𝐹𝜔𝑛.

Proof of Lemma 2.1. Consider a sequence of smooth positive function 𝜏𝑘 : R → R+ such that

𝜏𝑘 (𝑥) decrease pointwise to 𝑥 · 𝜒R+ (𝑥) as 𝑘 → ∞, where 𝜒R+ is the characteristic function on R+.

Consider the following auxiliary Monge-Ampère equation on 𝑋

(𝜔 + 𝑖𝜕𝜕𝜓𝑘 )𝑛 =
𝜏𝑘 (−𝜑 + 𝑠)

𝐴𝑠,𝑘
𝑒𝐹𝜔𝑛, sup

𝑋

𝜓𝑘 = 0, (2.4)

where 𝐴𝑠,𝑘 =
∫
𝑋
𝜏𝑘 (−𝜑 + 𝑠)𝑒𝐹𝜔𝑛. Note that lim𝑘→∞ 𝐴𝑠,𝑘 = 𝐴𝑠, and 𝐴𝑠 ≤ 𝐸 (𝜑). The auxiliary

equation admits a smooth solution 𝜓𝑘 by Yau’s theorem.

Now let us consider a comparison function

Φ = −𝜀(−𝜓𝑘 + Λ)𝑛/(𝑛+1) − (𝜑 + 𝑠)

where the two constants are chosen to be 𝜀 = ( 𝑛+1
𝑛
) 𝑛
𝑛+1 𝐴

1
𝑛+1
𝑠,𝑘

and Λ = 𝑛𝑛+1

(𝑛+1)𝑛+1 𝜀
𝑛+1 = 𝑛

𝑛+1𝐴𝑠,𝑘 . Note

that −𝜓𝑘 + Λ > 0 by our normalization of the solution 𝜓𝑘 . Now Φ is a smooth function on a

compact manifold 𝑋 , therefore its maximum must be achieved at some point 𝑥0 ∈ 𝑋 . Suppose 𝑥0

is not in the interior of Ω◦
𝑠 , i.e., −(𝜑(𝑥0) + 𝑠) ≤ 0, then

sup
𝑋

Φ = Φ(𝑥0) ≤ −(𝜑(𝑥0) + 𝑠) ≤ 0

since the first term is negative. On the other hand if 𝑥0 is in the interior Ω◦
𝑠 , then we can apply

maximum principle by calculating the Laplacian Δ𝜑Φ(𝑥0) with respect to the metric 𝜔𝜑 = 𝜔 +
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𝑖𝜕𝜕𝜑,

0 ≥ Δ𝜑Φ(𝑥0)

= −𝜀 𝑛

𝑛 + 1
(−𝜓𝑘 + Λ)− 1

𝑛+1 tr𝜔𝜑
(−𝑖𝜕𝜕𝜓𝑘 ) − tr𝜔𝜑

(𝑖𝜕𝜕𝜑) + 𝑛𝜀

(𝑛 + 1)2 (−𝜓𝑘 + Λ)− 𝑛+2
𝑛+1 tr𝜔𝜑

𝑖𝜕 (𝜓𝑘 ) ∧ 𝜕 (𝜓𝑘 )

≥ 𝑛𝜀

𝑛 + 1
(−𝜓𝑘 + Λ)− 1

𝑛+1 tr𝜔𝜑
(𝜔𝜓𝑘

− 𝜔) + tr𝜔𝜑
𝜔 − 𝑛

≥ 𝑛𝜀

𝑛 + 1
(−𝜓𝑘 + Λ)− 1

𝑛+1𝑛

(𝜔𝑛
𝜓𝑘

𝜔𝑛𝜑

)1/𝑛
+ (1 − 𝑛𝜀

𝑛 + 1
(−𝜓𝑘 + Λ)− 1

𝑛+1 )tr𝜔𝜑
𝜔 − 𝑛

≥ 𝑛2𝜀

𝑛 + 1
(−𝜓𝑘 + Λ)− 1

𝑛+1

(
𝜏𝑘 (−𝜑 − 𝑠)𝐴−1

𝑠,𝑘

)1/𝑛
+ (1 − 𝑛𝜀

𝑛 + 1
Λ− 1

𝑛+1 )tr𝜔𝜑
𝜔 − 𝑛

≥ 𝑛2𝜀

𝑛 + 1
(−𝜓𝑘 + Λ)− 1

𝑛+1 (−𝜑 − 𝑠)1/𝑛𝐴−1/𝑛
𝑠,𝑘

− 𝑛.

In the second inequality we drop a positive term as the trace of a positive (1,1)-form, while in

the third inequality we used arithmetic-geometric inequality, note that tr𝜔𝜑
𝜔𝜓𝑘

and
𝜔𝑛

𝜓𝑘

𝜔𝑛
𝜑

are sum

and product of the eigenvalues of the relative endomorphism, respectively. In the fourth one we

use the Monge-Ampère equation and in the last one we used our choice of the constant Λ, so that

1 − 𝑛𝜀
𝑛+1Λ

− 1
𝑛+1 = 0. After rearranging, we have at 𝑥0 ∈ Ω◦

𝑠 ,

−(𝜑 + 𝑠) ≤ (𝑛 + 1
𝑛𝜀

)𝑛𝐴𝑠,𝑘 (−𝜓𝑘 + Λ) 𝑛
𝑛+1 = 𝜀(−𝜓𝑘 + Λ) 𝑛

𝑛+1 ,

i.e. Φ(𝑥0) ≤ 0. Note that here we used our choice of constant 𝜀. Combining the two cases we can

conclude that sup𝑋 Φ ≤ 0, which means on Ω◦
𝑠 ,

(−𝜑 − 𝑠) 𝑛+1
𝑛 ≤ 𝐶𝑛𝐴1/𝑛

𝑠,𝑘
(−𝜓𝑘 + 𝐴𝑠,𝑘 )

where 𝐶𝑛 is a constant only depends on 𝑛. Now if we take a constant 𝛼0, consider 𝛼0
(−𝜑−𝑠) 𝑛+1

𝑛

𝐴
1/𝑛
𝑠,𝑘

and

integrate the exponential over Ω𝑠, we have

∫
Ω𝑠

exp (𝛼0
(−𝜑 − 𝑠) 𝑛+1

𝑛

𝐴
1/𝑛
𝑠,𝑘

)𝜔𝑛 ≤ 𝑒𝐶𝑛𝛼0𝐴𝑠,𝑘

∫
Ω𝑠

𝑒−𝐶𝑛𝛼0𝜓𝑘𝜔𝑛 (2.5)
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We shall use the 𝛼-invariant estimate of Hörmander and Tian [29, 40]. Recall that for a Kähler

manifold (𝑋, 𝜔) and a Kähler class [𝜒], there exists a constant 𝛼 = 𝛼(𝑋, [𝜒]) such that for any

𝛼0 < 𝛼 and any 𝜒-plurisubharmonic function 𝜓, we have

∫
𝑋

𝑒−𝛼0𝜓𝜔𝑛 ≤ 𝐶 (𝛼, 𝑛, 𝜒, 𝜔) (2.6)

If we take 𝜒 = 𝐶𝑛𝜔, 𝜓 = 𝐶𝑛𝜓𝑘 , then 𝜒 + 𝑖𝜕𝜕𝜓 > 0, 𝜓 is 𝜒-plurisubharmonic. Choose

𝛼0 < 𝛼 = 𝛼(𝑛, 𝜔), we can then combine 2.5 and 2.6, we have

∫
Ω𝑠

exp (𝛼0
(−𝜑 − 𝑠) 𝑛+1

𝑛

𝐴
1/𝑛
𝑠,𝑘

)𝜔𝑛 ≤ 𝑒𝐶𝐴𝑠,𝑘
∫
Ω𝑠

𝑒−𝐶𝑛𝛼0𝜓𝑘𝜔𝑛 ≤ 𝑒𝐶𝐴𝑠,𝑘
∫
𝑋

𝑒−𝐶𝑛𝛼0𝜓𝑘𝜔𝑛 ≤ 𝐶𝑒𝐶𝐴𝑠,𝑘

for some constant 𝐶 = 𝐶 (𝑛, 𝜔). Now let 𝑘 → ∞, we have

∫
Ω𝑠

exp (𝛼0
(−𝜑 − 𝑠) 𝑛+1

𝑛

𝐴
1/𝑛
𝑠

)𝜔𝑛 ≤ 𝐶𝑒𝐶𝐸 (𝜑) (2.7)

Note that the constant 𝛼0 and 𝐶 only depend on 𝑛 and 𝜔, hence the lemma is proved. □

From the lemma to the proof of Theorem 2.1, we shall use generalized Young’s inequality and

a De Giorgi iteration trick. Let 𝜂(𝑥) := ( log (1 + 𝑥))𝑝 be a function from R+ to R+ for some fixed

𝑝 > 𝑛. Note that 𝜂 is a strictly increasing function with 𝜂(0) = 0, so the inverse is well-defined,

and let 𝜂−1(𝑦) = 𝑒𝑦
1
𝑝 − 1 be its inverse. Set

𝑣 :=
𝛼0
2
( −𝜑 − 𝑠
𝐴

1/(𝑛+1)
𝑠

) (𝑛+1)/𝑛 (2.8)
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We use the generalized Young’s inequality with respect to 𝜂, for any 𝑧 ∈ Ω𝑠,

𝑣(𝑧)𝑝𝑒𝐹 (𝑧) ≤
∫ exp (𝐹 (𝑧))

0
𝜂(𝑥)𝑑𝑥 +

∫ 𝑣(𝑧)𝑝

0
𝜂−1(𝑦)𝑑𝑦

≤ exp (𝐹𝑡 (𝑧)) ( log (1 + exp (𝐹𝑡 (𝑧))))𝑝 + 𝑣(𝑧)𝑝 ( exp (𝑣(𝑧)) − 1)

≤ exp (𝐹𝑡 (𝑧)) (1 + |𝐹𝑡 (𝑧) |)𝑝 + 𝑣(𝑧)𝑝 exp (𝑣(𝑧))

≤ exp (𝐹 (𝑧)) (1 + |𝐹 (𝑧) |)𝑝 + 𝐶 (𝑝) exp (2𝑣(𝑧))

Here we are using a simple integral inequality,
∫ 𝑎

0 𝑓 (𝑥)𝑑𝑥 ≤ 𝑎 𝑓 (𝑎) for a positive increasing

function 𝑓 . Now we can integrate both sides over 𝑧 ∈ Ω𝑠,∫
Ω𝑠

𝑣(𝑧)𝑝𝑒𝐹 (𝑧)𝜔𝑛 ≤
∫
Ω𝑠

𝑒𝐹 (1 + |𝐹 (𝑧) |)𝑝𝜔𝑛 + 𝐶
∫
Ω𝑠

𝑒2𝑣(𝑧)𝜔𝑛

≤ ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 + 𝐶 + 𝐶
∫
Ω𝑠

exp (𝛼0
( −𝜑 − 𝑠
𝐴

1/(𝑛+1)
𝑠

) (𝑛+1)/𝑛)𝜔𝑛

≤ ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 + 𝐶 + 𝐶𝑒𝐶𝐸

for some constant 𝐶 only depends on 𝑛, 𝑝, 𝜔. This means

∫
Ω𝑠

(−𝜑 − 𝑠)
(𝑛+1) 𝑝

𝑛 𝑒𝐹 (𝑧)𝜔𝑛 ≤ 2𝑝

𝛼
𝑝

0
𝐴

𝑝

𝑛
𝑠 (∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 + 𝐶 + 𝐶𝑒𝐶𝐸 ) (2.9)

Now recall the definition 𝐴𝑠 =
∫
Ω𝑠
(−𝜑 − 𝑠)𝑒𝐹𝜔𝑛, by Hölder inequality,

∫
Ω𝑠

(−𝜑 − 𝑠)𝑒𝐹𝜔𝑛 ≤ (
∫
Ω𝑠

(−𝜑 − 𝑠)
(𝑛+1) 𝑝

𝑛 𝑒𝐹 (𝑧)𝜔𝑛)
𝑛

(𝑛+1) 𝑝 (
∫
Ω𝑠

𝑒𝐹𝜔𝑛)
1
𝑞 (2.10)

where 𝑞 is the Hölder conjugate of (𝑛+1)𝑝
𝑛

, 1 − 𝑛
(𝑛+1)𝑝 = 1

𝑞
. Combining 2.9 and 2.10, we have

𝐴𝑠 ≤ 𝐶𝐴
1

𝑛+1
𝑠 (

∫
Ω𝑠

𝑒𝐹𝜔𝑛)
1
𝑞
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where the constant 𝐶 depends on 𝑛, 𝜔, 𝑝, ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 and 𝐸 . Then

𝐴𝑠 ≤ 𝐶 (
∫
Ω𝑠

𝑒𝐹𝜔𝑛)
𝑛+1
𝑞𝑛 (2.11)

Now recall the definition of Ω𝑠, for any 𝑟 > 0 and 𝑠 > 0, Ω𝑠+𝑟 = {𝑥 ∈ 𝑋 |𝑟 ≤ −𝜑(𝑥) − 𝑠}, hence

𝑟

∫
Ω𝑟+𝑠

𝑒𝐹𝜔𝑛 ≤
∫
Ω𝑟+𝑠

(−𝜑 − 𝑠)𝑒𝐹𝜔𝑛 ≤
∫
Ω𝑠

(−𝜑 − 𝑠)𝑒𝐹𝜔𝑛 ≤ 𝐶 (
∫
Ω𝑠

𝑒𝐹𝜔𝑛)
𝑛+1
𝑞𝑛 (2.12)

where in the first inequality we used Markov’s inequality. Note that 𝑛+1
𝑞𝑛

=
(𝑛+1)𝑝−𝑛

𝑛𝑝
= 1 + 𝑝−𝑛

𝑝𝑛
, we

require 𝑝 > 𝑛 therefore 1 < 𝑛+1
𝑞𝑛

= 1 + 𝛿0. Now we are ready to apply De Giorgi’s trick (cf. [31,

21]). Let 𝜙(𝑠) =
∫
Ω𝑠
𝑒𝐹𝜔𝑛, 2.12 tells us

𝑟𝜙(𝑟 + 𝑠) ≤ 𝐶𝜙(𝑠)1+𝛿0 (2.13)

for any 𝑟, 𝑠 ≥ 0. We need the following lemma.

Lemma 2.2 Let 𝜙 : R+ → R≥0 be a decreasing right-continuous function with lim𝑥→∞ 𝜙(𝑥) = 0.

Assuming that 𝑟𝜙(𝑟 + 𝑠) ≤ 𝐶𝜙(𝑠)1+𝛿0 for all 𝑠 > 0 and 𝑟 ∈ [0, 1], then there exists a constant

𝑆∞ = 𝑆∞(𝜙, 𝐶, 𝛿0) that 𝜙(𝑠) = 0 for all 𝑠 > 𝑆∞.

Proof. Since lim𝑥→∞ 𝜙(𝑥) = 0, there exists 𝑠0 ∈ R such that 𝜙(𝑠0)𝛿0 < 1
2𝐶 . Now for 𝑗 ∈ {1, 2, ...},

we define inductively that

𝑠 𝑗 = sup{𝑥 ∈ R|𝜙(𝑥) > 1
2
𝜙(𝑠 𝑗−1)}

By right-continuity of 𝜙, we have 𝜙(𝑠 𝑗 ) ≤ 1
2𝜙(𝑠 𝑗−1). Also, take 𝑟 = 1, by our assumption,

𝜙(𝑠 𝑗 + 1) ≤ 𝐶𝜙(𝑠 𝑗 )1+𝛿0 = 𝜙(𝑠 𝑗 ) (𝐶𝜙(𝑠 𝑗 )𝛿0) ≤ 𝜙(𝑠 𝑗 ) (𝐶𝜙(𝑠0)𝛿0) ≤ 1
2𝜙(𝑠 𝑗 ), so 1 + 𝑠 𝑗 > 𝑠 𝑗+1. Now

for any 𝑠 ∈ (𝑠 𝑗 , 𝑠 𝑗+1), 1
2𝜙(𝑠 𝑗 ) ≤ 𝜙(𝑠) ≤ 𝜙(𝑠 𝑗 ), so take 𝑟 = 𝑠 − 𝑠 𝑗

(𝑠 − 𝑠 𝑗 )𝜙(𝑠) ≤ 𝐶𝜙(𝑠 𝑗 )1+𝛿0 ≤ 2𝐶𝜙(𝑠)𝜙(𝑠 𝑗 )𝛿0
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which gives us

𝑠 𝑗+1 − 𝑠 𝑗 ≤ 2𝐶𝜙(𝑠 𝑗 )𝛿0 ≤ 2𝐶2− 𝑗𝛿0𝜙(𝑠0)𝛿0 ≤ 2− 𝑗𝛿0

Hence 𝑆∞ = 𝑠0 +
∑
𝑗 (𝑠 𝑗+1 − 𝑠 𝑗 ) ≤ 𝑠0 + 1

1−2−𝛿0 □

Now back to our main theorem, note that by Markov inequality and definition of Ω𝑠,

𝜙(𝑠) =
∫
Ω𝑠

𝑒𝐹𝜔𝑛 ≤ 1
𝑠

∫
Ω𝑠

(−𝜑)𝑒𝐹𝜔𝑛 ≤ 𝐸

𝑠
(2.14)

Therefore lim𝑠→∞ 𝜙(𝑠) = 0 and we can take 𝑠0 = (2𝐶)
1
𝛿0 𝐸 = (2𝐶)

𝑛𝑝

𝑝−𝑛𝐸 for the iteration, so our

constant 𝑆∞ only depends on 𝑛, 𝑝, 𝜔, ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 and 𝐸 . Note that Ω∞ = {𝜑 ≤ −𝑆∞} is an open

set with Lebesgue measure 0, it must be empty, which gives a 𝐿∞ estimate for 𝜑.

Now we have proved the 𝐿∞ estimate for 𝜑 with dependence on 𝑛, 𝑝, 𝜔, ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 and 𝐸 ,

the only thing left is to remove the dependence on 𝐸 (𝜑) =
∫
𝑋
(−𝜑)𝑒𝐹𝜔𝑛. This comes from Jensen’s

inequality.

Lemma 2.3 There is a constant 𝐶 depends only on 𝑛, 𝑝, 𝜔, ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 that

𝐸 =

∫
𝑋

(−𝜑)𝑒𝐹𝜔𝑛 ≤ 𝐶

Proof. Note that 𝜑 is𝜔-plulrisubharmonic. By the 𝛼-invariant estimate, there exists 𝛼0 = 𝛼0(𝑛, 𝜔) >

0 that ∫
𝑋

𝑒−𝛼0𝜑𝜔𝑛 ≤ 𝐶 (2.15)

Hence ∫
𝑋

𝑒−𝐹−𝛼0𝜑𝜔𝑛𝜑 =

∫
𝑋

𝑒−𝐹−𝛼0𝜑𝑒𝐹𝜔𝑛 =

∫
𝑋

𝑒−𝛼0𝜑𝜔𝑛 ≤ 𝐶

Apply Jensen’s inequality, we have

∫
𝑋

(−𝐹 − 𝛼0𝜑)𝜔𝑛𝜑 ≤ 𝐶
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which gives ∫
𝑋

(−𝛼0𝜑)𝜔𝑛𝜑 ≤
∫
𝑋

𝐹𝑒𝐹𝜔𝑛 + 𝐶

Hence 𝐸 =
∫
𝑋
(−𝜑)𝑒𝐹𝜔𝑛 is controlled by the 𝐿1( log 𝐿)1 norm of 𝑒𝐹 . □
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Chapter 3: Equations on nef classes

In this section we will prove Theorem 1.1 and 1.2, the 𝐿∞ estimate for Monge-Ampère and

Hessian equations on nef classes.

Let (𝑋, 𝜔) be a compact Kähler manifold of dimension 𝑛, 𝜒 a closed (1, 1) form on 𝑋 satisfying

normalization
∫
𝑋
𝜔𝑛 = 1. Recall a nef class means it lies in the closure of the Kähler cone. In this

section we will assume the form 𝜒 is nef.

3.1 Complex Monge-Ampère equations

We will first consider the case of Monge-Ampère equations on nef classes. Consider 𝜔̂𝑡 =

𝜒 + 𝑡𝜔 for 𝑡 ∈ (0, 1], 𝜔̂𝑡 might not be positive but its class is Kähler . Therefore we consider the

degenerate family of complex Monge-Ampère equations

(𝜔̂𝑡 + 𝑖𝜕𝜕𝜑𝑡)𝑛 = 𝑐𝑡𝑒𝐹𝜔𝑛, sup
𝑋

𝜑𝑡 = 0 (3.1)

where 𝐹 is a smooth function satisfying
∫
𝑋
𝑒𝐹𝜔𝑛 =

∫
𝑋
𝜔𝑛 and 𝑐𝑡 = [𝜔̂𝑡]𝑛 = 𝑂 (𝑡𝑛−𝜈) a volume

normalizing constant. By Yau’s theorem [46] it admits a unique smooth solution. As 𝜒 is not

semipositive and the usual 𝐿∞ estimate for 𝜑𝑡 does not hold Instead, the envelope 𝑉𝑡 of the class

[𝜔̂𝑡]

𝑉𝑡 = sup{𝑣 | 𝑣 ∈ 𝑃𝑆𝐻 (𝑋, 𝜔̂𝑡), 𝑣 ≤ 0} (3.2)

must be addressed.

As in the last chapter, we will derive the 𝐿∞ estimate by proving a Trudinger-type inequality.

For any 𝑠 > 0, let Ω𝑠 = {𝑥 ∈ 𝑋 |𝜑𝑡 (𝑥) − 𝑉𝑡 (𝑥) ≤ −𝑠} be the sub-level set of 𝜑𝑡 − 𝑉𝑡 , we need to

show that

20



Lemma 3.1 There are constants 𝐶 = 𝐶 (𝑛, 𝜔, 𝜒) > 0 and 𝛼0 = 𝛼0(𝑛, 𝜔, 𝜒) > 0 such that

∫
Ω𝑠

exp
{
𝛼0

(−(𝜑𝑡 −𝑉𝑡 + 𝑠)
𝐴

1/(1+𝑛)
𝑠

) 𝑛+1
𝑛 }
𝜔𝑛 ≤ 𝐶 exp (𝐶𝐸𝑡) (3.3)

where 𝐴𝑠 =
∫
Ω𝑠
(−𝜑𝑡 +𝑉𝑡 − 𝑠)𝑒𝐹𝜔𝑛 and 𝐸𝑡 =

∫
𝑋
(−𝜑𝑡 +𝑉𝑡)𝑒𝐹𝜔𝑛 is the energy.

In the nef case, the key is to smoothly approximate the envelope 𝑉𝑡 , by the following lemma

of Berman [3], so that the auxiliary Monge-Ampère equations can be set up whose solution is

guaranteed by Yau’s theorem.

Lemma 3.2 Consider the Monge-Ampère equation

(𝜔̂𝑡 + 𝑖𝜕𝜕𝑢𝛽)𝑛 = 𝑒𝛽𝑢𝛽𝜔𝑛 (3.4)

and its smooth solution 𝑢𝛽. If 𝛽 → ∞, 𝑢𝛽 will converge uniformly to the envelope 𝑉𝑡 .

Remark. 𝑉𝑡 is actually a 𝐶1,1 function by [9].

Now let us begin the proof of Lemma 3.1. Consider a sequence of smooth positive function

𝜏𝑘 (𝑥) converging to 𝑥 · 𝜒R+ (𝑥) as 𝑘 → ∞. For each 𝑡 we fix a smooth function 𝑢𝛽,𝑡 as in Lemma

3.2. For simplicity, we omit the subscript 𝑡 and consider the following auxiliary Monge-Ampère

equation on 𝑋

(𝜔̂𝑡 + 𝑖𝜕𝜕𝜓𝑡,𝑘 )𝑛 = 𝑐𝑡
𝜏𝑘 (−𝜑𝑡 + 𝑢𝛽 + 𝑠)

𝐴𝑠,𝑘,𝛽
𝑒𝐹𝜔𝑛, sup

𝑋

𝜓𝑡,𝑘 = 0, (3.5)

where 𝐴𝑠,𝑘,𝛽 =
∫
𝑋
𝜏𝑘 (−𝜑𝑡+𝑢𝛽+𝑠)𝑒𝐹𝜔𝑛. From definition of the envelope𝑉𝑡 , we have 𝜓𝑡,𝑘 < 𝑉𝑡 . And

𝑢𝛽 converges to𝑉𝑡 uniformly thanks to Berman’s lemma 3.2. Therefore we can assume 𝜓𝑡,𝑘 < 𝑢𝛽+1

by taking 𝛽 large enough.

Define a function

Φ = −𝜀(−𝜓𝑡,𝑘 + 𝑢𝛽 + 1 + Λ)𝑛/(𝑛+1) − (𝜑𝑡 − 𝑢𝛽 + 𝑠),

with the constants 𝜀𝑛+1 = 𝐴𝑠,𝑘,𝛽𝑛
−𝑛 (𝑛 + 1)𝑛, and Λ = 𝑛𝑛+1(𝑛 + 1)−𝑛−1𝜀𝑛+1, whose choice will be
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apparent later. Note that in the first term −𝜓𝑡,𝑘 + 𝑢𝛽 + 1 + Λ > 0 by our choice above. Now Φ is a

smooth function on a compact manifold 𝑋 , therefore its maximum must be achieved at some point

𝑥0 ∈ 𝑋 . Suppose 𝑥0 is not in the interior of Ω◦
𝑠 , then

sup
𝑋

Φ = Φ(𝑥0) ≤ −(𝜑𝑡 − 𝑢𝛽 + 𝑠) ≤ −𝑉𝑡 + 𝑢𝛽 ≤ 𝜖𝛽

for some 𝜖𝛽 → 0 as 𝛽 → ∞. The second inequality follows from the definition of the sub-level set

Ω𝑠, so we will have Φ(𝑥) ≤ 0 for all 𝑥 ∈ 𝑋 . On the other hand if 𝑥0 is in the interior Ω◦
𝑠 , then we

can calculate the Laplacian Δ𝑡Φ(𝑥0) with respect to the metric 𝜔𝑡 = 𝜔̂𝑡 + 𝑖𝜕𝜕𝜑𝑡 ,

0 ≥ Δ𝑡Φ(𝑥0)

= −𝜀 𝑛

𝑛 + 1
(−𝜓𝑡,𝑘 + 𝑢𝛽 + Λ + 1)− 1

𝑛+1 tr𝜔𝑡
(−𝑖𝜕𝜕𝜓𝑡,𝑘 + 𝑖𝜕𝜕𝑢𝛽) − tr𝜔𝑡

(𝑖𝜕𝜕𝜑𝑡 − 𝑖𝜕𝜕𝑢𝛽)

+ 𝑛𝜀

(𝑛 + 1)2 (−𝜓𝑡,𝑘 + 𝑢𝛽 + 1 + Λ)− 𝑛+2
𝑛+1 tr𝜔𝑡

𝑖𝜕 (𝜓𝑡,𝑘 − 𝑢𝛽) ∧ 𝜕 (𝜓𝑡,𝑘 − 𝑢𝛽)

≥ 𝑛𝜀

𝑛 + 1
(−𝜓𝑡,𝑘 + 𝑢𝛽 + Λ + 1)− 1

𝑛+1 tr𝜔𝑡
(𝜔̂𝑡,𝜓𝑡 ,𝑘

− 𝜔̂𝑡,𝑢𝛽 ) + tr𝜔𝑡
𝜔̂𝑡,𝑢𝛽 − 𝑛

≥ 𝑛𝜀

𝑛 + 1
(−𝜓𝑡,𝑘 + 𝑢𝛽 + Λ + 1)− 1

𝑛+1𝑛

( 𝜔̂𝑛
𝑡,𝜓𝑡 ,𝑘

𝜔𝑛𝑡

)1/𝑛
+ (1 − 𝑛𝜀

𝑛 + 1
(−𝜓𝑡,𝑘 + 𝑢𝛽 + Λ + 1)− 1

𝑛+1 )tr𝜔𝑡
𝜔̂𝑡,𝑢𝛽 − 𝑛

≥ 𝑛2𝜀

𝑛 + 1
(−𝜓𝑡,𝑘 + 𝑢𝛽 + Λ + 1)− 1

𝑛+1

(
𝜏𝑘 (−𝜑𝑡 + 𝑢𝛽 − 𝑠)𝐴−1

𝑠,𝑘,𝛽

)1/𝑛
+ (1 − 𝑛𝜀

𝑛 + 1
Λ− 1

𝑛+1 )tr𝜔𝑡
𝜔̂𝑡,𝑢𝛽 − 𝑛

≥ 𝑛2𝜀

𝑛 + 1
(−𝜓𝑡,𝑘 + 𝑢𝛽 + Λ + 1)− 1

𝑛+1 (−𝜑𝑡 + 𝑢𝛽 − 𝑠)1/𝑛𝐴−1/𝑛
𝑠,𝑘,𝛽

− 𝑛.

In the second inequality we drop a positive term as the trace of a positive (1, 1)-form, while in

the third inequality we used arithmetic-geometric inequality. In the fourth one we use the Monge-

Ampère equation and in the last one we used our choice of the constant Λ, so that 1− 𝑛𝜀
𝑛+1Λ

− 1
𝑛+1 = 0.

After rearranging, we have at 𝑥0 ∈ Ω◦
𝑠 ,

−(𝜑𝑡 − 𝑢𝛽 + 𝑠) ≤ (𝑛 + 1
𝑛𝜀

)𝑛𝐴𝑠,𝑘,𝛽 (−𝜓𝑡,𝑘 + 𝑢𝛽 + Λ + 1) 𝑛
𝑛+1 = 𝜀(−𝜓𝑡,𝑘 + 𝑢𝛽 + Λ + 1) 𝑛

𝑛+1 ,

i.e. Φ(𝑥0) ≤ 0. Note that here we used our choice of constant 𝜀. Combining the two cases we can
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conclude that sup𝑋 Φ ≤ 𝜖𝛽 → 0 as 𝛽 → ∞, which means on Ω◦
𝑠 ,

(−𝜑𝑡 + 𝑢𝛽 − 𝑠)
𝑛+1
𝑛 ≤ 𝐶𝑛𝐴1/𝑛

𝑠,𝑘,𝛽
(−𝜓𝑡,𝑘 + 𝑢𝛽 + 1 + 𝐴𝑠,𝑘,𝛽) + 𝜖 (𝑛+1)/𝑛

𝛽

where 𝐶𝑛 is a constant only depends on 𝑛. Set 𝐴𝑠,𝑘 =
∫
𝑋
𝜏𝑘 (−𝜑𝑡 +𝑉𝑡 + 𝑠)𝑒𝐹𝜔𝑛, we would have

(−𝜑𝑡 +𝑉𝑡 − 𝑠)
𝑛+1
𝑛 ≤ 𝐶𝑛𝐴1/𝑛

𝑠,𝑘
(−𝜓𝑡,𝑘 +𝑉𝑡 + 1 + 𝐴𝑠,𝑘 ),

if we let 𝛽 → ∞. By definition 𝑉𝑡 ≤ 0, and from the 𝛼-invariant estimate [29, 40], there exists an

𝛼0(𝑛, 𝜔, 𝜒) such that

∫
Ω𝑠

exp
(
𝛼0

(−𝜑𝑡 +𝑉𝑡 − 𝑠)
𝑛+1
𝑛

𝐴
1/𝑛
𝑠,𝑘

)
𝜔𝑛 ≤

∫
Ω𝑠

exp
(
𝛼0𝐶𝑛 (−𝜓𝑡,𝑘 + 1 + 𝐴𝑠,𝑘 )

)
𝜔𝑛 ≤ 𝐶𝑒𝐶𝐴𝑠,𝑘 . (3.6)

Note that 𝐴𝑠 < 𝐸𝑡 for any 𝑠, thus Lemma 3.1 is proved by letting 𝑘 → ∞. □

Having established Lemma 3.1, we follow the same argument in Chapter 2 to prove Theorem

1.1.

Let 𝜂(𝑥) := ( log (1 + 𝑥))𝑝 be a function from R+ to R+ for some fixed 𝑝 > 𝑛. Note that 𝜂 is a

strictly increasing function with 𝜂(0) = 0, so the inverse is well-defined, and let 𝜂−1 be its inverse.

Set

𝑣 :=
𝛼0
2
(−𝜑𝑡 +𝑉𝑡 − 𝑠

𝐴
1/(𝑛+1)
𝑠

) (𝑛+1)/𝑛 (3.7)

then by the generalized Young’s inequality with respect to 𝜂, for any 𝑧 ∈ Ω𝑠,

𝑣(𝑧)𝑝𝑒𝐹 (𝑧) ≤
∫ exp (𝐹 (𝑧))

0
𝜂(𝑥)𝑑𝑥 +

∫ 𝑣(𝑧)𝑝

0
𝜂−1(𝑦)𝑑𝑦

≤ exp (𝐹𝑡 (𝑧)) ( log (1 + exp (𝐹𝑡 (𝑧))))𝑝 +
∫ exp (𝑣(𝑧))−1

0
𝑥𝜂′(𝑥)𝑑𝑥

≤ exp (𝐹𝑡 (𝑧)) (1 + |𝐹𝑡 (𝑧) |)𝑝 + 𝑣(𝑧)𝑝 exp (𝑣(𝑧))

≤ exp (𝐹 (𝑧)) (1 + |𝐹 (𝑧) |)𝑝 + 𝐶 (𝑝) exp (2𝑣(𝑧))
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Here we are only using a simple integral inequality,
∫ 𝑎

0 𝑓 (𝑥)𝑑𝑥 ≤ 𝑎 𝑓 (𝑎) for a positive increasing

function 𝑓 . Now we integrate both sides over 𝑧 ∈ Ω𝑠,∫
Ω𝑠

𝑣(𝑧)𝑝𝑒𝐹 (𝑧)𝜔𝑛 ≤
∫
Ω𝑠

𝑒𝐹 (1 + |𝐹 (𝑧) |)𝑝𝜔𝑛 + 𝐶
∫
Ω𝑠

𝑒2𝑣(𝑧)𝜔𝑛

≤ ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 + 𝐶 + 𝐶𝑒𝐶𝐸𝑡 ,

where 𝐶 is a constant only depends on 𝑝, 𝑛, 𝜒 and 𝜔. Here we used Lemma 3.1. Now this means

∫
Ω𝑠

(−𝜑𝑡 +𝑉𝑡 − 𝑠)
(𝑛+1) 𝑝

𝑛 𝑒𝐹 (𝑧)𝜔𝑛 ≤ 2𝑝𝛼−𝑝0 𝐴
𝑝

𝑛
𝑠

(
∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 + 𝐶 + 𝐶𝑒𝐶𝐸𝑡

)
. (3.8)

from the definition of 𝑣. Recall the definition for 𝐴𝑠,

𝐴𝑠 =

∫
Ω𝑠

(−𝜑𝑡 +𝑉𝑡 − 𝑠)𝑒𝐹𝜔𝑛

≤
( ∫

Ω𝑠

(−𝜑𝑡 +𝑉𝑡 − 𝑠)
(𝑛+1) 𝑝

𝑛 𝑒𝐹𝜔𝑛
) 𝑛

(𝑛+1) 𝑝 ·
( ∫

Ω𝑠

𝑒𝐹𝜔𝑛
)1/𝑞

≤ 𝐴
1

𝑛+1
𝑠

(
2𝑝𝛼−𝑝0

(
∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 + 𝐶 + 𝐶𝑒𝐶𝐸𝑡

) ) 𝑛
(𝑛+1) 𝑝 ·

( ∫
Ω𝑠

𝑒𝐹𝜔𝑛
)1/𝑞

Here we used the Hölder inequality with 𝑞 =
𝑝(𝑛+1)
𝑝(𝑛+1)−𝑛 > 1. This means we have

𝐴𝑠 ≤
(
2𝑝𝛼−𝑝0

(
∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 + 𝐶 + 𝐶𝑒𝐶𝐸𝑡

) )1/𝑝
·
( ∫

Ω𝑠

𝑒𝐹𝜔𝑛
) 1+𝑛

𝑞𝑛

. (3.9)

Now we can apply the De Giorgi type iteration argument. Note that 1+𝑛
𝑞𝑛

= 𝑛+1
𝑛

− 1
𝑝
=

𝑝𝑛+𝑝−𝑛
𝑝𝑛

=

1 + 𝛿0 > 1 in the exponent, with 𝛿0 := 𝑝−𝑛
𝑝𝑛

> 0. Set

𝐵0 :=
(
2𝑝𝛼−𝑝0

(
∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 + 𝐶 + 𝐶𝑒𝐶𝐸𝑡

) )1/𝑝
. (3.10)

inequality 3.9 becomes

𝐴𝑠 ≤ 𝐵0

( ∫
Ω𝑠

𝑒𝐹𝜔𝑛
)1+𝛿0

(3.11)
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Now define 𝜙(𝑠) :=
∫
Ω𝑠
𝑒𝐹𝜔𝑛,R+ → R+. For any 𝑟 ∈ [0, 1] and 𝑠 ≥ 0, by definition of Ω𝑠, we

have −𝜑𝑡 +𝑉𝑡 − (𝑠 + 𝑟) ≥ 0 on Ω𝑠+𝑟 , i.e., −𝜑𝑡 +𝑉𝑡 − 𝑠 ≥ 𝑟, therefore 𝐴𝑠 =
∫
Ω𝑠
(−𝜑𝑡 +𝑉𝑡 − 𝑠)𝑒𝐹𝜔𝑛 ≥

𝑟
∫
Ω𝑠+𝑟

𝑒𝐹𝜔𝑛 = 𝑟𝜙(𝑠 + 𝑟). Combining this with inequality 3.11 we have

𝑟𝜙(𝑠 + 𝑟) ≤ 𝐵0𝜙(𝑠)1+𝛿0 (3.12)

Then by the De Giorgi type lemma 2.2 in Chapter 2, we can conclude that there exists some 𝑆∞

such that 𝜙(𝑠) = 0 for any 𝑠 ≥ 𝑆∞. Similar to Chapter 2, by Markov inequality and definition of

Ω𝑠,

𝜙(𝑠) =
∫
Ω𝑠

𝑒𝐹𝜔𝑛 ≤ 1
𝑠

∫
Ω𝑠

(−𝜑𝑡 +𝑉𝑡)𝑒𝐹𝜔𝑛 ≤
𝐸𝑡

𝑠
(3.13)

we can take 𝑠0 = (2𝑐)
1
𝛿0 𝐸̄𝑡 to start the iteration, where 𝐸̄𝑡 is an upper bound of 𝐸𝑡 (𝜑𝑡) =

∫
𝑋
(−𝜑𝑡 +

𝑉𝑡)𝑒𝐹𝜔𝑛. This implies our 𝑆∞ only depends on 𝑛, 𝑝, 𝜔, ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 and 𝐸̄𝑡 . Here we need to

derive a bound of the energy in the family case.

Lemma 3.3 There is a constant 𝐶 depends only on 𝑛, 𝑝, 𝜔, ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 , 𝜒 that

𝐸𝑡 (𝜑𝑡) =
∫
𝑋

(−𝜑𝑡 +𝑉𝑡)𝑒𝐹𝜔𝑛 ≤ 𝐶

The proof is similar to 2.3 using Jensen’s inequality. Note that since all Kähler metrics are

equivalent on a compact Kähler manifold, without loss of generality we can assume 𝜒 ≤ 𝜔, so that

the 𝜔̂𝑡-plurisubharmonic function 𝜑𝑡 is also 2𝜔-plurisubharmonic, in order to apply the 𝛼-invariant

estimate.

This finished our proof of Theorem 1.1. □
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3.2 Complex Hessian equations

Now we consider the case for complex Hessian equations. With the same notation in the

Monge-Ampère case, for 𝑘 ∈ {0, 1, ...𝑛}, consider the 𝜎𝑘 -equations

(𝜔̂𝑡 + 𝑖𝜕𝜕𝜑𝑡)𝑘 ∧ 𝜔𝑛−𝑘 = 𝑐𝑡𝑒𝐹𝜔𝑛, sup
𝑋

𝜑𝑡 = 0. (3.14)

We need parallel concepts from the Monge-Ampère cases. Let 𝜎𝑗 (𝜆) denote the the 𝑗-th elemen-

tary symmetric polynomial for 𝜆 ∈ R𝑛, the Γ𝑘 cone is a convex cone in R𝑛 defined by

Γ𝑘 = {𝜆 ∈ R𝑛 |𝜎1(𝜆) > 0, ...𝜎𝑘 (𝜆) > 0} (3.15)

Define the envelope corresponding to the Γ𝑘 -cone

𝑉̃𝑡,𝑘 = sup{𝑣 | 𝑣 ∈ 𝑆𝐻𝑘 (𝑋, 𝜔, 𝜔̂𝑡) ∩ 𝐶2, 𝑣 ≤ 0}

where 𝑣 ∈ 𝑆𝐻𝑘 (𝑋, 𝜔, 𝜔̂𝑡) ∩ 𝐶2 means that the vector of eigenvalues of the linear transformation

𝜔−1 · (𝜔̂𝑡 + 𝑖𝜕𝜕𝑣) lies in the Γ𝑘 -cone.

Let

𝐸𝑡 (𝜑𝑡) =
∫
𝑋

(−𝜑𝑡 + 𝑉̃𝑡,𝑘 )𝑒𝑛𝐹/𝑘𝜔𝑛

be the energy associated to the equation (3.14) as in [21] and let 𝐸̄𝑡 be an upper bound of 𝐸𝑡 (𝜑𝑡).

Then recall the main statement Theorem 1.2:

Theorem 3.1 Let 𝜑𝑡 be the solution to 3.14, then there exists a constant depending on ∥𝑒 𝑛
𝑘
𝐹 ∥𝐿1 ( log 𝐿)𝑝 ,

𝑐𝑡
[𝜔̂𝑡 ]𝑛 , 𝑝 > 𝑛 and 𝐸̄𝑡 such that

0 ≤ −𝜑𝑡 + 𝑉̃𝑡,𝑘 ≤ 𝐶.

where 𝐸̄𝑡 be an upper bound of 𝐸𝑡 (𝜑𝑡) =
∫
𝑋
(−𝜑𝑡 + 𝑉̃𝑡,𝑘 )𝑒𝑛𝐹/𝑘𝜔𝑛

Theorem 3.1 can be derived using a similar argument as in the previous section with suitable
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modifications for 𝜎𝑘 equations. One novel ingredient is the smooth approximation of 𝑉̃𝑡,𝑘 , as in

Lemma 3.2. One can adapt the method in [3] to derive this required approximation. We present a

sketch of the proof here.

Lemma 3.4 Fix 𝑡 ∈ (0, 1]. There exists a sequence of smooth functions 𝑢𝛽 ∈ 𝑆𝐻𝑘 (𝑋, 𝜔, 𝜔̂𝑡)

converging uniformly to 𝑉̃𝑡,𝑘 as 𝛽 → ∞.

Proof. Let 𝑢𝛽 ∈ 𝑆𝐻𝑘 (𝑋, 𝜔, 𝜔̂𝑡) be the solution to the 𝜎𝑘 -equations

(𝜔̂𝑡 + 𝑖𝜕𝜕𝑢𝛽)𝑘 ∧ 𝜔𝑛 = 𝑐𝑡𝑒𝛽𝑢𝛽𝜔𝑛, (3.16)

which admits a unique smooth solution by [13]. We claim that there is a constant 𝐶𝑡 > 0 such that

sup
𝑋

|𝑢𝛽 − 𝑉̃𝑡,𝑘 | ≤
𝐶𝑡 log 𝛽

𝛽
,

from which the lemma follows.

By the maximum principle, at a maximum point of 𝑢𝛽, 𝑖𝜕𝜕𝑢𝛽 ≤ 0, so 𝛽𝑢𝛽 ≤ log 𝜔̂𝑘
𝑡 ∧𝜔𝑛−𝑘

𝑐𝑡𝜔
𝑛 ≤ 𝐶𝑡 ,

that is 𝑢𝛽 − 𝐶𝑡

𝛽
≤ 0. By the definition of 𝑉̃𝑡,𝑘 , it follows that

𝑢𝛽 −
𝐶𝑡

𝛽
≤ 𝑉̃𝑡,𝑘 . (3.17)

On the other hand, we fix a smooth 𝑢 ≤ 0 such that 𝜔̂𝑡 + 𝑖𝜕𝜕𝑢 > 0. Such a 𝑢 exists because

[𝜔̂𝑡] is a Kähler class by assumption. For any 𝑣 ∈ 𝑆𝐻𝑘 (𝑋, 𝜔, 𝜔̂𝑡) ∩𝐶2 with 𝑣 ≤ 0, we consider the

barrier function

𝑢̃ =
1
𝛽
𝑢 + (1 − 1

𝛽
)𝑣 −

𝐶′
𝑡 log 𝛽
𝛽

where 𝐶′
𝑡 > 0 is a large constant to be determined. By direct calculation, we have

(𝜔̂𝑡 + 𝑖𝜕𝜕𝑢̃)𝑘 ∧ 𝜔𝑛−𝑘 ≥
1
𝛽𝑛

(𝜔̂𝑡 + 𝑖𝜕𝜕𝑢)𝑘 ∧ 𝜔𝑛−𝑘 ≥ 𝑒𝛽𝑢̃𝜔𝑛
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where the last inequality holds if we choose 𝐶′
𝑡 large enough so that

𝑒−𝐶
′
𝑡 log 𝛽 ≤ 1

𝛽𝑘
min
𝑋

(𝜔̂𝑡 + 𝑖𝜕𝜕𝑢)𝑘 ∧ 𝜔𝑛−𝑘
𝜔𝑛

.

Therefore we get

(𝜔̂𝑡 + 𝑖𝜕𝜕𝑢̃)𝑘 ∧ 𝜔𝑛−𝑘 ≥ 𝑒𝛽(𝑢̃−𝑢𝛽) (𝜔̂𝑡 + 𝑖𝜕𝜕𝑢𝛽)𝑘 ∧ 𝜔𝑛−𝑘 .

At the maximum point of 𝑢̃ − 𝑢𝛽, (𝜔̂𝑡 + 𝑖𝜕𝜕𝑢̃)𝑘 ∧ 𝜔𝑛−𝑘 ≤ (𝜔̂𝑡 + 𝑖𝜕𝜕𝑢𝛽)𝑘 ∧ 𝜔𝑛−𝑘 . This shows that

𝑢̃ − 𝑢𝛽 ≤ 0 on 𝑋 . Taking supremum over all such 𝑣’s in 𝑢̃, it follows that

(1 − 1
𝛽
)𝑉̃𝑡,𝑘 ≤ 𝑢𝛽 +

𝐶𝑡 log 𝛽
𝛽

.

The lemma follows from this and 3.17. □

Remark. If the right hand side ∥𝑒𝐹 ∥𝐿𝑝 < ∞ for some 𝑝 > 𝑛
𝑘
, then we can bound both the relative

volume 𝑐𝑡
[𝜔̂𝑡 ]𝑛 and the energy 𝐸𝑡 uniformly by ∥𝑒𝐹 ∥𝐿𝑝 < ∞, as in [21]. Both follow from Hölder

inequality, if we further assume the class [𝜒] to be big.
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Chapter 4: Modulus of continuity for Monge-Ampère equations

In this section, we will discuss the modulus of continuity for Monge-Ampère equations and a

geometric application for diameter bounds.

4.1 Modulus of continuity estimate

Let (𝑋, 𝜔) be a compact Kähler manifold of complex dimension 𝑛. We consider the complex

Monge-Ampère equation

(𝜔 + 𝑖𝜕𝜕𝜑)𝑛 = 𝑒𝐹𝜔𝑛 (4.1)

Here we let 𝜔𝜑 := 𝜔 + 𝑖𝜕𝜕𝜑 > 0 and normalize the solution 𝜑 so that inf𝑋 𝜑 = 1. Again 𝐹 here is

a smooth function satisfying the compatibility condition
∫
𝑋
𝑒𝐹𝜔𝑛 =

∫
𝑋
𝜔𝑛. Denote the 𝐿1( log 𝐿)𝑝

norm as usual, ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 =
∫
𝑋
𝑒𝐹 |𝐹 |𝑝𝜔𝑛. We will derive a uniform continuity estimate for the

solution 𝜑 when the right hand side 𝑒𝐹 lies in some Orlicz space.

Theorem 4.1 Fix 𝑝 > 𝑛. There exists a constant 𝐶 > 0 depending on 𝑛, 𝑝, 𝜔, ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 such

that the following uniform estimate holds:

|𝜑(𝑥) − 𝜑(𝑦) | ≤ 𝐶

| log 𝑑 (𝑥, 𝑦) |𝛼 (4.2)

for any 𝑥, 𝑦 ∈ 𝑋 and here 𝑑 (𝑥, 𝑦) denotes the geodesic distance of the two points 𝑥, 𝑦 in the

Riemannian manifold (𝑋, 𝜔), and 𝛼 = min{ 𝑝−𝑛
𝑛
,
𝑝

𝑛+1 }.

By the example below on Riemann surfaces, the solution 𝜑 is not guaranteed to be (uniformly)

Hölder continuous if 𝑒𝐹 ∉ 𝐿𝑝 for any 𝑝 > 1. However, Theorem 4.1 tells us the solution is still

uniformly continuous with order 𝑂 ( | log 𝑑 |−𝛼), and the exponent 𝛼 is sharp.
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Also we remark that the estimate 4.2 continues to hold even when 𝑒𝐹 is not smooth, as long

as ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 < ∞. This can be seen by taking a smooth approximation of 𝑒𝐹 , along with the

stability estimates of complex Monge-Ampère equations [32, 22].

Example 4.1 Let D ⊂ C ⊂ CP1 be the disk with radius 1/2. Consider the function 𝜑(𝑧) =

(− log |𝑧 |2)−𝑎 for some 𝑎 > 0 defined on D where 𝑧 is the standard coordinate on C. Then on we

have D\{0}

𝑖𝜕𝜕𝜑 = 𝑎(𝑎 + 1) 𝑖𝑑𝑧 ∧ 𝑑𝑧
|𝑧 |2(− log |𝑧 |2)𝑎+2 = 𝑒𝐹̃ .

Note that 𝑒𝐹̃ ∈ 𝐿1( log 𝐿)𝑝 (D) for any 𝑝 < 𝑎 + 1. The exponent 𝛼 in Theorem 4.1 is 𝑝 − 1 in this

case. This example shows that the exponent 𝛼 is sharp. Moreover, 𝜑 is not Hölder continuous for

any exponent.

Note that here 𝜑 is singular. In order to get a smooth example we can consider a regularization

of 𝜑, say 𝜑𝜖 (𝑧) = (− log (𝜖 + |𝑧 |2))−𝑎 for 𝜖 → 0+. We can also glue 𝜑 or 𝜑𝜖 to the whole space

CP1 to get an example on a compact Kähler manifold.

4.1.1 Demailly’s regularization

In order to set up the key proof, we need Demailly’s regularization lemma.

Let 𝜌 : R+ → R+ be a smoothing kernel which is supported in [0, 1] and normalized to satisfy∫
R+
𝜌(𝑡)𝑑𝑡 = 1 and 𝜌(𝑡) = const for 𝑡 ∈ [0, 3/4]. Given a function 𝑢 ∈ 𝐿1(𝑋) and 𝛿 ∈ (0, 1), we

define its 𝛿-regularization to be

𝜌𝛿𝑢(𝑧) =
1
𝛿2𝑛

∫
𝜁∈𝑇𝑧𝑋

𝑢( exp 𝑧 (𝜁))𝜌(𝛿−1 |𝜁 |2𝜔)𝑑𝑉𝜔 (𝜁), (4.3)

where exp 𝑧 : 𝑇𝑧𝑋 → 𝑋 is the exponential map of the Riemannian manifold (𝑋, 𝜔). 𝜌𝛿𝑢 is a

suitable weighted average of 𝑢 over the geodesic ball 𝐵𝜔 (𝑧, 𝛿), so if 0 ≤ 𝑢 ∈ 𝑃𝑆𝐻 (𝑋, 𝜔), by

mean value inequality 𝜌𝛿𝑢(𝑧) control the maximum of 𝑢 over 𝐵𝜔 (𝑧, 𝛿/2). The following lemma is

proved in [11, 4].

Lemma 4.1 Let 𝑢 be an 𝐿1 function in 𝑃𝑆𝐻 (𝑋, 𝜔). Then
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1. ([4]) There exists a constant 𝐾 > 0 depending on the curvature of (𝑋, 𝜔) such that 𝑡 ↦→

𝜌𝑡𝑢(𝑧) + 𝐾𝑡2 is monotone increasing for any 𝑧 ∈ 𝑋 .

2. ([11]) There exists a constant 𝐶 > 0 depending on only 𝑛, 𝜔 such that

∫
𝑋

|𝜌𝛿𝑢 − 𝑢 |𝜔𝑛 ≤ 𝐶𝛿2, ∀𝛿 ∈ (0, 1] (4.4)

For a given small 𝑐 > 0, we define the Kiselman-Legendre transformation of 𝑢 as

𝑢𝑐,𝛿 (𝑧) = inf
𝑡∈(0,𝛿]

{𝜌𝑡𝑢(𝑧) + 𝐾𝑡2 − 𝑐 log
𝑡

𝛿
− 𝐾𝛿2} (4.5)

where 𝐾 > 0 is the constant in Lemma 4.1. By applying Kiselman’s minimum principle it can be

shown that (see [10, 4]) for 𝑢 ∈ 𝑃𝑆𝐻 (𝑋, 𝜔)

𝜔 + 𝑖𝜕𝜕𝑢𝑐,𝛿 ≥ −(𝐴𝑐 + 𝐾𝛿2)𝜔 (4.6)

where −𝐴 is a lower bound of the bisectional curvature of the fixed Kähler metric 𝜔.

4.1.2 Proof of the main theorem

Let 𝜑 be the solution to the equation 4.1, note that we have normalized 𝜑 so that 𝑖𝑛 𝑓𝑋𝜑 = 1.

We call a constant uniform if it only depends on 𝑛, 𝑝 > 𝑛, 𝜔 and ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 . The 𝐿∞ estimates

2.1 tells us there is a uniform constant 𝐶0 such that 1 ≤ 𝜑 ≤ 𝐶0 on 𝑋 .

We fix a small 𝛿 > 0. Let 𝑐 = 1
| log 𝛿 |𝛼 for some 𝛼 = min( 𝑝−𝑛

𝑛
,
𝑝

𝑛+1 ) > 0, and Φ𝛿 = 𝜑𝑐,𝛿 be the

Kiselman-Legendre transformation of 𝜑 at the level 𝑐 as in 4.5. From 4.6 we get

𝜔 + 𝑖𝜕𝜕Φ𝛿 ≥ −(𝐴𝑐 + 𝐾𝛿2)𝜔 ≥ −𝐴′𝑐𝜔

for some 𝐴′ = 𝐴′(𝑛, 𝜔) > 0. Hence the function 𝜑𝛿 =
Φ𝛿

1+𝐴′𝑐 ≤ Φ𝛿 belongs to 𝑃𝑆𝐻 (𝑋, 𝜔), i.e.

𝜔 + 𝑖𝜕𝜕𝜑𝛿 ≥ 0. Note from 4.5 and our normalization of 𝜑 that 𝜑𝛿 is positive.
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For any 𝑠 ≥ 0 we denote the sub-level set

Ω𝑠 = {𝜑 ≤ −2𝛿 + (1 − 𝑟)𝜑𝛿 − 𝑠}, (4.7)

where 𝑟 = | log 𝛿 |−
𝑝

𝑛+1 > 0 is a small constant.

Lemma 4.2 There is a uniform constant 𝐶1 such that

∫
Ω0

𝑒𝐹𝜔𝑛 ≤ 𝐶1
| log 𝛿 |𝑝 .

Proof. Note that

Ω0 = {2𝛿 ≤ (1 − 𝑟)𝜑𝛿 − 𝜑} ⊂ {2𝛿 ≤ 𝜑𝛿 − 𝜑} ⊂ {2𝛿 ≤ Φ𝛿 − 𝜑} ⊂ {2𝛿 ≤ 𝜌𝛿𝜑 − 𝜑} =: Ω

The last inclusion comes from the definition of Φ𝛿 = 𝜌𝑐,𝛿𝜑 ≤ 𝜌𝛿𝜑. Thus it suffices to prove the

lemma for the domain Ω.

We will utilize general Young’s inequality. Define 𝑣 = log 𝜌𝛿𝜑−𝜑
𝛿3/2 as a function on Ω. We have

𝑣 ≥ log 2
𝛿1/2 > 0 on Ω. Again define our weight function 𝜂(𝑥) := ( log (1+ 𝑥))𝑝,R+ → R+, and we

apply the generalized Young’s inequality with this weight. At any point 𝑧 ∈ Ω,

𝑣𝑝𝑒𝐹 ≤
∫ 𝑒𝐹

0
𝜂(𝑥)𝑑𝑥 +

∫ 𝑣𝑝

0
𝜂−1(𝑦)𝑑𝑦 ≤ 𝑒𝐹 (1 + |𝐹 |)𝑝 + 𝑣𝑝𝑒𝑣 .

Integrating the above over Ω, we get

∫
Ω

𝑣𝑝𝑒𝐹𝜔𝑛 ≤ 𝐶 +
∫
Ω

𝐶 | log 𝛿 |𝑝 𝜌𝛿𝜑 − 𝜑
𝛿3/2 𝜔𝑛0 ≤ 𝐶,

where in the last inequality we used Demailly’s Lemma 4.1. Since on Ω, 𝑣 ≥ log 2 + 1
2 |𝛿 | ≥

1
2 | log 𝛿 |, we conclude that

1
2𝑝

| log 𝛿 |𝑝
∫
Ω

𝑒𝐹𝜔𝑛 ≤
∫
Ω

𝑣𝑝𝑒𝐹𝜔𝑛 ≤ 𝐶.

32



Then the lemma follows. □

Again let 𝜏𝑘 a sequence of smooth positive function 𝜏𝑘 : R → R+ such that 𝜏𝑘 (𝑥) converge

pointwise to 𝑥 · 𝜒R+ (𝑥) as 𝑘 → ∞, we set up our auxiliary Monge-Ampère equation as

(𝜔 + 𝑖𝜕𝜕𝜓𝑠,𝑘 )𝑛 =
𝜏𝑘 (−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿 − 𝑠)

𝐴𝑠,𝑘
𝑒𝐹𝜔𝑛, sup

𝑋

𝜓𝑠,𝑘 = 0, (4.8)

where 𝐴𝑠,𝑘 :=
∫
𝑋
𝜏𝑘 (−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿 − 𝑠)𝑒𝐹𝜔𝑛, whose limit as 𝑘 → ∞ is

𝐴𝑠 :=
∫
𝐸𝑠

(−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿 − 𝑠)𝑒𝐹𝜔𝑛

The auxiliary equation admits a unique smooth solution by Yau’s theorem, and again we shall

compare the solutions using the maximum principle. Let

Ψ = −𝜀(−𝜓𝑠,𝑘 + Λ) 𝑛
𝑛+1 + (−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿 − 𝑠)

where this time we choose the constants 𝜀 = ( 𝑛+1
𝑛
) 𝑛
𝑛+1 𝐴

1
𝑛+1
𝑠,𝑘

and Λ = 𝑛
𝑛+1

𝐴𝑠,𝑘

𝑟𝑛+1 . Ψ archives its maxi-

mum at 𝑥0 ∈ 𝑋 . If x0 ∈ 𝑋\Ω𝑠, then sup𝑋 Ψ < 0 by the definition of Ω𝑠. Otherwise 𝑥0 ∈ Ω𝑠, and

we can take the Laplacian with respect to 𝜔𝜑 at 𝑥0,

0 ≥ Δ𝜑Ψ ≥ 𝑛𝜀

𝑛 + 1
(−𝜓𝑠,𝑘 + Λ)− 1

𝑛+1Δ𝜑𝜓𝑠,𝑘 + (1 − 𝑟)Δ𝜑𝜑𝛿 − Δ𝜑𝜑

≥ 𝑛𝜀

𝑛 + 1
(−𝜓𝑠,𝑘 + Λ)− 1

𝑛+1 tr𝜔𝜑
𝜔𝜓𝑠,𝑘

+ (1 − 𝑟)tr𝜔𝜑
𝜔𝜑𝛿

− 𝑛 + (𝑟 − 𝑛𝜀

𝑛 + 1
(−𝜓𝑠,𝑘 + Λ)− 1

𝑛+1 )tr𝜔𝜑
𝜔

≥ 𝑛2𝜀

𝑛 + 1
(−𝜓𝑠,𝑘 + Λ)− 1

𝑛+1

(𝜔𝑛
𝜓𝑠,𝑘

𝜔𝑛𝜑

)1/𝑛
− 𝑛

=
𝑛2𝜀

𝑛 + 1
(−𝜓𝑠,𝑘 + Λ)− 1

𝑛+1

(𝜏𝑘 (−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿 − 𝑠)
𝐴𝑠,𝑘

)1/𝑛
− 𝑛

≥ 𝑛2𝜀

𝑛 + 1
(−𝜓𝑠,𝑘 + Λ)− 1

𝑛+1

(−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿 − 𝑠
𝐴𝑠,𝑘

)1/𝑛
− 𝑛

where by convention 𝜔𝑢 = 𝜔 + 𝑖𝜕𝜕𝑢 for 𝑢 ∈ 𝑃𝑆𝐻 (𝑋, 𝜔). Again we use our choice of Λ in the
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third inequality. Similar as in previous chapters, we conclude sup𝑋 Ψ ≤ 0, which means on Ω𝑠,

(−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿 − 𝑠) (𝑛+1)/𝑛

𝐴
1/𝑛
𝑠,𝑘

≤ 𝐶 (𝑛) (−𝜓𝑠,𝑘 +
𝐴𝑠,𝑘

𝑟𝑛+1 ).

Integrating both sides, by 𝛼-invariant estimate, there exists 𝛼0 > 0 depends on 𝑛 and 𝜔 so that

∫
Ω𝑠

exp
(
𝛼0

(−𝑢 + (1 − 𝑟)𝑢𝛿 − 2𝛿 − 𝑠) (𝑛+1)/𝑛

𝐴
1/𝑛
𝑠,𝑘

)
𝜔𝑛 ≤

∫
𝑋

exp (−𝐶 (𝑛)𝛼0𝜓𝑠,𝑘 + 𝐶 (𝑛)𝛼0
𝐴𝑠,𝑘

𝑟𝑛+1 )

≤ 𝐶 exp (𝐶 𝐴𝑠,𝑘
𝑟𝑛+1 ). (4.9)

By letting 𝑘 → ∞, we obtain a Trudinger-type inequality

∫
Ω𝑠

exp
(
𝛼0

(−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿 − 𝑠) (𝑛+1)/𝑛

𝐴
1/𝑛
𝑠

)
𝜔𝑛 ≤ 𝐶 exp (𝐶 𝐴𝑠

𝑟𝑛+1 ) (4.10)

Lemma 4.3 There is a uniform constant 𝐶 > 0, in particular independent of 𝛿 and 𝑠, such that

𝐴𝑠

𝑟𝑛+1 ≤ 𝐶

Proof. Note that

𝐴𝑠 =

∫
Ω𝑠

(−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿 − 𝑠)𝑒𝐹𝜔𝑛 ≤ 𝐶
∫
Ω𝑠

𝑒𝐹𝜔𝑛 ≤ 𝐶
∫
Ω0

𝑒𝐹𝜔𝑛 ≤ 𝐶

| log 𝛿 |𝑝 = 𝐶𝑟𝑛+1

where the first inequality is the 𝐿∞ estimate for 𝜑 (and 𝜑𝛿), the last inequality is Lemma 4.2 and

the last equality comes from our choice of the constant 𝑟. □

Combining both Lemma 4.3 and 4.10, we have

∫
Ω𝑠

exp
(
𝛼0

(−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿 − 𝑠) (𝑛+1)/𝑛

𝐴
1/𝑛
𝑠

)
𝜔𝑛 ≤ 𝐶, (4.11)

As in the previous chapters, we can apply the generalized Young’s inequality with weight 𝜂(𝑥) =
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( log (1 + 𝑥))𝑝 to conclude that

∫
Ω𝑠

[−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿 − 𝑠] (𝑛+1)𝑝/𝑛𝑒𝐹𝜔𝑛 ≤ 𝐶𝐴𝑝/𝑛𝑠 ,

where 𝐶 > 0 is independent of 𝑠 and 𝛿. By Hölder inequality we have

𝐴𝑠 ≤
( ∫

Ω𝑠

[−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿 − 𝑠] (𝑛+1)𝑝/𝑛𝑒𝐹𝜔𝑛
) 𝑛

𝑝 (𝑛+1)
( ∫

Ω𝑠

𝑒𝐹𝜔𝑛
)1/𝑞

≤ 𝐶𝐴
1

𝑛+1
𝑠

( ∫
Ω𝑠

𝑒𝐹𝜔𝑛
)1/𝑞

, (4.12)

where 𝑞 =
𝑝(𝑛+1)
𝑝(𝑛+1)−𝑛 is the Hölder conjugate of 𝑝(𝑛+1)

𝑛
. Thus

𝐴𝑠 ≤ 𝐶
( ∫

Ω𝑠

𝑒𝐹𝜔𝑛
) (1+𝑛)/𝑞𝑛

= 𝐶

( ∫
Ω𝑠

𝑒𝐹𝜔𝑛
)1+𝑎0

where 𝑎0 =
𝑝−𝑛
𝑝𝑛

> 0. Now we are ready to apply the De Giorgi trick with some modifications.

Define 𝜙(𝑠) =
∫
Ω𝑠
𝑒𝐹𝜔𝑛, similar as in previous chapters, we have for any 𝑟 ≥ 0 and 𝑠 ≥ 0

𝑟𝜙(𝑠 + 𝑟) ≤ 𝐶3𝜙(𝑠)1+𝑎0 (4.13)

for some uniform constant 𝐶3 > 0 independent of 𝛿 ∈ (0, 1/2]. However, we need to be careful

here because of the comparison function we choose and the estimates for 𝜙(0). Fix a 𝛿0 > 0 small

which depends only on 𝑛, 𝑝, 𝜔, ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 such that for all 𝛿 ∈ (0, 𝛿0], we would have

𝐶3𝜙(0)𝑎0 = 𝐶3

( ∫
𝐸0

𝑒𝐹𝜔𝑛
)𝑎0

≤
𝐶3𝐶

𝑎0
1

| log 𝛿 |𝑝𝑎0
<

1
2
.

from Lemma 4.2. Hence 𝜙(0)𝑎0 ≤ 𝐶 | log 𝛿 |−𝑝𝑎0 . With this choice of 𝛿0, by a iteration argument as

in Lemma 2.2, we get the set Ω𝑠 = ∅ for all 𝑠 > 𝑆∞, where

𝑆∞ ≤ 2𝐶3
1 − 2−𝑎0

𝜙(0)𝑎0 ≤ 𝐶

| log 𝛿 |𝑝𝑎0
.
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We thus conclude that

𝜑𝛿 − 𝜑 ≤ 2𝛿 + 𝑟𝜑𝛿 +
𝐶

| log 𝛿 |𝑝𝑎0
, on 𝑋.

This means

Φ𝛿 − 𝜑 ≤ 2𝛿 + 𝑟𝜑𝛿 + 𝐴′𝑐𝜑 + 𝐶

| log 𝛿 |𝑝𝑎0
. (4.14)

At every point 𝑧 ∈ 𝑋 , there is a 𝑡𝑧 ∈ (0, 𝛿] realizing the infimum of Φ𝛿 = 𝜑𝑐,𝛿 in the definition 4.5

of Φ𝛿. From 4.14 it holds that

𝜌𝑡𝑧𝜑 + 𝐾𝑡2𝑧 − 𝜑 − 𝑐 log
𝑡𝑧

𝛿
− 𝐾𝛿2 ≤ 2𝛿 + 𝑟𝜑𝛿 + 𝐴′𝑐𝜑 + 𝐶

| log 𝛿 |𝑝𝑎0
.

Also note that 𝜌𝑡𝑧𝜑 + 𝐾𝑡2𝑧 − 𝜑 ≥ 0 by Demailly’s Lemma 4.1. So

log
𝑡𝑧

𝛿
≥ −𝐾𝛿2 − 2𝛿

𝑐
− 𝑟

𝑐
𝜑𝛿 − 𝐴′𝜑 − 𝐶

| log 𝛿 |𝑝𝑎0𝑐
,

Note that we can still choose the small constant 𝑐. If we let 𝑐 = 1
| log 𝛿 |𝛼 , where 𝛼 = min(𝑝𝑎0,

𝑝

𝑛+1 ),

we would have 𝑟
𝑐
< 𝐶 and 1

| log 𝛿 |𝑝𝑎0𝑐 < 𝐶 for some uniform constant 𝐶. Therefore by the 𝐿∞

estimate of 𝜑 and 𝜑𝛿 there exists a uniform constant 𝐶 > 0 such that log 𝑡𝑧
𝛿
≥ −𝐶, which means

𝑡𝑧 ≥ 𝜃𝛿 for some uniform 𝜃 ∈ (0, 1). At 𝑧 ∈ 𝑋 , we have

𝜌𝜃𝛿𝜑 + 𝐾𝜃2𝛿2 − 𝜑 ≤ 𝜌𝑡𝑧𝜑 + 𝐾𝑡2𝑧 − 𝜑

≤ 𝐾𝛿2 + 𝑐 log
𝑡𝑧

𝛿
+ 2𝛿 + 𝑟𝜑𝛿 + 𝐴′𝑐𝜑 + 𝐶

| log 𝛿 |𝑝𝑎0
≤ 𝐶

| log 𝛿 |𝛼 .

Note here the first inequality comes from the monotonicity of 𝑡 ↦→ 𝜌𝑡𝜑(𝑧) + 𝐾𝑡2 in Demailly’s

Lemma 4.1. This tells us for any 𝑧 ∈ 𝑋 and 𝛿 ∈ (0, 𝛿0], 𝜌𝜃𝛿𝜑(𝑧) − 𝜑(𝑧) ≤ 𝐶
| log 𝛿 |𝛼 ; or equivalently

for any 𝛿 ∈ (0, 𝜃𝛿0]

𝜌𝛿𝜑(𝑧) − 𝜑(𝑧) ≤
𝐶4

| log 𝛿 |𝛼 , (4.15)

for some uniform constant 𝐶4 > 0.

Finally, we need a comparison between the two modulus of continuity barriers. We follow the
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ideas in [18]. For any 𝛿 > 0, we denote

𝜑̄𝛿 (𝑧) = max
𝑥∈𝐵(𝑧,𝛿)

𝜑(𝑥),

where 𝐵(𝑧, 𝛿) denotes the geodesic ball with center 𝑧 and radius 𝛿 in the Riemannian manifold

(𝑋, 𝜔). We claim that there exists a uniform constant 𝐶 > 0 such that 𝜑̄𝛿 (𝑧) − 𝜑(𝑧) ≤ 𝐶
| log 𝛿 |𝛼 for

any 𝑧 ∈ 𝑋 and 𝛿 ∈ (0, 𝜃𝛿0/𝛽𝑛] for some 𝛽𝑛 > 0 sufficiently large depending only on 𝑛 and 𝛼. This

will suffice to prove the theorem. To be more general (but less precise) we can formulate it in the

following way.

Lemma 4.4 Fix 𝛼 ∈ (0, 1), the following two conditions are equivalent:

1. There exists 𝛿1, 𝐴 > 0 such that at any point 𝑧 ∈ 𝑋 and for any 𝛿 ∈ (0, 𝛿1),

𝜑𝛿 − 𝜑 <
𝐴

| log 𝛿 |𝛼

2. There exists 𝛿2, 𝐵 > 0 such that at any point 𝑧 ∈ 𝑋 and for any 𝛿 ∈ (0, 𝛿2),

𝜑̄𝛿 − 𝜑 <
𝐵

| log 𝛿 |𝛼

We will proceed to prove the more precise version. From now on we assume 𝛿0 > 0 is chosen to

be smaller than the injectivity radius of (𝑋, 𝜔), so the exponential maps considered are diffeomor-

phisms on relevant domains.

We denote Ω(𝛿) = sup𝑧∈𝑋 (𝜑̄𝛿 (𝑧) − 𝜑(𝑧)). Take a uniform constant 𝐴 > 0 whose choice will

be given later 4.21, which depends only on 𝑛, 𝑝, 𝜔 and 𝐶4 > 0, then we claim that Ω(𝛿) ≤ 𝐴
| log 𝛿 |𝛼

for any 𝛿 ∈ (0, 𝜃𝛿0/𝛽𝑛]. Suppose not, then there exists some 0 < 𝛿′ < 𝜃𝛿0/𝛽𝑛 such that Ω(𝛿′) >
𝐴

| log 𝛿′ |𝛼 . We define

𝛿 := inf{0 < 𝑡 < 𝜃𝛿0
𝛽𝑛

| Ω(𝑠) ≤ 𝐴

| log 𝑠 |𝛼 for all 𝑠 ∈ [𝑡, 𝜃𝛿0
𝛽𝑛

]}. (4.16)
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The existence of 𝛿′ implies that 𝛿 ≥ 𝛿′ > 0. Since 𝜑 is continuous and 𝑋 is compact, there exists

𝑧0 ∈ 𝑋 such that Ω(𝛿) = 𝜑̄𝛿 (𝑧0) − 𝜑(𝑧0) = 𝜑(𝑤0) − 𝜑(𝑧0) for some 𝑤0 ∈ 𝐵(𝑧0, 𝛿). From the

definition of 𝛿 in 4.16, it follows that

Ω(𝛿) = 𝐴

| log 𝛿 |𝛼 , and Ω(𝑠) ≤ 𝐴

| log 𝑠 |𝛼 for all 𝑠 ∈ [𝛿, 𝜃𝛿0
𝛽𝑛

] . (4.17)

We fix a constant 𝑏 > 1 but close to 1. For any 𝑥 ∈ 𝐵(𝑧0, 3𝑏𝛿)\𝐵(𝑤0, 𝑏𝛿), we have 𝑑 (𝑥, 𝑤0) ≥ 𝑏𝛿.

Hence by 4.16

𝜑(𝑤0) − 𝜑(𝑥) ≤ Ω(𝑑 (𝑥, 𝑤0)) ≤
𝐴

| log 𝑑 (𝑥, 𝑤0) |𝛼
=

| log 𝛿 |𝛼
| log (6𝑏𝛿) |𝛼Ω(𝛿) ≤ 𝐶̂Ω(𝛿), (4.18)

where 𝐶̂ > 0 is an upper bound of | log 𝛿 |𝛼
| log (6𝑏𝛿) |𝛼 for all 𝛿 ∈ (0, 𝜃𝛿0/𝛽𝑛], which is uniform. By

taking 𝛽𝑛 large enough (depending only on 𝑛 and 𝑝), we can choose 𝐶̂ arbitrarily close to 1, since

lim𝛿→0
| log 𝛿 |𝛼

| log (6𝑏𝛿) |𝛼 = 1. Thus we can assume that 𝐶̂ < 1 + 𝜈𝑛 for some small constant 𝜈 < 1
16 .

Rewrite 4.18 as

𝜑(𝑥) ≥ 𝜑(𝑤0) − 𝐶̂Ω(𝛿), ∀ 𝑥 ∈ 𝐵(𝑧0, 3𝑏𝛿)\𝐵(𝑤0, 𝑏𝛿). (4.19)

By the definition of 𝜌3𝑏𝛿𝑢 in 4.3, we have

𝜌3𝑏𝛿𝜑(𝑧0) =
1

(3𝑏𝛿)2𝑛

∫
𝜁∈𝑇𝑧0𝑋

𝜑( exp 𝑧0 (𝜁))𝜌(
|𝜁 |2𝜔

(3𝑏𝛿)2 )𝑑𝑉𝜔 (𝜁)

≥ 1
(3𝑏𝛿)2𝑛

∫
𝐹

𝜑( exp 𝑧0 (𝜁))𝜌(
|𝜁 |2𝜔

(3𝑏𝛿)2 )𝑑𝑉𝜔 (𝜁) + (1 − 𝜀0) (𝜑(𝑤0) − 𝐶̂Ω(𝛿)),

where 𝐹 ⊂ 𝑇𝑧0𝑋 is the inverse image of 𝐵(𝑤0, 𝑏𝛿) under exp 𝑧0 : 𝑇𝑧0 → 𝑋 , and

𝜀0 =
1

(3𝑏𝛿)2𝑛

∫
𝐹

𝜌(
|𝜁 |2𝜔

(3𝑏𝛿)2 )𝑑𝑉𝜔 (𝜁) ∈ [0, 1] .

Note that we can choose 𝜀0 ≥ 1
42𝑛 . By Gauss’ Lemma, |𝜁 |2𝜔 ≤ (𝑏 + 1)2𝛿2 for any 𝜁 ∈ 𝐹. By the
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choice of the kernel function 𝜌, we have 𝜌( |𝜁 |2𝜔
(3𝑏𝛿)2 ) = const for such 𝜁 . So

1
(3𝑏𝛿)2𝑛

∫
𝐹

𝜑( exp 𝑧0 (𝜁))𝜌(
|𝜁 |2𝜔

(3𝑏𝛿)2 )𝑑𝑉𝜔 (𝜁) = 𝜀0
1

𝜇(𝐵(𝑤0, 𝑏𝛿))

∫
𝐵(𝑤0,𝑏𝛿)

𝜑(𝑧)𝑑𝜇(𝑧),

where 𝑑𝜇 = ( exp 𝑧0)∗𝑑𝑉𝜔(𝑧0) is the pushforward of the “Euclidean measure” in 𝑇𝑧0𝑋 to 𝑋 under

the exponential map exp 𝑧0 . We observe that 𝐵(𝑤0, 𝑏𝛿) can be viewed as a domain in the normal

coordinates chart at 𝑧0, and under this coordinates system, the measure 𝜇 differs from the Euclidean

one by 𝐶𝛿 (for some uniform 𝐶 = 𝐶 (𝜔)). Moreover, 𝜑 + 𝜑𝑧0 is pluri-subharmonic for some local

potential 𝜑𝑧0 of 𝜔 which satisfies |𝜙𝑧0 | ≤ 𝐶𝛿 (e.g. consider 𝜑𝑧0 − 𝜑𝑧0 (𝑤0) if necessary). Then by

the standard mean-value inequality for subharmonic functions in Euclidean space, we get

𝜀0
1

𝜇(𝐵(𝑤0, 𝑏𝛿))

∫
𝐵(𝑤0,𝑏𝛿)

𝜑(𝑧)𝑑𝜇(𝑧) ≥ 𝜀0𝜑(𝑤0) − 𝐶5𝛿,

where 𝐶5 > 0 is a constant depending only on 𝑛, 𝜔. Combining the above we get

𝜌3𝑏𝛿𝜑(𝑧0) ≥ 𝜑(𝑤0) − 𝐶5𝛿 − (1 − 𝜀0)𝐶̂Ω(𝛿)

= 𝜑(𝑧0) − 𝐶5𝛿 + (1 − (1 − 𝜀0)𝐶̂)Ω(𝛿)

≥ 𝜑(𝑧0) − 𝐶5𝛿 + 𝜈𝑛Ω(𝛿),

where in the last inequality, we use the choices of 𝜈𝑛 > 𝜀0 ≥ 4−2𝑛 and 𝐶̂ ≤ 1 + 𝜈𝑛. Combined with

4.15, this yields that
𝐶4

| log 3𝑏𝛿 |𝛼 + 𝐶5𝛿 ≥ 𝜈𝑛Ω(𝛿) = 𝜈𝑛 𝐴

| log 𝛿 |𝛼 . (4.20)

Then we can derive a contradiction by letting the constant 𝐴 > 0 at the beginning be

𝐴 = 1 +
��� log

𝜃𝛿0
𝛽𝑛

���𝛼Ω( 𝜃𝛿0
𝛽𝑛

) + sup
𝛿∈(0,𝜃𝛿0/𝛽𝑛]

𝜈𝑛 | log 𝛿 |𝛼 ( 𝐶4
| log 3𝑏𝛿 |𝛼 + 𝐶5𝛿) (4.21)

The proof of Theorem 4.1 is thus complete. □
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4.2 Hölder continuity

The method of auxiliary Monge-Ampère equations also gives us a PDE approach to reestablish

Hölder continuity of the Monge-Ampère equation with 𝐿𝑝 right-hand side for 𝑝 > 1.

Theorem 4.2 Consider equation 4.1

(𝜔 + 𝑖𝜕𝜕𝜑)𝑛 = 𝑒𝐹𝜔𝑛, inf
𝑋
𝜑 = 1

If 𝑒𝐹 ∈ 𝐿𝑝 for some 𝑝 > 1, and let 𝑞 =
𝑝

𝑝−1 be its Hölder conjugate, then the solution 𝜑 is Hölder

continuous,

|𝜑(𝑥) − 𝜑(𝑦) | ≤ 𝐶𝑑 (𝑥, 𝑦)𝛼0 (4.22)

for any 𝑥, 𝑦 ∈ 𝑋 , where 𝑑 (𝑥, 𝑦) is the geodesic distance of the two points 𝑥, 𝑦 in the Riemannian

manifold (𝑋, 𝜔) and 𝛼0 <
2

1+𝑛𝑞 .

Remark. Examples in [36, 18] shows the optimal Hölder exponent cannot be better than 2
𝑛𝑞

.

Similarly, we call a constant uniform if it only depends on 𝑝, 𝑛, 𝜔 and ∥𝑒𝐹 ∥𝐿𝑝 .

We will explain how the proof follows closely from parallel arguments in the last section, by

changing 1
| log 𝑑 (𝑥,𝑦) |𝛼 into 𝛿𝛼. Again we can assume 𝐹 is smooth and derive the estimate 4.22. If

𝑒𝐹 is only 𝐿𝑝, we take a smooth approximate and apply the stability estimate [32, 22].

Suppose 𝑒𝐹 ∈ 𝐿𝑝 for some 𝑝 > 1 and 𝑞 =
𝑝

𝑝−1 . Fix 𝑎0 <
1
𝑛
, denote 𝛼0 =

2𝑎0
𝑎0+𝑞 = 2

1+ 1
𝑎0
𝑞
< 2

1+𝑛𝑞 .

By our normalization and 𝐿∞ estimate, 1 ≤ 𝜑 ≤ 𝐶 for some uniform constant 𝐶 on 𝑋 . Fix some

small 𝛿 > 0, and let 𝑐 = 𝛿𝛼0 , let Φ𝛿 = 𝜑𝑐,𝛿 be the Kiselman-Legendre transformation of 𝜑 as in

4.5. Again by 4.6 we get

𝜔 + 𝑖𝜕𝜕Φ𝛿 ≥ −(𝐴𝑐 + 𝐾𝛿2)𝜔 ≥ −𝐴′𝑐𝜔

for some 𝐴′ = 𝐴′(𝑛, 𝜔) > 0, and the positive function 𝜑𝛿 =
Φ𝛿

1+𝐴′𝑐 ≤ Φ𝛿 lies in 𝑃𝑆𝐻 (𝑋, 𝜔).
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For 𝑠 ≥ 0 he sub-level sets Ω𝑠 in 4.7 is now defined to be

Ω𝑠 = {𝜑 ≤ −2𝛿𝛼0 + (1 − 𝑟)𝜑𝛿 − 𝑠}

where we take 𝑟 = 𝛿(2−𝛼0)/(𝑛+1)𝑞. Now with these choices, a parallel version of Lemma 4.2 follows

from Hölder inequality

Lemma 4.5 There is a uniform constant 𝐶 such that

∫
Ω0

𝑒𝐹𝜔𝑛 ≤ 𝐶𝛿(2−𝛼0)/𝑞

Proof. As in Lemma 4.1, there exists a constant 𝐶 > 0 depending on only 𝑛, 𝜔 such that

∫
𝑋

|𝜌𝛿𝜑 − 𝜑 |𝜔𝑛 ≤ 𝐶𝛿2 (4.23)

Similar to Lemma 4.2, we have the inclusion

Ω0 = {2𝛿𝛼0 ≤ (1 − 𝑟)𝜑𝛿 − 𝜑} ⊂ {2𝛿𝛼0 ≤ 𝜌𝛿𝜑 − 𝜑} =: Ω

Now by Markov’s inequality

∫
Ω0

𝜔𝑛 ≤
∫
Ω

𝜔𝑛 ≤ 1
𝛿𝛼0

∫
𝑋

|𝜌𝛿𝜑 − 𝜑 |𝜔𝑛 ≤ 𝐶𝛿2−𝛼0

Then by Hölder inequality,

∫
Ω0

𝑒𝐹𝜔𝑛 ≤ (
∫
Ω0

𝑒𝑝𝐹𝜔𝑛)
1
𝑝 (
∫
Ω0

𝜔𝑛)
1
𝑞 ≤ 𝐶 (𝑛, 𝜔, ∥𝑒𝐹 ∥𝐿𝑝 )𝛿(2−𝛼0)/𝑞

□
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Setting up our auxiliary Monge-Ampère equation as

(𝜔 + 𝑖𝜕𝜕𝜓𝑠,𝑘 )𝑛 =
𝜏𝑘 (−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿𝛼0 − 𝑠)

𝐴𝑠,𝑘
𝑒𝐹𝜔𝑛, sup

𝑋

𝜓𝑠,𝑘 = 0, (4.24)

where 𝐴𝑠,𝑘 :=
∫
𝑋
𝜏𝑘 (−𝜑+ (1−𝑟)𝜑𝛿−2𝛿𝛼0 − 𝑠)𝑒𝐹𝜔𝑛 and 𝐴𝑠 :=

∫
𝐸𝑠
(−𝜑+ (1−𝑟)𝜑𝛿−2𝛿𝛼0 − 𝑠)𝑒𝐹𝜔𝑛.

Choose our comparison function

Ψ = −𝜀(−𝜓𝑠,𝑘 + Λ) 𝑛
𝑛+1 + (−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿𝛼0 − 𝑠)

with the constants 𝜀 = ( 𝑛+1
𝑛
) 𝑛
𝑛+1 𝐴

1
𝑛+1
𝑠,𝑘
,Λ = 𝑛

𝑛+1
𝐴𝑠,𝑘

𝑟𝑛+1 , we can use maximum principle in the exact

same way, and derive the Trudinger-type inequality

∫
Ω𝑠

exp
(
𝛼0

(−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿𝛼0 − 𝑠) (𝑛+1)/𝑛

𝐴
1/𝑛
𝑠

)
𝜔𝑛 ≤ 𝐶 exp (𝐶 𝐴𝑠

𝑟𝑛+1 ) (4.25)

Now similar as in Lemma 4.3, we have

Lemma 4.6 There is a uniform constant 𝐶 > 0 such that

𝐴𝑠

𝑟𝑛+1 ≤ 𝐶

Proof. Again we have

𝐴𝑠 =

∫
Ω𝑠

(−𝜑 + (1 − 𝑟)𝜑𝛿 − 2𝛿𝛼0 − 𝑠)𝑒𝐹𝜔𝑛 ≤ 𝐶
∫
Ω𝑠

𝑒𝐹𝜔𝑛 ≤ 𝐶
∫
Ω0

𝑒𝐹𝜔𝑛 ≤ 𝐶𝛿
2−𝛼0
𝑞 = 𝐶𝑟𝑛+1

by our choice of 𝑟. □

Now define 𝜙(𝑠) =
∫
Ω𝑠
𝑒𝐹𝜔𝑛, we can proceed exactly as before to conclude

𝑟𝜙(𝑠 + 𝑟) ≤ 𝐶𝜙(𝑠)1+𝑎0 (4.26)

for a uniform constant 𝐶 with any 𝑎0 <
1
𝑛
, because in this case we can take 𝑝 as large as we like.
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The same iteration argument gives that

𝜑𝛿 − 𝜑 ≤ 𝐶𝛿𝛼0

Recall that we take 𝑐 = 𝛿𝛼0 , which will impliy for some uniform 𝛿0 ∈ (0, 1] and uniform 𝜃 ∈ (0, 1),

𝜌𝜃𝛿𝜑 − 𝜑 ≤ 𝐶𝛿𝛼0

for any 𝛿 ∈ (0, 𝛿0]. Finally, the argument can be completed by invoking an equivalence between

the Hölder continuity barriers, one can either apply the argument in the last section or directly

quote [18]. □

4.3 Geometric application

It is natural to study the geometry of the Kähler metric satisfying a Monge-Ampère equation.

In this section, we will show how the uniform modulus of continuity estimate can be used to obtain

a diameter bound on Kähler metrics 𝜔𝜑 = 𝜔 + 𝑖𝜕𝜕𝜑, by applying a trick from Li [34].

Theorem 4.3 Let 𝜔𝜑 be the solution to equation 4.1. Suppose 𝑝 > 3𝑛, in other words, 𝛼 > 2, then

there exists a constant 𝐶 > 0 depending only on 𝑛, 𝑝, 𝜔, ∥𝑒𝐹 ∥𝐿1 ( log 𝐿)𝑝 such that

diam(𝑋, 𝜔𝜑) ≤ 𝐶.

Remark. Li [34] showed a diameter bound can be obtained if the right-hand side 𝑒𝐹 lies in 𝐿𝑝 for

𝑝 > 1. Here we generalize his result by only requiring a 𝐿1( log 𝐿)𝑝 right-hand side.

Definition 4.1 A function 𝑓 : R+ → R+ is called Dini continuous, if
∫ 1

0
𝑓 (𝑟)
𝑟
𝑑𝑟 < ∞.

As before, we denote Ω(𝑟) = sup𝑑 (𝑥,𝑦)≤𝑟 |𝜑(𝑥) − 𝜑(𝑦) | to be the modulus of continuity of 𝜑, which

is the oscillation of 𝑢 over geodesic balls of radius 𝑟.
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Lemma 4.7 On the Kähler manifold (𝑋, 𝜔), let 𝜑 be a smooth and strictly 𝜔-plurisubharmonic

function. If
√
Ω is Dini continuous, then the diameter of the Kähler manifold (𝑋, 𝜔𝜑) is bounded

by a constant depending on 𝜔 and
∫ 1

0

√
Ω(𝑟)
𝑟

𝑑𝑟.

Proof. Since (𝑋, 𝜔) is compact, we can take a finite open cover {𝑈𝑎}𝑁𝑎=1, where each 𝑈𝑎 is a

bounded domain in C𝑛, and without loss of generality we assume each 𝑈𝑎 is biholomorphic to the

Euclidean ball 𝐵C𝑛 (0, 2) and { 1
2𝑈𝑎} also covers 𝑋 . It is clear that 𝜔 |𝑈𝑎

is equivalent to 𝜔C𝑛 |𝑈𝑎
. For

notational convenience, in the proof of this lemma we write 𝐵𝑟 (𝑧) = 𝐵C𝑛 (𝑧, 𝑟) and 𝜔𝐸 = 𝜔C𝑛 .

We consider the function 𝜌(𝑧) = 𝑑𝜔𝜑
(𝑧, 0), which is a Lipschitz function. We fix a cut-off

function 𝜒 : R+ → [0, 1] such that 𝜒(𝑥) = 1 for 𝑥 ∈ [0, 1] and vanishes on [2,∞). Following

[34], we look at the integral of |∇𝜌 |2𝜔. For any fixed 𝑟 < 1 and any 𝑝 ∈ 1
2𝑈𝑎 � 𝐵1(0), we have

∫
𝐵𝑟 (𝑝)

|∇𝜌 |2𝜔𝐸
𝜔𝑛𝐸 ≤

∫
𝐵𝑟 (𝑝)

|∇𝜌 |2𝜔𝜑
(tr𝜔𝐸

𝜔𝜑)𝜔𝑛𝐸 =

∫
𝐵𝑟 (𝑝)

(𝑛 + Δ𝜔𝐸
𝜑)𝜔𝑛𝐸

≤ 𝐶𝑟2𝑛 +
∫
𝐵2𝑟 (𝑝)

Δ𝜔𝐸
𝜒( 𝑑𝐸 (𝑧, 𝑝)

𝑟
) · (𝜑(𝑧) − 𝜑(𝑝))𝜔𝑛𝐸

≤ 𝐶𝑟2𝑛 + 𝐶𝑟2𝑛−2Ω(2𝑟),

where in the second line we apply the integration by parts. By Poincare inequality, it follows that

−
∫
𝐵𝑟 (𝑝)

(
𝜌 − 𝜌𝑟,𝑝

)2
𝜔𝑛𝐸 ≤ 𝑟2−

∫
𝐵𝑟 (𝑝)

|∇𝜌 |2𝜔𝐸
𝜔𝑛𝐸 ≤ 𝐶𝑟2 + 𝐶Ω(𝑟), (4.27)

where −
∫
𝐵𝑟 (𝑝) 𝑓 denotes the average of 𝑓 over the ball 𝐵𝑟 (𝑝), 𝜌𝑟,𝑝 = −

∫
𝐵𝑟 (𝑝) 𝜌𝜔

𝑛
𝐸

, and in the last

inequality we have applied Ω(2𝑟) ≤ 2Ω(𝑟) which follows from the triangle inequality.

We now follow closely the proof of the classical Morrey’s lemma in PDE theory. By Hölder

inequality and 4.27

|𝜌𝑟,𝑝 − 𝜌𝑟/2,𝑝 | ≤ −
∫
𝐵𝑟/2 (𝑝)

|𝑢(𝑧) − 𝜌𝑟,𝑝 |𝜔𝑛𝐸 ≤ 𝐶𝑟 + 𝐶
√︁
Ω(𝑟). (4.28)
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We apply 4.28 with 𝑟 = 2− 𝑗 for 𝑗 = 1, 2, 3, · · · . Then

|𝜌2− 𝑗 ,𝑝 − 𝜌2− 𝑗−1,𝑝 | ≤ 𝐶2− 𝑗 + 𝐶Ω(2− 𝑗 )1/2. (4.29)

Under the assumption that
√︁
Ω(𝑟) is Dini continuous, we see that the series 𝜌̂ =

∑∞
𝑗=1(𝜌2− 𝑗 ,𝑝 −

𝜌2− 𝑗−1,𝑝) converges absolutely, and | 𝜌̂ | is uniformly bounded, since
∑
𝑗 2− 𝑗 converges and

∑
𝑗 Ω(2− 𝑗 )1/2 ≤

2
∫ 1

0

√
Ω(𝑡)
𝑡
𝑑𝑡 < ∞. By Lebesgue differentiation theorem it is clear that

𝑑𝜔𝜑
(𝑝, 0) = 𝜌(𝑝) = lim

𝑗→∞
𝜌2− 𝑗 ,𝑝 = 𝜌1/2,𝑝 − 𝜌̂. (4.30)

To get the desired bound on 𝑑𝜔𝜑
(𝑝, 0) it suffices to estimate 𝜌1/2,𝑝. To this end, we observe that

the inequalities above are uniform for any 𝑝 ∈ 𝐵1(0). In particular we can apply 4.28 and 4.29

with 𝑟 = 3 · 2− 𝑗 for 𝑗 = 1, 2, · · · and 𝑝 = 0 to conclude that

𝑑𝜔𝜑
(0, 0) = 0 = 𝜌3/2,0 −𝑂 (1)

where 𝑂 (1) denotes a uniformly bounded constant. This gives the bound on 𝜌3/2,0 = −
∫
𝐵3/2

𝜌.

Finally for any 𝑝 ∈ 𝐵1(0), we have 𝐵1/2(𝑝) ⊂ 𝐵3/2(0) by triangle inequality, hence

𝜌1/2,𝑝 = −
∫
𝐵1/2 (𝑝)

𝜌𝜔𝑛𝐸 ≤ 𝐶−
∫
𝐵3/2 (0)

𝜌𝜔𝑛𝐸 = 𝐶𝜌3/2,0

is uniformly bounded, as desired. Combined with 4.30, this gives the expected bound on 𝑑𝜔𝜑
(𝑝, 0)

for any 𝑝 ∈ 𝐵1(0). Since finitely many of these balls cover (𝑋, 𝜔), we get the diameter bound of

(𝑋, 𝜔𝜑). The proof of the lemma is complete. □

Proof of Theorem 4.3. Let 𝜑 be the solution to 4.1. Suppose 𝑝 > 3𝑛, then

𝛼 = min{ 𝑝 − 𝑛
𝑛

,
𝑝

1 + 𝑛 } > 1.

Theorem 4.1 implies that |𝜑(𝑥) − 𝜑(𝑦) | ≤ 𝐶
| log 𝑑 (𝑥,𝑦) |𝛼 for any 𝑥, 𝑦 ∈ 𝑋 and a uniform constant 𝐶.
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So we have for the modulus of continuity of 𝑢, Ω(𝑟) ≤ 𝐶
| log 𝑟 |𝛼 . Then we have

∫ 1/2

0

√︁
Ω(𝑟)
𝑟

𝑑𝑟 ≤
∫ ∞

log 2

𝐶

𝑡
𝛼
2
𝑑𝑡 < ∞.

Now the diameter bound will be implied by Lemma 4.7. □

Example 4.2 Let (𝑋, 𝜔) be a compact Kähler manifold and 𝐿 → 𝑋 be a holomorphic line bundle

over 𝑋 . Suppose 𝑠 ∈ 𝐻0(𝑋,O𝑋 (𝐿)) is a nonzero holomorphic section of O𝑋 (𝐿). Consider the

following complex Monge-Ampère equations (for 𝜖 ∈ (0, 1])

(𝜔 + 𝑖𝜕𝜕𝜑𝜖 )𝑛 =
𝐶𝜖

(𝜖 + |𝑠 |2
ℎ
) (− log (𝜖 + |𝑠 |2

ℎ
))𝑎
𝜔𝑛,

where ℎ is a Hermitian metric on 𝐿 such that |𝑠 |2
ℎ
< 1, 𝐶𝜖 > 0 is a normalizing constant so that

the equation is solvable, and 𝑎 > 0 is a constant.

Note that the function on the right-hand side belongs to 𝐿1( log 𝐿)𝑝 for any 𝑝 < 𝑎 + 1. So for

any fixed 𝑎 > 𝑛 − 1, Theorem 4.1 implies a uniform estimate on the modulus of continuity of 𝜑𝜖 .

Note that this estimate still holds for 𝜖 = 0, if we interpret the complex Monge-Ampère equation

in the sense of Bedford-Taylor.

Now if 𝑎 > 3𝑛 − 1, Theorem 4.3 implies a uniform diameter bound of the Kähler metrics

𝜔𝜖 = 𝜔 + 𝑖𝜕𝜕𝜑𝜖 , which is independent of 𝜖 ∈ (0, 1].
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Chapter 5: The (𝑛 − 1)-form equations on Hermitian manifolds

In this chapter, we will prove Theorem 1.6. Recall on a compact Hermitian manifold (𝑋, 𝜔),

where 𝜔ℎ be another Hermitian metric on 𝑋 . Define 𝜔̃ := 𝜔ℎ + 1
𝑛−1 ((Δ𝜔𝜑)𝜔 − 𝑖𝜕𝜕𝜑) for any

𝜑 ∈ 𝐶2(𝑋), where Δ𝜔𝜑 = 𝑛
𝑖𝜕𝜕𝜑∧𝜔𝑛−1

𝜔𝑛 is the complex Laplacian. Let ℎ𝜑 := 𝜔−1𝜔̃, 𝑇𝑋 → 𝑇𝑋

be the relative endomorphism defined by 𝜔̃ relative to 𝜔. Again denote 𝜆[ℎ𝜑] as the eigenvalues

vector of ℎ𝜑.

Given a smooth function 𝐹 on 𝑋 , a (𝑛−1)-form equation is a fully nonlinear partial differential

equation of the following type

𝑓 (𝜆[ℎ𝜑]) = 𝑒𝐹 , and 𝜆[ℎ𝜑] ∈ Γ. (5.1)

with sup𝑋 𝜑 = 0 and 𝜆[ℎ𝜑] ∈ Γ on 𝑋 .

We will prove an 𝐿∞ estimate for the solution while 𝑓 satisfies the following three conditions.

• 𝑓 : Γ ⊂ R𝑛 → R+, where Γ is a symmetric cone satisfying Γ𝑛 ⊂ Γ ⊂ Γ1. We also require

𝑓 (𝜆) to be symmetric in 𝜆 = (𝜆1, . . . , 𝜆𝑛) ∈ Γ and it is homogeneous of degree one, i.e.,

𝑓 (𝑟𝜆) = 𝑟 𝑓 (𝜆) for 𝑟 > 0 and 𝜆 ∈ Γ.

• 𝑓 is elliptic, in the sense that 𝜕 𝑓

𝜕𝜆 𝑗
> 0 for each 𝑗 = 1, . . . , 𝑛 and 𝜆 ∈ Γ.

• 𝑓 satisfies the structure condition, i.e., there is a 𝛾 > 0 such that

𝑛∏
𝑗=1

𝜕 𝑓

𝜕𝜆 𝑗
≥ 𝛾, ∀𝜆 ∈ Γ. (5.2)

Proof of Theorem 1.6. We denote by 𝐺𝑖 𝑗 = 𝜕 log 𝑓 (𝜆[ℎ])
𝜕ℎ𝑖 𝑗

= 1
𝑓

𝜕 𝑓 (𝜆[ℎ])
𝜕ℎ𝑖 𝑗

the coefficients of the lineariza-

tion of the operator log 𝑓 (𝜆[ℎ]).
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It follows from the structure conditions of 𝑓 that 𝐺𝑖 𝑗 is positive definite at ℎ𝜑 and

det(𝐺𝑖 𝑗 ) = 1
𝑓 𝑛

det( 𝜕 𝑓 (𝜆[ℎ])
𝜕ℎ𝑖 𝑗

) ≥ 𝛾

𝑓 (𝜆)𝑛 . (5.3)

Fix any point 𝑧0 ∈ 𝑋 , by simple linear algebra there is a smooth local frame {𝑒𝑖} for the

holomorphic cotangent bundle 𝑇∗1,0𝑋 in a neighborhood of 𝑧0, such that 𝜔 =
√
−1

∑
𝑗 𝑒

𝑗 ∧ 𝑒 𝑗 and

𝜔̃ =
√
−1

∑
𝑗 𝜆 𝑗𝑒

𝑗 ∧ 𝑒 𝑗 . In particular, (ℎ𝜑) 𝑗𝑖 = 𝜆 𝑗𝛿𝑖 𝑗 and 𝐺𝑖 𝑗 = 1
𝑓

𝜕 𝑓

𝜕𝜆 𝑗
𝛿𝑖 𝑗 in this frame. Therefore,

we have in the neighborhood of 𝑧0

tr𝐺𝜔̃ =
∑︁
𝑖, 𝑗

𝐺𝑖 𝑗 𝑔̃ 𝑗𝑖 =
∑︁
𝑗

1
𝑓

𝜕 𝑓

𝜕𝜆 𝑗
𝜆 𝑗 = 1. (5.4)

The last equality follows from Euler’s relation and the assumption that 𝑓 (𝜆) is homogeneous of

degree 1. As 𝑧0 is arbitrary, we know that tr𝐺𝜔̃ = 1 holds everywhere on 𝑋 .

Define the following tensor Θ𝑖 𝑗 by

Θ𝑖 𝑗 =
1

𝑛 − 1

(
(𝐺𝑘𝑙𝑔𝑙𝑘 )𝑔𝑖 𝑗 − 𝐺𝑖 𝑗

)
.

Remark. This tensor is similar to the tensor Θ𝑖 𝑗 defined in [42, p.17] and [23, p.20], except that

we put 𝐺𝑖 𝑗 in place of 𝑔̃𝑖 𝑗 in order to deal with more general fully nonlinear equations.

We summarize the key properties of Θ𝑖 𝑗 in the following lemma.

Lemma 5.1 The tensor Θ𝑖 𝑗 then satisfies the following: for 𝜆 ∈ Γ,

(a) Θ𝑖 𝑗𝜑𝑖 𝑗 = 1 − 𝐺𝑖 𝑗 (𝑔ℎ) 𝑗𝑖 and 𝐺𝑖 𝑗 (𝑔ℎ) 𝑗𝑖 ≥ 0;

(b) Θ𝑖 𝑗 is positive definite, and det(Θ𝑖 𝑗 ) ≥ 𝛾

𝑓 (𝜆)𝑛 .
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Proof. We have

1 = tr𝐺𝜔̃

= 𝐺𝑖 𝑗
(
(𝑔ℎ) 𝑗𝑖 +

1
𝑛 − 1

(𝑔𝑘𝑙𝜑 𝑘̄ 𝑙𝑔 𝑗𝑖 − 𝜑 𝑗𝑖)
)

= 𝐺𝑖 𝑗 (𝑔ℎ) 𝑗𝑖 +
1

𝑛 − 1

(
(𝐺𝑘𝑙𝑔𝑙𝑘 )𝑔𝑖 𝑗 − 𝐺 𝑗𝑖

)
𝜑 𝑗𝑖

= 𝐺𝑖 𝑗 (𝑔ℎ) 𝑗𝑖 + Θ𝑖 𝑗𝜑 𝑗𝑖

where the first equality follows from the equation (5.4), the second equality follows from definition

of 𝜔̃ and the last equality follows from the definition of Θ. Since 𝐺𝑖 𝑗 is positive definite, we know

𝐺𝑖 𝑗 (𝑔ℎ) 𝑗𝑖 ≥ 0. This proves (a).

We can choose holomorphic coordinates at a given point 𝑝 ∈ 𝑋 such that 𝑔𝑖 𝑗 |𝑝 = 𝛿𝑖 𝑗 and

𝐺𝑖 𝑗 |𝑝 = 𝜇𝑖𝛿𝑖 𝑗 . Note that 𝜇𝑖 > 0 for each 𝑖 = 1, · · · , 𝑛 since 𝐺𝑖 𝑗 is positive definite. Then we have

Θ𝑖 𝑗 |𝑝 =
1

𝑛 − 1
(
∑︁
𝑘≠𝑖

𝜇𝑘 )𝛿𝑖 𝑗

which is clearly positive definite. Moreover,

det(Θ𝑖 𝑗 ) |𝑥0 =
1

(𝑛 − 1)𝑛
𝑛∏
𝑖=1

(
∑︁
𝑘≠𝑖

𝜇𝑘 ) ≥
𝑛∏
𝑖=1

(∏
𝑘≠𝑖

𝜇𝑘

)1/(𝑛−1)
=

𝑛∏
𝑖=1

𝜇𝑖 = det(𝐺𝑖 𝑗 ) ≥ 𝛾

𝑓 (𝜆)𝑛 ,

where the middle inequality follows from the arithmetic-geometric (AG) inequality and the last

inequality follows from the equation (5.3). This proves (b). □

Now we consider a point 𝑥0 where 𝜑 attains its minimum, i.e. 𝜑(𝑥0) = inf𝑋 𝜑. We assume

−𝜑(𝑥0) ≥ 2, otherwise Theorem 1.6 already holds. There exists a local holomorphic coordinate

system 𝑧 centered at 𝑥0 such that

1
2
𝑖𝜕𝜕 |𝑧 |2 ≤ 𝜔 ≤ 2𝑖𝜕𝜕 |𝑧 |2 in 𝐵(𝑥0, 2𝑟0) (5.5)

where 𝐵(𝑥0, 2𝑟0) is the Euclidian ball of radius 2𝑟0 defined by this coordinate. Note that any
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dependence on 𝑟0 can be absorbed into a dependence on 𝑋 and 𝜔. For simplicity, denote Ω :=

𝐵(𝑥0, 2𝑟0).

We fix a small constant 𝜖′ > 0 such that

𝜔ℎ ≥
2𝜖′

𝑛 − 1
(tr𝜔𝜔ℎ)𝜔 in Ω. (5.6)

Let 𝑠0 = 4𝜖′𝑟2
0 . For any 𝑠 ∈ (0, 𝑠0), we set

𝑢𝑠 (𝑧) := 𝜑(𝑧) − 𝜑(𝑥0) + 𝜖′|𝑧 |2 − 𝑠, ∀𝑧 ∈ Ω = 𝐵(𝑥0, 2𝑟0). (5.7)

Define

Ω𝑠 = {𝑧 ∈ Ω; 𝑢𝑠 (𝑧) < 0}. (5.8)

Note that when 𝑧 ∈ 𝜕Ω, 𝑢𝑠 (𝑧) ≥ 4𝜖′𝑟2
0 − 𝑠 > 0. Therefore the sub-level set of 𝑢𝑠 Ω𝑠 := {𝑧 | 𝑢𝑠 (𝑧) <

0} ∩Ω is relatively compact in Ω, and by definition Ω𝑠 is an open set.

Set

𝐴𝑠 =

∫
Ω𝑠

(−𝑢𝑠)𝑒𝑛𝐹𝜔𝑛. (5.9)

To make the right-hand side of our auxiliary Monge-Ampère equation smooth, we choose the

following sequence of smooth positive functions 𝜏𝑘 : R → R+ such that

𝜏𝑘 (𝑥) = 𝑥 +
1
𝑘
, when 𝑥 ≥ 0, (5.10)

and

𝜏𝑘 (𝑥) =
1

2𝑘
, when 𝑥 ≤ −1

𝑘
,

and 𝜏𝑘 (𝑥) lies between 1/2𝑘 and 1/𝑘 for 𝑥 ∈ [−1/𝑘, 0]. Clearly 𝜏𝑘 converge pointwise to 𝜏∞(𝑥) =
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𝑥 · 𝜒R+ (𝑥) as 𝑘 → ∞, where 𝜒R+ denotes the characteristic function of R+.

The auxiliary Monge-Ampère equation we consider is the following

(𝑖𝜕𝜕𝜓𝑠,𝑘 )𝑛 =
𝜏𝑘 (−𝑢𝑠)
𝐴𝑠,𝑘

𝑒𝑛𝐹𝜔𝑛 in Ω, 𝜓𝑠,𝑘 = 0 on 𝜕Ω (5.11)

with 𝑖𝜕𝜕𝜓𝑠,𝑘 ≥ 0, and 𝐴𝑠,𝑘 is defined by

𝐴𝑠,𝑘 =

∫
Ω

𝜏𝑘 (−𝑢𝑠)𝑒𝑛𝐹𝜔𝑛. (5.12)

By Caffarelli-Kohn-Nirenberg-Spruck [7], this Dirichlet problem admits a unique solution 𝜓𝑠,𝑘

which is of class 𝐶∞(Ω̄), with 𝜓𝑠,𝑘 ≤ 0. By the definition of 𝐴𝑠,𝑘 , we have 𝐴𝑠,𝑘 → 𝐴𝑠 as 𝑘 → ∞,

and

∫
Ω

(𝑖𝜕𝜕𝜓𝑠,𝑘 )𝑛 = 1. (5.13)

Now we are ready to establish the following key comparison lemma

Lemma 5.2 Let 𝑢𝑠 be a 𝐶2 solution of the fully non-linear equation (5.1) and 𝜓𝑠,𝑘 be the solutions

of the complex Monge-Ampère equation (5.11) as defined above. Then we have

−𝑢𝑠 ≤ 𝜀(−𝜓𝑠,𝑘 )
𝑛

𝑛+1 on Ω̄ (5.14)

where 𝜀 is the constant defined by 𝜀𝑛+1 = 𝐴𝑠,𝑘𝛾
−1 (𝑛+1)𝑛

𝑛2𝑛 .

Proof. We show that the function

Φ = −𝜀(−𝜓𝑠,𝑘 )
𝑛

𝑛+1 − 𝑢𝑠 (5.15)

is always ≤ 0 on Ω̄. Let 𝑥max ∈ Ω be a maximum point of Φ. If 𝑥max ∈ Ω\Ω𝑠, clearly Φ(𝑥max) ≤ 0

by the definition of Ω𝑠 and the fact that 𝜓𝑠,𝑘 < 0 in Ω. If 𝑥max ∈ Ω𝑠, then we have 𝑖𝜕𝜕Φ(𝑥max) ≤ 0
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by the maximum principle. Since Θ𝑖 𝑗 is positive definite, we calculate at 𝑥max,

0 ≥ Θ𝑖 𝑗Φ 𝑗𝑖

=
𝑛𝜀

𝑛 + 1
(−𝜓𝑠,𝑘 )−

1
𝑛+1Θ𝑖 𝑗 (𝜓𝑠,𝑘 )𝑖 𝑗 +

𝜀𝑛

(𝑛 + 1)2 (−𝜓𝑠,𝑘 )
− 𝑛+2

𝑛+1Θ𝑖 𝑗 (𝜓𝑠,𝑘 )𝑖 (𝜓𝑠,𝑘 ) 𝑗

−1 + tr𝐺𝜔ℎ −
𝜖′

𝑛 − 1
(tr𝐺𝜔 · tr𝜔𝜔C𝑛 − tr𝐺𝜔C𝑛)

≥ 𝑛𝜀

𝑛 + 1
(−𝜓𝑠,𝑘 )−

1
𝑛+1Θ𝑖 𝑗 (𝜓𝑠,𝑘 )𝑖 𝑗 − 1 + tr𝐺 [𝜔ℎ −

2𝜖′

𝑛 − 1
(tr𝜔𝜔ℎ)𝜔]

≥ 𝑛2𝜀

𝑛 + 1
(−𝜓𝑠,𝑘 )−

1
𝑛+1 (detΘ𝑖 𝑗 )1/𝑛 [det(𝜓𝑠,𝑘 )𝑖 𝑗 ]1/𝑛 − 1

≥ 𝑛2𝜀

𝑛 + 1
(−𝜓𝑠,𝑘 )−

1
𝑛+1
𝛾1/𝑛

𝑓

(−𝑢𝑠)1/𝑛𝑒𝐹

𝐴
1/𝑛
𝑠,𝑘

− 1

≥ 𝑛2𝜀

𝑛 + 1
𝛾1/𝑛 (−𝜓𝑠,𝑘 )−

1
𝑛+1

(−𝑢𝑠)1/𝑛

𝐴
1/𝑛
𝑠,𝑘

− 1.

Here the first equality follows from the definition of Θ𝑖 𝑗 and part (a) of Lemma 5.1

Θ𝑖 𝑗𝜑𝑖 𝑗 = 1 − tr𝐺𝜔ℎ.

The third line follows from the choice of 𝜖′ in (5.6). In the fourth line, we applied the standard

arithmetic-geometric inequality. The fifth line follows from part (b) of Lemma 5.1 and the defi-

nition of 𝜓𝑠,𝑘 . The last line follows from the equation (4.2). By the choice of 𝜀, this implies that

Ψ(𝑥0) ≤ 0. Hence supΩ Ψ ≤ 0. □

Along the same spirit in previous chapters, as long as we establish the comparison between 𝑢𝑠

and 𝜓𝑠,𝑘 as in Lemma 5.2, we could derive the 𝐿∞ estimate, without referring to the differential

equations satisfied by 𝑢𝑠 and 𝜓𝑠,𝑘 . We cite the lemma here without repeating the proof.

Lemma 5.3 Let 0 < 𝑠 < 𝑠0 = 2𝑟2
0 . Assume that we have functions 𝑢𝑠, 𝑢𝑠 > 0 on 𝜕Ω, and let Ω𝑠,

𝐴𝑠, and 𝐴𝑠,𝑘 be the corresponding notions as defined by. Assume that the inequality (5.14) holds,

that is,

−𝑢𝑠 ≤ 𝐶 (𝑛, 𝛾) 𝐴
1

𝑛+1
𝑠,𝑘

(−𝜓𝑠,𝑘 )
𝑛

𝑛+1 on Ω̄ (5.16)
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for some constant 𝐶 (𝑛, 𝛾), where 𝜓𝑠,𝑘 are plurisubharmonic functions on Ω, 𝜓𝑠,𝑘 = 0 on 𝜕Ω, and∫
Ω
(𝑖𝜕𝜕𝜓𝑠,𝑘 )𝑛 = 1. Then for any 𝑝 > 𝑛, we have

−𝜑(𝑥0) ≤ 𝐶 (𝑛, 𝜔, 𝛾, 𝑝, ∥𝜑∥𝐿1 (Ω,𝜔𝑛)). (5.17)

Now, Theorem 1.6 follows from Lemma 5.2 and Lemma 5.3, except that the a priori 𝐿∞ bound

of 𝜑 may rely on the 𝐿1 norm of 𝜑. We can remove such dependence as in [23].

Lemma 5.4 For any 𝜑 ∈ 𝐶2(𝑋) such that 𝜆[𝜔−1 · (𝜔 + 𝑖𝜕𝜕𝜑)] ∈ Γ1 and sup𝑋 𝜑 = 0, there exists

a uniform constant 𝐶 > 0 depending only 𝑛, 𝜔 such that

∫
𝑋

(−𝜑)𝜔𝑛 ≤ 𝐶.

Remark. We stress again that our definition of relative endomorphism ℎ𝜑 := 𝜔−1𝜔̃ is different

from those in [21, 23] due to a different form of unknown metric (1.15). So the condition 𝜆 ∈ Γ

means 𝜆[𝜔−1 · 𝜔̃] ∈ Γ, instead of 𝜆[𝜔−1 · (𝜔 + 𝑖𝜕𝜕𝜑)] ∈ Γ.

Since our assumption for 𝜑 is that 𝜆[𝜔−1 · 𝜔̃] lies in Γ ⊂ Γ1, i.e. tr𝜔𝜔̃ ≥ 0. This implies that

Δ𝜔𝜑 ≥ −tr𝜔𝜔ℎ ≥ −𝐶′ by (1.15), for some positive constant 𝐶′. Therefore tr𝜔 (𝜔 + 𝑖𝜕𝜕 ( 𝑛𝜑
𝐶′ )) ≥ 0.

In other words, 𝜆[𝜔−1 · (𝜔 + 𝑖𝜕𝜕 ( 𝑛𝜑
𝐶′ ))] is in Γ1. Lemma 5.4 then yields the desired 𝐿1 bound of 𝜑

given our normalization sup𝑋 𝜑 = 0. The proof of Theorem 1.6 is complete. □

53



References

[1] E. Bedford and A. Taylor, “The Dirichlet problem for the complex Monge-Ampère opera-
tor,” Invent. Math., vol. 37, pp. 1–44, 1976.

[2] E. Bedford and A. Taylor, “A new capacity for plurisubharmonic functions,” Acta Math.,
vol. 149, pp. 1–40, 1982.

[3] R. Berman, “From Monge-Ampère equations to envelopes and geodesic rays in the zero
temperature limit,” Math. Z., vol. 291, pp. 365–394, 2019.

[4] R. Berman and J.-P. Demailly, “Regularity of plurisubharmonic upper envelopes in big coho-
mology classes,” in Perspectives in Analysis, Geometry, and Topology in honor of Oleg Viro
(Stockholm, 2008), ser. Progr. Math. I. Itenberg and others, Ed., vol. 296, Birkhäuser/Springer,
Boston, 2012, pp. 39–66.

[5] Z. Błocki, “On the uniform estimate in the Calabi-Yau theorem II,” Science China Math.,
vol. 54, pp. 1375–1377, 2011.

[6] S. Boucksom, P. Eyssidieux, V. Guedj, and A. Zeriahi, “Monge-Ampère equations in big
cohomology classes,” Acta Math., vol. 205, no. 2, pp. 199–262, 2010.

[7] L. Caffarelli, J. J. Kohn, L. Nirenberg, and J. Spruck, “The Dirichlet problem for nonlinear
second-order elliptic equations. II. Complex Monge-Ampère, and uniformly elliptic, equa-
tions,” Comm. Pure Appl. Math., vol. 38, no. 2, pp. 209–252, 1985.

[8] X. Chen and J. Cheng, “On the constant scalar curvature Kähler metrics (I)—A priori esti-
mates,” J. Amer. Math. Soc., vol. 34, pp. 909–936, 2021.

[9] J. Chu, V. Tosatti, and B. Weinkove, “𝐶1,1 regularity for degenerate complex Monge-Ampère
equations and geodesic rays,” Comm. Partial Differential Equations, vol. 43, no. 2, pp. 292–
312, 2018.

[10] J.-P. Demailly, “Estimations 𝐿2 pour l’opérateur 𝜕 d’un fibré vectoriel holomorphe semi-
positif au-dessus d’une variété kählérienne complète,” Ann. Sci. École Norm. Sup., vol. 15,
pp. 457–511, 1982.

[11] J.-P. Demailly, S. Dinew, V. Guedj, P. Hiep, S. Kołodziej, and A. Zeriahi, “Hölder contin-
uous functions to Monge-Ampère equations,” J. Eur. Math. Soc. (JEMS), vol. 16, no. 4,
pp. 619–647, 2014.

54



[12] J. Demailly and N. Pali, “Degenerate complex Monge-Ampère equations over compact Käh-
ler manifolds,” Intern. J. Math., vol. 21, no. 3, pp. 357–405, 2010.

[13] S. Dinew and S. Kołodziej, “A priori estimates for complex Hessian equations,” Anal. PDE,
vol. 7, no. 1, pp. 227–244, 2013.

[14] P. Eyssidieux, V. Guedj, and A. Zeriahi, “Singular Kähler-Einstein metrics,” J. Amer. Math.
Soc., vol. 22, pp. 607–639, 2009.

[15] J. Fu, Z. Wang, and D. Wu, “Form-type Calabi-Yau equations,” Math. Res. Lett., vol. 17,
pp. 887–903, 2010.

[16] X. Fu, B. Guo, and J. Song, “Geometric estimates for complex Monge-Ampère equations,”
J. Reine Angew. Math., vol. 765, pp. 69–99, 2020.

[17] E. D. Giorgi, “Sulla differenziabilità e l’analiticità delle estremali degli integrali multipli
regolari,” Mem. Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. (3), vol. 3, pp. 25–43, 1957.

[18] V. Guedj, S. Kołodziej, and A. Zeriahi, “Hölder Continuous solutions to the complex Monge-
Ampère equations,” Bull. London Math. Soc., vol. 40, pp. 1070–1080, 2008.

[19] B. Guo, D. H. Phong, J. Song, and J. Sturm, “Sobolev inequalities on Kähler spaces,” 2023,
arXiv preprint. eprint: 2311.00221.

[20] B. Guo, D. H. Phong, J. Song, and J. Sturm, “Diameter estimates in Kähler geometry,”
Comm. Pure Appl. Math., vol. 77, no. 8, pp. 3520–3556, 2024.

[21] B. Guo, D. H. Phong, and F. Tong, “On 𝐿∞ estimates for complex Monge-Ampère equa-
tions,” Ann. of Math., vol. 198, pp. 393–418, 2023.

[22] B. Guo, D. H. Phong, and F. Tong, “Stability estimates for the complex Monge-Ampère and
Hessian equations,” Calc. Var. Partial Differential Equations, vol. 62, no. Article 7, 2023.

[23] B. Guo and D. Phong, “On 𝐿∞ estimates for fully non-linear partial differential equations,”
Ann. of Math., vol. 200, no. 1, pp. 365–398, 2024.

[24] B. Guo, D. Phong, F. Tong, and C. Wang, “On the modulus of continuity of solutions to
complex Monge-Ampère equations,” 2021, arXiv preprint. eprint: 2112.02354.

[25] B. Guo, D. Phong, F. Tong, and C. Wang, “On 𝐿∞ estimates for Monge-Ampère and Hessian
equations on nef classes,” Anal. PDE, vol. 17, no. 2, pp. 749–756, 2024.

[26] F. R. Harvey and H. B. Lawson, “Dirichlet duality and the nonlinear Dirichlet problem,”
Comm. Pure Appl. Math., vol. 62, no. 3, pp. 396–443, 2009.

55

2311.00221
2112.02354


[27] F. R. Harvey and H. B. Lawson, “Dirichlet duality and the nonlinear Dirichlet problem on
Riemannian manifolds,” J. Differential Geom., vol. 88, no. 3, pp. 395–482, 2011.

[28] F. R. Harvey and H. B. Lawson, “Geometric plurisubharmonicity and convexity: an intro-
duction,” Adv. Math., vol. 230, no. 4-6, pp. 2428–2456, 2012.

[29] L. Hörmander, An introduction to complex analysis in several variables. Princeton, NJ: Van
Nostrand, 1973.

[30] N. Klemyatin, S. Liang, and C. Wang, “On uniform estimates for (n-1)-form fully nonlinear
partial differential equations on compact Hermitian manifolds,” 2022, arXiv preprint. eprint:
2211.13798.

[31] S. Kołodziej, “The complex Monge-Ampère equation,” Acta Math., vol. 180, pp. 69–117,
1998.

[32] S. Kołodziej, “The Monge-Ampère equation on compact Kähler manifolds,” Indiana Univ.
Math. J., vol. 52, pp. 667–686, 2003.

[33] S. Kołodziej, “Hölder continuity of solutions to the complex Monge-Ampère equation with
the right hand side in 𝐿𝑝. The case of compact Kähler manifolds,” Math. Ann., vol. 342,
pp. 379–386, 2008.

[34] Y. Li, “On collapsing Calabi-Yau fibrations,” J. Differential Geom., vol. 117, no. 3, pp. 451–
483, 2021.

[35] D. H. Phong, N. Sesum, and J. Sturm, “Multiplier ideal sheaves and the Kähler-Ricci flow,”
Comm. Anal. Geom., vol. 15, no. 3, pp. 613–632, 2007.

[36] S. Plis, “A counterexample to the regularity of the degenerate complex Monge-Ampère
equation,” Ann. Polon. Math., vol. 86, pp. 171–175, 2005.

[37] D. Popovici, “Non-Kähler mirror symmetry of Iwasawa manifolds,” Int. Math. Res. Notices,
vol. 23, pp. 9471–9538, 2020.

[38] J. Song and G. Tian, “The Kähler-Ricci flow through singularities,” Invent. Math., vol. 207,
no. 2, pp. 519–595, 2017.

[39] G. Székelyhidi, “Fully non-linear elliptic equations on compact Hermitian manifolds,” J.
Differential Geom., vol. 109, no. 2, pp. 337–378, 2018.

[40] G. Tian, “On Kähler-Einstein metrics on certain Kähler manifolds with C1(M) > 0,” Invent.
Math., vol. 89, no. 2, pp. 225–246, 1987.

56

2211.13798


[41] V. Tosatti, “Adiabatic limits of Ricci- at Kahler metrics,” J. Differential Geom., vol. 84,
no. 2, pp. 427–453, 2010.

[42] V. Tosatti and B. Weinkove, “The Monge-Ampère equation for (𝑛 − 1)-plurisubharmonic
functions on a compact Kähler manifold,” J. Amer. Math. Soc., vol. 30, no. 2, pp. 311–346,
2017.

[43] V. Tosatti and B. Weinkove, “Hermitian metrics, (n-1, n-1) forms and Monge-Ampère equa-
tions,” J. Reine Angew. Math., no. 755, pp. 67–101, 2019.

[44] N. Trudinger and X. Wang, “Hessian equations II,” Ann. of Math., vol. 150, pp. 579–604,
1999.

[45] J. Wang, X.-J. Wang, and B. Zhou, “A priori estimate for the complex Monge-Ampère
equation,” Peking Math. J., vol. 4, no. 1, pp. 143–157, 2021.

[46] S. Yau, “On the Ricci curvature of a compact Kähler manifold and the complex Monge-
Ampère equation. I,” Comm. Pure Appl. Math., vol. 31, pp. 339–411, 1978.

57


	Acknowledgments
	Dedication
	Introduction and Background
	Overview
	Preliminaries
	Equations on Kähler manifolds
	Nef and big cohomology classes

	Main results
	Equation on nef classes
	Uniform modulus of continuity for Monge-Ampère equations
	The (n-1)-form equations on Hermitian manifolds


	Method of auxilliary Monge-Ampère equations
	Equations on nef classes
	Complex Monge-Ampère equations
	Complex Hessian equations

	Modulus of continuity for Monge-Ampère equations
	Modulus of continuity estimate
	Demailly's regularization
	Proof of the main theorem

	Hölder continuity
	Geometric application

	The (n-1)-form equations on Hermitian manifolds
	References

