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Abstract  

Engaging Students in Mathematical Reasoning in School Calculus: 

A Case Study 

Zhaojun Yong 

 

 

Since the early 2000ôs, ongoing efforts for educational reform in the teaching of school 

mathematics have taken place to foster studentsô mathematical reasoning in the classroom. 

Nevertheless, teachers have been hesitant to embrace the newfound role of reasoning in their 

instructional approach, as they continue to primarily focus on fact recall, symbolic manipulation, 

and procedural fluency. However, engaging students in reasoning is crucial because it allows 

students to analyze problems as they learn how to break them down into manageable parts and 

instills confidence so they can regard themselves as capable problem-solvers. The study aims 

to identify mathematical practices that calculus students engage in to develop their reasoning 

ability as well as teacher moves employed to facilitate studentsô learning of those practices and 

the reasons for them. Data collected for this case study were derived from class observations as 

well as semi-structured interviews individually with each of three experienced calculus teachers.  

Findings suggest that the teachers often helped students to make connections. In 

particular, teachers frequently summarized studentsô prior knowledge that was relevant to the 

completion of a task, in order to help students link new concepts with already familiar ideas. 

Such a move in making ideas public has evidently signaled to students their ability to solve a 

problem by applying what they already know. Asking students to discuss multiple approaches to 

a task help them think about how best to approach problems. This move in eliciting student 

ideas causes students to look for connections or similarities between their ideas or processes  



 

with those of their peers. Making connections between current learning and prior knowledge can 

decrease the cognitive load, while making connections across different representations can 

address potential misconceptions, as visuals do not always lead to accurate conclusions.
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Chapter I 

INTRODUCTION 

Need for the Study  

 At the start of the 1950ôs, educators called for a shift from rote learning to a learning 

approach that emphasized conceptual understanding and problem solving, a reform effort that 

was later known as the ñNew Mathò movement. Even since the dawning of the new millennium, 

few mathematics educational researchers have disagreed with the notion that mathematical 

reasoning plays an important role in furthering student learning of the discipline. In fact, major 

educational reforms had taken place in favor of addressing more mathematical reasoning in the 

classroom, as it was viewed as ñfundamental and coreò (NCTM, 2000; Common Core, 2010). 

Mathematical reasoning, as they conceptualized the term, refers to the process of making 

inferences and drawing conclusions on the basis of evidence or stated assumptions. In this way, 

mathematical reasoning serves as a means to facilitate student exploration, communication, 

and discovery of new ideas (Ball et al., 2002). In the process, students make justifications to 

defend their claims or solutions, enabling mathematics to become more accessible, even 

enjoyable and inspiring (Ball & Bass, 2003; Francisco & Maher, 2005). 

Nonetheless, despite the urgent calls for reform, research indicates that teachers have 

not fully embraced these reform policies with open arms, as they do not perceive mathematical 

reasoning as central to instruction (Hufferd-Ackles et al., 2004; Brodie, 2010). In particular, 

instruction in many secondary math classrooms remain teacher-centered while teachers at best 

consider student thought superficially with little consideration in using it to shape learning. One 

primary reason that accounts for this continued phenomenon is the teacher perception that such 

a task appears too challenging and even daunting (Hufferd-Ackles et al., 2004; Blanton & Kaput, 

2002). On the one hand, this lack of consideration could increase student disengagement and 
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the likelihood of students making errors in thinking. On the other hand, teachers fear that 

relinquishing some control over their class and thus allowing students to have more autonomy 

could lead to cases in which students might provide inputs of their own to which teachers do not 

know how to respond.   

Another problematic area is teachersô misunderstanding of how mathematical reasoning 

can affect studentsô level of learning in the subject. Stylianides (2007) revealed that some 

teachers view reasoning as merely serving the purpose of formality and therefore do not view it 

as essential in achieving learning objectives. Several studies indicate that many teachers 

believe justifying the truth of statements merely from an empirical standpoint is sufficient and 

thus have a limited comprehension of what makes a mathematical statement valid (Stylianides, 

2007; Morris, 2002; Goulding et al., 2002). In particular, as Stylianides (2007) found, ñmore than 

50% of the prospectiveé teachers [in his study] é accepted an empirical argument asé 

[sufficient]é for a mathematical generalizationò (p. 316).  

With these misunderstandings, itôs no wonder teachers devalue mathematical reasoning, 

as they do not see how it can significantly contribute to developing studentsô mathematical 

abilities (Dimmel & Herbst, 2020). In some cases, mathematical reasoning has assumed a 

peripheral status in school math teaching, as teachers focus on studentsô correct use of 

symbolic manipulations rather than how they formulate arguments or their justification schemes 

(Knuth, 2002). Furthermore, teachers have tended to place emphasis solely on whether 

students are correctly applying procedures and results established from theorems, as if doing 

mathematics is merely about following rules or formulas. In this way, mathematics has been 

reduced to a ñready-made subject [where] students are given definitions, rules and algorithms, 

according to which they are expected to proceedò (Larsen & Zandieh, 2008, p. 206). In some 

cases, establishing truth in a mathematics classroom depended not on what reasoning was 
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applied, but rather on whether the work mirrored that of teachers or textbooks (Stylianides & 

Ball, 2008). 

However, students generally cannot attain an adequate understanding of mathematics 

without reasoning. In reality, part of learning mathematics should require students to develop an 

awareness of the connections between ideas or concepts (e.g., through different uses of 

representations). Otherwise, they could perceive mathematics as a set of isolated facts and 

methods that need to be remembered separately (Brodie, 2010).  

Students must also be permitted to reinvent and engage in sensemaking. In fact, 

Soosloff et al. (2023) added that students embrace and enjoy times when they can engage in 

sensemaking and offer their ideas, and they are curious to see how their ideas can contribute to 

the overall learning discussion. Ball et al. (2002) asserted that experimenting and tinkering with 

ideas are essential components to learning mathematics. To achieve this, having the 

opportunity to participate in discourse is crucial. However, in fostering a classroom community 

where mathematical discourse is a norm, teachers need to allocate part of the responsibility to 

students so that both the teacher and students can work together to devise arguments and 

establish new knowledge. In this way, students are not tasked with simply following directions 

and rules given by their teachers but, rather, are working proactively to establish new learning. 

 In contrast to school math teachers, tertiary math instructors who are also professional 

mathematicians seem to stand at a stark contrast when expressing their views on the relevance 

or importance of addressing reasoning while teaching math. In Lai & Weberôs (2013) study, 10 

mathematicians were asked to describe their process in constructing or revising proofs for 

pedagogical purposes. Though they focused primarily on formal reasoning presentation, the 

study also described how the mathematicians used diagrammatic and informal reasoning prior 

to the establishment of formal proofs. Similarly, Fukawa-Connellyôs (2012) study examined a 

mathematicianôs teaching of mathematical reasoning in an undergraduate abstract algebra 
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classroom. It also discussed the teacherôs focus on addressing proof but also addressed how 

the teacherôs presentations of proofs were shaped by student input along the way. The study 

further described various modes of thought that the mathematician modeled for students to 

illustrate how a doer of mathematics should engage in reasoning, both informally through 

examples and formally using definitions or theorems. 

Besides how teachers at the secondary and tertiary level differ in their regard for 

reasoning, there are also clear differences in both partiesô views regarding what they consider to 

be college readiness for mathematical study at the tertiary level. According to a 2005-2006 

survey administered by Stroumbakis (2010), high school ñteachers rated many more é [topics] 

as important or very important (66%) é [as compared to] college teachers (36%)ò (p. 31). This 

revealed a potential concern that math teachers may overprioritize content coverage at the 

expense of designing sensemaking and reasoning activities, a finding that was consistent with 

that of Usiskin (2006). Consequently, high school graduates often enter college calculus having 

only memorized rote procedures with little conceptual understanding (Burrill, 2016). 

Due to the differences in perceptions of the value of reasoning, a learning gap inevitably 

occurred and in fact has been ongoing, as students continue to struggle in making the transition 

from one learning setting to another (Zazkis & Leikin, 2010). Apparently, school and university 

level math seem to have little connection (Kilpatrick, 2019). In fact, once students begin their 

postsecondary studies, they generally feel obliged to abandon their prior approaches to learning 

math as they try to accustom themselves to entirely new ways. Rather than learning for the 

short-term goal of doing well on a test through memorization of procedures with limited 

understanding, students realize they must shift towards a new style of learning that emphasizes 

sensemaking and reasoning (Orton, 2004).  

Despite the clear difference between the two learning environments, little has been done 

to resolve the issue. For instance, according to Bressoud et al.ôs (2016) study, nearly a quarter 
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of the sampled high school seniors in the United States enrolled in high school calculus. 

However, over one-third of them ended up retaking this course when they entered university 

studies due to not being able to adjust from one learning setting to another. This has dire 

consequences as the learning gap lends itself to larger ramifications outside of mathematical 

learning, including, but not exclusive to, higher remediation rates, reduced graduation rates, and 

attrition in STEM programs. 

To combat the learning gap, Bressoud et al. (2016) identified calculus as the critical 

bridge, given its unique status as a subject that is present in both secondary and tertiary math 

curricula. Hence, there is a need to align the teaching of calculus in high school with that in 

college to make sure students experience a smoother transition from one to the next. 

Furthermore, Mueller et al. (2014) stated that ñthere is a need for more knowledge about the 

types of classroom communities that promote reasoning and justifications and the teacherôs role 

in the communityò (p. 1). Therefore, it seems to be a worthwhile endeavor to investigate 

teachersô promotion of reasoning in school math, especially in a calculus classroom. Besides, 

what causes new concepts introduced in calculus to be difficult to pick up is the added 

emphasis for students to explain their reasoning and evaluate arguments, partly due to the 

increase in reliance on making use of formal definitions and theorems (Stroumbakis, 2010).  

As this consideration leads to questions that cannot be answered using merely 

numerical data but rather multiple sources of qualitative data such as documents, interviews, 

and observations, case studies have been used in years past to undertake relevant research 

studies. For example, Sran (2010) undertook a case study approach to conduct an in-depth 

investigation of teacher strategies used to understand a childôs development of inductive 

reasoning. Similarly, Weber (2004) utilized a case study method to examine a math professorôs 

instructional approaches to engage students in proof-based exercises in real analysis. 
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To summarize, on the one hand, there is the imminent concern of the learning gap due 

to differences in emphasis on mathematical reasoning in high school and college calculus. On 

the other hand, calculus is a subject that demands more sensemaking and reasoning given the 

increase in reliance on formal definitions and concepts. Having taken these into account, it is 

then appropriate to explore tasks designed by teachers that facilitate reasoning in the context of 

teaching calculus. After all, engaging students in mathematical reasoning is crucial because it 

allows students to develop the ability to analyze problems, to learn how to break complex tasks 

down into manageable parts, and to gain confidence as capable problem solvers.  

In the process, one can identify the prevalent teacher moves taken to foster studentsô 

reasoning ability. Teacher moves are ñverbal and nonverbal actions made by the teacher to 

guide, shape, or influence studentsô mathematical activityò (Kratky, 2016, p. 7). In particular, 

these include actions that teachers take during instruction to encourage students to share ideas 

more freely, question proposed ideas or solutions, and build arguments for the solutions 

proposed? As a matter of fact, as Mueller et al. (2014) pointed out, there appears to be a lack of 

research in addressing how teacher moves can encourage students to participate in 

mathematical practices. Within this study, ñmathematical practicesò refer to the reasoning 

behaviors and processes that students engage in, with guidance from teachers, to understand 

the underlying mathematical concepts. By examining teacher moves, educators can identify 

strategies that support student reasoning, adapt their teaching methods, and foster more 

engaging and effective learning environments for students. 

Purpose of the Study  

 The purpose of this study was to identify: (a) mathematical practices of students in 

calculus classrooms, (b) moves that teachers make to promote student participation in these 

practices, and (c) to what end these moves are made. To accomplish these aims, the following 

research questions were addressed: 
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1. What mathematical practices do calculus students engage in to develop their reasoning 

ability at the secondary level? (RQ1) 

2. What teacher moves are employed during calculus instruction, and how do they facilitate 

student engagement in the practices identified? (RQ2) 

3. What intentions do calculus teachers report that influence their decisions to make the 

moves? (RQ3) 

Procedure  of the Study  

To answer the research questions above, the researcher conducted a qualitative study 

involving three secondary math teachers who were teaching calculus at the time. More 

precisely, it was a multiple case study to examine tasks they administered and the moves they 

made to embed mathematical reasoning in those tasks. 

At the initial stage of data collection, a questionnaire was administered to calculus 

teachers across several private high schools located in New Jersey. Schools were selected 

through convenience sampling based on the researcherôs connections to mathematics 

educators at Teachers College, Columbia University as well as his familiarity with particular 

schools in New Jersey due to personal connections with their mathematics teachers. The 

researcher aimed to collect responses from three individuals who were purposefully sampled 

according to the criteria that they were experienced math teachers, had taught calculus before, 

and were willing to be interviewed individually after each class observation. 

The questionnaire included statement items for calculus teachers to self-assess their 

ongoing efforts in developing their studentsô reasoning skills. For each item, a Likert-scale type 

question was asked, prompting teachers to indicate how often they have done something (e.g., 

encouraged students to share their thinking with peers when observing patterns, arguing, and 

justifying ideas) in their calculus classroom in the past. In the case that the answer was at least 
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ñsometimesò or more, teachers were asked to provide a short anecdote as an example to 

illustrate. Other items include to what extent teachers believe they value student input and allow 

it to drive instruction, incorporate group work, and encourage student-led investigations or 

exploration. 

After administering the questionnaire and getting responses back, the researcher 

decided which lessons to observe for each participant. For each teacher selected, four class 

meetings were then chosen. Classes were selected upon gathering information on the calculus 

topics the teachers covered in February and March (i.e., in the spring semester after students 

returned from winter break). Together, both the topics and questionnaire informed the 

researcher regarding which calculus lessons may have more potential for the designing and 

implementing of tasks that could meaningfully engage students in processes of reasoning, 

including sensemaking and justification of solutions.   

To answer RQ1, the researcher referenced participantsô written tasks from the lessons 

selected for observation. At the end of each observation, the researcher also collected 

participantsô class notes, which included teacher solutions, explanations, and additional teacher 

comments that went along with the written tasks. Lessons were audio recorded and transcribed, 

followed by a checking of the transcribed files for accuracy. Afterwards, the audio files as well 

as identifiable information concerning students or teachers were deleted for anonymity. In this 

way, both written tasks and verbal questions were considered in identifying mathematical 

practices that arose. Mathematical practices that describe how students conduct sensemaking 

and reasoning include specifically explaining, justifying, and proving, along with other related 

practices such as visualizing, connecting, interpreting, conjecturing, and generalizing. 

For each teacher, the frequency of each flagged practice was recorded according to the 

lesson observed in the format of a contingency table. Afterwards, the researcher added up the 

rows and columns to figure out the total frequency of each practice across all four lessons for 
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each teacher, as well as the total occurrence of practices for each lesson individually. Table 1 in 

Appendix A contains further information and illustration; in it, each row corresponds to the 

distribution of a practice across different lessons for a teacher, and each column describes the 

distribution of practices within a class lesson.  

With the individual frequencies recorded as well as their sums across different rows and 

columns, the researcher calculated the proportion of each practice in a lesson relative to the 

total frequency of practices recorded within the lesson. These ratios were computed for multiple 

observations in order to gain understanding of the instructorsô teaching approaches to 

developing studentsô reasoning abilities. In the process, findings suggested possible relations 

between a teacherôs choice of which practices to engage students in and the content of each 

lesson. 

 To address RQ2, the researcher again referenced the transcripts from the audio-

recorded classes. However, this time around, the researcher focused on moments when 

participants made teacher moves that facilitated student engagement in the practices identified 

previously. More specifically, as adopted from Ellis (2011), the researcher considered a move 

as fostering a mathematical practice if (a) the practice occurred in direct response to the move, 

(b) the practice took place in response to a new idea introduced by the move, or (c) a 

conceptual chain could be identified linking the ideas or strategies introduced by the move and 

the practice that followed it.  

By ñmomentò, the researcher refers to a specific event during instruction in which a 

teacher makes a move. Each moment corresponds to a unit that was coded. Each moment 

during which a teacher move took place was not only described but also coded according to its 

category based on preformulated categories of moves as drawn from relevant works. In 

particular, studies include that of Mueller et al.ôs (2014), who identified categorized moves 

according to whether they were associated with making ideas public, eliciting student ideas, and 
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encouraging student explanations. Table 2 in Appendix A provides more detail regarding each 

category of teacher move and what examples of moves are considered to represent each 

category. The list of preformulated moves was revised and updated continually based on the 

data collected. To ensure reliability of the data, cross-checking of the coding for the moves were 

performed with another researcher for one randomly selected class of each teacher. Once both 

researchers arrived at an agreement concerning the coding schemes, the coding process took 

place individually, followed by a comparison of results to determine if the coding was consistent. 

Similar to the procedure for answering RQ1, the researcher again noted different 

frequencies, except this time tallied up the total instances of each category of flagged teacher 

move across the lessons. For each lesson, the researcher identified the most prevalent 

category of move based on the frequency counts. This then informed which tasks to focus on for 

further analysis to describe the relationship between the practices involved and the moves that 

prompted the involvement of the practices. To illustrate, suppose the majority of the teacher 

moves in lesson 1 were ones associated with eliciting student ideas. In this case, the researcher 

would focus on tasks during which moves of this category occurred. If the researcher notices 

that most of these tasks were ones that charged students to justify or explain their work, then 

this might suggest that to promote student engagement in the two practices, the teacher may 

generally rely on moves that elicit student ideas such as considering different strategies or 

multiple representations to solve a problem. Lastly, teacher moves from the predominant 

category were investigated to explore further the various practices that these moves can 

potentially lead students to eventually engage in.  

 To address RQ3, the researcher analyzed the coding of the moves from the transcripts 

by describing the perceived intent behind each move based on the context of each moment. 

These findings were triangulated with what the teachers reported in the post-lesson interviews 

as their intent for each move. To facilitate this process, the researcher provided teacher notes 
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and explanations written at the time of instruction to help teachers recall the moments. For each 

move, teachers were first asked to provide their reasoning for why they made a move 

regardless of what the researcher may have perceived as the intent. Then the researcher asked 

the teachers to compare their self-claimed intents with what the researcher surmised as 

indicated by the coded transcripts. Doing so not only increased the reliability of the findings, but 

also helped the teachers realize what their actual intentions may have been, as they may not 

have been able to recall every detail concerning why a move was made. In other words, giving 

the teachers a chance to compare their claims for intents with the perceptions of an outside 

observer afforded them the opportunity to modify their responses.  

Interviews were semi-structured to allow teachers to not only share their intents but also 

allude to other possible factors. These could include teacher beliefs, which are principles; 

values; and convictions that teachers hold about teaching, learning, and students. In addition, 

teachers could also reference the importance of establishing sociomathematical norms, which 

are social norms unique to a math classroom and which have to do with giving answers that 

include adequate explanation and justification (Franke et al., 2007). In this way, the semi-

structuredness nature of the interviews allowed teachers to be flexible in not only discussing 

intents specific to the moment during which a teacher move was made but also addressing the 

goals of the course. Interviews were conducted in person with each participant. They were 

audio recorded and transcribed for accuracy, with the audio recording deleted afterwards to 

prevent any identifiable information of the participants from being exposed.  

Findings were presented after selecting a subset of moments from the interviews. These 

moments of interest arose partially from those that resulted in a discrepancy between 

researcher-perceived and participant-claimed intents. They included moments when teachers 

brought up additional intentions on top of ones perceived by the researcher after comparisons 

were made. In addition, moments when a teacher referenced an external factor outside of the 
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immediate context for the moves were also highlighted. In these ways, the researcher was able 

to explore the relationship between teacher moves and intentions behind the moves as well as 

to discover additional factors that influenced teachersô decisions to employ certain moves. 
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Chapter II 

LITERATURE REVIEW 

Introduction  

 This chapter is divided into three major themes: (a) reforms in teaching to emphasize 

mathematical understanding and reasoning, (b) argumentation as part of reasoning, and (c) 

teacher moves to promote reasoning.  

The first section includes a discussion of literature that addresses reform-based teaching 

of mathematics and that highlights the importance of having mathematical discourse in the 

classroom. It also touches on challenges to facilitate mathematical discourse. The second 

section includes an introduction to argumentation as an essential part of reasoning. On the one 

hand, it discusses what it is, how it is conceptualized using Toulminôs (1958) model of 

argumentation, and why it is important or relevant to the subject of engaging students in 

mathematical reasoning. On the other hand, the section also contrasts various categories of 

argumentation, discusses the establishment of sociomathematical norms for promoting 

argumentation, and addresses argumentation frameworks. The third section discusses teacher 

moves to promote reasoning, such as teachersô ways of questioning, use of examples, and task 

design; it also discusses the relationship between teacher moves and the mathematical 

practices for reasoning that they yield. 

Reforms in Teaching to Emphasize Understanding and Reasoning  

Reform -Based Teaching of Mathematics  

 In early 1989 and 1991, the National Council of Teachers of Mathematics (NCTM), the 

Mathematical Association of America (MAA), and the National Research Council (NRC) all 

pointed out that students should not simply memorize formulas or procedures while doing 
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mathematics. More importantly, they wrote, students needed to develop deep and 

interconnected understandings of mathematical concepts, procedures, and principles. They 

argued that students should be regarded as independent mathematical thinkers rather than 

simply follow what their teacher told them to do. This included having students engage in the 

activities of problem solving, looking for patterns, making conjectures, examining constraints, 

making inferences from data, abstracting, and inventing. Despite this emphasis on having 

students explain their work, teachers continue to deliver instruction in which students 

infrequently ask questions, and little to no classroom discourse seems to take place (Cuban, 

1993; Cazden, 2001). Even when teachers ask students questions, the majority of them are 

low-level and require nothing more than a short answer involving a simple recall of fact or rule 

(Graesser & Person, 1994). 

 In addition to the abovementioned reform efforts, there have been numerous calls to 

create classroom environments characterized by an increased emphasis on discourse, problem 

solving, and sense-making (Schoenfeld, 1994). Such calls have advocated for allotting students 

sufficient time to devise methods and strategies to come up with viable solutions and to 

determine the accuracy or reasonableness of their work.  

One response to such calls was Stein et al.ôs (1996) study which analyzed three middle 

school teachersô implementation of 144 tasks which were carried out using reform-oriented 

instruction in economically disadvantaged communities to foster reasoning. Using narrative 

summaries of classroom observations, Stein et al. (1996) analyzed task features such as the 

number of solution strategies, how many and what kinds of representations were involved, and 

whether a task demanded explanation or justification. In addition, tasks were evaluated based 

on whether they were disguised as ñproblemsò but were actually drills to get students to practice 

an already-demonstrated algorithm. Tasks were also considered for whether they meaningfully 

strengthened student understanding. In particular, the researchers considered whether students 
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were given the opportunity to make decisions about what to do and if the tasks required 

students to interpret the reasonableness of their strategies or solutions.  

Results of the study revealed that with a reform-oriented approach to delivering 

mathematical instruction, the teachers indeed set up tasks that led to more student thinking 

(Stein et al., 1996). Based on the narratives of the class observations, task features appeared to 

remain largely consistent during task implementation and during task setup. However, the level 

of cognitive demand of especially high-level tasks had a tendency to decline. The main possible 

explanation given for this general trend was that students often complained that such high-level 

tasks were too ambiguous and lacked explicit steps, a situation which students were not used to 

or comfortable with. Hence, due to the pressure from students as they urged for tasks to be 

made more explicit, teachers reduced or even at times altogether eliminated the complexity in 

some tasks. Although this study seemed to provide only empirical findings for teachersô lack of 

addressing understanding and reasoning while learning mathematics, Stein et al. (1996) did 

mention factors that were found to be associated with students maintaining a steady effort even 

when confronted with complex tasks. These included attributes of teacher scaffolding, teachers 

helping to make connections conceptually, and teachers building on studentsô prior knowledge.  

Later, Stein et al. (2008) also asserted that transitioning from traditional to reform-based 

teaching starts with the choosing of appropriately challenging tasks, ones that have high levels 

of cognitive demand and yet are within studentsô zone of proximal development. In order to 

achieve this, teachers need to create open-ended tasks that either offer multiple entry points or 

invite students to develop multiple solution paths.   

 In addition to emphasizing student thinking to achieve mathematical understanding, 

NCTM (2000) stressed the value of mathematical discourse, requesting teachers to enable their 

students to ñorganize and consolidate their mathematical thinking through communicationò (p. 

34). In other words, students should talk to each other and not just speak in response to teacher 
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questions. In fact, when students speak, they should be formulating conjectures or arguments to 

defend their claims while collaborating with one another as members of an intellectual 

community of thinkers. In support of this view, Franke et al. (2009) later argued that student talk 

can increase studentsô mathematical knowledge and understanding. On the one hand, 

incorporating student talk in the classroom causes teachers to listen to their students more. This 

makes it possible for teachers to monitor studentsô mathematical thinking, thereby giving 

teachers meaningful perspective on their instructional practices, showing them what problems to 

pose or what questions to ask. On the other hand, as students converse with each other, their 

talk exposes them to different ideas and strategies for working, which yield a more wholesome 

understanding of the material. As Franke et al. (2009) claimed, ñDescribing, explaining, and 

justifying oneôs thinking all help students internalize principlesé become aware of 

misunderstandingsé clarify material in their own minds, fill in gaps in understanding, internalize 

and acquire new strategies and knowledge, and develop new perspectives and understandingò 

(p. 381). 

Research on Facilitating Mathematical Discourse  

 Discourse in a classroom learning sense can be defined as the purposeful exchange of 

ideas through classroom discussion as well as through other forms of communication. It is 

important because discourse helps students to articulate and justify their ideas as well as 

reason through the explanations of their peers, which according to the National Council of 

Teachers of Mathematics (2014), ñdevelops a deep understanding that is critical to their future 

success in mathematicsò (p. 30). In addition, mathematical discourse also allows students to 

build a shared understanding of mathematical ideas by comparing and analyzing different 

approaches or arguments. In the process, students can have opportunities to share their ideas 

and clarify understandings in order to then construct more convincing arguments regarding why 

and how things work as they learn to see things from other perspectives. 
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 To this end, Shaughnessy et al. (2021) addressed the topic of teaching prospective 

elementary math teachers how to lead discussions with students to develop studentsô 

conceptual understanding. Specifically, they designed a formative assessment to study 9 first-

year teachersô ability to lead problem-based discussions. Results suggested that simply having 

students share ideas in a ñshow-and-tellò format is not sufficient to yield rich collective thinking. 

Rather, teachers must encourage and value student ideas and use them to shape classroom 

discourse in productive ways. This was consistent with the NCTMôs (2014) explanation that 

simply having students share their approach is problematic and does not effectively advance the 

mathematical storyline of the lesson and hence studentsô mathematical learning.  

Furthermore, to facilitate discourse, Lobato et al. (2005) provided a broad view of what 

teachers should do to support student discussion especially when new mathematical concepts 

and information are introduced. It is helpful for teachers to ask questions and elicit student 

responses to encourage student thinking. Maher & Martino (1996) suggested that for students 

to become increasingly likely to engage in mathematical discourse, the teacherôs role must be 

minimized, especially at the stage of initial exploration, in order to allow students to co-construct 

ideas as they provide their own justifications and share their uses of various representations 

that make the most sense to them. Mueller et al. (2014) share a similar stance in that they argue 

mathematical discourse improves the quality of learning when students share the responsibility 

of communicating mathematical ideas to each other, as opposed to only the teacher 

communicating concepts to students. In this way, students are more likely to develop 

understanding as a result of building on their existing knowledge and having a learning 

experience that is personal to them (Martin, 2007). 

 In order to promote meaningful mathematical discourse so that students could have 

opportunities to talk with, respond to, and question one another, Hufferd-Ackles et al. (2004) 

introduced their math-talk learning community model. The framework addresses the following 



 

 18 

four questions: (1) Who is the questioner? (2) How are students encouraged to articulate clearly 

and explain their mathematical thinking? (3) Who is the source of mathematical ideas? (4) To 

what extent do students assume responsibility for learning, and do they evaluate the work of 

others and engage actively in sense-making?  

Teachers can be graded on a continuum level ranging from zero to three depending on 

the degree to which a classroom community fulfills these aspects. Some indications that a 

teacher is performing at a high level include increasingly drawing on studentsô mathematical 

thinking, getting students to listen more to their peers, and encouraging them to assume more 

substantial roles in the classroom. In particular, at level 3, the teacher allows interruptions on 

numerous occasions from students during class discussions and even allows students to 

explain and devise their own strategies for solving problems. In such a case, the teacher uses 

student ideas and methods as the basis to carry out instruction.  

Despite the frameworkôs intention to promote mathematical discourse by classifying 

classroom communities under different levels, Hufferd-Ackles et al. (2004) specified some 

limitations of their framework. These include ambiguity in the transition from one level of 

teacher-facilitated discourse to another as well as lack of clarity in what teachers need to do to 

effectively support the transitioning process. 

 In contrast to Hufferd-Ackles et al.ôs (2004) framework, Stein et al.ôs (2008) five teaching 

practices model focuses specifically on how teachers should use student responses to generate 

discussions while carrying out inquiry-based, student-centered instructional tasks. In mentioning 

that some cognitively challenging tasks have the potential to be solved in multiple ways, Stein et 

al. (2008) pointed out that such tasks are often challenging to carry out in stimulating 

discussions that advance the mathematical learning of the whole class. With this in mind, Stein 

et al. (2008) introduced a pedagogical framework that touches on five key teaching practices 

that can be implemented to use student responses more effectively as a launching point for 
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discussions involving challenging tasks. Such teacher practices include the following: (a) 

anticipating student responses at the planning stage, (b) monitoring student responses during 

instruction, (c) selecting student responses to elaborate on, (d) sequencing student responses 

to promote sense-making, and (e) connecting student responses while sequencing them in the 

process. In this way, the model suggests that teachers should not carry out discussions to 

simply address the existence of multiple solutions to solve a problem. Instead, teachers need to 

carefully sequence what students say in a way that both makes sense to students and allows 

the students to make connections between the ideas brought up. Furthermore, teachers need to 

choose carefully between elaborating on and just monitoring student responses. 

Challenges in Facilitating Mathematical Discourse  

 Despite having come up with a detailed framework designed to promote a high level of 

math-talk community, Hufferd-Ackles et al. (2004) admitted that facilitating mathematical 

discussions is difficult to do well in practice. As Leinhardt & Steele (2005) pointed out, one 

potential impeding factor has to do with the fact that successful instructional dialog requires the 

construction of a safe learning environment where students do not fear making mistakes and 

might even challenge each other publicly without fear of being judged by their peers. While this 

could be achieved by having the teacher move figuratively and literally to the side of the 

classroom as opposed to being at the forefront of establishing new learning, this 

recommendation was generally not well received by teachers. In fact, such a move up until then 

was rarely taught to prospective or novice teachers and was seldom implemented by even the 

most experienced teachers. Furthermore, in Lobato et al.ôs (2005) study, teachers, in trying to 

facilitate a mathematical discourse, were hesitant to speak for too long during discussions. They 

were concerned that their form of discussion might be perceived by their students as simply 

telling. In this way, while the intent is indeed to make visible student thinking and reasoning, 

teachers worried about over-structuring their discourse. This concern led to classroom 
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discussions in which the apparent goal was to just brainstorm solution methods rather than try 

to connect different ideas to create a cohesive whole. 

 However, in contrast to Leinhardt & Steele (2005) and Lobato et al. (2005), Stein et al. 

(2008) argued that challenges to facilitating mathematical discourse go beyond getting students 

to talk. Successful classroom discussion is neither just about fostering a learning environment 

conducive to student learning by allowing them to feel safe to share their thoughts, nor about 

promoting a classroom where the teacher does not dictate any discussions that take place. 

Teachers must be able to notice instances of studentsô mathematical thinking to expound upon 

with further discussion that has high potential to support studentsô understanding of major 

mathematical ideas (Van Zoest et al., 2017). In other words, the point of a math discussion must 

be identified, and teachers must be able to recognize points throughout a lesson when students 

touch on these major ideas, toward which teachers must then steer instruction or discussion 

(Sleep, 2012). 

Stein et al. (2008) argued that in order for students to think that discussions function to 

do more than just generate multiple solution methods, teachers need to create or incorporate 

well-designed tasks. Specifically, open-ended tasks should be considered because they allow 

students to work in different ways, stimulating rich and meaningful discussions through which 

students can learn much. However, the potential challenge in utilizing such open-ended tasks is 

that students can devise unanticipated approaches to which teachers do not know how to 

respond. However, Ball (2001) would argue that ñIf, however, teachers cannot hear óbelow the 

surfaceô features of childrenôs [mathematical] talk and representations, they may miss the mark 

by considering a student wrong who in fact has an interesting idea or carries out a nonstandard 

procedure, but one with mathematical promiseò (p. 19). Therefore, difficulty arises when 

teachers not only struggle to understand studentsô thought process and reasoning but also to 

align studentsô differing approaches with the overarching objectives of each lesson. 
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Nevertheless, Sherin (2002) and Brodie (2010) claim that teachers must balance the 

incorporation of student ideas and ensure that the discussion can proceed productively to lead 

to the discovery of new knowledge. 

 Stein et al. (2008) highlighted another challenge in regard to facilitating mathematical 

discourse. It had to do with an element not referenced in their five practices modelð

understanding and recognizing a valid mathematical argument. However, to get an idea of what 

a mathematical argument entails, one must first explore existing conceptualizations and 

categorizations of argumentation, along with frameworks and sociomathematical norms for 

fostering argumentation. 

Argumentation As a Form of Reasoning  

What Is Argumentation and Why Is it Important?  

On a broad scale, the term ñargumentationò may be interpreted in a number of different 

ways, from inquiry to persuasion, negotiation, and disagreement. Given the existence of multiple 

ideas associated with the activity of constructing an argument, there does not appear to be a 

common understanding as to what argumentation in a math classroom should involve. 

 And yet, researchers in mathematics education largely define or conceptualize 

argumentation more or less the same way. To them, argumentation involves similar processes 

with a shared objective. Banegas (2013) defines ñargumentationò as a special type of discourse 

with the objective of transforming a claim once open to question into a statement that is mutually 

accepted by all parties. Similarly, Conner et al. (2014) conceptualized ñargumentationò as a 

mathematical discussion in which during the process, multiple people arrive at the same 

conclusion, often by arriving at an agreement. In this process, both teachers and students work 

together through a form of mutual communication to establish the validity of a claim. 
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 Other attempts at conceptualizing ñargumentationò from the mathematics education 

community include that of Common Core State Standards Initiatives (CCSSI) (2010). To them, 

ñargumentationò is characterized as an activity that involves a range of processes, including 

coming up with conjectures as well as reasoning using stated assumptions, definitions, and 

previous learning. In addition, CCSSI (2010) asserted that justifying or deriving mathematical 

statements also qualify as components of argumentation in a math classroom. This 

conceptualization of argument is envisioned in an environment in which students devise 

arguments and decide whether a potential argument created by their peers is sensible. In cases 

that it is not, students then ask clarifying questions to revise or update the proposed argument. 

According to CCSSI (2010), students need to construct viable arguments and critique the 

reasoning of others. Not surprisingly, nearly a decade before, NCTM (2000) already established 

this view, arguing that the activity of argumentation should involve students sharing their 

thoughts as they collectively explore tasks. 

 As for why argumentation is important and its significance in relation to mathematical 

reasoning, Andriessen (2006) and Nussbaum (2008) argued that argumentation is central to 

critical thinking, as it provides opportunity for learners to connect new with prior learning. In fact, 

Andriessen (2006) added that engaging students in argumentation contributes to deepening 

their conceptual understanding of the subject. Furthermore, according to NCTM (2000), Cross 

(2009), and CCSSI (2010), argumentation is an essential part of reasoning and understanding 

mathematics. On the one hand, ñWhen students are challenged to think and reason about 

mathematics and communicate the results of their thinking to othersé they learn to be clear and 

convincing. Listening to othersô explanations gives students opportunities to develop their own 

[mathematical] understandingsò (NCTM, 2000, p. 60). On the other hand, Crossôs (2009) study 

indicated that engaging students in argumentation leads to a positive effect on their math 

achievement. Finally, having students construct viable arguments and critique the reasoning of 
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others is a foundational practice that is integral to helping students learn and do mathematics 

meaningfully (CCSSI, 2010). 

Introducing  Toulminôs (1958) Model of Argumentation  

 Toulmin was one of the pioneers in conceptualizing the process of argumentation. As 

early as 1958, he formulated a framework having to do with breaking down the process of 

argumentation into various components. According to Toulmin, argumentation can be dissected 

into a sequence of statements and reasons. An argument includes the following key 

components: claim (the statement or conclusion the arguer is trying to justify); data (the 

evidence or assumed facts used to support the claim); warrant (the bridge or chain of reasoning 

that links the data to the claim); backing (the further support of the warrant used, though usually 

not stated explicitly); qualifier (a word or phrase that limits the truth of the claim, thus indicating 

the degree of certainty of the claim); and rebuttal (condition under which the claim no longer 

holds). Although Toulminôs model was not originally intended to fit within the scope of 

mathematics education, it certainly can be applied to explain what takes place in the process of 

mathematical argumentation. 

 In fact, Krummheuer (1995) was one of several who applied Toulminôs (1958) model of 

argumentation to mathematics education, choosing, however, to use only the core components 

of Toulminôs argumentation framework (i.e., data, warrant, and claim). Several researchers 

followed Krummheuerôs lead in only incorporating the core components of the model to their 

studies (Hoyles & Kuchemann, 2002; Yackel, 2002; Inglis et al., 2007; Conner et al., 2014; 

Wagner et al., 2014). In particular, Conner et al. (2014) focused on just data, warrant, and claim 

because they were interested in describing different kinds of reasoning used in an argument, 

not whether an outside observer would consider an argument to be correct. Despite only taking 

bits and pieces from Toulminôs model, Conner et al. (2014) nevertheless asserted that it ñoffers 

structure to the sometimes messy and often ill-defined construct of reasoning in school 
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mathematicsò (p. 196). In contrast, unlike Hoyles & Kuchemann (2002), Yackel (2002), and 

Inglis et al. (2007), Wagner et al. (2014) applied Toulminôs model of argumentation as a lens to 

explore its potential in studying teacher education. Wagner et al. (2014) explored the topic of 

teaching prospective math teachers how to facilitate argumentation in their future classrooms, a 

new direction in research at the time. 

 On a broader scale, Witherspoon et al. (2022) discussed how research using Toulminôs 

model helped to advance understanding of interventions that improved the learning of 

mathematical argumentation. Magnusson & Palincsar (2005) demonstrated how elements of 

Toulminôs model are innately related. Using Peirceôs (1956) characterization of the parts of 

reasoning with case, rule, and result, Conner et al. (2014) characterized each type of reasoning 

(i.e., deductive, inductive, and analogical) within the scope of Toulminôs (1958) model of 

argumentation.  

In deductive reasoning, where the construction of a conclusion is a result of a logical 

sequence of assumptions or given conditions, Conner et al. (2014) stated that a case is 

considered as data, a result is considered as claim, and a rule is considered as a warrant. With 

inductive reasoning, in which abstractions or generalizations are drawn from individual 

observations, a result is data, a rule is claim, and a case is warrant. In abductive reasoning, 

where the construction of a claim is based on an inference that starts from observed facts, a 

case is claim, with either a result as data and a rule as warrant, or the rule as data and the 

result as warrant. Unlike the case with deductive or inductive reasoning, there is ambiguity with 

abductive reasoning in associating result and rule with data and warrant. This is due to the lack 

of certainty as to how students use information either as evidence to support a claim or as part 

of a chain of reasoning to establish the claim. Lastly, in reasoning by analogy where the 

developing of a claim is based on noticing similarities between corresponding cases, the 
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analogy is the rationale or warrant for a claim, while case, rule, or result could all be either data 

or claim. 

 One limitation to Toulminôs (1958) model of argumentation is that while it provides insight 

into the basic structure of an argument, in practice, arguments are very complex (Gomez 

Marchant et al., 2021; Knipping, 2008; Knipping & Reid, 2015). Specifically, arguments are often 

multi-layered with sub-arguments existing within a single argument. Therefore, each component 

within an argument can serve multiple purposes. For instance, a statement can either serve as 

a claim as part of a sub-argument or data once the claim is established. Although Toulmin 

accounted for the possibility of sub-arguments in his model, he did not elaborate on the status of 

their components in any given episode of argumentation. However, Conner et al. (2014) did, as 

they argued that sub-arguments can occur in one of two ways within an argument: (a) they arise 

preliminary to the final claim, with the argument building from one intermediate claim to another 

or (b) a component such as data or warrant is questioned, leading to it becoming a claim, which 

then requires the formulation of a sub-argument to establish it as either data or warrant. In either 

case, a component can serve two purposes, such as data/claim or warrant/claim, and Conner et 

al. (2014) examined their functions separately, making the model more applicable in a realistic 

setting. 

 Toulminôs model has also been criticized as too structural and to only fit well in the 

context of deductive reasoning (Sampson & Clark, 2008), yet Toulmin argued that deductive 

arguments are not the only kind of arguments that are valid within his framework. In fact, 

Toulmin used the same model to distinguish between what he calls ñwarrant-using argumentsò 

which are deductive in nature, and ñwarrant-establishing argumentsò which are inductive in 

nature. Despite Toulminôs every intention to allow his model to come across as applicable with 

different forms of reasoning, it generally continues to be applied primarily in analyzing 

arguments which are deductive in nature. In fact, many mathematics education researchers, 
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when incorporating Toulminôs model into their work, make implicit assumptions concerning the 

deductive nature of arguments by associating warrants with rules, formulas, principles, or 

definitions.  

For instance, in utilizing Toulminôs model for their work, Forman et al. (1998) 

characterized warrants as formulas or algorithms that allow a user to confirm the value of an 

unknown variable denoted as a claim from given values denoted as data. Pedemonte (2007), by 

describing warrants as rules, suggested that all arguments constructed within the frameworks of 

Toulminôs model are deductive in structure. Finally, Inglis et al. (2007) described a warrant as a 

rule, definition, or analogy to connect data and claim. 

 On the one hand, Toulminôs (1958) model of argumentation is shown to be applicable to 

not just mathematics education and teacher education, but even in describing various forms of 

mathematical reasoning. On the other hand, however, such a conceptualization of 

argumentation was perceived by many researchers to be too narrow or restrictive. That is, such 

a conceptualization of argumentation simply involves one person trying to convince an entire 

audience by describing the validity of a claim. Thus, the process is perceived to be an individual 

act. While some researchers have stuck to this individualistic view in seeing how arguments are 

constructed (Hollebrands et al., 2010; Inglis et al., 2007), many researchers asserted that 

mathematical argumentation in a school classroom often results from a collective effort by 

multiple students. In this way, it is produced by the collective works of many students through 

communication and the co-sharing of ideas.  

Collective Versus Individual Argumentation  

 In discussing argumentation, Conner et al. (2014) contended that when considering it as 

an individual activity, argumentation and reasoning refer to the same process while doing 

mathematics. In fact, in formulating a definition for reasoning, Conner et al. (2014) referenced 
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the work of Lithner (2003) and NCTM (2000). In those works, mathematical reasoning is defined 

as a logical chain of premises that a learner adopts on the basis of stated assumptions in order 

to draw an inference or conclusion. Through this lens, Conner et al. (2014) explained that when 

a student devises an argument individually, the student is reasoning as well. In such a scenario, 

the stated inference is the claim, the premises or stated assumptions to make the inference are 

the data, and the reason for the inference is the warrant. 

 Building on Toulminôs (1958) model of argumentation, collective argumentation has also 

been examined within classroom settings to account for the social situation. In particular, Ball & 

Bass (2003) studied collective argumentation, which they framed as an activity during which 

multiple people participate in discussions to arrive at the same conclusion by consensus in a 

mathematical context. Similarly, Wagner et al. (2014) also considered argumentation as a 

collective endeavor in which variations in opinions are assumed to exist amongst the involved 

members, whose aim is to work together to come up with a logical and mathematically sound 

conclusion. Likewise, Cross (2009) argued that argumentation is not only comprised of 

individual activities in written argumentation but also collaborations through oral discussions in 

the social construction of logical arguments. 

Other recent works in mathematics education also highlight collective argumentation, 

discussing its usefulness in analyzing classroom discourse. Rasmussen & Stephan (2008) 

demonstrated the usefulness of collective argumentation in documenting the progression of 

collective knowledge by recording how a specific idea progresses from a claim to either data or 

warrant in support of a subsequent claim. Conner et al. (2014) saw the consideration of 

collective argumentation as useful in that they were able to consider how the teacher and 

students interacted with each other as well as how evidence was devised to support the claims 

in several episodes of collective argumentation. In other words, the consideration for collective 

argumentation allowed Conner et al. (2014) to examine not only how students established 
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claims from the warrants used but also what the teacher was doing to support students in 

coming up with and defending claims. At the same time, by adapting Toulminôs (1958) model of 

argumentation, Conner et al. (2014) were able to parse important components in the processes 

of constructing of an argument. This allowed for the analysis of teacher questioning. They 

considered two key questions: how did questioning affect the quality of a collective argument? 

Or more broadly, how important was the teacherôs role in developing studentsô reasoning 

process in formulating an argument? 

 Other studies have also indicated the pivotal role that teachers play in orchestrating 

studentsô engagement in productive collective argumentation in the classroom. Boero (2006) 

proposed that Habermasô (1998) construct of rational behavior in discourse practices can be 

used to examine how teachers take rationality into account in their questioning to support 

student participation in collective argumentation. According to Habermas, in recounting how an 

individual or group of people arrive at a valid claim, there are three aspects of rationality to 

consider: (a) epistemic, that which pertains to oneôs knowledge; (b) teleological, referring to 

oneôs making of decisions to decide what tools to use; and (c) communicative, or how one 

communicates ideas. Using this construct as a theoretical tool, Boero (2006) considered 

breaking down teacher questioning into the 3 aspects, noting that a teacher question addresses 

studentsô epistemic rationality if it aims to draw on studentsô mathematical knowledge including 

rules, theorems, axioms, and principles. In addition, a teacher question addresses studentsô 

teleological rationality if it alludes to the mathematical tools students choose to establish truth 

with. And finally, a teacher question addresses studentsô communicative rationality if it involves 

precision in their mathematical language and representations including use of notation. 

Later, similarly to Boero (2006), Zhuang & Conner (2022a) also used Habermasô 

construct of rationality to understand the role of teacher questioning in studentsô collective 

argumentation, but in the realm of Toulminôs model of argumentation. Specifically, Zhuang & 
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Conner (2022a) explored what combinations of rational questions supported the establishment 

of various components of arguments as specified from Toulminôs model in a math classroom. To 

do so, Zhuang & Conner (2022a) developed their teacher rational questioning framework 

(TRQF) and found that it captured most of the rational questions that the teachers asked in their 

study. In particular, most of the epistemic rational questions asked were associated with 

warrants, teleological rational questions were mainly associated with claims, and communicative 

rational questions were largely associated with both warrants and claims. 

In the same year, Zhuang & Conner (2022b) discussed two secondary math teachersô 

use of studentsô incorrect answers to support collective argumentation. The study depicted two 

scenarios in which the two teachers facilitated collective argumentation. The first scenario 

involved teachersô encounters with studentsô prior incorrect claims. In response, the teachers 

sometimes introduced the incorrect answers derived from the work of an individual or small 

group. To encourage their students to address these prior incorrect claims, the teachers asked 

students to come up with multiple chains of reasoning to help them detect mistakes, by 

contrasting their rationales with the proposed incorrect answers. In the second scenario, the 

teachers encountered initially incomplete, incorrect, or ambiguous warrants proposed by 

students. In this situation, the teachers prompted the students to think of rebuttals, or 

statements that described circumstances under which the warrants students proposed no longer 

appeared valid. This was done to get students to notice that the statements they initially 

regarded as warrants were only partially correct or were incomplete, and therefore they needed 

to modify their reasoning or provide additional explanations to be more thorough. 

Like Zhuang & Conner (2022a; 2022b), Wagner et al. (2014) also looked through the 

lens of Toulminôs model to study collective argumentation in a math classroom. However, 

Wagner et al. (2014) described a progression that prospective teachers could go through to 

develop an accurate understanding of what collective argumentation consists of and how it can 
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be promoted in their classrooms. In the study, the prospective teachers were asked to formulate 

their own interpretations of what data, warrant, and claim meant to them and how they might be 

interrelated, and then the teachers were exposed to Toulminôs model. Doing so helped them to 

consider multiple elements of a math classroom related to studentsô and teacherôs practice, 

including teachersô questioning, task design, and task implementation. 

Over time, the teachers became increasingly confident in distinguishing between 

arguments that were effective and those that were ineffective as well as the characteristics of 

each. Nevertheless, during the process, challenges arose in helping the prospective teachers 

attain a full understanding of what collective argumentation looks like in a math classroom. This 

was partly due to the prospective teachersô lack of experience with collective argumentation. 

After all, as former students themselves, they had learned in classrooms where the teachers 

were the sole contributors of knowledge. 

Other researchers have also provided direction to teacher educators regarding how to 

foster teacher ability to facilitate productive argumentation from students in a social setting. 

Prusak et al. (2012) stated that an obvious first step is to immerse prospective teachers in such 

a setting for them to experience firsthand. While this seems like a simple solution, facilitating 

such collective argumentation had proven to be a difficult task in practice. In particular, there is 

no consensus even in the mathematics education community regarding what is signified by 

ñproductive.ò Sfard & Kieran (2001) suggested that ñproductiveò is based on whether the 

discourse had a long-lasting effect on studentsô mathematical understanding years later. In 

contrast, Hershkowitz & Schwarz (2012) suggested that ñproductiveò is reflective of studentsô 

notable shift from reasoning based on intuitions to reasoning based on logic and sense-making, 

in the span of months.  

Unlike both of them, White (2003) suggested that ñproductiveò is simply characterized by 

the participation of most students. While Prusak et al. (2012) and Weber et al. (2008) adopted 
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this definition as well, they agreed that not all argumentation with high student participation will 

necessarily be productive. In fact, they added that classroom environment also matters, 

especially ñenvironments where student contributions are encouraged and not judged, sense 

making is encouraged and students are arbiters of what makes sense, and extended time is 

granted for investigations and discussionò (p. 260). 

Categories of Argumentation  

 Besides conceptualizing argumentation as either an individual pursuit or a collective 

activity, researchers also considered different forms of arguments to understand what it could 

entail. Krummheuer (1995) introduced two types of arguments not specific to the discipline: 

analytic arguments and substantial arguments. Analytic arguments are likened to proofs in 

mathematics, as they are logical deductions with conclusions made based on sound premises 

and reasoning. Substantial arguments elaborate on the implications of propositions by exploring 

specific cases in order to then use them to actualize the propositions. In contrast to analytic 

arguments, substantial arguments are gradually supported. In fact, the support does not 

necessarily lead to a formal conclusion, as the emphasis is more on making a convincing 

presentation. Like Toulmin, Krummheuer (1995) asserted that analytic arguments are not the 

only form of argument that is valid, as ñsubstantial argumentation should not be subordinatedé 

in the sense that [analytic argumentation] is the ideal type of arguingò (p. 236). Subsequently, in 

considering the classification of arguments as either analytic or substantial, Zhuang & Conner 

(2022a) found that in their study the arguments utilized were primarily substantial. The goal of 

instruction was often to expand and apply propositions rather than deductively prove them.  

 Similarly, Mejia-Ramos & Inglis (2009) also explored the aspects of argumentation. 

However, rather than consider different types of argumentation, they divided argumentation into 

essentially three stages. The first is construction, in which students first explore a mathematical 

situation and make claims about what might be true. Ford & Wargo (2011) later expanded on 
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the notion of construction and its relevance to argumentation by introducing dialogue and 

critique as features which are central to understanding how learning is constructed. Following 

construction, students engage in reading, in which they read and evaluate the arguments of 

others. Finally, having been informed of what others did, at the third stage is ñpresentation,ò 

which occurs when students try to justify their arguments to convince their peers that what they 

did was valid. 

Frameworks for Fostering Argumentation  

 Cardetti & LeMay (2019) proposed five practices that help to develop studentsô 

argumentation skills at the undergraduate level by analyzing 157 mathematical tasks from 

college calculus textbooks. For one, teachers need to administer tasks that ask students to 

make sense of procedures. More simply put, teachers need to administer tasks that require 

students to provide an explanation for each step of a procedure. Secondly, teachers need to 

administer tasks that require students to analyze misconceptions. In other words, teachers need 

to assign students tasks that ask them to find an error, so that they can inform students of their 

own inconsistencies in understanding. Thirdly, teachers need to assign students tasks that 

require them to tie concepts together, enabling them to see the relationships between different 

concepts. Fourthly, students need to be given opportunities to draw on their prior knowledge, as 

learning truly happens when they go through a process of reorganizing what they know by 

linking new learning with existing knowledge. Lastly, teachers need to administer tasks that 

allow students to make connections through the use of different representations, with the 

students investigating the affordances and drawbacks of each representation. 

Like Cardetti & LeMay (2019), Conner et al. (2014) also discussed ways to examine how 

teachers can support student argumentation. Namely, Conner et al. (2014) introduced a 

framework known as teacher support for collective argumentation to investigate on a micro level 

the mathematical aspects within classroom discourse. They include the following: (a) teachersô 
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direct contributions, or parts of arguments devoid of student contributions, (b) the questions 

teachers ask, and (c) teachersô other supportive actions or moves. Teachersô direct 

contributions consist of making a statement verbally, writing something on the board, or 

presenting a written task. The questions teachers ask can request a factual answer, a method to 

do something, the comparison or coordination of ideas, elaboration on statements, or evaluation 

to agree/disagree with an idea with possible reconsideration. Teachersô other supportive moves 

consist of the following types: (a) directing actions (e.g., highlighting, hinting, or refocusing); (b) 

promoting actions (e.g., encouraging or suggesting); (c) evaluating actions (e.g., correcting, 

validating, or verifying); (d) informing actions (e.g., clarifying, expanding, or summarizing); and 

(e) repeating actions (e.g., displaying or restating). 

 This framework is informed by multiple articles that discuss teacher moves which foster 

collective argumentation. Forman et al. (1998) addressed the moves made in asking student 

volunteers to justify their answers, revoicing a studentôs grounds through repetition and 

expansion, and summarizing student arguments. Wood (1999) highlighted the move of asking 

students to clarify why something was questioned and requesting them to give reasons for their 

thinking. Yackel (2002) discussed capitalizing on studentsô contributions, drawing a diagram on 

the chalkboard, and asking students to explain why they did something. Knipping (2003) 

addressed the practice of encouraging students to formulate a conjecture or confirm/reject a 

proposition. All these moves can be classified as either teachersô direct contributions, questions 

asked, or other supportive actions.       

Although Conner et al.ôs (2014) framework allows the user to identify what the teacher 

and students do in the process of collective argumentation, the framework is limited in that it 

does not clearly identify patterns or combinations of teacher moves that will yield rich 

argumentation. In particular, despite fitting within the scope of the framework, some arguments 

may turn out to be incomplete or even mathematically incorrect. Sometimes support for 
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argumentation may involve the teacher largely taking the lead in influencing the classroom 

discourse by directly contributing more. 

In response, Zhuang & Conner (2022a) introduced a model to assess the degree or level 

of validity in student arguments constructed in scenarios where students provide incorrect input. 

More specifically, the model presented four levels of validity that students could display while 

engaging in collective argumentation. At the topmost level, teachers may use prior incorrect 

claims made by students or initially incorrect warrants suggested by students to elicit rebuttals, 

which are intended to lead students to construct mathematically correct arguments. At level two, 

teachers may not evaluate initially ambiguous or questionable warrants but, instead, request 

additional warrants from students for further investigation. At level three, teachers may end with 

an incomplete or partially correct claim, but with the expectation that work on it will continue 

sometime in the future. Finally, at the bottom level, teachers may simply record or maintain the 

incorrect answers or representations that students contribute while taking no further actions.  

Sociomathematical Norms to Promote Argumentation  

 Yackel & Cobb (1996) argued that within a mathematics classroom, norms need to be 

set and kept in place in regard to what mathematics is and how one does it, effectively fostering 

student argumentation. Under these sociomathematical norms, students should be allowed to 

engage comfortably in disagreement with one another. In such an environment, students are 

free to construct and modify arguments of their own as they are made accurate, more rigorous, 

and even mathematically elegant. Mueller et al. (2014) further supported this stance. They 

stated that for argumentation to take place, there needs to be the development of a classroom 

community with norms that support student reasoning in the construction of new ideas. 

 Cobb et al. (1989) documented four types of sociomathematical norms necessary for 

argumentation to take place. They included norms associated with encouraging students to 
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work together as well as norms related to promoting student resilience in thinking through a 

problem independently. Under such norms, students can develop into persistent and 

autonomous thinkers who can work without constantly having to check with others. Thirdly, it 

should be a norm for students to decide whether an explanation is acceptable by asking 

themselves whether the explanation is reasonable, as opposed to deciding based on the 

authority of the teacher. Lastly, students need to have the power to decide what kinds of 

mathematical reasons are acceptable in their math classroom. While evaluating their reasoning, 

students should reference the underlying ideas assumed or implicated throughout the 

presentation of an argument, and therefore not just provide a procedural walk-through of the 

steps to a solution.  

 McClain & Cobb (2001) also addressed sociomathematical norms that promote 

argumentation. However, they focused on studying the process by which such norms are 

established in the first place, carefully examining the role of the teacher. In their study, McClain 

& Cobb acknowledged that student talk is not the only contributor to the development of 

sociomathematical norms. In fact, teachers play an integral role in allowing students to devise 

different solutions. Because of this, teachers can support the development of more accurate and 

sophisticated solutions.  

Franke et al. (2007) addressed the teacherôs role in relation to the formulation of 

sociomathematical norms as well, looking specifically at the teacherôs ability to foster studentsô 

intellectual autonomy in the reasoning process. In particular, Franke et al. (2007) revealed how 

a teacher can choose to represent student strategies, contributing to the building of 

sociomathematical norms. Yackel (2002) and Mueller et al. (2014) highlight the importance of 

the teacher as a facilitator when teaching students argumentation strategies. These studies 

indicated that teachers need to encourage students to take responsibility to formulate strategies 

when solving problems. Students need to assume roles that they might have considered part of 
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the teacherôs responsibility. Such roles include determining if a solution is correct, evaluating the 

reasonableness of a proposed argument by their peers, and posing questions. Staples (2007) 

and Weber et al. (2008) characterized the role of the teacher as one who guides the 

mathematics, establishes and monitors a common ground for students to collaborate, and 

encourages students to make contributions. According to Staples (2007), the teacher has 

considerable influence over whether or not students share and explain their ideas so that other 

students may consider them. 

 Kazemi & Stipek (2001) identified sociomathematical norms that aided the goal of 

developing studentsô conceptual thinking, with some that overlapped with those that Cobb et al. 

(1989) documented. For instance, Kazemi & Stipek (2001) mentioned that explanations have to 

be supported by mathematical reasons, which coincides with Cobb et al.ôs (1989) assertion that 

students should decide whether an explanation is reasonable. In addition, other norms that 

Kazemi & Stipek (2001) identified included having students embrace mistakes, look for 

connections between different strategies, and reach a consensus as a result of collective 

argumentation. The National Research Council (2002) identified norms that foster student 

building of mathematical arguments and noted that they were similar to those documented by 

both Cobb et al. (1989) and Kazemi & Stipek (2001). Specifically, the norms included placing 

value on ideas and methods, granting student autonomy in choosing and sharing their problem-

solving methods, appreciating the value of mistakes as sites for learning, and renegotiating the 

authority for who or what decides whether something is correct or sensible. 

Teacher Moves (or Actions) to Promote Reasoning   

Teacher Questioning  

According to Martino & Maher (1999), Moyer & Milewicz (2002), and Mueller et al. 

(2014), teacher questioning plays a significant role in promoting student reasoning. The authors 
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argued that it could help students in co-constructing new knowledge through the sharing of 

ideas. Similarly, Zhuang & Conner (2022b) asserted that teacher questioning invites students 

into conversational learning which increases student participation. In particular, it has the 

potential to increase the level of student engagement in collective argumentation. Yackel & 

Cobb (1996) and Hunter (2007) claimed that teacher questioning plays an essential role in 

scaffolding argumentation. This led to Bovaôs (2017) work that investigated the effectiveness of 

teacher questioning in promoting argumentative interactions amongst students. 

 According to the NCTM (2014), purposeful questions can be used to assess and 

advance studentsô reasoning and sense-making. For this to happen though, teachers must 

discern what their students know in order to adapt lessons based on studentsô varied levels of 

understanding so that students can then be supported in making meaningful connections. 

However, for teachers to merely ask questions is insufficient, as the types of questions that 

teachers pose matter significantly. The types of questions that teachers ask can be 

characterized as follows: gathering or recalling information (i.e., facts, definitions, or 

procedures), probing thinking (i.e., explain, elaborate, or clarify), making the mathematics visible 

through connections among ideas and relationships, and encouraging reflection and 

justification. 

 Unfortunately, teachers appear to often have a limited understanding of what types of 

questions produce effective argumentative interactions, as they have difficulty in identifying 

questioning strategies that scaffold argumentation (Sahin & Kulm, 2008; Boaler & Staples, 

2008; Kosko et al., 2014; Foster et al., 2020). Restating the conclusion in almost the same way, 

Zhuang & Conner (2022b) claimed that scaffolding argumentation is challenging for many 

teachers, as creating opportunities for students to engage in argumentation requires teachers to 

consider many factors. For instance, teachers need to create, develop, and communicate 

criteria to students so students understand how to properly establish validity in an argument. 
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Teachers also need to take into account studentsô past experiences with argumentation 

practices as well as consider studentsô in-the-moment responses in order to decide what forms 

of argumentation are appropriate for their students.  

Despite the calls for teachers to adopt more effective questioning strategies to cater to 

studentsô development of their argumentative processes, teachers seem to continue asking 

mostly questions that have a low level of cognitive demand. Perry et al. (1993) investigated 

teacher questioning in the United States along with other countries such as Japan. They found 

that U.S. teachers asked primarily fact recall questions with significantly fewer questions that 

probe for conceptual knowledge or problem-solving strategies. Similarly, Hiebert et al. (2003) 

observed that middle school math classrooms in the United States had low frequencies of 

student talk, suggesting little opportunity for students to explain or justify procedures. Even at 

the primary level, Boaler & Brodie (2004) found that teachers typically sought recall-oriented 

information from students. 

One possible explanation for this trend, according to Kosko et al. (2014), is due to the 

discrepancy between what teachers interpret as effective questioning in facilitating 

argumentation in comparison to what researchers envision that to be. Before their study, little 

research seems to have been done that analyzed what teachers perceived as questions that 

demanded higher-level thinking in requiring explanation or justification. To fill that gap, Kosko et 

al. (2014) explored teacher interpretation of various questioning strategies that sought to 

encourage students to justify and communicate their thinking with one another in the context of 

high school algebra.  

Based on their findings, Kosko et al. (2014) concluded that indeed, what teachers 

conceptualize as effective questioning to promote argumentation appeared to stand at a stark 

contrast to how researchers see argumentation. To illustrate, the majority of the teacher 

participants did not look to probing-type questions. Rather, there was a prevalence amongst the 
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teachers to remain quiet for as long as possible. They were under the premise that the social 

activity of argumentation amongst students could somehow occur with limited teacher 

scaffolding or verbal contributions. As a matter of fact, the teachers were even afraid that they 

may have spoken too much, which could come across as telling. Telling, they believed, 

decreases student discourse and therefore collective argumentation, since under such a setting 

students are not pressed for meaning or explanation. 

Herbel-Eisenmann & Breyfogle (2005) suggested that the patterns of questions teachers 

posed could provide insights into the types of interactions teachers sought to have with their 

students. To illustrate, they drew on Wood (1998) who described different kinds of interactions 

between the teacher and students. For instance, the teacher may ask students a series of 

questions that direct students through a given procedure or solution. Yet, the teacher may end 

up doing the majority of the thinking with students simply providing answers that seem 

disconnected from any strategy. Similarly, the NCTM (2014) mentions the ñinitiate-response-

evaluateò or I-R-E pattern in which the teacher starts by asking a question to gather information, 

generally with a specific response in mind, followed by a student responding, with the teacher 

then evaluating the response. In either case, the pattern of questions leads to an interaction in 

which the teacher funnels students into a desired, anticipated outcome, while giving limited 

attention to student responses that veer from the desired path. In this way, students are not 

really given chances to make their own connections or establish a personalized understanding 

of the underlying mathematical concepts.  

In contrast, when a teacher attends to student thoughts and asks questions that 

correspond to what students think, rich interactions can take place that are conducive to student 

argumentation. When the teacher asks more focusing questions according to specific student 

input, students can reflect on their thoughts more and approach problems in ways that make 

more sense to them. According to Herbel-Eisenmann & Breyfogle (2005), focusing questions 



 

 40 

are conducive to argumentation because they can elicit rebuttals or additional warrants from 

students. Therefore, they strengthen studentsô reasoning ability in cases when their initial 

utterances are either partially correct or incomplete. 

Research on the classification of teacher questioning provides insight into specific types 

of questions that could be asked to foster classroom discourse. In particular, Martino & Maher 

(1999), Kazemi & Stipek (2001), and Cross (2009) addressed specific teacher questions that 

promoted justification and generalization, practices which enhance studentsô argumentative 

skills. To do so, they considered different types of questions that can take place depending on 

various scenarios that may arise. For instance, in situations where students propose a solution 

with an incomplete explanation, the teacher may ask students to provide a deeper rationale for 

how the conclusion is reached. Alternatively, the teacher may directly point students to the 

aspect of their argument that isnôt convincing, which leads to students reexamining their 

solution. Sometimes, students are quick to abandon their initial thoughts in how to work through 

a task. To sustain their thinking in order to develop their argument, the teacher could ask 

students to consider how differently they would approach the problem if the constraints were 

slightly altered. In cases where the teacher wants to extend student understanding, the teacher 

can ask students to consider justifications produced by their peers, which encourages students 

to make connections by identifying both similarities and differences in approaches. 

As for teacher questions that elicit student explanation or justification, Franke et al. 

(2009) argued that a single question is not sufficient. Franke et al. (2009) did not just 

acknowledge the importance of having students share their ideas. More importantly, they 

emphasized the matter of posing follow-up questions to prompt further explanations from 

students. According to Franke et al. (2009), questions that ask students to offer up a justification 

just once do not generally yield sufficient student explanations.  
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Franke et al. (2009) characterized four types of follow-up teacher questioning practices 

to make student thinking more explicit and detailed: (a) asking general questions not related to 

anything specific that students have said; (b) asking specific questions catered to studentsô 

incomplete or ambiguous work; (c) asking sequences of probing questions to produce a more 

thorough response; and (d) asking focused questions with the intent to guide students to think 

about particular aspects of their explanations or work. Out of these types of questioning 

practices, Franke et al. (2009) found that although every type of question resulted in students 

elaborating their initial explanation, only probing questions frequently caused students to 

provide a complete and correct explanation. These findings motivated Temple & Doerrôs (2012) 

study, which focused on teachersô use of probing and focusing questions. According to Temple 

& Doerr (2012), focusing questions seem effective in aiding student understanding primarily 

when they are used to recall learned content from the past. Temple & Doerr (2012) also found 

that probing questions are particularly effective in fostering studentsô argumentative skills as well 

as skills in making meaningful connections between different representations.  

Teachersô Use of Examples 

 Several research studies discuss the teacherôs role in supporting students in their use of 

examples to engage in argumentation. According to Buchbinder & Zaslavsky (2013), studentsô 

construction and use of examples affect their argumentative practices, specifically in refuting 

general statements or confirming existent ones. However, for students to effectively construct 

and use examples to promote argumentation, teacher facilitation of productive student 

interactions is necessary to turn examples into didactic objects (Watson & Chick, 2011). In other 

words, teachers need to help students analyze how specific examples can be used as evidence 

to establish and support general claims (Campbell et al., 2020; Cirillo & Hummer, 2019). In 

addition, teachers need to present generic examples, moving students away from arguments 
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based on specific examples, and, rather, toward generic cases that encapsulate broader 

categories (Aricha-Metzer & Zaslavsky, 2019; Rowland et al., 2017). 

To illustrate how teachers can support students to leverage examples in order to 

facilitate student participation in constructing proofs, Ellis et al. (2017) presented a framework 

known as criteria, affordances, purposes, and strategies (CAPS). The framework helps teachers 

to understand the criteria by which students choose and to what purposes they use examples. It 

is also designed to study student strategies in choosing which examples to work with, and to 

identify the affordances students gain from using certain examples over others. In this way, 

teachers are helped to understand how they can aid studentsô transition from empirical to 

deductive arguments by getting them to consider what examples students gravitate towards as 

well as what limitations students have in their thinking.       

 Arzarello et al. (2011) identified a variety of teacher actions that raised student 

awareness of the meanings and implications that examples could give. This is especially 

significant as the skill is necessary for arranging examples into an organized web of 

relationships that constitutes studentsô example space. Inspired by Watson & Mason (2005), 

Arzarello et al. (2011) listed the following teacher actions as helpful in supporting studentsô 

creation and utilization of examples to engage in argumentation: recalling, complexifying, 

varying, generalizing, tinkering, and gluing.  

In the same line of thought, Cusi & Olsher (2021) combined the need for teachers to 

support students in building their example spaces with the call to make students the ones to 

create and use examples to develop arguments. In particular, they focused on tasks that require 

students to construct ñlimit-confirming examples,ò a term introduced by Ellis et al. (2013) 

meaning extreme or boundary cases used to test conjectures. Although findings suggest that 

students have the potential to construct these more generic types of examples, especially with 

teacher guidance, Cusi & Olsher (2021) found that students rarely use this type of example 
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effectively in their argumentation processes. In fact, students use limit-confirming examples 

often without an awareness of the reasons that these examples are significant in determining 

the validity of a broad statement. Rather, they regard these examples as no different from 

ordinary examples. 

Task Design  

While it is worth exploring how teachersô questioning or use of examples promote 

student argumentation during class discussions, discourse seems to typically involve the 

participation of only a few students. Even then, such contributions are limited to the mimicking of 

teacher statements, reasons, or visual details. Therefore, as Cardetti & LeMay (2019) pointed 

out, more research needs to be devoted to analyzing teacher-designed tasks that promote 

mathematical reasoning. According to Stein et al. (1996) and Francisco & Maher (2005), the 

tasks that teachers prepare students to engage in are important as they determine not only what 

students learn but also how they make sense of mathematics. To add to this, Rogers & Kosko 

(2018) and Mueller et al. (2014) discussed the need for teachers to choose appropriate 

challenging tasks, ones that are novel to students in that a procedure is not yet at their disposal. 

Furthermore, the NCTM (2014) claimed that effective teaching discusses tasks that require 

nonalgorithmic thinking in the absence of a predictable, well-rehearsed approach as well as 

tasks that allow multiple entry points and give rise to varied solution strategies. 

To elaborate on teachersô use of tasks, Stein et al. (1996) discussed the different phases 

involved in the administering of tasks which yield meaningful student learning. At the time, Stein 

et al. (1996) introduced these phases as part of the mathematics task framework, which breaks 

the process down into the following three phases: task design, task setup, and task 

implementation. According to Stein et al. (1996), mathematical tasks presented in instructional 

materials do not necessarily transfer to the same tasks when students work on the tasks. 

Similarly, the NCTM (2014) and Stein et al. (2009) found that not all tasks provide the same 
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opportunities for student thinking and learning, as student learning is greatest in classrooms 

where tasks consistently encourage high-level student thinking. However, tasks with high 

cognitive demands are very difficult to implement well and for that reason are often reduced into 

less demanding tasks during instruction. Therefore, tasks should not only be considered for how 

they are initially designed but also the changes they go through in the stages of setup and 

implementation during the moments of instruction.  

How tasks are announced to students, or task setup, is shaped by the extent to which 

teachers incorporate various task features from those which were present at the initial stage of 

task design. Task features refer to aspects of tasks that teachers identify during instruction as 

important considerations for the engagement of student thinking, reasoning, and sense-making. 

Examples of task features include the possibility to devise multiple solutions, the extent to which 

tasks lend themselves to different representations, and the extent to which tasks demand 

explanations or justifications from students. Several factors or variables that influence task 

setup are teachersô goals, their knowledge of the subject matter, and their knowledge of 

students.  

Task implementation, on the other hand, refers to how students actually work on tasks, 

which are partly decided by the cognitive processes that students are willing to go through in 

their engagement with the tasks. Although certain tasks are designed and set up to require high-

level thinking and reasoning, students may end up only memorizing facts and formulas. In this 

case, task implementation does not match in level with the previous two stages. Other factors 

that influence task implementation include the following: class norms, task conditions, teacher 

instructional habits and dispositions, and student learning habits or dispositions such as 

resilience in persevering through a problem. Rather than adopting a rote learning method, 

teachers must draw on studentsô prior knowledge and experiences, considering how contexts, 

culture, and language can be used (Cross et al., 2012; Kisker et al, 2012). By presenting and 
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implementing these tasks as ones closely linked with studentsô sense of identity, teachers can 

use tasks to increase student engagement and motivation in doing mathematics. 

In contrast to the literature above, which concerns task design in relation to task setup 

and implementation, Francisco & Maher (2005) considered multiple approaches that teachers 

take at the initial stage of task design. In the process, they highlighted an alternative approach 

to task design, one which involved asking students to complete a series of subtasks followed by 

putting everything together. The alternative approach involves presenting first the complex task 

to students so students can determine for themselves what intermediate subtasks to complete. 

As it turned out, students who used the alternative approach in the study were able to come up 

with unique strategies and noteworthy ways to think about problems. 

Relevant literature also discussed different types of tasks that encourage high-level 

student thinking to promote reasoning. Some of these tasks require the use of different 

representations and some open up possibilities for varied solution strategies to arise. Due to the 

abstract nature of mathematics as a subject, students need to explore different representations 

of the same mathematical concepts or ideas to increase clarity. In fact, the NCTM (2014) 

indicated that the depth of mathematical understanding is associated with how well connections 

are made among different representations that students have internalized. Furthermore, the 

NCTM (2014) claimed that students need to develop the skills to approach a problem from 

multiple angles and have the flexibility to switch among representations in order to more 

completely comprehend the problem and then devise a viable solution path. Finally, questions 

that require students to actively examine the constraints of tasks that may limit possible solution 

strategies should be considered. 

Teacher Moves That Generate Practices for Reasoning  
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Shaughnessy et al. (2021) identified three areas of work pertaining to general categories 

of moves that teachers could employ while leading discussions designed to encourage student 

reasoning. The first area of work includes moves related to framing a discussion, ones that 

intentionally set the focus of the discussion to yield a desired outcome. These include either 

moves that launch students into a discussion to support productive participation or moves that 

conclude a discussion to support a transfer of learning. The second area of work is concerned 

with moves that encourage students to listen to and build on one anotherôs ideas, such as 

moves that elicit student thinking with the goal of eliciting multiple methods (Herbel-Eisenmann 

et al., 2013). Other examples include moves that probe student thinking to yield further 

clarification and elaboration (Prediger et al., 2015; Erath, 2018), and moves that orient students 

toward the thinking of others by means of revoicing or restating a spoken idea (Rougée, 2017; 

Erath, 2018). Finally, the third area of work addresses moves having to do with keeping 

accurate public records of the math work to support collective sense-making.      

 A number of studies address teacher moves that support student activity in one or 

several specific reasoning practices in the classroom. In particular, Jurow (2004) introduced 

three teacher actions to foster studentsô ability to generalize. In particular, they were as follows: 

(a) encouraging students to justify or clarify their thoughts; (b) publicly sharing student 

contributions through revoicing student input; and (c) engaging students in prediction activities. 

Revoicing included informing, repeating, or even clarifying a student idea. According to the 

authors, revoicing is especially significant as it creates a space for students to respond, accept 

or decline, refine, and build on their peersô initial attempts in the generalization process. 

Revoicing also puts students in a position to respond to each other, thereby developing their 

communicative and argumentative skills. 

 Drawing on the works of Jurow (2004), Ellis (2011) enlarged the list to seven teacher 

actions that promote productive generalizing by students. On the one hand, Ellis listed moves 
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that were mentioned before, including: (a) encouraging clarification or justification; (b) revoicing 

or publicly sharing a studentôs generalization or idea; and (c) encouraging students to relate, 

search, extend, or reflect in the midst of prediction activities. However, Ellis also referred to 

other teacher actions that could lead students to make generalizations, including: (d) publicly 

making a generalization based on what other students said, (e) encouraging students to share 

their conjectures from prediction activities, (f) building on a student idea, and (g) asking focusing 

questions that direct studentsô attention to certain aspects of a problem. 

 Likewise, Mueller et al. (2014) brought up similar teacher actions as Jurow (2004) but 

rephrased them and organized them under broader categories. The first of the generic 

categories is making ideas publicðmoves having to do with making individual student ideas 

known in the collective space of a class discussion. This includes encouraging students to listen 

to and consider the ideas of others, by either reiterating those ideas or asking students if they 

are convinced by a given explanation. The second category has to do with moves related to 

eliciting student thinking and ideas. Examples of such moves include those that encourage 

students to formulate their own ideas and strategies. The remaining category of moves are 

those that encourage student justifications, ones that prompt students to provide detailed 

explanations of their strategies in order to make connections and generalize solutions.  

 Besides generalizing, researchers have also looked into teacher actions that promote 

other practices for reasoning. According to Chazan & Yerushalmy (1998), interactive diagrams 

have the potential to engage students in the practice of conjecturing as part of an inquiry 

process. However, although using interactive diagrams can lead students to work with many 

examples, students may still end up making little progress in the development of their 

conjectures throughout their course of inquiry (Hoyles & Jones, 1998). In other words, students 

tend to have less difficulty with formulating new conjectures, and more problems in sticking to 

existing conjectures requiring modification in light of new findings. Harel et al. (2022) claimed 
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that teachers should engage students in the iterative process of conjecturing by making effort to 

introduce new student voices and ideas in class discussions rather than relying on a select few 

who ordinarily participate. Such an iterative process of conjecturing involves not only raising 

new conjectures but also refuting or dismissing existing conjectures. 

 While some studies identified teacher moves that cultivated student activity in 

generalizing, justifying, and conjecturing, other studies discussed moves that fostered student 

participation in proving. In particular, Stylianides (2007) introduced a conceptualization of proof 

that is applicable even in elementary grades, along with a framework that details four 

instructional courses of action that teachers can take to cultivate proof in school mathematics. 

Prior to discussing the four actions, Stylianides (2007) introduced a conceptualization of proving 

as an activity associated with the search for a proof. Therefore, proving can refer to the process 

of building empirical arguments, as they can lead to the construction of formal, generalizable 

statements by way of logical deduction. Furthermore, Stylianides (2007) formulated three 

criteria that a mathematical argument must satisfy for it to be considered as a proof in a school 

mathematics classroom: (1) it uses a set of statements accepted by the classroom community 

which need not be mathematical axioms; (2) it employs modes of argumentation that are within 

the conceptual reach of the community; and (3) it is communicated with forms of expression that 

are familiar to the community. 

 With such a view of proof in school mathematics and what the activity of proving entails, 

Stylianides (2007) discussed the four actions that could influence student activity. These actions 

are dependent on whether a studentôs base argument already qualifies as a proof. If the base 

argument does not satisfy the three criteria of proof, then the teacher can do one of two things; 

either the teacher can (a) facilitate the development of a more advanced argument that is not 

considered a proof, or (b) facilitate the development of a formal proof, depending on whether the 

resources that the teacher uses are within studentsô conceptual reach. If on the other hand, the 
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base argument already qualifies as a proof, then the teacher can either bring the proving activity 

to a closure or focus instruction on the components of the base arguments that can be 

developed further to produce a more detailed proof. 

  Komatsu & Jones (2022) also considered what teachers can do to support students' 

proof practice while allowing sufficient space for student exploration and contribution. They 

concluded that to do both, teachers should first engage students in inductive reasoning by 

building on and revoicing student thinking to encourage student exploration and then help them 

to construct strong, logically based arguments. In other words, the teacher should provide 

opportunities for students to first learn how to approach a problem and share their ideas in a 

whole-class discussion before having them embark on any proving activity. This approach of 

having students share their ideas first is conducive to student construction of proofs, especially 

given that one of the difficulties in proving is not knowing where to begin. 

Although there are some studies that investigate what teacher moves seem to be related 

to student mathematical practices related to reasoning, Mueller et al. (2014) claim that there ñis 

[still] a lack of research addressing the ways in which teacher moves can promote specific 

student mathematical behaviors [or practices] and sense-making in the classroomò (p. 15). 

Conclusion  

 This chapter reviewed literature related to engaging students in mathematical reasoning 

in school mathematics in three phases. The first phase concerned reform-based teaching of 

mathematics that emphasizes understanding and reasoning. In particular, ways of facilitating 

discourse that involve the communication of student thinking with explanations were specified, 

along with challenges that may impede the process. The second phase involved argumentation 

as a specific form of reasoning, along with various categorizations of argumentation. Also, 

frameworks and sociomathematical norms for fostering argumentation in the math classroom 
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were discussed. The third phase addressed teacher moves related to teachersô questioning, use 

of examples, and task design, as well as other teacher moves that generate various 

mathematical reasoning practices. These phases are particularly relevant to the present study 

because, governed by the reform-based teaching ideals, the study aims to identify the various 

mathematical practices that students engage in while learning calculus with guidance from 

teachers. In addition, relevant studies on teacher moves in the broad context of school 

mathematics serve as references in considering what as well as how particular teacher moves 

can be employed to prompt students to carry out these practices. 
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Chapter III 

METHODOLOGY 

Introduction  

 This study investigates the practices that high school calculus students engage in that 

develop their mathematical reasoning. In addition, it also describes the pedagogical actions or 

moves that calculus teachers implement to ensure such practices take place, as well as 

identifies why such moves might be made.  

To carry this out, this chapter begins with a discussion of the setting in which the study 

took place, including details of the student body and teachers at two schools as well as 

characteristics of the schools. Following this, there is a discussion of how participants were 

selected based on their course materials and questionnaire responses, along with information 

on their educational background and teaching experiences. Next follows a description of the 

questionnaire (i.e., the instrument for the study), as well as the relevant literature which inspired 

its design. Questionnaire responses from each teacher were considered to determine which 

class meetings seemed worthwhile to observe. In the section that follows, there is a description 

of the procedures involved in interviewing the teachers in the study. Finally, the chapter ends 

with a discussion of the coding process for practices and teacher moves seen in collected 

lesson transcripts as well as how the codes characterize the relationship between tasks posed, 

moves employed, and practices implemented.     

Setting  

 The researcher considered two private, independent schools located in the suburbs of 

New Jersey. At School 1, 40.3% of the student population is white, with 31.9% Asian, 10% 

multiracial, 8.6% black, 6.4% Hispanic, and 2.8% identifying as other. The ratio of boys to girls 

at School 1 is roughly 1:1 with 51% of the student body being male, while 49% are female. 

School 1 has more than 1200 students in total ranging from kindergarten all the way up to grade 
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12, with 594 students in grades 9-12. The school community is made up of students from over 

100 towns in New Jersey and Eastern Pennsylvania. There are 165 full-time faculty members 

across the upper, middle, and lower school divisions, with 74% of them holding an advanced 

degree, and 16.3% have earned a doctorate. The average class size is 14 in the upper school 

while the faculty-to-student ratio is 7:1. Approximately 20% of the students receive some degree 

of needs-based financial aid. 

 In contrast, School 2 is less racially diverse. Specifically, the student body is 68.8% 

white, 8.2% black, 8.2% multiracial, 7.5% Hispanic, 7.2% Asian, and 0.2% identify as other. 

However, in terms of the gender differences of the students at School 2, they more or less 

match those of School 1, with 51% female and 49% male. There are 616 students in grades 6-

12 with roughly 450 students in grades 9-12. Unlike at School 1, at School 2 there is no K-5th  

grade. The community at School 2 is comprised of students from 85 towns in New Jersey which 

is similar to School 1. There are 92 faculty members across both the upper and middle school 

divisions with 72% holding at least a masterôs degree and 18.5% with a Ph.D. Similar to School 

1, the average class size at School 2 is around 13, while the faculty-to-student ratio is also 7:1. 

Although students who attend these schools generally come from upper-middle class families 

due to the cost of tuition, both schools have ongoing financial assistance programs as they give 

out scholarships every year to meet the needs of students from a variety of economic 

backgrounds. At School 2, 18% of the student body receives financial aid. 

 Both schools use block periods that range between an hour to 65 minutes for each 

class, and both use a rotating class schedule so that students do not have the same classes at 

the same time every day. The mission of School 1 focuses on fostering intellectual exploration 

and individual growth to develop student independence for thinking and personal excellence. 

Along the way, students are both encouraged and supported to pursue their own unique paths 

to success while maintaining honor and respect for others. In comparison, the mission of School 

2 focuses on building a culture of support and collaboration to encourage intellectual risk-taking, 



 

 53 

bringing awareness of diverse ways of thinking or perspectives in order to enhance all aspects 

of learning, not just academically but also socially. 

Selection of Participants  

 At the initial stage, the researcher sent an email in early January introducing this study to 

mathematics department chairs at several private high schools located in the New York City 

Metropolitan area. Those who replied received a request for a list of the teachers in their 

department who had previous experience teaching and currently taught calculus. Following this, 

an email invitation was sent to each of the teachers on the list to ask if they were interested in 

participating in the study. In some cases, the department chairs reached out to those teachers 

on behalf of the researcher. 

During the recruitment process, teachers were asked if they were interested in 

examining their methods of engaging students in mathematical reasoning in calculus. The 

researcher also informed teachers that participating in the study would involve both class 

observations and one-on-one interviews. Specifically, each teacher would be observed during 

four class periods and interviewed for approximately one hour following each observation. A 

questionnaire was administered to the teachers who were interested, and their course syllabus 

and curriculum maps were collected. (A teacherôs ñcurriculum mapò visually aligns course goals 

with individual lesson objectives and activities for topics covered throughout the course.) 

 Mr. A (whose name will remain anonymous, as will the names of other teachers 

recruited for the study) taught AP Calculus AB at School 1. He graduated summa cum laude 

with a Bachelor of Arts in mathematics and a minor in physics. Mr. A was selected due to the 

fact that many of the items in his syllabus coincided with what relevant literature has suggested 

as good teaching practices to foster studentsô mathematical reasoning. In particular, Mr. A 

believed that students should demonstrate flexibility in mathematical thought, which is 

necessary to connect algebraic, graphical, numeric, and verbal approaches to problems. In 
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other words, he believed it was important to engage students in problems that lend themselves 

to the incorporation of multiple representations.  

Furthermore, Mr. A mentioned in his syllabus the need for students to communicate or 

present their solutions with explanations of what the solutions mean. This suggests that he 

regularly provided opportunities for students to collaborate and share their thinking with peers. 

From the syllabus, it was apparent that Mr. A also valued studentsô discovery of concepts and 

principles at work by emphasizing the need for students to regularly investigate and experiment 

with new ideas. This requirement suggests a willingness to allow student input to drive class 

instruction. In fact, Mr. A seemed to often encourage students to work outside of what they 

already knew, and to believe that students perform to their potential when they get to struggle 

with intellectually hefty ideas in rigorous ways. 

Mr. Aôs AP Calculus AB class was made up of twelve students, six of whom were 

seniors while the other six were juniors. The number of boys and girls were nearly the same. 

Students were grouped in clusters of three or four. This was the instructorôs sixth year teaching 

math. In every one of the years, he taught calculus and therefore was experienced in teaching 

the subject. At the time, he was in his second year of teaching AP Calculus AB. 

 Ms. B, who taught Honors Calculus at School 1, was initially considered as a participant 

for the study, as she was open to class observations and interviews. She also indicated an 

interest in reflecting on her teaching approach with calculus to promote student reasoning. 

However, based on her lesson objectives as listed in her curriculum map, Ms. B seemed to 

focus extensively on having students correctly follow procedures that she prescribed 

beforehand with little attention paid to studentsô development of conceptual understanding. In 

this way, Ms. B did not seem to be concerned with developing studentsô problem-solving skills 

or fostering studentsô resilience in working through challenging problems. For these reasons, 

Ms. B was ruled out as a participant. 
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 Mr. C, having graduated with a Bachelor of Science as well as a masterôs in philosophy 

and religion, taught Honors Calculus at School 1. Based on his course syllabus and educational 

background, it appeared Mr. C enjoyed teaching his students how to think logically, consistently, 

and creatively. In fact, ample evidence from his questionnaire responses suggested that he 

valued fostering studentsô mathematical reasoning in his calculus classrooms. In particular, Mr. 

C described examples in past years of teaching the subject when he provided opportunities for 

students to share their thinking and collaborate. Mr. C enjoyed finding new ways to explain 

complex concepts and designed problems that pushed students beyond the familiar. Mr. C also 

appeared to facilitate student exploration and develop students as active thinkers, partly by 

having his students formulate conjectures as part of experimentation. 

Although Mr. Côs Honors Calculus class was made up of nearly the same number (i.e., 

14) of students as that of Mr. Aôs, all of Mr. Côs students were seniors except for one junior. Yet, 

like Mr. Aôs class, the ratio of boys to girls in Mr. Côs class was one-to-one. Similar to the seating 

arrangement of students in Mr. Aôs classroom, Mr. Côs students were also grouped in threes or 

fours, as opposed to rows of students facing the teacher. This suggested that Mr. C valued 

having students collaborate and share ideas. Mr. C was also an experienced math teacher, 

having taught the subject for fifteen years. At the time, he was in his eighth year of teaching 

calculus, having spent seven of the eight years teaching either regular or honors-level calculus, 

with the remaining year teaching AP Calculus AB. 

 Lastly, Mr. D taught AP Calculus BC at School 2. Mr. D graduated with a Bachelor of 

Science in applied mathematics as well as a masterôs in secondary mathematics education. Like 

the other teachers, Mr. D thought it was crucial to have students engage in group work, as he 

believed students need to be encouraged to solve problems together as they share their 

thoughts and ideas. In fact, based on his questionnaire responses, itôs apparent that Mr. D 

valued delivering a rigorous curriculum that was designed to foster studentsô mathematical 

reasoning. This included asking students to go beyond memorizing by learning how to apply 
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and even generalize new knowledge, in order to think more creatively and flexibly especially for 

problems that may not appear to be totally familiar.   

There were seventeen students in Mr. Dôs AP Calculus BC class, which included nine 

seniors, four juniors, and even four sophomores. In this way, Mr. Dôs class was more diverse 

across multiple grade levels as compared with the student bodies in the previous two 

classrooms as described above. Students were grouped in fours or fives. Similar to the previous 

two classes, the ratio of boys to girls in Mr. Dôs classroom was nearly 1:1, with eight males and 

nine females. The instructor was currently in his eighth year teaching math, having taught AP 

Calculus every year up until then. At the time, Mr. D was in his second year teaching AP 

Calculus BC. As Mr. Dôs course was not only advanced placement but also at the BC (as 

opposed to AB) level, Mr. D was required to cover many more topics than either Mr. A or Mr. C. 

Instrument  

 After the researcher collected the syllabus and curriculum map from the participants, a 

questionnaire (see Appendix B) was administered by emailing the participants a link to 

Qualtrics. (Qualtrics is an online tool for users to build and distribute questionnaires as well as 

collect and analyze response data.) The questionnaire, designed by the researcher himself, is 

composed of eight items that assess ongoing teacher efforts to foster studentsô mathematical 

reasoning. Each item is made up of two components. The first component is a statement 

followed by a Likert-scale question to ascertain how often the teachers do something with their 

calculus students. The second component asks teachers to provide an anecdote from their past 

teaching of calculus to illustrate.  

 The first item on the questionnaire asks teachers how often they provide opportunities 

for students to collaborate and share their thinking as well as clarify their understanding with 

peers. This is partly motivated by the NCTM (2014), which found that mathematical teaching 

becomes effective when it requires instructors to facilitate student discourse so students can 

arrive at a shared understanding of mathematical ideas. Specifically, discourse needs to involve 
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students analyzing and comparing their approaches as they learn to see things from other 

perspectives. The second item asks teachers how regularly they let student input dictate the 

direction for class instruction, as opposed to relying almost exclusively on direct instruction. 

According to the NCTM (2014), rather than funneling students, teachers need to support 

students in exploring tasks. In the process, students need to be given chances to recall relevant 

knowledge and then to make appropriate use of it in discovering new ideas or concepts.     

 The third item asks teachers how often they direct students to investigate or explore 

ideas as well as allow them to devise their own strategies to think about problems based on 

what they already know. The NCTM (2014) revealed that problems should require 

nonalgorithmic thinking, avoiding situations where a predictable, well-rehearsed method is given 

to students beforehand. Rather, students should explore the nature of mathematical concepts, 

processes, or relationships, with teachers valuing student ideas by encouraging discourse. This 

approach allows students to form deeper connections with the problems, thereby increasing 

their engagement and motivation. Furthermore, Hufferd-Ackles et al. (2004) emphasized the 

need for teachers to assist students to assume important roles in classroom learning by having 

teachers reflect on (a) who should question and what kind of questions should be posed, (b) 

who should provide explanations and what kind of explanations should be provided, and (c) how 

much responsibility should students share for the learning of their peers and themselves. 

 The fourth item addresses the extent to which teachers have students conjecture as well 

as formulate arguments to either justify their claims or challenge the claims of others. It is 

necessary to ask teachers whether they have their students do these things, because getting 

students to simply share their ideas in a show-and-tell format is insufficient to yield rich, 

collective thinking (NCTM, 2014). Items five and six on the questionnaire concern how often 

teachers pose problems which are open-ended, which can yield multiple possible answers, and 

which cater to students of all levels or abilities. These were important to consider, as the NCTM 

(2014) pointed out that effective teaching of mathematics engages students in discussing tasks 
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with varied solution strategies and with multiple entry points. In fact, the NCTM (2014) 

mentioned that students should even be asked to analyze tasks and examine task constraints 

that limit possible solution strategies. 

 Lastly, items seven and eight on the questionnaire ask how often teachers assign 

problems involving the use of multiple representations or pose questions that require high levels 

of cognitive demand with no explicit procedures. This was partly because according to the 

NCTM (2014), student learning is greatest in classrooms where tasks consistently encourage 

high-level thinking, and those tasks are often ones that involve different representations. 

Because of the abstract nature of mathematics, students need to develop the flexibility to 

traverse back and forth between different representations of the same mathematical idea in 

order to gain a deeper understanding of the idea. In fact, the NCTM (2014) explained that the 

depth of understanding is related to the strength of connections made among mathematical 

representations, ones that were not just given to students, but rather, ones that students have 

internalized. In other words, students should be encouraged to switch between representations 

relevant to the same underlying ideas, concepts, or relationships in a problem until they are able 

to understand the situation and then proceed with a path that will lead them to a viable solution. 

Selection of Classes  

 To choose which classes to observe, the researcher asked participants for their weekly 

schedules of the calculus topics or content they planned to cover for the following week. 

However, the researcher primarily used participantsô questionnaire responses (see Appendix B) 

to determine which classes to observe. 

 Mr. Aôs integration by substitution lesson (otherwise known as ñu-substitutionò) was 

selected because it illustrated how Mr. A ñoften start[s] [a lesson] with tasks é that hone their 

[studentsô] intuition óa bitôò as mentioned in his responses. In calculating derivatives and rewriting 

them as integral statements, students could imagine the process of u-substitution as undoing 

the steps of the chain rule. This also seemed like a lesson in which Mr. A could facilitate 
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students to take an investigative lead, as the formal process of u-substitution does not need to 

be necessarily taught for students to find the antiderivative of functions. In particular, if the 

function that is being integrated is simple enough, then a guess-and-check approach can be 

used to figure out the antiderivative, which sometimes can be more efficient than formally going 

through the steps of the u-substitution algorithm.     

Mr. Aôs lesson on particle motion and physics seemed worthwhile to observe given Mr. 

Aôs potential to incorporate multiple representations, as it seemed similar to how Mr. A taught 

the derivative of natural logarithm, based on what he described in his responses. In the lesson, 

students were initially instructed to fill out a table that recorded the instantaneous rate of change 

of the natural logarithm function at various points and then compare those rates with the 

average rate of change at the same points, using two nearby points for each point of interest. 

Students were then asked to sketch a graph using the points obtained from the table to 

compare it with the graph of ρȾὼ. Similarly, it seemed possible that Mr. A could ask students to 

fill out a table when exploring the relationship between displacement and velocity of an object as 

well as discuss why that relationship exists from both a conceptual and graphical standpoint. 

Mr. Aôs class meeting on area between curves seemed like a lesson that could illustrate 

how he ñsharpens them to get closer to the real answerò as part of an effort to facilitate studentsô 

taking the lead in exploring new ideas and exhibiting their unique ways of thinking. Mr. A could 

engage students in multiple iterations of conjecturing and experimenting to eventually arrive at 

the formula for finding the area between two curves. In particular, students may not initially 

realize the importance of including absolute values or correctly inserting absolute values in the 

right places until after they work with several examples.  

Lastly, Mr. Aôs lesson on volumes of revolution was considered due to its potential for 

students to ñcome up with the details on their ownò after the teacher ñprovides a general 

[structure or] frameworkò for what they need to do to get them started with the open-ended 

problems that he often posed. Once students were helped to understand the process as to how 
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a three-dimensional object could be produced by the rotation of a two-dimensional region about 

some axis, students could then have an easier time figuring out how to calculate the volume of 

revolution. In particular, they could understand that it requires adding up the areas of the cross 

sections of the resulting figure, which are either discs or annuli with radii corresponding to the 

distance between the given curve and an axis. 

Mr. Côs class meeting on linear approximation of curves was chosen because of its 

potential for Mr. Côs students to formulate conjectures as well as arguments to justify their 

positions or to challenge the claims of others. In fact, when Mr. C was asked to indicate whether 

and to what extent he did this in his calculus classrooms in the past, Mr. C brought up a 

particular lesson he taught on the point of diminishing returns, which was a real-world 

application of the inflection point of a curve. Specifically, Mr. C offered students a chance to 

debate how much time they should study for a test given the graph of the function that maps the 

relationship between student test score and time spent studying. In a similar way, Mr. C could 

have his students argue over how to reasonably approximate the value of a function like 

revenue at a future point, given known information about the current revenue, which would test 

their conceptual understanding of the first and second derivative.  

Mr. Côs lesson introducing the definite integral was selected because it seemed to be a 

fitting lesson that exemplified Mr. Côs effort in facilitating student investigations or exploring of 

new ideas, including giving students the opportunity to express their thoughts. Mr. C could ask 

students to explore the relationship between finding the antiderivative of a function and the area 

under the curve as well as explore the implication of this relationship in the context of a real-

world problem. Tasks related to the investigation of these ideas seem likely to occur, given Mr. 

Côs portrayal of how he taught similar lessons in his questionnaire responses. Specifically, in 

helping students to interpret the real-world use for finding the derivative of a function, Mr. C 

asked students to determine the optimal number of games to be sold by a company in order to 

generate the most profit, given both the revenue and cost functions in making ὼ copies of a 
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game. As Mr. C explained, such a task required students to not only know how to find the critical 

points of the profit function but more importantly investigate why they needed to do so. 

Thirdly, Mr. Côs lesson introducing antiderivatives seemed fitting to observe, given its 

potential to allow student input to drive class instruction. In fact, when illustrating how he often 

did this in his calculus classroom, Mr. C recounted his teaching of students the power rule which 

is used for finding the derivative of polynomial functions. Students from the start were given the 

choice to derive the general formula of the power rule. Alternatively, they could come up with a 

specific polynomial of their choice individually and then find its derivative using the limit 

definition of the derivative. While some preferred the prior approach, most students wanted to 

work with specific examples due to them being simpler, either of which Mr. C was happy to 

proceed with. Following studentsô use of the limit definition for their specific polynomial, students 

compiled their work to then display it for the entire class, after which Mr. C had students come 

up with conjectures as to what they suspected was the general formula of the power rule. 

Depending on what they came up with, Mr. C encouraged students to verify their conjectures 

with the examples used, so students could then compare their work with those of their peers.   

Lastly, Mr. Côs lesson on Riemann sums appeared to be a good lesson to observe, given 

the possibility of designing problems that allowed for multiple entry points for students of 

differing levels or abilities. Mr. C could ask students to come up with their best estimate of the 

area under a given curve based on strategies they could think of. Ways that they could employ 

to go about the task range from simpler methods such as counting up the number of boxes, to 

slightly more intricate or involved methods such as splitting up the shaded region into smaller 

subregions with areas that could be computed. It seemed likely that Mr. C might approach the 

lesson in this way, catering to students with different levels or ability, given his portrayal of 

designing tasks with this in mind in another lesson. In particular, Mr. C mentioned that in 

teaching how to use the first derivative of a function to identify its extrema, he typically begins 
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with a warmup activity that includes having students fill out a first derivative sign chart for 

different types of functions that vary in difficulty. 

Although Mr. D did not really provide anecdotes of specific lessons he taught in the past, 

he did bring up several insightful points that directed the researcher to lessons that could 

potentially exemplify how he fosters student reasoning in calculus. For instance, Mr. D 

mentioned that he often gave students the opportunity to play with ideas because he saw value 

in having students share their thinking with one another. With this in mind, the researcher chose 

Mr. Dôs lesson on improper integrals, as Mr. D could have his students initially play with a 

definite integral that was not continuous on the interval of integration by suggesting the use of 

different representations. This could lead to studentsô discovery of a contradiction in answers if 

they tried to solve it analytically or graphically, after which students would engage in further 

discussion to figure out where the issue might be.  

Secondly, Mr. Dôs lesson on sequences and series appeared to be a lesson that could 

involve student input even to the point that it might dictate the flow of the class. As Mr. D 

mentioned in his questionnaire responses, student input often drives his class, and he uses it to 

determine when students are confused and need more examples versus when they are making 

connections and can continue learning on their own. These characteristics may be visible in his 

sequences and series lesson, as the concept of series can be confusing when it is first 

introduced. On the one hand, a series can be formed by taking the sum of terms in a sequence. 

On the other hand, partial sums of the same series can be computed to serve as terms of a 

totally different sequence. Therefore, it appears to be a good lesson to observe both how Mr. D 

addresses this potential confusion as well as how the potential confusion can affect what 

example problems to pose and how best to sequence them. 

Thirdly, and lastly, Mr. Dôs two lessons on tests for convergence seemed to have 

potential to highlight his position on the importance of justification as something that is regarded 

as ñeverything on the advanced placement curriculum.ò As Mr. D mentioned in his questionnaire 
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responses, he always reminded students that he didnôt care what their answer was, as much as 

how they reached their answer. In particular, as his students often guess and only write down 

the answer when they are asked to do a problem at the board, Mr. D prefers to tell his students 

to check and see if their answer is reasonable as well as confer with their group to spur a 

conversation or debate. This happened most frequently when students made mistakes, and Mr. 

D explained that usually when students are given the chance to articulate their thought 

processes, they are able to recognize where they went off course. Problems for which the 

integral test applies often involve showing whether a series is convergent or divergent rather 

than what the series converges to. In fact, they tend to focus more on having students explain 

whyðand not just whetherða series either converges or diverges. Furthermore, problems that 

involve showing whether a series is absolutely or just conditionally convergent invite the 

possibility for multiple approaches or pathways, as different tests for convergence could be used 

to arrive at the same conclusion. 

Data Collection  

Teachers were asked to submit their calculus curriculum map and course syllabus in 

order for the researcher to determine which participants seemed more appropriate to the study. 

For the three selected teachers, an online questionnaire was administered to each of them to fill 

out individually before the class visits. Data from the collected responses were used to give the 

researcher an idea of which classes might show best how a teacher engaged students in 

reasoning to promote understanding. Because the teachers taught at different schools, the 

researcher had to manage time so as to ensure that there were sufficient lessons to choose 

from for observations for each teacher between early February (which was when the data 

collection process began) and the middle of April, shortly before teachers switched gears to 

review old topics in preparation for the exam in the first week of May. In the end, the researcher 

spent about a month with each participant. 
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For each of the three teachers, the data collected consisted of four class observations 

and four interviews, with an interview following each observation about two or three days later. 

Both observations and interviews were audio-recorded using a voice activated recorder known 

as iZYREC, followed by a process of transcribing using the commercial online transcriber 

services Temi and Rev. After each class meeting and interview, the researcher checked the 

automated transcription for accuracy. Spoken words from students that were not clearly picked 

up by the voice recorder were omitted. The audio recordings of the class meetings and 

interviews were then deleted to maintain the confidentiality of the participants and students.   

All the interviews were conducted in person. The interviews were semi-structured and 

therefore did not consist of scripted questions that the researcher followed closely. 

Nevertheless, guiding questions were designed and prepared beforehand to elicit a teacherôs 

intent or aim behind his making of a move for each moment that was flagged throughout the 

lesson transcripts. Specifically, the following questions were considered: (a) why did the teacher 

take such a course of action? (b) what did the teacher envision or hope would happen as a 

result? (c) what was the teacher trying to accomplish? (d) what did the teacher see or hear that 

prompted him to take such action?  

For each moment during the course of an interview, there were two parts. In the first 

part, the teacher was helped by the researcher to recount the situation leading up to the 

moment during which he made a move to influence student activity or discourse. This was done 

in order to assist the teacher with identifying what he claimed to be his intent or aim behind the 

move made in the moment. In the second part, the researcher revealed what he thought the 

intent or aim behind the move was from his perspective as an observer in the classroom. This 

was done to allow the teacher to reflect further on the actual reason for his choice of a move, so 

that if needed, he could revise or update his original response for accuracy.        

Data Analysis  
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 While flagging ñinstancesò in the transcripts of class meetings for mathematical 

practices, the researcher also referenced questions and problems from teachersô written tasks 

as well as solutions. (By ñinstanceò, the researcher means a specific event during instruction in 

which a student engaged in a mathematical practice. Although ñmomentò and ñinstanceò both 

corresponded to units that were coded, they help to differentiate codes for when a teacher made 

a move and when a student engaged in a practice.)  

Each instance was assigned a code from the following list of practices: evaluate, 

estimate, visualize, connect, interpret, represent, conjecture, verify, explain, justify, generalize, 

and prove. Table 3 in Appendix A is a codebook that provides a definition or description of each 

practice as well as an example from the transcripts to illustrate how students were helped by 

their teacher to engage in the practices. 

For each teacher, the frequency of each practice was recorded in the form of a 

contingency table (see Tables 4, 6, and 8 in Appendix A) and analyzed afterwards. The 

researcher looked for patterns among the tasks teachers posed and the practices that students 

carried out across different lessons. The following questions were also asked: (a) for each 

teacher, which lesson(s) led to student engagement in the greatest number of practices? (b) 

what were the practice(s) that were spotted most often? The researcher then computed the 

proportion of the frequency of a practice for each lesson to the total incidence of practices 

counted within that lesson (see Tables 5, 7, and 9 in Appendix A) in order to describe the 

distribution of each practice across the class meetings. The researcher considered two 

questions: (a) to what extent did a teacher facilitate his students to make connections or provide 

explanations in a lesson? and (b) how is the answer to this question dependent (if at all) on the 

content of the lesson or the tasks posed? Such findings could suggest that the teaching of 

certain lessons warrants having students engage in certain practices to develop their reasoning. 

 From the same lesson transcripts, the researcher also identified moments during which 

moves were deliberately made to influence studentsô mathematical activity in the course of 
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lesson instruction. For each moment, the researcher described the move as well as coded the 

moment according to one of three categories that the move fell under. Both the description of 

specific moves as well as general categories of moves were based on pre-formulated lists of 

moves (see Table 2 in Appendix A) as informed by the NCTM (2014) and Mueller et al. (2014). 

Nevertheless, Table 2 was regarded as a living document, one that was intended to be 

expanded and refined based on the moves evident from the lessons observed. For more 

information, Table 11 in Appendix A provides a description with examples of each category of 

moves. 

To ensure reliability of findings, cross-checking of the coding for both practices and 

moves was performed with another researcher. To manage coding discrepancies, the 

codebooks above were reviewed by both researchers before the process of coding began, in 

order to ensure that the descriptions were clear and accurate. Once both researchers arrived at 

an agreement regarding the coding schemes, the coding process took place individually and 

was followed by a comparison of results to check for consistency in coding. In the case that 

there was a coding disagreement, open dialogue and collaborative discussions took place to 

acknowledge the differences with the goal of ultimately reaching a consensus. 

 The researcher recorded the frequencies of each category of moves flagged within each 

lesson. This was to identify the moments that corresponded to moves from the most prevalent 

category. The following questions were then asked as part of subsequent analysis: (a) what did 

the majority of a teacherôs moves in a lesson have in common with each other? (b) did a teacher 

share the same preference for a particular category of moves in more than one lesson? (c) in 

particular, how did a teacher make student ideas public? (d) what specific moves (e.g., revoicing 

a student idea) did he employ, and what did they accomplish? (e) lastly, how did the moves 

either directly or eventually foster student engagement in the practices identified, hence 

developing studentsô mathematical reasoning? A teacher move was considered to ñfosterò a 

mathematical practice if one of the following three conditions was met: (a) the practice occurred 



 

 67 

in direct response to the move, (b) the practice took place in response to a new idea introduced 

by the move, or (c) a conceptual chain could be identified linking the ideas or strategies 

introduced by the move and the practice that followed it. In this way, the researcher determined 

the variety of practices that students could be led to engage with as a result of particular moves 

which were similar in nature. 

 In addition to coding each moment according to the category of the teacher move 

flagged, the researcher also identified what he perceived as the supposed intention behind each 

move from the perspective of an observer. To do so, he referenced Table 10 from Appendix A, 

which contains a pre-formulated list of possible intentions behind the making of a teacher move 

as informed by relevant literature. Nevertheless, it is a living document that was intended to be 

revised and updated over time based on what teachers report as their aims behind the 

pedagogical actions taken. These perceived intentions were later compared with the teachersô 

reported intentions behind their moves in the course of interviews that took place following the 

observation of lessons. Special attention was paid to moments that gave rise to discrepancies 

between what was perceived by the researcher and what was reported by the teacher to be the 

intention behind a move. Moments for which teachers modified or updated their initial reportsð

in light of hearing an outsiderôs perspectiveðconcerning why they employed certain moves 

were expanded upon. These moments included those for which teachers claimed multiple 

intentions. 

Rather than a structured interview, the nature of a semi-structured interview also allowed 

the researcher to identify the external factors that influenced teachersô pedagogical actions in 

fostering student reasoning, factors that go beyond the specific context within each episode. An 

episode is defined as a sequence of events from a teacherôs making of a move to student 

participation in a mathematical practice. Since students can engage in multiple practices as a 

result of the same teacher move, more than one episode can correspond to the same move, 

and therefore episodes can overlap. In particular, this included teacher beliefs regarding, for 
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instance, how students should learn mathematics, or sociomathematical norms that teachers 

regard as valuable to foster in their classrooms in order for students to successfully do 

mathematics. 
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Chapter IV 

RESULTS AND ANALYSIS 

Practices Evident in Mr. Aôs AP Calculus AB Class 

 Mr. A generally preferred asking questions that were less computational and more 

conceptual, which reflects his valuing of problems that foster mathematical reasoning. Because 

of this, Mr. A did not reveal the formal procedures of the ό-substitution algorithm at the start of 

the lesson when teaching students how to integrate using the method of substitution. Rather, he 

began the lesson by asking students to re-express their answers and to recall how they 

obtained the answers to some previous exercises, in order to motivate the learning of the 

method. They involved differentiating functions using the chain rule, followed by rewriting the 

derivative statements in terms of integrals. 

 Mr. A primarily engaged his students in the following practices: generalizing, justifying, 

verifying, interpreting, visualizing, conjecturing, and connecting. Occasionally, Mr. A also had 

students prove as well, such as proving the volume formula for a cone by means of generating 

the 3D figure from rotating a 2D region about an axis. Mr. A did not really engage his students in 

estimating either, as the practice only showed up in the particle motion and physics lesson. 

While this was not totally surprising considering the inapplicability of the practice in integration 

by substitution, it seemed that students could have estimated in the other lessons. In particular, 

Mr. A could have asked students to estimate the area bounded by two curves by applying a 

similar approach to estimate the area between a curve and the ὼ-axis. Doing this could have left 

a deeper impression on students as they thought about how the integral formula for the area 

between two curves could be derived. 

 In the few instances when students estimated, they were asked to explain as well. For 

example, when students used a velocity curve to approximate the number of seconds after 

which a particle will have moved furthest to the right, they were also asked to explain their 
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thinking. Tasks that asked students to estimate also led students to generalize, making broader 

claims through the gathering of more information. For example, students approximated the total 

distance traveled by a particle over a period of time in order to determine whether it ended up to 

the left or right of its initial position. Next, students looked at more examples, and they 

eventually proposed a generic relationship between velocity and distance traveled. 

 Mr. Aôs students were sometimes asked to verify their work following the formulation of 

conjectures, and this was especially the case in the lesson on area between curves. In this 

lesson, Mr. A was particularly adamant about having students go through multiple iterations of 

conjecturing to revise or update existing guesses as to what the area formula between two 

curves might be, instead of coming up with entirely new guesses. Perhaps students were 

encouraged to conjecture because Mr. A was confident that they could eventually discover the 

formula with limited guidance. As a matter of fact, this turned out to be the case; students did 

not include absolute values in their initial guess following their completion of the first problem. 

However, in using the guess in another problem later on, they realized absolute values were 

needed, as area cannot be negative. At the same time, inserting absolute values outside the 

integral expression led to a nonsensical answer of zero when the area of the region in the 

problem was clearly positive. In the end, through multiple iterations of revising their conjecture, 

students were able to arrive at the formula with a good understanding of why and what it was. 

 Insofar as verification is concerned, Mr. Aôs students engaged in the practice throughout 

the first three lessons but not in the last one. The absence of student activity in the practice in 

the solids of revolution lesson was due to a lack of an alternative strategy for verifying the 

answer. For example, in finding the volume of a solid that is generated by the rotation of an 

irregularly shaped region about an axis, there is not another method aside from setting up an 

integral using the Washer method. Students were also not encouraged to verify in the lesson 

perhaps because Mr. A assumed that the relevant information that they learned from before was 

probably forgotten; hence, having students engage in the activity may not have been productive. 
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In particular, in asking students to find the volume of a generic cone, Mr. A seemed to have 

intentionally not phrased it as proving the formula, even though the two tasks were equivalent in 

essence. This was probably because Mr. A did not expect students to remember the formula, 

given that it is not something that students often use. 

A Breakdown of Practices Observed in Each Lesson  

 As shown in Table 4 from Appendix A (Contingency Table of Practices Done by Mr. Aôs 

Students), a total of 100 instances of practices were identified. The practices were evenly 

distributed among the lessons observed, as nearly a quarter of the practices was picked up from 

each lesson with there being slightly more practices from particle motion and physics. Mr. A 

consistently engaged students in six different practices multiple times in each lesson. 

Based on the data presented in Table 5 (Distribution of Practices that Mr. Aôs Students 

Engaged in Each Lesson), it seems that the practices Mr. A engages students in depend on the 

lessonôs content to some extent. In integration by substitution, Mr. A primarily had students 

evaluate, connect, conjecture, and justify, with the latter two practices occurring twice as often 

as verification and explanation. In particular, while Mr. A wanted students to learn how to verify 

whether a function is an antiderivative, it appeared to be more important to him that they learn 

how to recognize and formulate reasonable conjectures to serve as potential candidates for 

antiderivatives of functions. After all, the method of guess-and-check is a great alternative to 

following the steps of the ό-substitution algorithm, as the former is much less time-consuming 

and is simpler. In this way, students were not prescribed rules from the start, as Mr. A wanted to 

develop their intuition regarding how to come up with good guesses. 

 In particle motion and physics, Mr. Aôs students mostly engaged in the activity of 

interpreting, specifically related to the meanings they took away from various graphs that were 

given. In fact, the practice of interpreting constituted more than one third of the practices flagged 

throughout the lesson. To illustrate, students interpreted which direction a particle was moving 

and accelerating after some specific time based on a velocity curve of the particle. In addition, 
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students interpreted whether the particle was speeding up or slowing down at certain moments 

and how far away from its original position the particle was after a specific time. Meanwhile, 

there were no instances when students generalized, despite the fact that students at some 

points were asked to broadly describe the relationship between position and velocity. While 

students determined whether a particle moved to the left or right at certain times, they were not 

required to estimate how far it moved. Thus, questions did not appear to be set up for students 

to make generalizations regarding this relationship, as there were no examples to work with. 

 For area between curves, Mr. A primarily engaged students in a different set of practices 

from that of the first two lessons, as students mostly conjectured, verified, and generalized. In 

this lesson, they mainly worked on two problems, both of which involved finding the area of a 

shaded region bounded by two curves. On the one hand, the first problem was designed for 

students to easily come up with an initial conjecture to work with concerning the general formula 

for the area between two curves. On the other hand, the second problem introduced a situation 

in which one curve is not always above the other, to remind students not to neglect absolute 

values. Furthermore, in verifying their initial conjecture by applying it in the context of the 

second problem, students arrived at an answer of zero, which they quickly realized couldnôt be 

accurate since area must always be positive. This then helped students to later devise general 

guidelines regarding how to find the area between two curves; some suggested breaking up the 

region to find the area of multiple parts individually first, specifically based on intervals in which 

one curve is always above the other. In the end, the engagement in these three practices 

appeared to be a fruitful learning experience. 

 Lastly, for solids of revolution, Mr. C predominantly facilitated student activity in 

visualizing and generalizing. For the majority of the lesson, Mr. Côs students repeatedly 

visualized the process of generating a 3D figure from the rotation of a 2D region about an axis. 

This was partly done in order to help students picture what the cross sections looked like, which 

was essential for them to have in mind in order to properly set up integral expressions to then 
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compute to find volume. In addition, on numerous occasions, students sketched the resulting 

solids of revolution when going over exercises throughout the lesson to develop their intuition 

for how to set up the integrals. Seeing sketches of what the cross sections of various figures 

looked like in different problems helped students to make the generalization that cross sections 

will always be discs, either completely filled in or partially filled in (i.e., annuli). For this reason, it 

is fairly straightforward to set up algebraic expressions to represent the volume of a solid of 

revolution, using the area of added up cross sections and applying the formula for the area of a 

circle or annulus. 

Practices Evident in Mr. Côs Calculus Honors Class 

 Mr. C engaged his students in fewer practices in the second half of the lessons 

observed. As for what reasons may have contributed to this phenomenon, a closer look 

revealed that Mr. C regarded the tasks of finding antiderivatives of various types of functions as 

exercises for students to acquaint themselves with the concept of antiderivative. This involved 

iterative processes of thinking backwards or reimagining the steps of differentiation but in 

reverse order. On the other hand, the lesson on Riemann sums primarily focused on the same 

task that was presented from the start, limiting the number of practices that students 

participated in. Practices were mainly concerned with finding better ways to estimate the area 

under a curve, including areas of irregular regions that were difficult if not impossible to 

calculate based on what students knew. 

Mr. C primarily facilitated student engagement in the following practices to foster 

mathematical reasoning: estimating, visualizing, interpreting, and explaining. These practices 

turned out to be incorporated often in the lessons observed, with the exception of the 

introduction to antiderivatives lesson. In this lesson, these practices either came up once or not 

at all. This might have been the case because the lesson was centered on discovering rules to 

find antiderivatives of functions. In this way, problems were not computational (hence there was 

no need to estimate). In addition, the only brief instance when students visualized happened 
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initially when they considered how antidifferentiation was related to the familiar topic of finding 

derivatives of functions. (The visuals of function machines helped to illustrate the inverse 

operations involved in the steps of antidifferentiation which are the opposites of those of 

differentiation.) Instead of visualizing, problems for the most part involved making informed 

guesses based on familiarity with derivative rules as well as verifying these guesses afterwards 

in order to satisfy the definition of an antiderivative, with limited opportunity for students to 

interpret or explain.  

 There were also no instances flagged for student activity in evaluating in the first and last 

lesson. Although learning about linear approximations of curves involved calculations (e.g., to 

find exact values of derivatives at specific points), the ultimate purpose was for students to 

approximate the value of a function which need not be linear. This method of linear 

approximation is primarily useful in either cases when evaluating the function directly at a point 

is difficult without a calculator or when the function isnôt given. In the last lesson, different types 

of Riemann sums (e.g., left, right, or midpoint) were considered in order to estimate (and not 

evaluate, due to not being able to compute) the exact area under a curve. In the process of 

performing different estimations, students realized that a different Riemann sum could be 

relatively more accurate depending on characteristics of the given curve such as whether it 

increased or decreased on an interval. 

 As mentioned previously, Mr. Côs students engaged in visualizing more extensively 

relative to other practices throughout linear approximations, introduction to definite integral, and 

Riemann sums. Having students sketch the linear approximation of a curve at a reference point 

promoted reasoning, as it allowed them to later explain how the topic is related to tangent lines 

to a curve. In working with visuals, students developed a deeper understanding of the formula 

ñὪὼ Ὢὥ Ὢᴂὥ ὼ ὥò which would have otherwise appeared elusive on its own and may 

have seemed to carry little meaning. Sketching the graph of a linear approximation to a curve 

allowed students to comprehend why the formula looks as it does, including why it suspiciously 
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resembles the equation of a line in point-slope form. At the same time, graphing a linear 

approximation to a curve allowed students to explain why this topic is not new but, rather, an 

extension of something they were already familiar with. Visualizing the method of linear 

approximation also allowed students to see why it is fairly accurate in estimating the value of a 

function close to the reference point but not as much for values far away. 

 Visualizing played a crucial role in promoting mathematical reasoning throughout 

introduction to definite integral as well. Supplementing the lesson with visuals of regions under 

curves that represented velocity to portray definite integrals showed why one ought to care 

about definite integrals. For one, the visuals allowed students to explain the relationship 

between areas under velocity curves and total distance traveled within a period of time by way 

of using the term ñdefinite integrals.ò In contrast, while describing the definite integral of a 

function as ñthe product of the x-value and the y-value for a function where y may vary with xò 

may provide some indication of what it is or can represent, it may also confuse students, given 

the ambiguity of the verbal description. With visuals, however, students can associate the 

product with another concept that leaves little room for misinterpretation, as ñareaò is a concept 

that students were comfortable working with. 

 Lastly, the impact that visualizing had in developing student reasoning throughout the 

lesson on Riemann sums was evident. Sketching rectangles not only helped students set up the 

expressions needed to calculate Riemann sums but also shed light on why multiple Riemann 

sums are introduced that yield different estimates for the area under a curve. More importantly, 

the practice motivated students to create methods of their own to estimate the area more 

precisely. Students drew inspiration from a mix of both left and right Riemann sums, constructed 

rectangles with triangle tops, and decreased the width of each rectangle from one to a half. 

A Breakdown of Practices Observed in Each Lesson  

 From Table 6 (Contingency Table of Practices Done by Mr. Côs Students), a total of 84 

instances of practices were recorded, with roughly one third and one quarter of them deriving 
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from the linear approximations and introduction to definite integral lessons. In contrast, the 

remaining instances of practices coded were more evenly distributed between the two lessons 

on antiderivatives and Riemann sums, each of which accounted for less than one quarter of the 

total. The number of different practices that students engaged in multiple times in a single 

lesson was consistently around five except for introduction to antiderivatives, which was less. 

Table 7 (Distribution of Practices that Mr. Aôs Students Engaged in Each Lesson) 

suggested that Mr. C generally engaged students in different sets of practices depending on the 

lesson, with the exception of a select few practices (e.g., visualizing, interpreting, and 

conjecturing) which were ubiquitous across the class meetings. In linear approximations, Mr. C 

primarily had students estimate, visualize, interpret, and explain, with each making up nearly 

20% of the total frequency of practices coded in the lesson. For example, Mr. Côs students 

visualized what a curve looks like locally near a reference point given limited information about 

the function. With only the specific value of a function at a point along with values of its first and 

second derivatives, students interpreted the givens by utilizing rate of change and concavity. 

Visualizing what the curve possibly looked like conveyed the notion that it is not enough to just 

know the formula for finding a linear approximation to a curve, a fact that his students would not 

have understood if Mr. C had prescribed the formula to his students beforehand. By interpreting 

information they saw, students were afforded the chance to apply their learning meaningfully, so 

that they could, for instance, explain why a linear approximation was either an underestimate or 

overestimate of the true value without knowing what the curve of the function looked like.         

 Of all the mathematical practices for reasoning, Mr. Côs students predominantly 

visualized, connected, and interpreted, as the frequency of each constituted nearly 20% of the 

instances of practices flagged in the lesson on definite integrals. For students to arrive at a 

conceptual understanding of definite integrals (i.e., what they are and why theyôre significant), 

they needed to make a connection between two ideas. In particular, they needed to understand 

how multiplying velocity (even when it changes) with time passed is relevant to finding the area 
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under a velocity curve over a period of time? To see the link between the two ideas, Mr. C 

asked students to interpret the verbal meaning of the definite integral in a simple case when 

velocity remained relatively constant, so that they could recognize its relation to area under a 

velocity curve. In contrast, less than half of the instances were coded as evaluating or 

estimating, which suggested that they were not central to the lesson despite being relevant in 

the process of discovering the definition of the definite integral as coinciding with the area under 

a curve. In fact, Mr. C engaged students in these practices mainly so that they could verify the 

connection and realize that total distance can still be reasonably calculated even when velocity 

changes constantly. 

 Throughout introduction to antiderivatives, Mr. C consistently facilitated student activity 

in conjecture. In fact, instances during which students conjectured made up nearly 30% of the 

total frequency of practices found in the lesson. This can be explained by the iterative process 

that students went through, starting off with exercises that involved finding the antiderivative of 

specific functions by way of guess-and-check. Eventually, after giving some time to reflect, Mr. 

C encouraged students to pose conjectures or probable rules for how one might integrate 

generic classes of functions. At first, this process applied to constant functions; later, the same 

approach was used to discover how to find the antiderivatives of linear, quadratic, and even 

cubic functions. While Mr. C valued having students discover rules by means of conjecturing, he 

also seemed to mindfully incorporate other practices as well such as interpreting and justifying, 

although somewhat infrequently. Nevertheless, both practices played key roles, as having 

students interpret derivative statements as integrals motivated the introducing of antiderivatives 

as a new concept and justifying why the reverse power rule cannot be applied for ρȾὼ helped 

students understand the limitations for the rules.       

 Lastly, for Riemann sums, Mr. C primarily engaged students in estimating and 

visualizing, with these prevalent practices constituting around a quarter of the practices flagged 

in the lesson. That Mr. C mainly engaged students in these two practices in particular seemed 
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to mostly arise out of two guiding questions: (a) what are some fairly accurate and easy ways to 

approximate the area under a curve, both intuitively and practically? and (b) does the best 

method of approximation differ depending on the function given? In the process of learning 

about different Riemann sums, students considered estimating area through the use of different 

shapes, including rectangles. Such visuals allowed students to know how to compute different 

Riemann sums by using methods other than algebra. More importantly, because of them, 

students were able to distinctively tell apart the left, right, and midpoint Riemann sums. They 

would have struggled to do so if only considering them from a symbolic standpoint. In this way, 

visualizing with rectangles mitigated conceptual and computational errors. Furthermore, 

students were also inspired to draw up their own techniques for estimation, as some 

subsequently suggested using rectangles with triangle tops or trapezoids. 

Practices Evident in Mr. Dôs AP Calculus BC Class 

Mr. D facilitated many more mathematical practices in improper integrals than in any 

other lesson, a phenomenon that arose as students evaluated and verified multiple types of 

problems. Through evaluating different types of improper integrals, from definite integrals with 

points of discontinuity to indefinite integrals of intervals to infinity, students gradually came to 

see why it was important to recognize when integrals are improper. In essence, students can 

completely mislead themselves to erroneous results if they donôt check whether the integrand is 

undefined at any point on the interval of integration. Furthermore, having students evaluate 

improper integrals algebraically can serve as a technological means of verification of 

conclusions drawn. For example, the area of a region may seem to be infinite because visually 

the region looks unbounded. However, the area may actually turn out to approach a finite limit if 

the curve approaches a vertical asymptote at a rate that is sufficiently slow. 

 In the lessons that followed improper integrals, Mr. D did not have students conjecture or 

verify. With sequences, Mr. D focused on getting students to understand how to justify whether 

they converge or diverge by incorporating limit properties. With series, Mr. D prioritized student 
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justifications as to why a series converges or diverges. For each series, Mr. D had students 

consider its sequence of partial sums as well as other analytic tests such as the integral test or 

the limit comparison test. In addition, students explained why the terms of a convergent 

sequence must tend to zero and not the other way around. Students were also asked to 

consider why a series that satisfies the conditions of the integral test does not necessarily 

converge to the same limit as the corresponding improper integral.  

 Mr. D had students justify considerably more in the second half of the lessons observed 

(i.e., Tests for Convergence, Parts I and II). In fact, students engaged in the practice at least 

twice as often in each of these two lessons as in either improper integrals or sequences and 

series. While determining whether a series converges or diverges was typically the goal of each 

problem, Mr. D often de-emphasized the series being studied and highlighted the argument or 

justification used to support a claim for convergence or divergence. Justifications were 

especially significant when students made accurate claims about a series but erroneously 

concluded that it converged to a certain value when it was actually unknown, such as in 

situations where the comparison test is applicable. These findings were consistent with Mr. Dôs 

questionnaire responses, as Mr. D said that his preference for having students constantly 

engage in justification was motivated by the requirements of the Advanced Placement Exam, in 

which justification is key to earning any credit in the free-response sections. Because of this, Mr. 

D often encouraged different ways of thinking and reasoning for even the same problems, which 

were often open ended in nature. 

A Breakdown of Practices Observed in Each Lesson  

 From Table 8 (Contingency Table of Practices Done by Mr. Dôs Students), a total of 85 

instances of practices were identified. Roughly 40% of the practices derived from improper 

integrals, while the remaining ones were distributed more or less evenly across the other three 

lessons. There were about twice as many practices evident in improper integrals as any of the 

three subsequent lessons on convergence of either sequences or series. Similarly, the number 
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of practices that students participated in was less (i.e. half as many) in the lessons on tests of 

convergence of series when compared with either improper integrals or sequences and series. 

Table 9 (Distribution of Practices that Mr. Dôs Students Engaged in Each Lesson) 

suggested that Mr. Dôs students generally engaged in the same set of practices in each class 

meeting except in the first one. With improper integrals, Mr. D was keen on having students 

evaluate and conjecture, and instances in which students participated in both practices 

combined for 60% of all the instances flagged. While instances when students conjectured 

played an indispensable part in helping students recognize that some improper integrals can 

actually converge, students evaluated twice as often as they conjectured. Despite this 

phenomenon, students also interpreted and explained, although they did so with much less 

frequency. Toward the end of the class meeting, students were asked to reflect on different 

problems that all involved evaluating integrals on intervals to infinity. Although students noticed 

that these problems similarly corresponded to finding areas of unbounded regions, they 

interpreted their findings and were able to explain why not all improper integrals diverge (some 

could not exist and others could even converge). 

 Providing opportunities for students to conjecture helped them to address common 

mistakes that otherwise could be overlooked. For example, asking students to guess what they 

expect the integral of ὼ on the interval ЊȟЊ  might be before they evaluated the improper 

integral step-by-step led to insightful findings. For instance, students proposed initially that the 

integral would evaluate to zero if they were to work out the problem since ὼ is an odd function. 

To them, it seemed that all the ñpositiveò area above the ὼ-axis would cancel out with the 

ñnegativeò area below the axis. However, when actually evaluating it with careful consideration 

(i.e., breaking the problem up into two improper integrals), students realized that had they 

approached the problem entirely based on their intuition. They have mistakenly concluded that 

the integral converges when it actually diverges, as ᷿ ὼὨὼ ᷿ ὼὨὼ ᷿ ὼὨὼ where 
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᷿ ὼὨὼ diverges. This in turn led students to realize that Њ Њ π, which contradicted the 

idea that the areas would cancel out each other. 

Student activity in both interpreting and explaining occurred the same number of times in 

tests for convergence parts I and II. A further examination of the instances when students 

engaged in these practices suggested that interpreting and explaining were intricately 

connected, as student involvement in one practice often led to participation in the other. When 

students interpreted their work in the evaluation of an improper integral (i.e., drawing takeaways 

or considering broader implications), they were also asked to explain their rationale or reasoning 

to back up their claims. For example, when students were asked to interpret what it meant for 

the limit of ὥȾὦ to approach a constant, they needed to explain why it did not imply that the 

given series Вὥ definitively converges (or diverges). In fact, as they later explained, whether 

the given series converged or not depended on the behavior of the other series, as by the limit 

comparison test, both Вὥ  and Вὦ must either converge or diverge. In addition, when students 

were later asked to interpret the worth in knowing that a series converged absolutely, they 

explained that the convergence of Вȿὥȿ implied the convergence of Вὥ. They illustrated by 

stating that there was no such thing as absolute divergence, as the divergence of the series 

Вȿὥȿ does not imply that Вὥ  diverges. 

Moves Made by Mr. A throughout His AP Calculus AB Class 

Moves to Facilitate Practices Lesson 1 

 For integration by substitution, Mr. A employed six moves associated with making ideas 

public, five moves related to eliciting student ideas, and seven moves for encouraging student 

explanations. Since Mr. A relied mostly on moves having to do with encouraging student 

explanations, moments during which he made actions in this category were considered. 

 Near the beginning of class, Mr. A asked students to verbalize their thought process in 

differentiating a function to obtain ὼȾЍὼ ρ , after which he asked them to rewrite the 
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relationship between the two functions as an integral statement. Contextually, this served as a 

starting point for helping students to understand how one might evaluate the indefinite integral 

of a function. Mr. A made the move of asking students why reinterpreting a statement differently 

could be useful so that students could realize that the steps of the ό-substitution algorithm 

essentially undid the effect of the chain rule. In this way, the move introduced the idea of 

working backwards as a potentially valuable strategy for thinking about the process of 

integration. Students were then guided to conjecture what the antiderivatives of functions might 

be, by imagining the steps to take if they had started out with the antiderivative.  

 In the subsequent moment, when students were asked to integrate ὼὼ ρ , one 

student suggested substituting ό for ὼ ρ, while others suggested replacing ό with ὼ ρ . 

In reply, Mr. A did not immediately praise the student for the suggestion she made. Rather, he 

asked the student to elaborate on her response by discussing why she considered setting ό to 

equal ὼ ρ. Specifically, Mr. A questioned why the latter substitution was less preferable than 

the former one, as the problem appeared identical after both substitutions. Mr. Aôs move directly 

promoted student explanation and justification. On the one hand, the student justified how her 

method simplified the original integral from ὼ᷿ὼ ρ Ὠὼ to ᷿ό ρό Ὠό which is easily 

integrable since ό ρό ό ό . On the other hand, students were given the chance 

to compare the subtle differences between the two approaches to explain why one of the 

methods was productive while the other led nowhere. 

Lastly, after working on the problem ὼ᷿ὼ ρ Ὠὼ, Mr. A asked students to elaborate 

on what made some of the indefinite integrals they solved relatively more difficult. Because this 

question had the potential of leading to multiple possible answers, it was open-ended. Such a 

move led to a rich discussion of a number of potential obstacles to evaluating the integral, which 

included the impracticality of expanding the binomial ὼ ρ to the power of 100. While they 

thought about this problem, some students mentioned that if the exponent were to be 2 instead 
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of 100, then they could solve it by rewriting the integrand as a polynomial in standard form to 

then integrate separately term by term. Besides noting the impracticality of expanding the 

expression ὼ ρ  before employing the reverse power rule, students also cited the difficulty 

of using Pascalôs triangle to obtain the coefficients of the binomial expansion in the 100th row of 

ὼ ρ . The studentsô discussion provided extra motivation for them to not only learn the 

algorithm of ό- substitution, but also how to do it efficiently which required thinking flexibly. 

Moves to Facilitate Practices Lesson 2 

 For particle motion and physics, Mr. A employed twelve moves associated with making 

ideas public, seven moves related to eliciting student ideas, and ten moves for encouraging 

student explanations. Since Mr. A relied mostly on moves having to do with making ideas public, 

moments during which he made deliberate actions in this category were considered. 

 Leading up to the first moment, students were asked whether a particle accelerated to 

the left or right after one second to determine whether it sped up or slowed down. In response, a 

student connected the question to what he learned from physics (i.e., projectile motion). Hearing 

this, Mr. A remarked that if students were familiar with physics, then they should know that 

velocity and acceleration are both vectors with direction. Mr. Aôs move to point out the studentôs 

thought during a class discussion encouraged students to make use of ideas from other 

disciplines to deepen their understanding of mathematics. To this end, students realized that 

acceleration and velocity facing the same direction implied that the particle sped up, as it meant 

that the first and second derivatives had the same sign. 

 Later, the class was asked to not only determine whether the particle ended up moving 

to the left or right of its initial position after 1.32 seconds but also to estimate how far it moved to 

the left or right. When a student suggested finding the antiderivative of the velocity curve, Mr. A 

expressed his liking of the student idea and repeated it to the class. Even though the problem 

did not provide a velocity function and hence made the task of finding its antiderivative difficult 

just by seeing the graph of its curve, Mr. A still valued the student idea, encouraging students to 
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identify the ideal situation. He asked students to consider what information would be good to 

know and how they could use that information to obtain the answer. Although the suggestion of 

finding the antiderivative was not helpful for solving the problem at hand, more students were 

led to explain why the antiderivative function could be useful in estimating displacement. 

 When students considered the same velocity curve but on a larger interval of domain, 

Mr. A asked them to mark the point on the graph at which the particle would have moved 

furthest to the right from its initial position. When Mr. A saw students providing two different 

answers, he asked everyone to discuss their thoughts and sort out their disagreement in 

groups. As the move called for students to devise mathematically based arguments to convince 

one another why their claim was logical and valid, the debates led to students formulating 

justifications to defend their claims. As a result, several students initially bought into the 

reasoning that it was at ὸ ρȢσς, because soon afterwards the particle started to move to the 

left since velocity was negative from then on. Yet many changed their mind to ὸ σȢσ after 

hearing some of their peers explaining that the particle traveled more to the right than to the left 

from ὸ ρȢσς to ὸ σȢσ and hence contributed more positive distance. 

 When students were asked to extend their thinking to come up with an generic formula 

to calculate distance traveled by a particle while keeping in mind the difference between 

displacement and distance, a student commented that obtaining distance required the negative 

area of regions bounded by the velocity curve below the ὼ-axis to be counted as positive. In 

response, Mr. A restated this line of thought by emphasizing the point that the negative area 

should positively contribute to the distance traveled, which suggested to students that the 

formula could not be as simple as integrating the velocity function directly. In response, students 

visualized the interval of integration as a sum of subintervals, where in each subinterval the 

region bounded by the curve was either completely above or below the ὼ-axis to isolate the 

negative regions, regions for which they would make the values positive after integrating. 
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Afterwards, students represented the generic relationship between distance traveled and 

velocity by means of symbols and variables into a formula that involved a sum of integrals. 

Moves to Facilitate Practices Lesson 3 

 For areas between curves, Mr. A employed eleven moves associated with making ideas 

public, four moves related to eliciting student ideas, and five moves for encouraging student 

explanations. Since Mr. A relied mostly on moves having to do with making ideas public, 

moments during which he made deliberate actions in this category were considered. 

 Leading up to the first moment, Mr. A asked students to use what they knew of definite 

integrals to find the area between the two curves Ὢὼ ὼ σ and Ὣὼ ὼ ρ on the interval 

between points where they intersected. To ensure the class had something to work with, Mr. A 

briefly summarized what students learned from before regarding what was known about definite 

integrals. For instance, students knew that definite integrals could be evaluated by finding the 

area under a curve, and Mr. A clarified that it does not refer to the area that ñgoes all the way 

down to negative infinityò but, rather, between the curve and the ὼ-axis. Mr. Aôs move in 

summarizing studentsô prior knowledge signaled to the class that despite not having come 

across problems that involved finding area between curves in the past, they are within studentsô 

capacity to figure out. Hence, Mr. Aôs move facilitated studentsô establishment of a connection 

between new and old topics, which then opened up opportunities to conjecture and even 

discover the formula for area between two curves. 

 When students were asked to create a general strategy to find the area between two 

curves Ὢὼ and Ὣὼ on an interval ὥȟὦ, one student made a conjecture, proposing that the 

formula was ȿ ᷿ ὪὼὨὼ ᷿ὫὼὨὼ ȿ. In response, despite it being incorrect, Mr. A reiterated 

the studentôs thought to the entire class. Such a move directed studentsô attention to consider 

whether the expression was actually true, which led to questions such as whether absolute 

values should be involved in the first place, or how they should be inserted into the equation if 
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they play a role. Whether it was to justify the usage of absolute values or to get students to 

consider the difference in the integrals of the two functions, students were led to engage in 

justification as a result of Mr. Aôs move in repeating the conjecture for further discussion. 

After the formulation of the initial conjecture based on the first problem, Mr. A asked the 

class to check whether the proposed formula would give them an answer that sounded 

reasonable, testing the conjecture to find the area of a shaded region between ÃÏÓὼ and ÓÉÎὼ. 

Rather than treating the second problem separate from the first one, Mr. A intentionally 

instructed the class to treat it as a chance to check the validity of the proposed formula. In this 

context, Mr. Aôs move encouraged students to interpret the validity of or assess an existing 

argument that involved verification of a statement through experimentation to determine whether 

it was generalizable or whether subsequent modifications were needed (as opposed to making 

entirely new conjectures that were not informed by old ones). 

 Later, to further make sense of the formula for finding the area between two curves and 

why it applied even to cases when one or both curves lay below the x-axis, Mr. A recounted a 

studentôs idea that made the formula more understandable and intuitive. The idea involved 

conceptualizing the expression ñ᷿ὪὼὨὼò as a sum of lengths of infinitesimal strips of height 

Ὢὼ where ὥ ὼ ὦ, which when put together yielded a region for which the area equaled the 

expression. Mr. Aôs move in shedding light on this idea in front of the class was to cause 

students to perceive a connection, as they could apply this idea to conceptualize the area 

between two curves. In the latter case, ȿὪὼ Ὣὼȿ would represent the length of a strip 

between the two curves at any given point. 

Moves to Facilitate Practices Lesson 4 

 For volumes of revolution, Mr. A employed six moves associated with making ideas 

public, seven moves related to eliciting student ideas, and six moves for encouraging student 
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explanations. Since Mr. A relied mostly on moves having to do with eliciting student ideas, 

moments during which he made deliberate actions in this category were considered. 

 In discussing how to find the volume of a generic cone with radius ὶ and height Ὤ by 

revolution, students suggested revolving a triangle about the y-axis to produce a cone, which 

motivated discussions regarding how to find the equation of the line needed as one of the 

boundaries of the triangle. Rather than considering the problem as a whole, Mr. Aôs students 

were asked to answer simpler questions that were intended to guide student thinking toward a 

solution to the problem. To do so, Mr. A considered how to represent both the ώ-intercept in 

terms of the variables introduced as well as slope and how they were related to the height and 

radius of the cone. Answering these questions required students to visualize the process of how 

to take a region and generate a solid by way of revolution. Part of this required the students to 

explain why the cross sections were similar, as they were all discs with radii at most ὶ.  

 In helping students to decide the next steps needed to find the volume of the solid 

obtained by revolving the region bounded by the curve ώ ὼȾς about the ώ-axis, Mr. A asked 

them to recall what they previously did in deriving the general formula for the volume of a cone. 

Part of the recall process involved rewriting the equation of the curve to represent ὼ in terms of 

ώ, as students changed the equation of the line from ώ ὼ Ὤ to ὼ ώ Ὤ. In this 

context, asking students to recall a previous class activity elicited thinking because students had 

to consider and explain why they rewrote the equation in the previous problem. The fact that 

references to the previous problem were constantly made also signaled to students that this 

was a task they could figure out without receiving guidance from the teacher. In the end, 

students realized the importance of visualizing the cross sections as they drew arrows to 

indicate the direction of rotation, which, in turn, provided understanding for how to represent the 

radius of a cross-section disc at any point in general terms. 
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 When students were later tasked with revolving the region bounded by the equations 

ώ ω ὼ σ  and ώ  about the ὼ-axis in Example 2, one student claimed that the 

resulting solid looked ñlike a really weird ball.ò In response, Mr. A asked the student to expound 

on his assertion: ñCan you say more? What kind of ball do you mean exactly?ò On the one 

hand, Mr. Aôs move in asking the student to clarify his thinking prompted a more detailed 

description that included ña bowling ball with a cone drilled into it.ò On the other hand, the details 

of the imagery that the student provided due to Mr. Aôs move for students to provide elaborations 

propelled students to try to picture in their minds what the object looked like. Hence, the 

instructor prompted them to visualize and describe in their words the solid of revolution. The 

prompt yielded the following descriptions: (a) an impractical cup that does not hold any liquid 

which flows right down to the table with no separation between the cup and table, and (b) one 

that doesnôt really have a flat bottom and instead would roll all the way around. Consequently, 

visualizing the formation of the solid from the process of revolving around an axis led students 

to understand how to represent the cross sections, seeing that in some complex cases they 

could not be anything aside from annuli or partially filled discs. This level of understanding was 

crucial later as it was needed in order to generalize the process of setting up integral 

expressions to evaluate volumes of solids of revolution. 

Moves Made by Mr. C throughout His Calculus Honors Class 

Moves to Facilitate Practices Lesson 1 

 For linear approximations, Mr. C employed ten moves associated with making ideas 

public, nine moves related to eliciting student ideas, and eight moves for encouraging student 

explanations. Since Mr. C relied mostly on moves having to do with making ideas public, 

moments during which he made deliberate actions in this category were considered. 

 Leading up to the first moment, students were asked whether the linear approximation of 

revenue of a company for the month of April was an underestimate or overestimate of its true 
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revenue in the month (i.e., of Ὑσ). When some students claimed ñunderestimate,ò Mr. C 

responded by encouraging them to share their thinking with the rest of class. In response, the 

students explained why they expected Ὑσ to be higher than its estimate based on a linear 

approximation (i.e., because of the positive concavity of the function as given by a positive 

second derivative value at ὸ ς). They also explained that knowing Ὑ ς πȢυς and not zero 

improved their estimate for Ὑ σ. As a result, the class was brought to consider using not only 

the signs of the given derivative values to visualize concavity or rate of change in the vicinity of 

a point but also their numerical values. 

 After Mr. C addressed the process of devising a reasonable estimate for the companyôs 

revenue in April, he summarized the knowledge gained from completing the task. In repeating 

the main takeaways from the task, Mr. C emphasized the big idea in understanding how current 

values of functions (e.g., revenue) and their derivatives can inform what these functions will 

likely equal in the future. Such a move led students to realize the importance of considering the 

larger implications so as not to be content with just knowing how to correctly follow procedures 

to arrive at answers. Specifically, studentsô attention was consequently directed at 

understanding the implications or purposes for calculating linear approximations, and especially 

the meanings they convey in the context of real-world applications. In particular, students 

explained why the company should remain optimistic for months ahead in its revenue despite 

reports in March that suggest revenue decreased. 

 After the students produced the linear approximation for ЍτȢπψ using Ѝτ ς as 

reference, Mr. C asked them to graph the equation, a graph which students found to look 

familiar. Several students noted that it resembled the tangent line to the square root curve at the 

point τȟς, in response to which Mr. C launched the class into a discussion in order to arrive at 

an agreement regarding the validity of the claim. This led some students to verify whether the 

linear approximation equation was algebraically equivalent to the equation of the tangent line to 
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the curve at the specified point. Still others compared the graphs of both and visualized using 

Desmos to see if they overlapped. Soon afterward, students realized that 4.08 was just an 

arbitrary number picked near 4, and this prompted them to make the conjecture that they could 

approximate the square root of any number close to 4 in a similar way. In other words, students 

started to view linear approximation as a method to generalize the process of estimating an 

expression for multiple values (so long as the inputs are close to the reference point). 

Moves to Facilitate Practices Lesson 2 

 For introduction to definite integrals, Mr. C employed twelve moves associated with 

making ideas public, eight moves related to eliciting student ideas, and three moves for 

encouraging student explanations. Since Mr. C relied mostly on moves having to do with making 

ideas public, moments during which he made actions in this category were considered. 

 As Mr. C, with the help of his class, wrapped up the activity in modeling the motion of a 

pendulum, some students wondered why it seemed that whenever a problem related to simple 

harmonic motion was posed the function involved always turned out to be sinusoidal. In 

response, Mr. C echoed this thought so that more students could dwell on this question, even 

though students were not required to know the answer. (Up until this moment, problems 

primarily pertained to finding and interpreting the first or second derivatives.) Yet, Mr. Côs 

deliberate move to emphasize the sense in using sine or cosine to model the behavior of simple 

harmonic motion helped students to understand and even explain why non-trigonometric 

functions could never be used to describe the movement of a pendulum. Students also made 

connections to other disciplines as they noticed how the physical phenomenon of pendulums 

speeding up as they approach the at-rest position can be modeled mathematically with a graph. 

 In a later task, when students discussed how to find total distance traveled using a 

velocity curve that remained relatively constant, Mr. C overheard a group of students sharing 

that they multiplied the (average) velocity by time, which from a visual standpoint seemed to be 

equivalent to finding the area of some rectangular-looking region under the velocity curve. In 
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response, Mr. C restated these ideas when the class was brought back together after some time 

spent working in groups. His restatement led to students reaching a breakthrough. Students 

recognized the significance of finding the area under a curve, that it helped to connect or 

establish a relationship between total distance traveled and velocity. They explained that this 

was because each of the two quantities of interest used to calculate the product corresponded 

to a dimension of the rectangle. Then, knowing that finding the area under a velocity curve 

yielded distance traveled, students conjectured that they could perhaps also do the same (i.e., 

find the area under a velocity curve) in situations when velocity fluctuated more greatly. 

Moves to Facilitate Practices Lesson 3 

 For introduction to antiderivatives, Mr. C employed six moves associated with making 

ideas public, seven moves related to eliciting student ideas, and two moves for encouraging 

student explanations. Since Mr. C relied mostly on moves having to do with eliciting student 

ideas, moments during which he made deliberate actions in this category were considered. 

As the class considered functions whose derivative equaled ςὼ, one student suggested 

ὼ χσ. Mr. C, seeing the arbitrariness in how 73 was picked, asked the student to clarify and 

expound on her answer: why did she pick 73? how did she know that 73 would work? were 

there other terms that could be added to ὼ besides 73 to make the resulting function a valid 

answer? This led to the mentioning of ὼ ρ, at which point more students started to suspect 

the possibility of multiple answers. To help students further generalize, Mr. C remarked that 

although they were not certain what term(s) needed to be added to include all possible answers, 

it was at least known that an extra term should be added to ὼ to encompass the full set of 

possible solutions. In fact, this extra term had to be at least a constant since the derivative of a 

constant equals zero. Students discovered that unlike differentiating functions in which the 

answer is unique, finding the antiderivative can lead not only to multiple answers but also an 

infinite number of answers. In the process, students generalized as they quickly realized that 
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adding any constant would work. Such action also led students to explain why all answers must 

be in the form of ñὼ ὅ,ò and why the added term cannot be anything more than a constant. 

 While introducing the integral power rule to find the antiderivative of a monomial, Mr. C 

asked students to recall steps for finding the derivative of a monomial. More specifically, Mr. C 

introduced the integral power rule as nothing more than what they were already familiar with, 

using their existing understanding of the power rule as well as the relationship between 

derivatives and antiderivatives. Consequently, students made a connection in realizing that the 

process of finding the antiderivative of a power function involved performing the steps of the 

power rule backwards. Eventually, this led students to conjecture as to what the integral power 

rule might look like, and then they verified the guess by taking the derivative to check if they 

could return to the original power function. Later, after learning about the sum and difference 

rules for integration, students generalized their findings to discover that the method they devised 

to integrate monomials could be extended to the case of polynomials.  

When students worked on finding the antiderivative of ρȾὼ, Mr. C pointed out that the 

most common way to miss this answer is to rewrite the function as ὼ  and then apply the 

integral power rule. To help students understand why this rule did not apply for all integer 

exponents, Mr. C asked students to consider the implications of the claim that there is no 

exception to the rule. In particular, students were encouraged to apply the rule to the specific 

case when ὲ ρ to see if they could spot any issues that arose. As a result, in taking ὼ  and 

adding 1 to its power and then dividing it by the new exponent, students arrived at ὼȾπ. 

Noticing that a zero ended up in the denominator, which cannot happen, students realized that 

an exception indeed existed for the rule and explained why ὲ ρ was an exception. 

Furthermore, knowing that ÌÎὼ ρȾὼ, students deduced that the antiderivative of ρȾὼ must 

be ÌÎ ὼ whenever ὼ π. Since ÌÎὼ , a contradiction would have resulted if one were to 

extend the rule to include the case when ὲ ρ. 
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Moves to Facilitate Practices Lesson 4 

 For Riemann sums, Mr. C employed nine moves associated with making ideas public, 

eleven moves related to eliciting student ideas, and four moves for encouraging student 

explanations. Since Mr. C relied mostly on moves having to do with eliciting student ideas, 

moments during which he made deliberate actions in this category were considered. 

 In using rectangles to approximate the shaded area under the parabola ώ ὼ φὼ on 

[0, 6], Mr. C asked students to consider different strategies to accomplish the task. In particular, 

he suggested making the width of each rectangle one unit and then asked them how many 

rectangles there were in total. Mr. C then asked students a series of questions to suggest 

multiple potential approaches in constructing rectangles to ultimately estimate the shaded area. 

For example, how should they decide the height of each rectangle? Should they construct each 

rectangle in a way so that it was partially above the parabola and partially below? Or should 

they sketch the rectangles to make sure they are all taller than the parabola? As the questions 

suggested, there were numerous ways to estimate the shaded area under the parabola curve, 

which helped students see how arbitrarily the Riemann sums were defined, and whether they 

were left, right, or midpoint Riemann sums. Despite the apparent ambiguity in how Riemann 

sums could be calculated, students were led to interpret the uses for knowing multiple 

approaches to Riemann sums approximation, as one method was more accurate than another 

depending on the curve given. Furthermore, students explained not only why inaccuracies could 

arise from a visual standpoint as rectangles can partially extend outside of the shaded region 

but also how rectangles could be altered to increase the accuracy of estimation. 

 After going through the steps of finding both the left and right Riemann sums to estimate 

the area bounded by the curve ώ ὼ φὼ on [0, 6], a student noticed that both calculations 

led to the same answer. When asked whether this was a coincidence, Mr. C responded by 

asking the student to clarify and expound on her view. He inquired as to which one of the 

following two questions (or both perhaps) she meant: (a) will the two approximation methods 
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always equal regardless of the circumstances, and (b) were they equivalent this time because of 

the symmetry of the parabola? This inquiry propelled the class to look for a viable explanation 

as to why the two Riemann sums might be equal in this particular scenario and whether this 

could happen in other similar situations. In particular, what if they had considered the same 

problem but on a smaller subinterval on which the curve was no longer symmetrical? Therefore, 

students were led to explain whether the symmetry of the curve given was at all relevant.  

 In wrapping up the lesson, Mr. C pointed out that regardless of what type of Riemann 

sum students decided to adopt (i.e., left, right, or midpoint), inaccuracies would inevitably arise 

which visually meant fragments of areas either not counted or overcounted. Immediately after 

making the comment, Mr. C asked the class if anyone had ideas for making the bits smaller to 

obtain a more accurate area estimation. In this context, Mr. Côs move to have students consider 

different strategies or approaches ushered students to further engage in estimation as they 

considered using other polygons such as triangles or trapezoids. Students also suggested 

constructing thinner rectangles by decreasing the width of each rectangle from one unit to one-

half. This observation was key, as students then concluded that making rectangles with a width 

of one was arbitrary to begin with. Hence, there was no reason why they could not make the 

width even smaller than a half, as doing so improved the estimate. Ultimately, students 

eventually generalized this approach to using rectangles to consider ones with infinitesimal 

width to then discover that if limit was to be applied to the width of the rectangles (i.e., making 

width approach zero), the estimation, in theory, would yield the actual area under a curve. 

Moves Made by Mr. D throughout His AP Calculus BC Class 

Moves to Facilitate Practices Lesson 1 

 For improper integrals, Mr. D employed five moves associated with making ideas public, 

seventeen moves related to eliciting student ideas, and ten moves for encouraging student 

explanations. Since Mr. D relied mostly on moves having to do with eliciting student ideas, 

moments during which he made deliberate actions in this category were considered. 
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 At the beginning of the lesson, Mr. D posed the question of whether a definite integral 

always yielded something finite as this had been the case in all the examples from previous 

lessons. To help them think, Mr. D presented a specific problem (i.e., ᷿ ÔÁÎὼὨὼ
Ⱦ

) and asked 

students to use different methods or approaches to generate an idea for what it might equal, 

which involved the use of multiple representations. As a result, students not only performed 

symbolic steps to evaluate the integral but also visualized what went on in each calculation. 

They observed that the tangent curve rapidly approached infinity as ὼ neared “Ⱦς, which 

suggested that the area under the curve might also increase without bound to infinity. Therefore, 

rather only solving the integration algebraically, students also visualized the problem, and in fact 

even explained other scenarios in which the area under the curve could have been infinite or 

undefined. This led students to conjecture that whether a function had point(s) of discontinuities 

mattered, especially if at those points there were vertical asymptote(s). 

Later, when students were given a different yet similar integral ᷿
Ѝ
Ὠὼ to evaluate, they 

were reminded to check first if the integrand was continuous in order to determine whether the 

integral was improper before proceeding with solving it. In addition, Mr. D also took the 

opportunity to point out its resemblance to other topics that he covered in the past. Specifically, 

students were helped to recall their learning of the intermediate value theorem and how they 

needed to first check whether the assumption of continuity was met before applying the theorem 

to a problem. In making the comparison, students recognized the importance of being careful to 

avoid any incorrect assumptions, as determining whether a definite integral is improper can 

drastically alter how to approach the problem. In this way, the move encouraged students to 

interpret the nature of the problem first before solving it so that cautious steps could be taken to 

avoid mistakes or misleading conclusions. In addition, students were also prompted to explain 

why a region that looked unbounded could possibly have finite area as in a case like ᷿
Ѝ
Ὠὼ. 
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 In having students explore improper integrals for oscillating functions, Mr. D presented 

the following integral problem for them to compute: ᷿ ÓÉÎὼὨὼ. In the act of doing so, Mr. D 

posed a series of guiding questions to direct student thinking, starting off with evaluating the 

integral of the sine function in the integrand from zero to multiples of “. As a result, students 

detected a pattern as they generalized what ᷿ ÓÉÎὼὨὼ equaled depending on the parity of Ὧ. 

Students were also asked to describe whether the integral ᷿ÓÉÎὼὨὼ was bounded to help 

them understand the behavior of the original integral as ὦ tended to infinity. Given the oscillating 

behavior of ᷿ ÓÉÎὼὨὼ, students conjectured that the improper integral ᷿ ÓÉÎὼὨὼ must 

diverge even though ᷿ÓÉÎὼὨὼ appeared to be bounded. By the end, in reflecting over what 

was learned of improper integrals as a whole, students concluded that besides the possibilities 

of converging or diverging, some improper integrals could be undefined, as the limit of the area 

under the curve might not exist (i.e., approach a unique, finite value) despite being bounded. 

Moves to Facilitate Practices Lesson 2 

 For sequences and series, Mr. D employed eight moves associated with making ideas 

public, twelve moves related to eliciting student ideas, and five moves for encouraging student 

explanations. Since Mr. D relied mostly on moves having to do with eliciting student ideas, 

moments during which he made deliberate actions in this category were considered. 

 While asking students to determine what the sequence ὥ  converged to, Mr. 

D pointed out that there were multiple ways to think about the problem. On the one hand, 

students approached it conceptually using horizontal asymptotes as they considered the 

weights of each individual term to identify ones that dictated the growth of the sequence as ὲ 

increased. In the process, students described the end behavior of the sequence by determining 

the horizontal asymptote by specifically noticing that σὲ was a negligible term compared to ρφὲ 

for large values of ὲ, and therefore the horizontal asymptote was simply ώ ς as the limit of 
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ÌÉÍ
ᴼ

ς. On the other hand, students intuitively considered how the expression in the 

numerator compared to that in the denominator under the radical and asked themselves what 

happens if the degree of the polynomial on the top coincides with that on the bottom in a rational 

function. In this particular case, since both functions ρφὲ σὲ and ςὲ are quadratics, the limit 

of the rational function of one over the other would equate to the ratio of their leading 

coefficients, or ρφȾς. Still others algebraically divided the top and bottom of the rational function 

under the radical by ὲ and then evaluated the sequence after rewriting it as ὥ
Ⱦ
. 

As part of an introduction to series, Mr. D asked students if they recalled any previous 

lesson that addressed convergence of infinite sums. That is, rather than telling students the 

possibility for infinite series to converge, Mr. D elicited student responses by asking them to 

think of any examples of series studied from before that do approach finite values under certain 

conditions. When students uttered words or phrases such as ñgeometricò or ñthe ὶ thing,ò Mr. D 

sought elaboration by asking them what makes a sum geometric or how a geometric series is 

defined. In addition, Mr. D also asked students to clarify what they meant by ñthe ὶ thingò and 

what ὶ needed to be. To encourage students to provide reasoning to support their answer, Mr. D 

further asked why ὶ needed to be a fraction and what would happen if it was not. Ultimately, Mr. 

D wanted students to realize that for an infinite series to converge, the terms of its sequence 

must approach zero, which could only happen if ρ ὶ ρ. In this way, Mr. Dôs move in 

recalling the convergence of geometric series facilitated student activity in explaining as 

students recalled why it was possible, such as in the example В . 

 Besides reminding students of the geometric series test, Mr. D touched on another test 

of convergence for infinite series, one that involved finding partial sums as in the example 

В . After calculating its first couple of partial sums to generate a sequence (i.e., 

ȟȟȟ), students then realized that it was possible to generalize to even the ὲth term by 
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noticing the pattern that arose between subsequent terms. In response, Mr. D asked students to 

consider the implications of the work produced from the problem thus far. In particular, in 

noticing that the ὲth term of the sequence of partial sums Ὓ ὲȾὲ ρ, students quickly 

arrived at the conclusion that the sequence approached a finite value and explained the 

implication of this phenomenon. Students also explained why writing out the sequence of partial 

sums of a series could be considered as a step to move in the right direction. Besides 

explaining, Mr. Dôs move helped students see the connection between a series and its 

sequence of partial sums. Furthermore, students realized that calculating partial sums can be 

productive especially when they are easy to compute and simple to generalize.  

Moves to Facilitate Practices Lesson 3 

 In tests for convergence part I, Mr. D employed nine moves associated with making 

ideas public, five moves related to eliciting student ideas, and three moves for encouraging 

student explanations. Since Mr. D relied mostly on moves having to do with making ideas public, 

moments during which he made deliberate actions in this category were considered. 

 At the beginning of class, Mr. D wrote out the statement that if a series converges, then 

its terms must approach zero. Soon after, he had students share their thoughts on whether this 

meant that every series whose terms approached zero was necessarily convergent. This move 

was significant as students up until then had only considered conditions under which a series is 

known to converge. Assuming from the start that a given series converges and then concluding 

something regarding its terms was an unfamiliar approach to the students and stood at a stark 

contrast to the other tests for series they knew. While Mr. Dôs move led students to explain the 

difference between the two statements, it also shed light on a common mistakeðassuming that 

the converse is true whenever its conditional is true. In order to realize the non-equivalence of 

the two statements, students recalled series they previously worked with that could illustrate the 

difference. Eventually, some connected back to the famous harmonic series, as В  diverges 
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even though its terms approach zero as Ὧ increases. In the end, students reconciled with the 

statement by interpreting it as a test for divergence, expressing it as its contrapositive, which Mr. 

D later named the ñὲth term test for divergence.ò 

While familiarizing students with the ὲth term test for divergence, Mr. D asked the class 

to apply it in the context of the alternating series В ρ  to show that it diverges. When a 

student responded that the series diverges because ñit has two different limits,ò Mr. D echoed 

the studentôs thought so that the class would begin a discussion regarding how one might 

interpret the meaning of such a response. After giving it some consideration, some students 

explained that by ñit,ò the student could refer to the sequence of its partial sums as it indeed 

approached two different values (i.e., -1 and 0). Therefore, since the sequence of partial sums 

diverged, the series must also diverge. On the other hand, others explained that the student 

could also to refer to the sequence of its terms {ρ } as ñit.ò After all, the famous sequence is 

known to alternate between -1 and 1 and therefore does not approach zero in its limit; hence, by 

the ὲth term test for divergence, the series diverges. In this way, Mr. Dôs move facilitated student 

activity by not only verifying the divergence of the alternating series but also interpreting the 

argument of their peers, which led students to realize the importance of being clear in 

communication to avoid ambiguity.  

 As part of an exercise to justify the convergence of the series В  using the 

integral test, students needed to verify three conditions, one of which was to check for whether 

the function ὪὯ  was non-increasing over the interval ρȟЊ. When a student suggested 

taking its derivative to find out, Mr. D responded by expressing his liking of the suggestion, 

rather than pointing out a much easier wayðcomparing ὪὯ ρ with ὪὯ. Such a move not 

only encouraged students to trust their intuition and be bold in embracing their own ideas but 

also led students to engage in multiple mathematical practices including the obvious one of 

evaluating the derivative of the function to verify that it is non-increasing. Rather than telling 
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students exactly what to do, Mr. D encouraged students to adopt methods they were 

comfortable with. In obtaining the derivative, students were also afforded the opportunity to 

interpret their work as they had to explain why the integral test was applicable. 

Moves to Facilitate Practices Lesson 4 

 In tests for convergence part II, Mr. D employed ten moves associated with making ideas 

public, eight moves related to eliciting student ideas, and eleven moves for encouraging student 

explanations. Since Mr. D relied mostly on moves having to do with encouraging student 

explanations, moments during which he made actions in this category were considered. 

 After introducing the limit comparison test, Mr. D asked students to apply it to determine 

whether the series В  converged or diverged. In later going over the problem, Mr. D 

deliberately reminded students that they were actually assigned the same exercise previously, 

when the direct comparison test was covered. In doing so, Mr. D was asking students to 

consider the possibility that more than one test could be applied to justify the convergence or 

divergence of a series. Yet, Mr. Dôs move reminded students that their use of the direct 

comparison test yielded an inconclusive result, as  but В  diverges. This outcome 

motivated studentsô desire to learn the limit comparison test as they realized its potential to offer 

something more, despite its similar phrasing to the direct comparison test. Therefore, students 

interpreted the subtle difference between the two tests, and they realized that even though the 

tests were similar in that both involved a comparison of two series, the limit comparison test 

appeared to be more applicable to a wider range of applications. (By the limit comparison test, 

since the limit of the ratio of the two terms equals a finite value, the divergence of one series 

implied that of the other regardless of which series was bigger.) 

 To familiarize students with the concept of absolute convergence, Mr. D asked students 

to explain why the infinite sum ρ Ễ converges and, along the way, to 

consider how knowing this might be useful. In response, when some took the absolute value of 
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each term and expressed the sum of the terms as a series, they were pleasantly surprised to 

discover that it was just В  , which was known to converge as it is a famous ὴ-series with 

ὴ>1. Noticing this, students then suspected and conjectured that perhaps, in general, a series 

being absolute convergent always implies that the series itself is convergent. In addition, Mr. Dôs 

move in asking students to ponder the question of why it might be worthwhile to learn about 

absolute convergence also led to student activity in justification. That is, students backed up 

their claims by justifying that this relationship seemed to be due to the fact that for any series 

that converges, it is always less than or equal to В ȿὥȿ. So by the direct comparison test, the 

convergence of the bigger series always implied that of the smaller one. In the process of 

exploring the concept, students also realized the constraints of absolute convergence as they 

justified why the divergence of В ȿὥȿ does not, in general, yield anything fruitful. For 

instance, the alternating harmonic series converges even though it is not absolutely convergent. 

Potential Practices Emerging from Prevalent Moves 

 To foster practices for mathematical reasoning, more teacher consideration appeared to 

be placed on having students share ideas in class as well as eliciting student thinking. In 

particular, the majority of Mr. Aôs and Mr. Côs moves throughout the lessons were associated 

with publicly sharing studentsô ideas by introducing them during class discussions. 

 In Mr. Aôs case, revoicing a student idea was at times to inform the class of a student 

idea that deserved attention, which was manifested sometimes by expressing his liking of what 

a student said. Even though student ideas were not always practical considering the constraints 

of a problem, the move encouraged students to think creatively, especially in figuring out the 

ideal situation so that they could identify what they needed. In other words, by embracing 

studentsô ideas, Mr. A trained them to think more about how information is connected so that 

they do not follow a procedure without consciously thinking about how one step leads to the 

next. In particular, even though it was impractical for students to find the velocity function when 
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given only its graph, Mr. A expressed his liking of the suggestion. His doing so helped students 

to realize how finding the function could help them calculate the distance traveled. 

 Mr. C also revoiced student input to inform the class of ideas that deserved attention. He 

did this by summarizing student knowledge gained from completing a problem to focus on a 

holistic view in terms of broader implications. Mr. C did not want students to focus too much on 

the details of the procedures presented but to recognize and understand the larger aim. This 

was seen when Mr. C had students estimate the revenue of a company in June using its 

revenue and marginal revenue in March. Rather than treating the problem as a simple exercise 

to apply the linear approximation formula, Mr. C wanted students to recognize that linear 

approximation is a tool that can be used to predict the future value of a function given values of 

the function and its derivative(s) at a moment in time. 

 At other times when Mr. C revoiced what students said, it was to inform the class of 

knowledge that he felt deserved attention even if it was information that students were not 

required to know. Rather, Mr. C regarded such scenarios as opportunities for students to 

engage in sense-making as they made connections to what they knew outside calculus. For 

example, when a student wondered whether it was merely a coincidence that problems 

involving simple harmonic motion always involved sine or cosine functions, Mr. C relayed this 

thought to the class even though he knew it would not be on any exam. In discussing why 

trigonometric functions are always used to model simple harmonic motion, students engaged in 

sense-making as they connected the task to the laws of physics that govern the speeding up of 

a pendulum as it approaches its at-rest position. 

 For both Mr. A and Mr. C, revoicing student ideas and publicizing them to the entire class 

provided a space for students to respond, accept or decline, and refine each otherôs ideas. In 

other words, revoicing encouraged collaboration as students considered and built on the ideas 

of one another. To do this, Mr. A asked students to discuss their thoughts and sort out 

disagreements in groups, which led students to formulate justifications to defend their claims. 
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For example, when the class could not reach an agreement in determining the point on a 

velocity curve at which the particle moved furthest to the right, Mr. A asked students to address 

their disagreements in groups. This prompted students to provide explanations to back up their 

claims, as some initially argued that the answer was 1.32 seconds because velocity turned 

negative past this point. While some accepted this explanation, others remarked that the particle 

moved further to the right from 1.32 to 3.3 seconds as the net area bounded by the curve was 

positive overall, which meant that it positively contributed to displacement. 

 Similarly, Mr. C also asked the class if they agreed or disagreed with something their 

peers said in order to reiterate student ideas and foster a space where students could respond 

to or build on each otherôs ideas. However, with Mr. C, such moves led to a number of different 

student practices, which included verifying, connecting, and even generalizing. As an example, 

when students used linear approximation to estimate ЍτȢπψ, some suspected that the task was 

somehow connected to finding the point on the tangent line to the square root curve at ὼ τȢπψ. 

Rather than acknowledging this fact, Mr. C asked the class if anyone wanted to add to or modify 

the proposition. Even in verifying this fact, students suggested treating the two methods as 

completely separate approaches to see if the answers coincided. When students confirmed this 

was the case, they were then encouraged to make a generalization regarding the equivalence in 

concept of linear approximation and tangent line to a curve. To further verify, students sketched 

their graphs and compared them visually to see if they overlapped as well as performed 

algebraic manipulations to show the equivalence of both equations. 

 While Mr. A and Mr. C seemed to share a similar stance in their employment of moves 

related to making student ideas public, a great deal of Mr. Côs moves also had to do with 

eliciting studentsô ideas to advance student thinking. In fact, a majority of moves made by both 

Mr. C and Mr. D were associated with helping students develop their thoughts and strategies. 

 Based on the identified moves that elicited student ideas, Mr. C seemed to advocate for 

the minimizing of the instructorôs role in the process of teaching and learning; he acted less as a 
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lecturer and more as a facilitator to help students establish ideas in ways that spoke to them. 

Mr. C asked students to come up with different strategies to accomplish a task, so that they 

could actively think and not just follow prescribed procedures. For example, rather than telling 

students exactly what to do to estimate the area under a parabola, Mr. C asked a series of 

suggestive questions to encourage students to think creatively about solving the problem. When 

students suggested using rectangles, Mr. C asked them to expound on their idea by asking how 

they could construct rectangles: how should the width and height of each rectangle be 

determined? and should rectangles be drawn to be partially above and below the curve, or 

should they always be taller? Because Mr. C allowed students to develop methods for 

approximation, students could realize the arbitrariness in how Riemann sums are defined. In 

addition, students could also intuitively understand the inaccurateness of Riemann sums from a 

visual perspective despite their potential to generate fair estimates for the area under a curve. 

 To elicit student ideas, Mr. D also tried to minimize the teacherôs role as the sole 

distributor of knowledge. However, Mr. D preferred to do so in more structured ways by posing a 

series of specific guiding questions to prompt particular ways of thinking from students. 

However, Mr. D did not tell his students what to think and, rather, asked that they draw their own 

conclusions. For example, in having students explore improper integrals of oscillating functions, 

Mr. D had students evaluate ᷿ ÓÉÎὼὨὼ. Students were instructed to first evaluate the definite 

integral of the same function from zero to the first multiples of “ and then eventually generalize 

their findings in order to evaluate ᷿ ÓÉÎὼὨὼ. Following this task, students were tasked with 

describing the boundedness characteristic of the integral ᷿ÓÉÎὼὨὼ so that they would further 

explore the topic of integrating functions which oscillate. This was done with the eventual goal of 

helping students realize the possibility of definite integrals diverging even though they are 

bounded. Furthermore, Mr. D wanted students to realize that an improper integral such as 

᷿ ÓÉÎὼὨὼ can diverge because its limit may not exist. 
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 To elicit student ideas, Mr. C also asked focused questions that corresponded to specific 

things students said in order to direct their attention to particular aspects of their explanations. 

Such a move seemed effective in aiding students to not only recall what they learned in the past 

but also to help them formulate arguments. Often, the move elicited rebuttals or warrants from 

students. For example, when students were asked to determine the antiderivative of ρȾὼ, some 

students noticed that ρȾὼ could be rewritten in the form of ὥὼ, which seemed to suggest that 

the integral power rule was applicable. Going along with this suggestion, Mr. C asked students 

to consider the implications of this claim: what would happen if they applied the rule to ὼ ? 

When they produced ñὼȾπ,ò students realized the issue and explained the error in the 

approach. This experience led students to consider what function had a derivative which was 

equal to ρȾὼ. After recalling that it was natural logarithm, students saw that because ÌÎὼ

ὼȾπ, the integral power rule did not apply, as a contradiction would occur. 

 Mr. D also asked focused questions based on what students said or wrote with the 

intention of guiding them to think about particular aspects of their work. In doing so, however, 

Mr. D neither tried to activate studentsô prior knowledge nor elicit additional warrants from 

students to justify their claims. Rather, his aim was to invite students to provide more thorough 

responses so they could consider broader implications from specific results obtained. For 

example, when students listed the first couple of partial sums of В  to form a sequence, 

they detected a general pattern which helped them come up with an expression for the ὲth term 

of the sequence. When Mr. D saw students doing this, he asked them what all of their work 

seemed to implicate or what conclusions they could draw. In the process, students interpreted 

their work while also making a connection between a series and its sequence of partial sums, 

which illuminated the significance of partial sums. 

Intents and Factors that Contributed to Mr. Aôs Moves 

Selected Moments in Lesson 1 
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 At the start of the lesson on integration by substitution, students reviewed how to use the 

chain rule to find derivatives of functions. When a student claimed that ñὅò was needed at the 

end of each derivative answer, Mr. A reiterated the comment without pointing out the mistake. At 

first, it seemed that Mr. A did this to direct attention to a common mistake that needed to be 

addressed. However, what Mr. A reported as the intent in the follow-up interview suggested 

otherwise, as he was actually trying to prevent students from performing procedures merely 

because they appeared familiar. That is, Mr. A was trying to raise student awareness of why 

each step was taken. As it turned out, Mr. A often repeated what students said despite some of 

them being incorrect. In such situations, Mr. A believed it was important to maintain a neutral 

face to encourage students to reason and not observe his facial expression for hints. In other 

words, Mr. Aôs move was to identify whether students were just trying adopt procedures with 

limited understanding based on exposure to familiar topics in the past. 

 When students were instructed to rewrite the derivative equation ÌÎÃÏÓὼ ÔÁÎὼ 

as an integral statement, Mr. A pointed out that there was a more methodical way to find the 

antiderivative of the tangent function. Nevertheless, Mr. A emphasized the value of working 

backwards and verifying to make informed guesses in eventually figuring out the correct 

antiderivative. Indeed, Mr. Aôs move of asking students to consider different strategies or 

approaches to solve a problem was to motivate the learning of the ό-substitution algorithm, as 

guessing may seem more roundabout. However, this wasnôt the sole aim behind his move; Mr. A 

also wanted students to realize a connection between two seemingly unrelated processes (i.e., 

the chain rule and ό-substitution). In addition, Mr. A wanted students to see that ñsometimes itôs 

possible to eyeball what the answer isò and understand that they didnôt always need to carry out 

the formal algorithm of ό-substitution, which could feel tedious. By referencing different 

methods, Mr. A wanted students to know more than when an algorithm is applicable or how to 

implement an algorithm correctly. He hoped to help his students see the usefulness of guessing 
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and checking, especially for integration problems that are obvious enough for students to not 

have to perform the laborious process of ό-substitution. 

 As students worked on exercises to familiarize themselves with ό-substitution, one 

wondered why her integral did not appear any easier to solve even after she replaced all the 

ὼᴂί and Ὠὼôs with όᴂί and Ὠόôs. In response, Mr. A instructed the student to elaborate on her 

thinking by describing her thought process including how she picked an expression involving ὼ 

for ό. Initially, Mr. Aôs attempt in eliciting the studentôs ideas seemed like it was intended to 

encourage the student to persist and develop her thinking, as she was on the right track and just 

needed a slight boost in confidence. However, as Mr. A later reported, his intention was more to 

assess the studentôs level of understanding and provide an opportunity for students to 

communicate their ideas. In this way, Mr. A promoted student autonomy to develop studentsô 

independence in thinking and doing mathematics by instilling confidence in them. 

Selected Moments in Lesson 2 

 When students learned they could estimate the area under a velocity curve to obtain an 

approximation of distance traveled, they realized that this was an alternative to finding the 

antiderivative of some velocity curve in a problem where the function was not given. To then 

estimate the area, Mr. A asked students to ñput their brains together in their groupsò to devise a 

good strategy and also required them to explain their thinking along the way. Even though Mr. A 

agreed that he made this move partially to promote a community of mathematical discourse 

through the exchanging of ideas, he also cited other reasons behind the move. On the one 

hand, Mr. A sought to develop studentsô communication skills by placing them in a low-stakes 

environment in which they could be comfortable in sharing their thoughts. On the other hand, 

Mr. A wanted to hear a variety of ideas especially from students who were typically less vocal as 

he circulated from one group to the next. As Mr. A reported, students may think their ideas are 

silly, but it is possible for them to share key insights that can really benefit others in collectively 

promoting a deeper understanding of the material. 
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 When students were instructed to represent the position of a particle at time ὸ (i.e., ὴὸ) 

as an integral involving velocity ὺὸ, they recalled the need to add a constant as part of finding 

the antiderivative given some initial condition. Indeed, Mr. Aôs intention in drawing studentsô 

attention to this fact was partly to activate their prior knowledge so that students could identify a 

connection between integrating a function and finding its antiderivative. According to the reports, 

Mr. A was trying to promote sense-making because students needed to learn the reason for why 

a constant term needed to be included in the representation of ὴὸ in terms of ὺὸ. 

Furthermore, Mr. A wanted to have a discussion about why the constant is not arbitrary but, 

rather, has a specific value that can be computed, as the fundamental theorem of calculus 

implies that ᷿ὺὼὨὼ ὴὸ ὴπ. By engaging students in this aspect of integration in the 

specific context of velocity and displacement, Mr. A helped students realize the significance in 

adding a constant in terms of the conceptual underpinning. Students were able to conclude that 

since the integral of a velocity function yields the change in position over a period of time, it is 

logical to then claim that final position depends on initial position. 

Selected Moments in Lesson 3 

 Prior to introducing the formula for area between two curves, Mr. A elicited student ideas 

while reminding them what was at play in the process of integrating a function on an interval. 

Specifically, he noted that one can determine through integration the area ñunderò a curve, 

which he further specified as the region bounded by the curve and the ὼ-axis. At first, it seemed 

Mr. A was just trying to get students to think in a particular way, since being more explicit in 

describing the integral of a function provided a hint for discovering the formula. In this way, 

students could also see the lesson as a mere continuation of materials and topics they had 

already learned from before. However, as Mr. A later reported in the interview, his intention was 

actually two-fold. On the one hand, Mr. A wanted to convey the thought that finding the area 

between curves was not a brand new concept. In fact, students already worked with areas of 
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regions between two curves under the specific case that one of the curves was the line ώ π. 

Since this was a topic that students could potentially discover on their own, Mr. A encouraged 

them to reflect on their existing knowledge to lighten their cognitive load. On the other hand, Mr. 

A also intended to help students think more productively as well as clarify an idea that was 

already familiar to them to address a potential misconception that they mistakenly make when 

considering intervals on which a curve lies below the ὼ-axis. 

 After students arrived at the formula ᷿ȿὪὼ ὫὼȿὨὼ which represents the area of a 

region bounded by two curves, Mr. A asked the class why such an expression looked 

convincing. Indeed, part of Mr. Aôs intent behind the move was to promote sense-making as he 

wanted students to not just know the formula but also understand it intuitively. Prior to this 

lesson, students understood that the expression ᷿Ὢὼ Ὠὼ could be used to characterize the 

area under a curve on the interval ὥȟὦ, since it could be conceptualized as a sum of lengths of 

segments corresponding to the distance between the curve Ὢὼ and the ὼ-axis. In a similar 

fashion, Mr. A wanted students to apply an analogous kind of thinking to conceptualize the area 

between two curves by adding up distances between the two curves and then sum them up 

across all possible values of ὼ spanning the given interval. In this way, Mr. A didnôt want 

students to regard ᷿ȿὪὼ ὫὼȿὨὼ as simply an abstract formula to do calculations with. 

Rather, he wanted them to know that they could apply this kind of thinking to understand how to 

calculate volumes in 3D space using areas of regions (i.e., cross-sections) in a lower dimension. 

Selected Moments in Lesson 4 

 At the beginning of the lesson, Mr. A showed several short animations of solids formed 

from rotations of regions about the ὼ-axis. From these examples, some students noticed that the 

cross sections of each figure always turned out to be discs, which they were familiar with and 

could calculate the areas of. In response, Mr. A commented that this then implied their current 

lesson on finding volumes of revolutions was ñalmost like a nothing topicò because students had 
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done many practice problems involving the computation of volumes of solids by way of 

summing up areas of their cross sections. Because of this, Mr. A added that students might 

even have some ideas for how to calculate volumes of revolutions. At first, Mr. A appeared to 

discuss implications behind what students said in order to get them to think more flexibly. 

However, Mr. A attributed the intent of this move to his educational philosophy concerning how 

he believed students should learn math. Specifically, Mr. A claimed that theorems should not be 

presented merely as statements to be remembered for applications. In addition, how 

assumptions for a theorem can logically lead to a conclusion needs to be discussed with 

students in detail to foster deeper understanding. In particular, this means demystifying the 

meanings behind abstract symbols and variables so that students can comprehend the 

underlying ideas and how they can be informed by their prior knowledge. In dealing with their 

tendency to jump straight to results and applications with little attention paid to the intermediate 

reasoning involved, Mr. A believes students need to adopt a mindset that questions anything 

they do not understand.     

When students saw a similar-looking cone formed by rotating a triangular region about 

the ὼ- and the ώ- axis, some suspected that the volume of the two figures were equal. In 

response, Mr. A not only restated, which invited the class to ponder the remark, but also 

elaborated on the thought as students considered whether this assumption held in general. At 

first, it seemed that Mr. A did this to encourage students to formulate conjectures, such as that 

the volume of revolution of a region does not depend on its axis of rotation despite the 

possibility of generating different-looking figures. However, according to what he later reported, 

Mr. A wanted to shed light on the fact that there are different integral formulas to find the volume 

of a solid of revolution for the same region. In doing this, students can then be led to make 

cautious considerations in the setting up of an integral expression, recognizing, for instance, 

that not every volume of revolution problem requires rewriting some equation to express ὼ in 

terms of ώ. Lastly, Mr. A commented that expecting students to conjecture did not seem realistic 
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in the sense of having students make an educated guess or prediction regarding the general 

behavior of volumes of revolution given their limited experience with such types of problems.  

Intents and Factors that Contributed to Mr. Côs Moves 

Selected Moments in Lesson 1 

  To help students estimate a companyôs revenue in June given values of its revenue and 

derivative in March, Mr. C assigned the simpler task of first approximating the revenue in April. 

While Mr. C agreed that the move was intended to provide ideas to make the original task less 

difficult, he claimed the larger motive was to remind students that there were multiple ways to 

think about the problem. One way was to assume that the derivative is constant per month, 

while another involved updating the rate of change from month to month as informed by the 

value of the second derivative in March. However, because of the potential for multiple methods 

and even answers, there was some level of ambiguity in the task. That ambiguity obscured the 

objective of the lesson, as the method of linear approximation was presented as one amongst 

several approaches. Nevertheless, Mr. C commented that he appreciated the ambiguity in open-

ended problems such as this one, because they could shift studentsô attention away from the 

correctness of an answer to the reasoning or argument adopted to eventually reach an answer. 

On this note, Mr. C also alluded to his struggle in balancing a need to pose more open-ended 

discussions with fulfilling the requirements of a teacher in ensuring that students learn the 

necessary skills to do well on the AP exam. 

 As students pondered whether their linear approximation for the revenue in June 

underestimated the actual revenue in the month, Mr. C asked them to sketch the revenue curve 

locally while making use of all the known information. Given the context, it was perceived that 

Mr. C made the move in order to engage students in multiple representations. However, his 

move in asking students to graph the revenue function as well as solve the problem analytically 

was not simply for the sake of incorporating multiple representations. In fact, Mr. C claimed he 

did so in order to cast light on something that students may not have stopped to consider 
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beforehand. Specifically, although they were told that the sign of the second derivative was 

relevant, it was likely that at no point did they stop to think about why this was the case. It was 

not until they started to visualize the second derivative in terms of concavity that they then 

began to see the relationship. In this way, Mr. Côs action encouraged students to visualize the 

problem in order to foster sense-making. 

 When finding the linear approximation of Ѝὼ at ὼ τ, some students commented that 

this task seemed suspiciously similar to writing the equation of the tangent line to the curve at 

the point. Hearing this, Mr. C reiterated the thought to the class, which at first was perceived to 

reassure students that they could confidently do the problem, given its relation to something that 

they were already familiar with. However, while agreeing that this was part of the intention, Mr. C 

mentioned that reiterating could also help students make a connection between two seemingly 

different kinds of questions as they recognized the isomorphism between what appeared to be 

two types of problems at first. Mr. C remarked in the interview that he could have decided not to 

even introduce the terminology of linear approximation, which would have seemed reasonable 

considering studentsô comfort with the notion of a tangent line to a curve. However, Mr. C 

claimed that by introducing it, he could highlight a practical use for finding the tangent line to a 

curveðto approximate the future value of a function that might not be known or easily 

computable. Additionally, Mr. C noted that had students not made a connection between the two 

concepts, they would have been left with the impression that Ὢὼ Ὢὥ Ὢᴂὥ ὼ ὥ was 

just another formula they needed to know without realizing that they already knew it. 

Selected Moments in Lesson 2 

  In the last activity of the lesson, students shaded in a rectangle-like region below a 

velocity curve that did not significantly change over the course of an interval of time and 

explained why distance traveled in that period of time could be represented by the area of the 

region. Specifically, Mr. A asked students to expound on what the dimensions of the rectangle 

represented in the context. Initially, it seemed Mr. Côs intention was to establish a connection 
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between two approaches for finding distance traveled: (a) multiplying velocity by time passed, 

and (2) finding the area under the velocity curve that corresponds to the same interval of time. 

Indeed, Mr. C wanted students to recognize an alternate way for multiplying velocity by time, as 

the prior approach was impractical in the case that velocity is constant. Additionally, Mr. C 

wanted to promote sense-making and develop studentsô intuition to understand the conceptual 

underpinnings behind finding the area under a curve. According to Mr. C, studentsô intuition 

needed to be trained in order to achieve learning that was longer lasting. 

 When students were tasked with finding the area of an irregular region to calculate the 

total distance traveled by a car in 20 seconds, Mr. C suggested estimating the number of boxes 

inside the region. At first, it seemed Mr. Côs decision in walking students through a possible way 

to approach the problem was for the sake of making the task appear more manageable for 

students. However, as Mr. C later highlighted in the interview, his actual intention was to direct 

attention to a noteworthy idea for future consideration. Exposure to the idea of counting up 

boxes to estimate area naturally led to the formulation of Riemann sums, which in essence was 

a quicker way to count up all the boxes. In this way, students could realize the possibility of 

completing tasks that they did not initially think they were capable of figuring out (i.e., estimating 

the area of irregular regions for which no formula existed to their knowledge).  

Selected Moments in Lesson 3 

When students were asked to create functions whose derivative equals ὼ σ, most 

students unanimously said ώ ὼ σὼ ὅ, while one student suggested ώ . Hearing 

this, Mr. C reiterated both answers, even though he later admitted to being thrown off by the 

latter response due to its unconventional form with the constant of integration not expressed as 

a separate term. Initially, it seemed Mr. C was just trying to provide clarity to students out of a 

fear that a potential misunderstanding would form if left unaddressed. Even though both classes 

of functions were legitimate, rewriting  as ὼ σὼ   misleadingly suggested that the 
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answer might be correct given its lack of resemblance to the other answer ώ ὼ σὼ ὅ. As 

Mr. C later elaborated in his interview, however, he also repeated both responses because he 

regarded it as a teachable moment in which to address the importance of adopting standard, 

conventional practices to avoid misunderstanding. In Mr. Côs words, sometimes one does not 

solve a problem a certain way, not because it is wrong, but rather because doing so would 

promote inconsistencies that lead to debates over answers are in essence equivalent. In other 

words, sometimes adopting different conventional practices can lead students to talk past each 

other despite both arriving at the same conclusion. 

 When Mr. C introduced the notation ñὪ᷿ὼὨὼò to denote the antiderivative of a function, 

students noted that the elongated ñSò symbol written in front of the function seemed to go hand-

in-hand with the ñὨὼò written after the function. Mr. C, seeing that students had made this 

observation, echoed and restated the thought by saying that the two pieces were in fact part of 

the same symbolic representation used in the process of performing differentiation backwards. 

At first, it seemed the move was made to direct studentsô attention to a noteworthy thought for 

further consideration. Perhaps, for instance, Mr. C wanted students to ponder why such 

notations were adopted in the first place and expressed in such a peculiar way and why it was 

sensible for part of the symbols of integration to be written before a function and part after the 

function. Indeed, Mr. C thought it was important for students to know what the symbols stood 

for, with the elongated ñSò representing a sum of areas of rectangles with height Ὢὼ and the Ὠὼ 

representing width of the rectangles which are infinitesimally long. Furthermore, Mr. C aimed to 

address a common error for students to avoid, as emphasizing the fact that the ñSò and ñὨὼò go 

together served to caution students against dropping part of the symbol whenever the operation 

of integration was involved and had yet to be carried out. 

Selected Moments in Lesson 4 



 

 115 

 As Mr. C asked students to estimate the area under a parabola to the best of their ability, 

he also instructed them to discuss their thinking in groups. Based on the context, it seemed that 

Mr. C wanted students to exchange ideas via collaboration so that they could learn from one 

another. During the interview, Mr. C confirmed that his intention was indeed to facilitate studentsô 

forming of arguments to communicate their approaches and even to convince peers that their 

estimation was reasonable. Additionally, Mr. Côs alternative intention behind the move was for 

students to realize the possibility of different approximation methods in order to motivate the 

introducing of different Riemann sums. By acknowledging multiple ways to approximate the 

area under a curve, students could understand why different Riemann sums were designed and 

considered. In this way, they became more invested in learning about the topic, which helped to 

motivate the conceptualization of integrals as limits of Riemann sums. 

 While Mr. C provided the procedures for evaluating the left and right Riemann sums to 

estimate the area under a parabola, some students asked whether the two sums in general 

would always be equal. In response, Mr. C restated the question and elaborated on it by posing 

a series of questions that it implied: (a) are the left and right Riemann sums always equal, since 

they were in this example? (b) were they equal this time because of certain properties (e.g., 

symmetry) of the parabola? and (c) if they are not equal in general, does one Riemann sum 

always yield a better estimate than the other one? Initially, it seemed Mr. Côs purpose behind 

restating and interpreting the studentsô question was to foster their communication skills with 

regard to coherence. However, as Mr. C later reported, his actual intention was to engage 

students in deeper reflection by encouraging them to ask more questions in response to one 

anotherôs inputs, leading to extended mathematical discourse. Furthermore, as Mr. C explained, 

when students actively engage in the material by asking more questions, they evidently make 

more connections, and affirming those connections can create more buy-in from the students to 

encourage even more questions to motivate learning. 

Intents and Factors that Contributed to Mr. Dôs Moves 
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Selected Moments in Lesson 1 

 To introduce improper integrals, Mr. D sketched a generic curve with a vertical 

asymptote and pointed out that in some specific cases, students may unexpectedly find that the 

definite integral of the function is finite despite the unbounded region. In such cases, the 

integrals are considered to converge, a term that up until then was used only in conjunction with 

infinite geometric series. At first, it was perceived that Mr. D made the move to give students 

early exposure to the later topics of convergence tests for infinite series in order to familiarize 

students with the notion that infinite sums can approach finite values. While this was partly the 

intention, Mr. D cited other reasons for doing so, including the desire for wanting students to 

make a connection to what they learned previously so they could engage in sense-making. In 

particular, Mr. D wanted students to realize that improper integrals are closely related to infinite 

series, as calculating the area under a curve is equivalent to taking the limit of a sum of areas of 

Riemann rectangles which, in essence, are infinite series. 

 While identifying the region whose area corresponded to the value of the improper 

integral ᷿ÔÁÎὼὨὼ, students wondered whether they needed to account for the area of the 

region that was immediately to the right of the asymptote at ὼ “Ⱦς. When some claimed that 

they only needed to focus on the region to the left, Mr. D asked the students for elaboration to 

support their claim. Initially, Mr. D seemed fixated on providing clarity so that the class could 

share an understanding of the improper integral as a left-hand limit. When asked about this 

moment during the interview, Mr. D rather touched on the value of incorporating the first rule of 

improvisational comedy in teaching mathematics: the ñyes, andò approach. Mr. D believed that 

promoting the yes, and approach was important as it encouraged students to communicate and 

share ideas, so that they could learn to embrace rather than dismiss or criticize perspectives 

different from their own. In this way, Mr. D was not so concerned about the validity of student 

inputs as much as fostering student collaboration and exchange of ideas. Additionally, Mr. D 
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mentioned that he intended to gauge studentsô thinking and level of understanding, as students 

did not merely provide one-word answers but, instead, elaborate responses that led to 

meaningful discourse. 

Selected Moments in Lesson 2 

 As students considered how to show that the sequence ὥ  converges, Mr. D asked 

them to recall a past activity. Race to infinity, as he referred to it, was an activity in which 

students investigated how fast different classes of functions approached infinity relative to one 

another. At first, it seemed Mr. Dôs intention behind jogging studentsô memory of the activity was 

to establish a connection between convergence of rational sequences and how fast functions 

grew. However, in the interview, Mr. D said that he had other reasons as well. In bringing up the 

race to infinity activity, Mr. D wanted students to see that there was an intuitive explanation for 

why the sequence ὥ  converged in contrast to a more formal, rigorous justification 

involving LôHopitalôs rule. Rather than students having to find exactly what the rational sequence 

converged to, students could show that it converged simply by comparing how fast the top and 

bottom sequence functions approached infinity. Additionally, Mr. D argued that his move also 

promoted sense-making because the more intuitive explanation shed light on the conceptual 

underpinnings of the steps to LôHopitalôs rule. Given a rational sequence in the indeterminate 

form of ЊȾЊ, taking the derivative of the top and bottom sequence functions, as the rule 

suggests, is really asking students to compare their rate of change. 

 Later, when Mr. D asked students if they knew of any convergence tests for series, some 

answered ñgeometricò and ñthe ὶ thing,ò after which Mr. D elicited further responses by having 

students elaborate on what ὶ was and its relation to geometric series. Indeed, Mr. D wanted to 

lighten the cognitive load of students by helping them recognize that the geometric series test 

that Mr. D planned to cover was in fact something they already learned. However, Mr. D also 

had other aims in mind. When he asked students to elaborate, they could work on expressing 
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their thoughts with more clarity by attending to the precision of language and details. In the 

process, Mr. D also touched on the general principle of not quickly running with what a student 

says without asking for explanation. While answers may reveal studentsô level of understanding 

to some extent, Mr. D claimed that most of the time studentsô answers alone do not sufficiently 

reveal their level of learning. 

Selected Moments in Lesson 3 

In discussing the comparison test, Mr. D emphasized that like all other convergence 

tests for series, it is not designed to reveal what an infinite series converges to but whether it 

converges at all. At this point, some students contrasted the comparison test to the intermediate 

value theorem (IVT), which allowed them to determine the existence of a potential answer (i.e., 

a root of a function) without providing a way to determine what it is. In response, Mr. D 

expressed his liking of the idea while pointing out that sometimes solving a mathematical 

problem does not always require obtaining an answer, and showing that such an answer existed 

is enough. Initially, Mr. Dôs move in praising the students for making a connection between the 

comparison test and IVT was perceived to guide students to think in a particular way. Indeed, 

Mr. D confirmed this reason for his course of action specifically because his students had rarely 

worked with problems that did not require answers to be explicitly stated. However, Mr. D also 

remarked that with unsolved problems that exist in modern mathematical research, just showing 

that a solution exists without determining it is often considered making a significant step 

forward. Additionally, through the move, Mr. D intended to address a potential error in the 

application of the comparison test, which had to do with mistakenly thinking that a series 

В ὥ converges to Ὧ just because π ὥ ὦ and В ὦ Ὧ. 

Given В , Mr. D asked students to justify why the series diverged using the 

comparison test. Seeing that some were stuck, Mr. D asked the class to interpret what the 

question revealed regarding the series. On the one hand, Mr. Dôs move was to remind students 



 

 119 

that they did not need to determine whether it converged as the answer was already given in the 

phrasing of the question. On the other hand, in acknowledging the applicability of the 

comparison test, Mr. D wanted students to realize that they needed to find a smaller series that 

was known to diverge. Here, Mr. Dôs move to pose a series of more approachable questions to 

guide the completion of a task was perceived to make the task less difficult by means of 

scaffolding. While Mr. D concurred that this was partially his intention, he also touched on the 

need to foster student independence in thinking. While scaffolding allowed Mr. D to achieve the 

learning goals, Mr. D pointed out that students eventually need to arrive at a point where they 

can reason on their own regarding the convergence of a series to develop their critical thinking. 

Selected Moments in Lesson 4 

 In studying the limit comparison test, some students noticed that the limit expression 

ÌÉÍ
ᴼ

 does not include summation even though the test concluded something regarding a 

series. In response, Mr. D echoed and restated this thought by saying, ñExactly. Notice that 

thereôs no series here in the limit expression. Weôre not taking one sum and dividing it by the 

other sum, because if we were to know both sums, why would we do this test to begin with?ò At 

first, it appeared that Mr. D simply wanted to reinforce the concept that the conditions for the 

limit comparison test did not involve any series but, rather, sequences. During the interview, Mr. 

D admitted to having this intent, as he highlighted the need for students to realize the switching 

back and forth between analyzing sequences and series so that they worked with only the parts 

of a series that needed to be considered. Additionally, Mr. D also cited other intents behind his 

making of the move which included preparing students for the later topic of the alternating series 

test as well as addressing the common mistake of evaluating the limit of a ratio of two sums, 

one of which being the very series that they do not know much about to begin with. 

 When a student asked whether series that are not absolutely convergent can still be 

convergent, Mr. D rephrased the question as follows: ñIn other words, are you saying that if one 
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can show that a series is not absolutely convergent, that it automatically implies it is divergent?ò 

Indeed, Mr. Dôs intention behind the move to rephrase the student question was to provide 

clarity so that students could understand the relation and difference between convergence and 

absolute convergence. Specifically, students needed to understand that while a series that is 

absolutely convergent is necessarily convergent, the converse cannot be claimed. Since 

checking if a series is absolutely convergent does not always yield a conclusive result regarding 

whether a series converges or diverges, it would be helpful, as Mr. D explained, for students to 

learn multiple convergence tests. In this way, the students were fueled with more motivation to 

learn a variety of convergence tests as opposed to committing to only a select few of them. 
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Chapter V 

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS 

Summary  

 In contributing to ongoing efforts for education reform, the NCTM (2000) and the 

Common Core standards (2010) have recommended that teachers administer more tasks that 

involve mathematical reasoning with the view that it is fundamental to achieving proficiency in 

the subject. However, mathematics instructors, especially those who teach at the secondary 

level, generally have not shifted their teaching approaches to embrace the newfound role of 

reasoning when designing instruction (Hufferd-Ackles et al., 2004; Brodie, 2010).  

While this resistance can be explained in various ways, one notable factor is teachersô 

perception of how challenging this shift in instruction appears to be (Ellis, 2011; Blanton & 

Kaput, 2002; Jurow, 2004; Lannin, 2005; Hufferd-Ackles et al., 2004). Findings have indicated 

that some teachers misunderstood the impact which reasoning can have, thinking of it as a 

formality rather than as critical to shaping studentsô learning experiences (Stylianides, 2007; 

Goulding & Suggate, 2001; Morris, 2002; Goulding et al., 2002). Consequently, reasoning has 

continued to assume a peripheral status in school mathematics teaching (Knuth, 2002; Larsen & 

Zandieh, 2008; Stylianides & Ball, 2008). 

 As Ball et al. (2002) stated, in order for students to process theorems as opposed to 

memorize them as facts, teachers play a pivotal role in encouraging students to consider why 

they are true. Students need to be given opportunities to interpret patterns observed from 

examples which will, in turn, foster their skills of explanation and justification. Understanding 

theorems and being able to explain why they work is especially crucial in the learning of 

calculus due to the subjectôs added emphasis on devising arguments using formal definitions 

and abstract principles (Stroumbakis, 2010).  

In light of all this, there is a need to study calculus classrooms that promote reasoning 

and justifications as well as the role of teachers in fostering such a learning-inducing 
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environment. What are teachers doing to facilitate student reasoning in such classrooms and 

what intentions do they report that explain their rationale for taking such actions? To address 

these questions, the researcher identified not only mathematical practices that students 

engaged in but also teacher moves that facilitated student participation in these practices. A 

case study was conducted with three high school calculus teachers who had prior experience 

with teaching mathematics and with teaching calculus specifically. Furthermore, they were 

selected because they expressed an interest in reflecting on their existing ways of engaging 

students in mathematical reasoning; to that end, they consented to both class observations and 

interviews.  

 To identify the practices that students participated in, the researcher flagged instances 

during which students participated in various practices for reasoning. To do this, he collected 

transcripts of class observations as well as tasks that teachers administered to gather both 

written and verbal questions asked. The frequency of each practice was recorded according to 

lessons observed and was then organized in the form of a contingency table for each teacher. 

The table was then analyzed by detecting possible relations between the practices involved and 

the content of the topics covered. 

 To figure out what moves teachers generally relied on to promote reasoning, the 

researcher focused on moments that illustrated how moves either directly or eventually 

facilitated student involvement with the identified practices. Each moment was not only 

described in terms of the move that occurred but also categorized as one associated with a 

teacherôs efforts to either make a student idea public to the class, elicit further response, or 

encourage explanations. Following this, the researcher identified moves that belonged to the 

most prevalent category and focused on the practices that students ended up carrying out as a 

result of these moves.  

 Lastly, the researcher sought to find out the intentions behind the moves made while 

accounting for external factors (i.e., ones that went beyond the context of each episode) that 
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possibly influenced the instructorsô decisions to employ some of the moves. In the initial stage, 

intentions behind the moves were presumed based on the researcherôs perceptions from the 

perspective of an outside observer. In the course of each interview, however, teachers were 

asked to give self-reports of what their intentions were, based on their recollection of episodes 

during which they carried out the moves. Afterwards, the researcher revealed to the teachers 

his perceived intentions behind the moves in order to further engage teachers so that they could 

modify or update what they reported earlier. In the end, the researcher highlighted for analysis 

those episodes which contained discrepancies between intents that the researcher perceived 

and those that the teacher reported. 

Conclusions  

Research Question 1  

 The first research question aims to identify some mathematical practices that calculus 

students at the secondary level engage in to develop their reasoning ability. Teachers seem to 

favor tasks that promote student activity in both visualizing and interpreting. On the one hand, 

visualizing can help students achieve clarity concerning meanings of abstract concepts, 

relationships, and procedures, a finding which agrees with the NCTM (2014). In addition, 

visualizing can promote sense-making because students not only learn how to follow algorithms 

but also to understand the procedures. Having students visualize is significant as it can help 

them recognize isomorphisms between different problems or concepts that appear to be 

unrelated. Visualizing can even inspire students to devise strategies of their own and hence 

foster creative thinking while problem-solving.  

On the other hand, visualizing can allow students to engage in discourse as they 

interpret the works of one another. This finding confirms the NCTM (2014) statement which 

argued that diagrams and drawings leave traces of student work that can be displayed, 

critiqued, and discussed. As a result, students can be exposed to a number of different 
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strategies or ways of thinking that differ from their own, which provides students with 

opportunities to interpret the ideas of others and develop their own ideas via communication.  

 Besides having students visualize and interpret, facilitating student connections is also 

crucial to fostering reasoning. One way connections are formed is by relating new learning to 

prior knowledge. Establishing such connections can decrease studentsô cognitive load; they find 

themselves not having to learn so much new material because some of it is actually an 

extension of concepts or ideas they were already familiar with. Furthermore, connections to past 

learning can help students devise more intuitive methods for solving problems as alternatives to 

formal algorithms that are often presented in textbooks. This fact explains why teachers tend to 

introduce rules or procedures after students are given time to first consider how the new 

material might be relevant to what they already know.  

Another way that teachers can help students make connections is by means of 

incorporating multiple mathematical representations. It seems that teachers seldom expect 

students to flexibly use more than one representation of their own volition. Nevertheless, 

teachers do intentionally introduce various forms of representations, a fact which can be seen in 

how they design and pose tasks. Sometimes, teachers do this to address student errors or 

misconceptions as one form of representation (e.g., visuals) may not sufficiently lead to reliable 

findings or accurate conclusions. On the one hand, this finding agrees with the NCTMôs (2014) 

statement that studentsô understanding of mathematics improves through discussions of 

similarities among representations that reveal underlying structures or features of ideas that 

persist. In this way, establishing connections promotes more all-around understanding which 

helps to portray mathematics as a coherent subject rather than a collection of isolated facts. On 

the other hand, it contradicts the NCTMôs (2014) suggestion to teachers that they select or 

design tasks that allow students to decide which representations to use so they can best make 

sense of problems. 
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 The teachers from the study seemed to value opportunities to engage students in 

conjecturing as well. Having students make propositions that are likely to be true based on 

patterns they notice appeared to develop their critical thinking. Following an activity, students 

often made conjectures by devising generalizations based on takeaways from specific 

examples. Having students conjecture before introducing a formal concept or theorem caused 

students to think how something might work. Then, if the results did not turn out as expected, 

misunderstandings could be spotted early on in the learning process and addressed in a prompt 

manner. To help students discover their potential errors, iterative conjecturing could even be 

used with different types of examples or problems. Such repeated processes of conjecturing 

involved not only raising new conjectures but also refuting or dismissing old, existing ones. 

Findings from this study echo those of Harel et al. (2022) who stated that new student voices 

and ideas need to be heard in class discussions for iterative conjecturing to work effectively to 

foster studentsô collective reasoning (i.e., to hear from students who do not regularly 

participate). 

 Although calculus teachers are hesitant to engage students in deductive proofs, they do 

create ample opportunity for students to explain and justify their work. On the one hand, 

explanation affords students the chance to explore relationships between ideas or concepts that 

motivate the learning of future topics. On the other hand, justification is a key skill for calculus 

studentsô preparation for the AP exam, as free-response questions assess whether students 

can mathematically back up their answers with arguments that are logical and sound. In fact, 

because justification carries so much weight, student efforts in devising different justifications for 

the same problem are often recognized and celebrated, a phenomenon which is most apparent 

in the context of open-ended tasks that emphasize process over product. By having students 

explain and justify, teachers can allow students to internalize principles, be made aware of 

misunderstandings, gain more clarity concerning the material, and fill in gaps in knowledge. 

Research Question 2  
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The second research question aims to identify moves that teachers employ during 

instruction as well as describe how the moves can facilitate student engagement in the practices 

mentioned earlier. In general, many of the moves that teachers employ either have to do with 

making student ideas public or eliciting student ideas. 

One notable move related to making student ideas public is summarizing what students 

have previously learned that is relevant to the completion of a task at hand. When confronted 

with a problem, students can be signaled by a move which suggests they have the potential to 

figure out how to solve the problem with limited guidance from the teacher. In other words, the 

move helps students recognize their capability for solving a problem, especially when the 

teacher provides little explicit instruction. By summarizing what students already know, teachers 

can help students make long-lasting connections, and students will constantly check with their 

prior knowledge to make sense of new learning. In the process, students can be helped to see 

the broader scope or implications behind the connections that may correspond to real-world 

applications.  

Another move associated with making student ideas public that teachers seem to favor 

is revoicing or restating a student thought as it presents students with the opportunity to respond 

to their peersô comments. This move encourages students to engage in collaborative work as 

they consider how to build on or critique the ideas of one another. Students may disagree with a 

claim made by someone else and refine it, which can lead to generalization attempts based on 

the variety of ideas that are made public. As the action highlights ideas proposed by students 

that teachers think deserve further attention, it encourages students to ponder what their peers 

said despite the impracticality of some of these ideas. Therefore, the move can cause students 

to consider the strengths and weaknesses of different approaches, which can lead to the 

discovery of new processes for solving problems. To this end, these conclusions are consistent 

with those of Leher et al.ôs (2002), Jurowôs (2004), and Ellisôs (2011), as all of them concluded 
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that publicly sharing student contributions through revoicing or restating student input fosters 

studentsô ability to generalize. 

Revoicing a student idea can also lead students to engage in other practices besides 

generalizing. As the move encourages student exploration, it causes students to think about the 

significance of an idea proposed. Revoicing causes students to consider whether it is possible 

to find an answer to a question. It causes students to ponder how the answer can be useful or 

why it is worth finding in the first place. The move is also conducive to student explanations or 

justifications. In fact, students are more likely to reflect on the validity of an idea that has been 

brought up by a peer if that idea is restated and identified by the teacher as a conjecture. When 

this happens, students think more deeply about ideas that are suggested, and they come up 

with explanations or justifications either to support or reject the conjecture. Sometimes, ideas 

that a student suggests lead to discussions describing the ideal situation in terms of what 

information might be good to know in order to solve a problem. This kind of conversation can 

lead students to reflect on how different ideas or concepts relate to each other and how these 

connections can be brought together to yield a solution that is organized and cohesive. 

 In this study, the moves that elicited student ideas were often used by teachers 

alongside highly challenging tasks, thus confirming the findings of Mueller et al. (2014). One 

move that teachers consistently employed to elicit ideas was asking students to consider 

alternative strategies or approaches to complete a task. In doing so, students could expose 

themselves to different ways of thinking about a problem which allowed them to develop a 

comprehensive understanding of it. As different strategies were shared, students could reflect 

on how these strategies informed the development of their own methods as they looked for 

similarities or common ground between ideas suggested by others and their own ideas. The 

move also allowed students to identify aspects of a problem that they unintentionally neglected. 

Having students consider different approaches to solving a problem sustains their attention on 

one activity as their time spent engaging with the problem lengthens. Such an increase can lead 
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to greater student argumentation, which can prompt more generalizing of solutions. When 

teachers present students with tasks that encourage different strategies, students are 

encouraged to give explanations. This finding echoes Martino & Maherôs (1999) and Mueller et 

al.ôs (2014) statement that exposing students to the strategies of peers promotes student 

generalization and explanation. 

 Another teacher move that appears to be commonly used to elicit ideas is asking 

students to clarify or expound on an argument provided by a peer, which requires students to 

first attend to the ideas of others and understand them. Asking students for clarification or 

elaboration on someone elseôs input minimizes the teacherôs role as the sole distributor of 

knowledge, and less direct instruction takes place (i.e., less lecturing from teachers) while 

students are given the responsibility to supply more details and explanations. Besides 

explaining, the move can also foster student activity in generalizing because it can increase 

studentsô understanding, thus allowing them to devise similar arguments for problems which 

differ slightly in structure but are still similar in essence. This finding agrees with Ellis (2011) 

who suggested that encouraging student clarification promotes productive generalizing from 

students. 

 Lastly, asking simple guiding questions and posing them as parts of a larger task can 

elicit student explanation. Such a move prompts more sharing and input from students by 

making tasks more approachable and easier for students to respond to. The resulting student 

confidence encourages their participation in class discussions as well. In the midst of these 

discussions, students are afforded opportunities to piece together their responses to each 

question to devise an approach to tackling the larger task at hand. In the process of figuring out 

how the answers to the individual questions can lead to an organized, coherent sequence of 

ideas, students can provide explanations to illustrate how they synthesized the information 

gathered. Having students complete subtasks before tackling a larger and more complex task 

leads to more structured learning. During this process, and to engage students in reasoning, 
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teachers tend to not tell students explicitly what to do but, rather, guide student thinking while 

asking for explanations along the way. This finding is consistent with Franke et al. (2009) who 

stated that asking sequences of probing questions with the intention of guiding students to think 

about particular aspects in a larger, complex task often yields student explanations. 

Research Question 3     

The third research question addresses what the calculus teachers report as the reasons 

or intentions that influence their decisions to employ the moves mentioned above. In some 

cases, asking students to reiterate or restate a comment made by a peer develops studentsô 

proactiveness in learning by encouraging them to think more consciously of the steps taken. 

The move was reported to also encourage students to develop and persist in a certain way of 

thinking, especially when students were on the right track. It fostered studentsô inner 

monologues as they pondered and described what the ideal scenario might be where they had 

all the information needed to solve a problem. Other possible reasons for teachersô making of 

the move included establishing a connection between seemingly different concepts that in 

reality were close variants of the same idea, modeling the importance of reasoning or critical 

thinking, and addressing a common misconception to provide clarity. 

 Additionally, teachersô intentions behind their move to ask students to clarify or elaborate 

on their thinking appeared to be twofold. On the one hand, teachers could utilize the move to 

gauge studentsô level of conceptual understanding and adaptive reasoning. On the other hand, 

teachers wanted to encourage students to verbalize their thought process to work on their 

communication skills. By asking students to clarify their thought process in groups, teachers 

could promote a community of discourse, inviting students to share their ideas in a low-stakes 

setting. That setting could then expose teachers to a more diverse range of ideas, especially 

from less vocal students.  

Besides the reporting of multiple intentions behind the employment of certain moves, 

teachers also referenced external factors beyond the specific contexts in which moves occurred. 
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One factor was teacher belief regarding how mathematics should be taught. In particular, the 

move in asking students to consider implications of their claims was intended to convey the 

belief that theorems should not be memorized. Rather, the ideas and arguments used in the 

process of deducing an implication or result from a given set of assumptions should be 

explored; they deepen studentsô understanding of the relations between the underlying ideas 

and concepts. 

There are also several reasons for asking students a series of approachable questions 

as part of a larger task. While teachersô rationale for making the move is mostly to render the 

task less difficult by means of scaffolding, it can also provide students with ways for thinking 

about a problem that they did not originally consider. In this way, the move is beneficial in that it 

gives students opportunities to be exposed to other potential methods or strategies for 

completing the tasks. In addition to citing these intentions, teachers also alluded to the need for 

fostering socio-mathematical norms in the classroom as another external factor that explained 

why they made such a move. The purpose of posing a sequence of questions leading to a 

larger task was, reportedly, to model for students acceptable ways to present a solution. 

Lastly, another move that teachers often relied on during instruction was asking students 

for clarification or elaboration to defend their claims. As for what intents teachers may have had 

in carrying out this move, they referenced the belief that the assessment of student learning 

should not be solely determined by the correctness of answers. Teachers stated that the 

process used in eventually arriving at an answer matters much more, and students should 

consider and attend to the legitimacy of the underlying reasoning in an argument. To this point, 

teachers have voiced how crucial it is to avoid quick acceptance of the answers that students 

give. Rather, teachers need to provide opportunities for students to engage in dialogue and 

discussion to present their ideas to each other. In communicating their ideas with peers, 

students can formulate more thoughtful arguments as they go through rounds of modifications 

to arrive at more reasonable conclusions. 
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Limitations  

Regarding alternative approaches to conducting the study, the researcher could have 

considered collecting student work and not just teacher solutions or explanations along with 

lesson materials. Interviews could have taken place not just with teachers individually but also 

with students collectively in small focus groups. Such variations in methodology would have led 

the researcher to determine more accurately what mathematical practices students actually 

engaged in as a result of moves teachers employed. At times, the practices that teachers meant 

for students to engage in collectively were carried out by only a select few students. 

Furthermore, practices which were flagged came from the transcripts, which meant they were 

derived solely from verbal responses and from class discussions only. In this way, the data 

collected may not adequately convey a sense of whether the tasks were administered with the 

same level of rigor as was intended during the design phase. 

Additionally, rather than handing out a written questionnaire for each teacher to 

complete shortly before the start of class observations, the researcher could have sent each 

participant the list of questions days before the first class visit. Doing so would have given the 

teachers more time to reflect and provide more thoughtful responses. While the researcher 

collected responses, some teachers expressed their preference for verbal questions rather than   

written questionnaires, which were more labor intensive. With this in mind, the researcher could 

have potentially scheduled an initial meeting with teachers who preferred to have a conversation 

over the questionnaire items to create a more pleasant experience for participants while 

successfully collecting thoughtful responses. 

Given the abundance of data collected for the study, it was difficult to extract and 

compile specific findings to suggest generic claims that were overarching and representative of 

what the majority of the data suggested. To alleviate this challenge, existing methodologies and 

results were referenced constantly from relevant literature to check whether the findings agreed 

with those from this study. Furthermore, it was also hard to remain objective while interpreting 
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data, not letting personal opinions or beliefs influence what findings to emphasize. 

Nevertheless, one way the researcher mitigated this difficulty was to recognize and anticipate 

beforehand potential places where bias could arise, including acknowledging the possibility that 

teachersô questionnaire responses may have been somewhat inaccurate due to teachersô desire 

to only share pedagogical ideas that were popular and seemingly most acceptable.  

Recommendations  

One recommendation for future work is to increase the sample size to determine the 

generalizability of the findings from this study. Although this case study led to an in-depth 

analysis of each teacher, it involved a very small number of participants, thus producing results 

that likely do not extend to the larger target population of high school calculus teachers. With the 

participants teaching at only two private independent schools that are also located within close 

proximity to each other, and which share similar student demographic and socioeconomic 

status, findings from this study are limited in generalizability. This is especially the case when 

considering the larger pool of high school calculus instructors that includes those who teach 

students from low-income families and those who teach at non-private institutions. In other 

words, teachers who work with students from different backgrounds may employ very different 

instructional approaches. 

On a related note, it is worth investigating how characteristics related to the teachers 

affect their instructional approaches to fostering studentsô mathematical reasoning. One 

possible determinant is gender; every teacher in this study was male, although this was not the 

intention. Alternatively, one could ask how teachersô own mathematical backgrounds might 

influence their ways of engaging students in reasoning-based tasks. In particular, to what extent 

do teachersô experiences with advanced, proof-based, undergraduate-level math courses play a 

role? Perhaps the kind of education that teachers received mattered, such as whether teachers 

attended 4-year universities or two-year community colleges, or whether teachers earned 

graduate degrees. All in all, these aspects may inform how teachers value certain mathematical 
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practices in relation to fostering reasoning and how they choose what moves to make to ensure 

that students participate in these practices.       

A third direction for future research could involve conducting similar studies to explore 

the same research questions but for different mathematical subjects. Specifically, the following 

questions could be asked: (1) what moves do teachers make in order to foster student 

reasoning in either algebra or geometry? (2) what mathematical practices do algebra or 

geometry teachers emphasize or minimize, especially when compared with those of calculus 

instructors? and (3) what factors account for these differences? Lastly, the ways in which 

collaboration between peers can lead to more active exploration by and engagement from 

students in mathematical reasoning seems worthwhile for subsequent study. Although teacher-

led discussions generally promote more student explanations, peer discussions are often more 

generative and exploratory; therefore, they may better support and develop studentsô 

mathematical reasoning. 

 What can teachers or teacher educators gain from this study? In order to encourage 

explanations from students so they can demonstrate their understanding of a concept or 

problem, teachers should facilitate student engagement in graphical or diagrammatic 

representations. While symbolic representations are an efficient means to communicate 

information in a concise manner, visuals offer greater depth and accessibility to make an 

abstract concept more intuitive and easier to grasp. In addition, teachersô helping of students to 

see the same concept represented in various ways allows students to build connections as they 

identify relationships or patterns and develop different perspectives. 

 As part of promoting studentsô mathematical reasoning, teachers should have students 

devise conjectures which can arise from teachersô careful selection of examples along with 

echoing of notable ideas proposed by students. Revoicing student propositions, especially ones 

that deserve further attention, invites students to collaborate with one another. Collaboration, in 

this sense, is not just for the sake of talking as a means to an end, but is, rather, an opportunity 
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for students to analyze arguments of peers so they can be informed of how to approach a 

problem. In the process of forming conjectures, it may be beneficial for teachers to not point out 

any mistakes made by students immediately, as giving students the chance to recognize their 

own errors can be more meaningful and fruitful. In this case, learning mathematics can become 

an exciting endeavor for students to discover new knowledge as they go through multiple 

iterations of refining initial guesses to eventually arrive at probable rules that are generalizable. 
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APPENDIX A 

Tables  

Table 1 

A Contingency Table of Practices for Mathematical Reasoning 

 Lesson 1 Lesson 2 Lesson 3 Lesson 4 Total 
Frequency  

Evaluate      

Estimate      

Visualize      

Connect      

Interpret      

Represent      

Conjecture      

Verify      

Explain      

Justify      

Generalize      

Prove      

Total 
Frequency  

     

 

Table 2 

A Non-Exhaustive Table with Examples of Teacher Moves 

Categories of Moves  Specific Teacher Moves  

Making Ideas Public Reiterates or restates a proposed thought or question to a group 

or to the class. 

Asks a group or the class if they can come to an agreement with 

a remark or claim. 

Asks a student to share his or her thinking with his/her group or 

the class. 
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Asks a student to rephrase something that was said to his/her 

group or the class. 

Points out something heard or seen by the teacher to a group or 

the entire class that the teacher likes or dislikes. 

Summarizes for students what knowledge has been established 

thus far in a class or known from before. 

Eliciting Student Ideas Asks students to consider the potential of different strategies or 

approaches to solve a problem. 

Asks students to consider the use of an alternate representation. 

Asks students to recall a previous class activity or reminds them 

of something learned from the past. 

Asks students to clarify or expound on an answer or assertion. 

Asks students to consider the implications of their work or claim. 

Asks students manageable questions that more directly or 

explicitly get at the purpose of a task. 

Asks students to rephrase a question or task in their own words 

or according to their own understanding. 

Asks students what they need to know to solve a problem. 

Encouraging Explanations Asks students to elaborate on their answer or claim. 

Asks students to explain their thought process to an open-ended 

question that could yield more than one possible answer.  

Asks students to continue their line of thinking without revealing 

whether itôs correct but require that they explain their thought 

process. 

Challenges a student claim or idea. 

Asks students to apply or extend an existing idea to a slightly 

different setting. 

Asks students to consider or provide multiple explanations. 

Walks students through a possible way to reason through a 

problem. 

Asks students to explain their work to each other. 

Asks students why doing or learning something could be useful. 
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Table 3 

A Codebook for Different Mathematical Practices for Reasoning 

Practice  Definition/Description  Example  

Evaluate  Determining the value of a 
mathematical expression by 
performing mathematical 
operations in order to 
understand a larger, 
conceptual idea 

ñNow, weôve discussed a little bit before about the 
subtleties in the differences between Ὠὼ and Ὠό. Both 

represent a small change, with one in ὼ while the other 

in ό. Yet, if this is the relationship between ό and ὼ [i.e., 

ό ὼ ρ, then itôs not like Ὠὼ and Ὠό are going to be 

the same, right? How does ό change if we increase ὼ 
from 6 to 7?ò 
  

Estimate  Finding an approximate value 
without performing precise 
calculations to come up with 
an answer that is reasonable 
and makes sense 
  

ñSo, given that Ὑὸ is the revenue of a company after ὸ 
months from January of 2024, and the known values of 
ὙςȟὙ ςȟὙᴂᴂς, how can we come up with a 

reasonable prediction for what the revenue in June will 
be, approximately speaking?ò 

Visualize  Creating mental images, 
physical drawings, diagrams, 
or models to understand 
abstract concepts and make 
them clearer 
  

ñIôm adding up the lengths of all of these little line 
segments which are like a whole bunch of little 
matchsticks to be stacked together. What do we get as a 
result?ò 

Connect  Recognizing and using 
relationships between ideas 
and concepts, sometimes 
linking old with new ones 
  

ñThere is a reason why we had been working with 
improper integrals in the last couple classes right before 
we started to look at tests for convergence of series, 
especially the integral test. Anybody want to take a stab 
at explaining how the two might be related? How are 
series and improper integrals similar?ò 
   

Interpret  Making sense of the meaning 
and significance of 
mathematical concepts, 
relationships, and results, to 
go beyond just knowing 
procedures and formulas 
   

ñThere is a more methodical way to integrate the 
function than simply guess-and-check. All we need to do 
is to try to write these statements [i.e., steps to taking 
the derivative of some function to get the function to 
begin with] backwards, given how derivatives and 
integrals are related.ò 
  

Represent  Using multiple ways or tools 
(i.e., verbal, symbolic, or 
visual) to communicate ideas 
or understand concepts 
  

ñItôs never bad to have a bit more intuition for calculus, 
so Iôm asking you to just consider this one deep idea 
related to area between curves. We said from before 
that any integral is just a sum, right? In fact, what is it 
really a sum of? How can we symbolically express the 
length of an arbitrary segment connecting the two 
curves at a random ὼ value?ò  

  
Conjecture  Making an educated guess or 

prediction about a 
mathematical relationship or 
pattern that has not yet been 
verified 
  

ñSo far weôve looked at the area beneath a curve and 
discussed that really what weôre talking about is the area 
between a curve and the ὼ-axis. Whatôs the general 
strategy that we could use to find the area between the 
two curves Ὢὼ and Ὣὼ? Anybody have a guess for 

what the formula for the area might be?ò 
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Verify  Determining or checking the 
accuracy of a conjecture or 
claim that may or may not be 
true 

ñSo, we think the formula for finding the area between 

two curves might be ᷿Ὢὼ ὫὼὨὼ. Thatôs what weôre 

guessing for now. Go ahead and test that on these two 
functions [i.e., Ὢὼ ÃÏÓὼȟὫὼ ÓÉÎὼ] for the shaded 

region. Apply the formula we came up with. See if it 
works!ò 
  

Explain  Involves providing the 
process of how an 
answer/conclusion was 
reached, while students learn 
to articulate their 
understanding 
  

ñHow did you get zero? é Okay, so somethingôs going 
on here. Do you see what the problem is? Why doesnôt 
our conjecture work out?ò   

Justify  Presenting a logical argument 
that is based on mathematical 
ideas and properties 
  

ñRight now revenue is going down, as given by the 
negative value of the derivative. But why is there a 
reason to be optimistic nevertheless?ò  

Generalize  Identifying a broad, more 
universal statement or 
formula on the recognition of 
patterns or relationships 
across several examples 
  

ñWhat do you notice about the cross sections each time 
we work with a different volume of revolution 
problem? é The cross sections are circular in nature, 
right? How might we describe these discs? Are they 
always completely filled in?ò  

Prove  Demonstrating a statement as 
true in its full generality, not 
just for particular examples. 
Takes place through a series 
of logically sound steps by 
means of formal mathematical 
definitions, axioms, and 
theorems through formal 
methods of proof (i.e., direct, 
induction, contradiction, 
contrapositive, cases) 
  

ñLetôs prove the formula for the volume of a cone by 
revolving a region bounded by some function around the 
ώ-axis.ò  

 

Table 4 

Contingency Table of Practices Done by Mr. Aôs Students 

 Integration by 
Substitution  

Particle 
Motion and 
Physics 

Areas 
between 
Curves 

Solids of 
Revolution 

Total 
Frequency  

Evaluate 4 0 2 2 8 

Estimate 0 3 0 0 3 

Visualize 0 0 1 10 11 
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Connect 6 2 3 2 13 

Interpret 0 10 0 0 10 

Represent 1 2 1 2 6 

Conjecture 4 4 4 1 13 

Verify 2 3 5 0 10 

Explain 2 2 2 1 7 

Justify 4 3 1 0 8 

Generalize 0 0 5 4 9 

Prove 0 0 0 2 2 

Total 
Frequency  

23 29 24 24 100 

 

Table 5  

Distribution of Practices that Mr. Aôs Students Engaged in Each Lesson 

 Lesson     

Practice  Integration by 

Substitution 

Particle 

Motion and 

Physics 

Area 

between 

Curves 

Solids of 

Revolution 

Evaluate 18% 0% 8% 9% 

Estimate 0% 10% 0% 0% 

Visualize 0% 0% 4% 42% 

Connect 26% 7% 13% 8% 

Interpret 0% 35% 0% 0% 

Represent 4% 7% 4% 8% 

Conjecture 17% 14% 17% 4% 

Verify 9% 10% 21% 0% 

Explain 9% 7% 8% 4% 

Justify 17% 10% 4% 0% 

Generalize 0% 0% 21% 17% 

Prove 0% 0% 0% 8% 
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Total 100% 100% 100% 100% 

 

Table 6 

Contingency Table of Practices Done by Mr. Côs Students 

 Linear 
Approximations 

Intro to 
Definite Int 

Intro to Anti-
derivatives 

Riemann 
Sums 

Total 
Frequency  

Evaluate 0 2 5 0 7 

Estimate 6 2 0 4 12 

Visualize 4 4 1 5 14 

Connect 2 4 1 0 7 

Interpret 5 4 1 2 12 

Represent 1 1 0 1 3 

Conjecture 1 1 5 3 10 

Verify 1 0 2 0 3 

Explain 5 3 0 3 11 

Justify 1 0 1 0 2 

Generalize 1 1 1 0 3 

Prove 0 0 0 0 0 

Total 
Frequency  

27 22 17 18 84 

 

Table 7 

Distribution of Practices that Mr. Côs Students Engaged in Each Lesson 

 Lesson     

Practice  Linear 

Approximations 

Introduction 

to Definite 

Integral 

Introduction to 

Antiderivatives 

Riemann 

Sums 

Evaluate 0% 9% 29% 0% 

Estimate 22% 9% 0% 22% 

Visualize 15% 18% 6% 28% 
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Connect 7% 18% 6% 0% 

Interpret 18% 18% 6% 11% 

Represent 4% 5% 0% 5% 

Conjecture 4% 5% 29% 17% 

Verify 4% 0% 12% 0% 

Explain 18% 14% 0% 17% 

Justify 4% 0% 6% 0% 

Generalize 4% 4% 6% 0% 

Prove 0% 0% 0% 0% 

Total 100% 100% 100% 100% 

 

Table 8 

Contingency Table of Practices Done by Mr. Dôs Students 

 Improper 
Integrals 

Sequences 
and Series 

Tests for 
Convergence 
(Part I) 

Tests for 
Convergence 
(Part II) 

Total 
Frequency  

Evaluate 13 6 3 3 25 

Estimate 0 0 0 0 0 

Visualize 2 2 1 1 6 

Connect 1 1 0 0 2 

Interpret 3 2 3 3 11 

Represent 2 0 0 0 2 

Conjecture 6 0 0 0 6 

Verify 3 1 0 0 4 

Explain 1 2 3 3 9 

Justify 0 3 9 6 18 

Generalize 1 1 0 0 2 

Prove 0 0 0 0 0 

Total 
Frequency  

32 18 19 16 85 
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Table 9 

Distribution of Practices that Mr. Dôs Students Engaged in Each Lesson 

 Lesson     

Practice  Improper 

Integrals 

Sequences 

and Series 

Tests for 

Convergence 

(Part I) 

Tests for 

Convergence 

(Part II) 

Evaluate 41% 33% 16% 19% 

Estimate 0% 0% 0% 0% 

Visualize 7% 11% 5% 6% 

Connect 3% 6% 0% 0% 

Interpret 9% 11% 16% 19% 

Represent 6% 0% 0% 0% 

Conjecture 19% 0% 0% 0% 

Verify 9% 6% 0% 0% 

Explain 3% 11% 16% 19% 

Justify 0% 17% 47% 37% 

Generalize 3% 5% 0% 0% 

Prove 0% 0% 0% 0% 

Total 100% 100% 100% 100% 

 

Table 10  

Possible Intentions behind a Teacher Move 

To enrich studentsô understanding. 

To help students realize the importance or significance in doing or learning something. 

To direct attention at a noteworthy thought for further discussion. 

To provide clarity so students do not misunderstand and could be on the same page. 

To emphasize or cast light on important information so students do not miss it.  

To address a common misconception or error to the class. 
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To share a dilemma for students to collectively problem solve together. 

To encourage students to make use of the ideas of their peers. 

To have students collaborate or exchange ideas to promote a community of mathematical 

discourse. 

To have students critique one anotherôs work or to give constructive feedback to learn from 

one another. 

To help students realize that they made a mistake. 

To encourage students to make use of what they already know to lighten their cognitive load in 

learning new material. 

To scaffold or make a task less difficult so it becomes more manageable and approachable. 

To expose students to different forms of reasoning (e.g., direct, by contradiction, by cases, 

working backwards). 

To promote the importance of the thought process and not the answer. 

To cause students to not accept work just because their teacher told them so but rather 

because itôs mathematically justifiable.    

To foster a mindset for argumentation as a proper socio-mathematical norm. 

To model for students what reasoning looks like, so they do not resort to merely memorization 

of formulas or procedures.  

To promote student autonomy or independence in mathematical thinking or learning.  

To foster studentsô communication skills to explain their mathematical work and thinking with 

more coherence. 

To support or encourage students to think more flexibly. 

To guide students to think in a particular way to promote understanding. 

To promote sense making, or to develop studentsô intuition to understand an idea or concept. 

To prepare students for a topic they will learn in the near future. 

To help students devise a conjecture. 

To make a connection between different ideas that students learned. 

 

Table 11   

A Codebook for the Categories of Moves to Influence Student Activity 
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Category of 
Teacher 
Move   

 Description  Examples  

Making 
Ideas Public  

Actions focused on 
encouraging students to 
listen to and consider the 
ideas of others to draw out 
conceptual gaps or errors, 
with the goal of making them 
visible and accessible for 
examination and discussion 

ñI heard some people talking about how we could be 
more detailed é because this estimate does not take 
into account éò 
 
ñIôm gonna point out some things that I liked about 
what I saw that helped people organize and think.ò 
 
ñA student just now caught me actually making a very 
common mistake on a problem that could be easily 
overlooked.ò 
  

Eliciting 
Student 
Ideas  

Actions to have students 
formulate their own ideas and 
strategies to advance their 
thinking, as opposed to only 
memorizing or recalling facts 
  

ñIf I want to answer é, what do I need to know?ò 
 
ñBecause of é weôll have to ask ourselves what would 
happen if é How would that impact our answers?ò 

Encouraging 
Explanations  

Actions that require students 
to expound on not only what 
theyôre thinking but why  

ñWhatôs the reason it might be useful? Weôre deciding 
to do this because of what?ò 
 
ñHow do we establish that é? What do we need to 
look at?ò 
 
ñWhatôs wrong with doing it this way?ò 
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APPENDIX B  

Questionnaire Responses  

Mr. A  

Q1. I provided my calculus students opportunities to collaborate and share their thinking with 

peers, either during whole class discussions or small group activities. 

 

Always (4). I split up the students into two groups. One group of students worked on limits 

that did not exist (they knew this a priori) and needed to explore and show why. The other 

group had limits that did exist (again, they knew this a priori) and showed their work for each 

limit. At the end I end [up having each student from] one group present to the other to "teach" 

what they discovered, and we touched on some of the nuances together as a class. 

Q2. As a facilitator, I often allowed student input to drive class instruction in my calculus 

classroom, as opposed to simply telling them what they need to know through direct 

instruction.  

 

Often (3). Often, when I give students a worksheet, I have them simply glance through the 

problems, with no pencils or writing allowed, and I ask the students to imagine which 

problems would give them the hardest time. After I have them reflect individually for a bit, they 

share out and we discuss what makes a problem hard, as well as common pitfalls and tricks 

that they need to watch out for. It helps them become more flexible in preparing for test 

questions. 

Q3. I planned lessons that facilitated studentsô taking the lead in investigating or exploring 

ideas when new content is introduced in calculus. This includes providing ample opportunities 

for my students to exhibit their own ways of thinking. 

 

Often (3). I taught average value of a function recently, and I started by having students 

"eyeball" where they think the average value of a function is. In calculus, I often start with 

tasks like this to try and hone their intuition a bit more. Once a few students share their ideas, 

we try to sharpen them to get closer to the real answer. The way I planned the lesson, they 

were then led to the formula intuitively [without being explicitly told]. Instead of having the 

students memorize the formula, they now know to simply find a rectangle with the same area 

under the curve. There was a similar lesson for when we learned Riemann sums for the first 

time. 

Q4. I encouraged my students to formulate their own claims/conjectures, as well as 

arguments to justify their claims to peers and challenge othersô claims in my calculus 

classroom. 
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Sometimes (2). There are a few situations where this comes up naturally. When teaching the 

power rule, we first found the derivative of a few simple polynomial functions using the limit 

definition of derivative, and then I nonchalantly began finding the derivative of x^9 with the 

class, keeping a strong poker face the whole time. As soon as a few of them start kvetching, I 

ask them why, and after I urge them past the "it's gonna take forever" phase, they naturally 

start outlining what is going to happen in the calculation (minus the details). I have them write 

in sentences why they know "the power rule" (which they first postulate on their own) will 

always work with positive integer exponents. It has also been a fun teaching moment to 

"catch" them using the power rule with non-integer exponents, even though they haven't 

proven anything about those yet.  

Q5. I incorporated open-ended problems that require my calculus students to engage in 

mathematical reasoning and sense-making. 

 

Often (3). When the students learn to solve optimization problems, I often let them come up 

with the details on their own. I provide a general framework: you need to find a function, that 

function (for now) needs to have one variable, and you need to find the optimum values of 

that function. They have to grapple with coming up with the function, domain restrictions, 

critical point analysis, and so on. A specific example I can recall was a problem in which a 

swimmer out at sea is trying to reach a destination somewhere down the shore. The swimmer 

swims slower than she runs, so she must find the right balance of time in the water vs. on 

land to minimize the time spent traveling. Afterwards, when a group of students understands 

the problem and its solution, I have them look at a laser refracting upon making contact with 

water and I have them try and explain the very deep connection between this silly contrived 

problem and a ubiquitous physical phenomenon. 

Q6. I designed or utilized problems that allowed for multiple entry points for students of all 

level and ability.  

 

Often (3). When teaching the chain rule, I use an activity where students roll dice to decide 

which functions to compose with one another before they differentiate. They are creating their 

own problems in a sense. The students choose how many different functions are in the "pool" 

and, eventually, how many dice to roll (corresponding to how many "layers" the function will 

have). Students that aren't comfortable with trig derivatives, but know exponential and 

logarithmic derivatives, can adjust the parameters of the activity so the practice can be useful 

to them.  

Q7. I had my calculus students work on problems that lent itself to the possibility of 

incorporating multiple representations (i.e., symbolic algebra, tables, graphs, etc.). 
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Often (3). One moment that stands out to me was a lesson on the derivative of ln(x). In this 

activity, students started out by estimating the instantaneous rate of change of ln(x) at (truly) 

random values of x. All students were tasked to estimate the slope at their value of x by 

simply finding an average rate of change between two nearby x-values. Afterwards, we 

tabulated the results and looked for a pattern, ultimately landing on 1/x. Next, we looked at 

the graphs of 1/x and ln(x) side by side to ensure that everything "checks out" (slopes 

approach 0 as x goes to infinity, domains overlap, behavior as x approaches 0 from the right, 

etc.). Lastly, we proved the derivative (as a class) using the standard limit definition. 

Q8. I asked my calculus students questions (written and verbal) that require high levels of 

cognitive demand with no explicit procedures provided to them beforehand. 

 

Sometimes (2). This is an area in which I feel weaker. I teach AP calculus AB, and for the 

most part, the AP curriculum does not often ask students truly high-level questions. 

Sometimes I like to push my students with certain topics like integration techniques. I usually 

have a day where I post qualifying exams from the MIT integration bee and have the students 

try some outside the box integrals that require varying degrees of mathematical 

sophistication. Many of them are possible with the tools they have, but it's a healthy reminder 

for them that they can't always approach integrals in a linear fashion. They have a hammer 

(substitution, and maybe a little bit of integration by parts or integration by partial fractions), so 

everything's a nail! 

 

Mr. C 

Q1. I provided my calculus students opportunities to collaborate and share their thinking with 

peers, either during whole class discussions or small group activities. 

 

Often (3). To begin my lesson on the Mean Value Theorem, I ask students to discuss why a 

speeding ticket was valid in a context where average rate of change suggests they were 

speeding but instantaneous rate of change does not. 

Q2. As a facilitator, I often allowed student input to drive class instruction in my calculus 

classroom, as opposed to simply telling them what they need to know through direct 

instruction.  

 

Often (3). To teach the power rule for derivatives, I ask students to each calculate a single 

(but different) polynomial derivative of their choice using the limit definition of the derivative. 

After compiling the answers, I then gave students the chance to offer conjectures about the 

rule that can serve as a shortcut as opposed to using the limit definition of the derivative each 

time. Students also had the option to try to derivative the general power rule from the start. 
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Q3. I planned lessons that facilitated studentsô taking the lead in investigating or exploring 

ideas when new content is introduced in calculus. This includes providing ample opportunities 

for my students to exhibit their own ways of thinking. 

 

Sometimes (2). My lesson on marginal profit/cost/revenue is investigative in nature. I provide 

demand and total cost functions for a product and ask the students, in groups, to explore 

revenue, cost, and profit of the product. From there, they explore calculations with the 

derivative before we circle back and discuss as a group. After calculating revenue, total cost, 

and profit, students are asked to explore the meaning of C'(100) and P'(100). Additionally, 

they are asked to advise me on how many copies of the game I should produce (the scenario 

is that I'm going to produce and sell a board game). 

Q4. I encouraged my students to formulate their own claims/conjectures, as well as 

arguments to justify their claims to peers and challenge othersô claims in my calculus 

classroom. 

 

Sometimes (2). When teaching the point of diminishing returns, I offer students a chance to 

debate when they should stop studying for a test (knowing that the effectiveness of studying 

will diminish over time). Students propose their stopping point and provide evidence to back 

up their claims while trying to use calculus. 

Q5. I incorporated open-ended problems that require my calculus students to engage in 

mathematical reasoning and sense-making. 

 

Rarely (1). I rarely do things that are definitely open-ended. My previous example on the point 

of diminishing returns applies. The only other example I can think of is comparing the 

diameter and height of cylindrical household objects (like candles or vegetable cans) to those 

of the ideal given a fixed surface area, once we learn optimization. 

Q6. I designed or utilized problems that allowed for multiple entry points for students of all 

level and ability.  

 

Sometimes (2). My warmup problems almost always include a variety of complexity. In my 

recent lesson on concavity, the warmup asked for a first derivative sign chart. Problem 1 was 

a polynomial (easy) while problem #2 was rational (harder). Later in the lesson, an example 

with trig is used (hardest). 

Q7. I had my calculus students work on problems that lent itself to the possibility of 

incorporating multiple representations (i.e., symbolic algebra, tables, graphs, etc.). 
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Sometimes (2). I often incorporate multiple representations. It is rare, however, that I ask 

questions that students might approach with different representations of their own volition 

(which is what I think the question is getting at). 

Q8. I asked my calculus students questions (written and verbal) that require high levels of 

cognitive demand with no explicit procedures provided to them beforehand. 

 

Often (3). After learning the first and second derivative test, I assign a HW problem that 

presents a second derivative graph. The students are asked to use this graph to identify 

locations of extremum and inflection points. While the rules have been presented to them, 

using a second derivative graph to establish those locations was not explicitly taught before 

they encounter the problem independently. 

 

Mr. D 

Q1. I provided my calculus students opportunities to collaborate and share their thinking with 

peers, either during whole class discussions or small group activities. 

 

Always (4). The higher we go in math, the more the difficulty of the material lends itself to a 

standard lecture style. I remember nearly all of my math classes in college being this way, but 

there are a few (the best ones) were small enough where that lecture could turn into a 

conversation. Thatôs how I approach my BC classes every day. Yes, Iôm presenting the 

material on the OneNote up at the board, but, through the norms and relationships Iôve built 

up during the year, students know that they can start up a back and forth and ask questions 

and share their ideas, while I adapt the flow of the class to what they are saying. It can be the 

most difficult part of teaching the class because I canôt usually prepare for it ahead of time, 

apart from doing my best to predict their questions or comments. But it is also the most 

satisfying way to help them learn. So, weôre all one big group sharing thinking together a lot of 

the time, or when I put up problems, I want students to talk about them with their groups. The 

classroom is set up so that they sit in pods of desks, encouraging them to share their ideas 

and ask each other questions. I often will ask a student to ñplay with somethingò rather than 

just ask me the answer right away. I want to be a resource for them, but not their first go-to. 

Their peers should usually be the first ones they ask. 

Q2. As a facilitator, I often allowed student input to drive class instruction in my calculus 

classroom, as opposed to simply telling them what they need to know through direct 

instruction.  

 

Always (4). As I was saying in the first answer, student input is a huge part of how my class 

flows. While I have a set of topics or problems that I want to get to, I adjust based on how 
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they respond. At the beginning of the year, it takes a few weeks to build their comfort level up 

to a point where they are willing to speak up enough but putting that work in early to create 

norms of conversational learning is totally worth it. I want to know when we hit those walls 

where they are getting confused and need more examples or when they are making 

connections and can continue to proceed on their own. When a student asks, ñwhat if we try 

this?ò and it flows into an example I was planning on doing later, Iôll just jump straight into that 

and act like it was the plan all along. It makes the kids feel more confident in their 

understanding when they are predicting my flow. Itôs all about flowing the conversation 

through the learning. I love the improv comedy rule of ñyes andéò and use it as much as I 

can. ñYes, thatôs the answer, and what does it mean in context?ò ñYes, thatôs the next step 

and what does it allow us to do?ò ñYes, your premise is correct. Can we come to a better 

conclusion if we try this instead?ò Right or wrong contributions by kids can still be used to 

steer our path towards a conclusion and new idea. 

Q3. I planned lessons that facilitated studentsô taking the lead in investigating or exploring 

ideas when new content is introduced in calculus. This includes providing ample opportunities 

for my students to exhibit their own ways of thinking. 

 

Sometimes (2). When I used to teach earlier-level courses like Geometry I would do this all 

the time. I really try to incorporate this as much as possible. It can be hard due to the pacing 

and difficulty of the BC calculus curriculum. There are definitely some problems and formulas 

that it would not be reasonable to expect a high school student to arrive at without guidance. 

But if I can use my examples to scaffold properly, I find that things stick with them more when 

the feel ownership of the process of finding them out. One of my favorite lessons is one 

where they discover the chain rule for derivatives. I give them a big list of composite functions 

and ask them to find the derivatives using GeoGebra or Desmos. Once they have the full list, 

I have them make a conjecture as to what the rule might be, and then they test it out to 

confirm that they get the answers the computer got. It allows them to solidify their 

understanding of the chain rule far more than just telling it to them would. 

Q4. I encouraged my students to formulate their own claims/conjectures, as well as 

arguments to justify their claims to peers and challenge othersô claims in my calculus 

classroom. 

 

Always (4). Justification is everything in the AP curriculum. I always tell my students that I 

donôt care what the answer is anywhere near as much as I care about why. Weôre doing 

series right now, and we spend a lot of time talking about ñdoes this series convergeò rather 

than worrying about what it converges to. I have a lot of moments in class when a student will 

make a guess to answer a problem on the board and either I want them to figure out it is 

wrong or I donôt want to give away the right answer to the rest of the class so I will tell them to 

ñcheck and see if it worksò or ñdiscuss with your groupò first and spur debate or conversation. 
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Usually as they try to articulate their thought process, they are able to see where they went 

off course. 

Q5. I incorporated open-ended problems that require my calculus students to engage in 

mathematical reasoning and sense-making. 

 

Sometimes (2). A lot of times it can be hard to make math problems open-ended when it 

comes to their answers. There is nothing open about an integral being pi, or a series 

diverging.  

Where I feel like we are able to open things up is with the methods. On AP problems we see 

a lot of situations where the hardest thing about the problem is figuring out what the wording 

is asking you to do. So, we work on reading comprehension and finding patterns to give 

ourselves options as to how we approach the calculus. There are often multiple ways to arrive 

at the right answer, or multiple ways to present our justifications. This is where I try to keep 

things as open-ended as possible.  

Q6. I designed or utilized problems that allowed for multiple entry points for students of all 

level and ability.  

 

Always (4). I think I put the most prep time into finding or making the best possible set of 

problems for everything from notes to homework to tests. It goes back to the ñyes andò idea. 

However, a kid comes to a problem needs to be the starting point. If we can start wherever 

they are and work our way towards where they need to be, it can be so much more 

productive than forcing them to start in a specific place that may or may not make any sense 

to them based on where they are coming from.  

Q7. I had my calculus students work on problems that lent itself to the possibility of 

incorporating multiple representations (i.e., symbolic algebra, tables, graphs, etc.). 

 

Always (4). In any given lesson Iôm trying to show as many representations as possible. Letôs 

think about this function, what does the graph look like, how can we manipulate it 

algebraically, are set to do calculus right away. Each form can give us pieces of the path 

towards fully understanding. I want kids to have options. 

Q8. I asked my calculus students questions (written and verbal) that require high levels of 

cognitive demand with no explicit procedures provided to them beforehand. 

 

Always (4). Calculus is a course full of high cognitive demand. I really donôt like memorizing 

facts and algorithms. I try to ask questions where pattern recognition and deeper 

understanding of the concepts are better approaches than memorization (outside of the basic 
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derivatives and integrals). Figuring out what the problems are asking them to do is almost 

always a skill in itself that I work on with kids. I tell them to bring a highlighter to the AP 

problems so that they can focus on the important words in the paragraphs and formulate a 

plan of attack. Every year the day before winter break, we take a break from the math and 

play puzzle games instead. I love watching them try to solve puzzle hunts that have no 

directions and force them to dive in to try things. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 167 

Written Tasks with Teacher Solutions  

Mr. A - Integration by Substitution  
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Mr. A - Particle Motion and Physics  
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Mr. A - Area between Curves  
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Mr. A - Volumes  of Revolution  
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Mr. C - Linear Approximations 
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Mr. C - Introduction to Definite Integral  
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Mr. C - Introduc tion to Antiderivatives  
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Mr. C - Riemann Sum s 
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Mr. D - Improper Integrals  
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Mr. D - Sequences and Series  
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Mr. D - Tests for Convergence (Part I)  
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Mr. D - Tests for Convergence (Part II)  

 


