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A B S T R A C T

Broadening and line mixing parameters for N2-, O2-, and air-broadened N2O transitions in the ν1 band are 
investigated over temperatures ranging of 195 to 350 K, using the Refined Robert Bonamy formalism. The 
theoretically predicted halfwidths show very good agreement with experimental data from the literature, leading 
to a reliable prediction of the rotational dependence of the temperature exponent N. Since our model yields the 
full relaxation matrix W, it also enables calculation of Rozenkranz line mixing parameters. Based on the 
reasonable agreement with available data at room temperature, the temperature dependence of the Rozenkranz 
parameters has been analyzed, and its physical origin is briefly discussed.

1. Introduction

As reported by the EPA [1], nitrous oxide (N2O) is a potent green
house gas with a 100 year global warming potential about 273 times that 
of carbon dioxide (CO2) and an atmospheric lifetime exceeding a cen
tury. It is currently the most significant ozone-depleting substance 
emitted. Due to its chemical stability and well-characterized spectral 
features, N2O is extensively used in atmospheric remote sensing and 
serves as a valuable tracer for studying atmospheric transport and 
chemistry. Given its atmospheric importance, numerous lineshape 
measurements have been carried out. Readers seeking a comprehensive 
review are referred to the reviews by Atkins et al [2], Hashemi et al [3], 
and Vispoel et al [4], particularly concerning N2-, O2-, and 
air-broadened halfwidths.

From a theoretical point of view, most calculations of N2- and O2- 
broadened halfwidths have been carried out using improved versions of 
the semi-classical Robert-Bonamy (RB) line shape theory [5]. Henry et al 
[6] employed parabolic trajectories and a potential model combining 
atom–atom interactions with electrostatic interactions up to the quad
rupole moment. Later, Rohart et al [7] adopted an equivalent straight 
path trajectory approximation and extended the potential model to 
include atom–atom interactions and electrostatic interactions up to the 
hexadecapole level. Very recently, Vispoel et al [4] refined the inter
molecular potential within the framework of what they called the 
Complex Robert-Bonamy-Ma (CRBM) formalism, achieving excellent 

agreement with measured N2-broadening parameters up to rotational 
quantum number j = 40. For clarity, the CRBM model corresponds to 
what we originally introduced in 2007 as the Modified Robert-Bonamy 
(MRB) formalism [8].

It is worth mentioning that the difference between the RB and MRB 
(including CRBM) formalisms arises from whether the bath average is 
excluded or included in the definition of the S2 operator. In the MRB and 
CRBM approaches, the bath average is performed beforehand during the 
calculation of the S2 matrix element. Consequently, the S2 matrix in the 
former depends on internal quantum numbers of the bath molecule, 
while in the latter it does not. This distinction leads to a dramatic 
reduction in the size of the S2 matrix.

However, all the aforementioned approaches rely on the isolated line 
approximation, whose validity remains questionable in many cases. As 
highlighted by Cherkasov [9,10], the S2 operator is not diagonal in the 
line space, which fundamentally undermines the isolated line approxi
mation. To overcome this inherent limitation, we fully exploited the 
reducing size of the S2 matrix within the MRB formalism to develop the 
Refined Robert-Bonamy (RRB) formalism in 2013 [11]. This approach 
enables accurate evaluation of the matrix elements of exp(-S2), thereby 
allowing for the calculation of the complete relaxation matrix W based 
on the potential energy surfaces of the two interacting molecules.

In the present study, we employ the most advanced RRB method to 
revisit the theoretical calculations for the N2-, O2-, and air-broadened 
halfwidths previously reported by Rohart et al [7].
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Moreover, it is now well known that parameters describing refined 
effects on spectral line shapes, beyond the standard pressure-induced 
broadening and shifting coefficients, play an important role in high- 
accuracy atmospheric retrieval [12]. Among these effects, line mixing 
is particularly significant. For N2O, collisional line mixing effects were 
first observed in the Q branch of different bands [13–16]. More recently, 
measurements have been also conducted in P and R branches of Σ − Σ 
bands [17,18], primarily under air-broadening conditions and in the 
weak overlap regime. In these studies, line mixing is typically modeled 
using the first-order Rosenkranz approximation, expressed through a set 
of interference parameters Yk.

Since the RRB formalism enables the calculation of the whole 
relaxation matrix W (including both diagonal and off-diagonal ele
ments), it provides a valuable opportunity to compare its predictions 
with measured line mixing Yk coefficients and theoretically calculated 
values from requantized classical molecular dynamics simulations 

(rCMDS) [19].
The manuscript is organized as follows: Section II provides a concise 

overview of the theoretical model. Section III presents the calculated 
results of the N2-, O2-, and air-broadened halfwidths at T = 296, 195, 
250, and 350 K, the corresponding Yk coefficients, and their temperature 
dependences. Finally, Section IV offers the concluding remarks.

2. Theory

2.1. A short background

Within the binary collision and impact approximations and using a 
symmetrized form, the spectral density can be written as [10,19], 

F(ω) =
1
π Im

∑

n,l
dl

̅̅̅̅ρl
√

〈

l
⃒
⃒
⃒
⃒

1
ω − L0 − iPW

⃒
⃒
⃒
⃒n
〉

̅̅̅̅̅ρn
√ dn (1) 

Here |n〉 ≡ |jf , ji〉 is the Liouville vector associated to the transition jf ←ji. 
In Eq. (1), ρn =

exp (− βEn)
Z represents matrix elements of the density 

operator without consideration for magnetic degeneracy. The term Z 
denotes the partition function, En = E

(
νiji

)
is the initial energy of tran

sition. In addition, dn stands for the associated transition dipole operator 
and L0 is the diagonal matrix of transition frequency. Finally, P is the 
bath pressure and W is the symmetrized relaxation matrix. The corre
spondence between the symmetrized form and the “usual” unsymme
trized one is recalled in Appendix A of Ref [20].

We do not repeat the detailed development processes of our for
malisms here. Readers are referred to our earlier work [21] for this in
formation. Instead, we only briefly explain the key physical 
advancements. The MRB method is an earlier version where a subtle 
derivation error in the RB formalism was corrected, but the isolated line 
approximation was still applied [8]. Within the MRB method, halfwidths 
γfi can be calculated using the following formula, 

γfi =
nbν
2πc

∫+∞

rc,min

2πb
(

db
drc

)
{
1 − e− 〈fi|S2 |fi〉

}
drc, (2) 

where nb is the number density of the bath molecules, ν is the mean 
relative speed, b is the impact parameter, and rc is the closest distance for 
a given trajectory. Meanwhile, in Eq. (2) an average over the collisional 

kinetic energy is replaced by the mean relative speed ν.
The subsequent version is the RRB method, in which the invalid 

isolated line approximation is removed, and the effects from line 
coupling (LC) are considered [11]. The RRB method allows for the 
calculation of the entire relaxation matrix W, whose diagonal elements 
correspond to the calculated halfwidths. The expression for W is given as 
follows, 

Wfʹí ,fi =
nbv
2πc

∫ +∞

rc,min

2πb
(

db
drc

)
{

δí iδfʹf − < fʹí |e− s2(rc)|fi>
}
drc (3) 

2.2. The intermolecular potential

For systems consisting of two linear molecules, the potential can be 
expressed in terms of a spherical tensor expansion as (cf. Eq. (4) of [22] 
and references therein),  

w here Ω1, Ω2 and Ω(t) define respectively the orientation of molecule 
1, of molecule 2, and of the vector between their two centers of mass.

The anisotropic part of the models for N2O-N2 and N2O-O2 includes a 
long range electrostatic interaction and a short range interaction rep
resented by the atom-atom model. The latter’s expression is given by 

Vatom− atom =
∑

ij
4εij

[(
σij

rij

)12

−

(
σij

rij

)6]

(5) 

For these systems, one can neglect the induction and dispersion 
forces. In deriving the potential components, we adopt the cut-off L1 ≤ 2 
and L2 ≤ 2. According to our experiences, this cut-off is enough to obtain 
converged results.

For these molecular systems, the interaction parameters used in 
current calculations are listed in Table 1, Table 2, Table 3. They are 
exactly those given in Table 3 and Table 4 of Ref [7], except for one 
correction: the low value of − 1.30 DÅ for the quadrupole moment of N2 
has been replaced by the more typical value − 1.40 DÅ.

Fig. 1(a) and Fig. 1(b) illustrate the various components U(L1L2L;00;
R) of these potential models. As shown in Fig. 1(a), the dominant 
component for N2O-N2 is (224) (orange). At a long range of R, this 
component represents a strong quadrupole-quadrupole interaction be
tween the N2O and N2 molecules. The next important one is (202) (blue), 
solely contributed from the atom-atom model. The remaining compo
nents are not significant or even negligible.

With respect to the interaction between N2O and O2, as shown in 
Fig. 1(b), the two main components are (202) and (224). In this case, 
because the quadrupole moment of O2 is significantly smaller than that 
of N2, the component of (224) is much weaker than the N2O-N2 inter
action and it is not the dominant one. By comparing Fig. 1(a) and Fig. 1
(b), O2-broadened halfwidths are expected to be significantly smaller 
that N2-broadened ones.

As usual, we assume that the collisional trajectories are determined 

Table 1 
The dipole and quadrupole moments of the N2O, N2, and O2 molecules.

d (D) Q (DÅ)

N2O 0.161 − 3.296
N2 0 − 1.40
O2 0 − 0.40

V
(

R→→(t)
)
=

∑

L1K1L2L
U(L1L2L;K1 = 0 K2 = 0;R(t)) ×

∑

μ1μ2M
C(L1L2L, μ1μ2M)DL1∗

μ10(Ω1)DL2∗
μ20(Ω2)Y∗

LM(Ω(t)), (4) 
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solely by the isotropic part of the potential. In this work, we do not use 
the LJ(m,n) models with values of σ and ε provided in Ref [7], where 
these authors chose m = 15.2 and n = 6.2 for N2O-N2 and m = 15.2 and n 
= 6.3 for N2O-O2. Instead, we have optimized the parameters of the 
standard LJ(12,6) model to obtain better agreement between our 
calculated halfwidths with measurements at room temperature. For the 
N2O-N2 system, the LJ parameters used in the present calculations are σ 
= 4.15 Å and ε = 110 K, while for the N2O-O2 system, σ = 4.15 Å and ε =
125 K.

Finally, the energy levels of N2O, N2, and O2 were calculated based 
on the simplified expression: 

〈ν; J| H | ν; J〉 = Eν + BνJ(J+ 1) − DJJ2(J + 1)2
+ HJJ3(J + 1)3

. (6) 

The molecular parameters used for N2O, N2, and O2 are listed in 
Table 4 of Ref [7] and Ref [22].

2.3. Symmetry property

Due to the very weak vibrational dependence of both the rotational 
constants governing collisional transitions and the average values of the 
molecular parameters in the initial and final vibrational levels, some 
symmetry properties can be established from theoretical considerations. 
In this study, a relationship between calculated halfwidths in the two 
branches obtained from any theoretical method can be easily estab
lished, 

R(j) ≈ P(j+1). (7) 

A similar symmetry property also exits for the off-diagonal elements 
of the W matrix, 

W(R(j́ ),R(j)) ≈ W(P(j́ +1),P(j+1)). (8) 

The weak or negligible vibrational dependence of both the rotational 
and molecular parameters leads to another consequence: a negligible 
vibrational dependence of the relaxation matrices. Therefore, calcula
tions performed in the ν1 band can be applied to the analysis of the ν3 
band (see Sec. III).

3. Results and discussions

Before presenting our results, we would like to point out that, due to 
introducing the atom-atom model to represent short range interaction 
for both N2O-N2 and N2O-O2, their interactions are very strong at short 
collisional distances. As a result, when evaluating the matrix elements of 
exp(-S2) (Eq. (3)), we encountered larger positive eigenvalues of the -S2 
matrix at short collisional distances, leading to divergence in the cal
culations. To prevent this blowout problem, we adopted a method we 
had previously developed to enforce the sufficient condition of the 
positive definite matrix on the -S2 matrix [23,24]. Interested readers can 
refer to our earlier work for further details.

Table 2 
Parameters of the atom-atom model for the N2O-N2 and 
N2O-O2 systems.

εij (K) σij (Å)

εN-N = 37.1625 σN-N = 3.2901
εO-O = 51.8037 σO-O = 3.0058
εO-N = 43.8766 σN-O = 3.1479

Table 3 
Spherical coordinates of atoms in the N2O, N2, and O2 molecules.

N2O N2 O2

rO = 1.1164 Å, θo = 0 rN1 = 0.549 Å, θN1 = 0 rO1 = 0.605 Å, θO1 = 0
rN1 = 0.0746 Å, θN1 = π rN2 = 0.549 Å, θN2 = π rO2 = 0.605 Å, θO2 = π
rN2 = 1.2006 Å, θN2 = π ​ ​

Table 4 
Molecular parameters of N2O, N2, and O2.

N2O (Ground) N2O (ν1) N2 O2

M (g mol-1) 41.001 41.001 28.0134 31.9988
Eν (cm-1) 0 1284.90334 0 0
Bν (cm-1) 0.419011 0.417255210 1.989574 1.437654
DJ (× 10–7 cm-1) 1.7609 1.726978 57.63 48.37
HJ (× 10–13 cm-1) − 0.16529 1.4666 0 0

Fig. 1. Spherical components, labeled by (L1L2L), for the interaction of N2O-N2 and N2O-O2, are shown in Fig. 1(a) and (b), respectively. With the current cut-off, 
there are seven components: (101), (121), (123), (202), (220), (222), and (224), each represented by solid curves in seven different colors: black, red, green, blue, 
cyan, magenta, and orange.
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3.1. Calculated N2-broadened halfwidths of N2O in the R branch

We have carried out calculations at T = 296 K for the N2-broadened 
halfwidths of N2O lines in the ν1 band. These calculations cover N2O 
transitions from j = 0 to j = 96. Two different formalisms (i.e., the MRB 
and RRB methods) were used. The results of these computations are 
presented below.

As shown in Fig. 2, the MRB method significantly overestimates the 
N2-broadened halfwidth in the R branch when compared to the mea
surements [4,6,25,26]. By incorporating LC, the RRB approach sub
stantially reduces the calculated halfwidths, yielding results that match 
the measurements excellently. This clearly highlights the limitation of 
the MRB method.

At this stage, we would like to provide detailed analysis for the 
reduction. By using the same notations for the two methods to represent 

the corresponding calculated halfwidths, the reduction is defined as 
(MRB-RRB)/MRB.

As shown in Fig. 3 for the N2O-N2 system, the reduction increases 
rapidly as j rises from 0. GFor j ≥ 4, it stabilizes, varying between 4.5 % 
to 6 %. In the N2O-O2 system, the reduction follows a similar variation 
pattern, but varies within a slight broader range, from 4.5 % to 7 %. 
These reductions originate from the non-diagonality of the S2 matrix. In 
addition, the diagonal elements are positive, while the off-diagonal el
ements are negative. When calculating the MRB halfwidths using Eq. 
(2), the negative off-diagonal elements of S2 are completely neglected. In 
contrast, the RRB halfwidths are calculated using Eq. (3), where a 
diagonalization procedure is applied. This procedure allows the negative 
off-diagonal elements of S2 to influence both the diagonal and off- 
diagonal elements of e− S2(rc). More specifically, they reduce the magni
tudes of the diagonal elements of e− S2(rc), which are directly associated 

Fig. 2. Calculated N2-broadened halfwidths of the N2O lines in the R branch using the MRB method (black curve) and the RRB method (red curve). Measurements by 
Vispoel [4] (green ×), by Nemtchinov [25,26] (cyan), by Toth [25] (blue Δ), and by Henry [6] (orange +) are also presented.

Fig. 3. Calculated the reductions of the N2- and O2-broadened halfwidths of the N2O lines in the R branch. They are presented by red and green curves, respectively.
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with the RRB halfwidths. As a result, the calculated RRB halfwidths are 
smaller than those obtained using the MRB method.

It is worth noting that compared to other molecular systems such as 
CH3CN-N2 [27], where the reduction can reach up to 10 %, the reduc
tion observed here is smaller. One of main reasons is that for the N20-N2 
system, the dominant potential components (i.e., (224) and (202)) 
correspond to L1 = 2. These components contribute significantly to the 
diagonal elements of S2, while making zero contributions to the 
off-diagonal elements of S2 that couple two neighboring lines (i.e., those 
with Δj = ±1). In other words, these components reduce the 
non-diagonality of S2, and consequently, the overall reduction as well.

3.2. Calculated O2-broadened halfwidths of N2O in the R branch

We have also carried out calculations at T = 296 K for the O2- 
broadened halfwidths of N2O lines in the ν1 band. Two different for
malisms (i.e., the MRB and RRB methods) were used. The results of these 
computations are presented in Fig. 4.

As shown in Fig. 4, the calculated O2-broadened halfwidths using the 
RRB method match the measurements of Ref [6,26] and [29] excellently 
again. With respect to the reduction of the O2 -broadened halfwidths, as 
shown in Fig. 3, its variation pattern is similar to the N2 -broadened 
halfwidths, but it becomes stronger. After j ≥ 4, the reduction varies 
within 5 % to 7 %.

3.3. Calculated air-broadened halfwidths of N2O in the R branch

Usually, air-broadened halfwidths are derived from the N2- and O2- 
broadened halfwidths, by assuming a standard air composition of 79 % 
N2 and 21 % O2 and using a formula, 

γair = 0.79 γN2
+ 0.21 γO2

. (9) 

Then, based on our calculated N2- and O2-broadened halfwidths, we 
have calculated the air-broadened halfwidths and presented the result in 
Fig. 5.

As shown in Fig. 5, the air-broadened halfwidths calculated using the 
RRB method are in excellent agreement with the measurements of Ref 
[17,18,25], and [26]. This outcome is well expected because the 

calculated N2- and O2- broadened halfwidths match their corresponding 
measurements excellently, as demonstrated above.

3.4. The relaxation matrix W and the rosenkranz line mixing coefficients

Now consider the W matrix for the N2O-N2 system in the R branch. 
Since the off-diagonal elements of W are negative, we present their 
magnitudes up to j = 35 in Fig. 6. Since the dominant potential com
ponents correspond to L1 = 2, the largest off-diagonal elements of S2 are 
not between adjacent lines, but between next-nearest neighbors. This 
characteristic is preserved when calculating the W matrix elements 
using Eq. (3). More specifically, the largest off-diagonal elements of W 
are W(j-2,j) and W(j,j + 2). In addition, a secondary maximum appears 
at W(j-4,j) and W(j,j + 4), which results from the exponentialization 
procedure in Eq. (3).

In the present work, we consider only the measurements performed 
in the ν3 band [17,18], specifically in the weak overlap regime. From a 
theoretical point of view, the Rosenkranz parameters Yk were initially 
calculated using the exponential power gap (EPG) scaling law [18]. 
More recently, these parameters have been obtained using requantized 
classical molecular dynamics simulations (rCMDS) [19]. In this 
approach, the simulated spectrum are fitted with phenomenological 
line-shape models to extract the corresponding line-shape parameters. 
This approach was limited to the P branch.

In this section, we compare the RRB predictions with both the 
experimental Rosenkranz values and those derived from rCMDS’. 
Remember that, in the symmetrized formalism, the standard Rozenk
ranz parameters are given by 

Yk = 2
∑

l ∕= k

dl

dk

̅̅̅̅̅ρl

ρk

√ Wlk

ωl − ωk
, (10) 

where ρk is the matrix element of the density operator, exclusive of the 
degeneracy factor ρk = exp

(
− βEk,ini

)
/Z, and dk is the reduced dipole 

matrix element (see appendix A of Ref [19] for the equivalence between 
the different conventions).

Fig. 7 presents a comparison between our calculations, the experi
mental results of Predoi-Cross et al [18] and Loos et al [17] and the 
predictions from the rCMDS method [19].

Fig. 4. Calculated O2-broadened halfwidths of the N2O lines in the R branch using the MRB method (black curve) and the RRB method (red curve). Measurements by 
Nemtchinov [26] (green ×), by Henry [6] (blue Δ), and by Lacome [28,29] (orange +) are also presented.
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Overall, our predictions show good agreement. The only notable 
discrepancy occurs at high values of |m| in the P branch, where our 
results deviate from the plateau observed by Predoi-Cross for |m| > 40 
[17]. Nevertheless, the trend we predict is generally consistent with that 
of the rCMDS method [19].

The authors of Ref [18] observed that in the P branch, increased 
scattering occurred in their results for transitions with m < 50, which 
they attributed to overlap between transitions of the ν3 band and those 
from other N2O bands. From a theoretical point of view, we currently do 
not have a clear explanation for this discrepancy.

3.5. Temperature dependence of halfwidths, reductions, and line mixing 
coefficients

A. The T dependence of halfwidths

Since our halfwidth calculations at room temperature for both the 
N2O-N2 and N2O-O2 systems were successful, we extended the calcula
tions to three additional temperatures: T = 195, 250, and 350 K. To 
illustrate the temperature dependence of the calculated halfwidths, the 
results are presented in Fig. 8.

Fig. 5. Calculated air-broadened halfwidths of the N2O lines in the R branch using the MRB method (black curve) and the RRB method (red curve). Measurements by 
Predoi-Cross [18] (cyan), by Loos [17] (orange +), by Nemtchinov [26] (green ×), and by Toth [25] (blue Δ) are also presented.

Fig. 6. Magnitudes of the off-diagonal elements of W at T = 296 K for the N2O-N2 system. The W matrix in the R branch includes 36 lines, corresponding to R(0) – R 
(35). The simplified notations n and l denote the R(n) and R(l) lines, respectively.
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Most measurements of N2- and O2-broadening coefficients have been 
performed at room temperature, with very limited data measurements 
available at other temperatures. Fortunately, we found some measure
ments at T = 195 and 250 K [6,26]. In Fig. 9, we compare these 
experimental data with our calculated N2-broadened halfwidths ob
tained using both the MRB and RRB methods. As shown in Fig. 9(a), 

there are substantial discrepancies between the measurements at T =
195 K and our predictions from the RRB method. However, the variation 
patters remain quite similar. At present, we don’t have a clear expla
nation for this discrepancy. In contrast, the situation at T = 250 K, 
shown in Fig. 9(b), is different: here, our results are in excellent agree
ment with the measurements.

With respect to O2-broadened halfwidths, the situation is signifi
cantly improved. As shown in Fig. 10(a) and Fig. 10(b), our results are in 
excellent agreement with the measurements at both T = 195 K and T =
250 K. 

B. T dependence of reductions

In Fig. 8, we have already shown the differences between N2- and O2- 
broadened halfwidths at the four temperatures, calculated with the MRB 
and RRB methods. To more clearly illustrate how the effects from 
including LC vary with temperature, we present the corresponding re
ductions, defined as (MRB-RRB)/MRB, at the four temperatures in 
Fig. 11. Note that Fig. 11 is similar to Fig. 3 shown earlier, but includes 
results at three additional temperatures.

As shown in Fig. 11, the reduction increases as temperature de
creases for both N2- and O2-broadening. More specifically, the reduction 
of O2-brodening with a variation range from 4.5 % to 9 %, is a slightly 
broader than those of N2-broading with a variation range from 4.5 % to 
7.5 %. 

C. The temperature exponents N

-60 -40 -20 0 20 40 60

-20
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-10

-5

0

5

10

15

20

obs. Predoi-Cross
obs. Loos
 calc.
 rCMDS predictions

)1-
mta(

0001*kY

m

Fig. 7. Comparison of Rosenkranz line mixing coefficients at T = 296 K derived 
from the RRB method with the experimental data of Predoi-Cross et al [18] and 
Loos et al [17]. Predictions from the rCMDS model in the P branch [19] are 
also included.

Fig. 8. Calculated halfwidths of the N2- and O2-broadened R(j) lines of N2O at the four temperatures (i.e., 195, 250, 296, and 350 K are presented in (a) and (b). They 
are represented by black, red, green, and blue curves, respectively. The MRB (dotted curves) and RRB (solid curves) methods are used in the calculations.

Fig. 9. Comparisons between the calculated N2-broadened halfwidths and measurements at T = 195 K (a) and 250 K (b). The calculations are based on the MRB 
(black curve) and RRB (red curve) methods. Measurements by Henry at T = 195 K [6] and by Nemtchinov at T = 250 K [26] are presented by green × .
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In the present study, following the conventional approach, we use a 
power law to model the variation of halfwidths with temperature, 

γ(T) = γ(T0)

(
T0

T

)N

, (11) 

where T0 = 296 K and N is the temperature exponent.
A standard least square fitting procedure is used to derive the tem

perature exponent N. The calculated values of N for both N2- and O2- 
broadening are shown in Fig. 12(a) and Fig. 12(b), respectively. It is 
obvious that the values of N depend strongly on j, with only minor 

differences between the MRB and RRB results. Additionally, the varia
tion patterns of N are quite similar for both N2- and O2-broadening.

In practical applications, the temperature dependence of air- 
broadened halfwidths is more important than that of N2- and O2- 
broadened one and therefore deserves greater attention. In Fig. 13, we 
present our calculated temperature exponent N with other available 
values, including experimental measurements and those recently listed 
in HITRANonlne [28]. As shown in the figure, our results are in 
reasonably good agreement with the others. In particularly, the varia
tion patter of our calculated values, with one dip at j = 12 flanked by two 
peaks located at j = 2 and j = 28 – 32, closely resembles that of the 

Fig. 10. The same as Fig. 9 except for the O2-broadened halfwidths.

Fig. 11. Calculated reductions (defined as (MRB-RRB)/MRB) of the N2-and O2-broadened halfwidths of the N2O lines at T = 195, 250, 296, and 350 K are presented 
in 11(a) and 11(b), respectively. They are represented by black, red, green, and blue curves, respectively.

Fig. 12. Calculated temperature exponents N of the N2- and O2-broadened halfwidths of the N2O lines are presented in Fig. 12(a) and Fig. 12(b), respectively. These 
widths are derived using the MRB (black curve) and the RRB (red curve) methods.
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measurements reported by Lacome [29]. Note that in HITRAN 2020, the 
values of N were set to 0.75 [3]. Recently, these values have been 
updated in HITRANonline [28]. Compared to HITRANonline, the overall 
agreement is reasonable, except for our calculated values of N are higher 
for j < 12 and decrease more rapidly for j > 50. 

D. Temperature dependence of line mixing coefficients

As is now well known, the RRB formalism provides not only the 
halfwidths but also the full W matrix, enabling us to study the temper
ature dependence of the Rozenkranz parameters. The calculated Yk pa
rameters at T = 195, 250, 296, and 350 K for the air-broadened N2O 
lines in the ν1 band are shown in Fig. 14 and Fig. 15. Fig. 15 is simply a 
zoomed-in view of Fig. 14, allowing for a more detailed analysis of the 
rotational behavior of Yk near the zero crossing points. At this stage, in 
the expression for Yk, we divide the summation range l ∕= k in Eq. (10)
into two parts: a downward component with ωl < ωk and a upward 
component with ωl > ωk. Thus, Yk consists of two parts: SD and SU.

With this notation, SD is negative and SU is positive. Consequently, 
the value of Yk results from the competition between these two terms. In 
the following, we will focus on the R branch; a similar analysis applies to 
the P branch. In Fig. 15, a zero crossing indicates an almost complete 
cancellation between SD and SU. This crossing occurs near the most 
intense line at a given temperature T, and its location shifts with T. We 
denote the corresponding value of m as mc. For m 〈 mc, Yk is positive, 
indicating that SU〉 |SD|. For m > mc, Yk becomes negative, as SD becomes 
the dominant contributor. It is the competition between SD and SU that 

Fig. 13. The temperature exponent N for air-broadened R(j) lines of N2O obtained from the RRB (red) method is shown. The four temperatures (i.e., 195, 250, 296, 
and 350 K) are considered. The N values listed in HITRANonline [28] are represented by blue × . Meanwhile, measurements by Lacome [29] (green +) and 
Nemtchinov [26] (orange Δ) are also shown.
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Fig. 14. Calculated line mixing Yk parameters at T = 195, 250, 296, and 350 K 
for the air-broadened N2O lines in the ν1 band.
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Fig. 15. Similar to Fig. 14 except for a zoomed-in view.

Table 5 
Values of SD, SU, and Yk(T) for the m = 10 line.

SD SU Yk(T)

195 K − 3.114 10–2 3.543 10–2 4.286 10–3

250 K − 2.555 10–2 3.013 10–2 4.582 10–3

296 K − 2.209 10–2 2.6598 10–2 4.508 10–3

350 K − 1.902 10–2 2.3313 10–2 4.292 10–3
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determines the sign of Yk.
A noteworthy point occurs at m (i.e., Ji +1) = 10, where, as shown in 

Fig. 15, the four curves nearly intersect. This implies that Yk(T) at m =
10 is almost independent of temperature. Alternatively, ∂Yk(T)

∂T ≈ 0 at m 
= 10. Table 5 presents the values of SD and SU at m = 10 for the four 
considered temperatures.

As seen in the table, the magnitudes of both SD and SU decrease with 
increasing temperature. However, their respective rates of decrease are 
such that their sums (i.e., Yk(T)) remains nearly constant over the 
temperature range.

Furthermore, for lines with m < 10, ∂Yk(T)
∂T < 0. In this regime, both SU 

and |SD| decrease, but SU decreases more rapidly than |SD|, leading to a 
net decrease in Yk(T). In contrast, for lines with m > 10, |SD| decreases 

more rapidly than SU, due to the influence of the 
̅̅̅̅
ρl
ρk

√
factor in Eq. (10), 

which begin to enhance the upwards contributions. As a result, ∂k(T)
∂T > 0. 

In other words, m = 10 represents the crossing point at which the sign of 
∂Yk(T)

∂T changes.
In summary, both the rotational and temperature dependences of the 

Yk(T) parameters are governed by the competition between the down
ward and upward components of the summation in Eq. (10). Finally, it is 
worth noting that in the region where m ranges from 14 to 18, the sign of 
Yk changes with temperature. This behavior prevents to use a simple 
power law to model the temperature dependence of Yk. Interested 
readers are referred to a CO2 study by Ngo and Tran for more details 
[30].

4. Conclusions

We have calculated the N2-, O2- and air-broadened halfwidths of N2O 
line in the ν1 band. At T = 296 K, the calculate values for all three 
broadeners show excellent agreement with experimental measurements. 
These results clearly demonstrate the necessity of applying the RRB 
method over the MRB method. The calculations have also been extended 
to three additional temperatures: T = 195, 250, and 350 K. Based on 
these results, we analyzed the temperature dependence of the pressure 
broadened halfwidths and the reduction due to considering line 
coupling. Our calculated temperature exponent agree well with exper
imental values well. In addition, using the calculated relaxation matrices 
W, we derived the Rosenkranz line mixing coefficients at T = 195, 250, 
296, and 350 K and investigated their temperature dependence.

Since the RRB formalism has been extended to all types of vibrational 
bands (Σ − Π, Π − Π,Π − Δ,…) of linear triatomic molecules [22], it 
allows for proper inclusion of the vibrational angular momentum in the 
coupling scheme of angular momenta. This provides an opportunity to 
apply our formalism to various Q branches of N2O, for which experi
mental lineshape parameters are available. Consequently, we can 
investigate the role of the internal angular momentum in the vibrational 
dependence of the W matrix, and thus in the line mixing effects and 
pressure broadening parameters.
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