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Abstract
Data Structure Frameworks for Optimization and Search

Shunhua Jiang

Many important theoretical and practical problems can be solved using continuous
optimization. As data generation continues to grow at an unprecedented rate, there is a growing
need for the most efficient possible algorithms, particularly those that achieve optimal or nearly
input-size complexity. This thesis focuses on developing theoretical results for faster and
nearly-optimal optimization and search algorithms through the use of data structures.

The first part of this thesis presents faster algorithms for fundamental optimization
problems including linear programming (LP), semidefinite programming (SDP), sum-of-squares
optimization (SOS), and £, regression. We show how specialized data structures can reduce the
cost per iteration in iterative optimization algorithms, leading to faster solvers for these problems.

The second part of this thesis covers our work on data structures for several fundamental
online problems including dynamic ¢, regression and partial match. For the partial match
problem, we developed a general framework for building data structures by simulating

communication protocols, which is also applicable to other online search problems.
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Chapter 1: Introduction

As the generation and collection of data continue to grow at an unprecedented rate, efficient
processing of information is crucial to the scalability of training, deployment, and search in the
modern era. There is an increasing need for faster algorithms that not only run in polynomial time
but also achieve optimal or nearly input-size complexity. This is the focus of this thesis, where we
build new tools and frameworks to accelerate optimization and search algorithms.

A key tool in this thesis is the use of data structures. Unlike traditional data structures, our new
frameworks allow us to focus on specialized data structures tailored to specific optimization and
search algorithms, where we heavily exploit the underlying properties of the algorithms themselves,
such as stability and robustness properties. As a result, these data structures reduce the cost per
iteration of optimization algorithms, leading to faster and, in some cases, nearly optimal runtimes.

In this introductory chapter, we provide a high-level overview of this thesis. In Section 1.1,
we introduce a new data structure framework for optimization algorithms, and present the results
obtained under this framework. In Section 1.2, we shift focus to data structures for search problems
and other core online problems.

Following this chapter, we present each of the results introduced here in more detail. Each

subsequent chapter begins with a more detailed technical overview of the result in that chapter.

1.1 Faster Convex Optimization Using Faster Data Structures

Perhaps the most important and widely applicable problem in convex optimization is linear
programming (LP). We begin this section with a brief background on existing algorithms for LP
and describe how it gives rise to a new data structure framework that achieves nearly optimal

runtime for LP.



A linear program has the form of min ¢ x s.t. Ax = b andx > 0 where A € R, and it belongs
to the more general class of conic optimization, where the goal is to minimize a convex function
over a convex cone with linear constraints. Linear programming has numerous applications in areas
from machine learning and control theory to network optimization and market design.

Linear programming is one of the earliest studied optimization problems, dating back to Fourier
in 1827. The first algorithm for solving LP was the simplex algorithm proposed by Dantzig in 1947
[7]. Since then, various pivoting rules have been developed [8, 9, 10]. The simplex method is very
efficient in practice, and is still widely used in solvers nowadays. However, the simplex method
has exponential worst-case running time under all known pivot rules [11]. The smoothed analysis
by Spielman and Teng [12] showed that the simplex method runs in polynomial time under small
perturbations of the input data, which explains its practical efficiency.

The first weakly polynomial time algorithm for LPs was the ellipsoid method proposed by
Khachiyan in 1980 [13] (similar ideas were previously introduced by [14] and [15]). Unfortunately,
the algorithm has a large polynomial runtime of O*(n®),! and it is slower in practice compared to
the simplex algorithm.

In this thesis, we focus on the weakly polynomial algorithms for linear programming and other
optimization problems. Only a few special classes of LPs are known to have strongly polynomial
algorithm, including combinatorial LPs [16, 17], LPs with at most two non-zero entries per row or
column [18, 19]. Whether general linear programming can be solved in strongly polynomial time

remains a major open problem, also known as Smale’s 9th problem.

Background about interior point methods. The emergence of interior point methods (IPMs)
introduced the first class of LP algorithms that are efficient in both theory and practice. The
seminal paper by Karmarkar [20] was the first to propose IPMs, while the underlying mathematical
principles had been studied before [21, 22]. Various different variants of [PMs were developed to

improve their practical performance and theoretical guarantees, including path-following algorithms

'In this introduction we use O*(-) to hide poly log(nR/5) terms, where ¢ is the accuracy parameter, and R measures
the size of the problem. Please refer to later chapters for more details on the definitions of R and 6. We also use O(-)
to hide poly log(n) terms.



[23, 24], primal-dual algorithms [25, 26, 27, 28], and other potential-reduction variants following
Karmarkar’s algorithm [29, 30]. Efficient initialization techniques were also developed [31, 32, 33,
34]. In 1994, Nesterov and Nemirovskii [35] developed the self-concordance theory, which showed
that interior point methods can in principle be generalized to all convex optimization problems.
This has in particular led to the development of IPMs for semidefinite programming (SDP) [36, 37,
38] that are also efficient in practice.

Karmarkar’s first IPM algorithm had a runtime of O*(n3?), and a long line of research in the
1980s culminated in Vaidya’s 1989 IPM [39] that runs in O*(n>?) time, which is the first algorithm
with runtime below O*(n?). An interior point method iteratively traverses the interior of the feasible
region until it approaches the optimal solution, and its runtime is determined by the number of
iterations times the cost per iteration. In each iteration, the IPM solves a linear system derived from
the Newton step that optimizes a local quadratic approximation. Standard IPMs have +/n iterations,
but a straightforward implementation incurs at least n time per iteration, where w ~ 2.37 is the
fast matrix multiplication exponent. The key technique in Vaidya’s paper to achieve runtime below
n®*1/2 is to reuse the inverse matrix from previous iterations, which is updated lazily using fast
matrix multiplication. However, as noted in [39], their algorithm cannot be improved beyond n*>
time even if the fast matrix multiplication exponent is further improved. For other regimes of LP
where the number of variables n is much larger than the number of constraints d, the fastest solvers
are [40, 41, 42], based on an IPM that requires only Vd iterations. However, for the dense square
case where d = ©(n), their running time remains n?7, the same as that of [39].

Recently, Cohen, Lee and Song [43] developed a robust IPM combined with an inverse main-
tenance data structure that dynamically maintains the inverse of the Newton steps, achieving
O*(n® + n**'/%) running time for general (dense) LPs. This runtime matches the current matrix
multiplication time where w =~ 2.37. Building on their result, [44] showed how to achieve the same
running time for the more general problem of empirical risk minimization, and [45] showed how to
make the algorithm deterministic. The work of [43] is the first application of a new data structure

framework that improves the cost-per-iteration by dynamically maintain solutions to sequences of



simpler optimization problems in iterative optimization algorithms.

Organization of this section. The rest of this section presents my results on faster algorithms
for LP, as well as extensions of the framework to other conic optimization problems, including
semidefinite programming (SDP) and sum-of-squares optimization (SOS). These algorithms all
rely on a careful combination of dynamic data structures and stability properties of optimization
algorithms — that is, the simpler optimization problem in each iteration of an iterative optimization
algorithm differs only slightly from the one in the previous iteration. By designing specialized
dynamic data structures that exploit such stability guarantees, we can reuse useful information

computed in previous iterations to improve the amortized cost per iteration.

1.1.1 Linear Programming (LP)

Even though the algorithm of [43] achieves current matrix multiplication time, it is never faster

2+1/6

than n , and its runtime remains so even if the fast matrix multiplication exponent drops below

n*1/6 Indeed, it is widely believed that w = 2 [46, 47]. In the ideal case where w reaches 2, there

/6

is still a multiplicative gap of n'/6, and this raises a natural question:

Is it possible to solve linear programs in the same running time as solving linear systems?

In this thesis, we present an algorithm that moves one step further towards answering this question.
We design an improved LP solver that runs in time O* (n® +n**'/18). In the most notable (ideal) case

2+1/6

that w = 2, our algorithm improves the previous n runtime to O* (n>*!/18). More precisely, we

prove the following theorem:

Theorem 1.1.1 (Informal statement of Theorem 3.1.2). Lef mingy—p >0 ¢ ' x be a linear program
where A € R and d = ©(n). Then there is a randomized algorithm that solves the LP to high

accuracy in expected time

0*(nw +7’l2+1/]8).



The key idea we exploit is a higher-order stability property of the IPM: not only the variables
are changing slowly during all iterations, but the changes of the variables are also changing slowly.
We design a novel two-level projection maintenance data structure that uses linear sketching to fully
exploit this stronger stability property. This approach is a first step to recursively apply dynamic

data structures to iterative optimization algorithms.

1.1.2  Low-Accuracy Solvers for LP

While the use of dynamic data structures has led to great improvement in the cost per iteration
of IPMs for LP, the rate of convergence remains at least \/n for all known IPMs when d = O(n).
It is a long-standing open problem whether o(+/n) iteration complexity is possible for IPMs. On
the other hand, an exciting recent line of research shows that for the first order low-accuracy
algorithms known as multiplicative weight update (MWU ) methods, the iteration complexity can be
improved via a technique called width reduction [48, 49]. Ata high-level, this technique “penalizes”
coordinates i that have large values in an update direction Ax;, thereby reducing the width ||Ax||c-
Unlike IPMs whose runtimes depend logarithmically on the accuracy parameter (i.e., their runtimes
have polylog(1/6) terms), MWUs only produce low-accuracy solutions, meaning their runtimes
depend polynomially on the accuracy parameter, with terms of the form (1/6)°(1.

In this thesis we ask the question: Is it possible to combine dynamic data structure techniques
which improve the cost per iteration, with width reduction techniques which reduce the number of
iterations? A truly optimal algorithm would inevitably need to incorporate both techniques.

We propose an MWU algorithm for LP (presented for the equivalent £, regression problem)
that runs in n>*'/223poly(1/6) time when w = 2, and this is faster than all known IPMs in the

low-accuracy regime. More precisely:

Theorem 1.1.2 (Informal statement of Theorem 6.6.2). Let A € R™ and d = ©(n). There is a
randomized algorithm that finds x which satisfies ||Ax" — b|leo < (1 + ) min,cpa ||Ax — || in
5(n2+1/22'5p01y(6'1)) time when w = 2 + o(1). This algorithm converges in 5(n1/2'5poly(6'1))

iterations.



This is the first non-trivial combination of dynamic data structures and width reduction tech-
niques, finally making the two most important building blocks of modern structured convex op-
timization compatible. Our new MWU algorithm has non-monotone weight update steps which
provide the robustness needed for the sketching techniques in the data structures, and it uses new

special width reduction steps that guarantee the stability of each iteration.

1.1.3 Semidefinite Programming (SDP)

Semidefinite programming (SDP) is a generalization of linear programming, where the goal is
to optimize over the cone of positive semidefinite matrices:

Jmax (C, X) subjectto (A;, X) =b;, Vie[m], X =0.
€ nxn

SDPs can model more complex problems and have a wide range of applications in areas such as
combinatorial optimization [50, 51, 52] and quantum computing [53]. Despite being more general
than LP, SDP can also be solved efficiently using interior point methods [54]. The aforementioned
data structure framework can also be instantiated for the SDP problem, and a recent result [55]
shows how to solve SDPs in O* (vn(mn? + m® + n®)) time.

In this thesis, we design a faster IPM algorithm that improves upon [55], and perhaps more
notably, our algorithm solves tall dense SDPs where m = @ (n?) in the current matrix multiplication

time:

Theorem 1.1.3 (Informal version of Theorem 4.2.1). Let m = ©(n?). There is an algorithm that

solves a general SDP with variable size n X n and m constraints to high accuracy in time

O* (mw + m2+1/4)‘

The runtime of this algorithm matches that of solving linear systems for the current w. Our
main techniques include a new data structure for maintaining the inverse of a Kronecker product,

and a generalization of the amortization schemes used for LP solvers (techniques for vectors) to

7



SDP solvers (techniques for positive semidefinite matrices).

1.1.4 Sum-of-Squares Optimization (SOS)

In sum-of-squares (SOS) optimization, the goal is to optimize a linear objective where the
variables are the coefficients of a sum-of-squares polynomial, which is a polynomial that can be
expressed as a finite sum of squared polynomials. The hierarchy of weighted SOS optimization
with increasing degree (known as the Lasserre hierarchy) can be used for approximating general
polynomial optimization, which has many applications in areas including combinatorial optimiza-
tion [56, 57, 58], statistical estimation [59, 60], and experimental design [61]. The dual SOS cone
is a slice of the SDP cone [62], and commonly-used SOS solvers typically rely on existing SDP
solvers.

In this thesis, we propose an IPM algorithm for sum-of-squares optimization using the data
structure framework. Our algorithm is polynomially faster than both previous specialized SOS
solvers [63] and the SDP-based algorithms. Our main technique is to maintain the spectral approx-

imations of an element-wise product that is unique to SOS optimization.

1.2 Faster Data Structures for Core Online Problems

The second part of this thesis shifts focus to my work on data structures for fundamental
online problems, including dynamic ¢, regression and partial match. The new tools and paradigms
developed here are more general and broadly applicable, and the simpler problem formulations
often make it possible to prove tighter or even matching hardness results, thereby shedding light on

the inherent limitations of these data structures.

1.2.1 Dynamic ¢, Regression

> regression min,.cra ||Ax — b||2 is perhaps the simplest and most important learning problem,
serving as a foundation for numerous optimization and machine learning tasks [64, 65, 66, 67,

68]. Many such applications involve data that is continually changing, either by nature or by



design. In this thesis, we study dynamic {, regression, where the goal is to dynamically maintain
an approximate solution that minimizes ||Ax — b||; under insertions and/or deletions of rows and
labels to A and b. This problem can be viewed as the simplest instance of continual learning,
where we aim to maintain a linear model that incorporates new information incrementally without
recomputing the model from scratch. Variants of dynamic ¢, regression also appear in iterative
optimization methods such as IPMs and MWUs mentioned above.

Our first result is a data structure that maintains a 0.01-approximate solution for dynamic ¢,

regression under incremental updates, and supports each row insertion in nearly row-sparsity time:

Theorem 1.2.1 (Informal version of Theorem 7.1.1). There exists a randomized dynamic data struc-
ture which with high probability maintains a solution x’ satisfying | Ax’ —b||, < 1.01 min,cga ||Ax—
b||> under n > poly(d) adaptive row-insertions to A and b, with an amortized update time of

O~(nnz(a(i))) for a row a®, where nnz(a®) denotes the number of non-zero entries of a”.

Our data structure is robust to both oblivious and adaptive updates, and empirical results show
that it outperforms all existing approaches; in particular, it is approximately 3x faster than the
classic Kalman filter [69].

Additionally, we prove that this data structure is essentially optimal by showing a quadratic
Q(d?) lower bound for the update time if the data structure is extended to support both insertions
and deletions, or to achieve 1/poly(d) accuracy. These conditional lower bounds are based on the
Online Matrix Vector multiplication (OMyv) conjecture, which postulates that computing Boolean
matrix-vector products for a fixed d X d matrix with an online sequence of vectors requires d>~°(!
time per vector. These hardness results provide a nearly complete characterization of the complexity
of dynamic ¢, regression. Our technical contribution is a hardness amplification reduction from
exact OMv to approximate OMv over the reals, showing that the OMv problem remains hard even
when the online matrix-vector products only need to be approximated to within constant relative

accuracy against adaptive sequences.



1.2.2 Partial Match

In information retrieval and pattern matching, a prototypical search problem for a predicate
f X xY — {0,1} is to preprocess a high-dimensional dataset {x;,x7,...,x,} € X into a
data structure such that, given a query y € Y, it can quickly answer if there exists an x; such
that f(x;,y) = 1. Some canonical examples include nearest neighbor search [70, 71, 72], range
searching and quantile queries [73, 74, 75], searching with “wildcards” [76, 77], set-containment
and intersection [78, 79, 80, 81]. One of the most basic such problems, which dates back to at
least as early as Rivest’s thesis [82] and turns out to subsume most aforementioned ones, is the
partial match problem: build a data structure over a dataset {x;, x>, ...,x,} C {0, 1}¢ so that when
given a query y € {0, I, x}¢, the data structure can efficiently answer whether there exists a data
point x; that matches y on all non-x coordinates. This problem is of fundamental importance as
it models many real-life information retrieval queries [83, 84, 85, 86], such as finding entries that
satisfy specified equality constraints in a database, determining if a document contains a given set
of words, and classifying an IP packet according to its parameters.

From a theoretical viewpoint, the partial match problem is closely related to central problems in
fine-grained complexity. A central conjecture in fine-grained complexity is the orthogonal vectors
(OV) conjecture, which postulates that there exists no truly subquadratic (n'**° time) algorithm for
deciding if two sets A, B c {0, 1} contain an orthogonal pair of vectors, where each set contains n
vectors and the dimension is d = ¢ - log n for large enough constant ¢. The partial match problem is
equivalent to the online version of the OV problem, and efficient partial match algorithms directly
imply efficient combinatorial algorithms for OV. In this thesis, we also consider the w-sparse partial
match where the query y has at most w wildcards, and understanding this problem could lead to
progress on the sparse OV conjecture [87].

The partial match problem has been extensively studied [82, 78, 76, 88, 75]. For dense instances
with dimension d = ¢ log n, the current best algorithm is due to [75], which has query time n'~!/ 0(c)
with near-linear space O(n!'!). In the sparse case, where the number of wildcards is w < d, [76]

provided a data structure with space O (n log" n) and query time o (2"), independent of the alphabet
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size |Z|. Assuming w = clogn, the query time of this data structure becomes o (n¢), which is
non-trivial (sublinear) only for ¢ < 1.

In this thesis, we consider constant-size alphabets, and we show that sublinear query time is
possible even when the number of wildcards in the query is as large as w = clogn <« d for

arbitrarily laree constant ¢ > 1, using space O (n'"!) and query time n'~1/©(©)

Theorem 1.2.2 (Informal version of Theorem 8.5.1). For any large enough constant c, there is a
data structure for w-sparse partial match problem where w < clog n, with space s = O(n'"') and

expected query time t; = n'~/ (c),

This result matches the time-space tradeoff of the fastest known data structure for dense instances
[75], thus unifying and improving the time-space landscape for partial match.

Our partial match data structure is an instance of a general framework that we developed
for building data structures by simulating communication protocols for the underlying problem
f: X xY — {0, 1} under product distributions. The fundamental advantage of this framework is
that, while the set disjointness problem corresponding to partial match has Q(d) communication
complexity in the worst case [89], it is well known that the distributional complexity of set
disjointness under product distributions is only o (Vd) [90]. A simplified version of our framework

is stated as follows:

Theorem 1.2.3 (Informal version of Theorem 8.4.1). For any € > 0, suppose the two-party one-
sided e-error distributional communication complexity of f : X X Y — {0, 1} under arbitrary
product distribution (x,y) ~ Ay X A, is at most C,. Then there exists a data structure supporting

search problem for predicate f with space n - 2°€<) and query time 2°(C¢) + gn.

Our partial match data structure follows from this framework combined with our newly de-
veloped O(W) communication protocol for sparse set disjointness problem. Results in
communication complexity are often used to prove lower bounds for data structures. Our work
is the first framework to construct data structure upper bounds from communication protocols,

thereby establishing a new approach to data-dependent algorithms.
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Finally, we also prove an Q(n!~!/ \/E) lower bound in the list-of-points model, which is a model
that captures most existing search data structures, particularly those based on hashing. This lower

bound nearly matches our upper bound up to polynomial dependence on c.
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Chapter 2: Preliminaries

In this section we provide the notations and some basic facts that are used throughout this thesis.

2.1 Notations

Standard notations. For any positive integer n and n; < nj, we denote [n] = {1,2,--- ,n} and
[ny : na] = {n1,...,n2}. We use R, and R to denote the set of positive and non-negative real
numbers respectively.

For any positive integer n, we use 0,, 1,, € R" to denote the all-zero and all-one vectors of size
n, and we use I, to denote the identity matrix of size n X n.

For a vector v € R", we use the standard definition of £, norms: Vp > 1, [|v]|, = (X1, lvi|P)/P.
Specially, |[v]|c = max;e[,) |Vil.

A vector v € R" is called k—sparse if at most k entries in v are non-zero.

For any random variable x, we use E[x] to denote its expectation, and we use Var[x] to denote
its variance. We define Sup|x] to be the deterministic maximum of x.

We use standard definitions of hyperbolic functions sinh(x) = ex_ze_x, cosh(x) = "X+2€_X

Basic matrix notations. We use tr[-] to denote the trace of a matrix, and we use nnz(-) to denote
the number of non-zero entries of a matrix.

We say a matrix A € R"™" is PSD (denoted as A = 0) if A is symmetric and x" Ax > 0 for all
x € R". We use S to denote the set of PSD matrices of size n x n. We use A = B to denote
A-B = 0.

The spectral norm of a matrix A € R"™ is defined as ||A|, = Max,cpd |y|,=1 |Ax|l2. The

Frobenius norm of A is defined as ||A||r = \/Zie[n] 2jeld] Aizj. For any PSD matrix M € S™", we

define the M-norm as ||x||ys = VxTMx, Vx € R".
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For any matrix A € R™ (n > d), let o1(A) > --- > 04(A) > 0 be its singular value, and

k(A) = (O;;((’z)) be the condition number. When A is a symmetric matrix, we use 4;(A) > --- >

A4(A) to denote its eigenvalue.
For a matrix A € R™" where m > n, weuse 11(A) > --- > 1,(A) to denote the eigenvalues of

A, and we also denote the vector of eigenvalues as A(A) € R". Weletoj(A) > --- > 04(A) =20

ai1(A)

7 (A) denote the condition number. We use rank(A)

denote the singular values of A, and let k(A) =

to denote the rank of a matrix A. We use ker(A) and Im(A) to denote the kernel space and the
column space of A.

For a vector v € R”, we use diag(v) € R™" to denote the diagonal matrix whose diagonal
entries are v. For a square matrix A € R, we use diag(A) € R” to denote the vector of the
diagonal entries of A.

For any vector v € R", we use v[;; to denote the i-th largest entry of v, for any subset S C [n],
we define vs € RIS to be the subvector of M that only has the entries in S.

For a matrix A € R"™", and subsets S| C [m], S, C [n], we define Ag, s, € RISIXI52l to be the
submatrix of A that only has rows in S and columns in S>. We also define Ag, . € RISUX" {6 be the

submatrix of A that only has rows in Sy, and A. g, € R™¥1%21 t0 be the submatrix of A that only has

columns in S>. When it’s clear from context, we also use the shorthand Ag, to denote A. g,.

Coordinate-wise operations. For a vector x € R"” and s € R", we denote xs € R" as a length-n
vector whose i-th coordinate is (xs); = x;s;, Vi € [n]. Similarly, we also define other scalar
operations on vectors as coordinate-wise operations.

For a scalar function f : R — R and a vector x € R”, we define f(x) = [f(x1),..., f(x)]".

Upper case as diagonal matrix. Given vectors x,s € R”, we use X € R and § € R to
denote the diagonal matrix of those two vectors. We use X/S to denote the diagonal matrix there
the i-th entry on the diagonal is (X/S);; = x;/s;, Vi € [n]. Similarly, we extend other scalar

operations to diagonal matrix.
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Approximations. For any function f, we define 0~( f) = O(f - polylog(f)), and O*(f) =
O(f - M), and we additionally define O,(f) = O(f - poly(e™")).

For vectors a,b € R" and accuracy parameter € € (0,1), we use a =, b to denote that
e ®-b; <a; <e®-b;,foranyi € [n]. Forconstant ¢, we use a ~. t todenote thate™®-1 < a; < e®-1,
for any i € [n].

For any two symmetric matrices A, B € R™", any parameter ¢ € (0, 1), we say B and A are

e-spectral approximation of each other, denoted as B ~. A, if we have
e € - xTAx <x"Bx <ef-x"Ax, Vx e R".

Matrix related operations. For two matrices A, B € R™", we define the matrix inner product
(A,B) :=tr[ATB].
We use vec[] to denote matrix vectorization: for a matrix A € R™*", vec[A] € R™" is defined

to be vec[A](j—1).nvi = A;j forany i € [m] and j € [n], i.e.,

We use ® to denote matrix Kronecker product: For any two matrices A € R”*" and B € RP*4,
A ® B € RP™" is defined to be (A ® B)p(i-1)+s,q(j-1)+ = Aij - Bs; forany i € [m], j € [n],

s € [pl. [1] € [q].1ie.,

A B AaB ... AB
aep= |28 A2 B A Bl
A1 B Awa B ... Ay, B

We use o to denote matrix Hadamard product: For any two matrices A, B € R™*", the Hadamard
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product A o B € R™" is defined as

(AoB)j=A,;-Bi;, Vie[m],je€[n]

We also use A°Z to denote A o A.

Definition 2.1.1 (Stacking matrices). Let Ay, Ay, - -+, Ay, € R™" be m symmetric matrices.

2 . : : o
We use A € R™" to denote the matrix that is constructed by stacking the m vectorizations

vec[A1], vec[Az], - - vec[A,] € R”.

Fast matrix multiplication. We use 7, (a, b, ¢) to denote the time of multiplying an a X b
matrix with another b X ¢ matrix.
For k € R,, we define w(k) € R, to be the value such that Vn € N, Tmat (1, n, n*) = O(n‘”(k)).
For convenience we define three special values of w(k). We define w to be the fast matrix
multiplication exponent, i.e., w := w(1). We define @ € R, to be the dual exponent of fast matrix

multiplication, i.e., w(a@) = 2. We define S8 := w(2).

2.2 Basic Facts and Tools

2.2.1 Matrix Operations

Fact 2.2.1 (Matrix inner product). For two matrices A, B € R™ ", we have (A, B) = trf[ATB] =

vec[A] T vec|[B].

Spectral approximation has the following properties, and the proofs are straightforward from

definitions.

Fact 2.2.2 (Properties of spectral approximation). For any two PSD matrices A, A e R™n, any

parameter € € (0, 1), zfg ~. A, then we have
1. BTAB ~, BT AB, for any matrix B € R™".

2. If both A and A are invertible, then A™! ~, A™\.
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3. e ?tr[A] < tr[A] < eftr[A].
4. A%y, A2,

Fact 2.2.3 (Basic properties of Kronecker product). The Kronecker product ® satisfies the following

properties.
1. For matrices A € R and B € RP*™ we have (A ® B)T = AT ® BT € R"xab,

2. For matrices A € R, B € R C e R™, D € R"™“ we have (A® B) - (C ® D) =
(AC ® BD).

Fact 2.2.4 (Kronecker product and vector multiplication). Given A € R™" B € R™k C e R*,

D € R™™ e have
1. vec[ABC] = (CT ® A) - vec|B].
Note that ABC € R™, CT @ A € R"™ " and vec[B] € R™.
2. trf[ABCD] = vec[D]T - (CT ® A) - vec[B].
Note that ABCD € R™™ vec[D] € R™, CT ® A € R"™X and vec[B] € R™.

Fact 2.2.5 (Properties of Hadamard product). For matrices A, B € R™ ", and vectors x € R",

y € R", we have the following properties.
1. x7(A o B)y = tr[diag(x)A diag(y)B "],
2. Ao (x-y") =diag(x) - A - diag(y).

We use the Woodbury matrix identity to calculate the inverse of a matrix M under low-rank

updates.

Fact 2.2.6 (Woodbury matrix identity, [91, 92]). For matrices M € R™", U € R"™*, C e Rk*k,

V € Rkxn

M+Uuc) ' =M - pm'uc vvmtuyTtvmet,
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2.2.2  Fast Matrix Multiplication

In this thesis we will use the following standard facts about fast matrix multiplication, the proof
of the first two facts can be found in e.g., [93, 94, 95, 96, 97], the proof of the last two facts can be

found in [43].
Fact 2.2.7 (Convexity). The function w(k) is convex.

Fact 2.2.8 (Relation of w and ). ‘f%j -1<0.

Fact 2.2.9 (Commutativity). Tmat(n, k,7) = O(Tmat(n, 7, k)) = O(Tmat(k, n,7)).

Fact 2.2.10 (Approximate Tpq¢(7, 1, r) by linear function when r < n). For any r < n, we have

_2 _a(w=2)
Tmat(myn, 1) < 020 4 0155 - g2t o),

2.2.3 Probabilistic Tools

In this thesis we use several well-known probabilistic tools.

Lemma 2.2.11 (Johnson-Lindenstrauss Lemma [98]). There exists a function JL(n,m, g, ) that
returns a random matrix J € R¥" where k = O(e7%1og(m/5)), and J satisfies that for any fixed

m-element subset V Cc R",
Pr{weV, (1-g)vll < vl < (1+e)|vll2] > 1-0.

Furthermore, the function JL runs in O (kn) time.

Concentration inequalities.

Lemma 2.2.12 (Bernstein Inequality, [99]). Let Xi,--- , X,, be independent zero-mean random

variables. Suppose that | X;| < M almost surely, for all i. Then, for all t > 0,

n
ZX,‘>I‘

i=1

2/2

Pr - 3 .
j:lE[Xj] + Mt/3

< exp (—
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We will also use the following concentration inequality for martingales when working with

adaptive updates.

Lemma 2.2.13 (Freedman’s inequality, [ 100]). Consider a martingale Yo, Y1, - , Y, withdifference
sequence X1, X, -+ , Xy, i.e., Yo =0, and foralli € [n],Y; =Y;_1+X; andE;_[Y;] = Y;—1. Suppose
| Xi| < R almost surely for all i € [n]. Define the predictable quadratic variation process of the

martingale as W; = 23.:1 E;_1 [X}],for illi € [n]. Then forallu > 0, 0> > 0,

_ 142/2
Pr[3i € [n] : [Yi| > uand W; < 0] < 2¢ o2kels,

Sketching matrices. Random sketching matrices are usually used to give subspace embedding
and approximate matrix product. Instead of using subspace embedding [101] and approximate
matrix product [102], LP solver requires a different version of embedding, it was from [103]

implicitly and defined in [44] explicitly.

Definition 2.2.14 (Coordinate-wise embedding). Let I1 denote a distribution on b X n matrices R.
We say Il is an (a, B, 6)-coordinate-wise embedding if for any fixed vector h € R", the following
properties hold:

1. E [R"Rh] = h,
R~II

TRINT < K2 + Zhl2
2. B[RRI < E + Zhl3,

TRR); — hy £
3R121ﬁ |(R Rh)l hl| > ”hHZ\/E < 0.

Lemma 2.2.15 (Coordinate-wise embedding, Appendix E in [44]). Let R € R?™" denote a sub-
sample randomized Hadamard transform, then it gives (a = 1, B = log(n/d), §)-Coordinate-wise

Embedding (Definition 2.2.14).
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2.3 Standard Results from IPM Theory

We use the following two results of the barrier method that hold for any cone with a barrier

function. The proofs are standard, (see e.g., [ 104, Section 2.4]).

Lemma 2.3.1 (Invariance of Newton step, [104]). Consider the following optimization problem:
min—bTys.t. y € D, where F : R — R, is a barrier function with barrier parameter vy, Dy C
R™ is the domain of F, and D is the closure of Dp. For anyn > 1, define Fy,(y) =-nbTy+F(y).
Let g,(y) € R™ and H(y) € R™ ™ denote the gradient and the Hessian of F, at y.

Let 0 < gy < 0.05 be a parameter. If a feasible solution y € D, a parameter n > 0, and a

positive definite matrix H e §»n satisfy the following:

lgn O -1 < ens H =002 H().

Thenn"% =n - (1+ 208\7%), Y'Y =y +06, where 6, = —ﬁ_lg,,new (y) satisfy y™¥ € D and

N6yl < 2en,  llgmmew (Y ")l (ynewy-1 < En.

Lemma 2.3.2 (Approximate optimality, [104]). Consider the following optimization problem:
min-bTy st y € Dp, where F : R™ — R, is a barrier function with barrier parameter v,
Dy C R™ is the domain of F, and Dy is the closure of Dp. Let OPT be the optimal objective value
of this optimization problem. For any n > 1, define F,(y) = —nb"y + F(y). Let g,(y) € R™ and
H(y) € R"™™ denote the gradient and the Hessian of F, at y.

Let 0 < ey < 0.05. If a feasible solution y € D satisfies ||gy(y)|lgy)-1 < en, then we have

—bTy < OPT+ L - (1 +2ey).
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Chapter 3: Faster Dynamic Matrix Inverse for Faster LPs

3.1 Overview

Linear programming is one of the cornerstones of algorithm design and convex optimization,
dating back to as early as Fourier in 1827. LPs are the key toolbox for (literally hundreds of)
approximation algorithms, and a standard subroutine in convex optimization problems. Dantzig’s
1947 simplex algorithm [7] was the first proposed solution for general LPs with n variables and
d constraints (mingy=p,>0c'x). Despite its impressive performance in practice, however, the
simplex algorithm turned out to have exponential worst-case running time (Klee and Minty [11]).
The first polynomial time algorithm for general LPs was only developed in 1980, when Khachiyan
[13] showed that the Elliposid method (previously introduced by [14] and [15]) runs in 0(n6)
time. Unfortunately, this algorithm is very slow in practice compared to the simplex algorithm,
raising a quest for LP solvers which are efficient in both theory and practice. This was the primary
motivation behind the development of interior point methods (IPMs), which uses a primal-dual
gradient descent approach to iteratively converge to an optimal solution (Karmarkar, [20]). An
appealing feature of IPM methods for solving LPs is that they are not only guaranteed to run fast
in theory, but also in practice [105]. In 1989, Vaidya proposed an O(n*>?) LP solver based on a
specific implementation of IPMs, known as the central path algorithm [106, 39]. 1

Recently, Cohen, Lee and Song [43] developed a stochasitc central path algorithm which

achieves the fastest known running time for general (dense) LPs:

0% (n® + n>5-212 4 y2+1/6),

IFor other regimes of LP, the fastest solvers are [41, 42]. However, for the dense square case, their running time is
still n23, the same as [39].
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where w and « are the fast matrix multiplication (FMM) exponent and the dual FMM exponent,’
and O* hides n°") factors. Note that n® is the minimal time> for merely solving a general linear
system (Ax = b), i.e., finding any feasible solution to the LP, thus it seems quite remarkable that
solving the full optimization problem (mina,—p>0c'x) may be done at virtually no extra cost.
Indeed, the work of [43] suggests this intriguing possibility, which is the primary motivation of our

work:

Are the problems of solving Linear Programs and Linear Systems computationally equivalent?

The current best upper bound on the FMM exponent is w ~ 2.37286 [109], improving a long line
of research [110, 47, 111], while the best known bound on the dual FMM exponent is @ ~ 0.31389
[96]. Despite recent evidence indicating the limitations of the existing fast matrix multiplication
techniques [112, 113, 114], it is still widely believed that w ~ 2 [46, 47] and as such a@ ~ 1.
Assuming that indeed w < 2+ 1/6 = 2.166 and @ > 0.66, the runtime of the aforementioned
algorithms is n>1%. Whether the additive n>!%® term can be improved or completely removed
was explicitly posed as an open question in [43]. Closing this polynomial gap is not only a basic
question, but also has potential implications to many other optimization problems where the cost
per iteration is the current bottleneck (e.g., semidefinite programming solvers [55], empirical risk
minimization [44], the cutting plane method [115], minimizing convex functions with integral

minimizers [116] and even non-convex optimization [117]).

3.1.1 Our Results

Our main result is an affirmative answer to this open question, asserting that LPs can be solved

in matrix multiplication time for nearly any value of w (i.e., so long as w > 2.055). We design an

2.5-a/2

improved LP solver which runs in time O*(n® +n +n2*1/18) n the most notable (ideal) case

’The dual exponent « is defined as the asymptotically maximum number a < 1 s.t multiplying an n x n% matrix by
an n® x n matrix can be done in n>*°(!) time. w and « are related as they must satisfy w + (w/2)a < 3 [97].

3There is a recent exciting work [107] which solves linear systems faster than n*” when the sparsity and the condition
number (k) of the matrix A are small (nnz(A) = o(n~!/log(«))). This work is not for solving general linear systems.
Currently there is no reason to believe that general linear system can be solved faster than n¢ [108].
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that w ~ 2 and @ ~ 1, our algorithm runs in O* (n>%%) time, instead of O* (n>1%) time of previous

IPM algorithms [43, 44, 45, 118]. More precisely:

Theorem 3.1.1 (Main result, Informal statement of Theorem 3.1.2). Let minpy—p >0 ¢' X be a
linear program where A € R>" and d = ®(n). Then for any accuracy parameter 6 € (0, 1), there

is a randomized algorithm that solves the LP in expected time

0*(nw + n2.5—a//2 + n2+l/18) . log(n/d)

We achieve this result by designing a two-level lazy update framework for efficiently maintaining
a projection matrix, which is the key subroutine in the central path algorithm. This framework
requires a combination of randomized sketching techniques [119, 120] and a complex two-level
amortized analysis, which is made possible by establishing a stronger robustness property of the

stochastic central path algorithm against “coordinate-wise embedding” type perturbations.

3.1.2 Previous Techniques

The recent work of [43] improved Vaidya’s O(n>?) LP algorithm [39] to O*(n® + n?3-e/2 4
n21/ 6). Subsequent works [44, 45, 118] achieved the same running time. They used the same
lazy update framework as of [43], but developed different techniques to achieve fast queries in the

projection maintenance data structure. More precisely, the running time of [43] is

25-a/2 , 1.5+
O*(n® + n>>~42 4 pl-3+a),

where a < a is a tunable parameter. This value is always bounded by O* (n® + n25-/2 4 p2+1/6),

The three main ingredients of [43] are shown in the next three paragraphs. In Section 3.1.3 we

describe our improvements based on these previous techniques.

Central Path
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[43] proposed a stochastic version of the central
Refs | Central path | Data structure

ath algorithm, which can tolerate small perturba-
P & p [43] Randomized | Deterministic

tions. The central path algorithm keeps track of (44] | Deterministic | Randomized

the primal vector x and the dual slack vector s, it- [118] | Randomized | Randomized

eratively shrinking the duality gap >\, x; - s5; by [45]

Deterministic | Deterministic

I = 1/6(n) in each iteration, until converging to Figure 3.1: This table shows a conceptual sum-

the optimal point. Hence, the central path algorithm Mary of literature based on randomness used in
optimization and data structure parts.

has a total of O (y/n) iterations. See Section 3.2.1 for

more details. The main computation bottleneck of the stochastic central path algorithm boils down

to the following projection maintenance problem.

Projection maintenance. Denoting by w the vector x/s, i.e., w; = x;/s; for i € [n], the projection

matrix is defined as follows (for simplicity we omit the VW on two sides):

P(w)=AT(AWAT)'A.

In each iteration the stochastic central path algorithm performs the following two operations:

1. UppaTE(w"™") that updates P(w) to P(w"V).

2. QuUErY(A"Y) that calculates r := P(w™") - h"®"Y for some vector A"®". Then r is used to
compute 0, and &, which are the disposition of x and s in each iteration.
Tolerate perturbations. The stochastic central path algorithm allows certain small perturbations
in the projection maintenance data structure: Let w*P" ~, w™%, where ~, denotes coordinate-wise
approximation. Let D be a sampling matrix where DA™Y samples y/n entries from A"V, [43]

new

shows that the algorithm is correct when w"®" and A"*% are approximated by w?PP" and Dh"".

Lazy Update Framework

To speed up the data structure, [43] delays updates to the projection matrix by batching multiple

updates together and updating a batch using fast rectangular matrix multiplication.
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The data structure maintains a proxy vector v for w, and maintains the previously-computed

matrix P := P(v). The operation UppATE(w"*") only needs to update the set of coordinates S C [n]

where wi®V is different from v; by more than ¢, i.e., [w}*¥/v; — 1| > &. Let diagonal matrix A
be the differences on these coordinates (i.e., A;; = wi*™ —v; for i € §, and A;; = 0 for other
coordinates). They effectively use P(w?PP") where W2P' = V + A to approximate P(w"*"). Note
that w*P" ~, w"% by definition. See Figure 3.2 (a) for an illustration.

Using Woodbury’s identity for low-rank inverse updates (Fact 2.2.6) P(w?PP") is computed as

P(w™) = AT(A(V+A)AT)'A=P— Ps -(Agls+Pss)™ - (Ps)T, 3.1)
N—— ’ N——"
nx|S| |S|xn

where P := P(v) = AT(AVAT) A, and Pg € R"™I8| is the submatrix of P with columns in S.

[43] further exploits the power of fast rectangular matrix multiplication: By the definition of «,
for any a < @, the time of multiplying an n X n“ rectangular matrix by an n“ X n rectangular matrix
is the same as multiplying an n X 1 vector with a 1 X n vector. So they only update v and P when
|S| > n“. Otherwise they postpone the actual updates to v and P, and only update A.

Soft thresholding for amortization.* It takes O(n?) time to update the matrix P once S has
accumulated n“ coordinates, hence the lazy update framework is only useful when this update time
can be amortized. One of the key improvement of [43] to achieve near matrix multiplication time

is their soft threshold to exploit the “slow-moving” property of w:

IE[w™/w —1]l2 < O(1). (3.2)

Intuitively, when S reaches n“ coordinates, instead of only updating these n“ coordinates (a hard
threshold of n“), [43] could potentially update more coordinates according to the error vector

|[w™W /v — 1| (a soft threshold). For more details see Section 3.6.1. Their amortization shows that

al2

in expectation the lazy update is performed once every n?/? iterations, and this gives the n>~¢/2

4The name soft threshold is given by us. The idea is proposed by [43], but they embed it inside their update
operation. Since we will use it multiple times, we give it an explicit name.
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term in the final update time.

Fast Query Techniques

When not too many coordinates of w"®" are different from the maintained proxy v, i.e., |S| < n¢,
the QUERY(A"Y) operation computes r := P(w?P") - h1"¥ on the fly (see Eq. (3.1)). Note that
multiplying the second term of Eq. (3.1) with A"¥ only takes O (n'*%) time since Ps € R"™!S! and
|S| < n“. However, computing the first term P - A"% from scratch could take O (n?) time.

The four papers [43, 44, 45, 118] proposed different techniques to speed up this matrix-
vector multiplication to O(n'** + n'). Both techniques of [43] and [45] are essentially using
sparsification of the vector /", In contrast, [44] and [118] sketches the projection matrix itself,

effectively making it smaller. See the summary in the following table.

Refs. | Technique | Pos. | Formula Comment Time | Feasible'
[43] | Sampling right | P- DR™Y D samples +/n entries of A", n'> Easy
[44] | Sketching left | RT-RP-h"™v | Sketching matrix R € RV, n's Hard
[118] | Sketching right | PRT - R - k™Y | Sketching matrix R € RVAxn, n'? Easy
[45] | Vec. maint. | right | (Pg)+ P - Ah | Proxy g ensures Ah is n“-sparse. | n'*¢ | Easy

TFeasibility. We remark that when using techniques on the right, the feasibility of LP (Ax = b)
is directly satisfied during each iteration, but when using techniques on the left, it requires more
algorithmic design of the data structure to ensure feasibility. We provide the details of how to
maintain feasibility in our algorithm in Section 3.8.

In our paper we use sketching and vector maintenance, so we provide more details here.

Sketching. [44] and [118] use the idea of “iterating and sketching”, ° an adaptive version of
the classic “sketch and solve” paradigm [119, 120]. Both papers can use any kind of common
dense sketching matrices R € RVxn, e.g., subsampled randomized Hadamard/Fourier transform
matrix ([122, 103]), AMS sketch ([123]). Sketching on the right gives [118] the advantage that it
is easier to maintain feasibility. Because of this, [118] can even use the sparse embedding matrix

of [120, 124, 125] with poly log n non-zero entries each column. As [118] mentioned, they cannot

The idea of “iterating and sketching” can also be applied to non-convex optimization [121, 117].
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use the Count-Sketch [126] matrix where each column only has one nonzero. Thus, we believe
understanding the relationship between the sparsity of sketching matrices and iterative optimization
framework is an interesting direction to explore, especially because sparse sketching matrices may
help in the future study of O (nnz(A)) LP algorithms.

Vector maintenance. [45] maintains P - g where g is a proxy for & (similar to v being a proxy
for w), exploiting the observation that the vector 4 is also slowly changing, and this ensures Ah
(analogous to A) is n“ sparse. It is noteworthy that this technique is deterministic as it avoids

sketching/sampling altogether. Indeed, the motivation of [45] was derandomizing [43].

3.1.3  Our Techniques

This section provides a proof overview of our main result (Theorem 3.1.1), which we restate

formally below. Formal proofs of all technical claims can be found in the Appendix.

Theorem 3.1.2 (Main result, formal version of Theorem 3.1.1). Given a linear program of form
ming,—p x>0 ¢ ' x where A € R gnd d = O(n). Assume there are no redundant constraints, and
the polytope has diameter R in €| norm, namely, for any x > 0 with Ax = b, we have ||x||; < R.

Then, for any 6 € (0, 1], Main(A, b, ¢, 6, a, a) (Algorithm 17) outputs x > 0 such that
c'x < min c¢'x+06|c|loR, and ||Ax—bl|; <6 (R||A]+]b|1)
Ax=bx>0
in expected time
O(I’lw + n2.5—a/2 + nl.5+a—5/2 + n0.5+a+(a)—1)c7) . no(l) . log(n/é)

forany0 <a <aand( < a < aa.

Remark 3.1.3. In particular, so long as the constants of fast matrix multiplication satisfy w > 2.055
and a > 5 — 2w, general LPs can be solved in O(n“*°V) time. In the ideal case that w = 2 and

a = 1, the running time is n**1/18 = n2935 py choosing a = 8/9 and @ = 2/3.
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Our improvement from [43] comes from introducing a second level of lazy updates:

[43] : nw—1/2+n2—a/2 + nl+a )
—_— ———— ——

: S It level updat uer
time per iteration = ; St fevel update nery

Ours: n@ V24 p2al2 o plre-a/2 | pat(eo-la
—_ ~— —_———
Ist level update 2nd level update query

The first term n%~'/2 + n2%/2 of our running time is the same as [43], stemming from the

amortized cost of lazy updates, which we call the first-level update.

1+a-a/2

The second term n comes from the amortized cost of our newly introduced second-level

update. We maintain the “changes” of the first-level values in a second level, and only computes

the smaller “changes of the changes” in each iteration. In this way we can amortize the cost of these

1+a—a/2

computations from n'*ton , where a < aa is our second-level threshold.

14+a

The third term n°*(“~14 is our query cost. Note that this is smaller than the n'*¢ query cost of

[43]. In fact, it is even smaller than n?? < n'*“, since (w — 1)a < (w — 1)aa < a using the fact

that w + (w/2)a < 3[97] and w > 2.

Our contributions. We achieve Theorem 3.1.2 by improving all three key ingredients of [43]:

1. A more robust central path algorithm: Previous papers explicitly consider the error intro-

duced by sampling/sketching in the central path analysis. We instead treat the central path analysis
as a black-box, showing that as long as the output of the projection-maintenance data structure
satisfies certain coordinate-wise embedding guarantees, the central path algorithm still converges
in ~ +/n iterations. This decouples the optimization part from the projection-maintenance part,
allowing our data structure to introduce further perturbations.

2. A two-level lazy update framework: We observe that not only the maintained first-level values

are changing slowly, but also their “changes” are slowly changing, hence it is natural to maintain
these “changes” as second-level values, where each new iteration only computes the smaller changes

in these second-level values (“changes of changes”). We lazily update these second-level values
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until we have accumulated n“ coordinates in the “changes of changes”.

3. Synchronizing two levels of amortization: The scheduling order of the two levels of updates

(and soft-thresholding) must be carefully chosen so as to synchronize v and v. This synchronization

is crucial to get the desired amortization: In an expected amortized sense, the second-level update

is performed once every n®/? a/2

iterations, while the first-level update is performed once every n
iterations.

4. Right+Left compression for faster queries: We combine the sketching on the left technique

of [44] with the vector maintenance technique of [45] (ensuring sparsity on the right) to “compress”
the projection matrix on both sides. Implementing this approach requires dynamic maintenance of
extra data-structure primitives (matrix-products, vectors, sets), which together achieves the claimed
nH(@=1a@ query time.

Next we provide more details about these new techniques.

Generalizing the Robustness of Central Path

Algorithm 1 Simplified version of our Central Path algorithm, using the projection maintenance data
structure. See Algorithm 18.

1: i « 1, initialize feasible x, s € R"
2: Initialize the projection maintenance data structure mp.
3: whilei < +/n do

4 te—t-(1-1/\n), ue—x-s > 1 is the target duality gap, u is the actual duality gap
5: W x/s

6: Compute s based on u and «.

7: mp.UPDATE(w) > Update projection matrix P = AT(AW*P'AT) "1 A, where w¥P" ~, w
8: r «— mp.QUERY (/) > Query a matrix vector product » = P - h®P" where h*"" ~_ h
9: Compute Sy and & using r. > This just multiplies » with diagonal matrices.
10: x<—x+(/5\x,s<—s+(/5\s,i<—i+l

11: end while

Previously, [43] explicitly considers the central path update with sampling on the right, and [44]
and [118] explicitly consider the central path update with sketching matrix on the left/right. We
abstract these specific implementations of the projection-maintenance data structure, and consider
a generic central path algorithm, where any update that satisfies some small perturbation properties

is allowed. A simplified version of our algorithm is presented in Algorithm 1.
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Let x, s € R" be the primal vector and the dual slack vector in the beginning of one iteration.
Let u := x-s,and w := x/s, where - and / are coordinate-wise operations. Let 2 be computed from
u and t. Similar to [43], we allow coordinate-wise error on w, and similar to [45] which uses the
vector maintenance technique, we also allow coordinate-wise error on 4. So it suffices to compute

the central path update using w?P" and h?PP":
WPl ~ o w, WP~ h.

We allow the actual central path updates S, and &y, which are computed from the projection
maintenance data structure, to have further deviation from 6, and §,, which are the exact version
computed using w?P" and h*PP'. We prove that the algorithm converges to the optimal solution of
the LP so long as in each iteration S, and &, satisfy the following small perturbation properties (we

omit the analogous properties for S here):

1 || E[x"" (6, — 6.0)]|l2 < €.

L 2 _ g
2. E[(x,. 1(5x,i—5x,i)) ] <& lx 1(sx,,-|+$, Vi e [n]. 3.3)

3. Pr [|x;1(25;,,- — ) < s] > 1—1/n*, Vie[n].
The expectation and probability are over the randomness of Sy. In this way we hide the imple-
mentation details of the data structure from the central path algorithm (the optimization part). We
believe this encapsulation will be useful in future research of LP algorithms.
Two-Level Lazy Updates

To perform the query operation, [43] need to compute a small inverse matrix (resulting from
Woodbury’s identity) on the fly in each iteration (see Eq. 3.1). We further maintain this small
inverse matrix (corresponding to “changes”) so that, at query time, it suffices to compute an even

smaller inverse matrix (corresponding to “changes of changes”).
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Proxy vectors v and v. Similar to [43], we maintain a first level proxy vector v and the first level
object P = P(v) :== AT(AVAT) ' A. Given a new vector w"™", we use "V C [n] to denote the set
of coordinates where w"¥ differs from v by more than &, i.e., S™" is the set of coordinates i such
that [wi®¥/v; — 1| > &. We define a diagonal matrix A"™" such that AR = wi™ — v, fori € S"V
and A?jw = 0 for other i. Note that the definitions of ™" and A" are the same as [43] except we
add a superscript "V

In analogy to the first level, we maintain a second level proxy vector v, and A := V-V. We
also maintain S = supp(A), and some matrices computed using A as the second level objects (to
be described later). Analogous to the definition of S"V, we define S to be the set of coordinates
i where w"" differs from v by more than &, i.e., the coordinates i such that [wi®¥/v; — 1| > &.
Intuitively 4 can be viewed as “‘changes of changes”. In this overview we can think of S"*V = SUAJS.
(The exact definition is slightly different, for more details see the appendix.) We use w?PP" = y+ A"V
to approximate the true vector w"*". And we have that w?PP" ~, w"W,

An illustration of the two proxy vectors v and v is shown in Figure 3.2 (b).

Two levels of updates.

approx

We use two threshold val-

WAPPT  pnew

uvesa < aanda < a-a

e

to decide when to update

the proxy vectors v and v.

new

Figure 3.2: (a): In each iteration, we are given w"¥ which is changing
slowly. The algorithm will find w??" such that w??" is coordinate-wise &
ation, when more than n? close to w"" (pink wave line), and it is also close to v in £ norm (blue solid
line). (b): Based on (a), we add an intermediate level v, such that in the
coordinates of w"" differ query, ||v —¥]|o < n® (blue solid line) and ||V — w®P"||q < n® (green dashed

_ line).
from v by more than &, we

In the UppaTE(W""Y) oper-

perform a second level update, and when more than n“ coordinates of w"" differ from v by more
than &, we perform a first level update. Otherwise the update operation only finds the approximate

vector w?PP' and the query operation computes the query answer based on w?" on the fly. Note
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that first level update is performed less frequent than the second level update. A summary is as

follows:

o First level update: Performed when ||[v —w?P"||y > n¢. Update first level proxy v. Recompute

first level maintained objects: P = P(v).

e Second level update: Performed when |[v — w®P"||o > n®. Update second level proxy V.
Recompute second level maintained objects: A =V -V, § = supp(A), B := (AEIS +Psg)7!,

and B - (Ps)". (Explanations see next paragraph.)

* Query: Compute the query answer on the fly using the maintained objects of the two levels.

Second level maintained objects. Next we describe the second level maintained objects. Recall

that using Woodbury identity the projection matrix P(w?PP") is computed as follows (see Eq. (3.1)):
P(w') = P = Pgion - (5o goow) ™" + Porewgnew) ™ - (Pgnew) (3.4)
We maintain
B := (Al + Pss)™' e R

as a second level object, so that we do not need to re-compute ((Agﬁx, Snew)‘1 + Pgnew, gnew) ! from
scratch. Instead, we only need to compute the difference between the new inverse matrix and
the maintained one. Observe that the new matrix ((Anew)gnlew’ gnew + Pgnew snew) only differs from
B! = (AE’IS + Pg.s) on entries in S™% X3S and 08 x $"*V. So there exists a low-rank decomposition

that can be computed in O (n%*%) time (more details see Section 3.3.1):
UCUT = ((Anew)gnlew,snew + PSnew7Snew) — (AEIS + PS,S),
where U’, U € R”QX”E, and C € R" are all relatively small (with rank n? instead of n®).
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Now using Woodbury identity (Fact 2.2.6) we have:
((A™™) guew gnew + Pspew snew) ™' = (B~ +U'CUT)™' = B-BU'(C™'+U'BU')"'U'B. (3.5)
Combining with Eq. (3.4) we have
P(WPPY) = P — Pgew - (I — BU'(C™' + UTBU’)"'UT) - B(Pgnew) ™. (3.6)

We also maintain B(Pg)™ € R">" as a second level object so that B(Pgnev) T can be efficiently
computed using B(Ps)". Also, BU’ € R">"" can be computed efficiently by just taking some
sub-matrices from B and B(Ps)". Thus when query we already have both BU’ and B(Pgnew) .

We postpone the discussion of the amortization using two level soft threshold to Section 3.1.3,

as it is more coherent to describe the query algorithm first, which is based on Eq. (3.6).

Our Query Algorithm

When performing the Query (42"°V) operation, we compute

P(W™) " = P J™ = Powy (1= BU (€™ + U™ BU )™ UT ) B(Pgon)™ h™.
nxn naxnd naxn® paxnd naxna naxn

3.7

For simplicity, we only describe how to compute the second term in O (n*+@~14) time. The first
term P - h"®" can be computed efficiently in a similar way.

Using the maintained objects stated in the previous section, we know that all the matrices with
size annotation in Eq. (3.7) are already computed during query time. Now consider computing
the matrix-vector multiplications from right to left. The only two computation that exceeds our
time budget is the multiplication of B(Pgwew)T € R™>" with a vector, and the multiplication of
Pgiew € R™ with a vector. To accelerate these two computations, we need a technique on the left

and a technique on the right. Thus we combine sketching on the left of [44] and vector maintenance
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on the right of [45].6

o Left. We use a \/n X n sketching matrix R, same as R" - RPgnew [44].

Sketching on the left: RT - RPgnew .
S~ —
nx\n \nxn4

We pre-compute RPgsnew when performing first level updates. Thus when query, we only need

to multiply R™ and RPgwew with vectors, which takes O (n'~) time.

* Right. We generalize the vector maintenance technique of [45] to two levels.

Vector maintenance on the right: B(Pgnew) ' g + B(Pgnew) g + B(Pgnew) ' - Ah
—_—
néxn né —sparse

In addition to maintain a first level proxy vector g for s, we also maintain a second level
proxy vector g. In this way we make sure that Al = h®P" — g is n®-sparse, similar to the case
of w and v. We maintain B(Pgnew) " g as a first level object, and B(Pgnew) ' g as a second level
object. Thus when query we only need to compute B(Pgwew)T - Ah, which takes O (n%+9)

time.

In this way, all the matrix-vector multiplication of Eq. (3.7) can be computed in O (n+? + n'-3)
time. Now the dominating step is to compute U - (BU”) when computing the inverse matrix, which

takes O (n?*(@~1@) time using fast rectangular matrix multiplication. This is our final query time.

Feasibility. Before going into our amortization scheme, we remark that since we use sketching
on the left to calculate o, Y Agx is not 0. It takes extra work to make sure x is a feasible LP solution
in each iteration, i.e., ||[Ax — b||; is bounded. Our technique is based on the robust central path of

[44], and we extend it to two levels. For more details see Section 3.8.

®In fact, we cannot combine sketching on the left with the other two randomized sampling/sketching on the right
techniques. This is because randomness on both sides incurs too large errors, and the bounded perturbation property
of Eq. (3.3) no longer holds.
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Synchronizing Two Levels of Amortization

In this section we introduce our amortization scheme for two levels of updates.

We first discuss why the synchronization is important. If we just use two separate soft thresholds
to separately decide whether to perform the two updates, these two decisions could mess up with each
other. Indeed, the second-level update might only update ~ n® coordinates, but it is also possible
to actually update much more coordinates (> n“) because of the existence of soft threshold. So
whether to perform the first-level update depends on the result of the second-level soft threshold.
Thus we need to carefully design the ordering of which soft threshold and which update to perform
first, and also explicitly adjust the approximate vector w?PP" to be consistent with both v and v.

The main structure of our update scheme is as follows (see Algorithm 2). We first compute
the target vector w?PP" of the second level soft threshold: If less than n* coordinates have error
Wi /vi — 1| > &, we let w?P' =y, Otherwise let y be the decreasingly sorted version of error
vector |[w"¥ /v — 1|. We find the first kK > n? such that ¥, st < (1 = 1/logn)yz, and update these
k coordinates of w¥P" to be w™¥. Then we use this w*P" to decide whether to perform first or
second level updates. If w?P" differs from v by more than n“ coordinates, we perform first level
update (with the analogous first level soft threshold). Otherwise if w?PP" differs from v by more

than n? coordinates, we perform second level update.

Algorithm 2 When to perform 1st and 2nd level updates, simplified version of Algorithm 9.

: procedure UpDATE(W"")

1
2 w?Pr « gsecond level soft threshold with error |[w™V /v — 1|
3 ApyusT(w*PT): for any i that wi™" # v; and wi™" is close to v;, let wiT™" « v;
4 if [|[W?PP" — v||g > n“ then

5 waPPr  first level soft threshold with error [w" /v — 1| + [w"V /v — 1|
6 Perform 1st-level update.

7 else if ||w®P" — ||y > n then

8 Perform 2nd-level update

9 end if

10: end procedure

Next we explain two other important ingredients of this algorithm.

* Restoring threshold gaps via Apjust. We design an Apsust function that restores all
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updated coordinates of w?ppr whose new value is close to v;, back to the original value v;. In
this way we ensure that w;™" either equals v;, or there is a gap between them. Hence when

updating v to be w*P", there is a large enough decrease in the potential function.

* Synchronizing the error function. When updating v, we define the error as |[w"*V /v — 1| +
|w"Y /v — 1| which is a function of both v and v. This is because as long as one of v; and v;

is too far from w}‘ew, we need to update both variables to be the same as w*" .

Finally, using a potential function based amortized analysis for each of the two level updates, we
show that the expected amortized cost of first level update is O (n®~!/2 + n?=%/2), and the expected

amortized cost of second level update is O (n!*2=4/2),

3.1.4 Proof Organization

In Section 3.2 we provide an analysis of the Stochastic Central Path algorithm, postponing
output-feasibility issues to Section 3.8. We put preliminary part of our data structure in Section 3.3.
We present our full data structure and prove its correctness in Section 3.4, and we analyze its
running time in Sections 3.5, 3.6. Finally, Section 3.7 contains the final analysis of our LP solver

using the full data structure.

3.2 Optimization: Central Path Analysis

Throughout this paper when considering the linear program min,—p y>0 ¢ ' x, we always assume
that the input matrix A € R¥" is full-rank, and d = Q(n), d < n. For convenience we also assume
that n > 10. In our algorithm we use the standard transformation of LP by [31] such that it is easy
to obtain the initial x and s for the transformed LP. We refer the readers to [31] and [43] for more
details.

In this section we provide the error analysis of central path method. The meaning of x, s, and
the deviation of dy, d, are standard, and we first provide a short description of the central path

method for LP in Section 3.2.1.
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The proof of the correctness of our LP algorithm is induction-based. At the beginning of
each iteration we assume the induction hypothesis (Assumption 3.2.7) is satisfied. In this section
we use this induction hypothesis to prove the guarantees of the central path method. Later in
Section 3.7 we combine the central path guarantees with the data structure guarantees to prove that
Assumption 3.2.7 is still satisfied at the end of each iteration, thus finishing the induction. More

specifically in this section we prove:

1. Two guarantees Lemma 3.2.23 and 3.2.22 that are needed by the data structure given in
Section 3.4. Later in Section 3.7 we show that using these two guarantees, the data structure

ensures Part 1 of Assumption 3.2.7 is still satisfied at the end of an iteration.

2. An upper bound on the potential function (Lemma 3.2.21). Later in Section 3.7 we show that

this ensures that Part 2 of Assumption 3.2.7 is still satisfied at the end of an iteration.

3.2.1 Background of Central Path Method

The central path method of [43] consider the following LP with A € RAxn, mingy—p x>0 €' X,
and its dual: maxary<. b"y. By defining s € R”" as the slack variables, the optimal solution of the

above LP must satisfy the following constraints:

xis; =0, Vi,
Ax = b,
ATy +s5s=c,
x;, 8 >0, Vi.

where " | x;s; is the duality gap, and the first equation is the complementary slackness condition,
and the other three equations are the feasibility constraints. In the central path method, the duality

gap is parameterized by ¢ that decreases by a factor of 1 — in each iteration. Let y := xs.

1
O(vn)
[43] designed a potential function W(u/t — 1) such that as long as W(u/t — 1) < poly(n), u ~ t is
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satisfied. The change 6, of u has two parts: a term —% to decrease u, and a term —VW(u/t — 1)
to bound the potential function.
Given ¢, the changes 6, and 6 should satisfy the following constraints (the second-order term

Oy - 05 1s ignored):

X6, + S8, =6, (3.8)
Ao, =0,
ATS, +6,=0.

The unique solution of the above linear equations is

5. ==X (I - P) L s
VXS vxs ©
S 1

2 p—5
vxs vxs *

where P = \/%AT(A§AT)_1A\/% is a projection matrix. Thus the central path method is

summarized as the following Algorithm 3.

Algorithm 3 Central path algorithm

1: i « 1, initialize feasible x, s € R"

2: while i < v/n do > In each iteration, we make sure u = ¢

3: te—t-(1-1/yn), u« x s > ¢ is the target duality gap, u is the actual duality gap

4: Compute §,, based on —<= and the gradient —VW(u/t — 1).

5 P« \/7AT(AXAT) lA\/7 > projection matrix
S p_1

6 Ox — \/7([ P)F(S”’ 05 — uméy

7 X—X+0y, S—85+0;, | —i+1

8: end while

3.2.2 Definitions

We first define the overline, tilde, and hat versions of the parameters. The overline version is

ideal, and only used in analysis. The tilde and hat versions are used in both algorithm and analysis.
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We remark that the hat version is not defined explicitly, but rather defined by three bounds.

Assumption 3.2.1 (Error parameter). We use the following two error parameters € and enyp:
g€ (0,107%), and eyp € (0,107%).

We use the same potential function as [43, 44, 45, 118],

Definition 3.2.2 (Potential function). For a parameter A > log n, we define function ®, : R" — R:

n

D,(r) := Z cosh(Ar;).

i=1

Definition 3.2.3 (Ideal duality gap t). The algorithm maintains the ideal duality gap of LP that
gradually approaches 0. We use t € R to denote the duality gap at the beginning of each iteration.

And we define the new value t"*V € R as follows:

"V = (1 - i)t.

3vn

Definition 3.2.4 (Overline version of variables). At the beginning of each iteration, we have

x,s € R" from last iteration. We define w € R" and u € R":

3|
[
=
~—
Ll
=|
i
=
N

We define overline version of projection matrix P € R™":
P = VWAT(AWAT) ' AVW.

The change in i € R" consists of two parts 6; € R" and 5¢ € R":

— ev - VO, (u/t -1 - - =
0; = ( — 1)ﬁ, 0 = _ftnew . /l(il/ ) i 5/1 =
1 2 IV, (k/t = D2
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The changes tox € R" and's € R" is computed from Eﬂ e R":

Oy = —(1 P)——=06,, 0=

25l
= —P——=0,
VX VXS VXS VXS
Definition 3.2.5 (Tilde version of variables). The vectors w € R" and u € R" are returned by the

data structure, and they are fixed when conditioned on X and s being fixed. We define X € R" and

seR"asx :=+wu, s:=+u/w. Note thatx[s =w, and xs = L.

We define tilde version of projection matrix P e R
P = VIWAT(AWAT)"' AVW.

Further, we define g,, gq), gﬂ e R

~ e _ VO, (u/t -1 ~ =~ =
6= ( -, 6= _Etnew . A(ﬁ‘/ ) b=
t 2 V@ (i/t = 1|2

And we define gx, gs e R":

5= (1-P)—— 2

B W

Sell

Definition 3.2.6 (Hat version of variables). We define 5., 05 € R" 1o be two randomized vectors

that satisfy Vi € [n],

LAEFE" (6 — 6]l B[ (85 — 9]l < &2

62

%,

—~ — 2 ~
2. E [(x;‘(ax,i —5x,,~)) ] <o 7500+
2 2
. = —1F €
E[(si (5s,l~—5s,,~)) ] <& f5 5s,i|+%.
3. Pr [[5 (Bei = 5l 157 (B = 8ol < ] = 1= 1n*

where the error parameter € € (0,1) are defined in Assumption 3.2.1. The expectation and
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probability are taken over the randomness of gx and S s while conditioned on X and s being fixed.

Given these definitions, we state the following important assumptions. We assume they are
satisfied in the beginning of each iteration, and use them to prove the correctness of the algorithm
in this iteration. Later we will verify that these assumptions are always satisfied by induction on

iterations. Note that the second assumption is true if the potential function is bounded by poly(n).

Assumption 3.2.7 (Induction hypothesis for each iteration). We make the following assumptions:

I =g, B, W =g, W, where g and w are returned by the data structure, and 1, w are the input

to the data structure. 2. u =g t.

The variables are updated in each iteration, and we call the updated variables as the new version.

Definition 3.2.8 (New versions of variables). We use a superscript “new” to denote the corre-
sponding variables at the beginning of the next iteration. Specifically, we define u"",w"" € R"

as follows:
T = (X+0y) - (5+05), W' := (X+6,)/(5+8).

The following facts directly follow from the definitions and Assumption 3.2.7.

Fact 3.2.9. We have the following properties:

1. x Remp X5 8 Ry 5

2. 16,12 < 0.5, ||60ll2 < 0.58t, [|6,l2 < st.

3. X035+ 80, =0y

4. @ (@ - =50+ X 0, 45 (65— 0y) + X (85 — 0,) +X 56,6

Proof. Part 1. By Part 1 of Assumption 3.2.7, we have that u ~,  uand w ~. W, so we have

X=\W- [ %2, VW H=V(E/5) (X-5) =X,
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where the first step follows from Definition 3.2.5, the second step follows from the fact that if
a e, a’ and b X mp b’, then ab Xemp a’b’, and the third step follows from Definition 3.2.4.
Using a similar argument, we also have that s ~5., s

Part 2. We upper bound 15112 as follows:

new
t

=)l = = 1 e, 110 s ] <05

where the first step follows from the definition of g, (Definition 3.2.5), the second step follows
from the definition of "V (Definition 3.2.3), the third step follows from u =~ = u (Part 1 of
Assumption 3.2.7), the forth step follows from u = 1 t (Part 2 of Assumption 3.2.7), and the last
step follows from &, < 10~ (Assumption 3.2.1).

Then we upper bound 15]|2 as follows:

Vq)/l(ﬁ/t - 1) _ ftnew _ 2

E
- = = = 2(1 = =)t < 0.5et,
Vo -T2 C 23

~ Fo
S = || Z new
I5oll2 = 115

where the first step follows from the definition of &p (Definition 3.2.5), and the third step follows
from the definition of /™" (Definition 3.2.3).

Finally, we can use triangle inequality to upper bound
16,112 < 116112 + l|60]l2 < 0.5e1 +0.5¢1 < .
Part 3. We have

_— = XS ~
X0 + 5Oy

X (1-P)—5, =

R L

where the second step follows from Definition 3.2.5.

gﬂ P
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Part 4. We have

e -m =i (F+50G+8) -FF)

! ()—cés} +55, +7(0s — 8 +3(5, — 8,) + Sx&)

—~ o~

= 5—15; +7_C_1gx +§_1((/5\s - gv) +7_C_1(gx - gx) +7_C_1E_15x5s,

where the first step follows from definition of 7" (Definition 3.2.8) and u (Definition 3.2.4), the
second and the third step follow from merging and splitting terms, the fourth step again follows

from u = xs (Definition 3.2.4). OJ

3.2.3 Facts about Potential Function

Definition 3.2.10 (Potential function). For a parameter A € R, and any vector r € R", we define

the potential function to be
n
®,(r) = Z cosh(Ar;).
i=1

Fact 3.2.11 (Gradient and Hessian of potential function). Let ®,(r) = ", cosh(Ar;) for some

A > 0. The gradient and the Hessian of ®,(r) are

V®,(r) = A (sinh(Ar1),sinh(Ary), - - -, sinh(Ar,)) " € R",

V2®,(r) = diag (4% cosh(dry), A2 cosh(Ara), - - - , A% cosh(Ar,)) € R™".

Lemma 3.2.12 (Basic properties of potential function, Lemma 4.12 in [43]). Let ®,(r) =

2., cosh(Ar;) for some A > 0. For any vector r € R",
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1. For any vector ||v||c < 1/A, we have that
Ou(r +v) < u(r) + (VOL(r). v) + 20V [,y )
2. [[VO(r)ll2 2 %(‘PAI(/;) —n).
3. (i eosh®(ry)) < Ay + V(1) o
We state another property of potential function.

Lemma 3.2.13 (Basic properties of potential function, general version of Lemma 5.14 of [45]).

Let @, (r) = 3.\, cosh(Ar;) for some A > 0. If ||v||c < 1/(304), then we have

VO, (r+v)
VO (r +v)|l2

<Vc1>ﬂ(r), - > < —0.9|[V®,(r)||2 + 0.14v7.

The proof is very similar to that of [45], and we omit it here.

3.2.4 Bounding Tilde Version of éy, 6y, 61, 09 and 6,

Lemma 3.2.14. Under Assumption 3.2.7, we have the following:

1|57l < 26, |IX7'64]12 < 26,

17 (6 = 6)||2 < &mp - &

2. IF 6, 1o < 26, 50410 < 2.

Claim 3.2.15 (Part 1 of Lemma 3.2.14, bounding the ¢, norm).

(D) 576,02 < 26, X 6l <26, (2) 17" (6 = 60)l2 < emp - &.
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~ 5,

Proof. Proof of (1). We first upper bound the ¢, norm of P

in the following way:

VX5
Hﬁ—l EH <H—g H <Sup[ ! ] ||5 Il < Sup [—1 ] ct
—Cufl, = —Cufl, = = " 0ull2 = = |
VXS 2 VXS 2 M V(l_gmp):u
1
< et < l.levh, (3.9)
0.9(1 — emp)t

where the first step holds since P is an orthogonal projection matrix, the second step is because
x5 = u (Definition 3.2.5) and ||a - b||> < Sup|a]||b||2, the third step follows from jz ~,, 1 (Part 1
of Assumption 3.2.7) and ||6~ﬂ||2 < &t (Part 3 of Fact 3.2.9), the fourth step follows from u ~q ¢
(Part 2 of Assumption 3.2.7), and the last step follows from gy, < 1074 (Assumption 3.2.1).

Then we can upper bound 157161 as follows:

—_ ]~ —_ ]~
= S S~ 1 ~ S~ 1 ~ 1+ 2&mp ~ 1 -
I57160,ll2 = ||[===P—==0,|| <Sup|—==||P—==0,| < NP—==4,
VXS Vvxs | xSl vxs |, V(1 —emp09r || VX5 |,
1+2¢
P 1.leVt < 2e,

= (T = £mp)0.91

where the first step follows by definition of Sy (Definition 3.2.5), the second step follows from
lla - bll2 < Supla] - ||b]l2, the third step follows from § =~ 5 (Part 2 of Fact 3.2.9) and
Xs=pu Remp M ~0.1 1 (Definition 3.2.5, Assumption 3.2.7), the fourth step follows from Eg. (3.9),
the last step follows from &, < 10~* (Assumption 3.2.1).

The proof for ||x~'6,]|» < 2 is similar since I — P is also an orthogonal projection matrix.
Proof of (2).

o fnew fnew
176 = 60)ll2 = Hﬁ‘l (( - 1) A= ( — - l)ﬁ)

t

e Sy
Z—Hu 3\/ﬁ(u &)

S Smp '8,
2

where the first step is by definition of gt and &, (Definition 3.2.5 and 3.2.4), the second step is by

@ -1= M -1= —ﬁ, and the last step is by u ~, = i (Part 1 of Assumption 3.2.7). [
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Claim 3.2.16 (Part 2 of Lemma 3.2.14, bounding the infinity norm).
5 0ulleo < 28, 576,10 < 2.

Proof. From Part 1 of Claim 3.2.15, we have ||X'6,]|» < 2&. Therefore, ||X ' 0x/leo < X 1642 <
2¢. Similarly, we have |57/l < |I57'5]2 < 2e. H
3.2.5 Bounding ™% - u

Lemma 3.2.17 (A generalized version of Lemma 4.8 in [43]). Following the definitions in Sec-

tion 3.2.2, we have

LI E[E ' (@™ -1 -6 —60)lll2 < Cy - €%,
— 1 ,— —\\2

2 B[ @ - )], < -

3.l (@Y - W)l < C3- &,
where Cy = 10&yp/& + 20, C> = 20, C3 = 10.
Claim 3.2.18 (Part 1 of Lemma 3.2.17). We have || E[z"" (7" ~1—6,~6)]|l2 < 10&mp-&+208.
Proof. We have

A (E™Y 1 =6 = )

= ((E™Y = 0) = 6, + (6; — 67))
= (715, + T8 45 (6 - 5) 4T G- 8 + T TGS - (75, + 500 + B (6, - 8)
=(1-X"0)5 6, +5' (0, - 05) + -5 "5)F 10, +X ' (6, — 6x) +X 5160, + 7 (6, — 6)),

where the first step follows from 5, u= 8, + 6o (Definition 3.2.5), the second step follows from Part 3

and 4 of Fact 3.2.9, the third step follows from u = xs (Definition 3.2.4).
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Thus we have

IE[E (5" =11 = 6 — 60)]ll2 < a1 +az + a3 +aa, (3.10)
where a; :=||(1 =X D)5 6l + |(1 = 579X "6,
ar = | E[57' (65 — 51l + | E[¥ " (6x — )],
as = || E[x"'57' 68,1 I,

as = |[m (6 = 6) |2,

and this inequality follows from triangle inequality and the above equation.
Next we bound these four terms separately.

We bound the term a; as follows:

a1 =[(1-x"05 6l + 1(1-5"H)X 5.

< 2&mp - (5765l + X7 '04112) < 8emp - &, (3.11)

where the second step follows from x Ry X and s Ry S (Part 1 of Fact 3.2.9), the third step

follows from |57 8|2, X' 6x 2 < 2& (Part 1 of Lemma 3.2.14).

We bound the term a, as follows:
ay = || E[57" (85 — 6112 + | E[x " (6: — 6.)] 1|2 < 2¢7, (3.12)

which follows from Part 1 of the property of S, and & (Definition 3.2.6).

We bound the term a4 as follows:
as =" (6 =62 < emp - £ (3.13)

which follows from Part 1 of Lemma 3.2.14.

We bound the term a5 as follows:
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First note that by arranging terms we have

gxgs = S;cgs + (gx - S;c)gs + (gs - gs)g;c + (gx - S;c)(gs - gs)

Thus we can split a3 into four terms:

a3 = || E[x'5716,8,]1l2 < by + by + b3, (3.14)
where b := ||X 1571605 ]|2,
by = | E[X'57(6; — 6.)0] [l + | E[X™'5 (6, — 6,)6x] I,

by = | E[F'57 (5, - 503, - 8)llas

where the second step follows from the above splitting of 5.0, and triangle inequality.
Now we bound the three terms b1, b;, b3 separately.

For b, we have

by = [ '5716,0,0l2 < X702 - 157105112 < 4€2, (3.15)

where the second step follows from ||xyl||2 < ||lx||2]|y||> for any vectors x,y € R”, the third step
follows from Part 1 of Lemma 3.2.14.

For b,, we have

by = | E[x 571 (6, = 6.)0,]1l2 + | E[x 157 (6, — 65)04] 2
< 157565012 - NE[E " (6x = 6011l + X 16xll2 - | B[~ (85 = 65)] 1l

<2e- (|E[x " (6x = 6.)1ll2 + | E[5" (85 — 6y)]1l2) < 4&°. (3.16)

where the second step follows from ||xy||2 < ||lx||2]|¥||> for any vectors x,y € R”, the third step
follows from Part 1 of Lemma 3.2.14, the fourth step follows from Part 1 of the property of 5, and

S, in Definition 3.2.6.
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For b3, first note that we have

(B5 Gui 505 Gos = 30]) = (B[F260s 60| +B [5G - 5.,07] )
2

Y — 2
<2(E[F2(6 - 50°) +2(B [5G - 5.7
2.2 2.2
1= & . ol E
32(8'|xi15x,i|+%) +2(8'|Si165,i|+%)
2 =1 N2, 2 =17 2 2¢"
§4(8 &5+ 8% (57850 +—), (3.17)
n

where the first step follows from definition of £, norm, the second step follows from ab < a’ + b?
for any two numbers a, b € R, and thus E[ab] < E[a?] + E[b?], the second step follows from
(a +b)? < 2a” +2b? for any two numbers a, b € R, the third step follows from Part 2 of properties
of &, and &, in Definition 3.2.6, the fourth step again follows from (a + b)? < 2a® + 2b>.

Thus we have

by = | E[x'57" (6, = 6,) (65 — 65)]|l2

) B L o\ 12
_ (Z( (5 (6ei = 8e) 57 (B = 350 )

" 4 \1/2
2 =17 32 2 =17 2, 2E
4(8 (X7 O0x) e (5 0s) +7)

IA

IA

_ — 1/2
= (482 (I8l + s 8,03+ 262

1/2
482 . (482 +4e? + 282)) < 10£2, (3.18)

where the second step follows from definition of £, norm, the third step follows from Eq. (3.17),
the fourth step again follows from definition of ¢, norm, the fifth step follows from Part 1 of
Lemma 3.2.14.

Now we plug in Eq. (3.15), (3.16), (3.18) into Eq. (3.14), and we get
a3 < by +by+ b3 < 4s” +48% + 108 < 1562, (3.19)
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where the third step follows from & < 1/4 (Assumption 3.2.1).
Finally we combine the bounds on a1, a;, as, a, as follows:

Plugging Eq. (3.11), (3.12), (3.19), and (3.13) into Eq. (3.10), we have

NE[E ' (@™ -1 -6, — 60)]lla < a1 +ar+az +ay

<8eyp- e+ 2% +15&% + Emp € < 10&y, - £ + 20&2.

O
Claim 3.2.19 (Part 2 of Lemma 3.2.17). We have ||E [(Z™' (7" - 1))’]||, < 20s>
Proof. We have
IBLE @ =) 12 <5+ (a1 + a2 +a3), (3.20)

where a; = [|(5716,)2l2 + | E 16212,
ar = | E[(571 (8, = 50)) Iz + | E[(F™ (8x = 62)) 112,

—1—1T T\2
as .= ”E[(x 's 16x65) 12,

new

and this inequality follows from Part 4 of Fact 3.2.9 that splits ;7_1 (u"™" =) into five terms, it also

follows from (2, a;)> < ¥, k-a? forany k € N, and a; € R fori € [k], and triangle inequality.
Next we bound these three terms separately.

We bound the term a; as follows:

—15 2 —17 2
ar = |IGs7 05)7 M2 + [[(x6x) 72
—15 2 L =17 12

= [[57 Ol + 11X oxll}

< I57'6515 + 1710, 115 < 8&%, (3.21)

where the second step follows from definition of €4 norm, the third step follows from ||x||4 < ||x||» for

any vector x € R”, the fourth step follows from 571612, IX x> < 2& (Part 1 of Lemma 3.2.14).
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We bound the term a, as follows:

We first bound one term of a,.

IE[(5" (85 - 8y)) ]Il =

Z”:( 55 g2\2\1/2
= E-|8; 04|+ —) )
o Vn

n 4

_ 1/2 1/2
262 |55y 1% + 284) < (282 48 + 284) < 4g?,

where the first step follows from definition of £, norm, the second step follows from Part 2 of
properties of &, and &, of Definition 3.2.6, the third step follows from (a + b)? < 2a® + 2b? for
any two numbers a, b € R, the fourth step again follows from definition of £, norm, the fifth step
follows from |57 8,]|2, ¥ '6x|l2 < 2& (Part 1 of Lemma 3.2.14).

The other term is bounded in the same way, thus we have
a2 = | E[(57" (85 = 3)) 12 + NE[(F" (5x - 60)) 12 < 8¢, (3.22)
We bound the term a5 as follows:

a3 = || B[(F'57'5.5,)1ll2,
< sup[ (% 18:)"] - | ELG ™57l
< 4( sgp[()‘c,-‘léic,i)z] + sgp[(?c;l@,i =6:))?1) - (167602 + ELG (6, — 6,))1ll)
< 4(48” +sup[ (%7 (8rs = 010))°]) - (4% +E[(5 (6, = 6,))’1Il)

< 4(4&* + £2) - (4€? + 4€%) < 160&?, (3.23)
where the second step follows from E[(xy)?] < sup; [xiz] E[y?] for any two random vectors x, y €
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R", the third step follows from (a + b)? < 2a? + 2b? for any two numbers a, b € R, the fourth step
follows from |[X~'6y]le < 2& (Part 2 of Lemma 3.2.14) and [|(57'6,)2||2 = |57 6,112 < |57 6,12 <
4&? (last step from Part 1 of Lemma 3.2.14), the fifth step holds with probability 1 — 1/a* and it
follows from Part 2 of Definition 3.2.6 and the bound of a; in this proof.

Finally we combine the bounds on a1, a;, as; as follows:

Plugging Eq. (3.21), (3.22), and (3.23) into Eq. (3.20), we have

IELE @™ = 1) ]l <5 - (a1 + a2 +a3)

< 5. (8% +8&% + 160e*) < 20¢2,

where the third step follows from & < 107 (Assumption 3.2.1). [
Claim 3.2.20 (Part 3 of Lemma 3.2.17). We have |5~ (z"" — )|l < 10 - &.

Proof. We have

— 1 ,— — P D - TN = T —

Iz (@ = D)oo = IX7'57" - (X +60)(5+65) =% 5) |0
=570, + % 10, + X 15 10,0 oo
< 15 65 llo + 11T 6 lloo + [IT7157 6265 oo

< 157 65 lloo + 1T Sxlloo + 15 S5 lleo - 1T S llcos (3.24)

where the first step follows from definition of z"*" (Definition 3.2.8) and z (Definition 3.2.4), the
second step follows from merging terms, the third step follows from triangle inequality of £, norm,
the fourth step follows from ||xy||c < |||/ - || V]| fOr any two vectors x, y € R”.

Next we bound ||)_c_15:C ||co. The bound of ||E_15s ||co follows from a similar proof. We have
1T 60 oo < X7 00l + I 1(0x — 61) |l < 28 + & = 3¢, (3.25)

where the second step holds with probability 1 — 1/n*, it follows from ||)_c_15x||oo < 2¢ (Part 2 of

52



Lemma 3.2.14) and Pr[|[x"" (ES; —6)le < €] = 1 =1/n* (Part 3 of the properties of S, and &, of
Definition 3.2.6).

Plugging Eq. (3.25) into Eq. (3.24), we have
7 @ =)l < 157 65lleo + IE " 6clloo + 57 Sslloo - X" 61llo < 38 + 35 + 957 < 10,

where the third step follows from £ < 107 (Assumption 3.2.1). [

3.2.6 Potential Martingale

Lemma 3.2.21 (A generalized version of Lemma 4.13 in [43]). For some t € (0,1), let "V :=

(1- ﬁ)t Let i € R" be a vector that satisfies u ~¢ 1 t, and u € R" be a vector that satisfies

U X, f. Let i"™ € R" be another vector. Define 5 = (1"t = 1), 60 = —51ev. HVYE((;‘%'

Note that these definitions match with the definition in Section 3.2.2.

Let parameters 1 € R, € € (0, 1), Cy1, Cy, C3 € R satisfies the following assumptions:

€
1. —+2C3-& <1/(30),
N /(302)

2. 1.26my < 1/(301).
If 1™V satisfies the following two properties:

L|E[E ' (@™ -1 - 6, - 60)]ll2 < C1 - €7,
2 E[E @ -m)l, < -

3 g @ - W)l < C5 - &

We have

—Nnew ).8
E [cpﬂ (‘t‘w - 1)] <(L=bi- )0 (‘7‘ - 1) + by - ds,
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where by = 0.45 — 2(C; +31C))¢e — 4% by =0.55 - 2Ce.

We remark that Lemma 3.2.17 implies the three conditions in this lemma statement with

C1 = 10&mp/e +20, C> = 20, C3 = 10.

Proof. Define g, := " —fi — 6, - 5o. We have

—new

TR AR E E
fnew _1_(?_1)+(tnew _7)+(tnew _tnew)
KU H,ot 1 - =
=2 1+ 7(tnew -1+ tnew(dt + 00 +&4), (3.26)

4

where the second step follows from the definition g,,.

To apply Lemma 3.2.12 with r = i/t — 1 and r +v = 1"V /1"Y — 1, we first compute E[v]:

t

m P
Blv] =2 (- D+ o (54 o + Eley)
.t 1 eV — € opew VOA(u/t-1)
KLy “)E- la E
e~ D e | R R =, ELes]
e VO (E/i-1) 1
__¢ H Efe,]. 3.7
2Vt =D+ e DLl (327

where the second step follows by definition of 6, and 5o.

Next, we bound ||v||« as follows:

JT I _ —
Wlleo < |17 (G = DIl + | e 1 - 1)
——1/—new —

I I Ve D)
NG 0.9
e 1
<—=+4+2C3- < —,
i T 3m

where the second step follows from ™Y = (1 — &/(3+/n)) - t and & =~ t (see lemma statement),

the third step follows from the third property in lemma statement.

54



Since ||v||eo <

< ﬁ, we can apply Part 1 of Lemma 3.2.12 and get

BL®, (/1 +v— 1)] < ®(T/t — 1) + (VOLE/1 ~ 1).E[]) +2E[[V]2s 1 )]

VO, (/1 — 1) >)
IV (a/t = D2

ai

= u(E/t = )+ - S(Veu(@/i - 1)

4
tnew

(VO,(/t —1),E[t e 1) +2E[IIVII 1, (3.28)

+ V20, (T/1-1)

ar as

where the second step follows by Eq. (3.27).
We have || (1 — 1) /t]| < 1.1emp < 507 Since [ ~,,, Hand [ ~o.1 t and 1.2em, < 1/(302) (see
lemma statement). So we can use Lemma 3.2.13 and letr « @/t —1 andv « (u—u)/t — 1 in the

lemma statement to upper bound the a; term in Eq. (3.28):
a; < —0.45g||V®,(/t — 1)||> + 0.14eV/n. (3.29)

We upper bound a; term in Eq. (3.28) as follows:

t

l—l‘lCW

t _ -
< = IV@a(@/t = Dll2 - | E[ el 12

l—l‘lCW

ar = —(V&,(u/t - 1),E[t 'e,])

< L1V, (E/t = D2 - | Bl el

< 20182V, (/t — 1)l (3.30)

where the second step follows by (a, b) < |lal2 - ||b]|2, the third step follows from definition of

1"V, the forth step follows by || E[ﬁ_ls#] l. < Ci&? and 1 ~¢ 1  (see lemma statement).
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We still need to bound a3 term in Eq. (3.28). Before bounding it, we first bound E[viz] ,

_ 2 2
Hi ! 1 —new _ —
(7<,new _ 1)) (tnew 7 —u,o) ]

<& /n+3E (@™ -m)/m)*] . (3.31)

+2E

E[v?] <2E

i =

where the first step follows by definition of v (see Eq. (3.26)), the second step follows by u =~ ¢
and (¢/1"" — 1)? < £2/(4n) (see lemma statement).
Now, we are ready to bound a3/2 = E[”v”éth(ﬁ/zq)]:

B[ 2, 1)) =4 ZIE[CIW/’ - D]
<) @/t = 1) (& /n+ 3B [(B™ - 1) /E)*])
i=1

2 n 1/2
_ % L@, ([t - 1) + 3&( DA,/ - 1)?) IEL(E - @) /m)1l12
i=1

SRS

< =D/t = 1) +32(AVn + ||[VO(1/t — 1)) - Ca&?, (3.32)

where the first step follows by defining @, (x); = cosh(Ax;), the second step follows from Eq. (3.31),
the third step follows from Cauchy-Schwarz inequality, the fourth step follows from Part 3 of

Lemma 3.2.12 and || E[((&"®" - ) /)?]|l2 < C2&? (lemma statement).
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Plugging the bounds on ay, as, a3 into Eq. (3.28), we have

E[®;(u/t +v - 1)]

< @ ()t — 1) +—0.45¢||VD G/t — D|2 +0.10eVn +2C1 2 |VD, (/1 — D2

ai az

e 2
+ = @y (f/t = 1) + 6AC2&7 | VR (/1 — 1)]|2 + 64 Cre* Vi

2
<1+ 20/ - 1)

A
+(=0.45¢ + 2C1 8> + 61C&?) - %(cbﬂ (@/t-1) —n)

+ (0.1 + 61Cr8)AeVn

0.45¢1 .\ 20(Cy +31Cy)e?  2&?

<(1- Nz N —)CI),l(,u/t— 1) + (0.55 — 2C18)AeVn,

where the first step follows from Eq. (3.29), (3.30), (3.32), the second step follows from Part 2 of

Lemma 3.2.12, the last step follows from merging terms. [

3.2.7 Bounding the Movement of w and u

The goal of this section is to prove Lemma 3.2.23 and 3.2.22.

Lemma 3.2.22 (Bounding the movement of u). Ler X" = X + Sp 3"V =5 +4,, u=Xx-5, and

Y =x"Y 5", Let b denote the size of sketching matrix. Then we have

1. Z [V /@ - 1)° < 100£,

2. ; (E[ Y G, — )2])2 < 4008*,

3. @ /@ - 1| < 10e, Vi€ [n].
Proof. First note that Part 2 and 3 directly follow from Part 2 and 3 of Lemma 3.2.17. Next we
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prove Part 1.

From the definition, we know that

—new

/,uz - (X Si ) (J_Cl + 5\)c,t')(gi + 6‘\s,i) = (1 +7_Ci_lgx,i)(1 +§;lgs,i)-
For each i € [n], we have

[—new]/’ul -1= [(1 +x_15xt)(1 + S_I(SH)] -1= E[J_Ci_lgx,i + (1 +)_Cj_lgx,i) 'Ei_lgs,i]

<2E[X 16, +5; '65:] = 2E[X; '64] + 2[5, '6y,]

where the third step follows by |x; 5x i| < |x_16x i+ |__1 (6” — gx,i)l < 3¢ (Part 2 of Lemma 3.2.14
and Part 3 of Definition 3.2.6).

Thus, summing over all the coordinates gives us

n

B /m - 1)° ZS(E %7 6r])? + 8(E[5;'6,:1)% < 10087,

i=1 i=1
where the first step follows by (a + b)? < 2a? + 2b?, the last step is by || E[)_c_lgx] o < [IX 7 oxll2 +
|E[x! (6x —6)]1ll2 < 2.5& (Part 1 of Lemma 3.2.14 and Part 1 of Definition 3.2.6) and similarly
I E[57'6,]]2 < 2.3e. O

—new — , & —new . an d

><
+
=%
<

9

Il
&)
@ll=|

Lemma 3.2.23 (Bounding the movement of w). Let x

—new xev
w

= zmw (same as Definition 3.2.8). Let b denote the size of sketching matrix. Then we have

1. Z [W'¥] /w; — 1) < 100&2,

2. Z (e [(W}W/wi - 1)2])2 < 400&*,
i=1

|—neW/Wi _ 1| < 10e, Vi € [I’l]

The proof of this lemma is very similar to that of Lemma 3.2.22, and we omit it here.
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3.3 Data Structure: Overview

Procedure Algorithm Type Correctness Time/Call Amortized
INITIALIZE Algorithm 5 | public | Lemma 3.4.33 | Lemma 3.5.27 | /
UPDATEQUERY Algorithm 8 | public | Theorem 3.4.6 |/ Theorem 3.3.9
QUERY Algorithm 12 | private | Lemma 3.4.7 Lemma3.53 |/

UPDATEV Algorithm 9 | private | Lemma 3.4.13 | / /

UprpATEG Algorithm 10 | private | Lemma 3.4.14 | / /
MATRIXUPDATE Algorithm 13 | private | Lemma 3.4.17 | Lemma 3.5.12 | Lemma 3.6.19
PARTIALMATRIXUPDATE | Algorithm 14 | private | Lemma 3.4.21 Lemma 3.5.18 | Lemma 3.6.30
VEcTORUPDATE Algorithm 15 | private | Lemma 3.4.25 | Lemma 3.5.20 | Lemma 3.6.35
PARTIALVECTORUPDATE | Algorithm 16 | private | Lemma 3.4.29 | Lemma 3.5.26 | Lemma 3.6.36
CompuTELOCALVARS Algorithm 11 | private | Definition 3.4.2 | Remark 3.4.3 | /

Table 3.1: Summary of the improved data structure. “Amortized” denotes the “amortized time”.

3.3.1 Additional Preliminary for Data Structures

For ease of presentation, we define the following £ operator that extends the size of a matrix.
This L operator determines the way that our algorithm stores matrices, and executes matrix

additions and multiplications.

Definition 3.3.1 (Operator L., L, L). The operator L. can only be applied to some sub-columns
of a matrix. For a matrix Ms where M € RKk2 § C [ko] with |S| < 6n?, L.[Ms] means to store
the matrix Mg in a k1 X 6n“ block by appending extra Os. The algorithm executes L. operator in

the following way:

1. Addition: The L. operator supports storing two disjoint submatrices of the same matrix in
the same block. For a matrix M € R¥*%2 and two subsets S1,S> C [k2] with S1 NSy, =0

and |S1 U Sa| < 6n, L[ Mg, ] + L[ Ms,] == L[ Ms,us,].

2. Multiplication: When we multiply a matrix L.[Ms]| with column subscript S with another
matrix (or vector) (Bs) " with row subscript S, if their subscripts are the same, the algorithm

will align columns of L.|[Ms] and rows of (Bs) " before doing multiplication.

In the same way, we define L, as the row operator, and we define L = L, o L.
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Similarly, we define L. that extends a square matrix to 6n“ by appending an identity matrix.
The motivation of appending identity matrix instead of appending Os is to let the matrix inverse

being well-defined.

Definition 3.3.2 (Operator L.). For any square matrix M € R** and § C [k] with |S| < 6n?, we
define the operator L., such that L.[Ms ) is stored in a 6n“ x 6n“ block by appending 1 in the
diagonal (so we have 6n® — |S| extra 1s) and appending 0 otherwise. We do the same alignment as

what we did for L. The extra 1s are also involved in addition and multiplication.

Note that in our algorithm whenever we use £, L., L or L, on a matrix, we always ensure that
the size of the extended rows or columns is no larger than 6n“. From their definitions, we directly

have the following properties.
Remark 3.3.3. The operators L,, L., L and L. satisfy the following properties:

1. Non-zero entries: For any A € RF"*2 and two subsets S1,S> C [k2] where S1 C S» and

|S2| < 6n%, if A only has non-zero entries on columns in S, then

LC[ASQ] = LC[ASl]’ Lr[(ASz)T] = Lr[(ASl)T]-

2. Addition: For any A € R¥*2 and two subsets S1,S>» C [ka] with S; N S 0 and

|S1 U S,| < 6n,

L [As ]+ Lc[As,] = Le[Asyus,)s Lr[(As) ]+ L [(As,) "] = L [(Asyus,) ']

3. Multiplication 1: For any A € RF>*k1 B e R**& gnd S C [ki], S» C [k3] where

[S1],182] < 6n?, we have

Lr[(ASJT ' B] = Lr[(ASl)T] : B’ 'EC[AT : BSz] = AT : LC[BSZ]'
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4. Multiplication 2: For any A € Rkvk2 B e R¥*k2 ¢ e Rk¥k2 qnd §1, S, C [ka] where

S1 C Sy and |S>| < 6n?, we have

'LC[ASl] ' -£V[(B.S'2)T] = A51 : (le)T
LC[A.S'z] : Lr[(BS1)T] = A51 : (le)T

~£C[A51] : ‘L* [CSl,Sl] : Lr[(le)T] = A51 : CS],S1 ' (le)T'

5. Inverse: For any C € R**%2 and S C [k,] where |S| < 6n%, we have

L.[(Cs5)™ = (L[CssD7L

Using these operators, we can prove a few useful lemmas that are used in the data structures.

Uy U U
f/\//\//\
S S S S
P EAREANES EANEANES P

1 ‘SZI N51,52 ‘SZI U,
? 2 S N, EN I 1S5] > U
5 3 1 VS5, 8. 2 2 1

= =
- X I |]S2] x I |S2| > Uh

NS2,S1 NSQ,Sz 1 1 SQ
N v’ c Ut

(@) (b) () (d)

Figure 3.3: A visualization of the decomposition N = U'CUT constructed by the DECOMPOSE
function. (See Lemma 3.3.4.)

Lemma 3.3.4 (U'CUT Decomposition). If all the non-zero entries of the 6n® x 6n® symmetric
matrix N can be split into three parts: Ny, s,, N5, s,, and N, s,, where S1,S> C [n], S1 and S are

disjoint, and |S; U S3| < 2n®. Then there exist matrices U',U € ROX3I520 0 e R3IS213I820 gyy0h

that the following decomposition holds:

UCU" =N.
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Also, we can compute this decomposition in O(|S1] - |S2|) time. We define a function DEcomposk()

such that DEcompose(N) = (U’,C,U).

Proof. We explicitly give a construction of U’, C and U. See Figure 3.3(a) for an illustration of the
structure of N, and see Figure 3.3(b),(c),(d) for an illustration of the construction of U’, C, and U.

First note that from Part 1 and 2 of Remark 3.3.3, we have
N = L[Ns, s,] + L[Ns,5,] + L[Ns,.s,].

We define U; € RO*¥I52l such that ((U])s,)" = 15, and all other entries of Uy are 0. We
let Uy = L,[Ns,s,] € RO"“XIS2l - We construct U’ as U’ = [U;, U}, Ua], note that U’ has size

6n? X 318>|. And we construct U as U = [Ua, Uy, Uy], note that U also has size 6n? X 3[S5|.
Iis,| 0 0

We construct C as | ( Ns,s, O [ Note that C has size 3|S>| X 3|S>|.

0 0 Iy,
It is straightforward to check that this decomposition is correct.

Finally, since U’, C, U are all constructed by copying certain entries of N, the running time
of this decomposition is the sum of the sizes of the three matrices. Thus we can compute this

decomposition in O (|S;] - |S2|) time. [
The next lemma shows that a particular matrix satisfies the constraints of the previous lemma.

Lemma 3.3.5 (Structure of the change in inverse matrix). For v,v, w*P" € R", and a symmetric
matrix M € R™", let S = supp(v — v), S = supp(w*PP" — V), S = supp(w*P" —v), and
S = (SUIS\S™Y. Let A=V -V, A" = W' _ V. Let N = L*[(Agﬁx,snew)‘l + Mgnew gnew| —
LA+ My s].

Then the non-zero entries of N can be split into three parts: N(s\ss),65, Nos,(s\05), and Nys s,

as shown in Figure 3.4(a). And N s\ps),0s has the following structure (as shown in Figure 3.4(b)):

e For columns in 8S\S, N(S\ﬁS),((?S\S) = M(S\@S),(@S\S)-
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S1=5\9S5 S, =88 S\oS

/—/%/_/\
—(Ms\as),5') " s’
& (0(\08),(snos)N\8") " (SNasNS
1 &
= | 3
(M(s\08),05\5) " aS\S
NSQ,Sl NSZ,SQ
3 2
N (Ns,.5,) " = (N(s\05),08) "
(a) (b)

Figure 3.4: A visualization of the matrices involved in DEcomposk function. Figure (a) illustrates
the structure of the input matrix N (see Lemma 3.3.4 and Lemma 3.3.5). Figure (b) illustrates the
structure of Ny, 5, = N(s5\45),05- (See Lemma 3.3.5.) For clarity we show its transpose here.

* For columns in S’, N(s\ss).s = —M(s\55),5"-
e For other columns, N s\s),(snas)\s = 0.

The proof of this lemma is straightforward.
The next lemma shows that we can use Woodbury identity together with the previous U'CU "

decomposition to efficiently maintain the inverse of a matrix.

Lemma 3.3.6 (Correctness of B using Woodbury Identity). For v, v, w*P" € R", and a symmetric
matrix M € R™" let § = supp(v — v), S = supp(w?P' — V), §"Y = supp(w*P" — v), and
S = (SUAS)\S™Y. Let A=V =V, A" = W' — V. Let B = L. [(Agk + Ms5)7'], and let

N = ‘E*[(Agggv’snew -1 + Msnew,SneW] — ,l:* [AE,IS + MS7S].

Suppose |S U IS| < 2n?, and let (U’, C,U) := Decompose(N), where DEcomposk() is the function

of Lemma 3.3.4, note that U’, U € R"“*Gl9S) ¢ ¢ RBIOSDXGIOSID  then we have
/ - ”N— - -1
B—BU'(C™' +UTBU')'UTB = L[ (A% grew) ™" + Mgnen goen) .

Proof. From Lemma 3.3.5, we know that the non-zero entries of N can be split into three parts:

N(s\a5),05> Nas,(s\0s)> and Ngs 5. S\0S and 9§ are disjoint, and [S U dS| < 2n?, so N satisfies
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the requirements of Lemma 3.3.4. And in the lemma statement of Lemma 3.3.4, S corresponds to
S\OS here, S; corresponds to dS here. Thus U’, C, U are well-defined, and we have U'CUT = N.

Also note that from the property of L. operator (Part 5 of Remark 3.3.3) we have
B = L*[(AE}S +Ms5)"'] = (L. [AE,IS +Mss]) "
Using Woodbury identity (Fact 2.2.6), we have that

_ -1 — -1
L*[((Agggv’snew) ! + MS"SW,S"EW) ] = (L* [(Aggngw’snew ! + MS""‘W,S"EW])
-1
_ (L*[Ag}s + M) + U’CUT)
-1
= (8" +urcuT)

=B-BU'(C"'+U"BU")"'U™B

where the first step follows from Part 5 of Remark 3.3.3, the second step follows from U'CUT = N,
the third step follows from the fact that B = (L, [AEIS + Mg s])~", and the forth step follows from

Woodbury identity. 0

We can exploit the fact that the output matrices U and U’ of DEcomPposE resembles the input

matrix, and we have the following corollary:

Corollary 3.3.7 (Correctness of U™P). Given v, v, w*P" € R", and a symmetric matrix M € R™",
Let S, 08, S™V, §', A, A™, B, N, U, U’, and C be defined the same way as in Lemma 3.3.5 and
3.3.6. Let E = B - L,[(Ms)T]. Define E € RO X195 sych that

(0E)@as\s) = E(as\s) — Basns)M(asns),(85\5)

(0E)s = — Es + BysnsM(asns).s'
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and other entries of OE are all zero. Define U™ e RO319S 4¢
U™ = [Bys, Bss, OE],
then we have U™ = BU’. Note that OE is the same one as defined on Line 12 of Algorithm 12,

and U"™P is the same one as defined on Line 15.

Proof. From Lemma 3.3.5 we know that N can be split into three parts: N(s\ss).55. Nos,(s\a5), and

Nps.ps. From the proof of Lemma 3.3.4, we have that U’ = [U, Uj, U], where
1. Uy € RO"“*I95] such that ((U] )as)" = 55| and all other entries are 0,
2. Uy € ROl and U, = L, [N(s\95).05]-

Since BU’ = [BU, BU;, BU,], it suffices to prove that BU; = Bys and BU, = JE. We have
BU; = Bss - ((U{)as)" = Bos,

where the first step follows from U; only has non-zero rows in 9, and the second step follows from

((U])as)" = I ps|. For BU, we first prove the following:

Ewps\s) =B L [Msps\5)] = B - L [Masns),as\s)] + B - L [M(s\65),(05\8)]

= B(asns) - M(asns),as\s) + B - L [M(s5\55),(05\5)]

where the first step follows from E = B - L,[(Ms)T], the second step follows from Part 2 of

Remark 3.3.3, and the third step follows from Part 4 of Remark 3.3.3. So we have

B - L, [Ms\s5),005\5)] = E(85\5) = B(asns) - M(asns),(a5\5)>

and similarly we also have B - L, [M(s\ps),s'] = Es* — B(asns) - M(asns),s'-

Thus combining with the structure of N(g\4s),as proved in Lemma 3.3.5, we have

65



1. For columns in 0S5\,

(BUz)as\s = B - L-[Ns\as),05\5)] = B - L [Ms\as),5\5)] = Eas\5) = B(asns) - M(asns).(35\5)-

2. For columns in S/,

(BUz)s» = B+ L;[N(s\p5),5'1 = B+ L, [-M5\65),5'] = —Es + B(asns) - M(asns).s-
3. For all other columns, (BU3)(snas)\s = 0.
Thus we have BU, = JE, and therefore BU’ = U"™P. U]

We also have the following lemma that shows how to use Woodbury identity to update the

inverse of a matrix directly.

Lemma 3.3.8 (Correctness of M using Woodbury Identity). Let A € R™", and let V,V e R
be two diagonal matrices. Let M = AT(AVAT)'A € R™ and let A = V =V € R™" et

S = supp(v — v) C [n], then we have
-1 —
M= My - ((Ass) " + MS,S) (Ms)T = AT(AVAT) 1A (3.33)
Proof. We have

(AVAT) ' = (A(V+A)AT) ' = (AVAT + AAAT) ! = (AVAT + AgAg 5(As)T) 7!
= (AVAT) — (AVAT) " As - ((As9) " + (A5)T(AVAT) ' A5) - (Ag)T - (AVAT)!

= (AVAT) = (AVAT) - As - ((Bs.s) !+ Mss) - (As)T - (AVATY .

where the first step follows from the definition of A, the third step follows from A only has non-zero
entries on (i, i)-th entries where i € S, the fourth step follows from Woodbury identity, and the fifth

step follows from the definition of M. Then from the definition of M we have Eq. (3.33). [

66



Notation MATRIXUPDATE | PMATRIXUPDATE | VECTORUPDATE | P.VECTORUPDATE
v v

v v v

g v

g v v

17 v

0 v

Bi v v

Ba v v

5 v v

T v v

A v v

r v v

é v v v v

B v v

E v v

F v v

2 v v v v

v v v v v

Goal v,V v 8.8 g

Algorithm | Algorithm 13 Algorithm 14 Algorithm 15 Algorithm 16
Correctness | Lemma 3.4.17 Lemma 3.4.21 Lemma 3.4.25 Lemma 3.4.29
Time Lemma 3.5.12 Lemma 3.5.18 Lemma 3.5.20 Lemma 3.5.26

Table 3.2: Summary of things got changed over different updates. List of members in Algorithm 4.

3.3.2 Main Result

The goal of this section is to present our main data structure result Theorem 3.3.9.

Theorem 3.3.9 (Main data structure theorem). Given a full rank matrix A € R with d < n, two
error parameters 0 < eyp < 1/4 and &g,y < 1og+§yw two threshold parameters a < a anda < a - a
where « is the dual exponent of matrix multiplication, a parameter of sketching size b € (0, 1).
Let f : R — R be some pre-defined function which can be computed in O (1) time, and extend the
definition of f on vector v with f(v); := f(v;). Let w denote the exponent of matrix multiplication.
There is a data structure (in Algorithm 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16) that approximately

maintains the vector

VWAT(AWAT) TANW F(h).

The data structure uses n**°V) space and supports the following operations:
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1. INmIALIZE(f, €mp, b, L, A, wo, ho, R): Initialize all data structure members including L =
pl=b+o(D) sketching matrices Ry, Ry, ..., R € R™>" This operation takes O (n®) time.

2. UrpATEQUERY(W, h): On the j-th call to this function, it outputs the following three vectors
(see Theorem 3.4.6):

appr n appr
e .
(a) A vector w € R" such that w Remp W
b) A vector h*PP" € R" such that h**" ~,__ h.
mp

(c) A vectorr € R" such that
r =R} RINWPTAT (AW PPTAT) ANWappr £ (*PP").,

Furthermore, if the initial vectors (w(o),h(o)) and the update sequence (w(l),h(l)), e,

(W(T), h(T)) € (R*, R") satisfy the following constraints:

. ) . Ny 2T\ 2 . .
n (R G+Dy _ () n G+ _ o 0) G+ _ 0)
) ( i i NSRS of | it ) S it PPN
i=1 Wij i=1 Wij wiJ
. ) . Ny 2T\ 2 . .
n (g, O n G+ _ () G+ _ ()
for j =0,1,...,T — 1, where the expectation is conditioned on w) for Part 1, and conditioned

on h) for Part 2, and the parameters Cy, Co, C3, Cy, Cs, Cg satisfy that Cy,Cy,C4,Cs > 0 and

0<C3,C6 < 411' Then the worst-case running time of QUERY per iteration is
0*(7;112&("“’ naa na) + n]+b)7

and the expected amortized running time per iteration of the other procedures are
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far

1. MaTrRIxXUPDATE: 0*( (Clé‘mp/é‘éﬂ + Cz/a2 ) . (112_“/2 + n“’_l/z)),

2. PartiacMatrixUppate: O* ((C1 /€mp + Cz/srznp) - (nlra-al2 4 n1+(‘“_3/2)a)),

3. VEctorRUPDATE: 0*((C48mp/<91%ar + C5/81%ar) . nl‘s),

4. PARTIALVECTORUPDATE: 0*((C48mp/81%ar + C5/8%ar) S(n' + n2a—5/2)),
where O* notation hides all n° terms.

Proof. The properties of the output of UppATEQUERY follow from Theorem 3.4.6. The running
time of INITIALIZE is by Lemma 3.5.27, the running time of QUERY is by Lemma 3.5.3. The
amortized running time of MATRIXUPDATE is by Lemma 3.6.19, the amortized running time of
PAarRTIALMATRIXUPDATE is by Lemma 3.6.30, the amortized running time of VECTORUPDATE is by

Lemma 3.6.35, and the amortized running time of PARTIALVECTORUPDATE is by Lemma 3.6.36. [

We prove the correctness of the data structure in Section 3.4. We give the worst-case analysis of

the running time per call for all procedures in Section 3.5, and the amortized analysis in Section 3.6.

3.4 Data Structure: Correctness

The purpose of this section is to show the correctness of our data structure, stated in Theo-

rem 3.4.6. We start with the invariants that we maintain for data structure members.

Assumption 3.4.1 (Invariants). The following invariants are maintained in the data structure:

1. M =AT(AVAT) 1A, 6. T =supp(g — g),

2. 0 =RVVM, 7. A=V -V,

3. B1=0VVf(g) 8. T=vV -V,

4. pr=MVVf(g), 9. £ =\Vf(@ - VVf(s).
5. 8 =supp(v - v), 10. B = L.[(A5k + Ms5)7'],
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Algorithm 4 Data structure : members

data structure

1:

2:

3: members

4: A eRdxn

5: Function f : R - R
6: Emps Efar € R

7 v, 7, g g €ER”

8 a,a,b e (0,1]

9: LeN

10: leN

11:  Vie[L],R; e R""

122 R=[R],R], - ,R]]T e Rn""xn
13:

14: M e R

15 QeRTxn
16: B € R7+o(1)
17: B2 eR”

18: Set S C [n]

19:  SetT C [n]

20: A € R

21: I' e R

22: &eR”

23: B e ROxon?
24:  F e Rn'xone
25  E e RO™xn

26: y1 € R

27: v, € R”

28: end members

29: end data structure

> Theorem 3.3.9

> Table 3.2

> number of sketching matrices

> count of iterations

> We have the guarantee that Ln? = n'+°(1)
> Below are the invariant variables

11. E=B- L£,[(Ms)T],

12. F=RT- L.[Ms),

13. yi=B- L [Bos] +B- L[(Ms)"]-¢

14. y,=TM - &

We will prove that if these invariants are true before we enter a procedure, they are still true

when the proecedure returns. Thus the correctness of the invariants can be proved by induction.

The following local variables are used in procedures QUERY (Algorithm 12), MATRIXUPDATE

(Algorithm 13), and PARTIALMATRIXUPDATE (Algorithm 14). For clarity of the presentation, we

write their definitions here.

Definition 3.4.2 (Local variables). Given inputs w*P" and h*®P", we define these local variables:



Algorithm 5 Data structure : INITIALIZE()

: data structure

: procedure INITIALIZE(f, Emp, Efar, @, 4, b, L, A, wo, ho, R)

1

2

3

4: fef

5: Emp < Emp
6 Efar < Efar
7 a<—a

8 a<«—a

9: b—b

10: L <L

11: A— A

12: R« R

13: [ —1

14: V7V «— wy
15: ge— g« h
16:

17 M« AT(AVAT)"'A
188 Q<— RVVM

19: B — OVVf(g)

20 By — MAVS(g)

21: S0
22: T 0
23: A0
24: 20
25: &E—0
26: B«—1
27: E <0
28: F <0
29: vy <0
30: vy «— 0
31: end procedure
32:

33: end data structure

> Theorem 3.3.9

> Lemma 3.4.33, Lemma 3.5.27

>f:R—>R
> &emp € (0,1)
> &g € (0, 1)
>a € (0,1]
>ZIV€(0,1]
>b e (0,1]
>L eN
DAERdX"

_[RT RT T l+o(l)
>R=[R/,Ry,---,R/]" eR" n

> count of iterations
>y, v eR"
>g,8 €ER”

> Below are the invariant variables

>M € Ran

g R0
>pL R

>ﬂ2 e R"

>S C [n]

>T C [n]

> A € R™" is a diagonal matrix
> I € R™" is a diagonal matrix

>& eR”

>B e R6n“ x6n<

> E € R()n"xn

N F c Rn1+0(l)xén“
>y € R6n”

>y, € R"

1. A — WP _ Y,

OT — VW — 7,

N

. 0& — WP (R0 — NV £(3),

W

N

. 0S < supp(w*PPr —7),

5. A"V — A+ 0A,
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6. IV « T +0r,

7. E"V — £+ 0€,

8. §"Y «— supp(wPP —v),

9. §" « (SUAS)\Smv.



Algorithm 6 Data structure : Apjust()

: data structure
: > This procedure doesn’t use any members in the memory of data structure.
: procedure Apjust(V"™P, V. v, &far)

> VP is the temporary new update of v. V'™ is adjusted to v*4.

fori =1tondo

1

2

3

4.

s i g
6

7 if T/{l.mp #v; and T/{imp € [(1 = &gar)vi, (1 + £gar)v;] then
8

9

~adj
vl. — Vi
end if
10: end for
11: return v
12: end procedure
13: > If in coordinate i, V{l.mp # v; and ﬁ{imp is close to v;, then ﬁmp should move back to v;.

14: end data structure

Algorithm 7 Data structure : SOFTTHRESHOLD()

1: data structure
2: > This procedure doesn’t use any members in the memory of data structure.
3: procedure SortTTHRESHOLD(y, w"V, v, g, n?)

4 Let 7 : [n] — [n] be a sorting permutation such that y (i) > yx(i+1)
5 k <« the number of indices i such that y; > &
6: if k£ > n“ then

7 repeat

8 k «— min{[1.5k], n}

9: until k = nor y ) < (1—1/logn) - yx/1.5)
10: end if

wiew i e{l,2,--- ,k};
11: Ylew 7 (@)
7 (@) Va@i)y, 1€{k+1,--- n}.
12: return v"V_ k
13: end procedure
14:

15: end data structure

Remark 3.4.3 (Compute local variables). The private procedure ComPUTELOCALVARIABLES (Algo-

rithm 11) computes these local variables (defined in Definition 3.4.2) correctly.

Remark 3.4.4 (Temporary variables). All variables with super-script “tmp” are temporary local

variables that are only used in update procedures.
Remark 3.4.5 (Properties of S” and S™V). Note that S" C SUJS, and S’ C S N IS.

In this section we prove the following main theorem using lemmas proved in later sections.
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Algorithm 8 Data structure : UpDATEQUERY()

1: data structure > Theorem 3.3.9
2:

3: procedure UPDATEQUERY(W™W, h"V) > Theorem 3.4.6
4 WAPPT ek — UPDATEV (w"V) > Algorithm 9, k£ and k are only used for analysis.
5: h?PP* p p <« UprpATEG(h™W) > Algorithm 10, p and p are only used for analysis.
6 r « QUERY (w?PP", ;2PPT) > Algorithm 12, Lemma 3.4.7, Lemma 3.5.3
7 > Compute r = R[I]TR[I]VW®PrAT (AW?PPrAT) =1 A/Wappr £ ( p2pPr)
8 return wPP", j2PP* p

9: end procedure

10:
11: end data structure

Algorithm 9 Data structure : UppATEV ()

1: data structure > Theorem 3.3.9
2:
3: procedure UpDATEV (w™") > Return (w?PP' k, 75). Lemma 3.4.13
4 PPk SOFTTHRESHOLD(y; « WiV v = 1), W% v, enp /2, n%) > Algorithm 7
5 VIV« Aprust(V™P, YV, v, Efar) > Algorithm 6
6 if | supp(v"¥ —v)| = n® then
7 VW, k < SOFTTHRESHOLD(y; ¢ (W (W™ /v; — 1) + (Wi [v; — 1)), w'V, v, 3;§;p,n“)
8 > If | supp(V"V — v)| = n%, then k > n“. See Fact 3.6.10
9: MaTrIXUPDATE(V"V) > Algorithm 13, Lemma 3.4.17, Lemma 3.5.12, Lemma 3.6.19
10: > Update v, v to be vV,
11: > Update invariants M, Q, B1, 52, S, A, I', &, B, v1,v2, E, F.
12: return (V"% k, 0)
13: else
14: if | supp(V"Y — V)| > n“ then
15: > If | supp(?"¥ — ¥)| > n9, then k > n?. See Fact 3.6.11.
16: PARTIALMATRIXUPDATE (VW) > Algorithm 14, Lemma 3.4.21, Lemma 3.5.18,
Lemma 3.6.30
17: > Update v to be vV,
18: > Update invariants S, A, I', €, B, y1, v2, E, F.
19: return ("%, 0, k)
20: end if
21: end if

22: return (V™V, 0, 0)
23: end procedure

24

25: end data structure

Theorem 3.4.6 (Correctness of UpDATEQUERY). On the j-th call to the procedure UpDATEQUERY

(Algorithm 8), the output satisfies the following:
1. wappr X bmp WheW - pappr R omp hev
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Algorithm 10 Data structure : UppATEG()

10:
11:
12:
13:
14:
15:

16:
17:
18:
19:
20:
21:
22:

1
2
3
4
5:
6
7
8
9

: data structure > Theorem 3.3.9
: procedure UppATEG(A"Y) > Return (h?PP", p, p). Lemma 3.4.14
g"™P, p < SOFTTHRESHOLD(y; « Y (h}*V/g; — 1), h"¥, g, &mp/2, n?) > Algorithm 7
g™V «— Aprust(g"™P, 2, g, Efar) > Algorithm 6
if |supp(g"™ — g)| > n* then
8"V, p < SoFTTHRESHOLD(y; < (Y (hi®V/g; — 1) + Y (R} /g; — 1)), h"¥, g, ;E’;p,n“)
> Similarly, if | supp(g™™ — g)| > n<, then p > n.
VEecTORUPDATE(g"") > Algorithm 15, Lemma 3.4.25, Lemma 3.5.20, Lemma 3.6.35
> Update g, g to be g"*"V. Update invariants 81, B2, &, ¥1, v2, T .
return (g"%, p, 0)
else
if | supp(z™" — 2)| > n? then
> Similarly, if | supp(g™Y — )| > n%, then p > n<.
ParTiALVECTORUPDATE(Z"Y) > Algorithm 16, Lemma 3.4.29, Lemma 3.5.26,
Lemma 3.6.36
> Update g to be g"°V. Update invariants &, y1, v2, T.
return (g"%, 0, p)
end if
end if
return (g"Vv, 0, 0)
end procedure

23: end data structure

Algorithm 11 Data structure : CoMmPUTELOCALVARIABLES()

1
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:

: data structure > Theorem 3.3.9

: procedure CoMPUTELOCALVARIABLES(w?PP') J7PPT)

OA — WP —V
I — WP — [y
08 « supp(w?Pr —7)
A"V — A+ JA
e « 1+ 9r
qnew Supp(wappr -v)
S — (SUIS)\S"™V
> If the input A?PP" is null, we don’t need to compute the following two local variables.
0¢ — W £ () -V £ ()
£ — £ +0¢
return (0A, T, 0&, 08, A"V, eV, £new §new " §7)

end procedure

17: end data structure
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Algorithm 12 Data structure : QUERY()

1: data structure > Theorem 3.3.9
2:

3: procedure QUERY(w?PP' j2PPT) > Lemma 3.4.7, Lemma 3.5.3
4: OA, IT, 0&,0S8, AV, _, _, S™V §" « CoMPUTELOCALVARIABLES (w?PPT gmeW) > Algorithm 11
5: ry « Bi [7] >7] € Rnb
6: Iy — Q[l]§+R[l]yz+R[l]8FM(§+8§)+(Q[l] +R[I]FM)0§ > 7y e R
7. r3 e« R[I|(T+00)B, b ry € R
8 0y « B (L, [(Bas\s] = Lr[(B2)s']) + B+ (L [(Mas\s)T] = L [(Ms))T]) - (6 +0€) + E - 9¢
9 > local variable 9y € RO

10: (U,, C, U) — DECOMPOSE(.E*[(Agi?w,snew)_l + Msnew’snew] - L. [Ag,]s + MS,S])

11: > DECOMPOSE is defined in Lemma 3.3.4. U’, U € RO"“*318S| ¢ ¢ R319S|x3|9S|
12: OE «— Es — Bssns) - M(asns),os

13: (0E)s: < —(0E)s', (0E)(snas)\s' < 0 > local variable E € R %195
14: Ump [Bgs, Bos, OE]

15: > local variable U™ e RO"“>319S| ytmp = B{J’ (Corollary 3.3.7)
16: Y — UM (C 4+ UTUM™P)TIUT - () + ) > local variable, y"™P € RO

17 g (Lel(QUMsww]+ FIT+RUIT(Le[Mas\s] = Lo M 1)+ RINAT Le[Msoer]) (7™ =31 - 7)

18: r—R[I]T(ri+ry+r3+r4) >r € R"
19: [—1+1

20: return r

21: end procedure

22:

23: end data structure

2. 1= R[ITRUINWREM WP f (h0P), where M™ = AT(AW®PAT)™A.

Proof. Part 1. The output w??" is returned by UPDATEV, it can be v"*% returned from Line 12, or

it can be V"V returned from Line 19 and 22 (in Algorithm 9).

new

In the case of w?P" = vV the properties of vV are given in Fact 3.6.7. According to Part 2

and 3 of Fact 3.6.7, there exists a permutation 7 : [1n] — [nr] and a number k such that Vi € n([k]),

v = W and vi ¢ m([k]), VI~ wt, where wU* s defined as w™" in the j-th

iteration. So v™V ~, w

mp

€W in this case.

If WP = "V the properties of V™V are given in Fact 3.6.6. According to Part 3 and 4

of Fact 3.6.6, there exists a permutation 7 : [n] — [r] and a number k such that Vi € ﬂ([;]),

VY wl(jﬂ) and Vi ¢ m([k]), ViV =~ wfjﬂ), where w\/*1 is defined as w"" in the j-th

iteration. Using the assumption that &g, < gyp, we get wPP! R emp whew
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Algorithm 13 Data structure : MATRIXUPDATE()

1
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:

: data structure > Theorem 3.3.9
: procedure MATRIXUPDATE(w?PP") > Lemma 3.4.17, Lemma 3.5.12, Lemma 3.6.19
: s, ANV TRV SV« ComMpPUTELOCALVARIABLES(w?PP', ) > Algorithm 11

thp — M b Msnew . ((Agigiv’snew -1 + Msnew’snew)_l . (MsneW)T
Q™ — Q + R(I™YM™) + RNV (M'™ — M)
B — QUMW £ (g)
By = MUV (g)
EMP — VWPT(f(g) - f(3))
> We start to refresh variables in the memory of data structure
Q «— QP M « M'mP
B B o By & — g
V=V — wiPr
B—IF«0E«Q0
S—0, AT 0,y —vy,<0

end procedure

18: end data structure

Algorithm 14 Data structure : PARTIALMATRIXUPDATE().

1
2
3
4
5:
6
7
8
9

10:
11:

12:
13:
14:
15:
16:
17:
18:

: data structure > Theorem 3.3.9
: procedure PARTIALMATRIXUPDATE(w?PP") > Lemma 3.4.21, Lemma 3.5.18, Lemma 3.6.30
00, _, 08, A"V, TV SV« CompUTELOCALVARIABLES(w?P', ) > Algorithm 11

(U,, C, U) — DECOMPOSE(.L:*< [(Ag?'gw’snew -1 + Msnew,Snew] - L* [AE,IS + MS,S])
> DECOMPOSE is defined in Lemma 3.3.4

B™ « B-BU'(C~'+UTBU)"'U™B
F™P «— F 4RI - (Lc[Mps\s] — Lc[Ms']) + ROT - L[ Mgnew ]
E™P — E + B™P(L,[(Mgs\s)"] = L-[(Ms)T]) - BU'(C' +UTBU’)'UTE
£ — WP () = VV f(g)

t
Y™ — B™P - L, [Bysnen] + B™P - L[ (Msnen)T]EMP

Y3 = 72+ (T ID)M (W — V) £(@) + ST MV £(2) =V £ (9))
> We start to refresh variables in the memory of data structure
B« B™ F  F™ [  Emp
£ &Py — ™y, — )T
Ve— WPPL S « SNW A« ANV 7 [hew

end procedure

19: end data structure

WPt~ oA"Y follows by similar reasons.

Part 2. First we prove by induction that all invariants of Assumption 3.4.1 hold all the time. In the

beginning, the data structure calls INniTiaLIZE. By Lemma 3.4.33, all invariants hold.
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Algorithm 15 Data structure : VECTORUPDATE().

: data structure > Theorem 3.3.9

1
2:
3: procedure VECTORUPDATE(/?PP) > Lemma 3.4.25, Lemma 3.5.20, Lemma 3.6.35
4 B e B+ QVV(F () - £(g)
50 BT < Bat MAV(f(H™) = f(g))
6 £ (VV - VW) ()

7 T = B LBy sl + B L[(Mg)T] - £™

& ™ e Tu e

9: > We start to refresh variables in the memory of data structure
10: Bre B o BT E— EM yp — Ty — )T

11: g «— g « h¥Pr,
12: T —0

13: end procedure

14:

15: end data structure

Algorithm 16 Data structure : PARTIALVECTORUPDATE().

: data structure > Theorem 3.3.9

1
2:
3: procedure PARTIALVECTORUPDATE(/?PP") > Lemma 3.4.29, Lemma 3.5.26, Lemma 3.6.36
4 & V(R - WV (g)
55 ™y B L [(Ms)T] NV (£ - £(3))
6 Y™y TMVV(F () - £(3))
7 > We start to refresh variables in the memory of data structure
8 £ EM y ey oy )T

9: T « supp(h*P" — g)
10: g—g

—hew
11: end procedure

12:
13: end data structure

In the following iterations, the data structure is only accessed via calls to its procedure UPDATE-
QuEery by ONESTEPCENTRALPATH (Line 4 and 7 in Algorithm 18). UpDATEQUERY calls UPDATEV,
UppaTEG and Query(Line 4, 5, 6 in Algorithm 8). The procedure QuEry does not modify any
data structure member, so it won’t violate any invarint. By Part 2 of Lemma 3.4.13 and 3.4.14, if all
invariants are satisfied before entering the procedure UpDATEV (or UpDATEG), then after executing
the procedure UppATEV (or UpDATEG), all invariants are still satisfied. By induction, all invariants
of Assumption 3.4.1 hold all the time.

Next we prove that before entering QUERY, we always have |S U dS| < 2n?, so that all £, L.,
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L,, L, operators are well-defined. Note that

S = supp(v —v) (by Part 5 of Assumption 3.4.1),

0S8 = supp(wP' — V) (by Part 4 of Definition 3.4.2).

By Part 1 of Lemma 3.4.13, we have ||[w®P" — 7|y < n% so [dS| < n?. By Corollary 3.4.15, we

have ||v = v||g < n%, so |S| < n®. Therefore

ISUAS| < |S| +18S| < n® +n® < 2n°,

where we use the fact that a < a.

Now the two conditions of Lemma 3.4.7 are both satisfied, so we have

r = R[1]7 R[] NWaPPr A ™ \Wappr f (5P),

where M™V = AT(AW®PPTAT) 1A, O

3.4.1 Correctness of QUERY

In this section we follow the notation of the procedure QUery (Algorithm 12). Note that v, Vv, g,
g, M,Q,R,B1, B2, V1,2, B, E, F, A, T, S are all members of the data structure (See Algorithm 4).
QuERY (Algorithm 12) takes w®P" and A*PP" as input, and uses the inputs and members of the data
structure to compute the following local variables: dA, dT', d¢, 4S8, dy, A"V, "V, §', U’, C, U,
OE, U™P y'MP_y\ ry. 13, r4. Finally, QUERY (Algorithm 12) outputs r. The goal of this section is

to prove Lemma 3.4.7 which gives a close-form formula of the output r.

Lemma 3.4.7 (Correctness of QUERY). Before entering Query (Algorithm 12), if we have the
following two guarantees: |S U dS| < 2n“, and all the invariants of Assumption 3.4.1 are satisfied,

then the output r is

r = R[I]T R[I]VWapPr pe™ \/yyappr f (p2PPT)
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where M™ = AT(AW®PPTAT) 1A,

This lemma is proved in Claim 3.4.12 using the following:

1. 11 = Q[IIVV£(g) (Claim 3.4.8)
2. r2 = (Q]+R[II(T+T)M) - (VWP £ (h) —\V £ (g)) (Claim 3.4.9)
3. r3 = R[I](T+dD)MVV f(g) (Claim 3.4.10)

4. rq = -R [l] VWapprMSnew((Ag,Sx Snew)_l+MSnew,Snew)_1 (MsneW)T Vwapprf(happr) (Clalm 34.1 1)

Now we prove these claims one by one. In the following we assume that |[S U dS| < 2n“ and all the
invariants of Assumption 3.4.1 are satisfied. Note that when |S U dS| < 2n¢, all of the L, L., L,,

and L. are well-defined, and the DEcomposE function is also well-defined.
Claim 3.4.8 (Close-form formula for r). We have ri = Q[I]VV f(g).

Proof. From the assignment of r; (Line 5 of Algorithm 12), we have

ri=p1ll = QUINV£(g).

where the last step follows from 8; = QVV f(g) (Part 2 of Assumption 3.4.1). ]

Claim 3.4.9 (Close-form formula for r;). We have
ra = (QUU] + R[II(T +d0)M) - (VWP f (') = VV ().
Proof. From the assignment of r, (Line 6 of Algorithm 12), we have

ry = Q)€ + R[] y2 + R[[]OTM (£ + 68) + (Q[1] + R[I]TM)5¢
= (QUI] + RUITM)E + R[I]OTM (& + 0¢) + (Q[1] + R[IITM)oé
= (Q[I] + R[I|(T + dT)M) - (£ + 9¢)

= (Q[I] + RUI(T + dT)M) - (NW=pPt £ (R*PT) — VV f(g)),
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where the second step follows from y, = I'M - & (Part 14 of Assumption 3.4.1), the third step follows
from merging terms, and the fourth step follows from the invariant & = ﬁ f(@)-VVf(g) (Part9 of
Assumption 3.4.1) and the definition ¢ = VWP £(h®) — [V £(g) (Part 3 of Definition 3.4.2).

O

Claim 3.4.10 (Close-form formula for r3). We have r3 = R[[](T" + d0)MVV f(g).

Proof. From the assignment of r3 (Line 7 of Algorithm 12), we have
r3 = R[I](T +8T)B; = R[I|(T + dT)MVV £ (g),

where the second step follows from the invariant 8, = MVV f(g) (Part 4 of Assumption 3.4.1). [

Claim 3.4.11 (Close-form formula for r4). We have
74 = ~RIINWR Mg + (A gpn) ™+ Mo o) ™1+ (Mgnon) TVIWIRDE  (79PT).
Proof. First note that the left part of 4 is

L[(Q[ID)srev] + F[1] + RUT - (Lc[Mos\s] = Le[Ms']) + R[1]OT - L[ Mgnew]
= L [(Q[IDsmev] + R - L[Ms] + RIT - (L [Mas\s] — Lc[Ms]) + R[1]OT - L[ Mgrew]
= L[(Q[IDswen] + RIIT - L[ Mgnew] + R[I]0T - L[ Mgnev]
= L(Q[IDgrev] + RN + 0T) - L[ Mgrew]
= R[I]VV L[ Mgnew] + R[I](T + 8T) - L[ Mgnev]

= R[l] \/W?lPPTLC [Msnew], (334)

where the first step follows from F' = RI" - L.[Mg] (Part 12 of Assumption 3.4.1), the second step
follows from S = (S U 95)\S™ (Part 9 of Definition 3.4.2) and thus L .[Mg ]| + L[ Mgnew] =

L[ Msuss] = Le[Ms] + L[Mps\s] by Part 2 of Remark 3.3.3, the fourth step follows from
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Q = RVVM (Part 2 of Assumption 3.4.1) and Part 3 of Remark 3.3.3, and the fifth step follows
fromT" = VV—+V (Part 8 of Assumption 3.4.1) and 9" = VWP~V (Part 2 of Assumption 3.4.2).

We also have

yi+0y =B L[(B)s] +B- L[(Ms)"]-&+B- (L [(B2as\s] — Lr[(B2)s'])
+B - (L [(Mys\s) '] = L [(Mg)T]) - (6 +0€) + E - 0¢
= B- L, [(B2)s] + B- (L [(B2as\s] = L [(B2)s']) +

ai

B-L[(Ms)"]- £+ B (L [(Mas\s)"] = L, [(Ms))T]) - (£ +9€) + E - 0, (3.35)

az

where the first step follows fromy; = B- £, [(82)s]+B-L,[(Ms) "]-& (Part 13 of Assumption 3.4.1)
and the assignment of dy on Line 8 of Algorithm 12, the second step follows from changing the

order of terms. And

ar =B - L[(B2)swe], (3.36)

which follows from §* = (S U dS5)\S™" (Part 9 of Definition 3.4.2) and thus L.[(B2)s/] +

L [(B2)srew] = Le[(B2)svas] = Lel(B2)s] + Le[(B2)as\s] by Part 2 of Remark 3.3.3.  And

also

ar =B L,[(Ms)T]- £+ B (L[(Mas\9)T] = Lr[(Ms)T]) - (€ +06) + B L [(Ms)T] - ¢
=B (L [(Mg)T] + L [(Mass) ] = L,[(Ms)"]) - (€ +06)

=B L;[(Mgs)T] - (& + 88), (3.37)

where the first step follows from E = B - L, [(Ms) "], the second step follows from merging terms,
and the third step follows from S’ = (SUAS)\S"Y (Part 9 of Definition 3.4.2) and thus £, [ (Mg) "]+

L [(Mgne)T] = L [(Msuas) "] = L [(Ms)T] + L:[(Mps\s) "] by Part 2 of Remark 3.3.3.
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Combining Eq. (3.35), (3.36), and (3.37) together, we have

Y1 +0y =B L. [(B2)swev] + B L[ (Msnew)T] - (£ + 0€)
=B L,[(Mswe)TINVF(g) + B+ L, [(Mgnew)T] - (VWP £ (h*PP) — VV £ (g))
=B - L. [(Mgnew)T] - VWapPr £ ( p?PPT), (3.38)

where the second step follows from 8> = MYV f(g) (Part 4 of Assumption 3.4.1) and using Part 3
of Remark 3.3.3, and & + 9& = VWaPr £ (h¥PT) — \/V f(g) (Part 9 of Assumption 3.4.1 and Part 3
of Definition 3.4.2), and the third step follows from merging terms.

Therefore,

Y™~y =3y = = (I =U™(C' +UTU™)'UT) - (y1 +3y)
= —(I-BU(C'"+UTBU)'UT) - (y; + 8y)

—(I-BU(CT'+UTBU)'UT) - B L, [(Mgnew)T] - VW2PPT £ ( h2PPT)

= L[((ASN grow) + Manon goow) '] - L [(Mignen) T] - VW2PTf(R¥PF), - (3.39)

where the first step is by assignment of y'™P on Line 16 of Algorithm 12, the second step is by
U'™P = BU’(Corollary 3.3.7), the third step follows by Eq. (3.38), the fourth step is by B—BU(C~' +
UTBU)'UTB = L.[((A%S guew) + Msnow gnew) '] (Lemma 3.3.6),

Then from the assignment of r4 on Line 17 of Algorithm 12, we have

ra = R{IIVWP L[ Mgnen] - (™ — 1 = dy)

= — RUIIVW L, [Mgoon] - L[ (AR gren) + Moow o)™ - Ly [ (Mgoon) ] - VIV £ (1P

- R[l] VWapprMSnew . ((Agﬁ:&,’snew) + MSnew’Snew)_l . (Msnew)T . \/Wapprf(happr)’ (340)

where the first step follows from Eq. (3.34), the second step follows from Eq.(3.39), the third step

follows from the property of L operators (Part 4 of Remark 3.3.3). U
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Claim 3.4.12 (Close-form formula for r). r = R[[]"T R[I]VW?2PPr M ¥ /WapPr f( hPP")  \where
Mhew — AT(AWapprAT)_lA.

Proof. From Claim 3.4.8, we have r; = Q[I[]VV f(g).
From Claim 3.4.9, we have r, = (Q[I] + R[I](I + dT)M) - (NW2aPPr £ (h2PP") — AV f(g)).
From Claim 3.4.10, we have r3 = R[I](T" + dT)MVV f(g).

From Claim 3.4.11, we have
1’4 = _R[l] VWapprMSnew . ((Agﬁx’smw)_l + MSnewﬂS‘new)_1 . (Msnew)T VWapprf(happr)'

The proof sketch is as follows: we first compute r + 3, then compute (r| +r3) + r2, and finally

we compute (r] + rp +r3) + ryq. First we compute r + r3 as follows:

ry+rs3
= QIIVVf(g) + RIII(T +OT)MNV £ (g) = RIINVMNV £ (g) + R[I|(T + aT)MVV £ (g)
= R[I[J(NV + (T + d0)MVV £ (g) = R[IINW2Pr MV f(g), (3.41)

where the first step follows from Claim 3.4.8 and 3.4.10, the second step follows from Q = RVVM
(Part 2 of Assumption 3.4.1), the third step follows from merging terms, and the fourth step follows
fromI'+JI' = (ﬁ — V) + (VWappr — ﬁ) = VWaPr — \/V_(T from Part 8 in Assumption 3.4.1,
OI" from Part 2 in Definition 3.4.2).

Secondly, we can compute (r] +r3) + 17,

(r1+7r3) +r2 = RIINWPMVV f(g) + (Q[1] + R[II(T + 0T) M) (NWt £ (h*) — VV f(g))
= R[INW MV f(g) + (R[INVM + R[1] (T + 0T) M) (VWP f (h*¥P") = VV f(g))
= RIINWHP MV f(g) + RIIINW®P M (VWP f (h*) — VV f (g))
= R[I]VWappr p( \Waper f (p2PPT), (3.42)

where the first step follows from Eq. (3.41) and Claim 3.4.9, the second step follows from Q =
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RVVM (Part 2 of Assumption 3.4.1), the third step follows from I" + 4T = (ﬁ —VV) + (VWappr —
\/§ ) = VWappr — \VV (T from Part 8 in Assumption 3.4.1, I" from Part 2 in Definition 3.4.2), and

the fourth step follows from merging terms.

Finally, we can compute r| + ry + 13 + r4.

(l’] +ry+ 7‘3) +rq4 = R[l] \/WM\/Wf(happr)_
-1
R[l] VWapprMSnew ((Ag?,m’smw)_l + MS"eW,S"eW) (Msnew)TVWapprf(happr)
-1
= R[l] V Wappr (M — M gnew ((Arsl‘?lg\/v’snew)_l + Msncw’sncw) (MSncw)T) \/Wf(happr)

= R[1]VWappr peW A/ Wappr £ (2PPT), (3.43)

where the first step follows from Eq. (3.42) and Claim 3.4.11, the second step follows from merging
terms, and the third step follows from Lemma 3.3.8 (by setting the parameters in the lemma statement
as A « A"V, § « S"V 3« waPPT) and the definition that M"Y = AT(AW®PPTAT) 1A,

Therefore, from the assignment of r on Line 18 of Algorithm 12, we have

r = R[] (r1 +ra +r3 +r4) = R[I]TR[1]VWappr pfe% \[Wappr (PP 0

3.4.2 Correctness of UppaTEV and UpDATEG

Lemma 3.4.13 (Correctness of UpDATEV). After executing the procedure UPDATEV, the following

properties are satisfied:
L [[wPr —ylly < n4, ||wP — 7o < nf,

2. If all invariants of Assumption 3.4.1 are satisfied before entering the procedure UpDATEV

(Algorithm 9), then all invariants are still satisfied after UPDATEV.

Proof. Part 1. The procedure UpDATEV could exit in three places: Line 22, 19 and 12. We discuss
them case by case.
(a. Line 22). w?P" is assigned to be v"*". The algorithm avoids the if branches on Line 6 and

the if branch on Line 14. Therefore, both of the conditions of the if branches are false, so we have
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IP"¥ — v]lo < n and [[7"Y = || < .

N

(b. Line 19). w®P" is assigned to be v"“V. The algorithm avoids the if branch on Line 6, so we

have |[v"®Y —v||p < n?. Then the algorithm enters procedure PARTIALMATRIXUPDATE (see Line 16)
to update v «— "V (see Line 16 of Algorithm 14), so [7"*V — V|| = 0 < n“.

(c. Line 12). w?P" is assigned to be v"*¥. The algorithm enters the procedure MATRIXUPDATE
(see Line 9) to update v «— v « w?P" (see Line 13 of Algorithm 13). Thus ||v™¥ —v||p = 0 < n*
and ||v"¥ = V]| = 0 < n“.

Part 2. We first prove that |S U 0S| < 2n“ is satisfied if we enter PARTIALMATRIXUPDATE. Note
that the input w*P" of ParRTIALMATRIXUPDATE is V™" (Line 16), so dS = supp(w?P" —v) =
supp(v"® — V) (Part 4 of Definition 3.4.2). We have

[SUIS| =|S|+|0S\S| < n®+|3S\S| =n® +|{i € [n] : vi =V;, V]V #V;}|

1

=n+{i € [n] : V]V £v;}| < 2n°,

where the second step follows from |S| < n® which is a direct implication of Part 1 of this lemma (see
proof of Corollary 3.4.15), the third step follows from S = supp(v —v) (Part 5 of Assumption 3.4.1)
and 0§ = supp(v™" — V), and the fifth step follows from | supp(v™" — v)| < n“ since the if-clause
of Line 6 of UppaTEV (Algorithm 9) has to be false to enter PARTIALMATRIXUPDATE.

In procedure UppATEV, the data structure members are modified only by procedure MATRIX-
UppATE (on Line 9) and procedure PARTIALMATRIXUPDATE (0on Line 16). Since all invariants are
satisfied before entering MATRIXUPDATE or PARTIALMATRIXUPDATE, and |S U 45| < 2n? is also
satisfied before entering PARTIALMATRIXUPDATE, from Lemma 3.4.17 and Lemma 3.4.21 we know

that all the invariants are still satisfied after MATRIXUPDATE and PARTIALMATRIXUPDATE. O]

Lemma 3.4.14 (Correctness of UPDATEG). After executing the procedure UppATEG, the following

properties are satisfied.:

L ||R*PP" —gllo < n®, |h*P" = gllo < n”.

2. If all invariants of Assumption 3.4.1 are satisfied before entering the procedure UppATEG
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(Algorithm 10), then all invariants are still satisfied after UppaTEG.

Proof. Part 1. The proof is analogous to that of Part 1 of Lemma 3.4.14.

Part 2. In procedure UppATEG, the data structure members are modified only by procedure
VEcTtorUPDATE (see Line 9) and procedure PARTIALVECTORUPDATE (see Line 15). So this directly
follows from the fact that all the invariants are satisfied after VEctorUpPDATE (Lemma 3.4.25) and

PARTIALVECTORUPDATE (Lemma 3.4.29). [
By the same reasoning, we immediately have the following corollary:

Corollary 3.4.15 (Sparsity of v — v and g — g). Throughout the algorithm the following is always
satisfied.:

[v=vllo <n% llg—gllo < n®.

Corollary 3.4.16 (Sparsity guarantees when entering the procedures). Let k and k be the output
returned by UppateV (Line 4 in Algorithm 8). Let p, p be the output returned by UppaTeG (Line 5

in Algorithm 8).

1. When entering the procedure MaTrixUPDATE (Algorithm 13), we have

W™ = vllo = k.

2. When entering the procedure PARTIALMATRIxUPDATE (Algorithm 14), we have

WP — [y < %, [[WPP" —T||o = k < 2n°.

3. When entering the procedure VEcTorUPDATE (Algorithm 15), we have

[w*P" = vllo < %, W =Tl < n?, [|W*P — gllo = p.
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4. When entering the procedure PARTIALVECTORUPDATE (Algorithm 16), we have

W = vllo < n, W =Vllo < n%, [|H*P" —gllo < n®, [|K*PP" —gllo = p < 2n".

5. When entering the procedure QUEry (Algorithm 12), we have

WP = vl < n, WP =Vlg < n, [B¥P" = gllo < n, |h*¥" —gllo < n.

3.4.3 Correctness of MATRIXUPDATE

Lemma 3.4.17 (Correctness of MATRIXUPDATE). If all invariants of Assumption 3.4.1 are satisfied
before entering the procedure MaTrixUPDATE (Algorithm 13), then after the procedure MaTrixUPp-

DATE we have the following guarantees:
1. v=yv=wr
2. g and g both remain the same.
3. All invariants of Assumption 3.4.1 are still satisfied.

Part 1 and 2 are proved in Claim 3.4.18, and Part 3 is proved in Claim 3.4.20 by using
Claim 3.4.19.

Claim 3.4.18 (Part 1 and 2 of Lemma 3.4.17). After the procedure MatrixUppATE (Algorithm 13),

we have v =v = w*P' and g and g remain the same.

Proof. This follows directly from the value assignment of v and v on Line 13 of Algorithm 13, and

the fact that g and g are not modified by Algorithm 13. [

Claim 3.4.19. In the procedure MatrixUPDATE (Algorithm 13), before we refresh variables in the

memory of data structure, we have the following:
1. M™ = AT(AWPPTAT)1A
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2. QP = R\WapPr P,

3. B = QWS (g),

4. By = M NWf(g),

5. P = VWP (Z) — VW (g).

Proof. Part 1. On Line 5 of Algorithm 13 we assigned M"™P as
thp = M - MSHEW . ((Agigv’snew)_l + MSnCW,SneW)_l M (MSHCW)T.

Since M = AT(AVAT)~!'A (Part 1 of Assumption 3.4.1), A"V = W2P' —V (Part 7 of Assump-

tion 3.4.1), and S = supp(w?P" — v) (Part 5 of Assumption 3.4.1), from Lemma 3.3.8 we have
MtoP — AT(AWapprAT)_lA.
Part 2. We have

O™ = O + R(I™YM™) + RNV (M™ — M) = RNVM + R(I™¥M"™P) + RNV (M™ — M)
= R(I™Y + VV)M"™ = R(T + 4T + VV)M"™

= R((VV = V) + (VWP = V) + V7)) M™ = Ry WD pgm,

where the first step follows from the assigned value for Q"™ on Line 6 of Algorithm 13, the second
step follows from Q = RVVM (Part 2 of Assumption 3.4.1), the third step is by merging terms,
the fourth step follows from I'™™% = T" + 9" (Part 6 of Definition 3.4.2), the fifth step follows from
T = VV - VW (Part 8 of Assumption 3.4.1) and 9" = VWappr — VWV (Part 2 of Definition 3.4.2),
and the last step is by merging terms.

Part 3, 4 and 5. These directly follow from the assignment of ,Btlmp on Line 7 of Algorithm 13, the

assignment of ﬁtzmp on Line 8, and the assignment of £&™P on Line 9. [
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Claim 3.4.20 (Part 3 of Lemma 3.4.17). All invariants of Assumption 3.4.1 are satisfied after the

procedure MATRIxUPDATE (Algorithm 13).

Proof. First note that g, g, and T all remain the same after MATRIXUPDATE. Note that v and v are
both assigned the value w?P" (Line 13 of Algorithm 13). Then using Claim 3.4.19, and since we

assigned M"™P to M, Q'™ to Q, ,Btlmp to 1, ﬁtzmp to 32, and £™P to &, we have

M=AT(AVAT) A, 0 =RVVM,
B1=0VV£(g), B2 =MV f(g),
¢ =VVi@-Wre).

We prove the other invariants directly from the assignment on Line 15 of Algorithm 13:

S =0 =supp(v -v), A=0=V-V,
r=0=Vv-, B=1= LAk +Msg)™],
y1=0=B-L[Brs]+B- L [(Mg)"]-¢, Y2=0=TM &,

E=0=B-L[(Mp)"] =B L[(Ms)"], F=0=RT"-L[Mp] =RI"- L[Ms]. [T

3.4.4 Correctness of PARTIALMATRIXUPDATE

Lemma 3.4.21 (Correctness of PARTIALMATRIXUPDATE). If all invariants of Assumption 3.4.1 are
satisfied before entering the procedure PARTIALMATRIXUPDATE (Algorithm 14), and |S U 0S| < 2n?,

then after the procedure PARTIALMATRIXUPDATE we have the following guarantees:
1. V=w*P" and v remains the same.
2. g, g both remain the same.
3. All invariants of Assumption 3.4.1 are still satisfied.

Note that since we have the guarantee that [S U dS| < 2n¢, all L,, L., L, operators that appear
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in the procedure PARTIALMATRIXUPDATE are well-defined. And the DEcomposk function used in
PArRTIALMATRIXUPDATE is also well-defined.

Part 1 and 2 are proved in Claim 3.4.22, and Part 3 is proved in Claim 3.4.24 by using
Claim 3.4.23.

Claim 3.4.22 (Part 1 and 2 of Lemma 3.4.21). After the procedure PARTIALMATRIxXUPDATE (Algo-

rithm 14), we have v = w*, and v, g, g all remain the same.

Proof. v = w*P" follows directly from the value assignment of v on Line 16 of Algorithm 14.
The procedure PARTIALMATRIXUPDATE (Algorithm 14) does not modify v, g, g, so they all

remain the same. [

Claim 3.4.23. In the procedure PARTIALMATRIXUPDATE (Algorithm 14) before we refresh variables

in the memory of the data structure, we have the following:
1 B = L[((AMY o)™ + Mynow o) 1],
2. £ = W f () - NV (g),
3. Y™ = B L [Bygien] + B - L, [(Myen)T] - £,
4.y, P =TmeV) - g,
5. F™P = RI™Y . £.[Mgnew],
6. EM™MP = B™MP . L [(Mgnew)T].

Proof. Part 1. On Line 7 of Algorithm 14, we assigned B™P as
B"™ « B-BU'(C"'+U"BU')"'U"B,

where (U’,C,U) = DECOMPOSE(.E*[(Agg?\;,Snew 1 Mgnew gnew] — L*[AE’IS + Mg s]), then using
Lemma 3.3.6 we have that B™ = £, [ (AN guew) ™" + Mgnew gnew) '],

Part 2 and 3. Part 2 directly follows from the assignment of £™P on Line 10 of Algorithm 14.
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And Part 3 directly follows from the assignment of ytlmp on Line 11 of Algorithm 14.

Part 4. We have

Y = 33+ (T + A0 M(NWH — V) £(3) + ITM(V £ (@) - VW (8))
=TM(VF(E) - VV/(g) + (T + AN MW - V) (@) +arM (V£ () - VV [ (g)
=TM - (VWO £(3) - VV(g)) + T M (VW £ (3) - VV £ (g))
= (T +0T)M - (VWP £(2) =V f(g))
="M - (VWP £(8) — WV (g))

— FHCWM . ftmp,

where the first step follows from the assignment of y3*" (Line 12 of Algorithm 14), the second
step follows from y, = T'M¢ = I“M(\/;f(@ —VV£(g)) (Part 14 and 9 of Assumption 3.4.1), the
third and the fourth step both follow from merging terms, the fifth step follows from '™V =T"+ 09I’
(Part 2 of Definition 3.4.2), and the sixth step follows from the Part 2 of this claim.

Part 5.

thp =F+RI'- (~£c [M('iS\S] - ~£c [MS’]) + ROT" - ~£c [MS"CW]
=RT - L[ Mg] + Rl - (Lc[Mps\s] — Lc[Mg']) + ROT - L[ Mgnew]
= RF . .LC [Msnew] + R@F . LC[Msnew]

= RT™ . Lo [Mgwev],

where the first step follows from the assignment of F™P(Line 8 of Algorithm 14), the second
step follows from F = RI" - L.[Mg] (Part 12 of Assumption 3.4.1), the third step follows from
S" = (SUAS)\S™W (Part 9 of Definition 3.4.2) and thus L.[Mg/ ]| + L[ Mgnew]| = L[ Msuss] =
L [Mg] + L[Mps\s] by Part 2 of Remark 3.3.3, and the fourth step follows from I'™*" =T"+ oI’

(Part 6 of Definition 3.4.2).
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Part 6

E'™ = E + B™(L,[(Mas\5) ] = L:[(Ms)T]) = BU'(C™' + UTBU')'UTE
=B L,[(Ms)"] + B™ (L [(Mas\s) "] = L [(Ms)"])
—~BU(C™'+UBU)'W™B - £,[(Ms)"]
=(B-BU'(C™' +UTBU)'UTB) - L:[(Ms)"] + B™ (L, [(Mas5) "] = L, [(Ms)T])
= B L, [(Ms) "] + B™ (L[ (Mys\5) ] = L,[(Ms) 1)

= B™P L, [(Mgn)T]

where the first step follows from the assignment of E'™P(Line 9 of Algorithm 14), the second step
follows from E = B - L,[(Ms) "] (Part 11 of Assumption 3.4.1), the fourth step follows from the
definition of B"™P, and the fifth step follows from S’ = (S U 4S5)\S""Y (Part 9 of Definition 3.4.2)
and thus £, [(Mg) "] + L, [(Msne)T] = L [(Msugs) "] = L [(Ms)T] + L, [(Mas\s5) "] by Part 2

of Remark 3.3.3, and the fourth step follows from I'™" = T" + 9I" (Part 6 of Definition 3.4.2). [

Claim 3.4.24 (Part 3 of Lemma 3.4.21). All invariants of Assumption 3.4.1 are satisfied after the

procedure PARTIALMATRIXUPDATE (Algorithm 14).

Proof. First note that the value of v, g, g, T, M, Q, B1 and 3; all remain the same after the procedure
PARTIALMATRIXUPDATE (Algorithm 14). Also note that v is assigned the value w?PP" (Line 16 in
Algorithm 14).

From the assignment of S, A, and I" on Line 16 of Algorithm 14, we have

S = 8" = supp(w*P" —v) = supp(v — v),
A=A = WPy =V -V,
= = Ve — VW = V7 - V.

Then using Claim 3.4.23, and since we assigned B™P to B, £™P to &, Y™ to y1, and Y3V to
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Y2, E™P to E, F'™P to F, we have

B=L.[((Ass)™ +Mss)™], £=VVF@ - VVF(e),
y1 =B L [Bos] +B- L [(Ms)"] - &, y2=TM-¢&,
E=B-L,[(Ms)T], F=RI"- L.[Ms]. O

3.4.5 Correctness of VECTORUPDATE

Lemma 3.4.25 (Correctness of VECTORUPDATE). If all invariants of Assumption 3.4.1 are satisfied
before entering the procedure VEcTorRUPDATE (Algorithm 15), then after the procedure VEcTtorUP-

DATE we have the following guarantees:
1. v, vV both remain the same.
2. g=g=h"r
3. All invariants of Assumption 3.4.1 are still satisfied.

First note that from Corollary 3.4.15 we have that |S| < n“, so all £, operators that appear in
the procedure VECTORUPDATE are well-defined. Part 1 and 2 are proved in Claim 3.4.26, and Part

3 is proved in Claim 3.4.28 by using Claim 3.4.27.

Claim 3.4.26 (Part 1 and 2 of Lemma 3.4.25). After the procedure VEcrorUpPDATE (Algorithm 15),

v and v both remain the same, and g = g = h*PP",

Proof. The procedure VEcTorRUPDATE does not modify v or v, so they both remain the same. And

g = g = h*P" follows directly from the value assignment of g and g on Line 11 of Algorithm 15. [

Claim 3.4.27. In the procedure VEctorUPDATE (Algorithm 15) before we refresh variables in the

memory of the data structure, we have the following:

1. lgtlmp = QVV £ (h#vvr), ) ﬁtzmp = MV f(hePr),
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3. 6 = (VV = VW) f(her), 5.y =T - g,
4.9\ = B- LBy 1+ B L[(Ms)T] £,

Proof. Part 1. From the assignment of 5" on Line 4 of Algorithm 15, we have

B = B+ QVV(f(h*) = f(g)) = QVV £(g) + QVV (£ (h*P") = £(g)) = QVV f(h*PP"),

where the second step follows from 81 = QVV f(g) (Part 3 of Assumption 3.4.1).

Part 2. From the assignment of ,Btzmp on Line 5 of Algorithm 15, we have
By = o+ MNV(f(h™P) = f(g)) = MV [ (g) + MNV(f (hP™) = £(g)) = MNV £ (h*),

where the second step follows from 8, = MV f(g) (Part 4 of Assumption 3.4.1).
Part 3, 4 and 5. These directly follow from the assignment of &"™P (Line 6), ytlmp (Line 7), and

y5™ (Line 8) in Algorithm 15. -

Claim 3.4.28 (Part 3 of Lemma 3.4.25). All invariants of Assumption 3.4.1 are satisfied after the

procedure VECToRUPDATE (Algorithm 15).

Proof. Firstnote that v, v, M, Q, B, A, T, and S all remain the same after the procedure VEctrorUp-
DATE. Also note that g and g are both assigned the value A*PP" (Line 11 of Algorithm 15).
Then using Claim 3.4.27, and since we assigned ,Btlmp to By, ﬂtzmp to Bo, EMP to &, ytlmp to 1,

and 7, to 2, we have

Br=0VVf(g) B2 =MV [ (g),
yi=B-L[Bos]+B- L [(Ms)']-¢&, y2=TM - ¢,

&= (VV = W) f(h7) = NV £(2) - WV (9).
Also, from the assignment of 7' on Line 12 of Algorithm 15, we have T = 0 = supp(g —g). [
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3.4.6 Correctness of PARTIALVECTORUPDATE

Lemma 3.4.29 (Correctness of PARTIALVECTORUPDATE). If all invariants of Assumption 3.4.1
are satisfied before entering the procedure PARTIALVECTORUPDATE (Algoritm 16), then after the

procedure PARTIALVECTORUPDATE we have the following guarantees:
1. v, Vv both remain the same.
2. g = h*" and g remains the same.
3. All invariants of Assumption 3.4.1 are still satisfied.

First note that from Corollary 3.4.15 we have that |S| < n?, so all £, operators that appear in
the procedure PARTIALVECTORUPDATE are well-defined. Part 1 and 2 are proved in Claim 3.4.30,

and Part 3 is proved in Claim 3.4.32 by using Claim 3.4.31.

Claim 3.4.30 (Part 1 and 2 of Lemma 3.4.29). After the procedure PARTIALVECTORUPDATE (Algo-

rithm 16), we have g = h*™™, and v, v, g all remain the same.

Proof. g = h®P" follows directly from the value assignment of g on Line 10 of Algorithm 16.
The procedure PARTIALVECTORUPDATE (Algorithm 16) does not modify v, v, g, so they all

remain the same. O]

Claim 3.4.31. In the procedure PARTIALVECTORUPDATE (Algorithm 16) before we refresh variables

in the memory of the data structure, we have the following:
1. €m0 =NV (R - VV £ (g),
2.9\ =B LiBrs]+B- L [(Ms)T] - ™,
3. ¥y P =TM - £,

Proof. Part 1. This directly follows from the assignment of £™P on Line 4 of Algorithm 16.
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Part 2. From the assignment of 7t1mp on Line 5 of Algorithm 16, we have

Y =1+ B LI(Ms)T]- NV (£ () - £ (D)
=B L,[Bos] + B- LIMs) TNVF @) ~ VVF(9) + B~ L [(Ms) TNV (£ () - £(3))
=B L,as] + B LM 1 (VW1 @ = VVF () + WV (™) - £(@)
=B L,[Bas] + B L[(Ms)T] - V(1) —VV £ (g))
= B L,(Bas] + B~ L[(Ms)T] - €™,

where the second step follows from the invariant of y; (Part 13 in Assumption 3.4.1), the third and
the fourth steps follow from merging terms, and the last step follows from Part 1 of this lemma.

Part 3. From the assignment of y;mp on Line 6 of Algorithm 16, we have

PP = 3y + TMNV (£ (RP) - £R)) = TM(VV £@) - WV £(g)) + TMNV (£ (1) - £(3))
=MWV F(7P7) = NV £ () =TM - £,

where the second step follows from the invariant of y, (Part 14 in Assumption 3.4.1), the third step

follows from merging terms, and the last step follows from Part 1 of this lemma. 0

Claim 3.4.32 (Part 3 of Lemma 3.4.29). All invariants of Assumption 3.4.1 are satisfied after the

procedure PARTIALVECTORUPDATE (Algorithm 16).

Proof. First note that v, v, g, M, Q, B, A, T', S, 81, and 3, all remain the same after the procedure
VEcTorRUPDATE. Also note that g is assigned the value 4*PP" (Line 10 of Algorithm 16).

Then using Claim 3.4.27, and since we assigned £&™P to &, 7t1mp to y1, and )/tzmp to 2, we have

yi=B-L[Bos] +B- L [(Ms)']-¢&, Y2=T'M-¢,

£ =V (h™) NV (g) = VV (@) - W (g).

Finally, from the assignment of 7 on Line 9, we have T = supp(h®""" — g) = supp(g —g). O
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3.4.77 Correctness of INITIALIZE

Lemma 3.4.33 (Correctness of INITIALIZE). When initialized, all the invariants of the data structure

members stated in Assumption 3.4.1 are satisfied.

Proof. Since in the beginning v and v are both assigned the value w, and g and g are both assigned
the value hy, it is obvious that S = 0, 7T =0, A =0, =0, ¢ =0, y; = 0, y, = 0 all satisfy
their invariant requirement of Assumption 3.4.1. Also, B = I = £, [0] also satisfies the invariant
requirement. Finally note that the initial assignment of M, Q, 51, 3> directly satisfy their invariant

requirement of Assumption 3.4.1. 0

3.5 Data Structure: Time per Call

In Section 3.5 we provide a worst-case analysis of the running time per call for the five major
procedures MATRIXUPDATE, PARTIALMATRIXUPDATE, VECTORUPDATE, PARTIALVECTORUPDATE,
Query. We prove the amortized running time of these procedures later in Section 3.6. In

Section 3.5, we ignore the running time of adding two vectors since it is only O (n).

Procedure Time per Call Amortized Time Lemma

QUERY Trmat (0%, 0%, n%) + n"*0 | T (0%, n®, n?) + n'*? Lemma 3.5.3
MATRIXUPDATE Tmat(k, 1, n) O (n®=112 4 p2-al2) Lemma 3.5.12, 3.6.19
PARTIALMATRIXUPDATE | Tmat(k, n, n) O(n'*(@=3/2)a 4 pl+a=aj2y [ [ emma 3.5.18, 3.6.30
VECTORUPDATE pn +n¢ 0(n'?) Lemma 3.5.20, 3.6.35
PARTIALVECTORUPDATE | pn¢ + n*¢ O (n%a-al2) Lemma 3.5.26, 3.6.36

Table 3.3: Time for different procedures. Summary of Section 3.5 and Section 3.6.

3.5.1 Sparsity Guarantees

We first present some sparsity bounds that will be useful in the time analysis.

Lemma 3.5.1 (Sparsity guarantees). The members of data structure presented in Table 3.4 and
Table 3.5 all follow the invariants of Assumption 3.4. 1, and the local variables presented in Table 3.5

all follow the definition of Definition 3.4.2. We have the following sparsity guarantees.
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Procedure WP —vllo | IW*P"=Vllo | [[h*P" —gllo | [1A*P" —gllo | IV=vllo | llg—2llo
MATRIXUPDATE =k / / / < n¢ <n“
P.MaTrixUPDATE | < n“ =k < 2n¢ / / < n¢ <n“
VECTORUPDATE < n <n¢ =p / < n < n¢
P.VeEcTORUPDATE | < n¢ < n <n“ =p <2n° < n <n“
QUERY < n¢ <n¢ <n¢ < n¢ < n¢ <n¢

Table 3.4: Sparsity guarantees of w?PP", v, v, h®PP' ¢ ¢ when entering the procedures (Part 1 of
Lemma 3.5.1). We say some vector x € R" is k-sparse, it means that supp(x) = k.

Procedure lA + 9Allo, | [[0A]lo, €+ 0&llo | 11010 lAllo, €110, | 1S US|

IT"+aTlo 16T lo, IT Mo, |S]

N

MATRIXUPDATE =k / / / < n <3k
PMATRIXUPDATE | < n¢ =k<2n* |/ / < n < 3n¢
VECTORUPDATE <n¢ <n¢ =p / <n¢ /
P.VecTorRUPDATE | < n¢ < n* < n* =p<2n®| <n? /
QUERY < n® <n® < n¢ <n“ < n¢ < 2n®

Table 3.5: Sparsity guarantees of other local variables (Definition 3.4.2) when entering the proce-
dures (Part 2 of Lemma 3.5.1). We say some vector x € R" is k-sparse, it means that supp(x) = k.

1. When entering the procedures MATRIXUPDATE, PARTIALMATRIXUPDATE, VECTORUPDATE, PAR-
TIALVECTORUPDATE, and QUERY, we have the sparsity bounds on ||[w*P" — v||o, |[w*P" —V]|o,

[|A?PP" — glo, ||A?PP" — gllo, ||V — Vllo, and ||g — gllo as presented in Table 3.4.

2. When entering the procedures MATRIxUPDATE, PARTIALMATRIXUPDATE, VECTORUPDATE, PAR-
TIALVECTORUPDATE, and QUERY, we have the sparsity bounds on A+ 0A, I' + 9T, SU 35, 0A,

o', 0S8, € +0¢, 0&, A, T, S, & as presented in Table 3.5.

Proof. Part 1. The first four columns follow from Corollary 3.4.16, and the last two columns
follow from Corollary 3.4.15.
Part 2. For Col. 1, we have ||A + A|lp = [|[W?PP' = V||p = [[w?PP" — v||p, and ||T" + dT||o =

|lVWapPr — \/V||g = ||[w?P" — v||o. The bounds of this column then follow from Col. 1 of Table 3.4.
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For Col. 2, we have

10Alo = [W*P" = V|o = [[w*P" =¥,
19T o = (VWP — Vg = [[w®" — 5],

0S| = [[W*P" = V]lo = [[w*P" = V]lo.

The bounds of this column then follow from Col. 2 of Table 3.4.

For Col. 3 we have

1€ + 8¢l = [INW2Pr £ (BPP") = NV £ (g)llo < max{[| VWP — VWV ]jo, || £ (A*PP) = £(g)llo}

= max{[|[w* = vllo, [|1***" - gllo}.

The bounds of this column then follow from Col. 1 and Col. 3 of Table 3.4 and the fact p > n“
(since we have the equivalent fact for p as of Fact 3.6.10 for k).

For Col. 4 we have

19€10 = INWEPE £(hPry — NV £(Z) 1o < max{[|[ VWP — VV[lo. [l £ (BP) = £(&)llo}

= max{[[w*" = V]lo, [|2***" - gllo},

the bounds of this column then follow from Col. 2 and Col. 4 of Table 3.4 and the fact p > n?
(since we have the equivalent fact for p as of Fact 3.6.11 for k).

For Col. 5 we have

1Allo = [V = Vilo = I = vllo,
ITllo = INV = VWllo = I7 = vllo,
181 = [ supp(@ = )| = [[7 = vllo,
1€llo = INV £@) - VW £(2)llo < max{|[¥ = vllo, IZ ~ gllo}
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the bounds of this column then follow from Col. 5 and Col. 6 of Table 3.4.

For the first part (MaTRixUPDATE) of Col. 6, we have

|SU S| < |S]+ 0S| < |supp(v = V)| + | supp(w*P" — V)]

< |supp(v = V)| + | supp(w?P" —v)| + | supp(v = V)| < n® + k + n* < 3k,

where the first and the third steps both follow from triangle inequality, the second step follows from
S = supp(v — V) (part 5 Assumption 3.4.1) and 9§ = supp(w?PP" — V) (Part 4 of Definition 3.4.2),
the fourth step follows from Col. 1 and Col. 5 of Table 3.4, the last step follows from the fact that
k > n“ (Fact 3.6.10).

For the second part (PArRTIALMATRIXUPDATE) Of Col. 6, we have

[SUAS| < |S|+19S] < |supp(v = V)| + | supp(W*P' = V)| < n® +2n* = 3n?,

where the first two steps are the same as previous inequality, and the third step follows from Col. 2
and Col. 5 of Table 3.4.

For the fifth part (Query) of Col. 6, we have

ISUAS| < |S|+18S| < | supp(v = V)| + | supp(W™" —P)| < n® +n° < 2n°,

where the first two steps are the same as previous inequality, the third step follows from Col. 2 and

Col. 5 of Table 3.4. [

3.5.2 Running Time of QUERY

The goal of this section is to prove Lemma 3.5.3. We will use the following sparsity guarantees

that are proved in Lemma 3.5.1.

Fact 3.5.2 (Sparsity guarantees for QUErY). When entering QUERY we have the following sparsity

guarantee (from Table 3.5):
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1. |IT + 0T < n? 4. ||€+ 0¢llo < n, 7. |S| < n“.
2. |9 llo < n°, 5. 110€llo < n%,
3. [ITllo < n?, 6. |4S| < n4,

Lemma 3.5.3 (Running time of QUERY). In procedure Query (Algorithm 12), it takes

1. O(n™? + n®9) time to compute
ry < Q[j1é + R[jly2 + R[0T M (& + 3¢) + (Q[j] + R[JIT M) ¢,

2. 0(n'™?) time to compute

r3 < R[j](I" + 0I") B2,

3. O(n™9) time to compute
dy «— B- L, [(B2)as\s] + B+ L [(Mas\s)"] - (£ +E) + E - I,

4. O(n®*9) time to compute

(U',C,U) « DECOMPOSE(L* [(Agﬁx,snew -4 Mgnew gnew] — L*[AE}S + MS,S])a

5. O(Tmat(n, n,n%)) time to compute

tmp Etmp Etmp

s < ~Egs Egrasysg < 0> and

E"P  F,¢ — Bas\syMas\s).0s> E

U™ —[Bys, Bas, E™],

6. O(Tmai(n?, n%, n%)) time to compute

,ytmp — Utmp(C—] + UTUtmp)—]UT . (’)’1 +ay),
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7. O(n™ + n'*?) time to compute r4 which is
(LQUNs= 1+ FIj 1+ RIIT (Ll Masis] - L[Ms 1)+ RI1OT - Lo Myse]) - (7™ —y, ~ ).

Overall, the time to compute r (Which is ri +ry +r3 +r4) is
01" + Toa(n, n, 7).

Claim 3.5.4 (Part 1 of Lemma 3.5.3). In procedure Query (Algorithm 12), it takes O (n'*? + n®+9)

time to compute

ry < Q[j1€ + R[jly2 + R[J1OTM (& + 06) + (Q[ /] + R[/]ITM) ¢ .

ai a

Proof. The running time of this step can be split into the following parts:

The first part is to compute Q[ j]¢ by multiplying a n® x n matrix Q[ ;] with a n x 1 vector &.
It takes O (n'*?) time. The second part is to compute R[j]y> by multiplying a n® x n matrix R[]
with a n x 1 vector y,. It takes O (n'*?) time.

The third part is to compute a; as follows:

1. We multiply a n®-sparse n x n diagonal matrix dI" (Part 2 of Fact 3.5.2) with a n X n matrix
M and then with a n®-sparse n x 1 vector (¢ + 9¢) (Part 4 of Fact 3.5.2). It takes O (n*%)

time.
2. We multiply a n® x n matrix R[j] and a n x 1 vector (0T M (£ + 6¢)). It takes O (n'*?) time.

So computing a; takes O (n“*® + n'*’) time in total.

The fourth part is to compute a; as follows:

1. We multiply a n-sparse n X n diagonal matrix I' (Part 3 of Fact 3.5.2) with a n X n matrix M

and then with a n®-sparse n x 1 vector d¢ (Part 5 of Fact 3.5.2). It takes O (n*%) time.

2. We multiply a n® x n matrix R[] with a n x 1 vector (TMd¢&). It takes O (n'*?) time.
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3. We multiply a n” x n matrix Q[ /] and a n®-sparse n x 1 vector 9¢ (Part 5 of Fact 3.5.2). It

takes O (n?*?) time.

So computing a; takes O (n“*® + n'*?) time in total since @ < 1.

Thus the total running time is O (n'*? + n¢*9), O

Claim 3.5.5 (Part 2 of Lemma 3.5.3). In procedure Query (Algorithm 12), it takes O (n'*?) time

to compute r3 «— R[j](I" + o) 5.
Proof. The running time of this step can be split into the following parts.

1. We multiply a n®-sparse n X n diagonal matrix (I" + 0I") (Part 1 of Fact 3.5.2) andan x 1

vector ;. It takes O (n®) time.
2. We multiply a n” x n matrix R[j] and a n x 1 vector ((I'" + 9T") 35). It takes O (n'*?) time.
The total running time is O (n® + n'*?) = O(n'*?) since a < 1. H

Claim 3.5.6 (Part 3 of Lemma 3.5.3). In procedure Query (Algorithm 12), it takes O (n®*?) time

to compute 0y < B - L;[(B2)as\s] + B - L;[(Mas\s) ] - (£ +9¢) + E - 0.
Proof. The running time of this step can be split into the following parts.

1. We multiply a 6n® x 6n® matrix B with a n-sparse 6n® x 1 vector L [(B2)as\s] (since

|dS\S| < |8S| < n by Part 6 of Fact 3.5.2). It takes O (n*%) time.

2. We multiply a 6n® X n matrix L, [(Mps\s) "] that only has n® non-zero rows (since |S\S| <
|0S| < n“ by Part 6 of Fact 3.5.2) with a n®-sparse n x 1 vector (¢ +0&) (Part 4 of Fact 3.5.2).

It takes O (n%*9) time.

3. We multiply a 6n¢ x 6n¢ matrix B with a n%-sparse 6n¢ x 1 vector (£, [(Mys\s)T](&£ + 0¢))
(since |0S\S| < |S| < n® by Part 6 of Fact 3.5.2). It takes O (n%*%) time.

4. We multiply a 6n¢ x n matrix E with a n®-sparse vector d¢ (Part 5 of Fact 3.5.2). It takes

O (n**%) time.
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Thus the total running time is O (n%+9). O

Claim 3.5.7 (Part 4 of Lemma 3.5.3). In procedure Query (Algorithm 12), it takes O (n®*®) time

to compute
(U',C,U) « DECOMPOSE(L* [(Agﬁ:{v’snew)_l + Mgnew gnew] — L, [Agls + MS,S]).

And the size of the computed matrices are U',U € R™X¢ C € R where ¢ < O(na)

Proof. For ease of notation, we denote N := L, [(Agﬁx’snew)_l + Mgnew gnew] — L, [AE’IS + Mss].

From Lemma 3.3.5 we know that the non-zero entries of N can be split into three parts:
Njs (s\05)» N(s\05),05, and Ngs 5. Thus we don’t need to compute N explicitly, but only compute
the non-zero entries of N, which takes O(|3S| - |[S\dS| + 85| - |8S]) = O(n**?) time (from Part 7
and Part 6 of Fact 3.5.2 and since a < a).

Then N satisfies the requirement of Lemma 3.3.4 with S; = S\aS, S» = 985, so the function
Decomposk can be computed in O(n%]S3|) = O(n48S|) = O(n®*?) time (Part 6 of Fact 3.5.2).
Also using Lemma 3.3.4, we know that the computed matrix C has size ¢ X ¢ = (3]S52|) X (3]52]) =
(3]85S]) x (3]8S]), thus ¢ < O(n®) (Part 6 of Fact 3.5.2).

Thus the total running time is O (n*%). H
Claim 3.5.8 (Part 5 of Lemma 3.5.3). In procedure Query, it takes O(Tma(n?, n, n%)) time to
compute

E"™ — Eys — Biasns)Masns).as: Eg"@ — —Eg"; E?;ﬂ’as)\s, — 0; U™ « [Bgys, Bys, E™].

Proof. To compute the initial E™P «— Egg5—B(ssns)M(ssns).9s, we need to multiply a 6n? x|dSN S|
matrix B(gsns) with a [dS N S| x |0S| matrix M(ssns),as, and this takes Tma (614, [0S N S|, [9S]) =
O (Tmat(n?, n%, n)) time (Part 6 of Fact 3.5.2).

Finally note that the other two steps Eg," « —Eg" and E Ersng ss)s < O to adjust E™ takes
the same time as the size of E™P, which is n? x S| = O(n®*?) (Part 6 of Fact 3.5.2). Computing
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U™P only needs to copy entries from the already computed B and E™P, so it also takes the same

time as the size of U™P, which is n® x 3|3S| = O(n®*?). Thus the total running time is

beginalign+]O(Tmat(n®, n®, n®) + n*%) = O (Tt (n®, n%, n%)). O

Claim 3.5.9 (Part 6 of Lemma 3.5.3). In procedure Query, it takes O(Tma(n?, n, n%)) time to

compute

,ytmp — ytmp (C—l + UTUtmp)—l UT. (71 + (9’)/)

N

Proof. First note that from Lemma 3.5.7 we have that the sizes of U’ and U are 6n“ X 3|0S|, and
the size of C is 3|8S| x 3]|8S|. From the assignment of U"™P on Line 15, we know that the size of
U™P is also 6n” x 3|dS|. The running time of this step can be split into the following parts:

The first part is to compute the 3|9S| x 3|dS| matrix N.

1. Computing the inverse of a 3|3S| x 3|dS| matrix C takes O (n%“) time (Part 6 of Fact 3.5.2).

2. We multiply a 3|0S| x 6n rectangular matrix U™ with a 6n“ x 3|0S| matrix U"™P, which takes

Tmat (3|10S], 6n%, 3|0S|) = O (Tmar(n?, n, n%)) time (|8S| < n® from Part 6 of Fact 3.5.2).
3. We add a 3|9S| x 3|4S| matrix C~!' with a 3|4S| x 3|0S| matrix UTU"™P and calculate its

inverse. It takes O(|0S|?) = O(n®) time (Part 6 of Fact 3.5.2).

Thus in total computing N takes time O (Tmai(n%, n%, n%) +1n%?) = O(Tma(n®, n%, n%)), sinnce @ < a
and thus n% = Tna(n%, n%, n%) < Tma(n?, n%, n%).

The second part is to compute the 6n% X 1 vector y™P.

1. We multiply the 3|0S| X 6n? matrix UT with a 6n? x 1 vector (y; + dy). This takes
O(n® - |3S|) = O(n™%) time (Part 6 of Fact 3.5.2).

2. We multiply the 3|4S| x 3|0S| matrix N with a 3|0S| x 1 vector UT (y; + dy). This takes
0(]8S]%) = O(n*?) time (Part 6 of Fact 3.5.2).
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3. We multiply the 6n¢ x 3|0S| matrix U™P with a 3|0S| x 1 vector NUT (y; + dy). This takes
O(n® -10S|) = O(n®*?) time (Part 6 of Fact 3.5.2).

Thus this part takes O (n%*?) time since @ < a.

Thus the total time to compute y"™P is

O (Tmat (%, 0, 1) + n*9) = O(Tmar(n?, n%, n%)). O

Claim 3.5.10 (Part 7 of Lemma 3.5.3). In procedure Query (Algorithm 12), it takes O (n®+® +n'*?)

time to compute
ra e (Lel(@I/Dswv] + FLj1+ RIIT - (LelMas\s] = Le[Ms']) + RIIOT - Le[Maws]) - (7™ = 31 = 0).

Proof. The running time can be split into the following parts:

1. We multiply a n®-sparse n x n diagonal matrix dI" (Part 2 of Fact 3.5.2) with a n X 6n® matrix

L[ Mgnev] with a 6n% x 1 vector (Y™ —y; — dy). It takes O (n“*?) time.

2. We multiply a n” x n matrix R[] with a n X 1 vector (0T L[ Mgnew ]| (y™P — y1 — dy)). Tt

takes O (n'*?) time.

3. We multiply a n-sparse n X n diagonal matrix I" (Part 3 of Fact 3.5.2) with a n X 6n“ matrix
L:[Mys\s] that only has n® non-zero columns (since |dS\S| < |8S| < n by Part 6 of

Fact 3.5.2) and then with a 6n¢ X 1 vector (y™P —y; — dy). It takes O (n%*?) time.

4. We multiply a n” x n matrix R[] with an x 1 vector (I"( L, [Mas\s] — Lc[Ms]) (y™ —y; —

dy)). It takes O (n'*?) time.

5. We multiply a n” x 6n matrix F[j] with a 6n¢ x 1 vector (y™P —y; — dy). It takes O (n'*?)

time.

6. We multiply a n® x 6n% matrix L.[(Q[j])swev] with a 6n¢ x 1 vector (y™P — y; — dy). It

takes O (n*?) time.
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Thus this part takes O (n%® + n'*? + n*%) = O (% + n'*’) time, since a < 1.

Thus, the total running time to compute r4 is O (n%® + n'*?), O

Proof of Lemma 3.5.3. Summing over the time to compute r,, r3, (U’,C,U), 0y, ra1, r42, r43,

U™P, and ry4 4, the total running time of computing r is
O™+ n™ 4+ 0™ 4+ T (n”, 0%, n)) = O (™ + T (n, 0, %)),

which follows by a < 1 and n™*?% < T (n?, n%, n%)). 0

3.5.3 Running Time of MATRIXUPDATE

The goal of this section is to prove Lemma 3.5.12. We will use the following sparsity guarantees

that are proved in Lemma 3.5.1.

Fact 3.5.11 (Sparsity guarantees for MATRIXUPDATE). When entering MaTrixUpPDATE we have the

following sparsity guarantee (from Table 3.5):
1. |S"Y] < |[SUaS| < 3k, 2. |IT"Y|lo = |IT" + 0o = k.

Lemma 3.5.12 (Running time of MATRIXUPDATE). In the procedure MATrixUPDATE (in Algo-

rithm 13) it takes

1. O(ke*°W) 4+ Tn.(n, k, n)) time to compute

thp — M - MSHEW . ((Agg:\vn’snew -1 + Msnew7snew)_1(MSnew)T,

2. 0(kwroM L 7. (n'*°D k. n)) time to compute

O™ — O + R(I™YM™P) + RVV(M™ — M),

107



3. 0(n*°W) time to compute

,81 — thpvwapprf(happf)’

4. O(n?) time to compute

Ba — MUONWERDE £ (1),

Further, it takes O (n) time to do all other computation. So the overall running time of the procedure

MatrixUpPDATE is O (Tma(n'°W) | k. n)).
Claim 3.5.13 (Part 1 of Lemma 3.5.12). In procedure MaTrixUPDATE, it takes 0(k‘*’+0(1) +
Tmat(n, k, n)) time to compute

M™ — M — Mgrew - (A3 guen) ™" + Mignen gnew) ™ (Mignen) .

Proof. The running time of computing M"Y can be split into the following parts:

1. Computing the inverse of a O (k) X O (k) matrix ((Ag, Snew)‘1 + Mgnew gnew) (the size follows

from |S"Y| = O(k), see Part 1 of Fact 3.5.11), this part takes O (k“*°()) time.

2. Computing the multiplication of a n X O(k) matrix Mgnew with a O(k) X O(k) matrix

((Algrew gnew ~1 4+ Mgnew gnew) ™!, this part takes O (Tmar(n, k, k)) time.

3. Computing the multiplication of a n X O (k) matrix Mgnew (A, Snew)_l + Mgnew gnew) ™! with

a O (k) x n matrix (Mgnew) T, this part takes O (7 mac(n, k, 7)) time.

4. Subtracting a nXn matrix Mgnew - (AL S,,ew)‘l + Mgnew gnew) ™! (Mgnew) T from the n X n matrix

M., this part takes O (n?) time.
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So in total computing M"™P takes time

O (kN 4 Toai(n, k, k) + Tonar (1, k, 1) + 1) = O (kD 4 Tay(n, k, m)).

O

Claim 3.5.14 (Part 2 of Lemma 3.5.12). In MatrixUppatE, it takes O (kW) + Tr. (n'°W) | k. n))
time to compute

O™ O + R(I™YM™P) + RV (M™ — M) .

N N>
Proof. The running time of computing Q'™ can be split into the following parts:

The first part is to compute the n X n matrix Nj:

1. Multiplying a k-sparse n X n diagonal matrix [V (Part 2 of Fact 3.5.11) with a n X n matrix

M"™P takes O (kn) time.

2. Multiplying a n!*°() x n matrix Q™ with a k-row-sparse n x n matrix (I M"™P) (Part 1

of Fact) takes O (Tmat(n'*°W, k, n)) time.

So in total computing N takes O(fnat(n“"(l), k,n)) time.

The second part is to compute the n X n matrix N,. By the definition of M'"™P we have

Ny = RVV(M™ — M) = RNV Mgnew - (A% o) ™" + Mignon goew) ™ (Mgne) .

N3
And we computes N, as follows:

1. Multiplying a n'*°(") x n matrix R with a n x n diagonal matrix VV takes O (n**°(") time.

2. Multiplying a n!**() x n matrix RVV with a n X O (k) matrix Mgew (Part 1 of Fact 3.5.11)

takes O (Tmat (7' 1, k)) time.

3. The O (k) X n matrix N3 is already computed when we were computing M™P (Claim 3.5.13),

and this takes O (k“*°) + Tr.(k, k, n)) time.
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4. Multiplying a n'*°() x O (k) matrix (RVV Mgnew) with a O (k) x n matrix N3, and this step

takes O (Tmat(n' WM, k., n)) time.

So in total computing Q'™P takes time

0(n2+0(1) 4 fero(D) + T (K, ke, 1) +7ant(n1+0(1)’k,”)) — O(kw+0(l) +7Fnat(n1+0(1)’k’”))- O

Claim 3.5.15 (Part 3 of Lemma 3.5.12). In MarrixUpPDATE, it takes O (n**°(V)) time to compute

B« QUPNWERT £ (RPT).

Proof. To compute 31, we first multiply a n'*°(!) x n matrix Q™ with a n x n diagonal matrix
VWappr | which takes O (n2*°(1)) time. Then we multiply a n'*°(1) x n matrix Q"™PVWaPPr with a
n x 1 vector, which takes O (n**°)) time. So in total computing 3, takes time O (n?*°(1). O
Claim 3.5.16 (Part 4 of Lemma 3.5.12). In procedure MatrixUpPDATE, it takes O(n?) time to

compute

Bo = MPNWRf (700,

Proof. To compute 3, we first multiply a n X n matrix M'"™P with a n X n diagonal matrix vVWapPr,
which takes O (n?) time. Then we multiply a n' x n matrix M'"™P/WaPPr with a n x 1 vector, which

takes O (n?) time. So in total computing 3; takes time O (n?). ]

Proof of Lemma 3.5.12. Overall time. The running time of procedure MATRIXUPDATE is

O (kM) + T (00, k, ) + 020V = O (T (00, k). -

3.5.4 Running Time of PARTIALMATRIXUPDATE

The goal of this section is to prove Lemma 3.5.18. We will use the following sparsity guarantees

that are proved in Lemma 3.5.1.

Fact 3.5.17 (Sparsity guarantees for PARTIALMATRIXUPDATE). When entering PARTIALMATRIXUP-

DATE (Algorithm 14) we have the following sparsity guarantee (from Table 3.4 and Table 3.5):
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1. |[WNWaPr — [V ||y < n9, 4. 11f(g) - f(gllo < n, 7. 10S] < k < 2n.
2. 16Tl < k < 2n%, 5. €0 < n%,
3. I +aro < n%, 6. |S| < n4,

Lemma 3.5.18 (Running time of PARTIALMATRIXUPDATE). In the procedure PARTIALMATRIXUPDATE

(Algorithm 14) it takes

1. O(En“) time to compute
(U, C,U) — DECOMPOSE(J;* (AR ) ™" + Mo guew] = L, [AF + MS,S]),
2. 0(7;11at(.]€’ n?,n%)) time to compute
B™ «— B—-BU(C™'+UTBU")"'UTB,
3. O(n) time to compute

EMP — WP f(7) - VV £ (g),

4. 0(n*%) time to compute

,y'imp «— Btmp . Lr [ﬁz’snew] + Btmp . -Er [(MSneW)T]ftmp’

5. O(En“) time to compute

PP — 3y + (T + AD) MW —\V) £(2) + OTM(VV £(2) = W £ (g)).
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6. O(Tmar(n'+oW) pa, %)) time to compute

F'™ — F+RT - (L[ Mys\s] — Lc[Ms']) + ROT + Lo [Mgnew].

7. O(Tmat(n, n?, %)) time to compute

E"™ = E + B™ (L. [(Mys\5)"] - L [(Mg)"]) - BU'(C™' + U BU") 'U"E.

Further, it takes O (n) time to do all other computation. So the overall running time of the procedure

PARTIALMATRIXUPDATE is 0(7fnat(n1+"(l), né, E))

The proof of this lemma is similar to the proof of the running time of MATRIXUPDATE in the
previous section, and we omit it for conciseness.
3.5.5 Running Time of VECTORUPDATE

The goal of this section is to prove Lemma 3.5.20. We will use the following sparsity guarantees

that are proved in Lemma 3.5.1.

Fact 3.5.19 (Sparsity guarantees for VECTORUPDATE). When entering VEctorRUPDATE (Algorithm 15)

we have the following sparsity guarantee (from Table 3.4 and Table 3.5):
1. ITllo = INV = Wiy < ne, 2. 1LF () = f(@)llo = p.

Lemma 3.5.20 (Running time of VEcTORUPDATE). The procedure VEctorUPDATE (Algorithm 15)

takes

1. O(pn'*°W) time to compute
B B+ QVV(f(H) = £ (), By™ & B2+ MNV(F(h*™) ~ f(g)),

2. O(n) time to compute £™P «— (ﬁ — V) f (h#PPT),
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3. O(n*%) time to compute yimp —B-L [ﬂt;zgp] +B- L. [(Mg)T] - &mp,

4. 0(n?%) time to compute ytzmp —T'M - &mp,
Overall, the running time of procedure VectorUppatE is O(n*® + pn'+o(D),
Claim 3.5.21 (Part 1 of Lemma 3.5.20). In the procedure VEctorUPDATE (Algorithm 15), it takes
O (pn'*°W) time to compute

TP — B+ OVV(F(HPP) = £(g)), By « Ba+ MNV(f(HP) - f(g)).

Proof. We compute ,Btlmp as follows.

1. Multiplying a n x n diagonal matrix VV with a p-sparse vector f(h*P") — f(g) (Part 2 of
Fact 3.5.19) takes O(p) time, and the resulting vector VV (£ (h%P") — f(g)) is also p-sparse.

2. Multiplying a n'*°() x n matrix Q with a p-sparse vector VV(f(h*®P") — f(g)) takes

O(pn'*+°M) time.

So the total running time to compute ,Btlmp is O(pn'*ot),
Following the same reason and note that M has size n X n, we can compute ,Btzmp in O(pn) <

O(pn'*+°M) time. O

Claim 3.5.22 (Part 2 of Lemma 3.5.20). In the procedure VEcrorUPDATE (Algorithm 15), it takes

O(n) time to compute E™P « (ﬁ —\V) f(h*P"). And the computed nx 1 vector €™ is n*-sparse.

Proof. £™P is computed by multiplying a n X n diagonal matrix ( ﬁ — VV) with a n x 1 vector

f(h®P") and this takes O (n) time. We also have
1€ 1o = | (VV = V) £(h™) | < min{|INV = VW ]jo, [lf (B [lo} < n°,

where the last step follows from Part 1 of Fact 3.5.19. [
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Claim 3.5.23 (Part 3 of Lemma 3.5.20). In the procedure VEctorUPDATE (Algorithm 15), it takes
O (n*%) time to compute ytlmp —B-L [ﬁtzrflsp] +B- L, [(Ms)T] - &M,
Proof. The running time of computing ytlmp can be split into the following parts:

1. Multiplying a 6n¢ X 6n matrix B with a 6n“ x 1 vector L, [,Btzngp] takes O (n%?) time.

2. Multiplying a 6n¢ x n matrix L,[(Mys) "] with a n®-sparse n x 1 vector £&™P (Claim 3.5.22)

takes O (n*¢) time.
3. Multiplying a 6n¢ x 6n¢ matrix B with a 6n x 1 vector £,[(Ms)T]&™P takes O (n’>*) time.
The total running time to compute ytlmp is O (n*%). ]

Claim 3.5.24 (Part 4 of Lemma 3.5.20). In the procedure VEctorUPDATE (Algorithm 15), it takes

O (n*%) time to compute y;mp —T'M - £,

Proof. We compute y;mp € R” by multiplying a n“-sparse n X n diagonal matrix I (Part 1 of
Fact 3.5.19) with a n X n matrix M and then with a n%-sparse n X 1 vector £&™P ((Claim 3.5.22)),

which takes O (n?%) time. [

Proof of Lemma 3.5.20. Overall, the total running time to compute ytlmp is O(pn'*o) 4 p2a) =

O (pn'*+°(M) since we always have p > n. O

3.5.6 Running Time of PARTIALVECTORUPDATE

The goal of this section is to prove Lemma 3.5.26. We will use the following sparsity guarantees

that are proved in Lemma 3.5.1.

Fact 3.5.25 (Sparsity guarantees for PARTIALVECTORUPDATE). When entering PARTIALVEcTORUP-

DATE (Algorithm 16) we have the following sparsity guarantee (from Table 3.4 and Table 3.5):

1. |[Tllo < nf, 2. |lf Ch*PPT) = f(@)llo = p < 2n.
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Lemma 3.5.26 (Running time of PARTIALVECTORUPDATE). In the procedure PARTIALVECTORUPDATE

(in Algorithm 16) it takes
1. O(n) time to compute £™P «— ﬁf(happr) -VVF£(g),
2. O(n** + pn) time to compute )/imp —vi1+B-L[(Ms)T]- ﬁ(f(happr) - (),
3. O(pn®) time to compute ytzmp — Y+ FMﬁ(f(happr) - £(®).

Overall, the procedure PARTIALVECTORUPDATE takes O (n* + pn®) time.

The proof of this lemma is similar to the proof of the running time of VECTORUPDATE in the

previous section, and we omit it for conciseness.

3.5.7 Running Time of INITIALIZE
The goal of this section is to prove Lemma 3.5.27.

Lemma 3.5.27 (Running time of INiTiALIZE). The procedure IniTiaLIZE (in Algorithm 5) takes

0 (n®*°W) time.

Proof. The bottleneck in INITIALIZE is to compute M = AT(AVAT)'A and Q = RVVM. Other
operations take at most O (n>*°(1)) time.

Computing M involves matrix multiplication of two n X n matrix, and inversion of a n X n
matrix. Both of them can be done in O (n“*°1) time.

Computing Q involves matrix multiplication of n'**(!) x n matrix with a n X n matrix. This can
be done in O (n®*°(M) time.

Therefore, the total running time is O(n“’+”(1)). O

3.6 Data Structure: Amortized Time

In this section we provide an amortized analysis of the four procedures MATRIXUPDATE, PAR-
TIALMATRIXUPDATE, VECTORUPDATE, and PARTIALVECTORUPDATE. Our amortized analysis builds

upon the amortized analysis of [43].
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3.6.1 Background: Soft Threshold

We provide more information of the soft threshold of [43] here.

We first explain why it is important to use a soft threshold to decide when to perform the
actual update. The most straightforward way is to use a hard threshold of &, on the error vector
w"¥ /v — 1, and only make an actual update when there are more than n“ coordinates that surpass
the threshold. However, this hard threshold is not enough to give the near matrix multiplication
time of [43]. Consider the following example. Suppose we choose the threshold parameter to be
a = 1/2. [43] gives n>>~%/% = n>25 amortized cost for the update and this is already smaller than
current w ~ 2.37. We will now show a hard instance where hard thresholding cannot give o(n?)
amortized cost: In each of the first y/n/2 iterations, an adversary changes every coordinate of w
by 1 + 2&/+/n (which satisfies the slow-moving property). Thus, after these /n/2 iterations, all
coordinates have accumulated error [w!®"/v; — 1| = &p. In each of the next y/n/2 iterations, the
adversary adds error to exactly n? = y/n coordinates. This leads to one lazy update per iteration for
these /n/2 iterations, and the amortized cost is O (n?) per iteration.

To remedy this, one of the key improvements of [43] over [39] is to design a better amortization
scheme, based on soft thresholding: when more than n coordinates have error Wi /v; = 1| > &yp,
instead of only updating these n“ coordinates, they find the first k > n¢ such that there is a gap of
1 — 1/log n between the k-th largest error and the 1.5k-th largest error, and update all k coordinates.
More concretely, using y € R" to denote the sorted error vector, they find the first k such that
visk < (1 —1/logn)yy. See Figure 3.5 (a) for an illustration. This variation ensures that there is
always a gap between the updated coordinates and other coordinates, so the un-updated coordinates
need to accumulate the error for a while until they reach the error threshold. Combined with a
potential function based amortized analysis, they show that the lazy update is only performed every
n®? iterations in an expected amortized sense. And this gives the n>~%/? term in the final update
time.

Next we delve into details of our amortized analysis, where we use two levels of soft thresholds

(see Figure 3.5 (b)).
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(a) CLS19 (b) Ours

Figure 3.5: Two-level vs. one-level soft threshold: (a) [43] has a single level update scheme, implemented
via one level of soft thresholding. y is the sorted version of error vector |[w"" /v — 1|. (b) Our Update
algorithm has two levels of updates, each requires its own soft threshold and amortized analysis. y is

the sorted version of error vector |[w™% /v — 1| + |[w"" /v — 1], and y is the sorted version of error vector
(Wi /v — 1].

3.6.2 Definitions and Preliminaries

Our algorithm makes 7" calls to the procedure UppATEQUERY. For clarity, we define some
notations with superscripts that represent the number of iterations. For the input diagonal matrix

W and its approximations V and V, we define the following notations:

Definition 3.6.1 (Definitions of sequences {w/) }]T:O, (v }]T‘:o and {V(J')}]T.ZO). When initializing,

we use v and VO to denote the initial values of the data structure members v and v. Note that
(@) = 50) — ,,(0)

new

In the j-th iteration, we use w'*V to denote the input w™v of UppareQuery. Since the

procedure Uppate might update both v and v, we use vi*D and vU*V to denote the new values of

v and Vv respectively.
We define similar notations for the input query vector 4 and its approximations g and g:

Definition 3.6.2 (Definitions of sequences {4/ }JT.zo, {gV )}j=0 and {gV/ )}JT.ZO). When initializing,

we use g9 and 30 1o denote the initial values of the data structure members g and g. Note that
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2 = 30 = (),
In the j-th iteration, we use hU*V) to denote the input h™" of UppaTEQUERY. Since the procedure
Uppate might update both g and g, we use gV and gU*V to denote the new values of g and g

respectively.
The following four notations will be helpful to prove the amortized cost of the procedures:

Definition 3.6.3 (Definition of k, k, p, and p). In the j-th iteration, we define the following

notations:

1. kjand Fk}- denote outputs k and k of UppatEV on Line 4 of UpDATEQUERY (Algorithm §).
2. pjand p; denote outputs p and p of UppATEG on Line 5 of UrpATEQUERY (Algorithm §8),

We also define a function i that approximates absolute function |x| around 0. It will be used to

define the potential functions for amortized analysis.

Definition 3.6.4 (Definition of i function). Let emp € (0,1/10). Lety : R — R be defined by

Jx[?

28mp’ x| € [0, Smp];

— 2emp—|x|)?
lﬁ(x)— 8mp_%» x| € (gmp,zgmp];

Emp» x| € (2&mp, +00).

We also make the following assumption about the values of gy, and &y,

Assumption 3.6.5. The error parameters satisfy 0 < emp < 1/10 and 0 < &gy < loglLopgn.

3.6.3 Facts Based on Apyust and Two Levels of SOFTTHRESHOLD

The following facts are direct results from the algorithms, and they are proved solely based on

the algorithms. They will be useful when proving the lemmas of amortized running time.

Fact 3.6.6 (Characterization of k (Line 4), v'™P (Line 4), v"*Y (Line 5) of UPDATEV). In the j-th iter-

ation, Vi € [n], let y; = |wfj+1)/$§j) —1|. Let  : [n] — [n] be the sorting such that y iy > Yn(i+1)-
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We have the following guarantees from the description of procedures SorrTHRESHOLD(Algorithm 7)

and ApJust (Algorithm 6).

Lgi € [n] -y WV Y — 1) > enp/2) € 2([K])

o Wit e m([KD):
2.v

i =
T/fj ), otherwise.

v ifi e n([k]) and w € [(1 = e, (1 + £y

i

3V = w0 it i e m([k]) butw Y ¢ [(1 - sy, (1 + v

i i ’
~(7)

V", otherwise.

4.Vi ¢ n([k]), w7 /o0 — 1] < gpp.

Proof. Part 1 and 2. In Line 4 in Procedure UppATEV (Algorithm 9), we create v'™P, k by calling
procedure SOFTTHRESHOLD(y; < w(wfj”)/%?j) — 1), wU*D 50 gp0/2,n%).
From the initial assignment of k on Line 5 of SoFTTHRESHOLD(AI gorithm 7), and the fact that the

repeat-loop (Line 7 to 9) only increases k, we know that for any i such that y; = (W} —v;) /v;) 2

Emp/2,1 € m([k]).

By how we calculate v"™P in SorrTHrEsHOLD (Line 11 of Algorithm 7), Part 2 follows directly.
Part 3. We get V"V by calling procedure ApjusT (T/‘mp,V(f ) v, 8far) (Line 5 in Procedure Up-
DATEV, Algorithm 9). By Part 2 and the rule of how we calculate v;**(see Line 5 to 8 in

Procedure ApjusTt(Algorithm 6)):

—~tm
ViV e, P

it 3™ 75V and 3™ € [(1 - ey, (1 +en)v!]  then

T;?ew - VEJ)

It is easy to see that for i ¢ x([k]), Tzf.mp = T;fj), 50 VIV = Tfimp = Tzfj). And for i € n([k]), if
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()

~tmp _
i =

(J+1)
w; i

e [(1- Sfar)V§j ), (1 + &ga)v;”’], then vV is adjusted to be vfj ), otherwise V" =

WU+,

Part 4. From Part 3, v'°" has three possible values. If vI*" = w ™ \we have |wl.(j +) Vi —1] = 0.

i
IEVIeY = v§j), we have w§j+1) e [(1 —8far)V§j), (1+8far)V§j)]. So |w§j+1)/Tf?eW— 1| < &far < Emp
(Assumption 3.6.5).
If IV = T;?j), we have i ¢ n([%]), then by Part 1 we know that w(wf".“)/ﬁj) —1) < &mp/2.

By definition of ¢ function (Definition 3.6.4), if ¥/ (x) < &mp/2, we have |x| < gpyp. O

Fact 3.6.7 (Characterization of k (Line 7), vV (Line 7) of UpPDATEV). In the j-th iteration,
Vi € [n], let y; = w(wf'j+l)/v§j) -1)+ w(wl(jﬂ)/ifj) —1). Let n : [n] — [n] be the sorting
such that yr;y 2 Yx@i+1)- We have the following guarantees from the description of procedure

SorTTHRESHOLD (Algorithm 7).

Lie w0 = 1)+ gl B 1) 2 2, /(328mp)} € (1K)

j+1
WI(J )’

if i € m([k]):
2. e =
vl@, otherwise.

3.¥i g w([k]), Iw ™ v — 1] < gy

Proof. Part 1 and 2. From Line 7 of UppATEV (Algorithm 9) v"*" € R" is the output of

2
gfar I’la) ‘

SOFTTHRESHOLD(y; «— 1//(w§j+l)/v§j) -1)+ 1//(W§j+l)/T/§j) —1),wl*D (), e
Emp

The statements then follow from a similar proof as that of Part 1 and 2 of Fact 3.6.6.
Part 3. From Part 2, v!*" has two possible values. If vi*" = w§j+1), we have |w§j+1)/v?ew -1 =0.

If v}V = v(j), we have i ¢ m([k]), then by Part 1 we know that w(w§j+1)/v§j) -1) <

1

&2 /(328mp) < &mp/2 (Assumption 3.6.5). Then |w'/™" /v — 1] < g, by Definition 3.6.4. [J

far

G =59,

Fact 3.6.8 (v is far away from v). For any j € {0,...,T}, for any i € [n], either v, or

|“7§j)/vfj) =1 > &far.
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Proof. We prove it by induction. When initializing, we set v(¥) = 7 (Line 14 of INITIALIZE,
Algorithm 5), so the statement is true when j = 0.

In later iterations, v and v can only be modified by procedure UppATEV. And in UPDATEV
(Algorithm 9), the if branch on Line 6 ensures that we can enter at most one of MATRIXUPDATE or
ParTiaLMATRExUpPDATE. Now we analyze iteration j by looking into these two cases.

Case 1. When we enter Procedure MATRIXUPDATE, we always set v «— v™V and v « v"" (Line 13
of Algorithm 13). So yU+D = 30U+ and the statement holds in this case.

Case 2. When we enter Procedure PARTIALMATREXUPDATE, we know we did not enter Proce-
dure MATRIXUPDATE due to the else-if branch, and we do not modify v in PARTIALMATREXUPDATE,
so v does not change, i.e., vU+!) = (),

And for v, we set v+ « 3% (Line 16 in Algorithm 14), where "V is defined on Line 5 of

Procedure UppATEV (Algorithm 9). By Part 3 of Fact 3.6.6 we have

v ifi e m([k]) and w T € [(1 - ey, (1 + £ra)v T

" , _ | | _
T ST = LIt e n([R]) butwl* Y ¢ [(1 = v, (14 v

i
()

v, otherwise.

In the first case, we have T}fj ) _ vfj ) = vfj +1), and the lemma statement holds.

j+1)/v§j+1) - 1] = |w§j+1)/vl.(j) — 1| > &far, and the lemma

In the second case, we have |T/§
statement is also true.

In the third case we have v/+1) = 3(/), The lemma statement is true by induction hypothesis. [
The following corollary follows from the above fact and triangle inequality:

Corollary 3.6.9. Forany j € {0,...,T} and anyi € [n], ifvfj) 25 then Vx € R, we have

l‘ ’

_ vl(j) | |x _ ;}jj)
+ ;
;f])

X

| - | > &far/2.
VI(J)
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()

Proof. Since v;”" # T/fj ), from Fact 3.6.8, we have

B WD 1] > gy, (3.44)
We consider the following two cases depend on the value of |T/§j ) / vfj) |:
Case 1, |T/fj)/v§j)| < 1: We have
B ) e b P W) | |V§j) e b L 5 e b | |;ng'> ) .
N N = 3 B e N = - . 2 - Efar.
;l(J) VS.I) VL(J) ;l(./) vl(./) VI(J) VI(J) VL(J)

where the second step follows from the assumption of Case 1 that ﬁ}fj ) / vl.(j )I < 1, the third step
follows from triangle inequality, and the fourth step follows from Eq. (3.44).

Case 2, [7 /v > 1: We have

|“‘;§J) _ VEJ) | ~ |(";§]) _ VEJ))/V§])| S |(“;§]) _ V;J))/V§J)| . Efar - /2
. - . . el . . . = = ar .
T;l(]) Wz('J)/vz(J)l |(V§]) _ v;]))/vl_(])| +1 Efar + 1

where the second step follows from triangle inequality, the third step follows from Eq. (3.44) and

the fact that function ﬁ is monotonically increasing, and the last step follows from &g, < 1.

Then similar as Case 1 we have

x—Vﬁj) x—vﬁj)

_"751')
|+

Pl
+ — |-
“‘;lfj)

B XD ey D )

|— ~—|=|—F | 2 |+ |—— 2 [ —" > &u/2.
;l(]) VEJ) ;;1(1) VEJ) 3;1{1) ;;lﬂj) “75])

Fact 3.6.10 (Lower bound on k). In the j-th iteration, we have that either k; = 0, or k; > n“.

Proof. Recall that k; is the second returned value by UppATEV on Line 4 of UPDATEQUERY
(Algorithm 8). If in UppaTEV (Algorithm 9) we do not enter the if-branch on Line 6, then by the
return clauses on Line 19 and Line 22, we have that k; = 0.

Now we only need to prove that when we enter the if-branch on Line 6 of UppATEV (Algo-
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rithm 9), the returned value k; = k > n“. When the if-clause on Line 6 is true, we have
| supp(V"Y — v(j))l > n“, (3.45)

where V"V is defined on Line 5. Vi € [n], let y; = w(w§j+1)/vl.(j) -1)+ :,l/(wfjﬂ)/?/fj) —1). Let

n 2 [n] — [n] be the sorting such that y;;) > Yx(i+1). From Part 1 of Fact 3.6.7, we have
{i €] sy w D — 1y 1y (W FY 1 > g%ar/(3zgmp)} c n([k]). (3.46)
Now it suffices to prove
supp(7"Y — v ¢ { yow IV D 21y wy (I D 2y > ggar/(3zsmp)} . (347)
because then we would have

ky =k =la(kD] 2 {7 gl = 1) g VD - 1) 2 8,/ B2emp) |

> [supp(v"™ —vD)| > n,

where the first step follows from the definition of k;, the third step follows from Eq. (3.46), the
fourth step follows from Eq. (3.47), and the fifth step follows from Eq. (3.45).

Now it remains to prove Eq. (3.47). We first prove that
supp(3™Y — () ¢ { W (J+1)/V(J) 1]+ |W(J+1)/~(]') 1| > 8far/2}-

Using Part 3 of Fact 3.6.6 we know that v°¥ can be vl.(j), w§j+l), or T/jj). So for any i €

supp(v"" — v()), since VI vfj ) we know that 7" VIV is either T/{J ) fj *1)We consider these
two cases:
1 v = 4 ) % (J ). Using Corollary 3.6.9, and plugging in x « w(J we directly have that
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1 . i+1 i
I = 1 0D 11> 2

2. VeV = wfjH) * vgj). By Part 3 of Fact 3.6.6 we have wfj“) ¢ [(1- 8far)V§j), (1 +sfar)vl.(j)],

1

which then gives us |w§j+1)/vfj) — 1| = epyr > £ /2.

Thus we always have that Vi € supp(v"V — v(/)), |w§j+1)/v§j) -1+ |w§j+1)/$f.j) — 1| > &gar/2. SO

at least one of the following is true:
|w§j+1)/v§j) — 1| > gar/4 or |w§j+1)/$§j) — 1| > gpar/4.
Without loss of generality, assume |w§j +1)/ V,m — 1| > . We have
vV =D g = 1) 2 g = 1) 2 g(er/4) = 67,/ (328m).

where the first two steps follow from ¢ is non-negative and non-decreasing, and the third step

follows from ¥ (ear/4) = €2/ (32&mp) (see Definition 3.6.4 of /). Thus this proves Eq. (3.47). [

far

Fact 3.6.11 (Lower bound on Fkvj). In the j-th iteration, we have that either Fkvj =0, or Fk} > nf,

Proof. Recall that Ej is the third returned value by UppATEV on Line 4 of UppATEQUERY (Algo-
rithm 8). If in UppATEV (Algorithm 9) we do not enter the else-if branch on Line 14, then by the
return clauses on Line 12 and Line 22, we have that 75]- =0.

Now we only need to prove that when we enter the else-if branch on Line 14 of UppaTEV

(Algorithm 9), the returned value %j =k > n% When the if-clause on Line 14 is true, we have
| supp(7 = V)| = .
From Part 3 of Fact 3.6.6, we have | supp(v"" — 7())| € 7([k]). Therefore,

Fkvj =k > | supp(3"* = 7)| > n?.
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Fact 3.6.12 (Characterization of MATRIXUPDATE). Assume Assumption 3.6.5 is true. In the j-th
iteration, ¥i € [n], let y; = lp(wfjﬂ)/v;j) -1+ lp(wfjﬂ)/T/fj) —1). Let m : [n] — [n] be the

sorting such that y iy > yzi+1)- If k; > 0, we have the following:
1. kj satisfies that either k; = n or yp(x,) < (1 —1/logn) - yr;/1.5)-
2. Ya(k)) = €gy/ (32008mp).

3. After the procedure MATRIxUPDATE,

G+ _ G+ G+ ; .
Vety = Vat) = WrG) i<k

S0+ _ D)

_ .0 _= .
2y = Van =V Vi > k;.

(@) = Vr(y

4. The running time of MATRIXUPDATE in the jth iteration is Tma(k j, nito) p),

Proof. Part 1 and Part 2. Note that as long as k; > 0, k; is the k computed in Line 7 in
Procedure UppaTEV (Algorithm 9). By Fact 3.6.10 and k; # 0, we have k; > n. Therefore, when
calculating k using one call of SortTHREsHOLD (Line 7 in Algorithm 9), we must have entered
the repeat-until branch (Line 7 to 9 in Algorithm 7). So k; must satisfy the end condition of the
repeat-loop that either k;j = n or y(x;) < (1—1/logn) - yz(x,/1.5). This finishes the proof of Part 1.

Further, let k* denote the largest index such that y,(x+) > g2/ (32&mp). We have

far

2 2

> (1-1/1 log, 5 k;—log, 5 k* > (1-1/1 log;sn _ Sfar Etar
Yr(k;) = (1 —1/logn)™=t S5 Yrey 2 (1= 1/logn)™e1s™ Tewy > 32000

where the first step follows from the repeat-loop (Line 8 in Algorithm 7), the second step follows
from log, s k; —log; s k* < log; sn and yr(x) > & /(32&mp), and the last step follows from the
fact that for n > 4, (1 — 1/logn)'°15" > 1/100. This finishes the proof of Part 2.

Part 3. From Line 13 of MartrixUppATE (Algorithm 13) we have that y(U+D) = FU+D = ynew,
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Using Part 2 of Fact 3.6.7, we have that

yrew — (4D g <
x(@) T (3.48)
) :
2‘2’; vn(i), Vi > kj,

so we have

~(J+1) _ G+ _  (j+1) . .
Ve = Ve = Wat 0 Vi < kj;

~(j+D) _ G+ _ () .
Vo) = Vat) = Val) Vi>k;.

Note that by Part 1, either k;j = n or y, ;) < (1 —1/logn) - ya(x,;/1.5)- If k; = n, thereisnoi > k;,

so the proof is already finished.

= _ 0

Yr@) = Va)

J+1) ()
/ V(i

g =) ()
by contradiction. If v 2 F Vaiy

— 1+ w50 1] > e /2,

Otherwise, for any i > k;, we prove that

(j+1)
(i)

using
Corollary 3.6.9 and plugging in x < w we have |w

so at least one of the following is true:

(jH)/v(j). - 1| > Sfar/4 or |W(j4-—1)/~(J) - 1| 2 8far/4'

|W7r(i) (i) R URALT0)

Thus we have
i+1 j j+1
yaty =YW e = D) +u WD B = 1) 2 g (en/4) = 67,/ (328mp),

where the first two steps follow from i is non-negative and non-decreasing, and the third step

follows from y (eg.r/4) = &7, /(32&mp) (see Definition 3.6.4 of ).

- Sfar

Then we have yr (k) = Ya;) 2 8 -/ (32&mp) since y is decreasingly sorted according to 7 and
i > k;. But from the initial assignment of k; on Line 5 of SorrTHREsHOLD(Algorithm 7), and

that k; can only strictly increase afterwards, we have that y ) < sfm /(32&mp). This leads to

SUHD 0D D) Z5 ) i s ks
w0 = Vx) = Vi = Ve V> R

Part 4. This directly follows from Lemma 3.5.12 which proves the running time of MATRIXUPDATE

contradiction. Thus we have v

126



per call. O

Fact 3.6.13 (Characterization of PARTIALMATRIXUPDATE). Assume Assumption 3.6.5 is true. In
the j-th iteration, Vi € [n], let y; = ¢//(w§j+1)/$§j) —1). Let n : [n] — [n] be the sorting such that

Ya@i) = Yr(i+l)- Ifﬁlgj > 0, we have the following:
1. Ej satisfies that either Ej =nory.,) < (1-1/logn) - Ya(®,/1.5)
2. Ya®,) = Emp/100.

3. After the procedure PARTIALMATRIXUPDATE, Vi € 7 ( [;J]), T/fjﬂ) satisfies
y (w5 1) < gy /(200 10g 1), (3.49)

and Vi ¢ ﬂ([%j]), T/fjﬂ) = T/?j). Also, Vi € [n], v}jﬂ) = vl(j).
4. The running time of PARTIALMATRIXUPDATE in the j-th iteration is %at(%j, n“, n%).

Proof. Part 1 and 2. Note that as long as Fkvj > 0, E is the k computed in Line 4 in Procedure Up-
DATEV (Algorithm 9). By Fact 3.6.11, we have k > n% So by a similar argument as that of the
proof Part 1 and 2 of Fact 3.6.12, we can prove Part 1 and 2 of this fact.

Part 3. Because we do not modify v in PARTIALMATRIXUPDATE, so Vi € [n], vfjﬂ) = vl.(j ),

In procedure PARTIALMATRIXUPDATE, We set PUHD ( pmew (Line 16 of Algorithm 14), where

V"W is created by one call to SorTTHRESHOLD (Line 4 in UppaTEV, Algorithm 8). By Part 3 of

Fact 3.6.6, we have
v ifi e n([k]) and w € [(1 - ey, (1 + £y

" wi ™, ifi e w([K]) butwY ¢ [(1 = vy, (1+ vy’ ];

i

otherwise.
Fori ¢ n([k,]), Tzfjﬂ) = T;fj).
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Fori € n([pkvj]),lf"{”l) prew = w(j+1) Eq. (3.49) is trivially true since w(w(”l)/"“H) 1) =

~(j+1) _ ~new

Otherwise v;/" =9V = vfj) and wf”l) e [(1- sfar)v(’) (1+ Sfar)V(J)] we have:

g BT 1) = g (W D 1) < g (ep) = 82,/ (26mp) < (€mp/(20010g 1)),

where the last step is by &g < &mp/(1001og n) (Assumption 3.6.5).
Part 4. This directly follows from Lemma 3.5.18 which proves the running time of PARTIALMA-

TRIXUPDATE per call. [

Corollary 3.6.14. Assume Assumption 3.6.5 is true. In the j-th iteration, if we enter PARTIALMA-

TRIXUPDATE, we must have Vi € [n], lﬂ(WEjJrl)/Tf-fjH) 1) < gﬁ(W(]Jrl)/Ad(J) 1).

Proof. If we enter PARTIALMATRIXUPDATE, we must have 75]- > (0. By Part 2,3 of Fact 3.6.13, there

is some permutation 7 such that Vi € m( [Ej]),
yw D Z1) > /100 and g (w Y T 1) < £00/(20010g 7)< £mp/100.

And also by Part 3 of Fact 3.6.13, Vi ¢ 71([?]), Tzfj”) = T;fj). Therefore, Vi ¢ ﬂ([;j]), we have
that l//(wlf]'*'l)/vi(f"'l) 1) = l//(W J+1)/~(]) D). u
3.6.4 Amortized Analysis for MATRIXUPDATE

Definitions

Definition 3.6.15 (x and y for MATRIXUPDATE). Forany j € {0,1,...,T — 1}, and foranyi € [n],

)

we define x ) and y;"" as follows:

. . , ol .
xl_(]) = W(WEJ)/V,(J) 1) + w(w(])/“'(J) ) yEJ) = w(W§J+ )/VEJ) 1) + w(w (+ )/“'(]) )
where v\, vU) and w\9) are defined as of Definition 3.6.1.
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Note that the difference between xl.(j

() (j+1)

i i

) and yfj ) is that w changes from w/) to wl*D. The

difference between y.’’ and x is that v and v changes from v 50 to yU+D FU+D

For convenience, we define permutations of the coordinates that are sorted according to x or y.

Definition 3.6.16 (Sorting permutations for MATRIXUPDATE). For any j € {0,1,...,T}, let t; be

() o) () ()
() = Yoy (iely 7)) = V(1)
When it is clear from the context that we are only arguing about the j-th iteration, for simplicity

)

the permutation such that x and let it ; be the permutation such that y

we assume the coordinates of vector x'7) € R" are sorted such that xl.(j > xl(ﬁ And we use T and
() ()

(j+1) (+1)
2 X 7)) = Vr(isl)

7 to denote the permutations such that x*. )
7(i) 7(i+1)

and y

Definition 3.6.17 (g for MATRIXUPDATE). For some a < «, where « is the dual exponent of matrix

multiplication, we define g € R" as follows:

n-4, if i < n%
8i = o)
,w=2_ _4w- e
it '.n"1=, ifie (n%n].
: : . a 2 =2 5 alw-2) .
Note that g is non-increasing. For all k; € (n”,n], (k; - gg;n”) = kj “¢ .p°" 1-a is an upper

bound of the running time 7ma(n, 1, k;) of multiplying a n X n matrix with a n X k; matrix. For

more details please refer to [96].

Definition 3.6.18 (Potential function @ for MATRIXUPDATE). We define the potential function in

the j-th iteration as

n
- ()
= D gl
i=1

()

Note that we always have ®; > 0 since Vi, g; and x;”" are both non-negative.

Main Result

Lemma 3.6.19 (Amortized time for MaTRIXUPDATE). Let sequences {w'/) }_,T':o’ (v }520, ) }jT.:0

be defined as of Definition 3.6.1, let k ; be defined as of Definition 3.6.3, and let {xD }JT.ZO, {y) }JT.ZO,
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g, @ be defined as of Definition 3.6.15, 3.6.17 and 3.6.18. If we further have the condition that the

input sequence satisfies the following: Vj € {0, ...,T — 1}
D Ew P =2 <, Y@L w2 [ wID? < 3, Iwi Y pw -1 < 14,

Then, we have that in expectation

Ce C
ijgk O((=5" + ) -logn - lgll).

far far

Further, combining with Lemma 3.5.12, the expected amortized running time per iteration of

MATRIXUPDATE is

Cie C
O(( 12mp + TZ) . (nz_“/2 + n“’_l/z) log n)
8far far

Proof. Firstnote that in the j-thiteration, the value of the potential ®; depends on w), v and v,
And the value of v(/) and v/) are affected by both MaTrixUppaTE and PARTIALMATRIXUPDATE.
We upper bound how much the potential function can increase due to changing w(/) to w/*1 in
Section 3.6.4, and we also lower bound how much the potential function can decrease because of
changing v(/) to vU*D) and v\/) to 7/+1 in Section 3.6.4.

In the beginning v(¥ =7 = w© 50 ®y = 0. Also note that ®; > 0,Vj € [T]. Thus we have

T-1 T-1 n

0 <E[®7] -Pp= » E[®).1 - Zg, B[l - 7]
j=0 j=0 i=l1
SSIES B _ D] () _ )
_ i DU J J+1
= ( 8 E[ Yty ~ i ] Zg’ E[ Yri) ~*4a) ])
j=0 \ i=1l NI |
w move Vv,V move
T-1
< > (01 + Cofomp) - gl - @ (2, & - 81,/ (Bmp log )| )
j=0

T
=T - 0(C1+ Cafemp)lglh = Y @ (&, - k; - g,/ (emp logm))
j=1

where the second step follows from splitting terms and the fact that @ is deterministic, the third
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step follows from the definition of @ (Definition 3.6.18), the fourth step follows from splitting

terms, the fifth step follows from Lemma 3.6.20 which states that Yw /), v(/) 31/ we have
n . . . . .
Dgi B[y x| w0, 50| < 0(Cr+Cofomp) - gl
i=1

then this upper bound also holds for unconditional expectation, the fifth step also follows from

Lemma 3.6.24 which states that 37" | g; - (yfrjg.) — xij(;l)) > Q(s%ar “kj - gk;/(emplogn)).

Therefore, we have

2
Sfar far

T

1 Clgm C2

- Zl kgh, < O((—52 + =) -logn - Iiglh).
]:

Using Lemma 3.5.12, we have that the expected amortized running time per iteration of

MATRIXUPDATE iS

1 L n2 L Clgmp &) 2
=D Toalnn k) < 2 3 kjg, = O (=== + =) - nlogn - [gll2)
j=1 Jj=1 far far
Cie C
_ 0(( 12mp + 72) . (n2—a/2 +nw—1/2) logn),
gfar Sfar

where the first step follows from the definition of g which gives that Tpa (1,1, k) < n’k; 8k;» and

the third step follows from Lemma 3.6.25 that ||g|l» = O (n=%/? + n@=3/2). O

w Move

The goal of this section is to prove Lemma 3.6.20.

Lemma 3.6.20 (w move). In the j-th iteration, for any possible values w'), v\, and v\)), we have

n
g B[y —a w0 v 05| < 0(C1+Cofemp) gl (3.50)
i=1

Proof. For simplicity, in this proof we write E[-] as a shorthand of E[-|w/), v() ()],
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()

Observe that since the non-negative values x;”" are sorted in descending order, and g is also

non-increasing, we have

n n
) .
D et < > e, (3.51)
i=1 i=1
We then have
N . ) _ (J) (J) _ (])
Zgl B[y ]<Zgl v =X
_ (J+1> ) (+1) =) G g, ) 50
Zgl w(Wﬂ(l) ”([)_1)+l/j(w7r(i) /vﬂ(l)_l)]_zgl lﬂ(Wﬂ(,-)/V,r(i)—1)+¢/(W,r(l)/ ”([)_])]
(J+1) (J) _ (J) (J) _ (J+1) ~(J) 1y ) ~(J) _
= Zgl [y L = 1) =gl - 1) +Zgl [ (Wi D0 =D =il m - 1]

where the first step follows from Eq.(3.51), the second step follows from the definitions of xU) and
y/) (Definition 3.6.15).

Now >, & - [yfrjz.) - xl.(j)] < O(C1 + Cy/emp)llgll2 directly follows from Lemma 3.6.21 and

Lemma 3.6.22. ]
It remains to prove the following two lemmas.

Lemma 3.6.21. Under Assumption 3.6.5, in the j-th iteration, for any w), v\ and v\/) we have
| , . , N
Z gi By (win i = 1) =gl v = 1) |wD v 5] = 0(Cy + Cafemp) - gl

Proof. For simplicity, in this proof we write E[-] as a shorthand of E[-|w/),v() ()], And we

also define x and y as

yi = wfjH)/vfj) -1, x; = w(’)/v(j) 1, (3.52)
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and they are only used in this proof. Then the lemma statement becomes

Zg, [0 (3r) = ¥ ()] = O(C1+ Ca/£mp) - liglla-

Let I be the set of indices such that |x;| < 1. We separate the term into two:

Z 8 BIY (yr) =¥ Cer)] = D o1y - BIW 1) =9 (x)] + ) 8oy - Elw (00) = 9 ()],

iel iel¢

Case 1: Terms from /. Mean value theorem shows that for any y;, there exist { such that

’ 1 14
Y (i) = (i) =47 () (i = xi) + S97() i = xi)?
(j+1) () (j+1) ()
wi oW Ly wi =W,
<Y — 5 (——)
vl(J) 2 vy
where the second step follows from plugging in the definition of x; and y; in Eq. (3.52), and letting

L, = max, " (x). Taking conditional expectation (over w/), v(/)_ and ¥(/)) on both sides, we get

, Elw/ ™M -w? 1, 1 G+) ()2
Ely (yi) =y (x)] < ¥’ (x;) - vf” 7(vff))2 E[(w,/" —w.”")7]
() ()2
’ Wi L (W )
=y’ (x;) - vl@ cBi+ — 5 (v(f))zy

where ; and vy; are defined as §3; = ]E[wfj“)]/wfj) -1,y = E[(wfjﬂ)/ng) - 1)2].

This then gives us

L (W(j))z
Zgn‘l(i) ‘Ely (i) — ¢ (xi)] Zgn-l(l) W' (xi) - — - Bi+ Zgn‘l(i) "5 Tz “vi- (3.53)
iel iel iel (Vi )
For the term wl(j ) / v§j ), we note that for i € I, we have
|W§j)/vfj)| = x+1] < |x|+1< 2, (3.54)
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where the first step follows the definition of x; in Eq. (3.52), the second step follows from triangle
inequality, and the third step follows from |x;| < 1 fori € I.

Using this, we can bound the first term of Eq. (3.53) by

o) ()
Zgﬂ‘l(i) Y (x;) - % i < (Z (&r10) - ¥/ (x2) - W(ij) ) Zﬁ?)l/z

iel P iel v, iel
) 5\ 172
< (Z(2L1 “&r1(i) 'Zﬁi)
i€l i€l
1 5 \12
<O(L)-(Yg2-C) " = oCiLiligl), (355)
i=1

where L; = max, [¢/(x)|, the first step follows by Cauchy-Schwarz inequality, and the second
step follows by |¢'(x;)| < Ly and |w§j )/ vl(j )| < 2 by Eq.(3.54), and the third step follows from
1 Bl.z <C 12 from the lemma statement of Lemma 3.6.19.

For the second term of Eq. (3.53), we have

()2 n
L, )
D& 5 o TS0 D & v < 0(La) - ligla - Ilylla = O(CaLaligln),

i€l i i=1

(3.56)

where the first step follows from |w§j ) / vfj ) | < 2by Eq.(3.54), the second step follows from Cauchy-
Schwarz inequality, and the third step follows from ", yl.z < C22 from the lemma statement of
Lemma 3.6.19.

Now, plugging the bound of Eq. (3.55) and Eq. (3.56) into Eq. (3.53) and using that L; = O(1),

Ly = O(1/&np) (from Part 4 of Lemma 3.6.37), we have that
> g1 B () = 4(x)] £ O(C1 + Co/femp) - g2
iel
Case 2: Terms from /¢. For alli € I°, we have |x;| > 1. Note that (x) is a constant for x > 2&,,

and from Assumption 3.6.5 we assume that &y, < 1/4. Therefore, if |y;| > 1/2, we have that
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Y (yi;) —¢(x;) = 0. Hence, we only need to consider the i € I¢ such that |y;| < 1/2. For these i,

lyi —xil = x| = [yil > 1/2, (3.57)

where the first step follows by triangle inequality, and the second step follows from the assumptions

|x;| > 1 and |y;| < 1/2. We also have

+1 ' ' +1) +1 ' | 3 j j+1
1yi —xi] = [(w D —Wf]))/V§J)|=|W§]+ )/V§1)|'|(W§’+ VW) D] < 5’1—W§])/W§’+) ’

(3.58)

where the first step follows from the definition of y; and x; in Eq. (3.52), the third step follows from
lyvi| = |w§j+1)/v§j) — 1| < 1/2 and thus |w§j+1)/vl.(j)| < 3/2.

Combining Eq. (3.57) and Eq. (3.58), we have that |1 — wfj)/wlgﬂ)l > 1/3 and hence
|w§j)/wl.(j+1)| < 2/3 or |wfj)/w§j+1)| > 4/3, which then gives us |wfj+1)/w§j) — 1] > 1/4, but
this contradicts with the lemma statement of Lemma 3.6.19, so |y;| < 1/2 is impossible.

Hence, we have

> gr1y EL () — ¥ (x)] = 0.

iel€

Combining both cases, we have the result. O]

Lemma 3.6.22. In the j-th iteration, for any wD v and v we have

n
o o R
e Blu A -1 —u ) A - 1) | w0 50| = 0(Cy+ Cofemp) - Il
i=1

(i

Proof. The proof of this lemma is exactly the same as that of Lemma 3.6.21, just replace all v with

v in the proof of Lemma 3.6.21. [

Note that in the proof of Lemma 3.6.21 we do not have any requirement on v, so in fact we have

the following more generalized lemma.
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Lemma 3.6.23 (Generalized “w move” lemma). Let {w/) }jT‘=o be a random sequence that satisfies
vVjed{0,..,T-1}
- . ) . n . . L2 . .
D (BOw T w wl? - 1)2 <t Y (BIOo ™ wl -2 w)) < ¢l el -1 < 14,
i=1 i=1
Let {v(j)}]T.:O be another random sequence such that Vj € [T], v\") only depends on w'/) and
vU=D_ Let y be defined as of Definition 3.6.4, where the parameter Emp < 1/4. Let g € R" be
a sequence that is non-increasing, i.e., g1 > g2 > -+ > g,. Let mj : [n] — [n] be the sorting

WOV vy = 1) 2 WO vty = -

ThenVj € {0, ...,T — 1}, in the j-th iteration, for any w'/) and v\7) we have
; G+ 1, () G )
. J+1 D1y _ J Do 0 L, = .
> 8B [wOel i U = 0 —w el = 1) [0 | = 0(Cr+ Cofzup) - lgll

v,v Move

The goal of this section is to prove Lemma 3.6.24.

Lemma 3.6.24 (v, v move). In the j-th iteration, we have,

2
Zn: L (yU) Uty o Hfar kj- 8k,
7m0 "0 = T Togn )
i=1 mp 108

) ) andx(j+l)> (Jj+1)

in which nt, 7 : [n] — [n] are permutations such that Yy Z Va(ien) 0 Xy

Proof. Case 1, k; = 0. When k; = 0, we didn’t enter the MATRIXUPDATE procedure, so U+ =

v()), If we further enter the PARTIALMATRIXUPDATE procedure and change v, we have that Vi € [n],

f j+1 j+1 1 1
yEJ) _xi(J+ ) — w(wsﬁ' )/“‘;l(]) 1) w(w(]*' )/“'(J+ ) ) > 0,

where the first step follows by the definition of xfj *1 and yfj ) (Definition 3.6.15) and the fact that

v do not change, and the last step follows by Corollary 3.6.14.
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Thus y( 7 (J Y Vi e [n]. Since g; and y(] ) are both non-increasing, we have

j 1 1
> i (e —xerl) = § gi- O —x0) 2 0= Q(ef,, - k; - g1,/ (smplog ),
i=1

where the last step follows by k; = 0.
Case 2, k; # 0. When k; # 0, we must have entered MATRIXUPDATE, and by Fact 3.6.10, we must

have k; > n“. By Part 3 of Fact 3.6.12, the difference between xU+D and y(f ) is that in coordinates

i €n([kj]), xl.(jH) is cleared to 0, and in other coordinates xU *1 is the same with yl.(j ). So we have
; () _ G+ REND
J J+Dy _ J J
Zgi ’ (yn(i) - T(l) ) Zgl (yn(i) 7T(l+k )) (3.59)
i=1
Note that when the subscripts are out of range, we define yfTJ&Jrl) =...= yfrj()n+k )= =0.
Part 2 of Fact 3.6.12 shows that
yl(r]()k ) = &7,/ (32008 m,). (3.60)
Part 1 of Fact 3.6.12 shows that either k; = n or y(]()k ) < (I -1/log n)yfr]?kj/l's). If k; = n, we let

L = kj = n, otherwise we let L = k;/1.5. The L we choose always satisfied that for all i € [L],

Y5 = Yatiskn Z Yot = Ineky 2 il (32006my logn). (3.61)
where the first step follows by y(J() ) 1s non-increasing, the second step is true because:
I. Inthe case of k; = n, Yy, = yif) ) = 32§§;mp by Eq. (3.60) and y[1), 1) = ¥ifhp) = O
2. In the case of yfr]%)kj) < (1-1/log n)yfrj&j/l's), we have

() ) ) ) () 2
Yaty = Va(i+ky) Z Vatky15) ~ Yat) Z Yue; 1.5)/1081 2 €5,/ (32008mp log n),

()

» and the third step follows from
n(k ])

where the second step follows from the inequality of y
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Eq. (3.60) and the fact that yfrjg.) 1S non-increasing.

Putting it all together, we have

n
() (J+1) () (J) () (J)

2.8 Oy =) 2 Zgl iy ~ Yr(isk) —Zgl iy ~ V(i)
i=1

2 2

£ es ki gk,

Zzgi'(?)zoo faI1 ):Q( far J g/),
— Emp logn Emp logn

where the first step is by Eq. (3.59), the second step follows from y%) is non-increasing and
thus all terms > 0, the third step is by Eq. (3.61), and the last step follows from g, > gi, and

L =Q(k)). O

¢>-Norm of g

Lemma 3.6.25 ((>-norm of g). g € R” (Definition 3.6.17) satisfies ||g||>» = O (n=%/? + n®=3/2).

: a nt 2 _yn* -2a _ .—a
Proof. Fori < n®, wehave /", g7 =X n " =n""

For i > n“, note that there exists i € [n] such thati > n“ implies a < 1, so we have

n n n

2(w=2) 2a(w 2) 2(w=2) _2a(w-2)
E giZ: E iTTa 2.p” =0(1)- x @ 2.pTTta dx
i=n%+1 i=n%+1 net!

-2) 2a(w-2) 2a(w-2)
=0(1) - max{n -l o1t YT ima = 0@ w79,

Therefore, we have ||g||, = O(n™/? + n®=3/2), 0

3.6.5 Amortized Analysis for PARTIALMATRIXUPDATE
Definitions

Definition 3.6.26 (x and y for PARTIALMATRIXUPDATE). Forany j € {0, 1,...,T — 1}, and for any

() s follows:

i €[n], wedeﬁnex and y,

. 1 .
(J) l/’(w(J)/"‘(J) ) yfj) = w(wl(./"' )/‘{;5]) _ 1)’
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where v\, V) and w\9) are defined as of Definition 3.6.1.

()

i

Note that the difference between x fj )

(j+1)
1

and y.”’ is that w is changing. The difference between

yl(j ) and x is that v is changing.

Definition 3.6.27 (Sorting permutations for PARTIALMATRIXUPDATE). For any j € {0,1,...,T},

0 5 )

) )
2 X 2y = Yr(i+l)

Tj(i) - Tj(i+1)’

When it is clear from the context that we are only arguing about the j-th iteration, for simplicity

let T; be the permutation that x and let 7t; be the permutation that y

we assume the coordinates of vector x'/) € R" are sorted such that xfj ) > xl(ﬁ And we use T and

(J+1) (J+1) () )

2 X lisl) x(i) = Vr(i+1)

7 to denote the permutations such that x_ o 2

and y

Definition 3.6.28 (g for PARTIALMATRIXUPDATE). For some a < «-a, where « is the dual exponent

of matrix multiplication, and a is the parameter for MaTrixUPDATE, we define g € R" as follows:

n¢4, if i < n%
— )., | _ad(w-2) o i .a
8i=iaa ' -n aa , ifie (n%n?;
0 if i > n“.
: : : 7 a a1l (1 2a TUEH j-adled)
Note that g is non-increasing. For all k; € (n“,n%], (k; L ) = kj aa .p a-a_ is an

upper bound of T (n¢, n¢, ;j) of multiplying a n X n* matrix with a n x Ej matrix. For more

details please refer to [96].

Definition 3.6.29 (Potential function ®@ for PARTIALMATRIXUPDATE). We define the potential func-

tion in the j-th iteration as

n
— ()
TEDITAE
i=1

()

Note that we always have ®; > 0 since Vi, g; and x;”" are both non-negative.
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Main Result

Lemma 3.6.30 (Amortized time for PARTIALMATRIXUPDATE). Let sequences {w'/) }JT.ZO, {v(j)}JT.:O,
v }jT.:0 be defined as of Definition 3.6.1, let 75]- be defined as of Definition 3.6.3, and let {x'/) }jT‘:o’
{y(f) }]T.:O, g, ® be defined as of Definition 3.6.15, 3.6.28 and 3.6.29. If we further have the condition

that the input sequence satisfies the following: Vj € {0, ...,T — 1}

n
Z(E[wff+1)|w<f>]/w§f> -2 <l
i=1

n
DIEIwI T w12 w2 < 5,
i=1

G+ 4. ()
lw;”" w7 = 1] < 1/4.
Then, we have that in expectation
1 &~
= > kigg, = O((Ci/emp+ Cafehy) - logn - lgla).

Further, combining with Lemma 3.5.18, the expected amortized running time per iteration of

PARTIALMATRIXUPDATE is
0((c1 [6mp + Caf6dy) - (N2 4 p1+@=3/24) g n)

Proof. Similar to the proof of Lemma 3.6.19, we upper bound how much the potential function
can increase due to changing w/) to w*!) (in Section 3.6.5), and also lower bound how much the

potential function can decrease because of changing v/ to v+ (in Section 3.6.5).
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Similar to Lemma 3.6.19, we have

n
() () () (]+1)
0<E[Dr] - QO—Z(Z& [ Yaa) ~%i ] Zgz E[ ey ~ X0 ])
- =1
w move ¥ move

~

-1
< 2 (0(Cr+ Cafem) - l1glle = Aempk 57, /logn)

.
I
(=)

T
=T - 0(C1 +Co/emp)lgllz = ), Qempk;gg /logn),
j=1

where the third step follows from Lemma 3.6.31 which states that Vw), v()) 50 we have
n . . . . .

then this upper bound also holds for unconditional expectation, the third step also follows from

Lemma 3.6.33 which states that 3" | g; - (yfrj(z) - xi{:;l)) > Q(ampzj~g;i/log n).

Therefore, we have

Ms

187, = O((Ci/emp + Ca/ehy) -1ogn-llgll).

Using Lemma 3.5.18, we have that the expected amortized running time per iteration of

PARTIALMATRIXUPDATE 1S

O((C1/mp + Ca/ehy) - n'*Togn ||g||2)

- 0((c1 J&mp + Caf6hy) - (074812 4 g1 +@=3/2a) g n)

where the first step follows from the fact that we can always divide a n X n% matrix into n'~¢

copies of n“ X n® matrices, the second step follows from Definition 3.6.28 of g which gives that
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Tnat(n“,n“,zj) < n%. Ejg%j for n? < %j < n%, and we indeed have %j > nd (Fact 3.6.11) and
;j < 2n“ (Lemma 3.5.1) when entering PARTIALMATRIXUPDATE. (We ignore the 2 factor since
it can only increase the final amortized time by a constant factor.) The fourth step follows from
Lemma 3.6.34 that ||g||» = O(n~%? + ne@=5a/2), O

w Move

The goal of this section is to prove Lemma 3.6.31.

Lemma 3.6.31 (w move). In the j-th iteration, for any possible values w''), v\ and v\)), we have
n . .
e By = x| w0 v D59 < 0(Cr + Cafemp) - lglla (3.62)
i=1

Proof. For simplicity, in this proof we write E[ - ] as a shorthand of E[ - | w/), () 5() .

Similar to the proof of Lemma 3.6.20, we have

n
() (J) (]) (])
Zgi ) E[yﬂ(i) — X Zgl ﬂ'(l) ﬂ(i)]
i=1
(+1) /=(j) ) ~(])
= Zgz $(Wﬂ(i) /v 7r(l) - 1) _Lll(wﬂ'(l)/ ONE DI,

where the first step follows from that the non-negative values xl.(j ) are sorted in descending or-
der, and g is also non-increasing, the second step follows from the definitions of x) and y(j)
(Definition 3.6.26.

Now 3.7, g [yj(rjg.) —xl.(j)] < O(C1+ Cy/emp)lligll2 directly follows from Lemma 3.6.32. [

It remains to prove the following Lemma.

Lemma 3.6.32. In the j-th iteration, for any w'"), v\ and v we have

n
» .
Zgi'E[‘”(WfrJJ))/ij&)_1)“”(W;J(2)/Afrj(z> D | w VTN = 0(Cr+ Cofemp) - gl
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Proof. The proof of this lemma is exactly the same as that of Lemma 3.6.21, just replace all v with

v in the proof of Lemma 3.6.21. [

v Move

The goal of this section is to prove Lemma 3.6.33.

Lemma 3.6.33 (v move). In the j-th iteration, we have,
n
] 1
D g O = xiil) = Qempkjgr /logn).

Proof. Case 1. If we enter the MATRIXUPDATE procedure, we have E = 0 since we won’t enter
the else branch in Line 13 of UppATEV (Algorithm 9). From Part 3 of Fact 3.6.12, we know that

~(j+1) _ (1+1) 1+1) 4])
Vi<kj,v a0 = (),andVl>k 2 = Vet Therefore, Vi € [n],

(]+1) I,[/(W(]H)/N/(JH) 1) < l//(WEjH)/ij) —1) = yEJ')’

where the first and the third steps follow by the definition of x(U*!) and y/) (Definition 3.6.26).

This means yl(j ) > xt.(j +1), Vi € [n]. Since g; and y(] ) are both non-increasing, we have

n

j 1 1
g O -l >>_Zgl O = xiD) 2 0= Q(empkjgr- /logn),
i=1

where the last step follows by %j =0.
Case 2. If we do not enter both the MATRIXUPDATE and the PARTIALMATRIXUPDATE procedure,

nothing happens and x/+) is the same as y(/), this statement also holds.

Case 3. Now we only need to consider the case where we enter the PARTIALMATRIXUPDATE

: . . . . o (j+1) Emy
procedure. By Part 3 of Fact 3.6.13, x(U*+1) satisfies that in coordinates i € 7 ( k1), xl.J < 350 kfgn,
and in coordinates i ¢ 7([k;]), xU*V is the same with y/). So we decompose xU*!) into two
pieces xU*D = x1 + x,, where x; copies the values on coordinates i € 7 ( [;j]) and has 0 on other

coordinates, and x;, copies the values on coordinates i ¢ 7 ( [Ej]) and has 0 on other coordinates.
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- (/) = (. We have

And when the subscripts are out of range, we define y - ) = = Vanek;)

n kJ
;gi-(yﬁf(),->— ij(t)]))—;gl O =Xt - xzr(z))>;:gz O = x2e0) - Zgz 203%
3 i
_Zg‘ Oy = ;J<)i+%j>>_;g"'2oor1n§gn
i kj/1.5 .
> Zgl Y =y frj()ﬁ%j))—lj Z‘ gi-ﬁ, (3.63)
p=

where the second step follows by x1.(;) < N&ngn for (i) € ﬂ([%j]) and x1-;) = 0 for 7(i) ¢
n([k 1), the third step follows by x5 r(;y = 0 for 7(i) € n([k i) and x3 1) = y(]) fori ¢ n([k i,
and the last step follows by g is non-increasing.

Part 2 of Fact 3.6.13 shows that

y“(l) > £mp/100 (3.64)
J

Part 1 of Fact 3.6.13 shows that either k =nor y(J(l <(1-1/logn) - y(’()k sy If Ej = n, we let
k)

L = k; = n, otherwise we let L = Fk}-/l.S. The L we choose always satisfies that for alli € [L],

Y =Y E Y Y 2 em/ (10010gn). (3.65)
where the first step follows by y%) is non-increasing, the second step is true because:
1. In the case of Ej = n, we have yfrJ&)L) = yifé)_k_j) > &mp/100 by Eq. (3.64) and y(J) o=
() B
yn(n+1) =0.
2. In the case ofy(]) <(1-1/logn)-yY.  wehave
n(k;/1.5)
() () () () (J)
Ve " Vi = Vn s Vaiy = Vaiy!108" = Emp/ (10010gn),

where we prove the second step by the inequality of y(]( ) T , and the third by Eq. (3.64).

J
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Putting it all together, we have

n
Z;gi (i = x> Z‘gi (et = f,’(Lk ) Z 200 logn
i= t i=1
3 ¢ ) e _Smp
2 ;g’ ' (yn(l) h yrr(i+zj)) - 13 Py 8 200 logn
S igi (D —y) 5 _fme
. n(i) ﬂ(l+kj) 200 log n

~
I
—_

— 15— )=Q 75 ~ /1 .
(IOOlogn 20010gn) (emp - kj - 87, /logn)

v
heb
o

~
I
—_

()
(i)
terms > 0, the third step follows from L > Ej /1.5, the forth step is by Eq. (3.65), and the last step

where first step is by Eq. (3.63), the second step follows from y’’' is non-increasing and thus all

follows from g; > 8%, and L = Q(Fkvj). O

{>-Norm of g
Lemma 3.6.34. g € R” (Definition 3.6.28) satisfies ||g|l» = O (n~%? + ne@=5a/2),

Proof. The proof is same as that of Lemma 3.6.25. We replace n by n¢, and n by n®. [

3.6.6 Amortized Analysis for VECTORUPDATE

Lemma 3.6.35 (Amortized time for VEcToRUPDATE). Let sequences {h') }JT-zo {g/) }T ot gV )}
be defined as of Definition 3.6.2, and let p ; be defined as of Definition 3.6.3. If we further have the

condition that the input sequence satisfies the following: Vj € {0, ...,T — 1}
D@D -1 < cf, Y @I ) - D2 RO <k, nT R 1) < 14,
i=1 i=1

Then, we have that in expectation

I+o(1) — 1.5+0(1))

1. TZ] 1 pjn O((Caemp/et, + Cs/er ) -logn - n

2. %25:1 nza . 1pj>0 = O((C48mp/8f2‘ar + CS/S%ar) . logn . nl.Sa).
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Further, combining with Lemma 3.5.20, the expected amortized running time per iteration of
VECTORUPDATE is

0((C48mp/8%ar + CS/S%ar) logn - n1.5+o(1))_

Proof. Part 1. For the first equation, we define g € R” to be g; = 1, Vi € [n]. Note that g is
non-increasing, n'+°(!) . (Pigp;) = pjn“”(l), and ||g|l2 = Vn. Then we can use the same argument

as Lemma 3.6.19 for MATRIXUPDATE to prove that

~

1

T Z pn'o) = O((Caemp/et, + Cs/en,) - logn - n' W gll,)
=)

= 0((C48mp/8%ar + C5/s%ar) -logn - n1'5+0(1)).

Part 2. For the second equation, we define g € R" to be

Note that g is non-increasing, and n>“ - 1,50 = n% . 1p5pe < n* . (p j&p;) since analogous to

Fact 3.6.10 we have that either p; = 0 or p; > n“. We also have

na n
||g||% < Ty +/ x2dx=n"+n-n'= 0.
n

a

Then we can use the same argument as Lemma 3.6.19 for MATRIXUPDATE to prove that
T
1 a
= Z n* -1, 50 = O((Ca/emp + Cs/epp) logn - n*|1gll2) = O((Ca/emp + Cs/emy) - logn - n'>).
j=1

Combine Part 1 and Part 2. Using Lemma 3.5.20 and note that n'>% < n'3*°(1) we have that the
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expected amortized running time per iteration of VECTORUPDATE is

1
7 Z(pjnl+0(l) + n2a1pj>0) = 0((C4/<9mp + CS/S}znp) -logn - n1'5+0(1))_ 0

3.6.7 Amortized Analysis for PARTIALVECTORUPDATE

Lemma 3.6.36 (Amortized time for PARTIALVECTORUPDATE). Let sequences {h' )}T. (g s

{g(f)}T be defined as of Definition 3.6.2, and let p ; be defined as of Definition 3.6.3. If we further

have the condition that the input sequence satisfies the following: Vj € {0,...,T — 1}

n n
D@D T -1 < cf, Y @I T - D2 | RO <2, n R 1) < 14,
i=1 i=1

Then, we have that in expectation
1. T ZT 1+0(l) = ((C4/8mp + CS/Srznp) ’ logn : nl'5+0(1)),
2. %ZJT.zl n* . 15,50 = O((Ca/Emp + C5/3r2np) -logn - n24-412),

Further, combining with Lemma 3.5.26, the expected amortized running time per iteration of

PARTIALVECTORUPDATE is

O((Cagmp/el, + Cs/en,) -logn - (n!-370(V) 4 y2a=al2y),

Proof. First note that we always have p; < 2n“ by Lemma 3.5.1.
Part 1. For the first equation, we define g € R" tobe g; = 1, Vi € [2n?], and g; = 0, Vi ¢ [2n“].
Note that g is non-increasing, n¢*°(!) . (Pj85,) = ﬁjn“+0(1), and ||g||2 = V2n“¢. Then we can use

the same argument as Lemma 3.6.30 for PARTIALMATRIXUPDATE to prove that

Mw

im0 = 0((Cy/emp + Cs/ehy) logn - n) - jg]|)

= 0((C4/8mp + C5/8§1p) -logn - n1.5a+o(1)).
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Part 2. For the second equation, we let g € R” be

& =191i"Y, n%<ic<2nt

Note that g is non-increasing, and n>“ - 1,50 = n 1 .z <n*-(p j&p;) since analogous to

pjzn

Fact 3.6.11 we have that either p; =0 or p; > n®. We also have

a

2n¢
n _ - = e
llgll%:nTa'+/~ e = 02 = 0(n7Y).
na

Then we can use the same argument as the Lemma 3.6.30 for PARTIALMATRIXUPDATE to prove that

T
1

D1 15,50 = O((Cafemp + Cs/e3,) logn - n|Igll2)
j=1

N

=0 ((Cs4/Emp + C5/srznp) log n - n?¢=412),

Combine Part 1 and Part 2. Using Lemma 3.5.26 and note that n'>* < n'-, we have that the

expected amortized running time per iteration of PARTIALVECTORUPDATE is

T

1 B

= Z;(pjn“”(l) +n% . 1,,50) = O((Cy/Emp + C5/3r2np) logn - (n'3toWM) 4 p2amal2y) O
J:

3.6.8 Potential Function ¢

Lemma 3.6.37 (Properties of function s, Lemma 5.10 of [43]). Let function ¥ be defined as of
Definition 3.6.4. Then function ¥ satisfies the following properties:

1. Symmetric: y(—x) = ¥ (x) and Y (0) = 0;

2. ¥(|x|) is non-decreasing;

3.1y ()] = (1), Vix| < 1.56mp;
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Figure 3.6: ¥ (x), ¥ (x)" and ¢ (x)”. For &yp € (0, 1), and for simplicity we use & in the figures.

4. Ly :=max, ¥’ (x) = 1 and Ly := max, " (x) = 1/&mp;

5. Y(x) is a constant for |x| > 2&yp.

Proof. We can see that

% x| € [0, 8mp] slTp x € [0, 8mp] U [_zgmp, _8mp]
’ _ 2&mp— " __
Y(x) = prH x| € (emps 26mp] a0 YD) =31 x € (Bmp, 28mp] U [~2imp, O]
0 x € (2&np, +00) 0 x € (2gyp, +o0)
From the ¢ (x)” and ¢ (x)”, it is not hard to see that ¢ satisfies the properties needed. O

3.7 Combining Data Structures with Optimization

In this section we combine the results of optimization and data structure to prove Theorem 3.1.2.
Our main algorithm is presented in Algorithm 17, and the implementation of the central path method

is presented in Algorithm 18. The choice of the parameters is shown in Table 3.6.

3.7.1 Implementation of One Step of Central Path

The central path method is implemented as Algorithm 18 using the data structure. In this
section we prove that the output of this algorithm indeed matches the definitions of Section 3.2.
First note that the x, 5, w, and i matches Definition 3.2.4, and X, s, w, g matches Definition 3.2.5.

So it suffices to prove the following lemma.

Lemma 3.7.1 (Correctness of one step central path). The S, and 5y returned by Algorithm 18

matches the definition in Definition 3.2.6.

149



Algorithm 17 Main algorithm
. procedure MAIN(A, b, ¢, 0, a, a) > Theorem 3.7.12
: > A, b, c are inputs of LP
: > § is the accuracy parameter

1

2

3

4 emp — 107°/logn, &fr «— Emp/100logn, & «— 1077 /logn
50 A —40logn, byeen — 102ynlog® n/el . Loech < n
6

7

8

9

1/2+0(1)
0 «— min{%, %
Create Lgkeren sketching matrices Ry, Ry, - -+ , Ry, € Rbsecnn > Lemma 2.2.15
LetR=[R[,R], - ,stkewh]T
: Modify the linear program and obtain an initial x and s.
10: Let mp,, mpg be projection maintenance data structures.
11: Let f; : x = /x, and fo : x — Asinh(A(x — 1))/+/x
12: t—1
13: mp, INITIALIZE( f}, Emp, Efar» @ A, Dsketch» Lsketchs A, 5. X8, R) > Algorithm 5
14: MPg. INITIALIZE( @, Emp, Efar» A @, Dsketch> Lsketchs A, 52 R) > Algorithm 5
15 whiler > 62/(32n°) do
16: "V — (1 - ﬁ)t
17: repeat
18: Ox, 05 < ONESTEPCENTRALPATH(Mp,, mpgy,, X, 5, 7, ") > Algorithm 18
19: if the Lgech sketching matrices are used up then
20: re-initialize mp, and mpg, with new skeching matrices.
21: end if
22: until ||x7'6, || < 3e, |57 6]l < 3e
23: X"V e x + Oy, "V — 5+ 0
24: if @ (x"Vs"V /t — 1) > 1> then
25: (x"V, s"W) «— CLASSICALSTEP(X, s, 1"V) > Use the central path step of [39].
26: Construct sketching matrices R similar as before.
27: mp, . INITIALIZE( f1, Emp, Efar» @, G, Dsketch» Lsketch, A, %, X"V sV R) » Algorithm 5
28: mpP g, INITIALIZE( f2, Emp, Efar> @, A, Dsketchs Lsketch» A, ’%, xnewlﬂ, R) »> Algorithm 5
29: end if
30: X — xnew’ 5 — snew’ f « hew
31: end while
32: Return an approximate solution of the original linear program

33: end procedure

We prove this lemma by proving the correctness of all the intermediate variables of Algorithm 18

step by step in the following claims.

Claim 3.7.2. &, (Line 15) matches Definition 3.2.5, that 5, = (*— — 1)i.

t

. ~ . . A VO, (E/=1)
Claim 3.7.3. 6o (Line 16) matches Definition 3.2.5, that 6¢ = —5 - 1"V RS
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Algorithm 18 One step central path

1: procedure ONESTEPCENTRALPATH(mp,, Mpg, X, S, £, ") > Lemma 3.7.1, Lemma 3.7.8
2 we—X/s

3 o «— XS

4 (w, g, pr) < mp,.UPDATEQUERY (W, [1) > Algorithm 8
5: > mp, works with function f;(x) = vx
6 > W ~emp w, §t ~emp s pr = P(W)ft(gl)
7 (W, 8o, po) < mpg.UPDATEQUERY (W, [1/1) > Algorithm 8
8 > mpg works with function fo(x) = VO(x — 1)/+/x
9 > W R W, 8 Ve, M/ Po = P(W) fo(go)

10: > Two data structures will return the same w

11: qo < f<1>(§q>)
12: ,u —gp-t

13: aw
s i >x and s satisfies g = xs and w = X /5
15: 6t — (’new -Du
— Vi/t-qe

16: icp S A A 1 7 (77T
17: 0, — 6; + 60
8 (tnew _ 1) _E.qew ____ Pe

: 1: Pt Vi|V®a (11/t=1) 12
19: Os

<

. 3 1~ X
200 Oy ?51 —Aﬁpu
21 return (Jy, &)

22: end procedure

Proof. We have

Go= _ 5. rew Vi/t - qo
2 V@ (/1 = Dl2
_ _ & jnew Vit - fo(go) _ & new VO, (u/t-1)
2 VO (u/t = Dll2 2 V@A (/1 = 1|2

where the first step is by definition of 5o (Line 160f Algorithm 18), the second step is by definition
of go (Line 11 of Algorithm 18), the third step is by definition of fo (Line 11 of Algorithm 17)

and definition of x (Line 12 of Algorithm 18) which implies g4 = u/t. ]
Claim 3.7 4. gﬂ (Line 17) matches Definition 3.2.5, that gﬂ = 5:, + gq).

Claim 3.7.5. p, (Line 18) satisfies p, = (R[l])"R[!] , where P is defined in Defini-
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tion 3.2.5.

Proof.

tnew & p(l)
g ( t 2 ViIV(@a(i/t = D2

(e ot B~ € new  (RUDTRUIPY®. i/t = 1)\t
— 1| (R[IDR[]P —. .
( t )( DTRUPVE+ 5+ VIIV(@a(E/1 = D)2

v (RUDTRINPY® (/1 = 1) /N

=~

- — 1 tnew s &
= (R[1]) R[l]P—( t —1)ﬂ+§.

N IV (@: G/t - Dl
LS L (N N s Ve 1)
- (RUD R[”Pﬁ(( r _1) H T N @ - Dl
1 - - 1 -
= (R RUIP—= (5 + 5) = (RUD)TRIIP——3,,
XS ¢ VXS

where the first step is by definition of p, (Line 18), the second step is by definitions of p,
(Line 4) and po (Line 7) and the correctness of UpDATEQUERY(Part 2 of Theorem 3.4.6), the fourth

step is by u = xs (Line 13 and 14), and the last two steps are by definitions of 6, 0¢ and Sﬂ

(Definition 3.2.5). ]
Claim 3.7.6. &, (Line 19) satisfies that 8, = i TR[I1P-L5,.
Proof. &y = = TR[I]P—=6, by Claim 3.7.5. O

T Py_L_ s
Claim 3.7.7. &, (Line 20) satisfies that 8, \/_(I (R[I])TR[L]P) \/y_gé“

Proof. 5, =16, - [IDTR[!] y Claim 3.7.5. u

X, X _1 1
e P
Proof of Lemma 3.7.1. We just prove that S, matches Definition 3.2.6. &, follows from a similar

argument. From Claim 3.7.6, we have

L E[7 (5, - 8] = ——=BI(R"R - )P—=3,,] =0,

VX5 VX5
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which follows from first property of sketching matrices (Definition 2.2.14, Lemma 2.2.15).

2. E[57' (8, — 65)] =1 "E[(RTR — ) P— J_ 6,)7]

XS
clop !
— [ P—==0,l3
=3t Vx5
25?2
2||5 13 < =,
bt b

where the second step follows by the second property of sketching matrices (Definition 2.2.14,
Lemma 2.2.15), the third step follows by u ~,, 1 and u = t (induction hypothesis of Assump-
tion 3.2.7) and that P is an orthogonal projection matrix, the fourth step follows by [|6,]l» < et

(Part 2 of Fact 3.2.9).

3. 05718y — 65.)| = 1, PI((RTR = ) P—=5,,)]
\/XS
Slogn __ 1
< 2280 PG,
Vo VXs

10logn ~ 10clogn
< —20)5, 0, < —==1,
Vbt Vb

where the second step holds with probability 1 — 1/n* and it follows from the third property of
sketching matrices (Definition 2.2.14, Lemma 2.2.15), the last two steps follow from same argument

as the previous equation.

Thus &, matches Definition 3.2.6 when b > 100~/ log? n, which is satisfied in Table 3.6. [
We also have the following lemma about the running time of Algorithm 18:

Lemma 3.7.8 (Running time of one step central path). The cost of every operation except data

structure calls in Algorithm 18 is linear in n, so the bottleneck is the two calls to the data structure.
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3.7.2 Finishing the Induction

We first prove that setting the parameters as Table 3.6 can satisfy the requirements of both

optimization and data structure.

Lemma 3.7.9 (Parameters). Setting the parameters of the Main algorithm (Algorithm 17) using

Table 3.6, we have the following guarantees:
1. Assumption 3.2.1 and 3.6.5 about the parameters are always satisfied.

2. The parameter requirements of Lemma 3.2.21 are satisfied. Moreover, Lemma 3.2.21 gives

Bl (B - D] < (1 - )@ (B - 1)+ 22 10n.

Proof. Part 1. After plugging in the parameters in Table 3.6, it is straightforward to see that the
constraints stated in Assumption 3.2.1 and 3.6.5 are all satisfied.

Part 2. Plugging in the parameters in Table 3.6, it easy to see that the requirements % +20e <

1/(304) and 1.2&y, < 1/(304) are both satisfied. Thus Lemma 3.2.21 gives

oo )

1
S(l—b1~—g)d),1('t7l—1)+b2-/18\/ﬁ
n

fhew \/_
Ae m Ae
<(1- O =-1|+ 10n,
( 15\/2) ”(r ) 15vn
where the second step follows from
2¢e 2e 1
b1 =0.45-2(C; +31Cy)e — ——= = 0.45 - 20&,, — 40e — 1201 — —= > —,
1 ( 1 2) /l\/ﬁ mp /l\/ﬁ 15
2
by =0.55-2C1e =0.55 = 20gp — 40e < 3
where Cy = 10&emp/e + 20, C; = 20, C3 = 10 are given by Lemma 3.2.17. O

In the next lemma we prove that the induction hypothesis is true at the end of one iteration.

Lemma 3.7.10. During the Main algorithm (Algorithm 17), we have the following guarantees:
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Notation | ¢ Emp Efar A b
Choice | 1077/logn | 107 /logn | 1077 /log’ n | 40logn | 100ynlog® n

Table 3.6: Summary of choice of &, £y, &far, 4 and b. Assigned in MaIN procedure (Algorithm 17).
They are used to prove Theorem 3.7.12.

1. Assumption 3.2.7 that @ =g, 1, W %, W, and [1 ~ 1 t is always satisfied.

2. The CrassicarStep (line 25 of Algorithm 17) is executed with probability at most }11—(2) in each

iteration.

3. In expectation the repeat-loop on line 17 of Algorithm 17 is executed at most 2 times.

Proof. Part 1. The assumption that g ~,, = @ follows from Part (b) of the correctness of UpDATE-
Query in Theorem 3.3.9 that 2*PP" ~, ~ h"", and the assumption that w ~, =W follows from Part
(a) of the correctness of UPDATEQUERY in Theorem 3.3.9 that w*P" ~, = w"e¥

Finally, whenever ®@,(xs/t — 1) > n3, the main algorithm runs the procedure CLASSICALSTEP,
and the (x, s) returned by CrLASSICALSTEP is guaranteed to satisfy xs =01 ¢ (see [39]). Also, if
®,(xs/t — 1) < n?, we have that e!7i%i/"~1l < ;3 and since 1 > 30logn (see Table 3.6), we have
|x;s;/t — 1| < 0.1. Thus i =~ t is always satisfied as well.

Part 2. Let ) = ‘I)A(X(Zis;i) — 1) denote the value of the potential function in the i-th iteration. We

use induction to prove E[®?] < 10n, for all i. In the beginning of the main algorithm, x;s; = 1 =1,
Vi < n. Therefore in the base case, ®© = n < 10n. If the algorithm executes CLASSICALSTEP
in the i-th iteration, CLASSICALSTEP outputs x and s that xs ~g o1 ¢, and since 4 < 60logn (see
Table 3.6), @) < 10n. If the algorithm doesn’t execute CLASSICALSTEP, Lemma 3.2.21 gives us
E[®?] < (1- 151—8\/5) E[®D] +1§_£\/Z 10n. Therefore E[®?] < 10n since we have E[®V~D] < 10n
from induction hypothesis. Then using Markov’s inequality we have Pr[®%) > 3] < 10/n2. Thus
the CLASSICALSTEP on line 25 of Algorithm 17 is executed with probability at most 10/n? in each
iteration.

Part 3. |x '6]|cc > 3¢ and ||s~'6,]le > 3& on line 22 of Algorithm 17 each happens with

probability at most 1 /n* (see Part 3 of Definition 3.2.6 and Part 1 of Lemma 3.2.14). Thus in
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expectation the repeat-loop on line 17 of Algorithm 17 is executed at most 2 times. O

3.7.3 Proof of the Main Theorem

Lemma 3.7.11. For ¢ € (0,1/10000), emp € (0,1/10000), and gy = &mp/100logn, each

iteration of MaIn (Algorithm 17) takes
0" ((8/8mp) (n@7V2 4 pmal? g plramal2y  plo-lara n1+b)

expected amortized time per iteration, where w is the exponent of matrix multiplication, « is the
dual exponent of matrix multiplication, 0 < a < @ and 0 < a < aa are the thresholds used by the

data structure, and n® is the sketching size. O* notation hides all n°") terms.

Proof. Part 2 of Lemma 3.7.10 shows that in each iteration CLASSICALSTEP is executed with
probability at most O(1/n?). Since the cost of CLAsSICALSTEP is O(n?>), the amortized cost of
executing CLASSICALSTEP is O (n°) for one iteration.

Part3 of Lemma 3.7.10 shows that in expectation ONESTEPCENTRALPATH is executed at most
2 times in each iteration. So now we only need to bound the running time of the procedure
ONESTEPCENTRALPATH (Algorithm 18). In the procedure ONESTEPCENTRALPATH, we call the
procedure UpDATEQUERY of the data structures (Algorithm 8) two times. Since the time analysis
of these two data structure is the same, we are going to focus on one of them. Also note that
the running time of UpDATEQUERY is the sum of that of MATRIXUPDATE, PARTIALMATRIXUPDATE,
VEcCTORUPDATE, PARTIALVECTORUPDATE, and QUERY, so we analyze them one by one.

From what we proved in Lemma 3.2.23 and Lemma 3.2.22, we have C; = C4 = ©(¢) and
Cy =Cs =0(g?) and C3 = C = O(¢) < 1/4.

By Theorem 3.3.9 and plugging in &gy = &mp/100logn, the expected amortized cost per
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iteration of the following procedures are as follows:

MaATrixUpPDATE = O™ ((C) emp/s%ar - Cz/a‘%ar) - (n¥92 4 p@m1/2y)
=0 ((e/emp) - (W71 4+ n7112))
PARTIALMATRIXUPDATE = O*((C1/&mp + Cz/eg]p) - (n'*emA2 4 pl+(@=312)ay)
— 0*((8/8mp) . (n1+u—5/2 + nl+(w—3/2)a))
VECTORUPDATE = O*((Cyemp/eh, + Cs/et,) - n'>) = O*((e/&mp) - 1)
e 2 2 1.5,  2a-a/2
PARTIALVECTORUPDATE = O ((Csemp /&5, + Cs/&g,) - (n° +n )
= 0" ((e/emp) - (n" +n2712))

QUERY = O* (Tt (n%, 0%, 1n%) + n'*?) = O* (n@~D#a 4 1+,
So the overall expected amortized cost of one iteration is

MATRIXUPDATE + PARTIALMATRIXUPDATE

+ VECTORUPDATE + PARTIALVECTORUPDATE + QUERY

— 0*( (S/gmp) . (n2—a/2 + nw—l/Z) + (8/8mp) . (n1+a—5/2 + nl+(w—3/2)a)

MATRIXUPDATE PARTIALMATRIXUPDATE

+ (S/Smp) . n1.5 + (S/Smp) . (nl.S + n2a—c7/2) +n(w—1)ﬁ+a + n1+b)

VECTORUPDATE PARTIALVECTORUPDATE Query

_ 0*((8/8mp) ) (nw—l/Z + p2-al2 +n1+a—’a‘/2) + plo-Dara | n1+b)’
where in the last stepweuse w > 2, a<a<landw-1/2=1+(w-3/2) 2 1+ (w-3/2)a. O
Now we are ready to prove the main theorem of this paper.

Theorem 3.7.12 (Restate Theorem 3.1.2, Main result, third improvement). Given a linear program
mina,—p x>0 €' X with no redundant constraints. Assume that the polytope has diameter R in

norm, namely, for any x > 0 with Ax = b, we have ||x||; < R.
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Then, for any 6 € (0, 1], Main(A, b, ¢, 6) (Algorithm 17) outputs x > O such that

c'x < min c¢'x+06|c|loR, and ||Ax—bl|; <6 (R||Al +]bl1)

Ax=b.x>0

in expected time

5(nw+o(l) + nZ.S—a/2+0(l) + nl.5+a—5/2+0(l) + n0.5+a+(w—l)27) . log(n/d)

where w is the exponent of matrix multiplication, « is the dual exponent of matrix multiplication,
and 0 < a < a.
In the ideal case when w = 2 and @ = 1. The running time is O (n**!/18). For general2 < w <3

and 0 < @ < 1, the running time is O*(n® + n*>=%/2 4+ n(8+m)/6) = 0" (n® + n>>-2 4 p296),

Proof. We use the parameters of Table 3.6 to prove the theorem. Since ¢ is decreasing by a (1 — ﬁ)
factor, the MaIN algorithm will take O (s~'/nlog(n/6)) iterations in total.

Thus the total running time is

#iterations - cost per iteration
= 0(s”'Wnlog(n/5)) - 0*((8/8mp) C(nV2 g p2al? g plham2) | (o= Daa n1+b)

_ O*(Sr_ni)(nw + p25-al2 +n1.5+a—a/2) +8—1(n0.5+(w—1)’a“+a +n1.5+b)) log(1n/6).

By plugging in the parameters £ = O(1/logn), emp = O(1/logn), and b = Vrlog'®n (see

Table 3.6), the above running time becomes
0*(110) 4 p25-al2 L 15a=a)2 no.5+(w—1)a+a) log(n/6), (3.66)

and recall that parameters a and a need to satisfy that a < @ and a < aa.

, and we

SIS

Therefore, in the ideal case where w = 2 and @ = 1, we can choose a = g and a =

have 2.5-a/2 =1.5+a-a/2=0.5+(w—1)a+a = 2+1/18, so the above running time simplifies
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to

0*(n2+1/18+0(1)) X log(n/é)

For general w and «, the parameters are optimized as follows:

. 4w . 2 2 : 4w
a, ifa < 32wT) _ min{a”, 52}, ifa < 300D
a = a =
4w 2
m, 0.W. o1’ 0.W.

Here we prove the final running time by discussing two cases.

1. In the first case where @ < ﬁ, we have a = a and @ < o? = aa.

Ifa=co’ thenl.5+a—-a/2=15+a—-a?/2<2.5—-a/2sincea < 1.

Ifa=57>~,thenl5+a-a/2=15+a-1/Q2w-1) <2.5-a/2,since a < and

3(2w D

% is the value that balances the two terms. Thus the following inequality holds:

n1.5+a—a/2 < n2.5—a/2_

2

o] and 1s the value that

We also have 0.5 + (w — 1)a+a < 1.5+a —a/2,since a < 5~

balances these two terms. Thus the following inequality also holds:

n0‘5+(w—l)a+a <n 1.5+a-a/2 )

Therefore the running time of Eq. (3.66) is dominated by O (n® + n>3~%/?) in the first case.

4w 2 2 <
2. Inthe second case where a > 3(2w 1),wehavea = 3367 S @ anda = 52— < (3(2w 1))

aa, where the second step follows since w > 2. With these parameters, we have that

N _ 13 1
25-af2=15+a-af2=05+ (w-Na+a=-c =35 .
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Therefore in the second case the running time of Eq. (3.66) is dominated by
O(n” + nl6_3_3<2°1)——1>) <0(n“+ n(8+m)/6),

where (8 + V19)/6 ~ 2.0598 < 2.06 is the solution of equation w = % - m

Thus the running time in Eq. (3.66) is always upper bounded by

0*(11“’ +p2de/2 4 n(8+m)/6) -log(n/d). O

3.8 A Feasible Algorithm

In previous sections, we show a fast algorithm calculating an LP solution x. However, X is
not always a feasible solution since we used sketching to calculate S, and hence Ad, is not 0. In
this section we present how to turn the output x of Theorem 3.1.2 to a feasible LP solution, i.e.
||Ax — b|| is bounded. Our technique is based on the robust central path of [44], and we extend it to
two level update setting. Our algorithm use G, M, uy, us, us, u4 to implicitly maintain the solutions
x = Guy +us and s = Mus + uy. Each iteration, the algorithm updates G, M, uy, us, us, us so that x
and s change by (AS; and gs in each iteration (see Definition 3.2.5). In this way, we can postpone the
expensive matrix vector multiplication to every +/n iterations. The running time of maintaining x
and s is dominated by the pre-existing computations, so our algorithm still achieves the same overall
running time. Also since we do not multiply the sketching matrix on the left when computing &
and 6, A6, =0 is always satisfied and in each iteration we always have Ax = Ax(¥) = b,

We introduce a smaller error constant &y in this section.

Emp €

Definition 3.8.1. We define &,y = 20008 7"

To make the output feasible, we present in this section the modified algorithms. In Section 3.8.1
we show that the error guarantees of central path method still has the same bound with the

modifications, this section should be seen as a complement of Section 3.2. In Section 3.8.2 we
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prove the correctness of this feasible algorithm when implicitly maintaining x and s, this section
should be seen as a complement of Section 3.4. In Section 3.8.4 we bound that the running time of

maintaining x and s, this section should be seen as a complement of Section 3.5.

3.8.1 Analysis

Consider the j-th iteration. Assume at the beginning of the j-th iteration, we have x\/), s(/),

¥, 50, Define w := wl) = x50, gy = p = ﬁ_j; wi=w) = x50 .= g = )g_j;

new

: 1) (i - (+1) . . .
wheW o= U = x GD U+ - ynew . D) = ’s‘(j—ﬂ) We will prove inductively that the guarantees

of Section 3.2 are still satisfied for the modified algorithm.

Robustness of central path. We first prove the following two statements about the robustness of

central path method:

1. The w?P" and h*PP" used in the data structures satisfy w?PP" Aem, Ws and h*PPT o, » K. (This

corresponds to Part 1 and 2 of Assumption 3.2.7. We only lose a constant factor here.)

2. u"™% =p, t. (This corresponds to Part 3 of Assumption 3.2.7. We only loose a constant

factor here.)

In Part 3 of Theorem 3.8.2, we prove that in any iteration, x, X, s, s are entry-wise close with high
probability, i.e. X ~g, x ands ~g, s holds with probability 1 — 1/poly(n). We will use this to

prove that the above two statements are still satisfied in our modified algorithm.

1. The data structure directly ensures w* ~. ~w, and h*P?" ~, = u. And since x\) X iy x()
and 5/ R Etiny s) (Part 3 of Theorem 3.8.2) we directly get the desired result that w2PP* Aemp

w and h*PP" ~pp

2. Note that previously u =1 t was proved in Lemma 3.2.21 by bounding the potential function.
And the proof of Lemma 3.2.21 uses the bounds given by Lemma 3.2.17. We define the
potential function to be ®(%* — 1) here instead of CD(’? —1). Note that conditioned on ) and

59 xUD and sU*D are deterministic. Thus Part2 and Part 4 of Lemma 3.2.17 are trivial. We
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still have an analog of Part 1 and Part 3 of Lemma 3.2.17: ||z (1" - fi—6,—da)||» < O (&Emp
and |77 (1™ = )|l < O(&) using the fact that ¥) and 5/ are close to x) and s/) (Part

3 of Theorem 3.8.2). Thus we still have an analog of Lemma 3.2.21 that

O (1" [ — 1) < D ()t — 1) g—jﬁ (@ (/i ~ 1) — 10n).

Using Part 3 of Theorem 3.8.2 again and the fact that the derivative of cosh(x) function is

constant when x < 2, we have

O™ 17 — 1) < D)t — 1) — QL) - @/t — 1) — O(r?).
\Vn

Thus we can still inductively prove a polynomial upper bound on the potential function
®,(** — 1). Note that we only loose a constant factor in the approximation ratio of y with ¢

when the last term is O (n?) instead of O (n).

w and & move slowly. The last part of the inductive analysis is to show that w and u are both
moving slowly as that of Section 3.2.7. Now we only have the guarantee for w and u, instead
of w and u, so we use ¥ (w;/v; — 1) and ¢ (w;/v; — 1) in the analysis and use ¢ (w;/v; — 1) and
W (w;/v; — 1) for the algorithm (because the algorithm doesn’t know w and u). The amortized

analysis of Section 3.6 need to be modified accordingly. We have the following two statements:

1. The three bounds of Lemma 3.2.23 and Lemma 3.2.22 hold for w™" /w — 1 and u"*"/u — 1.

(Originally used in subsection 3.6.5, 3.6.4.)

2. Lemma 3.6.24 and Lemma 3.6.33 still hold for new potential function with use w instead of

w.

Proof Sketch. 1. Note that Lemma 3.2.23 and Lemma 3.2.22 only use the relative error bounds
stated in Lemma 3.2.14. We can prove that all ¥ 1,57 and ! terms of Lemma 3.2.14 can

be replaced by x, s, and y since we proved that in iteration j, x/) R Eliny x/) and s) R Eiiny s,
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Following the same proof of Lemma 3.2.23 and Lemma 3.2.22, and using the error bound of

the x and s version of Lemma 3.2.14, we can prove the desired statement.

2. Since x &g, X in any iteration (Part 3 of Theorem 3.8.2), we have w(+D R tiny WD hence
w(ij“)/vfj“) —1) is within the range of [w(wfj“)/vf”l) —1) —&tiny, w(wfjm/vfj“) -1+

(+1) 7, D)
1

Etiny]. Soitis fine to use ¥ (w, (j+1)/v§j+l) -1)

— 1) in the analysis while using  (w;
in the algorithm. The only problem we need to resolve is that when v and v are updated to
wPPt = W% the potential function is not cleared to be 0, but instead remain a small number

Etiny << Emp- But this problem is already solved in Lemma 3.6.33.

3.8.2 Correctness of the Feasible Algorithm

We first present the following main theorem, and prove it using lemmas proved subsequently.

Theorem 3.8.2. In the j-thiteration of the while-loop from Line 16 to Line 41 of Main(Algorithm 19),
let X and 5\ be the values of global variables x and s at the beginning of j-th iteration, and let
)_c(j+1), EUH), xUD sU+D be the values of global variables X, s, x, s at the end of j-th iteration. Let
%5 P, 6, 0, Oy, 05 be defined as in Definition 3.2.5. Let R € RP" be the subsampled randomized
Hadamard matrix we used in our algorithm, defined in Definition 2.2.14.

Then our algorithm guarantees that

1. The output of ONESTEPCENTRALPATH(AlgoTithm 20) satisfies

~ X e U
5x = :(I - (RTR)P)—_V(dt +0 ), 65 = :(RTR)PT(5[ +0 ),
§ VXS ’ X VXS ’

S, and S5 match the definition in Definition 3.2.6.

2. In each iteration, when the algorithm reaches MakeFEasiBLE(Algorithm 21) on Line 25 of Main
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(Algorithm 19), the following holds:

J
— ((mp,.u1) + (mp,.G) - (mp,.u2)) — ((Mpg.u1) + (Mpg.G) - (Mpg.112)) = x + Z 50
i=1
J
s+ ((sz'MS) + (mp,.M) - (mpt.u4)) ((mp@ u3) + (mpg.-M) - (Mpg. u4) =0 4 Z
i=1

3. X Rgyyy X, S Rey,, § with high probability.

Proof. For simplicity, we only prove these three statements for x. The case for s follows from
similar reasons. Since we have two data structures sharing the same code, we denote g, gx.®.
Dx.t» Px.@ as the g, and p, defined on Line 17 and 18 of UpDATEQUERY (Algorithm 24) in data
structure mp, and mpg, respectively. Also, We denote ¢, as the output of ScALARC (Algorithm 23)

of data structure mp,, and c¢ corresponds to mpg,. From the description of ScaLARC, we have

= _ o = =2 . new ! (3.67)
— ®=—=" . — . .
2 VHIVD, (a/t — 1)z

Cz:(

And recall f;, fo defined in Line 10, Algorithm 19) are

fi(x) = Vx fo(x) = VO, (x)/Vx. (3.68)

In UppaTEQUERY (Algorithm 24), the two data structure approximate w*P" and A*PP" in the
same way, so their w (Line 10) and x (Line 10 and 13) are the same. So they also have the same x
and s (Line 16). Note that w, u, x, s calculated in the data structure all matches Definition 3.2.5.

We first show the following that will be used in both Part 1 and 2:

1 —_— —~
t Jt VO
v Ve - Vil
:L (l‘new _1).ﬁ_f-tnew- VO, (u/t)
NrANE 2 IV (/1 = D2
= L (5 +50) = ——=(3, + 50). (3.69)

Vi VXS
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where the first step is by the definition of ¢ and f (Eq.(3.67),(3.68)), the third step is by the definition
of 8, and 8¢ (Definition 3.2.5), the last step is by 7 = 5.

Part 1. First we calculate g, ; + gx.@:

Gxs + G0 = \/7(Cz fill) +co - fo(u/t)) = \/7—((% +00) (3.70)

where the first step is by assignment of g, (Line 17 of UpDATEQUERY, Algorithm 24), the second
step is by Eq.(3.69).
Next, we calculate p,, + pr . Note that the output r of QUERY is calculated in the same way

as before, so by Lemma 3.4.7 we have
r = R[I]TR[I]VWarr AT (AW?PPTAT) =L ANWappr £ (R#PY) = R[I]T R[] P f (h™P"). (3.71)

Therefore,

px,t+px,cp=\E(ct-mc@-r@):\/é(ct-zem RUVPS (@) +co - RINTRINP ol i)

X — X _ 1 _
= :RlTRlP t° Jt . u = :RZTRZP— 61 5 N
5 [1]" RUTP (¢ - fi(p) + co - fo(u/1)) \/S [1]1" R[] N (0r + 6o)

where the first step is by assignment of p, (Line 18 of UpDATEQUERY, Algorithm 24), the second
step is by Eq.(3.71), the last step is by Eq.(3.69).

Then as we calculate 8, « 1n line 8 of ONESTEPCENTRALPATH (Algorithm 20),

x =d{4tx + qo.x — (pt,x +pd>,x)

X ~ 1 _
—— (8, +00) — \/7R[I]TR[Z]P—~-(6[+6 )
\/7 (0] S ,—jZS (0]

| _
I—R[|"R[I]P) —— - (5, + 3a).
VS( )T G
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Part 2. We prove Part 2 by induction. In the basic case when j = 0, we initialize x < x©), so it is
true.

When j > 0, let j; < j be the last iteration that we call IniTiALIZE on Line 29 and 30
of MaIN (Algorithm 19). In the j;-th iteration, the MaIN algorithm executes Line 27: x «
x — (mp,.u; + mp,.G - mp,.uz) — (Mpg.u1 + Mpg,.G - Mpg.uz) , and then re-initialize mp,.u; «—
mp,.uy <~ Mpg.U| < Mpg.uz < 0. Therefore by induction on j, we have x(U) = xO 4 Z{;l Sfci).

Now apply Part 3 of Lemma 3.8.3, we have that

((mp,.u1) + (mp,.G) - (mp,.u2)) + ((Mpg.u1) + (Mpg,.G) - (Mpg.u2))

J J
— Z C;’) . wlwappr,(z‘)ﬁ(i)ﬁ(ﬁ(i)) + Z C((I;) . ylwappr,(i)ﬁ(i)fcp(ﬁ'(i)/t(i))

'=j1+1 i=j1+1

— 1 . .
p® 6 +69).
,Zl SO Yxoso o °

where the first step is by Part 3 of Lemma 3.8.3, the second step is by Eq.(3.69).
Also notice that in every iteration, we add g; x + g x to x in ONESTEPCENTRALPATH (Line 10

of Algorithm 20), so

J
D — U = Z (qt(l)z " qg)x) _ Z "T) +(’§Tl))
i i S“ «/xms(z

where the last step is by Eq.(3.70).

Therefore,

= ((mp,.u1) + (mp,.G) - (mp,.u2)) = ((Mpg.u11) + (MPg.G) - (Mpgy.42))

J
SN X® +50) XO 5o 1 L G945

o 5O VR0 @S(, 50 NGO
J J
=xUD 4 Z 6; = x(0)+2(5xl
i=1

i=j1+1
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Part 3. Consider a fixed coordinate i. We use j; to denote the last iteration that the algorithm
includes 7 into S when enter the MAKEFEASIBLE procedure on Line 25 of Main (Algorithm 19) or

when re-initialize. We prove the following properties in order to apply Lemma 3.8.5.

1. )_cfj ) = xfj ) If the algorithm enter the INITIALIZE procedure, we have )_cgj ) = xl.(j 7. Otherwise

we enter the MAKEFEASIBLE procedure, and according to the updating rule xg «— xg (Line 4

of MAKEeFEASIBLE, Algorithm 21), we also have )_cEj D) = xi(ji),

2.t > U /2 and j — j; < +/n, since the algorithm re-INITIALIZE whenever it passes V7

iterations or ¢ changes too much (Line 26 in MaIn, Algorithm 19).

3. Foralll € {ji+1,---,j}, woPr() g [wold/2 2y°d] gince the algorithm doesn’t include

coordinate i in S during iteration /.

Then by Lemma 3.8.5, x/) . ¥ holds with probability at least 1 — &, where &, = 20%”“ :
log(n/6)e < 3256“{’(;; - by our assignment of b = 10'24/nlog® n/srznp (Line 4 of MAIN, Algorithm 19)

and 6 = 1/poly(n). This satisfies the requirement of Def. 3.8.1.

By choosing 6 to be 1/n'? and union bound on all coordinates i, x/) ~ Eiiny x) holds w.h.p. [0

The following lemma proves the invariants that are true throughout the algorithm. It is used to
prove Theorem 3.8.2. This lemma should be seen as a complement of Section 3.4, and we directly

use results proved in that section.
Lemma 3.8.3 (Invariants). In the end of the j-th iteration, the following invariants hold:
1. G=VAT(AVAT) A,

2. us+ Mug =Y . AT(AWPr() AT)=1 AN/ )yappr ()  (pappr(i)),

i=j1+1

3 ui+Gup =Y o) waeen() AT (AWappr() A T)=1 A+/Wappr.() f( pappr()y)

i=j1+1

where j is the last iteration we call InitiaLize, and c\Y) is defined as in ScALARC:

n
tEW_

new
7 t

in data structure mp,, ¢ := ( 1), and in data structure mpg, ¢ := —%

1
VHIV® (i/t=1)l2°
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Proof. We consider the j-th iteration in this proof. Throughout the proof, we call the updated

version of all date structure members at the end of the j-th iteration as the “new” version, with a

new
1 .

“new” superscript in the notation, e.g. u
Part 1. Note that V, V and G are only updated in MATRIXUPDATE and PARTIALMATRIXUPDATE.
Case 1. MaTrixUpDATE (Algorithm 26). On Line 12, G is updated to be W#PPTM'™P_where

W3PPT s the new value of V (Line 18), and M'"™P is the new value of M (Line 16). We have
G™™ =VM =VAT(AVAT) !4,

since in Lemma 3.4.17 we proved that the invariant of M still holds.

Case 2. PARTIALMATRIXUPDATE (Algorithm 27). First note that V and M are not updated in
PARTIALMATRIXUPDATE. On Line 14, G is updated to be W2PP' M, where W?PP" is the new value of
V, so the invariant of G still holds.

Part 2. It suffices to prove that the additive term in the j-th iteration is

WIS MUY — (u3 + Mug) = ¢ - AT(AWSPTAT) L AVWaR £ (2P,

Then starting from the ji-th iteration where we re-INITIALIZE and set ugj D = uij - 0, we can
inductively prove the statement for iterationsi € {j; + 1, -, j}.

There are three cases that we update u3 and u4 in the j-th iteration: in MATRIXUPDATE,
PARTIALMATRIXUPDATE, or QUERY. Note that even though we might enter QUERY after executing
MATRIXUPDATE or PARTIALMATRIXUPDATE, ©#3 and u4 won’t change inside QUERY since they were

already updated in MATRIXUPDATE or PARTIALMATRIXUPDATE. S0 we can consider the updates to

u3 and uy in these three procedures separately.
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Case 1, MATRIXUPDATE (Algorithm 26).

ugew + Mnewuzew _ (u3 + Mu4) =us+ Mug+c- thpwlwapprf(happr) + MV .0 — (Lt3 + Mu4)
=c- thp\/Wapprf(haPPr)

=c- AT (AWPPTAT) =L An/Wappr £ (pPPT),

where the first step is by the assignment of u3™ (Line 14), u;*" (Line 15), the last step is by
M™P = AT(AW?P'AT)~! A that we already proved in Lemma 3.4.17.

Case 2, PARTIALMATRIXUPDATE (Algorithm 27).

uy™ + M™Vul™ — (us3 + Muy)
= M (uy™ — us)
=M-c- (‘/Wf(happr) - lsnewBtmpir[(Mgnew)T]\/Wf(happr))
=+ (M = L[ Mgew]B™ L, [(Mgnew) T]) VW3PPT £ (2P

-1
- (M ~ LlMyge] - LA )™+ Mgior o) ] 'Lr[(Msnewf]) VW £ (P
= AT(AWPPTAT) =L An/Wavpr f(p2PPT),
where the first step is by u3™ = u3 and M"Y = M since they are not modified in PARTIALMATRIX-
UppATE, the second step is by the assignment of u;*" (Line 17), the fourth step is by the invariant

on B™P (Part 10 of Assumption 3.4.1), the fifth step is by Woodbury identity (Lemma 3.3.8) and

M=AT(AVAT) 1A,
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Case 3, QUERY (Algorithm 25).

uz™ + M uy™ — (u3 + Muy)
= MG - uy)
=M-c- (\/Wapprf(happr) + Lgnew (y"™P — yq — 67))
_ .. (M — Lo[Mgn] - LL((ARY ) + Mno ) ™' - L, [(Msnew)T]) - \/WAPPE f (3PP

=c- AT(AWPPTAT) "I AN Wappr £ (RPPT),

where the first step is by u5*" = u3 and M"™" = M since they are not modified in MATRIXUPDATE,
the second step is by the assignment of u}*"(Line 25), the third step is by the close-form formula
of y™P — v — gy (Eq. (3.39)), the fourth step is by Woodbury identity (Lemma 3.3.8) and
M =AT(AVAT) 1A,

Part 3. The proof for u; + Gus = z{fzm c@ . warer.() AT (AWarer() ATY=1 A\ Wappr (i) f( pappr(i))

follows from similar reasons as that of Part 2. We omit the details here. O]

3.8.3 Bounding x and X

In this section we prove that the explicit X is always within an error of &,y with the implicitly
maintained x. This fact is used to prove Part 3 of Theorem 3.8.2. Similar as in previous sections,

we use a superscript (j) to denote the variable at the beginning of the j-th iteration.

Remark 3.8.4. Our entire analysis is an induction-based argument. In the j-th iteration, the
induction hypothesis allows us to assume that Assumption 3.2.7 is true for the (j — 1)-th iteration,
it also allows us to assume the following Lemma 3.8.5 is true for xV) and 0,

Using these two induction hypothesis we proved that Assumption 3.2.7 is still true for the j-th
iteration in Section 3.8.1.

Then we further use these two induction hypothesis together with Assumption 3.2.7 for the j-th

iteration to prove the following Lemma 3.8.5.
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Lemma 3.8.5 (x and X are close). Consider a fixed coordinate i € |n] and a fixed iteration number
k < +/n. Let b denote the size of sketching matrix. If the following are true: (1) xl.(o) = )—Cl@). (2)
1% > 1012 (3) There is a constant w > 0 such that for all j € [k], w?ppr’(j) € [w/2,2w]. (4)

Inductively Assumption 3.2.7 is true for iterations 1,2, ..., k. Then we have:
k)\—1,=(k k
)@Y~ )] < e

holds with probabiliry 1 — & over the randomness of sketching matrices RV, ... R e Rb*"

where &, = 200n1/ log(n/é)e

\/_

Proof. We denote r = t**). Since +(©) < 2¢%) and the central path iteration will only decrease /),
we have r < 1) < 2r forall j € [k].

From the definition of gx (Definition 3.2.5) and gx (Definition 3.2.6), we have

6y — 0y = ~~(1 P)—=5, s,
= T =
L(P - RTRﬁ)—gﬂ = VWwappr(p — RTRID“)LES} (3.72)

VXS VXs VXS

(1 RTRP)——

(k) (k)

Then the difference between X; and X, can be written as

k
k)  —(k 0 0 )
x® - ()I—) (>+Z~m ()+ZXJZ) ‘Z(g(] w)‘
j=1
) Z vV wappr.(j) (P(J) RT(J)R(J)p(J)) N(j))i" (3.73)

VXS

where the second step is by x( ) = (O) , the third step is by Eq.(3.72).

We define a random vector Y; for the j-th iteration:

Sw)

Yj = \/ wappr. () ((1 R(J)TR(J))P(J)—)
VXSG
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”(j)

\/X(j)S(J)

We first bound the ¢, norm of the right part

; 1.1 ; -
< Sup | | 18512 < == - 18112 < 2.26V40) < 58,

1
N Vi)

where the first step is by ||a - b||> < Sup[a] - ||p||2, the second step is by the inductive Assump-

‘TJ)
H\/X(J)S(] H

tion 3.2.7 that X()SU) ~q; 1U), the third step is by [|65||> < 261 (Fact 3.2.9), the last step is by
1) < 21,

By Lemma 2.2.15, for each j and with randomness over R"), and use the fact that wappr ) e

[w/2,2w] for all j € [k], we have

app r,(7) “(J)
E[Y,] =0 and E[(Y,)*] ” H < (2w) - 256%/b,
XU

XWSW)

and with probability 1 — 6 /n,

2 | PR < s )

XSG

Now, we apply Bernstein inequality on these zero-mean independent random variable {Y; };f:l

(Lemma 2.2.12), V1 > 0,

k 2
/2
Pr|| ) (Y)|>1| <2exp| -
[ JZ:; ’ ] ( kEL)? +MT/3)
Choosing 7 = 64‘/:7? log(n/8)*e, we have
D> o] =20 (- e )

Pr|| » (Y))|>71| <2exp < 2exp(—10log(n/o)).

= ! 50wke?t/b+1 - 5¢ 1°g("/5)

Then take a union bound on all events that |[Y;| < M, we have | Z;‘.z (Y})| £ T with probability
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at least 1 — 6. Therefore,

-log(n/6)%e

k
(k) —=(k) 64Vwkt
b, =X, < ) Yl <7<

200n!/4
Vb

200Vk
Vb

< xl.(k> . log(n/6)%e < xfk) . -log(n/6)%e < xl.(k)sx,

where the first step is by Eq.(3.73), the fourth step is by wt < 2w§appr)’(k) 2t < (fok)/sl(k)) .

(3x§k)s§k)) < 6(xfk))2 by Assumption 3.2.7, the fifth step is by k < /n. O

3.8.4 Running Time of Feasible Data Structures

Lemma 3.8.6. It takes O (n) time to execute ScaLArC.
The proof is straightforward.
Lemma 3.8.7. In the procedure MaTrixUPDATE, it takes
1. O(n?) time to compute G « W2PPr )P
2. O(n?) time to compute uy < uy + Guy + ¢ - WPPT JUmP/Jy/appr f (j,2pPr)
3. O(n?) time to compute uz «— u3 + Muy + ¢ - M™P~/Wappr £ ( ,2PPT)
Overall, refreshing G, uy, u takes O(n?) time.
Proof. This lemma directly follows from the algorithm of MATRIXUPDATE (ALgorithm 26). [
Lemma 3.8.8. In the procedure PARTIALMATRIXUPDATE, it takes
1. O(n"™*) time to compute G — G + (WP —V) . M.
2. 0(n'™9) time to compute u; — uy + (WP — V) - Mu,.

3. 0(n'™?) time to compute

Uy — up +c (\/Wappr F(BPPT) = L gnew B™P L, [ (Mgnen) T] VWPPE f(happf)) .
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And computing uy takes the same time.
Overall, refreshing G, uy, u, us takes O(n'*%) time.

Proof. From Lemma 3.5.1, we have that when entering PARTIALUPDATE, ||[w®P" — V]|p < O(n%),
and |S™V| < O(n?).

Part 1. Since (WP — V) is a O(n%)-sparse diagonal matrix, multiplying it with a n X n matrix M
takes O (n'*%) time. By memory operation, adding (W*P" — V)M on G also takes O (n'*%) time.
Part 2. Multiplying a O (n®)-sparse diagonal matrix (W*" — V) with a n X n matrix M and then
with a n X 1 vector u, takes O (n'*%) time.

Part 3. Computing VWaPP" £ ( h2PP") takes O (n) time. Multiplying a O (n%) xn matrix L, [ (Mgnew)T]
with a n x 1 vector VWP f(h%PP") takes O (n'*%) time. Multiplying a O(n%) x O(n®) matrix
B™ with a O(n%) x 1 vector L, [(Mgnew)T ] VW3aPPT £ (h2PP") takes O(n**) time. Finally multi-
plying a n X O(n?) matrix 1gnew that only has O(n“) non-zero entries with a O(n%) X 1 vector

B™P( Mgnew) TA/WaPPT f ( h2PPT) takes O (n) time. Thus in total this step takes O (n'*%) time. ]

Remark 3.8.9. Note that this running time of O (n'**) is always dominated by the O (Tmat(n, n®, ;))

time of other computations of PARTIALMATRIXUPDATE (see Lemma 3.5.18).
Lemma 3.8.10. In the procedure QUERYy, it takes

1. O(n®*%) time to compute u; «— uy +c - (WP V) (ﬁz + M - (VWapPr £ (pPPr) — VWE(g) +
Lgnew (y"™P =y — 6y)))~

2. O(n) time to compute uy < us + ¢ - (\/Wapprf(happr) + Lgnew (y'MP — vy — 67)). And com-
puting uy takes the same time.

Overall, calculating uy, ua, uy takes O (n®*<) time.

Proof. When entering QUERY, from Lemma 3.5.1, we have that [[w®P' — y||g < n® and ||A%PP" —
gllo < n?, thus [[NW™ £(h®P) = VW £(g)llo < O(n®). From Lemma 3.5.1, we also have that
|w®Pr —T||o < 1, and |S"V| < O(n%).

Part 1. We need to compute the following four parts:
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1. Multiplying a n X n diagonal matrix W?PP" — V with a n x 1 vector 3, takes O(n) time.

2. Multiplying a n®-sparse n X n diagonal matrix W2PP" — V with a n X n matrix M and then with

a O(n)-sparse n x 1 vector (VW2PPr f(h2PPY) — \/V f(g)) takes O (n®*%) time.

3. Computing Lgnew (Y™ — v — dy) takes O(n) time. Multiplying a n-sparse n X n diagonal
matrix W¥%P' —V with a n X n matrix M and then with a O (n®)-sparse n x 1 vector 1 gnew (y™MP —

y1 — dv) takes O (n®*?%) time.

So overall this step takes O (n%+%) time.
Part 2. Computing VW2Pr . f(h?PP") takes O (n) time. And multiplying a n X O(n“) matrix 1gnew
that only has O(n“) non-zero entries with a O(n“) x 1 vector (y™P — y; — dy) takes O(n) time.

Thus in total this step takes O (n) time. O

Remark 3.8.11. Note that this running time of O (n®*%) is the same as other computations of QUERY

(see Lemma 3.5.3).

Lemma 3.8.12. The amortized running time of procedure MAKEFEASIBLE is

Proof. In this proof, we will use superscript notations that are consistent with section 3.6. Let
wU*D denote the input w"" of UppATEQUERY in the j-th iteration. Let w?PP-(*1) be the output of
UppATEQUERY in the j-th iteration. Let wo'%() be the values of w°¢ at the beginning of the j-th
iteration. Let SU) := {i: |W?ld’(j) - w?ppr’(jﬂ)l > w?ld’(j)/Z}, and we define ’k\j = |§(f)|. Note that
in the j-th iteration, procedure MAKEFEASIBLE takes worst-case O (n - Ej) time. We use a similar
amortized argument as that of Lemma 3.6.19.

We define the following potential function

©; = > ww? Wi ),

i=1
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where the function ¢ is defined as Definition 3.6.4. We let g € R” be the all one vector. Applying

Lemma 3.6.23 (set v(/) of the lemma statement to be w°4-(1)), we have

n
(wmove)) := )" g; - B [w(wf’”)/wf]d’(” — 1) =y (WD w0 _ ‘ U)ol ()
i=1

=0(Cy + C2/3mp) llgll2 = 0((Cy + C2/8mp) : \/ﬁ) (3.74)

From Section 3.8.1, we have waPn(/+1) X mp wU*D  And from Lemma 3.8.5 we have

—( : : : S (+1) . old,(j
WUt g wlHD Sowaen(+h ~ L w(*D Foreveryi € S, we have |w ™ U+ 010 _

1| > 1/2 by definition of S, thus

|W§j+1)/w?ld’(j) _ 1| — |(W?PPT,(J'+1)/W?I¢(]')) . (w§j+1)/W?PPrs(f+l)) _ 1|

Emp

where the last step follows from gy, < % (Assumption 3.6.5) and &gny < 1505 (Def. 3.8.1). Thus

old,(j+1) .
i

z//(wl(j“) / w?ld’(j) —1) > &pp from the definition of y. Since fori € SU, w is updated to be

L(j+1
PP (+1)

; , we have

|wfj+1)/w?1d’(j+l) -1 = |w§j+1)/w?ppr’(j+1) — 1| < &mp + &giny < 1.1eyp.
Thus w(wfj D / w?ld’(j D _ 1) < 0.6&mp from the definition of ¢ (Definition 3.6.4).

So we have

n
(v move)(f) = ZE [¢’(W§]+1)/W?ld’(1) -1) - w(W§]+l)/w?ld,(]+l) ~1) ‘ W(j), WOId,(j)]
i=1

> Z E [l/,(wlml)/w?ld,(j) 1) — g (w24 ‘ W) Wold,(j)]
i€S\)

2., (Emp = 0.66mp) = Qempko1). (3.75)
ieSW)

\%
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Combining Eq. (3.74) and Eq. (3.75), we have

T-1 T
E[®r] - ®p = » ((wmove)”) — (v move))) < T - (Ci + Cafemp) - Vit = Y Qempk)).
j=0 _]=1

Since when initialize we set w9 to be wy, we have ®y = 0. And since E[®r] > 0, we have
T —_
Z ki <T-(Ci/emp+Cafely) - V.
j=1

Thus the amortized running time of MAKEFEASIBLE is (C/&nyp + C2/ alznp) -nl, O

Remark 3.8.13. Note that the amortized time of MAKEFEASIBLE is dominated by the amortized time

of MatrixUppATE (Lemma 3.6.19).
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Algorithm 19 Feasible version of Main (Algorithm 17)

1: procedure MaIN(A, b, ¢, 5, a, a)
parameter

—_—
— O

_.
N

e e e
D A A

NN
W n T

24
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:

R A A i

®)
T2

emp — 1072 /logn, &g < emp/100logn, & «— 1077 /logn
A« 40logn, s «— min{g,}l
bsketch — 1012\/ﬁlog8 n/srznp

Liketch < I’ll/2+0(1>

Create Lgerch sketching matrices Ry, Ry, - -+ , Rp ., € RPsecnxn
— [RT RT ... RT T

Let R = [Rl ) R2 ’ ’ RLsketch]

Modify the linear program and obtain an initial x(*) and s(©.
Let mp, and mpg, be projection maintenance data structures.
Let f; : x = vx, fo:x > Asinh(A(x —1))/vx

-~ (0)
mp, INITIALIZE( f;, Emps Efars A A, bsketchs Lsketch, A, f:(_o), x(@ 5O . R)

_ (0) (0) ¢(0)
mp(l)~INITIALIZE(fCDa Smpe Efar, d, A, bsketcha LSkCtCha Aa %9 %, R)

Global X,5,x, s, t, "V, wold
T — x — x<0), T § — S(O)’ wold  (0) ¢(0)
M te1, j0
while 7 > 6%/(32n%) do
tnew%(l—ﬁﬁ)t, je—j+1
repeat
5. Y g s» WPPT «— ONESTEPCENTRALPATH(MP,, mpg, £, 1"*V)
if the Lgerch sketching matrices are used up then
re-initialize mp, and mpg with new ones.
end if

> Theorem 3.7.12+3.8.2, A, b, c are inputs of LP, ¢ is the accuracy

> Lemma 2.2.15

> Algorithm 22
> Algorithm 22

> Algorithm 20

until [|[x 7 '0xlle < 5e, |5 '0slle < 5&, if this condition is false, revoke the updates of

U1, Uz, us, us in mp, and mpg

X —X+0y,8 < 5+0
MAKEFEASIBLE(w?PPT)
if j > \nmort < °9/2 then

X «—x — (mp,.u; + mp,.G - mp,.uz) — (Mpg.U; + Mpg.G - Mpg.12)
s < s+ (mp,.uz + mp, M - mp,.us) + (Mpg.u3 + Mpg,.M - Mpg,.U4)

mp, INITIALIZE(& ., Efar, @, @, b, L, A, w¥PP' h?PPT R)
mpg. INITIALIZE(E1p s Efar, 4, A, b, L, A, w*PP", h?P" [t R)
Jje1, old ¢
end if
if ®,(x5/t — 1) > n’ then
(x,5) « CrassicALSTEP(X, S, "V)
XX, §<35§
Construct sketching matrices R similar as before.
mpt.INITIALIZE(f,, Emp> Efar, A, a, bgketch, Lsketchs A, %, xs, R)
mpg,. INITIALIZE( fo, Emps Efar» @> @, Dkerch Lsketchs A, 5, 55, R)
end if
t — Z,HCW
end while
return x

43: end procedure

> Use the central path step of [39].

> Algorithm 22
> Algorithm 22
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Algorithm 20 Feasible version of ONESTEPCENTRALPATH (Algorithm 18)

1: procedure ONESTEPCENTRALPATH(MD,, mpg, £, 1"*V) > Part 1 of Theorem 3.8.2
2 W X/s > X, s is global variable
3 H— XS
4 (Gt.xs Pt.x> Pr.s» WPPT) «— mp, .UPDATEQUERY (W, 1) > Algorithm 24
5: > this data-structure works with function f; (x) = v/x
6 (go.x> Pd.x» Pb.s» WPPT) «— mpg.UPDATEQUERY (W, 11/1) > Algorithm 24
7 N > this data-structure works with function fp(x) = V®(x — 1)/+/x
8 éx —qixtqox — (pt,x + pd),x)
9: 5s <~ DPt,s + Po,s

10: X —X+qrx+qo,x

11: return (S, 55, wPPT)

12: end procedure

Algorithm 21 Data structure : MAKEFEASIBLE.

1: data structure

2: procedure MAaKeEFEASIBLE(w?PP") > Part 2 of Theorem 3.8.2
3 S e (i wod - wiPPT| > yp0ld 0y

4 Xg < xg— ((mp,.u1)g + (mp,.G - mp,.uz)g) — ((Mpg.u1)g + (Mpg,.G - Mpg,.u2)5)

5: Sg < sg+ ((mp,.u3)g + (mp,.M - mp,.us)g) + ((Mpg.u3)g + (Mpg.M - mpg,.14)3)
6: wold  ,3PPr
7: end psrocedurse
8

: end data structure
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Algorithm 22 Data structure : feasible version of members (Algorithm 4), invariants (Assump-
tion 3.4.1), and IN1TIALIZE (AlgOrithm 5)

R A Al > e

[N I N I S I e e e e e i )
N2 Y I3Iaankhdde

data structure

members
> We continue to have all previous members of Algorithm 4.
Uy, U, usz, Uy € R"
G c Rl’lxn
end members

invariant
e > We continue to maintain all previous invariants of Assumption 3.4.1.
G=VAT(AVAT) A > G € RN
x=u;+Gup >x € R"
s=u3+ Mugy >x € R"

: end invariant

: procedure INITIALIZE( [, Emp, Efar» 4, a,b,L,A,wg, ho, R)

e > All previous members are initialized as of Algorithm 5.
G «— WoAT(AVAT)"'A > G € R
uy, uz, uz, g < 0 > uy, U, u3, g €R"

: end procedure

: end data structure

Algorithm 23 Data structure : ScaLarC.

1:
2
3
4
5:
6
7
8

9:
10:

procedure ScaLARC(A?PP") > Output a number ¢ € R
if self.name = mp, then
C — tn:W -1
end if
if self.name = mpg, then
[ h*PPr. ¢
¢ = =5 " eI
end if
return c

end procedure
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Algorithm 24 Data structure : feasible version of UppATEQUERY (Algorithm 8)

: data structure

: procedure UpDATEQUERY(w"W, h"V)

1

2

3

4: h®P" p. p <« UpDATEG(h"™Y)

5: wapPr [ k UPDATEV (W™, h2PPT)
6

7

8

9

r « QUERY (w?PP" j2PPT)

¢ < ScaLARC(h?PPr)
: if self.name = mp, then
10: [ hePPr

11: end if

12: if self.name = mpg, then
13: @ — h*Pr .

14: end if

15: W o« waPPr

16: X — LW, s —u/w
N (e
18: Px < % cCc-r

19: Ps < \/g sCc-r

20: return g, px, ps, w*PP"
21: end procedure

22:

23: end data structure

> Compute r = R[[]T

> Theorem 3.3.9

> Theorem 3.8.2

> Algorithm 10, p and p are only used for analysis.
> Algorithm 9, k and k are only used for analysis.

> Algorithm 25, Lemma 3.4.7, 3.5.3, 3.8.10

R[IINWpr AT (AWPPTAT ) =1 ANW2ppt f(p2pPr)

>u=xsand w =Xx/s
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Algorithm 25 Data structure : feasible version of QUERY (Algorithm 12)

19:
20:
21:

22:

23:
24:

25:
26:
27:
28:

1
2
3
4:
5:
6
7
8
9

10:
11:

12:
13:
14:
15:
16:
17:

18:

: data structure > Theorem 3.3.9

: procedure QUERY(w?PP", R2PPT) > Lemma 3.4.7, 3.5.3, 3.8.10
: OA,OT, 0&,08, AV, _, _, 8™V §" « CoMPUTELOCALVARIABLES (w?PPT gmeW)

> Algorithm 11

}’1<—ﬁ1[l] >I’1€Rnb

ry — Q[I)& + R[[]y2 + R[[]6T M (& + 8€) + (Q[1] + R[[|TM)dé >ry € R

r3 <« R[I](I"'+ 01N Bs >r3 € R"”

0y « B- (L [(Bas\s] = Lr[(B2)s']) + B - (L [(Mas\s)T] = L [(Ms)T]) - (€ +0é) +E - 9¢
> local variable 9y € R

(U',C,U) « DECOMPOSE(L*[(AIS’% Snew)_l + Mgnew gnew] — L, [Ag,ls + MS,S])
> DEcOMPOSE is defined in Lemma 3.3.4. U’, U € RO"“*319S| ¢ ¢ R319SIx3|9S|

OE «— Es — Bssns) - M(ssns),os ;
(0E)s) < —(0E)s/, (0E)(snas)\s’ < 0 > local variable dE € R *195

U™ « [Bys, Bas, OE]
> local variable U'™P e RO"“*319S| y/'mp = BUJ’ (Corollary 3.3.7)
YR — U™ (Cl 4+ UTU™PYTIUT - (v + ) > local variable, Y™ e RO

4 (LeLQUDsws 1+ FUI+RIIT (L [Masis] - Le[ Mg 1)+ RUIOT L [ Myes]) (™ =y, = 37)

r— R[] (ri+ry+r3+rs) >r e R"
[—1+1
¢ < ScALARC(h?PPr)

Uy — uy +c- (WP V) (,32 + M - (NWPT £ (RPT) — NV f(g) + Lgnew (™ — y — ﬁy)))
> 1gnew € R0 only has ones in positions (i, ) for i € SV

Uy «— Uz +c- (VWaPPrf(happr) + Lgnew (y"™P — y — (9)/))

Uy g +c- (VWaPPrf (h*PPT) + T gnew (™™ — 1 — 87))
return r

end procedure

29: end data structure

182



Algorithm 26 Data structure : feasible version of MATRIXUPDATE (Algorithm 13)

1
2
3
4:
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:

: data structure > Theorem 3.3.9

: procedure MATRIXUPDATE(w?PPT, h2PPT) > Lemma 3.4.17,3.5.12,3.8.7
: ey LA™Y TV SV« ComPUTELOCALVARIABLES (W?PP', ) > Algorithm 11
MY — M~ Mgron - (A2, 1) ™! + Magnon o)™ - (Mignon)T
thp — 0 +R(Fnewthp) + R\/V(thp _ M)
I QUINWI £ (g)
3P e MR £ (g)
EMP — VWPT(f(g) — f(8))
> We start to refresh variables in the memory of data structure
¢ < ScaLARC(h?PPr)
G — WapPrjytmp
up — uy + Guy + ¢ - WP JtmP/)yappr £ (j2PPr)
U3 — uz + Muy + ¢ - M™P~[Wappr £ ( 2PPr)
Uy < 0, Ug <— 0
Q « QMP M «— M"™P
Bi— BT By = By, & — &M
YV wappr
B—IF«0E«20
S—0A—T 0,y <7y« 0
end procedure

22:

23

. end data structure
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Algorithm 27 Data structure : feasible version of PARTIALMATRIXUPDATE (Algorithm 14).

data structure > Theorem 3.3.9

1:

2

3: procedure PARTIALMATRIXUPDATE(w?PP", h?PPT) > Lemma 3.4.21, 3.5.18, 3.8.8
4 00, _, 08, A"V, TV SV« CompUTELOCALVARIABLES(W?P', ) > Algorithm 11
5. (U,C,U) DECOMPOSE(L*[(Agi?W, grew) ™+ Moo o] — L. [AGLs + MS,S])

6 > DEcomPosE is defined in Lemma 3.3.4
7 B™ « B-BU'(C~'+UTBU)"'U™B

8 F'P « F+RT - (L[ Mps\s] = Lc[Ms/]) + ROT - L[ Mgnew]

9:  E™P «— E+B™(L,[(Mys\s)"] - L [(Ms)T]) - BU(C'+UTBU") 'UTE
10: ™ — VWP f(2) - VV f(g)
1 )™ e B L, [ grev] + BUP - L, [(Msnen) T]EMP
120 ™y + T+ AN MW —\V) £(2) + TM(VF(Z) - VW £ ()
13: ¢ < ScALARC(h?PPT)
14: GG+ (WPr_V). M
15: Ui <—u1+(Wappr—‘7)-Mu2
16: Uy «— Ur+C - (\/Wf(happr) — 1gnew B™P L, [ (Mgnew) 7] \/Wf(happr))

17: Uy <— Ug+c - (1/ dpprf(happr) _ ISHCWBtmp.Er (MSneW) w/ dpprf(happr))

18: > We start to refresh variables in the memory of data structure
19: B« B™ F « FWP F  E'Wp

20: E— EMP oy — ytlmp, vy — y;mp

21: Ve~ WP S — STV A — ATV T o [V

22: end procedure

23:

24: end data structure
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Chapter 4: Solving Tall Dense SDPs in the Current Matrix Multiplication

Time

4.1 Overview

In semidefinite programming (SDP) we optimize a linear objective function over the intersection
of the positive semidefinite cone with an affine space. SDP is of great interest both in theory and in
practice. Many problems in operations research, machine learning, and theoretical computer science
can be modeled or approximated as semidefinite programming problems. In machine learning,
SDP has applications in adversarial machine learning [127], learning structured distribution [128],
sparse PCA [129, 130], robust learning [131, 132, 133], sparse matrix factorization [134, 135]. In
theoretical computer science, SDP has been used in approximation algorithms for max-cut [50],
coloring 3-colorable graphs [51], and sparsest cut [52], quantum complexity theory [53], robust
learning and estimation [136, 137, 138], algorithmic discrepancy and rounding [139, 140, 141],
sum of squares optimization [142, 143].

SDP is formally defined as follows:

Definition 4.1.1 (Semidefinite programming). Given symmetric' matrices C, Ay, -+ , Ay, € R™"

and a vector b € R™, the goal is to solve the following optimization problem:

XeRmn (€%
subjectto (A;, X) = b;, Vi € [m], 4.1)
X =0,
I'We can without loss of generality assume that C, Aq,---, A, are symmetric. Given any A € R™"  we have

Yo AiXij = 2 AijXji = X (AT);;X;j since X is symmetric, so we can replace A with (A +AT)/2.
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where (A, B) = },; ; Ai ;B j is the matrix inner product.

2 since there are m constraint matrices each of size

The input size of an SDP instance is mn
n X n. The well-known linear programming (LP) is a simpler case than SDP, where X > 0 and
C,Ay, -+, A, are restricted to be n X n diagonal matrices. The input size of an LP instance is mn.

Recently there has been an exciting line of research that pushes the LP solvers to nearly linear
running time in the input size, see the discussion in Section 3.1. For the more general optimization
problem of SDP, currently there is no such known result with running time nearly linear in the input
size. This is a challenging problem due to a variety of complications arising from generalizing
vectors to PSD matrices. After a long line of research ([15, 144, 145, 146, 115, 55], see the third
column of Table 4.1), the current best SDP algorithm (due to Jiang, Kathuria, Lee, Padmanabhan
and Song [55]) runs in O (\/n(mn? + m® + n®)) time. Since the input size of SDP is mn?, ideally
we would want an SDP algorithm that runs in O (mn® + m® +n®) time. The current best algorithms
are still at least a v/n factor away from the optimal.

Inspired by the breakthrough result [43] which solves LP in the current matrix multiplication

time, a natural and fundamental question has been asked for SDP (explicitly in [147]):
Can we solve SDP in the current matrix multiplication time?

More formally, for the above formulation of SDP (Definition 4.1.1), is that possible to solve it in

mn® + m® + n® time? In this work, we give a positive answer to this question. For the tall dense

2+1/4

case where m = Q(n?), our algorithm runs in m® +m time, which matches the current matrix

multiplication time. The tall dense case is one of the two predominant cases in [55] (see Table 1.2

in [55], and we improve it in Table 4.1).

4.1.1 Our Results

We present a simplified version of our main result in the following theorem. The formal version

can be found in Theorem 4.2.1.
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Theorem 4.1.2 (Main result, tall SDP, informal version of Theorem 4.2.1). Let m > n?. There is

an algorithm that solves a general SDP with variable size n X n and m constraints in time

0*(ma) + m2+l/4)’

where w is the exponent of matrix multiplication.

2

Remark 4.1.3. For any m > Q(n?), our algorithm takes matrix multiplication time m® for current

w ~ 2.373.

Remark 4.1.4. For any m > n

2-05/w 5 1.

[55]. See Remark 4.2.2.

" ywhere w ~ 2.373, our algorithm

runs faster than

Year | Authors References Method | Runtime
1979 | Shor, Yudin, Nemiroski, Khachiyan [14, 15, 13] CPM n®
1988 | Khachiyan, Pavlovich, Erlikh, Nesterov, | [148, 144] CPM n’
Nemirovski
1989 | Vaidya [145] CPM n6-746
1992 | Nesterov, Nemirovski [54] IPM n®>
1994 | Nesterov, Nemirovski, Anstreicher [35, 149] IPM pl0-75
2003 | Krishnan, Mitchell [150] CPM n®-746
2015 | Lee, Sidford, Wong [146] CPM n®
2020 | Jiang, Lee, Song, Wong [115] CPM n®
2020 | Jiang, Kathuria, Lee, Padmanabhan, Song | [55] IPM nd-240
2021 | Our result Theorem 4.1.2 | IPM n*-740

Table 4.1: Total running times of the algorithms for SDPs when m = n?, where n is the size of
matrices, and m is the number of constraints. Except for the last line, the rest of the table is the
same as Table 1.2 in [55]. CPM denotes the cutting plane method, and IPM denotes the interior
point method. The running times shown in the table hide n°", m°) and poly log(1/€) factors,
where ¢ is the accuracy parameter. In this table, we use the current best known upper bound of
w ~ 2.373. This gives n*47® = n?® = ;.

Roadmap.

* We give an overview of our result in Sections 4.1.2 and Section 4.1.3.

2We use O* to hide n°() and log® " (n/e) factors and O to hide log® ™M (n/e) factors, where ¢ is the accuracy
parameter. The running time actually has a v/n - m? term. For simplicity we write it as m>*!/* since we are considering

the case m > n?.
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* We formally prove our result in later sections.

In Section 6.2, we define the notations and provide some known tools that we will use.

In Section 4.2 we present our algorithms, and prove the main theorem by combining

the lemmas proved in Section 4.3 and 4.4.

In Section 4.3 we prove the correctness of our algorithm.

In Section 4.4 we bound the running time of our algorithm.

In Section 4.5 we include a standard initialization lemma for completeness.

4.1.2 Previous Techniques

Current fast algorithms for SDP can be classified into two main categories: the cutting plane
method (CPM) and the interior point method (IPM). The fastest known algorithms for SDP based
on the cutting plane method [146, 1] have m iterations and run in O*(m(mn? + n® + m?)) time.
The fastest known algorithm for SDP based on the interior point method [55] has +/n iterations and
runs in O* (\n(mn® + n® + m®)) time. Since we consider the case where m > n, in this paper our
algorithm is also based on the interior point method.

In this section we first give a brief introduction to the interior point method for SDP. Then we
discuss the bottlenecks of the previous fastest algorithm [55]. Finally, since a better amortized
analysis is one of the keys for us to improve from [55], we provide a summary of some known

amortized analyses for various optimization algorithms.

Interior Point Methods for Solving SDP

The primal formulation of the SDP in Eq. (4.1) is equivalent to the following dual formulation:

Definition 4.1.5 (Dual problem). Given symmetric matrices C, Ay, ..., A, € R"™" and b; € R for
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all i € [m], the goal is to solve the following convex optimization problem:

min by
yean

subject to S = Z viA; — C, 4.2)
i=1

S =0.

Using interior point methods to solve SDP is fast both in theory and practice. Interior point
methods solve the above problem by (approximately) following a central path in the feasible region
{y eR":§=73",yiA; = C = 0}. A point on the central path is defined as the solution to the

following optimization problem that is parametrized by n > 0:

){Iel]lignl@ fa(y), where fy(y) =n-b"y + ().

Here ¢ : R — R is a barrier function that restricts y to the feasible region since ¢(y) increases to
infinity when y approaches the boundary of the feasible region. The interior point methods usually
start with an initial feasible y for a small 7, and increase 1 in each iteration until y is close to the
optimal solution of the SDP.

The choice of the barrier function leads to different numbers of iterations. Nesterov and
Nemirovski [54] utilize the log barrier function ¢(y) = —log det(S) which guarantees convergence
ino (+/n) iterations. Anstreicher [149] uses the volumetric barrier ¢(y) = % log det(V2g(y)) which
guarantees convergence in o ((mn)'/#) iterations. Since in this paper we consider the tall dense
SDP where m > n, we choose the log barrier function.

In this paper we use the barrier method that takes a Newton step n(y) = —H (y)‘lg,,( y) in each

iteration to keep y in the proximity of the central path. Here g, (y) and H(y) are the gradient and
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the Hessian of f;(y), and they are computed as

g () =n-b;—t[S'-A;], Vje[m],

Hy)jx=t[S"-A; -8 A, Vi, k e [m]. (4.3)

Solving Tall Dense SDP with Existing Algorithms

For the tall dense SDP, the fastest known algorithm is given in [55]. We briefly summarize
the techniques used in [55], and explain each term in their running time. Then we discuss the

bottlenecks in [55] that we need to overcome in order to achieve our result.

Techniques. [55] leverages the following three observations:

* Computation of the Hessian matrix can benefit from fast rectangular matrix multiplication.
Using this technique, [55] reduces the cost of computing the Hessian from the naive m?n?

time to Tmac (1, mn, n) + Tmar(m, n%, n) time.

* For interior point methods it suffices to use a PSD approximation to the Hessian matrix H.

This is standard in the theory of interior point methods (see Lemma 2.3.1).

* The slack matrix S can be updated lazily by only focusing on the directions in which the
new variables deviate too much from the existing variables. The resulting approximate slack
matrix S can be used to compute a PSD approximation of the Hessian matrix. Using this lazy

update, [55] is able to further amortize the cost of computing the Hessian to mn? + m® + n®.

Running time. The terms in the O (/7 - (mn® +m® +n®)) running time of [55] have the following
interpretations: 1. v/ is the number of iterations for the interior point method to converge, 2. mn?
is the input size, 3. m is the cost to invert the Hessian matrix, 4. n“ is the cost to invert the slack

matrix.

190



Bottlenecks. When m = O(n?), [55] takes v/n - m® time since m® becomes the dominating term

among mn” + m® + n®. This cost of m® per iteration appears in the following two steps:

* Bottleneck 1: Computing the inverse of the Hessian matrix H € R"™*™ takes O (m®) time.

* Bottleneck 2: The amortized cost of computing the Hessian matrix itself has a max{m®, n®}

term (see Lemma 7.4 of [55]).

Low-rank update of Hessian. In Page 9 of [55], the authors mention that the Hessian matrix H
is unlikely to admit low-rank updates because the Frobenius norm of the update of H could be as
large as Q(n). This observation, however, does not rule out the possibility that H has a low-rank

2

update when m = O(n?), because in this case H is an n> x n*> matrix and Q(n) is still a small

amount.
A Summary of Amortization Techniques

In Table 4.2 we summarize the known amortization techniques of various optimization problems.

Our amortized analysis is built upon these techniques.

References | Problems | Objects Tools

[39] LP vector FMM: w

[43] LP vector FMM: w, a

[44] ERM block diagonal matrix | FMM: w, @
[115] CPM vector FMM: w, a, B,y
[1] LP vector FMM: w, a

[55] SDP PSD matrix FMM: w(+), a
[151] DNN multiple vectors LSH

Table 4.2: A summary of amortization techniques. FMM denotes Fast matrix multiplication. LP
denotes linear programming, SDP denotes semidefinite programming, CPM denotes cutting plane
method, ERM denotes empirical risk minization, DNN denotes deep neural networks. We define
w,a, B,y as follows: n®°WN) = 7. (n,n,n) [111], n#*°D = Tr.(n, n, n®) [96], n®poly(logn) =
Tmat (1, 1, 18) [152], O(n?) = Tmat(n, n,n?) [153]. Further we define w(-) function as n®®)+o(1) =
Tmat(n, n, n%). Tt is obvious that w(1) = w and w(a) = 2. LSH denotes locality sensitive hashing
[70].

The first few lines in the table show the amortization of vectors and block diagonal matrices. The

amortization technique in [39] for LP is very simple, and it basically re-computes everything in n%4
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iterations. [43] proposed a more complicated amortization technique and reduced the amortized

w=1/2 4 p2-2/2 Later, many work have successfully generalized it to other settings, e.g.,

time to n
ERM [44], CPM [115] and DNN [151]. In [1], the authors proposed a multiple-level amortization
technique which improves by a polynomial factor from the one-level amortization used in [43].
Semidefinite programming considers PSD matrices instead of vectors. The amortization tech-
nique in [55] extends several results from [43]. However, their amortized cost is still dominated
by m®, and it was believed to be hard or impossible to have a stronger version of amortization for

SDP. That is one of the major obstacles that [55] didn’t obtain the optimal running time (see the

previously described Bottleneck 2). In this work, we overcome that obstacle.

4.1.3 Our Techniques

In this section we introduce our main techniques, and provide a self-contained proof sketch of
our main result Theorem 4.1.2. We tackle the two bottlenecks of m® cost per iteration in [55] by

proposing two different techniques:

* Bottleneck 1: Instead of inverting the Hessian matrix from scratch in each iteration, we make
use of the already-computed Hessian inverse of the previous iteration. We prove that using
lazy updates, the changes to the Hessian (computed using Kronecker product) is low-rank,

and thus we can use Woodbury identity to efficiently update the Hessian inverse.

* Bottleneck 2: We propose a better amortization scheme for PSD matrices that improves

upon the previous m® amortized cost.

Algorithm. A simplified version of our algorithm is given in Algorithm 28.

Low Rank Update of Hessian

In this section we describe how the low-rank update of the slack matrix leads to a low-rank

update of the Hessian matrix.
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Algorithm 28 Informal version of Algorithm 29

1: procedure SoLveSDP(m,n, C € R™", {A;}?, € R™", b € R™)

2 fort=1—Tdo >T = O(y/n)
3 " —n-(1+1/+/n)

4 gpev (9)j " b —uw[ST-Aj], Viem > Gradient computation
5: Oy ~H! - gprew () > Update on y € R™
6 ynew —y+ 6y

7 snew Zie[m] (ynew)iAi -C

8 Compute Vi, V, € R such that Snew — S 4V V2T

9: > See Step 1 of Section 4.1.3
10: Compute V3, V4 € R™ such that (:S’v“e‘"’)‘1 = (:S'V)‘1 +V3-V]
11: > See Step 2 of Section 4.1.3
12: Compute AY;, AY, € Rt guch that H™Y = H + (AY)) - (AY»)T
13: > See Step 3 of Section 4.1.3
14: (H new)=l H™! + low-rank update, use fast rectangular matrix multiplication
15: > Efficiently update Hessian inverse, see Section 4.1.3
16: Yo YV g guew g ghew =l (pmew)-l > Update variables
17: end for

18: end procedure

The Hessian matrix is equivalently defined as (equivalent to Eq. (4.3))

H=A-(S"'"®85") AT,

where A € R stacks the vectorization of A 1, Ay € R™", We take the following three steps

to construct the low-rank update of H.

Step 1. low-rank update of the slack matrix. We follow [55] to use an approximate slack matrix
that yields a low-rank update. In the ¢-th iteration of Algorithm 28, we use S to denote the current
approximate slack matrix, and "V to denote the new exact slack matrix. We will use S and S"eV
to find the new approximate slack matrix Soew

Define Z = (§"%)~V/ 254 (§"W)~1/2 _ I which captures the changes of the slack matrix. We
compute the spectral decomposition: Z = U - diag(4) - UT. It is observed in [55] that )" /112 =
|S~1/28meWs=1/2 _ || = O(1), which implies that only a few eigenvalues of Z are significant, say

e.g. A1,...,4,. We only keep these eigenvalues and set the rest to be zero. In this way we get a
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low-rank approximation of Z: Z=U- diag(;f) -UT where 1 = [A1,-++ ,4,,0,...,0]T. Now we

can use Z to update the approximate slack matrix by a low-rank matrix:
Sw'new — §+ (SneW)1/2 . Z (SneW)1/2 — §+ Vi - VZT’

where V; and V5 both have size n x r,. Since Z is a good approximation of Z, it can be shown
that S"™¥ is a PSD approximation of S"°¥, which guarantees that y still lies in the proximity of the

central path.

Step 2: low-rank update of inverse of slack. Using Woodbury identity, we can show that
(S = (S+V, - V) =5+ 3V,

where V5 = =S~V (I + VZT:S'V‘IVI)‘1 and V; = S~'V, both have size n x r,. Thus, this means

(§Hew)‘1 — S~! has a rank r; decomposition.

Step 3: low-rank update of Hessian. Using the linearity and the mixed product property (Part 2
of Fact 2.2.3) of Kronecker product, we can find a low-rank update to (S"W)~! @ (S"e%)~1 More

precisely, we can rewrite (S"%)~! ® (S"%)~! as follows:

(§neW)—1 ® (§neW)—1
S A AAEICEEA A

=51 eSS e (W) + (V) ST (V) @ (VY))

Saift

The term Sgif is the difference that we want to compute, we can show

Siir = (7120 V3) - (ST eV + (V30852 - (V] @ STV + (V30 V3) - (V] @ V))

=YY,
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where Y| and Y, both have size n”> x nr,. In this way we get a low-rank update to the Hessian:
I’_I"new -A. ((§HGW)—] ® (§H€W)—l) AT = I’_I"_l_ (AY]) . (AYz)T.

Computing Hessian Inverse Efficiently

In this section we show how to compute the Hessian inverse efficiently.

Using Woodbury identity again, we have a low rank update to H:

(H™)~ = (H + (AY}) - (AY2)T)™!

=H'-H'-AY,-(I+Y]AT-Av) "' YJAT - H!

The second term in the above equation has rank nr. Thus (H™")~! — H~! has a rank nr decompo-
sition.
To compute (ﬁnew)_l, we stack the m vectorizations vec[Aq], vec[A3], - ,vec[A,] € R”

to form A € R™""_ In each iteration, we first compute AY, AY, € R™t and multiply it with
H™' e R™m o get H-'-AY;, H"'-AY, € R Then we compute I+(Y, AT)-(AYy) € R and
findits inverse (/+Y,"AT-AY;)~! € R, Finally, we multiply H'-AY,, H . AY, € R™" and
(I+Y,AT-AY))~! € R together to obtain (H)'Ay;- (I+Y,AT-Ay))™! -YzTAT(ﬁ)‘1 e R™M
as desired. Using fast matrix multiplication in each aforementioned steps, the total computation

cost is bounded by
O (Tmar(m, n*, nry) + Tt (m, m, nry) + (nr)®). (4.4)

General Amortization Method

As mentioned in previous sections, our algorithm relies on the maintenance of the slack matrix
and the inverse of the Hessian matrix via lazy updates. In each iteration, the time to update

S and H to §new and ﬁnew is proportional to the magnitude of low-rank change in § namely
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ry = rank(Spew — ).
To facilitate the quantification of r;, we propose a general amortization method which extends
the analysis of several previous works [43, 44, 118, 55, 15 11> We first prove a tool to characterize

intrinsic properties of the lazy updates, and this tool may be of independent interest.

Lemma 4.1.6 (Informal version of Lemma 4.4.9). Given a sequence of approximate slack matrices
g(l), §(2), el S(1) ¢ Rrxn generated by Algorithm 29, let r; = rank(S:(’”) - :ST(”) denotes the rank

of update on S Then for any non-increasing vector g € R, we have

T

D g, < O(T-glh).

=1
Remark 4.1.7. Theorem 6.1 in [55] is the special case of Lemma 4.1.6 where g; = 1/Vi.

Proof sketch. For any matrix Z, let |A1(Z)|[;; denotes its i-th largest absolute eigenvalue. We make

use of the following potential function

D,(2) = ) gi A2
i=1

Our proof consists of the following two parts (Lemma 4.4.11 and Lemma 4.4.12):

* The change of the exact slack matrix increases the potential by a small amount, specifically

q)g((SneW)—l/Z . § (SneW)—l/Z _ I) _ q)g(S—l/Z . 37 S—l/2 _ I) < ||g||2

* The change of the approximate slack matrix decreases the potential proportionally to the

update rank, specifically

(Dg((SneW)—l/Z . Enew . (SHCW)—1/2 _ I) _ (Dg((SneW)—l/Z . Sf (SHCW)—1/2 _ I) < -7 - 2.

30ur result doesn’t apply the multiple level amortization technique in [1]. It might be possible to get some extra
improvements once that technique gets applied.
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In each iteration, the change of potential is composed of the changes of the exact and the approximate

slack matrices:

D ((S"W) 2SN ()T ) — (5725 57— )
= (@ ((S™) 712§ (S"W) 12— 1) — @ (572§ 5712 - 1)

+ (q)g((SneW)—l/Z . g’new . (SneW)—l/Z ~1) - q)g((SneW)—l/Z . § (SneW)—l/Z - 1).

Note that d)g(S_l/2 .8+ 8712 _ 1) = 0 holds in the beginning of our algorithm and CIJg(S_l/2 .
S.S§12_ I) > 0 holds throughout the algorithm, combining the observations above we have

T-gll2- Z,T:1 ¢ - 8r, = 0 as desired. u

Amortized analysis. Next we show how to use Lemma 4.1.6 to prove that our algorithm has an

@=1/4 4 m? cost per iteration when m = Q(n?). Note that in this case there are

amortized cost of m
\n = m'/* iterations.
Whenm = Q(nz), the dominating term in our cost per iteration (see Eq. (4.4)) is Tmat(m, m, nr;).

We use fast rectangular matrix multiplication to upper bound this term by

_(t(w—2) w-2 w=2
Tmat(m,m,nry) <m?>+m?> e .pi-a . rie.
. . L w=2 . . .
We define a non-increasing sequence g € R"” as g; = iT-o . This g is tailored for the above

equation, and its £, norm is bounded by ||g|l» < n 2112 Then using Lemma 4.1.6 we have

)

T
T-a _
2. =

t=1 t

(w=2)
e 8r, <T- -nia 1/2‘

T
=1
Combining this and the previous equation, and since we assume m = Q(nz), we have

T
(w-2) 2(w=2)
Z Tmat(m, m,ynry) < T - (m?* + m¥ e n e 2y =T (m?+meT .

=1
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And in this way we proved the desired time bound in Theorem 4.1.2.

4.2 Our Algorithm and Main Result

4.2.1 Main Result

We state our main result as follows:

Theorem 4.2.1 (General SDPs). Given symmetric matrices C, Ay, -+ , A, € R™" and a vector
b € R™. Define matrix A € Rmxn’ by stacking the m vectors vec[A1],--- ,vec[A,] € R™. We
define SDP as follows:

max (C, X)

XGRHX}'I

s.t. (A;,X) =b;, Vi € [m],

X =0,
There is a SDP algorithm (Algorithm 29) that runs in time
0((\/ﬁ(m2 + 1)+ m® +n29) - log(l/s)).

and outputs a positive semidefinite matrix X € R™" that satisfies
(C.X)2(C.X") =& Clb- R and ) KAu %)= bi| < 4ne- (R Y I4ilh +11bl1), 4.5)
i=1 i=1

where X* is any optimal solution to the semidefinite program in Definition 4.1.1, and ||A;||1 is the

Schatten 1-norm of matrix A;.

Proof. The correctness (Eq. (4.5)) follows from Theorem 4.3.1. The running time follows from

Theorem 4.4.1. ]

Remark 4.2.2. For current matrix multiplication time w ~ 2.373 ([111]), the running time of our
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algorithm can be written as

O (max{n**’, m®} -log(1/¢)).

2-0.5/w 1.7

Therefore, when m > n ~ n''", we have max{n**, m®} < vn - m*® and thus our algorithm

is better than [55].

Corollary 4.2.3 (Tall SDPs). When m = Q(n?), we can solve SDP in O(m® -1og(1/g)) time for

current w ~ 2.373.

Proof. When m = Q(n?), the running time of Theorem 4.2.1 is

0((m2 N+ m? S 2o log(l/s)) = 0((m? - +m®) -log(1/€)).

For current w ~ 2.373 , m? - \n = m>2 < m®. O]

Note that the running time of [55]is O (Vn - (n® + m® + mn?)) = O(m®**23) when m = Q(n?).

4.2.2  Algorithm

In this section we present our SDP solver in Algorithm 29. Algorithm 29 makes calls to
Algorithm 30, which computes the same slack update as Algorithm 2 of [55] except we output the

low rank decomposition of the slack update.

4.3 Correctness

In this section we prove the correctness of our SDP solver presented in Algorithm 29.

In Section 4.3.1 we prove that S e R™n updated by Algorithm 30 is a PSD approximation
to the true slack matrix S € R™". In Section 4.3.2 we prove that the algorithm maintains
G =H"'eR™™ and H is aPSD approximation to the true Hessian matrix H € R™*™, We prove

Theorem 4.3.1 using lemmas from previous work (Lemma 4.3.4, 2.3.1, 2.3.2).
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Algorithm 29 One iteration of barrier method for SDP which uses Woodbury identity to update
Hessian.

1: procedure SoLveSDP(m,n, C, {A;} |, A € R’"X”Z, b eR™)

2:
3:

R e A A

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:

> Initialization

Construct A € R™"” be stacking the m vectorizations vec[A], vec[A3], -+, vec[A,;] €
2

N s, T 22ynlog(%)
Find initial feasible dual vector y € R™ according to Lemma 4.5.1

S YiegmYi-Ai—C, S S§ > S, S € R™Xn
G— (A (S'eShH AT)! > G € R™m
> Maintain G = H™! where H :=A- (S"' ® S71) - AT
fort=1—>Tdo > [terations of approximate barrier method
7o (1
forj=1,--- ,mdo
gev (¥); — "V - b; —tr[S71- Af] > Gradient computation, g (y) € R™
end for
8y — =G - gpev () > Update on y € R™
ynew «— y + §y
gnew Zie[m] (yneW)l_ CA; - C
Vi, Vs < LowRANKSLACKUPDATE(S™VY, §) > Vi, Vo € R™ . Algorithm 30.
StV S 1V, A > Approximate slack computation.
Vs — =S7WVi(1+ V) Sy > Vi € R
V4 — §_1V2 >V, € R
Vi =[S @V3), (V3@ 571%), (Vs @ V)] > ¥y € R X(2ureri)
Y — [(572@Vy), (Va®5'2), (Va e V])] > Y, € RPXnrr)
G"™ — G-G-AY,-(I+Y;ATAY) - YJAT -G > GV g RMXm
> Hessian inverse computation using Woodbury identity.
Yy — YV S — SheV, S — §new, G «— GV > Update variables
end for

27: end procedure

Theorem 4.3.1 (Approximate central path, Theorem 5.1 of [55]). Consider a semidefinite program

as in Definition 4.1.1 with no redundant constraints. Assume that any feasible solution X € STj

nxn

satisfies || X||2 < R. Then for any error parameter 0 < & < 0.01 and Newton step size ey satisfying

Ve < ey < 0.1, Algorithm 29 outputs, in T = 408]_\,1\/71 log(n/e) iterations, a positive semidefinite

matrix X € RTF" that satisfies

(C.X) 2 (CX)=6-ICla- R and )" A, %) = b <4n6- (R Y Al +11bl1), 4.6)
i=1 i=1
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Algorithm 30 Low Rank Slack Update

1: procedure LowRANKSLACKUPDATE(S"Y, :S:) N

2 > STV S € S’;é” are positive definite matrices
3 es « 0.01 > Spectral approximation constant
4: gmid (SneW)—l/Z .S (SneW)—l/Z _J

5: Compute spectral decomposition Z™4 = U - diag(2) - UT

6 >A=[A1,---,4,]" € R" are the eigenvalues of Zmid and U € R™" is orthogonal
7 Let 7 : [n] — [n] be a sorting permutation such that [, > [Az i1l

8 if [A(1)| < &5 then

9

: Sl’lCW «— S
10: else
11: re1
12: while » < n/2 and (|72, > &5 0r |72 > (1 = 1/logn)|A()|) do
13: r—r+1
14: end while
5 (Ane) o e 0, ifi = lj2, <o, 21

Ax@i), otherwise.

16: L « supp(A"V - Q) > |L| =2r
17: Vi — ((S"WM)1/2. U - diag(A™Y — 2))..r >V, € R
18: Vs ((SneW)l/Z . U)*,L >V, € R7X2r
19: >V - V2T = (S"WI/2. U - diag(A™™ — 1) - UT - (§"W)1/2
20: end if
21: return S™V

22: end procedure

where X* is any optimal solution to the semidefinite program in Definition 4.1.1, and ||A;||1 is the
Schatten 1-norm of matrix A;. Further, in each iteration of Algorithm 29, the following invariant

holds for ayg = 1.03:
||S—1/2SneWS—l/2 _ I”F < ay-e&y. (47)

Proof. Combining Lemma 4.3.2 and Lemma 4.3.3 we have that ozng <S= asS for ag = 1.011.
Using this PSD approximation of the slack matrix, and using Lemma 4.3.5 and Lemma 4.3.4, we
have that o' H < H < ayH for ay < 1.03.

Then using Lemma 2.3.1 and Lemma 2.3.2, and using the same proof as that of Theorem 5.1

of [55], we finish the proof of this theorem. O
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4.3.1 Approximate Slack Maintenance
The following lemma gives a close-form formula for the updated S"eW in each iteration.

Lemma 4.3.2 (Close-form formula of slack update). In each iteration of Algorithm 29, the update
of slack variable S"¥ (on Line 18) satisfies Snew = g4 (S"eW)1/2. . diag(A™™ — 1) -UT - (§"%)1/2,
where U, 1, A"V are defined in Algorithm 30. This implies StV g g symmetric matrix.

Proof. From Line 17 and 18 of Algorithm 30 we have V| -V, = (S"eW)1/2. U - djag(A™Y — Q) -

UT - (§™%)!/2, Therefore

SV =S4V V) =S+ (S")2. U - diag(A™Y - ) - UT - (87V)12,

The following lemma proves that we always have S~S§ throughout the algorithm.

Lemma 4.3.3 (Approximate Slack). In each iteration of Algorithm 29, the approximate slack

variable §satisﬁes that a;lS <8< asS, where ag = 1.011.

Proof. Notice that

§new — §+ (SneW)l/Z U - diag(/lnew _ /l) LUT - (SneW)l/Z
— gnew (SneW)1/2Zmid(SneW)1/2 + (SHCW)1/2 .U - diag(/lnew _ /1) . UT . (SneW)l/Z

— gnew (SHCW)1/2 .U - diag(/lnew) UT - (SHBW)]/Z,

where the first step comes from Lemma 4.3.2, the second step comes from definition Z™¢ =
(Snewy-1/2.. S - (S"ew)~1/2 _ I (Line 4 of Algorithm 30), and the final step comes from Z™d =
U - diag(Ay,---,4,) - UT (Line 5 of Algorithm 30).

By Line 15 of Algorithm 30 we have (1"%);, < g for all i € [n], so [|(S"V)~1/%. Shew .

(§"W)=1/2 _ ||, = ||U - diag(A™™) - UT||» < &s. This implies that for as = 1.011, in each iteration

of Algorithm 29 the slack variable S satisfies ozng <S8 < ass. O
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4.3.2 Approximate Hessian Inverse Maintenance

The following lemma proves that we always have H~H throughout the algorithm,

Lemma 4.3.4 (Approximate Hessian, Lemma 5.3 of [55]). Given a matrix A € R’"X"Z, let S, S e
R™" be two PSD matrices. Define the exact Hessian as H := A- (S' ® S71) - AT € R™" and the
approximate Hessian as H .= A - (S"' ® §71) - AT e R™*™,

For any accuracy parameter as > 1, if
aglS X S < asS,
then we have
ag’H < H < o3H.

The proof is similar as [55], we omitted the details here.
The following lemma shows that the maintained matrix G equals to the inverse of approximate

Hessian.

Lemma 4.3.5 (Close-form formula for Hessian inverse). In each iteration of Algorithm 29, we have

G =H'! e R™" ywhere H := A - (§_1 ® §_1) AT e Rmxm,

Proof. We prove this lemma by induction.

In the beginning of the algorithm, the initialization of G (Line 7 of Algorithm 29) satisfies the
formula G = H™!.

Assume the induction hypothesis that G = H™' in the beginning of each iteration, next we
will prove that G™" = (H™")~!. Note that G™¥ is updated on Line 23 of Algorithm 29. And

H™ = A ((S™V)1 @ (S%%)~1). AT € R"™" where S is updated on Line 18 of Algorithm 29.
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We first compute (Snew)=1 g Rrxn,

(S = (S+vivy)!
e O IR 0 A ANCIL 77 R AN

=S+ V5V, (4.8)

where the first step follows from SUeW — SV, V) (Line 18 of Algorithm 29), the second step follows
from Woodbury identity (Fact 2.2.6), the third step follows from V3 = —S7vi (1 + vy Syt e
R™t and V4 = S~'V, € R™ (Line 19 and 20 of Algorithm 29).

We then compute a close-form formula of (§"%)~! ® (§"%)~! ¢ R0’

(:Sv"neW)—l ® (§1‘I€W)—]

S+ V3V @ (ST +V3V))

Test+S5Te B+ (WY e S + (B e (V3V))

Il
|

oS+ (5o (S eV)+ (oS 2 (V] @SV + (3o V3) - (V] @ V))

Il
|

=5'est+ny;, (4.9)
where the first step follows from Eq. (4.8), the second step follows from linearity of Kronecker
product, the third step follows from mixed product property of Kronecker product (Part 2 of
Fact 2.2.3), the fourth step follows from Y = [(S™120V3), (V305 1/2), (V3@ Vi)l e R X nretr)
and Y2 = [(S™2 @ Vy), (Va®S1/2), (Va ® V)] € R™X¥+D) (Line 21 and 22 of Algorithm 29),

and the transpose of Kronecker product (Part 1 of Fact 2.2.3).
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Thus we can compute (H™¥)~1 e R™™ 45 follows:

(ﬁneW)—l — (A ((§HGW)—] ® (§H€W)—l) _AT)—I
— —~ -1
- (A-(S—‘ ®S‘1)-AT+A-Y1Y2T~AT)
=G-G-Ar;-(I+Y]AT -Ar)™ . YJAT .G

_ Gnev. (4.10)

where the first step follows from the definition of H™", the second step follows from Eq. (4.9),
the third step follows from Woodbury identity (Fact 2.2.6) and the induction hypothesis that
G=H"'=(A-(5'®85")-AT)"! € R"™"_the fourth step follows from the definition of G™Y

on Line 23 of Algorithm 29. [

4.4 Time Analysis

In this section we analyze the running time of Algorithm 29. We first present the main theorem.

Theorem 4.4.1 (Running time of Algorithm 29). Algorithm 29 runs in time
0((m2 A+ m® +n* + 02 log(l/s)).
Specifically, when m > n? the total running time is
0((mw +m?-vn) .1og(1/s)).

Proof. The running time of Algorithm 29 consists of two parts:

1. Initialization. O (T (m, n%, n?) + m®) < O(n*® + m®) time from Lemma 4.4.3.
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2. Cost of T iterations.

D (T, 12, 1) + T, 1, m1,) + () + 2+ |
=1

- _olw=2)  2w-2)
<T-Om*+n* +n? V24 m> " .n71a 112

0((m2 I+ S 2 + e .H%) -log(l/s))

< 0((m2 A+t + 0%+ m®) -log(l/s))

where the first step follows from Lemma 4.4.4, the second step follows from Lemma 4.4.13 and

mn® < O(m? + n*), the third step follows from T = O (v/nlog(1/¢)), the fourth step follows from

9 a(w=-2) 2(w=2) N a(w=-2) 2(w=2)

m> e .p e <(n’)> e -n o =n’ whenm < n?,
_a(w=2) 2(w=-2) _a(w-2) 2(w=-2)
m* e -pte <m’ e -(m'*)7= =m® whenm > n’.

Adding the costs of these two parts completes the proof. [

Remark 4.4.2 (Comparing with [55]). Recall that the running time of [55] is O* (\n(mn® + m® +
n®)). Our algorithm is faster than [55] when n*> + n>* < m® - \n. For the current w ~ 2.373,

this inequality is satisfied when
m > max{n¥?, n205/0y ~ p1 79

This section is organized as follows:

Section 4.4.1 provides the analysis of initialization cost (Lemma 4.4.3).

Section 4.4.2 studies the cost per iteration of our algorithm (Lemma 4.4.4).

Section 4.4.3 present the property of low rank update (Theorem 4.4.9).

Section 4.4.4 use the tools of Section 4.4.3 to bound the amortized cost of our algorithm

(Lemma 4.4.13).
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4.4.1 Initialization Cost

The goal of this section is to prove Lemma 4.4.3.

Lemma 4.4.3 (Initialization cost). Initialization of Algorithm 29 (Line 3 to 7) takes time
0(7;nat(m, n2’ nz) + mw)

Proof. We compute the cost of each line during initialization.
* Line 3 of Algorithm 29. Constructing A € Rmxn* by stacking vectors takes O (mn?) time.
* Line 6 of Algorithm 29. Computing § = }};c(,,;; yi - Ai — C takes O(mn?) time.

* Line 7 of Algorithm 29. This step computes G = (A - (ST'®@S1)-AT)"!. We first compute
S~ @ S~ € R™ " which takes O(n*) time. We then compute A - (S'® S7!) - AT, which
takes O (Tmat(m, n%, n?) + Tmai(m, n*>, m)) time. Finally computing the inverse takes O (m®)
time. Since n* < Tmai(m, n%, n?) and T (m, n?, m) < Toar (m, n%, n%) + m®, this step takes

O (Tmar(m, n?, nz) + m®) time in total,

Combining the cost of these three steps, and since mn? < Tmat(m, n?, nz), we have the total cost as

presented in the lemma statement. ]

4.4.2 Cost per Iteration

The goal of this section is to prove Lemma 4.4.4.

Lemma 4.4.4 (Cost per iteration). Fort € [T], let r; be the rank of the update in the t-th iteration

of Algorithm 29. The t-th iteration takes time

2

O (Tmat(m, nz, nre) + Tmat(m, m,nry) + (nry)® + m= + mnz)-

Proof. We compute the cost of each line of Algorithm 29 in the #-th iteration.
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Line 12 of Algorithm 29: gradient computation, O (mn?) time.

This step computes gynev(y); « n"" - b; —tr[S™' - A;].

Computing one tr[S~!- A ;] takes n? time, and computing all traces for j € [m] takes mn? time.

Line 14 of Algorithm 29: 6, computation, O (m?) time.

This step computes &, < —(H™")™! - g uew ().

Computing the matrix vector multiplication of H(y)~! € R"™ " with gyrev (y) € R™ takes O (m?)
time.

Line 16 of Algorithm 29: S"*V computation, O (mn?) time.

This step computes §™" « [, (Y*V)iA; — C.

Brute-forcely adding all (y"*%);A; € R™" takes mn? time.

Line 17-18 of Algorithm 29: S"" computation, O (n®) time.

Line 17 makes a call to procedure LowRANKSLACKUPDATE, and this takes O(w) time by
Lemma 4.4.5.

Line 18 computes SV §4+V, V', which takes O (Tmac(n, 71, 1)) < O(n®) time.

Line 19-23 of Algorithm 29: Hessian inverse computation, this step takes O (Tma (m, n?, nr;)
+Tmat(m, m, nry) +(nry)®) time.

Computing V3, V4 € Rt on Line 19 and 20 takes O (n®) time.

Computing Y1,Y, € RTX2mri41?) on Line 21 and 22 takes the same time as the output size:
o’ -ry).

We compute G™ «— G — G - AY; - (I +Y,ATAY;)™' - Y,JAT - G on Line 23 in the following

order:

1. Compute AY;, AY, € RMX2nri+r7) i O (Tmat(m, n?, nr;)) time since A € R and Y1,Y, €

anx(anﬁrtz)

2. Compute I+(Y,7A")-(AY}) € R 2nretrd)xQnri+rf) in O (Fmae (nry, m, nry)) time. Then compute

the inverse (I + Y, AT - AY))! € R+ Qnritri) in O((nr,)®) time.

3. Compute G - AY; € RMXQ2nritry) i O (Tmat(m, m, nry)) time since G € R™™ and AY; €
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RMX (2nr, +rt2)

4. Finally compute GAY; - (1 + Y, AT - Ayt YJATG € R™ in O(Tma(m, nr;, m)) time.

Thus in total computing G"" takes O (Tmat(m, n%, nry) + Toat (m, m, nry) + (nry)®) time.
Combined. Combining the time of the four steps on Line 12, 23, 14, and 16 of Algorithm 29,

it is easy to see that the z-th iteration takes time

Time per iteration
= Line 12 + Line 14 + Line 16 + Line 17-18 + Line 19-23

= O(mn*) +0(m*) +0(mn*) + O(n®) +Tmac(m, n*, nry) + Tmac(m, m, nry) + (nre)”
| S S ——
Line 12 Line 14 Line 16 Line 17-18 Line 19-23

2

= O (Tmat(m, ”2, nre) + Tmat(m, m,nry) + (nry)® + m= + m”2)~

Thus, we complete the proof.
O

Lemma 4.4.5 (Cost of LoWRANKSLACKUPDATE). A call to procedure LowRANKkSLACKUPDATE (Al-

gorithm 30) takes O (n®) time.

Proof. In procedure LowRANKSLACKUPDATE, the most time-consuming step is to compute the
spectral decomposition of Z™4 e R and this takes O (n®) time. ]
4.4.3 Property of Low Rank Update

The goal of this section is to prove Theorem 4.4.9, which is a generalization of Theorem 6.1 of
[55].

We first make the following definitions.

Definition 4.4.6 (Potential function). Let g € R} be a non-increasing vector. For any matrix

Z € R™", let |A(Z)|[;) to denote the i-th largest absolute eigenvalue of Z. We define a potential
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unction ®, : R™" — R,
fi g
n
D,(2) = ) gi D).
i=1

In the 7-th iteration of Algorithm 29, let S, S € R™" be the slack matrix and the approximate
slack matrix in the beginning of the iteration, and let S"%, S"¥ be the updated matrices. We define

the following matrices to capture their differences.

Definition 4.4.7 (Difference matrices). Define the following matrices Z, Z™9, Z"V ¢ R™":

z=5"12.5.5712 1,
Zmid — (SneW)—l/Z . § (SneW)—l/Z -1,

Znew . (SneW)—l/Z . §new . (SneW)—l/Z -l

Assumption 4.4.8 (Closeness of ™" and S from S). We make the following two assumptions about

S, §’ gnew ¢ RAXn.

L ||S_1/2 N Nl VA I||F <0.02,

2,187 8. 8712~ 11, < 0.01.

Next we present the main theorem of this section.

Theorem 4.4.9 (General amortized guarantee). Let T denote the total number of iterations in
Algorithm 29. Let r; denote the rank of the update matrices Vi, V, € R"™"t generated by Algorithm 30
in the t-th iteration. The ranks r,’s satisfy the following condition: for any vector g € Rl which is

non-increasing, we have

T
D g <O(T - gl - logn).

t=1
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Note that by choosing g; = 1/V/i, Vi € [n] the above lemma recovers Theorem 6.1 of [55].

Proof. Part 1 of Assumption 4.4.8 is proved in Theorem 4.3.1, and Part 2 of Assumption 4.4.8 is
proved in Lemma 4.3.3. Thus we can use Lemma 4.4.11.

Combining Lemma 4.4.11 and Lemma 4.4.12, we have

Dy (Z™Y) = Dy (Z) = (Dg(Z™Y) — @, (Z)) — (Dg(Z™) — DL (Z™V))

< llgll2 = Tt 8,

Es
10logn
With an abuse of notation, we denote the matrix Z in the ¢-th iteration as Z*). Since in the beginning
o, (2®) =0 and CI)g(Z(T)) > 0, we have

T

T
- 2N
02 0UZT) = 0(Z®) < ) (@(Z) = OUZN) ST lglla = o D ri g
t=1 t=1

This completes the proof. ]

S Move

We will use the following result proved in [55]. Note that our low rank update to the slack

matrix is the same as [55], so this result is also true for our algorithm.
Lemma 4.4.10 (Part of Lemma 6.2 of [55]). Let matrices Z, Z™4 € R™" be defined as in Defini-
tion 4.4.7. Under Assumption 4.4.8, we have
Z(/l(Z)[,-] —A(Z™)? <1073,
i=1
where A(Z)|;) denotes the i-th largest eigenvalue of Z.

The following lemma upper bounds the increase in potential when S changes to S"V. It

generalizes Lemma 6.2 of [55].
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Lemma 4.4.11 (S move). Consider the t-th iteration. Let matrices Z, Z™9 € R™" be defined as in
Definition 4.4.7. Let g € R/} be a non-increasing vector, and let ®, : R™" — R, be defined as in
Definition 4.4.6.

Under Assumption 4.4.8, we have
D, (Z™) - D, (2) < Igll2.

Proof. Letrr : [n] — [n] be a sorting permutation such that |/l(Zmid),,(1)| > M(Zmid)ﬂ(z)l > >

|/l(Zmid),r(n)|, ie., |/l(Zmid)ﬂ(,~)| = |/1(Zmid)|[,-]. Then we have

n
D (ZM) = 3" gr - 1A(Z™ )y
i=1
n n )
< > 8 A@Dn] + D 80 1AZ™ )0y = A2
i=1 =1
n n .
< Y& @D+ ) g Z™ e = A D)
i=1

i=1
C C 2 12 C mid 2 12
< > e M@l +(287) (22 ) = ADaio )
i=1

i=1 i=1

< @g(2) + ligll2

where the first step follows from the definition of ®, (Definition 4.4.6) and &, the second step
follows from triangle inequality, the third step follows from g € R/} is non-increasing and [A1(Z)|[;
is the i-th largest absolute eigenvalue of Z, the fourth step follows from Cauchy-Schwarz inequality,
the last step follows from definition of ®, and Lemma 4.4.10.

Thus we have @, (Z™4) — @, (Z) < |g]I. -

S Move

The following lemma lower bounds the decrease in potential when S is updated to Shew Tt

generalizes Lemma 6.3 of [55].
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Lemma 4.4.12 (§ move). Consider the t-th iteration. Let matrices Z™9, Z"" € R™" be defined
as in Definition 4.4.7. Let g € R} be a non-increasing vector, and let ®, : R™" — R, be defined
as in Definition 4.4.6.

Let r; denote the rank of the update matrices Vi,V, € R™ generated by Algorithm 30 in the

t-th iteration. We have

(Dg(Zmid) _ q)g(zneW) >

XY
. r . .
10logn " 8"

Proof. Note that r, = 2r, where r is the variable of Algorithm 30. We define 1 € R” and U € R™"

(Line 5), m : [n] — [n] (Line 7) and A"*Y € R" (Line 15) to be the same as Algorithm 30. We

extend the definition and let A, ;) = 0 for i > n. We have

Znew _ (SneW)—l/Z . §new . (SneW)—l/Z .y
— (SneW)—l/Z . (§+ (SneW)l/Z .U - diag(/lnew —1) - UT. (SneW)l/Z) . (SneW)—l/Z -7
= 7™ 4 U - diag(A™¥ — Q) - UT

=U - diag(A™™) - U"

where the first step follows from definition of Z"% (Definition 4.4.7), the second step follows
from close-form formula of S™¢¥ (Lemma 4.3.2), the third step follows from definition of Zmid
(Definition 4.4.7), the fourth step follows from Z™4 = U - diag(1) - UT (Line 5 of Algorithm 30).

Thus from the definition of ®, (Definition 4.4.6), we have
D (Z™) = 3 gr Mni)]s P(Z™) = ) gi+ Anara- (4.11)
i=1 i=1

We consider two different cases of the outcome of the while-loop on Line 12 of Algorithm 30.
Case 1. No i < n/2 satisfies both |1;2;)| < &5 and |A;2;)| < (1 = 1/logn) |zl

In this case, the while-loop exits with r = n/2, and hence r; = 2r = n. Thus using Eq. (4.11)
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we have @, (Z"") = 0. We consider two sub-cases.

» Case 1(a). For alli € [n], [1,;)| > &s.

In this case we have @y (ZM9) — @, (Z"Y) = 37 gi  |Aa)| —0 21~ gn-E5 =851+ g,

* Case 1(b). There exists a minimum ;* < n/2 such that [1;y;)| < &g for all i > i*.

The condition of Case 1 and Case 1(b) means that for all i > 7", we must have |A,2;)| >
(1 — 1/logn)|Az@;)|. And since i* is the minimum index such that [A;2+)| < &5, we have

|4z | > €s. Thus we have

|| > (1= 1/logn)|[dgnja)] > -+ > (1= 1/logn)' € |2, ] > o | Ay | = ~

So we have (Dg(Zmid) - q)g(znew) = Z;;l 8i- Mﬂ(i)l -0>n- &n - Mﬂ(n)l = S?S “Tr - &r,-

Case 2. There exists a minimum r < n/2 such that both |1,,)| < &5 and [A;25)] <
(1 =1/logn)|Az ()| are satisfied.

This r is the outcome of the while-loop in Algorithm 30. Next we prove [A.(,)| > %S

Let i* < n/2 be the minimum index such that |[A,(2;)| < & for all i > i*. Note that this implies
|[Azi)| > &s. We have r > i* since |A(2,)| < &5 and i* is the minimum such index. Hence
|Az2i)| > (1 = 1/logn)|Az)| for alli € [i*, 7).

If r/2 < i*, we have |Az(| = [1z2(+/2))| = &s. If /2 > i*, we have
()| > (1= 1/10g 1) [ drryp| > -+ > (1= 1/logm) 0 ey | 2 = 1Ainy | 2 =

Thus we have |A.(-)| > 2 in either cases.

We have

. Es .
LVi <7, [Azpy] 2 |Azr)] 2 > 2.Vi 2 2r, |Azi)| < 1Az £ (1 = 1/logn)|Agn]. (4.12)
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Thus we can bound the potential decrease as follows:

,

O (Z™) = D (2") 2 )" g1 (IAnii)] = M(isan))
i=1

r

> " i+ (| = Aran)

i=1

,
1

> E o——

> L 8i lognl 7r(r)|

2N

> 5 .
=T 8 2elogn’

where the first step follows from Eq. (4.11), the second step follows from |A(;)| is decreasing, the
third follows from Part 2 of Eq. (4.12), the fourth step follows from Part 1 of Eq. (4.12), r; = 2r,

and that g is non-increasing. [
4.44 Amortized Analysis

The goal of this section is to prove Lemma 4.4.13 using Lemma 4.4.14.

Lemma 4.4.13 (Amortization of Hessian computation). Let T denote the total number of iterations
in Algorithm 29. Fort € [T], the cost of Hessian computation in the t-th iteration can be amortized

as follows:

T
D Tanaa(m, 0%, 1r) + T (m, m, ) + (1))

=1

(0-2)  2w-2)
4y p2om 12y -t Mty

Proof. Since (nr1)” < Tmar(n?,n?, nry) and Toa(m, n%, nr;) < Toae(m, m, nre) + Tnae(n%, 0%, nry),

we can bound the cost of hessian computation as

Tmat (m, nz, nr¢) + Tma(m, m,nry) + (m’t)w < 7;nat(m, m, n’”r) + 7r~nat(n2’ n2, n”t)- (4.13)

From Theorem 4.4.9 we know that for any vector g € R} which is non-increasing, we have
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Zthl re-8r, < O(T - ||gll2 - logn), so we can use Lemma 4.4.14:

T

_a(w-2) 2(w=2)
Z Tmat(m,m,nry) < O(m> +m?>~ 1a .p1a 1/2) when m > n?,
=1

T
4_20(w—2) 2(w=-2)

Z Tma (7%, 0%, nr) < O(n* +n* "1 nTie 2y = ot + 0?0712,

t=1

Combining these two inequalities and Eq. (4.13) completes the proof. 0

Lemma 4.4.14 (Helpful lemma for amortization of Hessian computation). Let T denote the total
number of iterations. Let r; € [n] be the rank for the t-th iteration for t € [T]. Assume r, satisfies

the following condition: for any vector g € R} which is non-increasing, we have

T

D riegr <O - llglh).

t=1

Ifthe cost in the t-th iteration is O (Tma(d, d, nr,)) where d > n? is an integer, then the amortized

cost per iteration is

(w=2) 2(w=2)
O(d? +d> 5% p e 112y,

Proof. Letw be the matrix multiplication exponent, let & be the dual matrix multiplication exponent,

and let 8 = w(2) (see Section 2.2.2 for more details). Since d > n*> > nr;, we have

92— a(w-2) 2— a(w-2) w=2 w=2

Tmat(d, dynry) < d?+ ()P - &> F5 =+ 5 ate 0, (4.14)

where the first step follows from Fact 2.2.10.

Define g € R” such that Vr € [n], g, = ri=o~!. Note that g is non-increasing because

‘i’%ﬁ — 1 < 0 (Fact 2.2.8). Then using the condition in the lemma statement, we have

w=2 Ty (w-2) 1/2 (0-2)
Zrtl—a — Zr’ g, <T-|lglla<T- (/ xW—2dx) =T -0(n T —1/2)’ (4.15)

T T
=1 =1 x=1
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where the first step follows from the definition that g, = r‘ﬁf‘l, Vr € [n], the second step

follows from the assumption Z;T: 17t & < T -||gll2 in the lemma statement, the third step follows

2(w=2)

from upper bounding the £, norm ||g|3 = X/, g2 = ¥r r e 2 < [ x 4272 and the last

. . 2(w-2) -2 2(w—2)_1
step follows from computing the integral fx (X T T =c-xla |

ci=1/(32 .

w-2)

O(n He ~1) where

Thus we have

T

a(w 2) w=2 w=2

Toald,donr) < ) (a2 +d>5F5 nt5 )
=1 t=1

T
(w=2) ) w=2
= T . d2+d2_a|(:)a . nclufa . g rl*(z

=1

M\]

~

a(w=2)

-2 (-2)
<T-d*>+d* " Ta -nte.T-O(nta-

a(w=-2) 2(w=2)
=T -0(d*+d* 1= -n'1a %),

where the first step follows from Eq. (4.14), the second step follows from moving summation inside,
the third step follows from Eq. (4.15), and the last step follows from adding the terms together.

Thus, we complete the proof. 0

4.5 Initialization

We the state a result which has been proved in previous work [55].

Lemma 4.5.1 (Initialization, same as Lemma 9.1 of [55]). Consider a SDP as in Definition 4.1.1

of dimension n X n with m constraints, and assume that it has the following properties.
1. Bounded diameter: for any X = 0 with (A;, X) = b; for all i € [m], we have || X||» < R.

2. Lipschitz objective: ||C||» < L.
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Forany 0 < 6 < 1, the following modified SDP

where

A; = oy 0 0 , foralli€ [m],
bi
O;lr 0 ® - tr[ A;]
I, 0, 0, C-2 0, 0,
_ _ x| =
Am+1:0;{ 1 O 9b: ’C: O;IZ- 0 O H
n+1
0, 0 O 0, 0 -1
satisfies the following statements.
1. The following are feasible primal and dual solutions:
,-C-2 0, 0
_ I t
X:In+2,y: ’S: 0;{ 1 0
1
0, 0 1

2. For any feasible primal and dual solutions (X,y, S) with duality gap at most 6%, the matrix

X=R -Y[n]x[n], where Y[n]x[n] is the top-left n x n block submatrix of X, is an approximate
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solution to the original SDP in the following sense:

(C,X) >(C,X"y- LR -4,

<)
g

0,

m m
DAL R) =il <4ns - (R Y 1Al +11blh ).
i=1 i=1

where X* is any optimal solution to the original SDP and || A|| denotes the Schatten 1-norm

of a matrix A.
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Chapter 5: A Faster Interior-Point Method for Sum-of-Squares
Optimization (SOS)

5.1 Overview

Polynomial optimization is a fundamental problem in many areas of applied mathematics,
operations research, and theoretical computer science, including combinatorial optimization [56,
57, 58], statistical estimation [59, 60], experimental design [61], control theory [154], signal
processing [155], power systems engineering [ 156], discrete geometry [157, 158] and computational
algebraic geometry [159]. In the most basic formulation, we are given a collection of k real n-
variate polynomials fj, - - -, fr and an objective function f : R” — R, and the goal is to minimize

fovertheset S :={reR"|Vie{l,---,k}: fi(t) > 0}, that is, to find

inf {f(1) |1 €S} (S.D

which is equivalent to checking polynomial nonnegativity sup..g{c | f(¢#) —c > 0, V¢t € §}. This
is then equivalent to computing sup..g{c | f — ¢ € K(S)}, where K(S) denotes the convex cone
of all polynomials of degree at most deg( f) that are non-negative on the set S. This is an instance
of the more general conic programming:

min ¢'x
xeRN

Ax = b (5.2)

x €K,
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!, The conic optimization problem over the cone K(S) is

where K ¢ RY is some convex cone
intractable in general because there is no simple characterization of K(S). Nevertheless, there
always exists an increasing family of convex cones of weighted sum-of-squares polynomials that
converges to any such cone K(S).

We first introduce the notion of sum-of-squares (SOS) polynomials: Denoting by YV, 4 the
vector space of all n-variate polynomials of (total) degree at most d, a polynomial p € V), 2, 1s said
to be sum-of-squares (SOS) if it can be written as a finite sum of square polynomials, i.e., there
exist g1, -+, g such that p = Zle ql.z. The set X, 24 of SOS polynomials of degree at most 2d is
a (proper) cone contained in V), 24, of dimension U := dim(V},24) = (”Jz'fld), as the vector space
V.24 18 isomorphic to RY. If p can be written as p = Zf‘zl fisi for s1 € X045+, Zp24, and k
nonzero polynomials f := (fi,-- -, fx), then it is said to be weighted sum-of-squares (WSOS).

Putinar’s Positivstellensatz [160] states that under mild conditions, any polynomial p that
is non-negative on S can be written as a WSOS polynomial Zle fisi, albeit with (potentially)
unbounded degree s;’s. In WSOS optimization we consider sum-of-squares polynomials s; with
bounded degree, so the hierarchy of WSOS optimization with increasing degree (known as the
Lasserre hierarchy) can be viewed as a tool for approximating general polynomial optimization.
For more details of this approximation scheme for polynomial optimization, we refer the readers to
the textbooks [161, 162].

This paper concerns algorithms for (W)SOS optimization, which is the conic optimization
program (5.2) where the underlying cone K is the (W)SOS cone:

min ¢'x
xeRY

Ax=b (5.3)
X € Xp24,

where x € V), 24 is the vector of coefficients which encodes the polynomial. Henceforth, we focus

on the case where K = X, 5,4 is the SOS cone. See our full version [3] for how to extend our

A subset K c RY is a convex cone if V x,y € K and @, 8 € Ry, ax + By € K.
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algorithm for SOS optimization to WSOS.

The computational complexity of solving Problem 5.3 naturally depends on the dimensions

n+d

J (5.4)

L :=dim(V,q) = (

) , U:=dim(V,2q) = (n * 2d)

2d

of the underlying vector spaces (Note that L < U < L?). We now turn to explain the previous

approaches for SOS optimization solvers.

SOS Optimization as SDPs A fundamental fact is that the dual SOS cone is a slice of the SDP
cone [62]. More formally, for any fixed bases p = (p1,p2,---,pr) and q = (q1,492," -+ ,qu) to

V,.a and V;, o4 respectively, there exists a unique linear mapping A : RV — RE*E satisfying
A(q(n) =p(p()T, Vvt eR". (5.5)

Here we define p(1) = (pi1(2), p2(1),---,pL(t))" and q(1) = (q1(1),q2(1),--- ,qu(t))". An
equivalent way to view the definition of A in (5.5) is as follows: For polynomials p;,p; € p
there are unique coeflicients A;;, such that p;p; = >, cy Aijuqu. These A;;, define the mapping A
unambiguously.

This in turn implies that a polynomial s € V24 (we view s as a vector in RV that corresponds
to its coefficients over the basis q) is in the dual SOS cone 22’2 , if and only if A(s) is a positive
semidefinite (PSD) matrix (proved by [62], see Theorem 5.1.5 for details). As [63] recently
observed, the choice of the bases p, q crucially affects the complexity of the optimization problem,
more on this below.

Equation (5.5) implies the well-known fact that optimization over SOS polynomials (5.3) can

be reduced to semidefinite programming

min{(C. X) | tr(A;X) = by, Vi € [m]}, (SDP)
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and can thus be solved using off-the-shelf SDP solvers. However, despite recent breakthroughs on
the runtime of general SDP solvers via interior-point methods (IPMs) [55, 2], this SDP reformulation
of (5.3) does not scale well for moderately large degrees, i.e., whenever U < L? in (5.4). This is
because the SDP reformulation always incurs a factor of at least L2, even when U < L2, as this
is the SDP variable size (the PSD matrix X has size L X L). Indeed, for the current fast-matrix-
multiplication (FMM) exponent w ~ 2.37 [111, 109], the running time of state-of-the-art SDP

solvers [55, 2] for SOS optimization (Problem 5.3) is>
o (L0-5 - min{UL? + U>¥, L4‘24}) . (5.6)

An alternative approach is to solve Problem 5.3 directly by designing an ad-hoc IPM for the dual
SOS cone, avoiding the blowup in the SDP reformulation. This was exactly the motivation of [63].
Like all aformentioned SDP solvers, [63]’s SOS solver is based on IPMs [35], which iteratively
minimize the original objective function plus a barrier function via Newton steps. When applied
to the SOS Problem (5.3), the choice of the specific bases p, q crucially affects the structure of the
(Hessian of the) barrier function F(s) = F(A(s)), and hence the cost-per-iteration of the IPM. As
such, choosing a “good” and efficient basis is key to a fast algorithm for (5.3). One of the main
contribution of [63] is an efficient basis for the SOS cone, which efficiently scales to multivariate

SOS, yielding an IPM whose total runtime is

Our main result is a polynomially faster IPM for Problem 5.3:

Theorem 5.1.1 (Main Result, Informal version of Theorem 5.3.3). With current FMM exponent,

there is an algorithm for solving Problem (5.3), whose total running time is 0 (LU 1'87) .

Indeed, this runtime is polynomially faster than (5.7) and (5.6), as shown in Figure 5.1. We

now turn to elaborate on the technical approach for proving Theorem 5.1.1.

2We use O(-) to hide U°") and log(1/6) factors.
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Figure 5.1: Overview of current running times of recent solvers for SOS. The lower bound bound
stems from solving a linear system in U variables, i.e., T = Q(U®) where w ~ 2.37.

Interior-Point Methods (IPMs [20, 104]) are a powerful class of second-order optimization
algorithms for convex optimization, which essentially reduce a conic optimization problem (5.2) to
solving a sequence of slowly-changing linear systems (via Newton steps). Since their discovery in
the mid 80’s, IPMs have emerged as the “gold-standard” of convex optimization, as they are known to
converge fast in both theory and practice [105]. The main computational cost of IPMs is computing,
in each iteration, the inverse of the Hessian of the underlying barrier function F(s) = F(A(s)),
which naively costs at least U“ time per iteration for the SOS optimization problem [63]. A
recent influential line of work [43, 55], inspired by [39]’s seminal work, has demonstrated that
dynamically maintaining the inverse of the Hessian matrix under low-rank updates using clever
data structures, can lead to much cheaper cost-per-iteration. All of these results rely on a careful
combination of dynamic data structures with the geometry (e.g., spectral approximation) of the
underlying optimization method and barrier function. Similar techniques have been extended to
other optimization problems as well [44, 117, 163, 164, 165]. This paper extends this line of work

to SOS optimization.

224



5.1.1 Background of Sum-of-Squares Optimization

In this section we provide the background of sum-of-squares optimization. We refer the readers

to [166, 63] for more details.

Definition 5.1.2 (Polynomial space). We use V,, 4 to denote the set of n-variate polynomials over

the reals of degree at most d, where the degree means the total degree, i.e., the degree of x’f' x ~x,‘f”

Definition 5.1.3 (Degree of polynomial space). We define L := dim(V, 4) = (”;d) and U =
dim(Vy24) = (*29).

n

After fixing a basis (p1, p2,- - , pr) of V, 4, there exists a one-to-one correspondence between
any polynomial p = ZiL:] X; - pi € Vy.q and the vector [xy,x2,--- ,x.] € RE. From now on when
the basis is clear from context, we will use V, ; and RE interchangeably, and similarly V}, >, and

RY interchangeably.

Definition 5.1.4 (SOS polynomials). A polynomial p € YV, 24 is said to be a sum-of-squares (SO.S)
polynomial if p can be written as a sum of squares of polynomials, i.e. p = Z?;[ | ql.2 for some M € N
and polynomials q1,q2,- -+ ,qm € Vaa-

We use 2,24 to denote the set of n-variate SOS polynomials of degree at most 2d.

The set Z,, 24 1s a closed convex and pointed cone in V), 54 with non-empty interior (Theorem
17.1 of [62]). The SOS optimization problem requires the variable x € RY to be in the SOS
cone, and it is a special case of conic programming. Given a constraint matrix A € RV where

m < U, and b € R™ and ¢ € RY, the SOS optimization can be written in the following primal-dual

formulation:
Primal: min {c,x) Dual: max (y, b)
st. Ax=b st. ATy+s=c¢ (SOS)
X €2p24d, s € Z;,Zd'

Here Z;‘;z g =1s€ RY | sTx > 0, Vx € 2,24} denotes the dual cone of T, 5.
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Nesterov in [62] noted that the dual SOS cone allows the following characterization.

Theorem 5.1.5 (Dual cone characterization, Theorem 17.1 of [62]). For any ordered bases p =
(p1s----pr) and q = (q1,-..,qu) of Vyq and V24, let A : RY — REXL pe the unique linear
mapping satisfying A(q) = pp".° Then the dual cone Z;,z 4 admits the characterization under the
bases p and q:

50 ={s € RV A(s) = 0}. (5.8)

As barrier functions for the cone of positive semidefinite matrices are well-known, this also
gives rise to a barrier function for the dual SOS cone. With the standard log-det barrier for the

semidefinite cone, the following function F': £* ,  — R is a barrier function for £  .:
F(s) = —logdet(A(s)).

Furthermore, the barrier parameter v of F(s) is bounded by the barrier parameter L of the original

log-det barrier function ([62]).

Interpolant basis The barrier function depends on the choice of the basis for both V, ; and V,, 24,
as the linear map A depends on these two bases. We follow the approach of [63] and focus on the
so-called interpolant bases, which generalises well to multivariate polynomials and is numerically
stable.

For the vector space ‘V}, 24, consider a set of unisolvent points 7 = {t,t2,- - ,ty} € R", which
is a set points such that every polynomial in ‘V}, 24 is uniquely determined by its values on the points
in 7. For univariate polynomials any set of U points suffices, but this does not hold anymore for
the multivariate case. To also ensure numerical stability, the so called (approximate) Fekete points
can be used as unisolvent points. We refer to [167, 168] for explanations and the computation of
Fekete points.

The interpolant basis is defined as follows. Let us fix a set of unisolvent points 7 =

3This equation means V¢ € R", A([q1 (), -~ ,qu()]T) = [p1 (1), . p(O]T - [p1(1), -+, pL(D].
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{t1,t2,--- ,ty} € R". Now every t, € 7 implies a Lagrange polynomial g, which is the unique
polynomial that satisfies ¢,(¢,) = 1 and ¢g,(¢,) = 0 for all #,, # t, € 7. The Lagrange polynomials
form a basis q = (g1, ,qu) of V,24. Choose any basis p = (pi,...,pr) of V, 4. Define the
matrix P € RU*L ag

Pur=pe(ty), Yuel[U],Le[L]. (5.9)

By the definition of the Lagrange polynomials, p;p; = Z;J:] Pi(tu)pj(tui)qu. so we have pp’ =
PT diag(q)P. Thus under the bases p and q, the linear map A : RV — RZ*L takes on the following
convenient form:

A(s) = PT diag(s)P. (5.10)

For more details on how to pick the unisolvent points and how to construct P, we refer the

readers to [63] and the references therein.

5.1.2  Our Techniques

Following the framework of [63], we also choose the polynomial interpolant basis represen-
tation, which corresponds to a linear operator A : RV — RI*L is A(s) = PT diag(s)P, where
P € RY%L is the matrix whose entries are the evaluation of the Lagrange interpolation polynomials,
through some unisolvent* set of points in V, 4 (see Section 5.1.1 for a formal definition). This
basis induces the aforementioned convenient form of A, and generalizes to the multivariate case.

The Hessian of the barrier function F(s) = —logdet(A(s)) is given by
H(s) = (P(PT diag(s)P)"'PT)** e RV*Y,

where A o B denotes the element-wise (Hadamard) product of two matrices. The main bottleneck
of each iteration of IPMs is to compute the Hessian inverse H(x)~! of the Newton step, which

naively takes O (U*) time.

*Any set of points in R” for which the evaluation of a polynomial in V, 4 on these points uniquely defines the
polynomial.
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In IPM theory, it has long been known that it suffices to compute a spectral approximation
of the Hessian. We follow the “lazy update” framework in recent developments of LP and SDP
solvers [43, 55], which batches together low-rank updates to M := P(PT diag(s)P)"'PT, where
rank(M) = L. In each iteration, we can compute a spectral approximation M"" = M + UV,
where U, V are low rank matrices with size U X r where r << U is chosen to optimize the runtime.
Since M ~ M implies that M°% ~ M°2, this also gives a spectral approximation of the Hessian.

The main challenge here, compared to previous LP and SDP solvers [39, 40, 43, 55, 2], is that
low-rank updates to M do not readily translate to a low-rank update to (M°?)~!, since Hadamard-
products can increase the rank rank(A o B) < rank(A) - rank(B), in contrast to standard matrix
multiplication which does not increase the rank rank(AB) < max{rank(A), rank(B)}. This means
that we cannot directly apply Woodbury’s identity to efficiently update the inverse of the Hessian,
which is the common approach in all aforementioned works. Instead, we employ the following

property which relates rank-one Hadamard-product perturbations to standard matrix products
Mo (u-v'") =diag(u) - M - diag(v),

which means that we can translate the rank-r update of M into a rank-Lr update of M°? for r < L.
With some further calculations, applying Woodbury’s identity on the resulting matrix, implies that

°2)~1 in time

we can compute ((M"V)

0(7r;1at(U’ U’ Lr))’

which is never worse than 7, (U, U,U) = U® as long as r < U/L. Modifying the amortization
tools of [55] and [2], combined with basic spectral theory for Hadamard products, we show that

our amortized cost per iteration is bounded by

O(U2 + Uw—l/2 . LI/Z)’
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which becomes O (U 24+ U 1'87L0'5) if we plug in the current matrix multiplication exponent.

5.1.3 Discussion of Bottleneck

The dominating term in the cost-per-iteration of our SOS algorithm is 7a¢(U, U, Lr). A natural
question is whether this can be improved to 7. (U, U, L).
The bottleneck for this potential improvement is the following self-contained batch matrix-

product problem, which is interesting in its own right:

« Input: invertible matrix H € RV*V and Z = [diag(u)Y, - - ,diag(u,)Y] € RV for some

matrix ¥ € RV*L and r vectors uy, - -- ,u, € RY.
* Output : The inverse (H + ZZ7)~! — H~! under the assumption that (H + ZZ7)~! exists.

Naively computing this inverse using Woodbury’s identity via
(H+ZZ)Y '-H'=H''21+772)"'Z"TH™! (5.11)

takes Tmat (U, U, Lr) time. However, since the update matrix Z only depends on Ur+U L variables (Y
anduy, - -, u,), there is no known lower bound that prohibits a better running time of 7, (U, U, L)+
Tmat(U, Ua r)'
Computing H~'Z in (5.11) reduces to the following fundamental problem: Given matrices
A, C € R™" and vectors by, ...b, € R" the task is to compute D, = A diag(by)C for all k € [n].
Let d;jx = (Dy);,j. Then using by, := (by)e we can write
n
dijk = Z aiebece.
=1
For symmetry let us harmlessly permute the entries in ¢ to obtain
n

dijk = Z aiebiece.
=1
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Note that this is exactly the term for matrix multiplication extended to three matrices. For a matrix
F = ABT we would have f;; = Y}, aj¢b j¢. From the paragraphs above it is clear that we can compute
all d;ji in time Tma(n, 1, n?). But can this be done faster? Interestingly, the problem of finding
a 4-clique in a graph can be reduced to this problem, further proving its significance. Note that
the currently best known running time for this problem matches Tma (1, n, n?) for n-vertex graphs

[169].

5.2 Algorithm

Since in this paper we focus on the theoretical running time of the algorithm, for simplicity
we use the barrier method (see e.g. [104, Chapter 2]) instead of the more sophisticated Skajaa—Ye
Algorithm used by [63].

The dual formulation of (SOS) is equivalent to the following optimization problem
min-b'y s.t. y €Dy,
where with an abuse of the notation we define F' : R™ — R, to be the barrier function
F(y) = —logdet(A(c — ATy)) (5.12)

for c € RY, and A € R™VY and A(s) = PT diag(s)P is the linear operator defined in Eq (5.10).
Dy C R™ is the domain of F, and D is the closure of Dp.
The barrier parameter of the barrier function F is vy = L. The gradient and the Hessian of the

barrier function F are (define s := c — A"y):

g(y) = A - diag (P(P-r diag(s)P)_lPT),

. ~1,7\%
H(y):A-(P(Pleag(s)P) PT) AT
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For any n7 > 0, define a function F, : R" — R:

Fy(y)=-n-b"y+F(y).
The gradient and the Hessian of F;(y) are:

gr(y) = —n-b+A-diag (P(PT diag(s)P)”" PT),

T 3 15T\ 4T
Hn(y)=A~(P(P diag(s)P) "' P ) AT

Note that H, (y) = H(y) for any 7.
In each iteration the barrier method increases 1 by a factor of 1 + @(%), and it performs a

Newton step

ye—y-H,»" g,y

By standard IPM theory it suffices to use a spectral approximation of the Hessian matrix in the
Newton step. For more details see e.g. [104].

The main technical part of our algorithm is to efficiently maintain a matrix N that is the spectral
approximation of the inverse of the Hessian matrix. To do this, we maintain another matrix S
that is a spectral approximation of § := PT diag(s)P, and we use the subroutine LowRANKUp-
DATE(Algorithm 33, Lemma 5.3.1) to update S. After S is updated, we use another subroutine
UppaTEHESsIANINV (Algorithm 32, Lemma 5.2.1) to update N. A complete description of our

algorithm can be found in Algorithm 31.

5.2.1 Updating Hessian Inverse Efficiently

In this section we prove how to update the Hessian inverse efficiently. We present the algorithm

UppateHESssIANINY in Algorithm 32.

Lemma 5.2.1 (Hessian inverse update). In the algorithm UppaTEHEsSIANINV (Algorithm 32), the

inputs are the maintained matrices T, N and the updates V,V, € REX where r satisfies Lr < U.
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Algorithm 31 Main SOS algorithm.

1:

R

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:

26:
27:
28:

Parameters: 6 € (0,1), ey € (0,0.05), a = 2=t = 408]‘\,1\/Zlog(L/6).

20VL’
Input: A e RV b e R", c e RY.
Output: A near feasible and optimal solution.
Construct P € RUXL of the interpolant basis. Convert A, b, ¢ to the interpolant basis.
Use Lemma 5.5.1 to obtain a modified dual SOS optimization problem which has an initial
solution (y, s) € R™ x RY that is optimal for F;,, where p = 1.

S «— S « PT diag(s)P > S, S € RIXL
T «— S_l >T € RLXL
N «— (A(PTPT)?2AT)™! > N € Rm<m
g« —n-b+A-diag (P(PT diag(s)P)"'PT) >geR™
fori=1,2,--- ,tdo
0y «——-N-g >0y, € R™
ynew «— y + é‘y > ynew c Rm
SNew . ATynew > gNEW o RU
Y —n-(1+a)
gnew PT diag(sneW)P > SUEW RLXL
SV V1, V, «— LowRANKUPDATE(S™Y, S)~
>Lemma 5.3.1, S"™ € REXL v, V, e REi or Vy = V5 = null
if Vi =V, = null then
Thew (§IICW)—1 > Thew o RLXL
NDEW (A . (PTnewPT)02 . AT)—l > NEW ¢ Rmxm
else
"V, N™V « UppATEHESSIANINV(T, N, V1, V5)
> Lemma 5.2.1, TV € RLXL Nmew ¢ Rmxm
end if
g™V — —n"V. b+ A-diag (P(PT diag(sneW)P)_lPT) > gV ¢ R
(77’ v, s, §, T,N, g) - (nnew’ ynew’ snew §new’ Tmew pmew gneW)
end for
return (y, s)

The inputs satisfy that for some S e SLXL,

T — S—l c RLXL’

N = (A . (P§—1PT)02 . AT)_] c Rmxm’

232



Algorithm 32 UppateHEssiaNINV

1: Input: T € REXL N € R™™ V,V, € REX”

2: Output: 7"V ¢ REXL Nmew ¢ Rmxm

3: > Step 1

4 Vi« =TVy - (1 + VS TVy)™! >V € REX"
5:V2<—TV2 I >V2€RLW
6: TV «—~T+Vy-Vy > Thew RLXL
7: > Step 2

8: Y « [2PT, PV] b Y € RUX(L+r)
9: 7/ « [P, PVZ] >7' € RUX(L+r)
10: Y « [diag(u;)Y’,-- -, diag(u,)Y’], u; is the i-th column of PV} > Y e RUX(L+7)r
11: Z « [diag(v)Z’,--- ,diag(v,)Z’], v; is the i-th column of PV, > Z € RUX(L+)r
12: > Step 3

13: N™ N —N-(AY) - (I+(AZ)TN(AY)) "' - (AZ)" - N b NTOW g RmXim
14: return 7"V, N"W

Let S = S +V, V,\. The algorithm outputs two matrices T"**, N such that

Thew _ (§1’16W)—1 c RLXL

New — (A . (P(§HGW)—1PT)02 . AT)—I c R
Furthermore, the algorithm takes O (T (U, U, Lr)) time.

Proof. We first prove the correctness by analyzing each step of the algorithm.

Step 1. Compute V;,V, € RE" and 7% € REXL,

TneW:T+Vl_V2T
=T-TV;-(I+V,TV})™ - VT

=(S+Wv) =S

where the first two steps follow from algorithm description, the third step follows from the Woodbury
identity (Fact 2.2.6) and T = S~!.
Thus 7"V satisfies the requirement of the output.

Step 2. Compute Y’, Z’ € RUX(+7) apd v, Z € RUX(L+)r
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We prove that Y and Z satisfy (PTPT)°2+Y - ZT = (PT"VPT)°2:

(PTP)?+Y-ZT =(PTP")** + Z diag(u;) - (Y’ - (Z")7) - diag(v;)
i=1

= (PTPT)?+ (Y- (Z)T) o (> ui-v])

i=1
= (PTPT)? + (2PTPT + (PV1) - (PV2)") o ((PV1) - (PV2)")
= (PTPT + (PV}) - (PV)T)*

— new pTy\o02

where the first step follows from the algorithm description of Y and Z, the second step follows
from Part 2 of Fact 2.2.5 that diag(x) - A - diag(y) = Ao (x - y"), the third step follows from
Y- (Z)T =2PTPT + (PV;) - (PV,) and (PVy) - (PV,) = XI_, u; - v/ (see algorithm description
of Y’ and Z’), the last step follows from 7"V =T + V- VQT.

Step 3. Compute N™V € R"™*™,

N™¥ =N -N-(AY)-(I+(AZ)TN(AY))"" - (AZ)T-N
= (A-(PTPT)2. AT + (AY) - (AZ)7)""

_ (A . (PTnewPT)OZ . AT)—I,

where the first step follows from the algorithm description of N"%, the second step follows from
N=(A-(PTPT)**. AT)_1 and the Woodbury identity (Fact 2.2.6), and the last step follows from
(PT"VPT)°2 = (PTPT)*2+Y - Z".

Thus N™V satisfies the requirement of the output.
Time complexity. It is easy to see that the most time-consuming step is to compute N"V on
Line 13, and in total this step takes O (Tmat(m, U, Lr) + Tmac(m, m, Lr) + (Lr)®) time.

Since Lr < U and m < U, overall this algorithm takes at most O (T (U, U, Lr)) time. O
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5.3 Correctness

5.3.1 Low Rank Update

We use the following low rank update procedure of [55] and [2], which we modify by using a

cutoff when r > U/L. The proof of the following lemma can be found in [2, Theorem 10.8].

Algorithm 33 LowRANKUPDATE of [55]

e e e e e
R e A A T S el

e}
=

21:
22:
23:
24:
25:
26:
27:

R AR R

Parameters: A real number g < 0.01.

Input: New exact matrix S™% € REXL, old approximate matrix Se
Output: New approximate matrix S € RE*L, update matrices Vi, V, € RL¥
Zonid — (SHCW)—I/Z§(SHCW)—1/2 .y

Compute spectral decomposition Z,;q = X diag(1)X "

Let 7 : [L] — [L] be a sorting permutation such that [1,;)| > [Ax(+1)l-

if [A(1)| < &5 then

RLXL

Snew — S
return (§“ew, 0,0)
else

re—1

while 2r < U/L and (|A2r)| > &5 or |Az2r)| > (1 = 1/log L)|A5(|) do
r—r+1

end while

v« 2r

if r > U/L then
SREW Q“ew > Here we deviate from [55]
return (5", null,null)

else
ew 0 ifi=1,2,...,r

7 () Aqi) else

Q — supp(A™¥ - Q) > |Q =r
Vl - ((SneW)l/Z .X - diag(/lnew _ /1)):,9 > Vl e RLxr
V2 - ((SneW)l/Z X X);,Q > V2 c RLxr
Enew — §+ (SneW)l/ZX diag (™Y — /I)XT(SneW)l/Z b §new — §+ V1V2T € RLXL
return (§ v Vi, Va)

end if

end if

Lemma 5.3.1 (Low rank update). The algorithm LowRankUPDATE (Algorithm 33) has the following

properties:
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§new

(i) The output matrix =S+V V2T is a spectral approximation of the input matrix:

§new ~

new
NgS S .

(ii) Consider a total of t iterations of LowRANkUPDATE. Initially SO = 5O gnd we use
(S(i),g(i_l)) and (§(i),V(i),V2(i)) to denote the input and the output of the i-th iteration.

We define the rank r; to be the rank of Vfi) if Vl(i) # null, and otherwise we define r; = U L.

If the input exact matrices SO g ... §() ¢ RLXL satisfy
[1(SU=D)~1728@D (§E=D)=1/2 _ 1) < 0.02, Vi € [1]. (5.13)
Then for any non-increasing sequence g € RE, the ranks r; satisfy

ri 8 < O(t-|lgll2-logL).

M-

i=1

Furthermore, the algorithm LowRANkUPDATE takes O (L) time.

5.3.2 Slowly Moving Guarantee

In SOS optimization, the matrix S = PT diag(s) P corresponds to the slack matrix of the SDP.
The following lemma proves that similar to SDP, in SOS the matrix § is changing slowly. Using
this lemma we will prove that the requirement Eq. (5.13) of Lemma 5.3.1 is satisfied, which means

we can approximate the change to the slack by a low-rank matrix.

Lemma 5.3.2 (Slowly moving guarantee). Let ¢ € RY and A € R™ U be the input to the optimization
problem. Let P € RUVXL be the matrix of the interpolant basis.
Foranyy € R™ and y™¥ =y +6, e R", lets=c— A"y € RV and S = P" diag(s)P € RM*E,

Similarly define s"* and S™ from y"*. Let H(y) = A - (P(PT diag(s)P)_lPT)02 - AT e Rmxm,
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If s,s"% e X*_  then S and S™ are both PSD, and we have

n,2d’

||S_1/25news_l/2 =I||F = ||6y||H(y)'

Proof. Note that if s, s"% € X* | then by the dual cone characterization (Theorem 5.1.5) S and

n2d’
SPeW are both PSD.

For convenience we define M = PS™'PT € RU*U, Note that H(y) = A - M°> - AT. We also

define 6, = s"V — s = -AT6,. Vu € [U], we use p, € RE to denote the u-th row of P.

”S—l/ZSneWS—l/Z _ I”% — ”S—I/Z(Snew _ S)S_l/ZH%;
= ||S7'2(P diag(6,)PT)S™/?||%
=tr (S™'(P" diag(6,)P)S~!(PT diag(,)P))

:tr(S_l(Z(és)u pupu)S 1(2(5s)v pvpv

uelU veU (5_14)
= Z (65)u(0s)y - tr (S pupuS pvpv)
u,velU
= Z (05)u(d5)y - (va pu)
u,velU
= > (Eu(0) - M2, = 116,11,
u,velU

where the third step follows from ||A||12p = tr(AT A) and the cyclic property of trace, and the sixth
step again follows from the cyclic property of trace.

Since 6, = —AT 6y, we have

16511342 = 8, M6, = 6] AMT AT 6, = 6] H(y)6y = 16, 17,(y)- (5.15)

Mz

Combining Eq. (5.14) and (5.15) we get the bound in the lemma statement. ]
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5.3.3 Proof of Correctness

Finally we are ready to prove the correctness of Algorithm 31.

Theorem 5.3.3 (Correctness of Algorithm 31). Consider the following optimization problem with

AeR™U peR™ andc € RY:

Primal: min {c, x) Dual: max (y, b)
st. Ax=b st. ATy+s=c
X €204, s € Zz,zw

Let OPT denote the optimal objective value of this optimization problem. Assume Slater’s condition
and that any primal feasible x € X, >4 satisfies ||x||; < R.
Then for any error parameters 6 € (0,1), s < 0.01, and ey < 0.05, Algorithm 31 outputs

X € X, 24 that satisfies

(c,x) <OPT+6-R|c|lo and ||Ax —bl|; < 85L - (LR||Alle + ||2]]1).

Proof. Let us first clarify how Line 4 in Algorithm 31 can be implemented. The original matrix A
is given in some original basis q° of “V,.24. We then construct p and q as basis of V, s and V,, 24
given unisolvent points as explained in Section 5.1.1. These allows us to construct P according to
(5.9). It is left to transform A, b and c to the new basis q. This transformation from the original
to the new basis is given by some transformation matrix 7 € RY*V such that q = Tq°. Now
we replace A by AT™! and ¢ by T~!" ¢ and leave b unchanged. Note that this new instance of
(SOS) corresponds exactly to the original program where the variable x and s are represented in
the interpolant basis q instead of q°.

We consider the optimization problem min—bTy st. y € D, where F : R” — R, is the
barrier function defined in Eq. (5.12), and Dp is the closure of the domain of F. The barrier

parameter of F is vy = L. This optimization problem is equivalent to the dual formulation and its
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optimal value is —OPT. For any 7, let F,,(y) = —nb"y + F(y).

In the beginning Algorithm 31 first uses Lemma 5.5.1 to convert the optimization problem to
another form which has an initial feasible solution y that is close to the optimal solution of F;,
with 7 = 1. The initial y satisfies ||g;(¥) ||z (y)-1 < en by Lemma 5.5.1. Initially we also have
S =S = PT diag(s)P (Line 6 in Algorithm 31).

Next we prove the correctness of Algorithm 31 inductively. At each iteration, we assume the
following induction hypothesis is satisfied: (1) [lg; (V) |l < ens (2) S ~es S. We aim to prove
that the updated y™%, "%, §"V and Snew gtill satisfy these two conditions.

In Lemma 5.2.1 we have proved that in Algorithm 31 we always maintain N = (A- (P§ “1pTyez.

AT)_I. Let H = N~!, we have

H=A-(PS'PT)? AT g A- (PST'PT)? - AT = H(y),

where in the second step we use the induction hypothesis that S ~¢, S, and by Fact 2.2.2 we have
S~' ~.; $7', and hence PS~'PT ~,; PS~'PT, and hence (PS~'PT)? ~,., (PS~'PT)2,

new

The new vector y™¥ is computed as y™" = y + 6, where ¢, = —-H! gy(y) (Line 11 and 12

of Algorithm 31). And 5 is updated to "% =n - (1 + 28—1\’@) (Line 14 of Algorithm 31). Since

lgn (W ()1 < en, and H ~oeg H(y) where 2eg < 0.02 by its definition in Algorithm 33, the

requirements of Lemma 2.3.1 are satisfied, so we have

llgmew (V"™ gr(ynewy-1 < &n, and  [|6yllm(y) < 2en.

This proves the first induction hypothesis.

Then using Lemma 5.3.2 and since £y < 0.01 by its definition in Algorithm 31, we have
IS7H2(S") ™12 — 1Nl < (16, ]lm(y) < 2en < 0.02.
Thus the input matrix $™" to LowRANKUPDATE satisfies the requirement of Lemma 5.3.1, and we
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have that S™% ~g, S"V. This proves the second induction hypothesis.
Finally, we know that after = 40£5! VL log(L/9) iterations, 7 becomes (1 + Z‘S—Nﬁ)’ > 2L /6,

so using Lemma 2.3.2, we have
T VF 2
b'y>0OPT—-—-(1+2¢ey) > OPT-6".
n

Thus the initialization lemma (Lemma 5.5.1) ensures that we have a solution x € %, 5, to the

original primal optimization problem which satisfies
(c,x) <OPT+6-R|c|lo, [[Ax=b|l1 <8IL - (LR||All + |I&]l1)- O

5.4 Time Complexity

5.4.1 Worst Case Time

We first bound the worst case running time of Algorithm 31. The running time of the i-th
iteration depends on the updated rank r; of LowRaNkUPDATE, which is defined to be the size of

Vl(i) if Vl(i) # null, and U/L otherwise (see Lemma 5.3.1).

Lemma 5.4.1 (Worst case time of Algorithm 31). In Algorithm 31, the initialization time is O (U®),

and the running time in the i-th iteration is O (Tna(U, U, min{Lr;, U})).

Proof. Initialization time. The most time-consuming step of initialization is Line 8, where
computing N = (A(PTPT)"ZAT)_1 takes O (Tmat(U, U, L) + Tmat (U, U, m)) time. This is bounded
by O(U®) since L,m < U.

Time per iteration. In each iteration the most time-consuming steps are (1) computing S"%
and calling LowRankUpPpATE on Line 15-17, (2) executing the if-clause on Line 18-24, and (3)

computing g"°% on Line 25.

1. Computing S™% on Line 15 takes Tac (U, L, L) time. Calling LowRANKUPDATE on Line 17

takes O(L®) time by Lemma 5.3.1.
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2. In the if-clause on Line 18-24, if V| = V, = null, then Lr; > U, and we compute
NV = (A - (PT™VPT)2 . AT)_I, which takes O (Tmat (U, U, U)) time. Otherwise we call
UppateHESsIANINV on Line 22, which takes O (Tma (U, U, Lr;)) time by Lemma 5.2.1. In

total the if-clause has running time O (Tna (U, U, min{Lr;, U})).

3. Computing the gradient g = —"*V - b + A - diag (P(PT diag(s“eW)P)_lPT) on Line 25 takes

O(Tmat(U,U, L)) time since m < U.

Thus the total time per iteration is O (T (U, U, min{Lr;, U})). 0

5.4.2 Amortized Time

In this section we bound the amortized running time of Algorithm 31.

We use the following modified lemma from [2]:

Lemma 5.4.2 (Helpful lemma for amortization, modified version of Lemma 10.13 of [2]). Let ¢
denote the total number of iterations. Let r; € [L] be the rank for the i-th iteration for i € [t].
Assume r; satisfies the following condition: for any vector g € RE which is non-increasing, we have

i1 7i " 8 < O(t-lgll).
If the cost in the i-th iteration is O (Tma (U, U, min{Lr;, U})), when a > 5 — 2w, the amortized

cost per iteration is U*°)  yo=1/2+o() . 112,

We include the proof of Lemma 5.4.2 for completeness. The main difference between this proof

and that of [2] is that we cut off at U/L instead of L. Our proof makes use of Fact 2.2.8 and 2.2.10.

Proof of Lemma 5.4.2. For r; that satisfies r; < U/L, we have

Toat(U, U, Lri) < U004 (L) 15 - 275557400
o) o (5.16)
— U2+0(1) + U2— T—a +(J(1) . Lm . r_l—a

i b

where the first step follows from Fact 2.2.10.
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Define a sequence g € RE such that for r € [L],

il ifr <U/L,
8r =
w=2
(U/L)"=s -r~' ifr > UJ/L.
Note that g is non-increasing because ‘I”T_j < 1 (Fact 2.2.8). Then using the condition in the lemma

statement, we have

<t-|gll2
U/L o . L 1/2
<t / FCEE 2w (UL / x_zdx)/ (5.17)
x=1 x=U/L
2Aw-2) 4 2(“’—‘2) 1 1/2
sr-(c-(U/L) 2ol (/L)X . (U/L) )

=1-0((U/L) 1),

where the first step follows from the definition of g € R%, the second step follows from the

assumption Y,/_ r; - g, < t - ||gll> in the lemma statement, the third step follows from upper

2(w-2)

bounding the £, norm ||g||3 = 3%, g2, and the fourth step follows === > 1 when @ > 5 - 2w, s0

the integral /)CZ{LX%_ZM =c -xZ(la:;)_lﬁj/L = O((U/L)Z(lwff)_l) where ¢ := 1/(2(1“:12) -1).

Thus we have

7;nat(U» U’ min{Lri’ U})

M-

=1

~ |l

a(w-2) w—

< 3 (20 w0 L min(r (00 1))

—_

=
t

—t. U2+o(1) + Uz_n(la_»‘_YZ).,.g(l) . L‘,"T_(f . Z min{r
=1

w=2
I-a

(UL Y

i

<1 p2o) 4 20 8 (L) R

=t (U2+0(1) + Ua)—l/2+0(l) . L1/2)’

242



a(w-2) w=2

where the first step follows from Eq. (5.16) and Tma (U, U, U) = U® = U* 1= -Li-a - (U/L)‘f%f’
the second step follows from moving summation inside, the third step follows from Eq. (5.17), and

the last step follows from adding the terms together. 0
Now we are ready to prove our main theorem for the amortized time of Algorithm 31.

Theorem 5.4.3 (Time of Algorithm 31). When a > 5 — 2w, the running time of Algorithm 31 is
(U?- L2+ Uu“ V2. L) (log(1/6) + U°W).

Proof. Using Lemma 5.4.1 the initialization time is O (U®) < O(U“~'/2 . L) since U < L?.
Using Lemma 5.3.1 we know that the ranks r; indeed satisfy the requirement of Lemma 5.4.2,

and since the worst case time per iteration is O (Tmac(U, U, min{Lr;, U})) (Lemma 5.4.1), using

Lemma 5.4.2 the time per iteration is U?*(D) 4 yo=1/2+o() . [1/2 " Since there are in total ¢ =

408]_\]1 VLlog(L/6) iterations, we get the total running time as claimed. ]

5.4.3 Comparison with Previous Results

In this section we compare the running time of [63], [55, 2], and our result. We assume that
m = O(U) when making the comparisons.

Ignoring log(1/6) and U°V factors, and since L < U < L?, the running times are

[63]1 (SOS) : L°3 . U®,
[55,2] (SDP)’ : L% - min{UL* + U®, L* + L**7*7},

Ours (SOS) : LY - (U? + U¥79 . L09).

SWhen solving SOS, [55] has running time O(L3 - (UL? + U® + L®)) < O(L%3 - (UL? + U*)), and [2] has
running time O (L% - (U? + L*) + U® + L?®) < O(L*’ + L?>®) since L < U < L.

243



Current w and a. Plugging in the current best values w ~ 2.373 and @ ~ 0.314, we have

[63] (SOS) : L% . U373,
[55,2] (SDP) : L% - min{UL? + U*373, [*246}
UL2 when U € (L, L1.457]’

= L% {2313 when U e (L1457, [ 1789],

L4.246 when U € (L1‘789, LZ),

Ours (SOS) : L% . (U? + U'83L0).

Note that our running time is always better than the previous results, and for several values of L

and U we improve by a polynomial factor. See Figure 5.1 for an illustration.

5.5 Initialization

There exist standard techniques to transform a convex program to a form that has an easily
obtainable strictly feasible point, see e.g. [31]. We follow the initialization procedure presented
by [43] and [55] and adapt to SOS optimization. Similar initialization lemma exists for WSOS
optimization.

Let the matrix P € RV*L and the operator A : RV — RXL that A(s) = PT diag(s) P be defined

as in the interpolant basis paragraph of Section 5.1.1.

Lemma 5.5.1 (Initialization). Given an instance of (SOS) that fulfills Slater’s condition, and let

R be an upper bound on the {1-norm of the primal feasible solutions, i.e. all primal feasible x of

(SOS) fulfill ||x||1 < R, and let § € (0,1). We define A € RU"Dx(U+2) ' ¢ Rm*+1 4nd ¢ € RU*2 as

el C
_ A 0 Lip-4az"| _ Lp e
A: R b b: R b E: 0 b
1, 1 0 1+ (1y,3% 1
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and let
5
8 Ly + e

X=|1|erV? = e R™! and3° = 1 e RV*2,

where g° = gs» (E([):U]) € RY for the gradient function gs-(s) := diag(P(PT diag(s)P)~'PT) that

maps from RY to RY. This defines the auxiliary primal-dual system

min (c, X) max (y, b)
Ax=D Ay+s=cC (Aux-SOS)
X € Zyoa xR, SeX xR,

Then (x°,7°,35°) are feasible to the auxiliary system (Aux-SOS).

Further, under the canonical barrier (we use a; to denote the i-th column of Z):
—_ . _ - _ _T_ _ _ . _ _ .
Fy(3) = -1(5. b) ~ logdet (A(( = A Dpvy) ) - 10g(Cust = (@us, ) = log(Eusa = @usa. ),

we have that g, (§0)||ﬁ(yo)_1 =0forn® = 1.
Further, for any solution (X,7,5) to (Aux-SOS) with duality gap < 62, its restriction X := X[.u)
fulfills
(c,x) < Ax:a}cienznld(c,x) +6 - R||c||cos
|AX = bll1 < 8L - (LR||Allw +11b]11),

X € En,Zd-

Proof. Let proj denote the orthogonal projection matrix that maps a matrix onto its image space.
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Then note that

. ) ) -1
I12°lh = | diag (P(Pleag(]lU+Wc)P) P

0

llelleo

c)_1 - proj (diag(1y + Lc)l/z : P)) (5.18)

= tr(diag 1+
( llelloo

=(1x9)L,

where the last inequality follows as tr(proj(P)) = rank(P) = L.

Straightforward calculations show that Ax" = b and ZTio +3° = ¢. Further, note that 5° > 0 as
6 < 1 and therefore 5° € RU+2 ¢ X, X R2. The containment RY ¢ Rgo C X, 18 clear by the
characterisation X* , . = {s : A(s) = PT diag(s)P = 0}.

Further )_c([):U] = gz*(s([):U])) = diag(P(P" diag(E([):U])P)‘lPT) € X4 is e.g. shown in Propo-
sition 3.3.3 in [104]. We make it explicit by showing that ()?([):U],E) > 0 for any s € Z o
Indeed,

(XLp)-5) = (diag(P(PT diag(5}))P) ™' PT).5)
= tr ((P(P" diag(5},,))P)"'P") - diag(s))
= tr ((PT diag(s},;,))P) " (P diag(s)P))
> 0,
where the last inequality follows as the argument in tr is a product of positive semi-definite matrices.

Define s = ¢ — KTi. The corresponding barrier is

Fp(3)

~1(3,5) ~ logdet (A((€ = A F)(1)) — log(Cut = @1, 3)) = log(Fvsz = (@us2,7))

_ - _ _ _ 1 —0 —
—n(y, b) — logdet (A(S[:U])) —log(cy+1 = ym+1) — log(cysa - <Eb — A2, T )

and gradient of the system is

—Fb+ Ags:(510)) + == (b — AZ")

&, () =

1
SU+1

—n(1+(1y,2%) + (1y, g5+ (Srup)) +
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Simple algebraic calculations now show that for ° = 1 we have &0 (io) = 0,41, and so in particular
18,0 ) ”E(yo)fl < &y as necessary in Lemma 2.3.1. It remains to show that near-optimal solutions
to the modified problem correspond to near-optimal solutions to the original problem.

Let OPT resp. OPT be the objective values of the original resp. modified program:

OPT:= min {(c,x), OPT := min (¢,X).
Ax=b,x€Xp 24 ZXZZ,)_CEZn’Zd xR2
Given any optimal x* € RY of the original primal of (SOS), consider the following X* € RU*?
fulfilling AX" = b,X* € £,00 x R2;:
1
R

X= |1y, g% + 1 - L1y, x|

*
X

0

Note thatindeed x;;,; € Rygasby (5.18) wehavex;, , = (1U,§0)+1—%(]ly,x*) > (1-0)L+1-1 >

0 for 6 < 1 and by choice of R. Therefore

1 %
R.x

—_— — —x 0- <C9X*> J- OPT
OPT < (&3 = |pie™ 0 1]+ [(Mu, 8"+ 1= (T, x| = Fa— = r—

(5.19)

0

Now given any feasible primal-dual solution (¥,y,s) to (Aux-SOS) with duality gap < 6 we

have

OPT +62, (5.20)

5 _
— (e, Xpu)) < —— (¢, X)) + Xus2 = (6, %) < OPT + 62 <
el EUY = e R AU Rlclle

where the first inequality uses Xy42 € R0 and the last inequality follows from (5.19). So, for
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X = R - X[.y], using (5.20) we have that

_Rlells 8
5 el

RIICIIoo( 0

<C,5€> :R<C7f :U>
Lul 5 \Rlclle

(e, F)) < OPT +52) = OPT +6R)||c|| .

Recall that Rgo C Zz,z , and therefore %, 54 C Rgo. In particular x[.;y; = O and so using the
equality (Ly,X.u)) + Xys1 = 1+ (1 U,§O> (which follows from AX = b since (x,7,5) is feasible)

and X741 > 0 we can further bound
Fropll = (Lo, Xpop) < 1+ (Ly,8%) < T+ (1+6)L <2L,

where the penultimate inequality used (5.18). So we can further bound

1

llelloo

(¢, Xpup) = — lelleollXpulli > —2L. (5.21)

llelleo

Therefore using (5.20) and (5.21) we get that

S
(¢, ¥1v)) € ——— OPT+62+26L < 6+6>+25L < 45L. (5.22)

5
Xys2 < ——— OPT +6%—
* Rlc|loo

Rilclleo llelleo

where the penultimate inequality used OPT < R||c||~ and the last inequality uses ¢ < 1.

Feasibility of X to AX = b shows that AX Lu) + (%b - A§0)J_CU+2 = %b and we therefore have

IAX = bll1 = IRAX.p1 - blli = l|(b — RAZ))Xusall1 < 45L - (RI|AlllIZ°11 + 115111)

< 85L - (LR||Alle + |ID]]1).

where the penultimate inequality used (5.22), and the last inequality follows from (5.18). 0

It is worth noting that the system Ax=b,X € Zn2d X Réo is not an instance of (SOS) anymore.
This is in contrast for similar initialization techniques for Linear Programming [43] or semi-definite
Programming [55]. Nonetheless it is not hard to see that optimization over product cones as in this

case X, 24 X Rio can be done efficiently if the optimization over the factors can be done efficiently,
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see e.g. the application in [44]. Alternatively note that the dual cone (Z,, 24 X Rio)* = 2272 4 X Rio.

For s € 22,2 4 We used the barrier F(s) = — log(det(P" diag(s)P)) throughout the paper. This

barrier could easily extend via setting

P 0O
P=10 10
0 01

*

and setting the barrier for s € ° ,
n,2d

2
X Rzo as

F(5) = —log det(ﬁT diag(5)P) = —log(det(P" diag(s.p1)P)) —logsys+1 — log sy4a,

which recovers the standard barrier for the product cone. Our algorithm Algorithm 31 can now

equally be run with F instead of F, where then P is replaced by P.
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Chapter 6: Acceleration Meets Inverse Maintenance: Faster /., Regression

6.1 Overview

In this chapter we study the . -regression problem. Given & > 0, a matrix C € R and vector

d € R", d < n, we want to find ¥ € R such that,
|ICx —d|| < (1 + &) min ||Cx —d||. (6.1)
xeRd

Some of the popular approaches to obtaining fast algorithms for {.,-regression include using
multiplicative weight update (MWU) routines [170, 171, 48, 172, 49, 173, 174], gradient de-
scent [175, 176] and other ways to optimize a softmax function [177, 178, 174], and using interior
point methods (IPM) [20, 23, 35]. Interior point methods can find a high-accuracy solution, i.e.,
an g-approximate solution in 5(\/ﬁlog(1/ €))! linear system solves, whereas most of the other
methods are low accuracy solvers, i.e., their running time scales as poly(1/g). Naively using
gradient descent or MWU requires O (+/n - poly(1/¢)) linear system solves. Multiplicative weight
update based approaches can be accelerated via a technique called width reduction to converge
in O(nl/ 3. poly(1/g)) linear system solves [48, 172, 49, 173, 174, 179]. Several acceleration
techniques have also been developed to improve the iteration complexity of other low-accuracy
regression algorithms [180, 181, 177, 178, 174].

To get an overall fast runtime, apart from improving the iteration complexity, a useful approach
is to reduce the per-iteration cost. This can be done using inverse maintenance, which reduces
the cost via lazy-update schemes. Notions of inverse maintenance appear in the very first interior

point methods, [20, 144], but the modern form was introduced by Vaidya [39]. There have been

'We use O(-) to hide poly log n factors, and we use O ,(-) to additionally hide poly(s~') factors.
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many important developments in inverse maintenance algorithms since then, and state-of-the-art
algorithms use both linear algebraic data structures and dimensionality reduction routines, such as
sketching [182]. The improvements in runtimes of interior point methods including the state-of-
the-art algorithms depend heavily on these developments in inverse maintenance routines [41, 43,

45, 1, 183].

6.1.1 Our Results

For simplicity, in the discussion of our results and prior work on this problem, we focus on the
case w = 2+0(1) —but our full technical theorems give results for all w. In the low-accuracy regime
of &£ = 1/polylog(n) the state-of-the-art running time for £ -regression is 9] (n**1/18) obtained via
the randomized algorithm of [1], and %) (n2+1/ %) for deterministic algorithms via [45]. Both these
algorithms in fact obtain high-accuracy solutions, and they use inverse maintenance, but no accel-
eration. In this work, we push the running time further in the low-accuracy regime by combining

the state-of-the-art inverse maintenance techniques of these results with new multiplicative weight

2+1/22.5

methods which allow us to perform acceleration, yielding running times of O(n poly(e71))

2+1/12p01y (1)) without.

with randomization and O (n
Our first result is a deterministic algorithm that combines acceleration and lazy inverse updates
in a novel, more sophisticated way, and achieves a running time of O (n**Y/ 2poly(e71)). This

improves on deterministic state-of-the-art O (n**1/6 log(¢™')) [45] in the low-accuracy regime.

The key to this result is a new notion of ¢3-stability which is tailored to the accelerated MWU.

Theorem 6.1.1 (Informal statement of Theorem 6.7.1). There is a deterministic algorithm that
solves Problem (6.1) in 5(n2+1/12p01y(8_1)) time when w = 2+ o(1). This algorithm converges in
o (n1/3poly(8_1)) iterations.

2+1/22.5

Our main result is our randomized algorithm with running time O(n poly(s71)).

Theorem 6.1.2 (Informal statement of Theorem 6.6.2). There is a randomized algorithm that
solves Problem (6.1) in 5(n2+1/22‘5p01y(8_1)) time when w = 2+ o(1). This algorithm converges

in O (nl/z'spoly(s_l)) iterations.
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To obtain this result, we introduce the first MWU which can combine all three key techniques
for {-regression: (a) acceleration, (b) lazy inverse updates, and (c) sketching.

Thus, we give the optimization approach method which is able to efficiently combine these
three key techniques of structured convex optimization. This is likely an essential building block
toward n>*°1) optimization for many objectives. If, some day, acceleration is achieved for linear
programming, an equivalent integration will be necessary for optimal algorithms in this context.

Before describing our new approach, we first review existing techniques for fast £,,-regression.

6.1.2 Background: The Ingredients of Fast {.,-Regression Methods.

Both MWUs and IPMs that solve {.-regression methods rely on a sequence of calls to £>-
oracles, i.e. a subroutine that solves an {;-minimization problem, or equivalently, solves a linear
equation. In order to solve the {.-regression problem (6.1), a standard MWU approach repeatedly

solves a sequence of ¢,-oracle problems of the form

x@ = arg min Z réi) (Cx - d)g (6.2)

x€R4
e
where the weights {rgi)} are chosen by the MWU depending on the magnitude of previous iterates.

Inverse maintenance via stability and robustness. The ¢>-oracles of MWUs and IPMs can be
implemented by applying the inverse of a matrix, and inverse maintenance can be used to solve the
sequence of ¢{,-oracle calls faster than simply performing a full matrix inversion or linear equation
solve on each call. Two key phenomena drive inverse maintenance: stability and robustness.
Stability is the property that the inputs to the ¢>-oracle only change slowly. In the MWU case, this
means the weights {rii)} change slowly. We say an optimizer is robust if it can make progress
using answers from ¢;-oracles with somewhat inaccurate inputs. The combination of stability and
robustness is especially powerful. Together, these properties ensure that we can delay making small
coordinate updates to inputs until they build up to a large cumulative update, and that we only

get few large cumulative updates, enabling the use of coordinate-sparse update techniques. This
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approach of batching together small updates is known as lazy inverse updating. Obtaining further
speed-ups using sketching also crucially relies on robustness. Because of robustness, we can afford
to use sketching to estimate x(, as long as our estimates allow sufficiently accurate updates to the
weights {rgi)}.

The IPM of [43] first achieved a running time of O (n**1/6 4 @) by introducing a method with
excellent stability and robustness, which in turn allowed them to implement a powerful inverse
maintenance approach using lazy updates and sketching. Later, [45] showed that the same running
time can be obtained deterministically using only lazy updates, and finally [1] gave an improved

running time of O (n?*!/18 4+

@) using both lazy updates and sketching. The approach of [1] can be
thought of as a two-level inverse maintenance, and the use of the randomized sketching techniques
is crucial for them to efficiently implement the query operation of this data structure. It remains

open if there exists any deterministic IPM that can run faster than o (nZ*1/6 4 po),

Acceleration via width-reduction. In oracle-based optimization, there is a long history of devel-
oping accelerated methods, which reduce the iteration count compared to more basic approaches.
This can be traced back to accelerated solvers for quadratic objectives [184, 185] and first-order
acceleration for gradient Lipschitz functions ([ 186] and earlier works by Nemirovski). Christiano et
al. [48] developed an acceleration method for multiplicative weight methods that reduces the itera-
tion count for solving ¢, regression with £,-oracles from O(Wn- poly(1/¢)) to o (n'/3 -poly(1/¢)).
An alternative approach to acceleration for {.-regression can be obtained via the methods of
Monteiro and Svaiter [180], and has also been a major research topic, but is beyond the scope of
our discussion. For simplicity of our remaining discussion, we ignore & dependencies. A rough
outline of the MWU acceleration approach of Christiano et al. [48] is as follows: The MWU
solves a sequence of £>-oracle problems returning iterates x\). If we scale the problem so that
|Cx* —d||» < 1, then weights ensure that (a) in each iteration, ||Cx"Y) — d||. < v and (b) after

T = 5(\/71) iterations, X = % > x% has ||C¥ —d|| < 1+ &. [48] made an important modification:

if in some iteration we have ||Cx®) —d||.. > p ~ n'/3, then instead of using x), we will adjust
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the weights {réi)} in order to reduce the value of ||Cx"") — d||., for future iterates x"). Using
this method, an approximately optimal x = % > x® can be found in T = O(n'/?) iterations. The
parameter p measures the £s-norm ||Cx® — d|| of each iterate, sometimes known as the width,
and the weight-adjustment steps of Christiano et al. are hence known as width reduction steps.
When the oracle width can be reduced in this way, we will say our method is width-reducible. This
acceleration has never been developed for £ -regression in the high-accuracy regime (i.e. running
times that scale as polylog(1/¢)), and whether this is possible is one of the major open questions

in convex optimization.

Weight monotonicity in MWUs: an obstacle to sketching. Many MWU methods are designed
to have an important property, which we call weight monotonicity. Concretely, in [48] and many
other MWU s, the oracle weights {rg)} are only growing. This often simplifies analyses greatly, and
helps establish other properties including stability, robustness, and width-reducibility. Referring
back to our oracle queries introduced above in (6.2), let us define 70 = %Z jsix(j ). Weight
monotonicty arises because we choose the weights based on an overestimate of |(C5c'(i) -d),|
given by y; = %Z j<i |(CxY) —d),|. In particular, choosing rE,i) = exp(ay;) for some scaling
factor a will ensure the weights only grow. As we will discuss later, weight monotonicity seems
inherently incompatible with sketching, and thus we will need to develop a non-monotone MWU.
Prior work by Madry [187, 188] introduced non-monotone weights in a highly specialized IPM
for unit-capacity maximum flow. This IPM of Madry has MWU-like properties and allows for

some acceleration. The method has other drawbacks including low stability and robustness, but

nonetheless inspired some of our design choices.

Prior inverse maintenance with acceleration. We are aware of a single prior work which
combined lazy inverse updates with an accelerated MWU to obtain a running time of o (n**13 @)

2+1/6

for £,-regression [49]. This approach is relatively naive, falling short of the o (n +n) running

time which can be achieved using only lazy inverse updates.
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width-reducibility

optimizer

stability & robustness robustness & non-monotonicty

Figure 6.1: Algorithmic techniques and their requirements on our optimizer.

lazy updates

6.1.3 Discussion of Techniques

The crucial algorithmic techniques we rely on for speeding up ¢ -regression are (a) acceleration,
(b) lazy inverse updates, and (c) sketching. We can view each of these techniques as being enabled
by different properties of the overall optimization approach. Our approach to acceleration is
enabled by width-reducibility, while lazy updates require stability and robustness, and finally
sketching requires robustness and non-monotonicity. This means we need to develop an MWU
which simultaneously exhibits all these properties, i.e. it must be stable, robust, non-monotone, and
width-reducible. In Figure 6.1, we summarize how our algorithmic techniques impose different
requirements on our optimization approach. Again, for simplicity, in the remaining discussion of
our results and prior work on this problem, we focus on the case w =2 + o(1).

We first discuss how to combine stability, robustness, and width-reducibility in a monotone
MWU, which leads to a comparatively simple, deterministic algorithm using acceleration and lazy

inverse updates, but no sketching.

Stability and robustness of a monotone, width-reducible MWU. [49] showed how to obtain

stability, robustness, and width-reducibility together, with a monotone MWU. However, this work

only established a weak notion of stability and hence comparatively slow running time of o (n>*113).

In contrast, one can show that by directly using stability and robustness in a monotone accelerated

MWU, one can adapt the data structure approach of [45] to achieve a running time of 9 (n*+119),
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yielding a faster MWU.
Our first result Theorem 6.7.1 is based on the observation that monotone MWU also enables
a new, stronger notion of stability, which we call {3-stability. This allows us to further reduce the

number of lazy updates we make and lets us achieve a deterministic running time of o (n*+1/12),

Non-monotone MWU - a key ingredient for sketching. As we described above, it is relatively
easy to improve the running time of low-accuracy {-regression among deterministic algorithms,
by designing a monotone, robust, width-reducible MWU with a novel {3-stability.

To further accelerate the algorithm by using a two-level inverse maintenance data structure, we
need to use randomized sketching techniques to efficiently implement the query operation, which
is required in every iteration of the MWU algorithm. Unfortunately, weight monotonicity is in
conflict with sketching, because monotonicity arises from ignoring cancellations in (Cf(i) —-d),
between different iterations.” In contrast, when using sketching, we want to crucially rely on
cancellation between different iterations, as we sometimes overestimate (Cx") —d), and sometimes
underestimate it, but get it right on average. Because of this, we design an MWU with non-
monotone weights. This in turn makes width-reducibility, robustness, and stability much harder to
obtain.

To allow us to work with non-monotone weights and still obtain acceleration, we introduce a
more delicate width-reduction scheme, inspired by [188]. We also provide a tighter analysis of
the sketching technique (it was named coordinate-wise embedding by [44, 1]) that upper bounds
its total noise across different iterations using martingale concentration inequalities. This tighter
analysis is necessary to control the overall error introduced by the sketching technique in our MWU
algorithm. We believe this tighter analysis could also provide a simpler analysis for the IPM results
of [43, 1].

This new width-reduction approach in turn also requires us to estimate an {3-norm associated
with each iterate x(?), and to do this quickly, we need to employ new sketching tools. To implement

this approach, we also need an additional heavy-hitter sketch that allows us to identify which

ZRecall that the final output of our MWU is the last averaged iterate D,
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weights to adjust during width reduction.

Stability and robustness of a non-monotone, width-reducible MWU. Stability and robustness
are crucial when we want to use lazy updates and sketching for inverse maintenance. Standard
techniques for acceleration by width-reduction are unstable in the context of non-monotone MWU.
Thus, to combine stability, width-reduction, and non-monotonicity, we have to further change our
width-reduction strategy.

A central challenge is that width-reducibility is inherently in tension with the other properties.
To simultaneously achieve stability and width-reducibility, we introduce a new and rather differ-
ent approach to width-reduction, which we call stable width-reduction. This approach is more
conservative than existing methods, and uses smaller width-reduction steps to achieve stability.

Combining width-reducibility with robustness is also difficult. Width-reduction relies on iden-
tifying too-large entries of the oracle outputs and making adjustments to the corresponding weights.
But, robustness requires us to operate with inaccurate weights. We want to allow for weights that
are inaccurate up to a factor (1 + 1/polylog(n)), and this is enough to completely change which
oracle outputs are too large. In fact, we do not achieve general robust, but instead show that our
method is robustness to (1) the errors induced by our specific lazy update scheme and (2) the errors

induced by sketching.

Future perspectives. It remains open to design any algorithm for low-accuracy ¢, regression
beyond O (n?*1/225) when w = 2 + 0(1). We remark that if it were possible to use ¢3-stability with

1/3 jterations, then we would achieve

the two-level data structure and an algorithm that converges in n
a runtime of O (n?*1/48) . However, the current techniques for inverse maintenance and acceleration
are not sufficient to achieve O (n2*() + n®), which we believe would require substantially new
techniques. On the other hand, even obtaining slight improvements in the runtime would require
more robust acceleration and inverse maintenance frameworks which would be of independent

interest.

In this paper, we analyze our algorithms in the RealRAM model. Establishing a similar analysis
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in finite precision arithmetic is an interesting open problem. Inverse maintenance-based IPM with
finite precision arithmetic was studied by [189].

We have demonstrated that acceleration techniques for MWU can be efficiently combined with
inverse maintenance methods. For linear programming, no similar acceleration techniques exist
and it is a major open problem to design these or rule out the possibility in various computational
models. If acceleration can be achieved for linear programming, deploying it in conjunction with

inverse maintenance will likely require techniques similar to those we introduce in this work.

6.1.4 Our Techniques
Deterministic MWU Algorithm via One-Level Inverse Maintenance

MWU methods reduce {.-regression problems to a sequence of £;-minimization problems,
which can be solved by solving systems of linear equations — or equivalently, applying the inverse
of some matrix. More concretely, an MWU for finding approximate solutions to min,cga ||Cx —d||c
requires us to repeatedly solve problems of the form

min Z rgi) (CA —d)?

AeRd
e

across iterations i = 1,...,7T. The exact solution to these minimization problems is given by
AD = (C"TRYC)"'C"RYd.

The multiplicative weight update method iteratively updates the weights using A®) and “penalizes”
the coordinates e that have large |CA®) — d|, by increasing their weights rgm) in the next iteration.
In the end the method outputs x = lT: | AD /T as the approximate £, minimizer.

The cost of each iteration is dominated by the time required to solve the corresponding system

of linear equations for AY¥) — or equivalently, applying the inverse of some matrix. If solving

this sequence of systems of linear equations can be done faster than naively solving each system
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separately, then we can speed up the cost per iteration of the MWU algorithm, and hence make
the algorithm faster. A similar problem of solving a sequence of systems of linear equations was
studied for the IPM algorithms [43, 45, 1], and they achieved speed-ups by using lazy updates
with inverse maintenance data structures. They could use lazy updates because the IPM algorithm
satisfies a stability guarantee and a robustness guarantee. More precisely, (1) [PMs satisfy an
{>-stability guarantee that the £>-norm of the relative changes between two iterations is bounded,
ie., || r(Hrlz—l—)r(l) ||% < O(1). (2) IPMs are still correct if the system of linear equations is solved with
coordinate-wise approximate weights r ~s r for some ¢ > 0.

As it turns out, the monotone MWU algorithm is also inherently stable and robust, even with
acceleration. We can therefore use coordinate-wise approximate weights 0 ~s r in each
iteration, and only update ng) when it differs from rgi) by more than 6. This ensures that the
(@)

approximate weights "’ undergoes low-rank updates. We present a robust version of the known

accelerated multiplicative weights update method for £ -regression from [48, 172] below, where

when solving the system of linear equations for A?) we use the approximate weights 7,

Theorem 6.1.3 ([172]). Let 0 < & < 1/2 and 0 < § < g/6. Algorithm 34 returns X such that
|Cx—d||c < 1+0(¢) in 5(1’11/38_7/3) iterations. Each iteration solves a linear system as specified

in Line 9 of the algorithm.

In fact, we can prove that this algorithm satisfies an even stronger stability guarantee — a

quantitatively strong type of £3-stability, namely

3
< o(n'?).
3

T

2

i=

D) _ D)
@)

The ¢3-stability guarantee allows for the following lazy-update scheme: for every ¢, in every 2¢

iterations perform an update of size 0 (23) to 7.
Together with the one-level inverse maintenance of Brand et al. [182], this improves upon the
previous best deterministic algorithm for low-accuracy £ regression that runs in O (n® + n2*1/%).

We present a simplified version of the data structure below, and the formal version tailored to our
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Algorithm 34 Monotone Width Reduced MWU Algorithm
1: procedure MWU-SoLver(e, C,d)

2: w00 1, x@ o0,
1 —
3: T%@(?lOg%),a(—@(Vl_%‘an% (log\ylo) 1),77(—%
4: T —a'e?logn
5: i—0,k<0
6: while i < 7 do
7 rt) e w4 R,
8: Pk SELECTVECTOR(I‘(i’k), i+k,0) >r 5T
9: AR — argmingcga Y, PP (CA - d)? > A= (CTE(l’k)C)'lCTE(Z’k)d
10: if |[cAGR —d| _ < 7 then > primal step
11 wHLE) @GR (1 4 g CATR —d))
12: x*) — x4 AGK)
13: i—i+1
14: else
15: For all coordinates e with |CA®%) —d|, > t > width reduction step
16: wi D (1 )Wl 4 2w
17: k—k+1
18: end if
19: end while
20: returnx = ’#

21: end procedure
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application is in Section 6.5.1.

Lemma 6.1.4 (One-level inverse maintenance, (Informal) Theorem 4.1 of [182]). There is a data

structure that supports the following two operations to maintain the inverse of an n X n matrix M :

* Reset: Reset M~! to (M + A)~', where A has ko non-zero entries. This operation can be

done in O(Tmai(n, n, ko)) time.

* Query: Output the vector (M + A)~! - v using the maintained M~" and M~'v, where A has

at most n® non-zero entries. This operation can be done in O(n“% + n'*%) time.

Runtime when w = 2. For simplicity, we only show the runtime of our algorithm when w = 2
in this section and omit polylogarithmic factors. Let us choose the parameter ag = 3/4, so that we
perform a reset operation whenever we accumulate more than n® = n3/# updates to 7. From our

1/4 jterations.

low-rank update scheme under the £ stability guarantee, this only happens in every n
So we perform a reset operation with cost O(n?) (since w = 2) in every O(n'/*) iterations, and
over the total O (n'/3) iterations this gives a total reset time of O (n>~1/* . n1/3) = O (n?*1/12).

We perform a query operation in every iteration with cost O (1% + n'*@) = O (n'*3/*). Over
all O(n'/3) iterations this gives a total query time of O (n'*3/* . n'/3) = O (n**'/12). Therefore, the

total runtime is the sum of the reset time and the query time, which is O(n**'/12) as claimed in

Theorem 6.1.1.

Randomized MWU Algorithm via Two-Level Inverse Maintenance

To further improve the runtime of the algorithm, we will use the following, more efficient

two-level inverse maintenance data structure.

Lemma 6.1.5 (Two-level inverse maintenance, (Informal) Theorem 4.2 of [182]). There is a data
structure that supports the following three operations to explicitly maintain the inverse of an n X n

matrix M. The algorithm achieves the goal via explicitly maintaining the inverse of an n X n matrix

3T mat(n, r,m) denotes the time complexity of multiplying an n x r matrix with an r X m matrix.
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My and implicitly maintaining the inverse of another n X n matrix M, that differs from My on at

most n“* entries, and the true matrix M always differ from My on at most n®!' entries where a; < ay:

* Reset: Reset M, Vto (Mo + Ag)~', where Ao has ko non-zero entries. This operation can be

done in Tma(n, n, ko) time.

 Partial reset: Implicitly reset Ml_1 to (My + Ay)™!, where A has ky non-zero entries. This

operation can be done in Tna(n, n®, k1) time.

» Query: Output { entries of the vector M~' - v using the maintained My L M1_1 (implicitly).

This operation can be done in T (n®, n®, max{n®,{}) time.

The total runtime of the above data structure is the sum of its reset, partial reset, and query times.
Let us now compare the query times of this two-level data structure with the one-level version.
Observe that, the query time of the one-level data structure is n'*% and that of the two-level data
structure is better than n'*% only if £ = o(n). In other words, we get an improvement via the
two-level data structure only if we have an algorithm that does not require querying the entire
maintained vector M1y,

So far, such an improvement via the two-level data structure has only been utilized, although
in a complicated way, in the work of Jiang ef al. [1] where they give a fast algorithm for linear
programming by using the data structure within the robust interior point method framework and
querying a sketch of the vector at every iteration. It is still an open problem if one can achieve

their runtime of ~ n2+1/18

via a deterministic algorithm and it is conjectured that improving the
runtime either requires an improved data structure or, a more sophisticated “dimension reduction

technique” to work with the algorithm.

Sketching and non-monotone MWU. Similar to [1], in our work we also query a sketch of the
maintained vector in every iteration. More precisely, in each iteration we use a random matrix
S € R""*X1 where 17 is the acceleration that we get, i.e., the total number of iterations is O (n'/277),

and we compute an approximate step ST - S - (CTAWK) —d). Using the coordinate-wise embedding
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guarantee of the random matrix S, we can ensure that for each coordinate we have
(STS(CTA(i’k) - d))e ~ (CTAGH _g),.
We now require to change Line 11 of Algorithm 34 to update the weights by
WOHR @R (14 za - STS(CAMH — a) ).

Note that we lose monotonicity of the weights with this new primal step. We have to use this
non-monotone update because the absolute values |[S'S(CT A®X) —d)| would result in an error that
is around the standard deviation of the estimator in every update of w(>¥)’s, and this would add
up over iterates. Since the entire analysis of the MWU methods depends on tracking potentials
which are functions of the weights, we would incur a large error. To circumvent this issue we
require a version of the MWU method where the weights are not updated monotonically, and the
random noise introduced by the sketching matrix S can cancel out with each other across different
coordinates e and across different iterations i.

Monotonicity is crucial in accelerating MWU methods and it is non-trivial to achieve accelerated
rates without it. A few works in graph algorithms have been successful in obtaining accelerated
rates without monotonicity [188, 190] for specific algorithms.

Interior point methods directly control the solution quality of the last iterate. In contrast, MWU
algorithms only measure the quality of the average of the primal iterates A¥). As a result, our
bound on the final solution requires a new MWU analysis that can handle cancellations between
iterates of the errors arising from using sketching. We achieve this by developing a tighter analysis

that upper bounds the sum of the sketching error over multiple iterations:

((STS(CA@ - d))e — (CAY - d)e) < Yt

Vb

t
i=0

We prove this bound using Freedman’s concentration bound for martingales. We also believe this
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tighter analysis can simplify the sketching analysis for the previous IPM papers [43, 44, 1].

Stability and robustness of non-monotone MWU. The non-monotone MWU with standard
width reduction steps is neither stable nor satisfies a low-rank update per iteration. We propose a
new width reduction step that satisfies a low-rank update scheme which is sufficient for our data
structure. Our steps, however, do not satisfy £, stability, which is a sufficient condition for the
low-rank update scheme. Instead of increasing all weights by a factor of (1 + &) as in Line 16
of Algorithm 34, our new width reduction step increases a carefully selected set of weights. As
a result, we can ensure that whenever we increase a large set of weights, we also increase the
potential by a lot, so this event doesn’t happen very often. This helps ensure that weight updates
from width-reduction steps occur on a similar “schedule” to weight updates from our primal update
steps, and it allows us to efficiently handle both in the inverse maintenance data structure (Refer
to Algorithm 36 and Appendix 6.9 for the complete algorithm and analysis). To efficiently find
the coordinates e to perform width reduction on, we use an additional heavy-hitter data structure
to identify these A, exactly. We can only afford to find n'/>*" such coordinates in each iteration.
This restriction on the number of coordinates restricts us to set r7 to be 1/10, and our final iteration

2/

complexity is n'/>77 = n*/3 instead of n'/3. The non-monotone algorithm also requires estimating

a weighted {3-norm of AG-K)g for which we use an additional sketch from [191].

Unlike the width reduction steps, the primal steps are stable, and they satisfy the ¢, stability,

P _ L2

. < 0(n*.
r(l)

2

Given the ¢, stability guarantee, we again use coordinate-wise approximate weights 7 ~5 r® in
each primal step, and only update ng) to be rgi) if it differs from rg) by more than 6. This again
guarantees a low-rank update scheme for the primal steps: for every ¢, in every 2¢ iterations we
only perform an update of size O (2% - n?") to 7.

It is non-trivial to show that the accelerated non-monotone MWU is robust under such

coordinate-wise approximations to the weights. This is because we do not update the weights
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in every primal step, and we lazily update them in future iterations. We use an amortization
argument to show that we can still gain enough changes in the required potentials even when we
defer some updates to the future. However, this means our accelerated non-monotone MWU is

only robust under the specific approximate weights fgi) that are updated to be r((f) whenever it

differs too much from rff). We cannot guarantee robustness if in every iteration we choose an
arbitrary coordinate-wise approximation unless we consider the unaccelerated algorithm, which

was guaranteed in the IPM algorithms.

Runtime when w = 2. Finally, we sketch the time complexity of our non-monotone MWU
algorithm using sketching when w = 2. For simplicity, we omit polylogarithmic factors. Using
the two-level inverse maintenance data structure of Lemma 6.1.5, we perform a reset operation
whenever we accumulate more than n° updates to r, and by our low-rank update scheme under the
¢, stability guarantee, this only happens in every n%/>~" iterations. Similarly, we perform a partial
reset operation whenever we accumulate more than n“! updates to r, and this only happens in every
n® /271 jterations. Finally, note that our query time is bounded by n%*%! since we always ensure
that we query for at most £ = O(n'/?*7) coordinates in each iteration. So our total runtime over

T = n!/27" iterations is

l’l2 n1+a0
- — = +T - gy +T - plotar — n2.5—a0/2 +n1.5+a0—a1/2 +n0.5—77+a0+a1.
n4o/ <= ni/ == | —
reset

reset partial reset

Choosing the parameters ag = 1 — % anda; =1- %, we have that the total runtime is bounded
by O(n**1/18-1/9) " Since we achieve an acceleration of 7 = 1/10 and n'/?> = n?/5 iterations, this

gives the claimed O (n2*1/18-1/9) = O (n?*1/225) time complexity of Theorem 6.1.2.

6.2 Additional Preliminaries

Potential functions. In this paper we consider a fixed problem min, ||Cx — d||» and assume that

this has optimum objective value 1. We define the following two potential functions for weights w
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and r such thatr = w + Z||lw||;:

D(w) := |lwl|; (6.3)
¥(r) = min Z re(CA —d)>. (6.4)

The two potentials satisfy the following three lemmas. Their proofs are standard, and we defer
them to Section 6.11.

The first lemma shows how the two potentials are related.

Lemma 6.2.1. Letw > O,r,r, such thatVe,r, = w, + §||w||1, andr ~sr. Then, ¥ (r) ~5 ¥Y(r), and

P(r) < et - D(w).
In our algorithms we have the following lower bound on the initial ¥ potential.

Lemma 6.2.2. If w%9 = 1 and r'9 = w(®0 + £. @(w(©9), then we have ¥ () > ¥, :=
min{1,d" (I - C"(C"C)"'C)d}.
The last lemma provides a lower bound on the ¥ potential after a small perturbation to the

weights r.

Lemma 6.2.3. Let ¥(r) = miny Y, r.(CA — d)?. For any r',r > 0 that satisfies |r, —r.| < 7, for

all e, we have

’
r,—re
’
e

%

W) 2 W)+ ) ( ) r.(CA -d)?,

where A := argming Y, r.(CA — d)>.

Primal iterate and width iterate of MWU algorithms. We will use i to denote primal iterates
and k to denote the width reduction iterations in our multiplicative weight update (mwu) algorithms.
We use u to denote the vector u after applying sketching, and u to denote an approximation to the
vector u. For the (mwu) algorithms, we would use iy to denote the number of primal steps executed
when the k' width step is being taken, i.e., the k’" width step is from (ix, k) to (ix, k + 1), and we
use k; to denote the number of width reduction steps executed when the i’ primal step is taken,

i.e., the /" primal step is from (i, k;) to (i + 1, k;).
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For any primal step i and any coordinate e, we define LASTWIDTH(Z, €) to be the largest i’ < i
such that the algorithm executed a width reduction step from (i’, k) to (i/, k + 1) during which the

weight of e is updated, i.e., w' D 2 ("0

6.3 Fast Width-Reduced MWU Algorithms

In this section, we present the formal guarantees of our multiplicative weight update routines:
a deterministic MWU algorithm with monotone weights (Algorithm 34) that is used in Theo-
rem 6.1.1, and a randomized MWU algorithm with non-monotone weights and stable and robust

steps (Algorithm 36) that is used in Theorem 6.1.2.

6.3.1 Lazy Update Procedure

We first present the SELECTVEcCTOR algorithm (Algorithm 35) from [183] that computes a
coordinate-wise approximate vector r of r such that r undergoes small updates.

We remark that the only difference between our algorithm and that of [183] is in Line 12 where
we only include a coordinate e in § if w, is not being updated by a width reduction step between
primal iterations i — 2¢ and i. This is due to a minor technicality of dealing with the two kinds of
steps, primal and width reduction, in Algorithm 44 and 36. In all our algorithms, if we toggle a
coordinate e in a width reduction step, then we always update the “lazy” approximate vector r, to
be the same as r,, so the guarantees of the SELECTVEcTOR algorithm still hold under this change in

Line 12.
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Algorithm 35 Compute a coordinate-wise approximate vector that undergoes small updates [183]

1: procedure SELEcTVECTOR(F?, i, §)
2: > This procedure stores all previous rO ... r@=D and the 7 in the previous iteration

3: if i = 0 then

4: return 7 — r(©
5: end if
6: S0

7: for(=0,1,--- ,logndo

8: if i =0 mod 2/ then

9: if ¢ = logn then

10: S « [n]

11: else

12: S—Su{e: |ln(r<?g2),>)| > 21(()5gn and LASTWIDTH(i, €) < i — 20}

13: > LASTWIDTH(Z, ;) < i is the last primal step during which a width reduction

step updates w,
14: end if
15: end if
16: end for
17: re «— rgi) foralle € S
18: return r

19: end procedure

6.3.2 Monotone Multiplicative Weights Update Algorithm

We have already presented the convergence guarantees of Algorithm 34 in Theorem 6.1.3.
We now add the stability guarantees that we use to prove the guarantees of our fast deterministic
algorithm. The analysis of the algorithm is in Appendix 6.8 and the stability guarantees are in

Appendix 6.10.1.
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Lemma 6.3.1 (Stability bound of £3 norm over all primal iterations). Let k; denote the number of
width reduction steps taken by the algorithm when the i'" primal step is being executed. Then over

all T primal steps of Algorithm 34, we have

< a(azn) = 5(”1/382/3).

2.2, e

T-1 (r£i+1,k,-) _ ki) 3
i=0 ecs,; re'

Here S; is the set of coordinates e at primal iteration i such that ré’”’ki) > rg’k”>(l +3ea)?.

Lemma 6.3.2 (Stability bound of £3 norm over all width reduction iterations). Let iy denote the
number of primal steps taken before the execution of the k'" width reduction step. Then, over all K

width reduction steps of Algorithm 34, we have

<0(n'?.

(lk k)
e

K- 1( (lk kel) (,k k)

k=0

6.3.3 Algorithm with Non-Monotone Weights, Stability and Robustness

We now give our main algorithm which can be used with our two-level inverse maintenance
data structure. Algorithm 36 updates the weights in a non-monotone way, and additionally has
stable primal and width reduction steps. It is also compatible with sketching as required by the data

structure. We can prove the following guarantees.

C
Theorem 6.3.3. Forn < 1/10, with probability 1 —1/n, Algorithm 36 with input ( , ,E)
-C| |-d

findsx € R" such that ||CX —d|| < 1+ O(g) in at most 0 (nl/z_”8_4) iterations. Furthermore,

the algorithm satisfies the following extra guarantees:

1. In the width reduction step of the algorithm, the algorithm only requires to find at most

o (nl/ 2+’7) large coordinates per iteration.

“We note that it is sufficient to consider these sets S;’s since any change that is smaller than the ones captured here
can happen only O(1) times.
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2. The algorithm satisfies the following low-rank update scheme: There are at most T;—,K number

of iterations where r receives an update of rank 55(111/ 3220y,

In order to get Algorithm 36 we begin by extending the graph based algorithms of [188] to
{-regression. A direct extension does not have stable width reduction steps. We therefore design a
new set of width reduction steps (Algorithm 44, Appendix 6.9.2), which necessitates a new analysis
for bounding the number of such steps. We then additionally add sketching to the primal steps to

get the final algorithm which is analyzed in Appendix 6.9.3.

Organization of Proof

The following sections contain detailed proofs of our algorithms. In Section 6.2 we give some
preliminaries and basic results we use for our proofs. In Section 6.4 we prove the guarantees of
our low-rank update scheme under ¢, and {3 stability, given by the subroutine SELECTVECTOR in
Algorithm 36. Further in Section 6.5 we provide the guarantees for all the data structures required
to implement our final algorithms. In Section 6.6 we show how to implement our randomized
algorithm (Algorithm 36) using the data structures from Section 6.5, and prove Theorem 6.1.2. In
Section 6.7 we show how to implement our deterministic MWU algorithm (Algorithm 34) using
the data structures from Section 6.5, and prove Theorem 6.1.1. In Section 6.8 and 6.9 we prove the
guarantees of Algorithm 34 and Algorithm 36 respectively. In Section 6.10 we prove the stability
guarantees of Algorithms 34 and 36. In Section 6.11 we provide the missing proofs for standard

results from Section 6.2 and 6.5.

6.4 Low Rank Update Scheme under Stability Guarantees

6.4.1 Low Rank Update under ¢, Stability

Algorithm 35 is the same as [183], and it satisfies the following lemma.

Lemma 6.4.1 (Low-rank update scheme under ¢, stability, Lemma 19 of [183]). If we have the
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Algorithm 36 Accelerated MWU algorithm with non-monotone weights and stable, robust steps

10:
11:
12:

13:

14:

15:
16:
17:

18:
19:
20:
21:
22:
23:

24
25:
26:
27:

28:
29:

30:
31:

32:

33:
34:
35:
36:
37:
38:

I:
2:
3
4.
5:
6
7
8
9

procedure MWU- NONMONOTONEROBUST(C d €)

w00  1,, 700 p0.0) (1+&)ly,, x© «— 0,
@ — @(n_1/2+778), T — @(n1/2+n8 4)’ 0 — @(n1/2—3n8—2)
T —a'e2lnn, b« On'?e2)
i<—0, k<0
Let S(O), S(]), cee, ST-1D ¢ RPX21 he random matrices as described in Lemma 6.9.9.
while i < T do
AR (CTR( k)C) TR(z k)d > AGK) = = argminy 3, 7' —(i, k)(CA _ E)g
ulh) — CAUH —g ,
200 (I—g(”k))—uz (8T8 . (E(”k))l/zu(i,k)

\P(;(z’ k)) — Z '—,(i,k) (ugi,k))Z

if ), g’ k)lu(’ k)|3 < Cgp‘P(l_‘(i’k)) then > primal step
k) o ==(1,k)
wHLE) (i) (1 + 8—a>(i,k)’lz(i»k))’7l>£i,k) _ Ja- (4 8‘”‘(1 k)) ifu,"" >0
/(1 —eau,”’) else
pUHLE) ( (i+1,6) + £ Ze (z+1 k)
FUthh SELECTVECTOR(r(‘“’k), i+1,6) > Algorithm 35
xD e x@ L AGD Gy ]
elseif >, r, U g 0013 > Cglp‘I’(F(”k)) then > width reduction step

Let S be the set of coordinates e such that |u£i’k)| > p/(2C3)
H C S be maximal subset such that ',y ?g’k) < T_I‘P(F(i’k))
if H # S then

Pickanye € S\ H. X

— (i,k+1) - (ik) | & (@i,k)

F((z),ll.cfll} (e_evf(li,;if)e_}: f;(w(i k+1)()l * 8)w€ T 2nq)(w )

Forall e € H U {g}, FiA+D  plk+D)
else

for . =p,2p,4p,--- ,2°%p do

> ¢, is defined to be the smallest integer ¢ that satisfies 2°p > NG
Define the set H; = {¢ € H | |EA<I‘ k) —Zi|e € [£,20)}).

If Yeen, FOOICATR —d)} > pff,’g(f - set {* « £, and break.

end for i
Foralle € Hye, w (’ D) (1+ s)w(’ 2 g_nq)(w(i,k))
r(l k+1) — w(l k+1) + £ £ (D(w(l k+1))

Forall e € Hy, gl k“) — rg' k+1)
end if
k—k+1
end if
end while
return x7) /T

39: end procedure
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guarantee

then the Algorithm 35 outputs a vector ¥ ~5 r'") in each iteration, and the approximate vector r

logny2.,

undergoes a update of size O ((=5 £ - 2% in every 2¢ iterations for every € € [0 : logT].

Next we show that the robust ¢, stability guarantee also generates a d-approximate sequence
with low-rank updates.
Lemma 6.4.2 (Low-rank update scheme under robust ¢, stability). If the sequence r( ) s rgT)

satisfies the following guarantee: There exists another sequencer, A'(O) 7‘{;) such that

~(l+1)

Zln(

2. Vt <t' € [T], Ve, with probability 1 — 1/n*,
t ;{i)

Z In % <

i=t'—t re

Then the Algorithm 35 outputs a vector ¥ ~5 r'") in each iteration, and the approximate vector 7

) </, Vie[0:T),

0
10logn’

logny2.

undergoes an update of size O ((— ¢ - 2% in every 2€ iterations for every € € [0 : log T].

Proof. Consider a fixed iterationi. We first show thatin the i-th iteration e‘érgi) <r,< eérgi) for any
e € [n]. Leti’ be the iteration whenr, was lastupdated. Wecanwritei’ =iy <ij <ip < --- <ig=1i

such that i;.; —i; is a power of 2 and i;,1 — i; divides i ;1, and |s| < 2logn. Hence, we have that

rgi) rgiS) s—1 r(ij+1) s—1 (ij+1)

. r,
— =—= — = exp( In(-£ ) < exp(9d),
TS ;O A0
(l
where in the fourth step we used that since 7, is not updated since step i’, we have | In("&— K7 ) | <5 lgg -

Similarly we also hav
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Next we bound the size of the update after every 2¢ iterations. Let i be any iteration where i = 0

mod 2¢. We denote the set that is being updated as S¢ := {e : |In }. Wlog assume

(1 2(’)| = 210gn

that ln > (. Using the second property of the sequence that ‘Z oot In(~ = j)) < IOI(Zgn’ we
have
(@) i-1 (j+1) i-1 "(]"'1) i (J) i-1 ~{J+1)
e ( )
ﬁ = - eXp - )
rgz 20) imiae ,.gj) it rg’) it +1~<ej) imiae rgj) 10logn

So for any e € S¢, we have

i-1 7+ r(i) 5 Ky
Z In Te — | >In[——~]| - > i
rgj) rgl_z ) 10logn = Slogn

j=i-2¢

So we have

52 i-1 FHD . i-1 FHD y
|S€|'(5Tgn)zsz Zln( & Z-ZZIH G| =274

e€Sp \ j=i-2¢ r, e€Sy j=i—2f r,

where the last step follows from the first property of the sequence.

So we have |S;| < 0(2*(logn/6)??). ]
6.4.2 Low Rank Update under ¢35 Stability

In this section we prove the low-rank update guarantee under 3 stability, which holds for MWU
with monotone weights, and we only use it in our deterministic algorithm.
Decomposition of Iterations
Lemma 6.4.3 (Decomposition of iterations). If the weights satisfy that

(z+1) 3

(:)

-1 S{,

>
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then we can decompose the T iterations into logT + 1 disjoint sets:

Bj =i € [T]

BlogT =41 € [T]

and these sets satisfy that U;o:gOTBj = [T], and |Bj| < 2/ forall j € [logT].

(i+1)

3 (i+1)
ro - 1‘ < £, we have that for any i € [T],0 < 3, |*

)

e

Proof. Since YL, 3, -1

3
‘ </, so

each i € [T] must fall into exactly one set B;.

For any j € [0 : logT — 1], by the definition of B; we have

r£i+1) 3

4

-1

2.2

lij e

> |B,] -

K2

i) 3
~5 = 1) < £, we have that
re

Combining with our assumption that 3" >,

4 .
|Bj| : F <l = |BJ'| < 2]+1.

Finally, note that we trivially have |Biog7| < T < QlogT+1 O
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Low Rank Update Scheme under ¢; Stability

Algorithm 37 Low rank update in the #-th iteration

1: procedure SELEcTVECTORL3(r("))

2: for all j € [0:logT] do

3: for all £ € [0:1logT] do

4: if i € Bj and i is the k-th element in B; where kK =0 (mod 2%) then
. r(lek’|+1) s

> I qe Zk’:k—Z‘) r(Bj[k’]) -1z 101og’ n

6: end if

7: Update the weights for all e € [ to be th ) rgt)

8: end for

9: end for

10: end procedure

Lemma 6.4.4 (Low-rank update scheme under 3 stability). Assume that the weights are monoton-

ically increasing and satisfy

r£i+1) 3

~1| <¢.

>

e

9
Define the sets B, - - - , BiogT € [T] as Lemma 6.4.3, and for any j let B;[1],--- , B;[|B|] denote
the elements in B; in increasing order.

For any 6 < 0.1, Algorithm 37 maintains a vector r =5 r where r undergoes the following

updates: for any j € [0 : logT], for any £ € [0 : log|B;|], r receives an update of size

|B;]

O(¢ - 2377 - 80y iy iterations B,[21, B;[2 - 201, By[3- 2], -+ , B;[| 2

121,

Proof. For any j € [0 :logT], and for any £ € [0 : log|B;|], in any iteration k that equals to an

integer times 2¢, Algorithm 37 performs an update for all coordinates in set I, where

k r(gBj[k’]H) s
r=te| S e
o e rgBj[k]) 10log”n
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We first bound the size of the set I. We have

k (Bj[k’]+1)

k r(Bj[k’]+1)
< 22t £ _
Z Z (B;[x)
e k’:k—Z‘J re
235 . é/
S5

where the second step follows from (X7, la;i])? < n?- iy lai |? for any sequence a;, the third step

(1+l)
T—l‘ <% ¢ for all i € B;.

follows from },

So we have

101og? n

Il <237,
152 (—

).

Next we prove that the vector r maintained in Algorithm 37 satisfies | < ¢ for all

(l)

coordinates e and in all iterations i. Fix a coordinate e and an iteration i, and let iy be the last
iteration that r, was updated. For any j € [0 : logT], let B;[k], Bj[k + 1],--- , Bj[k +t] denote
the iterations in [io, i] that fall into B;, and note that ¢ = |[ip,i] N B;| < |B;| < 2/*1 We can write
k=ky<k <ky<---<ks=k+twhereeach ks, —ksisapowerof2ands < 2logt < 2(j+1).

Since r, is not updated in any iterations B;[k1],-- - , B[ k,], we have that for any £ € [s],

ke rgBj[k/]H) 5
@) | S T0tgia
ke, ,.(g J 10log”n

so we have

s ke ( [k']+1)

) 2+1)6 6
Z —l< 7 S 7 S :
~(BilkT) 10log’n ~ 10log>n ~ logn

t=1 k'=ke_1| I,

Since the same argument holds for all j € [0 : logT], and each iteration in [i¢, {] falls into exactly
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one Bj, we have that

i=1 | (i’+1)

e

EZ

-1 <

-logT < 9.
logn ©8

i'=io

Using the above inequality, and note that the weights are always increasing, we have

rgi) rgi) i—1 rgi’+1)
5= - LT
r,, r’ re

i-1 r(i’+1)
< exp (Z e(i,) — ) < exp(9).
4 r,

—

(i)
Finally note that we also have r;L > 1 since the weights are always increasing. [

Corollary 6.4.5. For any j € [0 : logT] and any t, the total number of coordinates that are

. 6
updated in iterations Bj[k],--- , B[k +1] is O ({ . p3logt=j . 10§—3").

Proof. Using Lemma 6.4.4 we have the total number of updates in iterations B;[k],--- , B[k +1]
is
logt 1 6 1 6
20(4.2se—j.ﬂ)¢ < 0(4.2slogz-j . M)
o3 2t 63
=0
O

6.5 Data Structures

In this section, we would present all the data structures we use for the various tasks in Algo-
rithm 36.
6.5.1 Inverse Maintenance Data Structure

In this section we present the formal versions of Lemmas 6.1.4 and 6.1.5. These are the inverse

maintenance data structures of [182], and we have included a version of their results which is
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tailored to our notations and analysis.

Lemma 6.5.1 (One-level inverse maintenance, Theorem 4.1 of [182]). There exists a data structure
that initially has a matrix MY € R™", and in each iteration it receives an update A € R™" 1o
update the matrix to M) = M"Y + AO_ The data structure maintains an iteration counter ty and
it maintains the inverse N = (M))~" internally. Let k = nnz(A®™*V) + ... 4+ nnz(A®) denote
the total size of the updates until the current iteration. The runtime for each operation of the data

structure is as follows:

Initialize(M?): Initially set to = 0 and N = (M©)~1. This operation takes O (n®) time.

Update(AY): The data structure receives the t-th update. This operation takes O (nnz(A®))

time.

Reset(): Reset tg = t and N = (M)~ This operation takes O (Tma(n, 1, k)) time.

Query(J,,J. C [n]): Output the submatrix ((M(t))_l)Jr,Jc that has |J.| = € rows and

\Jel = L columns. This operation takes O (k + Tnar (&, k. €c)) time.

Lemma 6.5.2 (Two-level inverse maintenance, Theorem 4.2 of [182]). There exists a data structure
that initially has a matrix M© € R™", and in each iteration it receives an update A € R™" 1o
update the matrix to M O = MDY AD | The data structure maintains two iteration counters to < 1,
and it also maintains kg := nnz(A*D) + ... + nnz(AD) and ki := nnz(AD*D) + .. + nnz(AD).
Let J C [n] denote the indexes of the non-zero columns of A*VD +... 4 AU Foranyt' < t, define

the transformation matrix
7D =1+ M) (MO - M) e RN

The data structure maintains N = (M"0)~! ¢ R™" and B = (Tyoj”l))—l that has size at most
ko X ko, and E = (Tyojt'))_1 - Nj.. The runtime for each operation of the data structure is as

follows:
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« Initialize(M?)): Initially setto =1, =0, B=0, E =0, and N = (M©)~!. This operation

takes O (n®) time.

« Update(A"): The data structure receives the t-th update. This operation takes O(nnz(A®))

time.
* Reset(): Reset tg =t and N = (M"0))~\. This operation takes O (Tmai(n, n, ko)) time.

» PartialReset(): Reset t| = t, reset J C [n] to be the indexes of the non-zero columns of
A+) 4o L AW and reset B = (Tyoj’t))'1 and E = (Tyoj’t))'1 - Ny... This operation takes

O (Tmat(n, ko, k1)) time.

Query(J,,J. C [n]): Output the submatrix ((M(I))_l)h ;. that has |J| = € rows and

|J¢| = € columns. This operation takes O (Tmat(ko, k1, max{ki,€c}) + Tmat(ko, €, €c)) time.

We can maintain any matrix formula using the inverse maintenance data structure, as shown in

[192].

Theorem 6.5.3 (Matrix formula as inverse, Theorem 3.1 of [192]). Given any formula f with input
matrices Ay € R ... A, € R'™*™Md where the formula f consists of only matrix addition,
subtraction, multiplication, and inversion, define n := Zflzl n; +m;.

Then there exists a symbolic block matrix N of size at most nXn, and sets 1, J C [n], such that for
all matrices Ay, ...,A, for which f(Ay, ...,Aq) is executable, (N(A1, ...,Ad)_l)u = f(Aq,...,Ay).

Constructing N from f can be done in O (n?) time.

6.5.2 Implicit Inverse Maintenance

In our algorithm, we also require a data structure that allows us to update x(*+1) «— x(@ 4+ AGK)
in each primal step implicitly since we don’t have the time budget to query the entire vector A?K)|
and we only query the final vector x(T) in the end. To solve this problem we present an implicit
inverse maintenance data structure, and its proof can be found in Section 6.11. Similar techniques

were developed in Section I of [1] to maintain feasibility.
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Lemma 6.5.4 (Implicit two-level inverse maintenance). There exists a data structure that initially
has a matrix M© € R™" and a vectorv € R™ and in each iteration it receives an update A g Rrxn
to update the matrix to M = M"Y + AD_ The goal of our algorithm is to support queries that
output the sum of inverse vector products th.zo (M ("))_1 - v occasionally.

The data structure maintains two iteration counters to < t1. Let ko = nnz(A(")”)) +oee
nnz(AD) and ki := nnz(AY*D) + ... + nnz(AY). Similar as Lemma 6.5.2, the data structure
maintains J C [n] that consists of the indexes of the non-zero columns of AW*™D 4 ... 4 A1),

N= (M)l R B = (Tgt’ojll))—l that has size at most ko X ko, and E = (T;{‘)j’“))_l Ny... The

data structure also maintains three vector ugy,u, and u, that satisfy the invariant:

t
. NJ,:'u2
Z(M(’))_lv =ug+N-u;+
i=0 0

The runtime for each operation of the data structure is as follows:

Initialize(M?, v): Initially settg =t =0, B=0, E =0, N = (M) uy = (MD)~1y,

and uy = uy = 0. This operation takes O (n®) time.

« Update(A"): The data structure receives the t-th update and update ug,u,, and w,. This

operation takes O (Tmat(ko, k1, k1) + n) time.
* Reset(): Reset tg =t and N = (M"0))~\. This operation takes O (Tmai(n, n, ko)) time.

* PartialReset(): Reset t; = t, reset J C [n] to be the indexes of the non-zero columns of
A+ ooy A and reset B = (Tyoj’t))_l and E = (Tyoj’t))_l - N ... This operation takes

O (Tmat(n, ko, k1)) time.

QuerySum(): Output 3'_ (M) ™'y, This operation takes O (n?) time.
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6.5.3 {3 and ¢>-Norm Estimations

We will also use the following €3 norm estimation lemma from [191] to estimate the quantity

on Line 12 of Algorithm 36.

Lemma 6.5.5 (¢3 norm estimation, Theorem 1 of [191]). There exists a distribution I1 of matrices
of size O(n'/3 log3 n) X n such that for any vector x € R", with probability 0.99 we have that a

random matrix U ~ 11 satisfies
-1/3 1/3
C3 Plixlls < 1Uxlle < €5 x5,

where C3 > 1 is a constant.

We remark that we can easily boost the success probability of the above theorem to 1 — 1/n* by
using O (log n) copies and take the median of the estimates.
We will also use the standard JL lemma (see Lemma 2.2.11) to estimate the ¥ potential which

can be written as a £, norm.

6.5.4 {, Heavy Hitters

We use a heavy-hitter data structure to get a list of all the large coordinates on which we wish

to perform width reduction in Algorithm 36.

Lemma 6.5.6 (£, heavy hitter, [193, 194]). Given any n, &, and 9, there exists a random matrix
@ e RO log(8 D logmxn g7 ¢ decoding function DEcopk, such that given a vectory = ® - x for
some x € R", Decopk(y) outputs a list L C [n] of size |L| = O(&72), where with probability 1 — 6

the list L includes all i € n] that satisfies
il > & - [lx]l2.

Furthermore, DEcopk(y) runs in O(g=21og(67") logn) time.
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6.6 Time Complexity of the Randomized Algorithm Using Fast Data Structures

6.6.1 Implementing MWU Using Fast Data Structures

In this section, we give an algorithm, Algorithm 38, that implements Algorithm 36 using the

data structures stated from Section 6.5.

6.6.2 Correctness of Algorithm

Lemma 6.6.1 (Correctness of Algorithm 38). The output of Algorithm 38 is the same as that of

Algorithm 36.

Proof. Algorithm 38 implements Algorithm 36 by using the data structures DSyyy, DStvpricirinys
DSnNorms DSHeavyHTrERs- S0 it suffices to prove that all these data structures are correct.

Compute u by DSyyy. We first prove that alo computed on Line 9 of Algorithm 38 satisfies

—~(i i,k
u(l’k) - R (#,k) _

)12 (TS (I—e(i,k))uz (C(CTE(iak)C)—ICTE I)d,
as required by Line 10 of Algorithm 36.

The data structure DSy (Algorithm 39) uses the two-level inverse maintenance data structure
of Lemma 6.5.2 to maintain the inverse of matrix N that by Lemma 6.5.3 encodes the matrix

formula
S

fR.S.C.d)=]| : ~1_e”2(C(CT1_ec>—1cT1_e—1)d.
ST=1

.. .. . = =ik . . . . . .
DSy, maintains that its internal variable R = R(l ) in each iteration, since we update it on Line 8

of Algorithm 39. The output to DSyyy.UppaTEQUERY ("), i) is (see Line 15 of Algorithm 39)

(Vs =89 @) P e R o R -

I)d.
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Algorithm 38 Implementing MWU algorithm using fast data structures

1:
2
3
4.
5:
6
7
8
9

10:
11:

12:

13:

14:
15:
16:
17:

18:
19:

20:
21:

22:

23:
24:
25:
26:

27:
28:

29:
30:

31:

32:
33:
34:
35:
36:
37:
38:

procedure MWU-NonMonotoNEROBUST(C, d, €, ap,a;) > Assume all variables are global

@ — é(n—l/2+778)’ T — é(l’ll/2+n8_4), 0 — @(nl/Z—Sng—Z)
T —a'e2lnn, b« O3
i—0, k<0 w01, xO0,
Let S(O), S(l), cee ST-1 ¢ RbX1 be random matrices as described in Lemma 6.9.9.
Initialize DSy, DSNorms DStvpricitinys DSHeavyHITTERS > Algorithm 39, 40, 41, 42
whilei < T do

rih) — k) 4 2 57 wi - F R SprpeTVECTOR (FR))

alh — (REK)-1/2(§O)T . DS, . UppaTEQUERY (FX) /)

W, ¢ — DSnoun (P, i+ K) > W xe Nord @) & ~ey Tord P

if ¢ < pY¥ then

L e (L+sam™y ifalh > o

¢ a/(l- aaﬁg’k)) else
w(HLE) (k) (1 + s g R
DSiysuicriny -UPDATE(FF)) > Implicitly update x(*D = x@ 4 AGK)
il—i+1

else if £ > pV¥ then
L, u(Li’k) — DSHEAVYHITTERS.UPDATEQUERY(f([’k))
Let S be the set of coordinates e such that [u*| > p/(2C3)
H C S be maximal subset such that .y fgi’k) < g FR)
if H # S then
Pickanye € S\ H. Forall e € HU {e}, wgi’k+l) — (1+ 8)w£i’k) + %CD(W("”‘))
plk+1) g (Lk+1) 4 %Q(W(i,kﬂ))
Forall e € HU {e}, FikD pikrD
else
for . =p,2p,4p,--- ,2°%p do
> ¢, 1s defined to be the smallest integer ¢ that satisfies 2°p > \/r%
Define the set H; = {¢ € H | |CA®Y —d|, € [£,27)}.

SN~ ~ —_(i,k)
If Yeen, Fg”k)|CA(”k) —d? > pgg(zl)), set £* « ¢, and break.
: ™

end for _ .

For all e € Hy~, wg”k“) — (1+ s)wé”k) + %q)(w(i,k))

plk+l) g (Lk+1) Z_Sn(b(w(i,kﬂ))

Forall e € Hy-, fff’k“) — rgi’k+1)
end if
k—k+1

end if

end while

x(T) — DSIMPLICITINV'QUERY()

return x") /T

39: end procedure
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Algorithm 39 Inverse maintenance data structure DSy, to compute u

1:
2:
3:
4:

Y e 3D

10:
11:
12:
13:
14:
15:
16:

procedure INTTIALIZE( )
S — [(S(O))T, (5(1))T, . (S(T—l))T]T e RPT*n
r—r0
Let N be the matrix given by Lemma 6.5.3 that encodes the matrix formula

F(R,S,C.d) =S - RI/Z(C(CTRC)‘ICTR - I)d,

each of size b, denote the indexes of the rows corresponding to S (O), st Lo, S -1,

DS.IntTiaLizE(N) where DS is the two-level inverse maintenance data structure of
Lemma 6.5.2.
end procedure
procedure UppDATEQUERY (™Y, i)
DS.UppaTE(A), where A = R -R
’_'. «— ,—,new
if DS.ky > n“ then
DS.RESET()
else if DS.k; > n“! then
DS.PARTIALRESET()
end if
return DS.QuEery(/;, J) >|I;| =band |J]| =1
end procedure
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Algorithm 40 Data structures DSnory to approximately compute ¢, and £3 norms

1:
2
3:
4:
5
6
7

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

procedure INITIALIZE( )
LetJ©, ... JT+K) ¢ RO (¢ log(m)xn he random JL matrices as described in Lemma 2.2.11.
J — [(J(O))T’ (J(l))T’ . (J(T+K))T]T c RO(E’zlog(n)(T+K))><n
LetU©, ... U (T+K) ¢ RO(n'"log*(m)xn be random matrices as described in Lemma 6.5.5.
U [(UT, (UD)T,... (UTHNHT]T ¢ RO (' log’ (n)(T+K))xn
F—r

Let N¢, and N, be the matrices given by Lemma 6.5.3 that encodes the matrix formulas

fo(R.J.C.d) = JR'*(C(C'RC)™'C"R - Dd,
fe:(R,U,C.d) = UR'*(C(CTRC)"'C"R - I)d,

i.e., there existindex sets Iy, , Jy,, I¢;, Je, such that (Ngzl)]()z“,{,2 = fr,(R,J,C,d) and (NE:)IQ,JQ =
fe:(R,U,C,d). Alsolet Iy, 0, -, Ip, 74k C Ir, denote the index sets of the rows correspond-
ing to J(O), R | (T+K), and let I, 0, -+ ,1l 74k C I, denote the rows corresponding to
v, ... yT+K),

Initialize data structures of Lemma 6.5.2: DSy, .INITIALIZE(N, ) and DS, INITIALIZE(N,).

: end procedure

procedure UppATEQUERY (7Y, i)

DS¢,.UppaTE(A) and DSy, .UPDATE(A), where A = R -R
= =new
if DS¢,.ko > n“ then
DS¢,.Reset() and DS, .RESET()
else if DS;,.k; > n“' then
DS¢, .PARTIALRESET() and DS, . PARTIALRESET()
end if
return (||DS¢,.QUERY (1, i, J1,)113, [IDSe;-QUERY (g, i, 1) [13:)
end procedure
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Algorithm 41 Implicit inverse maintenance data structure DSyyp; 1ciriny to compute A and to update
X
1: procedure INITIALIZE( )
2 Fe—r0
3: Let N be the matrix given by Lemma 6.5.3 that encodes the matrix formula f(R,C) =
(CTRC)™'CTR, i.e., there exist index sets I, J such that (N~!); ; = f(R, C).
4: DS.InimiaLize(N,d’) where DS is the implicit inverse maintenance data structure of
Lemma 6.5.4, and d’ has the same size as N, and it equals to d in J, and its other coordi-
nates are all zero.

5: end procedure

6: procedure UppATE(F™")

7: DS.UppAaTE(A), where A = R -R
8: Fe—rv

9: if DS.ky > n“® then

10: DS.RESET()

11: else if DS.k; > n“ then

12: DS.ParRTIALRESET()

13: end if

14: end procedure

15: procedure QUERYSUM( )

16: return DS.QuerySum()
17: end procedure

So we have that the z""F

is computed as required.

Compute x by DSyypricrrinye Next we prove that Line 14 of Algorithm 38 implicitly updates
x*) — x4 AGK) - ag required by Line 16 of Algorithm 36, and that Line 37 of Algorithm 38
outputs the correct x(7).

The data structure DSpypiiciriny (Algorithm 41) uses the implicit inverse maintenance data

structure of Lemma 6.5.4 to maintain the inverse of matrix N that by Lemma 6.5.3 encodes the

matrix formula

f(R,C) = (C"RC)"'C"R.

We also initialize this data structure with the vector d’ (Line 4 of Algorithm 41), and by Lemma 6.5.4
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Algorithm 42 Heavy hitter data structure DSygayvHirrers t0 compute the heavy entries of u

procedure INTTIALIZE( )

pve
Eheavy < 2C3vn

1:

2

3: Fe—r©
4 Let & € RO Eheny 92 W% b the random matrix as described in Lemma 6.5.6.

5 Let N and Ng be the matrix given by Lemma 6.5.3 that encodes the matrix formulas

f(R,C,d) =R"*(C(CTRC)"'C"R - I)d,
fo(®,R,C,d) =®-R'*>(C(CTRC)"'C"R - 1d,

i.e., there exist index sets I,J, Ip, Jp such that (N_l)u = f(R,C,d) and (N&,l)lq,,]q) =
fo(®P,R,C,d).

6: DS.IntriaLiZE(N), DSe.INiTIALIZE(Ng ), Where DS and DS are both the inverse mainte-
nance data structure of Lemma 6.5.2.

7: end procedure

8: procedure UppATEQUERY (™)

9: DS.UppaTE(A) and DSg.UPDATE(A), where A = R -R

new

10: re—r

11: if DS.ky > n“ then

12: DS.REseT() and DS¢.RESET()

13: else if DS.k; > n“! then

14: DS.PArRTIALRESET() and DS .PARTIALRESET()

15: end if

16: y «— DSo.QuERrY (1o, Jo)

17: L < Dgecopk(y), where DeEcopg() is the decoding algorithm of Lemma 6.5.6. We can

view L C [n] as a subset of I.
18: return (L, DS.Query(L, J))
19: end procedure

287



the algorithm maintains

(T-1) (T-1) (i)

in-1. 7\ — B0
> (v "),,: > fR™.C)-d
=0 =0
(T-1) ik
> (cR" ‘o 'C"R
=0

(i,k) d.

o (i:k)

_ . . —(i,k) , .
and this is exactly x(7) = Zgo D AGR) where AGK) = (CTR C)‘ICTR(I )d is what we need to

compute (see Line 8 of Algorithm 36).

Compute norms by DSnorm. Next we show that Line 10 of Algorithm 38 computes

lI; ~ ngl,k)(u lk))2 and é: ~c, Z (l k)lu(l k)|3
e

Similar to the proof for DSy, in each iteration DSnory (see Algorithm 40) maintains

7- R R oy 'R ~pa, and U - R e« R oy e 'R - .

And on Line 18 of Algorithm 40 it outputs

5 (k)

. . —(i,k) .
= O RV 202, and £ = UV - (R PuER) 3

5 (0:k) (i.k)

where u"®) = (C(CTR 7'C)"'C"R"" - Id is as required by Line 9 of Algorithm 36.

Then by Lemma 2.2.11 and 6.5.5, and since we use a new random matrix J @) and U in each

iteration, we have that with probability 1 — 1/n¢, for all iterations we have

—(i.k . —(i,k ;
(1 - &) IR 2utO2 < w < (1+6)| R 2002,

G IR Bu0 3 < & < IR ) PutR s,

Compute set S for the width reduction step by DSyg.vyHirrerse Finally we prove that Line 17

of Algorithm 38 computes the set S = {e : Iugi’k)| > p/(2C3)} and the values of ugi’k) foralle € S,
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as by Line 18 of Algorithm 36.

Similar to the proof for DSy, in each iteration DSygavyHirrers (€€ Algorithm 42) maintains

o ®"N2cc R ) ' ¢R™ - pd, and ®)2(c(cR™M o) 'R - 1.

And on Line 16 of Algorithm 42 it computes

y=®. R0,

5 (k) (i,k)

where u>¥) = (C(CTR"'C)"'C"R "' —Id is as required by Line 9 of Algorithm 36.
Then on Line 17 of Algorithm 42 it decodes y and compute the set L, and by Lemma 6.5.6,
with probability 1 — 1/n*, L includes all e € [n] that satisfies

|(F0)e uf

'k —(i. ,
uel )| = Eheavy * ”(r(l k))l/zu(l’k)”}

Note that for any e € S, we have

k k k ik
i > p/(2C3) = rP @) > E Sl
Jk k
— rgl ) (u(l ))2 4C2 \P( (i, k))

k N j
= 0 @) 3 2 ) 2

where the second step follows from rgi’k) > %‘P(r(i’k)), and the third follows from eheavy = oV
This means we have

SCL,

and it suffices to enumerate all e € L to check if |u(l k)l > p/(2C3) and compute S.
In the output on Line 18 of Algorithm 42, we also output QUErY (L, J) which computes u(Li’k)

exactly.
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Finally, note that we can re-use the random matrix ® because the set S and uff’k) for e € S are

computed exactly, so the next iteration does not depend on the randomness of ®. [

6.6.3 Time Complexity under ¢, Stability

In this section we bound the time complexity of Algorithm 38.

Theorem 6.6.2 (Time complexity of Algorithm 38). For any parameters that satisfy ag < .’ and

ay < ag - a, the time complexity of Algorithm 38 is
5(nw + p25-a0/2 | 1 5+a0=a1/2 +n1/2—7]+a0+(¢u—1)a1) -poly(s_l).

In particular, when w = 2 + o(1), this time complexity is bounded by

) (n2+1/22'5) poly(s_l).

Proof. The dominating steps of Algorithm 38 are the operations involving the data structures, since
all other operations can be computed in O (nlogn) time per iteration. We will focus on bounding

the runtimes of the data structure operations.

Initialization The IN1TIALIZE Operations of the four data structures DSy, DShypricrrings DSNorwms

DSHeavyHiTers are each called once on Line 6 of Algorithm 38.

* DSpw: By Lemma 6.5.3, the matrix N of Algorithm 39 has size N X N where

N = max{bT,n} = O(ne In’ n),

4
sinceT =a ‘e 2Ilnn, b = WL#. By Lemma 6.5.2, the initialization time of the two level

SThroughout this chapter we use . to denote the dual exponent of matrix multiplication, because we will use @ to
denote the “step size” of accelerated MWU.
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inverse maintenance data structure is

O(N®) = O(n“s™®).

DSivpuicrriny: By Lemma 6.5.3, the matrix N of Algorithm 41 has size O~8(n) X 0~8(n). By
Lemma 6.5.4, the initialization time of the implicit inverse maintenance data structure is

0:(n®).

DSnorm: By Lemma 6.5.3, the matrices N, and N, of Algorithm 40 have size N¢, X N¢, and

N¢, X Ny, where

N¢, = max{O (s> log(n)(T + K)), n} = O, (max{n'/>7, n}),

Ne, = max{O(n'3log*(n)(T + K)), n} = Ox(max{n*/", n}).

From Lemma 6.5.2, the initialization time of the two inverse maintenance data structures is

O(Ng +Ng) = O, (max{n!!/20 /67w poy)

DSHeavyHirrers: By Lemma 6.5.3, the matrix N of Algorithm 40 has size O(n) x O(n), and

N has size Nop X Ng, where

No = max{0(&;2,, log” n),n} = ©;(max{n®", n})

Since Eheayy = % and p = ©(n'/23572). By Lemma 6.5.2, the initialization time of the

two inverse maintenance data structures is

O(n® + N2) = O, (max{n®®, n®}).
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Summing up all these terms, and since we set 7 = 1/10, the total initialization time is

0, (n®).

Reset Since Algorithm 38 implements Algorithm 36, it satisfies the low-rank update scheme of

Theorem 6.3.3, so we have that the sequence k) undergoes at most T;—,K number of updates of
size

~ [(logn\* o

O, E -n-2 (6.5)

for every £ € [0 : logT].

Note that the four data structures DSiny, DSiveLicirinvs DSNorms DSHeavyHrrrers all follow the
same reset and partial reset scheme. And since the matrix maintained by DSy, has the largest size
N = @(ns‘s), it suffices to bound the reset and partial reset time of DSyyy.

As stated on Line 11 of Algorithm 39, we only perform the RESET operation in the i-th iteration
if kg > n®, where kg = nnz(f(i ) _ ro), and ry is the variable maintained by the data structure that

was updated in the last REseT (see Lemma 6.5.2). By the low rank update size of Eq. (6.5), for

T+K  logn

prreer i number of times.

any a € [ag, 1], we only accumulate updates of size n* for at most

For convenience for any a we define a parameter £ = log(n®/>™" . &) such that we get a update

2
of size n® = (k’%) - n?1 . 2% for at most (T + K)/2¢ times. Let £y = log(n/?71 . lo‘;n), and by

Lemma 6.5.2 the total reset time over all iterations is

2
N, N, (loin) .n2n . 225)) .

logT
~ T+K
O (Z T * Tmat
=ty

Define x(¢) = logj\,((lo%)2 21220 = logl\,((k’%)2 12T + 102g€1v’ then since we defined w(x)

such that 7, (1, n, n*) = n@@+o(1) e have the above time complexity equals to

0.

logT .
7o S ).
=ty
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By Fact 2.2.7 we know that w(x) is convex, and hence the function f({) = w(x({)) — @ is also

convex. So we have that the summation is upper bounded by the terms £ = {y and £ = log7T. And

so the above time complexity is bounded by

2 2
+0 'Tmat(NaNa( Ogn) 'nzn'22€0)+7r~nat(N,N, (%) 'l’lzn-Tz))

1)
<0 (nl/z‘“O/2 : 7Fnat(n, n, n“O) + Wnat(n,n,n)) -poly(e™h),

since £y = log(n®/>1 . @), N = @)g(n), T=a'¢?lnn,a= (:)g(n_l/2+’7).

Partial reset Similar to the RESET operation, it suffices to bound the partial reset time of DSyyy .

As stated on Line 13 of Algorithm 39, we only perform the PARTIALRESET operation in the i-th

iteration if k| > n“', where k| = nnz(F(i’k) —r1), and r; is the variable maintained by the data
structure that was updated in the last PARTIALRESET (see Lemma 6.5.2). Let £; = log(n®/?>77 . @

such that we perform a PARTIALRESET of size n“! for at most TZJ'TIK times, and by Lemma 6.5.2 the

total partial reset time over all iterations is

logT 2

~ T+K 1

03(2 25 'Tmat(N,naO,( O?”) .n27]'22€))'
(=0,

Using the same argument as for reset operation and using the convexity of w,, (x) (Fact 2.2.7), we
have that the summation is upper bounded by the terms £ = ¢; and £ = logT. And so the above

time complexity is bounded by

&

2 2
T+K 1 1
2:1 'Tmat(N,n“", (%) - n* - 22‘71) + 7r—nat(N, n“, (%) - n* - Tz))

< 5(111/2_”“/2 « Tmat (1, n%, n") + Trae(n, n“o,n)) -poly(e™1)

since {1 = log(nal/Z—ﬂ . 102”), N = (:jg(n)’ T=a'¢2lnn a= (:js(n—l/2+z7).

Query. Next we bound the runtime of the query operations of the four data structures.
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* DS In DSy (Algorithm 39), the query operation is called with sets |/;| = b and |J| = 1,

and by Lemma 6.5.2 its runtime per iteration is
O (Tt (0, 0!, n) + 1 - b) = O (Tonar (0, n 0 ) 4+ 0240 )

since b = @, (n!/2*n),

* DSivpuicriny: In Algorithm 38, the QUERYSuM operation of DSyypyiciriny (Algorithm 41) is

only called once in the algorithm, and by Lemma 6.5.4 its runtime over all iterations is O (n?).

* DSNnorm: In DSnorm (Algorithm 40), the query operation is called with sets |l ;| =
O(g7%log(n)) and |J,| = 1, and with sets |1e, il = O (n'?1og?(n)) and |Je;| = 1, and

by Lemma 6.5.2 its runtime per iteration is

0(7{nat(n“°, n®, n) +n% - (€ log(n) +n'/?log? (n))).

* DSyeavyHirters: In DSHeavyHiTrers (Algorithm 42), the query operation is called with sets
|lp| = O(SHezavy log?n) and |Jo| = 1, and with sets |L| = O(e}:ezavy) and |J| = 1, and by

Lemma 6.5.2 its runtime per iteration is
ay ,a; ,a a -2 2.\ _ N ay ,a; ,da ap+6
O (Tmat(n“°, n', n') + n“ - sheavylog n) = Og(Tmar(n®, n', n) + n4*1 . ),

. _ _pVE —Q (n1/2-3
SINCe Eheavy = 56, and p = O, (n'/?2731).

Combining these four query time, we have that over all iterations, the total query time is

5 (T . (7r-nat(”la0, nal, nal) + na()+1/2+7] + na()+1/3 + na()+67])) . pOIy(S_l)

=0 (027 T (1, 1, 1) + 010 - poly(s7)),

sinceT =a 'e?Inn, a = (:)g(n_l/zm), and we setp = 1/10.
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Total runtime. Combining the time complexities of intialization, reset, partial reset, and query,

we have that the total time complexity is bounded by
~ I-a g - -
(0] (n“’ +1n"2 Tmat(n,n,n) + 172 Tpa(n, n®, n) + n'/? ”fnat(nao,nal,nal)) - poly(e b,
When ag < a. and a; < ag - ., this becomes

5 (na) + n2.5—a0/2 + n1.5+a0—a1/2 + nl/2—n+a0+(w—l)a1) . pOly({-,‘_l).

Time complexity when w = 2. We remark that when w = 2, we can choose the optimal trade-off

ap=1- % anda; =1- # and the time complexity becomes

5(n2+(1—2n)/18) - poly(s71).
Since we choose 7 = 1/10, this become
5(n2+1/22,5) - poly(s71).

6.7 Time Complexity of the Deterministic Algorithm Using Fast Data Structures

In this section we show that we can implement Algorithm 34 by using the one-level inverse
maintenance data structure (Lemma 6.5.1). This algorithm is deterministic since we don’t use any

randomized techniques.

Theorem 6.7.1 (Time complexity of Algorithm 34 using one-level inverse maintenance). For any

parameters o, -+ -, liogT € [0,l0gT], the time complexity of Algorithm 34 when using one-level
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inverse maintenance is

logT logT
O|n®+n3. Z 23677 4 Z ‘]r'nat(n,n,n]/3 23677y 277 | poly (e71).
j=0 =0

In particular, when w = 2 + o(1), this time complexity is bounded by
0 (n2+1/12) poly(s71).

Proof. By Lemma 6.5.3 there exists a matrix N(7) € RO™*00) gych that AGK) and CAGK) — d
can be read off from a column of N (F(i’k))_l, and it undergoes coordinate updates to r. We
maintain this inverse using the one-level data structure of Lemma 6.5.1. We use the one-level
inverse maintenance data structure to query for AF) and u*%) exactly in each iteration, and the
correctness is straightforward.

Note that the r*¥)’s in Algorithm 34 follows the update scheme of Lemma 6.4.4 with ¢ =

(i.k) x5 r(-k) for Algorithm 34, and we update (k)

O(n'3&*?). We maintain a vector 7 in a slightly
different way than Line 8 of Algorithm 34: We update it by SELEcTVECTORL3 (Algorithm 37)
instead of SELECTVECTOR.

Let £y, €1, -+, tiogT € [0,logT] be parameters to be determined later. For any j € [0 : logT],
we perform an update operation of the inverse maintenance data structure of Lemma 6.5.1 in
all iterations B;[k] where k = 0 (mod 2%). Note that by Corollary 6.4.5 this update has size
ki=0 ({ 223677 10?#). Next we compute the time complexity of all query and update operations.

and note that it follows the update scheme of Lemma 6.4.4.

Query. The total number of updated coordinates when performing a query operation is at most

logT logT 6
-1
K=k = 20(4.234-1.&3")
J=0 J=0 0

Note that we can assume k£ < n since otherwise the query is trivial. So the query time in each
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iteration is

logT
O(k® +nk)=n- Z 0 (n1/3 . 23‘)-/'_j) -poly(e71).

Jj=0

Update. Forany j € [0 : log T], the update takes time 7 (7, 1, k j), and in total it is performed

%' times. So the amortized cost of all updates is
1 logT |B| —[1 logT | |
= 2, Tmar(n,n, k) - 2{; <0 = jZO Tt (1, 1, 0113 - 23677 . 27=4 | poly (s,

where we used Lemma 6.4.3 that | B;| < 2/*1,
Total runtimes. Combining the query and update operation and the o (n®)poly(e~") initial-

ization time, and since T = O (n'3)poly(e"), the total running time is

logT logT

O|n®+n3. Z 20+ Z Tt (n,n, "% - 234577 277 | poly (&7")
=0 7=0
logT logT
<O|n®+n53. Z 2367 4 Z (nﬁ 0Bl 2 +n2) 277 | poly(s7")
j=0 j=0
logT logT
=0|[n“+n"- Z 2367 4 Z (nw3_<3lil7:>+4 TSRS 42 2j_£f) poly(™"),
=0 7=0

where the second step follows from Fact 2.2.10.

cp. L w3aw+d 3wta=Tp , 3-w-a ; .
We choose ¢; such that n? - 207t = max{n®3 . 236~/ p 30-e . 27TE USRI de.,

2 = g 129)12 op p@l3-1/99j/3
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So we have the total runtime is the minimum of the following two equations:

logT logT
~ / 1/4 /2 w-3aw+4 3wta=-7 3w+a-7 : . 1
O|n®+n § 2% 4 E (n W g 2 30w L 2 % ]) poly(e™")
logT logT
~ 1/4 2 Tw-12aw+9+a w—a-1 - 1
=0In +l’l/ E /2]/ + E ( 12(1-a) .22(1—(!)]) poly(g_)
~ dw-12aw+T-a _
=0 (n‘” +n?/12 12(1-a) ) poly(e™1),

and
log logT
O|n® +n3 Z n® 13 4 Z ( %13 n_a/3+1/9) poly(s_l)

j=0

-0 (nw + 3 n2+1/3—a/3) poly(s")

_ 5(nu) + n2+1/3—a/3) poly(s~1).

In conclusion, we have that the total runtime is

0 (nw + min {n2+1/12 + nw——?;’(*li’;g’ n2+1/3—a/3}) poly (™).
Note that when w = 2, we have a = 1, and the algorithm runs in 5(n‘” +n2*1/12) L poly(e71)

time.

6.8 Guarantees of Algorithm 34: MWU with Monotone Weights

The algorithm in this section has been analysed previously as mentioned in the main text. We

include a proof similar to that of [179] for {.-regression here for completeness. The analysis of
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Algorithm 34 is based on tracking two potential functions that were defined in Eq. (6.3) and (6.4):
® (w) = )]
1

P (Fih)y = min Z FiR(CA - d)2.
e

Also recall that by Lemma 6.2.1 we always have ‘P(?(i’k)) < e+ . d(wh). We will show how
these potential functions change with a primal step (Line 10) and a width reduction step (Line 14)
in Algorithm 34. Finally, to prove our runtime bound, we will first show that if the total number
of width reduction steps K is not too large, then @ is bounded. We then prove that the number of
width reduction steps cannot be too large by using the relation between ® and ¥ and their respective

changes throughout the algorithm.

Convergence Analysis
Change in @

Lemma 6.8.1. After i primal steps, and k width-reduction steps, the potential ® is bounded as

follows:

® (w(i’k)) < (w0 (1 + e ea)i (1 +e0 . E)k .
T

Proof. We prove this claim by induction. Initially, i = k = 0, and ® (w(o’o)) = n, and thus, the
claim holds trivially. Assume that the claim holds for some i,k > 0. Denote w = w(k) and

A=AGR,

Primal Step. If the next step is a primal step,

®© (w10) = |lw + salCA — diwll, = [wlly + 2 ), we|CA - dl..
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We next bound }’, |CA —d|.w.. Using Cauchy-Schwarz inequality,

Z w.|CA —d|, < \/Z We Zre(CA —d)2 < +ed - D(wW)P(F) < 0 - D(w), (6.6)

where the last inequality follows from Lemma 6.2.1. We thus have,
® (w(”l’k)) < o(wlh)y. (1 + et 8a/) :

Width Reduction Step. Let A = A% denote the solution returned in Line 9 of Algorithm 34,
and let H denote the set of indices j € [n] such that [CA —d|; > 7, i.e., the set of indices on which

the algorithm performs width reduction. We have the following:

<I>(w(i’k+1)) = Z wﬁ.i’k) + Z (wﬁ.i’k) + sry’k)) =d+¢ Z rﬁ.[’k)
jeH jeH jeH

€ (i.k) _
S©+;er ICA —d|;
J

< d(wlik)) (1 + 2. e8+5) .
T
The last inequality follows from a reasoning similar to Equation (6.6). U

Change in ¥

We now prove how the ¥ potential changes throughout the algorithm.

Lemma 6.8.2. After i primal steps and k width reduction steps, if 6 < £/6,

k
£272
4n

Py > p(r00) (1 +

Proof. First note that the primal steps only increases w, and so it only increases W(r), so it suffices

to only consider the width reduction steps.

_(l’k)

In this proof from simplicity we use r and 7 to denote r*K) and ¥""*), and »’ and ¥ to denote
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rik+D and 7F5+D We let H denote the set of indices J € [n] such that |CA —d|; > 7, i.e., the set

of indices on which the algorithm performs width reduction.

We start by noting the following from Lemma 6.2.3 that for 7,7 > 0

P(F) > P(F) + Z (1 - ’i—) 7. (CA —d)>,

e

where A is the solution of W (7). For any coordinate e € H,

pUKHD Gk Gke) (k) ) i)

rﬁ”k“) rgz,k+1)

&
=&— > .
r(l’k+1) 1 + 28
e

In the above we used, wg’k“) = wgi’k) + srgi’k) , and rgi’kﬂ) < (1+ 28)r£i’k). Now,

¥ _ 7 =0 é / 0 =

re—Te €'re—e€Te To—Te e —e’ &
- = 54 - 7 ) =
r, e’r, re e I +2¢

Since § < &/6, the above becomes,

We also know that for all e € H, |CA —d|, > 7, and since F, > e™°r, > e °2D(w),

2.2 —&-20
() > W(F) + g e EDd(w) 12 > V() + %\P(F).
n n

Overall, after k such steps and using that § < £/6 < 1/60, we get,

. 2702\ K
YEh) > w00 (1 + —) :

n
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Proof of Theorem 6.1.3

Proof. LetXx = ’# be the solution returned by Algorithm 34. We first bound the objective value
at X. Suppose the algorithm terminates in 7 = a~'e 2 logn primal steps and K < 7/&* width
reduction steps. We can assume this without loss of generality since otherwise we can just halt the
algorithm after executing 7/&> width reduction steps. In the end we will show that the algorithm
executes < 7/&* width reduction steps.

We can now apply Lemma 6.8.1 to get,

® (W(T,K)) < ne(1+e)eaT+2(1+e)er™ K nez%ﬂns) < nez“j)(mogn) — ,0(%)

We next observe from the weight and x update steps in our algorithm that, w"-X) > |x(D)|/T.

w5 > Mg (1 + £a|CATH) - d|e) > exp ((1 —g)za Y |CAMH —d],|.

i>0

In the last inequality we used that ||CAYK) —d||, < 7 and @t < 1 along with exp(e(1 —

£)x) < (l+ex)for0<e<1/2and 0 < x < 1. We also know that w5 < @(wT-K) <

ne(1+(5)(1+8)sz+(1+<5)(1+s)/s Now,

(I+&)(1+6) (1+&)(1+06) logn
l1-¢ * eaT (1l —¢) +(1—s)saT

<1+ 10e.

T

|

ICT ~dlleo < Il ) 1CAYY ~d]l|.s <
t=1

We have shown that if the number of width reduction steps is bounded by K then our algorithm
returns the required solution. We will next prove that we cannot have more than K width reduction
steps.

Suppose to the contrary, the algorithm takes a width reduction step starting from step (i, k)
where i < T and k = 7/&>. Since the conditions for Lemma 6.8.1 hold for all preceding steps, we
must have ® (w(i’k)) < n°(%) which combined with Lemma 6.2.1 implies ¥ < (1 + s)no(é). Let

L=d" (I-C7(CTC)~'C)d denote a lower bound on ¥(r(®?). Using this bound, from lemma

302



6.8.2,

kD) ©0) 272 k 272 k
¥ (F ) > v (A0) 1 > L1 .
(Fer) = w (e )( +4(1+8)(1+5)n) = ( +4(1+s)(1+5)n)
Therefore,
o(2) £\
n'\s) >LI|1+ .
(1+e)(1+0)n

1

which is a contradiction if K > 7/ for the set value of 7 = ® (ﬁ log %) We can thus conclude
&3

that we can never have more than K = /&2 width reduction steps, thus concluding the correctness

of the returned solution. The total number of iterations is at most,

T+K<a'e?logn+te?=0 (n1/3g_7/3 log? %) _

6.9 Guarantees of Algorithm 36: Robust Primal Step and Stable Width Reduction Step

6.9.1 Starting Point: Non-Monotone MWU Algorithm

We first present the starting point from where we developed our final algorithm. We extend
the algorithm in [188] to general {.-regression. This gives an algorithm which converges in
O (n'/Ppoly(s71)) iterations and has weights that are not monotonically increasing. The algorithm
is presented as Algorithm 43 and we omit the analysis since we do not really use this algorithm

directly.

Theorem 6.9.1. Letnn < 1/6. There is an algorithm that does not update the weights monotonically

C d
(Algorithm 43, and with input , , &) returns X such that ||Cx —d||w < 1+0(&) in at most

-C| |-d

0 ((nl/ 20 4 g2y~ 3) iterations. Each iteration solves a system of linear equations.

Let us consider the width reduction steps. Since r, > 5. ®(w) > ¥ (w), from the condition
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Algorithm 43 Accelerated MWU algorithm with non-monotone weights

1: procedure MWU—NONMONOTONE(E, E g)

2: w0 1, x©00 0,

3: a &@(n_1/2+’781/3),a/+ —a,a_ —a/(l+2)

4 r—0 (n1—4n8—1/3) . pe—© (n1/2‘3’7)

5: T<—a‘lln\},i0/s2

6: i,k=0

7: whilei < 7 do .

g r(i,.k) Wik 4 £y, "fgl’k),, R o
9; AR argminy 3, 1™ (CA - d)? >A=(C RUWWC)-1C RNd
10: W(rih) 3,789 (CACH - d)?2

11 it 3, riCACD — g3 < 2pP(r(0)) then

. Sk _ if (CAGY) —d), >0

' ¢ a- else

13: w (LK) gy (00) (1 +£a H (CAEH —E))

14: x D x4 AGK)

15: i—i+1

16: else N _ > width reduction step
17: Let S be the set of coordinates e such that |CA(i’k) -d|l.>p

18: H C S be maximal subset such that 3, r"F < =19 (p(0)

19: Foralle € H, w!"™V (1 +&)w + %ZCD(W("”‘))
20: If H # S, forone e € S\ H, lety = min{1, L5 ¥ (rh))}

R

21: wg’kﬂ) — (1+ sy)wg’k) + éngyd)(w(i’k))
22: k—k+1
23: end if
24: end while
25: return x7) /T

26: end procedure

> primal step
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of the width steps we get that,

ziql(r)|H| < 7' (r) = |H| < 0(n™).
n

The above calculations imply that for 7 = 1/6, the algorithm in the worst case can update ~ n*/3

coordinates in every iteration. There are a total of ~ nl/3 iterations. At an intuitive level, if we
change the value of r so many coordinates per iteration, and that too by a factor of &, then the entire
idea of doing a lazy update is moot. Therefore, we require a new kind of width reduction steps that
can schedule these steps in a way amenable to a lazy update schedule, which is what we do in the

next section.

6.9.2 Warm Up: Stable Width Reduction Step

As a warm-up, we first analyze the required stable algorithm, but do not introduce any sketching.
In the next section, we will consider the changes to the analysis from this section which occur due
to the introduction of sketching. We encourage the reader to go through this section in order to

understand how our final algorithm works.

In this section we define C = and d = . Our goal is to prove the following result.
-C —d

We will focus on the convergence and runtime in this section and defer the stability guarantees of

the algorithm to Appendix 6.10.

C d

Theorem 6.9.2. For n < 1/10, Algorithm 44 with input ( , ,€) finds ¥ € R? such that
-C| |-d

ICx —d||o < 1+0(g) inat most T + K < 5(?11/2_778_4) iterations. Furthermore, the algorithm

satisfies the following additional guarantees:

1. In the width reduction step of the algorithm, the algorithm only requires to find at most

9] (nl/ 2*'7) large coordinates per iteration.

2. The algorithm satisfies the following low-rank update scheme: There are at most T;—KK number
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Algorithm 44 Accelerated MWU algorithm with non-monotone weights and stable steps

1:
2
3
4
5:
6
7
8
9

10:

11:

12:

13:
14:
15:
16:
17:
18:
19:
20:

21:
22:
23:
24
25:
26:

27:

28:
29:
30:

31:
32:
33:
34:
35:
36:

procedure MWU—NONMONOTONESTABLE(a ¢~l, £)

w00 1, FOO  pO00) (1 46)ly, x© o0,

@ — n 12 g log(n) ™43 log(q,io)_lﬂ/lo, ay — a,a_ — a/(1+2¢)

T n'/71. g7 log(n)® log(q,io)z, p—nl/F3n. g2 log(n)410g(q,io), 0 < 1co
T a‘ls_zlogn, i<—0, k&0

while i < 7 do

AUR)  argminy 3, ?gi’k)(Z’A - J)g >FRsT
W) < 3 70 (A - d)g
if ), ng’k)laA(i’k) - EB < 2p‘I‘(F(i’k)) then > primal step
ik _ s if (CAGR — ), >0
¢ a_- else

WD plih) (14 5300 (A - d))

i+1,k i+1,k € (i+1,k)
PR gy )+%Zewe

FUrLR) SELECTVECTOR(r(i+1’k), i+1,0) > Algorithm 35
xD e x @  AGK) i1
else > width reduction step

Let S be the set of coordinates e such that |E‘A(i’k) — Ele > p
H C S be maximal subset such that 3, FoX) < 771700
if H # S then

Pick anye € S\ H.

For alle € HU {e}, wgi’kﬂ) — (1+ e)wgi’k) + %Cb(w(i’k))

r(i,k+1) — w(i,k+1) + %Cb(w(i’k"'l))

Forall e € HU {&}, FFD) p{keD
else

for { =p,2p,4p,--- ,2°%p do

> ¢, 1s defined to be the smallest integer ¢ that satisfies 2°p > \/r%
Define the set H; = {e € H | [CAUY) —d|, € [£,20)}.

SN~ ~ —(i,k)
If ZeeH{ ng,k)lCA(l,k) _ d|3 > pllz‘ézi))’ set éﬂs — éu’ and break.
ep

end for _ .

Forall e € Hyo, wi" D — (1 4+ £)w 4 %@(W(i’k))

plk+l) g (Lk+1) %Q(W(i,kﬂ))

Forall e € Hye, FUFHD k4D
end if
k—k+1

end if
end while
return x7) /T

37: end procedure
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of iterations where r receives an update of rank 0. £ (n1/3220),

We first define some notation and basic properties.

Definitions and Basic Properties
Potentials. Recall that we had defined the two potentials of interest as,

2n
— — 2
®(w) = wlh, ‘P<r)—£g§3;re<w dy;.

Also recall that by Lemma 6.2.1, for r = w + 2-||w||1, and  ~s r, we always have ¥(r) ~; ¥(r),

and W(7) < e®Hd(w).

Lazy updates for primal steps. Recall that in Algorithm 35, for any primal step i and any
e € [2n], we defined LAsTWIDTH(Z, ¢) to be the largest i’ < i such that the algorithm executed
a width reduction step from (i’, k) to (i, k + 1) during which the weight of e is updated, i.e.,

wgi’,k+1) + wgi’,k)‘

For any primal step i and any e € [2n], we also define Last(i, e) to be the largest i” < i such

that 7, was updated by SELECTVECTOR in primal step i” — 1, i.e., ng/”ki"“) # ?g’w

=Lk _y)

For any primal step i, we define S; C [2n] to be the set of coordinates that are being updated by
SELECTVECTOR in the i-th primal step.

Finally, for any primal step i and any e € S;, we also define ¢; , to be the smallest integer £ such

(0
Ie o
1n( ([_25)) >
Te

thati = 0 (mod 2¢) and > Tiesn-

Remark: We note that r = w + 2 ®(w). Now in our lazy update scheme, r can also change due
to changes in ®(w). We claim that we do not need to consider the changes in r due to the change in
@ in the lazy update scheme. This is because, the change in @ contributes enough only when the

change is = n which can happen only 0,(1) times (Refer to Lemma 6.9.4), or once every O,(a™)

iterations, and in such cases, the algorithm can reset the values of r for all coordinates.
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Sizes of width reduction steps. We say a width reduction step has size s if it updates the weight
of s coordinates, and we denote the size of the k-th width reduction step as Size(k). For example,
if in the k-th width reduction step on Line 18 of Algorithm 44 we have that H # S, then we have

Size(k) = |H| + 1 by Line 20 of Algorithm 44.

JRVE
10n!/3

Lemma 6.9.3. Ifap'/3 < and 6 < 1/2, then for every iteration i and k and every coordinate

e, wgi’k) > 0. Furthermore, every primal update satisfies, [@ 0 (CAUR) —E)| < 1/10.

Proof. The weights will always increase during a width reduction step and can only decrease during
a primal step. Therefore, we prove that after a primal step the weights can never be negative, i.e.,
for every i, k, 1 + @ (CAGR —E) > %

Observe that, when we do a primal step, i.e., the condition on Line 11 of Algorithm 43 is true,

since for all e,rgi’k) > zs—nCI)(w(i”‘)) > %qx(,.(i,k)),
W )ICA ~d) < 209 ().
n

This implies that,

AVE VLD VLR PR VE P TE

ICATY = dllos < |ICAD —dlls £ —7— < =7

When (Z‘A(i’k) - E)e > 0, our weights can only increase, therefore we consider the case when it is
negative. The multiplicative change to the weights now becomes,

& . 4n1/3p1/3

=2 (CANGR) _ g _ CAGK) _ g —
l+ea(CA d)>1-¢ca_||CA d|eo >1 1252 ST

>

| =

The second part just follows by using the values of @ ¥ and the bound on ||EA(i’k) - ¢~l||o<,. U

We would like to remark that this proof also works for the further robust algorithm described

in Section 6.9.2.
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Change in ©

Lemma 6.9.4 (Change in @ for Algorithm 44). After i primal steps, and k width-reduction steps,

ifap'? < 18 735, the potential ® is bounded as follows:

A i k
® (w(”k)) < (w0 (1 + 8a+e8+5) . (1 +eett?0 . (771 +p_2)) .
Furthermore, after every primal step, the potential can decrease by at most,

® (w(i+l,k)) > @ (w(i,k)) (1 —ca es+6)

(i.k)

Proof. First note that we always have w,"" > 0 from the same proof as Lemma 6.9.3.

Primal Step. If the next step is a primal step, then

q)(w(m,k)) Hw(zk)+ (zk)(CA(zk) d)w(zk)H

= WOl +8 > wl G (€A - a),. (6.7)
e

We first bound };, wgi’k) -Tigi’k) . (EA(i’k) - E)e. Using Cauchy-Schwarz inequality, we have

Z Wik R [EAGH g < \/(ngz‘,k)@g,m)z) , (ngi,k) - (CAGH) _g)g)
e

e e

Sagc \/6’5 - D (WK . lp(;(l'»k))

<ay- ea+(5 . q)(w(i,k))’

(R < 0. 700 the third step follows from

where the second step follows from - < @4 and w,
Lemma 6.2.1 that ¥ (F%)) < 5+ . d(w(-h)),
Now, from Equation (6.7), and w'™® > 0, we have that ®(w(*1:0)) is between ®(w(ih)) —

ey, wiH@ IR CAER — g|, and (WD) + £ 3, wliHG@ER|CACH g,
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Therefore, we get our bounds,
® (w(i’k)) (1 -ca,e®) <® (w(m’k)) <o (w(i’k)) (1 + e, e®™).

Width Reduction Step.

When H # S, we have the following:

(D(w(i,k+1)) — Z w;i,k) + Z ((1 +8)w(l k) q)(w(t k)))

JjeHU{e} jeHU{e}
_ (i,k) (i,k)
=0o(w'"") +¢ Z ri

JjeHU{e}
< CID(w(i’k)) +eel Z F;i’k) + 8651*9 k)
jeH

< O(w0) + g MW (F) + gl p 2P (FY)

< d(w'h) 4 g0 (71 4 p)D (W)

where the fourth step follows from Y, 70" < =W (#"¥) by the definition of H, and that

Sk o _wE) o wEhY)
e (CA(’ b-g)2 = p?

follows from W (F"K) < ¢#*9 . ®(w'F)) by Lemma 6.2.1.

since e € S and so it satisfies |Z’A(i’k) — glg > p, and the last step

Now, when H = S, we only update weights in a set Hy+ C H (see Line 29 in Algorithm 44),

@ (wHkDy = Z wj.i’k)+ Z ((1+e)w(’ k) 4 CD(w(’ 2

JEH JjEH
- (i.k) Z =(i.k)
O(w') + e r;

JEH{*

< o(wiH)) + 8T_1T(f(i’k))

< d(wh)) 4 ge®*0 . 1D (wh),

where the third step follows from };,. Hp T 2’ k) < DiecH (i’k) < T_I‘P(F(i’k)) by the definition of H,

and the fourth step follows from W (F%)) < &+ . @ (w(i-h)).
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In both cases we have
@(w(i’k+1)) < CID(w(i’k)) (1 + et . (‘r_1 +p_2)) .
Also note that for a width reduction step, ®(w@*+1) > @ (w@h), O

Change in ¥

Lemma 6.9.5 (Bound on |H| in width reduction steps). For any width reduction step, the size of H

: n &+20
satisfies |H| < 2= - e®7°,

Proof. Consider a width reduction step which updates (i, k) to (i, k + 1).

Since Toep 7o) < v EE) and FIH) > e 0 > e 0L @(wh) > oo Ly (FiK))

we have
[H] o720 ZwED) < 3 < et
ecH
S |H|SL-68+26. =
T-&
1 - 1
Let L be the largest power of 2 such that L < 00008 myeap” Note that we have L = O( o n)mp),

We have the following lemma.

Lemma 6.9.6 (Change in ¥ for Algorithm 44). For any integer ¢ > 0, after L primal steps from

(¢ = 1)L to cL, if p>t=' > 0.1, the potential ¥ is bounded as follows:

_ ker 4/3 2/3 . K)1/3
T(;(CLJQL)) z T(;((C_I)Lk@_w) ' (1 B O(pr)) ' I I (1 +0(8 173 1 Szl/zf(( )) ))
n'/> -log #

k=k(c-1L
Proof. Width Reduction Step. We first consider the width reduction steps. Note that if the width

step updates a coordinate e, then it always updates Fg *+1) 10 its exact value ri**D (see Line 22 and

e

31 in Algorithm 44. So we always have ng’kﬂ) = rg’kﬂ) if e is being updated by the k-th width
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reduction step, and otherwise we have 7K+ = FK),

Next we prove an upper bound on r(”k+1). If the width reduction step updates the weight of a

(i,k+1)

coordinate e to be w, — (1+ g)w(’ k) %(D(W([’k)), then we have

rgi,k+1) :wgi,k+l) +ziq>(w(,-,k+1))

=(1+ew™ + (I)(w(’ N+ CI)(w(’ k)
— (1 + S)I‘(l k) q)( (@, k+1)) (I)(W(l k))
<(1+ s)r(’ R P CI)(w(i’k+l))

2n

< (1+38)rh), (6.8)

where the fourth step follows from ®(w“k+1)) < d(wEh)) . (1 + g2+ (771 4 p72)) < D(WHR) .

(ik+1) 5 LG0)
= Fe

(1 +2¢) by Lemma 6.9.4. Note that we also have r, since we are only increasing the

weights. Also,

Fi.k+1) = plk+D)
e e
wgi,k+1) B wgi,k) _ 0'18r£i,k)

(i,k+1)

\%

_(+ g)wl Iy + £D(w0) _ D _ 0 16700
(i,k+1)
re

0.9eri™®  0.9¢
= >

rgi,k+l) = 1+3e (6.9)

where the first step follows from r(’ k) = g’kﬂ) and r(’ < e r(’ b < (1+0. lg)r ) since
0 = £/100, and the last step follows from Eq. (6.8).

Next we consider the two cases of H # S and H = § separately.
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When H # S. Using Lemma 6.2.3 we have the following:

\P(;(l,k+1)) > \P('—,(z,k)) " Z ( e r k+l)e )'—,gl,k) (CA(l,k) —d)z
e ry’
~ 0.9¢ k) (i ~
—(i,k) . =(i,k) (i,k) _ " 4\2
> WEH) + Z_ FUR (CAER — g)?
ecHU{e}

; 0.9¢ -
S pFehy 4 278 2 7(k)
=W+ T P Z_re

ecHU{e}

: 0.9¢
> lP _(l’k)
= W) + 1+ 3¢

= PRy . (1 + O(spz‘r_l)) > PF) . (1 +0 (

. p2 . T_l . T(;(l,k))

84/3,02/3 . |H|1/3
nl/3 ’

where the second step follows from when H # S the width reduction step only updates edges in
HU{e} and Eq. (6.9), the third step follows from every e € S satisfies |EA(i’k) —Ele > pand HU{e} C
S, the fourth step follows from H C § is a maximal subset such that ),y ng’k) < T_I‘P(f(i’k))
so we must have X ,cpu(e) ?Ei’k) > T_I‘P(f(i’k )), and the last step follows from Lemma 6.9.5 that

|H| < L . ¢5*29 and our assumption p?7~! > 0.1 and so p*>r! > 0.2 p?/3771/3,

When H = S. In this case any e ¢ H = S must satisfy |Z‘A(i”‘) - E|e < p, so we have

2 FIICAM —dif < max{|CAYR) —d|) ) V(€AY —d) < p R,
e
e¢H e¢H

Since this is a width reduction step, we know that ), fgi’k ) |E’A(i’k) —Zi|g > 2p‘{‘(?(i’k)), and therefore

combining this and the inequality above, we must have

D FEHNCATO —df > pw(FY).
ecH

Recall that for any { = p,2p,4p, - ,2%p where 2°°p > +/n/e, the algorithm defines the set
H;={ee€H| |6A(i’k) —Ele € [¢£,2)}. Note that since lI’(?(i’k)) =2, ?gi’k)(EA(i’k) —E)g, for any
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e we have
\P(r(l k))
—(t k)

,es+26n

where the second step follows from 7% > e 0EP(wih)) > e‘8‘26§‘P(F(i’k)) using Lemma 6.2.1.

So we have

There are at most log(l) such {’s, so this implies that there must exist a * that satisfies

(i.k)
ZeeHﬁ 7Uk) |CA(’ k) d|2 > pl\P(Z n )) , and we can find it on Line 27 in Algorithm 44.

Again using Lemma 6.2.3 we have that

(z k1) _ 2(ik)

lP(r(l k+l)) > \P(r(l k)) + Z ( _(i k+1)e ;gi,k)(EA(i,k) _ ;i)z
6

o 09 B n S
> WE) + = N FH (A - a)?, (6.10)
1+ 3¢ o
*

where the second step follows from when H = § the width reduction step only updates edges in
H+ and Eq. (6.9),

Next we prove two lower bounds of }; . Hyo _(’ 2 (CA(’ k) — E)g On the one hand, we have

>0 FECA — @) > |Hy| .e_5—25§q1(,—,(i,k)) (Y

eeHg*

which follows from |CAGK) —d|, > ¢* for all e € Hg-, and that F{") > 70 Ep(wlih)) >

e 720 . %‘P(F(i’k)). On the other hand, we also have

o~ —~ 1 - ~

=(i,k) (i,k) 2 =(i,k) (i,k) 3

FUR (A — g)? > — FR|CAGR — g

2. © 7 maxeen,. [CAGK) —d, ;{ ‘ )
1 pPF“h)
T 200 log(f)

eEH{*

where the second step follows from |CA¢¥) —d|, < 27* for all e € H;-, and YeeH,. FiR I CAER) —
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—_~ lP(;(I,k))
dp? >~ .
|e log(25)

Plugging these two lower bounds into Eq. (6.10) we have

0.9¢
1+ 3¢

43 |H§*|1/3 . p2/3
T q0e23( 1y ||
n'/> - log (5)

il v W WY 1)

P (FRD) > pEih)y (1 + , P
" 2og(Z) ¢

- max {6

>PFrERy 1+ 0

where the second step follows from a + b > a'/3b?/3.
Finally, note that when H # S the size of the width reduction step is Size(k) = |H| + 1, and
when H = S the size of the width reduction step is S1ze(k) = |H+|. So combining these two cases

we can conclude that we always have

4/3 2/3 1/3
PFRE) > ) (1 +0(8/ - p?? - Size(k)!/ ))

2/3/ n
n1/3-10g/ (5)

Primal step. Next we prove that ¥ doesn’t decrease by too much after any primal step i.

Since wff“’ki) = wgi’ki)(l + sﬁg’k")(Z’A("’ki) - E)e), we have

r£i+1’ki) _ w£i+1,ki) " Eq)(w(iﬂ,ki))
n
> wg’k") _ 8a+w£i,ki)|E'A(i,ki) _ Ele + Eq)(w(i,ki))(l _ 8a/+e‘9+6)
n

> w1 - 8) + ~ow ) (1 - 2) =M (1 - ), (6.11)

where the second step follows from @ "F) < @, and ®(w*1H5)) > B(wEk)) . (1 — ga,e®) by
Lemma 6.9.4, the third step follows from a+|5A(i’ki) - E| < 0.1 from the same proof as that of

Lemma 6.9.3. Similarly we also have

r£i+l,ki) < +8)r£i,kf)_ (6.12)
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‘We also have,

r£i+l,ki) _ rgi’ki) 3 |w£i+1,ki) _ wgi,ki)l + %|CD(w(i+1’k")) _ q)(w(i,k,-))|
r£i+1,k[) - réi,ki)(l _ 8)

8a+w£i’ki)|Z’A(i’ki) - 3|e +£. et eq, D (wk))
r (1 - g)
sa+r£i’ki)|EA(i’ki) - E|e +efMea rgl ki)
rgi’ki) (1-¢)
<(1+ 28)8a+|Z'A(i’ki) - Ele + (1 +4¢e)eas. (6.13)

Next we consider the two cases that could happen to the coordinate e in the i-th primal step.

From now on, when it’s clear from the context, we will use r(’) to refer to r(' ki-1) 70

=(i.ki-1)

, and similarly r,

to refer tor, , so that this is consistent with the notations used in SELECTVECTOR.

1. If SELEcTVECTOR doesn’t update r, on the i-th iteration, then we have r(’Jrl ki) = r(’ ki),

2. If SELECTVECTOR does update r, on the i-th iteration, i.e., e € S;, then defining j;, =
max{LastWipTH(i, ), LasT(i, €)}, i.e., ji. < i is the last primal iterate during which the

algorithm updates w,. Define £;, to be the smallest integer £ such that i + 1 = 0 (mod 2)

—(i+1,k;) _ r(z+1 ko) —(iks) _ (j,-,e,kji,e)

,andr,

and | In(—= (+1 2,,))l By definition we have r,

= 210gn

Further note that in this case we have the following properties:

» For all j € [ji. + 1,i], the value of r, remains the same for all width reduction steps

FUkimn) _(j 1) This is because there

between the (j — 1) and j*" primal steps, i.e., 7,
is no width reduction step that updates the weight of e in these iterations.

. -
e Forall j € [ji.+1,i],r (]’ Do ;gl’kj) _ rij’ Jie)

. This is because the value of 7,
remains the same from primal iterations (j; .+ 1) to, and it is always a d-approximation

of the true value of r,.
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o Ifi+1-20e> j;,, then

1ol (Gierkj: ) i+1-20,
r£l+1 2%i.e) _relt,c Jise | < 5r£l+1 2%.e)

(i+1) (i+1=20ie)
i+1-2"%.¢
< 2logn |1H(T[))| °F,
e
/ ()i,e
< 510gn | (l+1) (l+1—2 )l
[te _(j+1=0fi.e ‘ie’k'* .
where the first step follows from r(’+1 2 5 r(’+1 20 = r(j’ i) since [ + 1 —

2fie > j; ,, the second step follows from | In(—= , the third step follows

(+1 -2 ))l = 210g
re

i)
|(l+1—2[) 1| since |In(—= o 2[ ))| 0.1, and this is because

re Te

rih) (jl i) ~s P ~2%) by the second bullet and r'"15) ~, pik) vy Eq. (6.11)

from | In(— T 12(; ))l <

and (6.12).

Because of the third bullet point above, if j;, < i + 1 — 2 then we have

(Lki) _ k)| ki) pilbekie),
e

Ire e

I 1 _olie 1nlie Giekj )
S |r£l+1,kl) _r£l+1 Zlc)l + |r£l+1 2% )_re i,e:hji o |

< IOlOgn |r(’+1 ki) (i+l—2€i,e)|.

From now on we can without loss of generality assume that j;, > i + 1 — 2%, since otherwise we
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(i+1,k;) —(zk)lby0(|r(l+1k) r£i+1—2 (i+Lk;) (ji,e,kji,e)|

can upper bound |r, *) |) instead of |r, . Now,

=(i+1L,k;)  =(i,k;)
r, Y—r,

=(7 1,]{,’ [ = ',k,’
P (D) O g )y -

i _;i)g

=(i+1,k;)
r, !

(i+1,k;) (i,e-kj; o)

.. (1. r —-r (i k), = (i ks ~
(g) \{J(r(z,kl)) _ Z e (i+1,li,~) rgl,kz)(CA(l,kl) _ d)z
ecS;
i r(]+1 k) r(j’kj))
e e LN o~ s ~
(lll) \P(r(l ki )) Z ‘ J=Jie (l+l - ) );gl,kl)(CA(l,k[) _ d)z
e€S;
26 (J+Lk;) (7.k5)
. Nz r —-r —(i k) = (i ks -~
(zzv) ‘P(r(l’k’)) _ 16 . ‘( e oo k-)e ) rgl,k:)(CA(lvkl) _ d)z
(1-2) e€S; j=Ji,e re

i

O @Ekdy —o(1) - Z Z (m@A(i’kﬂ —d|, + sa)?é"’k")(Z’A("’ki) —d)?

€€S; j=Ji,e
W WE) —0(1) e Y (i+1= jio) - T (CAH) - d)?
e€S;
—0(1) s Y (i+]1- jip) - PR |CATR) — g}
ecS;
i—1 ey~ _
—0()-ea-y PR | eakD) —gp,
e€S; j=Ji,e

—(i+1,k;) _ r(z+1 ki) (ki) _ (ji’e’kfi,e)

where (i) follows from Lemma 6.2.3, (ii) follows from r, ,and r,

(Jt,ea i ) : (]i,e, j )
(J ) ~ r Ji,e and rgl,kz) ~s r Ji,e

for e € S;, (iv) follows from r, as we argued above, and

(i+1,k;) > (1- (]+1k)

since we also have r, er, (0 from Eq. (6.11), combining these we have r,

e‘sri]i’e’ e < 207k < (fzi) rU0 - Step (v) follows from Eq. (6.13), (vi) follows from AM-

GM inequality that |CAU) —dle(CA(i’ki) —d)g < % - |CAGK) —dlg‘ + % - |CAUK) —d|§ and that
k) o piekive) Rk forall e € S;and € [ie ],

With an abuse of notation, let £; denote the largest integer such that i + 1 = 0 (mod 2%). Since

we assumed that j;, > i+ 1 — 2%« forall e € S;, we have i + 1 — j;, < 2 < 24, Also note that

in primal steps we have ), ng’k)laA(i’k) — EB < 2p‘I’(F(i’k) ), so the above equation becomes, for
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some C; = O(1)

i—1
WEE) 2 (12 sap - 20) WEHR) —Cpsa Y Y RIICAUR) —d (6.14)

€€S; j=Jie
Recall that we defined L = @(m) to be a power of 2. Next we consider the iterations
between (¢ — 1)L and cL using Eq. (6.14). We have
lIJ(;(CL,kcL—I))
cL-2

> (1 -C)-¢eap - 2&'“1) . ‘P(f(CL_I’k”L’I)) -C,-ea- Z Z fgj’kj)fA(j’kf) —E|z
e€Scr—1 J=JcL-1,e

\P(;.(CL—chL-l))

\P(;(CL—chL-z))

> (1-Cr-sap - 2l +2002)) (el kenn)

cL-3

W (pleL-Lker-1) RN~ s _
- (1 -C-eap - 25”“) : ‘I’Ei(CL'l T 2); Cy-ea- Z Z FIR | CAUR) - g3
r Hel-

e€Scr2 J=jcL-2.e
cL-2 )
~Cy-sa- Z Z ;gf’kf)@A(j,kj) —dp
€€Scr—1 J=JcL-1,e

le('_.(CL_lakcL—l))
) T(;(CL—chL—z)) ’

lP(FCL_z’kCL_Z)

\%

(1 — Cl -Eeap - (2&171 + 2€(:L—2 + 2))

cL-3

W (pleL-Lker-1) RS~ s _
(1= Cusap 2 ) L e 33T A0 -
r kT

eeScr2 j:ch—Z,e
cL-3 -
~Crea- Y Y FCAUR) — a3

e€Scr—1 J=JcL-1,e

Z .
cL cL =(i—1,k;_1)
¥
Z(l—Cl-sap-(2L+ > 2k %-W(#C‘”L”WHM),
i=(c—1)L+1 i=(c-1)L W)

where the second step follows from lI’(?CL_l’k"L’Z) > (1 - C-¢eap - 2€fL-2) . ‘P(?CL_Z’k”H) -
Ci-ea- Yees,, ., Z;i}i_u PR | CAURD) — d|?, the third step follows from taking out all terms
F IR\ CAUKRD —d for j = cL - 2 and that 3, 7 |CAUK) — d} < 2p®(FU4)), and the last

two steps follow from repeat this process for L times, and noting that for any c¢L — t, an coordinate
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e can only be in one S.;_» where t' < t and j.;—r . < cL —t, and also noting that we proved that
we can wlog assume jer—;, > cL—t+1— 2fer-re for all t < L, and this is then > (¢ — 1)L since L

is a power of 2.

Flbkio)y . . .
Finally, note that f:L( e~1)L M is exactly the increase that we get from the width
reduction steps, and also note that we have Zf:L(C_l) L+l 2h-1 < L. log n since by definition £;_; is

the largest integer £ such that i = 0 (mod 2¢). And this gives the claimed lower bound of this

lemma. O]

Putting Everything Together: Analysis of Algorithm

Next we analyze the iteration complexity and the error of Algorithm 44. We first bound the
total number of width reduction steps. In the following lemma we denote the hidden factors in

Lemma 6.9.6 as C, < O(log> n) and C3 > O(1) such that

ket 4/3 ,2/3 . 1/3
lp(;(cL,kcL)) > \I;(,—,((C—I)L,k(c_l)L)) ) (1 B ngapL) ) (1 L C g7p Size(k)

2/3
k:k(c—l)L n1/3 ) log / (%)

Lemma 6.9.7 (Number of width reduction steps). The total number of width reduction steps of

nl3p1310g5 n

Algorithm 44 is at most O (T . log(lylo)) for large enough n.

Proof. Let K denote the total number of width reduction steps. We first assume that we halt the

. . ;b1 n'BpBlogbn " . )
algorithm if there are more than K" = 10°Cy" - —_@5— - log(q,—o) width reduction steps. We

. -1 nl/3pl/3 logsn n ’ . :
will then prove that K < 9000C5" - ——5—=— - log(T—O) < K’, which means we can make this

21073

assumption without changing the algorithm. Under this assumption, and using Lemma 6.9.4, we
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have that during the algorithm, we always have

’

‘ T
@ (w(”k)) < o(w®9)y. (1 + sa/e”‘s) . (1 + e (71 4 p_z)))

13131085 n

<n-exp2ea-a”'e 7 logn) - exp(2e(r~" + p7)10*Cy" - 1073 log(‘Pi))
& 0

< p2/er10°cs e < p3logn/e, (6.15)

where in the second and third steps we used the parameters of Algorithm 44 that T = a~'e=2 logn,
7 =nl27. g7 log(n)® log(Tlo)z, p =nl?73. 72 Jog(n)* log(lPlO), and n < 1/10, in the last
step we assume 7 is large enough such that n > 1O4C3_ I

Consider any integer ¢ > 1. We next bound the number of width reduction steps between primal
steps (¢ — 1)L and cL, and in this proof we denote this number as K.

Using Lemma 6.9.6, we have

3. 203

P

Koo (fethe) aw (k)0 s
3 2/3 <
n!f31og? ()

< < <
lP(;((C_l)L’k(c—l)L)) ¥, ¥y

3-n'3logn  3logn
Cy - 43 . p213

where the first step follows from Lemma 6.9.6 and that we always have Size(k) > 1 for all k, and that

-1
100(10g4 n)eap

step follows from g (FleDhke-nn)y > ﬁ . lI’(?(O’O)) and Lemma 6.2.2 that ¥(7*?) > ¥, and

the Creap - L factor of Lemma 6.9.6 is upper bounded by 1/2 since L < , the second
the third step follows from W(F kL)) < ot (w(clker)) < getdp3logn/e by [ emma 6.2.1 and
Eq. (6.15).

Note that the above bound holds for any integer c. Since there are in total T = o~ '™ logn

L___ the total number of width reduction steps is

number of primal nd since L < ————
umber o P al steps, a d since ~ 1000saplog* n
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upper bounded by

T K < 1000plog*n ~ 3-n'logn  3logn Tog()
L & C3 . 84/3 . p2/3 ‘P()
n1/3p1/3 logsn n
<9000C; - — X ——2 — . log(—). O
3 810/3 g(“P())

Next we bound the error of Algorithm 44.

Lemma 6.9.8 (Error of Algorithm 44). Algorithm 44 outputs a vector¥ € R¢ such that ||C¥-d||c <

1+0(e).

Proof. First note that all the requirements on the parameters of the lemmas in Section 6.9.2 are
satisfied by the parameters of Algorithm 44 forn < 1/10.

LetX = 7 be the solution returned by Algorithm 44. We will bound the objective value at¥.
The algorithm has T = a~'&7? log n primal steps, and by Lemma 6.9.7 we know that it has at most

n'3p131og’ n n . .
K<0 (T : log(q,—o)) width reduction steps. We can now apply Lemma 6.9.4 to get,
® (W(T,K)) < . OleaT+e(x oK) < 0(L)

where the second step follows from the parameters of Algorithm 44 that @ = n~!/?*1

. 8 .
log(n)“‘/3 log(q,io)_m/lO, T= nl/z_”-8_4~log(n)8 log(q,io)z, andp = n1/2_3’7-8_2~10g(n)4 log(lylo).

We bound the £, norm of Cx—d = % . ZiT:_OI (CAU*) —d) using the upper bound of the potential.

- C ~ d
Since C = ,and d = , we have that the weights w € R2?". Therefore, for w, € R" and
-C —d
Wb
w_ € R", we can write w@*® = |7 |, and we have that DO(W) = Yeepn) Wee + W—.. We can
w!

r .
similarly define r, and r_ such thatr = "|. Since A®H is obtained by solving,

| g

i . —(i,k) /7 o —(i,k = \(i,k
A(’k):argmAm Z rg )(CA—d)Z= Z("EJ )+r—)£ )(CA—d)f,

e€[2n] e€[n]
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the update rule w(*1K) =y (k) . (1+ ga b (EA(i’k) - E)) implies that in every primal step,

(w+)(l+1 k) _ (W+)(l k) (1+8a/(l k)(CA(l k) d)) (w_ )(l+1 k) _ (w_ )(1 k) ( Ty)(i’k)(CA(i’k)—d)).

Now,
T-1
w0 = w20 T (14620 (o™ - a),)
i=0
= ]_[ (1 + ea, (CAUF) —q),) . ]_[ (1 + sa_(CAWR) — g),)
i:(CAUKD) —d), >0 i:(CAG-K) —d), <0
T-1
> exp (s(l —-&a- Z(CA(i’ki) - d)e) ,
i=0

where the second step follows from w(0 0 - 1,, and E)ff’k") = a, if (CA®*) —d), > 0 and

a)il,ki)

= a_ otherwise, the third step follows from 1 + ex > exp(e(1 —&)x) forall 0 < x < 1
and 1 + ex > exp(e(1 + &)x) for all -1 < x < 0, and we have that [@ “%) . (CAGK) — d)| < % by

Lemma 6.9.3. Similarly, we also get,

T-1
W) > exp (3(1 —&)a - Y —(CAT) - d)e) .
i=0
This implies that

In ((W+)£T’K) + (W—)S;T’K)) 3 In(®d(wTX)))

e(l-¢e)a T oe(l-9)a

(6.16)

T-1 .
2, (€A —a), | <
i=0
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So we have

1
|ICxX — d||o = = max
T e

T-1 .
2 (CAUR) —a),
i=0

_ In(@(w"0))

aT
Inn+ (1+¢&)eaT + (1+¢)
e(l —g)aT
<1+ 10e. O]

6.9.3 Guarantees of Algorithm 36: Robust Primal Step

In this section, we finally present the analysis of Algorithm 36 which additionally approximates
the primal steps via a sketch. We will again use the two potentials as defined in Eq. (6.3) and (6.4).
In the next section, we will first present the properties of the sketching matrices that we need
to use. This constitutes the major part of the section. The remaining would directly build on the

analysis of the previous section.

Sketching Bounds

Lemma 6.9.9 (Coordinate-wise embedding, Lemma E.5 of [44]). Let S € R be sampled from

distribution 11 such that each entry is +ﬁ with probability 1/2 and —% with probability —1/2.

For any fixed vectors g, h € R", the following properties hold:
1. E [g'S"Sh] =g"h,
Elg l=2
Ci
2-S]§H[(gTSTSh)2] <(g'h)*+ 7llg||§||h||§,

C,
. Pr ||g"STSh—g"h| < —= hllz| = 1-1/n*
3551 lg'S Sh-g I_\/legllzll 2| = /n

where C; = O(1), C, = O(logn).

—~ —~(i —(i,k
Lemma 6.9.10 (Bounds for the vector #). For all i € [0 : T], the vector #"™" = (R(l ))‘1/2 :

) N —(ik . . . .
(STSW . (R(l ))l/zu(”k) satisfies the following properties:
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1. Expectation. Eg) @ SO ... §i=D] = k),

2. Variance. For any vector g € R" that is independent of S @,

—~(i C k k
Var[ Y gl | 8O, s6D] < =L gT®YY) g @) TR o),
@) - b

In particular, if w#%) > 0, then this implies that:

* Varg [ﬁgi’k) |SO ... sED| < %.
. ES(i) [{I\J(’—.(l,k)’s(l)) | S(O)’ - ’S(l'—l)] < (1 " %) ) \P(f(l’k))

* Vargo) [, w, wl k)A(‘ D sO ... 50D < % LD (wih)) g (FiH).

3. Coordinate-wise absolute value. For any vector g € R”" that is independent of S @) and

when conditioned on any S(O), S, S(i_l), we have

i, (k)
D < 2 @R )

1-1
i > 1=

(1)

In particular, this implies that when conditioned on any S (0), cee St=1).

e Foranye € [n], ifwgi’k) > 0, then

| =(i,k) _ (zk)|S

Pr ||a! (I)( (tk)) 1/2 lP(r(zk))l/Z > 1 —1/714.

()

C: Vi
b Ve

o Ifw0) >0, then

~(i G
() Zw(l k) (ugl,k) lk))l < \/Z q)( (l k))l/z \P(r(l k))1/2 > 1 _ 1/n4,
Sl

|Zf§’?k> @0 - uﬁ””‘))|s%-c1>(w<l¥’<>)1/2-\P(f“k))l/2 >1-1/n*.

@)

4. Symmetry. When conditioned on any S\, --- 8=V, for any i € [T] and any e € [n], the
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ST ~(i k) . . .
distribution of ugl’k) - ugl’ ) is symmetric around zero, i.e., for any 7 € R,

Prial™ —u™ = 2] = Pria - uft = 2.
s s®

Proof. In this proof we will use the following fact from Algorithm 36: for any i € [0 : T], u"k),

w0 and F¥) are random variables that depend on S O ... 86D and 7" is a random variable
that depends on SO ... 80D and §9.

Part 1 (Expectation). For any fixed S (0), L8 (i_l), we have

ut 2R~ ~ N =(ik) .
SI%) @1 = SI%[(R )72 (8D)TSW (R 2R
= R™Y)-12 . ®y 1260

= b,

where the second step follows from Part 1 of Lemma 6.9.9.

Part 2 (Variance). Consider any fixed §*, ..., /=1 For any vector g € R” that is indepen-

dent of S (i), we have

~(i, —~ " ',k
Varl ) g ) = B ()71 - (gl
e e e

S

We also have

=~(1,k)\21 _ T—~(i,k)\2
S@)[(;geue 1= EleTay

B (gT (I_Q(i’k))_l/z (SO TS (I_Q(i’k))l/Zu(i,k))z}
S 1

(g ul)? 4 % .gT(I_a(i’k))—lg. (u(i,k))TE(i’k)u(i,k)’

IA

where the third step follows from Part 2 of Lemma 6.9.9.
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So we have

k . —(ik) ¢
Var| de (0] g ®"™) g @) TR uh,
()

In particular, if w(%) > 0, then this implies the following bounds:

* For any e € [n], letg = 1., then we have

Var [ﬁ(i’k)] < Q ) ‘P(l_‘(l,k)) - Cyn
0) b T eb’

where the second step follows from (1+6)7 > (oK) = (k) 4 %@(W(i’k)) > %CD(w(i’k)) when

w(k) > 0.

e Let g = w®®)_ Then we have

Var| Zw(z DGR < G (N T (RIH) =100 (g G0y TROR) (1)
g b
C (w2 _(i.k)
<5 Sy )Y@
C
< 2 o) wEY),

where the second step follows from ‘I‘(r(’ k) )= (u® k))TR(l )u(i k) the third step follows from

(14 6)F > rlh) = k) 4 %d)(w(i’k)) > w6 when w0 > 0, and 3, wg’k) = P(wh).

Part 3 (Coordinate-wise absolute value). Consider any fixed §, ... | §/=1_ For any g € R”

that is independent of sO, using Part 3 of Lemma 6.9.9 we have that with probability at least
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1-1/ n* over the randomness of S (i),

ik Lk —(i.K), _ T Gl) . (k) / e :
|de(u£1 ) ugl ))| _ gT(R ) 1/2 . ((S(l))Ts(l) (R )I/Zu(z,k) (R )1/2u(1,k))‘
e

Cy (k) _1 /2 2K 172 (i)
< —=[(R)" gl (IR ) “u" |
\/_
(g"(R
x/E

—(i.k) —(i
) lg)l/Z . \P(r(l,k))l/Z’

where the third step follows from ‘P(F(i’k)) =D Fi{’k) (ui’;’k))z.

In particular, if w(>*) > 0, then this implies the following bounds:

* Forany e € [n],letg = 1,, we have that with probability at least 1 — 1/n* over the randomness

of S(i),
. : Cr .. »
ugl,k) _ u((;,k)‘ < _2(r£l,k))_1/z ) lP(,,o,k))l/z
N
C —
~2 £ (I)( (@, k)) 1/2 \P(r(l k))1/2
ARG
where the second step follows from (1 + 6)r > r(l k= w((f k) %d)(w(i’k)) > %CID(w(i’k)) since
wi) > 0.

e Letg = w™®) we have that with probability at least 1 — 1/n* over the randomness of S @

k) (i, k G (wlik _
|Zw£z ).(u((; ky _ @ ))l < (Z iz k) 1/2 P (012
e

< _q)(w(i,k))1/2\_11(’—,(1',/())1/2
Vb

where the second step follows from (1 + 8)F > (oK) = w(k) 4 %@(W(i’k)) > w(k) > 0 since

w(¥) > 0 and hence ¥ (7)) > 0.
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7(i.k)

Similarly let g = r*>"’ we have

~(ik) . (ik G (i _
Z —=(i,k) ( (i,k) _ l ))| < Z (lk) )1/2 \P( (lk))1/2

< C2(1 +8)

< @(W(i,k))l/Z\P(;(ivk))l/z
Vb

where the second step follows from ), r, Pk = =d(wlh)y 4+ p. %@(w(i’k)).

Part 4 (Symmetry). It suffices to prove that for any vectors g,h € R”", the distribution of
g7 (STS — Ih is symmetric around zero when S € R?" is sampled from distribution IT such that
each entry is +T with probability 1/2 and — \/_

Letsy,---,s, € R? denote the columns of S. We have

with probability —1/2.

g (STS—Dh = Z D &ihjsis;)

i=1 j#i

= Z<s” Z (gh; +g; ,)sj>

j=i+l

Define x; = <s,~, Z;?:Hl(gihj + gjhi)sj> for all i € [n — 1]. Observe that when fixing any vectors
Siv] =87, 1," " ,Sp = S, since s; is independent of them and each entry of s; is +ﬁ or —# with

1/2 probability, we have

n
Pr [<si, Z (glh] +gjhl)s]> = Siy1 = Sl+l’ cee L8, = S;::|
Jj=i+l
[<Sl, Z (glh +8; l)s]> Siv] = s:f+1’ e Sy = —S:]
Jj=i+l

So we can prove the claim by induction: First note that the term x,—; = <s,1_ 1,(gh;+g jh,-)s,1> 18

symmetric around zero by the definition of S. Suppose that for some i* we have Pr[Z?:_il xi=z]=

329



Pr[ :‘:—i} x; = —z], then we have for any z € R,

n—1 n—1 n—1

Pr[. . xi:z] = ZPr[Zx,-:t]-Pr[xi*_1=z—t‘ in:t]

N
|
—_
N
|
—

Il
w
—

IM
R
Il
|
ILI
a~}
=
Ko
¥

|

|
A\l
+
-~

R

Il

|
ILI

where the second step follows from Pr [ nlx = t] =Pr [ iy = —t] by induction hypothesis,
and Pr|xq—1 = z—1¢ ) Zf.:il X = t] = Pr [xi*_l =—(z-1) ) l”:_ll X = —t] by our previous
observation. [

The variance and coordinate-wise bounds of the previous lemma only hold when the weights
are non negative. Next we prove that we can maintain this non negativity as long as |ﬂ(i’k ) uh|

is bounded.

Lemma 6.9.11 (Positivity of the weights). Let k; denote the number of width reduction steps taken
by the algorithm when the i'" primal step is being executed. For alli € [0 : T), in the i-th primal

iteration of Algorithm 36, if

|ii(i,ki) _u(i,ki)l < 100C2\/ﬁ
Vbe

wloki) > 0, and

then we have

&

(iski) 1/3
[l oo < 2C5

Proof. For simplicity, we will let £ denote k;. Observe that, when we do a primal step i.e., the

.. : . : (i ~ -6 ; 6 gy /=i
condition on Line 12 is true, since for all e, 7K > e“srgl’k) > %@(W(”k)) > %‘I’(r(”k)),

6_6‘9‘{, R CONTIN (AL RPN (N
TS FED w25 < C3pP ).
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Using the value of p, this implies that,

1/3n1/2—n

i,k i,k 3
IOl < 0 < =5

, we have

Then using our other assumption that [#'"" — »(:0)| < %

6C31/3n1/2—n . 100C2\/ﬁ
<173 N

N R R i A

We also have

6C31/3n1/2—77 . 100C2\/E

[@Pa) <o
5 e

)s 1/10.

If iig’k) > 0, then we directly have wgm’k) > wgi’k) >0.If iiff’k) < 0, then

wgi+1,k) — wgi,k) . (1 + gﬁgi’k)ﬁg’k))

>wH . (1-¢/10) > 0. 0

Next we use the above basic properties of the approximate vectors a0 510 prove a concentration

property of the sum of the #*X)’

s over all iterations. Our proof crucially uses Freedman’s inequality
(see Theorem 2.2.13), which is a concentration inequality of martingales.
Foranyi € [0 : T], let k; denote the value of the width reduction step counter k when i is being

incremented, and in the next lemma for simplicity of notations we will use the superscript ) for

the variables with superscript (%),

Lemma 6.9.12 (Bounds of sum of & over all rounds). Let k; denote the number of width reduction
steps taken by the algorithm when the i'" primal step is being executed. Let ag,-- - ,ar € R be an
arbitrary sequence such that each a; only depends on SO ... S and each la;| < Cq. Then,

~(i.k; —(i.ki ; N ki ke .
foralli € [0:T — 1], the vector alki) = (R(l ))_1/2 (§D)YTSW . (R(l ))l/zu(”kl) satisfies the
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following properties:

71
B (k) _ ki) |
SO .. §(T-D ZZ(; (e ue™)
|71
~ ks 10C,(C1 + Cy) 1 -VnT
Pr Z @R — Ry < «(C1+Cy)logn - Vn > 1 -1/,
S(O),"',S(T_l) Py '\/E

Proof. Consider afixed e € [n]. Define the following truncated sequence: for () = u(’ ki) _ (i’ki),

O f |70 < S <
T if |7 |S\/Ef0ralll§l

70 —

0 otherwise.

Also define y(© =0 and y™*V =y 4 g, -7 We use the notation E[]=E[|S©, - ,89] to
denote the expectation conditioned on S © ... §®,

From Part 1 of Lemma 6.9.10, we have that E;_;[t®)] = 0, and since a; only depends on
S(O), . ,S(H), we also have E;_;[aq; - T(i)] = (, and so we have ES(())’W’S(T—I) [Zl -0 Qi (ii(’ ki) _
ugi’ki))] = 0. From Part 4 of Lemma 6.9.10 we have that conditioned on S, - , @ Pr[r(®) >
Csz] =Pr[r® < —CZT:/E], and therefore E;_; [?(i)] =0,and E;_{[q; -?(i)] = 0. So we have that the
sequence y(o), . ,y(T) is a martingale.

Next we bound the quadratic variation. For any i € [T], if there exist i’ < i such that

Covn
Vbs

By [@] = ul™*) we have

17| > then we have (7”)2 = 0. Otherwise by Lemma 6.9.11 we have w(-%) > 0, and since

C1n

E[(+)?] = Var[ﬁgi,ki) | SO ... §i-D] <
i-1 §0 eb

where the last step follows from Part 2 of Lemma 6.9.10. Combining these two cases we

have E;_;[(T?)?] < %, and so we have B [(a,7")?] < c? . %. Now define W; =
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3’:1 Ej_i [(a;79)?], we have

C2Cni
W, < =17
eb
. , . . . (0) (T) . _ C,Con
Using Freedman’s inequality for our martingale y'*,--- | y'*) with parameters R = Vi
o CicinT _10C,(C{+C) log n-\nT
ot == ,and u = Vie , we have

Pr{ly™ = u] = Pr[ly™] > u and Wr < 0]

u’/2
< 26Xp (_0'2+—Ru/3) < 1/714

Finally, note that y") = ¥ a; - (iigi’k") - uf(f’k")) if we have |ii£f’k") - ugi’k")l < CZTX;% for all i.

By Part 3 of Lemma 6.9.10 and union bound over all iterations, we have that this happens with

probability at least 1 — 1/n>. Combining this with the above equation, we have

T-1
—~(i ki [ ks 10C,(Cy + Cy) logn - VaT
P IS @ | < GO CIOBN VT
SO, sT-1 |14 Vbe

Analysis of Algorithm 36

Next we analyze the guarantee and iteration complexity of Algorithm 36, we again first prove
the change of the potentials ® (Def. Eq. (6.3)) and ¥ (Def. Eq. (6.4) as in the previous sections.

From the argument in the proof of Lemma 6.9.12, we have that with probability at least 1—1/n>,

gi’ki) - ugi’ki)l < C%f for all i, and then by Lemma 6.9.11 we have w>%) > 0 for all

i. In this section, we assume that we are conditioned on this event, and the failure of this event

we have |u

corresponds to the failure of our algorithm, which happens with probability at most 1/n°, as stated

in Theorem 6.3.3.
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Change in ©

Lemma 6.9.13. With probability at least 1 — 1 /n°, after i primal steps, and k width-reduction steps,

ifap'? < 18 73, the potential ® is bounded as follows:

2 i
1+m

d (w(i’k)) < ((D(W(O’O))) (1 +eeq - (1 + 2) +2e50 202 -
£

Vb

k
(1 +ee®™ . (71 +p_2)) :

Furthermore, after every primal step, the potential can decrease by at most,

@ (w(i+1,k)) S @ (w(i,k)) (1 gy (1 N 2) 20 ,2,2

Proof. We prove this claim by induction. Initially, i = k = 0, and ® (W(O’O)) = 2n, and thus,
the claim holds trivially. Assume that the claim holds for some i, k > 0. We will use ® as an

abbreviated notation for ® (w(i’k)) below and w to denote w(i-k)

Primal Step. Since we update the weights to be w(#*1:K) = @k . (1 4+ £ GO (CAEH) — @), we

have

d)(w(’” k)) (D(w(z k))+8 Zw(z k) —>(zk) A(zk)

< oW + ga - Zw(’ k) a4 g2 Zw(l k) - (@l)y?, (6.17)

. a-(1+ sa/u(l k) ifﬁgi’k) >0
where the second step follows from our definition a’, 7R = .

a/(l - 8aﬁ£i’k)) else

Next we bound the two terms in Eq. (6.17) separately. For the first term ), wgi’k) . ﬁgi’k), using
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Cauchy-Schwarz inequality,

Zwuk) h) \/(Zw("‘))(Zw(’k) (zk>)

< \/e‘SCI)(w("’k)) PRy

< es+6 . (I)(w(i’k)),

where the third step follows from Lemma 6.2.1. Next, from Part 3 of Lemma 6.9.10, it holds that

with probability 1 —1/n%, | 3, w 'k) (A(’ k) ugi’k))l < % - D(wER1/2. ‘P(?(i’k))l/z. So we have,

Z w0 _Egi,k) < Z W) gy ) ngi,k) ' (ﬁg,k) N
e

e

s+6 (D(w(l k))+ C q)(w(l k))1/2 \P(r(t k))1/2
Vb

<. (1+ %) - O (wh), (6.18)

In the last step we used that ¥ (7) < e®¥(r) < e**°D(w).
For the second term ), wgi’k) . (iigi’k))2 in Eq. (6.17), we first bound }’, wgi’k) . uﬁ"”‘))% We

have

Zw(l k) (ugi,k))Z < eéZ;gi,k) . (ugl’,k))Z — €6T(;’(i’k)) < €8+26q)(w(i’k)).
e

Next again using Part 3 of Lemma 6.9.10 that with probability 1 — 1/n%, |ﬁ£i’k) - uéi’k)| <

G Vn (i.k)y=1/2 (k) 1/2
i Ve D (w'")) Y(r")=, we get
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ngi,k) @) < 2Zw£i,k) (@l 4 zzwgi,k) @l gy
e e e

2,
<26 2D (wh) +2 ) wit —CZ L o) R
&
e

2

<2520 (14 22— o (Wb, (6.19)

Plugging Eq. (6.18) and (6.19) into Eq. (6.17), we have

. . C ) C2.n )
CI)(w(’“’k)) < @(w(”k)) vea-e . [1+ 2], dD(w(”k)) +28%a% e 14+ 2—|. CD(w(”k))
Vb be
. C C?.n
= ¢>(w(”k)) 1+ePsa- [1+ =2 +2e52202 |1+ 22—
Vb be

The decrease of the potential follows from a similar proof.

Width Reduction Step. The proof is the same as that of Lemma 6.9.4 since the algorithms are

the same. O]

Change in ¥

We recall the definitions of LAstTWIDTH(I, ), Last(i, e), S; € [2n], €, Size(k), and L <

1

————— from Section 6.9.2. We will use these in the proof of the following lemma.
100(log™ n)eap

Lemma 6.9.14 (Change in ¥ for Algorithm 36). For any integer ¢ > 0, after L primal steps from

(¢ — 1)L to cL, if p*t~! > 0.1, the potential ¥ is bounded as follows:

_ ket 4/3 2/3 . 1/3
‘P(F(CL,kcL)) > lP(’—,((C_])L’k(c—l)L)) . (1 — O(SQPL)) . l—[ (1 +0(8 p Size(k) )) .

2/3
k=k(c-1L ntl3 log / (ﬁ)
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Proof. Primal steps. For a primal step, w' ") = ("5 (1 4 £@ (¥0700))) e have

r£i+1’ki) _ rgi,ki) — W£i+l’ki) (l ki ) ((I)(w(l+l ki )) (I)(w(l ki )))

gﬁgz ki)~ gz ki ) (l ki ) (q)(w(Hl ki )) (I)(W(i’ki)))

Since from Lemma 6.9.13, ®(w@)) . (1 — Q(ea)) < @(wH+K)) < @(w()) . (1+0(ea)), and

rgi,ki) > %q)(w(i’ki)), we have

sﬁ)éi’ki)ﬁgi’k")wg’k") _ ﬁ(ea') . rgi,k,—) < r£i+l,ki) (l ki) <& —)(z ki)=~ (z ki ) (l ki) + 5(8(1’) -I‘gi’k[).

(6.20)

Since [@ “%07"*)| < 1/10 by Lemma 6.9.11, and w'™*? < r"¥) we also have
(1 — g)rlk) < plrlk) o (1 4 g)pliki), 6.21)

Next we consider the two cases that could happen to the coordinate e in the i-th primal step.

From now on, when it’s clear from the context, we will use r( D to refer to rg irki-1) , and similarly r(’)

=(i.ki-1)

to refer tor, , so that this is consistent with the notations used in SELECTVECTOR.

1. If SELECcTVECTOR doesn’t update 7, on the i-th iteration, then we have r(’+1 ki) = 7(‘ ki),

2. If SELecTVECTOR updates r, on the i-th iteration, i.e., e € S;, then we make the same
definitions as the proof of Lemma 6.9.6: we define j; , := max{LAstWIpTH(/, €), LAST(i, €) },

1.., i <1 1s the last primal iterate during which the algorithm updates we We also define

) By

{; . to be the smallest integer £ such thati + 1 = 0 (mod 2¢) and | In(— <,+1 2f))l > Sogn-

(ki) _ (./i,ev Jie)

and r, .

definition we have r(”r1 ki) — ,-gf“,k i)

Then by the same argument as Lemma 6.9.6, in this case we have the following properties:

e For all j € [ji. + 1,i], the value of r, remains the same for all width reduction steps

between the (j — 1) and j’* primal steps, i.e. r(] i1 _('/’kj).
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. ke
e Forall j € [j,+1,i],r kD) s 7R =r£j’ Jie)

(i+1-20e) (hc Jie) (i+1)  (i+1-20e)
—r, |.

o Ifi+1-20be > j;,, then |r, | <Slogn-|r,

And same as Lemma 6.9.6, we can without loss of generality assume that j;, > i + 1 — 20ie,

R — . . Cie .
since otherwise we can upper bound |F\*14) — Fliki)| by O (i) _ pF =229y ngtead of

1,k; (Jieskj; )
i) _ ek

Abbreviating CAGK) — g as uk)  now we have

WEINQ W E) < B (e Y )2
e

e

_ ALk r(ji,eakji,e) ‘ _
(i) \P(;(l’ki)) _ Z ( e (i+1 Z) );gl»ki)(uglski))Z

ecS;

(j+Lkj) (J kj)

(iii) \P(;.(i,ki)) _ Z Z (re (,+1 - ) ) (1 ki )(uff e ))2

e€S; j=Ji,e

() (k) _ ga ) a w1 0Gea) 1T s o
w3 S 0

€ES,‘ j:ji,e

i
) \p(;(i,ki)) _ 5(80’) . Z Z ;gi,ki)(ugz,ki))z
e€S; J=Ji,e
i —>(Jk)A(1k) (J-kj)

_ u, We (i,k,-) (i,ki)\2
> T ()
re

e€S; j=Ji,e

i
WWE) = Ofea)- ) 3 F @)
€€S; j=Ji,e
i —)(J ki) (k)
W, -(z i)y, Goki)y oo (iki)\2
- Z Z W g™ | (e ™)

e€S; j=Jie
S LGk Gk Gk Gk PO ke
_SZ|ZQ’6 '(ue —U, )W, |(z+1k)(e )
e€S; j:ji,e

—(i+1.k;) _ (i+1,k ) —(i.ki) _ (ji,eakji,e)

Here (i) follows from Lemma 6.2.3, (ii) follows from r, ,and r,
for e € S;, (iv) follows from Eq. (6.20). To obtain(v) we use, r(] k) ~s rih’e’ ji'e), ki)
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i ok ..
rij’ i) as we argued above, and r(’+1 k) R rgl ) from Eq. (6.21). Combining these we have
(J “) X3 rel” k) . Further, (vi) follows from splitting u(] ki) ugj 2 (u(] k) uij’kj)).

Now, we can bound the third term using AM-GM inequality — |CAUK) — E|e(6A(i’ki ) — E)z <
~ ~ ~ ik S K ek, ik
1 1CAURD —d)} + % |CAUR) — d|3, use that PR s rij’ Jie) ~s 7ok for all ¢ € S; and
J € lJie,i], and bound the fourth term by Lemma 6.9.12,
k) b GGk s [T i)
| Z T)Zi]s j)(iigj,k) —u,(]’k))ng’ j)| < 0((}') i,e -r(l+l’ki)

Jr be T
=Ji,e

to get,

WEE) 2 wE) - 0(sa) - ) 41 - i) - F @)

e€sS;
i—1
- ik Gk —(k)y (ki
—0(ea) - 3 (i+1 = jie) PP~ 0(ea) - YN R 0
ecS; e€S; j=Jie
n(l+1 n(i+1-jie) kD (k)2
~0(za)- ) ({2,

e€S;

Similar to the proof of Lemma 6.9.6, abusing the notation, let £; denote the largest integer
such that i + 1 = 0 (mod 2%). Since we assumed that Jie 2 1+1- 2lie for all e € S;, we have
i+1—-j;, <2be < 2%, Also note that in primal steps we have 3, ng’k) |Z‘A(i’k) —'J|3 < 2p‘P(F(i’k)),
and further note that \/@ < p-2bisince b = O(n'/?*1) and o= O(n!/2731) and n < 1/10, so the

above equation becomes, for some C; = o (1)
i1
\P(;(i+l,ki)) > (1 -C- gap - 2&‘) . lP('_.(i7k[)) -C)-ea- Z Z ;gj’kj)laA(j’kj) _EB (622)

e€S; J=Ji,e

The remaining proof is the same as in the proof of Lemma 6.9.6.

Width Reduction Step. The proof is the same as that of Lemma 6.9.4 since the algorithms are

the same. L]
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Proof of Theorem 6.3.3

Proof. LetxX = ’# be the solution returned by Algorithm 36. We will first prove that ®(wTK)) <
n00/e) Then, from Lemma 6.9.7, the number of width reduction steps are bounded by o (”Z?Tp/lf) <
Ot + p?). We will then show how to bound the objective value at X.

Since Algorithm 36 has at most o~ ! logn/e? primal steps, and suppose the algorithm has at

most O (1 + p?) width reduction steps®, from Lemma 6.9.13,

~ —1logn K —
1) (w(T,K)) <2n- e(1+0(sa))'a 17+(T+p2) < no(%)

We can now follow the same argument as in Lemma 6.9.8 up to Eq, (6.16) to get,

T-1 ) T-1 . (T.K)
San]= [ ca - q),| < M@ )
pary — e(l-¢e)a

Additionally, from Lemma 6.9.12 we have that with probability 1 — 1/n?, for all e € [n]

10(Cy + C2) logn - VnT
Vbe '

<

T_l . I
2@ —ul)
i=0

Now,

T-1 ) T-1 ) T-1 . )
S| < |3 a0+ |3 @ - ul
i=0 i=0 i=0

< In(®(wTK)Y) N 10(Cy + C2) logn - VnT
T g(l-e)a \Vbe ’

6Similar to Lemma 6.9.7, it is sufficient to argue that this is a sufficient upper bound on the number of width
reduction steps
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1
So we have for b > %,

T-1
_ 1 (i)
|CE ~dleo = max Zou
1=
- In(P(wTK)Y) s 10(Cy + C) logn - n
~ e(l-¢g)aT VbeT

<1+10e+0(¢)

<1+0(e).

Therefore, the total number of iterations for n = 1/10 is,

_ 13,13\ _
T+K<0()|a'e?+ ! 1(';3 = 0()n*Pe™.
g10/3
Similar to the proof of Theorem 6.9.2, we also have |H| < O (n'/%+m). O

6.10 Stability Guarantees of Algorithms 34 and 36

In this section we prove the stability guarantees of Algorithms 34 and 36.

For primal steps, we will prove that the £, or {3 norm of the relative changes in resistances are
bounded, and this means we can maintain a coordinate-wise approximation of the resistances under
a low-rank update scheme.

For width reduction steps, we directly prove that the number of coordinates updated in each
iteration follow the same low-rank update scheme.

In Section 6.10.1, we prove the stability guarantees of the iterates of the multiplicative weights
update algorithm with monotone weights given in Algorithm 34. Both primal and width reduction
steps of this algorithm satisfy the stronger £3-stability guarantee, i.e., the £3 norm of the relative
changes in resistances is bounded.

In Section 6.10.2, we prove that the primal steps of Algorithm 44 satisfy the weaker ¢,-stability

guarantee, and we also prove that its width reduction steps follow a low-rank update scheme.
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In Section 6.10.3, we prove a robust £»-stability guarantee for the primal steps of Algorithm 36,

and the width reduction steps are the same as that of Algorithm 44.

6.10.1 Stability Guarantees of Algorithm 34

Lemma 6.3.1 (Stability bound of £3 norm over all primal iterations). Let k; denote the number of
width reduction steps taken by the algorithm when the i'" primal step is being executed. Then over

all T primal steps of Algorithm 34, we have

3
< 0(a’n) = 0(n'3e¥?).

T-1 (r£i+1,ki) _ k)

2,2 e

i=0 ees; ret

Here S; is the set of coordinates e at primal iteration i such that r£i+1’ki) > rgi’ki)(l +3ea)’.

Proof. Note that from Lemma 6.2.3, for k = k; in each primal iteration the potential is increased

by at least

_(l’k)
T(;(i+1,k)) _ T(?(l,k)) > Z (1 _ r, );gl,k) (CA(i,k) _ d)z

~ FgH—l,k)
_(4LK) =k =(ik)N2
~ re T ore V)T k) 2
- T L0 (CA —-d);. (6.23)
¢ r, e

We know from the algorithm that for a primal step, w(*1-5) = w0 (1 4 g|CAGR — d|). We will

use this to compute the relative change in resistances. Letr’ = pUtLE) g = p@k) and A = AGK),

ro—Te W, —W, N ed(w) —Dd(w)

re re n re

D(W) — D
< ealCA—d], + E2P) —PO)
n re

"We note that it is sufficient to consider these sets §;’s since any change that is smaller than the ones captured here
can happen only O(1) times.
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From the above, we note that,

/ 7 2
|CA—d|2> Lre_rE_Lq)(w)_cD(w)
¢ \ea r, an re
. 1 (r,-r, 2 s 1 (W) —®(w)) (r, —r.)
T g2q? re ea’n r2 )

We know that for a primal step, ®(w’) — ®(w) < (1 +&)ea®(w). Using this and e € §;, the above

becomes,
) 1 (r,-r. 2
|CA -d|; > £ -

¢ 73822\ r,
Now, for e, let i/, denote the last primal iterate where e was updated via a width reduction step.

Now, since the r’s are increasing,

—(i+L,k;)  =(i,ki) i —(+Lkj)  —(j.k;) (i+1,k;) (i, k)
r, Y—r, B r, —r, r, Y—r,

’—.le,ki)

=(J.kj) - (i.k7)
j=i’ re ! re l

Using these bounds in Eq. (6.23),

=(i+1,k =(i,k =(i,k
r£1+ ) _ rgl )) (rgl ))2 (CA(i,k) ~ d)2
e

q;(,—,(i+1,k)) > ql(f(i’k)) + Z ( —(i,k) =(i+1,k)
p r,’ re

: . 3
» 1-6) pltLk) (k) »
> P r(lsk) + ( e : e r(l,k)
( ) g2a? réh"i) €
. . 3
> 1-=5)3 (i+1,k;)  (ik;) »
> \P(r(z,k)) " ( . ) re (ik')re \P(rgl,k))
eEan re’ i
. . 3
) 1 r(l+1,ki) _ r(l,ki)
—=(i,k) e e
>
>WYrEr) 1+ 10ea2n ( i)
e e

We can now recurse on the above and get,

(6.24)

1 ALk 3
P(rTR) > W(rON 50| 1+ — ( < - )
eEa n s

rﬁ”k’)
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Taking logs,

3
W (p(TK) 1 (t+1,k;)
log (r ) > Z Z re _ 1 )
Y(r00) ~ e(l+e)an L &\ plnk)
Since ¥(r"%)) < d(wTK) < n0/2) and ¥(r*0) > L,

3
< 0(a’n).

£t+1 Jke)
Z Z ( (thk) 1

t>0 e€S; e

]

Lemma 6.3.2 (Stability bound of £3 norm over all width reduction iterations). Let iy denote the
number of primal steps taken before the execution of the k'* width reduction step. Then, over all K

width reduction steps of Algorithm 34, we have

< 5(n1/3).

K-1 PRk _ (k)
( (lk k)

k=0

Proof. Again from Lemma 6.2.3,

(l D) _(i,k)) (;gi,k))Z (CA(i,k) _ d)2
e

=(i,k+1) =(i,k)
e

—(i,k+1)
re

Now, fgi’k+l) < ng’k)(l +¢)(1+6) and for e € Hy, we know that |CA®X) —d|, > t. Also,

Féi,k+1) _ ;gi,k) rgi,k+1) _ rgi,k) 25 i (l k+l) (i,k)

- > - - -
;gz,k) l‘él’k) 1-6 10 rgt,k)

This gives us,

(1 k1) _ (i) 3 Ak 2
e
1+e&2’

lP(r(l k+1)) > lP(r(t k)) + Z( (i k) e
r,’
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Further, using that rgi’k) > s‘I’(rE,i’k))/n, and ¥ (r7K)) < (1 4+ &) (wTK)) < n0U/e)

(ke _ k) 2
o/e) > 111 1+ Te —re T
n = k>0 E rgik,k) (1 + 8)8 n

In other words,

(ik+1)  (ih)\>
(u <on'.
e

pIPY] s
e

k

6.10.2 Algorithm Warm Up: Low-Rank Update Scheme

Lemma 6.10.1 (Low-rank update scheme of width reduction steps). Let n = 1/10. For every
¢=0,1,2,---, log( 11(/)2? . /2) in Algorithm 44 there are at most 5z L number of width reductions steps

in which r receives an update of rank O (n1/5225 - (log n)?/3 log(%o)4/3e'l).

Proof. First note that from Lemma 6.9.5, we have that for any width reduction step, the size of H

satisfies |H| < - - e®*?9_and hence the update to 7 in any width reduction step has size at most

no_e+28 1/592¢, — 10n2/3
s € +1§n/2mﬂtherefmaX.—long/z—sl/z.

Consider any fixed integer ¢ € [1 : %]. Consider any integer ¢ € [0 : {max|, and let K, ¢

denote the number of width steps between primal iterations (¢ — 1)L and (cL) such that Size(k) €

[n'/52%€ 4 . n1/522¢]. Using Lemma 6.9.6 and using a proof similar to that of Lemma 6.9.7, we

have
43 . p213 . (n/5020)1/3 Kee 2‘{’( (eL, k‘L)) 4¥ (F(CL’]‘“L)) 1053 logn/e
1+C < < <
3 nl/3 10g2/3($) T(;((C_I)Lsk(c—l)L)) ¥, ¥,
4/15 1 1
n ogn ogn n
— K20 T e )

where the first step follows from Lemma 6.9.6 and that the Coeap - L factor of Lemma 6.9.6 is

+
100(log* n)ea,

‘I’(r(O 0)) and Lemma 6.2.2 that ‘I’(r(o 0)) > ¥y, the third step follows from ‘I‘(r(°L kCL)) <

upper bounded by 1/2 since L < , the second step follows from \P(r((c DLk - 1>L)) >

1 +28
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eeHOP(wlebker)y < go*p3l0gn/e by [ emma 6.2.1 and Eq. (6.15) of Lemma 6.9.7.

ﬁ), the total number of width

So over T = a~'e72log n primal steps, and since L = ®(mp ”

reduction steps with update size in [n'/22%¢, 4 - n'/32%] is upper bounded by

T 4 n*13 logn logn n
7 KeesT: O((log" n)eap) - O (84/3 2323 g log (?0)
0 n4/15a,p1/3(10gn)6 o (_)
- &413 . 223 £y,
n—l/lS(log n)6 n
=T-0 (—8 s log (‘P_O)) , (6.25)

where the third step follows from & = O (n~1/%* . & . log(n) /3 log(TlO)_IB) and p = n!/2731.g72.

log(n)* log(;)-

; ; — 1002/
Since we only consider € < {iax = log(Tl/z—gl/z), we have

2/5 2/5 n/2+3/20 .3/2
t1i2gl/ nt/4=n/2 . £=3/2 - log(n)* log () log(n)*log ()

where the second step follows from 7 = n!/27 . ¢™* . log(n)® log(\{,lo)z. So we have

nn/6+1/2081/2 1
. > 1’
log(m)* log(g)!72 |~ 2403

so we can multiply this factor to the upper bound of Eq. (6.25), and we have that the total number

of width reduction steps with update size in [1n'/°2%¢,4 - n1/322¢] is upper bounded by

o (n—l/IS(logn)6 B (\Pi)) .0( /6+1/20 2172 ) 1
0

s . 22(/3 log(n)*3 log(4-)1/3 VIR

log n)'4/3 log(Z)2/3
sT-o(i-( gn) () )
20 £1/2

where the second step follows from = 1/10.

. (log n)14/3 log(xyL)z/3 1 . )
Letting ¢’ = {—log | O pvE L , we have that there are at most 7' 5z width reduction
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steps with update size O (n1/522€' - (log n)?8/3 log(q,lo)“/%_l).

Lemma 6.10.2 (¢, stability of primal steps). Algorithm 44 satisfies that for all primal steps i,

. ) 2
Z (log(rff“’k")) - log(rgl’ki))) < 0(n*&%).

e

(i+1,k)
Proof. We will first compute the ratio r‘(l—k)
N

e

r£i+1,k) wgi’k>(l +86>(i,k)|aA(i,k) _E|e) + 28_n(1)(w(i+1,k))
r((fl',k) - rgi,k)

wi™ + eawl P ICATH —d|, + £ (1 + sae0) D (W)
: )
re

IA

1+ ea|CAYY —d|, + eae®™,

where the second step follows from Lemma 6.9.4.

Now taking log and using that log(1 + x) < x forall x > -1,

Uk

e

r(i+1,k) o _
log (e—) < ea|CAYP —d|, + eae®™.

(i+1,k)

Similarly we also have log (%) > —ga|CAEH —d|, — sae®™.
re

Squaring and summing over all e,

(i+1,k)

2

r —~ . —_—~

Z log ( :(i,k) ) <2&’a’ Z |ICAUR —d|? +28%a%e* )y
e e P

—(i,k) EA(i,k) _ ’J 2
< 4ea’n(1 +96) Z re” | , e + 22540 202,
- D(wlik)

= 0(sa2n) =0 (n2” P log(n)'g/3 105;(\%)'2/3 )
0

From the above lemma and Lemma 6.4.1, we directly have the following corollary.
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Corollary 6.10.3 (Low-rank update scheme of primal steps). For every { = 0,1,--- ,logT, in

Algorithm 44 there are at most 2—7; number of primal steps in which r receives an update of rank

) (nznzﬂ’ & -log(n)~2/3 1og(q,io)-2/3).

6.10.3 Algorithm 36

Low-rank update scheme First note that the width reduction steps of Algorithm 36 are the same
as Algorithm 44, so they follow the same low-rank update scheme as Lemma 6.10.1.
Next we prove the robust ¢, stability guarantees of the primal steps of Algorithm 36, and this

combined with Lemma 6.4.2 will give us the desired low-rank update scheme.

Lemma 6.10.4 (Robust ¢, stability of primal steps). For every primal step (i, k) of Algorithm 36,
define a “fake” weight:

(1+Q@ Ry

(1+am")

":(i+1,k) — r(i+1,k) _ w(i,k)ga . (iz(l',k) _ u(i,k)) X (626)

Every primal step of Algorithm 36 satisfies the following robust €, stability property if b >

naloghn
83
1.
=i+1.4) | 2
Zln < < 0(n™).
(i.k)
e re

2. Vt € [T], Ve, with probability 1 — 1/n*,

t’ ;;(i,k)
In|-£
Zt r(l,k)

e

< 0(e).

i=t'~

Proof. Part 1 (primal steps: ¢, norm of tilde version). We first note that by the definition of
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71K \we have

FHiHLE) _ (k)

k
20 _ iy (1+@Cha")

_ Wi+ Lk) _ (k) Ly (k)
=r r ca-w (u s k))

(1+au
= R | g7k ((I)(w(i+1,k)) _ q)(w(i,k)))
(k) _ 000y (1 + @ E0zR)

(1 + au'™)
= g0 R g0 4 (@R _ gy L) (G _ gy k)Y

L[y @)
~(i, k))

—ea w0 . (@

) ceaq - wBk) . (ﬁ(i,k) _ u(i,k)) + f(q,(w(iﬂ,k)) _ q)(w(i,k))),

(1+au n

where the second step follows from 7(-K) = (k) 4 £ <I)(w(’ )y and w4 = @k (1460 ¢ Bz k))
Next we provide upper bounds for the terms appearing in the previous equation. By Part 3 of

Lemma 6.9.10, we have that with probability 1—1/n, for all e we have |u(l k) _ lk)| < \/_ $ Then

using Lemma 6.9.11 and the definition of @ “¥) we have @ %) < (1 +¢&)a and [@ " By k)l <0.1.

By Lemma 6.9.13 we have with probability at least 1 — 1/n3, ®(w(*1-5)) < ®(w@)) . (1 + 10ga).

(i.k) - 72 (ik)
200 _ a-(l+eau,”) ifu,” >0

By the definition that @ , we have
a/(1 - saiii”k)) else
k) _|eatu, ifu,” >0
(@, —al =

6a2|ii£i’k)| (1 - eau(l N1 else

(1+ s)gazliigi’k)l.

IA
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Plugging these upper bounds into the previous equation, we have that with probability 1 —1/n>,

I-’:(i+1,k) _ r(i,k)l
< (1+e)ea wi  ulO) 4+ (1+e)e?a® wlib . |ﬁ(i”‘)| Ja®h — w0

(@, k)| cea - wh) . |ii(i’k) u| +10ea - <I>(w(’ 2

+2ed’|u
< (1+&)sa - whh . uR)| 426202 o) gth) . |A<’ K _ G0 4 10ga - Z - @ (wi)
n
<(1+e)ea- wk) |u(i»k)| +2820% - Wtk . (|u(i,k)| + |i;(llk) _ u(i,k)|) . m(i,k) _ u(i,k)|
+10gc - CD(w(’ )

S(l+s)sax(1+7) w0 4 (1 + g)ea? - whh) b -2 +10sa - <I>(w(’ ).

Since rk) = (k) 4 £@ (k)
n

—i+1k) (k) 2C _ C?
d d | S(1+8)6‘a’(1+2—n€a)'|u(l’k)|+(1+8)80’2'%+108&

0 NG

<2ea - uP| +0(sa),

where the second step follows from b > ml%.

Now taking In and using that | In(1 + x)| < 2|x| for all |x| > —0.5, we have

~(l+1 k)
(t k)

Squaring and summing over all e, we have

~<z+1 kK (1 k)

(i.k)
(l 9 <dea-|uy,”’|+0(e).

FHi+1k) -
2 2 i.k)\2 2 2
E ln( (k)) < 32 Ee (ue" )"+ O(e"a’n)

@@.k) o (i,k)\2
< 328&%2 re ()

2
e —lp(r(i,k)) +0(&%a’n)

< 0(ga’n) = 0(n*),

350



where the second step follows from 7K = (k) 4 %d)(w(i’k)) > %@(w(i’k)), and the last step
follows from @ = ©(n~1/2*1g),
Part 2 (primal steps: error of tilde version over all iterations). Consider any fixed coordinate

e, and consider the ¢ iterations between ¢’ — ¢ to . We have

t’ ‘i;(i,k)
In[-£
Z rgl,k)

i=t'—t
_ t’ o ng 1,k) . sa - (u(l Lk) lk)) (1 +—)(l 1k)A(1 1 k))
L rk) (1+a@'™ ”‘>)
o 1’ (1 1,k) ( (i-1,k) A(l 1, k)) (1 +—)(l 1 k)A(l 1, k))
i=t'—t gl o (I+ au(l : k))
[ k ; —1k)  ~(i-Lk
N Y 0GR - @Y —a )
i=t'—t rgi’k)(l + aagi_l’k))
, k - —1.k)  ~(i-Lk
B (" — 2@ - @ )
Pl ri (1 + qul=10)
t @ik) _ e (i,k)
Ir D (w'"Y)| . ;
2 e n 1y, (- LK) ~(i=1,k) |2
+2ex -,Z,, 0 |u, u, |
Parrnd
, . i ’ ; i—1,k ~(i—-1,k
. t ugz 1k) _ugl 1,k) o t ﬁq)(w(z,k)) ) (u(z ) _ % (z ))
isr—r 1+ a’uel_l’k) i=t'—t . k)(l + auel b k))
t/
+2ea? Z R gt (6.27)

i=t’'—t

where the first step follows from the definition (6.26) that FUR) = k) (=Lh g (ii(i_l’k) -

(-Lk)y . (¥@U-tRgtth) :
TR I (Lraa T, , the second step follows from In(1 + x) < x for all x, the third step
au

follows from w' "X = (=10 (1 1@ (=17 =10y anq pIk) — 4, (0K) + 2 (wh) and so w10

r&H (i)

IRk the fourth step follows from |aﬁ£i_1’k)| < 0.1 with probability 1 — 1/n* and
a\'=h8y ’
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|au£i_l’k)| < 0.1, and hence

1 1

i—1,k) 1+ a/ugi—l,k) + a/(izgi—l,k) _ ugi—l,k))

1 +au,

—(i-1k) _ (i~1,k)
_ a(w, " —u, ) < 2af@l=h — 1P|,

(1 + auéi_l’k)) . (1 +oul™ 4 a(iig_l’“ — ugi_l’k)))

Next we bound the three terms in Eq. (6.27) one by one.

For the first term, since |au£i’k)| < 0.1 and each uff’k) only depends on the randomness of

S(O), S S(i_l), using Lemma 6.9.12 we have

¢ (-Lk)  ~(i-1k)
u, -u, Vnt ntea
sa - . <ea-0(—)=0( ). (6.28)
i:t/_t 1 + auel_Lk) ng \/Z

—~(i.k) _ ugi»k)| < S YV gralli

For the third term, since with probability 1 — 1/n° we have [u, Vi Ve

we have

’

t 2
1K) —~(i-1, nt nta

i=t’'—t

It’s more complicated to upper bound the second term, and we start by upper bounding the
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following term:

t Eq)(w(i—l,k)) . (ugi—l,k) _ ﬁgi—l,k))
Z 1+ aud ™)
) v §¢(w(i‘1’k)) _ (ugi—l,k) _Egi—l,k))
L4 rgi—l,k)(l +0mei—1,k))
G s ) Y )
+ ith_l(rgi,k) B rgi—l,k)) (1 +au(z 1)
) 0(_nt) . t E)&-l,k)ﬁ;l—],k)wgl—l,k) . ﬁcp(w(z—l.,k)) . (ugl—l,.k) _ﬁgt—l,k))
Vbe |5, rgl_l’k) ré”k)(l + a/uel_l’k))
%(q)(w(i,k)) BTGNS %q)(w(i—l,k)) (@14 _ A(i—l,k))
L rgi,k)rgi—l,k) (1+au’" lk))
o \/E at ) t ng—l,k)ﬁgz—l,k)wgz—l,k) . iq)(w(,—%,k)) . (ugz 1,.k) _ﬁgt—l,k)) |
\/_ Vb Pyl rg'_l’k) ré”k)(l + a/ue'_l’k))

(6.30)

where in the second step we upper bound the first term using Lemma 6.9.12 since ®(w(=1-4)),

,.gi—l,k) i-1,k) ~(i—1,k)

, 1 +au, are all independent of u, , and we upper bound the second term by

rgi’k) = rgi_l’k) +E)gi_l’k)ﬁg'_l’k)wgl_l’k) + %(Cb(w(i’k)) — ®(w=1K))) and hence

L1 @ @) - e )
rgi,k) I‘gi_l’k) rgi,k)rgi—l,k) ’

and the third step follows from ®(w@%)) < &(w 1K) . (1 + O(sa)), and r(l k) 0.9r(i_1’k) >

O.9§d>(w(i_1’k)), and with probability 1 — 1/n> we have |E£i’k) ul’ k)l < 53 . y for all i.

—(i— 1k)A(; 1K), (i=1.k) )
and it’s at most 0.1 with

)

Note that the term (1 WO is independent of u(’ Lk)

probability 1 — 1/n. So we can continue the same upper bound of Eq. (6.30) for 2 log n times and
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we have

t’ %@(W(I_I’IO) . (ugi—l,k) _ ﬁgl—l,k))

Z r (1 + aug ™)
(( \/_ at 8n) log )
0 .logn
Vbs Vb
. v 72i-1,k)ﬁ£i—1,k)w§i—1,k))210gn ﬁq)(w(i—l,k)) ) (uff—l’k) _ ﬁgi—l,k))
AN A0 o)
Vnt  at
((— %) - log n) (6.31)
Ve " b
We are finally ready to upper bound the second term of Eq. (6.27). We have
’ ; ~1,k) _ ~(i-1,
3 s - @ )
i=t'—t rgl’k)(l + augl_l’k))
3 i’l %(j[)(w(i_l’k)) | (ugi—l,k) _ﬁgi—l,k))
i=t'—t ".(el’k) (1+ a’uel_l’k))
¢ %q)(w(i’k)) §®(w(i—l,k)) (ugi—l,k) _ ﬁgi_l’k))
* Z ( r (k) B ) ' i—1,5)
i=t'—t r (1 +au, )
((£ atven, logn), (6.32)
Voe " B

where in the second step we upper bound the first term by Eq. (6.31), and we upper bound the

second term by Lemma 6.9.13 that ®(w()) < @(w(~10) . (1 + 0 (ea)) and ri™* > 0.9, 10 >

0.92@(w'=1:0)) "and with probability 1 — 1/n* we have TR Tl I % : % for all i.
Plugging the three upper bounds Eq. (6.28), (6.32), and (6.29) into Eq. (6.27), we have

v ~<z k)

< O0(e),

ntaa) ((\/i_ at;/_ﬁ )+O(nt_a)

na log n

where the last step follows from b = ,andt < T =a e ?Inn.
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)
We can similarly prove an upper bound of — > ln(rfm). Similar to Eq. (6.27), we have
re

i=t'—

% ~<l k) t’ (i-1,k) (i=1.6) _ 5, =14) —)(i—l,k)A(i—l,k)
w -ea - (u 1+a,
(zk) _Zln(l_ - ((zk) = )'( (zlk) ))
i=t'— i=t' —t | (1+au, )
¢ wgi—l,k) . (uei—l,k) B ﬁgi—l,k)) (1 +E>(i—1,k)A(l l,k))
s ea o) ' —(—1.5)
P r, (1+au, )
’ . . . . 2
5 5 t wgl—l,k) . (uel—l,k) _ ﬁgl—l,k)) (1 +Ty)(l_1’k)A(1_l’k))

tea Z 0 ' —-1.0)
Pl r, (1+au, )

<0(e)+ 0™y < 0(e),

where the second step follows from In(1 +x) > x — x? for all |x| < 0.5, and in the third step we

bound the first term in the same way as Eq. (6.27) and (6.28), (6.32), (6.29), and we bound the

(ik) _ (lk) G Nn
| < Vi \/_forall

i, and_>(’ lk)A(’ 1k)) <0.1, au(’ 1k)) <0.1, andr(’k) >09r(’ LK) >09w(’ LK) O

second term by the property that with probability 1 — 1/n° we have |u,

Combining the above lemma and Lemma 6.4.2, we directly have the following corollary.

Corollary 6.10.5 (Low-rank update scheme of primal steps). For every € = 0,1,--- ,logT, in

Algorithm 36 there are at most 21, number of primal steps in which r receives an update of rank

O((5%) - - 2%,

6.11 Missing Proofs

Proof of Lemma 6.2.1

Proof. We first prove that ¥(r) ~5 W(r). Let A* := arg minyga 3., 7o (CA — d)2. We have
¥(r) = min Ze:re(CA —d)? < Ze:re(CA* —d)?<e Zelfe(CA* —d)?=e Y.

Similarly, we can also show W(7) < ¢° - ¥(r), and so ¥ (¥) ~5 ¥(r).

Next we prove ¥ (7) < e - ®(w). The following inequalities follow from Hélder’s inequality
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and the optimum x* of the problem satisfies ||Cx* —d||c < 1:

n

¥(F) = min Zie(CA —d)?

AeRd4
e=1
< Y F(Cx* —d); < & - [|Cx* —dII%, (Wl +&llwlh) < e - d(w). O
e
Proof of Lemma 6.2.2
Proof. Note that r§°’°) =1+ & for all e. Therefore,

Y(r°0) = (1+ ) min||CA - dI.

Using KKT conditions and the solution of the above problem that A* = (CTC)~'C"d, we get the

required lower bound. O

Proof of Lemma 6.2.3

This is similar to the proof of Lemma 5.11 of [49].

Proof. We have defined,
PY(r) = mAiane(CA —d)2.

e

This is the same as,

Y(r)= rB’iAanepg, s.t. p=CA—d.

e

From Lagrange duality and using strong duality,

¥(r) = mi 2 +2y"(p—CA
(r) p’lAnmanZe]r pe+2y (p—-CA+d)
:maxmianep§+2yT(p—CA+d).

y p,Ae
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Using optimality conditions for A and p, we get that the optimizers p* and A* satisfy,
Rp*=-y, CTy=0.
Using these values back in our program, we get,

¥(r) = max 2y'd -y R7'y. (6.33)
y:CTy=0

We now note that, the following program has minimizer (z*, 6*) = (y*, 1) and achieves the same

optimum value as Program 6.33.

Y(r)= max 20z'd-6*2"R 'z (6.34)
2,0:C"z=0

Since z* = y* and * = 1 is an optimum for (6.34),

d T 2. % T p—1
— (26y* 'd-67y* R y*] =0.
[de( ) =1

As aresult, we get that,

dTy* — y*TR_ly*,

and W (r) = d"y*. Using this, we claim that the following program has objective value 2 — 1/¥(r):

2 - = max 2d"y -y "R ly.
U)o, y-=Jy y
d"y=1
The reason is that for any feasible y of (6.33), the vectory’ := y/d "y is a feasible solution of this new
program, and in particular the optimal solution y* of (6.33) induces a solution y*/d"y* = y* /¥ (r)
for this new program, and it gives an objective value of 2— % Now it suffices to prove that y* /d " y*

is the optimal solution of this new program. Suppose by contrary that there is another vector y’ that

is the optimal solution of this new program, then we have d'y’ = 1 and yTR™'y’ < 1/¥(r). But
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then the vector y’ - W(r) would be a solution for (6.33) which gives a larger objective value than
Y (r), and this contradicts with the definition that ¥ (r) is the optimal objective value of (6.33).

We can now write the following problem,

1 . Tl
= miny Ry, 6.35
¥ CTyZOy y (6.35)
d"y=1

—~ * . .
with optimum value aty = % Let us now consider Program 6.35 at 7/, i.e., ¥(r’). We note that

y= ‘;T*r) is a feasible solution for the new program as well. Therefore,

1
¥(r)2

*Tpr—1_ % _

1 : Tpr-1
=miny R <

v Y TS e
d"y=1

re * 2
y Z r—;re(CA -d);.

Rearranging the above,

[ e

W) — ¥(r) ¥(r)

And since we assumed that |}, —r.| < r/,, we have that }, (r‘r;,re) r.(CA* —d)? < ¥(r), and hence

a _1 a
S Jre(CA* -2 S (" Jre(car-a2
1- ¢ ) >11+ = ) , and so we have
’ r;'_re * 2
‘P(r)z‘P(r)+Z( : )re(CA —d)2. O
e Te
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Proof of Lemma 6.5.4

Proof. In the algorithm we always maintain the following invariants:

J = set of indexes of the non-zero columns of A®*D) 4 ... 4 A1)
N=M")"! B= (T§f°,’“))‘1, E = (TY}}’“))‘I Ny,

N_]’; Uy ! .
uyg+Nuj + = Z(M(’))_lv.
0 i=0

Apart from these invariants, the data structure also maintains the vectors N - v, B -v;, and E - v.
Next we describe each operation and bound its time complexity.
Initialize. Initially we let fo = 1; = 0. Let N = (M@)~! € R"™", and let B and E be empty
matrices. We also pre-compute and maintain N - v. We let ug = (M (0))_1 -vand u; = up = 0.

Initialization takes O (n®) time.
Ny.-up

Query sum. Since we maintain the invariants, we simply output uy + Nu; + =
0

> _o(MD)~1y, and this takes O (n?) time.

For the reset, partial reset, and update operations, we define the following notations. Consider the
t-th iteration. We define A := A®*D +... 4+ A® and note that kg = nnz(A®*D) +...+nnz(A®) >
nnz(Ag). Similarly define A; := AU+ 4 ... + A and note that k; > nnz(A;).

Uy

J,:
Reset. We first update ug < ug + Nu; + and uy,u, < 0.
0

Next, we update N = (M)~! = (M) + Ay)~! using Woodbury identity in th exact same way
as the reset operation of Lemma 6.5.1 and 6.5.2, and this operation takes O (Tmat(n, 1, ko)) time.
Finally we also recompute the vector N - v in O(n?) time.
Njy.-up

Partial reset. We first update uy «— ug + ' and u, « 0. This takes O(n - kg) time.
0

Next let J™¥ C [n] denote the indexes of the non-zero columns of AU+ + ... + A and let

B™ = (T yn"e’fv) Jnew)‘1 and E™V = (T y,,";fv) J,,ew)‘1 - N new . denote the matrices that we want to obtain.

s s
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We compute B™" and E™Y in the exact same way as Lemma 6.5.2 in O (Tyat(n, ko, k1)) time.
Finally we also recompute the vectors B"®" - v new and E™Y - v in O (n - k¢) time.
Update. Again let /¥ C [n] denote the indexes of the non-zero columns of A+ ... 4 A()
and let BV = (T ynoeé) Jnew)_l and E™V = (T %vi) Jnew)‘l -N joew .. Similar as the proof of Lemma 6.5.2,

B
we can compute the decomposition T ynoe’é) Juew = ’ +UVT and - U in O(kok)
’ 0 I 0 1

time, where both U and V have size kg X O (k). And we still have that

(M(t))—l _ EPew
—(I +N - AO)JT‘W,JWW -E™V 4 NW,:
E B 0 B 0 |
E" = - uiIr+vr® u)-'v’
NJ"eW\J,Z 0 I O I Njnew\],:
So we have
Ev B 0 B 0 |
EMVy = - U(I+VT U)-'vT
N‘]new\‘]’:v O I 0 I N‘/new\\]’zv

We can compute this vector in the following steps:

Ev
* Since the data structure maintains Ev and Ny, we first directly read off the vector

N new\j v
from the maintained vectors.

B 0
« Compute (I+ V7T U)~"in O(Tmai(k1, ko, k1)) time.
0 I

B 0 B 0
* Compute the matrix vector products from right to left as Uul-a+v' U~
0 1 0

Ev
VT , and this takes O (kok1) time.

NJnew\J,:V
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In summary we can compute E™"v in O (7mai(ko, k1, k1)) time. Next we compute (M®)~! . y:

EPevy,

M)y =

—(I +N - AO)W’JIWW -E™Vy 4+ NW,:V
Enewv

_IW,JHEW - E™Vy +NJ“W,: . (V - W)

E™"%y — NJnew; . (V - W)

= +N-(v—w)
_IW,Jnew ° Enewv
E"Vy —w’ Nj.-(v—w)
= - +N-(v—w),
—I Joew ynew E"™%y 0

where in the second step we define a vector w € R” such that its entries in J™V are (Ag) jrew_new - E"Vy
and its rest entries are all zero, and we can compute it in O (k() time since nnz(Ag) < ko, in the
fourth step we define a vector w’ € Rl such that its entries in J"%\J are N guew\ . - (v —w) and
its rest entries are all zero, and we can compute it in O (kok) time since |J"V\J| < k.
So we update the vectors as
E™Vy —w’

Uy < uUp + , UL <—ur+v—w, u, <—u —v+w.
_I‘W’Jnew . Enewv

In this way we still maintain the invariant of the three vectors. [
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Chapter 7: The Complexity of Dynamic Least-Squares Regression

7.1 Overview

The problem of least-squares regression (LSR) dates back to Gauss in 1821 [195], and is the
backbone of high-dimensional statistical inference [67], signal processing [64], convex optimization
[68], control theory [65], and machine learning [66]. Given an overdetermined (n > d) linear
system A € R”? b € R”, the goal is to find the solution vector X that minimizes the mean squared

error (MSE)
min |AX = b]|>. (7.1)
The exact closed-form solution is given by the well-known Normal equation
x* = (ATA)"'ATb,

which requires O (nd?) time to compute using naive matrix-multiplication, or O (nd“~") time using
fast matrix-multiplication (FMM) [110] for the current FMM exponent of w ~ 2.37 [111, 109].
Despite the elegance and simplicity of this closed-form solution, in practice the latter runtime
is often too slow, especially in modern data analysis applications where both the dimension of the
feature space (d) and the size of datasets (n) are overwhelmingly large. A more modest objective in

attempt to circumvent this computational overhead, is to seek an g-accurate solution that satisfies
||Ax — bl|2 < (1 + &) min ||Ax — b||». (7.2)
xeR4
A long line of work on sketching [119] and sampling [196], combined with iterative linear-system
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solvers (preconditioned gradient descent), culminated in high-precision algorithms that run in close
to input-sparsity time 5(nnz(A) log(1/g) + d®) for the offline problem [101, 119, 120, 197]. This

is essentially optimal in the realistic setting d < n.

Dynamic Least Squares. Many of the aforementioned applications of LSR, both in theory and
practice, involve data that is continually changing, either by nature or by design. In such applications,
it is desirable to avoid recomputing the LSR solution from scratch, and instead maintain the
solution (7.2) dynamically, under insertion and/or deletions of rows and labels (a®, 8(). The
most compelling and realistic dynamic model is that of adaptive row updates, where the algorithm
is required to be correct against an adaptive adversary that chooses the next update as a function
of previous outputs of the algorithm. This is a much stronger notion of dynamic algorithms
than the traditional oblivious model, where the sequence of updates is chosen in advance. This
distinction is perhaps best manifested in iterative randomized algorithms, where the input to the
next iteration depends on the output of the previous iteration and hence on the internal randomness
of the algorithm, and traditional sketching algorithms generally break under the stronger adaptive
setting. [198, 199, 200, 201].

Another aspect of dynamic LSR is whether data is partially or fully dynamic — some applications
inherently involve incremental updates (row-insertions), whereas others require both insertion and

deletions.

Fully Dynamic LSR. In the fully dynamic setting, rows (a'”, 8)) can be adaptively inserted or
deleted, and the goal is to minimizes the amortized update time required to maintain the solution
(7.2) in each iteration. Variants of dynamic LSR show up in many important applications and
iterative optimization methods, from Quasi-Newton [202] and interior-point methods (IPM) [43],
the (matrix) multiplicative-weight updates framework [171], iteratively-reweighted least squares
[203] to mention a few. We stress that some of these variant involve application-specific restrictions
on the LSR updates (e.g., small £>-norm or sparsity), whereas we study here the problem in full

generality.
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Partially Dynamic LSR. In the partially-dynamic setting, rows (a'"), 8)) can only be inserted,
and the goal is again to minimize the amortized update time to maintain the solution (7.2). This
incremental setting is more natural in control theory and dynamical linear systems [204, 69], and
in modern deep-learning applciations, in particular continual learning [205, 206], where the goal

is to finetune a neural network over arrival of new training data, without training from scratch.

The textbook solution for dynamic LSR, which handles general adaptive row updates and dates
back to Kalman’s filter and the recursive least-squares framework [69], is to apply Woodbury’s
identity, which can implement each row update in O(d?) worst-case time [69], and maintain the
Normal equation exactly. Interestingly, in the oblivious, partially dynamic (insertion-only) setting,
one can do much better — [207] gave a streaming algorithm, based on online row-sampling, which
maintains a subset of only o (d/€*) rows of A, and provides an s-approximate LSR solution at
any given time (the algorithm of [207] does not yield an efficient data structure, but we will show
a stronger result implying this). Very recently, this algorithm was extended to handle adaptive
incremental updates [208], at the price of a substantial increase in the number of sampled rows to
0 (d*k?*/€?) (and hence the update time also increases), where « is the condition number of the
inputs, which could scale polynomially with the total number of rounds 7'.

Our first result is an efficient partially-dynamic low-accuracy LSR data structure, against adap-

tive row-insertions, whose update time depends only logarithmically on the condition number:

Theorem 7.1.1 (Faster Adaptive Row Sampling). For any accuracy parameter 0 < & < 1/8,
there is a randomized dynamic data structure which, with probability at least 0.9, maintains an &-
approximate LSR solution under adaptive row-insertions, simultaneously for all iterations t € [T],

with total update time

O (nnz(A") log(T) + ¢ *d° 10g4(@) log®(T)|,
o

min

where Omax (Omin) IS the maximum (minimum) singular value over all input matrices [A(’), b(t)]
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fort e [T].

For constant approximations (¢ = 0.1), Theorem 7.1.1 almost matches the fastest static
sketching-based solution, up to polylogarithmic terms and the additive term. When T > d,
this theorem shows that the amortized update time of our algorithm is o (d) since nnz(AD) < Td.
A key sub-routine of our algorithm is an improved analysis of the online leverage score sampling un-
der adversarial inputs that reduces the number of rows from O(d?*k*/&?) [208] to O (d? log(x)/&?),
where k := 0 max/Omin-

Our main result is that, by contrast, in the fully-dynamic setting, Kalman’s classic approach
is essentially optimal, even for maintaining a constant approximate LSR solution, assuming the

Online Matrix-Vector (OMv) Conjecture [209]:

Theorem 7.1.2 (Lower Bound for Fully-Dynamic LSR, Informal). There is an adaptive sequence
of T = poly(d) row insertions and deletions, such that any dynamic data structure that maintains
an 0.01-approximate LSR solution, has amortized update time at least Q(d*~°V) per row, under

the OMv Conjecture.

Recall that the OMv Conjecture [209] postulates that computing exact Boolean matrix-vector
products, of a fixed n X n Boolean matrix H with an online sequence of vectors v v,
one-at-a-time (Hv")), requires n3~°(!) time (in sharp contrast to the offline batch setting, where this
can be done using FMM in n¢ <« n> time, see Section 7.3 for more details).

Theorem 7.1.2 follows from a gap-amplification reduction from exact OMv to approximate OMv
over the reals, asserting that the OMv problem remains hard even when the online matrix-vector
products Hv") need only be approximated to within constant relative accuracy (i.e., |[y® —Hv? ||, <
0.1||[Hv")||,) against adaptive sequences, see Theorem 7.3.10. All previous fine-grained reductions
from OMV to its approximate versions only show hardness for inverse-polynomial error & = n~¢(1),
see further discussion in the related work section.

We believe Theorem 7.3.10 may be useful for proving or refuting the OMv Conjecture itself, both
because constant relative approximation brings the problem closer to the realm of dimensionality-

reduction tools (which only work in the low-accuracy, oblivious regime), and also because the
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adaptive nature of our construction is essential for relating the OMv conjecture to more established
fine-grained conjectures (3SUM, SETH, OV): Indeed, one reason for the lack of progress the OMv
Conjecture is that almost all known reductions in the fine-grained complexity literature are non-
adaptive [210], meaning that they apply equally to online and offline queries, and hence are futile
for attacking the OMv Conjecture (one exception is the adaptive reduction of [211] for triangle
detection). We remark that adaptivity of the vectors v\)’s is crucial for the proof of Theorems
7.1.2 and 7.3.10, but also natural: Iterative optimization algorithms and linear-system solvers, in
particular first-order (Krylov) methods for quadratic minimization, are based on iferative refinement
of the residual error, hence the next input vector is a function of previous iterates [212, 213, 49].
In fact, the proof of Theorems 7.1.2 and 7.3.10 is inspired precisely by this idea, see the technical

overview below.

Finally, we prove a similar d*~°(!) amortized lower bound for high-accuracy data structures in
the insertion-only setting, which shows that the accuracy of our data structure from Theorem 7.1.1

is essentially best possible:

Theorem 7.1.3 (Hardness of High-Precision Partially-Dynamic LSR, Informal). Assuming the
OMv Conjecture, any dynamic data structure that maintains an € = 1/poly(T, d)-approximate
solution for the partially dynamic LSR over T = poly(d) iterations, must have Q(d*=°V)) amortized

update time per iteration.

The three above theorems provide a rather complete characterization of the complexity of

dynamic least squares regression.

Other Related Work

Fine-grained complexity The OMv conjecture [209] has originally been proposed as a unified
approach to prove conditional lower bound for dynamic problems. It has broad applications to
dynamic algorithms [214, 215, 182, 216, 217] and it is still widely open [218, 219, 220, 221]. A

few prior works [222, 223, 224, 225] have shown fine-grained hardness of related matrix problems
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(e.g. kernel-density estimation, empirical risk minimization), based on the strong Exponential
Time Hypothesis (SETH, see [226] and references therein). In contrast to Theorems 7.1.2, 7.3.10,

all these works only establish hardness for exact or polynomially-small precision (i.e., € = d~“(1).

Least-squares regression in other models of computation The problem of (static) least-squares
regression has a long history in TCS [227, 119, 120, 196, 228]. Using dimensionality-reduction
techniques (sketching or sampling) to precondition the input matrix, and running (conjugate)
gradient descent, one can obtain an g-approximation solution in input-sparsity o0 (nnz(A)log(1/e)+
d?), see [229, 230] for a comprehensive survey.

The LSR problem has also been studied in different models, we briefly review here the most
relevant literature. In the streaming model, [231] gives the (tight) space complexity of O(d?/e)
when entries of the input are subject to changes. In the online model, the input data arrives in an
online streaming and [207] proposes the online row sampling framework, which stores O(d/&?)
rows and maintain an e-spectral approximation of the input. [232] generalizes the guarantee to
the sliding window model (among other numerical linear algebra tasks), where data still comes an
online stream and but only the most recent updates form the underlying data set.

The focus of all aforementioned model is on the space (or the number of rows), instead
of computation time, and they only work against an oblivious adversary. Initiated by [199], a
recent line of work [199, 200, 233, 234] aims to make streaming algorithm work against an
adaptive adversary. As noted by [235], most existing results are for scalar output and it is an open
question when the output is a large vector. [208] is most relevant to us and studies the online
row sampling framework [207] (among other importance sampling approaches) against adaptive
adversary, and prove it maintains an &-spectral approximation when storing 0 (d*k*/&?) rows,
where K = Opnax/Omin 18 the condition number of the input. A key part of our algorithm is to give
an improved analysis and reduce the number to O (d? log(k)/&?).

Finally, we note the problem of online regression has been studied in the online learning

literature [236], where the goal is to minimize the total regret. This is very different from our work
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in that the main bottleneck is information-theoretic, whereas the challenge in our loss-minimization

problem is purely computational.

Comparison to the inverse-maintenance data structure in IPM Similar dynamic regression
problems have been considered in the literature of interior point methods (IPM) for solving linear
programs (LP) [43, 45, 44, 1, 40, 42, 237]. There the problem is to maintain (ATWA)"'ATWb
for a slowly-changing diagonal matrix W. The aforementioned papers use sampling and sketching
techniques to accelerate the amortized cost per iteration. The inverse-maintenance data structures
in the IPM literature are solving a similar but incomparable dynamic LSR problem — the updates
in the IPM setting are given in batches, while we consider the setting where there is one rank-one
update in each iteration. The issue of adversarial robustness were also considered in the IPM
literature where the updates are inherently adaptive. The tall LP solvers [42, 237] achieve O (d?)
amortized cost for adaptive fully dynamic batched updates. These results are incomparable to our
data structure that has O (d) amortized cost for adaptive incremental rank-one updates (Theorem
7.1.1).

Next we provide a high-level overview of the proofs of Theorems 7.1.1 and 7.1.2.

7.1.1 Our Techniques: Lower Bound for Fully Dynamic LSR

We start from the lower bound in Theorem 7.1.2 for fully dynamic &-LSR, where we prove that
a dynamic data structure with truly sub-quadratic 4>~*(!) amortized update time, even for constant
approximation & = 0.01, would break the OMv Conjecture. The key challenge in this proof is
that the OMv Conjecture itself only asserts the hardness for exact matrix-vector products (over
the Boolean semiring). Our reduction proceeds in a few steps, where a key intermediate step is

introducing the online projection problem:

Definition 7.1.4 (Online projection). In the online projection problem, the input is a fixed orthonor-
mal matrix U € R (d, € [d]), and a sequence of vectors zV, . ..,z that arrives in an online

stream. The goal is to compute the projection of 2\ onto the column space of U, i.e., UUTz®, at
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each iteration t € [T, before z*Y) is revealed.

For notation convenience, we write z = Zy + zy, where zy is the projection onto U and zy, is

the projection onto the orthogonal space U, € R¥X(4=d1),

Hardness of Online Projection

We first prove 1/poly(d)-hardness of online projection via reduction from OMv. The OMv
conjecture asserts the hardness of matrix-vector multiplication (||[Hz®||) over the Boolean semi-
ring, and it is easy to see that the lower bound continues to hold when (1) the matrix H is positive
semidefinite (PSD), (2) the computation is over real, and (3) one allows 1/ d? error, i.e., the output
y® only needs to satisfy |ly") —Hz® ||, < O(1/d?) when one normalizes ||H||, = 1 and ||z, = 1.

The online projection problem is clearly easier than arbitrary (PSD) matrix-vector multiplica-
tions, and we prove the reverse direction is also true. That is, one can (approximately) simulate a
matrix-vector product with O(log d) projection queries. Given a PSD matrix H, we first perform
the eigenvalue decomposition H = UXUT at the preprocessing step, where X = diag(4y, ..., Ay) is
a diagonal matrix. We perform a binary division trick over the spectrum of H. Let S; C [d] include
all column indices i € [d], such that the j-th significant bit of A; is non-zero. Let U(j) € R4¥IS/!

Ologd) 1,0 4 0(1/d?%), i.e., one can obtain an

take columns of U from S, then Hz(") = T Iy ®

O(1/d?) approximation of Hz" by querying O (log d) online projection instances, with precision

o(1/d?).

Hardness Amplification

Our next step is to boost the hardness of approximation from O(1/d?) to some constant.
In particular, we prove the online projection problem is hard even if one only requires ||y —
UUz" ||, < «|[UUTZz" ||, + B, where @ = 1/3 is the multiplicative error and 8 = 1/d> is a small
additive error.

Given any vector z, to obtain an O(1/d?) approximation of zy, we set up two online projection

instances, Py and Py, , and we assume Py (resp. Py,) returns an (a, 8)-approximation to the
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projection onto U (resp. U, ). A natural idea is to query Py, and obtain
w =Py, (z) =zy, +9,

where the error term |6]|, < @||zy, ||2+ /3. Subtracting w and considering z’ = z—w, the orthogonal
component decreases by a factor of « (i.e., ”Zih ll2 < a||zy, |l2 + B) and one hopes to repeat it for
O (log d) times to remove the orthogonal component (almost) completely. However, the projection
component also gets contaminated, i.e., z; = Zy — 6y. Hence, we need to further “purify” § to
remove its component in U. We obtain it by another O (log d) iterations of refinement.’

Final reduction. Our final reduction proceeds in R = O(logd) rounds and each round further

contains K = O(log d) iterations.

* Outer loop. Initially set z; = z. For each round r € [R], we wish to find w, such that (1)
w, has a negligible component in U, i.e., w, y = 0, and (2) w, is o’-approximate to z, in the
direction of U, i.e., [|[W,u, — Z-u, |2 < ||z u,||> for some constant @’ < 1. By taking
Zr+1 = Z, — W, one can prove that the z, y component does not change and the orthogonal

component z, y, decreases by a factor of @’. As such, repeating for R = O(log d) would be

sufficient.

* Inner loop. Within round r, recall we first invoke the projection Py, and obtain w,o =
Py, (z,). In order to remove w, oy, we query the projection Py and obtain y, | = Py(w, ),
and w, | = W, o —y,1. We have the guarantee that |w, ; y||2 < a||w,oull2. Repeat the above
step for K = O (log n) iterations, we have w, x y ~ 0. We also need to control the component
in U;. We can show that w, x y, = W, 0u, — Zf:_ll ¥ k.U, , where the second term consists

of a geometric decreasing sequence with rate @, and one has w, x y, = (1 + O(@))z, u, .

We note the above reduction is adaptive in nature, because the query depends heavily on the

algorithm’s previous outputs.

This might sound circular at a first glance because our original goal is to remove zy, and we reduce it to remove
6y. The difference is that it is fine to change dy, by a small multiplicative factor when removing éy.
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Reduction to Fully Dynamic LSR

The final step is to reduce (a, 3)-online projection to fully dynamic &-LSR, with the following
choice of parameters @ = 1/3,& = 0.01 and 8 = 1/d>. A natural first attempt is to set the initial

feature matrix A(?) = UT € R(4~40%d and the labels b(¥ = %ld—dl- This is an under-constrained

ddiy,. ; be the normal equation — this is the

1
Vd 2o

solution with the least £, norm. Suppose we wish to project z onto U, then one can insert a new

linear system. Let x* = (U, UT)"U, b =

row of (z, 10) and the Normal equation becomes

10 - (zy,, x")

Izull3

k k

Xnew = Zy-

If the g-approximate solution X’ returned by the algorithm is indeed close to x*, we can obtain a

*

1 1 / * o _ *
scaled version of zy by computing X’ — X* = X}, — X" o Zy.

Unfortunately, there are infinitely many optimal solutions and an algorithm does not need to

output the normal form solution. For example, an algorithm could remember a random direction v

10—(z,x*)
(z,v)

so that the new constraint (z,x) = 10 is satisfied. It only requires O(d) time and returns an exact

that is orthogonal to U, (at the preprocessing step), and return the vector x*+&-v where & =

solution.
The importance of regularization. The above issue seems to be inherent of an under-constrained
linear systems. To resolve it, we consider the ridge regression problem instead and add a small

regularization term A||x||> for A = 1/d*°. Our reduction starts with |[UTx — 1,4_4,||2 + |||, and

*

inserts/deletes the row (z, 10) to compute the projection of z. For ridge regression, X,

is actually

not the optimal solution (instead, it is very close to the unique optimal solution) but we would

k

new- Therefore, one can retrieve an

prove an g-approximate solution X’ needs to be very close to x
(a, B)-approximate projection from x” and x*.

Missing technical considerations. We outline a few missing details of the above argument.

*

. . , -
First, the above argument (i.e., X’ is close to X,

) goes through only if zy is not too small (e.g.,

llzull, > 1/d*). We need to efficiently test the norm ||zy||>» and output 0 when it is too small.
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*

Second, even if X,

and x’ are close, we can only obtain a scaled version of zy. It is not oblivious
to determine the right “scale” because of the (constant) approximation error. Instead, we run a
line search and output the minimizer of arg ming ||z — & - (x" — x*)||, we prove that it gives good

approximation to zy.

7.1.2  Our Techniques: Algorithm for Partially Dynamic LSR

Next we provide an overview of our algorithm in Theorem 7.1.1 for partially dynamic LSR
(with row insertions only). Let m) = (a®, () be the ¢-th row and M® be the input matrix
that concatenates these rows. Our approach follows the online row sampling framework [196, 207,
232]: When a new row arrives, we sample and keep the new row with probability (approximately)
proportional to the online leverage score Téfg = (mD)T(MD) ™M) ITm®, We output the
closed-form solution on the sampled rows: It is an e-approximate solution of LSR as long as the

sampled matrix M® is an g-spectral approximation to the input matrix M®.

Warm Up: Oblivious Adversary

If the algorithm faces an oblivious adversary, then [207] proves that keeping O (d log(72x)/ £%)
rows is enough for g-spectral approximation. It remains to bound the computation time. Note a
direct computation of the online leverage score takes O(d?) time per row-insertion, which gives
no benefit over the classic Kalman’s approach. In order to accelerate this computation, we use a

JL-embedding trick to compress the matrix (M®)TM® (note a similar trick has been used in [238,

42]) and it reduces the computation time from O(d?) to O(d) per update.

Adversarial Robustness of Online Leverage Score Sampling

We need a counterpart of [207] for the more challenging adaptive adversary. The recent work

of [208] made a first step toward adversarially robust row-sampling. However, comparing to the

oblivious setting, their algorithm increases the number of sampled rows by a factor of d(Zmx)2,

Omin

Note that it has a polynomial dependence on the condition number % which could be as large as
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poly(dT).?

[208] considers an e-net over the unit vectors in R¢, and for any x in the &-net, they use
Freedman’s inequality to prove that the sampled matrix M satisfies that ||M(t)X||2 ~ [|[M®x]|, (this
brings an O (d) overhead using a union bound). In order to apply Freedman’s inequality, they need
an estimate of || M(Vx||,, which is unknown in advance since the rows of M) are chosen adaptively.
[208] directly bounds this norm by the singular values: omin||X|l2 < IMYX||2 < omax||X]]2, resulting
in the additional (%)2 overhead.

We provide a new analysis that overcomes this limitation. Similar to [208], we also take a union
bound over the e-net of unit vectors x € R¢ to reduce to the scalar case. The key difference is
that when applying Freedman’s inequality, we instead consider 0(%) truncated martingales that
each guesses the correct value of ||[M(x||,, and becomes 0 once the guess becomes inaccurate. We
prove that each truncated martingale concentrates according to Freedman’s inequality, and since
one of the guesses must be close to the true value of ||[M(x||,, taking a union bound over these

0(%) martingales results in only an 0(10g(%)) overhead.® We believe this can also be used

to improve other importance sampling schemes in [208], which we leave for future work.

Robustness of JL Estimation

Finally, we also need to prove the JL trick is adversarially robust. To this end, we renew the JL
sketch for each sampled row. The sampling probability computed using the JL estimate is always
an overestimate of the true online leverage score. Consequently, whenever our algorithm omits a
row, the ideal algorithm using the exact online leverage scores also omits that row. This means the
randomness of the JL matrix is not leaked until a new row is sampled, at which point we refresh

the JL matrix.

2Indeed, if the input are drawn from isotropic Gaussian N (0, I;) but with one direction removed, then the condition
number can be as large as T

3We note a linear dependence on log(
must sample O(d) new rows.

O max
O'min

) is also necessary, because every time the row norm gets doubled, one
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7.2 Additional Preliminaries

In this chapter, we define an extra notation of +: For any x,y € R, we write x = y + g if
|x — y| < &, for two vectors X,y € R, x =y + £ means |[x — y||» < &.
7.2.1 Model

We formally define the problem of fully dynamic least-squares regression.

Definition 7.2.1 (Fully dynamic least-squares regression). Let d be an integer, T = poly(d) be
the total number of updates and € € [0,0.5) be the precision. In the fully dynamic least-squares

regression problem:

e The data structure is given a matrix A© € RV gnd q vector (O € R in the prepro-

cessing phase.
o For each iteration t € [T], the algorithm receives one of the following two updates:

— Incremental update: The update is (a, 8) € R? x R, and the matrix and the vector are

updated to be AV := [(A""N)T a]T and b® := [(b*"))T,B]7.

— Decremental update: The update is a row index i, and the matrix A® is AU~V with its

i-th row deleted, and the vector b is b=V with its i-th entry deleted.

We say an algorithm solves e-approximate fully dynamic least squares regression if it outputs an

g-approximate solution x e R? at every iterationt € |T]:
IADx" —bD I, < (1+ &) min |[ADx - b 5.
xeR4

We use M®) := [A®) b(] to denote the concatenation of input feature and their labels.
We can similarly define a partially dynamic least-squares regression problem that allows inser-

tion or deletion updates only. In our paper, we only study the incremental model.*

“In the streaming literature, it is also called the online model. We call it incremental model, to emphasize that the
computation cost is the major consideration (instead of space, or the number of rows been kept).
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Definition 7.2.2 (Partially dynamic least-squares regression, incremental update). A partially dy-
namic least-squares regression is formalized similarly as Definition 7.2.1, with incremental update
only. Moreover, we assume the least singular value of M9 is at least omin > 0, and the largest

singular value of MT) is at most omax.

Remark 7.2.3 (Singular value, incremental model). We assume the least (and largest) singular
value of data matrix MO is bounded, this is standard in the literature (see [207, 208]), and one
should think of 1/poly(T,d) < Omin < Omax < poly(T,d). In practice, we can always add a
polynomially small regularization term to ensure the smallest singular value of M is at least
1/poly(T, d). The largest singular value of MT) is bounded by poly(T, d) as long as each entry

has polynomially bounded value.

Remark 7.2.4 (Preprocessing). In the definition of both fully and partially dynamic LSR, we assume
the problem is initialized with a full rank data matrix M©) e RU@DXD) Tpis is wiog if one allows
polynomial preprocessing time because we can solve the LSR problem exactly in O(d®) time until

we have accumulated d + 1 linearly independent vectors.
Next, we state the (standard) notion of the oblivious adversary and the adaptive adversary.
Definition 7.2.5 (Adversary model). Two adversary models are of consideration:

* Oblivious adversary. For an oblivious adversary, the insertion/deletion updates are inde-

pendent of algorithm’s output.

* Adaptive adversary. An adaptive adversary could choose the new update base on the
algorithm’s previous output. That is, at the t-th update, the new row (a, B) of an insertion or

the index of a deletion update could be a function of XV, ... x\=1,
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7.2.2 Mathematical Tools

Online leverage scores In the incremental model, rows arrive in online fasion and the online

leverage score of the 7-th row m'") equals

0 . (m(t))'l'(((M)(f—l))TM(l—l))—lm(f).

ols
Online leverage scores satify the following property.

Fact 7.2.6 (Property of online leverage score). For anyt € [T], we have

m(t)(m(t))T < Tc(al) . ((M)(Z—l))TM(t—l)'

t
S

Least squares regressions can be solved approximately using spectral approximations. See

Section 2.5 of [229] for details.

Lemma 7.2.7 (Approximate least squares regression from spectral approximation). Given A € R4
and b € R, define a matrix M := [A,b] € R Let D € R"*" be a subspace embedding that

satisfies MTDTDM ~, M™M. Define x € R? to be
X := arg min ||[DAX’ — Db]||,.
x’€R4
Then X satisfies
IAx = b|; < (1 + &) min ||AX" - b||,.
x’ €R4

We note the standard least squares regression has a closed-form solution.

Fact 7.2.8 (Normal equation). Let n > d be two integers. For any matrix A € R™ with rank d,
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O(1/d?)-approximate
real-valued OMv
(Lemma 7.3.3)

/

OMv conjecture
(Conjecture 7.3.2)

O(1/d?)-approximate (1/3,1/d?)-approximate 0.01-approximate fully
online projection online projection dynamic LSR
(Lemma 7.3.4) (Lemma 7.3.6) (Theorem 7.3.1)

Figure 7.1: An illustration of the chain of reductions in this section.

and any vector b € R4, the vector x* :== AT -b = (ATA)'AT - b satisfies

|AX" — b||2 = min ||Ax — b]|>.
xeR4

7.3 Lower Bound for Fully Dynamic LSR

In this section we prove that the fully dynamic LSR requires Q(d%°)) time per update to solve

to constant accuracy under the OMv conjecture.

Theorem 7.3.1 (Hardness of fully dynamic LSR, formal version of Theorem 7.1.2). Lety > 0 be any
constant. Let d be the input dimension and T = poly(d) be the total number of updates. Let & < 0.01
be any constant, assuming the OMV conjecture is true, then any algorithm that maintains an &-
approximate solution for the fully dynamic least-squares regression problem requires amortized

running time at least Q(d*7).

The OMv conjecture was originally proposed by [209]. In this paper, we work on the standard

Word RAM model with word size O (logn).

Conjecture 7.3.2 (OMv conjecture, [209]). Let v > 0 be any constant. Let d be an integer and
T > d. Let B € {0, 1} be a Boolean matrix. A sequence of Boolean vectors zV, ..., 20 €
{0, 1} are revealed one after another, and an algorithm solves the OMV problem if it returns the
Boolean matrix-vector product Bz®" € {0, 1}¢ after receiving ") at the t-th step. The conjectures

states that there is no algorithm that solves the OMvV problem using poly(d) preprocessing time
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and O(d*™") amortized query time, and has an error probability < 1/3.

The OMv conjecture asserts the hardness of solving online Boolean matrix-vector product
exactly. In order to prove Theorem 7.3.1, it would be convenient to work with real-valued matrix-
vector products. We prove that the same lower bound holds for (well-conditioned) PSD matrices,
while allowing polynomially small error. The following result is standard and its proof can be

found in the full version.

Lemma 7.3.3 (Hardness of approximate real-valued OMv). Let y > 0 be any constant. Let d
be a sufficiently large integer, T = poly(d). Let H € R be any symmetric matrix whose
eigenvalues satisfy 1/3 < Ag(H) < -+ < Ay(H) < 1, and 2V, ..., 2" be online queries with
norms ||z ||, < 1. Assuming the OMV conjecture is true, then there is no algorithm with poly(d)
preprocessing time and O(d*™") amortized running time that can return an O(1/d?*)-approximate

answer to Hz" for all t € [T, i.e., a vector y € R? s.t. |ly® — HzV|, < O(1/d?).

The remaining proof of Theorem 7.3.1 proceeds in a few steps. We introduce the online
projection problem in Section 7.3.1 and prove that the OMv conjecture implies that the online
projection problem requires Q(d?~”) amortized time to solve to O (1/d?) accuracy. We amplify
the hardness to constant accuracy in Section 7.3.2, and we reduce the online projection to fully

dynamic-LSR in Section 7.3.3. See an illustration of these steps in Figure 7.1.

7.3.1 Hardness of Online Projection

Recall the definition of the online projection task, which asks to compute the projection of a

sequence of online queries {z") }re[) onto a fixed subspace U.

Definition 7.1.4 (Online projection). In the online projection problem, the input is a fixed orthonor-
mal matrix U € R4%41 (d, € [d]), and a sequence of vectors Z(l), ..., ZD that arrives in an online
stream. The goal is to compute the projection of 2\ onto the column space of U, i.e., UUTz®, at

each iteration t € [T, before z*Y) is revealed.
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For any orthonormal U € R¥*% | let U, € R¥*(4=41) e the orthonormal matrix that spans the
complementary of the column space of U, i.e., it satisfies [U, U, ] € R9*d jg a squared orthonormal

matrix. For any vector z € R4, define
zy=UU"z and zy, = (I1-UU")z,

so that

Z=172y+1Zy,.

That is to say, zy is the projection of z onto the subspace spanned by the columns of U, and zy, is
the projection of z onto the subspace spanned by the complementary of U. In this section we also
denote the projection of a vector z; as z; y.

We prove computing online projection requires Q(d>~") amortized time assuming OMv.

Lemma 7.3.4 (Hardness of online projection). Let y > 0 be any constant. Assuming the OMv
conjecture is true, then there is no algorithm with poly(d) preprocessing time and O(d*>™7)
()

t
z

v € RY that satis-

amortized running time that can return an O(1/d?)-approximate solution

fies ||’i8) —UUzO|, < O(1/d>?) for the online projection problem.

Proof. By Lemma 7.3.3, it suffices to reduce from the O(1/d?)-approximate OMv problem of
a real-valued PSD matrix H with eigenvalues 1/3 < A4(H) < --- < 41(H) < 1. We apply a
binary division trick and (approximately) decompose H into £ = O(logd) projection matrices
U(1),...,U(k). Formally, let H = UXUT where U € R*“ and X = diag(1; (H), ..., 1,(H)). Let

Ai(H) = 0.4;14;2 . . . be the binary representation of A; (i € [n]). For each j € [k], let
Sj = {l (1€ [I’l],/l,',j = 1} c [n]

be the subset of coordinates with non-zero binary value at the j-th bit. Let U(j) = U.5; € RIS,
be an orthonormal matrix that takes columns from S;.

We reduce an OMv instance to k online projection instances, and show that we can compute an
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O(1/d?)-approximate solution to an OMv query of H by using k online projection queries, one for
each of the k online projection instances. In the preprocessing step, we compute the orthonormal
matrices U(1), ..., U(k), and we let them be the initial matrices of the online projection instances.
This step can be done in O (d* log d) time. At the z-th step, given an online query z) € R? of OMv
with norm ||z(”]|» < 1, we make one query for each instance of online projection and let zj.’) be the

projection returned by the j-th instance. It satisfies

12\ - U(HUN) 20N, < 0(1/d?). (7.3)

The vectors zi’), e z,(f) can be computed in k7 = O(7 - logd) (amortized) running time, where

7 1s the runtime of the online projection algorithm. Finally, we output
SRt
(n — — .4
y® = Z; T (7.4)
Jj=

for the OMV query. Our goal is to prove y*) is an O (1/d?)-approximate solution to the OMv query,

i.e.

ly® - Hz" ||, < 0(1/d?). (7.5)

380



To this end, we have

Iy — Hz" ||

i 2\ — Hz®
2
2

U(j)U(j) 2" — Hz"

IA

T T

<
I

—_
l\)|,_

2

1
5 [vihu =0 -2

D}»

.
I
—_

U()HU()z" —Hz"|| +0(1/d?). (7.6)
2

M»

1
2J

~.
I
—

Here the first step follows from the definition of y) in Eq. (7.4), the second step follows from the
triangle inequality, and the last step follows from Eq. (7.3).

It remains to bound the first term of RHS, and it suffices to prove Sk -U(j)U(j)T is close

j=1 2/
to H. This holds (almost) by definition. Formally, let (;) = 2% diag(Ay,j,...,4q,;) forany j > 1.
By the definition of U(j), we have

2 UDU(T =USGIUT, ) € (k]

and therefore

S
=5 VUG
J=1 )

k
= [uzuT - Z Uz (j)Uu”
Jj=1 2

= [Suzir| < 5 =o0w/a),
Jj>k

2
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where the third step follows from |[UZ(;)U" ||, = zi] NUHUG) T2 = 2% and the last step follows
from k = O(logd).

Plugging into Eq. (7.6), we have

Iy = Hz"||

IA
-

1
> UU( NTz® —HZV|| +0(1/d?)
=1

J 2

=-U(HU)T -H|| 12712 +0(1/d%)
’ 2

<0(1/d* -1+0(1/d* = 0(1/d?).

IA
.M»
2| —

I
—_

In summary, the above reduction means there exist an O(1/d?)-approximate OMv algorithm
for H with O (d? log d) preprocessing time and O (7 -log d) amortized query time. If 7~ = O(d*>77)
for some constant y, then we can solve the O (1/d?)-approximate OMv problem for H in amortized

0(d*™" -log d) time, and by Lemma 7.3.3 this contradicts with the OMv conjecture. 0

7.3.2 Hardness Amplification

So far we have proved an Q(d>~") lower bound of the online projection problem when it
is required to output an O(1/d?)-approximate answer per round. Our next step is to amplify
this approximation precision to a constant. We first formalize the notion of («, 8)-approximate

projection.

Definition 7.3.5 ((«, 8)-approximate projection). Given an orthonormal matrix U € R4 and a

vector z € RY, we say a vectory € RY is an («, B)-approximate projection of z onto U, if it satisfies

ly = UU "zl < a|[UU "zl + Bllzl>.

As we shall see soon, the interesting regime is @ = ®(1) and 8 = 1/poly(d). The problem
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of online projection (Definition 7.1.4) works well with the requirement of outputting an (a, 8)-

approximate projection per round.

Lemma 7.3.6 (Hardness amplification). Lety > 0 be any constant. Let = 1/3 and 8 = O(1/d?).
Assuming the OMV conjecture is true, then there is no algorithm with poly(d) preprocessing time
and O(d*™) amortized running time that can return an (a, 8)-approximate solution for the online

projection problem.

The reduction is formally shown in Algorithm 45. Our goal is to show that we can answer
online projection queries to O(1/d?) accuracy by using (a, 8)-approximate oracles. We use
Py, Py, : RY — R to denote (a, 8)-approximate projection oracles whose outputs satisfy that for
any vectorz € R, (1) ||Py(2)~zu |2 < allzull2+Blizll2, and (2) [Py, (2)~2zv, |I2 < allzu, [l2+Bl|z]l2.

The reduction proceeds in R = @(log d) rounds (i.e., the outer-loop on Line 3), and we wish
to show that each round (1) keeps the projected component z, y, and (2) reduces the orthogonal
component z,y, (see Lemma 7.3.7). In each round, the reduction first calls the approximate
projection oracle onto U, , which gives a good approximation to the orthogonal component z, v,
but also has non-negligible component onto space U. To resolve this, Algorithm 45 proceeds in
K = O(logd) iterations (i.e., inner loop on Line 5), and in each iteration, it combines the previous
output and sends it to Py. This process gradually purifies the component onto space U (see Lemma

7.3.9).

Algorithm 45 Hardness amplification

1: Input: Online query z, approximate projection oracles Py and Py,

2: 21 «— Z

3: forr=1,2,...,Rdo >R =0(logd)
4: Wr,O — PUJ_ (zr)

5 fork=1,2,...,Kdo > K = O(logd)
6: Yrk < Pu(Wri-1)

7 Wik < Wrk-1—Yrk

8 end for

9: Zyy] <~ Zr —WrK

10: end for

11: return zg,;
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We first state the guarantee of each outer loop. W.l.o.g., we assume ||z||, = 1.
Lemma 7.3.7. For each round r € [R], we have

* zreru —2zrull < 4(K +2)B,

* zr10, ll2 < 20z v, |2 +4K>B, and

* ||1Zrs1ll2 < 1+ O(K*rp).

It is useful to first understand the guarantee of the inner loops. At the beginning, we have the

following lemma for w, g.

Lemma 7.3.8. For any round r € [R], assuming ||z, ||» < 2, then we can write
Wr0 =20, — 0,0 where |6,0l2 < allz,u,ll2+28.
Proof. The proof follows directly from the guarantee of Py, . In particular, we have that

lw-0 -2z v, ll2 =Pu, (z/) =z v, |2

IA

allzyu.ll2 + Bliz |2

IA

allz.u, |2 +28,

where the second step holds since Py, returns an («, 8) approximation over projection onto U,

and the last step holds since ||z,||> < 2. We complete the proof here. O

For each iteration k € [K], we have the following lemma for the inner loop.

Lemma 7.3.9. For any round r € [R] and iteration k € [K], assuming ||z,||» < 2, we can write

k-1
Wrk =2rU, — (Z 6r,T,UJ_) - 6r,k’
=0

Yrk = —0rk-1U0+ 0,k
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and each 6,y satisfies

16, kll2 < |6, k-1,ull2 + 45,

and |6, 1l < @Mz, |2 +4(k + DB

Proof. We prove the claim by induction. The base case that w, o = z,y, — 6,0 and |6, ]2 <
a||z,u, ||2 + 2B is proved in Lemma 7.3.8. (Note that y, o is not defined.)

Suppose the lemma statement holds for k£ — 1, which means we have

W k-1,U = =0, k-1,U (7.7)
and
k-2
||Wr,k—1”2 = |Zru, — (Z 6}’,T,Ul) - 6r,k—1

=0 2

k-2
< Nlzew, b+ O 1872w, 112) + 118, 41112

=0

k-1
<z, b+ D 160l
=0

k
> (@llzru, 1l + 4 + 1))
0

<
=
1 = gk+!
<l +4K7B < 4, (78)

where the second step holds from triangle inequality, the third step follows from

”‘Sr,‘r”% = ”‘sr,‘r,U + 6}’,T,Ui||%

2 2 2
= ||6r,T,U||2 + ||6r,T,Ul||2 2 ”‘Sr,T,U”z’

the fourth step holds from Lemma 7.3.8 and the induction hypothesis. The last step follows the
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choice of @ = 1/3,8=0(1/d?), K = O(logd), and ||z, .y, |2 < ||z.]|> < 2.
Now we are ready to prove that the induction hypothesis also holds for the k-th iteration.

Properties of 6, ; and y, . We have

lyrx +0rk-1,0ll2 = [[Pu(Wr k1) + 8, k-1,Ull2
= [Pu(W, k) = Wrk-1,0ll2
< al|wri-rull2 + Bllwr i-1ll2

= al||6,k-1Ull2 +4B, (7.9)

where the first step follows from the definition that y, » = Py(w, x—1), the second step follows from
Eq. (7.7), the third step holds from the guarantee of Py and the last step holds from Eq. (7.7) and
(7.8).

Hence, define 8, x =y, x + 0, k-1,u, from Eq. (7.9) we have that

10, kll2 < all6rk-1,Ull2 +4B.

Note that this definition of 6, ; also gives us that

Yrk =0k — Ork-1,U- (7.10)

By induction hypothesis, we also have

10, kll2 < |6, k-1,0ll2 + 4B

< a6 s 1l +48 < &z y, |l +4(k + 1B

386



Property of w, . We have

Wik =Wrk—1—Yrk

k=2
=(zru, - Z 60, = 0rk-1) = (6rk — 6rk-10)
=0

k—1
=Z,U, — (Z 6r,T,UJ_) - 6r,k-
=0

Here the first step follows from the definition of w, ; (Line 7), the second step follows from the
induction hypothesis about w, ;_; and Eq. (7.10) that we just proved. We conclude the proof

here. [
Now we can go back to analyse the outer loops and prove Lemma 7.3.7.

Proof of Lemma 7.3.7. Consider any round r € [R]. We have

Zry1 =Zr — Wy

K-1
=z, — (Zr,Ui - (Z 0rru,) — 6V»K)
7=0

K-1
=zZ,ut (Z 6}’,T,Ui) + 6r,K (7.11)
7=0

Here the first step follows from the update rule (Line 9), the second step follows from Lemma 7.3.9.

Hence, we have z,.1 uy = z, y + 0, kU, so for the first claim, we have

1Zr+1,0 = Zrull2 = |6,.kUll2
< 16, kll2
< K+1 4(K + 1
< Kz, o +4(K + 1B

<4(K+2)B.

Here the third step follows from Lemma 7.3.9, the last step follows from ||z, y |2 < ||z/|]2 < 2,
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and the choice of parameter that K = O(logd), @ = 1/3 and 8 = O(1/d>), so that &% < .

For the second claim, the orthogonal component z,. y, satisfies

1Zr+1,0, 2 = Oriu,

M=

o~
I

0 2

167rx0, ll2

16k ll2

IA

D I I

(** 20, 11> + 40k + 1B)

>~
Il
[«

< 2allz, v, ||l» + 4KB,

where the first step follows from Eq. (7.11), the second step follows from triangle inequality, the
fourth step follows from Lemma 7.3.9, and the last step follows from the choice of parameter that
a=1/3.

Finally, we prove the third claim by induction on r. First note that in the base case where r = 0,
by definition we have z;y = z, so ||z;,ull2 = ||z[]|> = 1. Suppose the third claim continues to hold

up to round r — 1, for the r-th round, we have

1241113
= [|Zr1,0. 13 + l1Zrs1,0l13
< (2allzu, 2 +4K>8)* + (2.l + 4(K +2)B)
< (Izru. o +4K%8)* + (l1z-ull> + 4KB)
= (llzru, I3 + llz-vll3)
+8K2B - (llz,u, 2 + 1z ull2) + 32K*B°
< ||z, |13 + 16K2B - ||z, ||» + 32K*B*

< 1+O0(K*rp),
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where the second step follows from the first two claims that we just proved: ||z.41u, |2 <
2al|z,u,ll2 + 4K?B, and ||zrs1ulla < llzeull2 + 1Zrv = 2zl < llzeull2 + 4(K + 2)B, the
third step follows from 2 < 1 since @ = 1/3 and K +2 < K? since K = O(log d), the fifth step
follows from ||zr||§ = ||z, v, ||§ + ||z, u]|?, and the last step follows from the induction hypothesis

that ||z.||» < 1 + O(K*(r — 1)), and that K? < K*B and K*8> < K*B. O
Now we can wrap up the reduction and prove Lemma 7.3.6.

Proof of Lemma 7.3.6. We prove that if there is an algorithm that outputs («, 8)-approximate solu-
tions for the online projection problem in O (d?~7) amortized time, then we can use this algorithm to
obtain O (1/d?)-approximate solutions for the online projection problem in O (d?~*+°(1)) amortized
time, and hence contradicts with Lemma 7.3.4.

Given an orthonormal matrix U and let z") be the query at the ¢-th round of the online projection

(1)

Ril satisfies

problem, then we perform the reduction shown in Algorithm 46 and its output z

()
R+1,U

©  _
R+1,U

(1)

ZI’UHZ

t
1282 o~ 201 = Iz

R
< Y127, -2l < O(RKB).
r=1

Here the first inequality follows from triangle inequality and the second one holds due to the first

claim of Lemma 7.3.7. Meanwhile, due to the second claim of Lemma 7.3.7, we have

”Zg-)i-l,Ullb < (20)K||ZY}JL||2 + O(RK?p)

< O(RK*p),

where the second step follows from that (2a)X < 1/d> since K = O(logd) and a = 1/3.

Combining the above two inequalities, and since R = O(logd), K = O(logd), and 8 =
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O(1/d?), we obtain

(1)
R+1,U

()

t
”z() R+1,UJ_||2

t
w — 22 + ||z

—z)ll2 < |z
< O(RKB+ RK?*B) < 0(1/d%).

(1)

riisanO(1/ d?)-approximate projection of z* onto U.

That is to say, z
We still need to bound the runtime of the reduction. Let 7~ denote the amortized query time of
the (@, B)-approximate oracles Py, and Py. The reduction involves R = O (log d) outer loops, with
each outer loop requiring a single call to Py, and containing K = O(log d) inner loops. During
each inner loop, a single call to Py is made, and the construction of w, ; takes O(d) time.
Therefore, we can conclude that the total runtime of the algorithm is bounded by RK - 7 +
O(RKd) = (T +d) - 0(log?>d). If T = O(d*7), then we can solve the O(1/d?)-approximate
online projection problem in amortized O(d?~” - log> d) time, and this contradicts with the OMv

conjecture by Lemma 7.3.4. This completes the proof. U
As a corollary, we prove the hardness of constant approximate-OMv.

Theorem 7.3.10 (Hardness of approximate-OMV). Let d be a sufficiently large integer and T =
poly(d). Lety > 0 be any constant, @ = 1/3 and B = O(1/d>). Let H € R (|H||» = 1), and
2D, 2D be online queries (||2\ ||, = 1). Assuming the OMV conjecture is true, then there is
no algorithm with poly(d) preprocessing time and O (d*~") amortized running time that can return
an (a, B)-approximate answer to Hz"") for all t € [T], i.e., a vector yV s.t. ||y — Hz®|, <

a||Hz® ||, + B. This continues to hold when H is a projection matrix.

7.3.3 Reduction from Online Projection to Fully Dynamic LSR

Finally, we provide a reduction from («, 8)-approximate online projection to &-approximate
fully dynamic LSR, where @ = 1/3, 8 = O(1/d?), and ¢ = ﬁ. Given an instance of online

projection with orthonormal matrix U € R%*“! | we first set up the LSR problem.
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Setup for reduction Let

A0 = \ZR¥ c R(2d-di)xd
(U’
and b = 04 € R4~
_% 144,

where A = 1/d*°. For convenience, we have included a notation table in Table 7.1.

Parameter | Value Comment
£ < 1/100 | approximation factor of fully dynamic LSR
A 1/a* coeflicient of the regularization term
a 1/3 approximation factor of online projection

Table 7.1: Parameters used in the reduction from online projection to fully dynamic LSR

It would be convenient to view the first d rows as a regularization term, and the (squared) loss

equals to

L(x) = [[ADx - bO|3

2

1
= (U Tx = — - 14—g, || +AUIxI3.
- G nea,
In the preprocessing step, we also compute
| 4=
x* = 7 > UL eRY, (7.12)

j=1

where with a slight abuse of notation we let U, ; € R denote the Jj-th column of matrix U, (Hence

x* also lies in the column space of U, ). Overall, the preprocessing step takes at most O (d®) time.

Online projection query Given an online projection query ¥ € R? of the #-th step, recall our
goal is to find an (a, 1/d?)-approximate projection onto U.

The reduction is formally presented in Algorithm 46. First, it inserts a new row of (liO -z 1)
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to the matrix, and then it calls the dynamic LSR solver (Line 2) to obtain an g-approximate solution

x(). The final output is determined as follows: if the component z

(1)

y 1s already sufficiently small,

then it is captured by the condition on Line 4, and we can simply output 0. Otherwise, Algorithm

46

outputs a scaled version of (x¥) — x*), where the scaling factor is determined by Eq. (7.14).

Finally, the new row is deleted, and we return to the original setup.

Algorithm 46 Reduction: From (a, 1/d>)-approximate online projection to g-approximate dy-

namic LSR
1: Insert (% .z, 1) eRYxR > Insert a new row
2: Call the regression solver and let x*) be an g-approximate solution of the square root of
1 2
LY (x) := H(U )X —— 144
N Vd 'l
1 2 2
+ ml(z(’),x) —10* + A||x|13 (7.13)
3y —x( —x*
4 i |ly? 2 = @3 or |10 — (z®, x®)| > 20044V then
5: return Eg) —0
6: else
7 return 58) — & y" where
¢ = argmin 2 - £ -y (7.14)
8: end if
9: Delete the row (% .20, 1) > Delete the new row

Intuitively, the first term ||[(U,) "x — % 14-q, ||% of the loss L") (x) enforces the approximate

solution x*) to satisfy that Xgi ~ X" on the subspace U, since x* is the minimizer of the first term.

The second term ﬁl(z(’), x) — 10|? then enforces x

(x(" — x*) is approximately a scaled version of z

(1)

u to be close to a scaled version of zg). Thus,

(1)
U -

Formally, our goal is to prove the following lemma.

Lemma 7.3.11. For anyt € [T], the output of Algorithm 46 satisfies

20— 201 < allz I, + 0(1/d%).
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Proof. We will prove the lemma by considering three different cases. We first give a short summary.

* Case 1: ||zg)||2 > 1/d*. We prove that in this case we always have |10 — (z(?,x®)| >

200d*V/4, so the condition of Line 4 reduces to test whether ||y® ||, > d° or not.

— Case 1-1: |y”|l, > d>. Then the condition of Line 4 is satisfied and we prove

— Case 1-2: |ly”|l» < d3. Then the condition is not satisfied, and we prove the output

’ig) = ¢&*.y" is an (a, 1/d?)-approximate projection of z). This is the main technical

part of the proof.

* Case 2: ||z8) |l < 1/d*. In this case we prove that the termination condition of Line 4 must

be true, and therefore, the output z) = 0 is an O(1/d>)-approximation of zg).

Before going into details of the three cases, we first define a vector

(1)
X =x" + —10 _ <ZUL, * >z(t)

d
o e RY. (7.15)

We note x; is not the optimal solution of Eq. (7.13), but it gives a good upper bound of the loss.

To understand the role of x}, note that if x; is a good approximation of the optimal solution
of Eq. (7.13), then x¥) will be close to x*, so y) = x() — x* ~ x* —x*. As aresult, |[y?|, ~
IIx; —x*||> = 0(1/||zg) ). If |ly\”||> > d? (the first part of the termination condition on Line 4)
then we have ||zg) || is small, so 0 is a good approximation of zg). On the other hand, if X} is not a
good approximation of the optimal solution of Eq. (7.13), then this means ||zg) |l> is way too small,
and we can capture this by the second part of the termination condition, i.e., the second term in the
objective will be large.

One can verify that x; obtains zero loss except for the third regularization term. That is, it
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satisfies

1
<X:’UJ_,j> :<X*,UJ_,]'>:ﬁ7 v.] € [d_dl],
10 - (zgi,x*)

12012 2,2y = 10,
Zy i3

(x;,20) = (x", 7)) + Uy

»fu,

where the first step of the second equation follows from x* is in the subspace U, so it’s orthogonal

to zg). Consequently, we have ||(U,)"x} — % 14-4,]l2 = 0 and [z, x*) — 10| = 0, so LV (x})

defined in Eq. (7.13) satisfies

LY (x) = A3

(10 - (2, x*))?
<A- L

o 2
o +A:=A(A2+1). (7.16)
U 12

Here the second step follows from the definition of X} in Eq. (7.15), and that x* has norm ||x*||2 < 1

(1)

y » for notational convenience in the third step we have defined

and it’s orthogonal to z

10 - (zgi, x*)

A : (7.17)
Iz 112
Case1 Suppose ||Z8)||2 > 1/d*. Since ||x*|| < 1 and ||Z8)||2 < 1, we have
10 - (zg),x*)
= " e(9,11dY. (7.18)
(1)
lzy' 12

Therefore by Eq. (7.16) we have

LO(x) < A(A?+1) < 4 (1+121d%).
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The solution x*) is e-approximately optimal where & < 1/100, so
LOxD) < (1+&)? LO(x) < 200ad8. (7.19)

This implies that

muo @z, x> < LO(x") < 200248.

So in this case we always have |10 — (0, xM)| < 200d*V1, and this means the termination
condition on Line 4 is equivalent to whether |ly”||» > d°.
We make the following claim about x), and we defer the proof of this claim to the full version,

as it involves some detailed calculations.

Claim 7.3.12. Let V; be the orthonormal matrix that concatenates U, and z , Le, V; =

(t)
[UL, (,) ] Then we have

UL(UL)TX(Z) =x* +20d*V2,
0,200y =10 - (&) x") = 2004* V1,

1A=V, V) -xV|ly < 2vE - A,

Using Claim 7.3.12, we can write ) as

(x, z&?) Zg) (1)

O, o

X(t) = UJ_(UJ_)TX(t) + :
2y

2B

(1)
z
=x"+ A - (Itj) +z(jliO(d8\//_1),
Iz 1I2

where the first step follows from decomposing x(*) into three parts: the component that is in subspace

U,, the component that is in the same direction as z(l)

and the component that is orthogonal to
both U, and z( ) which we denote as z L=d=-V, V). x| the second step follows from the first

and second parts of Claim 7.3.12 and that ||zg) l» > 1/d*, and finally note that using the third part

395



of Claim 7.3.12 we have

2 12 < 2V - A (7.20)
Consequently, we can write y\*) as
2
v =x0 _x* = A, - ” (‘j)” +2Y) + 0(d*V). (7.21)
zZ

We further divide into two cases based on whether ||y ||, > d°, i.e., whether the termination
condition is satisfied.

Case 1-1 Suppose ||y ||» > d>. Then it meets the termination condition and we return i(Ut) =0.

In this case, we have

()
Z

U (1)
(®) ” I

U 112

A<y = ||A - + 0(d3V2)

||z )
<A+ 12711, £ 0(d®V2)

< (1+2Ve)A, £ 0(d*V),

where third step follows from triangle inequality, and the last step follows from Eq. (7.20). Since

A =1/d* and & = 1/100, we conclude that

—d3 10 (z(l),x*> 11

W,

|z @)

llzy

and therefore, IIZS) l. < O(1/d?) and it is fine to return 'ig) =0.

Case 1-2  Suppose ||y ||» < d>. Then the termination condition is not met. To compute iﬁ), we

396



need to solve Eq. (7.14). Define £ = A;! - ||zg) |2, and we have

2 - £y13
=) - a1 - () = 0D

=z 1B+ A7 12113 - 112,113 = 0 (d*V). (7.22)

The first step follows from Eq. (7.21) and z*) = Z{J) (l) , the second step holds since z()
orthogonal to ZEZ_ and the error term is still +O(d3V) since ||z(t)||2, ||Z(t) Il2, ||Z(t) Il <1 and
A; > 9 (Eq. (7.18)).

The optimal solution to Eq. (7.14), denoted as &7, can be expressed as &* = (1 + v)A,‘1 ||z8) |3

for some scaling factor v. Similarly, we have

12 — &y 113

2! 2
7)) — (LA g I (A —S— + 20 )|

2011 2
+ 0 (d®V)
= Nz 13+ 2l 15+ (1+ )2 A7 Nz 113 - 12813
+ 0 (d3V), (7.23)

t t t
() %) and il are

where the first step comes from Eq. (7.21), the second step follows from z;
orthogonal to each other.

Combining Eq. (7.22)(7.23) and the fact that £* is the optimal solution to Eq. (7.14), we have
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that

0> |21 - &y D)3 - |12 - &y?|3
=211z 113+ (1+v)287% - 120113 - 120,113
2 Nz3 - 12813 + 0(dBV)
> 2z 13 - 20v]- 872 120113 - 112,113 + 0(d®Va)

> V2112 - 21yl - 4e - 12013 £ 0 (d*V2).

where the the last step holds due to ||z, , |2 < 2+/e - A, (see Eq. (7.20)).

Combining the fact that ||zg) [|

) _

> 1/d* and choice of parameters, we conclude that |v| < 9e.

Therefore, the output z;;’ = & *y() satisfies

[

= l¢* -y -2

(1)

Z
=[|a+ stz (o —2—+20)) -2
I

2
+ 0 (d3V)

<l 1z M2 + 11+ ] - A7 2 2112 112 £ 0(a®V2)

< (Ivl +2vell + v Izl £ 0 (d*V2)

<alzd |+ 1/d>.

Here the second step follows from the Eq. (7.21) and the choice of &*, the third step follows from
triangle inequality, the fourth step holds from ||z, || < 2+/€A, (see Eq. (7.20)), and the last
step follows from @ = 1/3 and |v| < 9¢ that we just proved. This verifies that z A( ) is indeed an

(a, 1/d?)-approximation of the projection z(’)

Case 2 Suppose ||z8)||2 < 1/d*. Tt suffices to prove the termination condition on Line 4 of

Algorithm 46 holds, i.e., either [ly®”]l> > d@> or |10 — (z'V,xV)| > 200d* V2.

398



Suppose on the contrary that [ly”||» < d> and |10 — (z(V,x))| < 2004*VA. Then we have

10 - 0(d*V2) < (2, x")
- <zgi’x(t)> " <Zg)’y(t)>
< (zg) . xO) + ||z I2 - Iy 12
<z .x")+(1/d%) - &°
< [lzg) 12 - NUL(U) XDl + 1/d

< UL(UL) x|, + 1/d,

where second step follows from y) = x() —x* and x* is in the subspace U, , the fourth step follows
from the assumptions ||Zg)||2 < 1/d* and ||y?||, < d3, the fifth step holds since zg)L lies in the
span of U, so we have (zgi, x(y = (UL(UL)ngi, x(y = (zgi, U, (U,)"x™), and the last step

follows from IIZEK |l < 1. We conclude that
U™l = UL (U)Xl 2 9.
This means

1
LOD) 2 (U)X = —144,113
1 \/z 1112

1

1a-a,|l2)” = 60.
\/E 1 )

> (10D XVl - |

d—d,

This cannot happen because by the definition that x* = % ijl U, ;, we have

, .1 ?
LO(x") = H(UJ_)T ~ Vi 14-q,

1 * 2 *1(2
+ Togl @ X7 = 1017 + X3

2

121
<0+—+4<2,
- 100 -
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and this contradicts with x*) being an g-approximate solution of the square root of the loss L.

We conclude the proof here. [

Finally, we note that the reduction of Algorithm 46 involves one insertion, one deletion and one
call of the dynamic £-LSR. The extra computation it takes is O(d), so it reduces online projection
to dynamic e-LSR.

Combining Lemma 7.3.4, Lemma 7.3.6 and Lemma 7.3.11, we can finish the proof of Theorem

7.3.1.

7.4 Partially Dynamic LSR with Incremental Updates

In this section, we present an algorithm for the partially dynamic least-squares regression

problem with incremental updates.

Theorem 7.4.1 (Partially dynamic LSR with incremental updates, formal version of Theorem
7.1.1). Let d,T € Nand 0 < €,6 < 1/8. Assume the least singular value of M is at least
Tmin, and the largest singular value of M) is at most omax. For partially dynamic least-squares
regression incremental updates, there exists a randomized algorithm (Algorithm 47-50) that with
probability at least 1 — 6, maintains an g-approximation solution for all iterations t € [T]. For
oblivious adversary, the total update time is at most

T ) T
o(nnz(A<T>) log(5) +&74d” log?(mex 10g3(5)),

min

For adaptive adversary, the total update time is at most

T x T
0 ( nnz(AT) log(g) + e log4(O-L?) log3(g)).

min

7.4.1 Data Structure

A complete description of our data structure can be found at Algorithm 47-50. Our approach

follows the online row sampling framework [207]. When a new row arrives, we sample and keep
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the new row with probability proportional to the online leverage score, which is approximately

computed using JL. embedding (Algorithm 49 Line 2). If the row is sampled, then we update the

data structure (Algorithm 50 Line 2-5, Line 8—10) using Woodbury identity, and instantiate a new

JL sketch (Line 6-7. See Lemma 2.2.11); otherwise, we do not perform any updates.

Notation. We use superscripts (*) to denote the matrix/vector/scalar maintained by the data structure

at the end of the 7-th iterations. In particular, the superscript (¥) represents the variables after the

preprocessing step.

Algorithm 47 PreproCEss (A, b, €,0,T)

M « [A,b]

D 1,4
s—d+1
N—~D M
H— (NN
B—N-‘H

J < IL(s.T, 5 322)
8: B—J-B

9: G «— (ATD?A)!
10: u — ATD?b

11: x«— G- u

AR A o S ey

> Input matrix M € R(4+Dx(d+1)

> Sampling matrix D € R(¢+Dx(d+D)
> The number of sampled rows

> Sampled rows N € R¥¥(¢+D)

>H e R(d+1)><(d+1)

>B e Rsx(d+l)

> JL embedding J € ROog(T/0))xs
> Used for online LS estimation B € RO (10g(T/8)x(d+1)
>G e Rdxd

>u € RY

> (Approximate) solution x € R4

Algorithm 48 INSERT (a, f)

> Insert a new row (a, 8) € R xR

I:m« [a",B]"
2: v « SaMPLE(m)
D O
3: D« 0 v
4: if v # 0 then UPDATEMEMBERS(m)
5: return x

>m€Rd+l
>y e€R

We summarize all variables maintained by our data structure and their closed-form formulas.

The proof can be found in the full version.

Lemma 7.4.2 (Closed-form formulas). At the t-th iteration of INSErT (Algorithm 48), we have

1. MY = [AD b)) e REH+DXE+D) i the input matrix.

2. DO e Rl@+DX(d++1) i 4 diagonal matrix with s non-zero entries.
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Algorithm 49 SAMPLE (m)
1: Copt — 107210g(2T/6), Cagv «— 32(1 + g)dlog(Fm) - Copi

2: T «— ||]~3 . m||% > Approximate online LS
3: if Oblivious adversary then > Oblivious adversary
4: p «— min{Cqy - 7, 1}

5: else > Adaptive adversary
6: p < min{Cyqy - 7, 1}

7. end if

8: v « 1/+/p with probability p, and v « 0 otherwise

Algorithm 50 UppATEMEMBERS (m)

// Update spectral approximation

I se—s+1 > The number of sampled rows
2 AH « —fmm W)
3 H—H+AH > Update H € R(@+1)x(d+1)
4 B [B+N-AH)", H-m/\p]" > Update B € R¥*(¢+D)
5: Ne [NT,m/yp]" > Update N € R**(@+1)
6: J— JL(s,T, ﬁ, %) > Instantiate a new JL sketch, J € RO(Iog(T/6)xs
7. B—J-B > Update B € RO(log(T/0))x(d+1)
// Update solution
8: G— G- le:TT—G(i% > Woodbury identity, update G € R¥*?
9 u«—u+p-a/p > Update u € R?
10: X — G-u > Update x € R?
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3. N0 = (D(t)M(’))Sm,* e RS *@*D) takes rows of MY where S® c [d +t + 1] is the set of

non-zero entries of D,
4. H(t) — ((N(t))TN(t))—l c R(d+l)><(d+1).
5. B = NOH® ¢ Rs'/x(@+D),

6. B = J . B ¢ ROUe(T/6)X(d+)) js ysed for approximately estimating the online leverage

score.
7 GO = ((A(Z))T(D(t))ZA(t))—l € Raxd_
8. u = (ANT(DD)2p) ¢ RY,

9. x) = ((A(’))T(D(’))ZA(’))_1 (AT DD e RY s the maintained solution.

7.4.2 Warm Up: Analysis for Oblivious Adversary

We first prove the correctness against an oblivious adversary (i.e., our data structure maintains
an g-approximate solution w.h.p.) and the runtime analysis is deferred to Section 7.4.4. The proof
follows easily from the guarantee of online leverage score sampling [207] and the JL sketch, and
it serves as a warm up for the more complicated algorithm against an adaptive adversary. As we
shall see later, both guarantees become nontrivial when facing an adaptive adversary.

The key advantage for the oblivious setting is that we can fix the input sequence mV, ..., m™
for analysis. We exploit the following guarantee of online leverage score sampling, which is a direct

corollary from matrix Freedman inequality.

Lemma 7.4.3 (Online leverage score sampling, adapted from Lemma 3.3 of [207]). Let €,0 €
(0,1/2) be two parameters. Let m'V, ... . mT) e R™! be q fixed sequence and let Télt; be the

online leverage score of the t-th row, i.e., Télt; = (mD)T(MENTMENTmO | Suppose an
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algorithm samples the t-th row with probability’

pe > min{3e 2" log(d/s), 1}.

ols

Define v, € R as

L N if the t-th row is sampled,
=

0, otherwise.

Then with probability at least 1 — 8, the matrix (M(©)TM©) 4+ Zthl vZ-m (mNT is an g-spectral

approximation of the matrix (M) TM(T).

Our data structure maintains an g-spectral approximation of (M) TM) and uses it to approx-

imate the online leverage score.

Lemma 7.4.4 (Spectral approximation). With probability at least 1 — 5T, for any t € [T],

0.9(1-&) -t <7 < 1.1(1+e) - 7)) (7.24)

and for any t € [0: T]
(M(l))T(D(t))ZM(t) ~e (M(l))TM(l)_ (7.25)
Proof. We prove the claim inductively. Letd” = % , the induction hypothesis is that with probability

1-2t6’, Eq. (7.25) holds for all #’ € [0 : ¢] and Eq. (7.24) holds for all #’ € [¢]. The base caset =0

holds trivially as DO = I,;. Suppose the induction hypothesis continues to hold for ¢ — 1, then

3The sampling probability could depend on the result of previous sampling outcomes.
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for the ¢-th iteration, we have

”B(I—l) ~m(l)||%
— (m(t))T . (H(t—l))T(N(l—l))TN(l—l)H(t—l) .m®
= (m(t))—r . ((N(t_l))TN(t_]))_l . m(l)
=(mMT. ((1\/[(f—1))'|'(])(t—l))Zl\/[(t—l))_1 .m®
=(1+g)- (m)T - (M) TMED) ™ m®

=(1ze) -7V (7.26)

ols

The first three steps follow from the closed-form formula (Lemma 7.4.2), the fourth step holds due
to the induction hypothesis and the last step comes from the definition of online leverage score.

Meanwhile, using the JL Lemma (Lemma 2.2.11), we have that with probability at least 1 — ¢’,

0 = ||§(t—1) -m(t)||% — ||J(t—1)B(t—1) -m(t)||%

=(1+0.1)BD . m|3 (7.27)

where the last step holds due to the JL Lemma and m), B¢~ are independent of the entries of

J(t—l).
Combining Eq. (7.26)(7.27), we finish the induction of Eq. (7.24). The spectral approximation

guarantee of Eq. (7.25) follows directly from Lemma 7.4.3 and our choice of parameters. We finish

the proof here. O

It is well known that spectral approximations of (M®)TM ) give approximate solutions to least

squares regressions [229], so we have proved the correctness of our algorithm.

Lemma 7.4.5 (Correctness of Algorithm 47-50, oblivious adversary). With probability at least

1 — 8/T, in each iteration, INserT of Algorithm 48 outputs a vector x¥) € R? such that

JADXD —bD|, < (1+&) min |[AOx —bO|,.
xeR4
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against an oblivious adversary.

Proof. Note by Lemma 7.4.2, one has
x0) = ((A(t))T(D(l))ZA(l))“ (AT (DD)Y2HO),

which is the closed-form minimizer of |[D”A®x — Db®|,. From Eq. (7.25) in Lemma 7.4.4,
we know that with probability at least 1 — §/7, we have that (M®)T (D®)2M®) ~, (M")TM®,
Using this spectral approximation and Lemma 7.2.7, we conclude the proof of this lemma. [

7.4.3 Analysis for Adaptive Adversary

Next, we prove our data structure (Algorithm 47 —50) is adversarially robust and it works against

an adaptive adversary when using a larger sampling constant Cpqy = 32(1 + £)d log( Zﬁf‘:) - Copl-
First, we prove that online leverage score sampling works against an adaptive adversary. In

contrast with the counterpart Lemma 7.4.4 of the oblivious setting, the sequence m", ... m” is

not fixed but chosen adaptively based on previous outcomes. The proof becomes more challenging

due to this adaptivity.

Lemma 7.4.6 (Intrinsic robustness of online leverage score sampling). Let €,6 € (0,1/8). Let
m, ... mD e R¥! be an adaptive sequence of row vectors chosen by an adaptive adversary
and let Téll; be the online leverage score of the t-th row, i.e., Télt; = (m)T (M=) TM-D) =1 ®),

If an algorithm samples the t-th row with probability

400d o max
p: > min{« - Tc()lt;’ 1}, where a = 300de™> log(—séo_o-r?rla ),
min

that is,

X(t) _ i ' m(l‘)(m(l‘))T w.p. Pt,

0 w.p. 1 —p,.
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Then with probability at least 1 — 6, its output Y = (MO)TM© 4 Zthl XD s an e-spectral

approximation of (MT))TM ).

We note Lemma 7.4.6 improves Lemma B.2 of [208]. Concretely, Lemma B.2 in [208] has
an O(d (g[“;—‘i‘:)z) overhead comparing with the oblivious case, while we reduce the overhead to
o(d log(%)), which has only polylogarithmic dependence on the condition number %

We make use of the Freedman’s inequality for martingales, see Theorem 2.2.13. We now
turn to the proof of Lemma 7.4.6. The first step is similar to [208], we take an union bound
over the e-net of unit vectors x € RY*! and reduce to the scalar case (the union bound gives an
O(d) overhead). When applying Freedman’s inequality, the term ||[M")x||, shows up, and it is
unknown since the rows of M) are chosen adaptively. [208] uses a straightforward bound of
TminllX|l2 < [IMDX||» < 0max|IX|l2, which results in another 0((%)2) overhead. We instead
consider 0(%) number of (truncated) martingales and prove that one of them correctly guesses

the value of |[M)x||,. By taking an union bound over these O(Z'—ITH::() martingales, it only has an

0 (log(%)) overhead.

Proof of Lemma 7.4.6. We first introduce some notations. Let

K=

. 200kd \ ¢ 5
Imax 5 — 5. (229 and 67 = .
e 10«

Omin

For any ¢ € [T], let 7; be the o-algebra generated by the adaptive sequence mV, - .. m{*! and
XD, ... X® Note that 7y € F1 C --- C F7 is a filtration. We use the notation E,[-] = E[- | ]

to denote the expectation conditioned on 7.

Step 1. The key step is to prove that for any fixed vector x € R¢, with probability at least 1 — 6",

E
XTYx — [[MDx|2] < 3 IMDx]|2. (7.28)
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To this end, define a set

S = {ko-ln(l)m||x||2 ) k € VASR and opip < ko-lngn < O’max}-

The size of S is |S| = 10«.

For any value s € S, define the random sequence {)_cgt) }ee[T]

x'XOx - (x'm)2 if [MOx||, < s,
¥ = (7.29)

0 otherwise.

and {7 Vo)
79 =0 and F =3"D 430 vre[T].

The sequence {?2’)}%[01] forms a martingale. To see this, by the definition of X, we have

B [XO] = m@ (m®)T and E,_; [x"XPx] = (x"'m®)2. This means E,_, [)_cgt)] = 0, and therefore

— —(t-1) , = —(t-1
B3] = B +5 =50,

-1 -1

We wish to apply the Freedman inequality to {§§t) }te[1]» and we bound the maximum deviation

and the variance separately.

. —(t 2
* First, we prove |x§ )| <.

If [M®x|, > s, then )_cgt) = 0 due to the definition in Eq. (7.29). If p, = 1, then we have

X® = m®(m)T with probability 1, and therefore, ¥ = xTXOx— (x"Tm®)2 = 0. Finally,
()

suppose ||[MWx||, < s and p, < 1, we have p; > « - Ty and
=(1) 1 T ()2
Ixs | < —- (X m )
Pt
MOx||2 2
b oy < MG s
a - Tég a a
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where the first step follows from the definition of x( ) and 0 < p% -1< p%’ the third step

2

follows from the property of online leverage score (Fact 7.2.6). We conclude with |)_c§t)| <+

« Then, we bound the variance. Similarly, if [M®x||, > s or p; = 1, then we have x(t) = 0.

Otherwise, suppose |[M“x||, < s and p, < 1, then we have p, > « - Télt;, and

E [(7")?]

t—1

1

=pi- (— - D’ )+ (1-p,) - (x'm")?*
Pt

< L (x"m)*

Pt

||M(’)x||2 (x7 m(t))Z §2. (XTm(t))Z

—_ b

a (0

where the third step follows from p; > « - T( and Fact 7.2.6, the last step follow from the

assumption of ||[Mx||, < s. Hence, we conclude that

2 T (1))2
_ 57+ (x'mY)
[}_El[(xgt))zl S — LMo <s0

where the indicator variable 1)y y,<s 18 1 1f IM®x]|, < s and 0 otherwise.

Let 1* be the largest index in [T'] such that ||[M(x||, < s, then we have

t* t*

52 . (X m(r))Z
Z LM<

t=1 t=1

5% M@ )XII§ st

=—2<—.
a a

A
=|
MA
~
~
\/
I/\

Now we can apply Freedman’s inequality (Lemma 2.2.13) to the sequence yE ), yEl), X E(T)

»J S
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with parameters R = %, o= %, and u = £s%:
2
_ & u-/2
Pr[ §T) > —sz] <2ex
sl = 3 P\ 2 Rus3
5 e2s*/128
=2exp |-
P st/a + st/ (24a)

<2exp (—sza/200) <"

where the last step follows from the choice of & = 300ds~2 log(%) > 20072 log(2/6").
Taking a union bound over S, and since |S| = 10k, we have that with probability at least

1-6"-10k=1-¢,

7" < g 5%, VseS. (7.30)
Meanwhile, for any realization of mD ... m@, there must exist an s* € S such that

IMDx|l; < s* < 2[[MDx|l,.

This is because (1) omin - [X|l2 < IMT)X|l2 < Timax - [IX]|2, and (2) the gap between two values in
Sis T ||x||; < 15IMDx]|;.
We have )_CE? =x"XOx — (x"m®)? for all r € [T]. Conditioned on the high probability event

of Eq. (7.30), we conclude that

s*

—(T E . £
xXTYx - IMPxl3] = 5] < £ (597 < SIMTx3.

This proves Eq. (7.28)

Step 2 Next we prove that Y is an e-spectral approximation to (M))TM) with high proba-

bility. Define the set 8 a

. E
{(xl,--- xa) € [-1, 14| Vi, 3k e Z st xi =k - 100Kd}'
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Note that the size of B is (202—’(”1)".

Taking a union bound over 8B, we have that with probability at least 1 — ¢” - (%)d =1-0,
x"Yx - [MDx|3| < 2 ||M(T)x||2, Vx € B. (7.31)

We will condition on this event. For any unit vector x* € R4, there must exist some x € B such

that [x; — x7| < 1567 [d], and therefore [|x — x*||> < 175-- Now, we have
IIMOx]ls — M x|
< ||M(T)(X—X*)||2
8 k
< Omax ° < — ||M(T)X Il2,

100« 100

where the second step follows from the largest singular value of M) is at most omay and ||x—x*||2 <

100 , the last step follows from the least singular value of MD is at least o7y and « = Z““‘X We

then have

IM P[5 = IMDx 3]

= (||M(T)X||2 + ||M(T)X*||2) M Px]l; = MO,

< = MDx* 7.32
Similarly, we have
1Y 2xll2 = Y25 o] <3 IIM(T)X*II
this comes from the fact that the largest singular value of Y is at most 40-2,,. Hence,
IXTYx — (x)TYX'| < — ||M<T>x*|| (7.33)
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Combining Eq. (7.31)(7.32)(7.33), we conclude with
x"Yx - [MDx| ]3] < gMDx|)3.

This implies that Y is an e-spectral approximation of (M))TM(). We conclude the proof

here. O]

We next prove JL estimates are within (1 + 0.01) of the online leverage scores, even under the

adversarial input sequence.

Lemma 7.4.7 (Robustness of JL estimation). With probability at least 1 — 6T, the JL estimates in

Algorithm 49 satisfy
IBCD . m@, = (1 £0.00) B -m®|,, Vre[T]

under adversarial input sequence.

Proof. We can assume the adversary is deterministic by using Yao’s minimax principle. That is to
say, the row m®) = (a®, B at the 7-th iteration is fixed once the previous rows m", ... m~D
and the previous outputs x(!, - .- x=1 are given.

Letz; € [T] be the time that our data structure samples and keeps the k-th row. Our algorithm
uses a new JL matrix at the end of 7, -th iteration (Line 6 of Algorithm 50), after the algorithm
outputs the solution x"*). With a slight abuse of notation, we denote the JL matrix used in iterations
] as J*®). Our goal is to prove that J**) ensures that with probability at least 1 —5/72,

k . *
re g+,

the following equation is satisfied for all 7 € [7; + 1,7, ]

1B m Ol = OB m O,

=(1+0.0D)|B”m"|,.

Let Ay, denote our data structure. For each k, define a “hybrid” algorithm AX) that is the

exact
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same as Ajp in iterations 1,2, - - -, t;z, but starting from the (tz + 1)-th iteration, ﬂ(k) ignores the

exact
; (1)
JL matrix and set 7

=0.9||IBm||, in replace of Line 2 of Algorithm 49. The two algorithms

Ay and ﬂéf;ct start from the same status in the (7, + 1)-th iteration. We also let them use the same

random bits to perform the sampling step (Line 8 in Algorithm 49) i.e., they share a uniformly
random number u € [0, 1] and each set v = 1/4/p if u > p and v < 0 otherwise, though their
sampling probabilities p are different.

We prove that the outputs of Ay and ﬂéﬁct are the same in iterations 7 € [t; + 1,7, — 1] with

probability 1 - (¢, —t; = 1)-6/ T?. We prove by induction. In the base case of (t; +1)-th iteration,
J® is a new random matrix and its entries are independent of all previous rows and outputs, hence
the entries of J*) are also independent of B/#) and m“*", by Lemma 2.2.11, with probability
1-6/T?,

[JOBEOmMED |12 € (1+0.01)[BWm D2,

and the sampling probability of Ay is at least that of AL

() (1)
Therefore, we have vV« > 1 exact*

- exact

Since we use the same random bit for ﬂ(k)

exact and Ajp, this means if the (¢, + 1)-th row is sampled

in ﬂ(k)

exacts then it’s also sampled in Ay, but we know that a new row is only sampled in Ay, until

(k)

the (77,,)-th iteration, so neither Ay nor A,

samples the (¢; + 1)-th row.

The induction step is similar and suppose the outputs of Aj and AX are the same up to

exact

iteration (t — 1) € [z} : ¢ 1], for the 7-th iteration, we have that

It+1 -
e Since the t,’: +1,...,(t—1)-th rows are not sampled, the matrix B(D = B is not updated,

so B(~1 remains independent of the JL matrix J*).

* Since Aj, and ﬂggct output the same vector to the adversary, it means the next query m®

chosen by the adversary is the same for both algorithms. The next query m® for AD s

exact
(k) : (k)
exact? and since ﬂexact

fixed given the transcript of A is completely agnostic of the JL matrix

J®_ this means m is also independent of J*).

Combining the above two facts and by the property of JL. sketch (by Lemma 2.2.11), with probability
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1-6/T2,
IIOBEDmO|2 = (12 0.01) B Dm®|2,

and 7@ > ¢

> Toue- BY a similar argument, since both algorithm use the same random bits for

sampling, Ak . would not keep m(") before the t;,,-th iteration. We note it is possible that two

€xac

algorithms Ay, and Ak

exact differs from each other at the I +1—th iteration, (i.e., the ¢ i +1—th row is

(k)

sampled in Ay, but it may not be sampled in A, /.

»)» this is fine because after outputting xUket) | our
data structure immediately update the JL matrix to J**1) and we would apply the same argument

for .?(éf:clt) Finally, we note that in each iteration the failure probability is §/72, so using a union

bound, the total failure probability is at most 6 /7. We conclude the proof here. [
Combining Lemma 7.4.6 and Lemma 7.4.7, we conclude with the following lemma.
Lemma 7.4.8 (Spectral approximation, adaptive adversary). The following holds against an adap-

tive adversary: With probability at least 1 — 6 /T, for any t € [T],

0.9(1-¢) -7\ <™ <111 +e) - 7 (7.34)

Is

and for any t € [0: T]
M) T(DDY2MD ~, (MD)T™MD, (7.35)

Here Tc()lt; = (m)T(M=N)TMD)"1m O s the online leverage score of the t-th row.

Proof. With Lemma 7.4.6 and Lemma 7.4.7 in hand, the proof is similar to the oblivious case
(Lemma 7.4.4). We prove Eq. (7.34)(7.35) inductively. The base case holds trivially and suppose

it continues to hold up to iteration (¢ — 1). In the ¢-th iteration, by Lemma 7.4.6, we have

(0 = ||§(t—1) _m(t)”2

=(1£0.0D)|BD - mD|, = (1+0.01)(1 +e&)7".

ols
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Here the last step follows from the same calculation as Eq. (7.26) and the inductive hypothesis
on spectral approximation. This finishes the first part of induction. For the second part (i.e.,
Eq. (7.35)), it follows from the inductive hypothesis (i.e., Eq. (7.34)) and the robustness of online

leverage score sampling (Lemma 7.4.6). 0

The correctness of our data structure follows directly from Lemma 7.4.8 and Lemma 7.2.7, we

summarize below.

Lemma 7.4.9 (Correctness of Algorithm 47-50, adaptive adversary). With probability at least

1 — 6/T, in each iteration, INserT of Algorithm 48 outputs a vector X € R? such that
IAOx® —bD I, < (1+ &) min [AVx - b,
xeR4

against an adaptive adversary.

7.4.4 Runtime Analysis

Finally, we bound the total update time of our algorithm. At each iteration, if the z-th row
is sampled, the INSErRT procedure makes a call to UpDATEMEMBERs (Algorithm 50), and it takes
o (s"Vd1og(T/5)) time, where s*) is the number of sampled rows. The most expensive step is (Line
6 and Line 7), where we instantiate a new JL matrix. All other steps can be done in O(d?) time.
If the 7-th row is not sampled, then the INSERT procedure only needs to compute the approximate
leverage score (), and it takes O (log(T/§) - nnz(a™”)) time.

We summarize the above observations and the calculations can be found in the full version.
Lemma 7.4.10 (Update time). At the t-th iteration of the INSERT procedure (Algorithm 48),

o If the t-th row is not sampled, then INserT takes O (log(T/6) - nnz(a(t))) time.

o [fthe t-th row is sampled, then INsert takes O (s\Vd 1og(T/6)) time.

It is clear that we want to bound the number of sampled rows. First, we have the following

bound on the sum of online leverage score.
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Lemma 7.4.11 (Sum of online leverage scores [207]). If the largest singular value of matrix M(T)

is at most omax, and the least singular value of matrix MO is ar least o, then
T
t
Z Tgé < O(d log(o-max/o-min))'
t=1

where Télt; = (mD)T (M) TMENTmO s the online leverage score of the t-th row.

Using Lemma 7.4.11, we have the following lemma on the number of sampled rows, and again

its proof can be found in the full version.

Lemma 7.4.12 (Number of sampled rows). With probability at least 1-6 /T, for oblivious adversary,

the total number of sampled rows is at most
(0] (ds'2 log(T'/6) lOg(O'max/O'min)) .
For adaptive adversary, the total number of sampled rows is at most
0 (4™ 10g(T'/8) 108> (Tinan/Tiin) )

Combining Lemma 7.4.10 and Lemma 7.4.12, we bound the amortized update time of our data

structure.

Lemma 7.4.13 (Amortized update time). With probability at least 1 — /T, for oblivious adversary,

the total running time of INSert over T iterations is at most
O (nnz(A D) 1og(T/6) + &~*d* 10g* (Tmax / Timin) log? (T/6)).
for adaptive adversary, the total running time of INSErT over T iterations is at most
O (nnz(AD) log(T/8) + £*d° 1og*(Tmax / Tmin) 102> (T /5)).
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This concludes the runtime analysis and we finish the proof of Theorem 7.4.1. Finally we

remark on the space usage of our data structure.

Remark 7.4.14 (Space usage). Since the largest matrices that the data structure maintains and
updates in each iteration are B N® ¢ Rs(t)x(d”), it is straightforward to see that the to-
tal space used by the data structure is bounded by O(s'") - d). Hence by Lemma 7.4.12,
the total space is bounded by O(d*&™>10g(0max/min) 10g(T/5)) for oblivious adversary and

O (d®&72102* (0imax/ Tmin) 10g(T'/6)) for adaptive adversary.

7.5 Lower Bound for Partially Dynamic LSR

When the update is incremental, we prove an Q(d>~°(1)) amortized time lower bound for any

algorithm with high precision solution.

Theorem 7.5.1 (Hardness of partially dynamic LSR with high precision, formal version of Theorem

7.1.3). Let d be a sufficiently large integer, T = poly(d) and & = #. Let vy > 0 be any
constant. Assuming the OMV conjecture is true, then any dynamic algorithm that maintains an
e-approximate solution of the least squares regression under incremental update requires at least

Q(d*™7) amortized time per update.

Proof. We reduce from the problem of Lemma 7.3.3. Given a PSD matrix H € R% for the
problem of Lemma 7.3.3, where 1 < A4;(H) < A4(H) < 3, we compute the singular value
decomposition H = UAUT where A is the diagonal matrix with eigenvalues A, (H), - - - , 1,(H),
and we let A = A~1/2U7 so that ATA = H™!. In the least squares regression problem, we take A to
be the initial matrix, and let b = 0; € R be the initial label vector. The preprocessing step takes
0(d?®) time.

In the online stage of OMv, let the query at the ¢-th step be z*) € R? where ||z(||;, < 1. We
scale the vector to construct

al = L 40 ¢ R,

d’NT
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and use (a”, 1) € R? x R as the update to the regression problem at the ¢-th step. Let x*) € R?
be the solution returned by the dynamic algorithm for least squares regression at the z-th step. We

prove that one can answer the matrix-vector query with
vy = VT (xD - xD),
and we have the guarantee that
Iy - Hz"l2 < O(1/d%). (7.36)

By Lemma 7.3.3, this is impossible if the OMv conjecture is true.

We first introduce some notations. Let A € R(#)*d be the data matrix after the 7-th time
step, b € R%* be the labels, and H? := (AM)TA®)~1 € R4 For simplicity, we also define
A =A b® =p HO = H. Forany r € [T], let X,(,f) be the optimal solution at the ¢-th step, and

it has the closed-form xi’) = (AN TAD)LAO)T . b The proof divides into three steps:

(1) : ) 1
* Step 1. x¥) and x|’ are close, i.e., xV = x}” + O(d“\/T)'

* Step 2. x¥) — x(=V recovers H'"Da", je., x(" —x(=1) = HI-Da® + 0(6141_\/7)'

_ . . _ 1
« Step 3. H*"Da® is close to Ha®, i.e., H*"Va® = Ha® + O(m).
In particular, Step 2 and 3 directly implies Eq. (7.36).

We first prove a useful bound on the singular values of A® and H® for all + € [T]. First

note that the assumption 1 < A;(H) < 14(H) < 3 implies that % < A4(A) < A;(A) < 1. Since
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la®]|, = IIdZI\ﬁ 20|y < dzlﬁ for any ¢ € [T], we have that for any x € R? with ||x]||» = 1,

T
x (A TADx = xTATAx + Z:(x-ra(t))2

=1

T

2 2 2

< I3+ > lIxl3 - a3
t=1

T
1
s1+z;d4_Tsz.
=

Thus we have 3 < 2,(A) < 2,(A") < 2;(AY) < 4;(AD) < 2.
Therefore, the matrix H®”) = ((A®)TA®)~! gatisfies A—lt < AgHD) < 2 (HD) < 4,

,(:) + ﬁ. Since at each step we add a new label 1 to the vector b, we have

IO, < [[b™]|, = VT. Since x*) is an e-approximate solution of the least squares regression

Step1 We provex”) = x

problem, we have

(1+&)2|ADxY —p®|2
> ||A(l)x(t) _ b(t)”%
= JADxY — D)2+ |AD x — xV)|2

1
> [JAOXY = O3 + 2 1x — x|,

The second step follows from A®x(” —b® = (AD (AM)TAD)T(AD)T_1).b® € ker[(AD)T]
is orthogonal to A® (x*) — xi’)) € Im[A"], the third step follows from 1,(A") > 1.

Therefore, we conclude

Ix? = X113 < 4026 + ) AV = b3

< 12& - bV < 12T

1
= |x? = xO|, < 4VeT = 0( ) (7.37)
* d*NT

419



The last step follows from & = in the theorem statement.

1
dsT?

Step2 We prove x\) —x(=1) = HU-Da®) 4 O(d;—ﬁ). By the Woodbury identity, one has

-1
XY) = (AD)TAD)™H . (AD)Tp®

- ((A(t—l))TA(t—l) +a(’)(a(t))T)_l (AD)Tp®

1y HODa0 . (a0)THED
:(H 1+ (a®)THG-Da®

) . (A(t))Tb(t)

—x"D L g-Da®

*
H-Dga®) . (a(’))T(xi’_D +H-Da®)
B 1+ (a®)TH-Da®

(7.38)

@)

The first step follows from x, * is the optimal solution at step ¢, and the third step follows from the

Woodbury identity and ((A¢~D)TAC=D)=1 = HU=D the fourth step follows from

HD . (AD)Tp® = D . (AFD)Tp(=D 4 a®)

=x{"V + HDa®,
Consequently, we have

<0 _ -1

= x(j) - xy_l) + 0(

d4\/f)
H-Da® . (a(l))T(Xi"l) + H(l—l)a(l))

—Hg-Dq® _
H™"a 1+ (@) THO-Da®)

ol

—HDa0 4 O(d“l\ﬁ) + O(d“l\ﬁ)

), (7.39)

=H(a" + 0
d*NT

The first step comes from Eq. (7.37), the second step follows from Eq. (7.38), the third step follows
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from

HH(f—l)a(t) . (a(f))T(xy_l) +HIDa®)
1+ (a®)THG-Da(®
”H(, DI a®@2 - ({1l + [HODa® )
1+(a<z>)TH(r Da(®)
<4. 1 1 +8VT) = 0 ( 1 )
d2\ﬁf NT de/‘ dNT

:

where we use that |[H' V| < 4, |a®|, < (1+(@)THDa)=1 < 1, |JH-Da®||, <

1
d*NT’

IHED[la® ], < ==, and [|(A4D)T|| < 2 so that

2\/_’

-1 _ _ -
||Xy )||2:H(l 1)(A(t 1))Tb(t 1)
< [HED - AT I

<4.2- bV, < 8VT.

=[aD, ..., a"D] e R¥, we have

Step 3  We prove H/"Da") =

IO = IUT|| < ||U||F < d2 since ||a? ||, < = \/_ for all i € [t — 1]. Then we have that

H'Va = (ATA +UUT)'a
= (H-HUI+UHU) 'U'H) - a®

=Ha” - HU(I+ UTHU)'U"Ha"

— Ha® + 0( ) (7.40)

dNT

The second step follows from the Woodbury identity and H = (ATA)~!. The fourth step follows
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from

IHU(I+ UTHU)"'UTHa®||,

< =] - [O] - 1T+ UTHO) |- (U] - (1] - (2]

1 1 1 16
<4.—.1-—-4. = ,
> d>  NT  dNT

since we have ||H|| < 4, |U|| = [UT|| < [|[U||F < &, |1+ UTHU)7!|| < 1, and |[a®]|, <

1 1
a2’ d?NT'

Combining three steps We conclude that

1&*VT (x' - x"=1) — HzP ||,

= d*VT||(x'” —x""V) - Ha'"||, = O(1/d?),

where the first step follows from a') = ﬁ -z® and the second step follows from Eq. (7.39)
and Eq. (7.40). Hence one can recover the matrix-vector query from solutions of dynamic least
squares regression. On the other side, the reduction only takes O(d) time per update. Hence, we
have shown an Q(d?~7) lower bound on the amortized running time for incremental least squares

regression problem under the OMv conjecture. U

7.6 Empirical Study

As part of our program, we perform empirical evaluations over our algorithms developed for
partially dynamic LSR, over both synthetic and real-world datasets. Our method is most suitable
for input data that are non-uniform. Indeed, if the data has low coherence (they are all similar to

each other), then the naive uniform sampling is already as good as leverage score sampling.

Synthetic dataset We follow the empirical study of [239] and generate data from the elliptical
model. In this model a') = w(®3z® where 2 ~ N(0, 1,) is a random Gaussian vector, £ € R4
is a PSD matrix, and w(") is a scalar. The label is generated as b = (a® x*) + w&® | where

x* € R? is a hidden vector and & ~ N(0, 1) is standard Gaussian noise. This model has a long
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history in multivariate statistics, see e.g. [240]. In our experiments, we set £ = I; for simplicity.
In order to make the dataset non-uniform, after the initial phase (the first 10% of the data), we
randomly choose d/10 rows among the next 10% of data to have a large scalar of VT. The rest of

the data have a scalar of 1. We set T = 500000 and d = 500.

Real-world dataset We use the VirusShare dataset from the UCI Machine Learning Repository®.
We select this dataset because it has a large number of features and data points, and has low errors
when fitted by a linear model. The dataset is collected from Nov 2010 to Jul 2014 by VirusShare

(an online platform for malware detection). It has 7 = 177856 data points and d = 482 features.

Baseline algorithms We compare with three baseline methods.
1. Kalman’s approach makes use of the Woodbury identity and gives an exact solution.
2. The uniform sampling approach samples new rows uniformly at random.

3. The row sampling approach samples new rows according to the exact online leverage scores

[207].

Parameters In both our method and the row sampling method, we use an error parameter £. We
set the sampling probability to be p = min{re™2/2, 1} (except when £ = 1 we set p = min{r, 1}
to make it non-trivial), where 7 is the approximate online leverage score of different methods. We
only implement our oblivious algorithm since both datasets do not involve adaptive adversary. The
JL matrix in our algorithm has k number of rows, where we set k = ¢, - £~2 for some constants ¢,

so that k ~ 20. The raw data of our experiments are shown in Table 7.2.

Experiment results Our experiments are executed on an Apple M1 CPU with codes written in
MATLAB. We repeat all experiments for at least 5 times and take the mean. On both datasets,
we initiate the model based on the first 10% of the data. The experiment results are formally
presented in Figure 7.2. Our algorithm consistently outperforms baseline methods: It runs faster

when achieving comparable error rates.

Shttps://archive.ics.uci.edu/ml/datasets.php
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Figure 7.2: Experiment results. The x-axis shows the running time (unit: seconds), and the y-axis
shows the relative error (err/erryg — 1), where err is the error of the particular approach, and errggq is
the error of the static Normal equation. The y-axis is on a symlog scale, where for range > 0.005 we
show the base-10 log scale, and for range [0, 0.005) we show the linear scale. Kalman’s approach
has a relative error of 0, and except this point, all other data points are in the range of the log scale.
For uniform sampling, we take sampling probability p = 0.05,0.1,0.2,0.5. For row sampling and
our algorithm, we take the error parameter £ = 0.1,0.2,0.5, 1.
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Dataset Method Error Time | Parameters
Synthetic Kalman 1 224.7s
Synthetic ours 1.42 3.85s e=1
Synthetic ours 1.22 8.6s e=0.5
Synthetic ours 1.03 25.1s =02
Synthetic ours 1.009 82.0s e=0.1
Synthetic row sampling 1.38 36.39s e=1
Synthetic row sampling 1.23 42.9s e=0.5
Synthetic row sampling 1.039 51.6s e=0.2
Synthetic row sampling 1.009 85.9s e=0.1
Synthetic uniform 56.2 11.1s | p=0.05
Synthetic uniform 39.8 22.3s p=0.1
Synthetic uniform 39.5 44 .9s p=02
Synthetic uniform 20.4 1173s | p=0.5
VirusShare Kalman 1 45.3s
VirusShare ours 1.24 1.74s e=1
VirusShare ours 1.18 2.50s e=0.5
VirusShare ours 1.03 6.73s =02
VirusShare ours 1.005 17.5s e=0.1
VirusShare row sampling 1.25 7.35s e=1
VirusShare row sampling 1.15 7.94s e=0.5
VirusShare row sampling 1.02 12.0s e=0.2
VirusShare row sampling 1.005 18.1s e=0.1
VirusShare | uniform sampling | 1.2153e+05 | 2.62s | p =0.05
VirusShare | uniform sampling | 9.7335e+03 | 5.23s p=0.1
VirusShare | uniform sampling | 2.3363e+03 | 9.66s p=0.2
VirusShare | uniform sampling 23.1 23.7s p=0.5

Table 7.2: Experiment results.
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Chapter 8: A Framework for Building Data Structures from

Communication Protocols

8.1 Overview

A prototypical problem in information retrieval and pattern-matching is to preprocess a high-
dimensional dataset X,, = {x, X2, ...,x,} € RY, such that given a query y € R (e.g., a keyword, a
text document, etc.), it is possible to efficiently answer the following, for a predicate f : R xR¢ —
{0, 1}:

Ax; € X, s.t. f(x;,y) =17 (8.1)

Some canonical examples for the predicate f are near(est)-neighbor search (e.g., f(x;,y) =1
iff [|x; — y|| < 1), range searching and quantile queries [73, 74, 75], searching with “wildcards” [76,
77], set-containment and intersection [78, 79, 80, 81] to mention a few. Perhaps the most basic
pattern-matching query, which dates back to at least as early as Rivest’s thesis [82] and turns out to

subsume most aforementioned ones, is the partial match (PM) problem:

Definition 8.1.1 (Partial Match). Preprocess a dataset of n points over x1, . ..,x, € {0, l}d into a
data structure of size s, such that given a query y € {0, 1,%}¢, it can quickly report whether there
exists a data point x; that matches y on all non-x coordinates. When the number of x’s in the query

is bounded by w < d, we denote the problem PM,, 4,,. The unbounded case is denoted PM,, 4.

In the context of information-retrieval, partial-match models pattern-matching queries between
documents and keywords in search engines and spatial databases such as Google, SQL, or Elastic-
search [83]. This problem is essentially equivalent to ®(d)-dimensional orthogonal range searching
with aligned query rectangles and ¢, nearest neighbor search [75, 78]. When d > 1, the classic

low-dimensional geometric data structures such as range-trees [73] or quad-trees [241] become
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futile. PM also plays a key role in routing and IP packet classification, where the goal is to classify
a packet depending on its parameters (source and destination address, length etc) [84, 85, 86]. For
a more thorough exposition on the role of partial match in information-retrieval and data mining,
we refer the reader to [78, 81] and references therein.

From a theoretical standpoint, partial match is equivalent to the online version of the Orthogonal
Vectors Problem [242] (OV,, 4): Here, the inputs are two sets A, B C {0, 1}¢ of n vectors each, and
the goal is to determine whether there is an orthogonal pair of vectors a € A, b € B.! The trivial
upper bound for this offline (batch) problem is O (n?d), or O (n*w) for Sparse OV (OV,,.4.,), i.e.,
assuming each vector has < w ones. When d = clogn for an arbitrarily large constant c, the best

offline algorithm for (dense) OV, ¢10¢, Tuns in time

n2—1/0(10g C) (82)

using Fast Matrix Multiplication to implement the “polynomial method” [243, 244, 245, 246]. It
is unclear how to extend this speedup to the Sparse OV case, where the dimension is assumed to
be d = w(logn) [87]. The OV Conjecture (OVC) postulates that no truly subquadratic algorithm
(n'9%?) exists for arbitrarily large but fixed constant ¢ — indeed, such algorithm would refute
SETH [242, 247] (i.e., yield a 217" time algorithm for SAT). OVC is widely considered a
cornerstone in fine-grained complexity [248, 249]. From this perspective, understanding the power
of preprocessing for (Bounded) Partial Match, may lead to progress on the Sparse OV Conjecture
[87], as exploiting sparsity seems to require algorithms which are more combinatorial in nature,
outside the realm of fast matrix multiplication (FMM). Indeed, FMM speedups are conjectured to
be impossible in online settings [209], so the partial match problem morally captures the restriction

to combinatorial algorithms.

ndeed, the transformation of queries x — 00, 1 — 10, 0 — 01 and data points 1 + 01, 0 +— 10 reduces partial
match to online OV up to doubling the dimension. The opposite reduction transforms queries as 0 — %, 1 +— 0.
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Problem Status. Exact search problems are generally believed to suffer from the curse of dimen-
sionality [70], which informally postulates that no truly sublinear query time (e.g., t < n%%) is
possible unless exponential s > exp(d'~°()) storage space (and preprocessing time) is used, which
are essentially the two trivial data structures for any d-dimensional problem. In attempt to circum-
vent this conjectured phenomenon, much of the work on pattern-matching data structures in the past
two decades has focused on the easier approximate versions of partial match such as approximate-
search with “wildcards” or approximate set-containment (via locality-sensitive filtering [77, 80,
81]). Much less is known about exact PM, which is the focus of this paper.

The first data structure for the general (unrestricted) problem (PM,, ;) was obtained by Rivest
[82], who analyzed the average case complexity of the problem. After 30+ years, the state-of-art

data structure for PM,, . 1o¢ , is due to Chan [75], who showed how to achieve expected query time

f = O(nl—O(l/clogc)) (8.3)

with close-to-linear space (say, s = n''!), slightly refuting the “curse-of-dimensionality” of the
problem.

In the sparse case (PM,, 4,,), when the number of x’s is bounded by w < d, Cole, Gottlieb
and Lewenstein [76] gave an O (nlog" n)-space data structure with query time ¢ = o (2"),? inde-
pendent of the alphabet size |Z|, reminiscent of the time-space tradeoffs of range-trees in constant
dimension. Assuming w = c logn, the query time of this data structure becomes 0 (n¢), which is

nontrivial (sublinear) only for ¢ < 1.

8.1.1 Our Results

Our result 1: Partial Match data structure. We show that it is possible to achieve sublinear
query time even when the number of “wildcards” in the query is as large as w = clogn for

arbitrarily large constant ¢ > 1:

2The notation O(1) hides poly(log d) factors.
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Theorem 8.1.2 (Partial Match with Bounded Wildcards, Informal version of Theorem 8.5.1). For
any large enough constant c, there is a word-RAM data structure for PM,, 4.,,, where w < clogn,
with space s = O(n'"") and expected query time ty = n=1/0(c1og® ) The data structure can report

all matches of the query in the dataset.”

This data structure improves over [76] for w = clogn for any ¢ > 1. As mentioned above,
Theorem 8.1.2 is the first PM data structure with sublinear query time. For calibration, note that
for the unbounded case PM,, 4 in logarithmic dimension d = ¢ log n, Theorem (8.1.2) recovers the
time-space tradeoff (8.3) of Chan’s data structure [75] up to log ¢ factors, hence our result unifies

and improves the time-space landscape for partial match.

Our result 2: A Framework for data structures from communication protocols. Theorem
8.1.2 is an instance of a general framework we develop in this paper. Our framework reduces
the problem of designing data structures for high-dimensional pattern-matching problems (as in
Eq. (8.1)), to the problem of designing efficient communication protocols for the underlying two-
party problem f : X XY — {0, 1} under product distributions, i.e., where inputs (x,y) ~ Ay X 4,.
The simplest variant of this framework is a reduction to the standard two-party distributional
communication model with exponentially-small false-positive error, which informally states the

following:

For € > 0, suppose the two-party e-error distributional communication complexity of
f: X xY — {0, 1} under product distributions is C,. Then there is a data structure

20(C

supporting queries from Eq. (8.1) with space n - <) and query time 2°0(C<) + gn.

For the Partial Match application, our framework requires an efficient communication protocol
for the sparse set-disjointness problem (Disj, ) where one set has size < w and the other set has

size > d — w.* The basic advantage of this reduction is that, while set-disjointness has maximal

3In this case, the query time also has an additive term #matches. For the decision problem, it is possible to build a
data structure that avoids this term by first subsampling the dataset.
“The aforementioned reduction to OV doesn’t preserve sparsity. Instead, we design a communication protocol that

429



Q(d) communication complexity in the worst case [250, 251] it is well known that the distributional
complexity of set-disjointness under product distributions is sublinear, albeit only with constant
error: O(Vdlog d) for Disj,; and O(~+/wlogd) for Dis;j 4w [90]. Achieving sublinear communci-
ation with exponentially-small error is a different ballgame — Unlike randomized communication
complexity, in the distributional setting one cannot simply amplify the success by repeating the
protocol. Moreover, for the above simulation to yield sublinear query time, even a Chernoff-bound
dependence O (log(1/&)) on the error would not suffice — we need a protocol with sub-logarithmic

dependence on &. Perhaps surprisingly, we show that this is possible:

Theorem 8.1.3. For any € > 0, the two-party e-error distributional communication complexity of

Disj, ,, under product distributions is O (+/w log(1/¢) - logd).

Note that, even in the above, the communication complexity has an unacceptable factor log d
(due to the fact that even sending a small set of size v/w from a size d universe requires yw log d
bits). Unfortunately, even a mild dependence on the ambient dimension is prohibitive for the PM
data structure. In order to obtain dimension-free communication for product Disj d.w» We make use
of non-determinism. Intuitively, the benefit of using an oracle (Merlin) here is that she can send a
relative encoding of the smaller set as a subset of the larger set, and this requires much fewer bits.

Because of this non-determinism, the formal statement of the framework is slightly more
nuanced in order to allow for a somewhat stronger protocols than a two-party protocol. In particular,
our framework is strong enough to simulate Unambiguous Artur-Merlin protocols [252], which are
randomized multi-round interactive proofs in which, for every outcome of the randomness, there
is at most one advice from Merlin which causes Alice and Bob to accept. In this model, we can
indeed get a dimension-free protocol for product sparse set disjointness and hence product sparse

partial match, with exponentially small soundness error:

reduces the w-sparse partial match problem (where the query has at most w wildcards) to the w-sparse set containment
where the sets have a maximum size of w. This is also equivalent to the w-sparse set disjointness problem Disj,, ,,
(where one set has size < w and the other set has size > d — w).

SWe can bound the term /w log(1/£) by 0.11og n. The query time is exponential in the communication complexity

C., which becomes C, = 0.11logn - logd = Q(log nloglogn) even when d = log® n, and this makes the query time
2Ce — nQ(loglog n).
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Theorem 8.1.4 (Informal version of Theorem 8.3.3). Fixd,w > 1,& > 0. Consider the commu-
nication problem where Alice has x € {0,1}¢ and Bob has y € {0, 1, %} with at most w stars,
and they need to compute the function fpy(x,y) which is 1 iff x; = y; on all i with y; # . Then,

for any product distribution over (x,y), there exists an g-error UAM protocol with communication
O(\wlog(1/e)).

Note that using this framework for the sparse Partial Match problem, together with the theorem

from above with & ~ n=2(/9) we obtain Theorem 8.1.2 (modulo the hidden log ¢ factors).

Our result 3: Lower Bounds. In an attempt to understand the disparity between the online
and offline complexities of OV, we also explore the limitations of partial match algorithms in our
framework. We note that time-space lower bounds for PM have been studied since at least [253].
For example, Patragcu [254, 255] proved that any decision tree data structure for PM,, ; must either
have size (space) 2%(4), or depth (query time) Q(n'~%/d). Unfortunately, for general (word-RAM or
cell-probe) data structures, only much weaker lower bounds are known — the highest unconditional
lower bound is merely 7, > ﬁ(d) [254, 256], even against linear space data structures (in fact, this
is the highest unconditional lower bound on any static problem to date). To circumvent the barriers
of unconditional lower bounds, a substantial line of work has focused on proving geometric lower
bounds in more restricted (“indivisible’”) models of data structures, most notably, the List-of-Points
model [257, 81], which captures essentially all data independent data structures (see Section 8.6
for formal definition). In this model, the data structure is not allowed to encode the data but only
navigate it through pointers (nevertheless, LoP is incomparable to the aforementioned decision-tree
model, as the latter does not allow preprocessing at all).

We prove a lower bound in the List-of-Points model, which nearly matches our upper bound up
to polynomial dependence on ¢ (see Theorem 8.6.2 in Section 8.6 for formal statement). For this
purpose, we adapt a lower bound of [81]; while those lower bound were developed for approximate
set-containment, it turns out we can still leverage them to prove (meaningful) lower bounds for the

exact problem when dimension is O (logn).
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Theorem 8.1.5 (List-of-Points Lower Bound for PM). Any data structure for PM,, ¢ 100 » under the

list-of-points model with n°Y) space, must have query time tg = Qn'-V ‘/E).

The list-of-points model is a general model that captures all known data-independent structures
for high-dimensional similarity search, including LSH [70] and LSF [80]. However, LoP lower
bounds do not apply to data-dependent algorithms, and hence in principle Theorem 8.1.5 does not
rule out further improvement to our (data-dependent) upper bound. Nevertheless, the lower bound
from Theorem 8.1.5 is proved by considering random (“planted”) instances, whereas our upper
bound from Theorem 8.1.2 holds for worst-case instances, possibly explaining the 1/+/c “gap” in
the query times of both theorems. In light of these remarks, it would be interesting to prove an
adaptive analogue of Theorem 8.1.5 against data-dependent algorithms, bearing that polynomial
unconditional (cell-probe) lower bounds are beyond the reach of current techniques.®

For further calibration, we note that a polynomial space and preprocessing data structure for
PM,, c10g» With truly sublinear query time (independent of ¢), say , = n%%, would refute the OV
conjecture (by a standard self-reducibility trick, see [259]). As such, assuming SETH, it is unlikely
that the dependence on ¢ in the exponent can be eliminated. Our lower bound (Theorem 8.1.5) can
be viewed as evidence that polynomial dependence on (1/c¢) in the query time (exponent) may in

fact be the best one could hope for in the online setting, and hence provides a certain separation

from the logarithmic dependence (1/log c) in the offline case of OV (Eq. (8.2)).

8.1.2  Our Techniques

We now present the high-level ideas used to develop our main theorem. As mentioned above,
our algorithm follows from the combination of two components: (1) a new framework for devel-
oping data structures from communication protocols, (2) a new communication protocol for the
sparse partial match problem in our specialized distributional model. We describe each of these

components next.

®0ne approach to a more powerful such lower bound would be via the approach from [258], who showed a lower
bound in a (carefully formalized) data-dependent LSH model, for the approximate near-neighbor problem.
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Data-Dependent Data Structures from Communication Protocols

The classical connection between data structures and asymmetric (“lopsided”) communication
complexity [260, 254] has long been the primary tool for proving data structure lower bounds: A
data structure with space s and query time ¢ for a search problem # (X, y) (a-la (8.1)) implies a
t-round communication protocol r for the corresponding communication game G (X, y), in which
Alice (holding the dataset X, = (x1,...,x,) C {0,1}¢) sends a ~ tw bits where w is the word
size, and Bob (the “querier”, holding y € {0, 1}%) sends b = O(tlog s) bits. Despite the success
of this simulation argument in yielding (unconditional) state-of-the-art static and dynamic lower
bounds on many important data structure problems [254, 261, 262, 263], it suffers from an inherent
limitation: In communication world, Alice (the “data-structure”) is an all-powerful player, whereas
in the data structure world, Alice is merely a memoryless table of cells (and therefore cannot
perform any computation on Bob’s messages/probes). This discrepancy between the models has a
daunting consequence, namely, for any d-dimensional problem P (X, y), there is always a trivial
O (d)-bit protocol where Bob simply sends his input (query) to Alice, who then declares the answer.
Clearly, this trivial protocol does not yield any valid data structure, and this suggests that in general,
communication protocols are much stronger than data structures.

The most enduring message of our work is a framework which shows that for a certain variant
of distributional unambiguous Artur-Merlin (UAM) communication models, the opposite direction
is also true: For a data structure problem % (X, y) of the form (8.1) (where X,, = (x1,...,x,) C

{0, 1}4, y € {0, 1}%), consider the induced “marginal” two-party communication problem

fxiy)

between Alice and Bob (note that, unlike the aforementioned lopsided reduction, this is a symmetric
problem with respect to players’ inputs). Oversimplifying our actual result, we show that a
computationally-efficient protocol 7 in which Alice sends ¢, bits and Bob sends ¢, bits, and which

solves f(x,y) under any product distribution with & one-sided error, can be translated into a data
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structure for P r(X,,, y) with
space s = 20(¢a*¢) .y query time g =2 +éen.

More precisely, our communication model requires that the protocol 7 works for distributional
x and worst-case y: Alice’s input x ~ A is generated from an arbitrary distribution A, whereas
Bob’s input y is a worst-case input.” (Crucially, A is not allowed to depend on y, hence this model
generalizes the class of product distributions u = p, X uy).We also allow a know-all Merlin who
is a prover for the answer 1 (yes); but we also require that for any x and y, there is at most one
accepted message from Merlin, whose length we denote by c,,. We characterize a protocol by its

error and soundness.

* We say the protocol has ¢ soundness if given any incorrect Merlin’s message, the protocol

rejects (i.e., outputs 0) with probability at least 1 — 5.3

* We say the protocol has ¢ error if given the correct Merlin’s message, the protocol’s output
differs from f(x,y) with probability at most &, where the error is measured over both the

randomness of the protocol and the randomness of the input x.

In the simulation, we shall take A to be the uniform distribution over the n data points x;, and in
this way en naturally represents the expected number of data points that the query mistakes on. To
enable our “reverse simulation”, we require that the communication protocol has one-sided error,
more precisely, only false positive error — that whenever on an input pair (x, y), where x and y are
matching, the protocol must output 1 under the correct Merlin’s message. We need this requirement
so that in the simulation the data structure can safely ignore all (x;, y) pairs on which the protocol

outputs 0.

7While this is important for obtaining our final result, one can still use standard product distribution model to obtain
data structures in the cell-probe model. This can be done by running MWU-like worst-case to average-case reduction
as in [264]. Thus the restriction to worst-case y’s is not fundamental.

8Note that this unambiguous soundness definition is different from that of [252].
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Theorem 8.1.6 (Data Structures from Product-Distribution Protocols, Informal version of Theo-
rem 8.4.1). Ifthere is a protocol 7 for the 2-party problem f(x,y) : {0,1}4x{0, 1}¢ — {0, 1} with
soundness ¢ and false positive error € under distributional x ~ A and worst-case y, and the number
of bits that Alice, Bob, and Merlin send are bounded by c,, cp, and c,, then there is a data structure

for P r(Xn,y) (c.f (8.1)) with space s = 20(v) . and query time ty =2TCm 2 . n + en.

Bearing the technical nuances of the model, the key point of Theorem 8.1.6 is that product
distributions often allow for much smaller (sublinear) communication complexity compared to

worst-case (randomized) CC, as in the notable special case of f = Disj [90] corresponding to PM.

Proof Idea of Theorem 8.1.6 Let x by a (randomized) protocol for f in the “strong” distributional
UAM model above with ¢ soundness and & false-positive error. Since the protocol works for any
product distribution, it must in particular work under the distribution x ~ 1 = U (x1,x2,...,X,)

which is uniform over the dataset X,,. Our simulation works as follows.

* Preprocessing: At preprocessing time, the data structure builds a tree that alternates between
Alice nodes, Bob nodes, and Merlin nodes. Each node enumerates all possible messages of
the protocol. In this way a root-to-leaf path corresponds to one possible transcript of the
protocol, and there are in total 20(¢a*c¢o+cm) Jeaves. Each leaf stores all data points x that
could follow the transcript of this leaf with output 1. Since each node stores at most n data

points, the total space is bounded by s = 20(ca*cs) . .

* Query: Given a query y, the data structure simulates Bob’s messages in the protocol tree:
It walks down the tree, generates messages of Bob according to y, while enumerating all
possible messages from Alice and Merlin. In this way the query reaches 2¢¢*“» number of
leaves. After reaching a leaf, the query checks if there exists a matching data point stored in

that leaf.

— Since the protocol has soundness guarantee ¢ for the 2" incorrect Merlin’s messages,

the query could encounter 27 - § - n extra non-matching data points.
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— Since the protocol has an error probability of & under the unique correct Merlin’s

message, the query also encounters €n extra non-matching data points.
So the total query time is #, = 2°*" + 2 . 5n + gn.

Note that the data structure we get from this simulation is inherently data-dependent. Indeed,
the communication protocol depends on A = U(X},), and this means the tree structure that we build

is different for different datasets.

A New Protocol for Product Sparse Partial Match

Next we show how to build a sublinear communication protocol for the w-sparse partial match
problem with exponentially small false-positive error (€ ~ exp(—w/c)) in our distributional UAM
model. We first reduce the w-sparse partial match problem PM,,, to the w-sparse set disjointness
problem Disj, ,, where y has at most w number of 0’s. Although the communication complexity of
the disjointness problem Disj, over worst-case inputs has a lower bound of ©(d), the classic result
of [90] showed an O (Vd log d) protocol with constant error for inputs from product distributions.

We generalize this protocol to a protocol for Disj, ,, with arbitrary false positive error &, soundness

[ 1
Ca> Chs Cm < [wlog —,
E

as shown in Theorem 8.1.4, and the formal statement can be found in Theorem 8.3.3.

0, and communication

0.

Whenw = clogn, wecansete = n~1/(100¢) and § = n=92, and thus obtain ¢, ¢p, ¢,y < 0.1 log n.

Simulation of this communication protocol gives our main result Theorem 8.1.2: a data structure

for partial match with space s = poly(n) and query time

tg =264 2" . 5n + en

= p02 4 g0 02 Ly g 1= 1/(1000) _ g (y1=1/0(0))

We build this communication protocol in three phases:
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Phase 1 (Reduction from sparse partial match to sparse set disjointness): We first reduce the
w-sparse partial match problem PM, ,, (where y has at most w number of x’s) to the w-sparse set
disjointness problem Disj, ,, (where y has at most w number of 0’s). We cannot use the standard
reduction from partial match to set containment / set disjointness since it doesn’t preserve sparsity.

We propose a new reduction by a communication protocol. We sample from the distribution A
to find any X such that X matches y, and if we can’t find such a string X then it means the error
probability is very small. We then compute x” = x & X. Note that x matches y if and only x agrees
with y and hence X on all non-*x coordinates. So we have that x matches y if and only if the ones
of x” is a subset of the x’s of y. This sparse set containment problem is equivalent to the sparse set

disjointness problem.

Phase 2 (Sparse set disjointness protocol with communication /w log é -logd): We present
the protocol as a set containment protocol since it’s easier to describe. We follow a similar idea as

the O (Vd log d)-protocol of [90]. Repeat for at most llog(% iterations:

* Alice checks if her set |x| < {/w log é if so, she sends it to Bob using /w log % -log d bits.

* Otherwise, Alice and Bob together use public randomness to sample ¢ = é sets X1, , X;

from the distribution A conditioned on |X| > /w log é

— If none of the X;’s satisfy X C y, then the protocol outputs 0.
— Otherwise, Bob send the index i* such that X;+ C y using log(z) bits. Alice update

x « x\X;+ and Bob update y « y\X;-.

There are at most /bg(% iterations since initially the size of y is w, and we reduce the size of y
by /w log é in each iteration. The total communication of Alice is {/w log é - log d, and the total

communication of Bob is /m -logt < y/wlog é

Finally, we note that this protocol has false negative error & since it outputs 0 when no set
X; is a subset of y. However, our framework requires the protocol to have false positive error

instead. To address this, our modified protocol attempts to find a certificate for a negative answer
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(an intersecting coordinate). Specifically, in the protocol we check whether there exists a set X;-

such that | X;+\y| < 10g(é), i.e., X; is almost a subset of y.

* If there exists such a set, then Bob sends the set | X;-\y| together with the index i* using

log(é) log d bits, so this is still within his budget.

* If there doesn’t exist such a set, then with probability 1 — & the input x satisfies that |x\y| >
log(%). The protocol then randomly samples a subset S C [d] of size d/2 and recurse to xg

and yg. With probability 1 — &, one of the coordinate in x\y is sampled into S.

Phase 3 (Non-determinism to remove log d): Our protocol in Phase 2 has communication cost
N log(é) log d when sending a small set of size s = \/w log(%). We introduce a know-all player
Merlin to send over this small set more efficiently. Merlin sends a relative encoding of the smaller
set as a subset of the larger set y using log((v;)) = 0w log(%) log c) bits. Alice and Bob then
implement the standard equality protocol using public randomness to check if Merlin’s message is

correct, and this takes extra log(%) < 0.2log n bits of communication.

8.1.3 Further Discussion and Related Work

Algorithm design via communication complexity. While non-standard, our work is not the first
to use communication complexity for algorithm design. One of the earliest examples is implicitly
in [265], who showed that a sketching (or one-way communication) protocol for problem f, of size
s, would imply a data structure with space n°(*). Our work could be seen as extending that result
to more powerful communication models, and, more crucially, over distributional protocols, which
may have dramatically lower communication complexity as is the case for set disjointness. Also,
very recent, independent work [266] designs sketches under product distributions for the problem
of £, distance estimation resulting in corresponding data structures.

In[267], Patrascu and Williams showed that a (computationally efficient) protocol with sublinear
o(n) communication for 3-party set-disjointness in the number-on-forehead (NOF) model would

refute SETH. This result can be viewed, in a counter-positive manner, as an £2(n) conditional lower
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bound on the randomized communication complexity of 3NOF disjointness. In a similar spirit, the
core of the breakthrough line of work on “distributed PCPs” [249, 268] is designing a fine-grained
algorithm for (offline) OV through efficient Merlin-Arthur protocol for set-disjointness. However,
besides the disparity of communication models used, these result differ from ours in that they are
both used in the offline setting, as opposed to yielding a new online algorithm.

Finally, [269] show that one can use AM (and other) protocols to obtain offline algorithms via
the polynomial method. A natural question is whether one can similarly build data structures from
AM protocols. We find this to be unlikely as, together with our list-of-points data structure lower
bound, it would imply AM lower bounds, a central open question in communication complexity.

Note that UAM is precisely the frontier where we have tools to prove lower bounds [252].

Data-dependent algorithms, and approximate similarity search. The framework fundamen-
tally yields data-dependent data structures from communication protocols for a product distribution.
Until recently, the “gold-standard” indexing approach for high-dimensional online pattern matching
problems was to use oblivious randomized space partitions, i.e., a generic (randomized) mapping
h: {0, 1}¢ — S independent of the specific dataset, where the query algorithm (decision tree) goes
through all data points that maps to the same element in S as the query. The classic examples of
such data-independent algorithm include locality-sensitive hashing (LSH) and filtering (LSF) for
near-neighbor search (NNS, [70]), and the “chosen-path” algorithm [80] and supermajority-based
partitions [81] for partial match. Data independent algorithms often have better guarantees on
average-case inputs — where the data points are generated i.i.d. from the same distribution — even
if their performance can deteriorate on worst-case datasets. (This is often the case for the offline
problems as well: e.g., see [270] for Hamming nearest neighbor search, and [246] for OV.)

This observation led to the development of data dependent data structures, which use an
adaptive mapping h at preprocessing time, where & itself depends on the dataset [71, 72, 264,
271]. Data-dependent data structures are usually composed of two components. One component is

a worst-case to average-case reduction, where the high-level idea is to remove some “structured”
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parts of the dataset. The second component is to apply the aforementioned data-independent data
structures that work better in the average-case. Implicitly, data-dependent algorithms previously
have been used in [272] as well as in the aforementioned data structure of [78, 75] for PM.

Our framework naturally yields data-dependent data structures, as the underlying communica-
tion protocols depend on the distribution of the points in the dataset. The closest (in spirit) work to
ours is the work of [264] who devised a framework for building data-dependent data structures for
arbitrary approximate NNS problems. They introduce a key geometric notion of cutting modulus:
defined from a graph G over all possible points, with edges only on “matching” pairs (where
f(x,y) = 1), and a distribution u(x, y) over edges. This framework can also be seen as requiring
(small) distributional complexity, and indeed uses multiplicative weights update (MWU) to reduce
worst-case to the distributional case (see also [273, 274] who use a related notion, of average
embedding, without explicit use of MWU). That said, their framework is quite different from
ours: cutting modulus/average embedding is inherently a (geo)metric notion, for approximation
problems, and eventually gives an LSH-like data structure (though see follow-up in [275]). Our
framework is for arbitrary predicates f and the resulting data structure is not LSH-like.

We also think that our framework is conceptually simpler, as it avoids any explicit reduction
from worst-case to average-case (e.g., “‘removal” of structured parts of the dataset). Instead,
the framework leverages efficient communication protocols under product distributions; thus any
special structure of the dataset is directly exploited by the communication protocols.

We also remark that [81] studied the related, approximate version of the set containment, where
one is to distinguish whether a query set y C x;, for x; € X,,, or y Nx; < a - |y| for some o < 1.
Their algorithm can be used to solve the exact version of the PM problem by setting @ = 1 — 1/d,

but that results into query time of the sort of n'~°(!) even for, say, d = 2logn.’

Organization of the proof. In Section 8.2 we present formal definitions of the data structure
problems and our communication model.

Our main results are shown in Sections 8.3, 8.4, and 8.5. In Section 8.3 we present our protocols

9The precise dependence requires solving a certain optimization, which is non-immediate.
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in a bottom-up fashion. In Section 8.4 we present the framework to reduce from communication
protocols to data structures. In Section 8.5 we use the results from the previous two sections to
prove our main data structure result for PM,, .10, , With query time nl‘@(l/ clog’¢) and space n'l,
In Section 8.6 we show a lower bound in the list-of-points model, asserting a query time of
Q(n'~1/¥¢) for any polynomial space data structure.
Finally, in Appendix 8.7 we show that the communication complexity /d log(%) is tight for

Disj,; with ¢ error under product distributions, a result of independent interest in communication

complexity.

8.2 Preliminary

Additional notations. For any vector x € {0, 1}, in this paper we interchangeably view x as a
boolean string of length d and a subset of [d]. We use |x| to denote the size of x, or equivalently,
the number of 1’s in x.

For any subset S C [d], we use x|g € D8l to denote the substring of x with coordinates in S.

For any two vectors x,y € {0, l}d, we use @ to denote the coordinate-wise XOR function:
(x®y)i=x; ® Y.

We use 1..use to denote the function that is 1 if clause is true, and O otherwise.

For any distribution A and any boolean function f(-), we use the notation 4| to denote the

conditional distribution of a random variable X ~ A given that f(X) = 1.

8.2.1 Data Structure Problems

We consider the following two data structure problems.

w-sparse partial match. Preprocess a dataset of z points x1, . . ., x, € {0, 1}¢ into a data structure
of size s, such that given a query y € {0, 1,%}¢ with at most w = ¢logn number of %’s, it can

quickly report whether there exists a data point x; that matches y on all non-* coordinates.
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w-sparse subset query. Preprocess a dataset of n points xp, . .., x, € {0, 1}d into a data structure
of size s, such that given a query y € {0, 1}¢ with at most w = ¢ log n number of 1’s, it can quickly

report whether there exists a data point x; such that x; C y.

We characterize the data structure by the following three quantities:
* Preprocessing time: time required to build the data structure DS in the preprocessing phase.
* Space: space required to store the data structure DS.

* Query time: time to answer one query into DS.

8.2.2  Functions to Be Solved by Communication Protocols

We define the two functions that correspond to the partial match and subset query'® problems.

For any x € {0, 1} and any y € {0, 1}¢, we define the subset query function

fsq(x’ y) = licy-

For any x € {0, 1}4 and any y € {0, 1, *x}4, we define the partial match function as

fpm(X, y) = /\ld:l(xl- =y; Vy; =%).

8.2.3 Communication Model

In this section we define a special communication model that will be used throughout the
following sections. The special model has stronger guarantees than the standard communication

model for product distributions.

Before defining our special communication model, let us first recall the standard model of

distributional communication complexity under product distributions:

10This is also equivalently called set containment.
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Definition 8.2.1 (Product-distributional communication model). Let f : X x Y — {0, 1} be the

target function. We say a protocol i solves f over any product distribution if © works as follows:

* Let A, p be two arbitrary distributions over X and M. Alice and Bob both know A and p.

Alice is given a private input x ~ A, and Bob is given an independently sampled private input
Y~ p
* Alice and Bob are allowed to use public randomness, denoted as R.

We use n(A, p,x,y, R) to denote the output of the protocol when given distributions A and p and
inputs x and y, and using public randomness R.'!

We say the protocol has € error if VA, p, Pryay-p r[7(A, p,x,y,R) # f(x,y)] < &. Further,
we say the protocol has type I error (false positive) if the protocol could be incorrect only when
f(x,y) =0, and we say the protocol has type II error (false negative) if the protocol could be

incorrect only when f(x,y) = 1.

Our special communication model differs from the standard product model in four aspects. We

list the differences and provide a short explanation of why we need these stronger definitions.

1. Alice’s input x is generated from A, but Bob’s input y is a worst-case input. (Crucially, x

does not depend on y).

— In our reduction, the query algorithm simulates Bob’s actions (messages), and the query

itself is viewed as the input y to Bob. Hence, it is important that the protocol works for

any input (query) y.
2. Bob does not know 4, i.e., Bob cannot use A during the protocol.

— In our reduction, we define A to be the uniform distribution over the dataset D =

{x(V, ... x("}. Bob (i.e., the query) has no knowledge about the dataset and hence A.

A standard averaging argument implies that w.1.0.g. 7’s randomness can be fixed under A X p, but this will no
longer be true in our variant model below, hence we keep this feature.
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3. We introduce a third party Carol to model the public randomness. Carol writes to a public

channel that is visible to both Alice and Bob.

— We introduce Carol for simplicity of presentation when proving the reduction. The
length of the messages of Carol naturally represents the description complexity of the
protocol.

One may argue that in the standard communication model, we can always fix the public
randomness in advance and get a deterministic protocol. However, in our special model,
Bob has a worst-case input y, and a fixed public randomness could only work for one

y. Thus we still need to keep the randomness in our model.

4. We introduce an “oracle prover” party Merlin that is similar to the Merlin in the standard

Merlin-Arthur protocols.

— Introducing Merlin makes our model more powerful as now we can design protocols
with the advice from Merlin. We will show that we can simulate Merlin’s messages

efficiently in our data structure compiler.

We define this special type of communication protocols formally in the following definition.

Definition 8.2.2 (Specialized product-distributional communication model). Let f : X X Y —
{0, 1} be the target function. There are four parties: Alice, Bob, Carol, and Merlin. We say a

protocol 1 solves f in the special communication model if m works as follows:

* Let A be an arbitrary distribution over X, and let y € M be an arbitrary input. Alice knows
A and her private input x ~ A, Bob only knows his private input y, Carol only knows the

distribution A, and Merlin knows A, and both x and y.

* Carol is the only player that is allowed to use randomness, and we denote her randomness
as Rpuy (public randomness) and Ry (private randomness), where Ry, is visible to Merlin,
and Ry is hidden from Merlin. Carol and Merlin know all the messages sent between Alice

and Bob.
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We use n(A,x,y, m, Rpup, Rpri) to denote the output of the protocol when given a distribution A,
inputs x and y, Merlin’s advice m, and randomness Ry, and Ry

For any A,x,y, Ryu, there is a unique special advice m* (A, x,y, Ryu) from Merlin, and we say
the protocol has & error and 6 soundness if VA and ¥y € {0,1}¢ the protocol has the following

guarantees:

* Error under unique special advice. The protocol guarantees that

Pr  [n(A,x,y,m"(4,x,y, Rou)s Roubs Rpri) # f(x,¥)] < &.

X"‘/LRpub’Rpri

Further, we say the protocol has type I error (false positive) if the protocol could be incorrect
under the special advice only when f(x,y) = 0, and we say the protocol has type Il error (false

negative) if the protocol could be incorrect under the special advice only when f(x,y) = 1.

* Soundness. For any x ~ A and any Ryuw, for any m # m*(A,x,y, Rpuw), the protocol

guarantees that Prg,_; [ﬂ(/l,x, ¥, m, Rpup, Rpri) # 0] < 4.

We say a protocol m has (cg, cp, Ce, Cpy)-cost if during the protocol, in total Alice sends Bob c,
bits, Bob sends Alice ¢}, bits, Carol sends Alice and Bob c, bits, and Merlin sends Alice and Bob
¢y bits. Further, we say the protocol  has (t,, tp, t.)-time if Alice, Bob, and Carol each use t,, t;,

and t. time to construct all of their messages during the protocol.

We also define a specialized worst-case communication model where the only difference with

the above definition is Alice also has a worst-case input x.

8.3 Protocols

In this section we design our communication protocol for solving the bounded Partial Match
problem. Our protocol consists of three phases, as outlined in Section 8.1.2. We present the phases

in a bottom-up fashion, culminating in the main protocol result of Theorem 8.3.3.
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8.3.1 Phase 3: Base Case Protocol with Advice from Merlin

In this section we present a protocol m,s for solving the sparse partial match problem and
the sparse subset query problem. This protocol crucially uses the advice from Merlin. In later
protocols we will use this protocol as a subroutine.

The protocol mpase, f,d,z,w,6 (X, ¥, M, Rpyi) is in our specialized worst-case communication model,

and it has the following parameters:

f € {fpm, fsq}: The function that we want to solve, which is either the partial match function

or the subset query function.

d: The dimension of the inputs x and y.

* z,w € [d]: The sparsity parameters for the inputs.

0 € (0,0.1): The error parameter.

And the inputs are as follows:

Alice’s input x which is any string in {0, 1}¢ with at most z ones.

Bob’s input y which is any string in {0, 1, x}¢ with at most w stars when f = fpm, and is any

string in {0, 1}¢ with at most w ones when f = fsq-

Merlin’s advice m.

The private randomness Ry,; which is hidden from Merlin.

Protocol. Let 7 =log( };).
1. Alice and Bob output 0 and abort the protocol if z > w.

2. Merlin sends a message m to Alice and Bob, claiming that m equals to the unique special

advice m*(x, y) which is defined as follows:
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o If f = fom, thenm™(x,y) :=x; where I := {i | y; = x}.
 If f = fyy, then define m™(x, y) to be the index of x Ny in the lexicographically ordered
list of all subsets of y of size at most z.
3. Bob constructs y € {0, 1}¢ as follows:
e If f = fom, then Bob replaces each % entry in y with the corresponding value from the
advice string m to obtain y.
e If f = fy, then Bob views m as an index of the lexicographically ordered list of all

subsets of y of size at most z, and sets y as the m-th subset in that list.

4. Carol uses Ry (randomness that is hidden from Merlin) to generate ¢ independent random
strings 1), ..., r( € {0, 1}¢, with entries chosen independently and uniformly from {0, 1}.

Carol sends these strings to Alice and Bob.

5. Alice computes a vector a € {0, 1}’ such that for each i € [¢], a; = ;.121 Xj - rj.i) (mod 2).
Similarly Bob computes a vector b € {0, 1}’ such that for each i € [¢], b; = ?:1 R rj(.i)

(mod 2). Alice sends a to Bob, and Bob sends b to Alice.
6. Alice and Bob checks if a = b. If a = b, then they output 1, and if a # b, then they output 0.

Lemma 8.3.1 (Base case protocol). For any function f € { fom, fsq}, any dimension d, any sparsity
parameters z,w € [d], and any error parameter 6 € (0,0.1), the protocol ntpse, f,d,z.w,5 Solves the

function f with the following guarantees:
1. When Merlin’s message is the unique special message, the protocol has § false positive error.
2. The protocol has & soundness.

3. The communication cost of Merlin is bounded by c,, < w if f = fom, and ¢, < logz +

zlog() if f = fiq.
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4. The communication cost of Alice and Bob are both bounded by c,,cp < log(%). The time

complexity of both players are bounded by t,,t, < O(d - log(%)).

5. The communication cost of Carol is bounded by c., < d - log(é). The time complexity of

Carol is bounded by t. < O(d - log(}s)).

Proof. Error under unique special advice. Assume that Merlin’s message is m = m*(x, y). We

first prove that y = x if and only if f(x,y) = 1. We prove this by considering the two cases of f:

o If f = fom, then m*(x,y) = x;, where I is the set of coordinates where y is x. By the

definition of y in Step 3, we have y; = m*(x,y) = x7, and so y = x if and only if x matches y.

o If f = fy, then m*(x, y) is the index of the set x Ny as a subset of y, and by the definition of

y in Step 3, we have y = x Ny, and so y = x if and only if x is a subset of y.
Next we compute the false negative and false positive errors when m = m*(x, y).

* If f(x,y) =1, then we have y = x, and so each a; = 5-1:1 xj - rj(.i) (mod 2) = ?:1 Vi rj(.i)

(mod 2) = b;, so the protocol outputs 1, and there is no false negative error.

o If f(x,y) =0, then we have y # x, and so for each i € [7] we have Pr[a; = b;] < 1/2, so
with probability > 1 — 27" = 1 — ¢ there exists a coordinate i where a; # b; and the protocol

outputs 0. So the false positive error is at most d.

Soundness. We first prove that when Merlin’s message m # m*(x, y), then we must have y # x.

We again consider the two cases of f:

e If f = fom, then when m # m*(x,y) = x;, there must exist a coordinate i* € I where

o If f = fi, then when m # m*(x,y), m doesn’t encode x Ny, so the decoded y # x Ny, so

there must exist a coordinate i* € y where y,. # x;+.
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Then using the same argument as the y # x case above, Pr[a = b] < 27 = §. So the soundness is
at most 0.
Cost. Finally we bound the communication and time cost of each player.
* Merlin. If f = f,, Merlin sends a message of at most |/| < w bits.
If f = fy since |x| < z < w and |y| < w, we have that there are in total at most

o) < Zi,zl("z—v,”)zl < z - (%%)? number of possible subsets of y with size at most z.

So the index of such subsets of y can be encoded using log(z - (£°)%) < logz + zlog(<*)
number of bits, and this is the bound of the size of Merlin’s message.
* Alice and Bob. Alice’s message a and Bob’s message b both have length at most ¢.

Alice and Bob each spend time at most O(d - 10g(%)) to compute a and b.

* Carol. Carol sends 7V, ... r® € {0, 1} using at most d - log(%) bits.

Sampling these random strings takes time O(d - log(%)). ]

8.3.2 Phase 2: Protocol for w-Sparse Subset Query

In this section we present a protocol 7yq 4,.6,6(4, X, ¥, m, Rpub, Rpyi) in the specialized product-
distributional communication model for the subset query function fi,(x,y), where the inputs are
the distribution A, Alice’s input x which is sampled from A, Bob’s input y which is any string in
{0, 1}¢ with at most w ones, Merlin’s advice m, and the randomness Rpup and Ry, where Ry is

hidden from Merlin.

Protocol. Let{ = llog(% Lete’ = 557, 0" = 1‘5—0, and let ¢t = glog(ﬁ). Leth = log(ﬁ).
1. If w < 1001og(%):

(a) If |x| > w, then Alice outputs 0 and informs Bob using O (1) bits.

(b) If |x| < w, then all players run the base case protocol Ty, frqdow .67 (x,y,m, Ryyi), and

Alice and Bob output the returned value of this subroutine.
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2. Let U = [d] and let w’ = w. Repeat for at most 2¢ iterations:

(a) If |x| > w’, then Alice outputs 0 and informs Bob using O(1) bits.

(b) If |x| < w/¢, then Alice uses O(1) bits to inform Bob of this. All players run the base
case protocol mpyee, FualULw/ew.s (x,y,m, Ryri), and Alice and Bob output the returned

value of this subroutine.

(c) If w/€ < |x| < w’, then Alice uses O(1) bits to inform Bob of this. Carol uses
randomness Rpy, to sample ¢ independent sets X1, X, -+, X; ~ Al /e<|x|<w- Bob
checks if there exists a set X; such that | X;\y| < A.

i. If there is no such set, i.e., | X;\y| > A for all i € [¢]. Then Carol uses randomness

10
Fd

Rpup to sample log(~7) independent sets Sy, S, - - - ,Slog( logy C U where each

coordinate is sampled i.i.d. with probability 1/2.
A. If there is no set S; such that [y NS ;| < 2w’/3, then the protocol outputs 1.

B. Otherwise, Bob finds a set S+ such that [y N S ;-

< 2w’/3, and sends the index
J* to Alice. Alice sets x” « x N S+, Carol sets A" to be the restriction of A
to the domain S+, and Bob sets y* < y N §;+. The players run the protocol
TUsq,IS o120 [3.6/2,67 (A',x’,y",m, Rpup, Rpri) recursively and output its returned

value.
ii. If there exist such sets, then Bob sets i* as the minimum index such that | X;-\y| < h,
and sends i* together with the index of (X;+\y) in the lexicographically ordered list

of all subsets of X;: to Alice.

A. Alice computes x N (X;<\y). If this set is not empty, then Alice outputs 0 and
informs Bob.

B. If x N (X;+\y) = 0. Then Alice updates her set x < x\X;-, Bob updates his
set y < y\Xj+, Carol update the distribution A to be the restriction of A to the

domain U\ X;+, and all players update U < U\X;+, and w’ «— w’ — | X;- N y|.
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Lemma 8.3.2 (w-sparse subset query protocol). For any § < € € (0,0.1), any dimension d, and
any sparsity parameter w < d, the protocol ntyq 4,5 Solves the w-sparse subset query problem fyq

with the following guarantees:
1. The protocol has 6 soundness.

2. When Merlin’s message is the unique special message, the protocol has false positive error

£+0.

3. The communication cost of Merlin is bounded by
w

4. The communication cost of Alice is bounded by

w 1
o020 \fgterm 12

and the communication cost of Bob is bounded by

cp <0 (\/wlog(w/g) 'log(log(ﬁ) + loglog(%) -logw +log(%)) )

The time complexity of both players are bounded by
d 1 1
tarth < O (—W(log d)*log(=)? + dlog(—)) .
e £ 0
5. The communication cost of Carol is bounded by

¢ <0 (d—w log(Y) (log d)310g<1)2) .
£ 0 &
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The time complexity of Carol is bounded by
w
te < 0 ((w/e)(log d) 10g(1/2) Tsampte + dTopauce +log(5)d log d) .

where Tsample denotes the time to sample a set from distribution A conditioned on that the
size of the sampled set is within a given range, and Tupqae denotes the time to update A to its

restriction on a subset of [d].

Proof. We prove this lemma by induction on w. When w < 10, the protocol must enter Step 1,
and by Lemma 8.3.1 all claims in the lemma statement are satisfied. Next we consider any fixed
w > 10, and prove the lemma for w while assuming it is true for sparsity at most w — 1.

If w < 1001og(%), then we enter Step 1, and by Lemma 8.3.1, the protocol has § soundness
and ¢ false positive error, and the communication cost of Alice and Bob are bounded by O (log(%)),
the communication cost of Merlin is bounded by O (logw + wlog(e)) = O(w) < O(y/wlog(¥)).
We can also easily check all other claims in the lemma statement are satisfied.

Now we can assume w > 100log () and we always enter Step 2. Next we prove some basic
properties of the protocol. Observe that the protocol has 2¢ iterations, and in each iteration it
enters exactly one of the following six clauses: Step 2(a), 2(b), 2(c)(i)(A), 2(c)(1)(B), 2(c)(i1)(A),
or 2(c)(ii)(B). The protocol will break from the loop and output an answer unless it enters Step
2(c)(ii)(B). In the proof, for any i € [0 : 2¢], we define notations U, w'®, x® @ and 1@ to
be the corresponding U, w’, x, y, and A after i iterations. Note that initially we have U 0) = [d],
w0 =y xO =x, y@O =y A0 = . Foranyi e [2£], we also define Xt.(f) to be the X;- chosen by

Bob in Step 2(c)(ii) in the i-th iteration.

* Bounds of parameters. Since w > 1001log(%), we have ¢ = /log(% > 10, and that

20¢ 1
% = Jwlog(w/e) > IOlog(g) > 10log(—) = 10log(=;) = 10k, (8.4)

where the third step follows from w > 20¢ because we have w/{ = /wlog(w/e) >
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10log(w/e) = 20 since w > 10 and € < 0.1.

The protocol always terminates with an output. Consider the i-th iteration for any i € [2£].
We either terminates with an output by entering Steps 2(a), 2(b), 2(c)(1)(A), 2(c)(1)(B),
2(c)(ii)(A), or we enter Step 2(c)(ii)(B). By the way that we generate Xl.(f) in Step 2(c), we

have |Xl.(f)| > w/{. Since we also have |Xl.(f)\y("_1)| < h in Step 2(c)(i1)(B), we have
X "y D) > wie—n = 0.9w/e,

where the last step follows from Eq. (8.4). So we have w/ @) = (=1 _ IXl.(f) N y(i‘l)l <
w’=1) — 0.9y /¢. Thus after 2¢ iterations we must have w’20 < w —2¢-(0.9w/¢) < 0. This
means we must have stopped the protocol by entering either Step 2(a) or Step 2(b) before the

2¢ iteration.

In each iteration i, x/) C y® if and only if x C y. We prove this by induction. The base
case for i = 0 is trivially true. Consider any iteration i > 1. We have x() = x(i_l)\Xi(f) and
y@ = y(i‘l)\Xi(f), and we also have x~D N (Xiii)\y(i‘l)) = ( since otherwise we would have

stopped the protocol in Step 2(c)(ii)(A). So we have x(=D ¢ y(i_l) if and only if x@ ¢ y(i).

In each iteration i, y) has at most w'®) number of 1’s. This directly follows from

y(z’) — y(i—l)\Xi(*i) and w'® = =1 _ |Xi(*i) N y(i—l)l'

The outputs in Step 2(a) or Step 2(c)(ii)(A) are correct. If the protocol enters Step 2(a)
in iteration 7, then this means |x"D| > w’(=1_ but we also have |y=1| < w(=D g0 x(=D
cannot be a subset of y1)_ and this implies x cannot be a subset of y, so it’s correct to output

0.

If the protocol enters Step 2(c)(i1)(A) in iteration i, then this means there is an coordinate in
x@Dn (Xl.g)\y("‘l)), s0 x(=1) is not a subset of y~, and this implies x cannot be a subset

of y, so it’s correct to output 0.
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Soundness. We first define Merlin’s unique special advice m* (A, x, y, Rpup). Our protocol only
uses Merlin’s advice and randomness Ry,;; in the base case subset query subroutine 75 in Steps
1(b) or 2(b) of the current protocol, or in the recursive calls in Step 2(c)(i)(B). Also note that during
the protocol and its recursive calls, we run the base case subset query subroutine for at most once,
because after running the subroutine we immediately output its returned value and terminate the
protocol. So for any given 4, x, y, Rpup, the transcript of the protocol is completely fixed except for
the internal transcript of the base case subset query subroutine. This means given 4, x, y, Rpup, We
can identify the exact step and iteration in which the subroutine is called, along with the specific
inputs for the subroutine. We define m*(4, x, y, Rpup) to be the unique special Merlin’s advice for
this subroutine.

Next we consider when Merlin’s message m # m*(4,x,y, Rpup). There are two cases that the

protocol could output 1:

1. The protocol ends with a call to the base case subroutine 7y, in either Steps 1(b) and 2(b) or
in the recursive calls. Then by Lemma 8.3.1 we have that under any Merlin’s advice m that

is not the unique special advice, the base case subroutine outputs 0 with probability 1 — ¢".

2. The protocol outputs 1 in Step 2(c)(1)(A). This only happens when the log(lél,) independent
sets S;’s all satisfy [yNS;| > 2w’/3, and this happens with probability at most 2~ log(5") = %
in each iteration, so using Union bound over all 2¢ iterations, this happens with probability

at most §’/5.

Using union bound over these two cases, we have that the probability the protocol outputs 1 under
any Merlin’s message m # m*(A,x,y, Rpup) is at most 6" +6”/5 < 6.

Error under unique special advice. Next we assume that Merlin’s message is the unique
special message m* (4, x, y, Rpup) as defined in the above paragraph.

As shown in the beginning of the proof, the output of the protocol is always correct in Step 2(a)
or 2(c)(ii)(A), so an error could only occur if the protocol outputs an answer in Step 2(b), 2(c)(i)(A),

or 2(c)(1)(B). Next we bound the error of these three cases one by one.
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1. Step 2(b). In this step, we run the subroutine mpye, fua lULw /w5 (x,y,m, Ryyi), and by
Lemma 8.3.1, there is a false positive error of ¢’ when Merlin’s message is the unique
special message. Also note that we only enter this step once during all iterations, so the total

error of this step is ¢’.

2. Step 2(c)(i)(A). In this step we always output 1, so it only incurs a false positive error.

Same as the proof in the soundness section, in each iteration we could enter this step with

5/

probability at most 157,

so over 2¢ iterations the probability that we ever enter this step is at

most %, and this is an upper bound of the error caused by this step.

3. Step 2(c)(1)(B). In this step we recursively determine if x N S« is a subset of yNS;«. If x C y,
then we must also have x N §;+ € y N §;+, and since by the induction hypothesis the recursive
call Tsq |5 .| 2w /3,6/2.6° (A, x",y',m, Rpup, Rpri) only has false positive error, this step is always
correct when x C y. Next we bound the false positive error, i.e., we bound the probability

that this step outputs 1 when in fact x is not a subset of y. We consider two cases:

e If x isnot a subset of y, and x N § ;- is also not a subset of y N § ;<. Then by the induction
hypothesis the error of the recursive call 7y S 1,207 [3,6/2,6" is at most £/2 + §’. Also
note that we only enter the recursive call once during all iterations, so there is no need

to union bound over all 2¢ iterations.

e If x is not a subset of y, but x N S is a subset of y N §;+. This could happen in the i-th
iteration only if one of the following three bad events happens: (1) [x®\y®| > h, but
after sampling S ;= we fail to include any coordinate from xN\y® or (2) |xD\y?D| < h,

XN Sp CynSp, and Pry oy o IX\P] < A] < 8 or B) WO\ <

w’ (D)

xNS CynsS;, and PrXN/l(i)|W/[<|X‘<W [1X\y?| < h] > &. Next we consider these

(1)

three cases one by one.

- Case 1: If [x®\y®| > h, but after sampling S+ wehavex NS CyN S
Since each coordinate is independently included in S+ with probability 1/2, the

probability that no coordinate in x?\ y¥ is included in S ;- is at most (1/2) WO o
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27" = &’. We also need to add the probability that [y® N S j+| > 2w’ /3, since then
we would have entered Step 2(c)(i)(A) instead. Using Chernoff bound this proba-
bility is bounded by e~ @) < ¢=®0/0 < 271 = & since w’ > w/€ > 10h. So by
union bound the error in this case is at most 2¢’.

— Case 2: If Pry [X\y?D| < Al < &, yet |xO\y?D| < h.

~A® |w/€<\X|Sw’(i)
Since x¥ follows the distribution 29|, x|, if we enter Step 2(c), we have
that [x®\y¥| < h could only happen for & fraction of x that enters Step 2(c).

— Case 3: If Pry_, [1X\y?| < h] > &

Ol re<ixi<w®
We prove that the probability we enter Step 2(c)(i) in this case is small. Note that
we only enter Step 2(c)(i) when |X; \y®| > h for all j € [¢]. Define ¢ Bernoulli
random variables Y1,Y>, - -+ ,Y; such that Y; = 1 iff IXj\y(i)I <h Y, ---,Y are
independent because X, - - - , X; are sampled independently. Let Y = 2;:1 Y;. We

enter Step 2(c)(1) only when Y = 0. By the condition Pry [1X\y?| <

N/l(i) |w/{’<\X\Sw’(i)

h] > & wehavePr[Y; = 1] > &’. Thus E[Y] > t&’ = 10log(1/¢&’). Using Chernoff

bound we have
Pr[Y = 0] < Pr[Y < E[Y]/2] < ¢ EDI8 < ¢/,
Combining these three cases over all 2¢ iterations using the union bound, we have the
error of this case is at most 2¢ - (2’ + &’ +&’) < /2.

Combining the two cases, we have that the total error of Step 2(c)(i)(B) is at most & + §.

Note that all the errors above are false positive errors. Adding them up using the union bound, we
have that the total error under the unique special advice is at most & + 9.

Cost. Finally we bound the communication cost and time complexity of each players. We only
consider Step 2 since we already bounded the cost of Step 1. Merlin. Merlin sends messages either

in the subroutine in Step 2(b) or in the recursive call in Step 2(c)(1)(B). By Lemma 8.3.1 and since
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we run the protocol with z = w/¢, Merlin’s message in Step 2(b) is bounded by

cm <logz+ zlog(?) = log(%) + %log(ef)

<+wlog(w/e) - (3 +log( ).

log(w/e)

By the induction hypothesis, Merlin’s message in Step 2(c)(i)(B) is bounded by

\/(2w/3) log((4w/3)/e) - (3 +10g(1 2w/3 )) < Vwlog(w/e) - (3 + log(

L))
og((4w/3)/e) log(w/e)”""

Merlin’s cost is bounded by the maximum of these two costs.
Alice: In each iteration Alice sends O(1) bits in the current iteration and continue to the
next iteration. Apart from these costs, during all iterations, Alice sends one of the following two

messages for once: (1) a message of at most log(é) bits (from Lemma 8.3.1) in the subroutine

of Step 2(b), or (2) a message of at most O( 2w/3 + log (L ) bits (by the induction
p 2(b), or (2) a messag Ty *loe() bits Gy

hypothesis) in the recursive call of Step 2(c)(1)(B). Thus the total number of bits that Alice sends is

2w/3
log ((2w/3)/(&/2))

B w l 2w/3 1
=0 Togwrey) * ™ {1o8(3)-0 (\/ T el
[ w 1

In each iteration, Alice needs to go over the ¢ sets X;’s and update her set x, and this takes

Ca :O(€)+max{10g($),0(\/ +10g(%))}

at most O(tdlogd) time. She also run the subroutine in Step 2(b) or the recursive call in Step

2(c)(i)(B) at most once, and this takes an extra O(d log(%)) time by Lemma 8.3.1. So the to-

IA

tal time of Alice is t, < O(ftdlogd + dlog(3)) = O((d€?/e)log(t/e)logd + dlog(}))
O((dw/e)(logd)*log(1/e)* + dlog(3)).

Bob: In each iteration, in Step 2(c)(ii) Bob sends the index i* using logt < O(log(¢/¢))

IA

IA

O(log(w/¢)) bits together with the index of the subset (X;-\y) using log((}/)) < O(hlog(¥)) <
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O(log(%) log(log(%)) bits, and then he continues to the next iteration. Bob also needs to send
log log(g) bits in Step 2(c)(i)(B) when sending j* for every level of recursion, and this gives a total
cost of log log(g) -log w bits. Apart from these costs, during all iterations, Bob also sends one of the

following two messages for once: (1) a message of at most log( >) bits (from Lemma 8.3.1) in the

subroutine of Step 2(b), or (2) a message of at most O (\/ (2w/3) log (28W/23) log( 2»%3/3 ) +10g(%))

bits (by the induction hypothesis) in the recursive call of Step 2(c)(i)(B). Thus the total number of
bits that Bob sends is

cp =€-0(log(w/e)) log( ) + log log(g) -logw

( /€)
+ max log(é),O(\/(2w/3)log( //23) log(%)+log(%))

< O (ViTog(w/e) - Iog((ors) + loglog () - ogw + Iog( )

where the second step follows from ¢ = and we don’t lose an extra logw term by the

w
log(w/e)”’

2w

3) lo g( 2W2‘/j3 ) is less than 1, so

recursion because the coefficient of the term \/ (2w/3) log (
5/2

the geometric series of all levels of recursions converges to a constant.
The total time of Bob is the same as Alice: 1, < O((dw/g)(logd)?log(1/€)* + dlog(}s)).

Carol: In each iteration Carol writes 7d logd bits to the public channel in Step 2(c) and

10¢

log( )d log d bits in Step 2(c)(i). Thus over ¢ iterations the total number of bit that Carol writes

is

ce = O(L(1 + log(%))dlog d) < O(d?w log(%)(log d)3 log(é)z).

The total time of Carol is

10¢
Ie < 0(€t7§ample + f%pdate + 1Og(?)d log d)
w
= 0((52/8) log(€/8)7§ample + f%pdate + IOg(g)d log d)

w
<O0((w/e) (log d)2 log(l/s)(igample + d(]fjpdate + log(g)d log d),
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where Tsample is the time to sample a set from distribution 4|, /¢<|x|<w’» TUpdate 1S the time to update

A to its restriction on a subset of [d]. [

8.3.3 Phase 1: Protocol for w-Sparse Partial Match

In this section we present a protocol mpm, d,w,s,6 (4, X, ¥, m, Rpun, Rpri) in the specialized product-
distributional communication model for the partial match function fyy(x, y), where the inputs are
the distribution A, Alice’s input x € {0, 1}¢ which is sampled from A, Bob’s input y which is any
string in {0, 1, *}d with at most w stars, Merlin’s advice m, and the randomness Rpyp and Ry,
where Ry is hidden from Merlin.

High-levelly, this protocol reduces the partial match problem to the subset query problem while
maintaining the sparsity guarantee, and it uses the subset query protocols of Lemma 8.3.1 and

Lemma 8.3.2 in the previous sections as subroutines.

Protocol. Lett = 12—0 log(%), and let h = log(%).

1. If w < 1001og(%), then all players run the base case protocol Tvase, fm.dow.w.6 (X5 Y5 11, Rpri),

and Alice and Bob output the returned value of this subroutine.

2. Carol uses randomness Rpyp to sample ¢ sets X, Xa,- -+, X; ~ 4. Bob checks if there exists

X; such that the number of unmatched coordinates of X; and y is < A.

(a) If there is no such set, then Carol uses randomness Ry to sample log(%o) number of

independent sets S1, S2, - - -, Slog( lo C [d] where each coordinate is sampled i.i.d. with

probability 1/2.
i. If there is no set S; such that the number of x’s in y|s; is < 2w/3, then the protocol
outputs 1.

ii. Otherwise, Bob finds a set S+ such that the number of x’s in y| S is < 2w/3,

and Bob sends the index j* to Alice. Alice sets x” « x]s,., Carol sets A’ to be

the restriction of 4 to the domain S+, and Bob sets y* « y|s... The players run
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the protocol 7y, S+ 2w/3.8/2.6 /104, X", y',m, Rpup, Rpri) recursively and output its

returned value.

(b) If there exist such sets, then Bob let i* be the minimum index such that the unmatched
coordinates of X;+ and y is < &, and sends i* to Alice using log? bits.
i. Alice computes a string x’ = x @ X;+ € {0,1}4, ie., for all j € [d], x;. = 1if
x; # (X;+); and x;. =0ifx; = (Xp);.
ii. Bob computes a string y” € {0, 1, x}¢ such that forall j € [d], (1) y;. =xify; = *,
(2) y;. =1ify; # (X+); and y; # *, (3) y;. =0if y; = (Xi+);.
iii. If |x’| > w + h, then Alice outputs 0 and informs Bob using O (1) bits.
iv. If |x’| < w + h, then Alice and Bob run two subroutines of subset query:
A. Check if the ones of x” is a subset of the ones and x’s of y’: run the protocol
Tsq.dw+h,e/10,5/10(As X7, YV UYone, M, Rpubs Rpri), where v, = {i € [d] | y; = %}
and Yo = {i € [d] | ¥, = 1}.
B. Check if the ones of y’ is a subset of the ones of x": run the base case protocol
Thase, fugudohw+h.6/10(Yones s M, Rpri), where you. :={i € [d] | y; =1}

C. The protocol outputs 1 if both subroutines return 1, otherwise it outputs 0.

Theorem 8.3.3 (w-sparse partial match protocol). Forany § < € € (0,0.1), any dimension d, and
any sparsity w < d, the protocol Tpm 4,5 Solves the w-sparse partial match problem f,m with the

following guarantees:
1. The protocol has 6 soundness.

2. When Merlin’s message is the unique special message, the protocol has false positive error

c+90.

3. The communication cost of Merlin is bounded by

w w w

460



4. The communication cost of Alice is bounded by

1 w
20 08+

and the communication cost cp, of Bob is bounded by

o ((1 [w log(%) + log(%)) . log(log(%) + log log(%) - log (w + log(g)) + log(%)) .

The time complexity of both players are bounded by

dw?

tartp < O ( log(%)(log d)3 log(g)3) .

e
5. The communication cost of Carol is bounded by

dw?

c. <0 (— log(l)(log d)? log(ﬂ)3) .
e 0 e

The time complexity of Carol is bounded by

daw? 1 w
te < (0] (T log(g)(log d)3 10g(;)3 : 7§ample +d - %pdate) P

where Tsample denotes the time to sample a set from distribution A conditioned on that the
size of the sampled set is within a given range, and Tupdae denotes the time to update A to its

restriction on a subset of [d].

Proof. We first prove some basic properties of the protocol before proving its error and cost
guarantees. Note that our protocol follows one of the following three cases: it either enters Step 1
(the base case) and terminates, or enters Step 2(b) (a reduction to subset queries) and terminates,
or proceeds to Step 2(a) where it recurses with updated parameters 2w/3, £/2, 6/10. Let £ denote

the total recursion depth of the protocol. After i levels of recursions, denote the parameters as
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w®, @ 50 andthey become w'?) = (%)i-w,s(i) = (%)i-s, and () = (ll—o)i~6. Ifi > 210g(10g(%),

we have

1

; 2 1 _w 2!
w® = () w < (2)8mm@) . w = log(1/e) < log(=) = log(—).
3 2 & g

So we must have entered the base case of Step 1 before reaching i > 210g(10g(%) levels of

recursions, and this means the total recursion depth is bounded by

w

). (8.5)

Thus we can decompose the execution of the protocol into the following three parts:

1. Atmost £ <2 log(log(%) executions of the sampling processes of Step 2 and 2(a).

Each sampling process of Step 2 samples at most ¢’ < % log(log;zf) number of X;’s, and

each sampling process of Step 2(a) samples at most log 10(#) number of §;’s.

2. At most one execution of the two subset query subroutines of Step 2(b).

The two subset query subroutines are myq g,/ +h' 7,5’ aNd Tpage, Fupd B W/ HR 8 5 where the pa-

€
rameters are w’ < w, b’ < log(%), g >2"leg and & > 107%6.

3. At most one execution of the base case subroutine of Step 1, where the base case subroutine

1S Thase, fym.d.w’.w'.6’» the parameters are w’ < 100(log(%) +¢), and 6" > 10°¢- 6.

Also note that the protocol executes exactly one of Step 2(b) and Step 3.
Correctness of reduction to subset query. Next we prove the reduction from partial match to

subset query of Step 2(b) is correct. We make the following claim:
x matches y <= (ones of x") C (ones and x’s of y’), and (ones of y’) C (ones of x"),  (8.6)
where x” and y” are as defined in Step 2(b)(i) and 2(b)(ii). Let H C [d] denote the unmatched
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coordinates of X;+ and y, and we have |H| < h. Let y, C [d] denote the set of x’s of y. We prove

the following properties of x” and y’:

* y’'is % on the set yy4, 1 on the set H, and O on [d]\(H U y4).

Proof: This follows from the definition of y’: y” maintains the x’s of y, and for the rest of the

coordinates, y;. = lifandonly if y; # (X;+);.

* If x matches y, then x’ is 1 on the set H, and it is O on the set [d]\(H U yy).

Proof: This is because if x matches y, then (1) for any j € H, x; = y; # (X;+);, and
o) xfi =X ® (Xl-*)j = 1, and (2) for any j € [d]\(H U y4), xj =y = (Xi*)j, and so

x;. =x; ® (X,‘*)j =0.

e If x doesn’t match y, then either there exists j € H such that x;. = 0, or there exists

J € [d]\(H U yy) such that x;. =1.

Proof: If x doesn’t match y, then there must exist a coordinate j € [d]\yx such thatx; # y;.
(1) If j € H, then since we also have y; # (X;:); for j € H, we must have x; = (X;:);, and
SO x} =x;®(X;+); =0. 2 If j ¢ H,ie., j€ [d]\(HU y,), then since we have y; = (X;:);

for j € [d]\(H U y,), we must have x; # (X;+);, and so x} =x;® (Xp+); = 1.
Using these properties, we can prove the claim by the following arguments:

* If x matches y, then (1) the ones of x’ is a subset of y, U H, which is the set of ones and x’s

of y’, and (2) the ones of y’ is H, which is a subset of the ones of x’.

 If x doesn’t match y, then either (1) there exists j € H such that x} = 0, and hence the ones
of y” is not a subset of the ones of x’, or (2) there exists j € [d]\(H U y,) such that x;. =1,

and hence the ones of x’ is not a subset of the ones and x’s of y’.

Soundness. Recall that we can decompose the execution of the protocol into three parts, and
the protocol only uses Merlin’s message in the subroutines of Part 2 or Part 3. Given x, y, A4 and

the randomness Ry, the execution of the protocol is completely fixed, and the subroutines that are
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called and their respective inputs are also fixed. There is a unique special advice of Merlin for every
subroutine that is called. We define m*(4, x, y, Ryup) to be the concatenation of these messages,
and we claim this is the unique special advice for this protocol.

Consider any m # m*(4,x,y, Rpup), next we bound the probability that the protocol outputs 1
with input m. Recall that we can decompose the execution of the protocol into three parts, next we

bound the probability of each part:

1. Consider any i € [£]. In the i-th level of recursion, the protocol might output 1 in Step 2(a)(i)

when all sets Sp, S, -, Slog(%) C [d] satisty that the number of *’s in y|s, is > 2w/3.
s\t ’

This happens with probability at most %). Since 6@ = %, over all ¢ iterations, the total

probability that the protocol outputs 1 in Step 2(a)(i) is bounded by %.

2. If the protocol enters Step 2(b), then since m # m*(A,x,y, Ryup), at least one of the two
subroutines mpyge, fuq and myq has a Merlin’s message that is not the unique special message,
and by Lemma 8.3.1 and Lemma 8.3.2 this subroutine will return 0 with probability at least

1 —6/10, and so our protocol also returns 0 with probability at least 1 — ¢/10.

3. If the protocol enters the base case of Step 1, note that then the protocol never enters Step
2(b), so we use Merlin’s message only for the subroutine mpyge, fom- Since this message is not
the unique special message, by Lemma 8.3.1 the subroutine will return O with probability at

least 1 — 6/10, and so our protocol also returns O with probability at least 1 — ¢/10.

Combining these three parts using the union bound, we have that the overall soundness is < §.
Error under unique special advice. Next we assume that Merlin’s advice is the unique special
advice m*(4,x,y, Rpup). Recall that we can decompose the execution of the protocol into three

parts, next we analyze the error probability of each part:

1. Step 2(a). In this step we recursively determine if x|5j* matches y| S and an error could
occur if x doesn’t match y, but x| s~ matches | s+~ The analysis for this error is similar as

that of Step 2(c)(i)(B) in Lemma 8.3.2. There are three cases for the i-th recursion:
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e Case 1: If the number of unmatched coordinates of x?) and y(i) is > h, but after
sampling S+ we have x| s;» matches y@| 5;+» O we enter Step 2(a)(i).
The probability that x |s,. matches y@ |5, is at most 27" < £ /10. And by Chernoff
bound, the probability that we enter Step 2(a)(i) is at most e~OW) < p=O(log(w/e1)) o
£®/10. So the total error in the i-th recursion is at most £ /5.

s Case 2: If Pry_, [|unmatched coordinates of X and y)| < h] < e®/10, yet the
number of unmatched coordinates of x() and y(® is also < h.

Then we directly have that this happens with probability at most £ /10.

* Case 3: If Pry_,(» [Junmatched coordinates of X and y| < h] > &(/10.

Then by Chernoff bound, Pr [|unmatched coordinates of X; and yD| < hVje [t]] <

o—0te/10) < 8(1‘)/10.

Combining these three cases using the union bound, we have that the error of Step 2(a)(ii)
in the i-th recursion is at most £ /2. Adding up the error over all £ iterations and since

gl =271, &, we have that the total error is bounded by &/2.

2. Step 2(b). If the protocol enters Step 2(b) and runs the two subroutines mpase, £, . and 7y, by
Lemma 8.3.1 and Lemma 8.3.2, each of these two subroutines has a false positive error of at

most £/10 + /10, so the total error is bounded by £/5 + §/5.

3. Step 1. If the protocol enters Step 1 and run the subroutine mpse, £, by Lemma 8.3.1, this

subroutine has a false positive error of at most 9.

Finally note that we only enter one of Step 2(b) and Step 1. So the total error is bounded by
/2 +max{e/5+6/5,0} < &+ 6. Also note that this error is false positive.
Cost. Finally we bound the communication cost and time complexity of each players.

Merlin. Merlin’s communication cost has the following two parts:

¢ The cost of Tlbase, fom.dow’ w'.6" subroutine of Step 1, where the parameters are w’ < 100(log( §)+

{), and &' > 10°¢ . 6. Using Lemma 8.3.1, in this subroutine Merlin sends at most
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w’ < O(log(%)) bits.

* The cost of the mpyge, Fugpdoh? W +h 6 and 7yq 4w+ 7,50 Subroutines of Step 2(b), where the
4 .
parameters are w’ < w, i’ < log(%), g >27te and & > 107%6. Using Lemma 8.3.1 and
Lemma 8.3.2, in these two subroutines the communication cost of Merlin is most
e(w +n)
=)

w' +h
+0(\/(W + ) log((wr+)/e7) - (1 +log(15 ((w’+h’)/8’))))

<0(10g( ) - 10g( (1/ ))+\/(w+log(g)) log( ) (1+10g( (1/ )))

<0 ((w/wlogg) +log(%)) 1o g<m>)

where the second step follows from Eq. (8.5) that £ < 2 log(log(%) and so i’ < O(log(%)).

(log h + k' log(

Thus the total communication cost of Merlin is ¢;,;, < O ((\/w log(%) + log(%)) . log(log(%)) bit.

Alice: Alice’s communication and time costs have the following three parts:

* For each of the £ < 2 log(log(%) levels of recursions, in the sampling processes of Step 2
and 2(a), Alice doesn’t send any message, but she needs to read ¢’ < %’2[’; log(lOT'Zf) number

of X;’s, and log($) number of §;’s, and in total this takes time

C+1 2

d 1
0-d-( +log(——)) < 0| 2 10g(=) log(L)?
£ 9] £

where we used that £ < 210g(10g(%).

* The costof mhase, f,y.d.w w6 Subroutine of Step 1, where the parameters are w” < 100(log()+

{), and &' > 10°¢ - 6. Using Lemma 8.3.1, in this subroutine Alice has communica-

tion cost log(é) = 0(10g(§) + log(log(%)), and time cost O(dlog(é)) = O(dlog(};) +

w
dlog( g r77))-
* The cost of the mpyge, Fuqud o W'+l S and g g, +1 67,57 Subroutines of Step 2(b), where the
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parameters are w’ < w, b’ < log(%'zf), g >27"e and ¢ > 107Y6. Using Lemma 8.3.1 and
Lemma 8.3.2, and since ¢ < 2 log(log(%) and so i’ < O(log(%)), in these two subroutines

Alice has communication cost

1
log(=) + O
Og(é,)+

1 w
<0 (8 + itz

w' + h 1 1
fog(v + 1) /e T 1o8(s)

and time cost

dlog(é) +0 (M

(log d)3log( )2+d10g( )) <0(dw log(~ )(1ogd)310g( ))

Thus the total communication cost of Alice is O (log(%) + llog(%), and the total time cost of
. . 3
Alice is O (d% log(%)(log d)? log(%)3).
Bob: First note that the time complexity of Bob follows the same upper bound as that of Alice.

Bob’s communication cost has the following three parts:

* For ¢ < 2log( log(%) levels of recursions, in the sampling processes of Step 2 and 2(a),
Bob sends the index i* using log(#') < O (¢ + log(é)) bits, and the index j* using O (log(¢) +

log log(%)) bits. So in total the communication cost of Bob in the sampling processes is

{-0(C+ log(l) + log log(l))

)(g(

g(1/e)

(k’g( 2(1/2)

) +10g(§) +10g10g(%))) ,

where we used that £ < 2 log(log(%).

* The costof hase, f,y.d.w.w.6” Subroutine of Step 1, where the parameters are w” < 100(log()+

{), and ¢’ > 10°¢. 6. Using Lemma 8.3.1, in this subroutine Bob has communication cost

log(5) = O(log(5) +10g (155 (i7))-

e The cost of the Tbase, fuqudo ' W'+ 5 and 7gq 4, +1 67,57 Subroutines of Step 2(b), where the

parameters are w’ < w, h’ < log(g), g >2te and & > 107%6. Using Lemma 8.3.1 and
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Lemma 8.3.2, and since £ < 2 log(log(%) and so i’ < O(log(%)), in these two subroutines

Bob has communication cost

/ ’

"+ h h
il )+10g10g( - Ylog(w' + k') +log(— ))

log((w' +h')/&")
1
<0 ((1 /wlog(%) + log(%)) log( (1/ )) + loglog(%) - log (w + log(g)) +10g(5)) .

Thus the total communication cost of Bob is 0((w/w log(%) + log(%)) . log(log(%) +loglog(%) -

log (w +1og(g)) +1og(§)).

Carol: Let Tsample be the time to sample a set from distribution A conditioned on that the size

\/(w + 1) log( )1 g(

of the sampled set is in some range, and let Typqate be the time to update A to be the restriction on a

subset of [d]. Carol’s communication and time costs have the following three parts:

* For each of the £ < 2 log(m) levels of recursions, in the sampling processes of Step 2
and 2(a) Carol needs to generate ¢’ < M log(M) number of X;’s from A, and generate
log (L ) number of §;’s as random sets, since £ < 210g (57177 (1= )) in total the communication

cost of Carol is

f+1

£-d- (1 +log( ) <0 (d—wzlog(l)log(ﬁ)z),
& 1) &

and the time cost of Carol is

(+1 dw 2

>>s0(—1og( Jlog(2)? sample).

t-d- (t’7§ample + log(

* The cost of Thase, f,ry.d.w.n7,67 SUbroutine of Step 1, where the parameters are w’ < 100(log(%)+
{),and &’ > 10°¢-6. Using Lemma 8.3.1, in this subroutine the communication and time of

Carol are both bounded by O(d log(ﬁ)) =0(d log(%) +d log(log(%)).

e The cost of the Toase, fuqudo 1 W'+ 5 and g 4 +h 67,57 Subroutines of Step 2(b), where the

parameters are w’ < w, h’ < log(g), g >2te and & > 107%6. Using Lemma 8.3.1 and
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Lemma 8.3.2, and since £ < 2 log(log(%) and so i’ < O(log(%)), in these two subroutines

Carol has communication cost

1 dw' + W "+ 0
dlog(§)+0( (W, ) og(¥

2“0 (log ) log ()
&

<0 (d—w3 log(2) (log d>3log<3>3) ,
& 0 &

and time cost

1 W/ + h/ 1 W/ + h/
dlog() +0 (( ——)(log d)* 10g(=) Tsample + dTijpaue + log(———)d log d)
dw? 1 w
<0 (T log(=)(log d)* log(=)" - Tsampte + d - r’ﬁpdate) :

Thus the total communication cost of Carol is O (dTW% log(}s)(log d)? 10g(%)3), and the total time

cost of Carol is O (dTWS log($)(log d)* log(%)? - Tsample + d - %pdate). O

8.4 Reduction from Communication Protocols to Data Structures

We now show how to design a word-RAM data structure for a search problem as in Eq. (8.1)
using a communication protocol in the specialized product-distribution model (Definition 8.2.2),

yielding Theorem 8.1.6.

Theorem 8.4.1 (Reduction from communication protocols to data structures). Let f : X X Y —
{0, 1} be the target function. If there exists a protocol n for f in the specialized communication
model (Definition 8.2.2) with 6 soundness, € false positive error under the unique special message
of Merlin, (cg, cp, Ce, Cpy)-cost, and (ty, tp, t.)-time, then there exists a data structure that supports

the following operations:

* Preprocess: Given an input set D = {xV ... xW} c X, preprocess the set D using

s = 20(arcrtenm) . (n 4 ¢.) space, and t, = p0(catevrem) .y (1, +tp +t,) time.
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» Query: Given a query y € Y, output all x? € D such that f(x?,y) = 1. The expected
query time is t, = 20(catcm) . (co+ Cp+ Cm + Ce +1p) + O(en) +2°20m) . 5p + O(ny), where

ny is the number ofx([) s that f(x(i), y) =1.

Proof. Let m be the protocol described in the theorem statement, and let Ry, and Ry be the
sequence of random bits used by Carol in the protocol, where Ry is hidden from Merlin. Let A be
the uniform distribution over . We consider executing the protocol 7 with distribution A and
randomness Ry, and Rpi. For simplicity, in this proof we will use 7(x, y, m) as a shorthand of
(A, x,y,m, Rpup, Rpri).

We define a transcript of the protocol 7 as the messages between Alice, Bob, and Merlin. Note
that when the distribution A and the randomness R, and Ry, are fixed, the messages of Carol are
completely determined by the transcript.

Preprocess: The data structure builds a tree to simulate the protocol 7 when given the distribution

A and randomness Rpyp and Ryr. In each step of the protocol, there are five possible behaviors:

1. Alice sends Bob a message.
2. Bob sends Alice a message.
3. Merlin sends a message to Alice and Bob.

4. Carol generates a message using the randomness Rp,up, Rpri and the distribution A, and writes

this message to the public channel.

5. Alice and Bob both output a value and the protocol ends.

When building the tree, each node corresponds to one step of the protocol. We start with the root

node, and build each node depending on the behavior of that step:

1. If Alice sends Bob a message, we call this node an Alice node. In this node we store an array
of all possible messages of Alice in this step. Each entry of the array stores a pointer to a
child node that corresponds to the next step of the protocol. We then recursively proceed to

all the child nodes.
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2. If Bob sends Alice a message, we call this node a Bob node. In this node we store an array of
all possible messages of Bob in this step. Each entry of the array stores a pointer to a child
node that corresponds to the next step of the protocol. We then recursively proceed to all the

child nodes.

3. If Merlin sends a message to Alice and Bob, we call this node a Merlin node. In this node we
store an array of all possible messages of Merlin in this step. Each entry of the array stores a
pointer to a child node that corresponds to the next step of the protocol. We then recursively

proceed to all the child nodes.

4. If Carol generates a message using the randomness Ry, Ry and the distribution A, we call
this node a Carol node. Carol’s message is fixed given the transcript so far and Rpyp, Rpri, A.

We store this unique message of Carol in this node. This node only has one child node.

5. If Alice and Bob both output something and end the protocol, we call this node a leaf node.
We call the node a “O-leaf node” if the output is O, and “1-leaf node” if the outputis 1. A

root-to-leaf path corresponds to a transcript 7 of the protocol.

For each 1-leaf node v, we store a list of all x) € D that satisfies when Alice has input x)

and Bob and Merlin send messages according to 7, Alice’s messages are consistent with 7.

Query: Given a query y € {0, 1}¢, for every Merlin’s message m that is possible, we follow the
tree to simulate the protocol of Bob when his input is y and Merlin’s message is m. We start from

the root node.
1. If the node is an Alice node, we recurse on all child nodes of this node.

2. If the node is a Bob node, we compute the message of Bob based on y and the current

transcript of the protocol. We only recurse to the child node that corresponds to this message.

3. If the node is a Merlin node, we use m as Merlin’s message. We only recurse to the child

node that corresponds to this message.
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4. If the node is a Carol node, we read the message stored in this node.
5. If the node is a 1-leaf node, we enumerate all x(?’s stored in this node.

Finally, we output all x’s in the visited 1-leaves that satisfy f(x®,y) = 1.

In the analysis, we use L(y, m) to denote the set of 1-leaves that are visited by the query with
Merlin’s message m.
Properties: Before proving the correctness and time complexity, we first list some properties of

data structure that directly follow from the definitions.

1. There is a one-to-one mapping between the root-to-leaf paths of the tree and all semantically

possible transcripts.

2. There is a one-to-one mapping between the root-to-leaf paths for the leaves in L(y, m) and
all semantically possible transcripts where Bob has input y, Merlin’s message is m, and the

output is 1.

3. Vv € L(y), let T denote the transcript that corresponds to v. The leaf v stores all x¥) that

satisfy (1) the transcript of 7 on input (x¥, y, m) is 7, (2) the output of 7 on (x@, y, m) is 1.

Correctness: Consider any x') € O such that f(x®,y) = 1. The protocol guarantees that there
exists a unique special message of Merlin m* = m*(/l,x(i), ¥, Rpup). Since the protocol only has
false positive error, we have that the protocol must output 1 when given the input (x, y, m*).
The query algorithm described above enumerates all possible Merlin’s messages, so it sets
Merlin’s message to be m™ in one of its iterations. By properties 2 and 3 above, the query algorithm
visits all the possible 1-leaves, so it examines all x) where n(x(i/), y,m*) = 1. As a result, it
will encounter x”). This argument applies to every x\¥ for which f(x\, y) = 1, so the query will
encounter all such x®s.
Space: Each root-to-leaf path of the tree corresponds to a unique transcript. Since Alice sends
¢, bits, Bob sends ¢, bits, and Merlin sends c,, bits in the protocol, there are in total 20(catcptem)

number of leaves. The space of the data structure consists of three parts:
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* Space to store the tree structure: Since the tree has 20(¢«*¢v*+m) number of leaves, it takes

20(catertem) bits to store the tree structure.

* Space to store the messages of Carol: On each root-to-leaf path, we need to store all the

random messages of Carol using c. bits. So in total this takes 20 (¢a*cb+cm) . ¢ bits.

* Space to store x’s in the leaf nodes: In each leaf node we store at most n number of x’s.

So in total this takes 20 (catcotem) .y bits,

Thus in total the data structure uses s = 20(¢a*<»*<m) . (5 4 ¢..) bits of space.

Preprocessing time. When building the data structure we need to do the following for each leaf:

* For each data point x9 e D, in order to check whether we need to store x() in this leaf,
we simulate the protocol where Alice has input x() and Bob and Merlin send the messages

according to the transcript of this leaf. This takes O (n(t, + 15 + t.)) time in total.

Since there are 20 (¢a*c++¢m) number of leaves, the total preprocessing time is ¢, = 20(¢a*¢stem) . .
(tg +1tp+1e).

Query time. Each leaf node reached by the query corresponds to a unique transcript where Bob
has input y (see property 2). Since the total messages of Alice has length ¢, bits, and there are
20(cm) possible messages of Merlin, in total the query reaches ., |L(y,m)| < 20(¢a*m) number

of leaf nodes. The query time of the data structure consists of three parts:

» Time to reach the leaf nodes: The tree has height at most O(c, + ¢ + ¢;), and the query
simulates Bob using #; time for each leaf. So in total this takes 20(catem) (ca+cp+cpy+tp)

time.

* Time to read the messages of Carol: On the path to each leaf, the query needs to read c, bits

of Carol. So in total this takes O (29(¢a*¢m) . ¢ time.
e Time to enumerate the x()’s stored in the leaf nodes:

— Forall x) € D where f(x¥,y) = 1: First note that there are n, number of such xs.
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% For the unique special message of Merlin m* = m*(4,x®, y, Rpub), the protocol
outputs 1 given the input (x®, y, m*), so the query algorithm examines all such
x5 for at least once using O(ny) time.

# For every other possible Merlin’s message m, since the protocol has soundness
8, the protocol outputs 1 given the input (x\, y, m) with probability at most &.
There are in total 2°(“») number of Merlin’s messages, so in expectation the query

algorithm examines all such x()’s for 20(cm) . on, times under these messages m’s.

Adding up the above two cases, in expectation the query algorithm spends O(n,) +
20(em) . ony time to visit x®’s where f(x®,y) = 1.
— Forall ¥ € D where f(x®,y) = 0: First note that there are n — ny such x(’s.

# For the unique special message of Merlin m* = m*(/l,x(i), v, Rpub), since the

protocol has false positive error € under this unique special message, i.e., we have

Pr [ﬂ-(ﬂa)@ ya m*(/l,xa ya Rpub)’Rpub, an) ;é f(x9 )’)] S 8’

XNAstubstri

and since A is the uniform distribution over D, in expectation the query algorithm
examines all such x) for O (gn) times under the unique special messages m*’s.

# For every other possible Merlin’s message m, using the same argument as the
“f(x®,y) = 1” case, in expectation the query algorithm examines all such x()’s

for 20(em) . §(n — ny) times under these messages m’s.

Adding up the above two cases, in expectation the query algorithm spends O(en +

20(€m) . §(n — ny)) time to visit x’s where f(x®,y) = 0.

Thus in total the data structure has expected query time ¢, = O (200ca*cm) . (¢4 cp+Cm+Ce+1p) +

ny +&n+ 20(em) . 5p). O
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8.5 Data Structure for Partial Match with w Wildcards

In this section we combine the communication protocol of Theorem 8.3.3 and the reduction of

Theorem 8.4.1 to construct a data structure for the partial match problem with up to w wildcards.

Theorem 8.5.1 (Data structure for partial match with up to w wildcards). For any large enough

integer n, any 1 < ¢ < logn any d < n%!, there exists a data structure for the partial match

= 10(loglogn)*’
problem with up to w = c log n wildcards with the following guarantees:
* Preprocess: Given an input set D = {xV, ... xW} c X, preprocess the set D using

s = 0(n"Y) space, and tp = O (n*'d) time.

 Query: Given a query y € Y, output all x) € D such that f(x?,y) = 1. The expected

1l-—11 . . .
query time is t; = O(n  ©«eze)?®) +ny), where ny is the number of x0°s that f(x®,y) = 1.

Proof. Let Cy be the maximum constant in the big O notations of Theorem 8.3.3, and let C; be

the maximum constant in the big O notations of Theorem 8.4.1. Let A be the uniform distribution
logn 1

- 2 109CA A P S - 1
over D. Let & = 2 cloec)? 109C{cTlon(ciCy) , 0 = n ¢&  Note that we have ]og(é) = c(l((i?‘)z .

1
10°C{C3 10g(C1C2)?”

I . I
and log($) = Tooc.c; - For large enough n and since ¢ < 5725

10(loglog n)*’

we have that

w logn 1
log(—) = log(clogn) + .
g(s) g(clogn) c(logc)? 10°C{C3 log(CCy)?
1 1
<50, ; , (8.7)
c(loge)* 9-108 - C{Cylog(C1Cy)?
w 2 2 9 ~4 ~4 2
— =¢“(1 -10°C7C5 log(C,C
(logn)? 9 4 ot 2 1 )
<——="—.10°C{C5log(C;Cy)* < ————(1 , 8.8
(loglogn? * (12 108(CIG)< T o) &9
log(——— = log (¢*(log ¢)? - 10°C*C*1og(C,Cy)?) < 41 61og(C1Cy) +30. (8.9

By Theorem 8.3.3, there is a communication protocol for w-sparse partial match with the

following guarantees:

1. The protocol has ¢ soundness.
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2. When Merlin’s messages are the unique special messages, the protocol has false positive

error € + 0.

3. The communication cost of Merlin is bounded by

w w w
en<Cr- (\/@ +1og(3) - oBiozirs)

logn 1
<C ( clogn - : -(410 ¢ +6log(C;C +30)
! \/ & (loge)? 9-108-cfcglog(clcz)2) 8 g(CiC)

< logn
~1000C,C2°

where the second step follows from Eq. (8.7) and (8.9).
4. The communication cost of Alice is bounded by

1 w
ca 2Cy- (log(g) + /—log(l/a))

<C . logn N logn Slogn’
100CC>;  100C; C, 50C;

where the second step follows from Eq. (8.8).

The communication cost ¢, of Bob is bounded by

/ 1
C (( wlog(g) + log(g)) log(log(ﬁ) + log log(%) log (w +log(g)) +log(5))

logn ) logn logn
<————+0((loglogn)“) + < ,
1000C,C5 ((ogloem)* 50¢; = S0c,

where in the second step we bound the first term by the same proof as the upper bound of

¢m» bound the second term by noting that loglog(’5) = O(loglogn) and log (w +log(%) =

logn

O (loglogn), and bound the third term by log(%) = 00,6

and the third step follows from

O((loglog n)?) is much smaller than the log 7 terms when # is large enough.
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The time complexity of both players are bounded by

dw? 1 3 W3 —L
tasty <0 —log(g)(logd) log(—)7] < O [n1Pctoze)® . d] - poly(logn),
P> g

__logn 1
2 44
o clloge) 100cfCy log(C1 )2

where the second step follows from & = , and that the terms w, log(%),

logd, log(%) are all bounded by O (logn).

5. The communication cost of Carol is bounded by

d S B
cc <0 (lIOg( )(log d)’ log(— ) ) (nmgc(“’g“)2 -d) - poly(log n),

where we use the same argument for the upper bound of 7, and 7.

The time complexity of Carol is bounded by

d 3
rc<0(—log< H10gd) 10g(™)?  Founpic +d %pdate)

<0 (71“1090("’86)2 -d - poly(logn) + dn)

where the second step follows from the same argument for the upper bound of ¢, and #;, and

that Tsampte < O(n) and Tpdae < O(n) when A is the uniform distribution over D.

Then using Theorem 8.4.1 and this protocol, we can build a data structure for the partial match

problem with up to w = ¢ log n wildcards with the following guarantees:

* Query time:

tg = 2C2(Catem) (e d cp+ em+ Ce+1p) + O(en) + 2577 . 5n + O(ny)
_ 1 _ 1
< 0(n®'d - poly(logn)) + O(n1 O(c(loge)?) ) 4 O(n1 1000C7 €3 )

I
< O(n1 0(c(loze)?) )

where in the second step we bound the first term using 22 (¢a*m) < 0(n%9%) and ¢, + ¢ +
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_ logn
cm+ce+1, < n%%dpoly(log n), we bound the second term using & = 2 ©((og)) | we bound

1 R N .
the third step using that 2€2°¢» < pTC1% and § = n~ 1%, Note that the dominating term

of the query time comes from O (&n).

* Space:

5 = 2Ca(cateptem) | (n+ce)

<n®%5 . (n+n'"" . 4 poly(logn)) < O(n'),

1
where the second step follows from c, + ¢ + ¢ < 200—%;.

* Preprocessing time:

t, =20 (Caterten) (1, 41y +1,)

<005y 14107 g poly(logn) < O(n*'d). O

8.6 List-of-Points Lower Bound

In this section we show that the list-of-points lower bound of [81] implies an n'~!/ Ve Jist-of -
points lower bound for the query time of the partial match problem PM,, 4—;10¢,. Note that this
problem is equivalent to the online OV problem with dimension d = 2¢ log n, and in fact we prove
our lower bound for the online OV problem. The list-of-points model is a general model that
captures data-independent algorithms, and it was introduced in [257]. See Definition 1.5 of [257]

and Definition 2 of [81],

Definition 8.6.1 (List-of-points data structures). Let U and Q be spaces of data points and queries.

Let S : UXQ — {0, 1} be a similarity measure. A list-of-points data structure is defined as follows:

» We fix (possibly random) sets A; C U, fori € [m]. Also, for each possible query pointy € Q,

we associate a (random) set of indices I1(y) C [m].
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» For a given dataset D C U, the data structure maintains m lists of points L, Ly, , Ly,

where L; = D N A,;.

* On queryy € Q, we scan through each list L; for all i € I(y) and check whether there exists

some x € L; with S(x,y) = 1. If it exists, return x.
The total space is s = m + 37| |Li|, and the query time is t = |1(y)| + X;er(y) |Lil.

Our main lower bound theorem states that any list-of-points data structure for the online OV

problem with dimension d = ¢ log n must use n'~!/ Ve query time if it uses polynomial space.

Theorem 8.6.2 (Main list-of-points lower bound). Let 1600 < ¢ < n. Consider any list-of-points
data structure for the online OV problem over n points of dimension d = clog n that succeeds with
probability > 0.995. For any y € [20,/c/2], if the data structure uses expected space < n°(1027),

then its expected query time is at least

nl—0(y/Ve).

We use the results of [81] to prove this theorem. In Section 8.6.1, we provide the necessary
background of [81]. In Section 8.6.2, we combine the lower bound of [81] and a “random instance
to worst case” reduction tailored for our problem to prove a lower bound that has KL divergence
terms. In Section 8.6.3 we simplify the KL divergence terms. Finally in Section 8.6.4 we prove

Theorem 8.6.2.

8.6.1 Background of [81]

We first introduce some definitions from [81] that we will use in our proofs.

Definition 8.6.3 (KL-divergence). The KL-divergence between any two discrete distributions over
Q is defined as

P(w)

O(w)’

D(P|Q) = > P(w)log

we

479



In particular, for Bernoulli distributions with probabilities p and q to be 1, we define

P
dpg =plog=—+(1-p)log .
q l-g¢g

wi Wg—Wi1
wy—wi l=wg—w,+w;

Definition 8.6.4 (Two dimensional Bernoulli distributions). Let P = . We say

a random variable X € {0,1}? follows the distribution Bernoulli(P) if Pr[X = [11:; 11 = P;j for
all i, j € {0,1}.

[81] considers the gap set similarity search problem (GapSS) with four parameters w,, w,, w1,

wy such that 0 < wy < wy < min{w,, w,} < 1 and w,d and w,d are integers.

Definition 8.6.5 (The (w,, w,, w1, w2)-GapSS problem). Given a dataset D of n sets where each

set x C [d] has size w,d, build a data structure so that for any query set'y C [d] of size wd.:
o either returns x’ € D with |x" N y| > wyd,

* or determines that there is no x € P with |x N y| > wid.

Relation of online OV with GapSS. When w; = w, < w,, the GapSS problem is equivalent to
the (approximate) subset query problem: if there exists x € O such that x C y, we need to output
an approximate solution.

Subset query is equivalent to online OV. We also view the sets x,y C [d] as vectors in {0, 1}¢.

x C y iff x and y are orthogonal, where y;, = 1 — y;.

8.6.2 A List-of-Points Lower Bound with KL Divergence Terms

In this section we use [81] to prove a list-of-points lower bound with KL divergence terms. We
will simplify the KL divergence terms in the next section.

We first define a random instance for subset query, which follows from the discussion in the
beginning of Section 3 of [81]. Theorem 3 of [81] sets wy = w,w, but allows arbitrary w;. Since

we consider the subset query problem, we restrict wy = w,,.
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Definition 8.6.6 (Random instance for subset query). Let 0 < w, < w, < 1 be two parameters.
We define a distribution of dataset-query pairs (D,y) where D C {0,1} and |D| = n, and
y e {0,1}4. A (wy, wy)-random dataset-query pair for subset query is drawn from the following

distribution.

1. The queryy € {0, 1} is created by sampling d random independent bits with Bernoulli(w,)

distribution.

2. A dataset D C {0,1}? is constructed by sampling n — 1 vectors with random independent

bits from Bernoulli(w,).

3. A special point x' € {0,1}¢ is created by x! ~ Bernoulli(w,/wg) if yi = 1 and x; = 0

otherwise. This point is also added to D.
The goal of the data structure is to preprocess D such that it recovers x’ when given the query y.

Note that the special point x” is always a subset of the query y, and we can equivalently sample

Wy Wqg—Wy ]

each (x/,y;) ~ Bernoulli(P) where P = [ -

Lower bound of [81]. The proof of the lower bound (Theorem 3) of [81] has two steps:

1. Lower bound for random instances. They first prove a lower bound for any list-of-points

data structure that successfully solves the above random instance with probability > 0.99.

2. Reduction of random instances to worst case Then they show that any data structure for
the GapSS problem also directly solves the random instance, so the lower bound in Step 1

also applies to the GapSS problem.

To prove this, they need the dimension to be large: w,w,d = w(logn), so that in the random
instance the sizes of the data points, the query, and their intersections all concentrate to within

1 + o(1) factors of their expectations.
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In our proof we will use the same lower bound for random instances (Step 1) as Theorem 3 of
[81], while proving a different “randoms instance to worst case” reduction (Step 2) tailored for the
exact subset query problem.

We no longer need the w,w,d = w(logn) constraint since we allow data points and queries to
have arbitrary number of ones. Instead, we need a different constraint w, (1 —w,) > % so that in
the random instance with high constant probability the special point x” is the unique data point that

satisfy x” C y.

Theorem 8.6.7 (List-of-points lower bound with KL divergence terms). Assume n > 200. Consider
any list-of-points data structure for the online OV problem over n points of dimension d = clogn,
which has expected space n'*P« and expected query time nf4, and succeeds with probability
> 0.995. Then for any two parameters (wq, w,) that satisfy 0 < w, < wy < land w,(1-wg) > %

and any a € [0, 1], we have that

D(T || P) - dt,w, D(T || P) — di,w,
+(1- > inf + (1 - ,
apg+(1-a)pu = inf (“ dtgwy =)=
tyFwy
where P = [%“ qu__wv:" ] andT =  arginf  D(T| P).

T<<P,XI§T[X]:[;Z]
Proof. Since online OV is equivalent to subset query, in this proof we consider subset query
instead. Let A be a data structure as described in the theorem statement. Consider a (w,, w,)-
random dataset-query pair (9, y) defined in Definition 8.6.6. It suffices to prove that A solves this
random instance with success probability > 0.99, and the rest of the proof follows the same way as
that of Theorem 3 of [81].
The data structure A only fails to output the special point x” in two scenarios: (1) There exist
another x € P such that x C y, and A outputs x instead. (2) x” is the unique data point that is
a subset of y, but the data structure fails on this input (9, y). The second event happens with

probability < 0.005. It remains to prove that the probability that there exists another data point

x C y is at most 0.005. Then using the union bound we have that A fails to solve the random
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instance with probability < 0.01.
Consider any data point x # x’. Since the bits of x are sampled from Bernoulli(w, ) and the bits

of y are sampled from Bernoulli(w,), we have
1
Pr[x C y] = (I —w,(1 - wq))d < evullwod o

where the second step follows from (1 — 1/n)" < e~!, the third step follows from w, (1 — wy) > %
and d = clogn.

Thus we have that the expected number of x that is a subset of y is n - Prycy[x € y] < 1/n.
Using Markov’s inequality, the probability that there exists an x # x’ that is a subset of y is at most

1/n. When n > 200, this probability is < 0.005. O]
The following corollary gives a lower bound of the query time when fixing a space budget.

Corollary 8.6.8. Consider any list-of-points data structure for the online OV problem over n points
of dimension d = clogn, which has expected space n'*P+ and expected query time nfe, and
succeeds with probability > 0.995. Then for large enough n, for any two parameters (w,, w,) that

satisfy 0 <w, <wg < land w,(1 —wy) > % deﬁne two functions

t,10g 3 + (1, — 1,) log lq “ —t,log -

fq(tq, tu) - § H

diuwy (8.10)
(1-14)log =% tq + (tg — 1) log —1=— tq l” —(1-1,)log 11__;“
ullg, ty) = ,
Jultq, tu) dt,w,
and we have that
Pg = min fa(tg,tu).

tgtu€[0,1].tu#EWy,
Su(tgtu)<pg

Proof. First note that in Theorem 8.6.7, in order to make D(T || P) finite while satisfying XET[X ] =
[;Z ], we must have
tu g —1ty

T =
0 I-1
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The two terms in Theorem 8.6.7 becomes the functions defined in this corollary:

D(T || P) —dtyw, D(T || P) —dt,wy

= t ,t 5 = t ’t ’
and the statement of Theorem &8.6.7 becomes
apg+(1-a)pu > inf (a/fq(tq,tu) + (1= a)fu(tq,tu)), Va € [0,1]. 8.11)
tqstue s
ty#Fwy

Note that we always have f, (4, 1,), fu(t4,tu) = 0 since f,(t,,1,) = % and f,(t4,t,) =
(1-1)-d(1-14)/(1=1.) (1-wg) [(1=wy)

dt,w,

Define a function f(a,t4,t,) = afy(ty, t.) + (1 — @) fu(t4, t,). Let f;"** be the maximum of
fu(ty,ty) when f,(t4,t,) = 0. We claim that for any value p,, € [0, f;"**], there exists an « € [0, 1]

such that the minimum of f (e, t4,,) is achieved when f, (¢4, t,) < p,. This means fixing any p,,

we must have

> min (ty,tu)
pq lq,tué[(),l],tu#wu,fq e

Jultgtu)<pq
since otherwise Eq. (8.11) is violated for some «.

It remains to prove this claim. We use the observation about the continuity of the terms that
was made in the discussion of Theorem 3 in [81]. It is easy to see that f,(,,,) = 0 minimizes
fla,ty4,t,) when a = 0, and similarly f,(z,,1,) = f,;"** minimizes f(a,1,,t,) when @ = 1. By
continuity of the terms, when we change « from O to 1, the value of fu(tq, t,) that minimizes
f(a,t4,t,) will continuously and monotonically change from 0 to f,"**. This proves that for any
value p, € [0, f,;"**], there exists an « € [0, 1] such that the minimum of f(a,?,,1,) is achieved

u

when f,(t4,t.) < pu. O

8.6.3 Simplification of KL Divergence Terms

In this section we simplify the terms of the two functions f, and f, of Corollary 8.6.8.

We use the following observation of [81] (stated in their Example 2 in the upper bound section,
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note that their lower bound matches the upper bound when wy = w, and wy = w,w,).

Observation 8.6.9 (Optimal trade-offs, Example 2 in Section 1.2 of [81]). Given two parameters
0 <wy, <wy <1, let f(t,,ty) and f,(t4,1,) be defined as of Eq. (8.10) of Corollary 8.6.8. For

any @ € [w,(1 —wgy),wy(1 —w,)], define

ty(a) = —— +Wq(1_wu), tu(a):W”(l_W”)Wq(l_Wq)a—l_M

Wy — Wy Wy — Wy Wy — Wy Wy — Wy

. (8.12)

Then the optimal trade-offs of f,(t4,t.) and f,(t4,t,) are achieved by t,(a) and t,(a).

Note that f, and f, becomes functions of «a after plugging in t,(a) and t,(«) of Eq. (8.12):

11, 11 ! L
lq log 1= — fulog 7~ _ (I - t)log 30 — (1 1) log 37 (8.13)
fula) = T BT ) i -

The next lemma shows that the two functions f,(a) and f, () in Eq. (8.13) are both monotonic.

The proof of this lemma is delayed to the appendix.

Lemma 8.6.10 (Monotonicity). Let f,(a) and f,(a) be defined as of Eq. (8.12)(8.13) of Observa-

tion 8.6.9. Then f,(«) is monotonically decreasing and f,(«) is monotonically increasing.
In the next lemma we show lower bounds of f; and f, on a particular point of the trade-offs.

Lemma 8.6.11 (Lower bounds of f; and f,, on one trade-off point). Given any two parameters

x € (0, %] and y € [20, %], letw, =yxandwy =1-x. Notethat0 <w, <w, < 1. Let f,(a)

and f,(«) be defined as of Eq. (8.12)(8.13) of Observation 8.6.9. Let @ = w,(1 —w,), then we

have

1
Ogy _ 1.

fol@ 21 =2y =Dx,  fule) =2 —

Proof. When a = w,(1 —w,), the values of #,(a) and 7, (a) of Eq. (8.12) are

tg(@)=1-w,, t(a)=1-w,.
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Thus the values of f,(a) and f, (@) of Eq. (8.13) are

1-w I—Wq
wylog == —w, log —*

(1 —w,)log 1W:i —wg) log 11%,
Jo(a) = o Jula) =

(1-wy) log ' +wy log

(1-wy) log ' +wy log

l w l wu
We first prove the lower bound of f;, («). Plugging in w,, = yx and w, = 1 — x, we have
(1-w,)log IW;;
fq(a) =
(1—wq)10g il +waog1 —
(1 —7yx) log l—yx —xlogy
= 1—x
—xlogy+ (1 —x) =
(- Drlog
—xlogy + (1 —x)log 11__;;
We bound the second term of f, («) as follows:
(v = Dxlog 1=% -1 ~1
“xlogy + (1- )11y e S gy 520 D
Loy 1108 I-yx I-x- log ll:yxx I—x- (y—Dx
where the second step follows from log ll_;yxx > log (1+ (y=1)x) = (y — D)x since log(1 +y) >y

when y < 1, and the third step follows from x + 17% ;y < é since x < 40 and y > 20.
Combining the above two equations gives the desired lower bound f, (@) > 1 —2(y — I)x.

Next we prove the lower bound of f,(a). Plugging in w, = yx and w, = 1 — x, we have

1-w
1 W“ - w, log — —q

Wq
Ju(a) =
(l—wq)log q+wq10gl —
(1
—xlogy + (1 - x) log - 1—yx

_ (y = Dxlogy 1

—xlogy + (1 —x) logll_;yxx
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We bound the first term of f,(«) as follows:

(y = Dxlogy S (y—Dxlogy S (y = Dxlogy S (y = Dxlogy S logy
—xlogy + (1 -x)log ]1__;; ~ log 11_‘;; ~ log (1+2yx) — 3yx T4

where the second step follows from log 11—_;; < log (1 + 2yx) since (1 +2yx)(1 —yx) > 1 when
v < %, and the third step follows from log (1 + 2yx) < loge - 2yx < 3yx since In(1 +y) < y, the
last step follows from y > 20.

.. . . . log
Combining the above two equations gives the desired lower bound f, («) > Ty - 1. [

We end this section by combining the previous lemma and the observation from [81] to prove

a lower bound of the f, and f, functions of Corollary 8.6.8.

Lemma 8.6.12 (Lower bounds of f; and f, of Corollary 8.6.8). Given any two parameters x €
(0, ﬁ)] and y € [20, %], let w, =yxandwy =1 —x. Let f,(t,,t,) and f,(t,,1,) be defined as of

Eq. (8.10) of Corollary 8.6.8. Then we have

min fo(tg, ty) 21 =2(y — 1)x.

Ig,tu€ [0, 1],tu#Wu,
Su(tg.ty)<(logy)/4-1

Proof. By Observation 8.6.9, the optimal trade-offs of f,(#,,1,) and f,(t,,t,) are given by the
functions f,(a) and f,(a) of Eq. (8.12)(8.13). Lemma 8.6.11 shows that there exists an a on the
trade-offs such that f,(ap) > 1 —2(y — 1)x and f,(ap) > 10% — 1. Since f,(a) decreases and
fu(a) increases as @ moves from w, (1 — w,) to w,(1 —w,) (Lemma 8.6.10), in order to make

fula) < 10% — 1, we must have @ < ay, and hence f, (@) > f,(ao) > 1-2(y - 1)x. O

8.6.4 Proof of the Lower Bound Theorem
Now we are ready to prove the main lower bound Theorem 8.6.2.

Proof of Theorem 8.6.2. Let nfe and nP«*! denote the query time and space of the data structure

described in the theorem statement. Set x = % and let y be any number in random [20, v/c/2].
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Note that both x and ¢ satisfy the requirements of Lemma 8.6.12. Let w, = yx = = and

\/z
wg=1-x=1- # Note that we have w, (1 -w,) = % > %, so w, and w, satisfy the requirements
of Corollary 8.6.8. Thus we can apply Corollary 8.6.8 and Lemma 8.6.12, and get that when
pg+1 < (logy)/4,

: 2(y-1)
> min tg,ty) =21 — ———.
Pq tq,tue[O,l],tu;twu,fq( o 1u) Ve
fu(tqvtu)Spq

8.7 Tightness of Distributional Communication Protocol for Set Disjointness

In this section we show that the communication protocol of Lemma 8.3.2 is essentially tight
for w = d. We will convert this protocol to the standard communication model as defined in

Definition 8.2.1, and prove a matching lower bound.

8.7.1 Upper Bound

In this section we show the upper bound: we show that the communication protocol of

Lemma 8.3.2 can be converted to the standard communication model as defined in Definition 8.2.1.

Theorem 8.7.1 (Protocol of Lemma 8.3.2 in standard communication protocol). Fixing A and p
to be two distributions over {0, 1}2. For any € € (0,1/2), and any integers d,{ € N, there exists
a deterministic communication protocol for set disjointness over A X p with & type II error, and

during the protocol
» Alice sends a < €+ [d]/l] - log(3el) bits,
* Bob sends b < 2( -log(16(/¢)) bits.

Corollary 8.7.2. By choosing € = +\/d/log(1/e) > 1, there is a communication protocol for set

disjointness over product distribution which has € type Il error and has communication complexity
O(y/dlog(1/e) -logd).

Proof of Theorem 8.7.1. InLemma 8.3.2 we showed a protocol in the special communication model

(Definition 8.2.2) with the same communication cost as in this theorem. Since the special com-
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munication model (Definition 8.2.2) is a more restricted model than the standard communication
model (Definition 8.2.1), we directly have a protocol in the standard communication model that
works for any distribution A X p. This resulting protocol uses public randomness, and the only

remaining issue is to make it deterministic.

Fixing public randomness. Fixing distributions 4 and p. We have shown that there exists a

protocol 7 which uses public randomness R and satisfies that

b lmRGey) # fey)] <e.

Thus there must exist a fixed public randomness Ry such that

Pr[ng,(x,y) # f(x,y)] < €.
x~A,y~p

Fixing R = R, we get the desired deterministic protocol. O

8.7.2 Lower Bound

In this section we show a matching lower bound in Theorem 8.7.5. We prove it in a similar way
as Theorem 11 of [260] using a richness lemma (Lemma 5 of [260]).

Before presenting our main theorem, we first prove a tool.

Fact 8.7.3 (Disjoint probability). Let € € (0,1/2). Let k <1 < d/3 be two integers that satisfy
k-1 < dIn(1/g)/3. Let A be the uniform distribution over x C [d] of size k, and let p be the

uniform distribution over y C [d] of size I. We have

Pr [xNy=0] >e&.
X~A,y~p
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Proof.

d—k
Pr [xny=0]= (9 > (1- L)z S o kI/dk=1) 5 ,~(d/3)In(1/e)/(d]3) _
@ UTa e > ’
where the second step follows from % > d;ﬁl > e > —d;fl_l, the third step follows from

(1= F£)(@=D/B=1 > ¢=1 the fourth step follows from k,! < d/3 and kI < dIn(1/&)/3. O

We include the richness lemma (Lemma 5 of [260]) here for completeness.
For any communication problem f : X x Y — {0, 1} where X, Y C {0, 1}¢, we identify f with
the matrix M where M, , = f(x,y). We say f is a (u, v)-rich problem if M has at least v columns

each containing at least ¥ number of 1’s.

Lemma 8.7.4 (Richness lemma, Lemma 5 of [260]). Let f : X XY — {0,1} be a (u,v)-rich
communication problem. If there exists a deterministic protocol rt for f where Alice sends a bits
and Bob sends b bits, then f contains a submatrix of dimension at least (u/2%) x (v/2%*?) that

only contains 1’s.
Now we are ready to prove our main theorem.

Theorem 8.7.5 (Lower bound). Let d be the dimension of the set disjointness problem. Let
€ € (0,1/2) be the error parameter.
Let k <1 < d/3 be any two integers that satisfy k -1 < dIn(1/(3¢€))/3. Let A be the uniform
distribution over x C [d] of size k, and let p be the uniform distribution over 'y C [d] of size I.
For any deterministic protocol nt over the product distribution A X p with € error type Il error,

we have that either Alice sends a = Q(k) bits, or Bob sends b = Q(l) bits.

Corollary 8.7.6. 1. Choosing k = d/4 and | = 1n(1/(3¢)), then either Alice sends a = Q(d) bits,
or Bob sends b = Q(log(1/¢)) bits.
2. Choosing k = 1 = +/dIn(1/(3¢€))/2, then the total cost of the protocol is a + b >

Q(~/dlog(1/e)).
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Proof of Theorem 8.7.5. Let X C 2191 be the set of x C [d] of size k, and let ¥ C 2[4 be the
set of y C [d] of size [. Weuse f : X XY — {0, 1} to denote the disjointness function, i.e.,
f(x,y) = 1xny=0. We define a function f’ : X xY — {0, 1} such that f’(x,y) = 7(x,y). Note
that by definition 7 is a deterministic protocol that solves f’ with no error. And since 7 has type II
error, we know that f’(x,y) = 0 when f(x,y) =0.

Since the error probability of 7 is € for f, we have

<x,y§)~3xp["(x’y )# fxy)] <e.

Since k <[ <d/3and k-1 < dIn(1/(3¢))/3, using Fact 8.7.3 we have Pr(, y)<ax, [ f(x,y) = 1] >

3e. Combining these two equations we have

r [7(x,y) # f(x,y)] < 1/3. (8.14)
(6, 9)~AXP| £ (x,y)=1

The communication matrix of f has (‘ll) columns and each column has (d];l) number of 1’s.

d) . (d—l

Eq. (8.14) means that in the communication matrix of f’, there are at least % ( ! X

) number
of 1’s. Thus f” must have at least (”ll) /3 columns each contains at least (d]:l) /3 number of 1’s, i.e.,
fis ((d,;l)/3, (7)/3)-rich. So using the richness lemma (Lemma 8.7.4) we know that f’ has a
1-rectangle of size at least r X s where r := (/) /29*2 and s := ({) /20+P+2.

Since 7 has type II error, i.e., f'(x,y) = 0 when f(x,y) = 0, the function f also has a
I-rectangle of size at least r X s.

Next we use an identical argument as the proof of Theorem 11 in [260]. Letxy, x3,- -+ ,x, C [d]
and yi, y2,---,ys C [d] denote the sets that correspond to the rows and columns of the 1-rectangle.
Note that x; N y; = 0 for all 7, j. Letx = {J;x; and y = |J; y;. Since every x; is a subset of x, and

x has (';ﬁl) subsets of size k, we must have (lf) >r = (d,;l)/2“+2. Let t = (d — 1)/2@*2/k  Since

(1) < (d;l)/2“+2, we have |x| > 7. Since y Nx = 0, we have |y| < d — 1. Since every y; is a subset
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of y, and y has ('{l) subsets of size [, we must have (dl_’) > ('{') > 5= (‘,1)/2“””2. This gives

(d) d t d-1 —(a+ -
(di-r) > (7' 2 L+ ) = (L o) 2 (127N @.19)

a+b+2
>
2 - d (a+2)/k . g

d d-1 d—l+1
where the second step follows from = < == < --- < ===,

the fourth step follows from the
definition 1 = (d — 1)/2(@*2)/¥  the fifth step follows from (d —[)/d > 1/2 since | < d/3.
The inequality of Eq. (8.15) holds only if either a = Q(k) or b = Q(I). O

8.8 Missing Proofs of Section 8.6

In this section we provide the proof of Lemma 8.6.10 of Section 8.6.

Lemma 8.8.1 (Monotonicity, restatment of Lemma 8.6.10). Given two parameters 0 < w, < wy <

. Forany a € [w,(1 —wg),wq(1 —w,)], define

f(@) = —& 4 wg(l _Wu)’ (@) = wu (1 =wy)wg(1 - wq)a_1 (1 - wq).

Wg — Wy Wg — Wy Wg — Wy Wq — Wy

Define f,(a) and f,(«) using t,(«) and t,(@):

1-t¢,

1- u ! u
~ tylog 1—vtuu —t,log 1—wqq ~ (1-1,)log W—qq - (1-14)log vtv_u
fala) = s L o) = ‘ .

Then f,(a) is monotonically decreasing and f,(«) is monotonically increasing.

Proof. We only prove that f,(a) is monotonically decreasing. The proof that f, («) is monotoni-
cally increasing is similar.

Basic properties of 7, and 7,. Both 7, and ¢, monotonically decreases from 1 to 0 as « increases
from w, (1 —wy) to wy (1 —wy).

The following basic property of 7, and 7, directly follows from their definitions, and we will
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use this property repeatedly in the proof:

gt 1oh b 1ot

= = ) (8.16)
Wg—wy wg l-—w, w, l-w,

We have the following equivalent definition of f,(a):

ty - dt,[tywy[wg
dt,w, )

fq(a) =

It’s easy to see that this formula is the same as the definition in the lemma statement by plugging
in the formulas of 7, and z,,.
Since 1, is monotonically decreasing with «, it suffices to prove that the following function

f (@) is also monotonically decreasing with a:

dt,[tyw./wg
dt,w,

fla) = (8.17)

It suffices to prove that the derivative % fla) <0.

Derivative of f. We first compute the derivative of f(a).

Since t, = W”(I_VVVV‘;)_WVL’:I_W")Q‘I - % and ;—: =a 'w,(1 - w,), we have
d —a?w, (1 - wwg (1 —wy) d t, )
—1 = , —(=)==aw,(1-w
da™" Wy — Wy da(tq) ul a)

Since the derivative of KL-divergence is %dxw =log 2 —log 11_;:;, combining with the above

equations using chain rule, we have

- -2 u 1 - u 1 - t l —t
d—dtuwu e (L= wu)wy (1 = wy) . (log—" —log : - ), (8.18)
d _ tu/t I- (tu/t )
—dt,/t = —a? 1- . (1 7 —q)
da u/ un/Wq a “wy( Wq) 0og W/ Wy 0og = (Wu/Wq)
o I-1
=a “wu(1-wy)-log 7 , (8.19)
—Wq
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where the second step of the last equation follows from log W[”‘x‘jq -1 % = log fv—”; -
1-1,
I-wy

tg—tu
Wy—Wwy

log

= —log -« by Eq. (8.16).

Now we are ready to compute the derivative of f(«).

dt,w,?
a2 wyu(l - Wwq)

= -g(a),

(Wq —Wy) - dr,w,?

d
gf(a) =

where the first step follows from the definition of f(«) in Eq. (8.17), the second step follows from

Eq. (8.18) and (8.19), and we define

t 1-1¢
)dtuwu + (wq(1 - w,)(log - ~ log ——* ))dtu JtgwalWy.

q u - Wu

lq

g(@) = ((w, = wi) log -

20 (1—
@ wullowg) 0, it suffices to prove that g(a) < 0.

Since the first term of 7=~ f (@) is ey drawe 2

Function g(«) is non-positive. Next we use Eq. (8.16) to simplify the function g(a) to be

I -1z, t -t ty
g(@) =wq(1—wy) - log -log (1- 4 log <. (8.20)
1 u q - q Wu

_ tq _ _ tq—tu . . .
Define x, = oo Xu = s and 8 = oo The relations of x,, x,, and S is s follows:

t
* When a > wy(1 —wy), we have 7, < wy, and 1, < wy, s0x, = o5 < 1,x, = e <1 and

q u
:3 — l_tq IB _ 1=z :
= Towg >1, Y = Tows > 1, so we have x4, x, < min{g, 1}.

Furthermore, in this case ©* = alw,(1-wy) < = so we have x, < x,.
q q
* Similarly, when @ < w,(1 —w,), we have x4, x, > max{, 1} and x,, > x,,.

Note that (w,, wy, t,, ;) can all be written as functions of (x4, x,, 8) using Eq. (8.16):

B—xy B —xq l_tu_ﬁ 1_tq B

b

w, = Wy = = .
T B—xuxy B—xuxg 1—-wy, x5 l-wg, x4
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Plugging this into Eq. (8.20), g(a@) < 0 is equivalent to

(B =) xg(l =) |\ B (B=xg) - xu(l=x) B
(B — xux,)> 'logx_q -logxy < (B — xurg)? -log o log x,,.
xq 18 Xu ,8
— (,B—Xq)(l —xq) .logx—q .logxq < RS .10gx_u.10gxu_

Here the second step of the equivalence uses the fact that (8 — x,) (1 — x4), (8 —x,)(1 —x,) > 0.

Define a function h(x) as

h(x) = -logé -log x.
X

_*
(B-x)(1-x)

We have shown that g(«) < 0 is equivalent to h(x,) < h(x,), so it suffices to prove that h(x) is
monotonically increasing when x € [max{f, 1}, o), and h(x) is monotonically decreasing when
x € (—oo, max{g, 1}].

Monotonicity of /(x) on two intervals. We first compute the derivative of A (x):

1
(B-x)2(1-x)?2

h(x) = ((XZ—IB)'logx'log%—(X—,B)'(X—1)~(10gx+log%)),

=t(x)

Define the second term as a new function #(x). It suffices to prove that #(x) > O when x €
[max{B, 1}, o), and 7(x) < 0 when x € (—co, max{p, 1}].

It’s easy to see that 7(B8) = #(1) = 0, so it suffices to prove that #'(x) > 0 when x €
[max{B, 1}, c0) or x € (—co, max{f, 1}].

We again have that t'(8) = t'(1) = 0, so it suffices to prove that t”(x) < 0 when x €
[max{B, 1}, o), and t”(x) > 0 when x € (—oo, max{3, 1}].

Once again we have that t”(8) = ¢”(1) = 0, so it suffices to prove that t”/(x) > 0 when
x € [max{B, 1}, ) or x € (—oco, max{f3, 1}]. The third derivative t"’(x) no longer have terms that
consist of the multiplication of two logs, and we can prove that #”/(x) is indeed non-negative on

these two intervals. For simplicity we omit the detailed formulas of the derivatives here. [

495



Conclusion

In this thesis, we presented a collection of faster algorithms for various optimization
and search problems, where the key technical contributions are new data structure frameworks for
designing such algorithms. In the first part we showed by developing specialized data structures that
exploit the underlying properties of iterative optimization algorithms, we can achieve nearly opti-
mal running times for fundamental convex optimization problems including linear programming,
semidefinite programming, and sum-of-squares optimization. In the second part, we designed data
structures for fundamental online problems including dynamic ¢, regression and partial match,
and provided close or even tight hardness results. These results push the theoretical boundaries
of fundamental problems and lay the groundwork for future advances for optimization and search

problems, both in theory and in practice.
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